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✶ ❯✈♦❞

Teorija brojeva, koju je Gaus zvao ”Kraǉicom matematike”, je
posebno podloжna istorijskom shvataǌu. Osnivaqi teorije bro-
jeva bili su Ferma, Ojler, Lagranж, Leжandr i Gaus. Od otpri-
like 1630. godine, kada je Ferma poqeo da se bavi teorijom bro-
jeva, sve do Gausove publikacije Disquisitiones Arithmeticae 1801.,
svaki od ovih matematiqara nadgra�ivao je rad svojih prethod-
nika i na taj naqin znaqajno doprineo razvoju teorije brojeva.
Oni su razvili osnove teorije brojeva, formulisali i dokazali
mnoge od osnovnih teorema i postavili mnoga pitaǌa na koja i
danas nemamo odgovor.

Adrijen-Mari Leжandr (1752.-1833.) proveo je svoj жivot u
Francuskoj kao jedan od vode�ih matematiqara u Evropi, ali nije
bio priznat kao Ojler, Lagranж, Laplas ili Gaus, qiji su se жi-
voti preklapali sa ǌegovim. Omiǉene Leжandrove oblasti bile
su nebeska mehanika, eliptiqni integrali i teorija brojeva. ǋe-
govo ime u vezi je sa mnogim pojmovima ukǉuquju�i Leжandrove
polinome, metodu najmaǌeg kvadrata kao i Leжandrov simbol.

Mnoge Leжandrove rezultate je nezavisno od ǌega pronaxao
Gaus, xto je dovelo do nekoliko ozbiǉnih nesuglasnica. Жan
Itard u svojoj biografiji o Leжandru kaжe:

”Gaus je smatrao da je teorema ǌegova ako je on dao ǌen prvi
strog dokaz. Leжandr, koji je bio 25 godina stariji od Gausa,
imao je mnogo xire i slobodnije mixǉeǌe o strogosti dokaza. Za
Leжandra, zakasnelog sledbenika Ojlera, dokaz je qesto bio jedva
uverǉiv. Kao posledica, bilo kakva diskusija izme�u ǌih dvojice
predstavǉala je dijalog gluvih.”

1798. Leжandr je objavio svoju Teoriju brojeva, prvu sistemat-
sku kǌigu posve�enu iskǉuqivo teoriji brojeva. Ova kǌiga je
imala jak uticaj na matematiqare tog vremena i bila je revizi-
rana nekoliko puta. Me�utim, qak i u posledǌem izdaǌu (1830.),
Leжandr nije usvojio superiorne metode koje je razvio Gaus. U
ovom radu, diskutova�emo samo o nekim ǌegovim vaжim zakǉuq-
cima iz teorije brojeva.

✶



Mala Fermaova teorema proizilazi iz pitaǌa koji prosti bro-
jevi dele brojeve oblika an − 1. Ojler je bio izuzetno zaintere-
sovan za sliqno pitaǌe koji prosti brojevi dele brojeve oblika
an + 1. Ovo je dovelo do studije o kvadratnim ostacima, xto je
dovelo do zakona o kvadratnom reciprocitetu.

Istorija zakona reciprociteta je zapravo istorija teorije bro-
jeva. Ojlerov naqin prouqavaǌa ovog zakona je bio slede�i: kva-
dratni karakter od a po modulu p zavisi jedino od klase ostataka
p po modulu 4a. Za Leжandra, koji je i uveo termin reciproci-
tet, zakon reciprociteta je bio iskazan na slede�i naqin: neparni
prost broj p je kvadratni ostatak po modulu q, gde je q neki drugi
neparan prost broj ako i samo ako je q kvadratni ostatak po mo-
dulu p, osim kada je p ≡ q ≡ 3 (mod 4).

U domenu izuqavaǌa kvadratnih kongruencija name�e se slede�e
pitaǌe: ako je a ceo broj, za koje proste brojeve p kongruencija
x2 ≡ a (mod p) ima rexeǌa? Odgovor nam daje kvadratni zakon re-
ciprociteta. Ovaj zakon je formulisan od strane Ojlera i Leж-
andra ali Gaus je bio prvi koji je izneo kompletan dokaz. Gaus je
bio veoma ponosan na svoj rezultat i nazvao je teoremu koja govori
o kvadratnom zakonu reciprociteta zlatnom teoremom.

U ovom radu izloжene su osnovne formulacije ove teorije za
koju je najzasluжniji bio Leжandr. Me�u ǌima su u svakom poje-
dinaqnom dokazu prisutne leme i stavovi koji se moraju imati u
vidu da bi se dokaz mogao sprovesti smisleno. Akcenat rada je na
teoriji o primitivnom korenu, kvadratnim ostacima i Gausovom
zakonu reciprociteta. Posledǌe poglavǉe posve�eno je ǌihovoj
primeni u rexavaǌu problemskih zadataka.

Na kraju uvodnog teksta жelim da se zahvalim svom mentoru dr
Zoranu Kadelburgu, redovnom profesoru Matematiqkog fakulteta
u Beogradu, na neizmernoj pomo�i i naqinu na koji me je upu�ivao
pre i za vreme pisaǌa ovog rada.
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✷ Pr✐♠✐t✐✈♥✐ ❦♦r❡♥

Ciǉ ovog rada je razumevaǌe detaǉne strukture rexeǌa kvadratne
kongruencije. Da bismo doxli do odgovora krenu�emo od slede�eg
zadatka: potrebno je prona�i brojeve t ∈ N za koje je at ≡ 1
(mod m), i posebno najmaǌi takav broj t.

❉❡❢✐♥✐❝✐❥❛ ✷✳✶✳ ◆❛❥♠❛✟✐ ♦❞ ♣r✐r♦❞♥✐❤ ❜r♦❥❡✈❛ t ③❛ ❦♦❥❡ ✈❛✙✐

at ≡ 1 (mod m)

♥❛③✐✈❛ s❡ poretkom ❜r♦❥❛ a ♣♦ ♠♦❞✉❧✉ m ✐ ♦③♥❛q❛✈❛ s❛ rm(a)✳

◆❛ ♣✐t❛✟❡ ❦♦❥✐ ❜r♦❥❡✈✐ ✐♠❛❥✉ ♣♦r❡❞❛❦ ♦❞❣♦✈❛r❛✿

❚❡♦r❡♠❛ ✷✳✶✳ P♦r❡❞❛❦ ❜r♦❥❛ a ♣♦ ♠♦❞✉❧✉ m ♣♦st♦❥✐ ❛❦♦ ✐ s❛♠♦ ❛❦♦ s✉

❜r♦❥❡✈✐ a ✐ m ✉③❛❥❛♠♥♦ ♣r♦st✐✳

Dokaz. ❆❦♦ ❥❡ at ≡ 1 (mod m) ③❛ ♥❡❦♦ t✱ ♦♥❞❛ ❥❡ at −mu = 1✱ ♦❞♥♦s♥♦
a·at−1−mu = 1✱ ♣❛ ✐③ t❡♦r❡♠❡ ♦ ❊✉❦❧✐❞s❦♦♠ ❞❡✠❡✟✉ ❝❡❧✐❤ ❜r♦❥❡✈❛ s❧❡❞✐

(a,m) = 1✳ ❖❜r❛t♥♦✱ ❛❦♦ s✉ a ✐ m ✉③❛❥❛♠♥♦ ♣r♦st✐✱ ♦♥❞❛ ✐③ ❖❥❧❡r♦✈❡

t❡♦r❡♠❡ s❧❡❞✐ ❞❛ ❥❡ aϕ(m) = 1 (mod m)✱ t❥✳ ♣♦st♦❥✐ ❜❛r ❥❡❞❛♥ ♣r✐r♦❞❛♥

❜r♦❥ t ③❛ ❦♦❥✐ ❥❡ at ≡ 1 (mod m)✳ ◆❛❥♠❛✟✐ ♦❞ t❛❦✈✐❤ ❜r♦❥❡✈❛ ❥❡ tr❛✙❡♥✐

♣♦r❡❞❛❦✳

❏❛s♥♦ ❥❡ ❞❛ s✈✐ ❜r♦❥❡✈✐ ❦♦❥✐ s✉ ♠❡✍✉s♦❜♥♦ ❦♦♥❣r✉❡♥t♥✐ ♣♦ ♠♦❞✉❧✉ m
✭♣r✐♣❛❞❛❥✉ ✐st♦❥ ❦❧❛s✐ ❡❦✈✐✈❛❧❡♥❝✐❥❡✮ ✐♠❛❥✉ ✐st✐ ♣♦r❡❞❛❦ ♣♦ ♠♦❞✉❧✉

m ✭❛❦♦ ❣❛ ✉♦♣①t❡ ✐♠❛❥✉✮✳ ▼❡✍✉t✐♠✱ ♠♦❣✉✎❡ ❥❡ ❞❛ ❜r♦❥❡✈✐ ✐③ r❛③♥✐❤

❦❧❛s❛ ✐♠❛❥✉ ❥❡❞♥❛❦❡ ♣♦r❡t❦❡✳ ❙❧❡❞❡✎❡ ❥❡❞♥♦st❛✈♥♦ s✈♦❥st✈♦ ♦❧❛❦①❛✈❛

♥❛❧❛✙❡✟❡ ♣♦r❡t❦❛✳

❚❡♦r❡♠❛ ✷✳✷✳ ❆❦♦ ❥❡ t ♣♦r❡❞❛❦ ❜r♦❥❛ a ♣♦ ♠♦❞✉❧✉ m✱ t❛❞❛ ❥❡ as ≡ 1
(mod m)✱ ❛❦♦ ✐ s❛♠♦ ❛❦♦ t | s✳ ❙♣❡❝✐❥❛❧♥♦✱ rm(a) | ϕ(m)✳

Dokaz. ◆❡❦❛ ❥❡ as ≡ 1 (mod m)✳ ❆❦♦ ❜✐ ❜✐❧♦ s = tq + r, 0 < r < t✱ ✐③
as = (at)qar ❜✐ s❧❡❞✐❧♦ ar ≡ 1 (mod m)✱ ①t♦ ♣r♦t✐✈r❡q✐ ♠✐♥✐♠❛❧♥♦st✐

♣♦r❡t❦❛ t✳ ❖❜r❛t♥♦✱ ❛❦♦ ❥❡ s = tq✱ ♦♥❞❛ ❥❡ as = (at)q ≡ 1 (mod m)✳

Primer. ▲❛❦♦ s❡ ♣r♦✈❡r❛✈❛ ❞❛ ❥❡ ϕ(22) = 10. ❩❛t♦ ♣♦r❡t❝✐ ♣♦ ♠♦❞✉❧✉

22 ❜r♦❥❡✈❛ 3, 5, 7, 9, 13, 15, 17, 19, 21 ✭❦♦❥✐ s✉ ✉③❛❥❛♠♥♦ ♣r♦st✐ s❛ 22✮ ♠♦❣✉
❜✐t✐ s❛♠♦ 1, 2, 5 ✐❧✐ 10✳ ❚❛❦♦ ♥❛ ♣r✐♠❡r✱ ♣♦r❡❞❛❦ ❜r♦❥❛ 3 ❥❡❞♥❛❦ ❥❡ 5✱
❥❡r ❥❡ 31, 32 6≡ 1 (mod 22), 35 ≡ 1 (mod 22)✱ ❛ ♣♦r❡❞❛❦ ❜r♦❥❛ 7 ❥❡ 10✱ ❥❡r
❥❡ 71, 72, 75 6≡ 1 (mod 22)✱ ❛ 710 ≡ 1 (mod 22)✳

✸



❉❡❢✐♥✐❝✐❥❛ ✷✳✷✳ ❆❦♦ ❥❡ ♣♦r❡❞❛❦ ❜r♦❥❛ g ♣♦ ♠♦❞✉❧✉ m ❥❡❞♥❛❦ ϕ(m)✱
❜r♦❥ g s❡ ♥❛③✐✈❛ primitivnim korenom ♣♦ ♠♦❞✉❧✉ m✳

Primer. P♦s♠❛tr❛❥♠♦ ♦st❛t❦❡ 1, 2, 3,−3,−2,−1 ♣♦ ♠♦❞✉❧✉ 7 ✭ϕ(7) = 6✮✳
▲❛❦♦ s❡ ♣r♦✈❡r❛✈❛ ❞❛ s✉ ✟✐❤♦✈✐ ♣♦r❡t❝✐ ♣♦ ♠♦❞✉❧✉ 7 ❥❡❞♥❛❦✐✱ r❡❞♦♠✱

1, 3, 6, 3, 6, 2✳ ❇r♦❥❡✈✐ 3 ✐ −2 s✉ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥✐ ♣♦ ♠♦❞✉❧✉ 7✳
P♦ ♠♦❞✉❧✉ 8✱ ❜r♦❥❡✈✐ ❦♦❥✐ ✐♠❛❥✉ ♣♦r❡❞❛❦ s✉ 1, 3, 5 ✐ 7✳ ◆✐❥❡❞❛♥ ♦❞ ✟✐❤✱

