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8 Kosta Dosen

Abstract. This is an introduction to the notion of adjunction from
an abstract point of view. A systematic survey is made of various def-
initions of this notion, including two definitions not recorded in the
literature. A similar survey is also made of the definitions of comonad,
which also includes new material. Finally, the relationship between the
notion of adjunction and the notion of comonad is explained through
two adjunctions involving the category of adjunctions and the category
of comonads, where the latter category is isomorphic to a full subcat-
egory of the former. The. standard presentation of this relationship,
through the category of resolutions of a comonad, is a corollary of this
new presentation of the matter.

‘

Adjunction is one of the most important notions of mathematics, which category
theory has taught us to recognize everywhere. To put it roughly, adjunction is half
of an equivalence of categories, but taken wisely, in a “diagonal” way (cf. 2.2). This
means that, though the two categories need not be equivalent—one may be richer
than the other—something essential is not lost in passing from the richer category
to the poorer one: the two categories share a common core. A formal theorem
concerning the equivalence of subcategories of categories in an adjoint situation
reflects this fact (see [Lambek & Scott 1986, Part 0, sections 3-4] and [Lambek
1981], where rather “obscure” antecedents are found for this important principle).

A typical adjunction is when we have, on the one hand, a category A whose
objects are some algebras, like groups or vector spaces over a fixed field, with
arrows being homomorphisms (in the case of vector spaces these are linear trans-
formations), and on the other hand, the category B whose objects are sets, with
functions as arrows. From A to B goes a forgetful functor G, which assigns to an
algebra the underlying set of elements, and to a homomorphism the underlying
function. This functor has a left-adjoint functor F from B to A that assigns to
a set B the free algebra generated by B (with vector spaces, F(B) is the vector
space with basis B). In passing with G from the richer category to the poorer one,
not all information about the algebras is lost: something essential is preserved.
The set G(A) still carries some information about the algebra A from the category
A. When we apply next the adjoint functor F' to G(A), the algebra F(G(A4)) is
not the same as the initial algebra A, but it is comparable to it: there is a ho-
momorphism ¢4 from F(G(A)) to A defined by mapping the free generators to
themselves, which is a component of a natural transformation called the counit of
the adjunction. Similarly, for a set B, the set G(F(B)) is comparable to B: there
is a function g from B to G(F(B)) amounting to inclusion, which is a component
of a natural transformation called the unit of the adjunction. The categories A
and B would be equivalent if F(G(A)) were isomorphic to A, and G(F(B)) were
isomorphic to B. Of these isomorphisms, we have only halfs, chosen “diagonally”,
in opposite directions: the homomorphism ¢4 from F(G(4)) to A and the function
7B from B to G(F(B)). Moreover, arrows derived from the unit composed with
arrows derived from the counit give identity arrows: F(yp) composed with ¢ p(g)
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is the identity homomorphism on F(B), and yg(a) composed with G(p4) is the
identity function on G(A4).

This way, the forgetting of the forgetful functor is controlled. Some conclusions
we may reach by reasoning in B can be transferred back to .A. However, it seems
that the point of describing an adjoint situation is not so much to provide a tool
for proving new theorems, but rather to illuminate, clarify and systematize already
known results.

The ability to forget in a controlled manner is an important trait of rationality—
perhaps the most important one. We should forget the unessential, so as not to
be encumbered by it, and move more easily in our thoughts. But this forgetting
should be controlled: what is essential shouldn’t be forgotten. There should be
a way back: conclusions reached in the simpler context, where the unessential is
forgotten, should be applicable to the original, more complicated, context. Con-
trolled forgetting, which exists in abstraction, but not only there, is certainly a
major character of mathematical rationality, and an embodiment of it is found in
the concept of adjunction.

We can take it as a rule of thumb that behind theorems of the “if and only if”
type we should look for adjunctions. In important theorems of this type, where
in passing from one side to the other there is a gain, and where, typically, one
direction of the theorem is easy to prove and the other difficult, there should be an
adjunction that does not amount to equivalence of categories, but obtains between
a richer and a poorer category.

‘We should say, however, that not every adjunction not amounting to equivalence
need hold between a richer and a poorer category. Two functors going from a
category to this same category may be adjoints without the unit and counit giving
isomorphisms. If we have a functor H from a category .4 to a category B that has
both a left adjoint F' from B to A and a right adjoint G from B to A, then the
composite functors FH and GH from A to A are adjoints, FFH being left-adjoint
and GH right-adjoint (analogously, the composite functors HF and HG from B to
B are adjoints, HF being left-adjoint and HQG right-adjoint). Various examples of
adjunction may be found in Mac Lane’s book [1971].

This introduction to the notion of adjunction will, however, not dwell much on
examples. We shall rather try to decipher the abstract, logical, structure of this
notion. The work will be divided into five parts. After the first part, devoted to
preliminaries of category theory, we shall consider in the second part the adjunction
underlying the notion of function. Then in the third part we consider definitions of
the notion of adjunction. The fourth part is about the related notion of comonad
(we could as well have chosen to deal with monads, also called triples). In the
final, fifth part, we explain the relationship between the notions of adjunction and
comonad. :
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1. Preliminaries

Before embarking upon our consideration of adjunction, we have to review first
some elementary notions of category theory.

1.1. Foundations. Category theory is sometimes taken as providing mathemat-
ics with foundations alternative to set theory. This point of view often leads into
discussions about the size of classes, i.e., about the distinction between sets and
proper classes. Such matters are, otherwise, rather foreign to the spirit of results
about categories, which are more about structure than about size. (A presumably
germane point is made when, using ancient philosophical terminology, categories
are said to be about form, rather than substance; cf. [Lawvere 1964].) So these
discussions are usually limited to a preamble of a typical work in category theory
(such is the case, too, in the most widely cited text about categories—Mac Lane’s
book [1971]). In general, they don’t leave much trace on the mathematics in the
main body of the work, except a tendency to distinguish results that hold only for
small categories, i.e., those whose objects and arrows, not being too numerous, can
be collected into sets. These distinctions often don’t have much to do with the
import of the results, and can be somewhat distracting.

We are here approaching categories with a logical background, but we shall
neglect foundational matters. In fact, this neglect may be explained just by this
background. If we were asked about foundations, we would rely on standard set-
theoretical foundations, as they have become crystallized within logic. The objects
of the category of sets would be for us all the sets that are the elements of the
domain of a given model of first-order axiomatic set theory. Since such a domain is
itself a set, there is no problem in conceiving of the category of sets as being itself
small. So we restrict our attention to small categories only. Bigger categories than
these maybe exist, but they shall not be our concern.

1.2. Morphisms and naturalness. The dominant opinion is that the guiding
principle of category theory is to look concerning every mathematical object for
structure-preserving maps. When the object has no structure, when it is simply
a set, then the maps are all functions from sets to sets. When the object has
structure, then it may be an algebra, in which case the maps are homomorphisms,
or it may be a set with a binary relation, in which case the maps are monotonic
functions. Many other sorts of structure can be envisaged.

In model theory, stress is often put on relational or functional structures with a
single domain; i.e., relations are defined on a single set and functions are operations
on a set. Category theory, on the other hand, is concerned much more with a
plurality of domains.

Let us consider the case of relations, and let us generalize monotonicity to re-
lations between two sets. So let A and B be sets and let R € A x B. If we have
another relation R’ C A' x B', then a structure-preserving map from R to R’ would
be a pair of functions f : A = A’ and g : B — B’ such that for every a in A and
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every bin B
if a R b, then f(a) R' g(b)

(of course, a R b means (a,b) € R). When A = B, A' = B' and f = g, then we
obtain the ordinary monotonicity condition.

The standard approach is to take a function as a special kind of relation, but
we may also take the notion of function as being more primitive. Every relation
R C Ax B is associated to a function f from A to the power set of B such that a R b
iff b € f(a). To understand structure-preserving maps we shall then concentrate
on the notion of function.

Let a function pair from a pair of sets (4;, A2) to a pair of sets (A}, A}) be a
pair of functions (g1, g2) such that ¢; : A; — A} and go : A2 = A}. A structure-
preserving map from a function f : Ay — Az to a function f' : A} — A} is a
function pair (g1,g2) from (A;,Az) to (A}, A,) such that for every z in A; and

every y in A,
if f(z) =y, then f'(91()) = g2(y)-
This implication is equivalent to requiring that for every z in A;

92(f(z)) = f'(91(2)),

which means that for the composite functions the following naturalness equality
holds:

af=f'g.

We use the term morphism for function pairs that satisfy naturalness; so (g1, g2)
is a morphism from f to f’ iff naturalness holds. This defines morphisms between
functions. (Note that some authors use the term “morphism” for arrows in a
category.)

This terminology accords rather well with standard usage. For a binary operation
f: AxA — A and another binary operation f' : A'xA’ — A’, the function pair that
is an obvious candidate for a morphism from f to f'is (¢ X g,g9) whereg: A — A’
© and (g x g)(z1, z2) is defined as (g(z1),g(z2)). Such a function pair (g x g,g) is a
morphism from f to f' iff g is a homomorphism in the ordinary sense.

However, we shall speak of morphisms in ‘other situations, too, where the struc-
ture mapped is not only that of a function, but something more complicated, in-
. volving several functions, which are moreover of a special kind. Then morphisms
will not be simply function pairs, but something more involved, though analogous. -
In particular cases, we shall introduce special names for the morphisms in question.
The guiding idea will always be to impose the naturalness condition for every func-
tion involved. Since many, if not all, important structures of mathematics can be
expressed in terms of functions, and often gain in clarity by being expressed so, we
shall find the notion of structure-preserving map appropriate to these structures
by looking for naturalness conditions.

1.3: Graphs, graph-morphisms and transformations. A graph is a function
pair (3,T) from (X,X) to (Y,Y). So, S and T are both functions from X to
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Y. To help imagination, we call X the set of arrows, Y the set of objects, S the
source function and T the target function. With that terminology, the denomination
“graph” becomes justified. (In graph theory, the corresponding notion is sometimes
called “directed multigraph with loops”.)

For objects of graphs we use the letters A, B,C,..., and for arrows f,g,h,...,
with indices if needed. We write f : A — B to indicate that the source of the
arrow f is A and its target B; we say that A — B is the type of f. For graphs
we use the script letters G, H,... A hom-set G(A,B)inagraph Gis{f|f: A—
B is an arrow of G}.

An alternative way to define a graph is to identify it with a single function F
from X to Y xY. To pass from a graph (S, T) to a graph F, we have the definition

Fs.r(f) ¥ (S, T(f))-

Conversely, if we are given F, and p' and p? are, respectively, the first and
second projection function, then we define S and T by

SrH) L FE),  TrH) ¥ R(FG)).

It is clear that if we start from a graph (S, T'), define Fs 1, and then define Sx; ,.
and Tz, ;,we obtain that S is equal to Sr; , and T is equal to T'r, ;.. Analogously,
Fsz 15 is equal to F.

We shall say that the two notions of graph, the (S, T) notion and the F notion,
are equivalent. (This we do because there is an equivalence, actually an isomor-
phism, between the category of (S,T) graphs and the category of F graphs, as
we shall see in 1.5.) The equivalence of two notions does not always mean that
the two notions are coeztensive, i.e., that they cover exactly the same objects, as
the notions of equilateral and equiangular triangles are coextensive. The (S, T)
graphs and the F graphs are strictly speaking different objects, though they are in
one-to-one correspondence. On the other hand, equivalence is more than just this
one-to-one correspondence. The concept of equivalence of notions will be explained
in detail in 1.5 (after we have introduced the notion of equivalence of categories).

A binary relation on Y may be identified with a graph F that is a one-one
function. We can then forget about X, and consider just the image of F, i.e., a
subset of Y x Y. If a binary relation is a set of ordered pairs, a graph is a family
of ordered pairs indexed by the arrows, a family where the same ordered pair may
occur several times with different indices. In other words, a graph is a multiset of
ordered pairs.

If a graph is a function pair (S, T'), then the appropriate notion of morphism is
the following. Suppose S and T are functions from X to Y, while S’ and T" are
functions from X' to Y'. Then as a morphism from G = (S,T) to #H = (S',T") we
can take a function pair (Mx, My) from (X,Y) to (X',Y") such that naturalness
is satisfied, i.e.

My(S(f)) =S'(Mx(f)),  My(T(f)) =T'(Mx(f))-
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This means that arrows f : A — B of G are mapped to arrows Mx(f) : My(4) =
MY (B) of H. As usual, we shall omit the subscripts from Mx and My, referring
to both by M. We shall also find it handy to omit parentheses from M(A4) and
M(f); instead we write M A and M f.

So a graph-morphism M from G to H will be a pair of functions, both written
M, assigning, respectively, to every object A of G an object M A of #, and to every
arrow f: A3 Bof Ganarrow Mf: MA— MB of H.

A graph-morphism M from G to H is faithful iff for every pair (A, B) of objects
of G and for every pair (f : A - B, g: A — B) of arrows of G if Mf = Mg in
H, then f = g in G; this means that M restricted to the hom-sets G(A4, B) and
‘H(M A, M B) is one-one. A graph-morphism M from G to H is full iff for every pair
(A, B) of objects of G and for every arrow g : MA — MB of # there is an arrow
f : A = B of G such that g = M f; this means that M restricted to the hom-sets
G(A,B) and H(MA, MB) is onto. Note that if a graph-morphism is one-one on
objects, then it is faithful iff it is one-one on arrows, and if it is onto on objects,
then it is full iff it is onto on arrows. ‘

A graph-morphism is an embedding iff it is one-one both on objects and on
arrows, and it is an isomorphism iff it is a bijection both on objects and on arrows.

A graph G is a subgraph of a graph # iff there is a graph-morphism M from
G to H that is the inclusion function both on objects and on arrows; M is called
the inclusion graph-morphism from G to H. This means that the objects of G are
included among the objects of H and the arrows of G among the arrows of #, and
for every object A of G the object M A of H is A, while for every arrow f of G
the arrow M f of H is f. Moreover, since M is a graph-morphism, the arrows of
G have in 7 the same sources and targets as in G. The inclusion graph-morphism
M is an embedding, and a fortiori it is faithful. A subgraph is full iff the inclusion
graph-morphism is full.

The identity graph-morphism Ig from a graph G to G is the identity function
both on objects and on arrows. If we have a graph-morphism M from a graph G
to a graph H and a graph-morphism N from a graph A to a graph .7, then we
have the composite graph-morphism NM from G to J obtained by composing the
functions M and N, on objects and on arrows. :

Let M and N be graph-morphisms from a graph G to a graph H. A transfor-
mation from M to N is a family 7 of arrows 74 : MA — NA of M, indexed by
the objects A of G. More precisely, a transformation 7 is a function from the set
of objects of G to the set of arrows of #, with values 7(A4), which is written 74,
of type MA — NA. Note that a transformation need not be one-one (i.e., for
different objects A and B of G, the arrows 74 and 75 may be equal, provided M A
is MB and NA is NB).

A slightly more general notion than transformation is obtained by assuming that
M and N are only functions from the objects of G to the objects of H, everything
else being as for transformations. We shall have two occasions to rely on this notion
of objectual transformation (see 3.6 and 4.5).
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1.4. Deductive systems, functors, natural transformations and categories.
An identity 1 in a graph § is a family of arrows 14 : A = A of G, indexed by the
objects A of G. In other words, 1 is a transformation from I to Ig. The arrows
14 are called identity arrows. )

A composition o in G is a function that to every pair (f: A— B, g: B C) of
arrows of G assigns an arrow go f: A— C of G.

A deductive system is a triple (D, 1,0) where D is a graph, 1 is an identity in D
and o is a composition in D. The identity and composition of different deductive
systems will always be denoted by the same symbols 1 and o, assuming it is clear
from the context to which deductive system they belong. (The term “deductive
system” was introduced by Lambek because of an obvious analogy with logical
consequence. This analogy, which is not superficial, is at the base of categorial
proof theory, see [Lambek & Scott 1986] and [D. 1996, 1997)].)

A functor F from a deductive system (D, 1,0) to a deductive system (£,1,0) is
a graph-morphism from D to £ that satisfies

(funl) Fla=1p4,
(fun2)  F(go f)=FgoFf.

These two conditions are just naturalness conditions for morphisms of identities
(where identities are understood as functions) and morphisms of compositions.

An embedding of deductive systems is a graph-morphism that is a functor and
an embedding, and an isomorphism of deductive systems is a graph-morphism that
is a functor and an isomorphism. A deductive system (D, 1, 0) is a subsystem of a
deductive system (£, 1, o) iff there is a functor from (D, 1,0) to (£, 1,0) that is an
inclusion graph-morphism from D to £. As for subgraphs in general, a subsystem
is full iff the inclusion graph-morphism is full.

It is clear that the identity graph-morphism Ip on the graph D of a deductive
system (D, 1,0) is a functor; it is called the identity functor. It is also clear that
the composite graph-morphism GF is a functor when F' and G are functors.

Let M and N be graph-morphisms from a graph G to a graph H. If H has a
composition o, and, a fortiori, if A is the graph of a deductive system (#,1,0),
then a transformation from M to N is natural iff the following equality holds for
every arrow f : A= B of G:

(nat) 7poMf=Nfora.
IfEMf, Nf, T4 and 7p are functions and o is functional composition, (nat) is the
naturalness condition for the morphism (74, 7g) from M f to N f.
A deductive system is a category iff the following equalities hold between its

arrows:

(catlright) fola=f,

(catlleft) 1o f = f,

(cat2) (hog)of=ho(gof).
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A subcategory is a subsystem of a category.

Often, we denote a deductive system (D, 1,0) simply by D, taking the identity
and composition for granted, provided it is clear from the context that we have
in mind a deductive system, rather than simply a graph. We do the same for
categories. If, however, we need to emphasize the difference between a deductive
system and its graph, we use the notation (D,1,0).

Note that our notion of functor is slightly more general than the usual notion,
which is given for categories only, whereas ours apply to arbitrary deductive sys-
tems. Note also that our notion of natural transformation is likewise more general
than the usual notion, which is given for functors M and NV from a category G to
a category H.

1.5. Equivalence of categories. If a graph is a function pair (S,T), then
a possible notion of morphism between graphs is not only our notion of graph-
morphism, but also a more general notion, which we shall now introduce.

Let (f, h) be a function pair from (A4, B;) to (Az,B2) and (f’, k') a function
pair from (A}, B}) to (A5, B). A morphism from (f, k) to (f',h’) is then simply
two function pairs, (g1,92) from (A4;,A2) to (A4}, A}), which is a morphism from f
to f', and (k1,k2) from (B;, B2) to (Bi, B}), which is a morphism from h to k. If
(f,h) and (f',h’) are graphs, then A; =By = X,Ay =B, =Y, Al = B; =X/,
A} = B; =Y, but we could keep the same notion of morphism. Let us call these
morphisms of graphs double morphisms.

A graph-morphism as we have defined it in 1.3 is a double morphism where
g1 = k; and g» = k2. With double morphisms in general we would have
a function pair (Mx,My) that in virtue of naturalness preserves sources, i.e.,
My (S(f)) = S'(Mx(f)), and another function pair (Nx,Ny) that in virtue of
naturalness preserves targets, i.e. Ny(T'(f)) =T'(Nx(f)).

On the other hand, if a graph is a function F from X to Y x Y, then a possible
notion of morphism is not only our notion of graph-morphism, but also another
generalization of this notion. Namely, we would have a function pair (Mx, My xy),
where My is, as before, a function from X to X', but Myy is a function from
Y xY to Y’ xY'. So pairs of objects are mapped to pairs of objects. The required
naturalness condition is

Myxy(F(f)) = F'(Mx(f))-

Let us call these morphisms of graphs single morphisms. A graph-morphism is a
single morphism where My xy is defined as My x My in terms of a function My
from Y to Y; for My x My we have

(My x My)(A, B) = (My(A), My(B)).

The notion of graph-morphism is a common denominator of double and single
morphisms, which can serve for either notion of graph.
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An arrow f : A = B in a category is an isomorphism iff there is an arrow
g : B = A, called the inverse of f, such that go f =14 and fog = 15. Two
objects A and B are isomorphic iff there is an isomorphism f of the type A — B.
A natural transformation 7 is a natural isomorphism iff 74 is an isomorphism for
every A.

Two categories A and B are eguivalent iff there is a functor F from B to A and
a functor G from A to B such that there is in .4 a natural isomorphism from F'G to
I4 and there is in B a natural isomorphism from GF to Ig. An equivalence of cat-
egories where these natural isomorphisms are identities boils down to isomorphism
of categories as we have defined it in the preceding section.

It is easy to show that the category of graphs in the (S, T') sense (i.e., the category
whose objects are these graphs) with graph-morphisms as arrows is isomorphic to
the category of F graphs with graph-morphisms as arrows. Hence, these categories
are also equivalent. This justifies our saying that the two notions of graph are
equivalent. In general, two notions are to be called equivalent iff they cover objects
of two categories that are equivalent.

When two notions are equivalent, it is common to say that we have just two
formulations of the same notion, or that the same notion is defined in alternative
ways.  Formulations are then called equivalent, rather than notions. We will often
speak in this less formal way, too.

Consider, now, the category of (S,T) graphs with double morphisms as arrows
and the category of F graphs with single morphisms as arrows. These two categories
are not equivalent, and neither of them is equivalent to the category of (S,T)
graphs with graph-morphisms as arrows, or the category of F graphs with graph-
morphisms as arrows. So, to determine whether two notions are equivalent, it is not
enough to find a bijection between the objects that fall under these notions. We also
have to find the appropriate morphisms, and prove an equivalence of categories.

With the notions that will be found equivalent later in this work we will find
mostly isomorphisms of categories, rather than simply equivalences. We stick, how-
ever, to the terminology of “equivalent notions”, because this way of speaking is
more common (“isomorphic notions” would be a neologism), and because equiva-
. lence of categories catches well the intuitive idea of equivalence of notions.

2. Functions redefined

The notion of adjunction presupposes the more elementary notion of function,
whose importance and ubiquity in mathematics are, of course, not necessary to
mention, let alone justify. We want to show, however, that underlying the notion
of function there is an adjunction, and that this adjunction characterizes completely
the notion of function. This will serve as another corroboration of the slogan that
adjointness arises everywhere.

The standard definitions of the general notions of function, onte function and
one-one function don’t exhibit clearly the regularities and symmetries of these



An introduction to adjunction 17

notions. It is not immediately clear from these definitions, without some deducing,
that

(1) the property of being a function is made of two components exactly dual to
the onto and one-one properties (they go in the opposite direction),
(2) the onto and one-one properties are dual to each other.

There are definitions of these notions that exhibit immediately (1) and (2), but
these definitions are rarely and cryptically mentioned (the earliest reference for
them I know of is [Riguet 1948, p. 127]). On their own, these definitions are quite
simple. I believe that their ingredients belong to the folklore and sometimes crop
up as exercises in textbooks. However, the general picture they provide seems to
be missing in the standard textbook approach. Many students of mathematics
probably stay pretty much in the dark about (2), and perhaps even (1); many are
probably surprised when, after having known for some time about onto functions
and one-one functions, they learn about (2) via the cancellation properties of epi
and mono arrows in category theory. :

I don’t wish to suggest that these nonstandard definitions should supplant the
standard ones—especially not for a first exposure to the defined notions. I suppose,
however, that at some point in the study of mathematics one should get a systematic
picture such as will occupy us here.

2.1. The standard definition of function. A binary relation is a set of ordered
pairs R together with some specified domain D and codomain C such that R C
D x C. We speak here only about “relations”, the epithet “binary” being tacitly
presupposed, and, as usual, we write z R y for (z,y) € R.

A function from D to C is a relation R C D x C such that for every z in D
there is ezactly one y in C for which z R y. It is easy to deduce that RC Dx C'is
a function iff

(lefé-total) for every x in D there is at least one y in C such that z R y,

(right-unique) for every z in D there is at most one y in C such that z R y.
A function R C D x C is onto iff

(right-total) for every y in C there is at least one = in D such that zR y,

and it is one-one iff

(left-unique) for every y in C there is at most one x in D such that z R y.

For a relation R C D x C the conjunction of (right-total) and (left-unique) is
equivalent to asserting that for every y in C there is ezactly one z in D such that
z R y. So, after a little bit of deducing, we obtained (1): the onto and one-one
properties are the two components of functionality, but going from the codomain
to the domain; functionality in the direction from the domain to the codomain is
made of two completely analogous, dual, components.

What is still not quite evident is (2); namely, that the onto and one-one proper-
ties are also dual to each other. That “at least one” is dual to “at most one” may
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be gathered from the fact we can express that a set A is a singleton by the conjunc-
tion of “for some z; and z; in A, z; = z2” (which amounts to “there is at least
one member of A”) and “for every z; and z; in A, 2, = z,” (which amounts to
“there is at most one member of A”). When we deal specifically with functions, the
duality between the onto and one-one properties is exhibited in category theory by
showing that the first property amounts to cancellability on the right in functional
composition, while the second property amounts to cancellability on the left. How-
ever, as we shall see in 2.3, if we assume functionality neither for R C D x C nor
for the converse set of ordered pairs, we cannot exhibit in this manner the duality
between (right-total) and (left-unique), or between (left-total) and (right-unique).

2.2. The square of functions. The definitions below will enable us to see the
duality mentioned at the end of the preceding section in a different, more basic,
manner—without extra assumptions concerning R C D x C. They will also display
clearly the connection between the onto and one-one properties and functionality.

Let R~ C C x D be the relation converse to R C D x C, ie, RT is
{(y,z) | R y}, and let Ry o Ry be {(z,y) | for some z, z R, z and z R, y}. (For
the composition of R; with R, we write Ry o Ry, rather than R; o Ry, so as not to
deviate from standard usage when we come to functional composition. This stan-
dard usage is unfortunate—it clashes with our inclination to read other things from
left to right—but it is hard to fight against. Anyway, what we have to say about
functions does not depend upon reforming the notation for functional composition.)
Next, for every set A, let 14 be {(z,z) | z € A}.

Then consider the following properties a relation R C D x C might have:

(left-total) 1pCR"oR  (right-total) RoR" 21¢
(left-unique) 1p DR oR  (right-unigue) Ro R“ Cl¢

We pass from left to right in this square by replacing R by its converse R (of
course, R+ is equal to R). We pass from the upper row to the lower row by
replacing an inclusion by the converse inclusion.

The diagrams in the figure below illustrate the four properties in the square.
Solid lines are in the antecedents and dotted lines in the consequents. For example,
the upper left diagram is read as follows: “If z, is equal to z2, then we have arrows
going from them to the right towards a point y.” Since every point is equal to itself,
this means that for every point in the domain we have at least one arrow going
towards the codomain whose source is this point—the two dotted R arrows become
one. The lower right diagram is read: “If we have arrows with the same source
z, then their targets y; and y, are equal.” So at most one arrow can start from a
point of the domain—the two solid R arrows become one. It is easy to check with
the help of these diagrams that the properties in the square are equivalent to the
previously introduced properties that bear the same names.
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Functions are defined by the properties in the upper left and lower right corners
of our square. With onto functions we cover the upper row and the lower right
corner, and with one-one functions the lower row and the upper left corner. A
relation R C D x C satisfies the properties in the upper right and lower left corner
iff the converse relation R* C C x D is a function. Our square displays the duality
between the onto and one-one properties, as well as the way how these properties
are connected with functionality.

Each corner of the square is “one quarter” of a bijection, i.e., one-to-one cor-
respondence. The notion of function involves half of these corners in a diagonal
way. An explanation for this judicious choice is given in 2.4 below, when we talk
of adjunction.

2.3. Cancellability of relations. Let us now consider how the properties from
the square are connected with cancellation properties for relations in relational
composition. A relation R C D x C' may satisfy the property
(right-cancellable) for every S; and Sa, if S; o R C S; 0 R, then S; C S,,
where S; € C x A and Sz C C x A for some set A, or the property
(left-cancellable)  for every S; and S, if RoS; C Re Sz, then S; C S,,
where S; C AxD and S2 C Ax D for some set A. Note that (right- cancellable) and
(left-cancellable) are equivalent, respectively, to the properties obtained by replacing
C in them by = (to show that, we may use (S; USz2) o R = (S; o R)U(S2 o R) and
Ro(S1US3) = (RoS1)U(RoS,); with U replaced by N we have the inclusions
from left to right of these two distributions, but the converse inclusions may fail).

Since for every relation R we have R C RoR* oR, it is easy to verify that (right-
cancellable) implies (right-total), but for the converse implication we only have
that the conjunction of (right-unique) and (right-total) implies (right-cancellable);
neither (right-unique) alone nor (right-total) alone does so. (Let D = {d}, C =
{e1,¢2} and A = {a}; then for R = {(d,c2)}, S1 = {(c1,a)} and Sz = @, we have
that (right-unigue) holds, while neither (right-total) nor (right-cancellable) does,
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and for R = {(d,c1),(d,c2)}, S1 = {(c1,a)} and Sz = {(cz,a)}, we have that
(right-total) holds, while neither (right-unique) nor (right-cancellable) does hold.)
We also have that the conjunction of (right-unique) and (left-cancellable) implies
(left-unique), whereas (left-cancellable) alone does not (provided A is allowed to be
empty). Of course, we obtain something quite analogous if in all these implications
we replace everywhere “right” by “left” and “left’ by “right’.

So if R is a function, then (right-cancellable) is equivalent to (right-total) and
(left-cancellable) is equivalent to (left-unique), but if R is not a function, these
equivalences may fail.

2.4. Function and adjunction. Finally, let us try to justify the choice of
properties from the square that enter into the definition of function. For RC DxC
a relation, A a subset of D and B a subset of C, let R(A) be the set {y € C |
for some z € A, zR y} and R (B) the set {z € D | forsomey € B, zRy}. If
P(X) is the power set of a set X, then for every relation R C D x C, we have two
functions R : P(D) — P(C) and R* : P(C) — P(D), monotonic with respect to
C. We can easily verify that (lefi-total) is equivalent to

€2 for every A C D, A C R (R(4)),
while (right-unique) is equivalent to
() for every B C C, R(R“(B)) C B.

On the other hand, () is equivalent to the left-to-right implication and () to the
right-to-left implication of the equivalence

) for every A C D and every B C C, R(4) C B iff A C R*(B).

So, R and R* establish a covariant Galois connection between (P(D),C) and
(P(C),C) iff R C D x C is a function. In more general terms, for the preorders
(P(D), C) and (P(C), C) understood as categories (objects are subsets of D and C,
and arrows exist between these objects whenever inclusion obtains), the functors
R and R together with the natural transformations induced by () and (p) make
an adjunction, where R is left-adjoint and R* right-adjoint, the natural transfor-
mations of () and () being, respectively, the unit and counit of the adjunction.
We have this adjunction if and only if R C D x C is a function. (The “if” part of
this equivalence is stated in [Mac Lane 1971, p. 94].)

For every relation R C D x C we have that
(**) forevery AC Dandevery BCC,R(A) CBif ACD-R"(C - B).

(1 am indebted to Aleksandar Lipkovski for having drawn my attention to (**) with
his note [1995], where it appears in the equivalent form

for every AC D andevery BCC,R"(B)C Aiff BC C-R(D - A))
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We also have that R C D x C is a function iff
(***) for every BC C, R*(B) =D - R*(C - B).

So, underlying the Galois connection of (*) there is a Galois connection of wider
scope, but less pleasing. (The equivalence (**) is implicitly present in temporal
logic through the connection between future necessity and past possibility. The
equality (***) is also to be found in modal logic, when the functionality of the
accessibility relation of Kripke models makes necessity and possibility coincide;
see, for example, [Hughes & Cresswell 1996].)

The equivalence “R C D x C is a function iff (*)” may hardly serve as an
alternative definition of the notion of function, since this notion is presupposed in
the definitions of the mappings, or functors, R and R*. However, the adjunction
in this equivalence may help to explain why the notion of function, rather than
some other notion (for example, the notion of partial function, without left totality,
or the notion of onto function, with right totality), is so important in mathematics.
Conversely, if we are already convinced of the importance of the notion of function—
as we should be—our equivalence may explain why Galois correspondence and
adjointness are important.

3. Definitions of adjunction

We shall now survey the standard definitions of adjunction. However, rather than
simply rehash familiar matters, we present also two presumably new definitions of
this notion.

One is a definition that does not economize on primitives. It takes as primitive
notions the two adjoint functors, F and G, and both the natural transformations
that are the counit and unit of the adjunction and the two bijections between the
hom-sets A(FB,A) and B(B,GA). Usually, if the counit and unit are primitive,
the bijections are defined, and vice versa. Having both kinds of notions primitive,
together with the adjoint functors, enables us to formulate the specific equalities
between arrows one finds in adjointness as a series of equalities defining one of
these notions in terms of two remaining notions. These definitional equalities make
a regular pattern, which should clarify standard definitions of adjunction.

‘We shall compare this uneconomical, but regular and simple, definition to stan-
dard definitions of adjunction (like those that may be found in MacLane’s book
[1971, IV]), and show that the notions defined are equivalent. Among the standard
definitions we favour those that, like the uneconomical definition, are equationally
presented. We also envisage defining adjunction in a more general kind of context—
in particular, a context where F' and G may fail to be functors because they don’t
satisfy (funl), but only (fun2). That is, F and G are only semifunctors (cf. 3.4
below).

In 3.7 we consider the other nonstandard definition of adjunction. This one
is, on the contrary, an economical definition, where only the functions F and G
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on objects and the bijections between the hom-sets A(FB, A) and B(B,GA) are
primitive. So neither of the adjoint functors F and G is taken as primitive. This
economical definition simplifies one of the standard definitions.

3.1. Primitive notions in adjunction. Let A and B be two graphs. The objects
of A will be designated by A, A;, A,..., and the arrows of A by f, fi, fo,.-.,
while the objects of B will be designated by B, By, Bs,. .-, and the arrows of B by
9,91,92.--

Let F be a graph-morphism from B to A and G a graph-morphism from A to
B. When we need it for emphasis, we shall write F* and G° for the functions on
arrows, and F° and G° for the functions on objects, of the graph-morphisms F and
G. However, in most cases we will, as usual, omit these superscripts.

Let ¢ be a transformation from the composite graph-morphism FG to the iden-
tity graph-morphism I 4 and + a transformation from the identity graph-morphism
Ip to the composite graph-morphism GF. (Remember that, as defined in 1.3, a
transformation is a family of arrows like a natural transformation for which we
don’t assume (nat).)

Finally, for every pair of objects (A, B) (where, according to our convention, A is
from A and B is from B), let 5,4 be a function assigning to an arrow g : B -+ GA
of B the arrow ®p a9 : FB - A of A, and let ' 4 be a function assigning to an
arrow f : FB — A of A the arrow I'g of : B = GA of B. We denote by & the
family of all the functions &p 4 and by I’ the family of all the functions I'p 4; we
call the functions in these families the seesaw functions.

Consider now the following six notions we have just introduced:
the functions on arrows F* and G°,
the transformations ¢ and «,
the families of seesaw functions ® and I'.

If (A,1,0) and (B,1,0) are deductive systems, each of these notions can be
defined in terms of other two notions from the list (with the help of the identities
and compositions of (4,1, 0) and (B, 1, 0)) by the following equalities:

for g: By =B, for f: Ay = A,
(F®) Fg=%B,rB,(7B,°9), (G*)  Gf=Tga,a(foph),
(¢)  va=264,4G14, (1) v = 'B,rpFlp,

forg: B— GA for f: FB —A
(8) @®Bag=ypacFy, (T) - T'paf=Gfons.

The definitional dependences among these notions can be read off from the fol-
lowing hexagonal figure.
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Y G

The notion in each vertex is definable in terms of the two notions in the neigh-
bouring vertices on the left and on the right. For example, F'¢ is definable in terms
of v and ®, while & is definable in terms of F* and ¢, etc. On the left-hand side
of the hexagon we have F' and its Greek correlates, while on the right-hand side
we have G with its Greek correlates. Vertices on the big, undrawn, diagonals have
labels of the same type: (F®,G?), (®,I') and (¢,7).

The small, dotted, diagonals are drawn to indicate possible choices of primitives,
in terms of which all the six notions can be defined. In the following table we
indicate with + the notions taken as primitive by the choice named in the leftmost
column.

FeG oy T @
hexagonal + 4+ ++ + +
rectangular || { + + + +
rectangular \\ | + + + +
rectangular // + + 4+ +
triangular > + + +
triangular < + + +

Besides these choices, there are six uneconomical pentagonal choices, with five
primitives, and six more uneconomical choices with four primitives, obtained by
adding a vertex to one of the triangular choices (so, altogether, we have 18 choices).
What can be said about these additional uneconomical choices should be easy to
infer from what is said below about the rectangular and triangular choices; so we
shall not consider them separately. (In 3.7 below, we shall find one more choice,
very economical, with only ® and I' primitive; however, this choice is based on
slightly different definitional equalities.)

The hexagonal definitional pattern above becomes even more regular if we take
into account the identities and compositions of the deductive systems .4 and B. For
the composition of A4, let us introduce the following notation

L{(f1) = RA(f2) = fao fi,

and analogously for the composition of B. Next, let 14 and 12 be the identities of
A and B, respectively.
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Then the definitional equalities above become

(F*) Fg=@&LBg, (G") Gf=TR}f,
(¢¥) ¢=%G1%, () y=TF15
(®) 2g= L.:ng (fy Tf= R»?Gfr

where, to make matters clearer, we have omitted parentheses and subscripts refer-
ring to objects. Our hexagonal figure with these additional notions involved in the
definitions looks as follows.

3.2. Hexagonal adjunction. The hexagonal choice of primitives of the pre-
ceding section is interesting because we can define adjunction as follows. The
conditions

(A,1,0) and (B, 1, o) are categories,

F and G are functors,

@ and v are natural transformations,

® and I are families of seesaw functions,

(F*),(G*), (#): (1), (2) and (T) hold

are satisfied iff the functors F' and G are adjoint, F' being left adjoint and G right
adjoint. The natural transformations ¢ and <y are respectively the counit and unit
of the adjunction (often written € and 7).

In the next sections we shall verify that this notion of adjunction is indeed
equivalent to the more usual ones, behind which stand more economical choices of
primitives from the table above.

Note that if we replace the equalities (¢) and () by the equalities

(‘po) fowa, = QGAI’A2Gf’ (’Yo) VB, 09 = I‘BI,FBngi

for f: Ay =+ Ay and g : By — B,, then the condition that the transformations
¢ and v are natural becomes redundant. The equalities (¢°) and (y°) are an
immediate consequence of (®), (I' ) and (nat) for ¢ and 7. On the other hand,
these two equalities yield (o) and (v) in the presence of (catlleft) and (catlright).
However, (¢°) and (7°) are not exactly definitions of the transformations ¢ and 1,
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but rather definitions of composing with ¢ on the right and + on the left (i.e., of
Rﬁ and Lg).

3.3. Rectangular || adjunction. Suppose
(A,1,0) and (B, 1, 0) are categories,
F° and G* satisfy (fun2),
(®) and (T') hold.
Then the equalities (%), (G*®), (¢) and (vy) are interderivable with the equalities

(p7F) ¢rpoFqp =Flp, (pYG) Gpaovga =Glya,
(pl) paoFGls=py4, (1) GFlpovyp =18,
from which ¢ and I are absent.
Let us first derive the latter equalities from the former. For (¢yF) we have

¢rB °o Fyp = ®p,rp7B, by(®)
= F1p, by (catlright) and (F*).

For (1) we have
pao FGl, = ‘PG4,AG1Ay by (2)
= pa, by (¢).

We proceed analogously for (¢yG) and (v1).
Conversely, we derive (F') as follows:

®5,,FB,(7B, © 9) = (¢FB, © FvB,) o Fg,by (8), (fun2) and (cat2)
=F]-Bz oFg,by (WF)
= Fg, by (fun2) and (catlleft).

For () we use (®) and (¢1), and we proceed analogously for (G*) and (v).
_In the standard definition of adjunction with the rectangular || choice of primi-
tives we have that
(A,1,0) and (B, 1, 0) are categories,
F and G are functors,
v and v are natural transformations,
® and T may be defined by (®) and (T),
(¢yF) and (¢¥G) hold.
In fact, instead of the equalities (¢yF) and (pyG) we usually have the equalities
obtained from them by replacing the right-hand sides with 1rp and 1g4, respec-

tively. These other equalities clearly amount to (¢pyF) and (¢yG) in the presence
of (funl) for F* and G°.
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With this standard definition of adjunction, the equalities (¢1) and (v1) follow
either from (funl) for F* and G*, or from the assumption that ¢ and v are natural
transformations (together with (catlright) and (catlleft)). This is enough to con-
clude that the notion of adjunction of the preceding section is indeed equivalent to
the standard notion with the rectangular || choice of primitives.

3.4. Rectangular \\ adjunction. Suppose
(A, 1,0) and (B, 1,0) are categories,
F*° and G° satisfy (fun2),
(¢) and (v) hold.
Then the equalities (F*), (G%), (®), (T') and (nat) for ¢ and 4 are interderiv-
able with the following equalities (in which, since we have (cat2), we don’t write

parentheses in compositions, and the subscripts of ® and I are omitted so as not to
encumber notation excessively; these subscripts can be recovered from the context):

»
(BT) @(GfsoTfaogi) = faofaoFg1, (I'®) T(fzo®gioFgi) =G fsogiog,
(22) 2(Gfsog2091) = f308g20Fg1, (IT) T(fsofs0Fg1) =Gfsol frog,
(BF) ®goFlpg = ®g, (TG) Gl40oTf=Tf.
In these equalities ¢ and « don’t occur.

Equalities like these were considered in [Hayashi 1985] and [Hoofman 1993,
which deal with notions of adjoint semifunctors, i.e., graph-morphisms satisfying
only (fun2), and not necessarily also (funl). (Note that at the beginning of the
preceding section we also didn’t assume (funl) to find equalities without ® and T’
equivalent to (F*), (G%), () and (7).)

In the standard definition of adjunction with the rectangular \\ choice of prim-
itives we have that _

(A,1,0) and (B, 1,0) are categories,

F and G are functors,

® and I are families of seesaw functions,
@ and vy may be defined by (¢) and (v),
the following equalities hold:

(@I') erf=f, (I®) Idg=g,
(2%) 2(g20g1) =2g20Fgy,
(29") ®(Gfog)= fodg.

The equalities (2®’) and ($$") can be replaced by

(IT) T(fz0fi)=Gf20oTfi,
(IT") T(foFg)=Tfog.
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It is easy to see that, due to the presence of (funl) for F¢ and G, the equalities
(81"), (T'®'), (#9’') and ($%") amount to (¥®), (I'T), (2), (I'®), (2F) and (I'G).
In this standard definition of rectangular \\ adjunction, ($#®’) can be replaced
by
®g = ®lga o Fy,
an equality that in the presence of () and (funl) for G* amounts to (). Analo-
gously, (I'T') can be replaced by an equality that in the presence of ('y) and (funl)
for F* amounts to (I'):
I'f=Gfollp,.

The equalities ($®’) and ($@") can be replaced by the implication
ifg2091 =Gfog,then $g20Fg = fodg

(to show that we use (catlright), (catlleft) and (funl) for F* and G®). Analogously,
(TT') and (I'T") can be replaced by the implication

if foofi=foFg,then Gfyol'fy =I'fog.

With these implications, which are involved in Lawvere’s definition of adjunction
as an isomorphism of comma categories (see [Mac Lane 1971, p. 84, Exercise 2, and
p. 53]), we abandon, however, the equational style of defining adjunction favoured
here.

3.5. Rectangular // adjunction. If A and B are deductive systems that satisfy
(catlright) and (catlleft), and (F*) and (G*) hold, then it is clear that the equalities
(¢), (7), (@) and (T') are interderivable with the equalities

va=®gaalca,apa4, v8 =TI's,rp®B rB78B,
®B,49 =9a°®B Frca(Yca09), Is,af =TerB,a(f°vrB)° 7B,

from which the functions F'* and G® are absent. (The equalities in the first line
are instances of (®I") and (I'®’), respectively.) However, there doesn’t seem to be
a standard definition of adjunction with the rectangular // choice of primitives,
which would be based on equalities such as these. Standard definitions take the
adjoint functors F and G, or at least one of them, as primitive. In 3.7, we shall
consider a definition of adjunction where neither of the functions F'¢ and G° is
primitive.

3.6. Triangular adjunction. Suppose

(A,1,0) and (B, 1, 0) are categories,
F*° satisfies (fun2),

¢ satisfies (nat),

(G*), (v) and (®) hold.
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Then the equalities (F'), (¢), ('), (fun2) for G* and (nat) for « are interderivable
with the equalities

B) ¢aoFTpaf = foFlp,
(TT")  Tp,a(foFg)=Tg,afog,
from which G¢, 4 and & are absent. Note that again we have not assumed (fun1)
for F¢ (nor for G%).
The equality () could be replaced above by

paoF(Tpafog)=foFy,

while in the presence of the assumptions that A is a category, that F® satisfies -
(fun2) and that (G°) and (8) hold, the equality (nat) for ¢ is replaceable by

paoFlga = pa.

This last equality follows, of course, from (catlright) and (funl) for F°.

In the standard definition of adjunction with the triangular choice of primitives
we have that

{A,1,0) and (B, 1, 0) are categories,

F is a functor and G° is a function on objects,

@ is an objectual transformation,

I’ is a family of seesaw functions,

G°, v and ® may be defined by (G?), (y) and (®),
the following equalities hold:

(B')Y waoFTpaf=/f,
) TBa(pacFg)=g.

Remember that an “objectual transformation”, as specified in 1.3, is like a trans-
formation between functions on objects, instead of graph-morphisms. We didn’t
assume that G° belongs to a graph-morphism; so, to be precise, we can say on-
ly that y is an objectual transformation from the composite function F'G on the
objects of A to the identity function on the objects of A.

Note that in the presence of (®), the equalities (8') and (1) can be written as
(#I") and (I'®’). (The names “B” and “y” come from the adjunction of carte-
sian closed categories, where the corresponding equalities are related to 8 and g
conversion in the typed lambda calculus.)

It is clear that with (catlright) and (funl) for F® the equality (3) amounts to
(B8")- On the other hand, (I'T"), (catlleft) and

(Ty) Tgaapa=1ga
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yield (n), while, conversely, from (8'), (1), (cat2) and (fun2) for F* we obtain
(I'T"), and from (n), (catlright) and (funl) for F® we obtain (I'p ). The equality
(') implies in the presence of (G?) that ¢ satisfies (nat).

The equality (n) is replaceable by the implication

if a0 Fg= f, then g =Tp af,

which together with (8’) is tantamount to asserting that there is a unique g such
that ¢4 o Fg = f. The definition of adjunction via a solution to a universal arrow
problem is based on that (see [Mac Lane 1971, IV.1, p. 81, Theorem 2(iv)]).

Since (') is replaceable by the converse implication, and since we have (), we
could assume instead of (3') and (n) the equivalence

g=Tpaf iff ®pag=/

which is another way of assuming (®I") and (I'®’'). However, with these implica-
tions and this equivalence we abandon the equational style of defining adjunction
favoured here.

For the definition of adjunction with the triangular « choice of primitives we
would have completely analogous considerations.

3.7. Seesaw adjunction. The rectangular \\ and rectangular // choices of
primitives are not minimal for defining adjunction if we change slightly the defining
equalities (F¢), (G®), (p) and (7). The transformations ¢ and 7 may be defined
as follows in terms of & and I without F* and G*:

(¢") wa=%ca,4l6a, (7) v8=Ts,rBlrB,

which serves to transform (F¢) and (G°) into the following definitions of F* and
G* in terms of & and I' without ¢ and 7:

(Fa') Fg = ®p, rp,(I',,FB,1FB, 0 9),
(Ga') Gf =TGay,4,(f © PGay,4,1G4,)

~ We then have a definition of adjunction where

(A,1,0) and (B, 1,0) are categories,

F° and G° are functions on objects,

& and I’ are families of seesaw functions,

F°®, G° ¢ and 7 may be defined by (F*'), (G*), (¢') and (v'),
the following equalities hold:

(r') @rf=f, (T¥) I'dg=g,
(®9"") ®(ga0g1) =Pg2o®(T1og)
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(with the subscripts of &, I and 1 omitted).
We could replace ($3") by

(IT")  T(fao fi) =T(f2081)oTf;.

To verify that this notion of adjunction is equivalent to the usual ones it suffices
to show that it is equivalent to the notion with the rectangular \\ choice of primi-
tives of 3.4. For that we have first to check that F* and G° defined by (F*') and
(G*') satisfy (funl) and (fun2). Next, the equalities ($&"') and (I'T"") amount
to the equalities (2®') and (I'T') of 3.4 in the presence of (F') and (G*'), while
equalities corresponding to ($&") and (I'T"") are now derivable. Here is a derivation
of (28"): ’

B(Gfog) =8I (fod1)od(Log), by (G*)and (88™)
= fodg, by (BI'), (2®"), (catlleft) and (cat2)

(cf. [D. 1996, section 3.1]).

