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1 VYBon

1.1 IIpenrosop

[Iu/b oBe Te3e je ja ce mpeACcTaBH KOXOMOJIOTH]Y T'Pyla W HEKe jeIHOCTaB-
He nmpuMene. [laxk/buBO mpaTuM JiBa U3BOpA Jla OMX MOCTABUO IOJJIOTY 3a PaJl
— , Koxomosoruja rpyna“ Kenera C. Bpayna u3 1982. roaune, TeKCT 3aCHOBAH
Ha, TIOCTJIUIIJIOMCKOM KypCy Koju je Jpxkao Ha YHuuBep3utery Kopuen; n ,Ka-
paKTepUCTUYIHE KJjace U KoxomoJsiornja Konaunnx rpyna’ 4.b. Tomaca u3 1986.
roguue. Hakon Tora, oOpajnhy HEKOJMKO IpUMepa, yIJIaBHOM IIPEy3eTUX U3
podJieMa U BEXKOU HABEJEHUX Y TUM KIbUTaMa.

1.2 MHWcropuja

[IpBe uzeje mogepHe xoMoJIOMIKe aaredpe moTudy jorn oj Pumana y apyroj
mosioBuHu 19. Beka, Kaja je IpoydaBao 3aTBOpeHe KpuBe Ha moBpiuma. OBaj
TOK pa3MHuIl/barmka HacTaBuo je bern, a 3atum [loenkape y cBom pasy ,,Analysis
Situs* u3 1895. rogune. Tamo je yBeo pesanujy Ha3BaHy ,,XOMOJIOTHja', 3aCHO-
BaHy Ha (popMaTHUM 30MPOBUMa MOJMHOrOCTpyKocTH. Takobhe je yBeo Berujese
OpojeBe MHOIOCTPYKOCTH, KA0 U CBOjy ucrouMmeny teopemy, lloenkapeoBy Teope-
MY JIyaJHOCTH. ¥ HeroBuM HapemaauM pajgoBuMa 1899. u 1900. roaune, mojasmuo
ce KOHIENT Koju he KacHUje OMTH MO3HAT Kao JIAHYaHU KOMILJIEKC, 3aje/THO ca
FPaHUYHUM IIPECJUKaBabUMa, KOje je yBeo KpO3 JIMHeapHy aJjredpy M Iojam
TOP3UOHUX KoedullmjeHara.

Ha nouerky 20. Beka, maremarudapu nomnyT O. Bednena, I1. B. Anekcangepa
n X. Kynera pajunu cy Ha pazyMmeBarby u pazjainmaBaiby [loenkapeoBux peBo-
JIyImoHapHuX ujaeja. MehyTum, odsracT je ocrasia JUCHUILINHA 33 TOIOJIOTe, KOjI
Cy MaHUITYJIUCAJN MATpHUIlAMa UHITUJICHIHje J1a Ou ojpeanian berujese Opojese
n top3uone Koedunujenre. Texk 1925. roaune, Emu Herep je uzBectnmia ja je
xoMoJioruja 3ampaBo AdesoBa rpyna, a He caMo BerujeBu OpojeBU W TOP3UOHU
koedurujeraTu. [lomako, mepuemniuje cy modese ga ce IOMepajy Ka aJaredapckoM
npuctymy. [oguae 1929. JI. Majep je yBeo jlan4yame KOMILIEKCE M XOMOJIOIIKE
rpyliie KoMiuiekca aucto ajredapcku. Tokom perennje 1925-1935, Hekomko mMa-
TeMaTH4apa je CTBOPHUJIO COICTBeHE Bep3uje xomosoruje. Mehy oBum maremaTn-
gapuMma cy Asekcanuep, Anekcanapon, Yex, Jledirern, Koamoropos, Bujeropuc,
ne Pam. CBaku ciy4aj je Omo ciimdaH, JaT je PerentT 3a KOHCTPYUCAhe JIAHIAHOT
KOMILIIEKCA W IbUXOBE XOMOJIOIIKE T'pylie Ou Omiie aeduHrcaHe Kao XOMOJIOTH]ja
TOr KOMILIEKCA. 3aTUM ON IOKA3aJd Ja je pe3yJiTaT He3aBUCAH o m3dopa u
Jaym ou yooudajene BernjeBe OpojeBe 3a KOMIIAKTHE MHOTOCTPYKOCTH.

lopure 1935. dusio je HEKOJMKO BEJIMKUX IIPOJIOPA Y Pa3BOjy TEOPHje XOMO-
sgoruje. [lourpjarun u Bpayep cy uzpadynanun xomosorujy kKiaacuaaux JlujeBux



rpyia, pe3yjirare Koje je Xord KOPUCTHO y OHOME INTO he KaCHHje TOCTaTh
teopuja XoroBux aaredpu. Uex je paszsuo Teopemy o yHHBep3aJHUM Koedu-
nujentumMa. [lociieamu Beukn pe3yaTaT Koju hemo 3a caja MoOMeHyTH OWUJIOo je
oTkpulie Teopuje KOXOMOJIOTHje U KyIl Tpon3Boja. OBO Cy HE3aBUCHO Pa3BUJIN
Antekcanmap u KosimMoropos, Koju cy cBoje pe3ysiTare MpeJICTaBUIA jeJIaH 3a
apyruMm Ha MockoBckoj MehyHapo1HO] KOH(MEPEHIN]H O TOTOJJOTHjUA y CEITeM-
opy 1935. romune.

Takobe 1935. rogune, Xypesud je qeduHIcao BUIIE XOMOTOIICKe rpyie 7, (X))
npocropa X . Koucrpyucao je Xypesuuesa npeciukasamwa h : m,(X) — H,(X;Z).
Barum ce hokycupao Ha achepudne IpocTope, OHe IIPOCTOPE UHje CY BUIIIE XOMO-
Toricke Tpyte (n > 2) cBe TpuBHjasHe, aau dnja dyHmamenTagna rpyna (X )
He Mopa OuTu TpuBHjasHa. Jlokazao je, uamelhy ocTaJor, jga XOMOJIOIIKE I'PyIIe
npoctopa X 3aBuce camo oJ dpyHIaMeHTaHe rpyme npocropa X . Konkperno,
TO 3HAYM Ja CYy, 33 JaTy IPYyIy 7, XOMOJOIIKe rpyme acdepudnor mnpocropa X
ca dyHIAMEHTAJTHOM I'PYIIOM 7 3aIllpaBO HE3aBHUCHE O n300pa mpocTopa X .

ToxoMm HapetHOT TIepuoa, 10 1950. roguHe, TOMOJI03H Cy IMOYEsIN Ja CXBaTajy
UMILIAKAIFje KOje XOMOJIOIIKa TeOPHUja TOMOJIONIKUX MPOCTOpa UMa y ajaredap-
cknM cuctemuma. OTKPUBEHO je 1a ce oapeheHe KOXOMOJIOTHje OC/Iambhajy UCKIbY-
YMBO Ha aJIredapcKe IMOIATKe, KAo IITO je KOXOMOJIOTHja achepUIHOr ITPOCTOPa
KOja 3aBUCHU CaMO O] leroe (byHIaMeHTasHe rpyie, wim Kkoxomosioruja Jlujese
rpyme Koja 3aBHCH caMO O] meHe npujipyzkene Jlujese anredpe. To je jmoBesio
JI0 pa3sMHUII/bakha y ajredapcku AeUHUCAHUJUM TEPMUHUMA, O€3 OC/iambarha Ha
toroJiorujy. [IpBu npumep je OHO IITO je JIOBEJO JIO CTBaparma KOXOMOJIOTHje
rpyna.

Koxomosomke rpyme Huzke gauMmensuje rpyne G cy paHHje HHTEPIPETUPAHEe
HA pa3juynTe HadwHe, najyhm kjaacuune pesynarare. Ha mpumep, y aumensuju
nyna, H(G; A) = A rpyna mHBapmjaHTHHX eeMeHaTa. Y IUMEH3HjH 1, Tpy-
na xomosoruje Hi(G;Z) = G/[G, G|, abenuzanuja rpyne. I'pymna Koxomosoruje
HY(G; A) je duna el mpoyuaBaHU KJACHYHU OOjeKaT, IPyHa YKPIITEHUX XOMO-
Mopduzama (G y penpesenrtanujy A. Xuideprosa ,, Teopema 90° 3 1897. romgume
je mpopauyn ga je H'(G;L*) = 0 kaga je G Tanoaosa rpyla HUKJIMIHOT Pa-
mupema no/ba L/K, a uMe morude o meHe yJIore y IpoydaBarby YKPIITEHHX
POM3BOHUX aaredpu. Y jaumensuju 2, rpyna H2(G; A) je zanpaso Kiacudu-
Kalnja parmpema Hal G ca HOpMaJHOM ToArpymnoM A mnpeko ¢axTop cKyrosa.
PaxTop CKynoBu ce mojaBsbyjy y Kouienty Beh 1893. roqune y paxy Xemnnepa,
crynuju lypa u3 1904. romune i 1906. roaune ko Jnknncona. ['ogune 1926,
[MIpajep je mao npBu cucreMaTcKu TPUCTYI (aKTOP CKyIHoBuMa, Koju je bpayep
nacraBuo 1928. 'ogunre 1934, Bep je nmpumerno 1a kama je A AbesioB, oBu dak-
TOP CKYIIOBU MOT'Y Ce CAdMpaTH 110 YJAHOBUMA, TAKO JIa PAIUpernha (GopMupajy
AdenoBy rpymy. OBO je H0BejIO /10 MPBOI' TPeTMaHa pallliperha 0e3 KOpHUIhema
daKkTOp CKyIoBa.



Tl'omune 1941, Xajum Xord je mogHeo paj y KojeM je moka3ao Ja pyHIaMeH-
tasHa rpyna m = (X)) npocropa X oapebhyje kojesarpo XypeBHueBor nmpecnKa-
Bamba h : my(X) — Hy(X;Z). llpencrasmajyhin m kao xomuanuk F/R ciodomne
rpyne F' moarpymnom R pesanuja, Xond je /1a0 eKCIIUIUTHY (DOPMYILy:

Hy(X;Z) _ RN [F,F]
Mm(X)) [ R

rie [A, B] 3a A, B C F o3nadaBa NOAIPYILy T€HEPHCAaHy KOMyTaTopuma [a,b] =
aba='b! (a € A,b € B). KonkperHno, ako je m3(X) = 0 (kao mro je y ciyuajy
acdhepruaHUX POCTOpa), 0BO ToKasyje jga Hy(X;Z) zasucu camo ox mi(X). VY
TOM cJiy4ajy, oBa dopmysia ce HazuBa Xordosa dbopmyna 3a Hy(m;Z).

Xordos pas n pajy XypeBuda WHCIUPUCAJIHM CYy MHOTe MaTeMaThudape J1a
IIPpOydYaBajy XOMOJIOTHjy M KOXOMOJIOTH]Y acepUIHUX IMIPOCTOpa W J1a U3pase
pesyaTare y TepMuHHMa dyHIaMeHTaHe rpyne. MakiejuoBuM pednma: ,OBa
JIMHUja MCTPalkKMBamba IPYKWJIA je OlNpaBlame 3a IpoydaBarbe KOXOMOJIOTHje
rpyna y CBUM /IMMEH3UjaMa U OWJia je IoJia3Ha TadKa XOMOJIOIIKE aJjredpe’.
Taxo cy Ajnendepr, Makieju, ®pojaenras u Xond, a 3aTuM U ExManom, cBu
HCTOBPEMEHO, aJjli HE3aBUCHO, Je(UHUCAIM XOMOJIOTU)Y W /UM KOXOMOJIOTHU]Y
rpyIe.

Ajnendepr u Maxkneju cy 1942. rogure 3aje/iHO paJun Ha OTKpUNy OHOra
IITO je caJia MO3HATO Kao TeopeMa O yHUBEP3AJTHUM KOeMUITUjeHTUMA, 38 CUHTY-
JIApHY KOXOMOJIOTH]jY, TAYHHje J1a je KOXOMOJIOTHja oapeheHa XOMOIOrnjoM ca 1ie-
JIOBPOjHUM KOepUIIjeHTUMa. XOM(OB paJl Teé TOJINHE je OCTAaBUO BEJTUKU YTUCAK
Ha WX, T1a Cy 3aTHM 3ajeJIHO PAJIUIN Ha IMPOoyYdaBamy acepuIHnX IIPOCTOpA.
Kopucrehun XypeBuueB pesysirart, ja cy, 3a JgaTy TPYIy 7T, TPyIe XOMOJOTHje
u KoxoMmoJioruje acdepudnor npocropa Y mHezaBucHe ol m3dbopa Y, cBe JIOK je
m1(Y) = 7, y3enu cy oBe rpyne, kao gebunuryje 3a H, (m; A) u H"(7; A). 3a us-
padyHaBarmba, KPenpaJu Cy ClenuuiIan ancTpakKTHU CUMILIUITA]ATHA KOMILIEKC
K (m) 3a u3bop acdepuunor npocropa Y. Hberose n-hemuje cy ypehenu uuzo-
BU [T1,...,T,| etemenara y rpymu. Crora cy m3padyHajm KOXOMOJIOIIKE IPYIIe
7T Kao KOXOMOJIONIKe Ipyie hesmjckor kosamdanor komiurekca K (7). Exmanos
paJ je Takohe nedpuHICAO KOXOMOJIOIIKN IIPCTEH HA CJWYAH HAYWH, JIe(DUHUATITY-
Nu KOXOMOJIOIIKU Ky IMPOU3BOJI y T€PMUHUMa OBOr Komiiekca. Oda paja cy
nokazana na H?(G; A) kinacudukyje pammpermsa TpyTia.

Ucrospemeno, Xormd je cTBopuo noTiyHo apyraanjy aedununmjy. OBa gedu-
HUIK]a je Ouia MHOTO OJimKa MoziepHoj Jeduannmju. OH je pasmarpao Moy M
HAJ| IPCTEHOM R, a 3aTHM je KOHCTPYHUCao cj000/1H0 pa3pereibe F ox M momohy
R-monyma. 3a I unean ox R, pasmarpao je xomosorujy jesrpa F — F @ (R/I)
U MOKa3a0 Ja je He3aBUCHA OJ m3D0pa paspelierma. ¥ CTBapH, CIIEIHjaIu30Ba0
ce 3a caydvaj rpymHor npcrena R = Zx, uneasna npommupewma I u M = 7. Os-
Jie je mokasao Jia ako je Y acdepudnu hemmjcku mnpoctop ca pyHIaMeHTaTHOM



rpynom 7, ouna H, (Y;Z) = H,(7; Z). ®pojaeHTaaoB METOJ, je 1o CImdaH, aau
Malbe OIIIITH.

Y nmouerky cy mpopadyHU OWJIM OrpaHUYeHH Ha Ipylle Koje cy oumye yH-
JIAMEHTaJIHEe TPYIle MO3HATUX TOIOJIONIKUX IPOCTOpa, Kopucrehu ,mperpaiau’
komiutekc. Kacuuje, 1946. roqune, JIunaon je mponamao JIpyru MeTom, KOju je
Cep peammzoBao 1950. rogmHe KopucTehn CIeKTpaJHH HHU3. 3aBPIIHO je OBAaj
onmc ca XoxmuaioMm 1953. rogune, a caja je mo3HaT Kao JIumHmoH-XOXIITHII-
CepoB crieKTpaJjHu HU3.

Xoxmui je TpuMeHno HOBe JedUHUINje KOXOMOJIOTHje TPyla y CBOjOj CTY-
JIUjU TeOpHje JIOKAJTHUX KJIACHUX I10Jba, J1a OU CTBOPUO ['aj10a0By KOXOMOJIOTH]Y.
[Ipoyuasajyhu oBy I'amoaoBy koxomoJiorujy, Tejr je medunmcao TejroBy KO-
XOMOJIOTH]Y, WHJEKCUPAHY CBUM II€JIMM OpPOjeBUMA, CIajarbeM KOXOMOJIOTHje U
XOMOJIOTHj€e TPyIIe.

lomure 1950, y Cemunapy Kapran, Ajiendepr je 7a0 akCHOMaTCKy KapakTe-
pU3aInjy Teopuja XOMOJIOTHje U KOXOMOJIOTHje 3a IPYIy U YTBPJUO IOCTOjarhe
IIOMEHYTUX Teopuja Kopuctehu pukcupaHo cja000/IHO pasperiere, a Kapran je
nokazao Teopemy mopebhema 3a JlaHdaHe KoMILIekce. 1o je JIOBEJIO 10 HBUXOBe
capaJimbe, ca I/beM ITOHOBHOT MHCAahba OCHOBA CBUX ] XOK aJIredapCKuX Teopuja
XOMOJIOTHje 1 KOXOMOJIOTHje KOje Cy ce JI0 Ta ia II0jaBujle. YIIPaBo Cy OBJle YBen
TepMuH ,, XOMOJIOIIKA aJjiredpa’; kopucrehu ra 3a HACIOB CBOT yiioeHuka u3 1956.
rogure. OBa KibHUra O3HavYaBa IPBO IOjaB/buBame HOoTanmja Tor, n Ext"”, kao u
KOHIIEIITa ITPOJEKTUBHOT MOJIYJIa. ¥ CBOjOj PEIEH3UjU HUXOBE KIbUTe, XOXIITHJI]T
je u3jaBuo 1a ,llojaBa oBe Kibure Mopa Jia 3HAYU JIa je eKCclIepuMeHTaIHa das3a
XOMOJIOIIIKe aJiredpe caja mpeBa3uheHa’.

Kmura je kopuctuia mojam jlaHdaHUX KOMILIEKCA U pa3pelemha, KOju ce Ta-
Kohe pa3BHjao TOKOM BpEMEHA. JIAHUaHe KOMILJIEKCE je TIPBU Iy T (DOPMAJIHO YBEO
Majep 1929. rogune, nnciimpucan Herepuaum uzBermrajem n3 1925. romune. Ke-
s u [Tuaep cy 1947. rogune ckoBaim TepMuH ,,tadad Hu3 . Jlamdane KoMILIeKce
cy nasbe pasBuian Ajiaendepr m Ctunpon y cBojoj Kmusu u3 1945. romume, y
KOjOj ce NpBU IIyT IOjaBjbyje JieMa o Ier xoMoMopdusama (y Ja/beM KPaTKO
ner-jema) u Majep-Bujeropucos Huz. Jlema o 3muju ce npBu myT HojaBHiIa Y
kibu3n Kaprana u Ajmendepra nz 1950. rogune. CiioboaHa pasperiema Cy ce
JIyTO KOPUCTHUJIA Y aJredpu, MOYEBIIN OJ] XujadepTa y meroBoMm pajry us 1890.
rojuHe. bep je UMITUIIMTHO KOPHUCTHO CJI0OOHA pa3pelierha Y CBOjOj CTYIUju
o pammpemumMa rpyna u3 1934. rogune. CamdHO TOMeE, Kao IIITO je PaHuje Io-
MenyTo, Xomd uX je KOPUCTHUO Yy CBOM omucy xomosoruje rpyme. Unjektusne
MOJIyJIe W pa3pelierha UMIUIAIUTHO Cy KOPUCTWIN Bep y CB0joj KapakTepm3a-
IIAjU TIOJIYITPOCTUX TpcTeHa n MakiiejH y pajy o pammpemnMa rpymna 3 1948.
TOJTIHE.

Ha ocnoBy Xormdosor paga, Kapran n Ajirerdepr cy KOpHUCTUIN CJI0OO/I-
Ha ZG-paspemeba G-mMoyia A Kako OM Jajii aKCHOMATCKU OIHC 338 XOMO-



aorujy rpyne H,(G; A). Mehyrum, HacraBuau cy ca JedWHUCAHEM KOHIIEITA,
[IPOjEKTUBHOT MOJY/Ia. 3aTUM Cy J1e(PUHNCAIN TPOjeKTUBHE U WHjeKTUBHA Pa3-
pemema. Onu Kopucte ope jedbununuje y csojum jgedbununujama TorZ(M, N)
u Ext}(M, N) kao usBenenux dbyukropa M @z N u Homg(M, N). Oso je mo-
BeJIO JI0 00je/InibaBarba MHOTUX IPETXOIHO MPOYyYaBAHUX TEOPHja XOMOJIOTHje
n KoxomoJoruje. IlokazaHo je ja cy rpyie XOMOJIOTHje U KOXOMOJIOTHje T'PyIIe
G Tor m Ext rpyme man rpymauMm npcrenom Z(G. CamdHO, MOKA3aHO je j1a cy
XoXmmIIoBa XOMOJIOTHja W KOXOMOJIOTHja aconujaruBae ajredpe A Tor m Ext
rpyre HaJi oMOTadkoM ajredpom A ® AP a xomosioruja u koxomosoruja Jlujese
ajredpe g cy mokazage ga cy Tor m Ext rpyne naz omoradkom ajredpom Ug.

ObjaBpuBarme Kmure ,Xomosonika anaredopa’ Kaprana u Ajiendepra joBse-
JIO je JI0 HeBepOBATHE KOJUYUHE UCTPaKUBarba MHCIUPUCAHUX OBUM JIE€JIOM. Y
CTBapy, Kao pe3yJITaT TOra, MOjaBUJIa Cy Ce W IMPOIBETaJa MHOra HOBA I0Jba
npoydJaBama. Heka oJ1 OBUX 10/ba YKJbYUY]y OOJIACTU MPOjJEKTUBHUX MOJIYJIA;
Teopuje y TeOPUju IPCTEeHa KAao IITO CYy PeryJiapHU JIOKAJIHU IPCTEHU, JIOKAJTHI
npcrenu, MaTincoBa JyaJJHOCT U JIOKAJTHA KOXOMOJIOTHja U JIyaJHOCT; TEOpHje
y ajredapckKoj reomerpuju Kao mTo cy ['amoaoBa koxomoJsioruja u Eraana Koxo-
MOJIOTHja; OOJIACTH Y M3BEJIEHUM Kareropujama; u Muore japyre. OBa Kmura je
octaJjia moryaapHa 10 1970-ux u, 3ajeqno ca MakjaejHOBOM KEUTOM ,, X OMOJIOTH-
ja* u3 1963. roaume, moMorJia je jia oBa TeMa IMoCTaHe CTaHIapIHU MaTepujas 3a
KYypCeBe.



2 G-momynm

2.1 T'pynaum npcrenu u G-mMoayJiu

Heka je G rpymna, He Hy>KHO KOoHadHa. /ledununiemMo mHTErpagHu rpynHuA
npcren o1 G ca A = ZG, koju ce cactoju ol (pOPMATHAX CyMa X;n;g; TIE Cy
n; € Z, g; € G u i eJleMeHT! KOHAYHOT UHJIEKCHOT' CKYyIIa, Ca Ollepallijama

Yinigi + Ximigi = Xi(n; + m;)g;

(Zinigi) (Ximjg;) = i j(nim;)(gig))-

JleBu G-momyint A je medpunucan kao Adesoa rpymna A 3ajenno ca G-nejcTBoM
Ha A koje momryje cabupamwe y A: g- (a+b) = g-a+g-b. [lomro je A Abesosa
rpyna, Moxkemo je cmarparu Z-momayiaom. [lonekas hemo Taj ocHoBHU Z-MOITY
O3HAUUTH ca Aj.

[Tormrro G-nejctBo Ha A momiTyje caduparme, MOXKEMO JITHEAPHO TPOIIHPUTH
G-nejerBo Ha A-jejerBo Ha A: 3a eemeHT A = Xing; € A, A -a = (En;g;) -a =
¥ni(g; - a). Hexa je a € A. Jacno je na je 1-a =a. 3a A u = X;m;g; nmamo

(M) - a = ((Binigs)(Bmyg5)) - a = (8i;(nim;)(g:9})) - a =
¥ (nimy)(gig;) - a = i j(nimy)gi - (g; - a) = Xijnigi - (m;g; - a) =
Yinigi - (Bmyg; - a) = (Bignig:) - (Zymyg;) -a) =X (1 - a)

OBo zejcTBo Takobhe morTyje cabuparbe:

A-(a+b) = (Zinig) - (a+D)
= Xinigi - (a+b)
= Yni(gi-a+gi-b)
= (Xinig - a) + (Xinigi - b)
= A-a+A-b

Haxne, A, 3ajenno ca G-aejcrsoMm, je A-momyii, y Kiaacuaaom cmuciy. OOpHyTO
je makohe oumryiesno TayHo. Crora, o cajia Ia HajJa/be KOPUCTUMO TEPMUHE
G-moysn u A-Moj1ys1 HAM3MEHUTHO.

Kpos neo oBaj Tekcr, G, A u A hie dutn Kao rope HaBeJIeHO, OCUM aKO HUje
Jgpyradnje mpernusupano. OdudyHO o3HadYaBamMO HeyTpasiHu ejemeHT G kKao 1,
TaKo Ja y A MOXKeMO jeIHOCTaBHO HaIHCATU 2 yMecTo 2e4, u candno. Ca Ug
o3HaYaBaMoO Kareropujy JieBux A-moaymna n A-xomomopdmusama. Taxohe hemo
1ecTo TpeTupatu Z Kao G-Mojyit ca TpubBHjaJHIM (-71€jCTBOM.



Mozkemo nampasutu G-MOTyJT U3 OUJIO KOT ITPOU3BOJHHOT CKyTia ca (G-1ejCTBOM.
Takas ckyn X ca G-xpejctBom HazuBaMo G-ckymom. 13 X dopmupamo ciodo/t-
Hy ABesoBy rpyny (win, eKBUBaJeHTHO, Z-Mojyi1) ZX , moHeKal O3HAYEHY Kao
Z[X], u npomupyjemo G-gejerBo Ha X Ha Z-nuneapHo jaejctBo G wa ZX. o-
oujenu (G-MOJTyJl HA3UBAMO IIEPMYTAITMOHUM MOJLYJIOM.

Hasme, kako cy opoure X; G-nejcrBa Ha X came qucjyHKTHU (G-CKYIIOBH,
UMaMo cyieeny JTeKOMITO3UIIH]Y:

zl| |xi=pzx..

Hapasno, kopucrehu TeopeMmy o opduTamMa u CTadUIM3ATOPUMA UMAMO
ZX = (P Z|G/GC.,]

rae cy x; € X; npeacrapaunu 3a G-opoure y X, a (G, je crabuiam3aTropcka mo/I-
rpyna ox Gy onHocy Ha x. akie, npejgcraBHunu r; (popMupajy reHepaTropHu
ckym 3a ZX xkao A-Momyi.

[Tocedno, 3a ciobonan G-ckym, Tj. Kaja je G-mejerBo Ha X €JI00071HO, CTAOU-
JIM3aTOPCKe noarpymne cy tpusujasine. To 3naum jga csaku Z[G/G,,] = ZG, u3
Jera JI00HjaMo ciieehn cras:

CraB 1 Hexa je X caobogan G-cxkyu u mexa je E cxyu upegctnashura 3a G-
opbuttie y X . Taga je ZX caobogan ZG-mogya ca dasom E.

2.2 MNMuBapujaHTe 1 KOMHBapHjaHTe
[Toackyn nuBapujantu y G-momnyny A je medunncan Kao
A°={a€A:g-a=a3acsegcG}.

OBaj oMoyt je najsehu oMoyt moayina A na kojem G zieityje TPUBHjAJIHO.
Heka cy A u A’ nsa G-momyna. Moxkemo nedunucaru G-aejcrBo Ha Z-
xomomopdusmuma u3 Hom (A, A’) no npasuiry

(9-fla)=g-flg"a)

zacee g € G, f € Hom(A, A') u a € A. Obue cmo kopuctuiu G-aejcrsa Ha A u
A/

a ducMo IpOBEPMIIH JIa JIX je OBO JA€jCTBO I00PO AePUHUCAHO, IIPOBEPABAMO
crenehe Baxkeme 3a cee g,h € G, f € Hom(A,A") ua € A:

L (1-f)(a)=1-f(17" a) = f(a)



2. (g:(h-f))(a) = g:(h-f)(g~"a) = g-(h-f(h"-(g7"+a))) = (gh)-f((gh)~"-a) =
((gh) - f)(a) 3a cBe g,h € G.

Nusapujanran esement Hom(A, A’) je emement f koju 3amoBosbaBa (g -
f)a) = f(a) 3a cBe ¢ € G ua € A, 10 ject g- f(97' - a) = f(a), 3a cBe
g€ Gua € A. 3amenom a ca g-a (1o odyxsara 1eo A) 1001jaMo eKBUBAJICHT-
Hu yciioB g - f(a) = f(g-a),3a cBe g € G ua € A. Jlakne, f je uHBapujaHTHU
eJIEMEHT aKO M caMoO ako je xomoMopduzam momyna usmehy G-momyna A u A'.
Hake,

Homg (A, A’) = Hom(A, A")C.

Osa dopmyia gosoan 110 apyror omnuca AY, naror ciemehinM cBojcTBOM:

A% = Homg(Z, A). (1)

OBre Z cmarpamo G-mojysiom ca tpuBujaaauM G-yejcTBoM. 3amcra, Kako je
Homg(Z, A) = Hom(Z, A), nosomno je mokaszatu Hom(Z,A) = A. Csaxu
xomomopduzam je oxpeben camkom 1 € Z 300r JTUHEAPHOCTH, I1a IIPECIUTKAjMO
xomomopdusme fy f(1). OBo mpeciaukaBame je OUUIIETHO n30MOpdu3aM, CBe
ITITO je IIPeOCTAJIO je j1a poBepuMo Jj1a jin (G-CTpyKType oaroBapajy. OBo ce jJako
nposepasa: (¢- f)(1) =g- f(g7t-1) =g- f(1), y3 nanomeny na je G-ejcTso Ha
7, TpUBUjATHO.
Creneha yiema mpukasyje KOPUCHO CBOJCTBO (DYHKTOpPA WHBAPU]AHTH:

JIema 2 Qyuxiiop A — A® je aeso Wauan na xawelopuju sesur A-mogyaa,
Wj. axo je

0—A—"sB_Yv0—50

Kpawax wavar Hu3 AesUT A—MOgyJLCL, HU3

0 — AC¢ ¢G>BG wG>C’G

je wavan y xaweiopuju Abdesosux tpyua.

Hoxkas: Axo je ker ¢ = 0 onzma je ker ¢ = 0 jep je mogckym o ker ¢.

ITokaxkumo ja je kert = im ¢. Hapasuo, im ¢% C ker®, jep je muxosa
kommozunuja 0. Caza, mexa je b € ker ¢, nma je b € BY u ¢¥%b = 0, mro 3maqn
b = 0, jep je ¥ pecrpuxmmja oz 1 nHa BY. Kako je ker 1) = im ¢ umamo b = ¢a
3a Heko a € A. Casa, Kako je ¢ xomoMmopduzam MojIysia, 3a MPpOou3Bo/bHE g € GG
NMaMO

¢lg-a)=g-(¢a)=g-b="b



jep je b wmBapujanTHEN erement ox B. laxie, ¢(g - a) mMa HCTY CIMKY Kao
¢(a). Mebhyrum, ¢ je monomopdusam, mro 3Hauu ga je g - a = a. Iomro je
¢ TIPOM3BOJbAH, TO 3HAYM [a je a MHBApUjanTHH ejgemeHT on A, mmm a € AC.

Haxne, b € im ¢“. Crora, ker ) = im ¢. 0

[Mogckyn KomHBapujaHTHUX ejieMeHaTa y A je jeduHHCAH KaO KOJUIHUK
MOIy1a A MOAMOJIYIOM KOjy TeHEepHIIly eJIeMeHTH OOJINKa ¢ - a — a 3a c¢Be g € G
u a € A. OBaj Kommunuk je ozmauen ca Ag. Ine je A 6mo nmajsehn mommosryn
Momayina A Ha kome GG zeinyje TpuBnjasiHo, Ag je Hajsehu Kosmunuk momynaa A
Ha KoMme (G JiejIyje TPUBHUjaJIHO.

ExBuBajieHTHO MOXKeMO Ja geduHumemMo Ag Kao:

Ag = 7., A. (2)

Hamomenumo na, na Ou TeH30pCKH MPOU3BOJ UMAO CMUCHIA, Z, CMaTpPaMo Je-
cauM A-mosrysiom, ca TpuBnjasnuM G-riejctBoM. JIoKaKIMO g je TOpIbU UJIeHTH-
TeT eKBUBAJIEHTaH OPUTHHAIHO] nedunurnyju. Ha ocHOBY yHUBEp3aIHOT CBOjCTBA
TEH30PCKOT MPOU3BO/Ia, TOCTOJU JeIMHCTBEHO TpeC/nKaBame ¢ @ Z @y A — Ag
JaTro ca n ® a > na, rae a o3HadaBa CIUKY a y KoaudHuky Ag. OOphyto,
pa3MoTpuMO IpecankaBame 0 : Ag — Z ®p A maro ca a — 1 ® a IIposepaBamo
na je 6 nodpo nedbunucano npeciankasame A-momyia. [omro je G-nejerso na Z
TPUBUjAJTHO, TMAMO

1@ (g-a)=(1-9g)®a=1®a,

mro 3Haun jia umamo 1 ® (g -a — a) = 0. Jlakie, npeciukasame 6 je 100po
nedUHUCAHO, jep Cy JIBa eJIeMeHTa a1, (s, UCTa aKO Ce PAa3JIuKYyjy 3a 30up eje-
MeHaTa 00JInKa ¢-a —a, na je 1 ®a; = 1 ®ay. llpeciiukaBama p u 6 cy uHBep3Ha
jemno apyrom, na cy Ag n Z @ A nzomopduun kKao A-Moyn, y3 HAIIOMEHY J1a
je G-nejcTBO TpUBHjAJIHO y 00a CIydaja.

Hamomenumo ga ce, 300r dOuanHeapHOCTH, CBAKH eJIeMeHT Z & A Mozxke mpei-
craBuTh Kao 1 ® a, 3a Heko a € A. OBaj 3anuc He MOpa OUTH jeIMHCTBEH.

YouurreHno ropopehn, MoxkeMo J1a paauMO ca TEH30PCKUM IIPOU3BOIoM A @\
A’ nBa nesa G-mouyna A u A’. To pagumo Tako mro A mocMarpamMo Kao AeCHU
G-momyn ca gecanM G-aejetBoM JedbUHACAHIM Kao a- g = ¢ ' -a,3a cBe a € A
ug € G.Y oBoMm ciayuajy, A®x N ce noduja n3 AR A’ KOIMIHUKOM IO peJIaliuju
gl a®d =a®g-d (ymecro yoduuajenor a-g®a = a® g-a'). 3amenom a
ca g - a, oBe pejanuje aooujajy ook a @ a’' = g-a® g-ad'.

WNucnupucanu osum, Moxkemo gatu A ® A G crpykrypy. Hedunnmemo G-
nejerBo Ha A ®@ A’ ca gla®d') = ga® ga’ 3a cBe a ®@d € A® A. Jakie,
NMaMO

Ay A = (A A)q.

Canano jemu 2, umaMmo cjefehe cBojcTBO pYyHKTOpPa KOMHBAPUjaHTH:



Jlema 3 @ynxiwiop A — Ag je gecro wanan wa xaweropuju sesux A-mogyaa,
wj. axo je
0—A4—"3B-"5C—0

Kpawax wavar Hu3 Ae6UT A MOqyaa, Hu3

¥

AG ¢G>BG G)CG—>0

je wavan Yy xaweiopuju Abdesosur ipyua.

Hoxka3: IlpecimkaBama ¢g u g cy Ta Koja umHe ciejiehn aujarpam KOMyTa-
TUBHUM:

¢

G
AG > BG > Cg,

rJie P, ¢ U 7 OJIr0OBapajy KOJUIHUIKUM MPECTUKaBAbUMa U3 JAeUHUINje KOUH-
BapujanTu. JIpyrum peunma, umamo ¢gp = qo u Ygq = rip. Buaumo 11a 3a duto
koje a € A u g € G umamo

¢(g-a—a)=g-¢(a) —da),

Tj. ¢ masbe enemente u3 kerp y kerq. OBo mam omoryhasa ma jgedpuHuIEMO
¢¢ Ha TpupojaH HavmH, massyhn esemenrte odmuka p(a) € Ag y qo(a) € Bg.
Comano 3a .

[Ipso hemo mokazatu imys = Cg. llpernocraBumo ma Ham je mar mpo-
u3BosbHu ejieMedT u3 Cg. O je obiuka 7(c), 3a Heko ¢ € C. Ilomro je
CYpPjeKTHBHO, TO 3Ha4M Jia IOCTOju HeKO b € B rmakBo ma je b = c. [lakie,
r(c) = r(¥d) = ¥gq(b) € imyg, na je ime = Ce.

Cama, xajie ma mokaxkemo ker ) = im ¢g. Ilpe cBera, nmamo 1a je mUXOBa
konmosuimja (. 3ancra, HeKa je Jar npousBosbaH ejneMmeHT p(a) € Ag. Hoduja
ce

Yavep(a) = Yaq(pa) = r(ye(a)) = r(0) = 0.

Haxkite, im ¢ C ker 1. [lokaxkumo odpHYTO.

Heka je q(b) € ker ¢ npoussosan. Tana je gq(b) = 0, 1j. r(b) = 0, 1o
qyeMy numamo b € kerr. I3 necdunuiyje npeciimkasama r, TO 3Ha4A Jia je by
noarpynu C' reHepucaHoj eJleMeHTUMa 00JuKa g - ¢ — ¢, rne cy g € G u ¢ € C.
Haxkite, 3a Heke g; € G, ¢; € C un > 1, umamo

n

Yo = Z(gz SCi = ¢).

i=1
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Kaxo je cBaku ¢; € C 3a cBe 1 <1 < n, 11 je cypjeKTUBaH, TO 3HAYN Ja IOCTOje
b; € B TtakBu na je ¢; = 1¥b; 3a cBe 1 <1 < n. [lakine,

n n

Yb =" (gi- b — vbi) = (> (g bi — b)) = ¢m,

i=1 i=1

1j. ¥(b —m) = 0, tae osnagasamo m = (> ,(g; - b; — b;)). Hakme, b —m €
ker ¢ = im ¢ npema Taunoctu noderHor usa. /laxie, cama umamo b —m = ¢a
3a Heko a € A. Kako je m y moarpynu HaBejieHoj y jgebununuju Bg, ciean
m € ker q. Caga nmamo

q(b) = q(b—m) = q(¢a) = dgp(a) € im ¢¢.

Jaxme, mokazamu cmo ker g € ker ¢¢. O

2.3 KouHayKoBaHUW M MHAYKOBaHU A-MomyJiu

N3 G-crpykrype modujene u3 rope HaBeseanx G-jejcraBa Ha pe3ysITyjyhum
objekrnma, dyukropu Hom( , ) um ®  1ajy mojMoBe MHIYKOBAHUX U KO-
UHyKOBaHUX A-MoJTyIa.

Hedunummja 1 A-mogys A ce cmatipa Koungykosarum axo Goctmoju Adesosa
yua X ca wpusujasrum G-gejcttisom waksa ga je A = Hom(A, X), a ungyro-
sanum axo je A=A ® X.

CraB 4 Axo je G xonauan, gepurnuyuje KOUHGYKOBAHUT U UHJYKOBAHUL MOGYAQL
ce UOKAATUGTY.

Hoka3z: Heka je X Abenosa rpyna ca tpusujaauum G-aejctBom. Heka cy A u
A’ monynu u3 neduHUIM]a WHIYKOBAHUX U KOWHJIYKOBAHUX MOJYJIa PEJIOM, TO
jeer A=A® X u A = Hom(A, X).

Heka je n 6poj enemenara y G, a ejqemenre G 03HA4UMO Kao { g1, ga, - - -, In }-
Kako je A = ZG ckyn ¢dopmannux cyma Haj ejgemeHTuMa y (G, KOjUX HMa
n < 00, OYULJIEIHO je m3oMopdan Z". 3Ha4un, MaMO

A=AQX 27" X2 (ZRX)" 2 X"

Jodujern nzomoppuzam A = A ® X — X" je mar Ha IPOU3BO/LHOM €JIEMEHTY
dgecI®@ Ty € Aca

E :g®:L‘g = (Tgys Tgy, - - -, T, )-
geG
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Cnemn nma ce duo Koju ejleMeHT y A MOXKe jeIMHCTBEHO IPEJICTABUTH Kao
>_gec 9 ® T4 32 onrosapajyhe z, € X.

C nmpyre crpane, Kako je xomoMopdusam u3 Z" Ha HEeKy TPYILY jeIUHCTBEHO
onpebhen cankama n 0a3HUX ejleMeHaTa of Z', iMaMO

A’ = Hom(A, X) & Hom(Z", X) = (Hom(Z, X))" = X"

rJIe MoCJIe b n30Mopdu3aM HacTaje TaKo IMITO je cBaKu XoMomopduszam us Z
y X jenummcrBeno oxpehen Tume Kyja ce cimka 1.

Crora, kao Z moaynu, sugumo fga cy A' u A usomopduu. Cse 1mro je mpe-
OCTaJIO je Jia TOKaXKeMO Jia IMOCTOoju m3oMopdusaM usMmehy mbUX KOjU IOIITYje
wuxoBa G-mejcrBa. la ducmo To ypaamim, Koncrpyucahemo nzomopduzam ns-
mehy A’ u A u qupekTHO ToKa3aTu ja oH dyBa G-J1ejCTBO.

Kako je G koHnadaH, MOXKEMO 3aIlMCATH POU3BO/bHU eJieMeHT A € A Kao
30up HaJ cBUM ejeMenTuMa G, Tj. A = ) gec kg9, va€ je kg € Z. Pazmorpumo
npeciaukaBame p: A — A’ Koje npedayje esemeHT g X & y xoMoMOpdU3aM X,
r7ie je Xy MHIUMKATOPCKH XoMOMOpdu3aM 3a ¢, Tj. ako je A = Y, . kyh, onna je
Xg(A) = ky. ¢ aguTuBHO mpomUpyjeMo Ha ocraTak A.

Akojea=)  g@z,€ A, u=3 .kyg, onna

fa(A) = fzgegg®xg()‘) = Z fogzy(A) = ngXg()‘) = Z Kgg.

geG geG geG

Kako ce cBaku esemeHT y A MOXKE jeJIMHCTBEHO IPEJCTABUTH y OOJIUKY
> gec 9 @ Ty, IpeCIuKaBame ¢ je J100pO J1epbUHUCAHO.

Jla ducmo mokaszanm J1a je MHjeKTUBHO, IPETIOCTABUMO J1a  UMa UCTY CIUKY
Ha eJIeMEHTHMA @ = D o J @ Ty ub =3 09 ® Yy, Tj. fo = fp. To 3naun na
nMajy UCTY CJIMKY Ha OUJI0 KOM MPOu3BOJbHOM ejieMenTy g € G, 1j. f,(g9) = fo(g)-
Haxkne, v, =y, 3a cBe g € G. lakye, a = b u ¢ je UHjeKTUBHO.

CaJta mpoBepuMO J1a Jin je TIpec/inKaBambe Takohe cypjektuBHo. [IpernocraBu-
Mo na je f € A’ = Hom(A, X). Ba cako g € G, Heka je f(g) = z,. Hexa je
a= deGg ®x, € X. Cana, f = f, na G, ma ce 10 IMHEAPHOCTHU HOIYIapajy U
Ha A

Cge mrro mpeocraje je ja ce mposepu Ja Jjiu ce G nejerBa na A’ u A nomyma-
pajy, To jecT h - f, = fra 32 cBe h € G. Kao u panuje, 0110 Koju mpOU3BOJbHI
eJleMeHT a € A MOXKe ce jeTHOCTABHO HAIKCATH Kao a = » gec 9 ®@ 4. Heka je
h € G. Umajyhu y Bumy sa je G-aejcrBo TpuBmjaino Ha X, cajia u3padyHaBaMo:

hoa=h-(Y gz)=> h-(g@x,) =Y h-g@h-zy=) h-g@u,

geG geG geG geG
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Kako G nmenyje na A MHOXKemeM cjieBa, 1 Kako je (G KOHadaH, MOKEMO HIeHTH-
¢duKOBaTH JI€jJCTBO MHOXKEHa CJjeBa ca ejeMeHTOM h w3 (G ca mepMyTammjom

o € Aut(G).

h-athg@xg:Z )@y = Zg@x(,l

geG geG geG

Cama m3padynaBaMo Kako h mesyje Ha f, 3a OWI0 KOju mpou3BosbHU (1 € A:

(h-fa)(p)=h-f(h™" )= f(h™" - p)

kao f(g~' - u) € X. Orpannvasajyhu ce Ha ciuke enemenara us G, uMaMo

(h : fa)(g) = fa(hil : g) = fa(o-il(g)) = Ts-1(g) = fh-a(g)

r7e KOHAYHY jeJHAKOCT 3aKJbydyjeMo U3 ropmux npopadyHa h - a. Crora, Kako
ce 00e crpane ciaxky Ha (G, MOpajy ce CJIOXKUTHU U HA CBOjUM pAIUPEHUMa HA

A. O

Jlema 5 Csakxu G-mogys ce ywata Yy KOUHGYKOBAHU MOGYA.

Hoka3: Heka je A mpomsBoban G-momyn. Ilpukazahemo ma ce A yrama y
Hom(A, Ap), e je Ay ocHOBHHU Z-MOmy/T 0 A, MITO 3HAYN /13 MMa TPUBUJATHO
G-nejero. Pasmorpumo npeciimkasame A — Hom(A, Ag) naro ca a — f, tae je
fa(g) = g '-a3acBe g € G xao nogckyn A (kaxo je aejerso G Ha A TpuBHUjaHO,
pasmMaTpamo pesyJITaT JeJoBama ¢ L Ha a'y A, mTo je exement Ay), a f, ce npo-
mupyje Ha ocratak A jmHEapHO, TO ject, f,(A ) fa O kig) = S0 kg
OBo mpecauKaBame je WHjeKTUBHO, jep ako je f, = fi, ouma je fo(1) = f(1),
mro 3uaun ¢ = b. Takohe mopamo mokazaru ja ce G-ejcTBa CIaxy, TO jecT,
g fo = fga- Crora mopamo mmatu (g - fo)(A) = fy.a(N) 3a ce .

(g f)X) =g falg™ X)) = falg™" - N) = falg™"- Z kigi) = fa(z kg~ g;)

n

= kg g™ a—Zk (g a—Zkzgz = fga(N):

i=1
pyra jenuakoct Baxku, jep je y g - fa(g™' - )\) CIIOJBAIITELE JIEJCTBO OrOBapa,
G-nejetBy Ha A, IITO je TPUBUjAITHO. O

Jlema 6 Csaxu G-mogya je xomomoppar cauuyu Gpojexuyuje ungykosarotr G-
MOGYAG.
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Hoxka3z: Heka je A mpousBosbar G-MOIy/1 u 03HaYNMO ca Ay HeroB OCHOBHU Z-
Moys1. Pazmorpumo mpecsimkaBame n3 A ® Ag y A Koje mpecaukaBa g Qay g-a
u npommupyje ce Ha cBe A ® Ay nmunreapno. [lokazahemo na je To enmmmopduzam.
CypjektusHo je, jep je cBaku a € A cimka 1 ® a. a ducmo mokasanu ga ce
G-nejcrBa citaxy, mokasyjemo ja ce g' - (g ® a) npeciukaBa 'y ¢’ - (g - a). Hakie,

g (g®a)=(dg®yg -a)=(dg®a)

kako GG jenyje na Ay tpuBujasno. OBaj pesysrar ce npeciukasa Ha (¢'g) - a =
g - (g-a) 0
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3 Pazpemema

3.1 Caobdoana paspeniema

Ocum G-mopynna, Ipyra OCHOBHA CTPYKTYypa y TE€OPUjU IPYIIHE KOXOMOJIOTH]e
j€e IPOjEeKTUBHO pa3perrermne. 3a caja NeMo MoYeTH Ca PasperiemhbuMa CJI000THUX
MOJIyJIa, a MPOjeKTUBHE MOJTysie heMo KacHUje TIPaBUJIHO Je(OUHUCATH.

Hedbununmja 2 Hexa je R upctien, a M R-mogyna. Ckyu E je basa 3a M axo
renepuwe M u axo je auneapro ne3asucam. Axo Waxas Kyl GOCWOU, OHGA
xaotcemo ga je M caobogar mogya.

Hedbununmja 3 Hexa je R upctien u M aesu R-mogya. Paspewerse 3a M je
wavar nu3 R-mogyaa

0

0!
e B 2>F1 1>F0 s M —0.

Axo je ceaxu F; caobogan, onga ce wo Ha3uea caoboghum pazpeuservem M wag

R.

MoxkeMo MoKa3aTh Jia IOCTOJU CJODOIHO pa3pelierhe 3a OUJIO KOjU ITPOU-
3BoJbHU MOy M, jennoctaBHOM KoHcTpykIinjom: Heka je Fy ciodoman MOyt
renepucan ejgementuma M Kao remeparopuma, a € : Fy — M ouursiemna cy-
pjekija. 3aTuM, TOHOBUMO TIOCTYTIAK Ja ONCMO HAIIPABUJIN CJI000/IaH MO/ F)
reHepuCcaH eJleMeHTUMa Ker € Kao remeparopuma u cypjekiumjom Fy — kere. OBaj
MIOCTYTIAK Ce 3aTUM MOXKe ITOHABJ/bATH OECKOHATHO Jia OM ce KpEempaJsio CJI0OOIHO
pasperemne 3a M.

YriasaoMm hemo ce daButu ciaydajeM Kaja je M = Z a R je A = ZG 3a nary

rpyny G.

3.2 llIpeciaukaBame NpPOUINPEHA

Jedburnmemo npecankaBambe IPOIIIPEHA KAa0 XOMOMOP@U3aM IIPCTEHA € :
A — Z raxBo nma je €(g) = 1 3a cBe g € (. Je3rpo ox £ ce Ha3WBa HeIAT
poIupeha A 1 o3HavaBa ce ca [.

Heka A = > k;g; Syne npoussosban esement y A. M3padynasamo

e(A) = 5(2 kigi) = Z kie(gi) = Zkz

Haxkie, ako je A € I, onzxa je > ' k; = 0, mro 3ua4n

Azx—Zkz-=Zkigi—2ki=2ki(g,~—1).
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HakJjte, cBakmu ejleMeHT cKyma [ je reHepucaH ejJeMeHTHMa O0JuKa g — 1, Tj.
erementn {g — 1| g € G, g # 1} uune da3y 3a I ka0 Z-MOmy.

Cama, perniocraBuMo Ja je S ckym reneparopa 3a G. Ilokazahemo ma ese-
meHTH {s — 1| s € S} renepunty I kao jesu niean. Kako esementu {g — 1| g €
G, g # 1} renepunty [, JIOBOJBHO je MOKA3aTU Jia Cy OBHU €JIEMEHTU T€HEPUCAHU
ca {s — 1| s € S}. Enement g € G je obiuka g = $183+-- S TJ€ S1,...,5; € S
Hucy HykHO pasmmantu. Cajia, 10/1aBambeM 9IaHOBa KOjU Ce CKpaTe, J00MjaMo
cienehy cymy:

g—1 = s189---5,—1
k—1

k—1
= 8182'.'8143_5 Sl"'Si‘f—g 81"'81'_1
i=1

=1

— 2(81---81—81---6‘@;1)

:1
_ Z(Sl . 31‘—1) . (Si — 1).

=1

Haxute, eementn {s — 1| s € S} renepurry I Kao JeBu ujead.

Bazku u obpryTo, ako esementu {s — 1| s € S} renepunty I kao JieBu ujeat,
oHza je S ckym remeparopa 3a (. 3amcra, mpermnoctaBumo ja je H moarpyia
on, G renepucana ckymom S. Pasmorpumo nepmyranmonu Moy Z[G/H|. Hey-
TpasHu ejiemenT 1 € G/H je dukcupan ca H. Takie, kako S renepurre H kao
noArpyiy, a enementu {s — 1| s € S} renepumy I kao ujeas, 1 ce moHUIITABA,
ceuM ejtiemenTuMa u3 I. IIpema Tome, 3a cBe enemenre g € G, (g — 1)1 = 0, na
gH = H 71j. g € H. lakne, G C H, miro 3naun G = H. Jpyrum peumma, S
renepuiie G.

