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PREFACE

The Sixth Yugoslav Algebraic Coference 'Algebra.and Logic”
organized by the Faculty of Smence. Sarajevo, was held in Sarajevo,
-June 18-20, 1987.

The Conference was dedicated to Professor Duro Kurepa on the '
occasion of his e:ghueth anniversary. '

~ This book contames most of* the papers presented during
the Conference ' ‘
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CONGRUENCES OVER COMPLETELY
SEMISIMPFLE SEMIGROUPS

Branka P. Alimpié

Abstract. In this paper congruences of a regul~r aemigroup
over completely aegisimple semigroups are considered. For
any intervsl [?T' ] the set of all congruences over com-

pletely semisimple aemigroups of(f? ,QTJ is either empty

or is an ideal of’_?T,f 17, For sny interval)_?x.g K] - dual -
statement holds.

Let X be a class of semigroups. A congruence f on a regu-
lar semigroup S is over Y if all 1dempotent g)-claeees of
S belong to X [6]).

A congruence. P on a semigroup S is a band congruence if .

S/f is a band. A semlgroup S5'is a band of semlgroups belon~
‘ging to a class X of semigroups if 5 has a band congruence
all of whose classes belong to X'. B

If s is'a" rectangular band IxA of semigroupe.S;M; ieI,@4eA,-v'
then Sia J 1@, ‘for all i,JjeI, A,ued. . )
A semlgroup 8ll. of whose principal factors are completely O~
simple or completely 31mple is ‘completely. semlslmple [4]

For undefined notatlons or terminology see (2], [9]

If S is a semlgroup, and X8, let E(X) denote ‘the- set or
all: idempotents of X, The relatxen 3 defined on a regular
semigroup S by . S S
' _ a<b<=>(Ele re E(b))a-be-fb _ R
is the natural partlal order or S [5] For any e fe:E(S),

. esr @ e=fe=er. - : o _?- ‘

. This. .paper.is.in final form and no verslon of 1t W1ll be
aubmitted ror publicatlon elsewhere. g SERREEE S :




LEMMA 5. Let 8 be a band B of completely semisimple semi-
groups 8., £ €B. Then 8 is completely semisimple. .
Proof. By Result 1, semigroups 8, are regular, so 8 is a re-
gular semigroup. :
Let p be a band congruence on S over completely somisinple
semigroups, such that B/g =B, The band B is a semilattice Y

of rectangular bends B, , €Y. Let /4 be a semilattice oon-
gruence on B such that B/'L =Y, For any e,f € E(8) we have
eVt = (o9 )V (£4p) =» (e g ) 9 (Lp ). ,

llence e and £ belong to the same rectangular bsnd B of com-
pletely semisimple semigrolips. According to Lemms %, we ob-
tain e9Yfaesf » e=f, and by Result 1 it follows that 8
is a completely semisimple semigroup.

Let 5 be a regular semigroup. It is known that a congruence
$on a regular semigroup 5 is uniquely determined by its ker-
nel, kery -{xeS,(ae € L(S))xf ef and trace, try f!E(S) [1]
Let Con S be the congruence lattice of S, K and T equivalen- -
ces on Con S defined by
PKS &> kery¢ =kers ' and PTEE trg atrs .
It is known that  K-classes. fj’,(’, KJ - and T-classes [9’1" QTJ
- are intervals on Con S ([7], [10]). :
- Let. Cs(b) ‘denote the .set of all congruences on:a regular se~- .
“migroup 8 over completely semisimple semigroups. Using the
~ "Result ‘1,~'we have- 1mmediately the Iollow1ng characteriﬂation
"or the sot CS(b) ~

4 LEMMA 6., I‘or a regular semigroup 8 and ye Con S, ¢e& CS(S)
. if and o _.._I if for any e e EB(8), eg is a reguler subse-.
; _,'-ma.group oi‘ b and e(g 2)89/\ )f=; egf.v' ‘ AR

»'j-.,THEOREM l.,Let 9 and go be- congruences on 3 regulnr semi-
.. gTroup: S._ It 9 cf and gl 'I.‘f »then 9er(s)=> 3 €CS(S)
“-":Proot.‘For any idempotent = e ¢ E(8), 'l'=e§> is a completely

:j'sem:l.slmple subsemgroup of S.. b:.nce trp -trg , the__.r;ela_tion e

‘ 9'/1 (T xT) is.a group _congruence.’ on T, 50 e? is: 'al "regu- ;

' {-lar subsema.group ot “T..Now by Lemma 1y ‘the. semigroup eq

o is completely semlslmple. ‘Hence, the congruenoe f: :|.s over
;_completﬂv Bemlslmple sem:.groups. . Tt




: ";-YCOROLLARY 3. If 8 is a completely semsmple senmo:up,i

o Dle semigreups.

_conomax 2. Rex anx m fh» ? . FE‘ -t Q"(Sm

fPTo P J is 1the§ pt;r or iﬂ' w‘id%l of :{%’ TJ

‘ ,;»'_',every ErOup. emgrmee r én: s ia over oomp:lateely wemi 5ip—

| ",'._The following statement 15 a dual of 'Pheorem 1. :

'THEOR.BH 2. Let ? and 9 ‘be congmences on 8 regnlar sem,-.'_!
group 8. If . ¢ pcet and - pEg’, then . g¢ cs(s):» g’ecs(s).‘-
___Proof.. For any. idempotent ec. E(S), P=ep‘ is 2 subaem.group
~of S.: Sineo ker? -ker\; , the’ ralntiom Ry (Tx 7). is's: RIS
“'band congruence - on: T, so by: bypothesis T is a. band of com—
e pletely sema.s:.m.ple sem:.groups. Now by Lemma 5 th,e sem:.group S
ep is. completely aemsimple. ' T A e o
Hence, the congruence 9 is ov-e4r com'pletely semlgroups.

| conomar &, For any intervul)_ f’k, KJ the set cs®Y N
[PK' 9 _] is either emptz or is an dual idepl: of[?K, KJ

— — . — c— . c——— ——

. Next we contider eompletcly seur.i.simple semigrroups sat:.s.fy-
ing 9 -majorization. A regular semigroup S satisfies ) -
majorization if for any  -olsss D and any idempotent ecE(S)
the set Dn{fe E(B)| fs e} 1is either empty ‘or has a. grea-
test element [ 8].

RESULT 3. [8] The following conditions on a 5 ulér sémd-

group B are eguivalan

(i) For amy e,f,g€ E(8), ez f,02¢ and f‘ig gﬂg]_.z =g,
(1i1) The semigroup 5 is completely sepgipimple ond satisfy
9 -majorizstion,

The following two statements are corresponding to Lemma 1
and Lemma 3, respectively.

LEMMA 7. Let 8 be a completely semisimple semigroup satisfy-
ing Q -majorisation gnd T a regulsr subsemigroup of S. Then
T is a completely semisimple semigroup satiafﬂm 9 -majoxi-

zntion.
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LEMMA 8. Let § be a rectangular band of completely semisimple
semigroups 8,, satisfying 9 -majorisation. Then 8 is a com-
pletely semisimple semigroup satisfying J -majorization.
Proof. Since the semigroups Si are regular, the semigroup 5
:l.s regular. For any e,f,g€ E(S) we have
03,026,198 = (5 )(e 21058, £95) (b7 Lomaa 2)

=> e=f (by hypothesis and Result 3).
Hence, again by Result 3, S is a completely sem:l.s:l.nple semi-
group satisfying g -majorisation.

Let C8D(8) denote the set of all congruences on s regular
semigroup 8 over completely semisimple semigroups satisfying
D-majorisation, Using the Result 3, we haye immediately the
following characterizaotion of the set CSD(S):

LEMMA 9. Por a regulsr semigroup S and p¢ Con.8, ¢e€ CSD(S)
if and only if for any e,f,g cE(8) e¢ is a regular subsemi-
group of S, and(e( ne M, e(=n § )s, f ge"g)spf-s.

Using the Lemma 7 we obta:.n the following result for CSLC(S)
correapond:l.ng to the result for CS(8) given in Theo:em 1.

THEOREM 3. Let ¢ and ¢ be congruences on o regular semi-
group zs, it Qg? and ¢T¢, then pé 0SD(5) = g’e csn(s)'.

‘Remark. 'l’he follow:.ng example shows that: the analogue of the :
~Lemma 5 for completely semisimple sem1groups aatiafying ‘Z) -
‘maaorization does. not hold. in general.' '

‘ Examgle. ‘Let‘S={e,a,b}‘ be 2 semigroup with Cayley ‘table:

] e & b
'.ve‘ 3  55 b.
a |l a a b

b [ b a b

5 is a semllattlce of {e] and the rlght-zero semlgroup fa,b}, :

but e;a, ez b, afbb and, afb. R
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NII-EXPENSIONS OF A COMPLETELY REGULAR SEMIGROUP
' Stojan Bogdenovié

Abstract. In this paper we describe a nil-extension
of a completely regula:r semigroup ( Theorem 1. ). By Theorem 2,
we characteriged a retra.ct extension of a completely regular
semigroup by a nil-semigroup . At the end, by Theorem }. =&
characterigation of an n-inflation of a completely O-simple
aemiyoup is given.

A semigroup S 1is J[-reguler if for every a€3
there existe m ez’_” such that ot € a'sa” . Let us denote by
Reg(s) ( Gr(8) , E(S) ) the set of all regular ('complétely
reguler, idempotent ')‘ elemehts of a semigrdup S.5 is e
GV-gemigroup (. semigz'oup of Galbiati—Veronesi ) if S 1is

¥ -reguler snd Reg(S) = Gr(S) [1,6] . A semigroup S is a
retract -extension of e semigroup. 'l‘ if S ‘is an ideal ’
extension of '.I! end there exists & homomorph:.sm _\Q of S onto: )
T such that ’ \e(t) t for all tem.

For undefined not:.ona ana notations we refer to [1]

_éxia 37

This peper is in finel form end no version of it will be’

' submitted for publication elsewhere. -




momsnzmn 1. ﬁ.*he -ffoiioviing_ :gammm g :;-mimm;,
’onasemigroup 81 R L e eng
\

(1) __(E) is a reguler aubsemigroup of s; Ve

- (i1) Reg(S) is.a mb-an:.group of - S;
o (111) V(E) = B
(1Y) (mezh) ) - n“*l S i
‘f’proof._(i)=>(n) Let a,bEReg(s) . Then 8= axa
and b‘ byb for some x,ye 8. :By the hypothesis there is a. '
z€ {E): such that : :
’ (xa)(by) = (m)(by)Z(m)(by)
Thus - . o — kN
’ " ab = axe.‘byb = a.(-"'xabyzxaﬁy)bé (axa)‘(byzxa)(byb)'- '
. = gbyzxab € Reg(8) . | - ~
(i1) = (1ii) and (i1)=>(iv) follows by Theorem [7] ,
(iv) =>(ii) follows immediately,(iii)=>(ii) this is as
(L) =>(11), at the end (i1i)=>(i) follows by Corollary of .
Theorem [7] .0 o

- COROLLARY 1. The following conditions ere ‘equivalent-
on & semigroup - S :
(1) S is W-reguler and Regz(s) = Reg(5);
(1) s is Jr-regular end {E(8)) is a regular
semigroups
(411) (¥a,b€8)(Imm€z’) a™" € o bnSam'bn
Proof. By Proposition 1.0

(1) x(.b)"’y € x(ab)"ybBx(ab)®y .

Proof. Let 3 be a nil-extension of a completely
regular semigroup T . Then S is J[-regular . Assume a€ Reg(8).
Then there exists £€ S msuch that a = d(sa)€T = Gr(S) . So



Reg(S) = 0r(8) . Therefore, 8 is a GV-semigroup . Now by
Theorem X 1,1. [1] we have that 3 is a semilattice Y of
completely archimedesn semigroups B8y , K€Y . Asmume that 8¢
is a nil-exteneion of a completely simple semigroup K, ol€Y.
For eny aesd » DE 8p s xes& ’ yes; we have that.

(ab)™, (ba)™® Gxd& for some mGZ o Since T is an ideal of

S we obtain that x(eb)”y,(ba)” ¥x € Kgpyd « Since rvt(su& is a
complete‘.ly simple semigroup we have that

x(ab_) v € x(ab)® y(va)® Wx(ab) y o x(ab)®ybsx(ab)™y .

If x=y= 1 , then by Theorem VI 2.2.1. 1  we
have that
(ab) € (ab) (ba.) K (ab) C (ab)™bs(ab)™

If x=1 or y=1 the proof is eimilar to the
above. )

Converaely, from (1) we have that for every a,b€S
there e:d.sts ‘m€ z¥ such that

(atb)"”'1 € (ab) abbs(ab)lab = (ab)m+1b8(ab)m+1 .

~ Assume aeReg(S) . Then there exists ueS such
that a = aua . S0 L

T

e+l mel 2

m+l = B._ Sa o

a = aua = a(ua) G- a(ua) aS(ua)

Hence, Reg(S) = Gr(s) : _ :
Let a€Reg(S): and yes . Then by (1) “we have that
- ay. = auey:- , for some ues
= a(ue.) y , for every mE z*
a.(ua.) vaS(ua.) y , for some me Z
=. anayaSuay = aya.&.tay & dySay - ', ’

~ From: ‘bh:l.s 11: follows ’cha'b Reg (S) = Reg(s) ’ and also that
, ‘Reg(s) is a Tight ideal of S . Si.milarly it cen be proved that
vya e yaSya . Hence Reg(s) Gr(s) is ‘an idea.l of 'S.y and-~

B sinee S is Jr-regular we have tha’b s is a m.l-extens:.on




L ik Proof. B Let S be a: retract extension of a um.on of
”i’groups by 8 nil-semigroup , mnd let a,b,0€5 . Then by Theo-
_rem 1. we. ha.ve tha.t ‘the seoond ‘dondition’ (6) holds, and that'-»'-__"
j,‘;‘.f'there exists mez ‘end’ xeS such that ' e

‘  (3)' (a'b) c = (ab) cbx(ab) c .

:A'l.so there is'a retraction ‘(’, S—»T = Reg(s) Gr(S) . So
by (3) wo have 2 : Lo R .' :
@ (ab) ¢ = (e) ‘ﬂ(b)‘ﬁ((ab)m'lcbx(ab) )\e(e>
e Now, sinoe \C(a)eG and \C(O)EGS_, and . a" E-G
,"° GG for some - h,g,e,féE and k,rez ,' we then have that K
of = \e(a )EG and. _k-‘\ﬁ(c‘)GG . So h=e end gaf y
- 1.e. _ : - o e :

¥(a) = eﬁ(a) and . ‘ﬂ(‘o) = ‘Q(c)f .
From this and by (4) it follows that .

(ab) = e ¥(a) B(b) \e((ab)"“lobx(ab) )‘(’.(c)t

= “e(e{ab)cbx(ab)ter) v :
= e(ab) cbx(ab)mcf € e(u.b) c‘bs(ab) ct .

Hence, the first connition (2) also holds . .
Conversely, by the first condition (2) we have

(5) | : (ab)®o = e(ab)®c = (ab)™of
end so
(ab)®c € o(ab)®cbs(ab)of = (ab)®cbs(ab)®c .
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Fow by Theorem 1. we have that S is a nil-extemsion of a
union of geoups i Since S5 is a W=regular semigroup and
6r(S) = Reg(S8) = * we have that 8 is a GV-semigroup . From
this end from Theorem X 1.1. [1] it follows that 8 is a
semilattice Y of semigroups Sy, which are nil-extensions
of completely simple semigroups Py, K€Y . Define a mapping
| er s—r = (U Py ~
e(EY
by:
| \c|s‘ = \e«‘ s&‘_"Pe(
\e‘,((x‘()s i 'xvm'eG for some mez'. '

'.I!hen'b \&,( meps. Sy onto Pd and - \ﬁ,((xd) = xu for overy xueg( ror

Xy €Sy and x&esﬂ, there exists kGZ such thet (xdxb) GG%.

- So ‘\e«(&)\e(s(x&.) - xdkeu(:n:(s = e X X0, ( Theorem I 4.3. (1] ")
s i= (i F IR A ((5))
i L
s eo((xo(x&eo(a) ("u"(seeub) efa r XyX eeqse Gy
(xdx(,_,e.,q;) (-xdxpe%) e(g, ' ((5)) o S
’m"(seoxsfs ot
= eya Xy ﬂeﬂ,(TheoremIttB [1] )
s (edﬁ x,) 1(ebq‘_‘xo()(e xd)xe’e '
(e%xi) ® Xl X ((5)) i
'_{-- eo((bxo(x(b = xo(x{ba“f’ ' ( Theorem I 4 3 [1] )
, ‘1_ I-Ience,b \(’, ::.s‘a homomorphism of S onto £y and \Q(x)
; for all. xET ; Therefore, \€ is a retraction of 5 onto. T El

A semigrOup S is a.n n-.tnﬂatiOn of a semigroup T
s Sn+1 C T, where e is an idea.l of 8 a.nd there e:n.st ,
a retractlon \e of s}f‘f'. onto X ',;f[2] " For l- aud 2-inﬂa.tion

..f‘;_,se‘e,;_,[B] xand [5] g e £ '




B V.Vcondi'bidns hﬂl&{m

, ,, (8) Sm’a‘ 15 z“ 6omp1etelg 0O-simple. smigrmxp,

e rw waa ER R
et G /PEROREM By - A» igq S ;i.s an. n—:.nfla.tion of a.-_;
completelm«@-simple sen;.:.gmum if and’ only Af the t.he folléwing s

f‘:alé..a‘._'.l;éo,wal,a (v B(S)

o Bt = e s '-_A.an<an+1 Vo -
i Proof Let s be an n—in:t'lation of'a completely
o o-simple Bem:l.group. Then by the defi,nition of gpinflation ve "'. =

- %have that Bm'l ‘is a completely 0—s:i.mp1e semigroup. Let \e o

; ba a retraction from S onto Sn ]* R R
R "’Let ala .. ,4 Q- ana ualen (s) ‘Rhen e
"(6); ual ‘ﬂ(ual) = \e(u)‘e(al)e E (82) . * SR
Cend '

‘C(al)\ﬁ(u)\ﬁ(al) = ‘6( )[‘e(u)\e(al)] for every k€ A

B\e(al(ual) ). = a}(ual)
= al(ual))‘(’
since 0 4 ue = u(aiual) . Since gt ) is a completely O-gimple
semigroup we then have that \e(al)GG . for some e€ E(S) end
al) £O, whence by Lemme [4] we have that \C(al) Clu) ‘e(al)e
GG ( Lemme [4]). Now

[ ) € e 112 = e\e(u)\eul)e\e(u)‘e(al
= o \£(u)¥(s) ) (u)'e(s)) , since ‘e(ay)€ G,
| = e¥(u)¥(sy) ,. by (6) .
‘Tims, o\C(u)\E(&l) =e., 80 :
(n \e(al)\c(u)\e(al) = \c(al)

Furthermore , A

ae,...8 o o= \e(alaz...an+1) - \e(al)\e(az)---\e(ahu)
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= \e(a)) ) (e (a)). . Xla 1) , by (D)

n+l

=\ (alualaz...aml)

- ﬁ(uﬁ)az...an"l .
The second identity from (b) 4t can be proved in a similar
way . '
Conversely, let a be nonsero element of 8 . Assume

that ax,...x A 0 . Then there exists ye 'l mich that

(8) i R ¥ M M 5 KA 2 TS U
Let zZ = xzo'-x ly . Then
2
(B-Z) = Az8z = axz-..xn+lyax2... n+1y
T BXpre e Xy ¥ 5 82 .

If aga =0 , then (eza)z =0, i.e. ag' = 0 , and
pe X = 0 , which is not pos:;.'ble .
Hence, aza A0 o Now aza = (aza)w(aza) for some w€S ™ ,

-. w # 0 . C ; ' : L vie
Let us put that 1i"= 'waz' + Then

by (8) we have that ax

e = awaz. (aw)(az)az = a'(v;a.za)z_a aﬁ'(azawa.za)z

(awaz) az

(a.waz) oy since ' az V(a.z)v2

(au)

0' tﬁén awaz' =0, g0 aza =0

o Smilarly, (ua) =ua . If m
: ‘which is not possible . Thus aueE*(S), and s:.rnila.rly ua €E (S).
. For: an: arbitrary a€ 8. we define '

aua if as ;é 0, where,. au,uaeE (S)

\e(a) . .
0. - if E.S
. Fix aES a.nd assume that - au,ua. av,vaEE *(s). Then

"‘by (b) ‘,‘ av ;é O Y uaGE*(S) implies

v = av...av = a(ua)v...av auav

‘-3and am:.larly ua = u(ava) . Now ava = (aua)va = aua. o Hence .

e




:'v.via a well deﬁned funotion h'om ‘th _preceding_it B

as ;‘ o .b ab = 0. , then B T
P (aua)(bvb), bS ;4 O (o oo
" tf."_*\e(a)\e(b) = { . ‘{ Lo=0=2p(0) o
o (aua)o ) bS = o "0

: 3):'}" &b ,é 0 ,‘ a.bS = o . Then ‘ﬂ(ab) = o . If \Q(a)‘e(b) ,é o,
" then \C(a.) k(b) = (aua)(bvb) A0, which is not poasible y

since: 8bS = 0 . Thus \{(a)\ﬂ(b) =0 = e(ab) .-

4) abB;‘O,then bS;‘O_,e.ndwehave.
\e(a.b) = abwab , abw,wab € E (S) y since abs ;é Q
= abwabw...abwab | _ :
= abwabw,..abwabvb  ( by the hypotheﬁ;ls )
(abwab)vb R '
(abweb)vbvb...vb
= abvbvb...vd ( by the hypothesis )
= abvb
a(bvbvb...vbvb)
(eua)bvbvb...vdbvb ( by the hypothesis )
= (aua)(bvd) ‘
= (a)¥(p) .

Therefore, ‘¢ is a homomorphimm from S onto S°** .0
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'ON SEMIGROUP~RELATION ALGEBRAS
S.Crvenkovi¢ and R.Madarasz

Abstract. In this paper we are presenting one of the possible
semigroup approaches to relation algebras. To each semigroup J we
‘correlate a relation algebra ICY) so that ) can be embedded into
the semigroup reduct of #CY). We examine some properties of this
"construction &". "

.Relation algebras

‘l’he rundament.als of ‘the arithmetic of b.l.nary re.lat..ions were
made: by .C.S. Peirce.~ between. 1870. and 1882. Peirce’ s work was
continued andv extended Ai'n' ‘a .very thorough e.nd systematic way by
E. Schr&der in ‘the book "Algebra und’ Logic der: Relati've""CIBQS .
The first, beginnings. of the cont.emporary ax.lomatic deVelopment. ofl
the theory of binary relations were made by - A. Tarski: CL71D.
Tarsld. gave, - in, [7]._his .system of axloms of"’ Lho arit,hmetic of
relat.ions and propesed' some, . met.atheoret.ical quest:l.ons " which
det.ermined t.he direction or “further - invesbigation. The : ofi‘ginal
axioms of' Tarsk.t were not. in ‘the fcvrm of identitles “The'. axi.omauc‘
.syst,em we use now C in which all the axioms are- ldentities 2 ‘was
: presented ror the' first time by L. Chin‘ and Al Tarski [1] -

.Q'I'his paper - .Ls .ln final f‘orm and no version of 1t will be submitted;‘-;'. ’

- vror publicat.ion elsewhere. R
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DEFINITION 1. \
Let #=CA,+, ,-,0,1,¢,1", D be an algebra of type .
€2,2,1,0,0,2,0,1>. We call it relation algebra CRAY 4f it
satisfies the following axioms : ‘

-1

cid CA,+,+,-,0,1> is a Boolean algebra ;- )
"Ciid CA,*,1'> is a monoid ;
Ciiid m is an involution of the semigroup CA,°> i.e.

CYsOCYYICxcoyd 2oy o * ¢,

L -1
CYsOCx ™ =x ;

Civ2 ™ and - are distributive over + i.e.
CYOCYYI Cxxtyd T tay™ | e
CY>OCYYyICYzd xeCy+zd=Cxeyd+Cxezd ;

) CYsOCYyd Cx to CXoydd - y=0
Example 1.

Let X be a set , and .
RCXI=CPCXD 0,0, 7, 0,%X%, .08, 7D,
where ° is the relative multiplication of binary relations
C some authors use R|S instead of R+S > '
ReS={((x,y): (IzeXD)(Cx,z)eR & (z,yd&eSD> ,

A,t =((x,x): xeX> ( called the diagonal of X D

R e(Cy, 50 Cx,y)&R>. .
Then, it is easy to see that RCXD is a relation algebra. Algebras
of tLthe form R(XD are called full relation algebras. Cbviously,
every subalgebra of a full relation algebra is a relation algebra
too. It is called proper ralation algebdbra. ‘

™
Example 2.
¥We can generalize the previous example. Let P be an

equi valence relation on the set X,  Then every subalgebra of the
algebra

ECRI=CPCPI U M. =, B.py o, .
satisfies the axioms of relation algebras. These algebras are

called algebras of relations.
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Note , that there are RA which are not isomorphic to any algebra
of relations.

Relation algebra is in fact an “enriched" Boolean algebra.
Since the additional operations are distributive ( i.e additive D
in each of their arguments, we can use, in our studies of relation
algebras, the results of the theory of Boolean algebras with
operators C [1],[31). '

On the other hand, every relation algebra s=CA,+,:,-,0,1,s,1°, %

>
contains the structure of a semigroup. The semigroup CA,«) |is
called the semigroup reduct of the algebra & and is denoted by
Rd.CJD.

How do the properties of the semigroup reduct reflect on
relation algebra ? Can we learn something about the variety of
relation algebras from the variety of semigroups '? In this paper
we will present one of the possible semigroup-approaches to
relation algebras.To each semigroup J/ we correlate a relation
algebra 3C/D so that J can be embedded into the semigroup
reduct of $Cr>. This ‘construction &' enables, among other
things, to show the unsolvability of the word problem for
relation algebras and some other undecidability results. Here, we

will present some other properties of this construction &. i
2° SEMIGROUP - RELATION ALGEBRAS"

It is well knoy‘/h that every Boolean algebra can be “enriched"
to be a relation algebra. The analogous problem for semigroups has
a negative answer .: there are _ semigroups which are not semigroup.
reduct of any relation algebra. Namely, t“or any natural number'
k, there is a semigroup of cardinality k, but all finite relation
algebras have B_n elements for some n.The situation is similar for
infinite semigroups too. ‘For every relation algebra & the
semigrbup reduct Rdscw is a semigroup with identity element 1°
and zero element O. Hence, if a semigroup # has no identity
element or no zero element, then it can not be the semigroqp with

such elements which can be enriched to be RA :
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ROPOSITION 1‘.__ RS LR I SR
“Eg__mxsa_clmm xzsc’,’_r_;_g_a_s_wg;_‘_z J-.v_t:-‘v
‘cardipality A&MME&L&L&.&_M J" L;ug&.a,

rby‘_,s_emm:sﬂeagwa&._tm_ﬂ_a&is_m

Let C be a set of cardinality’ '.?"’ A2w. Let C=CC.3) be a cthta;ni
semigroup C i.e. for-all’ x,y e C , xwy=c for: some ¢ € . Dendté_
by .)’ ) Lhe samigroup obtained f‘rﬁm C by adding -an identity 1
“and a zero olement 0, Suppose there is . a re.lat.ion algebra ‘o such B
that - J'E?d o .. Then O is a Boolean zero ‘of d" and 1’ is the
idanu.ty elemen'(. ‘of  Rd (#0, .and we know that _'=0 - and.
‘CJ.’) = 1' Hence for all x e c we. hava x ec For t.he element c'
" there are two possibilities :_. ' T '

€1) ceCuw L’ or

@ c =0 SR ; .

. We will prove that both C13 and (2> lead to a ccntradictlon

€15 Suppose - ce CuU1’>. .F'irst or_a.ll. it is a simple fact that'
ct=e . C e t=Ceoed Faetoc e 3. Consider tha axiom Cv)> of RA
and put x=y=c. We have Cc™e(Cegdd) c =Ccecd c = c c = c = B,a
contradiction. . » e ‘

(€=>] Suppose c=0. Let x, € C\{F.c)‘. Then { e C. Consider ﬂhe
axiom Cv> and put X=X y=1'. Then, we have :

Cx -(x «1°32 1’ =Cx‘-x_°') 1’ =c 1’ =0 51'Sc*1'S0 =+ 1°'=0
a com,rndictlon. .

If 2{\<w, then the only difference is that for the set C we should

take a set of cardinality A-2.

Hence, we are forced to pose a weaker question : Is owry
semigroup embeddable into the semigroup reduct of some RA 7
The following assertion is well known in semigroup theory.

PROPOSITION 2.
Every semigroup L3 embeddable into the semigroup ceduct of some
celation algepbra,
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Proef, .
Denote by J" the monoid constructed from a semigroup by adding an

identity. If > already has an identity, then put Jamr. Since
rKJ:. it is sufficient to prove the assertion for Ja.
Define a mapping ¢: S’ -+ .’CSRG!) in the following way :
pC-)-p’-<Cx.xoo):x [ ] Si). _
Denote by R-(p,: s & S&). Then, p is an isomorphism of semigroups
CS&.-) and CR,¢), where « is the relative multiplication of
relations.
Now, in the full relation algebra JIS&) we distinguish the
algebra generated by R,
H a ¢ R> =L {ps:s a Si) >.
Then J;E[R.-) < Rd.Cd).

This correspondence, from the assertion above, which to every
semigroup J/ assigns a proper relation algebra 'd‘, we denote by
#. All relation . algebras o of the form 2C) will be called
semigroup relation algebras.

‘ Is it possible to obtain every proper relation algebra from a
sem&group'by the construction & 7 It is easy to see . that the
one-elemenL relation algobra can not be abtained in this way. But

it'is not the only one.

PROPOSITION 3. o ; ‘
Egg any cardinal number A23 there is a proper relation algebra «,
over the set of A elements, such that ' # is pot . a semigroup
relation algebra. ’ : co ,

Proof . ) . ) o
Let X be a set of cardinality A23, and - the minimal subalgebra .

of a full relation algebra RCXD. Then A={Ax,2&.a.xz>. It is not |

difficult to see_ihat there is no semigroup such that ch)=ah.

VIL is 'interesting to note that all Cnon—trlvial) finite full
-.relation algebras are semigroup-relation algebras.,but no Lntinite_

';rul relation algebra 1s a: semigroup—relation algebra

\
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THEOREM 1 ' |
The full relation algebras RCn), with n finite and nx1, are
semigroup-relation algebras.

Proof
For n=1 the proof is obvious,
Let n22, and let fo be a right-zero semigroup over
S°={O.1. ... »n=2). Denote by / the monoid constructed from J;
by adding an identity element e. Then

sS={(0,1,2, ... ,n-2,e},

pk={Cx.x-k):x e S¥={(x,k):x € S>, for k e SO,

-1 _
P fpk—{(s.k)} for s,k &€ So.
Let k e So' and

-1
ak U(p5 npkfs e So).
Then
P, n o, = {Ce,kd> and_

Cp, N Z) e Cp N c?) = {Ce,ed)
Thus, we obtain all the atoms in RCn). Therefore §CrI=RCnd.

3° A CHARACTERIZATION OF SEMIGROUP-RELATION ALGEBRAS

Since there are proper relation algebras which are
semigroup-relation algebras and there are some which are not, it
is natural to ask what is a necessary and sufficient condition for
a proper relation algebra to e a sem{group—relation algebra ?

By the construction, a necessary condition is that it |is
generated by some functional elements. An element f of relation
algebra is functional ir £ £ £ 1' C = is the sign of the
partial order in the Boolean part of relation algebrad. However,

from the proof of Proposition 3 we see that this condition is not

sufficient. We need a new notion.

DEFINITION 2.

For an slement a e A of a relation algebra « we say that it is
a proper functional element if the following holds:

1> a™te as 1’

Ciid> a « 2a™'> 1"
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Every proper functional element is functiocnal but the
converse is not true. If g < RCXD, then an element f @ 4 is
a proper functional element of & iff f is the graph of a total
function from X into X. If o < RCX) and f € £ is a functional
element, then f is the graph of some partial function from X. In

these cases we can write f(>O=y instead of (x,y) e« f.

THEOREM 2.

Let < < RCB>, B=@. The following conditions are egqujivalent.

(1) « is a semigroup-relation algebra ;

Ciid> There is a set of proper functional elements (!‘b:b e B>

which generates & so that
(3e € BO(¥x € BD f.Cx) = f*Ce) = x and if

!‘kCJ) =t then t‘jefk = ft ¢ J,k € B>
Proof
Ciid -+ Cid

Define on the set B an operation » in the following way
x *y =f 0O
Then (B, is a monoid with the identity e, because

Cixjoxk = ka.l*J) = kaiji)D‘ = ijafk)Ci) = f‘rkcJ.)CiD = fj*kc.i). =
= i%C jr*kD

and

xne = fer) =‘f‘xCe) = eXx = X.

Further on, for all b € B we have

P, = €0x,xxbd:x B> = €O, £ (i x @ BY

i.e. p, = £ . Hence,
# = <Lf :b e B = <{bb:b e B> and
SCBY = . . 4 .
Cid> =+ Ciid }
" If 3CB = &, then we can take that B is a monoid. If  we

define elements fb (b € B) by
!fb = {C(x,x*b> : b € B>,

then all I‘b will be proper. functi onal elements satysfying the
. PRSI . Y - . .

condition Cii>. Namely, if e is the identity of 3, then

\




S TR

X fo)éxe=e'x=fCeD=x., .
ct of >c1> = £ 01, cn) =L, 0 3 = o JJ ko= 14C3k =ierC0

s f,fi’?,, .'f . ".

L ’kfig

'o ‘can: prova that the class of all RA. which are isomorphic to a.

""semigroup—-relat.ion algebra.v is not. an element.ary class. CI_EJ) .

";Using Lhe characteri zati on ot‘ samigroup-rel at.i on al gebras gi ven in

" Theorem 2. we can prove Lhe following v

COROLLARY 1. .

Let X Qg an L_i,gite set.. The- m;_;_ elgf.ign a.lgeg;a RCXD
i.;. 11_9_!; _mis__p_La,.u.mrou ~re algebra/ :

Ir - RX> is a- semigroup-relation algebra. then. according to
kTheorem 2. it has a generating set of cardinallty .IX__l. 'However,
“if X is infinite, then |X}] elements generate. a set of 1X4
elmnts but |X|<|JRCXD|. So, RCXD) 1is not a semigroup-relation
alg.b'ra.._ ' ) ' ’ v

4" REGULARITY -
Vhich smigroup-properties are presorvod by the mépp.lng ® 7
Far example, if J is a commutative sem.lgroup. is then Rd C!CS))
camutat.l.vn too ? Not necessarily.
Example 3.
Let J=C<a,b>,'D) be a C commutative > semigroup with the
identity a, and b-'b=b. Then
po’ = {Ca,ad,Cb,bd)
P, = <{Ca,bd,Cb,bd>
P, N p;' = {Cb,bd>
(Cb.b)}o,?a' = {Cb,ad> and
{Cb,a)) « (Cb,bd> = <Cb,bd> « (Cb,ad> ,
i.e, ‘Rd.(lCS)) is not commutative.
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Here, we are going to examine Lhe regularity of . _i14¢ion
algebras. A semigroup Y is regular if (¥xeD (JyeD x y x =
Zareckil (19620 was the first to give a characterization of
regular elements in the semigroup Su- CKX’).-) » but his
criterion is not very suitable for practical applications,
B.Schein gave in (8] a new, much simpler criterion for

determination of regularity of a given binary relation.

THEOREM 3. (Schein, 1976.5
A binary relation p S X* is regular in the semigroup 3,

U pspept e pep ™ «p.

¥hy are we interested in regular elements 7 Among other
things, regular relations are- connected with very important binary
relations - relations of partial order. The theorem, which says
something about that, was proved by Wolk in 19689 ( Sinkevig l
simpllfl_.ed this proof in 1974 (8]1). '

THEOREM 4. »CWolk, 1988.)
A reflexive and antisymmetric relation is transitive iff it .

is regular. / ‘
We are going to use these two theorems later.

DEFINITION 3. ;
For a relation algebra « we say that it is regular if RdsCJO is a
reqular semigroup._ '

The following example shows that the mapping & does not preserve .

regularity:

Example 4. . .
Let ¥ be the cyclic group of order 3, G=(e.a..a.z>. Since ¢ is

a group, it is a regular semigroup. Then pa_=<Ce.a.).v(a,.a.zD.Ca.z.e):r.
The relation p = pa (G] Ac ‘is reflexive and antisymmetric, but poct.
transitive. Because of Wolk’s theorem, this . relation is not

regular element 61‘ the semi group 'Rd.CQCy))‘.




' w.'_giah generalize this example.. . .

PROPOSITION 4 ) R S
m r pea _emi.q:_qp_l.ﬁ iCJ‘D Ls._gs_}_az_..then
J’-CVy)CSxD Xy =x - .