♠❡✍✉t✐♠✱ ♥✐❥❡ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥✱ ❥❡r ❥❡ ♣♦r❡❞❛❦ s✈❛❦♦❣ ♦❞ ✟✐❤ ❥❡❞♥❛❦ 2✱
❛ ϕ(8) = 4✳

Primer. 2 ❥❡ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ 5✱ ❥❡r ❥❡ 2, 22, 23, 24 ≡ 2, 4, 3, 1
(mod 5)✳ 3 ❥❡ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ 5✱ ❥❡r ❥❡ 3, 32, 33, 34 ≡ 3, 4, 2, 1
(mod 5)✳

❖❥❧❡r ❥❡ ✉✈❡♦ t❡r♠✐♥ ✧♣r✐♠✐t✐✈♥✐ ❦♦r❡♥✧❛❧✐ ❞♦❦❛③ ✟❡❣♦✈♦❣ ♣♦st♦✲

❥❛✟❛ ♥✐❥❡ ❜✐♦ ③❛❞♦✈♦✠❛✈❛❥✉✎✐✳ ▲❡✙❛♥❞r ❥❡ ❞❛♦ ♣r✈✐ ❦♦r❡❦t❛♥ ❞♦❦❛③✳

❱❡✎✐♥❛ ❞♦❦❛③❛ ♦✈❡ t❡♦r❡♠❡✱ ❦♦❥❛ ❥❡ ③❛♣r❛✈♦ s♣❡❝✐❥❛❧❛♥ s❧✉q❛❥ t❡♦r❡♠❡

❞❛ ❥❡ ❜✐❧♦ ❦♦❥❛ ❦♦♥❛q♥❛ ♣♦❞❣r✉♣❛ ♠✉❧t✐♣❧✐❦❛t✐✈♥❡ ❣r✉♣❡ ✉ ♣♦✠✉ ❝✐✲

❦❧✐q♥❛✱ ❦♦r✐st❡ ❖❥❧❡r♦✈✉ ϕ ❢✉♥❦❝✐❥✉✳ ❉♦❦❛③ ✐③❧♦✙❡♥ ✉ ♦✈♦♠ r❛❞✉ ❥❡

③❛❤✈❛✠✉❥✉✎✐ ▲❡✙❛♥❞r✉✱ ❞✐r❡❦t❛♥ ✐ ❡❧❡❣❛♥t❛♥✳

❆❦♦ ❥❡ a ∈ Z✱ ♥❡❦❛ o(a) ♣r❡❞st❛✈✠❛ r❡❞ ♣♦❞❣r✉♣❡ ❣❡♥❡r✐s❛♥❡ ❦❧❛s♦♠

♦st❛t❦❛ a ✉ ❣r✉♣✐ (Z/pZ)×✱ ♦❞♥♦s♥♦ rm(a) ❥❡ ♥❛❥♠❛✟✐ ♣♦③✐t✐✈❛♥ ❝❡♦ ❜r♦❥
k t❛❦❛✈ ❞❛ ❥❡ ak ≡ 1 (mod p)✳

❚❡♦r❡♠❛ ✷✳✸✳ ●r✉♣❛ (Z/pZ)× ♦st❛t❛❦❛ ❦❧❛s❡ ❡❦✈✐✈❛❧❡♥❝✐❥❡ ♣♦ ♠♦❞✉❧✉

p ✉ ♦❞♥♦s✉ ♥❛ ♦♣❡r❛❝✐❥✉ ♠♥♦✙❡✟❛ ❥❡ ❝✐❦❧✐q♥❛✳ ◆❛ ❥❡③✐❦✉ ❦♦♥❣r✉❡♥❝✐❥❛

♦✈♦ ③♥❛q✐ ❞❛ ③❛ s✈❛❦✐ ♣r♦st ❜r♦❥ p ♣♦st♦❥✐ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉

p✱ g ∈ Z✱ t❛❦❛✈ ❞❛ ❥❡ s✈❛❦✐ ❝❡♦ ❜r♦❥ n 6≡ 0 (mod p) ❦♦♥❣r✉❡♥t❛♥ ♣♦ ♠♦✲

❞✉❧✉ p t❛q♥♦ ❥❡❞♥♦♠ ♦❞ ❝❡❧✐❤ ❜r♦❥❡✈❛ g, g2, g3, . . . , gp−1✳ ❉❛❦❧❡✱ r❡❞♦s❧❡❞

❜r♦❥❡✈❛ g, g2, g3, . . . , gp−1 ♠♦✙❡ s❡ ♣r❡✉r❡❞✐t✐ t❛❦♦ ❞❛ ♣♦ ♠♦❞✉❧✉ p ❜✉❞❡

❦♦♥❣r✉❡♥t❛♥ s❡❦✈❡♥❝✐ ❜r♦❥❡✈❛ 1, 2, . . . , p− 1✳

❉♦❦❛③ t❡♦r❡♠❡ s❧❡❞✐ ✐③ tr✐ t✈r✍❡✟❛✿

i) ❆❦♦ ❥❡ rm(x) = ab✱ ♦♥❞❛ ❥❡ rm(xa) = b✳

Dokaz. ❖③♥❛q✐♠♦ rm(xa) = γ✳ ❚❛❞❛ ❥❡ (xa)γ ≡ 1 (mod m)✱ t❥✳ xaγ ≡ 1
(mod m)✱ ♣❛ rm(x) = ab | aγ✱ ♦❞❛❦❧❡ s❧❡❞✐ b | γ✳ ❖❜r❛t♥♦✱ ✐③ xab ≡ 1
(mod m) s❧❡❞✐ (xa)b ≡ 1 (mod m)✱ ♦❞❛❦❧❡ rm(xa) = γ | b✳ ❩♥❛q✐✱ γ = b✳

ii) ❆❦♦ ❥❡ rm(x) = a, rm(y) = b ✐ (a, b) = 1✱ t❛❞❛ ❥❡ rm(xy) = ab✳

✹



Dokaz. ❖③♥❛q✐♠♦ rm(xy) = γ✳ ❚❛❞❛ ❥❡ (xy)γ ≡ 1 (mod m)✱ ♣❛ ✐

xbγybγ ≡ 1 (mod m)✳ ❩❜♦❣ rm(y) = b ♦❞❛✈❞❡ s❧❡❞✐ ❞❛ ❥❡ xbγ ≡ 1 (mod m)✱
❛ ❦❛❦♦ ❥❡ rm(x) = a✱ ✐ a | bγ✳ ■③ (a, b) = 1 s❧❡❞✐ ✐ ❞❛ a | γ✳ ❙❧✐q♥♦ s❡

❞♦❦❛③✉❥❡ ✐ ❞❛ b | γ✱ ❞❛❦❧❡ ab | γ✳ ❙ ❞r✉❣❡ str❛♥❡✱ ✐③ xa ≡ 1 (mod m) ✐

yb ≡ 1 (mod m) s❧❡❞✐ (xy)ab ≡ 1 (mod m)✱ ♣❛ γ = rm(xy) | ab✳ ❩♥❛q✐✱

γ = ab✳

iii) ◆❡❦❛ ❥❡ p ♣r♦st ❜r♦❥✱ n ∈ N ✐

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

♣♦❧✐♥♦♠ s❛ ❝❡❧♦❜r♦❥♥✐♠ ❦♦❡❢✐❝✐❥❡♥t✐♠❛✳ ❆❦♦ ❦♦♥❣r✉❡♥❝✐❥❛

f(x) ≡ 0 (mod p) ✭✶✮

✐♠❛ ✈✐①❡ ♦❞ n r❡①❡✟❛ ✭r❛③❧✐q✐t✐❤ ♣♦ ♠♦❞✉❧✉ p✮✱ ♦♥❞❛ p | ak ③❛ s✈❛❦♦

k = 0, 1, . . . , n✳

Dokaz. ◆❡❦❛ s✉ x1, x2, . . . , xn+1 ♦st❛❝✐ ♣♦ ♠♦❞✉❧✉ p r❛③❧✐q✐t✐❤ r❡①❡✟❛
❦♦♥❣r✉❡♥❝✐❥❡ (1)✳ P♦❧✐♥♦♠ f(x) s❡ ♠♦✙❡ ♣r❡❞st❛✈✐t✐ ✉ ♦❜❧✐❦✉

f(x) = bn(x− x1)(x− x2) · · · (x− xn−1)(x− xn)

+ bn−1(x− x1)(x− x2) · · · (x− xn−1)

+ . . .

+ b1(x− x1)

+ b0.

❩❛✐st❛✱ ✐③❛❜❡r✐♠♦ ♥❛❥♣r❡ bn = an✳ ❩❛t✐♠ ❜✐r❛♠♦ ❦♦❡❢✐❝✐❥❡♥t bn−1 t❛❦♦

❞❛ ③❜✐r ❦♦❡❢✐❝✐❥❡♥❛t❛ ✉③ xn−1 ♣♦❧✐♥♦♠❛ ♥❛ ❞❡s♥♦❥ str❛♥✐ ✭✉st✈❛r✐✱

♣♦❧✐♥♦♠❛ ❦♦❥✐ s❡ ❞♦❜✐❥❛ ❦❛❞❛ s❡ ✐③♠♥♦✙❡ ③❛❣r❛❞❡ ✉ ♣r✈❛ ❞✈❛ ✟❡❣♦✈❛ s❛✲

❜✐r❦❛✮ ❜✉❞❡ ❥❡❞♥❛❦ an−1✳ ◆❛st❛✈✠❛❥✉✎✐ ♦✈❛❥ ♣♦st✉♣❛❦ ♦❞r❡✍✉❥✉ s❡ ♦st❛❧✐

❦♦❡❢✐❝✐❥❡♥t✐ bn−2, . . . , b1, b0✳
❩❛♠❡✟✉❥✉✎✐ ✉ ❣♦r✟♦❥ r❡❧❛❝✐❥✐✱ r❡❞♦♠✱ x = x1, x = x2, . . . , x = xn+1✱ ③❛✲

❦✠✉q✉❥❡♠♦ ❞❛ p | b0, p | b1, . . . , p | bn✱ ♦❞❛❦❧❡ ♥❡♣♦sr❡❞♥♦ s❧❡❞✐ ❞❛ s✉ ✐ s✈✐
❦♦❡❢✐❝✐❥❡♥t✐ an, an−1, . . . , a0 ♣♦❧❛③♥♦❣ ♣♦❧✐♥♦♠❛ ❞❡✠✐✈✐ s❛ p✱ ❦❛♦ s✉♠❡
❜r♦❥❡✈❛ ❞❡✠✐✈✐❤ s❛ p✳

❉♦❦❛✙✐♠♦ s❛❞❛ t❡♦r❡♠✉ ✷✳✸✿

Dokaz. ❩❛ p = 2 t✈r✍❡✟❡ ❥❡ tr✐✈✐❥❛❧♥♦✳ P❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ p ♥❡♣❛r❛♥✳

◆❡❦❛ ❥❡

{rp(1), rp(2), . . . , rp(p− 1)} = {γ1, γ2, . . . , γr},

✺



t❥✳ ♥❡❦❛ s✉ γ1, γ2, . . . , γr s✈✐ ♠♦❣✉✎✐ r❛③❧✐q✐t✐ ♣♦r❡t❝✐ ❜r♦❥❡✈❛ 1, 2, . . . , p−
1 ♣♦ ♠♦❞✉❧✉ p✳ ❖③♥❛q✐♠♦ s❛ S = [γ1, γ2, . . . , γr] ♥❛❥♠❛✟✐ ③❛❥❡❞♥✐q❦✐ s❛✲

❞r✙❛❧❛❝ t✐❤ ❜r♦❥❡✈❛ ✐ ♥❡❦❛ ❥❡ S = qα1
1 qα2

2 · · · qαk

k ✟❡❣♦✈❛ ❦❛♥♦♥s❦❛ ❢❛❦✲

t♦r✐③❛❝✐❥❛✳ ❙✈❛❦✐ ❢❛❦t♦r qαi

i t♦❣ r❛③❧❛❣❛✟❛ ❥❡ ❞❡❧✐❧❛❝ ❜❛r ❥❡❞♥♦❣ ♦❞

❜r♦❥❡✈❛ γj ✱ t❥✳ ✈❛✙✐ γj = βqαi

i ✳ ◆❡❦❛ ❥❡ s❛❞❛ cj ❜✐❧♦ ❦♦❥✐ ♦❞ ❜r♦❥❡✈❛

1, 2, . . . , p − 1 ③❛ ❦♦❥✐ ❥❡ rp(cj) = γj ✳ ◆❛ ♦s♥♦✈✉ t✈r✍❡✟❛ i✱ ③❛ dj = cβj
❥❡ rp(dj) = qαi

i ✱ ♣❛ ✐③ t✈r✍❡✟❛ ii s❧❡❞✐ ❞❛ ③❛ ❜r♦❥ g = d1d2 · · · dk ✈❛✙✐

rp(g) = qα1
1 qα2

2 · · · qαk

k = S✳ ◆♦✱ t♦ ③♥❛q✐ ❞❛ S | p− 1 = ϕ(p)✳
❙❛❞❛✱ ♠❡✍✉t✐♠✱ ✐♠❛♠♦ ❞❛ s✈✐ ❜r♦❥❡✈✐ γ1, γ2, . . . , γr ❞❡❧❡ S✱ ①t♦ ③♥❛q✐

