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Dissertation title: Novel goodness-of-fit tests based on independence-type char-
acterizations

Abstract: The main objective of this dissertation is to develop novel goodness-of-
fit tests based on independence characterizations and to investigate their proper-
ties. The starting point is the fact that certain distributions can be uniquely char-
acterized by the independence of suitable functions of random variables. This
observation makes it possible to reduce goodness-of-fit testing for a hypothe-
sized model to the problem of detecting departures from the corresponding in-
dependence condition. Accordingly, the proposed test statistics are constructed
by comparing empirical versions of joint functionals with the product of the cor-
responding marginal functionals, where the resulting discrepancy serves as the
basis for new goodness-of-fit tests for different classes of distributions.

One of the contributions of the dissertation is the development of goodness-
of-fit tests for the geometric distribution based on Ferguson’s independence char-
acterization. In this setting, the general framework of comparing joint and
marginal empirical functionals is implemented through V-empirical probability
generating functions. Furthermore, a novel approach to goodness-of-fit testing
for absolutely continuous distributions is proposed, relying on the discrepancy
between the joint U-empirical distribution function of an appropriately defined
random vector and the product of its marginal U-empirical distribution func-
tions. Another part of the research focuses on circular data. A goodness-of-fit test
for the wrapped normal distribution is proposed, where the general methodology
is adapted to the periodic structure of observations on the circle.

The theoretical part of the dissertation is devoted to the derivation of the
asymptotic properties of the proposed test statistics, drawing on the theory of
U- and V- statistics as well as on the theory of U-empirical processes. An addi-
tional contribution is the establishment of new asymptotic results for finite linear
combinations of weakly degenerate V-statistics, both in settings with known pa-
rameters and in settings involving parameter estimation. These findings provide
the theoretical foundation for a class of combined tests in which appropriately
chosen weights regulate the contribution of individual components and can be
used to enhance the overall efficiency of the testing procedure.

The practical performance of the proposed methods will be assessed through
extensive simulation studies and the analysis of several real data sets. The sim-
ulation study will investigate the finite-sample properties of the tests under the
null hypothesis and a range of relevant alternatives, while the real-data applica-
tions will demonstrate their usefulness in practical statistical problems. In this
way, the empirical part of the dissertation will complement the theoretical de-
velopments and provide evidence of the practical applicability of the proposed
methodologies.

Keywords: goodness-of-fit testing, independence characterizations, linear com-
binations of degenerate V-statistics, circular distributions, bootstrap

Scientific Area: Mathematics

Scientific Sub-Area: Probability and Statistics
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Наслов дисертациjе: Нови тестови сагласности засновани на карактеризациjама
независности статистика

Резиме: Главни циљ ове дисертациjе jесте развоj нових тестова сагласности
заснованих на карактеризациjама независности, као и испитивање њихових
своjстава. Полазна идеjа jе да се поjедине расподеле могу jеднозначно одредити
условом независности одговараjућих функциjа случаjних променљивих. То
омогућава да се провера сагласности са претпостављеним моделом сведе на
испитивање одступања од тог услова независности. У складу са тим, предложене тест
статистике засниваjу се на поређењу емпириjских верзиjа заjедничких функционала
са производом одговараjућих маргиналних функционала, при чему се њихова
разлика користи као основа за конструкциjу нових тестова сагласности за различите
класе расподела.

Jедан од доприноса дисертациjе jесте развоj тестова сагласности за геометриjску
расподелу, заснованих на Фергусоновоj карактеризациjи независности. У овом
случаjу општи приступ заснован на поређењу заjедничких и маргиналних
емпириjских функционала реализуjе се преко V-емпириjских вероватносних
генераторних функциjа. Поред тога, предложен jе нови приступ тестирању
сагласности за апсолутно непрекидне расподеле, заснован на разлици заjедничке U-
емпириjске функциjе расподеле одговараjућег случаjног вектора и производа њених
маргиналнихU-емпириjскихфункциjа расподеле. Jош jедан од праваца истраживања
посвећен jе циркуларним подацима. Предложен jе одговараjући тест сагласности за
обавиjену нормалну расподелу, уз прилагођавање опште методологиjе периодичноj
структури опсервациjа на кругу.

Теориjски део дисертациjе усмерен jе на извођење асимптотских своjстава
предложених тест-статистика, уз ослањање на теориjу U- и V- статистика, као и
теориjу U-емпириjских процеса. Додатни допринос представља извођење нових
резултата о асимптотским расподелама коначних линеарних комбинациjа слабо
дегенерисаних V- статистика, како у случаjу познатих параметара, тако и у
ситуациjама у коjима се параметри оцењуjу на основу података. Добиjени резултати
служе као теориjска основа за креирање комбинованих тестова, код коjих се избором
тежина контролише утицаj поjединачних компоненти и настоjи побољшати њихова
укупна ефикасност.

Практично понашање предложених метода испитуjе се кроз симулационе студиjе
и анализу неколико реалних скупова података. Приликом симулациjа разматраjу се
коначноузорачке особине тестова под нултом хипотезоми изабраним алтернативама,
док примене на реалним подацима илуструjу њихову употребу у конкретним
статистичким проблемима. На таj начин емпириjски део дисертациjе допуњуjе
теориjске резултате и илуструjе практичну применљивост предложених метода.

Кључне речи: тестови сагласности, карактеризациjе независности, линеарне
комбинациjе дегенерисаних V-статистика, циркуларне расподеле, бутстреп

Научна област: Математика

Ужа научна област: Вероватноћа и статистика

vii



Contents

1 Introduction 1
1.1 Convergence results for random elements in metric and Hilbert

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 U- and V- statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Asymptotic properties of U- and V- statistics . . . . . . . . . 13
1.2.2 Asymptotic properties of a linear combination of two de-

generate V-statistics . . . . . . . . . . . . . . . . . . . . . . . 17
1.3 U-processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.4 Characterizations of probability distributions . . . . . . . . . . . . . 25

2 Goodness-of-fit tests for the geometric distribution based on Fergu-
son’s characterization 28
2.1 Proposed test statistics . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.2 Asymptotic properties . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.3 Bootstrap approximation of the null distribution . . . . . . . . . . . 38
2.4 Power study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3 A correlation-type goodness-of-fit test for absolutely continuous dis-
tributions 49
3.1 Large sample properties . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Goodness-of-fit testing for selected distributions . . . . . . . . . . . 64

3.2.1 Family of gamma distributions . . . . . . . . . . . . . . . . . 65
3.2.2 Family of inverse Gaussian distributions . . . . . . . . . . . 68
3.2.3 Standard Cauchy distribution . . . . . . . . . . . . . . . . . . 69

3.3 The list of alternative distributions . . . . . . . . . . . . . . . . . . . 72

4 A goodness-of-fit test for the wrapped normal distribution 75
4.1 Construction of the novel test statistic . . . . . . . . . . . . . . . . . 81
4.2 Asymptotic properties . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.3 Power study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.3.1 The first case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.3.2 The second case . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5 A new approach to goodness-of-fit testing based on linear combina-
tions of degenerate V-statistics 96
5.1 Weight selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.2 Applications to different testing problems . . . . . . . . . . . . . . . 100

5.2.1 Testing exponentiality . . . . . . . . . . . . . . . . . . . . . . 101

viii



5.2.2 Testing multivariate normality . . . . . . . . . . . . . . . . . 104
5.2.3 Testing wrapped Cauchy distribution on the circle . . . . . . 111

5.3 Combining test statistics of other types . . . . . . . . . . . . . . . . . 113
5.3.1 Testing uniformity on the sphere . . . . . . . . . . . . . . . . 113

6 Real data analysis 119
6.1 Applications to discrete data . . . . . . . . . . . . . . . . . . . . . . . 119
6.2 Applications to continuous data . . . . . . . . . . . . . . . . . . . . . 121
6.3 Applications to circular data . . . . . . . . . . . . . . . . . . . . . . . 125

Conclusion 130

Bibliography 134

Biography 142

ix



List of Abbreviations

Abbreviation Meaning

gof goodness-of-fit
pmf probability mass function
i.i.d. independent and identically distributed
iff if and only if
pgf probability generating function
edf empirical distribution function
df distribution function
pdf probability density function
cdf cumulative distribution function
mle maximum likehood estimator

x



List of Symbols

Symbol Meaning

N = {1, 2, . . . } The set of natural numbers
Z The set of integer numbers
R The set of real numbers
R

