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in College or University seminars. 

We are open for contacts and cooperations. 

~
~n~TEJ(A -, 

MATEMAU14KOr l1HCTttHYTA GABY· 

p"_ t {('; 

Bogoljub Stankovic 
Editor-in-Chief 



Contents 

Kosta Dosen: 

AN INTRODUCTION TO ADJUNCTION 

Katica (Stevanovic) Hedrih: 

VECTORS OF THE BODY MASS MOMENTS 

Svetlana Jankovic: 

INTRODUCTION TO THE THEORY OF 

THE ITO-TYPE STOCHASTIC INTEGRALS AND 

STOCHASTIC DIFFERENTIAL EQUATIONS 

5 

45 

105 



Kosta Do~en 

AN INTRODUCTION TO ADJUNCTION 



CONTENTS 

Abstract .................................................................... 8 

1. Preliminaries .......................................................... 10 

1.1 Foundations ........................................................... 10 

1.2. Morphisms and naturalness ........................................... 10 

1.3. Graphs, graph-morphisms and transformations ........................ 11 

1.4. Deductive systems, functors, natural transformations and categories ... 14 

1.5. Equivalence of categories .............................................. 15 

2. Functions redefined .................................................... 16 

2.1. The standard definition of function .................................... 17 

2.2. The square of functions ............................................... 18 

2.3. Cancellability ofrelations ...................................... " ....... 19 

2.4. Function and adjunction .............................................. 20 

3. Definitions of adjunct ion .............................................. 21 

3.1. Primitive notions in adjunction ....................................... 22 

3.2. Hexagonal adjunction ................................................. 24 

3.3. Rectangular 11 adjunction ............................................. 25 

3.4. Rectangular \ \ adjunction ............................................ 26 

3.5. Rectangular / / adjunction ............................................ 27 



3.6. Triangular adjunction ................................................. 27 

3.7. Seesawadjunction .................................................... 29 

4. Definitions of comonad ................................................ 30 

4.1. Standard definition of comonad ....................................... 31 

4.2. The delta category .................................................... 31 

4.3. Primitive notions in comonad .......................................... 32 

4.4. Hexagonal comonads ................................... : .............. 34 

4.5. Triangular comonads ................................................. 34 

4.6. The Kleisli category .................................................. 36 

4.7. The Eilenberg-Moore category ........................................ 37 

5. Adjunction between adjunctions and comonads .................... 38 

5.1. The comonad of an adjunction ........................................ 39 

5.2. Reflections and coreflections in comonads ............................. 39 

5.3. The adjunctions involving the categories of adjunctions and comonads .41 

5.4. The category of resolutions ........................................... 43 

References ................................................................. 44 



8 Kosta DoSen 

Abstract. This is an introduction to the notion of adjunction from . 
an abstract point of view. A systematic survey is made of various def
initions of this notion, including two definitions not recorded in the 
literature. A similar survey is also made of the definitions of comonad, 
which also includes new material. Finally, the relationship between the 
notion of adjunction and the notion of comonad is explained through 
two adjunctions involving the category of adjunctions and the category 
of comonads, where the latter category is isomorphic to a full subcat
egory of the former. The· standard presentation of this relationship, 
through the category of resolutions of a comonad, is a corollary of this 
new presentation of the matter. 

Adjunction is one of the most important notions of mathematics, which category 
theory has taught us to recognize everywhere. To put it roughly, adjunction is half 
of an equivalence of categories, but taken wisely, in a "diagonal" way (cf. 2.2). This 
means that, though the two categories need not be equivalent-one may be richer 
than the other-something essential is not lost in passing from the richer category 
to the poorer one: the two categories share a common core. A formal theorem 
concerning the equivalence of sub categories of categories in an adjoint situation 
reflects this fact (see [Lambek & Scott 1986, Part 0, sections 3-4] and [Lambek 
1981], where rather "obscure" antecedents are found for this important principle). 

A typical adjunction is when we have, on the one hand, a category A whose 
objects are some algebras, like groups or vector spaces over a fixed field, with 
arrows being homomorphisms (in the case of vector spaces these are linear trans
formations), and on the other hand, the category 13 whose objects are sets, with 
functions as arrows. From A to B goes a forgetful functor G, which assigns to an 
algebra the underlying set of elements, and to a homomorphism the underlying 
function. This functor has a left-adjoint functor F from 13 to A that assigns to 
a set B the free algebra generated by B (with vector spaces, F(B) is the vector 
space with basis B). In passing with G from the richer category to the poorer one, 
not all information about the algebras is lost: something essential is preserved. 
The set G(A) still carries some information about the algebra A from the category 
A. When we apply next the adjoint functor F to G(A), the algebra F(G(A» is 
not the same as the initial algebra A, but it is comparable to it: there is a ho
momorphism 'PA from F(G(A» to A defined by mapping the free generators to 
themselves, which is a component of a natural transformation called the counit of 
the adjunction. Similarly, for a set B, the set G(F(B» is comparable to B: there 
is a function TB from B to G(F(B» amounting to inclusion, which is a component 
of a natural transformation called the unit of the adjunction. The categories A 
and 13 would be equivalent if F(G(A» were isomorphic to A, and G(F(B» were 
isomorphic to B. Of these isomorphisms, we have only halfs, chosen "diagonally", 
in opposite directions: the homomorphism 'PA from F(G(A» to~A and the function 
TB from B to G(F(B». Moreover, arrows derived from the unit composed with 
arrows derived from the counit give identity arrows: F(fB) compos~ with 'PF(B) 
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is the identity homomorphism on F(B), and 'YG(A) composed with G(<PA) is the 
identity function on G(A). 

This way, the forgetting of the forgetful functor is controlled. Some conclusions 
we may reach by reasoning in B can be transferred back to A. However, it seems 
that the point of describing an adjoint situation is not so much to provide a tool 
for proving new theorems, but rather to illuminate, clarify and systematize already 
known results. 

The ability to forget in a controlled manner is an important trait of rationaIity
perhaps the most important one. We should forget the unessential, so as not to 
be encumbered by it, and move more easily in our thoughts. But this forgetting 
should be controlled: what is essential shouldn't be forgotten. There should be 
a way back: conclusions reached in the simpler context, where the unessential is 
forgotten, should be applicable to the original, more complicated, context. Con
trolled forgetting, which exists in abstraction, but not only there, is certainly a 
major character of mathematical rationality, and an embodiment of it is found in 
the concept of adjunction. 

We can take it as a rule of thumb that behind theorems of the "if and only if' 
type we should look for adjunct ions. In important theorems of this type, where 
in passing from one side to the other there is a gain, and where, typically, one 
direction of the theorem is easy to prove and the other difficult, there should be an 
adjunction that does not amount to equivalence of categories, but obtains between 
a richer and a poorer category. 

We should say, however, that not every adjunction not amounting to equivalence 
need hold between a richer and a poorer category. Two functors going from a 
category to this same category may be adjoints without the unit and counit giving 
isomorphisms. IT we have a functor H from a category A to a category B that has 
both a left adjoint F from B to A and a right adjoint G from B to A, then the 
composite functors F H and G H from A to A are adjoints, F H being left-adjoint 
and GH right-adjoint (analogously, the composite functors HF and HG from B to 
Bare adjoints, HF being left-adjoint and HG right-adjoint). Various examples of 
adjunction may be found in Mac Lane's book [1971]. 

This introduction to the notion of adjunction will, however, not dwell much on 
examples. We shall rather try to decipher the abstract, logical, structure of this 
notion. The work will be divided into five parts. After the first part, devoted to 
preliminaries of category theory, we shall consider in the second part the adjunction 
underlying the notion of function. Then in the third part we consider definitions of 
the notion of adjunction. The fourth part is about the related notion of comonad 
(we could as well have chosen to deal with monads, also called triples). In the 
final, fifth part, we explain the relationship between the notions of ~djunction and 
comonad. 
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1. Preliminaries 

Before embarking upon our consideration of adjunction, we have to review first 
some elementary notions of category theory. 

1.1. Foundations. Category theory is sometimes taken as providing mathemat
ics with foundations alternative to set theory. This point of view often leads into 
discussions about the size of classes, i.e., about the distinction between sets and 
proper classes. Such matters are, otherwise, rather foreign to the spirit of results 
about categories, which are more about structure than about size. (A presumably 
germane point is made when, using ancient philosophical terminology, categories 
are said to be about form, rather than substance; cf. (Lawvere 1964].) So these 
discussions are usually limited to a preamble of a typical work in category theory 
(such is the case, too, in the most widely cited text about categories-Mac Lane's 
book (1971]). In general, they don't leave much trace on the mathematics in the 
main body of the work, except a tendency to distinguish results that hold only for 
small categories, Le., those whose objects and arrows, not being too numerous, can 
be collected into sets. These distinctions often don't have much to do with the 
import of the results, and can be somewhat distracting. 

We are here approaching categories with a logical background, but we shall 
neglect foundational matters. In fact, this neglect may be explained just by this 
background. IT we were asked about foundations, we would rely on standard set
theoretical foundations, as they have become crystallized within logic. The objects 
of the category of sets would be for us all the sets that are the elements of the 
domain of a given model of first-order axiomatic set theory. Since such a domain is 
itself a set, there is no problem in conceiving of the category of sets as being itself 
small. So we restrict our attention to small categories only. Bigger categories than 
these maybe exist, but they shall not be our concern. 

1.2. Morphisms and naturalness. The dominant opinion is that the guiding 
principle of category theory is to look concerning every mathematical object for 
structure-preserving maps. When the object has no structure, when it is simply 
a set, then the maps are all functions from sets to sets. When the object has 
structure, then it may be an algebra, in which case the maps are homomorphisms, 
or it may be a set with a binary relation, in which case the maps are monotonic 
functions. Many other sorts of structure can be envisaged. 

In model theory, stress is often put on relational or functional structures with a 
single domain; Le., relations are defined on a single set and functions are operations 
on a set. Category theory, on the other hand, is concerned much more with a 
plurality of domains. 

Let us consider the case of relations, and let us generalize monotonicity to re
lations between two sets. So let A and B be sets and let R ~ A x B. IT we have 
another relation R' ~ A' x B', then a structure-preserving map from R to R' would 
be a pair of functions f : A 4 A' and 9 : B 4 B' such that for every a in A and 
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every b in B 
if aR b, then I(a) R' g(b) 

(of course, aR b means (a,b) ER). When A = B, A' = B' and I = 9, then we 
obtain the ordinary monotonicity condition. 

The standard approach is to take a function as a special kind of relation, but 
we may also take the notion of function as being more primitive. Every relation 
R ~ A x B is associated to a function I from A to the power set of B such that a R b 
iff b E I(a). To understand structure-preserving maps we shall then concentrate 
on the notion of function. 

Let a function pair from a pair of sets (A1, A2) to a pair of sets (AI' A~) be a 
pair of functions (91192) such that gl : A1 ~ Al and g2 : A2 ~ A~. A structure
preserving map from a function I : A1 ~ A2 to a function I' : Al ~ A~ is a 
function pair (gl,g2) from (A1,A2) to (ALA~) such that for every x in A1 and 
every y in A2 

if I(x) = y, then 1'(91(X» = g2(y), 

This implication is equivalent to requiring that for every x in A1 

g2(f(X» = l'(gl(X», 

which means that for the composite functions the following naturalness equality 
holds: 

921 = 1'91' 

We use the term morphism for function pairs that satisfy naturalness; so (91,92) 
is a morphism from I to I' iff naturalness holds. This defines morphisms between 
functions. (Note that some authors use the term "morphism" for arrows in a 
category.) 

This terminology accords rather well with standard usage. For a binary operation 
I : A x A ~ A and another binary operation I' : A' x A' ~ A', the function pair that 
is an obvious candidate for a morphism from I to f' is (g x g,g) where 9 : A ~ A' 
and (g x 9)(X1lX2) is defined as (g(Xd,g(X2». Such a function pair (g x g,g) is a 
morphism from I to I' iff 9 is a homomorphism in the ordinary sense. 

However, we shall speak of morphisms in ·other situations, too, where the struc
ture mapped is not only that of a function, but something more complicated, in-

. volving several functions, which are moreover of a special kind. Then morphisms 
will not be simply function pairs, but something more involved, though analogous. 
In particular cases, we shall introduce special names for the morphisms in question. 
The guiding idea will always be to impose the naturalness condition for every func
tion involved. Since many, if not all, important structures of mathematics can be 
expressed in terms of functions, and often gain in clarity by being expressed so, we 
shall find the notion of structure-preserving map appropriate to these structures 
by looking for naturalness conditions. 

1.3: Graphs, graph-morphisms and transformations. A graph is a function 
pair (8, T) from (X, X) to (Y, Y). So, 8 and T are both functions from X to 
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Y. To help imagination, we call X the set of arrows, Y the set of objects, S the 
source function and T the target function. With that terminology, the denomination 
"graph" becomes justified. (In graph theory, the corresponding notion is sometimes 
called "directed multigraph with loops" .) 

For objects of graphs we use the letters A, B, C, ... , and for arrows f, g, h, ... , 
with indices if needed. We write f : A -+ B to indicate that the source of the 
arrow f is A and its target Bj we say that A -+ B is the type of f. For graphs 
we use the script letters Q, 1£, ... A hom-set Q(A, B) in a graph Q is {J If; A-+ 
B is an arrow of Q}. 

An alternative way to define a graph is to identify it with a single function :F 
from X to Y x Y. To pass from a graph (S, T) to a graph :F, we have the definition 

:FS,T(f) ~f (S(f), T(f». 

Conversely, if we are given :F, and pI and p2 are, respectively, the first and 
second projection function, then we define S and T by 

It is clear that if we start from a graph (S, T), define :FS,T, and then define S:FS,T 
and T:Fs,T,We obtain that S is equal to S:FS,T and T is equal to T:FS,T' Analogously, 
:FSF,TF is equal to :F. 

We shall say that the two notions of graph, the (S, T) notion and the :F notion, 
are equivalent. (This we do because there is an equivalence, actually an isomor
phism, between the category of (S, T) graphs and the category of :F graphs, as 
we shall see in 1.5.) The equivalence of two notions does not always mean that 
the two notions are coextensive, i.e., that they cover exactly the same objects, as 
the notions of equilateral and equiangular triangles are coextensive. The (S, T) 
graphs and the :F graphs are strictly speaking different objects, though they are in 
one-to-one correspondence. On the other hand, equivalence is more than just this 
one-to-one correspondence. The concept of equivalence of notions will be explained 
in detail in 1.5 (after we have introduced the notion of equivalence of categories). 

A binary relation on Y may be identified with a graph :F that is a one-one 
function. We can then forget about X, and consider just the image of :F, i.e., a 
subset of Y x Y. H a binary relation is a set of ordered pairs, a graph is a family 
of ordered pairs indexed by the arrows, a family where the same ordered pair may 
occur several times with different indices. In other words, a graph is a multiset of 
ordered pairs. 

H a graph is a function pair (S, T), then the appropriate notion of morphism is 
the following. Suppose S and T are functions from X to Y, while S' and T' are 
functions from X' to Y'. Then as a morphism from Q = (S, T) to 1£ ~ (S', T') we 
can take a function pair (Mx, My) from (X, Y) to (X', Y') such that naturalness 
is satisfied, i.e. 

My(S(f» = S'(Mx(f», My(T(f» = T'(Mx(f». 
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This means that arrows f: A -+ B of 9 are mapped to arrows Mx(J) : My(A) -+ 
MY(B) of 11.. As usual, we shall omit the subscripts from Mx and My, referring 
to both by M. We shall also find it handy to omit parentheses from M(A) and 
M(J); instead we write MA and Mf. 

So a graph-morphism M from 9 to 11. will be a pair of functions, both written 
M, assigning, respectively, to every object A of 9 an object MA of 11., and to every 
arrow f : A -+ B of 9 an arrow Mf : MA -+ MB of 11.. 

A graph-morphism M from 9 to 11. is faithful iff for every pair (A, B) of objects 
of 9 and for every pair (J : A -+ B, 9 : A -+ B) of arrows of 9 if Mf = Mg in 
11., then f = 9 in gj this means that M restricted to the hom-sets 9(A,B) and 
11. (M A, M B) is one-one. A graph-morphism M from 9 to 11. is full iff for every pair 
(A, B) of objects of 9 and for every arrow 9 : MA -+ M B of 11. there is an arrow 
f : A -+ B of 9 such that 9 = M f j this means that M restricted to the hom-sets 
9(A,B) and 1I.(MA,MB) is onto. Note that if a graph-morphism is one-one on 
objects, then it is faithful iff it is one-one on arrows, and if it is onto on objects, 
then it is full iff it is onto on arrows. 

A graph-morphism is an embedding iff it is one-one both on objects and on 
arrows, and it is an isomorphism iff it is a bijection both on objects and on arrows. 

A graph 9 is a subgraph of a graph 11. iff there is a graph-morphism M from 
9 to 11. that is the inclusion function both on objects and on arrOWSj M is called 
the inclusion graph-morphism from 9 to 11.. This means that the objects of 9 are 
included among the objects of 11. and the arrows of 9 among the arrows of 11., and 
for every object A of 9 the object M A of 11. is A, while for every arrow f of 9 
the arrow Mf of 11. is f. Moreover, since M is a graph-morphism, the arrows of 
9 have in 11. the same sources and targets as in g. The inclusion graph-morphism 
M is an embedding, and a fortiori it is faithful. A subgraph is full iff the inclusion 
graph-morphism is full. 

The identity graph-morphism If} from a graph 9 to 9 is the identity function 
both on objects and on arrows. H we have a graph-morphism M from a graph 9 
to a graph 11. and a graph-morphism N from a graph 11. to a graph .7, then we 
have the composite graph-morph ism N M from 9 to .7 obtained by composing the 
functions M and N, on objects and on arrows. 

Let M and N be graph-morphisms from a graph 9 to a graph 11.. A transfor
mation from M to N is a family T of arrows TA : MA -+ NA of 11., indexed by 
the objects A of g. More precisely, a transformation T is a function from the set 
of objects of 9 to the set of arrows of 11., with values T(A), which is written TA, 
of type MA -+ NA. Note that a transformation need not be one-one (i.e., for 
different objects A and B of g, the arrows TA and TB may be equal, provided MA 
is MB and NA is NB). 

A slightly more general notion than transformation is obtained by assuming that 
M and N are only functions from the objects of 9 to the objects of 11., everything 
else being as for transformations. We shall have two occasions to rely on this notion 
of objectual transformation (see 3.6 and 4.5). 
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1.4. Deductive systems, functors, natural transformations and categories. 
An identity 1 in a graph g is a family of arrows lA : A -t A of g~ indexed by the 
objects A of g. In other words, 1 is a transformation from Ig to Ig. The arrows 
lA are called identity arrows. 

A composition 0 in g is a function that to every pair (f : A -t B, g: B -t C) of 
arrows of g assigns an arrow 9 0 f : A -t C of g. 

A deductive system is a triple (V, 1,0) where V is a graph, 1 is an identity in V 
and 0 is a composition in V. The identity and composition of different deductive 
systems will always be denoted by the same symbols 1 and 0, assuming it is clear 
from the context to which deductive system they belong. (The term "deductive 
system" was introduced by Lambek because of an obvious analogy with logical 
consequence. This analogy, which is not superficial, is at the base of categorial 
proof theory; see [Lambek & Scott 1986] and [D. 1996, 1997].) 

A functor F from a deductive system (V, 1, 0) to a deductive system (c, 1, 0) is 
a graph-morphism from V to c that satisfies 

(fun1) 

(fun2) 

F1A = 1FA, 

F(go 1) = Fgo Ff. 

These two conditions are just naturalness conditions for morphisms of identities 
(where identities are understood as functions) and morphisms of compositions. 

An embedding of deductive systems is a graph-morphism that is a functor and 
an embedding, and an isomorphism of deductive systems is a graph-morphism that 
is a functor and an isomorphism. A deductive system (V, 1, 0) is a subsystem of a 
deductive system (c, 1, 0) iff there is a functor from (V, 1, 0) to (c, 1, 0) that is an 
inclusion graph-morphism from V to c. As for subgraphs in general, a subsystem 
is full iff the inclusion graph-morphism is full. 

It is clear that the identity graph-morphism Iv on the graph V of a deductive 
system (V, 1, 0) is a functorj it is called the identity functor. It is also clear that 
the composite graph-morphism GF is a functor when F and G are functors. 

Let M and N be graph-morphisms from a graph g to a graph 1l. If 1l has a 
composition 0, and, a fortiori, if 1l is the graph of a deductive system (1l, 1, 0), 
then a transformation from M to N is natural iff the following equality holds for 
every arrow f: A -t B of g: 

(nat) TBoMf=NfoTA. 

If Mf, Nf, TA and TB are functions and 0 is functional composition, (nat) is the 
naturalness condition for the morphism (TA,TB) from Mf to Nf. 

A deductive system is a category iff the following equaiities hold between its 
arrows: 

( catlright) 

(catlleft) 

(cat2) 

f 0 lA = f, 
1B 0 f = f, 

(h 0 g) 0 f = h 0 (g 0 1). 
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A subcategory is a subsystem of a category. 

Often, we denote a deductive system (V, 1, a) simply by V, taking the identity 
and composition for granted, provided it is clear from the context that we have 
in mind a deductive system, rather than simply a graph. We do the same for 
categories. H, however, we need to emphasize the difference between a deductive 
system and its graph, we use the notation (V,l,a). 

Note that our notion of functor is slightly more general than the usual notion, 
which is given for categories only, whereas ours apply to arbitrary deductive sys
tems. Note also that our notion of natural transformation is likewise more general 
than the usual notion, which is given for functors M and N from a category g to 
a category 1l. 

1.5. Equivalence of categories. H a graph is a function pair (S,T), then 
a possible notion of morphism between graphs is not only our notion of graph
morphism, but also a more general notion, which we shall now introduce. 

Let (I, h) be a function pair from (AliBI) to (A2,B2) and (J/,h' ) a function 
pair from (ALBD to (A~,B~). A morphism from (J,h) to (J/,h' ) is then simply 
two function pairs, (g1,g2) from (Al.A2) to (ALA~), which is a morphism from f 
to /', and (k1 ,k2) from (B1 ,B2) to (BLB~), which is a morphism from h to h'. H 
(J,h) and (J/,h' ) are graphs, then Al = Bl = X, A2 = B2 = Y, A~ = B~ = X', 
A~ = B~ = yl, but we could keep the same notion of morphism. Let us call these 
morphisms of graphs double morphisms. 

A graph-morphism as we have defined it in 1.3 is a double morphism where 
gl = kl and g2 = k2. With double morphisms in general we woUld have 
a function pair (Mx,My) that in virtue of naturalness preserves sources, i.e., 
My(S(J» = S'(Mx(J», and another function pair (Nx,Ny) that in virtue of 
naturalness preserves targets, i.e. Ny(T(J» = T'(Nx(J». 

On the other hand, if a graph is a function:F from X to Y x Y, then a possible 
notion of morphism is not only our notion of graph-morphism, but also another 
generalization of this notion. Namely, we would have a function pair (Mx, MyxY), 
where Mx is, as before, a function from X to X', but MyxY is a function from 
Y x Y to Y' x Y'. So pairs of objects are mapped to pairs of objects. The required 
naturalness condition is 

Myxy(:F(J» = P(Mx(J». 

Let us call these morphisms of graphs single morph isms. A graph-morphism is a 
single morphism where MyxY is defined as My x My in terms of a function My 
from Y to Yj for My x My we have 

(My x My) (A, B) = (My(A),My(B». 

The notion of graph-morphism is a common denominator of double and single 
morphisms, which can serve for either notion of graph. . 
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An arrow f : A -t B in a category is an isomorphism iff there is an arrow 
9 : B -t A, called the inverse of f, such that go f = lA and fog = lB. Two 
objects A and B are isomorphic iff there is an isomorphism f of the type A -t B. 
A natural transformation T is a natural isomorphism iff TA is an isomorphism for 
every A. 

Two categories A and B are equivalent iff there is a functor F from B to A and 
a functor G from A to B such that there is in A a natural isomorphism from FG to 
lA and there is in B a natural isomorphism from GF to 18. An equivalence of cat
egories where these natural isomorphisms are identities boils down to isomorphism 
of categories as we have defined it in the preceding section. 

It is easy to show that the category of graphs in the (S, T) sense (i.e., the category 
whose objects are these graphs) with graph-morphisms as arrows is isomorphic to 
the category of:F graphs with graph-morphisms as arrows. Hence, these categories 
are also equivalent. This justifies our saying that the two notions of graph are 
equivalent. In general, two notions are to be called equivalent iff they cover objects 
of two categories that are equivalent. 

When two notions are equivalent, it is common to say that we have just two 
formulations of the same notion, or that the same notion is defined in alternative 
ways.· Formulations are then called equivalent, rather than notions. We will often 
speak in this less formal way, too. 

Consider, now, the category of (S, T) graphs with double morphisms as arrows 
and the category of:F graphs with single morphisms as arrows. These two categories 
are not equivalent, and neither of them is equivalent to the category of (S, T) 
graphs with graph-morphisms as arrows, or the category of:F graphs with graph
morphisms as arrows. So, to determine whether two notions are equivalent, it is not 
enough to find a bijection between the objects that fall under-these notions. We also 
have to find the appropriate morphisms, and prove an equivalence of categories. 

With the notions that will be found equivalent later in this work we will find 
mostly isomorphisms of categories, rather than simplyequivalences. We stick, how
ever, to the terminology of "equivalent notions", because this way of speaking is 
more common ("isomorphic notions" would be a neologism), and because equiva
lence of categories catches well the intuitive idea of equivalence of notions. 

2. Functions redefined 

The notion of adjunction presupposes the more elementary notion of function, 
whose importance and ubiquity in mathematics are, of course, not necessary to 
mention, let alone justify. We want to show, however, that underlying the notion 
of function there is an adjunction, and that this ad junction characterizes co;npletely 
the notion of function. This will serve as another corroboration of the slogan that 
adjointness arises everywhere. 

The standard definitions of the general notions of function, onto function and 
one-one function don't exhibit clearly the regularities and symmetries of these 
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notions. It is not immediately clear from these definitions, without some deducing, 
that 

(1) the property of being a function is made of two components exactly dual to 
the onto and one-one properties (they go in the opposite direction), 

(2) the onto and one-one properties are dual to each other. 

There are definitions of these notions that exhibit immediately (1) and (2), but 
these definitions are rarely and cryptically mentioned (the earliest reference for 
them I know of is [Riguet 1948, p. 127]). On their own, these definitions are quite 
simple. I believe that their ingredients belong to the folklore and sometimes crop 
up as exercises in textbooks. However, the general picture they provide seems to 
be missing in the standard textbook approach. Many students of mathematics 
probably stay pretty much in the dark about (2), and perhaps even (1); many are 
probably surprised when, after having known for some time about onto functions 
and one-one functions, they learn about (2) via the cancellation properties of epi 
and mono arrows in category theory. 

I don't wish to suggest that these nonstandard definitions should supplant the 
standard ones-especially not for a first exposure to the defined notions. I suppose, 
however, that at some point in the study of mathematics one should get a systematic 
picture such as will occupy us here. 

2.1. The standard definition of function. A binary relation is a set of ordered 
pairs R together with some specified domain D and codomain C such that R ~ 
D xC. We speak here only about "relations", the epithet "binary" being tacitly 
presupposed, and, as usual, we write x R y for (x,y) ER. 

A function from D to C is a relation R ~ D x C such that for every x in D 
there is exactly one y in C for which x R y. It is easy to deduce that R ~ D x C is 
a function iff 

(left-tota~ for every x in D there is at least one y in C such that x R y, 

(right-unique) for every x in D there is at most one y in C such that x R y. 

A function R ~ D x C is onto iff 

( right-total) for every y in C there is at least one x in D such that x R y, 

and it is one-one iff 

(left-unique) for every y in C there is at most one x in D such that x R y. 

For a relation R ~ D x C the conjunction of (right-tota~ and (left-unique) is 
equivalent to asserting that for every y in C there is exactly one x in D such that 
x R y. So, after a little bit of deducing, we obtained (1): the onto and one-one 
properties are the two components of functionality, but going from the co domain 
to the domain; functionality in the direction from the domain to the codomain is 
made of two completely analogous, dual, components. 

What'is still not quite evident is (2); namely, that the onto and one-one proper
ties are also dual to each other. That "at least one" is dual to "at most one" may 
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be gathered from the fact we can express that a set A is a singleton by the conjunc
tion of "for some Xl and X2 in A, Xl = X2" (which amounts to "there is at least 
one member of A") and "for every Xl and X2 in A, Xl = X2" (which amounts to 
"there is at most one member of A"). When we deal specifically with functions, the 
duality between the onto and one-one properties is exhibited in category theory by 
showing that the first property amounts to cancellability on the right in functional 
composition, while the second property amounts to cancellability on the left. How
ever, as we shall see in 2.3, if we assume functionality neither for R ~ D x C nor 
for the converse set of ordered pairs, we cannot exhibit in this manner the duality 
between (right-total) and (left-unique), or between (left-total) and (right-unique). 

2.2. The square of functions. The definitions below will enable us to see the 
duality mentioned at the end of the preceding section in a different, more basic, 
manner-without extra assumptions concerning R ~ D xC. They will also display 
clearly the connection between the onto and one-one properties and functionality. 

Let R+- ~ C x D be the relation converse to R ~ D x C, i.e., R+- is 
{(y, x) I X R y}, and let R2 0 Rl be {(x, y) I for some z, x RI z and z R2 y}. (For 
the composition of Rl with R2 we write R2 0 Rl , rather than RI 0 R2, so as not to 
deviate from standard usage when we come to functional composition. This stan
dard usage is unfortunate-it clashes with our inclination to read other things from 
left to right~but it is hard to fight against. Anyway, what we have to say about 
functions does not depend upon reforming the notation for functional composition.) 
Next, for every set A, let lA be {(x, x) I x EA}. 

Then consider the following properties a relation R ~ D x C might have: 

( left-total) ( right-total) 

(left-unique) ID 2 R+- 0 R (right-unique) R 0 R+- ~ le 

We pass from left to right in this square by replacing R by its converse R+- (of 
course, R+-+- is equal to R). We pass from the upper row to the lower row by 
replacing an inclusion by the converse inclusion. 

The diagrams in the figure below illustrate the four properties in the square. 
Solid lines are in the antecedents and dotted lines in the consequents. For example, 
the upper left diagram is read as follows: "If Xl is equal to X2, then we have arrows 
going from them to the right towards a point y." Since every point is equal to itself, 
this means that for every point in the domain we have at least one arrow going 
towards the codomain whose source is this point-the two dotted R arrows become 
one. The lower right diagram is read: "If we have arrows with the same source 
x, then their targets Yl and Y2 are equal." So at most one arrow can start from a 
point of the domain-the two solid R arrows become one. It is easy to s:heck with 
the help of these diagrams that the properties in the square are equivalent to the 
previously introduced properties that bear the same names. 



An introduction to adjunction 

Xl 0l~~~~~~~~~" 
= '~y .,. .... ............ 
X2o---- R 

( left-total) 

X11~ 
x:l~OY 

( left-unique) 

( right-total) 

( right-unique) 
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Functions are defined by the properties in the upper left and lower right corners 
of our square. With onto functions we cover the upper row and the lower right 
corner, and with one-one functions the lower row and the upper left corner. A 
relation R S;; D x C satisfies the properties in the upper right and lower left corner 
iff the converse relation Rt- S;; C x D is a function. Our square displays the duality 
between the onto and one-one properties, as well as the way how these properties 
are connected with functionality. 

Each corner of the square is "one quarter" of a bijection, i.e., one-to-one cor
respondence. The notion of function involves half of these corners in a diagonal 
way. An explanation for this judicious choice is given in 2.4 below, when we talk 
of adjunction. 

2.3. Cancellability of relations. Let us now consider how the properties from 
the square are connected with cancellation properties for relations in relational 
composition. A relation R S;; D x C may satisfy the property 

(right-cancellable) for every SI and S2, if SI 0 R S;; S2 0 R, then SI S;; S2, 

where SI S;; C x A and S2 S;; C x A for some set A, or the property 

(left-cancellable) for every SI and S2, if R 0 SI S;; R 0 S2, then SI S;; S2, 

where SI S;; A x D and S2 S;; A x D for some set A. Note that (right- cancellable) and 
(left-cancellable) are equivalent, respectively, to the properties obtained by replacing 
S;; in them by = (to show that, we may use (SI U S2) 0 R = (SI 0 R) U (S2 0 R) and 
R 0 (SI U S2) = (R 0 Sd U (R 0 S2); with U replaced by n we have the inclusions 
from left to right of these two distributions, but the converse inclusions may fail). 

Since for every relation R we have R S;; RoRt- oR, it is easy to verify that (right
cancellable) implies (right-total), but for the converse implication we only have 
that the conjunction of (right-unique) and (right-total) implies (right-cancellable); 
neither (right-unique) alone nor (right-total) alone does so. (Let D = {d}, C = 
{C1,C2} and A = {a}j then for R = {(d,C2)}, SI = {(Cl ,a)} and S2 = 0, we have 
that (right-unique) holds, while neither (right-total) nor (right-cancellable) does, 
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and for R = {(d, Cl), (d, C2n, 81 = {(Cl, an and 82 = {(C2, an, we have that 
(right-totaQ holds, while neither (right-unique) nor (right-cancellable) does hold.) 
We also have that the conjunction of (right-unique) and (left-cancellable) implies 
(left-unique), whereas (left-cancellable) alone does not (provided A is allowed to be 
empty). Of course, we obtain something quite analogous if in all these implications 
we replace everywhere "right' by "left' and "left' by "right:'. 

So if R is a function, then (right-cancellable) is equivalent to (right-totaQ and 
(left-cancellable) is equivalent to (left-unique), but if R is not a function, these 
equivalences may fail. 

2.4. Function and adjunction. Finally, let us try to justify the choice of 
properties from the square that enter into the definition of function. For R ~ D x C 
a relation, A a subset of D and B a subset of C, let R(A) be the set {y E C I 
for some x E A, x R y} and R~(B) the set {x E D I for some y E B, x R y}. H 
P(X) is the power set of a set X, then for every relation R ~ D x C, we have two 
functions R: P(D) -t P(C) and R~ : P(C) -t P(D), monotonic with respect to 
~. We can easily verify that (left-totaQ is equivalent to 

for every A ~ D, A ~ R~(R(A», 

while (right-unique) is equivalent to 

for every B ~ C, R(R~(B» ~ B. 

On the other hand, b) is equivalent to the left-to-right implication and (!p) to the 
right-to-left implication of the equivalence 

(*) for every A ~ D and every B ~ G, R(A) ~ B iff A ~ R~(B). 

So, R and R+- establish a covariant Galois connection between (P(D),~) and 
(P(G),~) iff R ~ D x G is a function. In more general terms, for the preorders 
(P(D),~) and (P(C),~) understood as categories (objects are subsets of D and C, 
and arrows exist between these objects whenever inclusion obtains), the functors 
R and R~ together with the natural transformations induced by (-y) and (!p) make 
an adjunction, where R is left-adjoint and R +- right-adjoint, the natural transfor
mations of b) and (!p) being, respectively, the unit and counit of the adjunction. 
We have this adjunction if and only if R ~ D x C is a function. (The "if' part of 
this equivalence is stated in [Mac Lane 1971, p. 94].) 

For every relation R ~ D x C we have that 

(**) for every A ~ D and every B ~ C, R(A) ~ B iff A ~ D - R~(G - B). 

(1 am indebted to Aleksandar Lipkovski for having drawn my attention to (**) with 
his note [1995], where it appears in the equivalent form 

for every A ~ D and every B ~ C, R+-(B) ~ A iff B ~ C - R(D - A).) 
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We also have that R ~ D x C is a function iff 

(***) for every B ~ C, Rt-CB) = D - Rt-(C - B). 

So, underlying the Galois connection of (*) there is a Galois connection of wider 
scope, but less pleasing. (The equivalence (*:1<) is implicitly present in temporal 
logic through the connection between future necessity and past possibility. The 
equality (***) is also to be found in modal logic, when the functionality of the 
accessibility relation of Kripke models makes necessity and possibility coincide; 
see, for example, [Hughes & CresswellI996].) 

The equivalence "R ~ D x C is a function iff (*)" may hardly serve as an 
alternative definition of the notion of function, since this notion is presupposed in 
the definitions of the mappings, or functors, R and Rt-. However, the adjunction 
in this equivalence may help to explain why the notion of function, rather than 
some other notion (for example, the notion of partial function, without left totality, 
or the notion of onto function, with right totality), is so important in mathematics. 
Conversely, if we are already convinced of the importance of the notion of function
as we should be-our equivalence may explain why Galois correspondence and' 
adjointness are important. 

3. Definitions of adjunction 

We shall now survey the standard definitions of adjunction. However, rather than 
simply rehash familiar matters, we present also two presumably new definitions of 
this notion. 

One is a definition that does not economize on primitives. It takes as primitive 
notions the two adjoint functors, F and G, and both the natural transformations 
that are the counit and unit of the adjunction and the two bijections between the 
hom-sets A(FB,A) and B(B,GA). Usually, if the counit and unit are primitive, 
the bijections are defined, and vice versa. Having both kinds of notions primitive, 
together with the adjoint functors, enables us to formulate the specific equalities 
between arrows one finds in adjointness as a series of equalities defining one of 
these notions in terms of two remaining notions. These definitional equalities make 
a regular pattern, which should clarify standard definitions of adjunction. 

We shall compare this uneconomical, but regular and simple, definition to stan
dard definitions of adjunction (like those that may be found in MacLane's book 
[1971, IV]), and show that the notions defined are equivalent. Among the standard 
definitions we favour those that, like the uneconomical definition, are equationally 
presented. We also envisage defining adjunction in a more general kind of context
in particular, a context where F and G may fail to be functors because they don't 
satisfy (funl), but only (fun2). That is, F and G are only semifv.nctors (cf. 3.4 
below). 

In 3.7 we consider the other nonstandard definition of adjunction. This one 
is, on the contrary, an economical definition, where only the fun~tions F and G 
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on objects and the bijections between the hom-sets A(FB,A) and 8(B,GA) are 
primitive. So neither of the adjoint functors F and G is taken as primitive. This 
economical definition simplifies one of the standard definitions. 

3.1. Primitive notions in adjunction. Let A and 8 be two graphs. The objects 
of A will be designated by A, Ab A2 , ••• , and,the arrows of A by I, ft, 12, ... , 
while the objects of 8 will be designated by B, B1 , B2 , •• '. , and the arrows of 8 by 
9,91,92,·· . 

Let F be a graph-morphism from 8 to A and G a graph-morphism from A to 
8. When we need it for emphasis, we shall write Fa and Ga for the functions on 
arrows, and FO and GO for the functions on objects, of the graph-morphisms F and 
G. However, in most cases we will, as usual, omit these superscripts. 

Let tp be a transformation from the composite graph-morphism FG to the'iden
tity graph-morphism lA. and "1 a transformation from the identity graph-morphism 
18 to the composite graph-morphism GF. (Remember that, as defined in 1.3, a 
transformation is a family of arrows like a natural transformation for which we 
don't assume (nat).) 

Finally, for every pair of objects (A, B) (where, according to our convention, A is 
from A and B is from 8), let ~B,A be a function assigning to an arrow 9: B -t GA 
of 8 the arrow ~ B ,A9 : F B -t A of A, and let r B ,A be a function assigning to an 
arrow I : FB -t A of A the arrow rB,AI : B -t GA of 8. We denote by ~ the 
family of all the functions ~B,A and by r the family of all the functions rB,Ai we 
call the functions in these families the seesaw functions. 

Consider now the following six notions we have just introduced: 
the functions on arrows Fa and Ga, 

the transformations cp and "1, 

the families of seesaw functions ~ and r. 
H (A, 1,0) and (8, 1, 0) are deductive systems, each of these notions can be 

detined in terms of other two notions from the list (with the help of the identities 
and compositions of (A, 1, 0) and (8,1,0» by the following equalities: 

for 9: Bt -tB2 for f : At -t A2 

(Fa) Fg = ~Bl,FB2("(B2 0 g), (Ga) Gf = rGA1,A2(f 0 cpAd, 

(tp) CPA = ~GA,AGIA' ("() 'YB = rB,FBFIB, 
for 9: B -t GA for I: FB-tA 

(~) ~B,A9 = tpA 0 F9, (r) . rB,AI = GI0'YB. 

The detinitional dependences among these notions can be read off from the fol
lowing hexagonal figure. 
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r 

The notion in each vertex is definable in terms of the two notions in the neigh
bouring vertices on the left and on the right. For example, FO is definable in terms 
of 'Y and q;, while eJ is definable in terms of FO and cp, etc. On the left-hand side 
of the hexagon we have F and its Greek correlates, while on the right-hand side 
we have G with its Greek correlates. Vertices on the big, undrawn, diagonals have 
labels of the same type: (Fo,GO), (eJ,r) and (cp,'Y). 

The small, dotted, diagonals are drawn to indicate possible choices of primitives, 
in terms of which all the six notions can be defined. In the following table we 
indicate with + the notions taken as primitive by the choice named in the leftmost 
column. 

FO GO cp 'Y r q; 

hexagonal + + ++++ 
rectangular 11 + + ++ 
rectangular \ \ + + ++ 
rectangular / / ++++ 
triangular I> + + + 
triangular <I + + + 

Besides these choices, there are six uneconomical pentagonal choices, with five 
primitives, and six more uneconomical choices with four primitives, obtained by 
adding a vertex to one of the triangular choices (so, altogether, we have 18 choices). 
What can be said about these additional uneconomical choices should be easy to 
infer from what is said below about the rectangular and triangular choices; so we 
shall not consider them separately. (In 3.7 below, we shall find one more choice, 
very economical, with only eJ and r primitive; however, this choice is based on 
slightly different definitional equalities.) 

The hexagonal definitional pattern above becomes even more regular if we take 
into account the identities and compositions of the deductive systems A and B. For 
the composition of A, let us introduce the following notation 

L~(ft) = R~ (h) = 12 0 ft, 

and analogously for the composition of B. Next, let lA and I B be the identities of 
A and B, respectively. 
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Then the definitional equalities above become 

Fg- ~L8g - 'Y' (Ga) Gf = rR:f, 
cp = ~G1A, 
~g=L:Fg, 

(-y) 

(r) 
'Y = rF1B

, 

rf = R!;Gf, 
where, to make matters clearer, we have omitted parentheses and subscripts refer
ring to objects. Our hexagonal figure with these additional notions involved in the 
definitions looks as follows. 

3.2. Hexagonal adjunction. The hexagonal choice of primitives of the pre
ceding section is interesting because we can define adjunction as follows. The 
conditions 

(A, 1, o) and (B, 1, o) are categories, 

F and G are functors, 

cp and 'Y are natural transformations, 

~ and r are families of seesaw functions, 

(Fa), (Ga), (cp), ('Y), (~) and (r) hold 

are satisfied iff the functors F and G are ad joint, F being left adjoint and G right 
adjoint. The natural transformations cp and 'Y are respectively the counit and unit 
of the adjunction (often written e and 11). 

In the next sections we shall verify that this notion of adjunction is indeed 
equivalent to the more usual ones, behind which stand more economical choices of 
primitives from the table above. 

Note that if we replace the equalities (cp) and (-y) by the equalities 

for f : Al ~ A2 and 9 : Bl ~ B2, then the condition that the transformations 
cp and 'Y are natural becomes redundant. The equalities (cpO) and ('Y0) are an 
immediate consequence of (~), (r ) and (nat) for cp and 'Y. On the other hand, 
these two equalities yield (cp) and ('Y) in the presence of (catlleft) and (catlright). 
However, (cpO) and (-y0) are not exactly definitions of the transformations cp and 'Y, 
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but rather definitions of composing with cP on the right and'Y on the left (i.e., of 
R: and L~). 

3.3. Rectangular 11 adjunction. Suppose 

(A, I, 0) and (8, I, 0) are categories, 

Fa and GO satisfy (fun2), 

(~) and (r) hold. 

Then the equalities (Fa), (GO), (cp) and ("() are interderivable with the equalities 

(qryF) CPFB 0 F'YB = FIB, (cp"fG) GCPA 0'YGA = GIA, 

(<pI) CPA 0 FGIA = CPA, ("(I) GFIB 0 'YB = 'YB, 

from which ~ and r are absent. 

Let us first derive the latter equalities from the former. For (qryF) we have 

For (cpl) we have 

CPFB OF'YB = ()B,FB'YB, by«() 

= FIB, by (catlright) and (Fa). 

CPA oFGIA = ~GA,AGIA' by (~) 

= CPA, by (cp). 

We proceed analogously for (qryG) and ("(I). 
Conversely, we derive (Fa) as follows: 

~B1tFB2("(B2 og) = (CPFB2 OF'YB2) o Fg,by (~), (fun2) and (cat2) 

= FIB2 0 Fg, by (qryF) 

= Fg, by (fun2) and (catlleft). 

For (cp) we use «() and (cpl), and we proceed analogously for (GO) and ("(). 

. In the standard definition of adjunction with the rectangular 11 choice of primi
tives we have that 

(A, 1,0) and (8, I, 0) are categories, 

F and G are functors, 

cP and 'Y are natural transformations, 

~ and r may be defined by (~) and (r), 

(IfYYF) and (qryG) hold. 

In fact, instead of the equalities (qryF) and (cp"(G) we usually have the equalities 
obtained from them by replacing the right-hand sides with IFB and IGA, respec
tively. These other equalities clearly amount to (qryF) and (cp"fG) in the presence 
of (fun!) for Fa and GO. 
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With this standard definition of adjunction, the equalities (!pI) and (-yI) follow 
either from (funl) for Fa and Ga, or from the assumption that!p and"Y are natural 
transformations (together with (catlright) and (catlleft». This is enough to con
clude that the notion of adjunction of the preceding section is indeed equivalent to 
the standard notion with the rectangular 11 choice of primitives. 

3.4. Rectangular \ \ adjunction. Suppose 

(A, 1,0) and (8, 1, o) are categories, 

Fa and GG satisfy (fun2), 

(!p) and h) hold. 

Then the equalities (FG), (Ga), (Cl), (f) and (nat) for !p and "Y are interderiv
able with the following equalities (in which, since we have (cat2), we don't write 
parentheses in compositions, and the subscripts of Cl) and f are omitted so as not to 
encumber notation excessively; these subscripts can be recovered from the context): 

• 
(Cl)f) Cl)(G/sOf/2og1) = /Soh oFg17 

(Cl)Cl) Cl)(G/sog20g1) = /s0Cl)g20Fgl, 

(Cl) F) Cl)g ° FIB = Cl)g, 

(fCl) f(fa0Cl)g20Fgl) = G/sog20g1, 

In these equalities !p and "Y don't occur. 

(ff) f(faohoFg1) = G/sofJ-pg17 

(fG) GIA ° fJ = fJ. 

Equalities like these were considered in [Hayashi 1985] and [Hoofman 1993], 
which deal with notions of adjoint semifunctors, i.e., graph-morphisms satisfying 
only (fun2), and not necessarily also (funl). (Note that at the beginning of the 
preceding section we also didn't assume (fun1) to find equalities without Cl) and f 
equivalent to (FG), (GG), (!p) and (-y).) 

In the standard definition of adjunction with the rectangular \ \ choice of prim
itives we have that 

(A, 1, 0) and (8,1,0) are categories, . 

F and G are functors, 

Cl) and f are families of seesaw functions, 

!p and "Y may be defined by (!p) and (-y), 
the following equalities hold: 

(Cl)f') Cl)fJ = J, (fCl)') fCl)g = g, 

(Cl)Cl)') Cl)(g2 ° gl) = Cl)g2 ° Fg1 , 

(Cl)Cl)") Cl)(GJ ° g) = J ° Cl)g. 

The equalities (Cl)Cl)') and (Cl)Cl)") can be replaced by 

(ff') f(h ° It) = Gh ° fit, 

(ff") f(f ° Fg) = fJ ° g. 
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It is easy to see that, due to the presence of (fun1) for Fa and Ga, the equalities 
(~r'), (r~'), (~~') and (~~") amount to (~~), (rr), (~r), (r~), (~F) and (rG). 

In this standard definition of rectangular \ \ adjunction, (~~') can be replaced 
by 

~g = ~IGA 0 Fg, 

an equality that in the presence of (rp) and (fun1) for Ga amounts to (~). Analo
gously, (rr') can be replaced by an equality that in the presence of (-y) and (fun1) 
for Fa amounts to (r): 

r!=G!OrlFA. 

The equalities (~~') and (~~/I) can be replaced by the implication 

if g2 0 gl = G! 0 g, then ~g2 0 Fg1 = f 0 ~g 

(to show that we use (cat1right), (catlleft) and (fun1) for Fa and Ga). Analogously, 
(rr') and (rr") can be replaced by the implication 

if h 0 !I = f 0 Fg, then G h 0 r!I = r fog. 

With these implications, which are involved in Lawvere's definition of adjunction 
as an isomorphism of comma categories (see [Mac Lane 1971, p. 84, Exercise 2, and 
p. 53]), we abandon, however, the equational style of defining adjunction favoured 
here. 

3.5. Rectangular / / adjunction. H A and B are deductive systems that satisfy 
(catlright) and (catlleft), and (Fa) and (Ga) hold, then it is clear that the equalities 
(rp), (-Y), (~) and (r) are interderivable with the equalities 

rpA = ~GA,ArGA,ArpA' 
~B,Ag = rpA 0 ~B,FGA(-yGA 0 g), 

'YB = rB,FB~B,FB'YB, 
rB,A! = rGFB,A(f 0 rpFB) 0 'YB, 

from which the functions Fa and Ga are absent. (The equalities in the first line 
are instances of (~r') and (r~'), respectively.) However, there doesn't seem to be 
a standard definition of adjunction with the rectangular / / choice of primitives, 
which would be based on equalities such as these. Standard definitions take the 
adjoint functors F and G, or at least one of them, as primitive. In 3.7, we shall 
consider a definition of adjunction where neither of the functions Fa and Ga is 
primitive. 

3.6. Triangular adjunction. Suppose 

(A, 1, o) and (B, 1, 0) are categories, 

Fa satisfies (fun2), 

rp satisfies (nat), 

(Ga
), ('Y) and (~) hold. 
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Then the equalities (Fa), (cp), (f), (fun2) for Ga and (nat) for'Y are interderivable 
with the equallties 

(f3) CPA 0 FfB,Af = f 0 FIB, 

(ffll) fB1,A(f 0 Fg) = fB2,Af 0 g, 

from which Ga, 'Y and <1> are absent. Note that again we have not assumed (fun!) 
for Fa (nor for Ga). 

The equality (f3) could be replaced above by 

CPA 0 F(fB,Af 0 g) = f 0 Fg, 

while in the presence of the assumptions that A is a category, that Fa satisfies 
(fun2) and that (Ga) and (f3) hold, the equality (nat) for cP is replaceable by 

CPA 0 FIGA = CPA. 

This last equality follows, of course, from (catlright) and (fun!) for Fa. 

In the standard definition of adjunction with the triangular choice of primitives 
we have that 

{A, 1, o} and {B, 1, o} are categories, 

F is a functor and GO is a function on objects, 

cP is an objectual transformation, 

f is a family of seesaw functions, 

aa, 'Y and <1> may be defined by (Ga ), (-y) and (<1», 
the following equalities hold: 

(f3') CPA 0 FfB,Af = f, 
(fl) fB,A(CPA 0 Fg) = g. 

