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Pogutuemuma



HacaoB muceprammje: Hejennakoctu Komm-IlIBapna u ['puc-Jlanmaya 3a enementaphe
omepaTope W TpaHchoOpMepe TUIA yHyTpallmber mponspoaa Ha QQ u QF maeajmma KOMITAKT-
HUX OIlepaTopa

Pesume: Jlucra oj panuje nmosunarux u HeaBHO ycraHoB/beHux Cauchy-Schwarz-oBux nejes-
HAKOCTH 3a eJIEeMEHTapHe olepaTope, o—ejeMeHTapHe TpancdopMepe u TpancdopMepe TUIA
YHyTPaIIber Mpou3Boja Jonyimkena je cienehom Bapujantom Cauchy-Schwarz-ose nejemna-
koctr y Schatten-von Neumann-oBum uaeainma:

1

H (/Q AA; du(t>)21q_2 /Q A X By du(t) ( /Q BB, dy (t)>;— |
< ()

3a cBe X € Cy(H) u cBe p,q,r > 1 Takse Ja je % = % + 1, yKomuko cy damummje oneparopa

(ST

p

{Ai}icq, {A ea, {Bitica, {B; hieq jako kBasparso unrerpabunne, Takse xa cy [, A, Af dpu(t)
u [, By B, du(t) (orpanndeno) nHBepTUGHIIHE ONIEPATOPH.

Pasmarpahe ce Takohe u npyre BapujanTe OBAKBUX HEjeIHAKOCTU, OMOTyheHe JI07aT-
HUM YCJIOBMMAa KOMYTATUBHOCTH M HOPMAJIHOCTH omepaTopHux davuanja {A,}5 1, {B,}> ),
{Ai}ieq u {Bi}icq, omHOCHO creneHoM p-MoaudUKAaIje YHUTAPHO WHBAPHUjAHTHUX HOPMI,
Ka0 W MPUMEHe OBHMX HejeHAKOCTH Ha ojapehene mpobjieMe y TeOpHju OmMepaTopa, yKIbydy-
jyhm HOpMa HejeTHAKOCTHU 3a reHepaJju3oBaHe (pyHKIMjcKe gepuBanuje Pick-oBux omepartop
BPeIHOCHUX (DYHKIIMja U onlepaTop BpemaHocHux Fourier-oBux Tpancdopmariija KOMIIJIEKCHUX
Mepa, Kao n HejeaHakocTu Griiss-Landau-oBor Tura.

KipyuHe peumn: ejieMeHTApHU ONEPATOPHU, TPAHC(HOPMEPH THUIA YHYTPAIIber Tpou3Boia, Q
u Q¥ HOpMe, orepaTop MOHOTOHE (DYHKITH]E
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Abstract: List of already known and recently established Cauchy-Schwarz inequalities for
elementary operators, o—elementary transformers and inner product type transformers is
complemented by the next variant of Cauchy-Schwarz inequality in Schatten-von Neumann
ideals:

H (/“ o dﬂ(t)f_%/g"lt?f B, dp(t) (/Q B; B, du(t>>21’"_ »
< x( o

for all X € €,(#H) and for all p,q,7 > 1 which satisfies % = % + %, if families of operators

{Ai}ica, {A; e, {Bihica, {B;Hiea are strongly square integrabile, such that [, A, A; dpu(t)
and [, B; B, du(t) are (boundedly) invertible operators.
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IIpearosop

VY oBom pajy ozHauasahiemo ca H komiutekcan cenapabusian Hilbert!'-os mpoctop, ca B(H)
osHavaBalieMo ajireGpy OrpaHUYEHUX JIMHEAPHUX oreparopa Ha H, nok hemo ca €. (H) o3na-
JaBaTU Hjeas] KOMIIAKTHUX olleparopa Ha H.

Tpaucdopmep Eap: B(H) — B(H) HasuBamMo eIeMEHTAPHUM OIIEPATOPOM akKo je
00 TIKA

EapX =) AXB, (1)
n=1

def def
3a meke Huzoe A = {A,}2,, B = {B,}°°, u neko N € N, 01HOCHO 0-€JleMEeHTapHUM

TpaHcOPMEePOM YKOJIUKO je 00JINKA

EapX =) AXB,. (2)

n=1

Y HacTaBKy u3jiarama ejJeMeHTapHe OllepaTope U o-ejeMeHTapHe TpaHcdopmepe hemo Ta-
kKohe 1ojeIHOCTaB/bEeHO HA3WBATH €JIEMEHTAPHUM TpaHcdopMepuMa, jep he 1o mnpaBuiy u3
KOHTEKCTa OUTH JaCHO JIa JIU Ce PaJii O KOHAYHUM WJIU IpebpojuBuM cymaMma HaseeHuM y (1)
u (2).

Omryje, 3a rpancdopmep Zy p: B(H) — B(H) (oxsocHO T4+ p) KazKeMO Ja je TPaHC-
dopmep Tuna yHyTpalumer npousBoga (T.y.m. TpaHcdoOpMep) yKOJIUKO je 00smKa

TanX — / AXB,du(t) (ommocno T — / A*XB, du(t)), (3)
Q Q

rJe ce MoJ MOCIebUM HHTErpajioM HoJpasyMesa ciabu® (mosHat u xao Lesbdanios®) un-
Terpast ciaabo* MepsbuBe omeparop BpeaHocHe (0.B.) dyuknuje t — A, X B, (omHocHO t —
A; X B,) o mepu 1 Ha MepsbuBoM mpoctopy §2. Tpancdopmepe gare dbopmysiom (2) (ogHOCHO
(3)) rakohe hemo nasuBaTu o-exementapuuM TpaHcdopMepuMa (OJHOCHO T.y.I. TpaHchOp-
MepuMa) U OHJIa KaJla ouu Hucy Jedunucanu Ha 1enom B(H), Beh camo Ha HeKUM o1 ueasa
KOMIakTHUX oreparopa y B(H).

[maBHu npumepu ejiemeHTapHUX oneparopa, 3a A, B € B(H), cy onmepaTrop MHOXKe-
wa caeBa L,: B(H) - B(H): X — AX, oneparop MHOXKema 3necHa Rp: B(H) —
B(H): X — X B, onepaTop aBocTpaHor (obocrpanor) MHOXKema AR B o Musp: B(H) —
B(H): X — AX B, nepuBanuja (komyrarop) AQI —IQA: B(H) - B(H): X — AX - XA,
yonurrena gepuBanmja ARl — I®B: B(H) — B(H): X — AX — X B, dyukmujcka
nepusaruja (komyrarop) f(A)QRI — IQf(A): B(H) - B(H) — X — f(A)X — Xf(A),

Xun6epr-David Hilbert (1862-1943)

TemdangNspanas Moucéesua Lemndamn (1913-2009)




I'J/IABA (. TIPEAIOBOP

kao u yommreHa dyHknujcka aepuBanuja f(A)®I — IQf(B): B(H) - B(H): X —
fLAX - X[f(B).

VY kiacu camoa tjyHropanux omeparopa A, B € B(H) cranmapiaHo ce yBoau (JIeTUMIIHO)
ypebemwe < ca: A < B ako u camo ako je (Af, f) < (Bf,f) 3acse f € H, 1j. ako je B— A
no3uTuBHO (cemu)nedururan oneparop. 3a dbyukiujy f:J — R, rae je J C R unrepsai,
KazKeMo JIa je omepaTop MOHOTOHA (0.M.) Ha J ako u camo ako (y cMucity byHKIHOHATIHOD
pauyna) Baxku f(A) < f(B) kagron je A< Buo(A)Uo(B) C J. 3a onpebene knace dyHk-
ja ¢ nedunrcannx y obsactu Koja cajpxku cruekrpe o(A) u o(B) 6buhe mocmaTpan npobdsem
nopehema wuxoux yommrenux dyukuujckux pepusammja p(A)X — Xp(B) ca yommrreHom
nepuBaimjom AX — X B y pasauauTuM yHUTApHO MHBapujaHTHUM (y.M.) HOpMama. I[lpum-
MapHU METOJI paJia ca TAKBUM HEjeHAKOCTUMA 38 Pa3JIMInuTe Kjace KOMIAKTHUX OIepaTopa
6uhe mpumena oxrosapajyhux sapmjantu Cauchy?-Schwarz-osux nejemmakocTn, mpu 4gemy
he kjace oneparopa Koje ce Ty Oy/ly mocMarpaJje YK/byduBaTU XUIOHOPMAaJIHE, KOXUIIOHOD-
MaJIHe, aKpeTUBHE Olleparope, KOHTPaKIUje U OllepaTope Koje MMajy CTPOro KOHTPaKTUBaH
peanan geo (Bumern [JLM20] u [JLM20a]).

N3 Tux paziiora, oie he 6uTu mpeJicTaB/beHE PA3IUYATE JIO CaJIa MMO3HATE KAaO0 W HOBE
Cauchy-Schwarz-oBe onepaTropte u HOpMa Heje JTHAKOCTH, KAKO 3a eJleMeHTapHe TpaHcdOopMe-
pe, TaKO U 3a T.y.II. TpaHcdopMepe, Kala OHY JIeIyjy Ha Pa3JIMIuTHM WJIeAJINMa KOMIAKTHUX
oreparopa. bulie mpukasan n edpukacan HaYMH JUCKPETHU3aIMje 3a yollnTaBame Beh mosna-
tux Cauchy-Schwarz-oBux HOpMa HejeHAKOCTH 3a ejieMeHTapHe TpaHcdopMepe HaA T.y.II.
Tpancdopmepe, y caydajy kaiga je L2(€, u) cenapabusian Hilbert-oso mpocrop, ociamajyhu
ce IpuTOM | Ha ocobune 0.B. Fourier’-opux xoedunujenara (sumern [JKL|).

Bajenno ca Cauchy-Schwarz-opum HejegHakocTrMa, padmarpahe ce W HBUXOBA IMPUMEHA
Ha oneparopHe u HopMa Hejeanakoctu Griiss®-Landau’-oBor Tumna y pasiduauTuM HUjeanMa,
KOMIIAKTHUX OIlepaTopa. ¥ CJIydajy eJIeMeHTapHUX orneparopa ouhe mpukasaHa u npodumbe-
Ha Bep3uja omeparopue Griiss-Landau-ose mejemnakocTn ca Hah)eHUM TaIHUM IOMYEYjyhuM
cabupakoM ca KojuM 1o noctaje jemnakocr (sumern [JKLMM] u [Laz19]).

3Komm—Augustin-Louis Cauchy (1789-1857)
IIsapr-Karl Hermann Amandus Schwarz (1843-1921)
*®ypuje—Jean Baptiste Joseph Fourier (1768-1830)
‘Tpuc—Gerhard Christian Griif (1902-1950)
"Nannay-Edmund Georg Hermann Landau (1877-1938)
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I'maBa 1

YBOI

Y 0BOj TyIaBH f1aje ce KpaTak Mpersesl OCHOBHUX MIOjMOBa U3 T€OPHUje KOMIAKTHUX Olepa-
TOpa, HUXOBUX CUHTYJIAPHUX BPEIHOCTH, CAMETPUIHO HOpMUpajyhux (byHKIMWja 1 yHUTAPHO
WHBapUjaHTHUX HOPMH, KOje heMo KOPUCTUTH y HAcCTaBKy. Takohe, buhe nart mpuka3s Jio cajia
nozuaTux Cauchy-Schwarz-oBux ornepaTopHux 1 HOpMa HEjeTHAKOCTH 38 PA3JINIUTE TOTKJIace
YHUTAPHO WHBAPUjATHUX HOPMU.

1 KommakTHU ollepaTopu U IbUXOBE CUHTYJIapHE
BPEAHOCTH

3a cBaku kommakTaH omepatop A u oneparop A* A je Takohe KoMITakTaH U P TOME TTO3U-
THBaH. Y KOJHUKO CBE COIICTBEHE BPETHOCTH omeparopa A*A MOHOBUMO OHOJIMKO ITyTa KOJUKA

uM je BuiectpykocT u nopehamo ux y omagajyhm auz A (A*A) > \y(A*A) > -+ | mobujamo

jeman Hynau KOHBepreHTaH HHU3. bBpojeBu s,(A) o A (A*A) HasuBajy ce CHMHTYJIADHUM

BpenHocTuma (mim s-6pojesuma) oneparopa A. Takobe, cBaku KommakTan oneparop A nma
u cBoj cuarysnapan (Schmidt'-oB) passoj A = > 7 s, (A)e,@f%, tne cy {e,}02, u {fn}2,
pestom oproHopmupane 6ase mpocropa R(A) u R(A*) cadntbere o1 COICTBEHUX BEKTOPA, Olle-
paTtopa |A| Y AA u | A*| ' /AA* penom (rme R(A) osnauaBa cauky omeparopa A). Ilpu
ToMe je ca €,® [’ o3HadeH oneparop panra jeman Ha H gar ca (e,QfN)x = (x, f,)e, 3a cBe
r€H.

Heke oj1 ocHOBHEX 0COOMHA CHHIYJIAPHUX BpeAHOCTH (dnju ce Jokasu mory Hahu y [GK])
jecy u s,(cA) = |c|sn(A), sn(A) = sn(A*), sp(BAC) < |B|||C|lsn(A), toe je ¢ € C, A €
Co(H) u B,C € B(H), mro 3a mociaeauiy uma ga je s,(UAV) = s,(A) ykomuko cy
U u V ynwrapru omneparopu. Taxobe, Baxxum n Horn?-osa nejenmaxocr [[,_, sp(AB) <
[Th_, s6(A) [T, sk(B) 3a A, B € Cu(H), xoja mupektHo caexn n3 Weyl®*-Horn-ose nejes-
nakoctn det[(Afi, Af;)|7 =1 < Tlp_; si(A) det[(fi, f;)]} ;=1 3a cBaxu cucrem BekTODA f1,. .., fr
uz H, rne cy A€ Co(H) un €N,

NIImvur—Erhard Schmidt (1876-1959)

*Xopr—Alfred Horn (1918-2001)
3Bejr-Hermann Klaus Hugo Weyl (1885-1955)




I'JIABA 1. yBOX

2 CumerpuuyHo Hopmupajyhe dbyHKIje 1 BbUMAa
NPpUAPY>KEHN nAeai KOMIIAKTHUX ollepaTopa

O6estezkuMo ca ¢ o Han}2, | an € R, lim,, o0 a,, = 0} 1 g, BETOB MOTIIPOCTOP KOjU CE
CaCTOjU! OJI peaJTHNX HU30Ba KOjU MMajy KOHAYHO MHOTO HeHyJa 4iaHoBa. Pynknmja O : o, —
R, ®(a) = ®(ay,as,...) ce HasuBa HOpMmupajyhom dyHKIMjoM ako 3a a,b € ¢z, u o € R
Baxku P(a) > 0 (3a a # 0), (aa) = |o|P(a), P(a+b) < P(a) + P(b) u ¢(1,0,0,...) = 1.
HonarHo, ako je mHopmwmpajyha dyakimja ® u cumerpuuna, omHocuo Baxku P(aq,as,...) =
®(e1ax(1), €2r(2), - - ) 38 cBaky nepmyranujy ™ Ha N n g; € {—1,1}, onga kaxkemo jga je
® cumerpuuyno nopmupajyha (c.H.) dyukmmja. [Ipu tome, momen c.H. dynkuuje P
Ce MOzKe MPOLIMPHUTH ca cgy C o HA Cp = {a € ¢ | sup,>; ®(ai,...,a,,0,0...) < +oo}

dopmyom P(a) o lim,, oo P(ay,...,a,,0,0...)3a a € cg. [Iperxomun umec nocroju Gyryhu
J1a je Hu3 {CID(al, e, 0,,0,0, .. ')}:;1 pacryhu, a mokasyje ce u jia Ha MPOITUPEHOM JIOMEHY
cp dyukmuja ¢ Takohe 3a/10BosbaBa CBE OCOOMHE C.H. (DYHKIIH]E.

OcHoBHU npuMepw c.H. DyHKIMja cy HyKJIeapHa c.H. dyHkiumja ¢ (kojy hemo o3HavaBaTn

u ca ¢t umm (1), nedunucana ca £({t,}>) o Yo tn| m cn. dynkmuja (> gedununca-

Ha ca (°({t,}>2) o Sup,,cy |tn]- Ilperxomue c.H. dyHKIHje ce MOTy BHIETH Kao JeO0 IIHpe

kiace Schatten*-von Neumann®-osux c.u. dynxmmja 7, 1 < p < 400, JedUHNCAHUX Ca,
E({tafin) = /0L Tl

Csakoj c.H. dyHkumju O Moke ce yBeK NPHJIPYKHUTH Hea] KOMIAKTHHX OIepaTopa
Co(H), nar dopmysnom Cq(H) o {A € Cu(H) | {sn(A)}2, € ¢o}, mpu uemy 3a cBaxu
A € Co(H) yommo [|Alle & ®({s,(4)}2,). Kako saxu s,(AXB) < ||All[|Bllsn(X) 3a
A,Be B(H)u X € Cp(H), Bunumo na Cy(H) 3aucra jecre jeman npocrpanu unean y B(H),
kao u 1a je |[AXBlo < [ A]|B]l|X]|le. 3a vopmy ||-||: Z — C na gsocrpanom umeany Z y
B(H) kaxemo na je yHuTapHo mHBapujantHa (y.n.) HopMma axo Baxu ||[UXV|| = || X||
3a ce yuurapue orneparope U,V € B(H) u X € Z. Kaxko je s,(UXV) = s,(X) 3a cBe yHu-
tapue oneparope U,V € B(H) u X € Cy(H), Busmmo na cy cse HOpMe ||-||¢ yBEK y.u. HOpMe.
Ako ca A, dof o Sn(A)e,® [ o3HAUMMO n-Ty HAPLUjAIHY CyMy y CHHIYJIADHOM Pa3BOjy 3a
A ¥ UCKOPUCTUMO KOpectojieHnujy u3dmely c.H. PyHKIHja HA Ch, U Y. M. HOPMA HA, TIPOCTOPY
oneparopa korauHor panra JC(H), npumeruhiemo ma medunurmja Hopme |-||lo Ha Co(H) y
CYIITUHU MIPEJCTaB/ba HeHO Npupoano npomupemne ca K(H) na Cp(H). Hanme, Baku

[Alls = @ ({su(A)}3s) = lim B(si(A),. ., 5,(4),0,0,..) = lim Ay,

1ok 33 A € Co(H) Bazkn A € Cp(H) < sup,; |An]e < +o00.

Ako je ¢ := (P 3a 1 < p < +00, Taja hemo npuapykeHe uiaeajie KOMIAKTHAX OIepaTopa
C,(H) o {AeCo(H)|> 7, s%(A) < 400} 3Bar Schatten-oBu (Schatten—von Neum-
man-oBM) p UJeaJil, e je y.i. HopMma nara ca ||All, o P({sn(A)}e ) = /D> 0" sn(A). 3a
p := 1 To cy HykaeapHu oneparopu (oneparopu ca tparom) ugeana Ci(H), nox npn p =2
umamo Hilbert-Schmidt-ose omeparope umeana Cy(H). 3a p := +oo umamo npoctop Co(H)
KOMITAKTHHUX OllepaTopa ca HOpMoM || Al| o s1(A) = ||A]l.

Ca Cfb) (H) osrauaBahemo 3aTBOpERE OlIEpATOPa KOHATHOT PaHra y HOpMH ||-||¢ mpocTopa
Co(H). Baxu €y (H) = {A € Co(H) | limy oo P(5n11(A), snp2(A),...) = 0}, kao u ga je

Iaren—Robert Schatten (1911-1977)
’bon Hojman—Johann (John) von Neumann (1903-1957)
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I'JIABA 1. yBOX

@y (H) jeman cemapabuman unean y B(H) y |||le mopmu (sumern [GK, I1I§6]). Taxobe,
cBaky cenapabuian unean y B(H) jenpax je €y (H) 3a mexy c.u. dynximjy ©. U o6pHyToO,
cBaku ngean Cop(H) je mecemapabuman axo u camo ako je Co(H) £ Cy (H).

Jla 6ucMO onmcaau AyaJHH IIPOCTOP 3a (‘?g)(”H) (a Tume u gyasan npocrop 3a Co(H),
ykoauKo je Cp(H) cenapabuian umeas), morpebaH HAM je ¥ [IOjaM aJijyHroBaHe C.H. QyHKIH]e.
Hawnwme, axo je ®: ¢, — R c.H. dyHKIMja, Taga ce gedunuIne moj aJjyHropaia pyHKIIja
O*: ¢, — R dbopmymom O*(by, b, .. .) of sup{zzozl anbp, a € ¢y, P(a) < 1}. ITokazyje ce ma
je ®* Takobe jemma c.H. dyHKIHja Ha Cg,, KOja ce CTAHTAPIHUM IIOCTYIIKOM IIPOIIUpPYje Ha
¢+, Kao u ga je (P*)" = &. IIpu Tome Bazku

TeEOPEMA 1.1. |[GK]| Hexa je ¢ c.n. pynxyuja xoja nuje exeusasewina ca max-
cumaarom (wj. ca ('). Taga je oUwiuu 06AUK HEUPEKUGHOZ AUHEAPHOZ HYHKUU-

onana F(X) na cewapaburnom apocimopy Cy (1) gaiti dopmyaom F(X) = tr(AX),

2ge je A upouseoman ouepatwiop u3 Co+(H), u saswcu |F| = | Al e Apyzum pevuma,
apocitiop Co-(H) je usomemipurru uzomopdar ca apociopom (Cy (H))*.
A Hoxkas sugern y [GK, Chap.IIl Th. 12.2] u [Hi97, Th. 2.9]. O

Takobe, Baxu u oxrosapajyha Holder’-osa nejemnakoct 3a ||-||¢ HOpMe, Tj. ako je ® c.H.
bynkmmja, A € Co(H) m B € Co-(H), Tama AB € C(H) u [|AB|, < ||Alls] B

P+ -

3 Ky Fan-oBe u p-moaudpukoBaHe yHUTAPHO
VHBapUjaHTHE HOpMeE

Ba A € Co(H) u k € N Bazku dpopmyiia

E

k

Z (Agi, hi)

=1

Zsi(A): max Y |[(Agi hi)l =  max , (1.1)

{o i Ahibie, T {gi}b_  {ni}E

Irjle ce MaKCUMyM Y3UMa MO CBUM OPTOHOPDMMDAHUM cucTeMuma BekTopa {g;}f , u {h;}r
u3 H. Camy nperxonany dbopmyty (1.1) masusamo Ky Fan’-oBuM mpuHIUIIOM, U3 KOT ce
Herrocpe o n3BoH jia je Sy, si(A+B) < S5 si(A)+3F  si(B)3a A B e Cyu(H)uk N,

IIpema nperxomuoM, 3a A € C(H) u k € N dopmymom [|Af k) o S si(A) nedmmucana je

BaxkHa KJjaca y.n. Hopmu nosnarux kao Ky Fan-oe k mHopme. Ilonaszehu om Ky Fan-osor
IpUHIMIA MOXKe ce u3Bectu U Ja Baxku dopmyia [|Alx) = min{||B|: + k[|Cl|s }, npu gemy
ce pazMaTpaHu MUHUMYM y3HMMa [0 CBUM pasJyarambuma obsmka A = B+ C, rne B € Ci(H)
u C € Co(H) (3a merasme Bugernu [B, Prop. IV.2.3]).

Baxnoct Ky Fan-oBux nopmu oryiena ce y ciejiehoj Teopemu Koja mokasyje Jia ce JI0Ka-
3UBaIbe HEjeJHAKOCTH KOje Bazke 3a CBE y.M. HODMe MOXKE CBECTH Ha FbHXOBO JOKA3MBAME 34
Ky Fan-ose k HopMme ||-|| (k).

TEOPEMA 1.2 (Ky Fan-oBo qomuHanmoHo cBojcTtBo). Akxo je ¢ c.n. pynruyuja u
arxo 3a A € Cy(H) u B € Co(H) sasrcu || B < ||Al|x) 3a cee k € N, wiaga B € Cs(H)
u [|Blls < [[Alle.

Ba nosutuBHe Hepactyhe Huzose {s,}5°, {t,}22, KaxkeMo Ja cy caab0 MOTYUHLEHH, Y
oA {S,} <uw {tn}, axo Baxu SF_ s, < SF_ t, 3a cBe k € N. 3a taxse Husose nam Ky

0Xennep-Otto Ludwig Holder (1859-1937)
"Ku ®arr Ky Fan (1914-2010)
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Fan-oBo momunarmono cojctBo 06e30ehyje na je cBaka c.H. pynkimja ¢ msorona, oJHOCHO

na saxn @ ({s,}02) < @({t.}52,) aKo je {sn} <w {ts}.
3a caky c.H. dyuknujy ¢ u csako p > 1 moryhe je yBectu meny p-Momudukaiujy ca

" ({zn}fj’:l) def C/CI)({|zn\P};’L°:1), Koja je medpuHMCAHA HA HEHOM IPUPOLHOM HPHUAPYKEHOM
JIOMEHY KOjU Ce CaCcTOjH OJ] CBUX KOMILIEKCHUX HU30Ba 2 = {2, }°° | TakBux 1a {|z,[P}>2 ;| € ¢q.

Tumryan npumep p MoudukoBare c.H. dyukuuje je £P) mro je 3ampaso c.H. GyHKIH]A 32
cragnapaae npocrope P u €, (H). Tume nocpeano momudukyjemo nopmy |[|-||e dopmymom
I A]| 50 o H\A[le/p 3a cse one oneparope A € € ) (H) o {A e Cu(H) | |AP € Co(H)}. da
cy ||| g 3amcra y.m. mHopme mokasyje

JIEMA 1.3. Axo je ® c.n. dynxyuja u p > 1, Waga je ||, o Y.u. Hopma Ha
C,im(H).

A Tlokazahemo caMo HejeTHAKOCT TPOYTJIa, ¢ OO3UPOM J1a Cy OCTaJIe OCOOMHE y. 1. HOpMe

yriaBaoM ouurieare. Kako je dyukimja t — t? kouseBekcHa Ha [0, +00) 3a cBako p = 1, TO
3a cBako « € (0, 1) umamo

G54+ B)} <o () + B = { (1= s (122) +asu(1))]

<o {0 (2) Fast(2)) = (- ) st(4) + ot TsE(B)),

l—«

rie cy A, B € € ) (H). Kopucrehn cama uzoronoct c.u. dbyrknuje ¢ u nperxonno pobujery
caby TOTIMEEHOCT HU30Ba, Kao u camy fnedunuimjy of [|-[| w , 1obujamo

IA+ B, = 1A+ BFlle = 2({sh(A+ B)}72,)
< (1 -a)Pe({sh(A)hL) + o Pe({sh(B)hLy) = (1Algw + 1Blew)",

) ) 1Bl (»)
IIpU YeMY Ce TIOCJIE/IIha HEejeIHAKOCT JI00uja n300poM v := m.
o'\P o'\P

]

Crermjasro, 3a p := 2 HOpMe ||| ) cy mosHaTe m kKao Q HOpMe, JIOK cy HOpME ||| )
nosHate Kao Q° mopme. 3a p-mopnduxosane Hopme ||| o) Baxu creneha

JIEMA 1.4. Axo je ® c.n. pynrxuuja u 1 < p < g < o0, wWwaga je 3a p* _1 (2ge
. def
je p* = +oo 3a p:=1)
C(H) C Coy(H) C €un(H) C Coa(H) w Cio-(H) C C-(H) C €u(H),  (1.2)
IA] < 1Al por < 1Al 3a cee A € C\(H), (1.3)
[Allp0 < [Allyw 30 cee A€ Cpu)(H), (1.4)
[All» < |40+ 3a cee A € € u)«(H), (1.5)
[Allgo+ < A4~ 3@ cee A€ C «(H). (1.6)

A W3 nejennakocrn |GK, (3.12)] 3a cBako B € C1(H) je (> ({s,(B)}32,) < @({sn(B)}32,)
< ({sn(B)}52)) < +00, ma B € Cop(H) n Baxu || Bl < ||Blle < ||Bl1. Onazne 3a B := |AP
mpomsiTasi A € e@m( ) u AP < JAIP ) = [[AP]o < [IAP] = | AJE, mro aoxasyje (1.3).
Ako je A=3"  s,(A)e,®f} cunrynapuu pa3soj 3a A, Ha ocHoBy Hejexnakoctu (1.3) je

HA - anl Sn( 6n®f*H¢(p HA - anl Sn( >€n®frtH§ = Zn N+1 n(A) —0
KaJ N — +00, ma A € (?q)(p)(?-[) u Baky npBa nHKIy3uja y (1.2). Kako je
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O ({sh(A)}z) < @({sT"(A)sh(A)}02) <A77 ({sh(A)}22y) < +oo,
zaxmpydyjemo ja je |A|?7 € Co(H) 3a cBako A € € () (H), mro mokasyje Tpehy mHKITY3Hjy y
(1.2), kao u ||A||';<q> < |\A||q_p|\A||§)(p) < HAH‘;_(S ||A||’;(p) = ||A||i<p>, OZIaKJIE CJIEIU HEjeTHAKOCT
(1.4).

Carnacno nedunrmmmjn ajyrrosane c.u. dynximje, 3a ceaxo A € Cyo«(H) je

* o o (At
" {sn(A)}2,) = sup Z”_l sn(A)tn
( ! {tnrzzcen @7 ({sn(A)}52))

200—1 Sn(A)tn (a)*
< sup =7 =0 ({sn(A)}2)) = Al 0+ < +oo, (1.7)
e B (AN ) ) =14l

mrro iokazyje 1a A € € )«(H), a cavmm Tim 1w weTBpTY MHKIy3Hjy v (1.2), Kao u HejeHaKOCT
(1.6). ¥ amamormju ca (1.7), 3a cako A € € u+(H)

) 21 Sn(A)tn
P({sn(A)}2 ) = su 5
({sn (A1) e 0 (Lsn(A) 1)

Zoo—l Sn<A)tn (p)*
S sup (1, =07 ({sa(A)511) = [IA] g+ < +o0,
e T (oal AN ) =14l

mro mokasyje na A € C,«(H), mrro 3uaum u nery uukiIy3ujy y (1.2), a rakohe u nejegHaroct
(1.5). O

Y HapegHuM pasmarpamuma Kopuctuhemo u cienehie cBojeTBo (ABOCTPYKE) MOHOTOHOCTH
KOje mMajy CBe y.W. HOpMe

IAXBlle < [CXDlo, (1.8)

kas rog A*A < C*C u BB* < DD*. 3a ymokas nornenaru [JLM18, p. 62].
Csaka y.u. HOpMA ||-||¢ je mosryHempekuIHa 0103710, Tj. BaXKu

lw— lim X,||e < liminf|X,||s, (1.9)
n— 00 n—o0

IIITO JUPEKTHO JI006ujamMo u3 popmysie

| Xle = sup{| tr(XY)|/[]Y]

o+: Y je KOHaYHO ;LHMeH3I/10HaJIaH}.

3a JerasbHUjM TPUKA3 OCOOMHA CHHIYJIAPHUX BPEIHOCTH OllepaTopa, C.H. MYHKIHja U
njleasa KOMIAKTHUX OIepaTopa, Kao W y.W. HOPMU yIyhyjeMo Ha CTaHIAp/HY JIUTEPATyPy
[B, GK, Si, Scha, Zh].

4 Caabu* nHTEerpaJjim, TpancopMepu THUIIA
YHYTpAaIlllber Iponu3Boa 1 IIperJie] MMO3HATUX
Cauchy-Schwarz-oBux HOpMa HejeTHAKOCTH 34 OBY
KJjacy TpaHcdopMepa

Nurerpammja ciiabo® Mep/bUBUX OIEPaATOP BpPeAHOCHUX (PYHKIINja

Csakom Banach®-oBom mpocropy X U meroBoM ejeMeHTy T KAHOHCKH ce IPHIPYIKyje

dynkmonas esasayamuje r** € X **(d:Ef (X™*)*) koju cakom f* € X* nomeswyje ckamap f*(x),

$Bamax—Stefan Banach (1892-1945)
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Tj.
x> f* dof f*r 3acBako f* e X7 (1.10)

rae cy r** f* dof () m frx dof f*(z) yobuuajero nojemHocTaB/beHe HOTAIH]E.

[Tperxonua dopmysa (1.10) nedunuiie npeciukasamwe J: X — X*: x +— 2 Koje 30BeMO
KAQHOHCKO yTallame MpocTopa X y HeroB JIPYru JyaJi, Koje IPeJICTaB/ba U30METPUYKU W30~
mopduzam mpocropa X ca normpocropom J(X) nmpocropa X** Y HacraBKy HaMm je morpebHA
u ciaeneha

AdeonHUIA 1.5. Qynkyuja f: Q — X* je (X*) crabo® mepausa ako je 3a ceaxo x € X
dynryuja x*f: Q — C: t — f(t)x mepousa.

Y nacraBky O6whe Ham mmorpeban u

CtAB 1.6. Axo nus {g,}>2, xoneepZupa xa g y upocwopy LF(Q,pu) 3a Hexo
1 < p < 400, onga uwoctioju wogHu3d {g,, }r>, Hu3a {g,},>,; KOju KoHeepzupa Ka ¢
CKOpO ceyga Yy 0gHOCY HA MePY [L.

A 3a nokas nornegaru [AJ1J, Cras 5.11]. O

TeEOPEMA 1.7. [DU| Hexa je f: Q — X* caabo® meprpusa pynruuja u v f €
LY, u) 3a ceaxo x € X, 2ge je (O, M, ) upocwiop ca mepom i wa o aazebpu M.
Taga 3a ceaxo I €¢ M wocwioju Ip; € X* 3a xoju je

Igf(x) = /Ex** (t) du(t) 3a cee v € X. (1.11)

A Hexka je E € 9. 2Kesumo ja nokazkemo ja je ca (1.11) nedbunucan orpaHuyeH Jin-
HeapaH dyukimonaa Ha X. JIuHeapHOCT JIaKO CJIeIHu, JIOK 3a JOKA3UBAE OTPAHUICHOCTH
nedunumuno T: X — LY(Q, p) ca Tx = x**f. Tlokazahemo ga oneparop T uma 3aTBOpeH
rpacduk. Haume, Heka je lim, oo 2, = x u lim, ,o, Tz, = g 3a wexo g € L'(Q, 1), omnocuo
|2 — 2| x = 0u T2, — gl — 0 xax n — 4o00. Taga npema Cray 1.6 nocroju nomHus
Tr,, =z, [ KOju TeXKH Ka g CKOpo cByla Kaj k — +00. Ho, u3 lim,, o T, = = xam n — +00
y mpoctopy X cremn 1 1 [o5 £ (1) —a** F(D)] < oz —a x| FOllx = 1) xlwa—z]x — 0,
3a ckopo cBako t. Onarie je 2 f(t) = g(t) ckopo cByna, Te je lim,, o, Tz, = Tz € L' (2, u), 1j.
T je nmuueapan orepaTop Koju uMa 3aTBopeH rpacduk. Tama nam Banach-oBa Teopema o 3aTBO-
peroM rpaduky aaje 1a je T orpanuden oneparop. Ako je Sg: L'(Q,u) = C: g — [, gdu(t),

IITO TIPEJICTAB/ba ONPAHWYEH JInHeapaH (PYHKIMOHAJ (JUPEKTHO ce ToKasyje Ja je ||Sg|| = 1),
To npumeruMo ga ouna Baxu [p f = ST, naje |[Ig¢|| < |Sel||T|| = |T|| < +oo, Te Ig s € X*,
IIITO 3aBpIaBa JIOKa3. [

Y cnenmjasirom caydajy X = €; (H) mmamo X* = B(H), na je 0.B. HpeciuKaBame

A: Q — B(H) crabo* MmepspuBo yKoIuKO cy dbyuknuje t — tr(A;Y), rae je A & A(t) € B(H),
mepsbuBe 3a cBako Y € Cy(H). Ilpurom, ako cy dyuknuje t — tr(A;Y) na ) jomr u unrerpa-
Gure Ha HekoMm FE € M, 1j. npunazajy npocropy L'(E, i), onja KazkeMo Jia je npecnKaBambe
A: Q — B(H) ciabo* mHTerpabusaHo Ha F. Y oBom ciaydajy Ham Teopema 1.7 obe36ebhyje
nocrojame jenuucrBenor oneparopa Ly € B(H) = (C1(H))* Taksor na BaxKkn

te(TpY) = / (AY)du(t)  sacse Y € €(H).

Y nacraBky hemo ymecTo Zp KOPUCTUTHA O3HAKY SEE Adp n 3Bahemo ra caabu® (miu lesbdan-
noB) uHTErpai A mo F.
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Cuenelia jiema HaM TOBOpH Jla je 3a MpoBepy cJjiabe™ MepJbUBOCTH (MHTErpabUIHOCTH)
0.B. dyHKIUje A TOBOJLHO MPOBEPUTH HEeHY MEDPJHUBOCT (MHTErPaOHIIHOCT) HA OIEPATOPUMA,
panra jenan. Tadnuje

JIEMA 1.8. [JKM, Lemma 1.2] A: Q — B(H) je carabo* mepausa (crabo* uniiezpa-
buana) axo u camo axo je ckaaapna Pgynruyuja t — (A, f, g) mepapusa (uniwiezpa-
b6uana) 3a cee f,g € H.

C 003upoM Ha TPETXOJHY JIeMy, BaXKU U cjefeha eKBUBaJIeHTHa JedUHUIAja CIadbor*
(TesbanoBor) uaTErpasa

JIEMA 1.9. Axo 3a Hexo E € M u nexy caabo® mepmpusy o0.8. Gynruujy
A: E — B(H) umamo ga (Af, f) € L'(E,n) 3a cee f € H, waga upecaurasarbe
[ [ (Af, f) du(t) dpegciiasma xeagpatiny dopmy (jegurciieenoz) oZpanuueroz
ouepawiopa (03HaAUEHOZ Ca) 9§E Adu, ®oju 3agosomasa

tr (ﬁéAqu) = tr (}E;At du(t)Y) = /Etr(AtY) dpu(t) 3a cee Y € C(H),

UAU eKeUBAAEHULHO

((faa)ro) = (o)) = [(ararants  sncoe soen

A 3a gokas nornegaru [JKM, Lemma 1.2] O

Y nacrasky hemo kopuctuTn nojepHocrasbeny osuaky [, A, du(t) sa ¢, Ay du(t).