This economical definition of adjunction is at the opposite end of the hexagonal
definition of 3.2, in which we did not economize on primitives.

To prove strictly the equivalences of various notions of adjunction considered
here, we would have to introduce the appropriate morphisms between adjunctions
and demonstrate equivalences of categories, which would actually be isomorphisms
of categories. We shall not do that, however, since this rather straightforward
matter would take too much space. We define morphisms between adjunctions in
5.1 below.

4. Definitions of comonad

We shall now survey definitions of comonad. Besides the standard definition of
this notion, we shall present several alternative definitions, of equivalent notions.

The principle guiding this survey will be the adjunction between the category
of our comonad and a subcategory of it, equivalent to the Kleisli category, which
we will call the delta category. This adjunction defines the comonad, and since
adjunction can be formulated in various ways, as we saw in the preceding part, we
may envisage various definitions of comonad. After extracting as many interesting
definitions as we could find, we compare the delta category of a comonad to its
Kleisli and Eilenberg-Moore categories. These last categories play an essential
role in the adjunctions involving the category of adjunctions and the category of
comonads, which we shall consider in 5.3.

Of course, we could as well deal throughout with monads. Our only reason
for preferring comonads is that, from a logical point of view, they seem to bear a
certain primacy over monads, as the universal quantifier bears a primacy over the
existential quantifier. On the other hand, from an algebraic point of view, monads
bear a primacy over comonads (see [Mac Lane 1971, VI] and [Manes 1976]).
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4.1. Standard definition of comonad. Suppose we are given the following:

a deductive system (4,1, 0),

a graph-morphism D from A to A,

a transformation & from D to the identity graph-morphism I4,

a transformation § from D to the composite graph-morphism DD.

So in &€ we have the arrows €4 : DA = A, and in é the arrows 4 : DA -
DDA. Then we say that (A,D,e,d) is a comonograph. We may say that this
is a comonograph in A, and we use sometimes the same form of speaking with
comonads, later. To simplify the notation, we don’t mention the identity and
composition of (A, 1, o), taking them for granted.

A monograph would be a comonograph with arrows reversed—sources become
targets and targets sources. Note that the function D on objects in a comonograph
resembles a topological interior operation, while in a monograph it would resemble
a closure operation.

The appropriate morphisms between comonographs will be called comono-
functors. A comonofunctor from a comonograph (A4, D,¢,8) to a comonograph
(A',D',€',8") is a functor N from the deductive system A to the deductive system
A’ such that the following naturalness equalities hold:

ND = D'N,
NEA = E;VA,
N&A = 5;VA‘

A comonad is a comonograph (A, D, €, ) such that

(A,1,0) is a category,

D is a functor,

€ and 4 are natural transformations,
the following equalities hold:

(e6) €epacda=1py,
(€5D) D5A°5A=1DA,
(66) Déso0bs=08paoba.

A monad (also called a triple) is a comonad with arrows reversed.

4.2. The delta category. Let (A4,D,e,8) be a comonad, and for an arrow
f:DA— A’ of Alet the arrow Af : DA — DA’ be defined by

Af¥ Dfosy,.

The operation A should be taken as indexed by A, and the same index is inherited
by @ in 4.5, but we take these indices for granted and omit them.
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Then consider the subgraph Aa of A whose objects are the objects of A of the
form DA and whose arrows are the arrows of A of the form Af. In Aa, there is an
identity made of the arrows 1pa of A and the composition of Af, : DA; — DA,
and Afy : DAy = DA;3 is defined as the arrow Af; o Afy of A. To ensure that
1pa and Af, 0 Af are indeed arrows of Aa we check that the following equalities
hold in A: :

(Ae)  Aeqa=1pa4,
(Ao)  A(fzoAfi)=Af0Af;.

It is clear that A, is a category with this identity and this composition; namely,
it is a subcategory of A. We call A the delta category of the comonad (A, D, ¢, §).

Between A and Aa there is an adjunction, where the left-adjoint functor F from
Aa to A is inclusion I and the right-adjoint functor G from A to Aa is D. To
show that Df is of the form A f’ we check that in A for every f : A = A’ we have

Df =A(foea).

The counit ¢ of this adjunction is just &, where 4 is £4, and the unit v is §, but
with yp4 being 4. That this adjunction obtains indeed will be shown in the next
three sections.

Later, in 4.6 and 4.7, we shall compare the delta category to the Kleisli category
and to the category of free coalgebras of a comonad. Before that, in the next three
sections, we find the delta category handy to survey various possibilities of defining
a comonad.

4.3. Primitive notions in comonad. Let us now consider how one could express
the adjunction between A and Aa in various ways according to the definitions
of adjunction in 3. First, the primitive notions we might have to express this
adjunction are displayed in square brackets in our hexagonal figure.

Foll, ol
3[EI¢. “ria]
::><:: g
ple]™ ~G°[D]

Besides the notions we have already encountered, we find in square brackets
the seesaw functions E, corresponding to ®, which will be defined below. The six
definitional equalities of 3.1 connecting these notions would now read:
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for Af : DA' =+ DA for f:A— A
(Ff) Af=Epa(dacAf), (Gp) Df=A(foeu),
(pe) €a=EpD1y, (1) da=Alpy,,

for Af : DA' - DA for f:DA'> A
(QE) EAAf=€AOAf, . (FA) Af=Df05Al.

The subscripts in A are unimportant now, because FA is A, but the second
subscript of E, understood as ®, matters, and this is the one we note above.

We must first settle what E stands for. The equality ($g) would permit us to
.get rid of E in (Ff) and (y,) if 64 o Af and D14 were equal to arrows of the form
Af'. Now, for D14 this follows immediately from (G$,), while for §4 0 A f we have

da0Af=(040Df)ods, by (Ta)and (cat2)
=DDfo(dpa 06a), by (nat)for § and (cat2)
= (DDf oDéar)odba, by (6) and (cat2)
= AAf, by (fun2) and (Ta).

So we may take that F is defined by (®$g).

The possible choices of primitives for our adjunction would now be the following,
taking into account that F' is now inclusion and doesn't figure anywhere:

hexagonal: (D,e,8,E,A)
rectangular ||: (D,¢,d)
rectangular \\: (D, E,A)
rectangular //: {¢,6, E, A)
triangular >: (g, A)
triangular <: (D, 4, E)

The rectangular | | choice is the choice of the standard definition. The rectangular
\\ choice boils down to {¢,A), since € can be defined in terms of D and E, while D
can be defined in terms of ¢ and A, and E can be defined in terms of € alone. The
rectangular // choice boils down to (g, A}, too, since § can be defined in terms of
A alone, and E can be defined in terms of € alone. Finally, the triangular < choice
boils down to (D, ¢, ), since € can be defined in terms of D and E, while E can be
defined in terms of ¢ alone.

We should mention also the seesaw choice (E,A). This boils down to (g,A),
since €4 can be defined as E41p4, and E is definable in terms of £ alone.

The hexagonal choice is of course full of redundances, but we shall nevertheless
consider this choice in the next section. Besides that, we are left with only two
interesting choices: the standard choice (D, €,d) and (e, A).
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4.4. Hexagonal comonads. With the hexagonal choice of primitives, we as-
sume for a comonad (A4, D, ¢,4, E, A) that

(A, 1,0) is a category,

D is a functor,

€ and 6 are natural transformations,

the equalities (FF), (G%), (¢), (1), (¥5) and (Ta) hold,
and, moreover, the equality (6J) holds.

The equality (08) is assumed not because of the adjunction, but in order to
insure that A, is closed under composition. It is also used in order to guarantee
that E can be defined by (®g) in (F}), as we have shown above.

Let us show now that this hexagonal notion of comonad is equivalent to the
standard (A, D,€,d) notion. With ($£), the equality (F#) reads

Af =epac(8acAf). ‘
This equality clearly follows from (ed), (catlleft) and (cat2). Conversely, (£d)
follows from this equality as follows. Since from (G%,) with (funl) and (catlleft)
we have Acq = 1p4 (i-e., the equality (Ac) mentioned above), our equality with
(catlright) will give (¢6). Therefore, (Ff) amounts to (g6).
With (T'a), the equality (G$,) reads
Df =D(foes)o0da.

This equality follows from (e6D), (fun2), (cat2) and (catlright). Conversely, (¢6D)
immediately follows from this equality with (catlleft) and (funl). Therefore, (G})
amounts to (€6D). The equalities (Ff) and (G}) are more important than the
remaining four equalities (), (75), (2g) and (T'a), which boil down to definitions.

So, our hexagonal notion of comonad is equivalent to the standard (A, D, ¢, )
notion. To prove quite strictly the equivalence of these two notions, we would have
to demonstrate an equivalence of categories, which would actually be an isomor-
phism of categories.

Note that in the hexagonal definition a comonad is defined by assuming that
A and Aa are categories and that the functors I and D are adjoints, I being
left-adjoint and D right-adjoint. An adjunction between A and B where the left
adjoint F is the inclusion functor from B into A is called a coreflection of A in
its subcategory B. So a comonad in A is defined by assuming that there is a
coreflection of a category A in its subcategory Aa.

The standard (A, D, £, 8) notion of comonad of 4.1 corresponds to the rectangular
|| notion of adjunction of 3.3. The equality (¢d) corresponds to (pyF') and (e4D)
to (¢yG), while (4) is related to (nat) for 4.

4.5. Triangular comonads. With the (¢, A) choice of primitivés, we can imitate
the definition of triangular adjunction of 3.6 to define comonads. We define a
triangular comonad (A, e, A) by assuming that
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A is a category,
D is a function from the objects of A to the objects of A,

€ is an objectual transformation from D to the identity function
on the objects of A,

A is a function mapping the arrows f: DA — A’ of A to
the arrows Af : DA — DA' of A,

the following equalities hold:

(EA) €A Af = .f’ i'e'7 EAAf = f7
(A0)  A(fzcAfi)=Afa0Afy,
(AE) Aeq =1py.

These three equalities correspond to the equalities that were mentionéd in 3.6
as a possible choice for defining triangular adjunction: (eA) corresponds to (3'),
while (Ao) corresponds to (I'T"') and (Ae¢) to (I'p). The new notion of comonad
is equivalent to the standard (A, D, ¢, d) notion, via the definitions (G%), (7s) and

(Ta). (A definition of monad analogous to this triangular notion of comonad may
be found in [Manes 1976, 1.3, Exercise 12, p. 32].)

The triangular notion of comonad becomes more transparent if for f; : DA; —
Ay and f; : DAs — A3 we introduce the definition given by the equality

(®) f28fi=faoAfr.
We call @ delta composition. With delta composition, (Ao) reads
(A®) A(f:0fi)=AfacAfy.
Conversely, we may define A in terms of delta composition by the equality
(4) Af=1pa®f.
With delta composition primitive, a comonad could be defined as being (A, ¢,®),
where A, D and ¢ are as for the triangular (A,£,A) notion above, ® is a function

that assigns to a pair (fy : DAy = Az, f2 : DA2 — Aj3) of arrows of A the arrow
f2®f1 : DA; — A; of A, and the following equalities hold:

(catlright®) f®eyq = f,
(catlleft®) EABf = f,
(cat20) (f38£2)8f1 = f30(f28f1),
(shift) (f3 0 2)®f1 = f3 0 (f28f1).

The first three equalities are clearly analogous to the corresponding categorial
equalities, € behaving as identity. The fourth equality can be replaced by either of
the following two equalities:

(shift1) Jf30(1pa®fi) = f38f1,
(shifte) (fs0€a)0f1 = f38f1.
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(With (shifte), the equality (catlleft®) becomes superfluous.) The (A4, £, ®) notion
of comonad and the triangular (A4, €, A) notion are equivalent, via the definitions
(A) and (®). (A definition of monad analogous to the (shiftc) variant of our
(A, e, ®) notion may be found in {Manes 1976, 1.3, Definition 3.2, p. 24}; the other
variants are from [D. 1996, section 4.1].)

If we don’t economize on primitives, and take both A and delta composition
as primitives, then an equivalent notion of comonad is obtained by defining it as
(A,e,A,®), where A, D, ¢, A and ® are as before and the equalities (¢A), (A®)
and (Ae) hold. Now the defining equalities (A) and (®) become derivable (this
definition is in [D. 1996, section 4.1]).

Note that we are certainly not allowed to suppose that we have now exhausted
all possible ways of defining comonads. But the definitions through the adjunction
between A and Ap are well covered, and among these definitions we find the
standard definition and other definitions mentioned in the literature.

4.6. The Kleisli category. Let (A, D,¢,5) be a comonad. Then consider the
graph Ap whose objects are all the objects of A, while its arrows are obtained by
taking that for every object A of A and every arrow f: DA — A’ of A, the pair
(A, f), which we abbreviate by f4, is an arrow of Ap of type A —+ A’. (Formally,
we need a bijection & that assigns to the pairs (A, f) the arrows x(4, f) : A = A’ of
Ap. So, (A, f) may be identified with the ordered pair (4, f). We cannot identify
k(A, f) just with f instead of (A, f), because, if D is not one-one on objects, then
f could have more than one source in Ap. Definitions of Kleisli category in the
literature, including Kleisli’s own definition of [1965], usually don’t make this clear.)

The graph Ap has an identity whose arrows 14 : A — A are defined as ¢4 and
composition in Ap is defined as follows in terms of the delta composition of A:

def
A0 f = (f0f;)4.

Let us call the graph Ap with this identity and this composition the Kleisli de-
ductive system of the comonad (A, D,e,8). It is clear that due to (catlright®),
(catlleft®) and (cat2®) of the preceding section, this deductive system is a cate-
gory. This category is called the Kleisli category of the comonad (A, D, &, 6).

A category isomorphic to Ap is a category A} related to the delta category Aa,
which is defined as follows. Its objects are again the objects of ‘A, while its arrows
are obtained by taking that for every pair (A, A2) of objects of A and every arrow
h: DA; — DA, of A such that

(homo 9) Dhodg, =084,0h,

the triple (A4;, A3, h), which we abbreviate by h41:42, is an arrow of A/ of type
A, — A;. The identity arrows 14 : A = A of A}, are defined as 16’,’: and
composition is defined by :

h2A2,As ° hi‘h.An def (hz o hl)A"A’.
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The equality (homo 6), which is a kind of naturalness condition, could alternatively
be written as
Ah = Alpy, oh.

Other conditions equivalent to (homo d) are
Af{ea,oh)=h, ie., AE4,h = h,
3Af(Af =h).

The isomorphism between the categories Ap and A, is obtained by the functor
K from Ap to A)y such that KA = A and for f: DA; — A,

Kt = (Af)tvie,
The inverse K1 of K is defined by K~'A = A and for h: DA, — DA,
K1hA142 = (g4, 0 B)A41 = (B, h)4.

If D is one-one on objeécts, then it is clear that the category A} is isomorphic to
the delta category Aa, which we have considered in 4.2. Without supposing that
D is one-one on objects, we can ascertain only that A, and Aa are equivalent
categories (see 1.5).

The (A,z,®) definition of comonad from the preceding section shows that we
could define a comonad by assuming that its Kleisli deductive system is a category
and by the the (shift) equality. This equality expresses the adjunction between A
and Ap, which we shall examine in 5.

4.7. The Eilenberg-Moore category. Let (A, D,¢,6) be a comonad. Then
consider the graph AP whose objects are arrows d : A — DA of A such that

(Obl) erd=1A,
(ob2) dp0d=Ddod.

An arrow of AP with source d; : A; — DA, and target ds : A, — DA; is made of
an arrow h : Ay = Ay of A such that

(homo) Dhody =dzoh.

To prevent the same arrow from having more then one source or more than one
target, the arrow A in AP should be indexed by d; and d;. Formally, the arrows
of AP will be triples (d;,dz, ), but we shall take the indices d; and d for granted
and omit them (usually, they are not even mentioned).

The identity arrows of AP are just 14 : A & A and composition is defined as
composition in A. We can check that the equality (homo) holds when d; and d,
are equal and for A we put an identity arrow; it holds also for h3 o h; if it holds
for hy and hy. So AP is a category, which is called the Eilenberg-Moore category of
the comonad {4, D,¢, d).
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Ford: A—DAand f: A— A'let
Aaf ¥ Dfod.

It is clear that for f : DA — A’ the arrow A;, f is Af. To define the Eilenberg-
Moore category of a comonad we can assume

(obl") eaoAgf=f,
(ob2') daoAuf = Aalsf,
(homo') Adih = Adz 1 A3 © h

instead of (obl), (0b2) and (homo).

The full subcategory AP, of AP whose objects are all the arrows §4 : DA —
DDA of A is called the category of free coalgebras of the comonad. This category is
isomorphic to the delta category Aa when there is a bijection between the objects
of A of the form DA and the arrows d4 of A. This bijection exists when D is
one-one on objects. When D is not such, we may still have this bijection, provided
that if DA, is the same object as DAy, then d4, = 4, (the converse implication
obtains anyway). But the bijection may also fail. (In [D. 1996, section 4.2] it is
stated that it can be shown without the supposition that D is one-one on objects
that Aa and AP, are isomorphic. What should have been said is that this can be
shown sometimes even without making this supposition.)

We obtain a category isomorphic to the Kleisli category Ap (and to A}) by
replacing the objects 84 of AP, with pairs (4,84), and the arrows h: DA; — DA,
of AP . with triples {A;, A3, h). (In the usual presentation of Eilenberg-Moore
categories, objects are said to be pairs (A, d) where A is the source of d: A — DA
and d satisfies (obl) and (ob2). These pairs are in one-to-one correspondence with
the arrows d. Mentioning the source of d in the pair is not essential: it seems
to be there for heuristical reasons. However, introducing A into (A,d4) makes a

difference. Note that A is not the source DA of d4.)

In general, we can assert only that AP, is equivalent to Aa and Ap, without
necessarily being isomorphic.

5. Adjunction between adjunctions and comonads

‘We shall now try to clarify the relationship between the notions of comonad and
adjunction. It will appear that comonads may be understood as a special kind
of adjunction, since the category of comonads (with comonofunctors as arrows) is
isomorphic to a full subcategory of the category of adjunctions (with appropriate
morphisms, which we shall call junctors, as arrows). Moreover, there are two
adjunctions involving these two categories.

First, we have a functor that associates in a standard manner a comonad to
an adjunction. After investigating some aspects of this functor, we show that it
has a left adjoint, which associates to a comonad the adjunction with the Kleisli
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category, and a right adjoint, which associates to a comonad the adjunction with
the Eilenberg-Moore category. At the end (5.4), we show how the usual presen-
tation of these matters, via the category of resolutions of a comonad, where the
Kleisli category is tied to the initial object and the Eilenberg-Moore category to
the terminal object, is a simple corollary of our presentation.

5.1. The comonad of an adjunction. We shall first introduce the notions of
junction and junctor in the rectangular || style of 3.3. A junction is a structure
like an adjunction, but without the corresponding equalities between arrows. So a
junction is to an adjunction what a deductive system is to a category and what a
comonograph is to a comonad. A junctor is a morphism of junctions, and also a
morphism of adjunctions.

Suppose we are given the following:

two deductive systems, (A4,1,0) and (B,1,0),
a graph-morphism F from B to .4 and a graph-morphism G from A to B,
a transformation ¢ from F'G to I4 and a transformation « from Ig to GF.

Then (A,B,F,G,p,) is a junction.

A junctor from a junction (A, B, F,G,¢,7) to a junction (4',B,F',G',¢',7")
is a pair (N4, Ng) such that N4 is a functor from the deductive system A to
the deductive system A’, and Ng a functor from the deductive system B to the
deductive system B'; moreover, the following naturalness equalities hold:

NuF = F'Ng, NG =G'Ny,
NApa = On 4 NB7B = YNgB-

An adjunction is a junction (A4, B, F,G,p,v) such that

(A,1,0) and (B, 1,0) are categories,

F and G are functors,

 and v are natural transformations,

the equalities (¢yF) and (@yG) hold (see 3.3).

To every adjunction (A, B, F, G, ¢,v) we may associate the comonad (A, FG, ¢y,
F~g), where the composite functor F'G is the functor D of the comonad, 4 is €4
and Fyg4 is 04. (We may analogously associate to the adjunction a monad in B.)
It is routine to check that (A, FG,p, Fyg) is indeed a comonad. It is called the
comonad of the adjunction (A,B, F,G,¢p,~).

5.2. Reflections and coreflections in comonads. An adjunction between A
and B where the right adjoint G is the inclusion functor from A into B is called
a reflection of B in its subcategory .A. We have seen in 4.4 that a comonad in
a category A is defined by a coreflection of A in its subcategory Aa, the delta
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category of the comonad. However, with comonads of adjunctions we may have in
some interesting (and in logic rather common) cases also a reflection of a category
isomorphic to Aa in its subcategory .A. We shall now consider this matter.

Let us first prove the following proposition.

Proposition 1. Let (4,B, F,G,,v) be an adjunction where G is one-one on
objects. Then the Kleisli category Arg of the comonad (A, FG,p, Fyg) of the
adjunction is isomorphic to the full subcategory G(A) of B whose objects are all
the objects of B of the form GA.

Proof: First we show that for f; : FGA; — A§ and f; : FGA; — A; in the
comonad (A, FG, ¢, Fyg) we have

(@3T)  f20f1 = BGA,,4s(Tc Az 48 f2 0 TG a4, 1)
Indeed,

J2©f1 = f2 o (FGfy o Fyga,), by definition
= f2 0 FTGa,,4,f1, by (fun2) and (T) of 3.1,

and we obtain (®®T') by applying (®I") and (FT") from 3.4.

We now define a functor N from Arg to G(A) in the following way. For every
object A of Apg, which is by definition an object of A, let NA be GA. For
every arrow fAt : A] — A of Apg, for which, by definition, we have an arrow
f:FGA; - A of A, let NfA be Tcay,a,f i GAL = GA;. To check that N is a
functor we have '

No4 =Tgaapa =1ga, Dby () of 3.1, (funl) and (T'®") of 3.4,
N(£20f1)"* =Tca,.4(£20f)
=TGAsAsf2°TcAy,A,01, by (B2T) and (8TY) of 3.4
= Nf4 o Njh,
Relying on the fact that G is one-one on objects, we define the functor N~! from
G(A) to Arg by taking that N~1GA is A and that for g : GA; — GA; the arrow

N-lgis (8ga,,4,9)". It remains to use the equalities (3I) and (I'®’) to verify
that N-IN At = f41 and NN-1g = g.

This is an immediate corollary of Proposition 1:

Proposition 2. Let (A, B, F,G,y,v) be an adjunction where G is a bijection
on objects. Then the categories Arg and B are isomorphic.

We know from 4.6 that if in a comonad (4, D,¢,8) we have that D is one-
one on objects, then the Kleisli category Ap of the comonad is isomorphic to the
subcategory Aa of A, the delta category of the comonad. With the comonad
(A, FG,p, Fyg) of an adjunction, for f : FGA; — Az we have

Af = FTga,,a,f
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So Aa will be denoted in this case by Arr. We can then state the following as a
corollary of Proposition 1:

Proposition 3. Let (4, B, F,G, p,) be an adjunction where both F are G are
one-one on objects. Then the categories Apr and G(A) are isomorphic.

The point of this proposition is that Apr is a subcategory of A. So in all
adjunctions (A, B, F, G, ¢,v) where F is one-one on objects and G is a bijection on
objects, B is isomorphic to a subcategory of A. Note that in such an adjunction A
may actually be a subcategory of B, so that the adjunction is a reflection of B in
its subcategory .A. But we can assert that B is also isomorphic to a subcategory of
A, namely App, and that there is a coreflection of A in this subcategory.

(The situation we have just described obtains sometimes in the adjunction of
deductive completeness, a strengthening of the deduction theorem, originally called
Junctional completeness in [Lambek 1974]; see also [Lambek & Scott 1986, 1.6-7] and
[D. 1996]. Then B is the polynomial category generated by A and an indeterminate
arrow.)

It is instructive to see that the isomorphism from B to Apr above is the functor
F, the left adjoint in the adjunction.

5.3. The adjunctions involving the categories of adjunctions and comon-
ads. Let Adj be the category whose objects are adjunctions, with arrows being
junctors (this category should not be confused with the category bearing the same
name in [Mac Lane 1971, IV.8], where arrows are adjunctions), and let Com be
the category whose objects are comonads, with arrows being comonofunctors.

Consider now the functor C from Adj to Com that assigns to an adjunction
{(A,B,F,G,p,7) the comonad (A, FG,p, Fyg) of the adjunction, and to a junc-
tor (N4, Ng) the comonofunctor N4 (we may readily check that N4 is indeed a
comonofunctor).

The functor C has a left adjoint F that assigns to a comonad (A, D,¢,d) the
adjunction between A and the Kleisli category Ap of this comonad, namely the
adjunction (A, Ap,Fp,Gp,¢D,7D), which is defined as follows:

FpA¥ DA, GpA¥f 4,
FofA ¥ Ay, Gpf < (foea)t,
YD def €A, YDA «f (1pa)t.

If N 4 is a comonofunctor from a comonad (A, D, €, §) to a comonad (A, D', &', ¢'),
then FN 4 is the junctor (N4, N4, ) from the adjunction between .4 and Ap to the
adjunction between A’ and A’ , where N4, is defined as follows:

Ni,A¥ Nua, N fA < (Naf)Na4,
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For an adjunction J = (A4, B, F,G, ¢,7) let s be the junctor (N4, Ng) from
FCJ to J where N4 is the identity functor I4 and the functor N is defined by

NsA ¥ G4, NefA ¥ Gfora=Teanf.

The arrows ¢ of Adj make a natural transformation ¢ from FC to Iaq;. It is
easy to check that for every comonad S = (A, D, ¢, 6) the comonad CF'S is identical
to S; so the identity comonofunctor I4 is an arrow from S to CFS in Com. It is
trivial that the arrows I, make a natural transformation I from Igom to CF.

That F is left adjoint to C means that (Adj, Com, F, C, ¢, 1) is an adjunction.
In this adjunction, the unit is the identity of the category Com. We can infer that
Com is isomorphic by F to a full subcategory of Adj (cf. [Mac Lane 1971, IV 4,
pp. 92-93)).

The functor C has also a right adjoint G that assigns to a comonad (A4, D, ¢, )
the adjunction between A and the Eilenberg-Moore category AP of this comonad,
namely the adjunction (A4, AP, FP ,GP, P ~+P), which is defined as follows:

FPg source(d), GPA¥E JA,
FPhe p GP 1 ¥ Dy,
08 Eeq, P .

If N A is a comonofunctor from a comonad (A4, D, €, §) to a comonad (A, D', €', §'),
then GN, is the junctor (N4, N, Ao) from the adjunction between A and AP to

the adjunction between A’ and AP’ where N4, is defined as follows:
Naod % Naud, Noh % Nah.

For an adjunction J = {4, B, F,G, p,7) let now 4; be the junctor (N4, Ng)
from J to GCJ where N4 is the identity functor I4 and the functor Ng is defined
by

NsB ¥ Fyp, Npg & Fg.
The arrows «; of Adj make a natural transformation -y from Isq; to GC. It is easy
to check that for every comonad S = (A, D, ¢, §) the comonad CGS is identical to
S; so the identity comonofunctor I4 is an arrow from CGS to S in Com. It is
trivial that the arrows I 4 make a natural transformation I from CG t0 Icom.

That G is right adjoint to C means that {Com, Adj, C,G,L, v) is an adjunction.
In this adjunction, the counit is the identity of the category Com. We can infer that
Com is isomorphic by G to a full subcategory of Adj (following the terminology
of [Mac Lane 1971, IV 4, pp. 92-93], the functor C is a left-adjoint-left-inverse of
G; the category Com is isomorphic to a full reflective subcategory of Adj).

One could expect that adjunctions similar to those with C, F and G treated in
this section may be obtained by taking instead of Adj the category of junctions
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(with junctors as arrows) and instead of Com the category of comonographs (with
comonofunctors as arrows).

5.4. The category of resolutions. Take a functor C from a category A to a
category B, and for a given object B of B consider the set of objects A of A such
that CA = B and the set of arrows f of A such that Cf = 1p. These two sets
make the graph of a subcategory Ag of A.

An object A is initial in a graph iff from A to every object in the graph there
is exactly one arrow; A is terminal iff from every object to A there is exactly one
arrow.

If C has a left adjoint F such that the unit of the adjunction is the identity of
B, then Apg has an initial object F B, and if C has a right adjoint G such that the
counit of the adjunction is the identity of B, then 4p has a terminal object GB.

To show that FB is initial, take an object A of Apg; then it can be shown that
wa : FCA — A is the unique arrow of Ap from FB to A. For suppose there is
another arrow f : FCA — A in Ap; since

Cfoys=Cf =1,
because vp is an identity arrow and f is in Ag, and since
Cpaovp = 1p, by the equality (¢pyG) of 3.3,

we obtain

¢rp o F(Cf o) = prp o F(Cpa 0 78),
from which with (fun2), (nat) and the equality (¢yF) of 3.3, the equality f = ¢4
follows. Analogously, in the other adjunction, the one with G, the arrow y4: 4 —
GCA is the unique arrow of Ap from A to GB.

So by taking the functor C from Adj to Com and by fixing a comonad S in
Com we obtain a subcategory Adjs of Adj. We may call the category Adjs the
category of resolutions of S, by analogy with the terminology usual when one deals
with monads instead of comonads. For a comonad S = {4, D, ¢,4), the adjunctions
in Adjg are all between the category .4 and a category B, and the junctors (N4, Np)
in Adjs all have for N4 the identity functor on A.

The category Adjs has an initial object F'S and a terminal object G.S, according
to what we have said above. The arrow ¢ : FCJ — J is the unique arrow of Adjs
from FS to an adjunction J of Adjg, and vy : J = GCJ is the unique arrow of
Adjs from J to GS. These arrows correspond to what in the case of monads is
called comparison functors.

Suppose a functor C from a category A to a category B has both a left adjoint
F and a right adjoint G. Then the functors FC and GC from A to A are adjoint,
FC being left adjoint and GC right adjoint. (Analogously, CF and CG from B to
B are adjoint, CF being left adjoint and CG right adjoint.) This is a consequence
of the fact that two successive adjunctions compose to give a single adjunction (see
[Mac Lane 1971, IV .8, p. 101}).
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By taking that A is Adj and B is Com, we obtain that the functors FC and
GC from Adj to Adj are adjoint. (The functors CF and CG are uninteresting,
since they are the identity functor from Com to Com.)
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Summary

This monograph paper introduces the vector 5511\/) of the body mass inertia mo-
ment at the point N for the azis oriented by the unit vector ii. The vector is used
for interpretation of the rigid body kinetic characteristics. The change of the vector
of the rigid body mass inertia moment is determined in the transition from one
space point to another when the axis retains sts orientation which represents the
Huygens-Steiner theorem translated for the defined body mass inertia moment vec-
tor. Then the change of the vector of the body mass inertia moment is defined at
the given point in the case of the axis changing its orientation in the way analogous
to the Cauchy equations in the Elasticity theory. Then the interpretation of the
main mass inertia moments asymmelry are defined. The relation between the axis
deviation load vector by the body mass inertia moment for the octahedron aris and
the inertia mass asymmelry moments azis is analyzed.

This paper defines three dynamic vectors fized to a certain point and azis passing
through the given rigid body point. These are: the vector Mf..‘N) of the body mass

at the point N for the azis oriented by the unit vector ii; the vector é(ﬁN) of the
body mass static (linear) moment at the point N for the aris oriented by the unit
vector i; and the vector f]‘f.iN) of the body mass inertia moment at the point N for
the azis oriented by the unit vector fi. Also, the paper introduces the vectors: j(ﬁo)
of the material particle mass inertia moment for the pole O and the azis oriented
by the unit vector ii, and 5510) of the rigid body mass inertia moment for the pole O
and the azis oriented by the unit vector i at the dimensional curvilinear coordinate

system N.
" The rigid body kinetic parameters are interpreted by these vectors.

Future interpretation of the rigid body kinetic characteristics by means of the
body mass inertia moment vector and by means of the body mass linear moment
vector for the azis and the point refers to the description of the linear momentum,
as well as angular momentum and kinetic energy as the functions of the body mass
moment vectors and the anguler velocity and the referential point velocity. The
special cases of the rigid heavy body rotation are specially analyzed. The deviation
part of the body mass inertia moment vector for the fizred point and for the rotation
azis in view of the appearance of the dynamic pressure upon the bearings. The
kinematic vector rotator is introduced as well as analyzed.

The spherical and the deviational parts of the mass inertia moment vector and
of the mass inertia moment tensor are analyzed.



The conditions for dynamic balancing by means of the static mass moment vector
and of the deviation load vector of the rotation aris by the rigid body mass inertia
moment are shoun.

The kinetic equations of a variable mass object motion rotating around a sta-
tionary aris are derived by means of the mass moment vectors for the pole and
for the rotation azis: vector és,A) of the body mass linear moment, vector 3‘5:4) of
the body mass inertia moment for the pole A and for the axis oriented by the unit
vector i and its deviational part of the vector 555;4) of the deviational load by the
body mass inertia moment of the rotation azis through the pole A. The vectors of
the reactive forces and resulting moments of the reactive forces due to the drop of
the body particles are determined which are involved in the body mass change as the
function of the body mass moments vector change: vector és.A) of the body mass
linear moment and vector f].s.A) of the body mass inertia moment for the pole A and
for the azis oriented by the unit vector fi.
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CHAPTER |

I.1. Vectors of the body mass moments

I.1.1. Introduction. The idea for this monograph paper appeared during my
considerations of some analogies between the models in the stress theory and the
strain theory of the stressed and strained deformable bodies as they are studied
or as they can be studied in Elasticity Theory (see [15], [14], [28], [25], [34] and
(23]). While considering this analogy as well as the analogy between the stress
tensor matrix, the relative deformation tensor-strain tensor matrix and the body
mass inertia tensor matrix it occurred to me to introduce the concept of the vector
SE‘N) of the total relative deformation — total strain, at the point N and for the
line element drawn from that point and oriented by unit vector i, as well as the
concept of the vector fff-‘m of the body mass inertia moment at the point NV, and
for the axis oriented by the unit vector 7i (see [A1], [A2], [A6]. For more details
see [24], [30], [31], [A5], [35], [37], [38], [34] and [23].

In further consideration of the dynamic parameters of the rigid and deformable
bodies as well as of the possibility of their interpretation by means of the vector
j'f.‘N) of the body mass inertia moment at the point IV for the axis oriented by the
unit vector 7, I came to the ideas and conclusions as well as interpretations given
in my papers [22], [A2] [A4], [24], [34] and [23]. The question always asked was if
something like that already existed in some classic literature or not? The literature
available to me which is quoted in the appendix of this paper contains no such
interpretation of the rigid deformable bodies dynamic parameters by means of the
mass inertia moment vector fixed to the point and to the axis.

This paper defines three dynamic vectors fixed to a certain point and axis passing
through the given rigid body point. These are: the vector /\715.‘”) of the body mass
at the point IV for the axis oriented by the unit vector #; the vector é(ﬁN) of the
body mass static (linear) moment at the point N for the axis oriented by the unit
vector 7i; and the vector igN) of the body mass inertia moment at the point N for
the axis oriented by the unit vector 7@ (see [A1], [A2], [A6], and [A7].

The rigid body kinetic parameters are interpreted by these vectors (see [25],
[26], [27] and {41]).

The change of the mass inertia moment vector in the transition from one rigid
body point to another is determined when the axis retains its orientation which
represents the modification of the Huygens-Steiner theorem expressed by means
of the defined mass inertia moment vector. Then the change of the mass inertia
moment vector is determined in the case of the axis changing.its.orientation in the
way analogous to the Caufhy efudtiofis fir ¥he(botal Kirigs Aectorlin the elasticity

MATEMATUUKOT BHCTHTYTA CARY

Bp. l écl




theory. Then the interpretation of the main inertia directions are derived as well
as of the main mass inertia moment asymmetry are derived. The relation between
the axis deviation load vector by the material body mass inertia moment for the
octahedron axis and the mass inertia moments asymmetry axis is analyzed.

Further interpretation of the kinetic parameters of the of the body by means
of the body mass inertia moment vector and by means of the body mass linear
(static) moment vector for the axis and the point refers to the description of the
motion quantity (linear momentum) as well as motion quantity moment (angular
momentum) and kinetic energy as the function of the mass moment vectors for
the axis and the point and the momentary angular velocity and referential point
velocity (see [A3], [32], [33], [36], [A6], [39], [A7], [42], [43] and [AS8]).

1.1.2. Body mass moments vectors at point for the axis. In studying the
dynamics of a rigid and solid body, geometry of mass plays an important part. In
[3] and [4] there is a conclusion that it is not necessary to know all the details about
the mass distribution and the masses internal structures in order to study the rigid
body translatory motion under the action of the force. The properties necessary
for the study of the rigid body motion as a material system are the rigid body
dynamic properties. The values determining the dynamlc properties are called the
rigid body dynamic parameters (see [3]).

According to the given reference these parameters are taken to be: mass M of
the rigid body; position vector g¢ of the body mass center, the point C with respect
to a certain point O and J(©) the body mass inertia moment tensor matrix for the
point C which is determined with six scalar dynamic parameters. In this way in the
general case the dynamic rigid body characteristic ten independent scalar dynamic
parameters are required. By means of these ten dynamic parameters of the rigid
body the sixth order matrix of the following shape is formed:

M 0 0 0 Mz —Myc
0 M 0 -Mzc 0 Mzc
3O = 0 0 M My -Mzc O W
e 0 -Mzc Myc Jz Dyz Dz
MZC 0 —ch Dzy Jy D,y

-My. Mzc 0 D, Dyz Jz

and this matrix is given in [3] and [4] as the rigid body mass inertia matrix for the
given point O and the given trihedron. This is the matriz of the tensor ezpanded
in an appropriate way. The mass inertia moment matrix changes its coordinates
according to the change of the reference trihedron.

In {1] the mass linear polar moment M(©) of the material system or the vector
static system mass moment is defined with respect to the pole O in the form:

MO = / / / pdm = pcM, dm=odV (2)
\4 .
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where 7' is the vector of the rigid body points position with respect to the common
pole O, V is the space region that the observed body occupies and o is the mass
deunsity at all the body points.

There are two important properties of a certain body mass: the mass center
position of a material body does not depend on the pole choice but only on the
body mass distribution and the mass linear polar moment M(C) with respect to
the body mass center is equal to zero.

Since our aim is to consider a possibility of the interpretation of the rigid body
dynamic parameters in a modified shape we are going to set, as a reference, the pole
O as well as the axis oriented by the unit vector 7i. Considering that the general
case the rigid body motion can be represented by one rotation around momentary
axis, that is, by the translation of the mass center velocity and the rotation around
the axis through the given center we are led to the idea to define the rigid body
dynamic parameters by means of the pole O as the referential point through we
position an axis parallel to the momentary rotation axis (see [41].

Therefore we define the following (see Fig. 1a):

1* Vector J\;’if.io) of the body mass at the point O for the axis oriented by the
unit vector 7 in the form:

MQQAUMM=mamme )
v

which does not depend on the mass distribution in the body, that is, on the density.
For all the space points and parallel axes it has the same values and it changes only
with the axis orientation change. It is determined only with the mass quantity and
the axis orientation.

2* Vector é(ﬁo) of the body mass static (linear) moment at the point O for the
axis oriented by the unit vector 7 in the form:

e« / / 7, fldm, dm=odV (4)
v

where 7' is the vector of the rigid body points position of the elementary body mass

dm with respect to the common pole 0. For the vector éf.io) of the body mass
static (linear) moment at the point O for the axis oriented by the unit vector 7 we
can write: . -

8P =[5, folM = [fl, ) %)

The illustration is given in the Figure la.

3* Vector 5%0) of he body mass inertia moment at the point O for the axis
oriented by the unit vector 7i in the form (see [A 1], [A2], [A6] and [A7]:

3¢ [[[ 5.5 mdn | ©
v
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It can also be considered the body mass square moment vector at the point O for
the axis, through the pole, oriented by the unit vector 7i. The vector 3,(10) at the
body mass inertia moment at the point O for the axis oriented by the unit vector 7
can be decomposed into three components: the collinear with the axis J,go) and the
two other ones D,g) and DSS) in the directions, & and ¥, normal to the orientation
axis fi. The collinear component represents the axial moment of the body mass
inertia for the axis oriented by the unit vector 7 through the pole O. The other
two components represent the deviational moments of the body mass for a couple
of normal axes oriented by unit vectors 7i and 4, that is, # and #:

39 = jO) + DQa + DQy @

The definition-expression for the body mass inertia moment vector 52‘0) at the
point O for the axis oriented by the unit vector 7i can be obtained starting from
the expression for the axial body mass inertia moment J,(.io) for the axis oriented
by unit vector 7 drawn through the point O and for the deviational body mass
moments for the couples of the orthogonal axes oriented by unit vectors (#, @) and
(%, 7), DD and DL, according to [25], (38]. By means of them we form the
vector 5(7.{0) of the body mass inertia moment at the point O for the axis oriented
by the unit vector 71 in the form:

50 =af[[ wot am+ af [[ @A m M m+ 5[ [[GAGM I ©
\ 4 \ 4 \ 4

The rigid body axial mass inertia moment is:
50 = [[[ 2 am (8)
4

The rigid body mass deviation moment vector 33%0) at the point O for the axis
oriented by the unit vector 7 is in the following form:

59 =af[[ (a0 M am+ 5[ [[ @10, am = 7[ [ [ (8, 2,15, de
v v 14

39 = [[[ w15 M dm = 5,59, 7) ©
14

By means of the previous expressions (8) for the vector 5%0) of the body mass
inertia moment at the point O for the axis oriented by the unit vector 7 we can write
the expression identical to the expression (6) which has been set as a definition.

Figure 1a shows the vector 5;0) of the body mass inertia moment at the point

O for the axis oriented by the unit vector i, the rigid body mass deviation moment
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vector ﬁs.‘o) at the point O for the axis oriented by the unit vector i, the axial

moment of the body mass inertia J,S.‘o) for the axis oriented by the unit vector 7
through the pole O, and the other two components, D,.?,) and Dﬁg), the deviational
moments of the body mass for a couple of normal axes oriented by unit vectors 7

and 1, that is, 7 and ¥, through the pole O.

g Fig. 1c

Fig. 1b shows the vector ﬁ(ﬁo) of the material particle mass inertia moment at
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the point O for the axis oriented by the unit vector 7, the material particle mass

deviation moment vector 5530) at the point O for the axis oriented by the unit

vector 71, the axial moment of the material particle mass inertia J,fio) for the axis
oriented by the unit vector 7 through the pole O.

Fig. 1c shows an eccentrically skewly positioned discus respect to the axis of the
shaft, as well as the vector 5510) of the discus mass inertia moment at the point O
for the axis oriented by the unit vector 7, the discus mass deviation moment vector
5;0) at the point O for the axis oriented by the unit vector 7i, the axial moment

of the discus mass inertia Jéo) for the axis oriented by the unit vector 7i through
the pole O.

1.1.3. The material body mass inertia moment vectors for the two parallel
axes through two referential points theorem. The Figure 2a shows the material
body and two referential points — poles O and O; and two parallel axes through
them oriented by unit vector 7i. The same Figure also shows the denoted elementary
mass dm at the point N of the rigid body and 7 and #, the position vector of that
point with respect to the pole O, that is, pole Oy, as well as the position vectors
Po of the pole O; with respect to pole O.

Fig. 2a

Now it is necessary to determine the change of the vector ﬁ(iio) of the body mass
inertia moment at the point O for the axis oriented by the unit vector 7 and its
relation to the vector 5%0) of the body mass inertia moment at the point O; for
the axis oriented by the same unit vector 7.

This means we are interested in the change of the body mass inertia moment
vector a certain axis which moves from one point to another retaining its orientation.
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By using the expression (6) defining the mass inertia moment vector for a certain
point and axis as well as the expression g'= pp 4 7, we can write the following:

///[po+r,[n,po+f]]dm—

_ 5 + [0, 809) + O, o] + oo ol M (10

We see that all the members in the last expression have the same structures.
These structures are: [fo, [ii, Fc]] M, [fc, [/i, fo]] M and {Fo, [7i, Fo)] M.

Fig. 2b

The expression (10) is the mathematical form of the theorem for the relation of
the material body mass inertia moment vectors, 3(0) and ﬁ(ﬁo‘), for the two parallel
azes through two corresponding points, pole O and pole O. .

In the case when the pole O; is the center C of the body mass the vector 7o
(the position vector of the masses center with respect to the pole O;) is equal to
zero, whereas the vector go turns into pc so that the last expression (10) can be
written in the following form (see Figure 2b):

3O =59 4 g, 7, Pl M (11)

This expression (11) represents the mathematical form of the theorem of the
change of the mass moment vector for the pole and the azis when the axis is trans-
lated from the pole in the mass center C to the arbitrary point, pole O.

The Huygens-Steiner theorems (see [11], [1], [3] and [4]) for the axial mass inertia
moment as well as for the mass deviational moments came from this theorem (11)
about the change of the vector 3(0) of the body mass inertia moment at the point
O for the axis oriented by the unit vector i passing trough the mass center C' and
when the axis translate to the other point O.
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The vector 5,(10) of the body mass inertia moment for the body mass center C
as well as for the axis oriented by unit vector 7i passing trough the mass center C
we are going to call the central or proper (eigen, personal) vector of the body mass
tnertia moment for the azis oriented by unit vector fi.

The part ffgfgosmon = [pe, [, fc]] M from the expression (11) represents the

position part of the body mass inertia moment vector and we going to call it the
body mass inertia position moment vector for the point O and the azis oriented by
unit vector il in relation to the body mass center C. We can see that the body mass
inertia moment vector for the axis trough the mass center C is the smallest vector
since for all the other parallel axes the position part ﬁ(ﬁ?gosiﬁon = {gc, IR, pc| M
has to be taken into consideration. This can be expressed by means of the vector

6—'55.,0) of the body mass linear moment for the point O and the axis oriented by unit
vector 7 in the form [fc, é(ﬁo)].

The vector ﬁ(ﬁ?gosmon = [pc, [fi, pc]] M is the free vector as the moment of the
couple:

T hstion = 70 [, el M = T raihon = [0, 8] = 3o

,position fi,position fi,position
- = 0 - -5 - *
= [, ~6) = [~o, I, - Fecl| M (11%)
. 2(0
This vector 31(?l,gosition
well as opposite from O to C, without change. This vector 5(0) is the moment

fi,position

can be moved from mass center C to arbitrary point O, as

of a couple of the mass linear position moment vectors: —6510) in the pole O and
éf.{o) in the pole mass center C.

Two vectors —éf.‘q) = [, ~pc] M and éfio) = [fi, fc] M having the same mag-
nitude, parallel lines of the orientation, and opposite sense form a couple. Clearly,
the sum of the moments of the two vectors about a given points, however, is not
zero.

I.1.4. The change of the body mass inertia moment vector for the point
and axis orientation change through the referential point. Let us now define
the vectors 3&0’, §§0) and 5&0) of the body mass inertia moments at the point O
and for the coordinate axes Oz, Oy and Oz. These vectors can be expressed in the
form:

io=[[[ 6 man, §§°>=///tﬁ,ﬁ,mém, 3= ([[wEmam a2
\4 \ 4 v

If we denote the senses cosine of the unit vector i with cosa, cos 8 and cosy
when the unit vector defines the orientation of the axis passing though the point O,
then we can successively multiply the expressions (12) and we obtain them added:
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i(zo)cosa+§,(,o)cosﬂ+§§°)cos'y=// (7, [Fcosa+ j cos B + kcosy, fl}dm
v

= [[[ w5 mam
vV

From the previous expression we conclude that the body mass inertia moment
vector 3(0) at the point O for the axis oriented by the unit vector 7 is equal to:

3(,-.-0) =3 cosa + 5;,0) cos B+ 2 cosy | (13)

The last expression is analogous to the equation for determining the total stress
vector ;3‘5.‘0) at the point O of the stressed body for the plane with normal unit
vector 7 which is known as the Cauchy equation in the elasticity theory. There
fore we are going to call it the Cauchy equation giving the relation of the body
mass inertia moment vector 3 ) at the point O for the axis oriented by the unit
vector 71 and the vectors 3(0) 3(0) and 3(0) of the body mass inertia moments at
the point O and for the coordinate axes Oz, Oy and Oz.

