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A CLASS OF BALANCED LAWS ON QUASIGROUPS (I)
Branka P. Alimpié

Let w,=w, be a balanced law of the I kind [2], in the form
4] AW, ..., u)=B@...,v) m=2, n>2,

where u; (i=1,...,m) is either a variable or a term A,(Xi,...; %), Xij» -5 Xig

being variables, analogously v; (j=1,...,n) is either a variable or a term

B,(Xj,s - -5 Xig)s Xjs ..., Xjg being variables. 4, B, A, and B, are function

letters. Let p be the number of different variables occuring in the law (1).
For (1) we suppose the following conditions hold: '

(i) For any two terms #, and v, there is at most one variable occuring
in each of them.

(i) If there are terms u;, ., (or v, v, ) in each of them occurs exactly
one variable, these variables occur in different terms v, v, (or u;, u,,)
respectively.

For example, such is the law
(2 AA4,(x,, X)), X3, X5 X5, As(Xgs Xq Xg), Xo) =
=B (x,, B,(x,, x3), X,, By(Xs, X¢), X5, Bs(xg, X))

Let | P| denote the length of function letter P. From (i) and (ii) it follows
| 4;1<3, | B;|<3. Indeed, if e. g. u;=A4;(x, y, z, u), the variables x, y, z, u occur
in different terms v;, v;,,, v;,,, ¥;,; respectively, and in each of terms v,,,,
v,, 2 occurs exactly one variable. According to (ii) that is impossible, hence, |4,[<3.

We define a relation of the set T={u,, ..., u,, v,, ..., v,}. For any two
terms ¢,, ¢, T we say ¢ is connected with ¢, iff tere are terms s, ..., 5,7 such
that t,=s,, ,=5, and s,,s,,, (i=1, ..., k—1) are terms occuring on opposite
sides of (1) and having a common variable. This relation is an equivalence of
the set 7. Let r denote the number of equivalence classes.

For example, in (2) we have r=3, and the classes are

Ci={uy, uy, v, v}, Co={uy, v}, Cy={u,, us, ug, v, Vs, ve}-

7



8 Branka P. Alimpi¢

In this paper we consider the law (1) as a functional equation of unknown
functions 4, B, 4;, B; and we give its general solution, provided 4, B, 4,, B,
are quasigroups defined on a nonempty set S.

We give some definitions.

If ¢ is a term, let [¢] denote the set of variables occuring in ¢ [2]. If ¢

is a subterm either of w, or of w,, aES a fixed element, and tC[f], let ¢|;
denote the term obtained from ¢ substituting all x,E7 by a. If e. 8. 1= 4, (x, y, 2),

v={x, z}, then t[3=4,(a, y, a).
Let t=P(t,, ..., t,) be a subterm either of w, or of w, and (¢,,..., )

be some nonempty subsequence of the sequence (¢, ..., t,) of the length k<.
We define an operation of the set S, derived from the quasigroup P

LL.. . :8c=S8,
putting
P def 1 .o UL
LU-- ,.v(tu,, . tv) def l[:’]\([ (6] Uil vl).

So, for the law (2) we have
L% (u,, u)=A(u,, a, uy, a, A,(a, a, @),a),
L3 (x;, %) = A5(a, x;, Xy),
Lfs(vz, vs)=B(a, v,, a, B,(a, a), vs, Bs(a, a)), etc.

These operations depend on the choice of a and on the form of the
law (1). Since A4, B, A;, B; are quasigroups, the operations, derived from them,
are quasigroups too.

Let 7 be the set of all quasigroups derived from A and B. We define
the relation — of the set 7 on the following way: For quasigroups L.. g

and L2 (P, Qc<{4, B}, P#Q) we put
L:...B"*Lg...v

iff there are variables x,, ..., x5 of the law (1) so that by substitution of all
variables in (1), except xy, ..., Xs we get

Li. a@aXys oo 9 X0) = Loy (B (s o5 Xy oo Gy(Xary oy X))y
where @,, ..., ¢s are bijections of the set S, {¢,,..., ¢, are either derived
quasigroups or bijections of the set S. In this case we write also

LP B"Y...XS Lg
For example, from the law (2) we have
Liss (L5 %y, Xy, Xg) = Li(By(x,, %5), LT xy),
namely

A xpx3x B
L125"—3—3—5""Ll3-

Let = be the minimal transitive relation of the set ¢/ containing the
relation —, Relations = and — of the set 7, of all derived quasigroups of
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the length &k (1<<k<max(m, n)) are symmetric and we denote them < and
« respectively. The relation < of the set 7, is an equivalence.

We prove several lemmas.

Lemma 1. If all terms u;, v; of the law (1) are connected, for any
two binary quasigroups Lﬁp and Lffv (P.QE{ A,B}) we have Lﬁ’p > L,‘f\,.

Proof. First we prove L‘,-‘,- & Li.1, where 1<i<j<m. Let x be the
first variable occuring in the term w;, y the last variable occuring in the
term u, and z the first variable occuring in the term u,,,. Since all terms are
connected, the variables y and z occur in the same term v,, and x occurs in
a term v,, F<k. Indeed, there is at least one variable x’ occuring between x

and y. If x occurs in v, in v, occur at least four variables x, x', y, z, which

e . xy B Xz
is impossible. Therefore Lf,- > Ly <> Li}.H, namely L;,‘- = L§+,. Then we have

3) L o L, 1<i<m, i<j<k<m.
Analogously it yields
@) L < Li, 1<k<j<i, l1<igm.

Using (3) and (4), for any two L and L we get L < L < L.
For every Lg, there are some L}fc so that L} <« Lfv. Using Lﬁg < L, we
have L% < LZ,. The lemma is proved.

Lemma 2. If all terms u;, v; of the law (1) are connected, for every

derived quasigroup Lég...y(PE{A, B}) of the length >3 holds:
Los..w > Li

and
L.y > L.

Proof. As all terms are connected, there is at least one term u,
with two variables. The variables x and y of the term u, occur in two diffe-
rent terms v, v, respectively, hence we get Lj — L. By lemma 1, we have
L& < L} and therefore Ll = L{. Hence, there is a quasigroup Li . ., so
that ILS,_,\,]<,| Lé...¢| and L.y = Li.. . On this way we get a quasigroup

LE of the length 2 (Q€{4, B}) such that LY . ., = 12, and according to
Lemma | we have ng'__y = L. Since L = L{, we have Lﬁg,_,.{ > L.

For example, in the law
A(A,(x), x,), X3, A5(x,, X5, Xg)s Af%7, X5))
=B(x;, By(x;, X5, X)), X5 By(Xg, X;), Xg)
all terms u;, v; are connected, and we have

X3 X3X4 X B x3x A xyx, B A
A 23‘7—‘144 ZLLB 174 le_"_lﬁz__)Ll’

x A X3x4x B
B -J1TaZs7eTs L3422 ? Ly, etc.
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LergmA a 3. For every L% and Lf{athgre are quasigroups Lys and LY,
so that Li Lj(x, y)=Lys(@yx, 9s¥), and L LA(x, )= Lis(@r%, 9, ), where oy,
®s, ¢r and @, are bijections of the set S.

Proof. These equalities are obtained by substitution of all variables of
the law (1), except, x and y, by aES.

Theorem 1. Let all terms u,, v; of the law (1) be connected. There
exists a group (S, o) so that the following equalities hold:

A(x, ..., ,,,)=fo10- .. OL,':,xm,

B(xl, “ees xn)= L‘fxlo P Ofo’”
l,iAAi(xl’ tee x¢)=L;4Lf‘x1° tee OL;‘L:ixa9
LiBBi(xl’ cees x¢)=Lfol'xlo v ee oLiBLaBixa, (1<¢<3)_

Proof. We define a binary operation o of the set S as follows:
6) LH(x, y)=Lf xoL‘z‘y.

Since L is a quasigroup. the operation o is a loop [1], mainly isotopic
with L. We prove the operation o is isotopic with all binary quasigroups
derived from 4, B, 4,, B;.

Let be 15 <> Lf;, namely

(7 Lz s, 953) = Liz2(dy %, $,3)-
If we put in (7) y=a, we get

®) Lio.x=Li{,x,

and, if we put x=a, we get

©) Loy =L3,y.

Further, we have
LE(@aX, 9ay)=Li{, xo L3 §, y (from (6) and (7))
=Lig.xoLfpay (from (8) and (9)).

Since ¢4, @p are bijections, it follows

(10) Lfg(x, y)=LgxoLgy.
Let Lf;, be any quasigroup derived from either A or B. According to
lemma 1, we get Lf;, & Lf, hence there is a chain of quasigroups K, ..., K;

5o that L,’:\.=Kl, Ko Koo oK, K,=L{. By induction on s, we can
prove
Liy(x, )= Lixo L}y,
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With respect to lemma 3, for every quasigroup L,I:\', derived from either
A4; or B,, it yields

(11) LLyi(x, y)=Li Ly xoL{ Ly'p.

We prove the operation o is associative. Substituting all variables of the
law (1) except x,, x,, x;, we get either

L (4,(x;, xy), szxa) =Lj (B, (xy, LT (%35 x3)),
or

Lt (4, (x), L (x,, x3)) = LE(B,(x,5 x5), LT x,).

In both cases, using (10), and (11) and equalities of the form L{LZx,
=L}I8x,, k=1,...,p, obtained from (1) by substitution of all variables
except x,; we have (xoy)oz=xo(yoz), that is, (S, o) is a group.

Finally, we prove for every quasigroup L:’_,_g (P&{4, B}) of the length
k holds

12) L:...p(x,,...,x,,)=fo,o---oL€xk.

Let us remark the following. If for quasigroups derived from 4 and B
holds (12), then for quasigroups derived from 4, and B; hold analogous equali-
ties, too. If, e. g. |4,|=3, there is a quasigroup L3, such that

LEA,(x, p, 2) = Lin (@u %, 9u)» $22) = LipuxoLy g, yoLi g 2.
Using L{L{'=Lj ¢, LILy'=Llo,, LIL'=Lip,, we get
LA 4,6y, =LA xo ALY y o LY L3z,
By induction on k, we prove the equality (12).

If | L& | =2, the equality (12) holds with respect to lemma 1.
If [Lg..|>2, there exists L2 ,, such that |L2 ,|<|LE 4|, and

Lf--uﬁ(@d‘xl’ L ] ?kxk)=L[?...v(¢u....u.'(x1’ *o ey x}), ey \bv.._v'(x‘,-, e xk)).
By induction’s hypothesis, operations {, . .., $y...v, L2 .., are expressible by o,
hence it yields

Lg---ﬁ(q’axu s ‘Pﬁxk)=Ll?¢u--~u’(x1’ ce xi)° e °L\?‘l’v...v'(x_,', e xk)
=L£¢u-xl° « . e Qqu)ulxlo PR oll\'gl\p'xjo e °Lvo4‘v'xk~

Using the equalities L£9¢=Lf¢u, ...,L€<99=L,?q:,,l, we get (12). The
theorem is proved.

Now, we suppose for the relation of connectness of the set T={u,, ..., u,,
Vis ...» V,} there is r(r>1) equivalence classes C,={uy, ..., ug, ¥y, ..., ¥},
i=1,...,r. In that case the law (1) has the form '

(13) A(uayseoeslipys iyl oons Ug)=B Wy oovy Vayy cons Vg s oy Vs ).
r T r 8’
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Let 7:S"—>S be the operation of the set S defined by
7 (LaXys oo L %)= Loy (%15 -0 s X)),
The operation = is a loop, mainly isotopic to L.;‘l,,_ar. J

Lemma 4. For any two derived quasigroups L.f,...ur and Lfl...v, with ‘\
uu‘EC,., vv‘,EC,, i=1,...,r ‘ w‘

(14) Liou, (% o os %)=L Xy, -, LX) |
and :
(15) L3 (s eees XY= (L%, oo LX),

Proof. Since all terms of the set C, ({=1,...,r) are connected, for
any two derived quasigroups fol-nu, and Lle...v, there is a finite sequence of
derived quasigroups K|, ..., K, such that

L[.}:l...u.’ =K1 > Kz' R Kn=Lv?...Vr,
that is
L::;...u.r o LV?...V’(Py QG{A, B})-

If, for example, Lf:l...u, > Lﬁ...v’ and

L',fl,,,u'(x,, cees x,)=1t(L,’fl(xl, ceey L{f'x,),
then
(16) Lfl,,.v'(xl, ...,x,)=7t(L€xl, ...,Lf,’rx,).

Indeed, from the law (13) it follows

Lgl---u’(q’l’ reed q)rxr)=L€1~--",(¢1xl’ re ¢rxr)
and

L:,q>‘.x,=Lf;,¢,.x, i=1,...,r
where ¢, and ¢, are certain bijections of the set S, and so we have
Lfl_,,,i(q:lxl, v G x) = (Lp o Xy e, L‘f’cp,x,)=1c(L€a[»lxl, ves Lf."(l),x,).

Since ¢, are bijections, we get (16).
Analogously we can prove if Lf:l,,,u' is expressible by m, and
L., < L% ., then L2
is expressible by =, too
According to definition of =, it yields (14) and (15).
Lemma 5. For quasigroups A and of the law (13) it holds .
AL .. and B= Ly ...

r
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Proof. By substitution of all variables, occuring in (13), except the
variables occuring in the terms of C,(ic{l, ..., r}), we get the law

A B
La‘....ﬁi(uai’ e uﬂi)= LYi"'ai(le" sees v8i)9

in which all terms u,, ..., ug, ¥y, ..., vs, are connected.
By lemma 2 we have

and
Hence,

and

The lemma is proved.

Theorem 2. Let A, B, A, B, are quasigroups satisfying the law (13).
There exists a loop (S, ) of the Iength r, and for every class C; with card
C,>2, there exists a group (S, o), i=1,...,r, so that

A(Xays «ovs Xpys ovns Xaps « s Xp.)
an =7 Lf‘xulo,- . -ong,xg,, .. .,L;‘rxmro,- . -o,Lg’x@’).
B(Xys «ovs Xoy5 vy Xyyy ooy X3)
=n(l’€1 Xy %" ' 9 Lglxsl’ o ’Lg,x‘(,.or' * '°rLg,x8,)'
If u,€C;, and u,=Ay.(x,, ..., x;), where k=2 or k=3, then

(18) LiAu(%y oy x) = Lo Li*x 0,0 + o, L Li%x,.
If weC,, and vg=Ba(x,, ..., X;), where k=2 or k=3, then
(19) L3Ba(xy, ...y X) =LEL®x,0,+ - -0, L LRRx,.

Proof. By theorem 1 there exist groups (S, o;) so that the equalities
(18) and (19) hold.

Let p;, ..., v; be a subsequence of the sequence «;,..., 8, and A,..., ¢,
a subsequence of the sequence v;, ,..,8;, i=1,...,r

A B .
If Lu,...v....u.r...v’ "’L)q...p,...)\r...p’a and if .

B B B B B
Ll:---ax‘-.l,-.-a,(xlw (KR xo,)=“(lexM Oy '°1La:x¢=n LR Ll,xlror' te °rL¢,xo,)a
then, by definition of —, it is easy to see that

A A 4 A A
Lu-l---v:(xu-l’ ver xv,)=7"'(LU-1xu1°1' * '°ILV1xV1’ veey Lu-;xu-,°r' . 'O,L\,’x\,’).

Using such equalities, by lemma’ S and by definition of = we prove the
equalities (17). This completes the proof.
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Theorem 3. General solution of the functional equation (13) on un-
known gquasigroups A, B, A, By is given by
A(Xays o oos Xy ovvs Xasooes X3)
=7t(cp¢1x¢1°1' P10 P Xy -k e “P“,x“,or' vt or%,xﬂ,)’
B(xy, ..., X8, .-, Xogyp ones Xs,)
=ﬂ(¢‘{1xﬁ°l' * 9 4)81)631, LR "pY,xY,or' : 'O,QIJarxs’),
q’aAa(xj’ ceey xj+k)=q’aijj°t' * 0Pk Xjrks
(udecj’ ua=Au(xja ey xj+k))1 k€{09 1’ 2}1
%Ba(x;, cees Xk) =%7ljxj°l' ©9; ‘pﬁ")j+kxj+k,
(VGEC," Vg = BB(xj, eeey xj+k)), kE{O, l, 2},
where (S, ®) is an arbitrary loop of the length r, (S, o) are arbitrary groups,
and @y, Yy, €, n; are bijections of the set S satisfying the following conditions:
For every ic{l,...,p}, if the variable x; occurs in the terms u, and
vy, then
(1) Pa €=y
Proof. By theorem 2, for the law (13) there exist a loop (S, =), groups
(S, 0,) and bijections @,, {y, &, 1, so that the equalities (20) and (21) hold.

Conversely, let for quasigroups 4, B, 4,, By the equalities (20) and (21)
hold. It is easy to verify in this case 4, B, 4,, By satisfy the law (13).

We give an example,
Let us consider the functional equation

(22) A (A, (x5 X)s X3, X4s X, A5(Xgs X7, Xg), Ag(Xg, xlo))

- =B(x;, By(%p, X3), X, By(x5, Xg), X7, B(Xg5 Xg)y X10)-

(20

Here is r=3, and
Cy={u, ty, v, v}, Cy={hy, v}, Cy={uy, us, s, V5 Vs, Vs, Vo)
General solution of (22) is given by
A1 V25 V33 Yar Vs» YO =T (9171°,92525 P3 V3> PaYs®3P5Y5%396V6)
B(ys oo p)=m (G171092 Y25 Y3 P30 $aPe03¥s 503 P V03 $1 3,
@, 4, (X)) Xp) =Py €, X,0,9,€, X5,
PsAs(Xss Xg5 Xg) = PsC6X603P5E X703 P55 Xy,
95 A6 (X9, X10) = P X9 039519 X105
U2 By (%25 X3) = o my X0,y 0y Xy,
by By (%55 Xg) =YyMs X505 b4 mg X,
b Bs (Xgs Xg) =Yg X5 034579 X,
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where (S, w) is an arbitrary loop. (S, o,) and (S, o,) are arbitrary groups and
@ Yu> €, 7; are bijections of the set § so that

P& =415 PE =M, ?z=¢'2'03s e3=4;, Py=YMNss Ps€s="Y4N65
Ps€,=Ys, Ps€y="YsNg» PsCo="YsNo, ?6510’:‘1‘7-

Now, let us consider an arbitrary law of the I kind, in the form (1), on
quasigroups. Such is, e.g. the law

A (x;, Ay (xy, X3, X4 X5), A3 (X6, Xq, Xg), Xy, Xyq)
=B(B,(x,5 Xp5 X3)s %45 X5, X, Bs(x7, Xg), B(Xgs Xy0))-
We prove, that such a law can be transformed into a law satisfying con-
ditions (i) and (ii), substituting some quasigroups by GD-groupoids [3].
Let for two terms u#, and v, there are more than one variable occu-

ring in both of them, e. g8 u;=A(x,,..., X, ..., x;,,) and v;= B;(x,,
Xiiss s Xeyom)- Then we define GD-groupoids

seey

- def
A ooy X (s ooy X )Y =A,(xs -0y X)),
B_-j((xk’ v xk+:)’ Xirsrrr vees xk+m)£Bj(xkv ceee xk+m)'
So we get a law on GD-groupoids satisfying the condition (i).