. Suppose .? P (Vy)CExJ *x. y* ==Ax.-."l'hen"'?.f - CBy)(Vx) . y e x‘.
.and denote Lhab elomant y.- by. . C hence. ¥k e S) x a, " x)
“ Then Lho relau.on = Py u A . is not. ‘a‘regular element. of tho,'
.semigroup Rd’CifCSDv). vNamely, p.is refle:d.va and antisymmet.ric but.‘
‘.H.j is not transitive i for all elemeht.s % e G H. holds t.haL

,fx,an ‘e'p‘, Cx a.x a.) ep but. Cx.x a.) ﬂp

| COROLLARY 2. =

‘Let ¥ be a group. If 2CY is regular, then ¥ is a Boolean

Proof , ' .
In a Boolean group, for all elements x it holds Lhat xz=e. where
e is the identity of the group. CIf R is not a Boolean group,

then there is an element a. such that of = e. Hence

Y =Y x a # x,
TBQ conclusion follows now, 1m§ndiai;oiy. from the previous
assertion.
Therefore, out of groups, only Boolean groups can give a regular
relation algebra. However, the converse is not true. Theri is a

Boolean group ¥ such that $C(¥ 4is not regular.

Example 3.
Let ¥ be the Klein’'s four-element group, G = {e,a,b,c)>. Then,
the element P = P, v Py S} Ao is not rogular. in Rd.C!Cv)).

Namely,
‘ p e B e p

plepep? =0 and pSpeBep=0.

-4
-PeUAUPb,Upa.
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Because of Schein’s criterion, p is not regular element in
Rd.(itsn.

THEOREM 9.

Let ¥ be a Boplean group having order greater than 2. IThen
8CYO i3 not regular.

Broof

1. If ¥ is a group, then for all a,b @« G we have
aﬂb»panp'b-ﬂ and u(pa': a a G - &
Really, (xX,y) e Pa N Py * Cymx a & y=x b) + a=Db and
(x,y) e [CaliN CddCy = x @O +» CAICx,y) e P,
2. If ¢ is a Boolean group, then all the relations
ax=u(pa: aeX , X6,
are symetric. Namely, :
Cx, ¥ epa-oy=xa.-oy'a.-xa.a.+x-ya¢(y.ya.) ep,
i.e Cy,x e P, ,
ahd : ' 1 e
(u(pa:a e X>) 7= u(pa’:a. € X> = u(pa:a. a X>.
3.Let - ¢ be a Boolean group, a @« G C a » e J. Then the relation
p=p ‘is not a ragular olom-nt. of Rd C!C$)> Namely, we can. prove

V'Lhatp -p-p = &

o =ptep . p‘»’ =™t e p, R =

= (Kp, 'b#a.beG})-l~ P, ° CUtp cra,ce@®d ! =

=- Cu(p b#a,beG}) e pa'- _Cu((pc:c#a..ceG)).
Let d#a, d»e. Then
. P =A P, P SO
_'If bee . and b*a then a b # 2~ and we have
A=p, Spb "f’a. " Pop v.’-'.".a.'
L Finally. )
' a.'z A . p . A.':s'a » so Qe'_have tfhat S RO
‘Hprd € & o i ve o = &% Hence,k because of Schein’'s

’4_ criterion. p 1s not a regu.lar element

: .’COROLL.ARY 3. S , ,
_it. :9 \be a Q_.&E\. 'I’hen §C§) _§_ 393.1.3_ ;: |G]»--S 2
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Proof - . : ;
Ced Ono-olamenb group gives a regular relation algebra If e =2,
then the carrier of (¥ is B=(A A 9, GZ) and CB.oD is a regular

semi group. . : ;
Ca) Let ICY be a regular RA. Because of Corrolary 2. and Theorem
5. it follows that |G| ’

o .
Note, that the propertie of Boolean groups given in the proof of
Theorem 8. was the first step in the proof of non-axiomabizability
of the class I3 CSEM) of all relation algebras isomorphic Lo a

semigroup-relation algebra C see [2) 2.
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FULLY COMMUTATIVE VECTOR VALUED GROUPOIDS

G.8upona, A.Samard%fiski, N.Celakoski

Abstract. The notion of "commutative vector valued ope-
ration” is modified in this paper such that the range of
the operation Is factorized under commutativity. Namely,
if 0 is a nonempty set and r is a positive integer, then

Q(r)=or/=, where
a,beg” ==>(a =~ b <==> b is a permutation of a).

Every mapping f: Q{n)—+ o{m) is called a fully commuta-
tive (n,m)-operation and Q=(Q;f) is called a fully commu-
tative (n,m)-groupoid (shortly: f.c.g.). )

A description of the free generated f.c.g. is given and
a result different from the usual algebras is obtained he-
re. Namely, if Q is a free f.c. (n,m)-groupoid (m22) with
a basis B, then the identity mapping on B can be extended
to infinitely many automorphisms on Q. We discuss the no-

‘. tion of fully commutative' (n,m)-quasigroups (shortly: f.c.q.)
and we give a description of the free f.c.q. by . using the
notion of partial f.c.q. Finally, finite f.c.g. are consi-
dered and some examples of finite f.c.qg. are given.

1. FULLY COMMUTATIVE (n,m)-OPERATIONS '

: If Q is a nonempty set and n,m are positive integers, then
any mapping f: o"— Q™ is called an (n,m)-operation or a vector

valued'ogeration.‘(ﬂere, Qr is the r-th Cartesian power, i.e.

,Q? =,{(é1,a2;.;.,ar) !avGQ};

~
- : +
the elements of QF will be denoted also-by‘a3+f, where a €Q,

@ 20 and sometimes by a single letter a.).

.An (n;m)-operation‘f.is’said to be commutative ([4], §2)
iff for every permutation o of the set Nn = {1,2,...,n} the fol-
lowing identity holds: R R = :

‘This papei is.in final form and no-versid
) submited.for\publication elsewhere. .

n of it will be




v_30,

f(a ) = f(o(a )), where o(a ) 0(1) 0(2;...au(ﬁ)”

_ More generally, £ is said to; be weakly commutative iff for every“‘
al GQ and a permutation bn of a the-following-implication_is Sl

.true' S

f(a ) = c,, f(b ) = d, =D. d is'a permutation of c,.»

Here we ‘will consider another kind of vector valued opera-viﬁfi
tions whiCh we.call "fully commutative (n m)-operations '

Namely, let r'zl and let '~ be a relation in Q defined by':;

.
a,

'It is clear that: s is an. equivalence in Q The factor set Qr/;fvﬂ”

denoted by Q(r), will be called "the commutative r-th power of-
(r): a+r

=z br iff br is a permutation of ar

Q". The elements of Q will be denoted again by a as’ ‘where

aveo and a 2 0, but now: o ' “
az:f = bgif <=> bgif is a germutation‘of az:f,sh, o fvé
If n,m21, then every mapping £: Q‘n)-e Q(m) will be called

a fully commutative (n,m)-gperation. . ' |

Let f: Q — Q™ be a given (n,m)-operation. It ie natural
to ask the following question:

Under what conditions there exists a fully commutative (n,m)-‘
operation £': Q™ (M ("induced by £") such that the follo-'
wing diagram is commutative:

f “m
Q —_— Q
l nat 3 1 natm:
Q(n) , Q(m).

Diagram 1

where nat = is the canonical mapping from Qr into Q(r)?

Conversely, if £': Q(“) + Q(m) is a given fully c¢ommutative
(n,m) -operation, one can ask the question of existence of (n,m)-
operation f: Q" + Qm, such that the above diagram is commutative.

Consider a more general situation, i.e. the,diagrem
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£
M — M,
'1 l 1 'a
£’
H; —— M;

Diagram 2
where M,, M] (1=1,2) are sets. It is easy to show the following:
PROPOSITION 1.1. Let w,: N, > Mé be a surjection for i=1,2.

(i) If f: M, + M, i8 a mapping, then there exists at most
one mapping f°: M) +» M; such that Diagram 3 is commutative, t.e.
n,f = f'n,.
Sueh a mapping f° do exist iff the following condition is
satiefied:
(Vz,y€M1)(w1(x)=n1(y) =n_(f(z)) = v (f(y))). (1.1)
(1) If f°: M; +» M i8 a mapping, then there ezists a map-
ping f: M, -+ M, such that n,f = Fom,.
v‘In general, there are more than one such mappings f, defi-
ned in the following way: ' '
f= U 5, . vhere 5 v, (=0} > T (f (7))
: oz eMy : O
vze arbitrary: 0

* In the special case when f: Q" + Q ‘is-‘an (n, m) -operation,
‘ the condition (1.1) has the following meaning: if y is a per-
mutation of x, then f(y) is a permutation of f(x). Thus, we
, have the' following: Ry '

PROPOSITION 1.2. Let f: Q + Qm be an (n m)-operation.on a
,vnonempty set Q 'There exists at most one fully commutatzve (nym)-
“operatton S (n)'* Q(M) on. @ euch that the diagram 1 i8 commu=

‘tattve. Suoh an . operattan i swzsts tff f ie wcakly commutatzve.

Converaely,‘any fully commutatzve (n,m)-operation f°
' znduaed by a set of weakly. commutattve (n, m)-opcrattons, between

n whtah there are commutattve “‘ones.
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: _ 1£}f: Q‘n) *,Q(mziis a fully‘commuta£i§e (n,m)—operation, ‘
then Q=(Q;f) will be called a fully commutative (n,m)-groupoid.

- o o o o - —

) Furthe;‘on, we will consider fully'commutative (n,m)-g:oupgids
(or - operations) only. Therefore we will usually omit the words

-"fully commutative"; also, -the integers n,mﬁwillgbe uéuallyw

~ considered as_fikedahd;o we will often say simply f@roupoid“

(or "operation") instead of "fully commutative (n,m)-groupoid"

(or'"fully,commutative_(n,m)-operation").' '

. We:will introduce here several concepﬁs»which‘Will be used
later.. ) .
Let Q=(Q;f) be a groupoid and H a nonempty subset of Q. H
is called a subgroupoid of Q, in notation H<Q, iff

aten (™ —> f£(am)en™,
Clearly, the following proposition is true:
PROPOSITION 1.3. If {H | @64} 8 a nonempty family of sub-
groupotds of a groupotd @ and if H = f\Hu i8 a nonempy set, then
H is a subgroupoid of Q. I ¢ ' '

A subgroupoid H of a groupoid Q is said to be generated by
a nonempty subset B of Q iff

(i) B€Q, (ii) K<Q & BESK ==> H<K. /

Proposition 1.3 implies that:

PROPOSITION 1.4. If Q i8 a groupoid and B ig8 a nonempty
subset of Q, then there exists a uniquely determined subgroupoid
of Q which is generated by B. [

A description of the subgroupoid of Q generated by a set

BEQ can be given in the following way. Let B,/B,,B,,... be a
sequence of subsets of Q defined as follows:

B =B, B = B,uC

o p+1 p+1’

where C . = (bea\B, | (dafes(™)f(a?) = bbT} . Then the set

<B> = LJOBP is the subgroupoid of Q generated by B.
p2
To every element c€<B> we assign a number xgle), called

xg(c) = min(p IceBp).
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The notion of homomorphism can be introduced in a usual way.
Namely, let Q=(Q;f) and Q'=(Q’';£’) be groupoids and ¢ a mapping
from Q into Q’. We say that ¢ is a homomorphism from Q into Q’
iff

£(al) = b} => £/(a}) = bY,
where c=¢ (c), a€Q. If, in.addition, ¢ is bijective, then ¢ 1is

called an isomorphism. It is easy to show that:

PROPOSITION 1.5. ¢: @ + Q° is an isomorphism iff ¢~ ': Q°+Q

te8 an tsomorphiem. [

The notions of an endomorphism and automorphism have the
usual meanings. '

2. FREE FULLY COMMUTATIVE (n,m)-GROUPOIDS

We will éive here a description of free fully commutative
(n,m)~-groupoids which we will call, shortly again, free groupo-
ids.

the following conditions are satisfied:
(1) B'is a generating set for Q;

x(ii) if 9'=(Q";£f") is a groupoid and y: B =+ Q!,‘then there
exists a homomorphism ¢: Q + Q' which is an extension of y.

. In order to give a description of free groupoids,'let B be
a-nonempty set and let (Bp.]p 20) be a eequence‘of sets. defined
as follows: , o : ) ' : i

| S B, =B, ';Bp"’“ =B UNmNB;n),‘
where N denotes the 'set {1,2,.,.,m}.. If ueBp+1
that u has the hierarchy: p+1 and. we write ,X(u)=p+l; if beB,

then we. set. x(b)-= 0.

‘Let [B] UBp ‘and’ define Fn (n m)—operation £: [B](n)

N [B](m) by:

REET N

P2o

f(u ) = (1 u )(2 u, )...(m,u ) '\u**: (ﬁ 1)

" So we cptain a group01d [_] ([B] f) with a generating set
B. Here, the notion of hietarchy of ue[B] coincides With the
notion of the hierarchy relative to B introduced 1n 1. -

\Bp, then we say




Suppose now that Q'-(Q';f)}is a: groupoid and W: B Q' anb
'arbitrary mapping from B iiito’ 168 £ 15 Show tﬁaf"there exist'
”anhomomorphlsm b3 [B] + o which 18 aﬁ»extension of w.- ;:4f35 4

First, for beB, we set ¢(b)=¢(b) Suppose that ¢(u)-ueQ' is
a_well defined element of Q'if ueo has a hierarchy sp. If .

v-;qhve[B] has:a hierarchy P, then v has the form v=(1, u,), where ,
g _,~,.ieNm, une[B] (n), C Xy ) sP and X(“a) “p for'some a. Then, set= il

*ffting v -(j un), we obtain that ™ x(v )=p+1 for every: jeﬂ B since .mmih

e eq""?, there exists c eQ'(m’ such that f'(u )-cm'AThen, if Lo
'r[we put 0(v3)=c ) obtain that ¢(vj)eQ' 1s a well-defined ele- e
"f_ment for every: jeN R T ; P vf : L
' (Note that, in general there are many ways of defining
' ’¢(v ),¢(v ),...,¢(v ), but not- more than mi)

. Thus, by induction on hierarchy, we defined a mapping
'¢' [B] + Q! which is an -extension of’ w.g ' S

’ By the definitions of £i [B](n) - [B](m) and iy [B] -+ Q’ '
it is clear that ¢: [_J ‘Qv ie a homomorphiem. Thue, we proved~»'
the following: R ' ' ' R

fROPOSITION 2.1. [_J 18 a frcc groupowd wtth a basta B. ﬂ
Now we will prove that: '“ .
PROPOSITION 2 a8, If £ ig an cndamorphtem on [B]auah that
" (Vb8B) E(b) = b, | o (3.2)
then & ic an automorphism on [B]. .

Proof. If p 20, then we denote by-spvthe set {(u€{B]| x(u)=p}.
By the above assumption, £ induces the identity bijection from
8, into 8. Suppose that £ induces a bijection from.the set BP

into S . Let v€S , . Then v has the form v-(i,u?) for some -

1N, and u?es;“’, where there exists veN , such that x(u ) =p.
Put v°=(a,u?). Then f(u?)-vT, and thus f(G?)-VT, where |
Eluy)=u,@5 , V =€(v, )=E(v). Now, £(v)=(,T7), where £(u )=U and
)GNm Therefore, using the hypothesis that E(S )-sp, ve have
t(v)GB . This implies that if E(v)=E(w), then w=(s,u ) for so-
me seN . Setting v -(a.u ), we obtain that E(v )=u ' "), where
awt ls a permutation of Nm' and this implies that



3.5
CE(v) = c(v) -> ve 'q

Thus the restriction of g on BP+1 is an injection. It re-
mains to show that this, restriction is a surjection. Let
u@(l,u )es_.,. Then u“es . and thus there exist v esp such that
Elv, )-(u ). If we put w=(8 ,v5), then we obtain that there ‘exists
yeN such that z(w )=u. This completes the proof that £ is a bi-
jection and thus an automorphism.

(Note that the set of autunorphlsm' € on [_J, vith (2.2)
is infinite.)

If Q=(Q;f) is an another free (n,m)-groupoid with a basis
B, then there exist homomorphisme e [_J +Q, n: Q + [B], such
that o ,
- (wbes) £b) = n(b) = b. - (2.3)

Clearly, 5=ﬁr~1s an endomorphism on [B] with the property (2.2).
Thus £ is an automorphism on |[B},. whlch implies that ; 1is an
1njective homamorphism._;

By induction on hierarchy of elements of Q=<B> we will
'show that’g is surjective as well Let ceQ has the hierarchy
p+1 (relative to B). Then there exist cmeQ(m) such that ci=c' o
for some fe),, and & "eq ™) such that g(d“)nc and d“e'r(“’, where .

—{dGQ !x (dJ 5p}. These assumptions imply that there exists

‘u B[B](“? such that ;(u ) =d,. If f(un)=vm then f(dn)=v1, where
'7fv =z(v, ). " Thus ¢ =GT, i.e. c;vu=;(vu)Afor some a,. which‘proves

that L is surjective.ﬁ

‘ We will restate the above results (p. 2 1, P 2 2 and the
last one) as’ the following: SR j»' SR
THEOREM 2 3. (t) Every nanempty eet B i8. a baszs of a frae

fully commutatzve (n, )-groupatd

Iy (1%) If B zs a basts of a’ f?ee fuzly oommutatzve (n m)--" '
;*grOupozd then ‘the. aet ‘of zts automorphtsma which ftw the all

T'elements of B T8 Lnfznzte.,&
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3 FULLY COMMUTATIVE VECTbR VALUED QUASIGROUPS
- In th:.s section we will assuihe that n-m k 2 1 and mzz.

==

A groupoi& g?(Q,f) is said to be. cggcellative iff for every&'liff

aeQ(k) ‘x yeQ(m) the- foilowing implication is. true:

" P

A groupoid Q is called a fully commutative (n,ms-quasigroup ‘or, 5l
shortly, a guasigroup iff for every aeQ(k) bEQ(m) ‘the equation j"

_ f(ax) =b

‘is uniquely solvable on x in Q( )' VJ;}. _
Clearly, every quasxgroup is a cancellative groupoid, and »
every ‘finite cancellative groupoid is a. quasigroup.=

We will show below that every cancellative groupoid is a
subgroupoid of a quasigroup. e

First we will consider a more general conoept‘of fully -
commutative partial (n,m)~-groupoid. Namely, if Q#ﬂ aa‘:Q(n)
and f: 0 + @™, then we call (Q;ed;£)=Q a fully commuta-

tive partigl (n,m) -groupoid. As in §1 we will omit the words
“fully commutative" and "(n,m)-".

k) ,yGQ(m) such that ax,ayeaa, the following

iff for every a€Q
implication is true:

f(ax) = f(ay) => x = y.

In this case we say also that Q is a partial quasigroup, i.e. a
partial groupoid Q is a partial quasigroup 1ff Q is cancellati-
ve. In particular: every cancellative groupoid is a partial qu-

asigroup.

We will prove first the following more general result:
avery partial quasigroup is a partial subgroupoid of a quasi-
group. (Note that (Q;o):f) is a partial subgroupgid of a partial
groupoid (Q’;oy’;f’) iff

QcQ’, o) Sod’ and aflecd => f(a]) = £'(a}).)

For this purpose we will consider first two kinds of ex-
tensions of partial groupoids.

fax) = £lay)’ u=> o T e
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Let Q=(Q;od1f) be a partial groupoid with the domain <J.
pefine two partial groupoids,.gfﬂ(QA;qDAafA) and Q’=(Q.;o&.:f.),
in the following way:

D @ = qui(t,a® |1eN, a%eaP\ D1, b = o™,
ajed => %" = £(a7),

ae PN\D w> £2(a?) = (1,27 (2,2T)...(m,a");

2) Q* = QUR, &d°* =QUE , where:
R = ((L5a,b) | teN_, aea'®), beo™,
, (¢xeq ‘™ )[axeao or (ax€s) and f(ax)¢b)]},.
E = {a(l;a,b)(2;a,b)...(m;a,b) | (i;a,b)eR},
aled => f*(al) = £(a]),
.f°(a(1;a,b)...(m;a,b)) = b, for every (i;a,b)er.

It is easy to show that, if Q is a partial quasigroup, then
g and Q° are partial quasigroupe as well.

Now suppose that Q1,g,,...,Q ’gu+1"" is a sequence of.
partial groupoids such that 2, is a partial subgroupoid of
Qu+1' Setting

- Q= Uqu<D@ U£

a.nd 3 -GZ' - QZ"

£(a) =‘b""<='>‘ (Fa) (a] soo REMCHIER 4

we obtain a partial groupoid (Q; 0 ;£)=Q where Q, is a partial
subgroupoid. of g‘for every o = 1., It is clear: also that, if Q,
- 1s a partial guasigroup, then Q is a partial quasigroup toco.
(In-general, Q may not:.be a quasigroup, even in the case when
all of Q are: cancellative groupoids )

Now suppose that Q 1s a given partlal quasigroup and that
the sequence of partial groupoids QO,Q1,...,Q ,_a+1,... is-for=-
med in the following way: : : A S e

- : ' R N
= Q' r Q. =2 .

Zaa+1" =2a’ -—zo =20-=1

: Q Q' Q _
Then the' union S(Q) of the obtained sequence is.a quasigroup.

; A:complete proof of this one. can obtain easily by the _
" assumption that. Q is‘a partial quasigroup and by the deflnition

of the functors A and’ -‘ We note that a- 51milar construction in f.y‘”




“the case oi (usual) binary quasigroups 1s known (Seeilfar-éXahp{j
[2] ch:. T e L ‘ o
‘I B is a given set and 1f ‘we put dD=¢, then we obtain a

;-partial quasigroup (B;V;f)=B The quasigroup which in: ‘this case

- .one. obtainesby B is the free quasigroup ‘with a basis B. P

_ It 18- natural to ask the question fo: éxistence’ of quasi-
_qroups with a given carrier Q. By ‘the: eonstruction of" Qe and Q
it is clear that: if Q is-an infinite set, then Q is equivalent.
with the both sets Q¢ and Q . Therefore. if- (QsdD £)=Q is a- pax-"'
tial quasigroup and S(Q) is the quasigroup obtained ‘above, then
Q and S(Q): has the same cardinal number..This implies the fol-
. lowing ‘result:’ ' T ST '
' THEOREM 3.1, Every Lnfintte set is. a carr1er of ‘a quasz- s
group. [ _ _ P ,'
: _ Note that if one starts by a partial groupoid Q?(Q D £) p
and ‘forms the sequence of partial’ groupoids (Qp |p20) . such ‘that
2,=Q, —p+1=9 ~then’ one obtains that the union S(Q) of this
sequence is a groupoid which is a free extension of Q (Here,
it is not necessary to assume that n.>m.) In particular, 1f we
assume that «=@, then we obtain that S(Q) is the free groupoid
with a basis Q. i

Now let Q be a nonempty set and let ¢ be the family defi-
ned by

¢ = ((Q)eD 3 £) | (QicDs£) s a partial quasigroup}
It is natural to define a partial ordering s in ¢ by:
Q3D 3£) < .(Qs D' if') 1£f DED’ and £ is a restriction of £'.

It is clear that the conditions of Zorn’s lemma are satis-~
fied. Therefore:

PROPOSITIOR 3.2. Every partial quasigroup on a set @ is a
partial subgroupoid of a mazimal partial quastgroup on Q. (I

It is also clear that:

PROPOSITION 3.3. Every cancellative groupoid on Q i8 a ma-
zimal partial quastigroup on Q. {1
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PROPOSITION 3.4. A partial quasigroup (Q;od;f) is mazi-
mal on Q Lff for every zaa(")\tia, yda( ), ‘there exist a_GQ(k),
u,vad( m) such that z=au, av6écd, flav)=y. 0

4. PINITE FULLY. COMMUTATIVE (n,m)-QUASIGROUPS

In this section we will assume that the set Q is finite
with g+l elements, i.e. that Q={0,1,2,...,q} and also that n,m,k
are given positive integers such that n-m = k21 and m22.

Note that the elements of the set Q(r) can be thaught of as
monotone sequences (of r members) of the elementsof Q, i.e. that

afr) - {a,a,...a_|aeQ, 0sa ,s...sa sql.
Therefore (see, for example, [1], 11I.1.6, p. 137):

PROPOSITION 4.1. If IE q+1 then 1e*)) = .0

© The first question which commes naturally 1s the ex:l.stence )

of . (n,m)-quasigroups with the carrier Q.

. By obvious reason we consider first the case q=1, i.e.
Q={0 l} ‘ ' ’

Let (Q £). be an (n, m)-quasigroup. Then ot X = f(ka) is a -

permutation of @™, and £(0k™" 1™y 4 £(0MHk- ili), for every

6N, This implies that £(ok™" ‘1“‘*') f(o""'k . similarly, if
k22, wehave. ' R

,f(okfz m+2)' f(0m+k- 1)’ f(ok-s m+3) = f(0m+k-212)'3:

- and more generally. o
- f(ok—i—1 m+1+i) m+k )13)

where i'z7. (mod m+l), 0s1 sk-l, ostm..

Conversely, let ot x+— o(x) be a permutation of Q(“') ~and

let an (n,m)-operation £ Q(n) + Q(m) be defiDEd bY’

f(ka) = oix) for every er(m)
f(Ok'i" m+1+i) P o,(ol'l\ J 13

where i and

'I‘hus, e have showed the following. &

"\»:-are as. above Then (Q f) is an (n,m)-quasigroup. l
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. PROPOSITION 4. 2. If Q {0 1}, then there exzst (m+1)' n, m)- b
) quaetgraups on Q.11+ » i ‘ e e I T
S In the case q22, we have the following' fV 'j \‘"v\ o

ROPOSITION 4.3.. If 2 <q Sm, then there does not extst ‘an .

"}(n m)-quastgroup w;th q+1: eZements

L Proof. Assume that.Q={0, 1, 2,..‘,q}, and that (Q oZ? £) is a -
‘partial  (n,m) -quasigroup such that kae o for every er( ,
u=0k"11™ I3 3. qe d. Then v=0%"11 2™ I*3...q¢ . Namely,if

ved we would ‘have £(u)#£(0%x), f(v)#f(okx) ‘for, every. xeo(“"\(o“‘)
and  this would imply £(u)=£(0M)=£(v), which is- impossible, for
lz,andy#z._u" : ‘

Thus, :Lf (Q:f) is an (n, m)-quasigroup with q+1 elements
where mzZ, q>1l, it must. be g > m.

EXAMPLE 4.4. Define a (4, 3)operation on the set
Q={0,1,2,3,4) as follows:
0) f(ox) = x, for every xeb(a)
1.1) £(1243) = 0%k, £(11%3) = 0k?, £(1i3?) = %3,
where (i,3,k}={2,3,4}, 1< 3j;
1.2) £(1%1) = 03k, £(121%) = j3k, £(11%) = jk?,
where {i,3,k} = (2,3,4}, j<k;
1.3) £(1234) =03, £(1*) = 234;
2.1) £(2°1) = 013, £(2217) = 1?3, £(24%) = 152,
where 1 # §;
2.2) £(2%34) = 0?1, £(23%4) = 01?, £(234%) =12
£(2°) = 134;
3) £(3%) = 012, £(3%42) = 132, £(34%) = 122
£(3%) = 124;
4) f£(4°) = 123,
It is easy to show that (Q;f) is a (4,3)-quasigroup.
More generally, it can be shown that:

PROPOSITION 4.5. If Q=(0,1,2,...,q), q 23, then there
exists a (q,q9-1)-quasigroup. 1
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"ALGEBRA AND LOGIC", SARAJEVO 1987

ON THE LEVITZKI RADICAL IN SOME NEAR-RINGS . .

Vugi¢ Dadi¢

"Abstiract. ‘In this note we consider some properties of locally nilpo-
tent 1deals and we prove some results about the Levitzki radical in near-

rings with a defect of distributivity.

We first give some definitions. We recall that a (hft-zero-eymtﬂc)
near-ring is a system (R,+,.) where:
(1) (R,+) is-a (not nacessarily abelian) group;
(i1) (R,.)-1s a simigroup;
(111) x(y+z)=xy+xz for all x,y,z in R;
(iv) ox=o. for all x in R(o is the identity of (R,+)).

Let R be a near-ring and let (S,.) be a multiplicative subsemigroup
of (R,.) whose elements generate (R,+). Thus, every element r €R can be re-
‘presented: as a finite sum Zi (¥s4), (s."e S). The normal subgroup D of the
group (R,+) generated by the set 4

| {d: * d=-(xs+ys)+(xty)s,x,yeR, s€SY L

- is called the defect of distributivity., It was proved in 1] that D is an.
- ideal-of R. “If SgR. is a fixed subset of R, then we say that. R is a near
~=ring. with the defect D. If we wish to stress the set S, then we write (R, S). '
" Thus,.in’the near-ring (R,S) with the defect D, for all x,yeR and S€S the-
‘re exvsts deD such that e

o x+y)s-xs+ys+d

Spec1aﬂy, 1f D=0 then R:iis a distmbutively generated (brieﬂy d g ) near-
ring. Then every-s &S becomes'a distributive element in R. If S*-R then we

‘[ : 'say that R 1s a: D-d1stribut1ve near-rmg and then for aH x,y,z in. R there v

; exists deD such:that = - ’ : '
‘ (x+y)z-xz+yz+d. .

4 .

S IF 1n thls case: D-o, then R becomes a distnbutive near-mng.



A r1ght 1dea1 B of R 'is a normal subgroup of (R +), such that
(x+b)y-xye3 for all x,yeR, be B. :

A An ideal A of R 1s a nght 1deal of R such that raeA for all re R; aeA.

L . We say that a near-r1ng R 1s locally n11potent if for every f1n1te L
'"}’subset H.of R there, exists a pos1t1ve 1nteger n=n(H), ‘'such,that: the: produ- ,i‘r?ﬁ
_ct of ‘every n elements from H-1s zero. :An ideal. of R is. 1oca11y nilpotent
‘:1f itis: 10cally nilpotent as-a- near-r1ng The sum of a11 1ocal1y nilpotent . -
- “ideals of R is called the Lev1tzk1 radica] L(R) of R. Ne sy that R isi
lsemisimple if L(R)=0. e N EPREIE AN - o
: LEMMA 1. Let (R S) be 2 near- 1ng wwth the defect of distributivityryfﬂ,g

 of the groug (Ry#) Then the ideal of R generated _I_:y_ the set A ‘R has the .
_elements of the: form: R s , , :

Zi(v‘ +ai it x 4 +yia1si+m a ;, r'i)r :‘ S »(”-’ ’
(ri,x‘.y1 ¢R, si.s eS. ai,a1 .a1 s «1\,i Teh, mi-mtegers)

"'Proof. By. Proposition 3. 1. of [1] the ‘normal subgmup A qenerated by
the subset AURAUASURAS has the elements of the above form. Since DA it v
follows, by Corollary 1 of the Lemma 1.1. in [2] , that the ideal of R
generated by the subset A has the elements of the form (1). '

THEOREM 1. Let (R,S) be a near-ring with the defect of distributi-
"vity D'which'is contained in the intersection of all nonzero notmal sub-
groups of (R,+) and let A be-an ideal of R which is distributively genera-
""ted as a near-ring. - If C'is an ideal of R generated by an an ideal B of A,
"then C B. -

Proof, By Lemma 1", the ideal C has the elements of the form:

T4 (ry#hys #x oty Bisiam biry )

(ri.x1 WYy eR.s1 .s1 €S, bi'bi'bi'b eB.mi integers). Since C€A, we have
c3qACA-A(Z1(r1+b151+x1b1+y1bisi+m1|i ri))A. Thus, for all x e C3:

x-al(zi(r +bis1+x bi—yibisi - ri))a

x= Zi(a.l 1+¢|.|bis1+a.|x‘b1+a]y1 ] g+m a bi-a‘ rs)a
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(a.a.' €A). But (A,S) is a d.g. near-ring for some subset S'c.A of distri-
butive elements of A. Therefore, for each a¢A, a-ZJ(_sJ) (s 6S) and we
obtain:

;. 4 Y
x= Lyfayrysagbys ta b sagy bs mgay-agry ) 34 (457)

n By Eylagrysitagdys syragabis oy s se maybisg-ayes))

4 ’
Since ‘1"15j €A, °1b1515j €B, a;x, b, SJ eB, a]ygbisisjen. m'a.lb1 JeB.
it follows that x¢B (Proposition 6.5, [4] ). Hence C¢g -

If R is a d.g. near-ring, then D=0 and we have the following.

COROLLARY 1, Let R be a d.g. near-ring and A be an ideal of R which
Js'distributively generated as a near-ring. If C'is an ideal of R generated
by an'ideal-B of A. then C .;B

THEOREM 2. Let R be a near-ring with the defect of distributivity D

(R, +)and let A be an ideal of R which is: distributivu generated as. ‘a near-
ring. ‘Then eveQ ideal B of A’'such that A/B has ‘no’ proper nan-zero n1yotent
' ‘1deals; is an’ideal of R. ‘

Proof Let C be an’ 1dea1 of R generated by the subset B. Thus BE CsA.

On the other. hand by Theorem 1 039‘ B. By hypothesis A/B has no non-zero nil-
potent 1dea]s and thus CCB, i,e. C= B

o COROLLARY 2. Let R be a d._g_. near rmg and A'be an 'ideal of R which
is is ‘distributively- generated’ as a near-ring. Then' every- ideal B’ of A such that -
A/B has no proper non-zere nﬂpotent 1dea'|sa, 15 an’ideal of R. ,

THEOREM 3. Let R be a near-ring w1th the defeet D which is contamed
% in }E 1ntersect1on of all normal nonzero: subgroups- 0s. (R +). If Ais an

“Jdeal. of.R-which: 15 d1str1butively generated: as-a near-ring. then L(A) 1sva
‘ 'locally mlpotent 1dea1 of R and L(A) L(R)nA :

. Proof ‘Since L(A) is.an: locaHy mlpotent 1deal of A then by Theo-
rem?2 L(A) ds an- Tocsaly nilpotent ideal of R. Thus, L(A)c: L{R)NA. On the -
x other hand L(R)f\A is a locally nilpotent ideal in. A i e. L(R)n ACL(A)

' Hence L(R)n\A-L(R) ’ . : .




nt idealof R and: L(A)—L(R)n A

E R and R/L(R) 18" distributively generited.:

L rpﬁism theorem we have

, coam. ARY 3. Let Rbe-a 4.4 ‘near=rihg #nd: A’ be. amideal ‘o
o is dxstributively generated as a near-r‘mg. 'Fhen L(A);is a locﬂ!z »nﬂm e

e meonm 4. LetRben hearring ulth “the. defect D.and Abe an- ideal of -
R such that R/A' 15 distributively generated: :1f-B s an-idéal: of: A such that
e :/Bn 0=0-and A/B"is 1ocally: nﬂpotent then D is 4 »'IOCaHy nilpotént ideal of

Y

' Proof. -Singe: R/A 'IS dustmbutwely generated, 1t fo]lows that DEA (Co- '
,rollary of Theorem 2. 6. [‘m] ). Thus D+B 1s an. 1dneal in A By the First 1somo— s

D+a,. U
"U“B‘ U

‘ 2 But QEE is an 1dea1 m A/B which 1s, by assumption, locaﬂy nilpotent and hence D
| “is locally. nﬂpotent.v Consequently Ds L(R) and by Corollar_y af Theorem 2. 6 R
of [l] » R/L(R) . is d.g. near-ring. » ‘ ‘ I
. 'COROLLARY 4, Let R be a near-ring w1th the defect D#0 and A be an ideal

'of R such that R/A is distributively genérated Ifs 'is an 1dea1 of A such that
BAD=0 .and A/B is Tocally nﬂpotent. then p1s locally nilpotent. and R can not be

senmimgle. - .
Proof. By Theorem 4,D is 1ocally n'i'lpotent and D+L(R)-L(R)1 e. L(R)#0.

LEMMA 2, If R s a D-distributive near-ring with 1dent1ty. then the co-‘
mmutator: subroup R'of (R,+) is’contatiud: in the defect D

Proof. By Corollary 2 of Proposition 2.7 in [1] we have chD and RR’GD,
Since R has an {dentity, it follows RgD,

THEOREM 5. If R 1s a D-distributive near-ring with identity, such that
D as a near-ring is distributive: then: R/L(R) is a ring.

Proof. By Theorem 1 of [3] it follows D3=0 and thus DEL(R). According
to Corollary of Theorem 2.6. in 1] , R/L(R) is distributively generated. From
Lemima 2 R'SD and the additive group of a factor near-ring R/L(R) is abelian.
Hence R/L(R) is a ring (Proposition 6.6c. [4] ).
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PROCEEDINGS OF THE CONFERECE
*ALGEBRA AND LOGIC", SARAJEVO 1987

NONEXISTENCE OF CONTINUOUS (4,3)-GROUPS ON R

‘Don&o Dimovski and Kostadin Trend&evski

Abstract. In this paper we show that continuous (4,3)-
_groups on R do not exist.

