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PREFACE 

The Sixth Yugoslav Algebraic Coference "Algebra. and Logicn 

organized by the Faculty of Science, Sarajevo, was held in Sarajevo, 

·June 18-20, 1987. 

The Conference was dedicated to Professor Duro Kurepa on the 

occasion of his eightieth anniversary. 

· This book containes most of the papers presented . during 

the Conference. 
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CONGRUENCES OVER C~ELI 
SEMISIMPLB S.BHIGROUPS 

Branka P. Alimpi6 

l 

Abstract. In this paper congruences of R regul:-•r oemigroup 
over completely ae,isimple oemigroups ~re considered. Por 
a~ interval [~T•f ] the set ot all congruences over com-
pletely semisimple _ semigroups of [ ~T'~T J is ~ither empty 
or is an ideal of [ ~T·fT]. For &Il7 interval [ Px•~ICJ- a dual 
statement holds.· · · 

Let X be a class of semigroups. A congruence p on a regu­
lar semigroup S is over X it all idempotent f' -classes of 

s belong to 'J( {6). ·· 

A · congruence p on a semigroup. S is a ·band congruence .if 
S/f is a b~nd. A semigroup· S is ~ band ,ot :semigroups belon-

·ging to 8. class'}(, ot ·aemigroups i! Shas a band congruence 
all or whose. classes ·belong ·to X' •. · · 
It S is a• rect~ngula-r band I.xA ot sel)li.grou~s Sip·, i&I, ('-<'1.1, 

tb&n SbSj~~Sitt'~for all 'i~jH, A,(t4t:Jl. . . . 
·A semigroup · all<o.t whose principal- factors are compietel;y a­
simple _or completely simple is. •completely semisi~ple [4].· · 
For ,undefined notationa··or terminology see( 2J, (9]. ·.·' 
.Its is a semigroup, O.nd.'x·ss, let·'E(X) denote tiie·:set_.ot • ,.. .. . . . ,_ .. . : 

all· idempotent a or· X~ The :r:-~;~lati:on S· defined on :a regular . 

se~group -~ by . . . . . . . ... _, . . . . . .. . . . )l :. ..,. 
· a~·b¢::>{3 e,t~ E(S))a•be•fb ......... · .. • .· · 

is __ .. t)le .. natural.·p8.rtiai· orde: .Qf S.f5J~ .• .F~r-:,an;y.'e,t€ E(9); ... 

.. e"t·:.'.~ -~·.!eiliet.- ... .. ··. · 

!;·· .. 

--------------------.~his.· paper. is in . final form and .ri()' ve!'$ion of it. wiil .be ··,. ·,· . 
submitted. for publication elsewhere. ·· · · 

. . . .. .• ·,·.:-

. ~· ·.:·:' .'· .· ·,,-, > 

. ':···. 

_:,: 

-~->-



LEMMA 5. ~ 8 ~ ~ ~ B ~ completely semisimple· !!!!­
groups ~, r1.. f B. ~ ~ is completely sembimple. 

3 

~· BT Result l, semigroups 8~ are regular, so 8 ia a re~ 
gular semigroup. 
Let p be a band congruence on 6 over completely sellisimple 
semigroups, such tbat 8ff •B. The bend B is a semilattioe Y 
ot rectangular bands Btt , (!. 6: Y. Let "l be a semilattice con­
gruence on B such that B/t •Y. l"or anz e,t € E(S) we bave 

e~ t ~(sf )2 (!Jf)..., (e f) ~(!f ). 
Hence e and r belong to the same rectrmgulflr band B ot com­
pletely semisimple semigro~ps. According to Lemma ~. we ob­
tain e ~ f" e ~! ~ e•f, and by Result 1 it follows tbat 8 
is a completely semisimple semigroup. 

Let S be a regular aemi~roup. It is known thAt a congruence 
~ on a regulAr semigroup U is uniquely determined by its ker­

nel, kery •{x E sl (3e e E(S))xf eJ and trace, tr~ •f/E(S) (1]. 
Let Con S be the congruence lattice of s, K e.nd T equivalen- · 
ces on Con S defined by 

fKs#kery•kerJ and j'T~#trg •try. · 
It is known that K-classes [j>K' ~ KJ and T-class~s [gT' lJ 
are intervals on ConS ([7) 1 (loJ). 
Let. CS(S) denote the. set of all congruences on a regular se­

·migroup B over·completely semisimple sernigroups. Using the 
Result 1, we have immediately the following characterization 
of the set CS(S) • 

. ·.LEMMA 6 •. For a regular semigroup B and· f>.€ Con S,' fc CS(S) 
·.··--' ' ·-

if. and o.rilt g Jor any. e ;r ~ E( S), e f .~ !. regular ~-
migroup. of H ~ e{~1 ('I £) 91 f"\ "s· )f~ e .. f ." · 

·THEOREM 1 •. Let p and ~~ be· congruences £.!1 ~ regulnr. semi­
··~.s. I! f'sf· and. rr'Tf, .then gecs(S)~.~'eCS(S) •. 
~. For any idempotent · e e E(S), T=ef is a completely 

aemisimple. subsellli.group of s.' Since tr r.•tr~'' the .relation. 
· ~1.tl·\CT x T)_ is. C\ ;.g;ooup .·congruence.·· on T, so. e ~' is. a 

·lar subsemig;r:oup 'of .T. Now .by .Le~IRa l,<.the semigroup .. 
is comP,letelysemisimple. Hence, the congruence y 1 is 
complet'ely.semisimple semigroups. 



. -· . 

·. COROLLA!l:f2. !g1: l~:tiiutw!J.Jj~;·rTJ !it~-~ 
[pr:pt p 'Jis _dtll~t'. ••pt;r or ':i.~ a•' ideal ~t~·r f'~t 9-'J.? 

. . . 

COROLLARY ·:;. If S is. a completely semisimple_ aellt:i:groUJI," 
eve-r,. ~ e.-.gruft:ee r ~n $ 1&. pnr oOftltP.lerb&ly -oeftli si~ .•. \ 

:. ple se-raipe·lll:peo · ·. · ,...,__._, . 

_The.!ollowing statement is 

. . ·. .. . > . ·. · .. · I . .·. . . . .··_· . ·. . .· 

·THEOREM 2. _Le~ 'f -~ ~be comgnterices ~ !!· re@ill.lar semi- . 

group>s. If:- f!irA· and•flf·'.rtben.-.·~c:~S(S)~~'scs(s)'. 

·" -~· For· a.n:r idempotent e ~ E( 8 )., 'F=e f" is 8 sub!lemig,roup · 
of s. Sinee : kel!'f' •kerr'·, the relntioD! g~1 (T)( 'f}, is e · · .. 

bandeongruenee on T, so--by::~potheBis ·or is·aband_Qf'eom- ... 
pletely: semisim.pl.e semigroups~·Nowby Lemma5cth.e semigroup 
e ~ 1 is. complet.ely semisimple. ' 

Hence, the congruence ?' is, ove-,:- completely semigroups. 

COROLLARY '1-~ F~-r ~ny ~ntervul l~ f J\' ~KJ t~ set CS(~) fl K 
[ fK' JK] ~ either empty ~ ~ ~n dual ideo! of LfK' g ] • 

. Next we ccnrside-r e.ompletely semi simple eemd.groups ntis.t'y­
ing -~ -majorisation. A regular. Sftmigroup S satisfies . -«;b­
majoriz.art® it frYr any ~· -olaiiB D an41. any idempotent. ef.E(S) 

the set Dl'\ [ t~ E(S.) I !$. e J is- either empty or ,has a grea­
test -e-leme1lt'[ B]. 

RES~ ~. [B] ~ !allowing conditione ~ ! regular ~­
group 8!!! eguival$nt: 

(i) !2;s !!le,!,geE(S), e~ r,e~g ~ t~g impl;r !•g. 
(ii) The eeaig.roup 6 is completel:r semj.sinrple -~ sntisf:r 
~ -majoriaation. 

The following two statements are correapood~ng to Lemma 1 

and Lemma ~' respectively. 

LEMMA ?. f!! 8 ~ ~ completell aemiaimpla semigroup. sstia!y­

ing ~ -majorisation and T ~ regu!ar subaemigroup ~r B. Then 

T !!. _! completely _semisimple · _semigroup ~atis!rlM ~ -u;to;i­
z,.tion. 
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LEMMA 8. Let S be ~ rectangular band ~ completely semisimple 
semigroups s1~ ~atistying ~ -majoriaAtion. Then 8 !! ! ~ 
pletell semisimple semigroup satistzing 7 -u;Jorbation. 
~· Since the semigroups s1~ ~ regular, the semigroup S 
is regular. For any e,f,gE: E(S) we hnve 
·~ t,e ~g,t~ g ~ (3s1~)(e ~.r,e~ g, t !Ji('-g) (by Lemma 2) 

~ e•! (by b7fothesi• and Result 3). 
Hence, again by Result 31 S is s completely semisimple semi­
group satisfying ~ -majorbation. 

Let CSD(B) denote the set of nll congruences on a regular 
semigroup 8 over completely semisimple semigroups satist7tng 
~-majorisation. Using the R·esult 3, we hllye immediately the 

following characterization of the set OSD(S): 
LEMMA 9. ~ ~ regular semigr~up S ~ 9~ Con S, f6 CSD(S) 
i! and only it tor any e,!,g<;E(B) ef is.!. regular subsemi­
group '2.! s, ~(e('?::- 0 f )f, e( ~- r. f )g, t ~·v g)~:C-g. 

Using the Lemma ? we obtain the following result for cs:r::(s) 
corresponding to the re:;ult for OS(S) given in Theorem 1. 

THEOlllil'-1 ;. ·Let f and ~1 .~ congruences ~· ~ regular semi­
~ o1 It f'~ ~ and ~~ T ~ , then f€ CSD(S) ~ ~1 6 CSD(S), · 

Remark. The following example shows that. the analogue of the 
Lemma. 5 for completely semi simple semigroups satisfying ~ -
majorization doesnot holcl in general. 

Example, Let S=fe,a,bJ be a semigroup with Cayley tables 

·e a b 

e e a b 

a a. a b 

b b a b 

S is a semilattice of ( e 1 and the right-zero semigroup fa, b }, 
but e·~a, e~ b, a~ b. and. afb. 
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Abstract. In this paper we describe a nil-extenaicn 

of a completely regular semigroup ( Theorem 1. ) • By neorem 2. 
I 

we characteri11ed a retract extension of a completely j•egular 

eemigroup by a nil-semigroup • At the end, by Theorem 3. a. 

characterisation of an n-innation of a oompletel.y o-sim'Ple 

eemigroup is gi ve_n. 

A semigroup S is Jr-regular .if for every a E S 
. + m m m · there e:nsts m E Z such that a E a Sa • Let us deno.te by 

' 
Reg(S) ( Gr(S) , E(S) ) the set of ell regular ( completely 

regular, idempotent ) elements of a semigroup S • S is a 

GV-eemigroup ( semigroup of Gelbiati-Veronesi ) if S ia 

JT -regular and Reg(S) = Gr(S), [1,6] • A semigroup S is a 

retract extension of a semigroup T if S is an ideal 

extension of T and there_ exists a homomorphiEIIl 'e of S onto 

T sucll that 'e ( t) = t for all t E T. 

For und~fined notions a.nd notations we r~fer to [1] 

and [3] 

This paper is in final form and no version of it will be 
l . . . 

aubmi tted for publication elsewhere •. 



' . . . ·". ' 

~ a semig:roup S; > 
(i): (E) t~ ~ regula:r subsemigrou~ of. 

(ii) Reg(S) is a aubsemigroup of.··· r-· -... 
(iii) V(E}• E t · . 

· (i.v) (.l/n E z+)v(Jf) = Jil+l • 

Proof. Ci).::::> (ii) •. Let a,b EReg(.S) • ~hen ' a - a:m . 

and b = byb .for some x,yES. Bythe.hypo1:hesis there. is a 

z E (E). such that . . ,. . • 

. (:m)(by) = (xa)(by)z(xa)(by) 

Thus 

ab.= axabyb = a(xabyzxaby)b ::: (axa)(byzxa)(byb) 

::: abyzxab E Reg(S) • 

(11) ~(iii) and (11) =*(iv) follows by Theorem [7]., 

(iv) =>(ii) follov1s :l,mmediately, (iii)=* (ii) this· is as 

(i).::::=>(ii), at the end (ii):::::i;;>(i) follows by Corollary of. 

Theorem .[7] • 0 

COROLLARY 1. The following condi tiona are equi vel.ent 

~ ! semigroup 6 r 

semigroupJ 

(i) S is lt'-reguler and Reg2(S) "" Reg,(B); 

(ii) S is Jf-reguler and (E(B)) ~~regular 

(iii) ("'la,bEB)(3m,n€Z+) a~nE a.mbttaa~n. 

Proof. By Proposition 1. 0 

THJI)Bllf 1. A. semigroup S is a nil-extension of a - --- --
completely regular semigroup if and only if for every a, bE S 

and x, 1 E rf ~ exists mE z+ atch that- -

(1) 

l!:22f. Let S be a nil-extension of a completely 

reAUlar semigroup 'I! • 'l!hen S is JT -regular • Asae a E Reg( S} • 

'l!hen there axis~• BE S ISUOh that a • a(aa) E 'I! • Gr(S} • So 
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Reg(S) a Or(S) • Therefore, S is a GV-samigroup • Now by 

Theorem X 1 ~1. [1] we have tha1; S :I.e a semUaUioe · Y of 

completely arohimedean aemigroups Bot , "'~ Y •. Asi!Wile tJ:La.1; SQ( 

is a nil~extension of a oompletel7 simple s•igroup l:o( , c::(EY• 

lor IIZlJ' a E Be( , bE S~ , x E Sf , 7 E BcJ' we have that. 
m m + · (ab) ,(ba) E ~ for some mE Z • Since T is an ideal of 

· · m m 
S we ob.~ain that x(ab) y,(ba) yxE~. Since ~8 is a 

completely simple seJbigrouJJ we hava that 

x(ab)my E x(ab)my(ba)m~x(ab)my ~ x(ab)mybSx(ab)81 y • 

If x • y • 1 , then by Theorem VI 2.2.1. 1 we 
./ 

have that 

( ab )m € . (ab )m ( ba )~Koe.e» ( ab )m C: (.ab )~S ( ab )m • 

If x = 1 or y a 1 the proof is similar to the 

above. 
Conversely, from (1). we have that for every a,b E S 

there exi13ts mE z+ such that 

· (ab)m~l E- (ab)mabbS(ab)mab = ·(ab)m+lbS(ab)m+l 

Assume a. EReg{S) • Then there exists u e-s such 

that a = aua • So 

(. . .. )m+l · ( )m+l B( )m+l 
a "' aua == a u~ . . E- a ua a ua. . = 

2 a. Sa •. 

Hence, Reg(!3) = Gr(sf. · · 

Let a E Reg( 5 )> . and, y E S • Then by ( 1) we have that 

~f"·. = au.ay' ~ fo-r some. u E s . 
m . + 

"" a(ua) · y , for every .mE Z. 

a(ua)myaS(ua)my ·, for stime mE ·.z+ · 1 
r '.' 

0:: au.ayaSu.ay = aye.SU.ay €- aiSay .• . . . 
. . ,. l;, 2 . . . . .. . .· . ; . . . .. 

From this it follows that ·Reg ( s) = Reg( s) , ·and also that ., ' 

Reg(S) is .a right ideal. of S • Similarly it cen be proved that 
. . \ . ' '' .. ' ', . ' . . 

Ya E- yaSya • Henc~ ·· Reg(S) = Gr(S) is'en ideal of. · S. ; and 

since S . is ;:n--regular we have that S is a nil-extension 



.--.. _,_. ,,. ' '· ,_ . , ,. ·: .... ·•· ._-;_'::':'~--_·:· _:::'-:.'' :_ 

: -~-. ' . . --

.. o:(•acomJ;Il.>te(r·reguJ.E!:I' ,semiQ.OUP ..... '/. :".: .. \.~~:.,•-)_,,._, 
< >• i·<·:·;g.~~::, .. -!,c~ . . . .. ' . <· . -··'··:·~"- ,. ·• > . < ,\ .• , 

·,·····. __ .. . i ·. \'!!!IIBJRErl~·2.'" .A.. s~ig,;.~up,,;~~·: !! . .!.retract ~~eP,.sion··,· .... ·.·,· 
· of.:c•a co~pietel-i r8gul~1 sfDU..~o~ . p;y a nil~"elnWo~p: if . and• · .. 
' ... ', ... ·.· . . ' .· -:-- ·. ----- . + ,,.....,._ '<· .•.• 
o!2l.y if'••fQr · eveX?y, · a,.b,.c:~ S.-\ thexoe, epstS.'· 1{1 E -~· · .. such,·, that · 
.~·,,~:,·.~-----.. -.. - ... -. ·::::_·.·_._:_ .. ·_.-___ · __ ·; .. -.--.. · .. ·.·'• ·.·_ •. ··, .. : ·' .;,~~ •T 

••_(ab)!llo~'~'·e(if.b-)m~bs(abftcf:··:.!llld ~-c(~b)m .E,~(ab)~so(ablm . 

.•. ~-.~~~~~,~e····--· 9l1d_ .• ;.,o~~-.-G!:·"._ror; .• _ ... $o~e : .. , .k~.r-··~·-·$+·-•·_; __ ~--
. • Proof. Let· ' .• s •: be' a retract extension of a unio:r:f Of 
'':'.-~--- .··_ ·:· ·-. _-.- .. _·- __ ..... _··-.·-.·· .. ___ : .. ,·. 

~oupa ~y,.a J:!,U-semigroup ,, and le.t ~,b.;c E- S • Then.by Theo- . . ·· .. -... ·. __ · ---~,-:·_-~~- '·.·: .. : '.·. < .. :·:-->····:-.; ::>-:: .. -:· .:· ... . _··: "-:· 
rear 1. ···.we-.have that the ~eoond(ionditi9:r:i' (6) 

.· . +'.:;·.- ' · .. "' ·• . ·, ' ,' .· 
exists m .E Z · end· '. x EHt ·:such that_ 

' . . ' .... ·· .·· ··.··.·· .1 ' 

'(3) • :- · (ab )mci = . ( ab)i11cbx( ab )me, ·~·-
. . ·. ·.· .. - .' ·.· 

Also there is a retraction 't: .S-+T ... Reg{S)= Gr(Sl 
by (3), .we have .. ,. . . . . ..... 

(4) , ·(~)mo =. 't(a) 'e(b) 'e( {ab)m-lobx(ab·)ml'e(c) 
' . . . ' ' ' " . -~ . 

·:·,·' 
·.' ' '·.·· · .. ·' .. · .. · ' .··_:_ ''k 

.. Now, _since 'e(a)E Gh and · 't(o) EGg , and a E- G& , 

crEGf for'some- h,g,e,tEE. and. ,:k,rE-Z+, we th8J1.have that 
k k r ·'>D r · ·· 

a • 'e(a).EGh .and.o_ •.dc,)EG1 _. s~. h=e. and g=f, 

i.e. 

'e.(a) • e 't(a) and . 't(c) • 't(c)f • 

Prom this IID4 by (4) 1 t follows that 

(ab)mc • e 't(a) 'e(b) 'e((ab)m-lobx(ab)m) ~(c)f· 
a 't.( e( ab )mcbx( ab t'ct) 

• e(ab)•obx{abfct E e(abfobS(ab}mct • 

Bence, the first oOD.dition (2) .also holds • 

Conversely, by the first oondi tion ( 2) we have 

(5) 
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Now by Theorem 1. we haft that S is a n11-ertenai.on of a 

union of poupa 'l! • Since. S ie a 3f -regaler aad.group SDd 

Gr(S) • Reg(S) • ! we haw that 8 ia a GV-Baligroup • ftooa 

this and from Theorem X 1.1. [1] it follows tha11. S is a 

semUattice Y of seigroups Soc •· which are nil-exteJlllions 

of completely simple semigroupa Po(, o<E Y • Define a mapping 

by: 

~. 8 ...... '!. UPar. 
cCEY 

x mE G for some m E z+ • . ' ' .·_j 

Then ~ mapa S« onto Pll( . end. ~(~) = xO( tor every ~E~ .lor 

xo{E~ and ~p.,E s~ there exists kE z+ such that (xc(~)kE G~. 
So ~~)~(xp..) = ~~x~~r.,= ~XceXr.,•~ ( Theorem I 4.3. [1] ) 

;' = _e~m~:x-,..·~~· ((5)) 

. ·. = eo{ x~~.~ •~ en. . . . ·. · · 
. . . . . . . -l-:-. 1'"'2 . . . . . 1 

.. =' ~{xd-Xr.,•~:~.~) (Xa<~•c(l!l)- e~ , ~x~·~r.-E G8 •... · 

( . . 2 . . . -1 Ill(!> .. , ~~~·«f..> (~~·~> ·~ , (( 5)} . . 

.. =:=·~~·~·~ 
:. eo<p.. X~Xr.>~~ :•· ( .· ~heorem. I_· .. 4~,3~~ [1]. 

·~·-.<~df.>x~)-/ ee<~fg(?( e~x~)~e~ .· .. 
= (~xd) e~xll(e'4hxc(xr., , ((5) l 

. ;:: \({!txo(x/b:~ x~]bece,-., , ( Theorem_! 

· .. ~r}~x~)<·<:·,,._ ·,. ·· ... ·/ 
··.is ahoinomorph:i.~ of S. ()nto. T· .and 

:X~T • TP.~~~fore, 't fa a -~etra~tion of .iS onto T 



- ; : ~2(i; - . . .•. ' .. , .. -~ : . : ' . 

. •.> __ ._·. :.. ; _:_ .. !1, ·.:~:_·~ __ .• :~-~_:: __ -.:~._-/'.i-~:1·{ .. ~.-:._·:~~--. -_.;:;··-~ -.. _::_~_-._ •. ,· .:. ''" -~.t,-. ----.:· ·_:' .. :. - ., ... '•, ·:- '• .. . .· . . :·- -:~ ·.<. . . -·: . :· . 
- v _._,.,~~ _ ... -.·.: · . .-.. -~-~~>--'.; : __ .!·'v:~L·.~~---:~:·::- -· -.·--- .. :r.-!i, .. :,,-··.··d· 

... -·_-.-····:··-~,.:-·(;£;.,.._·-a,;·,.·~-selft'.l~_-•:.s~·!!!:J!!.'n-~~~t~~~--~--~.;-·•··: 
-· .. ·. ~a.IPi~telJli~:baPle;~~lFPuit it,.~--~Welf-~ ~e tonb\nng} .. •. • · 

.. ·. ·.···· ..•.•.• :~~fi~~if~~t;;.~~~!E;t:::·,:\;;,,,~\,;;, .... 

. . ·•···.··•··· ..•... ,··· ...•.•.•. ·• ·.J>~:>·~.:·~(u;.)~:;~:=:titt;;:n~::i5~1 ,····.··.· 
·· · o-.simple 'eemigroup. Then P'Y' th~t_ defi;Jli ti,.on :of' .1\l-inf'lation we 

haVe that' fi1+l . is a cqmpl~t~ly 0-~imple,-eelili:group.- Let.'~···:._-·. __ .. 

be 'a: ;et~~:ti~~ 'trom · s on-tO:· ':fl+l,. ··/·:· ·:: '-··· · ·•·. : : · · ··• 

._·\ ;. ' .· .~·r·~v~Let -~ -~ a2 •• .>ah+i;'F o-: .• ~~d <~u~E B*(~) •· nen 
{ 6) .. · :: :- · .... : . ~ai a 'f<u&:!. l =· 'e_. (liJ'e ( ~ )E(E* ( S2 r . ·: o:~--· ' · 

.... k •• ~- ~--·· __ :· ... ·_···-... _ ,. ••• ·····) -~ .. --.. ~:·.·. ·-:··· .,._._-~:-•• •• _ _, .. :: r_~-~-----·,_,._,. -... ;_... .. .· 

. and . . . . . - . , . . , ' . , :.'' . . ... >. .x '\,< . k' . . 
'e<&:!.>'e(u)'e(~)>= 'e<s)_l['e!~).~(a...>l· :for every kE z+ 

.. ,· . .:- . • 'e(~(u~) ) •. . • .~(u~)n_ 
. a ~ (u~) r' 0 . 

. since 0 "' u~ = u(s;_ u~) • Since . sn+l: . is ~ completely 0-eimple 

samigrou' ~·-then have _that 'e(~)~ G8 .. ·for some eE E(S) and 

'e(~) "'o, whenc~_ b7 _Lamma [4] we- have that "f(~) 'e(u) 'e(~)E 
E G ( Lamma [ 4]) •. Now 

e , . 

[e 'e(li) 'e (8]_ >]- 2 ·• 'a 'e(u) 'e (~)a 't(u)~ <~~:~.) 
a e 'f(u) ~ (~) 'f(u).'e(~) , since "e,('\) E G8 

• e'f(u)'((~) ,. br {6)_. 

:be, • 'e(u)'e(~) • • ., 110 

(7) 'e<~> 'f(u) 'f(~) • 'e,C~) 

Furthe~ore , 



• 'e<B:J.)'f(u)'e(B:J.)'f(a2 )~·· 't(nn+l) , by (7) 

... 'e ( B:J. UB:J. a2. • • an+l) 

• B:J.(UB:J.)B2ooo&n+l • 

ll 

The second identity from (b) 1 t can be proved in a· llimilar 

way • 

Conversely, let a be non.zero element ot 1!1 • Assume 
. . . ..D.+l 

that ax2 ••• xn+l /: 0 • Then there· exists y E..,- . BllOh that 

(8) ax2 ••• xn+l • ax2 ••• xn+l1BX2•••xn+l • 

Let z • x2 ••• xn+l y • Then 

( .,.,,2 • 
QQ azaz = ax2 ••• xn+lJ'SX2•••Xn+ly 

• ax2 ••• xn+ly = az • 

It aza = 0 , then (aza)z = 0 , i.e. as· a 0 , and 

by· (8) we have that ax2 •.• x~+l' = 0 , which is not possible • 

Hence, aza /: 0 • · Now. aza = ( aza)w( aza) for some - wE sn+l , 

w /: 0 • .;. 

Let us put that u: = 'waz ~ Then 

au = awaz = (aw)(az)az = a(waza)z = aw.(aza.waza) z 

= (awaz) 2az 
. ' 2 

since a.z (az)2 = (awaz) 
' = 

(au)2 ' = • 
. ·:. :i' d . . . ' 

Similarly, (ua) = ua • If au = 0, then . awa.z = 0 , so aza = 0 . . ·: ,· · .. ' * . 
whi<:h is not possible • Thus· auEE*(s), .and similarlw- uaE-E (S). 

·For. an. arbitrary aE S we define 

if aS /: o, where1 au ,ua E E""(s) 

if a:s··,;,. o • 
) . ;:. · .. · . * 

Fix aE S and assume that au ,ua,av,vaE E (S). Then 
; . 

by (b)~ av/:0, uaEE*(s) implies ,._ 
\ -. ' ' ' . . . 
\ ···,, :,; .- ·.· _ . 

. .•. a.i.t:!: avr •• av = a(ua)v ••• av = au.av ,· 

and sim;l:uoly ua = ~(·a~) ; N~~- ··;~ = ·( aua)'w ~ au a .' H~nc~ , 
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is a :well ~efined fuhction. o ·:h'o~ :the. preceding.i~-is·< , ,. 
· - · •· ' ... '· • ···: · .. · •. · : ·'· ·.' ····\- _.·._·-. ··.. · : • '· ··n+l{.:< 
·clear that with ua,auE E*(S)' it can be chose u -from>S · · · 

He~ce/if.~ESn+l;, then. ~,ua€':s*(s-fi·uEsU+l . j,n~Jiee . 

··. a=\aua c•see'.the ~oo:t'. of(7) ).:The~efore~ :'e·.~;~ s .· onio 

. ~+l, ,. ~d·:···~·(.t),,::;_._t_· <t,o~ .. · ever:r····t.E~+~: .,.:It_iremains ·'to prove 
. . 'e :·.t~ a hqmomorp~sm • · .. · . . -·" . . 

: tet a,b E s· ; ·It, as f. o , let au ,uaE .E*( s) ,. ahd, .. ··· . · ..... . * : . .. 
bS i.O, bv,vbE ,E (S) .• 

. . 

. 2) as f. o , ab = o, , . then . . .. . ... 

.'e(a_. )'t(b). ~ r_·_ .• __ (aua)(bvb ___ ), ... bS.-l.·b 

. . · · { (eua)o ·, .bs ... ·o·· : 
= o = .'e_(o) 

• ~(ab) o .·· 
. ,·. '/ .... 

3) · ab 1: 0 , abS = 0 • Then 'e (ab) "' 0 • If 'e. (~l'e,(b),t. o, 
then . 't(a) 'eCb) = (au~)(bvb) f. o , which is not po~sible , 

since abS = 0 • Thus 'eCa)'e(b) • 0 • 'e_(ab) o 

4) · abS f. 0 , then bS f. 0 , end we have 

\f.(ab) ... abwab , abw,wab E E*(s) , since abS /: 0 

• abwabw ••• abwab 

• abwabw ••• abwabvb by the hypothesis ) 

• (abwab)vb 

• (abwab) vbvb. o • vb 

• abvbvboo ovb ( by the hypothesis ) 

• abvb 

• a(bvbw ••• vbw) 

• (aua)bvbvbo. o'Vbvb ( by the hypothesis ) 

• (aua)(bw) 

• 'eCa) 'e(b) • 

Therefore, "t is a homomorphillll from s onto sn+l . 0 0 
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PROCEEDINGS OF THE CONFERECE 17 
• ALGEBRA AND LOGIC'", SARAJEVO 1987 

ON SEMIGROUP-RELATIOM AL&B'SRAS . 
s. Crvenlcovi~ and R. Madarasz 

Abstract.. In th.i.s paper - are pr...-nti'f'£6 on. of the po-i.bL• 
sem.i11roup approaches to ri!I'Lat ion aLtlf'bras. To l!l'ach. •-i.tfZ'OUP .1" -
corretatl!l' a reLation aLtlf'bra §(J") so that .1" can·bi!P ~ tnto 
thi!P -i.tfroup riKiuc t of §( J"): II'• exaaa:- soae propert i.8's of th.i.s 
"construct ion 1". 

1 • Relat.ion algebras 

The , f undaJIMIPnt.al s of t.he ar i t.hmet.i c of binary r•la t.i ons -r e 

JM,de. by C. s. Peirce, between 1e7o. and 188C!. Peit'ce' s work was 

cont..inued and ext.ended in a very thorough and syst.emat.ic ._y by 

E .. Schroder in the book "Algebra und Logic der ~elat.ive'' .(1995.). 

The first. beginnings of the contemporary axiomatic development. of 

t..he .. t..heor y of binary 

Tarski gave, in £7J, his 

relations were made by A. Tarslci: C £7]). 

syst.em of axioms of the ar-it.hmet..ic of 

relat.ions and proposed some, met..atheoret..ical· questions which 

.determined t..he direction of further ·ln'\rest..igat..ion. ··The orfginal 

axioms.of Tarslci were not. fn the ·form of ident..it..ies .. The· axiomat.ic 

system we ,use now C in which all t.he ·axioms are tdent..i lies ) was 

presented for t..he first. time by L. Chin'-and A. Tarski.. til,' 

This. paper is in r.inal form and·no version of _it."wi.ll be .submlt;t.ed 

for publication els.ewhere. 



DEFINITION 1. 
-2_ 

.:JI=CA, +, ·, -,0,1, • ,1', ) iM!. algebra 
\ 

:\,_~ 

(2,2,1,0,0,2,0,1). We call it. 

satisfies t.he following axioms 

reLation aL~ebra CRA) if 

Ci) CA,+, ·,-,0,1) is~ Boolean algebra 

Cii) 

Ciii) 

Civ) 

CA, ··,1') is ~monoid.; 

-t is @ involution of l.he semiqrouR. CA, o) ~ 
C Yx).CYy)(xoy) -:l=y -:~..x -t 

-:l 
C Yx)C x-1) '"X ; 

-:1. and ~distributive~ + i.e. 

CVxJCVyJCx+y)-:l=x-1 +y-;t , 

C YxJCVyJCVzJ x•Cy+z) '"CX~y) +Cxoz) 

Cv) CVxJCVy) Cx-:l• (xoy)) · y=O 

Example L 
Let. X be a set. , and 

JtCXJ=CJ>CX 2), U,n,-, 0, X2 , • ,.6. , -;t), 
X 

where is t.he relative multiplication of binary relations 

C some authors use RIS instead, of R•S) : 

R•S=<Cx,y): C3ze)OCCx,z)eR & Cz,y)eSJ) , 

.6. =<Cx,x): xeX) C called the diagonal of X ) 
" 

R-1 ..,<C y, xJ rCx, y)ER}. 

Then, it. is easy t.o see that. ~X) is a relation algebra. Algebras 

of t.he form JtCX) are c.a.lled jv.L L reLation aL~ebras. Obviously, 

e~y subalgebra of a full relation algebra is a relation algebra 

t..oo. It. is called pro~r raLq.Lion aL~ebra. 

Example ~ 

We can generalize t.he previous example. Let. p l>e an 

equivalence reol at.i on on t.he set. X, Then every subal<;~ebr a of t.he 

algebra 

ECp) =CJ>Cp), u, n,-, 0, p, •, .6. , -•) 

" satisfies t.he axioms of relation algebras. These algebras are 

called aL~ebras of reLations. 
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Note , that there are RA which are not isomorphic to any algebra 

of relations. 

Relation algebra is in fact. an "enriched" Boolean algebra. 

Since the additional operations are dist.ribut.ive C i.e addit.ive) 

in each of their arguments, we can use, 

algebras, t.he results of' the theory 

operators C [ 1l , [ 3]). 

in our studies of' relation 

of' Boolean algebras with 

On t.he ot.her hand, every relation algebra A•CA,+, ·,-,0,1,•,1',-1 :> 

cont.ains the structure of' a semigroup. The semigroup CA, •) is 

called the sem.i~roup rff'duct of' the algebra A and is denot.ed by 

Rd CA:> • 
• 

How do t..he propert.ies of t..he sem.igroup reduct. ref'lect on 

relation algebra ? Can we learn something about t.he variety of' 

relation algebras from t..he va,riet.y of semigroups '? In t..his paper 

we will present. one of t..he possible semigroup-approaches t.o 

relation algebras. To each semi group .:1' we correlate a relation 

algebra ~C .:1') so t..hat .:1' can be embedded into the semi group 

reduct of ~C.Y'). This "construction il!" enables, among other 

things, to show t..he unsolvabilit..y of t..he .word problem for 

relation algebras and some ot..her undecidability results. Here, we 

will present some ot..her properties of this construction t. 

2 • SEMI GROUP - RELATION ALGEBRAS 

It. is well kno~h that. every Boolean algebra can be '"enriched'" 

to be a relation algebra. The analogous problem for semigroups has 

a negative answer there are ,semi groups which are not. semi croup. 

reduc.t.. of any relation algebra. Namely, for any natural number 

k, t..here is a semigroup of cardinality k, but. all finite relation 

algebras have 2n element..s for some n.The situation is similar for 

infini t..e semi groups too. ·For every relat..ion algebra Jl'l t.he 

semigroup reduct Rd (A) is a semigroup with· identity element 1' 

and zero element. 0. Hence, if a ·semigroup .Y' has no identit..y 

element. or no zer.o element, t..hen it can not be the semi group wi t.h 

such elements which can be enriched t.o be RA 



20 
· .. -.,· ... 

PROPOSITION .1. 
·-~ ' 

For .. !X!!CY cardinal number ~ :?; .. 3 t.her& !.§.; ~- seniigraup 

card~nality. >.. ..... with identity and .~ such. that r 
semiqroup reduct 

Proof. 

Let. C be •a set. of' cardinal! t.y ~. ~?;w, Let C~cc·, H) be a constant 

semi group C L e. fOr. all x,y e C , xHy=:=c for some· c e C). Denote 

by Y the· semi group obtained from C by adding. an idE!nt.i t.y. 1 • 

and. a zero element. 0. Suppose th~re is. a relation algebra .111 such 

that J"~d C.s4J .. Then 0 is a Boolean zero. of" .111 and 1' is· the 
s 

identity element ·of' Rd (.111:), .and we know that 0-1 =0 and 
. s ~ . -

C 1 •) -J. .,;,.. 1 • . Hence for all x e C we have x eC. For the element. c;: 

there are two p0$sibili ties 

(1) c e C u <1') or 

ca.> . c .. o 
We will prove t.hat.. both (1) and C2) lead t..o a contradiction. 

(1) Suppose. ce Cu<1'). First of all, it... is a simple .fact.. that 

c - 1 •c· C c -t=c c •c) -t.,c -t •c '"1•c , ) . Cons! der t.ha axiom C v) of . RA 

and put. X'"y•c. W. have Cc-.... (coc)) c = Ccoc) c "' c c '" c "' 0,a 

contr adi ct.i on. 

(2) Suppose c-o. Let X e C'<f',c). Then x e C. Consider the 
0 0 

axiom Cv) and put x•x0 , y=1'. Then, we have: 

cx-•.c~:>:> 1' cx-1 •x) 1' • c 1' .. o •1':S c ""1':S o .. 1'•0 
0 0 0 0 

a cont.radict..ion. 

If 2<~<~. then the only difference is that for t.he set C we should 

t.ake a set of cardinality ~-a. 

