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Зборник раиова МашемаШUЧКОl uнсшишуша, Нова серија, књ. 1 (9), 1976. 
Recueil des travaur: de l'/nstitut MatMmatique, Nouvelle serie, м! 1 (9), 1976, 

Симпозијум КВАЗИГРУПЕ И ФУНКЦИОНАЛНЕ ЈЕДНА ЧИНЕ 

Symposium еп QUASIGROUPES ЕТ ЕQUАТЮNS FОNСГЮNNELLES 
Београд-Нови Сад, 17-21. 9. 1974. 

А CLASS ОР BALANCED LA WS ON QUASIGROUPS (Ј) 

Branka Р. Alimpic 

Let w1 =w2 ье а balanced Iaw of the 1 kind [2], јп the form 

А (ир ••• , и",) = В (v1 • •. ,V,.) m~2, n~2, 

where иј (i = 1, ... , т) is either а уаЛаblе or а term А/(Хј1' .•. ' х;Ј, Х/1 ' •.• ' Хј« 
being variables, analogously уј (ј = 1, ... ,п) is either а variable or а term 
Вј (Хј1' ... , Xjl3), Хј1'.'" Xjl3 being variables. А, В, Ај and Вј are function 
Ietters. Let р Ье the number of different variabIes occuring јп t1ie Iaw (1). 

Рос (1) we suppose the following conditions hold: 

(ј) For апу two terms и( and vj there is at most опе уаЛаblе occuring 
in еасћ of them. 

Oi) If there are terms ир иј + 1 (or V
J

' Vj +1) in еасћ of them occurs exactly 
опе variable, these variabIes occur in different terms vj ' vJ+1 (or иј , иН1) 
respectively. 

For ехаmрlе, such is the law 

(2) А (А1 (хр Х2), ХЭ ' Х4 ' Х" А,(хб , Х7' хЈ, х9) = 

=В(ХI' В2 (Х2 , хэ), Х4 ' В4 (х" х6), Х7 ' В6 (ха , Х9»)· 

Let I Р I denote the Iength of fиnction Ietter Р. From (i) and (ii) it foJIows 
r А ј I ~ 3, I ВЈ ~ 3. Indeed, if е. g. иј = Ај(х, у, z, и), the variables х, у, z, U occur 
јп different terms vj ' vj +l' vj +2 ' Vј + Э respectively, and јп еасћ of terms vJ+l' 

vj + 2 occurs exactly опе variable. According to (н) that is impossible, ћепсе, IAjl~3. 

We define а relation of the set Т={иl' ... , и"" vl' ... , vn}' For апу two 
terms t 1 , t 2 Е Т we say t is connected with t 2 iff tere асе terms 81' ••. , 8 k Е Т such 
that t1 =81' t2 =8k and 8,,81+1 (ј=l, ... ,k-I) are terms occuring оп opposite 
sides of (1) and having а соmmоп уаЛаblе. This relation is ап equivalence of 
the set Т. Let r denote the number of equivaJence classes. 

For ехаmрlе, in (2) we ћауе r = 3, and the classes are 

7 



8 Branka Р. Alimpic 

In this paper we consider tbe law (1) as а functional equation of unknown 
functions А, В, Ај , ВЈ and we give its general solution, provided А. В, А., ВЈ 
are quasigroups defined оп а nonempty set S. ' 

We give some definitions. 

If t is а term, let [t] denote tbe set of variables occuring in t [2]. If t 
is а subterm eitber of w1 or of w2 ' aES а fixed element, and 't'C[t], let t 1: 
denote tbe term obtained from t substitutingallxjE't' Ьу а. If е. g. t=A j (Х, у, z), 
't'={x, z}, tben tl:=Aj(a, у, а). 

Let t=P(tl' ... , trJ.) ье а subterm eitber of w1 or of w2 and (tIL' ••. , t.) 
Ье some nonempty subsequence of tbe sequence (t1> ••. , trJ.) of tbe lengtb k~a.. 
We define ап operation of the set S, derived from tbe quasigroup Р 

L~ ... v: Sk~S, 
putting 

L P (t t ) def t I [I]\({IILIU ••. Щ1v» 
џ..... џ.' ••• ' v - а • 

80, for tbe law (2) we bave 

L1з(u1 , из)=А(ul' а, из, а, As(a, а, а),а), 
А 

L2з(Х7 , x8)=As(a, Х7 ' Х8). 

Lfs(v2 , vs)=B(a, v2 , а, В4 (а, а), vs' В6 (а, а)), etc. 

Tbese operations depend оп tbe cboice of а and оп tbe form of tbe 
law (1). Since А, В, Ар ВЈ are quasigroups, tbe operations, derived from tbem, 
are quasigroups too. 

Let rJ' ье tbe set of аН quasigroups derived from А and В. We define 
tbe relation ~ of tbe set rJ' оп tbe following way: For quasigroups L~ ... ~ 
and L~ ... v(P, QE{A, В}, P=f:.Q) we put 

LP ~LQ « ... ~ џ. .•.• 

iff tbere are variables Ху , ••• , хв of tbe law (1) so tbat Ьу substitution of аН 
variables јп (1), except Ху , ••• ,хв we get 

~ ... ~(tprJ.Xy, .•. , tp~XB)=~ ... V(tYIL(Xy, ••. , Xy/), ••• , tYV(XB', .•. , Хв)), 
where tprJ."'" <p~ are bijections of the set S, tYIL"'" tYv are either derived 
quasigroups or bijections of tbe set S. In tbis case we write also 

For example, from the law (2) we have 

namely 
L12S(L11 Х2 ' Х2 , xs) = Lfз(в2 (х2 , Хз), Lf4 xs)' 

Let => Ье tbe nUniтаl transitive relation of tbe set rJ' containing tbe 
relation -+. Relations => and ~ of tbe set rJ' k of аН derived quasigroups of 

.. 



А class оС balanced laws оп quasigroups 9 

the length k (1 <k<max (т, п») are symmetric and we denote them <::> and 
~ respectively. Тће relation <::> of the set '7 k јз an equivalence. 

We prove several lemmas. 

Lemma 1. Jf aZZ terms Ир vj 01 the law (1) аге C01!nected,lor аnу 

two Ыnагу quasigroups ~ and ~." (P,QE{ А,В}) we have ~~ <:? L~v. 
Р r о о f. First we prove L~ <::> Lt+1, where 1 ~ i <ј < т. Let х Ье the 

first variable occuring јп the term иј' у the last уатјаЬЈе occuring јп the 
term иј and z the first уатјаЫе occuring јп the term иЈ + l' Since аН terms ате 
connected, the variables у and z occur јп the зате term Vk' and х occurs јп 
а term Vh' h<k. Indeed, there јз at least опе variable х' occuring between Х 
and у. Jf Х occurs јп Vk' јп Vk occur at least four variables х, х', у, z, which 

A"YB%ZA А А 
јз impossible. Therefore Lij ~ Lhk ~ Lij+l, namely Lij <::> Lij+1. ТЬеп we Ьауе 

(3) 

Analogously it yields 

(4) L~ <::> L~, 1 ~k<j<i, 1 <ј<т. 

Using (3) and (4), for апу two L:~ and ~3 we get L~ <::> L~ <::> L~lJ' 
For every ~." there are зоmе Lj1 so that L1k ~ ~y. Using ~ <::> Lj1, we 

Ьауе L~ <::> ~". ТЬе lетта јз proved. 

L е m m а 2. 11 аП terms ир vj 01 the Zaw (1) аге connected, lог every 
derived quasigroup L~~ ... y(PE{A, В}) 01 the length ~3 holds: 

and 
L~ ... y ~ М2 

LP А 
сх(3 ... у ~ L 1 • 

Р r о о f. As аН terms are connected, there јз at least опе term Иџ. 
with two variables. Тhe variables х and у of the term иџ. occur јп two diffe-
rent terms vj' vk respectively, Ьепсе we get L}r _ L~. Ву lетmа 1, we Ьауе 
L:~ <::> L}r and therefore L~ ~~. Непсе, there is а quasigroup L~ ... ", so 
that I L~ ... ." I <1 L~~ ... y 1 and L;~ ... y ~ L: ... .". Оп this way we get а quasigroup 
L~ of the length 2 (QE{A, В}) зисћ that ~~ ... y ~ LPr" and according to 
Lemma 1 we Ьауе L~ ... y ~ L12. Since L12 => L1, we Ьауе ~ ... y => L1· 

Por ехатрlе, јп the law 

А (А 1 (х1 , X z), ХЗ ' Аз (х4 , xs' Х6), Aix7 , хЈ) 

=В(хl' В2 (х2 , хз ' х4), xs' В4 (х6 , х7), Ха) 

аН terms иј , vJ are connected, and we have 

А %2"З"."1 LB "2"6 LA %1". LB "1"2 LA 
• 24 -=----+ 13 -----... 12 --=---=--+- 1 , 
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А· Вј В А 
L е m m а З. Рог every 4.~ and z;;;.v there аге quasigroups ~8 and Lлр 

so that L1 L~(x, Y)=~8(q>yX, q>aY), and LJ L~Џх, У)= L1r,(q>).x, q>Py), where q>y, 

q>з, q>). and q>p аге bijections о! the set S. 

р r о о f. These equa1ities are obtained Ьу substitution of аН variables of 
the law (1), except, х and у, Ьу aES. 

т h е о r е m 1. Let all terms Ир vJ о! the law (1) Ье connected. Тћеге 
exists а group (S, о) $0 that the Jollowing equalities hold: 

А (х1 , ... , хт) = L1 Х1 о • • • о z.:. хт , 
( LB LB В х1 , •.. , хЈ= 1Хl0'" о nхn, 

А ( А АI А Ај L/ Ај х1 , ... , х,,) = L1 L1 Х1 u ••• о L1 4. х"' 
В В В· В В· 

L, Вј (хl' ... , x..}=L1 L1'X10' .. oLj L"'x,,, (1~<х~З). 

р r о о f. We define а Ыпшу operation о of the set S as foHows: 

(6) L1z(x, У) = L1 хоЦ у. 

Since L1z is а quasigroup. the operation о is а loop [1], mainly isotopic 
with L1z. We prove the operation о is isotopic with аН binary quasigroups 
derived from А, В, Ај , ВЈ' 

в ху А 
Let Ье L;,f, ~ L1Z, namely 

(7) L~ (q>"x, q>f,Y) = L1Z(~l х, ~2Y)' 

If we put in (7) У = а, we get 

(8) LB LA.I. 
" q>" Х = 1 'I't х, 

and, if we put х = а, we get 

(9) 

(10) 

Further, we Ьауе 

L~(q>"x, q>f,у)=L1~lХСЦ~2У 

= L: q>"xoLG q>f,y 

Since q>", q>f, are bijections, it follows 

(from (6) and (7» 

(from (8) and (9». 

~f,(x, y)=LGxoLgy. 

Let L~v Ье апу quasigroup derived from either А or В. According to 
lemma 1, we get .Ц:V ~ L1z, Ьепсе there is а chain of quasigroups К1 , ... , К• 
so that ~v = К1 , К1 ~ К2 ~ ••• ~ Ка , К. = L1z. Ву induction оп s, we сan 
prove 

Р LP Р L;.v(X, у)= џ.xo~y. 
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With respect to lетта З, for every quasigroup 4~ derived from either 
Ај or Вј' it yields 

(11) 

We prove the operation о is associative. Substituting аН variables of the 
law (1) except х!' Х2 ' Х3' we get either 

L12(A1 (Х!, Х2), L1z ХЭ) = Lf2(В1 (Х1) , L~Hx2' хэ», 
or 

L~(AI(X1)' L1i(x2, хэ»=Lf2(В1 (Хl' х2), LfZхэ). 
ln both cases, using (10), and (11) and equalities of the form L1 L: xk 

=L! I.!I. Xk' k = 1, ... ,р, obtained from (1) Ьу substitution of аН variables 
except Xk; we have (xoy)oz=xo(yoz), that is, (S, о) is а group. 

FinaHy, we prove for every quasigroup ~ ... ~ (РЕ {А, В}) of the length 
k holds 

(12) 

Let us remark the following. If for quasigroups derived from А and В 
holds (12), then for quasigroups derived from Ај and Вј hold analogous equali­
ties, too. If, е. g. I Ај I = З, there is а quasigroup ~vл such that 

LAA ( ) тВ ( ) L B В LB ј I Х, у, Z =.&.ЈЏ.vЛ СРџ.Х, сруу, срл z = џ.СРџ.хо1.:;срууо лсрл z. 

• А Ај В А Ај В А Ај В 
U SIng Lj L 1 = LfL СРџ.' L j L2 = 1.:; ср" L j Lз = Lл СРл, we get 

А ) ALAj А Ај А А; L j А;(х, у, z =LI 1 xoLj L2 yoLj Lз z. 

Ву induction оп k, we prove the equality (12). 

If I ~ 1=2, the equality (12) holds with respect to lетта 1. 

If iL: ... ~1>2, there exists 'щ ... v, such that IL~ ... vl<I~ ... ~I, ~nd 
~ ... ~(cp"xl' ... , СРkХk)=~ ... V(Фџ. ... џ.'(Хl' ..• , Хј), ••• , фv ... v'(Хј ' ••• Xk». 

Ву induction's hypothesis, operations фџ. ... џ." фv ..• v', ,щ ... v are expressible Ьу о, 
hence it yields 

~ ... ~(CP"Xl' ... ' СР~Хk)=~Фџ. ... џ.'(Хl' ... хЈо . .. О~фV ... V'(Хј' .•• Xk) 

=,Щфџ.Х1 0' .. 04Фџ.'Хt О ••• оLvQф,хјо ••. оLvQФv'Хk' 

Using the equalities ~ср,,=L~фџ., ... , L:cp~=~cpy', we get (12). ТЬе 
theorem is proved. 

Now, we suppose for the relation of connectness of the set Т= {и1 , ••• , ит, 

vl' ... , vn } there is r (г> 1) equivalence classes С, = {и"р ... , и~l' VYj ' ... , VBt}' 
i = 1, ... , г. In that case the law (1) has the form 
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Let п: S' ~ S ье the operation of the set S defined Ьу 
А А А 

n (La.1X1' ... ,1;;. Х,)=1;;.I"'а. (Х1 , ... , Х,). , , 
Тће operation п is а loop, mainly isotopic to z.:1'''a., 

Lemma 4. For аnу two derived quasigroups ~1"'I/o, and ~"'''' with 
иl/o.ЕСр v". ЕС" i= 1, ... , Г, , , 
(14) 

and 
( 15) 

р r о о f. Since all terms of the &et Сј (ј = 1, ... , г) are connected, for 
any two derived quasigroups L{;.1'''I/o, and L..~ ... ", there is а finite sequence of 
derived quasigroups К1 , ••• , К"' such that 

L{:1 ... 1/0, = К1 ~ К2 • • • ~ Кп = L..~ ... ",' 
that is 

then 

(16) 

А В d If, for example, 1;.1 ... 1/0, ~ L:.1"''', an 

L~I'" 1/0, (Х1 , ... , Х,) = П (L~1 (Х1 , " • , ~rX')' 

в ( ( в в /.:;1'"'' Хl"'" Х,) = П L:.1 Хl' ... , z::. Х,). , , 
Indeed, from the law (13) it follows 

and 
ј= 1, ... , Г, 

where СР, and ~j are certain bijections of the set S, and so we have 

L~"""'(~1Xl' ... , ~,x')=n(~ICP1Xl' ... , L~ cp,x')=n(~~1Xl' ... , ~ ~,x,). , , , 
Since ~j are bijections, we get (16). 

Analogously we can prove if L{:1'" 1/0, is expressible Ьу п, and 

L~I"'I/o, <=> ~ ... "" then ~ ... Y, 

is expressible Ьу п, too 

According to definition of п, it yields (14) and (15). 

L е m m а 5. For quasigroups А aпd о! the law (13) it holds . 

А ~ ~1'''a., aпd В ~ ~1"'a.,. 
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р r о о f. Ву substitution of аН variables, occuring јп (13), except thf.' 
variables occuring in the terms of C,(iE{l, ... , r}), we get the law 

L:j ... r./U<l.j' ... , Ur.j) = .t!:j ... 8j (Vyj , ... , vaj), 

in which а11 terms и,,/, •.. , ur.j' VYj ' ... , V8j are connected. 
Ву lemma 2 we have 

and 

Hence, 

and 
в А 

B=Ly \ ••• B1 ••• y, ••• 8, => Z:;\ ... y" 

ТЬе lemma is proved. 

ТЬ е о re m 2. Let А, В, Ар ВЈ аге quasigroups satisJying the /aw (13). 
Тћеге exists а /оор (S, '") о! the /ength г, and Jor every c/ass Сј with card 
Ci > 2, there exists а group (8, Ој)' i = 1, ... , Г, so tlzat 

(17) 

(18) 

(19) 

lju"EC" and u,,=А,,(х1 , ... , Xk)' where k=2 ог k=3, then 

L: А" (х!, ... , Xk) = Z; L1" Х1 Ој' •• 0iL~ L~" Xk' 

ljvr.ECp aпd vr.=Br.(xl' ... , xk), where k=2 ог k=3, then 

4вrз(Х1 • ... , Xk) = LgLfrз Х1 Ој ••• oj4L:r.Xk' 

р r о о f. Ву theorem 1 there exist groups (8, о;) so that the equalities 
(18) and (19) hold. 

Let !Lj' .•• , Vj Ье а subsequence of the sequence !Xj>""~" and Л/, ... , Рј 
а subsequence оС the sequence УI' , .• ,81' i = 1, ... , г. 

Jf L~l ... V\'''\L, ... v, -+ Lf1 ... р\ ... л, ... р" and if 

Lf\'''Рl'''Л'''''''(ХЛ\, '" , ХР,) = 1t (Lf~ХЛl О} ••• 0lL:1 xP\' ••• , Lf,Хлrоr , .. orL:,xp). 

then, Ьу definition of -+, it is easy to see that 

LA ) (r A тА А А 
\LJ ••• у\ (X\L\' •.. ,Ху = 1t .&Јџ.l X\L\ 01 ••• 01 LJv1 Ху1 , ••• , L\Ll Хџ. О, ••• О, ~ Ху ). , r , , 

Using such equalities, Ьу lemma~ 5 and Ьу definition of 1t we prove the 
equalities (17). This completes the proof. 
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Theorem 3. аепега/ so/иtion о/ the jUnctional еqшuioп (13) оп ип­
known quasigroups А, В, А", В(3 is given Ьу 

А (Х"), ... , X~I' ... , Х" , ... , Х(3 ) 
r r 

= '7t (<Р") Х") 01' •• 01 ср(3) Х(3l' ... , ср" Х" О,' •• O,~ Х(! ), r , r r 

в ()Су)' ••• , ХВ), ... , Ху •••• , ХВ ) , , 

(20) 
='7t(ФУ1Ху)ОI' • '01 ФВ)ХВ1 • ••• , Фу Ху О,' •• о,Фв Ха), r , r , 

<р"А" (Х]' ...• Xj+k) = ср"е]хјо, • .. О, <р" e]+k XJ+k' 
(и"ЕС;, и,,=А,,(хЈ , ••• , XJ+k»' kE{O, 1, 2}, 

Ф(!Вi3 (хl,···, ХЈ+ k)=Ф(!1Јј Хј О," 'Ојф(31Јј+k Хј+k' 

(v(3EC j , vi3=B(!(xj , ••• , Xj+k»' kE{O, 1, 2}, 

where (S, '7t) is an arbitrary /оор о/ the length г, (S, 01) аге arbitrary groups, 
and ср", Ф.Р еl' 'УЈ; аге bijections о/ the set S satis/ying the fo/lowing conditions: 

For every јЕ{I, ... , р}, if the variable х, occurs јп the terms и" and 
vy ' then 
(21) CPctEj= фу'УЈi' 

р r о о f. Ву theorem 2, for the law (13) there exist а loop (S, '"), groups 
(S, Ој) and bijections ср", фу, е:1' УЈ; so that Ље equalities (~O) and (21) hold. 

Conversely, let for quasigroups А, В, А", Bi3 the equalities (20) and (21) 
hold. It is easy to verify in this case А, В, А", В(! satisfy the law (13). 

We give an example. 
Let us consider the functional equation 

(22) А (А1 (Хр хЈ, ХЭ ' Х4 ' xs' Аs(хб , Х7 ' Ха)' Аб (х9 , Х1О») 

=В(х1 • В2 (х2" хэ), Х4 ' B4 (xS ' хб), Х7 ' Вб(ха • х9), Х10)· 

Here is г=3, and 

General solution of (22) is given Ьу 

А (Ур У2' уэ, У4' YS' уЈ = '7t (СР1Уl 01 СР2У2' СРэУэ, <Р4У4 Оэ СРsУsОэ СРБУБ)' 

В(уl' ... , У7)='7t(ФlУ1 0IФ2У2, фэуэ, Ф4У4 0эФsУs ОЭФБУБ ОЭФ7У7)' 

<РI А1 (X1' Х2) = СРI еl X101 СРI е:2 Х2 ' 

<рsАs(хб , Х7 ' Ха)=срsеБХБоэ<рsе7х,оэсрsеаХа' 

<Рб Аб (Х9 ' X10) = СРб Е9 Х9 0з СРб &10 Х1О ' 

Ф2 В2 (Х2 , ХЭ) = Ф2'УЈ2 Х2 01 Ф21Јз Х3 ' 

Ф4В4(ХS ' Хб) =Ф4'УЈs Хs 03Ф4'УЈБ ХБ' 

ФБВБ(Х. t Х9) = Ф,УЈ.Х.ОЭ Фб1)9 Х9' 

" ; ;; 
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where (S, тr) is an arbitrary loop. (S, 01) and (S, 0з) are arbitrary groups and 
ср"" фџ., е/> УЈ) are bijections of the set S so that 

t:pl&I=Фl' t:pl t2=Ф2УЈ2' t:p2=Ф2УЈэ' t:pз=фэ, t:p4=Ф4УЈso t:ps е:6 =Ф4УЈ6' 

t:pS&7=ФS' t:pSE8= Ф6У18' t:p6 Е9=Ф6У19' t:p6 е:1О =Ф7' 
Now, Jet us consider ап arbitrary law of Ље I kind, in the form (1), оп 

quasigroups. Such is, е. g. the law 

А (х!, А2 (х2 , Х3' Х4 ' хЈ, Аэ (х6 , Х7 ' хЈ, Xg , Х1О) 
= В (Bt (xl' Х2 ' ХЭ), Х4 ' xs' Х6, BS(x7, Ха)' В6 (х9, Х10»· 

We prove, that such а law сап ье transformed into а law satisfying соп­
ditions (ј) and (јј), substituting some quasigroups Ьу GD-groupoids [3]. 

