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Chapter 1
EXTREME VALUE THEORY

INTRODUCTION

Extreme value theory is a separate branch of Statistics and Probability that deals with extreme
events. This theory is based on the extremal type’s theorem, also called the three types theorem,
stating that there are only three types of distributions that are needed to model the maximum or
minimum of the collection of random observations from the same distribution. In other words, if
you generate N data sets from the same distribution, and create a new data set that includes the
maximum values from these N data sets, the resulting data set can only be described by one of
the three models — specifically, the Gumbel, Frechet and Weibell distributions. These models,
along with the Generalized Extreme Value (GEV) distribution, are widely used in risk
management, finance, insurance, economics, hydrology, material sciences, telecommunications,
and many other industries dealing with extreme events. There are three fundamental
mathematical results that illustrate the importance of extreme value theory (EVT) in risk
management applications:

(1) Extremal types Theorem.
(2) Domain of attraction Theorem.
(3) Criterion for choosing a high Threshold.

1.1 Maxima and Minima

Maxima: Let X;,X,, ... X,, be a sequence of independent identically distributed (i.i.d.) random
variables with distribution function F (x) and suppose
M, = max{Xy,X,, ..., X} = maxjq< X;,

m, = min{Xy,X,, ..., X, } = minj4<, X;,
but the relation between max and min is,
min{Xl,Xz, ...,Xn } = —maXﬁ@—Xl,—Xz, ey —Xn} )
min;<;<, X;= — max;<<, (—X;). Then the distribution function of M,, is
P{M, <x}=P{X; <x,X,<x,..X,<x}
P{M, < x}=P{X; <x}... P{X,, <x}=[Fx)]" =F"(x), n>1 xeR, neN.

Minima: Generally, results for minima can be deduced from corresponding results for maxima
by writing min; <, X; =— max; <<, (—X;). In conjunction with minima, it can be useful to
present results in terms of the survivor function F = 1 — F.
We have P{m,, > x} = (1 — F(x))" = (F(x))" = F"(x).
Therefore, the distribution function of the minima is
Pim,<x}=1-[1-FX)]* =1-F"(x).



Definition 1.1.1. (Extreme Value Distributions for maxima).
The following are the standard Extreme Value distribution functions for maxima:
Type . Gumbel: A(x) = Gy(x) =exp(—e™ ), —wo<x<+4m;

exp(—x79), if x>0,

Type II. Frechet: @, (x) = G1,(x) = {0 if x<0

for some a > 0;

exp(—(—x)*), ifx<0,

Type Il Weibull: ¥, (x) = G,,(x) = { 1 ifx>0

for some a > 0.

Definition 1.1.2. (Extreme Value Distributions for minima).
The standard converse Extreme Value distributions for minima are defined as:

A(x) =1 - A(—x), O'(x)=1—-D,(—x) and ¥"(x) =1 - ¥, (—x).
Then the following are the standard Extreme Value distribution functions for minima:
Type I. Gumbel: A"(x) = Gj(x) = 1 —exp(—e*), —o<x<+wx;

1 —exp(—(—x)7%), ifx<0,

Type IL Frechet: @, (x) = G{,(x) = {1 if x>0

for some a > 0;

1 —exp(—x%), ifx=0,

Type 111, Weibull tp;(@:a;,a(x):{ ) Frzo

for some a > 0.

Generalized Extreme value distribution (GEVD) 1.1.3.

The role of the generalized extreme value (GEV) distributions in the theory of
extremes is analogous to that of the normal distribution in central limit theory for sums
of random variables.

Assume X;,X,, ... are independent identically distributed (i.i.d.) with finite variance and writing

Sn :X1 +X2+"'+Xn,

for the sum of the first (n) random variables, the standard version of central limit theorem (CLT)

says that appropriately normalized sums S"b;a” converge in distribution to the standard normal

distribution as (n) goes to infinity. The appropriate normalization used sequence of normalizing

constant (a,,) and (b,) defined by a,, = nE(X;) and b,, = \/n var(X;).
In mathematical notation we have lim,,_,., P[b;;! (S, — a,) < x] = ®(x), xeR.
For more details see [3], [5], [13], [14] and [20].
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Definition 1.1.4. (The Generalized Extreme Value (GEV) distribution)

The classical extreme value theory is based on three asymptotic extreme value distributions
identified by Fisher and Tippett (1928) [8]. The generalized extreme value (GEV) distribution
introduced by Jenkinson (1955) combines the three distributions into a single mathematical form
with the distribution function (DF) is given by

-1

()|
Lexp (—e_(x:l)); ¢ =0;

where 1+ ¢ (?) > 0, ueR is the location parameter, o > 0 the scale parameter, and £eR the

shape parameter.

The parameter & is known as the shape parameter of the GEV distribution and
Fery (x; &, 0, 1) defines a type of distribution:

If §>0then Fgpy(x; &, 0,1) - Frechet distribution.

If §=0then Fgpy(x;0,0,u) - Gumbel distribution.

If § <0then Fgpy(x; €&, 0,u) - Weibull distribution.

(
Iexp
Fepy(x; €, 0,1) :4

And all graphics are made in XTREMES program [23].

The following figure (1.1) is the distribution function for the generalized extreme value
distribution.

Figure (1.1): Distribution function for the generalized extreme value distribution.



It has the following density function

-1

_(1+§(%))f]; £#0
e {=(52) - exn (- (59))} £=0,

for 1+E(%)>0.

(2

:j{i(l+§ _“))_(H%) exp

fgev (x;€,0, 1)

The following figure (1.2) is the probability density function for the generalized extreme value
distribution.

Figure (1.2): Probability density function for the generalized extreme value distribution.

Let M, be random variables such that M, = max{X;,X,,...,X,}and F"(x) be distribution
function of M,,.

The right endpoint of a distribution will be denote by xr = sup{xeR : F(x) < 1},

where F is any distribution. The Gumbel and Frechet distribution have infinite right endpoint,
but the decay of the tail of the Frechet distribution is much slower than that of the Gumbel
distribution.



Suppose that block maxima M,, of independent identically distributed (i.i.d.) random variables
converge in distribution under an appropriate normalization.

Recalling that P{M,, < x} = F"(x) we observe that this convergence means that there exist
sequences of real constants (a, ) and (b,), where

a, =0, b,eR, n = 1 forall n, such that

Mn - bn .
( < x) = lim F"(a,x + b,) = G(x),
n n—-oo
for some non-degenerate distribution function G (x). The role of the generalized extreme value
distribution (GEVD) in the study of maxima is formalized by the following definition and
theorem.

Extremal Types Theorem 1.1.5

limp

n—-oo

The extreme type theorems play a central role of the study of extreme value theory.

In the literature, Fisher and Tippett (1928) [8], were the first who discovered the extreme

type theorems and later these results were proved in complete generality by Gnedenko

(1943) [9]. Galambos (1987), Leadbetter, Lindgren and Rootzen (1983) [13], Leadbetter,
Lindgren and Rootzen (1986) [14] and Resnick (1987) [20], are excellent reference books on the
probabilistic aspect.

Definition1.1.6 Two distribution functions F, and F*, are called of the same type, iff there
exists a > 0, beR such that F*(ax + b) = F(x), for all x.

Theorem 1.1.7. Extremal Types Theorem (Fisher and Tippett, 1928;

Gnedenko, 1943).

Let {X,,n = 1} be a sequence of independent identically distributed (i.i.d.) random variables
with distribution F, and suppose there exist normalizing constants

a, >0, b,eR, n > 1 such that

Play'(My, — b,) < x] = F*(ayx + b,) = G(x), (1.1)

where G (x) is a non-degenerate limiting distribution. Then G (x) belongs to the type of one of
the following three distributions:

Type I. Gumbel: A(x) = Gy(x) =exp(—e™ ), —owo<x<+w;

exp(—x7%), if x>0,

0 if x<0 for some a > 0;

Type IL Frechet: @, (x) = Gy ,(x) = {

Type H1. Weibull: ¥, (x) = G, ,(x) ={EXp1(_(_x) ¥ f}:fﬁfg

where « is a positive constant. We referto A = G, = EVo, ®, = Gy, = EV;
and ¥, = G,, = EV, as the extreme value distributions, while the constants a,, and b,, from
(1.1) are called the normalizing constants.

for some a > 0;

The details of the proof can be found in Resnick (1987) [20], Proposition 0.3, pp. 9-11
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Definition1.1.8. (Extreme value distribution and extremal random variable). The
distribution functions A, ®, and ¥, as presented in theorem 1.1.7 are called standard extreme
value distributions, random variables with these distributions are standard extremal random
variables.

The three limiting distributions in the (GEVD) family include 1.1.9.

The three types are known as the Gumbel, Fre¢het and Weibull (strictly, negative Weibull),
respectively.

The Frechet (type 1) is bounded below, and the negative Weibull (type III) is bounded above.
The standard Weibull is a distribution for minima.

The figure (1.3) below shows Densities for Gumbel, Fre¢het and Weibull functions respectively
from left to right.

Figure (1.3): Densities for Gumbel, Frechet and Weibull functions respectively from left to right.
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1.2 Max-stable distribution

Definition 1.2.1. A non-degenerate distribution function G is called Max-stable if there
exist real constants a,, > 0, b,eR, n = 1suchthat forallx, G"(a,x+b,) = G(x).
Then G (x) is one of the following three forms: Type I: Gumbel, Type Il: Frechet and Type I1I:

Weibull.

Remark 1.2.2. G is strictly stable iff b, = 0, for all n.

We give a list of these constants when the max-stable distribution function is one of the standard

extreme value (EV) distribution functions:

Gumbel: A=Gy: a, =1, b, =Inn.
Frec¢het: @, = Gy 4: a, = né, b,=0.

Weibull: ¥, = G, ,: an—na b, = 0.