Is every 

semigroup embeddable into the selllo1group reduct. or some RA ? 

The following assertion is well known in semigroup theory. 

PROPOSITI OH 2. 

bm:.v semigrpyp la. el!!beddab1e .\.n.t,..Q !Jm ;semigrpup rec!uct. 2(. ~ 

relat.ipn algebra. 
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Prgot. 

Denole by .1"1 t.he monoid constructed from a s..tgro\rp by adding an 

ident.it.y. rr ,. already has an ident.it.y, t.hen put. ,.,.,.. Since 

:1'<..1"1 , it. is sufficient. t.o prove t.he assertion tor. ",· 

Det'ine a mapping p: S1 + ~S1xS1) in t.he following way 1 

Denote 

cs. ·) 

fi'C•>•p.-<Cx,x••>rx a S1>. 
by R-<p5 : s • S_>. Then, p is 

and CR, o), where is t.he 
' relations. 

Now, in the full relation algebra 

algebra generated by R, 

A "' < R > • < <p5 : s e S? >. 
Then .1" 1 a1:. R, •) < Rd • C A) • 

an isomorphism ot semigroups 

r~lativv multiplication ot 

This correspondence, fro~ the assertion above, which t.o ever~ 

semigroup .1" assigns a proper relation algebra A , we denote by 

I. All relation algebras A of t.he form ten will be called 

s•migroup reLation_ aLgebras. 

Is it. possible ·t.o obtain every proper relation algebra from a 

semigroup by t.he construction. I ? It. is easy t.o see . that. the 

one-element. relation algebra can nol be obtained in t.his way. But. 

it. ·is not. the only one. 

PROPOSITION 3. 

!='or any cardinal number X~~~!£ ~-P-roper relation algebra -"1.. 
~.the§.!!!.. of. >.. elements. ~ !J:lA!.. A !£ ll.Ql.. a. semigroup 

relation algebra. 

f:r..!2Qf.. 

Let. X be ~ set. of cardinality :>1,~3. and A t.he minimal subalgebra. 
- ~ t.. of a full relation algebra JtCX). Then A=<Ax•"\,,0,X >. It. is no 

difficult t.o see t.hat.t.here is no semigroup .1' such that.. iriC.Y')=A. 

It.. is ·interesting. to note that. all Cnon:...t.rivial) finite full 

·. relat.iop algebras are semi group-relation alg.;bras,. but no infinite 

Jul rel~t.ion algei::Jra is a semigroup-relation algebra. 
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ntEOREM 1 

The ~ull relation algebras 

semigroup-relation algebras. 

fini t.e and n2!1, are 

Proo~ 

For n=1 the proof is obvious. 

Let n~2. and let .'!' 
0 

be a right-zero semi group 

s ={0,1, ... 
0 

,n-2). Denote by the mqnoid constructed from 

by adding an identity element e. Then 

S=<0,1,2, ... ,n-2,e), 

plc=<Cx,x·k):x e S>=<Cx,k):x e S), ~or k e S 0 , 

-1 
p 5 •plc={Cs,k)) for 

Let k e S0 , and 
-1 

o-le =u<p s •pic: 5 e So)· 

Then 

s,k e S . 
0 

{Ce,k)) and 

Cpk (l o-le) • Cpk (l o-le) = {~e,e)} 

Thus, we obtain all the atoms in ~n). Therefore ~C.'/')=~Cn). 

3" A CHARACTERIZATION OF SEMIGROUP-RELATION ALGEBRAS 

Since there are proper relation algebras which 

over 

.'!' 
0 

are 

semigroup-relation algebras and there are some which are not, it 

is natural t.o ask what is a necessary and sufficient. condition for 

a proper relation algebra to e a se~group-relat.ion algeb~a ? 

By t.he construction, a necessary condition is t.hat. it. is 

generated by some functional elements. An element. f of relation 

algebra is fv.nc t ionaL if f- 1 • f :S 1' c !! is the sign or the 

partial order in t.he Boolean part of reiat.1on algebra). However, 

from the proof of Proposition 3 we see that. this condition is not 

sufficient. We need a new notion. 

DEFINITION 2. 

For an 19lament. i!. I!! A ol' i!. relation algebra Jll !!!! say .lJl& ,l1. ~ 

~ proper junctionaL eLement ~ ~ following holds: 

c l) a. -l. a.:$ 1 ' 

( i i ) a. • a.-·::!: 1 ' 
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Every proper funclional elemenl is funclional bul lhe 

converse is nol lrue. If" A < JtCX), lhen an elemenl t • A is 

a proper functional element. of" A if"!" f" is t.he graph of a lot.al 

funclion from X int.o X. If" A < :JtC X) and f" e A 1 s a f"unct.i onal 

element., lhan f is t.he graph of some part.ial funct.ion from X. In 

lhese cases we can writ.e fCx:>•y inst.ead of Cx,y) • f. 

THEOREM 2. 

bak A< ~CB), ~0. The following conditions~ eguivalenl. 

CD A ~ ~ semigroup-relalion algebra .i.. 

Cii) ~ is ~ set,. of proper fynct.ional elemenls 

which generales A ~ t.hat. 

C3e e 8)CVx e 8) f .,ex:> = f ,.Ce) "' x and if 

Proof 

CiD -+ CD 

Define on t.he set. 8 an operation * in lhe following way 

f (x). 
Y' 

Then 

X* y 

C8, *) is a monoid wit.h t.he ident.it.y e, because 

Ci*j)*k = f I<Cl*j) 

= i*CJ*k) 

and 

X'Me "' f C x) = f C e) = e*x = x. 
e x 

Further qn, f9r all b e 8 we have 

pb = <Cx,x*b):x e'B> 

i.e. pb = fb. Hence, 

A= <<fb:b e 8}) = <<pb:b e 8}) and 

~(:8) =A. 

CD -+ .CiD 

. If ~(:8) 

{ 

Jfl, t.hen we can t.ake t.'ha't. :a is a monoid. If we 

define elements fb Cb e 8) by 

<Cx,x·b) : be 8>, 

will be proper functional 
''I)·, • ,. 

\ 

el'ement.s then all 

condit.ion Namely, if e i.s t.he i den t.i t. y of 

sat.ysfying t.he 

:!3, then 



·-·:·· .·. 
: ~: . ·. .· ... ·· 

. ~· .. 
\" 

.. - .. ·>.: 

. . f' (.)(). = ~·a • e•x ;. f' (e) ·= X· •.. 
- ... .. • . X . 

. ctj·t:~>Ci> = _rkctl9'. = ~JcCiO:P ... ci·J>·Jr: ... i'·tJ:Jc>. • l.LrJccJ> .. 
' ·. ' . ' . - . ' .; . ·. ·~ . . 

. >· 
-.I ··:; __ -,. 

': ~ \ 

...... ··i'·.' . ' .... _·:···· 
. . . 

We. can ;.prove that. ·the class t:J£ all RA~· '!"hich are. isoincrPhic t.o a . 

· 'sfa.ftu:graup-re.laUon. algepra, 1s not· an elementary _c:Lass; C[2J) 

'Using ~he characterization. or semigroup-..:reiau'on algebras given in 

;theorem 2. we ~an pro'\fe t.ha f'ol):owing : 
· ..... ,/· 

·.· .. 
COROLLARY 1 , 

b!!!<,. _X ·2!!_ m infinite gb_. The· full· relat.ipD algebra .1tCX> 

~-~ ~ semigroup-relat.ion algebra! 

Proof· 

. If· · -"'X> is a· samigroup-relat.ion algebra, then· according to 

Theore111'2. it. has a' generating set. of' cardinality · JX_I· .Howe~, 
. if X is infinite, then IX I elements generate a set. of IX I 
elements but. IXI<IJU:X)J. So, Jtt:X) is not. a seinigroup-relat.ion 

algebra. 

4. • REGULAR! TY 

Which smigroup-properties are preserved by the mapping • 7 

F.or example, if _,. is a commutative semigroup, i:s then Rd CKSJ) 
• 

comut.at.ive t.oo 7 Not. necessarily. 

Example il... 
Let. .,--c<a,b>, ·) be a C commutative ) semigroup with t.he 

ident.it.y a, and b·b•b. Then 

Pa. • <Ca., ca.> ,Cb,b>> 

Pb • <Ca., b) ,Cb,b)) 

-· pb n pb • <Cb,b>> 

<Cb,b>>•p- • <Cb,ca.>> and ca. 
<Cb, a)) • <Cb, b)) ,. <Cb, b>> • <Cb, ca.>> , 

i. •· Rd • C •c Sn is not. commut.at.i ve. 
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Here, -are going t.o .xallline t.he regularit.y of • • 1 "t.i on 

algebras. A semigroup ,. is retJUlar u· C VxeS) C 3ye>:> X y X .. 

' 
Zareckil C19e2J was t.he first. t.o giv. a charact.erizat.ion of 

regular ele-nt.s in t.he senligroup s. c ""x:Z,. o) but. his 
X 

crit.erion is not. v.ry suitable for practical applications. 

B. Schein gav. in [!;!] a new, much simpler criterion for 

det.erminat.ion of regularit.y of a given binary relat.ion. 

niEOREM 3. CSchein, 1Q7e.) 

A binary reht.ion p s; X2 a regylar 1n. ~ semigroyp 
X 

ltt p s p• Cp-t • P • p-•, • P 

Why are - int.erest.ed in regular elements ? Among ot.her 

things, regular relat.ions ara·connect.ed wit.h very important. binary 

relat.ions - relat.ions of part.ial order. The t.heorem, which says 

something about. t.hat., was proved by Wolk in 1969 C SinkevH: 

simplified this proof in 1974 [6]). 

THEOREM 4. • CWolk., 1969.) 

A reflexive and antisymmetric relation ~ transitive iff it. 

is regular. 

We are going t.o use these two theorems later. 

DEFINITION 3. 

For ~ relation algebra J4 ~say that. .!:...!::. ~ .reeular if Rd 8 CJ4> is ~ 

requl ar semi group. 

The following example .shows that. t.he mapping t does not. preserve 

regularity: 

Example !..._ 
. . 2 

Let. ~ be the cyclic group of order 3, G"'<e,a.,a. ). Since 'g is 

a ..group, 1t is a regular semigroup. Then p =<Ce,a.),(a.,a.2 ),(a.2 ,e)). 
a. 

The relation p "' pa. u .0.0 ·is ref'lexive and ant.isymmet..ric, but.. J:'ot. · 

transitive. Because of' Walk's theorem, this relation is not. 

regular element of' the semigroup Rd CtC:g)) . 
• 



. _, . ~- ·- . . 

J' .,. CVy)(3x) x y~ = x. Then. ·>(, 

and denot.e· t.hat. element y 
. ··.. .. . ..•. 2 . 

by.· C henc:e •. CVx E. s:> · x a. .,. 

Then toe relation P:""·Pa.U.A8 is<hot..a regular eh•men£ or·•the· 

semi group· Rds'tCS)). Namely, p .is ref'la~v.e: and ant.! symmetric put 

it is not t..ransitive·:.for ail elements ·x e G ikholds that.: 

Cx,xo.) e p , Cx o.,x o.2 ) e p · but. . a.. 0.. 

. . z 
Cx.x e) fl!p,·· 

COROL.LARY 2.· 

12!!. ~ group. ;u: tC~) U. reaular, lhen '§ ,!,_§.. ~ Boolean 

group. 

E!:.£2£ 
In a 8golean group, for all elements x it.. holds that.. z x =e, where 

e is. t..he identity of the group. If . J is not. a Boolean group, 

then there is an element.. a. such that.. a! .,. e. Hance 

J - CVx:> x a 2 ,- x. 

The .conclusion follows now, 

asser t.i on. 

immediately, from t..he previous 

Therefore, out. of groups, only Boolean groups c~n give a regular 

relation algebra. Ho-ver, t.he converse is not. true. There is a 

Boolean group J such that. ~CJ) is not.. regular. 

Exa!!!Dla ~ 

Let. J be the Klein's four-element. group, G ~ <e,a,b,c). Then, 

is nat. regul.ar 

-1 -a 
p • p • p • p, u A u pb _u p 4 , 

p-'. p • p-• • 0 and p ~ p • 0 • p • 0. 
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Because of Schein' s cr i t.er ion, p is not. regular el _,t. in 

Rd8CICJ)). 

THEOREM !5. 

1.41.. 'I Ia A Boolean !iU:.ml2 haying 5i![.s;l£... areat.wr !..ball ~ lhm 
ICJ)) !.a, D2J., regular. 

~ 

1. If' '§ is a group, t.hen for all a,b • G - have 

IU'b -+ p 4 n P_b -e and u<p4 : a. • G> • ,r, 
Really, Cx,y:> • p 4 n pb -+ Cy•x a. & y-x b:> -+ a. • b and 

Cx,y:> e Gz .. C3o.)Cy • x a.) -+ C3a.)Cx,y:> e p 4 • 

2. If '§ is a Boolean group, t.han all t.he relat.ions 

uK '" u<p4 : a. e X> , X !i. G , 

are symet.ric. Namely, 

Cx,y) e p 4 .. y= x a. .. y a. "" x. a. a. -+ x • y a. -+ Cy,ya.) e Po. 

i.e Cy,x) E p 4 

and -1 -l Cu<p4 :a. EX)) = U(p4 :a. eX)"' u<p4 :a. eX>. 

3.Let. '!} be a Boolean group, a. e G C a. ,. a ) , Than t.ha relat.ion 

P"'P 
' a. 
that.. 

is not. a regular element. of. Rd8 CIC'§)), 

P-t. • P • P -1 • Gz 

-l -J. - _, - -l 
o p • p • p = Cp<L) . • pa. • Cp<J.) .. 

Namely, 

Cu<pb:b,.a.,beG))-J.• Pa. • CUCpe:c,oo.,ceG>:>-1 = 

= Cu<p : b,.a.,beG}) • p. • Cu<Cp : c,.a., ceG)) .. 
· b a. e . . 

Lat.. d,.a., d,.e, Then 

pd ,. 4 . • Pa. • Pad !i 0 ' 

Ir b,.e and b,.o. t.hen a. b ,. a. and - have 

1:.."' p• !i ,Ob• p<J. • pab !i o. 

Finally, 

we can prove 

· Pa. = 4 • Po; • J:..!i i:Y, so- have t..hat. 

u<p,/d e.G)·S: o i.e. o =Gz. Hence, because of' Schein's 

ct .. i t.er ion , p i s ncit.. a r egul ar element.. 

COROLLARY .3. 

:S 2. 
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~· 

Cw One-element. group gives a regular relation· algebra,'\ If JGJ=a, 
. - z 

then ·the carrier of ICY:, is B=<~0 .~0 .0,G) and CB; o) is a regular 

semi group. 

'""' Let. ICY:, ·be a regular RA. Because of Corro!ary a. and Theorem 

9. it. follows that. IGI !!: a. 

Note, that. the propert.ie of. Boolean groups given in the proof of 

Theoram9. was the f"irst. step in the proof"of non-axiomat.iza~lit.y 

of' the class It*csEIO of' all relation algebras isomorphic to a 

semi group-relation algebra C see l al ) . 
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Abstract. The notion of "commutative vector valued ope­
ration" is modified in this paper such that the range of 
the operation is factorized under commutativitg. Namelg, 
if 0 is a nonempty set and r is a positive integer, then 

O(r)=Or/=, where 

a,beo.,. ->(a • b <=> b is a permutation of a). 
(n} (m} · 

Every mapping f: 0 -+ 0 is called a fully commuta-
tive (n,m)-operation and O=(Oif) is called a fully commu-
tative (n,m)-groupoid (shortly: f.c.g.). · 

A description of the free generated f.c.g. is given and 
a result different from the usual algebras is obtained he­
re. Namely, if Q. is a free f.c. (n,m)-groupoid (m ':!:.2) with 
a basis B, then the identity mapping on B can be extended 
to infinitely many automorphisms on Q.· We discuss the no­
tion of fully commutative· (n,m)-quasigroups (shortly: f.c.q.) 
and we give a description of the free f.c.q. by· using the 
notion of partial f.c.q. Finally, finite f.c.q~ are consi­
dered and some examples of finite f.c.cj. are given. 

1. FULLY .COMMUTATIVE (n,m)-OPERATIONS 

If Q is a nonempty set and.n,m are positive integers, then 

any mapping f: Qn-+ Qm is call~d an (n,m)-QE~~e~!Qn or a Y~2~Qf 

y~;!.g~g QE~£~~!.Qn· (Here, Qr is the r-thCa:i:tesian power, i.e. 

-c.\ 

the elements 

Qr = { (a 1 ,a2 , ••• ,ar) ra\ISQ}; 

of .Or will be denoted also by 

a 2:0 a,nd sometimes by a single letter. a.) 

An (n,m).,-operation f is said to be 2,Q!.!!m1!!:2!:!Y~ ([4], S2) 

iff for every permutation a of the set N ={1,2, .•. ,n} the fol-
. n " . . 

lowing idexitity holds: 

This pa,per is. in final form and no version of it will be 
submited ·for\ publication elsew.here. 
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f(a~} = f (a (a{)l, where a (a~).= 
. . . I 

More gene:l:'ally, f ·is said, to be !~~!s!Y S2~~~!!:!Y~ iff for every 
a~SQn and a permutation b? of a?,· the following implication is · 

.t:l:'ue: 

f(b~} = d~ ==> d~ is a permutation of c~. 

Here we will consider another kil)d of vector- vcdued opera-

tions which we call "fully commutattve (n,ml-operations". 

Namely, let r <!: 1 and let·-* be a relation 

a~ = b~ iff b~ is a permutation of a~~­

It is clear that.~ is an.equivalence in Qr. The factor set Qr/=, · 
denoted by Q(r), will be called "the commutative r-th power of 

(r) · . a+r a". The elements of a will be d.eno.ted again .by aa+ 1 , · where 
aveQ and a <!: 0, but now: 

aa+r = b8+r <=> b8+r is t ti f . a+r · a+ 1 8+ 1 . 8+1 a permu a on o aa+ 1 • 

If n,m <!: 1, then every mapping f: a(n)_ Q(m) will be called 

a ~!!!!Y SQ!!!I!!~!:~:t!:Y~ ( n, m) -QE~E~!:!Q!!: • 

Let f: an- am be a given (n,m)-operation. It is natural 
to ask the following question: 

Under what conditions there exists a fully commutative (n,m)­
operation f': Q(n)_ a<m> ("induced by f") such that the follo-

wing diagram is commutative: 
f 

f' 

Diagram 1 

where natr• is the canonical mapping from ar into a(r)? 

Conversely, if f': a<nl + a(m) is a given fully commutative 

(n,m)-operation, one can ask the question of existence of (n,m)­
operation f: an + am, such that the above diagram is commutative. 

Consider a more general situation, i.e. the_diagram 
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I' 
f 

i'·· 111 

M' f' M' 
1 :II 

Diagram 2 

where M1 , M! (1•1,2) are seta. It is eaay to show the fo~lowing: 

one 

w2f 

PROPOSITION 1.1. Let wi: Ni + Nj b• a eurjeotion for i=Z,8. 

(i) If f: 

mapping f.: 

= f •• 1 • 

N1 

N• 
1 

+ N2 

+ N; 

is a mapping, then th•re e~iets at most 

suoh that Diagram a is oommutativ•. i.e. 

Such a mapping f. do e:ist iff the fottowing cond~tion is 

satisfie(l: 

( z. 1) 

(ii) If t•: N; + M; is a mapping, then there e:ietB a map­

ping f~ M1 ·~ M2 such that w2 f = f~ 1 • 

In generat, there are. more than one suoh mappings f, defi­

ned. in the following way: 

U -1 , -1 
f = . . f •• where f • : •, (a; ) + 1f ( r (a; • ) ) 

X •eM; X X. . . . 2. 

is a·rbi troary. 0 

/In the. special case whenf:Qn + Qm !san (n,m)-operation, 

the ccndi tion ( 1.1) has the following· meaning:. if y is a per­
mutation of x, then f(y).is a permutation of f(x). Thus, we 

have· the' following: 

PROPOSITION L 2. Let f: Qn + Qm be an {n, m)-opezoation on a 

no~empty set Q. There e:tists at mo8t one ful"Ly commutative. (n,m)­

. operatio~ f•: Q(n} + Q(m) on Q such that the diagram l is commu­

tative. Suoh an operation 'f' e:x;ists iff f is weakty co-,;.mutative. 

Coru)ersel.!f, any {ulzy aommutative (n,mJ-operation f. is 

indu~ed by. a set af.wealdy commutative (n.mJ-operati.ans, between 

whi~h there are commutative ' 
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If f:. Q(n) + Q(m) is a fully commu.tati~e (n,~)-operation, 
then g_=(Q;f) will be called a !!:!!!l!: !:!2~!:!~2~!Y:!!(n,m)-g?;:Q!:!ES!!g. 

Furtheron, we will consider .ful.ly commutative (n,m)-gt:OUPtoids 

(or - operati.ons) only. Therefore we will usually omi,t the ~ords 
. "fully commutative"; also, the integersn,m will be usually 

considered as fixed.and so we will often say simply "groupoid" 

(or "operation") instead of. "fully commutative. (J'! ,m)-groupoid" 

(or "fully commutative (n,m)-operation"). 

We•will introduce here several concepts whichwill be used 

later •. 

Let Q.=(Q;f) be a groupoid and H a nonempty subset of Q. H 

is called a !!:!e9£Q!:!E2.!.g of g_, in notati~n H s g, iff 

a~€H (n) => f(a~)eH(m). 

Clearly, the following proposition is true: 

PROPOSITION 1.3. If {H I a6A} a . 
groupoids of a groupoid ~ and if H 

H is a subgroupoid of i~ 0 

is a nonempty famiZy of sub­

=n H is a nonempy set, then 
a a , . 

A subgroupoid H of a groupoid 2 is said to be 9~~~!:2~~~ by 
a nonempty subset B of Q iff 

(i) Be; Q, ( ii) K S .Q & B s; K => H S K • 

Proposition 1.3 implies that: 

PROPOSITION 1.4. If g is a groupoid and B is a nonempty 

subset of Q, then there e~ists a uniqueZy determined aubgroupoid 
of g which is gsnerated by B. D 

A description of the subgroupoid of g_ generated by a set 
B!; Q can be given in the following way. Let B0 , B 1, 8 2 , ••• be a 

sequence of subsets of Q defined as follows: 

B '"'B, B = B UC , 
0 p+1 p p+1 

where C = (b9Q\B I (::lan9Bp(n))f(an) = bbm}. Then the set p+1 p 1 1 2 

<B> • ll B is the subgroupoid of 2 generated by B. 
p<!:O p 

To every element ce<B> we assign a number x 8 (c), called 

the,h!~~~!:£h~ of c, ~~!!~!Y~ to B, defined by: 
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The notion of homomorphism can be introduced in a usual way. 

Namely, let Q•(QJf) and ~··(O'Jf') be groupoid• and+ a mapping 

from 0 into Q'. We say that+ is a h2!2!2£eb!!~ from~ into Q' 
iff 

f(a~) • b~ --> f'(~) • ~. 

where c•t (c), aeQ. If, in ,addition, t ill bijective, then t is 
called an isomorphism. It is easy to show that: 

PROPOSITION l. 6. t: i + Q • is an ieomoJOphiem iff t _,: i • + 5l 
is an isomorpniem. D 

The notions of an endomorphism and automorphism have the 
usual meaninqs. 

2. FREE FULLY COMJtUTATIVB (n ,m) -GROUPOIDB 

We will give here a description of free fully commutative 
(n,m)-gr9upoids which we will call, shortly again, free groupo­
ids. 

A groupoid Q.=(Q;f) is said to be f!;:~~ ~!~ !! f!!!!i!.!!i!. B iff 

the following conditions are satisfied: 

(i) B is a generating set for Q; 

· (ii) if Q'=(Q'.;f'l is a groupoid and ljl: B + Q', then there 
exists a homomorphism ~: Q + g' which is an extension of ljl. 

In order to give a description of free groupoids, let B be 
a nonempty set and let (B I p t! 0) be a s~quence of sets defined 

p 
as follows: . . 

B
0 

= B, . . B · ,;_ B \) N l<D ( n) . 
. p+1 · p m p ' 

where Nm denotes the set {1,2, ••• ,m}. If ueBp+ 1 \Bp' then we say 

that u has the !!!~!~~hY p+l and we write x(u)=p+l; if beB, 
then we set X(b) = .o. 

Let [B]= U B and define ·F (n,m)-operation f: [B] (n) .... 

+ [B] (m) by: 
pt!o p. . . ·.. . 

., ·. f(u~) = (I,u~)(2;u~)' ••• (m,u~). (2.1) 
' ~ ... ' - · · • :i . ' ·. , ""': . . · · r · 

So we c~tain a groupoid J!D = ( [B] ; f). with a generating set · 
B.· Here, the 1notio0: 'af_hierar~hy of. ue(B] coincides with the 
notion. of the hierarchy relative to B introduced in 1 .. 
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_··.·._ ·_. ' Suppose DoW that Q.'=(Q'; f) is . a g~oupoid and ~: 'a .+' Q'' an. 

_· arbitrary' ~-pplnc;(h'om a ihto ·o'~ we ~Hr:slroW tll~rt~there exist$' 

:·'a homomorph'isnt'+: Jar·+ Q.~ 'whicli' iS: ari ext~ns:i.em -~£ v. 
. . .- .. -.. ·. ·. ' ·. . .. 

· : F.f:tst), -f~~ bes, ·we set+ (bJ~(b). suppo~e_ tllat.,·tjl(u)=ileo'· is 

·a well_def!ned element o.f Q': if ueQ~QaS !l hierat:chy $p.> If · ... · .. . . .. . . ...... -... :·; .· .. . .· ·n 
.. ve(s]. p~s- a hieJ:"archy p+l, then. v ha_s _the fcirni V=U,u1 >, where 

.teNml u~e[s] (nl,' X(uv) Sp ~nd X(u~P=p tofl'some·a~ Tll~n,-set~-
t~ng vj=(j,u~),~we,obtain that x(vj)=J?+l for:everyjefi~· Since. 

~eQ.'.(n), there exi~t~ c~SQ' (m): such that 'f' (~)"'c~. Then, if 

we put +(v.)=c., we obtain that tjl(v.)eQ' is a wel17-def1ned ele-
J J J . 

ment for every jeNm · · . ·. 

(Note that, in •general, there are many ways ~f deffning 

tjl(v,},tjl(v3 ),.~;,tjl(vm).' but not _ror~ than .ml) 

Thus, by induction on hierarch~, we defined-a mapping 

+: [s] + Q' ,which ls an extension of .p. 

By the definitions of f~ (Bj (n) + [B) hn) and +: (s] + Q.', 

it is clear. that +: [.!] + Q.' is a homomorphism. Thu~, we proved 

the following: 

PROPOSITION 8 .1. (,!] is a free groupoid with a basis B. a 
Now we will prove that: 

PROPOSITION Z. B. If f; is. an endomorphism on [,!] suoh. that 

(fb9BJ HbJ = b, (8.2) 

then ~ i.a an automorphiam on (!]. 

~- If p ~0, then we denote by sp the set {ue[BJI x(u)=p}. 

By the above assumption, t induc~s the identity bijection from 

S0 into 8 0 • Suppose that t induces a bijection from the set 

into sp. Let vesp+1. Then v has the form v-(i,u~) for 'some 

ieNm and u~es~n), where there exists veNm' such that X(uv) 

Put va•(a,u~). Then f(u~)-~, and thus f(~)·~, where , 

s 
p 

•p. 

. t(uv)•~SSp' va•f;(va)•f;(v). Now, t(v)•(j,~), where t(Uv)•uv and 

l8Nm· Therefore, usinq the hypothesis that t(S )•S , we have 
. . . p p n 

t(v)esp+1 • This implies that if t(v)•t(w), then w-(s,u,) for so-

me seNm. Settinq v • (a, un), we obtain that t (v )=z(t , ii">, where a , a a , 
a*l.a is a permutation of N , and this implies that 

m 
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~(v) • ~(w) --> v • w~ 

Thus the restriction of t on Sp+1 is an injection. It re­

mains to show that this1 restriction is a sw:jection. Let 

P(ilun)es + • Then u es I and· thus there -exist v esp suah that 
1 p 1 11 p II · 

t(v11 )•(u11 ). If we put w8•(8 1 ~), then we obtain that there exists 

reNm such that t (wy)8u. This completes the proof ~t t is a bi­

jection and thus an automorphism. 

(Note that the set of automorphia1118 t on [!!] 1 with ( 2. 2) 

is infinite.) 0 

If Q•(Q~f) is ~ ano~er free (n 1 m)-groupoid with a basis 

B, then there exist homomorphisms c: (!) + g1 11: Q. + [!), such 

that 
.•.. ('ibeB} r,;(b) • n(b) • b. (2. 3) 

Clearly, t""llC ·is an end01110rphism on [!] with the property (2. 2). 

_Thus t is an aut0111orphism on [!), which implies that c is. an 

injective hQmomorphism. 

By induction on hierarchy of elements of Q""<B> we will 

show that'r,; is. surjective as well. r.et ceo has the hierarchy 

p+l (relative to B). Then there exist c':?eo(m) such that ci=c 

for some ieNm, and d~eQ (n) such that g ( ~~) ""C~ and d~eT ( n) ~ where 
. . . . . . . p . 

Tp={deQ jxB(d) sp}. These __ ·assumptions implythat there_exists· 

u~e~BJ(n) s.uch that r;(uv)=d11 • Iff(u~)=~, the~ f(d~)-~, where 

v 11-=r;(v0 ). Thu$·c~=v~, i.e.· c=va=r;(v11 ).forsome a, which proves 
that r; is surjective. · · · · 

We will restate' the above results (P. 2 .1, p .• 2. 2 arid the .. 

last.one)'as·the foUbw:tng: 

THEOREM 2;3. (i)Every'nonempty set B is a basis ofa 
fuUy commutative (n, mJ..-groupoid. 

(ii) •If} is a basis <i,f a> free fuHy commutative; (n; m).., 
groupoid, ... then the set of .its.· au-t;omorph~sm6 t,hich N:c the 

elements of B:isdnfin_ite. · .. . · .. 

(iii)''i1'e~ gl'Qupoids w~th a same btzsis are i.somorph~c; 
... : ~.-:· 

.{we•no'te that Cill is· scim.eth~~g different 
•. -· ----~~.: . . : 1; ...• " -; . •, : ·-;:-_:..-._>._::i.----,.-__ .. _~ .:·\_--~; ._:.:·-_,..._ ' 

··.· a~9.eh~~~~) :·1 · · • 
. · .. -. ,-,_,: ·- ;, .. ·,:-· .• . ~;~-~~:- ~.'-' .. 
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.·.·.:._,· 

.-.:~--.:-.>,._ ·, .. \ . 
. ·. . . .. ~-- . 

. . . -~ : _,;. _> __ ·,· 
.. ·.· _.,. 

. · .. ·· .... ., .. :-.. -

... ·3.~ FuLLY, C,OMMUTATIVE VEc:TtjR,VALUED;Q~AsiGROUPS- · 

: .. ; ~--

·-·:: ·.- : ._~: ··.·._.··-:} .. ·,··. __ : __ ;;-'.:: .. _;; .. -._~·~-f!t ~ :(, . -~~:- . :- .. _---.~;: ~->~ · .. _:·:-... :-,·::·;-:._-.:.:-;·_ ... _:~. ,> .. -'.-._: .. : .. : ~--
In this' section we will· assutMI that. n-m = k ;i l arid m C!: 2, '. 

. . . . . . .; ,.._ . -~ ' . . - ~- --· ,:·:.- i-<-:.-_ .. ·'·: '(). _:·. - -... -_._J_:_ :. . . . ·'. 

. A>gT011po:ld.Q.=(Q;f) 5 .is .. said to• be::£~!!!!t:!!!!.·;~£f,.' ~o~ e'f.ery.,, 
aeQ (kl~ :x,yE!Q(~)_. tbe: follQwing>imp.lication~~·. t:r;ue.:. · :,··· ·.·.· :·_., ······ .... : ' ··.· 

·· ~··· ·f(ax)_;,;f(ay)·\r,;,..>-.x ... ~.f1.;:·.·, • ··{3~1.):·._·. ,· 

. A groupoid Q. ls ealled a full; ~ol1111\u~~ti~~:: (~;,Iri').:_q~~siqro~~ ·;;r~· . . ' 
shortly, a. 9!!!!~9£2!!E1 ;iff;.for ever}- :aeo<k)~ );feotllll ~:the eq~ation, : 

f(ax) = b · 
.I.,., 

. ::·. ~ .. : ... 
.· .... ~ ' .' ·' 

is ~niquely so~v;able ~n\t i~ :Q(m), .. · 
:! ';·, .· 

Clearly, everyquasigroupis a canqellative'groupoid, .and 

every·· finite cancel1ati ve groupoid :is a, quasi.group. · 

We will .show .beloW that every cancella..tive groupoid is a ... 

subgroupoid of a. quasigroup. · 

First we will consider a more general concept "Of fully .· 
commutative partial. (n,m) -groupoid. Namely, if Qlo~ ~ c:l) S: 0 (n) 

and f: ~ + · Q (m), then we call (Q;~; f)~Q. 11·· ,tg;!:J.Y 22~~~~:_ 
HY~ P~!:;~ · (n,m) -qroupoid. As ~ U we will om;Lt the· .words 

"fully caamutati.ve" and" (n,m) -". 

A partif.l gxoupoid R=<O; . .O ;f) is saj,p. to be. !:!!m:~l:!!it:!Y~ 
iff for every aeQ(k), x,yeQ(m) such that ax,aye~, the following 

implication is true: 

f(ax) = f(ay) =-> x • y. 

In this caee we say also that Q is a E!~ 9~!i9~2YE• i.e. a 
partial groupoid Q. is a partial quasigroup iff Q is.cancellati­

ve. In particularr every cancellative groupoid is a partial qu­

asigroup. 

We will prove first the following more general result: 

avery partial quasigroup is a partial subgroupoid of a quasi­

group. ·(Nota that (Q;cU; f) is a E!£U!! !!:!!!9£2Y2g!!:J of a partial 

groupoid (Q'fc&';f') iff 

a~a·, ~ 6o0' and a~eaO -> f(a~) .. f' (a~).) 

For this purpose we will consider first two kinds of ex­

tensions of partial groupoids. 
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Let Q. .. (OhDJfl be a partial groupoid with the domain olJ. 
Define two partial groupoids, B4a(Q6 ;~ 6 ,t6 ) and B··co•;aD.;f•), 

in the following way: 

1) 0 6 • OU{ (i,a~) jteNm' a~eQ(n)\ ~ }, ol)d • o(n) ,. 

a~e~ -> f 4 (a~) • f (a~), 

a~eo<nl\~ --> f6 (a~) • (l,a~)(2,a~) ••• (m,a~); 

2) o• = 0 U R, olJ • a eX) U ~ , where: 

R • { (i,a,b) I i8Nm' aSQ (k), beQ (m), 

('{xeQ(m)l(ax!i!~ or (axe..() and f(ax)J'b>)J,_. 

~ = {a(l;a,b) (2;a,b) ••• (m;a,b) I (i;a,b)8R}, 

a~e~ =-> f•(a~) a f(a~), 

f•(a(lJa,b) •.• (m;a,b)) = b, for every (i;a,b)8R. 

It. is easy to show that, .if 9. is a partial quasi group, then 

rl and 9.. are partial quasigroups as well. 

Now suppose that Q.1 d;?.2 , ••• ,~ ,ga+1 , ••• is a sequence of 

partial groupoids such that Q is a partial subgroupoid of .,-a 

Ra+ 1 • Setting 

and 

Q = u QO(, 
Cl~l 

f(a~) = b~ ~·· (::ta)(a~e~a & fa;(a~) = b~), 

we obtain a partial groupoid (Q;£);f)=O where Q is a partial 
- =a 

subgroupoid of Q for every a· ~ 1. It is clear also that, if Q - . . -a 
is a partial quasigroup, t.hen Q.Ts a partial quasigroup too. 

(In gene~a-1,. 9. may"not be a. quasig·roup, even in the case when 

all of 9.a a,re cancellati ve groupo ids • ) 
' . ' ,· .. , 

Now suppose that 9. is a. given partial quasigr"oup and that 

the sequence of partial groupoids .9.o ,Q.1 , •• ~ •9.a•9.a+ 1 , ••• is for­

med in the following w~y: 
' ·. 11 

·9.o = g, 9.2a+ 1 = 9.:a' 9.2a = 9.2a-1 
Then the union s (Q.) of the obtained sequence is a quasigroup .• 

A comple'fe proof of this one can obtain easily by_ the . 

assumption that.Q. is a partial quasigroup andby the definition 

of the functors 11 and"•. We note that a similar consl:ruction in 
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the case of. (usual) bi~a~t. quasiqro\lps is ltriown. · (See, ·for 

le.• [2] ch• I.) ·· 
. . .. ·. ·. ·. . .. •.···.·.· . ·.··.. . . . . .·. . ... . \ . 