If in such obtained law occurs a sequence of terms u,, ..., u,,,(or
Vis -+ -5 %) in each of them occurs exactly one variable x;, ..., x,,,, respec-
tively, and if these variables occur in the same term v;(or #;) on the opposite
side of law, we define GD-groupoids

7 . def
A(...,(uk,...,uk“),...)=A(...,uk,...,uk+,,...),

and _ det

o Bi(-oos Cokr oo s gy o )=By(c oy Xis oo o5 Xpygs -+ ),
= de
B(...,(vk,...,vkﬂ),...)——EB(...,vk,...,vk“, . X

and

Ao (s oovs Xy ...)ﬁA](..., Xs eons Xpags ove)e

In such a way we obtain the law (13) on GD-groupoids satisfying the
conditions (i) and (ii).

We note that for so obtained law holds the condition:

(iii) If a term wu; (or v;) is not a variable, then Li(or L}) is a bijection.

We prove in this case that the operation w is well defined.

If all functions L2, ..., L;‘r are bijections, the operation T is well defined.

If, for some i, function L;‘i is not a bijection, then Ug, is a variable, but
vy, is not a variable, namely Lf,’l is a bijection.

We assume, functions L;‘l, cees L;', (1< s<r) are bijections and L:, s ey L.;‘r

are surjections. The sequence C,, ..., C, can be reordered so that it holds.

Let z,,...,z, be arbitrary choiced elements of the set S. Since L:,,...,Lf,
are bijections, for every z,(i=1,...,s) there is exactly ome x, so that
4
Lix=z,...,Lax~z,
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Since functions Lﬁ, gy s L:r are surjections, for every z; (i=s+1,...,r)
there is some x, so that Li, X, =Z,1» -.-» L;‘rx,=z,.

We prove that from the equalities
(23) L;;x}=L;;x; G=s+1,...,7)
follows the equality

Lgl...ar(xly vees Xgs x_:“, D} x:)=L:1...ar(x1’ ceey X x:ﬂ’ seey x:)

Substituting all variables except x; (j=s+1,...,r) by a&S, from (13)
We get

A B
From (23) and (24) it follows
L$j¢jx}=L$j¢,x; (j=s+1,...,n.

As L% is bijection, we have

(25) Yx=4x,  (=s+1,...,n).

Substituting all variables, except ome in each of sets C, i=1,...,r,
from (13) we get ‘

Lo @ P15 s ®eYes Yorts o5 Vi)
='L$1---‘Y,(¢1y1’ oo Ge¥es GerrVsrrs oo Gr ¥
Since ¢, are surjections, we can choose y,, ..., y, so that
PVI=Xps v QuVe=X,.
From (25) we have
Lg,--w,@x}’u coos Ys Vs "l’s+1x;+u cees ‘Prxr')_
— L2 @ o Bde G Ko e B )
and therefore, by the choice of y,, ..., ,, it follows
L a (Xisoees Ko Xogts oos 50 =Ll (Bps ooes Xy Xty ooes X0,
that is
n(L:‘ iy oves Li x,, L;‘,ﬂx;H, cies L‘:,x;)
=T L:le, vees L:,x_,, Lﬁmx:ﬂ, cees Lﬁ,x:),

hence w(z,, ..., z,) is well defined. It is easy to see that the operation = is

a loop.
Analogously we can prove that the groups o, are well defined. Hence, we

can apply theorem 3, too.
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We give an example.
Let
A(x, A,(y, 2), Ay(u, V) =B(B,(x, y, z, u), v)

be functional equation by unknown quasigroups 4, B, 4,, 4,, B, of a set S.
According to theorem 3, general solution of this equation is given by

A(x, y, 2)=M (x, y)ouz,

A, (x, y)=P(x, ),

aAy(x, y)=Bxovy,

3B, (x, y, z, =M (x, P(y, 2))oBu,
B(x, p)=3xo0vy,

where M, P are arbitrary quasigroups, a, B, v, & are arbitrary bijections, and o
is an arbitrary group of the set S.
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A CLASS OF BALANCED LAWS ON QUASIGROUPS (II)
Branka P. Alimpié

In this paper we enlarge the results, obtained in [1] for a class of balanced
laws of the I kind on an analogous class of balanced laws of the II kind. In
both cases the operations, satisfying the laws, are quasigroups, defined on a

nonempty set S.
Let w,=w, be a balanced law of the II kind in the form

(1) Ay, ...,u)=B@,...,v), m>2,n>2,

where u, (i=1,...,m) is either a variable or a term A4; (Xi,,..., Xia), Xi, .00, Xt
being variables, analogously v; (j=1,...,n) is either a variable or a term
B; (xiys+ .. Vig)y Xiy»...,Xig being variables. 4, B, 4, B, are functions letters.

For (1) we suppose the following conditions hold:

() For any two terms u; and v, there is at most one variable occuring
in each of them.

(ii) If in each of two terms u; and u, (¥, v,) occurs exactly one variable,
these variables occur in different terms v, v, (u;, u,) respectively. )

(iii) The order of occurence of the variables in any term u; (v) is equal
to the order of occurence of these variables in the term w, (w,).

For example, such is the law

A (4, (x, 3, 2,u), 4, (7, W), 1) = B(%, B, (», V), B, (2, 1), B, (u, w).

In the set of terms T={w,...,u,,v,...,v,} we introduce the relation
of connectness defined in [1], and in the set of all quasigroups derived from A4
and B we introduce the relations => and &, defined in [1], too.

For the laws of the II kind, hold the lemmas, analogous to the lemmas
1, 2, 3 from [1]. The proofs of the lemmas 2 and 3 rest unchanged, for the
lemma 1 we need a new proof.

Lemma 1. If all terms u,v, of the law (1) are connected, for any two
binary quasigroups L%, and Lg, (P, Q<= {4, B}), derived from A and B, we
have Lf & L2

2 19
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Proof. First, if Lfe—)Lﬁ, and f>«, there exists v#u such that
y) B,rB _ B B B e rd X

Lay—)L‘E(L‘;:—- we 10T u<v, and L =L_, for v<p). Indeed, if L’ L3
then x occurs in the terms u, and v,. The term wug either contains a vari-
able y occuring in some term ¥, vy, or contains only cne variable y

. . . xy B .
occuring in the term v,. In the first case we get Lz« Lj;,and in the second
case, in view of (ii), there exists a variable z occuring in the term w, and in

a term v,, v#u, and we get L:Q&L%.
Since for every two LF and L2 holds L7 <> L2, it follows for every L
and L2 (P, Q € {4, B}) there exists v so that Lfﬁ(z)L%.

Further, for every «, 8, u, a<B, B we get L2, < LT, (PE {4, B}).
Let us consider a sequence

P Peyoo P
Lo L2 L [P LE

defining L <—-)L£ . There exists an index v so that L:aé——)L‘%. If 6#p, then
L%(——»L%, if 6=p, then L%(—-)L56=L:B. On this way, we get finally La% HLEE,
Let Lf, and L2 be two arbitrary quasigroups. There exists an index A so
that L{:B@L%, and L%@Lfv. Hence we get Liﬂ(:)Lfv, and the lemma is
proved.
Let Li’a and L.}:\. (P,QE {4,B, 4, B;}) be two derived quasigroups so

that Leg<s L2, Since the law (1) is of the II kind, we have either
¢ sz @ %9,5)=¢ Lf,, (s x4, ¥), or
P L};g @1 %, 9, y)= q) L‘?\, (‘pz 3 ‘-h x).

In the second case we say the relation L7« L2 is an inversion.

Let ~ be the following equivalence relation of the set I, of all quasi-
groups LE (P& {4, B, 4;,B;}). For Lf,, L2 € I, weput LY ~ 1.2, iff LY < 19
and there exists at least one sequence defining Lf & [ 9 with an even number
of inversions.

The relation a is containing in the relation <, more preciselly, each
class Ce, of the relation & is the union of at most two classes C_, and C_
of the relation ~.

Let all terms u;, v; of the law (1) be connected. By the lemmas 1 and
3, for every two operations Lf; and L2 (P, Q € {4, B, A;, B;}) we have L, o112,
We distinguish two cases:

1. C¢=;=CN9
2. C=)=C; U C;.

In the case 1. there are two possibilities:

1. From the law (1) does not yield any inversion, that is the law (1) is
of the T kind.




A class of balanced laws on quasigroups (AT} 21

1.” From the law (1) yields at least one inversion, that is, the law (1)
is of the II kind.

In the case 1” for every quasigroup LE, there exists at least one sequence
defining Lf, < LY with an odd number of inversions. Let, for example, the
relation LP <——>LQ be an inversion. Since L, ~ LE and L2 ~ Lf,, there exists
a sequence L? <==>LP (-——)LQ & L7, with an odd number of inversions.

In the case 2 each sequence defmmg Lf <& LF has an even number of
inversions. Indeed, let, for example, be L{:B 6 CN, and let exist a sequence
defining L%, & L%, with an odd number of inversions. Let L € C,, and
LG C, Then there exists a sequence LY & LT, & LE < Lg with an even
number of inversions, that is, LT ~ L2, what is in contradlctlon with the
assumption about LY and Lg.

Let for the law (1) hold 2. We change all operations LF; of one of the

classes, say CN, with the operations LP‘ (L A (x, y) Lgﬂ o, x)) The obtained
law wy=w} is “of the I kind. Indeed, from so obtained law w]=wj it yields
Cz'-ca: and for every operation L” each sequence defining LP <> L% has an
even number of inversions.

Hence, we can consider only the laws of the II kind for which the rela-
tion & and =~ on the set I, are the same.

Theorem 1. Let all quasigroups derived from quasigroups satisfying the
law (1) be in the relation ~. Then there exist a commutative group (S, o) so
that the following equalities hold:

A(xgy. .., =L4xo. . oLdx,
B(xp...;x)=L¥x0- . oLBx,
LEd;(xy. .., X)=LALfixo- - oLAL% X,
L7By(xp...,x)=LEL%x0.--oLBLB x,
Proof. In the set S we introduce the binary operation o defined by
L, (x, ) =L{xoL{y

Let LF and L2 (P,Q €{4,B}) be two quasigroups derived from the law
(1) so that LfBHLEV holds. If this relation is an inversion, and if L” (x, )=
=LlPxoLfy, we have LO (x,y)=L2 yoL2x.

Since all quasigroups L:a are in the relation ~, and for every Lﬁa there
exists a sequence with an odd number of inversions, defining Li’BchB, we get

L3 (6 p)=LExo LYy, and
Hence, we get for every x,y € S -

fooL€y=Lé’yoLf X.
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Since L% and Lg are bijections, we have
Xoy=yox,

that is, the operation o is commutative.

The proof of the rest of the theorem is analogous to the proof of the
theorem 1 in [1].

Now we suppose the relation of connectness of the set T={u,,...,u,,
Vy...sv,} of the law (1) has r (r>1) equivalence classes C,=({u¢‘_,...,uai,
V- ..,vai}, i=1,...,r. Introducing quasigroups 4 and B conjugated with 4
and B respectively, from (1) we obtain a law in the form

) Ay slgyestgyeosUg)=B Wy, .. Vs, .. ,er,...,vs’).

For the law (2) hold all results obtained in [1] for the analogous law of
the I kind.

Finally, let us consider an arbitrary law in the form
() A, (g ev s Xa)s e s Ay (Xgs o 5 X)) =B (By(¥ps -+« 5 Py)y oo By (s, e V)b

where the sequence y,,..., y, is a permutation of x,, ..., x,, and 4, B, 4, and B
are quasigroups on a set S. Such a law can be transformed into a law (lf
satisfying conditions (i), (i) and (iii) by substitution of some quasigroups by
GD-groupoids.

We give an example.

Let

A(A4,(x,5),z, 4, (u,v), A, (W, 1)) =B (x, B, (3, z), B, (u, w), B, (v, 1))

be the functional equality by unknown quasigroups 4, B, 4,,...,B, of a set
S. A general solution of this equality is given by

A, p,z,)=n(axoBy, pz+vu),
B(x, y,z, u)y=mn(y xoe y, 62+ 1U),
x A (x,y)=vx03y,
eB,(x,»)=8x0By,

pAd; (xy)=rx+py,
vA,(x,p)=0x+Ty,

6 By(x,y)=ux+a0y,
TB,(x,y)=px+Ty,

where = is an arbitrary loop, o is an arbitrary group, + is an arbitrary
commutative group, and «, B,..., 7 are arbitrary bijections of the set S.

REFERENCE
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ON EXTENDING OF SOLUTIONS OF FUNCTIONAL EQUATIONS IN
A SINGLE VARIABLE

Karol Baron

In this talk I want to present two results regarding the problem of the
unique extension of solutions of the functional equation
0 ?()=h(x, A 0of,()
in which
h:XxY5—Y and f,: X— X, s€ S,

where X, Y and S are arbitrary sets, are given functions. Here and in the sequel
Y® denotes the set of all functions from § into Y with the Tychonoff topology
in the case where ¥ is a topological space whereas A g, denotes the diagonal

of a family of transformations {g,:s S} (i.e. if g, map X into ¥, s& S, then
A g is a map from X into Y* such that for the projection map p,

s€S
po Ag=8, SES)
s€S

Theorem 1. Let UCX be an arbitrary set such that
2) LO)CU, sESs.
If

(i) for every x & X there exists a positive integer k such that for every
S SHES
f-;lo e oﬁk(x)gU’

then for every solution @,:U—>Y of the equation (1) there exists exactly one
solution @:X— Y of it such that @|,=eq,.

Moreover, if X and Y are topological spaces, U is open, h, f,, s& S, and
@, are continuous functions and

(ii) for every open set V such that UCV C X we have ﬂ{f;l(V):seS}
open,
then ¢ is also continuous.

23
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The hypothesis (i) in this theorem cannot be replaced (an example may
be given) by

(iii) for every x € X there exists a positive integrer k such that for every

sES, fimevU.
On the other hand the hypothesis

(iv) X is a closed subset of a finite dimensional Banach space and
{f,:s€ 8} is a locally equicontinuous family such that for a certain £ € X

3) sup (|, (9 —E[| :s€ Sy< | x—Ell,  xEX\{E)
implies (i) whenever U is open (in X) and £€U.

Theorem 2. Let X be a closed and convex subset of a finite dimensional
Banach space, UC X an open set (in X) such that condition (2) is satistied.
If {f,:s& S} is a locally equicontinuous family such that (3) holds for a certain
Ec U, then for every solution ¢,:U— Y of (1) there exists exactly one solution
@:X—> Y of it such that ¢|,;=0q,.

Moreover, if Y is a topological space, h and ¢, are continuous functions,
then o is also a continuous function.

In view of the above mentioned connexion between hypotheses (iv) and
(i) the first part of Theorem 2 follows from Theorem 1. However, in the
other part of Theorem 2 the restrictive hypothesis (ii) does not occur.

On the other hand the proof of Theorem 1 is effective contrary to the
proof of Theorem 2 where the Kuratowski-Zorn Lemma is used.

Department of Mathematics
Silesian University
Katowice, Poland.
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INFINITARY QUASIGROUPS

Belousov D. Valentin, Stojakavi¢ M. Zoran

In this paper we give a short survey of the communication on infinitary
quasigroups which took place during the Symposium on quasigroups and func-
tional epuations in Belgrade in September 1974. Since one part of the results
of this work is published in [7] in extensive form, and the other part is going
to be published in [8], here we shall restrict ourselves only to the main results,
definitions and theorems without proofs.

The notion of infinitary operation in implicit form can be found in
different fields of mathematics. There are some attempts to consider those
operations but up to now the notion of infinitary quasigroup was not submitted
to any investigations.

We shall use the following notations. The sequence x,,, x,,,,, ..., x, will
be denoted by x} or {x;}_,. If m>n, x; will be considered empty, and if

n
m=n then x, is the element x,. By x we denote the sequence x, x,...,x

0
where x is repeated n times. The symbol x denotes the empty sequence.

The infinite sequence X, Xp.1>+-+5 X, ... (of order type w) will be
denoted by x,, or {x;};_, (m finite natural number). The infinite sequence
Xy X, ..., X, ... we denote by x.

If O is a nonempty set and « any ordinal by Q* we denote the set of
all sequences of order type «, of elements form Q. A mapping 4:0%—0Q,
(x> w) we call an infinitary operation of the type « defined on Q. The type
of A we shall denote by |A4|. The set Q together with the infinitary operation 4
we call an infinitary operative and denote by Q (4). The infinitary operative Q (4)
such that the set Q contains only one element will be called trivial.

The notion of quasigroup in infinitary case can be introduced in a
natural way.

Definition 1. A set Q together with an infinitary operation A4 of the
type o we call an infinitary quasigroup of type o (briefly w-quasigroup),
if the equation

4 (ail-ly X al?-oi-!) =b

has a unique solution x for all ai’, 6&Q and for every positive integer i.

25
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Definition 2. The element ¢ of the infinitary operative Q(4) of the

type « is called a unity if
i~1 ”
A(e, x, e)=x,

for all x&Q and every i=1,2,...,n,....
If an infinitary quasigroup Q(d4) of the type « contains at least one
unity then Q(A4) is called an infinitary loop (w-loop).

First we have shown the existence of nountrivial infinitary quasigroups and
loops. In [7] are given the constructions, based on the axiom of choice, of
infinitary quasigroups of the type o defined on the set of all real numbers, on
the set of all integers and on the set with » elements, n arbitrary natural
number. In a similar manner is shown the existence of mnoatrivial w-loops,
defined on the set D of all real numbers, in which the set of all unities is an
arbitrary subset M C D. These constructions can be extended to the infinitary
quasigroups of the type w+k (definition 6).

Now we shall consider (i, j)-associative infinitary quasigroups.

Definition 3. An infinitary operative @ (4) of the type  is called
(i, j)-associative if it satisfies the identity

ey A, AT, yT)=A( AGD), 7).
for all x7’, y{ €0.
(Of course, we suppose i+ j).

Definition 4. An infinitary operative Q (A4) of the type o is called
an infinitary semigroup of the type w (w-semigroup) if it satisfies the identity (1)
for all ¢ and j.

Definition 5. An w-quasigroup which is «-semigroup is called an
infinitary group of the type « (w-group).

Examples of w-semigroups are given in [1]. Also it is proved there that
nontrivial w-groups do not exist.

Theorem 1. There does not exist a nontrivial (i, j)-associative infinitary
quasigroup.

Now we introduce infinitary quasigroup of the type w4k and consider
functional equation (2) of generalized associativity on infinitary quasigroups.

Definition 6. An infinitary operative of the type w+k is called
infinitary quasigroup of the type w+k if the equations

i+l [ k o i—1 k
A(ay", x, aiy1, by)=c, A(ar, by , x, biy1)=c,

have a unique solution x for all a,, b,, c=Q and for all positive integers i
in the first equation and for all i=1, 2, ..., k in the second equation.