Heka je L*(§2, u, H) npoctop ceux (cnabo) mepsbusux dynxmmja f: ) — H Takpux ja je
Jo IF @7 du(t) < 400, u camuno, meka je L (2, 1, B(H)) mpocrop cinabo* mepbusux ¢yHK-
muja A: Q — B(H) raksux ga je [, |Af|?du(t) < +oo 3a cee f € H. Taga sugumo na
Baxu A € LZ(Q, u, B(H)) axo u camo ako Af € L*(Q, u, H) 3a ce f € H, u npu Tome hemo
3a damminjy {A;}eq pelin 1ga je jako kBaapaTHo mHTerpabuiaHa (j.k.u.) damuauja.
[Irasumie, Baxku u caegeha kapakTepusanuja, Hasegena y [J05, Ex.2].

CTtAB 1.10. Axo je A: Q) — B(H) caabo* mepamusa, waga je A*A caabo* uniie-
2pabuana axo u camo axo je A € L%(Q, u,B(H)), dpu wemy je

< / AIAth(t)f7f> = [ A du(0)(= 1S 0) 30 cae f € W

Taxobe, na nipocropy LZ(Q, 1, B(H)) Moxe ce yBecTrn HOpMa ca || Al g o dof ”fQ AT A, d,u(zf)”l/2
sa cee A € LZ(Q, pu,B(H)). rasume, LZ(Q, p,B(H)) npeacrasmwa Hilbert-os Momyn naj
B(H) xama ce y mera yBeje olepaTop BPeIHOCHU YHYTPAIILY TIPOU3BO/Y

(A.Blag ™ [ AB,4u0) s cne A.B € LA 0 B()
Q

Cuernujasno, y caydajy kan je € := N u p je 6pojauka mepa card ma N, rama {A,}°2, €
L*(N,card, B(H)) ako u camo ako je supNeN”Zle ArA,| < +o0, kama je oBaj cynpemym
y CcTBapu 111r1r1,1_>c,<3‘|22,1:1 AZAkH = HZ,O;l A A, }, kako he to 6utm nokazano y Jlemu 2.5 u

nparehoj jpedununmju jako KBajparHe cymadbuinoctu auzosa y B(H). Y Hilbert-oB momysty

L*(N, card, B(H)) nax B(H) o.s. yuyrpammsu npoussof je nar ca (({A,}°2,, {B,}52,)) dof

S L AXB, 3a cBe {A, 122, {B,}>2, € L*(N,card, B(H)) (Bunern [MT, Ex. 2.5.6]).
Axo je npu Tome, gonarHo, [, AfA, du(t) € Co(H), 3a Heky c.u. byukuujy P, onna gedu-

HureMo ||Ale 2 o |, Ar A, d,u(t)”if u ca L%(Q, u, Cs(H)) hemo o3navaBaTh NpoCTOp CBUX

MmepsbuBux B(H) BpenHocHux QyHKIHja KOje mMajy KoHadHy ||| HOpMy. Baxkwn n

9
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TEOPEMA 1.11. IIpociwiop L% (9, 1, Co(H)) je Banach-oe tupocttiop y nopmu ||-||s 2.
A 3a gokaz norsemaru [JO5, Th. 2.1.1] O

Tpancdopmepu Tumna yHyTpalumber Mpou3Boia U ca BhUMa
noBe3ane Cauchy-Schwarz-oBe HejegHAKOCTHU

Crnenehn Baxkan npumep cj1abo* MHTErpabWIHUX O.B. (PYHKIMja faje ciegehu craB Koju
npejcraBba camo pedopmynarnujy [J05, Lemma 3.1(al)| u Tamomme Hejearakoctu (12).

CTAB 1.12. Ykoauko cy A, B € L%(Q, u,B(H)), waga je 3a cearxo X € B(H) o.s.
pynruyuja Q — B(H): t — A; X B, caabo” uniiezpabusna u 6adHcu

1/2 1/2

H/ A X B, du(t >H [ Az du) 1X].

[ Bip.au
Q

To 3uaun 1@ nox yeaosuma Crasa 1.12 rpancdopmep [, A*@Bdu: B(H) — B(H): X —
Jo A X B, du(t) upeacrasiba orpannden rpancdopmep na B(H), 3a unjy HOpMy BazKi mpo-

e | fo A*@Bdu| < | fo A A dn(d)]| fo B Bidu(t)] .
8a pectpukimje T.y.1m. TpancdopMepa Ha Schatten-oBum mpeamma BazKu

TEOPEMA 1.13. [J05] Axo je pu o-konauna mepa wa ), {Ai}icq u {Bilieq caabo*
mepruse Pamusuje 0ZparnuneHur otepaimiopa warse ga sadxcy [, | A, f|*+[|A; fII* +
1B A1+ 1B, fI? du(t) < +oo 3a ceaxo [ € H, waga

/AtXBt dut)|| <
Q P
r—1
il ([ acaiauto) A XY i/ [ 5( [ mpane) saw] 0
Q Q )
3a cee X € C(H) u cee p,q,r > 1 warsee ga je 1% = %+%
A Hokas sugern y [J05, Th. 3.3]. O

Axo umamo u 1oj1aTHy MHBEpTUOMITHOCT ofpehennx n3pasa Koju ce jaBpajy y (1.12), onna
ce MOXKe JIOOWTH jeJ[HOCTaBHUjU ajrebapcku obuK came Hejeanakoctu (1.12) kako maje

TEOPEMA 1.14. 3a A, A* B,B* € L% (Q, 1, B(H)) wog wojux cy [, AA;dut) u
Jo Bi B, du(t) (oZpanuseno) unsepliuburnu, 6axicu

1 1 1
p

H (/” o du(t));m /Q A X By du(t) (/Q B; B, du(t))%_Q
(s

3a cee X € Cy(H) u cee p,q,r > 1 mcmeegaje%:ljtl

A Jla 6ucmo nmokazasu (1.13), npumeHumo HeJe,ZLHaKOCT (1.12) y Teopemu 1. 13 Ha damu-

(1.13)

p

nmje omepaTopa gaTux ca A o Jo AAT dult ))5_7At n B, < B, <fﬂ BB, du(t )) yMeCTO

10
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na A; m B, penom. Ilpu Tome, 3a TakBe hamuiinje BaxKu

1 _ 1

/QAtA: o= (/ Ak du(t>>2q_2 /QAtAZ‘ du(t) ( /Q A A du(t));q_
( AA* du(t) )3‘
/A*(/Aﬂ*du ) A (/AA*dM( ))QZ%(/QAtA;‘du(t))lé
x(/QAtAIdM > %Adu /AAdM

Ha comaan nauun nobujamo ga saxu [, B, ([, BiB, du(t)) "B du(t) = [, B,B; du(t), onakie
nobujamo xkesbeny Hejepnakoct (1.13) jep je

-
N =

1 1 1

H< ek du(t)>i2/AtXBtdﬂ(t) </Q Bthdu(tD%Z p: /QAtXBt dp(t)
H</ A*(/ A dult > Ay du(t >>X </QBt</QB?3tdu<t))T1B§du(t));
H( A*A  dp(t ))QQX(/Q BB d,tt(t)>2lr

IITO je U TpebaJso MOKA3aATH. [

p

p

’
p

Ba damuinjy {Ci}icq v B(H) raxkemo ja ce cacroju o MehycobHo KoMy Tupajyhux HOp-
MaJIHuX olieparopa (M.K.H.o0. pamuinja) ykouuko saxu CFC, = C,C¥ 3a cBe t, s € ). Ako
cy {Ai}ieq n {Bi}ieq Takse damuiuje, ouga Baxku cieaeha

TEOPEMA 1.15. [J05] Hexa je ¢ c.n. ¢pynuxuuja, {A;}ico u {Bi}icq carabo* mep-
spuse m.K.H.0. Pamusuje wmaree ga je [, ||Af|? + |Bf|? du(t) < +oo 3a cee f € H.

Taga 3a X € Cy(H) saorcu
\/ | Atvduty X\/ | B ante)

A 3a nokas nornegaru [JO5, Th. 3.2]. O

~

Q [

Ykosuko je (6ap) jenna on damuminja {A;eq u {B;}icq M.K.H.0. bamuiuja, Taga Tako-
be mmamo omrosapajyhe Cauchy-Schwarz-ose HejemHakocTu 3a e@(p) (H) n ('3@(,7)*(7-[,) naeaJie
KOMIAKTHUX OIlepaTopa, YBEeK Kaja je p = 2.

TEOPEMA 1.16. [IMD]| Hexa cy C,D: Q — B(H) caabo* mepruse gamuauje wia-
xee ga je {C }ico M.k.H.0. Pamuauja u nexa je [, [|C.f]1>+[|D.f|? du(t) < +oo0 3a cee
f € H. Taga je 3a ceaxy c.n. pynxuujy , p>2 u X € C_,)(H)

‘/G*XDd,u /G*Gd,uX

11
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Aatiepramwiuero, ykoauro je {D,}icq (ymecwio {Ci}icq) M.k.H.0. Ppamuauja, Waga

/G*X‘Ddu /G*Gdu X /‘D*Dd,u

A 3a nokas nornegaru [JMD, Lemma 3.4]. O

TEOPEMA 1.17. [JKL| Hexa je ® c.n. ¢pynruyuja, p > 2, A, B* € LE(Q, 4, B(H)) w
nexa je (b6ap) jegna og gamuauja {Ai}ica u {B/tieq M.k.H.0. Ppamuauja. Taga 3a

cee X € C )+(H) saoicu
\/ | A4, du(t)X\/ | B ante

A Hoka3 he 6utn npencraBber y ckiony jgokasa Teopeme 3.6(r). ]

1/2

(1.15)

< ‘

(I)(P) (I)(p)

/ AXBdu(t)| <
Q

(I)(P)*

(I)(P)*

HAmmoMEHA 1.18. PenakcupameM ycjoBa HOPMAJHOCTH W KOMYTATUBHOCTU 3a 00€ jaKO KBa-
npatHo uHTerpabuine damvuimje {A;}icq u {B]}ieq Teopema 1.17 npencraBiba 04UTIIeIHO
yorremne Teopeme 1.15, 1o orpannyeeM Jia cy Tajia y.u. HopMme yrpaso Q* HopMme.

HATIOMEHA 1.19. CBe mpeTx0/IHO HaBejeHe HejeTHAKOCTH MMajy CBOja JUPEKTHA YOIIITEHa
y konrekcty Hilbert-opux W*-momyna, Ham nosykonadaum von-Neumann-oBuM ajredpama,
Kao mro je To Ha npumep ypabeno 3a Teopemy 1.13 u Teopemy 1.15 y pany [Ke20].

DO YyHKIIMOHAJIHA PadyH 3a €CeHIHjaJTHO orpaHunvyeHe pyHKIHje JIBe
IIPOMEHJbUBE

Y 0BOj MOJICEKINjU Pa3MaTpPajy ce OCHOBHU eJIeMEeHTH (PYHKIIMOHAJHOT PAIyHA 38 €CEHIH-
jammo orpanmaene Borel’-ose dbynkmmje, nedunucanor ma Hilbert-Schmidt-osum onepaTopn-
Ma.

JIEMA 1.20 (OrpanudeHoct Bapujanuje Tpara). 3a upoudeonmne X, Y € Co(H) u
upouseore cuexipaare (Borel-ose) mepe E u F na C sascu

D 1 (BE(m) XF(G)Y )] < XY 2,

3a cea xkonawna Borel-osa pasbujarea {v,} u {J,} xomusrexcre pasru.
A 3a nokas nornegaru [J91, Lema 2.1] wim [J93, Th. 2.1]. O

Kako ce tume mokazyje orpanuveHocT Bapujaiuje (yHKIHje Tpara Ha €JIeMEeHTaAPpHUM
ckynosuma y C?; To ce mpema Teopemu ekcrensuje qatoj y [Scho| menocpemno gobuja cieneha

ITocnemuna 1.21. [J91, Ioca. 2.1 IIpecaurasare v x § — tr(E(7)XF(0) Y*) ¢a-
Mmuauje gupekiwHur upousdsoga Borel-osux ckyuosa y C 3a ceaxu gaw uap {X,Y}
Hilbert-Schmidt-osux ouepaiiopa modHce ce HaA jegUHCTUBEH HAYUH UPOUWUPUTTLU
go xomuaexcre Borel-oee mepe 1xy na C?) waxee ga je |uxy|(C?) < || X||2]]Y |2

Ipu Tome, mpecimkapame f +— [ wpp Exsupp £ GUXy 5 TAe supp E (1j. supp F') oznaua-
Ba Hocad crektpaiHe Mepe E (tj. F'), mpeicraBiba OrpaHudeH JuHeapaH (QyHKIMOHAT Ha
L>(supp E x supp F, |uxy|), jep je

/ Fapxy | < Iz guxyn 1y () < Nl uy pIX 2l1Y 2. (1.16)
supp Exsupp F'

9Bopesr-Emile Borel (1871-1956)

12
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13 mejeqnaxoctu (1.16) 3akbyayje ce u ga je 3a cBako Y € Cy(H) u cBaxky byukiumjy f, Koja

je Borel mepsbuBa u EQF' ecenijano orpanndena Ha cKyIiy supp F X supp F, npeciankaBaibe

X[ wpp Exsupp F fduxy je jeman orpannden smneapan dyukiuonan na Co(H). bume je mo-

cpeaHO onpehen u orpanndeH JjuHeapHu oneparop Ha Co(H ), Kora MoKEMO MPErno3HATH Kao
def dcf

f(La,Rp)X, ryie je A = f(A 2dE(2) = [, 4y #E(dz) n B = [ 5 wdF(w f(B wkF (dw),

a La,Rp: C (H) — €y (H) cy maru ca LAX Y AX u RpX d—ef X B. Hanme, Kako cy

La, Rp € B(Cy(H)) mehycobro KomyTnpajyhnn HOpMaJIHU OIIEPATOPH, TO CIIEKTPAHA TeopeMa
rapanryje nocrojame Borel-oBux cnekrpananx mepa E u I, umje cy BpeIHOCTH OPTONPOjeK-
Topu y C(H), Taxsux maje Ly = [, zE(dz) u Rp = [, wF(dw). Ilpenmsuuje, a coaxa
na Borel-oa ckyma v, C Cje E(v) = Lgyu F(6) = Rps), Tj. Ep ()X = L X = E(0)X
u Fr,(0)X = Rp@X = XF(0) 3a cako X € Cy(H), omakie npousunasu jga je o(Ly) =
o(A) = supp E, kao u 1a je o(Rp) = o(B) = supp F. Kako crekrpasse mepe E u F komyTu-
pajy, To je muxoB mpousson, EQF, samar ca EQF(y x §)X = & E(y )F(5~)X~: E(v)XF(9) 3a

cBako X € Cy(H), rakohe Borel-oBa cekrpasna mepa ca Hocatdem supp(ERF) C o(A) xo(B).
def

Kopucrehu woramujy (-, -) 3a ckamapuu npoussox y Gy (H), mar ca (X,Y) = tr(XY™) za
X,Y € Cy(H), nmamo
(f(LaRa) XY ) = (fEaRXY) = [ flaw){Bof(dexdu)X.Y)
supp(EQF)

= / f(zw)(EQF (dzx dw)X,Y ) = / f(zw) tr(E(dz) X F(dw)Y™),
(La)xo(Rp) o(A)xo(B)

qnMe ce ompapaasa kopumheme noramuja f(La, Rp)X = fU(A)XU(B)f(z,w)E(dz)XF(dw)
= fU(A)XU(B) f(z,w)d(E®F)(z,w)X. 3a cam tpamchopmep f(La, Rp) ce majuemthie KopucTm
TI0je/IHOCTaB/beHa HOTaMja | (A, B), xojy hiemo Hajia/be 1 MU KOPUCTUCTH, KAO U 03HaKy EQF
ymecto EQF. 3a Hopmy oBor tpancdopmepa ua Hilbert-oBom mpocropy €y (H) nokasyje ce
na Baxu ||[f(A, B)|| = || fllieEer), tae je ca || fl|lre(per) 03Hauena EQF ecennujainu cynpe-
myM dyuknmje | f|, carmacno nedununujn npocropa L (E®F) u HOpME ||| (per) HA BEMY,
nare dopmysom (1) y [BS87, p. 130]. Vkonmko je dyskimja f xomomopdna (10 CBAKOj
NPOMEHJBUBO]) y HeKoj okosman ckyna o(A) X o(B), tajga ce JUPEeKTHO IpoBepaBa Ja je

f(A,B)X = s ]{A FBf z,w)(A - 2)7' X (B — w) 'dzdw

3a cBako X € Cy(H), rme 'y (ommocHo I'p) y ropmemM KOHTYPHOM HMHTErpaJjy IPeJCTaBiba
IpocTy peKTudUIMONIHY KpUBY Koja okpyxkyje o(A) (omaocHo o(B)).

OBakaB (DyHKIMOHAJIHU PadyH JiBe HOPMAJIHE OllepaTopHe npomen/buBe A u B mocemyje
3a f,g € L®(supp(EQF), EQF) nu X,Y € Cy(H) cneneha cBojcrsa:

(1) (af 4 Bg)(A, B)X = af(A, B)X + Bg(A, B)X 3a cBako a, 3 € C;
(2) (fg)(Av B)X = f(Av B)(g(Aa B)X)7

(3) o(f(A, B)) je ecennmjamuu panr dyukiuje [ Ha ckymy supp(E®F) y omHocy Ha Mepy
E®F, mro ce mokJiama ca HeHUM €CEHITNjaJTHIM PAHTOM Y OJTHOCY Ha MepPY [t X V, TJe Cy
HIO3UTUBHE M€pe (i U V eKBUBAJEHTHe (y CMUCILy alcoJyTHe HernpekujHoctn) ca F u F

pesom;

13
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(4) f(A,B)* = f(A*, B*), rue je f xonjyrosana dbyuxumja f: (z,w) — f(Z,w) nedunncana
3a cBe (Z,w) € supp(ERF);

(5) f(A,B)(X)=AX 3a f(z,w) =zu f(A,B)(X) = XB 3a f(z,w) = w;
(6) {f(A,B)X,9(A,B)Y) = ((f9)(A B)X,Y));
(7) Tpanchopmep f(A, B) upencrasba HopMasian oneparop Ha Cy(H), jep Baxku

If(A, B)X|2=|lf(A B)* X2 3a cBe X € Cy(H).

Hajbospe ucrpazkeny kiaacy T.y.I. Tpauncdopmepa duHe TpancdopMepu JedUHUCAHN TIPe-
ko (Stileltjes-oBux) 1.0.u. Koju cy yBejieHu u passujenu oj crpaie Bupmana!’ u Comomjaxalt
y [BS66, BS67, BS73, BS93| u ssuxoBux 6pojuux caendenuka y [BKS, F74, KS96, KS04, KS05,
KS05a, dPWS, PS08, PS11|. Kopuchy anmanranumjy 7.0.M. paju BHUXOBE YCIIEIIHE IPUMEHe
Ha OIlepaTOpHE CPeIUHe U Pa3jmdnTe y.h. HopMa Hejeanaxoctn jgamu cy Hiail? m Kosaki'® y
[Kosa98, HK99, Hil0, HK03, Kosall|. 3nauajan JONPUHOC y IPUMEHU U PA3BUjakby TEOPU]je
n.o.u. namu cy Hemep' [Pel85, Pel90] u Pordemn® [Rot69, Rot78], yrimasaoMm MoTuBucanu u
nox yrunajem pajga Jdamenkor'® u Kpejra!l” ma dopmymm 3a mudepenmupame 0.8. byHKIHT]jA.
Hawnwme, dynmamentannu pesynarar [lerepa npernosnaje morpedbHe U JOBOJbHE YCIOBE 34 JIBOj-
HU OIIEPATOPHU MHTErPAJI Jia 61 OH IIpeJIcTaB/bhao orpanndeH Tpancdopmep Ha cBakoM Cq(H),
KOjU Ce CBOJIe Ha PENPEe3eHTAIn]Y /1.0.1. TpaHcdopMepa Kao (T3B. HOPMAJIHKX ) TpaHnchopMepa
TUna yHyTpamber npoussoa [, A@B; du(t), rae cy obe dammmmje {Ai}icq 1 {B}icq jaxo
KBaJIpaTHO MHTErpabUIHe U cacToje ce oj mehycobHo komyTupajyhux HopMaJIHUX olepaTopa.
[Ipenmusnuje, Baxku ciiegeha mocseuiia Teopeme llemrepa:

TEOPEMA 1.22. [Pel84, Pel85] Axo cy A, B € B(H) Hopmaanu ouepawiopu, E, F
HuUMa UpugpydHcene cuexwipaare mepe u p € L= (supp(ERF), EQF), waga je

©(A,B): Ci(H) = C(H): X — /(A o(z,w)E(dz) X F(dw)

ozpanuyuen wparcgopmep na Ci(H) (Wume u Ha CBUM OCTUAAUM UGEAAUMAE KOM-
UAKWHUL 0UEPaTOoPa) aKO U CAMO KO UOCOJu TPOCWwop ca mepom (S, 1) u ozpa-
Huvwene mepsuse Pynkuyuje o Ha o(A) X Q u § na o(B) x (), Wwaxee ga je 3a cee
(z,w) € 0(A) x 0(B)

w) = / a(z 08w b du(t)  u

Z
/|a DI du(t) /|a DI du(t)

3a mepe v u & exeusaaenwine (Y cmucay atucoaywine Heupexugroctiu) ca £ u F
pegom.

< 400
Loe(0(B),8)

L>(c(A),v

VBupman—Muxann Hlnémosna Bupman (1928-2009)

" Conomjak—Muxann 3axaposma Comomsx (1931-2016)
12X nap-Fumio Hiai

BKocaxn-Hideki Kosaki

4TTenep—Vladimir Vsevolodovich Peller

B Pordemn—C. 10. Pordens

16 Mamerxu—TOpuit JIbposua amenkwit (1926-1997)
I"Kpeju-Mapxk I'purépbesna Kpeitn (1907-1989)
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Hpyrum pedmma, 10J1 yCJIOBUMA MIPETXOJIHE TEOPEME BaXKu

gp(A,B)X:/Qa(A,t)Xﬁ(B,t) du(t) :/QAtXBtd/L(t),

sa Ay = «a(A,t) u By := [B(B,t), mro nokasyje jga T.y.I. TpaHC(HOPMEPH IIPEJICTABIbA]Y
IIPUPOHO MPOIIUpEHe Kiace TpancdopMepa jedrHncaHnX MOMONY /1.0.M. ¥ Ha CJIydaj Kaja
oneparopu y damummjama {A; }iecq 1 {Bilieq He MOpajy HyKHO na Oyay HE HOPMAJIHW, HI
1a MehycobHO KoMyTHpajy. 3a JeTabaH JI0Ka3 IMPeTXOdHe TeopeMme y ciaydajy Kamx cy A u B
nosutuBHU oneparopu norsiegaru [HK03, Th. 2.2].

Teopuja m.0.u. u wuMa oarosapajyhux tpanchopmepa nma OpojHE TPUMEHE Y TEOPHUjU
repTyoalje u JepuBalja 3a caMoaljyHIoOBaHe U yHUTAPHE OllepaTope, OllepaTopHe CpeIrnHe,
orepaTopHe HOPMAa HEjeIHAKOCTU U (PYHKIMjy CHEKTPAJHOr MOoMaka. Ban okBupa Teopuje
n.0.u. pazmmaure BapujanTte Cauchy-Schwarz-oBux HOpMa HejeHAKOCTH TpejcTaB/bahe 3a
caJ1a OCHOBHO CPEJICTBO 3a O/pehuBame OrpaHnIeHOCTH T.Y.11. TpaHchopMepa Ha Pa3TnIUTAM
KJIacaMa OIlepaTOpPHUX Hjeasa, Koje HepeTKo oMoryhaBajy W Npomupema pe3yaTaTa MOCTH-
THYTHUX TTOMONY J1.0.M. U BaH KOHTEKCTa 1.0.H.

5 Omneparop MOoHOTOHEe (PYHKIHje Kao MOTKJaca
Pick-oBux dbyHkmuja

Y oBoM ogziesbKy pasmarpahemo mojaM omepaTop MOHOTOHUX, OIEPATOP KOHKBEKCHUX U
omepaTop KOHKaBHuX (QyHKIH]ja, Kao n Takozpane Pick'®-oBe dyHKIMje Koje cy y TecHoj Be3n
ca orepaTop MOHOTOHMM QyHKIHjaMa. Takohe, 6uhe mpegcTaB/heHe U WHTETPAJHE PEIpe-
3eHTalIje OBUX (PYHKIMja, KOje Cy HAM HEOIXOJHE Y HACTABKY. 3a BHIIE JIeTa/ba MOTJIEIaTH
[B, Do, Hil0].

JAEomHUImMIA 1.23. Axo je J C R unwepsar u f: J — R meprusa dpynkuyuja, waga
xaotcemo ga je f

® oUEPAUWOP MOHOWONA (pac@yha) dynrxyuja na J axo 3a camoagjynzosane A, B € 3(7—[)
3a xoje je c(A)Uo(B) CJ us A< B caegu f(A) < f(B);

e ouepatliop KousekcHa Pynrkyuja na J axo 3a camoagjynzosane A, B € B(H) 3sa xoje je
o(A)Ua(B) C J saorcu f((1=NA+AB) < (1 =N f(A)+ Af(B) 3a cee A € [0, 1];

e ouepatiop KowkasHa na J axo je —f ouepatiop KoneexcHa Ha J.

[Ipumepu onepaTop MOHOTOHUX (PYHKIIHjA:

e 3aa>0ubeR byuknuja t — at + b je o.m. Ha R;

e 3ac¢ (a,b), byukuuja t — (c —t)~! je o.m. na (a,b);

_t_

7 Je o, ma [0, +00);

e 3a \ > 0 dyskuuja t —

e 3a A\ > 0 dyskmja t — ——= je o.m. Ha [0, +00);

1
X
e 3a 0 < p <1, dyskiuja t — P je o.m. Ha [0, +00);
e dyukiumja t — logt je o.m. Ha (0, +00);

o dynkuuja t > tant je o.m. Ha (—3, 7);

BTTuk—Georg Alexander Pick (1859-1942)
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o dbynkumja f:t — lo > je o.m. ma [0, 400), TIe ce 10 IPUHIMITY TPOALyZKerba dyHKImje
o HenpekugHOcTH y3uMa ga je f(0) =0u f(1) =

Caeneha Teopema [HP, Th. 4.4] naje Ham uHTErpasny pemnpe3eHTaIljy OepaTop MOHOTO-
Hux dyskimja Ha (—1,1).

TEOPEMA 1.24. [HP| 3a ceaxy nexonctianwiny o.m. gynkuyujy f na (—1,1) do-
cwioju jeguncwisena seposaitinocta Borel-osa mepa |1 wa [—1,1] waxea ga je

f(z) = f(0) —i—f’(O)/[ s /\xdu(/\) 3a cee x € (—1,1). (1.17)

A 3a nokas nornegaru [Hil0, Th. 2.7.5]. O

OmnepaTop MOHOTOHE DYHKIIFjE Y TECHO] Cy Be3u ca cieaehoM BaXkKHOM KJIacoM PyHKIIHja
. . 4 def
JnedbUHUCAHUX Ha OTBOPEHOj ropiboj noaypasan HT = {z € C |[Imz > 0} y C.

HAE@UHUIINIA 1.25. Anasvitivura pynkyuga f: H* — C je Pick-osa axo 0 je 1ena CAUKA
cagpoicana y 3aeoperoj zoprvoj doaypasnu HT, o ject axo je f(H') C HY = {z € C |
Imz > 0}.

Knacy cBux Pick-oBux dynkmnmja oszmagaBahemo ca P. Takohe, Kako je cBaKO HEKOH-
CTAHTHO QHAJMTUYKO IIPECJUKABAKE U OTBOPEHO MPEC/NKaBabhe, TO 3a HeKOHcTaTHe Pick-ose
dyHKIHMje Baxku 1a UM je camKa caapzkana y Ht. Baxku na je kimaca P 3aTBOpeHa 3a MHOMKEH©
HEHETATUBHUM CKaJIapoM U cabuparbe, Kao U Ja je KOMIIO3UIHja JIBe HeKOHCTATHE (DYHKIH]je
u3 P nonoso npunaga P. Tunuanu npumepu Pick-oBux dyukimja cy z +— tanz, z — —%,
2+ 2"3a0<r<1uzw logz, rae nonasehin o jenHO3HAYHe penpesenTanuje z = |z|e?
za 0 € (0,7) je 2" := |2]"e" u log 2 := log |z| + if. C ob3upom 1a je x1aca P 3aTBopeHa 3a
Kommo3utujy, To u3 f € P caenn u na —1/f € P.

Ba cBaku orBopenu uHTepBal (a,b) ca P(a,b) obenexuhemo kiacy Pick-oBux dyHnknuja
KOje MpUHIUIIOM pedJIeKCrje T03B0JhaBA]y aHAIUTUIKO MPOLYKEme Kpo3 (a,b) HA IOy 110-
sypasan H- & {z € C | Imz < 0}. Takobhe, npumernmo ma axo HekoncrantHa f € P(a,b)
taja [ Ha uHTEpBay (a,b) y3uMMa UCKJbYYUBO peasiHe BpegHoctu. 3 mHTErpasine pernpesen-
taruje (1.17) mupekTHO cienn Ja je cBaka o.M. dyHKnuja Ha (—1,1) yjeaHo u 6ecKOHATHO
mudepenimjabuna Ha (—1,1). Bume ox Tora, nunrerpanna penpesenranuja (1.17) Ham naje
Ja GyHKIFja f nMa aHAJIUTHIKO ITPOLY 2KEHhe

£(2) = £(0) + £(0) / © du(N), (1.18)

[_1,1] ]_ - )\Z

nedUHUCAHO Ha 11eJI0] KOMILIEKCHO] paBHU n3y3eB Ha (—oo, —1|U[1, +00), 1j. ma HTU(—1, 1)U

- = |1I—H;\Z ; TO BIJHMO JIa 32 f maro ca (1.18) Baxku ;@ caMKa OTBOpPe-

Hy ropmy nomypasan Ht y camy ceGe. Taxolje, Baxu ma je f(z) = f(Z). Ipyrum peunma,
dynknuja f na H™ npemcrabiba anaJuTudko npoayzxkeme gpynknuje f ca HT Kkpos nnrepsas
(—1,1), ocrBapero npumenoM npuHimna pediekcuje. [Ipumerumo ga ce TPeTXOIHU Pe3yl-
TATH MOTY JIAKO IMPEHETH W Ha MPOU3BO/bABAH KOHA4YaH WHTepBas (a,b), ¢ ob63upom ma ce
JINPEKTHO TIOKA3aTH Jia je Tpou3BoJbHa dyHKIuja f 0.M. Ha (a,b) aKO U caMo ako je (PyHKIH-
ja f(@ + HT“), oM. Ha (—1,1). [IIraBumie, Baxku caeneha

TEOPEMA 1.26. Axo je —co < a < b < 400 u f peanno 8pegnocra PyHruuja Ha
(a,b). Taga je f o.m. na (a,b) axo u camo axo wocwoju fe P(a,b) waxo ga je
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I'JIABA 1. yBOX

A 3a nokas nornegaru [Hil0, Th. 2.7.7]. O

Henpekunae nosurusue dyukimje nedunncane Ha [0, +00) UMajy MHTErPAJHY PEIPE3eH-
TaIujy Kojy omnucyje ciaemeha

TEOPEMA 1.27. Hexa je f: [0,4+00) — [0, +o0] Heuperxugra dynruyuja. Taga je f
0.M. GKO U CAMO GKO TUOCWOJu UO3uwWueHa KonawHa Borel-oea mepa m wna [0, +00]
wmaxea ga je

ft) = /[(),+oo] t(tl_i_%)\)dm()\) 3a cee t € [0,+00),

2ge uogpasymesamo ga je t(1 + \)/(t + \) jegnaxo 1 axo je A =0, ognocHo t axo je
A = +400. ¥ wom cayuajy, mepa m je jeguncuwisena, a 3a a :=m({0}) u b := m({+o00})
sasicu

flt)=a+0bt +/ Mdm()\) 3a cee t € [0,400). (1.19)

f(#)

IIpu wome je a = f(0) u b =lim;, o =

t1+A A1+
A W3 npenturera (t+A) =14+N— (t+/\)’
t(1+X)

o oM. mHa [0,+00), ma je TMMe u f O.M. aKO BaxKu JlaTa MHTErDAJIHa Pelpe3eHTaluja.

O6patHo, ako je f > 0 mempekmaaa u o.M. Ha [0,+00) U ako je ¢ Oujekimja MHTEpBaJA

(0, +00) ma (—1,1), nara ca ¢(x) o T = —1+ £ (koja je Takohe jenna o.M. dbyHKIHja),
tana je u dyskumja g: (—1,1) — [0,400] mara ca g(x) = f(¢(r)) Takobhe o.m. Ha (—1,1).
ITpema Teopemu 1.24 mocroju jeauncrBena BepoBaTrHocHa Borel-oBa mepa p na [—1, 1] Taksa

Ja je

3a cBako A € [0, +00), BuauMo J1a je byHKIuja

X

o(a) = 9(0) + 5'0) [ du(N)  sacmez e (~1,1),

[7171] ]_ - /\ZL‘

na kaxo je g(—1) = lim, , s g(x) = £(0) 2 0,10 o fi_,  thxdu(d) < o0, e je u({~1}) =0,
olaKJIe CAen A je

g(z) — g(=1) = ¢'(0) /(_171} 1= )1\;)—(? n )\)d,u()\) 3a cee r € (—1,1).

Kopucrehiu cmene z = o' (t) u A = ¢ (¢) u neununryhin mepy m na (0, +o00] ca m o frop™t,

rie je dji()\) o %du()\), J100mjamMo

dm(¢), 3a cBe t € [0,400).

ro-so=[

Honasajyhn texkuny f(0)5({0}), rae d npeacrasba Dirac'®-oBy Mepy kKoHnenTpucany y tauku
0, mobujamo

f(t) = /[0+ | tl +C)dm(§), 3a cse t € [0, +00).

t+¢
JeTmHCTBEHOCT Mepe m CJean U3 jeMHCTBEHOCTH Mepe [i. 3a JI00Wjarke TOC/IeImker TBphema
y TeopeMHu, JOBOJbHO je MPUMEHUTH PeTXoHa pasMarpamwa Ha dyukiujy f — f(0). O

19 Mupak—Paul Adrien Maurice Dirac (1902-1984)
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I'maBa 2

Cauchy-Schwarz-oBe HejeJHAKOCTH 3a
o-eJieMeHTapHe TpaHcdopmMepe

1 Heku acnekTn pa3jimduTNX KOHBEPreHIIUja
orlepaTOpHUX HU30Ba

JIEMA 2.1. Axo je {A,};2, nu3 y B(H) waxas ga 3a ceaxo f,g € H wocitioju
lim,, (A, f,g9)(€ C), Wwaga wocwmioju caabu aumec w—lim, .., A, xojum je ogpehen
jegunciieer ozpaHuver ouepatwiop Ha H.

A 3a npoussojbaH BeKTOp g € H mocmarpajmo dbynkuuonan gedbunucan ca ¢y H —
C: flim, oo (Anf, g) = lim, o (f, A% g), KOju je carmacHo npuHIUIY YHUDOPMHE OrDAHMU-
YEHOCTH OTPAHUYeH U 32 Koju je ||}l < sup,., |4 g] < +oo. lloroBHa mpumena ncTor MpuH-
mma o6esbelyje ma je M := sup,,; ||An| < +o0, ma je [lgg|| < sup,., [A7g]] < M|lg]. TIpenma
Fréchet'-Riesz*-oBoj Teopemu mocroju jeauncrseno hy € H rakso 1a je @i (f) = (f, hy) 3a cBe
feH, najeca B:'H— H: g+ hy Jar onepaTop Koju je U JUHEAPaH W OTPAHUYEH 3a KOju
je ||B|| < M. Tume 3a cse f,g € H Baxku lim, (A, f,9) = (f,hy) = (f, Bg) = (B*f,g), na
je B* paxenu w—lim,_,o Ap, 33 Kora je |[w—lim, . A,|| = [|B*|| = | B| < sup,>; [|A4n]. O

HATIOMEHA 2.2. Tlox ycnoBuma mperxogne Jleme Baxku npenusuuja nporena |w—1lim, .. A,
< liminf, o |4, mpr gemy ce cariacHo MOTAPHU3AIMOHOM HUJEHTUTETY HOCTOjARbE JIMMECA
lim,, (A, f,g) 3a cBe f,g € H MOX)e peJyKOBATH Ha 3aXTeB MOCTOjamba lim, (A, f, f) 3a

cBe f € H.

VY macraBky Ouhe nHam norpebHa u cjiejeha

JIEMA 2.3. Ceaxu monowmoHo ouagajyhu HuU3 UO3UWMUBHUT 0ZPAHUNEHUT OUe-
patiopa jaxo KOHBEP2ZUPA KA 0ZPAHUYEHOM OUEPAULOPY.

A 3Ba mokas Bugeru [AJ1J, Teopema 12.7]. ]

Hupexraom npumenoM Jleme 2.3 na onazajyhn uus {(sup,,», [|[An|))] — An}52, npousunasu

JIEMA 2.4. Hexa je {A,}2°, monowiono pactiyhu Hu3 GO3UTUBHUL OUEPATULOPA
y B(H) waxase ga je sup,., |[A,| xonavwan. Taga nus {A,}2, jaxo xoneepzupa xa
02PAHUYEHOM OUEePATLOPY.

Kombunyjyhu nperxoane Tpu jieme nodujamo

!®peme-Maurice René Fréchet (1878-1973)
2Puc-Frigyes Riesz (1880-1956)
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I'JTABA 2. KOHWMN-IIBAPIOBE HEJEIHAKOCTU 3A EJJEMEHTAPHE TPAHC®OPMEPE

JIEMA 2.5. Hexa je {A,}22, nuz y B(H) waxas ga je > .- |A.f|? < +o0 3a cee
feH. Taga nu3 {ZZ:1 Ar A }OO jaxo KoHeepaupa Ka 02PaHUYEHOM OUEPAULOPY.

A Kako je i”A flI? = hm Z (AL AL ) = hm <(ZA* ) >< +00, TO IIpema

n=1
Jlemu 2.1 u Hanomenn 2.2 paCTth HU3 {Zk L AGA } CJIa6O KOHBEPTHUpA, TIPU YeMy W3

nokaza Jleme 2.1 Buaumo u J1a je sup,,, szzl Ar A H < +oo. Tana Jlema 2.4 morBphyje jaky
KOHBEPIeHIINjy HU3a {ZZ:1 A};Ak}:}:l, KaKO M TBD/IA OBa JIEMA. [

. . . n * oo *
ITox ycmosuma Jleme 2.5 mocrojehu jaku lim, o > ., Ay A, o3nagaBaliemo ca ) >~ | A*A,
(kao enement B(H)), 3a Kora ce HEIOCPEIHO TPOBEpaBa Jla BaxKu cjejehu HU3 jeHAKOCTH

szozl A;’;An” = Sup@lHZ:Z:1 A;;AkH = limnﬁoonzzl A AL, npn gemy cam Hu3 {A,}°, y
B(H) HasuBaMo jaKO KBaJApaTHO CyMabmiaHuM (j.K.C.).