2 The extended real plane [−∞, ∞]2

D−→ Convergence in distribution
P−→ Convergence in probability
a.s.−→ Almost sure convergence
E(X) Expected value of the random variable X
Var(X) Variance of the random variable X
Cov(X, Y) Covariance of the random variables X and Y
N (µ, σ2) Univariate normal dist. with mean µ and variance σ2

Nd(µ, Σ) d-variate normal distribution with mean vector µ and
covariance matrix Σ

χ2
a Chi-squared distribution with a degrees of freedom

⟨·, ·⟩ Inner product
1{A} Indicator of the event A, 1 if A occurs and 0 otherwise
δx Dirac measure concentrated at x
(a

b) Binomial coefficient
fn = O(gn) fn = hngn for some bounded sequence (hn)

fn = o(gn) fn = hngn, where hn → 0 as n → ∞
fn = OP(gn) fn = hngn for some seq. (hn) bounded in probability

fn = oP(gn) fn = hngn, where hn
P−→ 0 as n → ∞

tr(A) Trace of the operator A
⌊x⌋ Greatest integer less than or equal to x
sgn(x) Sign function: −1 if x < 0, 0 if x = 0, and 1 if x > 0
a ≡ b (mod 2π) a and b differ by an integer multiple of 2π

z Complex conjugate of the complex number z
cosh(x) Hyperbolic cosine of x
sinh(x) Hyperbolic sine of x
Γ(x) Gamma function evaluated at x

xi



Chapter 1

Introduction

A common approach to constructing goodness-of-fit tests is to begin with a
property that uniquely identifies the distribution under the null hypothesis. In
characterization-based testing, such a property is valid only under the null hy-
pothesis. The test statistic is then designed to measure the departure from that
property. In this dissertation, attention is restricted to characterizations in which
the defining property is expressed through the independence of suitably con-
structed random quantities. The passage from the theoretical characterization to
its empirical version leads to test statistics whose analysis relies on the theory of
U- and V-statistics and their process analogues. Therefore, a careful study of the
corresponding asymptotic behavior is required.

Accordingly, this introductory chapter presents the theoretical tools needed
for the analysis carried out in the rest of the dissertation. It begins with a brief
overview of selected convergence results and limit theorems for random elements
taking values in metric and Hilbert spaces. Afterwards, the basic theory of U- and
V-statistics is presented, including their definitions, illustrative examples, and
fundamental results concerning their limiting distributions. This theory is essen-
tial for the dissertation, since the test statistics studied in the subsequent chapters
are formulated as U- and V-statistics or their functionals. The well-established re-
sults presented in this chapter can be found in Korolyuk and Borovskikh (2013),
Serfling (1980) and Billingsley (1999) as well as in the references cited throughout
the chapter. This chapter also contains novel results concerning finite linear com-
binations of degenerate V-statistics, both in the known-parameter and unknown-
parameter settings (see Theorem 1.12, Corollary 1.1 and 1.2). The chapter then
proceeds to U-processes, which arise as a natural extension of U-statistics and
play an important role in the subsequent construction and analysis of test statis-
tics. The last part of the chapter introduces distributional characterizations in
general and then focuses on independence characterizations, which are the basis
for the gof tests proposed in the thesis.
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1.1 Convergence results for random elements in met-

ric and Hilbert spaces

The asymptotic analysis of the test statistics considered in this dissertation in-
volves empirical processes and related statistic-based quantities as random ele-
ments in suitable function spaces. Since the convergence results used later are
naturally formulated in the general setting of metric spaces, this section begins
with the corresponding basic notions and results. These results will then be ap-
plied, in particular, to random elements taking values in Hilbert spaces.

Let (Ω,A, P) be a probability space and let (M, d) be a metric space equipped
with its Borel σ-field B(M). A mapping

X : Ω → M

is called a random element in M if X−1(B) ∈ A, ∀B ∈ B(M).
Special cases of this definition include the usual notions of random variables

and random vectors. Namely, if M = R, then X is a random variable, while for
M = Rk, X is a random vector. If M is a function space, then X is referred to as
a random function.

The distribution of X is the probability measure PX on (M,B(M)) defined
by

PX(A) = P(X ∈ A) = P{ω ∈ Ω : X(ω) ∈ A}, A ∈ B(M).

Let P and Pn, n ≥ 1, be probability measures on (M,B(M)). Weak conver-
gence of Pn to P, denoted by

Pn ⇒ P, n → ∞

means that ∫
M

f dPn −→
∫
M

f dP, n → ∞

for every bounded continuous function f : M → R.
Let X, X1, X2, . . . be random elements in M, with corresponding distributions

PX, PX1 , PX2 , . . .. Convergence in distribution of Xn to X is defined as weak con-
vergence of the corresponding distributions, that is,

PXn ⇒ PX, n → ∞.

2



This convergence is also denoted by

Xn
D−−−→

n→∞
X.

In addition to convergence in distribution, two stronger modes of conver-
gence will also be used. The sequence {Xn}n≥1 is said to converge in probability
to X if, for every ε > 0,

P (d(Xn, X) > ε) −→ 0, n → ∞.

This convergence is denoted by

Xn
P−−−→

n→∞
X.

The sequence {Xn}n≥1 is said to converge almost surely to X if

P
({

ω ∈ Ω : lim
n→∞

d(Xn(ω), X(ω)) = 0
})

= 1.

This convergence is denoted by

Xn
a.s.−−−→

n→∞
X.

A set A ∈ B(M) is called a P-continuity set if its boundary ∂A satisfies

P(∂A) = 0.

Since ∂A is closed, it belongs to B(M).
The following result gives several equivalent formulations of weak conver-

gence of probability measures.

Lemma 1.1 (Portmanteau lemma, Billingsley, 1999). Let (M, d) be a metric space,
and let Pn, n ≥ 1, and P be probability measures on (M,B(M)). Then the following
conditions are equivalent:

(i) Pn ⇒ P, n → ∞.

(ii) For every bounded uniformly continuous function f : M → R,∫
M

f dPn −→
∫
M

f dP, n → ∞.

3



(iii) For every closed set F ⊂ M,

lim sup
n→∞

Pn(F) ≤ P(F).

(iv) For every open set G ⊂ M,

lim inf
n→∞

Pn(G) ≥ P(G).

(v) For every P-continuity set A ∈ B(M),

lim
n→∞

Pn(A) = P(A).

Since the next result is formulated for random elements taking values in sep-
arable metric spaces, separability of metric spaces is briefly recalled before its
statement.

Definition 1.1. A metric space M is called separable if there exists a countable subset
D = {x1, x2, . . . } ⊂ M such that D = M. Equivalently, for every h ∈ M and every
ε > 0, there exists xk ∈ D satisfying

d(h, xk) < ε.

For random elements X1, . . . , Xn taking values in M, the empirical measure is
defined by

µn(B) =
1
n

n

∑
j=1

δXj(B) =
1
n

n

∑
j=1

1{Xj ∈ B}, for B ∈ B(M).

The next theorem provides a general consistency result for empirical measures. It
states that for independent random elements taking values in a separable metric
space, the empirical measure converges weakly almost surely to the underlying
probability measure.

Theorem 1.1 (Varadarajan theorem, Dudley, 2002). Suppose that (M, d) is a sep-
arable metric space and that µ is a Borel probability measure on M. Let X1, X2, . . . be
independent random elements in M with common distribution µ, and let

µn =
1
n

n

∑
j=1

δXj

4



denote the empirical measure. Then the empirical measures µn converge a.s. to µ, i.e.

P ({ω : µn(·)(ω) → µ}) = 1.

The convergence of random elements is frequently used as a starting point for
deriving the limiting distributions of statistics obtained as their functionals. The
passage from the convergence of the underlying random elements to the con-
vergence of the corresponding statistics is justified by the continuous mapping
theorem stated below, provided that the functional is measurable and continu-
ous at the limiting element with probability one; see, for example, van der Vaart,
1998; Billingsley, 1999.

Theorem 1.2 (Continuous mapping theorem). Let (M, d) and (M′, d′) be metric
spaces, and let Xn and X be random elements taking values in M. Let g : M → M′ be
a Borel measurable function, and denote by Dg the set of discontinuity points of g, such
that P(X ∈ Dg) = 0. Then the following implications hold:

(i) If Xn
a.s.−−−→

n→∞
X, then g(Xn)

a.s.−−−→
n→∞

g(X).