1.2.3. Examples:
Example (1): Go(x) = exp(—e™™), a, =1, b, =Inn, xeR.
Then (GO(anx + bn ))n = (Go(x +Inn ))n = (exp(_e—(x+1n n)))n

zexp(—e ™). 1/n.n =exp(—e™) = Gy(x).

Example (2): G1,(x) = exp(—x7%),a, = né, b, = 0.

1o\
Then (Gl,a (a,x + b, )>n = (Gl,a (néx ))n = e_<nax> N CE

Gl,a (X)

Example (3): G; o (x) = exp(—=(—x)%), a, = 71 b, = 0.Then
1

a\

n
n ) ( ) o
(Gz,a(anx + by )) = (Gz,a (Tla X ) — o) o

GZ,a (X)

=exp(=(x))™“ =

= exp(—(~x))" =
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Definitionl.2.4. (Slowly Varying and Regularly VVarying Function)

A positive measurable function L on (0, ) is called

L(tx)

Slowly varying at oo (write LeRV}) if limtﬁwm =1 x>0.
Regularly varying at oo with index p(write LeRV, )if lim,_,,, LL(Z‘)) =xP,x>0.

Further information can be found in Embrechts, P. [5], de Haan (1970) [15], Resnick [20] and
many other textbooks.

Examples 1.2.5.

L(tx) _ . In(tx) li *fex _ 1/t =1

Examplel: If L(t) = Int then lim,_ 2o Mmoo T A

e Yy

Satisfies (i) in definition (1.2.4) then L(t) = Int is slowly varying at .

Example2: If L(t) = t° Inx then lim,_,“% = lim,_,,,

_ (tx)PIn(tx) X i (t)PIn (tx) _
L(t)

tPn(t) E=% ¢pIn(t)

xP lim x/ﬁ—xpi—xp 1=x"
t—o0 1 —_ 1 -_ . _ .
/e /e
Thus L(t) is a regularly varying at o with index p, and satisfies (ii) in definition (1.2.4).
Example 3: The functions: e*, sin(x + 2) and expi{logx}, are not regularly varying.

Example 4: The functions: log x, log(1 + x) , loglog(e + x) and exp{(logx)*},

0 < a <1, areslowly varying.



1.3. Threshold Exceedances

Generalized Pareto Distribution (GPD)

The main distributional model for exceedances over thresholds is the generalized Pareto
distribution.

For more information about (GPD) see [4], [5] and many other textbooks.

Remark: X~ Pareto (a, k) the distribution function is given by F(x) = 1 — (k%) ,
k™n!

> nN=— .
a>0k>0 x>0, and E(X™) M@’ a>n

Definition 1.3.1. (The Generalized Pareto Distribution (GPD)).

The distribution function of the GPD is given by

-1

1—(1+%")T

Fepp(x;0,8) =
cpp (X;0,¢ 1_exp(_7x); r=o

; €+ 0,

where ¢ > 0,and x = 0 when & = 0,
andOSxS_?awhen & <.

The parameters & and o are respectively, as the shape and scale parameters.
The following figure (1.4) is the distribution function for the generalized Pareto distribution.

Figure (1.4): Distribution function for the generalized Pareto distribution.

9
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The following analytical relationship exists between the Generalized Pareto Distribution (GPD)
functions F;pp (x) and the generalized extreme value (GEV) distribution functions Fg;gy (x) for
&-parameterization:

FGPD (X) =1+ ln(FGEV(X)), where a = ? = 5_1, ifln(FGEv(x)) > —1.

The three limiting distributions in the GPD family include the Pareto, Beta, and Standard
exponential distribution functions:

- — —X >
Exponential ( GP,): Fgp, () = {(1) e, ;C 2 (())
—_ —a >
Pareto (GP;),a >0: Fgp  (x) = {é x4, J; > 1

1_ —X _a‘ —]_SXSO;
Beta (GP,),a < 0: Fcpz,a(x):{o =) x < —1.

The figure (1.5) below shows densities for Exponential, Pareto and Beta functions, respectively
from left to right.

Figure (1.5): Densities for Exponential, Pareto and Beta functions respectively from left to right.

10
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(iii)

Relationship between Extreme Value (EV) and Generalized Pareto (GP)
distributions 1.3.2.

The relationship for three different GP distributions for continuous distributions are given as
follows:

The exponential distribution.

The exponential distribution is denoted as GP,.

The exponential distribution function corresponds to the Gumbel distribution as follows:
Fgp,(x) = 1+ In( Fgy, (x)) = 1 — expifi—x), x = 0.

The Pareto distribution.

The Pareto (or ordinary Pareto) distribution is denoted as GP; ,. The Pareto distribution function

corresponds to the Frec¢het distribution as follows:
Fep,,(x) =1+ In(Fgy, , (x)) =1—-x7% forx=1a>0.

The Beta distribution.
The Beta distribution is denoted as GP, ,. The Beta distribution function corresponds to the
Weibull distribution as follows:

Fep,,(x) =1+ In(Fgy, , (x)) =1—-(-x)7%, for —1<x<0, a<0.

The Generalized Pareto Distribution (GPD) Properties 1.3.3:

(1) If & = 0, the distribution function F;pp (x; o, &) is that of an ordinary Pareto distribution with
1 o

—=&1 k=-=0¢"t

b kTEEe

Proof: Fgpp(x;0,8) =1 — (1 + S%X)T; &>0,
-1

=1 (”‘(x)_g_l =1- ( Z )5_1 =1- ( 0! )f , that is the Pareto

o o+&x o8 14x
with @ = =§*,k=§=ark

(2) If & = 0, the distribution function F;pp (x; o, 0) is an exponential distribution.

a =

A

Proof: note that exponential distribution is given by F(x; 1) = 1 — exp(—Ax),
consider Fgpp (x;0,0) =1 — exp( x) =1—exp (?x) = F(x, %). Thus,

g

Fepp (x; 0, &) is an exponential distribution with parameter A = i when & = 0.

(3) If & < 0, we have a short-tailed Pareto type 11 distribution.

(4) lim; g Fgpp (x; 0,&) = Fgpp (x; 0, 0).
-1
ProoﬂlhnfﬁonpD(x;a,E)::lhnfﬁol——(1-+%§)5, 1)

11



But (1 + %x)? = exp <ln (1 + %x)T> = exp (_?1 In (%)) . (2)

-1

Now we substitute the value of (1 + %x)? from (2) into (1). We obtain

lim F. _ —lim 1 _1l o+éx 11 <_1l <0+fx>>
51_{% GPD(x,a,E)—fl_r)ré —exp(? n( - ))— —gl_r)réexp—n ,

& o
] o+&x
=1—exp (— lim;_, n( E” )> =1—exp (— limg g ($ E)),
by L’Hopitals rule =1 —exp (— lim;_,o pys ) =1-—exp (_Tx) = F;pp(x;0,0).

Thus lim§_>0 FGPD (x, g, E) = FGPD (x, g, 0)
(5) We have Fgpp (x;0,8)e DA(Fggy (x;€,0,u1)), for all é€R.

Proof: by Theorem 1.4.13.below for & > 0,

FeDA(Fgey (x;§,0,1)) © F (x) = x~¢ ' L(x), for some function L regularly varying at oo,
F(x)=1-F(x).

First, to show that 1 — Fgpp (x;0,8) = x5 L(x).

Consider 1— Fopp(x;0,6) =1— (1 (14 %x)—s—l> 1 +%x)—5—1 _ (%)—5—1 _
() e () 210, where s = (24+6)

_—1
Next, to show L(x) = (++ £ is regularly varying at oo.
x o

Consider
¢ -1 -1 -1
. L(tx) _ .. ) ) la+e\ S (. ) lo+e\ S
lim, ., L) Moo (l+£)_§_l - hmt"“’( t~1g+¢& ) - (hmt_’oo t~1g+¢& ) -
t o
(im e x ) = (x" 1) = x5, Then L(x) is regularly varying at o with
index £~1. Hence, Fgpp (x; 0, )€ DA(Fgpy (x; €, 0, 11)).
6) E(X¥) = o, fork > § =1,

(7 E(X) =1 for § <1, X~Fgpp (x;0,).

Remark 1.3.4:

(1) The role of Generalized Extreme Value (GEV) in Extreme Value Theory (EVT) is a model for
the block maximum distribution.

(2) The role of Generalized Pareto Distribution (GPD) in Extreme Value Theory (EVT) is a model
for the excess distribution over a high threshold.

Definition 1.3.5. (Excess distribution over threshold u)

Let X be a random variable with distribution function F. The excess over the threshold u has
distribution function

12



FO@) =PX—u<x|X>u)= F(x;—uz«*;j(u)

where xp = sup{x : F(x) < 1} < o0, xp = right endpoint.

for0<x<xp—u,

)

Remark 1.3.6. The distribution function F®) is called the conditional excess distribution
function.

Definition 1.3.7. (Mean excess function)
The mean excess function of a random variable X with finite mean is given by

1 [oe]
e = E[X —ulX > u] =1_—F(u)f(1—F(x))dx, u > 0.
Examples 1.3.8. (Excess distribution of exponential and GPD)

(1) If Fis the distribution function of an exponential random variable then
F®(x) = F(x); for all x.

1—e™™ x>0,

where 1 > 0,
0, x <0.

Proof: since F(x) = {
Flx+u)—F(u) . [1-e]

=1—-e™=F
1-F(w e~ ¢ ),

= FW(x) =

= FW(x) = F(x).

(2) If X has distribution function,
F = Fepp(x0,8) = FW(x) = Fopp (s 0(w),§), a(w) =0 +&(w),
WhereOSx<ooif$>0and0st?a if £ <0.

Proof: by definition 13.5, F()(x) = “5E0l | o ) (x) = Zerp i Sern ()
- —4rGPD

<1 - (1 + @yrl) - (1 —_1(1 + %”)_5—1> )
1—(1—(1+%“)_E )

-1 g1
(1+5)  -(+579) :1_<a+5<x+u>>‘f‘1:

o
(1+5)" o

_ _5—1 _{—1 _5_1
_<a+fx+a(u) a) :1_<a(u)+fx) :1_<1 fx)

c+o(u)—o o(u) + @

13



= Fepp (x;0(u), &), where a(u) =cd+ &) = é(u) =a(u) —o.