Jledpunncanm cMo Tpyiy KOMHBapujaHTHUX ejgemeHara Ag on A Kao Koamd-
HUK 0/ A 10 8 JuTUBHO]j MTOATPYIIN T€HEPUCAHO] €JIEMEHTUMa, OOJINKA §a — d 38 CBE
g € G,a € A. OBu ejleMeHTH Cy 3aIIpaBo Mpon3Bojn ejleMerta g—1 € [ na € A.
Osu estementu Tako remepunty ugean JA = {d""ab; |n>1, a; €I, by € A}, u
TAKO MMAaMO JIDYTU OOJIMK 3a KOWHBAPUJAHTHY TPYILY.

Jlema 7 Ag = A/IA.

3.3 llpumep: ciaodomHo pasperneme o4 7 HaJ HEKOM Iu-
KJIAYHOM T'PYyIIOM

Koncrpyumemo caja o0CHOBHE TPUMEDP CJIOO0THOT Pa3perierha.

IIpumep 1 Caodogro paspewerve 7 HAG YUKAUMHOM TPYTOM.
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Hanomena: Osznauumo ca C! nukmany rpyny pega r remepucamy ca 1, 3a
1eo opoj r, 2 < r < oo.

Hoka3z: I[logenmnhemo qoka3 Ha JiBa ciiydaja y 3aBUCHOCTH O] TOTA Ja JIX je peJl
JaTe IMUKJINYIHe Ipyle, 7, OeCKOHAYaH W KOHAYaH.

Cayuaj 1: r = oo. Ha kpajy narmer pasperema MOpa OUTH IIPECTUKABAIHE
npommpewa € : ZCL — Z, rae ce reneparop T ciauka y 1. To 3maun na ce
T —1 ciuka y 0. [Ipema ToMe, HEKa KOHCTPYHIIIEMO ITPETXOHU CJA0O0THU MOJTYJT
kao ZC3 = 7ZCT = A, ca rpanmarnM npecaukasameM d : S+ T — 1, riie cmo
reHepaTop MpeuMeHoBaIn y S 9uCTO Paju jacHohe.

JesHOCTABHO je TokazaTh fa je d WHjeKTuBaH: Heka je a + bS, ¢+ dS € ZC%,

ca d(a+ bS) = d(c+ ds). Hake,
a+bl'—b=c+dIl —d,

mma je

(@a—c)+(d—b) = (d—Db)T.

30or ImHeapHe HE3aBUCHOCTH J00ujaMo ja je d =bwu ¢ = a, 1j. a+bS = c+dS.
Haxkne, Hu3

0 —— ZCS —» 70T —= 5 7 — 0.

je Tauan, na je oo cj1000/1HO paspermerse of Z nax ZOTL .
Cnygaj 2: 7 < co. Heka je N = 1 +T +T? + --- + T". Ilokazahemo 1a je
cieselie jeaHo ciobomuo paspemee Z nan ZCT:

T-1 T-1 T-1
L A(Qk) L) A(gk,l) _— ... L) A(l) E— A(o) — 7.

Csaxu monyn Ay je xommja ciaodommor momyna A. Ilposepumo ja mm je nus
TadaH, Tj. Ja JII ce je3rpa m ciuke npecamkabamba N @ Apy — App_1) T
T —1: Aggy1y — A noknanajy. N(I'—1) = (T'—1)N =17 — 1 = 0, tako
Jla CJIMKa CBAKOI' IIPCEIMKaBamba JIeXKH yHyTap jesrpa ciaemeher. ITokaxkumo ma
je 1 OOpHYTO TavHO.

3a menapaH cjydaj, HEKa je A\ = ZZ;& a;T" € Aaii1y- Kako je Xy ker(T —1),
UMAaMO

(T—-1)-A = 0

r—1
(T—1)-> aT" =0
=0

r—1 r—1
T-ZaiTi—l-ZaiTi = 0
1=0 1=0
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r—1 r—1
> aT* =Y aT = 0
i=0 i=0
r—1
ar_lTr + E (ai_l — ai)T’ —Qayp = 0
i=1
n3 dera, y3 HamoMeHy ga je 1" = 1, ciemm ag = a1 = -+ = Q1 = Qg 1O
. . —1 ;
JuHeapHoj HesasucHoctu. laxie, A je obmuka y .5 agT" = agN u crora \ €
im N.
N . —1 ;
3a mapHu ciydaj, IOHOBO Heka je A = » ..o a;T", oBor myra, mehyrum, y
Aory. Ipernioctasumo A € ker N. 3aTum,

N-AX =0

7=0 =0
r—1 r—1
ZZCMTH_J =0
7=0 =0
r—1 r—1
(CLZ‘ ZTH_]) =0
=0 7=0
r—1 r—1
(2_a)(D_T) =0
=0 =0

30or JimHeapHe HE3aBUCHOCTHU €/IeMeHATa a;, OBO Jiaje 1 WJICHTUIHUX jeTHATNHA:
ap+ -+ a,_1 =0, wm ag = —a; — --- — a,_,. Bpahamem oBora y A, modujamo

r—1 r—1 r—1 r—1

A=Y aT =a+Y aT =) a(T"=1)=> a(T—1)(1+---+T"").

1=0 i=1 =1 i=1

Hakne, A = (T'— 1) - p 3a mexo p € A (mmm Sosbe pedeno A(gpi1)), U crTora

A€im(T —1).
Crora je Hall HuU3 TavaH, Ia je IIpeMa TOME CJIOOOJHO pas3pellerhe Z HaJl
ZCT. O

3.4 CranjapaHo pa3periemne

WNako cMo Beh 1mokazaJm Jia y OMINTEeM CJIYYajy CJA000THO pa3periene HEKOT
MOJIyJIa HaJl IpcTeHOM R yBeK mocToju, 3a cjyd4aj 3a IpcTeH R mMaMo IIp-
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cren A = Z(G, nocroju jegHa NpakTUIHUja KOHCTPYKIIAja, HAWMME CTAHIAP/THO
pa3pememe. Heka je P, cnoboman Z-monyn ca dazom matom (k + 1)-Topkama
(g0, ---,9x) enemenara u3 GG, n Heka cBaku g € (G 1ejCTBYje Ha NPOU3BOJHHY
(k 4+ 1)-ropky ca

9-(90,---,9x) = (990, - - - 99r)-

Hanomenumo 1a je Py 3ampaso ZG, Tj. A.
I'panuanu xomomopduzam d : P, — P, je nedununcan Ha das3u:

k

d(QO; oo 7gl€) - Z(_l)j<907 o 7gj7 oo agk)v

Jj=0

rjie YuTaMo ¢; Kao ,M30CTaBUMO eJIeMeHT ¢;°. Y IUMEeH3Mju HysIa KOPHUCTHUMO
TIpecIMKaBame Ipommperba € : Py — 7Z maro ca €(go) = 1. Opa gedbunumnmja
d je aHaJIOTHa JIE(DUHUIIAJU CUMILIAIjAJTHE TPAHUIE CUMILIEKCa Ca TEeMEeHHUMa
9o, - - -, gx- Crora je Hus

= d = d—1 d =
—>Pk—k>Pk:—1 S ... 1>P0

€

s 7. — 0

TavYaH, W IPEMa TOME IIPEJCTaB/hba CJA000MHO pasperieme 7Z uHag A. Takobhe
MOXKEMO JINPEKTHO Ja IIPOBEPUMO OBO Kopuctehm KOHTpaxyjyhy xomoromujy
h : P, — P,,, 3a IpONMpeHu KOMILIEKC Z-Moyna y ocHosu. edunumenmo h
ca h(go,...,95) = (1,90,...,9%x) ako je n > 0 u h(1) = (1) 3a kK = —1. Bancra,
UMaMO

dk+1h(go7 cee 7gk) = dk+1<17QOa cee 79k)
k+1

= (907"'7gk) +Z(_]—)j(17907"'7gj - 177gk)
j=1

k+1
= (907 B 7gk) + Z(_l)J+1(1agO7 v 7gj7 s 7gk)
j=0

k

hdk(gﬂa'-'vgk) = h (_1)j(90a--'7gj7'-'7gk)
j=0

(=1 (L, 905+, Gjs -+ 9r)-

I

o

1=

Onamie je (dyy1h + hdy)(1, g0, - - -, 9x) = (905 - - -, gk), Tj. dh + hd = idc, u crora
je h 3ampaBo KoHTpaxyjyha xomoTornuja.
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Kao 6a3sy 3a ciobommum A-momynm P, moxkemo yseru (n + 1)-Topke €mjm je
IpPBU €JIeMeHT 1, TomTo oHe mpejcTaBbajy G-opdure (n + 1)-topku. Yecto je
KOPUCHO Hamucaru TakBy (n + 1)-ropky y obmauky (1,91, 9192,---,9192" gn) U
yBecTH Jiperpaiaay” Horanujy (eng. "bar"notation)

(g1]92] - - - |gn) = (1, 91,0102, - - -, 91G2 - - - Gn)-

Ba k = 0, mocToju caMo jeJlaH TakaB eJleMeHT y 0a3u, o3HadeH ca | |. Kako cmo
Beh maentudukosamm Py ca A, onga je [ | = 1 mpu oBoj maeRTudUKAIIjH.

Casia hemMo TpaxKuTu Kako H3TJIeJa TPAHTTIHE XOMOMopduszam 0, y 0BOj HO-
TaIAjH.

O:lgil .- |gn] = oy hy)

d(1, by,
k

== Z 1h1,...,
J=

:‘>

ey hy)

r7e je cBako h; = g1 ...¢g; u y3umajyhu 1 = hy. V3pauynajmo caja cBaku cadu-
pax.
Ba j=0:

(h17h27~~'7hk) = (91791927"'791"'gk)
g1 - (17g27"'7g2'-'gk)
= g1 (92| |9

Ba1<j<k-—1l:
(17h17"‘7hj7"'7hk:) = (17917"'791-"gj717gl-"gjngrla"'agl-"gk)
[91] - -19j-119i95+11g5+2] - - - 1gk]-

Hpyry jenrakoct godujamo Tume mro cMo dopmupasu (k—1)-TopKy o7 g1, - . -, gk
JICITBbebeM” ¢; U Gj41.

3a j =k:

(1ah17""h/€—1) = (17917"-agl---gk‘—1)
= [91|~-|gk—1]-

Haxkne, nama pe3yaryjyha dopMmyia 3a rpaHuIHE XOMOMOPMU3aM je:
d*[gl‘ <o ’9k+1] = [92\ ’gk—&-l]

k
+ Z 95541l - - - 1G]

J=1
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+(=1)"* gl . . . |gw]

= g1 [92] - |gr+1)] — [9192]93] - - - [gh+1]
+[91l9295| - - - [gr+1] — -
(=1 (g1l - - 1gige1] - - - lgea] + - -
H(=1) " gl - o).

OBa Bepauja CTaHIAP/IHOT pa3pelerha e 9eCTO HA3UBa, IPErpajHuM pa3pe-
memeM. Y HUCKUM JUMEH3HjaMa UMa OOJIUK

d

— d — —
i Py 2 P — 5 P —57Z—0

rye je dy([glh]) = g - [h] = [gh] + [g], di([g]) = g[| - [] =g - L me([]) = 1.

Jpyra Bep3uja crasgapIHOr pa3peliema je HOpMaJIn30BaHO CTaHIaPIHO (Wim
nperpaino) paspemterse F, = F,/D,, tae je D, nereHepucaHn HOTKOMILIEKC OF
P,, TIOTKOMILJIEKC TeHepUCaH ejeMeHTHMa (go, - - ,gn) TAKBAM J2 je §; = Gii1
3a Heke 1. Y O3HaKaMma Iperpajne Horanuje, D, ce Moxke ommcatu Kao G-
noTkoMIieke o F, reHepucan ejxementuma [gi|...|g,] TakBuM nma je g; = 1
3a Heko i. Jaxie, F, je caodoman A MOmys ca jeIHHM OA3MCHUIM €JIEMEHTOM
(jour yBek o3Ha4YeH Kao [g1] ... |gs]) 38 cBaKy m-TOpKY HETPUBHjATHUX €JeMEHA-
ta on G. Jlamdann Komiieke F, je TadaH jep je KOHTPAKTHOMIAH KOpHIThemeM
ncre KouTpaxyjyhe xomoromuje h on pamuje, nomTo ciamka F, y cebe.

3.5 TomoJronika Tadyka rJjieauiiTa

Hedbununmuja 4 G-xomunexc je CW-xomtnexe 3ajegno ca gejctisom G na X
Koje uepmywyje heauge. axae, 3a ceaxu g € G, umamo romeomophpuzam x —
g-x og X 3a xoju je caukxa g - o buno xoje heauje o y X waxohe heauja. Axo je
gejctico G ma X caodogro, onga xasicemo ga je X caodbogan G-xomunrexc.

Axo je X jeman G-xowmiuiekc, oHja jgejcrBo G wa X wuHaykyje aejcrBo G
Ha hesmjckn jangann komiuieke C,(X), KOjUM OH mocraje JIAHYAHU KOMILIEKC
G-moayia.

Axo je X cnoboman G-komiuiekce, onja cBaku Moyt Cy, (X)) y mpuapyKeHomM
JIAHYAHOM KOMILIEKCY UMa Z-0a3y Koja je CJI0OOJHO IEPMYTOBaHA O]l CTpaHe
G. Hpyrum peuanma, X je G-CKyI, m MOxKeMoO ojpeauTn crenupuany A-dazy
kopuctehu craBa 1. /lodujamo na je cBaku mojys C, TPUIPYKEHOT JIAHYAHOT
KoMILTekca A-Motyst ca Ha3HIM ejleMeHTOM 3a cBaky (G-opouty henmja. Jla ducmo
noomm oxpeheny 0asy, MOpaJn OMCMO Ja m3adepeMo hesujy mpecTaBHUKA W3
CBaKe OpOWTE M OPUjEHTAIN]Y 3a CBaKy OJl FbUX.

Ba G-romiuteke X, opduTaiiHu KOMIUIEKC Y je Kosmaaudku rnpocrop X/G.
Tauke y Y oxarosapajy opourama tadaka y X. lakne, ako je X ciobonan G
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komiuieke, Cy(Y) nma Z-ba3y ca dasHIM ejrleMeHTOM 3a cBaky G-opduty hesmja
on X. Mehyrum, C,(X) je kKommiekce crodomanx A-Moysia ca SasHUM eJIeMEeHTOM
3a cBaky G-opbury hemmja. Jakme, C.(Y) je exBuBanenrtan coumu C,(X) npu
KOJIMIHUYIKOM IIpecjnKaBamy Koje je oapeheno (G-aejcTBOM, JPYruM peduma
rpyna KouHBapujanTh. Jla pesmMupamo:

CraB 8 Hexa je X caobogan G-xomurexc u nexa je Y opouttiasnu KoMUNEKC
X/G. Taga je C.(Y) = Ciu(X)g-

Axo je X xourpakrTudmian, ouna je H,(X) = H,(pt.). To ject, Hu3
O 2 Gy — - — Oy — 5 Z— 0
je ragan. [lakie, ciaeau nam cienehu cras:

CraB 9 Hexa je X wonwupaxtwiudbunar caobogar G-xomunexc. Taga je tpowu-
peru heaujeku aanuaru Komaaexc og X caodbogro paspewerse og Z wag ZG.

IIpumep 2 Totorowru Hawur TGOCMATUPAHHA CULAHIAPIHOT PA3PEULEHE.

Hexka je X nuneapuu omorad najg GG npu deMy ce cMaTpa Ja Cy €JIEeMEHTU U3
(G y mpocTopy JI0BOJBHO BeJIMKe JUMEH3Hje Ja Cy y OIIITeM Tojoxkajy. Temena
on X cy enementu (G, Ipu UeMy JejCTBYje MHOXKemeM cjeBa. CBaKW KOHAaIaH
nojickynt o G uman cumiuieke y X. Ako je G konadna, tajga je X 3amnpaBo u
caM CHMILIEKC, & aKo je DecKoHadHa, OHJa je X OeCKOHAYHO JTUMEH3UOHAJIHU
anaJsior. ['pyma G mejcTByje Ha X CHMILIUINjAJIHO, Ma/byNu CUMILIEKCE Y JIPY-
re CUMILIEKCE HCTe JIUMEH3Hje, a JIejCTBO je OYUIJIETHO CJI0OOIHO. Buaumo na
ce y 0ba ciydaja pe3yaryjyhn cUMIUTMIIUjaTHI JIAHIAHE KOMILIEKCH (& CaMuM
TUM ¥ IPAHUYHH ONEpaTOp) IMOKJAIajy Ca paHuje HaBeJeHUM JedbUHUIIjaMa
CTaH/IAP/IHOT pa3peleha.

VY oba ciydaja, X je KOHTpaKTHOWIAH MTPABOJUHIjCKOM KOHTPaxyjyhoMm xo-
MoronujoM. Jlakite, mpeMa ctaBy 9, IPOIUPEHN TEJTYJIAPHA JIAHIAHN KOMILIEKC
X je cinodomuo pasperierme o Z Haa ZG. OBO je TOMOJONKNA HAYAH 12 Ce JI0-
Kayke TAYHOCT CTAaHJIAP/IHOI Pa3perierba.

Crannap/iHO pa3pelene je KOpUCTaH Teopujcku ajar. Ha mpumep, kopu-
ctruheMo Ta J1a JIOKaXKeMO MTOCTOjarhe KOXOMOJIOIIKE eKCTeH3uje 3a rpyme. AJm,
YeCTO Ta HUje MPAKTUIHO KOPUCTUTH 3a MPOpadyHe. Y MPaKCH HAM je YIJIABHOM
KOpHUCHHje J1a mpoHahemo Hajoo/sn u3d0p 3a Ty oapeheny rpyiy Koja ce mpoyda-
Ba. 10 je 4ecTo MoBe3aHO ca TOMOJIOMIKUM ITpocTopuMa. Ha mpumep, y mpumepy
1, TomosioNKa MOTHBAIIUja J0J1a3u pazmaTpambeM fejersa CL na R 1o npasury
T -z =+ 1. Cimuno, 3a konauny mukjuuany rpyny CT. pazmarpamo JejcTso
rpyne T na xpyr S' = {€ : ¢ € R} npecimkasamen T : €% s ' #+27/7) | Y,
€KBUBAJEHTHO, MOTJIN OWCMO J1a Pa3MOTPUMO IPABUJIAH 7-yTrao Ha KOjU Jesyje
IbEroBa I'pyIla poTallnja.
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3.6 Ajunendepr-MakJiejHoBu ImpocTopu

Jeslan MIpupoJiaH HaYMH Jla ce KOHCTPYHITy (-KOMILIEKCH jecTe Jia ce y3Mme
rpyna ayromoduzaMa HOpMaJHOr HaTKpubama. Heka je p : X' — X nopmasno
narkpuBarbe CW-komiiekca X u G rpyma ayromopduzama X. IIpoctop X
naciehyje CW-crpykrypy on X, rje GG cj000HO ¥ TPaH3UTUBHO TEPMYTYje
cKyn p~lo 3a omiao kojy hemmjy o € X, 1j. hemmje npeciuke o. Hakme, X je
ciodosan G-kowmiuiekc. Opdute G-sigjcTBa Cy CKYNOBH IIPECIHKa p~lo, Tako na
je mpema craBy 1, C,X koMmIuiekc ciodomuux ZG-MOjysia ca jeJIHIM Oa3HUM
eJlIeMeHTOM 3a cBaky hesujy ox X. ['panndna npecinkaBamba ce 3aTUM JT00Hjajy
13 TPAHNIHUX ITPECUKaABabha y NeJUjCKOM JIAHIaHOM KOMILIEKCY o X .

Casa je cacBuUM MPUPOIHO pa3MOTpuTH edeKrTe cTaBa 9, Kaja je To mpuMeH-
spuBO. [la ducmo To ypajuiau, pazMarpamo moBe3aH HpocTop Y ca dyHIaMeH-
TajHoOM rpynoMm mY = (G ca KOHTPAKTHOWJIHUM YHUBEP3AJIHUM HATKPHUBAIHEM
X. Takas mpocrop ce HazuBa Ajnendbepr-Maxkiejuos mpocrop K (G, 1). Crora
nooujamo u3 9 caenehe:

CraB 10 Hexa je Y K(G,1). Taga je upowuperu heaujcku Aanuanu Komuaekc
yrusepdaanol aoxpusaywa X og Y caobogho padpewerve og 7 nag ZG.

Yorrreno, Ajiendepr-Makiejuos npocrop K (G,n) je moBesan mpocTop ca
T, K (G,n) = G u cBUM OCTAJUM XOMOTOIICKAM I'DyIaMa TPUBHjaJTHUM. 3a JH-
Mensujy 1, oBa jeduHUIM]a je eKBUBAJIEHTHA HAIOj TOPI0j Aedunuruju. To je
300r ciaenehe jieme:

Jlema 11 3a @osesan tpoctiop X, caegeha wepheroa cy exeu6aseHuHa:
1. ynueepsaarno natlikpusare og X je KOHWPAKTUOUAHO,
2. H(X)=03a1>2,
3. m(X)=03ai>2.

OBa Jilema je mocjenuiia pe3y/aTaTa U3 OCHOBHe Teopuje xomoronuje. CamdHo
ToMe, TocTojarke npocropa K (G,n) Moxe ce JOKa3aTu KOHCTPYKIIUJOM, jOIII
jeJIHIM TIO3HATHUM PE3YJITATOM U3 TeOPHUje XOMOTOIIH]E.

[TocmaTpajmo cajia HEKM OCHOBHU TIPUMED:

Ilpumep 3 Paspewerve 7. nag Z.G 3a G = Zs.

Beckonaaro aumensmonn peastHu mpojektuBHU mpoctop RP je mobpo mo-
suat npumep K (G, 1) npocropa, jep uma 7(RP>) = Z, a cBe ocTaje XOMOTOIICKe
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rpylie Cy TPUBHUjAJIHE. Y HUBEP3AJHO HATKPUBAILE PEAJIHOT IIPOJEKTUBHOI ITPO-
cropa RP* je beckonauna cepa S, rime HarkpuBajyhe mpec/inKaBame UIeHTH-
dukyje nBe cynporHe Tauke. To 3HaYM 18 HETPpUBHUjATHE ejeMeHT of G nenyje
Kao aHTHUIIOIAJTHO ITpecinKaBambe. [Ipema craBy 10, henmujcku laHIaHu KOMILTEKC
o1 S 3ajenno ca jejcrBom G bopmupa pasperieme 3a A = ZG nan Z.

Nunykrusao kouctpyumemo CW-komrieke 3a S*°. Ceaku ckeyer X je Xo-
meomopdan k-cdepu, rae je (k — 1)-cdepa Xj_1 ekBarop, a xemucdepe cy
dopmupane ox aBe k-hemnuje a, u by criojeHe jIy»K HaBeJeHOT eKBaTopa. /lakie,
y Z xoedurujeaTnMa nMaMo cienehn hemumjckn anyany KOMILIEKC:

787 2797 % 2 787 <7 0.

I'pannyana mpecmkaBama Oy Cy oJpeheHa cTereHOM pecnKaBamba JIEI/beha
k-henuja. Ilomro je cBaka k-henuja b, aHTANIOJAIHA CJIMKA (), CTEIIEH HEHOT
nemybema je (—1)F myra Behu on ay. dakme, mvmano

ovar = ag — b, O1b1 = by — ao,
Ohas = a1 + by, Oaby = by + a4,
83a3 = ag — bg, 83b3 = bg — Q9.

Y onmteM OOJIMKY, IMaMO

k
6kak = a1+ (—1) bk,1
k
Okbr = b1 + (—1)%ag_1
Y cBakoj gumensuju k, ap u by Ccy aHTHUIOIAJHE CJIUKE jeJlaH JIPYTor, IITO
3HauM Ja HeTpuBHjagHu ejaeMeHT 1y G meiyje Ha mux 3aMmemuBambeM. Crora
MmoxkeMo Hamucatu by, = Tai. IIpema Tome, Z-momyn y mumensuju k, Z & Z

reHepucaH ca ai u by, nmocraje G-momyn Z @ T7Z = A renmepucan ca aj. OBume,
IPAHUYHO IIPEC/INKABahe IMOCTaje

1+T, 2]k,

a :1 —1kT 1=
o = (U CDDm =01 gy,

Haxkie, nmamo caenehe pazpemtemwe ZG Han Z:

P P P P
LA 25N 25 A 2S5 A —57—0.

OBo paspereme ce MoKJamna ca Beh J00MjeHnM paspelremeM y npumMepy 1,
3a pen r = 2.
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3.7 IlpojeKTUBHU MOOYJIN

Bparnwmo ce cazia Ha ommtuju ciryvaj, pasperniema R-moyna M rie je R npo-
nU3BOJbAH IpcTeH. R-moyn M no3BosbaBa MHOTO CJIOOOIHUX pa3pelnerha, Halll
IIJb JI0 Kpaja OBe IVIaBe je Jia IMOKayKeMo Jla Cy CBa TaKBa pa3pellermha XOMOTOII-
CKH €KBHBAJIEHTHA. 3aIlIPaBO BayKU U OIMIINTHje, 3a IPOjeKTUBHA Pa3pelierha.

Hedbununmja 5 Pazmotlipumo apodaem KOMUAECTLUPAGG GUIATPAME OOAUKG

N —» M,

19e je [ cypjexuyuja, u HCeAuMO ga KOHCTPYuwemo h Wakro ga gqujarpam Komy-
wupa, wj. fh =g. Mogya P ce nazusa UpojekiliuHum arxo pewerse Goctioju 3a
C6aKU UPOONEM KOMUNECTUUPAIA JUIATPAMA 0607 00AUKA.

[TokazkuMoO 3aIITO OBO TE€HEpAJIU3Yje T0jaM CJIOOOHUX MOJTYJIA:
Jlema 12 Caobogru mogyau cy apojexitiuéHu.

Hoka3s: Heka je F' cioboman momyn ca dasoMm (e,) B pasMOTPUMO IIPOOJIEM
[IPEC/INKABAIbA

N —» M,

rae je f cypjexmmja. Tana je g(e,) € M = im f, Tako ma MOKeMO H3a0OpaTH
z, € N ca f(z,) = g(e,). Hexa cama h Oyne jenuncrBeHo mnpecimkaBambe R-
MOJIyJIa 331810 ca g(e,) = Z.. O

Y nedununuju 3, 3aMEHOM CBYIA ,,CJIO0OTHO ca ,IIPOJEKTUBHO", JTOOMjaMO
JedUHATIN]Y TTPOJeKTUBHOT pa3peIerha; pa3perieha e Cy CBU MOJY/IN IPOjeK-
tuBHU. CTOra, CBAKO CJIODOIHO pa3pellemne je Takohe MPOjeKTUBHO pa3pellehe.

[Tocroje n apyru, eKBUBAJIEHTHA HAYWHU 3 JepUHUCAE TPOjEKTUBHUX MO-
nyna. Jeman koju he HaM KacHUje OUTH KOPUCTaH je KopHIIheme ,Ienajyhnx
HU30BA.
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Hedbununuja 6 Hexa je

B

0—A—25 B y O — 0.

Kkpatiax wavar nud R-mogyara. edpurnuwemo caegehe:

a) nu3 ce ueta 3gecna axo Toctioju romomoppusam s : C — B waxae ga je
BS = Z-dc;'

b) nu3 ce ueta caesa axo TOCWOju Tromomoppudam r : B — A wakas ga je
ro = ids;

c) nu3 je yueuajyhe” wWavan axo toctwoju uzomoppusam h : B — AGC wakas
ga je hao =ia u hpe = B, 1ge jein : A - A @ C uapupogna urkaysuja, a
pc : A ® C apupogha upojexuyuja.

YcrBapu, cBe oBe jeduHUIMje cy eKBuBajeHTHe. [IpemMa Tome, ako BaxKu
OWJI0 Koja O IUX, KaXKeMo caMo Jja ce Hu3 1ena. OBo mpejicraB/baMo y JeMu
OTIIITe ITO3HATO] Kao Jlema o menamy HEU30BA!

Jlema 13 Cayuajesu Hasegenu y geuruvyuju 6 cy ex8usaseHUTHU.

Hokaz: Tokom moka3za, rmozuBaheMo ce Ha Ipec/mKaBamba jgaTta ciaegaehum jimja-
IPaMOM:

[Iyne crpesnurnie o3HavuaBajy o u [ U3 MOYETHOT KPATKOT TATHOT HU3A, UICHTUTIKO
npecimkaBame Ha A u C, npupoana naKIy3uja i4 : A — A @ C' u upojexiuja
po: A® C — C. Ucnpekumane crpejuie Cy MpecirKkaBaba U3 ciaydajeBa (a),
(6) u (). JokarxKuMo Kako CBAKH CJIydaj UMILIAIAPA JIPYTH.

(a) = (8): IIpermocraBumo ja nocroju uHjeknuja s : C' — B Taksa Ja je
Bs =id¢. Heka je b € B u pasmorpumo b’ = b — sb. Caga numamo

BY = 8b — Bsfb = Bb—idefb = Bb— Bb = 0.

Hakie, b € ker 8. Mehyrum, 300r TaunocTn moderHor Hu3a, ker 5 = im .
[TomTo je o mHjekmmja, Moxkemo aedbuHmcaTd o | Ha imoa. akie, MoxKeMo
JeduHECATH IpecnKaBame 1 @ B — A Ha npousBo/bHOM esieMeHTy b € B ca

r(b) = o (b — s3b).
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Jacno je ma mmamo ra = id4. IlomTo r mMma gecHn mHBEP3, MOpa OUTHU CypjeK-
nuja. [Ipumernmo na je

rsc = a '(sc — sfsc) = a (sc— sc) =0,

3a cBe ¢ € C, crora je rs = 0.

(b) = (a): IIpernocraBumo caja ja mocroju cypjekiuja r : B — A taksa
na je ra = idy. Heka je ¢ € C. Ilomro je [ cypjekiuja, mocroju Heko b € B
TakBO Ja je ¢ = [fb. Hedunumemo s : C' — B Ha ¢ Kao

s(c) = b— arb.

Haxkie, fsc = Bb— Barb =c— 0 = ¢, 1j. Bs = id¢. IlomTo s uma JieBu nHBEP3,
Mopa outu nHjekiuja. [IoHoOBO, HAITOMEHUMO Ja

rsc=rb—rarb=rb—1rb=0,

1j. rs = 0.

Ho cama cmo nokazamnu jia cy ciaydajesu (a) u (5) ekBuBasenTHH. [ToKaKIMO
caja cienehe.

(a) = (c): IlpernocraBumo ja mocroju npecaukapame s : C € B Takso jia
je Bs =id¢. Opmax cienu ma je s uHjeKTUBHO, U cTora im s = C. Takobhe, Kako
je Bs =1id¢, To 3Haum ker Nims = 0, 1j. ima Nims = 0.

Heka je b € B npoussosban. Heka je b = b — sfb. ¥ nokazy (a) = (b)
nokazaygu cMo ja je b € ima. Takobe, ysumajyhu r nedunucano m3 mamer
nokaza 3a (a) = (b), umamo O = arb. Jacuo je ma umamo b’ = sfb € ims.
Bnaun, 3ammcaau cMo b kao 30up b + b” 3a meke b € ima u b’ € im s.

[IpernocraBumMo a8 MMaMO JPYTU HAYUH Ja 3aIuIneMo b Kao 30up JBa ejie-
MeHTa n3 im« u im s, perumo b = ¢ + ¢, re je ¢ € ima u ¢’ € im s. [lakie,
V+bv =d+c, 1.0 —c = -1 JleBa crpana je caapxkana y im a = ker 3,
a JlecHa crpasa je y im s. Mehyrum, ker 5 Nims = 0, u crora ¢ = b u ¢’ = b".
Bato je mexkommosuinja b Kao 30upa ejeMeHara U3 im« u im s jeIMHCTBEHA.

OBume cmo nokazasu Jia je B = ima@®im s = A@C. Uzomopduszam h : B —
A@® C je nar Ha enemenTy b € B ca jeauHcTBeHOM Kommosurujom b = b + b, 3a
bV eimaund’ €ims, kao h(b) = iar(b')+icB(b"). Kako je im 5 = ker o, mmanmo
b € im 8 = ker o, 1, Kao mro cMo panuje Harmomenyau rs = 0, Tako ga je b’ €
ims C kerr. To 3naun ma je xomomopduzam h jnedunucan Kao h = iar + icf.
a ducmo Buzenn jga h 3ancra uciymasa yciaose y (¢), u3padyHaBamo ciejehe:

ha =iara+icfa =isidg +ic 00 =iy,

pch = peiar + pcic = 0r +idef = B.
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Komnauno, mokaxkumo (c) = (a). I[IpermocraBumo ma nmamo nzomopduszam
h: B — A®C rakas 1a je ha = iq u pch = 3. Moxkemo nedpunucaru s : C' — B
ka0 s = h™lic. Cama, u3 pch = B, mmamo po = Bh~!. ake,

Bs = Bh e = poic = idc.
Haxuie, mokazamu cmo ja cy (a), (b) u (¢) ekBuBajieHTHH. O
3a mpojekTHBHE MOyJIe IMaMO cJiejiehe CBOjCTBO.

Jlema 14 Axo je P upojektiueHu MOgya, OHGA Ce C8aKU KPAKY WaAvaH HU3
Koju ce 3aspwasa ca P ueua. To ject, 3a dunro xoje R-mogyse A u B, 3a xoje

je Hu3

B

0—A—"*5B s P— 0.

wavaH, 08aj ce HU3 Uela.
Hokas: Neka je mar TakaB HE3, pa3zMoTpuMo cjejiehu aujarpam:

P

7
7
7
s .
/// lldp
7
L/

B-—".p

Kako je P mpojexkTuBan, Mopa mocrojatn R-xomomopdmusam s : P — B TakaB
nma gujarpam komytupa. Crora je Ss = idp. U

SampaBo BakKu U OOPHYTO, U OBO MOXKEMO Y3€THU 3a aJITePHATUBHY JeduHu-
11jy npojekTuBHUX Mojysta. Mehyrum, Hama je camo nmorpedHa MMILTUKAIja U3
rope HaBeJIeHE JieMe y JajbeM, I1a NeMo NPeCKOYUTH JI0Ka3 OOPHYTE.

3.8 JemumHCTBEHOCT pa3peniema

Cajya ce ycpezcpehyjeMo Ha MOKa3MBAaMe jeMHCTBEHOCTH MPOjEKTUBHUX (U
caMuM THM CJI000/1HIX ) paspeliemna. Kopucrtuhemo monudukoBany geduruimjy
IIPOjeKTHUBHOI MOJIYJIa: Pa3MOTPUMO IIPOOJIEM KOMILIETUPAha Jijarpama
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rre je j = 0. Momayn P ce Ha3WBa MIPOJEKTUBHUM AKO IIOCTOJU PEITIEhe 38 CBAKU
TaKaB MMPOOJIEM JONMyHhaBamba ArjarpaMa y KoMme je Hu3 Ha jHY Tadad. OBo je
€KBUBAJICHTHO OPUTHHAJIHO] Je(DUHHUINA]U jeITHOCTABHUM OTPAHMYABAIHEM HA

M' —— kerj

jep jp = 0 mmmmunmpa im ¢ € ker j.
Hoxkaxkumo casa cienehy jiemy Koja he mam mocse rmomohu:

Jlema 15 (a) Ilpewuoctuasumo ga je gait gujarpam

P——Q
!
]\2’ I VAN EN Ve

e je dofd = 0, u orceaumo ga nahemo g waxas ga je dig = fd. Axo je P
UPOJeRWUBAH U GO peg je Wawar, oHga WaKxas g UoCWOoJu.

(6) Ipewuocmasumo ga je gati qujaipam (He HYHCHO KOMYWATLUBAH,)

M y M —2 M7,

1ge je dohd = do f u orceaumo ga nahemo k waxae ga je dik + hd = f. Axo
je P upojextiuearn u gorwu peg je wavar, onga Waxas k Goctwmoju.

Hoxkas: (a) Ilocraspamwem ¢ = fd TpanchOpMHIIIEMO TPODJIEM Y

P
g//// J/SO\
< d d:
/ 1 2 "
M > M > M,

rjie je dow = 0 Kaga je do = dofd = 0. Hdakie, 3a npojektuBuu P, mocroju g
TakaB Ja je dig = ¢ 1j. dig = fd.
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(6) Osor myra, mocrasumo ¢ = f — hd. Cana, xKako je dyp = dy(f — hd) =0,
IMAaMO

P
/// go
K/
V(LN N Vi
Haxkne, 3a npojektuBuu P, nocroju k Takas ja je ¢ = dik 1j. dik = f — hd.
Haxne, dik + hd = f. 0J

Cneneha siema je 0 JlaHYaHUM TIPECIUKABAILUMA U XOMOTOIIMjaMa U3 IIPOjeK-
TUBHOI' KOMILJIEKCA Y TadaH.

JIema 16 Hexa cy (C,0) u (C',0') aanuanu xomtaexcu u Heka je T ueo dpoj.
Hexa je (f; : C; — Cl)i<r Pamusuja apecaurasara wakea ga je O f; = fi—10; 3a
i < r. Axo je C; upojexmueno 3a i > r u H;(C') =0 3a i > r, onga ce (f;)i<r
apowupyje Ha aanuaro upecaurasare f 1 C — C', a f je jegunctuseno go wa
xomowotujy. Ilpeyusruje, dburo Koja gea Upowupersa ¢y Tomowoucka womohy
romowotuje h waxse ga je h; =0 3a i < r.

Hokas: IlpernocraBuMo wHIyKTUBHO Ja je f; medunmcano 3a i < n, rje je
n>r, ugaje O.f; = fio10; 32 i < n. Onga mMaMo mpodIeM JOMyIHaBamba
Jujarpama

0 0
CnJrl ” Cn ” Cnfl

|
fn+1i an an—l

’ [N N
n+1 ” Cn ’ Cn—l»

rae je 0'f,0 = f,_100 = 0. Crora f, 1 nmocroju o jsemn 15a.

ITpernocraBumo caja J1a je g HEeKO aApyro npommupesse o ( f;)i<,. 2Keammo na
npornahemo xomoronujy h usmehy f u g. [loctynumo magykTuBHO. UHIAYKIH]Y
3amounmeMo mmoctaBbameM h; = 0 3a ¢ < r. Cajga, npermocraBuMo ma je h; :
C; — Cf, nedunucano 3a ¢ < n, rae je n > r, u ga je O'h; + hi—10 = f; — gi.
Axo mocraBumo T = f; — g;, 100UjaMo TIpodJIEM N0y HbaBamba Iujarpama

0 0
CnJrl ” Cn > Cnfl

//
hn+1 il hn
7 Tn+1 n
/// hn—l
k!

/
N2 T Chni1 T> C,

ca 'h,0 = (1, — hp,_10)0 10 uEAYKTUBHO] xunoresu. IlomTo je 9> = 0, oBo je
jeanaxo 7,0. I[Tomro je 7 mandano npecinkasambe, umamo 0'h,0 = 0'1,41. Cana,
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kako je ()1 mpojekTuBaH, Moxkemo npumenutu Jlemy 15b, 1o kojoj mocroju
hpi1 ca &hyyy + h,0 = 741, TITO CMO TPAKIJIIL. O

OBa Jilema je miaejHa CpK KOja Ce KOPUCTH 33 Ja Ce TOCTUTHEe HAIl /b
IIPOHAJIAZKEHA, jJeJIMHCTBEHOCTH MTPOjEKTUBHUX pa3pelierna, MTo NeMO OKOHYATH
cieneheM TeopeMoM:

Teopema 17 3a gawia upojextiuena paspewersa F u F' mogyra M, Goctoju
aanvano upecauxasare f i F — F' xoje wysa upowuperse (Wj. 3a9060.n5a6a

e fo =€), jeqgunctuseno go romowouuge, u [ je TOMOWOUCKA EKBUBAACHUL]A.

Hokaz: Pazmorpumo ciieiehu aujarpam:

s I} sy Fop ——— M > 0
- }\7,1’ > 1;5 < s M > 0.
[Tpumemyjemo Jlemy 16 ma mpormmpena paspemniema F u F' ca r = —1 u upe-

cimkaBamweM f_1 = idys. 3akspydyjeMo Ja 1mocToju (jeMHCTBEHO JI0 HA XOMO-
TolmMjy) JlaHdaHO npeciankaBawe f : F — F’ Koje 4dyBa mpommmpeme jep je
' fo = idye = e. llraBume, 3ak/bydyjemMo ja je f jeIMHCTBEHO JI0 Ha XOMOTOIIU-
jy. AHaJIorHO, IMaMo Ipec/inKaBame Koje dyBa nporupeme f': F' — F. Cana,
kako cy f'f u idp oda npommpema idy; m3mehy npe komwmje F', mpema apyrom
neny geme 16, umamo f'f ~ idp. Couano, umamo ff' ~ idg. Jaxie, f je 3aucra
XOMOTOTICKa, €KBUBAJICHITHA]A. 0
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4 KoxomMmoJoruja rpyna

4.1 KoXoMOJIOIIIKE U XOMOJIOIIKE I'PyIle rpyie

Heka je G rpymna u Heka je € : F' — 7 UpojeKTUBHO paspemieme Z naji A.
HeduHuremo KOXOMOJIOIIKY U XOMOJIONIKY I'PYIy o G PECIEeKTHBHO ca

H'G = H(F®), H;G = H;(Fg).

Unsapujantian u xkoursapujantan dyrkropu ()% u (_)g cy agurusHm, Tj.

3a outo Koje ¥, ¢ : A — A’ mvmano (Y+¢)¢ = Yp¥+¢% u (V+¢)g = Yg+oa. OBo
caeu U3 ajTepHaTuBHUX Jgedunnnuja kopuctehu Hom u tensopcku GpyHKTOD
pecriektusHo, Tj. ()¢ = Homy(Z, )u (_)g=7Z®, _. Hakne, opu byHkTopn
qyBajy JaHdaHe XOMOTOIIHje. 3aucTa, IPeTIocTaBuMo Ja je ¢ : F' — F' nanuana
XOMOTOTHja O ¥ 10 ¢, Tj. d'¢ + pd = 1p — ¢. 3aTum, Kajia IPUMEHUMO PYHKTOD
Ha 00€ CTpaHe OBe jeHAYTNHE, TMAaMO

(do+ed) = (v—¢)°
(d)" + (pd)¥ = ¢ —¢°
dGpC 4 00 = O — ¢,

Hakne, ¢ je mamgana xomorommja ox ¥ mo ¢©. Amanorno, g je mamdana
XOMOTOIHja O Y 10 Pg.

[IpernocraBuMo Jj1a WMaMoO JAPYro cJodOJHO paspertewme & : F' — 7, on
Z nag A. Ilpema Teopemu 17, MOCTOjU XOMOTOIICKA €KBUBAJIEHIIja KOja TyBa
npommpeme [ : F — F'. Ilpema ropmem pesonosamy, f¢ : F¢ — F'% u fq :
Fg — F, cy rakobe xomororncke exsupaiennuje. Crora, name gebununuje H'G
u H;G #e 3aBuce o1 n3d00pa MPOjeKTUBHOT pasperiema € : F' — Z.

Koxomostommke n xomoutornike rpyie o G yBek 1MOCTOje, 300T TOCTOjarba, CJI0-
domHor pasperniema. KOHKPETHO, MOXKEMO y3€TU CTAHJIAP/HO Pa3pelllerhe, WIn
[IPErpajHO pa3peliehe, Wik HEKO MMOBOJbHO Pa3pelieihe UHCIIMPUCAHO TOIOJIO-
TUjoM, UT/I.

Ca rauke ruregumiTa TomnoJsoruje, pasmorpumo K (G, 1)-komiureke Y ca yHHU-
Bep3aiaauM nokpusadem X . IIpema crasy 10, C.(X) je ciobogHo paspereme o
Z naz A. Ilpocrop Y je opduramnn kommieke ox X, crora je Cy(X)g = Cu(Y)
npema crtaBy 8. akie, padynajynhn xomoJioruje ode crpane, JI00UjaMo:

CraB 18 Axo je Y K(G,1)-komunexc, onga je H.G = H,Y .

4.2 Tauaoct dyHkropa Hom u TeH30pCcKOT Mpomu3BOIa

Ia ducmMo m3padyHaJ M KOXOMOJIOTH]Y M XOMOJIOTH]Y ca KOeUIHjeHTuMa y
A-monyny A ymecro y Z, npumenuhemo dynkrope Homy( ,A) u Q@ A Ha
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IIPOJEKTUBHO pa3pelierhe PeJioM U m3padyHaheMo XOMOJIOTHMjy OBUX JIAHIAHUX
koMILTekca. OBo moryiaBibe je mocBeheHo HEKOJIMKIM OCHOBHUM CBOjCTBHMA OBUX
dyHKTODA.

Kao mTo cMo Bujen y mpeTxoaHoM OJ1eJbKY, OBH (DYHKTOPHU Cy aIUTUBHU U
qyBajy Jlan4dane xomoronuje. Cama hemo ucnuraTu Kako ce IMOHaINajy Ha KpaT-
KM Ta4HUM HHU30BHMa. IIpeTmocraBumMo, y ocTaTKy OBOr oje/bKa, 1a je A maru
JieBu R-mMotyi.

JIema 19 Konwpasapujanturu gyrnxmop Hompg( | A) je neso wavan na kaitie-
w0puju nesuxr R-mogyaa. To ject, axo je

¢

0—s L s M —

» N — 0

Kpatiar wawar Hu3 aesur R mogyaa, nus
0 — Homp(N, A) —— Homp(M, A) —— Homp(L, A)
je wavan Yy xaweropuju Abesosur ipyua.

Hoxka3s: 3a eiement f € Hompg(M, A), ciiuka enementa f npu ¢* je nedunncana
y cBakoj Tauku a € A kao (¢*f)(a) = f(é(a)), 1j. ¢*f = f¢. Camano 3a *.

[Ipso hemo mokazaru ma je kery* = 0. IlpermocraBumo na je f € kery*,
1j. ¥*f = 0. Hakme, fip = 0. Cnemau, im1p C ker f. Kako je imy = N, npema
TAYHOCTHU MPBOI HU3a, T0 3Ha4u f(n) =03aceen € N, 1j. f =0.

[Mokazkumo caya ma je ker ¢* = imp*. Ilpso, 3a enement f € Hompg(M, A),
OV f = o* fo = fipp = 0, 1j. imyY* C ker ¢*. Cama hemo mokazatu CymnpoTHy
nuakry3ujy. [lpernocraBumo na je f € ker ¢*, 1j. ¢*f = 0. To 3uaum f¢ = 0,
mo demy je im¢ C ker f. Kako je im¢ = kerty mpema TadHOCTH MOYETHOT
Hu3a, To 3ua4n kertp) C ker f. Jlakse, f mMokeMo TpeTHpaTh Kao KOMIIO3HUITU]Y
KOJIMYHUIKOT TpecinkaBawa ¢ : M — M/ ker, nedunucanor npeko 1, u
f' o M/kery — A. Kako je M/kery = N, moxemo 3amenutu M/keri) ca
N y ropmuM TIpec/IMKaBarmuMa, I1a JI00ujaMo TpecyiukaBamwa ¢ : M — N u
g : N — A, nomohy xojux umamo f = gy = *g. Ilpema Tome, f € im*.
Haxkite, ker ¢* = im ™.

M—Y 5N
q\ lg
M/kery —L 5 A,
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Canuny npudy nMamo u 3a GYHKTOPE TEH30PCKOT ITPOM3BO/IA, CAMO IITO CY
JIECHO TavYHU yMmecTo JieBo. /loka3 je Beoma ciamdan kKao koj Hom dynkTOpA,
MaKO MaJIO CJIOZKEHU]H.

Jlema 20 Kosapujanttinu ¢gynkwmop  Qpr A je gecno wavan wa KaWeropuju
gecnux R-mogyaa. To ject, axo

¥

0— L ¢>M s N — 0

je kpawax wavar Hu3 gechur R mogyaa, Hus

LogA -2 MorA "5 NogA—0
je wavan Yy xaweropuju Abesosur ipyua.

Hoxka3z: lrgykoBanu XoMOMOPOU3MH Cy JedUHNCAHN Ka0 ¢, = ¢ @ idy u 1, =
Y ®id 4. OBo je ounriietHO 100PO J1e(PUHUCAHO.

[Ipso hemo ma mokazkemo im ¥, = N®prA. IIpoctu Terzopu m@ra € M®pr A
ce mpecanKaBajy y ¥, (m®ga) = (m)®@ga. Jakie, 300r guHeapHOCTH 1y, im 1),
jé TeHepucaH CBUM TaKBHM eJIEMEHTHMA, Tj. im, = im1y ®r A. Ilomro je 1
cypjektuBad, Tj. imy = N, To 3Ha4n ja je imy, = N Qg A.

Cama, mokaxkumo ker ), = im ¢,. IIpe ceera, muxoBa kommosuimja je 0: 3a
OomI0 Koju jeaHocTaBaH TeH30p | Qpa € L Qg A,

Peu(l Or a) = P(¢(l) ©r a) = Yo(l) @r a = 0.

OBo ce juHapHO mHnpomupyje Ha ocratak L ®pr A, u crora je 1,0, = 0, Tj.
im ¢, C ker .

Hasme, pasmorpumo (M ®@r A)/ker, u (M ®@p A)/im ¢,.. Kako je im ¢, C
ker 1), umanmo ipuposuau xomomopduzam u3z (MRrA)/im ¢,y (MRgrA)/ ker,.
OBaj xomomopdusam je nzomopdus3aM ako U camMo ako je im ¢, = ker ¢,. Crora
hemo s1a mokaxkeMo Jia je 0Baj XoMOMOp(u3aM 3arcTa U30MOpPdU3aM.

ITpema mpBoj Teopemu o m3omopdusmy, umamo (M ®@p A)/ker ¢, = im, =
N ®pr A. Cana, aHAJIOTHO TIPBOM JIeJTy J0Ka3a, IMaMo im ¢, = im ¢ ®r A. Ilpema
TAYHOCTH [IPBOT HU3a, im ¢ = ker ¢, ma je (M ®gA)/im ¢, = (MR@rA)/(ker p@r
A).

Kako je im ¢, C ker v,, MOKeMO J1a pa3jiazKemo 1, Kao
MorA —s (MorA)/imé, —— NopA

e je ¢ KOJIMYHUYKO npecinkaBatbe u f je nedunncaHo Ha cienehn HaduH:
Kako je oo koju esemenT y (M ®p A)/im ¢, odiuka ¢(t) 3a Hexo t € M @r A,
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nedunumemo f Ha q(t) Kao . (t). Sancra, ako je ¢(t') = q(t) 3aHeko t € M RRrA,
ouma je q(t' —t) =0 1j. t’ — t € kerq = im ¢,.. Mehyrum, im ¢, C ker 1, na je
Y. (t'—t) = 0, m crora f(t) = f(t'), Tako ga je f m0dpo medunmcano. AKO MOXKEMO
Jla ToKaxkeMo Ja je f m3omopdusam, ouma ducmo godmwin (M @pr A)/im ¢, =
N ®rA= (M ®gA)/ker,, kao mTo HaM je ¥ TOTPEOHO.

[Iponahumo unBeps ox f. To hemo ypamutu Kopucrehu yHUBEP3ATIHO CBOj-
CTBO TE€H30PCKOT TIpon3Bojia. PazMorpumo ciieehn aujarpam:

NxA—— N®rA

|

I

I
B

(M ®r A)/im ¢..

Ha ocnoBy yHuBep3a/HOT CBOjCTBa TEH30PCKOT IPOU3BO/IA, AKO je g OMIMHEapHO
Ipec/mKaBarbe, OHJIa IIOCTOjU IpeC/InKaBame h Koje YnHuU jJujarpaM KOMYTaTHB-
HIIM.

[Iponahumo waBep3 ox f. To hemo ypajutu Kopucrtehu yHUBEP3aJJHO CBOj-
CTBO TE€H30PCKOT IIpou3Bojia. Pazmorpumo ciiegehu aujarpam:

NxA— 5 N®rpA

|

I

I
\I,

Ha ocHOBY yHUBep3a/IHOT' CBOjCTBa TEH30PCKOT TIPOU3BO/IA, aKO je g OMInHEeapHO
Ipec/inKaBarbe, OHJIa IIOCTOjU IIPecnKaBame h Koje YuHu JiujarpaM KOMYTaTHB-
HUM.