❞❛ ❥❡ ③❛ s✈❛❦♦ x ∈ {1, 2, . . . , p − 1} ③❛❞♦✈♦✠❡♥❛ ❦♦♥❣r✉❡♥❝✐❥❛ xS ≡ 1
(mod p)✳ ◆♦✱ ♣r❡♠❛ t✈r✍❡✟✉ iii ♦♥❞❛ ♠♦r❛ ❜✐t✐ p−1 ≤ S✱ ♣❛ ✐③ ❞♦❦❛③❛♥♦❣
S | p− 1 s❧❡❞✐ ❞❛ ❥❡ S = p− 1 ✐ g ❥❡ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ p✳

✻



✸ ❑✈❛❞r❛t♥✐ ♦st❛❝✐ ✐ ❦✈❛❞r❛t♥✐ r❡❝✐♣r♦❝✐t❡t

❉❡❢✐♥✐❝✐❥❛ ✸✳✶✳ ◆❡❦❛ ❥❡ a ❝❡♦ ❜r♦❥ ✉③❛❥❛♠♥♦ ♣r♦st s❛ ❞❛t✐♠ ♠♦❞✉❧♦♠

m, m ∈ N,m > 1✳ ❑❛✙❡♠♦ ❞❛ ❥❡ a kvadratni ostatak ♣♦ ♠♦❞✉❧✉ m ❛❦♦

♣♦st♦❥✐ ❝❡♦ ❜r♦❥ x t❛❦❛✈ ❞❛ m ❞❡❧✐ x2 − a✳ ❯ s✉♣r♦t♥♦♠✱ ❦❛✙❡♠♦ ❞❛ ❥❡ a
kvadratni neostatak ♣♦ ♠♦❞✉❧✉ m✳

❉❛❦❧❡✱ a ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ m ❛❦♦ ❦♦♥❣r✉❡♥❝✐❥❛ x2 ≡ a
(mod m) ✐♠❛ ❝❡❧♦❜r♦❥♥✐❤ r❡①❡✟❛✳ ❯❦♦❧✐❦♦ ❥❡ ♠♦❞✉❧ m ♣r♦st ❜r♦❥✱

❦✈❛❞r❛t♥✐ ♦st❛❝✐ ❞❛❥✉ ❥❛❦ ♥❡♦♣❤♦❞❛♥ ✉s❧♦✈ ③❛ t❛❥ ♣r♦st ❜r♦❥ ❞❛ ❜✉❞❡

♦❜❧✐❦❛ x2 − ay2✳

❚❡♦r❡♠❛ ✸✳✶✳ ◆❡❦❛ ❥❡ p ♣r♦st ✐ a ❝❡♦ ❜r♦❥ ❦♦❥✐ ♥✐❥❡ ❞❡✠✐✈ s❛ p✳ ❆❦♦ ❥❡

p = x2 − ay2

③❛ ♥❡❦❡ ❝❡❧❡ ❜r♦❥❡✈❡ x, y✱ t❛❞❛ ❥❡ a ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p✳

Dokaz. ❙ ♦❜③✐r♦♠ ❞❛ ❥❡ p ♣r♦st✱ s❧❡❞✐ ❞❛ ❥❡ (p, y) = 1✳ ❉❛❦❧❡✱ ♣♦st♦❥❡
❝❡❧✐ ❜r♦❥❡✈✐ k ✐ m✱ t❛❦✈✐ ❞❛ ❥❡ kp+my = 1✳ ❩❛♠❡✟✉❥✉✎✐ my = 1− kp ✉

pm2 = x2m2 − ay2m2 = (xm)2 − a(ym)2,

❞♦❜✐❥❛♠♦

pm2 = (xm)2 − a(1− kp)2,

♦❞❛❦❧❡ ❥❡

(xm)2 − a = p(m2 − 2ka+ k2pa).

❉❛❦❧❡✱ p ❞❡❧✐ (xm)2 − a✱ ♣❛ ❥❡ a ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p✳

▲❡✙❛♥❞r ❥❡ s♠❛tr❛♦ ❞❛ ❥❡ ✈❡♦♠❛ ❦♦r✐s♥♦ ✉✈❡st✐ s✐♠❜♦❧

(

a

p

)

✱ ❦♦❥✐

s❛❞❛ ③♦✈❡♠♦ ▲❡✙❛♥❞r♦✈ s✐♠❜♦❧✱ ♥❛ s❧❡❞❡✎✐ ♥❛q✐♥✿ ❛❦♦ ❥❡ p ♥❡♣❛r❛♥

♣r♦st ❜r♦❥ ❦♦❥✐ ♥❡ ❞❡❧✐ ❝❡♦ ❜r♦❥ a✱ t❛❞❛ ❥❡

(

a

p

)

= 1 ❛❦♦ ❥❡ a ❦✈❛❞r❛t♥✐

♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p✱ ❛

(

a

p

)

= −1 ✐♥❛q❡✳

❉❡❢✐♥✐❝✐❥❛ ✸✳✷✳ ❩❛ ❞❛t✐ ♣r♦st ❜r♦❥ p ✐ ❝❡♦ ❜r♦❥ a✱ Leжandrov sim-

bol

(

a

p

)

s❡ ❞❡❢✐♥✐①❡ ❦❛♦

(

a

p

)

=











1, ako p ∤ a i a je kvadratni ostatak (mod p);

−1, ako p ∤ a i a je kvadratni neostatak (mod p);

0, ako p | a.

✼



Primer. ❏❛s♥♦ ❥❡ ❞❛ ❥❡

(

x2

p

)

= 1 ③❛ s✈❛❦✐ ♣r♦st ❜r♦❥ p ✐ ❝❡♦ ❜r♦❥ x✱ ③❛

❦♦❥✐ p ∤ x✳

Primer. P♦①t♦ ❥❡ ✷ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ ✼ ✭32 ≡ 2✮✱ ❛ ✸ t♦

♥✐❥❡✱ ✐♠❛♠♦

(

2

7

)

= 1 ✐

(

3

7

)

= −1✳

❏❛s♥♦ ❥❡ ❞❛ ❥❡ ♣r✐❧✐❦♦♠ r❡①❛✈❛✟❛ ❥❡❞♥❛q✐♥❡ x2 ≡ a (mod m) ❞♦✲

✈♦✠♥♦ ♥❛✎✐ ✟❡♥❛ r❡①❡✟❛ ✉ s❦✉♣✉ {0, 1, . . . ,m − 1}✱ ❥❡r ❛❦♦ ❥❡ x ❜✐❧♦

❦♦❥❡ r❡①❡✟❡✱ t❛❞❛ ❥❡ ✐ s✈❛❦✐ ❜r♦❥ ✐③ ✟❡❣♦✈❡ ❦❧❛s❡ ❦♦♥❣r✉❡♥❝✐❥❡ ♣♦ ♠♦✲

❞✉❧✉ m t❛❦♦✍❡ r❡①❡✟❡ ❥❡❞♥❛q✐♥❡✳ ❩❛t♦ ✎❡♠♦ s❡ ✉ ❞❛✠❡♠ t❡❦st✉ ✉✈❡❦

♦❣r❛♥✐q❛✈❛t✐ ♥❛ t❛❦✈❛ r❡①❡✟❛✳

❚❡♦r❡♠❛ ✸✳✷✳ ❩❛ ❞❛t✐ ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥ p ✐ ❝❡♦ ❜r♦❥ a✱ p ∤ a✱ ❥❡❞♥❛q✐♥❛
x2 ≡ a (mod p) ✐❧✐ ♥❡♠❛ r❡①❡✟❛✱ ✐❧✐ ✐♠❛ t❛q♥♦ ❞✈❛ r❡①❡✟❛✳

Dokaz. Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❞❛t❛ ❦♦♥❣r✉❡♥❝✐❥❛ ✐♠❛ r❡①❡✟❛ ✐ ❞❛ ❥❡ x1
❥❡❞♥♦ ♦❞ ✟✐❤✳ ❚❛❞❛ ❥❡ ♦q✐❣❧❡❞♥♦ ✐ x2 = −x1 r❡①❡✟❡✳ ❉r✉❣✐❤ r❡①❡✟❛

♣♦ ♠♦❞✉❧✉ p ♥❡♠❛✱ ❥❡r x2 ≡ a ≡ x21 (mod p) ♣♦✈❧❛q✐ x ≡ ±x1 (mod p)✳
Pr✐ t♦♠ ❜✐ x1 ≡ −x1 (mod p) ✐♠❛❧♦ ③❛ ♣♦s❧❡❞✐❝✉ 2x1 ≡ 0 (mod p)✱ ①t♦
❥❡ ♥❡♠♦❣✉✎❡ ③❜♦❣ (2, p) = (x1, p) = 1✳

■③ ♦✈♦❣ ❥❡❞♥♦st❛✈♥♦❣ t✈r✍❡✟❛ s❧❡❞✐✿

❚❡♦r❡♠❛ ✸✳✸✳ ❩❛ s✈❛❦✐ ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥ p ♠❡✍✉ ❜r♦❥❡✈✐♠❛ 1, 2, . . . , p−
1 ✐♠❛ t❛q♥♦

p− 1

2
❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ✐ ✐st♦ t♦❧✐❦♦ ❦✈❛❞r❛t♥✐❤ ♥❡♦✲

st❛t❛❦❛✳

❯ ❞❛✠❡♠ t❡❦st✉✱ ♦s✐♠ ❛❦♦ ❞r✉❣❛q✐❥❡ ♥❛❣❧❛s✐♠♦✱ s♠❛tr❛✎❡♠♦ ❞❛ ❥❡ p
♥❡♣❛r❛♥ ♣r♦st ❜r♦❥ ✐ a ❝❡♦ ❜r♦❥✱ ✐ ♣✐s❛✎❡♠♦ p′ = p−1

2 ✳

❏❛s♥♦ ❥❡ ❞❛ ❥❡ a ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ t♦

✐ a + kp ③❛ ♥❡❦✐ ❝❡♦ ❜r♦❥ k✳ ❩❛t♦ ♠♦✙❡♠♦ s♠❛tr❛t✐ ❞❛ ❥❡ ▲❡✙❛♥❞r♦✈

s✐♠❜♦❧ ❢✉♥❦❝✐❥❛ ✐③ s❦✉♣❛ ❦❧❛s❛ ♦st❛t❛❦❛ ♣♦ ♠♦❞✉❧✉ p ✉ s❦✉♣ {−1, 0, 1}✳

◆❛ ♦s♥♦✈✉ ❋❡r♠❛♦✈❡ t❡♦r❡♠❡ ✈❛✙✐ ap−1 ≡ 1 (mod p)✱ ♦❞❛❦❧❡ s❧❡❞✐ ✐

ap
′ ≡ ±1 (mod p)✳ Pr❡❝✐③♥✐❥❡✱ ✈❛✙✐ s❧❡❞❡✎❡ t✈r✍❡✟❡✿

❚❡♦r❡♠❛ ✸✳✹✳ ✭❖❥❧❡r♦✈ ❦r✐t❡r✐❥✉♠✮ ◆❡❦❛ ❥❡ p ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥✐ ❦♦❥✐
♥❡ ❞❡❧✐ ❝❡♦ ❜r♦❥ a✳ ❚❛❞❛

ap
′ ≡

(

a

p

)

(mod p).