Remember that an "objectual transformation" , as specified in 1.3, is like a trans
formation between functions on objects, instead of graph-morphisms. We didn't 
assume that GO belongs to a graph-morphismj so, to be precise, we can say on
ly that cP is an objectual transformation from the composite function Fa on the 
objects of A to the identity function on the objects of A. 

Note that in the presence of (<1», the equalities (f3') and (fl) can be written as 
(<1> f') and (f<1>'). (The names "f3" and "fl" come from the adjunction of ~carte
sian closed categories, where the corresponding equalities are related to f3 and fl 
conversion in the typed lambda calculus.) 

It is clear that with (catlright) and (fun!) for Fa the equality (f3) amounts to 
(f3'). On the other hand, (ffll), (catlleft) and 

(fcp) fGA,ACPA = IGA 
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yield (77), while, conversely, from (13'), (7]), (cat2) and (fun2) for Fa we obtain 
(rr"), and from (77), (catlright) and (funl) for Fa we obtain (rep ). The equality 
(Pi) implies in the presence of (Ga) that ep satisfies (nat). 

The equality (77) is replaceable by the implication 

if epA 0 Fg = I, then 9 = rB,A/, 

which together with (Pi) is tantamount to asserting that there is a unique 9 such 
that epA 0 Fg = I. The definition of adjunction via a solution to a universal arrow 
problem is based on that (see [Mac Lane 1971, IV.l, p. 81, Theorem 2(iv)]). 

Since (Pi) is replaceable by the converse implication, and since we have (~), we 
could assume instead of (Pi) and (7]) the equivalence 

9 = rB,AI i1f ~B,Ag = I, 

which is another way of assuming (~r/) and (r~/). However, with these implica
tions and this equivalence we abandon the equational style of defining adjunction 
favoured here. 

For the definition of adjunction with the triangular <I choice of primitives we 
would have completely analogous considerations. 

3.7. Seesaw adjunction. The rectangular \ \ and rectangular / / choices of 
primitives are not minimal for defining adjunction if we change slightly the defining 
equalities (Fa), (Ga), (ep) and h). The transformations ep and 7 may be defined 
as follows in terms of ~ and r without Fa and Ga: 

(ep') epA = ~GA,A1GA, 
which serves to transform (Fa) and (Ga) into the following definitions of Fa and 
Ga in terms of ~ and r without ep and 7: 

(Fal) Fg = ~Bl,FB2(rB2,FB21FB2 0 g), 

(Gal) GI = rGA1,A2(f 0 ~GAl>A11GAJ . 

. We then have a definition of adjunction where 

(A, 1,0) and (8, 1,0) are categories, 

po and GO are functions on objects, 

~ and r are families of seesaw functions, 

Fa, Ga, ep and 'Y may be defined by (Fal), (Gal), (ep') and hi), 
the following equalities hold: 

(~r') ~rl = I, (r~/) r~g = g, 
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(with the subscripts of~, r and 1 omitted). 

We could replace (~~"') by 

(rr"') r(h 0 It) = r(h 0 ~1) 0 r It. 

To verify that this notion of adjunction is equivalent to the usual ones it suffices 
to show that it is equivalent to the notion with the rectangular \ \ choice of primi
tives of 3.4. For that we have first to check that Fa and GO defined by (Fa') and 
(Go') satisfy (fun1) and (fun2). Next, the equalities (~~"') and (rr"') amount 
to the equalities (~~') and (rr') of 3.4 in the presence of (Fa') and (Go'), while 
equalities corresponding to (~~") and (rr") are now derivable. Here is a derivation 
of (~~"): ' 

~(Gf 0 g) = ~r(f 0 ~1) 0 ~(rl 0 g), by (Go') and (~~"') 

= f 0 ~g, by (~r'), (~~III), (catlleft) and (cat2) 

(cf. [D. 1996, section 3.1]). 

This economical definition of adjunction is at the opposite end of the hexagonal 
definition of 3.2, in which we did not economize on primitives. 

To prove strictly the equivalences of various notions of adjunction considered 
here, we would have to introduce the appropriate morphisms between adjunctions 
and demonstrate equivalences of categories, which would actually be isomorphisms 
of categories. We shall not do that, however, since this rather straightforward 
matter would take too much space. We define morphisms between adjunctions in 
5.1 below. 

4. Definitions of comonad 

We shall now survey definitions of comonad. Besides the standard definition of 
this notion, we shall present several alternative definitions, of equivalent notions. 

The principle guiding this survey will be the adjunction between the category 
of our comonad and a subcategory of it, equivalent to the Kleisli category, which 
we will call the delta category. This adjunction defines the comonad, and since 
adjunction can be formulated in various ways, as we saw in the preceding part, we 
may envisage various definitions of comonad. After extracting as many interesting 
definitions as we could find, we compare the delta category of a comonad to its 
Kleisli and Eilenberg-Moore categories. These last categories play an essential 
role in the adjunctions involving the category of adjunctions and the category of 
comonads, which we shall consider in 5.3. 

Of course, we could as well deal throughout with monads. Our only reason 
for preferring comonads is that, from a logical point of view, they seem to bear a 
certain primacy over monads, as the universal quantifier bears a primacy over the 
existential quantifier. On the other hand, from an algebraic point of view, monads 
bear a primacy over comonads (see [Mac Lane 1971, VI] and [Manes 1976]). 
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4.1. Standard definition of comonad. Suppose we are given the following: 

a deductive system (A, 1, 0), 

a graph-morphism D from A to A, 
a transformation E from D to the identity graph-morphism lA, 

a transformation ° from D to the composite graph-morphism DD. 
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So in E we have the arrows EA : DA -+ A, and in ° the arrows OA : DA -+ 
DDA. Then we say that (A,D,E,o) is a comonogroph. We may say that this 
is a comonograph in A, and we use sometimes the same form of speaking with 
comonads, later. To simplify the notation, we don't mention the identity and 
composition of (A, 1, 0), taking them for granted. 

A monograph would be a comonograph with arrows reversed-sources become 
targets and targets sources. Note that the function D on objects in a comonograph 
resembles a topological interior operation, while in a monograph it would resemble 
a closure operation. 

The appropriate morphisms between comonographs will be called comono
functors. A comonofunctor from a comonograph (A,D,E,o) to a comonograph 
(A', D', E', 0/) is a functor N from the deductive system A to the deductive system 
A' such that the following naturalness equalities hold: 

ND=D'N, 

NEA = ENA, 

NOA =ONA-

A comonad is a comonograph (A,D,E,o) such that 

(A, 1,0) is a category, 

D is a functor, 

E and ° are natural transformations, 
the following equalities hold: 

(EO) 

(EoD) 

(00) 

EDA ° OA = 1DA, 

DEA ° OA = 1DA, 
DOAOOA=ODAoOA. 

A monad (also called a triple) is a comonad with arrows reversed. 

4.2. The delta category. Let (A,D,E,o) be a comonad, and for an arrow 
J : DA -+ A' of A let the arrow ll.J : DA -+ DA' be defined by 

A def r uJ = DJ OUA· 

The operation ~ should be taken as indexed by A, and the same index is inherited 
by @ in 4.5, but we take these indices for granted and omit them. 
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Then consider the subgraph Aa of A whose objects are the objects of A of the 
form DA and whose arrows are the arrows of A of the form 6./. In Aa, there is an 
identity made of the arrows IDA of A and the composition of 6./t : DAl -t DA2 
and 6.12 : DA2 -t DA3 is defined as the arrow 6.12 06./t of A. To ensure that 
IDA and 6.12 0 A/t are indeed arrows of Aa we check that the following equalities 
hold in A: 

(6.C) 6.CA = IDA, 

(6.0 ) 6.(12 0 6./t) = 6.12 06./t. 

It is clear that Aa is a category with this identity and this composition; namely, 
it is a sub category of A. We call Aa the delta category of the comonad (A, D, c, 8). 

Between A and Aa there is an adjunction, where the left-adjoint functor F from 
Aa to A is inclusion I and the right-adjoint functor G from A to Aa is D. To 
show that D / is of the form 6./, we check that in A for every J : A -t A' we have 

The counit IP of this adjunction is just c, where IPA is CA, and the unit 'Y is 8, but 
with 'YDA being OA. That this adjunction obtains indeed will be shown in the next 
three sections. 

Later, in 4.6 and 4.7, we shall compare the delta category to the Kleisli category 
and to the category of free coalgebras of a comonad. Before that, in the next three 
sections, we find the delta category handy to survey various possibilities of defining 
a comonad. 

4.3. Primitive notions in comonad. Let us now consider how one could express 
the adjunction between A and Aa in various ways according to the definitions 
of adjunction in 3. First, the primitive notions we might have to express this 
adjunction are displayed in square brackets in our hexagonal figure. 

Besides the notions we have already encountered, we find in square brackets 
the seesaw functions E, corresponding to ~, which will· be defined below. The six 
definitional equalities of 3.1 connecting these notions would now read: 
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for 6./ : DA' ~ DA for /: A ~ A' 

(Ft) 6./ = EDA(dA o6.f), (G1» D/ = 6.(f oCA), 

(<Pe) cA = EADIA, (-Y6) dA = 6.1DA, 

for 6./ : DA' ~ DA for /:DA' ~A 

(~E) EA6./ = cA 06./, (r.!1) 6./ = D/ 0 dA'. 

The subscripts in 6. are unimportant now, because FA is A, but the second 
subscript of E, understood as ~, matters, and this is the one we note above. 

We must first settle what E stands for. The equality (~E) would permit us to 
.get rid of E in (Ft) and (<Pe) if dA 06./ and DIA were equal to arrows of the form 
6./'. Now, for DIA this follows immediately from (GfJ), while for 6A 06./ we have 

6A 06./ = (6A oD/) odA', by (ra) and (cat2) 

= DD/ 0 (dDA' 0 dA'), by (nat) for 6 and (cat2) 

= (DD f 0 D6A') 0 6A', by (66) and (cat2) 

= 6.6./, by (fun2) and (r a). 

So we may take that E is defined by (~E). 
The possible choices of primitives for our adjunction would now be the following, 

taking into account that F is now inclusion and doesn't figure anywhere: 

hexagonal: (D, c, 6, E, 6.) 

rectangular //: (D,c,6) 

rectangular \ \: (D,E,6.) 

rectangular / /: (c, 6, E, 6.) 

triangular 1>: (c,6.) 

triangular <J: (D, 6, E) 

The rectangular // choice is the choice of the standard definition. The rectangular 
\ \ choice boils down to (c,6.), since c can be defined in terms of D and E, while D 
can be defined in terms of c and 6., and E can be defined in terms of c alone. The 
rectangular / / choice boils down to (c, 6.), too, since 6 can be defined in terms of 
6. alone, and E can be defined in terms of c alone. Finally, the triangular <I choice 
boils down to (D,c,d), since c can be defined in terms of D and E, while E can be 
defined in terms of c alone. 

We should mention also the seesaw choice (E,6.). This boils down to (c,6.), 
since cA can be defined as EAIDA, and E is definable in terms of c alone. 

The hexagonal choice is of course full of redundances, but we shall nevertheless 
consider this choice in the next section. Besides that, we are left with only two 
in.teresting choices: the standard choice (D, c, 6) and (c,6.). 
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4.4. Hexagonal comonads. With the hexagonal choice of primitives, we as-
sume for a comonad (A,D,c,d,E,A) that 

(A, 1, 0) is a category, 

D is a functor, 

c and 6 are natural transformations, 

the equalities (Fj), (GD), (<Pe), hs), (c)E) and (rA) hold, 

and, moreover, the equality (66) holds. 

The equality (dd) is assumed not because of the adjunction, but in order to 
insure that AA is closed under composition. It is also used in order to guarantee 
that E can be defined by (c)E) in (Fj), as we have shown above. 

Let us show now that this hexagonal notion of comonad is equivalent to the 
standard (A,D,c,d) notion. With (c)E), the equality (Fj) reads 

Al = CDA 0 (dA 0 Al). 

This equality clearly. follows from (cd), (catlleft) and (cat2). Conversely, (cd) 
follows from this equality as follows. Since from (GD) with (fun1) and (catlleft) 
we have aeA = IDA (i.e., the equality (Ac) mentioned above), our equality with 
(catlright) will give (cd). Therefore, (Ff) amounts to (cd). 

With (r A), the equality (GD) reads 

D I = D(J 0 cA) 0 dA. 

This equality follows from (cdD), (fun2), (cat2) and (catlright). Conversely, (cdD) 
immediately follows from this equality with (catUeft) and (funl). Therefore, (GD) 
amounts to (cJD). The equalities (Ff) and (GD) are more important than the 
remaining four equalities (<Pe), (-y.s), (c)E) and (rA), which boil down to definitions. 

So, our hexagonal notion of comonad is equivalent to the standard (A, D, c, 15) 
notion. To prove quite strictly the equivalence of these two notions, we would have 
to demonstrate an equivalence of categories, which would actually be an isomor
phism of categories. 

Note that in the hexagonal definition a comonad is defined by assuming that 
A and AA are categories and that the functors I and D are adjoints, I being 
left-adjoint and D right-adjoint. An adjunction between A and B where the left 
adjoint F is the inclusion functor from B into A is called a coreftection of A in 
its· sub category B. So a comonad in A is defined by assuming that there is a 
coreflection of a category A in its subcategory AA. 

The standard (A, D, c, 15) notion of comonad of 4.1 corresponds to the rectangular 
11 notion of adjunction of 3.3. The equality (cd) corresponds to (IjY'fF) and (cJD) 
to (IjY'fG), while (615) is related to (nat) for "'t. 

4.5. Triangular comonads. With the (c, A) choice of primitives, we can imitate 
the definition of triangular adjunction of 3.6 to define comonads. We define a 
triangular comonad (A, c, A) by assuming that 
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A is a category, 
D is a function from the objects of A to the objects of A, 
E is an objectual transformation from D to the identity function 

on the objects of A, 
~ is a function mapping the arrows /: DA -+ A' of A to 

the arrows ~/: DA -+ DA' of A, 
the following equalities hold: 

(E~) EA 0 ~/ = /, i.e., EA~/ = /, 
(~o) ~(h 0 ~iI) = ~h 0 ~iI, 

(~c) ~cA = IDA. 
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These three equalities correspond to the equalities that were mentioned in 3.6 
as a possible choice for defining triangular adjunction: (E~) corresponds to ({3'), 
while (~o) corresponds to (rr") and (~c) to (rIP). The new notion of comonad 
is equivalent to the standard (A,D,E,c5) notion, via the definitions (G'b), (-r6) and 
(r a). (A definition of monad analogous to this triangular notion of comonad may 
be found in [Manes 1976, 1.3, Exercise 12, p. 32].) 

The triangular notion of comonad becomes more transparent if for iI : DAl -+ 
A2 and h : DA2 -+ A3 we introduce the definition given by the equality 

(@) h@h =ho~h· 

We call @ delta composition. With delta composition, (~o) reads 

(~@) ~(h@h) = ~h 0 ~h· 

Conversely, we may define ~ in terms of delta composition by the equality 

(~) ~/ = IDA@/. 

With delta composition primitive, a comonad could be defined as being (A, e, @), 
where A, D and E are as for the triangular (A,e,~) notion above, @ is a function 
that assigns to a pair (h : DAl -+ A2,h : DA2 -+ A3) of arrows of A the arrow 
h@h : DAl -+ A3 of A, and the following equalities hold: 

( catlright@) 

(catlleft@) 

(cat2@) 

(shift) 

/@CA=/, 

EA@/=/' 
(f3@h)@h = h@(h@h), 

(f3 0 h)@h = fa 0 (h@/d· 

The first three equalities are clearly analogous to the corresponding categorial 
equalities, E behaving as identity. The fourth equality can be replaced by either of 
the following two equalities: 

(shift 1) 

(shiftc) 

fa 0 (lDA@h) = h@h, 

(f3 oCA)@h = h@h. 



36 Kosta DoSen 

(With (shifte), the equality (catlleft@) becomes superfluous.) The (A,e,@) notion 
of comonad and the triangular (A, e,.6.) notion are equivalent, via the definitions 
(.6.) and (@). (A definition of monad analogous to the (shifte) variant of our 
(A, e, @) notion may be found in [Manes 1976, 1.3, Definition 3.2, p. 24]; the other 
variants are from [D. 1996, section 4.1].) 

If we don't economize on primitives, and take both .6. and delta composition 
as primitives, then an equivalent notion of comonad is obtained by defining it as 
(A,e,.6.,@), where A, D, e, .6. and @ are as before and the equalities (e.6.), (.6.@) 
and (.6.e) hold. Now the defining equalities (.6.) and (@) become derivable (this 
definition is in [D. 1996, section 4.1]). 

Note that we are certainly not allowed to suppose that we have now exhausted 
all possible ways of defining comonads. But the definitions through the adjunction 
between A and Aa are well covered, and among these definitions we find the 
standard definition and other definitions mentioned in the literature. 

4.6. The Kleisli category. Let (A, D, e, 6) be a comonad. Then consider the 
graph AD whose objects are all the objects of A, while its arrows are obtained by 
taking that for every object A of A and every arrow I : DA -+ A' of A, the pair 
(A, f), which we abbreviate by lA, is an arrow of AD of type A -+ A'. (Formally, 
we need a bijection K. that assigns to the pairs (A, j) the arrows K.(A, f) : A -+ A' of 
AD. So, K.(A, f) may be identified with the ordered pair (A, f). We cannot identify 
K.(A, f) just with I instead of (A, j), because, if D is not one-one on objects, then 
I could have more than one source in AD. Definitions of Kleisli category in the 
literature, including Kleisli's own definition of [1965], usually don't make this clear.) 

The graph AD has an identity whose arrows lA : A -+ A are defined as e~ and 
composition in AD is defined as follows in terms of the delta composition of A: 

It2 0 Itl ~f (/2@h)A 1 • 

Let us call the graph AD with this identity and this composition the Kleisli de
ductive system of the comonad (A,D,e,6). It is clear that due to (catlright@), 
(catlleft@) and (cat2@) of the preceding section, this deductive system is a cate
gory. This category is called the Kleisli category of the comonad (A, D, e, 6). 

A category isomorphic to AD is a category A~ related to the delta category Aa, 
which is defined as follows. Its objects are again the objects of A, while its arrows 
are obtained by taking that for every pair (Al' A2 ) of objects of A and every arrow 
h: DAl -+ DA2 of A such that 

(homo 6) 

the triple (At,A2,h), which we abbreviate by hA1 ,A2, is an arrow of A~ of type 
Al -+ A2. The identity arrows lA : A -+ A of A~ are defined as 1 ~': and 
composition is defined by 

ht2•As 0 ht1 ,A2 ~ (h2 0 hl)Al.As. 
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The equality (homo &), which is a kind of naturalness condition, could alternatively 
be written as 

t1h = t1IDA2 0 h. 

Other conditions equivalent to (homo &) are 

t1{EA2 0 h) = h, i.e., t1EA2h = h, 

3f(t1f = h). 

The isomorphism between the categories AD and A~ is obtained by the functor 
K from AD to A~ such that KA = A and for f: DAl -+ A2 

KfAl = (Llf) A loA2. 

The inverse K-l of K is defined by K-l A = A and for h : DAl -+ DA2 
\ 

IT D is one-one on objects, then it is clear that the category A~ is isomorphic to 
the delta category Ad, which we have considered in 4.2. Without supposing that 
D is one-one on objects, we can ascertain only that A~ and Ad are equivalent 
categories (see 1.5). 

The (A, E, @) definition of comonad from the preceding section shows that we 
could define a comonad by assuming that its Kleisli deductive system is a category 
and by the the (shift) equality. This equality expresses the adjunction between A 
and AD, which we shall examine in 5. 

4.7. The Eilenberg-Moore category. Let (A,D,E,&) be a comonad. Then 
consider the graph AD whose objects are arrows d: A -+ DA of A such that 

(obl) eA 0 d = lA, 

(ob2) &Aod=Ddod. 

An arrow of AD with source dl : Al -+ DAI and target d2 : A2 -+ DA2 is made of 
an arrow h : Al -+ A2 of A such that 

(homo) 

To prevent the same arrow from having more then one source or more than one 
target, the arrow h in AD should be indexed by dl and d2 • Formally, the arrows 
of AD will be triples (dl ,d2,h), but we shall take the indices dl and d2 for granted 
and omit them (usually, they are not even mentioned). 

The identity arrows of AD are just lA : A -+ A and composition is defined as 
composition in A. We can check that the equality (homo) holds when d l and d2 

are equal and for h we put an identity arrow; it holds also for h2 0 hi !f it holds 
for hi and h2 • So AD is a category, which is called the Eilenberg-Moore category of 
the comonad (A,D,e,&). 
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For d : A -t D A and I : A -t A' let 

def 
Adl = Dlod. 

It is clear that for I : DA -t A' the arrow A6AI is AI. To define the Eilenberg
Moore category of a comonad we can assume 

(obI') eA 0 Adl = I, 
(ob2') dA 0 Adl = AdAdl, 

(homo') Adl h = Ad:l1A2 0 h 

instead of (obI), (ob2) and (homo). 

The full subcategory Afree of AD whose objects are all the arrows dA : DA -t 
DD A of A is called the category of free coalgebras of the comonad. This category is 
isomorphic to the delta category Aa when there is a bijection between the objects 
of A of the form DA and the arrows dA of A. This bijection exists when D is 
one-one on objects. When D is not such, we may still have this bijection, provided 
that if DAl is the same object as DA2, then dAl = cSA:I (the converse implication 
obtains anyway). But the bijection may also fail. (In [D. 1996, section 4.2] it is 
stated that it can be shown without the supposition that D is one-one on objects 
that Aa and ACee are isomorphic. What should have been said is that this can be 
shown sometimes even without making this supposition.) 

We obtain a category isomorphic to the Kleisli category AD (and to A~) by 
replacing the objects dA of ACee with pairs (A, dA), and the arrows h : DAl -t DA2 
of Afree with triples {Al' A2, h}. (In the usual presentation of Eilenberg-Moore 
categories, objects are said to be pairs (A, d) where A is the source of d: A -t DA 
and d satisfies (ob!) and (ob2). These pairs are in one-to-one correspondence with 
the arrows d. Mentioning the source of d in the pair is not essential: it seems 
to be there for heuristical reasons. However, introdUCing A into (A, dA) makes a 
difference. Note that A is not the source DA of dA.) 

In general, we can assert only that Afree is equivalent to Aa and AD, without 
necessarily being isomorphic. 

5. Adjunction between adjunctions and comonads 

We shall now try to clarify the relationship between the notions of comonad and 
adjunction. It will appear that comonads may be understood as a special kind 
of adjunction, since the category of comonads (with comonofunctors as arrows) is 
isomorphic to a full subcategory of the category of adjunctions (with appropriate 
morphisms, which we shall call junctors, as arrows). Moreover, there are two 
adjunctions involving these two categories. 

First, we have a functor that associates in a standard manner a comonad to 
an adjunction. After investigating some aspects of this functor, we show that it 
has a left adjoint, which associates to a comonad the adjunction with the Kleisli 
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category, and a right adjoint, which associates to a comonad the adjunction with 
the Eilenberg-Moore category. At the end (5.4), we show how the usual presen
tation of these matters, via the category of resolutions of a comonad, where the 
Kleisli category is tied to the initial object and the Eilenberg-Moore category to 
the terminal object, is a simple corollary of our presentation. 

5.1. The comonad of an adjunction. We shall first introduce the notions of 
junction and junctor in the rectangular 11 style of 3.3. A junction is a structure 
like an adjunction, but without the corresponding equalities between arrows. So a 
junction is to an adjunction what a deductive system is to a category and what a 
comonograph is to a comonad. A junctor is a morphism of junctions, and also a 
morphism of adjunctions. 

Suppose we are given the following: 

two deductive systems, (A, 1, 0) and (B, 1, 0), 

a graph-morphism F from B to A and a graph-morphism G from A to B, 
a transformation cp from FG to 1,A and a transformation 'Y from IB to GF. 

Then (A, B, F, G, cp, 'Y) is a junction. 

A junctor from a junction (A,B,F,G,cp,'Y) to a junction (A',B',F',G',cp','Y') 
is a pair (N,A,NB) such that N,A is a functor from the deductive system A to 
the deductive system A', and NB a functor from the deductive system B to the 
deductive system B'j moreover, the following naturalness equalities hold: 

N,AF = F'NB, 

N,ACPA = CP'pyAA, 

NBG = G'N,A, 

NB'YB = 7NsB· 

An ad junction is a junction (A, B, F, G, cp, 'Y) such that 

(A, 1,0) and (B, 1, 0) are categories, 

F and G are functors, 

cp and 'Y are natural transformations, 

the equalities (cp-yF) and (cp-yG) hold (see 3.3). 

To every adjunction (A,B,F,G,cp,'Y) we may associate the comonad (A,FG,cp, 
F'YG), where the composite functor FG is the functor D of the comonad, CPA is eA 

and F'YGA is dA. (We may analogously associate to the adjunction a monad in B.) 
It is routine to check that (A, FG, cp, F'YG) is indeed a comonad. It is called the 
comonad 0/ the adjunction (A, B, F, G, cp, 'Y). 

5.2. Reflections and coreflections in comonads. An adjunction between A 
and B where the right adjoint G is the inclusion functor. from A into B is called 
a reflection of B in its sub category A. We have seen in 4.4 that a comonad in 
a category A is defined by a coreflection of A in its subcategory Aa, the delta 
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category of the comonad. However, with comonads of adjunctions we may have in 
some interesting (and in logic rather common) cases also a reflection of a category 
isomorphic to A~ in its subcategory A. We shall now consider this matter. 

Let us first prove the following proposition. 

Proposition 1. Let (A,13,F,G,cp,'Y) be an adjunction wbere G is one-one on 
objects. Tben tbe Kleisli category ApG of tbe comonad (A,FG,cp,F'YG) of tbe 
adjunction is isomorphic to tbe full subcategory G(A) of 13 wbose objects are all 
tbe objects of 13 of tbe form G A. 

Proof: First we show that for It : FGAl ~ A2 and h : FGA2 ~ A3 in the 
comonad (A, FG, cp, F'YG) we have 

Indeed, 

12@h = 12 0 (FGh o F'YGA1) , by definition 

= 12 0 FrGA1,A2h, by (fun2) and (r) of3.1, 

and we obtain (@~r) by applying (~I") and (rr") from 3.4. 

We now define a functor N from ApG to G(A) in the following way. For every 
object A of ApG, which is by definition an object of A, let N A be GA. For 
every arrow jAl : Al ~ A2 of ApG, for which, by definition, we have an arrow 
j : FGAl ~ A2 of A, let NjAl be rGA1,A2j: GAl ~ GA2. To check that N is a 
functor we have 

Ncp1 = rGA,ACPA = IGA, by (cp) of 3.1, (fun1) and (r~/) of 3.4, 

N(h@jt}Al = rGA1,As(12@h) 

= rGA2,Ash 0 rGAltA2h, by (@~r) and (~r/) of 3.4 

. = NjA2 0 NjA1. 

Relying on the fact that G is one-one on objects, we define the functor N-I from 
G(A) to ApG by taking that N-IGA is A and that for g: GAl ~ GA2 the arrow 
N-Ig is (~GA1,A2g)AI. It remains to use the equalities (~r/) and (r~/) to verify 
that N-INjAl = jAl and NN-Ig = g. 

This is an immediate corollary of Proposition 1: 

Proposition 2. Let (A,13,F,G,cp,'Y) be an adjunction wbere G is a bijection 
on objects. Tben tbe categories ApG and 13 are isomorphic. 

We know from 4.6 that if in a comonad (A,D,E,cS) we have that D is one
one on objects, then the Kleisli category AD of the comonad is isomorphic to the 
sub category A~ of A, the delta category of the comonad. With the comonad 
(A,FG,cp,F'YG) of an adjunction, for j: FGAl ~ A2 we have 

t:::..j = FrGAltA2j. 
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So AA will be denoted in this case by An. We can then state the following as a 
corollary of Proposition 1: 

Proposition 3. Let (A, B, F, G, tp, "Y) be an adjunction where both F are G are 
one-one on objects. Then the categories AFr and G(A) are isomorphic. 

The point of this proposition is that An is a subcategory of A. So in all 
adjunctions (A, B, F, G, tp, "Y) where F is one-one on objects and G is a bijection on 
objects, B is isomorphic to a subcategory of A. Note that in such an adjunction A 
may actually be a sub category of B, so that the adjunction is a reflection of Bin 
its sub category A. But we can assert that B is also isomorphic to a sub category of 
A, namely AFr, and that there is a coreflection of A in thil3 subcategory. 

(The situation we have just described obtains sometimes in the adjunction of 
deductive completeness, a strengthening of the deduction theorem, originally called 
functional completeness in [Lambek 1974] j see also [Lambek & Scott 1986, 1.6-7] and 
[D. 1996]. Then B is the polynomial category generated by A and an indeterminate 
arrow.) , 

It is instructive to see that the isomorphism from B to An above is the functor 
F, the left adjoint in the adjunction. 

5.3. The adjunctions involving the categories of adjunctions and comon
ads. Let Adj be the category whose objects are adjunctions, with arrows being 
junctors (this category should not be confused with the category bearing the same 
name in [Mac Lane 1971, IV.8], where arrows are adjunctions), and let Com be 
the category whose objects are comonads, with arrows being comonofunctors. 

Consider now the functor C from Adj to Com that assigns to an adjunction 
(A,B,F,G,tp,"Y) the comonad (A,FG,cp,F"YG) of the adjunction, and to a junc
tor (NA' NB) the comonofunctor NA (we may readily check that NA is indeed a 
comonofunctor) . 

The functor C has a left adjoint F that assigns to a comonad (A, D, e, 6) the 
adjunction between A and the Kleisli category AD of this comonad, namely the 
adjunction (A,AD,FD,GD,tpD,"YD)' which is defined as follows: 

FDA ~f DA, 

FDfA ~f !:if, 

GDA ~f A, 

GDf ~f (f oeA)A, 

"YDA ~f (lDA)A. 

IT N A is a comonofunctor from a comonad (A, D, e, 6) to a comonad (A', D', e', 6'), 
then F N A is the junctor (N A, N AD) from the adjunction between A and AD to the 
adjunction between A' and ADI, where N AD is defined as follows: 

A def A NAD = NA , 
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For an adjunction J = (A,B,P,G,cp,'Y) let CPJ be the junctor (NA,NB) from 
FCJ to J where NA is the identity functor lA and the functor NB is defined by 

A def G/ NB/ = o'YGA = rGA,A'/. 

The arrows CPJ of Adj make a natural transformation cP from FC to lAdj. It is 
easy to check that for every comonad S = {A, D, e, 6} the comonad CF S is identical 
to Si so the identity comonofunctor lA is an arrow from S to CF S in Com. It is 
trivial that the arrows lA make a natural transformation I from lcom to CF. 

That F is left adjoint to C means that (Adj, Com, F, C, cP, I) is an adjunction. 
In this adjunction, the unit is the identity of the category Com. We can infer that 
Com is isomorphic by F to a full subcategory of Adj (cf. [Mac Lane 1971, IV.4, 
pp. 92-93]). 

The functor C has also a right adjoint G that assigns to a comonad (A, D, e, tS} 
the adjunction between A and the Eilenberg-Moore category AD of this comonad, 
namely the adjunction {A, AD, pD, GD, cpD, 'YD}, which is defined as follows: 

pDd ~f source(d), 

pDh ~f h, 

D def 
CPA = eA, 

GD A ~f tS~, 

GD/~f D/, 
D defd 

'Yd = . 

If N A is a comonofunctor from a comonad (A, D, e, tS} to a comonad (A', D' , e', 15/), 
then GNA is the junctor (NA,NAD) from the adjunction between A and AD to 
the adjunction between A' and A,D', where NAD is defined as follows: 

N h def 
AD = NAh. 

For an adjunction J = (A,B,P,G,cp,'Y) let now"YJ be the junctor (NA,NB) 
from J to GC J where N A is the identity functor lA and the functor NB is defined 
by 

N def 
8g = Pg. 

The arrows "YJ of Adj make a natural transformation "Y from hdj to GC. It is easy 
to check that for every comonad S = (A, D, e, 15) the comonad CGS is identical to 
Si so the identity comonofunctor lA is an arrow from CGS to S in Com. It is 
trivial that the arrows lA make a natural transformation I from CG to ICom. 

That G is right adjoint to C means that (Com, Adj, C,G,!, "Y) is an adjunction. 
In this adjunction, the counit is the identity of the category Com. We can infer that 
Com is isomorphic by G to a full subcategory of Adj (following the terminology 
of [Mac Lane 1971, IV.4, pp. 92-93], the functor C is a left-adjoint-Ieft-inverse of 
Gi the category Com is isomorphic to a full reflective sub category of Adj). 

One could expect that adjunctions similar to those with C, F and G treated in 
this section may be obtained by taking instead of Adj the category of junctions 
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(with junctors as arrows) and instead of Com the category of comonographs (with 
comonofunctors as arrows). 

5.4. The category of resolutions. Take a functor C from a category A to a 
category S, and for a given object B of S consider the set of objects A of A such 
that CA = B and the set of arrows I of A such that Cl = lB. These two sets 
make the graph of a subcategory AB of A. 

An object A is initial in a graph i1f from A to every object in the graph there 
is exactly one arrow; A is terminal iff from every object to A there is exactly one 
arrow. 

If C has a left adjoint F such that the unit of the adjunction is the identity of 
S, then AB has an initial object F B, and if C has a right adjoint G such that the 
counit of the adjunction is the identity of S, then AB has a terminal object GB. 

To show that FB is initial, take an object A of AB; then it can be shown that 
/{J A : FCA --+ A is the unique arrow of AB from F B to A. For suppose there is 
another arrow I : FCA --+ A in AB; since 

Cl 0""fB = Cl = 1B, 

because 'YB is an identity arrow and I is in AB, and since 

C/{JA 0 ""fB = 1B, by the equality (I{J'YG) of 3.3, 

we obtain 
/{JFB 0 F(CI 0 ""fB) = /{JFB 0 F(C/{JA 0 ""fB), 

from which with (fun2), (nat) and the equality (I{J'YF) of 3.3, the equality I = IPA 
follows. Analogously, in the other adjunction, the one with G, the arrow ""fA : A--+ 
GCA is the unique arrow of AB from A to GB. 

So by taking the functor C from Adj to Com and by fixing a comonad S in 
Com we obtain a subcategory Adjs of Adj. We may call the category Adjs the 
category of resolutions of S, by analogy with the terminology usual when one deals 
with monads instead of comonads. For a comonad S = (A, D, e, &), the adjunctions 
in Adjs are all between the category A and a category S, and the junctors (N A, NB) 
in Adjs all have for N A the identity functor on A. 

The category Adjs has an initial object F S and a terminal object GS, according 
to what we have said above. The arrow IPJ : FC] --+ ] is the unique arrow of Adjs 
from FS to an adjunction ] of Adjs, and ""fJ : ] --+ GC] is the unique arrow of 
Adjs from] to GS. These arrows correspond to what in the case of monads is 
called comparison functors. 

Suppose a functor C from a category A to a category S has both a left adjoint 
F and a right adjoint G. Then the functors FC and GC from A to A are adjoint, 
FC being left adjoint and GC right adjoint. (Analogously, CF and CG from S to 
S are adjoint, CF being·left adjoint and CG right adjoint.) This is a consequence 
of the fact that two successive adjunctions compose to give a single adjunction (see 
[Mac Lane 1971, IV.B, p. 101]). 
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By taking that A is Adj and B is Com, we obtain that the functors FC and 
GC from Adj to Adj are adjoint. (The functors CF and CG are uninteresting, 
since they are the identity functor from Com to Com.) 
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Summary 

This monograph paper introduces the vector J~N) of the body mass inertia mo
ment at the point N for tb:e axis oriented by the unit vector n. The vector is used 
for interpretation of the rigid body kinetic characteristics. The change of the vector 
of the rigid body mass inertia moment is determined in the transition from one 
space point to another when the axis retains its orientation which represents the 
Huygens-Steiner theorem translated for the defined body mass inertia moment vec
tor. Then the change of the vector of the body mass inertia moment is defined at 
the given point in the case of the axis changing its orientation in the way analogous 
to the Cauchy equations in the Elasticity theory. Then the interpretation of the 
main mass inertia moments asymmetry are defined. The relation between the axis 
deviation load vector by the body mass inertia moment for the octahedron axis and 
the inertia mass asymmetry moments axis is analyzed. 

This paper defines three dynamic vectors fixed to a certain point and axis passing 
through the given rigid body point. These are: the vector .M~N) of the body mass 

at the point N for the axis oriented by the unit vector nj the vector 6~) of the 
body mass static (linear) moment at the point N for the axis oriented by the unit 
vector nj and the vector j~) of the body mass inertia moment at the point N for 

the axis oriented by the unit vector n. Also, the paper introduces the vectors: j~O) 
of the material particle mass inertia moment for the pole 0 and the axis oriented 
by the unit vector n, and j~O) of the rigid body mass inertia moment for the pole 0 
and the axis oriented by the unit vector n at the dimensional curoilinear coordinate 
system N. 

The rigid body kinetic parameters are interpreted by these vectors. 

Future interpretation of the rigid body kinetic characteristics by means of the 
body mass inertia moment vector and by means of the body mass linear moment 
vector for the axis and the point refers to the description of the linear momentum, 
as well as angular momentum and kinetic energy as the functions of the body mass 
moment vectors and the angular velocity and the referential point velocity. The 
special cases of the rigid heavy body rotation are specially analyzed. The deviation 
part of the body mass inertia moment vector for the fixed point and for the rotation 
axis in view of the appearance of the dynamic pressure upon the bearings. The 
kinematic vector rotator is introduced as well as analyzed. 

The spherical and the deviational parts of the mass inertia moment vector and 
of the mass inertia moment tensor are analyzed. 



The conditions for dynamic balancing by means of the static mass moment vector 
and of the deviation load vector of the rotation axis by the rigid body mass inertia 
moment are shown. 

The kinetic equations of a variable mass object motion rotating around a sta
tionary axis are derived by means of the mass moment vectors for the pole and 
for the rotation axis: vector 6~) of the body mass linear moment, vector ~A) of 
the body mass inertia moment for the pole A and for the axis oriented by the unit 
vector n and its deviational part of the vector i)~A) of the deviational load by the 
body mass inertia moment of the rotation axis through the pole A. The vectors of 
the reactive forces and resulting moments of the reactive forces due to the drop of 
the body particles are determined which are involved in the body mass change as the 
function of the body mass moments vector change: vector 6~) of the body mass 
linear moment and vector~) of the body mass inertia moment for the pole A and 
for the axis oriented by the unit vector n. 
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CHAPTER I 

1.1. Vectors of the body mass moments 

1.1.1. Introduction. The idea for this monograph paper appeared during my 
considerations of some analogies between the models in the stress theory and the 
strain theory of the stressed and strained deformable bodies as they are studied 
or as they can be studied in Elasticity Theory (see [15], [14], [28], [25], [34] and 
[23]). While considering this analogy as well as the analogy between the stress 
tensor matrix, the relative deformation tensor-strain tensor matrix and the body 
mass inertia tensor matrix it occurred to me to introduce the concept of the vector 
~N) of the total relative deformation - total strain, at the point N and for the 
line element drawn from that point and oriented by unit vector n, as well as the 
concept of the vector j~:{) of the body mass inertia moment at the point N, and 
for the axis oriented by the unit vector n (see [AI], [A2], [A6]. For more details 
see [24], [30], [31], [AS], [35], [37], [38], [34] and [23]. 

In further consideration of the dynamic parameters of the rigid and deformable 
bodies as well as of the possibility of their interpretation by means of the vector 
j~N) of the body mass inertia moment at the point N for the axis oriented by the 
unit vector n,· I came to the ideas and conclusions as well as interpretations given 
in my papers [22], [A2] [A4], [24], [34] and [23]. The question always asked was if 
something like that already existed in some classic literature or not? The literature 
available to me which is quoted in the appendix of this paper cont"ains no such 
interpretation of the rigid deformable bodies dynamic parameters by means of the 
mass inertia moment vector fixed to the point and to the axis. 

This paper defines three dynamic vectors fixed to a certain point and axis passing 
through the given rigid body point. These are: the vector M~N) of the body mass 

at the point N for the axis oriented by the unit vector nj the vector 6~N) of the 
body mass static (linear) moment at the point N for the axis oriented by the unit 
vector nj and the vector j~N) of the body mass inertia. moment at the point N for 
the axis oriented by the unit vector n (see [AI], [A21, [A6], and [A7]. 

The rigid body kinetic parameters are interpreted by these vectors (see [25], 
[26],[27] and [41]). 

The change of the mass inertia moment vector in the transition from one rigid 
body point to another is determined when the axis retains its orientation which 
represents the modification of the Huygens-Steiner theorem expressed by means 
of the defined mass inertia moment vector. Then the change of the mass inertia 
moment vector is determined in th ~..Q~~.J:.b.a.ngW.g..ti.s."Ofientation in the 
way analogous to the Ca y etiP.ctUo& flr i'beoJiotBl Str~s ~t0!iin the elasticity 
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theory. Then the interpretation of the main inertia directions are derived as well 
as of the main mass inertia moment asymmetry are derived. The relation between 
the axis deviation load vector by the material body mass inertia moment for the 
octahedron axis and the mass inertia moments asymmetry axis is analyzed. 

Further interpretation of the kinetic parameters of the of the body by means 
of the body mass inertia moment vector and by means of the body mass linear 
(static) moment vector for the axis and the point refers to the description of the 
motion quantity (linear momentum) as well as motion quantity moment (angular 
momentum) and kinetic energy as the function of the mass moment vectors for 
the axis and the point and the momentary angular velocity and referential point 
velocity (see [A3], [32], [33], [36], [A6], [39], [A7], [42], [43] and [AS]). 

1.1.2. Body mass moments vectors at point for the axis. In studying the 
dynamics of a rigid and solid body, geometry of mass plays an important part. In 
[3] and (4) there is a conclusion that it is not necessary to know all the details about 
the mass distribution and the masses internal structures in order to study the rigid 
body translatory motion under the action of the force. The properties necessary 
for the study of the rigid body motion as a material system are the rigid body 
dynamic properties. The values determining the dynamic properties are called the 
rigid body dynamic parameters (see [3]). 

According to the given reference these parameters are taken to be: mass M of 
the rigid bodYi position vector PO of the body mass center, the point C with respect 
to a certain point 0 and J(O) the body mass inertia moment tensor matrix for the 
point C which is determined with six scalar dynamic parameters. In this way in the 
general case the dynamic rigid body characteristic ten independent scalar dynamic 
parameters are required. By means of these ten dynamic parameters of the rigid 
body the sixth order matrix of the following shape is formed: 

M 0 0 0 Mzo -Myo 
0 M 0 -Mzo 0 Mxo 

J(O) = 0 0 M Myo -Mxo 0 
(1) ex 0 -Mzo Myo Jz Dyz Du 

Mzo 0 -Mxo Dzy Jy Dzy 
-Myc Mxo 0 Dzz Dyz Jz 

and this matrix is given in [3] and (4) as the rigid body mass inertia matrix for the 
given point 0 and the given trihedron. This is the matrix of the tensor expanded 
in an appropriate way. The mass inertia moment matrix changes its coordinates 
according to the change of the reference trihedron. 

In [1] the mass linear polar moment M(O) of the material system or the vector 
static system mass moment is defined with respect to the pole 0 in the form: 

1\1(0) = 11 J pdm = poM, 
v 

dm= adV (2) 
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where p is the vector of the rigid body points position with respect to the common 
pole 0, V is the space region that the observed body occupies and q is the mass 
density at all the body points. 

There are two important properties of a certain body mass: the mass center 
position of a material body does not depend on the pole choice but only on the 
body mass distribution and the mass linear polar moment U(C) with respect to 
the body mass center is equal to zero. 

Since our aim is to consider a possibility of the interpretation of the rigid body 
dynamic parameters in a modified shape we are going to set, as a reference, the pole 
o as well as the axis oriented by the unit vector n. Considering that the general 
case the rigid body motion can be represented by one rotation around momentary 
axis, that is, by the translation of the mass center velocity and the rotation around 
the axis through the given center we are led to the idea to define the rigid body 
dynamic parameters by means of the pole 0 as the referential point through we 
position an axis parallel to the momentary rotation axis (see [411. 

Therefore we define the following (see Fig. la): 

1* Vector M~O) of the body mass at the point 0 for the axis oriented by the 
unit vector n in the form: 

M--(O) <kfjr [[ --d - M-
it - 11 n m- n, 

v 
dm=qdV (3) 

which does not depend on the mass distribution iU the body, that is, on the density. 
For all the space points and parallel axes it has the same values and it changes only 
with the axis orientation change. It is determined only with the mass quantity and 
the axis orientation. 

2* Vector 6~O) of the body mass static (linear) moment at the point 0 for the 
axis oriented by the unit vector n in the form: 

6~O) ~( / / / [n, P1 dm, dm = q dV (4) 

v 

where p is the vector of the rigid body points position of the elementary body mass 
dm with respect to the common pole O. For the vector 6~O) of the body mass 
static (linear) moment at the point 0 for the axis oriented by the unit vector it we 
can write: 

(5) 

The illustration is given in the Figure la. 

3* Vector 5~O) of he body mass inertia moment at the point 0 for the axis 
oriented by the unit vector it in the form (see [AI], [A2], [A6] and [A7J: 

5~O) ~f / / / [p, [n, P11 dm (6) 

v 
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It can also be considered the body mass square moment vector at the point 0 for 
the axis, through the pole, oriented by the unit vector n. The vector j~O) at the 
body mass inertia moment at the point 0 for the axis oriented by the unit vector n 
can be decomposed into three components: the collinear with the axis J~O) and the 

two other ones D~~) and D~~) in the directions, il and V, normal to the orientation 
axis n. The collinear component represents the axial moment of the body mass 
inertia for the axis oriented by the unit vector n through the pole O. The other 
two components represent the deviational moments of the body mass for a couple 
of normal axes oriented by unit vectors n and il, that is, n and v: 

(7) 

The definition-expression for the body mass inertia moment vector j~O) at the 
point 0 for the axis oriented by the unit vector fi can be obtained starting from 
the expression for the axial body mass inertia moment J~O) for the axis oriented 
by unit vector fi drawn through the point 0 and for the deviational body mass 
moments for the couples of the orthogonal axes oriented by unit vectors (fi, it) and 
(fi, V), D~~) and D~~), according to [25], [38]. By means of them we form the 
vector ~O) of the body mass inertia moment at the point 0 for the axis oriented 
by the unit vector fi in the form: 

j~O) = filII [fi,i1J2 dm + a/ // ([fi, i1J, [il,i1J) dm + vIII ([n,ifJ, [v,i1J) dm (8) 
v v v 

The rigid body axial mass inertia moment is: 

J~O) = 111[fi,i1J2dm 
v 

The rigid body mass deviation moment vector i5~O) at the point 0 for the axis 
oriented by the unit vector fi is in the following form: 

15~O) = all 1([n,i1J, [a,p]) dm + vI j j([n,P], [fl,P]) dm = T j j j([T,P], [n,P]) dm 
v v v 

15~O) = I I I [v, [[P, [n, ifj]n]] dm = [n, [J~O), fil] (9) 
v 

By means of the previous expressions (8) for the vector j~O) of the body mass 
inertia moment at the point 0 for the axis oriented by the unit vector n we can write 
the expression identical to the expression (6) which has been set as a definition. 

Figure la shows the vector J~O) of the body mass inertia moment at the point 
o for the axis oriented by the unit vector n, the rigid body mass deviation moment 



vectors of the body mass moments 55 

vector !5~O) at the point 0 for the axis oriented by the unit vector it, the axial 

moment of the body mass inertia J~O) for the axis oriented by the unit vector it 
through the pole 0, and the other two components, D~~) and D~~), the deviational 
moments of the body mass for a couple of normal axes oriented by unit vectors it 
and il, that is, it and V, through the pole o. 

Fig. la Fig.lb 

Fig.lc 

Fig. Ib shows the vector J~O) of the material particle mass inertia moment at 
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the point 0 for the axis oriented by the unit vector n, the material particle mass 
deviation moment vector i)~O) at the point 0 for the axis oriented by the unit 

vector n, the axial moment of the material particle mass inertia J~O) for the axis 
oriented by the unit vector n through the pole O. 

Fig. lc shows an eccentrically skewly positioned discus respect to the axis of the 
shaft, as well as the vector ~O) of the discus mass inertia moment at the point 0 
for the axis oriented by the unit vector n, the discus mass deviation moment vector 
i)~O) at the point 0 for the axis oriented by the unit vector n, the axial moment 

of the discus mass inertia J~O) for the axis oriented by the unit vector n through 
the pole O. 

1.1.3. The material body mass inertia moment vectors for the two parallel 
axes through two referential points theorem. The Figure 2a shows the material 
body and two referential points - poles 0 and 0 1 and two parallel axes through 
them oriented by unit vector n. The same Figure also shows the denoted elementary 
mass dm at the point N of the rigid body and P and r, the position vector of that 
point with respect to the pole 0, that is, pole Ot. as well as the position vectors 
Po of the pole 0 1 with respect to pole O. 

Fig.2a 

Now it is necessary to determine the change of the vector ~O) of the body mass 
inertia moment at the point 0 for the axis oriented by the unit vector n and its 
relation to the vector J~O) of the body mass inertia moment at the point 01 for 
the axis oriented by the same unit vector n. 

This means we are interested in the change of the body mass inertia moment 
vector a certain axis which moves from one point to another retaining its orientation. 
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By using the expression (6) defining the mass inertia moment vector for a certain 
point and axis as well as the expression P = PO + r, we can write the following: 

~O) = !!! [Po + r, [n, Po + f1] dm = , 
v = ~Ol) + (PO,S~Ol)] + [MJ01>, [n,pol] + (Po, [n,po]] M (10) 

We see that all the members in the last expression have the same structures. 
These structures are: (po, [n, ro]] M, [rc, [n,pol] M and (Po, [n,pol] M. 

Fig.2b 

The expression (10) is the mathematical form of the theorem for the relation of 
the material body mass inertia moment vectors, j~O) and ~01) , for the two parallel 
axes through two corresponding points, pole 0 and pole 0 1 • 

In the case when the pole 0 1 is the center C of the body mass the vector re 
(the position vector of t~e masses center with respect to the pole 01) is equal to 
zero, whereas the vector Po turns into Pc so that the last expression (10) can be 
written in the following form (see Figure 2b): 

~(O) _ ~(e> + r;;- [ ...... ]]M 
Vii - Vii IYO, n,pc (11) 

This expression (11) represents the mathematical form of the theorem of the 
change of the mass moment vector for the pole and the axis when the axis is trans
lated from the pole in the mass center C to the arbitrary point, pole o. 

The Huygens-Steiner theorems (see [lll, [1], [3] and [4]) for the axial mass inertia 
moment as well as for the mass deviational moments came from this theorem (11) 
about the change of the vector j~o> of the body mass inertia moment at the point 
o for the axis oriented by the unit vector n passing trough the mass center C and 
when the axis translate to the other point O. 
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The vector j~C) of the body mass inertia moment for the body mass center C 
as well as for the axis oriented by unit vector n passing trough the mass center C 
we are going to call the central or proper (eigen, personal) vector of the body mass 
inertia moment for the axis oriented by unit vector n. 

The part j~~~osition = [Pc, [n,pc]] M from the expression (11) represents the 
position part of the body mass inertia moment vector and we going to call it the 
body mass inertia position moment vector for the point 0 and the axis oriented by 
unit vector n in relation to the body mass center C. We can see that the body mass 
inertia moment vector for the axis trough the mass center C is the smallest vector 
since for all the other parallel axes the position part j~~;osition = [Pc, rn, pc J] M 
has to be taken into consideration. This can be expressed by means of the vector 
6~0) of the body mass linear moment for the point 0 and the axis oriented by unit 

vector n in the form [Pc, 6~0)]. 