Let for two terms и, and vj there are more than one variablj: осси­
ring in both of them, е. g. иј=Ај(х!"", Xk' ... , XkH) and vj=B/xk, ... , 
XkH' " ., Xk+m)' Then we define GD-groupoids 

- ~C 
Ај(х!, ... , xk-l' (xk' ... , XkH» =Ај (Х!, ... , XkH)' 

So we get а law оп GD-groupoids satisfying the condition (ј). 

Jf јп such obtained law occurs а sequence оС terms Uk, ... , UkH(or 
Vk' ... , VkH) јп еасЬ of them occurs exactly опе variable Xk' ... , XkH ' respec­
tively, and if these variables occur јп the same term vj(or иј) оп the opposite 
side of law, we define GD-groupoids 

- . ~C 
А ( ... , (uk, ... , UkH), ... ) =А ( ... , "k' ... , UkH , ., .), 

and 

or 
- ~f 

ВЈ (···, (Xk' ... , kk+S)' ... )=ВЈ(···, Xk' ... , XkH' ... ), 

and 
-( )~C В ... , (Vk' ... , Vk+s)' .,. =В( ... , vk' ... , vk+S' ... ), 

-( )def ( АЈ ••• , (Xk' ... , Xk+S), ••• =Ај ... , Xk' ... , Xk+s' ... ). 

In such а way We obtain Ље law (13) оп GD-groupoids satisfying the 
conditions (ј) and (Н). 

We note that for so obtained law holds the condition: 
(Ш) If а term иј (or Vj ) is not а variable, then L1(or L:) is а bijection. 
We prove in this case that the operation тr is well defined. 
Jf al1 functions L:

1
, ••• , L:, are bijections, the operation тr is well defined. 

If, for some i, functjon z.: is not а bijection, then и"" is а уалаЫе, but f ,. 

VYj is not а variable, namely ~I is а bijection. 

We assume, functions L:1 , ••• , ~. (I ~s<r) are bijections and z.:'+I' ... , ц , 
асе surjections. ТЬе sequence С1 , ••• , с, са,п Ье reordered so that it holds. 

Let Zl"'" Z, Ье arbitrary choiced elements of the set S. Since L:1, ••• , Ц. 
are bijections, for every Zj (; = 1, ... ,s) there is exactIy one Хј so that 
А А 

L"'l X l = ZI' ••• , ~SXS=Z" 
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S· f . тА тА ., ~ 
Inсе unctlOns -4<.+1' ••• 'L<a., are surJectlOns, 10r every Zj (i = $ + 1, ... , r) 

there is some х. so that ~'+IX&+l=ZHP ••• , ~ X,=Z,. , 
We prove that from the equalities 

(23) (j=s+ 1, ... , r) 

follows the equality 

А " А 11" 
La.\ .. а (Хр ••• , Х.' Х.н , ... , X,)=~ .... a. (Хl"'" Х.' Хн1 , ... , Х,) . . , , 

Substituting 
We get 

аН variables except Х) (j=s+ 1, ... , r) Ьу aES, from (13) 

(24) 

в .1.' В .1. 11 L::r) '1') Х) = I.:,j '1') Х) (j=s+ 1, ... , r). 

As ~) is bijection, we have 

(25) (j=s+ 1, ... , r). 

Substituting аll variables, except one in еасћ of sets Ср i= 1, ... , r, 
from (13) we get 

L11 ... a.,«({>lYl' ... , ({>.У., УН 1' ... , У,) 

= ~1"'Y,(~lYP ••• , ~.Y., ~'+1YH1' ... , ~,Y,)' 

Since ({>ј are surjections, we can choose ћ •... , У. so that 

From (25) we have 
в " L y1 ... y (~lYl' ... , ~.Y., ~&+lXS+1' ... , ~,X,) , . 

=~ .... У, (~1 Ур .... ~$Y$' ~Hl Х;+1' ... , ~,X;) 

and therefore, Ьу the сћОЈсе of Ур ... , Уа. it follows 

that is 

hence 1t (Zl' ... ,Z,) is well defined. It is easy to see that the operation 1t is 
а 100Р. 

Analogously we can prove that the groups Ој are well defined. Hence, we 
can аррlу theorem 3, too. 
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We give ап ехаmрlе. 
Let 

А (х, А2 (у, z), Аэ(u, v»=B(B1(x, у, z, и), v) 

Ье functlonal equation Ьу unknown quasigroups А, В, А2 , Аэ , B1 of а set S. 
According to theorem 3, general solution of this /equation is given Ьу 

А (х, у, z) = М (х, у)о IXZ, 

А2 (х, у) =Р(х, у), 

rlАз (х, у)= ~xoy у, 

~ ВЈ (х, у, z, и) = М (х, Р (у, z»o~u, 

в (х, y)=~xoyy, 

where М, Р аге arbitrary quasigroups, rl, ~, у, в асе arbitrary bijections, and о 
јз ап arbitrary group of the set S. 
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А CLASS OF BALANCED LAWS ON QUASIGROUPS (п) 

Branka Р. Aliтpjc 

lп this paper we enlarge the results, obtained јп [1] for а class of Ьаlапсед 
laws of the 1 kind оп ап ana1ogous class of Ьаlапсед laws of the 11 kind. lп 
both cases the operations, satisfying the laws, are quasigroups, defined оп а 

nonempty set S. 
Let w1 = w2 ье а balanced law of the II kind јп the forш 

(1) А(иl' ... , иm) = В (v1' ••• , У,.), т> 2, п> 2, 

where иј (ј = 1, ... , т) is either а variabIe or а term Ај (Х/р • •• , Х/ех), Х/Ј' ••• ,Х/сх 
being variabIes, analogously vj (ј = 1, ... ,п) is either а variable or а term 
Вј (Хј) , ... , Via), Хј), ... ,Хја being variables. А, В, А/. Вј are fиnctions letters. 

For (1) we suppose the fo1lowing conditions hold: 

(ј) For апу two terms Ui апд vj there is at most опе variable occuring 
јп еасЬ of them. 

(Н) lf јп еасЬ of two terms иј апд uk (vj ' Vh) occurs exactly опе variable, 
these variabIes occur јп different terms Ур Ућ (и,. Uk) respectively." 

(Ш) Тhe order of occurence of the variables јп апу term иј (Уј) is equal 
to the order of occurence of these variables јп the term w2 (w1). 

For example, such is the law 

А (А! (Х, у, Z, и), А2 (У, w), t) = В (Х, В2 (у, V), Вз (z, t), В4 (и, w». 
lп the set of terms Т = {иl' ...• иm, vp ••• ,vn } we introduce the relation 

of connectness деПпед јп [1], апд јп the set of аll quasigroups derived from А 
апд В we introduce the relations => and ~, defined јп [1], too. 

For the laws of the II kind, hold the lemmas, analogous to the lemmas 
1, 2, 3 from [1]. Тhe proofs of the lemmas 2 and 3 rest unchanged, for the 
lemma 1 we пеед а пеw proof. 

Lemma 1. IЈ аП terms иј' vJ оЈ the law (1) ше connected, Јог аnу two 
Ыnагу quasigroups L~~ and L~.. (Р, Q <= {А, В}), derived Јгоm А anа В, we 
ћаУе LP ~ LQ 

<Ха ,",у. 

,2. 
19 
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Proof. First, if L~~L~, and ~>IX, there exists v=t!J. such that 

L~+-+L1!...(L1!...=I! , foT !J.<V, and L1!...=LB
, for 'Ј<!Ј.). 1ndeed, if L A ~LB 

џ.у \l.V џ.у \LV V\L '" \1.' 

then х occurs in the terms иа and v\I.' Тће term и~ eitheT contains а vari­
аЫе у occuring јп some term v., v =t!J., or contains опlу опе variable у 

. . h 1 h f' L A ху В • occur1Dg lП t е term v\I.' п t е lrst case we .get "'~ --.. L iLV, and lП the second 
case, јп view of (Н), there exists а уатјаЫе z occuring јп the term U(l and јп 

А zy В 
а term v., v =t!J., and we get L",~+---+LiLV. 

Since for еуету two LP and Lџ.Q holds LP ~ LQ, it fol1ows for every LP~ 
'" се џ. ао> 

and L~ (Р, Q Е {А, В}) there exists v so that L:~~L~. 

Further, for еуету IX, ~, !Ј., IX<~, ~=t!J. we get L;~~L~ (РЕ {А, В}). 
Let us consider а sequence 

L Р +-+ L Q +-+ LP +-+ ... +-+ LQ +-+ LP 
ct р а -r \1. 

defining LP +-+ LP. Тћете exists ап index v so that L~~ +-+ L'!... Jf a:l:~, then 
а \L .... Р' 

Lf!+-+L~, if a=f.I., then Lf!+-+LP =LP~. Оп this way, we get ЛпаНу L~+-+L~, 
ру U~ ~ ру ",а ce~ .... \1" 

Let L~~ and L~. Ье two arbitrary quasigroups. Тhere exists ап index л so 

that L~~ ~ L~л, and L ~л ~ L~v' Непсе we get L:~ ~ L~., and the lетта is 
proved. 

Let L~~ and L~v (Р, Q Е {А, В, Ai , Вј}) оо two derived quasigroups so 
Р ху Q 

that Lа.~+-,>Lџ.v. Since the law (1) is of the II kind, we ћауе either 

<р L~ (<рј х, <Р2 у) = ~ L~v (~j х, ~2 у), or 

<р L~ (<рј х, <Р2 у) = ~ L~. (~2 у, ~j х). 

Јп the second case we say the relation L~ +-+ L~ is ап inversion. 

Let 1':::$ Ье the following equivalence relation of the set 12 of аН quasi­
groups L~ (Р Е {А, В, А" Вј}). For L~~, L~. Е 12 we put L~~ 1:::::1 L~, iff L~~ ~ L~ 
and there exists at least опе sequence defining LP" ~ L Q with ап еуеп numOOr 

а." џ.. 

of inversions. 
The relation 1':::$ is containing јп the relation ~, more preciselly, еасћ 

class С\=> of the relation ~ is the ипјоп of at most two classes C~ and C~ 
of the relation 1:::::1. 

Let аН terms иј , vj of the law (1) Ье connected. Ву the lemmas 1 and 
З, for еуету two op~rations L~ and L~ (Р, Q Е {А, В, Ai , ВЈ}) we have L~~ ~ ~. 
We distinguish two cases: 

1. C\=>=CI":!, 

2. C~ =C~ U c~. 

1п the case 1. there ате two possibilities: 
1.' From the law (1) does not yield апу inversion, that is the law (1) is 

of the 1 kind. 
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1." From the law (1) yields at least one inversion, that is, {Ье law (1) 
is of the II kind. 

Јп the case 1" for every quasigroup L~(3 there exists at least one sequence 
defining L~[3 <::> L~ with an odd number оС inversions. Let, for example, the 
relation LP

8 +--tLQ ье ап inversion. Since LP~ ~ LP» and LQ ~ LP~, there exists 
у џ.у а..., у" џ.у а. .. 

а sequence L~(3 ~ L~1! +--t L ~., ~ L~a with ап odd number of inversions. 

Јп the case 2 еасЬ sequence defining L~a {:} L~a has ап еуеп number of 
inversions. Indeed, let, for ехатрlе, Ье L~ Е c~, and lе! exist а sequence 
defining LP~ ~ L:~ with ап odd number of inversions. Let LP Е С:.., and 

a~ I.A\OI tJ.~ I""OJ 

LQ, Е с" . ТЬеп there exists а sequence LP ~LP~ ~LP~ IRL~ with an еуеп 
р", ~ iJ.V a~ (I~ АР 

number оС inversions, that is, L~v ~ Lf", what is јп contradiction with the 
assumption about L~v and LE,. 

Let for the law (1) hold 2. We change аН operations L~a of one of the 

classes, say С;;", with the operations L;; (L~; (х, у) ~L:a (у, х». ТЬе obtained 
law w; = w; is of the Ј kind. Jndeed, from so obtained ]aw w; = w; it yields 
с';::!, = С""" and for every operation L~a еасЬ sequence defining L~a <=> L~ has ап 
еуеп number of inversions. 

Непсе, we сап consider on]y the laws of the 11 kind for which the rela­
tion IR and ~ оп the set 12 are the same. 

Т h е о r е m 1. Let аП quasigroups derived Јгоm quasigroups satisJying (ће 
law (1) Ье in the relation ~. Тћеn there exist а commutative group (S, о) so 
that the jol/owing equalities hold: 

А (х1 , •• '. , хт) = L1 Х1 о ... о L~ хт 
В (Х1 '···' хn) =Lf Х1 0 ••• o.L: хN 

L1 Ај (х!' . .. , xrJ.) = Lf Ч; Х1 о •.• oLt L~i Х(1. 

L! ВЈ (х!' .. . , ха) = L! Lfl Х1 о ••• oL! L:J ха 

р r о о С. Јп the set S we introduce the binary operation о defined Ьу 

L12 (х, у) = L1 xoL1 у. 

Let L~a and L~v (Р, Q Е {А,в}) Ье two quasigroups derived from the law 
(1) so that L~a +--t L~v holds. Jf this relation is ап inversion, and if L:a (х, у) = 
= LP xoL~ у, we Ьауе LQ (х, у) =LQ yoLQ Х. 

(1... џ.у V џ. 

Since аН quasigroups L;(3 are in the relation ~, and for еуесу L~ there 
exists а sequence with an odd number of inversions, defining L~ <=> L~[3, we get 

L~(3 (х, у) = L~ xoL~ у, and 

L;[3 (х, у) = L~ yoL: х. 

Непсе, we get for every х, у Е S . 

LP xoLPy = LPyoLP х 
ех а (ј 0:' 
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Since L~ and L~ асе bijections. we Ьауе 

хоу=уох. 

that is. the operation о is commutative. 
Тће proof of the rest of the theorem is analogous to the рсооС оС the 

theorem 1 in [1]. 
Now we suppose the relation of connectness оС the set Т = {иl' ... ,ит, 

уl' •••• уn} оС the law (1) has r (г>l) equivalence classes CI={иO<i, ... ,и~j' 
'ЈУ1 ' ••• 'У8)' i = 1, ...• г. Introducing quasigroups А and В conjugated with А 
and В respectively. from (1) we obtain а law in the form 

(2) А (ио<,' •. , и~ ••••• ио< ••••• и~ ) =В (уу ••••• Ув, ••. • Уу ••••• Уд ). 
1 1 , , I 1 , , 

Рос the law (2) hold аН results obtained in [1) for the analogous law оС 
the 1 kind. 

Finally. let us consider an arbitrary law in the form 

(3) А (A l (х1 , ••• , хо<), ... ,Ат (х(3, ... ,хр» = В (Bl СУ1' ••• , Уу), ••. , ВN (Ув, .. , ур», 

where the sequence ур ... ,ур is а permutation of хр ... ,хр, and А, В, Ај and В, 
are quasigroups оп а set S. Such а law can Ье transformed into а law (1) 
satisfying conditions О), (Н) and (Ш) Ьу substitution оС some quasigroups Ьу 
GD-groupoids. 

We give an example. 
Let 

А (А1 (х, у), z, Аз (и, У), А4 (w, t» = В (х, Bz (у, z), Вз (и, w), В4 (У, (» 
Ье the functional equality Ьу unknown quasigroups А, В, A1, ••• 'В4 оС а set 
S. А general solution of this equality is given Ьу 

А (х, у, Z, u)=1t (а xo~y, !Lz+vu), 

В (х, у, z, и) =1t (у хоеу, а z+ 't' и), 

аА1 (х,у)=ухо8у, 

е Bz (х, у) = 8 xo~y, 

!L Аз (х, у) = л х + р у, 
v А4 (х. У) = CI) х+ 1t У. 

а Вз (х. У) = !L х + CI) У, 

't' В4 (х. у)= р x+1t У. 

where 1t is an arbitrary loop. о is an arbitrary group, + is an arbitrary 
commutative group, and а, ~, ... , 1t are arbitrary bijections оС the set S. 
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ON EXTEND1NG ОР SOLUТIONS ОР FUNCT10NAL EQUAТIONS 1N 
А SINGLE VARIAВLE 

Каго! Вагоn 

1n this talk 1 want to present two results regarding the problem of the 
unique extension of solutions of the functional equation 

(1) rp(x) =ћ (х, 6,. rpofs(x» 
sES 

in which 
ћ:Хх ys-+y and fs:X-+Х, sES, 

where Х, У and S are arbitrary sets, are given functions. Here and in the sequel 
ys denotes the set of аН functions from S into У with the Tychonoff topology 
in Ље case where У is а topological space whereas 6,. gs denotes Ље diagonaI 

sES 
of а farnily of transforrnations {g.: s Е S} (ј.е. if g. тар Х into у, s Е S, then 
6,. gs is атар from Х into ys such that for the projection тар Р. 

sES 

sES). 

т h е о r е т 1. Let И еХ Ье аn arbltrary set such that 

(2) fs (И) С и, sES. 

lf 
О) јог every х Е Х there exists а positive integer k sисћ that јог every 

sl".' .skES 
/.1 о· .. О!sk(х)ЕИ, 

'ћеn јог every solution rpo: И -> У ој 'ће equation (1) 'ћеге exists exactly оnе 
solution rp: Х -+ У ој it such that rp I и = rpo. 

Moreover, if Х and У аге topological spaces, И is ореn, ћ, fs, s Е S, and 
rpo аге continuous junctions and 

(јј) јог every ореn set V such that ИС УС Х we have n {fs-l (V):s Е S} 
ореn, 

then rp is also continuous. 

23 
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Тhe hypothesis (i) in this theorem cannot ье replaced (an ехатрlе тау 
ье given) Ьу 

(Ш) for every х Е х there exists а positive integrer k such that for every 
s Е S, Ј: (х) Е и. 

Оп the other hand the hypothesis 

(iv) Х is а closed subset of а finite dimensionai Banach space and 
и: : s Е S} is а localIy equicontinuous family such that for а certain ~ Е Х 

(3) sup{II!,(x)-~1I :sES}<llx-~II, ХЕХ"-{;}, 

imp1ies (i) whenever U is open (in Х) and ~ Е и. 

т h е о r е m 2. Let Х Ье а closed and convex subset о! а Лnие dimensional 
Вanасћ space, U С Х an ореn set (јn Х) such that condition (2) is satis.fled. 
1/ {fs: s Е S} is а locally equicontinuous Јamау such that (3) holds Јо, а certain 
~ Е и, then Jor every solution СРО: U - у о! (1) there exi~ts t;xactly оnе solution 
СР : Х_У о! it such that СР I и = СРО· 

Moreover, if у is а topological space, h and СРО аге continuous Junctions, 
then СР is also а continuous Junction. 

In view of the аЬоуе mentioned connexion between hypotheses (iv) and 
(i) the first part of Theorem 2 follows from Theorem 1. However, in the 
other part of Theorem 2 the restrictive hypothesis (ii) does not occur. 

Оп the other hand the proof of Theorem 1 is effective contrary to the 
proof of Theorem 2 where the Kuratowski-Zom Lemma is used. 

Department оС Mathematics 
Silesian University 
Кatowice, Poland. 
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INFINIТARY QUASIGROUPS 

Belousov D. Valentin, Stojakovic М. Zoran 

Јп this paper we give а short survey of the communication оп infinitary 
quasigroups which took place during the Symposium оп quasigroups and Љпс­
tional epuations in Belgrade јп September 1974. Since опе part of the results 
of this work is published јп [7Ј in extensive form, and the other part is going 
to ье published јп [8], here we shalI restrict ourselves опlу to the тајп results, 
definitions and theorems without proofs. 

Тће notion of infinitary operation јп implicit form сап ье found јп 
different fields of mathematics. There are some attempts to consider those 
орещtiопs but ир to now the notion of infinitary quasigroup was not submitted 
to апу investigations. 

We shall use the following notations. Тће sequence Хт' Хт+l' ••• , ХN wШ 
Ье denoted Ьу х=. or {хЈ7=т' Jf т>n, х=. will Ье considered empty, and if 

п 

т=n then х=. is the element Хт' Ву Х we denote the sequence х, х, .. , , х 
о 

where х is repeated п times. ТЬе symbol х denotes the empty sequence. 
Тће infinite sequence Хт' Хт +l' ••• , Хn ' '" (of order type си) wil1 Ье 

denoted Ьу х;: or (Хј};:т (т finite natural number). ТЬе infinite sequence 

х, х, ... , Х, ••• we denote Ьу ;. 
Jf Q is а nonempty set and ех апу ordinal Ьу Q« we denote the set of 

all sequences of order type ех, of elements foст Q. А mapping А: Q"'~Q, 
(сх;;:;:си) we саН ап infinitary operation of the type ех defined оп Q. ТЬе type 
of А we shall denote Ьу 1 А 1. Тће set Q together with the infinitary operation А 
we саН ап infinitary operative and denote Ьу Q (А). The infinitary operative Q (А) 
such that the set Q contains only опе element will Ье caIled trivial. 

Тће notion of quasigroup јп infinitary case сап ье introduced јп а 
natural way. 

D е f i п i t i о п 1. А set Q together with ап infinitary operation А of the 
type си we саН ап infinitary quasigroup of type си (brief1y cи-quasigroup), 
if the equation 

А( ј-l ОО) Ь 
аl ,Х, аНl = 

has а unique solution х for аН a~, ЬЕ Q and for every positive integer ј. 
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D е f i п i t i о п 2. ТЬе element е of the infinitary operative Q (А) of the 
type <.U is caIIed а unity јС 

1-1 оо 

А(е, х, е)=х, 

for аН xEQ and еуесу i=l, 2, ... , П, •• , • 

If ап infinitary quasigroup Q (А) of the type <.U contains at least one 
unity then Q (А) is called ап infinitary loop (<.U-loop). 