Hedurummmo g ca (n,a) — g(m ®g a), 3a cBe (n,a) € N X A, e je m
Hekn enemeHT on M takaB ga je ¥(m) = n. IIpBo mposepumo ja s je 0BO
npecauKaBame 100po jaedunucano. [Ipernocrasumo ma 3a Heko apyro m' € M
trakohe umamo ¥(m') = n. To 3nauu Y(m') = ¥(m), na je m' —m € ker.
Haxkine, (m' —m)®ga € ker ) @ A. Cajia, aHAJIONHO CAMOM IIPBOM JIEJIy JIOKa3a,
uMaMo im ¢, = im ¢ @ A. Ilo TaunocTu noyeTrHor HU3a je im ¢ = ker ¢, u crora
(m' —m) ®g a € imv,. Jakme, 3naun 1a je ¢(m' ®r a) = q(m Qg a). lpema
ToMe, g(n) UMa jeJMHCTBEHY CJIUKY, 11 je g 100po JedUHUCAH.

Jla drucMO KOPUCTHIN YHUBEP3aJIHO CBOjCTBO, MOPaMO Takohe MOKa3aTH Ja
je g dunuHeapHo npecimkasame. [Ipermnocrasumo ma cy n,n’ € N u a,a’ € A.
Heka cy m,m’ € M nexkn eqementn u3 M taxksu na je ¥(m) =n u p(m’) =n'.
To zraun ga je Y(m + m') = n + n'. Jakie, umamo

g(n+n',a) = q((m+m') @r a) = q(m ®r a) + ¢(m’ ©r a) = g(n,a) + g(n', a)

35



g(n,a+b) =q(m g (a+b)) = q(m g a) + q¢(m @ b) = g(n,a) + g(n,b).
Takobe, 3a duso koju r € R,
gn-rya)=q(m-r®ga)=qmegr-a)=gn,r-a).

Crora je g ommmaeapno. IIpema ToMe, Ha OCHOBY YHUBEP3aJIHOT CBOjCTBA, NMAaMO
J106po nedunncano npeciankasamwe h: N @p A — (M ®g A)/im ¢, nedunmncano
cah:n®ga— q(m® a) HA CBUM jeJIHOCTABHUM TeH30puMa n Qg a € N @ A
cam € M raksuMm Ja je p(m) = n.

ITokazkuMo caja Ja cy oBa Ipec/mKaBama, h u [ nasepsu. [IpermocraBumo
nmajen®ra € N®rA um e M raksu ga je (m) = n. Tana,

foh(n®ra) = flglm g a)) =1.(MR,) = Y(M)®, = n®,
Ca apyre crpane, pa3MOTPUMO HEKHU esileMeHT ¢(m®pa) € M ®@r A/ im ¢,. Cana,

ho f(g(m ®r a)) = h(Y(m Qg a)) = h(Y(m) ®r a) = q(m @ a).
Haxkite, f u h cy uaBep3u, a cTora cy m30MOPQPU3IMH. 0]

Takobhe Baxku jia je 3a mecau R-moguyn A, dyukrop Hompg( , A) jeBo Tauan
Ha KaTeropuju gecHux R-momnyna, a A®gr  je JecHO TadaH Ha KATETOPHjU JIEBUX
R-monyna. /loka3u 0BUX TBP/AHU CY MOTIIYHO aHAJOTHU ITPETXOIHUM JTOKA3UMA.

Jlema 2 je mmpexTan pesynrtar jeme 19, kao AY = Homy(Z, A). Cimmano,
seMa 3 je aupektaH pedyarar jgeme 20, kKao Ag = Z ®, A.

Ha mpojekTuBHUM MOJIyIMMa, PE3YJITATU ITPETXOIHE JIBE JIeMe MOTY Ja Ce
JlaJbe yCaBpIIIe.

CraB 21 Qynxwop Hompg(_ , A) je Wwavan Ha KaWelopuju GPojeKTUUSHUT MO-
gyaa. To ject, axo je

¢

0—s L s M —

>y N — 0

KPATaK WavaH Hu3 Gpojextluushur seeur R mogyaa, onga je nu3
0 — Hompg(N, A) -, Hompg(M, A) 7, Hompg(L,A) — 0

wavan y Keweiopuju Abesrosur pyua.
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Hokaz: Jlemom 19 mmamo 1a je JI00MjeHW HU3 JIEBO TadaH, TAKO Jia je jeJIMHO
IIPEOCTAJIO Ja ce JOKaXKe Jia je ¢ cypjeKnuja.

[Ipema jemu 14, kako je N mpojeKTUBaH, UMaMO Ja C€ TOYETHU HU3 IETA.
[Ipema Tome, mocroju cypjeknuja r : M — L takBa na je r¢ = idy. lakie, 3a
ouno kojy f € Hompg(L, A), ueka je g = fr. Taga modujamo

¢"(fr) = fré = fidp = f.

Haxne, f € im ¢*, u crora je ¢* cypjexnuja. OJ

CraB 22 Qyukwiop ®pr A je Wavar y KaWeTopuju Upojexiuusrhur mogyaa. To
jecti, axo je

¢

0—s L, s M —

>y N — 0

Kpatiarx Wawar Hu3 Upojextiausrux sesuxr R mogyaa, onga je Hu3

0—LOpA - MOpA -3 Nogd—0
wavar Y Katweropuju Adesosux pyua.

Hokaz: Jlemom 20 nmamo J1a je HU3 JI€CHO TadaH, TAKO JIa je jeUHO IPEOCTAJIO
Ja ce JI0KaXKe Ja je ¢, WHjeKTUBaH.

IIpema stemm 14, kako je N mpojeKTUBaH, IMaMO Ja Ce TIOYETHU HU3 Pa3/iBaja.
Haxkite, mocroju cypjeximja r : M — L takBa ga je r¢ = idy. Cama nmamo

’l“*¢* = (T ®R 1dA) o (qf) ®R ldA) = 7“¢) ®R ldA = ldL ®R ldA = idL®RA
Haxne, r, je JeBU UHBEP3 O @y, 1A je ¢, UHjEKIuja. 0

Kana je nekn aiuTuBHN (DYHKTOP TadaH, OH HE CAMO JIa IyBa TAYHOCT KpaT-
KX HU30Ba, Beh M TadyHe HU30BE NMPOU3BOJLHUX JIYKUHA, KAO IITO U CAMO HMe
nviaiupa. [lTaBuiine, oH 3ampaBo KoMyTHpa ca (yHKTOPOM XOMOJIOTHje Ha
OMJI0 KOM JIAHIAHOM KOMILJIEKCY.

CraB 23 IIpewtocasumo ga umamo aanyant komaaeke (Cy, 0y):

0

aIchl k
"‘—>Ck+1 >Ck >Ck,1—>...

Onga, 3a AGHYAHYU KOMTNEKC

Fo Fo,
—>F0k+1 $>F‘C’k —k>FC]€_1—>

umamo

Hy(FC) = FH,(C).
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Hoxka3z: Heka F' u C dyny xao rope. Ilpe csera, nmamo
im Fak+1 = Fim ak+1.
BaruM, pasMOTPUMO KpaTaK TadaH HU3

0— kerd, —*— Cp —% 5 im &, — 0.

Kako je F' tauan, onja je u ciejyiehn Hu3 takohe Kpatak TadaH HU3:

0 — Fkerd, —*s FC, %, Fim, — 0.

Hakne,
ker F(?k = Fker 8k

Cajia, pa3aMOTPUMO KPATKW TadaH HU3 KOju JePUHUIIE k-TY XOMOJIONIKY TPYILY:
0— im@k+1 L) ker@k L) Hk(C’) — 0.
[Tonoso, Kako je F' TtauaH, oH/a je ciaegehn HU3 Takohe KpaTrak TadaH HU3:
. Fiy, Fry,
0 — Fim 0Oy, ——— Fkeroy, —— FHi(C)— 0.

Hakie, 110 TAYHOCTH, TMAMO

F(ker 0)

~ FH,(C).
F(im Op41) +(C)

Kana criojumo cBe pesynrare, podujamo

ker F'O), F ker 0y,
H.(FC) = = = FH .
W(FC) =0 Fopr  Fimojy, H(C)

0

Kaxko cy kon Taunux HuU30Ba cBe rpyue xomosoruje 0, oBa Jjiema mokasyje Ja
HCTO BaKU M 32 KOMILJIEKC KOJU ce JI00Mja IpuMeHoM TadgHor dyHKTOpa. Jlakie,
TagyHu (DYHKTOPHU UyBajy TaduHEe HU3OBE.

CraBoBu 21 un 22 nokazyjy ma cy Hom u Tersopcku mpoussos, GpyHKTOPH
Ta4yHU y KATEerophju NPOjeKTUBHUX Mojysia. Mehyrum, panuje cMo pekJm Jia
hemo nedunncaTu rpyre KOXoMoJIoruje u xomoJsoruje rpyne (G Kao TpuMeHe TUX
dyHKTOpa pesIoM Ha MPOjeKTUBHO paspernemne Z naa A. OBo du mMoryo goBecTn
JI0 3a0yHe, jep CMO yIpaBO TMOKa3aJd Jia, IpeMa CTaBy 23, TadHu (pYyHKTOpH
IyBajy TAYHOCT HU30Ba, IITO OW 3HAYMJIO J1a Cy KOXOMOJIOTHja W XOMOJIOTH)ja
TpuBnjasiHe. Mehytum, KibydHa cTBap je ma Z Huje MpOjeKTuBaH, Kao A-MOIyI.
Crora, KOXOMOJIOIITKE U XOMOJIOIIKE TPyIle He MOPajy OUTH TPUBU]jAJIHE.
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IIpumep 4 3a newipusujorry G, A-mogya Z ca wpusujasrom G-cupyriaypom
Huje upojextmusru A-mogya.

Pazmorpumo ciienehu aujarpam:

AN —=— 7.

OBme je € mpecimKaBambe MpoIUpema. llpermocraBuMo 7a je 7Z TpOjeKTHUBHU
A-mopyn. To du mogpasymeBasio mocrojame A-momysr xomomopdusma f: Z — A
KOjU YMHU TOPIbU jJujarpam KomyrtatuBHuM, Tj. € f = id. Heka oznaummo a =
f(1). Cana, 3a npousBo/bHU g € GG, UMaMO

g-a=g-f(1)=f(g-1) = f(1) = a,

anme je a € A9 Ako narmmmewmo a = > kigisan > 1, k; € Z, g € G, ouna
KaKo je g-a = a 3a cBe g € (G, To 3Ha4n Ja cy cBu k;, ¢ < n uiaeHTudHn. 1o
TakoDe 3HAYN J1a 3a CBaKW ejeMeHT g € (G mOCToju HEKO ¢ < M TaKBO Jia je § = g;,
crora G Mopa dutn Konauna u n = |G|. Hakye, umamo a = kY, g. Mehytnm,
Kako je ¢f = id, To 3Haum na je ea = 1, 1j. k|G| = 1. Bnaun, k = |G| = 1, mro
j€ KOHTPaIUKITHI]a.

4.3 KoxomoJsioruja rpymna ca koedulimjeHTuMa

[Tokazamm cmo y jiemn 2 jia je unsapujantau dbynkTop ()¢ neso Tagan xao
dbyHKTOp, amu He 1a je Tadan dyHKTOp. KOHKpeTHO, HUje J0KazaHo ma je ¢
enmmopduzam nomyT . ['enepasno, oBo u He Mopa duTH TadHo. 1o je MoTuBaIM-
ja za nedunucame H'(G, A), npse koxomotomke rpyne G ca koeduimjenTnMa
y A, Kao Mepe Heycrexa JieCHe TAa9HOCTH (PYHKTOpa oMo Ly Ia nHBapujarTe. To
ce pajii y3UMameM ITPOJeKTUBHOI paspellerma Z Haj A u npuMeHoM (yHKTOPA
Hom(_, A). [ocaenmu (nnm, casa, IpBu) HEHyJIa WiaH pe3yaryjyher koMiiekca
he 6mtn Hom(Z, A), mro je, mpema jemmaumnn (1), AY. Xomosoruja osor Husa
he nma mparu cienehe akcmome, Koje jeqUHCTBEHO OApeDyjy OBO KOXOMOJIOIIIKO
[IPOIIUPEIHE:

Hedbununuja 7 Koxomorowrxe ipyue ipyue G ca xoepuyujentiuma y A, osna-
wene ca H*(G,A), k > 0, wune xosapujaniiny pamurujy dynxitopa us Ug,
kaweropuje G-mogyaa, y xaweopuju Abesosux ipyua, ca caegehum ceojctieu-
M

1. HY(G,A) = A%
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2. 3a ceaxu xpawmax wavarn wus 0 - A — B — C — 0 y Ug uoctioju
apupogha tpanchopmavuja 6 = 6% : H¥(G,C) — H*Y(G, A) u gyrauax
WaAMaH HU3 KOTOMOAOWKUL TPpYTa

o — HYG, A) —2 H*G,B) —2— HMG,C) —2— HM1(G,A) —> ...
3. Axo je A woungyxosanu mogya, onga je H*(G, A) =0 sa cee k > 1.

Gavmnja {H*(G,+), k > 0} ce cTora Moxke cMaTpaTH KOXOMOJIOIIKOM TIPO-
mupemeM (HbYHKTOpa MHBAPHjAHTHUX €JEMEHATa, KOje Ce IMOHWIINTH Ha KOWH/LY-
KOBaHUM MojyjnMa. [ToKazkKuMO Jla OBO IPOIIUPERe 3aicTa IIOCTOjU U Ja je
jeTMHCTBEHO.

Teopema 24 Koxomonowro apowupere H*(G,*), k > 0 a@octoju u jegum-
ciieero je.

oka3z: Heka je

o — P —— P, > Py y 7 — 0

[IPOJEKTUBHO paspelemne TpuBujaaaor G-moiayra Z. 3a oumo xkoju G-momyn A,
MMaMO KOJIAHIAHU KOMILIEKC

-+ ¢ Homg(Py, A) +— Homg(Py_1,A) +— ... +— Homg(P,, A) +— AY +— 0.

rie cmo samenmn Homg(Z, A) ca A%, mo jeamasmmm (1). Kommosmmja msa
Y3aCTOIHA XOMOMOP(U3Ma Y KOJAHIAHOM KOMILIEKCY je HyJla, U CTOra MOYKEMO
JnebuHICATE KOXOMOJIONIKE I'PyIIe ¢a

H*(G, A) = Hy(Homg(Py, A)).

@yukrop Homg( , A) je amguruBHuU, u cTora dyBa xoMmoromnwuje Janna. Jlake,
UCTUM apryMEeHTOM Kao U 33 WHTETPAJIHY KOXOMOJIOTH]Y, KOXOMOJIOIIKE IPyIe He
3aBHCE O] N300pa MPOjEKTUBHOI pa3pelienha.

ITocTojame MPUPOTHIX KOTPAHIIHIX XOMOMOpdm3aMa 6 i Jyror TadHor HUI-
3a U3 Jpyre Tadke JeUHUAII]e CIe/ M yOOndajeHOM IMoTepoM 1o jaujarpamy. [Ip-
BO CBOJCTBO je 3a/I0BOJbEHO IPUXBATameM KOHBeHIHje na cy (-auMeH3noHaJIHe
KorpaHuiie Tpusujasine. /la OucMo 0BO yTBpAMIN, pa3MOTPUMO PEIl KOJIAHYAHOT
KOMILIIEKCa

.+ +— Homg(Py, A) +2— Homg(Py, A) «L— A% +— 0.

[Moctasmamwenm d° = 0, umamo H°(G,A) = kerd'. Ocrarak oBor npopadyHa
OJIJIaYKeMO 33 KacHHje, TJie NeMo KOPHCTHUTH IIPerpaHo paspelere. Y MecTo
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Tora, IpBO heMo mokasaTu Tpehe cBOjCTBO, Jla KOXOMOJIOTHja HeCTaje Ha KOWH-
JAYKOBaHUM MOJYJIUMa.

Heka je A = Hom(A, X) kounaykoBanu Moy, rje X uma Tpusujagno G-
nejcrso. IIpBo hemo mokasaru ja

HOIIlg(Pk, HOHl(A, X)) = HomZ(Pk., X)

Hedunaummmo npeciaukasawe m : Hom(A, X) — X ca m(p) = (1) 3a cBe
¢ € Hom(A, X). OBo npeciinkaBame je OUUIVIEHO CYPjeKInja.

[Ipernocrasumo f € Hom(Py, X), 1j. f : P, — X. 2Kequmo na moka-
JKEeMO Jia 3a cBakm TakaB f mocToju jeamuHcTBeHum A-Momysr xomomopduzam
h: Py — Hom(A, X). IIpennsuuje, mokazahemo cieselie yHUBEP3aJIHO CBOjCTBO:
y caenehem podsieMy JionymaBaiba Jujarpama

Hom(A, X)

P ——— X

VBEK IIOCTOjH jeJIMHCTBEHU h TakKo Ja JujarpaM KoMmyTupa, tj. mh = f.
[IpernmocraBumo a TakaB h IIOCTOjH, KOjH IMajbe ejJeMeHTe z € P, y Xomo-
mopdusme h, : A — X. Iomro je y nmuramy A-momysn xomomopduszam, Mopa
3a10BOJbUTH
g- h, = hg-z

3a cBe z € Py. To cy enementu Hom(A, X), 1j. xomomopdusmu o A 1o X, Tako
JTa MOXKEMO M3padyHaTH 00e CTpaHe 3a BPEJTHOCT 1:

(g : hz)(l) =g- hz(g_l) = hz(g_1)7

hg.:(1) = m(hy..) = f(g- 2).

JHakse, 3aMmeHOM ¢ ca g~ !, modmujamo

Crora, TakaB h je jemmncrBenHo nedunmcan Ha meaoMm P,. Xomomopduzam h
3aMCTa W TOCTOjU 1O OBOj HaBeJIEHO] KOHCTPYKIIHjU, jep Ce Ta ITPEeC/IMKaBaba
JInHeapHO mpomupyjy Ha 1eao A. Jlakse, mokasaim cMO

HomG(Pk, HOIIl(A, X)) = Hom(Pk, X)

[IpojektuBuun G-momyn Py je ciodomaH, a cCaMUM THM U IPOjeKTUBAH, HAJL Z.
Iakne, paspereme ce MOXKe TPETUPATH Ka0 TadaH HU3 ITPOjeKTUBHUX Z-MOJIyJIa,
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a npema craoBuma 21 u 23, npumena Hom( , X') HA OPOjEKTUBHO pa3peliene
qyBa TadHocT. lakie, 3a k > 1, Baxku

H*(G,Hom(A, X)) = 0.

o cama cMo mMasH 3a /b J1a TOKaYKeMO JIa TTIOCTOjU KOXOMOJIOIIKO ITPOIITH-
peme Koje UCIymhaBa CBa TpH cBOjcTBa. Jla ducMo rmokasaJim jeTMHCTBEHOCT, Jia
cy OWJI0 KOja JiBa TaKBa IPOIINpPEHa N30MOP(dHA, KOPUCTUMO TEXHUKY KOja ce
30Be nomepame aumensuje (eng. dimension shifting), 3acHoBany Ha WHILyKIM]jH.

YV aumensuju 0, umamo HO(G, A) =2 A%, na je jequHCTBEHOCT y JUMEH3UjH
0 ounryiegna. MHIyKTUBHO MPETTIOCTABUMO JIa CMO JIOKA3AJIM jJEJIMHCTBEHOCT JI0
mavensuje k — 1. JToxasahemo jequmcrsenoct H*(G, A) Tame mro hemo ja mo-
KaxkeMo Jia je uzomopdua Hekoj (k — 1)-IuMeH3MOHAIHO] KOXOMOJIOIIKO] TPy
HY(G, A), KOja je JeJITHCTBEHa 110 MH/yKTUBHO] XUIIOTE3U.

Pasmorpumo A nedunncan KpaTKuM TAIHUM HHA30M

0— A —— Hom(A, Ag) —— A — 0,

e je Ay Z-momyn crpykrypa A y ocuoBu. Ilo apyrom cBojcTBY, M3BOIMMO
cieqehn Jyradak TadaH HUA3:

5k—1

SR HMG, A) —— HYG, Hom(A, Ag)) —— H1(G,A) 2
S HYG, A) —— H*(G,Hom(A, Ay)) ——— H*G,A) —2— ..

Caza, xopucrehn Tpehe cBOjCTBO, /18 KOXOMOJIOIIKO IIPOIIHPEhe HeCTaje Ha KO-
WHTyKOBaHUM MojtysiuMa, umamo H*(G, Hom(A, Ag)) = H* 1 (G, Hom(A, A4y)) =
0. Crora nam ocraje ciaejehn KpaTak TadyaH HU3:

0 —— HYG,A) 25 HMG,A) — 0.

Haxme, H*(G, A) & H*1(G, A). Tpeba mamomenyTn ma ce Tpehlie CBOjCTBO Of-
Hocu Ha jauMensmje 1 u Bume, ma je 00 camo emmmopduzam. MehyrnuMm, oBo je
JoBosbHO, jep he H'(G, A) dutu jesmuncreeno gedbunncano kojesrpom o 0°.

Crora je, MHIYKIINjOM, KOXOMOJIOIIKO MTPOIITUPEHE jeTMHCTBEHO.

BaBpImMo cajia mpopadyHe 3a IPBO CBOjCTBO KOje CMO OCTABUJIN 3a KaCHH]E.
Kana cvo jmedwunmcamn crangap/iHO pa3pelniemne, YBeIn CMO T0jaM IperpajHe
HOTaIMje u paspemniema. CIMIHA HOTAIMja Ce MOYXKE YBECTU 3a KOJAHYAHU KOM-
mekc. PasMoTpruMo KoJTaHIaHU KOMILIEKC

-+« ¢ Homg(P;, A) <— Homg(Py_1,A) <— ... < Homg(P,, A) +— A“.
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Kako je B, = G x -+ x G ((k + 1) xormja o G) 6aza 3a Py, MOXKeMO HJICHTH-

dbukosaru komanary y Homy (P, A) ca dyHKImjom
f : Bk — A,
KOja, J1a Om mpaBmiHO fAeduHUCcAa G-XOMOMOpdU3aM, MOpa, 18 33JI0BOJbH:

g-flgo,--->9c) = f(g- (905, 9%) = f(990, -, 99k)

3a cBe ¢, go, - - - , g1 € G. OBO HA3WBaMO yCJI0BOM eKBuBapujanTHOCTH. Kao dasne
esleMenTe y ofHOCcy Ha A ymecro Z moxemo yzeru (k + 1)-topke ca go = 1. Y
CTBApHU, MOXKEMO OTPDAHUYIUTU HAIY MaXKiby HA 0a3y OJ k-TOPKH

Ec:{[91|92|---’9k] }gz‘GG, 1<i<k},

rae o3HadaBaMO

[g1|92| cen |gk] = (17917919% <9192 - - -gk:)~

Oyuknuja gedunucana #Ha By, Tj. Ha ememenTuMa 00K (go, g1, - - -, Jk),
jacHO nedmHHITE DYHKIN]Y HA /I;k, nojckyny B rue je go = 1. Ilokazahemo ma
je m odpuyTo Tauno, dyHKIMja Ha B ce npommupyje Ha (yHKnujy Ha Bj Koja
3aJ10BOJbaBa ycJIoB ekBuBapujanTHocT. Heka je f : By — A. Caja nokyimraBamo
na jpedunuieMo oarosapajyhy dyukuujy f @ By — A. U3 G-nejcrBa va B
UMaMO

g-(905--->9r) = (9905 - -, 99k),

rJie aKO IIOCTABUMO ¢ = gy ! pvano
gal . (90» s 7gk:) = (17g61g17 s 7galgk)
Iecna cTtpana je eJleMeHT Y E;:

(Lgo g1 590 ") = [halho|--- [
- (1,h1,h1h2,...,h1...hk).

OpnaBie nmamo cucteMm of k jeqHadIMHA:

95191 = M
992 = hihs

go_lgk = hy...hs.
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3ameHoM cBakor peja y ciaenehn nmamo:

%'la = M
9% = g5 gihs

9 g = 95 g1

Suaun,
hy = 96191
hy = 91'9e
1
h'k = 9119k,

a oJIaBJie J00MjaMo

(90, --->9%) = 90 - [90 " 91191 " 92| - - - |93 1 9n).

Haxne, nedpuaunmmenmo f : By, — A Tadka 110 Tauka Kao

f(gos--,98) == 9o ?[90_191|91_192| gt gn]-

Varpen, "HanoMumeMo ga nmamo G-aejerBo gecdunmucano camo Ha A, a He Ha
By, nunu Bj,. Moxemo cajia J1a BUIUMO J1a TAKBO IIPECIMKABAE UCIIYaBa yCJIOB
€KBUBaPNjaHTHOCTH:

g-f(g0,---s98) = 9-(90- floo oulgr " g2] - |9it19x])

= (990) - flgo 9 991197 9 992| - - |93 19 " 99k]

= (990) - f[(990) " (991)|(991) " (992)| - - |(9gx—-1) " (g91)]
= (990,991, -,99%k)

Hakmne, mokazajam cMO & KOJIAHIH Y HomA(Pk,A) o/iroBapajy QGyHKIHja-
Ma Koje npecyukaBajy k-topke (gi,...,gx) v A. Cama hemo ma Buammo Kako
rpaHnvyHu XoMoMopduzam d* fesyje Ha TakBe (pyHKIMje, KopucTehn rpaHUIHY
dopMyITy 3a IpErpaJiHO pa3peliehe.

d flgl - Agraa] = fdlgil. . |gs]
= g1- flgal - Igk+]

k
+Z(_1)jf[91‘ 195Gl - - gra]
j=1
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+(=D) " flanl - - |ge]

= g1 floal---lgx+1)] — flg1921gs] - - - |gr+1]
+flo1lg295 - - - |gr4a] — -
+(=1 floil - - - 1giginl - lge] + - ..
H(=1)" flaa - - gwl-

Y mnmvensuju 0 0BO mMa 0OJIUK

dlf[gl]:gl'f“_f[gl]

3a cBe g1 € G, rue je f TpuBhjaJiHAa KOHCTaHTHa (YHKIUja, IITO 3HAYH 1A
onrosapa ejiementy A. Jlakie, jesrpo o d' oirosapa enemenTuMa A Koju cy
dbukcupann csum esementnma G, 1j. A%, Kaxko je im d° = 0, nmamo
ker d*
H°(G,A) = >~ AC,

im d°

3a/10BOJ/baBajyhu cBojcTBO 1. O

Kopucruim cmo cranmapaHo pa3perniemne J1a OMCMO JOKa3au IIOCTOjambe J10-
TUYHOT KOXOMOJIOIIKOT Ipomwupea. MehyTuMm, Huje mpakTHIHO KOPUCTUTHU Ta
3a TpopadyHe. YMeCTO Tora, IMOKyIlaBaMo Ja IpoHahemo HajOoosbu m300p 3a
IPYILy Koja ce mpoydaBa. JecTo je OH MMOBe3aH Ca TOMOJIOIKAM ITPOCTOPUMA.

Hexka cajia kopuctTuMo paspeliema Koja CMO M3padyHaJd y npumepy 1 ma
U3PAIYHAMO XOMOJIOIIKE TPYIIE.

IIpumep 5 Koxomonowrke ipyie 3a yuxiuwHe ipyue.

Kao u y npumepy 1, osnadasamo ca C! mamy muksauuny rpyny G peja
2 < r < o0, ca reaeparopoM 1’ u nogemheMo HAIl IPUMEDP Ha CJIydajeBe KaJla
je pex DeckoHavYaH, OHOCHO KOHAYAH.

Cayuaj 1: r = oo. Kopuctuhemo ¢1000/1H0 pasperiieme Koje CMO KOHCTPYH-
canmu y nmpumepy 1:

0 —— ZC5 —— ZCL, —=— 7Z — 0.
3a npousBosbau G-MOysT A, UMaMO TTOBE3aHU HU3
0+L Homg(ZC5, A) o Homg(ZCL, A) +—— 0.
Jearpo ker d! je ckyn xomanana xoju 3agososbasajy d! f(S) = 0. Mehyrum,
d' fu(S) = fudi(S) = fuo(T -1) = (T~ 1)-a=T a-a.
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Haxme, T - a = a, u 3at0 a € A®. Crora, H’(G, A) = A%, xao u ouexusano.

Unentudukosamem a ca g, : 1 — a, sugumo ga je Homg(ZCL, A) =
Homg(ZCS, A) = A. Ilpema tome, kerd?> = A u imd' = (T — 1)A, na je
HY(G,A)=A/(T—1)A. 3a k > 2, H*(G, A) = 0. [Jakse, KOXOMOJIOIIKE IPyIe
cy:

AG, k=0,
Hk(CZO,A): ﬁ, ]{7:1,
0, k> 2.

Cayaaj 2: r < oo. [ToHoBO heMo KOpUCTUTH CJIODOTHO pa3periemne Koje CMO
KOHCTPYHUCAJIN y IpuMepy 1:

T—1 T-1 T—1
L A(Qk) L) A(gk,l) _— ... L) A(l) E— A(o) — 7.
O,HaTJIe MaMO KOJIaHYaHHN KOMIIJICKC:
T-1 N T-1
L Homg(A(gk),A) — HOmG(AQk_17A) — ...

L Homeg(Apy, A) P Homeg (Ao, A) —2 0.

Kao u y deckonaunoM cirydajy, naeHTH(MUKOBABEM @ ca ¢, : 1 — a, BUIUMO J1a
je Homg(ZC?, A) = A. Konmanuanu KoMILIEKC 3anucyjemo y cieiehem odamKy:

T-1 N T-1 N ,T-1 , 0
© Rkt A(Qn) 2k A(anl) YpRk-1 T Y 2 A(l) T A(O) ) 0

Caza camo Tpeda Ja m3padyHaBaMO KOXOMOJIOTHjY. AHAJIOIHO OECKOHATHOM
cay4aajy, H(G, A) = ker d* = ker(T'—1) je ckyn Koslanana f, Koju 3a/10B0/baBajy
(T-1)-a=0,um T -a = a, crora H*(G,A) = AY. Kopucrehn oso, Takohe
IMAaMO
ker ™1 kerT —1  A“

2% _
(G, A) = imd?*  imN = NA’

Konagno, nspaaynasamo

ker d2* ker N
H?* (G, A) = = :
(G, 4) im d2k—1 (T-1)A

JlakJjie, KOXOMOJIOIIKE TPyIIe Cy:

AC k=0,
Hy(CT, A) = { 4% 2| k,
Tonas 21k
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4.4 XowmoJoruja rpyna ca KoeduiimjeHTnMa

Mozke J1a ce IpaTh CJAMYaH MOCTYyIaK Kao KOJI KOXOMOJIOTH]E 3, Ie(bUHICATHE
XOMOJIOIIKUX T'pyta rpyne ca koeburmjenruma. Caja, yMecTo ja pasMaTpamo
MHBapUjaHTe, KOPUCTUMO KOUHBAPHUjAHTE, YMECTO KOMH/TyKOBAHUX MOJLY/Ia KOPU-
CTHMO HHJIyKOBaHe Mojmyse, a ymecro Hom dyukropa Homg( , A) Kopuctmmo
GYHKTOP TEH30PCKOT TPOU3BoIa _ ®p A.

Y jemu 3, mokasaHo je jia je pyHKTOp KOMHBapHUjaHTHUX ejiemeHaTa (_)g
JIeCHO TadaH, aju He n TadaH pyHKTOp. KOHKpeTHO, HUje J0Ka3aHO Ja je Pg
MOHOMOPdu3aM oyt ¢. I'enepasHo, 0Bo He MOpa dutu TadHo. 1o je MoTuBaImja
3a nedunucame Hi(G, A), npse xomoyiomnike rpyte o G ca KoeduiujeHTuMa, y
A, Kao Mepa Heyclexa JieBe TATHOCTH (DYHKTOPA KOMHBAPUjAHTH.

Hedbununuja 8 Xomoaowxe tpyue ipytue G ca xoepuyujentiuma y A, o3nave-
ne ca Hy(G, A), k> 0, gopmupajy xosapujantiny damuiujy dyrnkiopa us Ug,
raweropuje G-mogyaa, y kaweropujy Adesosux ipyua, ca caegehum ce0jcueuMa:

1. Hy(G,A) = Ag

2. 3a ceaxu xpawmax wavarn wus 0 - A - B — C — 0 y Ug uoctuoju
apupogra wparcpopmavuja § = oy : Hy(G,C) — Hi_1(G, A) u gytauax
WaAMaH HU3 KOLOMOAOWKUL TPpYTa

o Hy(G, A) =2 Hy(G, B) -2 Hy(G,C) —2— Hy,_1(G, A) —> ...
3. Axo je A ungykosanu mogya, onga je Hi(G,A) =0 3a cee k > 1.

Damvmmmja {Hi(G, ), kK > 0} ce 3a10 MOXKe CMaTpaT Kao XOMOJIOIIKO IIPO-
mupere GYHKTOpa KONHBAPUjAHTH, KOje HECTaje Ha KOUH/IyKOBAHIM MOJLYJINMA.

Teopema 25 Xomonowrko upowuperwe Hy(G, ), k > 0 Goctioju u jeqguncitisero
je.

Hoka3z: OBaj 10Ka3 je y BeJIMKOj Mepu aHaJoran jioka3y Teopeme 24. Heka

e — P —— P > Py y 7 — 0

OyJle TPOjEKTUBHO pas3peliiee TpuBujaanor G-momyia Z. 3a douno Koju G-MOIy
A, dbopmMupamo JaHIaHN KOMILIEKC

o > PLONA — P i QA A — ... — PhRpy A — Ag — 0.

rje cMO ojMax 3aMeHmin Z @, A ca Ag, no jennaunan (2). Hamomenumo na
KOPUCTHMO JIeCHY CTPYKTypy Ha Py, Tako Jjaje x-g =g ' -z 3acse g € G 1
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r € P,. Kommosunuja jgBa y3acTorHa XoMOMOPAU3Ma, y JIAHIYAHOM KOMILIEKCY
je HyJa, cTora MOXKeMO JeUHUCATU

Hy (G, A) = Hy(P, ®5 A).

OyHKTOp _ ®p A je aJUTUBHU U CTOTA UyBa JaHdaHe xomoronuje. Jlakie, nctum
apryMeHTOM Kao U 33 MHTErpajiHy XOMOJIOTH]Y, TPyIle XOMOJIOTHja Cy HE3aBUCHE
0J1 n3d0pa MPOjeKTUBHOT pa3pPeIlerha.

[TocTojarme TPUPOTHUX IPAHUIHIX XOMOMOPdU3amMa 0y U JYror TATHOT HU3A
u3 JIpyre Tadke JeUHUIN]E CJIe/IN YOOUvIajeHoOM IoTepoM 1o aujarpamy. [Ipso
CBOJCTBO je 33/I0BOJbeHO KOHBEHIMjoM Jia cy (-IuMeH3noHAJHe TPaHUIle TPUBU-
jamme. /la ducMo O0BO yTBPAWIIN, PA3MOTPUMO PEIl JTAHYAHOI KOMILIEKCA

—>P1®AA£>P0®AA&AG_>O

[TocraBmamem dy = 0, mmamo Ho(G,A) = (Py ®5 A)/imd;. Ocrarak oBor
IIpopadyHa OJiJlazKeMO 3a KacHHuje, T/ie heMo KOPUCTUTHU TIPErpaiHO pa3pelierhe.
[Tokazkumo Tpehe cBOjCTBO, /1a XOMOJIOTHja HECTaje Ha WHYKOBAHUM MOJLYJITUMA.

Heka je A = A ® X wunmgykoBanu Moy, rjae X uma TpubHjagno G-1ejcTBo.
[Ipso hemo mokazartu ja

P,y (A® X) = P, ® X.

Hedunnmmmo npeciukaame i : X — A® X cai(z) =1®x =3a ce x € X.
OBo mpec/MKaBame je OYUIrJIEeIHO NHjeKIHja.

Kopucrumo yHUBEP3aJIHO CBOjCTBO TEH30PCKOT pou3Boja P, @, (A ® X) na
crenehem nujarpamy:

i
1o

P @) (A® X).

[Ipema yHHBEP3aJHOM CBOjCTBY TEH30PCKOI MPOU3BOJA, ako je [ OuimneapHo
[Ipec/IMKaBarbe, OHJIa IIOCTOjU IIPECINKABAILE ¢ KOje YMHU JIhjarpaM KOMYTaTHB-
HUM.

Hedunaummmo f ca (z,2) — 2 @5 (1 ® x), 3a cBe z € P, x € X. OBo mpe-
C/IMKABAIHE j€ OUUIJIETHO OMJIMHEAPHO, CTOTa je, TPpeMa YHUBEP3aJIHOM CBOjCTRY,
npecyimKaBarmbe ¢ : 2z @ x — z ®, (1 ® ) 106po nedunmncano va neaom P, @ X.
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3a 00pHYTO, yHOTPEONMO YHUBEP3ATHO CBOjCTBO TEH30PCKOT IIPOU3BOIA P&\
(A ® X) na cnenehem aujarpamy:

i

P, ® X.

Ha ocHOBY yHUBEP3aJIHOT CBOjCTBa TEH30PCKOT ITPOU3BOJIA, aKo je [ OuInHeapHo
[PeCIMKaBarhe, OBOI IIyTa y OJHOCY Ha IPCTEeH A, OHJIa MOCTOJU IPECTUKABALE
0 xoje uMHU JaUjarpamM KOMYTATHUBHUM.

Hedurummmo f ca (z,(A®x)) — z-A®x, 3a cBe z € Py, \QA, x € X. Cana,
HOKaxkuMo Ja je f dmimueapHo. Heka je 2 ® (A® x) € Py u pu € A mpousBosbHO.
Barum, numajyhn y Bugy ga rperupamo Pj, kao jgecau A-Moiys, umamo

fEpAx)=(z-p) - AQr=z-pA\Qx

flz,p-(A®z) = fz,pA @) =2 pA® T,
Tj. f(z - A® ) = f(z,p- (A® ).

Jlakse, 0BO mpec/iuKaBambe je OUInHeapHo, 1a je, IpeMa YHHBEP3aJIHOM CBOj-
CTBY, TIpecjiuKkaBame ¢ : 2 @y (A ® ) — z - A ® z 100po jeduHUCAHO HA CBUM
P, o) (A X).

Konaano, npeciimkaBama ¢ u 6 cy naBep3Ha. 3ancra:

Qop(z@z)=0z0)(1®1) =20

$00(z2R5 (A®x)) = @(2-AQx) = 2-AQ) (107) = 24\ (1®x) = 2@ (ARx).

Haxie, P, @5 (A® X) u P, ® X cy uzomopduu.

[IpojexkTuBnu G-momyn Py je ciodboman, a caMuM TUM U IIPOjeKTUBAH, HAJ, Z.
Haxie, npema ctaBoBuMa 22 u 23, npuMeHa _ ® X Ha IPOjeKTHUBHO pa3pellemne
qyBa TadHocT. lakire, 3a k > 1,

Hi(G,A® X) =0.

o cama cMo uMaM 3a /b Ja MOKAaYKeMO JIa MTOCTOjU XOMOJIOIIKO ITPOIITH-
peme Koje hCIymaBa Tpu cBojcTBa. Jla dmcMo mokasasm jeIMHCTBEHOCT, J1a Cy
OWJI0 KOja JIBa TaKBa IPOIIHPEHa N30MOPGHA, ITOHOBO heMO KOPUCTHTH ITOMe-
pambe JIMMeH3Hja, Ka0 y CJIydajy KOXOMOJIONIKOT IIPOIIUPEha.
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Y mumensuju 0, nmamo Ho(G, A) = Ag, na je jeIMHCTBEHOCT y JTMMEH3U-
ju 0 ounryegua. MHIYKTUBHO TMPETIIOCTABUMO JIa, CMO JIOKA3AJIHU jeTMHCTBEHOCT
o numensuja k — 1. Jlokazahemo jemuucrenocr Hy(G, A) tako mro hemo ma
HOKazkeMo Jia je uzomopdHua Hekoj (k — 1)-auMeH3MOHAIHO] XOMOJIOIIKO] TPy
H, (G, A), KOja je jJeJIMHCTBEHa 110 MH/yKTUBHO] XUIIOTE3N.

Pasmorpunmo A jedbuHnCAH KPATKEM TAYHIM HH30M

0—A—ARA) —— A—0,

rie je Ay ocHoBHa cTpykTypa Z-momyna A. Ha ocHoBy japyror cBojcTBa, M3BO-
auMo ciiesiehn myradak TadaH HU3:

LI Hi(G,A) ——— Hp(G,A ® Ay)) ——— H,(G, A) SN

O He (G A) —— Hy 1 (G A ® Ag) —— Hi (G A) 222

Cana, kopucrehn Tpehe cBojcTBO, /18 XOMOJIOMIKO IPOIIUPEH-E HECTaje Ha MHILY-
KoBaHUM Mojyanma, umMamo Hy(G, A ® Ag) = Hp_1(G,A ® Ay) = 0. Crora nam
ocraje ciejiehun Kparak TavaH HU3:

0 —— Ho(G,A) 2% H, (G, A) —— 0.

Haxme, H,(G,A) = H,_1(G, A). Tpeda manomenyTn ga ce Tpehe cBojcTBO mpu-
Membyje Ha JuMeH3uje 1 u Buine, ma je dg camMo MoHomopdusam. Mehyrum, oBo
je moBosbHO, jep he Hi(G, A) duru jeauacTBeHO JebUHUCAHO je3rpOM 01 Op.

Crora je, MHIYKIIIjOM, XOMOJIOIIKO IIPOIINPEHE jeINHCTBEHO.

OcraJio je ox paHuje Ja 3aBPIINMO IPOpadyHe Be3aHe 3a IPBO CBOjCTBO KOje
CMO OCTaBWJIN 3a KacHUje. Kaja cmo meduHuca I craniapHo pa3pelnene, yBe-
JIM CMO TI0jaM TIperpaJjiHe HOTaIMje U pa3perniema. Moxemo ciuany HOTAMjy 18
yBeJIeMO 3a JIAHYaHU KOMILIEKC JI00MjeH TeH3opucameM. Pazmorpumo janganu
KOMILITEKC

i 53 P®A — P 1A — ... > PBA— A

Heka je x € P,y ® A. Taj elemMenT MOXKe Jja ce IPEJICTABA HA jeIMHCTBEH HAYUH
Kao 30up esreMeHara oomka [g1| ® |gr—1] ® a. O3naanmo By_y = {[g1] ... |gr—1]
gi € G, 1 <i<k—1}, Ka0 u MTO CMO yPaJWIA KOJ KOXOMOJIOIIKE T'DYTIE.
By._1 je omer da3za 3a P,. MoxeMmo uaentuduroBaru jaHal r € P, ® A ca
dyuknujom f, : By — A koja ce ciuka y 0 CKOpo CBy/a, Tj. Ha CJIAKA Ce€ y
0 ocuM 3a KOHaAYHO MHOrO BpemHOCTH. PopMaHO, MPUMETHUMO Ja Ce T MOXKe
jETMHCTBEHO TIPEJICTABUTHU Ko JIMHEeApHa KOMOUHAIIAja ejieMeHaTa odynka b ® a,
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rie je b € B, uacA. Hedunnmemo fie, Ha eqementy [gy|...|gr—1] € By

ca
a, |g1]---|gk-1] =0,
fb®a[g1’...‘gkil] — { [ 1| ’ k 1]

0, wnHaue.

1 OBO JIMHEApHO MpoImupyjeMo Ha f, 3a cBe x € P, ® A. Saucra,

fb1®a1+b2®a2 [91’ ® |gk*1]

ai, [g1] ® |gr-1] = b1,
= forga 191 @ |gk-1] + frozas[91] @ |ge-1] = S a2, [g1] ® |gk-1] = b2,
0, wnadge,

g-a, gl |lgr] =0,

fg-b®a[gl\ e ’gkfl] =g- fb®a[91’ ce \g,H] = {
0, nHaJe.

[Tomrro ce x Tako mpejcTaB/ba Ha jeIMHCTBEH HAYUH, IPECIUKABAbE & — f, je
1100po nedurncano. HBep3Ho npecimkaBame f — 2y KOHCTPYHUIIEMO Ka0

rp= Y f(b).

bEEk_l

OsBo je j06po jedunucano jep f mecraje ckopo csyna. Jlaksie, umamo Besy
u3mehy enemenara Py, u dyuknuje B, 1 — A Koje HecTajy CKOPO CBY/IA.

CaJia TpaKuMo KaKo U3IJie[a I'PaHuIHI XOMOMOpdu3aM d, y 0BOj HOTAIU]H.
V nedununmju CTaHIAPIHOT Pa3peIieha CMO UMAJIH

k

dyx = dx = Z(—l)jfjx,

J=0
rJie ca '; O3Ha49aBaMO OIepaTop yKJamaiba j-Te KOOPJIUHATE, Tj.

#5: (hoy o) = (hoy - hyy oo ),

3a 6mito koje (ho, ..., hi) € P,. Cana, 3a nponssobHe b € Byiuaéc A, nmamo
a, e = 7,b;
fi“jb®a[gl| o |gk—1] _ { [gl| |gk] J
0, wnaue.
Axo je [g1] ... |gr] = (ho, ..., hk_1), ouza je (hg,...,h;_1) = 7;b eKBUBaIEHTHO
ca

(ho, ceey hj—bg; hj, ceey hk—l) = b,
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rae je g € G j-ta koopauuata o b. Hapasno, ako g Huje j-Ta KoopamHaTa o, b,
OHJIa je BPeITHOCT fis, Ha oBoMe 0. /lakite, MOXKeMO O3HAYUUTH

fisv@alg1| ® gr—1] = Zfb@a(hm ®,hj_1,9,h;, ®, hi—1).

geG

OBO ce JmMHEapHO MPOIKpYje Ha OWI0 KOji IPOU3BOJBHU eJIeMeHT & € P, u
crora u3 d,x = dx mro naje d,f, = f4. modujamo

d*fw[gl‘ s |gk*1] = fdﬂﬁ(17 h'17 cee ,hkfl)
k
= Z(_l)Jfﬂx(hO, h17 SRR hk—l)
=0
k
= Z Z(_l)]fx(h07 hla ceey hj—1797 h]7 ) hk—1)7
j=0 geqG
rge je ceako h; = ¢y...g; u ysumajyhu 1 = hy. Cama, uspadyHajMo cBaKu
cadupax.
Ba j =0:

fx(gahlah%---ahk—l) = fa:(g7glagl.92a---agl---gkz—l)
g 9,91, 92,y G2 Grr)
= g " fulal- - lge-al.

Bal<j<k-—1:

fo(l,hl,...,g,...,hkfl)

geG

= Zf:c(laglw"agl--'gj—17g7gl"-gj7'--7gl'-'gk—l)
geG

= > folligi e 01 G 1 G395 Gt G G1 e Gh1)
geG

= > Lol - lgilgiglg™ gial - - 1gs).
geG

OBze cMo 3aMeHIIIN g €a ¢ ...¢;g Y APYTOj jeHa4YNHH, jep je 30Hp HaJ CBUM
eneMenatuma G.

3aj=k:
S Fellihy,hia,g) = Y fo(lg 91 6-1,9)
geG geqG
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= > folgi, - 01 g1, 91 - Gr19)
geG

= Zfz[gl‘ oo |gr-1lg].

geG

CAmgHo, 3aMEHUIN CMO ¢ €A g1 . . . Jx—1g Y JAPYTOj jeqHaYuHu, jep ce 30up BPIIH
HaJl cBUM ejiemMeHaTnma (3.

Haxne, nama pesyaryjyha dopmyna 3a rpaHUYHI XOMOMOPdU3aM je:

dofolorl - Ngea] = g7 felonl - lge]

gEG
+ Z Y (=1 flgil - 1gi-1lg;919 M gieal - 1gki]
j=1 geqG
1)+t Z faloil - gr-1lg].

geG

Y mumvensuju 0 0BO nMa 0OJIUK

difo[ 1= 97" fulg] - fulg)-

geqG

Haxkne, imd; je ckyn dbopmayiHuxX 30upa ejgemeHnarta oodauka g - a — a. Kako je
kerdy = A, To znaum ga je H(G, A) = kerdy/imd; rpyna KouHBapujanTu o1
A, T1j.

ker do ~

imd;

H(G,A) = ~ Agq,

IIITO 33/10BOJhaBa CBOjCTBO 1. [
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5 HwuckoanMeH3mMOHaJJIHA MHTEpPIIpeTaIja

5.1 VYKpuireHn xoMmoMopdu3IMu

Hedununmmja 9 Ipecauxasare f : G — A xoje 3agosomasa ycaos f(gigs) =
g1 f(92) + f(g1) 3a cee g1,92 € G nasusa ce yxpwiienu romomoppusam. Ipe-
caukasare f, : G — A xoje 3agosonmasa ycaos f,(g) = g-a—a 3a cée g € G
HA3UBA Ce TAGBHU YKPUWTLEHU TOMOMOPHUIAM.

Kana je G-nmejctBo mHa A TpuBHjasiHO, YKPIITEHH XOMOMOPdU3aM je XOMO-
Mopdu3aM y yoOUdajeHOM CMUCITY, & je/IMHU IVIABHU YKPIITEHH XOMOMOP(MU3aM
je KOHCTaHTHO IpecinKaBame y 0.

JeIHOCTaBHO je moKa3aTw Jia Cy IVIAaBHU YKPIITEHH XOMOMOPMU3MH 3anCTa
yKpInTeHu xomomopdusmu. 3a Omiio Koja jaBa gi, g € G, mmamo

falgr92) = (g192)-a—a
= g1 (p-a)+g-a—gi-a—a
= g1-(92-a—a)+(g1-a—a)
= g1~ fa(.g?) + fa(gl)
Buaumo nma cy korpanune y AuMeH3Hju 1 yIpaBo IVIABHM YKPIITEHH XO-
momopdusmu. Heka je f yxprirenn xomomopduzam. Jemnaumna f(g1gs) =

g1 f(g92) + f(g1) ce noduja xao pesynrar Korpanmdne dopmyne 3a d*f, 3a
k = 1. Ilomro dopmyna 3a d* f rnacu

d"flgr,- i) = 91 f(g2- s Grar)) — F(9192, 95, - - -, Gr1)
+f(91, 92935 - - -5 Gry1) —
(=17 (91519595415 -+ Gha) + - -
( 1>k+1 (91,---»%),
J1odouja ce

d' f(91,92) = g1 - [(g2) — f(9192) + f(9n)-

[Tomrro 3a 1-korukie Baxku d' f = 0, umamo f(g192) = g1+ f(g92) + f(g1). Apyrum
pednMa, CKyl YKPIITEHHX XOMOMOPdU3aMa je TAIHO CKYI 1-KOIUKIIyca.

ITpema ToMe, mpBa TpymnHa Koxomosoruja H(G, A) je uzomopdua Abenosoj
I'PYIN YKPIITEHHX XOMOMODPdHU3aMa M0 MOJIYJTy TVIABHUX YKPIITEHUX XOMOMOP-
duzama.

5.2 I'pymnHa panmmpema

CanvHy JUCKyCHjy MMaMoO U 3a JIPyTry KOXOMOJIOMKY rpyiry. [IpuMmernom ko-
rparndne dopmyie Ha dF f 3a k = 2 mMamo

& f(g1,92) = 91 [(92,93) — [(9192,93) + f(91,9295) — f (g1, 92).
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Ba 2-kormke Baxku d°f = 0, na majemo ciemehy medunuimjy:
Hedbunurmja 10 IIpecauxasarve f: G X G — A Koje 3agosonasa ycros

91+ f(92,93) — f(9192,93) + [ (91, 9293) — f(91,92) = O
HA3U6a ce PaKwop CUCTEM.

TaxBo npecinkaBame ce Ha3uBa PaKTOP CHCTEM 300I TOTa IITO TAKBO IIpe-
caukaBame oapehyje 3akon kommosunuje 3a oxapeheno pammpeme FE Adenose
rpyne A ca G, rme G-ctpykrypa Ha A omrosapa jgejcTBy kKoHjyrarmje G Ha A.
TakBo pamupeme F je nmedunucano cienehuM KpaTKUM TadHUM HU30M;

0 > A L>E#G—>O.