0. Introduction. Let m,n,k=n-m be positive integers. A

set G#§ together with a map [ ]:G - G™ is called an (n,m)-

groug if‘

,(1) [[x?]xsﬁ] [xi[ i ]x;‘::“] for each 1 <1 sk; and-
k

(2) .For given a,,bkeG , - C EG . there exist x ymeG

such that [ak 1) =cT =[ym b%} (see [1], where this notion was
1ntroduced). Above, x denotes the vector (x,,...,x )eG '
- and- [x]] denotes the image of x§ under the map [ ] We will
: denote by ; the vector (a, a,...,a)EGt‘,

» Wwe say that (G; [ ]) is a 'continuous (n,m)-ggggg, 1f G
-ﬁpis a topological: space; (G; [ ]) is an. (n, m) -group; and the - ‘
v:gmap [ ] is continuous,where G ' G are equiped with the pro-  .

‘ --duct tOpology. : ' : e

“If (G [ ]) is a (Zm,m)-group, then (Gm .) where xm.y 3.;'_j'»’--"
: ;e—[x Ym], is’ ‘a group with 1dent1ty element. 8, for some:eeg . -
(see [2]) We say that e’is the identitx of the (zm,m)_groupjfj1uﬁ4f
caes [ ]) A (2m,m)-group (G; L ]) ‘is.called. a. ogglogica : ,,lu o
.: 1(2m m)-groug, if G is a- topological Space and (G ‘)~is‘a_f R

: 3t°P°1°gical grouP. ' R

. If (G; [ ]) is an (m+1 m)-group, then (G;[;] ) where ' :h_,'.
.fa[xzmﬂ'—[xzm], is a (2m,m)-group, induced’ by (G L. So, ifT__if :

2 (6;i[ })is an (m+1,m)-group, then’ ‘there’ exists an element
:'fieeG, such that [T “ﬂ [2 xm]=x . and. moreover‘[i e] :[e x]’

e Thxs paper is: in final form ‘and no version‘of it will
'agbe submztted for publication elsewhere.vrﬁ .

13




'5,"5(2m,m)-group._

 usual ‘topology)’do’ not exist, but in [4] it ‘was. ehown thati_

“*':(see [3]) We say that an: (m+1,m)-group is a togglogical e
:.(m+1,m)~9r p:if. its 1nduced (Zm m)-group is a. topological_»fﬂf

star

In s} it was shown that continuousf(3 2)-groups ‘on Rf
(where : R is: the set- Qf ‘the real numbers equiped with the "

-ftopological (4, 2)-groups on R-do-exist: The examples produ-i{“f’-
ced. in 4] were obtained using Lie groups and Lie algebras., RN

In this paper we give an- elementary proof that continu-f>
ous (4, 3)-groups on. R do not: exist Also, ‘we. will give a

‘sketch of a proof, that topological (4,3) -groups’ on. R 'do not e

. exist,’ using ‘Lie’ groups ‘and Lie algebras Although the ‘'se-.

’__cond result 1s a cousequence of the first one, we include

y its proof, because of its mgthod, :which’ may be used for ans-flv
wering. the existence question about topological (m+1,m)-gro-l"
ups for n|z4 Similar methods were used in [4] '

1. Elementary algebraic" reeults

: We need,several elementary results about (4, 3)-groups,
which ' are 1n fact, special cases of more general results
about (m+l,m)-groups. Let (G,[ ]) be a (4,3)-group, with
identity element ‘e€G. B ‘

PRDPOSITION 1. The followi_g conditions are equivalent.

(1) 16I=1, i.e. G has only one element;
(2) [x 2] = , for some xeG)
(3) [xy &) = 3, for some x,yec; and
‘(4) [x y g] = [z g], for some x,y,z€G.
Proof. It is obvious that (1) ==> (2), (1) ==> (3) and
(1) -:;_?:). 1f [x 3],- 2 for some x€G, then xyz=[xyze]=

-[xgyz]-[3yz]-[yzg]-[yzx3]-yzx, for each y,z€G, implies that
IGI=1; hence (2) ==> (1). If [xyg]-e for some x,y€G, then
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[xyxz)= [xygxz] [gxz] [xug] [n:xygl [xzxy), for each z€G,
implies that z=y, 1i.e. IGl=1; hence (3) ==> (1). If [xyal-[zél
for some x,y,z2€G, then xy:-[xysg] [xyxye] [xygxy] [zaxy]-zxy,
implies that z=x, and so, [yg]-g Hence (4) ==> (2). 1

For given x,y€G, let “xBxYx' “xysxyyxy denote the vec-

tors [x3) and [xy%] respectively.
. ~ PROPOSITION 2. The following conditions are equivalent:
(1) IGI=1; R | '
(2) o, = x or v, = % for gome X6G;
(3) ug's yy for some X,y6G;.
(4)'axy,= X Or Y, Xy = y for some x,yeG,_
(5) “xBx'a 8 Ty 28 for some x,yec,
(6). B ,thth for some x,y,z,teG,

xY xY

A7) oy B xyBxy or B vy Byx yx- £ for some X,Y€G."

L vsProof It is .obvious that (1) => (k) for each k=2,...,7.
If (8,7X Or Y —x, then [B Y e]=% or[u By g}-e, which . implies .

j!?that IGI=1, by P. l, ‘hence (2) =>(1).. If a Yy’ then.’

oy Y [u By X e] [uysyaxsxy 1= [“yByYyBxYx] [y 2 Bx*x] yB

a iimplies that X=Y i hence (3) —> (2). If u'ysx or-y Y=y, then
"f[Bxy Xy

Yy

.,c”_[aysyyyyx] [y e Y ] [y Y e] 1mplies that x— *; hence

'"(5) => (2) If uxyBxy thth' then uz x y [uzt X y e]—ﬂ“lr
]= [z t e Y ] zt y Xy implies

vh‘P 1 hence (4) ==> (1) If B =B Y., then[u X e] [cyuxBxYx] L

>é[ zt xy nyxy] [“zf ththxy

s Y »xy xy
[x 02 e] [e % y) [a BxYx y] [“xy nyx y] 1mplies that

.-m._=> . 8

g] [ye] or [“xysxye] [xg}, which implies that IGI=1 by . ;“".

that y=v, ; hence (6) => (4). If o, s 8.0 then- “xy nyxy X

:[ e] [Y y e], which implies that lGl—l, by P 1 hence ,.ﬂ :;7fl'




the HEQEB tc* ')v(ggggg_xyzfuvw*{xyzuvw]);:12 EEQ’QEL!:EETf‘

: Proof If ueBeYe-xyz =xyz'u B Y for each xyzGG ; then L
[exyz] [xyze] for- each x,y,zeG. For x=e, thls implies eyz=yzen1'

ffi e. y=z=e, hence IG1=1._| Vi

2 Nonexistence of continuous (4 3)-grougs on R._f'

I We start with: the assumptlon that there is. a. continuous
‘n(4 3)-group-on'R, and denote it’by (R;[ ]). We denote by
3[ )1, [ ]2, [ ], ‘the’ components of [ ], i. e..t
' [xyzt] = [Xth] [xyzt], [xyzt] ,. _
1Since [ ] is continuous, it. follows that [ ]i, 1=1,2,3, are
also continuous. In the following several steps, the assumption

‘that (R;[ ]) 4is a continuous group will bring us to a contra-
',diction.

tep 1. Let ¢:R% '~ R be defined by ¢(xyz)-[xyze] -x.
Since [ ]1 and - are continuous, it follows that ¢ is also
continuous. )

_ _Fact 1. ¢~ '(0)#@, i.e. there exists xyz€R®, such that
. ¢(xyz)=0, where 0 is the zero in R.

Proof. Consider ¢(xee)=ax-x, ¢(ux3xyx) =0 0% and

¢ (a )=x-a__. If #(s B v )=0, then ¢~ '(0)#f. So suppose

xePxexe xe
that ¢(a_B8_y. )#0. Since IRl > 1, P.2. implies that ¢ (xee) #0

X X'X
and ¢(uxe xe xe)#0 It is not possible all of the a "X,
Ay e=0yr X %yo to have the same sign, since their sum is equal

to 0. So, two of them have different signs. This, together
with the facts that ¢ is continuous and R is connected, impli-
es that ¢ '(0)¥g. 1

tep 2. Let c,a,beR be such that Q(cab)-o, i.e. [cabe]u
=cuv for some u,veR. This implies that [abg]-uve, [abe] [uve]

'"'PROPOSITION 3. The element aBovg “is in the centre of " .
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.. 3 .
and abe=[uve), i.e. e va, Buv-b, Yyy~e: Now, let ¥:R3 - R
be defined by ¥(xy)=[xye],-x. Again, since [ ], and - are

continuous, it follows that ¢ is continuous.

Fact 2. v '(0)#9, i.e. there exists xyeR? such that
v(xy)=0. :

Proof. Consider ¥ (uv)=a ap~V and v(ab)=u-a. Since the
map n:R? - R defined by n(xy)= [xye] -x is continuous, IRI >1
and R is connected, P.2. implies that a_ <x for each x,y€Rr,
or L. >x for each x,yeR.'lf u=a, then ¥~ '(0)¥g. If u-a <0,
i.e. u <a=auv, then L >x for each x,yeR. So a,pu >a-u>0,.
i.e. Vv(uv) >0. This, together with y(ab) <0, implies that
w"(O)fﬂ If u-a>0, i.e. u>a=a ., then Oy <X for each x,yeR.
So a ap™4 <a=-u <0, i.e. ¢(uv) <0. This, together with.y(ab) >0,
Aimplies that v 0)#0. : : :

Step 3. Let p,géR be such that w(pq)=0, i. e.,[pqe]nprs
for. some r, sen. This implies: that [rsglaq r l.e.B

ra¥rs™
Ste 4. Symmetrically, there exist z,we€R. such that

szzw"e' (When we say symmetrically, we meant, change [xyze] -X

.in Step 1, by [exyz] -z and [xye] -x in Step 2, by [exy]a-y )

, Now, . Step 3, Step 4 and P. 2. imply that lRI-i, which is

a contradiction. a

3 The Lie groups and g algebras method

: Now we will give a. sketch of a- proof, via Lie groups ‘and
Lie algebras, that topological (4, 3)-groups on R do not. exist.
If (R;[ 1) isa topological (4, 3)-grOUp, then: (R3,¢) (where
xyz-uvw—[xyzuvw]) is a topological group. Using the ‘positive
_answer: to the Fifth Hilbert Problem” [8] ‘we obtain ‘that (R2,e)

eyeeR3 in ‘this Lie group3

~is ‘a:Lie group on. R?. The element o of

. -has” the following properties.‘(a Beye) =a B eve “eBeYe queYe e;
a By #e, and o B v, ‘is not in the centre of (R’ e), by P. 2

‘ and P. 3« We will prove, that in arbitrary Lie group on R?® the-

.‘re does not exist an: element x satisfying these properties.




RS [ Suppose that (R’ *) ‘isa Lie group, with the 1dentity
;}:element e, and, xERa'sueh that ‘x3=e, x#e and X is not‘in
 the centre of' (R’ *};fThe map. ¥R = R defined by
. '¢(y)=x*y*x ' is.an’ automorphism of R of order: 3, i e._. T
l?$°=idR, andhw#idR,. Since R*: is. simply-conneeted manifold, ,Ll

there exists ‘a- bijection between ‘the automotphisms of the

' ﬁpLie group and the automorphisms of ' its. corresponding ‘Lie:

_*”'algebra {s) So, v ‘corresponds to:an’ automorphism, ‘again’
f’; denoted by w, of the corresponding Lie algebra on R’/'such
'b‘that ¥ =1d ‘and, w#id i R e I LR

‘E;It is easy to check that if ¢ is an: autmorphism of a

':nlLie algebra on. R? of order 3, ‘then there is a. vector Xer3

"leuch that X;: w<x>=y and w (X)=z is a-basis for the: vector

‘space R3. Let the bracket on the Lie algebra be defined on:
"X, Y'by Ix, Y]=ax+b¥+cz, for some a,b,ceR. This. implies that™

o [¥,8)=cx+a¥+bz, [2,X)=bX+cY+ai. The Jacobi identity 1mp11es4f,f
.. that (b-a)(at+b+c)=0. So, the Lie algebras.on R® with: such .

©an automorphism, can - be classified into two: classes:

_Class 1, when a—b; and
Class 2, when a+b+c=0,

.. We will show that. for each Lie ‘algebra from these clas-
ses, which is a corresponding Lie algebra to a Lie group on
R?®, in the Lie group there does not exist an element x such
that x#e, x=e. This will complete the proof that topologi-
cal (4,3)-groups on R do not exist, via this method.

If a=b=c=0, then the corresponding Lie group, up to -
isomorphism, is (R?,+) where + is the usual addition of vec-
tors. So if x’=e, then x=e.

Now, let a®+b3+c3#0.

Case 1. Consider the Lie algebras from the class 1, i.e.
when a=b. If c#a and c#-2a, then each such Lie algebra is
simple. It is known (see [7) p. 429) that there are only two
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3-dimensional simple Lie groups up to a local isomorphism.
So there are only two non-isomorphic simple Lie algebras on
R®. The following two Lie algebras:

1) a=b=1, c=0; and
2) a=mb=(Q, c=1

on R are simple.' They are not isomorphic, because the first
one contains a 2-dimensional Lie‘nubnlgebra'(generated by X
and Y), and second does not, since in the second, the product-
bracket is the usual vector-product on R®. The second Lie
algebra (i.e. a=b=0, c=1) is semisimple compact Lie algebra
(see [7), p. 453). The Weyl's theorem ([7), p. 444), says

that a connected Lie group with a semisimple compact. Lie al-
gebra must be compact. So there does not exist a Lie group

on R"whose corresponding Lie dlgebra'ia”isomorphic to' the .
Lie algebra 2) i. e._a-b=0,‘c=1.

Next, we will give an example of a simple Lie group on
‘a manifold homeomorphic to- R’, whose corresponding Lie algeb-
ra is isomorphic to the Lie algebra 1) i.e. a-b=1, c=0. Let
, D={zeC: 1zl <1} where C s ‘the- set of complex numbers, ‘and -
» RS E I - the module. -The map z = (1+z)/(1+z) from D into the
eset (z ‘zeC, ZzF~=1, . Izl=L} is continuous. Hence, for each

o z€D, there is a. unique tE(-ﬂ ﬂ) BUCh ‘that exp(it)=(1+z)/(1+z),

g and we shall denote that number t by ( i)ln((1+z)/(1+z)) "De=""
‘,’fine a binary operation on:RxD. by.,w Lk -'

ek r(er)‘(X"'U*‘t,%) = :
rnWhGIG t. =-{ i)1ln: L+uv(exp(= ZIY)) Then (RxD, ) is a covering e
v_ i ) 1+uv(exp(21y)) S
h_group for . SL(2),‘and it is-a semisimple Lie group (see {8],
-fnp.-417) In this group, (xru)3=(0 0)- implies (x, u)=(0 0).

: Now we cons;der the Lie algebras from Class 1, which /
~‘._,‘are not.’ s:.mple. The Lie: algebra for: c=-2a, will be, conside---

. red later.as a Lie ‘algebra from ‘Class 2. So, we examine -the’

‘;ﬁﬁie algebra for_c=a, and hence a=b=c.‘The matrix g%oup




o gebra for a=b=c. In the matrix group G, if

Ao x gl
“lo 0z :x,y,zeR
9 0 0

where.[A B]=AB-BA,iand the map

e 1/a S .' i s
(x) = lo o 0 | ¢(v) 00 4.
e ,;_ao»._ 070 0}

;e is" an isomorphism between this Lie algebra and the Liefa

Cr x o y)e ool & A
0. 1.z =|o0o 1 Ov,uthen‘xeysz=0,ﬁ“Q4,“”
lo-o 1 o 0 Lpo

Case 2 Now consider the Lie algebras from Class 2 i e.;_V
a+b+c-0 .Let us suppose - ‘that the numbers x,y,z u,v weR,_
satisfy the conditions- x+y+z=u+v+w-0, X +y’+z’#0#u’+v +w? .
and (x,y,z)#t(u,v w) . Then the vector ‘product (x,y,z)x(u,v,w)=-'“
=(t,t,t) for t#0. It is easy to verify ‘that ‘the subspaee U,
. of the Lie algebra for a+b+c=0, generated by the 'vector.
xX+yY+zZ and uX+vY¥+wZ is an invariant aubalgebra. Moreover,
it is a commutative Lie algebra. Suppose ‘that Lie’ algebra for
atb+c=0, is a corresponding Lie algebra for a Lie ‘group on R>.
Then, this Lie group contains a commutative connected 2-di-
mensional Lie subgroup H, whose corresponding Lie algebra is
U (see [8)). Since R® 1is simply-connected, it follows that
R?/H is simply-connected Lie group (see [8), p. 255). Since
dim(R®/H)=1, it follows that R3/H is isomorphic to (R,+).
Let x€R? such that x®=e, and x is not in the centre of the
Lie group on R®. Then (xH)?=H and so xH=H, i.e. x@8H. Since H
is a commutative subgroup, it follows that y(z)=z for each
z€H, and hence v (W)=W for each WeU. Since X+Y+ZgU, and
¥ (X+Y+2)=Y+Z+X=X+Y+Z, it follows that y=id, hence x=e.
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TWO COHMU’I‘ATIVIT! THEDRBIB ]!'OR RINGB
‘Milan Janjié C

Abstract. In this paper we prove two comutativity ruults
~ for r.tnss with idontitety l. : :

. Throughout the prosont noﬂ:el R will ropronont a ring with
videntity. ‘R the set of nilpotont-olomnts of R. O(R) .the
; comutator ideal of R ‘and Z(R) the contor o.f. R. As usual web .
" shall denote [x,y]= n-yx.‘ , ‘ : SRR

: "J.‘he ‘first thoorom that we shall provo is a soneralisation N
"‘l'of our- recent reault El,'l‘heorem 1] . It also :anludes a
n"result by Ming La:l. Lin’ [6] , : ”', “ " L
""-VWe first«state the followxng lemma which is easily to prove.', o i

s

LEMMA 1. If R is ar ‘g with ident:.tx 1 and x,yen then

w11:h dgntitz l. Suppose ror x
fR:vthere exlsts an integer m=m(F)> 1 T

fj'_"j“v'..”"'rhis paper 13 in- final form and no version of 1t w:.ll.be

submitted Ior publ:.cat:.on “el sewhere“




"'""f'_ Asaume further for each x,y of F there ex1sts an 1nteger

""54(_'2) s[xn,yn] =-o, for some s=s(F) o.

o g YRU' ,-'
(x+.7)m x™ +y -y for everzi‘x‘,y or

n(x.y)> 1, relat:l.vely lee to m, such that

’Then R is commutative. it

"Proof. Note first. thai; {15, J.n (2), may be chosen that _ it

)

. depends 1 not of each palr of elements of F, but of the whole

v-subset FnJ,“Dp, :\.t is enough 1:0 take n-n(F)— n(x,y) , S

L X,J€F :
apply:.ng Lemma l. 1n [:5] .Let aeN be arbl‘brary. Cons:kdez!-

i the set" F {l,a} “In’ ’bhé same’ way as :Ln the prdof oi‘* 'Dhe-«

’ orem 1. [5] we conclud.e tha‘t"’ -“"'1 N T S R A * :

3 mta = o, ‘where’ m=m(F)>l and’ t>1 o
We shall now prove that C(R) is a nil-ideal. To setﬁle this

it is enough to show ‘that a pr:.me ring w:Lthou’t' nonzero n11- B

ideals which satisfies ‘the condition’sf Gur theorsi must
be cominiztatifre. Assume thus that R is a-'brime ring without
nonzero nil'-:i.'clea.ls‘." Let 4EN and 'x"eﬁ‘ﬁe arbitrary. Take '
the set F = {1,l+a,a,x . Let myn 'and 8 be as in theorem.
In view of (3) we have mtd=5; for some ihtegert»l. It is
well-known fact that the caracteristic of a prime ring is
either zero or a prime number p#o . If characR=o0 we have
a=o. If characR-pko and p *f%"—’tl% have a=0. Thus, in
both cases we get- amo, lthﬁt is, ‘a belongs to Z(R). Assume

now that characR=pgo and pl m. We want to prove that a

lies in Z(R). We use the induction by the nilpotency index

of a. If az-o then (2) implies (1+a)2 [(1+a)n,xn] =0, that
is, n [a.xn] = 0. Since (m,n)=1 and p , m we deduce that
p.4n which yields [a,x"] = o. Thus a belongs to the hyper-

g
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center of R and by a result of Herstein [l] a belongs to
Z(R). Let k be nilpotency index of a. Assume that each nil-
- potent element of R which nilpotency index is less then k
lies in Z(R). It follows that elomonts»aa.a5,... iio in
7(R) and in the same way es before from (1+a)°[(l+a)n,xf]-o
we deduce that a £Z(R). We have thus proved that all nil-
potent elements of R belong to Z(R). But there are no nil;
potent elements in the center of a prime ring, hence R

has no nilpotent elements, It follows that R has no zero-
divisors and thus our condition (2) becomes [xn.yé]v- 0.

By the result of Herstein[:2] we ‘et that R is commutative.
‘We have thus proved that C(R)c N. ) |
Using the same arguments as in-the proof of Theorem 1[:4]
we may prove that nilpotent elements of R lle in,Z(R). So
we éet iy ‘ _ L | |
: " .¢(R)e N=Z(R).

For arbitrary x,y of R'(2) and:(3) imply - o

s[x,yjs' x" [xn,yn = o, “(m, n)al, s»o.

,It follows by Lemma 1.(ii) that

. ) oS [x.yj -n* xs+n -1 n l[? Fj - 0.

Since (ms,n2)=l thls,lmplles\x y Ex,j]:= 0. Repeatlng the

I

same7by‘x+l insteed of x.and using Lemma:1l4(i) we get
N [x,y] os for:some N]}l. Repeat%gg the same by y+1
1nsteadfof Y.-end uslng Lemma 1. (1) agaln we flnally get
[x,y] =0, that ia, R is commutativew -,

Next corollary extends a result of[ 6]

COROLLARY 1. Let R be a ring with 1. Supppse for an z finite

subset F gg,R{there‘ex;§47relat1vel 1y prime. Lntegers = m(F)71

i




: of R conta:.ning three elements

o and r=r(F)} o such that

there ex:.st relat:.vely ;gr:.m

,k-k(F))'o

L integers m-m(F)b 1’ nen(F) 1 and two integers"

k[x,y’“J y = o_=[x,(xy) ] for all x y:.""‘gg;ljF.l‘-_{
vThen R is commutative. 5 oy R g T s
vProoi‘. It ae N and x&R take F {1+a,x,(1+a) . Byour |
h:l.pothesis there exist :Lntegers mam(F)} 1, n=n(F)>n1’{;
v(m,n)-l and integers ksk(F)) 0y ‘r=r(F)}) o such that : S

(1+a)k[a,x ]xr = o-[a, {(1+a)(1+a)"1J ] [a.x . =
S8ince l+a is invertible we have - IR

;[a,x“' x¥ =0 -[a,x ] .
Being (m,n)Qi from this we easily conclude that -
[a,x] xN-o, for some N1,

Repeating the same by x+1 instead of x and using Lemma 1. (:l)
we- get [a.x] = 0, that is, NSZ(R). Theorem 2[3] impllies
that the commutator ideal C(R) is a nil-ideal. We have thus
shown. that |

C(R)g NS Z(R).
For each integer np 1l the element x'y"-(xy)" belongs to C(R)
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that is, 1ies in Z(E). It follows that the condition '
[x.(r.y)n] = 0 implies the condition x“[ x,f] = 0. Thus

. for each x,y of R we have

xk[ x.ym] Y =o0s= xn[ x,yu] = o, (-,n)-1.
Using Lemma 1.(ii) this implies

o™ x,5]= 0 = 0y x,7] .
As in the proof of the above theorem we get that R is com-
mutative. '
The following corollary extends a result by Chen Te Yen [2].
COROLLARY 2. Let R be a ring with 1. Aleuue for sny subset F
of Rc containing three elements there exist relatively prime
positive integers m=m(F) and ne=n(¥) such that

(xy)"=x"y", (:\::1)""“1 melymel and [x (xy) ] =0, for all x,yeF.

Then R is’ commutative.

Proof. We. have seen that first two condition imply .
x[:x .yj y = o. and R is commutative by Theoren 2.-
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AUTOMORPHIC SETS OR LEFT DISTRIBUTIVE LEFT QUASIGROUPS

Aleksandar Lipkovski

Abstract. The groupoids which satisfy the left distributivity
and left auasigroup laws (that is, all left trenslations are
automorphisms) arise naturally in some geometrical situations
as noted by E.Brieskormn. In this paper some elementary pro-
perties of suoch groupoids are presented, with intention to
raise interest for this structure among algebraists, in order
to develop a general theory of these groupoids.

The theory of distributive quasigroups (groupoids with pro-
perties l.each equation ax=b and xa=b has a unique solution
and 2.a(bc)= (ab)(ac) and (ab)c=(ac)(be) for all a,b,c),

is a well developed algebraic theory (see [11). As.en example
on an affine space over a field of char+ 2 the operation ab=
arithmetic mean of a,b satisfies these properties.

However, accord:.ng to [2], the interesting structure from a
geometrical point of view is defined by the (one-sided) half
of these properties: left :distribut_ive 1eft'quasigroups in: ‘
standard terms or automorphic sets as in [21. Here the shorter
name is preferred. For the sake of completeness, some facts
from (21 are incorporated in the folowing. . -

DEFINITION. Grougo:ui (X,#) is an A-set 1f

Al. each equation as»x =1 has g unique solution

- (left guasigroup property), '

A2, a*(b*c) (a*b)*(a*c) for all a,b,c (left d1str1but1v1tx):.

This paper is :l.n flnal form and no version of it vnll be
su‘bm:.tted for publlcatlon elsewhere.’




' _;ff'_:A morphism of A—sets or: simply A-morph:tsm is a. homomorphism "
~ef groupo:.ds and we have a category /A of. A—sets as a :t;‘ull
‘."‘subcategory of. the category of" groupo:.ds, w:Lth usual notlons
o .of- isomorphism, A—subset -etc. The. set of all automorphlsms o
% an A-get X isy dengted‘,Au‘k‘(x). lyor ae x the’ mapplngs 1, .xwatx
Sl and r“.xn—a» xya are. left amd right. ‘cra:nslat:.ons respect:wely.
. - Denote L(X)= {1 |acx}, R(x) *{ra]a@x} De:f:.ne (.\.,;g‘:ga.‘.:che:‘,___;‘_f_;‘_-'..

S funct:.on x > l‘u(x)"‘rﬁ(X) .

'PROPOSITION 1. If (x, ) is an A—ﬁ_, gen (R&X),*) _q Q A-set
and the: mg atr r‘\ '__g g_:_g. A—:.somg;:nhiam x MX). AT
‘Proof.. Obvz.cmsly r =T, q a b (Al) ané’ T xr(‘ Mf (A2) ﬂ s

:’PROPOSITION 2. The g_z;_oupom (x,m) 1s an A-set 4::» L(}E)(' Aut(x')

: Proof. 0bv1ously Al (: V‘a,, l 1s~-aAb1‘jec'b1on -a:nd.f_Aa & Ny 1,
'is an A.—morph:\.sm. T e S

This has fustified the term "au'tomorpmc set". In general the
set L(X) is not closed umnder: oompos:.t.ion nqr under x if we
. define it as for. R(X)a

DEFINITION. g_; an As set X L_ 1(x) be the subgroup of Aut(x)
generazgg by L(X), -

PROPOSITION- 3. I(X) ig & ;m_ M;‘o_g of Av.t(X)
Proof. For f € Aut(X) we have 'f-1-f '= 1,08

v

Let us look at some examples of A-sets.

r

emple 1. Any set X becomes an A-get if we def:.ne a.tb b.
This is the tnvia.l A-structure on X, . = .

Example 2. 'rhe tnvial struoture admits modification. If we
try to defime asb=d(Db) to be independent from a, where d:X—X
is a function, then we get an A-set & o is a bijection. There—
fore for each permutation o'¢ S(X) we have an A-structure de-
noted by X . X, is trivial & o'=id. The group I(Xy) =(o) is
the cyclic subgroup of Aut(X,) generated by o .
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Example 3. If G is a group, define exb==aba™' (the action of

. inner automorphisms). Then (G,*) is an A-set denotidd by G*.
G*4is trivial ¢ G is commutative. All elements of G* are
idempotent, elements of the centre Z(G) are left units in G*.
The group I(G*) =L(G*)=1Inn(G) is the group of jinner’ automor-
phisms of G. Any group homomorphism h:G— H deﬁnel an A-mor-
phism h¥:G *-~ HY. It is easy to see tha.t in this way we have '
a functor ()q.,\ =l .

PROPOSITION 4. (a) X.. ™ G' for some grqup structure G on X &
&> the A-gtructure is trivial. -

(b) X;= X, ¢y ~-and « are conjugated in the group S(X).
Proof. (a) If £:G'-» X.. is an isomorphism, f£(x) -f(esx)=
=f(e)sf(x)=oc f(x) where e is the unit of G.

(b) For feS(X), £7=vf 2> £(axb) =20(b) =T£(b) =f(a)r£(b) <
<> f is'an A-isomorphiem X4 ¥ X, . U

Therefore, examples 2 and 3 define different classes of A-sets
and example 2 defines many A-structures on X, their number
. for finite X equals the number of conjugacy clesses in S(X).

There is a 'canor'xical A~-morphism X = I(X)*, av~ 1,, since we
haye 1 ., =11 1! = llfl(,(Pro'p.3).,Is the corresponden’ce Xl—=

22N

CI(X). functonal" The answer is only parfly positive’.

“PROPOSITION 5. _I_f_ £: X—7Y is an A-mmorphlsm, then the map
L(X) -+ L(Y), 1, lfm, Mgg £Q a group epimorphism -
f,:I(X)-—I(Y). This correspondence is functorial (1d* id,
-(fg)x=£*g)mmm_tA-mmm ' : :
: N I(X)-—-—-—-—‘-I(Y)
mmmm Iifaa_n “-isomorph hl_ﬂ 50 is f*o DAt ‘
Proof. If atb=x then f(a)*f(b) _f(x) Therefgre, f(1(\ (x))" :
._.1“«\\(f(X)) amd- we have B AR -1& =714(n )...1“‘,")(f(x)) _»-
_ ~f(x) for all x.‘Bu'b fis. ep:r and 1;:« ju.l
~is tr1v1al. Lo PRO

“,‘ ) 1d. The rest

i 'l




i g8,

_Renark 1 mus does ot Bold: for arp&tm A—morphism.s as th.e
. simple- example shows. Let e be an. idempotent of -Y-and . ‘f:xn—a’e.
Then f is an A-morphism;- but. :t‘*a comst. and: it may hot- admit
_extension ‘to I(X)t let X and Y be as in. Prop.12: 3. end. 2. res- -
- pemtively. Then I(X)% Z,, I(Y)'szz arid there is an 1ﬂ of
 order 3 which is sent to lim ‘of order 2. -

emargg 2. If two group. stmctures G, H define 1somorph10
A—structures on a set X, then Inn((}) & Inn(l-l). .

Exam ple 4 (from[23) If & is ‘an, abelian group and £ cac i'l:s .
automorph;l.sm, the formula axb= a-f(a)+f(b) defines an A-struc-.,"
" ture on @, denoted by G(f) O’bvicuslv, G(id) is. tnv:.al a.nd
G(f) ¥ 0, for some re = id and o= dd. '

p_1e 5 (from [21). Tet V be an Euclidian space with scalar _[
produot (- ~) and 8,:V—V the reflection of V with respect
to the hyperplane orthogonal to a( V\(O} Obvicusly, s (x)

%,8)
&,8

ture on Y\(O}. If R - V\0) is a f:m:xte subset with the pro-
perties s,(R) < R for all-a¢R and s.(b)-be/a for all a,beR
then R is an A-subset of V\{0} and it is in fact a root system
in V (see | 3]Ch.VI) and vice versa. The group I(R) is exactly .
the Weyl group W(R) of %he root: uyatem R, generated by the
reflections s,

x-?. é. and +the product a.tb s (b) def:o.nes an A-struc-

Rema.rk. From the point of view of 121, the main mportance or
A-gets comes from this example and from the Iolow.’mg. The
braid group B,, with n strings iak the group with presentation
Ba= {0y T [ UG =0 (Mrjin2) , 0T = T (tinl=1) )
The group B,, acts on the set of all free bases of the free
group F,, of rank n by the Tormula :
6-"(!1' "'Oxn) '-""(11, ""x\-d 'xixin I;"}xi}ii+z "'van)' _
However, it is not the group structure of ¥, which is respon-
sible for this action, but the A-structure P}: the relation
U’U'ﬂ‘- =6 0}0'; implies the left distributivity. Moreower, it
can be easily seen that for any A-set X, H, canonically ope-

rates on " by means of the same formula.
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Let X be an A-set. There is an important automorphism of X.

DEFINITION. For a¢X let i(a)=8 be the wnique slewent of
such that asi(a)=a. v

PROPOSITION 6 (see L2J). (a) axb=arb=arb ; R

(b) 1:X—X is & central sutomorphiem of X ﬂg ihe igverse
JiX— X, ar> axa;

(e) 1p=1x=144ae

Proof. (a) (a*b)x(a¥b)=ax(b+D)= ayb =5 @%b =asb,

ax(axb)= (asd)x(a¥b) =ax(arb) = asb<asb;

(b) ij(e) =8ia=asa=8a and ji(a)=Tka =asd =a;

(c) is a trivial consequence. For feAut(X), £i=3f and-fi =i£ a

We see that in an A-set we have (a.#b)*(nb)=(a1-a)*(ba‘b) uua :
the medial law (see [ 1]) holds for two-element subsets. An
element acX is idempotent if i(a)=a. In the case of- diatr:k-
butive groupo:.ds, the set of idempotenta Id(X) helps to de—::
compose X in a subdirect product. Here this is not poaslble .
since Id(X) is not a (Yoth-sided) 1aea1. ' i

PROPOSITION 7. (a) axb is idempotent &b _g idempotent; . .
" (b) 'Ia(X) is 2 left prime ideal in X; . et
(e) Y=X~Id(X) is emg‘hz or an A—subget wi th at least two - <
‘e_lﬁn_l_en_tg and 1|Y.Y —>Y its sutomorphism.

‘Proof. Tr:.vn.al, use the two-element medial law. gl 5‘.

In the example 3, the elements of the centre Z(G) a.re left
~units in G*, and its conmlement 1s an- A-subset. The same is
true in the general ‘case. B B

‘PROPOSI'].‘ION 8. Let U—U(X) ‘be the set’ of 11_1_ ;g;s_ units} _i;i_‘_’x; i
(a) a,beU = as*b G—U- . ‘ '
(b) axbeU ——?bc.—U- e ._;
(c) acU & aeU; - .
{d) The sets U a.nd X\UT are A-subse‘ts in X and restnctlons ’
- ily and i|y,, are automorphisms of U znd X~U- resgectlvelx.

| Proof. Note that e.e-U <4 l = id a.nd use Prop.G.

w

Remarkf Converse of (b) does not hold (see Prop 12. 4). .




As We gpe,,thp qubdireqt prqdnct seems not to be., the rlght
“ motim of decompoea.tlon for A—sets. The theory of root sys— S
" tems hal#s 1o find he right' oneé.. The ‘r00t: systems deccmpose
' »m direct sums of - orthogonal oomponents. ' : .g‘;’

e ‘D&E‘IM’.I.’IDN (see {2]).._1__1 A-wu X, a.&.b@ ‘arb=b and b#a—-a. _

X ig.p {fis=ioint sum’of its A-gubgebs X, and X, (nstatmn

CLE=RuX,) if X= xsz,xnx <f and X, L Xpe @ o oo
,x is ;rreduc:Lble if 11; is not" dis;o:mt sum of ___s_ A—-subsets. L

‘ -PROPOSITION 9 (see C2]2 1) g A-set X decomposes 1gue1[ R

__——_——_——.——-———

: rogf. Def:me the equlvalence rela:blon ~ on X as a m1n1ma1
trans:.tlve closure of the complement of the relatlon i. Then
it is: Basy - to0. ‘Bee that *the- eqmvalence classes of ~~ are exac-
_'tly 'the irred:ucible A-aubsets of X. o A

- PROPOSITlON 10._(2) ;& x~x,,_L gome ¢ 5(X). Ihen X is

T rredg_g:.bl 8= lJ".j: id.
(b) Let X=G™ for some E_r__p_ 6. T gen Xi _g reducible and

X= u{a{an(G)}u (G~ Z(G))

Proof. (a) O'bviously, aJ.bq:y “ha ‘5_id. Therefore, X=X,u X
implies oy, u,* = id. O

(b) We rieed only to show that. Z(G).LG\Z(G) ‘This is vtriviavl
since alb & a and b commute in the group G. [

Remark. In the general case, U(X) e.nd X\U(X) need not be
orthogenal (see Prop 12.4).

It is known that the Weyl group of the direct sum of two root
systems is the product of the corresponding groups. Does the
enalogue hold for A-sets? The answer is positive.