First we Ьауе shown the existence of nontrivial infinitary quasigroups and 
loops. In [7] are given the constructions, based оп the ахјош of сЬојсе, of 
infinitary quasigroups of the type <.U defined оп the set of аП real numbers, оп 
the set ОС аН integers and оп the set with п elements, п arbitrary natural 
number. In а similar manner is shown the existence of nontrivial <.U-loops, 
defined оп the set D of аН real numbers, јп which the set of аН unities is ап 
arbitrary subset мед These constructions сап Ье extended to the infinitary 
quasigroups of the type <.U + k (definition 6). 

Now we shall consider (i, j)-associative infinitary quasigroups. 

D е f i п i t i о п 3. Ап infinitary operative Q (А) of the type <.U is called 
џ, j)-associative јС it satisfies the ideiltity 

(1) 

for аН хј, уј EQ. 
(Of course, we suppose i =F ј). 

D е f i п it i о п 4. Ап infinitary operative Q (А) of the type <.U is called 
ап infinitary semigroup of the type <.U (<.U-semigroup) јС it satisfies the identity (1) 
for аН i and ј. 

D е f i п i t i о п S. Ап <.U-quasigroup which is <.U-semigroup is called an 
infinitary group of the type <.U (<.U-group). 

Examples of <.U-semigroups are given јп [1]. Also it is proved there that 
nontrivial <.U-groups do not exist. 

Т h е о r е m 1. There does по! exist а nontrivial (i, j)-associative infinitary 
quasigroup. 

Now we introduce infinitary quasigroup of the type <.U + k and consider 
functional equation (2) оС generalized associativity оп infinitary quasigroups. 

D е f i п i t i о п 6. Ап infinitary operative оС the type <.U + k is caHed 
infinitary quasigroup of the type <.U + k if the equations 

А( 1+1 ао bk ) А( ао ь'- 1 bk ) аl ,х, аl+l, 1 =с, а1, 1 ,х, 1+1 =с, 

Ьауе а unique solution х for аН ар, bq, cEQ and for аН positive integers 
јп the first equation and for аН i = 1, 2, '" , k јп the second equation. 

Т h е о r е m 2. АН solutions of the equation 

(2) А (xi-t, В(х'(', y~), y:"-rI)=С(Х{+I, п(.уој, У1), y;"+I), 



Infinitary quasigroups 27 

where А, В, С, D асе infinitary quasigroups of types 'А 1 = 6), 'ВI =6)+r, 'СI = 6), 
1 D! = 6) + s, defined оп the same nonempty set Q, i, ј, some fixed natural 
numbers and r,.s non-negative integers, асе given Ьу the following relations: 

11 (ј=ј, r=s~O): 

(3) D=6B, А( ;-1 .. ) С( I-Ј 6 .. ) 
Х' ,Z, У,+Ј = ХЈ, Z, У,+Ј , 

where 6 is an arbitrary permutation of the set Q, В and С arbitrary infinitary 
quasigroups of types IBI=6)+r, IС!=6) and D and А асе determined Ьу the 
equations (3). 

(4) 

(5) 

12 (ј=ј, s>r~O): 

А ( 1-1 .. ) С( ;-1 К( ') .. ) ХЈ ,Z, У,+, = ХЈ, Z, У,+Ј , У.+Ј , 

where В and С асе arbitrary infinitrary quasigroups of types 1 В! = 6) + r, I С 1= 6), К . 
arbitrary quasigroup of arity s-r+ 1 and А and D асе determined Ьу the 
equations (4) and (5). 

(6) 

(7) 

]Јl (ј<ј, r~s~O): 

В(ХН-l' YJ)=k(x/-l, D(x)", Yi), У:+д , 

С( }-1 .. ) А (1-1 К( )-1 ,) .. ) 
х1 ,Z, Y.r+l = Хl, Х;, Z, У'+' , У,+1 , 

where А and D асе arbitrary infinitary quasigroups of types I А 1 = 6), 1 D! = 6) + s, К 
arbitrary quasigroup of arity ј-; + r-s+ 1 and В and С асе determined Ьу 
the equations (6) and (7). 

]Ј2 Џ<ј, s>r~O): 

A(x~-I, Х, Yн-д=K(x~-I, (Xxo~(Y~+д, Y~!-1)' 

в (Х,{, УЈ) = (х -1 (y(xI-1)08 (х)", УЈ», 

с(х{-I, У, Y:"д=K(x~-I, y(x/-l)o~y, у;О+I), 

D (хј, yi) = ~ -1 (8 {х) .. , YJ)O~ (У:+д) , 

where (х, ~ асе permutations of the set Q, Q ( о) binary group, f) and у qua­
sigroups of arities !~I=s-r, Iyl=j-i, and 8, К infinitary quasigroups of 
types 181=6)+r, IKI=6). 

ТЬе isotopy of two quasigroups can Ье generalized to infinitary case. 

Two infinitary quasigroups of the type 6) defined оп the same set Q асе 
called isotopic if there exists а sequence Т = ~ of permutations of Q such that 
B(X~)=rx;1 А ({(ХIх;};":д for аН xfEQ. TЫs we shall denote Ьу В=АТ. ТЬе 
usual theorems for isotopy of finitary quasigroups are also уаНд for infini­
tary case. 
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D е [ј п i t i о п 7. Let Q ье а nonempty set, Q (+) abelian group and 
Q (R) infinitary quasigroup of the type (.0), such that 

R ({ Хј + Уј};: 1) = R (xi) + R (Yi), 

for аН xi, Yi Е Q, then (.o)-quasigroup Q (R) is called additive over abelian 
group Q( +). 

The existence of such nontrivial (.o)-quasigroups additive over abelian group 
is proved in [8]. 

lt is also proved there that every infinitary quasigroup Q (R) of the type (.о) 
additive over abelian group Q (+) can Ье represented in the form 

(8) 

where п is an arbitrary natural number, !'Ј.р i = 1, 2, ... ,П automorphisms of 
the group Q (+) and Q (Rn) an infinitary quasigroup of the type (.о) additive. 
over Q (+). 

т h е о r е т 3. АН solutions of the functional equation 

where А, Dp i = 1, 2, . .. are binary quasigroups and Вl' Bz, С infinitary qua­
sigroups of the type (.0), аН defined оп the same nonempty set Q, are given Ьу 

А (х, Y)=IXX+~Y, 

Dj(x, Y)=IP;1(y;x+6 I y), 

В1 (xi)= !'Ј.-1 (R ({у; Х;};: 1) + Ь), 

Bz(xi) = ~-1 (R({6ј Хј }l:д + а), 

с (xi) = R {IP;X;};:1) + с, 

where Q ( +) is an arbitrary abelian group, Q (R) arbitrary infinitary quasigroup 
of the type (.о) additive over Q ( +), !'J.,~, Ур 6р IPp i = 1, 2, .. , arbitrary permu­
tations of the set Q, а, Ь, с arbitrary elements from Q such that а + Ь = с. 

At the end we shall make some remarks concerning further investigations 
оп infinitary quasigroups. 

The notion of infinitary quasigroup of an arbitrary type IX can also Ье 
introduced. Let Ха. Ье а linear ordered sequence of variables of the type IX, 

and let Х Ье an arbitrary variable from Ха.. Let Ха.l Ье the set of аН variables 
from Ха. which are less than Х and X~ the set of аН elements from Ха. which 
are greater than х. Both Ха.Ј and Xa.z are linear ordered and they have the 
order types 1X1 and IXz respectively. Hence IX can ье represented as 1X1 + 1 + IXz. 
The operative Q (А) of the type IX is an infinitary quasigroup if the equation 

А (Са.l' Х, Ca.z)=b, 

where Са.l and Ca.z are arbitrary linear ordered sequences from Qa.1 and crz 
respectively, Ь is an arbitrary element from Q, has а unique solution. 
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. ТЬе definitions of th~ .i~finit~ry quasigroups of the {е1:<» a~~L re 
partlcular cases of the dеfIшtюп gIven аЬоуе. -::;, "'-

ТЬе definition of the isotopy of cu-quasigroups is alread ,,··ivепа.б-d(\,hе 
notions of principal isotopy, isomorphism, autotopy etc. сап Ье ·ntroduced .... ~ 
јп finitary case. ТЬе inverse operations of the infinitary quasigr р орега.ttБП\ .. \, 
of the type IX are also defined јп [7]. ТЬе notion of parastrophy сап· е extend~'-~; \ 
to finitary case јп two ways - опе which directly generalizes the rastrop~' 
of finitary quasigroups and the other which јз specific for infinitary сазе, ј11"" 
which the type of the quasigroup is changed. 

ТЬе insertion algebra for finitary quasigroups, which опе 
considered јп [4], [5], сап also Ье extended to infinitary case. 

At the end some problems оп infinitary quasigroups were given. ТЬе 
precise formulation of these problems сап Ье found јп [7]. 
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Симпозијум КВАЗИГРУПЕ И ФУНКЦИОНАЛНЕ ЈЕДНАЧИНЕ 

Symposium еп QUASIGROUPES ЕТ EQUATIONS FONCГIONNELLES 
Београд-Нови Сад, 18-21. 9. 1974. 

REMARKS ON ТНЕ ENTROPY EQUAТION 

Z. Daroczy 

1. Јп the рарег [4] А. Кџmiпski and Ј. Mikusinski Ьауе proved the 
foHowing 

Т h е о r е т. Jf а /unction Н (х, у, z) is continuous, symmetric and positively 
homogeneous (%rder 1) јn the domain 

D={(x,y,z)j x,y,z>O, xy+yz+zx>O} 

and satisftes јn the interior о/ D the /unctional equation 

(1) Н(х, у, z)=H(x+y, О, z)+H(x, у, О) 

then 

(2) Н(х, у, z)=c[(x+y+z)ln(x+y+z)-xlnx-ylny-zlnz], 

where с is а real constant and О lп О ~ О. 
From this theorem the authors Ьауе deduced а proof for the Faddeev's 

theorem [2] оп the Shannon entropy. 
Јп this note Jshall give some remarks to the аЬоуе result. In section 2. 

Ј sha11 determine Ње general solution of the ргоЫеm of А. Kaminski and 
Ј. Mikusinski. This is а simple remark Ьу а theorem of В. Jessen-J. Karpf. 
- А. ТЬогир [3]. Ву Ьеlр of the general solution of the ргоЫет, јп section 
3., Ј prove а generalization of [4]. Јп this proof Ј use а known result of 
N. О. de Вгијјп [1] оп the difference functions. 

2. Let R + Ье the set of nonnegative геаЈ numbers and let R Ье the set 
of геаl numbers. Let % denote the set оЕ аН functions Н*: R~ ~ R with 
foIlowing properties: 

(ј) For all х, у, z Е R+ 

Н*(х, у, z)=H*(x+y, О, z)+H*(x. у, О); 

(јј) For аН х, у, t Е R+ 

Н* (tx, ty, О) = t Н* (х, у, О). 
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т h е о r е т 1. lј Н* Е 'iЊ is а symmetric function, then there exists а 
junction ј: R+ ~ R such that 

(3) ЛХ у) = хЛу) + уЛх) 

jor а11 х, у Е R+ and 

(4) Н* (х, у, z)=j(x+ y+z)-лх)-лу)- f(z) 

jor а11 х, у, z Е R+. 

р r о о f. Let the function F: R~ ~ R Ье defined Ьу 

(5) F(x, у) = Н* (х, у, О) (х, у Е R+). 

Ву the symmetry of Н * 
(А 1) F(x, y)=F(y, х) 

From (i), Ьу the symmetry of Н*, we have 

F(x+ у, z)+ F(x, у)= Н(х, у, z);" Н (у, z, х)= F(y+z, х)+ F(y, z), 

from which Ьу (А 1) it follows 

(А 2) F(x, у, z) + F(x, у)= F(x, y+z) + F(y, z) 

for аН х, у, z Е R+. From (ii) it foHows 

(А 3) F(tx,ty) = tF(x, у) 

for аН х, у, tER+. In the paper [3] of В. Jessen-J. Кarpf-A. Thorup it 
can Ье found the following assertion: If F: R~ ~ R satisfies the functional 
equations (А 1), (А 2) and (А 3) then there exists а function ј: R+ ~ R for which 
(3) is true and 

(6) F(x, у)=ј(х+у)-Лх)-ј(у) 

for аН х, у Е R+. From (6) and (i) we have 

Н*(х, у, z)=F(x+y, z)+F(x, y)=f(x+y+.z)-f(x+y)­

- f(z)+ ЛХ+ у) - ЛХ)-лу)= ЛХ+ y+z)-ЛХ)-ј(у)- f(z) 

for аН х, у, z Е R+, where the function ј: R+ ~ R satisfies the equation (3). 
Thus the theorem is proved. 

т h е о r е m 2. lЈ а Junction Н: D~ R is symmetric јn D and satis/ies 
the equation (1) in the interior о! D and Н(х, у, О) (х>О, у>О) is positively 
homogeneous (ој order 1), then there exists а Junction ј: R+ ~ R such that (3) 
holds jor а11 х, у Е R+ and 

(7) Н (х, у, z) = ЛХ + у + z) - ј(х) -:Ј(у) - f(z) 

jor аll (х, у, z) Е D. 
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р r о о f. We define the function Н* : R~ ~ R Ьу the equations Н* (х, у, z) = 
Н (х, у, z) for аН (х, у, z) Е D, Н* (х, О, О) = Н* (О, х, О) = Н* (О, О, х) = О for 
xER+. It јэ еазу to зее that the function Н* is an element of % and it јз symmet­
ric in R~. Ву Theorem 1. it foПоws our theorem. 

3. In this section I shall give а generalization of the theorem of А. Ка­
minski and Ј. Mikusinski [4Ј. 

т h е о r е m 3. Let Н: D ~ R Ье а symmetric Junction Ju1filling the equa­
tion (1) јn the interior о! D and let Н(х, у, О) (х>О, у>О) Ье а positive!y 
homogeneous (о! order 1) Junction. Jf Јог еасћ у>О the function 

x~ Н (х, у, О) (х>О) 

is continuous, then (2) ho/ds Јог all (х, у, z) Е D, where с Е R is а constant 
and О ln O~O. 

р r о о f. Ву Theorem 2. there exists а function Ј: R + ~ R such that (3) 
holds for аН х, у Е R + (from which we obtain Ј (О) = О) and 

Н(х, у, O)=f(x+y)-f{x)-J(y) 

for аН х>О, у>О. Ву our assumption for еасЬ у>О the difference function 

x~ ЛХ + у) - ЛХ) 

is continuous. N. G. de Bruijn [1, Тheorem 1.3.] Ьаэ proved the following result: 
If Ј(х) јз defined in an intervaI 1, and if Ј(х) јз зисЬ that, for еасЬ у, 
х ~ ЛХ + у) - ЛХ) јз continuous for aJl х Е 1 Г) (Ј - у), then we Ьауе ЛХ) = 

= g (х) + А (х), where g (х) is continuous in 1, and А: R ~ R j~ an additive 
function, ј.е. А (х + у) = А (х) + А (у) for аН х, у Е R. In our case we know, 
that х ~ ЛХ + у) - ЛХ) is continuous in 1= {х I х> О} for еасЬ у Е 1. If у$: 1, 
then - у >0 and 1 П (1- у) = ( - у, оо). Let х Е ( - у. оо) Ье arbitrary and let 
хnЕ ( - у, оо) Ье а sequence with x,,~ х. Then we Ьауе 

Лх" + у) - ЛхЈ = - [Лх" + у - у) - ЛХ,. + у)] 

from which Ьу х" + у> О and - у >0 we obtain 

Iim [Лх" + у)-Лх,,)] = -[Ј(х+ у- у)-Лх+ у)] = 

= ЛХ + у) - Лх), 

ј.е. х ~ ЛХ + у) - ЛХ) is continuous in 1 П (I - у). From this result we ћауе 

(8) f{x)=g(x)+A(x) (х>О), 

where g (х) is а continuous function in 1 and А : R ~ R is an additive function. 
Ву Theorem 2. we know, tbat the function Ј: R+~ R satisfies tbe equation (3) 
for аН х, yER+, from which Ьу (8) we obtain 

(9) g(xy) +А (ху) =x[g(y) +А (у)] + y[g(x) +А (х)] 

3 Збориик радова 
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for аН х, у> о. We put х = r and у = s in (9), where r and s are arbitrary 
positive rational numbers. Then Ьу A(r)=rA(l) we obtain from (9) 

(10) g(rs)=rg(s)+s g(r)+rs А (1) 

from which Ьу the continuity of g it follows Ьу taking 1imits r - х, s - у that 

(11) g(xy)=xg(y) + yg(x) +хуА (l) 

holds for аН х, у> о. From (11) we Ьауе that the function 

(12) m(x)=g(X)+A(l) (х>О) 
х 

satisfies the functional equation 

m(ху)=m(х)+m (у) 

for all х>О, у>О. It is clear that т is continuous, ј.е. 

m(x)=clnx (х>О), 

where е Е R is а constant. From (2) we obtain 

g(x) = ех lп х- хА (1) 

for аН х>о, from which ј! follows Ьу (8) 

(13) f(х)=схlпх-хА(I)+А(х) (х> О) 

where А: R _ R is ап additive function. Ву (3) [(О) = О, from which we obtain 
that (13) јз true for х = О, if О)п ~ о. From Theorem 2. Ьу (l З) it follows 
(2) for аН (х, у, z) Е D. Thus the theorem is proved. 

It јз clear, that Theorem 3. јз а generalization of the result of А Катјп­
ski and Ј. Mikusinski [4]. 
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NORMENQUADRAT OBER GRUPPEN 

М. Hosszu, М. Csik6s 

Bescbliftigen wir ипз mit der folgenden Funktionalgleichung: 

Лху)+Лху-l)=2Лх)+2ј(у) х, YEG; f:G~A 

wo G ( .) ist ејпе Gruppe, А ( +) ist ејпе Abelsche Gruppe. Das Einheitselement 
УОП G ist е, у-l ist das Inverselement уоп у. Das Nullelerilent уоп А ist О, 
und пећтеп wir ап, dass aus ЛХ) + лх) = О d. ћ. aus 2Лх) = О ј(х) = О folgt. 

Die Eigenschajten der Funktion ј: 
Wenn јп der Gleichung (1) у=е gesetzt wird, bekommen wir 

Ле)=О. 
Aus х = е folgt, dass 

ЛУ) =Лу-l). 

Setzen wir у statt х und х statt у ејп, und auf Grund уоп Лху-l) = 
=Л(ху-l)-1]=Лух- 1) bekommen wir 

Лху)=ј(ух). 

Definition: Es sei 

Р(х, у) = лх) + ЛУ)-ј(ху). 

М. Hosszu hat den folgenden Satz bewiesen 
Wenn G ејпе mit Elementen а und Ь erzeugbare Gruppe ist, dann die 

Losung der Gleichung (1) hat den Gestalt: 

г(х) = f(a'!Jm' a 1!Jm1 ... ар !Jmp) = Ла) ( 2: 11)2 + ЛЬ) ( 2: тl)2_ 
1=1 1=1 

-Р(а, Ь) (}: 11)' (i тј), 
1=1 1=1 

wo die Funktionenwertef(a), ј(Ь) undf(ab) beliebige Elementen der Gruppe А sind. 
Jetzt wird die Gruppe G durch drei Elemente а, Ь und с erzeugt. 
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(2) 

М. Hosszu, М. Csik6s 

Definition. Ез sei 

F (х, у, z) = f(x) + лу) + f(z) - Лху) - f(xz) --f(yz) + f(xyz). 

н i 1 f s а t z 1. Fur х = d Ьm с" 1, т, п sind ganze Zah/en ЛХ) hat den Gestalt: 

f(x) = f(d ъm с") = [2 f(a) + т2 f(b) + n2 f(c)-lmF(а, b)-lnF(а, с)­

-mnF(Ь, с) + lmnF(a, Ь, с). 

Wir beweisen die Gleichung (2) mit Induktion. Wenn die Werte von 
/, т, п О oder 1 sind, dann die Gleichung (2) gilt offensichtlich. Nehmen wir 
an, dass die Gleichung (2) fiir irgendwelche Werte der Exponenten т, п zusammen 
тј! 1- 1 und аисЬ mit / gilt. Wir beweisen, dass die Gleichung (2) аисЬ 

fiir / + 1 gilt. 

Аиз (1) folgt 

f(d+1 ъm с") =f(a· аl Ьm с") = 2f(a) + 2f(a1 Ьm с") - f(a сп Ь-m a- I) = 

= 2f(a) + 2J(d ъm с")-f(d- 1 ЪN' с"). 

Wir haben die Eigenschaften der Funktion Ј beniitzt. Auf Grund der 
Induktionsbedingung folgt daraus, dass ше Gleichung (2) zusammen mit Ехро­
nentenwerten т und п аисЬ fiir / + 1 gilt. 

Damit sind wir fertig fiir nichtnegative ganze Exponentenwerten 1, т, п, 
denn wir konnen mit zyklischer Permutation der Veranderlichen die Exponenten 
der Elemente Ь und с vergrossern. Die Induktion ist ganz аЬпНсЬ fiir ganze 
negative Exponenten. 

Wir brauchen mehrere Faktoren mit Form а1 ъm с" ејп beliebiges Element 
der Gruppe G herzustellen. FUr zwei Faktoren ез gilt: 

J(al• ъm. с". a/2 Ьm2 с"2) = 2J(al• ъm. сп,) + 2f(d2 ъm2 с"2)­

-f(al.-12 ъm. с"'-n2 ь-m2) = 2 (a1.ъm. с".) + 2f(d2 ъmZ с"2)-

-2J(d,-12 ъm.)-2лъm2 c"z-n,) + Ла1,-12 ъm,+m2 с"2-n'). 

Hieraus bekommen wir аиЕ Grund der Gleichung (2), dass das gleich mit 

(/1 + lJ2f(a) + (т1 + mJ2f(b) + (n1 + n2)2Лс)-(11 + 12) (т1 + т2) F(a, Ь)-

- (11 + 12) (n1 + n2) F(a, с)- (т1 + тЈ (n1 + n2) F(b, с) + 

+ [(11 + 12) (т1 + тЈ (n1 + nz)- 2/1 mzn l -212 m1 nz] F (а, Ь, с) ist. 