·.. . rf B.is a (jiven set and if we put:: ci)o:.~, then we obtain.a .. 

p~rtial' quasigroup {B;jlJf)=!!~ '!'he .quasigroup wM.ch in thi.S ·case 

. one obtaiJ')eS by B. is. th!il free quasi.group with a ba'sis ·B • 

. It iS natural to ask the· ~uestioil. f~ existence of quasi.,. . 
. ···.· .· . .· . . •. .·. . . . . . . . . ·... .. · .. ·· . . • t:. 
groups .with a given carrier .Q. By the ronstruction of· o• and Q 

it is clear that~ . .i.fQ is an infinite.set~ the~ Q isequhalent 

with the both sets .Q• and Q6 • Therefore; i£ {Q,.,f) Jf.)=Q is a par-·· ... . . . .. - . 

ti.al quasi group and S (R) is the qu~sigroup · obtained ·above, then 

Q and s <g) has the· same cardinal number •.. This implies the. fol­

lowing. result:· 

. THEOREM 3 •. 1. Every infinite set i.s. a· aarrier of a quasi~ 

gz>oup. n 

... ·;-.• -._ ~--_.:, 

Nqte that if one starts by a partial qroupoid Q=(Q.; .;D;f) 

and forms the sequence of partial· groupqids (QP I p~O) .such that 

Q.0=g, gp+ 1 =g~,, then one obtains that the union S(Q) of this . 

sequence is a groupoid which is a free extension of g_. (Here, 

it is not necessary to assume that n > m.) In particular, if we 

assume that oO=~, then we obtain that S(Q) is the free groupoid 
with a basis Q. 

Now let Q be a nonempty set and let t be the family defi­
ned by 

• • { (QJcO ~f) I (QJ.OJf) is a partial quasigroup}. 

It is natural to define a partial ordering ~ in t by1 

(QJoDJf) ~.(QJc0'1f') iff t:lJ~.:tJ· and f isaresttictionoff'. 

It is clear that the conditions of Zorn's lemma are satis­
fied. Therefore: 

PROPOSITION 3.2. Ev•r11 partial. quasi.group on aut Q i.s a 

parti.at subgroupoi.d of a ma~imaZ. partial. quasi.group on Q. D 

It is alao clear that: 

PROPOSITION 6.3. Ev•r11 oano•Z.Z.ativ• groupoid on Q is a ma­
zi.maZ. partial. quaai.group on Q, 0 



PROPOSUIOif I. 4. A paP 'Hat qiUI•-lgPoup ( Q; ~;f) i• IIHJci­

IIG' on Q iff foP •v•Pr z6Q(n)\oD. r6Q(•J. tl•~ ••i•t a6Q(kJ• 
: ~.v6Q(•J •uoll tllat s=au. av6rlJ. f(avJ=r· D . 

4. PINITE PULLY COMMUTATIVE (n,m)-QOABIGROOPS 
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In this section we will assume that the set Q is finite 

with q+1 elements, i.e. that c-t0,1,2, ••• ,q} and also that n,m,k 

are given positive ini:egers suoh that n-m • k ~ 1 and m 0!: 2. 

Note that the elements of the set Q(r) can be thaught of as 

monotone sequences (of r members) of the elements of Q ,. i.e. that 

o(r) .. {a,a:a···ar laveo, 0 :s;a, :s; ••• :s;ar:s;q}. 

Therefore (see, for example,· (1], III.l.6, p. 137): 

PROPOSITION 4.1. If IQI=q+l •. thflrf IQ(rJI = rqtrJ. 0 

The first question which commes naturally is the existence 

of (n,m)-quasigroups with the carrier Q •. 

By .obvious reason we consider first the case q=l, i.e. 

Q=-{0, 1} •. 

. Let (Q; f) be an (n,m) -quasi group. Then a: x ,_ f(Okx) is a 
· . . · (m) k-1 m+1 . · m+k-i i 
permutation of Q , and f(O 1 . ). .; f(O · 1 ) , .for every 

ieN • This implies that f(Ok- 1 1m+1 ) = f(Om+k). Similarly, if 
m 

k ~2/ we have: 

. f(Ok":"alm+a) I= f(Om+k-,1), f(Ok-31m+3) =f(Om+~-,al.a), 

and more generally: 

· f(Ok-i-, 1m+1+i)= f(Om+k,;..jlj), 
. . 

wherei::j (modm+l), Osisk-1, Osjsm. 

·Conversely, let·a: x.,_.. a (x) be a permutation of Q(ml, _and 

let an (n,m)-op~ration f: Q(n) ,... Q(m) be. defined by: 

- f(Okx) = ~ (lt) for. every' xeQ(m) 

f(Ok-i-, 1m+1+i) = a(omc-i 1j)( 

where · i and J~ are as above • Then {Q; f) is · 

Thus, we have showed· th~ following: .· 
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PROPOSITION 4.2. If Q=Ul;l}. then ther'e exist (m+1}!: (n,m)­

quasig!'oups on Q,l],-

In· the -dase q. ~ 2, we have . the following:­

··PROPOSITION 4.3. If 2 Sq-Sm, -then 'ther~ does. not 

·_ (n,m)-quasigroup_with q+1 e~ements_.-

Proof. N;sume that.. Q={ 0,1 ,2, ..• ,q} ,_ and_ that (Q; oel; f) is a 
---- _· - - - - - .• - - - , . -- . - .· (m) 

partial (n,m) •quaSigrOUp SUCh that okxe o() for eVery X€Q .· 1 

u=Ok:-'" 1 1 m-:-q+ 1 2. 3 ... qe oD. Then \=Ok- 11 2m-q+2 3 ••• q~ c(). Namely, if 

ve.:O we would have f(u);Ef(Okx) I f(v)if(Okx) for. every xeo<m)\{?ml, 

and this would imply. f(u)=f(Om)=f(v), which is -impossible, for 
k-1 k-~ . . . 

ue::O ly,- v=O ·. 1 z I and . y 'I z • n . 
Thus, if (Q;f) is an (n,m)-quasig:roup with q+l elements 

where m~2, q>l, it must.be q>m. 

EXAMPLE4.4. Define a (4,3)operation on the set 

Q={0,-1,2,3,4} as follows: 

OJ f(Ox) = x, for every x€Q{ 3 ) 

1.1) f(l 2 ij) = 0 2 k, f(li 2 j) = Ok2 , f(lij 2 ) k 3 , 

where {i,j,k}=i{2,3,4}, i<j; 

1.2) f(l 3 i) = Ojk, f(l 2 i 2 ) 

where { i, j, k} = { 2, 3, 4} , j < k J 

1.3) f(l23 4) =0 3 , f{l .. ) ... 234; 

2.1) f(2 3 i) = 01j, f(2 2 i 2 ) = i 2 j, f(2i 3 ) = 1j 2 , 

where i 'I j; 

2.2) f{2 3 34) = 0 2 1, f{23 2 4) = 01 2 , f(234 2 ) 1 3 

f{2 .. ) = 134; 

3) f(3 3 4) = 012, f(3 3 42 ) = 12 2, f(34 3 ) = 12 2 

f(3 .. ) 124; 

4) f(4 .. ) ... 123. 

It is easy to show that (QJf) is a (4,3)-quasigroup. 

More generally, it can be shown that1 

PROPOSITION 4.5. If Q=lO,l,Z, ... ,q), q 0!:3, then there 

exists a (q,q-1)-quasigroup. 0 
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• ALGEBRA AND LOGIC", SARAJEVO 1987 

ON THE LEVITZKI RADICAL IN SOME NEAR-RINGS · 

·AbStract. "In this note we consider some properties of locally nilpo­
tent idea Is and we prove some results about the Ltvitzki radical in near­
rings with a defect of distributivt(y. 

We first give some defin1 t1ons. We recall that a (left-zero-s,ynnetric) 

near-ring is a system (R,+,.) wher~ 

(1) (R,+) is a {not necessarily ·abelian) groupi 

(ii) (R,.) is a s1m1group; 

(fH) x(y+z)=xy-H<z for all x.y,z 1n Ri 

(iv) ox=o for all x in R(o is the identity of (R,+)). 

Let R be a near-ring and let (S,.) be a multiplicative subsemigroup 

of (R,.) whose elements generate (R~+). Thus, every element rtR can be re­

presented as a finite sum Li(.±si), (sfeS). The nonnal subgroup D of the. 

group (R,+) generated by the !let 

{d:. d=-(xs+ys)+(x+y)s,x,yER, s E S} 

is called the defect of distdbutivity. It was. proved in [lJ t!Jat D is an. 

ideal of R. If St;;R is a fixed subset of R, then we say that R is a near 

-ring with the defectD. If we wish to.stress the setS, then we write (R,S), · 

Thus, .in ,the near-ring (R,S) with the defect D, for all x,y~R ·and s ES the-· 

re exist~. d .ED such that . , ... 

(x+y)s::xs+ys+d 

Specially, if D=o 'then R.is. a·. distributively generated (briefly d. g.) near­

ring. Then every sE-S ,becomes a distributive element in R. If S=R,. then we 

say t~at R is a D-distributive near-ring and then for all x,y,z>in R there 

exists dE D such. that 

(x+y}z=xz+yz+d. 
! . 

If in. this case D=o~ then R becomes .a distributive near•ring, 
•. r : .. 



. -·;. 

·. ,·_,_,·: ·: .~.ar· ·<_ >~·.r .i-,Jr;. 
:-; :: ~:. 

_.:"~:;:~··-· .. f: ·:.i." .• 

.: .; ';A ~ight>ideal B'~f ,R:·is a n6rmat subgroup,'o((R.+) ~ such.'th~t .. ~--, . '/;;, \ . 
. ,· ·-·· 

.. :·:\ 

•,,, 

. ·, -. 
.. ·· .......... ··. ....... . ... ·. '· ·:.. .· .. ·.. .:\,- ... ·--.. ,::: 

·· ... (x+b)y-:xytB;Jor':an·x~y.~R,· •.b.e·B •. ·, . . . >\ . . ,·: ;_. :. 

An idea(A'o:f:R iS:··a .. rjg~fi-dear'of .R sucb. th~t :f1aE·~-'for:all . rcr.Ro a~A •.. 

,-... ·._.·.' ·._· .. _._·:.· .:. We·s~.-th~i----~-n~ar:.ri~gR-~s:: ldca~;;:~~~;~tent~·iff~r-_every·finite-.·.· :·· 

·_- subsetH .of·. a· ttW~;exis.ts a positi~e ·integer n=n(H), such that. the produ- .. 

. ·. ct of'every k elementt·f~ H :i!i~.ta:ro.",~.id~i:ot·R:js.:locally .. nilpoterit ·-.-. 

if.it.is locally nilpotent as a near~ring>The sum-:of '811::,tciaally .nilPotent. 

·.. ·;deals of R is called: the Levitzki• radical L(R) ~f i ·We: say.·that R is; ·· · · · 
:semi simple :ifL(R)~O. . . . . · . · , ·>·. · " · · ; ·.; > ·.· . 

. ·_ LEMMA c·tet · (R,S) b~·!. ~ar-ring:with, the def~ct_9.fdhtributiv.it{ ' 

. o·~:'is contained' in the intersect-ion of all~:~ notmal subgroups. 

·'.!!!_'the group (R,+); .!!!!!!,·the ideal of·! generated E.t the~~ Ji~ the 

·.-el•nts of the· form: . .. ·· . , .. 
. ---

(r~,xi'yi fR,s 11s•1es. apa;_,a'i · .a_f-E:A, m1":integ.ers).; ., 

. · .. -~~ By Proposition 3.1. of [1] .the normal subgroup A generated by 

the subset AURAUASURAS has the elements of the above. form. Since D~A it 

follows, by Corollary 1 of the Lenwna 1.1. in [2] , that the ideal of R 

generated by the subset A has the e laments of. the fonn (1). 

THEOREM 1. Let (R,S) be a near-rinq with the defei:tof distrfbutf~ ---- . ---..--.----
·vfty o·~:.!!.·col'ltafned fn the inter·section of all nonzero~ sub-

groups·.!!!. (R,+) and·.!!! A be·.!.!l ideal .!!!_ R whfeh.!! d1str1butf'lely genera­

.. ted.!!.! !!!!!:.-rfngi·.!.!, C _:!! .!.!l ideal .2!,· R generated·E.t an ideal B of A, 
·then C B. · 

Pt'Oof, By lenna 1~ the fdeel C has the elements of the for,n: 

l:1(r1~1s~x1~1!11~ 51~1b1-r1) 

(r1,x1'yf f:R,s1's1 E.S,b 1 ,b;,b';,b~£B,m1 -integers). S1nce C~A. we have 

C3GACA•A( ~ ( r 1_!,b1s1_!,x1b'1+y 1b;s1+m1tii -r1 ))A. Thus, for all x • c3: 

x•a 1 (~1 (r~b1 s 1 !x 1b~!11 bis 1 +m1 bi- r 1))a 

-· . .- .. 
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(a,a1 £A).· But (A,S') 1s a d.g. near-ring for se~~e subset S1c;.A of distri­

butive elements of A. Therefore, for each uA, a•IjC!•j) (sj's'J and we 
obtain: · 

x• Lt (alr¢:•1bis¢-•1fi!I1Y1b1sfHI1a16'1'-•1 ri) I'j(!sj) 

x•lj(.:!:. E1 (a1 r1sj!a1b1sisj!.i1x1b;* j!a1Y ibf•i•j+ •1a 1 b~sj-a1 r1 sj)) 

' b' b'' "'' b•'•s Since a1r1sj EA, a1 1s1sj eB, a1x1 1sj d, a 1 y~b 1 sisj e B, m1a1 1 sj E , 
1t follows that xtB (Proposition 6,5, C41 ). Hence C .;.B. .· 

If R 1s a d.g. near-ring, then D-o and we have the following. 

COROLLARY 1. ill R be !.!!.·.i· .!!!!!,·ring and A be.!!!. ideal of R which 
.!,fd1Stribut1vely generated .!!.!.!!!!!.;.ring • .!!. C'.:!!.!!!. ideal .2!, R generated 
~.!!!,-idea1-B'.2f. A~.~ c3-;B. 

· _TPIEOREM 2. Let R be !. .!!!!!:-ring with ~ defect E.{ distr1 butt vi ty D 
which.!! contained·.!!!. the intersection of ill nonzero normal subgroups of 
(R,+)and let.A'be an ideal".!!,{'R which..!!·distributivily generated .!!:'.!.!1!!!.­
ringi'l!!!!:!. every·tdeal B o_f A-~ that·A/B !!!!-~·proper:~-~ n11potent­

·.:!..!!ill.!.·: is an· ideal of R. 

· ·.··. ·proof-;- Let·C be an ideal of R generated by the subset B. Thus Btr C~A •. 

On-~he other.hand,by_Theorem _1 C3!;'B. By-hypothesis A/B has no non-zero nil-
potent ideals and thus C~B, i.e. C;=B • 

.. -· ntEOREM;3.: Lef_·R: be a ~ear-ring with the· defe~t D Which is contained 

.. · · .. ' - ~-- ___.. -------- --- ,.;;.;;,~-----
in the intersection of all normal·nonzero:subgroups-os .. (R,+):· ~f·A'iS an 

- --. ide~of~.R~which: is:distrib~y generated-• as- a near.;.~ing~ ·then· L(A)~s a -.----.-·- ~-- . ~----- -- --
locany:nilpote'J'd;:ideal·ofRand L(A)=L(R)OA. · · -.- - _ - • -
----'-,;.;. -.......;.......------- 0 --· " 0 0 

:,::·. Pro~(-•Since L(A) is an: locally nilpotent'i-deal of A~ then by Theo-. 

: rem 2'L(A)' is an locaaly nilpotent' ideal of.R. Thus•:L(A)c;·L(R)flA. On the 
. other hand; L(R)flA is.~ locall}' ni,potent. id~ahin 'A• 1.e.1_(R)n ASL(A) • 
. ·Hence L(Rl0'\1}:7L(R). .. . . . . . . . . 

. · .. ',. ' .· ··•··. 
.. ,,···· 

. ··.:· .. ·,:.;: . 

.' · .. ,,.., 
. . . . 

':.:.:.>·::.·.··. 



. . · .. •· COROL.LARY 3 t l~t lf b~\ cf·.g •. riea ~;;: ~lnfVIntfA: be>an': idea Fof·' ~: wh_ich . ·: . 
' ~"_,-. ·':·· ·_._...,;. ~---.-~- ----- ... -.---·. 

is···c;!.istrib.utiv~Jy:genel"ated .. as -~-~ .... ~rig~; 'fh:ell· L(A}: is ·.!_.19tal1J:\ffl1 p.ote..,.,, .•. 
nt ideal:of·R:and·i:.(A)=L(R)(l A. · · · · · .----- ~ ·. 

. . ; .'·_. ; . ~ :, -·,;· ' .... ·: ' ·.. . : >' :- •' _···.. . ... :- :.-.: . . 
. .. THEOREM 4. ·l~.f ~-·be:i neat!dn9'\?1tn:iti•--d~ect ~:and: A'~!!!· id_eal of 
J{ such .!!!.!f.RJA i$ · d1stributivtHY ·generatedi :If· s· iS an idea l:.2f.'.A ·such~ · •· 
sn D=O and _AlB ".!!'lOcally· n1lpotent~: then· o· i~ ·.!'locally: nili!JOtent i~ea 1·21· ·· .. ·. · 
S and R/L(R) .j!· diStributiVely· generated.· 

· Pf'®f, Sin~ RIA Js distri.butively generated, it follows- that 0~ A (Co­
rollary of Theorem 2.6. (l] ). Thus D+B. is an. ideal in A. By the First isomo-

-. ., ' . ,• . _,_ .. 
_rphism theorem ~e have .· 

But D+B is an ideal in A/B which is, by assumption, l~cally nilpotent and hence D 
T 

is locally nilpotent. Consequently Del(R) and by Corollary Of Theorem 2.6. 
of [1) • R/L(R) is d.g. near-ring. 

' COROlLARY 4.o ~et R be.!. ~-ring .with.!!!! ~t D~O ~A.£!.!!!. ideal 
of R Sl«:h that R/A .!!. d1StrH>utNelY -genera tid: . .!.f. 6 J.{ !.!l idea 1 of A .!!!.£!!. !!1!.1 
BIID"O ~ A/B ..!!.locally nilpotent, then o.!_! locally nilpotent and R .£!!!. !'.21 be 
semi simple. 

~· By Theorem 4,0 is locally nilpotent and D+l(R)=L(R)i.e. L(R),£0. 

LEMMA 2 • .!.! R.!!.!. 0-dhtributfve ~-ring with identity, then the E.E..- · 
mmutator·subroup R'of (R,+) .!!.·contafn~·..!!!.·the defect D. 

~· By Corollary 2 of Proposition 2.7 in (1] we have R~t:D and RR'~D. 
Sfnce R has an fdent1ty, it follows R~D. 

THEOREM 5 • .!! R..!!. .!_ D-distrfbutfve !!!!!:-ring with identity, .!!!£!!. that 
D .!.!..!.~-rins.!! distributive·!!!!.!!_ R/l(R) ~.!. .!.!.!!.9.· 

~ By Theorem 1 of [3] it follows o3-o and thus Dc;L(R). According 
to Corollary of Theorem 2.6. in [1J • R/L(R) is distributively generated. From 

Lemma 2 R'so and the addftfve group of a factor near~rfng R/l(R) is abelian. 
Hence R/L(R) is a rfng (Prop~sitfon 6.6c. [4] ). 
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PROCEEDINGS OF rnE CONFERECE 
• ALGEBRA AND LOGI(;, SARAJEVO 1987 

NONEXISTENCE OF CONTINUOUS (4,3)-GROUPS ON R 

Don~ Dimovski and Kostadin Tren~evski 

. Abstract. In this paper we show that continuous (4,3)­
. groups on R do not exist. 

Q. Introduction. Let m,n,k•n-m be positive integers. A 

set G;- together with a map [ ]zGn- am is called an (n,m)­

group if:. 

[ [ n] n+k] [ i [ i+n] n+k · ] (1) X 1 xn+ 1 = x, xi+ 1 xi+n+ 1 for each 1 :Si:Sk~ and 

(2) For givena~,b~eGk, c~eGm,,there exist x~,y'!'eGm 

such th~t [a~ ~] =c~= [~ b~). (see {lh where this notion was 
. . t t 

in traduced) • Above, x 1 denotes the vector ( x 1 , ••• , xt) 9G , 

and [x~] denotes the image. of x~ under the. map . [ ] • We will 
t . . . . ·. t . . 

denote by a ·the vector (a,a, ••. ~,a)BG , .· • . 

we say that (G;[ )l is a continuous (n,m)-group, if: G 

is. a topological space; (G;[ J) is an (n,m) -group; and .. the 

· map [ ) .is continuous, where Gn, Gm ~re equiped _with the. pro.,. 

. duct topology. 
., 

· If (G ;[ J) ·is a ( 2m,m) -group, then <<fl~ •) where x~·y~= 
=[x~ y~J, is a group with identity elem~nt W, .for .some e9G 
(see [2)). We say that e is' the identity of .. the (2m~m)-gro\1p 

(G; [ }> . A. ( 2m,m) .:.group (G; [ ].) is.• cal. led 

(2m,m) -group, if G- is a topological space and 

topological group. 

· If ( G ;{ 1 ). is an (m+ 1, m) -group, .. then 

[x~m)•:i[x~m], is .a (2m~~)-group; iridu~edby (G;[ J>. So, i£ 
(G;_ ( J) is an . (m+l ,m) .:.group,. ·then there' eXists a:n ~lement 
eGG, such that [x~ ~]=[~: x~Ji:x~, .and moreover fx. ~J = [~ x] • 

This paper•·•j.s• in'•final forn(~nd no 
sub!t\itted for publication elsewhere •. •. 



.. , ....... . 

. :· .. ·.· , .. 

·;' so 

. ··. 

.- . ~ .... -

(s~e-. [3])'. 'w~'·say that an ·(~+l~~),~ro~p is .. a to~l~gical•; ' ·:··;:: ·":·::" 

·.:(m+l ,m) :..grq.up·: if .... ~tsrlr$d~~~· ~:~~·) -9,r~~!>;}s .a-~to~logi.c~l 
(2m,m.)~gr0.~~~···>. : , .. :: .. ·· · .. - .· .. ';'.i:.:<:-~· .,•<·:•·:· .. : ... :'',<'· 

· . In [s]'it -was shown. f~~·~:~~~ti~~6~~'·(3~2j~~;_..,ups··~~. R':,. 
· (whel-e.;R. a.·tb~ .. l?at·Qf the .~eal. numbers. equiped; \titb .• ihe' .... · 

· usual,.topolQC]~·>/.cio: ~ot 'exi~t:··b~t in ··[~Ji~t.::Jia~.,.:~~';ihat:, :· . 
. . ··: topolag.icaJ>{,4~2:)~-groups on R· do. exist• The• .. examples :produ,;,. 

. c~d ill:,[4J. :\f~.r~· QQ,~a~n~ ':usln; .Lie·.groups;~and,'L'!~~ alg~bras. ·.· ·· 

...•. In ~hJ.~: pa p~r w~ g ~ve . an: elem~nt~•r;: • ~roo~: th~t ~o~~inu~ ... 
oua·.·(4~3)-grciu);)s:on R.do not·:exist •. Also~. we·.wi:~l give~ ... 
'sketch of . a• ·proo·f, : fha t tdpologtc.al ·J4; 3) ~~ups· 6ri' 'R <a:o· 'nof 
. exist, ~siri~ :·Lie. groups : and .i:.ie· • ~~ig~bras. Al tpo.ugh . th$ se-. '' ' · · · 

. . . . . 1:' 

·. cond result i•.:·a cons.equence' of :the: first on,e, we· in~lude '· 
. . ' '• .. ·. . . . : • !'' 

·its proof, because, of .it• mJ!tthod,·:which·,may be us~ii!d 'for .. ans,.: 
waring. ·'!:he.· existeno~ question· about ·.topological (m+i,~) ~ro..: . 
ups for m ~ 4. Sunilar methods were ~ed tri .. {4J,.< .. ·:, ·. . .. . . 

!. .. inemf!ntary. algebraic ·resul us· 

We need s.everal elementary results abbuti (4, 3) -groups, 
which are i~ fact, special cases of'more'general results. 
about (m+l,m)-qroups. Let (G,[ )) be a (4,3)-group, with 
·identity element eea. 

PROPOSITION 1. !h! following conditions!£! eguivaleRt: 

(l)p lal-1,. !.·.!· <J.b!!. only !:m!.. elementJ 

(2) [x i] • ,, for .!2!! xea, 

(3) [x y ~] • t ill .!2!!!, x,yeGJ !m! 
. 3 3 

(4) [x y e] • [z e], ~ ~ x,y,zeG. 

Proof. It ia obviou. that (1) --> (2), (1) --> (3) and 
- 3 3 

(1) --> (4). If [x AJ • e for aoma xeG, then xyz•(xyze]• 
•[xiyz]•[~yz]•[yz~]•[yzxi]•yzx, for each y,zeG, implies that 

3 3 
IGI•lJ hence (2) --> (1). If [xye]•e for some x,y8G, then 
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[xyxz]•[xy~xz]•{ixz]•[xsi]•[xzxyl]•[xzxy], for each zeG, 
implies that z•y,· i.e. IGI•l' hence (3) -> (1). If [xy,]•[zi] 
for some x,y,z9G, then xyz•[xyz,]•[xyxyi]•[xy~xy]•[zixy]•zxy, 
implies that z•x, and so, [yAJ-i. Hence (4) -> (2), I 

For given x,yeG, let axBxyx' axyBxyYxy denote. the vec­

tors [x~] and [xyi] respectively. 

PROPOSITION 2. !h! following condition• !!! equivalent: 

(1) IGI•l; 

(2) a = x 2!. Yx = x ~ -l2!!1!. xeG' 
X 

(3) ax = Yy !£!:. ~ x,yeG;. 

(4) .a = x .or y • y for sorne x,yeG; 
xy - xy . -- . 

(5) axsx·= ByYy .!Q!:_._so_me_ x,yea; 

(6) axysxy =. sztyzt for~- x,y,z,teG; 

. (7) aXSX = axyexy 2!. Sxyx = ayxYyx f~r ~ x,ye~; •.. 

. Proof. It il? obvious that (1) => (It) for each k=2, ••. , 7, 
----. . . . ·. 3 3 .· · .... 3 3 

If ax;=x or 'fx~x, then[S~ Yx e}=e or [ax Bx e]=e, which j,Iliplies 

. that IGI=l, by P.l;. hence (2) -=> {1). If a =y , then. 
. . .. . .·. 3·.·. · ...•. · .. ·. · .. · ..• •' ·•. . > X Y. 3 ·.· .. · 

ay8yx = [ayBy x e]= [~ysyaxSxyxJ=[<~;syryBxYxJ=Jy e SxrxJ=yBx Yx' 

implies that .x=y x; hence ··(3) .=> (2). If ax(x.or · Yxy""Y, ··then 

fsxyYxy~l=.[y~] or······[a~ysxy~l=_[x~], which.linplies .• that IGI.=l •.. by_ 

. P•l; h;nce; (4)< · .. > (l) .. ·If axBx"' SyJ;,:;then[ay x ~)=hyaxSxyxJ= .; . 
•. •, .. '·.. ·.. 3• .·•·· .·, ·· .... ' 3 ....... ·.·. .. •.. . .. , . 

. ···.~IaySyYy Yx]=[y····-er)=[y.y~·.el impl~es: that. x=rxt henpe ..•• ·· · · 

.. (5).·=>·. (:2) • :If Clxys~y=s,ztYzt' th~~- ~~t. x y =la~t'.x· y_··~J= 

... ·,. . ... •.· ... · .... ·· ... · .•.. •, ... ··. '•,3' ..... ···._.· .. · ·.·... · .. · . ·=[aztax;axyYxyl~[a~taztY,ztY~y];=.[z t e.Yxyl= _z 1:Yxy •:·implies_. · 



Proof. If·.~. B y' •xyz =xyz .. a a y for each xyz€G3 ;then .. . ... -eee- ;;. .. · ee.e .·· ..... 
[exyz)=(xyze}. £or each x,y.,zeG. this irilpltes .eyz=yze 

· L e. · Y""~=e ~ hence J GJ""l~ .1 · 

2. NoneX.istence 2!·. continuous 

. we start with the assumption. that there. is 

( 4, 3}.-gJ:'oup· on R, and denote it by fR: [ J ). We denote by. 

_[] 1 , .l ) 2 , [') 3 the comp:ments df [ h .Le; .· 

[xyzt) .· = [xyzt) 1 [xyzt]2[xyzt] _3 • · 

Since [ ) is continuous, it follows that [ J i' i=l, 2, 3, are 

also continuous. In the following several steps·, the assumption 

that (R; [ J) is a continuous group will bring us to a contra-

. diction. 

Step l• Let cii:R3 ·- R be defined by cll(xyzl=(xyze),-:-x. 

Since () and- are continuou~J, it follews.that + is also 
1 

continuous. 
_, . 

[!.£! .!.· + ( 0) jlllff, i.e. there exists xyz8R3 1 such that 

+(xyz)•O, where 0 ia the zero in R. 

Proof. Consider ~(xea)=~x-x' t(axSxyx)=axe-ax and 

t(a By )=x-a .If+(aBy)•O,then~- 1 (0);-lj!J.Sosuppose 
xe xe xe xe x x x · · 

that +<«xBxYxli'O. Since IRI > 1, P.2. imp+ies that t(xee)jii!O 

and t(a S y );-!0. It is not possible all of the ax-x' 
xe xe xe 

~xe-ax' x-axe to have the same sign, since their sum is equal 
to o. So, two of them have different signs. This, together 

with the facts that + is continuous and R is connected, impli­

es that +_, (O)J'jJ. I 

•cuv 

Step~· Let c,a,beR be suah that +<cab)•O, i.e. [cabe)= 

for some u,veR. This implies that [abi)=uve, [ab~) 2 [uv~) 
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. "[ 3] and abe- uve , i.e. auv;a, lluv•b, Yuv•e. Now, "let t rR3 - R ; 

be defined by •<.xy>•[xyeL-x. Again, ainae [ ] 1 and- are 
contin~us, it follows that f is continuous. 

~ ~· .-1 (0)~-. i.e. there exists xyeaa such that 
.(xy)•O. 

~· Conaider •<uv)•a8 b-u !Dd •(ab)•u-a." Since the 
map naR3 - R defined by n(.xy)•[xye],-x is continuous, IRI > 1 
and R is ·aonneoted, P.2. implies that a <x for each x,yea, 

. xy_, 
or oxy >x for each x,yea. If u•a, then • (O)~J. If u-a <0, 

i.e. u<a•auv' .then. a.xy>x for each x,yeR. So a 8 b-u>a-u>O, 
i.e. +(uv) >O. This, together with +(ab) <0, implies that 

-1 . .· 

• (.Oh'•· If u-a. >0, i.e. u >a•auv' then a.xy <x for each x,yea. 

So a8 b-u <a-u<O, i.e •. fl(uv)"<p. This, together with ~(ab) >0, 
implies that ~ - 1 (a) J'fl, · · · · 

Step l· Let. p,qSR be .such. that 1jl ~pq)•o; i.e·. (pq~]·p~s 
for. some r,seR, This .implies .that [rse]•qi, i.e.·· B y · -i. · ·· · · · · · . rs rs 

•· · __ .·._·· .· St2p'·!~ sylmnetricaily, .there exist z,weR ~uch that. . 

azwllzw=e •. (When we say symmetrically, we mean~, change [xyze) -x ·. . . . . 2 . . . .. . 2 . 1 

.. in step 1, by [exyz} 3 •z and [xye] 1 ~x in Step 2, by· [e:l(y] 3 -y.) 

. Now, Step 3, Step 4 and P.2. imply_ that IR_I=l, which, is 
·.<l 'contradiction • 

. , , 'l· T~e Lie. groups· arid ·Li(! · aigebras • method · 

. ·._.· ·•. Now.we will_giV'ea -sk~tch .• o:f a-proof/ -via Li~ groups. and 

Lie algebra~, th~t topological (4,3)~group~ ori'R do.not exist . 
. If ( :R; J ] ) ' 'is . a toPological. · ( 4 , 3) -gro.up, then· ( R3 ~ • ) . (where 

xyz•u~=[xyzuvw]) i~-- a "t.opoiogical group.· Usin:g t.h,e ·positive 

·.,answer to_ the Fifth. Hllbert J:'roblern·' [a]i:oie obtain.·tbat (R3 , •) .· 

is a Lie ,group on:R3 • Th~· ~lement aelleY:ee.R.3i·r~ this Lie ·group 3 
.ha.s' ,the/ollow~ng pr~perties:, (aelleYe) 3=aefleY~•aelle y e_•aelle Ye=eJ. 
ueBE!Y"ete;_ .. and ,ael!e y e is_ :not. in. the centre. of .(R3 , •), by 1?. 2_ 

a,nd P. 3,~ we 'will prove .. that iri arbitrary Lie group .. ori. R3 the-··· . . . . . . .. ' -··· 

re does~\ not ' ~XiS~ .an element/ X , S~tJ.S.fying th~Se prope:.::ties • . 
, .. 

. _. .. 

. ".-: 

. ·, _ . 

. ::· 



. __ ._.Suppes!=!.··, ... __ (R~ ,*)''ts _a L.i:e group, w~th .the,Jden1:~ty 
•-e'lement e,·.aad, ·xeR3 'sueh,that·x3;:;e,~x.1:e;~arui-~x is not.in · 

the centre of' (R3 ~*>'.':The. map 1f1 :~3 ;,.. -R3t defined •by _- •.. ,. 
-"1 c ·. . . . . . . 3 . . . . ·. •. ,''. • . . 

ljl (y)=X*Y*X . is .an automo.rphism of .R of order 3, i.e .• , 
••·1j1 3 =ldR~ and . ..pj4idR3 _.•·•·Sirice.-,R3 is_ .. _-simply-connect~ manifold, 

_thereexists a,bijection.between.the·automotphisms of the: 
. :: .. ' ' ... ' ' ·· .. ' ' -. ' . 

Liegroup_and_the a1,1tomorphismsofitscorrespondingLie 

. algebz:a (6). So; 1)1 corresponds to an automorphism, ·again' .. 

denotedby .Pi of the .correspontiinq Lie algebra 

that l/J 3 =id and wrid. ' 

eaSy to>Check that if ljl• is ,a::· 
>'Lie. ~lqebra on R3 of orde-r 3, :-then _·.there .is _a v~ctor XeR~ 
such that x_., lji{X)=;Y and ~ 2 (X);,.Z 'is a basis for the vector 

space R3 •. Let .. the bJ;'acket bn the Lie algebra be> defined • on 

x, Y by. [X,Y)=aXtbY+cz, .for some a,p,ceR. This lmplies' that· 

··. [Y,Z]•cX+aY+bZ, [z,x)=bX+cY+aZ. Tl;le Jacobi identity implies 

that (b-a)(a+b+c)=O. So., the Lie algebraa -on R3 with such.· 

an automorphism, can ·be classified into two classes-: 

Class 11 when a=b J and 

Class 2, when a+b+c•O. 

We will show that for each Lie algebra fromthese clas­

ses, which is a correspondinq Lie algebra to a Lie group on 

R3 , in the Lie group there does not exist an element x such 

that x;e, x 3 =e. This will complete the proof that topologi­

cal (4,3)-groups on R do not exist, via this method. 

' If a•b•c•O, then the-corresponding Lie group, up to 

isomorphism, is (R3 ,+) where+ is the usual addition of vec­

tors. So if x 3 •e, then x•e. 

~ !· Consider the Lie algebras from the class 1, i.e. 

when a•b. If c;a and c;-2a, then each such Lie algebra is 

simple. It is known (see [7) p. 429) that there are only two 
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3-dimensional simple Lie groups up to a local isomorphism. 

So there are only two non-isomorphic simple Lie algebras on 

R3 • The following two Lie algeb.ra.s: 

on R are simple. They are not isomorphic, because the first 

one contains a 2-dimensional Lie. subalgebra · (generated by X 

and Y), and second does not, since in the second, the product­

bracket is the usual vector-product on R•. The second Lie 

alqebra (i.e. a•b=O, c•l) is semisimple compact Lie algebra 

(see [7J, p. •53). The·Weyl's theorem ([7), p. 444), says 

that a connected Lie group w.ith a semisimple compact. Lie al­

gebra must be·compact. So there does not exist a Lie group 

on R3 ' whose corresponding Lie algebra is irromorphio to· the 

Lie. algebra 2) ·. L e. a•b=O, c= 1. 

Next, we will give an example of a simple Lie group on 

. a manifold homeomorphic to R3 , .whose corresponding Lie algeb­

ra is !Somo;phic to · the . Lie algebra 1) i . e. a~b= 1, · c=O • Let 
) . ·. ' . . 

D= { zec: I z I < 1 J .where C 1~ the set of complex numbers 1 and 

•1 f. is the module. ·The map. z .. :u+z) /( l+z) from D _into the 

'set {'%.:' zE!C, . z;.-1, ' tz I =.l y .is continuous •. Hence,.·. for each 

zeo, there is .. a unique te(~tr,1f). such.that exp(itJ=(l+z)/(l+z), 

and we shall denote.,tha~.n~er t:!;>Y (-i)ln({l+z)/(i+zj). De- . 
. . 