2 Cauchy-Schwarz-oBe HejeHAKOCTH 3a
o-ejieMeHnTapHe TpancdopMepe Ha Q n Q* nmaeanuma
OBaj onesbak nounmemo Jymmctom Cauchy-Schwarz-oBux HopMa HejeTHAKOCTH 3a T-eJIeMeH-

tapHe TpaHncdopmepe jeryjyhe Ha mjieaanMa KOMIAKTHAX OIEPATOPA, KOJU CY HMPUPYKEHH
p-MoUKOBAHUM C.H. QYHKIMjaMa 1 lbUXOBUM aJ[jyHIOBAHUM (JIyaJHUM) C.H. QYHKIMjaMa.

JIEMA 2.6. Hexa je © c.n. pynruuja up > 2. Axo cy {AX}>2 . {B,}22, u{B:}5°,
j-x.c. pamuauje y B(H), waga je 3a cee X € C ) (H)

00 1/2 00
Z A,XB, max{
n=1 n=1

Axo cy {A:}2, u {B,}5°, j.x.c. pamuauje y B(H), waxsee ga je {B,}°, gogawiro
U M.K.H.0. Pamuauja, waga je sa cee X € C ) (H)

1/2
}||X||q><p>. (2.1)

(I)(P)

o) [e’e) 1/2 o] 1/2
S axs| <[Saa X(Z B;Bn>
n=1 q>(p> n=1 n=1 @(P)
1/2
X Ny (2.2)

Ananozno, axo je j.x.c. gamuauja {A,}>°, y B(H) m.k.n.0. Pamuauja u {B,}5°,
je apousdeomna j.x.c. Pamuauja y B(H), waga je 3a X € Cqi)(H)

i AXB,| < H (i AnA:;) Z BB
n=1 o7 n=1
[e%¢) 1

1/

1/2

(I,(P)

2
X | - (2.3)

Axo cy {A,}>2, u {B:}2, j.k.c. pamuauje y B(H), waxse ga je (bap) jegha og
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I'JTABA 2. KOHWMN-IIBAPIOBE HEJEIHAKOCTU 3A EJJEMEHTAPHE TPAHC®OPMEPE

HUT M.K.H.0. Pamuauja, waga je 3a cee Y € C )+(H)

[e%S) [e's) 1/2 00 1/2
S avs| < H (Z A;An) Y(Z BnB;;)
n=1 @(P)* n=1 n=1 (D(P)*
oo 1/2 oo 1/2
<DoaAl DoBB Y40 (2.4)
n=1 n=1
A Tlpema [JM, Th. 2.3], 3a cBako N € N je
N N 1/2)] N 1/2
Y AXB| <D ALl D BXXB,| |
n=1 () n=1 n=1 ‘b(%)

(mocemmu crenen 1/2 je tauno nasegen y [JM, Th. 2.3|, anu je ucnymrren y ancrpakry o
paza [JM]!), nok vam npumena [J05, Lemma 3.1(c)| na Y_»_, B; X*X B, naje nabe nporene

N N 1/2 N 1/2 N 1/2 ,
> A,XB, ¢<p)< > ALAL max{ > B:B,| |>_B.B; }||X X,
n=1 n=1 n=1 n=1
N 1/2 N /2 N 1/2
a4 max{ S8, > 8.5 }Han)(p)
n=1 n=1 n=1
oo 1/2 S 1/2 oo 1/2
<D A4 max{ > B:B,| |>_B.B; }||X||¢<p). (2.5)
n=1 n=1 n=1

Cajia, 3aBpIIHE apryMeHT y J0Ka3 HejeTHakocTH (2.1) mpousmiasu u3 Moy HeMPEeKUIHOCTH
01103710 3a y.u. HopMmy ||-[[ o Ha (2.5), mTo maje

o0 N N
A XB = [|lw— lim A XB < liminf A XB
; S | PCS H Nﬁm; S PCS N—00 ; | PCS
0 1/2 00 1/2 oo 1/2
<|Saa] wad|Son [ e
n=1 n=1 n=1

Hoxkaz Hejearakoctu (2.2) ce mobuja Ha candaH HAYMH, C TUM Ja Ce CaJIa MOy HEIPEeKH/I-
HOCT OJI03/10 TIpUMerbyje Ha mocieamu uspas y [JM, Th. 2.3].
Ha 6ucmo nokazanu (2.3), I0BOJBHO je IPUMETHTH Jia BAyKK

9) 00 0 1/2 00 1/2
Y AXB,| =|D_BX"A,| <|> BB, X*(Z A;;An>
—t P 1 o —t ot o
00 1/2 00 1/2
= ' (Z A;;An) X B'B,| , (2.6)
n=1 ‘I)<p) n=1

rzae uejeanaxoct y (2.6) ciaenu us mejexmaxoctu (2.2) nmpumersene ma y -, B X*A* ymecro
Ha » - A XDB,, 1ok ce jennaxocr y (2.6) gobuja u3 jeAHAKOCTU y.U. HOPMU 34 OLEPATOPE U
BUMa aJIjyHTOBaHEe OIlepaTope.

Hokaxkumo caza u (2.4). Y 1y cBpxy, yBeaumo damummujy oneparopa {V,}~, nebun-

Hucanux ca Vp\/y - A* A f Y A fsacee feHunV,g0zage N ALAL),
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I'JTABA 2. KOHWMN-IIBAPIOBE HEJEIHAKOCTU 3A EJJEMEHTAPHE TPAHC®OPMEPE

rae je N o3Haka 3a je3rpo orpaHmdeHor omeparopa. Kako je csakm V, KopekTno medu-
mucan Ha RG/> o ALA) & N(/> o AsA,) (koju je rycr y H), T1e je KOHTpakTHBaH
OIEPATOp, TO OHJIA@ MOCTOjU JeMHCTBEHO KOHTPAKTHBHO HPOINUpPEHe (Takohe O3HAYEHO ca
V,.) nedurncano na nenom H (nmornemaru u [J99, Lemma 2.1] 3a Bume gerasma). Ilrasu-

we, y - VIV, = Pm. Camano, 3a M.K.1H.0. bamunjy { B} }°° | nocroju damuimja

kourpakimja {W,}>2; (koja je cajma u M.K.H.0. damMmiauja), 3a KOjy Baku (HhaKTOPHU3AIY-
ja Bi = W\/> > B,B:u B, = /> B,B:W! 3acsenecN, kaou) ., WiW,

Yo W, W = Pm (mormenaru [J98, Th. 2.2]). Omarne, 3a ceaxo X € € u) (H)

TaxBo ja je | X | o < 1

tr (i AnYBnX> ‘ =
n=1

[e.9] o0 ‘

(S (S ) (G mm) wix)

> 1/2 00 1/2
S ) HEr) (S

n=1 n=1

OO 1/2 0o
< (ZAHAO Y(ZB@) . va w, z
oo 1/2
p n=1

s < ) ( ) @ (2.7)

re je Apyra HejemHakocT y (2.7) 6asupana Ha npyroj mHejennakocru y (2.2). Konadno, mper-

XOHO J1aje

> 0 1 00 1
> AYB, tr(ZA YB X)‘ < H(ZA;‘;A,L)QY<Z BnB;';y
n=1 n=1 n=1

Yromuko je {A, 152, (ymecro { B, }°° ) M.K.H.0. bamminja, 10Ka3 je anasgorad seh marom. [

= sup
@ X <1

@

HATIOMEHA 2.7. AsrreprarusHo, opmyiia (2.5) moxe ce uzBectu u yrnorpebom [Ke98, Th. 2.5]
ymecro [JO5, Lemma 3.1(c)].

HATIOMEHA 2.8. Jlema 2.6 mpemcraBiba npommupeme (auckperne) Bepsuje Teopeme 1.15 3a QF
HOpMe, Oyayhu na ce Tama camo 3axTeBa Ja 6ap jemana of j.k.c. bammmja {A, 150, u {B,}>2
Oy/sile M.K.H.0. paMuInja.

3 Ilpumene Ha o-ejleMeHTapHe TpaHcdopmMepe
reHepHUCaHUX aHAJINTUYIKUM (pyHKIjaMa ca
HeHeratTuBHUM Taylor-oBumMm koedunmjeHTHIMA

3a dyuxmjy f amamurnuky y Hekoj oxosmau tadke {0}, ca Ry € (0,400] o3nauaBahemo
NOJIyTIpEYHUK KOoHBeprennuje menor Taylor’-osor (cremnenor) pena.

Jenan mpumep nmpumene Cauchy-Schwarz-oBux HOpMa HejeJHAKOCTH Ha KJIacy T3B. HOP-
MaJIHAX eJIeMeHTapHuX TpaHncdopmepa jaje ciaemaeha

3Tejnop-Brook Taylor (1685-1731)

21



I'JTABA 2. KOHWMN-IIBAPIOBE HEJEIHAKOCTU 3A EJJEMEHTAPHE TPAHC®OPMEPE

TEOPEMA 2.9. Heka cy {A,}°°, u {B,}>2, u j.%.c. u M.K.H.0. Ppamuauje y B(H)
u Hera je [ anaaumuwka gyrruuja ca Henezatwiustum Taylor-osum xoepuuyujer-
wuma, WaxKea ga je f(| Yo 1A*A ‘) < 400 u f( Hzn \ B:B, H) < 400 (wmo je ysex
uctyrweno axo je max{|[> - Az A |, |0, B:B,|} < Ry). Taga je 3a ceaxy c.n.
Pynruujy ¢ u cee X € Cy(H)

H f (Z A, ® Bn> X f (Z A;;An) X|f (Z B;;Bn> (2.8)
n=1 n=1 n=1 o
A Kaxo je f(z) =Y °_,cpnz™, Upu demy je ¢, = (T;)!(O) >0, To je
f(ZAn®Bn)X = Zcm(ZAnQZ)Bn) X
n=1 m=0 n=1
= coX + Z Cm Z Ang‘r’rln) ce Angm)XBngm) <o Bnﬁ,ﬁ”) (2.9)
ngm)’.” ,nsy’;”):l
= cpX + Z CmAn%n) e An(lm)XBn(lm) oo Bn%n)
1<k<m
1§n,(€m)
(: X + Y Ay XBy + Y AyAyXBuyBuy + > (2.10)
. nf=1 ny ni=1
i f(z A& Bn> T+ S A A @B B
n=1 1<k<m ! !
lgném)
[Ipumemyjyhu Teopemy 1.15 Ha j.K.c. pavMmanje {‘/COI}U{\/cmAnm) E m>}1<k<m " {/COI}U
1<nk
{/cmBn<m>- (m)}1<k<m ymectro Ha {A,}>°, u {B,}5°, peaom, mTo je omoryheno jep je

<n("L)

1<ny,
/bl + Srctem A g0+ Aol < SIS LA IR < +00 w |yt +
<nk

Zl<k<m|WB (m) n%n)h” < (HZZOZI B;kLBnH)HhH2 < +o00 3a cBe h € H, nobujamo

1<n

Hf(g/xn@gn);(

coX + E CmAn%n) ce Angm)XBn(lm) cen Bn%’” .

1<k<m
1<n§€m)

1/2
(COI + Z CmAj;gm) cee A:;%n) An,(,,T) s An§m>>

1<k<m
(m)
1<nk

N

1/2
X X(cof—l— Z CmBZYn) B <m)B (m) * Bn({”))

7”
1<k<m
1<n(m>

P
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I'JTIABA 2. KOWN-IIBAPLHOBE HEJEJIHAKOCTH 3A EJJEMEHTAPHE TPAHC®OPMEPE
00 0o 1/2 1/2
_ (COI +Y e (Z A;;An) ) (col + Z Cm (Z Ban> )
m=1 n=1

_ f(fj A;;An) X f(fj B:;Bn)
n=1 n=1

Hanwme, jemnakocr y (2.11) ce nobuja ysumamem A, ymecto Bf m X := [ y jemHakoctuma
(2.9) u (2.10), na 6ucmo OGN

(2.11)

P

P

* *
col + E By B ) B my -+ B () =
ny Non Tgn ny
1<k<m
1<’I’L<m>

col + i Cm (i B ® Bn>m(1) _y Cm (i B;;Bn)m, (2.12)
m=1 n=1 m=0 n=1

¢ obzmpom 1a je (Y00, Br® B,)"(I) = (302, B:B,)", mTo ce noKasyje MaTeMATHIKOM

MHJIYKIMjOM, y3 Kopuilieme dumeHune aa oneparopu B, u Y~ BB, KoMyTupajy 3a CBe

n € N. Cimano, col +> 1<kam Ay A Ay Ay = > vem(>ne Az A", mTo
(m) 1 m m 1

1<n,C

KOMILJIETHPA JIOKa3 HejeTHakocTu (2.8). O

HAnoMEHA 2.10. IIpumernmo na cmo y (2.12) nokasanu na je 3a M.K.H.0. damunjy { B, 152,
omeparop f(Y.>°, B ® B, )(I) saupaso f(>.>", B:B,).

HHocaeanuA 2.11. Axo je a € [0,1] u ¢ c.n. pynruyuja, Waga je 3a HOpmaaHe
ronwparuyuje A u B u ceaxo X € Cp(H)

o0

S (=) () ATX BT <

m=1

(2.13)

VI — (I —A*A)*X\/I— (I —B*B)*|,.

Axo je gogawino max{||Al,||B|} < 1, waga je 3a cearxo Y € Cyp(H) un €N

[V/szizs = aayprmyy /o - BeByn|
< ny =2ty - S, S A I - Sany B - (24)

>
A Heka je fo(2) i= Yo (=)™ () 2" P =a+ad H’“T(l),) ™ 3a ce z € D, TO
1—(1—2)” —
ject, fo(z2) = 1=z 3a z € D\{0} u f,(0) := . Tana cy csu Taylor-osu Koeq)uunjeHTH
dyukiuje f, HeneratupHuU, ma npumeHom Teopeme 2.9 ma AXB yMeCTo Ha X wu = fa

nobujamo HejemHakocT (2. 13) Osze je y3ero y 063up u ja je / fo(A*A) AX B\/ ful B*
JI— (T = AA)w x\/T— (I - BB)".

3a nokas mejennaxoctu (2.14) nedunumumo f = fi, ug: D — D: 2 — Zz;é(l — z)%
Tana je g anammrnaka dysakimja va D taksa 1a je f(2)g(z) = 1 3a ce z € D, na cnekrpaann
padyH 3a HOpMaJtHe oneparope naje f(A*A)g(A*A) = f(B*B)g(B*B) = I. llpema dyukimo-
HaJIHOM padyny 3a cBako Z € Co(H) je f(A®B)g(A®B)Z = g(A®B) f(A®B)Z = Z, ¢ 063u-
poMm j1a cy obe byukimje f u g anamuruake y D u A® B je crpora koutpakimja va Cq(H) jep je
JAI1B] < 1. Axo je X = g(A ® B)(/g(A"A) Y/g(B*B)) = \/g(A"A) g(A & B)Y+/g(5"B),
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I'JTABA 2. KOHWMN-IIBAPIOBE HEJEIHAKOCTU 3A EJJEMEHTAPHE TPAHC®OPMEPE

10 je onma X € Cy(H) u Bazkm penpesenranmja Y = f(A® B)(\/f(A*A) X\/f(B*B)) =

V(A*A) f(A® B)X\/f(B*B), na je

VST ST

= VoA A)VF(AA) f(A® B) Xo/F(BB)\/g(B°B)|,

- |fae B)X], < Wf (A x/IB B, (215)
= |VT(A"A)\/g(A*A) g(A © B)Y\/F(B*B)\/9(B*B)|,

— |s(A® B)Y]|, = HnY— ayp - 55 T - E)any B
=1

m=2 k=1

R (2.16)

rJe je HejegHakoct y (2.15) 3acHoBana Ha npuMenu Teopeme 2.9, 0K je TOC/Ie/Iba jeTHAKOCT

00 n—1
y (2.16) mociepuna npyre penpesentanyje 3a Gyukmjy g: g(z) =n+ ». (—=1)™ > (%") 2™
m=1

oo n—1

—n——z—ZZ%ﬁ( EYzm 3a ce z € D. O

m=2 k=
V0B KOMYyTATUBHOCTH M HOPMAJIHOCTH y Teopemu 2.9 MOTy ce JeJIMMUYHO PeIaKCUPaTH
3a p-MoJMUKOBaHEe HOPME U HUXOBE JIyaJlHe HOPMeE IIPH P => 2, KaKo TO ToKa3yje cieneha
TEOPEMA 2.12. Hexa cy {A,}>2 , {A:}2,,{B,}>2, u {B:}>2, j.x.c. pamuauje y
B(H), nexa je ¢ c.n. pynruyuja, p > 2 u Hexa je [ aHaAuTwUYKA cf)yunu,uja ca Here-
zatwusHum Taylor-osum koepuuujentiuma Maxsea ga cy HZ
1>, B:B,| w Hzn | B, B;| maru og Ry.
(a) Axo je (6ap) jegra og qﬁamunuja {4}, wau {B,}2 | m.k.n.0. pamuauja, Wwaga
je 3a cee Y € C ,)<(H)

Hf(gAn@@Bn)Y (Z Ar®A ) (ZB ®B*>

(6) Axo je {A,};2, m.k.n.0. Pamuauja, Waga je 3a cee X € C ) (H)

n=1

(2.17)

@(P)* (I>(p>*

< \f(iAnAZ)X f(ngéan)(f)
\f@? AnA;;>X f(HiB;;Bn ) . (2.18)

Caunno, axo je {B,}72, m.x.n.0. Pamuauja, Wwaga je 3a cee X € C )(H)

J Z An®A;;> (1)

Jf HZA

@(P)

N

H ZA ®B

@(P)

(2.19)

|X\
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A (a) Ako je f(z) =D o 2™, Taga je

f@‘: An® Bn)X o
= CoX + Z Cm Z Ansgw < 'An(m)XBn(m) s Bnﬁﬁ") X (2.20)
ot ('m) o 5;”) ) 1 1 o
© 1/2
< (COI + Z Cm Z }A (m) A (m)} > X
m=1 Om) Om)_
1
© 2\1/2
X (COI +3 em Z By -+ Bl ) R (2.21)
m=1 ngm)7.._ g m 1 o

Jemnakocr y (2.20) ce 3acHuBa Ha Apyroj jeaHakoctu y (2.9), mok je Hejemnakoct y (2.21)
nocJjieuia puMene npse Hejearakocru y (2.4). Kako je uzpas y (2.21) camo apyru obmk
3a JiecHy crpany ox (2.17), mro ce mobuja y3acTOMHOM HPUMEHOM jemHakocTd (2.9), mpBo
Ha (map) davumjy {Af, A, 152, ymecro na {A,, B,}> ,, a 3arum Ha {B,, BX}°° | ymecro Ha
{A,, B, }°°,, mrro jokasyje jieo (a) Teopeme.

(6) Ako je {A,}°2; M.K.H.0 bammIuja, Tajga CIUIHO JOKa3y jesa (a), komburyjyhu apyry
jennakoct y (2.9) ca npumeHoM npBe HejeaHakocT y (2.3) mobujamo

(Encny
n=1

COX _'_ Z Cm Z A (m) An§m> XBngm) c Bn(m)

m m @(P)
1 gn )71
00 00 1/2
1 P
=1 m m [
m ng >7 ) ’<rn >_1
00 00 ) 1/2
X CO] + Cm ’B (m) " B (m)’ (222)
ny Ton

[TonoBo, u3pas y (2.22) je aqrepHaATUBHU 3aIKC 3a JecHy crpaty y (2.18), mro ciean u3 y3a-
cromme npuMmene passoja (2.9) na damuauje {A,,, A%}, u {B}, B, }>°, ymecro na damMuimjy
{A,, B, }°,, nmajyhu y Buay u Hanomeny 2 npumemseny Ha damvummjy {AX}>° | ymecro Ha
{B,}5°,. Ha 6ucmo nobwiu apyry Hejemnakoct y (2.18), 1OBOJBHO je IPUMETHTH Ja IpeMa
[J99, Th. 2.1 (1)|, npumerseny Ha ciaydaj A, := B 3a cee n € N, cienn

f (f: B @ Bn) (I) = col + il Cm (i B:® Bn>m(l) <

couzcm ZB*@B 1< > BB :f( B, )1,
B(H)—B(H) m=0 n=1 n=1
rae je kopuinhena nHotaryja |-||sz)—sm) = o || B(®(2)) 38 HOpMY OrpaHHMYEHHX JIMHEAPHUX
tpancdopmepa Ha B(H). AnasorHo ce nokasyje u (2 19). N

IMocneaunA 2.13. Hexa je ¢ c.n. pynxuyuja, p > 2, a,b,c,d,d’ v/, d,d € R waxeu
ga je |b| < |al,|d| < ¢, V| <d, |dd| < ed, a,B€[-1,1], v <0 u Hexka cy A u B cuwipoze
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Konwipaxuyuje, upu wemy je B gogaturo nopmaaarn ouepawiop. Taga je 3a cee

X e (‘3@@)(7-[) uyYy € C?@(p)*(?-l)

alog(I+BA® B)X —log(I - A B)X|
P p
00 1/2
<) el gy alog(I + B*B) —log(I — B*B)|
n=1 (I)(P)
arcsin(A ® B) X + alog(3A ® B +/I + f2A2 @ B?) XH N
)
[e'9) (A1) N 1/2
1+ aB?rty(2n)! 42n+1 *\2n—+1
< Z 227 (n)2 (2n+1) Eat (A7)™
n=0
X X\/ arcsin(B*B) + alog(8B*B +/1 + 3*(B*B)?)
@(P)
T 548
tan(—A ®B)X + atanh<7A ® B) X
@(P)
> 2 2 1 2n—1 1/2
< Z (22 —1)m |BZT)L|\+045 Ban) A2n—1(A*)2n—1
n=1
T B
x| x tan(—B*B) + atanh(—B*B) ,
2 2 3@
a’ 2 42 2 v 2 42 2
—Elog(l—a A*® B )X—glog(f—i-b A*® B*)X
+ tanh™'(cA ® B) X + d arctan(dA ® B)XH -
o p
00 1/2
2n / 2\n *2n ¢ 271, 1 / n—12n—1 n— 1\ 2n—
< Z( +;n —b2)" p2n gx2n +d2§l 11) d2n=l 42 LAY 1)
n=1
a’ 222y U 2 *2 2
x X<—§log(l—a B?B?) — - log(I + 1*BB?)
1/2
4+ tanh ' (cB*B) + d’ arctan(dB*B)) :
@(P)
(A® B)X+ (I — A® B)log(I - A® B)X( o
> An A0 1/2
< _ X\/B*B+ (I — B*B)log(l — B*B ,
; n(n —1) \/ * ) o ) 3@
~log(I+ A% B)log(I —A® B)X| |
0 9, )k - ) 1/2
< Amgren “B) log(I — BB)||
> Jioslr —55)|
(1- A®B)”X+a(1+5A®B ”XH
<[ vrram @ ara] sy ot ey
n=0 P
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Halog(] +BA® B>Y - log(f —A® B)Ych

(p)*

Y

<
aP*

o 1/2
(Z 10CA” g A") v\/alog(I + 5B B) ~log(I — BB)

n=1

|arcsin(A ® B)Y + alog(BA® B+ /T + A2 @ B2)Y | ;-

0o 1/2
(Z (1+(—1)"aﬁ2”+1)(2”)!(A*)2n+1A2n+1) Y

221 (nl)2(2n+1)
n=0

X \/arcsin(B*B) + alog(ﬁB*B ++v/ 1 + BQ(B*B)Q)

Htan(zA ® B)Y + atanh(ﬁ—WA X B)Y”

0o 1/2
22" _1)72"~1(|Bay|+aB?" 1 By, %\ 2n— n—
<Z ( ) (2|(2721)!|+ 8 2 )(A )2 142 1) vy

< ‘

bl

o@*

< ‘

n=1
T b
X \/tan<§B*B> 4 atanh(73*3>

!/ /
| -5 tog(1 — 0?42 @ B2)Y - %log(] +02A2 @ BR)Y

)

@(P)*

+ tanh™'(cA ® B)Y + d arctan(dA ® B)YH<I>

(p)*

9] 1/2
(Z(a’aQ"-l—b'(—bz)n A*QnAZn + dtn—lyd/(—1)n—-1g?n-l (A*)Qn—lAZn—1>)

g ‘ 2n 2n—1

n=1

/ /
x ¥(~5 log(I — a*BB?) — %log([ + 2B B?)

1/2
4+ tanh™!(cB*B) + d' arctan(dB*B))

2@
(A@B)Y+ (I - A® B)log(I - A® B)Y”

o *n AN 1/2
< A—A)> ¥\/B*B + (I — B*B)log(I — BB)

@(P)*

N

3
— n(n -1 q)(p)*

~log(I+A® B)log(I ~A@B)Y| .

X o1, ., 1/2
<Z D %A*MAQ") Y\/— 10g(]+ B*B) log(] — B*B)

n=1 k=1

N

Y

(I)(P)*

(I-A®B)Y +a(I+8A0B)'Y|_

(p)*

00 1/2
< (Z((—l)"mﬁ”) (g)A*"A") Y\/(I — B*B)"+ (I + BB*B)’

n=0

P

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

A Kako je B € B(H) HOpMaJsiaH olepaTop, TOKOM OBOT JIOKa3a 10 PaBULy eMo yMecTo
f(B* ® B)(I) nucatu f(B*B), 6yayhu na je jeqHakocT oBa JBa M3pa3a KOHCTAHTOBAHA Yy

Hanomenu 2.10.

[IpBa Hejennakoct y (2.19) (omrocHo Hejeauakoct (2.17)) je npumersena Ha cienehy dbyHK-

I1jy ca HEHeTaTUBHUM KoeUImjeHTIMA:
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a) f(z):= alog 14 Bz) —log(1 =5y M , mpema geduauruju — log(1— o
n=1
ZOO naroj y dopmynn [GR 1.513.4], o,zgaKne ,ZLO6I/IJaMO (2.23) (ommocHo (2.30));

n=1 n
(6) f(2) = arcsinz + alog(Bz + /1_{_5222) — ZZO:O(1+(2;:():S‘§(2;;2()2n)!Z%H» ¢ 063UpOM
ua Taylor-oB pa3Boj arcsin z o - %ZWWI, koju je mar y dbopmymn [GR,

1.641.1] u Taylor-oBom passojy log(z++v/1 + 22) = o Yo (= 1)”%227&1, JlaTOM

y dopmymu |GR, 1.641.2|, ogaxie ciemu (2.24) (omuocuo (2.31));

(8) f(2) = tan(52) + atanh(5z) = 3272 C 1(|£i,;‘|+a52n “Ban) ;2n=1 b6 cy carmacHo

dbopmymama |[GR, 1.411.5| u [GR, 1.411.6] dysxmuje tan u tanh gare ca tanz o

00 22n(22n 1) oIn—1 def o) 22"(22n—1) 2n—1 o0 ]
En 1 T‘an‘z n tanhZ En:]_ WB2HZ ’ a {Bn}n:1 Je HHU3 BernO‘

ulli'-jerux 6pojesa, onakie ciemu (2.25) (omuocuo (2.32));

(r) f(z):=—%log(1—a?2?)—Y%log(1+b%22)+c'tanh ™! (cz)+d'arctan(dz) :ZI(WZ%
IC/c%_lzi,f(fdQ)n_l22"_1), rre je KoMmIiekcHa dbyHKIHja arctan z = > %, 6a-

supano Ha dopmysnu [GR, 1.643.1], omakie npousunasu (2.26) (ogaocHo (2.33));

(n) f(z) = 2+ (1 —z)log(l —2) = > 07 271(2—711) wmro caean u3 dopmyne =L log - =

1=, n(nT y |GR, 1.513.5], mro naje (2.27) (oxuocHo (2.34));

(B) f(2) == —log(l + 2)log(l — z) = 320 Srt %z%, KakKo TO cjeqau u3 dhopmye
|GR, 1.516.3| y ckiamy ca jemuHcTBeHOINY aHAJIUTHIKOL POy Kema ca (—1,1) na D),
mro naje (2.28) (omuocHo (2.35));

() F(2) = (1—2) +a(l+82) = io((—nuaﬁn)( )om = 1+a+z Lia(p)r k];[o(k "),

mTo ce 106uja ABOCTpyKOM mpuMeHoM dopmyste (1 — z)7 o En "o (7)2" mare y [GR,
1.110]|, onakse caenu (2.29) (omHocHo (2.36)). O

HATTOMEHA 2.14. JlomeH KOHBEpreHIMje 3a CBAKU CTEIEeHU pPeJ KOju CMO KOPUCTUJIUA Y JIO-
ka3y llocrmemurie 2.13 takohe mpejcrtaB/ba JIOMeH yBejeHe KomiutekcHe dyHkiuje. Cpaka
TaKBa KOMILIEKCHA (DYHKIMja MPEJICTAB/ba jEIMHCTBEHO aHAJTUTHIKO IPOJyKEme OroBapa-
jyhe peanne dyukimje, koje ce nojasbyje y dbopmyiu crenenor passoja uz [GR]. 3aro, ocum
KoedullrjeHaTa CTEEeHOr pa3Boja, yBeJeHa KoMIiekcHa (DyHKIMja Takohe Hacaalyje nme o
FEHOT PeaJjTHOr IpeTxoqauka. Ha mpumep, arcsin, arctan u tanh™' cy Jedpunmcase cBojuM
pa3BojeM y CTEIeH! pel, KOJU je cariacaH YNHeHUIIN Jla OHe 3aIlPaBOo MPEJICTaB/hajy MHBEP3HE
dyukIuje ogropapajyhe nzabpanux yHUBAJETHUX PECTPUKIIHja Sin, tan u tanh, pegom.

IHocaeauna 2.15. Hexa ]e d c.n. (fiynn'u,uga, p=2, a,bcdadV,d deR 3ago-
somwasajy |b| < |a|,|d| < ¢, V| <d, |dd| < cd, o, € [—1,1] u nexa cy A,B € B(H) apu
yemy je A nopmaaan. Taga je 3a cee X E Com(H) uY €€ p-(H)

4Beprymi—Jacob Bernoulli (1655-1705)
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|exp(A ® B)X + aexp(BA @ B)X | s

00 1/2
< ”\/exp(AA*) + &exp(ﬂAA*)XH(D(p) Z %B*”B” , (2.37)
n=0
Hexp(A ® B)Y + aexp(fA® B)YH<1>(P)*
0o 1/2
< H\/exp(AA*) + aexp(fAAY)Y <Z 1JFTLL,WB"B*”) : (2.38)
0 ' P>
|a cosh(aA @ B)X + b cos(bA ® B) X + ¢ sinh(cA @ B) X + d'sin(dA @ B) X ||
< || (a cosh(aAA*) + b cos(bAA*) + ¢ sinh(cAA*) + d’ sin(dAA*))l/zXHq)(p)
00 1/2
0 a2 (—b2)" 1 x2n1e9n de2ntly g (_qyng2ntl \2n "
x|S0 (A pranpn g S G (o) | (2.39)
n=0
|a’ cosh(aA @ B)Y 4+ cos(bA ® B)Y + ¢ sinh(cA ® B)Y +d’ sin(dA ®B)Y“¢<p)*
< W@ cosh(aAA*) 4/ cos(bAA*) + ¢ sinh(cAA*) + d' sin(dAA*)Y
G a'a®m+V' (=b2)" p2npsx2n | /AEMH4d (—D)d? ! Hont 1w 2n41 2
% Z( @or B BT (@n-+1)! B™(BY) ) - (2.40)
n=0 o) P
~~ AF @ B*
X—-(I-A®B — | X
( @ B)exp (kz: k ) e
-1
~ (AA)k
< I —(I— AA* —_—
( ) exp <Z k: X
k=1 o
" B* g Bk) 1/2
[T = (I = B* @ B) ex 222 V|, 9.41
( e (327 ) ) (2.41)
~~ A* @ B*
Y - (I—A®B)exp( L)Y
—1 k <I)(p)*
m (AAXE
< I—(I—AA*)exp( ( k)>Y
k=1
n Bk Bxk
x |I—(I-B®B)exp <Z L) () (2.42)
k=1 k @(P)*

A Kako f(z) == exp z+aexp(fz) = 300 228 27 npencraspa agamuTuuky byHKI@]Y v

n=0 n!
YHUjeM Cy CTEIIEHOM Pa3BOjy CBU KOe(DUIMjeHTH HEHETaTUBHU, TO IPUMEHA IIPBE HEjeTHAKOCTH

y (2.18) maje (2.37), mok mpumena nejegunakoctu (2.17) maje (2.38).

a/a2n+b/(_b2)n 2

Comano, y cayuajy f(z) := a’ cosh(az)+b' cos(bz)+c sinh(cz)+d sin(dz) =3 ( ]

C,C%Hzr;f;i_l;!)ndznﬂ 2nt1) upekTHa NpuMeHa IpBe HejenHaxkocTH y (2.18) u HejemHaxocTn
(2.17) naje (2.39) u (2.40), pemom.
def

Konauno, 3a tako3sane emementrapHe ¢dakrope FE,:C — C mare dbopmynom E,(z) =
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(1—=2) exp(ZZ:I%), Koju cy yBeenu ol crpane Weierstrass®a, dynkmuja 1 — E, mMa cTeneHn
pa3Boj ca HEHEraTWBHHUM pPeaJHUM KoeduimjeHTuMa, Kao U Hya1y pega n + 1 y Ttadku z = 0
u Baxku nporena |1 — E,(z)] < |z|"*! 3a z € D, kako je To nokazano y [Rud, Lemma 15.8].
Osum je omoryhena npumena npse Hejennakoctu y (2.18) u mejeanakoctu (2.17) mro maje
(2.41) u (2.42) pemom. O

AEOUHULINIA 2.16. 3a anaruuwky GyHKUUY f ﬂpugpyafcene dynruuje fon, fon, fo u

def z —Zz def def 1z def
Jo geuny co ca fo(2) LI, g (2) I (o) AHOD (o) &
24 :

Hpyrum petnma, ako je f(2):= 37 ¢,2", ranaje fo(2):= 3" 222", fan(2) =3 copn1z® ™,
n=0 n=0 n=0
fe(2) == (=102 m fo(2) == > (—1)"Copr12*"!, ca ocHOBHUM TpEMEpOM exp,, =
n=0 n=0
cosh, exp,, = sinh, exp, = cos u exp, = sin. /lpyru 3nauajan npumep je byukmja f(z) :=

—log(l — z), kama je fu(z) := —ilog(l — 2%), fa(2) = ilogt2 = tanh™'(z), fu(z) =

—3log(1 + 2%) u fi(z) := arctan(z) & tan=1(z). Axo je mak g(z) = -, Taza aupekTaH

z)

: def def def
patyn mokazyje (1), = 9en(2) = o (75)0 = 9a(2) = 72 (5), = %() = o=
1 def

u (1_Z)S = gs(2) = 2. Kako ce fo, m fs, Taxobhe Mory pasymernm Kao mapad M Hemapam
J1eo o1 f, pemoM, TO ce OHIA JIWPEKTHO IpoBepasa ja je tan., = 0,tang, = tan,tan., = 0 u
tan, = tanh, ¢ 063upom na Bazku tanh z = 1 tan(iz) carmacuo popmymm [GR, 1.311.1]. Com-
aHO, arcsing, = 0, arcsing, = arcsin, arcsin, = 0 u arcsing(z) = * arcsin(iz) = log(z + V1 + 22),
carmacuo dopmynu [GR, 1.622.5].

: i

Kopucrehu crannapany gebunnnmjy a® & (la| £a)/2 3a cBe a € R u npeTxoaHo yBeJeHy

TEPMUHOJIOTH]Y, HAPEIHOM TEOPEMOM CUcTeMaTu3yjeMo Belinm j1e0 HejeHaKOCTH TPUKA3aHIX
y Iocnemuum 2.13 u Ilocmemuim 2.15.

TEOPEMA 2.17. Hexa je f(z ) o Yo 2" anasumuwke Pynrkyuje ca veneZa-
wusrum roepuyujenwiuma ¢, = 0, k € N, {a, } 5 {b i, {cp ey, {dp}ie, Pamu-
auje peaanux 6pojesa ypehene U0 0UAGANY HUTOBUL AUCOAYWUHUL SPEGHOCTUY
u 3a 'K:Oje je |CL1| = = |a’k:1| > |ak1+1| Z e 2 ’aK|7|al‘ > |b1| Z e 2 ’bK’7‘Cl| =

= leg| > o] = - 2 eglle] 2 ldyf = - = |di| 3a nexe 0 < kyky < k.
Hexa je {a},b,c,,d.}i_, jow jegna damuauja peasrur 6pojesa Koja 3a9080.ba-

- k _ k
6a Z?:k1+1(a§c) + 2 0 < 255 a4 w Zg:kfrl(c;cck) + 20 |ddy| < 4L ey Awo
je © c.n. pynryuja, p > 2 u axo 3a A, B € B(H) eascu max{|A|,|B|} < Ry, upu
wemy je A gogawno nopmasan, waga je 3a cee X € € () (H) uY € Gq)(p)*(H)

K

Z ), fen(arA® B) + b, fe(by A® B) + ¢ fan (e, A® B) + dj f(d, A® B)) X

@(P)

K 1/

< (Z (@ fen(a, AA) + by fe(bp A™A) + ¢ fon (e, A™A) + d fo(d), A *A)» 2X ®)
k=0 >

% i Z((a;azn + ( )nb/ an) B*QnBZn

1/2

ek 4 (1)) ey, (BT BT (2.43)

?