Theorem 2. All solutions of the equation

(2) AT BB, Y0, yr)=C G, DOT, ¥, o),




Infinitary quasigroups 27

where 4, B, C, D are infinitary quasigroups of types |4|=0, |B|=w+r, |C|=0,
|[D|=w+s, defined on the same nonempty set Q, i, j, some fixed natural
numbers and r, s non-negative integers, are given by the following relations:

I, (i=j, r=s>0):
A3) D=8B, A, z, ) =CGTY 0z, y),

where 0 is an arbitrary permutation of the set Q, B and C arbitrary infinitary
quasigroups of types |B|=w+r, |C|=w and D and 4 are determined by the
equations (3).

I, (i=j, s>rz=0):
(4) D(x:b, y{)=K(B(x:°, y;)a J’:+1),
(5) A(xll—l: Z, y:}-l):C(x‘;—l, K(Zn y:-H)a }’:11),

where B and C are arbitrary infinitrary quasigroups of types |B|=w+r, |Cl=0, K ,
arbitrary quasigroup of arity s—r+1 and 4 and D are determined by the
equations (4) and (5).

I, (i<j, r=zs=0):
(6) B(x;:-la y;)=K(-xl’—l, D(xj“9 yi)’ y:-l-l)’
(7) C(X{—l’ z, y:}-l):A(xll—ls K(xi —l’ Z, y:-l-l)s yr+l),

where 4 and D are arbitrary infinitary quasigroups of types |4|=, |D|=w+s, K
arbitrary quasigroup of arity j—i+r—s+1 and B and C are determined by
the equations (6) and (7).

I, (i<j, s>r>z0):
AT, x ) =K(xT, axoB (0he), ¥,
B(xP, Y=o (v(d )3 (7, 30,
Cd™, y ya) =K, Y (d ooy, i),
DGy, ) =07 (s ¥)oB(B+D)s

where «, ¢ are permutations of the set Q, Q (o) binary group, P and y qua-
sigroups of arities |B|=s—r, |y|=j—i, and 3, K infinitary quasigroups of
types |3|=w+r, |[K|=o.

The isotopy of two quasigroups can be generalized to infinitary case.

Two infinitary quasigroups of the type @ defined on the same set Q are
called isotopic if there exists a sequence T'=op of permutations of Q such that
B(xT)=ag' A ({x,x)}21) for all x7 €Q. This we shall denote by B=47. The
usual theorems for isotopy of finitary quasigroups are also valid for infini-
tary case.
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Definition 7. Let Q be a nonempty set, Q(+) abelian group and
Q (R) infinitary quasigroup of the type o, such that

R({x,+y}i_)=RED)+ ROT),

for all xi°, y €Q, then w-quasigroup Q(R) is called additive over abelian
group Q(+).

The existence of such nontrivial w-quasigroups additive over abelian group
is proved in [8].

It is also proved there that every infinitary quasigroup Q (R) of the type w
additive over abelian group Q(+) can be represented in the form -

3) R(ZT)=°‘17'1+°‘222+ te +°‘nzn+Rn(z:+1)’

where n is an arbitrary natural number, «,, i=1,2, ..., n automorphisms of

the group Q(+) and Q(R,) an infinitary quasigroup of the type  additive.

over Q(+).
Theorem 3. All solutions of the functional equation -

A(B,(:D), BOT))=CUD, &, 7)),

where 4, D;, i=1, 2, ... are binary quasigroups and B,, B,, C infinitary qua-
sigroups of the type o, all defined on the same nonempty set Q, are given by

Ax, y)=ax+pBy,

D,(x, »)=9; ' (;x+9,),

B (x)=o" (R{Y,x}iZ) +b),
B,(x7) =" (RO X)) +4a),
COD)=R{pix}h_)+o

where Q(+) is an arbitrary abelian group, Q (R) arbitrary infinitary quasigroup
of the type w additive over Q(+), «, B, v;» 9, @;, i=1, 2, ... arbitrary permu-
tations of the set Q, a, b, ¢ arbitrary elements from Q such that a+b=c.

At the end we shall make some remarks concerning further investigations
on infinitary quasigroups.

The notion of infinitary quasigroup of an arbitrary type o can also be
introduced. Let X, be a linear ordered sequence of variables of the type «,
and let x be an arbitrary variable from X,. Let X, be the set of all variables
from X, which are less than x and X,, the set of all elements from X, which
are greater than x. Both X, and X, are linear ordered and they have the
order types «, and «, respectively. Hence o can be represented as o, +1-+a,.
The operative Q(A4) of the type « is an infinitary quasigroup if the equation

A (Cozl y X Caz) = b1

where C,, and C,, are arbitrary linear ordered sequences from Q% and Q>
respectively, b is an arbitrary element from Q, has a unique solution.
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The definitions of the infinitary quasigroups of the t
particular cases of the definition given above.

The defmltlon of the 1sotopy of S quasigroups is alread

of fmxtary quasigroups and the other which is specific for infinitary case, 1n”
which the type of the quasigroup is changed.

The insertion algebra for finitary quasigroups, which one of the authors
considered in [4}, [5], can also be extended to infinitary case.

At the end some problems on infinitary quasigroups were given. The
precise formulation of these problems can be found in [7].
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REMARKS ON THE ENTROPY EQUATION
Z. Dardczy

1. In the paper [4] A. Kaminski and J. Mikusifiski have proved the
following

Theorem. If a function H (x, y, z) is continuous, symmetric and positively
homogeneous (of order 1) in the domain

D={(x, y,2)| x, y, 2>0, xy+yz+zx>0}

and satisfies in the interior of D the functional equation

) H(x,y,2)=H(x+y,0,2)+H(x, y, 0)
then ’
2 H(x,y,2)=c[(x+y+2)In(x+y+2z)~xInx~ylny—zinz],

where ¢ is a real constant and 0 In 0%£0.

From this theorem the authors have deduced a proof for the Faddeev’s
theorem [2] on the Shannon entropy.

In this note I shall give some remarks to the above result. In section 2.
I shall determine the general solution of the problem of A. Kaminski and
J. Mikusifski. This is a simple remark by a theorem of B. Jessen—J. Karpf.
—A. Thorup [3]. By help of the general solution of the problem, in section
3., I prove a generalization of [4]. In this proof I use a known result of
N.G. de Bruijn [1] on the difference functions.

2. Let R, be the set of nonnegative real numbers and let R be the set

of real numbers. Let 9% denote the set of all functions H*:R% —R with
following properties:

(i) For all x, y,zER,,
H*(x, y, 2)=H*(x+y, 0, 2)+ H*(x, y, 0);
(ii) For all x, y, tER,
H*(tx, ty, O)=t H*(x, y, 0).

3
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Theorem 1. If H*E Y6 is a symmetric function, then there exists a
Sunction f:R, —R such that

€ Jae)=xf+yf(x)
for all x, yER, and
4) H*(x, y, )=f(x+y+2)-f(x)-f(») - f(2)

Jor all x,y,zER,.

Proof. Let the function F:R% >R be defined by
(5) F(x,»)=H*(x,5,0) (x,yER,).
By the symmetry of H*
(41) F(x,y)=F(y,x)  (x,yER,).
From (i), by the symmetry of H*, we have
F(x+y, D)+ F(x,y)=H(x, y, 2)=H(y, z, x)=F(y+z, x)+ F(y, 2),
from which by (41) it follows
(42) F(x, 5, )+ F(x, y)=F(x, y+2) + F(y, 2)
for all x, y, z&€R,. From (ii) it follows
(43) F(tx,ty)=tF(x, y)

for all x, y, t&R,. In the paper [3] of B. Jessen—J. Karpf— A. Thorup it
can be found the following assertion: If F:R% —R satisfies the functional
equations (4 1), (42) and (4 3) then there exists a function f:R,—R for which
(3) is true and :

(6) F(x, p)=f(x+N-f®)—-f0)

fqr all x, y€R,. From (6) and (i) we have
H*(x, 39, 2)=F(x+y, )+ F(% )=fx+y+2)—-f(x+y)—
—f@+fx+y)—f®)-fO)=fx+y+2)—fX)-f0)-f@)

for all x, y, zER,, where the function f:R,— R satisfies the equation (3).
Thus the theorem is proved.

Theorem 2. If a function H:D—>R is symmetric in D and satisfies
the equation (1) in the interior of D and H(x, y, 0) (x>0, y>0) is positively
homogeneous (of order 1), then there exists a function f:R,—R such that (3)
holds for all x, yc R, and

(™) H(x, y, 2)=f(x+y+2)—f(x)-f ) —f(2)
for all (x, y, 2)E D.
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Proof. We define the function H*:R% —R by the equations H* (x, »o)=
H(x, y,z) for all (x, y,2)E D, H*(x,0,0)=H*(0, x, 0)=H*(0, 0, x)=0 for
x& R, . It is easy to see that the function H* is an element of &4 and it is symmet-
ric in R%. By Theorem 1. it follows our theorem.

3. In this section I shall give a generalization of the theorem of A. Ka-
mifiski and J. Mikusinski [4].

Theorem 3. Let H:D—> R be a symmetric function fulfilling the equa-
tion (1) in the interior of D and let H(x, y, 0) (x>0, y>0) be a positively
homogeneous (of order 1) function. If for each y>0 the function

x— H(x,»,0) (x>0)
is continuous, then (2) holds for all (x, y, 2)E D, where ¢ R is a constant
and 01n 0%Lo.

Proof. By Theorem 2. there exists a function f:R,—R such that (3)
holds for all x, y& R, (from which we obtain f(0)=0) and

for all x>0, y>0. By our assumption for each y>0 the difference function

x—f(x+y)—f(x)

is continuous. N.G. de Bruijn [1, Theorem 1.3.] has proved the following result:
If f(x) is defined in an interval I, and if f(x) is such that, for each y,
x— f(x+y)—f(x) is continuous for all x&IN(I—y), then we have f(x)=
=g(x)+ A(x), where g(x) is continuous in I, and 4:R— R is an additive
function, i.e. 4(x+y)=A(x)+A(y) for all x, y&R. In our case we know,
that x— f(x+ y)—f(x) is continuous in I={x|x>0} for each yc I If y& ],
then —y>0 and IN(I—~»)=(—~y, ©). Let x&(—y, ) be arbitrary and let
x,&(—y, ©) be a sequence with x,~ x. Then we have

FOatp)=f )= =1ty =)=+ 2]
from which by x,+y>0 and —y>0 we obtain
Lim [£x, +) ~ )= ~[fx+y-p)~S(x+y)]=
~f G+ ) =1 (3, |
ie. x— f(x+y)~f(x) is continuous in IN({I~-y). From this result we have
®) f)=g@)+4(x) (x>0),

where g(x) is a continuous function in 7 and A:R— R is an additive function.
By Theorem 2. we know, that the function f:R,— R satisfies the equation (3)
for all x, y&R,, from which by (8) we obtain

® g0xp)+A(xy)=x[g(N+ AN+ ylg(x)+A4()]

3 3GoprEK papora
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for all x, y>0. We put x=r and y=y¢ in (9), where r and s are arbitrary
positive rational numbers. Then by A(r)=r4 (1) we obtain from (9)

(10) glrs)y=rg(s)+sg(r)+rs A(1)
from which by the continuity of g it follows by taking limits r - x, s— y that
(11) g(xy)=xg(») +yg(x)+xyA(1)

holds for all x, y>0. From (11) we have that the function

(12) m(x)=€—(£)+A(l) (x>0)

satisfies the functional equation ¥
m(xy)=m(x)+m(y)

for all x>0, y>0. It is clear that m is continuous, i.c.

m(x)y=clnx  (x>0),

where ¢ R is a constant. From (12) we obtain
g(x)=cxInx—xA(1)

for ali x>0, from which it follows by (8)

(13) SE)=cxlnx-xA(1)+A4(x) (x>0)

where 4:R-—>R is an additive function. By (3) f(0)=0, from which we obtain
that (13) is true for x=0, if 0In%L0. From Theorem 2. by (13) it follows
(2) for all (x, y, z) € D. Thus the theorem is proved.

It is clear, that Theorem 3. is a generalization of the result of A Kamin-
ski and J. Mikusinski [4].
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NORMENQUADRAT UBER GRUPPEN
M. Hosszu, M. Csikds

Beschiftigen wir uns mit der folgenden Funktionalgleichung:

(1) FCP+f Oy Y =2f(%)+2f() % yEG; [:G—~A

wo G(-) ist eine Gruppe, 4 (+) ist eine Abelsche Gruppe. Das Einheitselement
von G ist e, y—! ist das Inverselement von y. Das Nullelement von 4 ist 0,
und nehmen wir an, dass aus f(x)+f(x)=0 d.h. aus 2f(x)=0 f(x)=0 folgt.

Die Eigenschaften der Funktion f:
Wenn in der Gleichung (1) y=e gesetzt wird, bekommen wir

f(e)=0.
fO)=foY.

Setzen wir y statt x und x statt y ein, und auf Grund von f(xy-})=
=fl(xy~H)~Y=f(yx~!) bekommen wir

fGy)=f(x).

Aus x=e folgt, dass

Definition: Es sei
F(x, p)=f(x)+f()—f(xy).

M. Hosszu hat den folgenden Satz bewiesen
Wenn G ecine mit Elementen a und b erzeugbare Gruppe ist, dann die
Losung der Gleichung (1) hat den Gestalt:

£(x)=f (@ bm aabm: ... ale bs) = f(a) (él 1,-)2 +1() ( S m,)z_

-ren (g1 {7) "

i=1

wo die Funktionenwerte f(a), f(b) und f(ab) beliebige Elementen der Gruppe 4 sind.
Jetzt wird die Gruppe G durch drei Elemente @, & und ¢ erzeugt.

35
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Definition. Es sei
F(x, y, 2)=f(x) +f () +f @) —f(xp) —f (x2)--f (yz) + f (xp2).
Hilfsatz 1. Fir x=d'b"c" I, m, n sind ganze Zahlen f(x) har den Gestalt:

f)=f(@bmc)=12f(a)+m?f(b)+n?f(c)—ImF(a, b)—InF(a, c)—

(2
—mnF (b, ¢)+ImnF(a, b, c).

Wir beweisen die Gleichung (2) mit Induktion. Wenn die Werte von
I, m, n 0 oder / sind, dann die Gleichung (2) gilt offensichtlich. Nehmen wir
an, dass die Gleichung (2) fiir irgendwelche Werte der Exponenten m, n zusammen
mit /—1 und auch mit I gilt. Wir beweisen, dass die Gleichung (2) auch
fir I+ 1 gilt.

Aus (1) folgt
f@ibmey=f(a-adbmc)=2f(a)+ 2f(@b"c)—f(ac"b~"a )=
=2f(@)+2f(d b ) ~f (a1 b" 7).
Wir haben die Eigenschaften der Funktion f beniitzt. Auf Grund der

Induktionsbedingung folgt daraus, dass die Gleichung (2) zusammen mit Expo-
nentenwerten m und n auch fiir /+1 gilt.

Damit sind wir fertig fiir nichtnegative ganze Exponentenwerten /, m, n,
denn wir kdnnen mit zyklischer Permutation der Verinderlichen die Exponenten
der Elemente b und c vergrissern. Die Induktion ist ganz &#hnlich fiir ganze
negative Exponenten.

Wir brauchen mehrere Faktoren mit Form o’ 5™ ¢" ein beliebiges Element
der Gruppe G herzustellen. Fiir zwei Faktoren es gilt:

f(@rbm™ cm a2 b cm) =2 f (ah b em) + 2f (al2 b2 ™) —
—f(ah~hbm em—m2 b-m)=2f (g b™ M)+ 2f (ah b2 em)—
—2f (a2 bm)—2f(b™ ¢ M) + fah T bmtma gmm),

Hieraus bekommen wir auf Grund der Gleichung (2), dass das gleich mit
G+ f@)+ (my+ m)’ f(B)+ (n, + n)2 f () —(, + 1) (my+my) Fla, B)—
—(+ 1) (n4+n) F(a, )—(m+my) (n,+n)F(b, c)+
+[(+ 1) (m+m) (n,+n)—21mn—20L,mmn] F(a, b, c) ist.

Man kann vom Koeffizient des Gliedes F(a, b, ¢) sehen, dass die Analogie
zur Gruppe mit zwei erzeugenden Elemente nicht vollkommen ist. Man kann
auch sehen, dass im Allgemeinen f(abc)+ f(ach), also wir konnen die Faktoren
im Argument der Funktion f ohne Anderung des Funktionenwertes beliebig
nicht vertauschen.
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Fiir x=d"b™ "t a2b™cm ... apb™ v die Funktion f(x) hat den Gestalt:

(él‘)zf @ +( 5 '”«')zf 6)+ ( f} "f)zf (C)—;( s 1,.) ( 5 m,.)F(a, b)—

il i= i=1 i=1

o (g 5a)reo-(5n) (50 o

i i=1

i=1

+[(;2:'11"') (im‘.) (éln,.)e25p (mn l,mm, ... I,m‘,np)]F(a, b, c),

wo

P p-! i

S,(ymn Lmyn, ... Lmn)=73 I8 S My Y My r=2173,...
i=1 j=1 k=1

Hier soll man die Indexen mod p reduzieren.

Der Beweis geht mit Induktion fiir p, mit einfacher Rechnung.

Wir haben den Funktionenwert

flarbmemaibmcen ... av b o),

also fiir beliebige x& G den Ausdruck des Funktionenwertes f(x) mit Hilfe der
siecben Funktionenwerte f(a), (), f(c), f(ab), f(ac), f(bc), f(abc) bekommen.
Wir beweisen, dass diese sieben Funktionenwerte voneinander unabhingig sind.

Es sei
x=ahbmen .. debmcr

und
y=a’l bsieh |, a’qb”’qc"q,

wo die Exponenten sind ganze Zahlen, p und ¢ sind positive ganze Zahlen.

Wir substituieren x und y in die Gleichung (1), und zuerst kontrollieren
wir die Gleichheit der Koeffizienten von f(a), f(b), f(c), F(a,b), F(a,c), F(b,¢)
an der beiden Seiten der Gleichung (1). Wir bekommen:

flabmen ., . aebmoce atbsich ... g cmacha) 4
+f(dbmen ... debmecretab~9a""e ... cMb~Stg") =
=2f(dtbmen ... debmr )+ 2f (e b e ... @’ boaca)
und mit Hilfe der Gleichung (3) fiir die Glieder mit f(a):
1) [( S 1+ ir,)2+(§ -3 r,)2]=f(a)[2(ﬁ I,.)2+ 2( S r,)z]
=1 j=1 =1 j=t i=1 j=1

Quadrieren wir an der linken Seite! Die Gleichung gilt offensichtlich.
Daraus folgt mit den Vertauschungen

[,—~m, (i=12,...,p) und r;—>s; Uo=12,...,9),
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dass die Koeffizienten des Funktionenwertes f(b) an beiden Seiten der Glei-
chung (1) gleich sind. Mit dhnlichen Vertauschungen folgt, dass auch die Koef-
fizienten des Funktionenwertes f(c) gleich sind. Noch einmal mit Hilfe der
Gleichung (3) bekommen wir:

—Fla, b)[(ilf"" i’z)(imﬁ'éls/)"'(ili“ i ’1)(%”’1‘" i S/)]=

=t =t/ \izy =1 =\ =
——F(a, b) [2 ( é 1,) (ém,) +2 (,é r,) (Zs,)] .