(3) Then mean excess function of the GPD can be calculated by
E(X) = o za(u):0+€u’
1-¢ 1-¢ 1-¢
where0 S u<wif 0< E<1and0£u<?aif§<0.

,and definition 1.3.7, epu o+ ¢&u>0,

Theorem 1.3.9. (Pickands-Balkema-de Haan Theorem (1974)).
Suppose that X, X5, ..., X,, are n independent realizations of a random variable X with a
distribution function F(x). Let xr be the finite or infinite right endpoint of the distribution F. The
distribution function of the excesses over certain high threshold u is given by
F(x +u) —F(u)
1-F(u)
If Fe DA(FGEV (x;¢,0, y)), then there exists a positive measurable function a(u) such that
lim sup|F® (x) — Fzpp (x;0(w),&)| = 0.
XOXF

FW@) =PX-u<x|X>u)= , for0<x<xp—u.

14



1.4. Domain of attraction of the extremal type distributions.

Definition 1.4.1. (Domain of Attraction (DA)). Suppose {X,,, n = 1} is a sequence of
independent identically distributed (i.i.d.) random variables with the common distribution
function F. The distribution F belongs to the domain of attraction of the extreme value
distribution G, FeDA(G) if there exist constants a, > 0, b,,eR, n = 1 such that

F" (a,x + b,) = P[M,, < a,x+ b,] - G(x),asn - o ,where M, = max <, X; .

The following theorem from [14] is very useful in finding the domain of attraction of F and gives
necessary and sufficient conditions:

Theorem 1.4.2. The following conditions are necessary and sufficient for a distribution function,
F, to belong to the domain of attraction of the three extremal types:

Type | Gumbel: There exists a strictly positive function g(t) defined on the set (—oo, x¢), such
1-F(t+xg(t)) _

—X
—— e™™ holds true.

that for every real number x the equality lim1,,

1-F(tx) _
1-F(t)

Type Il Fre¢het: xp = +o, and lim,_,, x~%, forsomea > 0and all x > 0.

1—-F(xp—hx)

Type 111 Weibull: xp < +o0,and limy, 10 7=
R oo

=x%,for some a > 0and all x > 0.

The proofs of the theorem can be found in Leadbetter et al. (1983) [13], Leadbetter et al. (1986)
[14], Resnick (1987) [20], Galambos (1987), etc...

Theorem 1.4.3. (Characterization of DA (G))

The distribution function F belongs to the domain of attraction of the extreme value distribution
G with norming constants a,, > 0, b,€eR iff

lim,_,, nF (a,x + b,) = —InG(x), xeR,when G(x) = 0 the limit is interpreted as oc.

Where F(a,x + b,) = 1 — F(a,x + b,,). More information see [5], [20].

Definition 1.4.4. (Von Mises function). Let F be a distribution function with right endpoint
xp < oo, Suppose there exists some z < x such that F has representation

F(x) =c.exp {— fo %dt}, z < x < xp, Where c is some positive constant, a(.) is a positive

and absolutely continuous function with density @’ and lim,,, @' (x) = 0. Then Fis called a
Von Mises function, the function a(.) is the auxiliary function of F.
For more details see Resnick [20], proposition 1.4. and de Haan [2].
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Theorem 1.4.5. (Von Mises Condition).

Q) Let F be an absolutely continuous distribution function with density f satisfying
lim, ., "Ff (i")) =a >0, then FeDA(D,).

(i) Let F be an absolutely continuous distribution function with density f which is
positive on some finite interval (z, xp). If

limyy, % =a >0, then FeEDA(Y,).

The proof for details see Resnik (1987) [20], proposition 1.15 and proposition 1.16, pp. 63.

Properties of Von Mises functions 1.4.6. Every Von Mises function F is absolutely continuous
on (z, xz) with positive density f. The auxiliary function can be chosen as a(x) = % :

Moreover, the following properties hold:

xf(x) _ o
F(x)

(i) If xz = oo,then F €RV_,, and lim,_,,

Gr=x)f () _

(i)  Ifxp < oo,then F(xp —x ! )eRV_o, and limyq,, oS

oo,

For more details see [5], pp.140.

Examples 1.4.7.

We give some examples of Von Mises functions. See [5], pp. 139.
Example (1): (Exponential distribution)

F(x) = e™,x > 0,1 > 0. Fisa Von Mises function with auxiliary function a(x) = 271
Proof: F(x) =1—F(x)=e™, F(x)=1— e F(x)=f(x)=2?,

F(x) _ e Ax _1

) — =1
flx) e~ 2 2

then the auxiliary function a(x) =

Example (2): (Weibull distribution)

Fx) =e*",x >0, ¢,t> 0. FisaVon Mises function with auxiliary function  a(x) =

c 7 1x177 x > 0.

Proof: F(x) =1—F(x) =e ™", F(x)=1- e ,F (x) = f(x) = e (ctx™ 1),

F(x) e ¥’ 1 —1.—-1,1-1
f(x)  e—cx"(ctx™"1)  crxt1 T x> 0.

then the auxiliary function a(x) =
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Theorem 1.4.8. (Von Mises(1936)). F is absolutely continuous distribution function and
xp = sup{x: F(x) < 1}. If
(i) F'(x) <0, forall xe(z,xp), xp < .
(i) F(x)=0, forx > xp.
(i) lim,_,, W =1, then FeDA(A).
X
That is sufficient conditions for continuous function.
The proof for details see Resnik (1987) [20] and [5].

Example: Let F(x) =1—e™*, x > 0.
Then F (x) = f(x) = e”%, x =0,
_FA-Fx) _ 1-F(x) _e™* _
and f(X) - (Fr (x))Z - F’ (x) - X - 1;

Therefore f'(x) = 0, and FeDA(A). See Resnik (1987) [20], pp. 42.

The following theorems from [14], [2] and [20] are giving necessary and sufficient conditions:

Theorem 1.4.9. (Gnedenko (1943), Mejzler (1949), De Haan (1970)). For a distribution function
F set H(x) = %() xp = supft : F(t) < 1}, so that H- = H~' is defined on (1, o).
The following are equivalent:

Q) FeDA(A), if there exist constants a,, > 0, b,,eR, neN such that
lim, ., F" (a,x + b,) = expifi—e™), forall x.

(i)  HeT, there exist g such that for every real number x: lim;1,, %’(‘g(m =e ¥
H Ytx)-H7(t)
a(t) -

(iii)  H< = H™lell, there exist a such that for all x > 0: lim; e Inx.

The proofs for details see Resnik (1987) [20], proposition 0.10., pp. 28-30.

A-FC) 7 [[Fa-F@)ydedy
(f;F(l—F(t))dt)z B
LELFa-F@)de dy
[FF(-F@®)de

Theorem 1.4.10. (De Haan, 1970). FeDA(A) iff lim,HxXF

)

in this case é e T, and the auxiliary function can be chosen g(t) =
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_ JIF(1-F(®))dt
9 =5

a, = g(by), b, =F1(1-1).
The proofs for details see Resnik (1987) [20], proposition 1.9., pp. 48-50.

, and norming constants can be chosen

Theorem 1.4.11. (De Haan, 1970). FeDA(A) iff

. J;Fa-F(e)*dt _a-1 . .
lim, ., a—F o) P Q@) Tt T,for some a > 1. In this case is true for all « > 1. The

proof for details see Resnik (1987) [20], proposition 1.10., pp. 50-52.

Domain of attraction of A(x) = Gy(x) = exp(—e™) , —o<x < +4owo.

For a proof of the following Theorem we refer to Resnick [20], Corollary 1.7 and proposition
1.9.

Theorem 1.4.12. (Characterization of DA (A)) Gnedenko, 1943.
The distribution function F belongs to the domain of attraction of A, if and only if x; < oo,

F(x)=1—-F(x) = c(x)exp{— f;%dt}, z < x < Xp,

where c(x) = ¢ > 0,g(x) » 1,a (x) = 0 as x T xz. A possible choice for the function a is

_ xp F(®) : . 1 d
a(x) = fx %dt, x < xp. If FEDA(A), then in this case a;;* (M,, — b,)) = A, where the

norming constants a,, can be chosen as a,, = a(b,) = F~1(1 — (ne)~!) — F‘l(l — %)

by = F7H(1-73).

Domain of attraction of ®,(x) = exp(—x™*), x> 0.

Theorem 1.4.13. (Characterization of DA (®,))

The distribution function F belongs to the domain of attraction of ®,, @ > 0, if and only if

xp = 40, F(x) =1 —F(x) = x %L(x)eRV_,, for some function L slowly varying at co. If

d
FeDA(®,), then in this case a,'M, — ®,, where the norming constants a,, can be chosen as
the a, = F*(1-1), b, =0.

The proof for details see Resnik (1987) [20], pp. 54-57.

Domain of attraction of ¥, (x) = exp(—(—x)%),x < 0.
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Theorem 1.4.14. (Characterization of DA(Y,))

The distribution function F belongs to the domain of attraction of ¥, a > 0, if and only if

xp < 40, and F(x) = 1— F(xp —%)eRV_a. If FeDA(Y,), then in this case

d .
a,'(M, — xp) - ¥,, where the norming constants a,, can be chosen as

a, =xp —FY(1-1), b, = xp.

The proofs for details see Resnik (1987) [20], pp. 59-62. And [5], pp. 135.

Definition 1.4.15. See [5]. (Quantile function).
The generalized inverse of the distribution function F,

F71(¢t) = F(t) = inf{ xeR: F(x) > t}, 0 <t <1, is called the quantile function of the
distribution function F. The quantity x, = F~1(¢) = F=(¢) defines the t- quantile of F.