The vector j~~~osition = [Pc, rn, pc]] M is the free vector as the moment of the 
couple: 

~(O) _ r;t [- - ]] M _ ~(o-+C) _ r;t 6(0)] _ -(C-+O) 
"n,position - IPC, n, Pc - "n,position - IPC, n - In,position 

= [-pc, _6~0)] = [-pc, [ri, -pc]] M (11 *) 

This vector j~~~osition can be moved from mass center C to arbitrary point 0, as 

well as opposite from 0 to C, without change. This vector ~~2osition is the moment 

of a couple of the mass linear position moment vectors: _6~0) in the pole 0 and 

6~0) in the pole mass center C. 

Two vectors _6~0) = [ri, -pc] M and 6~0) = rn, pc] M having the same mag
I\itude, parallel lines of the orientation, and opposite sense form a couple. Clearly, 
the sum of the moments of the two vectors about a given points, however, is not 
zero. 

1.1.4. The change of the body mass inertia moment vector for the point 
and axis orientation change through the referential point. Let us now define 
the vectors j~O), j~O) and j~O) of the body mass inertia moments at the point 0 
and for the coordinate axes Ox, Oy and Oz. These vectors can be expressed in the 
form: 

j~O)=111 [p, [i,p]]dm, j~O)= III [P, [J,P]] dm, j~O)=111 [P, [k,Pl]dm (12) 
v v v 

If we denote the senses cosine of the unit vector ri with cosa, cos/3 and cos'y 
when the unit vector defines the orientation of the axis passing though the point 0, 
then we can successively multiply the expressions (12) and we obtain them added: 
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31°) cos a +3~0) cos/3 +3~0) cos-y = II I fP, [i cos a +; cos/3 + kcos-y,Pll dm 
V 

= III [p,[n,P1]dm 
V 
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From the previous expression we conclude that the body mass inertia moment 
vector 3~0) at the point 0 for the axis oriented by the unit vector n is equal to: 

3~0) = 31°) cos a +j~O) cos/3 + 3~0) cos-y (13) 

The last expression is analogous to the equation for determining the total stress 
vector tli,,0) at the point 0 of the stressed body for the plane with normal unit 
vector it which is known as the Cauchy equation in the elasticity theory. There 
fore we are going to call it the Cauchy equation giving the relation of the body 
mass inertia moment vector 3~0) at the point 0 for the axis oriented by the unit 
vector n and the vectors 31°), ~O) and 3~0) of the body mass inertia moments at 
the point 0 and for the coordinate axes Ox, Oy and Oz. 

1.1.5. Cauchy equations in the matrix form. Now by means of the mass 
inertia moment tensor matrix J(O) the Cauchy vector equation (13) can be written 
in the matrix form: 

(14) 

Now for the body mass axial inertia moment J~O) for the axis oriented by the unit 
vector n, as well as for the body mass deviation moment D~~) for the orthogonal 
axes n and v we can write the following expressions: 

J~O) = (n){J~O)} = (n)J(O){n}, D~~) = (v){J~O)} = (v)J(O){n} (15) 

The invariants of the body mass inertia moment state at a certain point can be 
determined as the first Jl°), second JJ 0) and third J~ 0) scalar of the body mass 
inertia moment tensor matrix. 

The rigid body mass inertia moment tensor matrix J(O) for a certain pole can 
be separated into two matrices corresponding to the spherical J(O)sph and devia
tional J(O)dev = n(O)dev part of the rigid body mass inertia moment tensor (which 
is analogous to the stress tensor matrix and strain (relative deformation) tensor 
matrix in the elasticity theory): . 

o 
1;<°) 
3 1 

o 
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1.1.6. Axial and deviational part of the rigid body mass inertia moment 
vector. The body mass inertia moment vector ~O) at the point 0 for the axis 
oriented by the unit vector it can be written in the transformed form in which we 
separate the part J~O)aks collinear with axis oriented by unit vector it and the part 
15~0) = J~O)dev normal to the axis oriented by unit vector it as it is shown in the 
Figures la and 3. 

Figure 3 

Now the vector J~O) of the rigid body mass inertia moment at the point 0 for 
the axis oriented by the unit vector n can be transformed to the following form: 

;;(O) _ ;;(O)aks + ;;(O)dev _ ... (;;(0) ... ) + [ ... [;;(0) ;;'1] _ ;;(O)aks + ,n(0) 
"it - "it "it - n "it ,n n, "it ,nJ - "n "-lil 

with components: 

;;(O)aks _ ... (;;(0) ... ) _ "'J(O) 
"ii - n "il ,n - n it 

~~O) = J~O)dev = rn, [J~O) ,it]] 

(18) 

(19) 

(20) 

The first part J~O)aks collinear with axis oriented by unit vector n given by 
formula (19) represents body mass axial inertia moment vector at the point and 
for the axis oriented by unit vector n, and it does not depend on the pole position 
on the axis. 

'I; '/ 
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The second part i>~0) = j~O)dev normal to the axis oriented by unit vector n 
given by formula (20) lies in the plane formed by the axis oriented by unit vector n 
and the vector j~O) of the body mass inertia moment. This plane is determined by 
the axis selection and by the body mass distribution with respect to the axis and 
the pole. 

The vector i>~0) is the deviation load by the rigid body mass inertia moment 
at the point 0 of the axis oriented by the unit vector n· and it can be defined as 
the rigid body mass inertia moment vector component normal to the axis and in 
the plane which is formed by the axis oriented by the unit vector n and the vector 
~O) of the body mass inertia moment. This can be seen in the Figure la and 3. 
We conclude that the vector ma.gnitude is equal to the deviation moment of the 
body mass for the axis oriented by the unit vector n and the axis oriented by the 
unit vector T normal to the axis oriented by the unit vector n, in the direction 
of the cutting line of the plane normal to the axis trough the pole 0 and of the 
plane formed by the axis oriented by the unit vector n and the vector ~O) of the 
body mass inertia moment at the pole and for axis oriented by the unit vector n. 
The unit vector of this cutting line is denoted with T. The unit vector normal to 
the unit vectors it and T is denoted with Tl • We conclude that the body mass 
deviation moment for the axes it and Tl passing through the pole 0 is equal to 
zero. This means that for an arbitrary axis at the observed point 0 there can 
always be found at least one axis normal to it oriented by Tl for which, together 
with the axis oriented by the unit vector it, the body mass deviation moment is 
equal to zero. This axis is normal to the axis oriented by the unit vector n and to 
the deviation plane formed by the unite vector it and the vector j~O) of the body 
mass inertia moment at the pole 0 and for axis oriented by the unit vector n. The 
deviation plane we denote by RtJ. Only for the mass inertia moment main axis 
through a retain point-pole the deviation plane is not defined nor it can be said it 
exists since if the axis oriented by the unit vector it through a. certain point is the 
main axis of the body mass inertia moment then for this axis the deviation load 
to the axis is equal to zero. In this case the body mass inertia moment vector has 
only one component collinear with the axis. That is, if a certain axis through a 
certain point-pole is the main mass inertia moment than the vector of its deviation 
load by the body mass inertia moment is equal to zero. 

1.1. 7. Spherical and deviatorial part of the rigid body mass moment vector. 
If we now follow the idea of the formation of matrices of the spherical and deviatorial 
part of the mass inertia moment tensor according to the analogy (see [24], [23] and 
[34]) with the spherical and deviatorial part of the stress tensor, that is, of the 
relative deformation (strain) tensor we can define two vectors (see Figure 3): 

j~O)SPh the vector spherical part of the vectOr ~O) of the rigid body mass inertia 
moment at the pole 0 and for axis oriented by the unit vector n: 

;;(O)sph _ 1 J(O) .. _ 1 ].(0) .. 
Vii - - 1 n - - 0 n 3 3 

(21) 
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J~O)D the vector deviatorial part of the vector J~O) of the rigid body mass inertia 
moment at the pole 0 and for axis oriented by the unit vector ii: 

J~O)D = ii(ii, J~O» - ~JtO) ii + [ii, [J~O), iiJ] = ii«i£, j~O» - ~JtO)ii} + i5~O) (22) 

Let us now consider the modification of the Huygens-Steiner theorem in its 
application to the vector ~O)dev = i5~O) the deviation Part of the vector J~O) of 
the rigid body mass inertia moment at the pole 0 and for axis oriented by the unit 
vector n, as well as the vector of the deviation load by the rigid body mass inertia 
moment on the axis oriented by the unit vector ii in the transition from the mass 
center C to the pole 0 (see Figure 2b). We use the definition of the vector :5~O) of 
the deviation load by the mass inertia moment (18) and the formula (11) derived 
in the paragraph 1.1.3. for the Huygens-Steiner formula modified of the vector J~O) 
of the rigid body mass inertia moment at the pole 0 and for axis oriented by the 
unit vector ii so that: 

~O)dev = i5~O) = [ii, [j~O) ,ii]] = i5~C) - (ii, PC )[ii, [Pc, ii)] M (23) 

The expression (23) represents the Huygens-Steiner Theorem modified to the 
vector i5~O) of the deviation load by the mass inertia moment of the axis oriented 
by the vector n connected to the pole O. From this expression we conclude that 
the vector :5~O) of the axis deviational load through an arbitrary point 0 oriented 

by the unit vector ii equal to the sum of the vector i5~C) of the axis deviation 
load through the center C of the body mass for the parallel axis and the position 
deviation load in the transition of the axis from the pole C-mass center to the pole 
- arbitrary point 0 determined from the expression: 

i5~c-+O) = [ii, [[pc, rn, pc}]iiJ] M = -(n,pc)[n, [Pc, n]] M (24) 

If the pole 0 and the center C of the body mass are located on the same normal 
to the axis oriented by the unit vector ii then the position part of the deviation 
load in the transition from the axis through the mass center C to the parallel axis 
through the pole 0 is equal to zero. This means that the deviation load vectors of 
the axis by the body mass inertia moment for the central plane points corresponding 
to the given axis are equal to the deviation load belonging to the central axis :5~C) • 

1.1.8. Main mass inertia moment directions. main mass inertia moment 
vectors. By means of the vector j~O) of the rigid body mass inertia moment at 
the pole 0 and for axis oriented by the unit vector 1£ we can introduce a new 
definition of the main mass inertia momemt axes. Through one pole 0 we can 
draw an infinite number of axes of orientations. Among them we are looking for 
the axis for which the vector j~O) of the rigid body mass inertia moment had only 

one component, collinear with the axis, that is, the one for which the vector i5~O) 
of the deviation load of the axis by the body mass inertia moment is equal to zero. 
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Using the analogy given in the papers [245] and [34] as well as the analogy with 
the matrix interpretation from books [14], [15]' [28] and [23] as more appropriate 
for this case and by denoting the unit vector of the main masss inertia moment 
axis orientation with ri, which is in accordance with the Fig. 3a, we can write: 

so that the Hamilton equation for determining the main mass inertia moments is: 

(26) 

Fig.3a 

while for the senses cosines of the main mass inertia moment axes the following 
relations are obtained: ' 

cOSO!S _ cos{3s _ coslS -c 2 2 2 
(S') - (S') - -W,.... s, cos O!, + cos (3, + cos 18 = 1 
1(31 1(32 1(33 

(27) 

where I(~~), k = 1,2,3 are co-factors of the third kind elements and the corre
sponding matrix column, successively for the roots J~O), s = 1,2,3 of the Hamil
ton equation (26), which are the main mass inertia moments and which represent 
the axial mass inertia moments for the main mass inertia moments axes. There are 
three roots and three orthogonal main axes at every point with respect to which the 
rigid body mass inertia moment vectors are determined. The Hamilton equation· 
coefficients are the first, second and third invariants of the mass inertia moment 
state at referent point, and they are the first, second and third scalar of the body 
mass inertia moment tensor matrix at referent point (see [24] or [23]). 

1.1.9. Extreme values of the mass deviation moments. In [24] is given 
an analogy between the stress state modeL, the strain state model and the mass 
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inertia moment state of the body at the observed body point. For determining 
the mass deviation moments extreme values we shall use this analogy which exists 
between the stress tensor, the strain tensor and the body mass inertia tensor, as 
well as betw~ the vector tftt°) of the total stress at a certain body point for the 
plane with the normal oriented by unit vector n, the vector S!t0) of the total strain 
(relative deformation) of the line element drawn from the observed point in the 
direction of the unit vector n and the vector ~~) of the body mass inertia moment 
at the observed pole for the axis oriented by uni~ vector n. 

Figure 4a 

On the basis of the given analogy in [24] and [23], the following conclusions 
are drawn, though without proofs: on the basis of the analogy between the mass 
deviation moments extreme values for a couple of orthogonal axes (that is, of the 
mass centrifugal moments) and yield stress extreme values in the orthogonal planes 
that pass in pair through one main stress direction and form an angle of 45° with 
the other two main stress direction, we conclude that the mass deviation moments 
extreme values appear for the axes pairs 10. and h, 110. and 116,1110. and 1116 that 
pass in pairs through the main body mass inertia moment axis trough the given 
point and form angles of 45° with the other two main mass inertia moment axes (see 
Figures 4a and 4b). For these pairs of the defined axes the mass deviation moments 
(the mass centrifugal moments) are equal to the semi-difference between the two 
main (axial) body mass inertia moment and for each axis fu the correspondfug pair 
the axial inertia moments are equal to the semi-sum of the two corresponding main 
moments of the body mass inertia for the given point. 

The pairs of these coupled axes are the body mass inertia moments asymmetry 
axes since for them the mass centrifugal momen~s are extreme values and the axial 
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mass inertia moments for both the axes in pair are mutually equal. The concept of 
"asymmetry" can be accepted since for symmetry axes the body mass centrifugal 
moment is equal to zero and for these axes the body mass ceritrifugal moment is 
of extreme value so that this leads to the conclusion about the asymmetry of the 
material body mass inertia moment properties. On the basis of the given analogy 
we cam write the values of the mass deviation moments. and the body mass axial 
inertia moments of these axes (see Figures 4a and 4b): 

Figure 4b 

J(D) = J(D) = !(iD) + iD» 
I,. 16 2 2 3' 

J(D) = J(D) = !(J(D) + ;(D» 
11,. 116 2 1 3' (28) 

iD) - J(D) - !(J(D) + ;(D» 
Ill,. - 1116 - 2 1 2' 

In the coordinate system of the main body mass inertia directions ns , 8 = 1,2,3 
the vectors J~~), 8 = 1,2,3 for the referential point as the pole are the body mass 
inertia moment vectors for the main mass inertia moment axes and we see that 
they have only the components collinear with the corresponding main mass inertia 

;;(D) (D)-o moment axes I n• = Js ns , 8 = 1,2,3. 
-o{D) ;;(D) -o{D) • • 

Let's now define the vectors J/,. ,311,. and l£/I1,. of the body mass mertla mo-
ment at the observed point for the axis oriented by the unit vector nl,., or nIl,. or 
nl1l,. of the mass inertia moment asymmetry axis la or Ila or IlIa by using the 
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definition of this vector so that we have (see Figure 4b): 

5(0) = ../2{j(O) + j(O». 
I.. 2 fl2 Ra' 

j(O) = ../2(5(0) + j(O». 
11.. 2 Rl Ra' 

j(O) = ../2{j(O) + 5(0)}. 
111.. 2 Ri R2' 

(29) 

Let's now define the vectors5}~), 5}~! and~~l, of the body mass inertia moment 
at the observed point for the axis oriented by the unit vector nI, or nll, or nlllb of 
the mass inertia moment asymmetry axis Ib or lIb or 11 Ib by using the definition 
of this vector so that we have: 

j(O) = ../2(_j(O) + j(O)}. 
Ib 2 R2 Ra' 

j(O) = ../2<_j(O) + j(O)}. 
lIb 2 Ri Ra' 

(30) 

j<0) = ../2<_j(O) + j(O». 
IlIb 2 Ri R2' 

Now we define the components of the vector j~~). The collinear one with the 
body mass inertia moments symmetry axis la: 

],(0) ],(0) 

(~(O) ... ) _ 2 + 3 _ J(O) _ J(O) 
"I .. ,nI .. - 2 - I.. - Ib (31) 

The component normal to the body mass inertia moment asymmetry axis lying 
in the deviation plane representing the vector !D~~) of the deviation load by the 
body mass inertia moment of the mass inertia moment asymmetry axis according 
to the previously given definition in the form: 

-(0) [... ["'(0)...]] J~O) - J~O) .... (0) ... 
1)1 .. = nI ... 31 .. ,nI .. = 2 nIb = DI .. lbnlb 

Analysis the expressions from (28) to (32) we conclude the following: 

1* The expressions given in (28) on the analogy basis are correct; 

(32) 

2* Both the vectors j~~) and ~~) of the rigid body mass inertia moments for 
the pole 0 and the axis of the pair I of the mass inertia moment asymmetry, la 
and Ib are normal to the main mass inertia moment a.x1s (1) and they lie in the 
plane RI .. I, which is their mutual deviation plane. This plane is normal to the 
main mass inertia moment axis (1) and contains the other two main mass inertia 
moment directions (2) and (3); 

3* The vector !D~~) of the deviation load by the body mass inertia moment of 
the mass inertia moment asymmetry axis oriented by unit vector fiI .. at given point 

iT ; 



Vectors of the body mass moments 67 

lie in the direction of the second mass inertia moment asymmetry axis oriented 
by unit vector nIb of the pair I which is normal to the main mass inertia moment 
direction (1) and to the axis the mass inertia moment asymmetry le and vice versa. 
These two vectors, that is, i)~~) and Xj~?) , are the same magnitude and of the same 
components, of axial and deviational, and they have the same axial mass inertia 
moments. In a similar way the calculation can be applied to the other two pairs of 
the mass inertia moment asymmetry axes and the corresponding conclusions can 
be drawn in accordance with the expressions (28) and the previous conclusions. 

1.1.10. Mass inertia moment vectors for the octahedron directions in the 
referential point. In analogy with defining the octahedron directions a certain 
point of the stressed and strained body as it is done in the elasticity or plasticity 
theory we shall define the octahedron directions at a certain point of the rigid body 
form the viewpoint of the body mass inertia moment state with respect to this pole 
as the direction that forms the same angles with the main inertia axes, that is, with 
the main inertia directions. There are eight such octahedron directions. 

The vector ~~ of the mass inertia moment at the point 0 for the octahedron 
direction by using the basic definition is calculated as: 

~~ = III [p,[noct,pc]]dm = ~(j~~) +j~) +~» (33) 
v 

and we can decompose it into two components. 

1 * The axial component in the octahedron direction in the form: 

J(O) = (n ~(O» = !lO) = ~J(O) 
floet oct, "'oct 3 1 3 ° (34) 

which represents the axial moment of the rigid body mass inertia moment for the 
octahedron direction axis for the given pole and it is equal to one third of the first 
mass inertia moment invariant or one third of the first scalar of the mass inertia 
polar moment for the pole O. 

2* Normal component to the octahedron direction which is equal to the vector 
Xji~2 of the octahedron axis deviation load, by the body mass inertia moment and' 
has the form: 

ij(O) = _ 2V6 (ij (0) + ij(O) + ij(O) ) 
oct 9 I.. 11.. Ill .. (35) 

The vector i)~~2 of the deviation load by the body mass inertia moment of the 
octahedron axis can be expressed as the linear combination of the vectors ij~~), 
Xj~~!, Xj~~1.. of the deviation load of the mass inertia moments asymmetry axes 
when it is related to one of the pair. 

The intensity square of the vector i)~C;: of the deviation load by the body mass 
inertia moment of the octahedron axis can be defined by the following expression: 

IXj(O) 12 = ~(IXj(0)12 + 1~(O)12 + 1i)(0) 12) (36) 
oct 9 I.. II.. Ill .. 
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It should be noted that there are eight axes (or four axes) at each point of the 
rigid body for which the mass inertia axial moments are equal to a third of the first 
mass inertia moment invariant and they are the octahedron directions determined 
with respect to the main mass inertia moment axes. The question should be asked 
about what sort of motion the body performs while rotating around the octahedron 
axis and if the conclusions can be generalized to hold for the bodies with different 
mass inertia moment characteristics. 

If this conclusion is related to the previous section we can conclude that is: one 
set of eight (or four) axes for which the inertia axial moments of the body mass 
are mutually equal and equal to a third of the first mass inertia moment invariant: 
Three sets of two pairs of orthogonal axes of the inertia asymmetry for the axial 
inertia moments are also equal to the semi-sum of two main inertia moments each. 
The same stand for each body and for each pole chosen within the space or outside 
the space of the rigid body. Only the spherical body as the pole of all fourteen axes 
the axial mass inertia moment is the same and the deviation load is equal to zero. 

1.2. The mass. moment vectors at the dimensional· ~oordinate system N 

1.2.1. Introduction. This part introduces the vectors: j~O) of the material par
ticle mass inertia moment for the pole 0 and the axis oriented by the unit vector 
ii, and j~O) of the rigid body mass inertia moment for the pole 0 and the axis 
oriented by the unit vector ii at the dimensional curvilinear coordinate system N. 
The vectors can be used for the interpretation of the rigid body kinetic character
istics for the interpretation of the body dynamics at the dimensional curvilinear 
coordinate system N. 

The change of the vector j~O) of the body or particle mass inertia moment 
for the pole 0 and the axis oriented by the unit vector ii, is determined in the 
transition from one space point to another when the axis retains its orientation 
which represents Huygens-Steiner theorem generalized for the defined mass inertia 
moment vector at the dimensional curvilinear coordinate system N. 

This part gives the interpretation of the vector i)~O) of the deviation load by the 
material particles mass inertia moment at the point 0 of the axis oriented by the 
unit vector ii at dimensional curvilinear coordinate system N as well as by body 
mass inertia moment at the point 0 of the axis oriented by the unit vector ii at 
dimensional curvilinear coordinate system N. 

1.2.2. The dimensional curvilinear coordinate system N. According to the 
notation in the Fig. 5 the material point position vector p, at the dimensional 
coordinate system n, can be written in the form: 

p= xk 91e (37) 

while unit vector ii of the axis orientation can be written in the form: 

(38) 
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In the previous expression ih~ the basic vectors of the dimensional N of the curvi-

I' d' ~ op t' th 'd . mear coor mates g10 = ox 1o lor ese vectors It stan s that: 

(39) 

their product represents the metric tensor coordinates of the defined curvilinear 
coordinates system space. The position vector p magnitude squared is: 

(p,pj = (010,91) xlx10 = g10lxkxl (40) 

while for the axis orientation unit vector ri: 

(41) 

Figure 5 

1.2.3. The material particle mass inertia moment vector for the pole and 
the axis. By introducing the expression (37) and (38) into expression (6) for the 
vector S~O) definition of the material particle mass inertia moment for the pole 0 
and the axis oriented by the unit vector ri, we obtain that: 

J~(O) r~ r~ ~]] 10 p\1 n = Wk, WI,gp x X A m (42) 

If we have in mind that the double vector product can be written in the transformed 
shape, the previous expression (42) can be write in the following form: 

J~O) = (gkpiit - gklgp)XkXp .AIm (43) 
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If we multiply scalarly the previous expression (43) with the unit vector n, we 
obtain: 

(44) 

which represent the material particle mass axial inertia moment at the point 0 for 
the axis oriented by the unit vector n. This formula is same as the formula (2.3) 
in [6] written by VujiCic. 

If we now multiply the expression (43) twice vectorly with the unit vector n, 
that is, according to [40], we separate the material particle mass inertia moment 
vector deviational part for the pole 0 and the axis oriented by the unit vector Tt 
we obtain: 

~~O) = [[n, [j~O), ii]] = {9"p9Ij9i - 9"i9lj9p + (9"i9Ip - 91cp9li)9j }x"xP A' Ai Ajm (45) 

The last expression represents the vector i5~O) of the deviation load by the material 
particles mass inertia moment at the point 0 of the axis oriented by the unit vector 
n at dimensional coordinate system N. 

By introducing the expressions (37) and (38) into the expression (4) for the 
vector 6~O) definition of the material particle mass linear moment for the pole 0 
and the axis oriented by the unit vector n we obtain that: 

(46) 

1.2.4. The rigid body mass inertia moment vector for the pole and the 
axis. By introducing the expression (37) and (38) into expression (6) for the vector 
~O) definition of the rigid body mass inertia moment for the pole 0 and the axis 
oriented by the unit vector n, we obtain that: 

J~O) = !!! [9", [YI,Yp11x"xPA'dm 
v 

(47) 

IT we have in mind that the double vector product can be written in the transformed 
shape, the previous expression (47) can be written in the following form: 

J~O) = / / / (9"p9z - 91c19p)X"xPA'dm 
v 

(47*) 

IT we multiply scalarly the previous expression (48) with the unit vector n, we 
obtain: 

Jf) = (~O) ,n) = / / /(9"P9li - 91c19pi)xIc
XPA' A

i dm (48) 
v 

which represent the body mass axial inertia moment at the point 0 for the axis 
oriented by the unit vector n. 
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H now we multiply the expression (48) twice vectorly with the unit vector it, that 
is, according to [40], we separate the body mass inertia moment vector deviational 
part for the pole 0 and the axis oriented by the unit vector it we obtain: 

i)~0) = [it, [~O), it]] = I I I {gkpg'j9i - gkig'j9p + (gkig,p - gkpgu)9j }xkxp >..' >..i >..i dm 
v 

(49) 
The last expression represents the vector i)~0) of the deviation load by the body 
mass inertia moment at the point 0 of the axis oriented by the unit vector it at 
dimensional coordinate system N. 

By introducing the expressions (37) and (38) into the expression (4) for the 
vector 6~0) definition of the body mass linear moment for the pole 0 and the axis 
oriented by the unit vector it we obtain that: 

6~0) = II I [9.,9k]xk>..idm 
v 

(46*) 

1.2.5. The Huygens-Steiner theorem. Following previous expression (11) for 
the vector j~O) of the rigid body mass inertia moment for the pole 0 and the axis 
oriented by the unit vector it, the Huygens-Steiner theorem is derived which can 
be written in the following form for the curvilinear coordinate system (see Fig. 2a): 

~O) ~O) r;t [- - ]]M ;;(0) r;t [- -]] le _" "M "ii = "ii + LYC, n,po = "ii + Wk, 91,9p xC;J;"cl\ 
;;(0) ;;(0) (- -) k _" \IM "ii = "ii + 9kp91 - 9lel9p xc;J;"ol\ 

(47*) 

(47**) 

Following previous expression (23) for the vector i)~0) of the deviation load by the 
rigid body mass inertia moment for the pole 0 and the axis oriented by the unit 
vector it, the Huygens-Steiner theorem can be written in the following form in the 
curvilinear coordinate system: 

j~O)dev =:i5~0) =i)~C) -gii[9k,(g,,9p]Ja{X~>..i>..k>"PM (49*) 
-(O)dev -(0) -(C) . I . k Jii =:Oii =:Vii - 9ij(9/cp9! - gkI9p)x'oxo>"').. )"PM (49**) 

which represents the expression of the Huygens-Steiner generalized to the vector 
--(0) 

:Vii . 
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CHAPTER 11 

11.1. Vector interpretations of the rigid bodies kinetic parameters 

11.1.1. Rigid body kinetic energy. We shall consider the kinetic energy (see 
[13], [7], [10], and [2l])a little with a slight modification due to the interpretation 
of the rigid body dynamic parameters by means of the introduced vectors 6~) 
of the body mass linear moment at the pole A for the axis oriented by the unit 
vector n and the vector ~A) of the body mass inertia moment at the pole A for 
the axis oriented by the unit vector n. Since the velocity of each body point (see 
[12])can be defined by the two kinematic parameters of the translation velocity VA 
of the referential point A and the angular velocity w and the unit vector n of the 
momentary rotation axis orientation we shall define the kinetic energy in relation 
to the body mass state properties with respect to the referential point translation 
velocity and the body mass moments state for the pole at the referential point A 
and for the axis oriented by the momentary rotation axis unit vector. 

Figure 6 
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Using the notation in the Figures 2b and 6, for the rigid body kinetic energy we 
can write: 

2EIc = III ~dm IIIWA + [w,i/j)2dm (50) 

v v 
that is, according to our idea the double kinetic energy is only expressed by means of 
the masses center velocity, body mass, momentary angular velocity and the vector 
j~C) of the body mass inertia moment for the axis through the body mass center 
at the pole C and oriented by the momentary angular velocity unit vector ii: 

2EIc = M (vc , vc) +w(w,~c» (51) 

In the case when the referential point A is not the mass center the kinetic energy 
can be expressed in the form: 

(52) 

which is expressed by means of the velocity VA of the arbitrary referential point A, 
angular velocity w of the rotation around the axis through the point A and mass 
moment vectors as the mass inertia moment properties of the rigid body mass 
distribution with respect to the pole at the referential point A and for axis oriented 
by the momentary angular velocity w. 

We can see that the kinetic energy has a part which corresponds to the body 
translation ofthe velocity VA of the referential point A, that is, the part correspond
ing to the pure rotation around the relative rotation axis that passes through the 
referential point A and is oriented by the vector w of the momentary angular veloc
ity, as well as the mixed member which represents the coupling of the translation 
and rotation and can be called "Coriolis member" representing the double scalar 
products of the velocity VA of the referential point translation and the vector 6~A) 
of the body mass linear moment at the referential point A for the axis oriented by 
the unit vector ii multiplied by the angular velocity vector magnitude. This third 
member represents the kinetic energy of the coupling of the translation motion of 
the referential pole velocity and the rotation motion around the axis through this 
referential point. 

This "Coriolis member" which represents the kinetic energy of the rotatory and 
translatory motion coupling with respect to the referential pole is equal zero in the 
following cases: 

1 * when the translatory velocity of the referential point A is orthogonal to the 
vector 6~A) of the body mass linear moment at the referential point A for the axis 
oriented by the unit vector ii, that is when the velocity VA of the referential point 
A is parallel to the plane formed by the rotation axis through referential pole A 
and the body mass centerj 

2* when the referential point A is on the momentary rotation axis or at the 
momentary rotation polej and 

3* when the referential point A is at the body mass center C. 
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The expression (51) represents the modified expression of the Samuel Koning 
theorem for the kinetic energy, that is, the Samuel Koning theorem in new inter
pretation, which states that the rigid body kinetic energy is equal to the sum of 
the kinetic energy of its translator motion with mass center velocity and the kinetic 
energy of its rotation motion around the axis oriented by the momentary angular 
velocity through the body mass center. 

If the referential point is at the momentary pole all the time, or the momentary 
rotation axis then the kinetic energy can be expressed as: 

(53) 

and it has only the member corresponding to the rotation around the momentary 
rotation axis and is equal to the half of the product of the momentary angular 
velocity squared and the axial inertia moment for the momentary rotation axis as 
it is known. 

11.1.2. Linear momentum and angular momentum of the body motion. 
The classic literature (see [10], [7], [11]) gives a very well known definition of the 
rigid body linear momentum (motion quantity) and angular momentum (motion 
quantity moment). We shall consider it a little with a slight modification due to the 
interpretation of the rigid body dynamic parameters by means of the introduced 
body mass moment vectors. We are following the classic definition by using the 
prepositions from previous paragraph, as well as Fig. 6, so that we write for the 
linear momentum following expression: 

~ = III vNdm = III (VA + [w, ifj)dm = MVA + we':> (54) 
v v 

The expression (54) of the linear momentum ~ of the rigid body whose points have 
the translation velocity VA of the referential point A and the relative velocity [w, ifj 
due to the rotation around the axis oriented by the vector w = wn through the point 
A has two parts: 1* the translatory one equal to the product of the referential point 
velocity and the body mass-the linear momentum due to the translation motion 
with the velocity of the referential point Aj and 2* the rotatory one equal to the 
product of the magnitude w of the angular velocity w = wn and the vector 6':> 
of the body mass linear moment at the referential point A for the axis oriented by 
the unit vector n. 

If the pole A is the body mass center G then the linear momentum is equal only 
in the translatory part since the vector 6~A> of the body mass linear moment for 
the pole in the body mass center is equal to zero regardless of its orientation so 
that the linear momentum is equal to the product of this velocity VC of the body 
mass center and the rigid body mass: ~ = Mvc. The same stands for if the pole 
A is not the body mass center but if the axis oriented with w = wn trough pole A 
passes trough the mass center. 
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The second kinetic vector connected to the referential point which plays an im
portant part (role) in the rigid body dynamics is the rigid body angular momentum 
(motion quantity moment) for the given pole, .co. Following the classic definition 
according to [1], [3] and [11] and according to the notation given in the Fig. 6 the 
rigid body angular momentum is calculated by means of the following expression: 

.co = J J J [T, vN]dm = J J J [TA + p, VA + lw, P1] dm (55) 
v v 

Following the idea of this paper that at the basis of the rigid body motion inter
pretation there are rigid body dynamic parameters which express the mass inertia 
moment properties and the kinematic parameters, translation velocity VA of the 
rigid body referential point and the angular velocity w of the relative momentary 
rotation around the axis oriented with w and through the referential point A then 
the angular momentum for the point A, .cA is connected not only to the pole but 
to the axis oriented by the momentary angular velocity vector to which we connect 
the vectors ,M(A) and j~A) of the rigid body mass linear and inertia moments by 
connecting the body mass to the translation velocity of the referential point A. 
Therefore we write that it is: 

(56) 

that is, 
(57) 

If the referential point A is in the body mass center than the angular momentum 
for the pole 0 is equal to: 

(58) 

while the angular momentum for the pole in the mass center C is: 

-< -«C) .cc =wJ;t (59) 

and it is equal to the product of the magnitude of the momentary angular velocity 
w and the vector J~C) of the rigid body mass inertia moment for the central axis 
oriented by the vector of the momentary angular velocity w. 

The Ref. [3] has the deviation center of the body for the given direction for the 
material particles system and the deviation load by the linear momentum analysis. 
Considering that we have introduced the deviation load vector by the analysis of 
the vector JkA

) of the body mass inertia moment as its component normal to the 
axis for which it is determined we can see that the deviational part of the angular 
momentum vector proportional to the vectot i>kA ) of the deviational load the body 
mass inertia moment of the axis around which the rigid body rotates since it is: 
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IT the point A is the mass center then it stands for: 

~ __ .. ( .. J"(O» + ,f\(0) 
""U - W n, n w4ln (61) 

IT the rotation axis is the main mass inertia moment axis then the angular momen
tum does not have any deviational part since the rotation axis is not subjected to 
the deviation load by the rigid body mass inertia moment and the angular momen
tum vector for the mass center is collinear with the rotation axis. 

11.1.3. Some interpretations for the case of the rigid body rotation around 
the fixed axis. Figure 7 shows the rigid body with the rotation axis around.which 
it rotates with the angular velocity w which changes in time so that there appears 
the angular acceleration di (see [A3], [32]). The kinetic energy is expressed as 
2Ek = w(w, J~A») == w2 J~A). The linear momentum and angular momentum are: 

.. "(A) 
J\ = [w, PoIM = wein (62) 

.cA = w(n, ~») + w[ii[~), nU = w(n, ~») + wiSt) (63) 

-I\. 

Figure 7a 

Since the velocity v and the acceleration it of the body elementary mass at the 
point N are (see [31]' [12]): 

v = [w, p], it = [di, p] + [w, [w, P]l (64) 

then for the main vector Fr; of the inertia force of the overall rigid body rotating 
around the axis with the angular velocity w we obtain: 

Fr; = - II I itdm = -w6~A) - w[w, 6~A)1 (65) 
v 
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For the main moment of the inertia forces of the overall rigid body rotating around 
the axis and for the point A we calculate the following: 

vJtA; = !!! [p, dFrj ] = _w~A) - w[w,J~A)] (66) 
V 

as well as: 

vJtA; = !!! [pdFrj ] = -~i5A - [w,i5A] (66*) 
V 

Figure 7b 

The dynamic equations of the body rotation around fixed axis can be obtained by 
differentiating in time the expression (62) for the linear momentum and expression 
(54) for angular momentum on the basis of which we obtain: 

lOO cm _ . -(a) _ -(A) __ - . _ -
dt -w6n +w[w,6n ] - Fr) - Fr 

: = 16~A)I(witl +w2rrd = ~16~A)1 = VtI6~A)lfi 

(67) 

(68) 

(69) 

The rotator ~ = j)trl is normal to the rotation axis and the deviation plane through 
the axis. 

The equation (67) for the linear momentum change which is equal to the main 
vector (resultant) of the active and reactive forces shows that the motion linear 
momentum changes the vector normal to the rotation axis and has two components: 
one due to the angular velocity change which is normal to the rotation axis and 
the plane which contains the body mass center and the rotation axis, and the other 
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component which depends on the angular velocity square which is normal to the 
rotation axis and lie in the plane formed by rotation axis and the rigid body mass 
center doing rotation. 

2* 
dC A "(A) "'(A) ... ... 
- = wJii + w[w, Jii ] = -rotA; = rotA 
dt 

(70) 

d;: = diJ~A) + w:.6~) + w[w,15~A)] = diJ~A) + 1:.6~A) 19\ (71) 

911 = vtrll vt = v' w2 + w" (72) 

The rotator 91 = vtr1 which is rotating and increasing by the angular velocity and 
by the angular acceleration at the same causes the inertia forces deviation moment 
to increase. 

The equation (70) which is written on the basis of the law of the body angular 
momentum change which is says that the derivative in time of the body angular 
momentum for a certain pole in stationary bearing, equal to the moment of the 
active and reactive forces acting on the body for the same pole. 

This form (71) immediately shows that the first component depending on the 
angular acceleration is collinear with the rotation axis; the second component which 
also depends on the angular acceleration is normal to the rotation axis and the 
vector 5~A) of the rigid body mass inertia moment for the pole in the fixed bearing 
A and for the rotation axis, that is, it is proportional to the magnitude of the 
angular acceleration di and the vector :.6}f) of the rotation rigid body mass deviation 
moment of the rotation axis in the stationary bearing A and for the rotation axis; 
the third component is proportional to the square of the angular velocity w2 and to 
the magnitude of the vector i)~) of the rotation rigid body mass deviation moment 
of the rotation axis in the stationary bearing A and for the rotation axis, whereas it 
is like a vector normal to the rotation axis and the vector :.6~) of the deviation load 
to the rotation axis which means it is normal to the deviation plane. In the case it 
is the rotation with a constant angular velocity the stroke derivative components 
in time do not appear in the deviation plane; there is only a component normal to 
the deviation plane w[w, :.6~A)]. 

Figure 7 shows the characteristic vectors, the rigid body mass moment vectors 
and the rigid body dynamics kinetic vectors in the rotation around fixed axis. 

IT we now return to the expressions (65) and (66) for the inertia force main 
vector and the inertia force main moment for the pole at the stationary bearing 
A we come to the following conclusion: 1* the expression (65) is equal to the one 
for the rigid body linear momentum derivative in time a changed sigh, while the 
expression (66) is equal to the angular momentum for the pole at the stationary 
bearing A, derivative in time, with a changed sigh so that the conclusions drawn 
to the expressions (67) and (53) also stand for the expression (65) and (66). These 
conclusions can also be defined in another way: we conclude from expression (66) 
that the inertia forces main moment for the rigid body rotation around the fixed 
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axis has three components: the first one is purely rotatory around the rotation 
axis collinear with it if the angular acceleration is different from zero and it is 
proportional to the angular acceleration w and the body mass axial inertia moment 
for the rotation axis, J~A); and the second deviational component is normal to the 

rotation axis which also depends on the angular acceleration and the vector :i5~A) 
of the deviation load of the rotation axis; and third component depending on the 
angular velocity squared of the rigid body rotation around the fixed axis and on 
the magnitude of the mass deviation moment vector of the rotation axis at the pole 
in the stationary bearing. 

The derivative in time of the body angular momentum for a certain pole in 
stationary bearing normal to the rotation axis is: 

--d 

d.cA = wi5~A) + w[w,:i5~A)J = 1i5~A)I9i (73) 
dt TO 

By expressions (66), (68) aIid (73) we can write following relations: 

I!'JI = I ~I = 1~i.A)1 = constant (74) 
I rotA; I Id~t~ I 1l)~A)1 

11.1.4. Conditions for the dynamic balance of the rotor rotating around 
the fixed axis. Figure 7 shows the rotor with the main forces vector components 
denoted, that is, the motion linear momentum derivative in time and the inertia 
forces resulting moment components, that is, motion angular momentum derivative 
in time. In order that the effects of the dynamic balancing can appear it is necessary 
that bearings do not bear dynamic pressure which means that the deviational 
components should be equal to zero, that is, the components of the main force vector 
and the inertia forces resulting moment. Hence we draw the following conclusions: 

1 * Condition for the dynamic balancing exclusively and primarly depends on 
the dynamic, that is, kinetic properties of the rigid body with respect to the pole 
in the stationary bearing and to the rotation axis, but they do not depend on the 
angular velocity and the character of the acceleration; 

2* Rotation axis should be the gravitational axis which is expressed by the 
condition that the vector 6~A) of the rigid body mass linear moment for the rotation 
axis and the stationary bearing should be equal to zero; 

16~A)1 = 0 (75) 

3* Deviational part magnitude of the motion angular momentum derivative in 
time is equal to zero, that is, that the magnitude of the vector :i5~A) of the deviation 
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load by the body mass inertia moment for the rotation axis is equal to zero: 

(76) 

which can be reduced to the condition that the rotation axis is the main central 
mass inertia moment axis or that it is the symmetry axis or that it is the axis which 
for the point at stationary bearing represents one main direction of the rotor mass 
inertia moment. 

11.1.5. Interpretation of the kinetic pressures on bearing by means of the 
mass moment vectors for the pole and the axis. In this part the kinetic pressures 
of shaft bearings are expressed by means of the mass moment vectors: 6~A) of the 

body mass linear moment and ~~) of the deviation load by the body mass inertia 
moment of the rotation axis for the pole in the stationary bearing. 