✽



Dokaz. ◆❡❦❛ ❥❡ g ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ p ✭♦♥ ♣♦st♦❥✐ ♥❛ ♦s♥♦✈✉

t❡♦r❡♠❡ ✷✳✸✮✳ ❚❛❞❛ ❥❡ s✈❛❦✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ③❛❞❛t s❛ gi, i = 0, 1, . . . , p−
2✳ Pr✐♠❡t✐♠♦ ❞❛ ❥❡ (gi)p

′

= gip
′ ≡ 1 ❛❦♦ ✐ s❛♠♦ ❛❦♦ p − 1|ip′✱ t❥✳ ❛❦♦ ✐

s❛♠♦ ❛❦♦ 2|i✳
❙ ❞r✉❣❡ str❛♥❡✱ gi ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ❛❦♦ ✐ s❛♠♦ ❛❦♦

♣♦st♦❥✐ j ∈ {0, 1, . . . , p−2} t❛❦❛✈ ❞❛ ❥❡ (gj)2 ≡ gi (mod p)✱ ①t♦ ❥❡ ❡❦✈✐✈❛✲
❧❡♥t♥♦ s❛ 2j ≡ i (mod p − 1)✳ P♦s❧❡❞✟❛ ❦♦♥❣r✉❡♥❝✐❥❛ ✐♠❛ r❡①❡✟❛ ❛❦♦

✐ s❛♠♦ ❛❦♦ 2|i✱ ❞❛❦❧❡ ✉♣r❛✈♦ ♦♥❞❛ ❦❛❞❛ ❥❡ (gi)p
′ ≡ (mod p)✳

❖❥❧❡r ♥✐❥❡ ③♥❛♦ ♥♦t❛❝✐❥✉ ▲❡✙❛♥❞r♦✈♦❣ s✐♠❜♦❧❛ ✐ ♦t✉❞❛ s✉ ✟❡❣♦✈❛

t✈✍❡✟❛ ❜✐❧❛ ♠❛✟❡ ❦♦♠♣❛❦t♥❛✳

Posledica✳ ❩❛ s✈❛❦✐ ♣r♦st ❜r♦❥ p > 2 ✈❛✙✐

(−1

p

)

= (−1)
p−1
2 ✳

❉r✉❣✐♠ r❡q✐♠❛✱ ❦♦♥❣r✉❡♥❝✐❥❛ x2 ≡ −1 ♣♦ ♣r♦st♦♠ ♠♦❞✉❧✉ p ✐♠❛ r❡①❡✟❛
❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ p = 2 ✐❧✐ p ≡ 1 (mod 4)✳ ❚❛❦♦✍❡✱

(−1

p

)

=

{

1, ako je p ≡ 1 (mod 4);

−1, ako je p ≡ 3 (mod 4).

❙❧❡❞❡✎❛ ✈❛✙♥❛ s✈♦❥st✈❛ ▲❡✙❛♥❞r♦✈♦❣ s✐♠❜♦❧❛ s❧❡❞❡ ❞✐r❡❦t♥♦ ✐③ ❖❥❧❡✲

r♦✈♦❣ ❦r✐t❡r✐❥✉♠❛✳

❚❡♦r❡♠❛ ✸✳✺✳ ▲❡✙❛♥❞r♦✈ s✐♠❜♦❧ ❥❡ ♠✉❧t✐♣❧✐❦❛t✐✈❛♥✱ t❥✳ ③❛ s✈❡ ❝❡❧❡

❜r♦❥❡✈❡ a ✐ b ✐ ♣r♦st ❜r♦❥ p > 2 ✈❛✙✐
(

ab

p

)

=

(

a

p

)(

b

p

)

.

❚❛❦♦✍❡✱ ✐③

(−a2

p

)

=

(−1

p

)(

a2

p

)

=

(−1

p

)

= (−1)
p−1
2 s❧❡❞✐ ❞❛ ❥❡

(−a2

p

)

= 1 ⇔ p ≡ 1 (mod 4)✳

❩❛ ❝❡♦ ❜r♦❥ a✱ p ∤ a ✐ k = 1, 2, . . . , p′ ♣♦st♦❥✐ ❥❡❞✐♥st✈❡♥♦

rk ∈ {−p′, . . . ,−2,−1, 1, 2, . . . , p′}

③❛ ❦♦❥❡ ❥❡ ka ≡ rk (mod p)✳ ❳t❛✈✐①❡✱ ♥✐❦♦❥❛ ❞✈❛ ♦❞ rk✲♦✈❛ ♥❡ ♠♦❣✉

❜✐t✐ ❥❡❞♥❛❦✐ ♣♦ ❛♣s♦❧✉t♥♦❥ ✈r❡❞♥♦st✐✱ ♣❛ ❥❡ |r1|, |r2|, . . . , |rp′ | ③❛♣r❛✈♦
♣❡r♠✉t❛❝✐❥❛ s❦✉♣❛ {1, 2, . . . , p′}✳ ❚❛❞❛ ❥❡ ap

′

=
a · 2a · ... · p′a
1 · 2 · ... · p′ ≡ ap

′

=

r1 · r2 · ... · rp′
1 · 2 · ... · p′ ✳ ❆❦♦ s❛❞❛ ♣✐①❡♠♦ rk = εk|rk| ③❛ k = 1, . . . , p′✱ ♣r✐ q❡♠✉ ❥❡

εk = ±1✱ ✐③ ❖❥❧❡r♦✈♦❣ ❦r✐t❡r✐❥✉♠❛ ❞♦❜✐❥❛♠♦ ❞❛ ✈❛✙✐✿

✾



❚❡♦r❡♠❛ ✸✳✻✳

(

a

p

)

= ε1ε2 . . . εp′ ✳

Pr✐♠❡t✐♠♦ ❞❛ ❥❡ rk = −1 ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ ♦st❛t❛❦ ❜r♦❥❛ ka ♣r✐

❞❡✠❡✟✉ s❛ p ✈❡✎✐ ♦❞ p′✱ t❥✳ ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡
[

2ka
p

]

= 2
[

ka
p

]

+ 1✳ Pr❡♠❛

t♦♠❡✱ rk = (−1)

[

2ka
p

]

✳ ❙❛❞❛ ✐③ ♣r❡t❤♦❞♥❡ t❡♦r❡♠❡ ❞♦❜✐❥❛♠♦ s❧❡❞❡✎❡✿

❚❡♦r❡♠❛ ✸✳✼✳ ✭●❛✉s♦✈❛ ❧❡♠❛✮ ❱❛✙✐

(

a

p

)

= (−1)S ✱ ❣❞❡ ❥❡ S =
p′
∑

k=1

[

2ka
p

]

✳

●❛✉s♦✈❛ ❧❡♠❛ ♥❛♠ ♦♠♦❣✉✎❛✈❛ ❞❛ ③❛ ♠❛❧♦ a ✐❧✐ ♠❛❧♦ p ❧❛❦♦ ✐③r❛q✉✲

♥❛♠♦ ✈r❡❞♥♦st ▲❡✙❛♥❞r♦✈♦❣ s✐♠❜♦❧❛

(

a

p

)

✳ ◆❛ ♣r✐♠❡r✱ ③❛ a = 2 ✐♠❛♠♦

(

2

p

)

= (−1)S ✱ ❣❞❡ ❥❡ S =
p′
∑

k=1

[

4k
p

]

✳ ❯ ♦✈♦❥ s✉♠✐ ❥❡ t❛q♥♦

[

1

2
p′
]

s❛❜✐✲

r❛❦❛ ❥❡❞♥❛❦♦ 0✱ ❞♦❦ ❥❡ ♣r❡♦st❛❧✐❤ p′ −
[

1

2
p′
]

❥❡❞♥❛❦♦ 1✳ Pr❡♠❛ t♦♠❡✱

S = p′ −
[

1

2
p′
]

=

[

p+ 1

4

]

✱ ①t♦ ❥❡ ♣❛r♥♦ ③❛ p ≡ ±1✱ ❛ ♥❡♣❛r♥♦ ③❛ p ≡ ±3

(mod 8)✳ ❖✈❛❦♦ s♠♦ ❞♦❜✐❧✐ ❞❛ ✈❛✙✐✿

❚❡♦r❡♠❛ ✸✳✽✳

(

2

p

)

= (−1)[
p+1
4 ]✳ ❉r✉❣✐♠ r❡q✐♠❛✱ 2 ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦

♣♦ ♣r♦st♦♠ ♠♦❞✉❧✉ p > 2 ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ p ≡ ±1 (mod 8)✳

◆❛ s❧✐q❛♥ ♥❛q✐♥ s❡ ♠♦❣✉ ❞♦❦❛③❛t✐ s❧❡❞❡✎❛ t✈r✍❡✟❛✿

❚❡♦r❡♠❛ ✸✳✾✳ 1◦ −2 ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ❛❦♦ ✐ s❛♠♦ ❛❦♦

❥❡ p ≡ 1 ✐❧✐ p ≡ 3 (mod 8)❀
2◦ −3 ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ p ≡ 1 (mod 6)❀
3◦ 3 ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ p ≡ ±1 (mod 12)❀
4◦ 5 ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ p ≡ ±1 (mod 10)✳

❯ t♦❦✉ ✐str❛✙✐✈❛✟❛ r❡♣r❡③❡♥t❛❝✐❥❡ ❜r♦❥❛ p ♣r❡❦♦ x2 ± qy2✱ ❣❞❡ s✉ p
✐ q r❛③❧✐q✐t✐ ♣r♦st✐ ❜r♦❥❡✈✐✱ ▲❡✙❛♥❞r ❥❡ s❤✈❛t✐♦ ❞❛ ♠♦r❛ ❞❛ ♣♦s♠❛tr❛

✐

(

q

p

)

❦❛♦ ✐

(

p

q

)

✳ ❖✈❛ ✐str❛✙✐✈❛✟❛ ❞♦✈❡❧❛ s✉ ❣❛ ❞♦ ❢♦r♠✉❧❛❝✐❥❡

✟❡❣♦✈♦❣ ♣♦③♥❛t♦❣ ③❛❦♦♥❛ ♦ ❦✈❛❞r❛t♥♦♠ r❡❝✐♣r♦❝✐t❡t✉✳

❚❡♦r❡♠❛ ✸✳✶✵✳ ✭●❛✉s♦✈ ③❛❦♦♥ r❡❝✐♣r♦❝✐t❡t❛✮ ◆❡❦❛ s✉ p ✐ q r❛③❧✐q✐t✐

♥❡♣❛r♥✐ ♣r♦st✐ ❜r♦❥❡✈✐✳ ❚❛❞❛ ✈❛✙✐

(

p

q

)(

q

p

)

= (−1)p
′q′ ,

✶✵



♣r✐ q❡♠✉ ❥❡ p′ =
p− 1

2
✐ q′ =

q − 1

2
✳

Dokaz 1. ❖③♥❛q✐♠♦ S(p, q) =

q′
∑

k=1

[kp

q

]

✳ Pr✈♦ ✎❡♠♦ ❞♦❦❛③❛t✐ s❧❡❞❡✎❡

♣♦♠♦✎♥♦ t✈r✍❡✟❡✳

Lema. S(p, q) + S(q, p) = p′q′✳

Dokaz. Pr✐♠❡t✐♠♦ ❞❛ ❥❡
[kp

q

]

❜r♦❥ t❛q❛❦❛ ✉ ❦♦♦r❞✐♥❛t♥♦❥ r❛✈♥✐ s❛ ❦♦✲

♦r❞✐♥❛t❛♠❛ (k, l)✱ t❛❦✈✐♠ ❞❛ ❥❡ 0 < l < kp/q✱ t❥ t❛❦✈✐♠ ❞❛ ❥❡ 0 < ql < kp✳
❖❞❛✈❞❡ ③❛❦✠✉q✉❥❡♠♦ ❞❛ ❥❡ s✉♠❛ S(p, q) ❜r♦❥ s✈✐❤ t❛q❛❦❛ (k, l) t❛❦✈✐❤ ❞❛ ❥❡
0 < k < p′ ✐ 0 < ql < kp✳ ❉r✉❣✐♠ r❡q✐♠❛✱ S(p, q) ❥❡ ❜r♦❥ t❛q❛❦❛ s❛ ❦♦♦r✲
❞✐♥❛t❛♠❛ ✉ N ✉♥✉t❛r ♣r❛✈♦✉❣❛♦♥✐❦❛ ABCD ✭✉❦✠✉q✉❥✉✎✐ ✐ ❣r❛♥✐❝✉✮ ❦♦❥❡

s❡ ♥❛❧❛③❡ ✐s♣♦❞ ♣r❛✈❡ AE✱ ❣❞❡ ❥❡ A(0, 0), B(p′, 0), C(p′, q′), D(0, q′), E(p, q)✳
❆♥❛❧♦❣♥♦ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ S(q, p) ❜r♦❥ t❛q❛❦❛ s❛ ❦♦♦r❞✐♥❛t❛♠❛ ✉ N

✉♥✉t❛r ♣r❛✈♦✉❣❛♦♥✐❦❛ ABCD ❦♦❥❛ s❡ ♥❛❧❛③❡ ✐③♥❛❞ ♣r❛✈❡ AE✳ ❑❛❦♦ ❥❡

✉❦✉♣❛♥ ❜r♦❥ t❛q❛❦❛ s❛ ❝❡❧♦❜r♦❥♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ✉♥✉t❛r ♦✈♦❣ ♣r❛✈♦✉✲

❣❛♦♥✐❦❛ ❥❡❞♥❛❦ p′q′✱ ❛ ♥❛ ♣r❛✈♦❥ AE ♥❡♠❛ t❛❦✈✐❤ t❛q❛❦❛✱ s❧❡❞✐ ❞❛ ❥❡

S(p, q) + S(q, p) = p′q′✳

❱r❛t✐♠♦ s❡ s❛❞❛ ♥❛ ❞♦❦❛③ t❡♦r❡♠❡✳ ■♠❛♠♦

S(p+ q, q)− S(p, q) = 1 + 2 + · · ·+ p′ =
p2 − 1

8
,

❛ ❧❛❦♦ s❡ ♣r♦✈❡r❛✈❛ ❞❛ ❥❡

(

2

p

)