1.1.5. Cauchy equations in the matrix form. Now by means of the mass
inertia moment tensor matrix J(9) the Cauchy vector equation (13) can be written
in the matrix form:

{3 = (3OO HION {n} = IO n) (14)

Now for the body mass axial inertia moment J; () for the axis oriented by the unit

vector i, as well as for the body mass deviation moment D( ) for the orthogonal
axes 7i and ¥ we can write the following expressions:

I =@ = @IV}, DY = P} =@I@0 @)

The invariants of the body mass inertia moment state at a certain point can be

determined as the first Jl(o), second Jéo) and third J3(O) scalar of the body mass
inertia moment tensor matrix.

The rigid body mass inertia moment tensor matrix J(© for a certain pole can
be separated into two matrices corresponding to the spherical J(O)%Ph and devia-
tional J(O)ev = D(O)dev part of the rigid body mass inertia moment tensor (which
is analogous to the stress tensor matrix and strain (relative deformation) tensor
matrix in the elasticity theory):

. 100 e o 0
J(O)sph =2 JI(O) 010 1(
3
0 01
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1
JOHer =3O — 3Ot = (IHIPHID - 3A7 T )

1.1.6. Axial and deviational part of the rigid body mass inertia moment
vector. The body mass inertia moment vector ﬁ(ﬁo) at the point O for the axis
oriented by the unit vector 7 can be written in the transformed form in which we
separate the part f('(ﬁo)m collinear with axis oriented by unit vector f# and the part
ﬁ(ﬁo) = jgo)de" normal to the axis oriented by unit vector i as it is shown in the
Figures la and 3.

Figure 3

Now the vector ﬁ(ﬁo) of the rigid body mass inertia moment at the point O for
the axis oriented by the unit vector 7i can be transformed to the following form:

with components:

FOrle = 55O, 7) = 77O (19)
DY) = = [, (3, ) (20)

The first part 55.50)“’ collinear with axis oriented by unit vector # given by
formula (19) represents body mass axial inertia moment vector at the point and
for the axis oriented by unit vector 7, and it does not depend on the pole position
on the axis. :
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The second part D) = F normal to the axis oriented by unit vector 7
given by formula (20) lies in the plane formed by the axis oriented by unit vector 7
and the vector 35_‘0) of the body mass inertia moment. This plane is determined by
the axis selection and by the body mass distribution with respect to the axis and

the pole. .

The vector 53%0) is the deviation load by the rigid body mass inertia moment
at the point O of the axis oriented by the unit vector 7i-and it can be defined as
the rigid body mass inertia moment vector component normal to the axis and in
the plane which is formed by the axis oriented by the unit vector 7@ and the vector
-'S.io) of the body mass inertia moment. This can be seen in the Figure la and 3.
We conclude that the vector magnitude is equal to the deviation moment of the
body mass for the axis oriented by the unit vector i and the axis oriented by the
unit vector T' normal to the axis oriented by the unit vector fi, in the direction
of the cutting line of the plane normal to the axis trough the pole O and of the
plane formed by the axis oriented by the unit vector i and the vector 5(’_‘0) of the
body mass inertia moment at the pole and for axis oriented by the unit vector 7.
The unit vector of this cutting line is denoted with T. The unit vector normal to
the unit vectors 7 and T is denoted with Ti. We conclude that the body mass
deviation moment for the axes 7@ and T} passing through the pole O is equal to
zero. This means that for an arbitrary axis at the observed point O there can
always be found at least one axis normal to it oriented by T, for which, together
with the axis oriented by the unit vector 7i, the body mass deviation moment is
equal to zero. This axis is normal to the axis oriented by the unit vector 7 and to
the deviation plane formed by the unite vector i and the vector 55.‘0) of the body
mass inertia moment at the pole O and for axis oriented by the unit vector 7. The
deviation plane we denote by R;. Only for the mass inertia moment main axis
through a retain point-pole the deviation plane is not defined nor it can be said it
exists since if the axis oriented by the unit vector i through a certain point is the
main axis of the body mass inertia moment then for this axis the deviation load
to the axis is equal to zero. In this case the body mass inertia moment vector has
only one component collinear with the axis. That is, if a certain axis through a
certain point-pole is the main mass inertia moment than the vector of its deviation
load by the body mass inertia moment is equal to zero.

1.1.7. Spherical and deviatorial part of the rigid body mass moment vector.
If we now follow the idea of the formation of matrices of the spherical and deviatorial
part of the mass inertia moment tensor according to the analogy (see [24], [23] and
[34]) with the spherical and deviatorial part of the stress tensor, that is, of the
relative deformation (strain) tensor we can define two vectors (see Figure 3):

ﬁ(ﬁo)’ph the vector spherical part of the vector 55_‘0) of the rigid body mass inertia
moment at the pole O and for axis oriented by the unit vector #:

1 0)-_1 .0
3 = 2O = 1 (21)
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J(O)D the vector deviatorial part of the vector (-}.S.‘O) of the rigid body mass inertia
moment at the pole O and for axis oriented by the unit vector i:

JOP = 7,39 - —J<°) i+ [, 39, /) = a7, 3 ~ J(O)ﬁ) +59) (22)

Let us now consider the modification of the Huygens-Steiner theorem in its
application to the vector j(o)de" D(O) the deviation part of the vector 3(0) of
the rigid body mass inertia moment at the pole O and for axis oriented by the unit
vector i, as well as the vector of the deviation load by the rigid body mass inertia
moment on the axis oriented by the unit vector i in the transition from the mass
center C to the pole O (see Figure 2b). We use the definition of the vector 5(50) of
the deviation load by the mass inertia moment (18) and the formula (11) derived
in the paragraph 1.1.3. for the Huygens-Steiner formula modified of the vector 3(0)
of the rigid body mass inertia moment at the pole O and for axis oriented by the
unit vector 7 so that:

jOrer - 5O = 17, 5O, 4 = DL - @, 5ol e, M (29)

The expression (23) represents the Huygens-Steiner Theorem modified to the
vector 5%0) of the deviation load by the mass inertia moment of the axis oriented
by the vector 72 connected to the pole O. From this expression we conclude that
the vector 53(50) of the axis deviational load through an arbitrary point O oriented
by the unit vector 7 equal to the sum of the vector 55{0) of the axis deviation
load through the center C of the body mass for the parallel axis and the position
deviation load in the transition of the axis from the pole C-mass center to the pole
— arbitrary point O determined from the expression:

- BE = [#,[[po, [, Bl M = —(#, Go)l, oo, 7l M @9

If the pole O and the center C of the body mass are located on the same normal
to the axis oriented by the unit vector @i then the position part of the deviation
load in the transition from the axis through the mass center C to the parallel axis
through the pole O is equal to zero. This means that the deviation load vectors of
the axis by the body mass inertia moment for the central plane points corresponding
to the given axis are equal to the deviation load belonging to the central axis 53(50).

1.1.8. Main mass inertia moment directions, main mass inertia moment
vectors. By means of the vector ’35..0) of the rigid body mass inertia moment at
the pole O and for axis oriented by the unit vector i we can introduce a new
definition of the main mass inertia momemt axes. Through one pole O we can
draw an infinite number of axes of orientations. Among them we are looking for
the axis for which the vector 55_{0) of the rigid body mass inertia moment had only

one component, collinear with the axis, that is, the one for which the vector 555.‘0)
of the deviation load of the axis by the body mass inertia moment is equal to zero.
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Using the analogy given in the papers [245) and [34] as well as the analogy with
the matrix interpretation from books [14], [15], [28] and [23] as more appropriate
for this case and by denoting the unit vector of the main masss inertia moment
axis orientation with i, which is in accordance with the Fig. 3a, we can write:

(301 =30n} = JONn} = (3@~ JODin} = {0}  (25)
so that the Hamilton equation for determining the main mass inertia moments is:
fUO) =39 -5 11=0 (26)

Fig. 3a

while for the senses cosines of the main mass inertia moment axes the following
relations are obtained:
cosag cosfs __ COSvs

= = =Cs, cos’a,+cos’f, +cos’y, =1 (27)
3 5 5 ’
K K kP

where Kgi), k = 1,2,3 are co-factors of the third kind elements and the corre-

sponding matrix column, successively for the roots J,(o), s = 1,2,3 of the Hamil-
ton equation (26), which are the main mass inertia moments and which represent
the axial mass inertia moments for the main mass inertia moments axes. There are
three roots and three orthogonal main axes at every point with respect to which the
rigid body mass inertia moment vectors are determined. The Hamilton equation-
coefficients are the first, second and third invariants of the mass inertia moment
state at referent point, and they are the first, second and third scalar of the body
mass inertia moment tensor matrix at referent point (see [24] or [23]).

1.1.9. Extreme values of the mass deviation moments. In [24] is given
an analogy between the stress state model, the strain state model and the mass
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inertia moment state of the body at the observed body point. For determining
the mass deviation moments extreme values we shall use this analogy which exists
between the stress tensor, the strain tensor and the body mass inertia tensor, as
well as between the vector ;')‘f.‘o) of the total stress at a certain body point for the
plane with the normal oriented by unit vector 7i, the vector 3310) of the total strain
(relative deformation) of the line element drawn from the observed point in the
direction of the unit vector 7 and the vector 35.‘0.) of the body mass inertia moment
at the observed pole for the axis oriented by unit vector 7.

Figure 4a

On the basis of the given analogy in [24] and [23], the following conclusions
are drawn, though without proofs: on the basis of the analogy between the mass
deviation moments extreme values for a couple of orthogonal axes (that is, of the
mass centrifugal moments) and yield stress extreme values in the orthogonal planes
that pass in pair through one main stress direction and form an angle of 45° with
the other two main stress direction, we conclude that the mass deviation moments
extreme values appear for the axes pairs I, and I, II, and II, I1], and 111, that
pass in pairs through the main body mass inertia moment axis trough the given
point and form angles of 45° with the other two main mass inertia moment axes (see
Figures 4a and 4b). For these pairs of the defined axes the mass deviation moments
(the mass centrifugal moments) are equal to the semi-difference between the two
main {axial) body mass inertia moment and for each axis in the corresponding pair
the axial inertia moments are equal to the semi-sum of the two corresponding main
moments of the body mass inertia for the given point.

The pairs of these coupled axes are the body mass inertia moments asymmetry
axes since for them the mass centrifugal moments are extreme values and the axial
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mass inertia moments for both the axes in pair are mutually equal. The concept of
“asymmetry” can be accepted since for symmetry axes the body mass centrifugal
moment is equal to zero and for these axes the body mass centrifugal moment is
of extreme value so that this leads to the conclusion about the asymmetry of the
material body mass inertia moment properties. On the basis of the given analogy
we cam write the values of the mass deviation moments. and the body mass axial
inertia moments of these axes (see Figures 4a and 4b):

Figure 4b

1 1
DY) = #3157 - 57), 1D =00 = 357 + 57,
1 o 19) 1 (
DD, =457 = X), IR =T7 =5 + 57, (@)

0 1 o ) o o) _1 0 o
D§II),.III¢. = ig(Jl( ) - I, J§u). = Jﬁu),, = §(J1( Y+ I

In the coordinate system of the main body mass inertia directions 7i,, s = 1,2,3
the vectors 3(,.2), s = 1,2, 3 for the referential point as the pole are the body mass
inertia moment vectors for the main mass inertia moment axes and we see that
they have only the components collinear with the corresponding main mass inertia
moment axes f}'g?) = Jso)ﬁ’,, s=1,2,3.

Let’s now define the vectors 3(,?) , 3(,?3 and fﬁ‘,),)a of the body mass inertia mo-
ment at the observed point for the axis oriented by the unit vector 7y, , or #iyy, or
fiyrz, of the mass inertia moment asymmetry axis I, or II, or IIl, by using the
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definition of this vector so that we have (see Figure 4b):

' 3‘;0) = ..‘[g(j‘(o) + 3‘510));
59 = f(:f“” + 30, (29)
#0) _ f

31, = ‘—(3(0) 3o,

Let’s now define the vectors 55?), 5%) ;ﬁ?}b of the body mass inertia moment
at the observed point for the axis oriented by the unit vector iy, or 7iyy, or fifry, of
the mass inertia moment asymmetry axis I or Il or II I,, by using the definition
of this vector so that we have:

3O = 250 430
39 = 7 V239 +39; (30)

3 __‘/_—( 30 4 50,

IIn,

Now we define the components of the vector §§f’). The collinear one with the
body mass inertia moments symmetry axis I;:

KO+ 20

20) = o (e)
@2, 7) = 2= =g = 1 (31)
The component normal to the body mass inertia moment asymmetry axis lying
in the deviation plane representing the vector £D () of the deviation load by the
body mass inertia moment of the mass inertia moment asymmetry axis according

to the previously given definition in the form:
50 =, 510, il = 2=, = DO, (32)

Analysis the expressions from (28) to (32) we conclude the following:
1* The expressions given in (28) on the analogy basis are correct;

2* Both the vectors 5{)) and :ﬁ?’ of the rigid body mass inertia moments for
the pole O and the axis of the pair I of the mass inertia moment asymmetry, I,
and Iy are normal to the main mass inertia moment axis (1) and they lie in the
plane Ry j, which is their mutual deviation plane. This plane is normal to the
main mass inertia moment axis (1) and contains the other two main mass inertia
morment directions (2) and (3);

3* The vector 5&?) of the deviation load by the body mass inertia moment of
the mass inertia moment asymmetry axis oriented by unit vector 7i;, at given point
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lie in the direction of the second mass inertia moment asymmetry axis oriented
by unit vector 7y, of the pair I which is normal to the main mass inertia moment
direction (1) and to the axis the mass inertia moment asymmetry I, and vice versa.
These two vectors, that is, 533‘0) and ﬁﬁ’), are the same magnitude and of the same
components, of axial and deviational, and they have the same axial mass inertia
moments. In a similar way the calculation can be applied to the other two pairs of
the mass inertia moment asymmetry axes and the corresponding conclusions can
be drawn in accordance with the expressions (28) and the previous conclusions.

1.1.10. Mass inertia moment vectors for the octahedron directions in the
referential point. In analogy with defining the octahedron directions a certain
point of the stressed and strained body as it is done in the elasticity or plasticity
theory we shall define the octahedron directions at a certain point of the rigid body
form the viewpoint of the body mass inertia moment state with respect to this pole
as the direction that forms the same angles with the main inertia axes, that is, with
the main inertia directions. There are eight such octahedron directions.

The vector 5(0) of the mass inertia moment at the point O for the octahedron
direction by using the basic definition is calculated as:

59 = / [ 5o, ol m = ‘f(a“” 3O +39) (33)

and we can decompose it into two components.
1* The axial component in the octa.hedron direction in the form:
o o (e}

Jf(l?c)t = (noct, Joc)) = ( ) 3J( ) (34)
which represents the axial moment of the ngd body mass inertia moment for the
octahedron direction axis for the given pole and it is equal to one third of the first
mass inertia moment invariant or one third of the first scalar of the mass inertia
polar moment for the pole O.

2* Normal component to the octahedron direction which is equal to the vector

20(‘,t of the octahedron axis deviation load, by the body mass inertia moment and
has the form:
2f

59 = 250 + 59 + 59 (35)

The vector i)(ct of the deviation load by the body mass inertia moment of the
octahedron axis can be expressed as the linear combination of the vectors 5)3?),

9&?), S?,)‘ of the deviation load of the mass inertia moments asymmetry axes

when it is related to oe of the pair.

The intensity square of the vector fD( ) of the deviation load by the body mass
inertia moment of the octahedron axis can be defined by the following expression:

3 S0 30
PP = (IDS‘,”P + DL + 152 1) (36)
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It should be noted that there are eight axes (or four axes) at each point of the
rigid body for which the mass inertia axial moments are equal to a third of the first
mass inertia moment invariant and they are the octahedron directions determined
with respect to the main mass inertia moment axes. The question should be asked
about what sort of motion the body performs while rotating around the octahedron
axis and if the conclusions can be generalized to hold for the bodies with different
mass inertia moment characteristics.

If this conclusion is related to the previous section we can conclude that is: one
set of eight (or four) axes for which the inertia axial moments of the body mass
are mutually equal and equal to a third of the first mass inertia moment invariant:
Three sets of two pairs of orthogonal axes of the inertia asymmetry for the axial
inertia moments are also equal to the semi-sum of two main inertia moments each.
The same stand for each body and for each pole chosen within the space or outside
the space of the rigid body. Only the spherical body as the pole of all fourteen axes
the axial mass inertia moment is the same and the deviation load is equal to zero.

I.2. The mass moment vectors at the dimensional coordinate system N

1.2.1. Introduction. This part introduces the vectors: 5(50) of the material par-
ticle mass inertia moment for the pole O and the axis oriented by the unit vector
7, and 5(60) of the rigid body mass inertia moment for the pole O and the axis
oriented by the unit vector 7 at the dimensional curvilinear coordinate system N.
The vectors can be used for the interpretation of the rigid body kinetic character-
istics for the interpretation of the body dynamics at the dimensional curvilinear
coordinate system N.

The change of the vector ffs.‘o) of the body or particle mass inertia moment
for the pole O and the axis oriented by the unit vector 7, is determined in the
transition from one space point to another when the axis retains its orientation
which represents Huygens-Steiner theorem generalized for the defined mass inertia
moment vector at the dimensional curvilinear coordinate system N.

This part gives the interpretation of the vector 25(,.,.0) of the deviation load by the
material particles mass inertia moment at the point O of the axis oriented by the
unit vector 7i at dimensional curvilinear coordinate system N as well as by body
mass inertia moment at the point O of the axis oriented by the unit vector 7 at
dimensional curvilinear coordinate system N.

1.2.2. The dimensional curvilinear coordinate system N. According to the
notation in the Fig. 5 the material point position vector j, at the dimensional
coordinate system n, can be written in the form:

7=z g - (37)
while unit vector 7 of the axis orientation can be written in the form:
7= 2k g (38)




Vectors of the body mass moments 69

In the previous expression § the basic vectors of the dimensional N of the curvi-
ap . )
_pk for these vectors it stands that:
Oz

(3, §1) = 9wt (39)
their product represents the metric tensor coordinates of the defined curvilinear
coordinates system space. The position vector 7 magnitude squared is:

(#,P) = (3« Gt) g'e* = gklmkxl (40)

while for the axis orientation unit vector f:

linear coordinates gy =

(7, ) = (Gx, §1) M X = g A% =1 (41)

Figure 5

i.2.3. The material particle mass inertia moment vector for the pole and
the axis. By introducing the expression (37) and (38) into expression (6) for the

vector 5&0) definition of the material particle mass inertia moment for the pole O
and the axis oriented by the unit vector i, we obtain that:

3O = (G, [0, Folle*? M m )
If we have in mind that the double vector product can be written in the transformed
shape, the previous expression (42) can be write in the following form:

§(ﬁo) = (ghpdt — grigp)z* 2P Nm (43)
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If we multiply scalarly the previous expression (43) with the unit vector 7, we
obtain: o o

I = = (32, 7) = (grpgti — grigpi)z* 2P N Xim (44)
which represent the material particle mass axial inertia moment at the point O for
the axis oriented by the unit vector 7i. This formula is same as the formula (2.3)
in [6] written by Vujicié.

If we now multiply the expression (43) twice vectorly with the unit vector 7,
that is, according to [40], we separate the material particle mass inertia moment
vector deviational part-for the pole O and the axis oriented by the unit vector 7
we obtain

DY) =I5, [3(0) ) = {9kp 9133 — Gri91; Tp + (riGip — rpts)Fi J2 TP XA N m (45)

The last expression represents the vector 335.‘0) of the deviation load by the material
particles mass inertia moment at the point O of the axis oriented by the unit vector
i at dimensional coordinate system N.

By introducing the expressions (37) and (38) into the expression (4) for the
vector 6510) definition of the material particle mass linear moment for the pole O
and the axis oriented by the unit vector 7i we obtain that:

89 = [7;, Gilz* N'm : (46)

1.2.4. The rigid body mass inertia moment vector for the pole and the
axis. By introducing the expression (37) and (38) into expression (6) for the vector

5%0) definition of the rigid body mass inertia moment for the pole O and the axis
oriented by the unit vector 7, we obtain that:

50) _ / / / [Ge, [ds Gy ])=* 2P Ndm | (47)

If we have in mind that the double vector product can be written in the transformed
shape, the previous expression (47) can be written in the following form:

50 - / / (Gkpdi — giidp)z*2? Ndm (47°)
Vv

If we multiply scalarly the previous expression (48) with the unit vector 7, we
obtain:

IO = 39 ) = / / (gkpGti — r1gpi) 2P A Nidm (48)

which represent the body mass axial inertia moment at the point O for the axis
oriented by the unit vector .
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If now we multiply the expression (48) twice vectorly with the unit vector 7, that
is, according to [40}, we separate the body mass inertia moment vector deviational
part for the pole O and the axis oriented by the unit vector @ we obtain:

53510) = [#, [5(50)’ 7l = / / {9k091i5: — 91915 Fp + (GhiGtp — Gp91i) Gy Yo 2P XX N dm
4

(49)

The last expression represents the vector 55.10) of the deviation load by the body

mass inertia moment at the point O of the axis oriented by the unit vector fi at
dimensional coordinate system N.

By introducing the expressions (37) and (38) into the expression (4) for the

vector éf.io) definition of the body mass linear moment for the pole O and the axis
oriented by the unit vector fi we obtain that:

89 = / / (3, Gx]z* Nidm (46*)
\ 4

1.2.5. The Huygens-Steiner theorem. Following previous expression (11) for
the vector ﬁ(ﬁo) of the rigid body mass inertia moment for the pole O and the axis
oriented by the unit vector 7i, the Huygens-Steiner theorem is derived which can

be written in the following form for the curvilinear coordinate system (see Fig. 2a):

30 =50 + (o, [, el = 30 + (G [0, GollsbabN M (47%)

I =30 + (ko — gude)zlzi N M (47)

Following previous expression (23) for the vector 55_"0) of the deviation load by the
rigid body mass inertia moment for the pole O and the axis oriented by the unit

vector i, the Huygens-Steiner theorem can be written in the following form in the
curvilinear coordinate system:

FO1 =B =BE) — g4slg, g1, Follrb b A NN M (49%)
JOre = 5O = BE) — gij(orodi — IuT)THTLNANM (49%)

which represents the expression of the Huygens-Steiner generalized to the vector
50
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CHAPTER Il

I.1. Vector interpretations of the rigid bodies kinetic parameters

I1.1.1. Rigid body kinetic energy. We shall consider the kinetic energy (see
[13], [7], [10], and [21])a little with a slight modification due to the interpretation

of the rigid body dynamic parameters by means of the introduced vectors éf{‘)
of the body mass linear moment at the pole A for the axis oriented by the unit
vector 71 and the vector j‘(ﬁ") of the body mass inertia moment at the pole A for
the axis oriented by the unit vector 7. Since the velocity of each body point (see
[12])can be defined by the two kinematic parameters of the translation velocity 74
of the referential point A and the angular velocity & and the unit vector fi of the
momentary rotation axis orientation we shall define the kinetic energy in relation
to the body mass state properties with respect to the referential point translation
velocity and the body mass moments state for the pole at the referential point A
and for the axis oriented by the momentary rotation axis unit vector.

Figure 6
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Using the notation in the Figures 2b and 6, for the rigid body kinetic energy we

can write:
28, = / / / #.dm / / / (Ta+ [, )2 dm (50)
v \ 4

that is, according to our idea the double kinetic energy is only expressed by means of
the masses center velocity, body mass, momentary angular velocity and the vector
(ﬁc) of the body mass inertia moment for the axis through the body mass center

at the pole C and oriented by the momentary angular velocity unit vector 7:
2B}, = M(ic, o) +w(@,3°) (51)

In the case when the referential point A is not the mass center the kinetic energy
can be expressed in the form:

28, = M(34,7a) + 20(74,6F") + w(@,T5) (52)

which is expressed by means of the velocity ¥4 of the arbitrary referential point A,
angular velocity & of the rotation around the axis through the point A and mass
moment vectors as the mass inertia moment properties of the rigid body mass
distribution with respect to the pole at the referential point A and for axis oriented
by the momentary angular velocity @.

We can see that the kinetic energy has a part which corresponds to the body
translation of the velocity 74 of the referential point A, that is, the part correspond-
ing to the pure rotation around the relative rotation axis that passes through the
referential point A and is oriented by the vector & of the momentary angular veloc-
ity, as well as the mixed member which represents the coupling of the translation
and rotation and can be called “Coriolis member” representing the double scalar
products of the velocity ¥4 of the referential point translation and the vector éf{‘)
of the body mass linear moment at the referential point A for the axis oriented by
the unit vector 7 multiplied by the angular velocity vector magnitude. This third
member represents the kinetic energy of the coupling of the translation motion of
the referential pole velocity and the rotation motion around the axis through this
referential point.

This “Coriolis member” which represents the kinetic energy of the rotatory and
translatory motion coupling with respect to the referential pole is equal zero in the
following cases:

1* when the translatory velocity of the referential point A is orthogonal to the
vector é(ﬁA) of the body mass linear moment at the referential point A for the axis
oriented by the unit vector i, that is when the velocity 74 of the referential point
A is parallel to the plane formed by the rotation axis through referential pole A
and the body mass center;

2* when the referential point A is on the momentary rotation axis or at the
momentary rotation pole; and

3* when the referential point A is at the body mass center C.
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The expression (51) represents the modified expression of the Samuel Kéning
theorem for the kinetic energy, that is, the Samuel Koning theorem in new inter-
pretation, which states that the rigid body kinetic energy is equal to the sum of
the kinetic energy of its translator motion with mass center velocity and the kinetic
energy of its rotation motion around the axis oriented by the momentary angular
velocity through the body mass center.

If the referential point is at the momentary pole all the time, or the momentary
rotation axis then the kinetic energy can be expressed as:

2E, = w(@,3) (53)

and it has only the member corresponding to the rotation around the momentary
rotation axis and is equal to the half of the product of the momentary angular
velocity squared and the axial inertia moment for the momentary rotation axis as
it is known.

11.1.2. Linear momentum and angular momentum of the body motion.
The classic literature (see [10], [7], [11]) gives a very well known definition of the
rigid body linear momentum (motion quantity) and angular momentum (motion
quantity moment). We shall consider it a little with a slight modification due to the
interpretation of the rigid body dynamic parameters by means of the introduced
body mass moment vectors. We are following the classic definition by using the
prepositions from previous paragraph, as well as Fig. 6, so that we write for the
linear momentum following expression:

F= / / / Gndm = / / / @4 + [0, A)dm = Miy + w8 (54)
v \’4

The expression (54) of the linear momentum R of the rigid body whose points have
the translation velocity ¥4 of the referential point A and the relative velocity {dJ, 5]
due to the rotation around the axis oriented by the vector & = wii through the point
A has two parts: 1* the translatory one equal to the product of the referential point
velocity and the body mass—the linear momentum due to the translation motion
with the velocity of the referential point A; and 2* the rotatory one equal to the
product of the magnitude w of the angular velocity & = wit and the vector és.f)
of the body mass linear moment at the referential point A for the axis oriented by
the unit vector 7.

If the pole A is the body mass center C then the linear momentum is equal only
in the translatory part since the vector éf{‘) of the body mass linear moment for
the pole in the body mass center is equal to zero regardless of its orientation so
that the linear momentum is equal to the product of this velocity ¢ of the body
mass center and the rigid body mass: A=M vc. The same stands for if the pole
A is not the body mass center but if the axis oriented with & = wil trough pole A
passes trough the mass center. .
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The second kinetic vector connected to the referential point which plays an im-
portant part (role) in the rigid body dynamics is the rigid body angular momentum
(motion quantity moment) for the given pole, £o. Following the classic definition
according to [1}, [3] and [11] and according to the notation given in the Fig. 6 the
rigid body angular momentum is calculated by means of the following expression:

fo= [[[womim= [[[Fa+ron+@.aam 9
v |4

Following the idea of this paper that at the basis of the rigid body motion inter-
pretation there are rigid body dynamic parameters which express the mass inertia
moment properties and the kinematic parameters, translation velocity ¥4 of the
rigid body referential point and the angular velocity & of the relative momentary
rotation around the axis oriented with & and through the referential point A then
the angular momentum for the point A, £4 is connected not only to the pole but
to the axis oriented by the momentary angular velocity vector to which we connect
the vectors M(4) and J of the rigid body mass linear and inertia moments by
connecting the body mass to the translation velocity of the referential point A.
Therefore we write that it is:

EA = [M(A),ITA] + wj.(ﬁA), MA) = pcM - (56)
that is,
£o = M, 74 + W + [Fa, M4 +wEM)] (57)

If the referential point A is in the body mass center than the angular momentum
for the pole O is equal to:

£o =M@, 7] +wiy), MO =ioM (58)

while the angular momentum for the pole in the mass center C is:

8o = wj(ﬁc) (59)
and it is equal to the product of the magnitude of the momentary angular velocity
w and the vector .'_fg.lc) of the rigid body mass inertia moment for the central axis
oriented by the vector of the momentary angular velocity &.

The Ref. [3] has the deviation center of the body for the given direction for the
material particles system and the deviation load by the linear momentum analysis.
Considering that we have introduced the deviation load vector by the analysis of
the vector j(ﬁA) of the body mass inertia moment as its component normal to the
axis for which it is determined we can see that the deviational part of the angular
momentum vector proportional to the vector 5(,.1.‘4) of the deviational load the body
mass inertia moment of the axis around which the rigid body rotates since it is:

£4 = (M@, 5,437, T +w@BEY ) = (M, 74]+3(7,TP) +0DE (60)
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If the point A is the mass center then it stands for:

e -y - - C -

£ =0, 39) + wdP (61)
If the rotation axis is the main mass inertia moment axis then the angular momen-
tum does not have any deviational part since the rotation axis is not subjected to

the deviation load by the rigid body mass inertia moment and the angular momen-
tum vector for the mass center is collinear with the rotation axis.

11.1.3. Some interpretations for the case of the rigid body rotation around
the fixed axis. Figure 7 shows the rigid body with the rotation axis around which
it rotates with the angular velocity & which changes in time so that there appears
the angular acceleration & (see [{A3], [32]). The kinetic energy is expressed as

2E; = w(d, f}'f.f)) == w? J,S,A). The linear momentum and angular momentum are:

R=[3,pc]M = wBY (62)
£4 =0, TP) + wfdP, 7)) = 31, 3P) + wdY (63)

afgre 7 FA

Figure 7a

Since the velocity ¥ and the acceleration & of the body elementary mass at the
point N are (see [31], [12]):

v=@4 @=[54+5 @ (64)

then for the main vector 1-7",_.,- of the inertia force of the overall rigid body rotating
around the axis with the angular velocity & we obtain:

Foj=- / / f ddm = -8 - wl@, 6] (65)
\'4
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For the main moment of the inertia forces of the overall rigid body rotating around
the axis and for the point A we calculate the following:

s = [[[ 151 = oGP - lo, 5 (66)
|4

as well as:
(66*)

Figure 7b

The dynamic equations of the body rotation around fixed axis can be obtained by
differentiating in time the expression (62) for the linear momentum and expression
(54) for angular momentum on the basis of which we obtain:

., dR_ .o . (4 5 _ &

= = 08D + w3, 8M) = ~F,; = F. (67)
AR )y L2y RUA) 2(4))
i 1657 (Wit + w?d1) = RIS | = R|G IR (68)

R, =RF, R=Vo?+ ol (69)

The rotator R =R is normal to the rotation axis and the deviation plane through
the axis.

The equation (67) for the linear momentum change which is equal to the main
vector (resultant) of the active and reactive forces shows that the motion linear
momentum changes the vector normal to the rotation axis and has two components:
one due to the angular velocity change which is normal to the rotation axis and
the plane which contains the body mass center and the rotation axis, and the other
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component which depends on the angular velocity square which is normal to the
rotation axis and lie in the plane formed by rotation axis and the rigid body mass
center doing rotation.

dﬁ . - -pi —p -y
2 LA 0T 4o, TP = it = s (70
dg

4 = 5JP + 0P 4wz, P = IP + BPIR ()
R =R, R= Vol +wt (72)

The rotator /& = W7} which is rotating and increasing by the angular velocity and
by the angular acceleration at the same causes the inertia forces deviation moment
to increase.

The equation (70) which is written on the basis of the law of the body angular
momentum change which is says that the derivative in time of the body angular
momentum for a certain pole in stationary bearing, equal to the moment of the
active and reactive forces acting on the body for the same pole.

This form (71) immediately shows that the first component depending on the
angular acceleration is collinear with the rotation axis; the second component which
also depends on the angular acceleration is normal to the rotation axis and the
vector f('g{‘) of the rigid body mass inertia moment for the pole in the fixed bearing
A and for the rotation axis, that is, it is proportional to the magnitude of the
angular acceleration & and the vector 55,%‘4) of the rotation rigid body mass deviation
moment of the rotation axis in the stationary bearing A and for the rotation axis;
the third component is proportional to the square of the angular velocity w? and to
the magnitude of the vector ﬁg{‘) of the rotation rigid body mass deviation moment
of the rotation axis in the stationary bearing A and for the rotation axis, whereas it
is like a vector normal to the rotation axis and the vector 5351‘4) of the deviation load
to the rotation axis which means it is normal to the deviation plane. In the case it
is the rotation with a constant angular velocity the stroke derivative components
in time do not appear in the deviation plane; there is only a component normal to

. + R(A)
the deviation plane w(d, D:™].

Figure 7 shows the characteristic vectors, the rigid body mass moment vectors
and the rigid body dynamics kinetic vectors in the rotation around fixed axis.

&

If we now return to the expressions (65) and (66) for the inertia force main
vector and the inertia force main moment for the pole at the stationary bearing
A we come to the following conclusion: 1* the expression (65) is equal to the one
for the rigid body linear momentum derivative in time a changed sigh, while the
expression (66) is equal to the angular momentum for the pole at the stationary
bearing A, derivative in time, with a changed sigh so that the conclusions drawn
to the expressions (67) and (53) also stand for the expression (65) and (66). These
conclusions can also be defined in another way: we conclude from expression (66)
that the inertia forces main moment for the rigid body rotation around the fixed
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axis has three components: the first one is purely rotatory around the rotation
axis collinear with it if the angular acceleration is different from zero and it is
proportional to the angular acceleration w and the body mass axial inertia moment
for the rotation axis, JéA); and the second deviational component is normal to the

rotation axis which also depends on the angular acceleration and the vector 55(5‘4)
of the deviation load of the rotation axis; and third component depending on the
angular velocity squared of the rigid body rotation around the fixed axis and on
the magnitude of the mass deviation moment vector of the rotation axis at the pole
in the stationary bearing.

The derivative in time of the body angular momentum for a certain pole in
stationary bearing normal to the rotation axis is:

5’% = oD + o, D] = 1DV IR (73)
By expressions (66), (68) and (73) we can write following relations:
df
—L.Fj'—’i = ———({.-7— = E:;(i-A)—l = constant (74)
M4t |dE4| BT |
dt

11.1.4. Conditions for the dynamic balance of the rotor rotating around
the fixed axis. Figure 7 shows the rotor with the main forces vector components
denoted, that is, the motion linear momentum derivative in time and the inertia
forces resulting moment components, that is, motion angular momentum derivative
in time. In order that the effects of the dynamic balancing can appear it is necessary
that bearings do not bear dynamic pressure which means that the deviational
components should be equal to zero, that is, the components of the main force vector
and the inertia forces resulting moment. Hence we draw the following conclusions:

1* Condition for the dynamic balancing exclusively and primarly depends on
the dynamic, that is, kinetic properties of the rigid body with respect to the pole
in the stationary bearing and to the rotation axis, but they do not depend on the
angular velocity and the character of the acceleration;

2* Rotation axis should be the gravitational axis which is expressed by the
condition that the vector 6(,{4) of the rigid body mass linear moment for the rotation
axis and the stationary bearing should be equal to zero;

18 =0 (75)

3* Deviational part magnitude of the motion angular momentum derivative in
time is equal to zero, that is, that the magnitude of the vector D(ﬁA) of the deviation
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load by the body mass inertia moment for the rotation axis is equal to zero:
55V =0 (76)

which can be reduced to the condition that the rotation axis is the main central
mass inertia moment axis or that it is the symmetry axis or that it is the axis which
for the point at stationary bearing represents one main direction of the rotor mass
inertia moment.

11.1.5. Interpretation of the kinetic pressures on bearing by means of the
mass moment vectors for the pole and the axis. In this part the kinetic pressures

of shaft bearings are expressed by means of the mass moment vectors: éS‘.A) of the

body mass linear moment and 335{4) of the deviation load by the body mass inertia
moment of the rotation axis for the pole in the stationary bearing.

>}

G=63L

Figure 8

Figure 8 shows arigid body that can rotate around a stationary axis is like a rigid
shaft without mass supported on the stationary bearing A and on the moveable
_ sliding one along the rotation axis. In the general case let a rigid body be subjected
to a system of forces Fi, whose points application N, are determined by the position
vectors Py with respect to the pole in the stationary bearing A. |

Let’s denote the rotation angle of the body around the stationary axis oriented
by unit vector 7 with @ = fi.

Following the expressions (67) and (70), as well as expression (68) and (71) we
can write the following two vector equations:
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‘flf IED (i, +w?5) = RIEP| =
k=N
—mIG(A)Irl ZF), +I3A +FB (77)
k=1
%’1 =35I + 6B + vz, D) =
k=N
=3I + PP R = 3 (3, Fil + (75, Fi) (78)
k=1

These two vectorial equations are kinetic equations of dynamic equilibrium in
motion-rotation of the body around the stationary axis under the action of the
active force system fk

If we now multiply scalarly and vectorly these equatlons (77) and (78) by the
unit vector i and having in mind that the gp = ppit, we obtain:

1* the rotation equation around the axes oriented by unit vector 7 in the form:

k=N

@,8) = 3 (Be. Fil, 7) (79)

k=1

2* the equations for determining the bearings kinetic pressures, that is pressures
upon the bearings, F4 and Fp, that is, their components in the axis direction i
and normal to the rotation axis:

k=N
Fun = (Fa,M)it = -7 y_ (F, ) (80)
e
Far = —Fp + 2|85 - 3[4, [Fi, 1)) o (®
k=N k_.l
Fg= lﬁJ(A)I - — Z[n, [[Be, Fi), ) (83)

From the expression for the bearings pressures (resistance) we select a part which
is the result of the action of an external active forces and the influence of which
upon the bearings resistances in possible variable in time is only due to the change
of their line of application as well as the point of application with respect to the
configuration of the body which is rotating such as in the case when the force of
the body’s own weight which retains the application line direction in relation to
the rotation axis, and thus its position with respect to the body configuration,
although in doing this it retains the application point constantly in the body mass
center which rotates around the rotation axis together with body. The body mass
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center describes a circle or an arc in the plane through the mass center normal to
the rotation axis.

Other part of the bearing kinetic resistance (pressures) in the body rotation
around the stationary axis is the result exclusively of the kinetic-inertial body prop-
erties with respect to the rotation axis and the rotation kinematics and rigid body
rotation kinematics around the stationary axis. These parts appear as parameters
depending on the rotator vector 9 which in itself contains the angular velocity and
the angular acceleration of the body rotation around the rotation axis and the rigid
body mass moment properties with respect to the pole A at stationary bearing and
the rotation axis expressed by the mass moment vectors: é(ﬁA) of the body mass

linear moment and 555{4) of the deviation load by the body mass inertia moment of
the rotation axis for the pole A in the stationary bearing.

In order to discuss the rotor effect on the kinetic pressure upon the bearings
in which the rigid body shaft axis is rotating it is necessary to know the angular
acceleration & and the angular velocity & and in order to do this it is necessary
to solve the body rotation/oscillation equation around the axis (79), namely, to
determine @(t) and &(t) as well as w(yp).

If the rotation axis is the central and main mass inertia moment axis and for
the pole in the stationary bearing then it is a rigid body which is dynamically
balanced and the member in the kinetic pressures depending on the vectors GS.iA)

of the body mass linear moment and 53%‘4) of the deviation load by the body mass
inertia moment of the rotation axis for the pole A in the stationary bearing are
equal to zero and are not influenced by the rotator change. Then there are only
the components of the bearing resistance arising from the bearings “kvazi-static”
resistances in the definite position of the active forces system and the reactive forces
system during the body rotation. '

If the rotation axis is the axis of the mass inertia moment asymmetry for the
referential point in the stationary bearing then the kinetic pressures are the great-
est both on moveable and stationary bearing. Since at each point on the rigid
body there are three pairs of such mutually perpendicular axes which are in pair
perpendicular to one main mass inertia moment direction and they form with the
others an angle of 7 each so that the mass inertia moment asymmetry axes which
are perpendicular to the second main mass inertia moment direction forming angle
of £ each with the first and third main mass inertia moment directions as the ro-
tation axes will be the greatest vector of the deviation load and at the same time
the greatest kinetic pressures on both the bearings.

The kinetic pressure on the stationary bearing depends on the body mass center
position with respect to the rotation axis and this can be adjusted by the choice of
the inertia asymmetry axes in pair as well as by the choice of the moveable bearing
position with respect to the stationary one on the definite axis of mass inertia
moment asymmetry. The body mass inertia moment asymmetry axes should be
avoided as the rotation axis in order to reduce the dynamic pressures upon the
bearings.
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For a pair of the mass inertia moment asymmetry axes as the rotation axes the
axial mass inertia moment of the rotatory body is identical so that depending on
the body mass center position with respect to one axis or another and on the choice
of the moveable bearing an increase, that is, decrease of the kinetic pressure at a
given constant value of the initial energy communicated to the rotating body.

There are four (that is, eight) axes through each point of the body which we
have chosen as a stationary bearing for which the axial mass inertia moments
are the same value and the vectors 55%‘4) of the deviation load by the body mass
inertia moment of the rotation axis for the pole A in the stationary bearing are
proportional to the sum of the three mass deviation load vectors by the body mass
inertia moment of the mass inertia moment asymmetry axes. For these octahedral
axes the dynamic pressures on both the stationary and moveable bearings are the
same while the pressures on the stationary bearing are different and by choosing
one of the octahedral axes minimization of maximization of their value can be
performed. By displacing the moveable bearing from one to another octahedral
axis through the stationary bearing the kinetic pressure on the stationary bearing
can be adjusted while retaining the share in the pressure on both the bearing of
the part that corresponds to the deviation load vector although the rotator is going
to change as well (but this can also be adjusted). The smallest pressures would
appear an octahedral axis is chosen so that the body mass center is closest to the
rotation axis, that is, the most favorable of all the octahedral axes for the rotation
axes is the one which body mass center is closest to.

A general conclusion would be that if we cannot select in the design way the
rotation axis as the rigid body main central mass inertia moment axis when the
system is dynamically balanced and analysis of the mass inertia moment state
should be performed at each of the possible points of the stationary bearing posi-
tioning and according to the design requirements the selection should be done of
both the stationary bearing and of the rotation axis according to the analysis.

These conclusions are very important if the designer cannot change the station-
ary bearing but if we can change the moveable one and chose it freely in the rigid
body then his choose is important since the dynamic pressures should be as small
as possible (see [33], [32]).

11.2. Interpretation of the motion equations of a variable
mass object rotating around a stationary axis by means
of the mass moment vector for the pole and the axis.

In this part the kinetic equations of a variable mass object motion rotating

around a stationary axis are derived by means of the mass moment vectors for the
pole and for the rotation axis: vector & of the body mass linear moment, vector
-‘S.A) of the body mass inertia moment for the pole A and for the axis oriented by
the unit vector 7 and its deviational part of the vector 535,‘0 of the deviational load

by the body mass inertia moment of the rotation axis through the pole A. The
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vectors of the reactive forces and resulting moments of the reactive forces due to
the drop of the body particles are determined which are involved in the body mass

change as the function of the body mass moments vector change: vector &M of
the body mass linear moment and vector 55,“ ) of the body mass inertia moment for
the pole A and for the axis oriented by the unit vector 7 (see [49], [45], [27]).

The bearings resistances of the shaft on which an object of the variable mass is
rotation and the analysis of the kinetic pressures is performed.

11.2.1. Introduction. In the last fifty years the equations of Meschersky given
in his M.Sc. theses in 1897 [9] have obtained a wide theoretical consideration and
the practical application in scientific centers of many countries. Meschersky has
introduced the notion of the reactive force whereas Newton has defined the dynamic
object properties by means of the kinetic properties of the matter quantity as the
inertia measure. In the context of the Meschersky theory [9] the object are discussed
as the dynamic variable objects. If the object is subjected to the dynamic change
(see [17], [18]) (change of its own mass inertia moments) then it is the dynamic
variable object whose rotation around the stationary axis is discussed in this paper.

The reactive force acts on a body in motion whose mass changes in time (due to
the mechanical wasting - rejection or adhesion) in the sense of action and reaction.
This motion is described by the Meschersky equation and gives an expression for
the reactive force while the Ciolkovsky formula (see {5], [2], [11]) determines the
motion velocity due to such a force and the dependence of the mass separation
velocity in the case of the mass rejection.

Beside the papers quoted above relating to the mechanics of the variable mass
body and rocket-dynamics which began to develop between the two World Wars
there are other publications of a famous Italian scientist Tullio Levy-Civita (1873-
1941) (see [8]) who discovered these laws 31 years after Meschersky and indepen-
dently of him.

In engineering practice, especially in Mechanical Engineering, an important role
is played by the rotor of the variable mass so that it is of greatest to consider the
dynamic equations of the motion of the variable mass rotor as well as the dynamic
resistances of the shaft bearings which these rotors are rotating upon.

11.2.2." Main vector of the reactive forces and the reactive forces resulting
moment. By means of the previous introduced mass moment vectors here we are
going to the interpret the kinetic equations of the variable mass body rotation.

Figure 9 shows a rigid body of a variable mass rotating around the axis oriented
by the unit vector #i by the angular velocity &@.

We introduce the hypothesis about the knowledge of the of the law on the mass
separation from the body as the absolute velocity Wy of the particles falling off
which create the reactive force. Let’s assume that the absolute velocity wy of the
body particles falling of is equal to the velocity of the body point which rotates
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around the axis by the angular velocity @, that is, that it is: Wn = AUy = A&, 7],
where A is a scalar, the proportionality coefficient (see (19], [27]). The reactive
force dg.,, due to the elementary particle falling off is: d§, = wWndm = A[@, pldm.

Due to the falling off of all the particles which are involved in the body mass
change the main vector of the reactive forces is:

3 =///11)‘Ndm=,\///[ﬁ,p]dﬁz=/\w%///[ﬁ,p‘jdm=/\u26;? (84)
\’4 Vv v

we see that it is proportional to the body rotation angular velocity and to the
derivative in time of the body mass static moment vector in the case when the
body changes its mass in rotation. In the formula (84) the differential operator

4 is a derivative in the time of the body mass linear moment vector for the body

dt
= =%/V// rin = 45 o)

mass change:
/48,

el
W

Figure 9

Due to the falling off of all the body particles which are involved in the body
mass change the resulting moment of the reactive forces:

58 = [[[asi=s [[[rmman=-nTe @
| 4 1 4

‘We see that the resulting moment of the reactive forces due to the body particles
falling off, that is, of the particles involved in the body mass change for the case
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of the rotation is proportional to the body rotation angular velocity and to the

derivative in the time of the vector 3(5‘4) of the vector of the body mass inertia
moment for the pole at A and for the rotation axis.

In (85) the differential operator % is a derivative in the time of the body mass
inertia moment vector for the body mass change:

d(tA) ///[P’[w’f’]]dm ///(p (5, 1] drn (85*%)

11.2.3. Linear momentum and angular momentum of the body rotation
around the stationary axis. Following the idea of this part the linear momentum
& and the angular momentum £ 4 for the pole in the stationary A bearing for the
case of the body rotation around the stationary axis can be written by means of the
previously defined vectors of the body mass moments by the expressions (4) and
(6), as well as by the expressions (62) and (63), in the following form: & = wéf{‘),
£4 = w;](A ). Since for the formation of the dynamic equations is necessary to
detetmme the derivatives in the time of the linear momentum and of the angular
momentum of the body rotation, we write that it is:

* .,

dR _ sy, s gy, 985
= w6 +wlw, 6] +w dt (86)
% J(A) +w50(‘4) + wld, CD(A)] +wd3 (87)

11.2.4. Kinetic equations of a variable mass body rotation around a sta-
tionary axis. By using the basic laws of the dynamics that the linear momentum
derivative in time is equal to the sum of all the active and reactive forces and that
the angular momentum derivative in time for the pole in the stationary bearing is
equal to the sum of all the active and reactive moments for the same pole, we can
write the following two vector equations by means of the expressions (86) and (87)
as well as of the expressions (84) and (85):

g gw . L ggWw
‘fi—-? =w8M + vz, W] + wd d;‘ = —Fpj = Fo 4 Jo—2 (88)
g "3(4) R4
dﬁ -4 -
=2 =G +wla, B + wd:c‘if“; = St p; = T, + ,\wd:fif‘; (89)

These two vector-equations are the motion kinetic ones-of the rotation of a variable
mass body around the stationary axis. In these equations F, and 94, are the main
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vector of the active and passive forces acting on the body as well as these forces’
resulting moments for the pole at A.