FROPOSITION 1l. If X=X,u X,, then I(X)2I(X,)x I(X,).
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Proof. Since X,L X;, for all x;¢ X;(i=1,2) we have 1,-1, =
=1,;1x, . It is easy to see that the correspondence i
(Ly, y1x, ) =1, +1x, defines an isomorphism.

Remark. Converse does not hold: if o =(12)(345) is a permu-
tation of order 6 then for X ={1,2,3,4,5 ) we have I(X,)= £, =
E;E,'le.1 but X, is irreducible according to Prop.l0.

At the end, we may look at the small finite A-+sets. For the

set X -=-{'1,2_‘/ there are exactly two nonisomorphic A—structuras‘: )
the triviel X; =Z"={1}u/2} with I(X) trivial and Aut(X)> Z,
and the irreducible X, T =(12)¢ 3,» corresponding also to tke
root system A, ¢—--— , with I(X)=Aut(X)= 2 . Their mul-
'tiplication tables are L

*l 12 ¥1 2
111 2 and el .
12 2121 .
PROPOSITION 12. Let X = {l 2, 3} be the three-element ge_t There
are exactly 6 nonisomorphic A-gtructures on X: '
}. the frivial X;4=g2.*={1}u{2ju{3}, 1(X) trivial, Aut(X) #8
S 24 Xy, _(23)633, 1rreduc:.gle, I(X)= Aut(x)— £
30 Xy ©=(1.2,3) ¢ S,y irreducible, (X) Aut(x):—‘-qtl‘; :

4. Irreducible with I(X) =Aut(X)= £, S -

5. Reducible X ={1}u) {2,3} with I(X)= Aut(x)aﬁ',;

6. X= Z(f) with £: /. ~#£,, £(x)=2x, irreducible, I(X)=Aut(X)= g,
Iheir multiplication tables are as following:

!

l..123 2. 132 3.2.31 4. 12 3 5. 1.2 3 6. 132
123 - 'l 32 .. 231 123 132 321
oL 23 3 2 231 o213 132 213

s e

Proof- conslsts of stralphtforward enwneratlon w1th the help
of heuristlcs such as Prop 6(c) and s:Lm:.l'tr. O

‘We see. that as one should expec't, already in this case we

have :ereduclble A-sets ‘which do not belong to any of the types
mentloned. ‘ ' : :




Wi

, finallj; i:wiéh“to'thank'm Polonijb for'poinfing out the book"v.”f
S [1): %0, me. I hope that this elementary nqtes may help: to sti- ;“# :f

'mulate the‘development of the structure theory of A—sets or’
left distrubutive left quagjgroups in the purely algebraic
context. TS AT : .
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PROCEEDINGS OF THE CONFERECE

"ALGEBRA AND LOGIC", SARAIEVO 1987

ON BIPLANES OF ORZER 14
Alija Mandak

Abstract: The number 14 is the smallest one that can be
the order of a biplane, but still it is not known whether such a
biplane exists. Here we show that such a biplane does not admit a
colineation of order 13.

A biplane with parameters (v, k, ) is a set P of w points
and a familva of v subsets of P (every such subset i3 called a line
or a block) which satisfy the foilow:ing conditions: i) every line con-
tains exactly k points; ii) any two distinct points are joined by exactly
2 lines. The order of a biplane is n=k-2. A biplane of order n=16-2=14%
has paraneters (121, 16, 2) vhich satisfy the number-theoretic conditions
of the Druck, Cnowla, Ryser theorem (see [3] , p.100). ‘
A coh.neat:.m of a biplane D is a one~to-cme correspon-
dence tald.ng P to P and B to B and preserving the incidence, that is,
Tel if and only if Pgelq . The set of all colineatians of a given
biplane D forms a group 'whidx is called the full colineation group
of D and denoted by G(D). A ooJ.i.neatiop ¢ of order 13 of a biplane D
of order 14 satisfies the condition of the fundamental theorem |
Aschbacher (see [2 ], p. 274). In this papez; We prove the following

result, :
" THEOREM. A biplane D of order 1Y4.does not admit a colineatiom

@ of order 13. . S -~

Thig paoar 13 in- final form and no version of it mll be suomtted .
for pub lication alsewnem .
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o Le'l:Dbeab:.plmofozderluwludxadmtsacoh-"[:
",'nanmt;ofomeria.rmgmmmsetpofizipmtsmm--*'
B of 121 lines. Since 121 = 9'13+u1.tfollomtiut?hasexactly

‘four fixed points (four point-orbits of the length 1) and exact:ly ni-
ne point-orbits of the length 13. We may put

9 (=1)(m) (=) (=) (Ladtues 112)(2021nr 212)vee(F0910ee812)
whare ' ooy ,op oy 0y 15, 13,000 112gecey J0391peee J12are all 121
points of D. The orbit structure of lines is the same. We use permu-
tation (1234 56 7 8 9) of orbit numbers and(hithout a loss of -
gsne:_m]ity) for the four lines fixed bysawe can put

By =y oy oy 1517 12 13 L4 15 16 17 1a:19 110 111 1)2
£y =@y @y my 29°2; 22 2y 24 25 .26 27 28 29 210 211 Zu-' _
£y = oy oy o 39 3; 32 35 3% 35 3¢ 37 38 39 _310 311 312

11}

Bz or = o o b e By iy sl Uy My Hio bin bia

There are exactly 9 line-orbits of the length 13 which

are represented by lines 1, , L, «vs 3 lg. In construction of these
lines we omit the indexes 0, 1, 2, +s.,12,and write anly orbit nunbers.
1, 2,.3, ... 9. Let 1, , 1, , l. » L1y contain =y ,®3)%3>% 5 mspectl"eli’
so that we can taka: : »

1; = eoymqym 2m sMysin sy e 7Ny eM g

la = *yme)m2ems sMeeme siMe ¢e 7/Me slle s

1y = ®smya1ms2ms sMesMysMseiiz7MseMas

Ly = OyImu 1My 2T 30Tk & Dis STy My 7100 810 9

where m s is the multiplicity with which the line L contains the orbit
nmberj.Smcel,J.-i,z 3, u omtainal&po:lm:s:.tfollom

i = u . 1
1 +J£‘ "5.] i=1, 2, 3, ( )

Since |1.n1. ?]] 2, i= 1, 2,3, 4 k= ... 12 we have

le mu(m -1) = (@-1)(X-1) = )

Therefore the fact that |1, /) 1P| = 1, 1 # 8, 1, 521,2,3,4
implies
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9
es M . ~-1) = 13 &)
Iomyny QA1)

only for line 1y we may assume that
MmiLMa<MyKeee LMy W)
Since ]linfj} =2,1,3 =1, 2, 3, 4 we have

My 15M12 =My 332 ) SMe 2 =Mas =My 3 =The 3 3Mys =T 25T 3T =1, M =M 3=My 2 =Ty 1 =2

The conditions (1),(2),(3),(4) give the following unique salution for
lines 1, ,l» ’l! ;lb :

1, = 111222222
, 2w 112122222
1y 2wy 121122222
L=2211122222

For the next representative line ls we may put

13 =222 2 mys mss My7 Msy Mse
where we have
242+2424mss +msg tmgy tmss +m .z 16

since J1.N 1, 9}‘1 =2, [N 159"! =2 i=1,2,3,4,
we have '
241 +2.142. 1+2 2+2vn‘|55 +2:msg +2:ms7 +2'Msy +2°mse = PA= 26
~2(2-1) +2(2-1) +2(2-1) +2(2-1) + ms s (mss-1) tms (ms=1)ms7 (ms7=1) +
+msa(mes-1) + m,(m.-i) ®-DA=2 -

T'ne above canditions give the follow:mg unique soluticn for lins 15

15=2222l}2200

Here we used the permutation (1)(2)(3)(4)(5 6 7 8 9) of ordit
nunbnrs which fixes all previously constructed lines.
Similariy for the next representatlve line :|_S we obtain

16 =222 2 mgs Mg¢ Mg7 Mgs Mss
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where we have

{ mes, mes, me7, Meny meol={t, 2, 2, 0, 0} (5)
The fact that [1¢ /] 155:]‘] =2, k= 0y 1, ... 12 inplies
1202 +:202 + 202 + 242 4 bemgg+ 2-Mge+ 2-Mg7+ O'Mge+ Ormge= 26

vhich is in a contradiction with (5). The theorem is proved.
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POST AND HOSSZU-GLUSKIN THEOREM FOR
VECTOR VALUED GROUPS

S.Markovski, B.Janeva

The notion of an (m+k,m)-group was first introduced in
[1], as a generalization of the notion of an n-group. Here
we generalize the Post theorem for embedding of an n-qroup
into a group ([5])) and the Hosszu-Gluskin theorem for repre-
sentation cr an n-group by a group ([4], [5]). Namely, in
Theorem P we show that every (m+k,m)-group (Q;[ )) is embed-
dible into a group (G;-) such that Qg T and [ar:“'k] =bT <==>
a,ca,c.eerapy = b,-b,-...-bm for all al,bveo. Using this

result in Theorem IIG we show *hat every (m+k,m)-group ;[ N

can be represented by a group (Q™;%). As a corrolary of tne-
se results (for m=1) we have that Hosszu-Gluskin theorem is

a consequence of Post coset theorem. It is notified (in [3)

that Post had proven the Hosszu-Gluskin theorem in [6], bhut

his proof is, in a way, given in [6] ambiguously.

First we will give some preliminary notations and defi-
nitions. If A is a nonempty set, the elements of the n-th
Cartesian cower AP of A will be denoted by (a1,...,an), or
shortly by a); for n=0 we define a°=(0}. also, ai
,'..,aé) if s2r, and the empty symbol if

is a nota-

tion for (a.,a_ .,
r>s. In the case when A is a subset of a semigroup S=(S;*),
then for n =1, we put An=(a1-...-an,|avEA). This product

will be, as usual, written without the operation symbol.

_Thus, if'*? #2gS, oy .

Al (a?=(a1,...,ah) iaieA}, nz0
= 2
A, {a,...a, |aiGA}, n21l.

n_ n n
=a_=...=a_ = a€A, then a=a, and a =a,...a,.

If a n

1
The free semigroup with a basis A, where A is a nonempty.

set, is denoted by A+, and in this case

ThiS'paper is in final form and no version of it will

be. submited for publication elsewhere.



at = U A%, af-ai+3 =:af+]

n=1 i+4

for each a €A, 1,j21. 1f aeA’, then we define a length of

a, lal, bY_
' lal' = n iff aeA”.

wWe denote by [ the set {(1,2,...} of positive integers, and
by Nr the. set {1,2,...,r}, for each refN.

» Lere we will also give the formulations of the Post and
Hosszu-Gluskin theorems and a definition of an (m+k ,m) -group..
Namely, Post theorem states that each n-group (3;[ ]) can be
embedded into a group (G;+) such that Q&G and for each aieQ

[a?] = a1'azt""an'
The Hosszu-Gluskin theofém gives a representation of an
n-group (Q;[ ]) by a group (Q;:) with an automorphism 6 on

(Q;-) and a fixed element c€Q such that for each é,aieo
n-1 '
(

ac.

e(c)=c,.0n'1(a)=cac-1, [a])=a 0(a,)...0 n

Let m,k be positive integers, [‘]:Qm+k-Qm a mapping.
We say that the pair Q=(Q;[ ]) is an (m+k,m)-group (or a vec-

m+kq_m+2k Croirp_itm+ky _m+2k .
[[a1 ]am+k+1 = [31[ai+1 ']ai+m+k+1]’ 16Ny

and the eguations
(xa¥] = bT = [a¥y]
have solutions x,yeQ™, for each afeok, bTeQm.

1. Let G=(G;*) be a group with the unity e, and m,k be
positive integers. We say that the subset QCSG is an (mt+k,m)-
(I) The mapping aT - a ...ag is a Bijection from Q"
into Qm{
Note that if (I) holds then the mappings a® ~— a ...a_
are bijections from Qr into Qr’ for each reNm. In this case
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we will identify af and a,...a,, i.e. we will assume Qr-Qr,
for each ref .

(II) (VagQ,)aQ, = Q.
where aQ = {aa, ...a; IaLGQ).

To each (m+k,m)-subgroup Q of a group G we associate
a mapping [ ) :Q"*K - g™ defined by:
[.T""‘] = p™ <> a,...a

= byeeeb (1.1)

m+
for each a,b,€Q. [] is a well defined (m+k,m)-operation
on Q, as (I) and (II) hold for Q. The pair (Q;[]) is said
to be an (m+k,m)-groupoid. We will show that (Q;{[]) is an
(m+k,m) -group, but first we will give some properties of

m

(m+k,m) -=subgroups of a grodp G.

o

.]._.l- (a) Qm+k = Qm'

(b) Qin = Qi+j’ for each i,j 21.
(¢) i+j = m+k+r, r 20 ==> Qin =°rn+r' for each
i,j21. 0 ' '

. .
1.29 (a) sk2m ==> (e€Q_ & (Va€Q)a€Qg ).
(b) sk >m, a€Q ==> a~ €Q -

(c) H = U Q is a subgroup of the group G.
i24

(@), w= g™V, U Uy

Proof. (a) By 1.1° (c) and (II), for each a€Q.there
exist x,,...,xmeb such that ‘

sk m
a x1...xm= a,

~

where s 21. If sk 2m we have

aSk My, Lx = e (1.2)

Thus eerk and

. _sk-m+a
a = a X1...Xmerk+1'
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(b) If sk >m we obtain from (1.2)

-1 sk-m=1

a = a b 'xmerk_-1
(c) is a consequence of (a) and (b).

- (@) is a consequence of 1.1° (c), (a) and the fact that
there exist an s such that m<sk <m+k. O ’

1,32 (a) 121, j2m, a€Q; ==> aQy. = Q4a = Q4

(b) (vaeok) aQ = Qo = Q2.

Proof. (a) It ié obvious that aQ.C Qi+j’ Qja§0i+j for
aGQi Let a=a ...a;, a, GQ, and b,... 1+]eQi+j b €Q. The equ-
ation xa,...a; = b "‘bi+3 has a solution X€G, and x€H, sin-
ce H 1s a subgroup of G. Let sk >m. Then x=b,. bi+j ]._1...a1 e
eQi+j+i(sk-1) Qj+isk Qj' Thus Qi+3CQ .a, and by symmetry
Qi+3c:a0 . 0

1.4% 1£ Q is an (m+k,m)-subgroup of a group G then the
induced (m+k,m)-groupoid (Q;[ ]) (defined by (1.1)) is an
(m+k,m) -group.

Proof. Let a,€Q and let ram+k)=bm []:a;:x:‘+k]=cr?, i.e. .

a,..edp = =b ...bm Ay pqr A iemek Cy...Cp in G. Then we have
m+ky _m+2k m_m+2k m _
[[l[a1 }am+k+1] = I]:):’1 m+k+1] = d) &= d1"‘dm -

= =
L I I e TRy PR A @mtk+e T T 3mtak

= m _

= a,...ai e Cnmtk+ir " "3meak <==> d = .
m+K+i m+zk

= [ [+, Jaqikeie)

for each ielN,
The solubility of the equations
k m k
[[xail = b| = [a'1y]
for a ,b,€Q is a consequence of 1.3° (b). O

o . -
. If Q=(a} is a one element subset of a Jroup G,

.5
Q is an (m+k,m)-subaroup of G iff the order of a devi-
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Proof. For each m21, a"""k

a devides k. O.

=a™ iff ak=1 iff the order of

1.62 (a) If 1Ql 22 and Q is an (m+k,m)- groug of the
group G, then lQm c Qm’ for each a€qQ.

(b) If 1Ql 22 and Q is an (m'+k',m')-, and (m"+k" ,m") -
subgroup of a group G, then m’ =-m"”

Proof. (a) Let a,b€Q, afb. It is clear that aQ _. < Q.
Suppose aQ _ =Q . Then, there exist a,€Q, such that

aa ...an 1-b R which, by (I), implies a=b,

(b) Let m’ <m", i.e.. m’ <m"-1. Then m'+t=m =1, for
some t 20, and for each aGQ

= aon‘l.pt . '+t+1 = le|
which contradicts the result in (a). O

1,19 1f Qis an’(m+k,m)- bubgroug of a group G and
m < sk <m+k, sk=m+p, then Q m+p -is an invariant subgroup of .

- the subgroup H of G.

Proof.. By 1» 1° (c). Qm+ Qm+p m+p+sk = Q. mp! and by
1.2° (a), eeQm_ . Let a GQ and tk >m. Then by 1. 2° (b) we
“have ax thk 1 and thus : : ‘_ ‘
PR : — , .
(a . as_k) -, = ask...a1 erk(tk 1) T Qg

Q. = Qm +p is an: :I.nvariant subgroup of H by 1. 3°. (a) D_

A 1 8° Let k be the least posit:.ve integer such that Q
is an (m*k,m)-subgr. oup - of G. 'I‘hen

: (a) Q 1s an (m+k',m)-subgroug of G i,ff klk' =
(b) m51<3 <m+k =>. Qinqj--a i

(c) H/Qm+é = Zk' where Zk is the: cyclic groug of order k. :

S Proof (a) If klk' then Q" is obviously an. (m+k';m)-sub-'_'
group of G. Let Q be. an (m+k’,m) -subgroup of G,' where
'fk'-rk-t-t, »0 <t <k Then for each ath Ry '




AR 4 Q = Q Qm+t+rk Qm+ki = Qm e S
:“{i e. Q is an (m+t,m)-subgroup of G, contradicting the choice i ”:

R

T (b) Since'Qm+ is ‘an invariant subgroup‘of H byil 3°fg-:”
o n'we have B e B S RN

X _.}"'V‘M.‘H_/Qm,,‘,é_v {me,p )
‘ _'which implies that the aeuso ) m+1""' m+k- are.either
"+ equal or pairwise disgoint Let Qm+t : 5

Then for some aeQ

| xen} - (omﬂif} 051 <k};.,

: . aQ tt-r 'Qm-l-' =Q ‘=aQ T -
'iwhich implies Qm+t ar. Q . Thus Q is an (m+t—r,m)-subgroup'
. of G, contradictinq the choice of koo

(c) By 1. 2° (d) and (b) we obtain ‘that" the mapping K

¢t a,.. am+1 h* i -p is. an epimorphism from H into Zk,‘with‘
kevrfggm pr O . TR -
' We say that a group G is'a: covering group of its -

(m+k,m)-aubgroup Q if G is generated: by Q, i.e.;

- (II1) 6 = QmU Qm+1U "'UQm+k-1
If, moreover, G satisfies the following condition

(IV) mS4i <j <m+k ==> Qinoj =4
then we say that G is a uniyversal covering group of its
(m+k, m)-subqroup Q. The univereal covering group of Q will
be denoted by Qv.

1.92 Let 0 be an (m+k,m)-subgroup of G=Q", Q' ap

(m+k,m) -subgroup of a group (G*j+) and i:'Q - Q' a map,
such that for all} ai,bjeo

ageccdpig = b oocby <=m> A(ag)r..ad(ap ) =
= Ab)*...xx (b ).

Then there x;sgs aunigue hogomorghism €: G = G' which is

an extension of A. O
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As a corollary of 1.8° we have

1.10° If k is the least positive integer such that Q is
an (m+k,m)-subgroup of the group G, and G is a covering
group for Q, then G is a universal covering group for Q. O

Let us note that by 1.3° the following is also true:

_ 1.11%9 If G is a universal covering group of its
(m+k,m) ~subgroup Q, then for each ae€Q

6 = Q"Uag™...Ua"" g
=_QmUQmaU...UQmak". O

2. Let g=(Q;[ ]) be a given (m+k,m)-group. We will
construct a group G=(G;+) such that QG is an (m+k,m)-
subgroup of G, and G is its universal covering group..The

-(m+k,m)-operation [ ] induced by the (m+k ,m) ~subgroup Q, de-
fined by (1. 1), will coincides’ with the operation [ ) of the
‘-given (m+k,m)—group Q.v“ :
e Further on. by gf(Q [ }) a given (m+k m)-group will be
"}denoted By . ([2], pg..27). Q. satisfies the general: associati- 2
L ve ‘law, and ‘the - "product" [am+5k] is defined for" all 8’2 1.
‘ﬁbAlso, g is cancellative, 1 ey L e » _
T =Y 1¥Tak = T el
Qj;;for each iGNk+1, and ax,xv,yueo (see [2], pg. 54). By (2 1),
| for each x,yEQi, ab, cdeo tak=i 1 21,00

o] = farb) = Lona] = foyal, <zz>

'fjf(see [2], pg 37). : e o e o
Let Q—(Q 2y ]) be a. given (m+k,m)-group. Define a rela-_

(Vu,veQ )(u ~ <==> (aweo )[uw] {vw]) (2 3)

,»i:where [uw] and [VW] denote that uweom+5k vweom+tk for some  5‘
t 20. and\we put [a ) = 31 for a eQ.j_ : L i N




u - v ==> lul lvlﬂ(modk).“"ffvf7 
"The relation jfi g'coﬁéruehce;gglﬁ*;f:

"Q /- is. a groug.
_v ’£a beQ, a~ b ==.> a=b . (1 e. we can concider
:':j[Q ‘as’a- subeet of Q. / ) - :

Proof.}ca) < v > (aueq >[qu [W]{~"v=>:"‘"“_""_"iv'_s‘ fth
(modk) = Jat IVI (mod x) L e e
Cw Note that by 2.2 and: (2. 3. it follows that
uov v = [tuw] = [tvw] 'i‘*ffﬁf;f (2 4)23

‘for all t,weQt 'such that ltuwl ltvwl ='m (modk) . Now: by )
(2. 4) we obtain that - is a; congruence on Q Wi il

(c). We will show that the equations ux ~v and zu ~v
have solutions on x and z for every u ~veat. If Ivl <m then'
for some. w,teo we have lwvl = m and fwut |’ =‘sk, s21. Now;
since in the (m+k,m)-group Q the equation [wuty] = wv has'a
solution yeom ‘we obtain that x=ty is a solution of ux ~ v.
In the other case, when 'Ivl 2m, we have v=v’v" where
v/l ='m, and the equation [uty] = v’ has a solution y€Q
for some t@QT. Now x=tyv"‘is a solution of ux -~ v. Similarly.
we solve the equation zu - v, :

o _

(d) Let a,b€Q, a - b. Then by (2.4) [a)=[b"a'], i.e.
2=b"3" in Q™, which implies a=b. O

2.2 o*/- = o".

Proof. We will show that the conditions (I)-(IV) are
fulfiled for Q+/-. It is clear that (I) holds for Q+/-, as
if-aT - b7 in Q*/- it follows that [aTw] = [b%w]), which (by
cancellativity of the (m+k,m)-operation [ ]) implies aT=bT.

Let a=a ...aker and b=b_...b GQ (a ,b €Q) . Now, as
fa bm] = c eo ,ab - c ...c, and thus abeQ » l.e. a0, SQ .
It +=c,...c €Q 1is given, then for each aer the equation
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[ax])=c has a solution xeq . i.e. ¢ ~ ax. Thus ceaQ , 1.e.
ch:an, i.e. (II) is satisfied As Q generatee Q /- we have
(III), and (IV) follows by 2.1° (a). O

Theorem P} Let (Q;[ ]) be an (m+k,m)-group. Then there
exists a group (G;+) such that Q€ G and for each ’1'bje°

k+m m
[a77") = b <=> a,.c.apy = b,..obye
Proof. Take G = Q7/-. O

We note that for each (m+k,m)-group (Q;[ }), as a con-
sequence of the results above, the (m+k,m)-operation [ ]
(defined by (1.1)) and [ ] coincides, i.e. for each a,é€Q,

™% = [@T9). | - (2.5

3. We have seen in 2 that the (m+k,m)-group (Q: [
coincides with_the_]m+k,m)—group“(Q;[‘])-induced,by the
" (m+k,m)-subgroup Q of'QY=Q+/-. From now on we will denote
tby a a fixed element from Q and Qv will.be given in the form

Q" = g"Ug"aU Q" ’U...U ‘“k‘vv (3.1

_The product in Q is defined by

m_i m 163

,f xa“y, eJ =z,

where ®.is the 0peration in the cyclia group Zk, and z is a
solution of the equation S - : '
ST O Ve S k+ (i85) 1My k:7
Lo [x 1 y,a j J )= [ }- ‘) .
__The inverse of the element er will be denoted by x } and :
Qm+ =Q aP 1s the 1nvariant subgroup of: Q , where m+p 0 (modk),

0. sp<k.‘ _

‘.‘;‘-v R EREPE S ol .
; . o T s

3 1° (a) Defin;;g an’ operati;g * on Qm

| x*yq_._ mgym]'.u_ (3 2)
for each X ,y eQ 79 oup (Q -*) is’ obtained,: w1th a unit x

2P and | the inverse b™" of beQ" defined by b *=a’ Pb ‘a’P

: 1):This-property ieigiveh%in‘TZI.

v



(b) The. EQ.EE_E& e.x -a pxap is _B automorghism of
% (Q .*) -guch that ARSI, : R i “_\_ S
PR e 9 &x) = a ?annp | ‘ﬂ ;t”rig;ﬁ: a? ¥ (3;3?:v._3

. for' each xGQm, n.zl} ff }gfn;ﬁjsfl_ﬁ

Proof (a) By (2. 5) we have

[EEANES

| i xm*y1'é x{...xma y1...ym ;_%"f_.‘.;: ;fﬁQ
vwhich implies the asaociativity of . It is.easy: to check;!T
that a” P /is; the. unity, and a pb ...b a p ‘is the 'inverse of
b"‘eo o ' __ ‘ SR S
' . Note that if beQ, ‘then bSQ aP*". Now, if k—tm+r, Osr<m,
then for each x€Q* there exists yeo suchlthat x=yap . Defi-
“‘ne . a maPPing ¢:.Q% - Q" by . _ : ' ., ','l.
. 4 (%) - yar‘tp E L »vilv;v ) (3.4)
(If r=0, then Q°-{0}, and ¢(0)=a “tp-p )

3.22 ¢ is an injection £xrom oF into Q 'D

' Let zeQF ’ erQ and x-x°x1...xtzeQ . Using 0 and ¢
defined as above we obtain

Xy %0 (x, ) %03 (x, )*...*e (x yrett (¢(z)) =
= x, aPaPx apap sz a?PaP |
...aPa tpx atpapa (t+1)po(z)a(t+ P .

= X,X,...X 28 -(p+r) jr-tp, (t+1)p

= x,...xtz

= [x].

Thus we have proven the following

Theorem HG. Let (Q;[ ])) be an (m+k,m)-group, where
k=tm+r, 0 <r <m.Then there exists a group (Q";#), an auto-
morphism 6eAut (Q™;+) and an injection ¢: Qf - Q" such that
for each x,€Q™, zeQ" the equality
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[Xg .. %,2z) = x v0(x,)%0%(x, yu.. 00t (xt)ae '(4(3))  (3.5)
holds. Furthermore, if r=0, then
8(4(0)) = ¢(0), " (3.6)
8%(x) = ¢(0)axnq(0)™" ’ (3.7)
for each xeQ™. O

In the case m=1, k=n-1, the notion of (n,l)-group coin-
cides with the notion of n-group. Thus the theorem of Hosszu-
Gluskin for representation of an n-group by a group is a spe-
cial case of Theorem HG. In the case of n-groups the con-urce
is also valid, i.e. if (Gj;*) is a group, © an automorpht<m
of (G;- ) and ¢ (0)€G, such that (3.6) and (3.7) are valid then
by (3.5) an n-ary operation [ ] on G is defined such that
(6;[ )) is an n-group.

In the vector valued version of Hosszu-Gluskin theorem
the converse is not generally valid, because even when r=0,
the’ (m+k,m)-operation [ ] defined by (3.5) need not be asso-
fciative (although it satisfies the condition for solubility
‘of equations when t2 1),

Note ‘that Theorem HG is a consequence of Theorem P.
_{Thus in the n-ary case (when m=1) we obtain that the Post
" coset theorem impliesthe Hosszu-Gluskin Theorem.»

R E. F E R E N C E §-

 :2[1] G. éupona. Vector valued semlgroups, Semlgroup Forum,
Vol 26 (1983), 65~-74. :

v‘[2] G. éupona, N. Celakoski ‘S. Markovski D.Dimovski: Vector
’ valued groupoids, semigroups and groups, to ‘appear

,[3] K Glazek Bibliography of n-groups (polyadic groups)
‘ and some group-like-n-ary zstems, Proc Symp. n-ARY
smuc'rumas, 1982, Skopje, 253 289.._
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INFLATION OF ALGEBRAS
Svetozar Milié

Abstract. Weintroduce the concept of an n-inflation of 'a univer-
sal algebra satisfying a set of identities X . This paper is a
generalization of n-inflation of semigroups presented in [1].

0. Introduction and preliminaries

Let A be a nonempty set and F={w1|i<o¢ ,of an ordinal number} a
nonempty set of m, -ary operations on A. Then (A,F) is calleda univer-
sal algebra. Algebra (A,F) is an al.gebra satisfying a set of identities
S if A tyit, for all t,=t, €= (where t, t, are terms of the type F)

Subalgebra T of‘ algebra A is ideal of A if for each XqneoosXy_q9X4 9
ceenXp & A, a€éT, wé&F, wis an m-ary operation on A we have
wix EREETE IERTLY Xy pqreer Xy ) €T for each i=1,...,m.

Exemple: For the algebra (N, ,+,+) and all. k€N the ideals are ’1‘ {xeleak!’
Some - abbreviations: .-The sequence XqreeorXp will be denoted by xT
,Identity b1[_w1,...,w6] -t2[w1,...,w'] where wy (k=1,...,8) are.all the" _
.operations contained in t, and t,, will be denoted by t [w] zty(w] . The
"arity of:an operation w will be- denot‘.ed by \wl.. o
., _;'rhe_following ‘propositio_n_ is a generalization of‘ the wellknown semi-'
‘grou‘p‘-theoretical notion"of Rees congruence to universal alg.ebras. SRR

PROPOSITION 0.1. 2 . Let T be an ideal of- algebra (A, F) and 9
f‘ollowlng_ binary relation on‘A: s

xey . iff_x ny,ye-T
Then 9 :is. a comz;ruence on A. e :

If’ 9 is :a"congruence: on & wlth at: ‘most one non-s:.m;leton class T
nd’ T }_g_ A subalgebra of ‘A then T 13 an’ 1deal and - 9 ?

_ We denote the quotient algebr‘a _ A/by A/ »‘andv' w_e,_‘r,Call; it Reés
Quot:.ent algebra. I T R T R i T

This. paper- is in f‘inal f‘orm and no version of‘ it will be submltted ._ BRI
for pubhcation elsewhere._ R . Lt e R L o ST E




i 'f'.exiab ‘a. homomorphism € of A onto T and

S Let ‘l‘ and K: be two disjoint algebras ot‘ type F and suppose that K
~"'-,has a, zero ‘element 1. e. w(x ,0 xi”) Q}‘or each w E‘. and i= 1,...,m :
- (x1,...,x (— K, 0 € K). An algebra (A,F) is- said to be an: (hdeal) z_xt.en-"'
. sion. of T by’ K 1t‘ it contains T as.an’ 1deal and Rees quotient algebra ol
Ay is isomorphic to K. ' T ST SR
i Let: A be: ‘an’ extenaion of’ T, Theu ATisial r‘etract extension it‘ there.v
M@(x) x t‘or all x é T

© this case we call @ a retraction.”. == I o
Here we give one moi‘e character‘ization of the retract extension

PROPOSITION 0 2 het (’l’ F) be an algebra satisfylng Z To each a 6- T '
'.assoaiace a set Y s«uch that . .0 S R R

,ﬂ._(o n 3{ "a <—'Ya ,;‘ N Y, o ff"-'_i_t;

For everz wéF (lwl =z m), .];EE

Y x Y XK it X'Y -—-é' X My o0 : R T
. -a . . w(a ):,: . N . .
‘(0 2) 1 2 m 1 i

4 : (x1 'ak’xk+1)= W(a ) y - k-1,...,m , Lo
be functions t‘or which, from t [w] = “2[“] é z it holds that e

'(0.3) s .t1H:a1> +(a)

(where each w in the identity t..‘['w] = tz[w] haa been repiaced by the
corresporiding function 4(:1 ).

On the set A= \/Y we define operation w™ by:

(a ) . : el em)
",,,-(xr;l) . ¢u 1 (x1) if xxéYai-(i.sl,...’,.m,IWIb-l.n)

Then (A,F*) is an algebra of the same type satisfying S, and (A,F)
is a retragt .extension of (T,F ). Conversely, every retract extension

A of an algebra T can be so constructed.

Proof. Supose ‘that A fulfills the conditions of the proposition. Let
iéY (4=1,...,m) and w & F be an operation of arity m.Then by
0.3) ! ror arbitrary t,[w] = ts [w] & = ue have
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m m
" (ay)7_ 4(& )T . »
ty[v*] - c1[4; 1']= t,[4,%1°] = e [w*] .
Hence (A,F*) is an algebra of the same type Sahis!‘ying Z .
Define a mapping @: A—T by @(Ya) = a . It is clear that

@ 1is onto and that & (a) =.a for all a € T. Furthermore, for an
arbitrary operation w” € F¥* (Iw*l =m) and Xy '3 Yai (i=z1,...,m), we nave

m
@(4)‘(‘51)(.):1,....):“)) = wlay,...,ay)
W(@(x)y.e., Axy)) .

Thus <€1s a homomorphism and by (0.2) T is an ideal of A. Therefore,
(A.F*) is a retract extension of (T,F).

Conversely, let (A,F) be a retract extension of an algebra T sati.
sfying = . Then there is a homomorphism & of A onto T such that
@(x) = x for all x &€ T. For a & T assume that Y, = 6-1(3). Then

@(w*(x1,.';.,xm))

A = \({r‘la and for the sets Ya (a € T) the condition (0.1) is satisfied

For any Xqyeoor Xy € A there exist a1,...,ém & T such that xieYu
(i=1,...,m) so that ‘é(xi) = a; (i=1,...,m). From this it follows
that for an arbitrary w&F of arity m, we have

w(‘fe’(_x1)....,‘Q’(xm))

» ‘<€_(W('x1,....xm)
' . w(a1,...,am) &Y

m
\ w(a,)

i.e. w(x1,....x ) €- Y, (aMy - Hence there exist functions

w(;a1

qL(a> R C
H Y )(Y x ...xY Y
. m'_+ w(a)‘

‘and it is clear that for. there f‘unctions (0. 3) holds. SJ.nce T is an .
ideal of A we have (0. 2) ' '

” n-inflstidn'bf algebras

) ’ We :.ntroduce here the notion of‘ an n-inflation of a universal
algebra satisf‘ying Z e :
LEMMA® 1. 1. L.et ('1‘ F)' be a universal'algebi‘a which‘sati‘sfile‘s:'z ‘To.
.each ‘a & T wWe assosiatera.family of sets Xi (i= 1,...,n) such that an
for some ré-ﬂ,...,n} and : By




-_;;'._(1 1) x1 n xJ 9\_1’, ,‘:'_v-.u.;;-',

_Let f‘or w set.s xi ' xiz""'xi and operation W e- F‘ (w ‘
1 x-i;x\xi?x,...xxi —-->Ux“'(’1) :
i )w T2 ' v:mn(."") ‘

. +(1 )(x1’-.-yx ) = W(a1|~-.,a ) 1f max(]..’,...'"im)'f‘]v} n
4;(1"‘) 1 nay.xk“) = w(a ) for all:\:”: e,

,.b'be t‘unctions f’or which. t‘or each t1[w] = tsz_] é Z we. have

Q. 3) L =t s
| _ {(1 ] 2 4’(1,)

‘Let Y = Uxi and def‘ine the corresponding operation w* g_y_ rhe

4

ogeration w.& F of the some length on A = \jTYa
WXy, ey x.) = 4(‘ 1) (x,...,x ) AL xg ex L (MesgmiwiEn)
1 m my i : ,
1 w ) s . L ‘

Then (A,F™ is an algebra of the’éame type as the algebra."v(T,F)‘ satis-
fying = . : : S :

Proof. Let XqoeoorXy & A and w &F (l\wl =m). Then there exis: 'al,'

ceerap € T such that Xy €Y, (se1,...,m) i.e. xq € Xis i‘or" som 1<1 <n

Then for arbitrary law ¢t [w] =t [ﬁ] and |w| = m, we have
40 "
t [u = t1[ (x1)] b [.{: (x1)]= tofw*] .
Therefore (A,F ) is an algebra of type F satisfying Z .