. fine ·a bina;y operation on: ,Rl!D by: 
. · . .· ; , .. :_ · ... ·.· ·_. ui-v(~xp(2ly))) .••• · 
· .. ·. < (x, u). (y' v)- (x+u+~' (exp ( 2ly)) +u~ ' 

t ... ·.!.<~Hln l+uv(expl..:.2iyU. Then (RxD, •) ·is. 
· · · 2 · ·.·. l+iiv(exp(2iy)J . ··· · 

group f~r SL(2),·.and it is·a semisimpfe.Lie group-(see [6), 
p.;.,417l •. In this group~ {xlu)-3 =(0,0) implies• (x,lll={9,0)' 

Now we consider the Lililalgebras.from•Cl:assi; which' 

are ... not simple. The .. Lie -~lgebra for c;-2(1;, will beoons:l.de+ · 

later: as . a Lie algebra from. Class 2 •. Sol we exj'lm:i.ne the. 
·alg~bra . . ··.· ·. ··.· .. ··.· .. . . .· Th~ matiixi ~oup 

j 



can be considered as a Lie group .. on R:J., The corresponding 
.-. Lie · a.lgebra ·· is.-.,:. : · · " 

.. ·{··· ·_·-~-~ : ~-·· .•.. i}. ~~ y z~R_···J· . '., .: .-·· 
· · e,-. ·o>··o ·, '· ':· ·., ·· 

':· . . . ,' 

.'"_.· 

:··- .. (. 

where_. (A; B}=AB-:BA., and the map 

_+(X) = ··r~,. ~· l~a)' 41 (Y) ',;,.. ··rg-~~ ·. ~]: I 

... ' ' . 0 0 0' ' . ' 0 ' 0 0 '·' 
~ . . ' ' 

+(Z) = 

is ~n 'isomorphism between this Lie algebra and the Lie, al-'' 
gebra- for a=b=c •. In the 'matrix group G, if· 

[ 0~ .. x1· yl3. [1· 0 
z = 0 .1 

' 0· 0 1 ' 0 0 
H• thenx•y•z•O, 

·. ~ .3_. Now consider 'the Lie algebras 'from. Class 2, i.e. 
a+b+c=O. Let us suppose· that the nUmbers· ·x,y,z,u,v,wea, · 
satisfy·the conditions: x+y+z•u+v+w•O, x2 +y 2 +z 2 7'0"u2 +v2 +w2 

and (x,y,z)"t(u,v,w). Then the vector product (x,y,z)X(u,v,w)= 
a(t,t,t) for t,&O. It is easy to. verify that ·the s.ubspaae u,., 
of the Lie algebra for a+b+c=O, generated by the_ vector 
XX+yY+zZ and uX+vY+wZ is an invariant subalgebra •. Moreover, 
it is a c.ommutative Lie algebra. suppose that Lie algebra for 
a+b+c•O, is a correspondinq Lie algebra for a. Lie group on R3 • 

Then, this Lie group contains a commutative connected 2-di­
mensional Lie subgroup H, whose corresponding Lie algebra is 
U (see (8)). Since R3 is simply'-connected, it follows. that 
R3 /H is simply-connected Lie group (see [8), p. 2SS). Since 
dim(R~/H)•l, it follows that R~/H is isomorphic to (R,+). 
Let x8R3 such that x~=e, and x is not in the centre of the 
Lie group on R3 • Then ( xH) 3 •H and so xH•H, 1. e. xSH. S !nee H 
is a commutative subgroup, it follows that ;(z)•z for each 
zeH, and hence ;(W)•W for each weu. Since X+Y+Z~U, and 
;(X+Y+Z)•Y+Z+X•X+Y+Z, it follows that +•id, hence x•e. 
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TWO COMMUTATIVITY THEX>RDIB JOR RINGS 

Milan Janjic: 

Abstract •.. In this paper we prove two coJDlllutativi ty reaul ts 
!or rings with id.ntitetyl. 

Throughout· the present note~ R will represent a ·ring with 

identity, N the set o! nilpotent·tleme!ltB o! .R, O(Rj the 

colllllutator id.eal of R. and Z(R) the center o! R. As usual we 

shall denote. [x,y] • xy-yx •• 

·. The i'.irst theorem that. we shall prove is a generalisation 

of our recent result [ 4, Theorem 1 j . It also inolud~s a . , 

result by Ming Lai . .Lin [6} .• · · . . .. 
·.··We ,f'irst.,state the !oHowing lemma which is. easily t(). prove. 

(x+l)ny = xnY·:= .o impliesy=o, . 

commutes with[x,;t] :then [xn,y]:o nxn~1[x,yJ, . 
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.· (1) 

Asaume further fo~ each x,y of. F. there e~ists an ==,g.:;:;. 

· n=n(x,y)~l, reiativelyprime ·to m, such that 

. (2) x 8 [ xn ,ynJ = o., for ~ s=s{F)~ o. 

Then R is:. commutati v.e. · 

~· Note first t¥~':f?. ~n 

depends. not of each pair of elements. o! F,. but .of the whole 

. subset l-r;f:J>;r:, it. is enough to .t~e ·~~n(;):hn(x,y) ·,' 
· · ·. · · t · · · · x,y€F· .· ;,T 

applying Lemma l. in [ 5J.Let a EN be arbitrary.: Consider: · ',1: ' 

the a et •i -;.'{ 1 ' a J . In :'the s ainJ. w~ as· in . the proof ofl 'llhe ... <. 

orem 1. [5] · ~e conclude 'that!'>:· · ·'· · ~ ' . 

(3) ·m.ta. = o, where·m=ni(F)>l and1 t~l- •. ,. . ., '· ~ ~ . 

We shall now prove that C(R) is a nil-ideaL· 'To settle this. 
(T{. : ... 1-',' . • ' ' • • ' . . • 

it is enough 'to show that a prime ring withou't' nonzero -nil- • · · ·-

ideals which ·s~tisfiea··;the · coridition')d.r ·dur theore'in must· 

be commutative. Assume thus that R is a prime ritig withottt 

nonzero nil-ideals. · ·L~t a EN and i E:It· be arbitra.t'y; Take 

the set F • {1 ,l+a,a,x} •; Lefr m,n 'an-d s be as in theorem. ··• · 

In view o! (3) we have m t a=&~ fM' some integer t ~ 1. It is 

well-known fact that the oaract&ristic ot a prima ring .is 

either zero or a prime number PFO • If characR=o we have 

a•o. U chiU'acR•--p~o an~ p _.r m-'~~~o have ·a·o ... Thus~ in 

both cases we get· a ... o, that is, ·-a belonss- to Z(R) .' Assume 

now that characR•PFO and p 1 m. We want to prove that a 

lies in Z(R). We use the induction by the nilpotency index 

or a. If a2•o then (2) implies (l+a)s[(l+a)n,xn] •o, that 

is, n [a,xn] • o. Since (m,n) .. l and p 1 m WfJ de-duce that 

p~n which yields [a,xn] • o. Thus a belongs to the hyper-

._; -. ~ ' ~ 



center of R and by a result of Herstein [1] a belongs to 

Z(R). Let k be nilpotenoy index of a. Assume that each nil-

· potent element of R which nilpotenc7 i~de~ is le~s then k 

lies in Z(R). Itfollows that elementa,a2,a3, ••• lie :!:n 

Z(R) and in the S8111e way es before from (l+a)s[(l+a)n •xJ •o 

we deduce that a c Z(R). We. have ·thus proYfJd: tbat all. nil­

potent elements ot R belong to Z(R). But there are no nil­

potent elements in the center of a prime ~ing, hence R 

has no nilPotent elements. It tollow.s that ,R has no uro­

divisors and thus our condition (_2) becomes c~ .~] . o. 

By the result of Herstein [ 2] we 'set that R is commutative. 

·we have thus proved that C(R)s; N. 

Using the same arguments as .in· the proof' of Theorem 1 [ 4] 
we may prove that nilpotent elements of R lie in Z(R). So 

we get 

C(R)~ N~ Z(R). 

FOr arbitrary x,y of R' (2) and .• (3) ·imply 

m9 [x,y] ~ x 9 [x0 ,y0 ] = o, ;(m,n)=l, ei~o. 

It follows by Lemma 1. (ii) that 

ms [x,y] =ngxs+n-lyn-l[x,yJ, == o. 

(m8 ,n2)=1 this. implies. ~KYK [~tY].= ~. Repeating the Since 

same by x+l instead of x. and.J,tsing. Lemma.) ... r(i) we get 

yN [ x,y] i:: O) • for, S~la .N; ~ 1,. R~p.:eat . .itW the same by Y+l_: 

instead ~or y, :and using, J.,emma, l. (i,) ~ain we iip.a~y ~et 

[x,y].: o, that .ia,t,R .is s:pmmutative,. , ...... , 

Next corollary extends a· result or[ 6] . . .. 
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COROLLARY \1. ·!!ll R be a ring with ~. Suppese .:!.9£ any_ finite 

subset F .of.R ~ e:x;i~_trelatively prime ,.in,tegers ,.;n=m{F)f'l 



I. • •' 

..... 

· .: TamiEM : .. 2~ .:tet ·R· ~!F:!· ioins .,d. th.·;~~ · sp.ppo~~ :rol_-~Y . ~Pbs~-,~.:, · .': t·.:,· 
····.of' :a•·c.~tp.ini~gthr~e·: ~18mtmts ··tha:re'c $Xiey·;;.el9,tively_prinie": _>;':•·•· 

•·· ..•. · ~tePiert(·~~in(i!i~~t~·-n~~{~)»•l: ~d. t~~·:int~$-;rs:-~~k(F.):.)o .. · ·· .. >· ·· ' . 
. · and r•r(F)> ~ such that .· .. · · . : . ·- · · . ·: . ·· 

-. . : ·. ~[x,~JYr.-tci: .• [~:~<~>n]iror_.ali·~~Y.-.2!:,-·F. · •• · .. ,._ . .,. 

· Then R is commutative~ . .. • .. < .· 

Proof~·;; ae·:N·.Md·. Xe.Rit~~-~·······{l:t-a,~,6~:a)~1iJ .. • Br.:~ur·· .· t 

hipothesis there exist ~nteg~rs · m•m(F)) 1,:> n~n(F)~:l, .·. ·.·. · 
. . 

(m,n)•l.and integers k•k(F)»:.o, r•r(F)) o such thp.t 

. (l+~)k[a,x•Jr • o•[a, {Cl+a)(l+a)-1~J~·[a1x~i. 
Since l+a 18 invertible we have · "" · - · 

[ a,x111] xr • o •(a,~J •. 

Being (m,n)•l !rom.this we euilyconclude that· 

[a,x] ,!.o, !or some 1:;,.1. · 

Repeating the. same· by x+l instead ot x aDd ~aing Lemma l.(i) 

we. get (a,x] • o, that is, JJs;Z(R). Theorem 2[~}impliea 

that the commutator ideal C(R) is a nil-ideal. W• have thus · 

shown that. 

C(R)s; H§;Z(R) • 

.ror each integer n ~ 1 the element xl1~-(x;r)n belongs to C(R) 



that is, lies in Z(R). It tollowa that the coadition 

[x,(~)11] • o implies the colld.ition x:D[ x,~] • o. Tbua 
. tor each x,;r ot a we haTe 

~[ x,~] r . 0 • x:D[ x,rzj • o, (a,n)•l. 

Uains Le•a l.(ii) thiB ilaplle• 

~r·-1[x,;r]· o • ~-1{~;r] • 
As in the proot ot the aboTe theorea we get that a ia ca.­

aatatiTe. · 

~· following corollar,- extads a result b7 ·ctum ~' Y81l [7J. 
COROLLARY. 2.-!!!! a!!.!!:!!!!.~ 1. A8!Wie tor .!!!l_ aubaet r 
,2! R ·conta'nins;·~ !.laments~ ejdst relatively prime 

positive integers m•m(:l!') !:!!!!, n~n(r) !!!!I! lr!!1 
(xy),m,.xmym' .· (x;y~m+l·x~+l7m+l. ( x, (Xl')n] • o, !2!: .!ll x,;rEF• 

Tben R !! comm~t~tive. . · · 

Proof. We have seen that first two conditiou imply 

~[x11 ~yJ·y~ .. • o, and a is. commutative by Theore~ 2 .. ·. -
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AUTOMORPHlC SETS OR LEP.r DISTRIBOTlVB Lift QUA81GROOP8 

Aleksandar Lipkovski 

Abstract. The groupoids which satiety the left distributivity 
end left auasigrou'P laws (that 111, all left trans;Lation• are 
automorphisms) arise naturally iJ:;L some geometrical situations 
as noted by E.Brieskom. In this pap~r sOIIle elementary pro­
perties of such groupoids are presented, with intention to 
raise interest for this structure among algebrai.,ts, 1n order 
to develop a general theory o~ these groupoids. 

The theory of distributive. quasigroups (groupo ids with pro­
perties 1·.each equation ax.;. b B,nd xa :s b has a unique solution 
end 2.a(bc)=- (ab)(ac) and (ab)c•(ac)(bc) for all a,b,o), 
is a well developed algebraic theory (see tlJ). As.an example 
on an affine space ·over a field of char+ 2 the operation ab • 
arithmetic mean of a,b satisfies these properties. 
However, accordingto C2J, the interesting structure from a 
geo~etric~ point of view is defined·by the (one-sided) half 
of these.properties: left.distributive le;t't qua$igroups in· 
standard terms or automorphic sets as in [2J. Here the shorter 
name is preferred. For the sa.lte of completenessJ some facts 
from C2J are incorporated in the folowing. ·. 

DEFINITI~N. Groupoid (X,*) ·~ ~ A-set if 
Al. !!.Q.h .. equation a•x = b has !! unique solution 

· (~ guasigroup property), 
AZ. a>~<(b•c) = (a*b)*(a>t.c) for !1,! a,b,c (1!!1 distributivity}. 

- .\' 

Thi.s paper is in final form· and ~o version of it will. be· 
submitted for publication else,-here. 



\." 

· .. 

· A morphism of A-sets or s~mply A-ul.orphi~m is a homomorphism 

of gro'!lpoids and we .have a. category f'\: of. A-:;lets as a ~ull 
. subcategory of the .categoey of groupoids, with usual no'tions 

of is~morphism, •A..osubset etc. The set of all automorphif!lms'. <f' 

an A•set K i-.;d.emrte,'-r.~u>t4X} •. 1worae_X<"the l!Jiil.PP~ng~_l11 :x~a*x< 
and ra.=x~x,.a are,left ···.d. right.translations respectively:': 

Denote L(X)~:{ln.ja(: x}, R(X) =lrd)a+x}. Define rii.~f.e,as..the, .. 
functiOn. x t---Jo,r,.\.(x)>i-rHx> ~ . · 

PROPOSl'fi<m 1. I! (X, tr.}>is. an A-~et,, then (a( X),,,.·) ia. ~ A-set· 

·~·.the ..:a,j?pin,Fi a~ ret ~- an ~_:isampx-'phiam ]:_ ~ Jl..(X}, . . 
"•' . ,· ,' · .. '.. ' . ·' 

Proof •. Obviously 'r~,.,. r~. '7 ,·a'; b ( A:l) · ~a:· X:\~ rc, -'; riv~ 1;' (A:~}: 0 .. 
·.. r: ,·.. .. . ·. . , . . .. . . . ,. 

PROPOSITION 2. ·~groupoid (X,,.) is~ A-:-~~ L(X)eAu"t('JC) ••. 

~·Obviously Al.<;;> Va, 11~-is a bijecti~and. A:l ¢~ · .. \it<i., 1<'­

·is an A-morphism:. q 

This has justified the term "au-tOII'Q·rphic. set". Ip. ge}:).eral. the 

set L(X) is not closed under oompo&:itt.ion nor under ~ if we 

define it as for II.~ X).;· 

DEFINUION. i'or !11. A-!!1 X let I(X) £.! the subgroup of. Aut(X) . 

generated :&. L(X), 

PROPOSI'riON · ). I(X) !a.! ~t?IJ!Al fibgroup £1 Aut( X). 

~· ll'or f'EAut(;t) we haTe'f'·l,.:f" 1 t: lf 1 ,~,. 0 

Let us look at some examples of A-seta. 

Example 1. Any set X beeomeiJ ao A-set _if we define a .. b =b. 

This is the trivial A~structure on X. 

Example 2. ~he trivial structure admits modification. If-we 

try to defiAe a·'-b .... a·( b) to be independent from a, where Q"_:x-x 
is a function, then we get 'an A-rae,t. <=9 r:f' is a bijection.· '.lhere­

fore for each permutation cs't S(X) we have a.n A-structure' de­

noted by Xd". Xcr is trivial ¢::9 .,--= id. The group I(Xl'l') =(a) is 

the cyclic subgroup of Aut(Xn) generated by o-. 
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Example 3· If G is a group, define a.t;.b=aba·• (the.action of 

inner automorphism•). The (G,~) ·_is an A-••1! denot~ bJ a( 
G '-' is trivial ~ G ia oo.autati ve. All el•enta ·of G '~' are 
idempotent, elements of the centre Z(G) ·.m bf't .. unita b G"'. 

The group I ( G •) -:. L( G") = Inll( G) ia the pooup ·of ~•r · automor-. . 
phisms of G. Any group bomOIIlOrphi• hiG-+ H define• an A-tl!,or-
pbism h" :G ,_.., H~. It ia e&BT to ne that in this -.v we have 

a fUnctor L~'/' --,;-i, • 

PROPOS! TION 4. (a) X ... ~ G -• for BDIIl8 a9!!i structure G !!!1 X ,:;7 

.:;~ lli A-structure 1! trivial. 

(b) xrr-~ X~: li:--7 .-.J~ ·t:!!:! csffiilwted .in.~ croup S(X). 

~· (-a) If f:G:'-~ X,... ia an iaomorpilim, f(x) ..::f(e.x)'--= 
=- f(ehf(x)-::.:CJf(x) where e is the unit of G. 
(b) For ft·S(X), f•:T':-t'f.:.:-;> ;C(a,lf.b) =fn(b)='t"f(b) =~f(a)"-f(b)c....~) 

~ f is. an A-isomorphiem X..,. =* X't. Ll 

Therefore, examples 2 and 3 d-efine different classes of A.:.sets 
and example 2 defines ma:ny. A-structuns on X, their uumber · 

. for finite X equals the number of coajugaoy classes in S(X). 
' .-

There is a cano~ical A-morphism X ..... I( X)~, a I-·" 1,._, since 1'18 · · .· 
1 •' '• . . . 

·have l ,..:~ .. -:.1, ;1,,1,~ -=-- ~ ... lf,.( Prop. 3) •. Is the correspondence XI-~ 
l(X). f1,.1nctorial? The ~swer is only- partly positive. 

PROPoSITION 5.-U, f:X ~:~y a m,·A~epimorphism, ·-·then the map 

L(X} -~ L(Y), l~t..;;. ivc~1 1 eXtends 12. !!;-__ ~ epimor-phism 

f:r. :I(X) . ..,.. I(Y). ~ corresMnde'flce is functorial ( id -~ o' id, 
(fg)-;1( == ~11 g~) and. -~-diariarli Q!: A-mornhisms · ·· 

·. x----.:1~'!.-
i·--· -"' ··r··_.-.- ,--------- -·_· '-t·.~:: -.- _; __ ..... 
. .. _·_ I(.-x)'~'~l(-Y): 

.. . •·, .·· 
' ~-. :- . 

. ., .. 

. ,• 

· . ·commute-s·. ·.u--·f· i§. .. _§a: ;~::._.·iSomorphism~- -So· iS ... f .• ·. .. · 
.. : .. ··. . . . . . . -: .. .. ~-~- ·*; .. ,·, ··· .. '·' 

~ ... Itn~~:;:::·x then f{a}i<f(b)==f(x}. Th(l~~9:re, f(l,:.' (x).) == _' 
· =lj ;," (i'(xfl_ an<l·: we have 1~,·.,-~ •. .-l~:.'7_id>~-l\'cn..,J ~ ~ .l~-~". 1 (t{ ~)>'.:-=.: - · .. 
· . .::f(x), :(c:;~r·a.u_x. Bwt f ilhOPi- and:i1 ' · .. .,..r'·' · == ict ,T_h~ t ·· · , : . . . . . ·· . ,. · _ -· ._- Jlrt,_'l .. : .. fC"~l :.- - 0 .·t'e8 ,-:. 

___ ~s :tnn~~· ~··.-:·: , .. _·_ .·· .. ' , ... ,, >-: ,.,.' · .... : 
- . ·', . _: .. '··: . 

·,.: ~- .•, .. 
:_.! ... :.: 

.··.· . .. r .. ·. , 
',; 
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'·q ~ '• 

Remp.rk +:· !l\is cloe·s. ~no-It· kold' f-c.r ~tT~ A-lBorpl!l1,sm,s\ .as ,the -

sim.~ •ample shows•. Let· e ba au ~tent 0f Y ·an~ f:x~ ~. 
'fhen f. i:s 8ll'l A'""l'BOrtmiSil; bUtt :f :~<'-=' Ot!lllii.'St · and• i:b may no-t ~\'l.mi t, 
exten.Siim. t-o. I(X).t l:e't X: '&llild, T· be a& in P.rop:.l2; 3~. ~ 2~ res­

pe•ti"'$ly. Then l(X)~ ~'' l(Y).;i}l.z at:i:d t~ere is ~ ln of 
· order 3 which is sent to lfl<t) .. ot' o.~r .2.: 

Remark 2. If two group structures G, H define isomorphic · 

A ... structures on a ,set X, 11hen 1~( G) ~- Inn( H) •. 

. Exampl~ 4· (from.[2J). If, G is. an abeli~ group and -nG~ G: its 

automorph;i.sm, the.forrnula a:t-.b=a.:.f(a)+f(b) defirtes an A~struc-. 
ture on G,· \denoted: by G{:t). Obviously, G(id) is trivial a.nd. . 
G( f) ~ Gq-for some rr' ~ f =. id. and r,-:: id. · · 

Example 5 (from 12l) • Let V be .an Euclidian ·space with scSJ.ar 
product, (-,-) and s 0,:V·-V the reflection of V with respect 
to the hypl:lrplane orthogonal to aE-V,{O}~ Obviously; so.(x)·::::. 

= X-2 · t:: :r-a anci:. the produ.ct a:tb '= s~( b) def~es. an A-atrt1c-

ture on V'{O}. If R c V"{O} is a finite subset with the pro­
perties sG,(R) c ~for all:aE-R and s,\(b)-bt:-/la for all a,bE-R 
then R is an A-subset of y,~o~ and it is in fact a root system 
in V (see L3JCh. VI) and vice versa. The group 1 ( R) is exactly . 

the Weyl ~oup W(R) of '~• root srstem ~' generated by the 
reflection& a"" •. 

Remark. From the point_ of .view of t2], the main importance of 
A-sets comes from this example a.nd fl'om the folowing. The 
braid group B'"' with n strings is the group with presentation 

Bn = ( 0":,, · .. ,ern-• I t'i.~· =•~ ~ ( li.·j I~ c'..) , ,, .. ( ,,-~_t:r, = ~ :'T"~ ~.' ll i-dl c 1) ) • 

!he group B., acts on the set of all free bases of the free 

group r" of rank n by the ·rl>rinula 
tri,(x19 ••• ,x") .,..(x 1 , •• ~;x,~4 ;x{xi.~1 x~1-,x,~xt,_~, ••• ,x,). 
Howenr, it is not the group structure of P',., which is reepon­

sible tor this action, but the A-structure P~: the relation 
OZ~IT';.:~Cf"crr;· implies the left distributivity. Moreover, it 

can be easily seen that for any A-set X, B"' canonically ope-
n . 

rates on X by means of the same formula. 



Let X be an A-set. There is an important automorphil!llll of x. 

DEPINI!ION. l.2!: a~ X ·_w 1( a.)- i. :kf !Af. ur:dq!Je a).8Qlept g.{ X 

~ ~ a.·d(a.)= a.. 

PROPOBI!ION 6 (see t 2J). (a.) a.t.'6.,. atb :o. a•'6 ; 
(b) i:X......,...X!!..! central automorpllia .2.f. X .!!ha la! Wvaree 

j &X -t X, a.~ u-a.; 

(c) lo,.=l~=-lallo(\ • 

~·(a) (a.-..b)-¥(a.~·b)-=a•(b..:b) ... a.-.b ~·ffi,.u'b, 

a:tr.(a1cb)= (a.i<ii):l'(a.*b)=a:l'(a-tb) ::;. ~b=a•b'; 
(b) ij{a):::o.Bi&=a'*a=a and ji{a)=i=t.~=a...&'=a; 

·' 

(c) is a trtvia.l consequence. 1!'or fr.Aut(X), fj.=~f and·f'i=it.U 

We·see that in an A-set we have (aj~b)-~t(a,.b)...;,(a'1'a)•(bl\'b) .l-\1:1a 

the medial law (see [lJ) holds for two~element subsets. Aa 
element a E-X is idempotent if i( a)= a. In the ca~a of distr:i:­
buti ve gri>upoids, the set of idempotent a Id( X) helps t.o ~e-; 
compose X in R. subdirect product. Here this is not -possib1_e ·. 
since Id(X) is not a (both-sided) ideal. 

PllOPOSITION 7. (a) a:t'b is idempotent ~ b is idempotent; 
(b) Id(X) is !!: left prime ideal in X; · ' · 

(c) Y =X...._ Id(X) is empty .Q.!: !!:!! .A-subae.t !!!:Jill·~ leaet;:·:lt!to 
.elements and ily:Y ~Y its automorphism. 

~·Trivial, use the two=element medial law.D 
,, 

In the example 3, the elements of the. centre Z( G) are left 

units in G'*, and its complement is an A-subset. The e.ame i.s .· , . 
. . ' ~ ; ( ~ ' -~ . i.{ -" 

true ·in the gene·ral· case. . ·-.' . ~=- :; .. ' ' :' . ' ' 

PROPOSITION 8. ~et U=UlX} be .. the set .. of a,ll ],eft unit's _¥i:X •. 
(a) a,b~U -::;~ a~bE-U; 

(b) a-:tbG-U .9>b~U; ·' 
{c) a E-U <A at-U; 

(d) The ~ U and X'-Ul ~A-subsets 1!! X~ restrictions 

i\v ~· :qx,u ~ automorphisms .2.!,U ~ X'U respectively. 

~· No~e .that a E-U ~ la..= id and use Prop.6. d 

Remark. Converse of (b) does not hold {see Prop.l.2.4). 



! . . · 

._·, 

<<·/. -: ~ . ; . . 

_ As/:~~1!. t,ae~/:t~: .. ~'.Qi · ·,r~~c"t;' ~~.81Bs '1t1ot.: tq.· b~.~:the ~ ~i~ht..C ·. > 
·l~Dti.a -~ dt!)oo~~sition fol' A,;. sets.< !he theory ·of' Toot sys,;. • · 

· .tents ht.lP. ·':to ... :f'W_ tt;e,: :rigll~ .. O'!ae· ·< ~he• ·;roo-t: sy.st.eas:,decQmp(ils~ · •.· , 
. , . : . . . . . •·. . . . . . .. 

· ··. iri- <U;rt~Jot SUillS Gf.; orthogonaL.oompone:nts. _ . -\··· 
"; . ~.: • : . • : • . • ~ : • • ' ' .: . ' t • • •• ·: • . ' 

•.": I 

·n~n~l!.m.-l~ea- ::'[2) j' •• Dr~ -A~rl:' x, .· !i.L b #' iub ~ 111 .. arid: ib1-a::;: a·"·· .. ·. 

·· ·· x ~·• j;p;f?Qiiirrl;i,'.aa'.·i't :tli.l-· ~~~:b&f'!!p-~ x1.: anli ~2.:· ( ri0tati»n. -.:._ · .. · 
: _l'.o=%~1i X2):!;! X:: X1 vX:2_;: X~ .f) X:!--:: ¢. e X1 •-LX:::z:. : .. ·.. . • . . . 
· :. _x: i!, irreducibi.e i! U is not .! disjoint ~ .QI its A-subs-ets.,·. ··· 

. . . . . . . . . . . . . . 
·... .. 

, PJWPOSITION 9 (see C2J2.i). E'ltery A~sat X dec'onn?ose~ .uniquely.:.· 

:,m tbe ·disjoint·~- of .its itre'dU.Ci~ie ·A..:.'subset~ ... _ ... · 

... P:ro~f~-·: Pf!!t:ne . the· e.qlii~~le~e ;rel-~tiop.."' .on X: as. a m:i.nimal 
t'ransit.i ve closur·e· of the complem~nt. of the relation . .:1.. • Then 

it is:: e~ay>t.o aee thfl.t ;the eqv.i_,ml.enoe classe-s of rv are exac­

tly ~~ 1i._rreducible A-1ubset_s of X. U 
·- .. i 

... _.·· ... F!l?~~.t~9!' .. !R:--,~l.~~)c: ;:X,:...t'o-r fiome. ·-ri=s(x). 'rhen x .ll .. 
-:-=. ··'-="-irredi.\i;i.l?ii" ~ (]"' t id. ·• . .. · .· 

· (b} r.e:t; X=-G.'* tor~~ _G •. ~hen X~ reducible and.· 

X "" U {.a. j.a ~ Z( G)} u ( G ~ Z{ G)) • 
. . . 

Px:oot. ( af Obviously,·· a ..L b ~ erj{a~·,~=.id •. There~ore, X:. X1 u _X2. 

i.nqa.l;i.es crJ-x.~~ • rr == . id. q . . . . 
· . (b) We need ~ly to show tbs,t. Z(G)..l..G -...z(G). This is trivial. 

since a..L b ~ a and b commute· in tha group G. D 

Remark. In the general case, U{X) and X' U(X) need not be 
ort~l (see Prop.l2.4). 

It ia ·known that the Weyl. group of the direct sum of two root 
ayat-.s is the product of the corresponding grou~s. Does the 
analogue hold for A-sets? 'the o.nswer is positive. 
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Proof. Since X1l. X~, for all xi~ Xd i = 1, 2) we have ].,. · 1 ~ 
, I ., 2 

=l.,.:lx,. It is easy to see that the corre&'POndence 

(lx.1 : lx.a) I:-_,. 1,1·1"1 defines an isomorphism. a · 

Remark. Converse does not hold: if ,,..- = ( 12 )( 345) is a permu­

to.tion of order 6 then for X -={ 1,2,3,4,5] we have I(X11 ) =- iL6 = 
:=:.t;_,.z., but XCJ' is irreducible according to Prop.lO. 

At the end, we may look at the small finite A-taeta. Por the 
set X ~ 1, 2} there are exactly ·two nonisomorphic A-s truc"tureas 
the trivial X,·,1 = 7-:.·•· = ~ l~uj 2' wHh I(X) trirtal and Aut( X)~ 4_ 
and the irreduoible X·cr ·t- = (12) f-:- s2 , .correapondine Bl.ao to -tae 
root system A~ t--·-, with l(X)=Aut(X)::0£.2.. Their mul­
tiplication tables are 

M~ I and 

PROPOSITION 12. Let X =11, 2, 3.} ~ the ~-element .ui· ~ 
!!:U exactly 6 nonisomorphic A-structures .Q!l X: 

l. the trivial X;d=.l/'=-{l~l!i2~W~3~, I(X) trivial; Aut(X)~S 1 ; 

2. Xtr "t-.:(23)~Sv irreducible,I(X)=Aut(X).~£.~;.. . · 

3. Xrn c<'-::(1.2.,3)~ S 1 , irreducible, I(X) =Aut(X).,;:,e__~; 
4. Irreducible &ih. I(X} ..::::Aut(X).:¥ IL~·.; . 
5. Reducible X =.{1-~LJ ·12,3~ with I(X) =-Aut(X)~·£._,; 
6. X==- £}f) .~· f: iL1 ~ Z 1 , f(x) = 2x, irreducible, I(X)= Aut( X);;; 3'1. 

Their multiplication tables ~ . .!!§. followi__!lg: 

1. 1 2 3 2. 1 3 2 3. 2.3 l 4. 1 2 3 5. 1 2 3 
1 2 3 . 1 3 2 2 J 1 1 2 3 1 3 2 
1 2 3 1 3 2 2 3 1.' 2 1 3 1 3 2 

where._ib&. heading E.Q.!'!§.. and columns ~omited. 

6. 1 3 2 
3 2 1 
2 1 3 

~ consists of straightforward enum.eration with the help 

of heuristics such as Prop.6( c) and similar. [] 

We see.that, as one should expect, already in thifl case we 

have irreducible A.-sets which do not belong to any of the types 

mentioned. 



14. 
·-,_ .. 

Fina.l3.f, I wish to· .thank M.Polonijo for pointing out tM book 
[1) to:me. Ill hOPEl /th::1t this eleme:nta.ry: nqtes may ll.elp to sti­
mulate the d·evelo:Pment ot ~l).e .st.riic~re :~lieory ·of :·A~set~, or: .. 

• " . ·. • •! .. • • • . ' ·.. ~ 

left distrj.,butive left qm't$:l.grcnips in the purely fllgebra:1.c 
' ' ' . -. . -- ~ . • • . ." . . . . I . , ' 

oontext. · -i.• 
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00 BIPI.J\NFS OF CRIER 14 

Alija Mmdalc 

Abstract: ·n'l8 nlli!Der 14 is the snall.est me that can be 
the oroer ot a bl.plane, but still it is nat known whetho!r such a 
biplane exists. Here ~I'! sllCM that such a biplane does nat admit a 
coline«ticn of Older 13. 
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A biplane with paraneters (v, k,)..) is a set P of w points 

and a family B of v subsets of P (every such subset is called a line 

or a block) which satisfy the fol.lowing conditioos: i) every line ca~.­

tains exactly k points; ii) any b."' distinct points are joined by exactly 

2 ilies. 'Tile order of a biplane is n=k-2. A biplane of order n=16-2=14 

has pareneters (121, 16, 2) v7hich satisfy the niJITiber-theoretic ccnditions 

of the !3ruck, ~la, ~ser theorem (see [3] , p.100). 

A col.ine.rticn of a biplane D is a one-to-one correspal­

dence taking P to P and B to B and preseiVing the incidence, tha:t is, 

rel if and only if P~Uf; The set of all colinea.tiCI'lS of a given 

biplane D fonrs a group V711ich -is called the full coilieation group 

of D and denoted by G(D). A oolineation t; of order 13 or a biplane D 

of order 14 sa:tisfies the conditicn of the fundanental theorem 

Aschba.cher (see [2]', p. 274). In this paper l<{e prove the follaoing 

result. 

TI!EOPnl. A biclc;ne D of oroer 1'1-does nst admit a coilieaticn - . -------------.=;;=;.;..;;.-

This pa;>~r is in final. fornr and no version of it LJil.J. be. subnri.ttad 
for publ.ication el.sewhere• 
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. -~--·-. . . . . . . . 
~·-Let D be a bipJ.ale of· Qt'der 11f. Wich. admits a 90ll-

~ ~of OJ:tier·13. Hexe ~acts a1 the set: P of 121 pointS'. altcl set··· 

B of 121llnea. Sinca 121 = 9 • 13 +If. it fol.l.cM that:.~ has e~ly 

four fbed points (four point-orbits of the lei1gth 1) and exaatl~ ni-

ne point-.orbits of the .J.ength 13. We may put 

t?= (•t)(""t)(•s)(..,..)(1o1t ... 1uH2o2a ••• 2u) ••• (9o9t•••9u) 

whete •tt"'tt""h"""•i., la,.· •• 1u;.~., 9a,9a, ••• 9u~ all.121 

points . of D. '!'he . ort>it · structur;e of lines· is the sane. We use pernu­

ta:tim (1 2 ·~ If. 5 6 7 8 9) of orbit ·nunbers and(whithout a loss of 

generality) for the four lines fixed by ~ we can put 

fa ·=·•t ""t .. ,. lola lz 1, 1,. 1s 1, 17 1a.·lg 1ta 1at lu 

ft = ""t ""t "'~ 2o· 2a 2t 2, 2 .. 2s -2s 27 2a 29 2to 2n 2u. 
" 

f, = ""t ""s "'It 3o 3t 3t 3s 3~o 3s 3, 37 3, 3, 3to 3u 3u 

f,. = "'2 ... , co, 4o 4t 4t lf.s lf.tt '+s ·q., 474a·4,4ta 4u 4u 
.. 

Thet:e are exactly 9 line-omits of the length 13 v."hich 

are represented· by lines 11 , 11 , •• ~ , 19 • In constructial of these 

lines we omit the indexes 0, 1, 2, ••• , 12, and \oJrite cnly orbit murbers 

1. 2,.3, ... 9. Let 11 ,11 ,,11 , 1,. canta:in"'t•"'u .. s•"""t• respectivel.-J, 
so that we can take: 

lt = •tmumu.ma amumumumumumu 

lz = •2mz unumumnmumumn.nt emu 

la = •smumnrna ama~tmums emnmumu 

l~o : 001tllllt11'111tl.llktlll'lltltillloSIIII!IIIIIt7lllltllllltt 

where m. . is the lllll.tipl.icity ~-1ith which the line l. cootains the orbit 
1J 1 

number j. Since 1., i=1, 2, 3, 4 ccntains 16 points it follows 
1 

' 1+I: "1·=16 
j=t J 

i = 1, 2, 3, 4 (1) 

Since 111 n 11 \' kJ = 2, i= 1, 2, 3, 4, k • 1, ••• , 12, \.Je have 

I 
I: m •• Cm1.-1) = CSJ-1HA.-U = 12 (2) 

j=t .I.J J 

Therefore the faat that jli{) ls rkJ = 1, i ~ a, i, s=1,2,3,lf. 