[MToucrosehyjemo A ca t(A), mro je nogckyn ox E. Illrasumie, duhe Hopmasna
noarpyma, momto je t(A) = ker 7. Umamo Tpancsepsaiy s : G — A € E, necuu
unuBep3 3a 7 oxapehen uzdbopom s(g). To je dyuknuja uzmehy ckymnosa, He HYyKHO
xoMoMopduzam, MehyTuMm, 3a,10BoJbaBa

s(91)s(92) = f(91,92)5(9192)-

3a cBe g1, 92 € G.
Popmasuzyjemo oBo y ciesiehem crasy:

CraB 26 Heka je gattio je pawuperve E u tpanceepsana s xao tope. Taga eaorce
caegeha ceojctisa:

(i) @axwopcru cuctuem [ ogpehyje saxon xomtosuyuje y E.
(ii) T'openasegena Kouukauwha 6€3a je eksusarerlinag acoyujoiushoctuu y F.
(i1i) H3bop nose wpanceepsane s' : G — E mewa [ 3a xotpanuyy.

Hoxka3z: G nejcrByje HA A KOHjyramumjom, Tj.

g-a=gag™".

[Tocmarpamo A xao moackyn ox F, amu #He n G, mTo n3deraBaMo moMony s:

g-a=s(g)as(g)”"

Kopuctumo oy dpopmyity TOKOM ocTaTKa J0Ka3a.
[Tomrro je s mecHu wHBEP3 O 7, KMAMO

m(s(gh)) = gh
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m(s(g)s(h)) = w(s(g))m(s(h)) = gh,
crora je m(s(g)s(h)s(gh)™') = 1. Hakne, s(g)s(h)s(gh)™! € kerm = im. =
A 1o raunocru. IIpema ToMe, Mako § He MOpa OUTH XOMOMOP(MHU3aM M CTOra,
s(g)s(h)s(gh)~! nuje myxuo 1, on je unax enement rpyne A. 3aTo MoxkeMo Ja

nedunumeno dbyukuujy f: G x G — A ca f(g,h) = s(g)s(h)s(gh)™*
[Ipumenumo acorujaruBHocT y F':

(s(9)s(h))s(k) = [f(g,h)s(gh)s(k) = [(g,h)f(gh,k)s(ghk),

s(9)(s(h)s(k)) = s(g)f(h, k)s(hk) = (g)f( k)s(g)"s(g)s

(hk)
= g- f(h,k)f(g,hk)s(ghk)

U OHJIa, HOHUINTaBamkeM wiana s(ghk) ca obe crpane, modujamo

g- f(h’ k)f(gv hk) = f(g7 h>f(gha k)

MebhyTum, momro ¢Bu 0B WIaHOBHU Jiexke y A, mro je AdesoBa rpyma, MOXKEMO
J1a ce MpedarmMo Ha aJIMTUBHY HOTAIU]Y:

g- f(h.k)+ f(g,hk) = f(g,h) + f(gh, k).
Haxkue,

mTo 3Ha4M Ja je f HakTOpcKu cucreM, YuMe CMO Jlokasain ocoduny (ii).
Bpahawmo ce caja na (i). @ukcupamo ejiement x € E u pazmarpamo ciezehe:

-1

m(zs(m(2))™") = m(@)(n(s(r(2)))) " =n(2)7(z)" = le.

Haxkne, xs(m(z))™' € kerm = A, na je v = a,s(n(r)) 3a neko a, € A.
Hexka cy nara mBa enementa, x,y € E. Tana je

zy = ags(m(z))ays(m(y)
= ays(m(x))ays(m(z))”

= () - ayf(n(z),m(y ))S(W(ﬂﬂ)ﬂ(y))-
Ca npyre crpane, xy = a.yS(7(2y)) = azys(m(x)m(y)), u crora je
(ay = Az () - ay f(n(2), 7(y))-

OsBume cMO moKazaIu cBojcTso (1).
Heka je s’ : G — E apyru uszdop Tpancsepsasie. [Tokazahemo jia ce mosesanu
daxropcku cucrem [’ paziukyje of f 3a HEKU KOIUKIIYC.
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[Tpeo, nanomennmo 1a je 7(s'(g)) = g = m(s(g)), u 30or Tora je

(s'(9)(s(9)) ") = 7(s'(9)) (7w (s(9))) " = 1e,

ma je s'(g)(s(g))~' € kerm = A. edunumenmo F : G — A osom Bpemnomthy,

F(g) = s'(9)(s(9))™", 1. s'(9) = F(g)s(9).
Cama, mpuMemyjeMo OBO Ha

s'(g)s'(h) = f'(g,h)s'(gh)
F(g)s(g)F(h)s(h) = f'(g,h)F(gh)s(gh)
F(9)s(9)F(h)s(9)(s(9))"'s(h) = f'(g,h)F(gh)s(gh)
F(g9)g-F(h)s(g)s(h) = f'(g,h)F(gh)s(gh)
F(g)g- F(h)f(g,h)s(gh) = f'(g,h)F(gh)s(gh)
F(g)g-F(h)f(g,h)s(gh) = ['(g,h)F(gh)s(gh)
F(g)g-F(h)f(g,h) = f'(g,h)F(gh).

[Tomrro caza pajgumo y A rre je omeparimja KOMyTaTuBHA, MOykeMo npehn Ha
QJIUTUBHY HOTAIU]y U PAIyHATH

F(g)+g-F(h)+ f(g,h) = f'(g,h)+ F(gh),
f'(g,h) = f(g,h) = g-F(h)—F(gh)+ F(g),
f/(g7h)_f(gah) = le(g7h)

Haxkne, f' — f = d'F, u tume cmo nokazau (iii). O

Ogaj cras onmcyje dujeKTuBHY Besy uamely apyre koxomosonike rpyne H2(G, A)
u daMuIrje pammpernha

0 s A s B s G s 0

3a maro G-gejecrBo Ha A. Ipyrum peunma, ako je gar map (G, A), rae je A ade-
JIOBA Ka0 HOpMaJIHA HOJPyIIa, IPyIle palmpema cy oapehene ;10 nzomopdusma
cTpyKTypoMm mogaynia y A, ognocHo G aejectBoM ¥ A W IpyroM KOXOMOJIOITKOM
KJIACOM.

[Tomro 3a cBe x € E umamo x = a,s(m(z)) 3a HeKO a, € A, nmamo dujek-
tuBHy Be3y uameDhy ckymoBa E u A x G. Ilocmarpajyhu E Kao TakaB, 3aKOH
koMnosunuje xy = a,m(z) - a, f(m(x), 7(y))s(m(z)m(y)) mocraje

(a,9)(b,h) = (a+g-b+ f(g,h),gh), (3)

rie f oAroBapa eJeMeHTy Jpyre Kjace Koxomosoruje. Ako je (G-/1€jCTBO TpUBH-
janmHa, a cucreMm (akTopa f ojroBapa TPUBHjaJHO] KJIACH KOXOMOJIOTH]E, IIITO
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3HAYN J1a 0e3 I'yOUTKa OIIITOCTH MOXKeMO y3eTu na je f jemnako 0 cByza, oHIA
3aKOH KOMTIO3UIIHj€e TTOCTaje

(a,g)(b,h) = (a+b,gh).
Haxne, mmamo cienehu pesysirart:

Jlema 27 Hexa je A Abenosa wypua ca wpusujarnum G-gejcisom. Pawuperve

wyuju cuctiem Gaxmopa 0groeapa WPUSUJAAHO] KAACY KOTOMOAOTUJE USOMOPPHHO
je Ax@G.

Ako, y dopmynu 3, mocmarpaMo ciaydaj rae f oaroBapa TPUBHUjAIHO] KJIACH
KOXOMOJIOTHje, ajn H03BoaIuMo 1a (G-1ejcTBo Ha A Oyje HeTpPUBHUjaJIHO, JT0OMjaMO
(a,9)(b,h) = (a+g-b,gh).

OBo oarosapa omneparnmju Ha CIOJbAIIBEM IIOIYAUPEKTHOM nponssory A x, G,

e ¢ : G — Aut A oznauaa G-nejcrBo Ha A.

Jlema 28 Hexa je A Abenrosa tpyua ca G-gejctisom ogpeherom ca ¢ : G —
Aut A. Hexa je E pawuperse gepunucaro Hu3om

0—A—"> F—"5G—0.

Axo paxtiopcku cuctilem 080T pawLUpera 0giosapa WPUSUJAAHO] KAACY KOTOMO-
notuje, onga ce pawupere yeta u E je usomoppro A 1, G, 1ge je xomuosunyuja
ogpehena G-gejcticom na A ca

(a,9)(b,h) = (a+g-b,gh).
3a cee a,b € A ug,heGqG.

Joka3: Heka je F TakBO palupeme ca TPUBHjAJHUM (hakTOp cucTteMoM f.
Heka je E = A x G kao cky, ca rope oapehernom kommosumnmjom. Cama, A je
uzomopdua cBojoj cauru im ¢ = ker m koja je wopmasna y E. To cy enementn
obsiuka (a, 1), 3a cee a € A. Ciauuno, y3umamo Jia je TpaHcsep3aia s : G — F
s:g+(0,9) 3a cBe g € G. Cana, 3a cBe g, h € G umamo

(0,9)(0,h) = (f(g,h),gh) = (0, gh),

jep f omromapa TpuUBHjaJIHOj KJIACH KOXOMOJIOTHjE W 3aTO MOXKEe Oe3 I'yOUTKa
ONIIITOCTH JIa C€ CMaTpa TPUBHUjAJTHOM. 10 3HAYU J1a je S 3alpaBO XOMOMOPMdU-
3aM TpyIlla, WHBEpP3aH 7, Ia ce 1o JiemMu 13 Kparku Tadan Hu3 Iemna. Jlakie,
G je mzomopdua noarpynu im s y E, moarpynu csux enemenara odsuka (0, g).
[loarpyne im: u im s ouuryieHO UMajy TPUBUjAJHU IIPECEK. 3a MPOU3BOJHHU
esieMeHT (a, g) € E, nmamo

(a,9) = (a+ f(1,9),9) = (a,1)(0,9),
Tj. £ =im¢ims. Dakle, F =im: xims = A %, G. U

58



5.3 Abenuzamnuja

JIema 29 Hexa 7 uma wpusujasno cupykmypy G-mogyaa u wexa |G, G| o3na-
wasa Komywatmopery aogipyuy og G. Taga

H\(G.Z) = G/[G, G-

Hoxka3s: Ilpema jemu 7, umamo Ag = A/IA, tue je I uenan npommupema. Ha-
paBHO, Kako je Hy(G,A) = Ag, 1o 3naun Hy(G, A) = A/IA. nean npormupemna
MOXKe JIa ce JedUHUIIe KPATKIM TadHUM HI30M

0— 1 y A —— 7 — 0.

[Ipumenom spyror cBojcTBa XOMOJIOTHje IpyIle, HA KPATKUM TAYHUM HU30BUMA,
J00MjaMo JIyTH TadaH HU3

. —— Hy(G,I) — Hy(G,A) — H,(G,Z) ——

— Hy(G,I) —— Hyo(G,A\) —— Hy(G,Z) —— 0.

Caza, kKako je A ouuryieTHO POjeKTUBHU A-MOJIYJI, OH UMa TPUBHUjATHO pa3pe-
meme, Tako Ja je Hi(G,A) = Ho(G,A) = 0. Bamenom A ca I xoj tBphema
Ha TO4YeTKy JoKaza, umamo Ho(G,I) = I/I?. Jlakjie, u3 Jiyror Ta4HOT HU3a,
Jodujamo ciiejehn Kparak TadyaH HU3:

0 — H\(G,Z) —— I/I* — 0.

Haxne, H(G,Z) = I/I*. Cana xemumo ja nokaxemo /1% = G/|G, G], nakon
yera CMO 3aBPIIUJIN.

Heka je npeciukasame ¢ : G — I/I* nedunncano ca g — [g — 1]. [pa
enementa y I cy y ucroj xnacu y I/I? axko ce pasiukyjy 3a enemenT on I2.
Oznaunmo oBy pesarujy ca =. 3a mpousBosbhe ¢, h € G u3padaynaBamo ciejehe:

¢(gh) = gh—1
gh—1—(g—1)(h— 1)
g—1+h—-1
= ¢(9) + o(h)
= ¢(h) + o(g)
= ¢(hg).
Haxkne, ¢(ghg™'h™') = 0. Kako je [G, G] komyTaTopcka NoJrpyia, oHa je reHe-

PHCaHa CBUM eJTeMEeHTIMa 00/IIKa ghg™*h™! ma je crora [G,G] C ker ¢. [Taxie,
moxkemo gebunncaru ¢ : G/[G,G] — I/I? ca [g] — [g — 1].
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Ca gpyre crpane, Heka je npecaukaBawe 0 : I — G/|G,G] nedunucano na
rereparopuma I ca g —1 — [g] u uHeapHo ce nmpomupyje 10 ocrarka I. 3aucra,
aKo je \ = Zf m;g; € I, ouna je e(A) =0, Tj. Zf m; = 0, a mpema ToMe je

k

k k k
A= Zmigi = Zmigi - Zmi = Z(mz - 1)gi-

i

Haxie, 0(\) = Hf g". Cana, I? je reHepucano CBEM IPOM3BOJMMA JIBA TeHEPa-
topa I, 1j. eementuma odimka (g — 1)(h — 1) 3a dmwio koja aBa g, h € G. Oner

o3HadaBajyhu ca = pesarujy Jia ce jaBa ejgeMenTa y G pa3juKyjy 3a eJIEeMeHT OJ1
(G, G|, umamo

0((g—1)(h—-1)) = O(gh—g—h+1)
= 0((gh—1)—(g—1)—(h—1))
= 0(gh—1)8(g—1)"'0(h—1)7"
= ghg 'h!
1.

Ipema tome, ghg~'h™' € [G, G]. Hakne, I? C kerf, u 3aro Moxemo Jecpunu-
catn npeciukasame 0 : [/1* — G/[G,G] kao [g — 1] — [g]. Jacno je ma je oBaj
xomMoMoOpdu3aM UHBEP3aH XOMOMOPMU3MY ¢ OJ1 paHuje, I1a cy 00a 3alpaBo U30-

vmopbusmu. Taxne, /17 = G/|G,G). OJ
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6 IIpumepn

6.1 OcHOBHHu npuMepu

Y oBoM 071e/bKYy heMo 00pa/inTu HEKe jeJHOCTABHE IIPUMEPEe PAIUPEHha IPy-
ma.

IIpumep 6 Pawuperva 7. tomohy Zs.

0 »yZ —— E —— C7 > 0.

Panu jacunohe, Tperupahemo Zs Kao MUKIUYHY T'PYITY pejia 2 ca TeHEPATOPOM
T, noneka)| ozHadennm ca CI | ipu yemy ce 3a onepanujy y Tpylu U3UMa Ja je
MHOKeFhe KAKO OMCMO OCTAJIM y CKJIAJY Ca JI0 CaJia IToCTaB/beHoM TeopujoM. Ca-
J1a, TpUMEHNMO (POPMYJIYy 38 KOXOMOJIOTU]Y NUKJIUIHUX IPyIa KOjy CMO paHuje
U3padyHaJId y MpUMepy d:

772
- NZ’

Koxomoutomike rpymne, HapaBHO, 3aBUCE O] CTPYKType Zo-momyna Z, Tj. O
nejcrBa Zs Ha Z. OBo onrosapa npeciukaBamy Ze — Aut(Z). Ilomro Aut(Z)
UMa JIBa eJeMeHTa, TPUBHUjaJHA ayToMopdu3aM u ayToMopdusaM Koju Iabe 1
y —1, mmMamo JiBa cayvaja 3a pa3MaTparbe.

Heka je T' - a = a. Kako je cBaku ejleMeHT Taja (PUKCUPAH, TMAMO

H?(Zy,7)

77 =7
n
NZ=01+T)Z=(1+1)Z = 27,
" cTOoTa je
7Z: 7,
H?*(Z, 7)) = = — 7.
(Z,7) NZ 27 ?

Haxse, mmamo jiBe MoryhHOCTH 3a HAI (paKTOPCKU cucteM f Koju jredpuHure
E. Tloncerumo ce 1a, ako je f akTOpcKu CUCTEM, OH 33I10BOJbaBa

g1 - f(92,93) — (9192, 93) + f(91,9293) — f(91,92) =0

3a CBE g1, g2, g3 € Zs. AKo mocraBumo g; = 1, oHza je

0 = 1-f(g2,93) — f(1g2,93) + f(1,9293) — f(1,g2)
- f(1792,gd) - f(1592)5
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mro 3uaqn f(1,7) = f(1,1) = 0. Ako nocrasumo g; = T, oHa je

0 = T f(g2,93) — f(Tg2,93) + f(T, g293) — f(T, g2)
= f(92,93) — f(Tg2,93) + f(T, g2g3) — (T, g2)-

Axo je go = 1, Tama je f(1,g3) = f(T,1), To je f(T,1) = 0. Ako je g3 = T, oHza

je f(g2,1) = f(Tg2,1), mrro naje uctu pesynrar. Ako je go =T u g3 = 1, oHza

je f(T,1) = f(1,1), mrro nonoBo jaje uctu pesynirar. Haxie, speanocr f(T,T)

HeMa OrpaHMYerha U CTOra he oroBapaT eJIEeMEeHTY JIpyre KJace KOXOMOJIOTH]e.
Axo je f(T,T) = 0, umamo

(a,9)(b,h) = (a+g-b+ f(g,h),gh) = (a+b,gh),

1O ject, E = 7 X Zy. OBO ce mOKJaIa ca pe3yJITaToM Jieme 27.
Axo je f(T,T) = 1, mmamo

(a,9)(b,h) = (a+g-b+ f(g,h),gh) = (a +b+ f(g,h),gh),

ITO, 3a CBaKy KoMOuHanujy Bpennoctu g, h € {1,T} naje

(a,1)(b,1) = (a+b,1),
(a,T)(b,1) = (a+0b,T),
(a,1)(b,T) = (a+0bT),
(@, T)(b,T) = (a+b+1,1).
2a, if g=1; .
[TpecnukaBamwem (a, g) — ) BUINMO 12 je F m3omopdno Z.
2a+1, ifg="T;
Hexka je cama T - a = —a. Taga je jequnu durcupanu ejgement 0, ma
7" = {0}
u
NZ=(1+4+T)Z=(1-1)Z = {0},
" CTOra je
7> {0}
H*(Zy,7) = ===
( 2y ) N7 {0}

Hakite, nmamo camo jegHo pammupeme. PaKTOPCKU CHCTEM y OBOM palllu-
pemy Mopa Jla O/[roBapa jeJMHOM eJeMeHTY KOXOMOJIOIIKE KJace, TPUBHIjaIHOM
enemenTy. OBo Ou HAC MHTYUTHBHO BOJIMJIO K& TOME Ja je (PpaKTOPCKH CHUCTEM
koHcTauTaH Ha (. To MOXkKeMO BHUJIETH M3 HIECHTUTETA 38 (PAKTOPCKUA CUCTEM:

g1 - f(92,93) — (9192, 93) + f(91,9293) — f(g1,92) = 0.
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Nmamo uctu pesynrar Kao U paHuje 3a g, = 1, nmomTo 1 JejcTByje TpUBHjaJIHO,
na f(1,7) = f(1,1) = 0. Kana ¢y = T, umamo

0= —f(gz,g3) - f(Tg2,93) + f(T, 9293) - f(Ta 92)'

[TocraBmamem g3 = 1 modbuja ce f(g2,1) + f(Tg2,1) = 0 mro 3a dwio Ko-
jy Bpemnocr go maje f(T,1) = —f(1,1) = 0. Ba g3 = T u go = 1 umamo
f(T,1)=—f(1,T), 1j. 0 = 0. Konauno, nmocraBpameM g; = go = g3 = 1 nMamo
2f(T,T) = f(T,1) — f(1,T) = 0, a kaxo f cauka y Z, mopa ouru f(T,T) = 0.
Haxkie, f je KOHCTAaHTHO TpeciiukaBamwe y 0.

Onepamnuja y E je cama nata ca

(a,1)(b,1) (a+0,1),
(@, T)b1) = (a+b,T),
(a,1)(b,T) = (a—0,T),
(@, TYb,T) = (a—b1)

Oso nokazyje 1a je F uzomopdHa OECKOHATHO] AUeIapCKOj IPYIIN
Dy = (r,s | s> =1, rsr =717 1),
nocrasbamem r = (1,1), u s = (0,7). Baucra, s> = (0,7)(0,7) = (0,1) u
rsr~t = (1,1)(0,7)(1,1)"" = (1,T)(-1,1) = (0,1).

Hakne, cBa moryha pammupemne Z ca Zo ¢y 7 X Lo, 7 1 Dy, 10 HA T30MOP-
duszam.

IIpumep 7 Pawupera Z, ca Ly, 1ge je p upocti 6poj eehu og 2.

Osmaj npumep je gocta candan nperxoanoM. Heka je pammpeme E marta ca

0 >y 2, —— E —— C > 0.

Iejerso je ompeheno npeciukasamem C7 — Aut(Z,) = Z, 1. [lomro T mopa
Jla ce MPEeCIMKaBa y HEKU eJIeMEHT YHju PeJl JIeJU 2, MOpa BaxKuTu wim 1 -a = a
nwm 1T -a = —a.
Heka je T' - a = a. Cana,
7 =17,

NZ,=(1+T)Z,= (14 1)Z, = 2Z, = Z
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ma je

7k 7
H*(Z4,7,) = N?Z = Zl >~ (.
p p

Haxne, namr (pakTOPCKU CUCTEM je TPUBHUjaJIaH U CTOra, IpeMa jemu 27, Halire
pamupemne je B = 7, X Ly = Lgy,.

Hexka je T - a = —a. Cana, jequun dpukcan esremert je 0, mma je mpema Tome
Ly __
Zp - {O}
n
NZp, = (1+T)Zy, = (1 - 1)Z, = {0},
U CTOTa je

Zy {0}
(02 0) = 77 = (o =
D

Ormer, Ham (paKTOPCKN CUCTEM je TPUBHjaJIaH, 1a je oneparuja y F mara ciesme-
hum Besama:

(a,1)(b,1) (a+b,1),
(a,1)(b,T) = (a+0b,T),
(a,T)(b,1) = (a—0b,T),
(a,T)(b,T) = (a—b+2,1).

Opnasne modbujamo 1a je E n3oMopdHO Jre apCcKoj Ipyn
D, = (r,s | " =s"=1, rsr =7r7"),

car=(1,1)us=(0,T).

axkmne, cea moryha pammpema Z, nomohy Z, cy Zsg, n Dy,
IIpumep 8 Pawuperva Zy tomohy Zs.
Heka je pammupeme E jarta ca

0 y Ly —— B —— CF > 0.

HejcrBo je ompebeno npeciukasamwem CI — Aut(Zy) = Z,. lomro ce T
Mopa TIPECIUKATHA y eJIeMEHT YUju PeJI JIen 2, TIOHOBO nMaMo mwiu 1'-a = a uin
T -a=—a.

Hexka je T - a = a. Cana,

7k =7,
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NZy=1+T)2Zs = (1 4+ 1)Zy = 274,

mma je
VA
H*(Z2,7y) = e = o &
( 29 4) NZ4 224
Anagorao npumepy 6, Haia pamupemna cy Zy X Zo u Zsg.
Hexka je cama T - a = —a. CynpoTHO TPETXOJIHUM IIPUMEPHUMA, KMAMO CaJla

jorur jenan (bUKCHU ejleMeHT, HauMme 2. 3Ha4yu,

72 = {0,2} = 27,

NZ4 - (1 + T)Z4 - (1 - 1)Z4 = {O},

Ia je mpemMa TOMe

2 Z4Z2 2724 ~
H*(Zs,7Z,) = NZ. m > Zs.

[Ipunmukom m3padyHaBarma (HPAKTOPCKOT CHCTEMa, MPATUMO HCTH IMOCTYIAK
kao y npumepy 6 na ducmo godwmn f(1,7) = f(T,1) = f(1,1) =0u 2f(T,T) =
0. Y rom mpumepy, oamax cmo 3akpyanin ja je f(T,T) = 0, jep je cauka f Z,
rjie Hema Jesmiana nyie. To Huje ciydaj y Zy, moxkemo umaru f(T,7T) = 0 nin
f(I,T) =2, ny oda cayuaja 2f(T,T) = 0. OBu ciydajeBu oAroapajy JBema
Pa3InIUTUM KJacaMa KOXOMOJIOTH]e.

Y npeom ciyuajy, kaga je f(T,T) = 0, mro oaroBapa TPUBUjAIHO] KJIACH
KOXOMOJIOTH]€e, paIuperbe je auegapcka rpyna Dy, camaao npuMepy 7.

Y apyrom ciy4dajy, kaga je f(T,T) = 2, mro oaroapa HETPUBKjaTHOj KIaCH
KOXOMOJIOTHje, onepanuja y I je mara ca

(a,1)(b,1) = (a+0,1),
(a,1)(b,T) = (a+Db,T),
(a,T)(b,1) = (a—0,T),
(a,T)(b,T) = (a—b+2,1)

Ogo 1aje m3omopduzamM KBaATEPHUOHIMA
Qs = +1, 44, 45, +k | i = j° = k* = ijk = —1}
IPEKO
_]_’
i,
75
k.
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6.2 Jluemapcka rpymna Dj

Y oBoMm ofie/bKYy, o3Haunhemo ca G = D3 auemapcky rpyimy ca 6 ememeHara.
GG uma pernpe3eHTaIn]y

G=(AB|A*=B*=1, BAB = A?%).

wmb oBor ozespka je Ja ce mpoHale paspelere 3a OBy I'PYIy U U3PadyHA]y
BeHe KOXOMOJIONIKE TPyIe, y CIydajy TPUBUJAJHOT JIejCTBa IpyIe.

IIpumep 9 Konctipyucaroe paspewersa 3a gquegapceky ipyuy Ds.

[TocmaTrpahemo cienehu jujarpam:

B—A-1
%
m

EXOP’ A A P
AN N
&P’ o <D >
v €
A N, A—= 7
A
& B
Vos d
B+1
A—B A
CnajameM ropmer u JOmer pejia y CPeJINHA, Kao U CIajarbeM IJIaBe Ca PEroM,
dopmupamo ciiegehu MepuoJnyHu JIAaHIYaHU KOMILJIEKC, 38 KOju heMo IokazaTu
e’ w0
B K vV

Ne R (7 6)\ e
0 s A o5 /A@ATA@A B s A 7.

o xpaja oBor ojie/bKa, ejeMeHT A o1 A o3HagaBaMoO Kao

z —

Ja je TavdaH:

~

AN=z+yA+2A> +uB +vBA+ wBA?

ca Z-xkoeulujeHTuMa , Yy, 2, U, U 1 w.

[IpeciukaBame Ne : A — A je kommosuryja npecankaBama € : A — Z, Koja
maJbe ejieMenTe \ € A y 30up muxoBux koedwurmjeHara r+y+z+u—+ v+ w =
ke€Z,u N :Z — A, koja mame enemenre k € Z y kN, rine je N 30up cBux
enemenata y G, tj. N =1+ A+ A2+ B+ BA + BA®.

Muoxeme ca N majbe ejemMenT A € Ay

N =(z+y+z+u+v+w)(l+ A+ A>+ B+ BA+ BA*) = kN,

rre je k 30up koedpunujenara. Crora, npeciukaBame Ne MOXKEMO TJIJIATH jeI-
HOCTaBHO KaOo MHOXKeme ca V.

Jloka3 TavHOCTU HU3a MOYUE-EMO TaKO IITO IIPBO MOKa3yjeMo Jia OWJIO Koja
JIBa y3aCTOITHA ITPECINKaBakha NMajy TPUBHUjAJTHY KOMIIO3UIIHI]Y, Tj. CAUKE Cy Ca-
Jpx)aHe y jesrpuMa. Hakon Tora, mokazahemo Texu jieo, 1a cy je3rpa cajip:KaHa
y cJImKaMa.
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[Ipumehyjemo na je
N=14+A+A*+B+BA+BA>=(1+B)(1+ A+ A%,

u crora cy komnosunuje aN = SN = 0 jep je (1+B)(1-B) =1-B? =1-1=0.

e
HakJte, KoMIo3uImja 3 N =0.

. (p 0\ [« Ji%e] .
3a KoMIo3uIujy v v)\3 =\ v+ v 3 M3padyHA]MO CBAKH IIPOU3BO/T

3a11ecedHo:

poe = (-1—-A+B)(A-1)(B+1)A
= (-1-A+B)(AB-B+A-1)A
= (-1— A+ B)(B—BA+ A? - A)
= —-B+BA—- A+ A—AB+ ABA - A?
+A? + B> - B*A+ BA? — BA
= -B+BA-A*+A-BA*+B—-1
+A*+1—-A+BA* - BA
= 0
ka = (1+BAH(A-1)(B+1)A
= (1+ BA*)(B+ A* - BA - A)
= B+A*-BA-A+A+BA-A*-B

v = (B+1)(B-1)
= 0.
Jakie, KOMIIO3UIIH] w0y (o) pex —O'TI/IBH'H
aKJe, Komnosumgja ﬁ_ﬁoz—f—l/ﬁ_OJep jasTHa.

1

P = (’y,u + 0K 51/) hemo omer mga m3padTyHAMO

3a KOMOIBHITHjY (’y (5)

CBaKM IIPOU3BOJI IIOCEOHO:

= (A=1)(-1- A+ B)
= -A-A*+AB+1+A-B
= —B+1-BA*+ A%
6k = (B —1)(1+ BA?
= B-1+BA* - A?
=V
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v = (B-1)(B+1)
= 0.

OpaBre BUAMMO Jia je KOMIIO3WIIHja (7 6) (’:; 2) = (7,u+6ff 51/) =

(0 O) TPUBHjaTHA.

Ja ducMo n3padyHa M KOMIIO3UIIA]Y ITPECIUKABAHA (’y (5) n Ne, nmpBo 10-
cMaTpaMo mpecjnkaBambe [Ne Kao MHOXKerbe 3a [V, ma he kommosunuja Jia 1mo-
crane N (7 5). [Ipumerumo ma momro je

N=(1+B)(1+A+A4%)=(1+A+A4%(1+B),
ciesiehe KoMIo3uIMje UCIAAajy TPUBHjaJIHE:

= (1+B)(1+A+A*)(A-1)
= (1+B)(A*-1)

= 0
= (1+A+A%)(1+B)(1-B)
0.

Suaun, komozunuja N (’y 5) = (N7 N5) = (O O) je TpuBHUjaJIHA.

Konauno, pazmarpamMo KOMITO3UIU]y TOCTE/Iba, JBa IPECTHKABAA, (7 6) "
e. Ilokazahemo ma ce cBaku mpou3BosbHE eytleMeHT A € A mpeciimkasa y 0. [Ipso
[IpOBEpaBaMO TJie Y U 0 Ia/by A:

YA = (A—-1)(z+yA+2A* + uB +vBA +wBA?)
zA+yA? 4+ 2A% + uAB + vABA + wABA?
—x —yA — 2A*> —uB —vBA — wBA?
= z-2)+(x—-yA+(y—2)A*+ (v—u)B
+(w — v)BA + (u — w) BA?;
SN = (B-1)(x+yA+ 24%+uB +vBA+ wBA?)
tB + yBA + 2BA% + uB? + vB*A + wB? A?
—x —yA— 2A®> —uB —vBA — wBA?
= (u—2)+(w—-yA+(w—2)A"+ (z —u)B
+(y —v)BA + (2 — w)BA%

Casa, Kaj1a MPUMEHNMO £, JT00njaMo 30Up KoeuImjeHaTa:

eyA = z—x)+(@x—y)+y—oz)+w—u)+ (w—0v)+ (u—w)
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e = (u—z)+w—y+w—-—2)+x—u)+@Hy—v)+(z—w)
= 0.

Jake, KOMIIO3UIAja € (’y 5) = (57 5(5) = (O O) je TpuBHjaJIHA.

o caja cmo mokazasm Jia OWJIO KOja JIBA y3aCTOITHA ITPECUKABAHA UMA]y
TPUBHjaJIHY KoMTo3uiyjy. 1o 3Ha4n fa je cimka OMJIO KOT IIpec/IMKaBamba cajIp-
»KaHa y je3rpy ciaeneher. Cinemehn Kopax je ma ce Imokaxke Jia je je3arpo OMJIo KOor
[IPEC/INKABaba, CIPKAHO y cyruiu rnperxoauor. Omer hemo j1a pauMo Kopak Imo
KOpaK.

. A
[Tokaxkumo ker e C im (7 5). IIpecnkaBame (7 5) Iajbe eJIEMEeHT ( )\1) €
2

ADAy (’y 5) <i;) = YA; + 6. Ilokaxkumo caja j1a je OUI0 KOjU eJIeMeHT y

jesrpy € osor odnuka. [Ipumernmo na

)\1 =x + 'ylA + 21A2 + ulB + ’UlBA + '11)13142

)\2 = x9 + y2A + 22A2 + UQB + ’UQBA + szA2.

o Kpaja goKa3a IpeTHocTaB/baMo JIa CY A1 U Ay €JIEMEHTH Ca OBAKO O3HAYEHUM
KoeUIjeHTUMA.

Heka je A € A enement jesrpa o €. Enement A ce nanasm y je3rpy o €, TO
ject e\ = 0, Kaja je 30up mwerosux Koedunujenara 0. Ipyrum peunma,

r+y+z+u+v+w=0.

Ogo heMo 18 NICKOPUCTUMO TAKO IMITO NEMO /18 3aMEHUMO T = —Y—2—U—V—W § A
u 3aTuM J1a nporabhemo A u Ay Takse Ja je A = YA +0A = (A—1)A\+(B—1)\s.
axire,

A= (~y—z—u—v—w)+yA+z2A> + uB +vBA + wBA?
= y(A—1)+2(4%>-1)+u(B—-1)+v(BA—1)+w(BA*> - 1)
YA = 1)+ 2(A=1)(A+1) +u(B 1)
+v(BA— A+ A—1)+w(BA* — A2 + A2 — 1)
= (A-Dy+2z(A+1)+uB-1)+v(B-1)A+v(A—-1)
+w(B —1)A%? + w(A—-1)(A+1)
= (A-Dy+2A+1D)+v+w(A+1))+(B—1)(u+vA+wA?).

_|_
_|_

OBo snaun ja3a \ = (y+2z+v+w)+ (2 +w)Ad u Xy = u+ vA+ wA? umamo
A =7A1 + 0o, u cTora je kere C im (’y 5).

OgBaj pesyarar je ouo 3a Kpaj HU3a, Tj. kere = im 0y. Koz ker Oy, = im Ogr11
3a k > 1 je ciimuno, jep ¢y Oy = Ne u Oy = 01. Taunnmje, kako je ker N = 0,
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suaqn jia je ker Ne = kere, na, mo ynpaso jokazanoMm TBphemy kere = im0y,
nodmjamo ker Ne € im (’y 5).

[Tokazkmmo caja 11a je ker C im Ne. Pannje cmo nokazanu im Ne = NZ.

e

B
« « a\ 0

Heka je A\ emement jesrpa ker . Taga je A =0, that is = ,

s v e o (). e () () - (0

Hakne, mmamo aX = SN = 0, 1j. A € kera N ker . Hamr mumb je cama na
mokaxkemo ja je ker o Nker § = NZ, 1j. na je A = kN 3a Heknu 1eo 0poj k.

[Touehemo ca pazmarparmeM jeIHOCTABHUjET O] Ta JBa MPEC/INKaBamba, [J =
B — 1. Ilomro je § ucror odnuka, 3Ha4YN ga MO Beh m3padyHasn

A= (u—z)+ (v —19)A+ (w—2)A* + (x —u)B + (y —v)BA + (2 — w)BA%.

Axo je S\ = 0, onzma To 3HaUM ja cy cBH oBH Koedunujentu 0, ma je u = x,
v=yuw = z. Jakie, cajia UMaMO HOBHU OOJIUK 3a A:

AN = w4+ yA+2A* + 2B+ yBA + 2BA?
= 2(1+ B) +y(A+ BA) + 2(A* + BA?)
= 2(1+B)+y(l+B)A+2(1+ B)A?
(1+ B)(z +yA+ zA?%)

Oso Byde Ha HeKy Besy mamely npecimkaBama B+ 1 u B — 1. U3pauaynajmo
(B + 1)), 3a mexku apyru ejement N y A obiuka A\ = o' +y' A+ 2/A®* + u'B +
v'BA + w' BA%:
(B+1)N = (B+1) (2@ +yA+2A?+u'B+vBA+w'BA?)
(ac'—f—u') + (yl—l—U,)A—F <2/+w/)A2
+(u' + 2" )B+ (v +y)BA+ (w' + 2')BA?
= (@' +u)1+ B)+ (¥ +0)(A+ BA) + (' +w')(A* + BA?)
(1+B)((z'+u)+ (Y +v)A+ (2 +w')A%).
Oso je y ker(B — 1) nomrro je (B —1)(B + 1) = B? — 1 = 0. Ilocraspamem

r=x'4+u,y=y +v,uz =2+, summmo ga je A\ = (B + 1)N. Haxie
ker(B — 1) = im(B + 1). Ananoruo ce noduja ker(B + 1) = im(B — 1).

o} .
OkpeHnMo mazkmy Ha3a[ Ha ker ) [Tornemajmo kako A = 0 yTude Ha

KoedurmjeHTe o A:

aN = (A-1)(B+1)AX
= (B+A*-BA—- A)(z +yA+zA* + uB +vBA + wBA?)
= (ut+ty—v—2)+@W+z—w—2)A+ (w+z—u—y)A
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+x+w—-2z—v)B+(y+u—2—w)BA+ (2 +v—1y —u)BA?
= BA-1)((z—y+v—uw)+(@—z24+w—-—0)A+ (y — 2 +u—w)A?).
[Tommrro je BpemuocT opora 0, 3Hauu ja cy cBu Koedwurmjentu 0, U3 dera cjemn
yCIOBU +y=v+z=w+T.

BamMeHoM OHOTra IITO cMO Aooman u3 SA = 0, 1j. u =z, v =y u w = 2,
jodoujamMo x +y = y+ 2z = 2+ x, u3 4era oaMax jooujamo x = y = z. Jlakse, cBu
KoepHIujeHTH A Mopajy OUTHU jeJIHAKH, PEIuMO, HEKOM IieJioM 0pojy k. dpyrum
pednma,

AN = k+kA+ kA’ + kB + kBA + kBA?
= k(l+ A+ A’+ B+ BA+ BA?)
kN,

: o) .
U CJeJV Ja CMO HAIJIU TO IITO CMO KeJjend, Ja je ker ( 5) caapxkaHo y im Ne.

Ocraje ma ce moOKarke TAYHOCT Cpejba JiBa Jeja Hu3a. Heka modHeMo ca

w0 . o . (M w0
- . .
ker (/4; y) C im ( 5) [IpernocraBumo Ja je ( )\2> € ker (/1 1/) 2Keanmo na

nahemo \ € A takas 1a je (il) = <g) A= (g))\\)
2 .

3 <M 0> <il) = (8> nodoujamo jBe jeqHaunHe, Ay = 0 m kA + vy = 0.
2

K U
Nszpauynajmo p;:
,lL)\l = (—1 —A + B)(I’l + ’ylA + 21A2 “+1 ubB + UlBA + ’U)lBAQ)
= (u—x1—21) + (1 — g1 —21) A+ (w1 — 2 — 1) A?
—|-(£U1 — Uy — ’Ul)B + (yl — V1 — wl)BA + (Zl — w1 — Ul)BAz.

[Tomro cy cBu Tu Koedunujentu jeanaku (0, U3 mpBa TPU JOOUjaMO BE3E U; =

1+ 21, v1 = Y1 +x mww, = 2z + y;. 3aMeHOM OBHUX y cjenehe Tpu Bese,
r1 = U+, Y1 = v +wy U 2y = wy + U, J0OUjAMO UCTHU YCJIOB, 1 + Y1 + 21 = 0.
SaMeHOM X7 = —Y; — 21 Ha3aJ Y A1, JJOOHjaMO

M o= (—yi—2) + A+ 2 A% — 2B -y BA+ (21 + y1) BA?
= yi(-1+A— B+ BA?) + z(—1+ A* — BA+ BA?).

Caza, nmomro je (BA? 4+ 1)(BA? — 1) = 0, Baxn

I'i)\l = (BA2 + 1))\1
= y(BA*+1)(A— B+ BA* 1)
+21(BA* +1)(A* — BA+ BA* - 1)

71



= y(B-—A+A—B)+2z(BA—- A*+ A* - BA)
= 0.
BHauu, aHAJOTHO Kako cMo nokasamu ker(B +1) = im(B — 1), ciequ ker(BA? +
1) =im(BA% — 1), pa je A\; € im(BA? — 1). BanpaBo, MO’KeMO U3padyHATH
M = yi(-14+A— B+ BA?) +2(-1+ A> — BA+ BA?)
= (BA? = 1)(y1 +21) —p(B - A) — 21(BA - A?)
= (BA*—1)(y1 +21) — y1A(BA* — 1) — 21 A*(BA* — 1)
(BA? = 1)(y1 + 21 — 1 A — 1 A?).
[Tomro je kA1 = 0, kA1 + vy = 0 ce cBese HA YAy = 0, Tj. Ay € kerv. Kao
IITO CMO paHwmje nokazanu, ker(B — 1) = im(B + 1), na je
Ay = (B —1)(z2 + 1o A + 2,4%).
Caga, mormro je
A=PA=(B-1)((u—2)+ (v —y)A+ (w—2)A%
CEN U = T + To, V=Y + Yo U W = Z + 2Z9. 3aMEHOM OBHUX Y A\] = A UMaMO
M = BA2A-D((z—y+v—uw+(z—2+w—0)A+(y—z+u—w)A?)
= BA-1)((z—z+ys—x2) + (x—y+2—y)A+ (y— 2+ 22 — 22) A%
Caga, nomro je
A = (BA? = 1)(y1 + 21 — 1A — 2, A?)
n3jeHaYaBameM KoeduIlmjeHaTa J00MjaMo CUCTEM jeTHAINHA
Z—rx+yY—22 = 1+
T—Yytz—Y = —§n
Y—2+x2— 20 = —21.

Kako je mpBa jeHaunna ouurseHo JuHeapHa KOMOUHaIMja cireiehe nBe, cucrem
3aIpaBo Jiaje JIBa yCJIOBa, PEIUMO Y = 2 — 21 + 20 — To U T = 2 — 21 + Yo — Xa,
a z ocraje ciodooman. IIlpema Tome, 3a A ca TakBUM KOeUIMjeHTUMA, 3aUCTa

aooujamMo aX = A\; u A = Ag, Tj. (;1) € im (g), IIITO CMO U KeJIeJIN.
2
. 1% 0 . )\1
Konauno, Tpeda na mokaxkemo ker (7 5) C im . Heka je €
K v Ao

ker (fy (5). Kenmmmo fa mokazkemo Jia je <i1) € im ’Z B , IITO 3HAYU Ja
2

. )\1 12 0 )\/ .

/ / _ 1

Tpeda na Hahemo A}, A, € A tako ja je ()\2) = (/{ y) ()\,2), Tj.
A= N)‘/h

72



)\2 = Ii)\ll—FI/)\IQ

[Tomrro je ()\1> € ker (7 6), MaMO

A2
IRIOE

’)/)\1—}—5)\2 =0
")/)\1 = —5)\2.

Kakocy y=A—1ud = B — 1, MO)KeMO J1a HICKOPUCTUMO PadyHUIIE OJ PAHUje
na ducMo IoouIn

YA = (21— @) + (21— y) A+ ( — 2) A2
+(v1 — uy)B + (w; — v1)BA + (u; — w1 ) BA?;
0y = (uy —x2) + (Vg — y2) A + (wy — 29) A?
(2 — ug) B + (y — v9) BA + (25 — wy) BA?%,
—6da = (B—=1)((ug — z2) + (y2 — v2) A + (22 — wy) A?).

Cama, momro Baxku y\; = —A0\g, MOXKEMO J1a U3jeIHAINMO Koeduimjenere 1a
nooujemo ciejsehe Bese:

21— 11 = —(uy — 22) = —(v1 —uy), (4)
Ty —y1 = —(v2 — 1) = — (w1 — 1),

Yy —z1 = —(w2 - 22) = —(U1 - wl)-
Kama cpemmmo oBaj cucrem, 100mjaMo
T —UV1 =Y — W1 =21 — U
Hexka je BpemnocT oBux jennakux mapasa t. Caja, BaxKu

M = s+ A+ 2 A%+ (t+ 21)B+ (t + 1) BA+ (t + y1)BA®
x1(1 4+ BA) +yi1(A+ BA?) + 2(A* + B) + t(B + BA + BA?)
(1+ BA)(z1 +y A+ 214%) + (B + BA + BA?).

Tpeba nma mabemo A Tako ma je Ay = pA|. HosospHo je mahu mpemcimke o
1+BAu B+ BA+ BA*
On paHuje cMO UMaJIA Ja 33 IPOU3BOBHO A € A Bazku
ph = (u—z—2)+@w—y—-2)A+ (w—2—y)A°
+(x—u—v)B+(y—v—w)BA+ (z —w — u)BA>.
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UsjennavaBamem koedurmjenaTa Ko oBOr ejiemenTa u 1 + BA, mobujamo

u—xr—z = 1,
v—y—z = 0,
w—z—Yy 0,
r—u—v = 0,
y—v—w = 1,
z—w—u = 0,
IIITO UMa Kao jegHo periebe x = v = —1, y = 2 = u = w = 0. To 3naun 1a

BazK1

u(—1—BA) =1+ BA.

Cmuuno 3a B + BA + BA? nodujaMo cucreM jeIHaumHa

Uw—r—z =

)

vV—y—x =

0
0
w—z—y = 0
1
1
1

r—u—v = 1,
y—v—w = )
z—w—u = 1,
a jeJTHO pelerme OBOr cucreMa je x = u =v = —1, y = 2z = w = 0. To 3naun ga
BaxKHn

u(—1— B — BA) = B+ BA+ BA®.

Hakne,

A = (14 BA)(z1 +y1A+ 2, A?) +t(B + BA + BA?)
= p(=1— BA)(x; +y1 A+ 2A*) + ut(—1 — B — BA)
= —u((1+ BA)(z1 +nA+ 214%) +t(1 + B+ BA)),

U [pema ToMe je A\ = pM] 3a
N = (14 BA)(z; + 1A+ 21A%) +t(1 + B + BA).
Cajya, Tpeda ma mabemo N, Tako nma je Ay = kA| + v, 1j. xemmumo ga
HOKaKeMO J1a je Ay — KA] € imv.

Y cucremy (4), Kama cabepemMo cBa TPHU pejia, J0OHjaMo

0:x2+y2+zg—u2—v2—w220
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Tj. Ty = —Yo — 23 + Uz + Vo + wa. Taxkohe mMoxkemo u3 cucrema (4) 1a u3ByUeMO
VCIIOBE Vg = Yo + Y1 — X1 U We = 25 + 21 — ;. Cama, Baxkn

Ao = p(A—1)+2(A% = 1) +uy(B+1) + v2(BA+1) + wy(BA* + 1)
= (A —1)+ 2(A% = 1)+ us(B + 1)
+(y2+y1 — 1) (BA+ 1) + (220 + 21 — y1)(BA* + 1)
= (B+1)(ug + 32 A+ 20A%) — 21 (BA+ 1)
+y1(BA — BA?) + 2% (BA% +1).

Msasojusu cmo jieo Koju je y im v uctpes, Tj. (B + 1)(ug + 12 A + 2,A?). Caa,
CJIMIHO 3a K],

—kN, = (1+BA*)((1+BA)(z1 + 1A+ 2.A%) +t(1+ B+ BA))
= (1+ BA+ BA> + A (2 + y1 A+ 5 A?)
+t(1+ BA*+ B+ A+ BA + A?)
= (14 B)(A*(zy + y1 A+ 21A%) +t(1 + A+ A?)
+(1+ BA) (21 + 11 A + 21 4%).

Ormer cMO U3/IBOjU/IN HA TIOYETKY U3Pa3a J1eo Koju je ouurieaao y im v. [lokaza-
hemo caza ma je Ay — k]| caapzkan y im v. acnuprcanu padyHameM 110 MOILYILy
HEKOT' T1eJI0r Opoja, KOPUCTUMO HOTAIU]y 3a KOHTPYEHIIU]Y MO MOJLYJIO YMECTO
jETHAKOCTHU y TIPBOM eIy, jep 3aHeMapyjeMo JejioBe 3a Koje cMo Beh mokazasiu
Jla Cy JIeBU YMHOXKaK v = B + 1.

Ay — kN, = —21(BA+1)+y(BA— BA?) + %(BA* +1)
+(1 + BA) (1 + 11 A + 21 A?)
= 21(—BA—1+1+ BA)+y,(BA— BA*+ A+ BA?)
+2(BA? + 1+ A* + B)
= (B+1)(nA+z(1+ A%).

. . (A . 0
Buaum, 3ancra \y — k] € imv. [Jakie, mokasaum cMo Jia je ( )\;) € im (z )

Konauamo cmo 3aBpHINJIN JOKa3 TATYHOCTHU HU3a

b

> AN —— A A
JakJie, OH je cJIODOIHO pa3pelemne 3a Ds. 0

(G 9)

Ne o A y A £ 7.

~

IIpumep 10 Koxomonowrxe ipyte og D3 3a Wpusujasrio gejciieco.
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Hexka je G = D3 u meka je M G-momyn ca tpuBujasaom G-nejcrsom. Jlakie,
HAIlle Pa3peliene mocTaje
-1 0
2 2 (0 0)
2

0
6e N (0) N R €
84 7 A 83 7 A @ A T} A EB A 61 7 A Z.

~

OpaBre 100WjaMo TEPUOANIHNA KOJAHIAHN KOMILJIEKC

o () ) o 9

-4 M < MoMe—2 Mo M - M 9 0.

2
dy ds da dy d°

Hamomenumo na cmo mogyne Homg (A, M) u Homg(A & A, M) 3amennnu u3o-
MopduauM Moayauma M u M & M pegom.
Cana, H*(G, M) = kerd' = M, a 3a k > 1 xoxomoyiomke rpyte cy ciejehe:

ker d?, k=1 mod 4,
cokerd?, k=2 mod 4,
ker d*, k=3 mod 4,
cokerd*, k=0 mod 4.

H*(G,M) =

Nzpauaynahemo oBa je3rpa u Kojesrpa. IIpBo, kao pesyartar d? Ha IPOU3BOJb-
a

b

HU BEKTOD 4 = ) € M & M nodbujamo

-1 2\ (fa\ (2b—a

0 2/\b) 2b '
IIpema ToMe, ako je a € kerd?, onna je a = 2buw 2b = 0, Tj. a = 0 u b je pena
uajsuiite 2 y M. O3Ha4nMO IOAMOJIYJ ejleMeHaTa duju pejosu jeie t € 7y M

Ha caenehu HaduH:
Ty(t)={meM: tm=0}.

Ca oBakBoMm HoTarmjoM, Baxku b € T/ (2). Hakie,
H* (G A) = kerd® = 0@ Tpr(2) = Tu(2).

[TomTo ckym cBUX KOMOMHaImja oOMnMKa 2a — b odyxBara meo M, mmamo 1a je
imd? =M @ 2M, na je

H**2(G, A) = coker d? = Moo 200 = —.



[Tocmarpamo caga d* = (6¢)*. TlomTo je aejcTBO rpyle TPUBHjATHO, 3a GHJIO
Koje A = X;n;g; € A m m € M nmamo

)\-m:Znigi-m:Znimzs()\)m,

Tj. A\ JlejcTByje Kao MHOXKeme esleMeHToM £(A). Caza, Heka je f,, € Homg(A, M
kosranarl nedunncan ca f : 1 +— m. OBo 3Ha4un 1a 3a cBe A € A, Baxu f,(\) =
A -m = g(\)m. IIpoBepumo cajia KyJa d* npecinKaBa OBaKaB €JIeMEeHT:

d* fn(A) = fin(O1X) = fin(62(N)) = 62(N) fin(1) = 62(X)m = 6£m ().

Bnaun, d* je jenmocraBHO MHOMKeme OpojeM 6. CTora je jeHOCTABHO padyHATH
koxomoytomike rpyne: H*3(G A) = kerd* = Ty (6) u H*(G, A) = cokerd* =

M/6M.
Kazna cakynmMmo cBe oBe pesyJitTare 3ajeHO, JJ00UjaMO

(M, k=0

Ty(2), k=1 mod 4,
k _ ) m _
H*(G,M) = { 537 k=2 mod 4,

Tuy(6), k=3 mod 4,
M k=0 mod4, k>4.