DENITION1.1. The algebra (A,F) satisfying .=, constructed in Lemma 1.
is called an n-inflation of algebra (T,F). '

The following theorem gives a characterization of an n-inflation
algebras, which shows that here we have the case retract extensions.
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REM 1.1. algebra (A,F) sat.ist'xing = is an n-inflation of

T =
p algebra (T,F) satisfying > if and only if An (v C T for
u weF and A is a retract extension of T.

of. Let A be an n-inflation of an algebra T.Then by (1.2) T is an
4l of A. Let w € F and u € AP(IWI=D+1 1y g

F u = t(°1.52,-o-',n(lw'_1)+1)
nre t is a term consisting of the operation w and some s.€ A (r=1,...,
[Iwl=1)+1). Let s € x"' where a. & T. Then

|wl-1+1) an( lwi -1)+1)

bou o= t(a ,w(s 1wl +1

+(

' (a
max(1,...,1)+122 > n , then &
(1,.c.,1),w

IHP1+1)
We1+i, n(wi=1)+1
(s,‘ )"M-vi )

l{“' -1+1)

' W

G vewm -
"

'2< n, then : ' .
[wl=1+1
- 1
u = 't(vs% 1,u1,§:§l‘;‘ 1)"' ). ;U éX"( ) , 2<t,€n .
rther on, :
voon(wl =1)+1
)"SIWI-&j ‘

. 5.1 . h : C ' . co
u:t(sj o : U PR R
_ '("(1,...,1 t1,1,...,1)wj ! Wi =143

ere. h.= (aj,.. ywia \wl-1+i_.)“

+1>n then L N
"1 ' +(1,... S . (sj’""u1","_'s|w(-1+j)’

u2 S T -'3°f_ ‘u €T

3wl -1+j

§ '1;1'4-1' n, then: , : .
AR ‘ -1)+1 w(h) PR
s t(sd™ '“2".3?:'3 1, “2 exy 3,4 0.
ntinumg this procedure we have thab Lo

Wi : :
tr tol 2+1 > n, then - [(BY). : (31 L 2'3322)-
{ : v (1 . \: ,1‘,. 1) w
R S n-1
E- T,,‘{-‘fo sorie. bf ‘, so u &T. , : R
A -1‘ B 1 : (c[wl) . 1 . I ‘
SIF b 1< n, then’ 0= 105 e : : Whya oo
| S R T (1 G Y Y 1)'('51 %0~ 1-51+1)
:z un_'_T';&j T, ._fo_r" some. " c1l ' (since m+1>n). . :
“3 .+ Inotheér cases- (s é )( 1 < k < n) we have also that uelT.
Thus n(lwl-1)+1 c T.o r- : ‘ '
A Define a mapping @ A aLe/TYa ——->- T by CE(Y )
"'For any W e F (\wl -m) and 1,.' Co X € A there exlst a1,.,.,a 6-'1‘
§§°h_.th§t, ag € Y - i e. ag 6 Xa’ for some: 14rls noso8os

(sl""”i) = u,&T 80 ueT

o



. extension of T. .~

(a1) v
' miw th"o\'o,x ))

‘“-"V.for;'s'ome max(r1....,r )+1 k'; it‘ max(r )+1 n, éndf'.:‘-" G

(r' )w(x ,...,x ) = w(a1,....a ) if’ max(r )+1 > n. Now by the

'. det’inition or @, we have P R

?(“(XAl,'c-px )) 2 W(a-l,....a )
s w(Q’(x ),....(\f’(x ))

E It 13 -0‘185'!‘ that 'fe('x):rs ~for _a‘lrl x €& T . Therefore, Ais ,:rg';ract“-

Converﬂely, let n by the smalast positive inbeger such' that

An(,"""”*'1 CT for all w&'F and let @ be'a retraction of A
‘ onto T. An ar‘bit.rary aeT ia :I.n one of the f'ollowing sets

‘A\UAW‘ qul\qulwlﬂ . WV, A(n-1)(lwl-1)+1\ uAn(lwl-U-r‘l.
"wer  wer ° wer - )

w\é{: An(lwl-1)+1 . For a é VA(n-r)(lwl =) UA(n-rH)(\m-l)n

for some 1 < r<n, we def‘ine sets: Y = ‘C"(a).
x? = Y,n (AN UA‘“‘)
a _ lwl 2|wl+1
X3 = z n (UA \WL&jFA )
a ) (n-r-1)(wi =1)+1 (n=r) (Wi =-1)+1,"
Ypor =10 (HFA ~ l&e/PA- )
a : A(n=r) (Wl =1)+1 :
Xpope1= Yo N (w\{FA )
a a a
X-r+2 Xners3 = c-c = X, = 0.

It is clear that the conditions (1.1) hold for every Xi and xg
£1,3€n;a,berT) . -

a - .
If a €T then Yas‘._L;/'xi and so A-M_Ya . For x;,...,

X, €A and w € F (|wi=m) there exist a;,...,a, € T such that
Xy & Yak . So by Proposition 0.2. we have that

Y e
w( 31;132' 'Yam) c Yu(g1,32,....am)
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a
Let X é xik ..(1 £ k< m)' eUA(n' )(ll‘l-'”-PL uk(n-l‘ki—'l)(hdl-”#"
k wel” welF

(1 &ry 4 n). Then
exi -1, N UA(i D=1l W=D,

weF
(141, < n-ry )
Then ,
W(XyyeenrX )e-w(UA“1'”“""””,....UA(im'”““"‘)”)
L n wep - weF
= \UaP , nere (Z‘ i -n)(lwl-1)+m
wek =1 (a™
and if p<£ n we have w(x1....,xn)é Ux"’ a4 _If p>n , then
w(_x1,...,xm) s w(a1,...,am) &-T. For é T we have that
Tea™y
w(x‘i""ak'xﬁﬂ) = w(a";), (k=1,...,m). In this way functions ((?“\w
1/

. from Lemma 1.1. are defined and the condition (1.3) holds.

Exemple. (a) The algebra (A,+,.) given by the table.

+ 0 a b 1 c d * 0O a b 1 c d
ol 1 o111 ol o o o o 0O
calt 1 11 a|l oo o0 o000
bl 1 1 e 11 1 b |0 0 a0 0 a
[ IO S FREO I TR E B ~'ff0 0.0.0.0:0
el o "o |70 0 00 00
a1 et e d )l o-0 0 00 a

5atist‘ying . Z: @ 13 a 2-inflation of the algebra (T,+,:) given
by the table ' ' ' s

~Herfe we’ have tha\: >(€’v: A —> T , defined by @= (8 3 g :? ?),

_is_,.”a'homomorphism and . @(x) = vx for all:. x € T. Therefore,
Con = e}, 3A =1 a2 =fo,a} a3 -jof ,

| j‘YOT;'%f1(o) $0,a,0% 4, Yy = Qf‘(1) = y1,0,d%
".'xo_‘, Y, f\(A\UF_A“") -‘Yoﬂ(A\(ZAUA N

40 ab%n(A\(1e Oai) to, ab}A{bd} -ib}

go,a; v,,v.,.g_d;_ b el .

v n_inflation semigroup i e.

u mt‘latlon of’” the




";:Problem. In’ {2} ‘th
.DBFINITION 1. 1.,Letl1C A ‘be a subalgebra Qf A, a

- operat.ion W e- F-and every. (a,b) e M
'igfollowing condition might hold" :

'3‘Then M 13 called ‘a: Rees subalgebra of (&, F)

(S,.)' satisfying :; %x (y z):-i(x-y) z} E13
e definition of ‘a; Rees subalgebra uas glven.,.__,> _
nd for every n- aryf:fi

algebra

L

2
'and x1,...,xn 1 e-A hhe __c“;

w(a’x1’.;'_. S 1)' W(b x1’,.v.,xn 1) éM N nL
: o W(a x1,...,xn 1) = W(b x1,-..,xn_1)

W(X1)al..-,x 1), W(x.‘,b’_._'xn 1) é‘ M Qr |
. _ i w(x1,a,...,x 1),_ w(x1’b""’xn-1)t'?'

etiie e B o e e e

w(x1,...,x 1,3), u(x1,.‘.,xn 1,b) ErM ERRTIE Rk PR
: o w(x1,...,xn 1,a) = “(x1""an-ifb)?“?!T,”': B

. l'.'n»o_) ‘.

In connechion to: definition give the Rees extension and n-inflation,f'

. of algebras._

‘R E F E R E NCE S

[l] S Bogdanovio, 's. Milic, Inflation of semigrougs, Publ. Inst i
- Math. 41(55) 1937 63-73. B

[2] Robert F ‘Tiehy, The Rees congruence in universal algebras,
Publ.Inst.Math. 29(43) 1931, 229-239.
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PROCEEDINGS OF THE CONFERECE
"ALGEBRA AND LOGIC", SARAJEVO 1987

ON CONTRACTIONS GF LIE ALGEBRAS*
Dusan Pagon

Abstract. Let L be a Lle algebra over the field of complex numbers and
A(t) a function from the set of real numbers to the set of llnear mappings
of algebra L, such that det A(t) £ 0 . If t £ 0. Than we'll call a Lie
algebra L the contraction of algebra L If it has the same vector space
as algebra L but a new commutator defined as

[xy1" = lim A (A %, A YT .

t-O
We give the conditions for existence of this limit if A(t) = are derivations of
algebra L and show some examples of Lie algebras obtained as contractions.

1. Introduction

Let L»b be -an arbitrary Lle algebra over the field of complex numbers with
;'n-.dlrnensional vector -space - V. and -Ae Lin(V). Than V is a. direct sum

of subspaces V, = A"V and V,={xeV:A"x =0}. For each, xeV we'll
"’_denote by xeV, and xeV, elements .such "that . "X = X1 + X and call them
.the reguiar and the nilpotent part of x, corresponding to mapprng A.

If f “and --‘g are two - continuous real functlons of a real variable t than -

“F. Mimure has prooved (1] that a family of linear mappings- B(t) = f(t)A +g(t)I
-"‘_where I is the identical mapping of -V gives us thesame contractions -of

'.'ialgebra L - as the family ct) = t"A + tml where n s  an integer
greater than. " -2. The case n = ‘0 was: studied’ earlier by 'Saletan and’ the

A

Y'case_ “of" natural number n was discused by Levy Nahas [2]

* This paper is in final -form and no- version of -it. w1ll be submitted for
) pubhcation else where. ;- - : .

j',‘Author gratltudes Razislrovalna skupnost Sloveni]e for the support contract
-'f‘..f'number Cl-DSDl lDl 1988._ Lo - : :




j"way. The proof of this statement as well as:the: condltlons for the - eilstence

: V. ' lay In Vi and (AL): must “be. equal to " 0. For~ nonnegatlve there
Lol are the followlng condltlons' actlng by :A™ n “times on each of the: elements

- Further more lt is posslble to assume that‘ AIVl IVL because other Hnear"
mappings give us:‘contracted. algebras Isomorphll:al ‘to.the: ones obtalned ‘thit

".'.of the contracted algebra were. glven by. Mimura Ll]. Ifin= —l - then’ L' must

Colw, [x, Ayl-- ALx, y] and- [Ay, Azl - A(6 A) (y, z), where -

:'w, X€M: 'y, 2€V, and: 6 Is'a coboundary operator, acting on space:’ C‘(L, L)

we must always recieve an element -from:, V,.» " When: these condltlons are- :
' '"fsatlafled we recieve contracted algebras wlth the’ followlng ‘comutators (elements

T Wy Xy y, z as in condltlons above)

[w, x1* = 0 [x, y1* -v[x, y] [y, z] = [Ay, z] * [y, Az] if ‘n‘="‘-l ‘ :
Ly x] =. [w, x] x, y] = [x, y]. * [x, Ay]l, [y, 2]* = LAy, Azl + ';‘ o
e pr S -+ (8A) (v, z). if n= o and

- tw, xr, (.A)""[w, x] [x, y]‘ = (A (Ix, Ay) - AT, yD, ,

S [y, z]‘ ¥= (--A)n"l ([Ay, Az] - A(GA)(y, z)')o -for all natural nurnbers n. i

2. Examples :

As an example of Lle ‘algebra contraction we®ll study the algebras obtained by
this technics from' the nilpotent part: of . a- classical’ slmple Lle- algebra As
Denote the basis of this algebra as e‘l- El 2’ e E2 » e3= 1,3 e,= E3 e
= EZ'I" and ey= E, ,. Than the bracket. operatlon in AJ looks like thiss
e If l+je {3, 6, 7 and Kj - :
Lep _e’] = -ew, If l+je {3, 6, T} and D]
0 for all other Indexes | and |

(3

a) Let e,,' e, and ei be the eigenvectors of operator A “with- _elgenvalue 1
and Ae = ey, Ae = e and Ael = 0. Then the Mimura®s contraction
condltlons are satlsfled for all integer n>-2 and we recleve the following
nonisomorphical algebras

If n=-l:le, el =e4 [e], esl‘ = [e5, e,]% = eq

If na=0:{(e),e]l" ey [e),e]" = e, Other commutators of basical
elements are In both cases equal to 0. The bracket operation Is extended
to the whole algebra by bilinearity and snticommutativity laws.

Finaly for all natural numbers n the contracted algebra Is abelian.
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b) If we now define operator A o that the elements e,, e, and e, will’
be its eigenvectors corresponding to the eigenvalue 1, while elements 5,
‘e, and e, will lay in the kernel of A the contracted -algebra will exist
only for natural numbers n and will be Isomorphical to the second
algebra from casea) If n= 1. For n>1 the contracted algebra Is
abellan again.

3. Contractions generated by derivations

An interesting situation appears If we suppose that the operator A generating
a contraction ‘Is Itself a derivation of: algebra L. That means that for each
pair of elements x, yelL we have Alx, y] =[Ax, yl + [x, Ayl.

THEOREM 1. If A Is a derivation of algebra L then it will generate a
contractlon of this algebra if and only if it satisfies the following conditions: .

L'cV, and (AL} =0 for n=-1 and .
Vi, [V, AV], (AV,)* are translated Into  V, by n-th power of operator
' ) A for all nonnegative integers n.

Proof. = The prescribed conditlons as well-as the next corollary. follow out from,_.
"general “conditions for operators generating contractions (see [l]) if we use: the‘
definltion of the derivatlon as an. l cocycle given above. ] R

COROL.LARY. If - A is a 'derlvatlon of 'algebra L gmra@g a contractlon R

of this algebra then the new bracket operation looks as follows

[w,,x] =0, [x, ¥t [Ax,yl and [y. 2 =Ly, 20 for n=-l

[ W,X] = A [Aw’ Ax]’ [X, y] = A [AX, Ay]; +. [AX, Y]o
R : [y, 1% ="AT [Ay, Azl for n = 0

‘[W, x] - ( A)n l[AW, AX],, (X, y] - _(_A)n-l [A’ X, y]. ﬂg 1. ",‘ ;

E v’Here w, gi, and Y2 eV..'_. b :
"-_If we. apply to this expreslons the definition of a derlvatlon and the conditions s

e of Theorem l we ‘can: get a more cornpact descriptlon for the new operation

'If o l then V, becomes abellan other commutators are’ unchanged o R
' if. n=10. then [u, vlts l[Au, Avl, for all 6 u, ve:V, whnle for posntive,'-
n and the ‘same u, v -we. have L'u, vt = (-A)n '[Au, Av].. ‘

2. (-A)"‘ [Ay, Az]. for. Eositiv n S e



S Contractlpns of free nllpotent Lle algebras o AR e " s
: "'Let L‘ be a free Lle algebra wlth N generators El’ ez, seny eN.‘Then the ;

factor algebras L/(L")d*l d¥1 we call free’ nllpotent Lie algebras with N

‘ generators of order d "We deflne a linear mapping A ion. the - -generators of ]

this algebra so that the first "k of ‘them will lay-‘In_ kernel - of . some_ power of =
operator.: ; A‘i ‘and the other wlll be-its: elgenvectors with eigenvalue ‘L, 1t:.Is",
possslble to extend in unique way thls .operator to the whole algebra so that it -
- will become  a derivation-and we *1l denote this extenslon by - A. What we are »
going .to do now. Is.to. describe -all contractlons of. free. mlpotent ‘Lie algebras -
that can. be obtained by.such operators.

‘THEOREM 2 If n= -l (Mlmura s cor\tractxon) than the onlx E bllltz is
N =-d= 2" and the contracted algebra 18 Isomorphical to'the initfal. - ‘

Proof., In’this-casé according tovthe_»condltlon_s.of Theorem | L2 . must. be
included in -~ V- , While' the square of -the last one must be 0. So N = d=12
really Is the only possibility. ' e

THEOREM 3. If n = 0 (Seletan's contraction) then AW = 0 or d =
3. In first case we recleve a free nilpotent’ Lie algebra of order d with n-k -

generators. -

Proof. ' From Theorem | we have "(AV )* = 0,50 the dimension: of AV, -
must no be greater then I. If {t is 0O , than the ‘contracted algebra s obtained-
by simply throwing away the first k generators. In the second case dim V, =

2 and d must be 3. The generator that Is elgenvektor of operator A for

eigenvalue 0 will lay In the center of contracted al§ébra L. ]

THEOREM 4. For pogitive n  the contracted algebra alwaJsA exists a_od_ lis:
structure depends on the structure of the nilpatent part of operator A.

Proof. The first two conditions from Theorem | are satisfled autimatically
but for the last one we must have A"(A vV, )t = 0. We'll recleve nonabellan
algebra only If U = A'“v.;t 0 while AU = 0.If U Is spanned by element
e and A"‘"‘v. by Aal than n = dm -3 and the only nonzero commuta- .
tor In L Is (e, (e, ... (&, Ae)..]] " = (&), [& - t’l' Am'le]...]]
where AMe = e. If there exists such a linearly Independent with Ae vector
f that 'V, is a direct sum of Ker Am'l and the subspace spannned with
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Ae, f than we have as much nonzero commutators in contracted algebra as
much such linearly Independent vectors exist and n must be equal to dm - 2.

The last case that happens i{s when the dimenson of Ker A" Is dim W - k.
In this case to recleve a nonabellan contracted algebra n must be dm - |
and the number of nontrivial commutators In the new algebra Is equal to

[gé_ll](l)r(d 1) + (d -1 - 2[95-1]) 3
=1 ) [_2_] 2

where r(l) Is the number of basical elements of lenght | generated by k
generators.

. REFERENCES _
1. F. Mimura, Contractions of Lle algebrss, Bull. of Kyushu Techn. Institute
19 (1972), 38 --51.

2 M. Levy-Nahas, Deformation and Contraction of Lle algebras, J. of Math.
Physics 8 (1967), 1211 - 1222. '
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ON A GENERALIZATION OF TRANSITIVE QUASIGROUPS
Mirko Polonijo .

Abstract. The present note shows that for every quasigroup
(Q,*) possessing an element 0 e¢ Q such that the identity
abse = a*(ce0b) (resp. asbe = (bO-a)ec)  holds, there is a group
(Q,0) " and its involutory antiautomorphism ¢ satisfying xy=xoey
(resp. xyzyoex). This is a generalizatibn’of a result for right
(resp. left) transitive quasigrdups,'in which case there is a
group "(Q,o0) such that 'xy=xoy'1»(resp. xy:yox’ﬂ).

: JoM. Cardoso and C.P. da Silva defined in (1) the ‘notion of
dWard quasigroup as a quasigroup (Q, ) which satlsfies ‘the. fol-
llowlng constraits. e _ ‘

S ‘There is 0 ¢ Q such that aa=0  for all aeQ

‘ (w2)dbab-é=ai(c~0b)- for ‘the element 0° postulated in

- *'(w1) “and all abceQ ' e ‘

They proved that ir (Q,‘)».is a.Ward qgaslgrodpiend,'bf

:ethe b1nary operatlon on Q- defined by xoy=x~0y'£hen f(Q{O)n'

t*1s a group. and xy:xoy 1, where ,Y'j' is the inverse of .y € Q

'.This paper-is in final form and no verslon of. 1t will be et

”submltted for publlcatlon elsewhere.



s a group and
‘tthe binary operation' - Q defined by y xoy 1ﬂ then

- in the group (Q,o) Conversely, A’ (Q;b)}‘

 1t is easy to check that (Q,') is a Ward quasigroup
The author proved in [3] that the axioms (WT) and (WZ)
' in the definition of a’ Ward quasigroup could be replaced by one -

axiom i.e. by the ilaw of right transitivity, {2]

(RT) ©ace bc “ab- for all a, b,c cQ

oo

'Since the law of right transitivity is bhe (13)-conjugate of
the associativity, Cardoso-da Silva s result follows 1mmediately.

Analogously, one can prove that the law of left transitivity
(LT). ’ ca-cb = ab , for all a,b,c e Q-

in a quasigroup (Q,+) 1is equivalent to ' (W1) and (W2'), where
(w2') asbe = (B0O-a)+c , for the element 0 postulated in (W1)

and all a,b,c ¢ Q.

The purpose of this note is to describe the structure of
a quasigroup (Q,¢) which satisfies only (W2), resp. (wW2'),

i.e. more precisely, for which the following condition is valid:

(W) There is 0 ¢ Q such that .abec = a-(cyOb) for all
a,b,c e Q,

respectively,

(W) There is 0 ¢ Q such that a*bec=(b0-a)+c , for all
a,b,c ¢ Q.
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The following example shows that (W) does not imply
(W1). Take the symmetric group (Sj,o) and define a new
binary operation <« on S3 by the equality xy:xoaoy'1oa,
for a=(23) and all x,y € S3. It is easy to check that
(83,') satisfies (W), taking the identity permutation for
0, but (W1) does not hold since (12)-(12)=(132)#(123)=
=(132)+(132).

Let us suppose that (Q,+) 1is a quasigroup in which (W)
holds. Putting a=0 in (W) , it follows Obec=0+(c+0b), which
implies .

(A) Xy = Oeyx
for all x,y € Q. Hence O0y=0-y0, i.e. yo;y which means that
(Q,*) 1is a right loop and 0 1its right unit.

Therefore, if (Q,+) 1is a loop then O is.its unit and
abec=ascb for all a,b,c € Q. Since ab-aza+ab, (Q,+) is com- -
mutativé and the associativity follows, i.e. (Q,+*) 4is an abelian
group. : - >

Similarly, if (»’5') is valid for a qﬁasigr-oup (Q,+) then
it is a left loop with th; left unit 0 and
(a") B ' Xy = yx°+0 _
for x,y €Q. It implies that a loop (Q,+) satisfying (w")
is an abelian group too.-

Obviously, for any abelian group the constraints (W) and
(W') are fulfilled. | -

Now, we shall call our attention to the quasigroups satisfy-.

ing- (A4), resp. (A').
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PROPOSITION 1. Let (Q,*) be a quasigroup for which

éxists an element 0 € Q such that (A) (resp. (A')) holds for

all x,y € Q. Then there is a loop ‘(Q,o) and its involutory

antiautomorphism ¢ such ‘that

Xy = Xoey- (resp. xy=yoox).

Proof. If (A) ;s true, define the-bijection ¢:Q - Q

by

and the binary operation o on Q by
Xoy = X°oy
Because of 0°+0x=x , we have p2=1, where 1 is the identity on

Q, and therefore

Since
X000 = x*00 = x0 = x ,
Oox = 0<0x = x ,
(Q.0) 1is a loop, and it remains to prove that ¢ 1is an antiauto-
morphism. Indeed, we get
e(xoy) = o(x°9y) = @yex = oy*o(o¢x) = pyopx
The proof for the case (A!) is similar and we omit it. We shall

do the same in the sequel.

COROLLARY 1. If (Q,+) 1is a quasigroup and there is 0 e Q

for which xxz0 and (A) (resp. (A')) are valid for all Xx,yeQ,

then there iag a loop (Q,o0) such that
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-1 -1
Xy = Xoy (resp. xy = yox ') ,

where y'1 is the right inverse of y in (Q,o0).

. Proof. Let (Q,o) be the loop defined in the previous
proposition. Then O 1s its unit and we have to prove vy:y'l.
Since yoy’1=0 , 1.e. y-Oy'1=O. it follows 0y'1=y because

1 1

of yy=0, and therefore ¢(y)=0y=0-0y  '=y~ . Note that

1

the left inverse '1y of y 1is equal to the right inverse 1y~

since y"oy:O, i.e. y-1-0y=0 implies y"éOy.

!

PROPOSITION 2. If (Q,o) 1is a loop,9 its involutory anti-

automorphism and. '+ the binary operation on Q defined by

Xy = Xoey (resp. xy=yoex)

then there is 0 € Q such.that (A) (resp. (A')) is fulfilled.

Proof. If 0 is the unit of (Q.,o) then we get‘ px=0x

and hence

0syx = o(yx) = @(yoox) = ¢°xoey : Xopy = Xy .

COROLLARY 2. Let (Q.o) be a loop in which the'identitiés~

=x , (xoy)'1 = y'1'ox'1

hold and define the binary operation - on Q by

.

Then there is 0 e Q such that xx=0 and’ (A) (resp. (Al))

Xy = xoy'1 (resp. xyzyox~

are valid.

-




_ Since~£he-condition (W) (resp. (W )) implies (A) (resp.
;_(A')) , We: can apply Proposition 1 and its proof to a: qua51group
:i(Q, “l‘satisfying (W) (resp. (w' )), and prove that the loop

l (Q.o) defined by xoy:x vy (resp..xoy y vx),'where wx Ox; (rosp.

‘pX= xO). 13 a group‘ Namely, the binary operation ,9. is associative:

(W)
_ (aob)oc ( §a°vb)-vc = a'(vc'p b)
. A
= a-(vc*b):: a-v(b~vc) = ao(boc)_.

Therefore, taking 1nto account Corollary 1, too, we have the

-following proposition.

PROPOSITION 3. If (Q,:) is a gquasigroup satisfying (W)

(resp. (W')) then there is a group (Q,0) and its involutory:

" antiautomorphism ¢ such that.

Xy = Xxoey (resp.'xy;yopx)‘.
In addition, if xx=0 holds, which means that (Q,-) is a. right
(resp. left);cransitivevquasigroup. then ¢y» is the inveroeuof
y in (Q,0) ,i.e. |

Xy = xoy'] (resp. xy = yox-l).

The converse holds too:

- PROPOSITION b, Let (Q,o0) _be a group, ¢ its involutory

_-antiautomorphism and + the binary operation on Q defined by.

Xy = Xoey (resp, xy=yoex).

Then (W) (resp. (W')) 1is fulfilled in the quasigroup fQ")f
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Proof. If 0 is the unit of the group (Q,o0), then we
have ex=0x and therefore
absc = (aoeb)ogc = ao(gbowa) =

aog(cob) = a-(coqzb) z.a*(ceob) =

a*(c-0b)
If the group (Q,o) 4in the previous proposition is abelian, then
we get ‘ .

ab = aoeb = ¢boa = ¢bepa = Ob-0Oa , '
i.e. ab:Ob-Qa (resp. ab = b0+a0) -for all a,b e Q. Conversely,
let (Q,+) be a quasigroup satisfying the assumptions of Propo-
éitiqn 3 and the identity abz0b+:0a (resp. abzb0-+a0). Then the:
group (Q,0) defined in the proof of Proposition 3 is abélian,

since

aob = ac*eb =¢2b'q§a = bega = boa .
REFERENCES:
[TJ Cardoso,J.M. and da Silva,C.P., On Ward quasigréups,

) An.st.Univ.Iasi, s.I a Math., 2§61978),'231-233.
[2] Denes,J. and ngdwelI,‘A.D., Latin squares and their

- -applications, Akademiai Kiado, Budapest, 1974.
{31 Polonijo, M., A note on Ward quasigroups, An.st.Univ.Ia=s,
s.I a Math., 32 (1986), 5-10. ' o ‘
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PUTTING N LOOPS TOGETHER

Slaviéa B. Presic

Abstract. We give a BASIC program by which one implements the follow-
ing n-loop algorithm

For i = A to B
. 1 1 1

For 1 = A to B
n n n

c1d
CCi‘,....in) _
NEXT 1 ,...,i
-n 1
where n,A,‘,Bi’.CCi*.. .. ;in) are input-objects.

At first consider the following general equivalence

For i=A to B i=A
cad CCid (=== > C*d> CCid

Next 1 . If i<B then i=i+1:goto (3
Suppose now that n.A,L,B,L.CCil.... .in). the objects appearing i (1),

are given. Then by means of (2) one can easily - prove that the algo-

rithm C1D is 1ogicallby'equivalent to the following one:

3 C2) CCi‘.....i >

n
If i <B then i =i +1:goto (3
. n n n_ n

.y

If'i <B then { =i +1:i _=A :...:1 =B :goto C»
. r r . r r r n n-

+1 r+4

"If i ¢B then i =i +1:i _=A_:...:1 =B :goto C3©
‘1 1 1 1] 2 2 n n

*Thic- paper is'in final form and no version of it,will be submitted

for publication elswhere.
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To implement (3> in BASIC instead of i ,....i we shall employ the fo-
llowing array notations. FC1),...,FCND. Acqordingly a BASIC program for
Lhe‘algorithm-ti) reads:

10 DIM FC1000) , AC1000) , BC1000>*

15 INPUT N

20 FOR I=1 TO N:INPUT ACID,BCID:NEXT

50 FOR I=1 TO N:FCID=ACID:NEXT .

‘80 c3

70 FOR J=N TO 1 STEP -1

80 IF FCJXCBCJY THEN FCJ>=FCJD+1: GOSUB 200: GOTO 60
90 ‘NEXT J

100 END

200 FOR I=J+1 TO N:FCIJD=ACID:NEXT I

210 RETURN

EX@MPLE. Here we list a program for printing all functions F:<1,...,k>
-=y €1,...,n> with input-variables k,n.

10 DIM FC1000>

20 INPUT K,N

30 FOR I=1 TO K:FCID=1:NEXT

35 CN=CN+1:PRINT CN;" function is:'

40 FOR S=1 TO K-1:PRINT. "FC";S;'"d="; FCSD ";:NEXT S
45 PRINT "FC";S;'")=";F(SD
S0 PRINT

100 FOR R=K TO 1 STEP -1

120 IF FCROXN THEN FCR)=FCR)+1:GOSUB 200: GOTO 35
150 NEXT R

180 END

200 FOR I=R+1 TO K:FCID=1:NEXT I:RETURN

The number 1000 is optional. )

]

Cc may be a condition Cor a b;ock) containing the parameters FC1),....
FCND.

f
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RINGS AND MODULES, A CONSTRUCTIVE VIEW
Daniel A. Romano

Abstract. A coequality relation on the set was intro-
duced and studied by the author in the papers [7],{8],(9] end
[10]. Generalizing classical results on rings and d'modules and
some constructive results of Richman ([6]) and Ruitenburg
({111), general theory of rings and modules in Bishop’s con-
structive mathematics in nondiscrete case was demonstrated in
this paner. Using the technique of (71 we explained some re-
sults of modules and homomorphisms of modules, and finite and
infinite sums of modules and thoir epplioationl.

0. Introduction .

‘For all notions of sets and functions in Bishop’s  con- .
structive mathematics which we use here, the reader is refer-
red to the papers [1),[21,(31,(91 and [10]). The papers (5) and
{13) contain elementary definitions and basic facts about finite
and infinite sets end the napers [41,[61,(71,(81,(111 and[12]

‘contain algebraic structures which will be used here.

L Preliminaries .
In eclaseical- methematics ‘the identity relation‘is. com-
_1olétely neutral, it does not intluence, and it is: not influen-

ced’ by the nromer mathematics. The situation is completely a0

ferent in Bishon 8, constructive mathemeticl.,

C I am thankful to Professor Fred Richmen (Las Cruoes,
_New:Mexico State University, USA) for his helo and suggesti-
ons . for this. naner..

AMS Bubject Classification (1980): Primery 05 F.65; Se- - "

“condary 13415, 13 C 99, 13 E 15.
‘This naper is in its final form and no version of it
‘will be submitted for publication elsewhere. -

This paper is a part of research work "Prsteni i moduli, Lk

- konstruktivno shvatang 50p§te teorija)" supported by the Viée e
_tehniéka §kola u. Bihaéu (NIR: 09-2174/85) i O
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: "satisfies the folowing cond::.t:.ons:
LY e : (¥xeX)(x = x),

',.'(‘2)' :..-:..-. E' C(¥xyeX)(x =y — 7 = EONE L
(3 i (VJCYZeX)(x=yI\y-z—->x=z,)...v,_ ;

l 1. gual:.ty. An egual:.tx relation "-" on-the elass X s

"_Haw should we understand an- equal:.ty X = y? There- seem o “be.
two possible.: senees- (1) both: x and 'y ex:.st .and ‘are. equalj: end R
Lo(id)ir either x or y ex:.sts, s does the other ‘and. they
'_"‘.are equal.»; o N S NSy

Let X be a. olass, that is, let us descr:.be what is’ the

construct:.on KX ‘of a-class- X. Often, the construct:.on Kx ‘of a "':‘: :
:cless X and our 1ntent10n at ‘the’ selection of the: Kx suggests ‘

'ror

a definition" of.‘ the - equelity relatlon ‘which' ia not: anpmpriate

investigation o:r.' it ‘has no. property which’ -we excepted from it.

. ‘Therefore, we : ~‘defins an ordering relet:.on on equality rela- i
‘tionsmy < 2 ‘as follows. : N e »

1< "2 (nyex)(x = y —_— X 'l y).

1.2, Sets. Bishop (111) descr:.bes the construct:.on of
a setasa three stage process. PFirst, one must describe what' '
must be done to construct an arbitrary element of X. The co-
responding construction is denoted by Kge Sbcond’, one -must
describe what must be done to’ prove that two: arbitrary elements. .
of X are equal, Th:.rd, the equality relation satisfies (1),
(2) and (3). Therefore, a set is an ordered pair (X,R) compri- -
sing a class X and the equality relation R on X. We. usually
speak of "the set X with equality R", and write x = y ineteed
(xy7)eR.
Let (X,=) be a set and let Y and Z be subclasses of X.
We say that Y is a gubget of Z, vwriten Yg 2, iff
(¥yeY)(IAs€Z)(x = 7). '
In the class N we define
(¥nmeti)(n =y D& na m).

The set (N"N) is called the set of natural numbers.

If X and Y are classes, there is a class X x Y whose
members are exactly the pairs (x,y) such that x belongsto X
and y belongsto Y. If (Xy=y) and (Y,=y) are sets, then there

is a natural equality relation on X xY defined by
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) (xoY)"d (4yv) ~— x =5 4 AT =y Vo
which turns XxY into a set.
If (X,=) is a set and if
(¥xy€X)(N(x = J) => x = 7),
then we say that the equality relation = on the class X is
stable. The equality relation on the set (N,=g) is stable.

1,3, Diversity. Let (X,=) be a set and let x,y be arbi-
trary elements of X. Inejhaligz on the set (X,=) is defined
by 7(x = y), where x,y€X. The inequality relation on the
set (X,=) satisfies the folowing conditions:
(¥xeX)T(x = x), . ‘
(¥ xyeX)((x = 3) == (¥ = %)),
(¥xyz€X)(W(x = 2) AEy = (X = JA T = 2)),
where E is theexistence predicate in Scott’s semse ([11],[12}).
‘ - In Bishop’s constructive ‘mathematics there is a "posi-
tive" theory of inequalities. We decide to use a diversity
- relation "#", in Richman’s sense ([4]), defined on (x,-) by
' (FxeX)V(x # x)y o
(Fxy€X)(X ;A § => 3 £ %)y ‘
(PyzEX)(x =y Ay )‘ Z =X A 2)e
Clearly : .
' (¥xv<-X)(x ;‘ y —-9‘!(x =¥,
_,“but the converse, in general, 1s not valid. For the dzversity
]’relatlon, in Richman’s sense, ' L
i (¥xyex)(‘\(x B Y) - x ='y) » RO
'”].ls not’ valld. How are thega ax1oms obtained? If we' go back to. ..o
-.;“l l.'the axloms for. -the equality. relations, we note the obvi= L
 ?,ous parallellsm. The fl:st axiom we undaratand as’ 1rreflex1v1ty. iﬂ -
L The ‘second axiom: we: understand as. symmetry. The third axiom .
,f;u-we understand as’ compatiblllty. In readlng these axioms, "A¥ _
'}@3must ‘be: taken as a. symbol in: itself, and "x ¥ y" must not pe read
88 an abbrnvation for V(x =y). Therefore, we define the orde-_lfs
rlng relatlon on dlver51ty relat10n3#1 - #2 as follows: . '

""t;ll-< ;‘2 <—7 (vxzyeX)(x )42 y -9 x #1 y)- o

.4. Functlons.-Let (X, X’#X) and (Y, Y’#Y) be sets._;;}fui{”'”‘

”A’mapping f X ——9'v‘

]a function iff




Gy e D(f))("(f(X) ) — 1(x o 5).

“IE the domain or f 18 A, and the equality :.n A iB stable, then
thil weaker notion or the function is given: by. (£)e” In generel,
the condz.tion (swf) is. not ‘equal %0, the cond:l.tz.on (r) S ;
: CIf (X,:) ig-a set, a predicato on X is'a’ funct:.on A
B from X to . the ! set ( R g — ). :hus, for every element X in’ x,
' fA(x) 18 a prOposit:Lon, and. if x'= x . then A(x). — A(x ). _ ‘
. Let (X. ,#) be a set and- let ‘A be a predicate on:a oleaa SR
S correspondn.ng to A,ve. have ‘the. subset. S =ixex: A(x)} Me
~construct an element . of B 1t is necesary first to construct an -
"element x of X, and then to ‘prove  A(x). Two ‘elements of S are’
’equal ‘a8 elements on (X. ,;l). Hence, it :La not qu:Lte correct
%o say. that an element of S is an. element of Xy it is more
- thdn an element of X, s:u.nce it carr:.es ‘the add:\.tional structure
ioi‘ a proof of A(x). ThlB construction descr:l.bes a. construction o§

- the’ class :2x which consists of all. subseta of the aet x, If p &
and Z are aubsets .of. x, we define - : ' ‘

Let (x, %) be a set and Y one. of its eubsets. We define

(FxeX)(x# Y = (¥ye Y)(y # X)). :
This notation is . ‘new in constructive mathematics and it makea us
possible to determine the diversity relation in the set 2X as.

follows: - ‘ :
Ty 2 o= (yeX)(7*2)V (Sre2)(z+1).