...... 
~~~~~~~~----.t 

Figure 8 

Figure 8 shows a rigid body that can rotate around a stationary axis is like a rigid 
shaft without mass supported on the stationary bearing A and on the moveable 

. sliding one along the rotation axis. In the general case let a rigid body be subjected 
to a system of forces FIc whose points application N Ico are determined by the position 
vectors Plc with respect to the pole in the stationary bearing A. " 

Let's denote the rotation angle of the body around the stationary axis oriented 
by unit vector it with cp = tpii. 

Following the expressions (67) and (70), as well as expression (68) and (71) we 
can write the following two vector equations: 
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~ "'CA) 2 ... "'CA) 
dt = 16n I(WU1 + w vt} = 9l16n I = 

Ie=N 
= 9l16~A)1T1 = L Fie + FA + FB (77) 

1e=1 

d.cA = QJ.CA) + w~CA) + wrw ~CA)] = 
dt n n t , n 

Ie=N 
= QJ~A) + 1!i5~A) 19t = L [Pie, Fie] + [PB, FB] (78) 

1e=1 

These two vectorial equations are kinetic equations of dynamic equilibrium in 
motion-rotation of the body around the stationary axis under the action of the 
active force system Fie. 

IT we now multiply sca1arly and vectorly these equations (77) and (78) by the 
unit vector n and having in mind that the PB = PBn, we obtain: 

1 * the rotation equation around the axes oriented by unit vector n in the form: 

Ie=N 
(j~A),Q) = L([PIe,FIe],n) (79) 

2* the equations for determining the bearings kinetic pressures, that is pressures 
upon the bearings, FA and FB, that is, their components in the axis direction n 
and normal to the rotation axis: 

Ie=N 
FAn = (FA,ii)n = -n L (FIe,n) 

1e=1 
Ie=N 

FAT = -FB + 9t116~A)I- L [n, [A, nn 
1e=1 

1 1 k=N -
FB = -9tIi5~A)I- - L[n, [(PIe,FIe],ii]l 

PB· PB 1e=1 

(80) 

(82) 

(83) 

From the expression for the bearings pressures (resistance) we select a part which 
is the result of the action of an external active forces and the influence of which 
upon the bearings resistances in possible variable in time is only due to the change 
of their line of application as well as the point of application with respect to the 
configuration of the body which is rotating such as in the case when the force of 
the body's own weight which retains the application line direction in relation to 
the rotation axis, and thus its position with respect to the body configuration, 
although in doing this it retains the application point constantly in the body mass 
cent er which rotates around the rotation axis together with body. The body mass 
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center describes a circle or an arc in the plane through the mass center normal to 
the rotation axis. 

Other part of the bearing kinetic resistance (pressures) in the body rotation 
around the stationary axis is the result exclusively of the kinetic-inertial body prop
erties with respect to the rotation axis and the rotation kinematics and rigid body 
rotation kinematics around the stationary axis. These parts appear as parameters 
depending on the rotator vector !)\ which in itself contains the angular velocity and 
the angular acceleration of the body rotation around the rotation axis and the rigid 
body mass moment properties with respect to the pole A at stationary bearing and 
the rotation axis expressed by the mass moment vectors: 6~A) of the body mass 

linear moment and n~) of the deviation load by the body mass inertia moment of 
the rotation axis for the pole A in the stationary bearing. 

In order to discuss the rotor effect on the kinetic pressure upon the bearings 
in which the rigid body shaft axis is rotating it is necessary to know the angular 
acceleration di and the angular velocity w and in order to do this it is necessary 
to solve the body rotation/oscillation equation around the axis (79), namely, to 
determine cp(t) and wet) as well as w(tp). 

IT the rotation axis is the central and main mass inertia moment axis and for 
the pole in the stationary bearing then it is a rigid body which is dynamically 
balanced and the member in the kinetic pressures depending on the vectors 6~) 
of the body mass linear moment and n~) of the deviation load by the body mass 
inertia moment of the rotation axis for the pole A in the stationary bearing are 
equal to zero and are not influenced by the rotator change. Then there are only 
the components of the bearing resistance arising from the bearings "kvazi-static" 
resistances in the definite position of the active forces system and the reactive forces 
system during the body rotation. 

If the rotation axis is the axis of the mass inertia moment asymmetry for the 
referential point in the stationary bearing then the kinetic pressures are the great
est both on moveable and stationary bearing. Since at each point on the rigid 
body there are three pairs of such mutually perpendicular axes which are in pair 
perpendicular to one main mass inertia moment direction and they form with the 
others an angle of ~ each so that the mass inertia moment asymmetry axes which 
are perpendicular to the second main mass inertia moment direction forming angle 
of ~ each with the first and third main mass inertia moment directions as the ro
tation axes will be the greatest vector of the deviation load and at the same time 
the greatest kinetic pressures on both the bearings. 

The kinetic pressure on the stationary bearing depends on the body mass center 
position with respect to the rotation axis and this can be adjusted by the choice of 
the inertia asymmetry axes in pair as well as by the choice of the moveable bearing 
position with respect to the stationary one on the definite axis of mass inertia 
moment asymmetry. The body mass inertia moment asymmetry axes should be 
avoided as the rotation axis in order to reduce the dynamic pressures upon the 
bearings. 
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For a pair of the mass inertia moment asymmetry axes as the rotation axes the 
axial mass inertia moment of the rotatory body is identical so that depending on 
the body mass center position with respect to one axis or another and on the choice 
of the moveable bearing an increase, that is, decrease of the kinetic pressure at a 
given constant value of the initial energy communicated to the rotating body. 

There are four (that is, eight) axes through each point of the body which we 
have chosen as a stationary bearing for which the axial mass inertia moments 
are the same value and the vectors i)~A) of the deviation load by the body mass 
inertia moment of the rotation axis for the pole A in the stationary bearing are 
proportional to the sum of the three mass deviation load vectors by the body mass 
inertia moment of the mass inertia moment asymmetry axes. For these octahedral 
axes the dynamic pressures on both the stationary and moveable bearings are the 
same while the pressures on the stationary bearing are different and by choosing 
one of the octahedral axes minimization of maximization of their value can be 
performed. By displacing the moveable bearing from one to another octahedral 
axis through the stationary bearing the kinetic pressure on the stationary bearing 
can be adjusted while retaining the share in the pressure on both the bearing of 
the part that corresponds to the deviation load vector although the rotator is going 
to change as well (but this can also be adjusted). The smallest pressures would 
appear an octahedral axis is chosen so that the body mass center is closest to the 
rotation axis, that is, the most favorable of all the octahedral axes for the rotation 
axes is the one which body mass center is closest to. 

A general conclusion would be that if we cannot select in the design way the 
rotation axis as the rigid body main central mass inertia moment axis when the 
system is dynamically balanced and analysis of the mass inertia moment state 
should be performed at each of the possible points of the stationary bearing posi
tioning and according to the design requirements the selection should be done of 
both the stationary bearing and of the rotation axis according to the analysis. 

These conclusions are very important if the designer cannot change the station
ary bearing but if we can change the moveable one and chose it freely in the rigid 
body then his choose is important since the dynamic pressures should be as small 
as possible (see [33], [32]). 

11.2. Interpretation of the motion equations of a variable 
mass object rotating around a stationary axis by means 
of the mass moment vector for the pole and the axis. 

In this part the kinetic equations of a variable mass object motion rotating 
around a stationary axis are derived by means of the mass moment vectors for the 
pole and for the rotation axis: vector 6~A) of the body mass linear moment, vector 
j~A) of the body mass inertia moment for the pole A and for the axis oriented by 
the unit vector n and its deviational part of the vector i)~A) of the deviational load 
by the body mass inertia moment of the rotation axis through the pole A. The 
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vectors of the reactive forces and resulting moments of the reactive forces due to 
the drop of the body particles are determined which are involved in the body mass 
change as the function of the body mass moments vector change: vector 6~A) of 
the body mass linear moment and vector ~) of the body mass inertia moment for 
the pole A and for the axis oriented by the unit vector n (see [49], [45], [27]). 

The bearings resistances of the shaft on which an object of the variable mass is 
rotation and the analysis of the kinetic pressures is performed. 

11.2.1. Introduction. In the last fifty years the equations of Meschersky given 
in his M.Sc. theses in 1897 [9] have obtained a wide theoretical consideration and 
the practical application in scientific centers of many countries. Meschersky has 
introduced the notion of the reactive force whereas Newton has defined the dynamic 
object properties by means of the kinetic properties of the matter quantity as the 
inertia measure. In the context of the Meschersky theory [9] the object are discussed 
as the dynamic variable objects. IT the object is subjected to the dynamic change 
(see [17], [18]) (change ofits own mass inertia moments) then it is the dynamic 
variable object whose rotation around the stationary axis is discussed in this paper. 

The reactive force acts on a body in motion whose mass changes in time (due to 
the mechanical wasting - rejection or adhesion) in the sense of action and reaction. 
This motion is described by the Meschersky equation and gives an expression for 
the reactive force while the Ciolkovsky formula (see [5], [2], [11]) determines the 
motion velocity due to such a force and the dependence of the mass separation 
velocity in the case of the mass rejection. 

Beside the papers quoted above relating to the mechanics of the variable mass 
body and rocket-dynamics which began to develop between the two World Wars 
there are other publications of a famous Italian scientist 'fullio Levy-Civita (1873-
1941) (see [8]) who discovered these laws 31 years after Meschersky and indepen
dently of him. 

In engineering practice, especially in Mechanical Engineering, an important role 
is played by the rotor of the variable mass so that·it is of greatest to consider the 
dynamic equations of the motion of the variable mass rotor as well as the dynamic 
resistances of the shaft bearings which these rotors are rotating upon. 

11.2.2.' Main vector of the reactive forces and the reactive forces resulting 
moment. By means of the previous introduced mass moment vectors here we are 
going to the interpret the kinetic equations of the variable mass body rotation. 

Figure 9 shows a rigid body of a variable mass rotating around the axis oriented 
by the unit vector n by the angular velocity w. 

We introduce the hypothesis about the knowledge of the of the law on the mass 
separation from the body as the absolute velocity WN of the particles falling off 
which create the reactive force. Let's assume that the absolute velocity WN of the 
body particles falling of is equal to the velocity of the body point which rotates 
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around the axis by the angular velocity w, that is, that it is: WN = >"VN = >..[w,P1, 
where>.. is a scalar, the proportionality coefficient (see (19], [27]). The reactive 
force 4r, due to the elementary particle falling off is: 4r = wNdrh. = >..[w,P1drh.. 

Due to the falling off of all the particles which are involved in the body mass 
change the main vector of the reactive forces is: 

.. .. "'(A) 

~r = /// wNdrh. = >.. ///[w, P1 drh. = >..w! ///[n,PJdm = >..wd~: (84) 
v v v 

we see that it is proportional to the body rotation angular velocity and to the 
derivative in time of the body mass static moment vector in the case when the 
body changes its mass in rotation. In the formula (84) the differential operator . 
:" is a derivative in the time of the body mass linear moment vector for the body 
mass change: 

(84*) 

- -+-n. (0 

Figure 9 

Due to the falling off of all the body particles which are involved in the body 
mass change the resulting moment of the reactive forces: 

..... (A) 

9M = III [P,dr] = >.. III [p, [w,PJ]drh. = >..w ~~ (85) 
v v 

We see that the resulting moment of the reactive forces due to the body particles 
falling off, that is, of the particles involved in the body mass change for the case 



86 Katica (Stevanovic) Hedrih 

of the rotation is proportional to the body rotation angular velocity and to the 
derivative in the time of the vector J~A) of the vector of the body mass inertia 
moment for the pole at A and for the rotation axis. 

In (85) the differential operator ~ is a derivative in the time of the body mass 
inertia moment vector for the body mass change: 

• ... (A) • 

~~ = !///r;,[w,i1j]dm= ///r;,[W,Pl]dm (85*) 
v v 

11.2.3. Linear momentum and angular momentum of the body rotation 
around the stationary axis. Following the idea of this part the linear momentum 
i and the angular momentum .cA for the pole in the stationary A bearing for the 
case of the body rotation around the stationary axis can be written by means of the 
previously defined vectors of the body mass moments by the expressions (4) and 
(6), as well as by the expressions (62) and (63), in the following form: i = w6~A), 
.cA = wJ~). Since for the formation of the dynamic equations is necessary to 
determine the derivatives in the time of the linear momentum and of the angular 
momentum of the body rotation, we write that it is: 

... • "(A) 
dit = w6(A) + w[w SeA)] + w d6;t 
dt ;t ,;t dt (86) 

(87) 
... .~~ 

d£A = I!JJ'A) + w~(A) + wrw ~(A)] + w dJ;t 
dt ;t ;t r,;t dt 

11.2.4. Kinetic equations of a variable mass body rotation around a sta
tionary axis. By using the basic laws of the dynamics that the linear momentum 
derivative in time is equal to the sum of all the active and reactive forces and that 
the angular momentum derivative in time for the pole in the stationary bearing is 
equal to the sum of all the active and reactive moments for the same pole, we can 
write the following two vector equations by means of the expressions (86) and (87) 
as well as of the expressions (84) and (85): 

.. • "'(A) • "'(A) dit . "'(A) "'(A) d6;t .. ... d6;t 
dt = w6;t + w[iJ, 6;t ] + W---;u- = -Fri = Fr + Aw---;u- (88) 

... • "'(A) • "(A) 
d£A .. (A) .. "(A) dJ;t .. .. . dJ;t Tt = wJ;t + w[w, 1);t ] + W--;u- = -!11lAi = !11lAr + Aw--;u- (89) 

These two vector-equations are the motion kinetic ones-of the rotation of a variable 
mass body around the stationary axis. In these equations Fr and mAr are the main 
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vector of the active and passive forces acting on the body as well as these forces' 
resulting moments for the pole at A. 

H we multiply these equations (88) and (89) first scalarly and then from different 
sides by the vector n of the rotation having in view that we obtain: 

a) Rotation equation around the axis oriented by the unit vector n: 

b) Equations for the bearings kinetic resistances: 

_ _ (dS(A) ) k=N_ 
(FA,n)+(G,n)+(A-l) d:,n + I: (Fk,n) =0 

k=! 
k=N 

9l1IS~A)1 = [n, [FA,n]) + [n, [FB,n]] + I)n, [Fk,n]]+ 
k=! 

* 

(91) 

-(A) 

+[n,[G,ii]]+(A-l)[n,[d~: ,w]] (92) 

9l1i5~A)1 = [n, [[,OB,FB], n]] + [n, [[,OB, G]ii]]+ 
* -(A) k=N 

+ (A - 1)[n, [J~t ' w]] + L [n, [[,Ok, Fk]' n]] 
k=! (93) 

11.2.5. Shaft bearings resistances carried by the variable mass body. From 
the equations (91), (92) and (93) we determine the bearings resistances components 
in the form: 

The stationary bearing resistance components A are: 

1 * The axial components in the rotation axis direction is: 

2* The deviational components perpendicular to the rotation axis are: 

2.1 * The component coming from the body mass center eccentricity is: 

* 

(94) 

k=N· -(A) 
FAN = F1~ev) = 9l!IS~A)I- {; [n, [Fk, n]] - [n, [a, n]] - (A -1) [n, [d~: ,w]] 

(95) 
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2.2* The component coming from the deviational couple: 

FAN = Fi~~v) = -FB = -.!..v1I~~)1 + .!..[ri, [[Pc,G],n]]+ 
PB PB 

* 
(A - 1) [ [d3~A) ]] 1 Ie=N.. .. .. + ri, --;tt, W + - L [n, [[Pie, Fie], ii]] 

PB PB 1e=1 
(96) 

3* The moveable bearing resistance - sliding in the axis direction is of the devi
ational character: 

FB = ]...v1Il5~)I- ..!...[ri, [[Pc,G],ii]] 
PB PB 

* 
(A-I) [ [ciJ(A) ]] 1 Ie=N .. - ri, d~' W - - 'E [ri, [[Pie, Fie], ii]] 

PB PB 1e=1 
(97) 

in which the rotator v1 is determined by the formula: 
.. 

n; coo: ... 2 .. ()a :n=:nI" = WU+W 11 = _. 
r' 

iP = if = 1; 

From the expressions for the bearings resistances we select the part which is the 
result of the direct "static-dynamic" action of the active forces and a part which is 
the result of the rotating variable mass body kinetic properties. 

We see that as the result of the rotor kinetic properties the deviational couple 
appears which is equal to the product of the rotator vector v1 and of the vector 
intensity l5~A) of the deviation load by the body mass inertia moment of the rotation 
axis and it directly depends on the axis selection in the variable mass rotating body. 
This deviational couple causes a part of the kinetic pressures of the same intensity 
and perpendicular to the rotation axis in both the bearings, the stationary and the 
moveable one. 

In the case that the rotation axis is always the main inertia axis for the pole in 
the stationary axis this deviational couple is equal to zero and it does not cause 
any pressure upon the bearings. 

An additional pressure only upon the stationary bearing is formed when the 
masses center is outside the rotation axis and this part is proportional to the rotator 
vector v1 and to the vector intensity 6~) of the mass linear moment for the pole 
in the stationary bearing and for the rotation axis ri. 

Due to the mass changeability the kinetic pressures are formed in both the 
stationary and moveable bearings and they depend on the character of the body 
mass inertia vector change for the pole at A and for the rotation axis and they also 
make another deviational couple. 

An additional pressures on the stationary bearing is formed due to the change of 
the vector 6~) of the mass linear moment and the angular velocity. A part of the 
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kinetic pressures due to the reactive effect of the mass falling off from the rotator 
in the fact depends on the falling-off masses kinetic properties. 

11.2.6. Special case of self-rotation. To illustrate let's observe a special case 
when there are no active forces but the rotor is only under the action of the reactive 
forces due to the masses separation (for instances, rotor with nozzles through which 
the particles are falling). Then the self- rotation equation is: 

* "'(A») (j~),d;) = p. -l)(W, ~~ (99) 

whose one first integral is: (j~A), w) = const. 

If the rotation axis is the central rotation axis and the main inertia axis for 
the pole in the stationary bearing then the dynamic pressures do not effect the 
bearings. Then we can conclude that due to the reactive forces the body rotates 
around a free axis which retains its orientation. This would be a case of the body 
self-rotation around the central axis. In [20] the motion integral of the form is given 
which according to the Savic-KaAanin theory [16] represents the motion integral, 
that is, the self-rotation equations of celestial bodies (of the Earth, of the Sun). 

11.3. Vectorial equations for the self induced rotations 

Starting from the idea of Savic and KaAanin [16] and from idea of Vujicic [181, 
as well as from an analogy with paper of Vujicic [20] and idea of [23], a new form 
of the vectorial equation for the self-induced rotations of a rigid body is derived. 
That equation is: 

(100) 

where j~C) is the vector of body mass inertia moment at the point C center of 
mass, for the instantaneous rotation axis oriented by the unit vector n and w is the 
instantaneous angular velocity vector of the self-~nduced rotation, where w = Iwl. 

11.3.1. Introduction. In the monograph [16] it is supposed that the rotation of 
a celestial body result from the expulsion of electrons from atoms: "The expulsion 
of electrons from an atom has as its consequence the rotation of a celestial body, 
this rotation occuring at the instant in which the magnetic moment occurs-both 
phenomena occur concurrently with one another; both of them are the consequences 
of the expulsion of electrons from atoms, without which there would be neither a 
magnetic moment nor a rotation". The authors of this theory in their monograph, 
starting from the relation of the rotation of the plane rigid body derive a formula 
for calculating the angular velocity of a celestial body (see [16, p. 75]). 
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In [20] a new form of the tensorial equations for the self-rotation of a celestial 
body is derived by Vujicic. In [20] author have the following view: "The classical 
mechanics have never succeeded neither could to explain the origin of rotation of 
celestial bodies by material point model and rigid body. The sum of interior force 
moments have disappeared during any analysis, and therefore the dynamics have to 
account the exterior forces as the cause of rotation. However the celestial mechanics 
have not accounted for electromagnetic forces although they are predominant in 
comparison with gravitational in microstructure. The gravitational forces became 
predominant within the large mass bodies. But the evolutional processes are much 
more complex the later: mechanical model. So far the scientific opinion as that the 
formulation of stars-starts with gravitational condensation of low density hydrogen n. 

11.3.2. Vectorial equations for the self-induced-rotations of bodies. Ac
cording to [25] we shall introduce the notation of the mass inertia moment vector 

J~C) for the pole in the mass center C and for the axis oriented by the unit vector 
n, defined by: 

I/=N 

J~C) = l)ml/[fv,[n,fv]] (101) 
1/=1 

where TI/ is a position vector of mass particle ml/, v = 1,2, ... N, relative to a fixed 
pole (in the mass center C. This vector is connected for the pole in the mass enter 
and for the self-rotation axis. 

The vector 6~C) for the pole in the mass center C and for the axis of the self
induced rotation, oriented by the unit vector n, defined by: 

(102) 

is equal to zero. In [20] author wrote: "If we have in mind very complicated struc
ture of celestial bodies, these results, as the one concerning the magnetic moment 
(see [16J), very sufficient stimulus for further work on this theory. For the purpose 
of mathematical generalization, it is always possible to consider any part of the 
body as the material points with the mass m., i = 1,2, ... N, if its own rotation is 
considered. If we separate any part of the body, even one single electron, from the 
original body, the maSs of the body mi changes for the mass l!:.mi of the separated 
particles. If the mass l!:.m. is separated, with the velocity it., from the body with 
mass mi, there appears a reactive impulse: 

A ... l!:.m .... A 
um.u. = l!:.t u.ut (103) 

and it provokes the change of impulse miv. in the original with mass mi. Naturally 
if the separated particle, for example an electron, takes with itself an electrical 
charge it induced also the electromagnetic field, and the occurrence of a magnetic 
moment". 
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In [20] it was assumed that the observed object was composed of the set of N 
parts of masses mv , v = 1,2, .. . N. Starting from the theory of separation under 
the pressure, we can accept the assumption that the mass mv of the body changes 
for a differentially small amount of mass ~mv. At the moment of expulsion of 
masses dmv, v = 1,2, ... M, with the corresponding absolute velocities uv, there 
appear the reactive forces Uv d~v which perform the work: 

.rA dmv (... r ... ) U v = Tt Uv,UTv (104) 

on virtual displacements 8rv • 

The perturbation in the state of the j-th particle provokes (causes) a change in 
the impulse of the motion of all other particles. For such a dynamical system, the 
general classical principle of ttlechanics should be valid, and according to it, we can 
write: 

1 v=N 1 v=M 
8 f ~ L mll(vv,drv) = - / L mll(uv,8rv) 

o v=l 0 v=l 
(105) 

where M < N and Tv are the radius vectors of observed material points with the 
assumption that the eventual displacements 8Tvo and 8r1l1 are equal to zero, and 
with the validity of the relations 8drv = d8rv. Now, for left-hand side of (105) we 
can write: 

v=N 1 v=N 1 

~ L / ((8(mv,vv),dr,,) + mv(Vv,8drv)} = L / mv(vv,d6r,,) = 
v=l 0 v=l 0 

v=N 1 

= - L /(d(mvVv),6rv) 
v=l 0 (106) 

because 
v=N 
L mv(vv,8rv)l~ = 0 (107) 
v=l 

Introducing the time t, the last integral (106) transforms in the form: 

(108) 

IT we introduced the time also in the right-hand side of the relation (105), by means 
of dmv = mv dt, where obviously mv = d~v is the mass velocity (secondary change 
of mass) if will be 

(109) 
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Due to the arbitrariness in the choice of the pole of the position vector rv, the mass 
center C can be taken as the pole. 

Setting the origin of an inertial reference system at the center of mass, which 
is always possible due to the arbitrariness of the choice of the reference point, the 
velocity of v-th point can be determined approximately by the relation Vv = [W, rvl. 
In the model of the body, the angular velocities wv , are equal to the instantaneous 
angular velocity vectors of a body-fixed, non inertial reference system with vector 
base e", that is Wv ~ w. For the particles of a fluid medium, its velocity can be 
considered as an average angular velocity, for which W" = w so that the angular 
displacement 6,:p ~ welt, within the limits of such an approximations, can connect 
the velocity V" of the point of mass mv with the velocity it" of an expulsive particle 
of mass dmv, that is v = AU, where A is an unknown scalar multiplier. Consequently, 
from the equation (105) [20] we can write: 

Integration of the left-hand side of relation (110) can be transformed to (see [20]): 

,,-N ! t m"([r,,, [w, r"ll,6CP) = ! (w~C) ,6cp) = 
,,=1 

where 

. -(C);f\ ([- ;;(C)] s: (d3~C) s: ) = w(Jn ,6cp, + w w, I n ,o,:p} + w dt'ocp (111) 

*-(C) * ,,=N dJn ;:;(C) ",. [_ [ __ ]] 
dt = "n = L..J m" Tv, n, T" 

,,=1 
(112) 

The left-hand side of relation (110) can be transformed into the following form: 

h ~C) f {w(~C),8CP) + w([w,~C)],6cp) + w( dt,8CP) } dt (113) 

to 

Similarly, the right-hand side of the relation (110) can be transformed and it will 
have following form: 

h ,,=N tl * -(C) 

fA 2: m")[r,,,[w,f'v]],6cp)dt = f >.w(~ ,dCP) dt (114) 
to ,,=1 to 

Due to the transformed expressions (113) and (114), the relation (110) can be 
written in the form: 

tl *-(C) f { (wj~C) + w[w, j~C)] + w(1 - A) ~~ , 8,:p) } elt = 0 (115) 
~ . 
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Hence, from here, the vectorial equation of the self-induced rotation of the body 
has the following form: 

i.e., 

- ;;(0) 
w3~0) + w[w, 3~0)] + w(1 - ,\) ~ = 0 (116) 

*"(0) 

~(Jf), n) + ~~O) + w[w, j)~0)] = w(,\ - 1) ~~ (117) 

On the right-hand side of this vectorial equation there is the vector ootO(R) of the 
reactive moment: 

.... (0) .. dJ ii 
!JJtQ(R) = w(,\ -1)-dt (118) 

on which the change in the body motions-rotation begins. In the case of appearing 
of a total (complete) central symmetry of expulsion of parts of mass, the sum of all 
components of moments of all reactive forces is equal to zero, because the moment 
vectors (torques) in pairs probably act in opposite directions. 

From the vectorial equation (117) it follows that: 

-"(0) 

(J~O) ,~) = (,\ - 1) (w, ~~ ) 
*;(0) 

~~O) + w[w, i5~0)] = (,\ - 1) [n, [dJcFt ,W)]] 

Now, Equation (119) can be written in the following form: 

( * "(0») 
dw = (,\ _ 1) n, dJii 

w (n.J~O») 

(119) 

(120) 

(121) 

This last equation is equivalent to the relation (2.1), which appears in [16, p. 75], 
or to the relation (2.14) which appears in [20, p. 99]. Thus, with the integration 
we will have: 

(122) 

i.e. 
(123) 

where the constant of integration is to be determined from chosen initial conditions. 
This formula (123) is analogous with corresponding result of Savic-KaSanin from 
(161· 

According to the theory applied here, at the initial time to. the vector of the 
body mass inertia moment, for the pole C and for the axis oriented by the unit 
vector n, is J~~) and the instantaneous angular velocity of particles is Wo, so we 
can write: 

( .. ~(O»( .. ~(0»~-2 _ ( .... ~O»( .... ~(0»>.-2 
w,'1.Iii n,'1.Iii - WO,'1.Iiio nO,'1.Iiio (124) 
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Therefore 
(124*) 

For the classical case when the mass of the body is constant, the right-hand side 
of the equation (121) is equal to zero, so that the vectorial equation is reduced to 
the equation of the rotation of a body by inertia W = Wo = oonst. 

11.3.3. Concluding remarks. The exposed analysis of the bodies self-rotation 
does not aim to explain finally and describe fully the appearance of its induced 
self-rotation. This is only a contribution to the attempt for the mathematical 
vectorial descriptions of the law of motion - self-rotation by a new form of the 
vectorial differential equation, which are typical to the motion of rotor under the 
action of the reactive forces due to the masses separation (for instances, rotor with 
nozzles through which the particles are falling). If the rotation axis is the central 
rotation axis and the main inertia axis for the pole in the stationary bearing then 
the dynamic pressures do not effect the bearings. Then we can conclude that due to 
the reactive forces the body rotates around a free axis which retains its orientation. 
This would be a case of self-rotation of a body around the central axis. 

8 * * 
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BEKTOPH MOMEHATA MACA TEJIA 

OBaj MOHOrpa$CKH '{JlaaaK YBOAH BeKTOp J!:I> MOMeHTa IDIepqHje Mace TeJIa 
3a Ta'tIKy N H ocy opjeHTHCaay je~ BeKTOpOM n. BeKTOp MOMeHTa HH
epqHje Mace KpYTor TeJIa je KopHmlieH 3a aaaJIH3Y CT8lLa MOMeHaTa IDIepqHje 
Mace TeJIa 3a O)ij>eljeHY KOH$HryPaqHjy Mace TeJIa, Kao H 3a IDITepnpeTaqHjy 
KHHeTH'tIKHX napaMeTepa MaTepHjaJIHOr CHCTeMa y KpeT8lLy. ITpoMeHa BeKTQ
pa MOMeHTa IDIepqHje Mace TeJIa npH npOMeHH nOJIa Ka.zta oca 3a,lij))KaBa CBOjy 
OpjeHTaqHjy je O,lij)eljeHa H npe~CTaBn.a yonmTeu,e Huygens-Steiner-OBe Teo
peMe Ha YBe~eHe BeKTOpe MOMeHaTa IDIepqHje Mace TeJIa. M3Be~eH je H3Pa3 
3a O,lij)eljHB8lLe npOMeHe BeKTOpa MOMeHaTa IDIep~je Mace TeJIa Ka.zta oca 
Meu,a opjeHTaqHjy, mTO je je~at.mHa aaaJIOrHa Cauchy-jeBHM je~at.mHaMa H3 
TeopHje eJIaCTHqHOCTH. IToKa3aaO je KaKO ce nOMoliy BeKTOpa MOMeHaTa Maca 
o~peljyjy rJIaBHH npaB~ MOMeHaTa HHepqHje Maca Kao H npaB~ HHep~OHe 
aCHMeTpHje. O,lij)eljeHH cy BeKTopH MOMeHaTa HHepqHje Maca 3a OKTae~apcKe 
npaBqe. YKa3aaO je Ha aaaJIOrHje MO~eJIa CTaH>a MOMeHaTa HHepqHje Maca 
TeJIa, CTaH>a HanOHa H CTaH>a ~e$opMaqHje nOMoliy BeKTOpa Be3aHHX 3a Ta'tIKy 
H ocy, O~OCHO paBaa. AHaJIH3HPaHH cy c$epHa H ~eBHjaqHOHa CBojcTBa BeK
Topa MOMeHaTa Maca. 

OBHM qJIaHKOM cy YBe~eHH CJIe~eliH BeKTOpH Be3aHH 3a Ta'tIKy H ocy: BeK
TOP M~N) Mace TeJIa y Ta'I'.IKH N 3a ocy opjeHTHcaay jeAHHH'lHHM BeKTopOM 

n; BeKTOp Sr) JIHHeapHOr (CTaTH'tIKOr) MOMeHTa Mace TeJIa y Ta'tIKH N 3a 

ocy opjeHTHcaHY jeAHHHqaHM BeKTopOM n; H BeKTOp 3r) MOMeHTa HHep~je 
Mace TeJIa y Taq1(H N 3a ocy opjeHTHcaay je~HJilqHHM BeKTopOM n. M3Be~eHH 
cy H3pa3H 3a BeKTope MOMeHaTa Maca y n-~MeHCHOHaJIHOM KPHBOJIHHHjCKOM 
CHcTeMY Koop~HaTa. 

3aTHM cy nOMoliy yBe~eHHx Bel<TOpa MOMeHaTa Maca H3pameHH KHHeTHq
KH napaMeTpH KpeTaH>a KpYTor TeJIa. llaJbe HHTepnpeTaqHje cy o~pe,ll.HJIe 
H3pa3e 3a KHHeTH'tIKy eHeprHjy, l<OJIHqJilHY l<peTaH>a H MOMeHT l<OJIHqHHe Kpe
TaH>a KpYTor TeJIa nOMoliy yBe~eHHX Bel<TOpa MOMeHaTa Maca TeJIa. CneqH
jaJIHO, 3a CJIyqaj 06pTaH>a TeJIa 0l<0 HenOMHque oce, o~peljeHH cy H3BO,ll.H 
KOJIHt.mHe KpeTau,a H MOMeHTa KOJIuqJilHe l<peTaH>a y $y~jH THX BeKTOpa 
MOMeHaTa Maca H HanHCaae KHHeTH'tIKe je~aqJilHe pOTaqHje y BeKTOpCl<OM 06-
JIHl<y. O~peljeHH cy H3pa3H 3a l<HHeTH'me npHTHCl<e H yBe~eH KHHeMaTHtUW 
Bel<TOp pOTaTOp. ITol<a3yje ce ~a l<opHmneu,e BeKTopa MOMeHaTa Maca H Bel<
Topa pOTaropa ~aje CaCBHM je~OCTaBHe H3pa3e 3a !CHHeTH'me npHTHCl<e l<OjH 
3aBHce o~ ~eBHja~oHHx ~eJIOBa Bel<TOpa MOMeHaTa Maca y o~ocy Ha ocy 
pOTaqHje H O~ KHHeMaTH'tIKOr Bel<TOpa pOTaTopa. Y CJIOBH ~HaMH'tIKOr 6a-



JlaHCHpa.H>a ce TaKolje je,I\HOCTaBHO ropa.maBajy y YCJlOBY ~a Cy ~eBHj~oHH 
~eJIOBH BeKTOpa MOMeBaTa MaCa je,I\HaKH ayms:. 

Y 'IJlaBl(Y Cy H3Be~eBH H3Pa3H 3a npOMeHe BeKTOpa MOMeHaTa MaCa npH 
POT~jH TeJIa H 3a CJIY'Iaj KpYTOr TeJIa npOMeBJLHBe MaCe. ~bBe~eHa je BeK
TOpCKa je,I\Ha'IHHa caMopOTa.qHje KPYTOI' TeJIa npOMeHAHBe Mace. 

OBaj MOHorpatPcKH 'IJlaHaK npe~CTaBJLa nperJle~ Hay'IHHX pe3YJlTaTa Koje 
je ayTOp ny6JIHKOBaHO y HayqHHM 'IaCOnHCHMa H/HJIH CaOnnITHO Ha BaY'IBHM 
KorpecHMa H KOHtPepe~HjaMa MeljYHapO,I\HOr HJIH Ha.qHOHaJIBOr 3Ha'laja mTO 
ce BH,ll,H H3 cURCKa JIHTepaType Koja ca~JfOI ayTopoBHX 30 6H6JIHOrpaq,cKHX 
je~a. 

OBaj MOHorpatPcKo nperJIe~ 'IJIaBaK npe~CTaBJLa ~eJIHBy no BeKTopcKoj 
MeTO,ll,H KOjy je ayTop 3aCBOBao Ba BeKTOpHMa Be3aBHM 3a nOJI H ocy yBO
ljea.eM BeKTopa MOMeHaTa Maca TeJIa 3a nOJI H ocy KojHMa ce H3pa.maBajy 
reoMeTpHjcKO KOBtPHrYPa.qHOBa cBojCTBa Maca TeJIa H KHHeMaTH'lKHX BeKTOpa 
pOTaTOpa KOjH cy Be3aBH 3a nOJl H ocy H pOTHpajy OKO a.e o,zr.roBapajylioM 
yraoBOM 6P3HBOM H y6p3a.H>eM. TaKolje, 'IJIaBaK npe~CTaBJLa ~eJlHHy H no 
ca~~ajHMa: KOMnJIeTBOM HHTepnpeT~joM aBaJIH3e CTa.H>a MOMeHaTa Maca 
TeJla y O,I\HOcy Ha nOJl yBe~eBHM BeKTOpHMa MOMeHaTa Maca H KOMnJIeTHOM 
HBTepnpeTa.qHjoM KHHeTH'IKHX napaMeTapa KpeTa.H>a poTOpa. 
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Preface 

The theory of stochastic differential equations, as a part of the general theo
ry of stochastic processe:;, began to develop in the fifties in the discussions of U. 
Gikhman, and independently of him, K. Ita. The accepted terminology, however, 
derived from Ita. In his papers [15], [16], [17], for special classes of stochastic 
processes he introduced the notion of the stochastic integral and of the stochas
tic differential equation with respect to a Wiener process. Following the classical 
theory of ordinary differential equations, he proved the fundamental theorem of 
the existence and uniqueness of solutions and also the Markov property of solu
tions. From then on this theory has developed in several aspects, mostly induced 
by mathematical abstractions or by many applications in technical practice, hav
ing in mind that a Gaussian white noise could be mathematically interpreted by a 
Wiener process. 

One of the most important moments in the development of the theory of stochas
tic integrals and stochastic differential equations was the introduction of the notion 
of a martingale by Doob [7} and the subsequent establishment of the notion by 
Meyer [34], [35], [36]. In this way the fundamental supermartingale-decomposition 
theorem of Doob-Meyer [36] and the basic inequalities for martingales were estab
lished. 

It is necessary to emphasize the notion of a stochastic integral with respect to 
a second-order martingale, introduced and studied by Kunita and Watanabe [27], 

. which generalizes the stochastic Ita's integral. In fact, many properties of the Ita's 
integrals remain valid for this class of stochastic processes. 

Later on, the theory of stochastic integrals and stochastic differential equations 
relative to other types of martingales and stochastic measures was developed ([6], 
[29]). Concurrently with it, the appropriate theory for a larger class of stochastic 
processes-semimartingales was introduced by DoIean-Dade and Meyer [6], and later 
essentially studied by Jacod [22] and Gildunan and Skorokhod [11]. 

The theory of stochastic differential equations had a permanent development 
with a large number of innovations, including some nonstandard constructions of 
stochastic integrals [12]. However, the ItO-calculus remains essential because several 
phenomena in technical, biological and social sciences can be modeled and described 
by stochastic differential equations of the Ita type. In fact, this theory is now 
applied in many diverse fields, which proves the flexibility of its application. 
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This paper represents an introduction to the study of the 1t00type calculus, 
as the initial information about the general theory of stochastic differential equa
tions. Section 1 contains the basic theory of stochastic Ito's integrals, stating some 
important properties of stochastic indefinite integrals, introducing the stochastic 
differential and giving a differential formula known as the Ita's formula. In Section 
2 the basic theory of ItO-type stochastic differential equations is established. The 
basic existence and uniqueness theorem, the Markov property and the continuous 
dependence on parameters of solutions are considered. Some simple examples are 
given to illustrate the preceding theoretical considerations. 

There is a number of papers about stochastic differential equations. In the 
References some monographs and historically important papers are also given. 

We shall restrict ourselves to the one-dimensional case for notational simplicity. 
The extension to the multidimensional case is not difficult in itself and it can be 
treated analogously. 

1. Ita-type stochastic integrals 

1.1. Definition of the Ita-type stochastic integral. Throughout the paper 
we suppose that all random variables and processes considered here are defined on 
a complete probability space (n,:F, P). Let W = (Wt, t E R) be an one-dimensional 
standard Wiener process, adapted to the increasing family of sub-u-algebras (:Ft, t E 
R), Le., for alls $ t random variables w, are :Ft-measurable,:Fh C :Ft2 for tl < t2 
and Wt - w, is independent on :F, for all t ~ s. Further on, from this fact W is 
usually marked with W = «Wt, :Ft), t ER). 

Having in mind the definition of w, let us recall some of its more important 
properties: w(O) = 0 a.s.; Wt - w, : N(O, It - sI); it has independent increments; 
sample functions are continuous, but nowhere differentiable and they are of un
bounded variation in every finite interval; it is a Markov process; Wt - w, = Wt-,; 
W = «wt,Ft),t E R) is a martingale, Le., E{wtl:F,} = W. a.s. for t ~ s. 

Moreover, because «wl - t,:Ft),t E R) is a martingale, w is a second-order 
martingale with the quadratic variation t. Indeed, for all t ~ s, 

E{w~ - tl:Fa} = E{w; + (Wt - wa)2 + 2w.(Wt - w,)IF.} - t 

= w~ + E(wt - W.)2 - t = w~ - s. 

Exactly, the martingale characteristics of the Wiener process play an important 
role in the construction of the ItO-type stochastic integrals. 

In this section we shall define the ItO-type stochastic integral 

J(cp) = 16 

cp(t) dw(t) (1) 

where cp = (cp(t), t E R) is a stochastic process, and we study its basic properties. 
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Since w is neither differentiable nor of the bounded variation, it is impossible 
to define (1) as an integral in the ordinary sense, i.e., as a Riemann-Stieltjes or a 
Lebesgue-Stieltjes integral. Recall that if t.p is a nonrandom function, then (1) can 
be treated as a second-order stochastic integral (see, for example, [27], [28], [30], 
[31], [39J, [45]). In this case only the fact that the Wiener process has orthogonal 
increments is used. The problem arises if t.p is a random function, i.e., a stochastic 
process. Then the construction of the integral (1) depends on martingale properties 
of the Wiener process. 

Furthermore, we shall suppose that the stochastic processes cp and w are inde
pendent. 

Denote by M2 the class of stochastic processes with following properties: if 
cp E M2, then 

(i) t.p is a measurable process, i.e., the function (w, t) -+ cp(w, t) is measurable 
with respect to :F in w and Lebesgue measurable in t; 

(ii) cp is adapted to the family of sub-O'-algebras (:Ft, t ER), i.e., for each t, 
cp(w, t) is measurable with respect to :Ft; 

(iii) J: Elcp(t) 12 dt < 00. 

When (i) and (ii) hold, we say that cp is non anticipating with respect to (:Ft, t E 
R). 

Note that every deterministic function t.p is a nonanticipating function. Also, if 
cp is a nonanticipating function, every product-measurable function g(t,cp), defined 
on (R x C) into C, is nonanticipating. 

We are now in a. position to define the stochastic integral of a process <p E M2 
relative to w, following the ideas of Ito [15]. We shall do this gradually, in two 
phases. In the first phase we define the stochastic integral for step functions in M2; 
in the second phase we extend this definition to the entire set M2, approximating 
an arbitrary process from M2 with the sequence of step functions (see [1], [8], [9], 
[10], [28], [30], [45]). 

Definition 1. A stochastic process cp E M2 is called a step function if there 
exists a decomposition a = to < tl < t2 ... < tie = b, independent of w, such that 

cp{w, t) = <pew, t,,) a.s., tv $ t < tv+1, 11 = 0,1, ... ,k - 1. 

Definition 2. The stochastic integral of the step function cp E M2 with respect 
to w is the random variable 

b Ie-l i cp(w,t)dw(w,t):= :Lcp(w,tv )[w(w,tV+1) -"w(w,tll )]. 

a v=o 

The following theorem makes it possible to define the stochastic integral for 
every cp E M 2 • 

Theorem 1. Let w = «Wt,:Ft), t ER), be a standard Wiener process and 
cp E M2. Then: 
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(a) There exists a sequence of step functions {c.pn, n E N} such that 

1Ic.p - c.pn1l2 = lb Elc.p(t) - c.pn(t) 12 dt -4 0 83 n -4 00; 

(b) If a sequence of step functions {c.pn, n E N} approximates c.p in the sense 
1Ic.p - c.pn -40 as n -4 0 and if I(c.pn) is defined as in Definition 1, then the sequence 
of random variables {I(c.pn),n E N} converges in q.m. as n -4 00; 

(c) If {c.pn, n E N} and {c.p~, n E N} are two sequences of step functions such 
that 1Ic.p - c.pnll -4 0, 1Ic.p - c.p~1I -T 0 as n -4 00, then 

q.m. lim I(c.pn} = q.m. lim I(c.p~). 
n-+oo n-+oo 

Proof. (a) If c.p E M2, but not obviously bounded a.s., we form the sequence 
of stochastic processes {fn, n E N} such that 

fn(t) = {c.p(t), IRec.p1 ~ n, IImc.p1 ~ n, 
n, otherwtSe 

By the dominated convergence theorem it follows that J: Elc.p(t) - fn(t)I2 dt -4 0 
as n -400. So, further on we can always assume c.p to be bounded a.s .. 

Suppose that c.p is q.m. continuous. Then an approximating sequence of step 
functions {c.pn, n E N} can be constructed by an arbitrary decomposition of the 