The following figure (1.6) below is the quantile function for the generalized extreme value
distribution.

Figure (1.6): quantile function for the generalized extreme value distribution.
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The domain of attraction of the distribution function F is determined by the asymptotic
behavior of the tail 1 — F(x),as x - +oo.

The following theorem from [14] is important for determining of normalizing constants
a, and b,, in (1.1).

Theorem 1.4.16. Let {X,,} be an independent identically distributed (i.i.d.) sequence random
variables. Let 7e[0, +0), and suppose that {u,, } is a sequence of real numbers, such that

n(1—F(u,)) > 1, asn— oo, then P{M, <u,} > e, asn - .

The proofs of the theorem can be found in Leadbetter et al. (1983) [13], [14], Resnick (1987)
[20], Galambos (1987), etc...

Examples of Domain of Attraction 1.4.17.
Example (1) Exponential distribution (type I, Gumbel)

1-F(t+xg (1)) _ e~ (t+xg ()

1-F(t) PETE e® = e, if g(t) = 1.

We consider F(x) =1 —e ™. We have

Therefore, the distribution function F (x), belongs to the domain of attraction of the function
Gy (x), and we have the type (1) of extreme value distribution, i.e. there exist constants a,,and b,,,
such that the following equality holds true:

x
P {Mn < = + bn} - exp(—e ™).

n

We now determine the constants a,and b,,.
Let us first determine the constant u,,, such that 1 — F(u,) ~ % e asn - w,i.e.
1-F(x)=e"* (1.2),
it follows from (1.1) that 1 — F(u,,) = e™%r, T =e7%,
thene ¥“n~1/, ;7 >0,
Ine ¥ ~Int/, , butt=e ¥ then Int = —x,
—u,~Int—Inn, so —u,~— (x+Inn),
then u,~x +1Inn,asn - «,
P{M, <u,}—> e, asn - o

Using Theorem 1.4.16 we obtain
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P{M, <x+Inn}—>e™¢ ", (D
but P {Mn <=+ bn} - G(x) (2).
Now we compare the equation (1) with the equation (2). We obtain

a,=1, b, =Inn and G(x) =e¢

Example (2) Pareto distribution (or Pareto’s law) (type II, Frechet)

1-F(tx) _ (tx)™% 4
1-F(t) (™%

We consider F(x) =1—-x"% a >0, x=1. Wehavelim,_,,

In this example, the distribution function F (x), belongs to the domain of attraction of the
function G; (x), and we have the type (11) of extreme value distribution, i.e. there exist
constants a,,and b,,, such that the following equality holds true:

X
P {Mn < PN + bn} — exp(—x~%).

n

We now determine the constants a,and b,,.
Let us first determine the constant u,,, such that 1 — F(u,) ~ %x‘“ ,, a>0, asn - w,i.e.
1—-F(u,)~%n, 1=x"% 1>0,

—-a
(un)_“~xT, asn — oo,

%4
(un)_“~( ;) ,as n — oo, and we obtain

na
1
U,~ NaX, asn — oo,

Using Theorem 1.4.16 we obtain

1
— —y—a
P{MnSnax}—n?" , asmn — oo,

-1 —a
wegeta, =ne«, b, =0and G(x) =e*
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Example (3) Uniform distribution (type I11, Weibull)

We consider F(x) =1—x on|[0,1].

1-F(xgp—hx) _ ;. 1-F(1-hx) _ .. 1—hx . —x

Obviously xr = 1, and we have limy, Trerm ATy © hmhwﬁ = hmhw_—1 =

x, by LHopitals Rule, a = 1.
So FeDA(Y,) (of type I11) Weibull distribution.
We now determine the constants a,and b,,.
Let us first determine the constant u,,, such that 1 — F(u,) ~ %x , a>0, asn - ,i.e.

1—-Flu,)~%Yp, t=x, >0,

X

Up~—, AST >,
P{M, <u,}—-e ", asn - w.
Using Theorem 1.4.16 we obtain

X —x

P{Mnsn}—w , asmn — oo,

thus, a, =n, b, = 0and G(x) = e™™.

1
Example (4): If F(x) =4 1—¢e5 x<0
Ple ) ) {1, x = 0.

Determine the type of extreme value distribution and the normalizing constants?

1
We consider F(x) = 1 — ex.

1

t+xg (x) - —xt2
1-F(t+xg (1)) _ ettxg() xg (¢) xt . . 2
o =T et =edn = et purg(t) = t%,=

et

We have

—X
lim; ,o- ettt = e ¥, ast > 07,=>

| 1-F(t+xg(®)
B0r T 1-F(t)

e ™ ,ast—- 07,

then FeDA(A(x)) (of type I, Gumbel distribution).

We now determine the constants a,,, b,,.
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We consider F(x) =1 — e%, x <0, =>1-F(k)= e%, x <0, (4.1)

thenl—F(u,) ~%/p, 1>0, T=ex
1

1—F(un)~e;/n, x < 0, (note that T=e%:>lnt=%,‘r>0).

-1
1 1 1 1 1 1
From (4.1)= e ~ €/ = Inewn ~In(®*/p) = —~In(¢/p) = u,~ <1n e"/n> ,

Uy ~ (ln ex —In n)_l = Uy~ G —In n)_l = u,~(nt —Inn)7},

P{M, <u,}-e, asn — o,
T=e™, xeR, u, = (Int—Inn)7?,
u, =(ne*—=Inn)t=(-x—-Inn)t=—-(x+1Inn)7t,

= P{M, < —(x +1nn)"'} - exp(—e ™),

But (x + Inn)™' = (Inn(= + 1))_1 = (Inn)~?! (1 — ﬁ +o (L)) -1 x

Inn Inn (In n)?
1
o ((ln n)z)'

— _ 1 X _1
=>{M, < —(x+Inn)"1} = {Mn = _H+W+G<(lnn)2>}

—Inn+x+0(1)
M, <
" (Inn)?2

} ={(Inn)2. M, +Inn < x+0(1)},

={nn)?|M, + —| <x+ o)} > M, < - =

Sn? inn

. . X 1 —ex
Using Theorem 1.4.16 we obtain P {Mn < T E} - e ¢,
Thus a, = (Inn)? and b, = —ﬁ = —(Inn)~L

Example (5) suppose X;, X5, ... be financial loss, independent identically distributed (i.i.d.) with
distribution function F and defined as; F(x) = 1 — exp(—Ax) where 1 > 0,x > 0. Choose
normalizing sequences

, b, = 17 Calculate F™"(a,x + b,)?
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Proof: Since F(x) = 1 — exp(—Ax), then F"(x) = 1 — exp(—Ax)"

Sothat F"(a,x + b,) = F" Gx+ln7n) = [1 —exp (—AGx _I_an))]" =

= [1 — expif—x — Inn)]"* = [1 — exp(—x) .exp(Inn~H)]* =

RN () 1 n _
(1 - %(x)) = (1 - ;exp(—x)) ,then G(x) = lim, ., F"(a,x + b,) =
n

= lim (1 - %exp(—x)) =exp(—e™) = Gy(x) = A(x).

n—oo

Thus FEDA(A(X)).
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1.5. Tailes

Definition 1.5.1. (Fat —tailed distribution)

The distribution of random variable X is said to have a fat tail if
PIX>x]=F(x)=1-F(x)~x"%, asx - o,a > 0.

Remark 1.5.2 Cauchy distributions are examples of fat-tail distributions.
Definition 1.5.3. (Heavy-tailed distribution)

The distribution of a random variable X with distribution function F is said to have a heavy right
tail if lim,_., e”*F(x) = o, forallA>0, F(xX) =1—F(x), F(x) = P[X > x].

Definition 1.5.4. (Long-tailed distribution)

The distribution of a random variable X with distribution function F is said to have a long right
tail if lim, o, P[X >x+t: X > x] =1, forallt > 0, or equivalently

F(x +t)~F(x),as x - oo.
Remark 1.5.5. Extreme Value Theory (EVT): Three types of distributions
Type | (Gumbel): Medium tail.
Type Il (Fre¢het): Heavy tail.

Type 111 (Weibull): Short tail.
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1.6. Tail equivalence
Definition 1.6.1. See [5], [20] (Tail equivalence)

Two distribution functions F(x) and G(x) are called tail equivalent if they have the same right

endpoint, i.e. if x{ = x§ = xo and lim, _, s 1:1;8

= A, for some A > 0 and

xo = inf{x: F(x) = 1}.

Definition 1.6.2. (Tail equivalence)

Two distribution functions F(x) and G(x) are right tail equivalent iff

1—-F(x)
F _ G _ _ ~ — —_ 1 —
xO = xO = xo, 1 F(X) 1 G(X) as x — xO ) and xl—}};r()l— 1 _ G(x)

The following Theorems and Results from [7], [9], [19] and [20].
Definition 1.6.3. Two distribution functions U(x) and V(x) are of the same type if for some

A > 0,BeR, V(x) =U(Ax + B), forall x.

Theorem 1.6.4. Suppose U(x) and V(x) are two non-degenerate distribution functions. If for a
sequence E, (x)is a distribution functions and constants a,, > 0, b,,eR, n = 1 and

o4 —-b
= 54>0, ﬁ"—”—)BeR and V(x) = U(Ax + B).

an an

Remark 1.6.5. The set of normalizing constants a,, > 0, b,eR, n > 1 is asymptotically
equivalent to the set of normalizing constants a, > 0, f,eR,n = 1iff Z—" -1, B"a;b” - 0.

26



Domain of attraction results:

1-F(x) _

Theorem 1.6.6. F(x) and G(x) are distribution functions such that lim,._,, e @

0 < a < oo. If there exist normalizing constants a,, > 0, b,eR, n = 1 such that

F"(a,x + b,) = ®(x) (1.6.1),
®(x) non-degenerate, then G"(a,x + b,) = CD“_l(x).
Proof: Suppose first F(x) and G(x) are tail equivalent and (1.6.1) holds.