"Bajepmtpac—Karl Weierstrass (1815-1897)
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K

Z (a) fon(ax AR B) + V), fo(byA® B) + ¢}, fan (c, A® B) + d, fo(d, A® B))Y
k=

oP*

K

<[ (3 (ahfen(aA” 4) + b fulb A" A) + ¢ fon,A A) +dzfs<dkA*A>>)1/2Y

k=0

o K
> (Z Z a;ﬁain nbl b2n)c B2nB*2n

n=0 k=0

1/2

(™ 4 (—1)"dy 2 g B2”+1(B*)2"+1)) (2.44)

@
A tuepHaiiusHo, axo je B nopmasan ouepatiop, wiaga je

K

> (ajfen(azA®B) + b, fo(bA® B) + ¢ fan(c,A®B) + di fo(d A® B)) X
k=0

<
@

1/2

K
Z( a;gain nb/ b2n) A2nA*2n (Ckcin+1 4 ( )nd/ d2n+1)62n+1A2n+1(A*)2n+1)
=0

n=0 k
K

X<Z d, fon(a, B*B) + U, f.(b, B*B) + ¢, fon(c, B*B) + d\ f,(d, B B))) 2

X

, (2.45)
o

K

> (ahfor(a, AR B) + b, fo(b AR B) + ¢ fun (e, A® B) + dj. fo(d, A® B))Y
k=0

<
(I:,(P)*

1/2
<Z Z azazn nb/ an) QnA*ZnAQn (Cl CinJrl + (—1)nd;€din+1)62n+1(A*>2n+1142n+1)>

<Y (D (@ fon(@ B B) + Y fo(bB* B) + . for(c, B B) + d fo(d, B* B)) "

k=0

(2.46)

P>

Axo cy 0ba ouepatiopa A u B nopmanana, waga je 3a cee X € Cp(H)

K

Z (@) fon(ax AR B) + b, f.(b, A® B) + ¢ fon (cy A® B) + d fo(d, A® B)) X
k=

(3]

(Z ay fen(ap A"A) + b, fo (b A™A) + ¢ fan (e, ATA) 4 d). fo(d), A *A>)>1/2X

k=0

1/2

(Z(akfch a4, B°B)+ U, f.(0, B*B) + ¢ fan (¢, B'B) + d.. f,(d, B *B))) (2.47)
=0

P

A Jlokas ciean n3 HeHEraTUBHOCTH KoeduiimjeHaTa pyHKIIje

f(z) = Z(a;cfch(akz) + b fe(be2) + & fon(cuz) + di, fo(di2))

k=0
oo K
= Z Z ((a;ai" + b, (—b2)") eon 2™ + (" + d;dk(—dz)”)égnﬂz%ﬂ),
¢ o03UpoM Ha TO Jia je
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k1 K K
/2 /2 /
E apay” + E aga;” + g by (—
k=1 k=k1+1 k=1

K

Z ((ak)™ + ag)ap" +Z]b'|a + b (—bp)") =0 m

k=k1+1
K K

Z(Czcinﬂ + dd, (—d)") = Z ((cce)™ + chep) e +Z (|dy.dy, ™ + didy (—d;)™) > 0.
k=1 k=ka+1
[Tpema Tome, mpumena (2.18), (2.19) u (2.8) na f maje (2 43) (2.45) u (2.47) pemom, mOK

npumena (2.17) wa f naje (2.44) u (2.46). N

HATIOMEHA 2.18. ¥V majjeanocraBuujeMm ciay4ajy K := 1,a} :=d’,ay := a,b) :=b,by :=b,c| :=
d,cp = ¢,d} :=d n dy := d Teopema 2.17 naje: (2.39) kasx ce (2.43) npumenu Ha [ := exp,
(2.40) kay ce (2.44) npumenn Ha f := exp, (2.26) kas ce (2.45) npumenn Ha f(z) := —log(1—=2)
u (2.33) kaz ce (2.46) mpumenn Ha f(z) := —log(1—=z). ¥V cayuajy Kk := 1,¢) :=¢; :=1,d} =«
u dy := [ (al,a1,b] u by cy upousBospan) je Teopema 2.17 npumemwusa Ha dyHKIujy [ mary
ca:
e f := arcsin, ga 6ucmo mobmm (2.24) kao crenmjanan ciaydaj (2.45) u (2.31) kao cueru-
jamau ciydaj on (2.46),
e f(2) := tan(Zz), ma 6ucmo moGumm (2.25) xao cnenujasan ciaydaj (2.45) u (2.32) xao
crierjasian caydaj (2.46).
Cayuaj K := 2,a) := ay 1= ¢} := ¢1 := 1,a}, := ¢y := —a,a9 := g := —[,b) :=d} := U, :=
5 :=0 (by,dy, by u dy cy npoussosbru) Teopeme 2.17 npumersen Ha Gyaruujy f: D — C: z —
—log(1 — 2) maje (2.23) carmacuo (2.45), kao u (2.30) carmacHo (2.46).

HATIOMEHA 2.19. T'enepasino, ajgutuBHa CcTpyKTypa damuinje (GpyHKIHja ca HEHETATUBHUM
koeduujeHTuMa oMoryhasa jetHocTaBaH HAIUH 3a (DOPMYJIUCAIHE OBJIe TTIOCMAaTPAHUX HEje -
HAKOCTU U 3a dyHKIHje odnuka f + g, ykommko ux Beh mmamo 3a f u ¢g. OBaj npuniumn je
jacHo ynorpebsbeH y nperxonanoj Teopemu 2.17.

Y caydajy Schatten-oBux p-HOpME, MOXKEMO ce OCJIOOOIUTH YCIOBa Ja cy daMuinje
M.K.H.0. KakKO TO mokasyje cjejgeha Teopema.

TEOPEMA 2.20. Hexa cy {A,}5°, {A:}>2,,{B,}5°, u {B:}>2, j.x.c. dpamuauje
u3 B(H) u Hexa je f anasumiuwka (ﬁynn'u,uga ca HeHee_awuenuM Taylor-oeu./w

KoepuUUjeHTUUMA TUAKEA A 6GHCU HlaX{HZ
HZn , B, B, } < Ry. Taga je 3a cee X € C,(H)

Hf (24;; ® Bn) X <f (fjA ® A;;) (( / (i Lo An>(]))“>>”2q |
s(r(Smem)(((Smenn) )

2ge p,q,r > 1 3agosomwasajy yciros % =

n=1 nl

,(2.48)

p

Q=

+ .
A Tlomazehu ox pasBoja

f(ZA;;@Bn)X =coX+Y cm Z Ay Ay XB o+ B
n=1 m=1

R (O

) sMm
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6asupanor Ha dhopmyin (2.9), npumena Teopeme 1.13 naje

o] [e9) o) g—1
2
n=1 m=1 ngm)f'. ,n%’”:l
o] 0 q—1 2*111
Z Z Z Z 2
1 Nm ny nq Nm
Ml Ml )
5 r—1
X X(c01<c01+§ Cm § 1B m -+ B_m| )
nq m
m=1 nl 7” (m) =1
00 ) r—1 %
+ E Cm E B o B (Cof+ E Cm E ‘B (m)"'Bn(m>} ) B*(m>"'B*(m>)
1 ) m Uz Tm
7 Y2 SYT) 1 m=1 nl 7“ T 7(77’?) 1 p

e

q—1 1/2¢q
e T A an(f(Snoa)o) )
m=1

Uz PR L

X ( ( f (f’;g;; ® Bn><f>) _

s o o r—1 1/2r
+D 6m Y, By By (f (ZBZ ® Bn)U >) Blom: BZ%”’)
m=1 n=1

gm)v 7"5:;”):1

(2.49)

n p

[IpenosnaBamem Ja je uzpas y (2.49) jemnak mspasy Ha JeCHO] cTpaHu HejemHakocTu (2.48),
JIOKa3 ce 3aBpliasa. ]

HATIOMEHA 2.21. Ako je p > 2, y3mumo p* = p/( 1), ¢:=p*/(2—p*) ur:=1, xaua Baxu

2/p* =1/q+1/r. Donaraum usbopom Cs(H) := C1(H), xana je ||| m+ = |||+, Bumunmo na y
oBoM cay4ajy Teopema 2.20 j1aje

¥ (iA;; ® Bn) X
n=1
2p*

(1(Sew) (1(Sron)o)™ ) x(1(Smom)n)

Axo je momarno {4, }2° | n Mm.k.H.0. damminja, Taga carinacHo Hamomenn 2.10 Baxku jetHAKOCT

FOT A @A) = f(X0 AL A,), npuwemy (307, Ar A, ) KomyTupa ca cBakuM A, T
u3pa3 Ha JeCHOj cTpanu HejenmHakocTn (2.50) mocraje H <f ( i A;An)>§X<f( i B,®B) ([)>E
n=1 n=1

<

p*

(2.50)

p*

To nokasyje ma y ciaydajy Schatten-oBux nopmu Hejemnakoct (2.48) y Teopemu 2.20 u mwen
crenmjasian ciay4daj (2.50) npomupyjy Teopemy 2.12(a) u Ha daMuimje Koje HUCY M.K.H.O.
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JAEOUHUIAIA 2.22. 3a j.x.c.  Ppamurujy A X {A 1 oZpanuvenur ouepatiopa U
anaaumusky dynkuugy f ca neneza@usnum Taylor-osum rwoedpuyujeniiuma, WaKey ga je
szozl A;An” < Ry u f(0) > 0, gepunuwenmo gedpexii ouepattiop Ar 4 upugpysicen gPa-
muauju A u pynruuju [ ca

00 00 —1/2
Aga dof s—hm (COI + Z Cmp™™ Z |An§m) e An%n) |2>
m=1

™ el g
“1/2
_ s—hm( ( ZA* ® A > ) . (2.51)
HATIOMEHA 2.23. Ao col + 7 1 ¢ Y (m) (m)_l‘A m) A ) ‘2 peJICTaB/ba OrPAHUYCH
ny e My = ny N,

onepaTop, mTo je npema Banach-Steinhaus®-oBoj Teopemy ekBHBaJIeHTHO TOMe 8 BayKu
00 oo 2 .
> Cm Zn(lm),---,nw:lHAnW . -An%th < 400 3a cBako h € H, Taga je To MHBEPTUOUIIAH

OIlepaToOp M HErOB MHBEP3 j€ yIIPaBO A2 . Kazga ce oBaj apryment npumenu na dpamuinjy pA
2

Y

ymecro dpamuuje A, Tama 1o6ujaMo Af A= =col+> 7 Cmp ’"Z o) )y ‘AnY”) .. .An%ﬂ)
te (2.51) 3ampaso rosopu Ja Baxu Afy = s—lim, 1 Dgpa HpeTXO,ILHa neduHULIEjA je KO-
pekTHa ¢ 063upoM Ja omeparopu Ay 4 npeicraBbajy damminjy omagajyhux (y omHocy Ha
p) TO3UTHBHUX OTPAHUYEHHUX oreparopa (orpanmuennx ca ||[Ar 4| < ¢, Y %), Te OHU KOHBEp-
rupajy jako (ka Ay ,) npema Jlemu 2.3.

Y nperxomnoj Teopemu 2.20 Mory ce AeTMMUYHO OCJIAOUTH YCJIOBH KOHBEPIEHIIUje 3a T0-
cMaTpaHne aMuInje onepaTropa, Kako TO TBpu ciieeha
TEOPEMA 2.24. Hexa je f anaautiuwxa pynruyuja ca Henezawusrum Taylor-
L _ . def def
osum Koepuyujeniiuma warsea ga je f(0) >0, nexa cy A= {A 12, A* = {A}>
def % def %
={B,}°, uB* = {B:}>, gawe Pamuauge j.x.c. oepaHu%eHuw ouepawiopa WaKee

ga easicu max{HZ (A “, Hzn:1 nH} < Ry, nexa je

”:1 n:l
IS A B < R w
doem D (HAZW A bl | B ”BZ;»;whHQ) < Fo0 (2.52)
= ngm),~~-,n£;n>:1
3a ceaxo h € H. Taga je
HA};E (Z A, @ B, ) (X )Al" HAM*XA (2.53)
p

ysex xag p,q,r > 1 3agosomwasajy ycaos % = E + %

A C o63upom Ha ycioB (2.52) u Hamomeny 2.23 Bumumo ga je omepatop Aj 4+ 3ampaBo

(fOom A, @ An) (I ))_1/ ? a mera BPCTa 3aK/bydUBaiba Ce MOXKe HMPUMEHUTH Ha OIEPATOD
Ay g+. IIpema Teopemu 1.13, 3a cse p € (0,1) je

*IIrajaxayc—Hugo Dyonizy Steinhaus (1887-1972)
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1—1 > . 1_1
Al (A Ay e B, ) (X)AL )
n=1
1-2 m * % 1_*
Ay g (coX + Z p° CmAnS,T) o Angm)XBn(lm) . Bnﬁg’l)) A i o)
1<k<m
1<n(m)

Z ) |m) 1-7
COAf pAXAf pB + Cm prA (m) ) (m) XBP (n(m)’m’n%ﬂ))Af,p‘B »
1<ks<m
1<n(m)

1
A ACT AL A+ Al A aoriAl A'm Ux
O pA J.pn N Y S OB CON

1<k<m
1<n(m)

1
r—1 |m) r—1 |m)* o
(COAprD Afp3+§ :Cm (™ ) AprD AprB (™. gm)

1<ksm
1<n§€m)

, (2.54)

p

def

def dcf 2—
rae .]e ‘A‘ (m) . (m)) = p A (m) A (m), ‘B‘m (m) . (m)) = me (m '.'B (m), C Afpj[ +

|m |m) 1 1_,

1§n](cm 1<n§C

13‘/)72*(1,,07._’%”))3% 57,”7__7”%1))AfpB Kaxo je HZ L ALA || < Ry, 1o je mpesa [J99, Th. 2.1 (1)]
3a cBako p < 1

Y A A = (Z AL An) (1)
ngm>,--',n$,:n):1 n=1

I < p*™R}I

B(H)—B(H)

U CJIUYHO 3a IpeocTaje CyMe, duMe Cy HUCIYE€HU CBU yCJIOBU 3a npuMeHy Teopeme 1.13.
IIpema Towme,

2-2 1-1
AR + c .Alm A‘m> AR
fph 1<§k<: m pr 2 )Y () () S FpA
~X \m
lgngn)

11 -1 _2
— q 2m q
=4y, <COI + E, Cmp |Angm> A <M>| ) fon = Bppas
1<k<m
1<n(m)

a OHJA M

1 |m) 1 |m) =+ 2%
(CoAprCq Apr+ Z CmAp,(ngm{...,ng;y))Afpﬂcq AprA n{™,.. <m>))

Mo
1<k<m
1<’Vl(m)
1
m) 1—1 2= Im) 2q
— q
= COAprAprApr“L D cmA )iy B0 prAprA 2™ )
1<k<m
1<n{™
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1

1
_ E 2m * LU A* 2 q
e (Coj —|— Cmp |An£:ln) An(lm)l ) = Af pA*
1<k<m
1<n<m)

Cramano n06mjamo

1

N |m 1AL E o lm)s T A-E
(coAprDT A B —1—2 CmB ) ) AfpgDT ApriB o 52”))) = Af’pB*,
1<k<m o :
1<n(m)

na ce HejeHakocT (2.54) MoXKe JpyKUnje 3aucaT Kao

A,l

e , (2.55)

B 3I=

1 pﬂ*

<[

1—% > . 1—
|a5ar (Y- 4@ B, ) (X)AL,
n=1

Kaxko je Beli npumelieno, oneparopu f (> oo A, ® A;)(I) u f(>0, B, ® B;)(I) cy orpanu-
YEeHU U jeTHAKU Ca A;i* " A;QB* pemom. C 0b63upoMm Ja cy CBU KOeMUIMjEeHTH KOjU Ce T0ja-
BJbyjy y Aedbunurmju (2.51) HeHEraTUBHE, TO UMAMO A;iﬂ* Afil* " Af iﬁ* Af 23* KaKo
cy obe dpyukimje t — timt s tr oneparop MOHOTOHe (jep cy ¢,r = 1), To je Apr* < Afﬁjl*

_2 _2
u A FoBe S A .5+, I3 U3 CBOJCTBA JBOCTPYKE MOHOTOHOCTH (1.8) mpousmiasu

1

|80 xa; o]

HAM*XAW

(2.56)

[Tonoso, 360r MoHOTOHOCTH A oa 38 p € (O, 1), ka0 ¥ omepaTop MOHOTOHOCTH (DYHKIIHje

1
t = t7! roje Af, < A} 4 axaxo je 0 < 1— é < 1, tume je dyukuumja t — t' ¢ Takobe

2-2 2-2 2— 2-2 . . .
oreparop MOHOTOHA, na je Ay ,* < A, 4 nm Apy” < A 5. ApryMeHTanujoM CJIMYHO] OHO]
yroTpedsbenoj 3a j1oka3 (2.56) mpobujamo

1—1 e . 11
HA]‘,‘: <p22An®Bn)<X)Af,BT »
n=1

3a cBako p € (0,1). 3a 3aBprrerak Joka3a HejegHakocTH (2.53) mpumernmo na je
(P aen)m-s(Xaen)m
n=1 n=1
(1— p2m)(z AX® Bn) (X
n=1

3o

1-1

1-1 > . 1
< HAf,Pqu<IOQZAn®Bn)<X>Af,pTB »
n=1

, (2.57)

p

)| <X Z Cm(1 = p°
p m=0

N m oo e8] m
< HXHp(Z Cm(L = p” F@B,| + > cm||> An®B, ) (2.58)
m=0 m=N+1 n=1
Kaxo je
L ® B, > B:B,| <R},
H)—)B('H n=1

rae mpBa Heje,ZLHaKOCT crequ Ha ocHoBy [J99, Th. 2.1 (1)], To mobujamo na je HCIYHEHO
> o Cml| Yoy A ® BnHm < 400, TIa MOYKEMO y3€TH JIOBOJHHO BEJIMKO N KakKo Ou Jpyra Cy-
Ma y JIecHOj cTpanu o (2.58) 6uiia mponsBosbHO Masia. 3a TakBo N € N, mpBa cyma y JecHOj
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crpanu oz, (2.58) Texxu Hyam, Kaz p /1, mro mokasyje na oneparopu f(p? > oo | A% @ B,)(X)
ciabo KoHBeprupajy Ka omeparopy f(Y oo A* ® B,)(X) kan p /' 1. Konauno, 10ka3 Hejes-
Hakoctnu (2.53) mpomsuiasu u3 ciefehux mporena

_1
P

1-1 > . 1-1
HAf,Aq (ZAn(X)Bn)(X)Af,Br
n=1

p

. 1*% 2 - * 1
- HW_}}%AJI’A f(,o ;An®Bn)(X)Af’

B

p

o 1-3 = . 1-1
< llzrlfllnf A (pQZAnQ@Bn) (X)A 4 (2.59)
n=1 p
LI 1_% 2 - * 1_%
< hgl/llnf Aﬁpﬂf(p ;An@)Bn) (X)A; 5 ) (2.60)
et | < imindlat xach | = [ash xact
< lu;;n/lflf Af,;A*XAf,;%* p< ln;ynfllnf‘Af,A*XAfﬁ* p: ”ALA*XAJC’T,* K (2.61)

re je HejeaHakocT y (2.59) mocsenura moayHENPeKnIHOCTH 010310 Schatten-oBux p-HopMmu,
JoK HejenuakocT y (2.60) caemu u3 (2.57). Ilpsa u apyra mejennakoct y (2.61) cy 3acHoBame
Ha (2.55) u (2.56). O

HammoMEHA 2.25. ITperxomna teopema y ciaydajy f(z) := l%z npomupyje [JMD, Th. 3.1] y

CIIeIjaJiHOM CIydajy Kaja je u 6pojaduka mepa Ha N, omxocho p({n}) = 1 3a ceako n € N.

HATIOMEHA 2.26. ¥V npuBarnoj komyuukanuju . Keukuh me je ymoznao ca meroBomM CKHUIOM
JIOKa3a KOjOM je IIPOBEPHO TadHOCT HejenHakoctd (2.53), Kopucrelinm mpurom amantupaHy
Bepanjy Hotamuje us [Ke20, Th. 7], npe csera yBojehn noBy Bapujanty PoKoBUX' MOy
KOJOM Cce JIOPUHOCH KOMITAaKTHHUjeM 3alUCUBaIy (DOPMYJIa U CIIPOBEJIEHOT PAadyHA.

T®ok-Bnamavup Anekcanaposna Ook (1898-1974)
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I'maBa 3

Cauchy-Schwarz-oBe HejeJHAKOCTU U
KOHBEpPreHInje o-eJiIeMeHTapHUX U

T.y.l1. Tpancdopmepay Q nu Q
naeajinMa KOMIIAKTHUX OollepaTopa

1 Omneparopuna Cauchy-Schwarz-oBa HejeJHAKOCT U
KOHBEPpTeHIIja KO/ -eJIeMeHTapHuX TpaHcdopMepa

Y oBoj riasu mahe ce npersen oneparopue Cauchy-Schwarz-ose nejennakoctu 3a T.y.11.
u o-ejieMeHTapHe TpaHcdopmepe u nperu3upahe ce HEKM acCIeKTH Be3aHU 33 KOHBEPIEHIU-
jy o-enemenrapuux tpascdopmepa y - A,®B,, Ka0 U HEKA CBOjCTBA KOHBEPIEHIHjE O.B.
upeciukasamba 0 — [ A X B, du(t).

JIEMA 3.1. (a) Hexa cy A, Be€ L%(Q, u,B(H)), f,g € H u X € B(H).
(al) ITpecauxasarse Q) — B(H): t — A, X B, je caabo*-untieZpabuiro u 8adHcu

( /Q [(AXB, [, 9>!du<t>>2 < /Q (A, A7g,9) dp(t) /Q (BfX*XB, f, f) du(t), (3.1)
L&aww

2
<

/ A X B, du(t)
Q

/ BI X*X B, du(t). (3.2)
Q
(a2) 3a ceaxo € >0

~1/2 2
(e] —I—/ A A} d,u(t)) /AtXBtdu(t) g/B:X*XBt du(t). (3.3)
Q Q Q

(a3) Axo je [, AA;du(t) gogatino (oZparuseno) unseepwiubusan 0Uepailiop, Waga
ce €] mootce uzocwiasuwu Yy Hejegrarocwiu (3.3).

(6) Ao 6, T 0 (= U2,6,) ®Kag n — +oo 3a wexe 0, € M, A* B € Li(Q, 1, B(H))
u X € B(H), wmaga [; AA;du(t) — [;AA7du(t), [; BiBydu(t) — [;B;B,du(t) u
[5, AX B, du(t) — [ A X B, du(t) jaxo wag n — +o0.

() Hexa cy {A}}72, u {B,}32, j.%.c. pamuruje u X € B(H).

(Bl) Taga peg > ", A, XB, jaxo xoneepzupa u

f: A XB, i A A
n=1 n=1

38
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(B2) Axo je {A,}°, gogatino u m.K.H.0. pamuauja, waga je

00 2 [e'e) o]
> AXB,| <> BiX" (Z A;;An> XB,. (3.5)
n=1 n=1 n=1

(rl) Axo cy {A:}2, u {B:}>2, j.x.c. Ppamuauje u X € C(H), waga > .- A, XB,
xoneepzupa y Hilbert-Schmidt-oeoj nopmu |-||2 u

00 (9] (3] 1/2
> A,XB, oA A X (Z BnB;;)
n=1 n=1 n=1

(r2) Cauwno, axo cy {A,};2, u {B,};2, jx.c. Pamuruje u X € € (H), waga
> A, XB, xonsepzupa y Hilbert-Schmidt-oseoj nopmu |2 u

o) 0o 1/2 00
z;AnXBn 2< H (z:lA;';An) x| 1> BB,

n=1
(m) Axo cy {A,}22, u {B;}>2, j.x.c. pamuauje u X € C,(H), waga > .- A,XB,
atcoaymiro xkonsepzupa y Ci(H) u

0 0 0 1/2 00 1/2
n=1 1 n=1 n=1 n=1

(e) Axo je {A;}>2 | j.x.c. pamuauja, {B,}>° |, u j.k.c. 4 M.K.H.0. Ppamuauja u X €

n=1

(‘3;)1,) (H), @waga Y ", A, XB, xonsepzupa y wopmu ||| o . Hcliu saxsyuax eadicu

1/2

(3.6)

<
2

2

1/2

(3.7)

2

(3.8)

1

u axo je {A,}°, u j.k.c. u m.K.H.0. Pamuauja, a {B,}°°, j.k.c. Pamuauja u
X e (H).

(P(P)
A Kaxko 6ucmo nokazanu (al), mpumerumo na je

(o AATdu(t)g, g)  (Jg AXB du(t) f,9) |
(Jo AX B du(t)) g, f) (Jo BiX*XB,dp(t) f, f)| ~

3a cBe f,g € H. Baucra, nosospHO je ga y [J05, Th. 3.1(a)] yamemo C; := A;, D, := B; 3a cBe
t € Qu6:=1, upu yemy je Ty Takohe j1oka3aHa u cjaabdba’-mHTErPabUITHOCT TIPECTUKaBaba  —>
A; X B;. Heorrxosina ciaba*-mepsbuBocT mpeciukaBama t — A; X By je 0be3behena jep Baxku

(AXBif.g) = (XBif. Ajg) = S0y (XBofsea)(Awensg) = Tm S0 (Bof, X'en)(Awer g),
quMe je npecsmkasame t — (A, X B, f, g) npeacraBbeHo Kao [i] cKopo cByjia JiuMec MepibUBUX

dyukmmja t — > (B.f, X*ex)(Aier, g), 3a cBako f,g € H u cBaky OpTOHOPMHpaHY 0a3y
k=1

(0.H.6.) {e,}>2, mpocropa H. To moka3syje na BaxKu

‘</QAtXBt du(t) fa9> < </QAtAI du(t>g,g> </Q B X*XB,du(t) f, f>

[asiao|( [ scxsaon e G

< ‘

Ha 6ucmo mokazanu (3.1), aeka je a: 2 — C mepspuBa dyukimja taksa na je (A, X Bif, g) =
a(t)|[(A X Bif,g)] 3a [p] c.c. t € Q. Tana npumena (3.9) wa «a(t)A; ymecro Ha A; naje
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(/QKAtXBtf, 9)| du(t))2 - ‘</QWAtXBt (1) f}g>
S </Q A Ay du(t)g,g> </QB;*X*XBtdu(t)f,f>,

mro npema (1.9) noxasyje (3.1). Cnemwmjanan uséop g = [, A, XB,du(t) f y sejennaxoctu
(3.9) memocpeHO MMILIIMIMPa HejeaHakocT (3.2), ckpahnBameM HEKUX O U3pas3a Koju ce Ty
nojassbyjy. Cana, 3a mokas (a2) (oguocuo (a3)), mpumena HejenHakocTu (3.2) Ha damuamujy
Ay = (el + [, A4 du(t))_l/QAt (omuocro A} := ([, AA; du(t))_1/2At) yMmecto Ha A,, mTo je
omoryheno unmennmom aa je [, A;AFdu(t) < I (ommocuo [, AYAY*du(t) = I), onakie cieau
TPasKeH! 3aK/byJaK.

3a joka3 jena (6), mocMaTpajMo IpOU3BOJEHO h € H U HpUMeTuMo Ja je

lim < / AtA;fdu(t)h,h>: im [ (A,A7h. 1) du(t) =t / 1A=h2 dyu(t)
on n—+oo [s.

n—-+o0o n—-+00

/ HA*huw < / A, du(t)h, h>,

rJie TIpBa U IOCJIe/ha jeHAKOCT CJeie IpeMa eKBuBaseTHO] aedununuju ciaabor® (rj. Tesb-
danoBor) unrerpasa (Bugeru Jlemy 1.9), mok Tpeha jegnakoct cienu u3 TeopeMe 0 MOHOTO-
HOj KOHBEpPreHIMju 3a no3uTuBHe Lebesgue'-ose unrerpabunne dyuxuuje t — ||Arh|? na Q.
IIpema Teopemu 0 MOHOTOHO] KOHBEPIEHIUjH 3a OIlEpPaTOpe, TO MOKa3yje Jia f 5 A AT du(t) —
J5 AuA; du(t) jaxo kam n — +oo. Konseprenmuja [; By B, du(t) xa [; B; B, du(t) y jaxoj ome-
PaToOpHOj TOMOJIOTH)H Ce JIOKa3yje Ha, CIUIaH HAIWH. KaKo je

2

2

2

AXB, du(t) h— / AXB, du(t) h| = / AXB, du(t) h

5 on 8\on

<| [ adiao| [ wixxsnma (3.10)
5\on 8\6n

< H /5 AA du(t)H||X||2( /;(B;Bth,h) dp(t) — /§n<B;Bth, h) du(t)) 0, (3.11)

Kajg n — 400, upu yemy Hejearakoct y (3.10) ciaemm u3 oneparopae Cauchy-Schwarz-ose
HejeqaakocTu (3.2), mok KoHBeprenmmja y (3.11) cienu u3 Beh jnokasanor gesa (6) oBe Jeme,
IITO JIOKa3yje ¥ Mocje/ibu 1e0 TBphema y ey (6).

Caza sugumo u sia je (Bl) camo crenmjasan ciaydaj kaa je 2 := N u p := card 6pojauka
mepa na N (y) mejenmakocru (3.2). Jaka xouseprenmumja » - A XDB, cremu npema seh
JokazanoM ety (6) ose sieme, ako y3memo 6 := N u §, := NN [1,n] 3a cee n € N.

Hoxkaz nena (B2) 3acHuBa ce Ha ,ZLOKaBy [J 98, Th. 2.2|, koju mame omoryhasa darropu-

sarmjy A, = Cp (30, A 1 ArA )1/2 (>, A )1/2071, rie je {C,}22, Mm.k.H.0. hamuinja 3a
Kojy je y oo, C Ck = m To ;Laﬂ)e naje

9] 1/2
: (Z A;;An> XB
n=1
* i B;X*(i A;;An) XB, < i B;;X*(i A;An> XB,, (3.12)
n=1 n=1 n=1 n=1

! JTe6er-Henri Leon Lebesgue (1875-1941)

2
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rze ce npBa HejeaHakocT y (3.12) 3acHuBa Ha HejegHAaKOCTH (3.4), IPUMEHEHO] Ha OlepaTOpe
C,, ymecto Ha A, kKao 1 Ha (D oo, A;An)l/QX ymecro Ha X.

ITpumernmo na moz ycrosuma y (rl) mmamo u ga cy {AX®@1}0°, u {I®B,}7°, j.x.c. da-
murje orpanudenux omeparopa Ha Co(H), Te (3.4) npumemena ua dammnje {A,R1}°°, u
{I®B,}22, ymecro na damummje {A,}00, u {B,}22,, Ha Cy(H) ymecro Ha H, na X € Cy(H)
ymecto Ha h € H u na upentuuku oneparop I®I ua Co(H) ymecro na X € B(H) naje

i A XB, tr (i I®B: (I@Bn(X)> X*)
n=1 n=1
oo oo 0o oo 1/2
— ‘ (Z AnA;;> RI|| tr <X (Z BnB;;) X*) =1>4,4; ‘X(Z BnB;;)
n=1 n=1 n=1 n=1

Osne cmo kopuctuim gumenuly 12 je |[C®I||smpy—sm) = [|C| 3a cee C € B(H). Kon-
seprenuyja » - A X B, y Hilbert-Schmidt-osoj Hopmu |[|-||2 je ynpaso jaka KoHBepreHuuja
> A, ®B, y Hilbert-osom npocropy Cy(#H), Koja je yCTaHOB/bEHA y MIPETXOLHOM JeJLy OBe
JIeMe.

[Tox ycooBuma y jesty (r2) Bugumo na (3.7) cieau pupektro u3s (3.6), jep

) (S) 0 1/2
Y AXB, > BB, |Xx° (Z A;;An)
n=1 n=1 n=1
f: BB,

n=1

2
<
2

i A, - A;®[‘
n=1

2

2

1/2
= <
2 2

00 1/2
= ' (Z A;;An) X
n=1

Hoxas nejemuakocru (3.8) y (1) ce 3acauBa Ha cienehem HU3Y jeHAKOCTU M HEjeTHAKOCTH:

i BIX*A"
n=1

2
1/2

2

A XB; 0 A XB, - AXB,
> 0 0 : ) :
Z HAnXBn”l = < (313)
- 0 A,XB, 0 A, XB, --- A, XB,
. 0 ) . . . X
4, o0 -~ --[XxX o - --[B, --- B,
: 0 D 0 0o 0
= ] ] (3.14)
A, 0 0 0 : 0O X 0 : 0 0 O
| : 0o . : : o .- : : 0o . L
‘/ZA:LA” o --- ---|IxX o - ... /ZBnBZ R ) I
n=1 . n=1
. .0 .- '
— 0 w0 .- 0 x o 0 o0 .- (3.15)
: 0O 0 O : 0 0 0
L : 0 ] 0 - i 0 1,
0 1/2 00 1/2
= (ZA;’;An) X(ZBHB;)
n=1 n=1 1

Hejemnakocr y (3.13) je mociemuna (13B. “pinching”) mejennakocrn szo:1 PnXPan) < |1 X e,
3a bamwmujy {P,}°° ; mehycobHo oproronasnux opronpojekropa na Hilbert-oBom mpocropy,
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mro je crermjasan ciydaj [J98, Th. 2.1]. dokas jeqnakoctu (3.15) ce 3acHuBa Ha CBOjCTBY
|AXBlle = |||A| X |B*||e 3a cBe c.H. dyukmuje ¢ (¢ o63upom na nejequaxocr (1.8) mocraje
jemnakocr ako je A*A = C*C u BB* = DD*, miro je yBek ucnymeno 3a C' := |A| u D := |B*|),
IPUMEHEHO] Ha KPajibe JIEBY U Kpajibe JiecHy 00K Marpuily y (3.14).

Heo (e) oe meme mpencrasbahe crenujanan ciaydaj Teopeme 3.6(a) 3a Q := N u p :=
card . [

Hejennakocr (3.1) maupextHo ce nobuja u ysacromuom npumenoM Cauchy-Schwarz-osux
HejeHakocTu 3a Xunbeprose npocrope H u L2(§2, i), mro mokazyje

(/Q|<AtXBt f.9)] dﬂ(t)f < (/Q 1Az g\ I X B, £l du(t))2
) /ﬂ gl ) /Q IXB, I dpu(t) = /Q<AtA;‘g,g> dp(1) /Q<B:X*X19tf,f>du<t).

Jo AcAT dp(t) Jo A X By du(t)
Jo AX B, du(t))” [, B X*X B, du(t)
omMoryhaBa U CyUTHJIHHje 3aKJ/bydKe, IOMYT OBUX KOju HaMm aaje cieaehu
CtaAB 3.2. Hexka cy A*, B € L4(Q,u,B(H)), X € B(H), nexa je U € B(H) wapyu-
jaana udomewpuja 3a KOJjY 68adHCU KAHOHCKO UOAAPHO PA3AAZATLA fQ A X B, du(t) =
U| [, A X B, du(t)|, wiaga je

ITosuTuBnocT 2 X 2 oneparopue marpune My p = { (

‘ / A,XB, du(t)’ < (U* / AA du(t)U)#( / B X*X B, d,u(t)) (3.16)
<(| [ aatano|r)# ([ Bexoxmane) = | [ aazauo|”( [ mxexsae)”
(3.17)

3a nosurusae oneparope C, D € B(H) 3a nedununimjy muxose reomerpujcke cpemune C'#D
norsienaru [Hil0, Ex. 3.3.1(3)].

U* [, AAs du(t)U AXB,dut)| | U 0 U 0

| fg{QAtXBt dp(t)] foQB;‘X*XBt d,u(jf)] - { 0 I] Map {0 I] > 0, To
npema [HilO, Prop. 3.3.4(1)] aupektHo nobujamo mejemmaxoct (3.16). Bymyhm na je reo-
METPHUjCKa CPeMHA # 3a OolepaTope TUIMYAH IIPUMED OolepaTopHe cpejaube cariaacuo [Hil0,
Ex. 3.3.1(3)], na je npema [Hil0, Def. 3.1.2] omepaTop MOHOTOHA IO CBAKOj OJI JIBE TIPOMEH-
mwuse. Kako je U* [, A, A7 du(t)U < || [y AA; du®)|U*U < | [ AdA; du(t)|1, onaxae caene
u npeocrasa tBphema y (3.17). N

A Kaxko je {

Cneneha nema obe36ehyje edbukacan MeTo/ IUCKPETU3AIIM]E 3a YOIIIITaBame mocrojehnx
Cauchy-Schwarz-oBux HOpMa HejeTHAKOCTH 3a eJIeMeHTapHe TpaHcdopMepe Ha T.y.I. TPAHC-
dbopmepe. Venos na je L2(Q, 1) cenapabunan Hilbert-oso npocrop ysek hemo nojpasymesarn
y HACTaBKY OB€ TJIaBe.

JIEMA 3.3. Hexa je L*(Q2, 1) ceuapabunaarn Hilbert-oe tpociiop u nexa je {u,}
nexa re2oea 0.1.6. Taga 3a ceaxo B € L%(Q, 1, B(H)) ceu Fourier-osu xoepuyu-

jenwu B, & Jo Beun(t)du(t) € B(H) w

1B = [ |BE o) (3.18)
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Axo je upu wome u A € LL(Q, u,B(H)), waga je 3a ceaxo X € B(H)

(3.19)

Mg

/ A7 X B, du(t)

n:l

A Axko je {e,}r°, 0.u.6. nmpocropa H, Taja je 3a cBako h € H
<Z|B Pt - ZHB Al = ZZ}Bhem =SS [ @ duonen
n=1m=1 m=1n=1

Z/I Bih, em) * dp(t) (3.20)
/ Zr (Bih, e dit) / o = { [ 1BEannn) G

[Tpea jemnakocr y (3.20) (omroCcHO mocsema jeqaakoct y (3.21)) je y cymrunau cama (eKBUBa-
nentHa) nedunnnmja crabor*-unterpata (sugern Jlemy 1.9) davmmmje {Byu,(t)}, ., (omso-

Bth €m) un

teQ
cuo {| Bt|*}1eq), auje nocrojame je 06esbeheno Crasom 1.12 u unmenntom 1a (kao u { By }eq) 1

{(un(t)1)* }teQ € LZ(Q, u, B(H)). dpyra jennaxocr y (3.20) ciemu uz Parseval’-oBux jegnako-
cru 3a L*(Q, p) byukmuje t — (Byh, e,,,), 10K apyra jegnaxoct y (3.21) cieau uz Parseval-ose
jennaxoctu 3a Bih € H, npumemene 3a [u] c.c. t € Q. C obzupom na B € LE(Q, u, B(H)),

u3 smanja (3.20)—(3.21) caeau na je {E }n 1 j-k.c. damminja, Te crora pex Y ]E ? ja-
KO KoHpeprupa. CaudHo, {A }n L= {(( ) ) }>° | mpezcraBiba j.K.c. hamMuinjy, nma mpema
Jlemn 3.1(B1) pex > 7 ( ) X B jAKO KOHBErmpa.

Ha 6ucmo nokazanu dopmyny (3.19), mocmarpajmMo npeo crenujanan ciaydaj X > 0 u
A, := B}, xajna nupumena seh nokasane Parseval-ose jegaakoctu (3.18) Ha {\/ X Bt} teq YMECTO

Ha {Bt}teQ naje

/B X B, dp(t) /V_B\ dp(t) Zw/ﬁznf = f]ﬁénf = i(én)*xén, (3.22)

n=1 n=1

IIITO JIOKa3yje 0Baj CIIeNUjaJlaH CIIydaj.