\ 6

6.3 Kuajuosa 4-rpymna

Y oBom ojie/bKy hemo m3padyHartu paspernieme 3a rpymny G jemnaky Kiraj-
HOBOj 4-rpynu V = Zo X Zs. To hemo yumnutu y3 nomoh ciejiehe Tormolonke
IUbEHUTIE:

JIema 30 Hexa je X upoctop wuua K(G1,1) u'Y apocwop wuta K(Ga,1).
Taga je X x'Y apoctwop wuta K(Gy X Gy, 1).

Hoka3z: Heka cy p m q xkanoncke npojekmuje n3 X X Y y X n Y pemom. 3a
IIPOM3BOJBHO HEITPEKMIHO IIpecjnKaBame v : S¥ — X x Y, nobujamo Henmpexu tHa
npecikaBama py 1 S¥ — X u ¢y : S*¥ — Y. Jlakne, knaca [y] € mp(X x Y)
oarosapa esementy ([py], [¢7]) € m(X) x mp(Y'). Ca apyre crpane, Heka Cy i u
j xanoncke mukaysuje X u Y y X x Y. 3a 1Ba mpecimkasama 7y, 0 S¥ — X n
Y2 1 S¥ — Y umamo npeciukasame 7 1 S¥ — X x Y ngaro ca y(t) = (71(t), 12(t)).
Haxie, knaca ([y1],[1e]) € m(X) x mp(Y') omrosapa knacu [y] € mp(X x Y).
Ose Bese cy 1100po JlecbuHNCAHE W MHBEP3HE jeIHa JApYyToj, crora je m(X X Y) =
me(X) X m(Y), y cBakoj aumensuju k > 1.

Haxme, m (X XY) 2 G X G um(X xY)=03ak >1, naje X XY
upocrop tuna K (G X G3). O

Caga ce dokycupamo na rpyny G = V.
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IIpumep 11 Konctipyuruuja padpewerva 3a Kaajnosy 4-ipyuay.

Y npumMepy 3 cMO U3padyHAN pas3pelnremne 3a Zo TaKO MITO CMO YOUHUJIA J1a, je
R P> upocrop tuna K(Zs, 1), ma cmo ynorpeduu cras 10, u3 dera je cjeauso
Jia TPOIUPEHN NeJINjCKN JIAHIaHU KOMILIEKC o1 S°°, YHUBEP3aIHO HATKPUBAIHE
3a RP>, yunu c0d000 paspemerse Z najg ZCT . Tpema nemu 30, RP>® x RP>
je K(G,1) komiuieke, a Kako je S X S°° KOHTPAKTHUOMIHO YHUBEP3AJTHO HAT-
kpuBambe RP> x RP> moxkemo 1moHOBO BujieTn npema cray 10 j1a je henujcku
JIAHYaHU KOMILTIEKC o1 S™° X S cimobomano pasperemne o Z Han ZG.

Heka je G =V = {1,T,5, TS} ca T? = 5% = (T'S)?> = 1. Umamo C} u C5
kao noarpyne y G, resepucane ca T u S pegom. Hapasno, G = CT x C5. Cana,
osHaunMo X = S x §*°. Uz Ilpumepa 3, mmamo ciemeha jBa pasperniema 3a
CT u C5 penom, nata henumjckum JTaHIAHEM KOMILTEKCOM 3a S

NV SNy V. SN V. SN VRSN RN
1+7 7 1-7° 1+7° -7’ r&— U,
821/ " 83/ 1 aél 1 81/ " €

1+S,A 1—S,A 1+S/A 1—S,A /Z—>0,

riie je ceaku A’ = ZCT u A7 = ZC5. llpumernmo ja BaxKu
A=7G =7[CI xC5|=27C] @ 2C5 = N @ A".

Csaka k-hemuja y X je mpousBoj i-henuje y mpBom S u j-henuje y apyrom
S, rne je i +j =k ui,j > 0. Oue renepumty momyn A; ® A7, npema dusu-
HEAPHOCTHU. 3aTo, y AuMeH3uju k, Mojays Py je mupekTHa cyma CBUX ITPOU3BOIA

A @ Aj, j.

k
Po= P Mor =PA
0

i+j=k i=

Hapapno, 0BO Ta4HO OAroBapa TeH30PCKOM IIPOM3BOJY JIAHYAHUX KOMILICKCA.
I'pannvHO Hmpec/mKaBame y TeH30PCKOM IIPOU3BOLY JJaHIaHUX KOMILICKCA je J1a-
TO Ha eneMenty ¢ ® ' € Py, te cy ¢ € Aj m " € A, ca:

8k(C/ ® C”) _ al(cl ® ' + (_1)degc’c ® (9;-/6//.
Bancra,
88(6/ ® C//> — a(a/cl ® C//) + (_1)degda(c/ ® 8//6”)
98¢ ® ! + (_1)deg8’c’alcl ® ! + (_1)degc’6/6/ ® 9"
+(_1>deg c'+deg 8’c’cl ® "9,
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IIpsu u mocienmu cabupak mecrajy jep 0’0" = 0 u 970" = 0. Cpeunma aBa
cabupka ce monurrasajy jep degd'c = degd + 1. [lakne, 00 = 0.

Barum mpoBepaBamo Ja je ker 9, = im Oy 1. Y Ty ¢BpxXy, mocMarpamo Jy Kao
JIMHeapHO IIpecimKaBabe ox P, = P, ek A; ® A} 1o Pj_1, 1nme Ta MOKeMO
IpEeJCTaBUTH Kao MaTpuily ca k Bpcra u k + 1 KoJIoHA.

3a enement ¢ ® ¢’ € A} ®@ A, mmamo

8].3(0, ® C”) _ al(c/ ® " + (_l)degc’c ® 6;/0//’

y3 Hamomeny Ja je dic @ " € A @ Aj u ¢ ® 9/c" € A @ A}. To snaun na
nodujamo daxrope uz A} @ A7 y pesynryjyhem enementy Py, o cabupaka u3
Ay @Ay m Aj, ® AJ. Takie, y i-Tom pery matpurie Jg, rjie OpojuMo BpeTe 1
KoJs10He o1 (), MMaMo HeHyJIa YJIaHOBe Ha MO3UIMjaMa ¢ U ¢+ 1, 1 HyJe Ha JIpyTuM
MectuMa. Jla SucMo oJpe i BPEIHOCT OBUX YJIAHOBA KOPUCTUMO YUH-€HUILY
maje 0 =T + (=1)' u 0] = S + (—1)’, u 3amemyjemo oBe umanoBe y bopmyTy
3a O, IIOHOBO TIPUMeHeHa Ha HeKoM ejieMenTy ¢ ® ¢ € A @ Al

Oh(d®d) = 0@+ (-1)"%c®
= (T+(-1)) e+ (- )1®cs+@4yy~
(T+ (~1))d @ ¢ + &((-1)F 7S + (=1)})¢".

Taxne, umamo 1® ((=1)¥98 + (—=1)*) ma nosumuju (4,i) u (T + (—1)"!) @1 na
nosurju (4,7 + 1). MehyTum, npe HEro mro NpUKarXKeMo MaTPHILY, OJCETUMO
ce ja enemenT T'® 1y A'® A" onrosapa enementy T'y A = ZG, u ciuuano, 1® S
oxrosapa S. Ctora, HAKOH OBUX U3MEHA, Y MATPUIHOM OOJIUKY UMAaMO:

S+ (-1)F  T-1 0 .- 0 0
0 S (—1)F TH1 - 0 0
0 0 e T (1R 0

[okazahemo caza ma je ker Oy = im Oy. IIpernocrasumo na je A\ € ker Oy,
Tj. A € Py m O\ = 0. Osraummo BekTop A ca A = (Ao, A1, ..., ). Caza, 3
Ok = 0 modujamo cucrem o k — 1 jeanadanma:

S+ D"+ (T -1 = 0,
(=S + (=DM +(T+ 1A = 0,

(D" 'S+ (="Mt + (T + (1)) N _ 0.
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[Iposepumo TIpBY jeHAYUUHY:
(S+ (=1D)"Ao = —(T = 1A (5)

MoxkeMo J1a IIOHUIIITUMO JIECHY CTPaHy jeJHaYNHe MHOXKEHEeM 00€e CTpaHe C JIeBa
ca (T + 1), unme crean

(T +1)(S+ (=1)")A = 0.

Haxige, \g € ker(T + 1)(S + (—=1)¥). Yenyrt, uzpaaynajmo ker(T — 1). Ilpetrio-
craBuMo Ja je A = x + yT + zS + wT'S € A. Umamo

(T—1)A = (T'—-1)(z+yT + 25 +wTS)

(y—x)+(w—2)T+(x—y)S+ (z—w)TS
(T - 1)((y —2) + (w — 2)85),

na ako je (T'— 1)A =0, onga je x = y u 2 = w, U CTOrA je
A=x+aT+25+2TS=(1+T)(x+ z5).
MebyTum, cimano nmamo 3a A € A:
(T+1HN = T+ 1)@ +yT+2S+w'TS)
= W+2)+ W+ + (@ +y)S+ (Z+w")TS
= (T+ D)y +2) + (' +2)9).
Hakne, 3a ¢y + 2’ = xz nu w + 2/ = z, mmamo (T + 1)\ = A. IIpema Towme,
ker(T— 1) =im(T+1) = (T+ 1)A ={(T + 1)(a+bS) : a,b € Z}. Cauuno,
ker(T'+ 1) = (T'— 1)A, n anayorno Baxu 3a S +1u S — 1.
Bparumo ce ma mam pauyn 3a Ay € ker(T + 1)(S + (—=1)*). Enemenru y

ker(T + 1) cy obmuka (T — 1)(a + bS), a erementn y im(S + (—1)*) cy obiuxa
(S + (=1)*(c+ dT). Kaxko je A\ y 0da, umamo

(S+ (=1)"X = (T —1)(a+bS) = (S + (=1)*)(c + dT),
JTaKJie,

(T —=1)(a+bS) = (S+(=1)")(c+dT)
—a+al —bS +bT'S = (=1)c+ (~1)*dT + cS +dTS,
u3 gera caequ a = (—1)* e, a = (=1)*d, —b = cu b = d. [axme, b = (—1)*a,
Tj.

(S+ (=)Ao = (T = 1)(S + (-1)")a. (6)
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IIpeypebhyjyhu oBo, mmamo
(S +(=1)")(Xo — (T = 1)a) = 0,
mro 3Haun ja je A\g — (T’ — 1)a € ker S + (—1)*, =j.
= (S+ (=)Mo + (T = 1),
3a pp € A u pu; = a € A. Caza, spahajyhu ce na jennaunny (5) u 3amemyjyhn

(6), mvamo
(T =D\ = —(T = 1)(S + (=1)")pu,

o gemy ce \; pasmukyje on (S + (—=1)%)u; 3a emement on ker T — 1, peramo
(T + 1) po. Jakae,

M= (=S + (=D + (T + Dpo.
Caja, 3aMeHOM OBOTA y JIPYTY jeIHAYMHY U3 CHCTEMA,
(T +1Da+ — (=S + (=1)")A; =0,

J1001jaMo
(T+1)As = —(=S+ (=1)")m,

T TaKo, OmeT, \y ce pazmukyje of (S + (—1)%)u; 3a enement o ker T — 1, peramo
(T + 1)po, u cTOra BasKu

Ao = (S+ (1) )z + (T = Dpes.

AKo HacTaBMMO OBaj MPOIEC WHIYKTUBHO, JTOOMUjaMO & je BEKTOP

T T

Ao (S+ (=D)" o + (T — 1)y o

At (=S +(-1) “)ul + (T + 1) e o

Ao — ( ( )k )NZ + (T - 1)N3 = Ok H2 )
A (~1)FS + (— 1) Y + (T + (~1)F) i s

1j. AT = Oy fi, 3a HeKO [i € Pyyq. Jaxie, ker O = im O .
Tako cmo KoHCTpyHCcaau paspemnieme 3a Z Hax A:

03

o
'—>P3 >P2 )Pl :

>P0—>0.

IIpumep 12 Koxomonrowrke ipyue Kaajnose 4-ipyiie 3a WPUSUIAAHO GEJCTUBO
pyue.
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Jla ducmo m3pauynaaun koxomoJonike rpymne Kmajaose 4-rpyme G = V', mo-
paMo Ja ocMaTpaMo KOJAHIAHU KOMILIEKC

SR HomG(Pk,A) (d—k HOng(Pk_l,A) F ... (d—l Homg(Po,A) +— 0.

Kako je caku P, mupektha cyma k + 1 xonmja ox A, 3Hadn 1a je

k k k
Home (P;, A) = Homa(EP A, A) = P Home(A, A) = P A.

1=0 =0 1=0

['panmyno ImpecimKasambe dF je crTora mpeicTaB/beHO Y MATPHIHOM OOJIHKY Kao
TPAHCIIO3UIINja OJT MaTpHIle 3a O:

S+ (1) 0 0 0
T—1 —S+(=1DF o - 0 0
0 T+1 - 0 0
0 0 L (=1)F28 4 (= 1) 0
0 0 e e T (DR (2RS4 (<R
0 0 0 T+ (—1)

Ha ducmo m3padyHam KOXOMOJIONMIKY I'PYyIy AuMeH3uje k, MopamMo mpoHahu
ker dj.; u imdy. Y mumensuju 0, umamo imdy = 0 u d* = (O) Tj. kerd' = A,

O b
na je H°(G, A) = A.
NspauyHajMmo ejeMente y BekTopy b = d*a € P, 3a mpoussosbHO @ € Pj_;.
Hemumo pesynrare Ha jBa ciaydaja, Kajaa je k = 2n mapHo (JeBo) u Kaja je
k = 2n + 1 menapuo (7ecHo):

bo = 2ayg by = Oag

b1 = OCLO + 0@1 b1 = OCLO — 2&1

b2 = 2CL1 —+ 261,2 bQ == 2&1 + OCLQ
br—1 = Oayp—z + Oaj_; br—1 = 2ap—2 + O0ay_;

by, = 2a,1 b, = Oay—1

IIpeo, uzpauynajmo H**(G, A) = ker d***!/im d*". Vimamo

kerd ™ = AT 2@ AD ... Ta(2) @ A,
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rie je Ta(2) = {a € A: 2a = 0}, mogmomyn on A cadumeH eJeMeHTHMa peia
najuie 2. Hamomennmo 1a je 0BO MCTO Kao W T'pylia ejieMeHaTa (PUKCHPAHUX
nejecrBom —1 € A wa A, jep je 2a = 0 & (—1) - a = a. Imamo 2n dakropa y
JWPEKTHOj cyMu, jep ce d*"*! npecsmkasa nz Homy(Py,, A) = @?20 A, 1upexkTHe
cyme 2n xommja A. 3aTuM mMaMo

md> =2400024¢--- 003 2A.

Haxkte:

ker d?n+!
im d?n
ABGTA2Q) @ AD...T4(2)d A
2AD0024A0--- 00D 24

H(G,A) =

A A A
= ﬂ@TA(Z)@ﬂ@”'@ﬂ@TA(Q)
o n A n+1
= (Ta(2)" @ ()"

Barum, uspauynajmo H*" (G, A) = ker d*"/ im d*"~!. mamo
kerd* =T4(2) @B @ --- @ B @ Tx(2),

rie je B ={(a,b) ¢ A®A: 2a+2b=0}. OBo MOXKEMO IPOTYMAIUTH KAO ,,J1aT
je emement a € A, nponahu b € A Tako na je a + b € T4(2)¢. OBa joruka Hac
Bo/u 110 Bese ¢ @ B — A @ Ty(2) nare ca (a,b) — (a,a + b). Tpusujanuo ce
BUJIM J1a je 0BO m3oMopdusam, ma je B = A @ T4(2). 3armm,

imd" =00 (-2,2)A® - ®(-2,2) AP0,

re je (—2,2) A noamomysn momyna A@ A renepucan ca (—2,2). Kako je (—2,2) €
B, 10 3naun (—2,2)A C B. Cunka 0BOI' HOAMO/YJIA IO n30MOPGMUIMOM ¢ je
2A® 0, ma je

B L AdTu(2) A

(—2,2)A ~ 2480 =52 @Ta2):

Konagno, nspaaynasamo

ker d’n
im d?n—1

TA(2) & B&... B&Ta(2)
00 (—2,2)Ad - @ (—2,2)A® 0

© Tx(2)

H™ (G,A) =

B
= Tu2)® T594% T
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= Tu2)8—aTs2)6... % & Ta(2) B Ta(2)

Jakse, u3padyHajn CMO KOXOMOJOIKe rpyme rpyme G = V Has rpynom A
ca TpuBHjaTHUM (G-1€jCTBOM:

A k=0
H*G,A) =4 (Ta@2)" @ (A)" k=2n-1,n>1
4 k=2n, n>1.

6.4 Pamwupema pema 12

Harm 1iusb y 0BOM 071€/bKYy je Jla KOPUCTHMO TEOPHjy PAIUPErha IPyIia KaKo
ducmo Jaxine kjacudukosau cse rpyme peaa 12. I[Ipema CusoibeBoj Teopuju,
cBaKa rpyna peja 12 ce 3amcra (hakTOpHINE KO PAIUPEbe jeTHe O] CBOjUX
MO/rPyIIa, IPYTOM.

[Tpernocrasumo 1a je G rpyna pena 12. Heka je s3 = |Syly(G)| 6poj Cuuto-
B/beBuX 3-mtoarpymna ox G. [Ipema tpehoj CuytoB/beBOj TeopeMu, MOpaMO UMATH
s3l4 m s3 = 1 mod 3. To snaum s3 = 1 mam s3 = 4. IlpermocraBumo na je
s3 = 4. Onzga, To 3uaqn jma nmamo 4 CunosseeBe 3-moarpyme y G. Ilomro cy ose
OJrpyIie CBe pejia 3, oHe Cy TeHepucaHe OUJIO KOJUM IbUXOBUM HETPUBHUjATHIM
enemenToM. Jlakye, mpecek OMJIO KOje JBe Pa3uduTe 3-TOJATrPyIle MOpa OUTHU
TpuBHujasian. HabpajameMm pasanduTux ejgeMeHaTa y CBaKO] IMOAIPYINA, UMaMO
4 -2 = 8 ejlemeHaTa pejia 3, IMITO HaM 3aje/IHO Ca HEYTPAJHUM €JIEMEHTOM Jiaje
yKynHo 9 enemenara. IIpeocrasna 3 enemenTa, 3aje/IHO ca HEYTPAJIHUM eJIeMeH-
TOoM, MOpajy dopmuparu jeauny CusmosbeBy 2-rpymy. lakmie, so = 1.

Kana je s, = 1, To 3Haun ga nmamo jenny CHIIOBIbEBY p-TPYILy, IITO 3HAYH
Ja je Ta moarpyna HopmaJsna. Crora je 3a Hamry rpymny G TapaHTOBAHO J1a UM,
HOpMaJIHY TtoArpymy peaa 3 wian 4. Hazosumo je A, vamomumyhu 1a Mmopa dutn
Abesosa. [Ipernocrasumo fa je A pena 3. Y G mocroju dapem jeaHa 2-mmoArpyia,
Tj. moarpyna pena 4. Ilomro HUjenaH WeH eleMeHT He MOXKe OUTHU pera 3, TO
3HAYM JIa IMa TPUBHjAJTHU IpeceK ca HopMmasiHoM Adejgopom moarpynom A. Jla-
kJie, G je 3alpaBoO eKBHUBaJIEHTHO parmpery A opowm noarpymnom. OOpHYTO, aKO
je A pena 4, oujna je G ekBuBasienTHO parupey A CunosmbeBom 3-rpymnom. la
OMCMO OCTaJIA JIOCJIEJTHU Ca HAIIOM J0CA/IAIbOM HOTAIIA]OM, ITpenMeHoBaheMo
G y F un na3zsahemo noarpyiy kojowm mporupyjemo A ca G .

Mu cmo cajia jonuim JI0 3aK/bydKa Jla CBaKa rpyma peia 12 Moxe Jja ce
IIPEJICTABY PAIUPEIHEM T'PyIIe

0 sy A—— F —"— G > 0,



rie je A rpyna pega 3 uian 4, a G je rpyna pema 12/|Al. ITomro mocroju camo
jenna rpyna pena 3, Zs =2 CT u npe rpyne pejia 4, nanme Zy =2 Chu ZoyXZy 2V,
HOKPHBAMO CBe cllydajeBe y cieliehia gyeTupu npumepa.

IIpumep 13 Pawupersa Zs ca Zy.

0 y Ly —— B —— CT > 0.

Hejctio je onpeheno npeciukasamem C] — Aut(Zs) = Z,, na, nomro ce
T mpecnukaBa y eJIeMEeHT YHju pes Jeju 2, MOopa Jla BaxkKu uian 1' - a = a uan
T -a=—a.

Hexka je T - a = a. Cana,

75t = Zs
n
NZy=(A+T+T*+T7s = (14+1+1+1)Z3 = 473 = Zs,
1 CTOTa je
/S
H?(Zy, Zs) = —>- = 22 ==
(24,25) = Nz = 7,
Je/IMHCTBEHO palupemne y OBOM Caydajy ojaroBapa Zs X Zy = Zi9, 10 gemu 27.
Heka je T' - a = —a. Jepunu dpukcuu ejtement je 0, ma BazKu
Z5' =0
u
NZs=(1+T+T*+T*Zs=(1—-1+1-1)Zy = {0},
U CTOTa je

Zy {0}
H?(Z4,Z3) = stg =0 0.

PakTOPCKU CUCTEM OJI'OBapa TPUBHUjAJIHO] KOXOMOJIOIIKO] KJIACH, I1a, Olepa-
nuja y I/ mocraje

(@, T")(b, T') = (a+T* b, T1) = (a+ (—1)", T).
Oga rpyma je uzoMopdHa TUMUKIUIHA TPYIIa
Dics = (z,y |2 =9y* =1, y* =2°, yay ' =27")

re cy z = (1,7%) u y = (0,T). 3ancra, y* = z* = (0,7%) = (0,7?), a momro
(0,7%)(0,7?) = (0,1), snaum ga je 2% = y* = 1. Taxobe, Bazkn

yry~t = (0,7)(1,T%)(0, 7)™ = (0-1,T%)(0,T°%) = (-1, T*) = 2~".
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IIpumep 14 Pawwupera Zs ca Zg X L.

Samennmo Zy X Zo nzomopduoM rpymnom V', remepucanom ca T u S, Kao y
npuMmepy 11. [Tocmarpamo pamuperse JiecpbuHuCAHO Ca

0 y Ly —— E —" =V s 0.

Hejcrso rpyme je oapeheno xomomopdusmom ¢ : V' — Aut(Z;) = Z,. Herpu-
BUjaJTHN ayTOMOPGhU3aM OIroBapa MHOXKemy ca —1 (Min 2, eKBUBAJIEHTHO), IITO
nma pen 2. Oba remeparopa T m S cy pema 2, Tako Jia 00a MOTY JI€jCTBOBATH
Kao MHOXKeme ca 1 mam —1, HezaBUCHO jeman of japyror. To 3Ha4u jga mMamMo
cneneha gerupn ciyuaja:

1. T—1,5—1;
2.T—1,5— —1;
3. T— —1,5—1;
4. T— —1, S — —1.

[To cumerpuju, Tpehu caydaj je eKBUBAJEHTAH JPYTOM j€THOCTABHOM 3aMEHOM
reneparopa. Mame oduriesHo, 9eTBPTU CJIy4daj je Takohe eKBUBAJICHTAH IIPET-
xonHa JBa, momto je T'S — (—=1)(—1) = 1, 1j. T'S nenyje rpusujanno. lakie,
aKo jeJIHOCTaBHO y3MeMoO 3a reHeparope ox V ycrBapu 1T'S u S, oBaj ciy4aj je
Takohe eKBuBaJIeHTaH JpyroM. /lakie, umMamMo /1Ba HeeKBUBAJEHTHA CIydaja: Ka-
J1a je nejcrBo V' Ha Zs TpUBHUjaSHO, U KaJIa je/IaH HETPUBUjAJHU €JIEMEHT JIesyje
TPUBUjAJIHO, TOK JPyTa JIBa Jeyjy Kao MHOMKehe ca — 1.

[IpBu cay4uaj: V' nejerso ma Zs je Tpusujaiuo, tj. 1'-a = S - a = a, 3a cBe
a € Zs. Pamupema cy caga oapehena ca H?(V,Zs3), mTO CMO U3padyHaId y
npumepy 12:
L3
27
[Ipema ToMe, TIOCTOjE caMO jeTHO paIllUpEhe Yy OBOM C/Iy4ajy, a oHO je B =
Lz X Ly X Ly = g X L 11O JTIEMU 27.

Hpyru cnygaj: T -a =au S-a = —a, 3a cBe a € Zz. Y nupumepy 12 cmo
[IPUKA3aJI1 pa3peliebe U IPAHNYHA [IPEeC/INKaBaba d* y TeHepalHOM CJIydajy.
Bamenumo T u Sy d? u d® na ducmo uspauynanu H?(V,Zs3) 3a osaj ciiyuaj:

H(V,Zy) = Tz, (2) @ ()" = 0@ 0? = 0.

S+1 0 0 0
P=(T-1 -S+1]|=(0 -2,
0 T+1 0 2
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S—1 0 0 —2 0 0
p_|T-1-s-1 0 |_fo0 0 o0
0 T+1 S—1 0 2 —2
0 0 T-1 0 0 0

Casa, m3padyHamo
kerd® = {(z,y,2) €Z3| —2x =0, 2y — 2z =0}
= {(z,y,2) €75 |20 =0, y=2}
TZ3(2) @ (17 1)Z37

imd®> = {d*(a,b) | a,bec Zs}
= {(0,2b,20) | b € Zs}

Crora, nodujamo

kerd® _ 06 (1,1)Zs
H*(Z = = ’ =
(ZsV) =35 = 0a (1,1)Zs

I1a OIleT TOCTOjU caMo jedHO Moryhe palupeme, KOju OJIroBapa TPHUBHjAJIHO]
KOXOMOJIOIITKO] KJIACH.
Omnepanuja y E 3a TpuBnjajann GpakKTOPCKA CUCTEM je JaTa 3a CBe a,b € Zg
ng,heV ca
(a,9)(b,h) = (a+g-b,gh).
Bugunvo na je eement (1,5) pena 6, ma renepurie noarpyiy pega 6. Enement
(0,T) je pena 2, u nenyje ua (1,.5) KoHjyranujom Kao

(0,7)(1,8)(0,T) = (0,T)(1,TS) = (2,5) = (1,5)".

Oso snaun ga esementu (1,S5) u (0,7T) uuHe reneparTope 3a JUeIapCKy TPYILY
on 12 enemenara. lakme, E = Dg.

IIpumep 15 Pawupera Zy ca Zs.

0 y Ly —— B —— CT > 0.

Iejerso je ompebeno npeciukasamwem C: — Aut(Z,) = Z,, na nomro ce T
IIpec/InKaBa y eJIeMEeHT Yuju peJl JIeju 3, 1ejcTBO Mopa ouTu TpuBHjasHo. [Ipema
TOME, Z? =2y, m

NZy=(14+T+T)Zy=(1+14+1)Zy = 3%y = Zy,
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IIa BazKHN

P 7y
H?*(Z3,Z4) = —— = — 0.
( 3 4) NZ4 Z4
Pammpeme je Z4 X Zs.
IIpumep 16 Pawuperva Zo X Zo ca Zs.
0 »y A —— FE —— C7F > 0.

Osnaunmvo A = Zo X Zy = V tae je V.= {1, R, S, RS} oner KiajuoBy
4-rpyny renepucany ca T u S. Jlejerso je ompehieno mnpeciukasamwem Ca —
Aut(Zy X Zy) = S3, a kako T Mopa Jla ce Mpec/JuKaBa y eJIEMEHT YHjH PeJT JIeJIH
3, omrosapajyhe sejcTBO MOpa OMTU TPUBHUjATHO UM 3-IIUKJIYC.

Hexka je oBo mejerso Tpusmjasmo. Cana, A% = A, n

NA=(1+T+THA=(1+1+1)A=3A= A4,
IIa BazKU
_ 4B A
NA A

I

H*(Zs, A) 0.

Pammmpeme je crora A X Zs.

Caga, pasmoTpumo Herpuszjasuo aejetso C1 na A = Zy X Zy. Oznaummo
eremente A: e = (0,0), a = (0,1), b = (1,0) u ¢ = (1,1), 1 KOPHCTUMO MyJITH-
IJINKATUBHY HOTanujy 3a onepanujy y A. Kako T nenyje na A Kao 3-IUKJIYC,
MOYKEMO 0O€3 I'yOUTKa OIIIITOCTH JIa IMPETIOCTABUMO jJa ce 1’ cauka y 3-TUKJIyC
(abc),tj. T-a=bT-b=cuT-c=a. Caga moxkemo mspaaynarn AY = {e},
"

NA=(1+T+T?*A = {eee, abc} = {e}.

Hake,
AS 0
H*(A,G) = — = - 20,
( ) NA O
IIITO 3HAYM JIa MMaMO jeIMHCTBEHO pamuperme. Oneparuja y F je cajga medpuHu-

caHa ca
3a cBe x,y € Au g,h € G. Ilpumernmo 1a je
(e,g)(x, 1)<€,g>_1 - (e,g)(m,gg) - (g " T, 1)7

3acee x € Au g€ G. Jakne, (e,T) u (a,1) renepumry neno E.
I'pyna A mozke nejcTBoBaTH cama Ha cede MHOXKemeM ¢ jieBa. OBo HaM maje
yramame A — Sym(A) naro ca a — o, = (e a)(b ¢), b+ o, = (e b)(a ¢) u
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¢+ 0. = (e c¢)(ab). Cmano, nejerBo G Ha A MOXKe Ja ce CXBaTa Kao YTAIlAe
G — Sym(A) maro ca T +— 7 = (a b ¢). To 3Haun ga Moxkemo yranaru u F,
Tperupajyhu esement (2, g) Kao KOMIOBUIUJY T U ¢. 3aUCTa, KAKO Ce IIPH TOMe
(e,T)(a,1)(e, T)"" npeciukasa y

(e a)(be)tt = (e 7(a))(7(b) T(c)) = Or(a) = OT.a = O,

umanmo 12 je (e, T)(a,1)(e,T)~' = (b, 1). Taxse, yraname je 100po jedbuHUCAHO.
Crnuka yranarma je TeHepHUCaHa JBOCTPYKOM TPAHCIO3UIMJOM 0, U 3-IIHKJIYCOM
T, 1a je uzoMopdHa agrepaupajyhoj rpymu Ay.

BHaum, MoKa3aau CMO Ja Pallipermhe y OBOM CJIydajy OAroBapa aJTepHupa-
jyhoj rpynmu Ay.

[Tponaman cmo cajta cBe rpyme pema 12, HapaBHO 710 Ha n3oMopdusam. One

Ccy:
Zl27 Z2®Zﬁa D67 A47 DiC?)'

Mebytum, rpyme pejia 12 Mory jia ce mocMaTpajy Kao pallupema rpyna Ha
Jpyre HauWHEe, HEe caMO Kao palupeme Zz rpynoMm pena 4 m odpuyrto. Pajan
KOMILJIETHPaba, Mokpuhemo mpeocrase Takse npumepe. ['pyna pega 12 moxke
nMmaTtu noarpyne peja 2, 3, 4 u 6. lakne, rpyna pema 12 moxKe ce mpukaszaTu
Kao pamupeme Adesiose rpyne A rpynom G Ha ciaenehe Hadnme:

e 7o 3a Zg nnu Ds;
o 73 3a Ly umnu Ly X Lg;
o 7, wn Lo X 7o 3a Zs;
o 7 3a Zso.
[Ipeocrase ciaydajeBe hemo odbpaanTu y nmpuMepuMa KOju CJIeJIe.

IIpumep 17 Pawupersa Zg ca Zs.

0 y Le —— E —— CF > 0.

Hejctro je ompeheno mpecimkasamem C7 — Aut(Zg) = Z,, na momrTo ce
T mpeciimkaBa y eJleMeHT YUju PeJi JIean 2, Mopa BaxKuTh wim 1 - a = a uian
T -a=—a.
Heka je T - a = a. Caja,
75 = Zg
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IIa

e 7
H(Zy,76) = —5- = 2 =7,
Pamupema cy Zg X Zo n 712, aHAJIOTHO IPUMEPY 7, PEIIUMO.
Hexka je T - a = —a. Cana, pukcupanu eqementu cy 0 u 3. 3Haqn,
Zg* ={0,3}
a
na je
zk  {0,3}
H*(Z3, 1) = o = o =2 I,
( 2y 6) NZ()' {O} 2

Kao mro cmo uzpauynanu y npumepuma 7 u 8, hakTopcku cucteM je () cByma
ocum y f(T,T), voe nmamo 2f(T,T) = 0, na je f(T,T) = 0, mrro oxrosapa
pammpewsy Dg, wnu f(T,7T) = 3. Oae numamo onepanujy oxapebeny ciemehmm
jeTHaIHAMA:

(@, 1)(b,1) = (a+b1)
(@, ), T) = (a+b,T)
(@, T)(b1) = (a—b,T)
(@, T)(b,T) = (a—b+3,1)

Enementu odsuka (a,1) rerepuiily HOpMaJIHy MOATPYIy U30MOpMhHY ca Zg.
Enementu obsuka (a,T') cy pena 4, jep je (a,T)(a,T) = (3,1). Ilokasyjemo ma
je oBa rpyma n3oMopdHa JIAMUKINTHO] IPYIIN

Dics = (a,b | a® =b* =1, v* = d®, bab™' =a™?).

[Mocrasmamem a = (1,1) u b = (0,T) Bugumo ga 3aucra a® = b* = (0,1) u
b> = a® = (3,1). Cse mTo je mpeocTaJio je Ja ce MoKazKe MOCIe/ b YCIOB:

babil = (OaT)(la 1)<07T)71 = <_17T>(37T) = (_1 -3+ 3; 1) = (57 1) = a’il'
SHaun, KOHAYHO, CBa MOTyha pammpema cy Zg X Zo, Z12, Dg u Dics.

IIpumep 18 Pawupera Zo ca Zg.
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Hejcteo je onpeheno npeciukasamem CF — Aut(Zs) = 0, na je G-nejerso
TpuBHujaJHo, Tj. T - a = a. dakie, Z?G =7y, u

NZy=(1+T+T?*+ T3+ T"+T%)Zy = 6Z5 = 0,
1 CTOTa je

~Y

= 2.

75 7y

H*(Zo, L) = 2 = —
(Zs, 22) NZ, 0
Kao u panuje, oBa jiBa pamupema ojroBapajy rpynama Zo X Ze u Zis.

IIpumep 19 Pawupersa Zo ca Ds.

Heka je D3 = (T,S | T2 =5%*=1, STS=T7").

0 > Lo —— E ——— Dy > 0.

HejcrBo je ompeheno mpeciukaBamwem Dy — Aut(Zy) = 0, ma je G-mejcrBo
TpuBujasHo, Tj. T -a =S -a = a.
[To mpumepy 10, MOKeMO M3padyHATH APYTY KOXOMOJIONIKY I'PYILY:

Ly Lo
H*(Zy,D3) = —— = —= =2 7Z,.
( 29 3) 222 O 2
HaxkJte, umamo aBa caydaja. [Ipema stemu 27, parmupere Koje oJiroBapa KJjiacu

TpUBHjaJIHE KOXOMOJIOTH]je je Zo X D3 = Dg. PazMoTpuMo HEeTpUBUjaTHA CIIyUa].
OgBgie je opmysia 3a haKTOPCKH CUCTEM JIaTa Ca

f(h, k) + f(gh, k) + f(g,hk) + f(g,h) = 0. (7)
Jedunumumo HeTpusrjaanu hbaKTOPCKH CUCTeM Ha cieaehn Hauum: f(sir?, sirt) =
ij, 3a cBe s'r®, s/r® € D3. Baucra, (7) nocraje jk + (i + j)k +i(j + k) +ij =0,
IIITO BaXKM 3a CBE i, j, k € Zs.
OBa rpyrma je uzomopdHa JUIMUKIXIHO] TPYITH

Dicy = (z,y | 2% =y =1, v’ =2°, yay ' =27)

rie je x = (1,7) my = (0,s). 3aucra, y* = 23 = (1,1), u xaxo je (1,1)(1,1) =
(0,1), To snaun z° = y* = 1. Konauno,

yry 't = (0,5)(1,7)(0,5)"" = (1,s7)(1,8) = (1,s7s) = (I,r ) =2~ "

Haxkite, pamupema y oBoM ciay4dajy cy Dg m Dics.

91



6.5 IIpumena KoxomoJioruja rpyna Ha p-rpyIie ca MuKJInm4-
HOM IIOATPYIIOM WHJIEKCa P

[In/b oBOr onesbKa je Ja ce MCKOPUCTU MPUMEHa KOXOMOJIOTHje Tpylia Ha
palupema rpyla Kako Ou ce ojipeauia Kjacudukalumja p-rpymna Koje cajipke
NUKJIAIHY TOArPYIly HHJEKca p, rie je p mpoct 0poj. HapasHo, kiacudan je
pe3yiaTar Ja je TakBa noAarpyna HopmasHa. [Togenunhemo anaimmsy Ha ciiydajeBe
KaJia je p > 2 n KaJa je p = 2.

Teopema 31 Hexa je p upoctti 6poj eehu og 2. Cse konauwre p-ipyue ca YyUuKAUY-
HOM TOGIPYTOM UHJEKCA P cUAgajy Y jegny og caegehux katieropuja:

(A) Z,, tge je g =p" un>1,

(B) Z, X Z,, tge je g =p" un>1,

(C) Zy X Zy, 19e je ¢ = p" un > 2, ige tenepatiop Z, gejcwusyje na L, Kao

mnoorcerve ca 1+ pt.

Tpeba nanomenyTu ja tpeha Kareropuja uma cmucia jep je (1 +p* 1P =1
mod p" mpema OmHOMHO] Teopemu. IIpBo hemo mokazaru Jiemy Koja he Ham
IOMONU y JIOKa3y.

Jlema 32 Hexa je p apocii dpoj u a ueo opoj wakras ga je a? =1 mod p" 3a

nexo m > 2. Axo je p > 3, onga je a = 1 mod p"t. Axo je p = 2, onga je
a=+1 mod 2" 1.

Hoxka3z: Ilpernocrasumo 1a je a # 1, u o3naunmo ca d(a) Hajsehu 1eo Opoj
taxkas 1a je a? = 1 mod p*®. IIpema mamoj Pepmaosoj Teopemn, a = a? = 1
mod p, ma je d(a) > 1. Moxkemo mamucaru a = 1 + bp¥®. Cana, npumenumo
OMHOMHY TeopeMy Ha aP,

ab? = (1_|_bpd(a))p

— (p
_ pEpda)k
> (1)
k=0
= 1 mod p¥@*!,
KaKo p| (Z) 3a k > 1. lakze, d(a?) = d(a) 4+ 1, mehyTum, npermocraBuiu cmo ia

jea? =1 mod p", na je d(a?) > n. Hakne, d(a) >n—1,1j.a =1 mod p"~'. [

doka3 Teopeme 31:
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[IpernocraBumo ma je mukamvHa moarpymna rpyme G pena g = p”. Hakne, G
je pammpemse rpyne Z, 3a H = C:

0— Z, > G > H — 1.

IIpernocrasumo na H nejcTByje TpuBHjaiaHo Ha Z,. IIpema Tome, 3a daxkTop
cucteM f, UMaMo

f(92,93) — f(9192,93) + f(91,9293) — f(g1,92) = 0.

Bamernom g, = g2 = g3 = g nodujamo f(g,9°) = f(g°,g). Haue, nnuyknujom
(samenom g1 = g3 = g u go = g* ') noGujamo ma je f(g,¢") = f(g*, 9). 3a npou-
3BosbHe ¢ =T u h =T y H, ueka je k = a~'b, T1e je a~' MyATHILINKATHBHH
MHBEP3 o1 a y nosby p enemenara. Caga, h = g*, u crora f(g,h) = f(h,g), mro
MOKEMO KOPUCTUTH y 3aKOHY KOMIIO3UIIA]E:

(a,9)(b;h) = (a+g-b+ f(g,h),gh) = (a+ b+ f(g,h),gh)
= (b+a+ f(h,g),hg) = (b,h)(a, g).

Hakme, G je Abesosa rpyna. OBakBa rpyna MoyKe OUTH CaMO Zyn+1 WA Lig X L,
Tako Ja je G tuna (A) nmm (B).

Pasmorpumo cama ciaydaj kana je aejctso rpyne H Ha 7, HETPUBHJAJIHO H
KOpHCTUMO npumep 5 ga mspadaynamo H?(H,Z,). Hejero enemenra h € Z, je
onpeheno TuMe Kako OH JiesTyje Ha reHeparop 1 € Z,, neayjyhnm Kao MHOXKEe
pesyitaTa oBOr JejcTBa, Tj. h-a = (h-1)a 3a cBe a € Z,. Ilomrro ce remeparop
masbe y JPYru reHepaTop, TO 3Ha4IU Ja je JejcTBo esneMenTta H na Z, naro
yramamem o : H — 7}, t7ie je Z; Tpyna jenununa npcrera Z, = Z/p"Z. Ilomto
je CBaKM HeTpHWBHUjaJIHH ejeMeHT H pema p, cIMKa OBOI yTalama MOpa OUTH
MIOJICKYTI eJIEMEeHATa 0OJINKa

imp={1+kp"': 1<k<p—-1}={1+b: bep"'Z,} CZ,
Jaxie, jeman of egemeHaTa y H, penmmo h, ce moHama Kao 1 + p"~ 1, mTo
oarosapa ciayuajy (C). Kako je caku enement o H reneparop ox H, To 3uaqu
LI = 7!, naxne, enement x ce dukcnpa axo je h-x =z, 1j. (14+p" ')h -z =z,
Tj.
Zl ={x €Zy: p" "z =0} = pZ,

C apyre crpane, orepaTop HOPME Jie/Iyje Kao MHOXKEhE Ca

p—1 p—1

, - e noPp—1 p—1,

N = E ZZE (1+kp" ) =p+p 15 k=p+p 1(T):p+Tp.
1€im @ k=0 k=0
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Mebyram, 211 =p, n

n—1 n—1 nflp(p B 1) p— 1 n
k= =
p 9 9 b,

mTo je noaynaapuo ca 0, jep je p Helmapas, IITO 3HAYU JIa p|@. Haxite, ore-
paTop HOpMe Jesyje Kao MHOXKeme ca N = p, u crora NZ, = pZ,. Jakne,

Zl 7
H2(Hizq):NqZ’ :%:0
q q

ITpema nemu 28, umamo Jia je pammpeme uzomopdno Z, X, H, ca oneparujom
onpeheHoM JejcTBOM TeHepaTopa Ha H, 3a KOju CMO YTBPAWINA Ja JeJIyje MHO-
KemeM ca 1+ p"~1. Osaj ciyuaj ogrosapa xateropuju (C). O

Kana je y nuramy ciaydaj 3a p = 2, UMaMoO jOII HEKOJUKO KaTeropuja Mo-
ryhux 2-rpyna ca IUKJIAYHOM TOATPYIOM WHJEKCa 2, TopeJl Beh HaBeIeHUX
kareropuja (A), (B) u (C). Oune cy cuenehe:

(D) Hduenapcke 2-rpymue: Dy, = Z,, X Zsy, Tjie TeHEPATOP Of, Lo Jeiyje Ha Ly,
Kao MHOXKeme ca —1. Cmarpamo 1a je m = g = 2" 3a HEKO n > 2.

(E) T'enepanmzoBane kBaTepHUOHCKE 2-TpyTe: Qy, je JeduHUCAHA KAO MYJITH-
IUIMKATUBHA ToArpyna kBarepauoncke ajaredpe H = R d Ri & Ry & Rk
renepucane ca £ = e™/™ u y = j. Buanmo ga je x pema 2m u yry ! = 27,

ra je MUKJINYIHA MOJIPYyIla reHeprcaHa ca © HopMaJiHa u mHiekca 2. To

3HA4IN 12 je Quy pesia 4m, ma y3uMamo Ja je m CTereH Opoja 2 Tako ja je

Q4 3aMCTA 2-TPYTA Ca MUKJIUIHOM TOJTPYIIOM UHJIEKCA 2.

(F) Z; X Zy, the je ¢ = 2" u n > 2, rue reHeparop Z, Aeiyje Ha Z, Kao
MHOXKeme ca —1 + p L,

[Tokaszyjemo s1a oBa Jucta 0odyxBara cBe MOTYNHOCTH.

Teopema 33 Axo je G 2-ipyua ca yukAUMHOM TOGIPYUOM ungekca 2, onga je G
uszomopdna jegroj og Ipyua ope nasegenux xaweiopuja (A)-(F).

Hoka3z: Hamr jmoka3 nmouumme ucTto Kao m 'y gokady Teopeme 31. Ilocmarpajmo
palmpene

0— Z, > G > H — 1.

rie je ¢ = 2" 3a neko n u H = C7. Axo je H-nejerso Tpusnjamno Ha Z,, oHJa
je G tuna (A) wuun (B). Axo je H-7€jcTBO HETPUBHjATHO, OHJIA U3PATyHABAMO
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H?*(H,Z,). Hejcrso H wa Z, je maro yranamem ¢ : H < Zy, w3 H y rpymy
jemuauna on Z,. Cana, Kao y HPeTXOmHOj Teopemu, Kopucrmhemo Jlemy 32,
MehyTtum, pesyarar je apyraduju 3a p = 2 y nopebemy ca memapuum p. Oje
MMaMo J1a je ciuka yranamwa {£1+b: b€ 2" 17Z,} = {1,14+2" 1 -1, 14271},
axme, nMamMo Tpu HeTpUBHjaJIHE MOTYNHOCTH 3a CMKYy a € Z; reneparopa H:

Cayuaj 1: @ = 1 + 2" . CamaHO IPeTXOIHOM JIO0KA3y, Zf = 274 n onepaTop
Hopme je MHOkeme ca N =1 +a =2+ 2" = 2(1 +2"2). Ako je n = 2, onja
jeq=4ma=1+2=3= —1, mTo je eKBUBAJEHTHO cJieJeheM cJiydajy KOoju
hemo yckopo obpaguru. IIpernocrasumo n > 3. Caja, 1+ 272 € Ly, n 3a10 je
NZ4 = 2Z,. Crora, nmMmamo

27
H*(H,Z,) = =% =0,
v o7,

U JlaKJie, 1o Jiemu 28, parmmpeme ce Tena u oxa je tuna (C).
Coyuaj 2: a = —1. ¥ oom ciyuajy je ZI = 2"'Z, u omeparop HOpMe je
N=14a=1-1=0, tako ga

ZH - on17,,
H*(H,Z,) = —%- = = Zs.
( Y q) NZq 0 2
Jake, 1mocroje TavHO JIBA HEEKBUBAJIEHTHA palllipeha KOja OJI'oBapajy OBOM
nejersy H na Z,, Tako ga Mopajy outn tuna (D), mrro oxrosapa TpuBHjasHO]
kiacu koxomosoruje, u (E) 3a merpupmjanny kiacy (IpuMeTuTe Ja Yy 3aMCTa
Jlestyje Ha x Kao —1).
Cnygaj 3: a = —1 + 2"!. Pasmarpamo n > 3, jep 3a n = 2 UMaMoO a =
—142 = 1. OBe umamo Zf = 2””Zq 7 JIa OIIEPATOP HOPME OJITOBapa MHOKEHY
ca N=1+a=2""' Crora,

217,
2717

H*(H,Z,) =

q ~
=0,
q

U JIaKJIe, IpeMa JieMu 28, palmperbe ce erna u Mopa ja je tumna (F). O
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1 Introduction

1.1 Foreword

The aim of this thesis is to introduce the cohomology of groups and some simple
applications. I closely follow two sources to set up the framework — “Cohomology
of Groups” by Kenneth S. Brown 1982, a text based on a graduate course he held
at Cornell University; and “Characteristic Classes and the Cohomology of Finite
Groups” by C.B. Thomas 1986. Afterwards, I work through several examples,
mostly taken from the problems and exercises listed in those books.

1.2 History

The seed for modern day homological algebra was planted by Riemann in the
second half of the 19th century, when he was studying closed curves on surfaces.
This line of thought was continued by Betti, and then Poincare in his 1895 paper
“Analysis Situs”. There he introduced a relation called a “homology”, based on
formal sums of submanifolds. He also introduced the Betti numbers of a manifold,
as well as his eponymous theorem, the Poincare Duality Theorem. In his follow-up
papers in 1899 and 1900, there appeared a concept that would later be known as
a chain complex, along with boundary maps, which he introduced through linear
algebra and the notion of torsion coefficients.

At the start of the 20th century, mathematicians such as O. Veblen, J. W.
Alexander and H. Kuneth worked on understanding and clarifying Poincare’s
breakthrough ideas. However, the field remained a discipline for topologists, who
manipulated incidence matrices to determine Betti numbers and torsion coeffi-
cients. It wasn’t until 1925, where Emmy Noether reported that homology was
in fact an abelian group, rather than just Betti numbers and torsion coefficients.
Slowly, perceptions began to shift towards a more algebraic approach. In 1929 L.
Mayer introduced chain complexes and the homology groups of a complex purely
algebraically. During the decade 1925-1935, several mathematicians created their
own versions of homology. Among these mathematicians are Alexander, Alexan-
drov, éech, Lefschetz, Kolmogorov, Vietoris, de Rham. Each case was similar, a
recipe was given to construct a chain complex and their homology groups would be
defined as the homology of that complex. Then, they would show that the result
is independent of choices, and would yield the usual Betti numbers for compact
manifolds.

In 1935, there were several major breakthroughs in the development of homol-
ogy theory. Pontrjagin and Brauer calculated the homology of the classical Lie
groups, results which Hopf used in what would later become the theory of Hopf
algebras. Cech developed the Universal Coefficient Theorem. The last great result



we’ll mention for now was the discovery of cohomology theory and cup products.
This was developed independently by Alexander and Kolmogorov, who presented
their results back-to-back at the Moscow International Conference on Topology
in September 1935.

Also in 1935, Hurewicz defined the higher homotopy groups 7,(X) of a space
X. He constructed the Hurewicz maps h : 7,(X) — H,(X;Z). He then focused
on aspherical spaces, those spaces whose higher homotopy groups (n > 2) are all
trivial, but whose fundamental group 71 (X) need not be trivial. He proved, among
other things, that the homology groups of X depend only on the fundamental
group of X. In particular, this means that given a group m, the homology groups
of an aspherical space X with fundamental group 7 are in fact independent of the
choice of space X.

For the next period, up to 1950, topologists started realising the implications
that homological theory of topological spaces had in algebraic systems. Certain
cohomologies were discovered to rely solely on algebraic data, such as the coho-
mology of an aspherical space depending only on its fundamental group, or the
cohomology of a Lie group depending only on its associated Lie algebra. This led
to thinking in more algebraically defineable terms, without reliance on topology.
The former example is what led to the creation of the cohomology of groups.

The lower dimension cohomology groups of a group G had been interpreted
before in different ways, yielding classical results. For example, in dimension zero,
HY(G; A) = A% the group of invariant elements. In dimension 1, the homology
group Hq(G;7Z) = G/|G,G], the abelianisation of the group. The cohomology
group H'(G; A) was an already studied classical object, the group of crossed
homomorphisms of GG into a representation A. Hilbert’s “Theorem 90” from 1897
is a calculation that H'(G; L*) = 0 when G is the Galois group of a cyclic field
extension L/K, and the name comes from its role in the study of crossed product
algebras. In dimension 2, the group H?(G;A) is in fact a classification of the
extensions over G with normal subgroup A via factor sets. Factor sets appear in
concept as early as 1893 in a paper by Holder, a 1904 study by Schur, or in 1906
by Dickinson. In 1926, Schreier gave the first systematic approach to factor sets,
which Brauer continued in 1928. In 1934, Baer noticed that when A was abelian,
these factor sets could be added termwise, such that the extensions formed an
abelian group. This lead to the first treatment of extensions without using factor
sets.

In 1941, Heinz Hopf submitted a paper in which he showed that the funda-
mental group m = m(X) of a space X determined the cokernel of the Hurewicz
map h : mo(X) — Hy(X;Z). Presenting 7 as the quotient F'/R of a free group F
by the subgroup R of relations, Hopf gave the explicit formula:

Hy(X;Z) _ RN[F,F]
h(m(X)) — [F,R]




where [A, B] for A;B C F denotes the subgroup generated by commutators
[a,b] = aba™'b~! (a € A,b € B). In particular, if m(X) = 0 (as is in the
case of aspherical spaces) this shows that Hs(X;Z) depends only on m1(X). In
that case, this formula is called Hopf’s formula for Hy(m;Z).