~lies 
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' t m •• m • ::: s><'--1) ::: 13 (3) 
j=l l.J SJ 

OOy fOE' Una l1 we JJ11!1!Y as8UII8 that 

11\t 1 "IIIII ~IIIII '!r • • • ~ Jnu ( ~) 

Since Jli ntjJ::: 2, i, j = 1, 2, 3, ~we have 

'The cxnditialS (1),(2),(3),(~) give the fol.U:Iwing unique sol.utiat foxt 

lines J., ,l.t ,11 ,J... 

11 = ""1 1 1 1 2 2 2 2 2 2 

lz= .. :z112122222 

1, = .. , 1 2 1 1 2 2 2 2 2 

1..= .... 2111.22222 

For the next representative line ls we rray put 

whEre v~e have 

2+2+2+2+mss +mss +mu +msa +m5i 16 

since Jl/1li ?kJ = 2, j:J.5 n 15 ? kl = 2,: i = 1, 2; 3, 4, 

we have 

2·1 +2•1+2·1t2•2+2•1ilss +2•mu +2.·m57 +2•msa +2·mu = j'.f\.= 26 
. \ 

.. •2(2-1) +2(2-1) +2(2-1) +2(2-1) + mss<mss-1)+mss(mu-1)-lmH(m57-1) + 

'· + "lllsa(mss-1) + ms~(mu-1) = <J>- 1) ;\ = 24 

T'ne above ccnditions give the following unique solutim for lina 15: 

15 =222242200 

Here 1:e used the rernutatian (1)(2)(3)(4)(5 6 7 8 9) of omit 

nurrt>ers 1,'iri.ch fixes all previously constructed lines. 

Similarly for the next representative line ls He obtain 

1& = 2 2 2 2 mu mu mn mu mu 

.. , 
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where we have 

{ mu, llllh l'll87t mea, mu}i::{~, 21 2, O, 0} (5) 

Tha fact that· j15 fllr; J kl = 2~ k= o,: 1, ••• 12 inplies 

2·2 +·2·2 + 2•2 + 2·2 + 4·m.•+ 2·mea+ 2•me1+ O•mu+ O•llllt= 26 

~1hich is in a carrt:radictim with (5). 'lhe theorem is proved. 
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POST AND HOSSZU-GLUSKIN THEOREM FOR 

VECTOR VALUED GROUPS 

s .z-tar kovski , B • Jan eva 
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The notion of an (m+k,m)-group was first introduced in 
[1], as a generalization of the notion of ann-group. Here 
we generalize the Post theorem for embedding of an n-ryroup 
into a gro~? ((5]) and the Hosszu-Gluskin theorem for r.epre­
sentation ci an n-group by a group ( [ 4], [5)) . Namely, in 
Theorem P we show that every (m+k,m)-gr.oup (Q;[ ]) is ~mbed-
dible into a group (G; ·) such that Q<;:.: and (a~+k] "'b~ <=-> 
a 1 ·a 2 • ••• •am+k = b 1 ·b 2 • ••• ·bm for all a 1 ,bvEQ. Using this 
result in Theorem JIG we :;how ':hat every (m+k,m) -group (Q; [ J l 
can be represented by a group (Qm;•l. As a corrolary of tne­
se results (for m•l) we have that Hosszu-Gluskin theorem is 
a consequence of Post coset theorem. It is not.ified (in ! 3]) 
that Post had ~roven the Hossz~-Gluskin theorem in [6), but 
his proof is, in a way, given in [6) ambiguously. 

First we will give some preliminary notations and defi­

nitions. If A is a nonempty set, the elements of the n~th 

Cartesian oow~r An of A will be denoted by (a 1 , ••• ,an), or 

shortly by a~; for n"'O we define A0 =10}. Also, a: is a nota­

tion for (ar,ar+ 1 , ••• ,a·5 ) if s ~r, and the empty symbol i.f 

r > s. In the case when A is a subset of a semiqroup §. = ( S; ·) , 

then for n ~1, we put A =(a 1 • ••• ·a I a EA). This product n n· v 
will be, a~ usual, '"!ritteQ without the operation s;xmbol. 

. Thus, 'if ·:•~ ;i A<;;; S., 

An {a~=(a 1 , ••• ,an,) ia1eA}, n<!O 

A ( a ... a I a . EA} , n <! l. 
n , n 1. 

· n n d n 
If a 1 =a 2 = .•• =an = aeA, then a=a 1 , an a =a 1 •• ;an 

The free semigroup with a basis A, where A is a nonempty 

set, is denoted by A+, and in this case 

·rhis ~aper is in final form and no version of it will 

b~ submited for ~ublication elsewhere. \ 
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A+= U A.n,. i i+j ·. i+j a1 ·ai+, = a, 
n<:::1 

. + . 
for each a\)eA, 

a, tal, by 

i, j <::: 1. If aeA , then we define a !~!!g~2 of 

lal' = n iff aeAn. 

We denote by N the set {1,2, ••• } of·positive integers, and 

by Nr the set { l, 2, ••• ,r}, for each re.N. 

Here we will also give the formulations of the Post and 

Hosszu-Gluskin theorems and a definition of an (m+k,m)-group. 

Namely, Post theorem states that each n-group ( ·J; [ ) ) can be 

embedded into a group (G; ·) such that Q~ G and for each a 1 eQ 

[a~] = a 1 •a 2 : ••• ·an. 

The Hosszu-Gluskin thea~~~ gives a representation of an 

n-group (Q; [ ]l by a group (Q; ·) with an automorphism e on 

(Q;·) and a fixed element ceQ such that for each a,a.8Q . l . 

n-1 -1 [ n) n-1 e(c)=c, _0 (a)=cac , a 1 =a 1 0(a 2 ) ••• e (an) c . 

. ,. [.,) m+k m . 
Let m,k be positive integers, · :Q -Q a mappl.ng. 

We say that: the pair g:a(Q;[ ]l is an {m+k,ml-':!EQ!:!E (or a ~!!!2-

~2!:: !:~!!!!!9 9:!::2!:!El if [ ] is associative, i.e. '::or all aj8Q 

[ [ m+k) m+::tk J [ i [ i+m+k) m+:ak ) , 
a, am+k+1 = a1 ai+1 · ai+m+k+1 ' J.SNk' 

and the equations 

[xa~) = b~ = [a~y] 
have solutions x,yeQm, for each a~eQk, b~SQm. 

l· Let ~=(G;·) be a group with the unity e, and m,k be 

positive integers. l'le say that the subset Q~G is an (m+k,ml-

2!:!e!!~2!:!E of ~ iff the following conditions hold: 

(I) The mapping a~~ a 1 .•. am is a bijection from QM 
into Qm .. 

Note that if (I) holds then the mappings ar ~a ... a , , r 

are bijections from Qr into Qr' for each rSNm. In this case 
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we will identify a~ and a, ••• ar' i.e. we will assu.e Qr•Or, 

for each reNm· 
CII> cvaeok>aom • OM• 

where a~ • {aa, ••• am la1eo}. 
To each (m+k,m)-subqroup Q of· a qroup G we associate 

a mappinq [) :d"+k - am defined byz 

ram,+k] bm < > b b ~ • 1 .. a, ••• am+k • , ••• m ( 1.1) 

for each a" ,b). eo. [] is a well defined (m+k,m) -operation 
on Q, as (_I) and (II) hold for Q. The pair (QJ [)) is said 

to be an (m+k,m) -11~~122!~· We will show that (QJ [)) is an 
(m+k,m)-qroup, but first we will give some properties of 

(m+k,m)-subqroups of a group~· 

0 
~· (a) Qm+k 2 Om· 

(b) o1oj • Qi+j' for each i,j<!:l. 

(c) i+j = m+k+r, r 2:0 =-o> QiQj =Qm+r' for each 

i,j <':1. 0 

1. 2<? (a) sk 2: m =-> ( e8Qsk & ('la8Q) aeQsk+ 1 ) • 

-1 
(b) sk >m, aeQ =->.a eosk-1. 

(c) H • lJ o1 is a subgroup of the group ~· 
i~1 

(dL H· • omu ~+,U ... Uom+k-,. 

~· (a) By 1.1° (c) and (II), for each a8Q,~here 

exist x 1, ••• ,xm~Q such tha~ 

sk = am,· a x 1 ••• xm 

where s <'! 1. If sk <'!m we have 
sk-m a x 1 ••• xm =e. 

Thus eeQ5 k and 

·, 

( 1. 2) 
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(b) If sk > m we obtain from ( 1. 2) 

-1 sk-m-1 
a = a x, · • .xmeQsk•1 • 

(c) is a consequence of (a) and (b) • 

(d) is a consequence of 1.1° (c), (a) and the fact that 

there exist an s such that m ~ sk < m+k. 0 

1.3~ (a) i 2:1, j 2:m, aeQi """"> aQj" = Qja 

(b) ('lfaea1~) aQm = Qm = Qma. 

~· (a) It is obvious that aQjS: Qi+j, Qja~ Qi+j for 

aeQi. Let a•a 1 ••• ai' a,_eo, and b 1 ••• bi+jeQi+j' bvSQ. The equ­

ation xa 1 ••• ai = b 1 ••• bi+' has a solution xeG, and xeH, sin-
J -1 -1 

ce H is a subgroup of §_. Le~ sk >m. Then x=b 1 ••• bi+jai .••• a 1 e 

eoi+j+i(sk-1)=Qj+isk=Qj. Thus Qi+jSQja, and by symmetry 

Qi+j<;; aQj. 0 · 

1.4<? If Q g ~ (m+k,in)-subgroup £f ~ ~ §. ~ th.e 

induced (m+k,m)-qroupoid (Q;[)l (defined~ (1.1)) gan 

(m+k,m) -group. 
" m+k) m IT. i+m+k] m ~·Let a)..eQ and let t_a 1 =b 1 , u.a 1+, =c,, i.e. 

a, .•• am+k=b 1 ••• bm' ai+1 .•• ai+m+k=c, •.• em in §_. Then we have 

[ rr: m+k) m+:~k ] IIi m m+:~k ) m 
u.a, am+k+1 = ~,am+k+, = d, q..> d, ..• dm 

= b, .•• bmam+k+, .•• am+:~k=a, .•• am+kam+k+,··:am+2k 

a,·· .aic, · • .cmam+k+i+1 · · .am+:~k <,...> d~ = .·• 
I!": i rr: m+k+i) m+:~k J 
La, Lai+1 am+k+i+1 

for each ieNk. 

The solubility of the equations 

[xa;) = b~ = [a~y] 
for a.J ,b, eo is a consequence of 1. 3° (b) . 0 

~~If Q=fal is~ ~element 5ubset of~ crroup ~, 

then Q l! ~ (m+k,m)-subarouc of G !!£ ~ ~ ot a~-

~ k. 
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Proof. For each m~1, am+k.am iff ak•1 iff the order of 

a devidas k •. 0 . 

l.&C? (a) ll IQI ~ 2 !,!!!! Q !!. !!!. (m+k,m)-subgroup _2!,.!:!!.!, 

group S!· .!:!!!!1 ·~-1c ~· m ~ aeo. 

(b; ll 101 ~ 2 !!!2, Q is !!!. (m'+k' ,m')-, ~ (m"+k" ,m")­

subgroup 2!,!. group g_, ~ ·m•-m•. 

~· (a) Let a,beQ, a;b. It is clear that .&0111_ 1~~· 

Suppose a~- -~· Then, there exist a~eo, such th~t 
aa 1 ••• am_ 1•blfi,· which, by (I), implies a•b. 

(b) Let m' <m" 1 i.e. ·m• :Sm"-1. Then m'+t•m"""1, for 

. some t i!: o , and for each aeo 

which contradicts the result in (a). 0 

1. 7C?· . If. Q is·!!!. (m+k,m) -subgroup of !. group g, .and 

m :S sk <m+k, sk=m+p 1 . -.!:h!.!!· (lm+p ·!! an_ invariant subgroup of 
~- subgroup .H .2£. g,. · 

·-·. 0 .. ·.· ... · . ·. 

Proof, .By 1.1 . (c) Qm+p0.+p = Qm+p+sk = Qm+p' and by · 
1.2°· (a) 1 eSOm+ • Let aASQ ~nd_ tk >m. Then by 1.2° (b). we 

-1 . ' p . - ' .. ,. ;. . ·.. . . 
. have a\ eot· k' . and. thus. . ' . . . . . . . . . . ' .. 

. 1\ ~1 .. 

, _,., <.~·1· ••• ask>- 1 . ""·a;~ ••• ~~ 1·e~sk(tk-1) ,.,. 0sk' 

Q9 k = Om+p ·is an·in~ar:i.a~t:·:~~qr.~?pofHby l_.3°<(a,>'~ _D 
. ·. 0 . .: .... _ .... ' '. . . . '.. .. ' ' ' ·.· ' ·' .: . '' ' ' ' -

_ .. ~-~ k ~.the·least .• positive'in~eger such th.at Q · 

is !.!L·(m+k,m).:..subqroup .2.!-:S!• Then~ · ·.: -··. · · . 

• (~l) Q :is. an; hit+k 1 ·,m) -~u~qroup·;~iG i!f kl.k' •. • 

.· ... ·. ····~·~:~Y.~:~j~:~~k2:::rz::-:E~~~~c.:~:k~:.~:::_ ~ .. 
: .. :·qroup\o'f .G. Let'Qbe an··(m+k, 1 ,m)~subqroup of g_~- ~he~e ...• 

k'=rk+t, -~< .. t<k .. Th~ll for·e~~h/aeot::·.·i·.~ · · 
.. ·.:··,;'.' 

,.,_.-
· ... ;·_._ . ,:; 

·)·. ·. 

···,,-.·. 

. . . . ' ; 

. ::: .·. 

··':. .. ·. 
.·._, .. ,_ __,: 

.. ; .. ~ ·. '·. . . . . ---; .. 
·t 

r 

· __ ;. .. · 
-·,· .... 

. ··.·"'" 



(m+t,m).;.subgroup ofQ,· contradicting 

·· •. ! 

Since Om-+;~ is an invar;!.ant: subgroup·\)£· H, -byll, 3° 

have·-- '· .· ,·. . .. ' . •' .. 
. . . 

·. 11/0 = fxO ·l~eHJ =·fa ··f.o .. ···.~.i<k.} ...•. ··: . . , ·. · m+p . . m+p · . · · m+i 

which implies that. the sets ~m;O.m+f' ••• ,Qm+k-~ are eii:be;r · 
.· equal or pairwise dis joint. Let.· Orii+t *' Qm+r, k.? t > r .~ 0:.' · 
Then for'some aeQr 

..... 

· which implie,s Om+t"-r = Om. 'fhus Q is an. (m+t_:r ,~)-s~bgroup 
of G, contradicting the choice of k; 

(c) By 1.2° (d) and (b) we obtain that the-mapping 

~: a 1 ... am+i 1- i:-p is an epimorphism from H into Zk, with 

ker~=Qm+p' 0 

We say that a grbup .·.!a. is a· ~!!!!!2 9!2~2 of its 
(m+k,m) ... aubqroup Qt if Q:is generated.by Q, La. 

(III) G = amu Qm+,u ••• Uom+k-1. 

If, moreover, Q satisfies the fallowing condition 

(IV) m Si <j <m+k ,.,.> Qi()Qj '"'Sf 

then we say that Q is a ~~!Y!~~!! ~2Y!!!~9: S~2~E of its 
(m+k,m)-subqroup Q, The universal eoverinq group of Q will 

be denoted by Q v. 

1.9'? Lgt 0 2!,. !!!.. (m+k,m)-subqroup of CJ-Ovi Q' An 

(m+k,m) -su.bqroup Q!. !. group (G" J *) ~ h 'Q - Q' !!, !!!!Jlr 

~ ~ £2!_ all a 1 ,b:ieo 

a, ••• am+k • b 1 ••• bm <-> >.(a 1 )• ... •.Ham+k) = 
• ).(b,)• ... •A(blll). 

!a!a there ex!sts !.\lfl1gue homomprphism t: G - G' ill£!!. is 

!_!! extenaion 2£ A • 0 
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As a corollary of 1 • 8° we have 

1.10~ ll k!!. the 1:!!..!!;_·podtive integy puah .!:!!ll Q!!. 
!!l (m+k ,m) -subgroup 2!, .!:!!! qroup g,, ,!!!! 2. .!!. !. covering 

group !2!, Q, ~ 2. !!. !. untvareal oovarinq group_ !2!, Q. 0 

Let us note that by 1. 3° the followinv b abo true: 

1.11~·!! 2. is !. universal covering group 2l itt 
(m+k,m)-aubqroup Q, ~ !2!. ~ aeo 

m ...m U k-1 m G • 0 U au U • • • a Q • 

...m ..JII U m k-1 • u Uu aU... Q a . 0 

~· Let ~=(OJ [ J) be. a given (tit+k,m)-group. ·we .will 

construct a group g_•(GJ•) such that Q~G is·an (m+k;m)­

subgroup .of. g_, and g_ is its universal ooverinq group. The 

(m+k;m) -~peratlon [ J ·induced by the (m+k,m) -subgroup Q, de-

fineg by · (l. 1) , : will coincides with the operation [ J of the 
given· (m+k,m) -group g_~ .·. 

.. ··.Further on:by-.~=<o~(J) ·a.'qiven (m+k;m)-groupwill be 

denoted. By .((2), pg. 27) Q. satisfies the generai associati­

·.·. ve:law, :ilrt.d,th~ "prod~ct~ [a~+skl is defined for all s':!: 1 •. • 

. Also,Q_is cancellative,. i.e.;····.. . . 
.. ' .• [1-1m!{)· .. ···:.[ i-1 m k, .... ·' ··m .· ··n\ . 

· .. a,._.x,.a.i =·• a, ... Y1~i · ... =:>.x1 = Y, ... ·.· ·.··, 
. . •' ' . . . 

! ~-

. (2d) . 

. :.:_for .. each_ieNk+f' and a.,_,x¥~k~io. (see.J2], ~9· _s4) .••. By (2,1), 
for each x,yeQ , ab,cdeQD\ , l ~ l, · .. ·.:: 

. ·· . ..J~;w] ',,t[~y'6J. ==>· ··[~xd] ··~·· [oydJ, . > (2.2) 

·($ee- [2]',~:pq .• 37),; •·. . : ., ' .. ~ . :. i ' ~ ' ,. 

·· .. ·· .. , : L~t·g=!Or{}b,be a :giv~n {m+k~m) -i:J•oup. Define :a rel~~ 
·tion.:-··pn·.Q<.by:.'· · ....... :., ..... :y., .~. · ·:,.. ·. '· 

.·. ·• '.tvu,veo+> <·~ ~ · v: <.:.,;.>·'Ui~eo+l'r~J~[~J l {2.3) 

0\~h~r.~.'Juw]_ ..•. ~~d. T~l de~~~.:·~hat. u~eom+sk':.;~~oni+,,tk for .S()me 
·s,t ~-0~ and we put, :[<t~J .~ a~ for aj_€0 . .. . ·. ··· · 

.·.i:' .. '· ... ·· 

.· .. , · .. ··· ... ··_ 

.. , .. '·-
.. · ... ;. 

' .' . ~ ... 

.... : . ; ~. . . ,; " . 

...... 

..... · ... ·:· 

. ... i. 

. ·:·-·. ,. 



The -.-....-...;..;;;;;.-;;,;; 

Q+/- . .!,! !!,,<iroup~· 
.• . 

a,beQ;. :a ... - .b>=-> a=l!l .. (i.e • . we; can 
. . . . . . . '· ··' +· ... ·.-· ·-----· ....,.;;.;;.;..;;.== 

0.!!:~ s\lbset:of:Q/·l~· 

·(a·l-.u~ ~·==>'(aweo+){u~)=lvwl 
(modk) =>'lui =' lvl>(mod-k)·~ ., 

(b) Note that by 7(2·,2) and·(2.3) 
. . 

u ., v. ·. > ['tuw}• =:·ftvw} 
. +. · ... ·. . . . ... ·.· . ·. '. 

for all t,weQ. such that.ltuwl. :.ltvwl;: in'(modk)'. Now by 
. . .. · . - . + 

( 2. 4) we obtain that -. is· a 'congruenee on Q • 

·(c), We will show ,that the equations .ux - v and zu. - v 

have solutions on x and. z for. every u,veQ+ ~-If }vi '<m then 
+ . .. . .... · .. 

for some w,teQ we have, lwvl = .m and lwutl = sk, s;,: 1. Now, 

since in the (m+k,m)-:"group Q the equation [wuty] = wv has·a 

solution ye~, we obtain th;t x=ty is a solution of ux - v. . 

In the other case, when · lv I <!: m, we have v=v'v" where 

lv' I = ·m,. and the equation (utyJ = v' has .a solution yeQm · 

for some teQr. Now x=tyv" is a solution of ux - v. Similarly 

we solve the equation zu - v. 

(d) Let a,beQ, a- b. Then by (2,4) [:)=(bm; 1), i.e. 

W=bm; 1 in Qm, which implies a=b. 0 

2.2'? o+ 1- = ov. 

~· We will show that the conditions (I)-(IV) are 

fulfiled for 0+/-. It is clear that (I) holds for 0+/-, as 

if· a~- b~ in 0+/- it follows that [a~w] = [b~w), which (by 

cancellativity of the (m+k,m)-operation [ )> implies a~=b~. 

Let a=a 1 ••• ak90k and b•b 1 ••• b' 9Q (a ,b,eQ). Now, as 
k m m v A 

ra,b~] = c~eom, ab. c1 ••• cm' and thus abeom' i.e. aom~om. 
It ·~c 1 ••• cme~ is given, then for each aeOk the equation 



(ax)•a has a solution xeQ , i.e. c - ax. Thus ceaQ , i.e. m m 
am~aam, i.e. (II) is satisfied. As Q generates Q+/· we have 

(III), and (IV) f.ollows by 2.1° (a). [J 

Theorem P~)Let <ad)> e!,!.!! (m+k,m)-group. ~there 
exists !. group (G~ •) !,2£h ~ Q~G !.22, £2!: ~ ai,bjeo 

[ak, +m) = bm, < > b . b . .. a, ••• ak+m·· , ••• m' 

~.TakeG=O+/-. 0 

We note that for each (m+k, m) -group ( Q J [ )> , as a con­

sequence of the results above, the (m+k ,m) -operation [) 

(defined by (1.1)) and [ ) coincides, Le. for each aieQ, 

[a~+k) = (a~+k). (2.5) 

l· We have seen in l that the (m+k,m)-group (OJ[)> 
coincides with the. (m+k,m) -gr.oup (QJ [.)) induced by the 

(m+k,m)·-subgroup Q of Qv=Q+/-. F.rom now on we will denote 
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by a. a fixed element from 0 and Qv .will.be. given in the> form 

v . m u·· m · .. u . m 2 u· u m k -1 ' ( 3 .• 1) Q = Q. . Q a Q. a • • • Q a • 

The product in Qv is defined by 

· m.i m j =ztn.aialj 
x 1 a ·Y 1 a. . . 1 

where e. is the operatfon iii the cyclic group zk'· and z~ is a 

solution of. the equation 

[ m i _m·k+_· j-(ialj)) ·.·= r·zm k)·.·.·. x 1 a y 1 a. . .·.·. 1 a . 
' . . ' ' i >. 

The inverse. of the element xeQv will be denoted by x- 1 

',' •: • , , ', ,' ·. ','_;.' • ~ ,.·' , , I''~ ,' , , • • ' :. v \ , • • I - :, ,. ' • 

Qm+p~Qma_P is the· invarian.t_,,•. subgroup ·of·. Q , where m+p = 0 
0~,1?-<k., ··~' ~~-

• (2• _., . 

,'3d~ {a) Defiillng Han OJ?_erati~·h.;* on'qn :~ : 

and 

(modk), 

'(3 •. 2) 

for each xm , __ ymeQm, a._ group (Qm; *l is obtained, with ~ unity 
--~ 1 1 .-· -'a~P ~\·~inverse b"'"* of b8Qm defined~ J::>"'"'*=a-pb- 1a·P. 

1 ) This property is given in '[2}. 



(b) ~ mapping ~ :x t-. a-PxaP 

(Qm;*l such that . --
,_-! 

for eeioh xSQ~,- n ~ h 

E!:.22f· - .. ·. ,- . 
. · m· .m· .... · .. ·· .. ···. ·• p · 
x-1-.y1 =,·x1.~'xrna '11'•• •Ym 

which . i'mplies. the as~ociati 1/ity ~f * . It 
. -p -p -.1 -1 -p that a . · .. is the. unity., and a . brn ••• b 1 a · 

b~eQm. D·· 
inverse of 

+ •· . .··.· 
·Note that if beQ,. then beQmap 1 , Now, .if k=tm+r, 0 S:r<m, 

r· · · m p+r . · then·for eaoh xSQ there,exists y€Q such.that x=ya • Deh-

ne a mapping 41 : • Qr -· Qm by 

~ (x) = yar-tp. (3.4) 

(If r=O, then Q0 ={0}, and ~(O)=a-tp-p.) 
. . 

3. 2~ ~· .!!, !!:! injection fr~m Qr · into. Qm •. 0 

r m . m+k Let z€Q , x 11 eQ and x-x0 x 1 , •• xtzeQ , Using 0 and ~ 

defined as above we obtain 

X0 *0(x 1 }*e 3 (x3 )*•••*et(xt)*et+ 1 i~(z)) = 
• xoapa-Px1aPaPa-2PxaaaPaP ••• 

••• aPa-tpxtatpapa-lt+1)p~(z)a(t+1)p = 
• xox1.~'xtza-(p+r)ar-tpa(t+1)p • 

• [xJ, 

Thus we have proven the following 

Theorem HG. ~ (QJ [ J) ~ 2 (m+k,m)-group, where 

k•tm+r, 0 s r < m. ~ .!:!!.!!:! exists !. group ( ~; *) , ~ ~­
morphism eeAut(~;*) ~ !n injection +s or - om !2£h ~ 
!2E !!£h xieom, zeor the equality 



[ J a t t+1 
x 0 ••• .lCtz • x 0 •9(x1 )•e (x2 )•···*9 (xt)*-9 (+(a)) 

!!.2!2.!.• Fyrthermore, !! r-0, !!!!.!! 

e<t<Oll • +<D>, 

et(x) = +(Ol•x•t(Ol-• 

ill .2£h xeom. 0 
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(3,5) 

(3.6) 

(3.7) 

In the case m-1, k•n-1, the notion of (n,11-9roup coin­
cides with the notion of n-group. Thus the theorem of Hossau-

Gluskin for representati~n of an n-group by a group is a spe­

cial case of Theorem HG. In the case of n-groups the con··urse 

is also valid, i.e. if (Gr•) is a group, a an automorphif:m 

of (G;•) and +(O)eG, such that (3.6) and (3.7) are valid then 
by (3.5) an n-ary operation. [ ) on G is defined such that 

(G; [ ) ) is an n-group. 

In the vector valued version of Hosszu-Gluskin theorem 

the converse is not generallyvalid, because even when r•O, 

the (m+k,m)-operation [) defined by (3.5) need not be asso­

. ciative (although it satis.fies the condition for solubility 

of equations when t ~ 1) , 

Note that Theorem HG is a consequence of Theorem P. 

·Thus in the n-ary case (when.m=l) we obtain that the Post 

coset theorem implies the Hosszu-GlUskin "J;heorem. 

R E F _E R E N. C E S · 
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Abstract. Weintroduoe the concept of an n-inflation of ·a univer­
sal algebra satisfying a set of identities ~ • This paper is a 
generalization of n-inflation ot aeaisroupa presented in (1]. 

0. Introduction and preliminiries 

Let A be a nonempty set and F={wiJi<ot , ol an ordinal number} a 

nonempty set or mi-ary operations on A. Then (A,F) ia aalleda univer­

aal. algebra. Algebra (A,F) is an al..gebra aatiafying a set of identities 

:£if At=- t 1:t2 for all t 1 ~t2 Er£ (where t,.t2 are t.erma of the type F) 

Subalgebra T_ of algebra· A is .!.2.!!!. of A if for each x 1 , ••• ,x1_1,xi+P 

, •• , xm E- A, a E- T, w ~ F, w is an m-ary .operation' on A· 1t1t have 

·wCx 1_,._ .. ,xi-l'a,xi+1 , ... ,xm) E- T for.eachl=1 1 .. _.,m. __ 
Example: For t,he algebra (N,+,.) and all ·kE-N. the ideals are Tk=[xfN lx~k t 

Some abbreviations: -The sequence x 1 , ••• ,xm will be denoted. by X~. -

~Identity t,(w,. ... ,w.J_: :t2[w 1 , ••• ,w8}whe~e wic (k=1,.,·.,a) areall the· 
. oper!ltio~s contained in t 1 and_ t.-2 , wil;L .be denoted by t 1(w] .=t 2 (wJ • The 
'arity· or: an ope~ation w will. be ~enot.ed ·by lwl_. ·· · 

·>The roiiowing·propo~ition;iB a_genera.lization-of the~ellknown semi­

, group-theoretical notion of Rees congruence ·to \miversal algebras •. · 
:· .. ·. 

\'R0~9SITi'ON o:· 1 ;· 2; •. Let T. b~ an ideal :of: algebra- (A, F)' :~nd~. 5'. the_. 
followi;,g b:i.nary relation .2,!l'A: _, ... i- ·-· r_ --. __ . 

rhen ~;. i."{r.::~r.;~;o:·:.~ ··' ~z· ... ·. . .... 
· >· ··ll 'f.' is:_.·.f:congruence on·~- jlitn:,at>most !.()ne non-sin~~;leton .class T. 

and:·~ is_,!_ subalgebra·.·~ A,~ then T .!!,, an ideal and f = ·.fr .> · _' 

,. We denote ~the, q~~derit :algebra A 1 .. by A' ~nd we.·~al~: it' Rees 

quotient .al~ebra. · · f-r · :·: _.'T .::- , . 
. .. : .. _.· _·:·. ,·. .·-·· ' · .. 

Thi~( paper ·is i~• firial form .and :n~::v~rsL~~-- ~-; it :will • be:,·:sub~-itted · 
·ro~: J?l,IQ_ifc~.t~on· elsewhere. · · · ·· ·': · · _; · · · 

.: . ': _. ·':. ·"~ '·, : . 
·' ~ .. 

~ ·: ·. .. 



. - . ' . 
:. ; /".· ·_, 

Let. T and K b!!l two. #sJ()i~J ~al~J;ebras of type F. and suppose tna t .. K 

has a.zero element i.e~ w(xt- 1 ,o~xt~)::;9;lor>ea,c~,w. Fand i=1, ... ',m 

(x 1, ••• ,xm E- K, 0 ~ K). An algebra (A,F) is said to :be. an (~deal) exten­

.. !!!2!!. of 'l' by: K· if it contains T as an ideal and Rees q·uotient. alp;ebra 

A1 is isomorphic t~ ~. . . .· . ·.· ·. ·. · · · . 

T Let· A be. an extension or .T. Then ·A 'ifi a ·retract extension. if: there 

exif!t a hoini)morphism ~ of' A onto. X and ·~(x) ~~ tor all X E- T. In . . ..... ··, ...... ' .. 

this case we call re a retraction. . . . 

·Here we give one. more char~cter'ization: Of·. the :.retract. extensio~: 

PROPOSITION '0'·.2. J..et (T,f') ~an algebra satisfylng Z:; To' each a1 E- T 
. ·'. 

( 0 • 1) a E- ya ' Ya n Yb = 0· ·· if .·a· 1. · b 
. t I 

.E£! e'Ve~ w 6 .F (twl = m), let' . 
',!.'' 

1 :~~) 
(0.2) 

J(a~) k-1 m ~ · 
'fw (x 1 ,ak,xk+ 1) = w(a 1) k:•1, ••• ,m, 

E.! functions .!2..!::. which~ !.!:.2!!!. t 1 [w]= t 2[w] t:: ~ ll. ~ ~ 

(0.3) t, r+ ~a~] = t2 [ 1 ~·~'J ; 
(where eaoh w in the identity t 1 [wj • t 2 [w). haa been reP·laced by the 

correapor1d1ng function 4<a~)). 

w -On the set A= VY 8 we define operation w bv: --- ••r - - .:;.~~... 

1 (am) m 
w~{x~) = 'rw 1 (x 1 ) it x1 E-Yai (i=l, ••• ,m;lwl=m) 

!h!!l (A, F*) !! !!l algebra of !!!!, .!!..!!!.! ~ satisfying ;E and (A, F*> 
!!. !. retraot.extenaion· ~ (T,P' ). Conversely, every retract extenslon 

A 2£ ~algebra T ~~~constructed. 

!!22£· Supoae that A fulfills the conditions of the proposition. Let 

x 1 ~Ya (ial, ••• ,m) and w ~ F be an operation of arity m.Then by 

(0.3) i for arbitrary t 1(w] = t 2 [ w] Eo 2 we have 
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t 1[w*J = t 1 (~~a~)J= t 2(~~a~)J = t 2 [w*] 

Hence (A,F*> is an algebra or the sa•e type satiafyin~ ;r . 
Define a mapping ~: A --+ T by ~( Ya) = a • It is clear that 

~ is onto and that ~(a) =.a for all a~ T. Furthermore, for an 

arbitrary operation w"E-F* (lw*l =m) and xi E:- Y8 (1:1, ••• ,m), we nave 
i 

~ · I'A 1 (am) ce ( W (X 1 1 •· •• 1 Xm) ) : 'C ( f W 1 ~X 1 1 ••• 1 Xm) ) : W (a 1 1 ••• , am) 

= w(~(x 1 ), ••• ,~xm)) 

Thus (tis a homomorphism and by (0.2) T is an ideal of A. Therefore, 

* (A,F ) is a retract extension of (T,F). 

Conversely, let (A,F) be a retract extension or an algebra T sati· 

sfying ~ • Then there is a homomorphism t:e of A onto T such that 

~(x) = x for all x Eo T. For a~ T auume that Ya ~ ~-1 (a). Then 

A= VY and for the sets Ya (a e. T) the condition (0.1) is satisfied 
a•T a 

For any x1 , ••• ,xm E-A there exista 1 , ••• ,am E- T such that x 1 E:Ya 

(i=l, ••• ,m) so that ce'<x 1 ) = ai (i=l, ..• ,m). From this it follows 

that for an arbitrary wE:F of aritym, we have 

~(w(x 1 , ••• ,xm) = w(ct'(x 1), •.• ,Q'(xm)) 

i • e. w ( x 1 , • ; • , xm) 

= w(a 1 , ••• ,am) E- Yw(am) 
1 

E- Yw<:a~) ~ .Hence there exist functions 

Ya 1>< Y.a X ••• >(Y. --+ Y (. m) 
2 _ .am w a 1 

and it is clear that for.ther~ furictions (0.3) holds. Since~ is an 

ideal of A we have. ( 0. 2)'. 

·, 
1. n-inflation of algebras 

We .introduce here the notion o·fan n ... inflation of•a universal 

algebra ·satisfying Z. 

LEMMA 1.1. 'Let (T,F),>£!!, universal algebra whi7h satisfies. 'Z. To 

~ a ·c- T we. assosiate ·a .. family .. of. ~ X~ ( i= ,-, ••. ~, n) such that 

.!:£!: ~ r ~ f 1, ..• '~ t 



.• .f( a!)(~ 1. •. ; • •'•) 
(i 1lw ·.. ·· 

. ~(a~) (x~-l•ilk,x~+ 1 )·.:~ w('a~)• •. 
. <1 1 )w .· . ·. . . 

be functio~s for ~hi~h: for·. each · --- -----. --- ----
( 1. 3) 

~ . . .. . . 

-Let Y8 = .V Xa1· · .. and define the c'orresponding. operation w* .£¥.. the '-.. - --- _____ _._ ___ ....._ ___ _ 
operation wE- F of the.some length on. A= VYa. bv: '. 

- - -- ---.- · - - A€-T · .=..L. 

~... J(am) ..... ·. . aa 
w (xp····•xm) = 'f ~ (x 1, .... ,xm) if x8 EX1 . 

· · (il)w .· 9 
. I 

Th(m (A, F"i !! !,!! algebra 2.f. _lli!!.!!!!.! .~!:!. _lli algebra (T, F) sati:~-
~:Z 

!!22!• Let x1, ••• ,x_ ~A and w 6 F ( lwl :m). Thena;here exis~ ~ 1 , 

••• ,a111 E- T such that X E: Y (sc:1 1 •• , 1 111) i.e. xs ~ Xi for som 1 t: i 5 ~ n s a 8 

Then for arbitrary law t 1[wl = t 2[w] and lwl = m, we have 

[ 11-1 [ J(a~) · m ] [ L (a~) m ]· [ *J t 1 w J= t 1 ~ 111 (x 1) = t 2 f 111 (x 1) • t 2 w ·, 
(i1~w (i1~w 

Therefore· (A,F*) is an algebra of type F satisfying Z . 

D!NITION1.1. The algebra (A,F) satisfying ~ constructed in Lemma 1. 

ia called ann-inflation of algebra (T,F). 