= (−1)
p2−1

8 ✳ ●❛✉s♦✈❛ ❧❡♠❛ ♥❛♠ ❞❛❥❡

(

2

q

)(

p

q

)

=

(

2p

q

)

=

(

2(p+ q)

q

)

=

(

p+q
2

q

)

= (−1)S(p+q,q) =

(

2

q

)

(−1)S(p,q),

❞❛❦❧❡✱

(

p

q

)

= (−1)S(p,q)✳ ❆♥❛❧♦❣♥♦ ❥❡

(

q

p

)

= (−1)S(q,p)✳ ▼♥♦✙❡✟❡♠ ♦✈❡

❞✈❡ ❥❡❞♥❛❦♦st✐ ✐ ❦♦r✐①✎❡✟❡♠ ❧❡♠❡ ❞♦❜✐❥❛♠♦ tr❛✙❡♥✉ ❥❡❞♥❛❦♦st✳

Dokaz 2. ❩❛ s✈❛❦✐ ❝❡♦ ❜r❥ x✱ ❛❦♦ ❥❡ 0 < x < q/2✱ ♣♦st♦❥❡ ❝❡❧✐ ❜r♦❥❡✈✐

y ✐ r t❛❦✈✐ ❞❛ ❥❡ px = qy + r✳ Pr❡♠❛ ●❛✉s♦✈♦❥ ❧❡♠✐✱

(

p

q

)

= (−1)k✱ ❣❞❡

❥❡ k ❜r♦❥ ♦st❛t❛❦❛ r = px − qy t❛❦✈✐❤ ❞❛ ❥❡ r < 0✳ ❚♦ ③♥❛q✐ ❞❛ ❥❡ k ❜r♦❥

t❛q❛❦❛ (x, y) ❦♦❥❡ ③❛❞♦✈♦✠❛✈❛❥✉ ✉s❧♦✈❡✿ 0 < x < 1
2q ✐ −1

2q < px− py < 0✳
❖t✉❞❛ s❧❡❞✐ ❞❛ ❥❡ y < px/q + 1/2 < (p + 1)/2✱ ♣❛ ❦❛❦♦ ❥❡ y ❝❡♦ ❜r♦❥✱ t♦

③♥❛q✐ ❞❛ ❥❡ 0 < y < p/2✳

✶✶



❉❛❦❧❡✱ s✈❡ t❛q❦❡ (x, y) ♣r✐♣❛❞❛❥✉ ♣r❛✈♦✉❣❛♦♥✐❦✉ P = {(x, y) : 0 <
x < q/2, 0 < y < p/2}✱ ❛ k ❥❡ ❜r♦❥ ❡❧❡♠❡♥❛t❛ s❦✉♣❛ P1 ⊂ P ✱ ❦♦❥✐ s❡ s❛✲

st♦❥✐ ♦❞ t❛q❛❦❛ (x, y) t❛❦✈✐❤ ❞❛ ✈❛✙✐ ✉s❧♦✈ −q/2 < px−qy < 0✳ ❙❧✐q♥♦✱
(

q

p

)

= (−1)m✱ ❣❞❡ ❥❡ m ❜r♦❥ ❡❧❡♠❡♥❛t❛ s❦✉♣❛ P2 ⊂ P ✱ ❦♦❥✐ s❡ s❛st♦❥✐ ♦❞

t❛q❛❦❛ (x, y) t❛❦✈✐❤ ❞❛ ✈❛✙✐ ✉s❧♦✈ −p/2 < qy − px < 0✳

❚r❡❜❛ ❥♦① ❞♦❦❛③❛t✐ ❞❛ ❥❡ ❜r♦❥ s = (p − 1)(q − 1)/2 − (k +m) ♣❛r❛♥✳
▼❡✍✉t✐♠✱ s ❥❡ ❜r♦❥ t❛q❛❦❛ ♣r❛✈♦✉❣❛♦♥✐❦❛ P ❦♦❥❡ ♥✐s✉ ✉ P1 ✐❧✐ ♥✐s✉ ✉

P2✱ ♦❞♥♦s♥♦ ❦♦❥❡ ♣r✐♣❛❞❛❥✉ P c
1 ∪ P c

2 ✳ ❑❛❦♦ s❦✉♣✉ P c
1 ♣r✐♣❛❞❛❥✉ t❛q❦❡

❦♦❥❡ ③❛❞♦✈♦✠❛✈❛❥✉ ✉s❧♦✈ px− qy ≤ −q/2✱ ❛ s❦✉♣✉ P c
2 t❛q❦❡ ③❛ ❦♦❥❡ ✈❛✙✐

✉s❧♦✈ qy− px ≤ −p/2✱ s❦✉♣♦✈✐ P c
1 ✐ P c

2 s✉ ❞✐s❥✉♥❦t♥✐✳ ▼❡✍✉t✐♠✱ ❦❛❦♦ ❥❡

tr❛♥s❢♦r♠❛❝✐❥❛ x = (q+1)/2−x′, y = (p+1)/2−y′ ♦❜♦str❛♥♦ ❥❡❞♥♦③♥❛q♥❛
✐ ♣r❡✈♦❞✐ s❦✉♣♦✈❡ P c

1 ✐ P c
2 ❥❡❞❛♥ ✉ ❞r✉❣✐✱ ❜r♦❥ s ♠♦r❛ ❜✐t✐ ♣❛r❛♥✳

❯r❛❞✐♠♦ s❛❞❛ ♣r✐♠❡r ♥❛✈❡❞❡♥ ♣r❡ t❡♦r❡♠❡✳

Primer.

(

814

2003

)

=

(

2

2003

)(

11

2003

)(

37

2003

)

= −
(

11

2003

)(

37

2003

)

✳

❉❛✠❡✱ ♣r❡♠❛ ③❛❦♦♥✉ r❡❝✐♣r♦❝✐❝❡t❛ ❥❡

(

11

2003

)

= −
(

2003

11

)

=

(

1

11

)

= 1

✐

(

37

2003

)

=

(

2003

37

)

=

(

5

37

)

=

(

37

5

)

= −1✳ ❉♦❜✐❥❛♠♦

(

814

2003

)

= 1✱ t❥✳

814 ❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ 2003✳

❏❡❞♥✉ ♦❞ ♠♦❣✉✎✐❤ ❦♦r✐s♥✐❤ ❢♦r♠✉❧❛❝✐❥❛ ③❛❦♦♥❛ r❡❝✐♣r♦❝✐t❡t❛ ❞❛❥❡ ✐

s❧❡❞❡✎❛✿

Posledica. ◆❡❦❛ s✉ p ✐ q r❛③❧✐q✐t✐ ♣r♦st✐ ❜r♦❥❡✈✐✳ ❆❦♦ s✉ p ✐ q ♦❜❛
♦❜❧✐❦❛ 4k + 3✱ ♦♥❞❛ ❥❡ ❥❡❞♥❛ ♦❞ ❥❡❞♥❛q✐♥❛

(1) x2 ≡ p (mod q), y2 ≡ q (mod p)

r❡①✐✈❛✱ ❛ ❞r✉❣❛ ♥✐❥❡✳ ❆❦♦ p ✐ q ♥✐s✉ ♦❜❛ ♦❜❧✐❦❛ 4k+ 3✱ t❛❞❛ s✉ ✐❧✐ ♦❜❡

❥❡❞♥❛q✐♥❡ (1) r❡①✐✈❡ ✐❧✐ ♥✐❥❡ ♥✐❥❡❞♥❛✳

Primer. 1◦ p = 5, q = 11✳ ❖❜❡ ❥❡❞♥❛q✐♥❡ x2 ≡ 5 (mod 11), y2 ≡ 11
(mod 5) s✉ r❡①✐✈❡ ✭♥♣r✳ x = 4, y = 1✮✳
2◦ p = 7, q = 11✳ ❏❡❞♥❛q✐♥❛ x2 ≡ 11 (mod 7) ❥❡ r❡①✐✈❛ ✭♥♣r✳ x = 2✮✱ ❛
y2 ≡ 7 (mod 11) ♥✐❥❡✳

✶✷



✹ ❩❛❞❛❝✐

✶✳ ◆❛✎✐

(

30

211

)

✳

Rexeǌe. ■♠❛♠♦

(

30

211

)

=

(

2

211

)(

3

211

)(

5

211

)

✳

❑❛❦♦ ❥❡ 211 ≡ 3 (mod 8)✱ ❞♦❜✐❥❛♠♦

(

2

211

)

= −1✳

❩❛

(

3

211

)

✱ ♣r✐♠❡✟✉❥❡♠♦ ❦✈❛❞r❛t♥✐ r❡❝✐♣r♦❝✐t❡t ❞❛ ❜✐s♠♦ ❞♦❜✐❧✐

(

3

211

)

=

(

211

3

)

(−1)105 = −
(

211

3

)

= −
(

1

3

)

= −1.

◆❛ ❦r❛❥✉✱ ✐♠❛♠♦

(

5

211

)

=

(

211

5

)

(−1)105·2 =

(

211

5

)

=

(

1

5

)

= 1✳

❑♦r✐st❡✎✐ s✈❡ ♣r❡t❤♦❞♥♦✱ ❞♦❜✐❥❛♠♦

(

30

211

)

= (−1)(−1)(+1) = 1✳

2. ◆❡❦❛ s✉ a ✐ b ♣♦③✐t✐✈♥✐ ❝❡❧✐ ❜r♦❥❡✈✐ t❛❦✈✐ ❞❛ s✉ ❜r♦❥❡✈✐ 15a+16b ✐
16a − 15b ❦✈❛❞r❛t✐ ♣♦③✐t✐✈♥✐❤ ❝❡❧✐❤ ❜r♦❥❡✈❛✳ ❑♦❥❛ ❥❡ ♥❛❥♠❛✟❛ ♠♦❣✉✎❛

✈r❡❞♥♦st ❦♦❥✉ ♠♦✙❡ ✐♠❛t✐ ♠❛✟✐ ♦❞ t❛ ❞✈❛ ❦✈❛❞r❛t❛❄

Rexeǌe. ◆❡❦❛ ❥❡ 15a+ 16b = k2 ✐ 16a− 15b = l2✳ ❚❛❞❛ ❥❡

a =
15k2 + 16l2

481
, b =

16k2 − 15l2

481
, k, l ∈ N.

❑❛❦♦ ❥❡ 481 = 13 · 37✱ ✐♠❛♠♦

15k2+16l2 ≡ 0 (mod 13), 2k2 ≡ −3l2 (mod 13), k2 ≡ 5l2 (mod 13).

◆❛❦♦♥ t♦❣❛✱ ❞♦❜✐❥❛♠♦

(

5

13

)

= −1✱ ✐③ q❡❣❛ s❧❡❞✐ ❞❛ 13 | l ✐ 13 | k✳

Pr✐♠❡t✐♠♦ ❞❛

15k2 + 16l2 ≡ 0 (mod 37),

32l2 ≡ −30k2 (mod 37),

−5l2 ≡ −30k2 (mod 37),

l2 ≡ 6k2 (mod 37).