Hopft’s paper, and the work of Hurewicz, inspired many mathematicians to
study the homology and cohomology of aspherical spaces, and to express the
results in terms of the fundamental group. In MacLane’s words: "This line of
investigation provided the justification for the study of cohomology of groups in all
dimensions and was the starting point of homological algebra". Thus, Eilenberg
together with MacLane, Freudenthal, and Hopf, followed up by Eckmann, all
simultaneously, yet independently defined the homology and/or cohomology of a
group.

Eilenberg and MacLane had worked together to discover what is now known
as the Universal Coefficient Theorem for singular cohomology in 1942, specifically
that cohomology was determined by homology. Hopf’s work that year had left a
big impression on them, and they then worked together to study aspherical spaces.
Using Hurewicz’ result, that given a group m, the homology and cohomology
groups of an aspherical space Y were independent of the choice of Y, as long
as m(Y) = m, they took these definitions to be H,(m; A) and H"(m; A). For
computations, they created a specific abstract simplicial complex K () for the
choice of aspherical space Y. Its n-cells are ordered arrays [z1,. .., z,] of elements
in the group. Thus, they calculated the cohomology groups of 7 as the cohomology
groups of the cellular cochain complex of K (7). Eckmann’s paper also defined a
cohomology ring in a similar way, defining the cohomology cup product in terms
of this complex. Both papers showed that H*(G; A) classifies group extensions.

Concurrently, Hopf created a completely different definition. This definition
was much closer to the modern definition. He considered a module M over a ring
R, then constructed a free resolution F' of M by R-modules. For I an ideal of
R, he considered the homology of the kernel of F' — F ® (R/I) and showed it is
independent of the choice of resolution. In fact, he specialised to the case of the
group ring R = Zm, the augmentation ideal I, and M = Z. Here he showed that if
Y is an aspherical cell space with fundamental group 7, then H,,(Y;Z) = H,(m; Z).
Freudenthal’s method was similar, but less general.

At first, calculations were restricted to groups that were fundamental groups
of familiar topological spaces, using the bar complex. Later, in 1946, another
method was found by Lyndon, which Serre realised in 1950 by using a spectral
sequence. He finished this description with Hochschild in 1953, and it is now
known as the Lyndon-Hochschild-Serre spectral sequence.

Hochschild applied the new definitions of cohomology of groups in his study
of local class field theory, to create Galois cohomology. Studying this Galois
cohomology, Tate was lead to define the Tate cohomology, indexed by all integers,



by splicing together the cohomology and homology of a group.

In 1950, in the Seminaire Cartan, Eilenberg gave an axiomatic characterisation
of homology and cohomology theories for a group, and established the existence
of said theories using a fixed free resolution, and Cartan proved the Comparison
Theorem for chain complexes. This lead to their collaboration, with the goal of
rewriting the foundations of all the ad hoc algebraic homology and cohomology
theories that had arisen so far. It is here they introduced the term "Homological
Algebra", using it for the title of their 1956 textbook. This book denotes the first
occurrence of the notation Tor, and Ext™, as well as the concept of a projective
module. In his review of their book, Hochschild stated that "The appearance of
this book must mean that the experimental phase of homological algebra is now
surpassed".

The book made use of the notion of chain complexes and resolutions, which had
also been developing over time. Chain complexes were first formally introduced by
Mayer in 1929, inspired by Noether’s report from 1925. In 1947 Kelley and Pitcher
coined the term "exact sequence". Chain complexes were further developed by
Eilenberg and Steenrod in their 1945 book, which saw the first occurrence of
the five-lemma and Mayer-Vietoris sequence. The snake lemma first occured in
Cartan and Eilenberg’s 1950 book. Free resolutions had been used for a long
time in algebra, starting with Hilbert in his 1890 paper. Baer implicitly used
free resolutions in his 1934 study of group extensions. Similarly, as mentioned
before, Hopf used them in his description of the homology of a group. Injective
modules and resolutions had been implicitly used by Baer, in his characterisation
of semisimple rings, and MacLane, in a 1948 paper on group extensions.

It was based on the work of Hopf that Cartan and Eilenberg used free ZG-
resolutions of a G-module A in order to give an axiomatic description for the
group homology H,.(G;A). However, they went on to define the concept of a
projective module. Then, they defined projective and injective resolutions. They
use these definitions in their definitions of TorZ(M, N) and Ext%(M,N) as the
derived functors of M ®r N and Hompg(M, N). This lead to the unification
of many previously studied homology and cohomology theories. The homology
and cohomology groups of a group G were shown to be the Tor and Ext groups
over the group ring ZG. Similarly, Hochschild’s homology and cohomology of an
associative algebra A were shown to be the Tor and Ext groups over the enveloping
algebra A ® A°?; and the homology and cohomology of a Lie algebra g were shown
to be the Tor and Ext groups over the enveloping algebra Ug.

The publication of Cartan and Eilenberg’s "Homological Algebra" lead to an
incredible amount of research inspired by the work. In fact, many new fields of
study emerged and flourished as a result. Some of these fields include areas in
projective modules; theories in ring theory such as regular local rings, local rings,
Matlis duality, and local cohomology and duality; theories in algebraic geometry



such as Galois cohomology and Etale cohomology; areas in derived categories;
and many more. This book remained popular until the 1970s, and along with
MacLane’s 1963 book "Homology", helped the subject become standard course
material.



2 (G-modules

2.1 Group rings and G-modules

Let G be a group, not necessarily finite. We define the integral group ring of G
as A = ZG, consisting of formal sums ¥;n;g; where n;, € Z, g; € G, and i are
elements of a finite index set, with the operations

Yinigi + Ximig; = Xi(ni +m;)g;

and
(Binigi) (Zim;gy) = i j(nim;)(gig))-

The left G-module A is defined as an abelian group A together with a G-action
on A which respects addition in A: g-(a+b) = g-a+g-b. As A is an abelian group,
we may consider it as a Z-module. We shall sometimes denote that underlying
Z-module by Ag.

As the G-action on A respects addition, we may linearly extend the G-action
to a A-action on A: for an element A\ = ¥;n;g; € A, A-a = (¥n;9;)-a = ¥ni(g; - a).
Let a € A. Clearly 1-a = a. For A and pu = ¥jm;g; we have

(M) - a = ((Zinigs)(3m;g5)) - a = (Zi;(nem;)(gig))) - a =
¥ (nim;)(gig5) - a = Sij(nimy)gs - (g; - a) = B jnigi - (mjgy - a) =
Sinigi - (Symyg; - a) = (Signigi) - (Emyg;) -a) =X~ (- a)

This action also respects addition:

A-(a+b) = (Binig)-(a+0)
= Ymng - (a+0b)
= Ymni(gi-a+g;-b)
= (Znigi - a) + (Einig; - b)
= A-a+A\-b

Hence, A, together with the G-action, is a A-module, in the classic sense. The
converse is also obviously true. Thus, from here on forth we use the terms G-
module and A-module interchangeably.

Throughout this text, G, A and A shall be as above, unless stated otherwise.
We typically denote the neutral element of G as 1, so that in A we can simply
write 2 instead of 2e,, or something similar. We denote by Ug the category of
left A-modules and A-homomorphisms. We will also often treat Z as a G-module
with trivial G-action.



We can create a G-module out of any arbitrary set with a G-action. We call
such a set X with a G-action a G-set. From X we form the free abelian group
(or, equivalently, Z-module) ZX, sometimes denoted Z[X], and we extend the
G-action on X to a Z-linear action of G on ZX. We call the resulting G-module
a permutation module.

Furthermore, as the orbits X; of the G-action on X are disjoint G-sets them-
selves, we have the following decomposition:

z|| |xi] =Pz

Of course, using the orbit stabilizer theorem we have

ZX = PzG/G,)

where the x; € X, are representatives for the G-orbits in X, and (G, is the stabilizer
subgroup of G with respect to x. Thus, the representatives x; form a generating
set for ZX as a A-module.

In particular, for a free G-set, i.e. when the G-action on X is free, the stabilizer
subgroups are trivial. This means each Z[G/G,,| = ZG, from which we obtain
the following proposition:

Proposition 1 Let X be a free G-set and let E be a set of representatives for the
G-orbits in X. Then ZX is a free ZG-module with basis E.

2.2 Invariants and coinvariants

The subset of invariant elements in the G-module A is defined as
A ={acA:g-a=aforalgeG}

This submodule is the largest submodule of A on which G acts trivially.

Let A and A’ be two G-modules. We can define a G-action on the Z-homomorphisms
Hom(A, A") by the rule

(9-fla)=g-flg”"a)

for all g € G, f € Hom(A, A") and a € A. Here we used the G-actions on A and
A

To verify that this action is well defined, we check the following hold for all
g,h € G, f € Hom(A, A’) and a € A:

L (1-f)(a)=1-f(17"-a) = f(a)

2. (g-(h-f))(a) = g-(h-f)(g~"-a) = g-(h-f(h~'-(g7"a))) = (gh)-f((gh)"-a) =
((gh) - f)(a) for all g,h € G.



An invariant element of Hom(A, A’) is an element f which satisfies (¢- f)(a) =
f(a) forallg € Ganda € A, thatis g- f(g7'-a) = f(a), forall g € G and a € A.
By replacing a with ¢ - a (which spans all of A) we get the equivalent condition
g-fla)= f(g-a), forall g € Gand a € A. Thus, f is an invariant element if and
only if it is a module homomorphism between G-modules A and A’. Hence,

Homg(A, A') = Hom(A, A",

This formula gives rise to another description of A%, given by the following
property:

A% =~ Homg(Z, A), (1)

where we consider Z as a G-module with trivial G-action. Indeed, as Homg(Z, A) =
Hom(Z, A)Y, it is enough to show Hom(Z, A) = A. Each homomorphism is de-
termined by the image of 1 € Z by linearity, so let us map homomorphisms f to
f(1). This mapping is clearly an isomorphism, all that is left is to check that the
G-structures correspond. This is easily checked: (g-f)(1) = g-f(g7'-1) = g- f(1),
noting that the G-action on 7Z is trivial.

The following lemma displays a useful property of the invariants functor:

Lemma 2 The functor A — A is left exact on the category of left A-modules,
e if

¢ ¥

00— A s B s O — 0

is a short exact sequence of left A-modules, the sequence

0 — AC *“, Bo wG>CG

1s exact in the category of abelian groups.

Proof: If ker ¢ = 0 then ker ¢© = 0 as it is a subset of ker ¢.

Let us show that ker ¢ = im ¢. Of course, im ¢ C ker 1), as their composition
is 0. Now, let b € ker¢“, so b € B¢ and ¢“b = 0, which means b = 0, as ¥ is
the restriction of ¥ to BE. As ker ) = im ¢ we have b = ¢a for some a € A. Now,
as ¢ is a module homomorphism, for arbitrary g € G we have

¢lg-a)=g-(pa) =g-b="b

as b is an invariant element of B. Thus, ¢(g - a) has the same image as ¢(a).
However, ¢ is a monomorphism, which means g - @ = a. Since g was arbitrary,
this means a is an invariant element of A, or a € A%. Thus, b € im ¢“. Hence,
kery = im ¢. Il



The subset of coinvariant elements in A is defined as the quotient of A by the
submodule generated by elements of the form ¢g-a — a for all g € G and a € A.
This quotient is denoted by Ag. Where A% was the largest submodule of A on
which G acts trivially, Ag is the largest quotient of A on which G acts trivially.

An equivalent definition of Ag may be given by:

Ag =7, A. (2)

Note that for the tensor product to make sense, we regard Z as a right A-
module, with trivial G-action. Let us prove the above identity is equivalent to
the original definition. By the universal property of tensor products, there is a
unique map ¢ : Z @y A — Ag given by n ® a — na, where a denotes the image
of a in the quotient Ag. Conversely, Let us consider the map 6 : Ag — Z ®) A
given by a — 1 ® a We check that 6 is a well-defined map of A-modules. As the
G-action on Z is trivial, we have

1®(g-a)=(1-g)®a=1®a,

which means we have 1 ® (g -a —a) = 0. Thus the map 6 is well defined, as if
two elements a, a, are the same, they differ by a sum of elements of the form
g-a—a,and so 1 ®a; =1® as. The maps ¢ and 6 are inverses of each other,
and thus Ag and Z ®, A are isomorphic as A-modules, noting that the G-action
is trivial in both cases.

Note that, by bilinearity, every element of Z ®, A may be expressed as 1 ® a,
for some a € A. This expression need not be unique.

In general, we are able to work with the tensor product A®, A’ of two left G-
modules A and A’. We do this by regarding A as a right G-module with the right
G-action defined as a-g= ¢ !-a, for all a € A and g € G. In this case, A @y N
is obtained from A ® A’ by quotienting out the relations ¢7!-a ®d =a® g - d
(instead of the usual a-g®a’ = a®g-a’). By replacing a with g-a, these relations
take the forma®d =¢g-a®g-d.

Inspired by this, can give A ® A" a G structure. We define the G-action on
A® A by gla®d) =ga® ga for all a ®@a’ € A® A’. Thus, we have

Ay A= (A A)q.

Similar to Lemma 2, we have the following property of the co-invariants func-
tor:

Lemma 3 The functor A — Agq is right exact on the category of left A-modules,
i.e. if
@ p
0— A » B >» C' — 0




is a short exact sequence of left A-modules, the sequence

AG ¢G>BG wG>Cg—>0

is exact in the category of abelian groups.

Proof: The maps ¢g and g are the maps that make the following diagram
commute:

A—,p-—",¢C

bl b

el Y
AG > BG > Cg,

where p, ¢ and r are the quotients from the definition of the coinvariants. In other
words, we have ¢pgp = q¢ and g = rip. We see that for any a € A and g € G
we have
P(g-a—a)=g-¢(a) — d(a),

i.e. ¢ sends elements in ker p to ker ¢g. This allows us to define ¢ in the natural
way, sending elements of the form p(a) € Ag to gp(a) € Bg. Similarly for .

First we will show im ¢ = Cg. Suppose we are given an arbitrary element of
Cq. It is of the form r(c), for some ¢ € C. As 1 is surjective, this means there
exists some b € B such that ¢b = ¢. Thus, r(c) = r(¥b) = ¥eq(b) € im ¢, hence
im 2/1@ = Cg.

Now, let us show ker )¢ = im ¢¢. First of all, we have that their composition
is 0: Given an arbitrary element p(a) € Ag, we have

Yagapla) = Yaq(pa) = r(Pé(a)) = r(0) = 0.

Thus, im ¢ C ker 1. Let us show the converse.

Suppose we have an arbitrary element ¢(b) € ker ¢¢. This means ¥gq(b) = 0,
i.e. r(¢b) = 0, by which we have ¥b € kerr. From the definition of the quotient
map r, this means that b is in the subgroup of C' generated by elements or the
form g -c— ¢, where g € GG and ¢ € C. Hence, for some g; € G, ¢; € C' and n > 1,

we have
n

vh= (g:-ci— ).

i=1
As each ¢; € C for all 1 <7 < n, and v is surjective, this means there exist b; € B
such that ¢; = ¥b; for all 1 < i < n. Thus,

n n

Ub =" (gi - b — ¥bi) = (Y _(g: - bi — by)) = ¢m,

i=1 i=1

10



i.e. Y(b—m) = 0, where we denote m = (> ,(g;-b; —b;)). Thus, b—m € keryp =
im ¢ by the exactness of the starting sequence. So, we now have b — m = ¢a for
some a € A. As m is in the subgroup outlined in the definition of Bg, it follows
m € ker q. Now, we have

q(b) = q(b—m) = q(¢a) = dap(a) € im ¢g.

Thus, we have shown ker v € ker ¢g. O

2.3 Coinduced and Induced A-Modules

The G-structures obtained from the above defined G-actions on resulting objects
of the Hom( , ) and ®  functors give rise to the concepts of induced and
coinduced A-modules.

Definition 1 A A-module A is considered coinduced if there exists an abelian
group X with trivial G-action such that A = Hom(A, X), and induced if A =
A X.

Proposition 4 If G is finite, the definitions of coinduced and induced modules
coincide.

Proof: Let X be an abelian group with trivial G-action. Let A and A’ be the
modules from the definitions of induced and coinduced modules respectively, that
is A=A®X and A’ = Hom(A, X).

Let n be the number of elements in GG, and denote the elements of G as
{91,92, -, 9n}. As A = ZG is the set of formal sums over elements in GG, of which
there are n < oo, it is clearly isomorphic to Z". As such, we have

A=A X=2Z2"0X=2(ZoX)"=X"

The resulting isomorphism A = A ® X — X" is given on an arbitrary element
deGg®xg € A by

g GR Xy (Tgy, Xy, .., Tyg,)
geG

It follows that any element in A can be uniquely represented as > gec 9 @ xg for
appropriate r, € X.

On the other hand, as a homomorphism from Z" to a group is uniquely deter-
mined by the images of the n basis elements of Z", we have

A" =Hom(A, X) 2 Hom(Z", X) = (Hom(Z, X))" = X"

11



where the last isomorphism arises as each homomorphism from Z to X is uniquely
determined by where 1 maps to.

Hence, as Z modules, we see that A" and A are isomorphic. All that is left is to
show that there is an isomorphism between them which respects their G-actions.
To do this, we shall construct an isomorphism between A’ and A, and directly
show that it preserves the G-action.

As @ is finite, we may write an arbitrary element A € A as a sum over all
elements of G, i.e. A = deG kg9, with k, € Z. Let us consider the mapping
¢: A — A’ that sends an element g ® x to the homomorphism xx,, where y, is
the indicator homomorphism for g, i.e. if A = >, . kph, then x4(\) = k;. We
extend ¢ additively to the rest of A.

lfa=3% cc9g®@x,€ A and A =3 ., kyg then

fa(N) = fdec 9@z, (A) = Z fogz,(A) = Z%Xg(/\) = Z kgg.

geqG geG geG

As every element in A can be uniquely represented in the form ) gec 9 ® Tg,
the mapping ¢ is well defined.

To show it is injective, let us suppose ¢ has the same image on elements
a = Egecg ® x4 and b = decg ® Yy, i.e. fo = fp. That means they have the
same image on any arbitrary element g € G, ie. f,(9) = fo(g). Hence, z, =y,
for all g € G. Thus, a = b and ¢ is injective.

Let us now check that the mapping is also surjective. Suppose f € A" =
Hom(A, X). For each g € G, let f(g9) = z,. Let a =} s9®z, € X. Now,
f = f. on G, so by linearity, they also concur on A.

All that is left is to check that the G actions on A’ and A match, that is
h- f, = frna for all h € G. As before, any arbitrary element a € A can be written
simply as a = dec g® x4 Let h € G. Keeping in mind the G-action is trivial
on X, we calculate:

hea=h-()_g@x) =) h-(g®z)=> h-g@h-2,=> h g,

geG geG geG geG

As G acts on A by left multiplication, and as G is finite, we may identify the
action of multiplying from the left with an element h of G with a permutation
o € Aut(G).

h-athg@a:g:ZU(g)Q@mg:Zg@xafl(g).

geG geG geG

Now we calculate how h acts on f, for any arbitrary u € A:

12



(h- fa)(w) =h-f(h™" - p) = f(R™" - )

as f(g~' - p) € X. Restricting to the images of elements of GG, we have

(h- fa)(g9) = fo(h7 - 9) = fal07'(9)) = To-1(9) = fral9)
where we conclude the final equality from the calculations of h-a above. Therefore,
as both sides agree on G they must agree on their extensions to A. O

Lemma 5 FEvery G-module embeds in a coinduced module.

Proof: Let A be a G-module. We will show A embeds in Hom(A, Ag), where Ag
is the underlying Z-module of A, meaning it has trivial G-action. Consider the
map A — Hom(A, Ag) given by a — f, where f,(g) = g7'-a for all g € G as a
subset of A (as the G action on Ay is trivial we consider the result of g=* acting
on a in A, which is an element of A), and fa extends to the rest of A by linearity,
that is, fu(\) = fu(O0, kigi) = Y. kig; ' - a. This mapping is injective, as, if
fo = fo, then f,(1) = f(1), which means @ = b. We must also show that the
G-actions agree, that is, g - f, = fy.o. We thus must have (g - f,)(\) = f;.o(A) for
all \.

(9 f)N) =g falg™" X)) = falg™ - X) = falg™" - Z kigi) = fa(Z kig ™" gi)

:Zk<g gz - G_Zk g@ a_zkzgz fga( )
i=1
The second equality holds, as, in g- f,(g~*- )\), the outer action is the G-action
on Ay, which is trivial. U

Lemma 6 FEvery G-module is the homomorphic image of a projection of an in-

duced G-module.

Proof: Let A be a G-module and denote by Ajg its underlying Z-module. Consider
the map from A ® Ay to A mapping g ® a to g - a and extending to all of A ® A
by linearity. We shall show it is an epimorphism. It is surjective, as every a € A
is the image of 1 ® a. To show the G-actions agree, we show that ¢'- (¢ ® a) maps
to ¢' - (g - a). Thus,

g (9®a)=(d9®4¢ -a)=(dg®a)

! " (g-a). d

as G acts on Ay trivially. This result maps to (¢'g) -a =g

13



3 Resolutions

3.1 Free Resolutions

Other than G-modules, the other core structure in the theory of group cohomology
is the projective resolution. For now we will start with resolutions of free modules,
and properly define projective modules later.

Definition 2 Let R be a ring and M an R-module. The set E is a basis for M
if it generates M and if it is linearly independent. If such a set exists, then we
say M is a free module.

Definition 3 Let R be a ring and M be a left R-module. A resolution of M is
an exact sequence of R-modules

p) P
e By 2 B — 5 Fy —— M — 0.

If each F; is free, then this is called a free resolution of M over R.

We can show that a free resolution exists for any arbitrary module M, by
simple construction: Let Fj be the free module generated by the elements of M
as generators, and € : Fy — M be the obvious surjection. Next, repeat the process
to create the free module F} generated by the elements of ker ¢ as generators and
a surjection F} — kere. This process can then be repeated indefinitely to create
a free resolution for M.

We will mostly be concerned with the case where M is Z and R is A = ZG for
a given group G.

3.2 The Augmentation Map

We define the augmentation map to be the ring homomorphism ¢ : A — Z such
that e(g) = 1 for all ¢ € G. The kernel of ¢ is called the augmentation ideal of A
and is denoted 1.

Let A = )" k;g; be an arbitrary element in A. We compute

e(A) = E(Z kigi) = Zk25<gz) = Zkz

Hence, if A € I, then ) k; = 0, which means

)\:)\_Zki:Zkigi_zkizzki(gi_l)~

14



Thus, every element of I is generated by elements of the form g — 1, i.e. the
elements {g — 1| g € G, g # 1} form a basis for I as a Z-module.

Now, suppose S is a set of generators for G. We shall show that the elements
{s — 1| s € S} generate I as a left ideal. As the elements {g — 1| g € G, g # 1}
generate [, it suffices to show that these elements are generated by {s—1| s € S}.
An element g € G is of the form g = s159---s, where sq,...,s, € S are not
necessarily distinct. Now, we create the telescoping sum

g—1 = 51895, —1
k—1

k—1
= 8182.”819_5 Sl...si_f_g 51"'3i_1
i=1

=1

= Z(Sl"'s’i_sl"'sifl)

_ Z(Sl . “51‘—1) . (51‘ — 1).

i=1

Hence, the elements {s — 1| s € S} generate I as a left ideal.

The converse is also true, if the elements {s — 1| s € S} generate I as a left
ideal, then S is a set of generators for GG. Indeed, suppose H is the subgroup of GG
generated by S. Consider the permutation module Z|G/H|. The neutral element
1 € G/H is fixed by H. Thus, as S generates H, as a subgroup, and the elements
{s — 1] s € S} generate I, 1 is annihilated by I. Hence, for all elements g € G,
(g— 11 =0ie gH = Hie g€ H. Thus G C H, which means G = H. In
other words, S generates G.

We defined the group of coinvariant elements Ag of A as the quotient of A
by the additive subgroup generated by elements of the form ga — a for all g € G,
a € A. These elements are in fact the product of an element g —1 € I and a € A.
These elements thus generate the ideal JA = {d""a;b; | n > 1, a; € I, b; € A},
and thus we have another form for the coinvariant group.

Lemma 7 Ag = A/IA.

3.3 Example: Free Resolution of 7Z over a Cyclic Group

Let us now construct a basic example of a free resolution:
Example 1 A free resolution of 7 over a cyclic group.

Note: Let us denote by CT a cyclic group of order r generated by T', for integer
r,2<r <o

15



Proof: We shall divide our proof into the two cases when the order of the cyclic
group, 7, is infinite or finite.

Case 1: r = 0o. The tail end of our resolution must be the augmentation map
e : ZOT — 7, where the generator T maps to 1. This means 7' — 1 maps to 0, so
we construct the preceding free module to be ZCY = ZCTL = A, with boundary
map d : S — T — 1, where we renamed the generator as S simply for clarity’s
sake.

It is simple to show d is injective: let a + bS,c + dS € ZC%, with d(a + bS) =
d(c+ ds). Thus,

a+bl'—b=c+dl —d,

and so
(a—c)+(d—0b)=(d—0b)T.

By linear independence, we get that d = b and ¢ = a, i.e. a +bS =c+dS.
Thus, the sequence

0 —— ZC5 —15 20T —— 7 — 0.

is exact, and so this is a free resolution of Z over ZCZ .
Case 2: r < co. Consider N =1+ T +T? + --- +T" We will show that the
following is a free resolution of Z over ZC}:

Tr-1 T-1 T—1
C— Ao N, Ar—1) s N Aqy —

A(()) — 7.

Each A(; is a copy of the free module A. We check that the sequence is exact, that
the kernels and images of the maps N : Appy — Ap—1y and T — 1 : Aopyr) —
A(ary coincide. N(T'—1) = (T'—=1)N =T" —1 = 0, so the image of each map lies
within the kernel of the next. We show the converse is also true.

For the odd case, let A = 3"/ a,T" € Apy1). As \is in ker(7 — 1), we have

(T—1)-A = 0

r—1
(T—-1)-) aT" = 0
r—1 Zﬂi?
T-ZaiTi— 1-Zam’ = 0
1=0 =0
r—1 r—1
Z a; T — Z ;T = 0
1=0 =0

r—1

CLT_lTT + Z(ai_l - CI,Z)TZ —ay = 0

=1
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which, noting 7" = 1, implies ag = a; = --- = a,_1 = ag by linear independence.
Thus, X is of the form 37~ aoT" = apN and so A € im N.

For the even case, again let A\ = Z;:S a;T", this time, however, in Ay).
Suppose A € ker N. Then,

N-AX =0
r—1
N-Y aT =0
r—1 rijo
(T7-) aT') = 0
7=0 =0
r—1 r—1
j{:(h7ﬂ+ﬂ =0
j=0 =0
r—1 r—1
S (@3 T) = 0
=0 7=0
r—1 r—1
(Ya)(XT) = 0
=0 =0

By linear independence, this results in r identical equations: ag + --- + a,—1 = 0,
or ag = —aj; — - -+ — a,_1. Putting this back into A\, we get

r—1 r—1 r—1 r—1
A=) aT =ag+ Y aT' = a(T"—1)=> a(T—1)1+---+T").
=0 =1 =1 =1

Hence, A = (T'— 1) - p for some p1 € A (or rather Ai41)), and so A € im(7T" — 1).
Therefore, our sequence is exact, and as such is a free resolution of Z over

ZCT . O

3.4 The Standard Resolution

While we have already shown that a free resolution exists in general, for the case
where our module is over the group ring A = ZG, we have a more convenient
construction: the standard resolution. Let P, be the free Z-module with basis
given by (k + 1)-tuples (go, ..., gx) of elements from G, and let G act via

g-(g90,---59:) = (990, - - 99)-

Note that P, is in fact ZG, i.e. A.

17



The boundary homomorphism d : P, — P;_; is defined on the basis as:

k

d(907 e 79143) - Z(_l)j(g()) cee 79}7 cee 7gk>a

J=0

where we read ¢; as "omit the element g;". In dimension zero we use the aug-
mentation map € : Py — Z given by £(go) = 1. This definition of d is analogous
to the definition of the simplicial boundary of a simplex with vertices go, . .., gk.
Hence the sequence

— dy, — drp—1 d =
oo — P —— Py P,

€

s 70— 0

is exact, and so constitutes a free resolution of Z over A. We can also verify this
directly by writing down a contracting homotopy h : P, — P, for the underlying
augmented complex of Z-modules. We define h by h(go,...,9x) = (1, 90,---,9k)
if n >0 and h(1) = (1) for k = —1. Indeed, we have

dis1h(go, - 91) = dis1(1,90,- -, Gk)
kb1

= (9077gk)+2(_1)](1a9077g];177gk)
j=1

k+1
= (907‘--,919)+Z(_l)J—"_l(l,gO,---7gAj,~-~,gk)
7=0

and

k
hdk(g(bvgk) = hZ(_l)](QOa7g]77gk)

J=0
k

- Z(_l)j(lﬁgm cee 7gAj7 cee 7976)7

=0
hence (dgy1h+ hdy)(1, g0, ---,9x) = (9o, - - -, gk), i.e. dh+ hd = idc, and thus h is
in fact a contracting homotopy.

As a basis for the free A-module P, we may take the (n -+ 1)-tuples whose
first element is 1, since these represent the G-orbits of (n + 1)-tuples. It is often

useful to write such an (n + 1)-tuple in the form (1, g1,9192,.-.,0192 - gn) and
to introduce the bar notation

[91‘92| cee ’gn] = (1791791927 <0192 7 'gn)‘

For k = 0, there is only one such basis element, denoted []. As we already identify
Py with A, then [ ] = 1 under this identification.

18



Now let us find out how the boundary homomorphism 0, looks with this
notation.

8*[g1||gk] = d(17h17"'7hk)

j=0
where each h; = g ... g; and taking 1 = hy. Now, let us calculate each summand.
For j = 0:
(h1, b,y he) = (91,9192, 91+ Gk)

gl'(17927"'a92--'gk)
= g1-[gel.--lgxl-

For1<j;j<k—-1:

(tha"'?;lj:"'ahk) = (17917"'791 - 9i-1,91---9595+1,- - -5 g1 gk)
(1] 1g-119;95+1lgj+2| - - - |gx]-
We get the second equality through forming a (k — 1)-tuple out of ¢,...,gx by

"sticking" together g; and g;;.
For j = k:

(1,h1,...,hk_1) = (1,g1,...,gl...gk_1)
= [91|---|9k_1]-

Thus, our resulting formula for the boundary homomorphism is:

d. [91’ cee ’9k+1] = [92\ ‘gk+1]

k
+Z 195541l - - - 1gra]
j=1
+(=1)" g . 9]
= g1 (%] - lgk1)] — [9192]93] - - - |grta]
+g9119293] - - - |gr+1] —
+(=1[q] - Ngigisal - - lgra] + -
+(=D" g - Lgw].

This standard resolution is often taken to be bar resolution. In low dimensions
it has the form

d = d =
= P 2>P1 ! <

>P0

» Z — 0
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where dy([g[h]) = g - [h] —[gh] + [g], di([g]) = g[] =[] =9 —1, and e([]) = L.
Another version of the standard resolution is the normalised standard (or
bar) resolution F, = F,/D,, where D, is the degenerate subcomplex of P,, the
subcomplex generated by the elements (go, - - -, g,) such that g; = g;+1 for some
7. In terms of the bar notation, D, can be described as the G-subcomplex of F;
generated by the elements [g;]...|g,] such that g; = 1 for some i. Thus F, is a
free A module with one basis element (still denoted [g;] ... |gs]) for every n-tuple
of non-trivial elements of G. The chain complex F, is exact as it is contractible
by using the same contracting homotopy h from before, as it carries F, onto itself.

3.5 From a Topological Perspective

Definition 4 A G-complex is a CW-complex together with an action of G on
X which permutes the cells. Thus, for each g € G, we have a homeomorphism
x+— g-x of X for which the image g - o of any cell o in X 1is also a cell. If the
G action on X 1is free, then we say X is a free G-complex.

If X is a G-complex then the action of G on X induces an action of G' on
the cellular chain complex C,(X), through which it becomes a chain complex of
G-modules.

If X is a free G-complex then each module C,(X) in the associated chain
complex has a Z-basis which is freely permuted by G. In other words, X is a G-
set, and we can determine a specific A-basis using Proposition 1. We get that each
module C,, of the associated chain complex is a A-module with a basis element
for each G-orbit of cells. To obtain a specific basis we would have to choose a
representative cell from each orbit and an orientation for each one.

For a G-complex X, the orbit complex Y is the quotient space X/G. The
points in Y correspond to the orbits of points in X. Thus, if X is a free G
complex, C,(Y') has a Z-basis with a basis element for each G-orbit of cells of
X. However, C,(X) is a complex of free A-modules with a basis element for each
G-orbit of cells. Thus, C(Y') is equivalent to the image of C,(X) after quotienting
out the G-action, i.e. the groups of coinvariants. To summarise:

Proposition 8 Let X be a free G-complex and let Y be the orbit complex X/G.
Then C.(Y) =2 Cu(X)g.-

If X is contractible, then H,(X) = H,.(pt.). That is, the sequence
i Oy 2 Oy — - — Gy —— Z— 0

is exact. Thus, we have the following proposition:
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Proposition 9 Let X be a contractible free G-complex. Then the augmented
cellular chain complex of X is a free resolution of Z over ZG.

Example 2 A topological way of viewing the standard resolution.

Consider the space X to be the simplex spanned by G (assuming G is finite),
where the vertices of X are the elements of GG, with GG acting by left translation,
and every (finite) subset of G is a simplex of X. For infinite G, consider the infinite
dimensional analogue. The group G acts on X simplicially, sending simplices to
other simplices of the same dimension, and the action is clearly free. We see
that in both cases, the resulting simplicial chain complex, and hence boundary
operator, coincide with the definitions of the standard resolution as given above.

In both cases, X is contractible by a straight-line contracting homotopy.
Hence, by Proposition 9, the augmented cellular chain complex of X is a free
resolution of Z over Z(G. This is a topological way of showing the exactness of the
standard resolution.

The standard resolution is a useful theoretical tool. For example, we will use it
to prove the existence of the cohomological extension for groups. However, is not
often practical to use for calculations. Instead, we try to find the best option for
whatever group is being studied. Often, these are related to topological spaces.
For example, in Example 1, there is a topological motivation by considering the
action of CL on R by the rule T - x = z + 1. Similarly, for the finite cyclic group
CT we consider the action of T" on a circle S' = {e* : ¢ € R} by mapping
T : €% s ¥H27/7) - Or, equivalently, we could consider a regular r-gon acted
upon by its group of rotations.

3.6 Eilenberg-MacLane Spaces

A natural way to construct a G-complex is to take the group of deck transfor-
mations of a normal covering space. Let p : X — X be a normal covering space
of a CW-complex X and G the group of deck transformations of X. The space
X inherits a CW-structure from X, where G freely and transitively permutes the
set p~lo for any cell o € X, i.e. the cells of the preimage of o. Thus, X is a
free G-complex. The orbits of the G-action are the preimage sets p~lo, so by
Proposition 1, C, X is a complex of free ZG-modules with one basis element for
each cell of X. The boundary maps are then derived from the boundary maps in
the cellular chain complex of X.

It is now only natural to consider the effects of Proposition 9, when applicable.
To do so, we consider a connected space Y with fundamental group mY = G with
a contractible universal cover X. Such a space is called an Eilenberg-Maclane
space K(G,1). We thus obtain from 9 the following:
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Proposition 10 LetY be a K(G,1). Then, the augmented cellular chain complex
of the universal cover X of Y 1is a free resolution of Z. over ZG.

In general, an Eilenberg-Maclane space K(G,n) is a connected space with
T K(G,n) = G and all other homotopy groups trivial. For dimension 1, this
definition is equivalent to our definition above. This is due to the following lemma:

Lemma 11 For a connected space X, the following are equivalent:

1. the universal cover of X is contractible,
2. H(X) =0 fori>2,
3. mi(X) =0 fori>2.

This lemma, is due to results from basic homotopy theory. Similarly, the existence
of a space K(G,n) can be proven by construction, another famous result from
homotopy theory.

Let us now cover a basic example:

Example 3 A resolution of 7 over ZG for G = Zs.

The infinite dimensional real projective space RP* is a well-known example
of a K(G,1), as it has 7(RP*) = Z, and all other homotopy groups trivial.
The universal cover of the real projective space RP* is the infinite sphere S,
where the covering map identifies two opposite points. This means the non-trivial
element of G acts as the antipodal map. By Proposition 10, the cellular chain
complex of S together with the G action forms a resolution for A = ZG over Z.

We construct the CW-complex for S inductively. Each X}, skeleton is home-
omorphic to an k-sphere, where the (k — 1)-sphere Xj;_; is the equator, and the
hemispheres are formed by two k-cells ap and b, attached along said equator.
Thus, in Z coefficients we have the following cellular chain complex:

707 2707 2 2707 7.

The boundary maps 0y are determined by the degrees of the attaching maps
of the k-cells. As each k-cell by is the antipodal image of ay, the degree of its
attaching map is (—1)* times that of a;. Hence, we have

O1a1 = ag — by, 01by = by — ao,
Ohas = ay + by, Ooby = by + aq,
630,3 = a9 — bg, 83b3 = bg — Q9.
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In general form, we have

0kCLk = aip_1 + (—1)kbk,1

kb, = b1 + (=D Fap_y
In every dimension k, a, and b, are antipodal images of each other, meaning
the non-trivial element 7" in G acts by swapping them. Hence, we may write
b, = Tay. This way, the Z-module in dimension k, Z & Z generated by a; and b,

becomes the G-module Z & TZ = A generated by a. Here, the boundary map

becomes
1+7, 2|k,

Oxay = (14 (=1)' T)ar-1 = {1 ~T, 2tk

Thus, we have the following resolution of ZG over Z:

s A s A s A y N —— Z — 0.

This resolution coincides with the resolution calculated in Example 1, taking
order r = 2.

3.7 Projective Modules and Uniqueness of Resolutions

Let us return to the more general case, resolutions of an R-module M where R is
an arbitrary ring. An R-module M admits many free resolutions, our goal in this
section is to show that all such resolutions are homotopy equivalent. In fact, this
is true more generally, for projective resolutions.

Definition 5 Consider the mapping problem

N —» M,

where f is a surjection, and we wish to construct h such that the diagram com-
mutes, i.e. fh = ¢g. A module P is called projective if a solution exists for every
mapping problem of this form.

Let us show why this generalises the concept of free modules:

Lemma 12 Free modules are projective.
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Proof: Let F be free with basis (e,) and consider a mapping problem

N s m

where f is a surjection. Then g(e,) € M = im f, so we can choose z., € N with
f(z,) = g(ey). Now let h be the unique R-module map with g(e,) = z,. O

In Definition 3, by replacing each instance of "free" with "projective, we have
the definition of a projective resolution; a resolution where all the modules are
projective. Therefore, any free resolution is also a projective resolution.

There are other, equivalent, ways to define projective modules. One that will
be useful for us later is using split sequences.

Definition 6 Consider the short exact sequence of R-modules:

B

0—A—25B sy O — 0.

We define the following:

a) the sequence is right split if there exists a homomorphism s : C' — B such
that Bs = idg;

b) the sequence is left split if there exists a homomorphism r : B — A such
that ra = idy;

c) the sequence is split exact if there exists an isomorphism h : B — A& C
such that hao = iy and hpe = B, where iy : A — A @ C is the natural
inclusion and pc : A ® C' is the natural projection.

In fact, these definitions are all equivalent. So, if any of these hold true, we say
the sequence splits. This is shown in what is commonly known as the Splitting
Lemma:

Lemma 13 The cases in Definition 6 are equivalent.

Proof: Throughout the proof, we will be referring to the maps given by the
following diagram:

[\
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The solid arrows denote o and (3, from the starting short exact sequence, the
identity maps on A and C, and the natural inclusion i, : A — A & C and
projection pc : A @ C — C. The dotted arrows are the maps from the cases (a),
(b), and (c¢). Let us to proceed to show how each case implies the other.

(a) = (b): Suppose there is an injection s : C' — B such that s = id¢. Let
b € B and consider b’ = b — s8b. Now, we have

BY = Bb— BsBb = Bb— ideBb = Bb— Bb = 0.

Thus, b' € ker 8. However, by the exactness of the starting sequence, ker 8 = im a.
As « is an injection, we can define o' on im«a. Thus, we may define the map
r: B — A on an arbitrary element b € B by

r(b) = a (b — s3b).

Clearly, we have ra = id4. As r has a right inverse, it must be a surjection. Note
that
rsc =a (sc — sPsc) = a (sc — sc) =0,

for all ¢ € C, hence rs = 0.

(b) = (a): Suppose there is a surjection r : B — A such that ra = ida.
Let ¢ € C. As [ is a surjection, there is some b € B such that ¢ = §b. Define
s:C — Boncas

s(c) = b— arb.

Thus, Ssc = b— farb=c—0=c, i.e. Bs =idc. As s has a left inverse, it must
be an injection. Again, note that

rsc=rb—rarb=rb—rb=20,

ie. rs =0.

We have thus far shown that (a) and (b) are equivalent. Let us now show the
following.

(a) = (c): Suppose there is a map s : C' — B such that s = id¢. Immedi-
ately, it follows that s is injective, and hence ims = C. Also, as fs = id¢, this
means ker S Nims =0, i.e. imaNims = 0.

Consider an arbitrary element b € B. Let b = b — s8b. We showed in the
proof of (a) = (b) that ¥ € ima. Also, by taking r defined from our proof of
(a) = (b), we have I/ = arb. Clearly, we have b” = spb € ims. Thus, we have
written b as the sum b + 0" for some v’ € im« and b” € im s.

Suppose we have another way to write b as a sum of two elements from im «
and im s, say b = ¢ + ¢, where ¢ € ima and ¢’ € ims. Thus, v/ +0" = + ¢,
ie. ¥ —d =" — 0. The left side is in ima = ker 3, and the right side is in
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ims. However, ker § Nims = 0, and so ¢ = V' and ¢’ = b’. Therefore, the
decomposition of b as a sum of elements from im o and im s is unique.

We have thus shown that B = ima ® ims = A @ C. The isomorphism
h:B — A®(C is given on an element b € B with unique composition b = b’ + ",
for i € ima and b” € im s, as h(b) = isr(b') +icB(V"). As im B = ker «r, we have
b € im 3 = ker a, and, as we noted earlier rs = 0, so V" € ims C kerr. This
means the homomorphism h is defined as h = i47 4+ i¢. To see that h indeed
fulfils the requirements in (c), we calculate as follows:

ha = iara+icfa =ixidg +ic 00 =iy,
and

pch = pciar + pceicB = Or +idef = B.

Finally, let us show (c¢) = (a). Suppose we have an isomorphism h : B —
A @ C such that ha = i4 and pch = 3. We can define s : C — B as s = h™tic.
Now, from pch = /3, we have pc = Sh~!. Hence,

Bs = Bh7lic = poic = ide.
Thus, we have shown that (a), (b), and (c) are equivalent. O
For projective modules, we have the following property.

Lemma 14 If P is a projective module, then any short exact sequence ending in
P splits. That is to say, given R-modules A and B, such that the following is an

exact sequence:

0—sA4—>yp_"

> P — 0,

then this sequence necessarily splits.

Proof: Given such a sequence, let us consider the following diagram:

B —— P.

As P is projective, there must exist an R-homomorphism s : P — B such that
the diagram commutes. Hence s = idp. U

In fact, the converse is also true, and this may be taken as an alternative def-
inition of projective modules. However, we will only be using the implication in
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the above lemma, so we will skip the proof of the converse.

We now move on to showing the uniqueness of projective (and thus free)
resolutions. We will be using a modified definition of a projective module: consider
the mapping problem

] J
M —ts M . M",

where jp = 0. A module P is called projective if a solution exists for every such
mapping problem in which the row is exact. This is equivalent to the previous
definition simply by restricting to
w,/// l@
v

M' —— kerj

as jo = 0 implies im ¢ € ker j.
Now let us prove the following lemma which will assist us later:

Lemma 15 (a) Suppose given a diagram

g

]
- d d
1 2

M y M y M,

where dofd = 0 and it is desired to find a g such that dig = fd. If P is

projective and the bottom row is exact, then such a g exists.

(b) Suppose given a diagram (not necessarily commutative)

M y M —2 5 M

where dohd = ds f and it is desired to find a k such that dik + hd = f. If P

15 projective and the bottom row is exact, then such a k exists.
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Proof: (a) By setting ¢ = fd we transform the problem into

d
M s M 2 M

where dop = 0 as dyp = dofd = 0. Hence for projective P, there exists g such
that dyg = p i.e. dig = fd.
(b) This time, set ¢ = f — hd. Now, as dyp = do(f — hd) = 0, we have

P
k//// l@\
k/
MM a2

Thus for projective P, there exists k such that ¢ = dik i.e. dik = f — hd. Thus
dik + hd = f. O

The next lemma is about chain maps and homotopies from a projective com-
plex to an exact one.

Lemma 16 Let (C,0) and (C',0") be chain complexes and let r be an integer.
Let (f; : C; — Cl)i<y be a family of maps such that O.f; = fi10; for i < r. If
C; is projective for i > r and H;(C") = 0 for i > r, then (f;)i< extends to a
chain map f : C — C', and [ is unique up to homotopy. More precisely, any two
extensions are homotopic by a homotopy h such that h; =0 for i <.

Proof: Assume inductively that f; has been defined for i < n, where n > r, and
that 0. f; = fi_10; for i <n. We then have a mapping problem

0 0
CnJrl ” Cn ” Cnfl

|
fn+l i J/fn lfnl
\|,

’ SN N
n+1 4 Cn Cn—h

~

where J'f,,0 = f,_100 = 0. The desired f,,; therefore exists by Lemma 15a.
Suppose now that g is a second extension of (f;);<,. We wish to find a homo-

topy h between f and g. Let us proceed inductively. We start the induction by

setting h; = 0 for + < r. Now, assume that h; : C; — C},; has been defined for
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i < n, where n > r, and that 0'h; + h;_10 = f; — g;. Setting 7 = f; — g;, we have
the mapping problem

8 \ a \
Cn-l—l 7 YUn ’ Cn—l

C
hn+1 /// h
L7 Tn+1l Tn h
s —1
L "
Cy

2 " Cht1 7
with @'h,0 = (7, — hn,_10)0 by the inductive hypothesis. Since 9> = 0, this
is equal to 7,0. As 7 is a chain map, we thus have 0’h,0 = J'7,.1. Now, as
Cph11 is projective, we may apply Lemma 15b, by which the desired h,,; with
' hyy1 + h,0 = 7,11 exists. O

This lemma is the core that is used to reach our goal of finding the uniqueness
of projective resolutions, which we shall wrap up in the following theorem:

Theorem 17 Given projective resolutions F' and F' of a module M, there is a
augmentation-preserving (i.e. it satisfies €' fo = ) chain map f: F — F’, unique

up to homotopy, and [ is a homotopy equivalence.

Proof: Let us consider the following diagram:

» Iy s Fy ——— M > 0
I I
I I
i | idy
I I
<+ <+ )
> F| > Fi —— M > 0.

We apply Lemma 16 to the augmented resolutions F' and F’ with » = —1 and
the map f_; = idy;. We conclude that there is a (unique up to homotopy) chain
map f : F — F’ which is augmentation-preserving because &' fy = idye = e.
Moreover, we conclude that f is unique up to homotopy. Analogously, we have
an augmentation-preserving map f' : F’ — F. Now, as f'f and idp are both
extensions of idy; between two copies of F, by the second part of Lemma 16,
we have f'f ~ idp. Similarly, we have ff’ ~ idp. Hence, f is a homotopy
equivalence. O
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4 The Cohomology of Groups

4.1 The Cohomology and Homology Groups of a Group

Let G be a group and let € : F' — Z be a projective resolution of Z over A. We
define the cohomology and homology groups of G respectively by

H'G = H\(F%), H;G = Hy(Fg).

The invariants and coinvariants functors ()¢ and (_)g are additive, i.e. for
any ¥,¢ : A — A, we have (¢ + ¢)¢ = % + ¢¢ and (¥ + ¢)a = Vg + ¢g.
This follows from the alternative definitions using the Hom and tensor functors
respectively, i.e. ()¢ = Homy(Z, ) and ( )¢ = Z ®, . Thus, these functors
preserve chain homotopies. Indeed, suppose ¢ : FF — F” is a chain homotopy from
Y to ¢, ie. dp+ pd =1 — ¢. Then, when applying the functor to both sides of
this equation, we have

(de+¢d) = (¥—9)°

(d) + (pd)¢ = & —¢°

dCGC 4 Cd6 = yO — 4C.

Hence, ¢ is a chain homotopy from % to ¢“. Analogously, ¢ is a chain
homotopy from g to ¢g.

Suppose we have a second free resolution &’ : F' — Z of Z over A. By Theorem
17, there exists an augmentation preserving homotopy equivalence f : F' — F”.
By the above reasoning, f¢ : F¢ — F'C and fo : Fg — F} are both also
homotopy equivalences. Therefore, our definitions of H'G and H;G don’t depend
on the choice of projective resolution € : F' — Z.

The cohomology and homology groups of G' always exist, by the existence of
a free resolution. Specifically, we may take the standard resolution, or the bar
resolution, or a resolution found via topology, etc.

For a topological perspective, consider a K (G, 1)-complex Y with universal
cover X. By Proposition 10, C,(X) is a free resolution of Z over A. The space
Y is the orbit complex of X, hence C,(X)gs = C,(Y') by Proposition 8. Thus, by
taking homologies of both sides, we obtain:

Proposition 18 IfY is a K(G,1)-complez, then H.G = H,Y .

4.2 Exactness of the Hom and Tensor Product Functors

To compute the cohomology and homology with coefficients in a A-module A
instead of Z we will be applying the functors Homy( , A) and ®, A to the
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projective resolution respectively, and computing the homology of these chain
complexes. This section is dedicated to covering a few preliminary properties
about these functors.

As we saw in the previous section, these functors are additive and preserve
chain homotopies. We now inspect how they behave on short exact sequences.
Suppose, throughout the rest of this section, that A is a given left R-module.

Lemma 19 The contravariant functor Homg(_, A) is left exact on the category
of left R-modules. That is to say, if

¢ ¥

0— L s M s N — 0

is a short exact sequence of left R modules, the sequence
0 — Homp(N, A) —— Homp(M, A) —~— Hompg(L, A)
is exact in the category of abelian groups.

Proof: For an element f € Hompg(M, A), the image of f under ¢* is defined
pointwise as (¢*f)(a) = f(¢(a)) for all a € A, i.e. ¢*f = f¢. Similarly for *.

Let us start by showing ker ¢* = 0. Suppose f € ker¢*, i.e. ¢*f = 0. Thus
fivr=0. Hence imvy C ker f. Asim = N by the exactness of the first sequence,
this means f(n) =0 for alln € N, ie. f=0.

Let us now show that ker ¢* = im¢*. First, for an element f € Homg(M, A),
OV f = o fp = fipp = 0, i.e. imY* C ker¢p*. Now let us show the opposite
inclusion. Suppose f € ker¢*, i.e. ¢*f = 0. This means f¢ = 0, by which
im¢ C ker f. As im ¢ = kervy by the exactness of the first sequence, this means
kery C ker f. Thus, we can treat f as the composition of the quotient map
q: M — M/kert, defined by ¢, and f': M/keriyp — A. As M/kery) = N, we
may replace M/ ker ¢ with NV in the above maps, resulting in the maps ¢ : M — N
and g : N — A, by which we have f = gy = ¢¥*g. Thus, f € imvy*. Hence,
ker ¢* = imy*.

M—Y 5N
q\ lg
M/ ker 1) Ay

g

We have a similar story for the tensor product functors, except they are right
exact instead of left exact. The arguments are all very similar as with the Hom
functors, although slightly more involved.
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Lemma 20 The covariant functor Qg A is right exzact on the category of right
R-modules. That is to say, if

¢ Y

0— L s M > N — 0

is a short exact sequence of right R modules, the sequence

is exact in the category of abelian groups.

Proof: The induced homomorphisms are defined as ¢, = ¢p®id4 and ¥, = Y ®id 4.
This is clearly well-defined.