Kako je |[i*A; — By|> > 0, o je ouma |i*A; + Bi|? < 2|As|? + 2| B;|? 3a cBako t € Q (mTo je
clienujajIHu cIydaj npodumerna onepaTopie Bohr’-oBe nejesnakocTu N = 2, ay := g 1= 1/2
naror ugenturerom (28) y [JM]), npumena ugenturera (3.22) Ha j.k.u. damumumje {i*A; +
Bi}tieq 3a k:=0,1,2,3, y KOMOMHAIIUjU Ca TOJAPU3AIMOHUM HJICHTUTETOM, J1aje

LSS A + (B))X (A, 4 B) - Y (A XB,. (29

n=1 k=0 n=1

mTo 3aBpriasa joka3 dopmyie (3.19) y cayuajy X > 0. Ommru ciiydaj oBe Jieme HOKa-
3yje ce pacTaB/baibeM oreparopa X Ha HEroBe MO3UTHBHO JAeUHUTHE KOMIIOHEHTe X =

Tlapcesai—Marc-Antoine Parseval des Chénes (1755-1836)
$Bop-Harald August Bohr (1887-1951)
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T X+ X+ X+ X) =1 (| X + X[ - X = X*) 4+ (| X = X*|[—iX +iX*)— (| X - X*| —i—zX—zX*)
ociamajyhu mpu ToMe Ha JHMHEAPHOCT TpaHcdopMepa fQ Af®@B, du(t o (An) ®Bn y
B(H), koju ce jaB/bajy Ha CympoTHUM crTpanama dopmyse (3.23). O

) u

HATIOMEHA 3.4. AnrepuarusHo, dopmysia (3.19) Moxke ce M3BECTH U U3 UJIECHTUTETA,

oo

1 e ~ PO
/A*XB du(t) Z/ Pl A+ X B2 dp(t) = 122 i*|i*A, +XB,[> =) (A,) XB,,

n=1

OasupaHor Ha apryMEHTUMA YIIOTPEO/bEeHUM Y MPETXO/IHO IPUKA3aHOM JIOKA3Y.

[Tperxomua Jlema 3.3 omoryhasa npomyxeme Hejeanakoctu (3.5) Ha cienehy kiacy T.y.1.
TpaHcdopmepa.

IMocaeauiia 3.5. Axo cy A, B € LZ( 1, B(H)) u {Ai}ica M.%.H.0. Pamuauja,
waga je 3a cee X € B(H)

2
A, XB,du(t)| < / B X~ (/ AT A, du(t)) X B, du(t).
Q Q Q
A Jloka3s ce 3acHWBA Ha cjaejeheM HU3Y jeTHAKOCTH U je/iHE HejeTHAKOCTH
2 00 2
/AXB dpu(t) ‘/ (A4))'XB,du(t)| =Y (A4;)'XB, (3.24)
Q n=1
Z (B,) X*(ZA* (A2) )Xén = / Bt*X*( / A:Atdp(t)>XBt du(t), (3.25)
n=1 = Q Q

rie je A* fQ A, (t) dp(t) n-tu o.8. Fourier-os koedunujenar 3a j.k.u. bammmajy {A}eq.
Hpyra jennakoct y (3.24) cnenu u3 (3.19), a nejenuaroct y (3.25) je mocseauna npumere (3.5)
Ha damminje Fourier-opux koedunujenara {;1\;}20:1 u {B,}>°, ymecto na {4, u {B,}>,
peroMm. Osre je kopuitheHa U 9UBEHULA & j€ {;F}n 1 M.K.H.O. cbaMI/IJII/Ija Ka/l TOJI je TO U
{A; }1eq. 3aucra, y OBOM CIEIMJATHOM CJIYUajy KOjU IIOCMATPAMO CBH A* = fQ A (t) du(t)
KOMyTHDajy ca cBakuM omneparopoMm mu3 davumja {A;eq u {A]}ieq, ma cy 36or Tora cBu
oHU HOpMaJIHM u Mehycobuo komyTumpajyhm omeparopu. /Jla 6mcMo ompaBiaayd TOCIETBY
jenHakoct, mpuMeTuMo fa je u {U, 152, 0.10.6. y L*(Q, i), ma 3a o.s. Fourier-oe koedurmjenre

A, Jo Ayu, () du(t) = ([, Aju w, (t) dp(t ) = (;1%)* npema Parseval-oBoj dopmyau (3.18)
IPUMEEHO] 3a 0.H.6. {un}n:1 BaXKU

ZA* (A43) = Z(A )'A, = /Q ArA, du(t). (3.26)

n=1

Jom jenma npumena Parseval-ose jenmaxocru (3.18) ma {( [, Aj A, d,u(t))l/zXBt}lteﬂ yMeCTO
ua { By}, KOMILIETHPa JI0Ka3.

2 Cauchy-Schwarz-oBe HejegHakoCcTH 3a T.y.I.
Tpancdopmepe Ha Q n Q* maeasmma

VY oBoj ceknuju pomnyuunhemo jucty Cauchy-Schwarz-oBux HejeHakoCTH 3a T.Y.1I. TpaHCHOP-
mepe [, A, @By du(t) Ha upeaamMa KOMIAKTHEX OIEPATOPa HPUJIPYKEHUX P-MOU(DUKOBAHIM
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¥ FhbUMa J1JYHTOBAaHMUM C.H. PYHKIIHjaMa, 1 pa3MaTpaheMo HeKa CBOjCTBa KOHBEPIEHITH]€e T.Y.II.
Tpanchopmepa.

TEOPEMA 3.6. Hexa je p > 2,X € B(H), ¢ c.n. pynxyuja u J, T 6 xag n — +oo
3a Hexke 0, € M.
(a) Axo cy A*,B € L%(Q,u,B(H)), apu wemy je {Ai}icq M.K.H.0. Pamuauja u
(Jo, Ar A, du(t))l/QX € C,w(H), waga je

1/2

/Q AXB,dut)|| < ( /Q A;“Atdu(t))l/2X , (3.27)

q>(P)

| B dnte

(P(P)

X( /Q B,B! d,u(t))m

axo je {Bi}icq M.K.H.0. Pamuauja u X ([, B,B; du(t))l/2 €€ m(H).

Taxobe, y oba cayuaja Hfén A X B, du(t) — [ A, XB, du(t)Hq)(m — 0 ®ag n — +oo, 3a
cee X € C;()(L)(H).
(6) Axo je ||, Hilbert-Schmidt-oea nopma |||z, Waga Hu xomywaWwueHoC HU
nopmaarocti pamuauje {Ai}icq uau { B leq Hucy Heotuxogan ycaos ga sastcu (3.27)
aa A, B e L%(Q, 11, B(H)), gox (3.28) eascu 3a A*, B* € LZ(Q, u,B(H)). ¥ oba cayuaja
I f5, AX B, du(t) — [ A,XB,du(t)|, = 0 xag n — +oo 3a cee X € Cy(H).
(B) Axo A,B* € L%(Q, 11, B(H)) u X € C(H), waga je

gox je
1/2

, 3.28

/&mww> </&@ww
Q o Q

1/2 1/2
/ AXB,du(t)|| < H (/ A7 A, du(t)) X(/ B,B; du(t)) (3.29)
9] 1 Q Q 1
U / A, X B, du(t) — /AtXBt du(t)| — 0 xag n — +oo. (3.30)
On 9 1

(r) Axo A,B* € LZ(,u,B(H)) u 6ap jegrna og damuauja {Ai}ico uau {Bi}ico je
M.K.H.0. Pamuauja, Waga je 3a cee Y € C )+(H) u Z € (i';:()p)*(’;‘-[)

1/2 1/2
< H (/AfAt du(t)) Y(/BtB: d,u(t))
oP* QO Q

1/2 1/2
| B.B; dute
Q

| Ay

sﬂé&&@@ Wiy (331

u eavicu | [ A Y B, du(t) — [ AYB du(t)||, + | [; AZB, du(t) — [; AZB, du(t)| yo+ — 0
Kag n — +00.

(1) Axo A, B € LZ(Q,u,B(H)) u axo cy obe gamuauje {Ai}icq u {Bi}icq M.%.H.0.
waga (3.31) saotcu 3a cee c.n. pynryuje ¢ (ymecwio 3a <I>(p)*) u cee Y € Cop(H).

A (3.27) u (3.28) y (a) cy camo pedopmynanuje Hopma Hejexnakoctu (1.14) n (1.15)
perom n3 Teopeme 1.16. 3aucra, ma 6ucmo qobum (3.27) uz (1.14) norpebuo je yzeru C, :=
A;, D, := B, 3a cee t € Q. Hejemnakocr (3.28) npomsunasu u3 (1.15) Ha caudan HaduH. 3a
noka3 TBphema y (a), 6€3 CYIMITHHCKOT CMAbEeha OIIITOCTH OrpaHnIrheMo ce Ha pa3MaTpame
ciydaja kaga je {Ai}beq MK.H.0. davmuauja. Tana u3 Hejeanakoctu (3.27) coienn
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/ A, X B, du(t) —/AtXBt du(t) = A, X B, du(t)
Sn 5 <I:,(p) 5\on (I)(p)
1/2 1/2
< H ( [ i, du(t)> X BiB,du(t)| . (3.32)
\on 5\6n

q)aMHija rpancdopmepa (omeparopa MHOXKewa ciea) {S, 122, nedunncanux ca
def . 1/2 o o . 12 .
(fa\a A A, du(t >) / ®I: ecl()p) (H) — e <>,,> (H): X — (fa\a AL A, dﬂ(t)) / X, je ynu-

e G (0 e“ (M) Hfa\a A Apdu(t) ”1/2 < HfaA:Atd“(t)Hm
R

3a cBako n € N. Ykonuko je X omneparop KOHa‘{HOI‘ paura, Tajia mocroje hy, ki, -+, hy, ky €H
Taksu jga je X =Y o kn®hh: H = H:h >0 (b by km, 1a je

M M 1/2
sn(zkme@h:n) Z(( / A:Atdu@)) km>®h;
m=1 m=1 5\dn
M 1/2
< (( / A:Atdu@)) km)eah; =S
o m=1

fuh I [ i ) km,km>l/2%o

Kax n — +oo, carmacuo Jlemu 3.1(6). OmnepaTopn KOHAYHOT paHTa Cy TYCTH Y C;;)(;) (H),

(bopMHO orpaHUYeHa jep je

( [ aa du(t))l/zkm

na npema Banach-Steinhaus-oom mpuanmmy xonseprenmuje [|S, X | o — 0 kag n — +o00

3a cee omeparope X € C'(o()p) (H), mro Ha ocuoBy (3.32) morBplhyje TparkeHy KOHBEPTEHIH]Y
* 1/2 x 1/2

1[5, AXBydu(t) — [;AXB,du(t)| yo0 < || [, BiBedu®)|[" 1SaX g < || Jo, B Bedu(t)|

|Sn X |4 — 0 xam n — +o00.
v c.nyqajy (3.27) 3a Hilbert-Schmidt-oBy HOpMy mMamo

© ., ooAA*l/Q ooAA1/2
H / AXBdu(t)| =|>_ (A;) XB g” (ZA;;(A;)) > BB, (3.33)
Q 2 n=1 2 n=1 2hp=1
1/2 1/2
= H (/A;‘At du(t)) X /B;‘Bt du(t)|| (3.34)
Q 2 Q

rie jexuakoct (3.33) cuemu w3 dopmyse (3.19), (3.7) maje mejemnakoct y (3.33), 0K ce
jemnakoct y (3.34) 3acuuBa Ha dopmynama (3.26) u (3.18).
Cuayuaj (3.28) 3a Hilbert-Schmidt-oe HopMme ce okasyje camano, Kopucrehn casa Hejes-

nakoct (3.6) ymecro (3.7). 3a mokas na Hf(s\én A, XB, du(t)”2 — 0 xKag n — 400 MOXKe ce

y IeJIOCTU yIOTPEOUTH JTOKA3AHO Hfé\én A, X B, d,u(t)”(b(p) — 0 kag n — +oo (@7 = (@ 3a
® :=/( u p:=2), ca jeIMWHOM PA3JUKOM IITO ce cana kopucru (3.27), a He 3axTeBa ce Ja je
{Ai}teq MK.H.0. bammHja.

Pann nokasusama (3.29) y (B) xopuctumo Parseval-ose jegmaxocru (3.18), (3.19) u muc-
kperny Cauchy-Schwarz-oBy nejesnakocr (3.8) 3a HyKJ/IeapHy HOPMY, Ha OCHOBY 4era CJIe/iu

[l =[5 rxa] < | (S a) X(Sa6)

] Hn(/g W)“X ([ sz
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[Mocnenma jemnakocr y (3.35) ciemm u3 (3.26), kKao u jour jenne weHe npumene Ha { B} }eq
ymecto Ha {A, }icq, HA OCHOBY Koje je

> Bu(B) = (BB = | BB dutt) (3.36)
n=1 n=1

rJe mnocsieiba HejeHakocT y (3.36) cuenu us (3.18), npumersene Ha j.K.u. dbavusnjy {B; heq
U meHe onepartop BpenHocHe Fourier-oe koedbunujenre {B*}°° . 3a 0.1.6. {u,}2,.
Ba moka3 (3.30) mpumMeTrMo IpBO A je

1 N\dn 1

1/2 1/2
< H (/ AT A, du(t)) X(/ B,B; dp(t))
5\ 5\on

ITocmarpajmo 3atum davumujy tpancdopmepa {7,152, marux ca 7, . & (f na, A A du(t )

A X B, dp(t)

/ AXB, du(t) — / AXB, du(t)
on é

(3.37)

1

1/2

& (fa\an B,B; du(t ))1 3a n € N, koja je yuudopMHO orpanndena kaja ouu jenyjy na Ci(H),

3 * 1/2 * 1/2
ca HOpMOM || T ||, ()€, (3) KOja He peBasuIasu Hf5\5n Ar A, du(t)|| Hfd\én B,B; du(t)| " Tp-
BO heMo pasmaTparu ciydaj Kaja je X ornepaTop ca KOHAYHUM PAHIOM, TO jeCT KaJia je OH
00JInKAa Z%:l ho* @k, T €y by, ki, hy, ky € H. Y oBOM citydajy je

(S nron)] | S ) o [ iaane) )

( AT A, du(t )>1/2/<m

6\on

1/2
hm,h> <( A*Atdu(t)>km,km> 0
5\on

Kaj n — 400, carmacuo Jlemu 3.1(6). Kaxo cy oneparopu kornausor panra ryctu y Ci(H), To
MOHOBHA yIToTpeba MpuHIUIIA KOHBepreunuje u3 Banach-Steinhaus-ose TeopeMe 0be306ehyje ma
| 7. X1 — 0 xkaxg n — 400 3a cee X € Cy(H), mrro naje Hf5 AXB,du(t) — [ AXB, du(t ”1
< || 72X — 0 xag n — +o00, npema (3.37).

Hoxkas nejeanakocru (3.31) ce 3acHuBa Ha

1

M

<3

m=1

S(([ pras

\6n

( B,B; du(

) e
)

”/QAtYBt du®) . g(fl*) oS H (Z A (A7) ) (gé (En)")é L (339
= H ( /Q A?Atdu(t))éY( /Q B, B} alu(t))é o (3.39)

Jennakocr y (3.38) cmemm npumenom Parseval-ose jeamakoctu (3.19), m0K je jemHakocr y
(3.39) 6asupana Ha Beh Bubjenoj npumenu mapa jeanaxkoctu (3.26) u (3.36). One je mOHOBO
UCKOpHUIITNEHO 1 je {(A;;) }20:1 M.K.H.0. hammnja kag rof je 1o u { A }eq (1rmo je coydaj Ha

KOjU ce orpaHmdaBamMo 6e3 CYIITHHCKOD CMakbemha OIIITOCTH), DAy MPUMEHe HejeTHAKOCTU
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(2.4) u3 Jleme 2.6 3a onpasiame HejeaakocTr y (3.38). 3a 0Ka3 MOCTEIHEr CBOjCTBa BE3aHOT
3a HOpMa KOHBepreHiujy y (r), uckopuctumo ucre dpavuiauje rpaacdopmepa {7,152, Kopui-
hene y jokasy 3a (B), ma joka3 3a (B) HOCTaje U J1e0 joka3a 3a (r) ako |||, 3amenmmo ca
(©)

|| g+ 1 C1(H) ca (?(I)(p)*(H) Tako 1a 3a Z € @ (F) .(H) Baxknu |U6\5nAtZBt d,u(t)”(b(,,)*—) 0 kaz,
n — +o0. Kaxo @y(H) C €,(H) c €Y (M) C Goo(’H) 1 Ci(H) C Cum+(H) C Cpe(H) C Co(H)
caryiacHO uHKJIy3ujama y (1.2) u unmwenunu na je p* = p/(p — 1) < 2 3a p > 2, onakJie cjean
ma Y € C(H) n Hfé\SnAtYBt du(t)H2 — 0 xKa n — 400 mpema TpeTxoaHoM Jeiy (6) oBe
TeopeMme.

[Mocnenwu meo (n) y Teopemu 3.6 roBopu 3ampaso ucto mro u Teopema 1.15. Y oBom
ciyuajy cy u {A,}>2, u {B,}>°, Takohe M.K.H.0. amuimje. O
HATIOMEHA 3.7. AnrepHaTnBHO, IpeocTaau jieo jjoka3a Teopeme 3.6(a) HAKOH HejeTHAKOCTH
(3.32) MOxKe ce M3BECTH JIOKA3WBAEM A H(fé\(S ArA,d ( 1/2XH¢(,7> — 0 xax n — +00

na ocuosy |GK, Th. II1.6.3|, axo ysmemo A := X € €V () (H) n npumernmo ma X,
1
(fé\én A A7 du(t))® — 0 jaxo kag n — +oo, Gyayhu na je npema Jlemu 3.1(6) 3a cako h € H

IXh2 = (X2, B < | X2R]A] = H / LA du(t)hHHhH L0 xann - 4oo.

Konawan saxmyuak g | [; A,XB,dp(t) — [; A X B, du(t)|| yor = 0 xkan n — 400 crenu na
ocHoBy mporiere (3.32).

Crenehia Teopema momymyje Teopemy 3.6(T) y caygajy T.y.m. TpchcbopMepa na € +(H),
KO KOJUX je CIIeKTAp CAJPKAH Y 3aTBOPEHOM jeMHUTHOM THCKY D o {z € C: |z]| <1}
Ba TakBe omeparope mmamo cienehy pedununujy, rae je 3a Banach-os npocrop X u A €
B(X) ca r(A) o3nauen crnekrpajuu pajujyc omeparopa A mar ca r(A) it ey § | A" (=
lim,, o0 /|| A7)).

JeonHnnniA 3.8. Hexa je A € LE(Q, 1, B(H)) warsa ga r ([, A @ A, du(t)) < 1. 3a
pamurujy A o {A, } e u roj apugpyorcenu wparchopmep [ Ay @ A, du(t) (koju geayje na

B(H)), gepunuwemo rwuma Gpugpysrcert CUeKWPpairy, ouepatuop gePeriia:

1
2

Ay s—hm (I + Z p2" Ay - Ay P dp (- - -, tn)>

[e'e) —1
— ls—lim|(7I+ 2[4y A Pdpn (b, )] 3.40
] ;n( S Ve P >) (3.40)

Hobpa nedunucanocr A, ocnama ce Ha unmeHuily ga je 3a csako p € (0,1) pem I +
Yo PP [ Ary - Ag, 2dp™(ty, - -, t,) ancomyrno xomseprenran y B(H), ¢ 036upoM Ha TO

Ja je
thUp |At1 Atn|2dlun<t17' 7tn> E: p2 hmsup (/ AI ®At d:u(t)) (I) n
n—-+00 n—+00 Q
= p? limsup (/ Al ® A, du(t)) ’ <<,
n—-+00 Q B(H)—B(H)
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o caenu u3 dopmyate [JMD, (6)], koja je cienmjanan ciydaaj dopmyate (13) y [J09, Th. 2.1],
npumerserie Ha ([, AT@A, du(t))" = [0 (A - A ) @Ay -+ Ay dp™ (t1, -+, t,) yMecTo Ha
[, Ar®@A, du(t). Kombumyjyhin nperxosmo ca tam ja bamummuja { (T+3°05 p?" [, Ay -+ Ap, |
dp(tq, - ~,tn))_1/ 2}0 <pe1 TPEICTABIbA dbamunumjy jako omamajyhux (mo p) MO3UTUBHUX KOH-
Tpaknuja, jep je t — t~/? omeparop omanajyha dbyukuumja Ha [0, +00), TO TOCTEAUIHO OBA
damuimja jako kouBerupa Kaj p 1, ma je Ay takohe jeHa MO3UTUBHA KOHTPAKIIH]A.
[Mocnenmwa jenmakocr y (3.40) 3acHOBaHA je Ha UMEbEHWIE JIa BaxKM jegHakocT A% =
s—1lim, 4 (1 + 307 p* o [Aby -+ As, ? dp™(ty,- - -, tn))fl, IITO je IOCJIeAUNA HEIPEKUITHOCTH
MHOXKeHa OllepaTopa y OJHOCY Ha jaKy KOHBEpPIeHIMjy ormeparopa, Tj. ykoauko je {C, D} U
{C,, D,}e0,1) davmmja oneparopa y B(H) u lim, ~ (||Cyh — Chl| + |D,h — Dh||) = 0 3a
csako h € H, tana je u lim, ~ C,D,h = CDh 3a cBaxo h € H.
HATIOMEHA 3.9. Crienmjasau ciyuaj Jedununmje 3.8 3a 2 := N U {0} u 6pojauky mepy u Ha
N U {0} u cnenmjannn cayuaj Jdedunnmuje 2.51 3a f: D — C: z — = ce nokaanajy, Tj.
BazK1 AA = Af,/{.

TeEOPEMA 3.10. Hexa je ® c.n. dynxuyuja, p > 2, X € C u«(H) u A, B" €

L%(Q,u,B(H)) waxee ga je bap jegna og damuauja A o {Abeq u B* = o {B; }ieq
M.K.H.0. hamuauja.
(a) Axo je, gogatwino,
inlgl / |At1 e Atn|2d/~Ln(t1" ’ '7t7L) n < 1
ne n
@ . (3.41)
. 2 "
* ... B L <
rlllellg /Qn |Bf -+ By | dp(ty, -+ )| <1
w3 [ A AP B BB (e t) < oo (342)
— Jan
3a cee h € H, wuaga
1X |- < HAF( /AtXBt du(t ))A .o (3.43)
(6) Caeyujaaro 3a cee w € D je tog ycaosuma y (3.41)
X | g+ < H(I+Z |w|™ |At1 A, \ du” (ty, - ) AtXBt dpu(t )>
n=1 an
X <I+Z|w|" |B ) (3.44)
n=1 Q
(8) dogatuno, axo je [, A;A, du(t) <1 w [, B,B;du(t) < I, @waga
1/2 1/2
H< A*A Ldult )) X(I - / BtB;dp,(t)) < HX - / AXB, du(t) (3.45)
Q (I)<p>* (9] (b(p)*
A 3acsako n € N u cBe ty, - ,t, € Q yseaumo o.B. dynxmuje A™ (¢, - ,tn) dof
Ay Ay AV (et o Ay -+ Ay, m comano, yseaumo BI™(ty, .- t,) o B, --- B,
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u By, t,) o B --- B} . Illpema [JMD, Lemma 2.1], ycrosu (3.41) obesbeDyjy ma
Jo A" ®@Adp n [, BRB* du, xana nenyjy na B(H), mmajy cnexrap canpxan y D. Ako me-

dbunnmenmo Ty o o A,®B, du(t), u carmacuo ToMe Heka je Ly« 4 o q Af®A, du(t) u
I p &f o Bi®B; du(t), Tama Baxu T p X = [o, AW X BIM dpr, T, 4 (1) = [ A=A dpn

- Ig,B*([) = an B™BIM*du®. 3a cee X € eq,@)*(%) je

T2 5% - < [ (@ (D) X (T - (D)

1 1
o € T2 alDI 2B 5 O
3 3
— Aln)x gln) du” / Bl gln)* du™ HX”(I)(p)*?
Qn n
na je npema (3.41)
n o 1/n et 1/n\1/2
nETOOHIA,BHeq)(m*(ﬂ)—m@(p)*(y) < nl_lgl@( /Qn |A™ " dp /Qn | B dp > <1,

mTo MoKasyje Ma je crexrap pecrpukuuje Ly p na € )«(H) caapxan y D. Jasme
A2=s—lmA2=1] — i 2n Ay - Ay Pdu (b, -t
A S pl}ri pA +s pl;f%;p Qn| 31 tn| H (17 ) )

130 [ A A Pl t)
n=1+"

[PEe/ICTaB/ba OTPAHUYEH, IIO3UTHBAH U MHBEPTUOMIIAH OLepaTOp, YUju je HHBEP3 Takohe orpa-
HudeH, Kao u ga Ayl =1+ > [ |B; -+ B |* du™(t1, -+, t,) € B(H), mro je omoryheno
yeaoBoMm (3.42). 3a cako 0 < p < 1 Bazku u dhopmyiia

—1 e8] n )
Q n=0 Q2 n=0

n

Ha ocuoBy passoja (3.46) u nperxoaue Teopeme 3.6(r) masme coenn

1X |00+ = H (2 por ( /Q A, ® B, du(t))” (X — /Q AXB, du(t)>> ‘

=[S /Q AMA L A (X—p2 /Q AtXBtdu(t)>A;§*ApB*Bln> du”
n=0 "

¢(P>*

(I>(P>*
1/2

<Apﬂz 2 ; Alm)x glm) du"Apﬂ> Ay (X — p2/Q A X By du(t))Agg*
n=0 "

00 1/2
(Apﬁ*z pZn/Qn B|n>B\n>* d,UJnApB*)
n=0

_ HA;; (x - /Q AX B, dp(t) A,

/A

X

(D(P)*

< A;l(X—;P/QAtXBt du(t)> Ag!

@(P)*

@
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Kaxo cy cBe |||+ HOpMe TakoDe u y.u. Hopme, To cy npema dopmyma (1.9) momynenpexn ae
07103710, mTO oMoryhiasa 3aBpierak jqokasa (3.43) kopucrelin

‘HX - p2/ A X By dp(t)
Q

Q

(I,(P) * (I,(P) *

<(1-p7) AtXBt du(t)

—0 kagx p 1.

(I,(P)*

Ba noxas mejemHakoctu (3.44), monazuMo o1 MosapHe JleKoMmosuimje w = e|w| 3a He-
ko 0 € [0,27) u onma mpumenmmo (3.43) wa dbavmmmjy |w|V2A = {|w|Y?A}iecq (O,HHOCHO

e?|w|V2B* = {e”|w|'?B;}1eq) ymecro na {A;}eq (ommocno {B;}icq), 3a xoje je Al A =

] n n n\1/2 " . 1 5
(14307 [w]™foyn A 2dpm) / (ommocHo A, o2 = (I + 32, [w[r [ | BIM* 2dpr) / ).
3a mokas (3.45), npuMernmo HpBO Ja jepHakoct (3.46) mame naje

x=Yp /Q A (X —p /Q AXB, du(t))B|">du”, (3.47)
n=0

I1a, jOoIll caMoO OCTaje Jia ce JIoKaxke cjejiehn Hu3 Heje THAKOCTU U jeTHAKOCTH:

(- fono) (- o)

1/2 1/2
(1= o[ aiaaue) x(1- o[ .5 auto)
1/2 oo

(I p/AA dy(t ) Zp/ A|"><X—p/QAtXBtdu(t))BmMu"

q)(p)*

(3.48)

< lim inf
p /1

(I)(P)*

= hm 1nf

1/2
B B; duf(t )) (3.49)
@(F)*

(i
( A'" (1 —p /Q AZA, d,u(t)) A|”>du">1/2<X —p /Q AXB, dp(t)>
< B'" (1 —p /Q B,B; du(t)) B|”>*du”)l/2

X - P/ A X B, du(t)
Q

< liminf
p/1

(3.50)
‘P(p)*

= lim inf
p/1

(3.51)

_ HX - / AXB, du(t)
Q

@(P)* (I)(P)*

Hejennakocr y (3.48) ce 3acuuBa Ha Heje,ZLHaKOCTI/I (3.46), y KOMOMHAIIL]U CA HEJETHAKOCTUMA
I—[ At A, du(t) < T—pf, AfA, du(t) w I —[, B,B; du(t) < I—pf, B,B; du(t) 3a cse p € (0,1).
Jennakocr y (3.49) ce nobuja npumenom dopmyte (3.47), ok ce Hejeauakoct (3.50) mobuja
npumenom Teopeme 3.6(r) na @), pV2 A", @2, p"/2BM* € @2 LE(Q", u™) ymecro Ha
A, B* e LE(Q, 11, B(H)), kao m ma Y := X — p [ A X By du(t). HpBa jennakoct y (3.51) ce
nobuja us dopmyie Z = Yo7 p" [ AMN(Z — p [, AT Z A, du(t)) AN dpt = 300 p" [ B
(Z — pf, B,ZB; du(t)) B"*dp" 3a cse Z € B(H), mro je omorylieno TuMe jep BazKe IIpOLEHe
| Jo pAT®A, dﬂ(t)”i;(%)_m(y) = p | Jo ATA dp()]| < p < 1 u | [ PBt®B£kdl‘(t)“B(H)—>B(H)
= pl|Jq, B.B; du(t)|| < p < 1, carmacno (13) m3 [J09, Th. 2.1]. Ilociemma jemmakoct y (3.51)
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caeam w3 (1= p)|| foy AX B, du(t) ]| yr- < (1= )| (Jiy AfA, d(6))'* X ([, B,By dpa(t))"?

< (L= X] g+

H«b(”)*

HanomeHA 3.11. lpuvernvo fa y cay€ajy |||+ Hopme nejemmaxoct (3.45) mpommpyje
[JO5, Th. 4.1] wa curyanujy kama davuauje {A;}eq u {B] }ieq Hucy 0be Hy:KHO HOpMAJI-
we. Crenumjanno, y caydajy Kaja je ckym {2 jemnodsan u oneparopu A, B cy KOHTpak-
nyje, TakBM Jla je 6ap jemaH ol BUX HOpMaJiaH, Taja HejegHakoct (3.45) rosopu ma je
VT — A*AXVT — BB*|| jo0+ < | X — AXB|| 0+, mro npommpyje [J98, Th. 2.3] na ciruan
HAQ4YUH.

[Tpumernmo u To na npema [JMD, Lemma 2.2] Ay (omnocHo Ags) y Hejemnakoctu (3.43)
nocraje (I — [, A7 A, du(t))l/2 (ommocro (I — [, Bf B, d,u(t))l/z) ykomuko je { A }ieq (ommocHo
{B; }icq) M.k.H.0. bamuimja, jep cy Taga Ay u Ags UHBEPTUOUIHU CAIJIACHO yCaoBy (3.42).

3 Omnepatop BpeanocHa Fourier-oBa Tpancdopmariiuja
n Fourier-oBu tpancdopmepn

Y oBoj one/pKy Hasemnthemo npumene Teopeme 3.6 ma Fourier-oBe Tpamncdopmepe, kKoju
IIpeACTaB/bajy MOTKJIACY T.y.II. TpaHcdopMepa nHayKoBannx Fourier-oBom Tpancdopmalimjom
komiiekcHe Lebesgue mepspuse dyukimje va R u yomnmrene pepusaiuje AQI + IQB: B(H)
— B(H): X — AX + XB.

JdeouHuimiA 3.12. Hexa je p (ognocno f) womiserxcna Borel-osa wmepa (ognocro Le-
besgue meprusa pynrxuuja) na R u A, B € B(H). Axo je dynxyuja t — e (ognocno
t = f(t)e™) Tewdang uniiezpabuana o mepu |u| (ogrnocno o Lebesque-o60j mepu) na R,
waga ca

A(A) = Fu(A) = / ¢ du(t), ognocno  f(A) Y Fra) Y / et () dt,

R

o3nauasamo ouepawiop epegrnocwy Fourier-osy wpanchopmavujy mepe o (ogrocro
dynxyuje f) cpawynatie y A. Cauuno, yxoauko je 3a ceaxo X € B(H) dymxuuja t —
et AXetB (ognocno t s f(t) e Xe"B) Tendang uniiezpabuana o mepu |p| (ogrocro o
Lebesque-o60j mepu) na R, waga ca

ﬂ(A@I—l— I®B) d:ef]:u(A®I—|—]®B) déf/ez't(A®I+I®B) du(t) _ / eitA®eitB dli(t)
R R

F(A®I + I2B) d:cf]__f(A®I+ [B) d:of/ez‘t(A(X)I—l—I@B)f(t) dt — / etAReiB (1) dt
R R

osnayvasamo Fourier-oe wipancgopmep mepe 1 (ognocno dynkuyuje f) 3a yotwidieny ge-
pusayujy ARI + IQB.

[Tocenme jeqHakocTn y mpeTxo/iHe JiBe JieUHUINje TOC/IEINUIE Cy UICHTUTETa
EHABIHIDE) — (tART+HIGIE — (itABI IGIHE — (citAg [)([ReP) = etAgeitB,
sacHoBanux Ha dopmyma eC TP = el 3a melycobro komyTupajyhe oneparope C, D € B(X)

Ha Banach-oBom npocropy X, npumemenoj va X := B(H), C := it ARl u D := [QitB.
TEOPEMA 3.13. Hexa je ¢ c.n. ¢pynruyuja, p > 2, A,B u3z B(H) u f,g: R - C
Lebesgue mepmuse pynruyuge.
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(a) Axo je [, [le™n)?|f()]* + e B h)?|g(t)|*dt < 400 3a cée h € H u A uau B je
HOpMAAAH OUepatop, waga je 3a cee Y € QI)(,,)*(/H)

/eitAYeith(t)g(t) dt

R (I:,(P)*

‘ ‘ 1/2 ‘ ‘ 1/2
< H </ e—ztA*eztA|f(t)|2 dt) Y(/ eztBe—ztB*|g(t>|2 dt>
R R

|F(f9)(ARI + IQB)Y || o+
< WF(FP (AR + I0A)(1)Y/F(|g]?) (BRI — I@B*)(I)]| 4o

,  wy. (3.52)
@(P)*

(6) Axo X € Co(H) w [, le™h|?f(t)]> + [[e™Ph|*g(t)]* dt < +00 3a ceawo h € H, Waga

|F(fg) (Aol +IB)X|,
< WVFIR) (AR + I0A)T) X |, | F(lg?) (- B®I + IeB)I)||"*, (3.53)

gox axo je X € C(H) u [;[le™™h
waga je

PIF@ + lle™ R

?lg(t)|?dt < +oo 3a cee h € H,

|F(f9) (Aol +IB)X|,
<||FUFP) (AR — I0A% ()| | XVF(9I?) (BT — 1&B7)(D)|,. (3.54)

/A Axo je u Lebesgue-oa mepa ma Q := R, A, := f(t)e™ u B, := g(t)e"” 3a ce t € R,
Tajia npuMena HejenHakoctu (3.31) w3z Teopeme 3.6(r) mokasyje mejemnaxoct (3.52) y ey
(a) Teopeme 3.13.

Y cnemmjamsom cayuajy ||| o = |||z, axo je [p [€Ah|?[f(2)]* + [lePh|*|g(t)* dt < 400 3a
cee h € H, rana neo (6) Teopeme 3.6 06e36elyje UCIymHEHOCT YCJIOBa 3a BayKeme HejeHa-
koctu (3.27), koja masme jokasyje (3.53). Cumuno, neo (6) Teopeme 3.6 o6e3beljyje Baxkeme
HejeqmakocTn (3.28) 360r ncmymema ycaosa [ [le” A h[?| f(1)]2+ e B h|[g(t)[* dt < +oo
3a cBe h € ‘H, na Baxu u (3.54). N

AeonHuIA 3.14. Ouepamiop A € B(H) hemo 36atiu gucutatmiueHum ako je Im A dof

def A_ aA*
Ay = 44 > 0.

Y3 kopumnihieme oznake Ry := [0, +00), 3a nucunarusHe omepartope Baxku ciezeha Heje-
JIHAKOCT 3a YOIITeHe aepuBarnuje y QF maeaauma.

TEOPEMA 3.15. Hexa je p > 2, ¢ c.n. pynxyuja, 1 xomuaexcra Borel-oea mepa
na R, ca wowaasrom sapujayujom |u|(Ry) <1 u nexa cy A, B, X € B(H) wmaxeu ga
cy A, B gucutamiuenu u bap jegan og rwux je nopmanaan. Axo AX —XB € C )«(H),
waga

Vid* —iA (W(A)X — Xa(B)ViB* — iB| -

< V1= P ax - B/ o)

A Jokas 3a (3.55) ce 3acHuBa Ha cieneheM HU3Y jeTHAKOCTH U HEjeTHAKOCTU:

(3.55)

(D(P)*
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|Vid" =iA (A(A)X — XB)WiB* ~iB] -
= 2|[V/As ((A)X — Xju(B))V/ Ba| y-

= 2|l\/As < /R ("X — Xe“B)d,u(t))\/B_g

+ @(P)*

t
e / / VA AAX — X B)e =95, /By h(t) ds d||(t) (3.56)
Ry P
<2 / / e Ag e ds d| | (t )) (AX — XB)
Ry
« / / (-8 B H6=0B" s ] (1 )> (3.57)
R4 @

1/2
H // —isAT AT — 'A)eiSAdsd|u|(t)) (AX — XB)
R4

(
(
(
(// “B(iB 4 iB)e dsdmm)
L
(Lo
(

q)(P)*

““‘)dsdmm) wax-xn)(- [ + / 4 (e ‘”B)dsdmm)l/z

P>
1/2 ' ‘ 1/2
_ —itA* ztA)d‘lu’( )) (AX—XB)(/ (I— eztBeztB*)d"uKt)) (358)
R, oP*
2\1/2 ' 2\1/2
<|[(1—| [ e dut) ) (AX — XB) (I — / e P dp(t) ) (3-59)
R+ <I)(p)*

(A (AX — XB)

@(P)*

Jemnaxocr y (3.56) ce mobuja cariacuno Newton’-Leibniz’-oBoj dopmynu, ¢ o6zupom 1a je
4 (54X e t=9)B) = je 4 (AX — XB)e'""98 e je ca h = % oznauen Radon®Nikodym'-os
M3BOJT KOMILJIEKCHE Mepe i 110 MepH | 4], Koju 3agoBosbaBa |h(t)| = 1 3a [|u]] c.c. t € Ry. Hejen-
Haxoct (3.57) je mocienuma npumene Cauchy-Schwarz-ose nejennakoctu (3.31) na AX — X B
ymecro Ha X, := Ry xR, kao u Ha npousBoj, Mepy |u|xm YMECTO Ha [, TJi¢ 1M O3HAYABA
Lebesgue-oBy Mepy na Ry, A, = /Ag e x(s) u Bys := e ""9B/Bg h(t) xj04(s) 3a cBe
s,t € Ry, a xjo4 je xapakrepucruuna bynkimja onceuka [0,t]. Jeanakocr y (3.58) je nmono-
BO 3aCHOBaHa Ha JABOCTPYKOj mpumenu Newton-Leibniz-oBe dhopmyre, nok je HejegHAKOCT y

(3.59) mocsemuia cBojcTBa gBOCTPyKe MoHOTOHOCTH (1.8) M HEjeHAKOCTH | fR WA du(t )}2 =

e, b diul@)]* < [ fo, IBOPIAul@)] fo, e e dlul(t) < fp, e e d]pul(t) u

| fR+ e B du(t) ‘ < fR+ e Be= B d| 1u|(t), nobujernux nomohy oneparopue Cauchy-Schwarz-ose
HejeHaKOCTH (3.2). O

HbyT-Isaac Newton (1642-1727)

5 JTaj6rmnm-Gottfred Willhelm Leibniz (1646-1716)
0Panon—Johann Karl August Radon (1887-1956)
"Hukomam—Otton Martin Nikodym (1887-1974)
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I'maBa 4

OneparopHe 1 HOpMa HejeJHAKOCTU
Griss-Landau-oBor Ttumna y maeajuma
KOMITAKTHUX ollepaTopa

[Tosrazehu o mocTojehux Cauchy-Schwarz-oBux HejeTHAKOCTH 3a eJIeMeHTapHe TPpaHC(OP-
Mepe U T.y.N. Tpaucdopmepe, Yy OBOj IIaBU pasmarpahe ce TPUMEHE PAa3/JUdUTHX TUIIOBA
Cauchy-Schwarz-oBux HejeiHakocTu Ha oneparopHe u HopMma Hejeanakoctu Griiss-Landau-
OBOT' THIIA.