If we multiply these equations (88) and (89) first scalarly and then from different
sides by the vector 7 of the rotation having in view that we obtain:

a) Rotation equation around the axis oriented by the unit vector 7:

k=N *2(4)
(D, 5) = (7, ) *)+Z<[pk,Fk1,n>+<A—1>(,d3 ) (90)

k=1

b) Equations for the bearings kinetic resistances:

d (A) k=N
(Fa, @) + (G, @) + (A - 1)( ,n) + Z(F,,,ﬁ) =0 (91)

k=1
k=N
#1160 = 1A, [Fa, @l + 7, [Fo, @) + Y 17, [Fi, A1+
k=1
3 z(4)
+ 3,16, 7]+ (A - 1) [ﬁ, [i?—i;'—w]] (92)
RID| = [, [7e, Fal, 7)) + [7, 155, Clitl}+ |
J(A) =N .
+ (’\ 1)[""[ ’w]] + Z [ﬁ, [[ﬁkrFk]’ﬁ]]
k=1 (93)

11.2.5. Shaft bearings resistances carried by the variable mass body. From
the equations (91), (92) and (93) we determine the bearings resistances components
in the form:

The stationary bearing resistance components A are:
1* The axial components in the rotation axis direction is:

Fan={(G1) - A= DI (‘}i(f),ﬁ) kf}:v(ﬁk,ﬁ)} (54

k=1

2* The deviational components perpendicular to the rotation axis are:
2.1* The component coming from the body mass center eccentricity is:

O~ R &
Fin =P = S8 - Y15 (R ) - 5,16, - 0~ 1|, [ S,
k=1
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2.2* The component coming from the deviational couple:

- L 1 o = 1 -
Pyt = FE) = —Fg = - — R 19P)| + — [, [[5
AN A B PB l F |+ PEB [n [[pC:G]’ﬁ]]+
(,\-1)[ [dﬁ"ﬁ") ” ey
+ i, B+ — YA 5w, Bl Al (@
o 5 > k§=1: (7, [[%, Fil, 7]} (96)

3* The moveable bearing resistance - sliding in the axis direction is of the devi-
ational character:

- l-o-o(A) 1 . rem N
Fpg = —R|9DS"| - —[#,[[Fc, G],
s = ——RIB| - -, 170, 7]

-Q=Df [di%'”,a” LN (5 AL (90

PB P =
in which the rotator R is determined by the formula:
R = Rii = v + W27 (=) g; P=P=1 GLTLA R=V/iZ+twt (98)

From the expressions for the bearings resistances we select the part which is the
result of the direct “static-dynamic” action of the active forces and a part which is
the result of the rotating variable mass body kinetic properties.

We see that as the result of the rotor kinetic properties the deviational couple
appears which is equal to the product of the rotator vector %R and of the vector
intensity 535.1‘4) of the deviation load by the body mass inertia moment of the rotation
axis and it directly depends on the axis selection in the variable mass rotating body.
This deviational couple causes a part of the kinetic pressures of the same intensity
and perpendicular to the rotation axis in both the bearings, the stationary and the
moveable one,

In the case that the rotation axis is always the main inertia axis for the pole in
the stationary axis this deviational couple is equal to zero and it does not cause
any pressure upon the bearings.

An additional pressure only upon the stationary bearing is formed when the
masses center is outside the rotation axis and this part is proportional to the rotator
vector R and to the vector intensity éf_"‘ ) of the mass linear moment for the pole
in the stationary bearing and for the rotation axis 7.

Due to the mass changeability the kinetic pressures are formed in both the
stationary and moveable bearings and they depend on the character of the body
mass inertia vector change for the pole at A and for the rotation axis and they also
make another deviational couple.

An additional pressures on the stationary bearing is formed due to the change of
the vector ég‘ ) of the mass linear moment and the angular velocity. A part of the
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kinetic pressures due to the reactive effect of the mass falling off from the rotator
in the fact depends on the falling-off masses kinetic properties.

11.2.6. Special case of self-rotation. To illustrate let’s observe a special case
when there are no active forces but the rotor is only under the action of the reactive
forces due to the masses separation (for instances, rotor with nozzles through which
the particles are falling). Then the self- rotation equation is:

S(A)
(GD 5y = (A - 1)( ,‘” ) (99)

whose one first integral is: (J(A) &) = const.

If the rotation axis is the central rotation axis and the main inertia axis for
the pole in the stationary bearing then the dynamic pressures do not effect the
bearings. Then we can conclude that due to the reactive forces the body rotates
around a free axis which retains its orientation. This would be a case of the body
self-rotation around the central axis. In [20] the motion integral of the form is given
which according to the Savié-Kasanin theory [16] represents the motion integral,
that is, the self-rotation equations of celestial bodies (of the Earth, of the Sun).

11.3. Vectorial equations for the self induced rotations

Starting from the idea of Savi¢ and Ka3anin [16] and from idea of Vuji¢ié [18],
as well as from an analogy with paper of Vujiti¢ {20] and idea of [23], a new form
of the vectorial equation for the self-induced rotations of a rigid body is derived.
That equation is:

JR(©)

W3O 4@, 3 + w1 - A) =0 (100)
where j’f.ic) is the vector of body mass inertia moment at the point C' center of
mass, for the instantaneous rotation axis oriented by the unit vector 7 and & is the
instantaneous angular velocity vector of the self-induced rotation, where w = 3]

11.3.1. Introduction. In the monograph [16] it is supposed that the rotation of
a celestial body result from the expulsion of electrons from ators: “The ezpulsion
of electrons from an atom has as its consequence the rotation of a celestial body,
this rotation occuring at the instant in which the magnetic moment occurs-both
phenomena occur concurrently with one another; both of them are the consequences
of the ezpulsion of electrons from atoms, without which there would be neither a
magnetic moment nor a rotation”. The authors of this theory in their monograph,
starting from the relation of the rotation of the plane rigid body derive a formula
for calculating the angular velocity of a celestial body (see [16, p. 75]).
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In [20] a new form of the tensorial equations for the self-rotation of a celestial
body is derived by Vujigié¢. In [20] author have the following view: “The classical
mechanics have never succeeded neither could to ezplain the origin of rotation of
celestial bodies by material point model and rigid body. The sum of interior force
moments have disappeared during any analysis, and therefore the dynamics have to
account the exterior forces as the cause of rotation. However the celestial mechanics
have not accounted for electromagnetic forces although they are predominant in
comperison with gravitational in microstructure. The gravitational forces became
predominant within the large mass bodies. But the evolutional processes are much
more complex the later mechanical model. So far the scientific opinion as that the
formulation of stars-starts with gravitational condensation of low density hydrogen”.

11.3.2. Vectorial equations for the self-induced-rotations of bodies. Ac-
cording to [25] we shall introduce the notation of the mass inertia moment vector
35_10) for the pole in the mass center C and for the axis oriented by the unit vector
7i, defined by:

~C v=N
D = Y mls, Al (101)
v=1
where 7, is a position vector of mass particle m,, v =1,2,... N, relative to a fixed
pole (in the mass center C. This vector is connected for the pole in the mass enter
and for the self-rotation axis.

The vector éf.ic) for the pole in the mass center C and for the axis of the self-
induced rotation, oriented by the unit vector 7, defined by:

v=N
6P =Y myli,7l=0 (102)
v=1

is equal to zero. In [20] author wrote: “If we have in mind very complicated struc-
ture of celestial bodies, these results, as the one concerning the magnetic moment
(see [16]), very sufficient stimulus for further work on this theory. For the purpose
of mathematical generalization, it is always possible to consider any part of the
body as the material points with the mass m;, i = 1,2,... N, if its own rotation is
considered. If we separate any part of the body, even one single electron, from the
original body, the mass of the body m; changes for the mass Am; of the separated
particles. If the mass Am; is separated, with the velocity i;, from the body with
mass m;, there appears a reactive impulse:

Am;ii; = AAH: : #; At (103)
and it provokes the change of impulse m;#; in the original with mass m;. Naturally
if the separated particle, for ezample an electron, takes with itself an electrical
charge it induced also the electromagnetic field, and the occurrence of a magnetic
moment”.
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In {20] it was assumed that the observed object was composed of the set of N
parts of masses m,,, v = 1,2,...N. Starting from the theory of separation under
the pressure, we can accept the assumption that the mass m, of the body changes
for a differentially small amount of mass Am,. At the moment of expulsion of
masses dm,, v = 1,2,... M, with the corresponding absolute velocities @, there
appear the reactive forces ﬁ,,i'ﬂ" which perform the work:

A, d"‘”

7 (1, 07) (104)

on virtual displacements 47,,.

The perturbation in the state of the j-th particle provokes (causes) a change in
the impulse of the motion of all other particles. For such a dynamical system, the
general classical principle of mechanics should be valid, and according to it, we can
write:

1 =N 1M
5 / ; g m? (@, d7,) = / ,};1 (@, 67,) (105)

where M < N and 7, are the radius vectors of observed material points with the
assumption that the eventual displacements d7,, and &7, are equal to zero, and
with the validity of the relations 6d7, = dé7,. Now, for left-hand side of (105) we
can write:

v=N v=N 1

] v,'Uu dry) +m, v;‘sdu = u( v,ddru =
2;1/{((", D) 4807} = 3 [ 067 =
v=N 1
== (d( v V) g V)
x;-o/ e 7‘ (106)
because
v=N
> my(@,07)1§ =0 ' (107)
v=1

Introducing the time t, the last integral (106) transforms in the form:

Ly=N

/ Z d(’"”""), )dt (108)

If we introduced the time also in the right-hand side of the relation (105), by means
of dm, = r, dt, where obv1ously m, = "—”—"‘ is the mass velocity (secondary change
of mass) if will be

lv=N Yy=M

/ S (4% s )= [ Y (o) et (109)

v=1 to v=1
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Due to the arbitrariness in the choice of the pole of the position vector 7, the mass
center C can be taken as the pole.

Setting the origin of an inertial reference system at the center of mass, which
is always possible due to the arbitrariness of the choice of the reference point, the
velocity of v-th point can be determined approximately by the relation 7, = [, 7).
In the model of the body, the angular velocities &, , are equal to the instantaneous
angular velocity vectors of a body-fixed, non inertial reference system with vector
base &,, that is &, & &. For the particles of a fluid medium, its velocity can be
considered as an average angular velocity, for which &, = & so that the angular
displacement 6@ = & dt, within the limits of such an approximations, can connect
the velocity 7, of the point of mass m,, with the velocity @, of an expulsive particle
of mass dm,,, that is ¥ = A, where A is an unknown scalar multiplier. Consequently,
from the equation (105) [20] we can write:

u—-N 4 =N

/ Z "(mu[&',f'u] [0, 7]) dt = / Au};{

Integration of the left-hand side of relation (110) can be transformed to (see [20]):

i @7L6EFR)d  (110)

v—N

= _ 4 R0 s _
% 2_2 my ([, 3,701, 60) = (w35, 60) =
~C «(C 30
=w(3( ) +w([w, N,65) +w( d"; ,&p’) (111)
where
“2(C) = v=N
dsdﬁt 3(0) ,,Z_l m,,[r,,, [n Tv]] (112)

The left-hand side of relation (110) can be transformed into the following form:

?{w(ﬁc), 57) + w((@, 35, 60) +w (23';0) ,6@) } dt (113)

to

Similarly, the right-hand side of the relation (110) can be transformed and it will
have following form:

f ,\Vf:vmy)[ru,[a 7,11, 69) dt = / Aw( (C),&p’) dt (114)

Due to the transformed expressions (113) and (114), the relation (110) can be
written in the form:

b, . 5©
/ { (wss,@ +w[@, 3 +w@ - ,\)—df‘;—-, &ﬁ) } dt=0 (115)

to
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Hence, from here, the vectorial equation of the self-induced rotation of the body
has the following form:

*

@30 +wl@, FO1+ w1 - A)

=0 (116)

ie.,
J5©)
w(;}(c) i) + wi)(o) +w[@, D =w(A-1) dJ

(117)

On the right-ha.nd side of this vectorial equation there is the vector iﬁa( R) of the

reactive moment: .
3(C)

(118)

on which the change in the body motions-rotation begins. In the case of appearing
of a total (complete) central symmetry of expulsion of parts of mass, the sum of all
components of moments of all reactive forces is equal to zero, because the moment
vectors (torques) in pairs probably act in opposite directions.

From the vectorial equation (117) it follows that:

‘ch'(R) =

75(C)
GOe=0-1) (w, By ) (119)
dt
. - 73(C)
AP +um S0 =000 S0 e
Now, Equation (119) can be written in the following form:
435
=0-DESE (121)

This last equation is equivalent to the relation (2.1), which appears in {16, p. 75],
or to the relation (2.14) which appears in [20, p. 99]. Thus, with the integration
we will have:

@,3) 7,302 = const (122)
ie. '
(@, S(C)) = const (123)

where the constant of integration is to be determined from chosen initial conditions.
This formula (123) is analogous with corresponding result of Savié-KasSanin from
[16].

According to the theory applied here, at the initial time #g, the vector of the
body mass inertia moment, for the pole C and for the axis oriented by the unit
vector i, is jf.::) and the instantaneous angular velocity of particles is &g, s0 we

can write:
(@33N = @0, 320, T (124)
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Therefore c c
(‘Difﬁ‘; )) = (‘-‘50, j(ﬁo)) (124*)
For the classical case when the mass of the body is constant, the right-hand side

of the equation (121) is equal to zero, so that the vectorial equation is reduced to
the equation of the rotation of a body by inertia & = &y = Const.

11.3.3. Concluding remarks. The exposed analysis of the bodies self-rotation
does not aim to explain finally and describe fully the appearance of its induced
self-rotation. This is only a contribution to the attempt for the mathematical
vectorial descriptions of the law of motion - self-rotation by a new form of the
vectorial differential equation, which are typical to the motion of rotor under the
action of the reactive forces due to the masses separation (for instances, rotor with
nozzles through which the particles are falling). If the rotation axis is the central
rotation axis and the main inertia axis for the pole in the stationary bearing then
the dynamic pressures do not effect the bearings. Then we can conclude that due to
the reactive forces the body rotates around a free axis which retains its orientation.
This would be a case of self-rotation of a body around the central axis.

8**

Main results of this monograph paper were presented on various seminars, con-
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ters, Abstracts of 2-nd International Symposium of Ukrainian Mechanical En-
gineers in Lviv, State University “Lvivska Politechnika”, Ukainian engineerr’s
Society in Lviv and Ukainian engineer’s Society of America, 1995, p. 51

A3. Hedrih (Stevanovié), K., On rotation of a heavy body around a stationary azis in
the fields with turbulent damping and dynamic pressures on bearings, Abstract
of lectures YUCNP Nis, 1991, pp. 38-39.
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1995, 106-107.
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Apstrakata.

Hedrih (Stevanovié), K., Interpretation of the Rigid Bodies Kinetics by Vectors of
the Bodies Mass Moments, Invited Lecture, Book of Abstracts, The International
Conference: Stability, Control and Rigid Bodies Dynamics - ICSCD 96, Institute
of Applied Mathematics and Mechanics of NAS of Ukraine, Donetsk - Mariupol,
2-6 September, 1996, pp. 35-36.

Hedrih (Stevanovi¢), K., Nonlinear Dynamics of Rotor with @ vibratin aris
and sensitive dependence on initial conditions of forced vibration/rotation/stoch-
asticlike-chaoticlike motion of a hevy rotor, Third Bogoliubov Readings: As-
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BEKTOPU MOMEHATA MACA TEJIA

Ogaj MoROrpadCKM YIaHAK YBOAM BEKTOD i(,.N) MOMEHT3 NHePUKje Mace Tena
3a Tadky N ¥ OCy OpjeHTHCaHY jeAMHWJHUM BEKTOpPOM fi. BekTop MOMenTa BH-
epuyje Mace KPyTor Tekxa je Kopumlied 3a aHaNU3y CTalba MOMEHATA MHEpLMje
Mace Tesa 3a ofgpeljeny xondpurypaiyjy Mace Tesa, Ka0 ¥ 3a MHTEpPHpPETaLMjy
KMHETWYKHMX NapaMeTepa MaTepHjaJHOr CUCTeMa y KpeTamy. IIpoMeHa BexTO-
pa MOMEHTa MHepIUje Mace TeJa UPU IPOMEHN mOJa Kala 0Ca 3a4PKaBa CBOjY
opjenrammjy je oxpebena 1 npencrasiba yonmmrewe Huygens-Steiner-ose Teo-
peMe Ha YBeAEHE BEKTOpE MOMEHaTa MHepuuje Mace Tena. Vi3pener je m3pas
3a oxpebuBame mpoMeHe BEKTOpa MOMEHATA MHepIMje Mace Teda Kala OCa
Mema OpjeHTaLH]y, IMTo je jennaunna anaaorna Cauchy-jesum jeanaunnama U3
Teopuje enacTuunocTh. IToka3ano je kako ce nomMohy BekTOpa MOMEHATA Maca
oapebyjy riaBHK npaBnyd MOMEHATa MHEPIMje MAca KaO M IpaBLy WHEPIVOHE
acumerpuje. Oxpehenn cy BeKTOPH MOMEHATA MHEPLUMjE MACa 32 OKTaeAapCKe
npaBie. YKa3aHO je HAa aHAJOTMjé MOXena CTama MOMEHATA MHEepuHje Maca
Tejla, CTakha HAIIOHA K CTamka JedopMamuje noMoliy BEKTOpa BE3aHMX 33 TAUKy
# OCY, OZHOCHO DaBaH. Auaiu3upanu cy chepHa M AeBHjalMOHa CBOjCTBA Bek-
TOpa MOMEHATa Maca.

OBuM una#KoOM Cy yBeAenu ciefeliv BEKTODH BE3aHU 33 TAUKY M OCY: BEK-

~ (N . .
TOD Mf., ) mace Tena y Tauku N 3a OCY ODjeHTMCaHY jeAMHUYHUM BEKTOPOM
1; BEKTOD GSTN) muneapHor (CTATHYKOr) MOMEHTa Mace Tena y Ttauku N 3a

OCY OpPJEHTHCaHY jeIUHUYHUM BEKTODOM fi; U BEKTOP 357") MOMEHTa MHepnuje
Mace Tena y Taukm N 3a OCy OpjEHTUCAHY jeUHUUYHUM BeKTOpoM fi. Hl3Benenu
Cy ¥3pa3y 33 BEKTOPE MOMEHATA Maca ¥ f-IUMEHCUOHAIHOM KPUBOIUHIjCKOM
CHCTEMY KOODIMHATA.

3atuMm cy nmomolly yBeJeHMX BEKTODa MOMEHAT2 MACA M3Pa*KeHW KUHETUY-
KM IapaMeTpH KpeTama kpyror Texna. lame uHTepnperanuje cy oApenyie
u3pase 3a KMHETUYKY €HEprujy, KOJIMYMHY KDETalkha M MOMEHT KOJUYMEE Kpe-
Tawa KpyTor Tena noMohy ysejeuux BeKTOpa MOMeHaTa Maca Tena. Cmemm-
jasiHo, 3a cayuaj oOprama TeJa OKO HENOMHYHE Oce, oapebeHu cy m3Boau
KOJIMYMHE KPETAaBma ¥ MOMEHTA KOAMUYMEE KPeTalha y (QYHKIMjM THUX BEKTODPA
MOMEHATA MaCa M HalucaHe KWHeTMYKe jeHa4YMHe POTalMje y BEKTOPCKOM 06-
mky. Ogpebenu cy M3pasy 33 KMHETHYKE IPUTHCKE ¥ yYBeAEH KMHEMATUUKM
sexTop porarop. Ilokasyje ce ga xopumlieme BEKTOpa MOMEHATa Maca M BeK-
TOpa POTATOPA Jaje CACBUM jeHHOCTABHE M3Pa3e 33 XKMHETUYKE IPUTUCKE KOjU
3aBHCe OX MAEBMJaIlMOHMX JEJOBA BEKTOPa MOMEHATa Maca y OJHOCY Ha ocy
poTanuje ¥ O KMHEMATUYKOr BEKTOPa POTATOPa. ¥ CJIOBM JAUHAMHYKOr Da-




JNaHCUpama ce Takohe jeHOCTABHO M3paXKaBajy y YCAOBY Ja Cy AEBUjAIMOHN
HEJIOBH BEKTOPA MOMEHATa MACa jeOHAKW HYIU.

Y unaEky Cy u3BeReHM W3Pa3y 3a MPOMEHE BEKTOPa MOMEHATa Maca OpH
POTALMjH TeNa U 3a CAy4aj KPYyTOr Tejaa npoMeHmuse Mace. Vapenena je nex-
TOPCKA jeAHAUMEHA CaMOPOTANMje KPYyTOr TeNa NPOMEHLUBE Mace.

Osaj MoHOrpagCKN wiaHaK ONPeACTaBha NPEriel HAYYHUX PE3yJTaTa Koje
je ayTop nyGaMKOBaHO y HAYUHUM YACOMMCHMA M /VIM CAONMTHO HA HAYUHUM
KorpecuMa u xoudeperuujamMa MelyHaApPOAHOr MM HAUUOHAMHOr 3HAYAja MITO
ce BUOY U3 CIHCKA JUTEePAType Koja cajapxm ayroposux 30 6ubmnorpadckux
jemmEnna.

OBaj MonorpadgCcko nperyieffHy YiIaHaK OpPeiCTaBba UEAMHY NO BEKTOPCKO]
MEeTOAM KOjy je ayTOp 3aCHOBaO Ha BEKTOPMMAa BE3aHMM 3a IOJ ¥ OCy YBO-
PememM BEKTOpa MOMEHAT2 MacCa TeNa 3a IOJ M OCY KOjUMa Ce M3paXasajy
reoMeTPHjCKO KOHOUTypanuoHa CBOjCTBA MACA TEJNA M KUHEMATHUYKKX BEKTOPa
pOTATOPa KOjU Cy BE3aHM 33 NOJ M OCY M POTHUPAjy OKO me omroeapajyliom
yraoHoM OpsumoMm m yOpsamem. TaxoBe, unamak npeacrapimba HEJHHY U IO
caIp:KajUMa: KOMILIeTHOM MHTEPIPEeTAanHjoM aHaJM3e CTalkha MOMEHATa Maca.
Tena y OAHOCY Ha MNOJ YBEAEHUM BEKTOPUMA MOMEHATa Maca M KOMIIETHOM
MHTEPHPETAIMjOM KMHETUYKMX HapaMeTapa Kperawma poTopa.
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Preface

The theory of stochastic differential equations, as a part of the general theo-
ry of stochastic processes, began to develop in the fifties in the discussions of I.I.
Gikhman, and independently of him, K. It6. The accepted terminology, however,
derived from It6. In his papers [15], [16], [17], for special classes of stochastic
processes he introduced the notion of the stochastic integral and of the stochas-
tic differential equation with respect to a Wiener process. Following the classical
theory of ordinary differential equations, he proved the fundamental theorem of
the existence and uniqueness of solutions and also the Markov property of solu-
tions. From then on this theory has developed in several aspects, mostly induced
by mathematical abstractions or by many applications in technical practice, hav-
ing in mind that a Gaussian white noise could be mathematically interpreted by a
Wiener process.

One of the most important moments in the development of the theory of stochas-
tic integrals and stochastic differential equations was the introduction of the notion
of a martingale by Doob (7] and the subsequent establishment of the notion by
Meyer {34], [35], [36]. In this way the fundamental supermartingale-decomposition
theorem of Doob-Meyer [36] and the basic inequalities for martingales were estab-
lished.

It is necessary to emphasize the notion of a stochastic integral with respect to

a second-order martingale, introduced and studied by Kunita and Watanabe [27],

- which generalizes the stochastic It6’s integral. In fact, many properties of the Itd’s
integrals remain valid for this class of stochastic processes.

Later on, the theory of stochastic integrals and stochastic differential equations
relative to other types of martingales and stochastic measures was developed ([6],
[29]). Concurrently with it, the appropriate theory for a larger class of stochastic
processes-semimartingales was introduced by Doléan-Dade and Meyer [6], and later
essentially studied by Jacod [22] and Gikhman and Skorokhod [11].

The theory of stochastic differential equations had a permanent development
with a large number of innovations, including some nonstandard constructions of
stochastic integrals [12]). However, the Itd-calculus remains essential because several
phenomena in technical, biological and social sciences can be modeled and described
by stochastic differential equations of the Ité type. In fact, this theory is now
applied in many diverse fields, which proves the flexibility of its application.
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This paper represents an introduction to the study of the Ito-type calculus,
as the initial information about the general theory of stochastic differential equa-
tions. Section 1 contains the basic theory of stochastic It6’s integrals, stating some
important properties of stochastic indefinite integrals, introducing the stochastic
differential and giving a differential formula known as the It6’s formula. In Section
2 the basic theory of It6-type stochastic differential equations is established. The
basic existence and uniqueness theorem, the Markov property and the continuous
dependence on parameters of solutions are considered. Some simple examples are
given to illustrate the preceding theoretical considerations.

There is a number of papers about stochastic differential equations. In the
References some monographs and historically important papers are also given.

We shall restrict ourselves to the one-dimensional case for notational simplicity.
The extension to the multidimensional case is not difficult in itself and it can be
treated analogously.

1. lto-type stochastic integrals

1.1. Definition of the Itd-type stochastic integral. Throughout the paper
we suppose that all random variables and processes considered here are defined on
a complete probability space (Q, F, P). Let w = (w,t € R) be an one-dimensional
standard Wiener process, adapted to the increasing family of sub-o-algebras (F;, t €
R), i.e., for all s < t random variables w, are F;-measurable, F;, C F, for ¢, < tp
and w; — w, is independent on F, for all ¢ > s. Further on, from this fact w is
usually marked with w = ((w;, F),t € R).

Having in mind the definition of w, let us recall some of its more important
properties: w(0) = 0 a.s.; w; — w, : N(0, |t — s|); it has independent increments;
sample functions are continuous, but nowhere differentiable and they are of un-
bounded variation in every finite interval; it is a Markov process; w; — w; = w;—,;
w = ((wy, Fi),t € R) is a martingale, i.e., E{w;|F,} = w, a.s. for t > s.

Moreover, because ((w? — t,F:),t € R) is a martingale, w is a second-order
martingale with the quadratic variation t. Indeed, for all £ > s,

E{w? - tlf,} = E{wi + (w — ws)z + 2wa(wt —w,)|Fs} —t

=w? + Blw —w,): —t =w? —s.

Exactly, the martingale characteristics of the Wiener process play an important
role in the construction of the It6-type stochastic integrals.

In this section we shall define the It6-type stochastic integral

b
I() = / o(t) du(t) 1)

where ¢ = (p(t),t € R) is a stochastic process, and we study its basic properties.
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Since w is neither differentiable nor of the bounded variation, it is impossible
to define (1) as an integral in the ordinary sense, i.e., as a Riemann-Stieltjes or a
Lebesgue-Stieltjes integral. Recall that if y is a nonrandom function, then (1) can
be treated as a second-order stochastic integral (see, for example, [27], [28], [30],
[31], [39], [45]). In this case only the fact that the Wiener process has orthogonal
increments is used. The problem arises if ¢ is a random function, i.e., a stochastic
process. Then the construction of the integral (1) depends on martingale properties
of the Wiener process.

Furthermore, we shall suppose that the stochastic processes ¢ and w are inde-
pendent.

Denote by M, the class of stochastic processes with following properties: if
@ € Ma, then

(i) ¢ is a measurable process, i.e., the function (w,t) - ¢(w,t) is measurable
with respect to F in w and Lebesgue measurable in ;

(ii) ¢ is adapted to the family of sub-o-algebras (¥;,t € R), i.e., for each t,
p(w, t) is measurable with respect to Fy;

(i) [ Elp(t)|? dt < oo.

When (i) and (ii) hold, we say that ¢ is nonanticipating with respect to (F;,t €
R).

Note that every deterministic function ¢ is a nonanticipating function. Also, if
 is a nonanticipating function, every product-measurable function g(t, ), defined
on (R x C) into C, is nonanticipating.

We are now in a position to define the stochastic integral of a process ¢ € M,
relative to w, following the ideas of It6 [15]. We shall do this gradually, in two
phases. In the first phase we define the stochastic integral for step functions in Ms;
in the second phase we extend this definition to the entire set Mj, approximating
an arbitrary process from M, with the sequence of step functions (see [1], {8], [9],
[10], [28], [30], [45]).

Definition 1. A stochastic process ¢ € M; is called a step function if there
exists a decomposition a =t5 < t; < t3--+ <t = b, independent of w, such that

o(w,t) = p(w,t,) as., t, <t<ty4, v=0,1,... k-1

Definition 2. The stochastic integral of the step function ¢ € M, with respect
to w is the random variable
b k-1
[ et duw,) 1= Y (e t) (e tosn) — 0, )]
e v=0
The following theorem makes it possible to define the stochastic integral for
every v € M.

Theorem 1. Let w = ((w¢, F:), t € R), be a standard Wiener process and
¢ € Mao. Then:
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(a) There exists a sequence of step functions {¢n,n € N} such that

b
llo = oall® = / Elo(t) - on(H)2dt =0 as n— oo;

(b) If a sequence of step functions {yn,n € N} approximates ¢ in the sense
ll¢ — ¥n = 0 asn — 0 and if I(p,) is defined as in Definition 1, then the sequence
of random variables {I(iy),n € N} converges in q.m. as n = oo;

(¢c) If {on,n € N} and {p},,n € N} are two sequences of step functions such
that [lp — ¢all = 0, i — ¢all = 0 asn — oo, then
. - . ’
q.m. nll)ngo I(pn) = q.m. nl_gxgo I(¢7,)-

Proof. (a) If ¢ € M3, but not obviously bounded a.s., we form the sequence
of stochastic processes { fn,n € N} such that
_ [ o(t), |Rep|<n, Imyp|<n,
falt) = .
n, otherwise
By the dominated convergence theorem it follows that [ : Elp(t) — fa(®)2dt = 0
as n — 00. So, further on we can always assume ¢ to be bounded a.s..

Suppose that ¢ is q.m. continuous. Then an approximating sequence of step

functions {¢n,n € N} can be constructed by an arbitrary decomposition of the

segment [a,b]: a = t((,") < tgl) <o < ti") = b, such that for t{” < t < t,(,'_‘,,)1

we have pn(t) = p(t™) as. and ma,x.,[tf,'_',?1 — ] = 0 as n — oo. Since ¢ is
q.m. continuous, then Elp(t) — pn(t)]? =+ 0 as n — oo for every t € [a,b]. By the
dominated convergence theorem it follows

b
j Elp(t) — pa(t)Pdt >0 as n - oco.
a

If ¢ is bounded a.s., but not obviously q.m. continuous, we shall define the
sequence of stochastic processes {gn,n € N}, where

gn(t) = /ooo e"'tp(t - _;r;) dr.

1t is easy to conclude that g, € M3, n € N and q.m. continuous on [a, b]. Since

/a " Eloo(t) — ga()? dt = / b | /o T o) - (¢ - )] d7'|2 dt
_<_/ab/0°°e"'d1/0°°e“"E p(t) —cp(t— %)lzdrdt

and since f: le(t) — ¢ (t— Z) |2dt = 0 as n — 0o whenever ¢ is a.s. bounded and
Lebesgue measurable, then

b
/ Elo(t) — ga()|2dt 50 as n— .
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Now it is clear that we can construct indirectly a sequence of step functions ap-
proximating ¢ by sampling q.m. continuous stochastic processes gn,n € N at the
partition points of the segment [a, b], such that the partitions go to zero as n — oo.

(b) Suppose that {¢,,n € N} is a sequence of step functions such that ||y —
¢nll = 0 as n = oco. Using Definition 2, let us define I{g,) by

b
Iow) = [ onl®)du(t) := T p(t) [0 - wi)]

Denote by A{Pw = w(t{™,) — w(ti™). Then
ElI(pa)? = 31 3 Ele(t)e(tl”) AP waw).
v
Since E[APw A w] = EAMw EAMw =0 if v # p, we get

E|(pa)? = 3 Elp() BlA wf?
b
= 3 Blp(t) (), — ) = / Elga(t)P dt.

Also, E|I(ipn)|? < 00. Since I(pntm) — I(n) = I(@n+m — ¢n) and Ynim ~ ¢n is
again a step function, it follows

b
El(pnim) ~ I@n)? = E(gntm — en)t = [ Elnim(®) = pn(t)]? dt

b b
< 2/ Elontm(t) — o(t)? dt + 2/ Elp(t) ~ en(t)?dt =+ 0, as n - co.

Hence, {I(yy),n € N} converges in q.m. because every Cauchy sequence of random
variables is also q.m. convergent. It means that there exists a random variable I(y)
such that E|I()]? < co and

E|I(¢) = I(pn)? 0 as n— oco. @)

(c) Let {¢n,n € N}i {¢),,n € N} be two sequences of step functions approxi-
mating o, i.e., |l — @n]l 2 0, llo — @il = 0 as n — oo. Because

lon — @all < V2 (llpn — ol +llo — Ll2)E =0 as n -+ oo,
then ,
BMl(ga) ~ 10 = [ Bloal) =0 dt 50 as n- oo,

Therefore, q.m. lim,_,00 I{pn) = q.m. limp—o0 [(¢],). Thus the theorem is com-
pletely proved. 0O
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Summarizing the results of the preceding theorem, we conclude that the stochas-
tic integral I(y) can be defined as q.m. limit of the sequence of random variables

{I(‘pﬂ)an € N}, i.e.,

b b
I6)= [ e dv = am. lim [ pa(t)due).

This limit is in q.m. sense uniquely determined and independent of the choice of
the sequence of step functions {y,,n € N} for which (2) holds.

Note that if @ and b are not finite, the stochastic integral is defined as q.m. limit
asa — oo or b — co.

The next theorem summarizes some of the more important properties of the
stochastic integral.

Theorem 2. Let p,% € M, and a, 8 be arbitrary numbers. Then:

(3) I(op + Bo) = al(y) + BI(Y);
(b) El{p) =0;

(©) EIQ)I[®) = [, Bpt)¥(@) dt.

Proof. (a) This part follows immediately from the construction of the stochastic
integral of step functions.

(b) The proof is obvious if ¢ € M is a step function. If not, let {yn} be a
sequence of step functions approximating ¢ in q.m,, i.e., Elp(t) — pn(t)]? = 0 as
n — oo on [a,b]. Since by Theorem 1b

0 < (EI(p) ~ EI(pn))® < El(p) = I(pn)* =0 as n - oo,
then EI(p) = 0.
(c) It is enough to prove that E|I(p)|? = [, : E|p(t))? dt because
EI@)TE) = 3 EMl(p + ) ~ Bll(p - 4)P’]

+ LBl (~ip + ) ~ ElI(~ip ~ $)"].

If v is a step function, the proof directly follows from the proof of Theorem 1b. If
not, let {yn,n € N} be a sequence of step functions approximating ¢ in q.m. Then

ElI((p)|2 = E|I(p — pn) + I(‘/’ﬂ)l2
= E{I(p — ¢a)|* + 2Re EI(p — pn)I(pn) + E|I(pn)[’,

and therefore

b
B = Jim BlI(en)f = lim [ Blpnc)

b b
_ : 2 g 112
= [ Jim BleaP ée= [ Bl e 0
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The notion of the stochastic integral of the It type can be introduced under
some weaker conditions (see, for example, {1}, [8], [10], {28}, (30], [39], [45]). Thus,
denote by P a class of stochastic processes, measurable and adapted to the family
of sub-g-algebras (F;,t € R), satisfying the condition

P{ /: le(®)|?dt < oo} =1.

Theorem 3. Let ((w;,F:),t € R) be a standard Wiener process and let ¢ € P.
Let also ¢, be defined by

on(t) = { o), J le®)Pdt <n,

0, otherwise

Clearly, M2 C P.

and let I(p,) denote the stochastic integral I(p,) = [°@n(t)dw(t). Then
{I(¢n),n € N} converges in probability as n — oc.

Proof. Let ¢, be defined as the above. Then ¢, € M, and I(p,) is well
defined. Now for arbitrary m,n € N and for any w € Q, such that

[ 1ot @ < mingm, ),

we obtain sup;q,4) l¢n(t) — @m(t)| = 0. So, I : pn(t)dt = f: ¢m(t) dt as. For every
€ > 0 it follows that

b
P{iH(on) ~ o)l 2 ¢} < P{ [ lo(®)Pat > min{m,n} } 0 a5 m,n — o,
a
which implies in turn that {I(pn),n € N} converges in probability since every

Cauchy sequence of random variables also converges in probability. O

Therefore, under the conditions of the preceding theorem there exists a random
variable I(¢) such that I(pn) —+ I(¢) in probability as n — co. In other words, we
can define the stochastic integral

I{¢) :=p- lim I(pn).

The notion of the It6-type stochastic integral can be analogously generalized
to the (n X m)-matrix valued stochastic process ¢ = [pijlnxm, Where p;; € M2
or ¢;; € P, with respect to the m-dimensional standard Wiener process w =
((we, Ft),t € R), we — w, : N(O, |t — s|I). The matrix ¢ has the norm

o 2\1/2 —11/2
ol = (2 leusl )" =g 2.
i=1 j=1

Clearly, in this case I(p) is the n-dimensional random variable.
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1.2. The stochastic indefinite integral. Denote by Ij,<s), 6 < 8 <t < b,
an indicator of the set [g,¢] which is obviously F;-measurable. This fact gives a
possibility to introduce a notion of a stochastic indefinite integral.

Definition 3. The stochastic indefinite integral of the process ¢ € M is the
stochastic process z = (z(t), ¢ € [a, b]), defined by

b ' t
a(t) = [ Lcaple)du(®) = [ o(e)du(s), tefad]

Having in mind the construction of the Itd-type stochastic integral T (p), the
indefinite stochastic integral possesses the following important properties:

(i) z is defined uniquely up to the stochastic equivalence with its separable and
measurable modification (Doob’s theorem - see [7], [45]);

(i) z(t) is Fi-measurable for every t € [a, b};

(iii) z(a) =0as,;

(iv) z(t) —z(s) = f: o(u) dw(u), t,s € [a,b].

Using the results of Theorem 2, for every ¢ € [a, b] it follows:
(v) Ez(t)=0;

(i) Els(t)? = J; Elp(s)P ds.

Theorem 4. Ifp € M,, then ((z:,F),t € [a,b]), is a martingale.
Proof. Let ¢ be a step function and 8 <#; <tz <--- <tn <t. Then

t
2(0) ~2(6) = [ plu) du(w)
= @(8)[w(t1) — w(s)] + (t1)[w(t2) — w(tr)] + - - - + @(tn)w(t) — w(tn)].
Therefore, by successively taking conditional expectations, we obtain

E{z(t) ~ 2(s)| o} = B{E{: -- E{z(t) — 2(s)|Fta HFtuos H -+ Frs HFo}
=+ = E{z(t) — =(s)| %>} = Ep(s) E(w(s) — w(s)) =0.

In the following part of the proof we use the well-known convergence property of
conditional expectation (see [45)): for v > 1 if the sequence of stochastic variables

X, "3 X as n = oo, then E(X,|F) "5 E(X|F) as n — .

If ¢ is not a step function, let {pn,n € N} be a sequence of step functions
approximating ¢. Denote by z,(t) = f: @n(8) dw(s). Then for every t € [a,b] we
have E|z(t) — z,(t)]> = 0 as n = oo, and therefore E{z(t) — z.(t) |Fs} - 0 as
n = oo. Now forallt > s

E{z(t) - z(s)|Fs}
= E{z(t) ~ zn ()| Fs} + E{zn(t) — z(s)|Fs} 0 as n—o0. O
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Moreover, one can be show that ((zy, 1), t € [a,8]), is ¢ second-order martingale
with the quadratic variation

H
u(t) = / lp(u)? du.

In order to do this, recall an important property of second order martingales.

Let ((z¢, F¢),t € [a,b]) be a sample continuous second-order martingale. Then by
the supermartingale-decomposition theorem of Doob and Meyer (see [36], and also
[10], [11], [30], [31], [34], [35]), there exist both a sample continuous martingale
((m¢, F¢),t € [a,d]) and a sample continuous increasing process ((u¢, Fe,t € [a, b))
— called the quadratic variation, with u(a) = 0 a.s. and Eu(b) < oo, such that

22(t) - u(t) =m(t) as, te€lq,b)

Also, the following inequality, defined first by Doob [7], and in different variations
by Meyer [36] and others, holds: for 1 < a < o0,

E{ s 01} < (525 =) Blze)le.
For a = 2 and ¢ € M3 we get
b
sup Elz(t)}? < E{ sup Iz(t)lz} < 4/ Elp®)]? dt < co.
te(a,b] telab a

Next, u(t) is F;-measurable for every ¢ € [a,}], non-negative and increasing a.s.,
u(a) = 0 a.s. and Eu(t) < Eu(b) < co. For all t > s we obtain
A

B0 -woi =E{( [ ¢(u)dw(u))* 7}~ [ P

= 5{( / o(w) du(w)” } - B{ / 2(u) du

+E{(/: plu) dw‘(u))2 |.7-', - E{ /a ©*(u) du I}',} = z2(s) — u(s).

So, u(t) is the quadratic variation of the martingale ((z;, %), t € [a, b]).
Recall that for ¢ € Mj the inequality

/,, t ols)ds|} < 4 / * Blo(o)? 3)

fs

E { sup
t€(a,b]

is also known as Doob’s inequality for It6-type integrals.
Ezample: The formal application of the classical rules for the integration by
parts yields

t
-;- /0 ws) du(s) = wi(2).
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Clearly, it is not correct because for ¢ > g
E{w(t)|F,} = wP(s) — t + 5 # w?(s),

and therefore w?(t) is not a martingale.

Also, it can be proved (see, for example, [8], [11}, [25]) that if ¢ € M3 and 7 is
a stopping time with respect to (F;,t € [a,b]),i.e,a <r<bas. and {r <t} € F;
for all t € [a, b], then the process

TAL
[ e, astso,

is 2 martingale and E [T p(s) dw(s) =

Theorem 5. If ¢ € My, then z = (z(t),t € [a,b]) is a continuous process.
Proof. Let ¢ be a step function with a decomposition a < t; <ty--- < t, < t.
Then
z(t) = p(a)[w(ts) — w(a)] + -+ + o(ta)[w(t) — w(tn)).
Obviously, a.s. continuity of = follows from a.s. continuity of the Wiener process.
If ¢ is not a step function, let {yn,n € N} be a sequence of step functions

approximating ¢, i.e., f: Elp(t) ~ pn(t)?dt = 0 as n — co. By Chebyshev’s
inequality and Doob’s inequality (3), it follows that

P{ swp | [ piorduts) - [ puinta)] > e} < 5 [ Blote) - ntot .

t€fa,b)

Next, we can choose € > 0 such that ¢z — 0 as n — 00, and {nt,k € N} in such
a way that n; 2 if k = oo, (for example, ¢ = 2~k ng = k~2), for which

> = / E|p(8) ~ ¢n,(8)|* ds < 0.
k=1 kJa

Since

ZP{ sup | [ 001206 ~ [ pma(0)a0(e)] > a4} <o,

tefa,b]

the Borel-Cantelli’s lemma. implies that

sup
t€fa,b)

for all t € [a,b] if & > ko(w), i.e.,

<€ as.

¢ t
/a (s) du(s) - / Can (5) du(s)

sup -0 as n—oo.

t€fa,b]

t i
/ o(s) duw(s) - / on(s) duw(s)
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Therefore, the integral [ : ¢(s) dw(s) is a.s. uniform limit on [a, ] of the sequence
of a.s. continuous stochastic processes { f: Pn(s)dw(s),t € [a,b,ne M } and, be-
cause of that, it is itself a.s. continuous.

Moreover, = has a.s. continuous sample functions (see [1], [8], [10]). O

Analogously to the stochastic indefinite integral for a process ¢ € My, it is
possible to define the It5-type indefinite integral for ¢ € P with

b t
o) = [ oMy dute) = [ ple)duls).

In this case the process z = (z(t),t € [a, b]) is measurable, adapted to the family of
sub-c-algebras (F¢,t € [a,b]), a.s. continuous, but in general it is not a martingale.
It can be shown that it is a local martingale (see, for example, [25], [30], [31], first
of all [27]). Remember that if we denote by 7, the stopping time

r=mjn{ [ lo(0ds 2},

then since 7, /' b as n — o0, it can be proved that ((z,(t A 75), F¢),t € [a,b]) is a
martingale for every n € N. By definition ((z¢, F:),t € [a,b]) is said to be a local
martingale.

1.3. The Itd’s formula. In order to determine effectively some classes of
stochastic indefinite integrals and to obtain explicit solutions of some types of
stochastic differential equations, it is necessary to use the Ité’s formula, so called
the Ito’s differential rule.

Let (a(t),t € [a,b]) and (b(t),t € [a,b]) be measurable processes adapted to the
family of sub-o-algebras (%3, t € [a, b]), such that

b b
/ la(®)]dt < o0 a.s., / )2 dt < o as.

Then the stochastic process

z(t) = z(a) + /t a(u) du + /u b(u) dw(u)

a

is called the Ité’s process. It is measurable, adapted to (F;,t € [a,b]) and as.
continuous. Here z(a) is a random variable, F,-measurable and independent of
w(t) —~ w(a) for all £ > a.

Definition 4. If for every s,t such that a < s<t<b,

z(t) — z(s) = /t a(u) du + [t b(u)dw(u) a.s.,

8

then the stochastic process = has the stochastic differential dz(t) on [a,b], given by
dz(t) = a(t) dt + b(t) dw(t).
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One can easily conclude that z(t) is measurable, adapted to (F;,t € [a,}]) and
a.s. continuous.

Theorem 6. (The Itd’s formula) Let dz(t) = a(t)dt + b(t) dw(t) and let
f(t,z) be a nonrandom function defined on [a,b] x R, continuous together with its
derivatives f{, f;, fa.. Then the process f(t,z(t)) has the stochastic differential,
given by

d(6,2(0)) = ilt,5(0) de+ F1(8,2(0) d(t) + 5 5206, 2(8) *(0)

For the proof see {1], (8], [9], [11], [28], [30], for example, and first of all [17].

In this formula the surprise is the last term because by the standard calculus
* formula for total derivatives the term 1 f1' (¢, z(t)) b?(t) dt would not appear. This
correction term arises from the nondifferentiability of the Wiener process. Since

df(t,z) ~ f(t+dt,z +dz) — £(t,3)
S fi(6,2) db + f1(6,2) di + 3 f1u, ) (da)
and }L‘wz(t) = t, we obtain (dw(t))? = dt. So,
(dz(t))? = [a(t) dt + b(t) dw(t) ]* =~ b*(t) dt.

Note that the Itd’s formula asserts the two processes: f(t,z(t)) — f(a,z(a)) and

t t
J U206+ £, 2060 ale) 3 Fulora(e) Vo) ds+ | £, 2(6)) b)),

which are stochastically equivalent.

Now we are in a position to find the integral j: w(s) dw(s). Since w(t) has the
stochastic differential for a = 0, b = 1, applying the Ité’s formula to the function
f(z) = 22, we have dw?(t) = dt + 2w(t) dw(t). Thus we obtain

t 1 1
/0 w(t) dw(t) = sz(t) -3t

which is a martingale.

The Itd’s formula can be used to estimate some types of stochastic integrals.
Thus, for a process ((¢¢, Ft),t € [0,7T]), such that |p(t)] < K as. for all ¢ € [a, }],
by applying the It6’s formula to the function f(z) = z>™, m € N, we obtain (see

8], (30) , 2
E( / p(s)du(s) < K™@m— 1)1,
(4]

If ¢ is unbounded as., but f: Ep?™(t) dt < oo, then (see (8], [28], {30])

E( /‘; t o(s) dw(s)) ” < [m(2m - 1)J™t™? /0 t Ep®™(s)ds.

|
|
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The It4’s formula can be easily generalized to a function f(¢,z1,z2,... ,Zys), de-

fined on [a,b] x R", continuous together with its derivatives fi, f;,, fapzyp 1 <

k,j < n. Ifdn(t) = ar(t)dt + bi(t)dw(t), 1 < k < n, then the process
F(t,z1(2), ... ,za(t)) has the stochastic differential .

&t 2(t) = =) dt + 3 11, (6, 2(0) dax (2

k=1
+ ;— Z z f;,l.z,' (t’ m(t)) by (t) bj (t) dt,
=1 j=1

where z(t) = (z1(¢), z2(t), ... ,zn(t)) (see earlier cited references).