Мап kann vom Koeffizient des Gliedes F(a, Ь, с) зеЬеп, dass die Analogie 
zur Gruppe mit zwei erzeugenden Elemente nicht vollkommen ist. Мап kann 
аuсЬ sehen, dass јт Allgemeinen f(abc):f= ЈСасЬ) , also wir konnen die Faktoren 
јт Argument der Funktion Ј оЬпе Anderung des Funktionenwertes beliebig 
nicht vertauschen. 
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(.i lј)2/(а) +(.f тј)2 /(Ь)+( f ni)2/(c)--(.f /ј) (! тј)Р(а, Ь)-
1=1 .-1 1=1 1=1 1=1 

(3) -(i 1,) (.f n;)Р(а, c)-(.f тј) (.i n.)Е(Ь, с)± 
1=1 ,=1 1=1 1=1 

wo 
р р-l i 

Sp (/lтlnl 12 т2 n2 ••• lртрnр) = L. 1j L. тi +J L. nj +k_l р=2, 3, ... 
1=1 ]=1 k=1 

Hier sol1 man die Indexen mod р reduzieren. 
Der Beweis geht mit Induktion fiir р, mit einfacher Rechnung. 
Wir haben den Funktionenwert 

J(a'I!JmJcn\alz!Jm2Cn2 ••• a'P!JmPCnp), 
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also fiir beliebige хЕ G den Ausdruck des Funktionenwertes /(х) mit Hilfe der 
sieben Funktionenwerte /(а), /(Ь), Лс), ЛаЬ), /(ас), /(Ьс), ЛаЬс) bekommen. 
Wir beweisen, dass diese sieben Funktionenwerte voneinander unabhangig sind. 

Es sei 

und 

wo die Exponenten sind ganze Zahlen, р und q sind positive ganze Zahlen. 
Wir substituieren х und у in die Gleichung (1), und zuerst kontrollieren 

wir die Gleichheit der Koeffizienten уопЛа), /(Ь), /(с), Р(а, Ь), Р(а, с), Р(Ь, с) 
an der beiden Seiten der Gleichung (1). Wir bekommen: 

J(al\!Jmt Cn! '" a1p!Jmp Cnр а'! Ь<! с'\ ... a'q c"'q cnq) + 
+ f(a1! Ьm! с"! ... ар Ьmр С"Р c-tq b-sq a-rq ••. C- I \ Ь-а\ а-ђ) = 

= 2f(al\!Jmt с'" •• , a'p!Jmp сnр) + 2Ј(а'1 Ь<. с'! ... a'q b<q c'q ) 

und mit Hilfe der Gleichung (3) fiir die Glieder mit f(a): 

Quadrieren wir ап der linken Seite! Die Gleichung gilt offensichtlich. 
Daraus folgt mit den Vertauschungen 

(ј= 1,2, ... ,р) und 'гНј (ј,= 1, 2, ОО' , q), 
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dass die Koeffizienten des Funktionenwertes [(Ь) ап beiden Seiten der Glei­
chung (1) gleich sind. Mit аЬn1јсЬеп Vertauschungen folgt, dass аисЬ die Koef­
fizienten des Funktionenwertes Ј(с) gleich sind. Noch einmal mit Hilfe der 
Gleichung (3) bekommen wir: 

= -Р(а, Ь) [2(i /1) (i тl)+ 2 (i '1) (2: SJ)]' 
1-1 1=1 1=1 1=1 

Multiplizieren wir ап der linken Seite! Die Gleichung gilt. Daraus foIgt die 
Gleichheit der Koeffizienten уоп Р(а, с) und Р(Ь, с) mit entsprechenden Ver­
tauschungen ап beiden Seiten der Gleichung (1). Die Gleichheit der Koeffizienten 
уоп F(a, Ь, с) kann тап auf Grund der Gleichung (3) mit einer Induktion 
Шr q kontrollieren. 

Der Ausdruck (3) ist also die allgemeinste Losung der Gleichung (1) mit 
sieben unabhangigen Konstanten. 

Wir suchen jetzt die Lбsuпg der Funktionalgleichung (1), wenn die Gruppe G 
durch п Elemente erzeugt mird (и~4). 

Dazu brauchen wir drei Hilfsatze. 

Иi lfsa tz 2. 

(4) [(xyz) + [(xzy) = 2f(xy) + 2f(xz) + 2f(yz)-2f(x)-2f(y)-2f(z) 

gilt Јиг а11е х, у, zEG. 

Beweis. Wir ЬаЬеп 

f(xy.z)=2J(xy)+ 2f(z)-f(x· угl) = 2f(xy) + 2f(z)-

-2f(x)-2f(y. гl)+ J(xz. у-l)= 2Ј(ху) + 2J(z)-2f(x)-4J(y)-4f(z) + 
+ 2j(yz) + 2f(xz) + 2Лу)-f(xzy). 

Daraus folgt der Иilfsаtz mit Umordung. ' 

D е f i п i t i о n. Es sei 

Р(а, Ь, с, d)=J(a) +f(b) +f(c)+f(d)-f(ab)-f(ac)-f(ad)-f(bc)­

f(bd)-f(cd) + f(abc) + f(abd) + f(acd)+[(bcd)-f(abcd). 

Hi1fsatz 3. F(a, Ь, с, d)=O. Die Verifikation des НilJsatzes (3) geht 
mit ејnег iihnlichen Rechnung, wie die Verifikation Је.! Hi/fiatzes (2). 

Die Rechnung ist aber ein wenig kompliziert. 

D е f i п i t i о п. Es sei 

/1 

Р(аl' az,···, а,.)= 1 (-1)1+1 1 [(аl,аI2 '" аIЈ)' 
1=1 l~jl<lz<·· .<jj~" 
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Hilfsatz 4. Fur n~4 gilt F(al' а2 , ... , а,,)=О. Ше Verifikation geht 
natйrlich mit Induktion. Wir nећтеn an, dass der Нi/fsatz (4) gi/t /i1r п (n~4). 
Daraus wird es /olgen, dass ег аисћ /иг п + 1 gilt. 

Verwenden wir die Definition fur F (аl' а2 , ... , аn , аn+1)' und schreiben 
wir drei Glieder der Summe аusШhrliсh aus! 

n-1 

F(al' а2 , ... , аn, аn + 1) = L: (-I)ј+l L: /(аl1 аI2 ••• аlј)+ 
}=1 1 ~Il < ... <,,~n+1 

(5) + (_1)n+lf(a1a2 ... аn_ 1 а,,)+(_l)n+l/(а1 а2 ••• аn-1 аn+1+··· + 

+ (_1)n+2ј[а1 а2 ••• аn_ 1 (аn аn +1)]. 

Benutzen wir fur diese G1ieder die Induktionsbedingung! Nach der Einsetz­
ung und den Zusammenziehungen bekommen wir О ап der recћten Seite der 
Gleichung (5). Es ist sichtbar, wenn wir ше Glieder der Summe den Vorkomm.en 
уоп аn, аn + 1 und аn аn + 1 entsprechend gruppieren. 

Wenn а!' а2 , ••• , аn n~4 die erzeugende Elemente der Gruppe G sind, 
und X=dl1dzl ••• d nld12dzz .•. dnz ..• dlPdzp .•. "nр dann ist ше Losung der 

12 n12 п 12 п 

Gleichung (1) 

f(X) = i /(ај) (јЈл)2 - L: F(ap ај) (i 111) (i Ijl) + 
}=I /=1 1 ~/<1~n 1=1 1-1 

wo ше Funktionenwerte 

f(a;) 1 <;ј<;n 

/(а/ај) 1 <;i<j<;n 

f(a/ ajak) 1 <;i<j<k<;n 

sind be1ieblge Elemente aus А. 
Die Funktionalgleichung (1), und die Eigenschaften der Funktion / werden 

aus dem Werk уоп S. Kurepa genommen, aber er last nicht diese Риnkьо­
nalgleichung. 

LITERATUR 

[1] к u r е р а S., Оп Вimorphisms and Quadratic Forms оп Groups, (Aequationes 
Math. 9. 30-45 (1973). 

ОАТ Egyetem Matematikai intezete 
2103 Gбdбllб 
Hungary 





ЗборнUJ( раиова Машемашичкоi инсшишуша, Нова серија, КЊ. 1 (9), 1976. 
Recueil des travaux de 1'1nstitut Mathimatique, Nouvelle аетје, N9 1 (9), 1976. 

Симпозијум I<ВАЗИГРУПЕ И ФУНКЦИОНАЛНЕ ЈЕДНА ЧИНЕ 

Symposium en QUASIGROUPES ЕТ EQUAТIONS FОNСГЮNNЕLLЕS 
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LAТIN SQUARES, P-QUASIGROUPS AND GRAPH DECOMPOSIТIONS 

А. D. KeedweZl 

In this mainly expository paper, we discuss two particular types оС quasi­
group (Iatin square) which Ьауе connections with other branches of таЉе­
matics, notably with statistics, graph Љеосу and coding theory. 

А square п х п matrix L оп п distinct symbols is cal1ed row complete if 
every p~ir of symbols of L occurs just опсе as ап adjacent pair of elements in 
some row of L. It is cal1ed row latin if еасЬ symbol occurs exactly опсе јп 
еасЬ row of the matrix. ТЬе concepts column complete and column latin are 
similarly defined. А square matrix which is both row latin and соluтп latin 
is called а latin square. 

We shall also find it convenient to саП а rectangular matrix R of size 

т х п or п х т row complete, where т ~ [~ п]. if еасЬ unordered pajr of its 

symbols occurs just опсе as ап adjacent pair of elements јп some row of R. 
Here, [ ] denotes "integer part". _ 

Row complete latin squares are used јп statistics јп connection with the 
design of experiments. ТЬеу are of particular value for the design of sequential 
experiments but тау __ also ье useful for eliminating interactions between adjacent 
plots in field experiments. А detai1ed explanation of these applications is given 
in [2]. Here, we shall Ье content to give а single illustration. In an experiment 
оп farm animals, it 1s des1red to аррlу а number of different dietary treat­
ments to а given апјтаl јп succession. ТЬе effect of а given treatment оп the 
animal тау Ье affected both Ьу the number of treatments which that animal 
has already received and also Ьу the nature of the immediately preceding 
treatment which it has had applied to it. If several animals are available for 
treatment, the first possibility сап Ье allowed for statistically if it сап Ье arranged 
that the number п of animals to Ье treated ј5 equal to the number of treatments 
to Ье applied and if the order in which the treatment5 are to ье applied to 
these п animals is aIJowed to Ье determined Ьу Ље order of the entries ЈП Ље 
п rows of an п х п latin square (whose п distinct elements denote the п treat­
ments). ТЬеп any particular experiment has а different number of predecessors 
for еасЬ of the п different animals, since а given element of the latin square 
is preceded Ьу а different number of other elements in еасЬ of the п rows of 
the square. ТЬе possibility of interaction between опе experiment and the 
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immediately preceding one can also ье allowed for if the latin square chosen 
is row complete. Тће resulting experiment is then said to Ье statistically "balanced" 
both with respect to the effect of the immediately preceding experiment and 
also with respect to the number of preceding experiments. 

Until very recently, the only row complete latin squares known were 
multiplication tables of groups (or quasigroups isotopic to groups). Also еасћ 
of these known row complete latin squares had the property that it could ье 
made column complete as well Ьу а suitable reordering of its rows. In fact, 
it is not difficult to show: 

Т h е о r е m 1. Every row сотр lete latin square which represents the 
тultip/ication table о! а group соn Ье тade соluтn coтplete as well as row 
coтplete Ьу suitably reorderiпg its rows. 

р r о о f: - Let the given square ье the multiplication table of the group 
G where hl' h2, ••• ,hn and gl' g2' ... ,gn are two orderings of the elements of 
G, as in Fig. 1. 

! 

I 
i 
: 

g. ._--------------------------------g 

I 
! 
i 

g, ----------------------------------------------_. g 

I 
! 
: 
Ј 

gn .-----------------------------------------------------____ оо_оо. gn hn 
Fig. 1 

Since the square is row complete the elements h1' h2, h"2'hз"" ,h;.!lhn 
are аН distinct and are the non-identity elements of the group in а пеw order: 
for suppose that h;; 1 h и+1 = h -; 1 h _+ 1 = k say. Let the arbitrary element g of G 
occur in the sth row of column и and in the tth row of column v. Then 
g = g. hu = gt h.. Тће entries in the (и + 1 )th column of row s and in the (v + 1 )th 

column of row t are g. hU +1 = (g. hJ (h;;l hu+\) = gk and gt hv+ 1 = (gt h.) (h-;l h.+\) = 

= gk respectively. Hence, the ordered pair (g, gk) occur as adjacent elements 
in both the sth and the tth rows of the square, contrary to hypothesis. 

Now let the rows Ье reordered according to the permutation 
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so that the reordered square takes the form shown јп Fig. 2. This reordering 
will not affect the row completeness. 

Moreover, јп the new square еасЬ ordered pair of elements wШ occur 
at most опсе as а pair of adjacent elements јп the columns : for, suppose 
that the entries of the (9, U)tb and (t, V)tb ceIls are the same, equal to g say. Тhеп, 
h -;1 ћи = g = ћ;1 ћ •. Theentries of the (9 + 1, u)lЬ and (t + 1, v)lh ceIIs must then 
ье distinct, for h-;).lhu=h;i1h. would imply (hH\hs)(hs-Ihu)=(h;+\h,)(h;lh.) 
and so (hs+11hJg=(h;+\ht)g. But then, hH\hs=h;+l. ht whence (ћ"*\ћвГ1 = 
= (ћ~11 htГ1 • Thus we would Ьауе ћ-;1 ћн • =ћ;1 ht +1 which is contrary to 
hypothesis. Тhis shows that the new square is column complete as weII as row 
complete and so proves the theorem. 

i 
е ј 

i 
ћ;1 ћ;1 ћ. е 

ћ; 1 ---------------------------------------- g 

ћ; 1 ------------------------------------------------------g 

i 
! 
! 
: 

I 
i 

i 
! 
i 
i 

------------------------------------------------------------------------------- е 

Fig.2. 

ТЬе аЬоуе theorem was first given јп [8Ј. Ап examination of the proof 
suggests the hypothesis that the theorem is aIso true for ап inverse property 
100Р G which satisfies the identity (gh) (ћ-1 k) = gk for аII g, ћ, k јп G. However 
(as V.D. Be10usov pointed out to the author during the Conference itself) such 
а loop is already а group. То see this, write ћ- I k = 1. ТЬеп k = (eh)(h- 1_k) = 
hl and so (gh) 1 = g (Ы) for аII g, ћ, 1 јп G. 

ТЬе multip1ication table of finite group G сап bewritten јп the form 
of а row complete latin square if and only if the group is gequenceable : that 
is, if and only if there exists an ordering of the elements gl' g2' ... , gn of G 

s 
such that the partiaI products Рв = П gj for 9 = 1, 2, ... п are аН distinct. (For 

/=1 
the orginal proof, see [4Ј.). ТО see the necessity of this condition, let the row 
complete Iatin square L = (g/j) Ье the multiplication table of G so that gij = gj gj' 
1 h -1 -1 -1 -1 h &' 11 1 f . п t at case gjj gi,j+1=gj g/ gjgj+l=gj gj+l=:J say 10r а vaues о '. 
Suppose that ћј = ћј, for ј' =F ј. ТЬеп, because gl'j' = go for some value of ј' 
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(еасћ element of G occurs exactly опсе јп еасћ соluтп of L), we ћауе 
gi',j'+1 = gi'j' hj , = gi} ћј = gj,}+l' However, this contradicts the row completeness 
of L. Thus ћ, =Ј: ћЈ, unless ј' = ј. Consider now the first row of L. Its рь element is 
gij =gll (g/i glJ (gi2

1 
gI3)' .. (gi:}-I glj)=gl1 ћ1 h2• . • hj _ 1· Since the elements of 

}-I 
the first row of L are аН different, it foHows that the partial products П hk 

k=l 
for ј = 2, 3, ... , п - 1 are аН distinct, where the elements h1 h2 • ••• , hn_ 1 are 
the non-identity elements of G. That is, the elements е, hJ h2, ••• , hn_ 1 form а 
sequencing for G. То see the sufficiency of the condition, consider the latin 
square L = (gij) where gij = Р 11 ћ, Рј being опе of the partial products defined 
аЬоуе. We require to show that the ordered pair of elements (и, v) of G occur 
consecutively in some row of L. That is, we require to find integers i, ј such 
that Рl 1 Рј=и and РI 1 РЈ+l = v. From these two equations, ugj+l =v. This deter­
mines ј. Then Р; = Рј и-Ј and this fixes i. Thus, еуету pair of elements of G 
occurs exact1y опсе and L is row complete. . 

Evidently, Рl = gl = е (where е denotes the group identity) is necessary 
for а group G to Ье sequenceable. Н the group G is abelian, it is known that 
Рn = е unless G has а unique element h of order two and that, in the latter 
case, Рn = ћ. (see [12]). Thus, а Лпitе abelian group can Ье sequenceable only 
if it has а unique element of order two. В. Gordon [4] has proved that this 
condition is sufficient as weH as necessary. Namely, а finite abeHan group is 
sequenceable јГ and only јГ it is the direct product оГ two groups А and В 
such that А is а сусliс group of order 2k , k > О, and В is of odd order. 

As regards the sequenceability of groups of odd order, little is known. 
lt is clear from the preceding remarks that an abelian group of odd order 
cannot Ье sequenceable. The non-abelian group of smallest odd order is the 
(unique) non-abelian group of order 21 generated Ьу two elements а and Ь 
with the defining relations а7 = Ь3 = е, аЬ = Ьа2• This group has Ьееп shown to 
Ье sequenceable Ьу N. S. Mendelsohn [1 О]. Тће non-abelian group of order 27 
generated Ьу two elements а and Ь with the defining relations аР = bq = е, 
аЬ = Ьа', where Р = 9, q = 3 and r = 4, has been shown to Ье sequenceable Ьу 
the present author [6] and уету recently the groups оп two generators with 
similar structure having orders 39(p=13,q=3,r=3), 55(р=11, q=5, ,=3) 
and 57 (Р= 19, q=3, '=7) ћауе been shown to Ье sequenceable Ьу L. L. Wang 
[13]. Тће present author has conjectllred in [6] that аН non-abelian groups оп 
two generators are sequenceable and the recent results of L. L. Wang lend 
strength to this conjecture. 

As regards non-abelian sequenceable groups of even order, В. Gordon 
[4] has shown that the dihedral groups Dэ and D4 of orders 6 and 8 are not 
sequenceable, and Ј. Denes and Е. Тбrбk [3] ћауе shown that the dihedra1 groups 
Ds' D6, D 1 and Ds of orders 10, 12, 14 and 16 are sequenceable but that the 
remaining non-abelian groups of orders less than or equal to ] 4 are not 
sequenceable. 

lt is known that there are по row complete latin squares of orders 2, 3, 
5 or 7. This has been shown Ьу D. Warwick [14] and Ьу Р. Ј. Owens [11]. 
Very recently, Р. Ј. Owens has constructed the first examples of row complete 
latin squares which are not the multiplication tables of groups (that is, they 
do not satisfy the quadrangle condition, see [2]). These are of orders 8 and 
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10. Не has also constructed а row complete latin square of order 14 which 
cannot Ье made соluтп complete as well Ьу апу reordering of its rows. 

Рјпаllу, we mention that а row complete latin square of order п defines 
а decomposition of the complete directed graph оп п vertices into disjoint 
Hamiltonian paths. То see this, let the vertices of the graph Ье labelled Ьу 
means of the symbols of the square. ТЬеп еасћ row of the square defines а 
Hamiltonian path whose directed edges are given Ьу Ље ordered pairs of 
adjacent symbols јп that row. This fact was first observed Ьу N. S. Mendelsohn 

[10] and Ьу Ј. Denes and Е. Torok [3]. Jf 11 is even, а row complete ~ п х п 
2 

latin rectangle similarly defines а decomposition of Ље complete undirected 
graph оп п vertices into disjoint Hamiltonian paths. AIso, suitable row comp1ete 
latin rectangles exist for аН even values of п, as is shown јп [7] and [2]. 
(Since еасЬ Hamiltonian path has п - 1 edges and the complete undirected 

graph has ~ п (п -1) edges, по decomposition of this kind сап exist if п is odd). 
2 

Another type of quasigroup (latin square) which defines decompositions 
of the complete undirected graph is the so-called P-quasigroup (ог partition 
quasigroup) . 

Let us first define а P-groupoid. 

D е [ј п i t i о п. А groupoid (Q, .) is called а P-groupoid if it satisfies the 
following three properties: (ј) а· а = а for аll а Е Q; (јј) а =1= Ь implies а::ра· Ь 
and Ь =1= а . Ь [ог аll а, Ь Е Q; (јјј) а· Ь = с implies and is implied Ьу с· Ь = а for 
аll а, Ь, сЕ Q. 

А one-to-one correspondence between P-groupoids of п elements and 
decompositions of Ље complete undirected graph оп п vertices into disjoint 
closed paths is easily established Ьу lаЬеШпg the vertices of the graph with 
the elements of the P-groupoid and prescribing that the edges (а, Ь) and (Ь, с) 
shall belong to the same closed path of Ље graph if and опlу if а· Ь = с, а =l=b. 
We deduce at опсе that the пuтЬег of elements of а P-groupoid is odd. 
А P-groupoid which is also а quasigroup is called а P-quasigroup. Thus, а 
P-quasigroup is ап idempotent quasigroup with the additional property that 
whenever the relation а· Ь = с holds јп (Q,.) so also does the relation с· Ь = а. 

Тће concepts of P-groupoid and P-quasigroup ",еге introduced Ьу А. 
Kotzig [9]. Тће following facts were first pointed out јп [7], [5], [1] and [8] 
respectively. 

О Ь s е r v а t i о п 1. А decomposition ој the complete undirected graph оп 
п vertices У1 ' У2 ' ••• 'Уn into disjoint closed paths corresponds (о а P-quasigroup 
(V, .) if ам оn/у if, јог jixed values ој i and k, (у/, у) and (Уј ' ук) аге adjacent 
edges ој а closed path јог оnе and only оnе value оЈ ј. 

р r о о [. Jf (V, .) is а P-quasigroup, the entry k occurs опсе and опсе 
опlу јп the ith row of the multiplication table of (V, .). Let the соlumп јп 
which this entry occurs Ье the jlћ. ТЬеп we Ьауе ј.ј = k and (У;, Vj)' (у» УЈ аге 
adjacent edges of а closed path of Gn for this уаluе of ј and по other. 

О Ь s е r v а t i о п 2. Commиtative P-quasigroups ој order п exist exact/y 
when п = 1 ог 3 mod 6 ам then and оn/у then the comp/ete undirected graph 
оп п vertices саn Ье decomposed into disjoint triangular circuits. 
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р r о о [. ТЬе vertices оС the triangles define the triads оС а Steiner triple 
system. 