[Toznara Griiss-Landau-oBa HejeHAKOCT Kazke /12 je 32 BEpOBATHOCHY MEPY (i HA IIPOCTOPY
) u MepsbuBe KOMILIEKCHE dyHKIMje f u g Ha (2

/ lg1* dp —

[sodi— [ i [ s </ [ | [ rouf

Cuenmjaano, ako cy f m g orpanmdeHe peajine (byHKImje Ha (), OHIA ce uU3pa3 Ha JIECHO]
crpanu o (4.1) MoXkKe Jjajbe IPOIEHUTH Ca

R<<<<I>/Qfdu)(/gfduw)(F/diu)(/diuv)>l/2 Lo -0 —)., (12)

rze je o := infessg f(déf —supessg(—f)), ¢ :=supessg, f, 7 := infessg g u I' := supessg, g.

Crenujamau ciaydaj vejennakocru (4.1) u (4.2) 3a nopmanusobany Lebesgue-oBy mepy Ha
Q := [a,b] (3a kojy je du(t) = ;2&), je cymruncku nokasan ox crpaue G. Griiss-ay pazy [G35].
E. Landau je y [Lan35| pedopmyiicao npeTxoHo mpecTaB/beHe pesy/arare, IpuMeryjyhin
Cauchy-Schwarz-ose nejeaakoctu y mokasy (4.1). Anrepuarusua npumena Cauchy-Schwarz-
OBe HejeJHAKOCTHU, OBOT IiyTa Gasupana Ha uaenturery Kopkuuosor' tuna uz [MPF, (7.1)
p. 243|, ynorpebsbena je y [MPF, (7.1) p. 243] pagu nokasuBamba Hejequakoctu (4.1), u3
KOje JMpeKTHO cyeiu u Hejeanakoct (4.2). Takobe, npodumeme nejennakocru (4.1) maro je
y Jlemmu 4.1 y ciayuajy kasza je () KoHa4YaH CKyI, a [ U g Cy OlepaTop BpeJHOCHe (DyHKIIH]e,
1ok ce gpyre rerepanmsanuje Griiss-Landau-oBe nejenmnakoctu (4.1) u (4.2) mory mahum y
pagosuma [JKM, J19, MM], kao u tamormmuM pedepernama.

gdﬂ = R. (4.1)

W

'Kopkmi—Anexcanmp Hukonaesma Kopkmn (1837-1908)
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I'JIABA /. OIEPATOPHE I HOPMA HEJEJHAKOCTU I'PUC-TAHJAYOBOT TUIIA

1 IIpodmumene Griiss-Landau-oBe HejegHaKoCTH 3a
eJIeMeHTapHe ollepaTope

OBaj oie/baK MOYUHEMO HJICHTUTETOM Ca, €KCILTUITUTHO M3PAXKEHUM CabUPKOM KOJUM Ce
u3jeHavaBa JieBa u JecHa crpaHa y omneparopuoj Griiss-Landau-oBoj HejemnakocTu 3a ese-

MEHTapHE OlepaTope.
JIEMA 4.1. Axo ay,...,a, € (0,1] sagosawasajy >\ _ a, =1 3a nexo v € N, axo
XeBH) u{A,....,A} u{B,...,B,} cy pamuauje y B(H) u axo 3a c >0 sascu

> 2N, 0l AL A, — |50, A, @aga je

)

x (zN: 0 ALXB, — (EN: AZ)X(EN: Bn)> - cX(a,) B, : - a,'B,) 2

n=1 n=1 n=1
N N
= (Z o, 'B:*X*XB, — ‘X Z B, 2), (4.3)
n=1 n=1
clieyujaaro, 3a ceaxo c > ||[NY " AZA, — |3, An}ZH% je
N N N 2
NY AXB, - (Z A;;) X (Z Bn)
n=1 n=1 n=1

>

1<m<n<N

2>;)1

2

N N
(c]+<c2] NZA —1—‘2/1”
=1 n=1

X (Ng A*XB, — (; A;;)X <Z B )> —cX(B,, — B,)

N
s <NZB;;X*XBn - 'XiBn > (4.4)
n=1 n=1

A 3Ba nokas kopuctumo cienehn cnenujanan ciydaj unaenrura (2.3) Kopkunosor Tuma n3

[JKM] 3a BepoBaTHOCHY Mepy pu nedunucany ca pu({n}) M, 3acee 1 <n< N, IPUMEHEHOT
Ha OIEPaTOpEe * 1 f—: ymecro Ha A, u B, pemowm:

Z O Oy, (Oé:nlAjn - :LIAZ)X(a:nle - ;an)

1<m<n<nN

== Z (et AL — 0 AR X (03,1 B, — ;' B,,)

m,n=1
_ ;a;LlA;;XBn - (; A;>X<; Bn>. (4.5)
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def al 2\2\ L def
YBozmehu oneparope C' = (c[ - (cQI — Y o tARA, + ) > uD=)> oA XB,—
n=1 n=1

N
> A,
n=1

N N
(Z A;‘;)X (Z Bn), neBa crpana of (4.3) ce MOXKe U3PA3UTH KAO
n=1 n=1

D*D + Z ozmozn| (oz:nlAm — a;lAn) CD —cX (oz;nle — ;an) ‘2

1<m<n<N
1 N
=D"D+ 3 S a0 A, — a3 A,)CD—cX (0, B, — ;' B,) [’ (4.6)
m,n=1
DD+t XN: @, | (tA,, — a;'A,)CD? (4.7)
2 S~ mn m m n n °
o
—cRe Y a,a,(a, D*CA;, — o' D*CA;) X (o, B, — o' B,) (4.8)
m,n=1
RN -1 —1 2
+ 5 mg_l aman|X(am B,, —a,'B,) ‘ (4.9)
7 N N 2
= DD + D*C(Z 0, ALA, - ) A, )CD (4.10)
n=1 n=1

—2c¢Re D*C (RXNE O 'AXX B, — (;N; A;;) X (XN: Bn>) (4.11)

n=1
N

N 2
+ (Z o;'B:X*XB, — ‘X > B, ) (4.12)
n=1

n=1
N N 2
= D*C (02 +Y 0 ARA, - YA, - 2001) CD (4.13)
n=1 n=1
N N 2
+c (Z o 'BX*XB, — ‘X > B, )
n=1 n=1
N N 2
— D*C’((C’l —cl) =PI+ Y ) AnA, — (Y4, )CD (4.14)
n=1 n=1

)
)
¢ 063upoM Ja je u3pa3 y (4.14) jemHak Hysa omepaTopy CArIacHO caMoj AeUHUIUH olepa-
topa C. IIpu Tome je ynorebibeHa u popmyia
|A+ B> = |AI?+ A*B+ B*A+ |B]*> = |A|?+ 2Re A*B + |B|?

pajgu pobujama (4.7), (4.8) u (4.9) uz (4.6). Hpyru cabupak y (4.10) ce mobuja u3 apyror
cabupka y (4.7) npumenom dopmyse (4.5) wa X = [ u na A,CD ymecro na A, u B,.
Cabupaxk (4.11) ce nobuja n3 (4.8) mpumenom jorur jeauom dopmyre (4.5) wa A, CD ymecro

Ha A,, 70K je cabupak y (4.12) mobujen u3 (4.9) nmpumenom (4.5) wa X B, ymecto Ha A,.
Hedununmja omeparopa D je takobhe ynorpebibena y (4.11) kako 6ucmo mobuau (4.13).

+c? (i a,'B:X*XB, — ‘X i B,
n=1 n=1

=c (XN: a,'BX*XB, — ’X EN: B,
n=1

n=1
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Vanmajyhn pomarao oy = -+ i= o, = + gobujamo (4.4), Kao jesan o MHUPOKO KOPH-
mrhenor obsmmka Griiss-Landau-oBe nejenakocTu. [

ITocneauna 4.2. Ilog ycaosuma Jleme 4.1, 3a cee 0 < p < 2 je

AXB, — <Z A;;)X(Z Bn) ‘p
(Z o 'B-X*XB — ‘Xan 2

A Axo yamenmo c:= S0 ap AL A, — |30, AH‘QHE y naenturery (4.3) onga gobujamo

TATA ) L (415)

HejeqHakocT (4.15), y3 y3umama y o03up Ja je dyHkumja t — ts onepaTop MOHOTOHA Ha
[0, 400) 360r 0 < p/2 < 1. O

V macraBky 6uhe nam morpebHa u ciejeha jema.

JIEMA 4.3. [Kose06] Hexa cy Ay, ..., A,—1 € B(H) Gosumwiuenu ouepatiopu u P
c.n. Ppynruyuja. Taga 3a cearxy HeneZawWuerny kKoneexcHy Pynruujy [ wa [0, +00)

3a xojy je f(0) =0 saotcu
n—1
), <J(54)
[} =0 [}

A 3Ba nokas norsegaru [Kose06, Cor. 3.6]. O

1
3=0

TEOPEMA 4.4. Hexa je f:[0,+00) — [0,400) wmaxrea ga je f(0) =0 u Ppynruyuja
t = f(V/t) je koneexcna. Taga je tiog ycaosuma Jleme 4.1

(- (5 )x(m))
n=1 n=
101 N 1 —1
—|—Z f(afna;i (a,tA, —a, ' A (c[—i—( T Za TAX A —i—’Z A 2) 2)
1<m<n<N n=1
X (XN: o 'A*X B, — (EN: A*) (ZB )) — X (a;,'B,,— a,'B,) )
n=1 n=1

/ (8 (nfjla#B:X XB, - (2 b ) A <Y{ B"»)

A Tlpumena Jleme 4.3 ma dyskmmjy g: [0, +00) — [0, +00): t — f(v/t) ymecro ma f, Kao
u Ha cabupke Ha JeBoj crpann (4.3), maje

(S (50
n=1 n=1 =
OIA oA (c]—i—( 2y Za 1A*An+]ZN:An
n=1

+ Zf(a%ozé (
X (nzN:la;LlA;XBn— (nZN:l A*) (ZN:B )) —cX(a;,'B,,—a;,'B,)

P

(4.16)

P

2);>—1
)

1<m<n<N
n=1

P
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N N N 2
f (( aax, - (a4 )x (X 5)
n=1 n=1 n=1
N N 2 1 —1
+ Zaman (a,lA,, —a,'A,) (c]+ <02]—Z a,tAXA, + ‘Z A, )2)
n=1 n=1

1<m<n<N
x (ZaglA;;XBn—(z A*) (ZB )) — cX(a;!B, —07'B,) )) ,
n=1 n=1 P
mTo je caryacuo (4.3) ucroserno ca (4.16). O

C o36upom na Teopemy 4.4 u wpenturer (4.3) mar y Jlemu 4.1, caja MmoxkeMo na mpej-
craBumo u Griiss-Landau-oBy HejegHakocT 3a p-MOAu(PUKOBAHE y.U. HOPME.

TEOPEMA 4.5. Axo je ¢ c.n. pynxuyuja, p > 0, wwaga je wog ycarosuma Jleme 4.1

1A*XB, — (g A*) (ZB )

q)(p)
N 211&
*1A*A - Zole X*XB, — ’XZBn (4.17)
n=1 n=1
Axo je gogatiro 2 < p < q < +00, Wwaga je
N P
4B, - < A ) ( ) 118
HZ:; 1 @ ( )
p
A XB, — (Z A;;)X <Z Bn) ‘
=1 n=1 n=1
P P N g I\ 1
+ Zoz?noe?l (1A, —a,rA) (c]—l— <C2I—Z atATA " >2>
1<m<n<N = n=
N N P
x (ZanlA;;XBn— (Z A*) (Z B )) —cX(a;'B, — o'B,)
n=1 n=1 <I>(%)
N D
'B*X*XB, — (Z B;;) XX (Z Bn> (4.19)
n=1 n=1 o(2)

Axo je jow {B,}N_, m.x.H.0. Pamuauja, Waga ce u3dpa3 xoju ce jasma y (4.19)
MOIICE gOgAWHO UPpoOUeHUWU Ca

N N 2\ 3 ||
X<Z o,'B;B, - |> B, > (4.20)
n=1 n=1 @
Ananozno, axo je {A, }N_, m.k.Hn.0. gﬁa./vtu./zuja, waga je
N
a4, - (Z A*) (ZB )
@(Q)
N n: |°
< o' B QLARA ‘ZAR )X‘ (4.21)
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Cueuyujanro, 3a Schatten-oese p-nopme uapu p > 2, je

N N P
AXB, — (Z A;’;) X (Z Bn) (4.22)
. n=1 n=1 p N N " B
+ Z amad || (ot A — ;LlAn)<cI—|— <C2]—Z o, AR At ‘Z A, )2)
1<m<n<N n=1 n=1
N N N p
X (Z o 'ATX B, — <Z A;;)X <Z B )> —cX(0 !B, —a'B)
n:lN n=1 N . ) P
<> a,'BiX*XB, - <Z B;;) XX (Z Bn> | (4.23)
n=1 N N n=1 2nzil 2 . ) % »
<P X(Z o, ( o 'B:B, : ) (a;an _ Zgn> ) (4.24)
n=1 n=1 n=1 P

A\ Hejemnakoct (4.17) je nocnemuna nejearakocru (4.15), y KoMOGuHAIMU ca CBOjCTBOM
MOHOTOHOCTH 3a CUHTYJIapHE BPEJIHOCTH U y.U. HOpME, Ka0 U YUIbeHUIIe J1a je dyukimja t — tP
MoHOTOHO pacryha Ha [0, +00) 3a cBe p > 0.

Kana je momarao 2 < p < ¢, moxkemo npumenutu Teopemy 4.4 ua dyuxuujy f: [0, +o0) —
[0, +00): t > t? u %) ymecro ®, ¢ o63up Aa je Taja H-Hq)(%) takobe jemna y.u. Hopma (jep je
>1).

Ako je {B,})_, m.k.H.0. damuimja, Taga gomarHa npoiera (4.20) caemm uz [JKM,
Th. 2.1], npuMmemeHe Ha POCTOP ca BepoBaTHOCHOM MepoM (Beh Kopumthenor y moka3sy Jle-
Mme 4.1) Koju ce cacToju on N Tadaka, y CBaKO] Mepe (&, Kao W Ha haMUInjy omepaTtopa
{o@an}Zzl, mTO Jaje

q
p

& ﬁ:ajB;;X*XBn - (ZB )X*X (ﬁ: Bn) ’
n=1 n=1 n=1 (b(%)
N N o\3 |5
X Cp 1 - ‘ ’ ) * < ;Ll :’: n n >
< ‘( aBB ZB an:;a BB "

Kako je mocnenmu uspa3 uiaentudan uspady y (4.20), Tume ce KOMILUIETHPA U JIOKA3 OBOT
nena Teopewme 4.5.

Y cayuajy kaga je {A,}N_, Mm.k.H.0. damuinja oneparopa, y3uMmajyhu (0Bme HajIOXKeTb-
nuje) ¢ := |30 o tARA, — S0 Anf”%, kao u jomarHoMm 3ameroMm A,, X u B, y (4.20)
ca B,, X* u A, penom, nobuja ce (4.21).

Cana nmejennaxoctn (4.22)—(4.23) crene u3 nperxomno nobujenux nejemnakocru (4.18)—
(4.19) 3a cayuaj p := g > 2 u HykaeapHy HopMy || = [||;, Zox dunamna HejenHaroCT
y (4.24) cneqm npumernom [JKM, Th. 2.4] ma nspas y (4.23), ysumajyhu X*X ymecro X, £
yMecTo p, q :=r =%, xao u o,' B, ymecro u A% u B, u p({n}) :=a,3an=1,...,v. [

HAIIOMEHA 4.6. Ako yamenmo c = ||30 o AZA, — [>00_ A, ’ H (4.22)—(4.24), BuguMO
Ja je rume jogaTHo nobosbmana Griiss-Landau-osor tuna nejepnakoct gara y [JKM, Th. 2.4]
y Cayd4ajy IUCKpeTHe BepOBATHOCHE Mepe, jaCHO a0/ajyhu Heke MOo3uTUBHE cabupKe Ha JIEBOj
cTpaHu nocMaTpane HejegHakocTu. Mcro ce Moxke ypauTu u 3a OUI0 KOjy JAPYTY JIUCKPETHY
BEpOBATHOCHY Mepy, Kopucrehu ommruju pesyarar [J19, Th. 2.2].
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Bes o63upa na to mro ugenturer (4.3) mar y Jlemu 4.1 omoryhasa jga no6ujemMo ropee
npodumere oreparopue Griiss-Landau-oBe HejeqHaKOCTH, KOHCTAHTA € KOja Ce Ty jaB/ba HAC
CYIITUHCKYU OTPAHUYABA MCKJbYIMBO Ha 3aKJLyqu Be3aHe 3a HajBehy CUHTYJIAPHY BPEIHOCT
oneparopa Y ._, o, A% A |Zn A, { 3a HErOBY HOPMY, YKOJIMKO je Taj Oleparop
komnakTan. 1o je y rpy60M KOHTPACTY C O631/IpOM Ha yJIOTY CHUHTYJIAPHUX BPEIHOCTH OIePa-
TOopa Zg L' B:X*X B, — ‘X Zgil Bn|2 y IPEeTXO0/IHOj HeJeJHAKOCTU BE3aHO] 3a OIlePATOPHY
Griiss- Landau—OBy HejeJIHaKOCT, M KAKO OMCMO HAIpaBWIM OaJIaHC Y BbUXOBOj yJI03U Ouhe HaM
noTpebHa u ciefeha gyHIaMEHTAHA HEjeTHAKOCT Be3aHa 3a onepartopHy Griiss-Landau-oBy
HejeTHAKOCT 33 CUHTYJIapHE BPEJIHOCTH €JIEMEHTAPHUX OIEePaTOPA.

JIEMA 4.7. Axo Y € B(H) u axo je tog ycaosuma Jleme 4.1 gogawiro

N 2
> A XTXA, - L€ C(H),
n=1

2 N
n| €Cx(M),Y 0'BY'YB, -
n=1

waga Za_IA*X YB, — <ZA*)X Y(ZB ) € Cx(H) u 3a cee k €N je

n=1

H 52 (Z 0AT XY B, — (Z A;) X*y(ZN: Bn)) < (4.25)
iil n;l n:Nl , n;l ,

I (Z a;lAZX*XAn—‘XZAn )si (Z Q\BY*YB, - )

i=1 n=1 n=1 n=1

A Yaummo X = [ (m 0 € [0,1] npoussossno), Q := {1,...,~n} x {1,...,N} u 3a cBe
(m,n) € Q meka je pu((m,n)) = apa, n

1 ]- —1
E( \/§Y( 'B,, —a,'B,),

N N N
na upumemsyjyhu [J05, Th. 3.1 (b)(c)| crean Za;lA;X*YBn - (Z A;)X*Y (Z Bn> €
n= n=1

n=1

Cimpn) = oz:nlA*m — a;lA;)X* D) 1=

1 & e 1 _ _
Hsf(z Z O (A, — 0P AS) XY (!B, nan))
k
H ( Z i (0P AE — 0 PA) XX (0 PA, — ;1Anb
k
x Hsi(§ Z (0 B, — 0 BE)Y*Y (' B,, nan)).
=1

m,n=1
Tpocrpyka npumena Kopkunosor uiaenturera (4.5) konauno jgaje (4.25). O

TEOPEMA 4.8. Ilog ycaosuma Jleme 4.7 je

N

> ' ALXYB, - (EN: A:;) XY <2N: Bn)
n=1 n=1

n=1

2

2 N

B*Y*YB, — ‘Y > B,

n=1

2

TATXUXA, — ‘XZN:A

: (4.26)

Q(%)
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3a cee p > 0, kag 209 c.H. pynxyuje ® UV u () 3agosomsasajy
O ({abi}i2y) < V({a:}2y) Q({bi}2y) 3a cee a;,b; > 0. (4.27)

Cﬂeu,uja./mo,

—1A*X YB, — (ZA*)X Y(ZB )

2

q)(p)

N

Y) B,

n=1

2
B'Y*YB, —

. (4.28)

%)

TA* XX A — ‘XZA

yroauxo {p,q,r} C (0,4+00] 3agosowasajy % = % + l

/A Ako o3HauUUMO

a; 5<Za1A*X*XA —’XZ

N N 2)7
b, p(ZalB Y*YB, —‘YZB ) u
., et p(za—lmx YB, - <ZA*>X Y(ZB ))

taga upema Jlemm 4.7 mmamo Hle ¢ < Hle a;b; 3a cee k € N. U3 [Si, Cor. 1.10] caemu
maje S8 e < S8 aib; a cee k € N, o mosmasn u @({¢;}52,) < ®({a;b;}32,) mpema [Si,
Th. 1.9], Tj. mpema cBojcTBYy m3oMOHOTOHOCTH cBake ¢.H. dyukiumje $. Taga (4.27) umrmunupa,
O({aibi}2y) < V({ai}2)) Q({bi}2,), na je

@ ({e}22) < Ur ({a) ) 2 ({B)2),

mro je apyru obsmk 3a (4.26) npema camoj ,He(l)I/IHI/ILLI/IjI/I P-MOIN(MDUKOBAHUX HOPMU.

Ba nokas (4.28) yamumo y (4.26) ma je U o) 5 QY el ¢ obsupom ma one 3am0-

BOJbABajy ycsioB (4.27) 3a 6uiio Kojy JaTy C.H. cbyHKuHJy ® mpu ycaoBy % = % + % Kparak
JIOKA3 OBe YMILEHUIIE MOXKE ce Iorjiejaru u Ha crpanu 4, junuje 4-11. (6pojane ox rope) y
[J09a] (Ca YMECTO P H 7 yMECTO q); Buzern ucro u [Si, Th. 2.8 (2.5b)] 3a cuernujaana ciayqaj

@

l\')

Schatten-oBux HOpMHU. KaKo je (2%)® = @) u (@P)® = &%), npema camoj secdbunnmmjn
P-MOUKOBAHUX HOPMHE, TO CAIJIACHO IIPETXOJHOM KOHAUHO cienn (4.28). [

HAOMEHA 4.9. Y crernmjaaaom cayaajy U = Q := &> Teopema 4.8 naje crermjanan ciydaj
[JKM, Th. 2.6] y kome cy nocmarpane cyme Konadre. [pyru cnenujanan ciaydaj r := p (u
q:=~+00), X :=1 u X ymecro Y y Hejequaxoctu (4.28) naje asrepHatuBHu jgoka3 3a (4.17).

2 Griiss-Landau-oBe omnepaTopHe u HOpMa
HejeIJHAKOCTH 3a T.y.II. TpaHncdopMepe y uaeaimmMa
KOMITAKTHUX OIlepaTopa

Cneneha Teopema mpejictaBiba npornupeise oneparopue Griiss-Landau-oBe nejeanakocTu
(4.15) mare y Tlociemurm 4.2 ca ejleMeHTapHUX OlEpATOpa HA T.y.I. TpaHchOpMepe, Kaja ce

konkperro yame Q :={1,..., 8} u p({n}) :=a,3an=1,...,~§,tme je >.»_ a, = 1 3a Heke
NeENwmag,...,ay € (0,1].
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TEOPEMA 4.10. Hexa je ;. seposamirocHa mepa Ha ), Hexka cy 0.8. Pynruuje
A B € LE(Qu,B(H)), f,g€ M, X € B(H) une€l0,1]. Taga je

2

[(axB.0) dutt) ([ Ao x [ Bautos.o)

< ([esiaaane - (| [ 4:aute gg>)
(/Q<BXXBf £)du(t) <‘X/Btd,u

B e

/ AX By dp(t) — / A, du(t) X / B <

/A A dy(t) /A*du (/B X“XB, du(t) ‘X/ By du(t) ) (4.30)
( /Q AX By du(t) — /Q A, du(t) X /Q Btd;z(t> <

[ B Bedu(t) - /QBtdu(t) 2 n(/A X X*A? dult) ’X A* du(t) 2)77 (4.31)

A Panu nokasuBama (4.29), mpumernmo ja 3a ciegehy JeTepMUHAHTY BaXKu

JolAiAig. 9) du — (| Jo A; du(t)[ 9. 9)
Jo{(AX By)*g, f) du(t) — (( [, Ar dp(t) XfQBtd,u(t) g,
JolAX By f, g) du(t) — ( Jo Acdu(t)X [, By d;é(t)f,g>
Jo(Bi X=X B,f, f) du(t) — (| X Jo By du(®)|"f. f)

Hamme, To je qupekTHa TOCTEINTA YUFHEHUIIE A je

[ Jo AVAL dﬁ‘ U Apd .
Jo (A X By)* dut) (fQAtdu XfQ By dp( ))
fQBXXB d,u \XfQB du(t)[’

1 As — Ay)(As — Ay As — A)X(Bs — By
N 5 /92 |:(B(S - Bt>**))§*(As - let)* (B(s - Bt)*;(*g((Bs — gt)} d(ﬂ . M)(Sﬂf)
1

= /Q [(Xés—_)?jgt)* 8] {(As —OAt)* X B, - XBt] dp % )(6.)

_3/ (A, — A)* XB,— XB/]|”
2 e 0 0
Ha H & H, mro crenu u3 [JO5, Th. 3.1(a)] ako Ty ysmemo Cy; := (As — ANN2, D,y =
(Bs — B2, X, := X 3a cBe 5, € Q u 0 := 1. 3a moxkasusame Tpse jemnaxoctn y (4.32),
UCKOPUCTUMO ciiefiehu naeHTuTeT KOpKUHOBOTr THIIA 3a T.y.II. TpaHcdopmMepe:

/Q A, X By du(t) — /Q A, du(t)X /Q B, du(t) = /Q dpu(s) / A, X By du(t) / / A, X By du(s)dpu(t)

1

=5 [ (A= ADX (B~ Bidex (s, 0), (433

f)
> 0.

dp x ) (s.1) > 0 (4.32)
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koju je nasezien u 'y [JKM, (2.2)]. Crnermjasno, ysumajyhn X := I u B, := A} (ozLHOCHo X*X
ymecro X u A, := Bf) zat € Qy (4.33), nobujamo [, A, A;du(t) — [, A, d,u ) Jo, As dp( )
L fe (A, — A (A, — A)*d(p x p)(s,t) (ommocno na saxku [, | X B,[?du(t) — | X [, B, du( )| =
5 Jop (B,—B,)* X* X (B,— B,)d(pux p1)(s, t)), mro mmajyhn y sumy (4.33) maje (4.32) u saBpmasa
noka3 HejeaaakocTu (4.29).

Ba mokas ciydaja 1 := 1y (4.30), Ha ocHoBy (4.29) mobujamo

([ Axmane = [ acau)x [ Bauct) 1.9) 2
(s [ o) esn e e )1

[ i) - ([ mixxano-|x [ Baaute )f, PP, (430

rJle CMO KOPUCTWJIN jeJIHY OJ eKBUBajieHTHUX jedunuimja caabor® (wim lespdanmoBor) un-
rerpaia jgary y Jlemu 1.9, kako 6ucmo mporeHwin cpeibu uspas y (4.29) u na 6u ompas-
Jnanu mocenwy HejeaHakoct y (4.34). Camna, ysumajyhu ma je g := (fQ A X By du(t) —
Jo Aedp(t) X [, Bedp(t)) fy (4.34) Brummmo na sanpaso moGmjamo (4.30) y caywajy 1 = 1.
Ba mpeocrase Bpennoctu napamerpa 1 € (0,1) HejeHAKOCT JUPEKTHO CJIEAM W3 OMEPaTOp
MoHOTOHOCTH (byHKIWm]je t — 7 Ha [0, 400), IpUMemeHy Ha YTIPAaBO JIOKasam cnyqaj n:= 1
Kaxko Baxku (fQ A X Bydp(t) — [ Ardu(t) X [ By dp(t ) = o Bi X* Ay du(t) — [, Bf du(t)
X* [ A du(t), To je mosossrO y3eru A, := B, B, := A} 3at € Qu X* ymecro X y (4. 30) Jia
6u ce mobwmra u HejearakocT (4.31). O

A; dp(t)
Q

2

Afdp(t)
Q

Axo ce bammnuje { A }ieq 1 { By }ieq cacToje o1 OrpaHUYeHIX CaMO0a,1jyHIOBAHUX OIIEPATO-
pa, oHza ce u3 HejeaHakocTu (4.30) Mozke u3BecTH ciieziehe yornTeme mupe mo3HaTor 06JmKa,
Griiss-Landau-oBe nejemnakocTn.

TEOPEMA 4.11. Hexa cy ucuyrwenu ycaosu Teopeme 4.10, nexa cy {Ai}icq u
{Bi}icq damuauje camoagjyrZosaruxr otdepamwiopa Koje 3ago80608aJY YCA08 ¢ <
A; < ¢ 3a nexe camoagjynzosane ouepatwiope p, P € B(H) xkoju xkomywupajy ca A;
3a ceaxo t € () u 3a xoje saxcu p® = Py, kao uy < B; < I' 3a Hexe camoagjyr2osare
v, [ € B(H) xoju xwomywupajy ca B; 3a ceaxo t € Q u 3a xoje je yI' = I'y. Taga
easicu
2n

| ABidu) - /Q Ay du(t) /ﬂ By du(t)
2 n( / B2 du(t) — | B dutt) 2)n (4.35)

<o ) o=~ [an){[non-)

< = [ — (T — )2 (4.36)

A Baxe cienehn waeHTHTETH

A2 du(t) ’/ A du(t)| = —/QQ(AS A2d( % 1)(s, ) (4.37)
P+

e
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) /Q<At i ?)2@@) B (/Q (At - ?) d“(t))Q (4.38)
:3£M“”W&‘¢”M”+(g%ff—lka—@mmqémfwmm@_(ngf

:(@-LAmmdﬂfkmm@—¢>—A@—Am&—wﬂMm

rae cy (4.37) u jennakocr (4.38) 6asupanu vHa KopkunoBom upenturery (4.33), mpuMemeHOD
OBOT IIyTa Ha (DaMUIU]y {At — % 1eq YMECTO Ha {A;}1eq, TOK ce ocTase je THAKOCTH TIPOBe-
paBajy aupekTHo. Kako cy ® — A; u A; — ¢ melycobro komyTupajyhu mosutuBHu oneparTopw,

10 je (P — Ay)(A; — @) >0, a camum tam u [ (P — A;) (A — ¢) du(t) > 0. Oparie qupexran

padyH nokazyje
2
< (cb— / Atdua)) ( [ Acaute —90)
Q Q

[ Azaute) | [ Acante

D+ (oY (D)2 - gl
= — A — —L ) du(t < < I,
U CJIUYHO,

LLBﬁw@— LBMMﬂ2<(F—K¥%WMD<LBMM®—V)<££iﬂ3

Kaxko je (4.35) cuenujanan ciay4aj X := [ uwejenqnakocru (4.30) Teopeme 4.10, To 3aBpiiHe He-
jemnakoctu y (4.36) ciresie ©3 MOHOTOHOCTH OIIEPATOPHE HOPME Ha TIO3UTUBHUM OIE€PATOPUMA
u o.M. dyukumje ¢t — 7 Ha [0, +00). O

HATIOMEHA 4.12. Vesosu ja 0o6a oneparopa ¢ u ® (omuocuo v u I') KomyTupajy ca oneparopu-
ma A; (omHocHo By) 3at € Q u na Baxu p® = &y (oanocuo yI' = I'y), y nperxoanoj Teopemu
4.11 e mopajy ce (EeKCILUIMIMTHO) HU HABOJUTH, YKOJUKO cy omneparopu ¢, P, v, ' € B(H)
obymuka @ :=dI, ® := DI,y :=cl ul':=CI 3a nmeke ¢,C,d, D € R, kajia 09urieITHO KOMyTH-
pajy.

Caza cmo y mosunumju na komiwterupamo [JKM, Th. 2.6].

ITocneauna 4.13. Axo je ® c.n. pynruuja u 0 > 0, wWaga je wog ycrosuma
Teopeme 4.10, 3a cee X € C_ ) (H)

2
/&X&ww—/&W®X/&W® <
Q Q Q o
2 2
[ aiant) | [ zaute /EWW&ww—h/aww , (439)
Q Q Q Q NG
2
Q Q Q o
2 2
/BjBtdu(t) — /Btd,u(t) /AtXX*Ajfd,u(t)—’X*/Ajd,u(t) (4.40)
Q Q Q Q %

A Kombunyjyhu MOHOTOHOCT CHHTYJIADHUX BPEIHOCTH Ca MOHOTOHOIIhY cBuxX # Mou-
dbuxaruja y.u. nopmu, nobujamo qa uz 0 < A < B za A, B € Cp(H) cremu s%(A) < s%(B)
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sa cee n € N, a omarye n ||A] o) < [|B| 40 3a cee § > 0. Carmacno camoj medbunmmmjn 0/2-
2
mostucdburosane Hopme ||-|| /2 obujamo HfQ A X Bydp(t) — [, Avdp(t) X [ By dpl(t ch(G) =

HUQ A X By dp(t) — [o Ardu(t) X [ By dp(t) ‘ H(I)(9/2)7 8 IPUMEHOM HPETXOJHO Pa3MaTpPaHOr
IPUHIIUIA U30MOHOTOHOCTH Ha ciydaj 1 := 1y (4.30) u Ha /2 ymecro 0 maje (4.39).
Hoxkas nejequnakocru (4.40) canga aupekTHO ciaenu u3 Hejeauakocru (4.39), jep je

2

A X By dp(t) — / Ay d#<t)X/ By du(t)

2

[ Bix a7 dutt) - / B du(t) X* / A du(t)

2

(4.41)

o®
2

[ BB, dut) -

B, dp(t)
Q

/AXX Ay du(t) ‘X Ay du(t)

o0/

Jennaxoct (4.41) sacrmBa ce Ha B* cBojcrBa y.u. HOpME, KoMGuHOBaHOT ca ( [, C; d,u(t))*

Jo, Cf dpu(t) cBojcrBomM cnaGo* mrrerpabunaux dbavummja {C;}ieq-

L

HATIOMEHA 4.14. TIperxoaua Ilocnenuna 4.13 npejcrasiba npoumpere Hejeaaakoctu (4.17)
Teopeme 4.5 ca emeMeHTapHHX ollepaTopa Ha T.y.HI. TpaHcdopmepe, Kama ce y3me 6 := p,
Q:={1,...,8}, p({n}) ==aysan=1,...,ny,rme NENu >"_ «, =1 3a neke o, € (0,1],
na 6u ce nobuna (4.17) u3 uejennakoctu (4.39).

V cayuajy Hilbert-Schmidt-ose nopme (To ject, ako je @ := (' u § := 2) necna crpana y
(4.39) u (4.40) moxke ce 3amucaTu y ajrebapcKu jeJJHOCTABHU]EM OOJIUKY .