(ii) If Xn
P−−−→

n→∞
X, then g(Xn)

P−−−→
n→∞

g(X).

(iii) If Xn
D−−−→

n→∞
X, then g(Xn)

D−−−→
n→∞

g(X).

The continuous mapping theorem is often used together with Slutsky’s theo-
rem in the derivation of limiting distributions. Slutsky’s theorem is particularly
useful when a weakly convergent sequence has to be combined with another se-
quence converging in probability to a non-random limit. For this reason, the ver-
sion of Slutsky’s theorem for random elements in metric spaces is stated below,
in the form that will be used throughout the dissertation (see, e.g., van der Vaart
and Wellner, 1996).

Theorem 1.3 (Slutsky’s theorem). Let (X , dx) and (Y , dy) be metric spaces. Let Xn

and X be X -valued Borel measurable random elements, and let Yn be Y-valued Borel
measurable random elements. Assume that X is separable, that is, there exists a separable
subset X0 ⊂ X such that

P(X ∈ X0) = 1.

If
Xn

D−−−→
n→∞

X in X

and
Yn

D−−−→
n→∞

y in Y ,
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where y ∈ Y is non-random, then

(Xn, Yn)
D−−−→

n→∞
(X, y) in X ×Y ,

where X ×Y is equipped with a product metric.

Since every Hilbert space is a metric space with respect to the metric induced
by its norm, the above theorems apply directly to random elements taking values
in Hilbert spaces.

Throughout the remainder of this section, let H be a Hilbert space with inner
product ⟨·, ·⟩ and induced norm

∥x∥ =
√
⟨x, x⟩, x ∈ H.

A random element X taking values in H is understood as a Borel measurable
mapping into H. Within this framework, the central limit theorem for Hilbert-
valued random elements can be stated in the following form (see, e.g., van der
Vaart and Wellner, 1996).

Theorem 1.4 (Central limit theorem). If X1, X2, . . . are i.i.d. Borel measurable random
elements in a separable Hilbert space H such that

E⟨X1, h⟩ = 0 for every h ∈ H,

and
E∥X1∥2 < ∞.

Then the sequence
1√
n

n

∑
i=1

Xi

converges in distribution to a Gaussian variable G. The distribution of G is determined
by the distribution of its marginals ⟨G, h⟩, which are N (0, E⟨X1, h⟩2)-distributed for
every h ∈ H.

For the analysis of bootstrap approximations, limit theorems for triangular ar-
rays of Hilbert-space-valued random elements are required. In particular, results
of this type allow one to establish the conditional weak convergence of bootstrap
versions of the statistics under consideration.

Theorem 1.5 (Kundu et al., 2000). Let H be a separable Hilbert space and let {ek : k ≥
1} be an orthonormal basis of H. For each n ∈ N, let Yn1, Yn2, . . . , Ynn be independent
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H-valued random elements such that

E
(
⟨Yni, ek⟩

)
= 0 and E

(
∥Yni∥2) < ∞

for all i = 1, . . . , n and k ≥ 1. Denote by

Sn :=
n

∑
i=1

Yni

the corresponding partial sum, and let Γn denote the covariance operator of Sn.
Assume that the following conditions are satisfied:

(i) For every k, ℓ ≥ 1,
lim

n→∞
⟨Γnek, eℓ⟩ = αkℓ.

(ii)

lim
n→∞

∞

∑
k=1

⟨Γnek, ek⟩ =
∞

∑
k=1

αkk < ∞.

(iii) For every ε > 0 and every k ≥ 1,

lim
n→∞

Ln(ε, ek) = 0,

where for every h ∈ H

Ln(ε, h) :=
n

∑
i=1

E
(
⟨Yni, h⟩21{|⟨Yni, h⟩| > ε}

)
.

Then, Sn converge in distribution to the centered Gaussian measure on H with covariance
operator Γ, determined by

⟨Γh, ek⟩ =
∞

∑
ℓ=1

⟨h, eℓ⟩αℓk, k ≥ 1, h ∈ H.

1.2 U- and V- statistics

Consider a nonparametric family P of probability measures defined on an arbi-
trary measurable space. For F ∈ P , let θ(F) be a real-valued functional.

Definition 1.2. A parameter θ(F) is said to be an estimable parameter within P if there
exists an integer m and a real-valued measurable function Φ(x1, . . . , xm) such that, for
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i.i.d. random variables X1, . . . , Xm with distribution F and support S ⊂ Rd,

EF
[
Φ(X1, . . . , Xm)

]
= θ(F) for all F ∈ P .

The smallest such integer m is called the degree of θ(F).

It should be noted that the function Φ can always be taken to be symmetric in
its arguments. This is because, given any unbiased estimator Ψ of θ(F), one can
form a new function by averaging Ψ over all possible permutations of its input
variables. The resulting function is symmetric by construction and retains the
same expectation under any distribution F ∈ P as the original estimator Ψ. In
other words, symmetrization does not affect unbiasedness, but ensures that the
estimator treats all its arguments equivalently.

Definition 1.3. Let Φ(x1, . . . , xm) be a real-valued measurable function symmetric in
its arguments, and let X1, . . . , Xn be a sample of size n ≥ m with a distribution F and
support S ⊂ Rd. A U-statistic with kernel Φ of degree m is defined as

Un = Un(Φ) =
1
(n

m)
∑

(i1,...,im)∈Cm,n

Φ(Xi1 , . . . , Xim),

where the summation is over the set Cm,n of increasing m-tuples of indices from
{1, . . . , n} with distinct entries.

If θ(F) = EF[Φ(X1, . . . , Xm)] exists for all F ∈ P , then the U-statistic Un pro-
vides an unbiased estimator of θ(F). Furthermore, Un possesses the optimality
property of being the best unbiased estimator (minimum-variance unbiased esti-
mator) whenever P is sufficiently large, for instance, if it includes all distributions
for which θ(F) is finite (see, e.g., Serfling, 1980, Section 5.1.4).

Some examples of U-statistics are presented below.

Example 1. The simplest case is obtained for kernels of degree one. Taking Φ(x) = x,
the corresponding U-statistic is

Un =
1
n

n

∑
i=1

Φ(Xi) =
1
n

n

∑
i=1

Xi = X̄n.

Hence, the sample mean is obtained as a U-statistic with kernel Φ(x) = x.

Example 2. The Gini mean difference admits a representation as a U-statistic of degree
two. Namely,

Un =

(
n
2

)−1

∑
1≤i<j≤n

Φ(Xi, Xj),
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where the symmetric kernel is given by

Φ(x, y) = |x − y|.

Example 3. Let X1, . . . , Xn be continuous observations and let Ri be the rank assigned
to |Xi| in the ordered sequence of absolute observations |X1|, . . . , |Xn|. The Wilcoxon
signed-rank statistic is defined as

W+
n =

n

∑
i=1

Ri1{Xi > 0}.

It represents the sum of the ranks corresponding to positive observations. This statistic
can be expressed as a linear combination of two one-sample U-statistics. Indeed,

W+
n =

(
n
2

)
U(1)

n (h) + nU(2)
n ( f ),

where

U(1)
n (h) =

(
n
2

)−1

∑
1≤i<j≤n

h(Xi, Xj), U(2)
n ( f ) =

1
n

n

∑
i=1

f (Xi),

with kernels
h(x, y) = 1{x + y > 0}, f (x) = 1{x > 0}.

After introducing U-statistics and several illustrative examples, the next ob-
ject of interest is the class of V-statistics, which form a closely related class of
statistics. In contrast to U-statistics, where the summation is taken over increas-
ing tuples of indices and therefore only over mutually distinct observations, V-
statistics are defined by averaging the kernel over all possible m-tuples of indices.
Thus, diagonal terms, corresponding to cases in which two or more arguments of
the kernel are evaluated at the same observation, are also included. Accordingly,
for a kernel Φ of degree m, the corresponding V-statistic is defined by

Vn = Vn(Φ) =
1

nm

n

∑
i1=1

· · ·
n

∑
im=1

Φ(Xi1 , . . . , Xim), (1.1)

where {Xi1 , . . . , Xim} are m elements chosen from {X1, . . . , Xn} with replacement,
and the summation runs over all nm ordered m-tuples.