Let us start by showing im, = N ®r A. A simple tensor m ®ra € M Qr A
maps to ¥, (m®ga) = 1p(m)®ga. Thus, by the linearity of 1., im ), is generated
by all such elements, i.e. imvy, = imy ®r A. As 1 is surjective, i.e. imy = N,
this means im ¢, = N ®p A.

Now, let us show ker ¢, = im ¢,. First of all, their composition is 0: for any
simple tensor [ ®ra € L Qp A,

Uudu(l ®r a) = P(¢(l) ®r a) = Po(l) ®r a = 0.

This extends to all of L ®r A, and so ¢,¢, = 0, i.e. im ¢, C ker),.

Next, let us consider (M ®@rA)/ ker ¢, and (M®@grA)/im ¢,. Asim ¢, C keri,,
we have a natural homomorphism from (M ®grA)/im ¢, to (M ®gA)/ ker,. This
homomorphism is an isomorphism if and only if im ¢, = kert,. Hence, we will
proceed to show that this homomorphism is indeed an isomorphism.

By the first isomorphism theorem, we have (M ®r A)/kervy, = imip, =
N®grA. Now, analogously to the first part of the proof, we have im ¢, = im ¢RrA.
By the exactness of the first sequence, im¢ = kere, so (M ®r A)/im ¢, =
(M @p A)/(ker ¢ @p A).

As im ¢, C ker,, we can factor 1, as

where ¢ is the quotient map and f is defined as follows: as any element in (M ®g
A)/im ¢, is of the form ¢(t) for some t € M ®pr A, we define f on q(t) as 1.(t).
Indeed, if ¢(t') = q(t) for some t € M ®g A, then q(t' —t) = 0ie. t' —1t €
ker ¢ = im ¢,. However, im ¢, C keri),, so ¢.(t' —t) = 0, and so f(t) = f(t'),
therefore f is well-defined. If we can show f is an isomorphism, then we will have
(M®rA)/imep, 2N Qg A= (M ®@p A)/ker 1), as desired.
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Let us find an inverse of f. We shall do this using the universal property of
the tensor product. Consider the following diagram:

NxA— N®pA

|

I

I
N2

(M ®r A)/im ¢,.

By the universal property of the tensor product, if g is a bilinear map, then there
exists a map h making the diagram commute.

Let us define ¢g by (n,a) — g(m ®g a), for all (n,a) € N x A, where m is
some element of M such that ¢)(m) = n. First let us check that this map is well-
defined: suppose for some other m’ € M we also have ¢(m') = n. This means
p(m') = 1(m), hence m’ —m € kertp. Thus, (m' —m) ®gra € keri) @z A. Now,
analogously to the very first part of the proof, we have im¢, = im¢ Qi A. By
the exactness of the first sequence, im ¢ = ker ¢, and thus (m' —m) ®g a € im1,.
Consequently, this means that ¢(m’ ®g a) = ¢(m ®g a). Therefore, g(n) has a
unique image, hence ¢ is well-defined.

To use the universal property, we must also show that ¢ is bilinear. Suppose
n,n’ € N and a,a’ € A. Let m,m’ € M be some elements of M such that
¥(m) =n and ¥ (m') = n'. This means ¢»(m + m’) = n + n’. Thus, we have

gn+n';a) =q((m+m')®@ra) =q(mga)+q(m' @ga) = g(n,a) + g(n',a)
and
g(n,a+0b) = q(m®g (a+b)) = q(m @ a) + ¢(m ®r b) = g(n,a) + g(n,b).
Also, for any r € R,
g(n-r,a) =q(m-r®gra) =qmgr-a)=g(n,r-a).

Therefore, ¢ is bilinear, and so, by the universal property, we have a well-defined
map h: N ®g A — (M ®r A)/im ¢, defined by h : n ®g a — g(m ® a) on all
simple tensors n ®g a € N ®r A with m € M such that ¢(m) = n.

Let us now show that this map, h, and f are inverses. Suppose n®ra € NRRrA,
and m € M such that ¢(m) = n. Then,

foh(n®ga) = flglm®ra)) = (m@a) =Y(m)@a=nxa
Conversely, consider an element ¢(m ®r a) € M ®g A/ im ¢,. Now,
ho f(g(m ®g a)) = h(th(m ®r a)) = h(s(m) @r a) = ¢(m @ a).
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Thus, f and h are inverses, and are therefore isomorphisms, and so we are done.
O

It is also true that for a right R-module A, the functor Hompg(_, A) is left exact
on the category of right R-modules, and A ®p _ is right exact on the category
of left R-modules. The proofs of these statements are entirely analogous to the
previous proofs.

Lemma 2 is a direct result of Lemma 19, as A® = Homy(Z, A). Similarly,
Lemma 3 is a direct result of Lemma 20, as Ag = Z ®4 A.

On projective modules, the results of the previous two lemmas can be refined
further.

Proposition 21 The functor Homg(_, A) is exact on the category of projective
modules. That is to say, if

0— L ¢>M w>N—>O

15 a short exact sequence of projective left R modules, then the sequence
0 — Hompg(N, A) AN Hompg (M, A) ., Hompg (L, A) — 0
15 exact in the category of abelian groups.

Proof: By Lemma 19 we have that the derived sequence is left exact, so all that’s
left to prove is that ¢* is a surjection.

By Lemma 14, as N is projective, we have that the original sequence splits.
Hence, there is a surjection r : M — L such that r¢ = idy. Thus, for any
f € Homg(L, A), let g = fr. Then, we get

¢"(fr) = fro = fidp = f.

Therefore, f € im ¢*, and hence ¢* is a surjection. O

Proposition 22 The functor ®pg A is exact in the category of projective mod-
ules. That is to say, if

0— L ¢>]\/[ w>N—>O

15 a short exact sequence of projective left R modules, the sequence
O—>L®RAL> M®RAL> N@rA—0

15 exact in the category of abelian groups.

34



Proof: By Lemma 20 we have that the sequence is right exact, so all that’s left
to prove is that ¢, is injective.

By Lemma 14, as N is projective, we have that the original sequence splits.
Thus, there is a surjection r : M — L such that r¢ = id;. Now, we have

T*gb* = (7“ XRpr ldA) e} (gb KRR ldA) = T‘gb Xpr ldA = ldL KRR ldA = idL®RA
Thus, r, is a left inverse of ¢,, hence ¢, is an injection. O

When an additive functor is exact, it doesn’t just preserve the exactness of
short sequences, it also preserves exact sequences, as the name implies. Moreover,
it in fact commutes with the homology functor on any chain complex.

Proposition 23 Suppose we have a chain complex (C., 0y):

7]

8k+1 I
"'_>Ck+1 >Ck >Ck_1—>...

Then, for the chain complex

Fo Fo
"‘—>FCk+1 ﬂ)FCk—k>FCk,1—>

we have

Hi(FC) = FH(C).
Proof: Let F' and C be as above. First of all, we have
im FOy 1 = FimOp.
Next, consider the short exact sequence

O—>ker8k i > Ck O > 1m8k—>0

As F' is exact, then the following sequence is also short exact:

Thus,
ker F'0,, = F ker Oy.

Now, let us consider the short exact sequence defining the k-th homology group:
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Again, as F' is exact, then the following sequence is also short exact:
0= Fimdp, —2 Fkerd), —=5 FH(C) — 0.

Thus, by exactness, we have

F(ker Oy)

————— 2 FH(O).



n

hence a € AY. If we write a = > kig; forn > 1, k; € Z, g; € G, then as
g-a = a for all ¢ € G, this means all the k;, © < n are identical. It also means
that for every element g € G there exists some ¢ < n such that g = g;, hence G
must be finite and n = |G|. Thus, we have a = k) _,g. However, as ef = id,
this means ea = 1, i.e. k|G| = 1. Hence, k = |G| = 1, which is a contradiction.

4.3 The Cohomology of Groups with Coefficients

In Lemma 2, the invariants functor ()¢ was shown to be left exact, but not

an exact functor. Specifically, 1/ was not proven to be an epimorphism like 1.
In general, this need not be true. This is the motive for defining H'(G, A), the
first cohomology group of G' with coefficients in A, as a measure of the failure of
the right exactness of the invariants functor. This is done by taking a projective
resolution of Z over A and applying the functor Hom( , A). The final (or, now,
first) non-zero element of the resulting complex will be Hom(Z, A), which, by
equation (1), is AY. The homology of this sequence will obey the following axioms,
which uniquely determine the cohomology extension:

Definition 7 The cohomology groups of a group G with coefficients in A, denoted
HY(G, A), k > 0, form a covariant family of functors from Ug, the category of
G-modules, to abelian groups, which have the following properties:

1. H(G, A) = A®

2. For each short exact sequence 0 - A — B — C — 0 in Ug there exists a
natural transformation § = 6 : H*(G,C) — H*Y(G, A) and a long exact
sequence of cohomology groups

o — HYG, A) -2 HMG,B) -2 H*G,C) —2 H™1(G,A) — ...

3. If A is a coinduced module, then H*(G,A) =0 for all k > 1.

The family { H*(G, ), k > 0} can thus be viewed as a cohomological extension
of the invariant elements functor, which vanishes on coinduced modules. Let us
show this extension indeed exists, and is unique.

Theorem 24 The cohomological extension H*(G, %), k > 0 ezists and is unique.

Proof: Let

oo —= Py —— Py > Py » 2 — 0
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be a projective resolution of the trivial G-module Z. For any G-module A, we
have the related cochain complex

-+ ¢ Homg(Py, A) <+ Homg(Py_1,A) +— ... +— Homg(Py, A) +— A% + 0.

where we replaced Homg(Z, A) with A%, by equation (1). The composition of two
successive homomorphisms in the cochain complex is zero, thus, we may define
the cohomology groups as

H*(G, A) = Hy(Homg(Py, A)).

The functor Homg( , A) is additive, and so preserves chain homotopies. Thus,
by the same argument as for the integral cohomology, the cohomology groups are
independent of the choice of projective resolution.

The existence of the natural coboundary homomorphisms 6% and the long
exact sequence from the second point of the definition follow by the usual diagram
chase. The first property is satisfied by making the convention that 0-dimensional
coboundaries are trivial. Consider the tail of the cochain complex

.-+ <— Homg(Py, A) L Home(Fy, A) 4G .

By setting d® = 0, we have H°(G, A) = ker d'. We defer the rest of this calculation
to later, where we will use the bar resolution. Let us instead first show the third
property, that the cohomology disappears on coinduced modules.

Let A = Hom(A, X) be a coinduced module, where X has trivial G-action.
We will first show that

Homg (Py, Hom(A, X)) = Homg (P, X).

Let us define the map 7 : Hom(A, X) — X with 7(¢) = ¢(1) for all p €
Hom(A, X'). This map is clearly a surjection.

Suppose f € Hom(Py, X), i.e. f : P, — X. We wish to show there ex-
ists for each such f a unique A-module homomorphism h : P, — Hom(A, X).
More specifically, we will show the following universal property: in the following
mapping problem

Hom(A, X)

pk/;)X

there always exists a unique A so that the diagram commutes, i.e. 7h = f.
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Suppose such a h exists, sending elements z € Py, to homomorphisms A, : A —
X. As it is a A-module homomorphism, it must satisfy

g- hz = hg-z

for all z € P;. These are elements of Hom(A, X), i.e. homomorphisms from A to
X, so we can evaluate both sides at 1:

(g-h)(1) =g -h(g7") = ha(g™),
and
hy.-(1) = w(hg..) = f(g - 2).
Hence, by replacing g with ¢=!, we have

h.(g) = f(g7" - 2).

Thus, such a h is uniquely defined on all of P;. Its existence follows by the above
construction, since the maps constructed as above extend to all of A by linearity.
Thus, we have shown

Homg (Py, Hom(A, X)) = Hom(Fy, X).

The projective G-module Py is free, and hence projective, over Z. Thus, the
resolution can be treated as an exact sequence of projective Z-modules, and so by
Propositions 21 and 23, applying Hom( , X) to the projective resolution preserves
exactness. Hence, for k > 1,

H*(G,Hom(A, X)) = 0.

So far we have aimed to show that a cohomological extension fulfilling the
three properties exists. To show uniqueness, that any two such extensions are
isomorphic, we use a technique called dimension shifting, based on induction.

In dimension 0, we have H°(G, A) = A% hence uniqueness in dimension 0 is
obvious. Inductively assume that we have proven uniqueness up to dimensions
k — 1. We will prove uniqueness of H*(G, A) by showing it is isomorphic to
some (k — 1)-dimensional cohomology group H*~!(G, A), which is unique by the
inductive hypothesis.

Consider A defined by the short exact sequence

0— A —— Hom(A, Ay) —— A — 0,

where A is the underlying Z-module structure of A. By the second property, we
derive the following long exact sequence:

6k—1

S HE(GLA) —— HYG, Hom(A, Ay)) —— HY(G, A) 21
S HMG, A) ——— H*(G, Hom(A, Ay)) —— HE(G,A) —2— ..
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Now, using the third property, that the cohomology extension disappears on coin-
duced modules, we have H*(G,Hom(A, Ap)) = H*1(G,Hom(A, Ag)) = 0. We
are thus left with the following short exact sequence:

0 —— H*YG, A) 25 HYG, A) —— 0.

Hence, H*(G, A) = H*"'(G, A). Note that the third property applies to dimen-
sions 1 and above, hence ¢° is merely an epimorphism. However, this is sufficient,
as H'(G, A) will be uniquely defined by the cokernel of ¢°.

Therefore, by induction, the cohomology extension is unique.

Now let us complete the calculations for the first property that we had left
for later. When we defined the standard resolution we introduced the notion of
bar notation, and the bar resolution. Similar notation can be introduced for the
cochain complex. Consider the cochain complex

-+ ¢ Homg(Py, A) <— Homg(P_1, A) <— ... +— Homg(Py, A) «— A°.

As By = G x -+ X G ((k + 1) copies of G) is a basis for P, we may identify a
cochain in Homy (P, A) with a function
f : Bk — A,

which, to properly define a G-homomorphism, must satisfy:

g-flgo,--- 98) = f(g- (g0, 9%)) = f(990:-- -, 99x)

for all g, go, ..., gr € G. We call this the equivariance condition. As basis elements
with respect to A instead of Z we may take (k + 1)-tuples with go = 1. In fact,
we may confine our attention to a basis of k-tuples

By ={lgilgs| .- |aw] | 9 € G, 1 <i <k},
where we denote
[g1|92"gk] = (179179192;...,glgg...gk)_

A function defined on By, i.e. on elements of the form (go, g1, .., gx), clearly
defines a function on Bk, the subset of B where gy = 1. We shall show that the
converse is also true, a function on B extends to a function on B, which satisfies
the equivariance condition. Let f : B, — A. Now, we try to define the desired
function f : By — A. From the G-action on B we have

9-(90,--->9%) = (990, - - 99r),
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where if we set g = g; ' we have

g(;l : <907"'7gk) = (1’907191’.”79071916)'

The right-hand side is an element in By

(Lgo'gr,---290 " g6) = [halho|---|hy]
— (L by, hihay .y ).

From here we have a system of k equations:
9o 191 = h
9o 192 = hihs

9%t = hi... hp

Substituting each line into the next we have:

%l =
9 9 = g5 g1hs

9%la = 9o gr_1hw.

Thus,
hi = 96191
hy = 91_192
1
he = 9u_19%

and so we have
(90:- -, 91) = 90 - 95 " g1lon g2l - - 19" g]-
Thus, we define f : By — A point-wise as
(9o 9) = g0~ Floo ' 91l9r " g2l -~ - 191 9k]-

Note in passing that we only have a G-action defined on A, not on By, or By,. We
can see now that such a mapping holds the equivariance condition:
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g f(go,--o9t) = g- (90 Floo ' onlgr gl -+ |gx’10])
= (g990) - floo "9 "9qrlor ' 992l - - 19319 " 99i]
= (990) - fl(990) " (991)|(991) " (992)| - - |(ggr—1) " (9gn)]
= f(990,991,- -5 99%)

Thus we have shown that cochains in Homy (P, A) correspond to functions
mapping k-tuples (g1,...,gx) to A. Now let us consider how the boundary ho-
momorphism d* acts on such functions, using the boundary formula for the bar
resolution.

diflgil - lgea] = fdlgl. . |gx]
= g1 floal- - |grs]

k
Z 19595410 - - - |gk]

+(— Y ol gi]

= g1 flg2|- - grs1)] — fl9192]9] - - - |gn+1]
+flolg2gsl - - - |gr+1] —
+(=1 florl - 1gigjal - graa] + -
H(=D flal - gl

In dimension 0 this has the form

d' flg] = g1 - f1]— flo]

for all g1 € G, where f is a trivial constant function, meaning it corresponds to
an element of A. Thus, the kernel of d' corresponds to the elements of A which
are fixed by all elements of G, i.e. A®. Asimd® = 0, we have

1
(G, A) = XL o g6,

im do

satisfying property 1. O

We used the standard resolution to prove the existence of the cohomological
extension in question, however, it is not practical to use for calculations. Instead,
we try to find the best option for whatever group is being studied. Often, these
are related to topological spaces.

Let us use the resolutions we calculated in Example 1 and calculate the coho-
mology groups.
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Example 5 The cohomology groups for cyclic groups.

As with Example 1, we denote by C our cyclic group G of order 2 < r < oo,
with generator T', and we will divide our example into the infinite and finite cases.
Case 1: r = oco. We will use the free resolution we constructed in Example 1:

0 —— ZCS —— 2ZCL, —— 7Z — 0.

For an arbitrary G-module A, we have the related sequence

0+ Homg(ZC% , A) P Homg(ZCL, A) «— 0.

The kernel ker d* is the set of cochains that satisfy d' f(S) = 0. However,

dlfa(S) = fadl(s) = fa(T_ 1) = (T_ 1) ca=T-a—a.

Thus, T -a = a, and so a € A®. Therefore, H(G, A) = A%, as expected.

By identifying a with g, : 1 +— a, we see that Homg(ZCL, A) = Homg(ZC%, A) =
A. Hence, kerd*> = A and imd" = (T — 1)A, so H'(G,A) = A/(T — 1)A. For
k>2



Now, we simply compute the cohomology. Analogue to the infinite case,
H°(G, A) = ker d* = ker(T —1) is the set of cochains f, that satisfy (T'—1)-a = 0,
or T-a = a, hence H°(G, A) = A®. Using this, we also have

ker @?++1 CkerT—1 AC

2% _
H™(G, 4) = imd?*  imN = NA

Finally, we compute

ker d%* ker N
H (G, A) = = .
(G, 4) im d2k—1 (T—-1)A

Thus, the cohomology groups are:

A9 k=0,
Hy(CT Ay = 4% 2|k,
oo, 21k

4.4 The Homology of Groups with Coefficients

A similar process as with the cohomology can be applied to define the homology
groups of a group with coefficients. This time, instead of considering invariants,
we use coinvariants, instead of coinduced modules we use induced modules, and
instead of the Hom functor Homg( , A) we use the Tensor functor = ®j A.

In the Lemma 3, the coinvariants functor (_ )¢ was shown to be right exact,
but not an exact functor. Specifically, ¢ was not proven to be a monomorphism
like ¢. In general, this need not be true. This is the motive for defining Hy(G, A),
the first cohomology group of G with coefficients in A, as a measure of the failure
of the left exactness of the coinvariants functor.

Definition 8 The homology groups of a group G with coefficients in A, denoted
Hy(G,A), k>0, form a covariant family of functors from U to abelian groups,
which have the following properties:

1. Hy(G, A) = Ag

2. For each short exact sequence 0 - A — B — C' — 0 in Ug there exists a
natural transformation § = 6 : Hy(G,C) — Hp—1(G, A) and a long exact
sequence of cohomology groups

s Hy(G, A) 2 HL(G,B) —2 HL(G,C) —2— H, (G, A) —> ...

3. If A is an induced module, then Hy(G,A) =0 for all k > 1.
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The family {Hy(G,-), k > 0} can thus be viewed as a homological extension
of the coinvariants functor, which vanishes on coinduced modules.

Theorem 25 The homological extension Hy(G, %), k > 0 exists and is unique.

Proof: This proof is largely analogue to the proof of Theorem 24. Let

o — P —— Py > By > 7. — 0

be a projective resolution of the trivial G-module Z. For any G-module A, we
form the related chain complex

~"—>Pk®AA—>Pk_1®AA—> —>P0®AA—>AG—>0

where we replaced Z ®, A with Ag, by equation (2). Note that we are using the
right structure on Py, so x-g = g !-z for all g € G and z € P,. The composition
of two successive homomorphisms in the chain complex is zero, thus, we may
define

Hi(G,A) = H.(P, @5 A).

The functor _ ®, A is additive, and thus preserves chain homotopies. So, by the
same argument as for the integral homology, the homology groups are independent
of the choice of projective resolution.

The existence of the natural boundary homomorphisms d, and the long exact
sequence from the second point of the definition follow by the usual diagram
chase. The first property is satisfied by making the convention that 0-dimensional
boundaries are trivial. Consider the tail of the chain complex

'~'—>P1®AA£>PO®AAﬂ>Ag—>O.

By setting dy = 0, we have Ho(G, A) = (Py® A)/imd;. We defer the rest of this
calculation, to later, where we will use the bar resolution. Let us show the third
property, that the homology disappears on induced modules.

Let A=A ® X be an induced module, where X has trivial G-action. We will
first show that

Py (A®X)= P ®X.

Let us define the map i : X — A ® X with i(z) = 1® x = for all x € X. This
map is clearly an injection.

Let us use the universal property of the tensor product P, ®, (A ® X) in the
following diagram:

i
\ 1 ¢
\l/

Py (A® X).
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By the universal property of the tensor product, if f is a bilinear map, then there
exists a map ¢ making the diagram commute.

Let us define f by (z,2) — 2z ®, (1 ® x), for all z € P, x € X. This map is
clearly bilinear, thus by the universal property, the map ¢ : 2 ® x — 2z ®, (1 ® )
is well-defined on all of P, ® X.

Conversely, let us use the universal property of the tensor product P,®@x(A®X)
in the following diagram:

Pex (A®X) —— P, @) (A® X)

By the universal property of the tensor product, if f is a bilinear map, this time
with respect to the ring A, then there exists a map 6 making the diagram commute.

Let us define f by (2, A®z)) — z- A®x, for all z € P,, A € A, z € X. Now,
let us show f is bilinear. Let z x (A® z) € Py, and p € A arbitrary. Then, noting
that we are treating Py as a right A-module, we have

flz-pA@r)=(z-p) - AQ@r=2-pA =z

and
flzop-(A@2) = flz,pA @) =2 - pA @,

le. flz-p,A®@x)= f(z,pn- (A®@x)).

Thus, this map is bilinear, so by the universal property, the map ¢ : z @5 (A®
z) = z - A® x is well-defined on all of P, ®, (A ® X).

Finally, the maps ¢ and 6 are inverses. Indeed:

Qop(z@x) =020\ (1®2)=2®x

and

P00z (ART)) = ¢(2:A®x) = 2:A@) (10x) = zZ\ A (1®T) = 2Q5 (AR ).

Thus, P, @4 (A ® X) and P, ® X are isomorphic.

The projective G-module P; is free, and hence projective, over Z. Thus, by
Propositions 22 and 23, applying  ® X to the projective resolution preserves
exactness. Hence, for k£ > 1,

Hy(G,A® X) =0.
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So far we have aimed to show that a homological extension fulfilling the three
properties exists. To show uniqueness, that any two such extensions are isomor-
phic, we will again use dimension shifting, as in the case for the cohomological
extension.

In dimension 0, we have Hy(G, A) = Ag, hence uniqueness in dimension 0 is
obvious. Inductively assume that we have proven uniqueness up to dimensions
k — 1. We will prove uniqueness of Hy(G, A) by showing it is isomorphic to some
(k —1)-dimensional homology group Hj,_1(G, A), which is unique by the inductive
hypothesis.

Consider A defined by the short exact sequence

0— A — ARA) —— A—0,

where A is the underlying Z-module structure of A. By the second property, we
derive the following long exact sequence:

L H(GLA) ——— Hy(G A ® Ay) ——— Hy(G,A) —2

O He (G A) —— H (G A ® Ag) —— Hy (G A) 222

Now, using the third property, that the homology extension disappears on induced
modules, we have H,(G,A ® Ag) = H,_1(G,A ® Ay) = 0. We are thus left with
the following short exact sequence:

0 —— Hy(G,A) 2% Hy (G, A) —— 0.

Hence, Hy(G,A) = H,_(G,A). Note that the third property applies to di-
mensions 1 and above, hence Jy is merely an monomorphism. However, this is
sufficient, as H;(G, A) will be uniquely defined by the kernel of 4.

Therefore, by induction, the homology extension is unique.

Now let us complete the calculations that we had left for later. When we
defined the standard resolution we introduced the notion of bar notation, and
the bar resolution. Similar notation can be introduced for the chain complex.
Consider the chain complex

—>Pk®A — pk;—l@A e G P()@A — Ag.
Consider an element € P,_; ® A. It may be uniquely represented as a sum of
elements of the form [gi]...|gx—1] ® a. Let us denote By = {[g1]...|gr — 1] :

g €G, 1<i<k- 1}, like we did for cohomology groups. Bj_; is a basis for
P,. we may identify a chain x € P, ® A with a function f, : B, — A which
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vanishes almost everywhere, i.e. it is non-zero for only a finite number of values.
Formally, let us note that x can be uniquely represented as a linear combination
of elements of the form b ® a, where b € Bj_1 and a € A. We define fowa O an
element [gy]...|gk—1] € Br_1 as

fowalgn] - - |gr_1] = {a, (1] - - [gr—a] = b,

0, otherwise.

and extend this linearly to f, for all x € P,_; ® A. Indeed,

fb1®a1+b2®a2 [gl| cee |gk—1]
aq, [91’ cee ‘gk—l] = by,

= fo10am [91| e ’gk—l] + fro0as [91’ S \gk,l] = 4 a2, [91’ ce \gk,l] = by,
0, otherwise,

and

g-a, [gl|""gk*1] = b7

fg-b@a[91| gr—1] = 9 fowalor] - |ge-1] = .
0, otherwise.

Thus, as = has a unique such representation, the mapping = — f, is well defined.
We construct the inverse map f — x¢ as

zp= > fb)
beBr_1

This is well defined as f vanishes almost everywhere. Hence, we have a correspon-
dence between P,_; and functions Bk,l — A which vanish almost everywhere.

Now let us find the form of the boundary homomorphism d, in this notation.
First, as in the definition of the standard resolution, we have

k
dyx = dx = Z(—l)jf’jx,
§=0
where we denote by 7; the operator of removing the j-th coordinate i.e.

i (hoy. .. h) = (hoy ... hy, ... ),

for any (ho,...,hr) € Py. Now, for arbitrary b € Bj_; and a € A, we have

~Jas el gkl = 70
ijb®a[g1| o lgr-1] = {0’ otherwise.
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If [1] ... |gk] = (ho, ..., hk—1), then (ho, ..., hx—1) = 7;b is equivalent to
(ho, ey hj,l,g, hj, ey hkfl) = b,

where g € GG is the j-th coordinate of b. Of course, if g isn’t the j-th coordinate
of b, then the value of fg, on this is 0. Thus, we can simply denote

fr]b®a[gl |gk 1 Zfb@a ho,... j— 1797h' "'7hk—1)-

geG

This extends linearly to any arbitrary € P, and thus from d,z = dz implying
d*fx = fd:c we get

d*fx[gl||gk—1] = fdx(lah'l)"'ah’k’—l)

k

= S (1) fralho hus . i)
j—O

= ZZ ) folho, b, b1, g, kg, By,
j=0 geqG

where each h; = g1 ... ¢g; and taking 1 = hy. Now, let us calculate each summand.
For 5 = 0:

fx(g7hlah27"'7hk71) = fw(g7glaglg27"'>gl'-~gk71)
g_l'f$(g7917927"'792--'gk—l)
= g falonl - lgral-

For1<j<k-1:

Zf$(17h1a"'7gv"'ahk—l)

geG
= > fellgi g1 G100 Gy G Gh1)
geG
= fo(l,gl,...,gl...gj,bgl...gjg,gl...gj,...,gl...gk,1>
geG
= > feloil- - lgilgiglg Mgl gkl g Wiy b Tt

geG






5 Low-dimensional interpretation

5.1 Crossed Homomorphisms

Definition 9 A map f : G — A which satisfies the condition f(g192) = g1-f(g2)+
f(g1) for all 1,92 € G is called a crossed homomorphism. A map f, : G — A
which satisfies the condition f,(g) = g-a — a for all g € G is called a principal
crossed homomorphism.

When the G-action on A is trivial, a crossed homomorphism is a homomor-
phism in the usual sense, and the only principal crossed homomorphism is the
constant O-map.

It is simple to show that principal crossed homomorphisms are in fact crossed
homomorphisms. For any two ¢;, g2 € G, we have

fa(g192) = (g192) a—a
= g1 (-a)tg-a—g-a—a
= g1 (2-a—a)+(g1-a—a)
g1 - fa(g2) + fa(gl)
We see that the coboundaries in dimension 1 are exactly the principal crossed
homomorphisms. Let f be a crossed homomorphism. The equation f(g192) =

g1+ f(g2) + f(g1) is the result of the coboundary formula for d* f, for k = 1. From
the formula for d* f

d"f(g1,-+  gen1) = g1-fg2, - gri1)) — (9192, 93, - > Gri1)
+f(91, 92935 - - 5 Gr1) —
=D 93G5 Gr)
+(=1)" (g1, ),
we get

d' f(g1,92) = 91 - f(g2) — f(9192) + f(gn)-

and since for 1-cocycles d*f = 0, we have f(g1g2) = g1 - f(g2) + f(g1). In other
words, the set of crossed homomorphisms is exactly the set of 1-cocycles.

Hence, the first group cohomology H'(G, A) is isomorphic to the abelian group
of crossed homomorphisms modulo principal crossed homomorphisms.

5.2 Group Extensions

We have a similar discussion for the second cohomology group. Applying the
coboundary formula on d*f for k = 2 we have

& f(91,92) = g1 - f(92,93) — f(9192. 93) + [(91. 9293) — (91, 92).
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For a 2-cocycle, d?f = 0, so we give the following definition:
Definition 10 A map f : G x G — A which satisfies the condition

91 f(92,93) — f(9192,93) + f(91,9293) — f(g1,92) =0

15 called a factor system.

The reason such a map is called a factor system is because such a map deter-
mines the composition law for a specific extension E of the abelian group A by G,
where the G-structure on A corresponds to the conjugation G-action on A. Such
an extension F is defined by the following short exact sequence:

0 > A L>E#G—>O.

We view A = ((A) as a subset of F, and, in fact, a normal subgroup, as
A = ker . We have a transversal s : G — A € E, a right inverse to m determined
by a choice of s(g). It is a set function, not necessarily a homomorphism, however,
it satisfies the property

s(g1)s(92) = f(91,92)5(9192)-

for all g1, 92 € G.
We formalise this in the following proposition:

Proposition 26 Given an extension E and transversal s as above, the following

hold:

(i) The factor system f determines the composition law in E.

(11) The cocycle identity above is equivalent to associativity in E.
(111) Choice of a new transversal ' : G — E changes f by a coboundary.
Proof: GG acts on A by conjugation, i.e.

g-a=gag .

We view A as a subset of E, but not (G, which we circumvent by utilising s:

g-a=s(glas(g)”

We use this formula throughout the rest of the proof.
As s is a right inverse to 7w, we have

m(s(gh)) = gh
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and

m(s(g)s(h)) = mw(s(g))m(s(h)) = gh,

hence 7(s(g)s(h)s(gh)™') = 1. Thus, s(g)s(h)s(gh)™' € kerr = im: = A
by exactness. As such, even though s need not be a homomorphism, and so
s(g)s(h)s(gh)~! isn’t necessarily 1, it is however an element of A. Hence, we may
form a function f: G x G — A with f(g,h) := s(g)s(h)s(gh)™'.

Applying associativity in E:

(s(g)s(h))s(k) = f(g,h)s(gh)s(k) = f(g,h)f(gh,k)s(ghk),
s(9)(s(h)s(k)) = s(g)f(h,k)s(hk) = s(g)f(h,k)s(g) 's(g)s(hk)
= g- f(h,k)f(g, hk)s(ghk)

and then, cancelling out the s(ghk) term on both sides, we have

However, as all these terms lie in A, which is abelian, we may use additive notation:

g - f(h k) + f(g, hk) = f(g,h) + f(gh, k).

Thus,
g- f(hk) = f(gh.k) + f(g, hk) — f(g,h) = 0

which means f is a factor system, thus proving (ii).
Let us now returning to (i). We shall fix an element z € F, and consider the
following;:

w(es(r(2)) ™) = w(e) (w(s(n(2))) ™ = wla)n(e) ™ = 1o

Thus, zs(m(x))™' € kerm = A, and so x = a,s(w(x)) for some a, € A.
Given two elements, x,y € E, we have

ry = azs(mw

Uy = () - ay f(7(x), 7(y)).

This shows (i).
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Let s’ : G — E be another choice of transversal. We will show that the related
factor system f’ differs from f by a cocycle.
First, note that 7(s'(g)) = g = 7(s(g)), hence

(s'(9)(s(9)) ) = 7(s'(9)(m(s(¢9) " = ¢

and so s'(g)(s(g))™! € kerm = A. Define F : G — A to be this value, F(g) =

s'(g)(s(g)) ™" ie. s'(g) = F(g)s(g).
Now, we apply this to

s'(g)s'(h) = f'(g,h)s'(gh)
F(g)s(g)F(h)s(h) = [f'(g,h)F(gh)s(gh)
F(g)s(g)F(h)s(9)(s(g))"'s(h) = f'(g,h)F(gh)s(gh)
F(g)g-F(h)s(g)s(h) = f'(g,h)F(gh)s(gh)
F(g)g- F(h)f(g,h)s(gh) = f'(g,h)F(gh)s(gh)
F(g)g-F(h)f(g,h) = f'(g,h)F(gh).

As we now work in A where the operation is commutative, we may switch to
additive notation

F(g)+g-F(h)+ f(g,h) = f'(g,h)+ F(gh)
f'(g,h) = f(g,h) = g-F(h)— F(gh)+ F(g)
f,<gvh)_f(guh) = le(gvh>

Hence, f' — f = d'F, and so we have shown (iii). O

This proposition outlines the correspondence between the second cohomology
group H?(G, A) and the family of extensions

0 s A s B s G s 0

for a given G-action on A. In other words, given a pair (G, A), where A is abelian
as a normal subgroup, the extension groups are determined up to isomorphism
by the module structure in A, i.e. the G action in A, and the second cohomology
class.

Since for all x € E we have x = a,s(m(x)) for some a, € A, we have a
correspondence between the sets E and AxG. Viewing E as such, the composition
law zy = a,7(x) - ay f(7(z), 7(y))s(m(z)7(y)) becomes

(a,g)(b;h) = (a+g-b+ f(g,h), gh), (3)
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where f corresponds to an element of the second cohomology class. If the G-
action is trivial, and the factor system f corresponds to the trivial cohomology
class, meaning without loss of generality we may take f to be 0 everywhere, then
the composition law becomes

(a,9)(b,h) = (a+b,gh).
Hence, we have the following result:

Lemma 27 Let A be abelian with trivial G-action. The extension whose factor
system corresponds to the trivial cohomology class is isomorphic to A x G.

If, in the formula 3, we consider the case where f corresponds to the trivial
cohomology class, but allow the G-action on A to be non-trivial, we get

(a,9)(b,h) = (a+g- b, gh).
This corresponds to the operation on the outer semidirect product A x, G, where
¢ : G — Aut A denotes the G-action on A.

Lemma 28 Let A be an abelian group with a G-action determined by ¢ : G —
Aut A. Consider the extension

0—A— F "5 G—N0.

If the factor system of this extension corresponds to the trivial cohomology class,
then the extension splits and E is isomorphic to A x, G, where composition is
determined by the G-action on A with

(CL, g)(b7 h) - ((1 +9g- b7 gh)
forall a,b € A and g,h € G.

Proof: Let us consider such an extension E with a trivial factor system f. Let
E = A X G as a set, with composition determined as above. Now, A is isomorphic
to its image im ¢ = ker 7w which is normal in E. These are the elements of the
form (a,1), for all @ € A. Similarly, we take the transversal s : G — E to be
s: g~ (0,g) for all g € G. Now, for all g,h € G we have

(0,9)(0, 1) = (f(g, ), gh) = (0, gh)
as f corresponds to the trivial cohomology class and as such may be taken without
loss of generality to be trivial. This means s is in fact a group homomorphism,
inverse to 7, hence the short exact sequence splits by Lemma 13. Thus G is
isomorphic to the subgroup ims in E, the subgroup of all the elements of the

form (0, g). The subgroups im: and im s clearly have trivial intersection. For an
arbitrary element (a,g) € E, we have

(a,9) = (a+ f(1,9),9) = (a,1)(0, g),

i.e. £ =im¢ims. Therefore, we have £ =im: xims = A x, G.
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5.3 Abelianisation

Lemma 29 Let Z have the trivial G-module structure and [G, G] denote the com-
mutator subgroup of G. Then,

H(G,Z2) = G/|G,G].

Proof: By Lemma 7, we have Ag = A/IA, where [ is the augmentation ideal.
Of course, as Hy(G, A) = Ag, this means Hy(G, A) = A/IA. The augmentation
ideal can be defined by the short exact sequence

0—1 sy N —=— 7 — 0.

By applying the second property of group homology, on short exact sequences, we
have the long exact sequence

. — H(G,I) —— H{(G,A\) — H\(G,Z) ——

—— Ho(G,I) —— Ho(G,\) —— Hy(G,Z) —— 0.

Now, as A is obviously a projective A-module, it has trivial resolution, so H; (G, A) =
Hy (G, A) = 0. By substituting I for A in the statement at the start of the proof,
we have Ho(G,I) = I/I?. Thus, the long exact sequence leads to the following
short exact sequence:

0— Hi(G,Z) —— I/I* — 0.

Thus, H,(G,Z) = I/I?. Now, we wish to show I/I* = G/|G,G], after which we
are done.

Let us consider the map ¢ : G — I/I? defined by g + [g — 1]. Two elements
of I are in the same class in I/I? if they differ by an element of I?. Let us denote
this relation by =. For arbitrary g, h € G we calculate the following:

o(gh)

gh—1
gh—1—(g—1)(h—1)
g—1+h—-1
= o(9) + ¢(h)
= o(h) + ¢(9)
= ¢(hg).
Thus, ¢(ghg~'h™') = 0. As [G,G] is the commutator subgroup, it is generated

by all elements of the form ghg~'h~", hence [G, G] C ker ¢. Thus, we may define
¢:G/|G,G) = I/I? as [g] — [g — 1].
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Conversely, let us consider the map 6 : I — G/[G, G] defined on the generating
elements of I as g — 1 — [g] and extending linearly to the rest of I. Indeed, if
A=S"mug; €1, then e(\) = 0, i.e. >.Fm; =0, hence

k k k k
A= Zmigi = Zmigz' - Zmz = Z(mz - 1)91'-

i

Thus, 0(\) = Hk ™ Now, I? is generated by the products of two generators of
I, i.e. elements of the form (g — 1)(h — 1) for any two g, h € G. Again, denoting
by = the relation of two elements in G that differ by an element of [G, G|, we have

0((g—1)(h—1)) = O(gh—g—h+1)
= 0((gh—1)—(g—1)—(h—1))
= 0(gh—1)0(g—1)"'0(h—1)7"
= ghg 'h7!

|
—_

?

as ghg'h™' € [G,G]. Thus, I? C ker 0, and so we may define the map 0 : I/I* —
G/|G,G] as [g — 1] — [g]. Clearly, this function is the inverse of ¢ from before,
hence both are in fact isomorphisms. Therefore, I/1? = G/[G, G]. O
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6 Examples

6.1 Basic examples

In this section we will cover some simple examples of group extensions:

Example 6 FEztensions of Z by Zs.

0 y 7 —— E —"— CI' —— 0.

For the sake of clarity, we will be treating Zs as a cyclic group of order 2 with
generator T', sometimes denoted by CZ, with the group operation taken to be
multiplication so as to keep consistent with the theory set up thus far. Now, let
us apply the formula for the cohomology for cyclic groups, which we computed
earlier in Example 5:

772
-~ NZ'

The cohomology groups, of course, depend on the module structure of Z as a
Zs-module, i.e. the Zy-action on Z. This corresponds to a mapping Zs — Aut(Z).
As Aut(Z) has two elements, the trivial automorphism and the automorphism
sending 1 to —1, we have two cases to consider.

Consider T' - a = a. Then, as every element is fixed, we have

H*(Zy,7.)

7% =7
and
NZ=(1+T)Z=(1+1)Z=2Z,
and so .
752 Z
H*(Zy.7) = = — =7,
(Z2,2) Nz 27 77

Thus, we have two possibilities for our factor system f which defines E. Recall
that if f is a factor system, it satisfies

91 - f(92,93) — f(9192,93) + f(91,9293) — f(g1,92) =0

for all g1, g2, g3 € Zs. If we set g = 1, then

0 = 1-f(g92,93) — f(1g2.93) + f(1,9293) — f(1, g2)
= f(1,9293) — f(1,92),

which means f(1,7) = f(1,1) = 0. If we set g; = T, then
0 = T f(92,93) — f(T92,93) + [(T' 9293) — f(T. g2)
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= f(92.93) — [(Tg2,93) + f(T, g293) — f(T, g2).

If go = 1, then f(1,93) = f(7,1), that is f(7,1) = 0. If g3 = T, then
f(g2,1) = f(Tga, 1), which yields the same result. If go = T and g3 = 1, then
f(T,1) = f(1,1), which again yields the same result. The value of f(T,T) has no
constraints, and thus it will correspond to the element of the second cohomology
class.

If f(T,T) =0, we have

(a,g)(b,h) = (a+g-b+ f(g,h),gh) = (a + D, gh),

that is, £ = 7Z x Zs. This coincides with the result of Lemma 27.
If f(T,7) =1, we have

(a,9)(b,h) = (a+g-b+ f(g,h),gh) = (a+b+ f(g,h), gh),

which, for each combination of g,h € {1,T} yields

(a,1)(b,1) = (a+0,1),
(@, T)(b,1) = (a+0T),
(a,1)(0,T) = (a+0T),
(a, T)(b, T) = (a+b+1,1).
2 if g=1
By mapping (a, g) — 22’+ L ;Z _ T’, we see that E is isomorphic to Z.
Consider T' - a = —a. Then, the only fixed element is 0, so
7P = {0}
and
NZ=(1+T)Z=(1-1)Z={0},
and so 7z { |
2 0
H*(Zs, 7 =
( 2, ) NZ {0}

Thus, we only have one extension. In this extension the factor system cor-
responds to the only element of the cohomology class, the trivial element. This
would intuitively lead us to believe that the factor system is then constant at 0.
We can see this from the factor system identity:

91 f(92,93) — f(9192, 93) + [(91,9293) — f(g1,92) = 0.
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We have the same result as before for g = 1, as 1 acts trivially, so f(1,7) =
f(1,1) = 0. When ¢g; = T, we have

0= —f(92,93) — f(Tg2,93) + [(T, g293) — f(T, g2)-

Setting g3 = 1 yields f(g2,1) + f(T'g2,1) = 0 which for either value of g, gives
f(T,1) =—f(1,1) = 0. For g3 =T and go = 1 we have f(T,1) = —f(1,7), i.e.
0 = 0. Finally, setting g1 = g2 = g5 = T we have 2f(T,T) = f(T,1)— f(1,T) =0,
and as the image of f is in Z, we must have f(T,T) = 0. Thus, f is a constant
mapping to 0.

Our composition law in E is now

(@, 1)(b,1) = (a+b1),
(@, T)(b,1) = (a+b,T),
(@, 1)(b,T) = (a—0T),
(@, T)b,T) = (a—b,1)

This shows that E is isomorphic to the infinite dihedral group
Do = (r,s | s* =1, rsr =r71),
where 7 = (1,1), and s = (0, 7). Indeed, s* = (0,7)(0,7) = (0,1) and
rsr™t = (1,1)(0,7)(1,1)" = (1,7)(-1,1) = (0,1).
Hence our extensions of Z by Zs, up to isomorphism, are Z X Zs, Z, and Dq,.
Example 7 Extensions of Z, by Zs, where p is a prime number greater than 2.

This example is done quite similarly to the previous one. Consider the exten-
sion E given by

0 > L, —— E —"— C7 > 0.

The action is determined by a mapping C4 — Aut(Z,) = Z,_1, so as T must
map to an element of order dividing 2, we have either T'-a =a or T - a = —a.
Let T - a = a. Now,

7y =17,
and
NZ,=(1+T)Z, = (1+1)Z, = 27, = 7Z,,
hence 7
2
7
H*(7y.7,) = 2 =2~
(22, 2y) NZ, 1Z,



Thus, our factor system is trivial and so, by Lemma 27, our extension is £ =
Zp X ZQ = ng.
Let T - a = —a. Now, the only fixed element is 0, so

7 = {0}
and
NZ, = (1+T)Z, = (1 - 1)Z, = {0},
thus
z,; {0}
H*(Zy,7,) = - = -3 =
B B) = Nz, ~ o)
Again, our factor system is trivial, and so our composition law becomes
(a,1)(b,1) (a+0b,1),
(a,T)(b,1) = (a+0bT),
(a’7 1>(b7 T) = (CL - b? T)v
(a7 T) (b7 T) (CL - b7 1)7

which shows that E is isomorphic to the dihedral group
D,=(r,s| " =s*=1, rsr =r"1),

with » = (1,1) and s = (0,7)).
Hence our extensions of Z, by Zy are Zy, and D,.

Example 8 FExtensions of Zy by Zs.

Consider the extension E given by

0 y Ly —— E —— CT > 0.

The action is determined by a mapping CI — Aut(Z4) = Z,, so as T must
map to an element of order dividing 2, we have once again either T - a = a or
T -a=—a.

Let T'-a = a. Now,

7y =174
and
NZy=(1+T)Zy = (1 + 1)Zy = 274,
thus .
VA
H*(Z9,74) = o = =
( 27 4) NZ4 2z4
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Analogously to the first example, our extensions are Z, X Zs and Zs.
Let T'-a = —a. Now, contrary to the previous examples, we have another
fixed element, namely 2.
72 ={0,2} = 27,4

and
NZy=(1+T)Zy=(1—-1)Zy = {0},
thus ”
Z 2 QZ4
H?*(Zy.7 7,

When calculating the factor system, we follow the same procedure as in Ex-
ample 6 to get f(1,T) = f(T,1) = f(1,1) = 0and 2f(7,T) = 0. In this example,
we immediately deduced that f(7,7) = 0, as the codomain of f is Z, where there
are no divisors of zero. This is not the case in Z,. We may have f(7,7) = 0 or
f(T,T) =2, and in both cases 2f(T,T) = 0. These cases correspond to the two
distinct cohomology classes.

In the first case, when f(7,7T) = 0, corresponding to the trivial cohomology
class, the extension is, similar to Example 7, the dihedral group Dj.

In the second case, when f(T,T) = 2, corresponding to the non-trivial coho-
mology class, we have the composition law

(a,1)(b, 1) = (

(@, 1)(b,T) = (a+0T)
=
) = (

(a, T)(b,
(a,T)(b,

This yields an isomorphism to the quaternions

Qs = {+1, +i, +j, +k | * = j> = k* = ijk = -1}

via
(2,1) — -1,
(1,1) — 1,
0,7) = j,
(L,T) — k

Thus, the possible group extensions of Z4 by Zs are Z4 X Zo, Zg, Dy, and Qg.
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6.2 The Dihedral Group D3

In this section, we will denote by G' = D3 be the dihedral group with 6 elements.
G has a presentation

G=(A,B|A*=DB*=1, BAB = A?).

The goal of this section is to find a resolution for this group, and calculate its
cohomology groups, in the case of trivial group action.

Example 9 Constructing a resolution for the dihedral group Ds.

Let us consider the following diagram:

A A Bf;?fl
A

<@
Vo

A
X/\v
\P/Q& X
P
d

o
Z —N 5 A
@\
%
&

B+1
—+>A

By joining the upper and lower rows in the middle, as well as joining the head

to the tail, we form the following periodic chain complex, which we will show is

exact:
) ) x

Ne \ \ Y \ £ \
84 rA 33 /A@AT)A@A 61 /A /Z.

For the remainder of this section, we denote an element X\ of A as

A=z+yA+ 24>+ uB +vBA+ wBA?

with Z-coefficients x, y, z, u, v, and w.

The map Ne : A — A is the composition of the maps € : A — Z sending
elements A € A to the sum of their coefficients t +y+ z+u+v+w =k € Z,
and N : Z — A, sending elements k € Z to kN, where N is the sum of all the
elements in G,i.e. N=1+ A+ A2+ B+ BA + BA?.

Multiplying by N sends an element A € A to

N = (z+y+z+utv+w)(l+A+ A+ B+ BA+ BA*) = kN,

where k is the sum of the coefficients. Hence, we may simply view the map Ne
as multiplication by N.

We start the proof of exactness by first showing that any two consecutive maps
have trivial composition, i.e. images are contained in kernels. Afterwards, we will
show the trickier part, that the kernels are contained in the images.
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We notice that
N=1+A+A*+B+BA+BA*=(1+B)(1+ A+ A%

and hence the compositions aN = SN =0as (1+B)(1-B) =1-B*=1-1=0.
Thus, the composition (g) N =0.

o w0\ fa) Jite} i
For the composition (/4; V) ( 5) = (/@04 Iy ﬁ) we shall compute each prod

uct piecewise:

pa = (-1-A+B)(A-1)(B+1)A
= (-1-A+B)(AB-B+A—-1)A
= (-1—-A+B)(B—BA+ A*-A)
= —B+BA—-A*+ A— AB+ ABA - A®
+A* + B* — B*A+ BA? — BA
= —-B+BA-A*+A-BA*+B-1
+A*+1— A+ BA? — BA
= 0
ka = (14+BAH(A-1)(B+1)A
= (1+ BA*)(B+ A* -~ BA - A)
B+A*-BA—-A+A+BA-A>-B
= 0
vB = (B+1)(B-1)
= 0.
Thus, the composition (M 0) (

K UV

For the composition (’y 5) g 0) = (fyu + 0K 6V) we shall again compute

each product piecewise:

o= (A-1)(-1-A+ B)
= —A- A4+ AB+14+A-B
= —B+1-BA*+ A%
6k = (B —1)(1+ BA?)
= B—1+ BA? - A?
—VH;

64



v = (B-1)(B+1)
— 0.

From here we see the composition (7 5) (ZL 2) = (7/1 + 0K 51/) = (0 O)

is trivial.

To calculate the composition of maps ('y (5) and Ne, we shall first view Ne
as the map of multiplication by N, through which the composition becomes the
map N (fy 5). We notice that as

N=(1+B)(1+A+A*)=(1+A+ A%)(1+ B),

the following compositions are trivial:

N~ (1+B)(1+ A+ AH)(A-1)
= (1+B)(A°-1)
= 0;
NS = (1+A+A*(1+ B)(1- B)
0.

Thus, the composition of maps N (’y 5) = (ny N5) = (0 0) is trivial.

Finally, we consider the composition of the final two maps, (7 5) and . Let
us show that any arbitrary element \ € A is mapped to 0. First, we check where
~v and ¢ send A:

YA = (A=1)(z+yA+ 2A% +uB +vBA +wBA?)
= 2A+yA*+ 24A% + uAB + vABA + wABA?
—x —yA — 2A*> —uB — vBA — wBA?
= -2)+(@—yA+(y—2)A°+ (v -u)B
+(w — v)BA + (u — w)BA?;
SN = (B—1)(x+yA+2zA* + uB + vBA +wBA?)
tB + yBA + 2BA? + uB? + vB*A + wB?A?
—x —yA — 2A*> —uB — vBA — wBA?
= (u—2)+@w—-—y)A+ (w—2)A%+ (r —u)B
+(y —v)BA + (2 — w)BA%

Now, when we apply ¢, we get the sum of the coefficients:

YN = z—x)+@—y+@y—a2)+@w—u)+(w—o)+ (u—w)
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e = (u—2)+w—y)+w—2)+@—u)+(y—v)+ (2 —w)
= 0.

Thus, the composition ¢ (’y 5) = (6’)/ 55) = (O 0) is trivial.

We have so far shown that any two consecutive maps have trivial composition.
This means that the image of any map is contained in the kernel of the next one.
The next step is to show that the kernel of any map is contained in the image of
the previous map. Again, we do this step by step.