Multiplizieren wir an der linken Seite! Die Gleichung gilt. Daraus folgt die
Gleichheit der Koeffizienten von F(a, ¢) und F(b, ¢) mit entsprechenden Ver-
tauschungen an beiden Seiten der Gleichung (1). Die Gleichheit der Koeffizienten
von F(a, b, ¢) kann man auf Grund der Gleichung (3) mit einer Induktion
fiir ¢ kontrollieren.

Der Ausdruck (3) ist also die allgemeinste Losung der Gleichung (1) mit
sieben unabhingigen Konstanten.

Wir suchen jetzt die Losung der Funktionalgleichung (1), wenn die Gruppe G
durch n Elemente erzeugt mird (#>4).

Dazu brauchen wir drei Hilfsdtze.
Hilfsatz 2. _
@ fOyD+fOzy)=2f(xp)+2f (x2)+ 2f (y2)— 2/ (x)— 21 (»)— 2/ (2)
gilt fiir alle x, y, z&G.
Beweis. Wir haben
fGxy-2)=2f(xp)+2f @ —f(x- y2 ) =2f(xy)+ 2f (2)—
—=2f(X)=2f(y-z7 )+ f(xz- y~ D) =2f(x)) + 2f (2) = 2f () — 4 () —4Sf (2) +
+2f(y2) + 2f (x2) + 2f (y)—f (xzy).
Daraus folgt der Hilfsatz mit Umordung. -

Definition. Es sei
F(a, b, ¢, d)=f(a) +f(b) + f (c)+ f (d)—f (ab)—[ (ac)—[ (ad)—f (bc)—
f(bd)y—f(cd)+ f(abc) + f(abd)+ f (acd) + f (bed)—f (abed) .

Hilfsatz 3. F(a, b, c, d)=0. Die Verifikation des Hilfsatzes (3) geht
mit einer Ghnlichen Rechnung, wie die Verifikation des Hilfsatzes (2).

Die Rechnung ist aber ein wenig kompliziert.

Definition. Es sei

F(a,a,, ..., a)= i(-—l)f+l > f@a, ... ap).

Jj=1 1<ii<i;< - - <ij<n
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Hilfsatz 4. Fir n>=4 gilt F(a,, a,, ..., a,)=0. Die Verifikation geht
natiirlich mit Induktion. Wir nehmen an, dass der Hilfsatz (4) gilt fiir n (n>4).
Daraus wird es folgen, dass er auch fiir n+1 gilt.

Verwenden wir die Definition fiir F(al, a4, .-+, G, a,,,), und schreiben
wir drei Glieder der Summe ausfiihrlich aus!

n—1
F(a, ay, ..., a, a,, )= (=1)/* > flaya, ... a))+
j=1

I<ip<s - <ijn+1
6y +H(=1)*f(aa,...a,  a)+(—1y*1f(a,a,...a,_ja,,,+ -+
+(—=1)"*2flaa, ... a,_,(a,a,.)].

Beniitzen wir fiir diese Glieder die Induktionsbedingung! Nach der Einsetz-
ung und den Zusammenzichungen bekommen wir 0 an der rechten Seite der
Gleichung (5). Es ist sichtbar, wenn wir die Glieder der Summe den Vorkommen
von a,, a,,, und a,a,,, entsprechend gruppieren.

Wenn a,, a,, ..., a, n>>4 die erzeugende Elemente der Gruppe G sind,
und x=dfngn ., af,ma’lna;zz oo almo aiwa;w ... @ dann ist die Losung der

Gleichung (1)

15 =,é; (@) (él 1,,.)2- S F(a a) ( 3 1,.,) ( s 1,,)+

Ii<j<n =1 t=1
? P ?
+ z F(a,, 9> @) [( Z Iir) ( Z I.it) (2 ka)—sp(lillﬂlkl v Iipl!plkp)] ’
Igi<j<k<n t=1 t=1 t=1
wo die Funktionenwerte
Sf(a) 1<ign
flaa) 1<i<jgn
fla,qa) 1<i<j<k<n

sind beliebige Elemente aus A.

Die Funktionalgleichung (1), und die Eigenschaften der Funktion f werden
aus dem Werk von S. Kurepa genommen, aber er lost nicht diese Funktio-
nalgleichung.
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LATIN SQUARES, P-QUASIGROUPS AND GRAPH DECOMPOSITIONS
A. D. Keedwell

In this mainly expository paper, we discuss two particular types of quasi-
group (latin square) which have connections with other branches of mathe-
matics, notably with statistics, graph theory and coding theory.

A square nxn matrix L on n distinct symbols is called row complete if
every piir of symbols of L occurs just once as an adjacent pair of elements in
some row of L. It is called row latin if each symbol occurs exactly once in
each row of the matrix. The concepts column complete and column latin are
similarly defined. A square matrix which is both row latin and column latin
is called a latin square. '

We shall also find it convenient to call a rectangular matrix R of size

1 . . .
mxn or nxmrow complete, where m < —2—n , if each wunordered pair of its

symbols occurs just once as an adjacent pair of elements in some row of R.
Here, [ ] denotes “integer part®.

Row complete latin squares are used in statistics in connection with the
design of experiments. They are of particular value for the design of sequential
experiments but may also be useful for eliminating interactions between adjacent
plots in field experiments. A detailed explanation of these applications is given
in {2]. Here, we shall be content to give a single illustration. In an experiment
on farm animals, it is desired to apply a number of different dietary treat-
ments to a given animal in succession. The effect of a given treatment on the
animal may be affected both by the number of treatments which that animal
has already received and also by the nature of the immediately preceding
treatment which it has had applied to it. If several animals are available for
treatment, the first possibility can be allowed for statistically if it can be arranged
that the number n of animals to be treated is equal to the number of treatments
to be applied and if the order in which the treatments are to be applied to
these n animals is allowed to be determined by the order of the entries in the
n rows of an n xn latin square (whose n distinct elements denote the n treat-
ments). Then any particular experiment has a different number of predecessors
for each of the n different animals, since a given element of the latin square
is preceded by a different number of other elements in each of the n rows of
the square. The possibility of interaction between one experiment and the

41
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\

immediately preceding one can also be allowed for if the latin square chosen
is row complete. The resulting experiment is then said to be statistically “balanced«
both with respect to the effect of the immediately preceding expenment and
also with respect to the number of preceding experiments.

Until very recently, the only row complete latin squares known were
multiplication tables of groups (or quasigroups isotopic to groups). Also each
of these known row complete latin squares had the property that it could be
made column complete as well by a suitable reordering of its rows. In fact,
it is not difficult to show:

Theorem 1. Every row complete latin square which represents the
multiplication table of a group can be made column complete as well as row
complete by suitably reordering its rows.

Proof — Let the given square be the multiplication table of the group
G where h,h,, ..., h, and g, g,,..., 8, are two orderings of the elements of
G, as in Fig. 1.

h, hy -« hy -« h «-+ h,

gl &h gh

g &h gh

&s g
8 g
8n 8y hn
Fig. 1
Since the square is row complete the elements hit hy, hythy,.. sht hy

are all distinct and are the non-identity elements of the group in a new order
for suppose that h;'h, =h;'h =k say. Let the arbitrary element g of G

occur in the stb row of column u and in the ¢** row of column v. Then
g=g,h,=g h, The entries in the (u+ 1) column of row s and in the (v+1)th
column of row ¢ are g, h,,, = (g, h,) (h;'h,,)=gk and g, b, = (g, h) (B 1 h,, )=
= gk respectively. Hence, the ordered pair (g, gk) occur as adjacent elements
in both the s't and the #*® rows of the square, contrary to hypothesis.

Now let the rows be reordered according to the permutation

(gl gz ...g")
hrl h;l P h;—l
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so that the reordered square takes the form shown in Fig. 2. This reordering
will not affect the row completeness.

Moreover, in the new square each ordered pair of elements will occur
at most once as a pair of adjacent elements in the columns : for, suppose
that the entries of the (s, )*® and (z, v)*® cells are the same, equal to g say. Then,
hy'h,~=g=h;"h, The entries of the (s+1, %)% and (¢+1, »)* cells must then
be distinct, for Ay h,=hi} b, would imply (A3 k) (A B) =i}y k) (7' H,)
and so (h;11h)g=(hi1h)g. But then, A h,=h; ) h, whence (A h)'=
= (k7 h)"\. Thus we would have A lh, a=ht 'a, +1 Which is contrary to
hypothesis. This shows that the new square is column complete as well as row
complete and so proves the theorem.

[ h, h, h,
AT e hr'h,
hi'| hy'h, e
At g
! g
! e

Fig. 2.

The above theorem was first given in [8]. An examination of the proof
suggests the hypothesis that the theorem is also true for an inverse property
loop G which satisfies the identity (gh) (h~1k) =gk for all g, 4, k in G. However
(as V.D. Belousov pointed out to the author during the Conference itself) such
a loop is already a group. To see this, write A1k =/. Then k=(eh)(h"Lk)=
hl and so (gh)l=g(hl) for all g, A, I in G.

The multiplication table of finite group G can be written in the form
of a row complete latin square if and only if the group is sequenceable ; that
is, if and only if there exists an ordering of the elements g,, g,, ..., &, of G

such that the partial products p,=ng,. for s=1, 2,...n are all distinct. (For
i=1

the orginal proof, see [4].). To see the necessity of this condition, let the row

complete latin square L=(g,) be the multiplication table of G so that g;=g;g;.

In that case g,-]'g,,j“=gf1g,"g,-gj+l=gj_lgj+l=hj say for all values of i

Suppose that h;=h; for j'#j. Then, because gyy=g; for some value of i’
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(each element of G occurs exactly once in each column of L), we have
8it,jr 41 =8y b =g, ;=g ,,,. However, this contradicts the row completeness
of L. Thus k;# hy unless j'=j. Consider now the first row of L. Its j*® element is

8y =& (81 &) (g5 2,3 -(g,',}_lgu)= guh by - -h_,. Since the elements of

i=1
the first row of L are all different, it follows that the partial products [T 4,

k=1
for j=2,3,...,n—1 are all distinct, where the elements & %,,..., k,_; are
the non-identity elements of G. That is, the elements e, h h,,..., A, , form a
sequencing for G. To see the sufficiency of the condition, consider the latin
square L=(g;) where g;= p,"l Pj» p; being one of the partial products defined
above. We require to show that the ordered pair of elements (u, v) of G occur
consecutively in some row of L. That is, we require to find integers i, j such
that p;’'p,=u and p; ! pj+=v. From these two equations, ug;,,=v. This deter-
mines j. Then p;=p;u~1 and this fixes i. Thus, every pair of elements of G
occurs exactly once and L is row complete. ’

Evidently, p,=g,=¢ (where e denotes the group identity) is necessary
for a group G to be sequenceable. Ii the group G is abelian, it is known that
p,=e unless G has a unique element & of order two and that, in the Ilatter
case, p,=h. (see [12]). Thus, a finite abelian group can be sequenceable only
if it has a unique element of order two. B. Gordon [4] has proved that this
condition is sufficient as well as necessary. Namely, a finite abelian group is
sequenceable if and only if it is the direct product of two groups 4 and B
such that 4 is a cyclic group of order 2%, k>0, and B is of odd order.

As regards the sequenceability of groups of odd order, little is known.
It is clear from the preceding remarks that an abelian group of odd order
cannot be sequenceable. The non-abelian group of smallest odd order is the
(unique) non-abelian group of order 21 generated by two elements a and b
with the defining relations a”=5%=e¢, ab=ba?. This group has been shown to
be sequenceable by N. S. Mendelsohn [10]. The non-abelian group of order 27
generated by two elements a and b with the defining relations a?=5b?=e¢,
ab=ba", where p=9, g=3 and r=4, has been shown to be sequenceable by
the present author [6] and very recently the groups on two generators with
similar structure having orders 39 (p=13, ¢=3,r=3), 55(p=11, ¢=35, r=3)
and 57 (p=19, g=3, r=7) have been shown to be sequenceable by L. L. Wang
[13]. The present author has conjectured in [6] that all non-abelian groups on
two generators are sequenceable and the recent results of L.L. Wang lend
strength to this conjecture.

As regards non-abelian sequenceable groups of even order, B. Gordon
{4] has shown that the dihedral groups D, and D, of orders 6 and 8 are not
sequenceable, and J. Dénes and E. Torok [3] have shown that the dihedral groups
D, Dy, D, and Dg of orders 10, 12, 14 and 16 are sequenceable but that the
remaining non-abelian groups of orders less than or equal to 14 are not
sequenceable.

It is known that there are no row complete latin squares of orders 2, 3,
5 or 7. This has been shown by D. Warwick [14] and by P.J. Owens [11].
Very recently, P. J. Owens has constructed the first examples of row complete
latin squares which are not the multiplication tables of groups (that is, they
do not satisfy the quadrangle condition, see {2]). These are of orders 8 and
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10. He has also constructed a row complete latin square of order 14 which
cannot be made column complete as well by any reordering of its rows.

Finally, we mention that a row complete latin square of order n defines
a decomposition of the complete directed graph on n vertices into disjoint
Hamiltonian paths. To see this, let the vertices of the graph be labelled by
means of the symbols of the square. Then each row of the square defines a
Hamiltonian path whose directed edges are given by the ordered pairs of
adjacent symbols in that row. This fact was first observed by N. S. Mendelsohn

[10] and by J. Dénes and E. To6r6k [3]. If n is even, a row complete —%—n X n

latin rectangle similarly defines a decomposition of the complete undirected
graph on n vertices into disjoint Hamiltonian paths. Also, suitable row complete
latin rectangles exist for all even values of n, as is shown in [7] and [2].
(Since each Hamiltonian path has n—1 edges and the complete undirected

graph has —;~n (n—1) edges, no decomposition of this kind can exist if » is odd).

Another type of quasigroup (latin square) which defines decompositions
of the complete undirected graph is the so-called P-quasigroup (or partition
quasigroup ).

Let us first define a P-groupoid.

Definition. A groupoid (Q,-) is called a P-groupoid if it satisfies the
following three properties: (i) a-a=a for all a & Q; (i) a# b implies a*a-b
and b7#a-bfor all g, b & Q; (iii) a-b=c implies and is implied by c¢-b=a for
all a, b, c&€ Q.

A one-to-one correspondence between P-groupoids of # elements and
decompositions of the complete undirected graph on n vertices into disjoint
closed paths is easily established by labelling the vertices of the graph with
the elements of the P-groupoid and prescribing that the edges (a, b) and (b, ¢)
shall belong to the same closed path of the graph if and only if a-b=c, a#b.
We deduce at once that the number of elements of a P-groupoid is odd.
A P-groupoid which is also a quasigroup is called a P-quasigroup. Thus, a
P-quasigroup is an idempotent quasigroup with the additional property that
whenever the relation a-b=c holds in (Q,-) so also does the relation c-b=a.

The concepts of P-groupoid and P-quasigroup were introduced by A.
Kotzig [9]. The following facts were first pointed out in [7], [5], [1] and [8]
respectively.

Observation 1. 4 decomposition of the complete undirected graph on
n vertices v, v,, ..., v, into disjoint closed paths corresponds to a P-quasigroup
(V,-) if and only if, for fixed values of i and k, (v, v;) and (v;, v,) are adjacent
edges of a closed path for one and only one value of j.

Proof. If (¥,-) is a P-quasigroup, the entry k occurs once and once
only in the i*® row of the multiplication table of (V,-). Let the column in
which this entry occurs be the j*". Then we have i-j=k and (v;,v), (v, v,) are
adjacent edges of a closed path of G, for this value of j and no "other.

Observation 2. Commutative P-quasigroups of order n exist exactly

when n=1 or 3 mod 6 and then and only then the complete undirected graph
on n vertices can be decomposed into disjoint triangular circuits.
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Proof. The vertices of the triangles define the triads of a Steiner triple
system.

Observation 3. A P-yuasigroup of order n exists which defines a
decomposition of the complete undirected graph on n vertices into disjoint
Hamiltonian circuits whenever n is a prime.

Proof. We define the required P-quasigroup by taking the set V=
={1,2,...n} and observing that, if an operation (-) is defined on ¥ by the
statement r-s=2s—r (modr), we obtain a P-quasigroup (V,-) having the
desired property.

For further details and a discussion of the connection between (V,-) and
a certain row complete latin square, see [1].

Observation 4. The existence of a P-quasigroup of order n=2r+1
which defines a decomposition of "the complete undirected graph on n vertices
into a single Eulerian closed path is equivalent to the existence of a codeword
on 2r+1 symbols of length r(2r+1)+1 in which no pair of consecutive
symbols and no pair of nearly consecutive symbols is repeated.

Proof. Two symbols of a codeword are said to be nearly consecutive
if they are separated by a single symbol. We may establish a correspondence
between Eulerian circuits of the complete undirected graph G, on n vertices and

codewords of length %n (n—1)+1 by regarding each pair of consecutive symbols

of the codeword as representing an edge of the graph joining the vertices
represented by those two symbols. The last symbol of the codeword is taken
to be the same as the first in order that the path represented should be closed.
Since each edge of the graph occurs exactly once in an Eulerian circuit, each pair
of consecutive symbols must occur once and only once in the corresponding
codeword. Also if the Eulerian circuit is to correspond to a P-quasigroup,
each pair of nearly consecutive symbols must occur in the codeword at most
once otherwise the property stated in observation 1 above would be violated.

In his original paper [9], A. Kotzig raised the question <“For which
values of n does a P-quasigroup exist which defines a decomposition of the com-
plete undirected graph on » vertices into a single Eulerian closed path 7’ He
showed that such a P-quasigroup exists for the orders n=3 and 7 but not
when n=135. Subsequent work on this topic has made use of the equivalence
with the codeword existence problem which is stated in observation 4 above
and has shown that suitable P-quasigroups exist whenever n=4r+3 except
possibly when r=127 mod 595 and whenever n=4r+1 (r# 1) except possibly
when r=5 mod 7.

The main theorem required is as follows:

Theorem 2. Let U denote a sequence of non-zero integers U Uy us Uy
such that —r<u,<r and |u;| # |u;| unless j=1 (so that |u |, |u,|,...,|u.|isa
s

reordering of the natural numbers 1, 2,...r). Let 6,= > mod 2r+1. Also,
=1

let u;+u, ,=h, mod 2r+1 for i=1,2,...,r—1, where —r<h,<r; and let h,

denote the smallest integer congruent to u, +u, modulo 2r+1. Then, if such a
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sequence U exists with the following additional properties: (a) the integers | h; |
are all distinct for i=1,2,...,r; and (b) (6,,2r+1)=1, there exists a code-
word on 2r+1 symbols of length r (2r+1)+1 in which no pair of consecutive
symbols and no pair of nearly consecutive symbols is repeated. (Equivalently,
there exists an Eulerian circuit of the complete undirected graph on 2r+41
vertices which corresponds to a P-quasigroup).

If such a sequence U exists with the following alternative additional pro-
perties: (a)* the integers |h;| are all distinct for i=1,2,...,r—1 and no one
of them is equal to 1; (b)* u,=1 or 2; and (¢)* i fu,=1, (-3+¢,, 2r+1)=1;
if uy=2, (=2+a,, 2r+1)=1, then there exists a codeword on 4r+3 symbols
of length 2r+1)(4r+3)+1 in which no pair of consecutive symbols and no
pair of nearly consecutive symbols is repeated.