A description of a construction of a function f£:X —» Y
consists a class F(X,Y) of all funotions from X to Y. If f,ge
€ F(X,X), we define

I wp g = D(f) =, D(B)A Inf =, Img A (¥x&D(L£))(£(x) =y &(x)).

Remark, 2* is Just r(x,SZ )e Note also that the power-
-set of a singletnn is simply R .

1l. 2. The basic definitions. Let (x’-x.fx) and (Y’-Y'#Y)
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be sets and £:X —» Y a function. For a function f we say that
is :

total irff

(¥xe X)(BL(x) A £(x)€ X)}
injective iff - .

(¥xx’e D(£))(L(x) =y £(x’) == X =y X')3
an embedding iff ([11})

(Vxx € D(2))(x fy X* = £(x) ry £(x’ ));

urjective iff
o (Vye Y)Ex A x& I~ o -y T(X) )y
- uijective iff a function £ is total, injective and

surjective. '

Let (X,=) be a set. For an element x of X we say that
it is discrete, iff :
L (FyeX)(y = x VY = X))
For the set (X,=) we say that it is discrete iff every element
.0of X is discrete, i.e.
(FgyeX)(x =3V "(x =)
: Let X be a olass and Y its subclass. Then Y is detachable
in X 1ff (111

(vxex)(#er v -1(xeY)).

"AJ When' used as notatlon for. functional relations, Wy
fT" —»» " and "»—m " take their familiar meanings:
: (1) f1X —w Y iff £ is a mapping from X into Yy
(11) £ x.-—».Y iff f£ is a mapping from X onto Yj
= (111) £ X>——»'Y 1ff f is an 1ndective mapping from X into Y.
: ";Thon o .
. 'v(a) fhe set X is strlctly finlte 1ff
(Qn&N)(:\f)(f'nMX); B '
s "i(b) ‘The set Y is finite iff .
(ﬂneN)(‘\f)(f n—" 3
;V(c) ‘The ‘set. 7 is subfinite iff
(:Jne N)(aA;. n)(Ei‘)(f A—-w x).

S vlfRemark.vFor detalls about -above-: see the papers by Tro-
:?ﬁelstra, Grayson and McCarty ([14],{2] [5]) '

2. Ogerat;on relations , L :
- DEFINITTON 2s 1. Let (X,= x"‘x) (Y, Y,#Y) and (z, z*"zf
: 'be sets and let re F(Xx Y, Z) be a. total function. L i,




'A——

B pertieat :

S a) £ 7% Y, then ve say that f is- fleft]externalfdpera—T_fﬁ
*l tion on Y. over X; »' i S s EERER
_ b) 1£.%m X, then we aay that f 1s a rishr external 222;-_ i
'tlon on X over Y; '_ o : cale
L : c) If: x = I Z. then we say’that f is an 1nternal gpg--
'-jrat1on on X. SR : -

_f“ d)-Tha structure (X, ,f f) 13 called a g£u201d, where
(K= ,f) is ‘a set" ‘and ‘where- £ is an internal operatlon on Xy G
_ ~'e) Let (x, =,A,£) be a grupoid: which: ‘has an element 8. s

' 'We say that X is & mon01d 1ff it satlsfies the follow1ng pro-,f_ '

- (¥xyz &X)(f(x.f(ym)) = f(f(x,y) Z))., _

(¥ eX)(£(x,8) = x = “£(e,%))3) LR

_‘ : f) A grupoid (Xy= .;l £)- 1s called a group iff . 1t has

an element e and “satisfies the. following: cond:.tlons- '
(nyzex)(f(x,f(ym)) = f(f(xa),z)). Boa
(¥xex)(f(x,e) = X.= f(e’x))’ -

‘ (¥xex)(3 x"e X)(£(x,x") =8.= f(x",x))

The group (X,=,#,f) is Abelian if it moreover: satlsfles
(V::Ye X)(£(x,y) = f(y,x)). ; :

LEMMA 2. 1. If eny of the elements of an Abelian groxm
(Gy=,4,+) is discrete, then the group G is discrete.
Proof. See [71, Lemma 2.1.°

LEMMA 2.2. Let (G,=,¥,+) be &n Abelian group. Then
(¥xyzeCG)(x f 2 —» X ATV T F 5).
Proof. See {71, Leuma 2.2.

DEFINITION 2.2. A ring is a set (A,=,#) which has an
element o (zero) and two internal binary operations "+" and
",n (total.functions from Ax A to A). These operations have
the following properties (we write ab instead of a.b):

(¥abc € A)(a+(b+c) = (a+b)+c),
(¥ae A)(a+o = 8a),
(¥a€A)(2Ab€EA)(a+b =:0),
(¥ab€ A)(a+b = b+a),

(¥abce A)(a(be) = (ab)c),
(¥abc € A)(a(b+c) = ab+ac),
(¥abe A)(ab = ba).



Since "+" and "." are total functions, we have
8a=8" A b= b’ = atb = a’+b’,

a+rb g a’+b’ =p a fd 8’V b g b’
"and

am=wa Abm=b —pab=a’d’,

8b § a’b’ = a f 2’V by b’

A ring A has a unit of A iff
lea,
om1lvog#l,
"If o= 1, then A m (0).
If o ¥ 1, then (Vae-A)(a.l = a).

" LEMMA 2.30 &EE ,(A'-’fg""-) E _a_ I‘igﬁ. Then )
(¥abe A)(ab £ 0o —» 2 ¥ 0o ADb ¥ o).
' proof. Bee [12], Propoaition 844410,

Examgles I: a) The sets z Q and R are rings.

'b) The ring of formal sequences "AllXll over the ring A
is the set F(N,A) with equality and diversity relations given

by
£ =p g G (VneN)(f(n) “A. G(n))’
£ - (Qnen)(f(n) #a s(n))
",and. the operatlons gn.ven by w

(VneN)((f+g)(n) =) f(n)+s(n));

S (tneN)((£f8)(n) =, L._f(i)s(n-l))

: v c) The- rlng of pol:.nom:.als AlX] is the ‘subset of a\{x]]
'_._“defn.ned by : :
fe A[x] = (E{ne N)(VaeN)(f(ma) =4 0)-

o DEFINITION 2.3. Let (a,= ,#,+,.) be ‘a r:.ng and let -
‘ '(S. ,;4) ‘be ‘its subset. .
a) S is an. ideal of A 1i'f
O &Sy
. aeS A DbES —> a+beS,:
v..8e S — —8& S, .
: 8EBV DES > abes.; 5

~




» ‘.'f.'.(Ao A’;‘A'+")' Then i S i .
: 1. The" equality relation "M on M i- a congruence on M

"\
e

'?r'ﬁ"-"»‘,-;and the set (o) {xeM:x = o} is a submodule of M. =
2._The diversity relation "M on M ia a cocongmence on M o

’.‘and the set My = {xeM x "M o’y is: a cosubmodule of M.-"

S agp_leg VI: 1. The set {k ez:k is not d.ivisible by n}'g_ff-‘
" for 'l(n =N 0) il a. cosubmodule of Ze AT Do )

2.-The set {fEE(R,R) lf(o)\ > o} is a cosubmodule of

the R-mod.ule of contiﬁoua functions from R to R.' : ‘

’ 3. ﬂ is a cosubmodule of M. S :

gmarks. 1. Ii‘ the cosubmodule of M ia 1nhablted, then‘
(('\xeM)(xe H) - ) 1.x€ H —1 "A 0. : L

3, Lot C'be a cocongruence ‘on” thn A.module M. WG hava
(ax,by)e C —> a "A bV (x.y)ec. »
 First, we have '

(x,y)é C o (X-y+y.0+y)e C — (x-y,o)e (‘ v (y,y)e 0 —_—

— (x-y,O)c Cy
and
(%~y,0)€ C o= (X-y,J~y)EC —> (X.y)é cv ( ¥y-Y)e 0 —

— (x,7)e0.
Second, we have
(ex,by)€ C ¢=a (axX=by,0)& C o= (ax—ay+aj-by,o)e C ¢
(a(x~y)+(a-b)y,0)e C ==+ (a(x~y),0)€C VY ((a-b)y,0)€ C =
— (8 4y 0 A (X,3)€C) V (a A, b A (7,006 C) —»
~ (X,y)€ECY af, b.

PROPOSITION 3.1. If (M,=,#,+) 15 an A-module and R a
relation on M, then the R is a congruence.on M iff the set
H = {xeM:(x,0)€ R} is a submodule of M and (x,y)& Re+ x-ye H.
Proof. Routine.

PROPOSITION 3.2. Let (M,=p.Ay++) be an A-module and C
8 relation on M. Then C is a cocongruence on M iff the set
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P = {xeMi(x,0)eC} is 8 cosubmodule of M and (x,y)€0 «=

x-y € P.
Proof.
a) Let P be a cosubmodule of M. We define a relation A

‘on M by
(¥xy € M) ((X,F) € C o= X=FEP).

Then

(1) (x,x) # O, because P =w 0 = X-Xj}

(2) (x,7)€ C «= X-JEP == y-x€P «= (y,X)€ Cy
(3) (X,2)€C = X-ZEP e X~-y+y-2EP == X-y&€P V y-2 €P
o= (X47)€ C V (7,2) €0y
(4) (X+U,F+V) € O ¢mwbp X4U=J=VE P —>» X-yE&P V U-ve P =
— (X,5)€C V (u,v) €04
(5) (8x,0)&C «—r 8X€P — a8 f) OA X€EP e 8 Ay oA (x,0)€ 0.
b) Let C be a cocongruence on the A-module M. Then
(6) XxeP e (x,0) & 0 #(0,0) = (x,0) £y (0,0) =» x Fy 03
(7) =X &P = (~%X,0)€ C ¢=o (0=X,X=X)€ C = (x-x,0-X)€& C =
' > (x,0)eC V (~X,=X)€ C = (x,0)€ C = X€Py
(8) x+y ¢P = (X+y,0)€ C = (X,0)€C V (§40)€C =
_ — XEP V- yeP; o
(9) axeP pa— (ax,o)ec - a "A oA (x,o)eC<—- a "A o/\xeP.'

PROPO.SITION 3. 5. Let (M,= M,;lM,+) be 8 module over 8

. ring (A, A”‘A’*") and let C be a cocongruence on M. Then a ',

”'relatlon TC, defined by .

: (¥xy e M)((X.y)e TG = ‘!((x,y)e C).
is & congruence on M-such that 1C —= =y .
_ . Proof, R
(1) (%,X)#C = '!((x,x)e-C) = (x,x)eﬁc.

(2) (xy¥)e1C = 1V ((%,7)€ C) = 1(7,X)€C) &= (y,%)€ 03

"‘-1,(5) (x,7)€C A (y.z)ewc <—ﬂ(<x,y>ec>/m(<y.z>ec) S,

- 1<(x,y>ec V (7,206 0) = T((K2)EC) o= (%, z>e-uc‘

_<4) (x,7)e1C A (u.v)ewc@-n((xmec)m((u v)eo) —

"((X.y)ec v (u v)e-c) — “((x+u,y+V)eC) = (x+u y+V) €0y



)€0) = ((ax,a7) € 0)
(ax,ay)c—ﬂc.f”' e

module over: a r:.ng‘ A and. P
{xeM ‘l(xeP)} is.a stable _

GOROLLARY 3.5.1. Let M be
= flts cosubmodule. Then ' the set: 'TP
- submodule. of the module M. ORI

2
!.

E COROLLARY 5 5 2. Let (M, M”‘M"") be an A—module. Tg
L the relatlon =g on My defined _lgz ; A
e (¥xyeM)(x =s. y G '1(x "M y)),-” '

o __g a coggruengg _g M -l gh tha = ’M.ﬂ“

S - COROLLARY 3. 5 3 ;__ M. ba an A-module. Then the set. S
- , s {xeM X =g o} is a. stable submodule of M end (o)C ‘\M o i

N DEFINITION 3. 3. Let M- be an. A-module, R a congruence on. .
M and C a cooongruence on M. We say. that R and O are ompatlbl
‘ 1ff ’
(mrzeM)((x,y)eR A (y,z'-)ec - (x.Z)e C)

THEOREM 3. 4. Let (M, M,;‘M,+) be a module over a r:l.ng
(A= A,;lﬂ,+,.)'.-.R a congruence on M,.C a cocongruence on M, and
let R and C be compatible. Then (.‘4"’1”‘1""") is a gg_dﬁlﬁ"gge._x_'
8 ring A with equality end diversity relations defined by
(FxyeM)(x =1 ¥ — (X, 3)ER),
(e M)(x fy 7 — (X,7)€0)

and gggrg\sfdns o .
 + MM 3 (x,y) —> x+’yeE M, o 1AM 3(8,X) —= 8.°XEM "
by

x+’‘ye{zeM(z,x+y)€R}

a.’x € {ueM:(u,ax)€R}.
Proof. o

(1) x =y AU =) V = (X,5)€R A (U,V)€ R —» (X+u,y+v)€ R
— (x+’u,xtu)e R A (x+u,7+V)E R A (F+V,y+'V)ER =

-— (X+ 0,7+ V)ER e X+‘U = y+'v 3
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(2) x+*u Ay y+‘§ — (X+°0,y+°V)E 0 =
— (X+u,x+‘u)eR A (x+‘u,y+’v)€0 A(y+'7,y+v)e‘R —
- (X+U,F+V)EC =b (X,J)EC V (U, V)EC =X/} JV U 4]
(3) x =y yAa= b = (X,J)ERAB =, b — '
— (ax,87)€R A 8y =y by — (8X,87)c R A (ay,by)¢R —
—» (ax,by)e R '—» (8.°x,ax)€R A (ax,by)€R A (by,b.’y) €R
— (8."Xybe’Y)ER = 8.7X =) D'y 3§ '
(4) a.’'x £y b’y e (8.°%X,be’y)EQ =—=>
— (8%,8.°X)€R A (8. X,ba’y)€0 A (D.°y,by)ER —>
— (ax,by)e C —» a8 #, D V (X,7)€0 > 8 f, DV X Fy 74
(5) x+(y+2) =y (XF+T)+Z => (x(F+2) 5 (X+T)+2)E R ==
_(x+'-(y+’z),x+(y+z))e-Rl\(X+(7*5),(X+7)+5)€-R'\((I+Y)+5v(x+'y)+'5)éR
— (X (F+78) (X4 F)+ 2)ER €= X" (J+72) =) (x+'y)+°2 3
- (13) aJ"x #y 0 e (8.°%,0)C C =
| - (aX,8es X)ER A (a‘.'x,o)ec > (BX,0) € G ==n

—.a;lAO/\(xo)(C_» a;le/\x;‘lo.

DEFINITION 34, A module (M,= 1,;‘1,+ ), defined in the

: Thedrem 5 4,, is called a quotient module and it is denoted by

i M/(R ).

Remark, If H is a submodule which corresponds to the -

Uoongruenoe R and- :.i‘ P is"a cosubmodule wh:.ch corresponds to

‘,v.’the cocongruence ¢ such thet
I (¥xyeM)(xeH A yEFP — X+yE€P)y .
'_‘_then we denote the A-module M/(R, ) with M/(H,P). In this case
. we say. that H and P are M in M. In the A-module M/(H,P)
Bl we have " o S
- : x+H =g y+H — X-y@ H»,
SR Y el =y Fe = X‘VGP’
L Cxe)et (eH) dp ey

i f’,.a..r(__:,c+H.)',;_]-_v-'i.{ ax+H oo




e cosubmodule of M. Them—yve can construct a quotn.ent module . .
L W/(RE). - s L

COROLLARY 3 LI- 1. Le’c M be an’ A-module and let P be a

Proof. Combine Theorem 5 4. and Corollary 5 5 1",'.'3' S L

: PROPOSITION 3 5. Lat (M, M”‘M’J') be an- A-module and P ‘
» cosubmogule. ‘Then there existsvsubmodule P of M. COM= -
pat:.ble with P, - . s o o
" Proofs Let P g{xeM x-—l\=P} Then

1(o) 0€P .- P ‘ : : g .
(1) Let xeP («-—» "X #=P) and let uEP be taken arb:.trary, i.e..
-(u9) € P, Then -u EP. Thus -u. #M X, d.e01 ;‘M‘-—x. Therefore e
=% H= P, i.e.'-xeP. = R
. (ii) Let xe€ P and: yeP ‘be: takenarb:.trardy i.e. x=h--P and” ¥ #P.
_ Surely 1(x+ye P) holds. Let u &P 'bé . takenarbitranly. Then

uepP (-* u-x-y+x+yéP =» U=-X-y& P V X+y€& P =
— U-X-FE P 0 = U-X-Y Fy 0 = U "M x+3r .

Thus x+y=#= P, i.0. X+Yy€ P. ! o L
(iii) Let x-¢P and a&A. Then a€ 4 and x-hPP. Surely'\(axeP)'
holds. Let u€P be taken arbltrartl*a Then

u(-P ety U=-QX+BXE P = u-axeP YV X EP == u-axeP
= U=8X fy O ome u;lM ax .

Thus ax %P, i.e. axeP. v
(iv) X€P A JEP emo X P A JEP == X %P A X+Y-XE P ==

- X4P A (X+y& PV =X€EP) —» Xty&€ P,

COROLLARY 3.5.1. Let M be an A-module. Then the set
My = {ze Mt (¥7en) (7 Ay 0)(T Ay 2)}
is 8 submodule of M and (o)< M, S M, .«

DEFINITION 3.5. Let (A"A"‘A'+") be a ring and let P

be a coideal of A. P is minimal iff
le p,

(¥ac A)(ae P =—» (JbecA)(ab-1#=P)).

COROLLARY 3.5.2. Lot (Ay=yiépi+y+) be 8 ring and let P
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minimal coideal of A. Then the guotient ring A/ (B,P)

Richman field.
Proof. Combine Theorem 3.4. and Proposition 3. 5.

a "1 0 «= 8€P == (JbeA)(ab-1 = P) _
(BbéA/(F.P))(a.'b -1 1)0

be the
is a8

Remark. If P is the minimal coideal of the ring A, then -

the ideal P need not be maximal ideal of A, in classical sense,
because P< 1P.

4, Homomorphisms of modules.
DEFINITION 4.1, Let (A,= A"‘A""") be a ring and let

(My=ysFys+) and (H, H”‘H’*') be A-modules. Total function

£:M — H is called a homomorphism of modules ife
s (Fay e M) (L(x+F) =g DL+
(¥a€A)(¥x €M) (£(ax) =y af(x)).
A homOmorpBism £:M — H-15 a monomorphism iff.f is 1naact1ve,

an pimorphn.am iff it -is: sur:jeot:we, and an 1somo_z_'ph:|.sm iff
it is a bi;]ecbive embedding. ~ , ,

PROPOSITION 4, 1. Le'e f M+ HDe a omomorph:.sm of

A-modules. Then _
- a):-The set" Kerf {xem*:ﬁ(x) =q o} is a submodule of

© M and (o): Kerf.

b) The set Mf {xeM i‘(x) ;‘H o} is & gsubmodule _g_f_ '

- Mand Mp=Myy . S A

. tible in My R o
' d) The set Imf _:_._ _a_'submoaule’of H. . T
© o Pmeofs oo R
. b) (xel"lf o f(x) #H 0 = X #M 0) o *Mf‘

x+ycaMI o £ (X4T ) #H 0 e f(::)+f(y) :‘H 0. —>

-=> f(x) "H ) v £(y) "H O > xerv yer;

axe Mf " f(ax) "H 0 = af(x) "H 0. - »
— a;‘Ao/\r(x) ;‘H“OG—» x~;lel\ xeMr;

c). The sﬁbmodule.f{erf and the coaubmodule Mf are _gm_gg-j L




R P

xer"k—b f(x) "H o — x:,lM o _.. xﬁM

L c) xeKerr /\yeMr = f(x) =5 © ,\ r(y) "H -
. i‘(x)+f(;y) ;‘H 0. bt f(x.,.y) "H X q—-’ xﬂ'éﬂf o

PROPOSITION 4 2. Let 1‘ M — H be a homomorph:.sm of .
o A—modules. Then Kerr 15 detachable 1n M 1f.f.' Im.f is d:.screte. o

Proof, S 2l o
(xe Ker:f V ‘l(xeKerf)) — (f(x) =0 \/"1(f(x) = 0)).“‘_"'-_”_1».-_:

COROLLARY 4 2 1. Let M be an A-module and H: 1ts submo—' T
dule. Then the A-module M/H 1s dlsoretg if.f. H is detachable 0
ln M. REI . T
roog. The canonmal ep:Lmorph:Lsm p: M — M/H, deflned E
_ by D! Msx — x+He-M/H, has ‘a kernel H. e : o

. COROLLARY ll- 2.2, An A-module is discrete :|.f g;_lg_-' |
module (o) is detachable in M. - -

- LEMMA 4.3. Let £:M —>H be a _h'.omomorphism. gi_",..n\-mddule'e..,-,
a) A homomorphism f'is injective iff Kerf = (0)..
b) A homomorphism f is an embedding iff Mf = M .

Proof.
xeMoq-v‘x,;‘M 0 = £(x) fy © ._.-xer .

THEOREM 4.4+ Let f£:M —= H be sn A-Womomorphism of
A-modules. Thers exists the unique eomogghism h:M/(Kert, Mf)
Inf with £ = h.p &
Proof. We define the mapping h wl
(¥x+Kerf & M/(Kerf.Mf))(h(:;+Kerf) q £(x)).

Then
. X+Kerf =) y+Kerf «= x-y&Kerf <= f(x-y) =; 0 &=

o 2(X)-£(7) =y 0 = £(x) =y £(y) «= h(x+Kerf) =y D(y+Kerf)y
h(x+Kert) Py h(y+Kert) e=s f£(x) "H £(y) e

— £(x)-£(y) Py 0~ £(x-y) Py © = X-YEM, o

==n x+Keff A, y+Kerf.

LEMMA 4.5. Let M be sn A-module and let (H,,P,) end
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(H,,P,) be two pairs of compatible submodules and cosubmodules
of the module M. If H, < H,, then P,M\ Hy is 8 cosubmodule of

the module Hy and 52 and Pa ('\El are compatible in Hl.
' Proof. .

x+y € Paf'\ﬂl (X, JEH)) —» X+JEP, (xoye Hl) —

— XEPpV ~yeP2..(x,ye Hy) = xePaﬁ.Hl Y»y‘éPZﬁHI;
ax€Pp(\Hy (xeH;) = ax € P, (xe-Hl) —

= 8 fy OA.X€P, (X€H)) =~ 8 F, OA XEPMH) o
X€Hy A JEP,M Hi - XEH, T H) A yc—lPaA yebﬂl —

— x+y(-P2A x+ye Hy == #yGPaﬁHl.

LEMMA 4.6. Let M be sn A-module and let (Hy,P;) snd
(Hy,Pp) _b_e; fig pairs g_f compatible Bubmodules and codubmodules
‘of the module M. Them Hy <= Hp and Pys= P, are the compatible
 submodule snd cosubmodule of the module M.

o4 Py A O *P, = o-u-Plk_JPa;

x+yePluP2 (o x+yePlv x+ye P2 — : L
'.'_xe Plv yePlv xeng YePy.—» xePl\_/sz yePl\/Pag
| ‘axe Plu Pp— BXEP) vV ax€P, — G
-(a;éA on xePl)v(a Ay oAxePa)—- aﬂAoA(xePlv xePa) ‘
. a;lAOA xePlk_.JPé oy ot i ; L

] _ . THEOREM 4, 7. L__ M be an A-module and let (Hl,Pl) and
S (Ha'Pg) Dbe two pairs of ¢ omgatlbl submodule: and cosubmodules‘ o

of ‘the modile: M such' that- H2 Hl and qu P2. Then there -

'~',exlsts the 1somorph:|.sm e

M/(HlyPl) (W(Hgon)/(Hl/(Hz,Pgm H]_) Pl/(Hg,PamHI)) _ : il

,Proof. .. : :
1 He def:.ne Hl/(Hg.Paf'\ Hl) {x+Ha€- M/(H2,P2) xe Hl}

vand Pl/(Ha,Pzﬁ Hl) {x+H26 M/(Ha,PZ) xe—Pl} and ‘we. prove




-fxe le\ yePl — x+ye P ....’ x+y+Haei=l/(Hé,P2r\H1).
2. Derine a, mapping from M/(HQ.P’Q) into M/(Hl.Pl)?-.wieh &
ey (¥x+Hae M/(HZ,PQ))(f(x-l»H?_) "% x+Hl)._'__,_,-~.g et
'_yf"Then £ 15 a; well-de.t‘:.ned. su.r,ject_:ive homomorphism. Thua, by
Theorem 4 4., I T S
. : (W(H29P2) )/(Kerf (M/(Haopz))f) W M/(Hlopl)"ﬁ" A “
Hovevér T

. and. | e e
- f(x+H2) - x+Hl "l Hl — xéPl o
,Thus"

+ THEOREM, 448, L_ M mgg_ A-mog e and let (ﬂl,Pl) and
(H2'P2) be t:wo pairs of compatlble submodules and cosubmodules

of the module M. Then there exists the isomo:_:phism ‘
Proor. o = :

Defina a mapping £ from Hl into (Hrl-ﬂa)/(Hz,Paﬁ (H1+H2))
with ’

(¥x € H)) (£(x) =] xeHp€ (Hy+H,)/ (Hyy Py (Hy+H,)))-
It is clear that £ is a homomorphism. To show that f is sur-

Jective we note that if (x+y)+H2 is a typical element of
(By+H,)/(Hp P\ (Hy+H,)), with xeH, snd y&Hy, then
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(x+y)+H, =] x+H, = 2(x) .
Thus, by Theorem 4.l4e,

However
f(x) -1 ”Ha -1 Had—b x€ Ha -p X€ Hamﬂl

and
£(x) -i x+32 ;‘i- 32 —-— !GPZ — XGszﬂl .
Hence i
Kerf = Hlﬁﬂa
and

5. Sums of modules

"Let M be an A-module and let S and T be its submodules.
. The sum of them, denoted by 8+T, ‘is, definsed by -

' S+T = {s+t-seSAteT} :

It is easily seen that 8+T is a submodule of M. If (Si):.-l
-are submodules . of M, then: -
" S:L-'-...HEIn = {sl+...+sn.(¥ie n)(s;€ Si)} v
o is 8 submodule or M. YWQ denoted ‘chis submodule dnth 5:51' it

L-\

is called the sum of Sl,...,Sn o The notion of. the -sum, “of. submo-»_;f"j L

dulea of M can. ba extended to an arbltrar(q 1nhab1ted family -

(sl)iel'. of submodules of M. For each ‘subfinite subset J= I, SR

<eJ

dules ot M is: not a; submodule of M. However. :Sj ,
o S =0 S T

where J 1a a nubfinite subset of the set I. :.s a submodule oi‘ M._

and denote wI{h 1__.S .

L .l. F:Lnlte 7. en'erat"d'modules. Lei M be an A-mod.ule
;,,and let xeM. Then Ax {ax'ac A} is a submodule of: Mo ‘gince
M is un:.tal, AX: contalnes xo If. §-is an inhabited SUbaet of" M,-
’"‘the -

- YTy
“.-_fln:\.te subset {xl,....xn‘, such that (¥1je n)(x ;lM J) and

= Si is a aubmodule of n. In general, the un:.on of submo- I

EAK asuuea Q. submodule generatsd by 8. If 81is'a !trictly.'j T




_"L1° I flnitel:generated

e M PROPOSI'J.‘ION 5.1, If an A-module M is striétly fin tely
g ;:'generated, ‘then therd” are- neN and‘é‘c@mpat:.ble submodule -H' and
| cosubmodule P of the: A-mpdule A™ such that M & A"/(H, P)'

W Proof. Let M.= Ax1+...Ax De;f.‘ine -a’ 'mapp:.ng f AR

’ ’_~:-"-,For'arbitrary ﬂalxl(- M we can get (al,.,.,.an) e A :
"”:'-;':that f(al,...,an) = )._. aix

“_.' So, i.f we take

o meta {cal,...,a e
- ...gnd o e
(A )f {(81,...,!1 )G A '

_:then i

BE An/Ker.f.‘ (A )f) S

PROPOSITION’ 5 2, ‘Let v G el l
(BneN)(E\H P;A )(h M n/(H P)) T

, for an A—module M, where H gg P gzg a compatj.h_],g submodule g_g
cosubmodule of A" ., Then the A-module M is subfinit_e_!,generated.
Proof, Lt : :
. £:4° —L»A“/(H.P) —M,
Then f is the op.tmorphiam of A-modules. Let
Lw{ie n:(dil,...,din)e B}

where di;j (i;je n) is Oronecer simbol and let XEN be taken ar-

nitrarily Then we oan £ind"(ay 00598 )+HE A “/(H,P) such that .

h((al....,a J+E) =y x o If (dﬂ,....dm) = o; (i€1), then
h(alel+...+a 8 +H) =y X . S

8o, the set (f(ey))y z.; &enerated the A-module M,

- COROLLARY 5.2.1. Let M be a discrete module over a dis-
crete ring A and let H be a detachable submodule of A" such

that M % A"/H, then the A-module M is (strictly) finitelgenera-
ted, :
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DEFINITION S5.l. A sequence of A-modules and homomor-
phisma .
R »lnnl --. Hn Mn+1 P eee
is an exact sequence iff
(“n)(Imfn_l = Kortn) .

LEMMA 5.3. Let M", M and M" be A-modules.
(a) A sequence

(Q) — M — M
is exact iff £ ias injective.
(b) A sequsnce
M -2 M" — (0)
is exact iff g is surjective.
(e¢) A sequence ;
® () —= ' —F ey Ly (0)
is exact iff f is injective, Imf = Kerf snd g surjective.

PROPOSITION 5.4. Let the sequence (%) be exact. If M’
and M" strictly finitely generated the A—modules, then A-modu-
le M:is finitely generated. ‘

Proof, Let S’= {xl,....xn} be a generator of an A-module _

MY and let 8" = {xl,....xm} be a generator of an A-module M",
. Follow:.ng Ing = _M", we have . : '

- (¥ie m)(Bxie M)(x" "Mn' S(xi))'v
i ‘with

(Vl{ieﬁ)(x" %M" xd - — S(xi) ‘M" G(xd) ——y Xi #M d)
end. ,
ueKers "y g(u) 'M" 0 "M" xi ==—v$(u) r‘Mn S(X ) —
o ) ===>u;lMx (:Lem) ' ' :
So -
' v (Vie m)(xi*l{erg = Imf), T
ioe. : N .

(ulemxvae')(xi ;‘M rcxj». i
Further, ) e have - '_ :
(\!13& n)(x e xj —-vf(x ) a f(xd))

‘.'-."'and.: s

(!Il.je n)(x k"M"x;j -y 1(f(x ) = f(xd)))




' t-ftion 5. 4 il an embeddi g, “then the A-module M- is strictlj fini-

. I-" “ .1':7 AR
injective,

beoause tha : homcmorphiam £ B
' ")vxlnﬂixm}

: S S‘ {f(xl),.-n’f(x
e generated. the A-module M

GOROLLARY 5.1-1-.1._,_,11‘ “the’ homomogﬁlsm £oin he rop_es:l.-

| - taly P;enerated h«a ztne set 5= '(f(xl)v"’f(xn)'xl'"“xm}‘ :

;-I and P be its commltible submodu],e gﬂ cosubmodule.v,

V;_r; l_ A-module H and M/(H,P) are strictl f:.m.telz 5enerated,
B0 :I.s the A—module M. S s .

ér

Proof. We have tne exact sequence
() — H 2w Y M/(H,P) —-(o)-f_,

where the’ hOmormorph:.sm u is the :anlus:l.on (:Ln;ject:.ve and em
RS bedding). : . S :

5,2. Strictgl_.z ;Ete d.:Lrect sum o:f.‘ submodules.

B J DEPINITION 5.2. The A-module M is ‘the (internal) rgct
sum of submodules B and. T, denoted by M'= 8@ T. iff R

(Vxe M)(3 s€ s)(BteT)(x ol s+t). L
. (¥se B)(¥t€ T)(s+t 'M Q — s=-M o At = o),
‘(vae s)(utem)(s‘fm' on Ay o — ast ;‘M o)

- DEPINITION 5.3, Let 8 and T be A—Bubmodules of an
A-module M. We denote -

c,3 - {s+t:t ;lM o}, "CT a {4s+tss "M .o}_.

PROPOSITION 5.5. Let M = 8 @ T. Then
a) T_hg _sLt 0&3 .i;a_ a cosubmodule of M compatible with By

b) "12 Ee_t. Cp 2 a cosubmodule of M compatible with T4

¢) Cg = {xeMix=8}, Cp = {x€Mix+ T}y
d) 8 3 w/(T,Cp) , T & M/(8,Cg) .
Proof,

a) (t;lMo _.ps+t;lM o) —» O==Cg
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ax € Cg ¢m a(s+t) € Og o= as+ate Cg = at dyo —

—»aﬂavohtfnoc—- x-MutEOBI\a;‘lo;
x+ye08'o—o 8 +t +s +t eoB - t +t:y "M 0 ==

- tx;lHthy;‘Moo—- x-Hax-rthOBVy-Man; € 0g 3
x¢B8 A yeCg = X€8A Y =y ay+‘t:y (ty ﬂH_o) —>

—_— Xty =y (::a-e'y)n:y (1;y "H 0) =~ x+y€Og «

0) X =y Bytty€ Og o= ty Ay o — (By=u)+ty Fy o (ueB) —>

. - Bytty Ay U (ueB) == X ¥=Bj '

_ X 48 t=> X ha +t "‘M u (ue 8) “""x"tx "H By —

o-»t;lMo(—vx-MswecB. '

d) If we define £i1M = S @ T® 8+t —> seB, then we have

Kerf = T, Mg = Ops sﬁm/(mc,[.).

THEOREM 5.6. Let M be an A-module and let 5 and T be
 its aubmodulg Then M = 8 @ T, iff

-M-S+T, smm-(o) csucT .
Proof. : :
R (a)LetM-SOT..Then’
o 4) Obviously,;,- S Ma8+ T |

i4) ’ '
L XE S('\T — X ’M s+t

L —

€8 . | (=x+8)+t =y 0l
i s eT -84+ (~x+t) =y 0 -
-8 =M x At -M o As f'M 0 /\‘-'.t. =M x:—vv‘xg Rl o..-.,'_ :
':"::,‘-,';l‘.ii) M°9 X -_=Mg g+t "Mﬁ o;._-_-».,s "‘M’°’ Vg ;lM»o o
> ~xeCSY xe C'[‘ e-»_‘ _x-e-CSL.JCT, . e
e (b) _
_-‘_”_'»lv) (¥xe M)(-’—! s¢ S)('\te T)(x =M s+t). :
:"A.V) (¥B€— S)Wté T)(s+t ’4 0. == s QM'—té S('\T = (o) |

“S"O/\t’ o).--

:.‘ . Ve EAEN o . M
‘ :,-v:.) (vses)(uteT)(s "M oV t #M o --» s+teﬂ,I,V s+te cS
R N S

£t --1 s+t€ C,puCS = M L —— s+t "M o).;_




T ,;‘;1'3_6:

2.2. Ihfim.te direct ‘sum_of modwl.en. Let’ «Mt' t"‘t""t)?c:r

L be a fam:l.ly of A-modules ::ndexed by an a.ni‘:x.n;te set (T, T"‘T)’ G

_“b..co:.deal -of: T, iff

f’-:DEFINITION 5 i, ([9] IlO'l) | L R
e _a) For a family T of aubse*&s ‘of the set T we\ ea:y thak
e ‘.'1t is an- apitfwal ‘of” T, 1ff et TR e R R
' pea, e e T
rlf;.ra N YaeJ - YleJ ,
NETA Yped — ‘flu*zae I

»"-Th deal T is. strong, 1ff @ M JT.. 0o '
-b) We say- that a famlly K of subsets of the set T 1s aﬂ\

TeK, |
e Zyn zleK - 'zaex, L
BRI AT S K-;zlmzaex.'v
: The co:.deal K is strong, 11‘1‘ ¢-;\-K. L

Doy -

Examgle VII' a) The famlly Jo & {Yg'l" Y is subfin:.te}

il a ltrong ideal of T,
- b) The family
K 2 {2 T(RY=T)(T = Y Z)(Y is aubfim.te)}

is a strong coideal of T.