The following theorem gives a characterization of an n-inflaliun 

algebras, which shows that here we have the case retract extensions. 
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~REM 1.1. !!!. algebra (A,F) sathfying k .!.!. !!!. n-inflation of 
t algebra (T, F) satisfying :£ !! and only .!!. An( 1 wt-1 )+1 c T !2!. 
~ w ~ F ~:A!!! retract extension ofT. 

i 
~ot. Let A be ann-inflation or an algebra T.Then by (1.2) Tis an 

of A. Let w ~ F and u ~ An(lwl- 1)+ 1, i.e. 

r. u = t(s1,s2·····•n(twl-1l+1) 
tere tis a term consisting of the operation wand some •rE- A (r:l, .•• , 

Uwl -1 )+ 1). Let •r ~ X~~ where •r Eo T. Then 

'·· u = t(ai-1 w( twl-1+i) n( lwl -1 )+1) 
1 ' 8 i ' 8 twl+i 

,_ 

= t(s~- 1 , 

max(1,.~.,1)+1•2 > n 1 then ,. u 1 ~ T so u eT 

· 2 ' n , tben 
t( i-1 n( twl-1 )+1) 

U:. 51 lu1',WI+1 . 
on, 

( j-1 h · ... · · · · . · · . . n(twl -1}+1 
u=ts, •+. . . (sj, •.• ,u,, ... ,~wr-1+j),srwr+j ) 

( 1 1 • , • 1 1 1 .t 1 1 l 1 • , • I 1 ), 'Ill 

ere . h· ( · ( IWI-1+i) . ) . . = . a j ' ... 'w a i . . . ' ... I a I wl ·-1 + j . 
. .• h . . . . . 

t 1+1>n 1 then 1 .. _._·. . · (s 1 ,..,u , ... ,s .)= · · 'l ( .1 , ••• 1 1 t 1 , 1 ; ••• , 1 >,w j 1 . . rw I - 1 + J 

"'u .· E- T so u E T. 
. 2 

.1 
f t 1+1 ~ n,·thert 

_ t(sj-.1 .. n(lwl -1>;+-1) u 2 .£. __ X_wt
2
<h_) 

u- · 1 1 u2 1 1wl+j.· ' . ' · 

orttirtUing·this· procedure ~e bave that: 

~r tn_~2 +1_ > _rt 1 then. +{d~') · · _ · · . . (~p-1 u . s lwl >= 
. ·· . ·. · · · ·. · · .· 1 ' · n-2 1 P+ 1 

f . .· ( 1 1 , • • ,1, t rt- 1 1 1 1 • • • 1 1 } ) 'kl 

~--· un_ 1 ~ T 1 for some b~wf, s4_o( y.., 1~ T. •· · .. · · _.·. ,. ··_. . _ ·· . 

'tiC tn_ 1 +_.l~_.n 1 then u.= · c1 •. .. . .(sl:-1,u 1 slw/}= i · · · ' (1, ... ,n, ~ .. _1)1lol 1 n-.1 l+l _ 
_.. lwl · · ,.= u 0 _ 1 'E: T 1 . for some c 1 · (since .. n+1 > .n) • 

In other cases. (s~ ~ Xk .-. 1 . 1 < kr !f.: n) we have also that u e .T. 

'~.Thus An(lwt-1~+1_cr •. · r 

~- · Define a'. mapping ~: A >? a\.1,-Ya ~ t . by t:t;(Ya)~ = a 

~!:_;h_a_;_!at.w.· ___ -~F (lwt=m)and x: 1; .... ,xm~·A. ther~ exist a,. ••• 1 amE-T 
I~ as E:'Y. ·Le. a: ~ X8 k ·ror some isr1 ~- n '-• sO.-· .· 
I' · . .,.(i·;,.• .·. S r a 



.. . ·f~:~tw(x; , ... ,xm>.:, 

·· .. for some · max(rl' •• ; , rm)+l ~ I<~ n 

·1~:j~wtx 1 , ••• ,x~) =· w(a 1p.;,am) 
1 '· ' 

the 

definition ~f <e we have 

f{?(w(x 1, ~., ,x10)} = w(a 1 , ••• ,am) 

= w(/e(x 1); •. ;,/f(xm)} 

• It is clear·, that {t'(x) = x for ·all x &- T • Therefore, A is .retract 

extension of T. 
Conver~ely, ·let n by the smalest· positive integer .such that 

· · An(lwl - 1 )+ 1 c T for all w E": 1" and let 4? be a retraction of A· 

onto T .. An arbitrary a 6~ is in. one of the following. set~ 

A....., VAIWI, V ~wl, '-.JA21WI ·1, ••• , V A (n-1 )(.lwl -1 )+1...., VAn( twl -l)+ 1 
~.,. ~.,.. '-'•~"" J..Je-r .. · ..... ,.,. , 

vAn(twf'-1)+1. For a~ VA(n .. r)(lwl-1)+1......_ VA(n-r+l)(IWI-1)+1 
..... p . . . ""•" . 1 ....... 
for some 1 ~ r ~ n ' we define sets: y = ce- (a}' a . 

(A' VAIW~ 
J..J•F 

Yan <VA1wi,VA21wl+1) 
loi&F we-F 

( V A(n-r-1)( \WI-1 )+1......._ V A(n-r)( lwl-1 )+1) 
w•F ~P . 

(VA(n-r)(lwl-1)+1) · . 
w•F 

X8 - x• = xa 0 n-r+2- n-r+3 ••• - n = • 

It is clear that the conditions (1.1) hold for every X~ and x~ 
( 1 ~ 1, j ~ n ; a, b E- T) • "" 

If a E: T then Y = V xa1 and so A = V Y · . for x 1 , .•. , 
a l.•f •u·T a 

x• E: A and w ~ F ( twl=m) there exist a 1 , ••• ,am ~ T such that 

xk ~ Y • So by Proposition 0.2. we have that ak 

c 
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Let 
a €- VA ( n-rk) Owl -1 )+.!_ VA ( n-rk + 1) (hoJI-1)+1 

k ~·~ ~~ 

( 1 4 rk ~ n) • Then 

xk €: x~k = ya n ( V A(ik-1)(\wl-1)+1...._ VAik( lwt-1)+1) 
k k lole-F · · ..,~,. 

( 1 ~ ik ~ n-rk) • 

Then 
w ( x 

1 1 
••• , xm) E- w ( V A ( 1 1 -1 )( I wl -1) + 1 , ••• , V A ( 1m -1 )( I w I - 1 ) + 1 ) ,.,.,,. .... ,.. 

'nt 

= V Ap , here p = ( L is-m)( lwl-l)+m 
"'•" ... 1 m ( ) ~ v"' w(a ) 

and if p '- n we have w x 1 , ••• ,xm ...- V•~'Av 1 • If P ;::.- n , then 

w(a 1 , ••• ,am) ~ T. For ak~ T we have that 

( m . = w a 1 ), (k:1, ••• ,m). In this way functions 

from Lemma 1.1. are defined and the condition (1.3) holds. 

Exemple. (a) The algebra (A,+,.) given by the table. 

+ 0 a b c d 0 a b c d 

0 1 0 0 0 0 0 0 0 

a a 0 0 0 0 0 0 

b 1 c 1 1 b 0 0 a· 0 0 a 

1 1 1 1 'T ·0 ·o 0. 0 0 0 

.0 1 - 1 1 1 l 0 ·o, 0 o· 0 0. 0 

d 0 1 c .d 0 0 0 0 0 a 

satisfying Z= 0 is a 2-inflation of the algebra (T,+,.) 

by, tile table. 

0 

0 0 0 

1 0 0 

'!: A~T re~ (Oa b 1 

Here we nave that . ' 
defined by - 0 0.0 1 

c 
1 

J(a~) 
'f( . •'1·, ) ,,,w 

given 

l:l . 
1 ) I 

hOmomorphism and ~(x) = X for all x 6 T. Therefore, 
is a 

2A. = .jl,cf, 3A =flf , A2 = 1 o,at , A3 =1of , 
Yo = ce- 1 ( 0) = ~ 0 I aId '{ 1 = ce- 1 ( 1) = {1 'c 'd} 

X~= Y0 (\(l\-....w'if/lwl): Y0 n(A'-.{2ALIA2 )) .. • 

=•~o,a,b\~A(A,·t1,c,o,al) =~O,a,b}A~b,dt = ~b}. 
x~,;; {o,al x\= Hl, 4 = }l,c.l. 

h-inf1ation semigroup i.e. 4-inflation of tne 



. Problem.·. In' (2}. the definitiori of a, R~~~ sub~lgebra 
DEFINITION 1. 1. Let: MC A:,be a suba~gebfa ,9f.At ancl 

operation w. ~ F and every. (a;b)>~.M2 . . · 

following. condition might hold: . 

. · . w(a,x 1 ,;~.,x0_ 1 ), w(~,x 1 , •.•• ,xn_ 1)· IE- M ·or . . . 
·· w(a,x11 ••• ,x0_ 1>=._w(b,x 1 ,, ••• ,,xh-l) 

w(x1 ,a, ••• ,x0 _ 1Y,. w(x 1 ,b1 ••• ,x0 _1). eM 
. w(x1 ,a, •.. ,x0_,t= W(Xp~t· ••• ,Xn_;1} . .. . •. ·: .;· ' . 

··w(x1 , ••• ,xn_ 1,a), w(xt_, ••• ,xn-1•b};GM. or 
· · · · >w(·xr,~•· ,xn:.. 1 ,a)<= w(x 1, ••• ,x~-l'b) 

Then M is called a Rees subalgebra of (A;F). . 
In connectiop to definition give .the Rees ~xtensi~n 
of algebras. 

· R E F E R E N C E S 

.(1] S.Bogdanovi6,·S.MiU6, ·Inflation of semigroups, Publ.In.st.·· 

Math. lj1(55) 1987,63-73. 

tzl Robert F. Tichy, The Rees congruence in universal algebras, 

Publ.Inst.Math. ~9(li3) 1981, 229-239. 
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11001 Beoqrad p.p. 367 
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PROCEEDINGS OF rn:E CONFERECE 
•ALGEBRA AND LOGIC", SARAJEVO 1987 

ON CONTRACTIONS OF UE ALGEBRAS• 

Dulan Pagan 

. ~ .. 

Abstract. Let L be a Lie algebra over the field of complex numbers and 
A(t) a function from the set of real numbers to the set of linear mappings 
of algebra L , such that det A( t) ~ 0 If t ;. 0. Than we' 11 call a Lie 
algebra C. the contraction of algebra L If It has the same vector space 
as algebra L · but a new commutato.r deflned· as 

[ x, y] • c:: Jim A(t)-l ( A(t) x, A(t) y] • 
t- 0 

We give the conditions for existence of this limit If A(t) are derivations of 
algebra L and show some examples of Lie algebras obtained as contractions. 

I. Introduction 

Let L be. an arbitrary Lie . algebra over the field of complex. numbers with 

n- dimensional vector space V and A£. Un(V). Than V Is a. direct sum 

ofsubspaces Y,.=.AnV and Yo={x~:V:Anx=O}. Foreach.xe:V we'll 

denote by x,e: '1,. and . x,e: Yo elem~nts .such that . x = X1 + Xo and call them 

the regular,,and the. nilpotent part of x, corresponding to mapping A. 

·If f ·and • g are two continuous real functions· of a real variable · t than 

F. Mlmura has prooved[l] that a family of. linear mappings B(t) = f(t)A +g(t)I 

where . I is the Identical mapping of · V gives us .the sam!;! contractions of 

algebra L as the family C(t) = t"A + tn+l I where n Is an Integer 

greater than .;..z. Th~ case n =. 0 was studied earlier by Saletan and the 

case of natural number n ~as dlscused by Levy -Nahas f2J. 

• This paper is in final . form. and no. version of ·it will be st,~bmitted for 
publlcatlorl, else where. · .· . . . . . . 
Author·· gratl tudes. Razlskovalna ,skupnost S1ovenije for the . SUppOrt, . contract·· 
number C 1 :.:050 1-1 01.,-1988. . · 



· Further mo~e if!~. possible to· assume that :AI~ =;:IJ'vt,· because . . , linear '· 

mappingS give LIS contracted algebras lsomorphlcal to .the ones obtaill~d . this • 
·\Yay~·The proof. of this statement asiwellas the conditlonsfor the .existence 

of. the contrac~d. algebra were. given by Mlmura ,[I]. If. n = ·-l· . then L1 ~ mus~ · 

··. lay In V1 and {A L)Z .· must be .equallo. 0~ For: nonnegative n 'there 

.. are· the·· following · condi tlons: actlng by , A n times , on . each ofthe elements. . 

[w,.xl, [x, Ayl ~ A[x, y] and [Ay, Azl-A(6 A)(y,z), where 

w, x e: \h y, z e:Va and II is a coboundary: operator, acting onspace, C1 (l, L) 

wemusf always reel eve an element fr~m V 1 ~ When these conditions are 

. satisfied we . reel eve·, contracted algebras·.· with· the· following •comutators (elements .. 

w, x, y, z as In conditions above): 

.. · .. · [w, x]•·· = . o, [x, .yl" = [x, yl,· [yl z]• 

[w, x]• .,[w, xl,,[x, y]•,,. {~t.Yl• +,fx, Ay]lt.(y, z]• =fAy, AzJ1 + ·. 
·. . . .. · ... · . .• : · . ·.· · . ·. . ·· ·.. · +(II A) (y1 z)a If n =' 0 

[w, x]·=.{-A)0 ... l[w, xl·,Jx, ;]• = (-A)n-l([x, Ayl- A [x, yl)a, 

(y, z]" = (-A)n-l([Ay, Azl':" ·A(IIA)(y, z)).; fQr aU natural numbers 

2. Examples · 

As· .an example of Lie algebra contraction we~ II study the algebras obtained by 

this technics from the nilpotent part· of a classical simple. Lie algebra Ay 

Denote the basis of this algebra as '\= E1,z• ez= E2,3' e.,=+El,Y e4= E3,4, 
e6 ,. E2,4 and e7 z E 1,4 • Than the bracket operation hi A3 looks like this: 

{ 
. el+J' If I+~ { J, 6, 7} and I< J 

[ e1, e1] • · - el+J' If l+J e: {J, 6, 7} and l>j 

0 for all other Indexes I and J 

a) Let e3, e6 and e7 be the eigenvectors of operator A ·with: eigenvalue I 

and Ae4 = e2, Ae2 = e 1 and Ae1 .. 0. Then the Mlmura·s contrection 

conditions· are satisfied for all lnte<jer n>-2 and we recleve the following 

nonlaomorphlcal algebras 

If n • -1: [e) e4]• = e3 , [el' e6J• • (e3, e4J• = e7 

If n • 0: [e2, e41• • e3, [e2, e61·. e7.0ther commutators of baslcal 

elements are In both c111e1 equal to 0. The bracket operation Is extended 

to the whole algebra by blllnearlty and anticommutatlvlty !awL 

Flnaly for all natural numbers n the contracted algebra Is abelian. 
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b) If we now define operator A eo that the ellfl'lenta e 1, a2 and e6 wiU · 

be Its eigenvectors correapondlng to tlw elgerwelue I, while ellfl'lentl e3, 

· e4 and e7 will lay In the kernel of A the contracted· algebra will exllt 

only for netural numberl n and will be lllomorphlcal to the second 

algebra from C8l8 a) If n • I. For n > 1 tlw contracted algebra II 

abellllll again. 

An Interesting situation appears If we auppoee that the operator A generating 

a contraction ·Ia Itself .a derivation of. algebra L. That meane that for each 

pair of elements x1 y c L we have. A[ x, y] •[ Ax, y] + [ x, Ay]. 

THEOREM I. !! A J! ! derivation of .!!i!!!!! L ~ !! ~ generate ! 
·contraction ·.21 .!!:!!! ·algebra !! and onlt!! !! satlsfl• J!!! following conditions: 

L1 C:V1 and (AL)• .. o ~ n·-1 _!!!! 

V: ; (V., AV1], (AV1 ) 1 £! translated Into V1 -~ ll:!h power of operator 

A for all nonnegative Integers . n. 

·. Proof. The prescribed co~ditlons as well as the' next corollary follow' out from_ 

· general conditions for C)perators genaratln~ contractions. (see_ Ul) '.ffwe use the 

definition of the ·derlvatlon;as an 1-cacycle give~ above •. 

__ COROLL~RY.~- !! A_ .!! ! 'derivation ~f algebra >L generating ! contraction · -· · · 
· -:of.!!:!!! algebra then t~e ~ bracket operetionlooks!! ~ , · . __ . ·. ·- · · ·. · .. 

( w~. ~]; '=· 0, (x, .Yr ,. ,t\~ 1 [Ax, y l and [y,- zl" ~ [y, zl f6~ \ n = -I·: . ·.- ' <· 
~· . .' ··'' .'·: ·-.:·:'-. ·. ·· .. : -:·:.·,:·· 

·· ·cw,. x]: .·:A-1IAw,:AxJ,:•·cx, yJ;'=~A.;. 1:tAx;·AYl~: +_[Ax, .yl.,:.·· and-·:· 

- · : [y, -z]~~ ::A-1'[Ay, Azh for n = 0 '-
· n 1 - · · -- .- -- · ·_·· · .:_··_. · · 1 · ·•···. '·--. -- ·· t w, x]" =: (-A) -. [ Aw, _Ax], , -. [x~· y]• = ·-(.·A>"- [A• .x, yl~- arid 

· .. ·. . . ,·' ~·- ... · .. -
, • [y(z ]":='.(-A) .. JAy, Azl, · -~,po;!itlve= · 

He~e.:~txt:Vs'arid~·-·y, z£v •• · . 
_-,.;,· ,.>.' 

: .. If we_ apply to. this expresions the • definition of a derivation. and)he conditions 

. ---.. -.· of· Theorem. ~~ . We can. • 9!!t ~:more. COITipact. d~scrfptio!" for. th.~ new. operation: ' ' 

It' h.= -I· then · V1 becomes abelian other commutators are unchcm.ged , 

If n = 0 \, then [u, v]" = A-1tAu, Avl 1 for all uJ vc V, while for positive_ · 

_ . ".· ·and the ;$ame; u, v .·~e have:;.[u, ~1· ~ (-A}Il-l[Au, AvJ.·~ . . · ·· 
.' · .. · ; : ~ :·.: .··.~ ' ': .' ·' .. - ' 

. ':' .. ·· 
·. i· 

:'.:.· .. ··. . .. , ... 



4 •• cOntractl~ns of free. nilpotent u~ ,algebras 

let-·L• be a.'rreeLie·aJgebra with N·• generatorit •ef• e2 , ••• , eN~· Thenthe 

factor algebras· lJ(L •)d+l, d' !>1 we '~aU free ;nilpotent Lie algebras .wlth N 

gen~rators of order d ~ We define a linear mapping A' ' . on . the ·generators of · 

this algeb~a- so. that \h~ flrst · k . oFthem will lay ·In kerriet of. some pqwe~ of 

operator. · A· and the other wlil be Its eigenvectors with eigenvalue 1. U;.Is 

possslble to extend ih unique way :this operator to the whole algebra so that it 

will become a derivation and we'll denote this extension by A. What we .are 

going to do now . is .to describe aU contraction~ ~f free nilpotent Lie' algebras 

that· caq b.e obtained by .. such operators. 

THEORE:M . 2. ·. ll n .-.• ~ - i (Mfmura'·s contraction) thal'l. the: only poss:ib!Uty-~ 
N = d = 2 ·· and the contracted algebra _!! lsomorphieal to ~ initial. · 

~· In· this- case according to the conditions. of Theorem I . L1 most be 

Included In ~ , while' the square of t~e last one must be o. So N d = 2. 

really Is the only posslbll1ty. 

THEOREM 3. !f n = 0 (Saletan' s contraction) then A-\4. = 0 or d = 

3. In first ~ we recleve ! free nilpotent Lie algebra of ~ d with n:..k 

generators. 

Proof. · From Theorem we have ·(A" )1 · = O,so the dhnenslon• of . A·V. 

must no be greater then 1. If It Is 0 , than the contracted algebra Is obtained· 

by a.lrnply throwing .away the first k generators. in the second cese 

2 and d must be 3. The generator that is eigenvektor of operator 

eigenvalue 0 will lay in the center of contracted algebra L". 

dim V. = 
A for 

THEOREM 4. For ~ n .!!2! contracted algebra always exists and Its 

structure depends ~ ~ structure.~ the nilpotent part of 'operator A. 

Proof. The first two coopttlons from Theorem I are satisfied auUmaUcaily 

but for ~ last one we must have An(A V1 ) 1 = 0. We' II recleve nonabellan 

algebra only If U • AmV ~ 0 while AU .. 0. If U Is spanned by element • 
e 1 and Am-I V1 by Aa 1 than n • d m -3 and the only nonzero commUte-

. m-1 
tor In L• Ia [e,_ (e, ••• [e, Ae] ... ]J • • [BI' [e 1 ·- (el' A 8] ···]) 

where Arne • e 1• If there exists such a linearly Independent with Att vector 

f that V, Is a direct sum of Ker Am-I end the aubspace apannned with 
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Ae, f than we have as much nonzero commutaton In contracted algebra as 

much such linearly Independent vecton exist and n must be equal to dm - 2. 

Tha last case that happens Is when the dlmenaon of Ker Am Is dim " - k. 

In this case to recleva a nonabell., contracted algebra n must be dm - I 

and the number of nontrivial commutaton In tha · new algebra Ia equal to 

[Y] (v( d>\ 
1 .r 1 r(l) r(d - I) + (d -I - 2[Y) .> 2""1. J 

where r(l) Is the number of baslcal elements of lenght I generated by k 

genera ton. 
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ON A GENERALIZATION OF TRANSITIVE QUASIGROUPS 

Mirko Polonijo . 

Abstract. The present note shows that for every quasigroup 
(Q,•) possessing an element 0 c Q such that the identity 
ab•c = a·(~·Ob) (resp. a·b~ = (bO•a)•c) · holds, there is a group 
(Q,o) and its involutory antiautomorphism • satisfying xy:xo,y 
(resp. xy:yo,x). This is a generalization of a result ~or right 

(reap. left) transitive quasigroups,. in which case there is a 
-1 ( ~1) group (Q,o) such that xy:xoy ·reap. xy:yox .• 

. J.M.Cardoso and C.P.da Silva defined in (1J the notion of 

Ward quasigroup a$ a quasigroup · (Q,~) which satisfies the fol­

lowing cons~raits: 

(Wl) . There is 0 E Q such that .. aa:O for all a E Q 

(W2) ab•c=a•(c•Ob). for ·the element o postulated in 

· (W1) and all a,b,~ E ~-

They proved that if (Q, •) ' is a. Ward quasigroup and . o 

the binary operation 6n Q defined~ by xoy:x•Oy then (Q,o) .. 

, is a group and. xy::ieoy-l 1 Where ,-f is the inverse Of Y E Q 

This paper is in rlrial f6rm and no version ·• of. it wiiL be 

·submitted .for publication elsewhere. 
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•'. (. \ · .. 
in the group. (Q,o). Conversely, "if·. CQ,o) 1 fs a -group .. a.n9· 

th~ binari operation on Q defined by . xy -1 - xoy then 

.it is easy to check that (Q, • ). is a .Ward quasigroup. 

The author proved · irl [ 3 J. that 'the axioms (li11) .and ( W2) 

in the definition of a'ward quasigtoup ~ould·be replaced by one· 

axiom, i.e.· by the. law of right traniitivity, {2): 

(RT) ac•bc = ab , for ~11 a,b,c & Q • 

Since the law of right~ transitivity is the (13)~conjugate.of 

the associativity,_ Cardoso-da Silva's result follows immediately. 

Analogously, one can prove"that the law of left transitivity 

(LT) ca•cb = ab 1 for all a,b,c & Q 

in a quasigroup (Q, ·) is equivalent to (W1) and (W21 ), where 

(W21 ) a •be = (oO•a) •c , for the element 0 postulated in (W1) 

and all a,b,c & Q. 

The purpose of this note is to describe the structure of 

a qua8igroup (Q, •) which satisfies only (W2), resp. (W2 1 ), 

i.e. more precisely, for which the following condition is valid: 

( W) There is 0 c Q such that . ab•o = a•(c•Ob) for all 

a,b,c E Q, 

respectively, 

< w• > There is 0 E Q such that a•bc:(bO•a)•c 
' 

for all 

a,b,c E Q, 



The following example shows that (W) does not imply 

(W1). Take the symmetric group (s3 ,o) and define a new 

binary operation on s 3 by the equality -1 xy:xoaoy oa, 

for a=(23) and all x,y E s3• It is easy to check that 

(s3,·) satisfies (W), taking the identity permutation for 

0 , but (W1) does not hold since (12)•(12):(132)~(123)= 

=( 132) •( 132). 
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Let us suppose that (Q,•) is a quasigroup in which (W) 

holds. Putting a=O in (W) , it follows Ob•c=O•(c•Ob), which 

implies 

(A) xy = O•yx 

for alL x~y t Q. Hence Oy:O•yO, i.e. yO:y which means that 

(Q,•) is a right loop and 0 its right unit. 

Therefore, if (Q, •) is a loop then 0 is its unit and 

•b•c=a·cb for all a,b,c t Q. Sirice ab·a=a•ab, (Q, •) is com-

mutative an~ the associativity follows, i.e. (Q, •) is an ~belian 

group. 
') 

Si~ilarly, if 0W 1 ) is valid for a quasig~oup (Q, •) theq 

it is a left loop with the left unit 0 and 

(AI ) xy = yx•O' 

for x,y t Q. It implies that a loop (Q,•) satisfying (~ 1 ) 

is an abelian group too. 

Obviously, for any abelian group the constraints (W) and 

(W 1) are fulfilled. 

Now, we shbll call our attention to the quasigroups satisfy­

ing (A), resp. (A 1 ). 
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PROPOSITION 1 .. Let (Q~·) be a qua~igroup fo~ which 

exists an element 0 E Q such that (A) (resp. ( A1 )) holds for 

all x,y e: Q. Then there is a loop (Q,o) and its involutory 

antiautomorphism qt such ·that 

xy = xoqty (resp. xy:yoqtx). 

Proof. If (A) is true, define the-bijection qt:Q- Q 

by 

qtX = qt(x) = Ox , 

and the binary operation o on Q by 

xoy 

Because of O•Ox:x , we have 

= X"f!IY . 
2 , :1, where 

Q, and therefore 

Xoqty 2 : X"qt y : xy . 

Since 

xoO = x•OO = xO = x 

Oox = 0 •Ox = x , 

is the identity on 

(Q,o) is a loop, and it remains to prove that , is an antiauto-

morphism. Indeed, we get 

,(xoy) = qt(X•qty) = qty•x = qty•qt(qtx) = qtyo,x 

The proof for the case (AI) is similar and we omit it. We shall 

do the same in the sequel. 

COROLLARY 1. If ( Q, ·) is a guasigroup and there is 0 e: Q 

for which xx=O and (A) (resp. CA1 )) are valid for all x,ye: Q, 

then there i~ a loop (Q,o) such that 



where -1 y 

-1 xy = xoy (resp. xy = yox- 1) , 

is the right inverse of y in (Q,o). 

Proof. Let (Q,o) be the loop defined in the ·previous 
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proposition. Then 0 

-1 

-1 is its unit and we have to prove cpy:y 

Since yoy :0 , i.e. y•Oy- 1:0, it follows Oy- 1:y because 

of ( ) -1 -1 yy:O, and therefore ' y =Oy:O•Oy =Y . Note that 

the left inverse -1 y 

since - 1 y oy:O, i.e. 

of y is equal to the right inverse 

-1 - 1 y ·Oy:O implies y =Oy. 

- 1 y 

PROPOSITION 2. If (Q,o) is a loop, cp its involutory anti-

automorphism and the binary operation on Q defined by 

xy = xocpy (resp. xy:yocpx) 

then there is 0 E Q .such· that (A) ( resp. ( A1 ) ) is fulfilled. 

Proof. If 0 is the unit of (Q,o) then we get cpx:Ox 

and hence 

O•yx = cp(yx) = cp(yocpx) 2 = cp xocpy ~ xocpy = xy . 

COROLLARY 2. Let (Q,o) be a loop in which the identities 

( -1)-1 ( )-1 -1 -1 · x = x , xoy = y ox 

hold and define the binary operation • ~ _Q 2_z 

·XY 
-1 xoy (resp. - 1 xy:yox ). 

Then there is 0 E Q such that xx=O and (A) (resp. (AI)) 

are valid. 



.Since the condition. (W) (resp •. (W1 )) impl{es {A) (resp~ 

(AI )) , we can apply Pr.oposition 1 and i ~s proof to a q\la'sigro(.lp 
. • .· I. ·.. . . 

(Q,•) satisfying (W) (resp. (W )), and prove that the loop 

(Q,o) defined by' xoy"X''I'Y (resp. xoy=Y''I'X), where 'J'X=Oi, (resp. 

·'l'x=xO), is a group. Namely, the .binary operation o is· associative: 

(W) .·. 2 
{aob)oc = (a•'!'b)•.,c =a•(<pc•<pb).= 

(A) . 
= a•(<pc•b) = a•.p(b•opc} = ao(boc) . 

Therefore, taking. into account. Corollary 1, too, we have the 

following propositi6n. 

PROPOSITION J, If (Q, ·) is a quasigroup sa.tisfying (W) 

(resp. (W 1 )) then there is a group (Q,o) and its involutory 

antiautomorphism 'l' such ~hat 

In addition, if xx=O ~olds, which means that (Q, •) is a. right 

(resp. left) transitive quasigroup, then 'PY is the inverse of 

y in (Q,o) ,i.e. 

-1 xy = xoy 

The converse holds too: 

. -1 
(resp. xy = yox ). 

PROPOSITION 4 •. Let (Q,o) be a group, ., its involutory 

·antiautomorphism and ~ the binary operation on Q defined by 

xy = ieo,y ( resP., xy:yo,x). 

Then (W) (resp. (W 1 )) is fulfill~d in the quasigroup (Q,•). 
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Proof. If 0 is the unit of the group (Q,o), then we 

have •x=Ox and therefore 

ab~c = (ao,b)o,c = ao(,bo,o) = 

= ao,(cob) = a•(co, 2b) = a•(c•,b) = 

= a•(c•Ob) 

If the group (Q,o) in the previous proposition is abelian, then 

we get 

i.e. ab:Ob•Oa (resp. ab = bO•aO) ·for all a,b e Q . Conversely, 

let (Q, •) be a quasigroup sati~fying the assumptions of Propo­

sition 3 and the identity ab:Ob•Oa (resp.·. ab:bO•aO). Then the 

group (Q,o) defined in the proof of Proposition 3. is abelian, 

since 
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PliTTI NG N LOOPS TOGETHER 

SlaviC& B. PrR~i~ 

Aba~rac~. WR giv• a BASIC program by which on• implRmRn~s ~h• follow­

ing n-loop algori~hm 

For i = A ~o 8 
i i i 

CD For i = A ~o B 
n n n 

CCi , ... , i J 
1 n 

NEXT i , ... ,i 
~,_n .t 

At. :first. consider t.he :following general equivalence 

C2J 

For i=A ~o 8 

CCD 

Nex~ i 

i=A 

< -----> C*) CCiJ 

I :f i < 8 ~hen i =i +1 : got.o C *) 

Suppose now t.hat. n,Ai.,8i.,CCi 1 , ..• ,in), t.he objects appearing i Cl), 

are given. Then by means o:f C2J one can easily ·.~rove t.hat. t.he algo­

rit.hm Cl) is logically equivalen~ t.o t.he :following one: 

C3) 

i =A 
. i t 

i =A 
. r r 

i=A 
n n 

CCi , ...• i J 
i n 

I:f i <8 t.hen i =i +l:got.o (*) 
n n n . n 

Ir··:'ir<8 t.hen ir=ir+l:ir+'t=Ar+t: ... :in=Bn:got.o (*) 

I:f i\ 1 <8 1 lhen i 1 =i 1 +1:i 2 =A 2 : ••• :in=Bn:got.o (*) 

1Thi,;. p;ap .. r. i,;. :in f'inal f'orm and no vero;;ion of' it.. 1 will be submit."t..ed 

(or oubli cat..i on el.swherE?. 
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To implement. C3) in BASIC instead of" if., ... ,in we shall- employ the f"o­

llowing array notations FC1), ... ,FCN). Accordingly a BASIC program !"or 

t.he algorithm C1) reads: 

10 DIM FC1000),AC1000),BC1000) 2 

15 INPUT N 

20 FOR 1=1 TO N:INPUT ACI),BCI):NEXT 

50 FOR I =1, TO N:FCI)=ACI):NEXT 

60 
3 

c 
70 FOR J=N TO 1 STEP -1 

80 IF FCJ)<BCJ) THEN FCJ)=FCJ)+1:GOSUB 200:GOTO 60 

90 NEXT J 

100 END 

200 FOR I=J+1 TO N:FCI)=ACI):NEXT I 

210 RETURN 

EX.;.,MPLE. Hl!re we list. a program !"or printing all !"unctions F:<1, ... ,k) 

--> {1, ... ,n) with input-variables k ,n. 

10 DIM FC1000) 

20 INPUT K,N 

30 FOR I=1 TO K:FCI)=1:NEXT 

35 CN=CN+1:PRINT CN;" function is:" 

40 FOR S=1 TO K-1:PRINT "FC";S;")=";FCS);",";:NEXT S 

45 PRINT "FC";S; ")=";FCS) 

50 PRINT 

100 FOR R•K TO 1 STEP -1 

120 IF FCR)<N THEN FCR)=FCR)+1:GOSUB 200:GOTO 35 

150 NEXT R 

180 END 

200 FOR I=R+1 TO K:FCI)=1:NEXT !:RETURN 

2 The number 1000 is optional. 

•c may be a condition Cor a block) containing the para~t.•rs FC1), ... , 

FCN). 
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Abstract. A coequality relation on the ••w wa• intro­
duced and studied b7 the author in the pa~ers [7],[8],(91 and 
[10]. Generalizing classical results on rings and module• and 
some constructive results of Richman ([61) and Ruitenburg 
([11]), general theory of rings and modules in Bishop's con­
structive mathematics in nondiscrete case was demon1trated in 
this paner. Using the technique of {71 we explained some re­
sults of modules and homomorphism• of module•, and finite and 
infinite sums of modules and their application•• · 

o. Introduction 
For all notions of sets and functions in Bishop'• con­

structive mathematic• which we. use here, the reader is refer­
red to the papers [1),[21,[31,(91 and (101. The paper•l5l and· 

[13) contain elementary. definitions and basic facts about.finite 
and infinite. sets and the napers [41,[61,[71,(81,[111 and[l2l 
contain algebraic structures whicp will be used here. 

. . 

· 1. Preliminaries 
In clasa:i.cal,mathematlcs the identity relation'h. com­

nletely neutral, it doesnot in.t'luence~ and. it .is notintluen­
cedby.the nronermathematica. The situation is. completely di-

. . 
ferent inBishon's.constructive mathematic•· 

. . . I am. thankful to Professor Fred Richman (Las Cruces . 
New Mexico.state University, USA) for his help .and suggesti-
ons .for th1s naner. · · .. ·· · . ·. ·.. · 

AMS Subject Classification (1980): Primary 03 F 65; Se-
condary 13 A 15, 13 C 99t 13 E 15. · · 

This naper is in 1ts final fol'ID and no version of' it 
will be submitted for publication elsewhere. . ··. ·· .. .. . . . 

· This paper is a part ot.reaearch work "Prsteni i moduli, · 
konstru. kt!. Vno shv .. atanje, ( op. at.a· .. ·· teorija) 11 .. BU. pported by the .. ViSa 
tehnicka skola u Bihacu (NIRz 09-2174/85). ·· · ·. ·· ... 

- . ',' : · .. -,-. ,-· . 
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.. •:,_. i~~i ·.Ec;juali.tl~ >An:. egttalit£.1:-~iatiem·~'"'·~ ~~~-t:t~~ c-J'ls.ss:•iN>_:l: 
satisfies tpe folow~ cond.itiOnSF ~ ., . 

. : .·. (1) .·.... (¥XE:X)(;~t .• x), - '. ··: , 
·---.•. --._ ·,(2J ·. <······. <'~:q~xJ<:X: o.-'y:...... y; ... :x),. -· 

(3) • ·· • ,_ .. (¥::~cyz E:X)(x • y " y • z .....,. 'x =; z)~ 
> . - . H41v shoUld we understand. an. equ~iiti X = ;y?. There; seeni ·. t~i.~e ..• ·. · ...... 

. two .possible senses I; (;i.). both•::.X anc:t·.y ~x;i.st•:.and :are/equal,·. and . · · '' · 
. , . '. : -. ( ii). it e_lther x or · ·· y :' ~xists; . < • ·: : -s·o:; doe,a.':tl_le: ~·other and t:heY _., · ·. ·. ·. · · 

·· 11re ,_equal. _ ... · • · :.. ··· · ·· ... · · .. 
·· · . ~t· X- be a.'olass~-~th~~~--is,-iet-~ :deseri.be: what, is 'the_~ · 

·:construction Kx ·of ~- class>X· !Often,_-.the•-construotion·:Kx\of a .· ... 
c~ass X ~nd our ::intentio~. at _-the sel.~ction;•ot the·· Kx ._sugges_ts _ 

. . . . . a defini tion::_of the . equality' relation which• 'i ••. not. anp.rop:riate.: 
.tor· investigil.tiO~ . or:. it ~ha~ no. p~op~rty .~bich_ ~e . e~oepted''_fl'Om . it~ ... -.· ' 

: Th~refore ~ we· · i: ·define_: lin •orderiri$>'relation .ori ·equaiiti· re18..;- .. · · · · 
. tion,..1 ~ ·~-as .follows: · · ·:··: :· : .. ·:. '• · • _ . . · . ··. 