TEOPEMA 4.15. Hexa je X € Cy(H) u p eeposatinocta mepa wa ). Axo cy
ouepatmiop eépeghoche Pynkuyuje A* B* € L%(Q, u,B(H)), wwaga je

H A X B, dp(t) — /Atdu X/Btdu

2 1/2 2
<| [1atPante ~| [ Acduto [\ Paute) ~ | [ Brauto)| | (442
2
gox y cayuajy ga A, B € L%(Q, 1, B(H)) sasrcu
H / A X B, dp(t) — / A, dp(t) X / By du(?)
Q Q 0 2
2 211/2
AFauto) - | [ aduo| x| | [1BEano | [ Bty (4.43)
0 Q /e Q

A Kaxko je ||| o2 mykneapua mopma |||, mpm usbopy @ = ¢! u 6 := 2, To je 10BO/BHO
IPENO3HATH Jia je 3a JiecHu Jieo uspasa y (4.39)

/B X*X B, du(t) ‘X/ By du(t)
Q

:tr( /Q BEX*X B, dp(t) — < /Q B, du(t)) XX /Q B, du(t)) (4.44)
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— /Q tr(B; X*X B,) dp(t) —tr(X*X /ﬂ B, dpu(t) /Q B; du(t)) (4.45)

= /Q tr(X*X B,B}) du(t) — tr (X 2) (4.46)

- r( /Q X*X B,B: du(t)) —tr(X
:tr( X(/BB*du ‘/B dpu(t)
:=w( LLBhW@f)UZﬁX(LMﬁHw@%{LBﬂw@)

Y+
(/Q’B:’Qdﬂ@)_
- HX( |B:|2dﬂ(t) — 2)1/2 2

Je,ZLHaKOCT (4.44) cneqp w3 nosuruBHOCTH onepatopa [, Bf X*X B, du(t) — | X [, B, du( )| =
5 Jop | X (B, — B)Pd(p x p) (s, t) = 0, carmacno upenTureTy KOpKI/IHOBOF tuna (4.33). Jenma-
KOCTHU Y (4.45) u (4.47) caene u3 anrepunarusie fnedununuje caabor® (lesbdanmoBor) unre-
rpaJia, garoj y Jlemu 1.9, nox jeanaxoct y (4.46) nocseauna KOMyTATUBHOCTH ONIEPATOPA IO/
olepaToOpHUM TparoM, ¢ obsupom ga X*X B, € € (H) u B} € B(H) 3a cako t € . Jenmakoct
y (4.48) ce mOHOBO OCJIaMa HA CBOJCTBO KOMYTUPAA OIEPATOPA IOJ TPATOM, JIOK jeIHAKOCT
y (4.49) cnenu us ceojersa Hilbert-Schmidt-ose nopme ||Y]|3 = tr(Y*Y') 3a cee Y € Co(H).
Hoxkaz nejequakoctu (4.43) caenn u3 Beh nokasane nejemnakoctu (4.42), TOHOBO KOpH-
crehu B* cBojcTBO y.M. HOpMU U CBOjCTBO ( fQ Cydu(t ) fQ C} du(t) cnabo* narerpabuiHux

dbamvumja {Cy}ieq, mro naje
mxamw—/&wwxf&ww>=L/$W&@@—/E@@ijww>
Q Q Q 2 Q Q Q

By dp(t)
Q

BZ‘ dp(t)

)

2) (4.47)

2)1/2> (4.48)

(4.49)

0

2

2

211/2 2\ 1/2
Bl - | [ Bauo] | ([ araun - | [ ) )
Q Q Q 2
2 1/2 21/2
([1arano=| [ aauo| ) x| | [ 1rauo=| [ o] |
Q Q
quMe je JIoOKa3aHa TparkKeHa HejeTHAKOCT. 0

Hejemmakocrn (4.42) n (4.43) ocrajy ma cmasu u 3a cse ||| ) HOpMe (pasmmaute o
Hilbert-Schmidt-ose mopme ||-||2), kax rox je p > 2 u Gap jeaua on damumja {A;}icq u
{Bi}ieq je MK.H.0. bamuarja. YpaBo TO TOKa3yje HapeIHa TeopeMa, Koja Takohe yorrasa
nejesnakoct Griiss-Landau-osor tuna 3a Schatten-ose nopwme ||, y [JKM, Th. 2.4].

TEOPEMA 4.16. Hexa je i seposatuirocta mepa Ha ), ¢ c.n. pynruyuja, p >
2, X € B(H) u nexka A*,B € L(Q,u,B(H)). Axo je, gogawtirno, {Bi}icq M.K.H.O.

Pamuauja warea ga X\/fQ|B 2 du(t) — | [ By dut )]2 € C,» (H), waga warohe u
Jo AX B, du(t) — [o A, du(t) X [, B, du(t) € C (M) u eascu

H /Q A, X Bdp(t) — /Q A, du(t) X / B, du(t)
/Q|A§f|2dﬂ(t)— /A*du \/ |B,[>du(t)

67

<

2(1/2 2

(4.50)

Aaww

q;,(p)



I'JIABA /. OIEPATOPHE I HOPMA HEJEJHAKOCTU I'PUC-TAHJAYOBOT TUIIA

AatiepHattiueHo, aKo \/fQ\A 12 du(t) UQA du(t) ‘QX € Cym (H) 3a nexy {Ai}ico
M.K.H.0.  Pamuaufy, Waga u [, A,X B, du(t) — [o A dp(t) X [ Bdu(t) € € o (H) u

saotcu
/AtXBtdu(t)—/A du(t X/B du(t)
Q

\/ [ ant) / 1B, [2dp(t)

A Pamn nokasusama (4.50), npumenumo npso HejeaHakocT (4.39) 3a cayuaj 6 := p, a
[OTOM IIPUMEHUMO crienujaian ciaydaj Af := B, := B, 3a cee t € Q y [JKM, Th. 2.1] na X*X
ymecro na X, na ||| z) ymecro na |||, na 6ucmo nobumm

<
o®)

2)11/2

A* dp(t) (4.51)

By du(t)
Q

@(P)

/ BIX*X B, dp(t) — / Br du(t) X*X / B, du(t)
Q Q S

<|([1m2autn - )/ xex( [ 1Pauto
— ‘X(/Q|Bt|2dp(t)— 2)1/22 = HX</§2|Bt|2du(t)—

Hejeanakocr (4.51) ce mokasyje camuno kao u (4.50), asm kopurmhemeMm HejeIHAKOCTH
(4.40) ymecro Hejemnakoctu (4.39). O

2)1/2

By dpu(t)
Q

QBtdu()

Q

q)(%)

2)1/2 2

(I)(P)

By dpu(t)
Q

Crenujanan ciygaj nperxoane Teopeme 4.16 3a 6pojauky Mepy jaje mweny ciaenehy (muc-

KPETU30BaHy) BEP3U]jy:
ITocaeguua 4.17. Heka cy o, € (0,1] 3a n € N waxeu ga je > - o, =1, ¢ c.n.
Pyrruuga, p > 2, X € B(H) u nexa cy {on *C:12, u {an*D,}>, jx.u. Pamuauge.
1

Axo je gogawiro {D, }° | m.k.H.0. Pamuauja warea ga X(Z o D2 =X Dn|2>5
n=1

€ Cq)(p)(”;'-l), waga ngl a;lchDn — Z C,X Z D, € Cq)(p)(’H/) u

n=1 n=1
10 XD, — i (JnXi D,
n=1 n=1

(b(P)

21[1/2

G = (4.52)

[e's)
Za;”Dle -
n=1

Anwiepnawiuero, yxoauxo je {C, }1°°, m.k.n.0. Pamuauja Warea ga ouepatiop

(z a,Crl? - \; C;\2>§X € €, (H), Wwaga u glaglonXDn— > C,X YD, € € u(H)

n=1 n=1

@(P)

’LL GGOfCU

Z o 'C XD, — i CnXi D,
n=1 n=1 n=1

¢(P)
oo ] 2 o0 1/2
Yo=Y Ci x| Do art D, - (4.53)
n=1 n=1 @ || n=1
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A HoosbHo je npumenutu Teopemy 4.16 y crnermjasnom caydajy € := N, p({n}) := a,,
A, :=a,'C,u B, :=«,;'D, 3acse n € N, na 6u ce nobune nejenuakocrn (4.52) u (4.53). O
HAmmoMEHA 4.18. Ciimaao kao y cutryanuju auckyrosanoj y Hanmomenm 4.14, m mperxoj-
Ha [locnemuna 4.17 npommupyje Hejeanakoct (4.20) y ciydajy Kaja je BPEJIHOCT 3a ¢ =
HZH L AR AL — ’22'21 An‘QHI/Q, kao u (4.21) npu q := p, y Teopemn 4.5.

Pagun kommuterupama (gomyne) [JKM, Th. 2.4] y cayuajy 1 < p < 2, upumernmo na je
€, (H) C €,(H) C €, (H) m Cpu(H) C Cpp1y (H) C Ca(H) 3a 2 < p < +00, Kaxo
je To ToKa3aHO y ,HOK&Sy nesa (r) Teopeme 3.6. Oso omoryhasa ga ciemeliom Teopemom
npormupumo [JKM, Th. 2.4] na nneane € )«(H).

TEOPEMA 4.19. Hexa cy o, € (0,1] 3a n € N waxeu ga je > >~ o, =1, ¢ c.n.
dynruyuja, p > 2 u Hexa cy {an1/2A 12, u {anl/QB*}n | J-%.u. Pamuauje ouepa-
wopa Wwaxee ga je jegna og wux m.K.n.0. Pdamuauja. Axo X € C )«(H), waga
ZZO:1 o, 'A,XB, — Ziil A, X fo:l B, € GQ(P)*(H) u

(4.54)

o) [ee) [e'e} 2
Yo atA,lR - Yool IBilE =) B
n=1 n=1 n=1

A Tlpso, npumernmo ja kopucrehu niaenturer (4.33) 3a Q := N, y({n}) := a, 3an € N,
npumersed Ha o, ' A, u o, ' B, ymecto Ha A; u By, nobujamo

i a'A XB, — iAnXiBn = % i aman(a A —a 'A )X (a'B, — o 'B,).
n=1 n=1 n=1

m,n=1

q)(p)*

Kako ropmwu unenrurer rakohe o6e36elyje na Bazku dbopmyna y -, |a_1/ YA |2 - ‘Zzozl An{Q
= 3D et OmO ot AL — ot AP kako je {an V24,1 jx.c. dbamnimja, To je oma
i {y/ O (0 A, — P A Yoe ) jenma j.k.c. dbammmja, OIHOCHO, 3a cBako f € H Baku
> =1 ozmanH(a;llAm—a;lAn)fHZ < 4o0. Cinuno je u {\/anan (o, B, — a, ' Bi) e
jenHa j.x.c. dpamMumimja.

[Tpema Tome, mpBa HejegHakocT y (2.4) u3 Jleme 2.6 je mpumensbuBa Ha j.K.c. dhamuimje
{Voman(a; A, — o A Yow oy 1 {/aman (o, B, — o' By ) Yor oy, auMe ce oGuja HejeaHa-

m,n=1

KOCT y
h % (mi::laman i_: - 1;1_: 2>1/2X(m§:10¢m04n 57*7: - ff 2>1/2 o)
0o 0 / ‘| 0 2\1/2
:H (;%_ > n2>12 (; “in ;B;; ) o (4.55)

mro nokasyje Hejennakoct (4.54). Kaxo mmamo na Y oo tA, XB, =Y 0 A XY > B, =
5 D mmet Oman (@t A, —ar VA ) X (0, B, =y, B,,) € € )«(H), mmo ce MozKe 106uTH U3 Jeia
nmokaza mator 'y (4.55), TuMe ce u cam JI0Ka3 KOMILIETHDA. O
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HATOMEHA 4.20. Oneparopue u HopMma Hejeanakoctu Griiss-Landau-oBor tumna gecto mmajy
U CBOje aHaJjore u yorrnrema y Koutekcry Hilbert-oBux mojysa, na HEu HejeIHAKOCTH TIPE/I-
cTaBJbeHe y OBOj IVIaBu He Ou Tpebasio j1a y Tome Oymy udyserak. l[Ipumepa pasmu, marto je
yorrresse [JKM, Th. 2.1| y KOHTEKCTY HOIy-yHY TPAIBbAX IPOU3BOIA HA KOHjyroBaHuM W *-
momyauma Ha B(H) y [Ke20, Th. 8], a rakobe, meku oz pesyarara Tpehe u gerBpre riase oBe
nucepranuje, u o HejemHakoctu (3.8) u3 Jleme 3.1 u (3.29) uz Teopeme 3.6(B), (3.6) u (3.7)
u3 Jleme 3.1 u Teopema 4.15, kao u Teopema 3.6(x1) cy yommmrenu y koukrekcry Hilbert-oBux
mozmysa pegom dopmynama (9), (10) u (11) y [Ke20, Th. 3].
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I'maBa 5

IIpumena Ha yomnmreHe (pbyHKIIjCKE
JepuBalinje

1 HopmMa HejegHAKOCTH 3a yOIIIITEHE JdepUBaIlilje
xoJIoMOPdOHUX PYHKIIja ca MTO3UTUBHUM
Taylor-oBum KoeduimjeHTIMAa

Ba A, B, X € B(H) u onpehene knace dyukimja ¢ geduHCcAHIX y 00JIACTH KOja CAJIP-
x)u crekrap o(A) u o(B) oneparopa A u B, npobsiem nopehera yormreHnx (yHKIM]CKIX
nepusaija (ogHOCHO dyHKIMjcKUX KomyTatopa u neprybarmmja) ¢(A)X — X¢(B) (omHo-
cio p(A)X — Xp(A) u p(A) — p(B)) ca gepuanujama AX — X B (0IHOCHO KOMyTaTOPUMA,
AX — X A u neprybanmjama A — B) y pa3jidauTuM y.u. HOPMAMa 9eCTO IPEJICTAB/ba JeTHO O]1
HajBaYKHUjUX MMUTaba Yy MHOIUM OOJIACTUMa TEOpHje OlepaTopa, YKJbY4dyjyhu mepTyoanuony
TEOpHjy, TEOPHjy pacejara, MAaTPUIHY aHAIN3y, Ka0 U mHTerpasne omneparope. OBa mpobdJie-
MaTHKa MPUBYKJIA je MaxKikby MHOTHX MaTeMaTudapa U 3HAYAjHU PE3YJITATH Cy MOCTUTHYTH y
ToM mpaBity. Hekwu oy 106po 1mo3HaTux pe3ystara, KOju Cy O 3HAUaja 3a carjelaBarba pe-
gysitara Koju fie 6utn gatu y oBoj riasu, ykibyayjy [A88, Th. 1|, meny Bepsujy 3a yorinrrene
nepusarje y [BK, Th. 2, Th. 3| u [J97, Th. 3.1, Th. 3.4], Teopemy o cpefp0j BpeaHOCTH
[JO5, Th. 4.4] 3a oneparop monoToHe dynKIHje Ha [0, +00) u [J99a, Th. 3.4]. 3a mpyre, ca
IbUMa [T0BE3aHe HEjeJIHAKOCTH, 3aMHTepecoBane unTaorne ymyhyjemo Ha [Da, Ki85, Ped|, kao
U Ha TaMoIlmbe pedepeniie. BuTHy moTIOpY Npy MCTPaKUBaly TOPILUX MUTAA Y CIIYdajy
caMOaJIjyHTOBaHUX WJIM YHUTApHUX onepatopa A m B mpy»Ka Teopuja 1.0.1.

Y mpeBa3zmiiaXkermy TPUPOTHUX OTPAHUYCHHA MPU IMPUMEHH JI.0.U. HA TMApPOBE HOPMAJIHUX
oneparopa A u B, kopuctuhemo pasymaurte Bapujante Cauchy-Schwarz-oBux HOpMa Hejes-
HAKOCTU 3a T.y.II. TpaHcdopmepe, Koje oMoryhaBajy HEOIXOJIHE METOJIE 3a YCIIEITHO Pas3-
MaTpame HeKHX Kjaca (He 06aBe3HO HOPMAJIHUX) OIeparopa, yKjbydyjyhu xumonopmasue,
KOXUIIOHOPMAJIHE, AaKPETUBHE OIIEPATOPE M OllepaTope KOje MMajy CTPOro KOHTPAKTUBAH Pe-
aJiaH Jieo. Y OBOj ryiaBu Ouhe mpejcTaB/beHe HOPMAa HEjeTHAKOCTU 3a YOIIITEHE JIepUBaIlnje
MHJIYKOBaHE OI€PATOP MOHOTOHUM (DYHKITHjaMa U IIPETXOIHO HABEICHUM KJIACaMa, OIePaToOPA.

Y oBoM moryiaBsby npukazahemo mpBo HOpMa HejegHakocTuMma Schwarz-Pick-oBor tuma y
nJjleaanMa KOMIAKTHUX ollepaTopa 3a ojipehene Kirace pyHKIMja, X0JIOMOP@HE HA OTBOPEHOM

jemuHuIHOM JicKy 1D dof {z€C:|z] <1} C C (Bumern u [JLM20a)).
TEOPEMA 5.1. Hexa cy A, B € B(H) xonwparxuuje, p > 2,9 c.n. dynruyuja,
>0 o Cn GUCOAYTIHO KOHBEPZEHTLAH PEg KOMUAEKCHUL Opojesa 3a koju je Y . |c,| <
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1 u Hexa je f(z) d:CfZZO:O 2™ 3a |z| < 1. Axo 3a nexo X € B(H):

(al) AX—XB € Cp(H) u A, B cy HOpmaaHu oGepatiopu, waga u ouepawop /I — A*A
(f(A)X — X f(B))VI — BB* € Co(H), upu uemy je

IVT=A7A(f(A)X - X f(B)WT - BB,
< VT = F(A) f(A) (AX — XB\/T - f(B)f(B)"

(a2) AX — XB € € +(H) u (6ap) jegar og ouepaiiopa A uau B je nopmansan, waga
VI=AA(f(A)X — Xf(B))VI = BB* € Cup+(H) u (5.1) 6aorcu 3a " ymectdio ®;
(a3) AX — XB € € (H), waga VI —A*A(f(A)X — Xf(B))VI—BB* € C;(H) u (5.1)
sasicu u Kaga HOpmyY ||| 3amenumo nyraeaprom rnopmom |-||i;

(ad) AX—XB € C i (H), |All <1 u B je nopmanran, waga (f(A)X — X f(B))VI — BB*e
€, (H) u

(5.1)

s

| (F(A)X = XF(B)WT = BB*| 4o
<= FAFA (= AAYY2AX = XBWT = F(B)f(B) |- (5:2)

Cueyujaaro, axo je C ) (H) := Co(H) (o jecw, axo je ||| 0 = [-[l2), @Waga (5.2) u
game sascu u axo B Huje Hopmaaar ouepatiop;
(ad”") AX—XB € € h(H), A je nopmanan u |B| < 1, @waga T —A*A(f(A)X - X f(B))e
C (p)(H) u

®

VT =2 A(f(A)X = Xf(B)) ]y
< VT =FA) F(A) (AX = XB)(I = B*BY 2|y |1 = F(B) F(B)]|"*; (5.3)

Ionoeo, axo je C i) (H) = Cy(H) (wWo jecm, axo je ||| o = ||]|2), @aga (5.3) u gawe
8ascu u axo A Huje HOpMaaaH OUEPaATLOP;
(61) X — AXB € Cs(H) u A, B cy Hopmaaru, waga u ouepattiop

VI=AA(f()X — f(A® B)(X))vT— BB* € Co(H) u

VT —A*A(f(I)X — f(A® B) (X)W1 — BB*,
< VT = FA FA)(X — AXBWI— J(B)(B)
(62) X —AXB € € »+(H) u (6ap) jegar og ouepaiiopa A uau B je nopmansan, waga
VI —AA(f(I)X - f(A® B)(X))VI —BB* € C »)-(H) u (5.4) sasicu 3a """ ymeciio b
(63) X — AXB € €, (H), waga VI —A*A(f(I)X — f(A® B)(X))VI—BB* € €;(H) u

(5.4) eaotcu u xkaga |-||o 3amernumo Hykaeaprom Hopmom ||-|1;
(64') X—AXB € € (), |A| <1 u B je nopmanan, waga eaxcu (f(I)X — f(A® B)(X))

v I — BB* € (i'q)(,,)(’H,) u

| (F()X = f(A® B)(X)VT = BB 40
< |7 = FA) P P (1 — AATYVA(X — AXBWT - f(B)f(B)*

(5.4)

&

o (5.5)

Cuaeyujaano, yxoauxo je C ) (H) := C(H) (wo jecw, axo je ||| o = |[2), Waga
(5.5) sastcu u axo B Huje HOpmasaH OUepaTLOP;
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(64") X — AXB € €, (H), A je nopmanan u ||B| < 1, Waga eascu ga otepaiwiop
VI—AA(f(I)X - f[(A® B)(X)) € € (H) u

VT = AA(f(DX - f(A® B)(X))|| 4
< VT = FAY FA)X — AXB)(I = B*B) 2| o | I — F(B)" F(B)||*. (5.6)

ITonoso, yroauxo je C i) (H) := Co(H) (Wo jectm, axo je |||, = [I|2), Waga (5.6) u
gasme 8avcu u aKo A Huje HOpMaAaH OUePaTLOP.

A (al) Ilpumernmo na je f xomomopdua dyskimja y D n HempekumaHa Ha 3aTBOPEHOM
jemummanoM mucky D, ma cy u f(A) =3 7 jc, A" u f(B) = > ", ¢, B" KOHTpaKuuje caria-
cuo von Neumann-osoj Hejeanakoctu (Bugeru [N, A63|), ca rope HaBeleHUM pasBojuma y

AICOJIyTHO KOHBepreutue pesose y B(H). Baro je

VT = A4 (f(A)X — X£(B))vVT — BB*

P

= |VT—A*A> ¢ (A"X — XB")WI— BB" . (5.7)
n=0
oo n—1
=1>°> VT —A*AA " (AX — XB)B*I — BB” (5.8)
n=1 k=0 [}
co n—1 1/2
< ( || (A" FH(T — A*A)A"-k-l) (AX — XB)
n=1 k=0
co n—1 1/2
X (Z |len| B¥(I — BB*)B*’“) (5.9)
n=1 k=0 b
0 1/2 oo 1/2
— (Z len|(1 — A*”A”)) (AX — XB) (Z leal(I — B“B*”)) (5.10)
n=0 n=0 P
00 2 1/2 00 2 1/2
< (I =D A ) (AX — XB) (1 - @B ) (5.11)
n=0 n=0 P

= VT =14 F(A) (AX = XB)VT ~ [(B)f(B) ],

Hejemnakocr (5.9) ce ocnama na Cauchy—Schwarz-oBy Hejeauakoct [J98, Th. 2.2|, npumermeny
ie {\/]cn \/I—A*AA"—’“*} {\/ . iargCan\/[—BB*}

Ha (baMHHHJe { ’C ’ 1<n,0<ks<n—1 1 ’C |€ 1<n,0<ks<n—1

ymecro ma {A, Y22, u {B,}52, penom. Takobe, bopmyte A"X — XB" = 3170 A1k (AX —
XB)B* u X — A"XB" = Y10 A*(X — AXB)B* cy xopumihene 3a passujame (5.7) y (5.8)
u (5.9) y (5.10) pemom. Ilocrenma nejemnakocr (5.11) zacauBa ce Ha Cauchy—Schwarz-oBoj
oneparophoj Hejeanakoctu |[JM, Lemma 2.2] kojom gobujamo apyry HejeHAKOCT y

i e[ AT AT > <i \cn|> i e | A AT >
n=0 n=0 n=0

— n|2
Kao U Y oo |ca| B"B*™ = | 300 6 B*™"|", mro nocsie npuMene npuHIIA IBOCTPYKE MOHOTO-

HoctH (1.8) kKoHawyHo mokasyje nejeauakoct (5.11).

o0

Z c, A"

n=0

2
’

(5.12)

Bamenom c.u. byukmuje & ca 7y mummjama (5.7)—(5.11) noGuja ce mokas gema (a2).
JennmHa CymITHHCKA pas3iiMKa jecTe TO IITO ce y OBOM ciydajy kKopuctu Cauchy-Schwarz-osa
HopMa Hejeguakoct (2.4) y Jlemu 2.6 ymecro [J98, Th. 2.2].
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Crmano, 3amersyjyhu ||-||¢ mHykeapaom nopmoM ||-||; y muanjama (5.7)—(5.11) u npumersy-
jyhu [J99, Th. 2.1] 3a p := 1 ce nobuja u g0Ka3 gesa (a3)

Tomasehin o1 passoja f(A)X — X f(B) = 3200 S0 e, A" *1(AX — X B) B* eh xopuwm-
henor y smuujama (5.7) u (5.8), mokas gena (ad’) ciaenn u3

|(f(A)X — X f(B)WI — BB*

o = HZ en(A"X — X BT — BB
n=0

o®
oo n—1
=D e AVFNT — AAS(I — AA*)V(AX — XB)B*I — BB*
n=1 k=0 @
oo n-—1 1/2
n=1 k=0
oo n—1 1/2
x (I — AA*)"Y2(AX — XB) (Z lca| B¥(I — BB* )B*k) (5.13)
n=1 k=0 o@
oo 1/2 0o 1/2
= > leal(I — AmA™)| (I — AA")TV2(AX — XB) (Z len|(I — B"B*”))
n=0 n=0 &
o 211/2 00 2\1/2
< ’I — > A (I — AA"Y2(AX — XB) (I - @B ) (5.14)
n=0 n—0 o
= |1 = FAVFAY [ (1 = AA)2(AX = XBWT = F(B)F(B)||yoo-

Ospze je nmejenmaroct (5.13) Gasupana Ha nejeanakoctu (1.15) y Teopemu 1.16, nmpumerse-
Hoj Ha ) := NXN, rge je p 6pojauka mepa Ha NXN, C,; = \/m\/I—AA* Ax(n=k=1)
Dk = /]enle™8 BT —BB* 32 0 < k <n—1uC€,y =D, =03k >n, ko nu
ma (I — AA*)"Y2(AX — XB) ymecto ma X. Hamme, 3a p > 2 je p/2 > 1 u ®2) npexcrasma
c.u. bynxmajy, Te je ||| o = |- o(8) 2 jenna Q mopma. Hejemmakoct (5.14) ce cyrmruHcKn

3aCHMBa Ha HPETHOCTaBuu » - |c,| < 1 u nejenuakocru (5.12), y KOMOHHAIM]I €& CBOjCTBOM
JIBOCTpYyKe MOHOTOHOCTH (1.8).

Y cayuajy mejemnaxoctu (5.2) 3a Hilbert-Schmidt-ose |-||2 HOpMe, mokas ce 3acuusa Ha
Cauchy-Schwarz-oBoj Hopma nejegaunaxoctn (3.6) y Jlemn 3.1(rl)

00 2 0o 1/2
S axB, < X (Z BnB;)
n=0 2 n=0 2
3a cee X € B(H) u cse j.x.c. bammmmje {A%}2  u {B:}>,.

Hoxkaz nena (ad”) je anasoran nperxojHo jgarom 3a (ad’), mpu yemy ce calia ocaambaMo Ha
Hejennakoct (1.14) y Teopemu 1.16 ymecro Ha nejeauakoctu (1.15) y Toj uctoj Teopemu.

Y canyuajy nejennakoctu (5.3) 3a Hilbert-Schmidt-oe Hop™me |-||2, J0Ka3 ce 3acHuBa Ha
Cauchy-Schwarz-ooj Hopma nmejennakocru (3.7) u3 Jleme 3.1(r2)

o] o] 1/2 00
ZOAnXBn 2 < H (ZO A;An) > B;B,

n=0
3a cee X € B(H) u cse j.x.c. bammnnje {A,}>°, u {B,}> .

I

1/2

Y

2
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(61) dokas oBor Jiesia Teopeme je camdan oHOM jarom 3a (al), ¢ o63upom Ja je

VT —=A*A(f()X — f(A® B)(X))VI = BB*|| 4

=|VI-A4"A) ¢,(X - A"XB")WT - BB* . (5.15)
n=0
co n—1
=D VT - A*AANX - AXB)B*T - BB (5.16)
n=1 k=0 @
co n—1 co n—1
< (ZZycn\A*k(I—A*A) ’f)(X AXB) (ZZ\CH\B’C (I—BB* )B*’“) (5.17)
n=1 k=0 n=1 k=0 P
00 1/2 00 1/2
= (Z |en| (1 — A*"A")) (X — AXB) (Z lea| (1 — B”B*”)) (5.18)
n=0 n=0 P
2\1/2 00 2\1/2
< (1— ZCRA” ) (X —AXB)(I— > @B >
n=0 P

:H¢1_f (4) (X = AXB)VI = f(B)f(B)*

Jenuna cymruHCcKa pasimka y ofHocy Ha jokas 3a (al) (ommocno (a2), (a3), (ad’) u (ad”)) u
(61) (ommocHo (62), (63), (64") u (64”)) jecre na ce oBaj myt Kopucru dopmyrna X — A" X B" =

"o AR(X — AXB)B* 3a noxas nena (61) kako 6u ce mo6ua (5.16) u3 (5.15) u amamoro
(5.18) u3 (5.17). 0

&

HATIOMEHA 5.2. 3a xonomopduy dyHKIHUjy f KOja cauKa OTBOPeH jenwHuUYIHU quck D y ca-
Mor cebe, npBu 1eo Schwarz-Pick-oBe Teopeme ycranoB/baBa ciienehu naBapujanTHE 0OJIMK
Schwarz-oBe jieme

f2) = fw) | _|z-w
L= f)f(z)] 11—
3a cBe z,w € [, mTo ce MOXKe 3anucaTh U y eKBUBAJIETHO] (popMu
(1= 12P)|f(2) = f)[ (1= [wl?) < (1= 1F)P) |z = wl* (1 = £ (w)]?). (5.19)

ExBuBasieHImja mpeTxoaHux HEjeIHAKOCTH JIAKO Ce TOKa3yje KOPHUIhemeM WJIeHTUTEeTa
11 —wz* =z —w]*+ (1 = |2/*) (1 — |w|?), npumemenom u va nap { f(2), f(w)}.

Oyukmuja f Koja ce mojaBsbyje y Teopemu 5.1 3a/moBospaBa cBe ycyioBe Schwarz-Pick-ose
TeopeMe, Te 3a TakBe dyHKiuje Hejeauakoct (5.1), y cayuajy ma je ||-||e HykIeapHa HOpMa
|||, 3ampaBo peicTaB/ba IUPEKTHO yollITemhe HejepaakocTu (5.19) Ha HyK/IeapHe yoIllTeHe
dyuknujcke nepusamuje f(A)X — X f(B) € Ci(H).

Honarno, ako cy cBu Taylor-oBu koedwuiiujeHTu ¢, HeHeratuBHH, OoHJA ce Teopema 5.1
MoxKe joaaTHO npodunnTrn. Hanve, Baxku

IMocaeauuA 5.3. Axo cy ¢, > 0 3a cee n € NU {0}, wiaga je wog ycaosuma
Teopeme 5.1

VT — A*A( (A)X — X f(B)VI - BB,
[(F()T - f (A*® A)(D)*(AX — XB) (f()I - f(Be B*)()"|, (5.20)
\\/f—f (A) (AX — XBWI — f(B)f(B)"

<|
<|

1’
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VI —A*A(X— f(A® B)(X)WI— BB,
< |l(ray1 - f (A" A)(D)*(X = AXB) (f(1)I — f(B® B)(D)"?|, (5.21)
< VI = F(A)*f(A) (X— AXBWI — f(B)f(B)"

Axo cy gogatino A u B nHopmaanu ouepaiiopu, waga ce udpasu f(1)I— f(A*® A)(I)
u f(1)I — f(B® B*)(I) ®xoju ce uojas.wbyjy Ha gectoj cuparu og (5.20) u (5.21) mozy
samenuwiu ca I — f(A*A) u I — f(BB*) pegom.

1

A Cge mTo je moTpebHO J1a ypaauMo 3a JoKasuBame Ilocaeauie 5.3 je jga mpuMeTuMo Ja
cy necue crpate y (5.20) u (5.21) camo apyru vHauus ja 3amumemo (5.10) u (5.18) pegom. [

IocaemuuA 5.4. Axo cy A, B € B(H) xonwipaxuyuje u n € N, waga je

[ —A*A(eAX—XeB)\/I —BB*||, < }|Verl —eNeAr (AX — X B el —eBel |, (5.22)
|VT=AA(ex ~ Z A —— WI-BB,
n=0
<LVerl — e et (X — AXB)W e2] — eBeP” |, (5.23)

H\/I — A*A((arcsin A)X — X arcsin B)WI — BB* X

— |arcsin A|2(AX — XB)\/%QI — |arcsin B*|? : (5.24)

A= (2n)! 2n+1 2n+1 — "

H\/I A ( X - Z GATXB WI-BB 1

— |arcsin A2 (X — AXB \/”—2[ — |arcsin B*|? (5.25)
H\/I - A*A((] —A) exp(Z )X X(I - B) exp(Z >>\/1 BB <

k=1
H\/I—‘ (I — A) exp( )‘ (AX — XB) \/1—‘ (I - B )exp<ZBk)‘2 , (5.26)
k=1 1

VT —A*A(AX + (I — A)log(I — A)X — XB — X(I — B)log(I — B)WI1— BB*|,
< H\/I — A+ (I = A)log(I — A)* (AX — XB)\/I — |B*+ (I - B*)log(I — B¥) 2H1. (5.27)

xag 209 AX —XB € Ci(H) y (5.22), (5.24), (5.26) u (5.27), kao u kag je X —AXB € Cy(H)
y (5.23) u (5.25).

A (5.22) u (5.23) cinene npumenom Ilocnemune 5.3 Ha ety dbyHKIujy e} exp Z
exp(z — 1), moxk (5.24) m (5.25) cieze IPUMEHOM HCTE IOCJEIUIE HA (byHKuHJy 2 arcsin,
Koja je xosomopdua y D u menpexuaua na ), ¢ 063MPOM JIa HCH CTEIICHH pen = 2 arcsin z =

2 (2n)! 22n+1
Zn Om KOHBEPI'UPa AICOJIYyTHO U YHUMDOPMHO Y D.

3a TakosaHe eqementape dakrope E,: C — C:z — (1 — 2)exp(d>,_, %) (Bumern
noka3 Hejeanakoctu (2.41) u (2.42) y Iocaenumu 2.15) Baxku ga 1 — E,, 3aj0BosbaBa cBe
yenose [locemuie 5.3, anja npumena maje (5.26).

Pamu nokasusama (5.27), HpI/IMeTI/IMO na dyskimja @g: D — C: 2 — 2+ (1—2) log(1—z)
¥Ma CTENeHH Pa3Boj @o(2)=> o, 7oy mpema [JLMIS, Cor. 2.5¢)]. Tako nonosua ynorpeta
[MTocnemume 5.3 Ha g maje (5.27). O
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2 Hopwma HejegHakocTHu 3a yoIrnTeHe (pyHKIIjcKe
JepuBalunje orneparop MOHOTOHUX (YHKIIHFja

Cpaka (pactyha) o.m. dyskmuja ¢ Ha (—1,1) gomymra jeIMHCTBEHO XOJIOMOPQHO MPO-
ayxeme oy CTU(=1,1)UC™ = C\ ((—o0, —1] U [1, +00)), xoja npunazna Pick-osoj knacu
P(—1,1) u 3amoBospasa yciaoB Im@(z) > 0 3a cee Imz > 0, kako je To mokazano y [HilO,
Th. 2.7.7| (morsematu u cekyjy 5 y [masu 1). Crora hemo y HacraBKy u 3a () KOPUCTUTHU
I10]€JTHOCTABJ/bEHY HOTAIH]Y (©.

AdeonHUIA 5.5. Ouepaiop A € B(H) 306eM0 TUTOHOPMAAHUM AKO U CAMO GKO je

A*A > AA*, KoTUTOHOPMAAHUM AKO U CaMO aKO je A* xudonopmanrah, Wo jecili ako je

AA* > A*A. Taxohe, A € B(H) 306emo axpetiueHum ouepaiiopom ako je Re A = dof Ag a

4 2+A > 0 u cwpozo axpewiusHum axo je Ap > cl 3a nexo ¢ > 0.

3a Kjace TakBHUX omepaTopa, uMaMo cienehe yommreme Heinz!-ose y.u. HopMma HejemHa-
koctu [Kosall, (4.1)] ma cBe o.m. dynkuuje 3a xoje je p(0) = 0.

TEOPEMA 5.6. Hexa je ¢ c.n. ¢pynxuuja, p > 2 u A, B, X € B(H), waxsu ga
yroauko je ¢ € P(—1,1) waga A u B umajy citipozo KOHWPAKWUSHU PEAAHU JEO,
a ykoauxo je ¢ € Pl0,+0) Hexoncanwina dynrkuyuja waga cy A u B cupozo
axpeuwusHU.

(a) Axo je gogawino A xuuonopmaaar u B nopmanan, wakeu ga je AX — XB €
€y (H), Waga

|

Cueyujaaro, axo je p:=2 u C ) (H) := Cy(H), waga (5.28) eastcu 3a cee Tutorop-
maane ouepatiope A u B.
(6) Anwieprattiueto, axo je A Hopmaaan u B xoxutonopmanan, WaKeu ga 6axrHcu
AX — XB € € »(H), Wwaga

B+ B*\?
i ) (5.28)

< H(AX —XB)go'(
@ 2

A+ A*
2

) (etx - xp(3) N

B +B*>‘5

H (o)X - XWB))SO,( 2 '(A LA

. ) (AX — XB)

(5.29)

~
(P(P) @(P)

Cuaeyujaano, axo je p =2 u C ) (H) = C(H), Wwaga (5.29) easrcu 3a cee xKoruio-
HopmaaHe ouepatwiope A u B.

(B) Axo je A woxuuonopmansan, B muﬂouopMa./LaH u, gogatwiro je bap jegaH 0g
ouepawmiopa A uau B Hopmaasarn u AX — XB € Gq)(p) ), waga

A A B B
o)X = X (B)] < |y [ 55 ) (AX = X B) 1/ = (5.30)
¢(P>*
A+ A B + B*
(%5 ) (p(A)X - - ) <JAX - XBlgor. (53D
U3pa3 na gecroj ctuparnu y (5.30) ce mootce gogawino UpoueHUwu u3pa3om H(A*TJ“A)T

¢(A*+A> (AX - XB) <B+TB*> gp(BJFB ) H o). %0 je gogaimino (0) = 0. Yeaos (0) =0

'Xajmi-Erhard Heinz (1924-2017)
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obesbehyje u ga ce u3dpa3 Ha aesoj cuparu Yy (5.31) moowce gogatino UpoueHUTIY

(52) o (52 ot - xpmn(252) o (25) -

Taxohe, y cueyujaarom cayuajy C (") := Ci(H), obe nejegnaxociu (5.30) u
(5.31) saotce axo je A kKoxrutoropmasrar u B rutonopmasan ouepamwiop, be3 ycrosa
HOPMAAHOCTY 3a BUAO KOJU Og HUL.