The Cartesian product of the family (Mye=geFgr+e)?ten
is denoted by

Fa= (M= {f:0 — umts(vtem)(r(t)e MY

In the class F we define compatible equality and diversity
relations with
£ =p & == (¥EET)(£(t) =¢ g(t)),

£ pp 8 — (3seD)(£(s) Ay 6(8)).
Therefore, ( r_"\Ht.-F,;‘F) is a set. We define algebraic ope-
rations on I'—IM1= with '
(£+8) (%) =y £(E)+8(t) (teT), -
o(t) - 0 (teT),



(-£)(%) = ~£(t) (tem),
(af)(t) =, af(t) (te T)e
bThen ( \;:r'l “t"x"‘r"‘) is an A-module.

PROPOBITION 5.7. Let {(Mys=gsFga+y) dpep De 8 fomily o3

A-modules. Then

i) I£ J is an ideal of the set T, then the set

_ szuire r—'mt.{te'r 2(%) Ay o}eJ}
is a submodyle of the A-module r;mt .

1) Let K be a coideal of the set T. Then the set

 Bp= {fel I {veTL(t) - o}ek}
is a submodule of the A-module M, .
= teT

‘ Proof.
- 1) Let 2(f,g) = {temL(t) Ay g(t)]. Then

7(0,0) =5 P€JT =n 0€By
€8y &= Z(f,d)é:]’ —»\Z(st) =5 Z(-f,Ov)\ —
- Z(=£,0) € J == -fESa;
| £€Bp A EESy = 2(£,0) €T A 2(§,0) €T =
— (1, o)uz(g,O)eJ‘ — ) Z(r+g,0)c:Z(f O)UZ(g,O)\—’
- Z(i‘+g,0)@J — £%g esg; |
achA A £ESy c-yaem A T(£,0)€T — ]Z(af O)C_;Z(.t‘ o)}

- z(af, 0)€J «— af€8y. ,
| n) Let Y(£,g) = {te€l: f(t) = g(t)} Then
S 1(0,0) =y TEK => 0€8y4
ge Sl "geslo : ‘ .
fGSl/\ gcsl — 1(f, O)&K N Y(g,O)GK —

= X(E0M(E,0€ K = | Y(£,0M(E:0) ;Y(f+s.o)) S

= Y(i‘+e;,0)€-K R | f+ge 814

aed A gesl — ae AA Y(g,o)e X -—~\Y(g,o);¥(ag,0)]

— Y(ag,o)é e~ ag& 51

i




e "13,.‘—3_'

Let T be an j.ntinite_set' and#let F’((Mt,- K
avlfamily of ; A—modules. 'r‘hen the Bet:: : o
g 8= {re l""'lMt:Z(f o)e:r NY(£,0)€K, }- s{‘\s?
o il a aubmodule of tha A—mod.ule f‘»'ﬁ Mt‘ The submodule s is cal-.y

led the (external) d:.rect sum of the fam:.ly {(Mt, t”‘t'*t)>te'r

and we- write

AIt is eaaily seen that Mt is a submodule of-‘s for each teT

e be families of A-modules and. 1et Moo= 0 M‘b anel H = @ Ht*" FOI‘,":_;“: o
| each €T, lot fyuMy—> -“t be 8 ———-—P——h°m°m°r hien. Defme .
;f!l'l — H with T

(¥te T)((f(X))(t) = ft(X(t)))-

, Thén _ : S R
Kerf '“‘0 Kerft . Imtie Imft
e T T
M)y = L_J{xe LINTES 2(x,0) n x(De (M,,),_. }
a_ng ,\ET ’

(tffmt)/(:TK‘erff’ Mg) = &(Mt/(l{erft,(.lvlt)ft))v

. Proof, .
1. i‘) x € 8 Kerfy «— Z(x,0)€ Iy A Y(x,0) €K, A

A (e 2(x,0))(x(1)€ Kere,) — (Vi€ 2(x,0))(£;(x(1)) =; o)
- (¥i€ 2(x,0))(£(x)(1) - 0) =» f£(x) =q O~ XE€ Kerf.

11) Let xeKerf < @ My. Then Z(x,0)€ J, A Y(x,0)€ K,
and f£(x) =g O Then

(¥ie 2(x,0))(£(x)(L) =5 0) = (¥ie€ Z(x,0))(L;(x(1)) =; o)
= (¥i€ 2(x,0))(x(L)e Kerti).
8o, x€ 9 Kers, .
2. Let ye*q_ Inf, . Then Z(y,0)€ J, A ¥(y,0) €K, and
(%€ 2(7,0))(y(I e Imfd)-
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Then
(¥3€ 2(3,0))(Ix4€ M) =y £4(x4)).

Let us define x€® M; with
' 2(x,0)mp 2(740) A T(310) =5 ¥(x,0) A (R € 2x,0)(x() =y %
Then x & @ M and (¥3€ 5(x,0))(7(3) =4 £(x(4))). Thus

Y =g £(x), i.e. y€Inf.

Let y€ Inf & © Hye Then Z(3,0) €7, A Y(7,0)€ K, and

(3xe 6 M)(y =g £(x)). Purther,

| e B0 =y TN =y £33
- end (Vje z(y.o))(y:j o] fd(x(:j))), where x(J)< Mye Therefore

ye e Infy . g

_ X€ My o £(X) my O o= (aseT)(f(x)(s) Fg 0) =
e (JseT)(f (x(a)) ) 0) o= (A8 T)(x(8)E (M )I ) —
= xelixe oty aez<x.0)/~ HDE Mg,
":'_‘H:\sclear that. o S RS
o 2 Mt)/( @ Kerft, Mf) 3 *G(Mt/(Kerft,(Mt)f Ne

GOROLLARY 5 8 1. Let <(Mt, 1;.,|tt,+,ﬂ)>,aET be a i‘am:.lz of -

A-modules and let’ (Ltth> be & pair of .c meﬂ_lllf. M Sl

and cosubmodules of Mt (teT). Then _
i v : ( @ Mt)/( O L-by ‘C ) ’v*O(Mt/(Lt’Pt))

_ where .. L Sl L T

Q= u{xe o Mt jez(x,o) /\ X(;i)ePﬁF

' T 4T
S NI RS R ;

SR REFERENCES.,[‘M? LT
[1] E, B:Lshop, Foundat:.ons of - Construct:we A.nalzs:.s; McGre.w-
S i -Hz.ll, New York: 196’7.@. SRR L LA

[2'[ R I Grayson, ‘Inbuitionistic Set heorx; Ph.D Tesis. Oxford
S ' Un:.vers:.ty, 19'?8. et e -

.‘_

5.5.'_'-"-1“‘13'1 H Greenleai‘, L:l.beral Lonstructz.ve Set |heory; Lecture No- e :




A fii4f°-' ‘f:f

tes 1n Mathematics, Sprlnger-Verlag, Berlln,
875(1981) 213-240.:,;,,,v~ e ,A;
A

' ?1[4] We Jul;an, R.Mines and F.Richman,’ Algebralc Numbers, a Con-?':”f

i structive Nlevelopmenty Pacifit. Journal of Mathe-;;fﬁz

matlcs,(74)1(1978) 91-102._. IO X

i
X

“;{15] D.B.MsCarty, Realzzabllity and Reourzive Nathematlcs; Ph.?“-‘f
B ».‘D.Te51s. carne31e~Mellon University, 1984

s [61 F.Richman, Constructlve Aspect ‘of Noetherian Rlngs; Pro-f ' i

°£29225_ of the Americen Mathematlcal Society,
- (84)2(1974) \436-441. RO

':jﬂi{?] D A. Romano, Rings and Fields, a Constructlve Vlew; Zelt-. e
o - schrift fiir Mathemgtische Logik und- Grundlegen '
der Hathematlk, (34)1(1988), 25-40.

[B] ~=mmm=—em-, Constructive Aspect of Abelian ﬁroups; Procee-
1ngs of 5th Conference - "Algebra and Log;c" Ce=-" -

EEEJ_ 1986. Institute of Mathematics, Un1verszty S

of Novi Sad, 1987, 167-174.

() P ——— Construction of Compatible Relations on- the
Cartesian Product of Setsy Radovi Matematicki,
(3)1(1987),85-92.

[10] ===——==ee=, Equality and Coequality Relations on the Carte=-
sian Product of Setsy Zeitschrift fiir Mathema-.

tische Logik und Grundlegen der Mathematik,
" (34)5(1988),471-480.

{11] w.B.G.Ruitenburg, Intuitionjstic Algebra; Ph.D.Tesis.
Utrecht University, 1982.

{121 A.8.Troelstra and D.van Dalen, Constructivism in Mathema-
tics, An Lntroductionj(Preliminary draft of
Chapter VIII: Algebra). '

[13] A.8.Troelstra, Finite and lnfinite in-[ntuitionistic Mathe-
maticsy Compositio Mathematica, 18(1967),%-116.

Daniel A. Romano Bihaé, September 21, 1987.
77000 ‘BIRAC

Vi8a tehniéka 3kola u Bihaéu

Omladinska 2

Yugoslavia



141
PROCEEDINGS OF THE CONFERECE

"ALGEBRA AND LOGIC", SARAJEVO 1987

ON A CLASS OF CYCLIC VECTOR .
VALUED GROUPOIDS

Zoran Stojakovié

Abstract. Cyclic vector valued groupoids represent a generalization
of cyclic n-ary quasigroups and semisymmetric quasigroups. In this paper
2 class of cyclic vector valued groupoids which are closely related to
Mendelsohn quadruple systems (MQS) is considered. Some properties of
_such vector valued groupoids are determined, their relation to MQS described
and a construction of some vector valued groupoids from this class is

given. - ) '

1 Itroductlon and prolimlnlriu

Vector valued groupoids represent a convenient generalization of
"_yn ary groupo:ds Various classes of vector valued groupoids which gene-
talize n-ary. quaslgroups. semigroups and other structures were considered

in (2], [3), [4), [6). Some of them have combinatorial applications and '

“one such class of vector valued groupoids will be considered here..

' We shall use the following notation.: The sequence xp xp+l' WX

- ‘-vwe denot'e by xg If.-p>q, ‘then’ xp will be considered empty.

" 'Let S be s nonempty set,’ tn, n positive. mtegern and F a mappmg

" of S" into S™. Then (S,F) is said to be an (n m)—groupoid (or vector valued

" groupoid when it is not necessary to: empbasize n and. m). |S| is called thev
vorder of (S, F) The n-ary operattons Tnlin defmed by

g )'-y may, .y"‘ )1=cx“)=(yl ) .-1. m

"-are called the compcment op.eratlona lor. components) of F
- = Allhough every (n m)-groupmd (S,F). canbe. mterpreted ‘as " an
‘ algebn (Sf " .f ): wnth m n-nry operatnons. lt is ofl.en more convenient

This paper is-in final form and no _,ve‘rsio'n- of it wi_ll be 'submltted S




IR ml-opermon

e Y

X Rt

.""-":f-'to considcr ln m)-g:oupotds ‘inumc‘eonmm lor'ﬂl ur aa ulsebn\ with *om i

; Dcl'nition 1 An in.m)-groupond {s F) is callod cycllc |ff ior cvery:
n+m e CT

F(xn, a (x::;"l > F(xm’l - (x" m.xll.ff:j'_ :

Cyclic (n,mlngroupmds rcprcunt a gcnerahzation ol‘ cychc n-ary5 s

: qunslgroupn and scmncymmeuic binary Quasigroups. If- m=1, then s cycllc:_"'j,;f'_'

n-ary quasigroup is obtamed levcry cyclic n-ary- groupoxd is neccuanly'

©an n-ary quasigroup) and if n=2, ms=1, then we get a well known  semi- =
' ',‘symmetnc qucnigroup 1: quuilgcmp utul’ying tl\c identity y(xy) = xis oy

. called semisymmetric); Cyclic t=nry q'uulgroupc wm concndcrcd m [7] s
o and thcir ‘combinatorial applicctions in’ [8] [10] S i
_Definition 1 implies the following '
* An {n,m )-gtoupoid (S,F) ic cyclic il‘l' lor all x
ie {1,..n+m) : :

n+m€ S and cvcry

, n+m, +i1 n+m il
‘F(xlS(Xn“)ﬁF(i )=(xm‘.| ).

. Soms questions conccming gcncnl thcory ol‘ cyclic ln.m)-grou-' '
poids were considsred in [9]. =

. A-groupoid (S,) is ccllcd ldcmpotcnt lﬂ‘ for all xeS, x* = x, and
an (n,m)-groupoid (5,F) is idempotent iff for all x€ S, F(x,....x)=(x,....x).

2. Co-ordinctl:ln‘ ‘Mcndclcohn quadruple systems

Let S be a finite set of v elements. A cyclic quadruple. <abed>,
where a, b, c, d are distinct elements of S, is the following set of ordered
pairs . o

<abed> = {(a,b), (b.c), tc.d), (da) }.
A Mendelsohn quadruple system (MQS) of order v is a pair (S,T),
where T is a collection of cyclic quadruples of elements of S, such that
every ordered pair of distinct elements of S belongs to exactly one cyclic
quadtuple from T.
The necessary condition for the existencs of a MQS of order v is
viv-1) = 4|T|,
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which imply that if v is a positive integer such that v ¥-2,3 (mod 4), then
there does not exist a MQS of order v.

Bvery MQS of order v is equivalent to a partition of the complet
directed graph K into pairwise arc-disjoint 4-circuits. By a 4-circuit we
mean a directed alemennry circuit of length 4. Hence from the resuits of
Schtnheim [S] and Bermond, Faber [1] who proved independently that K'
is decomposable into 4-circuits iff v(v-1) 3 0 (mod 4) and v>4, we get tho
spectrum of MQSs: '

There exists a MQS of order v iff viv-1) 2 0 (mod 4) and v>4.

Now we shall show that a class of cyelic vector valusd groupoids
is ‘equivalent to MQSs. .

Theorem 1. Let (S,T) be a MQS. If on S we define a (2,2)-operation
' F such that for every a€ § F(a,a) = (a,a) and for all n,bes ‘a#b,
, F(a,b) = (c,d) & <abed> € T,
‘ thm (S F) is an. |dempotcat cyclic: (2,2)-groupoid. _

‘Proof. It is easy to see that F is well defined and since <abcd>=
" ¢bedad, it followa that F(a,b) = (c,d) = Fib,c) = (d.a).. ‘

The converse of the preceding theorem is not valid. Ntmely. if
(S F) is an ldempolent cyclic (2,2)-groupoid and F(a, b) = (c,d), then <abed>
- »"need not-be a cyclic: quadruplo For example, if § is a set and F the
identity mapping of 2, then' (S F) is .an idempotent cyclic (2,2)-groupoid
.which ‘does not define a2 MQS. This example aiso shows that there exist
':dempotent cyclic (2, 2)-groupoids_of ‘every order. We glve also another
. -.example ol‘ an’ ldempotent cyclic 2, 2)—groupoxd whlch does not define a
>»._'MQS:;_ ERRO i . .
' S {1234] F(aa)-(aa)fornllaes
F(1,2) = (1L3),  F(1,4)=(2, 4)  F@, 3) = (4 3.
' F(2 1) = (3, 1) F(4 1) = (4, 2) F(3 2) =3, 4)

i {The remammg value,n ofF can, bp obtamed from F F . where‘ F ‘is the -

o inverse mapping of F (smce in: every cychc (n.n)-groupond (S F) F is-a

f_buectlon and F= F l)

oy Dll" mtion 2. An mdampotent cychc (2 2)—groupmd [S F) such that

abeS a # b, Fla, b) = (c.d) implies: that the elemenu a..b c. d are distinct, v

RS .r'. B
ITITRE OSSO

: "_Ti_i'm called an M (2 Z)-groupmd.




e M-(z 2)-groupoid.

S ._",tuun (s :r) is 2 MQS of order v.

e

R Thoorom 2 »Lat (S F) be an M-(z 2)—gtoupoicl: of ord&r v. If a
e '"j__l‘amnly T of cyclh: quadmples is defi ned by Nt R
o : <abcd>eT®F(a.b) -tcd)'__-{'f,

: Henca from Theorema 1 and 2 it follown that there is an eqm-":."_f‘. E
“»fvalenco ‘between MQSB ‘and ﬁnite M-(2, 2)-groupordu every MQS deﬁnes[v
: '-'nnd is deﬂned by a ﬁnite M (2 2)-groupoid e R

3 Idempotmt cyclic (2 2)-groupoidl

: We ahnll use’ the followmg notalion B(§ (SF" is a (2 2)-groupoid'f-""
' then |ts component binary operations will be denoted by { and g, and in "
some cases - (when we consider 1dentities nmﬁed by [ and TIR we ahnll]ﬁ -
“use (-) and () instead of f and g respectWely o o
‘ A groupoid (S,F) is called a left quasigroup iff for every a,b € S.the

- “equation f(x,a) = b has a umque solution and iff fla,y) = b has a umqne_ :

solution'then (S,F) is called a right quasigroup..

‘Let (5.0 be a groupoid and ¢ a permutahon of the set (l 2,3)

Then by :
f (xa(a

a groupoid (5.1%. is defined:
-if 6(3) =1 and f is a left quasigroup,
-if 6(3) =2 and f is a right quasigroup,
-il o(3) =3

) Xg(2) = "ats) & fx,x)) = x,

1% is called a c-parastrophe of or simply parastrophe.

Two operations { and g defined on the same set S are said to be
orthogonal lff for every a,be S the system flx.y) = a, g(x,y) = b has a unique
solution.

Theorem 3. Let (S,F) be an idempotent cyclic (2,2)-groupoid. Then
its components [ and g satisfy the following conditions:

() f and g are idempotent,

(ii) [ is aleft and g is a right quasigroup,



(i) f and g are orthogonal operations,

iv) .-(113) =g, that is, g is a (123)-parastrophe of [,

(v f and g satisfy the following identities (where f=(-),
g=0) '
(yxyx =y,
ys((xey)ox) = x,
xey = y(xy) .

Proo f. (i) Let a,b € S. Then there exist unique x.y € S such that
F(a,b) = (x,y), hence F(y,a) = (b,x) and F(bx) = (y.a). So, for every a,b € §
the equations fly,a) = b and g(bx) = a have unique solutions x and y.

(ili) Por every ab € S the system flx,y) = a, glx,y) = b, Is
equivalent to the equation Fi(x,y) = {a.b), but the last qqnallon has a
unique solution (x,y) € s? since Fla,b) = (x,y). '

_ (iv) Let x,y € S. Then fix,y) =z, gx.y)=u and Fix,y) = (zu),
- hence : :

Flu,x) = (y,2) = (flux), glux))
S Fly,z) = (ux) = (fly.z), gly.2)),
that is, , : FRRRRLE - ‘
' oy = fux), z = glux), u = (y,2), x = gly.z),
- We ‘obtained that fix,y) = z implies gly.z) = x, and’ g(x y) ) u

o lmphes ﬂu x) =y, which means. thnt for every X,y,z € S

lhat is, f(‘”’

f(x y) =z 1:) g(y.z) = x. RRTR

(v) Smce for everyk X,y.€ S _
’ . F(x,y) = ( xy. xny)

3 F(y. xy) = (xl-y. x) ) (y (xy) yn(xy))
leay. x) € (y. xy) = ((x-y)x. (xvy)mx)

x-y = y(xy) ix = yv(xy) Y (xty)x, Xy = (xuy)vx

From the ﬁrat and the thlrd of tho precedmg equahtiu it follows that

el : (y(xy))x =
x 3-'_and I'rom the second and the fourth ,
' e ya((x-yhx)) = x

R

Theorom 4 Lat (S ) be a groupmd Then the xdenuty




(!(xy))x =.y " L

‘v h equivalent to lhe idenuty

o Proof lf (1) u valid nnd we put in Il) as the vanableg y(xy) andv-:f""'
wac;ot(Z) e e R DLy

H (Z) u vahd and we put m (2) as- tha varublel x and yx we*;; e
‘,...'gat (1) : : ha ] SRR e .7
ST _ H (S ) umﬁes |dentmu (1) md (2) and a, b € S; then the equnuon.’} i
G SR e Cxamboc i e k) 5 L
. f""_:'.hn a solutlon x = b(nb) If we suppdn th:rt (3) hu another soluuon y # x._» S

""_:,vyanb then . LR
, R e a(!_l)'iab;:_ e T S
and s RRteoLs R g
e : (ya)(a(y;'n = (yalab),

: hence y = blab). I
So, (S ) is a left: quaslgroup

Thoorlm 5. If (8.F) is.an ndempotent cycllc 2, 2)-groupmd and |
F(x1) = (x3) where x: are not all equal -then x; # Xiag i =1 2 3
_and X * x & '

From F(a,b) = (b,c) it follows F(bb) = (c,a) and as before we get.a = b=c
and analogously in other cases. '

Theorem 6. If (S, ) is an idempotent cyclic (2,2)-groupoid such that
its components f and g are quasigroups, then (S,F) is an M-(2,2)-groupoid.

Proof. If we suppose that F(a,b) = (ac), a # b, then f(a.b) = a
and since f is an idempotent quasigroup it follows that a = b. Similarly
from F(a,b) = (c,b), l £b, we ;lt gla,b) = b, hence & = b.

The natural question vhethor the inverse of the preceding theorem
is true, that is, are the components of an M-(2,2)-groupoid always quasi-
groups has a negative answer which follows from the next example.

Bxample. The MQS (S,T) where S = {1.....8) and

T = { <1245, <1356>, <1482, <1523>, <1678>, <1754>, A83D>,
<2584>, <2653>, <2746> <2837>, <3476>, <3687>.<3864$}
defines an M-(2,2)-groupoid (S,F) whose components { and g are not

(xy)(yfxy))--x o P gy,

‘Proof. If F[l,a) = (b c), uincs F(n a) = (l..l) u follows a=b=c . g
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quasigroups becauss
f1,3) =5, M1,7) =5 and g(6.1) = S, gl41) =$
In the preceding example none of the component operations was a
quasigroup. That coinponent operations are both quasigroups or both are
not quasigroups follows from the next theorem.

Theorem 7. Let (8,-) be an idempotent cyclic (2.2)—;roupoid. Then
one of its components is a quasigroup iff the other component is a
 quasigroup.

Proof. We suppose that g is a quasigroup and f is not. But f is a
left qunigroup. hence there exist a,b,c,d € S, b £ ¢, such thlt

fla,b) = fla,c) = d,

or the equation f(a,x) = b for some a,b € S does not have a solution at all.
In the first case it follows that F(a,b) = (d.x) and Fl(a.c) = (d,y) for some
x,y € S. The cyclicity of F implies that g(b,d) = a and g(c.d) = a, which
contradicts the assumption that g is a quasigroup.

In the second case, which might be possible only if |S|= = , it

follows that the equation g(x,b) = a has no solution, which is a contradiction.
I 'we suppou thlt f ix a quasigroup and B is not the. prool' is
analogous. :

Theorem 8, Let (S ) be a groupold S is an idampotent groupond s

e satis[ying the identlty , ‘ . o
A 4 : (y(xy))x =y, . L W
s ;nrr the (z Z)-groupond (S,F) dsfmed by ST
v o F(x y) = (xy. y(xy)) .

' s an ldempotent cycllc 2 2)-groupo:d i
: "Proof. Let (S ) be:an ldempotenl groupoid sausfymg (4) (S F)_ i

i .is obvnously an |dempotent (2,2)-groupoid. If x,y € S, then
o : le y) = (xy.y(xy)) 5

ey F(y(xy)x) = ((y(xy))x x((y(xy))x)) = F(y. xy)
g f-, hence SF s a cyclic (2 2)-groupmd ‘

. Converuly. let (S,F) be an |dempotenl cycllc (2 2)-groupold Then : SOt

5 (S ) |s obvnously :dempotent and for all x,y € S
B AN F(x.y) = (xy. y(xy))




’ e 3 by the cyclmity ol' F Implies thal (yﬁ:yl)x =

F(y(xy) x) = ((y(xy))x. x(ty(xy))x)h-

o : R F(x.y) = (xy, y{xy))
: is an; M-(Z.Z)-gpoupond
4 A comtrucuon of M-quuigroupo

’

e A groupoxd (quasigroup) (S, ) satiafymg the :dcntlties (y(xy))x = y
_ und x? ,=x we shall call an' M-groupoid (M-quns:group) ‘Now. we. shall give R

E a construction  of ‘M-quasigroups which by, the Corollary is also a o
'conatruction of M-(2 +2)-groupoids. ' . . iz

‘ Let F = GF(v) be. a Galona field ol‘ ordet . Il' a, b € F a # O b #0
thenby ‘ Sl SER )
‘Xoy = ax + by SRR A8 ,
2 quangroup "(B,0) of order v is defined. ‘We shall. detormme a,b such
that (P, o) be an M-quaugroup Puttmg (5) m (yo(xoy))ox y and xox = X
 we get. : o

a? +1=0,
ala+b?) =1,
a+b=1,
which is equivalent to ‘ '
a? =1,
b=1-a,

Hence (F‘.or)\ is an M-quasigroup iff a and b are nonzero elements
of F satisfying (6). ' ' ‘

We shall find all prime powers v for which system (6) has nonzero
solutions a, b. The necessary condition for the existence of an M-quasigroup
of order v is that v(v-1) 0 (mod 4). Hence such v should be searched for
among the numbers 4k and 4k+1, k € IN.

fvs 2‘. t € N, then 1 = -1, the mulitiplicative group G of the
field is cyclic of odd order and the only element a ¢ G such that al= |
is a =1, but then b = 0. Hence system (§) does not have nonzero solutions
in GF(2").

Ifva pt. pprime # 2, and v = 4k + 1, k € N, then the multiplicative

(6)
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group G of the field GF(v) is cyclic of order v-1 = 4k. Consequently, G has
an element of order 4. Since a? is of order 2 and -1 is the only element
of order 2 in G, it follows that a’ = -1 and 1-a # 0. Hence in this cass
system (6) has nonzero solutions. '

Since the direct product of M-quasigroups is an M~-quasigroup, by
the described construction we can obtain M-quasigroups of order

o o
vs pi’... p" .

where P,-Py are primes and BBy positive integers such that p‘;i LR |
(mod_4) for all | € {1....8}.
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CLOSURE OPERATORS AND CONSEQUENCE RELATIONS
Z. 8ikié, Zagrebd

I We consider the multiple consequence relation as defined
in [S]. The definition is there prompted by the following line of
argument: To say that a set of conclusions rollowe from a given set
of premisses is to say that at least one of the conclusions must
oe true if the premisses are all true. That means that each possib-
le state of affairs,in which all the premieeea»are true is one in
which some of the conclusions are true. Assuming che formulae of
our language Ji to be capable of truth and untruth, each relevant
-state of affairs is represented hy the partition (T,U) of formulae
of Jﬂ such that the formulae of T are true in this state of af-
‘fairs, while ‘the formulae of U are untrue in it. If JA( is the
'nset of all partitions which correspond to the p0531ble states of
zaffairs, it 1s plausible to define the consequence relation with

:regard to. lﬁt as follows

‘Définition 1. Let X. and Y be sets of formulae of Ji i.e.

wacigz‘andwaC:gl."Y is a consequence of X with regard to J% i e.,

:fiff there 1s no (T Uﬁh/L such that ~XZTT -and Yf:U._Ip is-also
"said thab the set‘of partitions LW, generates She-consequence re-

f-lation |F== et 'j',,f',"“‘[ : ”Vf.l : -Vﬁﬂi

If we. presuppose nothing about the 1nternal structure of
gfthe formulae of” ap Y. and about their semantical interconnections,»

- we have to be prepared to allow any -set of partitions of formulae_‘l




. to play the role ot‘ J’(, So, _ue are led bo the general definiticn o

of the multiple consequence relation proposed in ES] L

De!‘inition 2. : Avrelation ]l= on J (i.) 1s ‘a’ consequence:l':.' '

relation if‘f there is a set of‘ partitions \/l(z such that ﬂ= }71/

_Remark Each set of‘ partitions v% determines, and 1s completely

'.,'f,determined by iT (EU)(T U)G\/‘L} Which will be cal--"_‘:': B
""led its true’ set, or by Uz fU (:‘T)(T U)f‘ /'(j which willl'nf
“be called its untrue set So -we. wlll talk about conse-
quence with regard tOuL., or with regard to T or with

regard tou, , synonymously and we will use the. notations

) II-—- ||== ||= interchangeably.v

- We consider the three special cases (i e. restrictions) of_-.,v

the consequence ‘relation |= .

‘(1) The most common_single-conclusion relation which permits
only one conclusion and which accordingly has instances of

the form

X|—8 xc s, Bed.

(11) The single-premiss relation which permits only one premiss

and which accordingly has instances of the form

Al=1Y e, ye,

(1i1) The singular relation which permits only one premiss and

only one conclusion, and which accordingly has instances

of the form

Al—sB rel., Bel.
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It is evident that these restrictions satisfy

(1 A

The characterization theorem, proved in [s] p.16, states
that a single-conclusion relation is a consequence relation irf

it is closed under

overlap ° BEX —> X |—B
dilution X' —B & XCX—>X |— B, and
‘cut for sets X,2 —B&(¥AGZ)X |— A —> X |— B.

Results on counterparts, in ch. 5 of [S] (p.7247ﬂ.),-may be under-
stand as proving that different sets of partitions may generate

one’ and the same single-conclusion consequence relation.

Considering single-conclusion (single-premiss) consequen-

f..ce relationsias closure operators,vin a Tarskian way, we will find-
vsimole conditions that»must be 'satisfied by different setsvof par--

: titions in order to generate the same consequence relation.‘lnci-'

. dentally the characterization theorem for single conclusion (sin=
1:gle—premiss) consequence relations will turn out to be an’ immediate

'Vcorollary to the characterization theorem: for closure operators.vf>}
iR , o : b i

_ e AL single conclusion relation IF— , with instances of

the t‘orm x Il— B (XC.Z(’, Béi), determines and- is completely de- .

zﬁtermined by the corresponding consequence-operator

"— Q(éé) a (ZL) defined by x = {B X "._. Bi

-— R B T
A consequence-operator oy which corresponds to: “——

fmay be characterized refering directly to the true set J This'J

o ;is the content of the following lemma.:i“;*;ff;'ffiig]f.f.




u---ﬂ~

Lem.ma'1.v A consequence-operator - corresponds to the single-"_"_'f",fri,'

B -conclusion conseguence r‘elation ]I—— iff. -

{T xc T & Te’J’j
Proofy - ae. x AffX ||—- A if‘f (vf)(‘xc_r ¢ 1eT —>aeT)ire
ae {T XC.T & Teﬁ'j ERSER ' B

H‘epoe, the consequence-operator =T J (i) —>@(B{.) is a clo- -

"sure"operator oni., in the sense. of the - following defim.tion.

Def‘lnition 3. " Let X 'bo any v_s-et.;'aud let T be any set oﬂf'sob- : .:
7 _sets of Ly i.e. G C—‘J (%.). The closure operﬁtor. generated by T
is a function _ P —op(i.), such that :

ﬂzT xcT&1eTY. v
A t‘unotion— -‘J (:/) —»G‘(J) is a closure operator on l iff

—
there exists'd C-p (X) such that = ~.

Note that we impose no condition on CN (such as the inter-
section property or something else). /JV may be any subset of ‘
P2,

It 18 quite easy to prove the following lemmas on closure

operators.

Lemma 2. Any closure operator— has the following properties:
1. XCX, 2. YeX —=YcX and 3. X = X.

Lemma 3 . A function  :7(X) —>ﬁ’(.‘;;) with properties 1, 2.

and 3. (from lemma 2.) is a closure operator on - .

-_ -7 d 4 . -
Proof: It is easy to check that = for 73 ={T:TC . &T:T}.
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(\'
Definition 4. The canonical extension of J C i is the set

T=fmrclar ='?Tl.

Lemma 4.
(1) TCT and ? :?.
(i1) —T= -3 (ef. lemma 3.).

(111) —T_—h iff ’\\"1 = Ta (cf. lemma 3.).

—

Lemma 5. /T is the largest generator of

—

Lemma 6. The canonical extension of T is the intersection

extension i.e. T z {X:(ad‘}.)(\ﬁicq & x=ﬂ&)}.

Proof: If AT & X = Nt ‘then

X -n{_T xcT & TeTyeNfTxeT & TeAY=N{T:TeAy=X
i.‘e." XCX Hence, YT= X. So we have proved that
{X}:(B‘R)(J{CT & Xb'= Nt )ECT. On the other hand from X x
it follows that X = {T:xeT & TeT? i.e. Xx=NR for
: 'J\,'-JT :XCT & TeT T . Hence,
’J“ {x xc;t. & X =X ix: (i.ﬂ.)(.&fﬂ" & X -n./’c. )3

Téking into account thab a consequence-operator is'a closure ope-
rator, the characterlzation theorem and the equivalent generators

) 'theorem follow at once.

E Cha’i‘aclﬁerization'theérem 1. An operator. . (6(.)—’ (x) is

a consequence-operator iff 1. X<X,:2. YC.X—HIGX and 3 f:i

_Equivalent ge'nerato'rs theorem 1. True (untrue) sets generate one B

- :_'and t.he same consequence-operator if‘f their. 1ntersection (union)




generator
!

.and.natural eonnecti

._"ven consequence-operators and‘jjsingle- ‘ ,nclusion consequence rela--* }

"tions, we derive the charaeterization theorem of CSJ'-and thenﬁj

.--;sought f'or oharacterization 'of‘ equivalent generator P ,as. simple '

corrolaries.“ s

A:»'single-conclusion relation i a consequence rela-"

o ornol'ar'x
'.'”tion it‘f‘ it is closed under overlap, dilution and-r:cut t‘or sets._;

‘.efProof°' It is quite easy to see that 1 1é. and 3..of tne characteeﬁ,?f
'rization theorem are equivalent to overlap, dilution and cut for fie
sets.,uamely, Bex—-» xn—a 1.e. (vae X)XII—B it’f _ . ‘_
(VBEX)B&X i. e._', xcx Hence, ovenlap is equivalent to- 1 S‘i"mi-f‘wv;'-
‘1ar1y, X’II-—B & x'c.x—»xu—B 1r£ x'c x—-(Bex'—oaex)

i.e. X'CX—sX'cX. Hence, dilution is equivalent to 2. Finally,

X,Z |l—B & (VA&Z)X||-—A—>X||-—B A zcx—-(af-m——se X)

1,e. ZCX—+XUZC X. Hence, cut is equivalent toz< cX—sXUZCX.
Substituting X for T we see that 3. follows from overlap, di-
lution and cut. On the otner hand; presupposing 27X - it folloue
from 1. that XUZCX, and then from.2. that XUZ< X, and then

from 3. that XUZCX. Hence, cut follows from 1, 2. and 3.

Corrolary 2. True (untrue) sets generate one and the same single-
-conclusion consequence relation iff their intersection (union)
extension. is the same. The extension is the largest generator of

the single-conclusion consequence relation.
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III A oingle-preniu relation |=-, with instances of the
form Ap=Y (A€ 2, Yc.x.), determines and is completely determi-
ned by the corresponding auumption-operator.— :@(i)—v@(x)
defined by '

= {A:A Py
=
An assumption operator = , which corresponds to I?b , may be cha-
racterized refering directly to the untrue set 'bb

% .
Lemma 7. An assumption-operator b= corresponds to the single-

. w
-premiss consequence relation |=,‘=b iff '? =l {_U:Y’-U&U‘UIZ‘.
Proof:  Analogous to that of lemma 1.

Hence, the assumption-operator - . ?@(\a(')—’ @(3’.) is a closure
operator on X. and the characterization theorem, as well as the

equivalent generators theorem,. are as before.

Characterization theorem 2. An operator —:@(51)4-*@(53-) is
an .assumption-operator iff 1. xcX, 2. Yo Xx—YCX *and

.Equivalent generators theorem 2. . Untrue ‘(tr'ue) vsets“generate one
and the same assumption-operator iff their intversecﬁion (union)
extension “is the same.’ The“exvtension', is th‘e greatest' generator
of ’t‘ne' assum'pt.ion—operaﬁor.>. ' ’ .
Taking into account the simple and natural connection ‘bet-
ween: assumption operators and single premiss consequence relations

e easily_derive the corro]_.aries:

Corr'olarz . A single-premiss r‘elation is a consequence relation
L 1t‘f‘ 1t is closed under PR AR '

1
!
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B o’ver'lap‘-v: : o E A EY—'A ‘=Y i . :
dilution '} .fH=Y’ P Y’C-Y—-'A|=Y '"'.a»“d" e
cut for sets . VAF-Y 74 (van)Bl=Y—>A1=Y-z-

orrolar‘x lt. Untrue (true) seta generate one ancl the same smgle-
' -premiss consequence relat.ion iff their intersection (union)
exf_ension 1s the same.f'rhe extension is the largest generator of‘

' the single-premiss consequence relat‘.ion._”_"

‘ - Let \/4'(/ be s set of partitions of‘i J {_T (BU)(T U)éuL(/S
its: true set and UJ {U (%T)(T U)GLMRJ its’ untrue set From

‘,'

(1) f‘ollows L
(2 . R e s N = .
@ g
Taking into account (2), corrolaries 1. and 3. imply-
Corrolary 5. A singular relation |-— is a consequence relation _ .
iff it is closed under ' o
overlap Al—a  and’
dilution Al—B&B|—C—sA|—C.
Corrolary 6. is a simple consequence of corrolaries 2. and 4.
Corrolary 6. True (untrue) sets generate one and the same singu-
lar consequence relation iff their intersection-union extension
is the same. The extension is the largest generator of the sin-

gular consequence relation (i.e. the largest generator, true and

untrue, is closed under unions and intersections).