The second part of this theorem is due to the present author and a
proof will be found in [8). The first part is the joint work of the present
author and A.J. W. Hilton. It is proved in [5].

Once the theorem has been established, it only remains to show the
existence of suitable sequences U. By way of illustration we state the following
theorem which is proved fully in [5].

Theorem 3. The following sequences U satisfy the conditions (a) and (b)
of theorem 1: —

r=2t; uy= —2t, u,=2¢t-2, u;=2t—-4,...,u,_,=4, u,=2, u, =1,
Upy=3, ..., Uy =2t-3, U,,;=2t—1, modulo 4t+1; t#1 and t% 5 mod 7,

r=2t+1; uy=—(2t+1), u,=2t-1, u3=2¢-3,...,u4=3, u, =1,
Upy=2, Uy y=4, ..., Uy =212, Uy, , =21, modulo 4¢+3; t¥# 1 mod 1.

Theorem 2 and the sequences obtained in [8] and [5] together solve
Kotzig’s problem for all values of n of the form 4r+1 except r=1and r=35
mod 7 and they also solve it for all values of n of the form 4r+3 except
when r=127 mod 595. It is likely that the construction of further sequences
U which satisfy the conditions of theorem 2 (that is, sequences U additional
to the several classes of such sequences obtained in [8] and [5]) would enable
Kotzig’s P-quasigroup problem and the equivalent codeword existence problem
to be resolved completely.
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A FUNCTIONAL EQUATION WITH DIFFERENCES
Gyula Maksa

1. Introduction

Let R denote the set of real numbers. Let us determine all functions
f:R—R such that

(1)

fx+ ) —f(tx) _ f(x+y)—f(x)
fax)—fltx—1ty) fX)—f(x—p)

for all x, y, t&R, yt#0. This problem is due to P. Dragild {1].

Without loss of generality we can assume that f(0)=0 and f(i)=1.
In the following we employ the notation

T = [f f:R—R; f satisfies the equation (1) for all x, y, t&R; yt%O}
f(0)=0; f(1)=1

The purpose of this paper is to give a necessary and sufficient condition
for f& . F . A sufficient condition can easily be given: Let f:R—R be invertible

with the properties f(0)=0 and f(1)=1, and additive or multiplicative. Then
f&EF . We shall show that these conditions are essentially also necessary.

2. Necessary conditions

| The form of the equation (1) suggests a simple necessary condition
for f& . . It can be formulated as follows:

Lemma 1. Let fEF , then f is invertible and an odd function.

Proof. If the function f were not invertible we could find real numbers
Xys Vo» Yo#0 so that f(x))=f(xy—y,), therefore the equation (1) could not
hold for x=x,, y=y,, t#0. In order to prove that f is odd, we must put

x=0, t=i in the equation (1). Thus we obtain f(—y)=f(—1)f(y) for all

y
yER. Hence f2(—1)=1, but f is invertible, thus f(—1)=—1.y
We guess that, if f© . then either f is multiplicative or f is an additive
function. The following lemma allows to distinguish these two cases.

4 36opaux pamoBa
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Lemma 2. Let fE€,F , then the set
L={a|a€R; f(ax)=f(«)f(x) for all xR}
is a field. .

Proof. It is obvious that 0, 1 &L, furthermore if « &L then (—«)EL,
for f is odd by Lemma 1. Now, let «&L and «#0, then the equation

1) =f(a)f(%), (xER) implies that

f(—‘— x) - f;%;f(x)#(&)f(x) *ER),

therefore i€—,‘L. Putting x=y, =—1— in the equation (1), we have 2& L. Thus
o x
if we write x+ 2y instead of y in the equation (1) we get
@ f@) flx+p)—f N @+ 2) fW]=
=[f(2) f(x+ p—FEI S (ex)+f(2) f(e3)]

for all x, y, t&R, and therefore — with the substitution x=«, €L, y=o,EL —
we obtain that «, + «, L, provided that a;# —2a,. If o = —2«, then a +o,=
=—a,&EL too holds. Finally, if «,, «,€L then f(a,a,x)=f(x,)f(a,x)=
=f (o) f (o) f(X)=f (o, ;) f(x) for all xER and therefore o, a,cL.g

The following lemma yields an equation coming from the equation (2)
which comfirms our above mentioned hypothesis.

Lemma 3. Let f& .5, then
(3) [(fQ)—Df G+ =S ~fON L x) f ) —f () f(x)]=0
for all x, y, tER.

Proof. By equation (2)
S x+ )+ O+ [F2) f(x+3)—f(%)]

FX)+f@)f»
for all x, y, t&R, x3 —2y. Interchanging x and y, we have
FE)f G+ )+ N+ N @ G+ —f )] _
Fx)+fQ@Q)f»
S+ -+ N+ ) Q) f(x+3)—fO)]
O+ f(x)

for all x, y, tcR, x# —2y, y#—2x. Hence, after a simple calculation we
obtain the equation (3).

fx+1y)=

3. The main result

Combining the staiements of Lemma 1 and Lemma 2 we get the following
theorem (in which we use the notations of the lemmas mentioned).

|
!
|
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Theorem 1. Let fEF

a) if L~R then f(xy)=F()f(y) for all x, yER,

b) if L#R then f(x+y)=f(x)+f(y) and f(ax)=f(a) f(x) for all x,ycR
and ac L.

Proof. By definition of L the proof of part a) is trivial, furthermore
in the case b) it will be sufficient to show that the equation

4) FE+p)=fx)+10)
holds for all x, yER. Equation (3) implies that
[fQ—11f(x+y)=f(xX)+1(y)

for all x&€R~L, y&€L, y#0. By Lemma 2 L is a field and therefore
x+yER—L, (—y)&L. Since f is odd, it follows that

[f@Q—-11fx)=fx+»—f)
for all x€R—L, ySL, y#0. Thus we obtain
[f@Q)—=2][f(x+y)+f(x)]=0

for all x&€R—L, y&L, y#0. Since L is a field x+ y#—x, furthermore —
using that f is invertible — we get f(2)=2 and therefore the equation (4)
holds for all x&ER—L, y& L. The equation (3) also implies that the equation (4)
holds for all x, yER—L. Finally, if x, y€L and x,&R—L then

fE+)=fx+x+y—x)=f(x+x) +f(y—xp)=
=fX)+f(x) +f—f(x)=fX)+f(3)-n

We can summarize our results as follows:

Theorem 2. f& F if and only if f satisfies the following conditions:
@ f:R->R, f(0)=0, f()=1
(ii) the function f is invertible and odd
(iii) either
Fen)=f(x)f0)
for all x, y&ER or there exists a field L, LCR, L#R such that

Sx+»=f)+f() and flax)=f(0)f(x)
for all x, yER, « & L.
Finally, we make some simple remarks:

1. If L is a field of the rational numbers then the equation of additivity
implies the equation

flax)=f(@)f(x) (xcL, xER).

2. If L#R but it has a measurable set of positive measure then
S(x)=x (x&R). In this case there exists a- »mgasyya«gre . sitive 1pasuTe
such that f(x)=0 for all x& 4. , £ = ﬁem M;«ih%gm \:_';

© WATEDATRIKOY MHCTRTYTR GRRYY
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3. The continuous (or measurable) solutions of the equations
Fe=f)f0G) and fx+y)=fX)+f()

are well-known thus the continuous (or measurable) solutions of the equation (1) 5

can easily be given.
The author would like to thank Professors Z. Daréczy and K. Lajké

1

for all their help. |
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ON MODULAR LAW FOR TERNARY GD-GROUPOIDS

Svetozar Mili¢

1. Let X, X,, X;, X, be four nonempty sets, and
A: X xX,xX,> X,

then the ordered fivefold (X|, X,, X;, X,; 4) we call G-groupoid (generalized
ternary groupoid).

Let us introduce following notations

L‘fX=A(x, a,, a;), Lfy=A(a1, ¥y, ay), L’3‘2=A(a1, a,, z)

where g, X, (i=1, 2, 3)‘ are some fixed elements. The mapping Li we call
G-translation in relation to the fixed elements.

If L: are surjections for arbitrary fixed elements, then the ternary G-grou-
poid we call GD-groupoid (G-groupoid with division).
For G-groupoids and GD-groupoids we introduce the notion of homotopy.

Definition: For ternary G-groupoid (Y,, Y,, Y;, ¥,; B) we say that
it is the homotopic image of G-groupoid (X, X,, X,, X,; A) if there exist
fourfold H={[a, B, y] surjection

«: XY, B:X,~»Y, y:X;»Y, $:X,->7,
such that is fulfilled
34 (x,, x,, x;)=B(ax,, Bx,, vX,)

for arbitrary x;€X, (i=1, 2, 3).
If «, 8, v, 8 are bijections, then the homotopy H we call an isotopy.

2. This paper is the enlargement (supplement) of the paper [2], therefore,
we shall only formulate certain assertions without detailed proofs, as the proofs
are similar to those in [2].

Theorem 1. If four GD-groupoids A, B, C, D where

B:Y, xY,xY;>Q; D:X | x:+xX; (xY;xX; X+ xX;=>0;
(1) A4:X;x- - xX,_xO;xX, X ---xX,>0

C:Yy % oo XY,  xQxY¥_ % x¥Y;>Q

53
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satisfy the equation
Ay, con s Xy BOs P25 V3)s Xigqs ovn s Xy)
=Cys s Fiogs DO oo s Xty Vis Xpigs ovvs X3}y Pjyrs ovn s Vo)
for every xkeXk’ }"mEYm (k’ m=1, 2: 3) and lf
L':9~0 L/:0~0Q

are bijections (for arbitrary elements) then there exists the group (Q, o) that

2

Ay ooy Xigs 2y Xiggs ooy X)=L{ 20 KX}y oty Xiyy Xiyts ons X3)
B(», 5 y3)=(Lf)—l(P(.V1v SRR/ SSTED / FETI y3)°LfLi yj)
B) COys v s Vimys 2o Ypags oo s P=POs ooy ¥jis Vigrs ovns y3)osz
D(xys o vvs Xigs Yy Xipgs oovs X3).
=(L‘-:)_1(L-CL?yjoK(x1, cees Xy Xjpgs oo X3))
where L :Y,—~Q; and K and P are arbitrary binary GD-groupoids (Here, by
defmmonfor 1,16{1 2,3} we omit X, Y, X,, Y, from (1), as well as x,, ¥y, X, ¥,
Jrom (2).

By introducing the relation of equivalence in the set of surjection [1] [2]
then is valid

Theorem 2. If four ternary GD-groupoids A, B, C, D satisfy the con-
ditions of Theorem 1, then the general solution of equation (2)

A, o Xy 2y Xy e X)) = @ZOK(X, oy Xy Xppgs ee s X3)
B(ys 32 y3)=“_l(P(y1’ cves Vicgs Vigys oee y3)°B.Vj)

COro s Vjmys % Vpars s II=POts o5 Vit Vg -+ ¥)OYZ
D(xl’ cees Xy y]’.xH-l’ cee x3)=Y_‘([3yj°K(x1’ cers X Xjyrr oo xs))

where (Q, o) is the group determined up to tsomorphtsm and the mappings «, B, Y
are determined up to on the equivalence and K and P are arbitrary binary
GD-groupoids.

For the proof of theorem 1. respectively of the theorem 2. is used the
same method as in the paper 2], at it, we obtain the GD-groupoids S iso-
topic 4, D and T arbitrary for B, C and they satisfy following modular laws
for different i, j

1) (1,1) — modular law

ST, y,5 v3), %, %)=T(S(t, x,, x3) V2> ¥3)
2) (1, 2) — modular law

S(T(yis t, 3,5 %, %3)=T(¥y, St Xy, %3)5 32)
3) (1, 3) — modular law

S(T(ys ¥20 )5 X0 %) =T (115 335 S, %5 X3))

il
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4) (2,2) — modular law
Sy T(yys 1, 99), x)=T (¥, S(x5 8, x3), y3)
5) (2, 3) — modular law
S(xs T(ys ¥2o )5 x3)=T(y;, ¥55 S(xy, ¢, x3))
6) (3, 3) — modular law
S (x;5 %30 Tys 25 0)=T (¥ ¥2» SCxp; x5, 7).
All these equations are solved similarly as the equation under 4) (see [2]).
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UBER EINIGE FORMALE ASPEKTE DER DYNAMIK
(DIVIDIERBARKEIT UND ANALYTISCHE ITERATION
KONTRAHIERENDER BIHOLOMORPHER ABBILDUNGEN)

Ludwig Reich

§ 1. Einleitung. Zusammenstellung bekannter Ergebnisse

In meiner Arbeit [1] habe ich einen Zusammenhang zwischen der Existenz
m-ter Wurzeln einer kontrahierenden biholomorphen Abbildung F (vgl. die Defi-
nitionen in [1] oder [2]) und der Existenz einer analytischen Iteration von F
hergestellt. Dieser Zusammenhang konnte gewonnen werden mittels der Methode
der sogenannten vollstindigen Linearisierung von F (vgl. [1], [3]). m-te Wurzel
von F war dabei eine formal-biholomorphe Abbildung G (— die sich als eo ipso
lokal-biholomorph herausstellt —) fiir deren m-te Iterierte G™ gilt F=G™. Fiir
diese Funktionalgleichung und ihre lange Geschichte vgl. etwa [4]. Unter einer
analytischen Iteration von F versteht man die Einbettung von F in einen
einparametrigen Lie’schen Gruppenkeim

F=x—>x(t)=A@)x+R(t, x)

mit dem additiven Gruppenparameter ¢, der Substitution als Gruppenoperation
und den Randbedingungen
F,=id, F,=F.

Der in [1] ausgesprochene Zusammenhang zwischen der Existenz m-ter

Wurzeln und der Existenz analytischer Iteration von F lautet nun;
1

Satz: (i) Es mégen fiir unendlich viele mcN m-te Wurzeln F™ von F

existieren.
1 1

(ii) Die vollstindigen Linearisierungen von Fm, L(F™) mégen alle ein und
derselben analytischen Iteration L(F) angehdren.
Behauptung: Dann existiert eine analytische Iteration F(t) von F, fiir die

1
auflerdem gilt F (711—) =Fm,

57
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Es ist nun zunichst das Ziel der vorliegenden Arbeit, in einer Reihe von
Sitzen zu untersuchen, wie weit die Voraussetzungen dieses Satzes abgeschwicht
oder durch andere ersetzt werden kounen. Im einzelnen: Es wird z.B. in
Satz 1 (§2) gezeigt, daB man u.U. die Voraussetzung der Existenz m-ter Wurzeln
durch die Voraussetzung der Existenz ,,//,-ter Wurzeln“, d.h. von Abbildung
Flim fiir die (Fimm=F!, I&N, gilt, ersetzen kann. Hingegen geht es in
Satz 2 (§1) darum, die Voraussetzung (ii) abzuindern. Hier kann z.B. die mehr
algebraische Voraussetzung getroffen werden, daB fiir jedes U aus dem Kom-
mutator von L(F) (in der Gruppe der linearen Automorphismen) jedes
U-1oL(FVm)oU die Varietdt der vollstindigen Linearisierung, L(C"), als ganzes
invariant 14Bt. . _

In einigen weiteren Sdtzen (§3) wird das Verfahren der vollstindigen
Linearisierung dazu benutzt, zu untersuchen, was die Existenz stetiger Fliisse
oder stetig differenzierbarer Fliisse, in die F eingebettet ist, fiir die Existenz
analytischer Iterationen impliziert, (Satz 3, Satz 4). Z.B. impliziert die Einbett-
barkeit von F in einen cinparametrigen, stetig differenzierbaren FluB die Existenz
einer analytischen lteration (Satz 3).

Die Einbettbarkeit in eine kontinuierliche einparametrige Gruppe F, hat
die Existenz einer analytischen Iteration zur Konsequenz, wenn z.B. noch gefor-
dert wird, daB fiir eine in R dicht liegende Menge von p die Linearisierungen
L(F,) alle ein und derselben analytischen Iteration von L(F) angehdren (Satz 4).

In § 4 werden wir uns schlieBlich der Frage zuwenden, wann es m-te
Wurzeln FU" von F gibt zu vorgegebenen Bestimmungen o™ der Eigenwerte
des Linearteils von FYm (Satz 5). Auch dies geht iiber das Verfahren der
vollstindigen Linearisierung, und man erhilt ein algebraisches Existenzkriterium.
SchlieBlich werden wir zeigen, daB es geniigt, die Existenz von hinreichend,
aber endlich vielen m-ten Wurzeln von F vorauszusetzen, wenn es um die Frage
geht, ob eine vorgegebene analytische Iteration §, von L(F) aus linearen Abbil-
dungen das Bild einer analytischen Iteration F, von F ist:

&=LoF,oL-1, obalso

eine analytische Iteration von F ,fortsetzt*. Das wird in Satz 8, Satz 9 behandelt.

Wir beenden diesen Paragraphen mit einer Zusammenstellung der wichtigsten
Tatsachen iiber die vollstindige Linearisierung.

Die volistindige Linearisierung einer kontrahierenden Abbildung F bedeutet
(vgl. [3]): Es existiert eine biholomorphe, sogar birationale, iiberall biregulire
Abbildung L des C" auf eine analytische (sogar algebraische Varietit L(C")=RCCY
mit folgenden Eigenschaften:

1) LoFoL~! ist die Emschrankung genau eines linearen Automorphlsmus
L(F) von CN auf R, bei dem R invariant bleibt.

2) Ist G eine mit F kommutierende formal-biholomorphe Abbildung mit
Fixpunkt x=0, dann ist auch LoGoL~! die Einschrinkung genau eines linearen
Automorphismus L(G) des C¥ auf R, bei dem R invariant bleibt.

3) Die Koeffizienten der Matrix M(L(G)), falls dabei die gegeben kontra-
hierende Abbildung G in halbkanonischer vorliegt, sind Polynome in den Koef-
fizienten der Potenzreihe G, d.h. ihrer polynomialen halbkanonischen Formen;
ebenso sind die Koeffizienten der Potenzreihen in G Polynome in den Elementen
von M(L(G)). Die Eigenwerten von F und L(F) stimmen iiberein, abgeschen
von den Multiplizitéiten. '
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4) Einer analytischen Iteration von F entspricht durch den Ubergang
F,—L(F) cine eineindeutig bestimmte analytische Iteration der linearen Abbil-
dung L(F), dabei sind die L(F,) lineare Abbildungen, sie lassen R fest (F,,
vgl. [1], ist nimlich mit F vertauschbar, also vollstindig linearisierbar).

Wir zeigen noch, daB jede formale m-te Wurzel F/m eines lokalbiholo-
morphen kontrahierenden F lokal biholomorph ist:

Jede formale m-te Wurzel eines lokal-biholomorphen kontrahierenden F
ist eo ipso konvergent. Jede rationale Iterierte F/m, d.h. eine formal-biholo-
morphe Abbildung F/™ mit (F/my*=F!, IcZ, ist eo ipso konvergent.