О Ь s е r v а t i о п 3. А Р-ч uasigroup оС order п exists which defines а 
decomposition оС Ље complete undirected graph оп п vertices into disjoint 
Hamiltonian circuits whenever п is а prime. 

р r о о [. We define the required P-quasigroup Ьу taking the set V = 
= {1, 2, ... 71} and observing that, јС an operation (.) is defined оп V Ьу the 
statement r· s = 2 s - r (mod п), we obtain а P-quasigroup (V,·) having the 
desired property. 

For further details and а discussion оС the connection between (V,·) and 
а certain row complete latin square, see [1). 

О Ь s е r v а t i о п 4. ТЬе existence оС а P-quasigroup оС order п = 2 r + 1 
which defines а decomposition оС the complete undirected graph оп п vertices 
into а single Eulerian closed path is equivalent to the existence оС а codeword 
оп 2 r + 1 symbols оС length r (2 r + 1) + 1 in which по pair оС consecutive 
symbols and по pair оС nearly consecutive symbols is repeated. 

р r о о [. Two symbols оС а codeword are said to ье near1y consecutive 
if they are separated Ьу а single symbol. We тау establish а correspondence 
between Eulerian circuits оС the complete undirected graph G /1 оп П vertices and 

codewords of length ~ п (п - 1) + 1 Ьу regarding еасЬ pair of consecutive symbols 
2 

of the codeword as representing an edge of the graph joining the vertices 
represented Ьу those two symbols. ТЬе last symbol of the codeword is taken 
to Ье Ље same as Ље first in order that the path represented should Ье closed. 
Since еасЬ edge of the graph occurs exactly ойсе in an Eulerian circuit, еасЬ pair 
of consecutive symbols must occur once and only once in Ље corresponding 
codeword. Also if the Eulerian circuit is to correspond to а P-quasigroup, 
еасЬ pair of nearly consecutive symbo1s must occur in the codeword at most 
once otherwise the property stated in observation 1 above would ье violated. 

In his original paper [9), А. Kotzig raised the question "For which 
values of п does а P-quasigroup e:xist which defines а decomposition of the сош­
plete undirected graph оп п vertices into а single Eulerian closed path Т' Не 
showed that such а P-quasigroup exists for the orders п = 3 and 7 but not 
when n= 5. Subsequent work оп this topic has made use of the equivalence 
with the codeword existence problem which is stated in observation 4 above 
and has shown that suitable P-quasigroups exist whenever п = 4 r + 3 except 
possibly when r= 127 mod 595 and whenever п = 4 r + 1 (r i= 1) except possibly 
when r=5 mod 7. 

ТЬе main theorem required is as fol1ows: 

Т h е о r е m 2. Let и denote а sequence о! non-zero integers и1 и2, ••• , и, 
such that - r~UI~r aпd I иј I i= I иј I un1ess ј= i (90 that I и1 1, I и2 1, ... , I и, I ј9 а 

• 
reordering о! the 7latura1 nuтbers 1, 2, ... r). Let (ј, = 2: иј, тod 2 r + 1. A1so, 

1=1 
let Uj+Uj+1=hj тod 2r+ 1 Jor ј= 1,2, ... , r-l, where -r~hj~r,· and 1et h, 
denote the sтallest integer congruent to и, + и1 тodиlo 2 r + 1. Then, if such а 
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sequence U exists with the Jollowing additional properties: (а) the integers I ћј I 
ауе а1/ distinct Јоу ј= 1,2, ... , у,. and (Ь) (0'" 2у+ 1)= 1, there exists а code­
word оп 2 r + 1 symbols о! length r (2 r + 1) + 1 јn which по pair о! consecutive 
symbols and по pair о! nеаУlу consecutive symbols is repeated. (Equivalently, 
there exists an Eulerian circuit of Ље complete undirected graph оп 2 r + 1 
vertices which corresponds to а P-quasigroup). 

lЈ sиeћ а sequence U exists with ,ће Jollowing alternative additional руо­
perties: (а) * Iће integers I ћј I are аП distinct Јог i = 1, 2, ... , r - 1 and по оnе 
о! 'ћеm is equal 10 1; (Ь)* и1 = 1 оу 2; and (е)* i Ји1 = 1, (- 3 + 0'" 2 г+ 1) = 1; 
if и1 = 2, (- 2 + 0'" 2 r + 1) = 1, then there exists а codeword оп 4 r + 3 symbols 
о! length (2г+l)(4г+3)+1 јп whjch по рајг о! conseeutive symbols and по 
рајг о! nearly consecutive symbols is repeated. 

Тће second part of this theoren1 is due to the present author and а 
proof wШ Ье found in [8]. Тће first part is Ље joint work of the present 
author and А. Ј. W. Hilton. It јз proved јп [5]. 

Once the theorem has been established, it only remains to show the 
existence of suitable sequences и. Ву way of illustration we state the foHowing 
theorem which јз proved [иllу in [5]. 

т h е о r е m 3. The Jollowing sequences U satisJy (ће conditions (а) and (Ь) 
о! theorem 1:-

r=2t; u1=-2t, u2 =2t-2, uз =2t-4, ... ,ut _ 1 =4, ut =2, ut +1=I, 

uI+ 2 =3, ... ,u2t _ 1 =2t-3, u2t=2t-l, modulo 41+1; (=/=1 and 1:ф:5mоd7; 

г=2/+1; и1 = -(2/+1), u2 =2t-l, uз =2t-3, ... , ut =3, ut +1 =1, 

иI+ 2 =2, Ul+ з =4, ... , uu =2t-2, u2t + 1 =2t, modulo 4t+3; tф 1 mod 7. 

Тbeorem 2 and the sequences obtained in [8] and [5] together solve 
Kotzig's problem for аН values of 11 of the forш 4 r + 1 except r = 1 and r = 5 
mod 7 and they also зоlуе ј! for аН values of п of the form 4 r + 3 except 
when у= 127 mod 595. It is Iikely that the construction of further sequences 
U wblch satisfy Ље conditions of theorem 2 (that is, sequences U additional 
to the several classes of such sequences obtained јп [8] and [5]) would enable 
Kotzig's P-quasigroup problem and the equivalent codeword existence probIem 
to Ье resolved completely. 
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А FUNCТIONAL EQUAТION WIТИ DIFFERENCES 

GyuZa Maksa 

1. Introduction 

Let R denote the set of real numbers. Let us determine аН functions 
Ј: R--+R such that 

(1) 
f(tx+ ty)-J(tx) =лх+ у)-Ј(х) 

f(tx)-f(tx-ty) f(х)-Ј(х-у) 

for аН х, у, tER, yt:;i:O. This problem is due to Р. DгаgПа [1]. 
Without 10ss of generality we сап assume that Ј(О)=О and Ј(1)= 1. 

Јп Ље following we employ the notation 

;г = {JIJ: R--+R; Ј satisfies the equation (1) for аН х, у, tER; yt:;i:O} 
ЛО)=О; ЛI)= 1 . 

The purpose of this paper is to give а necessary and sufficient condition 
for JE;:F. А sufficient condition сап easily Ье given: Let Ј: R-R Ье invertible 
with the properties ЛО) = О and ЛI) = 1, and additive or multiplicative. ТЬеп 
JE;:F. We shaIl show that these conditions are essentiaIly also necessary. 

2. Necessary conditions 

ТЬе form of the equation (1) suggests а simple necessary condition 
for fE;:F. Jt сап Ье formulated as foIlows: 

L е m m а 1. Let JE;:F, then Ј is invertible and оп odd Junction. 

р r о о [. Jf the function f were not invertible we could find rea} numbers 
хо' уо' уо#О so that f(хо)=Лхо- уо)' therefore the equation (1) could not 
hold for х = ха' У = Уо' t # О. Јп order to prove that Ј is odd, we must put 

х=О, t=~ јп the equation (1). Thus we obtain Л-у)=Л-I)Лу) for аН 
у 

YER. Непсе f2 (-1) = 1, but f is invertible, thus f( -1) = -1 .• 
We guess that, if JE;:F then either f is multipIicative or Ј is ап additive 

fиnction. ТЬе following lemma allows to distinguish these two cases. 

4 Зборвшс радова 
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L е m m а 2. Let JE:F', (ћеn (ће set 

L= {ос I ctER; ЈСосх) = ЈСос)ЈСх) Јо, 011 xER} 
is а field. 

Proof. lt 1s obvious that О, lEL, furthermore if ocEL then (-O()EL, 
for Ј is odd Ьу Lemma 1. Now, let ctEL and 0(#0, then the equation 

ЈСх) = ЈСос)Ј( : ), (xER) implies that 

J(J...x)=_l J(X)=J(J...)f(X) (xER), 
ос f(oc) ct 

therefore J... EL. Putting х= у, (= Ј... јп the equation (1), we have 2EL. Thus 
о( х 

if we write х + 2 у instead of у јп the equation О) we get 

(2) 
[f(2) f(tx + 1y)-f(tХ)] [ЛХ) + f(2) f(y)] = 

= [Ј(2) f(x + у)-f(x)] [f(tx) + f(2)f(ty)] 

for аН х, у, tER, and therefore - with the substitution x=(XIEL, y=oc2EL­
we obtain that ОС 1 + 0(2 Е L, provided that ос1 :ј=. - 2 ос2 • If 0(1 = - 2 (xz then ОС 1 + 0(2 = 
= -ос2ЕL too holds. Final1y, if ОСI' oc2EL then f(oc1 (Х2 Х) = f(oc1)f((X2 X) = 
=f(0(1)f(0(2)f(X)=f(0(1OC2)f(X) for аН xER and therefore 0(10(2EL .• 

ТЬе following lemma yields an equation coming from the equation (2) 
which comfirms our above mentioned hypothesis. 

L е m m а 3. Let ЈЕ<,Ј' then 

(3) [(f(2)-1)f(x+ y)-f(x)-ЈСу)] [f(tx) f(y)-f(ty) f(x)] = О 

Јо, оП х, у, tER. 

Р r о о f. Ву equation (2) 

Ј( ) 
f(tx) [f(x+ у)+ f(y)] + f(ty) [f(2)f(x+ y)-f(x)] 

tx+ty= -
ЛХ) + f(2)f(y) 

for аН х, у, (ЕН, х:ј=. -2у. Interchanging х and у, we Ьауе 

f(tx) [Ј(х+ у) + f(y)] + f(ty) [f(2)f(x+ y)-f(x)] 

f(x) + f(2) f(y) 

=J(ty) [f(x+ у)+ f(x)] + f(1x) [f(2)f(x+ y)-f(y)l 

ЛУ) + f(2)f(x) 

for аН х, у, tER, х-:ј: -2у, у:ј=.-2х. Hence, after а simple calculation we 
obtain the equation (3). 

3. Тhe тајп result 

Combining t~e statements оГ Lemma 1 and итта 2 we get the following 
theorem (in which we и~ thenotations of the lemmas mentioned). 
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Theorem 1. Let JE:r 

а) if L=R then f(xy)=f(x)f(y) Јог аЏ х, YER, 
Ь) if L*R (ћеn лх+ у) = f(x) + f(y)and Ла.х) = f(a.)f(x) Јог а11 х, yER 

аnа a.EL. 

р r о о [. Ву defjnition of L the proof of part а) is trivial, fиrthermore 
јп the case Ь) it wШ Ье sufficient to show that the equation 

(4) f(x + у) = Ј(х) + f(y) 

holds for аН х, YER. Equation (3) implies that 

[f(2)-1]J(x+ у) = ЛХ) + ЛУ) 
for аН xER-L, YEL, у*О. Ву Lemma 2 L is а field and therefore 
х+ YER-L, (-Y)EL. Since Ј is odd, it foHows that 

[f(2)-1]f(x)=f(x+ y)-f(y) 

for аН xER-L, уЭL, у:;60.' Thus we obtain 

[Ј(2) - 2] [f(x + у) + ЛХ)] = О 

for аН xER-L, YEL, у*О. Since L is а field х+ у*-х, furthermore -
using that Ј is invertible - we get f(2) = 2 and therefore the equation (4) 
holds for аН xER-L, yEL. Тће equation (3) also imp1ies that the equation (4) 
holds for аН х, YER-L. Рјпаl1у, if х, YEL and xoER-L Љеп 

Лх+ у) = f(x+ хо + у-хо)= Лх+ хо) + Ј(у-хо) = 

=ЛХ) + f(xo) + Лу)-Лхо)=Лх) + f(y) .• 

We сап summarize ощ results as foIIows: 

Т h е о r е m 2. JE:r јЈ and only if Ј satisfies (ће Jo11owing conditions: 

(ј) Ј: R-.+R, ЛО) = О, f(1) = 1 

(јј) the Junction Ј is invertible and odd 

(Ш) either 
ЛХУ) = f(x)f(y) 

Јог all х, yER ог there exists а field L, LCR, L:;6R such that 

ЛХ + у) = ЛХ) + ЛУ) and f(a.x) = f(a.)f(x) 

Јог а11 х, YER, rxEL. 

Рјпаllу, we make some simple remarks: 

1. Jf L is а field of the rational numbers then the equation of additivity 
implies the equation 

f(a.x)=f(a.)J(x) (a.EL, xER). 

2. Jf L:;6 R but it has а measurable set of positive measure then 
ЛХ) = х (xER). In this case there exists а~а-s~~:вt:~Ds.i1iV!~nдаSuГe' 
such that ЛХ) ;z О for аН х ~ А. ,l:.' ;/, ,~, ј I М О '1~ " ' _ ,,' ~ 

- с, ;\~ATEL;:ATt44KO~' ~}ЮТИН!1I.~) GA~i\f\ 
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3. ТЬе continuous (or measurable) solutions of the equations 

f(xy) = f(x) лу) and f(x + у) = f(x) + f(y) 

are weII-kпоwп thus the continuous (or measurable) solutions of the equation (1) 
сап easily Ье given. 

ТЬе author would 1ike to thank Professors Z. Dar6czy and К. Lajk6 
for аН their help. 
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ON MODULAR LAW FOR TERNARY GD-GROUPOIDS 

Svetozar МШс 

1. Let Х1 , Х2 , ХЗ ' Х4 Ье four nonempty sets, and 

А : Х1 Х Х2 Х ХЗ -'Ј- Х4 
then the ordered fivefold (Х1 , Х2 , Хз , Х4 ; А) we саН G-groupoid (generalized 
ternary groupoid). 

Let us introduce following notations 

L1x=A(x, а2 , аз), L1y=A(al' у, аз), L1z=A(al' а2 , z) 

where ајЕ Хј (i = 1, 2, 3)' are some fixed elements. ТЬе mapping L~ we саН 
G-translation in relation to the fixed elements. 

If L~ are surjections for arbitrary fixed elements, then the ternary G-grou­
poid we саН GD-groupoid (G-groupoid with division). 

For G-groupoids and GD-groupoids we introduce the notion of homotopy. 

D е f i п i t i о п: For ternary G-groupoid (Ур У2 , Уз, У4 ; В) we say that 
1t lS the homotopic image of G-groupoid (ХI' Х2 , ХЗ ' Х4 ; А) if there exist 
fourfold Н = [Ot, (3, у] surjection 

Ot: Х1 -+ У1 (3: Х2 -'Ј- У2 у: Хз-+ УЗ 8: Х4-+ У4 
such that is fulfilled 

8А(хl' Х2 ' хз)=В(OtХl' (3х2 • ухз) 
for arbitrary ХјЕХј (ј= 1,2, 3). 

If Ot, (3, у, 8 are bijections, then the homotopy Н we саН ап isotopy. 
2. This paper is Ље enlargement (supplement) of the paper [2], therefore, 

we shall only formulate certain assertions without detailed proofs, as the proofs 
are similar to those in [2]. 

Theorem 1. Jf јоиг GD-groupoids А,В, С, D where 

В:Уј хУ2 хУз -+Qј D:X1 x ... XXj_lxYjXXi+lx ... ХХз-'Ј-Qј 

(1) А:Х1 х ... XXi_lxQjXXi+1X'" хХз-+Q 

С: У1 х ... Х Уј- 1 Х Qj Х Уј-1 Х ••• х Уз-'Ј-Q 
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satisJy the equation 

А(хl' ... 'Хi-l' В(уl' Yz' Уз), Хј +1' ••. , Хз) 
=С(Уl' ... , Уј-l' D(xl' ... , Хј_1 ' Уј' хј + 1 ' •• , , хэ), УЈ+1' '" ,Уз) 

(2) 

Јог every xkEXk, УmЕУm (k, т= 1,2,3) and if 

L1:Qг~Q,L;:Qг~Q 

аге bijections (Јог arbitrary elements) then (ћеге exists the group (Q, о) that 

В(Ћ, Yz' уз) = (L1)-1(p(yl' ... , УЈ-Р Уј+l' ... , уз)оL; L~YJ) 

(3) С(УР"" Уј-l' Z, УЈ+l' ... , уз) = Р(УР ... , УЈ-l' Уј+l' ... , уз)оL;z 
D(xl' .. , '. Хi_ р УЈ' Хј +1' ... , хз) 

( С -1 ( С D ( ») = Lj ) L j L i уЈоК Хl' .. , , Хј _l' Хi +1' '" , хз 

where Lf: Уг-+Љ and К and Р аге arbitrary Ыnагу GD-groupoids (Неге, Ьу 
definition Јог ј, јЕ{I, 2, 3} we omit ХО' УО' Х4 , У4 Јгот (1), as well as хо' Уо' Х4 ' У4 
Јгот (2). 

Ву introducing the relation of equivalence in the set of surjection [1] [2] 
then is valid 

т h е о r е m 2. Jf Јоuг (erпaгy GD-groupoids А, В, С, D satisJy the соn­
ditions о! Theorem 1, then the general solution о! equation (2) 

В(уl' Yz' уэ)= ос- 1 (Р(уl' ... , Уј-Р Уј+l' ... , Уз)О~УЈ) 

С(ур ... , Уј-Р Z, УЈ+l' ... , уэ)=Р(уl' ... , УЈ-l' УЈ+l' ... , уэ)о"(z 

D(xl' ... , хi- 1 ' УЈ' 'Хј + Р ... , хз) ="(-1(~YjoK(Xl"" 'Хј-l' Хј + Р ··· , хэ») 
where (Q, о) is (ће group -determined uр toisomorphism and (ће mappings ос, ~, "( 
аге determined uр (о оп the equivalence and К and Р аге arbitrary Ыnагу 
GD-groupoids. 

For the proof of theorem 1. respectively of the theorem 2. is used Ље 
same method as in the paper [2], at it, we obtain the GD-groupoids S iso­
topic А, D and Т arbitrary for В, С and they satisfy following modular laws 
for different i, ј 

1) (1,1) - modular law 

S(T(t, Yz' уз)' xz' хз)= T(S(t, xz' хэ), yz, уэ) 

2) (1,2) - modular law 

S(T(yl' t, У2)' xZ ' хэ) = т (у l' S(t, x z' хэ)' yz) 

3) (1, 3) - modular law 

S(T(Yl' Yz' t), XZ' хз)= Т(уl' Yz' S(t, xz' хз») 



Оп modular law for' ternary GD-groupoids 

4) (2, 2) - modular law 

S(xl' Т(Уl' t, УЗ), ХЗ)=Т(Уl' S(xl' t, хз), Уз) 
5) (2, 3) - modular law 

S(Xl' Т(уl' Yl.' t), хз)=Т(уl' У2' S(xl' (, хз») 

6) (3, 3) - modular law 

S(Xl' Х2 ' Т(Уl' У2' (») = Т(уl' У2' S(xl' Х2 ' t»). 
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АН these equations are solved similarlyas the equation under 4) (see [2D. 
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Београд-Нови Сад, 18-21. 9. 1974. 

OBER EIN1GE FORMALE ASPEKTE DER DYNAM1K 
(D1V1DIERВARKEIТ UND ANALYТISCHE IТERATION 

KONTRAHIERENDER B1HOLOMORPHER ABB1LDUNGEN) 

Ludwig Reich 

§ 1. Einleitung. Zusammenste))ung bekannter Ergebnisse 

1п meiner Arbeit [1] ЬаЬе ich ејпеп Zusammenhang zwischen der Existenz 
т-ter Wurzeln einer kontrahierenden Ыholomorphen AbЫldung Р (vgl. die Defi­
nitionen јп [1] oder [2]) und der Existenz einer analytischen Iteration уоп Р 
hergestellt. Dieser Zusammenhang konnte gewonnen werden mittels der Methode 
der sogenannten vollstii.ndigen Linearisierung уоп Р (vgl. [1], [3]). т-te Wurzel 
уоп р war dabei ејпе formal-Ыholomorphe AbЫldung G (- die sich als ео ipso 
lokal-biholomorph herausstellt -) Шг deren m-te Iterierte Gm gi1t р = Gm. Fur 
diese Punktionalgleichung und ihre lange Geschichte vgl. etwa [4]. Unter einer 
analytischen Iteration уоп Р versteht тап die Einbettung уоп Р јп ејпеп 
einparametrigen Lie'schen Gruppenkeim 

F,=x-+x(t) =A(t) х+ т(t, х) 

mit dem additiven Gruppenparameter t, der Substitution als Gruppenoperation 
und den Randbedingungen 

Po=id, Р1 =Р. 

Der јп [1] ausgesprochene Zusammenhang zwischen der Existenz m-ter 
Wurzeln und der Existenz analytischer 1teration уоп Р lautet пип; 

I 

S а t z: (ј) Es mogen Јuг unendlich viele т Е N m-te Wurzeln рm VOIl Р 
exi.stieren. 

I I 

Ој) Ше vollstiindigen Linearisierungen von рм, L (рм) mogen аllе ејn und 
derselben analytischen Iteration L (р) angehOren. 