Thus, if the stochastic processes z;(t) and z4(t) have the stochastic differen-
tials dz;(t) = ai(t)dt + b;(t) dw(t), i = 1,2, then the product z1(f)z2(t) has the
stochastic differential

d(z1(t)z2(t)) = 71 (2) dz2(t) + z2(2) dz1(2) + bo(2) b2(2t) a2 4)
= [xl (t) az(t) + 2 (t) ay (t) +b (t) bz(t) ] dt + [21 (t) bg(t) + .’L'z(t) b (t) ] dw(t).

The most important role of the Itd’s calculus is that it can be generalized to
a stochastic integral, replacing the Wiener process by a more general one. For
example, let ({2, F:),t € [a,b]) be a sample-continuous second-order martingale.
Then by the supermartingale-decomposition theorem of Meyer (see [36]) there ex-
ists a sample-continuous a.s. increasing process ((us, F¢),t € [a,b]) with u(a) =0
a.s., such that for a stochastic process (p(t),t € [a,b]), measurable, adapted to
(Ft,t € [a,b]) and

/ b () dult) < o as.,

analogously to the procedure in Theorem 1, the Itd’s integral (see [27])
b
16) = [ wltd(t)
a

can be defined with the help of step functions ¢,, as

Hgn) := Y 0t 2(t5) — 2(¢5)],

where I(ipn) 5 I(p) as n = oc.

The stochastic indefinite integral z(t) = f: ¢(8) dz(s) can be defined adequately.

If the process z(t) has the stochastic differential dz(t) = a(t) dt + b(t) dz(t), then
the analogue Itd’s formula, first proved in [27], has the form

df (t,2(t)) = £, (¢, 2(t)) dt + f7(t,z(t)) dz(t) + % fa(t,2(2)) 07 () du(t).
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2. Stochastic differential equations

2.1. Definition of the Ité-type stochastic differential equation. The sto-
chastic differential equation (shorter SDE) of an unknown n-dimensional process
z = (z(t),t € [to, T]) with the initial value 7 is given by

dz(t) = a(t,z(t)) dt + b(t, z(t)) dw(t), z(te) =n as, te€[t,T], (5)

where w = (w,t € R) is an m-dimensional Wiener process,  is an n-dimen-
sional random variable, stochastically independent of w in the sense that random
variables w, and 7 are stochastically independent for all t, and a : [to, T}x R® — R™,
b: [to,T] x R* = R™ x R™ are non-random functions, Borel-measurable on their
domains. :

Because of simplicity, we shall confine ourselves to the one-dimensional case. So,
z, w and 7 are one-dimensional, and @ : [to, T} X R+ R, b: [to,T) x R —+ R.

Denote by F; the o-algebra generated by 1 and w;, i.e. the smallest o-algebra
with respect to which 7 and the random variables w,, s < t, are measurable, such
that w; — w, is independent on F, for all ¢ > s. Thus the Wiener process w is
adapted with respect to the increasing family of sub-g-algebras (F,t € [to,T}),
and 75 is F;,-measurable.

Denote by P the space of stochastic processes ¢ = (¢(t),t € [to, T]), measurable
and adapted to (F, t € [to, T]), such that :

P{[Twmﬁ#<m}=L

"Definition 5. The measurable stochastic process z = (z(t),t € [t5,T]) is a
strong solution of the SDE (5) if:

(i) =z(t) is Fi-measurable for each t € [to, T;
(i) a(t) = a(t,z(t)), b(t) = b(t,z(t)), such that
T T _
mmﬁ<m,/|wwa<m as.;
to to
(i) z(to) =n as;
(iv) the equation (5) holds a.s. for each t € [to, T').
Since dz(t) = a(t) dt + b(t) dW (t) a.s. for all t € [to, T7], this is, therefore, the
stochastic differential of the process z.
The SDE (5) has the equivalent integral form

t t
z(t) =17 +/t a(s,z(s)) ds +/t b(s, z(s)) dw(s), t € [to,T]- (6)

Because of (i) and (ii) from Definition 5, the integrals on the right-hand side
of (6) are well defined: since b € P, then j;i b(s) dW(s) is the Ito-type stochastic
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integral; since @ is measurable and absolutely integrable random function adapted
to (F,t € [to, T1), fti a(s) d(s) exists as the Lebesgue integral with the parameter w.
Both integrals are defined uniquely up to the stochastic equivalence and therefore
the solution z is also determined up to the stochastic equivalence.

Moreover, since both integrals in (6) are a.s. continuous, then z is a.s. continuous.
For this, by Doob’s theorem [7] we shall always assume that we have chosen a
measurable, separable and a.s. continuous version of the strong solution.

Definition 6. The SDE (6) has a unique strong solution if for any two strong
solutions z; and z,,

P{w:z,(t) = za(t), t € [to,T] } = 1.
This is equivalent to P{sup;c, 1 1z1(t) — z2(t)] > 0} = 0.
Ezample. Solving formally the SDE
dz(t) = z(t) dw(t), =z(0)=1n as, t2>0,
as an ordinary differential equation, we obtain z(t) = ne*(!). By applying the Itd’s
formula, we get

da(t) = ne™® dhu(t) + 1+ ne® dt # a(t) du(®)

Therefore, the solution must have some other form. We shall express as z(t) =
nev®+¢(®) where  is an unknown function. Using again the It&’s formula, we
obtain

dz(t) = ne?@+e®) o/ (t) dt + e O+e®) duyy(s) + .;_ nev®+e(®) gy
= z(t)[¢'(t) + 1/2])dt + z(t) dw(t).
So, ¢'(t) +1/2 =0, i.e., p(t) = —1/2+ ¢, ¢ = const. The initial condition easily
gives ¢ = 0. Thus, z(t) = ne¥®-t/2 ¢ > 0.

2.2. Existence and uniqueness of a solution. Following the ideas of It6 [16]
we give the basic existence and uniqueness theorem of a solution of the SDE (6).

Theorem 7. Let w = (wy,t € R) be a standard Wiener process and 1 be a
random variable, independent of w. Let alsoa : [to, T} X R~ R and b: [to,T] x R
— R be Borel-measurable functions, satisfying the Lipschitz condition and the
condition on the restriction on growth on the last argument respectively, i.e. for
all (t,z), (t,y) € [to,T] x R there exists a constant L > 0 such that

la‘(t7 :E) - a(t1 y)l + Ib(taz) - b(t’ y)l < le - yl: (7)
la(t, )1 + [b(t, 2)? < L*(1+2%). (8

Then there exists a unique a.s. continuous strong solution of the SDE (6).
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Proof. The theorem can be proved by Picard-Lindel6f method of iterations,
modeled after the corresponding proof for ordinary differential equations (see, for
example, (1], (8], (9], [14], [16], [30], [45]). For the proof here we shall apply the
Banach fixed point theorem (see [10]).

First, let us suppose that Eln|?> < co. Denote by B a space of measurable pro-
cesses z, defined on [to, T}, adapted to the nondecreasing family of sub-o-algebras
(Fi,t € [to, T]), satisfying the condition sup, <;<7 E|z(t)[? < co. Then B is the
Banach space with the norm

1/2
lell=( sup_Ela(e)?) .
to<t<T

Let us define an operator S such that for z € S,

t t .
Solt) =n+ / a(s, o(s)) ds + / bs,2(s)) dw(s), tEfto, T  (9)
to to

Since a and b are Borel-measurable functions and z is a measurable process, adapted
to (Ft,t € [to,T]), it follows that the processes @(t) = a(t, z(t)) and d(t) = b(t, z(t))
also have these properties. Moreover, Schwarz inequality and (8) imply

T 2
/ a(s, z(s)) dsI

to

E

T
<(T~to) / Ela(s,z(s))2ds <a+ B8 sup Elz(t)f < oo;
to to<t<T

sup El/tt b(s, z(s)) dw(s)l2

to<t<LT
t
= sup [ Elb(s,z(s))]>ds <vy+8 sup Ez(t)|® < oo,
to<t<T Jto te<t<T

where o, 8,4, 6 are some constants depending on L,%; and T'. Accordingly, since
a%,b € P, the integrals in (9) are well defined.

Let us prove that S : B — B. If z € B, then Sxz(t) is a measurable process,
Fi-measurable for every ¢ € [ty, T] and a.s. continuous. Also,

EIS#(0)F < 3Blnl* + 30 ~t) [ Blals, ()P do-+3 [ Ils,a(e)P d
to to

t
< 3Elf + 3(T — to + 1)L? / (1 + Bla(s)[2) ds
to
< 3E? + 3(T — to + VLA(T — to)(1 + |jz||?) = M.
Thus, ;
1/2
|Sz]| = ( sup EISz(t)lz) < 00,
o <t<T

by
i
i
i
H
i
i
!
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and therefore S : B — B.

In the next step of the proof we shall show that there exists a unique fixed point
of the operator S. Indeed, for every z;,z2 € B we have

E|Sz,(t) — Sza(t)|?

¢ 2
<2E / [a(s,z1(8)) — a(s, z2(8))] dsl +2E
to

/tt[b(s,zl(s)) — b(s, z2(8))) dws ?

¢ t
< 2T - to)I2 / Elz1(s) — z2(s)[* ds + 22 / Elz1(s) — 22(s)[? ds
to to

< Kljzy — z,|? (¢ - to), : ’
where K = 2(T — to + 1)L2. Now it is easy to prove by induction that

t
EIS"zy(t) - S*za ()2 < K / BIS™ 121 (s) — ™z (s)|ds
to

K™t —to)™
5---5——(7—‘2-||z1-z2|12, telto,T] neN,

such that KT = to)"

15" 21 = 8"zll* < === lz1 ~ zll?, neN.

Since K™(T' —to)™/n! — 0 as n — oo, then there exists ng € N such that K™ (T —
to)™ /ng! = ¢ < 1. Thus S™ is a contraction. By one version of the Banach fixed
point theorem it follows that the operator S has a unique fixed point z € B, i.e.,
z = Sz. On the other hand,

¢ ¢
z(t) =19 +/ a(s,z(s))ds +/ b(s, z(s))dw(s) a.s., t€ [to,T].
to to

Since z(to) = n a.s., from Definition 5 holds that z is a unique strong solution of
the SDE (6), moreover satisfying sup;, <;<r E|z(t)|? < 0c. Also, it is easy to show
that

sup E|z(t)]* < 3E|n|2e3X(T=t0),

<t<T

to

Let us prove now the existence of a solution of the SDE (6) without the as-
sumption E|n|* < co. Denote by I = Ij,<ny and 7%V = nIY. Obviously, Y
is a random variable, independent with respect to w and F;,-measurable. Since
E|nV|?2 < N? < o0, the SDE

¢ ¢

@) =" + [ alsa(@)ds+ [ HesV@)duls), telnT] (10
to to

has a unique solution. For N’ > N it follows that

V() -2V =0 -V + / t[a(S,zN'(S)) —a(s,z"(s))] ds
to

+ [ Blo,2 (4 ~ b, N N W ).
to



124 Svetlana Jankovié
Since (nN' ~ g™M)IN =N IV — gNIN = 0, we obtain

2
N’ N N

sup (2" (&) -z (t)) I

toS‘%"( ( ) ( )) d

<2 sup (I /t t[a(s,x”’(s))—a(s,zN(‘s))]ds)')

to<tLu

+2 sup (I,I,v / [b(s, =" (s)) - b(s, = (8)] dw(s))2

t
to<tLu to

<2(T -tg) ‘/tlu I,’,vla(s, 2™’ (5)) — a(s,zV (s))|? ds

¢ , 2
+2 sup | [ 16,5 (9) - bla,a¥ ()] du(s)]

taStLu ' Jig
By applying the Lipschitz condition (7) and Doob’s inequality (3), we finally get

k1)
E sup lzN' (I a:N(t)IzI,f" <2AT~to+4)L* | E sup l:t:N' (v) — 2V (v)|%ds.
to<t<u tp toSv<

Now we need the well-known Gronwall’s lemma: if u : {a,b] - Rand v : [a,b] =
R are non-negative integrable functions and L = const > 0, then
u(t) <v(t) + L/t u(s)ds => u(t) < v(t)+ L‘/t elt=2)y(s)ds, t € [a,b].
Especially, if v(t) E::onst = u(a), then ’
u(t) < u(a) + L/t u(s)ds == u(t) < u(a)eX®%), tela,b)

If u(a) = 0, then u(t) = 0 for all ¢ € [a, b)].
By applying the preceding lemma, it follows that

E sup |z (t) - N ORI =0,
teLt<T

which implies P{sup,,<r<; |z" (t) — z" ()| = 0} = 0. Now,
P{ sup [z (@) —zV®)> >0} < P{In|>N} =0 as N',N = oo.
to<t<T
Therefore, {z™(t)} is a Cauchy sequence converging in probability for all ¢ €

[to,T). So, there exists Fi-measurable process (z(t),t € [to,T]), such that
SUD;,<¢<T |¥ (£) — z(t)] "= 0 as N ~ co. Since

T T
[ 1oto,2(6) ~als, ¥ @) ds+ [ (o, a(s)) ~ b, (51 ds

T
<2I? / sup |z(u) — 2N (u)|® ds
t

o toSu<ls
<2L3T —to) sup |z@)~zVN@O2 B0 as N - oo,
to<t<T
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then for every fixed ¢ € fto, T),

¢ t
/ a(s,zV(s))ds B / a(s,z(s)) ds,
to to

¢ ¢
/; b(s, z™ (s)) dw(s) 3 /t b(s, z(s)) dw(s).

holds. The limits in probability on both sides of the equation (10) show that z(t)
satisfies the SDE (6) a.s. and, therefore, it is its strong solution.

It remains to prove a uniqueness of a solution of the SDE (6) if E|n|? < oo does
not hold.

Let z; and z2 be two solutions of this equation. Then for every ¢ € [to,T],

z1(t) — z2(t) = /t t[a(s,zl (8)) — a(s, z2(s))] ds + /t t[b(s,zl (8)) — b(s, z2(s))] duw(s)
holds a.s. Denote
v = {

Since In(t)In(3) = In(t) for all s < ¢, then

17 lzl(s)l < Na l$2(3)| < Nr s€ [t01t]’
0, otherwise

In(@)[z1(t) — z2(2)] = In(2) /z t In(s)[a(s,z1(8)) — a(s,z2(s))]ds
+In(t) /tt In(s)[b(s, z1(8)) — b(s, z2(8))] dw(s).

Thus
In(s)|a(s,z1(s)) — a(s, z2(8))| < IN(s)L|z1(s) — z2(s)] < 2LN, as.,
and analogously for b. If we apply the dominated convergence theorem, we obtain

EIn(t)|z1(t) — z2(t)

t
<2t -to) | BIN(lale,21(6) - als,za(e))} d
+2 /t " B{In(5)[b(s,21(5)) — b(s, 22(s))*} ds

t
< 2T —to + 1)L /t E{In(s)|z1(s) — z2(s)[*} ds.

Applying now the Gronwall’s lemma we get E{In(t)|z1(t) — z2(¢)]*} = 0 for all
t € [to, T, which implies P{In(t)z1(t) = In(t)z2(t) } = 1. From there we easily
conclude

P{z:(t) # z2(t)} < P{ sup [z1(s)] > N} + P{ sup [z2(s)]| > N}.
to<s<t to<s<t
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Since z, i z4 are a.s. continuous on [tg, T], they are a.s. bounded. It means that the
right-hand side of the last inequality goes to zero by taking N — oo and, therefore
P{z\(t) # z2(t)} =0 for all t € [, T, i.e.

P{ sup |z:1(t) — z2(t)| > 0} =0.
to<t<T

Thus the proof is complete. O

Clearly, Theorem 7 gives only sufficient conditions for the existence and unique-
ness of a solution of the SDE (6). Note that if the functions a and b are defined on
[to,0) x R and if the assumptions of Theorem 7 hold on every finite subinterval
[to, T] C [to, 00), then the SDE (6) has a unique solution, defined on the entire half-
line [tg, 00), called & global solution. Naturally, in some cases the SDE (6) could
have a local solution, particularly if the assumptions of Theorem 7 do not hold, as
in the following example.

Indeed, the coefficients od the SDE
dz(t) = —%e"z‘(‘)dt +e*Oduw(t), z(te) =nas, t>to,

do not satisfy any Lipschitz condition or any growth condition for z < 0. However,
there exists a unique local solution z(t) = In[w(t) — w(te) + €"), defined on the
random interval [y, 7), where the random variable 7 is determined with 7 = inf{¢ :
wy — wy, + €7 < 0} (see [1], [32]). Naturally, we use the It6’s formula to prove that
z(t) is the solution of this equation.

The next theorem, known as the local uniqueness theorem, plays a very important
role in the study of stochastic differential equations (see, for example, (1}, (8], [9]).

Theorem 8. Let the functions a; and b;, i = 1,2, satisfy the assumptions of
Theorem 7 and let there exist N > 0 such that a; (&, z) = a,(t, x), b1 (L, z) = ba(t, x)
for all (t,z) € [-N, N]. Let z;(t), i = 1,2, be a solution of the SDE

dz;(t) = ai(t, zi(t)) dt + bi(t, z:(2)) dw(t), =zi(to) =9 as, tE€[to,T).
Denote by 7; the first time, after to, such that z;(t) intersects R \ [~ N, N] if such
time t € [to, T exists, and 7; = T otherwise. Then ’

P{n=7m}=1 and P{ sup |zi(t)—=z2()[=0}=1
to<t<n

Proof: Denote by
P (t) = 1, supy<ect Zi()] S N,
' 0, otherwise,

Let ¥1(t) = 1. Then ¢1(s) = 1 for all t < s < t £ 71 and here ay(s,z1(s)) =
az(s, 21(8)) a.s., bi(8,71(s)) = ba(s, 21(s)) a.s.. From integral form of the SDE-s it
is easy to obtain

@) [z1(t) — 22 ()] < 2{ /t t ¥1(8) @a (8, 21 (8)) — az(s, 22(s))] a!s}2
0 . | .
+2{ [ h(o)t(o,51(6) - bals, (e du(s)}

i
b
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By applying the Lipschitz condition (7), it follows that

t
B(®) ) ~ma@F <¢ [ Buu()lmle) ~ as) P s,
. to
where ¢ is a constant depending on L, T and #,. Then from Gronwall’s lemma

E1(t) [z1(t) - z2() 2 =0, t€ [to,n],

holds. From that,
P{ sup |z1(t) —z2(t)| =0} =1,
to<t<n

and therefore z,(t) = z2(t) as. for t € [to,71]. Consequently, P{r; > n} = 1.
Analogously we get P{r; < 72} =1, which completes the proof. O

Theorem 8 makes it possible to express the next stronger existence and unique-
ness theorem.

Theorem 9. Leta: [to,T]x R = R, b: [to,T] x R - R be measurable
functions satisfying the assumptions:

(i) there exists a constant K > 0 such that for all (t,z) € [te,T] x R,
la(t,2)? + [b(t, 2)|* < L2(1 + |zI?);

(ii) for any N > 0O there exists a constant Ly > 0 such that for all (t,z),(t,y) €
[to,T) x [-N, N},

la(t: z) - a(t’ y)l + lb(ta 1:) - b(ta y)l < LNIz - y"

If a standard Wiener process w and a random variable 7; are independent and
E|n|? < oo, there exists a unique solution (z(t),t € [to,T]) of the SDE (6), satisfying
the initial value z(t¢) = 7 a.s.

The proof can be found in [9].

Let us give some important notions. Remark that Theorem 7 can be extended
to the SDE, similar to the SDE (6), in which the coefficients a : 2 x [to, T]XR = R
and b : Q x [to,T] x R = R are random functions, Borel measurable on their
domains, adapted to the family of sub-o-algebras (F¢,t € [to, T]) generated by w,
such that the stochastic integrals in this SDE exist in the sense of Definition 5-(ii).

Theorem 10. Let (7(t),t € [to,T]) be a stochastic process, independent of w,
adapted to (Fi,t € [to, T1), such that sup,gj;, 77 EIn(t)|> < co. Let also the random
functions a and b satisfy a.s. the Lipschitz condition (7) and the condition of the
restriction on growth (8). Then there exists a unique solution (z(t),t € [to,T]) of
the SDE

t t .
z(t) = n(t) +/ a(w, 3,z(s)) d3+/ b(w,s,z(s))dw(s), ¢ € [to,T],
to to
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with sup;epy, 71 E)z(t)]? < 00. Moreover, if the process 7(t) is a.s. continuous, then
. the solution z(t) is a.s. continuous.

A theorem analogous to Theorem 9 can also be proved.

Note that the approach given by Theorems 7, 8, 9 and 10 is appropriatelly
extended to analyze the existence and uniqueness problem for special classes of
stochastic differential equations, stochastic functional differential equations, sto-
chastic integral and integrodifferential equations containing the It4’s integrals (see
{31, [4], [5], (9], [11], [25], (26], [30], [37], for example, and many others).

Remember again that Theorem 7 gives only sufficient conditions for the existence
and uniqueness of the solution of the SDE (6). In fact, there is a number of papers
in which various sufficient conditions, essentially other than the conditions (7) and
(8), are considered. -Note that many new theorems present a direct extension of the
corresponding deterministic results (see, for example, (3], [4], [5], [9], [18], [22],
[28], {45], {46]). In many papers different kinds of contractions are used instead of
the Lipschitz condition, for example in [24], [38].

Naturally, the permanently current problem is the relationship between ordinary
and stochastic differential equations, especially for applications to stochastic control
problems and to stochastic filtering problems (see [30], [42], [43], [44], for example).

An important fact is that the problem of the existence and uniqueness of solu-
tions of the Itd-type stochastic differential equations can be extended to stochastic
differential equations with respect to martingales and stochastic measures (see, for
example, [6], (10}, {11}, [14], [25], [27], [29], [31)], [34)], [41], [47]), and also to
stochastic differential equations with semimartingales (see [22], [33], [47]).

One of the most important problems in qualitative analysis of solutions for dif-
ferent classes of stochastic differential equations is the stability problem, including
the asymptotic behavior of solutions when ¢ — o0 and the existence of singular
solutions (see (1], [2], [3], [4], [5], [13], [14], [37], [46)], for example). By using
the concept of Lyapunov function and the theory of stochastic and deterministic
inequalities, several comparison theorems are developed in many papers and books
(see, for example, [9], [13], [14], [28], [46]).

2.3. Stochastic differential equations depending on parameters. Now we
give the basic theorem which describes the stochastic differential equation of the Ité
type depending on a parameter a € A, where A is a parameter set. This theorem
shows that the change in the solution can be made arbitrarily small by making the
change in the parameter sufficiently small.

Theorem 11. Let the random functions 5, Ga, b. satisfy the assumptions of
Theorem 10 for any parameter o € A, with the same constant L in (7) and (8). Let
also the process (14(t),t € [to,T]) be a.s. continuous and sup,eg, 1) Elna@®P < ¢
for all a € A, ¢ =const.. Suppose that for any N > 0, a9 € A, e > 0 and t € [ty, T},
lim P{ sup [|aa(w,?,Z) — Gag (0, 1, Z)| + |ba(w,t, Z) — bag (w, t,2)]] > €} =0

jz|<N

Q=g
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and ,
lim sup Elﬂa(t) = Ny (t)|2 =0

a—rag tG[to,T]

If (z4(2),t € [to,T)) is a solution of the SDE

t t
To(t) = na(t) + /to aa(w,8,Za(s)) ds + ft ba(w, 8,Ta(8)) dw(s), t € [to,T], ()

then limea — @o SUPsr,, 71 ElTa(t) — Tao (1)I? = 0.

Proof. Denote
20(0)  200(8) = £a() + [ [aa(018,50(6) = 3, 200(e) 1
¥ /t ba(us 3, 7a(5)) = balu 8, Zao (5)) | du(),
where
£a(6)= 1a() = (8 + [ 100018, 0u(8) = 80,8, 2205}
[ 150l ) =B, ) ).

Using the Lipschitz condition (7) on the first identity and applying the usual sto-
chastic isometry, we easily obtain

t
Blza(t) = 20O S 3al®) + K [ Eloa(s) - zas(s)ds,
to
where K = 3(T — to + 1)L2. By Gronwall’s lemma it follows that
¢
El|za(t) — Tao (O)° < 3BEa(t)f® + K / "= Ejga(s)|* ds.
to
Therefore, it follows from the last inequality that the theorem will be proved if we
show that sup,eqy,,7) E|ta(t)|? - 0 as a = ap.
Since

E

| (0008, 200 6)) = 8,8, 70 ) 1 5]
< (t - tO) /t El aa(w’ 8, Tayg (3)) - aao(wa 8, zao(")) |2 ds,
to

by applying the condition (8) we obtain that the last integrand is bounded by
2L2(1 + |24, (t)[?). Since E f:;(l + | ()2 dt < 00, it follows from the conditions
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of the theorem that this integrand also converges to zero in probability, as a = ay.
So, by the Lebesgue bounded convergence theorem we conclude

t 2
[a’a(“)s 8, Zaq (3)) — Gaq (wr 8y Zag (s)) ]ds

sup E
t€(to, T

to
T
<(T- to)/ E|aa(w, 8,Tag(8)) — Gag(w, 8, Tay(8)) 2ds 50 as a — ap.
to

Similarly, using Doob’s inequality (3) and the previous arguments, we have

B oup { [ 18005, 200(6) ~ baor, 7o (oD J0(6)}

iE[to,T] 0

T
< 4/ E| ba(w, 8, Tay(8)) = bao (W, 8, Tao (8)) [2ds - 0 as a — ag.
to

This completes the proof, because sup,e(s,, 71 Elfa(t) — 7ag B =0asa—-ae. O

Note that there are suitable versions of the preceding theorem for different classes
of stochastic differential equations. So, for the SDE (6) one can state a theorem
which ensures the continuous dependence of the solution on the initial value (to,7)
(see [9], [24]).

The more important application of Theorem 11 is for a discrete parameter set,
ie,if A={an,n=0,1,...} and a; = @ as n = 0. Then the following theorem
holds:

Theorem 12. Let the random functions nn(t), an(w,t,z), ba(w,t,z), n =
0,1,2,..., satisfy all conditions of Theorem 11 for n and 0 instead of a and g
respectively. If (zn(t),t € [to,T)) is the solution of the SDE

t t
Zn(t) = T (®) + /t Gn (0, 5,Tn(s)) ds + /t b1, 8, (8)) du(s), ¢ € [to, T}, )

then
lim sup Elzn(t) — zo(t)|2 = 0.
te[top,T] \ n( ) 0( )l

From purely theoretical point of view, and much more from the point of view of
various applications, this theorem gives a possibility to study the solution zq(t) of
the SDE (12) for n = 0 by finding at least an approximate solution z,(t) of the
SDE (12) for n = ny.

This theorem enables the construction of some iterative methods for solving
the SDE (6), or the SDE (12) for n = 0, and to estimate an error of the n-th
approximation of the solution of the original equation. There is a number of papers
in which various sufficient conditions of closeness of the random or non-random
functions ng, ag, b with the functions 9y, a,, b, respectively, are given, such that
Zo(t) = z(t) as n — oo in probability or in p-th mean sense or with probability
one (see, for example, (3], [9], [11], [23], [26], [45]).

|
{
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2.4. The Markov property. Now we describe in short one of the most important
properties of the solutions of the SDE (6), known as the Markov property.

Having in mind that a solution z(t) of the SDE (6) must be F;-measurable, it can
be interpreted as a stochastic process determined by non-random functions a and
b and by random elements 7 and w,,s < t. So, z(t) depends on 7 and w,,s < t.
Moreover, the construction of z(¢), especially the construction of a solution by
Picard-Lindel6f method of iterations, shows that it depends only on w, — w;, for
to < s <t (see [1], [8]). Thus, z(t) can be expressed as a functional

z(t) = f(n;ws — w0 < 8 L 8).

This fact makes possible a description of the Markov property of the solution of
the SDE (6).

Definition 7. The stochastic process (z(t),t € [to,T]) is said to be a Markov
process with respect to (F;,t € [to,T]) if for all g < 8 < ¢ < T and for any set
AeB

P{z(t) € A|F,} = P{z(t) € A|z(s)} as.

holds.

Theorem 13. Let the conditions of Theorem 7 hold with E|n|? < oo and let
(F¢,t € [to,T]) be the increasing family of the sub-c-algebras generated by n and
w. Then the unique solution ( z(t),t € [to,T)) of the SDE (6) is a Markov process
with respect to (Fi,t € [to, T)).

For a detailed proof see [8], for example. We give only a short survey of the
proof.

Together with the SDE (6) we consider the same equation, now on an interval
[s,T] C [to, T, i-e., for t € [s,T] we have

z(t) =z + /t a(u,z(u)) du + /ot b(u,z(u)) dw(u), z(s)=z as. 0

For the given initial value z(s) = z a.s., let (z,,2(t),t € [s,T]) be a solution of the
SDE (13). From the fact that the SDE (6) has a unique solution (z(t),t € [to, T]),
it follows that z(t) = z,.(t) as. for all t € [s,T]. Also, for ¢t € [s,T], z,,2(t) is
completely determined as a functional z, z(t) = f(z; wy —ws,u € [s,T]). Moreover,
since z(s) is F,-measurable and increments wy, — w,, u € [s,t], are independent on
Fs, for any set A € B it follows that P{z(t) € A|F,} = P{z(t) € Alz(s)} as..
Therefore, the solution of the SDE (6) is a Markov process.

For ty < s <t < T and for any set A € B, the function
p(s,z;t,4) = P{z(t) € Alz(s) = z}

is called the transition probability function. Clearly, considering s and z fixed,
p(s, z;¢, A) is precisely the distribution of the solution z, »(¢) of the equation (13).
Also, p(s,z;t,A) has the following properties: it is Borel measurable in z for fixed
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s,t, A; it is a probability measure in A for fixed s,z,¢; the function p satisfies the
Chapman~Kolmogorov equation: forall z € Rand s<u <t

o0
p(s,z;t, A) = / 2(s, 74, dy) plu, y;t, A)

-0
holds.
Recall that a Markov process is said to be homogeneous if the transition proba-
bility functions are stationary, i.e., p(s, z;t, A) = ¢(t — 3,z, A).
It is easy to see that if the SDE (6) is autonomous, that is a(t,z) = a(z),
b(t,z) = b(z), then its solution will be a homogeneous Markov process.

Moreover, in addition to the conditions of Theorem 7, if the functions a(t, z) and
b(t, z) are supposed to be continuous, then a solution of the SDE (6) is a diffusion
_process, i.e., a stochastic process with continuous sample functions whose transition
probability functions p(s, z;t, A) have certain infinitesimal properties as t — s (see,
for example, (1], 8], [9], (10], [45]).

The density function of the transition probability function is called the transi-
tion density function. Under some very strict conditions of differentiability of the
functions a and b, beginning from the Chapman~Kolmogorov equations one comes
to the well-known backward and forward parabolic equations, alternatively called
diffusion equations, whose solutions are transition density functions. Note that the
forward equation is also known as the Fokker-Planck equation. Naturally, the solu-
tion of the SDE (6) is completely described if the transition probability functions,
i.e., the transition density functions, are known.

Emphasize an important fact that the theory of diffusion processes is applied to
study several phenomena in physics, astronomy, biology, etc. The modern theory of
the Markov processes, primarily a semigroup theory, is engaged in the studies of the
solutions of diverse classes of stochastic differential equations, which are diffusion
processes.

2.5. Solvable stochastic differential equations. We say that the SDE (6) is
ezplicitly solvable if its solution can be represented by quadratures, i.e., in terms of
ordinary {Lebesgue) and Itd’s stochastic integrals.

I. Just as with ordinary differential equations, a lot of theory is developed to
describe solutions of linear It3-type stochastic differential equations, first of all an-
alytic properties of the solutions, including the overall behavior of sample functions
on the interval [tg,00). Now we give the procedure to obtain explicit solutions of
homogeneous and non-homogeneous linear stochastic differential equations.

Let a: [tp,00) =+ R and b: [tp,00) =+ R be Borel-measurable bounded
functions. Then the equation

dz(t) = a(t)z(t) dt + b(t)z(t) dw(t), =z(to) = n =const. a.s., t>tg.
is said to be the homogeneous linear SDE. If = 0 a.s., this equation has a trivial

solution z(t) = 0 a.s. Since the conditions of Theorem 7 hold, then there exists a
unique solution such that z(t) > 0 a.s. for > 0 as.; z(t) <0 as. for n < 0 as.
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If we put y(t) = Inz(t) for n > 0 a.s., or y(¢) = In(—z(t)) for n < 0 a.s., by Itd’s
formula we have

dy(t) = ;(Lt). dz(2) + %(— -Z—ZB)V(t)z(t) dt

ie.,
1
dy(t) = [a(t) - 5bz(t)] dt +b(t)dw(t), ylto) =lny as.
Thus we obtain the stochastic differential of the process y(t) and, therefore

y(t)=lnn+/t [a(s)—%bz(s)]dsf/t:b(s)dw(s), t> to.

to

From that the homogeneous linear SDE has the solution
t N 1 t
z(t) = nexp {/ [a(s) - —bz(s)] ds + / b(s) dw(s)}, t > to.
to 2 to )

Especially, the Langevin SDE
dz(t) = —az(t)dt + fdw(t), z(0)=nas., t>0,

where a > 0 and 3 are constants, has the solution

z(t) = et [17 + /ot e*’s dw(s)] , t2>0.

For normally distributed or constant 5, the solution z(t) is a Gaussian process, the
so-called Ornstein—Uhlenbech velocity process (see [1], [8]).

The non-homogeneous linear SDE

dz(t) = [a(t) + a(t)z(t) ] dt + [ B(t) + b(¢)z(t) | dw(t), (14)
z(to) =n as., 21y,

can be solved analogously, putting y(t) = ®~1(¢) z(t), where ®~1(t) is a particular
solution of the corresponding homogeneous linear SDE with the initial value $(¢p) =
1. So,

] 1 t
+7 () = exp{ - / [a(s) — 2b%(s)] ds — / b(s) du(s) }.
to 2 to
Applying the It6’s formula we have
a8 (t) = & (){ a(s) - %b?(s)']ds ~ b(s) du(s) }.
Applying again the It6’s formula on the product &~ (¢)z(t), from (4) we obtain

dy(t) =d (@7'(2) z(t) )
= &71(t) dz(t) + z(t)d@~1(t) — [B(t) + b(t)z(2) ] @1 (2)b(2) dt.
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By replacing dz(t) and d®~1(t) with the corresponding differentials, we obtain

finally
dy(t) = 27 (t){[ a(t) — B)B()] + B(t) dw(t)}
and, therefore

t t
y(t)=n+ /t 31(s) [a(s) — B(s)b(s) ] ds + /t 31 (s)B(s) du(s).

Thus the explicit solution of the non-homogeneous linear SDE (14) is given as
¢ gt
2(t) = #(0) [1+ [ #7(s)ale) ~ B ds + [ 87 (6)(s) du()]-
to to

IL. In general, in order to transform the SDE (6) on a solvable form, we introduce
a change of variables y = h(t,z), where a smooth function h(t,z) has an inverse
k(t,y), such that h(t, k(t,y)) = y, k(t, h(t, z)) = =.
According to the Ito’s formula, the process y(t) = h(t, z(t)) satisfies the SDE
dy(t) = f(t, y(t)) dt + g(ta y(t)) dw(t)r y(to) = h(to,ﬂ) a.8.,

where
F(69) = [H+ ahl + 3 8K | (6, kew), (15)

9(t,y) = [bh; ](t, k(t, ¥))- (16)

The SDE (6) is said to be reducible if such a function h can be found so that
the functions f and g, given by (15) and (16) respectively, are independent of y.
Thus, the change of variables y = h(t, z) perrmts the explicit representation of the
solution z(t) of the SDE (6) as

z(t) = k(t, y(2)),
where

y(t) = hto,) + [ f(s)ds + /t o(s) du(s).

In other words, the SDE (6) is reducible if a sufficiently smooth invertible function
h(t,z) and functions f(t) and g(t), exist, such that

2
[Z’: tal 2t ’;] (t2) = £(0), a7)
[b 5;} (t,z) = g(t). - (18)

Under the assumptions that b # 0 and a and b possess the indicated derivatives, one
can obtain the necessary and sufficient conditions so that the SDE (6) be reducible.
Indeed, differentiating (17) with respect to z gives

2 2 :
8%h 6{ oh lbzﬂ}zo.

azot T3 1%8z 720 52 (19)
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Since from (18) we get
Oh(t,z) _ 9(t)

9z = b3 (20)
then the following derivatives hold
& _ bit,2)g/(t) = o) Bb(t,2)/0t O _ _g(t)Ob(t,2)/0z
otdz b2(t,z) ' 822 T b2(t,z)
By substituting the appropriate derivatives into (19), we obtain finally
rogp| L0 qay 1877
9“9"[b2 5~ 5 (3) * 25| =O (21)
Since the left side of this identity is independent of z, then
7] 18 8 fa 18%7) _
AU R AGR =/} R @)

If (22) holds, the function g, g # 0, can be found as a solution to the ordinary
differential equation (21). The function A, which is at least locally invertible since
Oh/dz # 0, can be determined from (20), and the function f from (17). Then
(21) is equivalent with (19) and thus the functions f and g are independent of z.
Therefore, the SDE (6) is reducible if and only if f and g satisfy (22).

Let us suppose that (22) holds. Then:
(i) If g =1, then h(t,z) = f:’; 31%'3’ o =const.;
(ii) If f = 0, then h must be a solution of the partial differential equation
R} + ahl, + 1bRY, =0;
(iii) If the SDE (6) is autonomous, i.e., a(t,z) = a(z), b(t,z) = b(z), then it is
reducible if and only if
T, ay! _ _
b[Eb - (3)] =¢, c¢=const.
From (21) and (18) we obtain g(t) = e, h(t,z) = e :o ﬁ% respectively.

Note that, in general, linear SDE-s are not reducible. For the SDE (14) the
reducibility condition becomes

BV (2) — [a(t)b(t) — a(t)B() + B'(t)] b(2) = O,

until the homogeneous linear SDE is always reducible.

III. Let us present now a very strict type of reducibility, illustrated by the
autonomous SDE. The fact that the linear SDE (14) is solvable motivates us to
find an invertible transformation y = h(z), such that the transformed equation be
linear with constant coefficients. In other words, we require the existence of the
constants e, 8,7,6, § # 0, such that the conditions (15) and (16) become

a(z)h'(z) + % b (z)h"(z) = a+ Bh(z),  b(z)h'(z) =+ 6h(z). (23)



136 Svetlana Jankovié

If we assume b # 0, then h(z) is a solution of the linear ordinary differential equation
b(z)h' — 6k = 7. Thus,
h(z) = ce?B) — /5,

where B(z) = [ ’0 ;‘{—:—:5 and zg and c are some constants. The substitution of h(z)

x

into (23) gives finally

az) 1. 1o g\ 486 = &Y =88
([5G -zv@]o+ g0 -pfer=2E,
Replacing A(z) = %g} — 3 V'(z) in the last identity and differentiating results, we
have ; 1
~6% — —_— ! §B(z) —
{[A(z)6+ 26 ﬂ] ) +A(z)}6e =0.
Differentiating again we finally obtain

5 A'(z) + (b(z) A'(z))' = 0.

A'(Z).EO or ((—b(%,‘—‘(l;—:()i)—)’-)l =0 (24)

follows. Conversely, if the last condition in (24) is satisfied, then the transformation

From that

h(z) = ceJB(z)’ where &= _%ﬂ)_',

reduces the autonomous SDE to the linear form. Also, for § = 0 the simple choice
h(z) = vB(z) + ¢ leads to the reducibility condition

(b(z) A'(z)) =0.

At the end, let us indicate briefly how to apply the foregoing results to find the
explicit solution of the autonomous nonlinear SDE

dz(t) = )a:(t)(l -~ f-iﬂ) dt + pz(t) dw(t), z(0)=nas, t>0,

where ), k,u are constants. This equation is reducible in the previous sense,
because thé condition (24) is valid. It is easy to conclude that § = —p, h(z) = 1/z,
and from (23) that @ = Ak, B8 = =X+ p?, v = 0. So, the original SDE is
transformed to the linear form

A -
dy(t) = [£ + (A +uy(t)] dt - ) dw®), O =n"as, t20.
Now it is easy to obtain the explicit solution of the original equation,

1 exp {(A — p2/2)t + pu(?) }
yt) g4 %fotexp {(A = p2/2)s + pw(s)}ds’

z(t) =

L
i
i
¢
i
|
f
|
i
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I Chapitre

SUR LA THEORIE NOUVELLE DES CARACTERISTIQUES
DES EQUATIONS AUX DERIVEES PARTIELLES DU PREMIER ORDRE

Il s’agit dans ce chapitre de considérer la théorie nouvelle de R. Courant
des caractéristiques des équations aux dérivées partielles du premier ordre, [1}
et de faire la généralisation correspondante sur les systémes en involution des
équations aux dérivées partielles du premier ordre [2]. Nous allons nous servir
du systéme correspondant de Charpit, établi dans les recherches de N. Saltykov,
[3), pour faire la généralisation mentionnée.

1. Sur la théorie des caractéristiques

Considérons I’équation aux dérivées partielles du premier ordre dépendante
explicitement de la fonction inconnue z des variables indépendantes x,, ..., x,

(1) F(xl,.,,,x,,,z,pl,...,pn)=0-

Il est bien connue le théoréme d’existence et d’unicité de Ia solution de
Cauchy, [4]:

Théoreme. Soit f(x;, ..., X,s Z, Dys ---» P,) de la classe C? sur un
certain ouvert E, ., de I’espace @ 2n+ 1 dimensions, dont les coordonnées du point
sont les variables: x(x;, ..., Xn), Z, p(Pys - -+, Pn). Soit (x° z° pOYEE,p., . Soit

2) x=a@), t=; .- tay)
une piéce de la hypersurface de la classe C? définie pour t voisin de
(8, ..., 13_) et a(®®)=x"

Soit b(t) une fonction de la variable t de la classe C? voisine de t° et b (1%) =2°.
Aussi, les conditions suivantes

(3) F(xos ZO, P°)=0,
) 0a(t) _0b(t9)

4 , (=1,...,n—1),
4 P o ot ( )
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da(t°

i

(5) det[ , Fp(x0, 20 p°)]7£0

soient satisfaites. Cela étant, dans le voisinage E, de x=x° il existe une solution
unique: z=1z(x) de la classe C? du probléme de Cauchy (1—2) et z[a()]=0b(?).

Cest la méthode de Cauchy des caractéristiques que réduit ce probléme
3 la théorie des équations différentielles ordinaires, [1], [4].

R. Courant, [1], a utilis¢ la théorie des systémes de Charpit pour établir
une méthode nouvelle des caractéristiques pour ’équation (1).

Pour cela il a associé & I'équation (1) le systéme suivant de Charpit
$OF op [ OF \OF o i=1,...,n)
s=1 01’: 0 X; oz ()x,

n OF 0z &n OF

(6)

S p=0
.rzl ‘)Ps oxx s=1 0174:

et de méme aussi, grice au systéme (6), le systéme équivalent des caractéristiques

dt o0p;, d-= ox; 0z dr <) 0ps

et il a fait la conclusion suivante:

Un probléme initial convenablement choisi pour le systéme de Charpit
(6) est équivalent au probléme correspondant de Cauchy de 1’équation (1). Cette
conclusion offre une base nouvelle pour résoudre le probléme de Cauchy relatif
a D’équation (1) & laide des équations des caractéristiques (7).

Posons alors pour le systéme (6) le probléme suivant:

Déterminer les fonctions z, p; pour que les conditions suivantes

n
® F=0, dz= z s dx
s=1
soient toujours satisfaites sur une multiplicité non caractéristique M,_, donnée, ou:
Déterminer la surface

) z=2(X)

que contient la multiplicité M, , donnée et vérifié sur M, , les conditions (8).

Notre but est de démontrer que la surface (9) est aussi de méme une
intégrale correspondante de Cauchy de 1’équation (1).

Il ne s’agit donc & présent que de vérifier sur la surface (9) les identités
suivantes
(10) F(X{yoous Xy 2,P15 ooy P=f(X1, ..., X)=0
0z (xy, ..., Xn)

11 e Xn)—
an  pex, ..., x) ox

=Pi(x, ..., x)=0, (@(=1,...,n).
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On a immédiatement, grice 3 la derniére des équations (6) les relations
suivantes

6" < aFP,=o,
s=1 01’:
et
(6”) Z oF oPs"'i:A:iP.v:O;

s=10ps 0X; =1

ol nous avons désigné par A4y les dérivées suivantes: Ay=0?F/0p0Xx;.
Il est aisé de mettre la dérivée de la fonction f

Of (& OF 0pi OF  OF oz
dx,- s=1 0ps 0x,- 0x; 0z dx,-’

en vertu des équations (6) et des relations suivantes
opi_0ps 0P 0P,

2
o0x; 0Xx; 0xs O0Xx;
sous la forme suivante

(12) ——P;.

of L OF ai_api> oF
( 0z

0X; s=t1op; \0x; 0 X,

Multipliant les deux membres des égalités écrites respectivement par les
dérivées 0 F/0p;, sommons les résultats obtenus; il en résulte

(13) < _‘)f__a_F_=

Z10x; op;

et en y substituant les valeurs des dérivées 0 F/op; tirées des équations des
caractéristiques (7), on a dffdtv=0. Grice a4 la proposition que la premiére
condition de (8) est satisfaite sur la multiplicité donnée M, ,, on peut conclure
qu’il y a lieu la condition (10), c’est-3-dire f=0. ’

Quant a la vérification des conditions (11), on peut d’abord partir des
relations (12) écrites sous la forme nouvelles

+-———Pi=0,
s—10ps \O0X5 0X; 0z

ou, en vertu des équations (6”') et (7), sous la forme évidente

14 iP—‘+z,«1,‘,-1>,=o, (i=1,2,...,m),

T sl

Ay; désignant les coefficients connus. Grace au systéeme linéaire et homogéne (14)
et 4 la deuxidme des conditions (8) sur M, ; on a définitivement P;=0.



6 ‘ Borivoj N. Rachajsky

2. Sur une variante dans la théorie des caractéristiques du systéme des
équations aux dérivées partielles du premier ordre en involution

Considérons un systéme des m équations aux dérivées partielles du pcemier
ordre d’une fonction z inconnue, contenant explicitement cette derniére:

(15) Fo(Xy ooy Xny 2, Py -5 P =0, (k=1,2,..., m<n)
en involution

0F. dE, OF, dF, .
16 F,, Fl= —4——1—)=0, k=1,...,m
16)  [Fe F] ?(ap,. s U ‘) /

et le déterminant fonctionnel
an A=D (

ne s’annulant pas.

Il y a plusieurs des méthodes différentes de démontrer ’existence et I'unicité
de la solution de Cauchy du systéme (15).

E. Goursat, [5], avait donné sa démonstration en utilisant les transfor-
mations connues de Mayer. Sur la méihode employée, dans un cas spécial,
¢tait fait un exemple contraire par L. Bieberbach, [6]. Une autre démonstration
de Goursat, [5], est fondée & la conclusion de (m—1) & m équations. Suivant
une opinion de E. Kamke, [7], la démonstration derniére est plus compliquée
et aussi n’est pas convenable i estimer le domain d’existence de la solution.

C. Carathéodory, [8], avait donné la démonstration de son théoréme en
employant pour le systéme normal en involution

(15’) pk:fk(xl’"-’xn’zapmﬂa--"pn)’ (k=1’-"am)

les idées et les définitions antérieures de la théorie des caractéristiques de
Cauchy et le systtme correspondant d’équations aux différentielles totales des
caractéristiques.

Dans l'article mentionné E. Kamke: 1) avait donné — dans une forme
explicite — le domain d’existence de la solution, 2) avait proposé que les
fonctions données f; possédaient les dérivées des ordres supérieurs, 3) avait
établi la dépendance de la solution considérée aux paramétres donnés, et 4) il
avait donné sa démonstration en utilisant la méthode de la réduction & une
(single) équation correspondante.

P. Hartman, [4], en exposant la méthode de Cauchy des caractéristiques
(dans le cas m=1 d’aprés la méthode citée le probléeme de Cauchy pour
Péquation (1) est réduit 4 la théorie des équations différentielles ordinaires)
avait noté qu’il n’y a analogie aucune de cette méthode pour le cas du
systéme (15).