segment [a, b]: a = tr) < t~l) < .,. < 4n) = b, such that for t~n) ~ t < t~l 
we have c.pn(t) = c.p(t~n» a.s. and maxll[t~~l - t~)] -4 0 as n -4 00. Since c.p is 
q.m. continuous, then Elc.p(t) - c.pn(t)12 -T 0 as n -4 00 for every t E [a, b). By the 
dominated convergence theorem it follows 

lb Elc.p(t) - c.pn(t)12 dt -4 0 as n -4 00. 

If c.p is bounded a.s., but not obviously q.m. continuous, we shall define the 
sequence of stochastic processes {9n, n EN}, where 

9n(t) = 100 

e-rc.p(t -~) dT. 

It is easy to conclude that 9n E M 2 , nE N and q.m. continuous on [a, b]. Since 

lb Elc.p(t) - 9n(t)12 dt = lb El 100 

e-r [c.p(t) - c.p(t - ~)] ~Tr dt 

~ lb 100 

e-r dT 100 

e-r Elc.p(t) - c.p (t _ ~) 12 dT dt 

and since J: Ic.p(t) - c.p (t - ~) 12 dt -T 0 as n -4 00 whenever c.p is a.s. bounded and 
Lebesgue measurable, then 

lab Elc.p(t) - 9n(t)12 dt -4 0 as n -4 00. 
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Now it is clear that we can construct indirectly a sequence of step functions ap
proximating 'P by sampling q.m. continuous stochastic processes 9n, n E N at the 
partition points of the segment [a, b], such that the partitions go to zero as n -+ 00. 

(b) Suppose that {'Pn,n E N} is a sequence of step functions such that II'P
'Pnll -+ 0 as n -+ 00. Using Definition 2, let us define I('Pn) by 

I('Pn) = 1" 'Pn(t) dw(t) : = L 'P(t~n)[ W(t~~l) - w(t~n»]. 
a v 

Denote by A~n)W = W(t~~l) - w(t~n». Then 

EII('PnW = L L E[ 'P(t~n)'P(t~n» A~n)wA~n)w]. 
v ,.. 

v 

Also, EII('PnW < 00. Since I('Pn+m) - I('Pn) = l('Pn+M - 'Pn) and CPn+m - 'Pn is 
again a step function, it follows 

EI1('Pn+m) - I(CPnW = EI1(CPn+m - 'Pn)1 2 = 1" EI'Pn+m(t) - CPn(t) 12 dt 

~ 21" EICPn+m(t) - 'P(t) 12 dt + 21" Elcp(t) - 'Pn(tW dt -+ 0, as n -+ 00. 

Hence, {I(CPn),n E N} converges in q.m. because every Cauchy sequence of random 
variables is also q.m. convergent. It means that there exists a random variable l(cp) 
such that EI1(cp)12 < 00 and 

EII(cp) - I('PnW -+ 0 as n -+ 00. (2) 

(c) Let {CPn, n E N} i {<p~, n E N} be two sequences of step functions approxi
mating cP, i.e., IIcp - <Pnll-+ 0, IIcp - cp~lI-+ 0 as n -+ 00. Because 

lI'Pn - <p~1I ~ J2 (lI'Pn - cpW + IIcp - <p~1I2)! -+ 0 as n -+ 00, 

then 
b 

EII(CPn) - I('P~)12 = 1 EI'Pn(t) - <p~(tW dt -+ 0 as n -+ 00. 

Therefore, q.m. limn-too I('Pn) = q.m. limn-too I(cp~). Thus the theorem is com
pletely proved. 0 
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Summarizing the results of the preceding theorem, we conclude that the stochas
tic integral I(tp) can be defined as q.m. limit of the sequence of random variables 
{I(tpn), nE N}, i.e., 

I(tp) = r" tp(t) dw(t) : = q.m. lim r" tpn(t) dw(t). la n-toola 
This limit is in q.m. sense uniquely determined and independent of the choice of 
the sequence of step functions {tpn, n E N} for which (2) holds. 

Note that if a and b are not finite, the stochastic integral is defined as q.m. limit 
as a ~ 00 or b ~ 00. 

The next theorem summarizes some of the more important properties of the 
stochastic integral. 

Theorem 2. Let tp,1/J E M2 and a, /3 be arbitrary numbers. Tben: 

(a) I(atp + /31/J) = aI(tp) + /3I('I/J)i 
(b) EI(tp) = 0i 

(c) EI(tp)I{'I/J) = J: Etp{t)1/J{t) dt. 

Proof. (a) This part follows immediately from the construction of the stochastic 
integral of step functions. 

(b) The proof is obvious if tp E M2 is a step function. If not, let {tpn} be a 
sequence of step functions approximating tp in q.m., i.e., Eltp{t) - tpn(t)12 ~ 0 as 
n ~ 00 on [a,b]. Since by Theorem lb 

O:S (EI(tp) - EI(tpn»2 :S EII(cp) - I(tpn)12 ~ 0 as n ~ oo~ 

then EI(cp) = O. 

(c) It is enough to prove that EII(tp)12 = J: Eltp(t) 12 dt because 

EI(tp)I(1/J) = ~[EII(tp + 'l/JW - EII(tp -1/JW] 

+ ~[EII(-itp + 1/JW - EII(-itp - 'l/JW]· 

If tp is a step functioIl, the proof directly follows from the proof of Theorem lb. If 
not, let {tpn, nE N} be a sequence of step functions approximating tp in q.m. Then 

EII{tp)12 = EII{tp - CPn) + I(CPn) 12 

= EII(tp - tpn)12 + 2ReEI{tp - CPn)I(CPn} + EII(CPnW, 

and therefore 

EII(tp)12 = Urn EII(tpnW = Urn 1" Eltpn{tW dt 
n-too n-too Q 

= rh lim Eltpn(tW dt = rh Elcp(t)12 dt. 0 la n-too la 
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The notion of the stochastic integral of the Ito type can be introduced under 
some weaker conditions (see, for example, [1], [8], [10], [28], [30], [39J, [45]). Thus, 
denote by P a class of stochastic processes, measurable and adapted to the family 
of sub-cr-algebras (Ft, t ER), satisfying the condition 

p{ 16 

lep(tWdt < 00 } = 1. 

Clearly, M2 CP. 

Theorem 3. Let «wt,Ft),t E R) be a standard Wiener process and let ep E P. 
Let also epn be defined by 

( ) { 
ep(t), t lep(t) 12 dt :5 n, 

epn t = a 
0, otherwise 

and let J(epn) denote the stochastic integral J(epn) = f: epn(t) dw(t). Then 
{J(epn),n E N} converges in probability as n ~ 00. 

Proof. Let epn be defined as the above. Then epn E M2 and J(epn) is well 
defined. Now for arbitrary m, n E N and for any wEn, such that 

1b lep(tW dt :5 min{m,n}, 

we obtain SUPtE(a,bjlepn(t) -epm(t)1 = O. So, f: epn(t) dt = f: epm(t) dt a.s. For every 
£ > 0 it follows that 

P{ IJ(epn) - ;(epm)1 ~ £} :5 p{ 1b lep(t)12dt > min{m,n} } ~ 0 as m, n ~ 00, 

which implies in turn that {J(epn), n E N} converges in probability since every 
Cauchy sequence of random variables also converges in probability. 0 

Therefore, under the conditions of the preceding theorem there exists a random 
variable J(ep) such that J(epn) ~ J(ep) in probability as n ~ 00. In other words, we 
can define the stochastic integral 

J(ep) : = p. lim J(epn). 
n-+oo 

The notion of the ItO-type stochastic integral can be analogously generalized 
to the (n x m)-matrix valued stochastic process ep = [epij1nxm, where epij E M2 
or epij E P, with respect to the m-dimensional standard Wiener process W = 
«wt,Ft),t ER), Wt - W.: N(O,lt - sIJ). The matrix ep has the norm 

Clearly, in this case J(ep) is the n-dimensional random variable. 
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1.2. The stochastic indefinite integral. Denote by J{8<t}, a ~ s < t < b, 
an indicator of the set [a, t] which is obviously Ft-measurable. This fact gives a 
possibility to introduce a notion of a stochastic indefinite integral. 

Definition 3. The stochastic indefinite integral of the process cp E M2 is the 
stochastic process x = (x(t), t E [a, bD, defined by 

x(t) : = lb J{.<t}CP(s) dw(s) = It cp(s) dw(s), t E [a, b]. 

Having in mind the construction of the 1t00type stochastic integral J(cp), the 
indefinite stochastic integral possesses the following important properties: 

(i) x is defined uniquely up to the stochastic equivalence with its separable and 
measurable modification (Doob's theorem - see [7J, [45]); 

(ii) x(t) is Ft-measurable for every t E [a, b]; 

(ill) x(a) = 0 a.s.; 

(iv) x(t) - x(s) = J: cp(u) dw(u), t, sE [a, bJ. 
Using the results of Theorem 2, for every t E [a, b] it follows: 

(v) Ex(t) = 0 ; 

(vi) Elx(t)12 = J: Elcp(s) 12 ds. 

Theorem 4. If cp E M2, tben «Xt, Ft), t E [a, b]), is a martingale. 

Proof. Let cp be a step function and s < tl < t2 < ... < tn < t. ThElll 

x(t) - x(s) = f.t cp(u) dw(u) 

= cp(s)[w(td - w(s)] + cp(td[W(t2) - W(tl)] + .,. + cp(tn)[w(t) - W(tn)]. 

Therefore, by successively taking conditional expectations, we obtain 

E{x(t) - x(s)IF.} = E{E{ .. . E{x(t) - x(s)IFtn }IFtn_1}1 .. · Fh}lF.} 

= ... = E{X(tl) - x(s)IFB} = Ecp(s) E(w(s) - w(s)) = o. 

In the following part of the proof we use the well-known convergence property of 
conditional expectation (see [45]): for v ~ 1 if the sequence of stochastic variables 
Xn 1I~. X as n -+ 00, then E(XnIF) 1I~. E(XIF) as n -+ 00. 

If cp is not a step function, let {CPn, n E N} be a sequence of step functions 
approximating cp. Denote by xn(t) = J: CPn(s) dw(s). Then for every t E [a, b] we 
have Elx(t) - Xn(t)\2 -+ 0 as n -+ 00, and therefore E{x(t) - xn(t) IF.} -+ 0 as 
n -+ 00. Now for all t > s 

E{x(t) - x(s)IF.} 

= E{x(t) - xn(t)IF.} + E{xn(t) - x(s)IF.} -+ 0 as n -+ 00. 0 
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Moreover, one can be show that «Xt, Ft), t E [a, bJ), is a second-order martingale 
with the quadratic variation 

In order to do this, recall an important property of second order martingales. 

Let «Zt, Ft), t E [a, b]) be a sample continuous second-order martingale. Then by 
the supermartingale-decomposition theorem of Doob and Meyer (see [36], and also 
[10], [11], [30], [31], [34], [35]), there exist both a sample continuous martingale 
«mt,Ft),t E [a,b]) and a sample continuous increasing process «ut,Ft,t E [a,b]) 
- called the quadratic variation, with u(a) = 0 a.s. and Eu(b) < 00, such that 

z2(t) - u(t) = met) a.s., t E [a,b]. 

Also, the following inequality, defined first by Doob [7], and in different variations 
by Meyer [36] and others, holds: for 1 < 0: < 00, 

E{ sup Iz(tW'}:::; (~lrElz(b)la. 
tE[a,b] 0:-

For 0: = 2 and cP E M2 we get 

sup Elx(t)12 :::; E{ sup Ix(t)12}:::; 4 rb 

Elcp(t)12 dt < 00. 
tE(a,b) tE[a,b] la 

Next, u{t) is Ft-measurable for every t E [a, b], non-negative and increasing a.s., 
u(a) = 0 a.s. and Eu(t) ::; EU(b) < 00. For all t ~ 8 we obtain 

E{x2(t) - u(t)IFs} = E{ (It cp{u) dw(u») 2 IFs } - E{ it cp2(u) du IFs} 

= E{ (l8 cp(u) dw(u») 2 IFs } - E{ lS cp2(U) du IFs} 

+E{ (It 
cp(u) dw(u») 21F8 } - E{ lt <p2(U) du IFs} = X2(S) - u(s). 

So, u(t) is the quadratic variation of the martingale «Xt, Ft), t E [a, bD. 
Recall that for cp E M2 the inequality 

E{ sup I t <p(s)dsl} ::; 41b EI<p(tW dt 
tE[a,b] la .0. 

(3) 

is also known as Doob's inequality for Ita-type integrals. 

Example: The formal application of the classical rules for the integration by 
parts yields 

1 rt 
2 lo w(s) dW(s) = w2(t). 
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Clearly, it is not correct because for t > S 

E{w2(t) IF.} = w2(s) - t + S:f: w2(s), 

and therefore w2 (t) is not a martingale. 

Also, it can be proved (see, for example, [8], [11], [25]) that if cP e M2 and T is 
a stopping time with respect to (Ft,t e [a, bD, i.e., a ~ T ~ b a.s. and {T ~ t} eFt 
for all t e [a, b), then the process 

rl\t 
10 cp(S) dw(s), a ~ t ~ b, 

is a martingale and E f;At cp(s)dw(s) = O. 

Theorem 5. If cp e M2, then x = (x(t), t e [a, b]) is a contmuous process. 

Proof. Let cp be a step function with a decomposition a < tl < t2 • " < tn < t. 
Then 

x(t) = cp(a)[w(tl) - weal] + ... + cp(tn) [w(t) - w(tn»). 
Obviously, a.s. continuity of x follows from a.s. continuity of the Wiener process. 

If cp is not a step function, let {CPn, n e N} be a sequence of step functions 
approximating cp, Le., f: Elcp(t) - CPn(t)l2dt ~ 0 as n ~ 00. By Chebyshev's 
inequality and Doob's inequality (3), it follows that 

it it 4i6 

p{ sup I cp(s) dw(s) - CPn(S) dW(s) I > E} ::; 2' Elcp(s) - CPn(SW ds. 
te[a,b] 0 0 E 0 

Next, we can choose Ek > 0 such that Ek ~ 0 as n ~ 00, and {nk' keN} in such 
a way that nk /' if le ~ 00, (for example, El: = 2-1:, nk = le-2), for which 

Since 

f p{ sup I r' cp(s) dW(s) - {t CPnlt (s) dW(s) I > Ek} ::; 00, 
1:=1 te[a,6] la la 

the Borel-Cantelli's lemma implies that 

sup ! (t cp(s) dW(s} - r' CPn. (s) dw(s) I ~ El: a.s. 
te[a,b] 10 10 

for all t e [a,h1 if le 2:: ko(w), i.e., 

sup ! (t cp(s) dw(s) _ rt CPn(s) dW(S)! ~ 0 as n ~ 00. 
te[a,b] la la 
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Therefore, the integral J: 11'( s) dw (s) is a.s. uniform limit on [a, b1 of the sequence 

of a.s. continuous stochastic processes {J: tpn(s) dw(s), t E [a, b], nE M} and, be
cause of that, it is itself a.s. continuous. 

Moreover, x has a.s. continuous sample functions (see [1], [8], (10)). 0 

Analogously to the stochastic indefinite integral for a process 11' E M 2 , it is 
possible to define the It6-type indefinite integral for 11' E P with 

x(t):= lb tp(s)I{8<t}dw(s) = it tp(s)dw(s). 

In this case the process x = (x(t),t E [a,bD is measurable, adapted to the family of 
sub-u-algebras (.rt, t E [a, b)), a.s. continuous, but in general it is not a martingale. 
It can be shown that it is a local martingale (see, for example, [25], [30], [31J, first 
of all [27]). Remember that if we denote by Tn the stopping time 

Tn = rnjn { It Itp(sWds ~ n}, 

then since Tn / b as n -+ 00, it can be proved that {(xn(t A Tn),.rt),t E [a,b]) is a 
martingale for every n E N. By definition {(Xt, .rt), t E [a, bD is said to be a local 
martingale. 

1.3. The Ito's formula. In order to determine effectively some classes of 
stochastic indefinite integrals and to obtain explicit solutions of some types of 
stochastic differential equations, it is necessary to use the Ita's formula, so called 
the Ito's differential role. 

Let (a(t),t E [a,b]) and (b(t),t E [a,b]) be measurable processes adapted to the 
family of sub-u-algebras (:Ft, t E [a, bD, such that 

fh lh la la(t)1 dt < 00 a.s., a Ib(tW dt $ 00 a.s .. 

Then the stochastic process 

x(t) = x(a) + it a(u) du + i
U 

b(u) dw(u) 

is called the Ita's process. It is measurable, adapted to (.rt, t E [a, b]) and a.s. 
continuous. Here x(a) is a random variable, .ra-measurable and independent of 
wet) - w(a) for all t ~ a. 

Definition 4. If for every s, t such that a $ s < t $ b, 

x(t) -x(s) = It a(u)du+ It b(u)dw(u) a.s., 

then the stochastic process x has the stochastic differential dx(t) on [a,b], given by 

dx(t) = aCt) dt + bet) dw(t). 
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One can easily conclude that x(t) is measurable, adapted to (:Ft, t E [a,b)) and 
a.s. continuous. 

Theorem 6. (The loo's formula) Let dx(t) = aCt) dt + bet) dw(t) and let 
J(t, x) be a nonrandom function defined on [a, b] x R, continuous togetber witb its 
derivatives Jf, J~, J:iz· Then the process J(t, x(t» has the stochastic differential, 
given by 

1 
dJ(t, x(t» = J:Ct, x(t» dt + J~(t, x(t» dx(t) + '2 J:z(t, x(t» b2(t) dt. 

For the proof see [1], [8], [9], [11], [28], [30], for example, and first of all [17]. 

In this formula the surprise is the last term because by the standard calculus 
. formula for total derivatives the term! J:iz(t,x(t» ~(t) dt would not appear. This 

correction term arises from the nondifferentiability of the Wiener process. Since 

dJ(t, x) ~ J(t + dt, x + dx) - J(t, x} 

~ JHt,x)dt + J~(t,x)dx + ~ J:z(t,x) (dx)2, 

and Ew2(t) = t, we obtain (dW(t»2 ~ dt. So, 

(dx(t»2 = [a(t) dt + bet) dW(t)]2 ~ b2(t) dt. 

Note that the Ita's formula asserts the two proce8ieS: J(t, x(t» - J(a, x(a» and 

it [J!(s,x(s»+ J~(s,x(s» a(s)+~ J:z(s,x(s» ~(s)] ds+ it J~(s, x(s» b(s) dw(s), 

which are stochastically equivalent. 

Now we are in a position to find the integral I: w(s) dw(s). Since wet) has the 
stochastic differential for a == 0, b == 1, applying the Ita's formula to the function 
J(x) = X2, we have dw2(t) = dt + 2w(t) dw(t). Thus we obtain 

[t 1 1 
lo wet) dw(t) = '2 w2 (t) - '2 t, 

which is a martingale. 
The Ita's formula can be used to estimate some types of stochastic integrals. 

Thus, for a process «cpt, :Ft), t E [0, T)), such that \cp(t)\ ::; K a.s. for all t E [a, b], 
by applying the Ita's formula to the function J(x) = x2m, mEN, we obtain (see 
[8], [30]) 

E(1
t 
<p(s)dw(s)f

m 
::; K2m(2m -I)! !tm. 

If cp is unbounded a.s., but I: Ecp2m(t) dt < 00, then (see [8], [28], [30)) 

E(1t <pes) dw(s)f
m 

::; [m(2m _1)]mtm- 1 lot Ecp2m(s) ds. 
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The Ita's formula can be easily generalized to a function f(t,Xl,X2, ... ,xn), de
fined on [a, b] x Rn, continuous together with its derivatives it, f~/o, I:/oz;, 1 ;5 
k,j ;5 n. H dxlc(t) = alc(t)dt + blc(t)dw(t), 1 ;5 k;5 n, then the process 
f(t, Xl (t), ... ,xn(t» has the stochastic differential 

n 

df(t, x(t» = fHt, x(t» dt + L f~. (t, x(t)) dxlc (t) 
Ie=l 

1 n n 

+ '2 LLI:/o:r:j(t,x(t»b1c(t)bj (t)dt, 
1e=1;=1 

where x(t) = (Xl (t),X2(t), ... ,Xn(t» (see earlier cited references). 

Thus, if the stochastic processes Xl (t) and X2(t) have the stochastic differen
tials dxi(t) = ai(t)dt + bi(t)dw(t), i = 1,2, then the product Xl(t)X2(t) has the 
stochastic differential 

d(Xl(t)X2(t» = Xl(t) dx2(t) + X2(t) dxl(t) + bl(t) ~(t) dt (4) 

= [Xl(t) a2(t) + X2(t) al(t) + bl(t) ~(t)] dt + [XI(t) ~(t) + X2(t) bl(t)] dw(t). 

The most important role of the Ita's calculus is that it can be generalized to 
a stochastic integral, replacing the Wiener process by a more general one. For 
example, let «Zt,.1"t),t E [a,b]) be a sample-continuous second-order martingale. 
Then by the supermartingale-decomposition theorem of Meyer (see [36]) there ex
ists a sample-continuous a.s. increasing process «Ut,.1"t),t E [a,b]) with u(a) = 0 
a.s., such that for a stochastic process (cp(t), t E [a, b]), measurable, adapted to 
(.1"t, t E [a, bD and 

1b cp2(t) duet) < 00 a.s., 

analogously to the procedure in Theorem 1, the loo's integral (see [27]) 

J(cp) = 16 

cp(t)dz(t) 

can be defined with the help of step functions CPn, as 

where J(CPn) 4 J(ep) as n -+ 00. 

The stochastic indefinite integral x(t) = f: ep(s) dz(s) can be defined adequately. 

H the process x(t) has the stochastic differential dx(t) = aCt) dt + bet) dz(t) , then 
the analogue Ita's formula, first proved in [27], has the form 

1 
df(t,x(t» = f:(t,x(t» dt + f~(t,x(t» dx(t) + '2 f::r:(t, x(t» b2(t) duet). 
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2. Stochastic differential equations 

2.1. Definition of the Ita-type stochastic differential equation. The sto
chastic differential equation (shorter SDE) of an unknown n-dimensional process 
x = (x(t), t E [to, T]) with the initial value 11 is given by 

dx(t) = aCt, x(t» dt + bet, x(t» dw(t), x(to) = 11 a.s., t E [to, T], (5) 

where w = (Wt, t E R) is an m-dimensional Wiener process, 11 is an n-dimen
sional random variable, stochastically independent of w in the sense that random 
variables Wt and 11 are stochastically independent for all t, and a : [to, T] x Rn -t Rn, 
b : [to, T] x Rn -t Rn X Rm are non-random functions, Borel-measurable on their 
domains. 

Because of simplicity, we shall confine ourselves to the one-dimensional case. So, 
x, W and 11 are one-dimensional, and a : [to, T] x R -t R, b : [to, T] x R -t R. 

Denote by :Ft the a-algebra generated by 11 and Wt, i.e. the smallest a-algebra 
with respect to which 11 and the random variables W., s ~ t, are measurable, such 
that Wt - W. is independent on :F. for all t 2: s. Thus the Wiener process W is 
adapted with respect to the increasing family of sub-a-algebras (:Ft, t E [to, T]), 
and '7 is :Fto-measurable. 

Denote by 'P the space of stochastic processes cp = (cp(t), t E [to, T]), measurable 
and adapted to (:Ft, t E [to, T]), such that 

p{ rT Icp(t)\2dt < oo} = 1. 
ito 

Definition 5. The measurable stochastic process x = (x(t), t E [to, T]) is a 
strong solution of the SDE (5) if: 

(i) x(t) is :Ft-measurable for each t E [to, T]j 
(ii) aCt) = a(t,x(t», bet) = b(t,x(t», such that 

rT \a(t) \ dt < 00, rT \b(t)\2 dt < 00 a.s.; 
ito ito 

(iii) x(to) = '7 a.s.; 
(iv) the equation (5) holds a.s. for eac.;' t E [to, T]. 

Since dx(t) = aCt) dt + bet) dW(t) cl.S. for all t E [to, T], this is, therefore, the 
stochastic differential of the process x. 

The SDE (5) has the equivalent integral form 

x(t) = '7 + rt a(s, x(s» ds + rt b(s, x(s» dw(s), t E [to, TJ. (6) 
ito ito 

Because of (i) and (il) from Definition 5, the integrals on the right-hand side 
of (6) are well defined: since b E 'P, then It: b(s) dW(s) is the It6-type stochastic 
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integral; since a is measurable and absolutely integrable random function adapted 
to (Ft, t E [to, T]), It: a( s) d( s) exists as the Lebesgue integral with the parameter w. 
Both integrals are defined ,uniquely up to the stochastic equivalence and therefore 
the solution x is also determined up to the stochastic equivalence. 

Moreover, since both integrals in (6) are a.s. continuous, then x is a.s. continuous. 
For this, by Doob's theorem [7] we shall always assume that we have ' chosen a 
measurable, separable and a.s. continuous version of the strong solution. 

Definition 6. The SDE (6) has a unique strong solution if for any two strong 
solutions Xl and X2, 

P{ w: Xl(t) = X2(t), t E [to,T]} = 1. 

This is equivalent to P{sUPtE(to.T) IXI (t) - x2(t)1 > O} = O. 
Example. Solving formally the SDE 

dx(t) = x(t) dw(t) , x(O) = fJ a.s., t ~ 0, 

as an ordinary differential equation, we obtain x(t) = fJew(t). By applying the Ito's 
formula, we get 

dx(t) = llew(t) dw(t) + ! fJew(t) dt # x(t) dw(t). 
2 

Therefore, the solution must have some other form. We shall express as x(t) = 
llew(t)+'P(t), where cp is an unknown function. Using again the Ita's formula, we 
obtain 

dx(t) = fJew(t)+'P(t) cp' (t) dt + fJew(t)+<p(t) dw(t) + ! llew(t)+<p(t) dt 
2 

=: x(t)[ cp'(t) + 1/2Jdt + x(t) dw(t). 

So, cp'(t) + 1/2 = 0, i.e., cp(t) = -1/2 + c, c = const. The initial condition easily 
gives c = O. Thus, x(t) = llew(t)-t/2, t ~ O. 

2.2. Existence and uniqueness of a solution. Following the ideas of Ita [16] 
we give the basic existence and uniqueness theorem of a solution of the SDE (6). 

Theorem 7. Let w = (wt. t E R) be a standard Wiener process and 7J be a 
random variable, independent of w. Let also a : [to, T] x R -t R and b : [to, T] x R 
-t R be Borel-measurable functions, satisfying the Lipschitz condition and the 
condition on the restriction on growth on the last argument respectively, i.e. for 
all (t,x), (t,y) E [to,T] x R there exists a constant L > 0 such that 

la(t,x) - a(t,y)1 + Ib(t,x) - b(t,y)1 :$ Llx - yl, 
la(t,x)12 + Ib(t, x)12 :$ L2( 1 + x2

): 

Then there exists a unique a.s. continuous strong solution of the SDE (6). 

(7) 

(8) 
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Proof. The theorem can be proved by Picard-Lindelof method of iterations, 
modeled after the corresponding proof for ordinary differential equations (see, for 
example, [I], [8], [9], [14], [16], [30], [45]). For the proof here we shall apply the 
Banach fixed point theorem (see [10]). 

First, let us suppose that EI7112 < 00. Denote by B a space of measurable pro
cesses x, defined on [to, Tj, adapted to the nondecreasing family of sub-O'-algebras 
(.rt, t E [to, T]), satisfying the condition SUPto~t~T Elx(t)12 < 00. Then B is the 
Banach space with the norm 

( )

1/2 
IIxll = sup Elx(t)12 . 

to~t~T 

Let us define an operator S such that for x E S, 

Sx(t) = 71 + 1t a(s, x(s» ds + l\(s, x(s» dw(s) , t E [to, T]. (9) 
to to 

Since a and bare Borel-measurable functions and x is a measurable process, adapted 
to (.rt, t E [to, TJ), it follows that the processes aCt) = aCt, x(t» and bet) = bet, x(t» 
also have these properties. Moreover, Schwarz inequality and (8) imply 

i
T 2 

El a(s,x(s»dsl 
to 

~ (T - to) rT Ela{s,x{s»12 ds ~ a + (3 sup Elx{t)12 < 00; 
}to to~t~T 

to~~~T Ell: b{s,x(s)} dw(s) 12 

= sup t Elb(s, x(s)W ds ~ 'Y + 8 sup Elx(t)12 < 00, 
to~tS;T ito toS;tS;T 

where a, /3, l' 8 are some constants depending on L, to and T. Accordingly, since 
at, bE P, the integrals in (9) are well defined. 

Let us prove that S : B -t B. If x E 13, then Sx(t) is a measurable process, 
.rt-measurable for every t E [to, T] and a.s. continuous. Also, 

EISx(tW ~ 3EI7112 + 3(T - to) t Ela(s, x(s»12 ds + 3[t Ib(s; x(s»12 ds 
ito to 

Thus, 

~ 3EI1l12 + 3(T - to + 1)L2 t (1 + Elx(s)12) ds 
ito 

~ 3EI1l12 + 3(T - to + 1)L2(T - to)(l + IIx1l2) = M. 

( )

1/2 
IISxll = sup EISx(t)12 < 00, 

to9~T 
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and therefore S: B ~ B. 
In the next step of the proof we shall show that there exists a unique fixed point 

of the operator S. Indeed, for every Xl! X2 E B we have 

EISXl(t) - SX2(t)12 

:5 2EI rt[a(S,Xl(S» -a(s,x2(s»]dSr +2EI rt[b(S,Xl(S» -b(s'X2(s»] dws I
2 

~ ~ 
:5 2(T - to)L2 rt Elxl (s) - x2(s)12 ds + 2L21t Elxl (s) - X2(SW ds 

ho ~ 
:5 KI/Xl - x2112 (t - to), 

where K = 2(T - to + 1)L2. Now it is easy to prove by induction that 

ElsnX1(t) - snX2 (tW :5 K rt Elsn-lxl(s) - sn-IX2 (sWds 
lto 

Kn(t - to)n 2 
:5 ... :5 rI/Xl - X211, t E [to, T] n E N, 

n. 
such that 

11 n n 112 Kn(T - to)n 11 112 S Xl - S X2:5 n! Xl - X2 , n E N. 

Since Kn(T - to)n In! ~ 0 as n ~ 00, then there exists no EN such that Kno(T_ 
to) no Ino! = q < 1. Thus sno is a contraction. By one version of the Banach fixed 
point theorem it follows that the operator S has a unique fixed point X E B, i.e., 
X = Sx. On the other hand, 

x(t) = '1 + rt a(s,x(s»ds + rt b(s,x(s»dw(s) a.s., t E [to,T]. 
lto lto 

Since x(to) = '1 a.s., from Definition 5 holds that X is a unique strong solution of 
the SDE (6), moreover satisfying SUPto<t<TElx(t)j2 < 00. Also, it is easy to show 
that - -

sup Elx(t)12:5 3EI'112e3K(T-to). 
t09ST 

Let us prove now the existence of a solution of the SDE (6) without the as
sumption EI'1I2 < 00. Denote by I;: = 1{1'1ISN} and '1N = '11;:. Obviously, '1N 
is a random variable, independent with respect to w and .rto-measurable. Since 
EI'1NI2 :5 N2 < 00, the SDE 

xN(t)='1N + rta(s,xN(s»dS+ rt b(s,xN(s»dW(s), tE[to,T] (10) 
lto lto 

has a unique solution. For N' > N it follows that 

xN' (t) - xN (t) = '1N' -'1N + lt [a(s,xN' (s» - a(s,xN(s))] ds 
to 

+ rt[b(s,xN' (s» - b(s,xN(s»] dW(s). 
lto 
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Since (1JN' - 1JN)If = 1JN'If _1JN If = 0, we obtain 

sup (xN' (t) - xN(t»)
2 
I: 

to:9:Su 

$2 sup (I: f
t
[a(s,xN'(s»_a(s,xN(S»]ds)2 

to:St:Su ito 

+2 to~~~u (I: l:[b(S,XN'(S» - b(a,xN(a»]dw(a)f 

$ 2(T - to) r I:la(s, xN' (s» - a(s, xN (s»12 ds ito 
+ 2 sup I ft I:[b(s,xN' (s» - b(a,xN (a»1 dw(s)1

2
. 

to:St:Su ita 
By applying the Lipschitz condition (7) and Doob's inequality (3), we finally get 

E sup IxN' (t) - xN (t)12 I: $ 2(T - to + 4)L2 r E sup IxN' (v) - xN (v)12da. 
to:St:Su ito to:StI:S. 

Now we need the well-known Gronwall's lemma: if u : [a, b] -t R and v : [a, b] -t 
R are non-negative integrable functions and L = const > 0, then 

u(t) $ vet) + L it u(s)ds ==> u(t) $ vet) + L it eL(t-S)v(s)ds, t E [a,b]. 

Especially, if vet) == const = u(a), then 

u(t) $ u(a) + L it u(s)ds ==> u(t) $ u(a)eL(t-c) , t E [a, b1. 

IT u(a) = 0, then u(t) = 0 for all t E [a, b1. 
By applying the preceding lemma, it follows that 

E sup IxN
' (t) - xN (tW I: = 0, 

to:St:ST 

which implies P{SUPto:ST:St IxN' (t) - xN (t)12 = O} = O. Now, 

P{ sup IXN' (t) - xN(t)12 > O} $ P{I1J1 > N} -t 0 as N',N --+ 00. 
to$t:ST 

Therefore, {xN (t)} is a Cauchy sequence converging in probability for all t E 
[to, T]. So, there exists .Tt-measurable process (x(t) , t E [to, TD, such that 

SUPto9$T IxN (t) - x(t)1 r~. 0 as N --+ 00. Since 

i
T la(s,x(s» - a(a,xN(s)W ds + iT Ib(a,x(a» - b(s;xN(a»12 da 
~ ~ 

$2L2 fT sup Ix(u)-xN(u)12ds 
ito to:Su:S' 

$ 2L2(T - to) sup Ix(t) - xN (t)12 ~ 0 as N -t 00, 
to9:ST 



ItO-type stochastic integrals and stochastic differential equations 125 

then for every fixed t E [to,T], 

rt a(s,xN(s»ds ~ it a(s,x(s» ds, 
lto to 

rt b(s,xN(s))dw(s) ~ rt b(s,x(s»dw(s). 
lto lto 

holds. The limits in probability on both sides of the equation (10) show that x(t) 
satisfies the SDE (6) a.s. and, therefore, it is its strong solution. 

It remains to prove a uniquen~ss of a solution of the SDE (6) if EI'712 < 00 does 
not hold. 

Let Xl and X2 be two solutions of this equation. Then for every t E [to,T], 

XI(t) - X2(t) = it [a(S,XI (s» - a(S'X2(S))J ds + it [b(S,XI (s» - b(S,X2(S))] dW(s) 
~ ~ . 

holds a.s. Denote 

IN(t) = {I, IXI(s)/.::; N, IX2(S)1 ::; N, sE [to,t], 
0, otherwlSe 

Since IN(t)IN(s) = IN(t) for all s ::; t, then 

IN(t)[XI(t) - X2(t)] = IN(t) rt IN(s) [a(s, Xl (s» - a(s, X2(S»] ds 
lto 

+ IN(t) it IN(S)[b(s,XI(S» - b(s, X2(S»] dw(s). 
to 

Thus 

IN(s)la(s,xI(S» -.a(S,X2(S»/::; IN(S)L/XI(S) -x2(s)l::; 2LN, a.s., 

and analogously for b. If we apply the dominated convergence theorem, we obtain 

EIN(t)/Xl(t) - X2(tW 

::; 2(t - to) rt E{IN(s)la(s, Xl (s» - a(s,x2(S)W} ds 
lto 

+ 2 rt E{IN(S)/b(s,XI(S» - b(s, X2(S)W} ds 
lto 

::; 2(T - to + I)L21t E{IN(S)lxI(S) - x2(s)12 }ds. 
to 

Applying now the Gronwall's lemma we get E{IN(t)lxI(t) - X2(t)/2} = 0 for all 
t E [to, Tj, which implies P{ IN(t)XI (t) = IN(t)x2(t) } = 1. From there we easily 
conclude 
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Since Xl i X2 are a.s. continuous on [to, Tj, they are a.s. bounded. It means that the 
right-hand side of the last inequality goes to zero by taking N -+ 00 and, therefore 
P{X1(t) t X2(t)} = 0 for all t E [to, Tj, i.e. 

P{ sup IX1(t) - x2(t)1 > O} = O. 
to$t$T 

Thus the proof is complete. 0 

Clearly, Theorem 7 gives only sufficient conditions for the existence and unique
ness of a solution of the SDE (6). Note that if the functions a and b are defined on 
[to, 00) x R and if the assumptions of Theorem 7 hold on every finite sub interval 
[to, T] C [to, 00), then the SDE (6) has a unique solution, defined on the entire half
line [to,oo), called a global solution. Naturally, in some cases the SDE (6) could 
have a local solution, particularly if the assumptions of Theorem 7 do not hold, as 
in the following example. 

Indeed, the coefficients od the SDE 

dx(t) = _~e-2Z(t)dt + e-z(t)dw(t), x(to) = 11 a.s, t ~ to, 

do not satisfy any Lipschitz condition or any growth condition for X < O. However, 
there exists a unique local solution x(t) = In[w(t) - w(to) + et}], defined on the 
random interval [to, T), where the random variable T is determined with T = inf {t : 
Wt - Wto + et} < O} (see [IJ, [32]). Naturally, we use the Ito's formula to prove that 
x(t) is the solution of this equation. 

The next theorem, known as the local uniqueness theorem, plays a very important 
role in the study of stochastic differential equations (see, for example, [11, [81, [9]). 

Theorem 8. Let the functions a, and b., i = 1,2, satisfy the assumptions of 
Theorem 7 and let there exist N > 0 such that a1(t,x) = a2(t,x), b1(t,X) = ~(t,x) 
for all (t,x) E [-N,N]. Let x,(t), i = 1,2, be a solution of the SDE 

dx,(t) = a,(t, x,(t)) dt + b,(t, x.(t)) dw(t) , x,(to) = 11 as., t E [to, Tj. 

Denote by T, the first time, after to, such that x,(t) intersects R \ [-N, N] if such 
time t E [to, T] exists, and T, = T otherwise. Then . 

P{ 7'1 = 7'2} = 1 and P{ sup IX1(t) - X2(t) \ = O} = 1. 
tO$t$'7'l 

Proof: Denote by 

,p1(t) = {1, SUPto$t$t IX1(t)\ ~ N, 
0, otherwise, 

Let ,p1(t) = 1. Then ,p1(S) = 1 for all to ~ s ~ t ~ 7'1 and here a1(s,x1(S)) = 
a2(S, Xl (s)) a.s., b1(s, Xl (s)) = ~(s, Xl (s)) a.s .. From integral form of the SDE-s it 
is easy to obtain 

,p1(t)[X1(t) - X2(t)]2 ~ 2{ rt ,p1(S)[~(S,X1(S)) _ ~(s,x2(s))]ds} 2 

l to 

+ 2{ rt ,p1(S)[ ~(s, X1(S)) - b2(s, X2(S»] dW(s) } 
2

• 
lto 
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By applying the Lipschitz condition (7), it follows that 

ET/Jdt) [Xl(t) - X2(t)]2 $ cl: E,pl(S)[Xl(S) - X2(S)]2 ds, 

where c is a constant depending on L, T and to. Then from Gronwall's lemma 

holds. From that, 
P{ sup IXl(t)-X2(t)I=O}=1, 

to$t$n 
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and therefore Xl(t) = X2(t) a.s. for t E [to,Tl]. Consequently, P{T2 ;?: Tl} = 1. 
Analogously we get P{Tl $ T2} = 1, which completes the proof. 0 

Theorem 8 makes it possible to express the next stronger existence and unique
ness theorem. 

Theorem 9. Let a : [to, T] x R ~ R, b : [to, T] x R ~ R be measurable 
functions satisfying the assumptions: 

(i) there exists a constant K > 0 such that for all (t, x) E [to, T] x R, 

la(t,x)/2 + /b(t,x)/2 $ L2(1 + /x/2)j 

(ll) for any N > 0 there exists a constant LN > 0 such that for all (t, x), (t, y) E 
[to, T] x [-N, N), 

/a(t,x) - a(t,y)/ + /b(t,x) - b(t,y)/ $ LN/X - y/. 

If a standard Wiener process w and a random variable TJ are independent and 
E/TJI2 < 00, there exists a unique solution (X(t) , t E [to, T]) of the SDE (6), satisfying 
the initial value x(to) = TJ a.s. 

The proof can be found in [9]. 

Let us give some important notions. Remark that Theorem 7 can be extended 
to the SDE, similar to the SDE (6), in which the coefficients a: n x [to, T] x R ~ R 
and b : n x [to, TJ x R ~ R are random functions, Borel measurable on their 
domains, adapted to the family of sub-u-algebras (Ft, t E (to, T]) generated by w, 
such that the stochastic integrals in this SDE exist in the sense of Definition 5-(ii). 

Theorem 10. Let (TJ(t),t E [to,T)) be a stochastic process, independent ofw, 
adapted to (Ft, t E [to, T]), such that SUPtE[to,T) EITJ(t)/2 < 00. Let also the random 
functions a and b satisfy a.s. the Lipschitz condition (7) and the condition of the 
restriction ongrowtb (8). Then there exists a unique solution (x(t),t E [to,T)) of 
theSDE 

x(t) = TJ(t) + rt a(w,s,x(s» ds + rt b(w,s,x(s»dw(s), t E [to,T], ito ito 
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with SUPtE[to,T] Elx(t)12 < 00. Moreover, if the process '7(t) is a.s. continuous, then 
the solution x(t) is a.s. continuous. 

A theorem analogous to Theorem 9 can also be proved. 

Note that the approach given by Theorems 7, 8, 9 and 10 is appropriatelly 
extended to analyze the existence and uniqueness problem for special classes of 
stochastic differential equations, stochastic functional differential equations, sto
chastic integral and integrodifferential equations containing the Ito's integrals (see 
[3], [4], [5], [9], [11], [25], [26], [30], [37], for example, and many others). 

Remember again that Theorem 7 gives only sufficient conditions for the existence 
and uniqueness of the solution of the SDE (6). In fact, there is a number of papers 
in which various sufficient conditions, essentially other than the conditions (7) and 
(8), are considered .. Note that many new theorems present a direct extension of the 
corresponding deterministic results (see, for example, [3], [4], [5], [9], [181, [22], 
[28], [45], [46]). In many papers different kinds of contractions are used instead of 
the Lipschitz condition, for example in [24], [38]. 

Naturally, the permanently current problem is the relationship between ordinary 
and stochastic differential equations, especially for applications to stochastic control 
problems and to stochastic filtering problems (see [30], [42], [43], [44], for example). 

An important fact is that the problem of the existence and uniqueness of solu
tions of the ItO-type stochastic differential equations can be extended to stochastic 
differential equations with respect to martingales and stochastic measures (see, for 
example, [6], [10], [11], [14], [25], [27], [29], [31], [34], [41], [47]), and also to 
stochastic differential equations with semimartingales (see [22], [33], [47]). 

One of the most important problems in qualitative analysis of solutions for dif
ferent classes of stochastic differential equations is the stability problem, including 
the asymptotic behavior of solutions when t -? 00 and the existence of singular 
solutions (see [1], [2], [3], [4], [5], [13], [14], [37], [46], for example). By using 
the concept of Lyapunov function and the theory of stochastic and deterministic 
inequalities, several comparison theorems are developed in many papers and books 
(see, for example, [9], [13], [14], [28], [46]). 

2.3. Stochastic ditTerential equations depending on parameters. Now we 
give the basic theorem which describes the stochastic differential equation of the Ito 
type depending on a parameter a E A, where A is a parameter set. This theorem 
shows that the change in the solution can be made arbitrarily small by making the 
change in the parameter sufficiently small. 

Theorem 11. Let the random functions y/Q, aQ , bQ satisfy the assumptions of 
Theorem 10 for any parameter a E A, with the same constant L in (7) and (8). Let 
also the process (Y/a(t), t E [to, T]) be a.s. continuous and SUPtE[to,T] EI'7a(t)j2 < c 
for all a E A, c =const .. Suppose that for any N > 0, ao E A, f > 0 and t E [to, T], 

lim P{ sup [laa(w, t, x) - aQo(w, t,x)1 + Iba(w, t, x) - bao(w, t,x)l] > f} = 0 
Q-H~O Ixl:SN 

" , 
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and 
lim sup Ell1a(t) -l1ao(t)12 = O. 

a-tao tE[to.T] 

H (xa(t), t E [to, TD is a solution of the SDE 

xa(t) = l1a(t) + it aa(W,S,xa(s)) ds + it ba(w, S,Xa(8» dW(8), t E [to, TJ, 0 
to to 

then limo ~ 00 SUPtE[to.T] Elxa(t) - xao(t)12 = O. 

Proof. Denote 

xa(t) - Xao (t) = {a(t)"+ it [aa(W, S,Xa(8» - aa(W, S,Xao{S»] ds 
to 

where 

+ it ba(w, S,Xa(8» - ba(w, s,Xao(S»] dw(s), 
to 

Using the Lipschitz condition (7) on the first identity and applying the usual sto
chastic isometry, we easily obtain 

where K = 3(T - to + 1)L2. By Gronwall's lemma it follows that 

Elxa(t) - xao(tW ~ 3EI~a(tW + K rt eK(t-s) EI~a(s)12 ds. 
ito 

Therefore, it follows from the last inequality that the theorem will be proved if we 
show that SUPtE[to.T] EI{a(t)12 -t 0 as 0 -t 00. 

Since 

Ellt [aa(w, s, xao (s» - aao (w, S, Xao(8»] dsl2 
to 

~ (t-to) rt El aa(w,s, Xao (s» -aao(W,S,xao (s»12ds, 
ito 

by applying the condition (8) we obtain that the last integrand is bounded by 
2L2(1 + IXao (t)l2). Since E ft~ (1 + IXao (t)12 dt < 00, it follows from the conditions 
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of the theorem that this integrand also converges to zero in probability, as a -+ ao. 
So, by the Lebesgue bounded convergence theorem we conclude 

sup El {t[aa{W,S,Xao{s))-aao(W,S,Xao(S))]dsI2 
tE[to,Tl ito 

~(T-to) {T Elaa{w,s,xao(s»-aao(w,S,Xao(s)12ds-+0 as a-+ao. 
ito 

Similarly, using Doob's inequality (3) and the previous arguments, we have 

E sup { {t[ba{W,S,Xao{S»-bao{W,s,xao{S»]dW{s)r 
tE[to,Tl ito 

~4 (T Elba(w,s,Xao{s»-bao{w,s,xao(s»12ds--+O as a--+ao. 
ito 

This completes the proof, because SUPtE[to,Tl Ell1a(t) -l1ao{t)12 -+ 0 as a --+ ao. 0 

Note that there are suitable versions of the preceding theorem for different classes 
of stochastic differential equations. So, for the SDE (6) one can state a theorem 
which ensures the continuous dependence of the solution on the initial value (to, 11 ) 
(see [9], [24]). 

The more important application of Theorem 11 is for a discrete parameter set, 
i.e., if A = {an, n = 0,1, ... } and an -+ ao as n --+ 00. Then the following theorem 
holds: 

Theorem 12. Let the random functions l1n{t), anew, t,x), bn(w, t,x), n = 
0, 1, 2, ... , satisfy all conditions of Theorem 11 for n and 0 instead of a and ao 
respectively. H {Xn(t), t E [to, T]) is the solution of the SDE 

xn{t) = l1n(t) + (t anew, s, Xn{S» ds + (t bn(w, s, xn(s» dW{s), t E [to, T], 0 ito ito 
then 

liro sup E\xn(t) - XO(t)\2 = o. 
n--+oo tE[to,TJ 

From purely theoretical point of view, and much more from the point of view of 
various applications, this theorem gives a possibility to study the solution xo(t) of 
the SDE (12) for n = 0 by finding at least an approximate solution Xno (t) of the 
SDE (12) for n = no. 

This theorem enables the construction of some iterative methods for solving 
the SDE (6), or the SDE (12) for n = 0, and to estimate an error of the n-th 
approximation of the solution of the original equation. There is a number of papers 
in which various sufficient conditions of closeness of the random or non-random 
functions 110, ao, bo with the functions l1n, an, bn respectively, are given, such that 
xn(t) --+ x(t) as n --+ 00 in probability or in p-th mean sense or with probability 
one (see, for example, [3], [9], [11], [23], [26J, [45]). 
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2.4. The Markov property. Now we describe in short one ofthe most important 
properties of the solutions of the SOE (6), known as the Markov property. 

Having in mind that a solution x(t) ofthe SOE (6) must be Ft-measurable, it can 
be interpreted as a stochastic process determined by non-random functions a and 
b and by random elements 1] and W.,S $ t. So, x(t) depends on 1J and W.,S $ t. 
Moreover, the construction of x(t), especially the construction of a solution by 
Picard-Lindelof method of iterations, shows that it depends only on W. - Wto for 
to $ s $ t (see [IJ, [8]). Thus, x(t) can be expressed as a functional 

x(t) = 1(1]j W. - Wto, to $ s $ t). 

This fact makes possible a description of the Markov property of the solution of 
the SOE (6). 

Definition 7. The stochastic process (x(t),t E [to,TJ) is said to be a Markov 
process with respect to (:Ft, t E [to,T)) if for all to $ s ::S t ::S T and for any set 
AEB 

P{ x(t) E A/:F.} = P{ x(t) E A/x(s)} a.s. 

holds. 

Theorem 13. Let the conditions of Theorem 7 hold with E/1J/2 < 00 and let 
(:Ft, t E [to, T]) be the increasing family of the sub-u-algebras generated by 1] and 
w. Then the unique solution (x(t),t E [to,TJ) of the SDE (6) is a Markov process 
with respect to (:Ft, t E [to, T]). 

For a detailed proof see [8], for example. We give only a short survey of the 
proof. 

Together with the SOE (6) we consider the same equation, now on an interval 
[s,T] C [to,T], i.e.! for t E [s,T] we have 

x(t)=x+ lta(u,x(u»du + It b(u,x(u» dw(u) , x(s)=x a.s. 0 

For the given initial value x(s) = x a.s., let (xs.",(t),t E [s,T]) be a solution of the 
SOE (13). From the fact that the SOE (6) has a unique solution (x(t) , t E [to, Tj), 
it follows that x(t) = x •. z(t) a.s. for all t E [s,T]. Also, for t E [s,T], xs.z(t) is 
completely determined as a functional x8 .",(t) ~ I(xj Wu -Ws, u E [s, TJ). Moreover, 
since x(s) is :F.-measurable and increments Wu - W., u E [s, t], are independent on 
:F., for any set A E B it follows that P{x(t) E A/:F.} = P{x(t) E A/x(s)} a.s .. 
Therefore, the solution of the SOE (6) is a Markov process. 

For to $ s :$ t $ T and for any set A E B, the function 

p(s,xjt,A) = P{x(t) E A/x(s) = x} 

is called the transition probability function. Clearly, considering s and x fixed, 
pes, Xj t, A) is precisely the distribution of the solution x •. ",(t) of the equation (13). 
Also, pes, Xj t, A) has the following properties: it is Borel measurable in x for fixed 
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s, t, Aj it is a probability measure in A for fixed s, x, tj the function p satisfies the 
Chapman-Kolmogorov equation: for all x E R and s < u < t, 

p(s,xjt,A) = I: p(s,Xju,dy)p(u,Yjt,A) 

holds. 

Recall that a Markov process is said to be homogeneous if the transition proba
bility functions are stationary, i.e., pes, Xj t, A) = <p(t - s, x, A). 

It is easy to see that if the SDE (6) is autonomous, that is a(t,x) = a(x), 
bet, x) = b(x), then its solution will be a homogeneous Markov process. 

Moreover, in addition to the conditions of Theorem 7, if the functions a(t,x) and 
b(t, x) are supposed to be continuous, then a solution of the SDE (6) is a diffusion 

. process, i.e., a stochastic process with continuous sample functions whose transition 
probability functions pes, Xj t, A) have certain infinitesimal properties as t --+ S (see, 
for example, [1], [8], [9], [10], [45]). 

The density function of the transition probability function is called the transi
tion density function. Under some very strict conditions of differentiability of the 
functions a and b, beginning from the Chapman-Kolmogorov equations one comes 
to the well-known backward and forward parabolic equations, alternatively called 
diffusion equations, whose solutions are transition density functions. Note that the 
forward equation is also known as the Fokker-Planck equation. Naturally, the solu
tion of the SDE (6) is completely described if the transition probability functions, 
i.e., the transition density functions, are known. 

Emphasize an important fact that the theory of diffusion processes is applied to 
study several phenomena in physics, astronomy, biology, etc. The modern theory of 
the Markov processes, primarily a semigroup theory, is engaged in the studies of the 
solutions of diverse classes of stochastic differential equations, which are diffusion 
processes. 

2.5. Solvable stochastic differential equations. We say that the SDE (6) is 