Example 4. (Rizzo, 2002) Let X1, . . . , Xn denote a random sample from a distribution F,
and suppose that the null hypothesis is H0 : F = F0. The one-sample energy gof statistic
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can be written as a V-statistic of degree two. Indeed, if ρ is a distance function such that
all the expectations below are finite, then

En =
2
n

n

∑
i=1

EYρ(Xi, Y)− 1
n2

n

∑
i=1

n

∑
j=1

ρ(Xi, Xj)− Eρ(Y, Y′),

where Y, Y′ are independent random variables with distribution F0. Equivalently,

En =
1
n2

n

∑
i=1

n

∑
j=1

h(Xi, Xj),

with
h(x, x′) = EYρ(x, Y) + EYρ(x′, Y)− ρ(x, x′)− Eρ(Y, Y′).

Thus, En is a one-sample V-statistic of degree two.

Example 5. Let X1, . . . , Xn be a random sample from a distribution function F, and
suppose that the null hypothesis is H0 : F = F0. The Cramér-von Mises statistic defined
by

Tn =
∫

R

(
Fn(t)− F0(t)

)2 dF0(t).

where

Fn(t) =
1
n

n

∑
i=1

1{Xi ≤ t},

can be written as the V-statistic of degree two

Tn =
1
n2

n

∑
i=1

n

∑
j=1

Φ(Xi, Xj),

with kernel

Φ(x, y) =
∫

R

(
1{x ≤ t} − F0(t)

)(
1{y ≤ t} − F0(t)

)
dF0(t).

Having presented several examples, attention is now focused on the variance
of U-statistics, which provides an important basis for their asymptotic analysis.
The results stated below are based on the theory derived in Hoeffding, 1948.

Assume that Φ is a symmetric kernel of degree m such that

E
(
Φ(X1, . . . , Xm)

)
= θ

is well defined and
Var
(
Φ(X1, . . . , Xm)

)
< ∞.
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For 1 ≤ c ≤ m, define the centered projection of order c by

Φc(x1, . . . , xc) = E
(
Φ(X1, . . . , Xc, Xc+1, . . . , Xm)

∣∣X1 = x1, . . . , Xc = xc
)
− θ.

Let {X̃1, X̃2, . . . } be an independent copy of {X1, X2, . . . }, defined on the same
probability space. For 1 ≤ c ≤ m, set

δc = Cov
(
Φ(X1, . . . , Xc, Xc+1, . . . , Xm), Φ(X1, . . . , Xc, X̃c+1, . . . , X̃m)

)
. (1.2)

Now, it holds

δc = E
(
Φ(X1, . . . , Xc, Xc+1, . . . , Xm)Φ(X1, . . . , Xc, X̃c+1, . . . , X̃m)

)
−
(
E Φ(X1, . . . , Xm)

)2

= E
(
Φc(X1, . . . , Xc) + θ

)2 − θ2 = Var
(
Φc(X1, . . . , Xc)

)
≥ 0.

The variance of the U-statistic Un is then derived as follows.

Var(Un) =

(
n
m

)−2

∑
1≤i1<···<im≤n

∑
1≤j1<···<jm≤n

Cov
(
Φ(Xi1 , . . . , Xim), Φ(Xj1 , . . . , Xjm)

)

=

(
n
m

)−1 m

∑
c=1

(
m
c

)(
n − m
m − c

)
δc.

Definition 1.4. The kernel associated with the U-statistic Un of degree m is said to be
nondegenerate if δ1 > 0, and degenerate if δ1 = 0. More generally, the kernel is said to
be degenerate of order c − 1 if

δ1 = · · · = δc−1 = 0 and δc > 0,

for some 2 ≤ c ≤ m. The special case c = 2 is referred to as weak degeneracy.

Let Un be a U-statistic whose kernel is degenerate of order c− 1. Then it holds:

Var(Un) =
c!(m

c )
2
δc

nc + O
(

n−c−1
)

, n → ∞. (1.3)

The corresponding projection of the U-statistic Un is defined as

Ûn = θ +

(
m
c

)(
n
c

)−1

∑
1≤i1<···<ic≤n

Φc(Xi1 , . . . , Xic).
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Consequently, Un − Ûn is itself a U-statistic with kernel Φ∗

Un − Ûn =

(
n
m

)−1

∑
1≤i1<···<im≤n

Φ∗(Xi1 , . . . , Xim),

where

Φ∗(x1, . . . , xm) = Φ(x1, . . . , xm)− θ − ∑
1≤i1<···<ic≤m

Φc(xi1 , . . . , xic) (1.4)

By construction, the kernel of the U-statistic Un − Ûn is degenerate of order c, i.e.

δ
(Φ∗)
1 = · · · = δ

(Φ∗)
c = 0.

Here, δ
(Φ∗)
i is defined analogously to δi in (1.2) for i = 1, . . . , c, with the kernel Φ

replaced by Φ∗. Hence, using (1.3), yields

E
(

Un − Ûn

)2
= O

(
n−c−1

)
, n → ∞.

In contrast to U-statistics, V-statistics contain terms corresponding to repeated
indices. More precisely, let

Vn =
1

nm

n

∑
i1=1

· · ·
n

∑
im=1

Φ(Xi1 , . . . , Xim)

be a V-statistic with symmetric kernel Φ such that E(Φ(X1, . . . , Xm)) = θ, and let
Un denote the corresponding U-statistic. Then

Vn =
m!(n

m)

nm Un +
1

nm ∑
(i1,...,im)∈{1,...,n}m

|{i1,...,im}|<m

Φ(Xi1 , . . . , Xim). (1.5)

Assume that the kernel Φ is degenerate of order c − 1. Now, projection of the
V-statistic Vn can be defined as

V̂n = θ +

(
m
c

)
1
nc

n

∑
i1,...,ic=1

Φc(Xi1 , . . . , Xic).

Thus, the projection argument carries over directly to the part formed by mutu-
ally distinct indices. However, one must also account for the additional terms
arising from repeated indices. If these terms are negligible in mean square,
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namely if

E
( 1

nm ∑
(i1,...,im)∈{1,...,n}m

|{i1,...,im}|<m

Φ∗(Xi1 , . . . , Xim)
)2

= O(n−c−1), (1.6)

where Φ∗ is the kernel defined in (1.4), then it follows:

E
(

Vn − V̂n

)2
= O(n−c−1), n → ∞. (1.7)

1.2.1 Asymptotic properties of U- and V- statistics

This section summarizes the main limit results for U- and V-statistics, which will
be used in the asymptotic analysis of the test statistics considered in the disserta-
tion.

Theorem 1.6 (Strong law of large numbers for U-statistics, Hoeffding, 1961). Let
X1, X2, . . . , Xn be i.i.d. random variables and let Un be a U-statistic of degree m with
symmetric kernel Φ. If E (Φ(X1, . . . , Xm)) = θ and E |Φ(X1, . . . , Xm)| < ∞, then

Un − θ
a.s.−−−→

n→∞
0.

The following theorem gives the corresponding limiting result in the non-
degenerate case.

Theorem 1.7 (Hoeffding, 1948). Let X1, X2, . . . , Xn be i.i.d. random variables and let
Un be a U-statistic of degree m with symmetric kernel Φ such that E (Φ(X1, . . . , Xm)) =

θ and E
(
Φ2(X1, . . . , Xm)

)
< ∞. If δ1 > 0, then

√
n
(
Un − θ

) D−−−→
n→∞

N
(

0, m2δ1

)
.

In the weakly degenerate case, the second projection becomes the leading term
in the asymptotic expansion. The corresponding limiting result is stated below.

Theorem 1.8 (Serfling, 1980). Let X1, X2, . . . , Xn be i.i.d. random variables with dis-
tribution F and support S ⊂ Rd. Let Un be a U-statistic of degree m with kernel Φ such
that E (Φ(X1, . . . , Xm)) = θ and E

(
Φ2(X1, . . . , Xm)

)
< ∞. Assume that the kernel

is weakly degenerate, i.e. δ2 > δ1 = 0. Let A : L2(S, F) → L2(S, F) be the integral
operator defined by

Ag(y) =
∫

Φ2(x, y)g(x) dF(x), (1.8)
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and let {λk}k≥1 be its nonzero eigenvalues. Then

n(Un − θ)
D−−−→

n→∞

(
m
2

) ∞

∑
k=1

λk(Z2
k − 1),

where {Zk}k≥1 are i.i.d. standard normal random variables.