✶✸



❯ ❦♦♠❜✐♥❛❝✐❥✐ s❛ t✐♠ ❞❛ ❥❡

(

6

37

)

= −1✱ ❞♦❜✐❥❛♠♦ ❞❛ 37 | k ✐ 37 | l✳
◆❛❥♠❛✟❛ ♠♦❣✉✎❛ ✈r❡❞♥♦st ③❛ l ❥❡ 13 · 37 = 481✳ ▼♦③❡♠♦ ✉③❡t✐ ❞❛ ❥❡

k = l = 481 ✐ t❛❦♦ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ a = 31 · 481, b = 481✳

3. ❉♦❦❛③❛t✐ ❞❛ ❜r♦❥ ♦❜❧✐❦❛ 2n+1 ♥❡♠❛ ♣r♦st✐❤ q✐♥✐❧❛❝❛ ♦❜❧✐❦❛ 8k+7✳

Rexeǌe. Pr❡t♣♦st❛✈✐♠♦ ❞❛ ♣♦st♦❥✐ ♣r♦st ❜r♦❥ p t❛❦❛✈ ❞❛ p | 2n + 1 ✐

p ≡ 7 (mod 8)✳ ❆❦♦ ❥❡ n ♣❛r❛♥✱

(−1

p

)

= 1✱ ❛❧✐

(−1

p

)

= (−1)
p−1
2 = −1,

♣♦①t♦ p ≡ 3 (mod 4)✱ ♣❛ s♠♦ ❞♦❜✐❧✐ ❦♦♥tr❛❞✐❦❝✐❥✉✳

❆❦♦ ❥❡ n ♥❡♣❛r❛♥✱ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ 2n+1 ≡ −2 (mod p)✱ ♣❛ ❥❡ −2 ❦✈❛❞r❛t♥✐

♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p✱ ♣♦①t♦ ❥❡ n+ 1 ♣❛r❛♥ ❜r♦❥✱ ♣❛

(−2

p

)

= 1✱ ❛❧✐

(−2

p

)

= (−1)
p2−1

8 · (−1)
p−1
2 = −1,

①t♦ ❥❡ t❛❦♦✍❡ ❦♦♥tr❛❞✐❦❝✐❥❛✳

4. ❩❛ ♣♦③✐t✐✈❛♥ ❝❡♦ ❜r♦❥ a ❞❡❢✐♥✐①✐♠♦ ♥✐③ ♣♦③✐t✐✈♥✐❤ ❝❡❧✐❤ ❜r♦❥❡✈❛

x1, x2, . . . t❛❦✈✐❤ ❞❛ ❥❡ x1 = a ✐ xn+1 = 2xn + 1 ③❛ n ≥ 1✳ ◆❡❦❛ ❥❡

yn = 2xn − 1✳ ❖❞r❡❞✐t✐ ♥❛❥✈❡✎✐ ♠♦❣✉✎✐ ❜r♦❥ k t❛❦❛✈ ❞❛ s✉ ③❛ ♥❡❦✐

♣♦③✐t✐✈❛♥ ❝❡♦ ❜r♦❥ a ❜r♦❥❡✈✐ y1, . . . , yk s✈✐ ♣r♦st✐✳

❘❡①❡✟❡✳ ❉♦❦❛③❛✎❡♠♦ ❞❛ ❥❡ r❡①❡✟❡ 2✳ Pr❡t♣♦st❛✈✐♠♦ ❞❛ ♣♦st♦❥✐ ❜r♦❥

a t❛❦❛✈ ❞❛ ❥❡ k ≥ 3✳ ❇r♦❥❡✈✐ 2a − 1, 22a+1 − 1, 24a+3 − 1 s✉ ♣r♦st✐✱ ♣❛

s✉ ✐ ❜r♦❥❡✈✐ a, 2a+ 1, 4a+ 3 t❛❦♦✍❡ ♣r♦st✐ ✭③❜♦❣ t♦❣❛ ①t♦ ✈❛✙✐ ✲ ❛❦♦ ❥❡

❜r♦❥ 2M − 1 ♣r♦st✱ t❛❞❛ ❥❡ M t❛❦♦✍❡ ♣r♦st❀ ✉ s✉♣r♦t♥♦♠ ❜✐✱ ❞❛ ♣♦st♦❥✐

♣r✐r♦❞❛♥ ❜r♦❥ d t❛❦❛✈ ❞❛ d | M ✱ 2d − 1 ❞❡❧✐❧♦ 2M − 1)✳ ■s❦♦r✐st✐♠♦

s❛❞❛ ❖❥❧❡r♦✈ ❦r✐t❡r✐❥✉♠✿

2
4a+3−1

2 ≡
(

2

4a+ 3

)

(mod 4a+ 3) ⇒ 22a+1 ≡
(

2

4a+ 3

)

(mod 4a+ 3).

❑❛❦♦ ❥❡ 22a+1 − 1 ♣r♦st ❜r♦❥✱ t❛❞❛ ❥❡ 22a+1 6≡ 1 (mod 4a + 3)✱ ❥❡r ❜✐ ✉

s✉♣r♦t♥♦♠ ❜✐❧♦ 22a+1 = 4a + 4✱ ①t♦ ❜✐ ③♥❛q✐❧♦ ❞❛ ❥❡ a = 1✱ ①t♦ ❥❡

♥❡♠♦❣✉✎❡✳ ❉❛❦❧❡✱ ✐♠❛♠♦

(

2

4a+ 3

)

= −1 ⇒ −1 = (−1)
(4a+2)(4a+4)

8 = (−1)(2a+1)(a+1),

✶✹



①t♦ ✐♠♣❧✐❝✐r❛ ❞❛ ❥❡ ❜r♦❥ a+1 ♥❡♣❛r❛♥✳ P♦①t♦ ❥❡ a ♣r♦st ❜r♦❥✱ t♦ ③♥❛q✐
❞❛ ❥❡ a = 2✳ ❆❦♦ ❥❡ a = 2✱ ✐♠❛♠♦ ❞❛ 211 − 1 = 23 · 87 ♥✐❥❡ ♣r♦st ❜r♦❥✱ ①t♦
❥❡ ♥❡♠♦❣✉✎❡✳ ❉❛❦❧❡✱ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ ♦❞❣♦✈♦r 2 ①t♦ s❡ ♣♦st✐✙❡ ③❛ a = 2✳

5. Pr❡t♣♦st❛✈✐♠♦ ❞❛ ♣♦③✐t✐✈❛♥ ❝❡♦ ❜r♦❥ a ♥✐❥❡ ♣♦t♣✉♥ ❦✈❛❞r❛t✳ ❚❛❞❛

❥❡
(a

b

)

= −1 ③❛ ❜❡s❦♦♥❛q♥♦ ♠♥♦❣♦ ♣r♦st✐❤ ❜r♦❥❡✈❛ p✳

Rexeǌe. Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ t✈r❞✟❛ ♥❡t❛q♥❛✳ ❚♦ ❜✐ ③♥❛q✐❧♦ ❞❛ ♣♦✲

st♦❥✐ ❜r♦❥ r t❛❦❛✈ ❞❛ ③❛ s✈❛❦✐ ♣r♦st ❜r♦❥ q > r ✈❛✙✐

(

a

q

)

= 1✳ P♦①t♦

a ♥✐❥❡ ♣♦t♣✉♥ ❦✈❛❞r❛t✱ ♠♦✙❡♠♦ ❞❛ ❣❛ ♣r❡❞st❛✈✐♠♦ ❦❛♦ a = x2p1p2 . . . pk✱
❣❞❡ s✉ p1, p2 . . . pk ♣r♦st✐ ❜r♦❥❡✈✐ ✉ r❛st✉✎❡♠ r❡❞♦s❧❡❞✉✳ ❯③♠✐♠♦ ♣r♦st

❜r♦❥ p > r, p ≡ 5 (mod 8)✳ ■♠❛♠♦ ❞❛ ❥❡

(a

b

)

=

(

p1
p

)(

p2
p

)

. . .

(

pk
p

)

.

❆❦♦ ❥❡ pi ♥❡♣❛r❛♥✱ ♦♥❞❛ ❥❡✱ ③❜♦❣ ●❛✉s♦✈♦❣ ③❛❦♦♥❛ r❡❝✐♣r♦❝✐t❡t❛

(

pi
p

)

=
(

p

pi

)

✳

❆❦♦ ❥❡ p1 = 2,

(

2

p

)

= (−1)
p2−1

8 = −1✱ ♣❛ ❥❡

(a

b

)

=

(

p

p1

)

. . .

(

p

pk

)

ili
(a

b

)

= −
(

p

p2

)

. . .

(

p

pk

)

.

▼♦✙❡♠♦ ✉③❡t✐ ♦st❛t❦❡ r2, r3, . . . , rk (mod p2, p3, . . . , pk) t❛❦✈❡ ❞❛ ❥❡
(

r2
p2

)

. . .

(

rk
pk

)

❥❡❞♥❛❦♦ 1 ✐❧✐ −1✳ P♦ ❑✐♥❡s❦♦❥ t❡♦r❡♠✐ ♦ ♦st❛❝✐♠❛✱

✐♠❛♠♦ ❦♦♥❛q♥♦ ♠♥♦❣♦ ❜r♦❥❡✈❛ t ③❛ ❦♦❥❡ ✈❛✙✐

t ≡ 5 (mod 8), t ≡ ri (mod pi), 2 ≤ i ≤ k.

❙❛❞❛ ♣♦s♠❛tr❛♠♦ ♣r♦❣r❡s✐❥✉ t + l8p2p3 . . . pk✱ ❣❞❡ ♣♦ ❉✐r✐❤❧❡♦✈♦❥ t❡♦✲

r❡♠✐ ✐♠❛ ❦♦♥❛q♥♦ ♠♥♦❣♦ ♣r♦st✐❤ ❜r♦❥❡✈❛ q✳ ❯③♠✐♠♦ ❞❛ ❥❡ q > r✳ Pr✐✲

♠❡t✐♠♦ ❞❛ ✐♠❛♠♦

(

a

q

)

= 1✱ ❛❧✐ ❦❛❦♦ ❥❡ ✈❡✎ ♣♦♠❡♥✉t♦✱ ♠♦✙❡♠♦ ✐③❛❜r❛t✐

r2, r3, . . . , rk t❛❦♦ ❞❛

(

a

q

)

= −1✱ ①t♦ ❥❡ ❦♦♥tr❛❞✐❦❝✐❥❛✳

Zadatak 6. ❉♦❦❛③❛t✐ ❞❛ ❥❡ ❝❡♦ ❜r♦❥ q ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ s✈❛❦♦♠

♣r♦st♦♠ ♠♦❞✉❧✉ ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ a ♣♦t♣✉♥ ❦✈❛❞r❛t✳

✶✺



Rexeǌe. Pr❡t♣♦st❛✈✐♠♦ ❞❛ a ♥✐❥❡ ♣♦t♣✉♥ ❦✈❛❞r❛t✳ ❇❡③ s♠❛✟❡✟❛ ♦♣①✲
t♦st✐ ♠♦✙❡♠♦ ♣r❡t♣♦st❛✈✐t✐ ❞❛ a ♥✐❥❡ ❞❡✠✐✈♦ ❦✈❛❞r❛t♦♠✳

Pr❡t♣♦st❛✈✐♠♦ ❞❛ ❥❡ a > 0✳ ❚❛❞❛ ❥❡ a = p1p2 · · · pk ③❛ ♥❡❦❡ ♣r♦st❡

❜r♦❥❡✈❡ p1, . . . , pk✳ ❩❛ s✈❛❦✐ ♣r♦st ❜r♦❥ p ✈❛✙✐

(1)

(

a

p

)

=
k
∏

i=1

(

pi
p

)

✐

(

pi
p

)

= (−1)p
′

ip
′

(

p

pi

)

.

❆❦♦ ❥❡ a = 2✱ ♦❞❛❜❡r✐♠♦ p = 5✳ ❯ s✉♣r♦t♥♦♠✱ ♣♦st♦❥✐ ♥❡♣❛r❛♥ ♣r♦st

❞❡❧✐❧❛❝ ❜r♦❥❛ a✱ r❡❝✐♠♦ pk✳ ❖❞❛❜❡r✐♠♦ t❛❦❛✈ ♣r♦st ❜r♦❥ p ❞❛ ✈❛✙✐

p ≡ 1 (mod 8)✱ p ≡ 1 (mod pi)✱ ③❛ s✈❛❦♦ i = 1, 2, . . . , k − 1 ✐ p ≡ a
(mod pk)✱ ❣❞❡ ❥❡ a ♣r♦✐③✈♦✠❛♥ ❦✈❛❞r❛t♥✐ ♥❡♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ pk✳ ❖✈❛✲
❦❛✈ ♣r♦st ❜r♦❥ p ♣♦st♦❥✐ ♣♦ ❉✐r✐❤❧❡♦✈♦❥ t❡♦r❡♠✐ ♦ ♣r♦st✐♠ ❜r♦❥❡✈✐♠❛ ✉

❛r✐t♠❡t✐q❦✐♠ ♣r♦❣r❡s✐❥❛♠❛✳ ❚❛❞❛ s✉ ♥❛ ♦s♥♦✈✉ (1) ❜r♦❥❡✈✐ p1, . . . , pk−1

❦✈❛❞r❛t♥✐ ♦st❛❝✐✱ ❞♦❦ ❥❡ pk ❦✈❛❞r❛t♥✐ ♥❡♦st❛t❛❦ (mod p)✳ Pr❡♠❛ t♦♠❡✱
a ❥❡ ❦✈❛❞r❛t♥✐ ♥❡♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p✳ ❙❧✐q❛♥ ❞♦❦❛③ s❡ ♠♦✙❡ s♣r♦✈❡st✐
✉ s❧✉q❛❥✉ ❞❛ ❥❡ a < 0✳

Zadatak 7. ◆❡❦❛ ❥❡ p ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥ ✈❡✎✐ ♦❞ 3✳

❛✮ ❉♦❦❛③❛t✐ ❞❛ ❥❡ s✉♠❛ s✈✐❤ ❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ♣♦ ♠♦❞✉❧✉ p ❞❡✠✐✈❛

s❛ p✳

❜✮ ❆❦♦ ❥❡ p ≡ 1 (mod 4)✱ ❞♦❦❛③❛t✐ ❞❛ ❥❡ s✉♠❛ s✈✐❤ ❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛

♣♦ ♠♦❞✉❧✉ p ❥❡❞♥❛❦❛
p(p− 1)

4
✳

Rexeǌe. ❛✮ ◆❡❦❛ ❥❡ g ♣r✐♠✐t✐✈❛♥ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ p✳ ❩❜✐r s✈✐❤ ❦✈❛✲