explicitly solvable if its solution can be represented by quadratures, i.e., in terms of 
ordinary (Lebesgue) and Ito's stochastic integrals. 

I. Just as with ordinary differential equations, a lot of theory is developed to 
describe solutions of linear 1t00type stochastic differential equations, first of all an
alytic properties of the solutions, including the overall behavior of sample functions 
on the interval [to, (0). Now we give the procedure to obtain explicit solutions of 
homogeneous and non-homogeneous linear stochastic differential equations. 

Let a: [to,oo) --+ R and b: [to,oo) --+ R be Borel-measurable bounded 
functions. Then the equation 

dx(t) = a(t)x(t) dt + b(t)x(t) dw(t), x(to) = '1 = const. a.s., t ~ to. 

is said to be the homogeneous linear SDE. If '1 = 0 a.s., this equation has a trivial 
solution x(t) = 0 a.s. Since the conditions of Theorem 7 hold, then there exists a 
unique solution such that x(t) > 0 a.s. for '1 > 0 a.s.j x(t) < 0 a.s. for 11 < 0 a.s. 
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H we put yet) = Inx(t) for 1J > 0 a.s., or yet) = In( -x(t» for 1J < 0 a.s., by Ito's 
formula we have 

1 1 ( 1) dy(t) = x(t) dx(t) + 2 - x(t) b
2
(t)x(t) dt 

i.e., 

dy(t) = [a(t) - ~b2(t) ] dt + bet) dw(t) , y(to) = In 1J a.s. 

Thus we obtain the stochastic differential of the process yet) and, therefore 

yet) = In 1J + [t [ a(s) _ ~b2(s) ] ds + [t b(s) dw(s) , 
ito ita t;::: to. 

From that the homogeneous linear SDE has the solution 

t;::: to. 

Especially, the Langevin SDE 

dx(t) = -ax(t) dt + f3 dw(t) , x(O) = 1J a.s., t ;::: 0, 

where a > 0 and f3 are constants, has the solution 

x(t)=e-at [1J+ Lt

ea8f3 dw(s)] , t;:::O. 

For normally distributed or constant 1J, the solution x(t) is a Gaussian process, the 
so-called Ornstein-Uhlenbech velocity process (see [1], [8]). 

The non-homogeneous linear SDE 

dx(t) = [a(t) + a(t)x(t)] dt + [f3(t) + b(t)x(t)] dw(t) , (14) 

x(to) = 1J a.s., t ;::: to, 

can be solved analogously, putting yet) = <J1-1(t) x(t), where <J1-1(t) is a particular 
solution of the corresponding homogeneous linear SDE with the initial value <J1(to) = 
1. So, 

<J1-1(t) = exp { _ [t [a(s) _ ~b2(S)] ds _ [t b(s) dW(s) }. 
ito ito 

Applying the Ita's formula we have 

d<J1-1 (t) = <J1-1 (t){ [a(s) - ~b2(s)] ds - b(s) dW(s) }. 

Applying again the Ita's formula on the product <J1-1 (t)x(t), from (4) we obtain 

dy(t) = d ( ~-I(t) x(t) ) 

= <J1-1(t) dx(t) + x(t)d~-l(t) - [f3(t) + b(t)x(t)] <J1-1(t)b(t) dt. 
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By replacing dx(t) and d<b-1(t) with the corresponding differentials, we obtain 
finally 

dy(t) = <b-1(t){[ aCt) - f3(t)b(t) J + (J(t) dw(t)} 

and, therefore 

yet) = 11 + it <b-1(s) [a(s) - (J(s)b(s)] ds + it <b-1(s)(J(s) dw(s). 
~ ~ 

Thus the explicit solution of the non-homogeneous linear SDE (14) is given as 

x(t) = ~(t) [11 + it <b-1 (s) [a(s) - (J(s)b(s)] ds + it <b-1(s)(J(s) dw(s)]. 
~ ~ 

ll. In general, in order to transform the SDE (6) on a solvable form, we introduce 
a change of variables y = h(t,x), where a smooth function h(t,x) has an inverse 
k(t, y), such that het, k(t, y» == y, k(t, h(t,x» == x. 

According to the Ito's formula, the process yet) = het, x(t» satisfies the SDE 

where 

dy(t) = J(t, yet»~ dt + get, !;I (t» dw(t), y(to) = h(to,11) a.s., 

J(t, y) = [h~ + a h~ + ~ b2 h~1I: ] (t, k(t, y», 

get, y) = [b h~ ](t, k(t, y». 

(15) 

(16) 

The SDE (6) is said to be reducible if such a function h can be found so that 
the functions J and g, given by (15) and (16) respectively, are independent of y. 
Thus, the change of variables y = het, x) permits the explicit representation of the 
solution x(t) of the SDE (6) as 

x(t) = k(t, yet»~, 

where 

yet) = h(to,11) + lt J(s) ds + rt g(s) dW(s). 
to lto 

In other words, the SDE (6) is reducible if a sufficiently smooth invertible function 
h(t,x) and functions J(t) and get), exist, such that 

[
8h 8h 1 2 82h] _ 
8t + a 8x + '2 b 8x2 (t,x) = J(t), (17) 

[b =:] (t,x) == get). (18) 

Under the assumptions that b :F 0 and a and b possess the indicated derivatives, one 
can obtain the necessary and sufficient conditions so that the SDE (6) be reducible. 
Indeed, differentiating (17) with respect to x gives 

82h 8 {8h 1 82h} . 
8x8t + 8x a 8x + '2 b

2 
8x2 == O. (19) 
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Since from (18) we get 
8h(t,x) _ get) 

8x = b(t,x)' 

then the following derivatives hold 

82h _ bet, x)g'(t) - get) 8b(t, xl/at 
8t8x = b2(t,x) 

get) 8b(t, x)/8x 
b2 (t,x) 

By substituting the appropriate derivatives into (19), we obtain finally 
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(20) 

g' = g b [::. 8b _ !.. (~) + ! 8
2
b] = ° (21) 

b2 8t 8x b 2 8x2 - • 

Since the left side of this identity is independent of x, then 

(22) 

H (22) holds, the function g, 9 =/: 0, can be found as a solution to the ordinary 
differential equation (21). The function h, which is at least locally invertible since 
8h/8x =/: 0, can be determined from (20), and the function f from (17). Then 
(21) is equivalent with (19) and thus the functions f and 9 are independent of x. 
Therefore, the SDE (6) is reducible if and only if f and 9 satisfy (22). 

Let us suppose that (22) holds. Then: 

(i) H 9 == 1, then h(t,x) = f;' b(~::')' Xo =const.; 

(ii) H f == 0, then h must be a solution of the partial differential equation 
h' + ah' + !b2h" = 0· t Z 2 zz , 

(iii) H the SDE (6) is autonomous, Le., a(t, x) = a(x), b(t, x) = b(x), then it is 
reducible if and only if 

[ 1" (a)'] b "2 b - b = C, C = const. 

From (21) and (18) we obtain get) = ect , het, x) = ect J:
o 
~ respectively. 

Note that, in general, linear SDE-s are not reducible. For the SDE (14) the 
reducibility condition becomes 

f3(t)b'(t) - [a(t)b(t) - a(t)j3(t) + j3'(t)] bet) == 0, 

until the homogeneous linear SDE is always reducible. 

Ill. Let us present now a very strict type of reducibility, illustrated by the 
autonomous SDE. The fact that the linear SDE (14) is solvable motivates us to 
find an invertible transformation y = hex), such that the transformed equation be 
linear with constant coefficients. In other words, we require the existence of the 
const~ts a,j3,'Y,6, 6 =I 0, such that the conditions (15) and (16) become 

1 
a(x)h'(x) + 2" b2 (x)h"(x) == a + j3h(x) , b(x)h'(x) == 'Y + 6h(x). (23) 
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If we assume b t: 0, then hex) is a solution of the linear ordinary differential equation 
b(x)h' - oh = 'Y. Thus, 

hex) = ce6B(z) - 'Y/o, 
where B(x) = J:o ~ and Xo and c are some constants. The substitution of hex) 
into (23) gives finally 

{ [ 
a(x) _! b'(X)] 0 +! 02 -,8} e6B(z) == Ot'Y - ,80. 
b(x)· 2 2 C'Y 

Replacing A(x) = :f:l- ! lI(x) in the last identity and differentiating results, we 
have 

{ [ A(x)o + ~ 02 -,8] b(~) + A' (x) } 0 e6B
(z) == o. 

Differentiating again we finally obtain 

o A' (x) + (b(x) A'(x»' == o. 
From that 

A'(x) == 0 or (
b(X)A'(X»')' =0 

.A'(x) -
(24) 

follows. Conversely, if the last condition in (24) is satisfied, then the transformation 

hex) = ce6B(z) where 0 = _ (b(x) A'(x»' 
, A' (x) , 

reduces the autonomous SDE to the linear form. Also, for 0 = 0 the simple choice 
hex) = 'YB(x) + c leads to the reducibility condition 

(b(x) A' (x»' == o. 

At the end, let us indicate briefly how to apply the foregoing results to find the 
explicit solution of the autonomous nonlinear SDE 

dx(t) = >.x(t) (1- Xit») dt + p.x(t) dw(t), x(O) = 11 a.s., t ~ 0, 

where >., k,p. are constants. This equation is reducible in the previous sense, 
because the condition (24) is valid. It is easy to conclude that 0 = -1.£, hex) = l/x, 
and from (23) that Ot = >./k, ,8 = ->. + 1.£2, 'Y = O. So, the original SDE is 
transformed to the linear form 

dy(t) = [~ + (->. + p.2)y(t)] dt - p.y(t) dw(t), y(O) = 1]-1 a.s., t ~ o. 

Now it is easy to obtain the explicit solution of the original equation, 

x(t) = _1_ = ~ (C>. - p2/2)t + pw(t)} ,t ~ O. 
yet) 11-1 + i 10 exp {(>' - p2/2)8 + pW(8)}ds 
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I Chapitre 

SUR LA THEORIE NOUVELLE DES CARACTERISTIQUES 
DES EQUATIONS AUX DERIVEES PARTIELLES DU PREMIER ORDRE 

Il s'agit dans ce chapitre de considerer la theorie nouveUe de R. Courant 
des caracteristiques des equations aux derivees partieIles du premier ordre, [I) 
et de faire la generalisation correspondante sur Ies systemes en involution des 
equations aux derivees partielles du premier ordre [2]. Nous a1Ions nous servir 
du systeme correspondant de Char pit, etabli dans Ies recherches de N. Saltykov, 
[3], pour faire la generalisation mentionnee. 

1. Sur la tbeorie des caracteristiques 

Considerons I'equation aux derivees partiel1es du premier ordre dependante 
explicitement de la fonction inconnue z des variables independantes XI' •.. , Xn 

(l) F(xI' •.. ,Xn,Z,PI' .. ·,Pn)=O. 

Il est bien connue le theoreme d'existence et d'unicite de la solution de 
Cauchy, [4]: 

Theoreme. Soit j(xp ... , xn' Z, PI' ... , pJ de la c/asse C2 sur un 
certain ouvert E211+1 de /'espace cl 2 n+ 1 dimensions, dont les coordonnees du point 
sont les variables: X (XI> ••• ,xn), Z, P (PI> ... ,Pn). Soil (xO, zo, pO)E E2n+l • Soil 

(2) x=a(t), t=(t1> ... ' In-I) 

une piece de la hypersurjace de la c/asse C2 dejinie pour t voisin de 

to (t?, ... , t~_l) et a(tO)=xO. 

Soil b (t) une jonction de la variable t de la c/asse C2 voisine de to et b (to) =zo. 
Aussi, les conditions suivantes 

(3) F(xO, zO, pO) = 0, 

(4) 
ob (to) . 
--'-"'-, (l=I, ... ,n-I), 

o ti 
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(5) det[ 0: ~:O) , Fp (xO, zO, PO)]:;i:O 

soient satisjaites. Cela etant, dans le voisinage En de x = XO il existe une solution 
unique: z = z (x) de la c1asse C2 du probleme de Cauchy (1-2) et z [a (t)] = b (t). 

C'est la methode de Cauchy des caracteristiques que reduit ce probleme 
a la theorie des equations differentielles ordinaires, [1], [4]. 

R. Courant, [1], a utilise la theorie des systemes de Char pit pour etablir 
une methode nouvelle des caracteristiques pour l'equation (1). 

Pour cela i1 a associe a l'equation (1) le systi:me suivant de Charpit 

~ of OPf + of p,+ of =0, L, (i=l, ... , n) 
s=10ps oXs OZ ox, 

(6) 
n of OZ n of 
L-· --L--Ps=O 

s=1 0 ps OXs s=IOps 

et de meme aussi, grace au systeme (6), le systeme equivalent des caracteristiques 

(7) dx! = 0 F, dpt = _ 0 F -Pi 0 F , dz = :i Ps 0 F 
d" 0Pi d" ox, OZ d" s=1 ops 

(i=l, ... ,n) 

et il a fait la conclusion suivante: 
Un probleme initial convenablement choisi pour le systeme de Charpit 

(6) est equivalent au probleme correspondant de Cauchy de l'equation (1). Cette 
conclusion offre une base nouvelle pour resoudre le probleme de Cauchy relatif 
a l'equation (1) a l'aide des equations des caracteristiques (7). 

Posons alors pour le systeme (6) le prob1eme suivant: 
Determiner les fonctions z, Pf pour que les conditions suivantes 

n 

(8) F=O, dZ=LPsdxs 
s=1 

soient toujours satisfaites sur une multiplicite non caracteristique M n-l donnee, ou: 
Determiner la surface 

(9) Z=Z (x) 

que contient la multiplicite M n-l donnee et vecifie sur M n- 1 les conditions (8). 
Notre but est de demontrer que la surface (9) est aussi de meme une 

integrale correspondante de Cauchy de l'equation (1). 
11 ne s'agit donc a present que de verifier sur la surface (9) les identites 

suivantes 

(10) 

(11) ( ) OZ(Xl"",Xn) ( ) 0 ) P X1,···,Xn - Pi Xl,.··,Xn=' (i=l, ... ,n. 
OXi 
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On a immediatement, grace it la derniere des equations (6) les relations 
suivantes 

(6') 

et 

(6") 
" of oP " L - _s + L: AsiPs=O, 

$=10ps ox/ $=1 

ou nous avons designe par Asi les derivees suivantes: As1,==.02 F/o p$ 0 Xi' 
Il est aise de mettre la derivee de la fonction / 

0/ = i of ops + of + of oz, 
OXi s=IOps OX; OXI OZ OXi 

en vertu des equations (6) et des relations suivantes 

OPt ops OPi oPs ---=----, 
oXs OXt OX. OX( 

sous la forme suivante 

(12) 0/ _ i of (OPs _OPI)_ of p. 
OXI -S=IOPs OXI oXs OZ ,. 

Multipliant les deux membres des egalites ecrites respectivement par les 
derivees 0 F/o PI, sommons les resultats obtenus; il en resulte 

(13) i~~=o 
;=1 OX/ OPt 

et en y substituant les valeurs des derivees 0 F/o Pi tirees des equations des 
caracteristiques (7), on a d//d .. = 0. Grace it la proposition que la premiere 
condition de (8) est satisfaite sur la multiplicite donnee M "-1, on peut conclure 
qu'il y a lieu la condition (10), c'est-it-dire /-0. 

Quant it la verification des conditions (11), on peut d'abord partir des 
relations (12) ecrites sous la forme nouvelles 

(12') 

ou, en vertu des equations (6") et (7), sous la forme evidente 

dP/ " • --+ L: A.jP.=O, 
d.. .-1 

(14) (i=I,2, ... ,n), 

A;; designant les coefficients connus. Grace au systeme lineaire et homogene (14) 
et it la deuxieme des conditions (8) sur M"_I on a definitivement P,==.O. 
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2. Sur one variante dans la theorie des caracteristiqtles dtl systeme des 
equations aux derivees partielles du premier ordre en involution 

Considerons un systeme des m equations aux derivees partielles du premier 
ordre d'une fonction z inconnue, contenant explicitement cette derniere: 

(15) Fk(xp •• :, Xn, z, PI' ... , Pn)=O, (k= 1,2, ... , m<n) 

en involution 

(16) [Fb Fj]= L: (iJ Fk dE} _ iJ Fj dFk ) = 0, 
I iJ Pi dXi iJ Pi dXi 

(j,k=I, ... ,m) 

et le determinant fonctionnel 

(17) tl.=9J(F1 , ••• ,Fm )*0 
PI, ... , Pm 

ne s'annulant pas. 
It y a plusieurs des methodes differentes de demontrer l'existence et l'unicite 

de la solution de Cauchy du systeme (15). 
E. Goursat, [5], avait donne sa demonstration en utilisant les transfor

mations connues de Mayer. Sur la methode employee, dans un cas special, 
etait fait un exemple contraire par L. Bieberbach, [6]. Dne autre demonstration 
de Goursat, [5], est fondee it la conclusion de (m-I) it m equations. Suivant 
une opinion de E. Kamke, [7], la demonstratioI\:. demiere est plus compliquee 
et aussi n'est pas convenable it estimer le domain d'existence de la solution. 

C. Caratheodory, [8], avait donne la demonstration de son theoreme en 
employant pour le systeme normal en involution 

(15') Pk = fk (Xl' ... , Xn, Z, Pm+l' ... , Pn), (k= 1, ... , m) 

les idees et les definitions anterieures de la theorie des caracteristiques de 
Cauchy et le systeme correspondant d'equations aux differentielles totales des 
clracteristiques. 

Dans l'article n:entionne E. Kamke: 1) avait donne - dans une forme 
explicite - le domain d'existence de la solution, 2) avait propose que les 
fonctions donnees fk possedaient les derivees des ordres superieurs, 3) avait 
etabli la dependance de la solution consideree aux parametres donnes, et 4) il 
avait donne sa demonstration en utilisant la methode de la reduction it une 
(single) equation correspondante. 

P. Hartman, [4], en exposant la methode de Cauchy des caracteristiques 
(dans le cas m = 1 d'apres la methode citee le problerne de Cauchy pour 
I' equation (1) est reduit it la theorie des equations diffeTentielles ordinaires) 
avait note qu'il n'y a analogie aucune de cette methode pour le cas du 
systeme (15). 

N. Saltykow avait etudie plus anterieurement la theorie descaracteristiques 
en utilisant les systemes correspondants de Charpit, [3], [9]. 11 avait demontre 
que par le systeme lineaire 

(k = 1, 2, ... , m) 
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etaient definies les equations aux derivees partielles des caracteristiques sous la 
forme d'un systeme suivant de Charpit 

(j= I, ... , n-m) 

(CH) I dFk d Ps = _ dFk , 

,=1 d p, d x, dxs 
(s=I, ... ,n) 

~ dFk dz = ~ PI.dFk , L.., L.., (k= 1, ... , m). 
,=ldPr dXr i=1 dPi 

Notre but dans ce paragraphe est d'utiliser une methode que reduit le 
probleme de Cauchy du systeme (15) au probleme initial correspondant du 
systeme de Char pit (CH), [2]. 

Considerons le systeme (15) en involution des equations aux derivees 
partielles du premier ordre d'une fonction reeIle z = z (x) des n variables reeIIes 
independantes x = (Xl' ... ,xn), Fk (x, z, p), P == (PI =d Z/d XI' ... , Pn=d Z/d Xn) 
designant m fonctions reelles des n + 1 +n variables de la cIasse C2, Fk EC2(E2n+l ) 

sur un ensemble ouvert E2n+l • Soit (XO, zO, pO)EE2n+1 et xO = (x?, ... , x2), 
pO = (p?, ... , p~). Une solution de (15) est une fonction Z = z (x) de la cIasse Cl 
sur un x-ensemble En tel que [x, z(x), zx(x)]EE2 n+l pour xEEn et (15) devient 
les id,:ntites par rapport a x, c'est-a-dire: Fdx, z(x), z ... (x)]=O, xEEn. 

Une solution de Cauchy est une fonction z (x) que devient une foncti;n 
donnee 

z=~ (xm+l' ... , xn) pour Xt=x?, (i= 1, ... , m) 

~ etant de la cIasse C2 sur un ensemble ouvert En-m dans un voisinage des 
X~+I' ••• , x~, ou dans la forme parametrique correspondante 

(18) {X~=x?, (i~I, . .. , m), xm+j=tj, U=I, ... , n-m), 

z - ~ (t), t - (tl' ... , tn-m) 

OU ~(t) est de la cIasse C2 dans un voisinage de t==tO, to=(t?, ... , t~-m) et 
~(t°)=zo. 

La solution du probleme (15)-(18) ne peut exister qu'iI y a une fonction 
P (t) dans un voisinage de t = to et pO = P (to). 

Notons que la relation suivante 

z (~O, t) = ~ (t), 

ou l'on a pose ~ = (x» ... , xm>, ~o = (x?, ... , x~), definit les composantes 
suivantes 

d ~ (t) 
Pm+s (t) = --.:.- , 

u ts 
(s= 1, ... , n-m) 

que sont de la classe Cl dans un voisinage de to. 
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Si la condition (17) est remplie dans un voisinage de (xO, zO, pO) E E211+1 , 

les relations 

(k=I, ... ,m) 

determinent les autres composantes PI (t), (i = 1, ... , m) comme les fonctions 
uniformes dans un voisinage de t = to. 

De cette maniere nous avons les fonctions initiales 

(19) ~=~o, xm+j=tj, (j=I, ... , n-m), z=~(t), p=p(t) 

ou ~ (t) est de la c1asse C2 et p (t) est de la classe Cl dans un voisinage 
de t= to. 

(20) 

Supposons que l'integrale de Cauchy du systeme de Charpit (CH) 

Xm+j = cPj (~, t), 

z=~ (~, t) 

PI = 7t1 (~, t), 

(j= 1, ... , n-m) 

(i= 1, ... , n) 

verifie les conditions initiales (19), c'est-a-dire 

(21) z=H~O, t)=~(t) 

PI=7tI(~o, t)=PI(t), 

(j= I, ... , n-m) 

(i = I, ... , n). 

GrAce a la proposition faite que Fk soient de la classe C2 dans un voisinage 
de (xO, zO, pO), l'integrale de Cauchy (20) est unique et les fonctions cPj, ~, 7tj 

sont de la classe Cl et les derivees du seconde ordre existent avec les proprietes 

() ( () cPj) () ( () cPj) () (() ~ ) () (() ~ ) 
() Xk () t/ = () tl () Xk ' () Xk () tl = () t, () Xk 

dans un voisinage de (~O, to). 
GrAce aux proprietes d'integrale generale du systeme (CH), [2], on ales 

relations suivantes 

(1 ') Fk [~, cP (~, t), ~ (~, t), 7t (~, t)] = 0 

remplies pour (~, t) voisin a (~O, to), avec CP=(CPl' •.. , CPIl-m), 7t=(7t1, ... , 7t1l). 

Les equations differentielles des caracteristiques (CH) sont identiquement 
satisfaites par les valeurs (20), et les identites provenant des equations de deux 
premieres lignes (20) nous donnent les identites suivantes 

(22) m ()Fk (()~ lI-m ()CPj) L: - --7tr - L: 7tm+j - = O. 
r=1 () Pr () Xr j=1 () Xr 
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Le determinant (17) etant distinct de zero, les egalites (22) nous donnent 

(23) 0 ~ (~, t) Ttr (~, t) + "Y Ttm+J (~, t) OfPJ (~, t) , (r = 1, ... , m). 
o~ ~I o~ 

En vertu des equations de la premiere ligne de (21) on a 

o (fPl> .•. , fP"-m) I #0 
o (tl' ... , I,,-m) 1;=1;. 

et grace a la continuite il s'ensuit 

(24) o (cpp ...• CPII-m) # 0 
0(11' ... , t,,_m) 

9 

pour (x, t) voisine a (Xl, to). De cette maniere on a une transformation unique 

Is='t"s(Xl' ... ,x,,), (s=l, ... ,n-m) 
ou 

(25) I= .. qx), T=(T1, ... , T,,-m)' 

T(X) et ant de la cIasse Cl dans un voisinage de XlEE". Donc, dan(ce voisinage 
on a aussi 

xm+j=qy (~, T), (j = 1, ... , n-m) 

ts='t"s (~O, I), (s = 1, ... , n-m). 

Supposons que l'elimination des variables Is de (20) donne les relations nouvelles 

(27) 

(28) 

z=a(x) 

p=b(x), (b1 , ••• , bll)=b 

pour x voisine a Xl, ou l'on a pose 

(29) 

(30) 

a (x) =~ [~, T(X)], 

b (x) = Tt [~, T (x)]. 

Les fonctions a (x) et b (x) sont de la cIasse Cl dans un voisinage de xo. 

11 est facile de verifier 

A=a(~, cp)=~(~, t), 

Bi=b j (~, cp)=Ttj (~, I). 

Il faut maintenant demontrer dans des voisinages de Xl et to l'existence 
des relations suivantes 

(31) 

(32) 

(33) 

a) Fdx, a (x), b (x)1 =0, 

b) a(~O, t)=~(t), 

c) oa/o Xj =b j (x), (i = 1, ... , n). 



10 Borivoj N. Rachajsky 

De m 0 n s t rat ion. ad a) Les formules (1') ont lieu pour cbaque (~, t) 
voisine a (~O, to), on a donc pour t = 1:' (x), c'est-a-dire 

Fk [~, cP (~, 1:'), tjJ (~, 1:'), 1t (~, 1:')] = 0 

et les dernieres relations, grace aux (251), (29) et (30), nous donnent (31) dans 
un voisinage de xo. 

ad b) Considerons (29) pour ~ = ~o et xm+i = t], les relations (29), (26), 
(21) nous donnent les relations requises (32) 

a (~O, t) = tjJ [~O, 1:' (~O, t)] = tjJ (~O, t) = ~ (t) 

qui sont satisfaites dans un voisinage de to. 
ad c) 11 est facile de voiie que l'existence des relations (33) peut etre 

Tt!duite a I'existence des relations suivantes 

o tjJ n-m 0 CPj 
Us(~,t)=-- 2: 1tm+}-=O, (s=l, ... ,n-m) 

o ts j=1 0 ts 
(34) 

dans un voisinage de (~O, to). 
Cl) Montrons que si l' on a 

oa 
bm+j =--- (j= 1, ... , n-m) 

o xm+j 

pour x voisin a xo, alors 
oa 

br=-, (r, ... , m). 
oXr 

Calculons, en effet, les derivees partielles des relations (291) par rapport a Xr 

o tjJ = 0 A + nf ~ 0 cPj . 
oXr oXr j=10Xm+j oXr 

et grace aux (23) on a 

o A n-m ( 0 A ) 0 cPj 
1tr--+ 2: 1tm+j--- - = 0 

oXr j=1 oXm+r oXr 

ou, pour t = 1:' (x) 

(35) b r--+ 2: - bm+j ---- =0, (r= 1, ... , m). o a n- m [0 cPj] ( 0 a ) 

oXr j=1 oXr oXm+J 

Donc, si l'on a (331), les de-nieres identites nous donnent (33 2), 11 ne s'agit 
donc que d'etre satisfaites les rebtions (331), 

c2) Montrons a present si les relations suivantes 

o tjJ n-m 0 cPj 
(36) -- 2: 1tm+j- = 0 

ots j=1 ots 

sont satisfaites, alors (331) ont lieu. 
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Grace aux derivees partielles des relations (291) par rapport a Is 

o tjJ n-m 0 A 0 CPJ ' 
--2:--=0, 
Ols )=10Xm+J 01$ 

et aux (36), on a 

n-m ocp. ( oA )' , 2: __ 1 1':m+)--- =0, (s= 1, ... , n-m) 
j=1 0 Is 0 xm+j 

ou, pour 1='t'(X) 

L -' bm+j --- = O. n-m[ocp,]( oa ) 
)=1 0 fs 0 Xm+J 

11 

Donc, en utiIisant, (24) on a (33 1), Il suffit, donc, a present de satisfaire: 
U s (~, f) = 0 pour (~, f) dans un voisinage de (~O, to). 

c3) 11 nous reste de demontrer a p: esent qu'il' est toujours possible de 
satisfaire aux conditions (36). 

CaIculons les derivees partieIles des fonctions Us par rapport a x, 

o Us =_~_ny (01':m+J oCPJ +1':m+J 02cpj ) 
ox, Of sO x, j=1 OXr Ofs Ofsoxr 

et les derivees des relations (23) par rapport a fs 

on a 

02 tjJ 0 1':, n~ (01':m+j 0 cPj 02 cPj ) ---'-- = - + L. -- - + 1':m+j , 
OXrOfs Ofs j=1 Of. ox, OX,Ols 

o Us = 01':, + n~ (0 1':m+j 0 cp) _ 0 1':m+j 0 cPj) . 
OX, 0 Is j=1 0 fs 0 x, 0 x, 0 Is 

Grace au systeme (CH) on a aussi les relations evidentes 

i OFk ocpj = OFk , 
,=10P, ox, oPm+J 

i OFk 01':; _ dFk 
,=1 op, oXr - - dx; , 

(j= I, ... , n-m) 

(i=l, ... , n) 

et on peut former la somme suivante 

i OFk oUs = }:OFk 01':j +nr dFk OCPj. 
,=10 P, 0 x, ;=1 0 PI 0 Is J=l dXm+J 0 fs 

En utilisant la somme derniere et aussi les derivees partielIes par rapport aux 
Is des relations (1') on obtient 

(37) 
(k=I, ... ,m) 

(s= I, ... , n-m). 
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C'est un systeme lineaire et homogene des fonctions Us. Les valeures 
initiales des ces demieres fonctions sont 

dt IJ-m Ol} ot 
U. (~O, 1)==-- ~ Pm+) (I) - =--Pm+s (t)==O 

d~ ~1 O~ O~ 

pour t voisin a to. Done, les relations (36) ont lieu dans un voisinage de (~O, to). 
Par consequent, l'idee de la demonstration, en utilisant le systeme 

(CH), etait 
oa 

Us(~O, t)=O =:> Us(~, 1)=0 =:> bm+}=-- =:> 
oxm+} 

(j= 1, ... , n-m) 

i = 1, ... , n). 

Theoreme d'existence et d'unicite. Soient Fk (x, Z, p) de la classe C2 sur 
un domaine ouvert E2IJ+1 • Soit (Xl, zO,pO)EE2n+1 et Fk(xO, zO,pO)=O. Soit 
t(t), t=(tl=Xm+1 , ••• , I_=XIJ) de la classe C2 pour I voisin a to et zo=t(t°). 
Enfin, si les conditions (16) et (17) sont verifiees, il existe dans un voisinage 
En de Xl une solution unique a (x) de la classe C2 et verifiant les conditions 
initiales 

Xi=X~, (i= 1, ... , m), 

et le systeme (15). 

z = t (xm+1> •.. , XII)' 



11 Chapitre 

SUR LE SYSTEME EN INVOLunON DES EQUA nONS AUX 
DERIVEES PARnELLES DU SECOND ORDRE 

Les systemes des equations aux deriv6es partiel1es du second ordre en in
volution de Darboux-Lie ou en involution de l'integrabitite complete admettent d'etab
lir plusieurs proprietes qui sont analogues aux proprietes de la theorie des equa
tions aux derivees partielles du premier ordre. 

(1) 

1. Sur l'involution de Darboux-Lie 

Considerons l'equation aux derivees partielles du second ordre 

A (x, y, Z, p, q, r, s, t)=O 

d'une fonction reeIle z des deux variables independantes en utilisant les desig
nations habitueIles 

i:Jz 
p= i:Jx' 

i:Jz 
q=-, 

i:Jy 

~z 
S=--, 

oxoy 

i:J2 z 
t=-. 

oy2 

Introduisons une equation auxiliaire en l'ecrivant sous la forme 

(2) B(x, y, z, p, q, r, s, t)=O 

de sorte que 1'0n ait 

(3) 'i) (A,B)¥=O. 
r, t 

Considerons les variables 

(4) Z,p, q, r, s, t 

comme les fonctions des deux variables independantes x et y, liees par les 
relations 

(4') 

dz = p dx + q dy, 

dp = r dx+s dy, 

dq=sdx+t dy. 



14 Borivoj N. Raclujsky 

Formons les equations derivees du premier ordre du systeme (1), (2) res
pectivement par rapport aux variables independantes x et y 

Ar oc+A, ~+Aty+DxA = 0, 

(5) Ar~+A8y+At3+DyA=0, 

IX, ~, y, 3 designant les 

03 Z 

oc = 3)il " 

et en posant 

Br oc+BB ~ +Bt Y + DxB = 0, 

Bt ~ + B, y + Bt 3 + Dy B = 0, 

denvees partielles du tiOisieme ordre de la 

~z ~z ~z 

~= ~x20y' y= oxoy2' 8=oy3 
:',: I; 

000 0 
D:I;=-+p-+r-+s-, 
.ax oz op oq, 

a 0 0 0 
Dy=-+q-+s-+t -. 

oy oz op oq 

fonction z 

Eliminant de la pr~miere et de la troisieme equation (5) respectivement 
d'abord y et ensuite oc, on obtient les deux equations suivantes 

(6) 

On obtient les autres deux equations analogues, en eliminant de la seconde 
et de la quatrieme equation (5) d'abord 8 et ensuit ~ , 

(7) 

J1 , ••• , J 7 designant les determinants fonctionels suivants 

J1 == en (A, B) , 
r, t 

J2==en(A,B) , 
' s, t 

J3 ==en (,B), 
s,r 

Js=en(A'B) , 
x, r 

J6 =9> (A, B), 
y,t 

J7==9>(A'B) , 
y, r 

c,u les derivees par rapport aux variables x et y sont plises totalement. 
En vertu de la definition bien connue de l'involution de Darboux-Lie, les 

equations (6) et (7) ne doivent point etre resolubles par rapport aux derivees 
du troisieme ordre. n s'ensuit que la ~econde equation de (6) et la premiere 
equation de (7)' se confondent. 

On en tire les conditions d'involution de Darboux-Lie sous la forme suivante 

(8) 
J3 -J1 Js -=--=-
J1 J2 J6 
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Les systemes des quatre equations (6) et (7), par consequent revient au 
systeme des trois equations suivantes 

(9) 

i)r i)r 
J 1 -+J2 -+J4 =0, 

ox iJy 

i)s i)s 
J 1 -+J2 -+J6 =0, 

i)x i)y 

i)t i)t 
J 1 -+J2 -+J6 J7 :JS =0. 

i)x i)y 

Completons ces demieres equations par les egalites suivantes 

i)z i)z 
J1 -+J2 --J1P-J2 q=0, 

i)x i)y 

(10) 
i)p i)p 

J 1 -+J2 --J1 r-J2 s= 0, 
i)x i)y 

i)q i)q 
J1 -+J2 --J1 s-J2 t=0. 

i)x i)y 

L'cnsemble obtenu d'equations (9) et (10) represente un systeme du type de 
Char pit. 

A ce systeme de Char pit on peut associer le systeme suivant d'equations 
differentielles ordinaires des c::.racte istiqucs 

(CH) dx =!!~=~ __ = dp dq 
J1 J2 J 1P+J2 q J1r+J2 s J1 s+Jt2 

dr ds dt 

2. L'application des conditions d'involution de Darboux-Lie 

On peut appliquer les conditions (8) d'involution de Darboux-Lie pour 
chercher une fonction B(x, y, z, p, r, s, t) que soit en involution de Darboux-Lie 
avec la fonction donnee A (x, y, z, p, q, r, s, t), [10]. 

(11) 

(12) 

Les conditions (8) peuvent etre ecrites de la maniere suivante 
2 J 1 +J2 J3 =0, 

J 1 J6 +J2 J S =0. 

Grace aux valeurs citees antereurement pour J~ on peut la condition (11) 
mettre sous la forme 

(11') 

En vertu de l'hypothi:se AT #- 0 et des notations suivantes 

A8: Ar=m, 
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,on obtient 

ou 

ou l' on a pose 
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(Bt-Br n)2 + (m Bt-n BB) (m Br-BB) = 0 

2 Be = m BB + (2 n-m2) Br + R 

R= ±(m2-4n)1/2(BB-mBr). 

En introduisant la designation k12 pour la racine de l'equation algebrique du 
second ordre 

Ark 2-ABk+Ae=0 

,on peut la condition (11) etudiee mettre sous la forme 

(11 ") 

Quant a la condition (12), en nous servant des designations pour les va
leurs m et n et posant 

Dx A DIIA 
--SIL, --sv 

Ar Ar 

,on mettra la condition mentionnee sous la forme cherchee (en vertu de B3 , 

tiree de (11")) 

2 vBe= N + n vBr±(N -nvBr), Nsk12 DxB+nDyB-ILk12Br. 

On prendre de deux formules celle qui correspond au signe superieur. Il 
en resulte la seconde condition cherchee 

{12') 

De cette maniere on vient d'obtenir deux equations (11") (12') qui sont 
lineaires par rapport aux derivees partielles du premier ordre de la fonction B. 
Les formules obtenues, [I 0], seront utiles pour chercher une fonction B qui soit 
en involution de Darboux-Lie avec la fonction donnee: A. 

3. Sur l'involution de l'integrabilite complete et la 
methode de N. Saltykow 

Considerons a present les equations aux derivees partielles du second ordre 
-1ue l'on ecrira sous la forme 

{13) r + a (x, y, Z, p, q, s, t) = 0 

Introduisant une equation auxiliaire en l'6crivant sous la forme 

(14) t+b(x, y, Z, p, q, s)=O. 
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Ditrerentiant les equations (13) et (14) respectivement 
bles x et y on obtient les equations suivant,s 

par rapport aux vana-

f or os ot 

I
-+as-+at-+Dxa=o, 
ox ox ox 

or os ot 
, -+a8-+at -+DlI a=O, 

oy oy oy 
I 

" ot os 
-+bs-+Dxb=O, 

l
ox ox 

ot os 
-+bs -+DlI b=O. 
oy oy 

(15) 

En utilisant que les valeurs des quantites 

(16) z (x, y), p (x, y), q (x, y), r(x, y), sex, y), t(x, y) 

verifient les conditions 

(17) 
or os os ot 
-=- , -=-
oy ox oy ox 

on peut les relations (15) transformer et mettre sous la forme nouvelle 

(18) 

f 
~+(a8-atbs) or -atDxb+Dxa=O, 
ox oy 

os os -+ (as-at b8) --atDlIb+ DlI a=O, 
ox oy 

os os 
-+b8-+Dxb=0, 
oy ox 

ot ot 

l
-+bs-+DlI b=O. 
oy ox 

La seconde et la troisieme equation (18) donnent les derivees de la fonction s 

(19) 

ou l'on vient de poser 

(20) 

os = _ 6.2 

oy 6. 

6.1 et 6.2 representent ce qui devient k determi;- a-·.t 6. el1 y rempla9ant respcc
tivement les elements des colonnes pa,:, 1es term0S des cqu?tions conside;-ees 
independantes des derivees de la fonction s. 

2 
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La condition d'involution d'integrabitite complete du systeme (13) et (14) 
est exprimee par la condition necessaire de la compatibilite des equations (19) sous 
la forme suivante 

(21) . 

La condition (21) est, par rapport a la fonction inconnue b, lineaire aux 
derivees partielles du second ordre par rapport aux variables x, y, Z, p, q, s. 

Dans le cas du systeme des equations (13) et (14) les conditions de l'in
volution de Darboux-Lie sont exprimees par les relations suivantes (voir les 
conditions generales (8)): 

(22) 

(23) 

atb;-asbs+ 1 =0, ou 6.=0, 

Dx b +bs (at Dy b-D~ a)= 0. 

Pour le systeme de deux equations de la forme suivante 

r+H(x, y, Z, p, q, s) = 0, 

t + et> (x, y, Z, p, q, s) = ° 
les conditions d'involution de Darboux-Lie sont de la forme 

(24) 
Dx et> = et>s Dy H 

et la condition de l'integrabilite complete est de la forme 

(25) ~ (DJ H -H8 D.-c et» = ~ (Dx et>-et>8 Dy H) . 
dy Hs et>8-1 dx Hs et>8- 1 

Au cas du sysU:me (23) les relations (18) ont les formes suivantes 

(26) 

( or or 

1

-+H8 -+DxH=O, 
ox oy 

os os 
I -+Hs -+DvH=O, 
{ox oy . 

os os -+ et>s -+ Dx et> = 0, oy ox 
ot ot 
-+et>s -+D et> = 0. loy ox y 

En utilisant les raisonnements les plus elementaires, analogues a la theorie 
de Lagrange-Charpit pour les equations partielles du premiere ordre, N. Saltykow, 
[11], demontrait les deux theoremes suivants. 
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The 0 rem e 1. Si les valeurs (16) de r, s, t verifient les conditions (17), 
alors les fonctions (16) satisfont aux equations (26). 

The 0 rem e 2. Si les fonctions (16) verifient les equations (23), (26), 
les conditions (17) en decoulent comme consequence immediate. 

Cela etant, l'integration du systeme (23) depend de l'existence de la soluti
on du systeme des equations (23) et (26). 

En effet, si la solution des equations (23) et (26) existe, elle donne, en 
verifiant les conditions (17), le systeme des trois equations aux differentielles 
totales 

(27) dz=pdx+qdy, dp=rdx+sdy, dq=sdx+tdy 

dont l'integration definit la fonction cherchee. 
Done, la resolution du probleme pose depend de l'integrabilite des equa

tions (26). 
Les valeurs de r et t sont determinees par le systeme donne (23). 11 ne 

reste qu'a trouver la fonction s qui doivent etre compatible avec les deux fonc
tions connues r et t. Pour determiner la fonction s on a les deux equations 

(26') 
OS os -+ et>s-+Dx et> = o. oy ox 

11 est necessaire de distinguer trois cas suivants, [11]: 

I) 11 existe la condition (25) de l'integrabilite complete du systeme (23). 
L'integration du systeme (23) s'acheve en integrant le systeme des quatre 

equations aux differentielles totales, forme par (27) et l'equation equivalent au 
systeme jacobien (26') (en supposant que les valeurs de r et t soient donnees 
par (23». 

2) lIs existent les conditions (24) d'involution de Darboux-Lie et les equations 
(26') se confondent. 

3) La condition (25) n'est pas verifiee identiquement en vertu des relations 
(23) et (26'). Il en resulte une nouveIle relation entre les variables (16), ainsi 
que x et y. On a dans ce cas dernier de s'assurer si cette nouvelle relation est 
compatible ou non avec le systeme donne (23). 

Citons quelques exemples des systemes integrables par la methode N. 
Saltykow: 

2* 
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ou les C designent dans les integ-:oales completes correspondantes quatre constantes 
arbitraires. 

4. Sur la notion et les proprietes de l'integrale complete 

Il s'agit a present de poser le probleme suivant: etablir les conditions qui 
doivent etre satisfaites par l'integrale complete du systeme (23) aux cas de 
l'involution de Darboux-Lie et de l'involution de l'integrabilite complete. 

E. Goursat, [12], en partant de I'equation 

r+2sm+ tm2 + 2 ~ (x,y, z,p,q, m) = 0 

m etant un parametre, et l'etudiant d'un point geometrique, etablit les conditions 
dites dans un cas special, [13]. 

Le resultat recemment acqu:s sur le probleme pose, [13], s'obtient d'une 
methode purement analytique dans le cas geneI'al du systeme (23). 

Considerons le syst?:me donne suivant 

r+H (x,y, z,p, q, s) = 0, 
(23) 

t+<I> (x,y,z,p,q,s)=O, 

qui est en involution de Darboux-Lie 

. Nous partons de l'equation 

(28) 

ou Cl sont 1es constantes arbitraires distinctes et independantes des variables x 
et y. Supposons que VEC3 (D), D designant un domaine de x, y, Cl> C2 , C3 , C4 • 

Formons les equations derivees 

(29) 

p= Vx (X,y, Cl' C2 , C3 , C4), 

q=Vy (x,y,CI ,Cz,C3 ,C4), 

s = VXy (x, y, Cl' Cz, C3 , C4)· 

r = Vxx (x, y, Cl' Cz, C3 , C4), 
(30) 

t = Vyy (x, y, Cl' Cz, C3 , C4) 

sous la condition suivante dans le domaine D 

(31) 
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Si le resultat de l'elimination des parametres C j parmi les equations (28), (29) 
et (30) ne donne que les equations (23), nOlls dir0r..s dans ce cas que ['integrale 
complete du systeme (23) est definit pa: l'equatlO--\ c0nsidefee (28). 

Dans le cas quand le syste:ne (23) est e:l ilw,Jiutioa de Darboux-Lie, son 
integrale complete (28) doit satisfaire at-x c0ndij0:-f. c_Jlrplementaires. 

En effet, les equations (28) et (29), g ac~ it (31 \ s0nt equivalentes dans 
D aux equations 

(32) Fk (x,y,z,p, q, s; = Ck , J' = 1,2,3,4). 

En vertu des equations prec6::entes e'~ (23) on ales egalites suivantes: 

(33) -H(x,y,z,p, q, s) = Vxx (x,y, Ft, F2 , F3 , F4)=- Vx:o 

(34) -<l> (x,y, z,p, q, s) = Vl'l' (x,)" Fl , F2 , F3 , F4)==Vyl' . 

En differentiant les relations eviden' es 

(35) Fk == Fdx,y, V, Vx, Vl" VXl') = Cb (k = 1,2,3,4) 

par rapport aux C j on obtient 

o Ftc 0 V 0 Kc 02 V 0 Fk 0 ~ V 0 Fie 03 V 0 Ck 

o Z 0 C j + 0 pox 0 Cj + 0 q 0 y de; + Ts- 0 x 0 y 0 C j 0 C j , 

(i,k=I,2,3,4) 
Grace a (31), il en resuIte 

o Fk = _1_ 't) (Cb vx , Vl" VXl' ), q.-!':. = _, ,,_ 'V ( V, Cb Vl" VXl' ), 
oz Ll,.l' Cp C2 ,C3 ,C4 (Jp Ll xy CI'C2 ,C3 ,C4 

()F~ = _1_ 't) ( V, Vx' Cb V'l') o...f." = __ , __ c/
I 
(_ V, Vs' Vl" Ck ) 

() q Ll Xl' Cl' C2 , C 3' C4 ' () s ~ ,\"I \ Cl' C2 • C3 , C4 

(36) 

(k = ',2 3 '::), 

En differentiant l'egalite (33) pa: . r.[p'h t a S 011 cbtient 

4 - 0 F" 
-Hs= 2 V_n' Ck -- - , 

k=l os 
ou 

oil la parenthese signifit le resut at l': ':-, f'.·'; : : _ :0:1 de z, p, q, s respectivement 
par leurs valeurs V, V"' Vl" VxY" G a \; it .'<~ .. '_ "..; ::ie:-c de (36) on a 

(37) -(1!, 
.:" . . > 
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designant par !:!.~-< le determinant fonctionnel 

(31') !:!.xx='1>( V, V~, Vy, Vx~ ). 
Cl' C2 , C3 , C4 

D'une maniere analogue en utilisant les relations (34), (35) et (36) on peut 
aussi obtenir 

(38) 

ou l'on a pose 

(31") 

et Vxxy = a3jax axy, etc. 

La condition (241) nous donne 

(H.). (<1>.) = 1, 

ou les pa-.-entheses ont les significations anterieurement etablies. Grace aux 
egalites (37), (38), (241') on a 

(H.). (<1>.)= (!:!.xx!!:!.xy) (!:!.yy/!:!.xy) = I 
ou 

(39) !:!.xo'C !:!.yy-!:!.2XY = 0. 

La relation (242) ou la relation suivante 

(Dy H) = (H.). (Dx <1» 

est verifiee identiquerr.ent en vertu ce la condition (39), a savoir 

Donc, la relation (242) n'impose pas des conditions nouvelles a la fonction V. 
On peut demontrer que les conditions (31) et (39) sont aussi suffisantes. 
Donc, l'equation (28) definit une integrale complete du systeme (23) en 

involution de Darboux-Lie si la fonction V admet les conditions necessaires et 
suffisantes 

!:!.Xy=FO, !:!.xxfj,;y-!:!.2Xy=O 

!:!.XX' !:!.yy, !:!.Xy dCsignant les determinants fonctionnels (31), (31'), (31"). 

.. ~ 
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Etudions a present le cas du systeme (23) en involution de l'integrabilite 
complete: 

(25') 

ou 1'0n a les designations abregees suivantes 

(41) D=H/Ps-l, DJ=HsDxcf>-DyH, D2=cf>sDy H-D,. cf>. 

Gdl.ce aux relations (38) et suivantes 

(D)=Llxx Lly)Ll2xy-l, (DI)/(D) = -V"Xy, (Dz)/(D) = -V.,y' 

les parentheses designant le resultat de la substitution de z,p, q, s respectivement 
par les fonctions V, Vx' Vy ' V':y, la condition 

(25") ~[(DJ)]=~[(DJ], Ll Ll fLl2 -1#0 
dy (D) dx (D) x,. yy ,'y 

devient 
o 0 

- (VXXY) = - (VXYY)' oy Ox 

En part ant de la condition 

Ll,..~ Lly)Ll2x;-1 #0 

et en substituant les Ci dans (25") par les fonctions (32) on a (25'). 

Done, en vertu des considerations precedentes on peut distinguer les 
integrales completes des systemes d'equations en involution de Darboux-Lie et 
aussi, d'autre part, d'equations qui se trouvent en involution d'integrab'lite 
complete: 

La formule z = V (x, Y, Cl' C2, C3 , C4) sous l'hypothese Ll~y# 0 est une in
tegrale complete du systeme (23) en involution de Darboux-Lie si l'txprcssion 

Llxx Llyy-Ll2;y 

est identiquement nulle, ou I'on a intrcdCiit ks notations suivantes 

Si par la formule z = Vest defini I'integrale complete du syste:nc en invo
lution d'integrabilite complete, l'expression 

est distincte du zero. 
~.u ~yy_Ll2Xy 

Considerons le systeme suivant 

(42) {
S=F(X, Y, z, p, q, r), 

t = cf> (x, y, z, p, q, r), 
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et les expressions suivantes 
1>== <I>,-F; , 

31 =Dy F + Fr Dx F-Dx fP, 

32=Fr Dy F + fPr D~ F-Fr D; fP. 

Le systeme (42) est en involution de Darboux-Lie si on a lieu identiquement les 
conditions suivantes 

3= 0, 31 = 0 

et le systeme (42) est en involution d'integrabilite complete au cas 

D'une maniere analogue comme au cas du s}steme (23) on peut etablir: 
Par la formule 

z=V(x,Y, Cl' C2 , C3 , C4) 

sous l'hypothese ~xx=FO est defini une integrale complete du systeme (42) en 
involution de Darboux-Lie ou en involution d'integrabilite complete selon que 
l'expression 

~l.l. ~yy_~2~y 

est egale identiquement ou distincte du zero. 
Ces proprietes caracteristiques de l'integrale complete du sys~eI1i.e (23) ou 

(42) sont importantes pour l'etude des systemes consideres que l'on etudicra 
en suite. 

5. Le probleme de Caucby - an moyen de la metbode de la variation 
des constantes 

La formation de l'integrale de Cauchy des systemes en involution de 
Darboux-Lie a l'aide de l'integrale complete va traiter dans ce paragraphe. 

Il est bien connu qu'on peut pOUf le systeme en involution de Darboux-Lie 

(43) 

etablir le theoreme suivant: 

{
S:F(X,y, Z,p, q, r), 

t - fP (x, y, z, p, q, r) 

Soient xO' YO' zO' Po, qo' ro un systeme des valeurs des variables x, y, Z, p, 
q, r dans les voisinages desquelles les fonctions F et fP sont holomorphes; 
soit, de plus, II (x) une fonction holomorphe dans le voisinage du point Xo 
telle que l'on ait n(xo)=zo, ll'(xo)=Po' ll"(xo)=ro.Ilexisteuneintegrale 
des equations (43), reguliere dans le voisinage des valeurs xO' YO' se reduisant cl 
II (x) pour y=Yo' et pour laquelle la derivee ozjoy prend la valeur qo' pour X= 
=xo' y=Yo· 
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Ce theoreme se demontre d'une maniere comme dans le cas general de 
Cauchy, [14]. 

D'autre part, on peut determiner l'integrale de Cauchy a l'aide des 
multiplicites caracteristiques et la representer comme une surface pass ant par 
une courbe arbitraire dont le plan tangent est donne arbitrairement en un point 
de la courbe mentionnee, [14]. Cette methode des caracteristiques etait completee 
par la theorie des fonctions caracteristiques, [10]. 

Notre but est de former l'integrale de Cauchy par la methode de la 
variation des constantes dans l'integrale complete. Pour resoudre ce probleme 
nous allons utiliser les proprietes connues de l'integrale complete, [13], [15]. 

Considerons, pour fixer les idees, le systeme en involution de Darboux-Lie 
(43), verifiant les conditions d'existence de l'integrale complete, [14], admettant 
l'integrale dite sous la forme suivante 

(44) 

Supposons que VEC4(D'),D' designant un domain de x, y, Cl' C2 , C3 , C4 , et 
que so it 

(45) 

dans le domain D'. 
Rappelons d'abord le resuItat connu, [15]: 
Il cxiste la relation 

(46) 

ou l'on a 

(47) VI= 0 V , (i, j, k)=9:J(V, V,.., Vy ), cx=~,~, I)), ~= ~i,!, I ). 
o Ci Cl, Cj, Ck (/, j, k) (I, j, k) 

En variant les constantes Cl' dans la formule (44), posons 

(48) i 0 V 0 Cl = 0, i 0
2 

V 0 Cl = ° i 0
2 

V 0 Cl = ° 
1=1 OCI O~J 1=1 oxoCI O~j '1=1 oyoCI O~j 

avec ~1 =x, ~2==y. L'integrale generale, a une fonction arbitraire, du systeme 
(43) est defini par la formule (44) et les suivantes 

(49) 

(50) 

3 , 

Vt + L Vt+1 !Pi =0, 
;=1 

3 , 

Vyt + L Vy,t+t !Pi = 0, 
;=1 

3 , 

V~1 + L Vx ,t+l!P1 =0, 
;=1 
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Sous l'hypothese (2, 3, 4)*0 ecrivons les equations (50) a la forme suivante 

q>1 = 
(1, 3, 4) 

(2, 3, 4) , 

, (2, 1, 4) 
q>2=----, 

(2, 3, 4) 

(1, 2, 3) 

(2, 3, 4) 

Grace a la condition (46), on en tire 

(51) 

Donc, i1 n'y a, entre les fonctions q>1, qu'une fonction arbitraire. 

On va chercher la solution particuliere z = Iji (x, y) du systeme (43) parmi 
les solutions que l'on obtient de l'integrale complete par la variation des con
stantes (les fonctions C i (x, y) verifient les conditions (48)). 

Donc, on va appliquer les resultats precedents pour etablir l'integrale 