N. Saltykow avait étudié plus antérieurement la théorie des caractéristiques
en utilisant les systémes correspondants de Charpit, [3)], [9]. 1l avait démontré
que par le systtme linéaire

[Fe, f1=0, (k=1,2,...,m)

Fl,...,F,,,)#O
Piseeos Pm
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étaient définies les équations aux dérivées partielles des caractéristiques sous la
forme d’un systéme suivant de Charpit

r=1 apr 0)6', OPm+j ’
m OF/‘ é&_ﬁ dFk
r=10p, 00X, dx; ’
moF, 0z I 0F
k - 2 Pi k

2

. ,=10p,- axr i=1 aP: ’

(j=1,...,n—m)

(CH)

k=1, ..., m).

Notre but dans ce paragraphe est d’utiliser une méthode que réduit le
probléme de Cauchy du systéme (15) au probléme initial correspondant du
systéme de Charpit (CH), [2]. '

Considérons le systéme (15) en involution des équations aux dérivées
partielles du premier ordre d’une fonction réelle z =2z (x) des n variables réelles
indépendantes x=(x,, ..., X)), Fi(x,z,p), p=(p,=0z[0x, ..., p,=02[0x,)
désignant m fonctions réelles des n+ 1 +n variables de la classe C2%, F,& C%(E,py)
sur un ensemble ouvert E,,.,. Soit (x% z% pPEE,,,., et x°=(x?, e, xg),
°=(pl, ..., pY). Une solution de (15) est une fonction z=z (x) de la classe C!
sur un x-ensemble E, tel que [x, z (), z, (x)]EE,n, pour xEE, et (15) devient
les identités par rapport 4 x, cest-d-dire: Fi[x, z(x), z, (x)]=0, x€E,.

Une solution de Cauchy est une fonction z(x) que devient une fonction
donnée

2= (Xms1, - - -» Xn) pPOUr x;=x, (i=1,....,m

g étant de la classe C? sur un ensemble ouvert E, , dans un voisinage des
x2,+1, cees x2, ou dans la forme paramétrique correspondante
0 . .
xi=x;, (=1,...,m), Xpy=t;, (j=1, ..., n—m),
Z=C(t)’ t=(t1’---stn—m)

ot { () est de la classe C? dans un voisinage de t=1°, t°=(t?, cees tg_,,,) et
(% =20

La solution du probléme (15)-—(18) ne peut exister qu’il y a une fonction
p(t) dans un voisinage de t=1° et p®=p(¢9).

Notons que la relation suivante

z(&, D=L,

(18) {

ol 'on a posé £=(x;, ..., Xm) E°=(x?, ceey x?,,), définit les composantes
suivantes
oL (¢
pm+s(t)=“ﬁ, (s=1,...,n—m)
0t

que sont de la classe C! dans un voisinage de °.



8 Borivoj N. Rachajsky

Si la condition (17) est remplie dans un voisinage de (x°, z° p*)EE,psy,
les relations

oot
ot Otu

dé'germinent les autres composantes p;(t), (i=1, ..., m) comme les fonctions
uniformes dans un voisinage de t=1°.

De cette maniére nous avons les fonctions initiales
(19) E='E..°, xm+j= tja (J= 1: ey n’—m), Z=t_,(t), P=P(t)

gfl C(t) est de la classe C? et p(f) est de la classe C! dans un voisinage
e t=19

Supposons que lintégrale de Cauchy du systtme de Charpit (CH)

Fk(io,t,t(t),pl,...,pm, )=0 k=1,...,m

Xmi=¢E 1),  (J=1,...,n—m)
20) 2=4E 1)
pi=m (1), (=1,...,n
vérifie les conditions initiales (19), c’est-a-dire
Xmy =@ &, )=, (j=1,...,n—m)
@h 2= &, H=L0)
pi=mE, H=pi(1), ((=1,...,n).

Grice a la proposition faite que F; soient de la classe C2? dans un voisinage
de (x° z°% p%), D'intégrale de Cauchy (20) est unique et les fonctions g, ¢, m;
sont de la classe C! et les dérivées du seconde ordre existent avec les propriétés

9 ﬁ)__"_,(ﬁ?i) _"_(_"i)=i(i‘1‘_)
dxx (at, ot \oxi) 0x\0t;/ Ot \Oxk
dans un voisinage de (&°, t°).
Grice aux propriétés d’intégrale générale du systéme (CH), [2], on a les

relations suivantes

(1) FelG 9@ ), bE 1), = N]=0

remplies pour (£, ¢) voisin & (9, %), avec @=(9;, - - -» Prm)s T=(Ty, ..., Tn).

~ Les équations différentielles des caractéristiques (CH) sont identiquement
satisfaites par les valeurs (20), et les identités provenant des équations de deux
premiéres lignes (20) nous donnent les identités suivantes

22) L (2 Y "3 ~"—°"i)=o.
r=1 ()Pr ‘)xr j=1 Xr
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Le déterminant (17) étant distinct de zéro, les égalités (22) nous donnent
o, t nm 0 , 1
23) —Msm@, D+ 3 Tomy € t)—?’—(g—), (r=1, ..., m).
()x, j=1 ()x,
En vertu des équations de la premiére ligne de (21) on a
0(‘?1’ cecy cpﬂ—-m)
o(ty, .-, tym) E=E°
et grice 4 la continuité il s’ensuit

40

O@1s -+ s Prm)
24 0
( ) a(tl:---, tn—m) 7

pour (x, t) voisine & (x%, #°). De cette maniére on a une transformation unique

to=15(xy, ... Xa), (§=1,...,n—m)
ou

25 t=7(X), T=(Tp -5 Tnm):

7(x) étant de la classe C! dans un voisinage de x°E E,. Donc, dans ce voisinage
on a aussi

(251) Xm+quJj (E, T), (_]= l, ceny n—m)
et
(26) te=17,(8%1), (s=1,...,n—m).

Supposons que 1’élimination des variables 7, de (20) donne les relations nouvelles
27 z=a(x)

(28) p=b(), (by,...,b)=b
pour x voisine 4 x% ou l'on a posé

(29) a(x)=9[& v (),
(30) b(x)=m[E, 7 (x)].

Les fonctions a (x) et b(x) sont de la classe C! dans un voisinage de x%
Il est facile de vérifier

(29, A=a@E 9=V E 1),
30) B,=b; (E, Q)=m; (E,, t).

Il faut maintenant démontrer dans des voisinages de x° et #° Pexistence
des relations suivantes

31 a) F[x, a(x), b(x)]=0,
(32) b) aE n)=%(),
(33) c) dajox;=b;(x), (=1,...,n).
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Démonstration. ad a) Les formules (1') ont lieu pour chaque (&, t)
voisine a (&, %), on a donc pour t=7(x), c’est-a-dire

FilE 9 1), $E 1), n(E 7]=0
et les derniéres relations, giice aux (25,), (29) et (30), nous donnent (31) dans
un voisinage de x°.
ad b) Considérons (29) pour £=8° et x,.,=t;, les relations (29), (26),
(21) nous donnent les relations requises (32)

a@, )=V, v (€ D=4 E, N=C()

qui sont satisfaites dans un voisinage de z°.

ad ¢) Il est facile de voire que lexistence des relations (33) peut Eétre
réduite & lexistence des relations suivantes

34 Us (&, 1) = oy ——"_f Tomtj 0% =0, (s=1,...,n—m)
0 j=1 ot

s s

dans un voisinage de (£°, ¢9).
¢;) Montrons que si 'on a

da .

(33) By = (G=1,...,n—m)
Xm+j

pour x voisin & x° alors

(332) b= ba’ (r, ..., m.
X,

Calculons, en effet, les dérivées partielles des relations (29,) par rapport & x,
op_ 04 rx 04 og
0.7(7, ())C, j=1 t)x,,,+j 0.75,- ’

et grace aux (23) on a

o4, E(wmﬂ-— oA )i‘&=0
0x, Jj=1 axm+r ()x,

ou, pour f=7(x)

(35) b, 22 +"_z'"[0<9f](bm+,—~ 9a ):0, r=1,..., m.

ox, ;S|ox, Xmtj

Donc, si Pon a (33,), les deniéres identités nous donnent (33,). Il ne s’agit
donc que d’étre satisfaites les relations (33;).

¢,) Montrons & présent si les relations suivantes

0 & Oy
(36 o P A
©6) o1 j:zl g ot

sont satisfaites, alors (33,) ont lieu.
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Gréce aux dérivées particlles des relations (29,) par rapport a ¢,

oy "Sr 04 9% _o
) o0t j=1 ()x,,,+, ot '
et aux (36), on a

j=1 ()t_g 0x,,,+,-

5 o (b +~——‘)L)=o.
=110t ™ 0 Xpij

Donc, en utilisant (24) on a (33)). Il suffit, donc, & présent de satisfaire:
U, t)=0 pour (§, £) dans un voisinage de (&°, 19).

¢;) Il nous reste de démontrer a4 p-ésent qu’il' est toujours possible de
satisfaire aux conditions (36).

Calculons les dérivées partielles des fonctions U par rapport a x,

oU, 0?4  "Z 0Ty 09 0% p; )
dxr ()t:d)«?‘r J=1 ( "

ou, pour f=7(x)

+
0x, Ol 0t 0x,
et les dérivées des relations (23) par rapport a ¢
0%y _om +'l—-m (0nm+j st_j__{_nmﬁ ¢ ) ,
0x,0t; Oty ;5\ 0t, Ox, 0Xx,01

on a
s 0 " 07y 297y 93
ox, Oty ;S\ oty ox, Ox, Ot

Graice au systéme (CH) on a aussi les relations évidentes
2 0F 0y _ OF
210D, 90X 0pmy
n oF, 0w dF;
r=10py 0%, - Cdx

’ (j=l,...,n'——m)

(i=1,...,n

et on peut former la somme suivante
m o F, ()U_‘-_ d éflb‘l‘ri_’_"-m dF, 2?2

2

=10p, O0x, S10p Oty 51 dxpy 0L '

En utilisant la somme derniére et aussi les dérivées partielles par rapport aux
ts des relations (1) on obtient

(37) m oF, 0U,+US¢)F/‘=O (k=1,...,m)
=10p, 0Xx, 0z (s=1,...,n—m).
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C’est un systéme linéaire et homogéne des fonctions U,. Les valeures
initiales des ces derniéres fonctions sont

aC nom atj ()C
—_ e (1 =
on 205, "5

pour ¢ voisin A ¢°. Donc, les relations (36) ont lieu dans un voisinage de (8%, 19).

Par conséquent, I'idée de la démonstration, en utilisant le systéme
(CH), était

Us(8, t)=0 => U;(, )=0 > b,,=

U, &, H=

—DPmis (2 ) =0

9a > b,-=_‘)i - (U=1...,n—m)

Xmij 0x; i=1,...,n).

Théoréme d’existence et d’unicité. Soient Fj(x, z, p) de la classe C? sur
un domaine ouvert E,u;. Soit (x%, 2% pO)CE,,,, et Fi(x% z% p®=0. Soit
C@), t=(t;=Xms1> - - - » tem=2Xs) de la classe C2 pour ¢ voisin 3 t° et 20 =Y (¢°).
Enfin, si les conditions (16) et (17) sont vérifiées, il existe dans un voisinage
E, de x° une solution unique a(x) de la classe C? et vérifiant les conditions
initiales

xi=x, (@=1...,m),  2=CL(Xmers ..., %),

et le systeme (15).



IT Chapitre

SUR LE SYSTEME EN INVOLUTION DES EQUATIONS AUX
DERIVEES PARTIELLES DU SECOND ORDRE

Les systémes des équations aux dérivées partielles du second ordre en in-
volution de Darboux-Lie ou en involution de I'intégrabitité compléte admettent d’étab-
lir plusieurs propriétés qui sont analogues aux propriétés de la théorie des équa-
tions aux dérivées partielles du premier ordre.

1. Sur I'involution de Darboux-Lie
Considérons I’équation aux dérivées partielles du second ordre

6] Ax, p, 2z, 0,9, 1,8 1)=0

d’une fonction réelle z des deux variables indépendantes en utilisant les désig-
nations habituelles

oz oz 02z 2z 2z
p=—, g=—, r=——-, §= , I=—.
ox oy ox? oxdy oy?
Introduisons une équation auxiliaire en 1’écrivant sous la forme
) B(x,y,z,p,q,r1,5t)=0
de sorte que 'on ait
A, B
©) 2 (——) £0,
rt
Considérons les variables
@ Z,0, 4,7, 8, t

comme les fonctions des deux variables indépendantes x et y, liées par les
relations

dz=pdx+qdy,
) dp=rdx+sdy,
dg=sdx+t dy.
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Formons les équations dérivées du premier ordre du systéme (1), (2) res-

pectivement par rapport aux variables indépendantes x et y
Ao+ 4,8+ A, v+ D A=0,

5 AB+4,v+A4,3+D,A=0,
B,o+B,f+B;vy+D,B=0,
B,B+Byy+B;38+D,B=0,

o, B, v, 8 désignant les dérivées partielles du troisiéme ordre de la fonction z

_ 0z Pz &z 8_632

0% ox20y Y—t)xdyz’- _-_c)—y_;

et en posant

Eliminant de la premiére et de la troisitme équation (5) respectivement
d’abord v et ensuite «, on obtient les deux équations suivantes

(6)  Ja+,B+J,=0,  J,B—J,y+J,=0.

On obtient les autres deux équations analogues, en éliminant de la seconde
et de la quatriéme équation (5) d’abord 3 et ensuit p

O] JiB+J,x+Js=0 Joy—J, 8+J,=0,
Jy, ..., J, désignant les déterminants fonctionels suivants
) A, B A,B
oft). amofb) s-a(sd). sma(td)
r,t \s,t s, r x,t

A, B A, B
JSE?)(————), JG_‘Q)( > J,E%(—_),
X, r y’ ».r
ol les dérivées par rapport aux variables x et y sont pises totalement.

En vertu de la définition bien connue de Vinvolution de Darboux-Lie, les
équations (6) et (7) ne doivent point étre résolubles par rapport aux dérivées
du troisitme ordre. Il s’ensuit que la seconde équation de (6) et la premiére
équation de (7) se confondent.

On en tire les conditions d’involution de Darboux-Lie sous la forme suivante

(8) T i
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Les systémes des quatre équations (6) et (7), par conséquent revient au
systéme des trois équations suivantes

J, gi+12 g’—_+J4=,o,
X y
0/ /)
) 7,2 400,24 0,-0,
Yox oy
0 ot
7,20 400,2 0 0,0,00,=0.
o0x oy
Complétons ces derniéres équations par les égalités suivantes
oz oz
7,240,225 ), p—J,q=0,
9% z.dy 1P—J24
(10) 722,592 g4 50,
ox dy
5,295,291 5_1,t~0.
ox 0y

L’cnsemble obtenu d’équations (9) et (10) représente un systéme du type de
Charpit.

A ce syst¢tme de Charpit on pcut associer le systéme suivant d’équations
différentielles ordinaires des caracté istiques '

(CH) dx _ dy  dz dp dg dr ds dt

I, Jy, Jp+dyg Jir+dys Jisdt, —J, —Jg —JJ, T

2 L’applicat‘ion' des conditions d’involution de Darboux-Lie

On peut appliquer les conditions (8) d’involution de Darboux-Lie pour
chercher une fonction B(x, y, z, p, r, s, t) que soit en involution de Darboux-Lie
avec la fonction donnée A(x, y, z, p, ¢, I, 8, 1), [10).

Les conditions (8) peuvent €tre écrites de la maniére suivante
(11) Ji+J,7,=0,
12) T T+, J5=0.

Grice aux valeurs citées antéreurement pour J; on peut la condition (11)
mettre sous la forme

(119 (A, B;—A; B,)*>+ (43 B;—A; B,) (A B,— A, B;) =0.
En vertu de I’hypothése A4,#0 et des notations suivantes
A,:A,=m, A,:A,:n
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on obtient

(B;—B,n)*+(mB;—nB,)(m B,.—B,)=0
ou
2B;=mB;+(2n—mHB,+ R

ol l'on a posé
R= 4 (m*—4n)'2(B,—m B,).

En introduisant la désignation k,, pour la racine de Péquation algébrique du
second ordre

Arkz—-Ask + At= 0
on peut la condition (11) étudiée mettre sous la forme
(11" B,—k,B,+k%B,=0.

Quant a la condition (12), en nous servant des désignations pour les va-
leurs m et n et posant

D,A_  D,4A
4, 4,

on mettra la condition mentionnée sous la forme cherchée (en vertu de B,
tirée de (11'))

2vB;=N+nvB,4+(N—nvB,), N=k, D,B+nD,B—upk,B,.

On prendre de deux formules celle qui correspond au signe supérieur. 1l
en résulte la seconde condition cherchée

12) k., DyB+nDyB—uk,,B,—vB,=0.

De cette maniére on vient d’obtenir deux équations (11") (12') qui sont
linéaires par rapport aux dérivées partielles du premier ordre de la fonction B.
Les formules obtenues, [10], seront utiles pour chercher une fonction B qui soit
en involution de Darboux-Lie avec la fonction donnée: A.

3. Sur linvolution de I'intégrabilité compléte et la
méthode de N. Saltykow

Considérons a présent les équations aux dérivées partielles du second ordre
Jue T'on écrira sous la forme

(13) r+a(xy,zp4,s t)=0

Introduisant une équation auxiliaire en ’écrivant sous la forme

14 t+b(x,y 2z p, q,5)=0.
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Différentiant les équations (13) et (14) respectivement par rapport aux varia-
bles x et y on obtient les équations suivantes
( ot
—a—r+asii+a, ~—+D,a=0,
0x ox ox
ot

E)—':+a,,‘—)—{+at —+Dya=0,
oy oy 0y
(13) 1ot os
—+bs—+D,b=0,

dx

ox

‘—)i+b8‘—)i+Dyb=0.

oy oy

En utilisant que les valeurs des quantités
(16) z (x’ ¥, p (x, y)s q(x, ), r(x: s S(xa ») t(x’ »)
vérifient les conditions
an or_os  os_ut
oy Ox oy Ox

on peut les relations (15) transformer et mettre sous la forme nouvelle

O | —ab) T —a, Db+ Dya=0,
ox oy

2i+ (a,—a; by) a—s———a, D,b+Dya=0,
ox oy
(18) ) )
% b, 2 Db=0,
oy ox
a—t~l-b,2£+Dyb=0.
| oy ox
La seconde et la troisiéme équation (18) donnent les dérivées de la fonction s
(19) 95 _ A 9s__ A
ox A dy A
ol I'on vient de poser
(20) A= s : .
1 a;—a;b,

A, et A, représentent ce qui devient 1o détermira~t A en y remplagant respce-
tivement les élements des colonnes par les termos des equations considéiées
indépendantes des dérivées de la fonction s.
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18 Borivoj N. Rachajsky

La condition d’involution d’intégrabitité compléte du systéme (13) et (14)
est exprimée par la condition nécessaire de la compatibilité des équations (19) sous
la forme suivante

. 4 (8 d b
dy\A/ dx\A
La condition (21) est, par rapport & la fonction inconnue b, linéaire aux
dérivées partielles du second ordre par rapport aux variables x, y, z, p, ¢, s.

Dans le cas du systtme des équations (13) et (14) les conditions de I'in-
volution de Darboux-Lie sont exprimées par les relations suivantes (voir les
conditions générales (8)):

aybi—a,by+1=0, ou A=0,
(22) .
Dxb+bs (atDyb—D;va)=0.

Pour le systtme de deux équations de la forme suivante
r+H(x’ Y%, D, 4, S)=0,
(23)
t+®(x,y,2,p,4,5=0
les conditions d’involution de Darboux-Lie sont de la forme
H,®,=1,
(24)
D,®=®,D, H

et la condition de lintégrabilité compléte est de la forme

25) d (D} H—HsDxCI)):i (DxCIJ——CDsD_y_I-{).
dy H,®,—1 dx H,®,—1
Au cas du systéme (23) les relations (18) ont les formes suivantes

o L H, éi+thr=0,
o0x oy
$+H8%E+D_VH=O,

(26) ax oy
i, E b, @=0,
oy ox
a—£+<1>sit—+Dyd>=0.
oy ox

En utilisant les raisonnements les plus élémentaires, analogues a la théorie
de Lagrange-Charpit pour les équations partielles du premiére ordre, N. Saltykow,
[11], démontrait les deux théorémes suivants.
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Théoréme 1. Si les valeurs (16) de r, s, ¢ vérifient les conditions (17),
alors les fonctions (16) satisfont aux équations (26).

Théoréme 2. Si les fonctions (16) vérifient les équations (23), (26),
les conditions (17) en découlent comme conséquence immédiate.

Cela étant, 'intégration du systéme (23) dépend de l’existence de la soluti-
on du systéme des équations (23) et (26).

En effet, si la solution des équations (23) et (26) existe, elle donne, en
vérifiant les conditions (17), le systtme des trois équations aux différentielles
totales

27 dz=pdx+qdy, dp=rdx+sdy, dg=sdx+tdy

dont I’intégration définit la fonction cherchée.

Donc, la résolution du probléme posé dépend de lintégrabilité des équa-
tions (26).

Les valeurs de r et ¢ sont déterminées par le systéme donné (23). Il ne
reste qu’a trouver la fonction s qui doivent étre compatible avec les deux fonc-
tions connues r et f. Pour déterminer la fonction s on a les deux équations

a—S-FI:1£5+ D, H=0,
ox oy

(26)
os Jds

—+®,—+D,P=0.
oy ox

I est nécessaire de distinguer trois cas suivants, [11]:

1) 11 existe la condition (25) de l'intégrabilité compléte du systéme (23).

L’intégration du systéme (23) s’achéve en intégrant le systéme des quatre
équations aux différentielles totales, formé par (27) et I'équation équivalent au
systéme jacobien (26") (en supposant que les valeurs de r et ¢ soient données
par (23)).

2) Iis existent les conditions (24) d’involution de Darboux-Lie et les équations
(26’) se confondent.

3) La condition (25) n’est pas vérifiée identiquement en vertu des relations
(23) et (26). Il en résulte une nouvelle relation entre les variables (16), ainsi
que x et y. On a dans ce cas dernier de s’assurer si cette nouvelle relation est
compatible ou non avec le systéme donné (23).

Citons quelques exemples des systémes intégrables par la méthode N.
Saltykow:

) } z=1/2ay?*+ C;x (y—x5/6) + C,x+ C3y+C,;
—a =0,

r+xs=0,

} 2=C, (p—x3/6—y3/6) + C,x+ Cyy +C,,
t+ys=0,

2‘
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olt les C désignent dans les intégrales complétes correspondantes quatre constantes
arbitraires.

4. Sur la notion et les propriétés de I'intégrale complite

1l s’agit 4 présent de poser le probléme suivant: établir les conditions qui
doivent &tre satisfaites par lintégrale compléte du systéme (23) aux cas de
Yinvolution de Darboux-Lie et de Vinvolution de Uintégrabilité compléte.

E. Goursat, [12], en partant de I’équation
r+2sm+tm*+24 (x,,2,p,q9,m)y=0

m étant un paramétre, et 1’étudiant d’un point géométrique, établit les conditions
dites dans un cas spécial, [13].

Le résultat récemment acquis sur le probléme posé, [13], s’obtient d’une
méthode purement analytique dans le cas général du systéme (23).

Considérons le systdme donné suivant
r+H(x,y,z,p,q,5)=0,
) t+® ix,i, z,i, Z]], s)) =0,
qui est en involution de Darboux-Lie
(24) H,®,=1,
(24,) D,H=H;D,®.
-Nous partons de I’équation

(28) z=V(x,y,C;,C,, Cs,C,)

ol C, sont les constantes arbitraires distinctes et indépendantes des variables x
et y. Supposons que V& C3(D), D désignant un domaine de x,y,C,,C,,C;,C,.
Formons les équations dérivées

p= Vx (X,y, C1 s Cz’ C;; C4),
g=V, (x,5,C;,C;,C5,Cy),
§= ny (x, Y, C1 ) Cz, C3, C4)
r="Vy (x: Ys Cp Cz, Cs, C4),
t=VY.V(x:y’ Cla Czs CS’ C4)
sous la condition suivante dans le domaine D
( V.V Vy, Vs
C.,C,GC,,C,

(29

(30)
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Si le résultat de I’élimination des parameétres C; parmi les équations (28), (29)
et (30) ne donne que les équations (23), nous dircns dans ce cas que intégrale
compléte du systéme (23) est définit pa: I’équation considérée (28).

Dans le cas quand le systéme (23) est en inv.lution de Darboux-Lie, son
intégrale compléte (28) doit satisfaire aix condiiioss complémentaires.

En effet, les équations (28) et (29), g &c> a (31), sont équivalentes dans
D aux équations

(32) F,(x,5,2,p,9,5,=Ck, :k=1,2,3,4).

En vertu des équations précé’entes e (23) on a les égalités suivantes:

(33) —H(x,y,z,p,9, )=V (X, 9, Fl’ Fzy F;, F4)‘_—=I7xx,

34 —®(x,,2,p,9,8) =V, (x, 3, F|, F;, F3, FA)EVJ’J"
En différentiant les relations éviden'es

(35 Fe=F(x,0,V, Ve, Vy, Vi) =Cr, thk=1,2,3,4)

par rapport aux C, on obtient
0ROV OB OV 0K 5V 0 ¥V _ G
0z 0C; 0p 0x0C; 0dq 0y0C; s 0x0ydC; OC;
(i k=1,2,3,4)

Grace a (31), il en résulte

OF, _ 1

% (Cky Vx, Vy; ny) ?__FE _ 1 ;/) ( I/, Ck’ Vy$ ny)
6 oz A, “\C,GC,Cy, )l 9ap A C..C,,Cy,C, )’
oF, 1 CD(V, V., Ce VU) dF 1o {_,V, V..V, Ce )
o9 A, G, G, C5, Gy " os A, O S S P
(k=1,2 3 4).
En différentiant I’égalité (33) pa: .app.it & s un cbtient
LA o F;
—H, =SV _C.—",
s !Zl N -k aS
ou
4 c‘:.['}(
—(H,) = Ve Co ——,
AZ. « os
ou la parenthése signifit le résuliat «+: 'a .77 'un de z,p, ¢, s respectivement
par leurs valeurs V,V,,V,,V, . G&v a /o5 .« «zitre de (36) on a
A
37) ._.1]!, = .-
( , A
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désignant par A, le déterminant fonctionnel

VIV V, V.l
G1) A,,,;:—Cb(———*——’-d-).
Cl’ Cz’ C3’C4

D’une maniére analogue en utilisant les relations (34), (35) et (36) on peut
aussi obtenir

_(q)s) = é’ﬂ ,
A,
LA,
(3 8) (D.V H) =— any + K— nyy
<y
A
(D, ®)=—Vyye+ A_y{ Visys
Xy

ou on a posé
ViV Vy, V,

(31//) Any%( ¥y yy)
€, G, G, Gy

et V,,,=0%/0x dxy, etc. :

La condition (24,) nous donne
24') (Hy) - (D) =1,

ou les paventhéses ont les significations antérieurement établies. Grice aux
égalités (37). (38), (24,) on a

(H R ((I),) = (Dux/ Axy) (Ayy/ AXy) =1

ou
39 Ay Ay—AZ <0
La relation (24,) cu la relation suivante
(D, H) = (H;) - (D; )
est vérifiée identiquement en vertu de la condition (39), 3 savoir
(D, H)—(Hs) (Dx ®)=—V +—iﬁ VW+A"—“<

XAy
Xy Xy

A
Tt 22V e ) ~0.

Xy

Donc, la relation (24,) n’impose pas des conditions nouvelles & la fonction V.
On peut démontrer que les conditions (31) et (39) sont aussi suffisantes.
Donc, I'équation (28) définit une intégrale compléte du systime (23) en

involution de Darboux-Lie si la fonction ¥ admet les conditions nécessaires et

suffisantes

A,#0, AN —A2,=0

A, B,,, A, désignant les déterminants fonctionnels (31), (317, (31”).

'y
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Etudions & présent le cas du systtme (23) en involution de l'intégrabilité
compléte:

(259 _i D, =_‘1_ b, ,
dy| D] dx| D
ol l'on a les désignations abrégées suivantes
41) D=H®,—1, D,=H,;Dx®—-D,H, D,=®;D, H—D, .

Gréice aux relations (38) et suivantes
(D)=Axx A, /A%, —1, (DY/(D)= =V, (DI(D)=—V,,.

les parenthéses désignant le résultat de la substitution de z, p, ¢, s respectivement
par les fonctions V,V,,V,,V,,, la condition

. A[ON_A[O)] o ame
@5) dy[(D)] dx[(D)]’ Bon B0, =170
devient

0 0

— V) =— V)
ay ( J y) ()X( yy)
En partant de la condition

A, A A% —15£0

et en substituant les C; dans (25”) par les fonctions (32) on a (25).

Donc, en vertu des considérations précédentes on peut distinguer les
intégrales complétes des systémes d’équations en involution de Darboux-Lie et
aussi, d’autre part, d’équations qui se trouvent en involution d’intégrab’lité
compléte:

La formule z=V (x, y, C,, C,, C;, C,) sous ’hypothése A,;y;éO est une in-

tégrale compléte du systéme (23) en involution de Darboux-Lie si Pexpression
Axx Ayy"_AZJ;y

est identiquement nulle, ou Pon a intrcduit les notations suivantes

) s,

Si par la formule z=V est défini l'intégrale compléte du systémec en invo-
Iution d’intégrabilité complétc, I'expression

AM Ay.v _Azxy

. vV .
AMECD(———————V’ Var Vs V) Ayyz%(»——*’ Var ¥y Vo

V.V, VJ., V.v
C, Gy, G, G C, Gy, G5, Cy )

€, €, G5, Gy

est distincte du zéro.
Considérons le systéme suivant
s=F s Pr Yy ’
42) { (*.7,2,0,9, 1)
t=q)(x1 Y, 2, D, 9, r)’
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et les expressions suivantes
8 = ¢r — F 3 ’

3,=D,F+F,D,F—D,®,
5,=F,D,F+®,D,F—F, D, ®.

Le systéme (42) est en involution de Darboux-Lie si on a lieu identiquement les
conditions suivantes
§=0, 3 =0

et le systéme (42) est en involution d’intégrabilité compléte au cas

43\ _d/(3
dy(s) dx(s)'

D’une maniére analogue comme au cas du systéme (23) on peut établir:

Par la formule
z=V(x,y C, C,, C5, C,)

sous I’hypothése A 0 est défini une intégrale compléte du systéme (42) en
involution de Darboux-Lie cu en involution d’intégrabilité compléte selon que
P'expression
A By —A%
est égale identiquement ou distincte du zéro.
Ces propriétés caractéristiques de l'intégrale compléte du systeme (23) ou
(42) sont importantes pour I'étude des systémes considérés que I'on étudiera
en suite.

5. Le probléme de Cauchy — au moyen de la méthode de la variation
des constantes

La formation de lintégrale de Cauchy des systémes en involution de
Darboux-Lie 3 1'aide de l'intégrale compléte va traiter dans ce paragraphe.

11 est bien connu qu’on peut pouc le systéme en involution de Darboux-Lie

{S=F(x, Y, Z,psq, r):

(43)
t=P(x,y,2,p,9,7)

établir le théoréme suivant:

Soient X, ¥4» 295 Po» 4o» o Un Systéme des valeurs des variables x, y, z, p,
q, r dans les voisinages desquelles les fonctions F et @ sont holomorphes;
soit, de plus, 11 (x) une fonction holomorphe dans le voisinage du point x,
telle que Pon ait Tl (x)=2,, II'(x))=p,, IV (x)=r,. Il existe une intégrale
des équations (43), réguliére dans le voisinage des valeurs x,, y,, se réduisant da
IT (x) pour y=y,, et pour laquelle la dérivée 0z[dy prend la valeur q,, pour x=

=X Y=Yy
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Ce théoréme se démontre d’'une maniére comme dans le cas général de
Cauchy, [14].

D’autre part, on peut déterminer [Iintégrale de Cauchy 3 laide des
multiplicités caractéristiques et la représenter comme une surface passant par
une courbe arbitraire dont le plan tangent est donné arbitrairement en un point
de la courbe mentionnée, [14]. Cette méthode des caractéristiques était complétée
par la théorie des fonctions caractéristiques, [10].

Notre but est de former lintégrale de Cauchy par la méthode de la
variation des constantes dans Iintégrale compléte. Pour résoudre ce probléme
nous allons utiliser les propriétés connues de l'intégrale compléte, [13], [15].

Considérons, pour fixer les idées, le systéme en involution de Darboux-Lie
(43), vérifiant les conditions d’existence de [I’intégrale compléte, [14], admettant
Pintégrale dite sous la forme suivante

(44) z=V(x,y, C;, C,. C3, C,).

Supposons que VEC4(D'),D’ désignant un domain de x, y, C,, C,, C;, C,, et
que soit
V,V., V,,V,

45) A»x=CD( ) £0
¢, C,, Cs, C,
dans le domain D'.
Rappelons d’abord le résultat connu, [15]:
11 existe la relation

(46) 2 (“’ ﬁ) Vi(A,, A, —A2 )G, /, kp =0
X, Y
ou l’'on a
V,V.V, k, i, 7, 1
@ V=22 6in=2(2% ) am D), g bR,
OC Ci, C;, C @, J, k) (i, ), k)
En variant les constantes C;, dans la formule (44), posons
2 0V 0C; 4 0V 090G 4 0V 9cC,
(48) — —=0, ¥ =0, > —L=
i=10C; 0&; =1 0x0C; 0§; i=1 0y0C; 0&;

avec £ =x, £,=p. L’intégrale générale, 3 une fonction arbitraire, du systéme
(43) est défini par la formule (44) et les suivantes

(49) Cl'+1 =Q; (C ): (l= 1’ 2’ 3)
3 ,
V1+ZV1+1fPi=O, 41+Z ¢+1<P1—0
i=1 i=1
(50)
Vyr+ 2 L+ ‘Pt =0,

avec V,;=0*V/0x0C;, V,=02V/[dy oC;.
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Sous 1’hypothése (2, 3, 4)#0 écrivons les équations (50) & la forme suivante

__W3ey L 2Ly (1L,23)
2348 T aney T 23e

Gréce a la condition (46), on en tire

1 9i=Fi(C,,9,,9,, 93,95, (i=1,2).
Dong, il n’y a, entre les fonctions ¢;, qu'une fonction arbitraire.

On va chercher la solution particuliére z=1{¢ (x,y) du systtme (43) parmi
les solutions que l’on obtient de Pintégrale compléte par la variation des con-
stantes (les fonctions C,(x,y) vérifient les conditions (48)).

Donc, on va appliquer les résultats précédents pour établir I'intégrale
du systtme (43) satisfaisant aux conditions

(44" z=II(x) pour y=y,; §E=a pour x=Xx;, y=¥,;
y
X,, ¥,, @ €tant les valeurs constantes.
Posons
(52) V(x, v, Cy5 C,, C3, C)=T1(x)

et cherchons les fonctions C; qui doivent satisfaire aux conditions (48). On
a d’abord

4 2C; 4 0G; 4 0GC;
53 Vi X, 9C,C7aC,C ——l_=0: VM‘ . ——"=0: V(. _'J'=0
( )z i( Yo 1 2 3 4) O x i=21 ( )Ox igl yl( )ax

i=1
En différentiant la relation (52) par rapport & x, on obtient

2c

)
o (€3

V. ()+ i Vi)

ou, en vertu de la premiérs condition (53), aussi

(54) Ve ¥, Cpy Gy, G5, C)=1I" (x).

Appliquant le méme procédé a la relation (54) et en utilisant la seconde condi-
tion (53), on a

(55) Vi (%, 95, Cp, Gy, Gy, C)=T1"(x).

Supposant que les équations (52), (54), (55) soient résolubles, grice & la condi-
tion (45), par rapport A trois des constantes C;, on a

Vv,V
(56) CD(—————) £0, Coy=a, (%, 70, C). (=12, 3
. G, C, i1 (x, ¥, N ¢ )
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Pour déterminer C, on a, en vertu de la dernitre condition (53) (et de
la premiére de (56)), I'équation différentielle ordinaire

acC 3 0 a;
5 V., [x 5, Ca, a5, a1 =2+ > V,, il ]—=0,
D gl y011-3]dx 1,.Z1y+1[]0x
parce que, grice aux conditions (45) et (56), le coefficient de dC,/dx est distincte
du zéro. Soit I'inégrale générale de I’équation (57)
(58) C1=a4(x:yo, b)
b étant une constante arbitraire. Enfin, pour déterminer 4 on a la condition

Vy {XO’ yo; a4 (xo’ yos b): al [x()a y()’ a4 (xo’ yo3 b)]’ az [ ']’ a3 [ ']}=a'

Dans le cas général on peut mettre les équations (56) et (58) sous les
formes suivantes ‘

(59) Ci+1 = ‘pi (Cl)’ (l= 1: 2, 3)
Pour déterminer les fonctions C;(x,y), on a, d’aprés (50), les corditions

Vi 3, Cps s $s $3) + i Vin (. )47 (C) =0,
i=1

3 /4
Var (5,3, s 1 $as 43 + 3 Vi () (€)= 0.

i=1

3 7
Vyl (x, 5 C,, 4’1’ 4, ll"a)‘*‘ 2 Vy.i+1 (- ) ‘Pi(cl):O-

i=1

De ces trois équations il ne reste qu’une équation pour définir C, en fonction
de x et y

(60) Cl = Cl (x,3),
parce que les deux autves, d’aprés (51), sont équvalentes aux relations
q’;:ﬁ (P 4y, G2 ‘\bs’): (i=1, 2)

qui, étant toujours identiquement vérifiées — grice a la méthode méme de
la formation des fonctions ¢; — ne produisent pas des conditions nouvelles
pour C,.

De cette maniére Ics formules (44), (59) et (60) nous donnent l'intégrale

de Cauchy vérifiant les conditions (44’). Cette intégrale est conteriue dans I’inté-
grale générale du systéme (43).

Dans le cas ol lcs équations (56) et (58) nous ne donnent que les valeurs
constantes pour Ics quauntités C;, on a avec la formule (44) une intégrale de
Cauchy vérifiant les conditions (44") et qui est contenue dans Pintégrale compléte
du systéme (43).
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Exemples
‘ 1) Déterminer Vintégrale de Cauchy pour le systéme de Goursat
61 r+s33=q9, t—1/s=0
avee les conditions:
a) z=4/3 (y--1)¥?* pour x=1, et z,=1 pour x=y=1;
b) z=3/2 32 pour x=1, et z, =49/48 pour x=1, y=1/16.
Une intégrale compléte de ce systéme est
61" z=4/3 (y—C)P? x*+ C,x+ C; (y—C)+C,.
ad a) Les équations (52), (54), (55) (em y changeant x par y) sont
4/3 (y—C)?+ C,+ C, (y—C)+ C,=4/3 (y—1)32,
2(p—C)M 2+ Cy=2(y—1)2
(=G = (1)1

On en tire C,=1, C,+C,=0, C,=0. L’intégrale correspondante (58) est
C,=b et en vertu de la condition z,(1,1)=1, on a b=1. Donc, C,=1 et
C,=—1. L’intégrale cherchée de Cauchy devient

(62) 2=4/3 X1 (y— 124 x—1,

ad b) Dans ce cas les équations (52), (54) et (55) nous donnent: C,=—3y,
C,=—3y12, C,4+C,=2y32 L’équation différentielle ordinaire pour déterminer
C, est

6y12+C,,(»=0,

et gviice A la condition z (1, 1/16)=49/48 on a C,=—4 32+ 1. Les équations
(59) et (60) deviennent

C,=—4(—C,/3p*+ 1, C;=—3(—C,/[3)12,
C,=6(—C,/3»2—1, C;=3y:(3—4Xx).
L’intégrale cherchée de Cauchy devient
(63) z=2[3 (4x—3)/2 312 4 x—1

et elle est contenue dans P'intégrale générale.

6. Le probléme de Cauchy — au moyen du systéme correspondant
de Charpit

Dans le Chapitre I nous avons considéré la théorie nouvelle des caracté-
ristiques des équations aux dérivées partielles du premier ordre. Dans ce paragraphe
nous allons traiter, [34], un probléme analogus concernant le systéme des
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équations aux dérivées paitielles du second ordre en involution de Darboux-

-Lie:
s 4 Pr Y =0,

@3) [r+H(x,y z,p, 4, 8)

t+®(x,y,2,p,q.8=0
sous les conditions

(24) H,®,~1, D,H=H,D ®.

On peut associer au systéme (23) un systéme de Charpit de la forme suivante

0

(')—Z+Hs_z=p+H.:qs
ox oy
a~p+Hsa—p=r+Hss
ox dy
(H+H, 0—q=s+H,t

" ox oy

6

0—I+H, a—r=—-DxH,
ox oy
?—S+H, o—s=—DyH,
ox dy
‘—)-t—kHs(E:——H,DJ,(D
ox oy

des fonctions inconnues z, p, g, r, s, t de deux variables indépendantes x, y ou
un systéme équivalent des caractéristiques

65 de-Bo 2 __d _ d __d _ ds &
Hs p+H.vq r+H:S S+H:t ‘D,\'H _.DyH ——HsDyd)
en posant

9 9 0H

Dx=i+p-——+r.9_+s_’ Hs='—’,

dx 0z op dq ds

0

p=2iqlislis?, 0,22,

oy 0z dp Iq os

Les valeurs initiales des variables z, p, ¢, r, s, t sont définies le long de
la courbe donnée non caractéristique

©) x=x, y=1, z=2z(7),
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de telle maniére qu'on a le long de la courbe (C) les conditions suivantes

(66) {r+H=0, t+d=0
dz=pdx+qdy, dp=rdx+sdy, dg=sdx+tdy,
(67) P=a, X=X, y=y,.

Pour le syst¢tme (64) nous posons:

Probléme I. Déterminer telles intégrales des caractéristiques (65) contenant
la courbe (C), avec les valeurs correspondantes initiales pour les variables z, p,
q, 1, s, t. Ces intégrales forment une surface

(68) Z=Z(x, y)’

contenant la courbe (C) et définissent les fonctions: z (x,y), p(x,y), q(x,¥)
r{x,y), s(x,y), t(x,y) qui représentent la solution du probléme initial du sys-
téme de Charpit (64).

Nous n’insistons pas ici sur la formulation des propriétés précis des
fonctions H, @, z (v) admettant le procédé suivant employé pour résoudre le
probléme posé.

Nous supposons d’abord que les fonctions H, ® soient telles qu’il existe
les sept intégrales premiéres distinctes du systéme des caractéristiques (65)

fi(x,y,Z,P, q, S), (l=l’a 5):
fe=r+H(x,y,2,p,q,S5),

fi=t+o (X, »,2,p, 45

et grice 4 ces intégrales on peut écrire lintégrale générale du systéme de
Charpit (64) sous la forme

(69) fen=M,(f), (i=1,..,6)

I1; étant des fonctions arbitraires.

Ensuite, nous supposons encore que les fonctions: p (1), ¢ (z), r (3), s (%),
t () soient bien déterminées, grice aux conditions (66) et (67), par les équations
suivantes

r(t)+H[xy, 7, z2(7), p(v), g (x), s (D] =0, ¢t (x) +D[..]=0,
Z(@)=q@), P ®=50),¢ ®=t(7)

et par la condition p=a pour x=x,, y=y,="7.
Introduisions, a présent, les notations suivantes

M@ =filx, 7 2(®), 2 () 4 (), r (7), 5 (%), £ ()]
et les paramétres auxiliaires #; par les relations

(70) NE@=u  (i=1,..,7)
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En éliminant le paramétre v entre des €quations (70) on obtient les six
relations entre des paramétres u;

(71) ., =pi (), @i=12,...,6)

Donc, les fonctions arbitraires II; doivent avoir les formes p; dans le cas
des propositions du probléme I, et la solution cherchée du probléme I, c’est-a-
-dire les fonctions

(72) z2(x, ), p(x3), 4(x¥), rxy, sx¥ 1(x))
sont définies par les formules
(72’) fi+1 =Di (fl)’ (l = ]’ rees 6)

Posons, maintenant, pour le systéme (23):

Probléme II. La solution (72) du systéme de Charpit (64) représente I'inté-
grale de Cauchy du systéme (23) sous les conditions: (C) et (67).

Il suffit de démontrer que les conditions suivantes

(73) [, (e, )+ HIx, y, 2(x, ¥), p(X, 3), 9 (%, ¥), 5 (%, V)]=V(x, »)=0,
1, N+P@Ix, ¥, 2(x p), (% ), g (%, ), 5 (x, Y)]=w(x, »)=0,

p (e =225 _p e yy=0,

ox
(74)
q(x, =22 g (x,»)=0,
oy
r(x, y)_‘a—p‘—;j—"y—)'ER (x, =0,
(75) '“%”—ﬂ%%ﬂEﬂ%ﬂ—ﬂ%%QEmeza

t(x, y)——?—g%;:l)ET(x, »)=0

sont remplies sur la surface (68).
Démontrons, par exemple, qu’il existe (73) et (75).

Grace 4 l'introduction des derniéres fonctions P, Q, R, S, T les trois pre-
miéres équations (64) vont s’exprimer de la maniére suivante:

R+H,0=0,
(76) R+H,5=0,
S+H,T=0,

parce que les fonctions (72) sont les intégrales du systéme (64).
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Formons les équations dérivées respectivement par rapport & x et y des
équations (76): (o P+

H, 3Q +H, =0,

0x x
a7 %1:—+H: %—i%—Hn S=0,
O—§+Hs gzj+Ifsl T=0,
| 0x 0x
et
0——P+HSO——Q-+H,2 Q=(),
oy oy
0 0
78) —£+H_,—§+H32 §$=0,
oy oy
a—§+H,. 2I+H,2 T=0,
oy oy
en introduisant les désignations
HSIEOHS, szdex’
ox oy

on obtient, en vertu des relations définissant les variables v et w, les rela-
tions évidentes
[ 0
9y _Or(xy) [ OH OH dz(x)) OH 0px))
ox ox ox 0z 0x op ox
LOH 09(x y)  OH ds(x7)
oq ox os 0x
Ov_0r(ey) oH OH 02(xy) OH 0p(s.3)
oy oy oy 0z Oy op Oy
LOH 045 y) OH 05(x,))
og oy os oy
(79
Ow_21(53) 09 0® 02(xy) 0@ 0p(x3)
0x ox ox 0z ox op ox
0D 9g(x,5) 0P 0s5(x,)

+— + ,
oq o0x os ox

ow_0t(x,y) 0P 0P 0z(xy) 0P 0p(x.y)
oy oy dy 0z 0y op Oy
L0 94(xy) 0 ds(x y)
oq oy 0s oy

b

b
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et écrivons, en vertu des équations (64), les identités suivantes

or (x, or(x,
rix y)+H: rex y)+-oﬁw“ﬂ{—p(x,y)+Z—Hr(x,y)+%ES(x,y)=0,
)4 q

ox oy dx 0z

ds(x, , 0 X oD
stx y)+Hf)s(x y)+Hs ——qi+~p(x,y)+—r(x,y)+£S(x,y) =0,
ox oy ox z op oq

s s 0P
@80) 21D |y 0txy) 0@ 08 i 22+ 22 (x|,
ox oy oy 0z op oq

0s(x,y)+H ds OH o0H

oH 0
s—+——+—q(x,y)+——S(x,y)+—Hf(x’ y=0
ox 0y 0y 0z op dq

Eliminant les dérivées ﬂ{f_ , -‘)—H , a_cI)_ , _q; respectivement entre les équati-
dx 0dy O0x Oy
ons (79) et (80) et utilisant les relations évidentes
ds(x,y) Or(x,y) 0S OR ot(x, )_0s(x,y) _oT 9§

ox dy ox 9y  oOx oy ox dy
on obtient

% _m, (a——s——é—li)—H,P——HpR——Hq s,

ox ox 0dy

(81) dv OR oS
—g=—-——"—HzQ—HPS—H¢IT;
dy 0y Ox
i)_i_"_:‘)_]_"_‘l‘g_q)zp_@pk—d)q&
ox oJ0x Oy

(82) ow 0S8 OT
s w='—"—“""—H5((DzQ+(DPS+¢qT)'
dy 0y O0x

Or, en vertu de Déquation H,=dy/dx, (65), les équations (81) et (82)
nous donnent

(81" %71= —H,(P+H,0)—H,(R+H,S)—H,(S+H,T),
X
(82) ‘;—w-= @, (Pt H,Q)— D, (R+H,S)—o(S+ H,T),
. X

ou, gtice aux relations (76), on aura
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Dans le point initial de la courbe (C) on a

v=0, w=0,
donc
v(x, =0, w(x, y)=0

et les conditions (73) sont remplies.