In the preceding theorem, L2(S, F) denotes the space of all real-valued mea-
surable functions on S that are square-integrable with respect to F, that is,

L2(S) =

 f : S → R

∣∣∣∣ ∫
S

| f (x)|2 dF(x) < ∞

 .

In the case of V-statistics, the presence of terms with repeated indices requires ad-
ditional care. The decomposition in (1.5) separates the off-diagonal part of the V-
statistic from the terms involving repeated indices. This reduction allows the fol-
lowing result to be derived from the strong law of large numbers for U-statistics
stated in Theorem 1.6. A proof along these lines can be found, for example, in
Korolyuk and Borovskikh, 1994.

Theorem 1.9 (Strong law of large numbers for V-statistics). Let X1, X2, . . . , Xn be
i.i.d. random variables and let Vn be a V-statistic of degree m with symmetric kernel Φ.
Assume that EΦ(X1, . . . , Xm) = θ and E

∣∣Φ(Xi1 , . . . , Xim)
∣∣ < ∞ for 1 ≤ i1, . . . , im ≤

m. Then
Vn

a.s.−−−→
n→∞

θ.

The following lemma gives a comparison result for the U- and V-statistics as-
sociated with the same kernel. It shows that, under suitable moment conditions,
their difference is asymptotically negligible.

Lemma 1.2 (Serfling, 1980). Let X1, X2, . . . , Xn be i.i.d. random variables and let Un

and Vn be a U- and V-statistic of degree m with symmetric kernel Φ, respectively. Let r
be a positive integer. Suppose that

E
∣∣Φ (Xi1 , . . . , Xim

)∣∣r < ∞

for all choices 1 ≤ i1, . . . , im ≤ m. Then

E |Un − Vn|r = O
(
n−r) , n → ∞.

The following theorem follows by combining the preceding lemma, applied
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with r = 2, with the relation (1.5) and the asymptotic result for nondegenerate
U-statistics presented in Theorem 1.7.

Theorem 1.10. Let X1, . . . , Xn be i.i.d. random variables and let Vn be a V-
statistic of degree m with symmetric kernel Φ such that E (Φ(X1, . . . , Xm)) = θ and
E
(
Φ2(Xi1 , . . . , Xim)

)
< ∞, for all 1 ≤ i1, . . . , im ≤ n. If δ1 > 0, then

√
n(Vn − θ)

D−−−→
n→∞

N
(
0, m2δ1

)
.

For the weakly degenerate case, consider the V-statistic Vn

Vn(Φ) =
1

nm

n

∑
i1,...,im=1

Φ(Xi1 , . . . , Xim),

where Φ is a symmetric kernel of degree m such that EΦ(X1, . . . , Xm) = θ and
assume 0 = δ1 < δ2. Using the decomposition (1.5), the V-statistic can be written
as

Vn(Φ)− θ =
m!(n

m)

nm Un(Φ)− θ + Dn + Rn,

where Un(Φ) is the associated U-statistics with kernel Φ,

Dn =
(m

2 )

nm

n

∑
i1,...,im−1=1

i1,...,im−1 distinct

Φ(Xi1 , Xi1 , Xi2 , . . . , Xim−1)

is the contribution of the terms with exactly one pair of equal indices, while Rn

contains all remaining terms. By the symmetry of Φ, all terms with exactly one
repeated pair have the same limiting contribution. Assume, in addition, that

E
∣∣Φ(Xi1 , Xi2 , . . . , Xim)

∣∣ < ∞ for all 1 ≤ i1, . . . , im ≤ m. (1.9)

Then, by the strong law of large numbers for U-statistics (Theorem 1.6), it follows
that

nDn
a.s.−−−→

n→∞

(
m
2

)
EΦ(X1, X1, X2, . . . , Xm−1). (1.10)

The terms contained in Rn involve at most m − 2 distinct indices and therefore,
under the imposed moment assumption (1.9),

nRn = oP(1). (1.11)
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By the definition of the centered second projection,

Φ2(x, y) = E [Φ(x, y, X3, . . . , Xm)]− θ.

Hence,
EΦ2(X1, X1) = EΦ(X1, X1, X2, . . . , Xm−1)− θ.

Since Φ is weakly degenerate, limit theorem for degenerate U-statistics (Theorem
1.8) yields

n(Un(Φ)− θ)
D−−−→

n→∞

(
m
2

) ∞

∑
k=1

υk(Z2
k − 1), (1.12)

where (Zk)k≥1 are independent standard normal random variables and (υk)k≥1

are the eigenvalues of the integral operator generated by Φ2. The relations (1.12),
(1.10), and (1.11), together with Slutsky’s theorem (Theorem 1.3) and the contin-
uous mapping theorem (Theorem 1.2), imply the following result. The proof for
the case m = 2 can be found, for example, in Serfling, 1980, Section 6.4.

Theorem 1.11. Let X1, . . . , Xn be i.i.d. random variables with distribution F and sup-
port S ⊂ Rd. Let Vn be a V-statistic of degree m with symmetric kernel Φ such
that E (Φ(X1, . . . , Xm)) = 0, E

(
Φ2(X1, . . . , Xm)

)
< ∞ and E|Φ(Xi1 , . . . , Xim)| <

∞ for all 1 ≤ i1, . . . , im ≤ m. If δ2 > δ1 = 0, then

nVn
D−−−→

n→∞

(
m
2

)[ ∞

∑
k=1

υk(Z2
k − 1) + EΦ2(X, X)

]
,

where Z1, Z2, . . . are independent standard normal random variables, and υ1, υ2, . . . are
the eigenvalues of the integral operator A defined in (1.8).

Remark 1.1. In particular, assume that the integral operator A is positive semidefinite,
trace class and that the trace formula

tr(A) =
∫

S
Φ2(x, x) dF(x) (1.13)

holds. Then the limiting distribution takes the form

n(Vn − θ)
D−−−→

n→∞

(
m
2

) ∞

∑
k=1

υkZ2
k .
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Consequently, the variance of the limiting distribution of n(Vn − θ) is given by

2
(

m
2

)2 ∞

∑
k=1

υ2
k = 2

(
m
2

)2 ∫∫
S×S

Φ2
2(x, y) dF(x)dF(y). (1.14)

1.2.2 Asymptotic properties of a linear combination of two de-

generate V-statistics

This subsection provides novel theoretical results for the distribution of finite
linear combinations of certain weakly degenerate V-statistics, addressing both
cases with known parameters and cases in which parameters are estimated from
the data.

The asymptotic properties of linear combinations of degenerate (including
weakly degenerate) U-statistics with specific weighting schemes have been stud-
ied in Yamato et al., 2005. In contrast, the present analysis is concerned with
two related cases. The first involves linear combinations of weakly degenerate
V-statistics with arbitrary kernels, while the second concerns V-statistics with es-
timated parameters, under additional regularity conditions on the kernels that
are commonly satisfied in practice (see, e.g., Meintanis, 2004; Meintanis et al.,
2007; Meintanis et al., 2015; Ejsmont et al., 2023; Ndwandwe et al., 2023; Meinta-
nis et al., 2024a; Meintanis et al., 2024b).

Let X1, . . . , Xn be an i.i.d. sample from a distribution function F with support
S ⊂ Rd. Consider a V-statistic Vn(λ) whose kernel depends on an unknown
parameter λ = (λ1, . . . , λr) ∈ Λ ⊂ Rr. If λ is replaced by a consistent estimator
λ̂n, the statistic Vn(λ̂n) is referred to as a V-statistic with estimated parameters.