1-F(x)
1-G(x)

Since saasx-ox—, 1-G6x)~aH(1-F)),

An equivalent formulation of (1.6.1) is n(l — F(a,x + bn)) - —In ®(x),
for x such that ®(x) > 0. For such x, a,x + b, = x, —, and hence from tail equivalence
n(1 - G(a,x + by))~na~(1—F(a,x +b,)) » —a tInd(x),

Then G™(a,x + by) » ®* ' (x).

Remark 1.6.7. From three extreme value we have for all xand y > 0:
() A(x)Y = Alx — Iny),
(i) @) =@, (y™ x),
(i) W, () =¥, (y* x).

Result 1.6.8. F(x) and G(x) are distribution functions and @, (x) is an extreme value
distribution. Suppose F*(a,x + b,,) = ®,(x), for a, > 0,b,eR, n > 1.

1-F(x) _ .4
1-G(x)

Then G"(a,x + b,) » ®,(Ax+B)and A >0 iff B=0and lim,_,

1-F(x)
1-G(x)

(D ()} = @, (Ax), and from remark 1.6.7. (i) Then {d, ()}* " = @, ((4A™9) % 'x) =
d, (Ax).

Proof: if lim,_,. = A%, then by Theorem 1.6.6 we have that G™ (a,x + b,)) —

For the converse, we can let a,, = F~*(1—1) = uf, b, = 0, so that we are given that

G" (%”x +b, —a, %) - ®,(x) asn - oo, then
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F F
G" (“—”x - M) -> ®,(x)asn - o, (1.6.2)

A A
. uk ufB

Then from (1.6.2) we obtain a,, = 7”, b, = — "T :

But since G (x)ed, (x), we have that G™(uéx) - ®,(x) asn — oo, (1.6.3)

then from (1.6.3) we obtain a,, = ué, B, = 0, and therefore by Theorem 1.6.4

G G
Z_n - 1= Z—‘; = ‘u—‘; —_— A_l (164‘) and
n T‘ﬂ n
F
Un B
b, — —=r -0 —uBA~t
= 'Bn—>O=> AG = .UnG — 0 (1.6.5) asn— oo.
(ln ,un l’ln

Since A > 0, (1.6.4) and (1.6.5) can both hold iff B = 0.

Given any € > 0, there exists because of (1.6.4) an integer N, such that for n > N,, we have

M
uh

G
‘u_"_A—l

Al <eg,
uh

<g —¢€<

e, prA 11— <pué<@t+o)ul.

Since ué < ul,,; - oo, we have that for every x sufficiently large there exists an integer

1-F(x) 1-F(ul)
166 ~ 16(u8yy)

n = n(x) such that xe[u$, uS., ;1. Then

1—-F(uf(A™!
1—F(uf

[1-Ff@A = o)|n+1) = — ) [+ D1 - F@))] - 4" -,

as n — oo, by Theorem 1.4.2 (type II).

Therefore lim,,_,, 1:2?3 < (A7 —&)7%, similarly
. 1-F(x) -1 —a . . . . 1-F(x) _ ,q4
lim, o, FEzron > (A7 + &)7%, and since ¢ is arbitrary lim,._,, st

Result 1.6.9. F(x) and G(x) are distribution functions and W, (x) is an extreme value distribution.
Suppose F"(a,x + b,) =» ¥, (x),for a, > 0,b,eR, n = 1.

Then G"(a,x +b,) » Y, (Ax +B)and A >0 iff B=0,x{ = x§ = xy and

i GO
xlglal—G(X) B

—a
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1-F(x)
X—UCO 1— G( )

(W, ()} = ¥, (Ax), and from remark 1.6.7. (iii) Then {¥, (x)}A" = ¥, ((4A9)* 'x) =
Y, (Ax).

Proof: if lim = A™%, then by Theorem 1.6.6 we have G"(a,x + b,) —

For the converse, we can suppose a,, = x§ — uf, b, = x}, so that we are given that
B
Gn( x + b, anz)ﬁlpa(x)asnﬁoo,then
G (el — A + xf — (b — uf)ATIB) — ¥, (%), (1.6.6)
Then from (1.6.6) we obtain a,, = (x§ — uf)A™, b, = x5 — (x§ — ufHA™1B.

This means that G (x)eW, (x). Therefore x§ < o0 and
G”((x —uS)x + xo) - ¥,(x) asn - oo, (1.6.7)

Then from (1.6.7) we obtain a,, = x§ —u&, B, = x§, and therefore by Theorem 1.6.4

xO lin xO .un
PR 1= ——F— CETE 1=- 0 A, (1.6.8) and
—b x§ — (xf — (xF — ufHAIB
b 0= 2 (xo ((; 0 GMn) )—>0, (1.6.9) asn — oo,
*n X0 —Hn

x X 1
Combining (1.6.8) and (1.6.9) we have that xG —(xb —Ax§ oﬂ wA'B) 0

G
then jjg x5 ¢+ B — 0, and since x§—uS — 0, we have x§ = x§ = x,and B = 0.
0

From (1.6.8) for any € > 0, there exists N, such that for n > N,, we have

—us
— pul

G
- X
MZ—A‘l <g —e< —-Al<eg,
— Un

ie.,xg— (xo—p) (A1 +e) <ul <xg— (A7 —&)(xg — ub).

Forany x < x, but sufficiently close to x,, there exists an integer n = n(x) such that
1—F(x) 1-F(u§)
166 ~ 16(ul4y)

€ [, 541 Then
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[1-F(xo— (xp—ph) (A1 +8)](n+ 1)
_1—F(xo— (xo — ) (A7 + ¢))
- 1—F(Qxg— (xo—ph))
- (A7 +8)9,

[(n+ D(1—F(xo— (xo—1)))]

as n — oo, by Theorem 1.4.2 (type IlI).

1— F(x)
X—>XO 1— G( ) -

1— F(x)
XX 1_G(x) —

Therefore lim

< (471 + &)*. Similarly

1-F(x) _ ,_4

lim > (A7 — €)%, and since ¢ is arbitrary limy > e

Corollary 1.6.10. Let F(x) and G(x) are distribution functions.

: § : 1-F(x)
() I F(ufx) > o, (x) and ‘;_5 — A1 then lim,,_, 1_6(; — 4@
(i) 1 xf = x§ < o0, F"((xp — u)x + x0) > W, (), and lim,,_,,, 274 = -1,
0~ n
— F(x)
lim —= =A%,
then xlglo )

Result 1.6.11. F(x) and G(x) are distribution functions. Suppose
F'(a,x + b,) » ®,(x),for a, > 0,b,eR, n = 1.

If G"(a,x+ b,) » ®(x),®(x) non-degenerate, then ®(x) = ®,(Ax) for some A > 0 and

1-F
lim J = A%,
x—)ool - G(x)

Proof: To show 8 = a : we have G™(A™'ufx) = @p(x) and G™(ufx) - @g(x) so that by

Aun 1 1-F(x) _
Theorem 1.6.4, i A~". By corollary 1.6.10. (i), lim,_,,, e = e,
Butn{l — F(ufx)} > —In®,(x) = x7¢, (1.6.10)
and n{1 — G(ufx)} » —In Dy (Ax) = (Ax)7F, (1.6.11)

as n — oo, Dividing gives
lim 1- F(.unx) . x“
1m

__ne = AP xP—«,
n—>001—G( Fx) n—r>1;>10 (Ax)_ﬁ x

1-F(x)

x0T 0ry = My AP xP =% = A and py — oo, suppose f = a..

Since lim
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Result 1.6.12. F(x) and G(x) are distribution functions. Suppose
F'(a,x + b,) » ¥, (x),for a, >0,b,eR, n=>1.

If G"(a,x+ b,) » ®(x),®(x) non-degenerate, then ®(x) = ¥, (Ax) for some 4 > 0,

1-F(x) _ 4

F_ .G _ ;
Xg =Xy = X, and lim, > e

Proof: To show 8 = « : we have G™((xy — p)A™1x + xp) - W (%),
e
G"((xg — u8)x +x0) > Wy (x), sothat by Theorem 1.6.4, lim,_, % = A"
0~ Hn

B 1-F(x) _ ,_q4
X2X0 1-G(x) :

By corollary 1.6.10. (ii), lim

Also, n{1 —F((xg — u)x + x0)} » = In¥,(x) = (—x)* , (1.6.12)
and n{1 — G((xo — uh)x + x0)} » —In W (Ax) = (—Ax)F | (1.6.13)

as n — oo. Dividing gives
y 1—F((xo—p)x+x)  (=x)°

= = A"B.x*7F,
oo 1 — G((xo — pEX + x9)  noved (—Ax)P *

1-F(x) _

Since lim,_, 5 e

lim, - A#.x*F = A~ forallx < 0 and pf - oo, assume p = a.

Corollary 1.6.13. Let F(x) and G(x) are distribution functions. Suppose there exist
a, > 0,b,eR, n > 1, such that F"(a,,x + b,) - A(x). If G"(a,x + b,)) > DP(x),

®(x) non-degenerate, then ®(x) = A(Ax + B), for some A > 0, B.

Result 1.6.14. F(x) and G(x) are distribution functions. Suppose
F*(a,x + b,) = A(x), for a, > 0,b,eR, n = 1.Then G"(a,x + b,) > A(Ax + B),

1-F(x) _ B

and A > 0iff A =1,x5 = x§ = xo, and lim, 5 7= ==

Theorem 1.6.15. Let F(x) and G(x) are distribution functions and let @ (x) be an extreme value
distribution. Suppose F(x) € ®(x) and that F"(a,,x + b,) —» ®(x), for normalizing constants
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a, > 0,b,eR, n > 1.Then G"(a,x + b,) = ® (x), ® (x) non-degenerate, iff for some

A>0,B: ' (x)= ®(Ax+B), x§ =x§=x5 lim,; 1 Zix; exists, and if
()  ®() =du(x), then B =0 and lim,_,,~— 8 = A%
1-F(x) _ ,_q4.