Beweis: Es gilt F-lUmoFollm= F-limo(Flimyn, plim— F, also ist FV/m mit F
vertauschbar. Es sei nun T eine konvergente Transformation von F auf halbka-
nonische Form. Dann ist T-1oFl/moT m-te Wurzel von T-1oFoT, also nach [5],
bzw. [1], selbst polynomial, also konvergent. Da T" konvergent ist, trifft dies
auch fiir To(T-1o FUMmoT)oT~1< FUim zu, Da nun F/ ebenfalls mit F vertauschbar
ist, so wird es durch das obige T auf polynomisch vereinfachte Gestalt trans-
formiert, und es folgt auch fiir F//" analog, da es mit F! vertauschbar ist,
daB es durch T auf polynomische Gestalt transformiert wird. Somit ist auch F1/m
konvergent.

Im iibrigen sei ausdriicklich darauf verwiesen, daB wir hier den Inhalt
und dic Methoden der Arbeit [I] als bekannt voraussetzen werden und sets
auf die von uns bendtigten Stellen verweisen werden.

§ 2. Dividierbarkeit uud analytische Iteration

Als Verallgemeinerung des in der Einleitung zitierten Satzes aus der
Arbeit [1] beweisen wir zunéchst:

Satz 1: a) Es mdgen fiir unendlich viele rationale mod 1 inkongruente
I/m(I>0, m>0) rationale Iterierte F'I™ existeren.

b) Fiir I>1 seien dieses F''™ mit F vertauschbar, und die dann eo ipso
existierenden L(FY™) mdgen einer und derselben analytischen Iteration von L(F)
angehdren.

Dann existiert eine analytische Iteration F (t) von F und es ist F(l/m)= F'Im.
Beweis: Es existiere fir ein I//mF'/™, und es sei I/m=[l/m]+k/m,

0<k/m<1. Nach Voraussetzung bilden die k/m eine unendliche Menge. Wir
setzen Fkim= Flimo F-Uiml, Es gilt mit der Bezeichnung F-¥/m = (Fkim)—1:

F‘k/”’o Fo Fk/m —_ F—I/mo F[I/m]o Fo F—[l/m]° Fl/m = F—I/m oFo Fl/m — F,
also existiert auch L (F*™), und diese L (F¥/™) gehdren ebenfalls der analytischen
Iteration an, zu der die L (F1/™) gehbren, wegen
L (Fkimy — L (Flim=Ujml) - I, (F'Im)o
L (F-tim) = L (F'im)o (L (FUm)=1).
Wir gehen von einer halbkanonischen Form von F aus, und nehmen an,
die Elemente der analytischen Iteration von L (F), §&,, seien gegeben durch

§—M (). Dabei sind die Elemente von M (), wie aus [1] bekannt, ganze
Funktionen von ¢. Es seien @, =0, ..., ®,=0 die Gleichungen der algebraischen
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Varietit R, £ sei ein allgemeiner Punkt von . Auf Grund von [2] bedeutet
dies, dal die Koordinaten &; von & Potenzprodukte der Unbestimmten x,, ..., x,
sind. Nun hat L(F*m) als Element der analytischen Iteration die Darstellung
£—M(k/m)E, wie man leicht nachrechnet, L(F*/™) 1aBt R invariant, und wir
haben wie in [1], fiir den allgemeinen Punkt £ von R:®, (M (k/m)E)=0, ...,
O, (M(k/m)E)=0 fiir die unendlich vielen k/m mit 0<<k/m<1. Wie in [1],
p. 13—19, schliefen wir nun daraus mit Hilfe des Identitétssatzes fiir analytische
Funktionen, daB die Varietdit R auch bei der allgemeinen Abbildung £— M (1)E
der analytischen Iteration von L(F) festbleibt. Die Anwendung des Identititsprin-
zips beruht dabei auf der Existenz eines Hiufungspunktes der Menge der k/m,
in dessen Umgebung die Elemente von M(¢) holomorph sind. Wie in [1] wird
nun geschlossen, daB F in angegebener Weise eine analytische Iteration besitzt,

Die Bedingung, daB alle F/m einer und derselben analytischen Iteration
von L(F) angehoren miissen, wird in folgendem Satz durch eine mehr algeb-
raische Bedingung ersetzt werden.

Satz 2: a) Fiir unendlich viele 1/m existieren m-te Wurzeln FU™ von F.,
b) Fiir jedes U aus dem Kommutator von L(F) lasse der lineare Automorphismus
U-'o L(FYmyoUR invariant. c) Die L(F!™) mdgen analytischen Iterationen von L(F)
" zu den gleichen von m unabhdngigen Bestimmungen der Logarithmen Inp, der
Eigenwerte von o, angehoren.

Dann existiert eine analytische Iteration von F, F(t), und es gilt F(1/m)= Flm,

Beweis: Wie in [1] gezeigt wurde, werden simtliche analytische Iteratio-
nen {, von {§ = L(F) zu festen Bestimmungen der lnp, gegeben durch U-1of,0U,
wobei U die Automorphismen mit U-logfoU, det U=1, durchlduft, und ,
eine beliebige feste analytische Iteration zu diesen Bestimmungen In p; bezeichnet.

Es sei also ein solches g, fest gewidhlt. Nach Voraussetzung gehort L (FUm)
einer analytischen Iteration i, von L(F) zu den fest gewihlten Bestimmun-
gen Inp, an. Somit existiert ein ;U aus dem Kommutator mit (;;,,U)~1o,,.&,0
umU =5, Dies bedeutet, daB (,;,,U-Y)oL(FY™o,, U der fest gewihlten analy-
tischen Iteration §, angehdrt. AuBerdem 148t nach Voraussetzung (,;,,U~Y)o
L(FYmyo,,, U invariant. Mit der schon in [1] verwendeten SchluBweise, ergibt
sich also die Existenz einer analytischen Iteration g, von L(F), die R invariant
14Bt, somit existiert auch die angegebene analytische Iteration von F.

§ 3. Kontinuierliche Gruppen und analytische Iteration

Dieser § ist der Frage gewidmet, was die Einbettbarkeit von F in einpa-
rametrige stetig differenzierbare oder gar nur kontinuierliche Gruppen fiir die
Existenz analytischer Iterationen impliziert.

Satz 3: F=F, besitze eine Einbettung in eine einparametrige reelle
additive stetig differenzierbare Gruppe F,(r&ER) von lokalbiholomorphen Abbil-
dungen mit Fixpunkt x=0.

Dann existiert eine analytische Iteration F(t) von F, sodaf F, Untergruppe
derselben mit F(r)=F, ist.

Beweis: Da die Gruppe additiv ist, gilt FoF,=F, ,=F,  =F,oF,
also existiert L(F,). Da die Elemente der Matrizen der L(F,) Polynome in den
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Kocoffizienten der F, sind, handelt es sich bei L(F,) um eine stetig differen-
zierbare Gruppe von Matrizen. Bezeichnet - die Ableitung nach dem Gruppenpa-
rameter r, so folgt

OL(F,), rcR.

Aus dem Existenz- und Eindeutigkeitssatz fiir Differentialsysteme folgt
aber, daB es sich bei L(F,) sogar um eine einparametrige Liesche Gruppe
handelt, da die Losungen eo ipso holomorph ausfallen. Ihre Elemente seien
mit §,, t&C, bezeichnet. Speziell ist §§,=L(F,) fiir r<R. Fiir unendlich viele
t=r, die sich etwa in r=1 hiufen, gilt diese obige Relation. Verwendet man
nun wieder die Beweismethode von [1], p. 14—19, d.h. die Betrachtung gewisser
die Invarianz von R ausdriickender analytischer Gleichungssysteme, so ergibt
sich, im wesentlichen mittels des Identititssatzes fiir analytische Funktionen,
die Existenz einer analytischen Iteration F, von F, der {F,|r&R} als Unter-
gruppe angehort.

Hinsichtlich des Zusammenhanges zwischen kontinuierlichen einparametrigen
Gruppen (stetigen Fliissen) und analytischen Iterationen zeigen wir:

Satz 4: a) Es besitze F eine Einbettung in einen stetigen reellen Flup,
d.h. eine einparametrige, additive, reelle, kontinuierliche Gruppe {F,, r&R}. Es
sei P eine Teilmenge von R, sodaf es unendlich viele mod 1 inkongruente p <P
gibt und sodaf {lp| pEP, IEZ} dicht in R ist.
' b) Fiir unendlich viele mod 1 inkongruente p mdgen die L(F,) ein und
derselben analytischen Iteration %, von L(F) angehdren.

Dann besitzt F eine analytische lIteration F(t), mit F, als Untergruppe
von F().

Beweis: L(F,) existiert. Denn es ist F,,=F,  =FoF,=FooF. Es sei
{e}=p~I[e]. Nach Voraussetzung besitzen diese {p}, p& P, einen Haufungspunkt
in [0, 1], und es gehéren die L(Fy)=L(F,)oL(F_y) alle der analytischen
Iteration {§, an. Nach der aus [1] iibernommenen Beweismethode, das analy-
tische Gleichungssystem zu betrachten, das die Invarianz von % ausdriickt, und
den Identititssatz anzuwenden, ergibt sich wieder, daB eine analytische Itera-
tion F(¢r) von F existiert, mit F(p)=F,, p&P, somit auch F({p})=F,
F(lp)=F,,. Es sei r&R beliecbig. Nach Voraussetzung gibt es dann eine Folge
px> PP, und zugehorige [, &Z, sodaB r=1im/.p,. Da die Gruppe der F,

k—>on

kontinuierlich ist, folgt
lim F(Ikpk)=F(r).
k—ro

Da aber F,, . =F(l,p.), so folgt F(r)=F,. W.z.bw.

Tkok
Wir halten noch fest:

Folgerung: a) Es besitze F eine Einbettung in einen stetigen FluB F,.
b) Fiir ein irrationales p moge L(Fp) einer analytischen Iteration &, von L (F)
angehiéren.

Dann existiert eine analytische Iteration F(t) von F, und es gilt F(p)=F,.
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Beweis: Fiir irrationales p sind die Zahlen {m¢} dicht in [0, 1], (vgl. [6]),
und es gehdren auch alle L(F,,)=L(F,)oL(F_,.) der analytischen Itera-
tion {, an. AuBerdem ist {{{mp}|I€Z, mcZ} dicht in R. Somit sind auch
die Voraussetzungen von Satz 4 erfiillt, und die Folgerung ist bewiesen.

§ 4. Existenz m-ter Wurzeln

Wir behandeln hier die in der Theorie der Funktionalgleichungen seit
langem studierte Funktionalgleichung von BABBAGE fiir kontrahierende biho-
lomorphe Abbildung F. Gesucht ist eine lokal biholomorphe Abbildung G mit

Gm=F.

Es ist nicht bekannt, ob jedes F fiir jedes m eine m-te Wurzel besitzt.
Die Eigenwerte des Linearteils von FUm sind p,!/m, ..., p,l/™m, mit gewissen
Bestimmungen der m-ten Wurzeln der Eigenwerte p,, ..., p, von F. Es zeigt
nun ein einfaches Beispiel, auf dessen Detaildiskussion wir verzichten diirfen, daB
es Abbildungen F gibt, daB nicht fiir jedes m und jede Wahl der p 1/, ..., g lim
eine m-te Wurzel FUm existiert. Sind ndmlich p,, w, komplexe Zahlen mit
0<|w;|<1 und der Relation p,= —u" und setzen wir p, =u.% p,=w,% so liegt

xW=p,x
F:
xP=p,x,+ax,, a#0

in Normalform vor, und es zeigt sich, daB keine Abbildung FV2 existiert,
deren Linearteil die Eigenwerte p,l/2=y,, p,!/2=yu, aufweist.

Wir beginnen mit folgenden Bemerkungen, deren Beweis auf Grund von [1],
§ 3, fast trivial ist, und daher ausgelassen werde.

1) Die Eigenwerte von FU™ sind Bestimmungen p,'™, ..., p,l/m.

2) Jede lineare Abbildung A4: x—>Ax, det A#0, besitzt fiir jedes m&N,
m-te Wurzeln und diese ergeben sich, indem man in einer geeigneten analytischen
Iteration 4, von A fiir r=1/m das Element 4,,, herausfalt.

Es sei nun L(F)={ die vollstindige Lincarisierung von F. §, sei eine
analytische Iteration von L(F), zu den Bestimmungen (Ingp,),, ..., (Inp,), der
Logarithmen ¢, ..., p, und zu einem Parameter % der irreduziblen Parame-
termannigfaltigkeit (vgl. [1], § 3). Falls F die m-te Wurzel FUm besitzt, dann
ist, da L ein Isomorphismus ist, L(F!™) m-te Wurzel von L(F), und es ist
nach Bemerkung 2.) in einer analytischen Iteration $, von ¥, etwa der gegebenen,
als §,,, enthalten. Wir werden dann sagen: F,;,, gehdre zu (Ing,),, ..., (Ing,)e; 7
Es gilt nun aber §,,,=L(FU™) fiir ein F'" genau dann, falls {},,,, die Varietit %
der Linearisierung als ganzes invariant 14Bt. Es sei nun £ ein allgemeiner Punkt
von R. Driickt man es durch Gleichungen aus, daB auch 3, & ein Punkt
von R ist, so erhilt wie in [1], p. 14—19, ein System von ganz rationalen
Relationen

4@ =0, ..., da(p)=0,
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wo bei ¢,s die Elemente der Matrix J,,, bezeichnet. Aus [1], § 3, folgt daB
die ¢,q ihrerseits Polynome in den Elementen von L(F), also auch den Koef-
fizienten von F und auBerdem in Parametern (v, ..., 7,) aus der Parameter-
mannigfaltigkeit M sind. Die

(D) b, (2, =0, ..., dy(p, 7)=0

und I hingen dabei von (Ing),, ..., (Inp,), allein ab. Fiir die Existenz
eines FUm zu (Inp,),, ...,)Inp,, n erhalten wir daher als notwendige und
hinreichende Bedingung das Bestehen ganz-rationaler Relationen, wobei p die
Kocffizienten von F (bis zur maximalen Ordnung des Zusatzmonoms) bezeichnet
und n&M ist. Somit

Satz 5: Notwending und hinreichend fiir die Existenz eines FY ™ zu
1/m(lnp),, ..., 1/m(Inp,), ist das Bestehen der Relationen (1) mit einem
geeigneten W& IN. Die Y, ..., Yy und I hdngen nur ab von den gewdhlten
Bestimmungen der Logarithmen von L(F).

Daraus ergibt sich unmittelbar.

Satz 6: Es gibt kontrahierende Abbildungen F mit folgender Eigenschaft:
Zu jeder Wahl von (Inp)),, ..., (Inp,), und zu jedem NCIN existieren héchstens
fiir endlich viele mEN m-te Wurzeln FU™ zu (Ing)),, ..., (Inp,), 1.

Satz 7: Es gibt Normalformen G linearer Abbildungen und natiirliche
Zahlen m, daf die Polynome (1) nicht identisch verschwinden, u.zw. fiir jede
Wahl von (Inp)°, ..., (Inp,)°.

Der Beweis dieser Sitze ergibt sich unmittelbar aus dem Einleitung zitierten
Satz iiber den Zusammenhang der unendlichen Dividierbarkeit mit der analy-
tischen Iteration.

Wir kommen nun nochmals auf diesen Zusammenhang zuriick, insbeson-
dere auf den zitierten Satz. Die Voraussetzung (ii) dieses Satzes besagt in der
Sprechweise dieses Paragraphen, daB alle F/ zy einer und derselben Bestim-
mung (Inp)% ..., (Inp,)® und einem % gehdren, eben zu diesen, die die analy-
tische Iteration von L(F) gemiB [1] festlegen. Es ist also das in diesem § kon-
struierte Gleichungssystem, das ja auch von 1/m abhingt, fiir unendlich viele
m,, m, . .. richtig. Mit a,, bezeichne ich nun das von den Polynomen von (1)
fir 1/m, erzeugte Ideal und betrachte die aufsteigende Idealkette

am,g_ (am19 amZ)g.(am,’ am27 am;)g ¢« v e .
Diese ist stationdr, d.h. es existiert ein k,, sodaB
Amys o s a”’ko)=(a'”l’ vy amk°+’)

fiir alle />0. Das bedeutet aber, dass die notwendigen und hinreichenden
Bedingungsgleichungen fiir die Existenz der m, ., ,ten Wurzeln FY™ erfiillt sind,
sobald Flm . ., FU™k existieren. my, ist dabei abhingig von ¢, (Inp,),, ... ,
(Inp,),, 7, d.h. von der analytischen Iteration von L(F), §,, und von der Folge
m=(m,<m,<---). Wir konnen daher formulieren:
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Satz 8: Es sei {§, eine gegebene analytische Iteration von L(F),
m=(m,<m,< - - -) eine unendliche Folge natiirlicher Zahlen. Dann existiert eine
natiirliche Zahl n({,, m), sodaf 5, das L-Bild einer analytischen Iteration von F
ist §,=LoF,oL™, falls nur Wurzeln Fy, , ..., Fy,, mit k>n, existieren, deren

L(Fyy) zu &, gehort.
Speziell:

Satz 9: Es sei {, eine gegebene analytische Iteration von L(F). Dann
existiert eine natiirliche Zahl n, () so daf §, das L-Bild einer analytischen
Iteration von F, F(t) ist, sofern nur Wurzeln F,,, ..., F,, fiir k>n, existieren,
deren L(,,,) zu §, gehort.
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ON AN EXTENSION OF PEXIDER’S EQUATION

Jdnos Rimdn
1. Introduction

Some results of Z. Dardczy and L. Losonczi [2] on the extensions of
additive functions seem to have important applications in the theory of functi-
onal equations (cp. e. g. K. Lajké [3], L. Székelyhidi [4]).

In connection with the above-mentioned results, in this paper we shall
deal with the extensions of the equation

fx+y)=g(x)+h(y).

2. Definitions and notations

We shall use the following notations and definitions.

Let D C R2? be an arbitrary non-empty set (R is the set of real numbers) and
D,={x|3y, (x,») €D},
D,={r|3x (xy) €D},
D, ,={x+y|(x ») €D}

Throughout the paper E denotes an Abelian group (written additively).

Definition 1. Let D CR*(D# @), f.D,,,~E, g:D,—~E, h:D,—~E"
be functions such that

fx+y)=gx)+h (), (x»)€ED.
If there exists an ordered triple of functions (F, G, H) such that

) F, G, H.R—~E,
(i) F(x-+y)=G (x)+ H(y) for all (x, y) €ER?
and

F(x)=f(x) forall x&D,,,
(iii) G(x)=g(x) for all x& D,
H(x)=h(x) for all x& D,
then (F, G, H) is called an extension of (f, g, #) from the set D.

5 35opEmk panosa
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Definition 2. Let D CR*(D# @), f:D,,,~E, g:D,—~E, h:D,~E
be functions such that ’

fG+y)=g@)+h(), (x,y)€D.

If there exists an ordered triple of functions (F*, G*, H*) and a point (4, v) & D
such that

1° F*, G*, H* .R—E,

2° F*(x+y)=G* (x)+ H* (y) for all (x,y) € R?
and
F*(x)—F*(u+v)=f(x)~f(u+v) for all xc D, ,,,

3° G* (x) -G* W=g(x)—g 1 for all x& D,
H*(x)—H*(W=h(x)-h () for all x € D,
then (F*, G*, H*) is called a quasi-extension of (f, g, h) from the set D.