Assume that Vn(λ) and Wn(λ) are zero-mean weakly degenerate V-statistics,
with the following representation:

Vn(λ) =
1

nm1

n

∑
i1=1

· · ·
n

∑
im1=1

Φ(Xi1 , . . . , Xim1
; λ),

Wn(λ) =
1

nm2

n

∑
i1=1

· · ·
n

∑
im2=1

Ψ(Xi1 , . . . , Xim2
; λ),

(1.15)

where λ = (λ1, . . . , λr) is an unknown r-dimensional parameter. Here, Φ(·; λ)

and Ψ(·; λ) represent the corresponding symmetric weakly degenerate kernels
with zero expectation. The following theorem presents the limiting distribution
of linear combinations of Vn(λ̂n) and Wn(λ̂n), where λ̂n is a consistent estimator
of the true parameter λ.
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Theorem 1.12. Let Vn(λ) and Wn(λ) be weakly degenerate V-statistics for every
λ ∈ Λ ⊂ Rr, with symmetric zero-mean kernels Φ(·; λ) and Ψ(·; λ) of degrees
m1 ≤ m2, respectively, defined on the same i.i.d. sample X1, . . . , Xn. Let Vn(λ̂n) and
Wn(λ̂n) denote the corresponding V-statistics obtained by replacing λ with its estimator
λ̂n. Furthermore, assume that

EΦ2(X1, . . . , Xm1 ; λ) < ∞, EΨ2(X1, . . . , Xm2 ; λ) < ∞,

for all λ ∈ Λ. For p = (p1, p2), where p1, p2 ≥ 0 and p1 + p2 > 0, define

Ln(λ) = p1Vn(λ) + p2Wn(λ).

Suppose that the following conditions hold:

(i)
√

n(λ̂n −λ0) =
1√
n

n
∑

i=1
α(Xi)+ oP(1) for some λ0 = (λ0,1, . . . , λ0,r) ∈ Λ, where

α(x) = (α1(x), . . . , αr(x)) has zero mean with a finite second moment;

(ii) the functions Φ(·; t) and Ψ(·; t) are three times continuously differentiable with
respect to t on Γ, and there exist positive random variables Y(d)

Φ and Y(d)
Ψ , for d =

1, 2, 3, such that

(a)

sup
γ∈Γ

r

∑
i=1

∣∣∣∣∂Φ
∂ti

∣∣∣
t=γ

∣∣∣∣ < Y(1)
Φ and sup

γ∈Γ

r

∑
i=1

∣∣∣∣∂Ψ
∂ti

∣∣∣
t=γ

∣∣∣∣ < Y(1)
Ψ ;

(b)

sup
γ∈Γ

r

∑
i,j=1

∣∣∣∣∣ ∂2Φ
∂ti∂tj

∣∣∣
t=γ

∣∣∣∣∣ < Y(2)
Φ and sup

γ∈Γ

r

∑
i,j=1

∣∣∣∣∣ ∂2Ψ
∂ti∂tj

∣∣∣
t=γ

∣∣∣∣∣ < Y(2)
Ψ ;

(c)

sup
γ∈Γ

r

∑
i,j,k=1

∣∣∣∣∣ ∂3Φ
∂ti∂tj∂tk

∣∣∣
t=γ

∣∣∣∣∣ ≤ Y(3)
Φ and sup

γ∈Γ

r

∑
i,j,k=1

∣∣∣∣∣ ∂3Ψ
∂ti∂tj∂tk

∣∣∣
t=γ

∣∣∣∣∣ ≤ Y(3)
Ψ ,

where E(Y(d)
Φ ) < ∞ and E(Y(d)

Ψ ) < ∞ for d = 1, 2, 3.
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If, in addition, the operator A∗ generated by

ξ∗2(x, y; λ0, p) = p1
m1(m1 − 1)
m2(m2 − 1)

ϕ2(x, y; λ0) + p2ψ2(x, y; λ0)

+
1

m2(m2 − 1)

r

∑
j1,j2=1

αj1(x)αj2(y)

(
p1E

[
∂2Φ

∂λj1∂λj2

]
+ p2E

[
∂2Ψ

∂λj1∂λj2

])
,

(1.16)

where x, y ∈ S, is positive semidefinite, trace class and the diagonal trace formula

tr(A∗) =
∫

S
ξ∗2(x, x; λ0, p) dF(x)

holds, then all corresponding eigenvalues νj, j ≥ 1, are nonnegative, and

nLn(λ̂n)
D−−−→

n→∞

(
m2

2

) ∞

∑
j=1

νjZ2
j ,

where Z1, Z2, . . . are independent standard normal random variables.

Proof. Using a Taylor expansion of Ln(λ̂n) around the true parameter value λ0

yields

nLn(λ̂n) = nLn(λ0) + n
r

∑
j=1

∂Ln(λ0)

∂λj
(λ̂n,j − λ0,j)

+
n
2

r

∑
j1,j2=1

∂2Ln(λ0)

∂λj1∂λj2
(λ̂n,j1 − λ0,j1)(λ̂n,j2 − λ0,j2) + nRn,

(1.17)

where Rn is the Taylor remainder.
The statistic Vn(λ), which is originally of degree m1, can be written in an

equivalent form as a V-statistic of degree m2. Hence, the linear combination Ln(λ)

can also be treated as a V-statistic of degree m2. Since its kernel is degenerate for
λ in a neighbourhood Γ of λ0, differentiation of the degeneracy condition with
respect to λj shows that the kernel corresponding to ∂Ln(λ0)/∂λj is also degen-
erate. The interchange of differentiation and expectation is justified by condition
(ii)(a). Therefore,

∂Ln(λ0)

∂λj
= OP(n−1), j = 1, . . . , r.

In addition, using condition (i),

λ̂n,j − λ0,j = OP(1/
√

n), j = 1, ..., r,
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hence the second term on the right-hand side of (1.17) is oP(1). Condition (ii)(c)
further implies that nRn = oP(1).

Under condition (ii)(b), the law of large numbers for V-statistics implies that
∂2Ln(λ0)/(∂λj1∂λj2) converges to its expectation. By combining the preceding
relation with the condition (i), it follows that

nLn(λ̂n) = nL∗
n(λ0) + oP(1)

where

L∗
n(λ0) = Ln(λ0) +

1
2

r

∑
j1,j2=1

(
p1E

[ ∂2Φ
∂λj1∂λj2

]
+ p2E

[ ∂2Ψ
∂λj1∂λj2

]) 1
n2

n

∑
i1,i2=1

αj1(Xi1)αj2(Xi2)

= Ln(λ0) +
1

2n2

n

∑
i1,i2=1

r

∑
j1,j2=1

αj1(Xi1)αj2(Xi2)
(

p1E
[ ∂2Φ

∂λj1∂λj2

]
+ p2E

[ ∂2Ψ
∂λj1∂λj2

])
Notice that nL∗

n(λ0) can be expressed as a V-statistic of degree m2 with an
appropriately symmetrized kernel whose first projection is equal to zero, while
the second projection is given in (1.16).

Remark 1.2. It is clear that the generalization of Theorem 1.12 to the case of a finite
linear combination of weakly degenerate V-statistics is straightforward.

Corollary 1.1. Let Vn and Wn be two weakly degenerate V-statistics with symmetric
zero-mean kernels Φ and Ψ of degrees m1 ≤ m2, respectively, defined on the same sample
X1, . . . , Xn. Assume also that EΦ2(X1, X2, ..., Xm1) < ∞ and EΨ2(X1, X2, ..., Xm2) <

∞. For p = (p1, p2), with p1, p2 ≥ 0 and p1 + p2 > 0, set

Ln = p1Vn + p2Wn.

If the operator A generated by

ξ2(x, y; p) = p1
m1(m1 − 1)
m2(m2 − 1)

ϕ2(x, y) + p2ψ2(x, y), x, y ∈ S

is positive semidefinite, trace class and the diagonal trace formula

tr(A) =
∫

S
ξ2(x, x; p) dF(x)

20



holds, then the corresponding eigenvalues νj, j ≥ 1, are nonnegative and

nLn
D−−−→

n→∞

(
m2

2

) ∞

∑
j=1

νjZ2
j .