Behauptung: Dann existiert ејnе analytische Iteration P(t) von р, Јuг die 

(1) .!. auj/erdem gilt Р т = рm . 
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Es ist пип zunachst das Ziel der vorliegenden Arbeit, in ејпес Reihe уоп 
Satzen zu untersuchen, wie weit die Voraussetzungen dieses Satzes abgeschwacht 
oder durch andere ersetzt werden konnen. Im einzelnen: Es wird z. В. јп 
Satz 1 (§ 2) gezeigt, daO тап и. U. die Voraussetzung der Existenz m-ter Wurzeln 
durch die Voraussetzung der Existenz ,/Iт-ter Wurzeln", d.h. уоп Abbildung 
FI/т Шr die (Fl/т)т = Fl, / Е N, gilt, ersetzen kann. Нingegen geht es јп 
Satz 2 (§ 1) darum, die Voraussetzung (Н) abzuandern. Нier kann z.B. die теЬс 
algebraische Voraussetzung getroffen werden, daO Шr jedes U aus dem Кот­
mutator уоп L (Р) (јп der асирре der Нпеасеп Automorphismen) jedes 
U-1 о L(F1/т)оU die Varietat der vollstandigen Linearisierung, L(Cn), als ganzes 
invariant IaBt. 

In einigen weiteren Satzen (§ 3) wird das Verfahren der vоПstiiпdigеп 
Linearisierung dazu benutzt, zu untersuchen, was die Existenz stetiger FШssе 
oder stetig differenzierbarer FШssе, јп die F eingebettet ist, Шr die Existenz 
analytischer Iterationen impliziert, (Satz 3, Satz 4). Z. В. impliziert die Einbett­
barkeit уоп F in ејпеп einparametrigen, stetig differenzierbaren FluB die Existenz 
ејпес analytischen lteration (Satz 3). 

Оје Einbettbarkeit јп ејпе kontinuierliche einparametrige асuрре Fr hat 
Фе Existenz ејпес analytischen Iteration zur Konsequenz, wenn z. В. посЬ gefor­
dert wird, daO Шг ејпе јп R dicht liegende Menge уоп р die Linearisierungen 
L(Fp) аНе ејп und derselben analytischen Iteration уоп L(F) angehoren (Satz 4). 

In § 4 werden wir uns schlieOlich der Frage zuwenden, wann es m-te 
Wurzeln Fl/т уоп F gibt zu vorgegebenen Bestimmungen р//т der Eigenwerte 
des Linearteils уоп Fl/т (Satz 5). АисЬ dies geht иЬес das Verfahren der 
vollstandigen Linearisierung, und mап еrhЮt ејп algebraisches Existenzkriterium. 
SchlieBlich werden wir zeigen, daO es geniigt, die Existenz уоп hinreichend, 
аЬес endlich vielen m-ten Wurzeln уоп F vorauszusetzen, wenn es ит die Frage 
geht, оЬ eine vorgegebene analytische Iteration 5, уоп L{F) aus liпеасеп Abbil­
dungen das Bild einer analytischen Iteration Р, уоп F ist: 

Њ=LоF,оL-1, оЬ also 5, 
ејпе analytische Iteration уоп F "fortsetzt". Das wird јп Satz 8, Satz 9 behandelt. 

Wir beenden diesen Paragraphen mit ејпес Zusammenstellung der wichtigsten 
Tatsachen iiber die vollstandige Linearisierung. 

Оје vollstandige Linearisierung ејпес kontrahierenden Abbildung F bedeutet 
(vgl. [3}): Es existiert ејпе biholomorphe, sogar birationale, uЬесаll bireguIare 
Abbildung L des СП auf ејпе analytische (sogar algebraische Varietat ЦСn) = ffiCCN 
mit folgenden Eigenschaften: 

1) Lo FoL -1 ist die Einschrankung genau eines Нпеасеп Autoinorphismus 
L (Р) уоп CN auf ffi, Ьеј dem ffi invariant bleibt. 

2) Ist G ејпе mit F kommutierende formal-biholomorphe -:\bbildung mit 
Fixpunkt х=О, dann ist аисЬ LoGoL-l die Einschrankung genau eines linearen 
Automorphismus L(G) des CN auf ffi, Ьеј dem ffi invariant bleibt. 

3) Оје Koeffizienten der Matrix м (L(G» , falls dabei die gegeben kontra­
hierende Abbildung G јп halbkanonischer vorliegt, sind Polynome јп den Koef­
fizienten der Potenzreihe G. d. Ь. ihrer polynomialen halbkanonischen Formen; 
ebenso sind die Koeffizienten der Potenzreihen јn G Polynome јп den Elementen 
уоп M{L(G»). Оје Eigenwerten уоп F und L(F) stimmen uЬесејп, abgeschen 
уоп den Multiplizitaten. 
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4) Einer analytischen Iteration уоп F entspricht durch den Obergang 
Ft~L(Ft) ејпе eineindeutig bestimmte analytische lteration der Iinearen AbbiI­
dung L(F), dabei sind die L(P') Iineare Abbildungen, sie Iassen m fest (Р" 
vgI. (1], ist патIiсЬ mit F vertauschbar, aIso volIstandig Iinearisierbar). 

Wir zeigen посЬ, da6 jede formale m-te WurzeI рl/m eines Iokalbiholo­
morphen kontrahierenden F IokaI biholomorph ist: 

Jede formale m-te WurzeI eines IokaI-bihоlоmогрhеп kontrahierenden F 
ist ео ipso konvergent. Jede rationale Iterierte Fl/m, d. Ь. ејпе foгmаI-bihоlо­
morphe Abbildung Fl/m mit (Fl/m)m=Fl, lEZ, ist ео ipso konvergent. 

Beweis: Es giIt p-l/m оро l/m=Р-l/mо (рl/m)mо рl/m=р, aIso ist рl/m mit F 
vertauschbar. Es sei пип Т ејпе konvergente Transformation уоп F auf halbka­
nonische Form. Dann ist Т-l о рl/m от m-te WurzeI уоп T-l 0РоТ, aIso пасЬ [5], 
bzw. [1], selbst polynomial, aIso konvergent. Da Т konvergent ist, trifft dies 
аисЬ fur To(T-l 0 Рl/m о Т)оТ-l ~pl/m zu. Da пип Fl ebenfaIIs mit F vertauschbar 
ist, so wird es durch das obige Т auf polynomisch vereinfachte Gestalt trans­
formiert, und es foIgt аисЬ fiir F1/m analog, da es mit рl vertauschbar ist, 
daB es durch Т auf polynomische Gestalt transformiert wird. Somit ist аисЬ рl/m 
konvergent. 

Iт ubrigen sei ausdriickIich darauf verwiesen, daB wir hier den Inhalt 
und die Methoden der Arbeit [1] als bekannt voraussetzen werden und sets 
auf die уоп uns benotigten StelIen verweisen werden. 

§ 2. Dividierbarkeit uud analytische Iteration 

Als VeraIlgemeinerung des јп der Einleitung zitierten Satzes aus der 
Arbeit [1] beweisen wir zunachst: 

S а t z 1: а) Es mogen Јйг unendlich viele rationale mod 1 inkongruente 
Iјт (1)0, т>О) rationale Iterierte Fl/m existeren. 

Ь) Рйг 1> 1 seien dieses FI/m тё! F vertauschbar, und die dann ео ipso 
existierenden L(Fl/m) mogen еёnег und derselben analytischen Iteration von L(F) 
angehoren. 

Dann existiert еёnе analytische Iteration F (t) von F und es ist РЏ/ т) = FI/m. 

В е w е i s: Es existiere fur ејп Iјт FI/m, und es sei ljm = [ljm] +kjm, 
O~k/m<l. Nach Voraussetzung bilden die kjm ејпе unendIiche Menge. Wir 
setzen Fk/m = FI/moF-[/lmЈ. Es giIt mit der Вezeichnung F-k/m=(Fk/m)-l: 

F-k/m оРо Fk/m = F-1/mоF[Ј/mЈоFоF-[I/mЈоFI/m = F-1/mоFоFI/m = р, 

aIso existiert аисЬ L (Fk/m), und diese L (Fk/m) gehOren ebenfaIIs der anaIytischen 
Iteration ап, zu der die L (рl/т) gehoren, wegen 

L (Fk/m) = L (F/{m-[I/mЈ) = L(PI/M) о 

L (P-СI/mЈ) = L (FI/m) о (L(F[l/mJ)-l). 

Wir gehen уоп einer halbkanonischen Form уоп F aus, und пеЬтеп ап, 
die Elemente der analytischen Iteration уоп L (F), lrl' seien gegeben durch 
~~M(t)~. Dabei sind die Elemente уоп ми), wie aus [1] bekannt, ganze 
Funktionen уоп '. Es seien ФI=О' ... , Фs=О die Gleichungen der algebraischen 
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Varietat ffi, ~ sei ein allgemeiner Punkt von ffi. Auf Grund von [2] bedeutet 
dies, da6 die Koordinaten ~j von ~ Potenzprodukte der Unbestimmten Х1 ' .•• , х 
sind. Nun hat L (Fk/m) als Element der analytischen Iteration die Darstellung 
~-M(k/m)~, wie man leicht nachrechnet, L(Fk/m) la6t ffi invariant, und wir 
haben wie in [1], fur den allgemeinen Punkt ~ von ffi:Ф1(М(k/тН)=О, ... , 
Ф.(М(k/т)~)=О Шr die unendlich vielen k/m mit O~k/m<l. Wie in [1], 
р. 13-19, schlie6en wir nun daraus mit Нilfe des Identitatssatzes Шr analytische 
Funktionen, daB die Varietat ffi auch bei der al1gemeinen Abbildung ~-M(t)~ 
der analytischen Iteration von L(F) festbleibt. Die Anwendung des Identitatsprin­
zips beruht dabei auf der Existenz eines Haufungspunktes der Menge der k/m, 
in dessen Umgebung die Elemente von M(t) holomorph sind. Wie in [1] wird 
nun geschlossen, da6 F in angegebener Weise eine analytische Iteration besitzt. 

Die Bedingung, da6 аНе рl/m einer und derselben analytischen Iteration 
von L(F) angehOren mussen, wird in folgendem Satz durch eine mehr algeb­
raische Bedingung ersetzt werden. 

S а t z 2: а) Pйr unendlich viele l/т ехЫјегеn m-te Wurzeln рl/m уоn Р. 
Ь) Рйг jedes И aus dem Kommutator уоn L(F) lasse der lineare Automorphismus 
И-1оL(F1/m)оUffi invariant. с) Die L(Fl/m) mogen analytischen lterationen уоn L(F) 
zu den gleichen уоn т unabhiingigen Bestimmungen der Logarithmen lnPi der 
Eigenwerte уоn Р; аngеhбгеn. 

Dann existiert ејnе analytische lteration уоn Р, F(t), und es gilt Р(1/т) = рl/m. 

В е w е i s: Wie in [1] gezeigt wurde, werden samtliche analytische Iteratio­
nen В:I von в: = ЦР) zu festen Bestimmungen der ln Рј gegeben durch И-10В:IОU, 
wobei И die Automorphismen mit И-10 В: О И, det И = 1, durcblauft, und Њ 
eine beliebige feste analytische Iteration zu diesen Bestimmungen ln Рј bezeichnet. 
Es sei also ein solches Њ fest gewii.hlt. Nach Voraussetzung gehort L (рl/m) 
einer analytischen Iteration 1/m~1 von L(F) zu den fest gewahlten Bestimmun­
gen ln Рј an. Somit existiert ein 1/тИ aus dem Kommutator mit (1/mИ)-lо 1/mfJI о 
1/nР = ~I· Dies bedeutet, daB (1/mИ-1)оL(Fl/m)ОI/тИ der fest gewahlten ana1y­
tischen Iteration В:t angehOrt. Au6erdem lii.6t nach Voraussetzung С/тИ-1)о 
L(Fl/т)О1/тИ invariant. Mit der schon in [1] verwendeten Schlu6weise, ergibt 
sich also die Existenz einer analytischen Iteration ~t von L(F), die ffi invariant 
lii.6t, somit existiert аисћ die angegebene analytische Iteration von Р. 

§ 3. Kontinuierliche Gruppen und analytische lteration 

Dieser § ist der Frage gewidmet, was die Einbettbarkeit von F in einpa­
rametrige stetig differenzierbare oder gar nur kontinuierliche Gruppen fur die 
Existenz analytischer Iterationen impliziert. 

S а t z 3: F = Р1 besitze ејnе Einbettung јn ејnе einparametrige ree/le 
additive stetig differenzierbare Gruppe Fr (гЕ R) уоn lokalbiholomorphen АЬЬil­
dungen ти Fixpunkt х = о. 

Dann existiert ејnе analytische Iteration F(t) уоn Р, sodafi Fr Иntегgгuрре 
derselben ти Р(г) = Fr ist. 

В е w е i s: Da die Gruppe additiv ist, gilt F о Fr = РЈ+ r = Fr +1 = Fr о Р, 
also existiert L(Fr ). Da die Elemente der Matrizen der L(Fr ) Polynome in den 
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Ko~ffizienten der Р, sind, handelt es sich Ьеј L(P,) um ејпе stetig differen­
zierbare Gruppe уоп Matrizen. Bezeichnet· die Ableitung пасЬ dem Gruppenpa­
rameter г, so folgt . . 

L(P,)=L(P,) 1,=oL(P,) , rER. 

Aus dem Existenz- und Eindeutigkeitssatz Лiт Differentialsysteme folgt 
аЬет, daB es sich Ьеј L(P,) sogar ит ејпе einparametrige Liesche Gruppe 
handelt, da die Losungen ео ipso holomorph ausfaIlen. Ihre Elemente seien 
mit tr" [ЕС, bezeichnet. Speziell ist tr,=L(P,) fiir rER. Fiir unendlich ујеlе 
t=r, die sich etwa јп г= 1 hiiufen, gilt diese obige Relation. Verwendet тап 
пип wieder die Beweismethode Уоп [IЈ, р. 14-19, d.h. die Betrachtung gewisser 
die Invarianz уоп !R ausdriickender analytischer Gleichungssysteme, so ergibt 
sich, јт wesentlichen mittels des IdentiНitssatzes fiir analytische Funktionen, 
die Existenz ејпет analytischen Iteration Р, уоп Р, der {Р, I rER} als Unter­
gruppe angehort. 

Hinsichtlich des Zusammenhanges zwischen kontinuierlichen einparametrigen 
Gruppen (stetigen Fliissen) und analytischen Iterationen zeigen wir: 

S а t z 4: а) Es besitze F ејnе Einbettung јn ејnеn stetigen гееllеn FlujJ, 
d.h. ејnе einparametrige, additive, гееllе, kontinuierliche Gruppe {Р" rER}. Es 
sei Р ејnе Teilmenge von R, soda.fJ es unendlich viele mod 1 inkongruente р Е Р 
gibt und sodajJ {lp I рЕР, lEZ} dicht јn R ist. 

Ь) Fиг unendlich viele mod 1 inkongruente р mбgеn die L(Fp) ејn und 
derselben analytischen Iteration ff, von L(F) аngеhбгеn. 

Dann besitzt Р ејnе analytische Iteration P(t), mit Р, als Untergruppe 
von P(t). 

Beweis: L(F,) eXlstlert. Denn es ist Fl+,=F'+l=FoF,=F,oF. Es sei 
{Р}=Р-[РЈ. Nach Voraussetzung besitzen diese {р}, РЕР, ејпеп Haufungspunkt 
јп [О, lЈ, und es gehOren die L(P(p)=L(Pp)oL(F_[pi) аНе der analytischen 
Iteration tr, ап. Nach der aus [1] iibernommenen Beweismethode, das analy­
tische Gleichungssystem zu betrachten, das die Invarianz уоп !R ausdriickt, und 
den Identitatssatz anzuwenden, ergibt sich wieder, daB ејпе analytische Itera­
tion P(t) уоп Р existiert, mit Р(р)=Рр , рЕР, somit аисЬ P({p})=F(p), 
P(lp)=F{p. Es sei rER beliebig. Nach Voraussetzung gibt es dann ејпе Folge 
Pk' PkCP, und zugehOrige lkEZ, sodaB г= lim lkPk' Da die Gruppe der Р, 

k-.cc 

kontinuierlich ist, folgt 
Hm P(lk Pk) = Р(г). 

k-.cc 

Da aber F'kPk=F(lkPk)' so folgt Р(г)=Р,. W.z.bw. 

Wir halten посЬ fest: 

F о 1 g е r u п g: а) Es besitze F ејnе Einbettung јn ејnеn stetigen FlujJ Р,. 

Ь) Fиг ејn irrationales р mбgе L(Fp) ејnег analytischen Iteration ff, von L (р) 
аngеhбгеn. 

Dann existiert ејnе analytische Цегаtiоn F(t) von Р, und es gilt Р(р) = Рр. 
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Beweis: Fiir irrationales Р sind die Zahlen {т р} dicht јп [О, 1], (vgl. [6]), 
und es gеhOгёп аисћ аНе L(F(mp)=L(Fmp)oL(F_ImpJ) der analytischen ltera­
Ноп~, ап. AuBerdem ist {l{тp}jlEZ, тEZ} dicht јп R. Somit sind аисћ 
die Voraussetzungen von Satz 4 erfiillt, und die Folgerung ist bewiesen. 

§ 4. Existenz т-ter Wurzeln 

Wir behandeln hier die јп der Theorie der Funktionalgleichungen seit 
langem studierte Funktionalgleichung von BABBAGE fiir kontrahierende ЬЉо­
lomorphe Abbildung Р. Gesucht ist ејпе lokal biholomorphe Abbildung G mit 

Gm=F. 

Es ist nicht bekannt, оЬ jedes F fiir jedes т ејпе т-te Wurzel besitzt. 
Die Eigenwerte des Linearteils von рl/m sind р.1 /m, ••• , рn1/m, mit gewissen 
Вestimmungen der т-ten Wurzeln der Eigenwerte Рр ... ,Рn von Р. Es zeigt 
nun ејп einfaches Beispiel, auf dessen Detaildiskussion wir verzichten diirfen, dаБ 
es Abbildungen F gibt, dаБ пјсы fiir jedes т und jede Wahl der р. 1 /m, ••• , рn1 /m 

ејпе т-te Wurzel Рl/m existiert. Sind патliсћ (.1-., (.1-2 komplexe Zahlen mit 
0<1(.1-;1<1 und der Relation (.1-2= -(.I-.V, und setzen wir Р. =(.1-/' P2=(.I-/, so liegt 

Р: 

јп Normalform vor, und es zeigt sich, dаБ keine Abbildung рl/2 existiert, 
deren Linearteil die Eigenwerte р. 1 / 2 = (.1-., Р2 1 / 2 = (.1-2 aufweist. 

Wir beginnen mit folgenden Bemerkungen, deren Beweis auf Grund von [1], 
§ 3, fast trivial ist, und daher ausgelassen werde. 

1) Die Eigenwerte von рцm sind Вestimmungen р. 1 /m, ••• , рn1 /m. 

2) Jede lineare Abbildung А: х-Ах, det A=FO, besitzt fiir jedes тEN, 
т-te Wurzeln und diese ergeben sich, indem тап јп einer geeigneten analytischen 
Iteration А, von А fiir t = l/т das Element А1Iт hегаusfаБt. 

Es sei пип L (Р) = ~ die vollstandige Linearisierung von Р. ~, sei ејпе 

analytische Iteration von ЦР}, zu den Веstimшuпgеп ОП Р.)о' ... , ОП Рn)о der 
Logarithmen Р., ... , Рn und zu ејпет Parameter 'УЈ der irreduziblen Parame­
termannigfaltigkeit (vgl. [1], § 3). Falls F die т-te Wurzel р1/m besitzt, dann 
ist, da L ејп Isomorphismus ist, L(Fl/m) т-te Wurzel von L(F), und es ist 
пасћ Bemerkung 2.) јп einer analytischen Iteration ~, von ~, etwa der gegebenen, 
als ~.''" enthalten. Wir werden dann sagen: Р./m gehore zu Опр.)о, ... , ОПРn)о; 'УЈ. 
Es gilt пип aber ~l/m = L(F1/m) fiir ејп рl/m genau dann, falls ~./m die VarieHit т 
der Linearisierung als ganzes invariant liiБt. Es sei пип 1; ејп аllgешеiпег Punkt 
von т. Driickt тап es durch Gleichungen aus, dаБ аисћ ~./m 1;. ејп Punkt 
von т ist, so erhiilt wie јп [1], р. 14-19, ејп System von ganz rationalen 
Relationen 
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wo Ьеј q>",(З die Elemente der Matrix trJ/т bezeichnet. Aus [1], § 3, foIgt daB 
die Ђ.(З ihrerseits Polynome јп den Elementen уоп L (р), also аисЬ den Koef­
fizienten von Р und auBerdem јп Parametern ('1) Ј ' ••• , '1)1) aus der Parameter­
mannigfaltigkeit 9л sind. Die 

(1) 

und 9л Ыingen dabei уоп (ln РЈ)О' ... , (Јп Рn)о аllејп аЬ. Fi.ir die Existenz 
eines рl/т zu ОП РЈ)О' ... ,) lп Рn' '1) erhalten wir daher als notwendige und 
hinreichende Bedingung das Bestehen ganz-rationaler Relationen, wobei р die 
Kocffizienten уоп Р (bis zur maximalen Ordnung des Zusatzmonoms) bezeichnet 
und '1)Е9Л ist. Somit 

S а t z 5: Notwending und hinreichend Јиг die ExiJtenz eines pl/m zu 
1 /т (Јп РЈ)О' ... , l/т (ln Рn)о ist das Bestehen der Relationen (1) тј! ејnет 
geeigneten '1)ЕЮl. Ше Фр " . , ФN und 9л hangen nиг аЬ von den gewiihlten 
Bestimmungen der Logarithmen von L(P). 

Daraus ergibt sich unmittelbar. 

S а t z 6: Es gibt kontrahierende Abbildungen Р ти Jolgender Eigenschaft: 

Zu jeder Wahl von (ln РЈ)О' .. , , (ln Рn)о und zu jedem ~Е9Л existieren hбсhstеns 
Јиг endlich viele т Е N m-te Wurzeln РЈ/т zu (ln РЈ)О' ... , (lп Рn)' ~. 

S а t z 7: Es gibt Normalformen g. linearer Abbildungen und natiirliche 
Zahlen т, dajJ die Polynome (1) nјсћ! identisch verschwinden, u.zw. Јиг jede 
Wah/ von (Јп РЈ)О, ... , (ln рЈО. 

Der Beweis dieser Satze ergibt sich unmittelbar aus dem Einleitung zitierten 
Satz i.iber den Zusammenhang der unendlichen Dividierbarkeit mit der analy­
tischen Iteration. 