1111 <. ~2 +-) (¥xyE:XJ(x_ ~2·Y.- X •1 Y_)~ 

·. _1.2. Sets. Bishop. (11~) ·dascribes the constrll.cti.ori of.·. 
a· set aS .a three stage . process • first,' one· must desdribe . what .· . ' . . . ' . 
must be d.o~e to construct an arbitrary ·demen-t o;( x. The-. co;.. 
responding construction: is denot?d by Kr :_· · 6econd·t· one.· must 
describe what must be done to prove that two· arbitrary elements 
of X· are equal. 'Third, the equality relation satisfies (1), 

(2) and. (3). Therefore, a set is an ordered pair (X,R) compri­
sing s class X and the equalit;r relation R on x. We. usually 
speak ot 11 the se.t X with equality R11 , and write x • y instead . 
(x,y)E: R. 

Let (X,•) be a set and let Y and Z be subclasses of x. 
We say that Y is a subset of z, writen .Y s z, iff 

(\tyE- Y)( 3 s ._ Z)(:x: • y). 
In the. class N we define 

(¥nmE:U)(n •N m ~ n em). 

The .set (N,•H) is called the sat of natural numbers. 

If X aDd. Y are C'lassea, there is a c1aas X 'JC Y whose 
members are exactly the pairs (:x:,y) such that x belonsrto X 
aDd_y belongsto Y. If (X,•x) and (Y,•y) are sets, then there 

is a natural equality relation on X x Y defined by 



(x,y) • 4 (u,v) .-+ x •x u A y •y v , 

which turns X x Y into a set. 
If (X,•) is a set and if 

(:!l::x;rE X)(11 (x • y) __,. x • y), 
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then we say. that the equality relation • on. the class X is 
stable. The equality relation on the set (N,•N) is stable. 

1.3. Diversity. Let (X,•) be a set and let x,y be arbi­
t~ary elements of X. Ineguali~ on the set (X,•) is defined 

b'4 ,(x • y), where x,;YE:X •. The inequality relation on the 
set (X,•) satisfies the folowing conditioner 

(:r.txE:X),(x • x), . 

(¥xyE- X)(1(x • y) ----t 1 (y • x)), 
(:!lxyzEX)(,(x • z) A Ey ._.,.,(x • yAy • z)), 

where E is theexistence predicate in Scott's sense ((11\,[12\). 
Iri Bishop's ()Onstructive mathematics there is a "posi­

tive" theory of inequalities. \ve decid~. to use a diversity 
relation ".r'", in Richman's sens'e ({4-1), defined on (X,•) by 

(¥x E: X)l (x .,t x), 
(¥xyE-X)(x ~ y ---41' y yl x), 
(¥xyz €-X)(x • y 1'\ y yl z ---9 x" z). 

Clearly . 
(:r.txy~ X) (x. I y ~ I (x = y)), 

- . ' ' - . 
bat the converse, in general, is not valid. For the diversity 
relation, in Richman's sense, 

'(¥xyE X) (i (x·.r' y) -) x = y) 

is not valid." How are these axioms obtained? If we go back to 
1.1. the. axioms for the equality relations, we note the obvi­
ous parallelism. The .fi~st axiom .. we understand as irr~flexivity. 
The second axiom we understand as symmetry. The third axiom 
\'le tinder.st.E.l,.Ild as compatibility. In reading tpese axioms, "l1i 

must be taken as a:> symbol in :i.tsei.r, and 11 X )l y" must not be read · ! 

as an abbr~vation. for '(x "'· y). Therefore, we define the orde-
ring relation on· diversity '.t'elations 11 -< .r'2 as foll-ows: 

. Fl< F2 .<-~ (¥xy~X)(x 12 Y-> x ,tl y). 

1.4., Functions. Let (X,=x•Fx) and (Y,=y,ly) be. sets~ 

· .A mapping' f!X ~ Y .• is a function iff. 



(lln'~D(.t))(x. =x x'•··-+ :r(x) •y f(x'}),_.· 

(swf) ... ·· ·{llxx'E:· D(f))(f.(x) ~X f(x') --+ x J'~ ~,·)~:/ 
· .... ····A _-weaker notion ot · a :tunction is . g:i.ven by. the <condition 

(wr) ·(¥u'aD(f))("'1(f(x) •y-f(x')) ~ _, (x.ax .. •x')-)~. 

. .· ... If the domain o.t f··is A, and· the eq\Ulli ty in A is ·stable, then> 
thb weaker,notion ot the. run~tion is· given.by,(.t) •. In general, 

the condition (swf)·· is. not equal to the·condition (f)~ . 

. . If ~(X,'") • is a set, a. predicate on :x; is a .:t'uncti~n A . 
. ·from. X to_,the s~t .(Q., '-""~)• Thus, for every eleiDent x in x, 

A(x) is a proposition, and if x .. x', then A(x)--.. A(x' ). 
. . . . ·. .•·.·· I . .··. 

Let (X;= ,J') be a· set and let ·A be. a. predicate • on a .Class ·· 
·.X. corresponding toA,we have the subsets • {xe-x:Mx)}. 'l"t.' 

construct an element -of Sit is neceSJa.r~·rir!'ltto oons"truct an 
element x of X, and then to prove· A(x). Two elements ·of' B are · 
equal as elements on (X,;,.,,t). Hence, it is not quite.correct 
to say that an element oilS is an element of X; it is more 
thin an element. of X, since j,t carries the additional structure· 
of a proof of A,(x). This construction describes a construction o; 

the class ~ which consists of. all subsets of the set. x~ .It Y 
and Z are subsets of. X, we define 

·. Y ""2 Z Cj-+ Y~ Z 1\,Zc;;&Y. 

Let (X, • ,,') be a set and Y one of its subsets. We define 

(llx"- X)(x + Y ~ (lly~ Y)(y " x)). 
Tbie notation is. ·new in conatruotive mathematics and it makes~ 

possible to determine the diYerait7 relation in the aet 21 aa. 

follOWBI I 

Y " 2 Z ...,. (3yE Y)(y-. Z) V (3ze- Z)(z +Y). 

A description of a construction of a function !:X --.y 
consists a class P(X,Y) ot all functions from X toY. If r,g~ 
~ P(X,J), we define 

.t •p g..,.D(t) • 2 D(g)I\Im.t • 2 Img 1\ (¥XE:D(t))(f(x) •y g(x)). 

Remark. 2X is just J(X,~ ). Note also that the power­
-aet of a aingletan is simpq 2 . 

1.5. The basic definitions. Let (X,•x•"x> and (Y,•y•"y) 
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be sets and f:x·--. Y a function. ~or a function f we aay that 

is 
- total iff 

(VxE: X)(Ef(x) /1. f(x) ~ Y) 1 

injective iff . 
(Vxx'E D(f))(f(x) •y f(x') ... x •x x')l 

- an embeddine; iff ( [lll) 
(¥xx'E D(f))(x ~X x' __. f(x) ~y f(x'))l 

- surjective iff · 
(V;yE: Y)(Ex" x:- ··~1')" .1 -y !"(X)Jf 

- ti..i.;it~ctive iff a .function f is total, injective and 

surjective. 

Let (X,•) be a set. For an element x of X we say that 

it is discrete, iff 
(V;yE:X)(;y • XV ,(;y • x)). 

For the set (X,•) we say that it is discrete iff every element 

o.f X is discrete, i.e. 
( :r,t:iey €- X) (X = y v 1 (X = y )") • 

Let X be a class and Y its subclass. Then Y is detachable 

in X iff ([ ll ) 
(¥x~::-x)(xE:Y v 1(xE-Y)). 

When used e.s. notation for· functional relations, 11 .- ", 

i, __.,,. 11 arid u ~,. " take their famiiiar meanings: 

(i) .f:X - Y iff f is a mapping f:r;om X into Y~ 
(:i..i).f:X:-Y iff f is a niapping. from X onto Yr · 

(iii)· f:X.,._._ Y iff f. is an injective mapping f:~:"om X into Y. 

(a) '.i.'he set X is strictlY. finite iff 
·.·.: (.3 n~ N)(31') (f:fi ~X); 

(h) The set r: is finite iff. : 
{3 nE=- N)(3f)(f:n _,. Y};. 

(c) Th~ set, Z is subfinite iff ... ·· . 
. (3nEN)(.3A<;.n)(31')(f:A ~7X): 

. Remark. For details about above see the papers by Tro- · 

elstra, Grayson and McCarty. ((14l,f2l;f5l ) • 

. •.·be 



tion on Y, over X; • 
b) .I!: z .;eX, then we say that 

~ · on X over Y; . 
c) If X ~:Y<!!: :Zi, .tlien we 

· ration on x. . . . . .·· · .. ·· . . . . . . . . . . 
d} ·The· structur~ (X,'=,F;f) is called aetupoid,}where 

(X,=,.r') is ·a set and where i is an internal·. operation on- X; 
e) Let (X,= ,.r', f) be a· grupoid wlb.ich has an element e. 

We say thatX·i~ a monoid iff it satisfies the !ollowing.pro~ 
. ... ' . -_·- .· . ·._ . -·':··'· ... .-·._-_, 

parties:· 
(¥xyz E:-X) (!(x,!(y, z)) = !(f(x,y) ,Z:)), 

(¥x E X){.f(x,e} ... · :x: ;._ f(e ,x)) r.· 
f) A grupoid (X;=,.;!,i') is called a. group pas. 

·,. . .. ---
an element . e and · satisfies the following conditions: · . .-·. . .. ,. . 

(¥xyz~X)(f(x;f(y,z)) • f(f(x,y),z)), 

(¥xE. X)(f(x,e) • x = f(e,x)), 
(¥xE X) (3 x 11 E: X)(f(X!X11 ). • · e, • f(x" ,x)). 

The group (X;;..,,t,f) is Abelian if it 
(¥xy E: X)(f(x,y) • f(y ,x) ). 

LEMMA 2.1 •. y ·!& ~ E!!! elements 2£ ~ Abelian group 

(G,=,.r',+) !! discrete, ~ E!!! ~ G !! discrete. 

Proof. !ee [?1, Lemma 2.1.· 

LEMMA 2.2. ~ (G,.,,t,+) ,E! !a Abelian~· ~ 
(¥Jcy~E G)(x ,t Z _,. X F y V y " !ii)o 

Proof. Bee r?l, Le~ 2.2. 

DEFINITION 2.2. A ~ is a set (A,= 1.r') which has an 

element o (zero) and two internal binary operations "+ 11 and 
11 ." (totaL functions from A ,. A to A). These operations have 

the following properties (we write ab instead of a.b): 

(¥abc E= A)(a+(b+c) • (a+b)+o), 
("'a~ A)(a+o • a), 
(J.ta E- A)(3 bE A)(a+b •• o), 

(J.tabEA)(a+b • b+a), 

(\tabcEA)(a(bo) • (ab)c), 

(J.tabcE:A)(a(b+c) • ab+ao), 

(¥abE A)(ab • ba). 



Binc'e "+" and n. 11 are total functions, we have 

a • a' " b • b' - a+b • a' +b', 

and 
a • a' 1\ b • b' .... ab • a'b', 

ab ~ a'b' _, a ,J a' " b ~ b'. 

A ring A bas a ~ ot A iff 
1E A, 
0 • 1 v 0 ;. 1, 

It o • 1, then A • (o). 
Ii' o ~ 1, then (\ta(:-A)(a.l • a) • 

. LEMMA 2.3. ~ (A,.,yl,+,.) ~.!. ~· Then 
(¥abE:A)(ab ~ o ._...a~ o "b ~ o). 

Proot. Bee [121, Proposition 8.4.10. 

Examples I: a) 'T'he sets z, Q and R are rings. 
b) The ring of formal sequences.A[XD over the ring A 

is the set F(N,A) witn.equality and diversity relations given 
by 

t =F g ~ (¥nE-N)(f(n) .. 4 .g(n)), 

f rF g (,- (3n&N)(t(r:-) ylA g(n)) 

and the c;>perationsgiven by 

(J,En~N)((f+g)(n) •A f(n)+g(n))~ 
'?\ 

(:VnE:N)((.fg)(n). •A L1~f(i)g(n-i)). 
c) The ring of polinoJ!lials A[Xl. is the subse·t ·of< Al{Xll 

defined by• · . . · .·. ·. · · · · . · 
fE A[Xl <.-> (3rie-N)(¥jEN)(f(ri+j) =i o)~ 

DEFINITION.2.3. Let (A,=,#,+,.) be a ring and let 

(S,=,,l)be its ~ubset. 
·.a) an ·ideal .of A ifi' · 

~ 

,.aE-S ~ -aes,· 
a GS Y ))€: S ,.;.4·. 



· .. ;, . ... : .... ·.\ 

·.·.; · .. 122·.··· .. ·.·. .·. 
···~· 

.·.·· .,:> ---~~· -T~e·· e<l\l~li~y .~elQ~io~"~M. o_~- M .. -b.,a ,c.ongru~~ce ~n• M .· 

.... and the set,;(o) ~ ... {:lCE:M:x ;.M.o}_is a submodul& of M• - · · \. · •.. 

- .. · ·· ·••···. 2~ :··~,rhe .-·diversity ;elation r'M on M:_ ia··,;· coc6~gruencef-on M ·.•·.· · 

'and:the .s~t'M0 fl! {.x:e:-M:.xiM.ol,is,·aioosu~in~duJXo£·-M:. ·· ,.· . 
. . . · . . . . . .. .·:· '• ·.:. . . .. · . '· ... • ..... : . . 

. ro~ ~(~~b~v:• ~~::::d:: ~~~;•.k i; ~ot di~~ibi'·.~; ~}· .. · ·· · 
.· . 2~ The;~t-·;{:e.~:e(n,a):!f:(~)l>.~fisa cosubmoduleof.· ·'''· 

. ' : ·, ' ... ' ..... . •· .· . ".. ' ' '. ' '• ' .'-

the R-module of co·nt:l;xlOus functions from R·to ~· .• ·., ... · 
3,. [6 is. a. cosubmodule o.f M. ...... _,. '. . · . . ,;·,: ., . .. .. __ . 

. R$ma~kliJ. 1. If _the cosubniodille :()f r{ is in.h'~biteci~ then 
((3.XE.M)(xe H) :-+ .) l.xE;_IL -1 r'A .o. . 

c!-.. Let c"be a: cocongruence ·on ;the A.~·dule M· We.~b~ve · 
(ax, by)E C -. a rf.A b·v· (i,y) €:- C~ 

First,_ we h~ve 

(x,y)l: ·c <- (x-y+y,o+y)E c ·- (x-y,o)E c v (y,y)e o ~ 

..... (x-y,o)E- c.,. 
and 
(x-y,o)C ·C ·t-P (K-y,y-y)E c - (x,y)e.c v (-y,-y)e c -

-+ (x,y)e. c. 
Second, we have 

(ax,by)E C <_. (ax-by,o)£:- C - (ax-ay+ay-by,o)E C ...,. 

(a(x-y)+(a-b)y,o)E:- C ..,. , (a(x...y) ,o)~ C " ((a-b)y,o)E. C -> 

-o (a ;A o,.. (x,y)E: C) v (a -fA b "(y,o)E- C) -

- (X 1 y )E: C V a ., A b • 

PROPOSITION 3.1. 1! (~t,•,rf,+) ~ ,5 A-module !,!!5! R !. 
relation .2!! ~t, !!!!!! !a! R !! !. copgruence . .2a M ill.:£!!!. ill 
H • { XE M1 (x,o)~ R} !! ,! submogule ,2! M ,!!!!! (x,y)(: R- ~y~ R. 

~· Routine. 

PROPOSITION 3.2. ~ (M,•M,~H'+) ~~A-module ~ C 

! relation 2!! M. !!!!,e C !! !. cocongruence ,2!1 11 ill ~ ,!!L 
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P 11 \_xE:-Ma(x,o)·~ol!!..! cosubmodule ,2!: M !a!! (x,y)EO -

x-y ~ P. 
Proof. 

a) Let P be a coaubmodule of M. We define a relation 1\l 

on t-1 by 
(Jixy E: M) ( (x,y) £: C ...,. x-y E- P) • 

Then 
(1) (x,x) + o, beoauae P + o • x-x1 

(2) (x,y)~ 0 ~ x-y£: P -. y-x~ P ~ (y,x)E c, 
(3) (x,z)E- 0 ~ x-z ~ P - x-y+y-z f P - x-yE: P v y-z E-P 

~ (x,y)E: C v (y,z) ~Of 

(4) (x+u,y+v)E- 0 ~ x+u-;r-vE: P _.,.. x-yE-P v u-vE: P -

- (x,y)E 0 v (u,v) E:O' 

(5) (ax,o)~ C ~ axE: P - a "lA. o 1\ x~ P .- a rlA. o 1\(x,o)E: o. 
b) Let 0 be a cocongruence on the A-module M. Then 

(6) XE-P ~ (x,o) E; ·o .:#r(o,o) -. (x,o) "ld (o,o)-. x "IM o, 

(7) -xE:-P ,_, (-x,o)E:- C Q-e (o-x,x-x)E: C ~ (x-x,o-x)E: C .-> 

:->. (x,o)e- C v (-x, ... x)E: C -..:. (x,o)e- C ~ x '"P' 
(8) x+y ~P ~- (x+y,o}E- C - (x,o)E C v (y,o)E: C ~ 

<- xE-PYyfPt 

(9) axEP (._, (ax,o)E:C._.,. a 'lA o·l\. (x,o)EC- a "lA o/\xE:-P.· 

. PROPOSI'I.'ION 3.3. ·J&.! (M,:::N,;IM,+) .£! ! module-~ .! 

ring (A, .. A,;IA,+,.) Jm9: ~ G ]2!.! cocongruence .2!! 11 •. Then.! 
. . . 

relation 10, defined E.;l · 
(¥xyE M)((x,y)E-10 ~ ..... , l((x,y)E C), 

~ .! congruence ,2!1 M • such that iC -< ·.M • 

Proof. 
(1) · (x,x).-+G ....-+ .,((x,x)E:-C} <- (x,x)E;:-JC;. 

(2) (x,y)E 1C ~- i ( (x,y)E: G) """'> l((y,x)E: C) q..;!) (y,x)E. ""'\(); 

(3) (x,y)E- 1 C /\ (y, z) E:-:10 <-, l ( (x,y) E:-G) 1\ .., ( (y, z)E:-0) ,;_., 
" -·. ' . ; ' ' . . 

- I ( (x 1y)E C V (y, z) E: C) _.,. -, { (x, z)E G)~> (x, z)F1 C; 
. -·· ' ' .. . -· ' ·-·, -· 

(4)"(x,y)~IC ·.·r..· (u,v)E-10 <.=-t ""\((~,y)E- C)/\ l((u,v)E- c) ......; 

'l((x,y).E- C:Y (u,v)E-C)-. "1((x+u1y+v)EcC) <,:-l (i+u;y+v)E-1Cf 



. ~ . . 

·· ... ,-::i1,?~· .. 
. - .. i· 

. ~~ .. ; . ."; ;',."•. .·· ... 
.. ·.' ... - . :-:. ·' . ' 

t5)" aE A f:v. (x9;y)~""'\0; <.~ _aE- A,l\ I ((x,;y)E- O)' ~ l((ax,a;y) E O)c· .· 

·~ . , · .. · ·.. ;_~· (ax.;a;y)~,Q •. · -- ·. ~' ·. ·.: :. ·. . ': ·.·-:._: 

. . . . :: . ~ . . . ·.:; . -: . ~ 

: bOROLtARY 3~ 3~1. L$~. ~ be i uiod.ul~ .over.' a ring A ~~d·, ;, 
•!!!cos~bmodule· •. The~·. the· set <:"~P·';,;{x~ Mn(.x €;p) l!! ·.2.· ~t;bl~ ·•·· 
submodule. of the ~module M_. · · .· <·<· · · · · · · · · 

...... :·.'·. 
:-'.'·, 

.;;;..;;;.=----.. -···..- . . . .. .. ,· J•::··· 

. . OOROLLARJ: 3.3.2~ Le~ (t1'•M,;M;+), ~!!i:A:-mod.uie~: .. TBari: ...• 
·.· . .!!!! relation ... • 8 : .2a M, defined ~ . •· .. •.·••··. .. ...... . .. .. ·· 

· ·· .·· ... (~iy~M)(x.· ~s y .· .. .-···,ex ~~;y)),< ···· 

',:' ·.' ., ,,, ' • ~ ' ,•' :I ... 

. . · COROLWt 3.3.3~: Let •.M ~ an A-.modtil~;~;. Then ·t~e:·aa·~ ... 
1M0 a{xe-M:x·~s o}l:,!! stable submoci.ule: • .2! r1 ~nd ·{o)<:.IM0 ~ • ·· 

DEFINITION·'3.3 •. Let.M':be an.· A-modu~~' R: a• oorigrueiloe ·on.· . • 
M,:and c a oooongruenoe. on M. We.~ say. that. R .and ·c are,. compatible · .. 
it'f. 

· .. (¥xyzE:M)((x,;y)ER 1\ (;y:,-~)E:o' ~ (x,z)E:~)~ 

. THEOREM 3.4. J:!:!! (M,•M,;M,+) £!. .{~odule over ~ ring 

(A,•A•-"n•+,.),·R.! con.gruence .2!! M,, 0 .!, cocone;ruenoe.,2!! M, ~ 

..!!!. R ~ 0 .]2! compatible. ~ {rvt,•1 ,J"l'+') i!! module.!?!!£ 

! ring Am!! equality and, diversiy relations defined& 

(¥x;y (: M)(x •r ;y .-.. (x,y) E R), 

(¥xyE-f-1)(x ; 1 y <- (x,y)E: C) 

~ opera,1ans 

+' 1M"M 3 (x,;y) .._ x+'yE:- M, • '1AxM 3(a,x) ,._ a. •x EM · 
)}z 

Proof. 

x+';y E: {z ~ M1 (z,x+y) E- R} 

a.•x E{ue-MI(u!ax)E-R}. 

(1) x • 1 y A u • 1 v c.- (x,;y)c;: R A (u,v)E R --. (x+u,y+v)~ R 

- (x+'u,x+u)E R "(x-+u,y+v)E R "' (;y+v,y+'Y)E- ~ 

_ (x+'u,y+'v)~e:- R - x+'u • 1 ;y+'v ' 
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(2) x+"'u ~1 y+'v ....,.. (:x+'u,y+'v)E:- 0 -.> 

-
(x+u,x+'u)E-R "(:x+'u,y+'v)E:- 0 A (y+'v,y+v)E:- R -

(x+u,y+v)E: 0 .-. (x,y)E 0 v (u,v) E: 0 - x ~1 y v u ~1 VI 

(3) x•1 yA a •A b...- (x,y)ER "-8 •A b-

- (ax,ay)E- R"' ay •M by - (ax,a;r)E: R "'(ay, by)~ R -

- (ax,by)ER ·- (a.'x,ax)E-R "(ax,by)E-R A(by,b.'y)~R 

- (a.'x,b.'y)e-R- a.'x - 1 b.'y 1 

(4) a.'x ~1 b.'y - (a.'x,b.'y)E-0 -

- (ax,a.'x)E:-R A(a.'x,b.'y)E-0 "(b.'y,by)f:R-

-;. (ax,by)E:- 0 ..,. a ~A b "(x,y)e-0 - a ,Jr.. b v x 1"1 1'1 

(5) x+(;y+Z) •M (x+y)+Z - (x+(y+z), (x+y)u)~ R -

(x+ • (y+' z) ,x+(y+Z)) e:- R 1\ (x+(y+Z), (x+;r)+z)E- R " ( (x+y)+Z, (x+ 'y)+' z) E: R 

- (x+'(y+'z),(x+'y)+'z)E:- R ~ x+'(y+'z) .. 1 (x+'y)+'z 1 

... 
(13) a. 'x ,&1 o . _, (a. 'x,o)'= C -

- (ax,a.'x)E-R 1\(a.'x,o)e:c -cax,o)E:O'-

- alA o "(x,o)E- 0 <- a rA o 1\ x r1 o • 

DEFINITION 3.4. A module (M,•1 .~p+'), defined in the 

Theorem 3.4., is called a quotientmodu1e and it :i.s denoted by 

M/(R,G), 

Remark. If H is a submodu1e which corresponds to the · 
congrue'nce R and: if P ,i.s ·a cosubmodule which corresponds to 

the cocongruence C such that 
(¥xy E M)(xEH " yE-P - X+yE- P), 

then we .denote the A-module M/(R,C) wi~h 11/(H,P) •. :r.n this case 
. we say that H ~nd p are compatible in M. In the ,A:..modu1e M/(H,P) · 

x+H =1 y+H ,_. x-YE- H,. · 

=1 y+H <-> x-y€.P, 

(x+J:i)+'(ytH) ~.1 x+y+H, 

:~·'(x+H) - 1 . ax+tf .• · 



' . ' . . ' ' . . 

Let·M·be a.'llA-module and let - - .......,.,. - ' ...,__._ -
. cosubmodule ,2£ M~ '-!rhem,~}:!!' can construct _!.quotient module· .. ·· 
M/(\P,P). , , . > .... _._· .. -.•• _.·.. .. .· .· . . .·· . . . . ·.. ·.· · · . 

Proof. Combine Theorem 3.4~ and·· doro11ar;r .. 3~3~1. ·. 

(o) 

(1) Let xE-P (..;..- x=!!=·P)and let UE:P be·takEl!larbitrary, 

-(ui) t=. P. IJlhen -u E-P. Thus -u #M x, i.e. u ~M :-x._.Therei'ore 
.ox :+ P, L e. -x E::- :P. · . · · ·. · . · . ··. · · · ·· · . · 
(ii) Let xE P'. and yE: P be taken.arbitraitly i.e. x =1\='.P andy=#o P. 

Surely 1(x+yE P) holds.· Let u EP •be takea.arbitrartll· Then 

ue. P <;...... u-x-y+x+yt- P =" u-x-YE- P " . x+yE: J? .....-

- u~x.-yE P + o - u-x-y #M o -=> u P'M x+y • 

Thus x+y• P, i.e. x+yE: F. 
(iii) Let x·E-P and aEAo Then aEA and x•P· Surelyi(!IX~P) 

holds. Let u EP ba tak91\arbitrartl1. Thert 

u ~ P .._ u-ax+axE- P =- u-ax E- P v axE- P __.,. u-ax E .p 

- u-ax #M o - u #M _ax • 

Thus ax"*" P, i.e. axe::P. 
(iv) xe-P Ayf:-P- x•PA. yE-P qoooo> x=~~poPI\ x+y-xE:P-

- X+ P 1\ (x+yE:- P v -x E- P) ._..... x+yE- P. 

COROLLARY 3.5.1 • .!!.!! M .!?!, ~ A-module. Then .!h! ~ 
M0 • {zE:Ms(¥yEd1)(y -"M o)(y ,tM z)} 

is a submod.ule of M and ( o) ~ M <:;; 1M • 
-- - - 0 0 

DEFINITION 3.5. Let (A,•A,,tA,+,.) be a ring and let P 

be a coideal of A. P is minimal itt 
lE: P, 

(:J,tae-A)(aE:P ...,. (3bEA)(ab-l'*'"'P)). 
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~-!a! minimal coideal £! A. ~ ]E! quotient ring A/(P,P) 
!! ~ Richman field. 

Proof. Oombine Theorem 3.4. and Proposition 3.5. and 

a "'l o .,_., aE-P ~ (.3bEA)(ab-l-M..P) 

(3 b& A/(P,P))(a. 'b • 1 1). 

Remark. If P js the minimal ·coideal or the ring A, then. 
the ideal P need not be maximal ideal of A, in ola8•1cal aan•e, 

because Pc:; 1P. 

4. Homomorphisms of modules-
DEFINITION 4.1. Let (A,•A,,ri'A,+,.) be a ring and let 

(M,•M,.r"M,+) and (H,•H,.r"H,+) be ~module~. Total function 

f:M __, H is called a homomorphism of modules if! 

, .. : ··~ .. (V:x;yf:o M)(!'(x+y) ~ f(:x)+f(y)), 

(¥a~A)(¥xE-M)(f(ax) •a ar(x)). 

A homomorpllism f_:M-- a, is a monomorphism iff f is iniJElotive, 
an ep~morphiam iff it is&?urjective, and an isomorphiem iff 
it is a bijective embedding. 

PROPOSITION 4.1. --~ f:M ;._ H E!, ! homomorphism £! 
A-modules. Then 

-·.a):.!!!! ·.set Kerf'!!·{ xE- Ht:f(x) •g o} !,! ! submodule ·of 
M and (o)<;; Kerf; ·: · -··' . ,._ 

b) .!E! -~ Mr a { xe- f1 :_;f(x) ia · o t ~ ! cQsubmodule _ ~·· 
M ~ t·1fc: M0 ;. · •·:•''-' ., -r ,, . 

c). !lli!. submodule. Kerf ~ the cosubmodule .M£ ·are compa-

-~-2:1!- MJ ·. . 
d) The set Imf is a submod.uie of H. -- . ·-·- -

···Proof.- · ; _, · " ,, 
b) (XC:: Mf --·.f(ilC), "H 0 -=- X ~~h-0)- o+ M:['J 

x+yE-.00-r -.,.f(.x+y~ "H o_~ f(x)+f(y) "a.o·-, 
. . -.f(x) Ia 0 v f(y) rH 0 -.,x~M:e,v·. yec-~tr' . 

' .. -' . . ·. 

~xE: Nr ...,...... f(ax-) "a o, - af(x) "a o -

-· B>?'A:'o A r(x) "J~ ~ ~~Ao _,..._ i'~Mr; 



.121?':. . - · .. 

. . ··· ... • )x:K::~;~:::}t:';(ti":.~~:~~::: :0~: {: '' 

-eo. i'(x)+~~y)· ,Cg:o .~::(x+y)::"n ~.-~::x+~tf'lr;::;,:·· 
·.:., · ... 

. · .···.· .. ·· .·_·.· ·.· ... ·.·_·. ~OPQ8ITioN·;'4~2.; L~t·.-.f:tt·2.;:H;!!!·! ht>momorphism .2£.· .. ; .~ 
·· .. .A..:modules. Then Ker:f,\ is -d~tachable'' in .M ·iff .Imf .is ·discrete.: 

· · · · ... Proo:t:." . > :.~ ~, · ... · · -:"7:.:. ~ · ~ ·; ·< . · · 

.·.. · · (xE-;Keri.'v.,(xE-Karf)) .. <.-> (!(x) -~·o \J"i(f(:x:)··.~H o)). 

· ... · ... ··· coRo~t-4.2.;1. ~et M :be a~ ~~mo~ul~i ~ria H· its ~ub~o~ · • 

~· Then •-theA-~odule M/H;:·i.s ~:i:.;;retg iff a·l:! d~t;'hable · . 
. . . '. . . ····': . :·.iB M•· .... ·: ... ··. .· ... ;_ .. ,.. .- .. 

· · · .:P~oot: The~ oanonioal.~pi.m~zl,ilfam .. PtM:~··M/H,· defined . '· .·· 
· by p:M~:x: ~·X+HE-M/H~ has ·a kernel H.' ···. • · · · · · . . .. 

. COROLLARY _4·~2.2. ·,!!!. A•module•·:!,! discret~ -W;···.·the ··§ub-·· ·· 
module ( o) -~ detachable iii M •. • · · 

.. ,.:, ·'' 

LEMMA 4.3(Let t:M ~.H :!?!.! homomorphism ,2!. A-m6dules. 
a) .!L hOmomorphism f: is injective ·ill Kerr .. .;. (o) 0: 
b) ..! homomorphism f is .!!1 embedding iff Mr • f>l~ .• 
Proof. ' : 

THEOREM 4.lf.. :t.et f 1M - H !! .!£!"·· A-laomomorphism .2! · 
A-modules. ~ exists ~ unique isomorphism h:M/(Ker1',Mr) 

Imt witb 1' •.h.p • 

Then 

-
--

Proof. We define the mapping h "'"' 
(¥x+Ker1' E: foV(Keri' ,Mr) )(h(~+Kert) •H 1'(:x:)). 

. x+Kerf • 1 y+Ker1' ~ x-y~ Kart ~ f(x-y) •R o ~ · 

1'(x)-1'(y) • 8 o .... 1'(:x:) •R i'(y) ..... h(x+Keri') •H h(y+Kerf) 1 

h(x+Ker1') ~H h(y+Ker!) .-. 1'(~) ~H i'(y) .-. 

1'(:x:)-f(y) ~H o - i'(x-y) ~H o - x-yE:- Hr -
X+Kef1' ~l :r+Kerf. 
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(82 ,P2) .!:!!, ~ paira ,2! compatible aubmodulea !!!!! cosubmodulea 

.2! ~ module M. !! 82 s. 8 1, then P2n 8 1 !.!!. ! cosubmod.ule ~ 

!!!.!, module H1 .!!!!! 82 !:!!!! P2 (l81 !:!:! compatible !!! 81 • 
· Proof. 

o .,....P2 . _,. o +P2n81 , 

X+y E; P2 ("'"\8l (¥,Y€: 8 1) ~ x+yf:. P2 (x,yE H1 ) -

._... xE-P2 Y ye-P~.(x,yE:81)- xE-P2na1 v y~P2 f'""'\81 , 

axE-P2(lH1 (xe-81) -+ ax~P2 (x~81 ) -

...,.a tlA ol\..x~P2 (xE-H~)- a.f~, oA. x£-P2 n81 • 

X ~H2" y~ P21'\ 81 ._.. XE-~2 ...:; H1 A. yfP2 1\ Yf- Hl -

- X+yE- P2 " x+y~ Hl - x+y~ P2n H1 • 

LEI\1MA 4.6~ ~ M ,2! !!! A-module !!!! 1!.!. (H1 ,P1 ) ,!a9: 

(H2,P2) b~ two pairs of compatible.wbmodules !!!!. ootlubmodules 

.2f. ~module _M. TllUl H~ '=.H2 -and P1c;;;:..P2 ar! ~compatible 

submodule !!!!cosubmodule,2!. !h!, module M. 
Proof. 

o +Pl 1\ o •P2 ..._. o o+ P1'-'P2 ,. 

x+yE:-Pl\......IP2 (,- x+yE-P1v::x+yEP2 ......j> 

xEP1 v ye-p]_v .xf.P2 v ye-P2 ,....;,. x~P1'-..IP2 v yE-:Pl'-'P2 , 
' ' ·, . 

ax~ P11... ... 1P2 <.-o. ax E:P1 v. axE P2 - . . .. 

(aiA ot\ xeP1 ).Y (a.,t(·ol\x~P2)- ajA.oA'(x·~P1'-' xeP2) 

··~¥A"6:xx:fP1GPi .. '·· 

·.THEOIU;M.4.?. L~~ .• _I·I.~ an ,A-module.~· let (H1 ,:riJ.and._·. 

·. (H2,P2 )be.t:!£· pairs .!lf. compatible. submoduler and .cosubmodules .• 

.£!,the< moduie·M·~· i!!!:! H2 ~H1 .• ~ 'P1 <;;; P2 • Then !h!£! 

·r-~/(H1.~P1 ). ~ •.. (M/ (H2 ,P2)J(H1/ (H2 ,P2r"\'ii1),P1/ (H2 ,l?~nH1)) •• 
. - ... ' : . ' ' ....... . ··;:._,· -· 

· Proof. ,. ::·.· •· 
'. ' ' _: ·•.. ' ·l ' . . - . '" '- ! '~: ' ' . 

. ··, .. · .. · ..•• 1. '·~e defin~81/(H2 ,Pl'? ~1 ) · = .{x+Ha,E ~1/(~2 ,P2)_:,xe-H1 }, 

and :P1/(H2 ,P;;/"'"'\ H1 }!! { x+H2 E r1f.(H2 ,P2) :x e-P1 } and we. prove 



·.that ••. ther .• :afti~,·l\l~mo~le-<~)~~o~bDlo~~~~·~!--.·t~e. 1110dule.j1/CR2 ,,~2 ), .·; . 

. . • wbiQh' ~:e;~~~~iQ~':· ... · · ·•· .. ·. · · ·•·· · . · · ·.· ··.· · .~.• ...... ,. Cy·:;c, · · 
.· .. ··x+H2~ ~~_t(H~tl'.2(1Hl? .. <-:-,.~E-~lt~ P,2,i.~···. X+Fl2 "i~H21 .. · 

·• ·· .. cx~n~)+'(y+a2)~·Pi/ca;~p;-na1>. ~··~ ·· ·:: ·-.: < · .'.·~· 

· ••. /.~··············~~Y+Haf=.···pl/(H2 ,_P2·r1H1> .. · . .-. ·· .. ~+:r.·(f.P1 (--..:·x·~··~.iv····Yf: •• P1 

. . <-·x .. i2e.P1/(H2 ;P2r-i'R1Y·"'y+H2EP1/(tt2 ~P~·nH1 );·i:··~.:i··• . 
. · a.'(:ic~~~}_f-.pl~(~2 ,P2('Hi). ~~ ax+H2 .E:_Pil(It2,Ii2'r'\H~f) ~~ · 

.·,.·axE:P1 .. __,./a ,tA, o ,_· XE:;~1 .;.. lit tli:o·l\x+H2E: P1/(H2,P2·C'IHi)·l.· 

. •·· .. ·• : x+H2~H11,<~2 ,1>2na1) ": ~4It2 E,Pi;(H2,.P2AH1Y- .· · .. ·· · . 
. . · ~: _xe·a~ A ::.ie:P1 ··-+ ~+YE Pi.~~.;x+y+K2~ P{/(H~,P20H~}.~ ,,.· .. '. ' . ' . ' •' ' . 