Corollary 1.2. Let Vn and Wn(λ), λ ∈ Λ ⊂ Rr, be weakly degenerate V-statistics
defined on the same i.i.d. sample X1, . . . , Xn, with symmetric zero-mean kernels Φ and
Ψ(·; λ) of degrees m1 ≤ m2, respectively. Let Wn(λ̂n) denote the V-statistic correspond-
ing to Wn(λ), obtained by replacing λ with its estimator λ̂n. Assume also that

EΦ2(X1, . . . , Xm1) < ∞, EΨ2(X1, . . . , Xm2 ; λ) < ∞,

for all λ ∈ Λ ⊂ Rr. Then, for p = (p1, p2) such that p1, p2 ≥ 0 and p1 + p2 > 0 set
Ln(λ) = p1Vn + p2Wn(λ). Assume that the following conditions hold:

(i)
√

n(λ̂n − λ0) = 1√
n ∑n

i=1 α(Xi) + oP(1), for some λ0 = (λ0,1, . . . , λ0,r) ∈ Λ,
where α(x) = (α1(x), . . . , αr(x)) has zero mean with a finite second moment;

(ii) the function Ψ(·; t) is three times continuously differentiable with respect to t on
Γ, and, for each d = 1, 2, 3, there exists a positive random variable Y(d) such that
EY(d) < ∞ and

(a)

sup
γ∈Γ

r

∑
i=1

∣∣∣∣∂Ψ
∂ti

∣∣∣
t=γ

∣∣∣∣ < Y(1),

(b)

sup
γ∈Γ

r

∑
i,j=1

∣∣∣∣∣ ∂2Ψ
∂ti∂tj

∣∣∣
t=γ

∣∣∣∣∣ < Y(2),

(c)

sup
γ∈Γ

r

∑
i,j,k=1

∣∣∣∣∣ ∂3Ψ
∂ti∂tj∂tk

∣∣∣
t=γ

∣∣∣∣∣ ≤ Y(3).

If, in addition, the operator A∗ generated by

ξ∗2(x, y; λ0, p) = p1
m1(m1 − 1)
m2(m2 − 1)

ϕ2(x, y) + p2ψ2(x, y; λ0)

+
1

m2(m2 − 1)

r

∑
j1,j2=1

αj1(x)αj2(y)p2E

[
∂2Ψ

∂λj1∂λj2

]
, x, y ∈ S.

(1.18)
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is positive semidefinite and trace class, and the diagonal trace formula

tr(A∗) =
∫

S
ξ∗2(x, x; λ0, p) dF(x)

holds, then the corresponding eigenvalues νj, j ≥ 1, are nonnegative and

nLn(λ̂n)
D−−−→

n→∞

(
m2

2

) ∞

∑
j=1

νjZ2
j .

1.3 U-processes

The theory introduced in the preceding section concerns U-statistics generated
by a single symmetric kernel. In some applications, however, a family of kernels
indexed by a class of sets must be considered, giving rise to a corresponding col-
lection of U-statistics. After centering and normalization, the resulting stochastic
process is referred to as a U-process. Only the particular form needed later in the
dissertation is presented in this section; see Schneemeier, 1989 for a more general
treatment.

Let X1, X2, . . . be i.i.d. random variables with common distribution F and sup-
port S ⊆ Rd. Fix integers m, r ≥ 1, and let

ψk : Sm −→ R, k = 1, . . . , r,

be measurable functions. For t1, . . . , tr ∈ R, define

Ct1,...,tr = {(x1, . . . , xm) ∈ Sm : ψ1(x1, . . . , xm) ≤ t1, . . . , ψr(x1, . . . , xm) ≤ tr} ,

and consider the indexing class

C = {Ct1,...,tr : (t1, . . . , tr) ∈ Rr} .

For every C ∈ C, let H(C) = P
{
(X1, . . . , Xm) ∈ C

}
. The empirical counterpart

of H(C), for n ≥ m, is defined by

Hn(C) =
1

n(n − 1) · · · (n − m + 1) ∑
1≤i1,...,im≤n

ij ̸=ik, 1≤j<k≤m

1
{
(Xi1 , . . . , Xim) ∈ C

}
, C ∈ C.

The functions ψ1, . . . , ψr and consequently the sets in C need not be symmet-
ric with respect to their arguments. Nevertheless, Hn(C) can be represented as a

22



U-statistic with a symmetric kernel. Indeed, let Πm denote the set of all permuta-
tions of {1, . . . , m} and, for C ∈ C, define

hC(x1, . . . , xm) =
1

m! ∑
π∈Πm

1
{
(xπ(1), . . . , xπ(m)) ∈ C

}
.

Then hC is symmetric and

Hn(C) =
(

n
m

)−1

∑
1≤i1<···<im≤n

hC(Xi1 , . . . , Xim).

Since X1, . . . , Xm are i.i.d., their joint distribution is invariant under permuta-
tions. Therefore,

E
(
hC(X1, . . . , Xm)

)
= H(C),

and consequently Hn(C) is an unbiased estimator of H(C).

Definition 1.5. For each n ≥ m, the stochastic process

Un =
{

Un(C) : C ∈ C
}

,

defined by
Un(C) =

√
n
{

Hn(C)− H(C)
}

, C ∈ C,

is called the U-process indexed by C.

The supremum norm of Un is defined by

∥Un∥C = sup
C∈C

|Un(C)| .

For C = Ct1,...,tr , it is convenient to write

H(t1, . . . , tr) = H(Ct1,...,tr)

and
Hn(t1, . . . , tr) = Hn(Ct1,...,tr).

More explicitly,

H(t1, . . . , tr) = P {ψ1(X1, . . . , Xm) ≤ t1, . . . ψr(X1, . . . , Xm) ≤ tr} ,
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whereas

Hn(t1, . . . , tr) =
1

n(n − 1) · · · (n − m + 1) ∑
1≤i1,...,im≤n

ij ̸=il , 1≤j<l≤m

r

∏
k=1

1
{

ψk(Xi1 , . . . , Xim) ≤ tk
}

.

Thus, H is the joint distribution function of the random variables
ψ1(X1, . . . , Xm), . . . , ψr(X1, . . . , Xm), while Hn is its joint U-empirical coun-
terpart. Correspondingly, the U-process indexed by (t1, . . . , tr) ∈ Rr can be
written as

Un(t1, . . . , tr) =
√

n
{

Hn(t1, . . . , tr)− H(t1, . . . , tr)
}

.

Example 6. In the special case d = m = r = 1 and ψ1(x) = x, the class C reduces to

C =
{
(−∞, t] ∩ S : t ∈ R

}
.

Moreover,

H(t) = P{X1 ≤ t} = F(t) and Hn(t) =
1
n

n

∑
i=1

1{Xi ≤ t} = Fn(t),

so that
Un(t) =

√
n{Fn(t)− F(t)}.

Hence, the ordinary empirical process is a special case of a U-process.

The following result gives the almost sure bound for the supremum norm. An
application of Theorem 3.7 of Schneemeier, 1989 requires the indexing class to be
a Vapnik-Chervonenkis class of sets. The indexing class C satisfies this condition,
since the class of lower orthants in Rr is a Vapnik-Chervonenkis class and C is its
inverse-image class under the fixed mapping

Ψ = (ψ1, . . . , ψr) : Sm −→ Rr.

Therefore, Theorem 3.7 of Schneemeier, 1989 yields the following result.

Theorem 1.13. Let (an)n∈N ⊂ (1, ∞) be a sequence such that

∞

∑
n=1

a−ε
n < ∞ for every ε > 0.

Then
(log an)

−1/2∥Un∥C
a.s.−−−→

n→∞
0.
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Taking an = en in this theorem, it follows that

1√
n
∥Un∥C

a.s.−−−→
n→∞

0.

By the definitions of Un and C, this is equivalent to

sup
(t1,...,tr)∈Rr

|Hn(t1, . . . , tr)− H(t1, . . . , tr)|
a.s.−−−→

n→∞
0.

For m = r = 2, this establishes the uniform convergence result used in Section 3.1.

1.4 Characterizations of probability distributions

As already mentioned, characterization theorems play an important role in the
study of probability distributions and stochastic structures, since they provide
necessary and sufficient conditions under which such objects are uniquely deter-
mined. They make it possible to study distributions through structural, func-
tional, or probabilistic properties rather than only through explicit analytical
forms.

On the other hand, characterizations also provide a natural basis for
gof testing and model validation. Depending on the underlying property,
characterization-based tests may rely on independence relations, equality in dis-
tribution, regression-type identities, properties of order statistics or records, mo-
ment and reliability properties, or functional identities involving characteris-
tic functions, Laplace transforms, probability generating functions, and related
transforms. In this dissertation, particular emphasis is placed on independence-
type characterizations, whose general form is presented below.

Let X1, . . . , Xmax(n,m) be i.i.d. random variables with distribution function F,
and let ψ1 : Rn → R and ψ2 : Rm → R be two measurable sample functionals.
Then the following equivalence holds:

ψ1(X1, . . . , Xn) and ψ2(X1, . . . , Xm) are independent

iff the distribution function F belongs to a specified family F .
In the sequel, several independence-type characterizations are presented,

which will be used in the construction of the gof tests later in the dissertation.