du systeme (43) satisfaisant aux conditions 

(44') 
oz 

z=TI(x) pour y=Yo; -=a pour x=xo' y=Yo; oy 
xo' Yo' a etant les valeurs constantes. 

Posons 
(52) 

et cherchons les fonctions Ci qui doivent satisfaire aux conditions (48). On 
a d'abord 

4 0 Cl 4 0 Cl 4 0 Cl 
(53) L: Vi (x, YO' Cl' C2 , C3 , C4) - = 0, L: V),I ( .. ) - = 0, L: Vyl ( .. ) - = 0. 

1=1 Ox 1=1 Ox 1=1 Ox 

En differentiant la relation (52) par rapport a x, on obtient 

V.(. .) + i VI (oo) 0 Cl = TI' (x) 
1=1 ox 

ou, en vertu de la premiere condition (53), aussi 

(54) 

Appliquant le meme procede a la relation (54) et en utilisant la seconde condi
tion (53), on a 

(55) Vu (x, YO' Cp C2 , C3 , C4)=TI"(x). 

Supposant que les equations (52), (54), (55) soient resolubles, grace a la condi
tion (45), par rapport a trois des constantes Cl, on a 

(56) (i = 1, 2, 3) 
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Pour determiner CIon a, en vertu de la derniere condition (53) (et de 
la premiere de (56»), l'equation differentielle ordinaire 

d Cl 3 oal 
V YI [x, YO' Cl' aI' a2 , a3]--+ L: Vy,j+l[' .]-=0, 

dx 1-1 OX 
(57) 

parce que, grace aux conditions (45) et (56), le coefficient de dClldx est distincte 
du zero. Soit l'inegrale generale de l'equation (57) 

(58) 

h etant une con stante arbitraire. Enfin, pour determiner b on a la condition 

Vy {xo' Yo' a4 (xo' YO' b), a1 [xo, Yo' a4 (xo' YO' b)], a2 [ •• ], a3 [. ·n = a. 

Dans le cas general on peut mettre les equations (56) et (58) sous les 
formes suivantes 

(59) 

Pour determiner lp.s fonctions Cl (x, y), on a, d'apres (50), ks cor.ditions 

3 

VI (x, y, Cl' tfJl' tfJ2' tfJ3) + 2: V/+I ( •• ) tfJ/ (Cl) = 0, 
1=1 

3 

V~l (x, y, Cl' ~l' ~2' tfJ3) + 2: VXd+1 ( .. )~; (Cl) = O. 
1=1 

De ces trois equations il ne reste qu'une equation puur definir Cl en fonction 
de x et y 

(60) Cl = Cl (X,y), 

parca que les deux aut·cs, d'apres (51), sont equvalentes aux relations 

~; = FI (Cl' tfJl> ~2' h'), (i= 1, 2) 

qui, etant toujours identiquement verifiees - graC<! a la methode meme de 
la formation des fonctions tfJi - ne produisent pas des conditions nouvelles 
pour Cl' 

De cette maniere les formules (44), (59) et (60) nous donnent l'integrale 
de Cauchy verifiant les conditions (44'). Cette integrale est contenue dans l'inte
grale generale du syste:r.e (43). 

Dans le cas ou les equations (56) et (58) nous ne donnent que les valeu:'s 
constantes pour ks qua:ltites C;, on a avec la formule (44) une integrale de 
Cauchy. verifiant les conditions (44') et quiestcontenue dans l'integrale complete 
du systeme (43). 



28 Borivoj N. Rachajsky 

Exemples 

1) Determiner l'integrale de Cauchy pour le systeme de Goursat 

(61) r+s3/3=0, t-1/s=0 

avcc les conditions: 

a) z=4/3 (y __ l)3/ 2 pOUf x=l, et z,,=1 pour x=y=l; 

b) z=3/2y3/2 pOUf x=l, et z~=49/48 pour x=l, y=I/16. 

Vne integrale complete de ce systeme est 

(61') z=4/3(y-CI)3/2 XI/2+C2X+C3(y-CI)+C4' 

ad a) Les equations (52), (54), (55) (en y change ant x par y) sont 

4/3 (y-CI)3/2+ C2+ C3 (y-CI) + C4=4/3 (y_l)3/2, 

2 (y-CI)1/2+ C3 = 2 (y_l)I/2, 

(y-CI)-1/2= (y_l)-1/2. 

On en tire Cl = 1, C2 + C4 = 0, C3 = O. L'integrale correspondante (58) est 
C2 =b et en vertu de la condition z,,(I, 1)=1, on a b=l. Donc, C2=1 et 
C4 = -1. L'integrale cherch6e de Cauchy dcvient 

(62) z = 4/3 Xl/2 (y_l)3/2 + x-I. 

ad b) Dans ce cas les equations (52), (54) et (55) nous donnent: Cl = - 3 y, 
C3 = - 3 y1/2, C2 + C4 = 2 y3/2• L'equation differentielle ordinaire pour determiner 
C2 est 

6 yl/2+ C'2'(Y) = 0, 

et g,'ace a la condition zAl, 1/16} =49/48 on a C2 =-4y3/2 +1. Lesequations 
(59) et (60) deviennent 

C2 =-4(-CI/3)3/2 +1, C3 =-3(-CI/3)1/2, 

C4 = 6 (-CI /3)3/2-1, Cl = 3 y: (3-4 x). 

L'integrale cherch6e de Cauchy devient 

(63) z = 2/3 (4 X-3)1/2 y3/2 + x-I 

et elle est c'Jntenue dans l'integrale genera1e. 

6. Le probleme de Caucby - au moyen du systeme correspondant 
de Charpit 

Dans le Chapitre I nous avons considere la th60rie nouvelle des caracte
ristiques des equations aux derivees partielles du premier ordre. Da.ns ce paragraphe 
nous allons traiter, [34], un problemp. a'lalog'.le concern ant le systeme des 
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equations aux derivees 
-Lie: 

pat tielles du second ordre en involution de Darboux-

(23) 

sous les conditions 

(24) 

{
r+H(X, y, z,p, q, s):o, 
t+«1> (x, y, z, p, q. s)-O 

H.«1>.= 1, DyH=H.D.,,«1>. 

On pe-ut associer au systeme (23) un systeme de Char pit de la forme suivante 

(64) 

OZ OZ 
-+H. -=p+H.q, 
ox oy 

op op 
-+Hs -=r+Hss 
ox oy 

oq oq 
-+H. -=s+H.t 
ox oy 

or or 
-+H -=-D H 
ox • oy x' 

os +Hs os =-D H, 
ox oy y 

o tot 
-+Hs-=-HsDy«1> l ox oy 

des fonctions inconnues z, p, q, r, s, t de deux variables independantes x, y ou 
un systeme equivalent des caracteristiques 

dr ds 
(65) dx= dy = dz 

H. p+H.q 

dq 
---=--= ---=---

en posant 
o 0 0 0 

Dx=-+p-+ r-+ S-, 
oX oz op oq 

oH 
H.=-, 

os 

o 000 
Dy=-+q-+s-+ t-, 

oy OZ op oq 

0«1> 
«1>.=-. 

os 

dt 

-H.D;«1> 

Les valeurs initiales des variables z, p, q, r, s, t sont definies le long de 
la courhe donnee non caracteristique 

(C) 
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de telle maniere qu'on a le long de la courbe (C) Ies conditions suivantes 

(66) 

(67) 

{
r+H=o, t+<I>=O 

dz=pdx+qdy, dp=rdx+sdy, dq=sdx+tdy, 

p=a, x=xo, y=Yo' 

Pour le systeme (64) nous posons: 

ProbTeme I. Determiner telles integrales des caracteristiques (65) contenant 
la courbe (e), avec les valeurs correspondantes initiales pour les variables z, p, 
q, r, s, t. ees integrales forment une surface 

(68) Z=Z (x, y), 

contenant la courbe (e) et definissent les fonctions: z (x,y), p (x, y), q (x, y) 
r (x, y), s (x, y), 1 (x, y) qui representenl la solution du probleme initial du sys
leme de eharpil (64). 

Nous n'insistons pas ici sur la formulation d~s proprietes precis des 
fonctions H, <1>, z ('r) admettant le procede suivant employe pour resoudre le 
probleme pose. 

Nous supposons d'abord que les fonctions H, <I> soient telles qu'il existe 
les sept integrales premieres distinctes du systeme des caracteristiques (65) 

hex, y, z, p, q, s), (i= 1, .. ,5), 

f6==r + H (x, y, z, p, q, s), 

f7==t + <I> (x, y, z, p, q, s) 

et grace it. ces integrales on peut ecrire I'integrale generale du systeme de 
eharpit (64) sous la forme 

(69) f/+l = fij (h), (i = I, .. , 6) 

fit etant des fonctions arbitraires. 
Ensuite, nous supposons encore que les fonctions: p (r), q ('t"), r ('t"), s ('t"), 

1 ('t") soient bien determinees, grace aux conditions (66) et (67), par les equations 
suivantes 

r('t")+H[xo' 't", z('t"),p('t"),q('t"),s('t")]=o, 1 ('t") + <1>[ .. ]=0, 

z' ('r) =q ('t"), p' ('t") = 5' ('t"), q' ('t") = 1 ('t") 

et par la condition p=a pour x=xo' y=yo='t". 
Introduisions, it. present, les notations suivantes 

At ('t")=h [xo' 't", z ('t"), P ('t"), q ('t"), r ('t"), s ('t"), 1 ('t")] 

et 1es parametres auxiliaires Uj par les relations 

(70) (i = 1, .. , 7) 
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En eliminant le parametre 't" entre des equations (70) on obtient les six 
relations entre des parametres Ui 

(71) Ui+1 = Pi (ul ), (i = I, 2, ... , 6) 

Done, les fonctions arbitraires ITi doivent avoir les formes Pi dans le cas 
des propositions du probleme I, et la solution cherchee du probleme I, c'est-a
-dire les fonctions 

(72) z (x, y), P (x, y), q (x, y), r (x, y), s (x, y) t (x, y) 

sont definies par les formules 

(72') (i = 1, ... , 6). 

Posons, maintenant, pour le systeme (23): 

ProbIeme 11. La solution (72) du systeme de Char pit (64) represente !'inte
grale de Cauchy du systeme (23) sous les conditions: (C) et (67). 

(73) 

(74) 

(75) 

11 suffit de demontrer que Ies conditions suivantes 

{ 
r(x, y)+H[x, y, z(x, y), p(x, y), q(x, y), sex, Y)]:V(X, y)~O, 

t (x, y) + cD [x, y, z (x, y), P (x, y), q (x, y), s (x, y)]= w (x, y) =0, 

f(X'Y) oz(x,y) 
P(x,y)=o, 

ox 

q (x, y) oz (x, y)=Q ( )=0 _ x,y - , 
oy 

r(x, y) 
op (x, y) 

R(x, y)=o, 
ox 

sex, y) 
op(x, y) 

sex, y) oq (x, y) =S( )=0 
oy 

- X,y _ , 
ox 

t (x, y) 
oq(x, y) 

T(x, y)=o 
oy 

sont rempIies sur la surface (68). 
Demontrons, par exempIe, qu'iI existe (73) et (75). 
Grfice a I'introduction des demieres fonctions P, Q, R, S, TIes trois pre

mieres equations (64) vont s'exprimer de la maniere suivante: 

{

R+HSQ=O, 

(76) R+HsS=O, 

,S +HsT=O, 

parce que Ies fonctions (72) sont les integrales du systeme (64). 
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Formons les equations derivees respectivement par rapport EL x et y des 
equations (76): 

oP oQ 
-+Hs -+HS1 Q=O, 
oX oX 

(77) 
oR oS 
-+Hs -+HS! S=O, 
ox ox 

oS oT 
-+Hs -+HSl T=O, 
ox ox 

et 
oP oQ 
-+Hs -+HS2 Q=O, 
oy oy 

oR oS 
-+Hs-+Hs2 S=O, 
oy oy 

(78) 

oS +Hs oT +HS2 T=O, 
oy oy 

en introduisant les designations 

on obtient, en vertu des relations definissant les variables v et w, les rela
tions evidentes 

r 
~= or (x, y) + oH + oH oz(x, y) + oH op(x, y) + 
ox ox ox oz ox op ox 

I 
+oH oq(x,y)+oH os(x,y) , 

oq ox os ox 

I 
ov=or(x,y)+oH +oH oz(x,y)+oH op(x,y)+ 
oy 0 y oy oz 0 y 0 p oy 

oH oq (x, y) oH os (x, y) 
+- +- , 

oq oy os oy 

(79) OW = o/(x, y) + 0<1> + 0<1> oz(x, y) + 0<1> op(x, y) + 
ox ox ox oz ox op ox I + 0<1> oq (x, y) + 0<1> os (x, y) , 

I 
()q ox os ox 

ow = o/(x, y) + 0<1> + 0<1> oz (x, y) + 0<1> op(x, y) + 

I 
oy oy oy oz oy op oy 

+ 0<1> oq (x, y) + 0<1> os (x, y) 

l oq 0 y os 0 y 
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et ecrivons, en vertu des equations (64), les identites suivantes 

Or (x,y) Hor(x,y) oH oH ( ) oH ( ) oH ( ) 0 --'----'-+ s +-+-p x,y +-r x,y +-s x,y = , 
ox oy ox oz op oq 

-'--'-'-":"'+ s + s -+-p x,y +-r x,y +-s x,y = , 
os (x,y) HOs(x,y) H [Oel> oel> ( ) oel> ( ) oel> ( )] 0 

Ox oy Ox oz op oq 

---'--+ s + s -+-q x,y +-s x,y +-1 x,y = , (80) ot(x,y) HO/(x,y) H[Oel> oel> ( ) oel> ( ) oel> ( )] 0 
ox Oy oy oz op oq 

Os (x,y) Os oH oH oH oH 
-'--'-'--"-+Hs-+-+-q(x,y) +--s(x,y)+-t (x, y=O 

ox dy Oy Oz op dq 

"';1·· I d'·' oH oH oel> oel>. I ' . 
1::. Immant es envees -, -, -, - respectIVement entre es equatI-

ox Oy ox oy 

ons (79) et (80) et utiIisant les relations evidentes 

Os (x,y) Or (x,y) oS oR ot(x,y) os(x,y) oT oS 

Ox 
on obtient 

(81) 

(82) 

=---
ox oy Ox oy 

ov =Hs (OS _ ° R)-HzP-HpR-HqS, 
ox ox oy 

ov = oR _oS -H Q-H S-H T. 
oy oy ox z p q, 

! 
ow = oT _oS -eI>zP-eI> R-eI> S 
ox Ox oy p q, 

ow oS oT 
Hs - =----Hs(eI>zQ + el>pS + el>q T). 

ay oy Ox 

Or, en vertu de l'equation Hs=dy/dx, (65), les equations (81) et (82) 
nous donnent 

(81 ') 

(82') 

dv 
-= -Hz(P + HsQ)-Hp (R+ HsS)-Hq (S+HsT), 
dx 

dw 
-= -eI>z(P+HsQ)-eI>p (R +HsS)-eI>q(S+HsT), 
dx 

ou, gl ace aux relations (76), on aura 

dv -0 - , 
dx 

dw =0. 
dy 
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Dans le point initial de la courbe (C) on a 

v=o, w=O, 
donc 

v (x, y)=O, w (x, y)==O 

et les conditions (73) sont remplies. 

Quant aux conditions (75), nous supposons que Ies conditions (73) et (74) 
(nous n'insistons pas ici SUI la demonstration de l'existence des conditions (74)) 
soient remplies. Dans ce cas Ies relations (81) et (82) nous donnent 

(83) 

(84) 

(85) 

En utilisant Ies equations derivees (77) et (78), les equations (83), (84) 
et (85) nous donnent 

I 
dR 
- +HpR+ (Hq + HS1)S= 0, 
dx 

dS 
(86) ~ -+(Hp+Hs2) S+HqT=O, 

I 
dx 

dT -<l>p'R-<l>qS+ HS2T=0. 
l dx . 

Par consequent, les fonctions R, S, T sont definies par un systeme lineaire 
et homogene des equations differentielles ordinaires. Le long de la courbe 
(C) on a 

R=O, S=O, T=O 
donc 

R(x, y)==O, Sex, y)==O, T(x, y)==O 

et les conditions (75) sont remplies. 

E x e m pie. Resoudre le probleme de Cauchy pour le sysU:me de Goursat: 

(61) r+s3j3=0, t-ljs=O 

-
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avec les conditions 

(C) 
et 

(67) 

x= 1, y=1', Z=4(1'-l)3/2: 3 

p= 1 pour x= 1, y= l. 

Dans ce cas les 'valeurs initiales des variables p, q, r, s, 1 sont 

p (1')=2/3 (1'-1)3/2 + 1, q(1')=2 (1'_1)1/2, 

r (1')= -1/3 (1'-1)3/2, s (1')=(1'_1)1/2, 1 (1')=(1'-1)-1/2 

et les integrales des caracteristiques s'obtiennent sous la forme suivante 

h=S'./2=y-s2x , 13=p-2/3 S3X, 14=q-2sx, 

fs=z-4/3 S3X2_[S2 (q-2sx) + p-2/3 S3X] x, 

16=r+s3/3,/7=I-l/s. 
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L'integrale de Cauchy pour le systeme de Charpil (64) est definie d'apres 
(72'), par les formules 

y-s2 X= 1, z-4/3 S3X2_X= -1, p=2/3 S3X+ 1, 

q=2sx, r=-1/3s3, t=l/s 

et l'on en tire les fonctions (72): 

z (x, y)=4/3 [x (X-y)3]t/2 +x-l, 

[
(Y-I)3] 1/2 

p(x, y)=2/3 x + 1, q(x, y}::2[x(y-I)]1/2 

(
Y_l)3/2 (y-l) 1/2 ( X )1/2 

r(x,y)=-1/3 --;- ,s(x,y)== --;- ,t(x,y)= y-l' 

Done, la surface integrale cherchee (68) est la suivante 

z = 4/3 [x (y_l)3]1/2 + x-I. 

7. Theoreme de Jacobi pour le systeme d'equations en involution de Darboux-Lie 

Dans ce paragraphe nous allons traiter le probU:me suivant: lormer l'inte
grale generale des caracteristiques cl l'aide de l'integrale complete pour un systeme 
d'equations aux derivees partielles du second ordre en involution de Darboux·Lie. 

Jacobi, [16], a etudie ce probleme concernant une equation aux derivees 
partielles du premier ordre. Les resultats de ces recherches sont generalises par 
N. Saltykow, [17], [18], Th. De-Donder, etc. 
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Pour le cas d'un systeme d'equations aux derivees partielles du second ordre 
en involution de Darboux-Lie ce probleme avait ete traite par E. Goursat, [14], 
Cependant son procede peut etre simplifie et mis sous la forme analogue a celle 
de la theorie des equations aux derivees partielles du premier ordre. On y 
reussit, [15], grilce a la condition qui doit satisfaire l'integrale complete du 
systeme considere que nous venons d'exposer dans le paragraphe 4 de ce chapitre. 

Considerons le systeme en involution de Darboux-Lie 

(23) 
r+H (x, y, Z, p, q, s) =0, 

t + <I> (x, y, Z, p, q, s) = 0 

et le systeme correspondant des caracteristiques 

dy dz dp dq ds 
(65) dx=-= ----=-~-

H. p+H.q -H+sH. s-<I>H. -DyH 

(87) 

E. Goursat, [14], partant de l'integrale complete 

F(x, y, Z, Cl' C2 , C3 , C4)=0 

en tire, grilce aux considerations geometriques, une courbe caracteristique moye
nant l'equation (87) et l'equation suivante 

(88) of + of dC2 + of dC3 + of dC4 =0. 
oCl oC2 dCl oC3 dCl oC4 dCl 

L'equation (88) definit la fonction y de la variable x. Parce que les multipli
cites correspondantes des earacteristiques des e16ments du second ordre satisfont 
aux equations differentieUes des caracteristiques, E. Goursat obtient deux relations 

(89) <l>j Cl' C2 , C;p C4 ,-, -, - = , (/= 1, 2 ( 
dC2 dC3 dC 4) o. ) 
dCl dCl dCl 

entre le sept parametres Cl' C2, C.;> C4 , dC2/dCl' dC3/dCl , dC4/dCl figurant dans 
l'equations (89). Eliminant, grilce aux relations (89), deux parametres, la courbe 
caracteristique ne depend que de cinq parametres. ~n pratique la determination 
des relations (89) et les eliminations eorrespondantes presentent souvent de tres 
gran des difficultes. 

Mettons l'integrale complete du systeme (23) sous la forme 

(28) 

en supposant 

(31) A"1=9J(V, v. .. , Vy , V"1) =FO. 
Cl' C2 , C3 , C4 

11 est aise de demontrer que les formules 

(29) 



Sur les systemes en involution des equations aux ... 

definissent les quatre premieres integrales du systeme (65). En eifet, on a 

dz . dy dp dy 
-=Vx+Vy-' -=V.u·+VXy-, 
dx dx dx dx 

dq dy 
-=V.\y+Vyy-' 
dx dx 

ds dy 
-=VXXy+VXyy
dx dx 

et en vertu des formules connues 

(37) 

(38) 

et aussi 

dy = (Hs) 
dx 
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le symbole ( ) designant le resultat de la substitution de z, p, q, s respective
ment par V, V"' V" VXy et ~x .. , ~yy les determinants fonctionels (31') et (31"), 
on obtient, en ehminant les constantes Cl definie<; par les formules (29), les 
equations suivantes 

dz 
-=p+qH" 
dx 

dq 
-=s-<1>Hs, 
dx 

dp 
-=-H+sHs 
dx 

ds 
-=-DyH. 
dx 

En diiferentiant les identites evidentes 

-+H x,y, V, -, -, -- =0, 02 V ( 0 V 0 V 02 V ) 
ox2 ox oy oxoy 

-+<1> x,y, V, -, -, -- - , 0
2 

V ( 0 V 0 V 0
2 
V ) _ ° 

oy2 ox oy oxoy 

par rapport a Ck on obtient 

(90) 03V (OH) OV (OH) 02V (OH) 02V (OH) 03V 0, 
OX20Ck + oz ° Ck + op OXOCk + oq 0yoCk + os OXOYOCk 

(91) 

+ - 0, (k = I, 2, 3, 4). (
0<1» 03V 

os oxoyoCk 
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Gra.ce a l'involution du systeme (23) et aux equations des caracteristiques (5) 
on a les relations 

(92) 

11 est connu que l'integrale (28) verifie identiquement la condition suivante 

(39) 

En vertu de (31), on conclut de (39) 

(93) ~ ... -.;:;60, ~yy:;60. 

En eliminant (iJ HjiJ z), (iJ HjiJ p), (iJ HjiJ q), (iJ ct>jiJ z), (iJ ct>jiJ p), (iJ ct>jiJ q) des 
equations (90) et (91) on obtient, en vertu des (31), (93), (92) deux relations 
pour definir la fonction y 

(94) 

(95) 

~<xdx+~JCY dy= 0; 

~Xy dx + ~yy dy = O. 

Or, elle se confondent, gra.ce a la condition (39). 
Introduisons les symboles suivants 

(i,j,k)=<t> (V, Vx ' Vy ), (i,j)=<t>(V~' Vy ), (i,j)=<t>( V, Vx ), 
~,q,Q ~,q ~,~ 

et considerons les trois hypotheses suivantes: 

a) Supposons, d'abord, que le systeme (23) n'admet pas d'integrales 
intermediaires avec une constante arbitraire, c'est-a-dire que (i, j, k):;6 0, (i, j, k = 
= 1, 2, 3, 4). Utilisons les identites evidentes 

(i, /) (i, j, k)x-(i, k) (i, j, It + (i, J) (i, k, I)", = Vi ~xx 

(i, I) (i,}, k)y-(i, k) (i, j, I)y + (i, j) (i, k, I)y = Vi ~;y 

(i, I) (i, j, k)x -U,k) (i, j, I)x + (i, j) (i, k, I)x = Vi ~xy 

(i, /) (i, j, k)y-(i, k) (i, k, I)y + (i, j) (i, k, I)y = Vi ~yy 

OU ( )'" et ( )y designant les derivees partielles correspondantes par rapport 
aux x et y. On a de plus identites 

(i, /) (i, k)-(i, k) (i, /) = - Vi (i, k, I), 

(i, j) (i, k)-(i, k) (i, J) = -Vi (i, j, k). 

......, 
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Formons, ensuite, les identites suivantes 

(i, k) fl,.y-(i, k) flu = (i, k, I) (i, j, k}. -(i, j, k) (i, k, I),., 

(i, k) flyy-(i, k) fl,.y = (i, k, I) (i, j, k)y-(i, j, k) (i, k, I)y 

qui donnent, grace a la condition (39) 

(39') 

o rei, k, I)J 
oX (i, j, k) 

flu 

o rei, k, I) ] 
oy (i,j, k) 

flXy 

L'equation (94), introduisant la designation 

oc 
(i, k, I) 

(i, j, k) 

admet l'integrale sous la forme suivante 

oc = const, oc,.:;i: 0, ocy:;i: O. 

39 

En effet, grace aux conditions (31), (39), (93), (39') on peut toujours choisir 
les index i, j, k, I de telle maniere que la fonction oc soit dependue des variables 
x et y. 

On a de meme, d'une maniere analogue, les integrales de l'equation 
mentionnee (94): 

~ (i, j, I) = const., 
(;, j, k) 

y = (j. k, f) const. 
(i, j, k) 

Or, oc, ~, y ne sont pas distinctes par rapport aux variables x et y. Demontrons, 
par exemple, cela pour les fonctions IX, ~. Considerons le determinant 

A=9>(~). 
x,y 

Substituant y les expressions pour oc et ~, on obtient 

(97) A 

(i, j, k) (i, j, k),. (i, j, k)y 

(i, j, I) (i, j, i)x (i, j, I)y • 
(i, j, k)3 

(i, k, f) (i, k, I)~ (i, k, I)y 

1 

D'autre part, grace aux identites (96), on obtient la relation suivante 

(i, j, k) (i, j, k)x (i, j, k)y 

Vi (fl.u flyy-fl;y) = (i, j, I) (i, j, i)x (i, j, /)y 

(i, k, I) (i, k, i)x (i, k, I)y 
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et l'on a en vertu de (97) et (32) 

A_VI(~ .... ~YY-~;Y) =0 
(i, k, 1)3 • 

De cette maniere on peut prendre 

(98) 

pour une integrale cherchee des caracteristiques. 

b) Passons, a present, a la seconde hypothese. Si la fonction inconnue ne 
figure pas dans le systeme (23) et Ck represente la constante arbitraire additive 
dans l'integrale complete, ators, en vertu de (98), l'integrale des caracteristiques 
admet la forme suivante 

(i, 1) = const. 
(i, j) 

c) Supposons, enfin, con servant l'hypothese sous b), que le systeme (23) 
ait une integrale intermediaire ayant la constante Ch c'est-a-dire que l'on ait 
(j, k, I) = O. Dans ce cas l'integrale cherchee des caracteristiques, admet la forme 

VXI 
--=const. 
VX) 

VI -Y =const. 
Vy) 

Con c Ius ion. L'integrale generale des caracteristiques est definie, en 
vertu de I'integrate complete, par les formules suivantes 

(99) 
V V V _=(V,V""Vy).=(V,V""Vy) C 0 Z= ,p= ;c' q= y' s=V",y, Ot= 7.J ----- • II = s Ot",Oty=I= • 

Cl, Cjo Ck Cl, Cl, Ck 

8. L'intt~grale generale mixte 

Dans ses Le90ns sur la theorie des equations aux derivees partielles du 
second ordre, [19], etait introduite par N. Saltykow la notion de I'integrale 
generale mixte pour une equation ou pour un systeme d'equations aux derivees 
partielles du second ordre. 

On demontre dans ce paragraphe que Ies systemes 

r+Hx, y, z,p, q, s)=O, 

t + c;I> (x, y, z, p, q, s) = 0 
(23) 

admettant une integrale generale mixte sont: 
a) en involution de Darboux-Lie, 
b) Iineaires par rapport aux r, s, t, 
c) possedent une integrale intermediaire. 

-
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Considerons une equation de la forme 

(100) 

oil I etant une fonction arbitraire de 6) (x, y, Cl' C2), et 6) une fonction donnee 
des variables independantes x et y et des constantes arbitraires Cl' C2 • 

On dit que par l'equation (lOO) est definie une integrale generale mixte 
de I'equation donnee aux variables du second ordre 

(IOl) F(x, y, Z, p, q, r, s, t)=O 

si le n!sultat de l'elimination des quantites Cl' C2 , f, /" I" parmi I'equation 
(100) et Ies equations correspondantes derivees par rapport aux x et y - du 
premier et second ordre - ne donne que I'equation (101). 

D'une maniere analogue on peut definir I'integrale generale mixte pour 
le systeme (23). 

Pour que l'equation 

(102) Z = V [x, y, C,J(6)] 

itune fonction I arbitraire de la fonction donnes 6) (x, y, C) et une con stante C 
arbitraire, soit I'integrale generale mixte du systeme (23), ce demier doit 
s' obtenir par I'eliminations des quantites arbitraires: C, f, /', I" entre l'equation 
(102) et Ies equations derivees suivantes 

p=~+~~!,s~~q=~+~~!,=~~ 

103 r= Vl.x +2 V.\j6)l.!' + Vff 6)'/cf'2+ Vf 6);I" + Vf 6)l.l.J', 

( ) s = V .. y+ (Vxi6)y+ Vfy 6)x)!' + Vff 6)l. 6)yl'2 + Vf 6)" 6)yl" + Vf 6)l.YJ', 

t= VJy + 2 Vyf6);J' + Vff 6); !,2 + Vy6);I" + Vf 6)yy J'. 

Par I'elimination menntionee on obtient evidemment un systeme (23) qui 
est lineaire par rapport aux r, s, t. 

Gdl.ce it l'eIimination de !' entre les equations p = d l. V et q = dy V on a 

(104) 
p-Vx = q-Vy 

6)x 6)y 

Ensuite, par l'elimination de I entre (104) et (102) on obtiendra une relation 
lineaire par rapport aux p et q: 

(105) A (x, y, z,p, q, C)sa(x, y, z, C)p+h(x, y, z, C)q+c(x, y, Z, C)=O. 

La relation obtenue (105) est une integrale intermediaire premiere it une constante 
arbitraire C du systeme (23). 

Supposons maintenant que l'on ait dans un domain D (x, y, z, C) bien 
determine la condition suivante: oA/iJC=/=O et I'equation equivalente it (105) 

C=m (x, y, z, p, q). 
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En vertu de l'identite evidente A (x, y, Z, p, q, m)=O on peut obtenir les rela
tions suivantes 

(106) 

A"m+Ammmx=o, Aym+Ammmy=O, 

Azn+Ammmz=O, Apm + Amm'mp=O, 

Aqm +Amm mq=O. 

On peut obtenir le systeme (23) aussi et a l'aide de l'integrale inter
mediaire (105): 

<1>= CA,) + P (Az) + r (Ap) + s (Aq) = 0, 

W=(Ay) +q (Az) +s CAp) + t (Aq) =0, 

les parentheses designant le resultat de la substitution de la valeur C avec la 
fonction m (x, y, Z, p, q). 

Gra.ce aux identites (106) i1 est aise de voir que les equations precedentes 
verifient les conditions bien com:,ues de l'involution de Darboux-Lie (8) 

X Z R 
-=--=--
Y X T 

-en utilisant les designations suivantes 

X='t> (<1>' W), 
r,1 

Y='t> (<1>' W), 
s,1 

Z='t>(~W), 
s,r 

DxWI 
W ' 

r 

DyWI· 
W t 

Done, le systeme admettant l'integrale generale mixte (102) est lineaire 
par rapport aux r, s, 1 et en involution de Darboux-Lie. 

Exemples. 

a) Le systeme 

sI + x (rl_s2)2 = 0, 

.admettant l'integrale generale mixte 

2 x (rt-s2) = pt-qs 

Z = 4/3 CX3/ 2 + f (y_C2 x) 

·est equivalente au systeme lineaire suivant en involution de Darboux-Lie 

xp2 s-xp±R 
r= , 

x (pq-2x± 2 R) 

pq-2x±2R 
t= s 

p2 

avec l'integrale intermediaire 

... 
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b) Le system.! lineaire en involution de Darboux-Lie 

p-xr 
3=--, 

Y 
(

X)2 2 [/= -; r- y2 (z-yq) 

a l'integrale mixte 
z = Cy-x2 f (y/x) 

et l'integrale premiere intermediaire 

xp + yq = 2 z-Cy. 

On peut former l'integrale generale mixte et aussi par Ja methode de la 
variations des constantes dans l'integrale complete 

(44) 

du systeme (23) en involution de Darboux-Lie, [20]. 
En variant les contantes dans la fOlmule (44) on peut obtenir les condi

tions suivantes 

(48) i iJV iJC; =0, 
;=1 iJCI iJy 

~ a2 V aC; =0 
L. A A AX ' i=1 uXuCt u 

4 a2V aCI 2: -=0, 
;=1 axiJCi iJy 

4 iJ2 V aCi · 
~---=O, 
i_I iJyiJC; iJx 

pour les fonctions inconnues Ci (x, y). 
Utilisons les designations 

(i, j, k)=9J ( V, V .. ' Vy ) 

Cl, c" Ck 

pour les determinants fonctionels correspondants. 
En wpposant qu'on ait: (2, 3, 4) =0, et que les autres determinants de 

la forme (i, j, k) soient distincts du zero, on peut les conditions (48) mettre 
sous une de la forme suivante 

(481) iJC1 =0 iJC2 = (1,4,3) iJC4 iJC3 = (1,2,4) aC4 -, -, 
iJ~J ' iJ~J (1,2, 3) iJ~J o~J (1, 2, 3) iJ~j 

(48J aCI =0 iJC2= (1, 3, 4) iJC3 oC4 = (1, 2, 3) iJ C3 -, 
(1, 2, 4) iJ~j' iJ~J ' iJ ~j (1,2, 4) iJ~j o~J 

(48J iJC1 =0 iJC3 = (1,2,4) iJC2 oC4 (1, 3, 2) iJC2 
(1, 3, 4) iJ~/ 

-= 
(1, 3, 4) iJ~j' iJ~j , iJ~j o~J 

avec ~l =x, ~2=y· 
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En vertu des equations citees et de la condition (46) on peut obtenir le 
systeme correspondant de Charpit 

(107) ~ [(1, 2, 4)] OC
'
+I =~ [9, 2, 42] aCi+1 

ay (1,2, 3) ox ox (1,2, 3) ay 
(i = 1,2, 3) 

pour determiner les fonctions CI+I (x, y) inconnues. L'integrale generale de ce 
systeme est 

C _1'.[(1,2,4)] 
i+l-JI (1,2,3)' 

(i = 1,2, 3), 

fi etant trois fonctions arbitraires. Grace aux systeme (48), par exemple au 
systeme (481) on a 

(108) I; (u)=a[Cl' u,fil/;, I~(u)=-u/~, u=(l, 2, 4)/(1, 2, 3) 

et une des fonctions fi reste arbitraire. 

Done, par les equations 

z = v [x, y, Cl' It (u), 12 (u), 13 (u)] 

et (108) est defini l'integrale generale mixte avec une con stante et une fonction 
arbitraire. 

a) Reprenons l'equation d'Ampere 

st+ x (rt-s2) = 0 
que avec l'equation 

2 x (rt-s2) = pt-qs 

represente un systeme en involution de Darboux-Lie. On voit immediatement 
que ce systeme admet l'integrale complete 

z =4/3 Cl Xl/2+C2 (y_CI2 X)2+ C3 (y-CI2 x) + C4 

verifiant la condition (2, 3, 4) = O. Le sysU:me correspondant de Charpit 

dCi +1 C2 0Ci+1 0 (. 1 2 3) C --+ I --=, 1=" , 1 = const. ax oy 
a l'integrale generale 

C,+I=Ji(U), (i=1,2,3), u=y-dx. 

Les fonctions fi, dans ce cas, verifient les conditions suivantes 

, 1, 
1.=-2u/2, 

, 1 , 
/3=-- uh· 

? 

... 
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En prennant /; = u a.'" (a. designant une fonction arbitraire de u) et en substituant 
les constantes C1+1 dans l'integrale complete par les fonctions correspondantesj;, 
on obtient l'integrale generale mixte cherchee dans la forme 

z =4/3 Cl x3/2_a. (y-C~ x) 
anterieurement citee. 

b) Le second systeme suivant en involution de Darboux-Lie 

p-xr 
9=--, 

Y 
(

X)2 2 
t= Y r-r (z-yq) 

a l'integrale complete 

z=CI (C2 + C3)y+ dxy+C3 r+C2 C4y2 

admettant les conditions (i, j, k) =;6 O. En suivant un procede de C. Or/off, [21] on 
definit les constantes nouveIles al par les relations suivantes 

a,=CI (C2+C3), C2C4=a2 , Cl =a3 • d=a4 

et on peut mettre l'integrale complete consideree sous la forme 

z =a1 y+ a4 xy+a3x2 +a2r 
verifiant les conditions suivantes 

(1, 2, 3) = -2 xy2, (1,2, 4) = _y3, (1,3,4) =x2 y, (2, 3,4) =0. 

Le systeme correspondant de Char pit 

~ (L) dai+l_~ (L) da,+, =0, 
dy x dx ox x oy 

admet l'integrale generale 

ai"'-i = j; (u), u = y/x, (i = 1, 2, 3, 4). 

Les conditions suivantes 

donnent 
It = -a."/2, 12 = _u2 a."/2 + ua.' -(l, 13 =ua." -a.'; 

a. (u) etant une fonction arbitraire, et l'integrale generale mixte devient 

z = a1 y_x2 a. (y/x) 

avec la con stante arbitraire: a1 et la fonction arbitraire: a.. 

(23) 

9. L'iotl~grale generate de Lagrange 

Considerons le systeme en involution de Darboux-Lie 

{
r+ H (x, y, z, p, q, 9)..::=0, 

t + <I> (x, y, z, p, q, 9)-0 
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et ajoutons au (23) le systeme correspo:ldant de Charpit 

(64) 

que joue le role du systeme des caracteristiques. 

Posons it present le probleme de la formation de l'integrale generale, con
tenant des foncdvns arbitraires, du systeme donne (23) it l'aide de l'integrale 
generale du systeme de Charpit. Ce probleme peut etre resolu de la maniere 
analogue it celIe de Lagrange concemant les equations aux derivees partielles 
du premier ordre, [22], [23J. 

Le systeme de Char pit (64), outre les premiers membres des equations (23), 
admet encore cinq integrales distinctes que 1'0n va designer: f, ft, 12' 13,14 et 
que l' on va supposer independantes des variables r et t, en vertu des equati
ons (23). 

Par consequant, l'integrale generale du sys:e:ne de Char pit, verifiant de 
plus les conditions (23), sera representee par l'cnsemble de ces demieres deux 
equations et des quatre equations suivantes 

(108) Jj= TII(!), (i= 1,2,3,4). 

0:1 va chercher les solutions du sys~eme (23) verifiant les conditions 

(109) dz=pdx+qdy, dp=rdx+sdy, dq=sdx+tdy 

sous I'hypotMse que les valeurs de r et de t sont determinees par le systeme (23). 

Comme les :fonctions ITI sont arbitraires, il est impossible de resoudre 
les equations (108) par rapport aux variables qui y figurent. Pour eviter les 
difficultes mentionnees nous posons 

f = u, Jj = Uj, (i = I, 2, 3, 4). 
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Grace aux proprietes du systeme (64) les equations precedentes sont reso
luble par rapport aux variables y, Z, p, q de sort que l'on obtient 

y=K1 (x, U, UI' U2 ' u3' uJ, 

Z -K2 (x, U, U1 , U2 , u3 ' u4), 

p=K3 (x, U, ul' u2 ' u3 ' uJ, 

q =K4 (x, U, UI' U2 , u3' uJ, 

s=Ks(x, U, ul' u2 , u3 ' uJ, 

Les variables r et t s'expriment de meme comme fonctions de x, U, u1> u2 ' u3 ' u4-
gr1l.ce aux equations (23). 

Cela pose, les equations' (109) deviennent en nouveIles variables 
4 

(109') . 2. A;kdu;=O, (k= 1,2,3) 
;-0 

en posant Uo = u, le coefficient de dx s'annule identiquement gr1l.ce aux equa
tions (64). 

Or, les formules (108) imposent les relations nouvelIes 

U;= TI;(u), (i= 1,2,3,4). 

Par consequent, les equations (109') dcvient 

(AOk+ i~ Aik.·n:) du=O (k= 1,2,3). 

Comme la differcntiellc du ne peut pas s'annuler, on en tire tro:s relations. 
Hant le:; fonctions arbitraires n:, it savoir 

(110) 
4 

Aok + L: A;k TI/ =0, (k= 1, 2, 3). 
i-I 

Done, la solution cherchee du systeme (23) est definie par l'ensemble des 
equations (108) contenant quatre fonctions arbitraires qui sont liees par trois 
relations (110) de sorte qu'il ne reste qu'une seuIe fonction arbitraire. Par 
consequent le probleme cite ci-dessus est resolu d'une maniere analogue comme 
le probleme pose par Lagrange, [22], dans la theorie des equations aux 
derivees partieIles du premier ordre. 

10. Sur les systemes d'equations aux derives partielles du second ordre a trois 
variables independantes roouctibles a ceux de Charpit 

On etudie un tel systeme d'equations aux derivees partieIles du second 
ordre it une fonction inconnue de trois variables independantes qui soit re duc
tible it un systeme de Charpit dont l'integration se ramene it celle d'un 
systeme des equations differentielles ordinaires. La determination des conditions 
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lesquelles doivent verifier le systeme en question. Les conditions necessaires et 
suffisantes pour 1'integrale complete. La generalisation de la notion des fonctions 
des caracteristiques de N. Saltykow, [18] pour le systeme considere et leur 
application a la formation de l'integrale complete. L'integrale generale du sys
teme correspondant de Char pit et la formation des solutions du systeme 
etudie en generalisant la methode de Lagrange, [24]. 

A. Considerons le systeme de trois equations aux derivees partielles du 
second ordre a trois variables independantes X~ 

(111) pjj + fi (xi' X2, x3' Z, Pi' P2, P3' P12' P13' P23) = 0, (i = 1,2,3) 

avec Ies notations usuelles 

OZ 
PI=-, o Xi 

et avec les conditions d'independance 
fonction z par rapport aux Xt. 

Formons les equations derivees 

02 Z 
pi}=---

o XI 0 Xj 

de l' ordre de la differentiation de la 

(112) OPIi+ oft OPI2+ oil OPI3+ oil oP23+Dkfi=0 (i,k=I,2,3) 
o xk 0 Pl2 0 xk 0 Pl3 0 xk 0 P23 0 xk 

le symbol Dk designant l' operateur suivant 

o i) 0 
Dk==--+Pk-+ L: Psk--' 

o Xk 0 Z. 0 P. 

Si l'on introduit les conditions suivantes: 

(113) of. = 012 = 013 =0 
o P23 0 P13 0 f.2 

of. of. 
1 0 Pl2 0 P;; D2f. 

--=--=--=--, 
012 1 012 Dl/2 

(114) 

o Pl2 0 P23 

of. of. 
1 0 Pl3 0 Pl2 D3f. --=--=--=--, 

of3 1 of3 Dd3 
(115) 

o P13 0 P23 

oh of2 
1 0 P23 0 P12 D3 f2 --=--=--=--

013 1 0 f3 D2 13 
(116) 

o P23 0 Pl3 
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des neuf equations ili ne reste que six equations distinctes suivantes 

o PlI + 0 i;. 0 Pu + 011 0 PlI + Dl i;. = 0, 
o Xl 0 Pl2 0 X2 0 Pl3 0 X3 

(117) 

o P22 + 0 i;. .0 P22 + of. 0 P22 + _1_ Dzf2 = 0, 
oXl OPl2 oX2 oP13 OX3 012 

o Pl2 

OP33 + oi;. OP33+ oiL OP33 +_I_D f =0 
3 3 , 

o XI 0 P I2 i) x2 0 P I3 0 X3 01; 

oP13 

OPI2+ 011 OPI2+ 011 OPI2+D
2
f..=0, 

o Xl 0 Pl2 0 X2 0 P13 0 X3 

o P13 + 0 i;. 0 Pll + 0 i;. 0 Pl3 + D3i;. = 0, 
OXl OPI2 OX2 oP13 OX3 

OP23 + Of.. OP23 + of. OP23 +_I-DJ2=0. 
o Xl 0 Pl2 0 x2 0 P13 0 X3 0 fz 

o PI2 

Si 1'on ajoute aux equations (117) les equations suivantes 

~+ of. ~+ of. ~-Pl- olt P2- of.. P3=0 
o Xl 0 P12 0 x2 0 Pl3 0 X3 0 Pl2 0 Pl3 

(118) op; + of. op; + of.. OPt -P;l- of. Pi2- of. PI3=0, 

o Xl 0 Pl2 0 x2 0 PI3 0 x J 0 PI2 0 PI3 

(i= 1, 2, 3) 

le systeme (117) et (118) est alors un systeme de Charpit des fonctions z 
Pi, Pii, Plj. Le systeme correspondant aux equations differentieIIes ordi
naires devient: 

[

d ~ ~ ~ ~ 
Xl = oft = of. = oft oft oft oft 

-A- -A- PI+-A-p2-f--A-P3 P i l+-A-PI2+-A-Pi3 

J 

U P12 U P13 U Pl2 U P13 U P12 U P13 

dPlI dP22 dP33 = dPl2 = 

I 
-Ddl -D f / Oil -D f / 013 -Dlf. 

2 2 dp12 3 3 / 0 P!3 

I 
dP33 = dP13._ 

-D f / 012 -D3/! 
t 3 2 / 0 P!2 

(119) 

4 



50 Borivoj N. Rachajsky 

Ces dernieres equations jouent, par rapport au systeme (111) avec les condi
tions (113)-(116), le meme role que les equations des cuacteristiques dans 
la theorie des equations aux. derivees partielles du premier ordre. 

B. Dans la theorie du systeme (111) nous utiliserons la notion de l'inte. 
grale complete: 

(120) z=V(Xl'X2,X3,Ci' ... , C7) 

oil l'on a la condition 

(121) fl.= D ('V, VI> V2, V3, V12 , VIP V23)i=0 
Cl' C2 , ••••••••••••• , C7) 

introduisant les notations suivantes 

oV 
Vj=--, 

ox, 

C, designant les constantes arbitraires distinctes; de plus le resultat de l'elimi
nation des equations: z = V, P = Vi, PIi = V, PI} = VI} de toutes les constantes 
arbitraires C, ne donne que les equations (Ill). 

Dans le cas oil le systeme (111) est reductible a un systeme de Char pit 
(117)-(118), son integrale complete (120) doit satisfaire a des conditions 
compIementaires qu' on va etablir. En effet, les equations suivantes 

z = V (xi' x2' X3' Cl' ... , C7) 

Pi = V, ( ................ ), (i = 1, 2, 3) 

Pij=Vij( .... ............ ), (j=1,2,3,ii=j) 

sont equivalentes, grftce a (121), aux equations 

(122) Fk(xl' X2'X3' Z,PI>P2,P3,PI2,P13,P23)=Ck, (k=1,2,3, ... ,7). 

On a de plus 1es relations PH = Vii' (i = 1, 2, 3) que l' on peut remplacer aise
ment, en vertu des equations precedentes, par Ies egalites suivantes 

(123) -Ji (Xl' X2' Xl' Z, Pp P2' P3' P12' PH' P23) = Vii (Xl' X2, Xl' Ft' ... , F7)== Vii, 
(i= 1, 2,3). 

Introduisons, enfin, les designations 

(122') 

En differentiant ces dernieres relations par rapport aux. C, on obtient 

(124) O~ oV + ± OFk 02V + OFk 03V +_oF._~ 03V + 
OZ oC, .=10P. oxoC, , 0PI20XIOX20C, OPl30XIOX30Cj 

OFk 03V oCk +- =-, 
OP230X20X30C, oCj 

(i, k = 1, 2, ... , 7). 
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11 en resulte, gr~ce a (121): 

(125) 

o~ =~D(Ck' VI' V2, V3 , V12 , V13 , V23), oFk =~D(V, VI' V2, V3, Ck, V13, V23) 
o z d Cl' C2 , ••••••••••••• , C7 0 P12 d Cl' C2 , • • • • • • • • • ., C7 

OFk =~D(V,Ck' V2 , V3,V12 ,VI3 , V23 ), oFk +~D (V, VI' V2, V3, V12 , Ck, V23 ) 
o PI d Cl' C2 ••••••••••••• ,C7 0 P13 d Cl' C2 , ••••••••••• , C7 

OFk =.!D(V, VI' Ck, V3, V12, VB' V23 ), o~ =~D (V, VI' V2, V3' V12, V13, Ck) 
OP2 d Cl' C2,·.· .......... , C7 OP13 d Cl' C2,········ ... , C7 

o Fk = ~D ( V, VI> V2' Cb V12, V13, V23 ) . 
o P3 d Cl' C2 , •••••••••••••• , C7 

D'autre part, differentiant les identites (123), on trouve: 

ofi 5 - oFk 
--= L V;;Ck-' (i= 1, 2,3) 

OfL k=1 0 fL 
(126) 

(127) (i, s= 1,2, 3), 

ou l'on remplace fL respectivement par Pi}. Ps, z. En designant, par les parantheses 
( ), le resultat de la substitution z, PI, Pi} respectivement par leur valeurs V, 
VI, V/j et par dm, les valeurs des determinants fonctionnels 

(I) (V, VI' V2, V3' Vii, V13 ' V23) 
d12=D , 

Cl> C2 ,······· .. •••• C7 

(i=I,2,3) 

on met les equations (126) sous la forme suivante, par exemple, pour fL =P12 

_ 0/1 = i V/iCk OFk=~ i VttCkD(V, VI> V2 ' V3' Ck, VIP V23) , 
OPl2 k=1 OPl2 d k=1 Cl' C2 , •••••••••••• , C7 

ou bien 

(128) _( oft) = d~~, 
OPI2 d 

(i= 1,2, 3) 

et de la meme maniere aussi 

_ ( 0 fi ) = d~ (i = 1 2 3) 
Ad' " vP23 

_ ( 0 fi ) = d~/) (i = 1 2 3) 
oPs d' " 

4* 
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oil l'on vient de poser 

t:.Y1==D(V, VI' V2, V3' V12' Vii, V23) , t:.~==D( V, VI' V2, V3' V12' Vl3' VIf ), 
Cl' C2, •••••••••• , C7 Cl' C2, •••••••••••• , C7 

D'autre part en differentiant les identites (122') par rapport aux xs on obtient 

_ OFk_ OFk V ~ oFk V. oFkV oFkV OFkV_O 
- s+ L. IS+ 12 s + 13S+ 23 S-

oX iJz i=1 0Pi OPI2 OP13 OP23 

et grace aux formules (125) et (127) on a 

(
. 0 ii ) 1 ( (i) 3 (I) (i) (i) (i) ) - .- =V,iS-- Vst:.z + 2: Vjst:.j +VI2St:.12+V13St:.I3+V23St:.23 . 
oxs !:1 }=I 

En vertu des formules etablies on aura 

!:1 (i) !:1 (i) t:. (i) 

Dsfi= -V/is+ V12S~ + V13s --.E + V23S~' 
!:1 !:1 !:1 

(130) 

(i,s=l, 2, 3). 

Ecrivons les conditions (114)-(116) sous la forme suivante 

(114') iJft iJi2 = 1 Oil Oi2 of.. j, Oil f ---=-, D2 l=--DI 2' 
o P12 0 P12 ' OP12 0P23 OP13 OP12 

(115') iJft oi3 = 1 iJi1 oi3 oft j, of.. f --=-, D31 =-Dl_3, 
OP13 0PI3 ' OP13 OP23 OP12 OP13 

(116') Oi2 iJi3 iJi2 oi3 Oi2 DJ2 = Oi2 Dd3' --=1 --=-, 
OP23 0P23 ' iJ P23 OP13 iJP12 iJP23 

oil les deux dernieres de la deuxieme colonne sont les consequences des prece
dentes. Les conditions (113) et (114')-(116') sont satisfaites identiquement 
aussi dans le cas de la substitution de z, Pi, Ptk respectivement par V, VI, Vtk 
de sorte que l'on obtient les conditions cherchees: 

(1131) 

(1141) 

(1151) 

(1161) 

A (I) A (2) A (3) 0 
U23 = UI3 = UI2 = 

A (I) A (3) A 2 0 
UI3.U13 -U = , A(I) A (2) + A A(I) 0 

UI3 U23 UUI2 = , 

A (2) A(I)+ A A(2) 0 
U23 UI3 UUI2 = . 



Sur les systemes en involution des equations aux ... 53 

Les deux dernieres conditions de la seconde colonne sont les consequences de 
toutes les precedentes. Les relations de la troisieme colonne (114')-(116') 
n'imposent pas des conditions nouvelles it la fonction V. En effet, en prennant, 
par exemple, la relation 

il est aise de demontrer que cette relation e:t verifiee identiquement, grace aux 
conditions precedentes, it savoir 

u12 U12 Ul3 u12 u23 u23 ul3 
( 

A (1) A (2) (A(I) A(I)A(2») A(l) A (2) 

-Vll2 1-~-)+Vl2J T+ ~2 +V223T+Vl13"Ll=O. 

On trouve de meme que les conditions (1131)-(1161), sauf celles qui viennent 
d'etre mentionnees, sont non seulement necessaires mais aussi suffisantes pour 
que z = V so it une integrale du systeme (111) reductible it celui de Char pit 
(117)-(118). 

Il est interessant de poser la question: est ce qu'il est possible d'etendre 
sur le systeme (119) le theoreme de Jacobi concernant les equations aux 
derivees partielles du premier ordre et generalise sur le systeme d'equations aux 
derivees du second ordre, en involution de Darboux-Lie, [13], [15], [20]? 

C. Posons maintenant le probleme de la formation de l'integrale complete 
du systeme (111) sous les conditions (113)-(116), a l'aide de I'integrale gene
rale du systeme des equations differentielles ordinaires (119). L'integrale gene
rale de ce systeme de 12 equations est composee de trois equations donnees 
(Ill) et de neuf nouvelles integrales distinctes. L!l. variable Xl etant principale, 
cherchons l'integrale generale sous la forme suivante: 

{

X2 = m (xl> Cl> ... , C9) 

(131) x3=n(xl> Cl> ... ' C9) 

z =Z (xl> Cl' ... ' C9) 

Pj=Pj (Xl> Cl> ... ' Cg) 

PiI =P/j (Xl' Cl' ... , Cg ) 

Pik = P jk (Xl> Cl> ... , Cg), P 1k = P ki 

(i, k= 1,2,3) 

Supposons que l'on ait 

(132) 

alors les deux premieres equations (131) se mettent sous la forme resoluble 
par rapport it Cs et Cg : 

(133) Cs=a(xl>x2 ,X3 , Cl> ... ' C7) 

Cg=b(xl> X 2 , x3' Cl> .•. ' C7)· 
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En eliminant Cs et C9 des autres equations (131), a l'aide de (133), on obtient 

z=Z(Xl' X2 ,X3 ,Cl' ..• , C7) 

(134) 
p;=P;(xp X2 ' xl' Cl"." C7) 

P;k =Plk (xl' x2 , x3 ' Cl' ... , C7), (i = 1,2,3: i=l=k). 

Puisque les equations (131) sont les integrales du systeme (119), les identites 
suivantes ont lieu 

r 
om = Oil, on = Oil, 
oXI 0P12 oXI 0P13 

oZ Om On 
(135) {-=PI +-P2+- P3' I oXI oX l oXl 

'lOP; =P
il

+ om P
i2

+ on Pi3 , (i=l, 2, 3). 
oXI oXI oXI 

Considerons les identites evidentes resultant des formules (131) et (134), 

1 
Z (XI' Cl' ... , C9) = Z (x, m, n, Cl' ... , C7), 

(136) 
PI (xl' Cl> ... , C9) = PI (xi' m, n, Cl' ... , C7), (i = 1, 2, 3) 

et leurs formules derivees 

(137) 

oPI (OPI) (OPI) om (OP;) on -- - + - -+ - - (i=I,2,3) 
oXI - oXI oX2 oXI oX3 oxl ' 

les parentheses designant le resultat de la substitution de X2 et X3 respectivement 
par les fonctions m et n. En soustrayant (137) de (135) on a 

(i = 1, 2, 3). 

(138) 

(i = 1, 2, 3) 

.... 
I 
I 
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En vertu de la premiere des equations (138) et des relations 

(139) 

on conclut 

(140) 
- oZ p!=--. 

ox! 
Supposons que l'on tire de (139) et (140) les relations 

op,. oP2 

oX
2 

= ox! ' 
OPt oP3 oP2 = OP3 -=-, 
oX3 ox! oX3 oX2 

Grace aux conditions ° It += 0 ° P!2 
ditions 

et !!L=t=O, aux equations (138) et les con
OP!3 

(141) OP1 =Pt2' 
oXz 

on obtient les conditions 

2 i)Pt _ P- i)P2 - oP3 -P-
(14 ) - !1' -=P22 , - 33' 

ox! oX2 oX3 

Done, les conditions (139) et (141) produisent les conditions (140) et (142). 
Les derivees des identites (136) donnent les nouvelles identites 

(143) ([.1.= 1,2, ... ,7), 

(144) oZ (OZ) i)m (02') On 
oC

y 
= oX

2 
i)C

y 
+ i)x

J 
i)C

v
' 

(v=8,9), 

(145) ([.I. = 1, 2, ... , 7), 

oP; (OP;) i)m (OP;) i)n 
(146) i)C

v 
= oX

2 
~Cv + i)x

3
· oC

y 
, 

(v = 8, 9) 

les parentheses ayant la designation anterieurement etabtie. En admettallt que 
1'0n ait 

02' 0 -;---=t= , 
veIL 

([.I. = 1, 2, ... , 7) 

on obtient, grace aux (139), (143)-(144) les conditions suivantes 

(147) UCIL=t=O, ([.1.=1,2, ... ;7), UCy=O, (v=8,9) 
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oil nous introduisons des nouvelles notions U c des fonctions que nous dirons 
"caracteristiques" du systeme (Ill) 

U = oZ _p om _p On 
c-° C 2 0 C 3 ° C . 

D'autre part, sous l'hypothese 

OPi=l=O (i=I,2,3; (.1.=1,2, ... ,7) 
oCIL 

et en vertu de (141) et (145)-(146), on conclut 

(148) w~ =1=0, ((.1.=1,2, ... , 7; i=l, 2, 3), W~ =0, «(.1.=8,9) 
IL IL 

en appelant W~ les autres nouvelles fonctions caracteristiques qui signifient 

i _ oP1_ p om _p on 
W c= 0 C i2 0 C 13 ° C • 