(i)  D(x) =¥, (x), then B =0 and lim,_, o = ;

(i) ®(x) =A(x), thend=1 and lim,_,- —C = ¢B,

X2X0 1-G(x)

Theorem 1.6.16. F(x) and G(x) are distribution functions and @(x) be an extreme value
distribution. Suppose F" (a,,x + b,) = ®(x), for normalizing constants

a, > 0,b,eR, n = 1.Then (FG)"(a,x + b,) = F*(a,x + b,,)G™"(a,x + b,) > P(Ax + B),
Iff
() D) =D,(x):B=00<A<1,and limx_m% = (4@ - 1)L

(i) @) =¥,(x):B=0, 1<4< o, and limxﬁxa% = (4% — 1)L,

(i)  ®@) =A@):A =18 <0and, lim,_, 2 = (¢ —1) ",

XX 1—G(x)

Proof (i) by Theorem 1.6.15. Replacing G(x) by FG (x) we have that B=0 and

. 1-F(x) _ 4
lim, . TFeo) A%, Forx >0,
F'(a,x + b,).G™"(a,x + b,) - ©,(Ax), (1.6.14)
and F'(a,x + b,) > ®,(x), (1.6.15),

so that, since (FG)"(a,x + b,) < F"(a,x + b,), we have ®, (Ax) < ®,(x). Therefore,
Ax < xand A < 1. Also for x > 0,

- . F"(anx+by).G™(apx+by) Dy (Ax) n Oy (Ax)
Dividing gives " (ax ) = o) then G™(a,x + b,) = o
D, ((A7 - 1)_“_1x), and by Theorem 1.6.15. (i) we have limx%w% =@A*-1)"L

Proof (ii) by Theorem 1.6.15. Replacing G (x) by FG (x) we have that B=0 and

1-F(x)

—a
%5 T =A% Forx>0,

lim
F'(a,x + b,).G"(a,x + b,) » ¥, (4x), (1.6.16)
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and F'(a,x + b,) » ¥Y,(x), (1.6.17),

so that, since (FG)"(a,x + b,)) < F"(a,x + b,), so that ¥, (Ax) < ¥,(x) and forx < 0,
Ax < xsothat A = 1.

F"(apx+by).G" (a,x+by) N Y, (Ax)
F"(apx+by) Ve (x)

Wo(Ax)

Dividing gives Y, (x)

then G™(a,x + b,) —

¥, ((A* — 1) ' x), and by Theorem 1.6.15.(ii) we have lim, % =(A* - 1)L

Proof (iii) by Theorem 1.6.15. Replacing G (x) by FG(x) we have that A=1 and

lim, - 11—_FFG(8) =ef. Forx >0,
F"(a,x + b,).G"(a,x + b,) - A(x + B), (1.6.18)
and F'(a,x +b,) » A(x), (1.6.19),

so that, since (FG)"(a,x + b,) < F"(a,x + b,), we have A(x + B) < A(x). Therefore
x+B<xandB <0.

F"(apx+by).G™ (a,x+by) A(x+B)
F"(a,x+by) A(x)

Dividing gives then G"(a,x + b,) = Ai?f(:;?) _

A(x —In(e2 — 1)), and by Theorem 1.6.15. (iii) we have lim 1) (e — 1)_1.

X2X0 1-G(x)
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Chapter2
STABLE DISTRIBUTIONS ON THE REAL LINE

2. INTRODUCTION

Stable distributions are a rich class of probability distributions that allow skewness and heavy
tails and have many mathematical properties. In probability theory, a random variable is said to
be stable distributed if it has the property that a linear combination of two independent copies of
the variable has the same distribution. The stable distribution family is also sometimes referred
to as the Levy alpha-stable distribution. The general stable distribution requires four parameters
for complete description: S, (o, B, 1), where ae(0,2] is an index of stability and also called the
tail index, tail exponent or characteristic exponent, a skewness parameter fe[—1,1], a scale
parameter o > 0 and a location parameter ueR.

And all graphics are made in XTREMES program [23].

The figure (2.1) below shows Probability Density Function when

(¢ =2,1.51,05p=00=1u=0).

Figure (2.1): Probability Density Function when (¢ = 2,1.5,1,0.5,4 = 0,06 = 1,u = 0).

34



The figure below shows Distribution Function when (a = 2,1.5,1,0.5,8 = 0,0 = 1,u = 0).

Figure (2.2): Distribution Function when (a¢ = 2,1.5,1,0.5, = 0,0 = 1,u = 0).

The following Theorems and Definitions from [22], [10].

2.1 Definitions

Here we give four equivalent definitions of a stable distribution.

The first two definitions explain why these distributions are called stable, and the third definition
related it with the central limit theorem, the fourth definition specifies the characteristic function
of a stable random variable.

Definition 2.1.1 A random variable X is called a stable distribution if for any positive numbers A
and B, there is a positive number C and a real number D such that

AX, +BX, =% CX + D, (2.1.1),

where X; and X, are independent copies of X, and where " =% " denotes equality in distribution.

Remark (i) If equation (2.1.1) holds for D=0, then it is called strictly stable.

(i) If X =¢— X, then it is called symmetric stable.
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Theorem 2.1.2. For any stable random variable X, there is a number ae(0,2] such that the
number C in (2.1.1) satisfies

C* = A® + B©, (2.1.2)

where « is called the index of stability or characteristic exponent.

Example 2.1.3. if X is a Gaussian random variable with mean u and variance ¢
(X~N(u, 02)), then X is stable with a = 2, because

AX; + BX,~N((A + B)u, (A* + B?) 02), i.e, (1.1.1) holds with

C=+vA2+B2andD=((A+B—-C)u.

Definition 2.1.4 (equivalent to definition 2.1.1). A random variable X is called a stable
distribution if for any n > 2, there is a positive number C,, and a real number D,, such that
Xi+X, + -+ X, =4 C,X + D, (2.1.3)

where X; are independent copies of X..

Remark (i) The first definition displays continuous combinations of two independent identically
distributed random variables, while the second definition displays the sum of any number of
independent identically distributed random variables.

1
(ii) If equation (2.1.3) holds, then C, = n«, for some ae(0,2].

Definition 2.1.5 (Equivalent to definitions 2.1.1and 2.1.4). A random variable X is called a stable
distribution if it has a domain of attraction, i.e., if there exists a sequence of independent
identically distributed random variables Y3, Y5, ..., and sequences of positive numbers d,, and
real numbers a,, such that
Vi +Y+ 47,
dn
where —%denotes convergence in distribution.

+a, -¢ X, (2.1.4)
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Remark (i) If X is Gaussian, and Y; are independent identically distributed (i.i.d.) with finite
variance, then equation (2.1.4) is just the central limit theorem.

1
(i) When d,, = n«, Y is said to belong to the “normal” domain of attraction X.

1
Generally, d,, = naL(n), where L(x), x > 0, is a slowly varying function at infinity, that is,

L(tx) _

lim;_,, TN 1, for all x > 0. The function L(x) = Inx, for example, is slowly varying at

infinity (see examples 1.2.5, p. 18 in the first chapter).

Definition 2.1.6 (equivalent to definitions 2.1.1, 2.1.4 and 2.1.5). A random variable X is called
a stable distribution if there exists, 0 < a < 2, 6 =20, —1 < < 1, uisareal number such
that the characteristic function of stable distribution has the following form:

expif—o*|0|* (1 — if(signh) tan %) + iu6} ifa #1,

Eexp(i6X) = - 2 (2.1.5)
expif—-ol|0|(1 + iB~(signb) In|6|) + iub} ifa=1,
and
1 if 6>0,
sign8 =13 0 if 86 =0,
-1 ife<o.

Remark 2.1.7. Since (2.1.5) is characterized by four parameters, ae(0,2],
o = 0,Be[—1,1], ueR, we will denote stable distributions by S,, (o, 8, ) and write

X~Sq (0: ﬂ: .u)-

Remark 2.1.8. When a = 2, the characteristic function (2.1.5) becomes
Eexp(i0X) = exp(iuf — a?62). This is the characteristic function of a Gaussian random
variable with mean p and variance 20°2.

Remark 2.1.9. There are only three special cases in which a closed form expression is known for
a stable distributions probability density function. These are the Gaussian case (¢ = 2,8 = 0),
Cauchy case (a = 1,8 = 0), and Levy case (a = 0.5, 8 = +1) with the following densities:

(1) The Gaussian distribution S, (o, 0, 1) = N(u, 26%), whose density is

1 _Gmw)?
f(x)=me 402, —o0<x < oo,

The distribution function, for which there is no closed form expression, is
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Fx)=PX<x)=® ((x;“)), where ®(Z) = Probability that a standard normal random

variable is less than or equal Z.

(2) The Cauchy distribution S; (o, 0, 1), whose density is

flx) = id —00 < x < 0o,

n((x —w?+o2)’

(3) The Levy distribution S, 5 (o, 1, ), whose density is
f(x) = Vo -e 2671, p<x<oo,

V2m(x — p)2

The figure below shows graphics of Probability density functions for Gaussian when (a =
2, = 0), Cauchy when (¢ = 1,8 = 0), and Levy when (a = 0.5, 8 = +1), respectively from

left to right.

Figure (2.3): Probability density functions for Gaussian when (¢ = 2, f = 0), Cauchy when
(¢ =1,8 =0),and Levy when (a« = 0.5, 8 = £1), respectively from left to right.
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The figure below shows graphics of Probability density functions for Gaussian when (a =
2, = 0) (black line), Cauchy when (a« = 1, 8 = 0) (red line), Levy when (a = 0.5, 8 = +1)
(green line).

al

an

Figure (2.4): Probability density functions for Gaussian when (a = 2, 5 = 0) (black line),
Cauchy when (¢ = 1, # = 0) (red line), Levy when (a = 0.5, = +1) (green line).
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The figure below shows Stable densities in the S,(1,0,0),
parameterization,(a = 1, 1.5, 1.8,1.95, 2).