(r) Axo cy gogawiro u A u B nopmaanu, waxeu ga AX — XB € Cy(H), wiaga je

0go3go ca

A+ A B+ B
lotanx = xetB)l, < |y o (F52) (ax - xmyfo (257 (5.32)
(]
A+ A B+ B
5 (P(A)X = Xo(B) | — < (5.33)
\/A +A¢'<A +A)(AX XB)\/B+B¢<B+B) <
2 2
P
A A;A (AX — XB“ B+B axo je ¢(0) =0, (5.34)
A+ A2 B+B —1/2
(%54 px - xom s@( S5) | <X -XBle 539
(]

1

1 1
HU3pa3 na gecroj ciuparu y (5.32) ce mootce gogatwino UpoueHuwu H <A +A> 2<p<A*+ A>2

l
(AX - XB) (#) gp(BJrzB > H Yy cayuajy xaga je gogawiro »(0) =0, xkaga ce uspa3
@
1

1 _
Ha Kpajy aese ciupare y (5.35) moorce UpoueHuwiu 0go3go ca H (A*;r A>2gp <#> 2(go(A)X

1 1
~Xo(B) (B (252) 7|
A Ha mokazkemo Jieo (a), pazmMaTpajyMo IpBo ciydaj Kajga A u B uMajy cTporo KOHTpaK-
TuBHE peasHe zesioe u ¢ € P(—1,1). Craka dbyukimja ¢ € P(—1,1) uma cBojy MHTErpaHy
pernpesenraiujy. Hamve, mocroju jeaunacTBena BepoBaTHOCHA Borel-oBa mepa p Ha [—1, 1] 3a
KOjy je

1 _
: du(t), 3a cBe —1 < rrz

<1,

o) = 2(0) + ¢ 0) |

11—tz

carnacao dopmyiau [Hil0, (2.7.4)] u [Hil0, Th. 2.7.7] (Bumern u cexkmmjy 5 y Imasu 1). Y
TOM CJIy4ajy ce Joka3 Hejennakoctu (5.28) y mesy (a) 3acHuBa Ha ciefehuM jemHaKOCTHMA 1

LIPOIEHAMA:
—1/2
(F55) " (eax - xe()

|

@(P)

1 ¥\ —1/2
— J(0) /_ K (A“;A ) (I —tA)"Y(AX — XB)(I — tB) ‘dpu(t) . (5.36)
N-1/2 p1 —1/2111/2
<e oo () [ - - enaoy ()
1 1/2
« [[(AX — XB) ( /_ (=B (1 =By d,LL(t)) . (5.37)
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A4+ A\ V21 A+ A*\ 72 A4+ A\ V2
<<p’(0)’<ﬂ’( 5 ) /(I—t 5 )du(t)sf)’( 5 )
—1

« H(AX _XB) ( /_ 11 (1 B *23 *)_Qdu(t))l/z

B+ B*)l/ 2

1/2

(I)(P)

= H(AX - XB)cp'( (5.38)

2@

Jennakocr (5.36) ce mpoBepaBa aupekTHO, HejeaHakocT (5.37) je mocnenuia npumene Cauchy-
Schwarz-ose mnejemnaxoctn (1.15) n3 Teopeme 1.16 za ||| ) HOpme mpumemene ma C,

(I—tA*)"1, D, := (I-tB) '3zat € Q:=[-1,1], kao u na AX — X B ymecro na X. Hejennaxoct
y (5.38) ce 3acumba Ha nponenn [ —tA—tA*+ 2 A*A = [ —t(A+ A*)+ 2 A*A > T—t(A+A*)+

PAATAL — [—ZtAJ;A*l +12 (AJFQA*)2+t2 (A;f*f > (1 - t#f 3a XI/IHOHOpl\/QIaJIaH omnepatop A,
mro naje n 0 < ¢'(0) [T(1 — tA) (I — tA")du(t) < @' (0) [, (1 — 255 " du(t) = ¢ (£2),
¢ 0063MpOM I3 je MHBEPTOBaIbe MO3UTUBHUX OllepaTopa orneparop MoHoToHa dyHKImja. OB-
ne cMo Takohe kopuctuiu dopmyiy (5) u3 [J19a, Lemma 2.1| ga 6ucmo npernosnaiu ja je

O'(C) = ¢'(0) f_ll(l —tC) "2 du(t), 3a ceako C' € B(H) uuju je cnekrap o(C) caapkan y oTBO-

pPEeHoj Tpaun St dof { eC:-1<Rez< 1}. Cangano, Kako je B HOpMaJaH OmepaTop, Tala
je @/ (0) [1,(I —tB)y NI —tB*) 'du(t) < ¢ (B£EY), ma ysacromma npumvena (1.8) omoryhasa
Ta JokazkeMo (5.38), dmmMe ce CYNITHHCKE 3aBpIIaBa J0Ka3 Jea (a).

Y cayuajy €yo(H) = Co(H), noxas ce ocnama na gunmje (5.36)-(5.38), majyhm

' o (A i A*)_1/2<¢<A>X ~ Xy(B)

2 2
<O (5E) " [ a—ara -yt (A =
< Jx—xp( [ u-mya-mya ) (5.39)
o) T T
< Jax-xp( [ (1= ZB*)_de))l 2 (5.40)
_ H(AX _XB)Y (B * B*>1/2 :

Hejeanakocr (5.39) ocnama ce na Cauchy-Schwarz-osoj nejeanaxkocrun (3.27) w3 Teopeme
3.6(6) 3a T.y.m. tpancdopmepe y Hilbert-Schmidt-oBum maesmma. Hejemnakocr (5.40) ce
IOHOBO OcJiamba Ha mpouenn (I — tB*)(I —tB) > (I — tB’LTB*)2 38 XUIIOHOPMAJIAH OIEPATOP
B, ka0 u cBojcTBY JBoCcTpyKe MOHOTOHOCTH (1.8).

Hoxkaz mejennakocru (5.29) y mesy (6) m3BoIu ce aHAJIONHO J10Ka3y HejemaHakocTu (5.28)
y neiy (a), ca jequHOM pasiukoM ja ce oBaj myT kopuctu Cauchy-Schwarz-oBa HejeqHakoCT
(1.14) 3a T.y.i. Tpancdopmepe u3 Teopeme 1.16, ymecro nmejemuakoctu (1.15) uz Teopeme
1.16.

Y cnenmjammom ciaydajy € o) (H) == Co(H) nejenmaxocru (5.29) y neny (6), 1oxas je ana-
noran onoM Jarom y auaujama (5.39)-(5.40), ¢ Tum na ce caga kopuctu Cauchy-Schwarz-osa
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HOpMa HejeaHakocT (3.28) 3a Hilbert-Schmidt-ose uena y Teopemu 3.6(6) ymecro (3.27) y uc-
10j Teopemu 3.6(6) u nejennaxocru (I — tA)(I —tA*) > (I — t%)z u(l —tB)(I—tB*) >
(I — 15%)2 3a KOXHIIOHOpMaJiHe onepatope A u B.

Pamu nmokasusamwa uejepnaxkoctu (5.30) y meny (B), nmpumerumo na BaxKku ciejehn Hus
jeTHAaKOCTHU M HejeTHAKOCTU:

o)X = Kol =) [ (7 =1 (AX = XB)T ~ 0B) it

o) Ay tA)‘ldu(t))l/z(AX ~ XB) "
<(/ llu—tBrl(z—tB*)*du(t))l/z " (5.41)
(-2 s
e

H A+A (AX — XB/ B+B

Hejennakocr y (5.41) jmobuja ce mpuMeHOM TIpBe HeJe,I[HaKOCTI/I y (3 31) uz Teopeme 3.6(r), 1ok
uejennakoct (5.42) caeau us nejenuaxkoctu (I — tA*) (I —tA)™ = (I —tA* —tA + *AA*)™!
< (I -84 ~? 3a xoxunonopmauan oneparop A u (I — tB) (I — tB*)! € (I — B2 -
3a XMIIOHOpMAJIaH oneparop B, y KOMOMHAIMjU ca CBOjCTBOM IBOCTPYKe MOHOTOHOCTH (1.8).

Cuomano, 3a jiokas Hejennakoctu (5.31) moBosbHO je mpumennTn Hejepnakoct (5.30) Ha
4 A\—1/2 \—1/2
o (AA) T X o (BB

@(P)*

ymecTo Ha X.

V cnemujanaom ciayuajy kaga je ©(0) = 0 Baxu cBojerBo KonkasHocTu o (t) < t1ip(t)
3a OIepaTop MOHOTOHY (DYHKIM]y (©, IITO y KOMOMHAIMjU Ca CIEKTPATHUM PAadyHOM Jaje
P < (SR (@), u cnwmo ¢ (B5) < (B p(B5E). Caza fo Jous cavo
noTpebHO J]a Ce MCKOPUCTH CBOJCTBO ABOCTpyKe Mouortonoctu (1.8) ma ce nobuje jnomarHa
IPOIEHA 0JI03T0, JOK Ce MPOIEHA 0JI03/10 MTOKa3yje CJUIHO.

VY crenujaJHOM CiIydajy (?(D(p «(H) := €1 (H) mejemnaxocru (5.30) u (5.31) y (B), moka3
je camaan onoM nmarom y smarjama (5.41)-(5.42), amu kopucrehu Cauchy-Schwarz-oBy Hejen-
HakocT (3.29) y Teopemu 3.6(B) 3a T.y.n. TpancdOopMepe y mieasly HyKJIeapHUX OIEepaTo-
pa, ymecro Hejeanakoctu (3.31) y Teopemu 3.6(r), kao u nejenuarocru (I —tA)(I —tA*) >
(I - t%)2 u (I —tB*)(I—tB) > (I - tB+TB*)2 3a KOXUIIOHOpMaJIaH A M XUIIOHOpMAJIaH
onepatop B.

Hoxkaz mejennakoctu (5.32) u (5.35) y meny (r) npartu jgunuje mokasa wejepnakoctu (5.30)
u (5.31) y (8), mpu wemy ce Hopma ||+ )+ 3amMemyje HOpMOM ||-||¢, OBaj yT ocnamajyhu ce Ha
Cauchy-Schwarz-oBy nejeanakoct 3a T.y.1. Tpaucdopmepe y Co(H) umeamuma usz Teopeme
1.15 ymecro Ha npBy HejeanakocT y (3.31) 3a T.y.m. Tpancdopmepe y Gq)(p) «(H) noeammma
(A*+A)1/2 X (BB 1/2

y Teopemu 3.6(r). [Hda 6ucmo nokazamu (5.33), npumennmo (5.32)
A* +A) (A +A) (A +A)
2

ymecto Ha X, M0K HejemHakocT (5.34) ciey U3 HejeHAKOCTH (

(BEE) o (BEEY) < o(BEEY), kao u npumene ceojersa nsoctpyke MoHoroHocru (1.8). Ipouene

2 2 2 (
O7I03r0 M OJI03/I0 KOPHCTE MCTE apryMeHTe Kao OHe jaTe y nokasy ciaydaja ¢(0) = 0y memy

(B).
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Y pasmarpamy ciaydaja kaga ¢ € P[0, +00), a A u B ¢y ¢Tporo akperuBHU, HHTErPATHA
penpesenranmja (2.7.5) y [Hil0, Th. 2.7.11] obe36ehyje na nocroje a € R, b > 0 u nosurusHa
konauna Borel-osa mepa 1 za (0, +00) Taksa ja je

o(z) =a+bz+ / A+ du(t), 3a cBe z € [0, +00).

[To anasoruju ca jgoKa3uMa y MPETXO/HO pa3MaTPAHUM CJIydajeBuMa oBe Teopeme je ¢'(z) =
b—{—fo to0) (ZT;; du(t)3acse z € [0, +00), kao n (A) X —Xp(B) = b(AX—XB)+f(O7+OO) t(1+t)
UL+H)(AX’ XB)(B +t)~Hdu(t) m ¢'(C) = bl + [, t(L +8)(C +tI)2dpu(t) sa cse
crporo akperusae C' € B(H). Tako ce u moka3 nejemnakoctu (5.28)-(5.35) y oBoM cirydajy
n3BoM camaHO Beh mokaszanom, kopucrtehu nmpuctom ncre Cauchy-Schwarz-ose HejeanakocTn
3a T.y.II. TpaHcdoOpMepe y CBAKOM OJI pa3MaTpaHuX ciydajeBa, y3uMmajyhwm y ob3up ga je

(tL+ A )M+ A7 < (H + %)_2 3a KOXHUIIOHOpMaJIHe omeparope A, JOK 3a XUIOHOp-
masHe oneparope B Bazxu (tI + B) ' (tI + B*)™ < (¢ + B+TB*)_2. O
HATIOMEHA 5.7. U Buiite o1 mpeTXoaHO MOKA3aHOT, YaK U aKO Ce He 3aXTeBa XUITOHOPMAJIHOCT

oneparopa Ay Teopemu 5.6(a), rana suauje (5.36)-(5.38) y 1oka3y Tor jesa TeopeMe 3anpasBo
TOKazyjy Ja je

B + B*\'/?
)

H ( 'I A ))1/2(90(A>X - X¢(B))

<wAX—XBM<
@(P)

o®

Cumano, vak u 6e3 yciaoBa KOXUIIOHOpMaJsHocTH orteparopa By Teopemu 5.6(6) u naswe je

|t = xom) (w0 [ 11 - tB*r?du(t))l/Q )1/2<Ax _xp)

A+ A
2

~X
q;,(p) ‘ @(p)

[Tpumernmo takobe na mejemuaroct (5.32) (omrocHo (5.35)) mpeacTaBiba POy KEHE He-
jemuaxocru (69) (omuocuo (68)) y [JO5, Th. 4.4] o cpenmum BpeHOCTHMA 32 0.M. DYHKIHTje HA
[0, +00) 1 mO3UTUBHE OllEpaTOpe W Ha HOPMAJIHE CTPOTO aKPEeTHBHE oreparope, obe36ehyjyhn
OPUTOM U HOBE TEOPEME O CPEEbUM BPEIHOCTHMA 3a 0.M. yHKImje Ha (—1,1) u HopmasHe
OIIepPaToOpe Ca CTPOTO KOHTPAKTUBHUM PEATHUM JIEJIOBUMA.

[Iperxomana Teopema 5.6 omoryhasa u fa ce Heke 0J1 10OPO MO3HATUX HOPMa HEjeIHAKOCTU
3a IO3UTHUBHE OllepaTope IPOIINpe U Ha HOPMaJIHe ollepaTope KOjU Cy WU aKPETUBHU UJIN
MMajy CTPOro KOHTPAKTUBHE peaJjiHe JIeJIOBe.

IMocaeauuAa 5.8. Hexa je ¢ c.n. pynruyuja u nexa cy A, B € B(H) nopmaaru
ouepawiopu wakreu ga AX — XB € Cy(H) 3a nexo X € B(H).
(a) Axo cy A u B axpewiusnu otepatmwiopu, waga je 3a cee § € [0,1]

1-6 =

’KA;A)(MX—XﬁKéEB> < O|AX — X B|s, (5.43)
(]

IVA*+A(log(A)X — X log(B))VB +B*||, < 2||AX — X Bs. (5.44)

Zogaturo, axo cy A u B cupozo axpetwwiueHu ouepatiopu, waga je
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| A(log(I + A)) "X — XB(log(I + B)) ',

-1
A+ A\ A + A A+ A\ ! A+ A
log([+ ;r )— 2+ (I+ ; ) (log(1+ 2+ )) (AX — XB)

-1
B+ B* B+ B* B+B*\" B+ B*
X log| I+ 5 I I+ 2 log( I+ 5

(6) Axo A u B umajy ctupozo xonwpaxwiuete peaare geaose u 0 < o, < 1, waga

(5.45)

(3]

1 A4+ AP I+ A I+ B B+ B*|?

— /I — log ——X — Xlog —— I — <||[AX — X A4
A*+ A 24 2B B+ B*

Tl cos + (tan —X — X tan —) cos il < ||AX — X B|lo, (5.47)

2 T T T &

(T+A)*—= (I -A4)°)X-X(I+B)*—(I-B)")|, <

* a—1 " B—1 1/2
<a<J+A2+A> +ﬁ(l—A2+A> ) (AX — XB)
x\o—1 ¥\ B—1 1/2
x<g@+B;B) ro(r- 257 )

A Ako cy A u B cTporo akpeTuBHE OlepaTopu, Taja je Hejeanakoct (5.43) camo creru-
jammu ciay4aj mejemnakoctu (5.35) 3a 0.M. bynxmmjy ¢ [0, +00) — [0, +00): t — t?. Ykommko
cy A u B npon3BoJbHU aKPETUBHU OIIEPATOPH, Tajla 3a cBako £ > 0 mpumena (5.43) Ha cTporo
akperuBHe oreparope A + ¢l u B + el naje

(5.48)

P

1-6 1-6
A+ A = B+ B* =
H( i +51> (A+el)’X — X(B +51)9)< Z +5I)

P

<O|AX — XB|s. (5.49)

Kako je A*+A>OHB+B* 0, To cne;maaje (4 +A+5I) (A““A) ” 2% kaou

. 10 e
H (BB per)® — (B£E) = H < e, upema [A88, Th. 1]. CuekTpa/Hu padyH 3a HOPMAaJIHE
onepatope noxazyje ga (A +el)? — A% u (B +¢cl)? — BY jaKoj OIIEPATOPHO] TOIOJIOTUjU

Kagxe — 0+, O,ZLaKJIe cienu na Kan e — 0+ Baxm ;La (A +4 | 5[) ((A +el)’X - X (B +¢l) )

* —0 « 1-6
(BEEE el ) KOHBeprupa crporo xa (454 +A) (AQX X B?)(B£E5) 2. Onarne, na ocrosy

HOJIYHEeITPEKUIHOCTH 010310 y.u. Hopmu gate y (1.9) u mejennakocru (5.49) KoHAUHO cienn

10 =0
|(557) " e -xa (255)

P

e—0+

1-6 1—
A+ A E B+ B* =
s— lim ( ; + 51) (A+el)’X — X(B+ 51)9)( J; + 5[)

P

< 0] AX — XBllo.

Ba moka3 HejeqHakocTu (5.44) MOBOJBHO je yHOTPEOWTH MCTe apryMeHTe Kao Wy JIOKa3y
(5.43). Hamme, 3a cBe ¢ > 0 u crporo akperupue omneparope A + el u B + €l nokas ce
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CBOJIM Ha JUMPeKTHY npuMeny Hejeanakoctu (5.35) ma Pick-oBy dyukimjy ¢ := log. Ocrarak
ajanTanuje nqokasa 3a (5.43) ce 3acHuBa Ha jakoj Kouseprenuuju v/ A* + A+ 21 1log(A + 1)

a VA" + Alog A u /B + B* + 2¢cl log(B + ¢l) ka /B + B*log B kajg ¢ — 0+, moapxKanom
YIOTPEOOM CIIEKTPAJHOT PAYyHA Y KOMOMHAIMU C& TEOPEMOM O JIOMUHAHTHOj KOHBEPIeHITU]H,
¢ ob3upom Ha TO 1a je bammimja pyHKIHjA A — (X + A+ 25)1/2 log(e + A) — (X + )\)1/2 log A
npu ¢ € [0, 1] yaudopmuo orpanuyena Ha o(A).

Hoxkas nejenmnakoctu (5.45) mobuja ce nupeKTHOM npuMeHoM Hejearakoctn (5.32) na Pick-
oBy dyukmmjy p7: It — TIT: 2 — Toa(i72) Kopucrelin mpurom na je oh(z) = W,
kako je To npumeheno y [UlOa, Th. 2.1] u [J19a, Sect. 4(g)].

Ha 6u ce nokazana uejemnakoct (5.46) moBosbHO je mpumeHuTH HejeaHakocT (5.35) Ha

Pick-oBy P(—1,1) dbyakuujy ¢- & tanh C\ ((—o0,=1]U[1,+00)) — C: z > 1log ¥,
3a KOjy je ¢h(z) = ﬁ, kako je To npumeheno y [J19a, Sect.4(b)|. Ha ocHoBy mHTerpasue
pelpe3eHTaIje TOKA3AHE Y [J 19a, Sect. 4(b)] dyukimja s ce MOKE EKCIUIUIUTHO U3PA3UTH
ca tanh™'(A) = L1log 44 =1 f A(I —tA)~dt.

Hejeanakoct (5 47) ce OKa3yje CAUYHO, caja mpuMeyjyhn Heje,ZLHaKOCT (5.35) ma Pick-
oy P(—1,1) dynxmmjy ¢s: C\ ((—o0, —1] U [1,+00)) = C: z — tan 2, 3a kojy BaKu 1a je
wy(z) = m To je mocnenuna penpesenTanuje pyHKIuje tan z y O6JII/IKy pena tan z =

+o0 ( 1 __nm )
n=—o0 (n_%)ﬂ—_z n2m+1

Hejeanakocr (5.48) ce mokasyje mpumenom nejeanaxkocru (5.35) ma Pick-oBy P(—1,1)
dbyukumjy @o: C\ ((—oo0, —1JU[1,+00)) = C: z +— (1+ 2)*— (1 — 2)?, koja je oneparop Mo-
norona Ha (—1,1) u 3a Kojy je @y (2) = a(1+2)* 4 B(1—2)"~1 c 0b63upom 1a cy npecimKaBama
t—=(1+t)*ut— —(1—t)? oneparop monorona na (—1,1). O

sa —% < £2 < % koja caenu w3 [U10, Ex. 2.2].

HAtoMEHA 5.9. IIpumernmo na npema Teopemu 5.6(B) cBe mejennakoctu (5.43)-(5.48) Baxke
¥ 32 TPOU3BOJBHY |||+ HOpPMy, yKOMKO je A KoxumoHOpMataH u B XumoHOpMAaTan n 6ap
jeman on omeparopa A m B je HOpMaJaH, IPU YeMy Ce TPaKd Jia OHU 3aJI10BOJbaBajy U YCJIOB
akperuHoct. Cumano, nesiou (a) u (6) Teopeme 5.6 Mory ce mcKopucTUTH Kako Ou ce
dopmysmcarne nepusanuone nejegnakoctu y € ) (H) mueamava, ananorne omum y (5.43)-
(5.48), KOje mpermyITaMo 3anHTEPECOBAHNM YUTAOIIMA.

Hejemnakocru (5.32)-(5.35) npormmpyjy “difference” Bepsujy npociabibere Heinz uejema-
koctu u3 Hilfssatz 3. u3 [He| u mene y.u. nopma Bepsuje (9) y [BD, Th. 2|, [Hil0, (5.3.2)] u
[Kosall, (4.1)] na akpeTuBHE HOpMaJIHE OomepaTope u (JIpyre) onepaTop MOHOTOHE (DyHKIH]e,
Kao 1mro To Ha nmpumep uduHu (5.43) 3a 0 := |2 — 1| mpu 0 < o < 1. Takobe, (5.30)-(5.31)
npeJicTaBIbajy Ipommperse Hejennakoctu (5.32) u (5.35) ma €, )«(H) nmeane, 3a KOXUMOHOP-
masian A n xunoHopmaJsian B, ako je 6ap jemaH OJ1 lbUX HOPMAJIAH.

Crnenujanan ciaydaj mejennakocru (5.44) 3a crporo nosuruphe oneparopa A u B ce Mo-
’Ke J0OUTH ¥ U3 HEjeJHAKOCTU 3a ONEPATOPHY I'€OMETPUjCKY U JIOTAPUTAMCKY CPEIUHY W3
[Kosall, (5.2)], ms6opom H := A, K := Bu X := (log A)X — X log B:

VA ((log A)X — X log BWE], < H / A% ((log A) — X log B)B'*da

1
_ H/D d;dx(emlogAXe(l—x)logB) dr

[IperxoaHe HejeIHAKOCTU OCTAjy TavHe U 3a CBe IMO3UTHUBHE omneparope A u B, ITo ce mokasyje
yIOTpeOOM IrpaHuIHUX aprymeHara Beh Bubenux y mokasy (5.44).

Axo cy A u B camoajyHrOBaHU W CTPOTe KOHTpakImje, Taga dopmyaa (5.47) mompuma
o6k ||sin 22X cos 22 — cos 24 X sin 22 Hq) < 2|AX — X B|lg, mro je crenmjanan ciaydaj jo-

d

= [AX - X Bla.
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6po nosuare HejeauakoctTu ||(sin H)X cos K — (cos H) X sin K¢ < |HX — XK|¢ 3a camoay-
jyurosane oneparope H u K, nare y [Kosa98, Th. 5| u [Lar08, Rem. 25| (6ap y ciayuajy kaja
cy wuxopu crekrpu o(H) u o(K) cagpxanu y (—7/2,7/2)).

V HacTaBKy HaBeJIUMO joI jeqHny npumMeny Teopeme 5.6 Ha dyHKIM]e MHBEP3HE 0.M. (PYHK-
mjaMa.

ITocneaunia 5.10. Hexa je p > 1,9 c.H. pynxuyuja, nexa je g uneep3na Pyrk-
yuja Hexe HeKOHCTAHTHE 0. M. gﬁyunuu]e na [0,+00) u nexa cy C, D, X € B(H), apu
yemy cy C u D nopmaanu otepawiopu. Axo cy g(C) u g(D) cmipozo axpetiusru
ouepamwiopu wakreu ga ¢(C)X — Xg(D) € Cy(H), waga je

H \/ 2+g<c>)) (CX — XD) \/g, <91 (g<D> - g<D>*)) @

< [l9(0)X — Xg(D

)|l (5-50)

Cuevujaaro, axo cy C? u DP ciipozo axpewwiusru ouepatiopu 3a Koje je CPX —
XDP e Cp(H), raga je

p (@)Hp(cx - XD)(#)zQ <|crx —xpr|,.  (5.51)
N
Cueuujaaro, axo cy C,D > 0, waga je
[Vg(CHCX = XD)Wg (D), < [9(C)X = Xg(D)], (5.52)
H\/C(I +C) ™ +log(I+C) (CX — XDW/D(I + D)™ +log(I + D) I,
<||Clog(I + C)X — XDlog(I + D)|,- (5.53)

A 3a nokas mejennaxoctu (5.50) mososbHO je na yamemo A := g(C), B :=g(D)n p:=g!
y Heje,ZLHaKOCTI/I (5.35). Bamcra, kako je ¢'(p(t))¢'(t) = 1, 3ak/byuak cjieu U3 INHEHUIE J1a

je @ (A*+A) —g (@(A +A)> _ g/(g—l(g(c)*;g(C)D K80 T (B+B*)— _ g <gf1(g(D)zg(D)*)>'

Hejeanakocr (5.51) je cnenujanuau ciy4aj nejennakocru (5.50) 3a dyukuujy g: [0, +00) —
[0,400): t +— tP, kao mTo je To u HejenHakocT (5.52). Hasme, nejennakoct (5.53) je cuerujasian
ciydaj HejearakocTu (5.52) mpm KoHKpeTHOM M36opy dyHKnuje g: [0,+00) — [0,400): t —
tlog(1 +t), uuju unseps g je, mpema [U06, Lemma 2.4], o.m. dynxumja jep je dyuxuuja
t — log(l+1t) om. at— t, 6ynyhu uaBep3Ha cama cebu, OYUTO MPEJCTABIbA MHBEP3 O.M.
dyHKIHjE. [

HAoMEHA 5.11. Hejennakoct (5.52) ce moxe 1o6uTtu aupeKkTHO U u3 Hejeguakoctu (68) y
[JO5, Th. 4.4], ynorpebom ucror aprymenTa kopuiihieHOr 3a joka3 HejeaHakoctu (5.50) y
ITocnemumm 5.10.

OBy riaBy, a THMe W JUCEPTAIUjy, 3aBPIIaBaMO CJIelIeinM CKPOMHUM IO0OJbIIABAEM
koucranre 5/4 y nejenmnakoctu (3) y [BK, Th. 2| 3a crenene dynknuje.

TEOPEMA 5.12. Hexa je ® c.n. Ppynxuyuja, 6 € (0,1),A,B, X € B(H) u A,B >0
wiaxeu ga AX — XB € € ) (H). Taga je A°X — XB’ € Cs(H) u

|A°X — XB?||, <2°(1—0)F (1+6) >

o < (5.54)
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A upekrra nocremuna Hejeanakoctu (17) uz mokasa [BK, Th. 2| za f: [0, +00) —
[0, +00): x — ¥ mokazyje ma je
|4°X — XB°

o < (1 +2)X[")2t)°H||[AX — XB|°|, 3a cBako t > 0. (5.55)

Ba dynxmmjy g: (0,400) — (0,+00): ¢t 2071 (11 + | X||?t"T") nupekTHO crenm na je ¢'(t) =

20°1((60 — )" 2+ | X|2(0 + 1)t?) 3a t > 0, na 3a t, o H)lfll’ / er cienn ja pyHKIMja g pacTe

na (0, t.] n omaza Ha [t,, +00), 360r wera je g(t) < g(to) = 2°(1 — 6)"= (1 +6) "= zacset > 0.
3aro, KOHKpeTHUM u360D ¢ := t, y Hejeauakoctu (5.55) nobujamo Hejemuakoct (5.54). O

HATOMEHA 5.13. Hexka je h: (0,1) — (0, +00): 8 — 4°(1 — 0)°=1(1 + 0)~17% onakne je h'(0) =

h(0)(log4 + log(l — 6) — log(1 + 0)), Te umamo b’ > 0 ua (0, g] u ' < 0mna[21), kao n

h(2) = (%)2. To noxasyje ma je ¢y = 20(1 — 9)%(1 + 9)71279 < 23a 0 # 2, mro onpasrasa
HajaBjbeHo Tobosbiname Kouctanre 5/4 y [BK, Th. 2(3)] za f(t) = t?. Ilpumerumo Taxobe aa
je h(0+) = h(1—) = 1, mwrro nokasyje Ja ¢y TeXKU Ka (OU€KUBAHO HAJOOJbO]) KOHCTAHTH 1,y

ciaydajeBuma kag 6 — 0+ uw 6 — 1—.
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buorpaduja ayropa

Muwtan Jlazapesuh poben je 6.9.1991. romguue y Hauky, rJie je 3aBpIIHO OCHOBHY ITKOJIY
2Mumra [Tasiosuh” u 'mmuasujy kao nocunarn Bykose aumuiome. Maremarnyuku haxyareT
y Beorpamuy, cmep Teopujcka maremarnka u npuMene, ynucao je 2010. roguHe U JUTIIIOMU-
pao 2014. rommue, ca mpocedrnom oreHoM 9,50. Hcre rommue ymmcao je Macrtep crynmje Ha
Marematudakom daxynrery y beorpay, cryaujcku nporpam Maremartuka, momaysn Teopujcka
MaTeMaTUuKa U IIPUMEHe U IOJIOXKKO CBe HchuTe ca npocedrnoM orenoM 10. Macrep paj mom
Hacj0BoM ,,CHUHTYJIapHE BPEJHOCTHU OIEPATOPA U TEOPHUja MaXKOpallyje, ca TPUMEHOM Ha OIle-
paropHe HejegHAaKOCTH ombpanuo je 2015. roawHe 1o MEHTOPCTBOM PeIOBHOT IIpodecopa ap
Hanka P. Jomumha. lokTtopcke cryauje na Maremaruukom dakynrery y Beorpamy, crymauj-
ckor nmporpama Marematuka, ynucao je 2015. rojguHe u MOJIOKHO je CBE UCIUTE MpeIBUheHe
IJIAHOM U IIPOrpaMoM cTyauja ca mpocednom orenom 10. O 2015. mo 2016. roaune pajauo je
Kao capaJHuK y HacTaBd, a oj 2016. roauHe J10 JaHAC paJi KAaO ACUCTEHT 3a HaydIHY 00JIacT
Maremarndka anann3a Ha MaremarudkoMm dakyarery ¥YHuBep3urera y beorpamy. Ha Ma-
TeMaTuIKOM dakyarery y beorpasy npxkao je BexkOe Ha mpeaveruma Ananuza 2, Ananusa
3a, Amanmza 36, Anammsa 1 (nmpaktukym) u Teopuja Mepe um mHTerpanuje, Kao u Bexbe u3
Maremartuke 1, 2, 3, 311 u 4 na Pusunukom paxyarery y beorpamy.
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Mpwunor 1.

UsjaBa o ayTopcTBy

Motnucann MwunaH Jlaszapesuh

6poj ynuca 2012/2015

N3jaBrbyjem
[la je JOKTOpCKa AmcepTrayuja nog HacrnoeoMm

HejeaHakoctu Kowu-llIsapua un puc-laHgaya 3a enemeHTapHe oneparope u
Tpchcbopmepe ThNa YHYTRALWUHEr Npon3soga Ha Q 1% Q* mnaeannmva KOMnakTHumx
onepartopa

e pe3ynTar COMCTBEHOr UCTPaXMBaYKOr paja,

e Jla NpejnoXeHa guceprtayuja y LUenuHn HA Y AenoBUMa Huje buna npeanoxeHa
3a pgobujare GuNoO Koje AunnoMe npema CTYAWCKUM nporpammma gpyrsx
BMCOKOLLKOMCKMX YCTaHOBA,

e [a Cy pesynTaTi KOPEKTHO HaBEAEHU U

e [Ja HMCaM KpLiMO/na ayTopcka npaBa U KOPUCTUO WHTEMEKTYanHy CBOjUHY
APYrux nuua.

MoTtnuc gokropaHaa

Y Beorpagy, 06.08.2020.
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Mpwunor 2.

U3jaBa 0 UCTOBETHOCTH LUTaMMaHe U eNeKTPOHCKe
Bep3uje OOKTOpPCKOr paga

Vime n npe3ume aytopa __Mwunan Jlazapesuh

bpoj ynuca _ 2012/2015

Cryaujcku nporpam __Marematumka

Hacnos paga _ HejegHakoctu Kown-Uisapua n Mpuc-flanaaya 3a enemeHtapHe
onepaTope 1 TpaHCopMeEpPe TMNa YHyTpaluker npoussoja Ha Q n Q* naeanuma
KOMMaKTHUX oneparopa

MenTop _npod. ap Nanko P Jounh

MNotnucann Mwunad Jlazapesuh

n3jaBsbyjem Aa je LWTamnaHa Bep3uja MOr AOKTOPCKOr paja WCTOBETHA EMEKTPOHCKO)
Bepanju Kojy cam npefao/na 3a objaBrbuMBake Ha noprtany AurutanHor
penosutopujyma YHusep3auteta y beorpaay.

[ossorbaBam fa ce objaBe MOjU NUYHM MOAALM Be3aHW 3a fobujare akajgemckor
3Batba A0OKTOpa Hayka, kao WTO Cy NME 1 Npe3vmMe, roguHa 1 Mecto pohewa u gaTtym
onbpaHe paga.

OBM nNWMYHU nogaun mory ce o00jaBuTWM Ha MPexHUMm CcTpaHuyama aurutanHe
BubnunoTeke, y eNnekTPOHCKOM katanory uy nyénukayujama YHmeepsuteta y beorpagy.

Mornuc gokropaHaa

Y beorpagy, 06.08.2020.
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Mpwunor 3.

U3sjaBa o kopulhemwy

Osnauwhyjem YHuBepsutetcky 6ubnuoteky ,CseTo3ap Mapkosvh® aa y Aurutantu
penosutopujym YHusepauTeTa y beorpagy yHece MOjy AOKTOPCKY AucepTauyujy nog
HacnoBom:

Hejegnakoct Kowwu-Lleapua w [puc-JlaHpaya 3a €eneMeHTapHe onepartope
TpaHchopMmepe Tuna YHyTpallker npom3soga Ha Q v QF uaeanuma KOMMOAKTHUX
onepartopa

KOja je Moje ayTOpCKO Aerno.

[ucepTtauujy ca cBuM Npunosma npefao/na cam y enekTpoHCKoM opmary norojHom
32 TPajHO apxXMBUpaHE.

Mojy AOKTOpPCKY AucepTauujy noxpareHy y JurutanHu penosutopujym YHuBepsuTera y
Beorpaay mory Aa KOpUCTe CBU KOjU MOLITY]y oapeAbe cagpxaHe y ogabpaHom Tuny
nuueHue KpeaTtusHe 3ajeaHue (Creative Commons) 3a Kojy cam ce oAny4yuo/na.

@yTOpCTBO
2. AyTOpCTBO - HEKOMEPLWjanHo
3. AyTopcTBO — HekoMepLujanHo — 6e3 npepaje
4. AyTOpPCTBO — HEKOMEPUMjANHO — AENUTN NoJ NCTUM YCroBMMa
5. AytopctBo — 6e3 npepaae
6. AyTOpCTBO — AEnUTK N0 UCTUM YCrnoBMUMa

(Monumo fa 3aokpyxuTe cCamo jefHY Of LWEeCT MOHYReHuUX nuueHLM, Kpatak onuc
NMUEHLUM aaT je Ha nonefuHu nucra).

lMNoTnuc gokropaHaa

Y beorpagy, 06.08.2020.

(/CKU/! 4 /I/ ;\ ?/Jéi{ |



1. AyTopctBo - [losBorbaBare yMHOXaBake, avcTpubyumjy n jaBHO caorniutasare
fena, u npepajge, ako ce Haeefle MMe ayTopa Ha Ha4vH oapefeH og cTpaHe ayTopa
WMW [aBaoua NULEHLE, Yak 1 Y KomepuujanHe cepxe. Osgo je HajcnioboaHuja of CBUX
nuueHum.

2. AyTopcTBO — HekomepuujanHo. [lossorbaBare yMHOXaBah-e, ANCTPUOYLIMjy 1 jaBHO
caoniuTaBame Aena, U npepage, ako ce HaBede VMe ayTopa Ha HauuH ogpeheH of
cTpaHe ayTopa wnu fAasaoua nuueHue. Osa nuueHua He [03s0rLasa KomepLujanHy
ynoTtpeby fena.

3. AyTopcTBO - HekomepuujanHo — 6es npepaje. [lo3BorbaBare yMHOXaBahe€,
onctpubyumjy v jaBHo caonwitasakwe Aena, 6e3 npomeHa, npeobnvkoBawa WK
ynoTpebe fena y CBOM [ierny, ako ce HaBeAe UMe ayTopa Ha Ha4duH oapeheH of cTpaHe
ayTopa wiu aasaoua nuueHue. OBa nuueHua He A03Borbasa komepumjanty ynotpedy
pera. Y OfjHoCy Ha cBe ocTane JinueHue, OBOM NWLEHLOM Ce orpaHu4aBa Hajsehu
obum npasa kopuilhera gena.

4. AyTOpCTBO - HEKOMepLMjanHo — [EfUTU NnoA WCTUM YCNOBUMA. [Jo3sorbaBare
yMHOXaBare, acTpubyLnjy W jaBHO caoniutaBare Aena, v npepaie, ako ce HaBene
nMe ayTopa Ha HauuH oApefjeH Ol CTpaHe ayTopa Uni AaBaoua JMueHue 1 ako ce
npepaga AucTpubyupa MOA MCTOM WNW  CIMMHOM  JIMLIEHLIOM. Osa nvueHua He
[03BOrbaBa KoMepLmjanHy ynotpeby fiena u npepana.

5. AytopctBo — 6e3 npepape. [lossorbapare yMHOXaBah€, auctpubyumjy v jaBHo
caoniTaBame Aena, 6e3 npoMeHa, npeobnukoBarka UK yrotpede Aenay csoMm Aeny,
ako ce HaBeae vMe ayTopa Ha HauvH ofpefieH of cTpaHe ayTopa unu Aasaoua
nviueHue. OBa nuuUeHUa f03B0MbaBa Komepuyjanyy ynoTpeby aena.

6. AyTopcTBO - [Jenutu noj WCTUM  YCroBuma. [losBorbaBate YMHOXaBatbe,
AVCTpUBYLIMjy 1 jaBHO caoniuTaBarwe Aena, 1 npepaje, ako ce Haseae ume ayTopa Ha
HauuH ogpefieH oA cTpaHe ayTopa Win fapaoua SvueHue 1 ako ce npepaga
aucTpubynpa noj UCTOM WUAM  CIMYHOM  NULIEHLIOM. Osa nvueHLa [03BoSbaBa
komepumjanHy ynotpeby fdena wn npepaja. CnuyHa je codTBepcKuM nuleHuama,
O[IHOCHO NuLIeHLIaMa OTBOPEHOT KoAa.
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