Let us show ker e C im (7 (5). The map (7 5) sends an element <)\

1
)\2) € A®A

to ('y 5) <§1> = YA1 + 0. Let us now show that any element in the kernel of
2
¢ is of this form. Note that

M o=x1 +y1 A+ 1A% + B+ v, BA + wy BA?

and
Ao = Tg + Y2 A + 20 A? + us B + v, BA + wyBA%.

Throughout the rest of the proof, A\; and Ay will be assumed to have coefficients
denoted as such.

Let A be an element of the kernel of e. An element A € A is contained in the
kernel of ¢, that is e\ = 0, when the sum of its coefficients is 0. Thus

r+y+z+u+v+w=0.

We may then use this to replace t = —y — 2 —u — v —w in A, and try to find A\,

and Ay such that A =4\ +0Xs = (A — 1)\ + (B — 1)Ay. Indeed,

AN = (~y—z—u—v—w)+yA+zA +uB +vBA +wBA?
= y(A—1)+2(A> - 1) +u(B—-1)+v(BA—-1)+w(BA*-1)
= yA-1)+2zA-1)(A+1)+u(B—-1)
+v(BA— A+ A—1)+w(BA* — A% + A* — 1)
= A-1Dy+zA+1)+uB-1)+v(B-1)A+v(A-1)
+w(B —1)A* + w(A —1)(A+1)
= A-1Dy+zA+1) +v+w(A+1)+ (B—1)(u+vA+wA?).
Hence, for \; = (y+ 2z + v+ w) + (2 + w)A and Ay = u + vA + wA? we have
A =7A1 + d)\g, and so kere C im (7 5).
This result refers to the end of the sequence, i.e. kere = im 0;. The fact that
ker Oy = im Ogrqq for k > 1 follows quickly, because dy = Ne and Oy = 0.

More precisely, as ker N = 0, it means ker Ne = kere, and so, by what we have
just shown above, we immediately have ker Ne € im (”y (5).
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Let us move on to showing ker (a) C im Ne. We showed earlier that im Ne =

B
NZ. Let X\ be an element of ker <g> Then (g) A =0, that is (gi) = (8)7

hence, we have a\ = A =0, i.e. A € keraNker 8. Our goal is now thus to show
that kera Nker § = NZ, or that A = kN for some integer k.

We shall start by considering the simpler of the two maps, 5 = B — 1. As
was of the same form, we have then already computed

Brx=(u—2)+(w—y)A+(w—2)A*+ (x —u)B+ (y —v)BA+ (2 — w)BA”.

If A = 0, then that means that these coefficients are all 0, hence u = x, v = y,
and w = z. Thus, we now have a new form for A:

AN = v+yA+2A’+ 2B+ yBA+ 2BA?
= z(1+ B) +y(A+ BA) + 2(A*> + BA?)
= z(1+B)+y(l+ B)A+z2(1+ B)A®
= (1+B)(z +yA+ z4?)

This seems to imply a connection between the maps B+ 1 and B — 1. Let us
calculate (B + 1)), for some other element X' in A of the form A = 2/ + /A +
2/ A? +u'B + v BA + w' BA?:

(B4+1)N = (B+1D(@ +yA+2A?+4'B+vBA+w'BA?)

— (27/ —|—U,/) 4 (y/+U/)A+ (Z/+w/)A2
+( +2")B+ (v +y)BA + (w' + 2 )BA?
= (@ +u)(1+B)+ (y +vV)(A+ BA) + (2 + ') (A* + BA?)
= (1+B)((@' +u)+ (y +0)A+ (&' + w)A?).
This is in ker(B—1) as (B—1)(B+1) = B*—1 = 0. Also, by setting = 2’ +/,
y =19y +v, and z = Z/4+w’, we see that A = (B+1)\. Thus ker(B—1) = im(B+1).
Analogously, we can deduce ker(B + 1) = im(B — 1).

Now, returning our attention back to ker , we inspect how aA = 0 affects

a

g

the coeflicients of A:

ax = (A=1)(B+1)AX

= (B+A*— BA— A)(x +yA+ 2A* +uB + vBA + wBA?)
(ut+ty—v—2)+@W+z—w—2)A+(w+z—u—y)A?

+@x4+w—2—0)B+(y+u—x—w)BA+ (2 +v—y—u)BA?

= (BAA-D((z—y+v—u)+ (@ —2+w—-v)A+ (y—x+u—w)A?).
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As this value is 0, all the coefficients must be 0, which leaves us with the condition
U+y=v+z=w+z.

Substituting what we have found out from S\ = 0, that is u = x, v = y, and
w =z, we get x +y =y + 2 = z + x, which immediately yields z = y = z. Thus,
all the coefficients of A must be equal, say to some integer k. In other words,

AN = k+kA+EA?+kB+EkEBA+ kBA?
= k(l+A+ A*+ B+ BA+ BA?)
kN,

and thus we have found what we were searching for, that ker (a) is contained in

B

im Ne.
What is left is to finish showing exactness for the middle two parts. Let us

_ _ i 0 . [« A1 p 0
start with showing ker (H 1/) C im (5) Suppose ()\2> € ker (H y>' We
wish to find A € A such that (i;) = (g) A= (g/i\)

From [ " 0 M = 0 we derive two equations, uA; = 0 and KA1+ =
K UV Ao 0

0. Let us compute pA;:

/l/\l = (—1 —A+B)(C(71+y1A+ZlA2 “+1 uB+leA—|—w1BA2)
= (wi—x1—21) + (1 —y1 — 21) A+ (w1 — 21 — Y1) A
(1 —uy —v1)B + (y1 — vy —w)BA + (21 — wy — uy) BA®.

As those coefficients are all 0, from the first three we gain the conditions u; =
x4+ 21, v1 = 1 + 21, and w; = z; + y;. By substituting these into the next
three conditions, xy = uy + vy, y1 = v1 + wq, and z; = wy + uy, we gain the same
condition, x1 + y; + 2; = 0. Substituting x; = —y; — 21 back into Ay, we get

Moo=y 2) A+ A — 2B -y BA+ (21 + yi) BA®
= yi(-1+A— B+ BA?*) 4 z1(—1+ A*> — BA+ BA?).

Now, utilizing (BA% + 1)(BA? — 1) = 0, we have

kA1 = (BA*+ 1)\
= y(BA* +1)(A— B+ BA*—1)
+2(BA? +1)(A? — BA+ BA* - 1)
= y(B—A+A—B)+ 2z (BA— A*+ A* — BA)
= 0.
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Note, analogously to how we achieved ker(B+1) = im(B — 1), we have ker(BA? +
1) = im(BA? — 1). Thus, \; € im(BA? —1). In fact, we can calculate

M = yi(-1+A— B+ BA*) + 2z (-1+ A* — BA+ BA?)
= (BA’—1)(y1 +21) —1(B—A) — z(BA- A%
= (BA*—1)(y1 +21) —y1 A(BA* — 1) — 2 A*(BA* — 1)
= (BA? = 1)(y1 + 21 — 1A — 1 A%).

As kA1 = 0, kKA + vA3 = 0 becomes just vy = 0, i.e. Ay € kerv. As shown
earlier, ker(B — 1) = im(B + 1), hence

Ay = (B —1)(x2 + 12 A + 2A?).
Now, as
A=BA=(B—-1)((u—2)+(—-yA+ (w—2z)A%

we have u = x + x9, v = y + y2, and w = z + 2z5. Substituting these into \; = aA
we have
M o= BAA-D((z—y+v—u)+@—2z4+w—v)A+(y—2+u—w)A?)

= (BA? = 1)((z—x+ys— ) + ( —y+ 20— y2) A+ (y — 2 + 79 — 2) A,
Thus, using

)\1 = (BA2 — 1)(3/1 + 21— ylA — ZlAZ)

by comparing coefficients we get a system of equations

Z—XF+Y— T2 = 1+
T—Yy+tz—y = —U
Yy—2z+x0—20 = —21.
As the first equation is the negative sum of the next two, the system yields two

relations, say y = 2 — 21 + 20 — 29 and © = 2z — 21 + Yy — T2, and z may remain
free. Thus, for A\ with such coefficients, we indeed gain aA = A; and S\ = Ao, i.e.

(i;) € im (g), as we desired.

Lastly, we need to show that ker (7 5) Cim (’Z g) . Let <)\1> € ker (7 5).

A2
We aim to show <§1> € im (’g 2 , which means we want to find A}, \, € A
2
AN AW
such that ()\2> = (/_i u) ()\,2 , l.e.

/\1 = ,LL)\II
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Since <§1) € ker (’y (5), we have

2

")/)\1 + (5)\2 =0
’)/)\1 = —5/\2
Asyv=A—1and 6§ = B — 1, we may use our calculations from earlier to get

YA = (21— 21) 4 (21 — ) A+ (g — 21) A

+('U1 — Ul)B + (U)l — ’Ul)BA + (u1 — wl)BAQ,
0hy = (ug—x2) + (v2 — y2) A+ (wy — 2,) A®

"—(1’2 - UQ)B + (y2 - UQ)BA + (22 — wg)BA2;

—6>\2 = (B — 1)((“2 — 1’2) -+ (y2 — UQ)A + (ZQ — w2)A2).

As y\; = —d0 o, we can identify their coefficients:

21 — X1 = —(Ug — .’L’Q) = —(Ul — Ul), (4)
1=y = —(v2 = y2) = — (w1 —v1),
y1— 2= —(wz - 22) = —(Ul - wl)-

Manipulating this further, we have
Ty =V =Y — W =2 — Uy
Let us set this value to be t. Now,

Moo= a1+ A+ 2 A%+ (t+2)B + (t + 21) BA+ (t + y1) BA?
= z;(1+ BA) +yi1(A+ BA®) + 21(A*+ B) + t(B + BA+ BA?)
(1+ BA)(v1 + 1A+ 2,A%) +t(B + BA + BA?).

We are trying to find A} such that A\; = p\|. It suffices to find the preimages of
1+ BA and B+ BA + BA®.
From before, for any arbitrary A € A, we have

pA = (u—z—2)+ W —y—2)A+ (w—2—y)A®
+(z—u—v)B+(y—v—w)BA+ (2 —w —u)BA>.

By identifying the coefficients with the coefficients of 1 + BA, we get

u—xr—2z = 1,
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v—y—x = 0,
w—z—y = 0,
r—u—v = 0,
y—v—w = 1,
z—w—u = 0,
which has a solution z =v = —1, y = 2 = uw = w = 0. This means

u(—1— BA) =1+ BA.

Similarly for B + BA + BA? we have the system of equations

u—xr—z = 0,
v—y—x = 0,
w—z—y = 0,
r—u—v = 1,
y—v—w = 1,
z—w—u = 1,
which has a solution x =u=v = —1, y = 2z = w = 0. This means

u(—1— B — BA) = B+ BA + BA%.
Hence,

M = (1+BA)(z; +y1A+ 2 A*) + (B + BA + BA?)
= ,u(—l — BA)(JIl + ylA + 21A2) + Mt(—l — B - BA)
= —u((14+ BA)(z1 + 1A+ z14%) + t(1 + B+ BA)),

and thus A\; = p\| for
X, = (14 BA)(a1 + 1A + 214%) + t(1 + B + BA).

Now, we want to find A, such that Ay = rA\] + v\,, i.e. we want to show
Ay — KA} € imw.
In (4), if we add up the three lines, we have

O:$2+y2+22—U2—02—w2:O

i.e. 9 = —yo—29+uUs+va+ws. We also have vg = yo+y1 —x1 and we = 29+21—y;.
Now,

Ao = oA —1)+ 29(A% = 1) +uy(B + 1) + va(BA+ 1) + wy(BA* + 1)
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= yo(A—1)+ 29(A* — 1) +ux(B + 1)

+(ya+y1 —21)(BA+1) + (22 + 21 — 1) (BA* + 1)
= (B+1)(ug + y2A + 20A%) — 21 (BA + 1)

411 (BA — BA?) 4 z(BA? +1).

We have grouped the part that is in im v in front, (B +1)(us +y2 A + 22 A?). Now,

similarly for k\]

—K\] =

(1+ BA*)((1 + BA) (21 + 1A+ 21A%) +t(1 + B + BA))
(1+ BA+ BA? + A*) (21 + A + 2 A?)

+t(14+ BA*+ B+ A+ BA+ A?)

(14 B)(A%*(x; + 1A+ 21 A%) + (1 + A + A?))

+(1 4+ BA)(zy + 11 A + 21 A?).

Again, we have grouped at the front of the expression the part that is clearly in
imv. Now, we show that the rest of Ay —x\] also lies in im v. Inspired by modular
arithmetic, we use the notation for congruence instead of equality in the first line
as we are disregarding the parts that we have already shown to be a left multiple

of v =B+ 1.
)\2—:‘-{)\,1

= —21(BA+1)+y(BA— BA?) + %(BA* +1)

+(1 + BA)(Il + ylA + ZIAQ)

= x1(=BA—1+1+ BA) +y:(BA— BA®> + A+ BA?)

+21(BA? +1+ A* + B)

= (B+ 1) (A4 2 (1+ A?)).

Hence, \y — k\| € imv. Thus, we have shown M € im (Z 2)

A2

We have now finally finished the proof of exactness of the sequence

Ne

s A

B K U
s ADA —— ADA

(v 9)

y A 2 7.

~

Thus, it is a free resolution of Djs. Il

Example 10 The cohomology groups of D3 for trivial group action.

Let G = D3 and let M be a G-module with trivial G-action. Thus, our
resolution becomes

10
(2 2) (0 0)
sy AN —— 3 AP A » A < Z.

~

O3 o)) 01
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Let us then consider the periodic cochain complex

o) ( ) 6 e

4 M « MOM —— MO M =

d* d3

Note that we replaced the modules Homg (A, M) and Homg(A & A, M) with iso-
morphic modules M and M & M respectively.
Now, H°(G, M) = kerd* = M, and for k > 1 the cohomology groups are as

follows:
ker d?, k=1 mod 4,

cokerd?, k=2 mod 4,
ker d*, k=3 mod 4,
cokerd*, k=0 mod 4.

H*(G, M) =

Let us calculate these kernels and cokernels. First, we see that the result of d?

@eM@Mm

(0 6"

Hence, if a € ker d?, then a = 2b and 2b = 0, i.e. a = 0 and b is of order at most 2
in M. Let us denote the submodule of elements whose orders divide ¢t € Z in M
as follows:

applied to an arbitrary vector a = (

Ty(t)={meM: tm=0}.
With this notation, we have b € Ty,(2). Thus,
H* NG A) =kerd® = 0@ Ty (2) = T(2).
As 2a — b spans all of M, we have imd? = M @ 2M, and hence

MaoM M M
H%2(GA) = coker d? = —— 2 @ oo
(G, A) = coker Mot VYo T om

Let us consider d* = (6¢)*. As the group action is trivial, for any A\ = ¥;n;g; €
A and m € M we have

)\-m:Znigi-m:Znimze(/\)m,

i.e. A acts by multiplying by (). Now, let f,, € Homg(A, M) be the cochain
defined by f : 1+ m. This means, for all A € A, f,,(A) = X-m = e(A\)m. Next,
we check how d* maps this element:

d4fm()‘> = fm(a4/\) = fm(6g(>‘)) = 65(/\)fm(1> = 65(/\)m = 6fm(/\)
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Thus, d* is is simply multiplication by 6. This makes calculating the cohomology
groups very simple: H**3(G, A) = kerd* = Ty(6) and H*(G, A) = coker d* =
M/6M.

Putting all these results together, we get

/

M, k=0
Ty (2), k=1 mod 4,
HYG, M) = M k=2 mod 4,
Ty(6), k=3 mod 4,
\GﬁM, k=0 mod4, k>4.

6.3 The Klein 4-Group

In this section we will calculate a resolution for G equal to the Klein 4-group
V 2 7y x Zy. We will do so with the help of a topological fact:

Lemma 30 Let X be a K(G1,1) space andY a K(Go,1) space. Then, X XY is
a K(Gy x Gg,1) space.

Proof: Let p and ¢ be the canonical projections from X x Y to X and Y respec-
tively. For an arbitrary continuous map v : S¥ — X x Y, we get the continuous
maps py : S¥ — X and ¢y : S¥ — Y. Thus, a class [y] € m(X x Y) corresponds
to the element ([pv], [¢7]) € (X)) x m(Y'). Conversely, let i and j be the canon-
ical inclusions of X and Y in X x Y. For two maps v, : S¥ =+ X and v, : S¥ - YV
we have a map v : S¥ — X x Y given by v(t) = (71(t),72(t)). Thus, a class
([11], [r2]) € m(X) x mp(Y) corresponds to the class [7] € m(X x Y). These
correspondences are well-defined and inverse to each other, hence mp(X x V) =
7(X) X m(Y), in every dimension k > 1.

Thus, m (X XY) =2 Gy x Ge and (X xY)=0for k> 1, and so X xY is a
K(G: x G) space. d

Now, let us focus on the group G = V.
Example 11 Constructing a resolution for the Klein 4-group.

In Example 3, we calculated the resolution of Z, by noting that RP> is a
K(Zs, 1) space, and by using Proposition 10, which meant the augmented cellular
chain complex of S°°, the universal cover of RP*>°, gave a free resolution of Z over
ZCT. By Lemma 30, RP>® x RP* is a K(G, 1) complex, and so as S® x S is a
contractible universal cover of RP>* x RP*°, we can see again by Proposition 10
that the cellular chain complex of S x S* is a free resolution of Z over ZG.
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Let G =V = {1,T,5, TS} with T? = S? = (T'S)? = 1. We have the
CT and CJ as subgroups in G, generated by T and S respectively. As such,
G = CI x C5. Now, denote X = S* x S*. From Example 3, we have the
following two resolutions for CI and C§ given by the cellular chain complex for
S

0 o, o

84/1 / é / / i / €

1+T’ A 17T/ A 1+T/ A 17T/ A 7 Z _> 0,
8‘/1/ 14 83/ 1 85/ 123 81/ 173 €
1+SIA lfS'A 1+S,A lfS'A /Z_>O,

where each A’ = ZCT and A" = ZC3. Let us note that
N=7G =7Z[CT x C)|=7CT @ 2C5 = N @ N.

A k-cell in X is the product of an i-cell in the first 5S> and a j-cell in the
second S, where i + j = k and i,j > 0. These generate the module A; @ A7,
by bilinearity. Thus, in dimension k, the module P, is the direct sum of all the
products A; @ A7, i.e.

k
Po= P Mer =PA
0

i+j=k i=
Of course, this corresponds exactly to the tensor product of chain complexes. The

differential map in the tensor product of chain complexes is given on an element
d @ € P, where ¢ € Aj and ¢ € A, by:

Oh(d @) =0d @+ (—1)%ec 9.

Indeed,

08(0’ ® C”) _ 8(6/61 ® C//) + (_1)degc’a(cl ® 8/10//)
98¢ ® ¢+ (_1)deg6’c’8/cl ® d + (_1)degc’a/6/ ® 9"
_|_(_1)degc’+deg8’c’cl ® 3.

The first and last summands disappear as 0’ = 0 and 9”9” = 0. The middle
two summands cancel out as deg d'¢’ = deg ¢ + 1. Hence, 00 = 0.

We next verify that ker 9y = im 0g,1. To do so, we will treat 0, as a linear
map from P, = P, =k N ®AJ to Py_q, by which we may represent it as a matrix
with £ rows and k£ + 1 columns.

For an element ¢’ ® ¢’ € A} ® A}, we have

6k(c’ ® C//) _ az(cl ® ! + (_1)degc’c ® a;/C//’

5



noting that dic ® ¢’ € Aj_; ® AT and ¢ ® 97" € A} ® A7. This means we get
factors in A;® A7 in the resulting element of Py, from the summands in AJ@ A7,
and Af,; ® AJ. Thus, in the i-th row of the matrix J, indexing the rows and
columns from 0, we have a non-zero entry in positions ¢ and ¢ + 1, and zeroes
elsewhere. We see what these entries are by using the fact that 9} = T + (—1)"
and 9} = S + (—1)7, and substituting these into the formula for 9, again on an

element ¢’ ® ¢’ € A; @ A7

ﬁk(c’ ® C”) _ 826/ ® " + (_1>degc’c ® 8}’6//
= (T+(-1)) @+ (=1)1® (5 + (=1))c"
= (T+ (-1)) @+ (=18 + (=1)"".

Hence, we have 1 ® ((—1)¥798 4 (—=1)*) in position (i,7) and (T + (=1)"!) @ 1
in position (i, + 1). However, before we display the matrix, let us remember
that the element 7"® 1 in A’ ® A” corresponds to the element T in A = ZG, and
similarly, 1 ® S corresponds to S. Therefore, after making these conversions, in
matrix form we have:

S+ (=1)* T-1 0o - 0 0
0 ~S+ (=D T+1 - 0 0
O = : : B - : I
0 0 cee T T (1R 0
0 0 (_1)k715+(_1)k T+(_1)k

Now, let us show that kef O = im Ok+1. Suppose X € ker 0y, i.e._/_\ € P, and
OkxA = 0. Denote the vector A by A = (Ag, A1, ..., Ax). Now, from Op\ = 0 we get
the system of £ — 1 equations:

(S+ (DA +(T—-1DN = 0,
(=S + (DN +(T+ 1Ay = 0,

(DS + (1)) + (T + (=DM = 0.
Let us inspect the first equation:

(S+(=D"Ng=—(T -1\ =. (5)

If we cancel out the right side of the equation by multiplying both sides by (7'+1)
on the left, we get
(T + 1)(S + (=1)")Ag = 0.
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Thus, A\g € ker(T+1)(S+(—1)*). As an aside, let us compute ker(7'—1). Suppose
A=x+yT 4+ 25 +wTS € A. We have

(T—-DX = T'-1)(x+yT+2S+wlS)
= (y—2)+(w—-2)T+ (x—y)S+ (z —w)TS
(T —D((y — ) + (w — 2)9),

so if (T'—= 1)\ =0, then x = y and z = w, and so
A=x+aT+25+2TS=(1+T)(x+29).
However, we similarly have for X' € A:

(TH+1HXN = (T+1)(@"+yT+2S+w'TS)
= (W +2) + (W + )T+ (@ +¢)S+ (&' +u)TS
(T+D(( +2) + (W' + 2)9).
So, for y'+a’ = z and w'+2' = z, we have (T+1)\ = A. Thus, ker(7'—1) = im(7T+
D=T+DA={T+1)(a+0bS): a,be Z}. Similarly, ker(T'+ 1) = (T" — 1)A,
and we have analogues for S +1 and S — 1.
Let us return to our calculation of Ay € ker(T + 1)(S + (—1)¥). Elements in

ker(T + 1) are of the form (T — 1)(a + bS), and elements in im(S + (—1)*) are of
the form (S + (=1)*(c+dT). As )\ is in both, we have

(S+ (=1)") o = (T — D(a+bS) = (S + (—=1)*)(c + dT),
hence,

(T —1)(a+bS) = (S+(=1)¥)(c+dT)
—a+al —bS+bTS = (—1)fc+ (=1)"dT + ¢S +dTS,

by which a = (—1)¥*1¢, a = (—=1)¥d, —b = c and b = d. Thus, b = (—1)*a, i.e.
(S+ (=1 = (T = 1)(S + (=1)")a. (6)
Rearranging this, we have
(S + (=1)") (Ao — (T'=1)a) = 0,
which means \g — (T'— 1)a € ker S + (—=1)*, i.e.

o= (S + (=)Mo + (T — 1),
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for p1p € A and py = a € A. Now, returning to equation (5) and substituting (6),
we have

(T — DA\ = —(T = 1)(S + (=1)F)py,

by which \; differs from (S + (—1)*)u; by an element of ker T — 1, say (T + 1)
Thus,

M= (=S4 (=) + (T + Dpa
Now, substituting this into the second equation from the system,
(T+ DA+ —(=S+ (=1)F)A =0,

we get
(T+1)Ao = —(=S + (=1)")m,

and so, once again, Ay differs from (S + (—=1)¥)py by an element of ker T — 1, say
(T + 1)z, and hence,

= (S+ (=12 + (T = Dpss.

Continuing this process inductively, we get that the vector

o) (S + (=)o + (T = Dy ! 1o

A1 (=S +(-1) “)ul + (T + 1) po [

A2 = ( ( )k )/~L2 + (T - 1),“3 = Ogt1 H2 )
A (—1)58 + (—1)F* g+ (T + (~ D) Mot

i.e. AT = Oy[i, for some fi € Py,1. Therefore, ker 0y = im Oj 1.
We have thus constructed the resolution for Z over A:

02 01

P2, p , P, s Py — 0.

Example 12 The cohomology groups of the Klein 4-group for trivial group action.

To calculate the cohomology groups of the Klein 4-group G = V, we must
consider the cochain complex

- < Homg (P, A) e Homeg(Py—1, A) <— ... o Homg (P, A) «<— 0.

dk71
As each P is the direct sum of k£ + 1 copies of A,
k k k
HOIHG'(Pk, A) & Homg(@ A, A) = @ Homg(A, A) = @ A
i=0 i=0 —
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The boundary map d* is thus represented in matrix form the same as the trans-
position of Oy:

S+ (—=1)* 0 0 0
T—-1 =S+~ -+ - 0 0
0 T+1 0 0
0 0 o (=DF2S 4 (—1)F 0
0 0 Y A G D Lt (1) 1S + (—1)k
0 0 0 T+ (—1)k

To calculate the cohomology groups, we must find kerdg,; and imd;. In

0), i.e. kerd! = A, hence H°(G, A) =

dimension 0, we have imdy = 0 and d' =

A.

Let us calculate the entries in the vector b = d*a € P, for arbitrary a € Py_1,
dividing the results into two cases, when k = 2n is even (left) and when k = 2n+1
is odd (right):

0

bo = 2ay by = Oag

bl = OCL() + Oa1 b1 = OCLO — 2&1

bg = 2(1,1 + 2@2 bg = 2@1 + 0(12
bp—1 = Oag_2 + Oay_q bp—1 = 2ap_o + Oap_

b = 2a,1 b, = Oag—1

First, let us calculate H*"(G, A) = ker d*"™! /im d**. We have
kerd®" ™ = A TA2) @ A® ... T4(2) ® A,

where T4(2) = {a € A : 2a = 0}, the submodule of A of elements order at
most 2. Note that this is the same as the group of elements fixed by the action of
—leAonA, as2a =0« (—1)-a=a. We have 2n factors in the direct sum, as
A"+ maps from Homgy(Py,, A) = @2, A, a direct sum of 2n copies of A. Next
we have

imd” =2A® 00246 -0 2A.

Thus:

ker @271

im d2"

H™(G,A) =
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AdTs2) A .. Ta2)® A
2A002AD---D0D2A

A A A
o n A n+1
= (Ta(2)) @(ﬂ) :

Next, let us calculate H*"~ (G, A) = ker d*"/im d*"~!. We have
kerd® =T (2) @ B@---® B3 Tu(2),

where B = {(a,b) € A® A: 2a+2b = 0}. We can interpret this as "given an
element a € A, find b € A such that a +b € T4(2)". This logic leads us to the
correspondence ¢ : B — A @ T4(2) given by (a,b) — (a,a + b). This is trivially
an isomorphism, hence B = A @ T4(2). Next,

imd*™ ' =00 (-2,2)AD - ®(—2,2)AD0,

where (—2,2)A is the submodule of A& A generated by (—2,2). As (—2,2) € B,
this means (—2,2)A C B. The image of this submodule under the isomorphism
@ is 2A & 0, hence

B _AeTi2) _ A

~ ~ @ Ta(2).
(2,204 24@0 247 A2)

Thus, we now calculate

ker d’n

im d?n—1
TA<2)@BEB...BEBTA(2)

0B (-2,2)Ad---d(-2,2) A0

B B
— Ta2)® ErhRRETy @ Ta(2)

H™ (G, A) =

- TA(Z)@%@TA(Q)@...%@TA(Z)@TA@)
n+1 A n—1
(@) e ()

Thus, we have calculated the cohomology groups of G = V over a group A
with trivial G-action:

A E=0

2
(Ta@2)" @ (&)™ k=2n, n>1.



6.4 Extensions of order 12

Our goal in this section is to use the theory of group extensions to help us classify
all groups of order 12. By Sylow theory, every group of order 12 does, in fact,
factor as an extension of one of its subgroups by another.

Suppose G is a group of order 12. Let s3 = |Syl;(G)| be the number of Sylow
3-subgroups of GG. By the third Sylow theorem, we must have s3|4 and s3 = 1
mod 3. This means s3 = 1 or s3 = 4. Suppose s3 = 4. Then, this means we
have 4 Sylow 3-subgroups in G. As these subgroups are each of order 3, they are
generated by any of their non-trivial elements. Hence, the intersection of any two
distinct 3-subgroups must be trivial. Counting the number of distinct elements
in each subgroup, we have 4 - 2 = 8 elements of order 3, which along with the
neutral element, gives us 9 elements in total. The remaining 3 elements, together
with the neutral element, must form the sole Sylow 2-group. Hence, s; = 1.

When s, = 1, it means we have a single Sylow p-group, which implies that
that subgroup is normal. Our group G is therefore guaranteed to have a normal
subgroup of order 3 or 4. Let us call it A, noting that it must be abelian. Suppose
Ais of order 3. In G there is at least one 2-subgroup, i.e. subgroup of order 4. As
none of its elements can be of order 3, this means it is disjoint with the normal
abelian subgroup A. Hence, G is in fact equivalent to the extension of A by this
subgroup. Conversely, if A is of order 4, then G is equivalent to the extension
of A by a Sylow 3-group. To keep consistent with our notation thus far, let us
rename G to E, and name G the subgroup by which we are extending A.

We have therefore come to the conclusion that every group of order 12 can be
represented by the group extension

0 y A —— F " @ s 0,

where A is a group of order 3 or 4, and G is a group of order 12/|A|. As there
exists only one group of order 3, Z3z = C7, and two groups of order 4, namely
Ly = C’4T and Zgy X Zo =V, we cover all cases in the following four examples.

Example 13 FEuxtensions of Zz by Zy.

0 » Ls —— E —— CT > 0.

The action is determined by a mapping C} — Aut(Z3) = Z,, so as T must
map to an element of order dividing 2, we have either T'-a =a or T - a = —a.
Let T'-a = a. Now,
75 =17y

and
NZs=(1+T+T*+T)Zs = (1+ 1414 1)Zs = 475 = Zs,
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thus

7y Zs

NZs  Zs

The extension is Zg3 X Z4 = Z15, by Lemma 27.
Let T - a = —a. Now, the only fixed element is 0.

>~

H?(Z4,23) =

75 =0

and
NZy=(1+T+T*+T%2Zs=(1-1+1—1)Z = {0},

thus

724 0
H%&ZQZN%:%égO

The factor system corresponds to the trivial cohomology class, and the com-
position law becomes

(0, T%)(b, T) = (a+T* - b, T5) = (a+ (—1)%, TH).
This group is isomorphic to the dicyclic group
Dicg = (z,y | ® =y' =1, y* = 2% yoy ' =a7")

where z = (1,7%) and y = (0,7). Indeed, y* = z* = (0,7?) = (0,7?), and as
(0,7%)(0,7%) = (0,1), it means x® = y* = 1. Finally,

yry ' = (0,T7)(1,T*)(0,T)" = (0—1,T%)(0,T%) = (-1, T*) = 2"
Example 14 FEuxtensions of Zz by Zo X Zs.

Let us replace Zg X Zg with the isomorphic group V' = {1, R, S, RS},, the Klein
4-group generated by T and S, as in Example 11. We consider the extension

0 s Ly —— E —" 5V > 0.

The group action is determined by the homomorphism ¢ : V' — Aut(Z3) = Zs.
The non-trivial automorphism here is multiplication by —1 (or 2, equivalently),
which has order 2. Both the generators T" and .S, are of order 2, so they can both
act either as multiplication by 1 or —1, independently of each other. This means
we have the following four cases:

1. T 1,8 1;

2. T—1, 58— —1;
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3. T— —1, 51,
4. Tw— -1, S — —1.

By symmetry, the third case is equivalent the second simply by swapping the
generators. Less obviously, the fourth case is also equivalent to the previous two,
since T'S +— (—1)(—1) = 1, i.e. T'S acts trivially. So, by simply considering 7'S
and S to be two generators of V, this case is also equivalent to the second one.
Therefore, we have two distinct cases: when V' acts trivially on Zs3, and when one
non-trivial element acts trivially while the other two act as multiplication by —1.
Case 1: V acts trivially on Z3, i.e. T -a = S5-a = a, for all a € Z3. The
extensions are determined by H?(V,Zs), which we calculated in Example 12:

L3

H*(V,Z3) = T7,(2) @ (%

) =0®0? 0.
Thus, there is only one extension, F = Zg3 X Zy X Ly = 7y X Lg.

Case 2: T-a=aand S-a= —a, for all a € Z3. In Example 12 we portrayed
the resolution and boundary maps d* for the general case. Let us substitute T’
and S into d? and d? as is needed for this example:

S+1 0 0 0
E=|T-1 -S+1|=(0 =2,
0 T+1 0 2
S—1 0 0 -2 0 0
g |T-1 -5-1 0 10 0 0
0 T+1 S—-1 0 2 —2
0 0 T-1 0 0 0

Now, we can easily calculate

kerd® = {(v,y,2) €Z3| —2x =0, 2y — 22 =0}
= {(v,y,2) €Z3 |22 =0, y= 2}
= Tz (2)® (1,1)Zs,

imd* = {d*(a,b) | a,bc Zs}
{(0,20,20) | b € Zs}

Hence, we get
kerd® 0@ (1,1)Z3
H?*(Z3,V) = = — =0
(Z2,V) = o 0@ (1,1)2Zs
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and so, once again, there is only one possible extension, which corresponds to the
trivial cohomology class.
The composition law for the trivial factor system is given for all a,b € Zs and
g,h €V by
(a,9)(b,h) = (a+g-b,gh).
We see that the element (1,.5) is of order 6, hence it generates a subgroup of order
6. The element (0,7) is of order 2, and acts on (1,.5) by conjugation as

(0,7)(1,8)(0,T) = (0,T)(1,TS) = (2,5) = (1,9)"".

This means that the elements (1, 5) and (0, 7") form the generators for the dihedral
group with 12 elements. Therefore, F = .

Example 15 FEzxtensions of 74 by Zs.

0 » Ly —— E —— CT > 0.

The action is determined by a mapping CI — Aut(Z4) = Z,, so as T must
map to an element of order dividing 3, the action must be trivial. Now, ZZ* = Z,,

and
NZy=(1+T+THZ= 1+ 14+1)Zy = 3Zy = Zy,

thus
2y 7y
NZ, 7,

~

H*(Zs, Zy) =

Our extension is then Z, X Zs.

Example 16 FEzxtensions of Zy X Zy by Zs.

0 » A —— E —— CT > 0.

Denote A = Zg X Zy = V where V. = {1, R, S, RS} is, again, the Klein 4-
group generated by T' and S. The action is determined by a mapping CI —
Aut(Zy x Zs) = S3, so as T must map to an element of order dividing 3, the
action must be trivial or a 3-cycle.

Let the action be trivial. Here, A% = A, and

NA=(1+T+THA=(1+1+1)A=3A= A,
thus

_AB A
- NA A

12

H*(Zs, A) 0.
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Our extension is then A X Zs.

Now, let us consider the non-trivial action of C¥ on A = Zy x Z,. Let us
label the elements of A; e = (0,0), a = (0,1), b = (1,0) and ¢ = (1,1), and use
multiplicative notation for the group operation of A. T acts on A as a 3-cycle, so
without loss of generality, let us assume that 7" corresponds to the 3-cycle (a b ¢),
ie. T-a=0bT-b=c,and T -c= a. Now, we can calculate A® = {e}, and

NA=(1+T+T*A = {ecee, abc} = {e}.

Thus,
AY 0
H*(A,G) = — =~
which means we only have one extension. The composition law on this extension
E is thus defined as

I

0,

for all x,y € A and g, h € G. Let us note that

(679)(‘7;7 1)(679)71 = (6,g)($,g2) = (g K2 1)7

for all z € A and g € G. Hence, (e,T) and (a, 1) generate all of E.

The group A can act on itself by multiplication. This gives us the embedding
A — Sym(A) given by a +— o, = (e a)(b ¢), b+ o, = (e b)(a ¢) and ¢ — o, =
(e ¢)(a b). Similarly, the action of G on A can be interpreted as the embedding
G — Sym(A) given by T'— 7 = (a b ¢). This means we can embed E by treating
the element (z,g) as the composition of 2 and g. Indeed, as (e,T)(a,1)(e,T)!
maps to

(e a)(b )t = (e 7(a))(7(b) 7(c)) = Or(a) = OT.q = Op,

we have that (e, T)(a,1)(e,T)"" = (b,1). Thus, the embedding is well defined.
The image of the embedding is generated by the double transposition o, and the
3-cycle 7, hence it is isomorphic to the alternating group Ay.

Therefore, we have shown that the extension in this case corresponds to the
alternating group Ay.

We have now found all the groups of order 12, up to isomorphism of course.
They are:
Z127 Z2®Z67 D67 A47 DiC3‘

However, groups of order 12 can be viewed as group extensions in other ways,
not just as the extension of Zs by a group of order 4 and vice versa. For comple-
tion’s sake, let us cover the remaining such examples. A group of order 12 can
have subgroups of order 2, 3, 4, and 6. Thus, a group of order 12 can be portrayed
as the extension of an abelian group A by a group G in the following ways:

85



e 7o by Zg or Dg;
o 73 by Zy or Ly X Lo,
o 7y or Ly X Lo by Zs;
o g by Zs.
We will cover the remaining cases in the examples that follow.

Example 17 Extensions of Zg by Zs.

0 y Le —— E —— CT > 0.

The action is determined by a mapping CI — Aut(Ze) = Zs, so as T must
map to an element of order dividing 2, we have either T'-a =a or T - a = —a.
Let T - a = a. Now,
2L = 7

and
NZs=(1+T)2¢ = (1 +1)Z¢ = 2Zs
thus .
Ve Z
H(Zy, L) = - = 0 =
(Z2, Ze) NZg 27
The extensions are Zg X Zo and Zio, analogously to Example 7.
Let T'- a = —a. Now, the only fixed elements are 0 and 3.

ZLy.

Zg* = {0,3}
and
NZz=(1—-T)Zs = (1 —1)Z¢ = {0}
thus . 0.3)
Z:? 0,3
H*(Zg, ) = o = ——= 2 7y,

As we calculated in Examples 7 and 8, the factor system is 0 everywhere except
at f(T,T), where we have 2f(T,T) = 0, so f(T,T) = 0, which corresponds to the
extension Dg, or f(T,T) = 3. Here, we have the composition law determined by
the following equations:

(a,1)(b,1) = (a+0b,1)

(a,1)(b,T) (a+0b,T)
(a, T)(b,1) = (a—0b,T)
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(a, T)b,T) = (a—b+3,1).

The elements of the form (a, 1) generate the normal subgroup isomorphic to
Zg. The elements of the form (a,T’) are of order 4, as (a,T)(a,T) = (3,1). We
show that this group is isomorphic to the dicyclic group

Dics = (a,b | a® =b* =1, b = d®, bab™' =a™1).

By setting a = (1,1) and b = (0,T') we see that indeed a® = b* = (0,1) and
b> = a® = (3,1). All that’s left is to show the final condition:

bab~' = (0,7)(1,1)(0,T) ' = (-1, T)(3,T) = (-1 = 3+3,1) = (5,1) =a .
Therefore, all the possible extensions are Zg X Zo, Z12, Dg and Dics.

Example 18 FEzxtensions of Zy by Zg.

0 > Ly —— E —— CF > 0.

The action is determined by a mapping Cf — Aut(Z,) = 0, so the G-action
is trivial i.e. T'- a = a. Thus, Z%G = Zo, and

NZy=(14+T+T*+T°+T*+T°)Zy = 6Zy =0,

hence
75 7,

NZ, 0

The two extensions are Zg X Zg and Zqs.

HQ(Z6, Zg) —

= 7.

Example 19 FExtensions of Zs by Ds.

Let Dy = (T,S | T3 = 82 =1, STS =T1).

0 s Loy —— E —"— Dy > 0.
The action is determined by a mapping D3 — Aut(Zy) = 0, so the G-action is

trivial i.e. T-a=S5-a = a.
By Example 10, we can compute the second cohomology group:

Z, 7
H?(Zs,D3) = 2—222 = 62 >~ 7.
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Thus, we have two cases. By Lemma 27, the extension corresponding to the
trivial cohomology class is Zy x D3 = Dg. Let us consider the non-trivial case.
Here, the formula for the factor system is

f(h, k) + f(gh, k) + f(g,hk) + f(g,h) = 0. (7)

Let us define a non-trivial factor system the following way: f(sr¢, s’r?) = ij, for
all sr%, 577 € D3. Indeed, (7) becomes jk + (i + j)k +i(j + k) +ij = 0, which is
true for all 4, j, k € Zs.
This group is isomorphic to the dicyclic group
Dicy = (z,y | 2 =y* =1, y* =2°, yay™' =27")
where z = (1,7) and y = (0,s). Indeed, y* = z* = (1,1), and as (1,1)(1,1) =
(0,1), it means 2% = y* = 1. Finally,
yry~t = (0,5)(1,7)(0,s)"t = (1,s7)(1,5) = (1,srs) = (1,r 1) =2 ".

Hence, the extensions in this example are Dg and Dics.

6.5 Application to p-groups with a Cyclic Subgroup of In-
dex p

The aim of this section is to utilise the application of group cohomology to group
extensions to give a classification of p-groups which contain a cyclic subgroup of
index p, where p is a prime. Of course, it is a classic result that such a subgroup
is normal. We will be splitting our attention to the cases where p > 2 and when

p=2.

Theorem 31 Let p be a prime number greater than 2. All finite p-groups with a
cyclic subgroup of index p fall into one of the following categories:

(A) Z,, where ¢ =p™ andn > 1,
(B) Zy % Z,, where g =p"™ and n > 1,

(C) Zy % Z,, where ¢ = p"™ and n > 2, where the generator of Z, acts on Z, as
multiplication by 1+ p* 1.

Note that the third category makes sense as (1 + p" 1) = 1 mod p" by the
binomial theorem. Let us first prove a lemma that will help us in the proof.

Lemma 32 Let p be a prime number and a be an integer such thata? =1 mod p»
for somen >2. If p>3 thena=1 mod p" . Ifp =2 thena =41 mod 2" 1.
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Proof: Supposing a # 1, let us denote by d(a) the largest integer such that a? = 1
mod p?@. By Fermat’s little theorem, @ = a”? = 1 mod p, so d(a) > 1. We can
write a = 1 4 bp™®. Now, let us apply the binomial expansion to a?:

a? = (1+bpd(“))p

~ (p

_ bk d(a)k

> (1)
k=0

= 1 mod pHa+t

as p|(?) for k > 1. Thus, d(a?) = d(a) + 1, However, we assumed that a? = 1
mod p", so d(a?) > n. Hence, d(a) >n—1,ie. a=1 mod p" L.

Proof of Theorem 31:
Suppose the cyclic subgroup of G is of order ¢ = p™. Thus, G is an extension

onqbyH:CpT:

0—Z, > G » H — 1.

Suppose H acts trivially on Z,. Then, for the factor system f, we have

f(92,93) — f(9192, 93) + f(91,9293) — f(91,92) = 0.

Substituting g1 = g2 = g5 = g we get f(g9,9%) = f(¢% g). Thus, by induction
(substitute g = g5 = g and ¢g» = ¢*7!) we get that f(g,9%) = f(¢*,9). For
arbitrary g = 7% and h = T? in H, let kK = a~'b, where ¢! is the multiplicative
inverse of a in the field of p elements. Now, h = ¢g*, and thus f(g,h) = f(h,g),
which we can use in the composition law:

(a,g)(b,h) = (a+g-b+ f(g,h),gh) = (a+b+ f(g,h), gh)
= (b+a+ f(h,g),hg) = (b,h)(a,g).

Thus, G is an abelian group. This such can only be either Z,n+1 or Zy X Z,, so G
is of type (A) or (B).

Now, let us consider when the action of H on Z, is nontrivial, and use Example
5 to calculate H?(H,Z,). The action of an element h € H is determined by how it
acts on the generator 1 € Z,, acting as multiplication by the result of this action,
i.e. h-a = (h-1)afor all a € Z,. As a generator must be sent to another generator,
this means the action of H on Z, is given by an embedding ¢ : H — Z;, where
Zy, is the group of units of the ring Z, = Z /p"Z. As each non-trivial element of H
is of order p, the image of the embedding must be the subset of elements of the
form

imp={1+kp"': 1<k<p—1}={1+b: bep"'Z} CZ,
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Thus, one of the elements of H, say h, acts as 1+p"~!, as in (C). As every element
of H is a generator of H, this means Zf = ZZ, so, an element x is fixed if h-x = z,
ie. (1+p" Hh-z=uz, ie.

Zl ={x€Z,: p" -1 =0} =pZ,

On the other hand, the norm operator acts as multiplication by

p—1 p—1

; n— n— n—1P\P — 1 p— 1 n

N= i=) (+kp" H=p+p"') k=p+p 1-L—Q——>=p+——2—p-
k=0 k=0

i€im @

However, SP_1 1 = p, and

— — pp—1) p-1
Z kpnfl _ pnfl Z - pnfl 5 _ 5 pn’
k=0 k=0

which is congruent to 0 as p is odd, so p|’#. Thus, the norm operator acts as

multiplication by N = p, and so NZ, = pZ,. Therefore,

/i 7Z
(I, 2) = b = ot =
q q

By Lemma 28, we have that the extension is isomorphic to Z, X, H, with compo-
sition determined by the action of the generator on H, which we established acts
by multiplication by 1+ p™~*. This is category (C). O

When it comes to the case for p = 2, we have a few more categories of possible
2-groups with cyclic subgroup of index 2, alongside the categories (A), (B), and
(C) already listed. They are as follows:

(D) Dihedral 2-groups: Dy, = Z,, % Zo, where the generator of Z, acts on Z,,
as multiplication by —1. We are considering the case when m = ¢ = 2" for
some n > 2.

(E) Generalized quaternions 2-groups: 4, is defined to be the multiplicative
subgroup of the quaternion algebra H = R & Ri & Rj & Rk generated by
= e™/™ and y = j. We see that z is of order 2m and yay~' = z~!, hence
the cyclic subgroup generated by x is normal and of index 2. This means
Q4 18 of order 4m, so we take m to be a power of 2 so that ()4, is indeed
a 2-group with cyclic subgroup of index 2.

(F) Z, X Zy, where ¢ = 2" and n > 2, where the generator of Z, acts on Z, as
multiplication by —1 4 p"~ 1.
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We show that this list is complete.

Theorem 33 If G is a 2-group with a cyclic subgroup of index 2, then G is
isomorphic to one of the groups of the above categories (A)-(F).

Proof: Our proof starts the same as in the proof of Theorem 31. We consider the
extension

0— Z, > G > H — 1.

where ¢ = 2" for some n and H = C{. If H acts trivially on Z,, then G is of
type (A) or (B). If H acts non-trivially, then we calculate H*(H,Z,). The action
of H on Z, is given by an embedding ¢ : H < Z7, from H to the group of units
of Z4. Now, like in the previous theorem, we will use Lemma 32, however the
result is different for p = 2 compared to odd p. Here we have that the image of
the embedding is {+1+b: be 2"'Z,} = {1,1+2"',—1,—1+ 2"} Thus, we
have three non-trivial possibilities for the image a € Z; of the generator of H:
Case 1: a = 14 2"". Similarly to the last proof, Z!" = 2Z, and the norm
operator is multiplication by N =1 +a =2+ 2" = 2(1 4+ 2"2). If n = 2, then
qg=4and a =1+ 2 =3 = —1, which is equivalent to the next case we will cover.
Assume n > 3, Now, 142" € Z}, and so NZ, = 2Z,. Therefore, we have

27,
H*(H,Z,) = -2 =0,
v 2z,

hence, by Lemma 28, the extension splits and is of type (C).
Case 2: a = —1. In this case Z)' = 2"7'Z, and the norm operator is N =
l+a=1-1=0,so

Zi 21 Zgn
H*(H,Z) = w70 = = 2~ 7.
q

Thus, there are exactly two inequivalent extensions corresponding to this action
of H on Z,, so they must be of types (D), corresponding to the trivial cohomology
class, and (E) for the non-trivial class (note y indeed acts on z as —1).

Case 3: @ = —1 + 21, We consider n > 3, as for n = 2 we have a =
—1+42 = 1. Here we have Z' = 2"7'Z, and the norm operator is multiplication
by N =1+ a=2""1. Thus,

2n=17,
H?*(H,Z,) = 1>~
( ) q) 2n_1zq )
hence by Lemma 28, the extension splits and is of type (F). O

91



Biography

Alexander Sean Collins was born in Dublin, Ireland, on the 25th of January, 1999.
When he was two years old, his family moved to Brisbane, Australia, where he
grew up. In 2012, right after he finished primary school, they moved again to
Belgrade, Serbia, where he attended the Mathematical Grammar School. After
finishing high school, he went to the University of Cambridge to study Mathe-
matics, where he was awarded his Bachelor’s degree. He went to Corpus Christi
College, where his director of studies was Dr Christopher Brookes. During the
Covid-19 era, he moved back to Belgrade to continue his Master’s level studies. He
also worked here as a teaching assistant. During his last year at Cambridge, and
furthermore during his Master’s programme in Belgrade, under the supervision of
Dr Zoran Petrovi¢, he developed an interest in subjects such as algebraic topology,
differential geometry, homological algebra, and other similar, pure mathematical
topics. He wishes to continue working in these areas.

92



Bibliography
. K. S. Brown Cohomology of Groups - Springer-Verlag 1982;

. Henri Cartan and Samuel Eilenberg Homological Algebra - Princeton Uni-
versity Press, 1956;

. George E. Cooke and Ross L. Finney Homology of Cell Complezes - Prince-
ton University Press, 1967;

. Samuel FEilenberg and Saunders Maclane FEilenberg-Mac Lane: Collected
Works - Academic Press Inc, 1986;

. Serge Lang Algebra - Springer-Verlag 2002;
. Saunders Maclane Homology - Springer-Verlag 1963;

. C. B. Thomas Characteristic Classes and the Cohomology of Finite Groups
- Cambridge University Press 1986;

. Charles A. Weibel, An Introduction to Homological Algebra - Cambridge
University Press 1994;

. Charles A. Weibel, History of Topology - Cambridge University Press 1999.

93



	Увод
	Предговор
	Историја

	G-модули
	Групни прстени и G-модули
	Инваријанте и коинваријанте
	Коиндуковани и индуковани L-модули

	Разрешења
	Слободна разрешења
	Пресликавање проширења
	Пример: слободно разрешење од Z над неком цикличном групом
	Стандардно разрешење
	Тополошка тачка гледишта
	Ајленберг-Маклејнови простори
	Пројективни модули
	Јединственост разрешења

	Кохомологија група
	Кохомолошке и хомолошке групе групе
	Тачност функтора Hom и тензорског производа
	Кохомологија група са коефицијентима
	Хомологија група са коефицијентима

	Нискодимензионална интерпретација
	Укрштени хомоморфизми
	Групна раширења
	Абелизација

	Примери
	Основни примери
	Диедарска група D3
	Клајнова 4-група
	Раширења реда 12
	Примена кохомологија група на p-групе са цикличном подгрупом индекса p

	Библиографија
	Introduction
	Foreword
	History

	G-modules
	Group rings and G-modules
	Invariants and coinvariants
	Coinduced and Induced L-Modules

	Resolutions
	Free Resolutions
	The Augmentation Map
	Example: Free Resolution of Z over a Cyclic Group
	The Standard Resolution
	From a Topological Perspective
	Eilenberg-MacLane Spaces
	Projective Modules and Uniqueness of Resolutions

	The Cohomology of Groups
	The Cohomology and Homology Groups of a Group
	Exactness of the Hom and Tensor Product Functors
	The Cohomology of Groups with Coefficients
	The Homology of Groups with Coefficients

	Low-dimensional interpretation
	Crossed Homomorphisms
	Group Extensions
	Abelianisation

	Examples
	Basic examples
	The Dihedral Group D3
	The Klein 4-Group
	Extensions of order 12
	Application to p-groups with a Cyclic Subgroup of Index p

	Bibliography