❞r❛t♥✐❤ ♦st❛t❛❦❛ ❥❡ ♣♦ ♠♦❞✉❧✉ p ❦♦♥❣r✉❡♥t❛♥ s❛

1 + g2 + · · ·+ gp−3 = (gp−1 − 1)/(g2 − 1),

①t♦ ❥❡ ❞❡✠✐✈♦ s❛ p ③❜♦❣ p > 3✳ ❉♦❦❛③ ❥❛ ❛♥❛❧♦❣❛♥ ✐ ✉ s❧✉q❛❥✉ ❦✈❛❞r❛t♥✐❤
♥❡♦st❛t❛❦❛✳

❜✮ Pr✐♠❡t✐♠♦ ❞❛ ③❛ s✈❛❦♦ k ∈
{

1, 2, . . . ,
p− 1

2

}

✈❛✙✐

(

p− k

p

)

=

(−k

p

)

=

(−1

p

)(

k

p

)

=

(

k

p

)

,

♦❞❛❦❧❡ ③❛❦✠✉q✉❥❡♠♦ ❞❛ s❡ ❦✈❛❞r❛t♥✐ ♦st❛❝✐ ♣♦ ♠♦❞✉❧✉ p ❥❛✈✠❛❥✉ ✉ ♠❡✲

✍✉s♦❜♥♦ ❞✐s❥✉♥❦t♥✐♠ ♣❛r♦✈✐♠❛ t❛❦♦ ❞❛ ❥❡ ③❜✐r ❡❧❡♠❡♥❛t❛ ✉ s✈❛❦♦♠ ♣❛r✉

❥❡❞♥❛❦ p✳ ❑❛❦♦ ❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ✐♠❛ ✉❦✉♣♥♦
p− 1

2
✱ ♣❛r♦✈❛ ✎❡ ❜✐t✐

p− 1

4
✱ ♣❛ ✎❡ ③❜✐r s✈✐❤ ❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ❜✐t✐ ❥❡❞♥❛❦

p(p− 1)

4
✳

Zadatak 8. ❆❦♦ ❥❡ p ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥✱ ❞♦❦❛③❛t✐ ❞❛ ❥❡ ♣r♦✐③✈♦❞ s✈✐❤

❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ♣♦ ♠♦❞✉❧✉ p ♣♦ ✐st♦♠ ❦♦♥❣r✉❡♥t❛♥ s❛ (−1)
p+1
2 ✳

✶✻



Rexeǌe. ❆❦♦ s❛ g ♦③♥❛q✐♠♦ ♣r✐♠✐t✐✈♥✐ ❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ p✱ ♣r♦✐③✈♦❞
s✈✐❤ ❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ♣♦ ♠♦❞✉❧✉ p ✎❡ ♣♦ ✐st♦♠ ❜✐t✐ ❦♦♥❣r✉❡♥t❛♥ s❛

p−1
2
∏

i=1

g2i = g
(p−1)(p+1)

4 = (g
p−1
2 )

p+1
2 ≡ (−1)

p+1
2 (mod p).

Zadatak 9. ✭❱✐❥❡t♥❛♠s❦❛ sr❡❞✟♦①❦♦❧s❦❛ ♠❛t❡♠❛t✐q❦❛ ♦❧✐♠♣✐❥❛❞❛✮

❉♦❦❛③❛t✐ ❞❛ ♥✐ ③❛ ❥❡❞❛♥ ♣r✐r♦❞❛♥ ❜r♦❥ n ❜r♦❥ 2n + 1 ♥❡ ♠♦✙❡ ✐♠❛t✐

♣r♦st ❢❛❦t♦r ♦❜❧✐❦❛ 8k − 1✳

Rexeǌe. ◆❡❦❛ ❥❡ p = 8k−1 ✐ 2n+1 ≡ 0 (mod p)✳ ◆❡❦❛ ❥❡ g ♣r✐♠✐t✐✈♥✐
❦♦r❡♥ ♣♦ ♠♦❞✉❧✉ p ✐ gt ≡ 2 (mod p)✳ ❚❛❞❛ ❥❡

tn = (2m+ 1)
p− 1

2
.

③❛ ♥❡❦♦ ❝❡❧♦❜r♦❥♥♦ m✱ ♣❛ ♥✐ tn
p− 1

2
♥✐❥❡ ❞❡✠✐✈♦ s❛ p − 1✱ ❛❧✐ ❥❡st❡ s❛

p− 1

2
✳ ❩❛t♦ ❥❡

2n
p−1
2 ≡ gtn

p−1
2 ≡ −1 (mod p)

✐ ③❜♦❣ t♦❣❛

2
p−1
2 ≡ −1 (mod p)

t❥✳

(

2

p

)

= −1✱ ①t♦ ❥❡ ❦♦♥tr❛❞✐❦❝✐❥❛✳

❩❛ ♣r❡t❤♦❞♥♦ r❡①❡✟❡ s❡ ♥❡ ♠♦✙❡ r❡✎✐ ❞❛ ❥❡ ✧❧❡♣♦ ✐ ♣r✐r♦❞♥♦✧♦❜③✐r♦♠ ❞❛

❥❡ ✉ ✟❡♠✉ ♥❛ ❣r✉❜ ♥❛q✐♥ ❞❡♠♦♥str✐r❛♥❛ ♠♦✎ ♣r✐♠✐t✐✈♥♦❣ ❦♦r❡♥❛✳ ❚❛q♥♦

❥❡ ❞❛ s❡ ♦✈❛❥ ③❛❞❛t❛❦ ♠♦❣❛♦ ✐ ❡❧❡❣❛♥t♥✐❥❡ r❡①✐t✐✳ ◆❛✐♠❡✱ ♣♦❧❛③❡✎✐ ♣♦✲

♥♦✈♦ ♦❞ ♣r❡t♣♦st❛✈❦❡ ❞❛ ❥❡ ♠♦❣✉✎❡ ❞❛ ♣r♦st ❜r♦❥ p ♦❜❧✐❦❛ 8k − 1 ❜✉❞❡

❞❡❧✐❧❛❝ ❜r♦❥❛ 2n + 1✱ ♠♦✙❡♠♦ ♣r✈♦ ③❛❦✠✉q✐t✐ ❞❛ ❜r♦❥ n ♠♦r❛ ❜✐t✐ ♥❡✲

♣❛r❛♥ ❥❡r ❜✐ ✉ s✉♣r♦t♥♦♠ ❜r♦❥ −1 ❜✐♦ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♣r♦st♦♠

♠♦❞✉❧✉ ❦♦♥❣r✉❡♥t♥♦♠ s❛ −1 ♣♦ ♠♦❞✉❧✉ 4✳ ❆❦♦ ❥❡ n ♥❡♣❛r❛♥ ❜r♦❥✱ ✉s❧♦✈

❞❛t ✉ ③❛❞❛t❦✉ ♠♦✙❡♠♦ ♥❛ ✈r❧♦ ❥❡❞♥♦st❛✈❛♥ ♥❛q✐♥ ♣♦♥♦✈♦ ❞❛ ♣r❡✈❡❞❡♠♦

♥❛ ♦❜✐q♥✉ ❦✈❛❞r❛t♥✉ ❦♦♥❣r✉❡♥❝✐❥✉ ✲ ♣♦♠♦♥♦✙✐✎❡♠♦ s✈❡ s❛ 2✳ ❚❛❦♦ ❞♦❜✐✲

❥❛♠♦ ❞❛ ❥❡ 2n+1 ≡ −2 (mod p)✱ ♦❞♥♦s♥♦

(−2

p

)

= 1✱ ①t♦ ❥❡ ❦♦♥tr❛❞✐❦❝✐❥❛

♦❜③✐r♦♠ ♥❛ ❚❡♦r❡♠✉ ✸✳✾✳ ✐ ♦❜❧✐❦ ❜r♦❥❛ p ❞❛t ✉ ✉s❧♦✈✉ ③❛❞❛t❦❛✳

Zadatak 10. ❆❦♦ ♣r♦st ❜r♦❥ p ♦❜❧✐❦❛ 4k − 1 ❞❡❧✐ ③❜✐r ❦✈❛❞r❛t❛ ❞✈❛

♣r✐r♦❞♥❛ ❜r♦❥❛✱ ❞♦❦❛③❛t✐ ❞❛ s✉ ♦♥❞❛ t✐ ❜r♦❥❡✈✐ ❞❡✠✐✈✐ s❛ p✳

✶✼



Rexeǌe. Pr❡t♣♦st❛✈✐♠♦ s✉♣r♦t♥♦✱ t❥✳ ❞❛ ③❛ ♥❡❦❡ ♣r✐r♦❞♥❡ ❜r♦❥❡✈❡ a ✐
b ❦♦❥✐ ♥✐s✉ ❞❡✠✐✈✐ s❛ p ✈❛✙✐ ❞❛ p | a2 + b2✳ ❆❦♦ ♦✈♦ ③❛♣✐①❡♠♦ ✉ ♦❜❧✐❦✉

a2 ≡ −b2 (mod p),

③❛❦✠✉q✉❥❡♠♦ ❞❛ ❥❡

(−b2

p

)

= 1.

▼❡✍✉t✐♠✱ s❛ ❞r✉❣❡ str❛♥❡ ✐♠❛♠♦

(−b2

p

)

=

(−1

p

)(

b2

p

)

=

(−1

p

)

= −1,

①t♦ ❥❡ ❦♦♥tr❛❞✐❦❝✐❥❛✳

Zadatak 11. ✭▼❛✍❛rs❦❛ sr❡❞✟♦①❦♦❧s❦❛ ♠❛t❡♠❛t✐q❦❛ ♦❧✐♠♣✐❥❛❞❛✮ ◆❡❦❛

❥❡ p ♣r♦st ❜r♦❥ ♦❜❧✐❦❛ 4k+3✳ ❉♦❦❛③❛t✐ ❞❛ ❜r♦❥ x2−x+
p+ 1

4
♥❡♠❛ ♣r♦st

❢❛❦t♦r ♦❜❧✐❦❛ kp− 1✳

Rexeǌe. ◆❡❦❛ ❥❡ x2 + x +
p+ 1

4
(mod q) ✐ q = kp − 1 ♣r♦st ❜r♦❥✳ ❚♦

③♥❛q✐ ❞❛ q | (2x+ 1)2 + p✱ t❥✳

(−p

q

)

= 1✳

❙ ❞r✉❣❡ str❛♥❡ ❥❡

(−p

q

)

=

(−1

q

)(

q

p

)

(−1)
p−1
2

q−1
2 =

(−1

q

)(−1

p

)

(−1)
q−1
2 = −1.

Zadatak 12. ◆❡❦❛ ❥❡ p ♣r♦st ❜r♦❥✳ ❉♦❦❛③❛t✐ ❞❛ ♣♦st♦❥✐ x ∈ Z t❛❦✈♦ ❞❛

p | x2 − x+ 3 ❛❦♦ ✐ s❛♠♦ ❛❦♦ ♣♦st♦❥✐ y ∈ Z t❛❦✈♦ ❞❛ p | y2 − y + 25✳

Rexeǌe. ❚✈r✍❡✟❡ ❥❡ tr✐✈✐❥❛❧♥♦ ③❛ p ≤ 3✱ ♣❛ ♠♦✙❡♠♦ ♣r❡t♣♦st❛✈✐t✐ ❞❛
❥❡ p ≥ 5✳
❑❛❦♦ ❥❡ p | x2 − x+ 3 ❡❦✈✐✈❛❧❡♥t♥♦ s❛ p | 4(x2 − x+ 3) = (2x− 1)2 + 11✱
♦✈❛❦❛✈ ❝❡♦ ❜r♦❥ x ♣♦st♦❥✐ ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ −11 ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦

♠♦❞✉❧✉ p✳ ❙❧✐q♥♦✱ ③❜♦❣ 4(y2 − y + 25)− (2y − 1)2 + 99✱ ♦✈❛❦❛✈ y ♣♦st♦❥✐

❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ −99 ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ p✳ ❙❛❞❛ t✈r✍❡✟❡

③❛❞❛t❦❛ s❧❡❞✐ ✐③ q✐✟❡♥✐❝❡ ❞❛ ❥❡

(−11

p

)

=

(−11 · 32
p

)

=

(−99

p

)

✳

Zadatak 13. ❉♦❦❛③❛t✐ ❞❛ s✈✐ ♥❡♣❛r♥✐ ❞❡❧✐♦❝✐ ❜r♦❥❛ 5x2 + 1 ✐♠❛❥✉

♣❛r♥✉ ❝✐❢r✉ ❞❡s❡t✐❝❛✳

✶✽



Rexeǌe. ❆❦♦ p | 5x2+1✱ ♦♥❞❛ ❥❡

(−5

p

)

= 1✳ ◆❛ ♦s♥♦✈✉ ③❛❦♦♥❛ r❡❝✐♣r♦✲

❝✐t❡t❛ ✈❛✙✐

(−5

p

)

=

(−1

p

)(

5

p

)