3. Results

Let D=K,={(x, y)| x*+y2<r?} (r>0 is a constant) be an open disk.
Then we have

Theorem 1. (cp. (2], Satz 2.) Let f:(K),,,~E, g:(K),~E and
h:(K,),—~E be functions such that

fG+y)=g@)+h(y), () EK,.
Then (f, g, h) has one and only one extension (F, G, H) from the set K,.

Proof. Clearly (K,),=(K;),=(—r, r) and (K,),,,=(—r V2, r}2). Every
x & R can be written in one and only one way in the form

r
xX=n-—+t,
2

where n€Z={0,+1,+2,...} and te[O, —;—) Let us define the functions
F:R—E, G:R—>E, H:R—F as follows:

F(x)=nf(%)+f(t)——n(a+b),
G(x)=ng(§)+g(t)—na,
H(x)=nh(—;—)+h(t)—nb,

where a=g (0) and b=h(0). We show that (F, G, H) is the unique -extension
of (f, g h) from K,.
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A) First we prove that (ii) holds. If (x, y) € R?, then

ron D, ,
e )
) If t,+t26[0, —;—) then we have
Fetp)=F(tm 21+
=Geam)f (T)+S k)=t a4 5=
=n(g (%)+b)+m(a+h(—;—))+g(t1)+h(tz)—(m+n) (a+b)=
—ng (-%)+g(t,)—na+mh (%)+h(tz)—mb=G(x)+H(y).
21 tl+tze[—;~, r), then we can wrte 1+ 1, =+ twith re[o, —;-) and
F(x+y)=F((n+m+l)%+t)=(n+m+1)f(—;—)+f(t)—(n+m+l) (a+)=
o))l e
—(n+m+l)(a+b)=ng<—;—)—na+mh (—;—)—mb+f(—;—+t)=
- ,'zg(%) — na+mh (é) —mb+ £ (t+ 1) =
=ng(-;—)+g(t,)—na+mh(—;—)+h(tz)—mb=G(x)+H(y).

Thus F(x+y)=G (x)+ H(y) for all (x, y)&R2
B) Now we show that (iii) also holds.

1) 1f x< [0, 1), the x=0-—’~+t(t O,L))and
) 1[0, 7). then x=0- 24110,

F(x) =O-f(—;—)+f(t)-0-(a+b)=f(t)=f(x) and

hid
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similarly G (x)=g (x), H (x)=h(x).

2) If xe[—;—, r), then x=—;~+t and thus

F(x)= f( )+f(:)—a—b=g(%_)+b+a+h(:)—a-b=

r
2
~e(5 e h=f (54 1)1

G (x)= %)+g(r)—a=g(—;—)+h(t)—(a+h(t))+g(r>=

ol
= ( )—f(t)+g(t)éf(X)—f(‘)+g(’)=
gx

x)+b—g({t)—b+g(t)=g(x) and similarly H (x)=h (x).

3) If x&[r, rV2), then %6[0, r) and so by (ii), B./1. and B./2. we have

reo=rGo5)-o () (3o () )

4) It is easy to see that
f(=x)=-f(x)+2(a+b), x&D,,,,
g(—x)=—-gx)+2a, . xED,,
h(—=x)=—h(x)+2b, xeD,,

and similarly for functions F, G, H for all x&R. On the basis' of the above
F(x)=f(x) for all x&(-r}2,0),

G(x)=g(x) _
H=hx) } for all x&(—r, 0)

and thus (iii) is proved.
C) Finally we show that (F, G, H) is the unique extension of (f, g, h)
from X,.
Namely if (F,, G,, H,) is also an extension of (f, g, k) from K, then
by (iii)
F@Q)=F, 0)=f(0)=a+b,
n G(0)=G,(0)=g(0)=a,

H(0)=H, (0)=h(0)=b.
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Let ¢ be an arbitrary real number. There exist x&|O0, —;—-) and n&Z such that

t=nx, furthermore one easily proves that for all x&R and for all n€Z
F(nx)=nF{x)—(n—1) (a+b),

)] Gnx)=nG(x)—(n—1)a,
Hmx)=nH(x)—(n—1)b,

and similarly for functions F,, G,, H,.
By virtue of (1), (2) and (iii) we have

F(t)=Fmx)=nF(x)—(n—1) (@a+b)=nf(x)—(n—1) (a+b)=
—nF,(x)—(n—1) (a+b)=F, () =F, ()

and G(1))=G, (1), H({t)=H,(t) for all tER, q.e.d.

Before formulating Theorem 2. we note the following:

Let DCR?* (D# @), f:D,,,~E, g:D,~E,
h:D,—~E be functions such that

SFx+y)=g@®)+h(»), (xy)ED.
If (F*, G*, H*) is a quasi-extension of (f, g, h) from the set D and
F*(x)=F*(x)+¢, G*(x)=G*(x)+c,, H*(x)=H*(x)+c; (xER),

where ¢, ¢,, ¢c,€ E and ¢, —c,—¢;=0, then (F,*, G*, H*) is also a quasi-exten-
sion of (f, g, h) from D.

In the sequel the quasi-extensions of the two above types of (f, g, A)
will be regarded as equivalent.

Define the set K, (u, VVCR? as follows:

K, (u, v={(x, y)| (x—u)*+ (y—~v)?<r?} (r>0is a constant and (v, v)ER?).
Then we have

Theorem 2. (cp. [2], Satz 3) Let f:(K, (,)),,,—~E, g: (K (u,v)),~E,
h: (K, (u,v)),—~ E be functions such that

fx+y)=g®+h(), (x, yEK, (4, ).

Then (f, g, h) has a quasi-extension (F*, G*, H*) from the set K, (u, v) which is
unique up to equz'valence

Proof. Putx X+u and y=Y+v, where (X, Y)EK,. Then (x, y)E
€K, (u,v) and

3) SX+Y+u+vy=gX+uw+h(Y+v), (X, V)EK,.
Setting Y=0 and X=0 in (3) we obtain
“4) S +utn=gX+w+h(), XE(K,),
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and

&) fY+uty=gW+h(Y+v), YE(K),
respectively.

Define functions f*, g*, A* by

f*X)=fX+utv), XE(K)xry
grX)=f(X+utv)-g), X&(K), and
) P X)=fX+u+v)-h(), Xc(K),
By virtue of equations (3), (4) and (5) we have
[¥*X+Y)=g*(X)+h*(Y) for all (X, Y)EK,.

By virtue of Theorem 1. (f*, g*, h*) has one and only one extension (F*, G*, H*)
from the set X,.

Obviously,
F*(x+y)=G*(x)+ H* () for all (x, y)ER™

Now we prove that 3° also holds. First choose x& (K, (4, v)),. Then
G*()-G*W=G*X+u)-G*W)=F*X+u+v)-H*()-G*(u)=
=G*(X)+ H* (u+v)—H* (»)—G* (w)=G* (X)-G* (0)=
=g*(X)-g*O)=f(X+u+)—gW)—fu+N+g )=
=fX+u+v)—g@)—h()=gX+u)-gW)=g(x)—g @)
In a similar manner we can prove that
H* (x)—H* ()=h(x)—h () for all xE(K, (u,v)),.
Finally if t&(X, (u.v)),,,, then we can write t=x+y, where x=(K, (4, v)),
and ye (KX, (u,v)),. Thus
F*(t)-F*(u+v)=F*(x+y)—F*(u+v)=
=G*()—-G* W+ H*()-H*()=g(x)—g W)+
+hM)-hO) =G+ y)—f@+v)=f(O)-fu+v).

By a simple calculation it can be shown that (F*, G*, H) is the unique
quasi-extension of (f, g, h) from K, (u, v), apart from equivalence, q.e.d.

The following lemma has fundamental importance for the proof of the
main result of the present paper:

Lemma. (cp. [2], Hilfssatz) Let DCR? be a set, D=D"JD? where
DY, D?* are open sets and D'\D*# . Furthermore let f:D,, ,—E, g:D,~E,
h:D,~E be functions such that

fx+N=g®@)+h®), (x yED.

Assume that (f, g, h) has a quasi-extension (F, G, H,) unique up to equivalence
from the set D! (i=1,2). Then

F,(x)=F, (x)+¢;, G,(x)=G,(x)+¢,, H (x)=H,(x)+c¢, (x&R)
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and ¢, —c,—¢;=0 (¢}, ¢, ¢; < E) and with the notations F=F,, G=G,, H=H,
(F, G, H) is a quasi-extension of (f, g, h) from the set D, which is unique up
to equivalence.

Proof. First we note that the point (4, vW&D in Definition 2. can be
replaced by an arbitrary point (¢, d)& D.

It is known (see e. g., [1]) that there exist additive functions ¢,:R—E
and ¢,:R—E such that

(6) Fi(x)=9,(0)+a+b, G (X)=9¢,(x)+a, H(x)=9,(x)+b (xcR)
(i=1, 2), where a;=G;(0), b,= H, (0).

Let (¢,d)&D'N\D? be an arbitrary point. Since D! and D? are open,
DN D, contains an open interval I, and by our conditions we obtain

G (x)—G,(c)=g(x)—g(c) and G,(x)-G,(c)=g(x)—g(c), x&I,.
From this we have
G, (x)—G,(c)=G,(x)— G, (¢) for all x&I, and by (6)
¢ (D)+a,~9 (0)—a,=9,(x)+a,~9,(c)—a,, x&l,,

ie.
¢, (x—c)=9,(x—c) for all x&1I,.
Thus ¢, (x)=¢, (x) (x&R) and with the notation ¢ (x) =g, (x) we obtain
G, (¥)=9(x)+a, and G,(x)=¢(x)+a, for all xER,
ie.

G, (x)=G,(x)+a,—a, for all x&R.

. Similarly we can prove that

H,(x)=H,(x)+b,—b, and
F,(x)=F,(x)+a,+b,—a,—b, for all x&R.

With the notations ¢,=a,+b,—a,—b,, c,=a,—a,, ¢,=b,—b, one indeed
has ¢,—c¢,—¢;=0.

By a simple calculation we obtain that (F=F,, G=G, H=H)) is a
quasi-extension of (f, g, #) from D unique up to equivalence.

By the lemma and by theorem 2. one can prove the following

Theorem 3. (cp. [2], Satz 4.) Let DCR? (D @) be an arbitrary
open connected set and f:D,, ,—~E, g:D,—~E, h:D,~E be functions such that

fx+y)=g(x)+h(y), (x peED.

Then (f, g, h) has a quasi-extension (F, G, H) from the set D, which is unigue
up to equivalence.

Proof. Since Disopen and connected, there exist open disks K1, K2,..., K~,...
such that D= ) K’ and (K1UK*U .. .UKY)NK"* £ 5 (n=1, 2,...).

iml
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By virtue of Theorem 2. (f, g, A) has a quasi-extension (F,, G,, H,) from
the set K” (n=1, 2,...), which is unique up to equivalence. From this with
the aid of the Lemma, the statement of Theorem 3. already follows.

The author would like to thank Professor Z. Daréczy for the raising of
the problem and for his valuable advice.
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(D

HEKOTOPBIE CUCTEMbBlI ®VHKIIMOHAJJIBHEIX
VPABHEHUI OBIEW ACCOLIMATUBHOCTH U UX
CBA3 C ®VHKILUOHAJIBHBIMH YPABHEHUSMH OBHIEN
ACCOLIMATUBHOCTH HA AJITEBPE KBA3HUI'PVIIII

Huez Ywan

1. Bsenenme

Peyr uper o HEKOTOPBIX KJIACCaX CHCTEM (b)’HKIIPIOHaJ‘ILHBIX ypaBHeHm‘i

I+ Xy —

N, [X,(al™), afx, ] =Xpy_ilal ™, X,(a "7, afh iy,

H MX OTHOWEHMH K (YHKIMOHAJBLHLIM YpPaBHEHHAM OOuIed accolHaTHBHOCTH

2

—1 +] Xpg|—-1
sz—-l[di ’Xza(a:: ¥l ) a—'pHXz.rl]:

— JHIX, -1
=X, [al™", X,,(a Y, iy xy)

Ha anredpe. KBa3HIpyIN;

(VJEN) (2<| X, |<p) B (VSEN)(2<|X,,|<p).

D: I={2, .., ¢} A\ |Xyg|=p—(qg—1)

A: (VJEN)(|X,;|=|Xy;_,|=mAD; p=2n—1,49=n v

B: (VJEN)(Xy_,|=nA|X,|=n+d)AD -

C: (VJEN)(Xy;|=mA|Xy_|=m+d)AD p
I: X,[X,(d), a3l =X, [al, X,(a3)]

II: X,[X,(a)), anti]=X,lal, X,(&2")] I

III: na npumep X, [X, (af), aj]=X. sla,, X, (a;")] Huarp. 1.

IV: ypaBHenus ofuieil acCOUMaTHBHOCTH (2).
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JuarpaMa 1 — pmarpaMa cucTeM QYHKOHOHANLHBIX YpaBHEHHH, KOTOpHE
apTOpBl pabot [5] — [9] W3ywanH HAH €lle H3YYaloT, U HX OTHOMIEHHE X {(YHK-
NHOHANBHEIM YPaBHEHHAM oOuleH accONMATHBHOCTH (2), m3ydeHHEe B.JI. Bemo-
ycoeiM ([3], [4]). Cameiit obumit cnydali cHcTeM GYHKIHMOHANBHBEIX YypaBHEHHH
Ha Jlmarp. 1 sBmgerca cacteMa (D). OmnpefencHa cemyrommuM odpasoM: IT0
cucteMa (1) B xoTopo# [={2,..., ¢} — MHOXKECTBO HATYpalibHEIX WYHCEJ,
HavuMHadA ¢ 2, 3aKOHYHBACTCA C ¢, a NOCHENHAS ONepaudsa ¢ YeTHBIM HHOEKCOM
umeeT apBOcTh (X, |=p—(¢9—1). Taxum obpasom cucrema (D) obmamaer
HEKOTOPHIM CBOMCTBOM MAaKCHMaJbHOCTH: j IPOXOOHT BCe HATYpajibHEIE 4HCIA,
HauwHAA C 2, 3aKOHYHBafA C ¢ W KaxX[ad INepeMeHHas M3 MOCICAOBATEILHOCTH

TR

ABNAETCA NepeMeHHOM XoTA OBl B ONHOH M3 omepamMil ¢ YeTHHIM HHIEKCOM.
Cuctema (4) — 5710 cHcTeMa (D) B KOTOpOH BCE ON€pandM HMCIOT OAHY M TY
xe apuoctb n< N\ {1}. Cactema (B) — 3TO CHCTeEMa B KOTOpOi Bce Omepaluu
C HEYeTHHIM HHIEKCOM HMeEIOT apHocTe nE N\ {1}, a omepamud ¢ deTHBIM
HHAeKCOM apHocTh n+d. B cucreMe (C) BCe OnepalmHH ¢ YETHHIM HHACKCOM
WMEOT apHOCTh m, a BCe OleEpal¥d C HEYECTHHIM HHIAECKCOM apHOCTE m+d;
m, m+d= N\ {1}.

I sBnsroTca GyHKIMOHANBHBIM YpaBHeHHeM OOlleil accOmMHaTHBHOCTH Iist
bunapHoro caydas, a IV campif oDummit cny4ail GYHKUHMOHANBLHEIX ypaBHEHHIA
oOuieil accOUMaTHBHOCTH, T.€. AdA JIOOBIX apHOCTeH. II M JII — 3TO dHaCTHHIC
caydait kmacca IV. B II X, u X, Ounapuete, a X, ¥ X, n-apHelc OmepanuH;
n&N\{1}. B Il onepanuu ¢ 4YeTHHIM HHJEKCOM — OTHENBHO — HE HUMEIOT
oMy M Ty Xe apHOCTb, HO =2, KaX M B ciaydasXx I 1 II. OHH cpa3y aBist0TCA
H cHCTeMaMH (YHKIMOHANBHLEIX ypaBHEBHH kijacca (D), kax mOKa3biBaeT HACTOS-
uas adarpama 1. OT0 M ABiAETCH OTHOLICHHEM GQYHKIMOHANTBHEIX ypanaenuﬁ
olileil accomuaTHBHOCTH (2) K CHCTEMaM q)ynmnouanbnux ypaBHEHHH o0Owei
acconMaTUBHOCTH Knacca (D).

Ceiiuac mepenfieM K mojpoOHeiiinem omucanuu cucteM (4), (B) u (C).

2. Caywait A ([6])

CucreMa (4), Xak yXe YIOMAHYTO, 3To cHcreMa (D) B XOTopoll Bce
omepad WMEIOT OAHY H Ty xe apHocTh nE& N\ {1}. 3ajgava pemuTb 3Ty CH-
cTeMy. B 3TOM HampaBleHHH AOKa3BIBAIOTCA JBe TeopeMmul. Ileppoit Teopemoi
ABNIAETCH CleAyIoniee TOJNOXKEHHE.

T. 1. Ecnu n-xsasarpynonsl 4;, iEN,,, yAOBICTBOPAIOT CHUCTEME
2n—1 - J+n— 2n—
(4) AR ACT A Xyyoilal ™ X,y (@], @i,
yeeey il
TO CIPABCOIHBH PaBEHCTBA
Ay (a) = AT T aYi2h, T8y, (T34 TS a )} j11)

Ay () =T AQTERAT 0, gy (T TR 0y Yoo,

A(a)=B[B(..(B(a,, a), aj), ...), a,],

(a)

rae




HexoTopsle cucTembt GyHKUHMOHANBHEIX ypaBHCHHHM OOlIel# accOIMaATHBHOCTH ... 75

B — rpynma, H
9 t—1 n—t
T'i( x=Ai(k s Xy k )a
k& Q GUKCHPOBAHHBIN 3JIEMEHT.

T. 1. — oamH U3 TNONHaJUYeCKHX aHANOTOHOB TeOpeMBl Beloycosa o .
YeTHIPpEX KBa3UTpyONax.

Onicek A0Ka3aTe/ILCTBA

Wlar 1. OmpenensroTca peTpakUH¥ omepamud A, H 4,:

n—d n—d
© AP @) =4,(@a,, k , a3), AP (@ =4, k),
c

n—d n—d
A Da)=4,(k , af), 4P @)= 4,4, k).

(Oxasajoch HONE3HBIM, 4TO ,,JIEBYIO* PETPAKUHIO ONEpalHy AI——A(lL’d) —
H2OO0 Oonpeac/IiuTh (bHKCHpOBaHKCM NEPEMEHHBIX CJICBA, HAaYHHAR C BTOpOfI uepe-
MEHHOH, a A onmepamud A, HaYMHAdA C HEPBOH IEPEMEHHOM.)