Quant aux conditions (75), nous supposons que les conditions (73) et (74)
(nous n’insistons pas ici sur la démonstration de l'existence des conditions (74))
soient remplies. Dans ce cas les relations (81) et (82) nous donnent

(83) H, (Q—ﬂ)—Ht,R—HqS=O,
ox dy

(84) OR 98 W, s—H,T—0,
oy O0x
0T 95 _g,R—,5=0,
dx 0y

®5) oS oT
2 L _H,(@,T+®,5).
oy O0x

En utilisant les équations dérivées (77) et (78), les équations (83), (84)
et (85) nous donnent

R
fld— +H, R+ (H,+ H)S=0,

P

ds
(86) ;;+(H,,+H,2)S+H4T=O,
?——@,}_R——@qS+ H,T=0.

X

Par conséquent, les fonctions R, S, T sont définies par un systéme linéaire
et homogéne des équations différentielles ordinaires. Le long de la courbe
(C) on a

R=0, S=0, T=0
donc
R(x, =0, S(x,»)=0, T(x,y)=0
et les conditions (75) sont remplies.

Exemple. Résoudre le probléme de Cauchy pour le systéme de Goursat:

(61 r+533=0, t—1j5=0
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avec les conditions

©) x=1, y=n, z=4(‘|,-__])3/2:3
et .
(67) - p=1 pour x=1, y=1.

Dans ce cas les ‘valeurs initiales des variables D, q, 71,5, t sont
p(M=2/3(x—1)?+1, g(r)=2(x— 1)1/
r(m=—1/3(—132, s@=F—1)12, t(t)=(r—1)"12
et les intégrales des caractéristiques s’obtiennent sous la forme suivante -
fi=5, fo=y—sx, ;=p—2[3 8X, fy=q—2sx,
fi=2z—4/3 $3x2—[s? (g —2 sx) + p—2/3 53x] x,
fo=r+833, fr=t—1/s.

L’intégrale de Cauchy pour le systtme de Charpit (64) est définie d’aprés
(72"), par les formules

y—s*x=1, z—4/3s3x2—x=—1, p=2/3s3x+1,
g=2sx, r=—1/35% t=1/s
et Pon en tire les fonctions (72):

z(x, Y)=4/3[x (x—yP* + x—1,

p(x, =23 [(1—71)1]”2"_ L, q(x y)=2[x(y—Dp?

= =130 o= (1) s =(5)"

Donc, la surface intégrale cherchée (68) est la suivante

z=4/3[x(y—1)3/2+ x—1.

7. Théoréme de Jacobi pour le systéme d’équations en involution de Darboux-Lie

Dans ce paragraphe nous allons traiter le probléme suivant: former Iinté-
grale générale des caractéristiques & Iaide de Iintégrale compléte pour un systéme
d’équations aux dérivées partielles du second ordre en involution de Darboux-Lie.

Jacobi, [16], a étudié ce probléme concernant une équation aux dérivées
partielles du premier ordre. Les résultats de ces recherches sont généralisés par
N. Saltykow, [17], [18], Th. De-Donder, etc.

3*
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Pour le cas d’un systéme d’équations aux dérivées partielles du second ordre
en involution de Darboux-Lie ce probléme avait été traité par E. Goursat, [14],
Cependant son procédé peut étre simplifié et mis sous la forme analogue 2 celle
de la théorie des équations aux dérivées particlles du premier ordre. On y
réussit, [15], grice a4 la condition qui doit satisfaire Pintégrale compléte du
systéme considéré que nous venons d’exposer dans le paragraphe 4 de ce chapitre.

Considérons le systéme en involution de Darboux-Lie
r+H(x,y,2,p,4, 5)=0,
t+®(x,y,2,p, 4, 5)=0

et le systtme correspondant des caractéristiques

(65) dx=£¥—= dz _ dp _ dq _ ds .

H; p+H.q —H+sH, s—®H; —DH
E. Goursat, [14], partant de l'intégrale compléte
@7 F(x,y,z C,, C,, C;, C)=0

(23)

en tire, grice aux considérations géométriques, une courbe caractéristique moye-
nant I’équation (87) et I’équation suivante
Fd oF dC,
(88) £+_‘1F_£+L__C_i+_fi_i=o,
0C, 0C,dC, 0C;dC, 0C, dC,
L’équation (88) définit la fonction y de la variable x. Parce que les multipli-

cités correspondantes des caractéristiques des éléments du second ordre satisfont
aux équations différentielles des caractéristiques, E. Goursat obtient deux relations

(89) c1>,.(cl, ¢, c, ¢, %, 95 1191)=0, (=1, 2)
4c,’ dc,’ dc,

entre le sept paramétres C,, C,, C,, C,, dC,[dC,, dC,[dC,, dC,[dC, figurant dans
I’équations (89). Eliminant, grice aux relations (89), deux parameétres, la courbe
caractéristique ne dépend que de cinq paramétres. En pratique la détermination
des relations (89) st les éliminations correspondantes présentent souvent de trés
grandes difficultés.

Mettons intégrale compléte du systéme (23) sous la forme
(28) z=V(x,y, C,, C,, C;, C)

en supposant

31) AWE%(K’_KX’_VY’_V_”_) £0,

C, G, G, C,
11 est aisé de démontrer que les formules

9) z=V, p=V,, q4=V,, s=V,,
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définissent les quatre premiéres intégrales du systéme (65). En effet, on a

‘-If_V +v,2 & dp=V nyf}i,
dx Ydx' dx dx
Yy v BBy Ly B

A, PR xxy xyy
ax Y Ydax dx dx

et en vertu des formules connues

‘A
37 H.v =22 ’
@37 ()= =3
A.xx
(38) (D,vH):—V.\-xy'l'_‘—nyy
A,
et aussi
dy
H;
T =(H,)

le symbole ( ) désignant le résultat de la substitution de z, p, g, s respective-
ment par ¥V, V,, V,, V,, et A,., A, les déterminants fonctionels (31°) et (31"),
on obtient, en éliminant les  constantes C; définies par les formules (29), les
équations suivantes

E1~z—=gp+q1‘1,, d£= —H +sH;
dx

dx
ﬂ=s—-(l)l{,, ~[-Ii=——D H.
dx dx
En différentiant les identités évidentes
2 2
a_V'+H( b , V’ a_V—:’ 0V a V )= 2
0 x? dx’ oy’ dxdy
2 2
l—)—V—l—(D(x,y,V, aV,oV aV)=
0y? dx Oy 0x0y

par rapport & C; on obtient

(90) —"’—V—+("H)"V+(f>_ff_> il (aH> 2V +(g£> 2

0x20C, \az/0C. \op/oxoCe \og/oyoC. \os)oxoyoCi
PV [0 20\ *V (90 &#V
o
ayzc)Ck 0z ()Ck Op ax()Ck 0q c)yc)Ck

3
+("Jl)__"_”~_=o, (k=1,2,3, 4).
os t)xdyde
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Grace 4 Pinvolution du systéme (23) et aux équations des caractéristiques (5)
on a les relations

92 -~ = =

©2) ax (cps)

Il est connu que I'intégrale (28) vérifie identiquement la condition suivante
(39) A, A,—A%=0.

En vertu de (31), on conclut de (39)
(93) A,.#0, A 0.

En éliminant (0 H[0z), (0H[op), (0H[0q), (0D/0z), (0D/op), 0®/0g) des
équations (90) et (91) on obtient, en vertu des (31), (93), (92) deux relations
pour définir la fonction y

94 A, dx+A , dy=0,
(95 A, dx+A, dy=0.

Or, elle se confondent, grace a4 la condition (39).
Introduisons les symboles suivants

iR (22, 60=2(Gg) @h=2(g).

GN= ‘2)(0“1;)

et considérons les trois hypothéses suivantes:

a) Supposons, d’abord, que le systtme (23) n’admet pas d’intégrales
intérmédiaires avec une constante arbitraire, c’est-a-dire que (i, j, k) #0, (i, ], k=
=1, 2, 3, 4). Utilisons les identités évidentes

G Gy B,— G k) Gy D +G)) Gk D =ViA

G, D G, J, k=G, K) G, J, D, +Gd) Gk, D,=V,A,,

@D G ,—C k) G0 Dt ) G K, l)x= Vi Axy

G.D G4, 0,~GH Gk D+ Gk D=
ou (), et( ), désignant les dérivées partielles correspondantes par rapport
aux x et y. On a de plus identités

G, D GR—G k) G D=—Vi G,k D,

G0 GR—Gk GD=—Vi G k.
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Formons, ensuite, les identités suivantes .
M) Aay—(i’—k) Au‘—"(i’ ka I) (i: Js k)x'_'(ia j, k) (i’ k, I)a.’

(.8 B,—@ 0 Ay=@ kD) (), k)~ J k) Gk, D),
qui donnent, grice 4 la condition (39)
1[_(11,1«,.9_ ] 2 [ehD)
’ ox(Ghk)] _ oy ik
(399 A - = A =~ .

XX Xy

L’équation (94), introduisant la désignation

=hD
(.7, k)
admet Pintégrale sous la forme suivante
a=const, a, %0, a,#0.

En effet, grice aux conditions (31), (39), (93), (39") on peut toujours choisir
les index i, j, k, I de telle maniére que la fonction « soit dépendue des variables
x et y.

On a de méme, d’une maniére analogue, les intégrales de I’équation
mentionnée (94): . '

, J  k,
:—:,—(_il)—=const., YE-('.]—_—I)=COHSt.
(s J k) @, J, k)

Or, «, B, vy ne sont pas distinctes par rapport aux variables x et y. Démontrons,
par exemple, cela pour les fonctions «, B. Considérons le déterminant

4=9(27).

Substituant y les expressions pour « et B, on obtient

Gik) Gk, (k)

(i’ j9 l) (la j: I)x (l’ j’ I)y .

Gk D GkD, (KD,

D’autre part, grice aux identités (96), on obtient la relation suivante
Gaky G4k, @7 k),

Vi (AxxAyy_Adzty)= (50 @), l)x @ J, I)_y

Gk D GkD, GkD,

97 A=— "
e . J; kp?
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et 'on a en vertu de (97) et (32)

PR AN
(i! k’ 1)3

De cette maniére on peut prendre
9%) a=const., a, o, 7#0

pour une intégrale cherchée des caractéristiques.

b) Passons, & présent, & la seconde hypothése. Si la fonction inconnue ne
figure pas dans le systéme (23) et C, représente la constante arbitraire additive
dans l'intégrale compléte, alors, en vertu de (98), 'intégrale des caractéristiques
admet la forme suivante

(U))
()]
¢) Supposons, enfin, conservant I’hypothése sous b), que le systéme (23)

ait une intégrale intermédiaire ayant la constante C;, c’est-a-dire que I'on ait
(J, k, )=0. Dans ce cas l'intégrale cherchée des caractéristiques, admet la forme

=const.

V. V.
¥ —const. -2 =const.

Vi Vyi

Conclusion. L’intégrale générale des caractéristiques est définie, en
vertu de l'intégrale compléte, par les formules suivantes

99)
2=V, p=V,, a=V,, 5=V, « %(V’ Ver Vy):%(V’V*’ Vy)=cs 2, 0, 0.
Ci, Cj’ Ck Cl" CI’ Ck

xy?*

8. L’intégrale générale mixte

Dans ses Legons sur la théorie des équations aux dérivées partielles du
second ordre, [19], était introduite par N. Saltykow la notion de l'intégrale
générale mixte pour une équation ou pour un systéme d’équations aux dérivées
partielles du second ordre.

On démontre dans ce paragraphe que les systémes

r+Hx,y 2p,q,s)=0,

23
t+¢(x,y, z,p 9, S)=O

admettant une intégrale générale mixte sont:
a) en involution de Darboux-Lie,
b) linéaires par rapport aux r, s, ¢,
c) possédent une intégrale intermédiaire.
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Considérons une équation de la forme
(100) z=VIx, y, C;, Cy, f(w)]

ou f étant une fonction arbitraire de o (x, y, C;, C;), et @ une fonction donnée
des variables indépendantes x et y et des constantes arbitraires C,, C,.

On dit que par I’équation (100) est définie’ une intégrale générale mixte
de 1’équation donnée aux variables du second ordre

(101) F(x: Yz p, 9, s, t)=0
si le résultat de I’élimination des quantités C,, C,, f, f', f" parmi I’équation
(100) et les équations correspondantes dérivées par rapport aux x et y — du

premier et second ordre — ne donne que I’équation (101).

D’une maniére analogue on peut définir intégrale générale mixte pour
le systéme (23).
Pour que I’équation

(102) Z=V[x’ B ) C,f((.!))]

4 'une fonction f arbitraire de la fonction donnés w (x, y, C) et une constante C
arbitraire, soit lintégrale générale mixte du systéme (23), ce dernier doit
s’obtenir par 1’éliminations des quantités arbitraires: C, f, f’, f" entre 1’équation
(102) et les équations dérivées suivantes

p=V,+Vso, f'=d.V, =V, +Vse, f'=d/V,

r=V,+2V, 0, f + foo)ff'2+Vfw§f"+me“f',

s=V, +Vy0,+V50)f +Viyoe, 0 f?+Vio 0, +Vio, [
t=V,,+ 2V, 0, f' +V 0l f2+V, 0l [+ Vo, f.

(103)

Par Délimination menntionée on obtient évidemment un systéme (23) qui
est linéaire par rapport aux rz, s, t.

Grice a I’élimination de f* entre les équations p=d,V et g=d,V on a

X

—V, q—V
(104) P=ry 4770,

[O) [0)

x ¥
Ensuite, par I'élimination de f entre (104) et (102) on obtiendra une relation
linéaire par rapport aux p et g:
(105) A(x,y,2z,p,9, C)=a(x,y,z,C)p+b(x,y, 2, C)lg+c(x, y,z, C)=0.
La relation obtenue (105) est une intégrale intermédiaire premiére a une constante
arbitraire C du systéme (23).

Supposons maintenant que l'on ait dans un domain D(x, y, z, C) bien
déterminé la condition suivante: 0 A/0 C#0 et ’équation équivalente a (105)

C=m(x, y,z,p, 9.
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En vertu de I'identité évidente A(x, y, z, p, ¢, m)=0 on peut obtenir les rela-
tions suivantes

At Apmm, =0, 4, + Appm,=0,
{106) A+ Apumm;=0, App+ Apmm,=0,
Agm+ Ay my=0.

On peut obtenir le systtme (23) aussi et & l'aide de Pintégrale inter-
médiaire (105):
O=(4,)+p(4:) +7(4,) +5(49) =0,
W=(4,) +q(4)+5(4) +1(4) =0,
les parenthéses désignant le résultat de la substitution de la valeur C avec la
fonction m(x, y, z, p, q).

Gréce aux identités (106) il est aisé de voir que les équations précédentes
vérifient les conditions bien conrues de l'involution de Darboux-Lie (8)

en utilisant les désignations suivantes

XE%(S)iZ), YECD((D’W), zz%(&vz),

rt s, t S r
R= D ® D W CT= D,® D W .
D, W, D, W,

Donc, le systéme admettant Pintégrale générale mixte (102) est linéaire
par rapport aux r, s, ¢ et en involution de Darboux-Lie.

Exemples.
a) Le systéme
st +x (rt—s??=0, 2x(rt—s*) =pt—qs
admettant 'intégrale générale mixte
z=4/3 Cx32+f(y—C?x)

-est équivalente au systéme linéaire suivant en involution de Darboux-Lie

_ xp?s—xp+ R t=pq-—2xi2Rs
x(pq—2x:|:2R)’ p?
R=x2—xpq

avec I'intégrale intermédiaire
p?i-C?q=2CxV2
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b) Le systéme linéaire en involution de Darboux-Lie

— 2
s=2=¥ , 1= (»’f-) r——z— (z—y9)

y y y
a Pintégrale mixte

2= Cy—x £ (3]%)
et Pintégrale premiére intermédiaire
xp+yq=2z—Cy.

On peut former l'intégrale générale mixte et aussi par la méthode de la
variations des constantes dans l'intégrale compléte

(44) z=V(x, 5, C, C,, Cs5,C)

du systéme (23) en involution de Darboux-Lie, [20].

En variant les contantes dans la formule (44) on peut obtenir les condi-
tions suivantes .

4 : 4 4 2 :
o 2&=0 Z a2V oG =0, oV _‘.)Ei.:(),
f=1 0C1 ox i=1 OCi bx i=1 0ydC,- ox
48
LoV 9C (& BV G o & ¥V 3G

Zoc oy 0 &Si0xaC oy Aoyoc; dy

pour les fonctions inconnues C;(x, y).
Utilisons les désignations

V,V.,V,
(.5 D=2 (=22
Cis C]9 Ck

pour les déterminants fonctionels correspondants.

En supposant qu’on ait: (2, 3, 4)=0, et que les autres déterminants de
la forme (i, j, k) soient distincts du zéro, on peut les conditions (48) mettre
sous une de la forme suivante

asy 2Ci_g 2G__(L4)2C, oG (1,24 9C,
0F; o8,  (1,2,3) 9%, 0%  (1,2,3) 9%

asy 2Ci_o 0C__(L39C oG, (1,23 9C
0§, 0§, (1,2, 4 08, 0%, (1, 2,4) 9¢;

asy S 0C,__(L240C G (1,32 3G
0%, 0g; (1,3, 4) 98, 0g; (1, 3,4) 0§

avec §,=x, §,=y.
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En vertu des équations citées et de la condition (46) on peut obtenir le
systéme correspondant de Charpit

(107) _9_ (1,2, 4 0Ci+1=_a_ _(1’ 2, 4_)_ 0Cisy (i=1,2,3)
oy L (1,2,3)] ox ox|(1,23)] oy

pour déterminer les fonctions Cj, (X, ) inconnues. L’intégrale générale de ce
systéme est
1,2,4) ,
Co =fi| 2222 | i=1,2,3),
ﬁ[ 23 (

Jfi étant trois fonctions arbitraires. Grace aux systéeme (48), par exemple au
syst¢me (48,) on a

(108) f1@)=a[Cy, u, fil for [r()=—uf3, u=(1, 2, 4)/(1, 2, 3)
et une des fonctions f; reste arbitraire.
Donc, par les équations
zZ= V[x’ Y Cla f1 (u)a fz (ll), f3 (u)]

et (108) est défini D'intégrale générale mixte avec une constante et une fonction
arbitraire.

a) Reprenons I'équation d’Ampére

st+x(rt—s») =0
que avec l’équation
2 x(rt—s?) =pt—gqs

représente un systéme en involution de Darboux-Lie. On voit immédiatement
que ce systtme admet Pintégrale compléte

z=4[3C, x*?+C,(y—C32x)*+C;(y—C2x)+C,
vérifiant la condition (2, 3, 4)=0. Le systéme correspondant de Charpit

AT cz
ox

AT =0, (i=1,2,3), C,=const.
9y

a l'intégrale générale
Co=fi, (i=1,2,3), u=y—Cix.

Les fonctions f;, dans ce cas, vérifient les conditions suivantes

’ l ’ ’ 1 ,
fl=—?;f2, f3=—7 uf 2.
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En prennant f. y=ua (« désignant une fonction arbitraire de u) et en substituant
les constantes C,, dans l'intégrale compléte par les fonctions correspondantes fi,
on obtient I'intégrale générale mixte cherchée dans la forme

z=4/3C, x¥2—a(y—C3 x)
antérieurement citée.
b) Le second systéme suivant en involution de Darboux-Lie

S=P;xr, ‘e (%)2,__% z—yg)

a lintégrale compléte
2=C,(C,+C) y+ Cixp+ C;x2+C, C,

admettant les conditions (i, j, k)70. En suivant un procédé de C. Orloff, [21] cn
définit les constantes nouvelles @; par les relations suivantes

a,=C,(C,+C), C,C,=a,, C,=a,, Ci=a,
et on peut mettre I'intégrale compléte considérée sous la forme
z=a y+a,xy+a,x2+a,y?
vérifiant les conditions suivantes
1,2,3))=—2x72, (1,2,9H=—y, (1,3,49)=xy, (2,3,4)=0.
Le systéme correspondant de Charpit
9 (_y,) LW (1) %4
dy\x/ ox ox\x/ 9y
admet Dintégrale générale
ai.i=fi(W), u=y/x, (i=1,2,3,4).
Les conditions suivantes
fi=—f3/2u, f2=—ufs]2
donnent
fi=—0a"2, fi=—0d"24ud—a, fi=ua"—ao’;
o (4) étant une fonction arbitraire, et l'intégrale générale mixte devient
=0, y—xa (¥[%)
avec la constante arbitraire: @, et la fonction arbitraire: «.

9. L’intégrale générale de Lagrange

Considérons le systéme en involution de Darboux-Lie

[r+H(x: Y2, P9, S)=0,

23)
t+q)(x’ Y.z, D0, 4, S)=0
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et ajoutons au (23) le systéme correspondant de Charpit

(
—‘!E+H, E=p+qu,
ox y
a—p+H, a—p=r+H.,.s',
ox oy
a—q+H, a—q=s+HI t,

) ox oy

(64
‘—)—r—+H, ‘H+DxH=O,
ox dy
2§.+H,2£+DyH=0’
ox oy
O v, m, D00
ox dy

que joue le rdle du systéme des caractéristiques.

Posons 2 présent le probléme de la formation de I'intégrale générale, con-
tenant des fonciions arbitraires, du systtme donné (23) a4 l'aide de Vintégrale
générale du systéeme de Charpit. Ce probléme peut €tre résolu de la maniére
analogue & celle de Lagrange concernant les €quations aux dérivées partielles
du premier ordre, [22], [23].

Le systtme de Charpit (64), outre les premiers membres des équations (23),
admet encorc cing intégrales distinctes que I'on va désigner: f, f,, f,, f3, f, et
que 'on va supposer indépendantes des variables r et ¢, en vertu des équati-
ons (23).

Par conséquant, 'intégrale générale du sysiéme de Charpit, vérifiant de
plus les conditions (23), sera représentée par ’cnsemble de ces derniéres deux
équations et des quatre équations suivantes

(108) fi=IL), (=123 4.
Oa va chercher les solutions du sys:®me (23) vérifiant les conditions
(109) dz=pdx+qdy, dp=rdx+sdy, dg=sdx+tdy -

sous '’hypothése que les valeurs de r et de ¢ sont déterminées par le systéme (23).

Comme les ‘fonctions H, sont arbitraires, il est impossible de résoudre
les équations (108) par rapport aux variables qui y figurent. Pour éviter les
difficultés mentionnées nous posons

f=ll, f;'_'-‘ui’ (l= 17 2» 3’ 4)
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Grice aux propriétés du systéme (64) les équations précédentes sont réso-
luble par rdapport aux variables y, z, p, ¢ de sort que 'on obtient

y=K (x, u, u, u,, u;, u,),
z=K, (x, u, uy, u,, U, u,),
p=K;(x, u, u, u,, u;, u,),
g=K,(x, u, uy, uy, u;, u,),
§=K,(x, u, u;, uy, uy, u,),

Les variables r et ¢ s’expriment de méme comme fonctions de x, u, u,, u,, u,, u,
grice aux équations (23).
Cela posé, les équations (109) deviennent en nouvelles variables

4
(109) . S Ay duy=0, (k=1,2,3)

=0
en posant u,=u, le coefficient de dx s’annule identiquement grice aux équa-
tions (64).
Or, les formules (108) imposent les relations nouvelles

w=Liw, @(=1,23,4.

Par cons{quent, les équations (109’) devient

a
(Aok+ Z Aik,‘H;) du=0 (k=1,2,3).
i=1

t

Comme la différentiellc du ne peut pas s’annuler, on en tire tro's relations.
liant les fonctions arbitraires H,-, a savoir

4
(110) Aak+ZAikHi’=O, k=1,2,3).

i=ml

Donc, la solution cherchée du systéme (23) est définie par 1’ensemble des.
équations (108) contenant quatre fonctions arbitraires qui sont lides par trois
relations (110) de sorte qu’il ne reste qu'une seule fonction arbitraire. Par
conséquent le probléme cité ci-dessus est résolu d’une maniére analogue comme
le probléme posé par Lagrange, [22], dans la théorie des équations aux
dérivées partielles du premier ordre.

10. Sur les systémes d’équations aux dérivés partielles du second ordre a trois
variables indépendantes réductibles a ceux de Charpit

On étudie un tel systéme d’équations aux dérivées partielles du second
ordre 4 une fonction inconnue de trois variables indépendantes qui soit réduc-
tible & un systtme de Charpit dont Pintégration se raméne & celle d’un
systéme des équations différentielles ordinaires. La détermination des conditions
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lesquelles doivent vérifier le syst®me en question. Les conditions nécessaires et
suffisantes pour 'intégrale compléte. La généralisation de la notion des fonctions
des caractéristiques de N. Saltykow, [18] pour le systéme considéré et leur
application 4 la formation de intégrale compléte. L’intégrale générale du sys-
téme correspondant de Charpit et la formation des solutions du systéme
étudié en généralisant la méthode de Lagrange, [24].

A. Considérons le systéme de trois équations aux dérivées partielles du
second ordre & trois variables indépendantes x;
(111) Pi+fi (xl, X35 X35 2, P15 P2s P3s Pr2s Piss P23)= 0, (i= 1,2,3)
avec les notations usuelles

= 0z = 0%z
‘ 0x,- ’ v 0x; 0 Xi
et avec les conditions d’indépendance de lordre de la différentiation de la
fonction z par rapport aux x;.

Formons les équations dérivées

(1) 22, 0% 0P O Oy Ofi OPn p £ (i k=1,2,3)
0Xx, 0p, 0X, Op; 0X, 0Py 0X,

le symbol D, désignant 'opérateur suivant

+p-a—+2p °
oxe ‘oz “7*4p,

Dk‘:—:f

Si I'on introduit les conditions suivantes:

(113) of, _ofy _9ofs _
0p,; 0pyy Ofn
O 04
(114) 1 _opy_ 0Py =D2f1
afz 1 afz Dl-fZ
0Py, 0p;;
of, Of :
(115) 1 _op;_0p,_Dif,
ofy, 1 ofy Df;
0P 0Py,
o0f,  Of
(116) 1 _0py_0p,_Dify

of, 1 of; D,f,
0py; op,;
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des neuf équations ili ne reste que six équations distinctes suivantes

49

9py + ofy 9py + ofy opy +D,f,=0,
0x, O0p, 0x, O0p; O0X,
0P22+ o/ ‘)P22+ 9/ 0p22+ 1 D,f,=0,
0x, O0p, 0x, Op; O0x; Of,
op;,
(117 OPny 9% 0Py Of 9Py, 1 4 g
0x, Op, 0x, Op, 0X; Ofy
0Py
‘)P12+ o/, ‘)1’12_,_ ofy ‘)1’12+szl=0’
0x;, O0p, 0X, Op,; 0X
aPla_,_ 0fy 9y + oy ap”+D3fl=0,
0x; 0p,, 0x, O0p; 0x,
al’zs_,_ 2/ aPz:,_,_ 9/ 0p23+ 1 D,f,=0.
0x, O0p, O0x, O0p, 0X; Ofy
op;,
Si I'on ajoute aux équations (117) les équations suivantes
0 0 0 0 0 0 0
Z+f1 z+f1 £ P f‘pr f‘p3=0
0x; 0p, 0x, Op; 0x opy, 0py;
118 op; 0 0 0 0 0 /)
(118) p fi opi Si ops —pi— /i Di— S pi;=0,
O0x, 0p, 0x, Op; 0x, op;, 0py;
_ (i=1,2,3)
le systtme (117) et (118) est alors un systtme de Charpit des fonctions z
Pi» Dii» Py. Le systtme correspondant aux équations différentielles ordi-
naires devient:
dr. = dx, _ dx, dz dp;
l— = 3 = =
ofy, 9 2/ 0/, 0/, 9/,
+ + Wt +—=—2Di
0p, 0Py b 0Py, P2 0 pi; Ps P 0p, Prz apup}
(119) _ del} _ ap,, 57 _ dl’a} 5 _ dzlzf -
i —D, 2 _D 3 M
2/ ap,, st/ 0p;;
_ dps; _ dp; )
0fy —D,f
D f 371
} 2/ op;2
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Ces derniéres équations jouent, par rapport au systtme (111) avec les condi-
tions (113)—(116), le méme rdle que les équations des ceractéristiques dans
la théorie des équations aux dérivées partielles du premier ordre.

B. Dans la théorie du systéme (111) nous utiliserons la notion de ’inté-
grale compléte:
(120) z=V(x,%,,%,C, ..., C)

ou ’on a la condition
Vs Vi Voo Vi Vias Viss Vg

(121) A_——:D(
C,Coyovoveiiennn , C))
introduisant les notations suivantes
2
ov y v

I/i=—-——-, 1=

0Xx; J—dx,-bx,’

)#o

C; désignant les constantes arbitraires distinctes; de plus le résultat de I’élimi-
nation des équations: z=V, p=V;, pu=V, pyj=Vy de toutes les constantes
arbitraires C; ne donne que les équations (111).

Dans le cas ol le systéme (111) est réductible a un systtme de Charpit
(117)—(118), son intégrale compléte (120) doit satisfaire 3 des conditions
complémentaires qu’on va établir. En effet, les équations suivantes

2=V (%, X3, %3, C;, ..., C))
1750 4 3 (U ), (i=1, 2,3)
Pi=Viy(oeeeiiiiiiiinns ), (j=1,2,3,i#))

sont équivalentes, grace 4 (121), aux équations

(122)  F(x;, X5, %3, Z, P15 Dy P3» Pra> Pr3» P23) =Cp» (k=1,2,3, ..., 7).

On a de plus les relations pu;=V,, (i=1,2,3) que I'on peut remplacer aisé-
ment, en vertu des équations précédentes, par les égalités suivantes

(123) '_'f; (xly xzs x33 z, pls Pz, P3, plz, P13, P23)=Vii (xl’ xz, xg, Fp DRI F7)EI—/_ii,

i=12,3).
Introduisons, enfin, les désignations
(1229 Fk= Fio(x, %3, 3, V, Vi, Vo, Vi, Vip, Vi, Vo =Co, (k=1,2, ..., 7).

En différentiant ces derniéres relations par rapport aux C; on obtient
0F, 0V 3 0F. oV 0F. oV Fi 3

(24) 250V, 5 0% il $ 25OV,
0z 0C; <1 0ps 0x0C; . d0p,, 0x,0x,0C; 0Op,; 0%,0%,0C;

oR_ov__ oG
0Py 0%,0x,0C; 9C;
Gk=1,2,..., 7.
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Il en résulte, grice a (121):

(0F, _1 D(Ck, VI,VZ,Va,VmVu,Vu) OF 1 D(V,Vl,Vz,V3,ck, V,a,Vza)
0z A NG, Cppurvvennnnn. , Gl op, A \CLCyponnn..n.. ., G
_‘)_F'—_/_c___iD(V’Ck’V2’V3’V12’V13’V23) _a__l—i‘-’_'_lD(VsVlsVz’V3,V123Ck’V23)
125 op, A NCLCurrrinnnnn... LG/l opy A\CLCyynn . , G
_0__.1':_'15____1D(V, ViCoo V3 Vins Viss Vzi) ific____l_D (V, ViV Vs Vi Vi Ck)
op, A \C,Churvvvninnnn , Gl op,; A C,Covvinnnn.n. » Cy
Q_F’_‘=_1_D(V’ Vqu’Ck’sz’ Vszs)_
op;, A \C,,Cpirnvvnnnn.. , G

D’autre part, différentiant les identités (123), on trouve:

ofi &— OF

(126) ——=3 Vigy2—> ({=123)
oL io1 ou
ofi OVu &+ OF .
12 — + V. s i,s=1,2,3),
( 7) ()xs ()x, kgl “Ckl)xs ( )

ol I'on remplace u. respectivement par p;;, p,, z. En désignant, par les paranthéses
( ), le résultat de la substitution z, p;, py respectivement par leur valeurs V,

Vi, Vi et par A, les valeurs des déterminants fonctionnels

D(V’ o Voo Vo Vi P V”), (i=1,2,3)
Cio Cayeveeeevennns c

i
A=

on met les équations (126) sous la forme suivante, par exemple, pour u=p,,

ofi & 0F, 1 V, Vi, Vas Vi, Ciy Vigs Vs
—_—= iiCk_'_=— VﬂCk ( )a
‘)Plz k=1 ()plz k=1 Cl’ Cz, ............ s C7
ou bien
0)
(128) —(if‘-)= AR (i=1,2,3)
. aP12 A

et de la méme maniére aussi

_(i’i’f_)= ¥ _(ﬁ)=é(§_, (i=1,2,3)

op, A op,, A

)] (0]
._(Eﬁ)=Az , _(f_fi)=As , (i=1,2,3)

oz A ops/ A

4
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ou l'on vient de poser
A(B"_—-D(V’ Vis Vo Vs Vias Vi Vza) A(QED( V.ViVo Vi Vies Vi Vi )
CiCopvenvennnn. , C, CppCopeveeann , G

AS)ED(Vii’ Vi Vo, Vi Vigs Viss st) Aﬁ”.——:D(V Vi Vo Ve Vi Viss Vo )

CCovrvvanannnnn , Cs CiyCoyeveennnn. , G’

D’autre part en différentiant les identités (122") par rapport aux x; on obtient
_ OF, _0F, 3 0F dF; 0 Fx OF,

Vet Vist —2V st —V gt ——b
0xs oz i=1 op; . 0p;, e 13 133 P23

—V,35=0

et grace aux formules (125) et (127) on a

_(.0f'> Vie— Z( VAP + S VAP 4V, AR+, A+ 7, A"’).

0x, j=1
En vertu des formules établies on aura

788y, 08,

(130) D,fi=—Vus+ VmAA

@G,s=1, 2, 3).
Ecrivons les conditions (114)—(116) sous la forme suivante

O 9L _y 94 9Sh_O4

0
(114') ’ ) D f='_—lD f’
0p;,0p;, 0p,,0p,, OP;; ah op;, o
a1y hOh_, OhL_ok o 0, .
0py; 013 0p13 0Py Py, 0p;
Goy 0 SROL 3% o 0,
0D;30P>; 0p,; 03 0Py, 0p,;

ol les deux derniéres de la deuxiéme colonne sont les conséquences des précé-
dentes. Les conditions (113) et (114')—(116') sont satisfaites identiquement
aussi dans le cas de la substitution de z, p;, pix respectivement par V, V;, Vi
de sorte que P'on obtient les conditions cherchées:

(113) AR =AR=AR=0
(114, ARAR—A2 =0, ARAR+AAR=0
(115) AR AR —A2=0, ADARL + AAD =0

Q 161) A%) A%)——A2= 0, A(Z) (1) D4 AA(2)
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Les deux derniéres conditions de la seconde colonne sont les conséquences de
toutes les précédentes. Les relations de la troisiéme colonne (114")—(116")
n’imposent pas des conditions nouvelles & la fonction V. En effet, en prennant,
par exemple, la relation

o/,

(D,£) = (g) D.f,

il est aisé de démontrer que cette relation ezt vérifiée identiquement, grice aux
conditions précédentes, & savoir

A(l) A(2) A(l) A( 1) A§2) A%) 2
“Vm (1 - —IZ_‘Z 12‘) Vm ("AL:; + lez 3) + V223 _A— + Vus Al;‘E -

On trouve de méme que les conditions (113,)—(116,), sauf celles qui viennent
d’étre mentionnées, sont non seulement nécessaires mais aussi suffisantes pour
que z=V soit une intégrale du systdme (111) réductible & celui de Charpit
(117)—(118).

11 est intéressant de poser la question: est ce qu’il est possible d’étendre
sur le systtme (119) le théoréme de Jacobi concernant les équations aux
dérivées partielles du premier ordre et généralisé sur le systtme d’équations aux
dérivées du second ordre, en involution de Darboux-Lie, [13], [15], [20]?

C. Posons maintenant le probléme de la formation de I'intégrale compléte
du systeme (111) sous les conditions (113)—(116), & laide de P’intégrale géné-
rale du systéme des équations différentielles ordinaires (119). L’intégrale géné-
rale de ce systtme de 12 équations est composée de trois équations données
(111) et de neuf nouvelles intégrales distinctes. La variable x, étant principale,
cherchons l'intégrale générale sous la forme suivante:

X,=m(x;, C, ..., C) pi=P,(x,C,..., C)
(131 Xy=n(x;, C,..., Cy) py=P,;(x, Cp,..., Cy)
Z=Z(xl, Cl""’ Cg) pik=Pik (‘xl’ Cl’ c ey Cg), 'Pik='Pki

G, k=1,2,3)

Supposons que lon ait

(132) D(’"’")#O,
Cs, C9

alors les deux premiéres équations (131) se¢ mettent sous la forme résoluble
par rapport a C; et Cy:

(133) Ci=a(x,, x,, x5, Cy..., Cy)
Co=b(x;, X5, %3, C}, ..., C).
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En éliminant C; et C, des autres équations (131), & I'aide de (133), on obtient
2=Z (%, %, %;,Cp, ..., Cy)

=P, (%, X;, x5, Cph.il, €Y

Dy=Pu (X, %3, %5, Cp, ..., Cy), (i=1,2,3)
Pie=Pu (%, %5, %5, Cp,y ..., Cp), (=1, 2, 3: iK).

Puisque les équations (131) sont les mtegrales du systéme (119), les identités
suivantes ont lieu

(134)

om _0of om_0oh
0x; 9py, ’ 0x, 0pj;
o0Z om on
—~ =P+ —P,+— P,
(139) 0x, 0x, *ox,
0P _p ,9m oM p + I p . (=1,2,3).
ox, Oxl ox,

Considérons les identités évidentes résultant des formules (131) et (134),
Z(x,Cp,..., C)=Z(x,mn,C,,..., Cy),

(136) (x, G %) _( ) 7
P (x,Cpr...C)=P,(x;, m,n,Cyp,...,Cp, (i=1,2,3)

et leurs formules dérivées
0Z (0Z 0Z\0om (az> on
— =[]+ ,
0%, (Oxl> (bxz)dxl 0x;/0x,

) (25 0o

o0x; \ox, 0x,/]0x;, \0x;/]0x,

les parenthéses désignant le résultat de la substitution de x, et x, respectivement
par les fonctions m et n. En soustrayant (137) de (135) on a

<0Z> Pt (2_2_)_;, om [(2Z)_p,) 2% oo
ox, 0x, 2x, 0 X, 0x,

(0P.~)_P,.1+ Gog-ra s[5 -Pofsm=0. =129
0x, Jx, 0x, [‘0x, 9x

et 'on a tiré les relations nouvelles

27 (2-7) (2R ()0

(137)

ox ox ox 0x ox

(138) : : ' ? 1
—‘)i—ﬁ,ﬁ(éi—ﬁ ) (f)—'"—)+(ai—ﬁ,,) (ﬂ>=o. (=1,2,3)
0x, 0 x, 0x, 0x, 0 x,
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En vertu de la premiére des équations (138) et des relations

(139) ﬁ2=‘)—z- E=£
0x, 0Xx,
on conclut
(140) P, _9Z.
X,

Supposons que P'on tire de (139) et (140) les relations
0F, 0F, OF,_0F, OF._oF,

0Xx, axl’ 02X, 0x1’ ox, 0x,

Grice aux conditions ﬂL:{:O et —0—f—‘~=i=0, aux équations (138) et les con-
. 0P 0Py
ditions
0P, = 0P, = 0P, =
(141) “I‘-=P12’ ——1-=P13, ‘“3=P23
oXx, 0, ox,
on obtient les conditions
(142) éﬁ:ﬁu’ ()—PZ:Fn: gl:ﬁsa'
ox, 0x, 0x,

Donc, les conditions (139) et (141) produisent les conditions (140) et (142).
Les dérivées des identités (136) donnent les nouvelles identités

143 2Z =(‘)_Z> om +(3§) on +(‘)Z), @=1,2...,7,
0C, \Wx,/0C, \0x;/0C, 0C,

(144) ‘)Z=(£)i’1’~+(—a—z)—al, (v=8, 9),
0C, \0x,/0C, \0x;/0C,

(145) "—5=(‘i>-a-ﬂ (ﬂ)fi+(&), w=1,2,..., 7,
2C, \dx,/oC, \ox,JocC, \oC,

(146) ‘)Pi=<ﬁ)9ﬂ+(”")ﬁ, (v=8,9)
0C, \0x,/0C, \ox,]oC,

les parenthéses ayant la désignation antérieurement établie. En admettant que
I’'on ait _

0z

oC,
on obtient, grace aux (139), (143)—(144) les conditions suivantes

(147) Ug,#0, ®=1,2,....7, Ug=0, (v=8,9)

+0, (=1,2,...,7
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ol nous introduisons des nouvelles notions U, des fonctions que nous dirons
»caractéristiques du systéme (111)

D’autre part, sous ’hypothése

0P, :
40 ((=1,2,3p=1,2,...,7
’C, ( B )

et en vertu de (141) et (145)—(146), on conclut
(148) W’Cu=|=0, r=12,...,7 i=1,2,3), W'Cu=0, ©=8,9

en appelant W& les autres nouvelles fonctions caractéristiques qui signifient

gilfi_p om_p On

““oc "oc "Poc’
Si les formules (134) définissent I'intégrale compléte du systéme (111) sous
Ihypothése (113)—(116), alors les conditions (147) et (148) ont lieu. Donc les
conditions citées sont nécessaires. Démontrons que ces conditions sont aussi
suffisantes pour la formation de l'intégrale compléte. Donc, en admettant que
les conditions (147) et (148) existent, il est aisé de former les différences
suivantes des formules (147) et ((143)—(144)

0Z 1om 0Z on
149 ZL)\—P +|(==)—pr =0, (v=8,9
(149) [(dxz) zJocv [(()xs) 3]acv e )
(150) (iz-)—lv2 om, (35)—13 ‘)—”+(£)¢o, @=1,.,7
[\0 X, 0C, [\0x, 0C, \oC,
et celles des formules (148) et (145)—(146)
r D 1
(151) (0—&)—&.2 om . (ﬂ)—")—}’” On o, w8, 9 i=1,2,3)
[\ox, e, |\ox, 2C,
[0 P, 0 oP 0 P,
(152) (ﬂ)—Piz _m"* (—J)—Pn —n+<g~&)=i=0,
[\ 0 x, oC, |\ox, o0C, \0C,

(i=1,2,3 g=1,.,7)

D’aprés (132) les équations (149) donnent les conditions (139) et par consé-
quent la condition (140). En vertu de 1’équation (150) on obtient

0Z

__:*:0, =1’23'37-

s (& )

n
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11 suffit de prendre les deux premiéres équations (151). Ces équations, d’aprés
(132), donnent les conditions (141), et alors les conditions (142) ont lieu. Les
équations (152) ne donnent que les relations

0P, )
—140,i=1,2,3 u=1,...7
5 @ )

“w

qui ne sont cependant nécessaires.

Il résulte des considérations exposées que pour former lintégrale compléte
du systtme (111) a Paide de l'intégrale générale (131) du systéme (119) les
conditions nécessaires et suffisantes, exprimées par les fonctions caractéristiques
suivantes, doivent avoir lieu

UCu=I=0’ (P‘=19 ey 7) UC‘,:O’ (V==8, 9)3
Wi =0, (v=8,9: i=1,2).

(1479

De cette maniére il ‘est démontré le rdle important que jouent les fonctions
caractéristiques introduites dans la théorie du systéme étudié (111), sous 'hypo-
thése (113)—(116)

D. Citons quelques propriétés des fonctions caractéristiques. Les for-
mules (131) s’obtient de neuf intégrales distinctes du systéme (119), C’est-a-
-dire ccs équations sont résolubles par rapport aux neuf constantes arbitraires
C/,C,, ..., Cy de sorte que Pon a la condition suivante.

D( Z, P, Py, Py, P,, P, Py
CirCoreeeereeeeaann e , C,
On pcut en former les déterminants dans lesquels les colonnes 3e, 4¢, 5¢, 6¢
sont remplacées rcspectivement par les Uy, Wi (i=1, 2, 3). Ces déterminants
sont distincts du zéro. Il en résulte qu'au moins I'une des fonctions caracté-
ristiques dans chaque groupe:Ug,, Wéi, W%, W}, est distincte du zéro. Démon-
]

trons que les fonctions caractéristiques sont homogenes et linéaires de leurs
valeurs initiales: U, (W¢)°. En partant des identités (135) et des expressions
qui définissent des fonctions caractéristiques on obtient I’équation

oU om on
—C= Wi+ — Wi+ —

ox, 0x,
Pour obtenir les expressions des dérivées par rapport & x, des autres fonc-
tions caractéristiques nous procédérons de la maniére suivante. Substituons
dans les formules

owl (¢)P1 p_ om 0n) oP, om
——==—=|TT 2 )t a5
ox, oC 0C ox

):Fo.

we.
ox, ¢

- +
0x, 0x, Prs 0x,

9Py On 0k, om 0Py, 0n
0C o0x 0x, 0C 0dx oC
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les formules

oP OP
F R Pl
1 1 -
aP 0 2 P
9y (D,q) +( SR on -ﬁUC+—fLVé+—flvg+
z op, op,

?_fl_Vs_l_éfl_ 0P12+0f1 0P13+‘)f1 0P23=
op, € 0p, 0C dp, O0C dpy OC

ainsi que les relations (113), (116) et (135). On obtient de cette maniére le

résultat
afl) (afl) ( L ) ]
14 y2 14
(0171 “\op) "< \ap ) C

1
(154) We_ [(af‘)
D’une maniére analogue on obtient encore les deux équations nouvelles

ox oz
oo (32) oo ) e+ (o) v (5
(155) ax1 -—O—XI [ —0—2 U -+ apl Vc+ 0p2 Ve+ opa VC s

on [/0 af, 2f; of,
(156) oWe__ o (——ff)U +( ’)Vc ( "‘)VC ( 3)Vc
0x; ox; {\oz op, op, op,
Les équations (153)—(156) représentent les équations différentielles linéaires et
homogenes des fonctions U, et Wc. Les solutions de telles équations s’expri-
ment linéairement et homogénement par les valeurs initiales des fonctions con-
sidérées.

On peut utiliser les propriétés démontrées des fonctions caractéristiques
pour vérifier les conditions (147), pour former Iintégrale compléte du sys-
téme (111), sous I’hypothése (113)—(116) a laide de Iintégrale générale du
systéme (119).

E. Posons le probléme de la formation de intégrale contenant des foncti-
ons arbitraires du systéme donné (111) a laide de l'intégrale générale du sys-
téme de Charpit. Outre de trois intégrales particuliéres définies par les équations
-données (111), le systéme (119) a encore neuf intégrales ¢, ¢,, F;, ..., F;.
L’intégrale générale du systéme de Charpit (117)—(118) qui vérifie les équations
(111), sous I’hypothése (113)—(116), est définie par les équations citées et les
<€quations suivantes

asmn Fi=q; (4, ¥, U=1,...,7

@, désignant les fonctions arbitraires. On pose pour déterminer les valeurs de
variables paramétriques X,.,, P;, Py

(158) =, (=1,2; F=§, (=12...,7.

+
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Alors les variables mentionnées sont définies par les équations

Xipg =@y (X, @5 %, Bys -5 By (=12
Z=D,(x,, 2, &, By, --.5 B>
pj=q5j+3(x1,al,az,ﬂl,...,ﬂ), (j=1,2,3)
Pi=DP; (%), oy, ap, By .05 B

Pi3=Ps (%1, oy, % By ooou By

Pay =Py (xp5 ay, 055 Bys oo, B,

x, désignant la variable indépendante principale. On va chercher les solutions
du systéme (111) en vérifiant de plus les conditions:

3 3
dz=73 ppdx,, dp,= Z Pt A%y
k=1 k=1

D;; ¢tant déterminées par les équations (111). Grice aux conditions introduites
on a les conditions nouvelles

s=12,3)

ZAk,doc+ZBkde,+K,‘dxl =0, (k=1,.,4)

i=1
avec i=
90 0D 0D oD, oP oD
AliE—§_¢5 —— —2 B ;= —— s —L— D —2,
ou; da; da 9B, Oﬁj oB;
oD, 0@ o, oD, 00, 09,
A= 8 =" — PPy —,
oo, 0« du; 98 0B, 08,
()@ — 09, 0¢, 0D, — 99, 0D,
A= pzz———— i =y P — Py —,
doc,. o« da op, 0B, 0B,
0P 047 — 00 oD 0P, — 0O
A4i5_‘_‘¢ ___1,33__3’ 415—‘5—-@9 ——l—p”__z,
da, o« Oday; ()ﬁj ()Bj aBj
(i=1,2) G=12,....,7
K =0%_ 5 00 g
ox, ox, °ox,
od 09, 0D, —
Ky=re =0, —— _Z—‘Pu:
ox, 0x, ox,
sta—%‘—;zzadj —D, ?E)-—QD
dxl oxl o_xl
0D, od od.
=8 _@p —1_p 72
T ox, ? ox, P33dx, :
Pi=—fi(x, D, ., Py, (i=1,2,3).