= (−1)
p−1
2

(p

5

)

✳ ▲❛❦♦ ❥❡ ♣r♦✈❡r✐t✐

❞❛ ❥❡ ♣♦s❧❡❞✟✐ ✐③r❛③ ❥❡❞♥❛❦ 1 ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡ p ❦♦♥❣r✉❡♥t♥♦ 1, 3, 7
✐❧✐ 9 ♣♦ ♠♦❞✉❧✉ 20✳

Zadatak 14. ◆❛✎✐ s✈❡ n ∈ N t❛❦✈❡ ❞❛ s❡ s❦✉♣ A = {n, n+1, . . . , n+1997}
♠♦✙❡ r❛③❧♦✙✐t✐ ♥❛ ♥❡❦♦❧✐❦♦ ♣♦❞s❦✉♣♦✈❛ s❛ ❥❡❞♥❛❦✐♠ ♣r♦✐③✈♦❞✐♠❛ ❡❧❡✲

♠❡♥❛t❛✳

Rexeǌe. Pr❡t♣♦st❛✈✐♠♦ ❞❛ s❡ A ♠♦✙❡ r❛③❧♦✙✐t✐ ♥❛ k ♣♦❞s❦✉♣♦✈❛

A1, . . . , Ak s❛ ❥❡❞♥❛❦✐♠ ♣r♦✐③✈♦❞♦♠ ❡❧❡♠❡♥❛t❛ m✳ ❑❛❦♦ ❥❡ ❜r♦❥ ❡❧❡♠❡♥❛t❛

A ❞❡✠✐✈✐❤ ♣r♦st✐♠ ❜r♦❥❡♠ 1997 ❥❡❞♥❛❦ 1 ✐❧✐ 2✱ ✐♠❛♠♦ 1997 | m✱ ♣❛ ❥❡

k = 1 ✐❧✐ k = 2✳ ❉❛✠❡✱ ❦❛❦♦ ❥❡ ❜r♦❥ ❡❧❡♠❡♥❛t❛ ❞❡✠✐✈✐❤ ♣r♦st✐♠ ❜r♦❥❡♠

1999 ❥❡❞♥❛❦ 0 ✐❧✐ 1✱ ✐♠❛♠♦ 1999 ∤ m✱ ♣❛ ③❛t♦ ♥✐❥❡❞❛♥ ❡❧❡♠❡♥t A ♥✐❥❡

❞❡✠✐✈ s❛ 1999✱ t❥✳ ❡❧❡♠❡♥t✐ A s✉ ❦♦♥❣r✉❡♥t♥✐ 1, 2, 3, . . . , 1998✳ ▼❡✍✉t✐♠✱

t❛❞❛ ❥❡ m2 ≡ 1 · 2 · 3 · · · 1998 ≡ −1 (mod 1999)✱ ①t♦ ♥✐❥❡ ♠♦❣✉✎❡ ❥❡r −1
♥✐❥❡ ❦✈❛❞r❛t♥✐ ♦st❛t❛❦ ♣♦ ♠♦❞✉❧✉ 1999 = 4 · 499 + 3✳

Zadatak 15. ❉♦❦❛③❛t✐ ❞❛ ♥❡ ♣♦st♦❥❡ ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐ a, b, c ③❛ ❦♦❥❡ ❥❡
a2 + b2 + c2

3(ab+ bc+ ca)
❝❡♦ ❜r♦❥✳

Rexeǌe. Pr❡t♣♦st❛✈✐♠♦ ❞❛ s✉ a, b, c, n t❛❦✈✐ ♣r✐r♦❞♥✐ ❜r♦❥❡✈✐ ❞❛ ❥❡

a2 + b2 + c2 = 3n(ab+ bc+ ca)✳ ❖✈✉ ❥❡❞♥❛❦♦st ♠♦✙❡♠♦ ♥❛♣✐s❛t✐ ❦❛♦

(a+ b+ c)2 = (3n+ 2)(ab+ bc+ ca).

◆❡❦❛ ❥❡ p ≡ 2 (mod 3) ♣r♦st ❜r♦❥ t❛❦❛✈ ❞❛ ③❛ ♥❡❦♦ i ∈ N, p2i−1 | 3n + 2
✐ p2i ∤ 3n + 2 ✭t❛❦✈♦ p ♠♦r❛ ❞❛ ♣♦st♦❥✐✮✳ ❚❛❞❛ pi | a + b + c✱ ♦❞❛❦❧❡
p | ab + bc + ca✳ ❆❦♦ ✉ ♣♦s❧❡❞✟✉ ❥❡❞♥❛❦♦st st❛✈✐♠♦ c ≡ −a − b (mod p)✱

❞♦❜✐❥❛♠♦ p | a2+ab+b2✱ ♦❞❛❦❧❡ p | (2a+b)2+3b2✳ ❙❧❡❞✐ ❞❛ ❥❡

(−3

p

)

= 1✱

①t♦ ♥✐❥❡ t❛q♥♦ ❥❡r ❥❡ p ≡ 2 (mod 3)✳

Zadatak 16. ❉♦❦❛③❛t✐ ❞❛ ♣♦st♦❥✐ ❜❡s❦♦♥❛q♥♦ ♠♥♦❣♦ ♣♦③✐t✐✈♥✐❤ ❝❡❧✐❤

❜r♦❥❡✈❛ n✱ t❛❦✈✐❤ ❞❛ n2 + 1 ✐♠❛ ♣r♦st ❞❡❧✐❧❛❝ ✈❡✎✐ ♦❞ 2n+
√
2n✳

Rexeǌe. ◆❡❦❛ ❥❡ p ♣r♦st ❜r♦❥ ✐ p = 8k+1✳ Pr✐♠❡t✐♠♦ ❞❛ ❥❡ 4−1 ≡ 6k+1
(mod p)✳ ◆❡❦❛ ❥❡ n = 4k − a, 0 ≤ a < 4k✳ ❚❛❞❛ ❥❡✿

(p− 1

2
− a
)2

+ 1 ≡ 0 (mod p) ⇔ 4−1 + a+ a2 + 1 ≡ 0 (mod p),

♣❛ ❥❡

✶✾



a(a+ 1) ≡ −6k − 2 ≡ 2k − 1 (mod p).

❑❛❦♦ ❥❡ a(a+ 1) ♣❛r♥♦ ✐ ♣♦③✐t✐✈♥♦✱ ♦♥❞❛ ❥❡ a(a+ 1) ≥ 10k✳ ■♠❛♠♦ ❞❛ ❥❡

(a+ 1)2 > a(a+ 1) ≥ 10k > p,

♣❛ ❥❡

n =
p+ 1

2
− (a+ 1) <

p+ 1

2
−√

p <
p+ 1

2
−
√
2n,

✐ ❞❛✠❡ 2n + 2
√
2n − 1 > p✳ Pr✐♠❡t✐♠♦ ❞❛ ❥❡ ❞♦❜✐❥❡♥✐ r❡③✉❧t❛t ❥❛q✐ ♦❞

♣♦q❡t♥❡ ♥❡❥❡❞♥❛❦♦st✐✳

Zadatak 17. ◆❡❦❛ ❥❡ p ♣r♦st ❜r♦❥ t❛❦❛✈ ❞❛ ❥❡ p ≡ 1 (mod 4)✳ ■③r❛q✉♥❛t✐

S =

p−1
2
∑

k=1

([2k2

p

]

− 2 ·
[k2

p

])

.

Rexeǌe. ◆❡❦❛ s✉ r1, r2, . . . , r p−1
2

❦✈❛❞r❛t♥✐ ♦st❛❝✐ ♣♦ ♠♦❞✉❧✉ p✳ Pr✈♦✱

✈✐❞✐♠♦ ❞❛ ❥❡ tr❛✙❡♥❛ s✉♠❛ ❡❦✈✐✈❛❧❡♥t♥❛

p−2
2
∑

i=1

2
({ri

p

}

−
{2ri

p

})

.

❱r❡❞♥♦st 2
{ri
p

}

−
{2ri

p

}

❥❡ 0 ❛❦♦ ❥❡ ri ≤ p− 1

2
✱ ❛ 1 ❛❦♦ ❥❡ r1 >

p− 1

2
✳

❉❛❦❧❡✱ S ❥❡ ❜r♦❥ ❦✈❛❞r❛t♥✐❤ ♦st❛t❛❦❛ ❦♦❥✐ s✉ ✈❡✎✐ ♦❞
p− 1

2
✳ ❑❛❦♦ ❥❡ p ≡ 1

(mod 4)✱ ❛❦♦ ❥❡ ri ❦✈❛❞r❛t♥✐ ♦st❛t❛❦✱ ♦♥❞❛ ❥❡ ✐ p− ri ❦✈❛❞r❛t♥✐ ♦st❛t❛❦✱

♣❛ s✉ ♣♦❧❛ ❝❡❧✐❤ ❜r♦❥❡✈❛ ✈❡✎✐❤ ♦❞
p− 1

2
t❛❦♦✍❡ ❦✈❛❞r❛t♥✐ ♦st❛❝✐⇒ S =

p− 1

4
✳

Zadatak 18. ❉♦❦❛③❛t✐ ❞❛ ③❛ s✈❛❦✐ ♣r♦st ❜r♦❥ p ♣♦st♦❥❡ ❝❡❧✐ ❜r♦❥❡✈✐ a
✐ b t❛❦✈✐ ❞❛ ❥❡ a2 + b2 + 1 ✉♠♥♦✙❛❦ ❜r♦❥❛ p✳

Rexeǌe. ❖q✐❣❧❡❞♥♦✱ p | a2+b2+1 ❛❦♦ ✐ s❛♠♦ ❛❦♦ a2 ≡ −b2−1 (mod p)✳

❙❦✉♣♦✈✐ {a2 | a ∈ Z} ✐ {−b2 − 1 | b ∈ Z} ♣♦ ♠♦❞✉❧✉ p ✐♠❛❥✉ t❛q♥♦
p+ 1

2
q❧❛♥♦✈❛✱ t❛❦♦ ❞❛ ✐♠❛❥✉ ❥❡❞❛♥ ③❛❥❡❞♥✐q❦✐ q❧❛♥✱ ♥❛ ♣r✐♠❡r ♣♦st♦❥❡ a, b ∈ Z
t❛❦✈✐ ❞❛ s✉ a2 ✐ −b2 − 1 ❥❡❞♥❛❦✐ ♣♦ ♠♦❞✉❧✉ p✳

◆❛ ❦r❛❥✉✱ ♣♦s♠❛tr❛✎❡♠♦ ♦♣①t❡ ❦♦♥❣r✉❡♥❝✐❥❡ ❞r✉❣♦❣ st❡♣❡♥❛ ✲ ❦✈❛❞r❛t♥❡

❦♦♥❣r✉❡♥❝✐❥❡✱

f(x) = ax2 + bx+ c ≡ 0 (mod p),

✷✵



❣❞❡ ❥❡ a 6≡ 0 (mod p)✳ ❯❦♦❧✐❦♦ ♥✐❥❡ ♥❛❣❧❛①❡♥♦ ❞r✉❣❛q✐❥❡✱ s♠❛tr❛✎❡♠♦ ❞❛

❥❡ p ♥❡♣❛r❛♥ ♣r♦st ❜r♦❥✳

❉❛ ❜✐s♠♦ r❡①✐❧✐ ♦✈✉ ❦♦♥❣r✉❡♥❝✐❥✉✱ ♣♦st✉♣✐✎❡♠♦ ❦❛♦ ✐ ❦♦❞ r❡①❛✈❛✟❛

❦✈❛❞r❛t♥✐❤ ❥❡❞♥❛q✐♥❛ ✲ s✈♦✍❡✟❡♠ ♥❛ ❦✈❛❞r❛t ❜✐♥♦♠❛✳ ❉❛❦❧❡ ✐♠❛♠♦✿

ax2 + bx+ c ≡ a

(

x2 +
bx

a
+

c

a

)

≡ a

(

(

x+
b

2a

)2

+
c

a
− b2

4a2

)

(mod p).

❉❛❦❧❡✱ f(x) ≡ 0 (mod p) ❛❦♦ ✐ s❛♠♦ ❛❦♦ ❥❡

(

x+
b

2a

)2

≡ b2

4a2
− c

a
(mod p).

❆❦♦ ✐③❛❜❡r❡♠♦ y = x +
b

2a
✐ d =

b2

4a2
− c

a
✱ t❛❞❛ f(x) ≡ 0 (mod p) ✐♠❛

r❡①❡✟❡ ❛❦♦ ✐ s❛♠♦ ❛❦♦

y2 ≡ d (mod p)

✐♠❛ r❡①❡✟❛✱ ✐ t✐♠❡ s♠♦ s✈❡❧✐ ♥❛① ♣r♦❜❧❡♠ ♥❛ ♣r♦❜❧❡♠ ❦✈❛❞r❛t♥✐❤

♦st❛t❛❦❛✳

✷✶
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