Ilar 2. Vreepxnaerca 4TO

)L D)

) (ViE(2 .. ,n}) (A5 @) =T AFDCP R0 G, T TP a] A

(L.2) G
AT (x, y)= BT x, T T y)),
rae B ogHa H Ta Xke rpynna Ojsi BCEX le 2, <.y Ny, TOCTPOCHA YEPE3 (bOpMyJH:I
p
TECOPEMBI Benoycoaa O YETHPEX KBAa3HIPynnax, HaA NPUMEP H3 pPaBCHCTBa
n—-2 n—-2
A(IL'Z) [A(ZL,Z)(xs y)’ z]=A2n—l[ k » X AZn(y’ k ’ Z)]

Mar 3. Vuurwisas (d), Bepesle, nonyyaeM (@) ans 4,, 4,, ,, 4, 1 4,,
(8 TOM xe mopanxe). ‘

ITar 4. [Jokxa3eiBaeTcid YTO CHPABEMJIMBO
. i { 1
(ViEN) (TR T35 k=T T3 k= e);
¢ —epunuua rpymusi B M3 (d), kEQ — B goxasatenscre T. 1. Hcmosw3yercs
ONUH H TOT Xe K. '

Ilar 5. U3 dopmyn nna A, u A, (moayyeHHe B 3. ware), y4uThiBas
pe3ynbTaT U3 4. Iuara, BIEpBBEIE TOJyYaeM (OPMYJBI st

(L,d) LR d) (Ld) ,(Rd)
Al 3 Al ’ AZ ’ A2 s
a 3aTeM, TakK Kak

Lon—j+1) ¢ (R.D, Jj—1 !
Azj_l(a;'):A(l " )[Ag ! (a{ ’ é.i) aj)’ a;-i'l]

H TIOHOOHO ana A,;, nonyyaem Gopmyisr (a).
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Vuureisag T. 1,, HaXOAuM, YTO COpAaBEfIHBa U

T. 2. KoopauxaTel mo0Oro pemieHHsi CHCTeMBI (A) mosyvyaroTcst uepes
cdopmynsr
1 j— 251
Ay (@y=Ad ", Ba;, aiin' d}),

Az;(al) B lA(“Hn— a);

®, 3£ Q! A — n-rpynna odnagaromias €AUHUIEH, onpeeieHa Yepe3 HEKOTOPYIO
rpynny B odpazom

A(a))=B[B(...(B(a,, a), ay), ...), a,).

3. Caysaii B* ([8])

Cucrema (B), Kak yxe ynoMsaHyTo, 310 cHcTeMa (D) B KoTopoil BCe ole-
pan¥u ¢ YeTHBIM WHAEKCOM HMEIOT apHOCTH

n+deN\{1}, deEN,

a omepailFH C HEYCTHBIM HHJCKCOM HMeOT apHocTh nE N\ {l1}. 3ajaua pemuts
3Ty cdcTeMy. B 3TOM HamnpaBiIeHHH AOKa3LIBalOTCA ABe TeopeMbl. Ilepsoil Teo-
peMoil asngetes T. 1/, T.e. cileRyroliee MOJOXEHHUE:

T. 1'. Ecna xpasurpynnsl A;, iEN,,, YIOBICTBOPAIOT CHUCTEME

+d,  2n4+d—1 j—1 j+n+d—1 2n+d—1

(B e({\ X, 1X,(a*), &5 1=X,,_lal™", X,,(@™""), a2iia'l,
i
TO
- +d

(E;) 2]—1(‘11) A( (ll) 1 2i)a1 {=l7 ({) lajy 2(:)-—1 2’: )al};’=j+|),
— d - —1
(az) I(a(1n+)) TU) A({T2(")— al—j+1}i=1’

1 n—j+1+d, D gt i
T< )D( An_j+1 ) {T’) i an+(i-])+d}1=2)’
rae A moctpoeHa vepes rpynmy B xak B T. 1., B nocrpoesa kak B T. 1.*¥, a

DY) = A(k aith.

(T. 1., xax u T. 1.,\aBiseTcd OAHUM K3 MOJUAJUYECKUX aHAJIOTOHOB TEO-
peMbl BenoycoBa o ueThipex KBa3WIpymmax.)

IIpuMeuanue 1.

Ecnu B (B) mogoxuM d=0, To (B) npespauaerca B (4) ¥ (@,) B nepsy:o
u3 ¢opmyn (@) — HenocpencTeenHo. Pakr, uyro mpu d=0 (a,) mpespamaercs
B BTOpYIO U3 ¢dopMya (a), mOIMyduM cnenymmuM obpasoM. [Ina d=0

D@*Yy=4,(k, di)
npespauiaercs B T §”’al, Ot1croa, Tax Kak
AR EREY PR

*) Camoe nepBoe BHEMaHMe Ha cacteMy (B) u cictemy (C) mue oSpaiueno ot I'. Yynona,
**) CM. omMch JOKa3aTenscTBa — Iar 2.
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MOCJIEAOBATEIbHOCTD
(i) l
{T 2i-17T: -j+1}1=1
(1)
IPOJOJIKAETCA C YNEHOM 50 TS a,, T.¢. TNpeBpalllaeTcd B IEPBYIO MNOCIEA0-
BaTCILHOCTE H3 BTOPOH q)opmynm (a). ITocnennss MOCHENOBATENLHOCTh B (az)
opu d=0 mpeBpamaercs B HOCICAHIOIO (BTOPYIO) HOCIEHOBATENBHOCT BTOPOR

bopMyHI ().
Onmncy A0Ka3aTebCTBA

IMar 1. Ecnmu B (B)— (B) B KOTODYIO IIONOXEHBI A, — nonOKHM a,,+1=
= ... =a,, =k, yIuTHIBas, 4TO, B TOJBKO YTO NOCTPOCHO# cucTeMe (4), ) apis-
eTcs T( ) ecnm t>n— —(j—1), naxoaum ¢opMynsl (@;); Ha OCHOBaHmr T. 1.

IMar 2. Ecmu B (B) monoxum

=+ =0_ =0, q=""" =a2n+d—1=k’

yaareiBas QopMmynmy nns A, 4 pe3yabTaT 4. mara u3 jJokasarenscrea T. 1.,
nOJIy4aeM

S g1 , . .
- d -1 ) L ntd—jtl d—j+1 d
@ A6y = T8 BT A V@) (T T4y Yl
rae

-t

2
B (ai)=BI[B(... (B(ai), ay), --.), q];

B — rpynna, mocTpoeHa cmocodoM M3 mokaszatenscra T. 1.

Mar 3. Ecnu nosoxum (4,) ¥ (€) 8 (B), a sarem

yde1=""" =a2n+d—l=k’

YUHTEIBas pe3yabTaT 4. lnara U3 gokasarenecTea T. 1., monyyaem

(E:) T{I)Az(a'll*l- B [{7'2( (l)a'}];i, T'fl)AgL’"+d_j+')(a}'+d)].
Ecid B (C) MOJOXHMM j=5 H j=5+ 1, MOXHO NOJYYHTb

@ A(L,r;+d—j+l) (an+d—j+1) -

T B YT T 0y, Moty T AP @],

Iar 4. Ecmu (d) nonoxum B (€), HaxonuM dopmyasl 1ns 4, ;, j&{1,...,n}.
VuuteiBag T. 1'., HaX0gHM, UTO CIPABEIJIHBO H MOJIOKEHHE:
T. 2'. KoopauHaThl moboro pelieHHs cHcTeMsbl (B) monmyuaeM u3 GopMyn
n j—l
AZj—l (@1)=4 («3 s Bj i ocH_,, a,+1),
d -1 - —j+l+dy j+n-1 ntd .
A, (ai™) =B, Alaj af 7, D(@itit, ol antlara);

@, B,EQ!, A—modas n-apHas rpymna obiafaromas eIHHHIEH (onpenencna
yepe3 HekoTopyro rpyiny B), D—umroDas kpasurpynma apHoCcTH 4+ 1. -



78 Sde3 Yman

4. Caywait C ([9])

Cuctema (C), Kak yXe yOOMsAHYTO, 3T0 cHMcTema (D)-B KoTopoii Bce ome-
palMi C HEYeTHBHIM HHIEKCOM HMMEIOT apHOCTB

n+deENN\ {1}, dEN,

a omepaluH C 4YeTHHIM HHACKCOM HMeIoT apHocTh n< N\ {1}. 3agaua pemurts
3Ty cucTeMy. B 3TOM HampaBieHMH IOKa3bIBaloTCd ABe TeopeMbl. Ileppo# Teo-
pemoit sBasetcs T. 1.”, T.e. creayroliee TOnOXeHHe:

T. 1”. Ecmu xBasurpynnsl A;,, iEN,,, s, YAOBIECTBOPSIOT

2ntd—1
© iemu) X, [X, (ai), anii ] =
I-l J+n— 2nd-d—1
=X,y 107 Xy @), N,
TO

= n+d—1 .
(@) Ay, (at*)= B ({Tgx?—l TS }1=l’ 9 ia {Tg.)t TS} }xn:j‘—il—l )

= 1
(a) 4, (a)= T(l)—l B ({Tgu)— S a:—j+1}¢_1, {Tg-) 1 T ()an+(|'-.i)}{=2)9

rae B OHAa M Ta Xe rpynma, mocrpoeHa kak B T. 1%,

(T. 1., T. 1.”uT. 1. ang10TC4, OTAEIHHO, TIOKMAAUUYECKAMH aHAIOTOHAMU
TeopeMbl BenoycoBa O 4eThIpeX KBa3HIPyNmax).

Ilpumeuanue 2.

Ecna 8 (C) nonoxum d=0, To (C) HEeNOCPeACTBEHHO npespamaetcs B (4),
a (;,) H (52), TaxuM Xe oGpazom, B GopMyinl (a).

OnHch J0KA3aTe/IbCTBR

IMar 1. IlocTpoeHB! s-peTpPaknMH CHCTEMBEI PaBEHCTB (6) (—a10 (C) B
KOTOPYIO IOJIOXEHH A,):

d—s+1
) st+n— s+2n—2
©) ieNj Az [k Ay (a )» asin > k
s—1 d—s+1
+itn—2 _s+2n-2
=Assri-n-1 [k, altt AZ(.:+: 1) Astict s @stivn-1, k1,

s-GuKCHpOBaHHLIA 3neMeBT MHOXecTBa {1,...,d+ 1}
CucteMbi (b) ABJAIOTCA CHCTEMaMH Clydas (A) VyutsiBas T. 1., nokassl-
BaeTCA, 4TO

(VsE(L,...,d+1}) (9B = B),

M OTCIOAA, YUYMTHIBAA CBS3 MEXAY IaBHOM3OTONMHUMM rpynmaMHy H pe3yJbTaT U3
4. mara goxasarensctBa T. 1., 4To

(VSE{I, ceey d+ 1}) ((S)B____B);

() B — rpynna, moctpoeHa oBpa3oM M3 2. liara ONMCH JoKasaTenbctsa T. 1.,
IpHHaANIexKalas k s-perpaknuu (b). _
(3THM co3paHa BO3MOXHOCTB MOJYYeHHA GHOpMyYT (a,).)

*) CM. OmACh AOKa3aTeakCTBA — Iar 2,
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Iar 2. Vrteepxmaercs, 4TO BCe A,; ; H3OTONHBI MeXIy CODOM.
Mar 3. OupenenseTcs peTpakuus
. n+d—i
R.i), i
A5 @) =Az1 (@ k).

Mar 4. U3 (5) ana s=1, sa ocnopanuu T. 1., nonysaeM dopMyast (a)

ans AE™,

MMMar 5. B mocrmenoBaTenLHOCTH

= R R+l R, n+
(@) A, A, Ag(n:-d)d—)-l =As(nid)~1»
HayuHss ¢ ASe”) (bopmyna nosygeHHas B 4. miare), BIepBbie Nosy4aeTca $op-

R, 1 .
Myja ans Ag(,.'ﬁ)ll, a 3aTeM, TakHM e O00pa3oM NOJy4YarTCA (N0 OuepenH)

dopmyasl mma Bcex omepanmit- u3 (d).
IMar 6. Tak kak B 5. ware mosydeHa ¢opmyna nins

Arniay-1,
YYHTBIBasg 2. WIar, NONy4aloTcs H ¢GopMybl (_El).

Bot Ha mpuMmepe.

1]

A4y (X X3 %3), X4 X5, | X X7] =

’_i]:_] R

Aslxp, | Ay (X X35 X5 X5 | X | X7] =

(11 |

As[xy, ) X35 | Ag (X35 X4 X9), | Xgo [ X, ]] =

Ay [ | Xy | X35 Ag X4 %), X9 | X7 ]| =

Ay [x), X0, | X3, X5 Ajo (X5y X6) X)) | =

1—peTpakuns moiyyaercst u3 I paMkm, qis Xg=x,=k;
2~—peTrpaknus nojysaerca u3 Il pamen, nna x,=x,=k;
3—perpaknus no.uydaercs 3 IIT pamkn, mgna x, =x,=k.

®opmyna gnd A% 3

R, 4
a AT m3 paBeHCTBa
(R, 4) R,3
AP [x, x5, x5, Ay (x4 x5 k)1 = ATV [x,, 3y, Ag (%5, % X9)]-
Tax xak dopmynsl mna Ag, Ay 1 ALY yxe nmonyyenw, oTciofa, mocTaBIsA

o ouepend (opMynsl Ins Ag Ay B AF g xs=k, yunTBIBaZ H 4. 1ar H3
omucH moka3arenscTBa T. 1, monmydaeM QopMyny mns A§R’ 5)=A9.

nmoJydaeTcs M3 l—perpaknuu (Ha ocHoBaHum T. 1.),
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Vuareieag T. 1., HaXoOHM, 4TO CTpaBelyIHBAa H
T. 2”. KoopanHath nroforo pemieHus cuctemst (C) momyuaercs U3 Gopmyn

d—1
+dy T +d
A21 1(‘1'l )_ B ({“i i '—1’ B aj’ {“1+n ait1 ?=j )’

Ay @) =87 B (Y
@, B,€Q!, B—modas rpynna.

5. O obumx dopmynax anu (a), @ n (7)

HnTtepecusiM SIBJISETCS  CIeAYIOLIHi tdaxT: dopmynst (21_1) H (;2) MOTyTh
cTats QopMmynamu (@) ¥ (a,), €CNH MOJNOKHM:

() Eldl", F@*), alfinlet E@*, affin),

xorna d<O; E u E, 1o ouepend, apHOCTH p W p-+d, SBAAIOTCA CyNepros3u-
HUAMH OOHOW M ToH ke rpynme B. B camoMm pene:

I°. 3 m=n+d<neN crenyer, 910 CHCTEMa (B) mpeBpalllaeTCs B CHCTEMY

C), a (al) npeBpauiaeTcd B (a,), _

2°. Vuurssas (n) um=n +d<n& N, u3 (a,) nonysaem (a,) — T D (a poitird)
npeBpalliaeTcs B INYyCTYIO MOCNEA0BATENBHOCTh, 2 MEpBad IOCIENOBATENLHOCTD
3 (a,) TpEBPAIIACTCS B MEPBYIO MOCIEAOBATENHHOCTD H3 (a2)

Yro (opMyssl (d)—MOTYT CTaTh (OPMyNaMH (a)—3TO YXKe DPaCCMOTpPEHO
B Ilpumeuanun 1.
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Camuosajym KBA3UTPYIIE M ®YHKIIMOHAJIHE JEJHAUNHE
Symposium en QUASIGROUPES ET EQUATIONS FONCTIONNELLES
Beorpan—Hosr Cax, 18—21. 9. 1974,

SOLUTIONS OF BOUNDED VARIATION OF A LINEAR
HOMOGENEOUS FUNCTIONAL EQUATION

Marek Cezary Zdun

This paper aims at giving a survey of some results related to the func-
tional equation

1) (f(0))=g(x) p(x)
where, f and g are given functions and ¢ is unknown function.
Let J be an interval in R. Let us put
Var g|J=sup {Varg|{c, d)|{c, d)CJ}.

Let us denote by BV [J] the class of real-valued functions of bounded
variation on the interval J, i.e.

BV [J]={g:J—>R|Varg|J<}.

We assume the following general hypothesis:

(H) f is continuous and strictly increasing in J=(a, b) (we admit a= — o)
and inequality a<f(x)<x holds for x&J moreover g€ BV [J], lim g(x|=1
x—a+

and inf ({g(x) | x&€J})O0.
Let us consider the following sequence of functions

6,W=Tle(F@) n>1, x€J,
i=0

where f? denotes the i-th iterate of the function f.
There are three posibilities regarding the behaviour of the sequence G,.
(A) there exists an x,&J such that there exists a finite limit lim G,(x,)#0.

. n—ro
(B) there exists an x,<J such that lim G,(x,)=0.

n—rw

(C) neither of the cases (A) and (B) occurs.

81
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Theorem 1. Let hypothesis (H) be fulfilled and suppose that case (A)
occurs. Then equation (1) has at most one-parameter family of solutions in the
class BV [J). If a function o€ BV (J] satisfies equation (1) then ¢ is given by
the formula

2@ =n/TTe(f %), xEJ
i=0

The product Hg( f1(x)) converges uniformly on any compact KCJ.
i=0

In this case there need not exist solution ¢& BV [J] and ¢=0.
In the case (B) we have the following theorems.

Theorem 2. Let hypothesis (H) be fulfilled. If S G,(n)<o for an

. n=1
x&J, then equation (1) has a solution in the class BV [J] depending on an
arbitrary function. More exactly: for any y&J and for any function o,& BV [f(»), ¥)]
there exists exactly one function & BV [J] satisfying equation (1) such that

¢ (x)=10,(x) for x€(f(3), y)-
Theorem 3. If hypothesis (H) is fulfilled and case (B) occurs and

> Gu(x)= o0 for an xC&J, then equation (1) has at most one-parameter family

n=1
of solutions in the class BV [J). If a function @& BV [J] satisfies equation (1),
then ¢ is given by the formula

2) ¢ ()= lim G,(x)/G,(X), for an xEJ.

Sequence (2) converges uniformly on any compact KCJ.

Under the above assumption there need not exists a solution ¢&€ BV [J]
and ¢#0. The example is given in paper [1].

In the case (C) the only solution in the class BV {J] is a function ¢=0.

We give some .conditions of the existance of solutions in the class BV [J]
non identically equal to zero.

"Theorem 4 Let hypothesis (H) be fulfilled and suppose that case (A)
or (B) occurs and z G,(x) Varg|(a, f*(x)) < oo for an xEJ. Then equation (1)

has a one-parameter famzly of solutions in the class BV [J].

"Theorem 5. Let hypothesis (B) be fulfilled. [f case (A) or (B) occurs
and g is monotonic in a neighbourhood of a, then equation (1) has a one-para-
meter family of solutions in the class BV [J].

Finally we shall consider the case where g(x)<0 for x& Jand lim g(x)=—1.

x—ra+

We have the following.
Theorem 6. If the functions f and —g satisfy hypothesis (H), then
equation (1) has a solution BV [J] and ¢#0 if and only if 3 |G,(x)|<

n=1
for an x&J. The solution o & BV [J] and 90 if it exists then @ depends on an
arbitrary function.

i
|
]
|
i
i
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The proofs of the above theorems are presented in paper [1]. The solu-
tions of bounded variation of a general linear equation

P(f(x)=g®e(x)+h(x)
are considered in papers [2], [3]. In particular, the case where lim |g(x)|#1
x—>a+
is investigated in paper [3].
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