Grice aux équations (119) ils existent les identités suivantes

K, =0

k=1,2,3,4.
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Ex vertu de (157) et (158) on a

Bj=q’](°‘1’ %,), g=1,....7
et les conditions (159) deviennent

2 7 oD
(zAki+ szj*;—l)da,=0 (k=1, 2, 3, 4).
i=1 i=1 ai

Les différentiels d o, étant distincts du zéro, on établit les relations
7 oo
Au+ S B, —L=0, (k=1,...,4 (i=1,2
ki igl W 30, ( ( )

lesquelles doivent satisfaire les fonctions ¢; pour que (157) détermine la solution
du systéme (111). Par conséquent Ile proﬁléme cité ci-dessus est résolu d’une
maniére analogue comme le probléme posé par Lagrange [22] dans la théorie
des équations aux derivées partielles du premier ordre.

Les résultats obtenus dans cet article se généralisent aisément sur les sys-
témes des n(n>3) équations aux dérivées partielles du second ordre & n varia-
bles indépendantes.

11. Sur une classe des équations aux dérivées partielles du second
ordre d’une fonction inconnue avec trois variables indépendantes

En suivant les idées de N. Saltykow, [11], [24—27] on donne dans ce
paragraphe une classe des équations aux dérivées partielles du second ordre
d’une fonction inconnue avec trois variables indépendantes pour laquelle on
peut faire la correspondance avec un systéme de Charpit, [28].

Considérons 1’équation
(160) f(xp Xys X35 Z5 Pys P2y P3s Pi1s P12y P13y Pazs Pa3s P33)=0
avec les notations usuelles
_ 0z 0z
T ox, P o0,
et avec les conditions d’indépendance de I'ordre de la différentiation de la fonc-
tion z par rapport aux x;.

On peut les équations dérivées
Of Opy Of 0y, Of Opyy, Of 0Py OF Oy
0py 0%, 0py, OX; 0py; 0X; 0Py, 0X; 0Py 0X,

y 4

+of ‘_)££+Dif=0, (i=1,2,3),

op;;, 0x;
les symboles D, désignant P'opérateur suivant
0 o 2 i)
(161) p="sp2 5.2,
ox; pidz s‘z-:,p op,
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mettre sous la forme suivante
(
_()L 0_1,114__0[_ g@+_‘2f_ %1+le+
Opy 0x, 0p;; 0x, 0p;; X5
+(_2£ Op , OF 0Py, Of @)=o,
0Py 0%, Opy; 0X; 0ps; 0X,
0_f _0&3_{_%. ?ﬂ%.,__di a_p23+sz+
(162) aplZ 0)61 apzz ‘)xz ()[723 de
(2L 2 2 98, O d0)_
0py, 0x, Opy; 90X, 0py; Ox,
_a.f_ ,%E.f__a_f_ é.’ﬁ_;._a‘_f_ 923_3+D3f+
0pi; 0X, Opy; 0X;, Op;; 0X4
(_a_f_‘ ?ﬂl_’._ai_ a_p_E.}__ai ‘21'_'2_2)=0,
l Opy,; 9%, 0Op,, 0x; 0p,, 0x;
Ajoutons aux équations (162) lIes trois nouvelles
oP;, —m 0Py, —n 0Py, -0,
0x, ox, ox,
(163) aPls_m 01’13__” 0Py -0,
0x, 0 x, 0x,
ona_m aPza___n ‘)P23=0_
0x; 0x, 0 X,
Les fantions m(Xy, Xy, X3, Z, P15 Ps> P35 P11 Pr2s Pr3s Pazs Pz3,P33)7 n(...), seront
déterminées d’une maniére convenable.
Faisons les éliminations suivantes:
a) Eliminons de la premitre équation (162) les dérivées 2 Odp 33
x, X,

en utilisant les relations évidentes

0P22=l_ ‘)Plz__n 0py; 1 0py

ox, m 0x, ox, m ox,
(163) 07, -m 0P, +n 0Py ,
0x, 0x, 0x,

0py _1 op; m? szs_m 0P
0x, n 0x, n 0x, 0x,
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0p3;

b) Eliminons de la seconde équation (163) les dérivées 0Py Py

3

en utilisant les relations €videntes

opy, =m‘)P12 n2 ‘)P13+_”__ 0py;
0Xx, dx, m d0x, m dx,
(163,) ‘)P13=i op; _n 0pg,
0x, m dx, m 0x,

‘)P33=_!_ O0py; 1 0p; m 0Opy,
0x, mn 0x; m 0Xx; n 0x,

c¢) Eliminons de la troisiéme équation (163) les dérivées suivantes:
0 0 . . .
P s e’} en utilisant les relations suivantes
0xy; 0Xx,

‘)Pu=£1_ aI’u___ﬂ2 ‘)P12+n 0p;3
0x; n 0x, n 0x, ox,

(163,) ‘)Plz____l_ o9p, m Op,
} 0x, m dx, n 0x,

6p22=_1_ op, n ‘)1’23___1_ al’lz.
0x; mn 0x, m O0x; n 0Xx,

ox, dx,

0x,

opy,
ox

>
3

Aprés les éliminations indiquées le systéme (162) obtient la forme nouvelle

op, 0x op,, m 0py,/ 0%,

0p;; N 0py/ 0x,

+D, f+K, (m-a—@+ ni&i)——-o,
0x, X,

(0f m 0f)0pu+ of 0pzz+( of m 0f)0pzz+

0Py, 0p,) 0x, Opy O0x, 0p,;; n 0py/ 0x,

(164)
DS Ky (- S S g,
m n 0x, 0x,
(()f n ()f)dpn_l_( of n ()f)0p33+ of bp33+
op,; op,/ 9x O0py; m 0py,/ 0x, 0p;; Ox,

+D3f+—!-K3(i 0Ps ‘)Plz)=0
l n m 90x;, 0x,

(2L Op (O 1 07\ 0m (O 1 oL \om,
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en utilisant les désignations suivantes

Ko of n of m of
! 0p,; m 0py n 01’33’
0
(165) K,=n2 of +n 2 + of s
0Py 0p;; 0p,
K,=m? of +m of + of .
opy, 0p;, O0py

Il est aisé de s’en persuader que les équations (164) forment un systime:
de Charpit si les conditions suivantes sont remplies

Lok Sy 0f o (of ,, of)
0p, m 0p, .")Plz 0py \0py, opy,
NN A WA -
(166) 0py; m 0p,, op;; opy
(af WL 0f>. of =(«>f m 0f>.(0f m 0f)_
0p;; n 0py .‘)Pu 0p,;; n 0py . 0P, opy,
= of Z( o7 +n of )=—n,
\ 0p;; \0py; opy
ou
(166)) m2 of +m or + of =0, n of +n of + of =0,
opy 0p;, Opy opy 0p; 0p3;
of _m of +n of +mn of =0,
0py; n Ops op;, opy
(162,)
of _n +m of +mn of =0.
0p,; m 0py 0pss opy,

_ Grace aux équations (166,) les équations (166,) ne donnent qu’une con-
dition qu’on peut mettre sous la forme suivante

of n of _m of
0p,; m 0p, n Opy,

C’est ainsi que I’on parvient a mettre les conditions (166) sous la forme plus.
symétrique

(167) | K,=0, (i=1,2,3).

0




64 Borivoj N. Rachajsky

Donc, en vertu des conditions (167) le systéme (164) devient

0py, —_m 0py oPu +D, f/ '

0x, ox, Pu

(168) ()pzz_m 0P22_n aPZZ D f/( )=0
ox, 0x, 0x, 0p12 apn ’
‘)Pss a1’33 a1’33 +D f/( Of n)=0.
0x 0x2 dx 0p13 op,

Ajoutons aux équations (163) et (168) les identités évidentes

, op; op; 0p;

—m —n =Dj—Mp;,—Np;s,
ox, ox, ox, Pi D;2—NP;3

169
(169) l 0z 0z 0z

—m —n =p,—mp,—np;.
0x, o x, 0x, ' 2

Les équations (163), (168) et (169) forment un systéme du type de Charpit
On peut associer au systéme dit un systéme équivalent des caractéristiques

dy. — dx, dxy _ dz _ dp, _
Y em —n by—mp,—npy Py —MpPip—Np;;
_ dpn - dpzz =
170 —D, f / —D, f / < )
(170) opy ‘)Pu ‘)Pn
— dPsa _ dpu
0
=27/ (5 500)
ap13 0p”

Grace aux conditions: K,=0, K;=0 on peut déterminer les fonctions
inconnues: m et n et alors en vertu de la condition K, =0 on obtient la
condition cherchée pour la fouction f

[0f i[( of )2_4 of of ]llz]:Z_‘)f_=
0p;; 0Py 0p, 9ps; 0ps;
171)

gz (em e W ot (7w B e
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Autrement dit si la fonction f admet la condition (171) alors on peut 3
I’équation donnée (160) associer le systéme de Charpit (163), (168), (169) ou
le systtéme des équations différentielles ordinaires des caractéristiques (170).

Pour former la solution correspondante de I’équation (160) (admettant la
condition (171)) au moyen de l'intégrale générale du systéme de Charpit (163),
(168), (169) on peut construire la théorie que serait analogue i la théorie
concernant le systéme (23) en involution de Darboux-Lie.

Considérons une équation aux dérivées partielles du second ordre d’une
fonction z inconnue:

(172) u=F(x;, x,, X3, z, )

F étant une fonction arbitraire et les quantités u et v sont définies par les
relations données
u—-q:(x Xy, X3, 2, 0 9o Jv 07})
12 "*2>s 3y “» ’oxl,()xz,dx3 3
(173)
PR s T )
ox, 0x, O0x,
Gréce aux (173) on peut mettre I’équation (172) sous la forme suivante

0 i) 0
fE? xls x2’x3’ z, ‘L(xu x29 x39 zaPpP:;P3)a qj > 4} > ¢ -

o0x, 0x, 0x;
_F[xl', X5, X3, 2, ¢(xl, X25 X3, 25 Pys D2 P3)]=O-

La fonction considérée f admet la condition (171) et on peut appliquer la
théorie exposée & I’équation considérée: f=0.

0z 0z 0z
'a=¢(xl,x2,x3,z, —_ )

12. Sur les résultats de D. H. Parsons

Soit 1’équation

(174 Xy ooy Xps 2y Prys v s Pan) =0
dans laquelle z est la fonction des n variables indépendantes x,, ..., x,
oz oz
bi=—, A
ox, 0x,0x,

et telle que f soit analytique pour toutes variables.

D. H. Parsons, [29], [30], [31], définissait le rang de I’équation donnée
(174) comme le rang de la matrice suivante

of[opy 1/2 0f/opy; ... 1/2 0fop,,

120f[Ppy - ovvevinennnn. of/0p,,
Il démontrait aussi les propositions suivantes:

5
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Si Iéquation (174) est de rang 1, elle a une famille des caractéristiques
du premier ordre;

Si Iéquation (174) est du rang 2, elle a deux familles diverses et si
Pdquation donnée est du rang 3, elle n’a pas des caractéristiques de cette espéce;

Le rang de I’équation donnée est invariant sous la transformation de contact,

Dans son oeuvre, [29], D. H. Parsons appliquait la théorie classique des
caractéristiques, la théorie des équations en involution et la méthode de Darboux,
[32], [14], & Péquation (174), n=3, quand elle est du rang 2 ou 1. :

On ne peut pas généraliser la méthode de Darboux sans la condmon
suffisante et nécessaire: I’équation (174) est du rang 1 ou 2.

D. H. Parsons illustrait sa théorie avec U'exemple suivant.

Pyt P13 Prs +< Pz )2 -0
1—py; 1—pyy

ajoutant les conditions
pour x,=0: z=1/2x3, p1=x§+xzi3; on
pour x1=0: Z=0’ p1=x2x3.

La méthode exposés de Parsons peut &tre généralisé au cas n>3 et aussi
aux équations correspondantes aux dérivées partielles des ordres supérieurs.



III Chapitre

SUR LE SYSTEME DES EQUATIONS AUX DERIVEES
PARTIELLES EN INVOLUTION DE DARBOUX DU TROISIEME ORDRE

Les équations aux dérivées partielles d’une fonction & deux variables in-
dépendantes en involulion de Darboux du troisi®me ordre admettent d’établir
plusieurs propriétés qui sont analogues aux propriétés de la théorie des équations
2ux dérivées partielles du premier ordre et des systémes des équations aux dé-
rivées partielles du second ordre en involution de Darboux-Lie.

On peut établir pour les équations en involution de Darboux du troisi¢éme
ordre, par exemple, les propriétés suivantes: '

1) on peut former le systtme des équations différentielles jouant le rdle
d’un systéme des caractéristiques,

2) on peut étendre la notion de I’intégrale compléte et préciser les con-
ditions nécessaires et suffisantes concernant cette intégrale, ‘

3) on peut résoudre deux problémes de Jacobi et d’une maniére bien déter-
minée faire la liaison intime entre l'intégrale générale du systéme des caracté-
ristiques et lintégrale compléte du systéme des équations aux dérivées partielles,

4) on peut traiter la théorie de Lagrange des intégrales des systémes con-
sidérés, et

5) on peut aussi poser le probléme da la formation d’une intégrale de
Cauchy a I'aide d’une intégrale compléte donnée. ([10], [13], [15], [33D).

1. L’involution de Darboux du troisiéme ordre

Considérons une équation aux dérivées partielles du second ordre, utilisant
les désignations habituelles, sous la forme suivante

) r+f(x y, z,p g, 5, t)=0.

On supposera pour la fonction f que fEC?(G), ou G est un domaine déterminé
des variables x, y, z, p, ¢, s, t. A I’équation (1) faisons correspondre une autre
équation aux dérivées partielles du troisiéme ordre suivant une loi qui sera
déterminée plus tard, et écrivons

¥)) Zoyy+ @ (X9, 2, P, ¢, S, 8, z.vyy)=0'

bid
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On supposera que ®&C'(G,), ou G, est un domaine des variables x, y, z, p,
q, 5, t, Zy, ¢t GCG,.

Formons les équations dérivées du second ordre de I’équation (1) et du
premier ordre de I’équation (2) respectivement par rapport aux variables indé-
pendantes x et y:

Zyxax + S Zanny i Zaoyy + Dox [= 0,
Zawxy + fs Zaxyy + [i Zayyy + Dyx f= 0,
3 Zexyy tfs Zayyy TS Zyyyy + Dyy =0,
Zaxyy + Pg Zayyy + D @ =0,
Zayyy + Ps Zyyyy + Dy ©=0,
S, ®s, fis fis Zaxxxs - - - désignant respectivement les dérivées partielles
*z[oy?, o®[03, offos, offot, o*zfox4, ...; quant & D,, D,, D,,, D,,, D,

elles désignent les dérivées correspondantes prises par rapport a x et y. En
vertu de la définition de Pinvolution de Darboux du troisiéme ordre, les équa-
tions (3) ne doivent point étre résolubles par rapport aux dérivées du qua-
tritme ordre. Il en résulte les deux conditions de Iinvolution sous les formes

suivantes
4) D3 —f, Os+£,=0,

5) D,‘(I)+1'— D, ®—D,,f=0.
)
2. Systéme des équations différentielles ordinaires des caractéristiques

Grace aux équations (3) on peut former les équations suivantes

o o f;

—+ ®5—+=—m+D,, f=0,
ox 8by D, </
f)-@-+ @3 99-—m+ Dy, f=0,
ox oy
(3 ()l+(ps()_1+qu)=0’
» ox oy
03 i)

—+ O —+ D, P=0,
ox oy
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ol Pon a posé: a=zyy, B=Z.y, Y=IZxy, m=(f/Ps) D,®—D,, f. Compl-
tons ces derniéres équations par les égalités évidentes

0z 0z
—+ Q5 ——p—D39=0,
o 8dy D X’}
ge+ LON @—r—d)ss:O,
(6) ox oy
()_q_ + q’s a—q-—S—-q)s t= 0,
ox dy
Q‘—+ (O a—r—oc—CDSB=O,
ox oy
0.
©) X b 0,2 pdyy=0,
0x oy
gt“*‘ (I)a—a—t-—'{——q)58=0
ox oy

L’ensemble d’équations (3), (6), (6") représente un systéme de la forme
de Charpit, [1], &3 dix fonctions inconnues: z, p, ¢, 1, 5, ¢, &, B, v, 8 des
variables indépendantes x et y. Par conséquent, l'intégration du systéme (3°),
(6), (6") revient & lintégration du systéme d’équations différentielles ordinaires
des caractéristiques

dy dz  dp  dg  dr  ds  dt

Dy p+Dsq r+Dss s+ D5t a+ DB B+DPsy v+ Dsd
) da _ g dy  4d
Duf+mfi|®  Duf—m D@ D&

Pour nos équations (1) et (2) on peut utiliser aussi le systéme des
caractéristiques de la forme

®) dx—i}i— dz  dp  dg  ds  dt d3
O; p+Psqg r+Dzs s+DPst B+Dsy v+ Dsd DyCD’

ol r, v, B doivent &tre exprimés par les autres variables figurant aux équa-
tions (1) et (2).
3. L’intégrale compléte

Nous partons de I'équation

) z=V(x, y, Cyy ..., Cy,
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ol C; sont les paramétres distincts et indépendantes des variables x et y.
Supposons que V&C4(D), D' désignent un domaine de x, y, C, ..., C,.
Formons les équations dérivées

(10) p=Ve(% ¥, Ciy ..., Cdy, q=Vy(x, 3, Cy, ..., Cg),
1 r=Ve(x, y, Cp, ..., Cg,
12) 5=V, ¥, Cp ..., C), t=Vy(x, ¥, Cyy ..., Cp,
1) Y=Yy 3, Cys -, Co, ,
a9 | 8=V (% 3, Cis -, C),

sous la condition suivante dans le domaine D’

Y, Ve, Voo Vays Voo I_fw_) 0.
Cl’ Cys Cs’ Cu Cs’ C6

(15) AED(

Si le résultat de ’élimination des paramétres C; des équations (11), (13) et (9)
(10), (12), (14) ne donne que les équations (1) et (2), nous dirons dans ce cas
qus Pintégrale compléte du systéme (1)—(2) est définie par I'équation (9).
On va maintenant démontrer que grice aux conditions (4)—(5) la fonc-
tion ¥ doit satisfaire aux conditions complémentaires.
En effet, on peut démontrer aisément qu’il y a lieu les égalités suivantes
A

B (=B @y
(16) BW==3 P=—=h @)=—2,

ol les parenthéses signifient le résultat de la substitution de z, p, q, s, ¢, 3
respectivement par leurs valeurs V, V., V), Vi, Vi, Vyyy et A, A, A, les
déterminants fonctionnels suivants

V9 ny Vy7 Vxxa Vyy> V.VY.V ) A
C.C.C,,C,.C,C, | °

(17 A ED(V, Vs Vys Vigs Vi nyy)_
? C,, C;, Cs, C,, Cs, Cg

AlzD( (V, Ver Vs Vags Vezs Viy )

¢, Gy, Cy, C, Css Cs

La condition (4) nous donne
“) (®5)—(f) (@) +(f) =0

ol les parenthéses ont les significations antérieurement établies. Grice aux
égalités (16) la condition (4) devient

@#’ﬁﬁ_ﬁ:o
Al TAA A

3
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ou

(18) 8,

Ay
On peut mettre la condition (18) sous une forme plus symétrique. En
effet, en vertu des identités évidentes

Vet fe, 3, V, V,, V_,;, Vips Vyyy) =0,
Vxxy + (Dyf) =0

et (16) on peul établir une rélation nouvelle

1y A,70.

>
>\ P

(18) A'=—(f)A;—(fIA,

ou

(18") é__=él_+é3,
A, A A,

désignant par A’ le déterminant fonctionnel

AI=D< V, Vx’ Vys ny? Vyy: Vxxy)-
c,, C,, G, C,, C;, C,

(19

Grace a la relation obtenue (18”), on peut mettre la condition (18) sous
la forme convenable, plus symétrique :

(20) —A—3=A—, A;7#0.
A A,
La relation (5) ou la relation suivante
) (D5 ®) +(Dy @) (fi/ o) —(D,, /) =0
est vérifiée indentiquement, grice & la condition (18), & savoir
(éi..é%_él) 0.
A A, A}

Donc, la relation (5) n’impose pas des conditions nouvelles & Ia fonction V.
Il est aisé 4 démontrer qu’il doit avoir lieu la condition nouvelle

(21) 81 = 0,

3, désignant le déterminant fonctionnel

- b =p(£es s Vo Vo V)

C., G, C,, C,, C,, Cs

car Iéquation (1) ne dépend pas de la dérivée 3=z, .
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On peut démontrer que les conditions (18) ou (20) et (21) sont aussi
suffisantes. . :

Donc, Péquation (9) definit une intégrale compléte du systéme (1)—(2)
en involution de Darboux du troisiéme ordre si la fonction ¥ admet les condi-
tions nécessaires et suffisantes

23) A#0, 3,=0, A,/A=A'[A,,
A, A,, A" et 3, désignant les déterminants fonctionnels (15), (17), (19) et (22).

4. L’intégrale générale des caractéristiques,
Le théoréme généralisé de Jacobi

by

11 est aisé & démontrer que les formules

(24) 1=V, p=V,, q=V,, s=V,, t=V,, 8=V,

définissent les six premilres intégrales distinctes du systéme

®) =P P _ d _ 4 4 4

p+®sq  r+®ss  s+Dst PrDsy Y+ Dsd D,®

En effet, on a les équations dérivées

dz dy dp v dq dy

“_y v, VotV =, 2=V, +v, =,

dx Ydx' dx Y Pax’ dx 7 dx
(25)

ds dy at dy d3 dy

‘—1; = Vxxy + VAyJ dx > o= nyy + Vyyy 5 ’ ;; =V xyyy + Vyyyy :1;
et en vertu des relations

A A
((DS) = "—Aé’ (D d)) xyyy A3 Vyyyv’

+f(x’ y’ V Vx’ V .xya )
VipT@ 0, V,V,, V,, V

J’y ? J’J’}’)

et de I’équation premiére du systéme (8)

dy

26
(26) T

= (D),

ou les parenthéses ont les significations antérieurement établie, le résultat de
I'élimination des constantes C;, définies par les équations (24), entre les équa-
tions (25) ne donne que les équations (8').
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Cherchons, encore, l'intégrale de I’équation (26) ou d’une des équations
équivalentes :

7 Aydx+Ady=0,
(28) Adx+A,dy=0.

Introduisons le symbole suivant

V
29 G 1k 1, M)ED( ViV Vo Vs yy),

Ci: Cj, Cks Cla Cm

i, j, k, I, m désignant les nombres entiers de 1 & 6. On peut former les iden-
tités suivantes

__a_ (i’ k, lsman) =a1A'+a2A3, __a_ —————-—-(l"]’ l’m’n) =blA’+b2A3,
ox\(,Jj, k, I,m) oxy (i,j,k,1,n)

oylGikLm] T aylGikLmn ] T

a; et b; désignant les fonctions des variables x, y, C,, ..., C, bien déterminées.
Grice 4 la condition (20) il en résulte

i[(z‘, k,lI,m,n)] _0_ [(i, k, I, m, n)]

(30) ox\(i,j. k, L m) ) oylG.j.k,1,m)
A, B A :
et aussi
o [Girlmmn] OfGjLmn
(3D dx[(i,j,k, Lny| oyl Gkl n)]

A’ A, )
Donc, les équations (27) ou (28) ont les iﬁtégrales suivantes

(.k, 1, m,n) _(Gjl,mn
G, ), k, 1, m) Gk, Ln)

(Ia);;#O’ (Ia y?ﬁo, (G= la 2)

L= =const., I =const.

Ces intégrales ne sont pas indépendantes par rapport aux variables x et y.
En effet, en vertu des relations (30) et (31), on a

D(ﬁ’—lz)=o.
X,y

On peut formuler le théoréme suivant — théoréme de Jacobi:
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L’intégrale générale du systéme des équations différentielles des caractéris-
tique (8) est définie, en vertu de intégrale compléte (9) et (23), par les formules
Suivantes

z=V, p=V,, q=V,, s=V.

xy?

t=V,, 8=V,

yyy?

D( ViVis Vys Viys Vyy):D(V’ Vir Vys Viys Vyy)
Cia Ck’ Cl; Cm’ Cn Ci’ Cj’ Ck’ Cl, Cm

I):#0, (1), #0.

I,

Il

73

5. Sur une méthode de N. Saltykow dans la théorie
des équations aux dérivées partielles du second ordre

N. Saltykow avait communiqué 3 une des séances de I'Institut mathéma-
tique en 1959 une méthode trés intéressante pour I'intégration des équations aux
dérivées partielles du second ordre. Notre but est maintenant de démontrer que
la méthode exposée a des liaisons avec certaines notions et certains résultats de
la théorie des équations aux dérivées partielles qui sont en involution de Darboux
du troisiéme ordre, [33].

Considérons une équation aux dérivées partielles du second ordre d’une
fonction inconnue z de deux variables indépendantes x et y

(32) fx 92, p,4r5:,1t)=0, fr f1#0,

ou lon a posé p=0z[0x, q=0z[0y, r=0*z[0x? s=0%z[0xJdy, t(=0%r[0y?
fe=0f[or, f,=0f/0s. On supposera que f=C?(G), ou G est un domaine
déterminé des variables x, ¥, z, p, ¢, r, S, t.

Formons les équations dérivées de I’équation (32) respectivement par
rapport & x et y, & savoir

(33)
€n posant
a=0z[0x}, B=0%2[/0x?0y, Y=0%2[0x0y:, 3=02/0y’, fi=20f]0s,
0 0 0. 0

D,=—+p—+r—+s5—
ox 0z op Odq

0 0 0 0
D=—+qg—+s—+t—
dy 0z Op 04

[fra+fsﬂ+fnr+Dxf=0,
fiB+fix+/:3+D,f=0,

et ajoutons y une équation auxiliaire

(34) B—m(x,y,2,p, g1 5 t)c=0.

La fonction m doit satisfaire aux conditions qui seront précisées plus tard.
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Grice 4 I’équation (34), on peut mettre les équations dérivées (33) sous
la forme suivante

a+ (mfs+f)/[(mf) B+ Do f] fr=0,
Y +fi/(mfs + f5) 3 + D, f{(mfr+ £3)=0.

Supposons que les coefficients de b et d des équations ci-dessus satisfont aux
conditions

(33)

(mfs+f)mfs=—m, fl(mfe+f)=—m;
on aura alors une seule condition pour la fonction m:
(35) frm2+fsm+f¢=0.

Par conséquent les équations (33") et (34) peuvent &tre écrites sous la forme

d_r_m()_r+~l_D‘f___0,
ox oy fr
ox oy
or_ ot m D, f=0.
ox 9oy fi :
Les équations obtenues (36) et les identités évidentes de la forme suivante
% m% —p—mg
ox oy ’
37 02 _ 9 ms,
ox oy
U Jp—
ox oy

~

représentent un systtme de la forme de Charpit & six fonctions inconnues:
Z, p, g, , S, t de deux variables indépendantes x et y, [18]. (Dans le livre de
Hilbert et Courant [1], pour le systtme de cette espéce on emploie la déno-
mination ,,systéme des équations qui ont la méme partie principale®).

Le systéme correspondant d’équations différentielles ordinaires ,,caracté-
ristiques** devient ‘

dy dz dp dq dr ds dt

(3% dx= = = = = == .
—m p—mq r—ms s—mt D.flf, © mD,f/f:
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Il ne reste qu'a poser la question de lintégration de I'équation donnée (32) a
Paide de Pintégration du systéme (38).

Posons maintenant le probléme suivant: associons A I’équation (32) une
autre équation de la forme (34) de telle maniére que ces deux équations soient
en involution de Darboux du troisiéme ordre.

Pour établir les conditions de la dite involution nous utiliserons, par
exemple, un procédé antérieurement cité, [33].

Pour cela formons les équations dérivées des équations (32) et (34)
fr zxxxx +f:' zJu;xy +ft zxxyy + Dxxf= 0’
fr z,\*x’y +f:' zaxyy +f' z.xyyy + D"y f= 0’

(39) feZrgytfiZiypy 112y, + D, f=0,
Zprxy™ M2 sy, —YD. . m=0,
Zyxyy—MZzyyy—YD, m=0.
D,, b,, D,,, D,,, D, désignant respectivement les dérivées cerrespondantes

des fonctxons m et f prlses une ou deux fois par rapport & x et y; quant
Z,aans Zxaays CtC., elles désignent les dérivées partielles du quatri®me ordre de la
fonction z: a4z/c)x“ 0*z[0x3 9y, etc.

D’aprés les conditions de Pinvolution de Darboux du troisiéme ordre, les
équations (39) sont insolubles par rapport aux dérivées du quatritme ordre:
Zowxxr Zxxays <+ +» Zyyye 11 €n résulte que tous les déterminants du cinquiéme
ordre de la matrice des coefficients du systéme (39) sont égaux A zéro. On peut
mettre le déterminant A du cinquiéme ordre formé des coefficients des dérivées
du quatriéme ordre de la fonction z — le déterminant du systéme (39) — sous

la forme suivante

A=ff (fim*+fim+f).
En égalant ce déterminant 3 zéro et grice a la condition f,f,#0, on a
(35) fm?+fom+ fi=

Ce n’est que la condition (35) qui a été obtenue par la méthode de N. Saltykow.
En utilisant la condition (35) et f,f,#0, tous les autres déterminants du
cinquiéme ordre seront égaux i zéro sous la condition suivante

Donc, si les conditions (35) et (40) sont satisfaites, les équations (32) et (34)
seront en involution de Darboux du troisiéme ordre.

Comme il est bien connu, [33], on peut associer aux équations (32) et (34),
qui sont en involution de Darboux du troisiéme ordre, un systéme d’équations
différentielles ordinaires, appelé systéme des caractéristiques.
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Or, en ce qui concerne la formation du systéme mentionné d’équations
différentielles ordinaires, on peut tirer d’abord du systéme (39), grice aux
conditions (34) et (40), les équations suivantes

da_, du_yf,Dym—mDyf_,

>

ox dy mf,
aB—m a——ﬂ—‘{Dlm =0,
ox dy

@D a—Y—m ?x—yDym%O,
ox )y
08 08 m

% m% —p—mg
ox oy ’
P _m s,
ox oy
. Np—

(42) ox oy
O o e DS
ox oy I
os os
— — —— —_— =0,
ox oy B—my
z—mg=*{—m8—-——Dyf
ox )y t

Les systémes (41) et (42) font un systéme de Charpit par rapport aux fonctions
inconnues: z, p, q, r, 5, t, &, B, vy, 8§ de deux variables indépendantes x et y.
Ce systéme de Charpit est équivalent au systéme cherché des caractéiistiques

deo W _ 9z _ _dp _ dq _ _dr _ds At
43) —m p—mqg r—ms s—mt D.flf, 0 mD, f|f:
do dp dy d3

" (f: Dym—mD,,f)mf, yD,m YD,m m(yf,D,m+D,f)f;
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On peut utiliser les intégrales du systéme des caractéristiques pour former
les solutions cherchées de I’équation donnée (32) (avec (34), (35) et (40)), [24].

3. D’aprés la théorie exposée ci-haut, on doit — si 'on associe & 1'équa-
tion (32), avec la condition f, f;0, une autre équation (34) avec la condition
m#0—compléter la condition (35), obtenue par la méthode de N. Saltykow et
aussi en égalant le déterminant A du systéme (39) & zéro, avec la condition
(40), en s’assurant que tous les déterminants du cinquiéme ordre de 1a matrice du
systéme (39) sont égaux & zéro, C’est-a-dire affirment que les équations (32) et
(34) sont en involution de Darboux du troisiéme ordre. Dans ce cas, on doit
compléter le systtme des équations différentielles (38) avec les équations nou-
velles et utiliser le systéme des caractéristiques (43).

En ce qui concerne les équations (32) et (34), on peut résoudre deux
problémes de Jacobi et faire la liaison entre I'intégrale du systtme des carac-
téristiques et l'intégrale compléte des équations aux dérivées partielles. On peut
aussi poser le probléme de la formation d’une intégrale de Cauchy i Vaide
d’une intégrale compléte domnée, [33].

6. Sur le probléme de Cauchy des systémes en involution
de Darboux du troisiéme ordre

Dans la Note, [34], en suivant I'idée de Courant, [1], nous avons fait une
application d’un systéme correspondant de Charpit pour obtenir l'intégrale de
Ccuchy des systémes des équations aux dérivées particlles du second ordre en
involution de Darboux-Lie. Maintenant, nous allons traiter d’une maniére ana-
logue le probléme de Cauchy concernant un systéme en involution de Darboux
du troisiéme ordre.

Le probléme initial pour le syst¢tme de Charpit. Considérons un systéme
des équations aux dérivées partielles en involution de Darboux du troisiéme
ordre d’une fonction inconnue z de deux variables indépendantes x et y

(44) r+f(x, 5 2,0 4,s, t)=b, Z,+®(x ¥ 2,p,4,51t2,)=0,
sous les conditions
O3—f, @3+f,=0,
D, ®@+(f,/®s) D, ®—D,, f=0,
avec: p=0z[0x, q= dz/;)y, r=0%/0x2, -As =0%2[0x Jy, t=0%2/dy?, z,,,=0%2[0x 0y?,

8=2z,,=0%/0y%, f,=0f|0s, fi=0f|ot;,. ®3=0®/03, quant & D,, D,, D,,, elles
désignent les dérivées correspondantes prises par rapport 3 x et y.
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On peut associer, [33], au systéme (44) un systéme de Charpit de la forme
suivante ,

oz 0z os os

—+ P —=p+Psq, —+Ps—=L+DsY,
PPV P+®sg, 55 B+ D5y
y 0 ot t
a—p-+CI>8£=r+<I)ss, ——+(Ds'a-—='Y+q)58,
(4%) ox oy ox oy
40,2 iy, 0,21 D @0,
ox oy ox oy -
0, wrdy, L, ip 00,
_0x oy : de oy

ot 'on a a=z,,,, B=2z,,, Y=2,,, avec les fonctions inconnues z, p, g, 7, s,
t, v, 8 de deux variables indépendantes 'x et y.

Nous supposons d’abord que les fonctions f et @ soient telles qu’ils
existent les intégrales premidres distinctes suivantes

fi,y,zp,0,8t,2,), (=1,2,...,7)
(46) fisr+f06 9,2, 0.4, 5, 1)
fo=y+®(x,»,2,p,4,5,t79)

sous la condition

(46" gb(fnfzyfs’fufs,fs,ﬁ
Y. %2, D 4, S I, 3

)#0.

Ona peut obtenir ces intégrales par lintégraton du systéme d’équations
différentielles ordinaires suivantes

dx-—ﬁ— dz  dp  d¢g  dr
' Dy p+Dsp r+dss s+Pst o+ D058
ds dt dy ds

B+®sy y+Ds8 D, ® D,®’

ol « et B doivent &tre exprimés par les autres variables figurant dans les
équations (44). :

Grace aux intégrales (46) l'intégrale générale du systéme de Charpit (45)
est déterminée par les relations suivantes

@47 fimn=TLW), @(=12,...,98)

]1: étant des fonctions arbitraires.
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Pour le systéme (45) on peut résoudre:
Probléme A. Déterminer les solutions
@48)  z(% ), P(x ), 4% ), r(x ), s(x ) 1(x, 9), Y(x: ) 3(x, ¥)
du systéme Charpit (45) contenant la courbe donnée non caractéristique
©) X=Xy, y=17, z=2(7)
de telle maniére que I'on ait le long de la courbe (C) les conditions suivantes

r+f=0, y+®=0,

@9 [dz=pdx+qdy, dp=rdx+sdy, dg=sdx+tdy,
dr=adx+Bdy, ds=Bdx+ydy, dt=ydx+3dy,

et

(SQ) p=a, s=b pour x=x, y=y,

oit a et b sont des constantes données, mais (x,, y,)EC.

Gréce aux conditions (C), (49), (50), on peut d’abord déterminer les va-
leurs initiales des variables p, g, r, s, ¢, v, 8, Clest-d-dire les fonctions suivantes

(s1) P@), @), 1@, sG), 1) ¥ (), 3(3).
En vertu des conditions (49) on a pour x=x,
Z(M=9(), pPE=s(), ¢@=1t(),
FE=BE, f@=Y®, @=30),

et aussi
(519 q(@)=2'(x), t()=2"(3), §(®)=z"(a),
(517) s@)=p' (@), Y(®=p"@.

Dongc, la fonction p(7) se détermine comme une solution de Cauchy de 1’équa-
tion différentielle ordinaire du second ordre

(52) PP@+®x,, 7, z (1:), p™, 2 (), p'(), 2’ (x), Z" (V)]=0
satisfaisant aux conditions
(52) T=Yo» (o) =a, s(yo)=b’

ou I'on suppose l'unicité de la solution du probléeme de Cauchy (52)—(52").

Grice 4 la solution obtenue p(r) du probléme (52)—(52") on pcut déter-
miner les fonctions s(7) et vy (1), (51"). Quant & la fonction r(7), on a la rcle-
tion suivante

r(®+flx, v 2(x), P(3), (), P (), 4'(D]=0.
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En utilisant les fonctions déterminées (51), on peut définir les fonctions
nouvelles 2;(t) et les paramétres auxiliaires u; par les relations suivantes

N()=fi [xo’ T, 2 (7), p(T), g (), r(z), s(v), t(‘t)a Y (),
(53) N =u, (i=12,...,9.

En éliminant le parameétre © entre les relations (53), on obtient les rela-
tions bien déterminées des paramétres u;

Uy, =7 (4)), (i=1,2,...,8).

Les fonctions arbitaires | |; dans Dintégrale générale (47) doivent avoir les
formes m;. Donc, sous les conditions (C), (49) et (50) les solutions (48) du pro-
bléme initial pour le systéme de Charpit (2) sont déterminées par les formules

499 Sis =7 (f)s (i=1,2,...,8).

Alors, le procédé indiqué réscud le probléme A.

Le probléme initial pour le systéme en involation. Pour le systéme (44) en
involution de Darboux du troisiéme ordre on peut résoudre

Probléme B. Les solutions (48) du systéme de Charpit (45) déterminent
Pintégrale de Cauchy du systéme en involution de Darboux (44) sous les condi-
tions (C) et (50).

Pour cela, il suffit de démontrer que les fonctions (48) remplissent iden-
tiquement sur la surface z=z(x, y) les conditions suivantes

r(x, ) +fIx ¥, 2(x, »), p(x ), (%, 1), s(x, ), t(x, y)]=0,
Y6 )+ ®x, ¥, 206 ), 206 ), (%, ¥), 5(x, ¥, t(x, ¥), 3(x, »)]=0,

0z (x, 0z (x,
P(x’Y)—'*Z—%—!lEO, q (%, y)—-—f—%—!lEO,
r(x’ y)__a_’i___x’y)_so’ s(x, y)_?.p_(_x_,_').i:_s(x’ y)_aQ(x, y) EO,
ox ay
a 2 0 ] r@t y
t(X, y)_._q_(ﬂso, Y(x’ y)—MEY(x, y)_ (X y) EO,
Y oy ox
3 (x, y)—mEo_
oy

La démonstration du probléme B sz peut achever d’une maniére analogue
comme dans le cas du systéme en involution de Darboux-Lie, [34], mais cette
fois a laide du systéme de Charpit (45).

6



82 Borivoj N. Rachajsky
Exemple. Considérons le systéme

r—t—ip= 0,
x

(44)
3

1
Y+8+—3—s+—1— t+—p——x2(x+y)=0
x  x? 4

x

en involution du troisidme ordre (pour obtenir la seconde équation du trosiéme
ordre en sachant la premiére équation du second ordre, voir le procédé [35])

et cherchons lintégrale de Cauchy sous les conditions

(C) x=1, y=1 Z=—;’—T3,

(44) p

1

7
0, s=—-E, pour x,=1, y,=0

Dans ce cas les intégrales (48) sont

flEx'—ys

1 1
=r+2s+t——xt——x3¥y,
L § 6 3 ¥y

3 1
f,Ep+q—xr—-2xs-xt+27.- x’+:—x‘y,

1 1 1
=z— +@+—x2(+25+)—— xb——x3y,
fi=z—x(p+q) 2x(r s+1) TRAT R

1031
f5=;t+;p—2—xy,

f_l 3 lt 1
6=4y X‘p ) sz:

1 1
f;E—[—- x’+:— x‘y—p——z——x(r+2s+r)],

3 1 3 1
=y+8+—s+—t+—p——xF(x+
f=x Ittt E P XY
et les fonctions (51) sont déterminées par les formules
7 1 7
p(®= _ET, q(T)=T2’ r(z =—?‘T: s(7 =_"l_2
Y(?)=0, 3(v)=2.

, t(¥)=21
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Les solutions du probléme A s’obtiennent sous la forme

+28+¢ lx4 ! 3 4 )
—_——x—— =——(x—)),
r+2s 6 357 3( y

3 1 19
+g—=x (r+2s+0)+— X+ —x'y=(x—y)*+—,
PHq—x(r+2s+?) m riald (x—) 0

1 1 1 1 19
— X (P 425+ —— X — XSy = —— (x—p) —— (x—),
z—x(p+q) 2X(r sHh—T2 TRk 3(X Y) 60( ).
1 3

— Yy y——t—— =0,
4y x‘y x3 sz

tf1 .1, L oszsen]e2
XX+ xty—p——x(r+2s5+) ==,
P T R 3

4
F—t—— p=0,
X

3 1 3 1
Y+8+—s+—t+— p——X(x+)) =0,
X X x 4
ou
19

1 1 1
: z(x,y)=%x’y—?x2y+?y’+gay.

1 2
,Y) == X y——xy,
P(x,» P Y=g X

REIVIE N -
s =—X'—— =
1N =G ¥ =g ¥+ g

1 2 1 2
r(x, » =?x’y—?y, 5 (x, y)=a x‘——3~x,

t(x,») =2y, Y(x, =0, 8(x,»=2

et la surface z=2z(x, y) est la solution du systéme (54), (C), (54°).

7. Sur les intégrales des systémes en involution de Darboux du troisiéme ordre
Il s’agit, dans ce paragraphe, d’établir la théorie de Lagrange des intégra-
les dans le cas des systémes en involution de Darboux du troisiéme ordre, [36].

En étudiant les propriétés nouvelles pour les systémes en involution de
Darboux du troisiéme ordre nous allons utiliser la méthode de Lagrange de la
variation des constantes dans l’intégrale compléte.

Considérons un systéme en involution de Darboux
(55 r+f(x,2p4,51)=0, z,+®(x»720p4,5112,)=0,

6*
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pour lequel on a & la fois identiquement \

(Dsz—-f;(bs-l'f, 0, D d)-l’(l]:t.D o— D f 0,
8

en désignant respectivement par p, q, 71, S, 1, Z,,,, Z,,,, fo» f;» @3 les dérivées par- .
tielles: 0z/dx, 0z[0y, 0*z/0x?, ()Zzléxdy ()22/0y2 Ojvz/c)xayz, 3=0%2/0y3, of/os,
offot, 0®/03. Quant & D,, D,, D, elles désignent respectivement les dérivées
cotrespondantes prises par rapport a x et y. On supposera que fE&C?(G) et
PECI(G), ou le G et G, GCG,, sont les domaines respectifs des variables
X,¥, 2, P, q, S, t et des variables x, y, 2, p, ¢, S, Z,,,

Si 'on considére dans P'intégrale compléte
&) z2=V{(x,9,C,s ..., Cy

avec les conditions (20), les C;, selon la méthode de la variation des cons- ’
tantes, comme des fonctions C,(x, y) des variables x et y, I'équation (9) définit
une intégrale du systéme (55) seulement sous les conditions suivantes

VV-Cy=0, VV,-Cy=0, VV,-Cy;=0

(56} V¥V, Cy=0, VV,,-C,=0, (j=1,2),
ou l'on a
2 2
V- {‘W ﬂ/-} vy, = [‘)V ‘)V]...,
oC oC, 0x0C 0x 0C;
oG, oC aC oC,
Ce,=C,, =C), C,.= e, —8L 'C=-——1—,...,———6].
a=Co Lu=G {bx Ox} ¢ [0y dy

Introduisons le symbole

v, v, s
57 G J ko I, m)=D ( Ver Vor Vay Vo )
Ci, C;, G, Cp, Cy
ou i, j, k, I, m désignent les nombres entiers de 1 4 6. Grace a la condition
A#0, 3=0

on peut mettre les conditions (56) sous la forme plus commode

[ 3,45 6)"2%(2, 3,4, 5, 6)%%=o,

)
(1,2, 4,5, 6) (—)&——(2, 3,4,5,6) égi=0,
3%, JF,
. oC, oC
(56’ 1,2,3,5,6 ———1—+(2, 3,4,5,6) —%=0,
R s 5,
OC
1,234,625 0, 3,45 6°% 0,
| 3 2%,
1,234 52842,3,4,5 6%, (E=x 5=y j=1,2).
JF, 3
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Si les conditions

c, -
(58) (cl,ckﬂ)z%(—lx—cy—k*—l)=o, ol " Cou=9(C) (k=1,2,...,5)

sont satisfaites, ¢, étant les fonctions arbitraires, les équations (56") admettent
un systéme des solutions non triviales par rapport & (i, j, k, /, m). Mais dans
ce cas grice & 0C,/0;#0 les relations (56) nous donnent

(59) [V”"P’=o, VV,-9'=0, VF,.q/=0
VvV, 9'=0, VV, -¢'=0, o {l,e, ..., 9
ou
, (1,3,4,5,6) , (1,2,4,5,6)
¢ = s QQp=——T,
2,3,4,506) 2,3, 4,5, 6)
, , 1,2,3,5,6) , 1,2,3,4,6)
(59) ¢y, = ( s 4 =""‘("’_—‘_—,
2,3,4,5,6) 2,3,4,5,6)
I_ (1’ 2’ 3’ 4’ 5)
s (2,3,4,5,6)
En vertu de la condition
A A
20 ot Pl i=1,2,3,4),
(20$) ATa ( )

les quotients dans les relations (59°) ne sont pas indépendants par rapport aux
variables x et y, et il ne reste que quatre relations bien déterminées pour défi-
nir les fonctions ¢,

(60) @/ (C)=F,;(Cys 15 92> P35 P> 95> Ps)»  ((=1,2,3,4).

A cause de ces quatre relations, il restera une fonction arbitraire. L’intégrale du
systéme (55) avec une fonction arbitraire est déterminée par I’équation

z=V[xy, Ci, ¢ (Cy)s - - -, 95(C)]

et par les équations (60) et V V7 .¢'=0. Par analogie avec la terminologie de la
théorie de Lagrange des intégrales dans le cas des équations aux dérivées par-
tielles du premier ordre et des équations en involution de Darboux-Lie, [20], on
Pappellera Iintégrale générale du systéme (55).

Si I'un des déterminants (C,, C,.,) est différent du zéro le systéme (59"
n’a que les solutions triviales

(1,2,3,4,5=0, (2,3,4,56)=0, (1,3,4,5,6)=0,
(1,2,4,5,6)=0, (1,2,3,5,6)=0, (1,2,3,4,6)=0.

Si I'on peut A Paide des équations (61) déterminer les fonctions C,(x, y),
alors les équations (9) et (61) nous donnent une intégrale du systéme (55). On
Pappellera l'intégrale singuliére de (55).

(61)
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De cette maniére, est établie la théorie de Lagrange des intégrales dans le
cas des systémes (55).

On peut donner la généralisation du théoréme de Jacobi pour la théor'e
dite de Lagrange dans le cas des systémes (55):

Chaque solution du systtme (55) dans un domaine bien déterminé peut
étre déduite de Pintégrale compléte, ou de l'intégrale générale, ou bien elle est
Pintégrale singuliére.

On peut résoudre pour le systéme (55) le probléme suivant de Lagrange,
{14}, [22]:

Former lintégrale générale du systéme (55) a l'aide de I'intégrale générale
du systéme correspondant des caractéristiques.

Il est bien connu qu’d chaque systéme en involution de Darboux-Lie cor-
respond un systéme d’équations de Monge 4 quatre variables, [14]. Nous avons
vu maintenant qu’a chaque systétme (55) correspond un systéme de la forme
(60) d’équations de Monge 2 six variables. Cette remarque nous conduit a étu-
dier comment on peut utiliser dans la théoiie de 'intégration d’un systéme (55)
les résultats jusqu'ici connus pour les équations de Monge

F (X, X,, X3, X4, X5, Xg, d%,[/dx,, dx,[/dx,, dx[dx,, dx,[dx,, dxgdx)=0,
(i=1,2,...,4).
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