Example 7 (Ferguson, 1967). Let X and Y be independent, discrete, non-degenerate
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random variables. Then

U = min(X, Y) and W = |X − Y|

are independent iff the distributions of X and Y may, by a simultaneous change of location
and scale, be put into one of the following four forms.

(i) For some 0 < r1 < 1 and 0 < r2 < 1,

P{X = k} = (1 − r1)rk
1, k = 0, 1, . . . ,

and
P{Y = k} = (1 − r2)rk

2, k = 0, 1, . . . .

(ii) For some integer n ≥ 1, 0 < r < 1, and −1 ≤ θ ≤ 1,

P{X = k} =
(1 − r)rk

1 + θrn

1, k = 0, 1, . . . , n − 1,

1 + θ, k = n, n + 1, . . . ,

and

P{Y = k} =
(1 − r)rk

1 − θrn

1, k = 0, 1, . . . , n − 1,

1 − θ, k = n, n + 1, . . . .

(iii) For some 0 < r < 1 and 0 < θ < ∞, either

P{X = k} =
(1 − r)rk

1 + θr2

1, k = 0, 1,

1 + θ, k = 2, 3, . . . ,

and

P{Y = k} =

(1 + θr)−1, k = 0,

1 − (1 + θr)−1, k = 1,

or the same with X and Y interchanged.

(iv) For some 0 < r < 1 and 0 < θ ≤ ∞,

P{X = k} = (1 − r2)rk

(1 + θr)−1, k = 0, 2, 4, . . . ,

θ(1 + θr)−1, k = 1, 3, 5, . . . ,
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and

P{Y = k} = (1 − r2)rk

rθ(θ + r)−1, k = 0, 2, 4, . . . ,

(θ + r)−1, k = 1, 3, 5, . . . .

Here, a simultaneous change of location and scale for the pair (X, Y) corresponds to the
transformation

(X, Y) 7→ (a + bX, a + bY),

for real a and b > 0.

Example 8 (Lukacs, 1955). Let X and Y be i.i.d. random variables with strictly positive,
absolutely continuous distribution F. Then, ψ1(X, Y) = X

X+Y and ψ2(X, Y) = X + Y
are independent iff F belongs to the family of gamma Γ(α, β) distributions with density

f (x; α, β) =
1

Γ(α)
xα−1e−βxβα, x > 0, α > 0, β > 0.

Example 9 (Khatri, 1962). Let the X and Y be i.i.d. random variables with distribution
function F and such that E(X), E(X2), E( 1

X ) and E( 1
X+Y ) are non-null and finite. Then

ψ1(X, Y) = X + Y and ψ2(X, Y) = 1/X + 1/Y − 4/(X + Y) are independent iff F
belongs to te family of inverse Gaussian IG(µ, λ) distributions with density

f (x; µ, λ) =

√
λ

2π
x−3/2 exp

(
−λ(x − µ)2

2µ2x

)
, x > 0, µ > 0, λ > 0.

Example 10 (Arnold, 1979). Let X, Y be i.i.d. random variables with a continuous
distribution. Then ψ1(X, Y) = X and ψ2(X, Y) = X+Y

1−XY are independent iff X has the
standard Cauchy C(0, 1) distribution with density

f (x) =
1

π(1 + x2)
, x ∈ R.
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Chapter 2

Goodness-of-fit tests for the geomet-
ric distribution based on Ferguson’s
characterization

Classical edf-based tests constitute a standard approach to goodness-of-fit test-
ing. Although these tests can be applied to count data, their null distributions
generally depend on the particular discrete model under consideration. This has
motivated the development of alternative procedures, including tests based on
the difference between the empirical pgf and the theoretical one (see, e.g., Rueda
and O’Reilly 1999), as well as tests constructed from the empirical counterpart of
the differential equation satisfied by the pgf (see, e.g., Batsidis et al. 2020, Miloše-
vić et al. 2021). Alongside these approaches, tests based on characteristic func-
tions have also been proposed (see, e.g., Jiménez-Gamero et al. 2009).

The present chapter is devoted to the construction of gof tests for the geomet-
ric distribution based on an independence-type characterization. In the context
of count data, tests relying on characterizations of this kind are still rather lim-
ited; to the best of our knowledge, the test proposed in Jiménez-Gamero and
Alba-Fernández, 2021 is the only closely related contribution. This motivates the
investigation of independence-type characterizations as a tool for developing gof
procedures for discrete distributions.

2.1 Proposed test statistics

For p ∈ (0, 1), let G(p) denote the geometric distribution with support N =

{1, 2, . . .} and pmf

P{X = k} = (1 − p)k−1p, k ∈ N, (2.1)
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where p is the probability of success. Let X be a random variable taking values
in N = {1, 2, . . .}, with unknown distribution, and let X1, . . . , Xn denote i.i.d. ob-
servations from the distribution of X. Based on these observations, the objective
is to construct novel gof tests for the composite null hypothesis

H0 : X ∼ G(p), for some p ∈ (0, 1),

versus the alternative:

H1 : X ̸∼ G(p), for all p ∈ (0, 1).

The tests are constructed based on the Ferguson characterization given in Exam-
ple 7. Under the additional assumption that X and Y are identically distributed,
this characterization reduces to the form stated below.

Characterization 2.1. Let X and Y be nondegenerate, discrete i.i.d. random variables.
Then min{X, Y} and |X − Y| are independent iff X and Y have geometric distribution
up to a simultaneous location and scale transformation.

Remark 2.1. In Ferguson, 1967, the geometric distribution is introduced in a more gen-
eral form, with location and scale parameters α and β > 0. More precisely, a random
variable X is said to have a geometric distribution if its pmf is of the form

P{X = k} = (1 − p)p
k−α

β , k ∈ {α, α + β, α + 2β, . . . }.

Thus, the support of X is not necessarily {1, 2, . . . }, but may be shifted and rescaled.
If X has such a distribution, then there exist real constants a and b > 0 such that

the transformed variable a + bX has the probability law given in (2.1). Consequently, a
simultaneous change of location and scale for the pair (X, Y) corresponds to the transfor-
mation

(X, Y) 7→ (a + bX, a + bY).

In other words, there exist real constants a and b > 0 such that both a + bX and a + bY
follow the distribution in (2.1). In particular, when the support of X and Y is {1, 2, . . . },
no such transformation is needed, and the independence of min(X, Y) and |X −Y| char-
acterizes the probability law in (2.1) uniquely.

Suppose that X and Y are nondegenerate discrete i.i.d. random variables sup-
ported on {1, 2, . . .}. Motivated by the above characterization, consider the joint

29



pgf of the random vector
(

min{X, Y}, |X −Y|
)
, defined by

g(t, s) = E
(

tmin{X,Y} s|X−Y|
)

, (t, s) ∈ [0, 1]2.

The condition
g(t, s) = g(t, 1)g(1, s), for all (t, s) ∈ [0, 1]2,

holds iff X and Y have the geometric distribution given by (2.1) for some p. Al-
though pgf depends on the parameter p under the geometric distribution, this
dependence is suppressed in the notation for simplicity. Let X 1, X2, ..., Xn be an
i.i.d. sample with the same common distribution as X and Y. Then

gn(t, s) =
1
n2

n

∑
i,j=1

tmin{X i ,X j}s|X i−X j |

is the joint V-empirical pgf of the random vector (min{X, Y}, |X −Y|). Therefore,
it is meaningful to consider

Dn(t, s) = gn(t, s)− gn(t, 1)gn(1, s)

as the primary component for the construction of a gof test, since under H 0,
Dn(t, s) is expected to be small. Values significantly different from zero may in-
dicate a departure from the geometric distribution.

Before proceeding with the proposal, let L 2([0, 1]2) denote the separable
Hilbert space of measurable functions f : [0, 1]2 → R satisfying

1∫
0

1∫
0

f 2(t, s)dtds < ∞.

The inner product and the norm on this space are defined, respectively, by

⟨ f , g⟩L2 =
1∫
0

1∫
0

f (t, s)g(t, s)dtds and ∥ f ∥L2 =
√
⟨ f , f ⟩L2. At this point, two novel

test statistics can be introduced:

In = ⟨Dn, 1⟩L2 =

1∫
0

1∫
0

Dn(t, s)dtds, (2.2)
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