Figure (2.5): Stable densities in the S,(1,0,0), parameterization,
(e = 1,1.5,1.8,1.95,2).
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The figure below shows Stable densities in the S, g(1, 8, 0), parameterization,

(B =-1,-0.8,-0.5,0,0.5,0.8, and 1).

Figure (2.6): Stable densities in the S, g(1, 8, 0), parameterization,

(p=-1,-0.8,-0.5,0,0.50.8, and 1).
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The figure below shows Stable densities in the S, (1,0.5,0), parameterization,

(e =0.5,0.75,1,1.25,1.5)

Figure (2.7): Stable densities in the S, (1,0.5,0), parameterization,

(¢ = 0.5,0.75,1, 1.25,1.5).
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The following properties from [22].
2.2 Properties of stable random variables:

Property 2.2.1. Let X;and X, be independent random variables with X;~S,, (a;, B;, 1;),
i =1,2. then X; + X,~S, (0, B, u), with
Bro1" + Br07

1
o= (af +05)a =
(1 2)’ B O_la_l_o_éx

’ H=p+ .

Proof: Use equation (2.1.5) and first we verify this for ¢ # 1. By independence,
In Eexpif(X; + X;) = In(EexpifX,) + In(EexpifX;),

Ta
In(EexpifX,) = —o{'|0|*(1 — if1(signb) tan 7) + i, (2.2.1)

In(EexpifX;) = —a5'16]1“(1 — if,(signf) tan=>) + i,0, (2.2.2)
equation (2.2.1) + (2.2.2), then we get

= —(of + ) 101" +il6]*(By0f + B05) signb tan=—+i6 (ks + iy),
. B10f+B205 . ,
= —(af +d5) |0]|* {1 - l%shqn@ tan%} + i0(u + U2),

Biof+B20%
a, _a
01 +0'2

1
then, o = (a{ + 05)«, B = , W=+ .

Second we verify for @ = 1. By independence,

In(EexpifX,) =—o1|0|(1 + i % (signB)In|B|) + iy, 0, (2.2.3)
In(EexpifX,) = —a,|0|(1 + iﬁzg(signe) In|6]) +iu,0, (2.2.4)
then (2.2.3) + (2.2.4), we get

_ Broy + B0 2 .

=~y + o101 {1 + 10 igno) o] |+ i0Gn + ),
then, ¢ = 01 + 0y, ﬁzm, U=+ Us.

og1+03

Property 2.2.2. Let X~S, (o, B, 1) and let (a) be a real constant. Then
X+a~S,(0,B,u+a).
Proof: (i) If a # 1, then
In Eexpif(X + a) = In(EexpifX) + In(Eexpifa),
But In(EexpifX) = —0*|0|*(1 — iB(sign6) tan ?) +iub, (2.2.5)
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and In(Eexpifa) = ia0, (2.2.6)
because Eexpifa = E(e'%*) = 3, B,el% = ey, P, = e¥9.1 = ¢%a,
Then (2.2.5) + (2.2.6), we get

a
InEexpif(X + a) = —a%|0|*(1 — if(signb) tan7) +i(u+a)d, if a+l.

(i) If « = 1, then
In Eexpif(X + a) = —0c|6|(1 + i/?%(sign@) In|6]) + iub + iab,

2
InEexpif(X + a) = —0|0|(1 + iﬁ;(sign@) In|6]) +i6(u + a), if a=1.
Then, X + a~S, (o, B, u + a).

Property 2.2.3. Let X~S, (o, 8, 1) and let (a) be a non-zero real constant. Then
aX~S,(lalo,sign(a)p, aw), ifa#1,

2
aX~5S; (Iala, sign(a)B, au — ga(lnlal)aﬁ), if a=1.

Proof: (i) if a # 1, then
InEexpif(aX) = — o%|6a|*(1 — if(sign(ah)) tan nz_a) + iu(ab),

In Eexpif(aX) = — (al|al)*|0]*(1 — iB(sign(a)sign(H)) tan %) +i(ua)o,

then

aX~S,(|lalo,sign(a)p, aw), ifa+1.

(i) If « = 1, then
2
In Eexpif(aX) = —c|6a|(1 + iﬁ; (sign(aB))In|ab|) + iu(ab),
2
In Eexpif(aX) = —l|al|o|6|(1 + iﬁ;sign(a)sign(@){lnlal +1n|60|}) + in(ab),
2 2

=—|a|a|0]|(1 + iﬁ;sign(a)sign(@) In|6]) +i <,ua — ,B; |a]|O]o.sign(a).In|a| sign(@)) 6,
then

44



aX~S$; (Iala, sign(a)B, au — ; |a|(In]a|)op. sign(a)), if a =1.

Property 2.2.4. Forany 0 < a < 2,

X~S,(0,B,0) & —X~S,(a,—pB,0).

Proof :(i)
nta
In EexpifX = — a%|60]|*(1 — iB(sign(0)) tan 7) +iub,
but S, (a,B,0) = —a“16]* (1 — iB(sign(6)) tan=>), ifa # 1,
and S, (a,4,0) = —0|6|(1 + if = sign6 In|6]), ifa =1,

then X~S, (o, ,0).

(i) S,(0,—B,0) = —0%|0|%(1 + iﬁ(signe))tan%, ifa#1,
=— {a“ |01%(1 + iB(signBb)) tannz—a) },

and S,(0,—f,0) = —0|6|(1 — if = sign6 In|6]), ifa =1,

2
=— {O’l@l(l — iﬁ;sign@ In|6]) },

then —X~S,(a,—p,0),

from (i) and (ii) then we get X~S,(a,8,0) & —X~S,(0,—p,0).

Remark in property 2.2.4. The distribution S, (a, 8, 0) is said to be skewed to the right if 8 > 0
and to the left if B < 0. It is said to be totally skewed to the right if § = 1 and totally skewed to
the left if g = —1.

Property 2.2.5. X~S, (o, B, 1) is symmetric if and only if 8 = 0 and u = 0. It is symmetric
about u if and only if g = 0.
Proof: For a random variable to be symmetric, it is necessary and sufficient that its characteristic
function be real. By (2.1.5), when 8 = 0,u = 0 then

In EexpifX = — o%|0]|%, ifa =1,

In EexpifX = — a6, ifa=1.

Remark 2.2.6. Asymmetric stable random variable is strictly stable, but a strictly stable random
variable is not necessarily symmetric.
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The figure below shows Symmetric stable densities and distribution functions for Z~S,(1,0,0),
a =(0.7,1.3,1.9).

Figure (2.8): Symmetric stable densities for Z~S,(1,0,0), a« = (0.7,1.3,1.9).
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Figure (2.9): Symmetric stable distribution functions for Z~S,(1,0,0), a = (0.7,1.3,1.9).

Property 2.2.7. Let X~S, (o, 8, 1), with « # 1. Then X is strictly stable if and only if u = 0.
Proof: let Xy, X, be independent copies of X and let A and B be arbitrary positive constants.
By properties (2.2.1) and (2.2.3),

AX, + BX,~S, (a(A“ + B“)i,ﬁ,,u(A + B)). We must set C = (A% + B“)i in (2.1.1) by
properties (2.2.2) and (2.2.3),

CX + D~S, (J(A“ + B“)é,ﬁ,y(A“ + B“)% + D),
and therefore, we have AX; + BX, =% CX + DwithD = 0iff u = 0.

Corollary 2.2.8. Let X~S, (o, B, 1), with @ = 1. Then X — u is strictly stable.
Proof: use properties 2.2.2 and 2.2.7.

Remark 2.2.9. Thus, any alpha stable random variable with « # 1 can be made strictly stable by
shifting. This is not true when a = 1.

47



Property 2.2.10. Let X~S, (o, B, 1), with @ = 1. Then X is strictly stable if and only if 8 = 0.
Proof: let X1, X, be independent copies of X and let A > 0,B > 0.
And use properties 2.2.3 and 2.2.1.

Corollary 2.2.11. If X4, X,, ..., X,, are independent identically distributed S, (o, 8, 1), then

1 1
X1+X2+---+Xn=dnEX1+u(n—nE), ifa#1,
and
Xy +X; + -+ X, =4 Xy +2 0B, ifa=1

Remark 2.2.12. The random variable X~S, (o, 1,0) with 0 < a < 1 is called a stable
subordinator.

Proposition 2.2.13. The “Laplace transform” Ee™"*,y > 0, of the random variable
X~S5,(0,1,0),0 < a < 2,0 = 0, equals

a

o
Ee™ =exp{——Fg- V" if a+1,
COS =
2
and
2 .
Ee™ = exp {J.Eylny} if a=1.

-1
Remark 2.2.14. The constant —g“ (cos ?) IS negative if 0 < a < 1, and is positive if
,1 < a < 2. Itequals 0 when a = 2.

Property 2.2.15. Let X have distribution S, (o, 8,0) with @ < 2. Then there exist two
independent identically distributed (i.i.d.) random variables Y; and Y, with common distribution
S, (a,1,0) such that

v (LBY (2B, Faet
and
x =¢ (#)Yl—<#)ﬁ+a(1;ﬁln1;ﬁ—1;'Bln1;'g>, if a=1.

Proof use properties 2.2.1, 2.2.2 and 2.2.3. in [22].

Property 2.2.16. Stable distributions are infinitely divisible.
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(i)

(i)

(iii)

2.3 Overview in infinitely divisible:

Stable distributions have a long history in the subject of probability. They form a subset of the
class of so-called “infinitely-divisible” distributions, a class of characteristic functions at the
heart of general central limit theory.

The following definitions and Theorems from [11].