Si les formules (134) definissent l'integrale complete du systeme (111) sous 
l'hypothese (113)-(116), alors les conditions (147) et (148) ont lieu. Done les 
conditions citees sont necessaires. Demontrons que ces conditions sont aussi 
suffisantes pour la formation de l'integrale complete. Done, en adn:ettant que 
les conditions (147) et (148) existent, il est aise de former les differences 
suivantes des formules (147) et «143)-(144) -

(149) 

(150) 

et celles des formules (148) et (145)-(146) 

(151) [(oF;) ]'om [(0 Pi) ] on - -Pi2 -' -+ - -Pj3 -=0, (\1=8,9; i=l, 2,3) 
o~ ~~ d~ o~ 

(152) [( iJF;)-Pi2 ] om +[(iJPI)_PI3]~+(iJPi)=l=O, iJx2 oCIL oX3 oCIL dC", 

(i=I,2,3; (.1.=1,.,7) 

D'apres (132) les equations (149) donnent les conditions (139) et par conse
quent la condition (140). En vertu del'equation (150) on obtient 

iJZ 
-=FO, «(.1. = 1, 2,., 7). iJ CIL 

... 
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11 suffit de prendre les deux premieres equations (151). Ces equations, d'apres 
(132), donnent les conditions (141), et alors les conditions (142) ont lieu. Les 
equations (152) ne donnent que les relations 

apt =l=0, i= 1,2,3; !J.= 1, ... 7) 
dC,," 

qui ne sont cependant necessaires. 
11 re suIte des considerations expo sees que pour former l'integrale complete 

du systeme (111) a l'aide de l'integrale generale (131) du systeme (119) les 
conditions necessaires et suffisantes, exprimees par les fonctions caracteristiques 
suivantes, doivent avoir lieu 

(147') 

1 
U ~"" =l= 0, (!J. = 1, ... .' 7) U Cv = 0, (v = 8, 9), 

W~ = 0, (v = 8, 9: 1 = 1, 2). 
v 

De cette maniere il -est demontre le role important que jouent les fonctions 
caracteristiques introduites dans la theorie du systeme etudie (111), sous I'hypo
these (113)-(116) 

D. Citons quelques proprietes des fonctions caracteristiques. Les for
mules (131) s'obtient de neuf integrales distinctes du systeme (119), c'est-a
-dire ccs equations sont resolubles par rapport aux neuf constantes arbitraires 
Cl" C2 , ••• , C9 ce sorte que 1'0n a l~_ condition suivante. 

D ( Z, PI' P2 , P3, P12 • P 13 , P23 )=l=0. 
Cl' C 2 , •••••••••••••••••• , C7 

On pent en former les determinants dans lesquels les colonnes 3e, 4e, Se, 6e 
sont remplacees rcspectivement par les U c, W~ (i = 1, 2, 3). Ces determinants 
sont distincts du zero. 11 en re suIte qu'au moins l'une des fonctions caracte
ristiqucs dans chaque groupe:U Ci' W~ .• W2., W~., est distincte du zero. Demon-

I I I 

trons que les fonctions caracteristiques sont homogenes et Iineaires de leurs 
valeurs initiales: U~, (W~)o. En part ant des identites (135) et des expressions 
qui definissent des fonctions caracteristiques on obtient l'equation 

d Uc = W~+ dm W2+ dn Wb. 
d Xl d Xl d Xl 

Pour obtenir Ies expressions des derivees par rapport a Xl des autres fonc
tions caracteristiques nous procederons de la maniere suivante. Substituons 
dans les formules 

dW~=~(dPI_PI2 am _p dn)+ dP12 dm + 
d Xl iJ C a Xl a Xl 13 a Xl 0 Cox 

'OPI3 On OPl2 om oP13 on 
+--------------

oC Ox d~ oC o~ oC 
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les formules 

d Pl2 = -(D 1") 
;" 2 JI , 
uXI 

OPI3 = -(D J,) 
;" 3 I 
uXI . 

oPu (D 1") om (D 1") dn ofl U dfl VI oft V2 --+ J1-+ J1-+- +- +- + oC 2 I oC 3 I oC 0 c 0 c;,. c 
Z PI U P2 

+dfl V3+dfl dP12+ dfl dP13 + dfl dP23=O 
OP3 C OPl20C OPI30C dP23 0C 

.ainsi que les relations (113), (116) et (135). On obtient de cette maniere le 
resultat 

{154) o W~ = _[(dft) Uc + (d
f l) V~+ (d ft

) V~+ (dft)V~]. 
ox oz OPI OP2 OP3 

D'une maniere analogue on obtient encore les deux equations nouvelles 

{155) 

(156) d w~ = _~ [(Of3) uc + (d
f 3) V~+ (df3)v~+ (df3)v~J. 

d Xl 0 Xl d Z 0 Pl d P2 d P3 

Les equations (153)-(156) representent les equations differentielles lineaires et 
homogenes des fonctions U c et W~. Les solutions de telles equations s'expri
ment lineairement et homogenement par les valeurs initiales des fonctions con
·siderees. 

On peut utiliser les proprietes demontrees des fonctions caracteristiques 
pour verifier les conditions (147'), pour former l'integrale complete du sys
teme (111), sous l'hypothese (113)-(116) a l'aide de l'integrale generale du 
.systeme (119). 

E. Posons le probleme de la formation de integrale contenant des foncti
ons arbitraires du sysU:me donne (111) a. l'aide de l'integrale generale du sys
teme de Char pit. Outre de trois integrales particu1ieres definies par les equations 
-donnees (111), le systeme (119) a encore neuf integrales 41' 42' Fl' ... , F7 • 

L'integrale generale du systeme de Charpit (117)-(118) qui verifie les equations 
(111), sous l'hypothese (113)-(116), est definie par les equations citees et les 
.equations suivantes 

(157) 

<pJ designant les fonctions arbitraires. On pose pour determiner les va!el~rs de 
variables parametriques xi+l> Pi' Pik 

.. 

(158) fi=rJ. p (i=1,2); Fj=~j' (j= 1,2, ... , 7). 

-
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Alors les variables mentionnees sont definies par les equations 

xj+1 = <1>j (xl' (Xl' (X2' ~l' ••• , ~7)' (i = 1, 2) 

Z = <1>3 (xl' 0(1' (X2' ~l' ••• , ~7)' 

p) = <1»+3 (XI' (XI' (X2' ~1' ••• , ~7)' 

PI2 = <1>7 (Xl> (Xl> 0(2' ~l' ••• , ~7)' 

Pl3 = <1>8 (XI' 0(1' (X2' ~I' ••• , ~7)' 
P23 = <1>9 (Xi' (Xl> 0(2' ~l' ••• , ~7)' 

U= 1,2, 3) 
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XI designant la variable independante principale. On va chercher les solutions 
du systeme (111) en verifiant de plus les conditions: 

3 3 

dz= 2.Pkdxk' dp.= 2. P.kdxk' (9=1,2,3) 
k=1 k~1 

Pii etant determinees par les equations (111). Gri.ce aux ,conditions introduites 
on a les conditions nouvelles 

2 7 

2. Ak;d(X;+ 2.Bk)d~j+Kkdxl=O, (k=I,., 4) 
;=1 )=1 

avec 
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El vertu de (157) et (158) on a 

~j = <Pj (Otl , O(2), (j=1, ... ,7) 

et les conditions (159) deviennent 

(tAkj+j~BkJ ~::)dCX/=O (k=l, 2, 3,4). 

Les differentiels d 1X1 etant distincts du zero, on etablit les relations 

Akj + ± BkJ (}<pj =0, (k= 1, ... ,4; ti= 1,2) 
j=1 (}1X1 

lesquelles doivent satisfaire les fonctions CPj pour que (157) determine la solution 
du systeme (111). Par consequent le prooleme cite ci-dessus est resolu d'une 
maniere analogue comme le probleme pose par Lagrange [22] dans la theorie 
des equations aux derivees partielles du premier ordre. 

Les resultats obtenus dans cet article se generalisent aisement sur Ies sys
temes des n (n> 3) equations aux derivees partielles du second ordre a n varia
bles independantes. 

11. Sur one classe des equations aux derivees partielles du second 
ordre d'une fonction incoDDue avec trois variables independantes 

En SUiVa..'1t les idees de N. Saltykow, [11], [24-27] on donne dans ce 
paragraphe une classe des equations aux derivees partielles du second ordre 
d'une fonction inconnue avec trois variables independantes pour laquelle on 
peut faire la correspondance avec un systeme de Char pit, [28]. 

Considerons l' equation 

(160) f (xl' x2' x3' Z, PI' P2' P3' Pl1' P12' P13' P22' P23' P33) = ° 
avec les notations usuelles 

iJz iJz 
Pl=-;:-' Pij=iJ iJ uXj Xi Xj 

et avec les conditions d'independance de l' ordre de la differentiation de la fonc
tion z par rapport aux Xj' 

On peut les equations derivees 

iJf iJPl1 iJf (}P12 iJf iJP!3 iJf iJP22 iJf (}P23 - -+--+--+- -+--+ 
iJpu .iJXj iJP12 (}x1 (}P!3 (}x j iJP22 iJXj iJP23 iJx/ 

+ iJf oP33+DJ=0, (i= 1,2,3), 
iJP33 iJx/ 

Ies symboles Dj designant l'operateur suivant 

o iJ 3 () 
(161) Dj=-+Pl-+ 2,P.;-, 

ox; iJz .=1 (}P. 
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mettre sous la forme suivante 

f of 0Pu + of oPu + of °Pu + Dlf+ I °Pu oXI OPl2 oX2 OP13 oX3 

I +( of OP2l+ of OP23+ of OP33)=0 
o P22 0 Xl 0 Pl3 0 Xl 0 P33 0 Xl ' 

I of OP2l+ of OP22+ of OP22+Dd+ 
J 0 PIl 0 Xl 0 Pl2 0 Xl 0 P23 0 X3 

(162) l 

I +(Of OPll+ of OPI3+ of OP33)=0, 
o Pu 0 X2 0 P13 0 Xl 0 P33 0 Xl I of OP33+ of OP33 + of oP33+D3f+ 

I 
OPl3 oXI OPl3 oXl OP33 oX3 

+( of OPll+ of OPI2+ of OP2l) =0. 
l 0 Pu 0 X3 0 Pl2 0 X3 0 Pl2 0 X3 

Ajoutons aux equations (162) les trois nouvelles 

o Pl2 -m 0 Pl2 _ n _0 Pl2 = 0, 
oXI oXl oX3 

(163) o PI3 -m 0 PI3 -n 0 PI3 = 0, 
oXl oXl oX3 

OP23 _ m OP23_ n OPl3 =0. 
o Xl 0 Xl 0 X3 
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Les fonctions m (Xl' X2, Xl' Z,Pl'P2,P3,Pll,PI2,P13,P22,P23,P33)' n ( ... ), seront 
determinees d'une maniere convenable. 

Faisons les eliminations suivantes: 

a) Eliminons de la premiere equation (162) les derivees 0 P22 , 
o Xl 

en utilisant les relations evidentes 

o P22 1 0 Pl2 i) P23 n2 i) P23 --=- ---n---- --, 
o~ m o~ o~ m i)~ 

o P23 0 P23 0 P23 --=m--+n--, 
o Xl 0 X2 i) X3 

o P33 1 0 PI3 m2 i) P23 i) P23 
--=- ---- ---m--, 
oXl n oXl n oX2 ox) 

o P23 0 P33 
oxl ' oXl 
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b) Eliminons de "la seconde equation (163) les derivees 0 Pu, 0 P13, 0 P33 
o Xz 0 Xz 0 x2 

en utilisant les relations evidentes 

I 0 Pu = m 0 Pl2 -~ 0 P13 + ~ 0 P13 , 
o~ o~ m o~ m o~ 

I
~~: = : :~:-; ~~> 
o P33 1 0 P13 1 0 P13 m 0 PZ3 
i)x

2 
= mn oX

I 
- m oX

3 
--;; oXz . 

c) Eliminons de la troisieme equation (163) les derivees suivantes: 0 Pn , 
o X3 

o P22 en utilisant les relations suivantes 

o Pn m 0 PIZ mZ 0 PI2 0 P13 --=- ---- --+n--, 
ox) n oXI n oXz oX3 

o PI2 1 0 Pl2 m 0 PI2 
--=- ---- --, 
o x) n 0 Xl n 0 X 2 

o PZ2 = _1_ 0 P12 _~ 0 P23 _~ _0 P12 
o X3 mn 0 Xl m 0 X3 n 0 Xl 

(164) 

; ; 
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en utilisant les designations suivantes 

K 
__ of n of m of 
1=---- ---- --, 

o P23 m 0 P22 n 0 P33 

(165) 
of of of 

K 2 ==n2 --+ n --+--, 
o Pu 0 Pl3 0 P33 

of of of 
K3=m2--+m--+--. 

o Pu 0 P12 0 P22 

Il est aise de s'en persuader que les equations (164) forment un systeme: 
de Char pit si les conditions suivantes sont remplies 

(( of 1 Of). of of. ( of Of) 
1 oP12 + m OPl2 'OP12 = OP22' OP1l + m op~- = 

(166) 
I ~(:L< ::',):(:;', +n :;'}-m, 
I( Of 1 Of). of (Of m Of).(Of Of) 

oPl3 +-;; OP33 . 0Pu = OPl3 --;; OP33 . OP12 +m 0Pu = 

I =~'(~+n~)=-n 
t 0 P33' 0 Pl3 0 PH ' 

ou 
of of of 

ml--+m --+--=0, 
o Pu 0 P12 0 Pl2 

of of of 
nl--+ n--+--=O, 

o PH 0 Pl3 0 P33 

of m of of of 
---- --+n--+mn--=O 
OP23 n OP33 OP12 oPu' 

of n of of of 
---- --+m--+mn--=O. 
o P23 m 0 P22 0 Pl3 0 Pu 

Grace aux equations (1661) les equations (1662) ne donnent qu'une con
dition qu'on peut mettre sous la forme suivante 

of _!!.-. ~_ m of =0 
o P23 m 0 P22 n 0 P 33 

C'est ainsi que l'on parvient a mettre les conditions (166) sous la forme plus. 
symetrique 

(167) Kj=O, (i= 1, 2,3). 
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Donc, en vertu des conditions (167) le systeme (164) devient 

(168) 

Ajoutons aux equations (163) et (168) les identites evidentes 

(169) 

Les equations (163), (168) et (169) forment un systeme du type de Charpit 
On peut associer au systeme dit un systeme equivalent des caracteristiques 

(170) 

Grace aux conditions: K2 = 0, K3 = 0 on pcut determiner les fonctions 
inconnues: m et n et alors en vertu de la condition KI = 0 on obtient la 
condition cherchee pour la forlction f 

(171) 
{ 

()f [( ()f )2 ()f ()f ]1/2}. ()f 
o P23 ± iJ P23 - 4 iJ P22 iJ P33 • 2 iJ P33 = 

{ 
iJf [( iJf )2 iJf iJf J1/2} {iJf [( ()f )2 iJf iJf J1/2} 

= iJ PI2 T iJ PI2 - 4 iJ Pu iJ P22 . iJ PI3 T iJ P13 - 4 iJ PH 0 P33 

-



Sur les systemes en involution des equations aux ... 65 

Autrement dit si la fonction I admet la condition (171) alors on peut it 
I'equation donnee (160) associer le systeme de Char pit (163), (168), (169) ou 
le systeme des equations differentieIles ordinaires des caracteristiques (170). 

Pour former la solution correspondante de I'equation (160) (admettant la 
condition (171» au moyen de l'integrale generale du systeme de Char pit (163), 
(168), (169) on peut construire la theorie que serait analogue a la theorie 
concernant le systeme l23) en involution ce Darboux-Lie. 

Considerons une equation aux derivees partieIles du second ordre d 'une 
fonction z inconnue: 

(172) 

F etant une fonction arbitraire et les quantites u et v sont definies par 1es 
relations donnees 

( 
ov oV ~V) 

U=q> xl' X 2 , X 3 , Z, v, -, --, - , 
ox} oX2 oX3 

( 
OZ oz OZ) v=tjI xl' X2, x3, Z, -, -, - . 

oXj oX2 oX3 

(173) 

Grace aux (173) on peut mettre I'equation (172) sous la forme suivante 

I-q>[Xl' X2 'X3 ' Z, tjI(Xl' x2' x3' Z,Pl'P2;P3)' otjl, otjl, Otjl]_ 
ox} oX2 oX3 

-F[x}', x2' x3' Z, tjI (xl' x2, X3, Z, PI' P2, P3)] = o. 
La fonction consideree I admet la condition (171) et on peut appliquer la 
theorie exposee it I'equation consideree: 1=0. 

12. Sur les resultats de D. H. Parsons 

Soit l'equation 

(174) 

dans laqueIle Z est la fonction des n variables independantes Xl' ... , Xn 

OZ 02 Z 
p.=--, p .. =--

I OX; IJ OX;OXj 

et teIle que I soit analytique pour toutes variables. 
D. H. Parsons, [29], [30], [31], definissait le rang de I'equation donnee 

(174) comme le rang de la matrice suiv.:nte 

[ 

OI!OP~1 1:2 O.flO:12 : ..• 1/2. Of!OPl.n ]. 

1/2ol/Pn} ............... olloPnn 

11 demontrait aussi 1es propositions suivantes: 

5 
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Si l'equation (174) est de rang 1, elle a une famille des caracteristiques 
du premier ordre; 

Si l'equation (174) est du rang 2, elle a deux familles diverses et si 
l'equation donnee est du rang 3, elle n'a pas des caracteristiques de cette espece; 

Le rang de l'equation donnee est invariant sous la transformation de contact. 
Dans son oeuvre, [29], D. H. Parsons appliquait la theorie classique des 

caracteristiques, la theorie des equations en involution et la methode de Darboux, 
[32], [14], a l'equation (174), n = 3, quand elle est du rang 2 ou 1. 

On ne peut pas generaliser la methode de Darboux sans la condition 
suffisante et necessaire: l'equation (174) est du rang 1 ou 2. 

D. H. Parsons illustrait sa theorie avec l'exemple suivant 

Pu + P12 P13 + ( PI2 )2 = 0 
I-P23 1-P23 

ajoutant les conditions 

pour Xl =0: Z= 1/2x~, PI =X~+X2X3; on 

pour Xl =0: z=O, PI =X2 X3· 

La methode exposes de ParsonJ peut etre generalise au cas n > 3 et aussi 
aux equations . correspondantes aux derivees partielles des ordres superieurs. 



III Chapitre 

SUR LE SYSTEME DES EQUATIONS AUX DERIVEES 
PARTIELLES EN INVOLUTION DE DARBOUX DU TROISIEME ORDRE 

Les equations aux derivees partielles d'une fonction it deux variables in
dependantes en involulion de Darboux du troisieme 9rdre admettent d'etablir 
plusieurs proprietes .qui sont analogues aux proprietes de la tMorie des equations 
lC'UX derivees partielles du premier ordre et des systemes des equations aux de
rivees partielles du second ordre en involution de Darboux-Lie. 

On peut etablir pour les 6quations en involution de Darboux du troisieme 
ordre, par exemple, les proprietes suivantes: . 

1) on peut former le systeme des equations differentielles jouant le role 
d'un systeme des caracteristiques, 

2) on peut etendre la notion de l'integrale complete et preciser les con., 
ditions necessaires et suffisantes concern ant cette integrale, . 

3) on peut resoudre deux problemes de Jacobi et d'une maniere bien deter
minee faire la liaison intime entre l'integrale generale du systeme des caracte
ristiques et l'integrale complete du systeme des equations aux derivees partielles, 

4) on peut traiter la tMorie de Lagrange des integrales des systemes con
sideres, et 

5) on peut aussi poser le probleme da la formation d'une integrale de 
Cauchy a l'aide d'une integrale complete donnee. ([10], [13], (15], [33]). 

1. L'involution de Darboux du troisieme ordre 

Considerons une equation aux derivees partielles du second ordre, utilisant 
les designations habituelles, sous la forme suivante 

(I) r+ I(x, y, Z, p, q, s, t) = O. 

On supposera pour la fonction I que lE C2 (G), OU G est un domaine determine 
des variables x, y, Z, p, q, s, t. A l'equation (1) faisons correspondre une autre 
equation aux derivees partielles du troisieme ordre suivant une loi qui sera 
determinee plus tard, et ecrivons 

(2) ZXyy + cl> (x, y, Z, p, q, S, t, Zyyy) = o. 
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On supposera que <t>ECl (G1), OU G1 est un domaine des variables x, y, Z, p, 
q, s, t, Zyyy et GC G1 • 

Formons les equations derivees du second ordre de I'equation (1) et du 
premier ordre de l'equation (2) respectivement par rapport aux variables inde
pendantes x et y: 

(3) 

Zxxxx + Is ZXXXy + ft Zxxyy + Dxxl = 0, 

ZXXyy + I. ZXyyy + It Zyyyy+ Dyyl = 0, 

ZXXyy + <t>l, ZXyyy + Dx <t> = 0, 

Zxyyy + <t>a Zyyyy + Dy <t> = 0, 

.3, <t>8, Is, ft, Zxxxx, . " designant respectivement les derivees partielles 

03 Z/oy3, 0<t>/03, ol/os, ol/ot, 04Z/ox4, ... ; quant a Dx, Dy, Dxx , Dxyo Dyy , 

elles designent les derivees correspondantes prises par rapport a x et y. En 
vertu de la definition de l'involution de Darboux du troisieme ordre, les equa
tions (3) ne doivent point etre resolubles par rapport aux derivees du qua
trieme ordre. I1 en resulte les deux conditions de I'involution sous les formes 
suivantes 

(4) 

(5) 

(3') 

<t>~-I.<t>a + It = 0, 

Dx <t> + It Dy <t>-Dyyl = 0. 
<t>a 

2. Systeme des equations differentielles ordinaires des caracteristiques 

Grace aux equations (3) on peut former les equations suivantes 

OI'J. OI'J. it -+ <t>a-+-m+Dxxl=O, 
ox oy <t>a 

o~ + <t>a o~ -m + Dyxl = 0, 
ox oy 

Oy + <t>a Oy + Dx <t> = 0, 
ox oy 

03 03 - + <t>a - + Dy <t> = 0, 
ox oy 

-
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Oll 1'0n a pose: IX = zxxx , ~=ZXXy, y==ZXyy, m=(/,f4>,,) Dx4>-Dyxf. Comple
tons ces dernieres equations par les egalites evidentes 

iJz iJz -+ 4>a--p-4>aq=O, 
iJx iJy 

op op 
iJx + 4>a iJy -r-4>a s = 0, 

(6) 

iJq iJq 
- + 4>a --s-4>a t = 0, 
iJx iJy 

iJr iJr 
- + 4>a --IX-4>a ~ = 0, 
iJx iJy 

os iJs 
-+ 4>a--~-4>aY=O, 
ox iJy 

(6') 

ot iJt 
- + <Pa --y-4>a 8 = o. 
iJx iJy 

L'ensemble d'equations (3'), (6), (6') represente un systeme de la forme 
de Charpit, [1], it dix fonctions inconnues: z, p, q, r, s, t, IX, ~, y, 8 des 
variables independantes x et y. Par consequent, l'integration du systeme (3'), 
(6), (6') revient it l'integration du systeme d'equations differentielles ordinaires 
des caracteristiques 

dx= dy = dz dp dq dr =~_= dt 
4>a p+4>aq r+4>a s s+4>at 1X+4>a~ ~+4>aY y+4>,,8 

(7) dlX d~ _=_ dy =_~ 
Dxx/+m/rl4>a Dyx/-m Dx4> Dy4> 

Pour nos equations (1) et (2) on peut utiliser aussi le systeme des 
caracteristiques de la forme 

(8) 
dy dz dp dq ds dt d8 

dx=-=- =---
4>a p + 4>a q r+4>a s s + 4>a t ~+ 4>aY y+4>a 8 Dy4>' 

ou r, y, ~ doivent etre exprimes par les autres variables figurant aux equa
tions (1) et (2). 

3. Vintegrale complete 

Nous partons de l'equation 

(9) 
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oil Cl sorit les parametres distincts et independantes des variables x et y. 
Supposons que VEC4(D,), D' designant un domaine de x, y, Cl ... , C

6
• 

Formons les equations d6riv6es 

(10) 

(11) 

(12) 

(13) 

(14) 

p=Vx(x, y, Cl' ... , C6), q=Vy(x, y, Cl' ... , C6), 

r= Vxx(x, y, Cl' ... , C6), 

s = VXy (x, y, Cl' ... , Co), t = Vyy (x, y, Cl' ... , Cr,), 

Y = VXyy (x, y, Cl' ... , C6), 

a = Vyyy (x, y, Cl' ... , 

sous la condition suivante dans le domaine D' 

(15) 

Si le resultat de l'elimination des parametres C j des equations (11), (13) et (9) 
(10), (12), (14) ne donne que les equations (1) et (2), nous dirons dans ce cas 
qu~ l'integrale complete du systeme (1)-(2) est definie par l'equation (9). 

On va maintenant demontrer que gr~ce aux conditions (4)-(5) la fonc
tion V doit satisfaire aux conditions complementaires. 

En effet, on peut demontrer aisement qu'il y a lieu les egalites suivantes 

(16) 

oil les parentheses signifient le resultat de la substitution de z, p, q, s, t, a 
respectivement par leurs valeurs V, Vx, Vy, VXy , Vyy , Vyyy et ~l' ~2' ~3 les 
determinants fonctionnels suivants 

(17) 

La condition (4) nous donne 

(4') (<1>8)2-(/.) (<1>8) + (ft) = 0 

oil les parentheses ont les significations anterieurement etablies. Grace aux 
egalites (16) la condition (4') devient 

(~3)2 _ ~l ~3 _ ~2 = 0 
~ ~ ~ ~ , 

-
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ou 

(18) 

On peut mettre la condition (18) sous une forme plus symetrique. En 
effet, en vertu des identites evidentes 

VXX + I(x, y, V, v x , V;, VXy , Vyyy) = 0, 

VXXy + (Dyf) = 0 

et (16) on peut etablir une relation nouvelle 

(18') 

ou 
d' d I d 2 -=-+-, 
d 3 d d 3 

(18") 

designant par d' le determinant fonctionnel 

(19) 

Grace a la relation obtenue (18"), on peut mettre la condition (18) sous 
la forme convenable, plus symetrique 

(20) 
d d' 
-1=_ 
dd' 3 

La relation (5) ou la relation suivante 

(5') 

est verifiee indentiquement, grace a la condition (18), a savoir 

(
d 3 _ d 2 _ d 1 ) V '. = 0 
d d d xyyy • 

3 

Done, la relation (5) n'impose pas des conditions nouvelles a. la fonetion V. 
11 est aise a. d6montrer qu'il doit avoir lieu la condition nouvelle 

(21) ~l =0, 

~l design ant le determinant fonetionnel 

(22) ~l=D( V, vx , v;, vxx , vxy , vy; ), 
Cl' C2 , C" C4 , C5 , C6 

car l'equation (1) ne depend pas de la derivee ~ = Zyyy. 
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On peut demontrer que les conditions (18) ou (20) et (21) sont aussi 
suffisantes. 

Done, l'equation (9) definit une integrale complete du systeme (1)-(2) 
en involution de Darboux du troisieme ordre si la fonction V admet les condi
tions necessaires et suffisantes 

(23) 

~, ~3' ~' et ~1 designant les determinants fonctionnels (15), (17), (19) et (22). 

4. L'integrale generale des caracteristiques. 
Le theoreme generalise de Jacobi 

Il est aise a demontrer que les formules 

(24) 

definissent les six premieres integrales distinctes du systeme 

r+<1>8s 

dq ds dt d~ 
(8') dx= dz 

p + <1>8q 

dp 

En effet, on a les equations derivees 

(25) 

dz =V +v dy 
dx .J.. Ydx' 

dp dy 
-=Vu+VXY-' 
dx dx 

dq dy 
-=VXy+V),y-, 
dx dx 

ds . dy 
-= VXXy + VJ..YJ-' 
dx dx 

dt dy 
-= VXyy + Vyyy -, 
dx dx 

d~ dy 
- = V.<yyy + Vyyyy -
dx dx 

et en vertu des relations 

(<1>8) = - ;, (Dy <1» = - VXyyy + ; V;yYoY' 

VXl. + I (x, y, V, Vx ' Vy, Vl.y, Vyy) = 0, 

VXYY + <1> (x, y, V, Vx ' Vy' V xy' Vyy ' Vyyy) = 0, 

et de l'equation premiere du systeme (8) 

(26) dy = (<1>8), 
dx 

Oll les parentheses ont les significations anterieurement etablie, le resultat de 
l'eJimination des constantes Cl, definies par les equations (24), entre les equa
tions (25) ne donne que les equations (8'). 
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Cherchons, encore, l'integrale de l'equation (26) ou d'une des equations 
equivalentes 

(27) 

(28) 

113 dx + Il dy = 0, 

Il'dx + 113 dy = O. 

Introduisons le symbole suivant 

(29) 

i, j, k, I, rn designant les nombres entiers de 1 a 6. On peut former les iden
tites suivantes 

-a1u+a2 u 3 , - lU+ 2 U 3' 
~[(i,k'l,rn,n)]_ 1\.' I\. ~[(i,j'l,rn,n)J-b 1\.' b I\. 

oX (i, j, k, I, rn) ox (i,j, k, I, n) 

~[(i'k,l,rn,n)J_ I\. I\. ~[(i,j'l,rn,n)]_b I\. b I\. - a1 U 3 + a2 u, - 1 U 3 + 2 U, 
oy (i,j, k, I, rn) oy (i,j, k, I, n) 

ai et b i designant les fonctions des variables x, y, Cl> ... , C6 bien determinees. 
Grace it la condition (20) il en resulte 

(30) 
o [(i, k, I, rn, n)] 

ox (i,j, k, I, rn) 
o rei, k, I, rn, n) ] 
oy (i,j, k, I, rn) 

113 Il 
et aussi 

o [(i,j, I, rn, n)] ~ [(i,j, I, rn, n)] - -----
(31) ox (i,j, k, I, n) oy (i,j, k, I, n) 

Il' 113 

Donc, les equations (27) ou (28) ont les integrales suivantes 

I 
_ (i, k, I, rn, n) 

1 = const., 
(i,j, k, I, rn) 

(i,j, I, rn, n) t 
----=cons. 
(i,j, k, I, n) 

Ces integrales ne sont pas independantes par rapport aux variables x et y. 
En effet, en vertu des relations (30) et (31), on a 

D(11,12)=0. 
x,y 

On peut formuler le theoreme suivant - theorerne de Jacobi: 
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L'integrale generale du systeme des equations differentielles des caracteris
tique (8) est definie, en vertu de l'integrale complete (9) et (23), par les formu!es 
suivantes 

5. Sur une methode de N. Saltykow dans la theorie 
des equations aux derivees partielles du second ordre 

N. Saltykow avait communique it une des seances de l'Institut math6ma
tique en 1959 une methode tres interessante pour I'integration des equations aux 
derivees partielles du second ordre. Notre but est maintenant de demontrer que 
la methode exposee a des liaisons avec certaines notions et certains resultats de 
la th60rie des equations aux derivees partielles qui sont en involution de Darboux 
du troisieme ordre, [33]. 

Considerons une equation aux derivees partielles du second ordre d'une 
fonction inconnue z de deux variables independantes x et y 

(32) f(x, y, z, p, q, r, s, t) = 0, 

ou l'on a pose p = () z/()x, q = () z/()y, r = ()2 z/()x2, S = ()2 z/() x () y, t = ()2 rl() y2, 
!r=()f/()r, fs=()f/()s. On supposera que fEC2(G), ou G est un dornaine 
determine des variables x, y, z, p, q, r, s, t. 

Formons les equations derivees de l'equation (32) respectivement par 
rapport a x et y, a savoir 

(33) 

en posant 

{
fr or; + Is ~+ j,y+ Dxf= 0, 

fr~+ fsY+ j, 3 +Dyf= 0, 

or; = ()3 z/()x3, ~=()3Z/()X2()y, y=()3zl()x()y2, 3 = ()3Z/()y3, fs=()fl()s, 

() () () () 
Dx=-+p-+r-+s-

()x ()z ()p ()q 

() 0 () () 
D =-+q-+s-+t-

y ay ()z ()p ()q 

et ajoutons y une equation auxiliaire 

(34) ~-m (x, y, z, p, q, r, s, t) c= 0. 

La fonction m do it satisfaire aux conditions qui seront precisees plus tard. 
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Grace it. I'equation (34), on peut mettre les equations derivees (33) sous 
la forme suivante 

(33') 
IX + (mls + ft)f(mf,) ~ + D~II Jr= 0, 

r + ft/Cmlr + Is) 8 + Dyll(m/r+ h) = o. 

Supposons que les coefficients de b et d des equations ci-dessus satisfont aux 
conditions 

(mls + j;)/mfr = -m, ft/(mlr + Is) = -m; 

on aura alors une seuIe condition pour la fonction m: 

(35) Ir m2 +Ism + It=O. 

Par consequent Ies equations (33') et (34) peuvent etre ecrites sous la forme 

or or I 
--m-+-D /=0 ox oy Ir.c , 

(36) 
os os 
--m-=O, ox oy 
ot ot m 
--m--- Dy/=O. 
ox . oy It 

Les equations obtenues (36) et les identites evidentes de la forme suivante 

oz oz 
--m-=p-mq, ox oy 
op op 
--m-=r-ms, ox oy (37) 

oq oq 
--m-=s-mt, ox oy 

repn!sentent un systeme de la forme de Charpit a six fonctions inconnues: 
Z, p, q, r, s, t de deux variables independantes x et y, [18]. (Dans le livre de 
Hi/bert et Courant [1], pour le systeme de cette espece on emploie la deno
mination "systeme des equations qui ont la mime portie principale"). 

Le systeme correspondant d'equations differentielles ordinaires "caracti
ristiques" devient 

(38) dx= dy = dz 
-m p-mq 

~=~= 
r-ms s-mt 

dr 

DJ.!I/r 

as dt 

o mD;lflt 



76 Borivoj N. Rachajsky 

11 ne reste qu'a poser la question de l'integration de l'equation donnee (32) Et 
l'aide de l'integration du systeme (38). 

Po sons maintenant le probleme suivant: associons Et l'equation (32) une 
autre equation de la forme (34) de teIle maniere que ces deux equations soient 
en involution de Darboux du troisieme ordre. 

Pour etablir les conditions de la dite involution nous utiliserons, par 
exemple, un procede anterieurement cite, [33]. 

(39) 

Pour ce1a formons les equations derivees des equations (32) et (34) 

frzxJCXx+f$z~xy + f, ZXXyy + Dxxf =0, 

frz~y+ fsz;>.xyy + f, Zxyyy + Dxyl = 0, 

fr Zxxyy + Is Z Jr.yYy + ft Zyy;y + DyYI = 0, 

zxu:y-TnZXXyy-yDxm=O, 

zxxn -TnZxyYy -y Dy m = O. 

D;, Dy, Dxx , D~y, Dyy designant rf'spectivement les derivees cerrespondantes 
des fonctions m et f prises une ou deux fois par rapport it x et y; quant a 
ZAAA~' ZXX~Y' etc., elles designent les derivees partieIles du quatrieme ordre de la 
fonction z: i)4z/i)x4, 04Z/0X30Y, etc. 

D'apres les conditions de l'involution de Darboux du troisieme ordre, les 
equations (39) sont insolubles par rapport aux derivees du quatrieme ordre: 
z;,.xxx' zxxxy, ... , Zyyyy. 11 en re suite que tous les determinants du cinquieme 
ordre de la matrice des coefficients du systeme (39) sont egaux it zero. On peut 
mettre le determinant t::. du cinquieme ordre forme des coefficients des d6riv6es 
du quatrieme ordre de la fonction Z - le determinant du systeme (39) - sous 
la forme suivante 

t::.==!rf, Urm2+ Is m+ it)· 

En egalant ce determinant a zero et grace it la condition frf,=I=O, on a 

(35) frm2+fsm+ It=O. 

Ce n'est que la condition (35) qui a ete obtenue par la methode de N. Saltykow. 
En utilisant la condition (35) et Irf,=I=O, tous les lmtres determinants du 
cinquieme ordre seront egaux a zero sous la condition suivante 

(40) YftDym-m(yfr Dxm+ Dxyl)=O. 

Donc, si les conditions (35) et (40) sont satisfaites, les equations (32) et (34) 
seront en involution de Darboux du troisieme ordre. 

Comme il est bien connu, [33], on peut associer aux equations (32) et (34), 
qui sont en involution de Darboux du troisieme ordre, un systeme d'equations 
differentieIles ordinaires, appele systeme des caracteristiques. 



Sur les systemes en involution des equations aux derivees ... 77 

Or, en ce qui concerne la formation du systeme mentionne d'equations 
differentielles ordinaires, on peut tirer d'abord du systeme (39), grace aux 
conditions (34) et (40), les equations suivantes 

OOt_moOt_y/,DJem-mDAJt! o. 
ox oy ml, 

O~ o~ --m--yD",m=O, 
ox oy 

(41) Or -m~-yDym=O, 
ox oy 

08 08 m 
--m --- (y/, Dy m + D"f) = O. 
ox oy It 

Enfin y ajoutons les equations evidentes 

oz oz 
--m-=p-mq, 
ox oy 

op op 
--m-=r-ms, 
ox oy 

(42) 

oq oq 
--m-=s-mt, 
ox oy 

Or Or DlI'/ 
--m -=Ot-m~= --, 
ox oy I, 

oS os 
--m-=~-my=O, 
ox oy 

Of Of m . 
--m -=y-m8 =- Dy/ 
ox oy It 

Les systemes (41) et (42) font un systeme de Charpit par rapport aux fonctions 
inconnues: z, p, q, r, s, t, Ot, ~, y, 8 de deux variables independantes x et y. 
Ce systeme de Char pit est equivalent au systeme cherche des caractelistiques 

dy dz dp dq dr ds dt 
dx=--=---=--=--=---

(43) 
-m p-mq r-ms s-mt D,J/!, 0 mDyllft 

dOt d~ ~= ______ d8 ____ __ 
m (y/, Dy m + .Dyyl) It 
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On peut utiliser 1es integrales du systeme des caracteristiques pour former 
les solutions cherchees de l'equation donnee (32) (avec (34), (35) et (40)), [24]. 

3. D'apres la theorieexposee ci-haut, on do it - si 1'on associe a l'equa
tion (32), avec la condition 1,/'=1=0, une autre equation (34) avec la condition 
m=l=O-completer la coru:lition (35), obtenue pat la methode de N. Saltykow et 
aussi en egalant le determinant fl. du systeme (39) a zero, avec la condition 
(40), en s'assurant que tous les determinants du cinquieme ordre de la matrice du 
systeme (39) sont egaux a zero, c'est-a-dire affirment que les equations (32) et 
(34) sont en involution de Darboux du troisieme ordre. Dans ce cas, on doit 
completer le systeme des equations differentielles (38) avec les equations nou
velles et utiliser le systeme des caracteristiques (43). 

En ce qui concerne les equations (32) et (34), on peut resoudre deux 
problemes de Jacobi et faire la liaison entre l'integrale du systeme des carac
teristiques et l'integrale complete des equations aux derivees partielles. On peut 
aussi poser le probleme de la formatIon d'une integrale de Cauchy a l'aide 
d'une integrale complete donnee, [33]. 

6. Sur le probleme de Cauchy des systemes en involution 
de Darboux du troisieme ordre 

Dans la Note, [34], en suivant l'idee de Courant, [1], nous avons fait une 
application d'un systeme correspondant de Char pit pour obtenir l'integrale de 
Ccuchy des systemes des equations aux derivees partielles du second ordre en 
invvlution de Darboux-Lie. Maintenant, nous allons traiter d'une maniere ana
logue le probleme de Cauchy concernant un systeme en involution de Darboux 
du troisieme ordre. 

Le probleme initial pour le . systeme de Charpit. Considerons un systeme 
des equations aux derivees partielles en involution de Darboux du troisieme 
ordre d'une fonction inconnue z de deux variables independantes x et y 

-
(44) r + I(x, y, Z, P. q. s, t) = 0, z .. yy + <I> (x, y, Z, p, q,. s, t, Zyyy) = 0, 

sous les conditions 

<I>~":' I. <1>3 + I, = 0, 

D",4>+(/,/4>a) Dy 4>-Dyyl=O, 

avec: p=oz/ox, q=oz/oy. r=02z/ox2, s=iPz/oxoy, t=02Z/oy2, Z"yy=03Z/oxoy2, 
'8 = Zyyy = 03Z/oy3, Is = ol/Os, /,=ol/Ot,. 4>8=0<1>/0'8, quant aD .. , Dy' Dyy , elles 
designent les derivees correspondantes prises par rapport a x et y. 
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On peut associer, [33], au systeme (44) un systeme de Charpit de la forme 
suivante 

oz oz -+ cI>a-=P+ cI>aq, 
Ox oy 

os os 
- + cI>a- = ~ + cI>ay, 
ox oy 

(45) 

oil op 
-+ cI>a-=r+ cI>as, 
ox oy 

Of ot 
-+ cI>a-=y+ cI>a 8, 
ox oy 

oq oq , 
-+cI>a-=s+cI>a t , ox oy 

oy + cI>a oy + D. cI> = 0, 
ox oy ~ 

. or or 
-+ cI>a- = IX + cI>,,~, 

. ox oy 
08 08 
-+ cI>a-+Dy cI>=O, ox oy 

ou l'on a IX=Zxxx' ~=z.xxy, y=ZXyy' avec les fonctions inconnues z, p, q, r, s~ 
f, y, 8 de deux variables independantes 'x et y. . 

Nous supposons d'abord que les fonctions I et cI> soient telIes qu'ils. 
existent les integrales premieres distinctes suivantes 

(46) 

fi (x, y, z, p, q, s, t, Zyyy), (i=l, 2, ... , 7) 

18=r+ I (x, y, z, p, q, s, t) 

19=Y+ cI> (x, y, z, p, q, s, t, 8) 

sous la condition 

(46') 

0:1 peut obtenir ces integrales par l'integrafon du systeme d'equations. 
differentielles ordinaires suivantes 

dx.= dy = dz dp 
cI>a p + cI>aP r + cI>a s 

ds 

OU IX et ~ doivent etre exprimes par les autres variables figurant dans les 
equations (44). 

Grace aux integrales (46) l'integrale generale du systeme de Charpit (45) 
est determinee par les relations suivantes 

(47) (i = 1, 2, ... , 8) 

IT; etant des fonctions arbitraires. 
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Pour le systeme (45) on peut resoudre: 

Probleme A. Determiner les solutions 

(48) z (x, y), p (x, y), q (x, y), r (x, y), s (x, y), t (x, y), y (x, y), ~ (x, y) 

du systeme Char pit (45) con tenant la courbe donnee non caracterislique 

(C) 

de lelle maniere que ['on ail le long de la courbe (C) les conditions suivanles 

(49) 

et 

(50) 

r+/=O, y+<l>=O, 

{
dZ=Pdx+qdY, dp=rdx+sdy, dq=sdx+ Idy, 

dr=ocdx+~dy, ds=~dx+ydy, dt=ydx+~dy,. 

p=a, s=b pour x=xo' y=Yo 

ou a et b sonl des constantes donnees, mais (xo' yo)EC. 

Grace aux conditions (C), (49), (50), on peut d'abord determiner les va
leurs initiales des variables p, q, r, s, I, y,~, c'est-a-dire les fonctions suivantes 

(51) 

En vertu des conditions (49) on a pour x=xo 

et aussi 

(51') 

(51") 

z' (t') = q (t"), p' ('t") = S (t'), q' (t') = t (t'), 

r' (t") = ~ ('t"), S' ('t') = Y ('t'), t' ('t') = ~ ('t'), 

q('t')=Z'('t'), t('t')"';z"('t'), ~('t')=z'''('t'), 

S ('t') = p' ('t'), Y ('t') = p" ('t'). 

Donc, la fonction p ('t') se determine comme une solution de Cauchy de l'equa
tion differentielle ordinaire du second ordre 

satisfaisant aux conditions 

(52') 

Oll l'on suppose l'unicite de la solution du probleme de Cauchy (52)-(52'). 
Grace a la solution obtenue p ('t') du probleme (52)"':""(52') on J::wt deter

miner les fonctions s('t') et y('t'), (51'). Quant a la fonction r('t'), on a la rclz.
tion suivante 
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En utilisant les fonctions determinees (51). on peut definir les fonctions 
nouveIles Ai ('t") et les parametres auxiliaires Ut par les relations suivantes 

Ai er) ==fi [xo. T. Z (T). P (T). q (T). r (,r). s (T). I (T). Y (T)J. 

(53) Ai (T)=Ui. (i=I.2 •...• 9). 

En eliminant le parametre T entre Ies relations (53). on obtient les rela
tions bien determinees des parametres Ui 

(i=I.2 •...• 8). 

Les fonctions arbitaires [t dans l'in~egrale generale (47) doivent avoir les 
formes "lri. Done. sous les conditions (C). (49) et (50) les solutions (48) du pro
bU:me initial pour le systeme de Charpit (2) sont determinees par les formules 

(49') (i= 1.2 •...• 8). 

Alors. le procede indique resClud le probleme A. 

Le probleme initial pour le systeme en involution. Pour le systeme (44) en 
involution de Darboux du troisieme ordre on peut resoudre 

Probleme B. Les solutions (48) du systeme de Char pit (45) determinenl 
l'inte!?rale de Cauchy du systeme en involution de Darboux (44) sous les condi
tions (C) et (50). 

Pour cela. il suffit de demontrer que les fonctions (48) remplissent iden
tiquement sur la surface Z = Z (x. y) les conditions suivantes 

r (x. y) + f[x. y. z (x. y). p (x. y). q (x. y). s (x. y). t (x. y)] =0. 

y(x. y) + <I> [x. y. z(x. y). p(x. y). q(x. y). sex. y). t(x. y). 8 (x. y)]=O. 

( ) OZ (x. y) o. q(x.y)-
oz (x. y) o. p X.y_· 

ox ov 

r (x. y) 
op(x.y) 

oX 
o. sex. y)-q!,~: y) =:s(x. y)_Oq~:y) o. 

I(X. y)-
oq (x. y) 

0, y(x, y) 
os(x,y) 

y(x, y) 
rot (x, y) 

0, 
oy oy ox 

8(x,y) 
ot(x, y) o. 

oy 

La demonstration du prob/eme B se peut achever d'une maniere analogue 
comme clans le cas du systeme en involution de Darboux-Lie. [34], mais cette 
fois it l'aide du systeme de Charpil (45). 

6 
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(44) 

Exemple. Considerons le systeme 

4 
r-t--p=O, 

x 

3 1 3 1 
y+~+-s+- t+- p--x2 (x+y)=O 

x x x2 4 

en involution du troisieme ordre (pour obtenir la seconde equation du trosieme 
ordre en sachant la premiere equation du second ordre, voir le procede [35]) 
et cherchons l'integrale de Cauchy sous les conditions 

(C) 

(44') 

1 
Z=_,,3 

3 ' 

p=O, 
7 

S=--, pour xo=l, Yo=O 
12 

Dans ce cas les integrales (48) sont 

h==x-y, 

3 1 
13==p+q-xr-2xs-xt+- x5+-x4 Y. 

20 4 

1 1 1 
!.==z-x (p+q)+- X2 (r+2s+t)-- x6 __ X S y, 

2 15 10 

1 3 1 
Is=.t+-:;P--4 xy, x x 

1 3 1 1 
h=-Y--P-- t--y, 

4 x4 x3 x2 

4 
!a=r-t--p 

x 

3 1 3 1 
19= y+8 +-s+-t+- p-- x2 (x+y) 

:x x x2 4 

et les fonctions (51) sont determinees par les formules 

717 
p('r)= -12"-' q(..-)~-r2. r("-}=-3"-' s("-)=-12' t(..-}=2..-

y (..-) =0, 8(..-)=2. 
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Les solutions du probleme A s'obtiennent sous la forme 

3 1 19 
p+q-x (r+2s+ t) +- x 5+-x·y= (X_y)2+_, 

20 4 20 

1 1 1 1 19 
z-x(p+q) +-x2(r+2s+t)-- ~ __ X5 y= -- (x_y)J __ (x-v). 

2 15 10 3 60' . 

1 3 1 1 
-y--y--t--y=O, 
4 x4 X3 X2 

- -x'+-x4y-p--x(r+2s+t) =-1 [1 1 1 ] 2 
x2 12 4 2 3 ' 

4 
r-t--p=O, 

x 

3 1 3 1 
y+8+-s+-t+- p __ X2(X+ y) =0. 

X X x 2 4 

1 1 1 19 
z(x y)=_x'y __ x 2y+_y3+_y 

, 60 3 3 60' 

1 2 
p(x, y) = 12 x4 y-"3 xy, 

1 1 19 
q(x, y) =- x5 __ r+y2+_, 

60 3 60 

1 2 
r(x, Y)="3X3Y-"3Y' 

1 2 
s(x y)=- x4--x 

, 12 3' 

t(x, y) =2y, y(x, y) =0, 8 (x, y) =2 

et la surface z= z(x, y) est la solution du systeme (54), (C), (54'). 
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7. Sur les integrales des systemes en involution de Darboux du troisieme ordre 

Il s'agit, dans ce paragraphe, d'etablir la theorie de Lagrange des integra
les dans le cas des systemes en involution de Darboux du troisieme ordre, [36]. 

En etudiant les proprietes nouvelIcs pour les systemes en involution de 
Darboux du troisieme ordre nous alIons utiliser la methode de Lagrange de la 
variation des constantes dans l'integrale complete. 

Considerons un systeme en involution de Darboux 

(55) r + I (x, y, Z, p, q, s, t) = 0, z::..yy + <I> (x, y, z, p, q, s, t, Zyyy) = 0, 

6· 
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pour lequel on a a la fois identiquement 

4>ll-ls4>a+it=O, D",4>+ It Dyf'P-Dnl=O, 
f'Pa 

en designant respectivement par p, q, r, $, t, z"yY' zyy{'ls,lt' 4>a les derivees par
tielles: oz/ox, oz/oy, 02 Z/0X2, 02Z/oxoy, 02Z/oy2, 0 Z/oxoy2, 8=03 Z/oy3, ol/os, 
ol/ot, 04>/08. Quant a Dx ' Dy' Dyy elles designent respectivement les derivees 
cotrespondantes prises par rapport a x et y. On supposera que IEC2 (G) et 
f'PECl(Gl), 011 le G et Gp GCGl , sont les domaines respectifs des variables 
x, y, Z, p, q, s, t et des variables x, y, Z, p, q, s, Zyyy. 

Si l'on considere dans l'integrale complete 

(9) Z = V (x, y, Cl> ... , C6) 

avec les conditions (20), les Ci' selon la methode de la variation des cons
tantes, comme des fonctions C j (x, y) des variables x et y, l'equation (9) definit 
une integrale du systeme (55) seulement sous les conditions suivantes 

VV,C~J=O, VV""C~J=O, VVy,C~j=O 

(56) 
011 l'on a 

Vv={OV, ... , OV}, VVx={~~, ... , 02
V

}, ..• , 
oC i oC6 oxoCl ox oC6 

C;l=C"" ~;2=Cy', Cx=ro~l, ... , °0~6}, . Cy={OO~l, ... , °0~6}. 
Introduisons le symbole 

(57) ( .. k 1 )=CA (V, V"" Vy, VXY ' Vyy ) 1,11 ' ,m - LJ , 

Cp Cl' Ck ' Cl' Cm 
011 i, j, k, I, m designent les nombres entiers de 1 a 6. Gr~ce a la condition 

a:;fO, 8=0 

on peut mettre les conditions (56) sous la forme plus commode 

r oCl ) OC2 (1,3,4,5,6) -+(2,3,4,5,6 -=0, 

I o~ o~ 
oCl 4) OC3 

I 
(1,2,4,5,6)--(2,3, ,5,6 -=0, 

o~J O~j 

J oCl 3 4 6) oC4 1 (1,2,3,5,6)-+(2, , ,5, -=0, 
O~j o~J 

I 6 OCl 3 4 oCs (1,2,3,4, )--(2, , ,5,6) -=0, I o~ o~ 

l 
(1,2,3,4,5) oCl +(2, 3,4,5,6) oCs , (~l~X, ~2=Y' j= 1,2). 

O~, O~I 

(56') 
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Si les conditions 

(58) (CI,Ck+I):=<tl(Cl'Ck+I)=O, OU~Ck+I=~dCI) (k=1,2, ... ,5) 
x,y 

sont satisfaites, ~k etant Ies fonctions arbitraires, Ies equations (56') admettent 
un systeme des solutions non triviales par rapport a (i, j, k, I, m). Mais dans 
ce cas grlice a oCllo~j=FO les relations (56) nous donnent 

(59) {V V .~' =0, V V.,;~' =0, V Vy .~' =0 

VV ... y·~'=O, VVyy'~'=O, ~'{I'~l' ... ,~s} 
ou 

(59') 

(20) 

(1,3,4, 5,6) 

(2, 3, 4, 5, 6) 

(1,2,3, 5,6) 

(2, 3, 4, 5, 6) 

En vertu de la condition 

Al A' 
-=-
A Al 

, (I, 2, 4, 5, 6) 
~2 = , 

(2, 3, 4, 5, 6) 

, (1,2,3,4,6) 
~4 = (2, 3, 4, 5, 6) , 

(I, 2, 3, 4, 5) 

(2, 3, 4, 5, 6) 

(i= 1,2,3,4), 

les quotients dans les relations (59') ne sont pas independants par rapport aux 
variables x et y, et il ne reste que quatre relations bien determinees pour dUi
nir Ies fonctions ~i 

(60) ~;'(CI)=Fi(Cl> ~l' ~2' ~3' ~4' ~s' ~s'), (i= 1,2,3,4). 

A cause de ces quatre relations, iI restera une fonction arbitraire. Vintegrale du 
systeme (55) avec une fonction arbitraire est determinee par I'equation 

z = V [x, y, Cl' ~1 (Cl)' ... , ~s (Cl)] 

et par les equations (60) et V V.~' = O. Par analogie avec la terminologie de la 
tMorie de Lagrange des integrales dans le cas des equations aux derivees par
tielles du premier ordre et des equations en involution de Darboux-Lie, [20], on 
l'appelIera l'integrale generale du systeme (55). 

Si l'un des determinants (Cl' Ck+l ) est different du zero le systeme (59) 
n'a que les solutions triviales 

(1,2,3,4,5)=0, (2,3,4,5,6)=0, (1,3,4,5,6)=0, 
(61) 

(1,2,4,5,6)=0, (1,2,3,5,6)=0, (1,2,3,4,6)=0. 

Si l'on peut a I'aide des equations (61) determiner les fonctions C,(x, y), 
alors les equations (9) et (61) nous donnent une integrale du systeme (55). On 
l'appellera l'integrale singuliere de (55). 
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De cette maniere, est etablie la theotie de Lagrange des integrales dans le 
cas des systemes (55). 

On peut donner la generalisation du theOleme de Jacobi pour la theor:e 
dite de Lagrange dans le cas des systemes (55): 

Chaque solution du systeme (55) dans un domaine bien determine peut 
etre deduite de l'integrale complete, ou de l'integrale generale, ou bien elle est 
l'integrale singuliere. 

On peut resoudre pour le systeme (55) le probleme suivant de Lagrange, 
{14], [22]: 

Former I'integrale generale du systeme (55) it I'aide de l'integrale generale 
du systeme correspondant des caracteristiques. 

11 est bien connu qu'it chaque systeme en involution de Darboux-Lie cor
respond un systeme d'equations de Monge it quatre variables, [14]. Nous avons 
vu maintenant qu'it chaque systeme (55) correspond un systeme de la forme 
(60) d'equations de Monge it six variables. Cette remarque nous conduit it etu
dier comment on peut utiliser dans la theotie de I'integration d'un systeme (55) 
les resultats jusqu'ici connus pour les equations de M onge 

Fj(xp x2 ' x3 ' x4' xS ' x6 ' dx2/dxp dx3/dx1 , dx4/dxl' dxsldxp dx6/dx1)=O, 

(i = 1, 2, ... , 4). 
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