Wir kommen пип nochmals auf diesen Zusammenhang zuruck, insbeson­
dere auf den zitierten Satz. Die V oraussetzung (јј) dieses Satzes besagt јп der 
Sprechweise dieses Paragraphen, daВ аНе pl/m zu einer und derselben Bestim­
mung (ln РЈ)О, ... , (ln Рn)О und ејпет '1) gehOren, еЬеп zu diesen, die die analy­
tische Iteration уоп L(P) gemaB [1] festlegen. Es ist also das јп diesem § kon­
struierte Gleichungssystem, das ја аисЬ уоп l/т abЫingt, fiir unendlich viele 
тЈ' т2 . . . richtig. Mit атј bezeichne јсЬ пип das уоп den Polynomen уоп О) 
fur l/nlј erzeugte Ideal und betrachte die aufsteigende Idealkette 

am,~ (ат" aт,)~(aт" аm2 • aтJ~ ... 

Diese ist stationar, d.h. es existiert ејп ko' sodaB 

fur аНе 1> О. Das bedeutet aber, dass die notwendigen und hinreichenden 
Bedingungsgleichungen fiir die Existenz der mk+l-ten Wurzeln р1/то erfuHt sind, 

о 

sobald рl/т" ••• , Pl/mko existieren. mko ist dabei abЫingig уоп СЈ, (1п РЈ)О' ..• , 
(ln Рn)о' '1), d. Ь. уоп der analytischen Iteration уоп L (Р), trt' und уоп der FoIge 
т = (т! <т2 < ... ). Wir konnen daher formulieren: 
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s а t z 8: Es sei 5t ејnе gegebene ana/ytische Iteration von L (F), 
т = (т1 < т2 < ... ) ејnе unend/iche F o/ge naturlicher Zah/en. Dann existiert ејnе 
natйr/iche Zah/ по (5t, т), soda.p 5t das L-Вi/d ејnег ana/ytischen Iteration 'Von F 
ist fJt = LoFtoL -1, јаЉ nuг Wurze/n F1/m,' ... , F1/mk тј! k>no existieren, deren 
L(F1/m .) zu 5t gеhбгt. 

1 

Speziel1: 

S а t z 9: Es sei fJt ејnе gegebene analytische Iteration von L(F). Dann 
existiert ејnе natйr1iche Zah/ по (5t) ЈО da'p 5t das L-Вild ејnег analytischen 
Iteration von F, F(t) ist, sofern nиг Wurzeln F1/2 , ... , F1/k jйr k>no exis'ieren, 
deren LClm) zu fJt gеhбгt. 
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ON AN EXTENSION OF PEXIDER'S EQUAТION 

Janos Riman 

1. IntroductioD 

Some results of Z. Dar6czy and L. Losonczi [2] оп the extensions of 
additive functions seem to ћауе important applications јп the theory of functi­
опа! equations (ср. е. g. К. Lajk6 [3], L. Szekelyhidi [4]). 

In соппесЬоп with the above-mentioned results, јп this paper we shall 
deal with the extensions of the equation 

Ј(х+ у) = g (х) + h (у). 

2. Definitions and DotatioDs 

We shall use the following notations and definitions. 
Let D С R2 Ье ап arbitrary non-empty set (R is the set of real numbers) and 

Dx={xI3Y, (x,y)ED}, 

Dy = {у I 3 х, (х, у) Е D}, 

Dx+y={x+yl (х, у) Е D} 

Throughout the paper Е denotes ап Abelian group (written additively). 

Definition 1. Let D С R2 (D=I=0), [:Dx+y~E, g:Dx~E, h:Dy~E 
Ье functions such that 

[(x+y)=g(x)+h(y), (х, у) Е D. 

If there exists ап ordered triple of functions (Р, G, н) such that 

(ј) Р, G, H:R-+E, 

(јј) F (х+ у) = G (х) + Н (у) for аН (х, у) E.R2 
and 

F (х) = Ј (х) for all х Е D~+y' 

(Ш) G(x)=g(x) for аН х Е Dx' 

Н (х) = h (х) for аН х Е Dy, 

then (Р, G, н) is caIled ап extension of (j,g, ћ) from the set D. 

s ЗборllИJt радова 
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Definition 2. Let DCR2(D=I=0),f:Dx+y-Е, g:Dx-Е, h:Dy_E 
ье functions such that 

f (х + у) = g (х) + h (У), (х, у) Е D. 

If there exists ап ordered triple of functions (F*, G*, Н*) апд а point (и, v) Е D 
such that 

10 F*,G*,H*:R-E, 

F* (х+ у)= G* (х)+Н* (у) for all (х, у) Е R2 
апд 

F* (х)- F* (и + v)= ј(х) - f(u +у) for аН х Е Dx+y' 

30 G*(x)-G*(u)=g(x)-g(u) for аН xEDx' 

Н* (х) - Н* (v)=h (х) -ћ (v) for аН х Е Dy' 

then (F*, G*, Н*) is саllед а qua.si-extension of (1, g, ћ) from the set D. 

3. Results 

Let D=Kr={(x,y)lx2+y2<r2
} (г>О is а constant) Ье ап ореп disk. 

Тћеп we have 

Theorem 1. (ср. [2], Satz 2.) Let f:(Kr)>.+y-Е, g:(Kr)x-Е and 
h:(Kr)y-Е Ье functions such that 

f (х+ у)= g (х) +ћ (у), (х, у) Е Kr. 

Тћеп (ј, g, ћ) has опе аnd опlу опе extension (F, G, Н) јгоm the set Kr. 

р r о о f. Clearly (Kr)x = (Kr)y = ( - г, г) апд (Kr)X+y = ( - r V2, r V2). Every 
х Е R сап Ье written in опе and опlу опе way in the form 

r 
x=n-+t, 

2 

where nEZ={0,±I,±2, ... } and tE[O, ;). Let us define Ље functions 

F:R_E, G:R-E, H:R-E as follows: 

F(X)=n f ( ;)+f(t)-n(a+b), 

G (х) = п g ( ; ) + g (t) - па, 

Н (х) = п h ( ; ) + h (t) - пЬ, 

where а= g (О) апд Ь= h (О). We show that (F, G, Н) is the uniqueextension 
of (ј, g, ћ) from Kr • 
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А) First we prove that (јј) holds. Jf (х, у) Е R2, then 

r 
х=n -+/1> 

2 

r 
y=m-+/2, 

2 

1) Jf 11 +/2 E[0' ; ), then we ћауе 

Р(Х+У)=Р(n+m); +/1+(2)= 

=(n+m)! (; )+!(11+12)-(n+m) (а+Ь)= 

=n(g (; )+Ь )+m (а+ћ( ;) )+g(11)+h(fJ -(m+n) (а+Ь)= 

=ng (-;) +g (11) -nа+mћ ( ; ) +ћ (/J-mb= G (х) + н (У). 

67 

2) Jf tl+f2E[;,r),thenwecanWritetl+f2=; +/withfE[O, ;) and 

Р(Х+У)=Р(n+m+о; +1)=(n+m+l)!(; )+!(t)-(n+m+I) (а+Ь)= 

-(n+m+l)(a+b)=ng (; )-nа+mћ (; )-mь+!(; + ()= 

= ~lg(; )-nа+mћ (; )-mЬ+!(11 +/Ј= 

= ng ( ;) +g (/1) -nа+ mћ ( ; )+ћ (12) -mЬ= G (х) +Н(У). 

Thus F (х+ у) = G (х) + Н (у) for аН (х, Y)ER2. 
В) Now we show that Цјј) also holds. 

1) Jf хЕ [о, ;), then х= О· ; + 1 (1 Е [о, ;) ) and 

Р(х) =О.Ј(; )+!(/)-О.(а+Ь)=f(/)=f(Х) and 
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similarly G (х) = g (Х), Н (х) = h (х). 

2) If х Е [ ; , '), then х = ; + t and thus 

F(X)=f(; )+f(t)-a-b=g( ;)+b+a+h(t)-a-b= 

=g(; )+h(t)=f(; + t)=f(X), 

G(x)=g (; )+g(t)-a=g( ;)+h(t)-(a+h(t»+g(t)= 

= f (; + t ) - f (/) + g (t) = ЛХ) - f(t) + g (t) = 

=g (х) + Ь- g (t)- Ь+ g (t)=g (х) and similarly Н (x)=h (х). 

З) If хЕ [r, r VZ), Љеn ~E[O, ') and so Ьу (јј), В.ј1. and В.ј2. we have 
2 

F (х) = F( ~ + ~) = G ( ~ ) + Н ( ~) = g ( ~) + h ( ~ ) = ј(х). 
4) It is easy to see thit 

f (- х) = - f(x)+ 2 (а+Ь), xEDx +y' 

g(-x)=-g(x)+2a,. xEDx ' 

h(-x)= -h(x)+2b, xEDy ' 

and similarly for functions F, G, Н for аН xER. Оп the basis' of the above 

F(x)=f(x) for аН xE(-гv'2, о), 

G (x)=g (х) } for аН хЕ( -r, О) 
H(x)=h(x) 

and thus (Ш) is proved. 
С) Finally we show that (F, G, Н) is the unique extension of (ј, g, h) 

from К,. 
Namely if (F1, G1, H1) is also аn extension of (ј, g, h) from К,, then 

Ьу (Ш) 

(1) 

F (О) = F1 (О) = f (О) = а + Ь, 
G (0)= G1 (О) =g(O) = а, 

Н (О) = H1 (О) = h (О) = Ь. 
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Let t Ье ап arbitrary real number. There exist ХЕ[О, ;) and nEZ such that 

(=nх, furthermore опе easily proves that for аН xER and for аН nEZ 

F(nx)=nF(x)-(n-l) (а+Ь), 

(2) G (nx)=nG (х) - (п -1) а, 

Н (nх) =nН(х) -(п -l)Ь, 

and similarly for functions Fl' Gl' Нј • 

Ву virtue of (1), (2) and (iii) we ћауе 

F(t)=F(nx)=nF(x)-(n-l) (a+b)=nj(x)-(n-l) (а+Ь)= 

=nFj (х) - (п - .1)(а+ Ь) = Fj (nх) =Fj (t) 

and G(t)=Gj(t), H(t)=Hj(t) for аН tER, q.e.d. 

Before formulating Theorem 2. we note the foHowing: 

Let DCR2 (D:f=. (;3), Ј: Dx+y-4E, g: Dx-4E, 

ћ: Dy-4E Ье functions such that 

f(x + У) = g (х) + h (У), (х, У) ED. 

Jf (F*, G*, Н*) is а quasi-extension of (Ј, g, ћ) from the set D and 

F j * (x):=F* (х) + ср Gj * (x)=G* (х) + с2 , Нј * (х)=Н* (х) + сз (xER), 

where Сl'с2,сзЕЕапd cj -с2 -сз =О, then (Fj*, G(*, Нј*) is also а quasi-exten­
sion of (Ј, g, ћ) from D. 

Јп Ље sequel the quasi-extensions of the two' аЬоуе types of (Ј, g, ћ) 
will Ье regarded as equivalent. 

Define the set К, (и, V)CR2 as follows: 

К, (и, v) = {(х, у) I (х- и)2+ (У- v)2<r2 } (г>О is а constant and (и, v)ER2). 
ТЬеп we Ьауе 

ТЬе о re m 2. (ср. [2], Satz 3) Let ј: (К, (и, v»x+y-4E, g: (К, (и, v)}.-4E, 
ћ: (К, (и, V»y -;. Е Ье functions such that . 

лх+ у) =g (х) + h (У), (х, УЕК, (и, v). 

Тћеn (Ј, g, ћ) ћш а quasi-extension (F*, G*, Н*) јгот (ће set К, (и, v) which is 
unique ир (о equivalence. 

Proof. Put х=Х+и and У= Y+v, where (Х, У)ЕК,. ТЬеп (х, У)Е 
ЕК,(и, v) and 

(3) ј(Х+ Y+u+v)=g(X+u)+h (Y+v), (Х, У)ЕК,. 

Setting У = О and Х = О in (3) we obtain 

(4) ј(Х + и+ v) =g(X + и)+ћ (v), ХЕ(К,)х 
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and 

(5) 
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[(У + и +v) =g (и) +h (У + v), УЕ(К,)у 

respectively. 
Define functions [*, g*, h* Ьу 

[* (Х) = [(Х + и + v), Х Е (К,)х+).' 

g* (X)=f(X+u+v)-g(u), ХЕ(К,)х and 

h* (X)=f(X+u+v)-h(v), ХЕ(К,)у. 

Ву virtue of equations (З), (4) and (5) we Ьауе 

[* (Х + У) = g* (х) + h* (у) for аН (Х, У) Е К,. 

Ву virtue of Theorem 1. (Ј*, g*, h*) has one and only one extension (Р*, G*, В*) 
from the set К,. 

Obviously, 
Р* (х+ у) = G* (х) + В* (у) for аН (х, Y)ER2. 

Now we prove that ЗА also holds. First choose хЕ(К, (и, v»,x. Then 

G* (х) - G* (и) = G* (Х + и) - G* (и) = Р* (Х + и + v) - В* (v) - G* (и) = 

= G* (Х) + Н* (и + v) - В* (v) - G* (и) = G* (Х) - G* (О) = 

=g* (X)-g* (O)=[(X+u+v)-g(u)-f(u+v)+g(u)= 

= [(Х+ и + v) - g (и) - h (v) = g (Х + и) - g (и) = g (х) - g (и). 

In а similar manner we can prove that 

В* (х) - В* (v) = h (х) - h (v) for аН хЕ (К, (и, v»y. 

Finally if tE(K, (и. v»x+y. then we can write t= х+ у. where x~(K, (и, v»,x 
and УЕ(К,(и, v»y. Thus 

Р* (t) - Р* (и+ ~.) =Р* (х+ у) -Р* (и+ v)= 

= G* (х) - G* (и) + В* (у) - В* (v) = g (х) - g (и) + 

+ h (у) -h (v) = [(х+ у) - [(и+ v) = f(t) - [(и +v). 

Ву а simple calculation it can Ье shown that (Р*, G*, В) is the unique 
quasi-extension of (Ј, g, h) from К, (и, v), apart from equivalence, q. е. d. 

ТЬе following lemma has fиndamental importance for the proof of the 
main result of the present paper: 

Lemma. (ср. [2], Hilfssatz) Let DCR2 Ье а set, D=D1UD2, where 
Dl, D2 аге ореn sets and D1nD2#125. Purthermore let [:Dx+y~E, g:D,x~E, 
h : D у ~ Е Ье [unctions such that 

[(х+ y)=g (х) + h (у); (х, y)ED. 

Assume that (Ј, g, h) hш а quasi-extension (Р;. Gi , Вј) unique ир to equivalence 
[гот the set Di (ј= 1, 2). Then 

Р1 (Х)=Р2 (х) + ср G1 (x)==G2 (х) + с2 , В1 (Х)=В2 (х) + сз (xER) 
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and с1 -с2 -сз =0 (Сl'с2,сз ЕЕ) and with the notations F=Fp G=Gp Н=Н1 
(F, G, н) is а quasi-extension о! (Ј, g, ћ) Јгоm the set п, which is иnјqие ир 
to equivaZence. 

р r о о [. First we note that the point (и, V)ED јп Definition 2. сап Ье 
replaced Ьу ап arbitrary point (с, d)ED. 

lt is known (see е. g., [1]) that there exist additive functions <Рl :R~E 
and <Р2: R ~ Е such that 

(6) F j (х) = <рј (х) + ај + Ьј , Gj (х) = <рј (х) + а/, Нј (х) = <рј (х) + Ь/ (xER) 

(i = 1, 2), where ај = G/ (О), Ь/ = Нј (О). 

Let (с, d)ED1nD2 Ье ап arbitrary point. Since пl and п2 are ореп, 
п}nп/ contains ап ореп intervaI 1" and Ьу our conditions we obtain 

G1 (х) - G1 (с) =g (х) - g (с) and G2 (х) - G2 (c)=g (х) - g (с), хЕЈ". 

From this we Ьауе 

ј. е. 

ј. е. 

G1 (х) - G1 (с) = G2 (х) - G2 (е) for аН хЕЈ" and Ьу (6) 

<Рl (х) + а1 -<Рl (с) -а1 =<Р2 (х) + а2 -<Р2 (с) -а2 , хЕЈ", 

<Рl (Х-С)=<Р2 (х-с) for аН хЕЈх• 

Thus <Рl (х) ==<Р2 (х) (xER) and with the notation <р (х) = <Рl (х) we obtain 

G1 (x)=cp(x)+a1 and G2 (х)=ср (х)+а2 for аН xER, 

G1 (X)=G2 (x)+a1 -а2 for аН xER. 

. Similarly we сап ргоуе that 

Н1 (х) =Н2 (х) + Ь1 -Ь2 and 

With the notations С1 = а1 + Ь1 - а2 - Ь2 , С2 = а1 - а2 , сз = Ь1 - Ь2 опе indeed 
has С1 - С2 - сз = О. 

Ву а simple caIculation we obtain that (F = F p G = G l' Н = НЈ) is а 
quasi-extension of (Ј, g, ћ) from D unique ир to equivalence. 

Ву Ље lетта and Ьу theorem 2. опе сап prove the foHowing 

Theorem З. (ср. [2Ј, Satz 4.) Let DCR2 (D=I=.0) Ье оп агьигагу 
ореn connected set and J:п,,+y~E, g:Dx~E, ћ:пy~E Ье Junctions such that 

J(x+y)=g(x)+h(y), (х,У)Еп. 

Тћеn (Ј, g, ћ) ћш а quasi-extension (F, G, Н) Јгоm the set п, which is unique 
ир to equivalence. 

р г о о [. Since D is ореп and connected, there exist ореп disks Кl, К2, ... , Кп, ... 
со 

such that п= U ю and (IOuIOu .. . uKn)nKn+l=1=.0 (n= 1,2, ... ). 
j~l 
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Ву virtue of Theorem 2. (Ј, g, h) has а quasi-extension (Fn, Gn, Нn) from 
the set КП (п = 1, 2, ... ), which is unique ир to equivalence. From this with 
the aid of the Lemma, the statement of Theorem 3. already follows. 

The author would like to thank Professor Z. Dar6czy for the raising of 
the problem and for his valuable advice. 

REFERENCES 

[1]1. А с z е 1, Lectures оп lunctional equations аnЈ their app/ications, Academic Press, 
New York 1966. 

[2] Z. D а r 6 с z у und L. L о s о п с z ј, ОЬе, die Erweiteruпg der аиl ејne, Punkt­
теnке additiven Funktionen, PubI. Math. Debrecen, 14 (1967), 239-245. 

[3] К. L а ј k 6, Applications 01 Extensions 01 Additive Functions, Aequationes МаЉ. 
11 (1974), 68-76. 

[4] L. S z е k е I у h i d ј, Nyilt ponthalтazon аШlШу !йккуеnу dltaldnos еlбdllitdsа, МТА 
ПI. Osztaly Kozlemenyei 21 (1972), 503-509. 

Kossuth Lajos Tudomanyegyetem 
Debrecen, Hungary 



Зборник раиова Машемашичкоi uнсшUШУШа. Нова серија. КЊ. 1 (9), 1976. 
Recueil des travaux de I'Institиt Mathimatique, Nouve/le serie, м! 1 (9), 1976. 

Симпозијум КВАЗИГРУПЕ И ФYRКЦИОНАЛНЕ ЈЕДНА ЧИНЕ 

Symposium en QUASIGROUPES ЕТ EQUATIONS FONCТIONNELLES 
Београд-Нови Сад, 18-21. 9. 1974. 

НЕКОТОРЫЕ СИСТЕМЫ ФУНКЦИОНАЛЬНЫХ 

УРАВНЕНИЙ ОБЩЕЙ АССОЦИАТИВНОСТИ И ИХ 
СВЯЗ С ФУНКЦИОНАЛЬНЫМИ УРАВНЕНИЯМИ ОБЩЕЙ 

АССОЦИАТИВНОСТИ НА АЛГЕБРЕ КВАЗИГРУПП 

Янез Ушан 

1. Введение 

Речъ идет о некоторых классах систем функционалъных уравнений 

( Ах [Х (IХ2 1) р ] х [1-1 Х (J+I X2.iI- 1) р ] 1) /" 1 2 аl ,aIXzl+1 = 2}-1 ОЈ. , 2Ј аЈ , Щ+IХ2ЈI ' 
ЈЕI 

и их отношений к функционалъным уравнениям общей ассоциативности 

(2) Xzs _
1
[ai- 1, X2$(a~+IXиl-1), а:+IХи l] = 

Х [ }-1 Х (J+IXZil-l) ЈЈ ] 
= 2}-1 а1 , 2Ј ој , иЈ+IХ2}1 

на алгебре.квазигруnn; 

('VjEN) (2:::;;!Х21 !<р) и ('VsEN) (2:::;;!Х2,!<р). 

D: Ј={2, .. , q}Л !X2Q !=p-(q-I) 

А: ('VjEN)(IX2J I = !Х2Ј- 1 1 =n) ЛD; р =2n-l, q=n 

В: ('<ijEN)(IX2j_l! =n л IXzJI =n+d)ЛD 

С: ('VjEN) (IX2i l =m лIХ2}-11 =m+d)ЛD 
. 2 З 1 З 

Ј: X 1 [Xz(al), аз]=Хз[щ, Х4 (а2)] 

1I: Х1 [Х2 (а7), а:tl]=Хз[а:, Xia~+I)] 
ЈП: на пример Х1 [Хz (аћ, a~ = Хз[ар Х4 (ађ] 
JV: уравнения общей ассоциативности (2). 
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Диаграма 1 - диаграма систем фУНIЩиональных уравнений, которые 
авторы работ [5] - [9] изучали или еще изучают, и их отноmение к функ­
циональным уравнениям общей ассоциативности (2), изученные В. Д. Бело­
усовым ([3]. [4]). Самый общий случай систем Функциональных уравнений 
на Диагр. 1 является система (D). Определена седующим образом: Это 
система (1) в КОТОРОЙ Ј={2, ... , q} - множество натуральных чисел, 
начиная с 2, закончивается с q, а последняя операция с четным индексом 
имеет арность !X2Q !=p-(q-l). Таким образом систеМа (D) обладает 
некоторым свойством максимальности: ј проходит все натуральные числа, 
начиная с 2, закончивая с q и каждая переменная из последовательности 

является переменной хотя бы в одной из операций с четным индексом. 
Система (А) - это система (D) в КОТОРОЙ все операции имеют одну и ту 
же арность nEN"-{l}. Система (В) - это система в которой все операции 
с нечетным индексом имеют арность nEN"-{l}, а операции с четным 
индексом арность n+а. В системе (С) все операции с четным индексом 
имеют арность т, а все операции с нечетным индексом арность т + d; 
т, m+dEN"-{1}. 