Definition 2.3.1. A distribution function F(x) and the corresponding characteristic function
f(t) are said to be infinitely divisible if for every positive integer n there exist a characteristic

function f;, (t) such that f(t) = (f,,(t))" then f,(t) =/ f(t), (2.3.1)

Examples 2.3.2. Of infinitely divisible distributions include:

The normal distribution with parameters (u, o2) is infinitely divisible, because the characteristic
. Uztz
function of the normal distribution has the form f(t) = e~z , so that then for every positive

e 1(7)\,2
integer n there exist a characteristic function f;, (t) such that f,(t) = e'n Z(W) “is the
characteristic function of the normal distribution with parameters (E \%)

n )
The Poisson distribution with parameters (x, 4) is infinitely divisible, because the characteristic
function of the Poisson distribution has the form f(t) = e*(e"™ =1) 50 that then for every

Aritx _ R
positive integer n there exist a characteristic function f,, (t) such that f,(t) = en 1 s the
characteristic function of the Poisson distribution with parameters (x, %)

Cauchy distribution and the “chi-squared” distribution.

Theorem 2.3.3. The characteristic function of an infinitely divisible distribution never vanishes.

Proof:

Give example: The discrete random variables taking the values -1, 0, 1, with probability %% %
its characteristic function?

3+ cost

f(t) — E(eitx) — an eitxn — T'

where et = cost +isint and e™™® = cost —isint,

then the result is positive and therefore does not vanish.
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Before the construction of the general theory two basic elementary types of such random
functions were known:

() The normal type then the characteristic function f,, (t) is given by the formula

a?t?
log f,,(t) = n (iut — =), (2.3.2)
(i)  The Poisson type then the characteristic function f, (t) is given by the formula
log f, (£) = nA(e™ — 1), (2.3.3),

By combining (2.3.2) and (2.3.3) then we get the formula is

log £, (£) = n {iut — ==+ A [72 (e — 1) dF ()}, (2.3.4),
a’t? : i
log f,,(t) = n{iut — 5+ f(ei“‘ —1)dM(x) +f (e —1)dN(x) ¢, (2.3.5),
e 5

where [° (e — 1) dM(x) = limg_ [* ('™ —1)dM(x), a <0, and
J, (e —=1)dN(x) =lim,_, [, (e™* —1)dN(x), a>0,

o2t?

ipt ———+ f_ooo(ei“‘ —1—itx) dM(x)

then log f,,(t) = n oo (2.3.6),
+ [ (e"™ — 1 —itx) dN(x)
242 0 o +oo i
=nliut — itx _ 4 _ L ) J ( x4 L )
log f,,(t) = n<iut > + J(e 1 1T 2 dM(x) + e 1 T2 dN (x)
o 9
and
0 400
log f(t) = {iut 2t2+ f( g )dM +f g )dN
0g f(8) = { i e —) M@ + | (e — ) NGO |
o 0
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Can be illustrated the formulas by the following theorems:
Theorem 2.3.4. The Levy-Khinchine canonical representation:

The function f(t) is the characteristic function of an infinitely divisible distribution if and only
if it can be written in the form:

itx ] 14x2

— @ itx _ 4 _
log f(t) = iut+ [__ [e”‘ 1-—

_ 2
decreasing and bounded function, such that G(—o) = 0 and the integral at x = 0 is equal T :

. ; itx | 1+x? —t?
ie., {[e‘“‘ -1- 2] : } =—
1+x x x=0 2

dG(x), where u is a real constant, G(x) is a non-

Theorem 2.3.5. The Levy canonical representation:

The function f(t) is the characteristic function of an infinitely divisible distribution if and only if
it can be written in the form:

, z 0 [.;
log f(t) = iut —%tz +, [e‘“‘ — ;_ixz] dM(x) + [ [ x — 1132] dN(x),

where y is a real constant, o2 is a real and non negative constant and the functions
M (x), N (x)satisfy the following conditions:

Q) M (x) and N(x) are non-decreasing in (—o0,0) and (0, +).
(i) M(—) = N(+x)=0.
(iii)  The integrals f_og x% dM(x) + ng x? dN (x) are finite for every & > 0.

Theorem 2.3.6. The Kolmogorov canonical representation:

The function f(t) is the characteristic function of an infinitely divisible distribution with finite
second moment iff it can be written in the form:

log f(t) =iut+ [ [e™* —1—itx ] . where p is a real constant, K (x) is a non-

_42
decreasing and bounded function, such that K(—o) = 0 and the integral at x = 0 is equal Tt

2

ie.{[e —1—itx] 5} =
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2.4.Tail probabilities

Theorem 2.4.1. below concerns the asymptotic behavior of the tail probabilities

P{X > x}and P{X < —x} as x — oo, In the Gaussian case a = 2,

2

P{X < —x} = P{X > x}~ es?, as x - oo, see (Feller 1966) [7].

20\
When a < 2, however, the tail probabilities behave like x~¢.
The statement h(x)~g(x) as x — oo, will mean lim,_,, ZE—’S =

Theorem 2.4.1. Tail behavior: if X~S, (0,8, 1) with0 < a < 2,—1 < B < 1, then there exists a
non zero constant C, # 0, such that,

lim, ., x*P{X > x} = W;ﬂ,
limy o x*P{X < —x} = —Ca(lj)aa :
1—«a .
) {F(Z—a)cos (™@/5) fazl
where C, = ([ x™% sin xdx = 2
a (fo ) k /T[ if a=1.

(Property 1.2.15, Samorodnitsky and Taqqu (1994)) in [22].

Foralla < 2 and —1 < 8 < 1, both tail probabilities and densities are asymptotically power
laws.

When g = —1, the right tail of the distribution is not asymptotically a power law,

Likewise, when § = 1, the left tail of the distribution is not asymptotically a power law.

2.5. Mixed distributions:

Let X; and X, be random variables with distribution functions F; (x)and F, (x), respectively, and

¥ = {Xl with probability p,

X, withprobability q, wherep +q = 1.

The distribution function of the random variable X is given by
F(x) = P{X < x} = pP{X; < x} + qP{X; < x} = pF1(x) + qF,(x),

52



and is called the mixture of the distributions determined by the functions F; and F,.

We now proceed to study the distribution of extreme values of sequences of independent
identically distributed random variables with the distribution which is the mixture of stable
distributions.

2.5.1. Mixture of stable distributions

In paper [16], (Mladenovié, P., Extreme values of the sequences of independent random
variables with mixed distributions, MATEMATICKI VESNIK, 51 (1999), 29- 37.) extreme
values of mixture of normal distributions and mixture of Cauchy distributions were studied, and
the following was proved:

(1) Normalizing constants for maximum in the case of mixture of normal distributions depend on
only one of the components in this mixture.

(2) Normalizing constants for maximum in the case of mixture of Cauchy distributions depend
on both components in this mixture.

Here we consider the mixtures of stable distributions. See above Theorem 2.4.1 tail behavior,
will be useful in our proofs.

As a special case, if X ~ S,(0,0,0),then as x — o,
P(X >x)~o" CZ—“x_“.

Suppose now X ~ S,(0,—1,0). Since 8 = —1, Theorem 2.4.1 giveslim,_,x* P(X > x) =
0,i.e., P(X > x) tends to zero faster than x™* as x — co.
When a > 1, as x - oo,

P(X >x)~ \/ﬁ({x%)ﬁ exp (—(a -1) (a%)“%> ,

-1

where 7, = a(cos%(z — a)) ‘.

When a = 1,

T Yx—1
P(X >x)~ \/%_ﬂexp <—% - e(”/ZJ)x—l)

53



Theorem 2.5.2. Let (X,,) be a sequence of independent random variables such that

S,(04,0,0), with probability p,

Sa (0_2; O;O), with PTObablllty q, fOT' alln

X, ~ {
where p,q > 0 and X ~ S,(0,0,0) denotes the stable distribution with
P(X>x)~a“cz—“x_“ and 0 < a < 2, gy # 0,.

Let M,, = max; <, X; . Then, the limiting distribution of M,, is given by
P{an(Mn - bn) < .X'} - exp(—x_“) , = 0,
where the normalizing constants a,, and b,, are given by

-1
a, = (nC)« and b, =0,

Caol and B = et

with € = (pA+¢qB), A= . >

Proof of Theorem 2.5.2: The distribution function of the random variable X is given by
F(x) = pF;(x) + qF,(x) where X; ~S,(a4,0,0) and X, ~ S, (03, 0,0).

Then 1—F;(x) =P{X; >x}~Ax"“and1— F,(x) = P{X, > x}~Bx™%,

Ce0%

C a
where A = "Tal and B =

For the function F(x) = pF;(x) + qF,(x), we obtain
1—F(x)~ Cx % whereC = (pA+qB), x - «.
We now consider the asymptotic behavior of the tail 1 — F(x), as x - o. For x > 0, we have

Y 1-F(tx) . C(tx)™ im x-
SR T —F() e )T et

a —a

=X

Hence, the distribution function F (x), belongs to the domain of attraction of the function
G4 (x), and we have the type (I1) of extreme value distribution, i.e. there exist
constants a,,and b,,, such that the following equality holds true:

P{Mn < ai + bn} - exp(—x~%).

n

We now determine the constants a,and b,,.

Let us first determine the constant u,,, such that 1 — F(u,) ~ %x‘“ asn - w,i.e.
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1—-pF (u,) —qF,(u,) ~ %x‘“ as n — oo. That means

1
C(un)_a ~ ;x—a , L 0O,

—a
(un)_a~xc_ ) n- w}

-
(up) %~ (%) , n — oo, and we obtain
(Cn)a

U, ~ (nC)l/a X, as n - oo.
Using Theorem 1.4.16. in chapter 1, we obtain
P {Mn < (nC)l/Of x} - exp(—x7%), asn - oo

X
butP{Mn < = + bn} - G(x),

n

(2.5.1),

(2.5.2).

Now we compare the equation (2.5.1) with the equation (2.5.2). We obtain

a, = (mC) Y« and b, =0

where C = (pA+ qB),A = C”‘;La ,B = C”‘;La and G(x) = exp(—x~%).
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