Remark: Corrolaries 5. and 6. may be seen as abstract algebraic

results on pre- ordered sets. Corrolary 5. asserts
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that each (IC G)(S) induces a pre- order on S defi-
ned by asb:= 1(IT6T )(acT&b¢T), and conversely,
that each pre- order on S 1is induced by such a
subset of GB(S). Corrolary 6. asserts thﬁt subsets of

P (3) induce the same pre- order on S iff they have
the same intersection-union completion and that this

completion is the largest generator of the pre- order.

[s] shoesmith, D.J. & Smiley, T.J, Multiple-conclusion
Logic, Cambridge University Press, 1978.
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PROCEEDINGS OF THE CONFERECE

"ALGEBRA AND LOGIC", SARAIEVO 1987

o) | HEROTOPHX ﬂOCi;PdBHMX HOHTH-PTOR
ﬂuéaivﬁﬁi
Pesime
| B (1] onpenenent MOYTH-PEWETEN Xax ONHO ooocmeane pe-
meTOX M paccMOTpDeH HEXOTOpHe MOCTPOEHHS MOUTH-PEmeTOX onno-

' 3MEMEHTHLMH NpPONCNXEHHESAMH DEmeTOX WM MOYTH-pemeTox. B macTo-
| same#t paoore_paccnatpusanrca nosue“nocrpqeann noqwu-pemeros.

OﬂPEnEnEHHE'l.,[ll Nlycrs (Q,V) H (Q,A) xouuxraruauue -
. monyrpynmsl. O6nexr (Q,V,A) HasmBaerca noqru-pemerxon TOrZa M
"“jronbxo orga, xornpa BHMeeT MecTo: ' ' %

mP1 o xvx -,'x“fg.' XAx =“x’;“!;:
ooomez ""EEA(szvxi"‘; v‘f(xA*Y)'v(xA'z‘)v,,('.xAx)” ”"n'mi 'nboui ';'x,y‘,vz-‘;fefd‘.'

B , *'TBEPEggHHE 1. [l] nycrb (Q,V A) nmoan nourufpemerxa.
'"~_.nxc'rh, nanee, L SRR : L LT e T

. (1) ‘Q neq> Qu{e} " e#ﬁ.

m ﬁMeeTEMecro’ e

j” oueccunenhaa nucrpuﬁymusuocrs..."uﬁh

,;g‘Th1s paper is in final form:.and.
edifor, publication elsewhere.: - o ‘
AMS .Mathematics : Subject“01a551fication (1980)
'_ “ 'Key. words:and phrases: semxgroups,,lattlces, near-lat-;
s weak-distributivity.'

version of 1t w111 be submit-




X9y, (xr@ﬂ;; @,

i L e ik ey = Q.
- (3) 0 x@y n%§‘{,x,yu= e, x ®Q .
Tl S e y,x-‘-e,yGQ.v__v'

Torna (Q,GD QD) nhon-pemeTxa uenannmmancx pemeTxoﬁ.

_ Kaxnas pemeTka ABAAETCH, NMOYTH-pPENETXOH ; yrsepmneuue 1
us [1]. Taxum obpasom, cnencTBueM yTBepxHeHus 1 sBndercs cnemy- .
wmee yTBepKOeRHe:: - o an SRR N

e S R IV R T et e

" YTBEPKHOEHHE 1'. [1] Tycrs :(6,\/,/‘) ;noﬁaﬁ pc_ame'rxé; lycTs, -
panee,’ ‘ - RIS ' o N

M o™ qutey, er o,

H HMeeT Me'c'r'o‘ ah _
‘ " o a2
- 0 neg. (¢ X (X,y)= Q
(2) CxVy = { Xy =exeQ ;
: ' e Y/x = ex=eQ

(3) X,y = e,x «Q

T T e {'xny,‘(x.y) e @?
xVy = .
y.x = e,y = Q.

Torga (Q,V,A) nouTH-pemeTrra HesapjANMasACA pemeTXoOH.

TEOPEMA 2. Iycta (Q,V,4) u (E,7,4) awose nourn-pemer=—

xu TaxMe, uro Q N E = ¢. Nycts, panee,
() o™ 3uE, a0 E2 gy

H HMEeT MecTO
xvy, (x,y) Oz

IO b R

x 7y, (x,y) e E2

xay, (x,y) e Q2

- ne¢ x,ye E,;xe Q
3 = v
(3 *Q@y HY.xe E,ye Q

\ xAy, (x,y) e EZ2.
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Torpa (Q,® , ®) nowTu-pemerxa HeABNAWMAACA PEROTKOR.

Hoxasatenscrso

a) Hs onpenenenxs (T)-(!) ‘nenocpencnenno'cnenYe-r, yTO
xammeit e € £, e ¢ Q, asnserca ennHnuef CpYnnoHKoOB Quie},®@) u
(Gu (e}, ®).

6) YuuThBas npeanoloxesxe, UTO (@,v,4) » (€,¥,8) nou-
TH-pemeTxXH, T.e., UYTO B (@,v,8) u (E, v, 4) uMeer MeTcCO nPl, sBu-
oy (2) » (3),, RaXOnHM, YTO B (Q,®,®), raxxe, nmeer mecro NPl.

B) Beuaoy a) H NpenrioNnoOXeHHs, 4YTO (@,v,8) n (E,V, 4) nou-
TH-pemeTKH, HAXOOHM, 4YTO (Q,®) »n (Q,®) xommyTaTHBEHe monyrpyn-
msl. '

r)y YuHTMBAK NPERMOJIOReHHe, uro (Q,v,a) m (E,i,g) NOYTH~

pemeTxn, T.e., YTO B MOUTH-pemerxe (S,o,2) HMeeT MECTO
p3 Xo (yox) = xe(ya x)”' Ons JWébIX X,Y = Sz’; ’
H, aauny a) , HMENT MeCTO paBeHCTBa

X®(e®x) = x@(eﬂ_S)x) =X M
{e) _ e@(x@e) = e®@(xDe) =
‘ons n060ro X € Q ¥ nw6oro e e E, HaxXOOHM, YTO B 0, ®@,®), <'ra:-_‘
Ke, uMeeT mecTo [IP3. rlpn'rou, Tax XaK paBeHCTBa non (e) -AMewyT
MecTO. Rus NWGOro X: € Q # nodoro e € E, rue Q AE = 9, x-ra,xomm
uTo B (Q,@ ®). He MMeNT MecTO 3aKOHb NIOPNICMEHNA. B CamoM. nenee,

- -orcwma nonyuaem, uro . (Q, @,®) ne ABNAETCA PemeTXOH.: :
n) Tax xax TNIP2 uMeeT MecTO. 8 .(Q,v,4) u B (g, V,A), TO

o np2’ mdee'r MecTo ang BCex X,Y:2 eQ H mm Bcex x,y,z € E.

A ooeccﬂnnaoe nornomexue. .

Bsnny a) n s) ' &mem'r Mec'ro paaeac'raa
e@(Y@z'@e) =‘y@z‘ oo
(e®y) @(eOz) @(e®e) y@ z-

’?.nnx moﬁblx y,z €QHn moﬁoro e, € E . O'rcmna Haxcmm, uTO np2 HMeerT
' 'MeCTO B (Q,@,@) nnz ‘Beex Y.z € Q w moéoro X'=¢e e E.. :

it T T g

yrnepmnexne 2 s [1]




"‘vn.m mosux x,zc Q u moOOro e e E. o'rclona, nuny T), _naxonuu, t:'ro
T MR xmee'r Mec-ro n (Q,@ @) nna ncex x,z e Q H: moooro ¥ = e 3 E.
,-Onnonpeueuno, nnnny B), ‘MB nonytnum, tu-o an uuee-r Mecro B
,(Q:@ ®) Ang, ‘BCex. x,yc Qi ‘moboro z ='e E.o :

' a,,;,ﬁ. ) 1 5, waxom, 270 nMewr Mecto pasescTsa
o x@(e@ z@x) - 'x@(z @x)
s (x®e) ®(x®z) @(x @‘x) = x@(z®x)

Bnnny a) u n) uaxonuu, wuvo HMEwT MeC'l‘O paueuc'rna_ e

x®(e @e @x) =, x®x

(x®e )@(foe )@(x@x) =i x®x®(x®x)

R nns. Juosoro X e Q H :uotsux el,e2 € ':' o'rcnona, nnuny 6) u a) uaxo-v:_'
o __‘nnn, ‘YTO, l'lP2 uuee'r ‘MecTo ana moooro X & Q - mooux y,z 55

Teopeua noxasaua. -

-Kaxnas peme'rna ABngercH nourn-pemeruoﬁ, y'raepmnenue 1

" U3 [1] .. TaxHM OGpasoM, cnenc'nneu TeopemMsl 2. annne'rcn cnenyiomee S
yTBepxneHne: [

. M&L. L‘ZE?.‘.& (@,0,0) B (E,V,A) moﬁue w' '""
EH@,4TO QnE-D lycts, panee,

(1) .Q"‘i"éus. Gne=9g,

H HMeOT MeOTO

xvy, (xy) «Q
5 ned |[ x,ye Ex e Q
xVy, (x,y) «

™m

fe})

xny, (x,y) e

P ne¢ | x,y « E,x « Q
(3) XAy = y.x « Ey « E

x Ay, x,y) e Ez.

Torga (Q,V,4) nouYTH-pemeTXA HEABNANMARCH PEM@TXOA.
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NPHMEYAHHE

Ecan |E| = 1 Teopema 2 crameTr yTsepxnesHeM 1. Taxmm
me oépasom, Teopema 3 npn |E|[ = 1 cramer yrsepmnemuen 1’.

O6o6menneM yTBepxuemsHs 5 us [1] , HMewmmne OnHO H TO xe
AOKa3ATEeAbLCTBO, ABANGTCA CAGNYOmEEe YTBEpPARAONSHME:

YTBEPKIEHHE 4. NOycrs (Q,v,") ® (E,V,A) 1wéue pemerxn.
Taxme, urQ Q N E = @. [purom, nycrs pemerxa (Q,u,N) obnanawmas
no MeHsmeR Mepe ABYMA 3MeMenTaMn a,b « § ynosmersopswmmmm ycaq-
BHW a S b H a # b. gy_c_'r_n_._‘.ganee, oé»exr (Q,V,4) g’nggugon vepey
(i[-.gsl HS Teopemu 3., Torpa 3 (Q,V,A) HE KMENT MEQTO 3AKON HMG-.
" TPHOYTHBHOCTH H SaKOH MONYJNSAPHOCTH.

O6o6mennem yrBepxunenus 6 us [1], nMewmHe nono6Huie noxa-
saTeNbCTBa, ABNAETCA Clenywmee YTBEepMOERAHE: -

YTBEPEgEHHE'S. llycts Q,v,0 H (E‘ V,A) nw6he pemerxH
'raxué uro QN E = @¢. Nycrs, pmanee, ofvexr (Q,V,A) onpenenexn 4e-
pes (1)- (3J_ 3 reopems 3. Torna B (Q;V,A) HMeeT MecTO

np2’ b"'x "V.‘(y;\A z A x) = (xVVy)_A- (_xv zl)'_'A (xv x)_”

ona BCexX X,Y,z € Q.

AR TEOPEMA 6. l'lyc'rb (Q,V A) n (!) V.A) moﬁue noq'm-peme'r-
’xn 'raxue, uTo an 0= ¢, Nycrs, nanee, Yo
an. "e“’ouo an o)=w,
‘gnm.ee"r MecTO . '
| pxvy, ey e
Ly eEre = Xy e @ xeg
‘ (2) = X®y -v ; __y'x € Q, y e Q B
K XV Yr (XIY) E 02

o\

- Oyan ot 1P2. el - Sl




; -LrifTorga (Q.GD QD) IEﬂﬂﬂiﬂlimﬁs_é.EEEE&EBE&&__ z_dszssés o ff i

Cx by, (x,y) e 82
R P Qene®
'.;_erxce Qr ye0.
_.x A y' (x'y) € 02 ‘

E Qmsamenbc-rso v e

o ' ). 48, on'peae.nenu {1’ ) (3 ) uenocpenc'rsenno c.nenye-r, A
' -“.f‘,.m'mmm 0e€0,0¢ 6, as.nae'rca HyneMm rpyrmounon (Q U {0} @) L
; ,'n (Qu {0},@), T, e., trro nMenT Mec-ro ¢opnynhl ' o wir

xe @ U (o)) vy « e {0})v(x =0 'y}-‘ 0> x@y =0
C xed U DOy eQUON(x=0VY=0Px@y=0.

6) Yqumunéx’ npennonoxeHue , q'rd'('é,v A) % (@, ﬁA) OYTH= -
pemeTxH, .T,€.,, 4YTO B Q,v A) H (0, V,A) nnee'r mecTo NP1, aanny (2 )
u (3'), naxonmM, YTO: B (Q,@,@), TaKxe, uuee'r MecTo npl.

8) Beuny a) u npennonomeﬂux, 4yTOo (Q,V,A). u (O,V.é) nou-
TH~-pemeTxy, HaxoouM, 4TO (Q,®) u (Q,®) xoMmyTraTHBHHE MNOJAYTPYn-
bl . -

r) Yuurumas npennonoxenue, uro (3,V,a) u (0,7 +A) mouTH-
pemeTrxH, T.e., YTO B MOuTH-pemeTxe (5,0,0) HMeeT MecTo

)1)

np3 XxQ(yox) = xo(yex Ons nNW6HX X,y € s?

W, BBHOY a), MHMENT ME@CTO paBeHCTBa
(0) x@O0®x) = x @O@xXx) = 0 u

0@(x®@0) = 0@ (x@®0) =0

ans nw6oro x € ) W NW6Oro 0 € @, HAXOOMM, YTO B Q,®.®), Tak-
xe, uMeeTr MecTO [P3. llpuTOM, Tax xax paBeHcTBa noa (0) uMenT Me-

1) osecchnennoe nornomense.

yTsepxnenne 2 w3 (1).
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CTO ONS Xammoro. x € Q u xammoro 0 € 0, rne Q N 0 = §, maxonmum,
uro 3 (Q,(®,(®) se umewr mecTo saxomu noriomemns. B Camom nenee,
orcona nonyuaes, uro (Q,(®),(d)) me amnsercs pemerxoA.

n) Tax xax NP2 umeer mecro B (Q,v,A) = B (0,7,8), ToO
P2 uMeeT MeCTO ONA BCeX X,y,z € Q M nnA BCex X,y;,z « 0.
Beuay a) ¥ B), HMENT MECTO pDaBeHCTBA

0@ (y®z®o0) =0
(0@y) ®(0®z) @ (0@®0) = 0

ang nwoLxX y,z « Q H awéoro 0 e @. OTcona HAXOOHM, 4TO NP2 uMeer
mecto B (Q,®,(®) ana Bcex y,z € Q ¥ JnK060ro X « 0.

flomo6HKM crioco6oM, BBHAY a), B) H daxTta, yro D H(Q 6n-
HapHele onepauud B 0O, HENOCPeNCTBEHHO HAXOORM, uTo [P2 HMeeT Me-
cTO B (Q,®,®) ans Bcex X,Y,ze Q.

TeopeMa OOKasaHa.

YyuThBag $axT, uToO B nouru-pemerxax (Q,V,4) uMeeT MecToO
np3 X Aly7x) = xv(yax)¥ nna mcex x,y « @¥;
HernoCpencTBEHHO HAaXOOHM, ,q"ro, HMeeT MecTO clenywmee yTBepXOeHHe:

TEOPEMA 7.  [lOuTH-pemeTKa (Q;V,4) ABAsSeTCA PeWETKOR TOr=

- pa _1 Tonsxo -Torma, xorma B (Q,V,4) mo MeHbmed Mepe HMeeT MeCTO
. OOMH ¥M3 SAKOHOB MOLJOMEeHH:d. :

‘ ‘HHTEPATYPA
[1] .Ymag ., 06 OOHOM' ocoogem-uo emeTox, Revxew of Research

Faculty of’ Sc1enece - Unlvers:.ty of Nov1 Sad, Vol
17-2, 1987. : -

'UmwéYmmi
21000 Hosm Can
Pamsaxosa 25 ©
- Jyrocnanuja,.ﬁ-;

U o6ecceneunoe nornomeune.,
) y'rnep;mex-ine Z us [1]
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PROCEEDINGS OF THE CONFERECE
*ALGEBRA AND LOGIC", SARAIEVO 1987

SUBALGEBRAS AND CONGRUENCES VIA
_ .~ DIAGONAL RELATION
Gradimir Vojvodié, Branimir Sedelja
Institute of Mathematics
University of Novi Sad
Dr Ilije Djuri&ida 4, Novi Sad
Yugoslavia

:ABSIRACT. " Algebras whose congruence or subalgebra lattices

. satisfy some conditions were recently discussed by many authors.

~ For.a given algebra A we here consider  ‘both ConA’ amd SubA "
as’ ‘sublattices of a lattice: Coy A of weak congruences on A (i.e..

. of: all congruences. on-all. subalgebras of A). It turns out that
f:fthe ‘main- ccnnectiona (homomorphism, embedding,. isomorphism) b
'_i@_between SubA... and’ cOnA depend mostly on the lattice properties’ -
: f}‘of a diagonal relation 4 ins Cyr A : s - T
' ' - We prove: that CAY is a’ neutral element in <, A if and LR
a,only if “for’, every subalgebra R the congruence lattice ConB is gt -
~ isomorphic with the 'suitable ideal in Cond, and the set of all _
- such ideals: is closed under intersections Moreover, A is exce—l'jf};ﬁ“
ffptional in C ‘A Lf. and only if those ideals form a: sublattice oflgfil'
‘.Jthe lattice of all ‘ideals’ ‘on ConA Finally, for:- algebras hsvinqiff1f.,,
ﬁino infinite chain of subalcebras and conqruences,ConA ‘EgubAif o
‘and only 1f A is exceptional in- C A, and the lattice of squares?»{aﬁ

ESubA) is isomorphic with cOnA

“AMS; Subject class.:08A30 : 2 S
LKey:words: Congruence and subalgebra lattices Q;.i:r'




_ “For an algebra A C A is its lattice of weak congru-'
" ences, A, e. of all. the. congruences on’ all the subalgebras of :

A The following properties of a. weak congruence lattice were
- -'_proved in [2] and [3]. ' 5 LR

‘ 'jl. ; ConA is a sublattice of c, A namely it is the filter [A)
generated by a diagonal relat:l.on A={ (x,x)l X €A},

'2. SubA is a retract of CA. Indeed it is isomorphio with

the 1deal (A1, under B -PB AA, and moreover, the mapping
i m:p +p'AA "is an endomorphism on c A

A ig said to have the congruence intersection Erogeri_;z

" {cIp) i for p, B EC,A
(p Ae) vA=(pvA) A‘(e’ng).F’ '

Recall that A is said to have ‘the. congruence extension

property (CEP).1if every congruence on a subalgebra of Ais.a
restriction of a congruence on A. :

3. Ahas the CIP if and only if n:p+pvA is a homomorphism
from C, A into ConA.

4. A has the CEP 1f and only if the restriction of n to B ESubA .
njg:p+pvh is an injection from ConB into. ConA.

An element a of a bounded lattice L is neutral if
m:X+xAa and n,:x+xva are homomorphisms, and
f :x+(xAa, xva) is an embedding of L into (a] x[a).

An element a of a bounded lattice L ie exceptional if
it is neutral, and the classes of the congruence induced by
m_ have maximum elements which form a sublattice Ma-of L ([1)).

5. The diagonal relation A of an algebra A is neutral in CWA if
and only 1f A satisfies both the CIP and the CEP.

6. The classes of the congruence induced on C WA by the mapping
m have maximum elements, collaction of which (M, = (leB €
SubA}) i8 not necessarily a sublattice of C,A-
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Starting with the congruence intersection ptoperty,
we induce two weaker conditions.

An algebra A is said to have the weak congruence in-
tersection property (wCIP), if for p, eech

A<6 implies Av(paAB) =(Avp)aAab.
(obviously, A<® means that 6 € ConA.) ' .
A is said to have the subalgebra congruence intersec-
tion proprrty (sCip), if for p,© ECWA
pAA=B8 Al implies Av(paB)=(Avp)a(Ave).

(ocbviously, p a,nd-e are congruences on the same subalgebra of A.)

learly, the CIPp 1mplies both the wCIP and the sCIP.

5 LEMMA 1. Iif A satisfiea the CEP and the wCIP, then A
-has the sCIP. '

: Proof. ~'Let p xA=6Ad, and suppose that A satisfies
the wCIP ‘and the _CEP. 'rhen : '

(p vA)A(e vA) (DA(G vA))vA<e vd. Now, since -
Ce P A (B vA) and e are congruenoes on the same subalgebra
' *ﬂ{.ofﬂA then by the cEP and by 4., '

pA(G vA)<e.

o A (9 vA) <p 0

o p,\ (‘e» v_A)V<_,p‘l.A e

L boa (pA(GvA)) vA<(pA9 )vA.- __: 3
---.smee the inequality

(pAe)vA<(pA(evA))vA

' s’always satisfied, the proof :Ls complete. D S




f’f(B AB) vA=(B vA) A9=9,

. LEMMA 3. A has the sCIP if and x if nlE is"'a ho-
L ogghism from ConB to (B VA]CO‘nA' for everx B €SubA

Dl Proof. s:l.mple refomulation of the def:l.nition of t.he :
. LEMMA 4._' A satisfies ‘both'the wCIP and the sCIP

- if and only if if nlg is is an "onto" homomo:'phism from ConA to.
(B vA) nA for every subalgebra B of A, ' e

Proof. The "only- if" part follows from Lemmas 2 and -
‘ ‘For the" "{£" part, all we have td prove isg that the
sCIP and the fact _that/nlé 18" "onto” imply the: wCIP.' ’ R
" Let p€ConB, 0 € (B-sz]'. Then, since nIB is "onto",and

by sCIP, 6 mavA, for some o € ConB. Henoe,

(pvd) A0 = (pvA) A(avA) =(paa) vA< (p A (avA)) va =
= (pAB) v4,

and we are done, since the converse inequality always holds.
If 0 €ConB, but 0 ¢(B vA]l, then 0 = (Avp) AQG (B vd],
and by the previous consideration

Av (pAOl) = (Avp) A8y
Hence,

A v(paB) =8, = (Avp) A 8, =A4v (pAOl) =Av (p A (Avp)aB) =Av(pad),

and the wCIP holds. O
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THEOREM 5. The following are equivalent for an al-
gebra A;

(1) A has the CEP and the wCIP)
(11) For B €subA, Con8 & (B%vAl 4.
under nl?Bx p*p vA.
((8%vAlop4 15 an 1deal in ConA , a8 before.)

Proof. (1) =» (ii):

» nIB is an injection by 4., and it is "onto" by Lemma 2. By
‘Iemma 1 it is a homomorphism.
(i1) = (1): , .
~ The CEP rollows by 4. .‘ and the wCIP by Lemma 4. o
: ‘ EXAMPLE 1. We. give here tne fuar -»lcar-vnt qmupntd '
which satisfies the conditiona of Theorem 5.

Gla b c d
alb b.4d c
bbb a - c d
c|lb.b a4
dla‘'b d ¢

e, ""_THEOREM‘ 6. .The following are equivalent for:an al- -
: gebra A:‘ PR ' _ . .
' ) A :I.s neutral in C A;
(ii) for all B CESubA

"a) ConB= (B VA]ConA under n{B, and
2

(B AC ) vAr'- (B vA) ‘A (C vA)

Proof.-- (i) = (ii)

s tion), namely by - the CIP.

(ii) = (i)': e All we have to prove is that A satis- Y

.f_‘Let p €ConB B EConC, B C€SubA, and put pA-va. Now,

B a) holds:. ‘by Theorem 5, and b) by 5 (in'.' the intrbd}\vlc-."_.-__-A _



pA>pAA6 implies '  >f(n| ')-:;'.1( a0 )'-”'"

0 >{)AA9 implies B > (nl ) Ae ) Henée, -
p>(n|B AB )>(nIBAC 1( AB ) (1) -
e>(n| )T Ae )>(n|BAC l(p s, ) F

We . have used the fact. that for p ECOnU < E<A, pA (bE)A- '

. ‘.._-.A1so, by a)y inverse images exist, and by b) they belong to
"“.Con(B Acz). Indeed f__ - : o
. S

'-_'.ZDA<BA and e <C imply
AB <BZAC§= (B Ac)

A A

Now, 1) implies

""9>‘“|th (oAAB ). and hence -
| (pA_B),A? (DAABA)A»- DAA.GA ,
 and the CIP is satisfied. O

EXAMPLE 2. The following unary algebra ilustrates' o
the situation in Theorem 6. '

Al a b c d A=(A,fl,f2)
f1 -a a d ¢ "B ={a,b}
f,lb a a ¢ c={c,d}

- THEOREM 7. The following are equivalent for an al-

Agebra At
(1) A is exceptional in CvA'

(11) For every B € SubA;
a) ConB & (Bsz]COI'IA and

b) plgupa 8 +82va is a homomorphism from SubA

into ConA (pleA +ConA, p(p) = (.:mA)2 va).
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Proof. (1) =» (i1):
a) follows by Theorem 6, and b) by the definition of the
exceptional element, since in this case the squu'u form a
sublattice of C, A,

(11) =» (1): A is neutral by Theorem 6, and it is
exceptional by b). O ‘

LEMMA 8. Under the conditions of Theorem l, p'SubA
is an embedding (ii), if and only if (in (1)) B%vA=c?va im-
plies B=C (B,C €SubA).

Proof. Obvious. 0O

LEMMA 9. Let A be an algebra for which CWA has a
1)

finite length
PISubA 8 "onto" (ii), if and only if (in (i)) the least con-

Then, under the conditions of Theorem 7,

gruence in the class (0], .. (for 8 €ConA) is a square.

Proof. pISubA is "onto" if and only if there is at
least one square B2 4in [ 8] ker n " for every 0 € ConA (sin-ce in
that case,vpls‘JbA (B) =B vA=e) .Now,L1f  the least: conqruence in
[ el kerln is a square, then obviously there is a square in the
class, and: pISubA is "onto". Conversely, if p is a minimal

'congruence :|.n the’ class [e] kern (which exists since Cu A has

oa finite length) and if B2 belongs to the same class, then

..'p<Bz, and (pAA) -C2<B2. Thus, we have

pAA C2AA and va C vA

Since by (i) in Theorem 7 A has the CEP by 4. ' p =CZ, and. the
o 1east congruence .1.n the class is: a Square. ‘a v:v ' '

1), I.e. all chains in this lattice are finite..




- f{*m S

We shall characterize the algebras having isomorphic":

e i lattices of subalgebras and congruences, us:l.nq, as before a-

- diagonal relation in’the; latt:l.ce of weak congruences. R‘ecall

" that 'the set of all -square’ MA'-{B IB €SubA} is a: sublattice '

-y “:of C A, if A :I.s an’ exceptional element in this lattioe. e

THEOREM 10. L The follcwing are equ:l.valent f ' _a_n
'V._"algebra A for: which C A has a finite: lenght- , : ‘

> (1) :‘.{a) -”‘SubA=ConA under plsubA'B +B vA ," e
e .b)' for eveg B €SubA ConB = (B VA]ConA under

o mlgreevay o ot

C(14). A is an exceptional element in c A and

2
M, #ConA’ .under -nl, :B +.B vA.-w y

__Theorem 10 can be 'represehted ' 8+83v A
SubA — ConA

‘ by a commutative diagram: )
Lt S _ B*B\ /B*BVA

Proof. (L) =» (41):

By Theorem 7, all we have to provevis that MA =ConA.
This is obvious since ‘M, is a sublattice of CwA isomorphic

with SubA, under B8 *Bz, and. since B+ B vA is again an :I.somor-
~phism from SubA onto ConA.

(11) = (1):

This part follows by Theorem 7 and by the fact that in every
class [e]kern (6 € ConA) there is exactly one square (since
M, %ConA). O

EXAMPLE 3.

Any affine algebra sati-
sfies the conditions of Theorem 10.
Here we give a diagram of the weak
congruence lattice for Klein ‘s
group G.

Subg = M,G & ConG.
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ON BOME GENERALIZATIONS OF ORDERING RELATIONS
Mali%e R. ZiZovié

- Abstract In thls paper ve glve some new connections of
generalized ordering with binary ordermng and total blnarv
ordering. - o ,

I Main definitions

1..An (n+l)-ary relation R on .‘is"(n+1)-ref1exive iff
(a )ER for each .a€s, [1) ‘

N 2. An (n+l)-ary relatlon R on ;‘i; -éhfisymmetric iff
"-for each a bé3 the follow1ng is gatisfied If.all permutations

._  of -a, bés are. ‘included in (n+l)-tuples: pf R, then a=b. [1]

30 An (n+l)-ary relation R on '3 1s‘iAl;tranSitive, ieN
~»1ff for each ao,...,a +les - S

: ;_t}( (al:_l,a ,am)enA(al“l,al,agti)en )= (al fl gﬁ)ea. [2]

4, An (n+1)—ary relation Ron S is compré531b1e iff the

t'iﬂfollow1ng is satisfied for all. al,...,akgs

f: ._If (al ,...,aiy)eR, 11+...+ik-n+l,_‘1,...,1ng, then :
B Sdy
. '(a1 ,...,a )éR, fox.all gl,...,a éNl){d}, 31+...+j1-n+1.[ﬂ

L 5. An.(nt+l)-ary relation R on 8 is’ weakly compresszble mff
'w;;the fOllDWlng‘] 5+ setisfied for. all a,bES o
Thls poper 15 1n flnal form and no, ver51on of lt will‘be

': ,fsubm1ted for publication elsewhere. '

-'AMS' Mathematics “ubject ClﬂSlficﬁtdon (1980) 06A15.r,_v- '
: Key WOrds and phraaes n—amy relatlons. Hear




S

’ If (a,b)ER, r+s=n+l, r,seN,
b 1+.j-n+l. ; o
o "6, An: (n+1)-ary relat:.on R on §'is; 2-comp1ete iff for all
;;,"'a,bes the following is satisfied:. U3 al""’am les) such that
| ( )GR and a. =a, j~b lé-i <gsn+l) or. ((3 bl,...,b 168)
7 such ‘that (bn’fl)en and b,=b, b =a, 1<k<msn+1) e
o 90 An (n+l)-ary relatlon R on’'s is trongly 2—complete R
“b.-"-_lff for all a,bes’ the i‘ollowing 1s satlsf:.ed' b ;

-“tp,en, (a.,‘b)e,R £or ,all 1,JeNu{o},

' »-(Br,seN, r+s=n+1 such that (IL: b)eR) or
(3 L,meN, k+m=n+1 such that (a b)eR)

. II )ome noteo on generallzwtlon; of ordex‘:Ln[r1 relatlona :

_ '.and 1A ~transitive then it J1_1--i71."=stns;1;:Lve for each i,;jeN n*

'1R010 SITION 1. Iif gn+l)-arx relation R on 8115 goml re551ble

: Proof Let. the ao,...,a 1c 5 be arbitrary Plements,’ md T
‘let 1,,], 1<j ('for i >J proof is. analogous ) be =‘uch that' '

i-1
_‘(ao_ ,al,agj_+1,aj,aj+l)eR and

Ceod -1 +1
(al ,al,ag+l,aa,ag+l)&R. :

From compress:.blllty of relation R we also have
1 B
(a ; ,ai,al,a‘j+l,aj+l)eR and’

-1 _n+l
(ai‘_ ,ai,ai,a!"+1,ag+1)E-R.

From iAl—bre.naitivity we have

(e a1 Der,

and it follows that the relation R is jl\l-tronsitive.

Remark. Tn Theorem 12 [1] instead of nA,-transitivity
iAl-tra.nsitivity for some i€N,  can be required.

THEOREM 2. Let R be an gm-l,,.,n}.l)_-i'\_T_ wegkly comnressible
relation on 3. If <€ is binary relation on J defined by
ab igr (K,B)eR for some kel k+p=n+l then < is RAT-rela-
tion on 8.

Proof: Reflexivity and antisymmetry of relation & can be -
proved as in Theorem 12 [1].

Relation & is transitive:
Let agb and h&c. Then, by the definition of relation < and
by weak compressibility of relation R '
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(a,b)€R and (b,c)ER,
n-l n-l 2 n-1
It follows that (a, b ,c)€R. k¥rom (n, »C)ER and (ay, b )€R by
2 n-

nAlItranaitivity it follows that (a, b ,c) Ryees, from
( a ,b,c)ER, (a,b)ER it follows that (a,o)ER or a<c.

The next example shows that weak compreesibility is not

a consequence of others axioms for generalized order.
Bg ple 1. 8={a,b,c,d}, n=2.
H-{(x)lxeB}U{(a b.c),(b,c,d),(a,b,d),(a,8,b),(a,a,c), (a,a,d)}
R 1s (3,2,2A )-RAT relation on B, but it is not weakly compres-
sible, . and thus it io not possible to reduce it to the binary
order. :
Relation R in the next example is (5,2,2A1)—RAT, weakly
compressible relation but it is not compressible. '
Example 2. Sa{a b,c,d}, n=2.
R= {(x)IxES}U {(a a,b),(a,b,b),(a,a,c),(a,c,¢),(a,3,d),(a,d,d),
(a,b,c),(a,byd), (b,c,d)}. .
It is reduced to binary order relation:
< = {(x,X)lxés}LJ{za,b).(e.c),(a,d)}-

‘ I11 Generalizations of total ordering relaotions
THEOREM 7. Let <& be a binary relation of total order ._gg S.
Then the (n+l)-ary relation R defined by: :
LA ) (al+l)éR 1.ff aléaqﬁ--o.$a éan.‘_l" ) . T
is (n+l)-reflexive, 2-entisymmetric, _J._\.l—tra sitive, compressi-
" 'ble and 2-complete relation on S. - .. R :

A 'Irooi‘ Total,; orderihg of < directlv 1mplies 2-comp1e't:eness N
of R. ‘Other: proper‘bies are valid by theorem 11 Ll]
" The: converse is also true' .

. ' THEOREM 4. Let R be an. (n+1,2,1h 1}-R’T, omrres,lble and
' 2-complete relatlon on b. If < is blnary relation on S defined

a<b :.fi‘ (a b)eR for some a,keN, j+k—n+1,

: then '\ is total orderinp on S. ,
.- lroof: Relation < is 'RAT-relation by theorem 12 [1]

Let-a +D€S, - a#b. Because of 2-cOmpleteness and’ P—ant:.symmetry of v

-_"""_[relat:\.on R, only one way in definition of g_completeness is
2 ‘;__‘val:.d. Thus,- (3 al"""‘ leg), (3 g,kéN) l$.j<k<n-1, so that '

G E‘l,b a ’1>en.




'“"gorderlng on b.%_,m_

g proof of “which:is’ qtraightforward.:

i L If <£is b __w relation on S defined __x

:U-By compre351b111ty of the relatlon R 1t follows that there are
b eEN; r+s=n+l, such th.at (a,b)éR a..e. aéb and ;Ls total

Ir, 1nstead of compr9531bllity ‘in Theorem 4. we " take weak
v compr3351bllity3 then, instead of«2acomp1eteness, we: must use’
- strong" "‘2-comp’leteness, and ‘we :come: to the ne:c‘b theorem the

L . MIEQREM 5. Let R be 2-antluxgmetrag, ni, -tranQitmve,;sbro-ﬁvu;?,
) g z —complete and ‘weakly compressible. (n+1)-ary relat;.on on. _S_.'f e

' a<ib iff (a b)eR for some 1,jeN, 1+j=n+l,
fthen < is total rderlng on u.;jﬂ

Slnoe the compresslble and. c-comple+e (n+1)-1ry relatlon i 33_
©is obV1ously strongly P-complete ‘and.; weakly compress:ble rela-'?”’” 
“* tion, it follows that Theorem 5. is. extenqlon of Theorem 4\ in L

the way shown ‘by the next example.wJ.- T = :

_ vaample §.AS-{a b, »C},y m=3. a ‘ : -
_ R-{(a,a,a,a),(b b,b,b),(c,c,C, c) (a a,a,b),(?,a,a c),'
(ny8,b,b), (a,a,c ¢),(a,b,b,b),(a,c,0, c) (b b, b,c),

(byb,c,c),(b,c,e,c),(8,b4b c)} o :

‘R 1s (4,2 3A1)-RAT, weekly compre551b1e ‘and strongly 2—co-
_mplete, but it is not compressible. - :

Remark Compresaible and 2-complete (n+1) -ary. relatlon is
(n+l)-reflexive.

Weakly oompreszible and. strongly 2-complete (n+1)—
-ary relation is (n+l)-reflexive, .
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