Ј являются Функциональным уравнением общей ассоциативности для 
бинарного случая, а JV самый обmий случай функциональных уравнений 
общей ассоциативности, т. е. для любых арностеЙ. II и ЈП - это частные 
случай класса JV. В 1i Х1 И ХЗ бинарные, а Х2 и Х4 n-арные операции; 
nEN"-{l}. В ЈП операции с четным индексом - отдельно - не имеют 
одну и ту же арность, но q = 2, как и в случаях Ј и П. ОНИ сразу являются 
и системами Функциональных уравнений класса (D), как показывает настоя­
щая диаграма 1. Это и является отноmением функциональных уравнений 
общей ассоциативности (2) к системам функциональных уравнений общей 
ассоциативности класса (D). 

Сейчас переидем к подробнейшем описании систем (А), (В) и (С). 

2. Случай А ([6]) 

Система (А), как уже упомянуто, это система (D) в КОТОРОЙ все 
операции имеют одну и ту же арность nEN"-{1}. Задача решить эту си­
стему. В этом направлении доказываются две теоремы. Первой теоремой 
является следующее положение. 

Т. 1. Если n-квазигруппы А/, iENu" удовлетворяют системе 

(А) ~ Х1 [Х2 (ађ, a~~11] = X2J_1[a{-I, X2J(a~+n-l), a;~;I], 
ЈЕ[2, ...• n} 

то справедливи равенства 

( 

А ( П) А ({~i) ~ 1) }Ј-l Т(Л {~/) ~n)}n ) 
2Ј-l а1 = 121-112/ а/ /=1, 2Ј-l аЈ , 121-112/ а, /=1+1 

(а) п (ј)-1 (1) (1) п ~/) (п) }Ј 
А2Ј (а1) = Т2Ј-l А ({ЋI-1 Т21 ај _ј + l} I=Ј, {1 21-1 Т 2ј ан (ј_ј) 1=2). 

где 

А (а7) = В [В ( .. . (В (а 1 • а2), аз), ... ), аЈ, 



Некоторые системы функциональных уравнений общей ассоциативности ... 75 

в - группа, и 
1-1 n-I 

1i(t)x=Aj ( k ,х, k); 

k Е Q фиксированный элемент. 

Т. 1. - один из полиадических аналогонов теоремы Белоусова о . 
четырех квазигруппах. 

()пись доказательства 

ш а г 1. Определяются ретракции операции А 1 и А2 : 

I 
(L.d) d n-d d (R.d) d d n-d 

А1 (а1) = А Ј (аl' k , а2), А Ј (а1) = А1 (аl, k ), 

A(L. d)( d (nk-d d (R. d)( d d nk-d 
2 а1)=А2 ,а1), А2 щ)=А2 (а1, ). 

(с) 

(Оказалосъ полезным, что "левую" ретракцию операции А Ј - A~L.d) -­
надо определитъ фиксированием переменных слева, начиная с второй пере­

менной, а для операции Az начиная с первой переменноЙ.) 

Ш а г 2. Утверждается что 

(d) (l,J'E{2 }) (A(R.i)( ј) ,..,(1)-I А(R.i)(L.2)[А(R.ј-1)( ј-1) ,..,(n)-1 у(l) ] Л 
v 1 , .. ,п 2 а1 = 1 i 1 2 а1, 12ј 2ј ај 

ЛА~R.I)(L.2)(х, у) = в (Tfo х, 1i~)-I1i~) у»), 

где В одна и та же группа для всех iE{2, ... , п}, построена через формулы 
теоремы Белоусова о четирех квазигруппах, на пример из равенства 

(L.2) (L.2)( ] А [nk-2 А (n
k
-2 ] 

А 1 [А2 Х, у), z = 2n-1 ,х, 2n у, , z) . 

ш аг 3. Учитывая (d), впервые, получаем (а) дЛЯ А2 , А2n-1' А 1 И А2n 
(В том же порядке). 

Ш а г 4. Доказывается что справедливо 

(ViENn) (тЈ?~IТШ)k= T4~~lT4Pk=e); 

е - единица группы В из (d), kE Q - в доказателъстве Т. 1. исполъзуется 
~и~~~ I 

ш а г 5. Из формул для А1 И Az (полученне в 3. шаге) , учитывая 
резулътат из 4. шага, впервые получаем формулы для 

а затем, так как 

A(L.d) A(R.d) A(L.d) A(R.d) 
1 , 1 , 2 , 2 , 

А ( п) A(L.n-Ј+1)[А(R.л( }-1 т(1)-1 ) п ] 
2}-1 а1 = 1 2 а1, 2ј ај , ај+1 

и подобно для Azj , получаем формулы (а). 
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Учитывая Т. 1" находим, что справедлива и 

Т. 2. Координаты любого реmения системы (А) получаются через 
формулы 

А ( .. А ( ј-l ј-l R 2 .. -1 .. 
2ј-l аl) = ~1 аl 'tJj ај , ~H" аНl), 

А ( 11) (-(- 1 А ( ј+ .. -l " 2ј аl = tJj ~1 а1); 

~p ~lE Q! А - n-группа обладающая единицей, определена через некоторую 
группу В образом 

А (ај) = В [В ( ... (В (ар а2), аэ), ... ), а,,]. 

3. Случай В*) ([8]) 

Система (В), как уже упомянуто, это система (D) в которой все опе­
рации с четным индексом имеют арность 

n+dEN"-{I}, dEN, 

а операции с нечетным индексом имеот арность nEN"-{1}. Задача реmить 
эту систему. В этом направлении доказываются две теоремы. Первой тео­

ремой является Т. 1', т. е. следующее положение: 

Т. 1'. Бели квазигруппы Ар iEN2 " , удовлетворяют системе 

(В) /'-,. Х [Х ( .. +d 2"+d-1] Х [ј-l Х (1+"+d-1 2"+d-l1 / " 1 2 а1 ), a"+d+l = 2}-1 аl , 21 ај ), aJ+lI+d , 
ЈЕ[2.· ... "Ј 

то 

(;:;-\ А (" А ({ (ј) ...,(1) }ј-l (Ј) {т(l) ""(1I+d) } п ) а1} 2ј-l а1)= Т21-1 1 21 а1 1=1, Т2ј-l ај, 21-1121 а, l=j+l, 

(az) A2}(a~"+d) =Т~~1IА({т4~~IТЛ)аl_ј+l}7:/, 

T (I) D (n-1+i+d {т(l) T(n+d> }ј ) 
1 аn-ј+l), 21-1 21 аn+(ј-Л+d 1=2 , 

где А построена через группу В как в Т. 1., В построена как в Т. 1.**), а 

( 
d+l ("k-l d+1 

D аl ) = Az ,аl)' 

(Т. 1'., как и Т. 1., \является одним из полиадических аналогонов тео­
ремы Белоусова о четырех квазиrруппах.) 

Примечание 1. 
Бели в (В) положим d = О, то (В) превращается в (А) и (~) в первую 

из формул (а) - непосредственно. Факт, что при d= О Гaz} превращается 
в вторую ИЗ формул (а), получим следующим образом. Для d= О 

n-1 
D(a1+1)=Az( k, а1+1) 

превращается в T~n) а1 , Отсюда, так как 

Т(1) т(n) T(II) т(l) 
1 2 = 211-1 211' 

.) Самое первое внимание на систему (В) и систему (С) мне обращено от Г. Чупона . 
•• ) См. описъ дока1атеЛЪC'Iва - шаг 2. 



Некоторые системы функциональных уравнений общей ассоциативности . .. 77 

поеледователъностъ 

{т(l) т(l) },,-1 
21-1 21 аl-1+1 ]=1 

продолжаетея с членом T~~-1 T~~ а", т. е. превращаетея в первую поеледо­
вательностъ из второй формулы (а). Поеледняя последовательностъ в (О;) 
при d = О превращается в поеледнюю (вторую) поеледователъностъ второй 
формулы (а). 

()пись доказательства 

Ш а г 1. Вели в (В) - (В) в которую положены А1 --'- положим а,,+ 1 = 
= ... = a,,+d= k, учитыая,' что, в толъко что построеной системе (А), n.7 явля­
етея T~~+d) еели t>n-(j-l), находим формуЈ.ы (0;); на оснований Т. 1. 

Ш а г 2. Вели в (В) положим 

учитыаяя формулу дЛЯ А 1 И резулътат 4. шага из доказательства Т. 1., 
получаем 

(с-) А ("+d) _ ""(ђ-11в-
1 [т(l) A(L,,,+d-Ј+ 1) (a,,+d- j + 1) {,..,(i) T('!+d) }{ ] 

2] аl - 12Ј-1 1 2 1 , 12.-1 2. an+d+('-iJ .=2 , 

где 

Ј-1 . 2 
В (af)=B[B( ... (В (ад, аз)", .), ај]; 

В - группа, построена епоеобом из доказателъства Т. 1. 

Ш а г 3. Если положим (а1) и (ё) в (]ј), а затем 

учитыаяя резулътат 4. шага из доказателъетва Т. 1., получаем . 
(=с) т(1)А (,,+d)_Jb-1[{""(I) T(~) }1-1 ""(1)A(L,,,+d-1+ О (a"+d)] 

1 2 а1 - 121-1 2. ај 1= 1, 1 i 2 '1' 

(d) 

Еели в (С) положим ј = s и ј = s + 1, МОЖНО получитъ 

A(L,n+d-ј+l)( n+d-J+l) 
2 . аl = 

Т(1)-1 "в-1[{,..,(ј) т(1) }n-1 ""(1)A(L,d+1)( ,,+d-1+1)] 
= 1 121-1 21 ај-1 + 1 ј=], 1ј 2 аn-1+1. 

ш аг 4. Если (d) положим в (ё), находим формулы дл:Я A2J,jE{1, ... , п}. 
учитыаяя Т. 1'., находим, что еправедливо и положение: 
Т. 2'. координаты любого решения сиетемы (В) получаем из формул 

" А ј-l 1-1 ~ 211-1 п ) 
А21_1 (аl)= (1X 1 аl '~1ai'IXl+"a]+1' 

( n+d) ~ -1 А [ n-1 п-ј D ("-]+1+d) 1+11-1 ,,+d ]. 
А2} а1 =~] lXј аl, а "-1+ 1 ,IX"H an-i+d+2, 

1X1, ~1E Q!, А-любая n-арная группа обладающая единицей (определена 
через некоторую группу В), D-люба.я I<'вазигруппа арности d+ 1. . 
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4. Случай С ([9)) 

Система (С), как уже упомянуто, это система (D) ~B которой все опе­
рации с нечетным индексом имеют арностъ 

n+dEN"-{I}, dEN, 

а операции с четным индексом имеют арность nЕН'{I}. Задача решитъ 
эту систему. В этом направлении доказываются две теоремы. Первой тео­
ремой является Т. 1.", т. е. следующее положение: 

Т. 1" .. Если квазигруппы А1, iEN2(~+d)' удовлетворяют 

(С) /"'-... Х [Х (" 2"+d-l] -
lE{2 •..•• ,,+d) 1 2 аl), а,,+1 -

Х ]-1 Х (]+"-1 2,,~-d-l] = 2]-1 [аl , 2] ај ), ан" , 
то 

А ( "+d) lI+bd-l ({т(ј) T(l) }ј-l тИ> {т(l) т(n) }"+d) 
2]-1 а 1 = 21-1 21 аl 1 =1, 2]-1 ар 21-1 21 аl 1=]+1 , 

= (11) (ј)-1 11-1 ({ (1) (1) }" {(I) (11) }] ) 
(а2) А2ј аl = Т2ј - 1 В Т21- 1 Т21 а/-ј+! 1=1, Т2/- 1 Ти аll+(/_јј /=2 , 

где В онда и та же группа, построена как в Т. 1 *. 
(Т. 1., Т. 1.' и Т. 1." являются, отдельно, полиадическими аналогонами 

теоремы Белоусова о четырех :квазигруппах). 

Примечание 2. 
Если в (С) положим d= О, то (С) непосредственно превращается в (А), 

а (а:) и (а2), таким же образом, в формулы (а). 

Опись доказаТeJlЬства 

Шаг 1. Построены s-ретракции системы равенств (С) (-это (е) в 
которую положени А1 ): 

(Б) ~ 
.-1 d-з+l 

А k А ( .+11-1) .+211-2 k] 
IENI{1 2з-l[ , 2з а. ,as+lI , 

А [
S-kl <+1-2 А .+1+11-2 <+211-2 d-kS + 1] 

= 2(.+1-1)-1 , а• ,2(s+i-l) a s+l-l ,a"H+n-l, , 

s-фиксированный элемент множества {1, ... , d + 1}. 
Системы (Б) являются системами СJlучая (А). Учитывая Т. 1., доказы-

вается, что 

11-1 11-1 
('v'sE{1, ... ,d+ 1}) (И В = в), 

и отсюда, учитывая связ между главноизотопними группами и результат из 

4. шага доказательства Т. 1., что 

('v'sE{l, ... , d+ 1}) «S)B=B); 

(')в - группа, построена образом из 2. шага описи доказательства Т. 1. , 
принадлежащая к s-ретракции (Ь). 

(Этим создана возможность получения формул (02)') 

*) См. описъ доказателъства - шаг 2. 



для 

Некоторые системы фymщиональных уравнений общей ассоциативности . . . 79 

Шаг 2. 

Шаг 3. 

Шаг 4. 
А (R.II) 

211-1· 

Утверждается, что все А2Ј-1 изотопны между собоЙ. 
Определяется ретракция 

А (R.i) (1) А (ј "+d-I 
2;-1 аl = 21-1 аl, k). 

ИЗ (Ь) для s= 1, на основании Т. 1., получаем формулы (а) 

Ш а г 5. В последователъности 

А (R.II) А (R. 11+1) А (В. II+d) А 
2n-l, 2(11+1) -1, ..• , 2(II+d)-1 = 2(n+d)-J, 

начиняя с Ai~~l (формула полученная в 4. таге) , впервые получается фор­
мула для A~~~~~:':I' а затем, таким же образом получаются (по очереди) 
формулы для всех операций из (3). 

Ш а г 6. Так как в 5. таге получена формула для 

A 2(II+d)-I, 

учитыая 2. таг, получаются и формулы (;;1)' 

Вот на примере. 

щ 
А1 [А 2 (Хр Х2 ' Хэ), Х4' X s' 'Хб' Х7 ] 

цu . 
Аэ [х1 , А4 (Х2, ХЭ ' хЈ, X s' Хб' Х, ] 

U!LJ 
А, [Х1 ' Х2' Аб (ХЗ ' Х4' xs,), Хб' Х7 ] 

А, [Х1 ' Х2' ХЗ ' Аs Х4' x s )' хЈ Х, ] 

Ај) [ХЈ, Х2 ' ХЗ' Х4' А1о (xs' хЈ Х,)] 

l-ретракция получается из Ј рамки, для хб = Х7 = k; 
2-ретракция получается из II рамки, дЛЯ Х1 = Х7 = k; 
3-ретракция ПОJIучается из ЈП рамки, дЛЯ Х1 = Х2 = k. 

Формула для А~R.З) получается из l-ретракции (на основании Т.l.), 
а для A~B.4) из равенства 

A~R.4) [Хр Х2' хз ' Аs (Х4' x s' k)] =А~R.З) [х!, Х2 ' Аб (ХЗ' Х4' xs>]. 

Так как формулы для Аб' Аs и A~R.3) уже получены, отсюда, поставляя 
по очереди формулы для Аб' А s и А~R.з) И Xs =k, учитыая и 4. таг из 
описи доказателъства Т. 1, получаем формулу для A~R.S)=A9' 
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учитыая Т. 1"., находим, что справедлива и 
Т.2". координаты любого решения системы (С) получается из формул 

n+d-1 
А2ј_ 1 (a~+d)= В ({OCjaJ{:~, ~jap {OCj+lla;+I}~!/)' 

n-1 

A2j(a~) =~j1 В ({ос/а;_Ј+1}11Г 1 ); 
ОС;, ~JE Q!, В-лю5ая группа. 

5. О общих формулах дли (а), (а) и (а) 

интересныM является следующий факт: формулы (01) и (а2) могутъ 
статъ формулами (О:) и (Q;), если положим: 

(п) 

когда d<O; Е и Е, по очереди, арности р и р + d, являются суперпози­
циями одной и той же группе В. В самом деле: 

10. из m=n+d<nEN сдедует, что система (В) превращается в систему 
(С), а (о.) превращается в (~); и 

20. учитыая(n)иm=n+d<nЕN,из(аЈполучаем(аЈ-тг)) D (a::~t~+d) 
превращается в пустую последователъностъ, а первая последовательностъ 

из (а2) превращается в первую последователъностъ из (~). 
Что ФОрмулЪЈ (Q)-могут статъ формулами (а)-это уже рассмотрено 

в Примечании 1. 

вьпi. 
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Симпозијум КВАЗИГРУПЕ И ФУНIЩИОНАЛНЕ ЈЕДНА ЧИНЕ 

Symposium еп QUASIGROUPES ЕТ ЕQUАТЮNS FОNСГЮNNЕLLЕS 
Београд-Нови Сад, 18-21. 9. 1974. 

SOLUТIONS ОР BOUNDED VARIATION ОР А LINEAR 
HOMOGENEOUS FUNCTIONAL EQUA ТION 

Morek Cezory Zdun 

This paper aims at giving а survey of some results related to the fипс­
tional equation 

(1) q>(f(x») = g(x) q>(x) 

wherc, / and g are given functions and q> is unknown function. 

Let Ј Ье ап interval јп R. Let us put 

Var giJ=sup {Var g I (с, d)! (с, d)CJ}. 

Let us denote Ьу BV [Ј1 the class of real-valued functions of bounded 
variation оп the interval Ј, ј. е. 

BV [Ј1 = {g : Ј -+ R I Var g I Ј < оо}. 

We assume the following general hypothesis: 

(н) / is continuous and strictly increasing јп Ј = (о, Ь) (we admit о = - оо ) 
and inequality о<Лх)<х holds for хЕЈ moreover gEBV[J], Нт g(xj = 1 

х ...... а+ 
and јпц {g(x) I хЕЈ}) о. 

Let us consider the following sequence of functions 

n-l 

Gn(x) = П g(P(x») n~l, хЕЈ, 
;=0 

where Р denotes the i-th iterate of the function /. 

There are three posibilities regarding the behaviour of the sequence Gn • 

(А) there exists ап хоЕЈ such that there exists а finite limit Нт Gn(xJ#O. 

(В) there exists ап хоЕЈ su~h that Iim Gn(xJ=O. 
п ........ 

п ........ 

(С) neither of the cases (А) and (В) occurs. 
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Т h е о r е m 1. Let hypothesis (Н) Ье Julfi11ed and suppose that case (А) 
occurs. Тћеn equation (1) ћш at тost one-paraтeter Јатау о! solutions in the 
class BV(1). lЈ а function q>EBV[1] satisfies equation (1) then q> is given Ьу 
the Jorтula 

ао 

q>(x) = "fj/Пg(Ji(х» , хЕЈ. 
/=0 

ао 

Тће product П g(JI (х» converges unјЈогтlу оп аnу coтpact кс Ј. 
/=0 

In this case there need not exist solution q> Е BV [1] and q>:;i: О. 
In the case (В) we have the following theorems. 

ао 

Т h ~~H е m 2. Let hypothesis (Н) Ье Julfil1ed. lЈ 2: G п (п) < оо Јог аn 
n=1 

хЕЈ, then equation (1) has а solution in (ће class BV [Ј) depending оп аn 
arbitrary Junction. Моге exactly: Јог аnу уЕЈ and Јог аnу Junction q>oE BV [лу) , у)] 
(ћеге exists exactly оnе Junction q>EBV[1] satisJying equation (1) such that 
q> (х) = q>o (х) Јог xE(f(y), у). 

Т h е о r е m З. lЈ hypothesis (Н) is Julfi1led and case (В) occurs and 
ао 

2: Gn(x) = оо Јог аn хЕЈ, then equation (1) has at тost one-paraтeter Jaтily 
n=1 
о! solutions јn the class BV[J]. lЈ а Junction q>EBV[J] satisJies equation (1), 
then q> is given Ьу the Јогтulа 

(2) q>(x)="fj lim Gn(x)jGnCx), Јог аn хЕЈ. 
n-+ао 

Sequence (2) converges uniJorтly оп аnу coтpact КСЈ. 
Under the above assumption there need not exists а solution q>E BV [1] 

and q>:;i:O. Тће example is given in paper [1]. 
In the case (е) the only solution in the class BV[J] is а function q> = О. 
We give some .conditi(}ns of the existance of solutions in the class BV [1] 

поп identically e'tlual {о zero. 

Т h е о r е m 4. Let hypothesis (Н) Ье Julfil1ed and suppose that сше (А) 
ао 

ог (В) occurs and 2: Gn(x) Var g I (а, ЈП (х» < оо Јог аn хЕЈ. Then equation (1) 
n=1 

has а one-parameter Јаmиу о! solиtions јn the class BV [1]. 

Т h е о r е m 5. Let hypothesis (Н) Ье Julfi11ed. lЈ сше (А) ог (В) occurs 
and g is тonotonic "n а neighbourhood о! а, (ћеn equation (1) has а оnе-рага­
тeter Jami1y о! solutions јn the class BV [1]. 

Finally we shall consider the case where g(x)<O for xEJand lim g(x) = -1. 

We have the following. 

Т h е о r е m 6. Jf the Junctions Ј and - g satisJy hypothesis (Н), then 
ао 

equation (1) has а solution q>EBV[J] and q>:;i:O if and only јЈ 2: I Gn(x)l<oo 
n=1 

Јог аn хЕЈ. Тће. solution q>EBV [Ј] and q>:;i:O јЈ it exists then q> depends оп аn 
arbitrary Junction. 
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ТЬе proofs of the above theorems are presented in paper [1]. ТЬе solu­
tions of bounded variation of а general linear equation 

ср (f(х») = g(x) ср (х) + h (х) 

are considered јп papers [2], [3]. Јп particular, the case where lјm 1 g(x) 1=1= 1 
х--+а+ 

is investigated јп paper [3]. 
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