2. D.efiri~ a mapping·.,·frQtttM/(~2,¥2) 'into\ M/(H1 ~Pi>'• 

. 1.·;(¥x+H2E M/(H?,P2))(.f(JCtH2) ~); x1H1) • 

· Then ,f: .is .a .. well-defined surjec:J;;ive ,homomorphism. 
. .. " -·· - . . . . . ' ' ,• ~-R·-. '~ •'•' ,,·,,. 
Theorem 4.4~, 

(M/{H~·,P2))/(Kerf, (M/(H2~P2))f) III(.~/(HpP1)• . 

However • .- ·•. :.''11··: .· 

and . . ... ~ 
f(X+H2 ) •l X+Hl "l 'Rl~ XePl • 

.Thus·. 

Kerf • H1/(a2,P2r"IH1)- and (M/(H2,P2))t • P1/(H2,P2r'\H1 ). 

· ·' ·'nllmREM,4:.B. l,et ,HJ!!-!!! A-module .!!!;!! .!!!, ('RpP1) !!!!; . . 

(H2 ,P2) ~ ~ pairs £! compatible submodules ~ cosubmodules 

,2! !!!.! module M. ~ thefe exists .!.!!,! isomorphism 

u1/(H{1 H2 ,H11"'\:(P1UP2)) ~ (Hl+H2}/(H2 ,P2r"\(H1+H2)) • 

Proot. ··- · ·· ··· · 

Defina. a mapping t- trom H1 into (B1+B2)/(H2 ,P2 (")(H1+H2 )) 
with 

(¥xE a1)(t(x) •i x+H2 E:- (H1+~2)/(H2,P2 r"\ (H1+B2)))• 

It is clear that r is a homomorphism. To show that r ia sur­
j.ective we note that it (x+y)+H2 is a typical element of 

(H1+H2)/(H2 ,P2~ (H1+H2)), with xe-&1 and. yl:-&2 , then 



(x+y)+H2 •i DB2 •i :t(x) • 

Thus, by Theorem 4.4., 

&1/(Kar:t,(81)t) ~ (B1+&2)/(82,P2r-)(81+82)). 

However 
f(X) •i D82 •i 82 ..,_ X E:- 82 _,. X E: 82() Hl 

and 

Hance 

and 

5. Bums of ·modules . 
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· Let M be an A-module and let B and T be_ its submodules. 

The sum of them, denoted . by B+T, ·is. defined. by 
B+T • {s+t:sE:B ":- tE:T}.; 

It is easily seen·that.S+T.is a suitmod.ule of M. I.t' (Si)~•l· 
-are submodules of M, then . 

. s 1+ ••• +Sn • {s1+ ••• +sn:(¥iE n)(siE- Si)} · 
.• . . .. . ... ..,., ' 

is a submOd.ule .of M. We denoted this submodule '~"l~ l= Si 1 it .... · .. , ~- . . , 'L-··· 
is called the sum ~1' a1,. · •• ,sn • ~he notion o:t the •um: .. of submo­

dules. of M can be extended to an arbitra:clf..tinhabite.d family 
(Si )iE:-I of submodules . of M. For·' each subtinite subset j c:;;; I, 

c .. a. ·. is a, submodule of t1. In.' ~~M~al, .. the union ~:t · submo- · 
•e-:T· .. J.·. . ·.• . ..... 

· dtiles ,oi M is not .a s'ilbulodule of M • HoweveJ;", \:...._} L s ·.' .· .. · .• 
"· .. ·-; :-·./: ... , ... __ .. _. _ .. _ .. --~ --- . ___ .. J~-r- .. _lf::1_-:·:···_..tL· .. ~- .. :_-:_; 

where.' J b a subti~i.te subs~t .• of:' ~he set. !, is 
It is this submodule that we call. the sum ·.of 

. an:d denote, ' w1lli L: s~ ·. · .•. 
.• . . tli:-1.' ,..... : 

_- 5.1. · Finitel.y fiSnerated ·modules. Lel M. be· an' ;\.omodul.e 
and letx;EO-:M. Then-.Ax·.~ {ax:aE: At is,a submodule o.f.<·M~:Sinct:t· 
M·· is ,unit,al, :Axicozitaines x .. !!'.'·.8 is· ~n ·inhabited" lfubset. ot>fv!, 
the~··•r:: i.-xt,~lle.L '~ .. '·S.ubm-Odule .·generat:Eid· "b'y s ... rr:s .. ia•-~ a. ·.tr:l.ct:t;1, ... 

~~s \ ·- _.-,. . . . ···.··_ < . . . . . ·_ ••..• · .•. · .·. .• . •.. ···.·.·.- ... , . . . ·. . . · .. 

subset {xi••••txnt such that (J,!ijE n)(x1 ~M xj) and· 
-· . ' ·.; '• . 
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. :' > .·· : \"' . •.. . . .... ,: . . . . . . I ... '.·. ·.,/ . 

_ _ _ _ _PROPOSITION .5~1 .. f! ,!ill A-module M is ·strictl;r'finl,te~':-: 
generated., 'then tber~i" are · n E:- If. and'%,ompat:il)le SUbJ.DQduJ.e ·H\ anQ. 

· cosubmodul$ P _2! ~,A-module :An such .:E!!!E f<1 111 An/(H~P)~- > 
_____ . _ Proof. :Let [I! "'! :~x1+. i.Axn~ :Define··a .JI!app-ing~_f:An.- ~ 

' ·...rt!"- • ·. · .. · .. : ••.•. . . . . . .· :. ._. _· . . . •. _ .. 11'. ·.. . . . .• . . •· . _:.·. ·.·._.···. . . ·. 

f: An~($1, ••• ,an)·- . L aile:tE Mi •. •·:· . 
t=' . 

~rbitrar;y t:aixiE-M w~ can ge1L(al,.,.~,an)~An 
·that, f(al,••. ,an) ~M 'C a1x1 ••• So;. if we take· 

. ·.-_ . . -.. . . . . _,·r . ~: ~> . _,- ' 
Kerf :eJ(a1 ,~~~'an)EA_: -~_-a1x1 ,.M .o), 

~=,' . 

. _then 

' ._· .. ·.: . . _···.. . .. ·. :·· ... II\ .... · ... 

• -,.--.· (~~)f_~ J~~p· .. ,a~)~ A~:. ~- a1x1,·1'M·';o:}~ 
.. . . : ., .. ·, •·.· : . . ·. ·:::, •.. . · .. ,_.' ' ·.'·· . ·.· .. 

fJI ~ An/Kerf, (A~)f)- • ·. · · 
. f .... ' 

PROPOSITION' 5.2. ~-

. ' . ' . 

. ill !ill A-mQdule M, ~ H, anQ. P &! !. oompat;J.ble' submod.ule ~ 
cosubmodule . .2f An • ~ .:J?.h!·. A-module M l.s subfinitefJgenerated. 

Proof. Illt · · · .. . ·. 
, ... f.: An _t... An/(H,P) _!_ M • 

' • '.. ' ~ • j 

Then f ie the_ ep~orpbism of A-modules. Let 
L • { ie- ii1 (du_• ••• ,din)e- _H 1 

where dij (ijE: ii) is Oroneoer simbol and let xf. K be taken 

'>itrari.l~ The~ we o:an fincf'~a]_, •• • ,an)+H ~ An/(H,P) such that. 

h((a1 , ••• -,a~)+B) •M x • It (d:i..l·•·•••din) • e1 (if:- ii)., ~pen 

h(~l~l+ ••• +anan+S) .M x • 

So, the set (f(e1))~n'L generated the A-module M, 

· COROLLARY 5.2.1. !=!! Ill ~ ! discrete mod.y.le .2!2£! ~­
~ ring A !.ru!. ];ll H !?! ·~ detachable submodule . .2! An ~ 

n . 
.\ /H,. ~ !2!, A-module M .!!, (strictly) finite{g;enera-that M ; -

!!~h 
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DEFINITION 5.1. A sequence or A-modules and homomor-
phisms 

. M 1... M /.. M 
•••. - ·-n.-1 - ·-n ----·· "'ll+l - ••• 

. is an exact sequeooe i.tt 

(¥n)(Imtn-l • ler.tn) • 

LEMMA 5. '· !!!! M• , M .!!!!1 M• ~ A-module•. 
(a) A seguence 
··Co)- M' __L. M 

!! .!.!!2! !,U t !!.·injective. 
(b) ! aeguence 

M --1-. M" ____. (o) 

.!.!!· ~ ill g is sur;Jective. 
(o) A sequence 

(K) . Co) - M' _!___ M __ ,_ M"- (o) 
f! exact ·£!! t is injective, Imt • Kerr !Ea g surjective. 

PROPOSITION 5;.4 •. !!!:E ]!!! seguence (K) be .!!!£.!• J.! M' 
!a!! M" strictly. :t:l.rti tel;y generated ~ &-modules, ~ A~~ 
·_.!! M;·!,a f~ni tdy generated. . 

Proof. Let S 'a {xi, ••• ,x;J be. a E!:enetdor of :E!.D A-module 

·· M' .and· let S" !!!.' { xl_, ••• ,~}be a ·generator of an A-moc:Lule M11 • · 

.. Following. Im$ .,;. , M", we have . 

(¥i~iii)(3xicc-M2(xi_•Mu g(:X::!-))· 
. with. 

(¥ijE.iil)(xf,,&M11:xj ~g(xi) ~MI' g(xj). ~ x1 .~M-x.1). 
a~ ... . . 

·· .-· · · u e- ~erg: ::-__.,-_g(u)' ;,M". o ~M,; xj_ ;.... gCu) ·'JI!M'i·. -g(x~/ __;, ·-
··- . . . · ~ :U ,.tM xi.. (if: m) •.. · . ' 

···.So i 

..... _-

. ... 

·•· -• :(¥i~m)'{¥j~-Xi)(xi ,4~ r(x~) >:~ 

.. p1ie Jii)(x1~ Kerg • :tlllt~ ~' 
. --.:-'. . .· ·-·-·· ·-·· 

·.' ... 

i.e •. 
. · . ,_ ... 
..... ': 

Further; we have ·· · · . :. :: ~ ·, 

. _ . ·. ·., (¥ijE- n)(x:f:~M~ ~ xj: ~.£(xi_) •M ~(xj)) 
. -.. ~ > :. -

· .. ··:.· . ·.·-- _.· 
... :•. 

~ ·, .• 

,._: __ . 

. ~- . - .. : .. 
- .· . 

.·:·; 



because v~~.hOtttomorphillm. t• 'is i~je~ti~~~::'S.o', ~Et 
. . 'a ;" ~ { f(xi), ••• ~f(x~l'•?'l' ••• '~ r 

gene;rated 

.: .. ··coRoL~Rt5~4.1~ ,ll the: l:lomomb£Phi.ISm f fa'.tne·PropQsi-· 
. tion 5.4 !!,·an embedding, .•.. ~.·the.· A-module M is.· strictly ufini-. 

tUysenerated -.4- ~setS e.Jf(xi~~·u,£(xp.xJ.; •• :,:xm}• .· 

COROLLARY.5~4~tz.([6j){Lenuita 2.) :~t M<be·!,!!~A-modul~ 
~ let H, ~.P ~ !!! -comp.tible submod.ule and. co~ubmodule.-' · 
If .·~·-.A-module H ~ N/(~9 P). !£,! strictly finitely ~=~= 

. then so ie the A-module M~ . · . · · · · ·. ---- -.··---· ·-. ··.· .·. . ,· .. , 
Proof, We :have .the exact sequenc:e .·. 

··.·_··. (o)-H, ~ M ~ H/(H,P)::---(o},· 

· · .where the h0mom01.1>hism' u is the_ inclusion (injective and'· em­
bedding). 

·,. . . 

5.2." Strl~tl.y fiffi,te direct sum of subm~ulee •. 
. ' . . ' ,' 

. DEFINITION 5.2. The A-module IVJ is ~the {internal). =~;..::. 
sum. of submodules B and T, .denoted by M • 8 ; T, i.tf' 

'(J,txE- M)( .3 se S)(.3t E: T)(x •M S+t), . 

(J.tsE 8)(J.ttE- T)(.a+t •M 6 .·__. s •r1 o 1\ t •r-1 o), 

'(J.taE-8)(¥tE:T)(s J"M O""' t·,tM o,..... a+t J'M o) •. 

DEP'INITION 5 •. ,. ·Let 8 and T be A-aubq~odules of an 
A-module M. We denote 

c8 ~ {s+t:t·~M o}, 

PROPOSITION 5.5 • .!!!! 1-1 • 8 8 T, ~ 
a) ~ ~ OH ~! oosubmodule !!!_ M compatible with a, 
b) !!!! ~ CT !! ! cosubmodule ~ M compatible ~ Tl 

o) 0 8 • {xEMIX+B}, CT • {xC::MIX+ T}l 

d) 8 ~ W{T,cT) , T w M/(s,c8 ) • 
Proof. 

a) (t J"M o _. s+t ,IM o) _,. o +Cs 1 



axE:c8 ~ a(s+t)E: o8 ..,.. aa+atE: c8 ....,. at ,tM o -

--""' a J'A o 1\ t ,..M o ..- X •M &+tE: 08 1\.. a ,t1 o I 

X+YE- 08 ...... BX+tx+By+ty(: 08 .- tx+ty J'M o -
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._. tx "" o v ty ,..M o ..,.. x ~ sx+tx6 08 V y •M s7+t7E o8 

X'" 8 A 1 E: c8 ~ XE: 8 A y •M By+ty (t;y ""· o) _, 

_,. x+7 •M (x+a,.)+t1 <t,. "" o) - x+;r (: o8 • 

o) x •M Bx+txE: o8 ~ tx I'M o - (sx-u)+tx I'M o· (u~ B) -

.... Bx+tx ~ u (u ~ 8) - x + B, 

x +8 ~ x •M sx+tx I'M u (u€- 8) ..... · •x+tz ,..M •x .-> 

~ tx ,..M o ~ x •M sx+txe c8 .• 

d) If' we define f1M • B ~ T -9 s+t ~ a 'i- B, then we have 

Kerf • T, Mf • OT, B ·~ M/(T,OT) • 

THEOREN 5.6. ~ M ~ sri A-module !lli! ,!!! B !B:!!, T ~ 
!!! submodul~ ~ M • S Q T, !£! 

M•S+T, ·sn'l'•(o) c 8ucrr•N0 • 

Proof. 
(a) Let M • S QT. _Then. 

i) ObviouSly.,<.·. ·r1 • S + T. 

ii) ·.. {ES {(-x+s)+t··M.o 
XE-·Sr'\T <-X '"M S+t .· ... .._, · . ·. -> 

. .. E T · s+(-x+t). •M o 

- s =M x A,t •M o 1\ s ·M·o 1\:t •M x __., x •M 

ii:i.) M0 -3 x ·:~M s+t iM o ·-- s' ,.tM o. v t ,.t11 o <--~ 

._ XE 08 ,_; ··~ <: CT q,..,··· X~ 081...-10~ • • · .· .. ,,. 
(b) . . 

· iv) (¥xE t1)(3 s~ 8)(3 te- T)(x =r-1 s+t). · 

o •.. 

d ' • • 

· v) (¥sE'S)(¥t~T}(s+t =r1 o ..- s •M-te:S('T ~ (o) -'> 

~ s •M o ,...,· t •r1 o) • _ . 
:· ... ' '. ·. : .. ' ., 

. vi) (lite es}(¥t ~ T)(s ,iM t ,if·t o ......, S+tE-O,lY s~tECS ~ 
. ,.'· i i . ~ 



.. ;.,.... 
. . ··· . ..- ..·, .... 

.... : .. ·' .·.·. ·.:,· .. . 
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.. · 5.3.<·Infinit.e diretlt sum o:f ~uJ.es. Let ((Mt-,'"t~:"t'+t)~f-'i 
·a !emily of .A-modules indexed' by a~,d.nfinite set _(T,~,~,·~T)> .. 

· .. ··a) :For· a· .tamily J o.t'. subsets ot the .set·T ·w,.sa,- .th,.z. 

'a-itf~SI!ll""of ·.T ;· .iff ·· 

~:E-J .. ,.:-:··: .. .; · .. ·.··_,",· 

. . . - . . 

,Yl~_JI\ y2~J:.- yl\..JY2E;.J •• 

· The! ' :ieal·J. i~, stro.ng, iff ·~.-.; J .:, : ·. . . 
b) We "say that a: family. K of subsets of the ·set T is ~it. 

. . ' ', ·, . ' . ~·. 

b- coideal of_T; iff.· 
., ·:. ' 

T~ K, 

·. z1 c;;;. z2 " z1 E K _.., '7.2E K, : 

z1c: _K l\. z2 E K .. · .. ~·· 7.11'\ z2 t K •. 

The coideal K is strong, i!f ¢ + K. 

Example VII: a) The familyJ 0 a {Y c;.T:Y ·is subfinite} 

1• a·atrong ideal ofT. 

· b) The family 
K0 e {Z-:; T:(3Yc;aT)(T • YU Z)(Y is subfinite)} 

1• a strong coideal of T. 

The Cartesian product of the family ((f1t,•t'"t':+t)? tE-T 

is denoted by 

F.!! r--\Mt!!. {f:T - \.......)Mt:(\ttET)(f(t)E: Mt).}. 
-t~T i.-T 

In the class F we define compatible equality and diversity 

relations with 
1' •F g- (¥tE~)(f(t)_•t g(t)), 

f ;F g - (3s Eo T)(f(s) "s g(s)). 

Therefore, ( QMt,•F'"F) is a set. We define algebraic ope­

ration• on n Mt with 
t.~T 

(f+g)(t) •t f(t)+tg(t) (tE- T), 

O(t) •t o (tE-T), 



{-!)(t) •t -!(t) (tE: T), 

(a!)(t) •t a!(t) (tE:: T). 

Then ( f\ M.t''"ll''"l!''+) is an A-module. 
· t•T 
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PROPOSITION 5.7. ~ ((Mt,•t,"t'+t))t~T,!!!.! fami1y 2,i 

A-modules. Then - . 
i) g J!!, ~ ~ !2!_ ~set T, :!ill!!!~ m_ 

82 • \! e- !,_-:;Jr.,t: { t E T:.t(t) "t o} '=" J }· 

!.! .!!. submod,ule .2! ~ .A-modu,le 1-be:fl r1t • 

ii) ·~ K £! ! coideal !2!_ ~ ~ T. ~· ~ !!!]. 

81 ~ {.t' (:- ~lJMt: t t ET:t(t) •t o }E- K} 

h !. submod11le !21. !a! A•~ llMt • 
t~DT 

Proof'. 
i) Let Z(f,g) !! t te-rr:.t(t) "t g(t)}. Then 

Z(O,O) • 2 ~f J - 0 E:S21 

f'f8 2 - Z(f,O)EJ -\ Z(f\0) • 2 Z(-f,O) \­

_, Z(-f,O)EJ~ -fE82 l 

fE'-62" gf-82 <- Z(f,O)fJ A. Z(g,O)E-J-

- Z(f,O)UZ(g,O)e-J-) Z(f+g,O)~Z(.f,O)UZ(g,O)\­

~ Z(f+g,O) E- J <_., t+g E:-8 2 l 

afA A. fGS 2 <-a~ At\ Z(f,O)fJ '""""'t jz(af,O)<;Z(f,o)\ 

-==> Z(af,O) f J <- af E s2 • 

ii) Let Y(f,g) a {tE-T:f(t)•t g(t)}. Then 

Y(O,O) .. 2 TfK ~ 0~81 ; 

E;E- Sl ~ -gES1 ; 

. ff:S1 A gE-81 ~ y(f,O)E- K'A Y(g~O)E- K ,.._ 

- Y(f,O) () Y(g,O) E K - ) Y(f ,0) CW(g,O)c: Y(f+g,O) )-=­

=- Y(f+g;O) ~ K <~ f+gE s1 ; 

a E A A. g E'Sl -. ae- A" Y(g,O)f K -\ Y(g,o)- Y(ag,O)) -

=- Y(ag,O)E K <.......; agt,: s1 • 



.. .· .. iJ~i).\ .-~ ·<~·.;<~>"·/ . . '<~;:_.:·... ..· .·.·•··· ·· .. 

·. · ·•·•··· .. :E!~:;:~:tt:~::::;:~:: ~~!..:·:·it·:~~~~-~-r~' · ·-··· .· .. 
. . . . .. S a { .t E: nf4t: Z(t'·,O) ~·.10 : .1\ Y(t' ,9') E: K0 } ~-··S{~ fl2\ 

.· ta.' a a~bm~~~·;.' .. o~ ·.~he- ~~od~i~; j\ .. _I :~~· . Th~:_:~~~(Xiule.,,~_:,~~-~- o,~l~ :··· .... , 
.. •• .. •'le4 ,the (e~ernal)'_;direct.suur_,or_ .. the,famiJ.Y <P1t;•~,j.it,+t>>.t~T.. •· 

.: . ;_ ' ': _·. ·.:: . . '.·" . .. . .· . ·. . . . . ' ' ~ -~ : ·. -. . . . . . . ·. .. . . 

and we ··write · · ' .. · ' ·· .. · .. ,:: ·... . ',: . 

.- .:•· ... · ... ···.··· ···:·_ . .-· .. ·s:··~:.;l'1t:·.:;_. . ... , ..... 
·xt i~.e~aiiy lleen'th~t··.Mt· ia a ·aubmo.dule ot·:'B-~:for·.aa~·b'. tE:·T~•··· · ... ' 

. ,. :·· . . . ~. . . <-~:- ;. ... 
· .. ··· .·· 

·.··• .. ; .. :_ ... ' 
· .. . -: 

(¥t E: T)( (f'(x)_)(t) •t r~(x(t))) •. 

Kerf. ::: G Keri't Imt' ~ ; Imi't ·. *T · · ·· o!t-T· .• . 

(,:t)f. • ':-J{xe- ~:;i.E: Z(x,O)I\ x(j)E- (Mt);r } 
~ ~e-T · . . t 

( 1 Mt)/( ; Kerrr, Mr) • ;(Mt"(Kerrt,<~>r )) 
~T '""T -t.T · t · 

Proof! 

1• i) x E -t!TKerft ~ Z(x,O)E J 0 1\ Y(x.-0) E:: K0 " 

"(¥if' Z(x,O))(x(i)E- Kerr1 ) - (¥iE: Z(x,O))(.t1 (x(i)) • 1 o) 

- (¥iE-Z(x,O))(.t(x)(i) • 1 o)- f(x) ~R o..- xE-Kerr. 

ii) Let XE- Kerf <:ii ~ Mt• Then Z(x,O)E- J 0 1\. Y(x,O) E K0 
fe.T 

and .t(x) •H o. Then 

('liE Z(x,O))(.t(x)(i) •i o) ~ (ViE Z(x,O))(.t1(x(i)) •i o) 

- (V16 Z(x,O))(x(i)f:o Ker.t1 ). 

So, x E 8 Ker.ft • 
~T 

2. Let YE"lt-~I~t. Then Z(y,O)EJ0 "Y(y,O)E-K0 and 

(¥;iE- Z(y,O))(;y(;i)E- I~;i). 
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Then 

(lljC:: Z(y,0))(3xjE. Mj)(y(j) •j f'lxj)). 

Let 11~ define X E:- 8 Mt with 

Z(x,0)•2 Z(y,o) A. li(y,O) • 2 Y(x,O) 1\. (1JjE-Z(x,O))(x(j) •j xj) 

Then x~ ~- Mt.and (1JjE Z(x,O))(y(j) ·~ f(x(~))). Thus 

y .~ t(x), i.e. yE:Imf'. 

Let yE Im! c;. I Bt• Then Z(y,O) E J 0 " Y(y!O)E K0 and. 

(3 x E- I Mt)(Y ~ f'(x)). FUrther, 

(lljE- Z(y,O))(y(j) •j f'(x)(j) •j !j(x(j))) 

and (lljE: Z(y,O))(Yj •j f'j(x(j))), where x(j)E: Mj. Therefore 

YE: I .Imft • 

x~ Mr.(- f'(x) •H o - (-3. s E: T)(f'(x)(s) J18 o) -
. . 

- (3 s e: T)(f~(x(s)) "s. o) oooo:- (=:1 s~ T)(x(s) E (M9 )!· ) ~ 
. s 

·- X E-.\ .. _.l{_x ~I Mt; .j~Z(x,O)A x(j)(:. (Mj)f' } 
. . .· .. · ... ·. . . j . 

· \tb clear that · · . · . · . . . .· . , ·. 

( I Mt)/( e·. Kerft' Mr) ~-. I(Mt/(~erf't' (Ht)f )) • 
t.H <l:.cT . · · .: ~E-T · t . 

~. cosubmodules .2.f.Mt.(tE:T). Theri .·· 

( <1l Mt)/( I Lt' C·) • G(Mt/(Lt,Pt)) ·. 
~T ~T _ . , -I:E<-T 
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Abltract. Cyclic vector valued greupoid• repre1ent a 1eneralization 
of cyclic n-ary quuigroup1 and 1emiaymmetric qua•isroups. ln thi• paper 
a claaa of cyclic vector valued aroupoid1 which are cloaely related to 
Mendelsohn quadruple systema (MQS) is conaidered. Some properties of 

. such vector valued groupo ida are determinec:f,'thelr relation to MQS described 
and a construction of some vector valued groupoida from thi1 class is 
given. · 

1. Itroducdon ·and prellminarie• 

Vector valued groupoids represent a eonvenle'nt generalization. of 

n-ny groupoids. Various. classes of vector valued groupo ids .which gene­

taJize n-ary quasigroups, semigroups and other structures were ~onaidered 
in [2], [3]; [4], (6]. Some ofthem have combinatorial applications and 

one such class of vector valued groupoids will be considered here. 
·.· ·.. . . We shall. use.the following Mtatlon. The sequence xp,xp+l'~"'xq 

. w& denotie by x~ . If p>q , then' lC~ willbe considered empty; •. . . .• 
Let S be a nonempt1 set, m, n positive integers and F a ~apping 

ofS0 into sm. Then (S,FI is .said to be an ln,m)-gro~poid lor vector valued 

groupoid when it is not necessarY to empbadze n and mi. lSI is called the 

order of.lS,FLThe n.-aryoperationsJ1 •. ~.,ftri;defined by ,, . 

. f.(x1111 = y. # {3y1i-t,yf!' 11 F(x011 = '· Ymt·. 1: i=t,.' .... m .. ·.: 
1 I · · ·· 1-t · . .· · · · · 

are · called the component . operations (or comp~nentsl, of F; ·. · 
~.lthough every (n,lll)-groupoid (S.F)· ... can be interpreted ·as an 

algebra isJ1 ... ;.fml :with m n-ary· operations, it is often .more convenient 

This paper is· in final form and. no. version of it will be submitted 
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···· •·:··: toc~nai~ t~.m)-gn;llp~ida'tt~lJ~aoq·~·rqrllf.;-.~:,,.;.~br.a;·.J':itiJ:.{_';.· 

tn,RI)-(Jperation. · · : : . . ~ : . : . . . .. . ~. . . . . 

. ,. : 

··.·.·.:,'·' ... 

.· ·· .·.···.Definitfon-i.Aa·~m.m)·~~upoidJS.~·~.~-~·aue~::•c~~Uc·.i·rr.~·-av~;y:_:. :· 
'·:·. n+'m ·:··. . . . . ... . .... 

. X E S ·.··. 
· .. •··· 1.: • .' .: . ·; . . . . 

·. :< ::::'·:.Ft~~;(~::r~·:'*·:f(~:~·t~bt:::.::~·iJ.·+,.- .. ·.; .. 
,. -. -~ ,·,_ ·:<· ';_~t-> ~-·-~ .:.·.: ... -. ·: ... . ~. .. . . .. 

.-.: . ... 

.·.·.· 

· ··.·. •. Cyclic (n:,m~~~roupoida• represent a .gerieraliza~ion, of. cyclic n-arj• .·· 

. ·· .. quaaigroupa:and·aemilymmet.r~·-11JnarJ.~J4groupa.lf·m=i/then a·cyelic·.:.:·.· 
. n':"'ary quaaigrqup is· obt11,ined fewry: cycliC: ~-ary groupoid' i~ ·.n~cesaarilJI···· .·.·· ... · . 

. ·.·an .n-ar)' qu'aaigroup) _and u n=z,< m.;t,then•- .. we.·.get' .•. ··welf known<aerni-. ·'.> .:·: 

. symmetric ~afgroup·:i·a qua..._p.!JIIatilf;vltill· the--identltJ1·.:16t,)•'• x·:;ja • . 

... c~·llad aa'miiymmetrlcb c~dic · n;..· • .;y' quaslg~upt 'wH. ~- camider,d: ia.,;£71 ·.• ....• ·. 
· · .an~ .their. combinatorial· applicatlo(la ·in: Uk[tOJ. :.··::- ·.. ·, .. · .·· >.--: . 

·· · .. o.nnttiontimpllea *~•-follow.ing: :. . · · :. . · · · '.:·. . 

. · An (n,m)-groupoiddS.·F).'~i cyc~i~.:tcrrof.-all::·xrtm~;s.•and. ~:v~~1 ·· 
ie:Ct .... ,n+Dt·l ·· · · ·· ·· ··. ··· 

So-me queationa · conc.mins g~neral th1ory. of cyclic · (n,m}-grou:. 
pcNda _Wirl CODiidared ill [9]. . . ,·.·.. · . · ·. . . . .·. · .. 

A aroupold (S, ,) Ia c~ted. idempotent ill for aU xES,· x2 = x, and 

an (n,mt-&roupoid (S,F) .Ia idampotent _iff for all x E S, Ftx, ... ,x) • (x, ... ,x). 

z. Co-ordlnatflln1 ·x ... del10hn quadruple IJitlma · 

Let S be a hnlte 1st or v ilemtnta. A cyclic quadruple. <abed>, 
whert a, b, c, d ue d1atlnet elamenta of I, .. the following alt of ·ordered 
palra · 

<abed> • { (a,bt, (b,c), ·lc,cl), (d,a)} . 

A Mendtlaohn quadruple arat1111 · (MQS) of order v Ia a pair (S, T), 

where T Ia a collection of CJclic quadruple• of element• or S, auch that 

every ordered pair of dlatlnct element• of S belons• to exactly one cyclic 
quadruple from T. 

The neceaauy condition for the exiatence of a MQS of order V Ia 

vtv-u • 4ITI. 
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which lmpiJ that ir v Ia a poalllve lnteaer aucb that v • ·2.3 (mod 4), then 

there doe a not exist a MQS of order v. 
Bvery MQS of order v Ia equivalent to a partltJon of the complet 

directed sraph K: Into palrwlae arc-d.iajolnt 4-c:lrculta. By a 4-clrcult we 

mean a directed elementaQ c:ilcult of length 4. Hence from the reaulta ol 
Sch6nhelm [S] and Bermorid, Faber [I] who proved Independently that r! v 
Ia dec:ompoaable into 4-c:irculta Iff v(v-U a 0 (mod 4) and v>4, we set the 

apec:trum of MQSa: 
There exiall a MQS of order v ill vtv-1) • 0 fmod 4) and v>4. 

Now we ahall •how that •. clau of cycllo vector valued groupoid• 

Ia equivalent to MQSa. 

Theorem t. Let (S,T) be a MQS. U on S we define a (2,2)-operatlon 

F such that for ever1 u S F(a,a) • ta,a) and for all a,b € S,. a" b. 

Fla. b) = (c,d) ~ <abed> € T, 

then. (S,F) Ia . an . idempotent C:Jclic (2,.2.)-groulloid. . 
Pro o f. It is easy to. 11ee that F is well defined and alnce <abed> • 

· <bcda>, it follows that F(a,b) = (c,dt ::Q F(b,t:l = (d,a). 

The converse of the preceding theorem Is not valid. Namely, If 
(S,FI is an idempotent cyclic (2,2)-groupoid and F(a,b) = (c,d); then <abed) 

need nor be a cyclic quadruple. For example,· tr S Is a set _and F the 

identity mapping ofS2, then fS,F) I~ an' idempotent cyclic (2,21-sroupoid 

which_ does not de fin~ a MQS. This' example a4so shows that there exist 

idempotent cyclic (2,2)-groupoida> of every order. We give alao another 

example· of-.an. idempotent· cyclic. (2,2)-groupoid which doe•--·not define a 

.:MQS: ·r 

-S = .{ 1; 2, 3, 4} .F(a,a) = ht,a)for aH a € S, 

, F(1,2) :; U,.l), . F(t,4) =. (2,4), . F(2,3) ·:;:· (4,3), 

F{2,H =· (3,1), . F(4,1) = .(4,2).·.: .,· F'(J,il ~ "13,41 .. 
. .- . • • .· . • . • •. . . . .• ·. ·._. • ·,. • • ' . -·- . . -1 • 
. 'Ihe retnaamng. va1~s of.F .can be obta111ed from F = F , where F 1s the -

-- inverse mapping ofF· (since. ln every cyclic (n,n)-groupoid !S.F) F is -a 
' ' . •', :·. . ,, . .. :(-· 

_- bijection and F = F~1 ) ... _ .. _ · - , . . -.- . . 
~ :· · ~ I S. . .~ .' · _ 

, Definition <2~ Antdem_poten•t cyoUc (1.2)-groUJ?oid (S,FL such that 

a..b E S, a ~ b. F(a,b) = (c,d) implles \hat the ,ele~~Jen~ a~_b,c.d are distinct, 

is called\an M-(2,2)-groupoid 



· · The J2,2)-groupoidc: dehed .· in: ··1 .i.a ,o~;Quat,._,Jn 
M-12.2)-groupoid. _:·,~_ .... _.· <() ~t.~-: ;' 

Theorem. 2. ·Let-.·· (S,FJ'- be an·. M-(2,2);.groupoid ()f ord~r · v. If. a: 
Jamaly :I' of cyclic: quadruples is defined by. _ ·. ' 

<abed> E T <=+ F(a,b) = {c,d); 

then (S,T) is- a MQS ~Corder v. . 

Hence from Theorems 1 ·and 2 it follows that· there is. an equi- _·. •· 

valence between MQS• and finite· M-(2,2)-gtoupoids: every MQS defines 

and Ia· defined by a. finite M-(2,2)-groupoid. ·. 

. . 

. 3~ Idempotent cyclic Cl,Z).-groupoids ·_ 

We shaU use the following· _notation. If (S,P) _Is a. h.2)-groupo'id, 

then_ its component binary operations will be _denoted by f and g, and in 

some cases. (when we consider i~entities satisfied by f and g), we ·shaH · 

· use ( · ). and (lit) instead of f and g respectively.·. 

A groupoid IS,FUs called a left quasi group U£ for every a,b e S the 

· equation f(x,a) = b has a unique solution and iff f(a,y) = b has a unique 

solution then (S,F) is called a right quasigroup .. 

Let (SJ) be a groupoid· and cs a permutation of the set { 1, 2, 3 ). 

Then by 
cs 

f (xfl(l) ,XCS(2 )) = X«<h) ~ flx1,x1) = x3 , 

a groupoid lsi' I Ia. defined: 

-ir cs(3) = t and f Ia a left quaaigroup, 

-If cs{3) = 2 and f Ia a right quasigroup, 

-if cs(3) .. 3 . 

res ia called a cs-paraatrophe of r or simply parastrophe. 

Two operation• f and g defined on the aame set S are said to be 

orthosonal irf for every a,bE S the ayatem f{x,y) =a, g(x,y) = b has a unique 

aolution. 
. 

Theorem 3. Let (S,F) be an idempotent cyclic (2,2)-groupold. Then 

ita components f and B satisfy the following conditions: 

(I) r and g are Idempotent. 

UU f Ia a left and g is a right quasigroup, 



(llf) r and g are orthogonal operatlona, 

(iv) ~l2J) • '. that it, ' it a (113)-parutrophe or r . 
(v) f and g aatiafy ~~ followiAI ldtntltiel (when f • ( • ), 

(y(xy ))x • J , 

J-'lx•y )u) • x, 
ny • y(xJ) . 

Pro o f. (II) Let a,b E S. Then there exiat unique X,J E S auch that 

f(a,b) • (x.,y), hence FlJ.a) • (b,xl and P(b,:d • (J,a). So, for tVII'J a,b E S 

the equations f(y,a) • b and slb.x) = a have unique aolutlons x and y. 
UIU For every a.b e S the ayatem nx,y) = a, ·g(x,y) • b, i1 

equivalent to the equation f(x,y) '" (a.b), but the last equation baa a 

unique aolutlon (x,y) e S2 Iince F1a,bl • l:l,;r). . 

hence 

liv) Let x,y E S. Then f(x,y) • z, g(x,y) • f.l and P(x,y) = (z,u), 

P(u,x) = (y ,zl "' ( f(u,xl, g(u,x)) _ 

P(y ,z) = (u,xl = ( f(y ,z), g(y ,z) ), 

that is, 
.y = f(u,x), z '" g(u,xl, u = f(y,z), x = g(y,z). 

We ob'tained that nx,y) = z 'implies g(y,z) = x, and g(x,yl = u 

implies f(u,x) '=y, Which means that for every. x,y ,Z E S 
.. f(x,y) ~ z ~ g(y,zl = x, 

that is, f(in)=s .. 

. lvfsilu:e ;for every x,y e S_ _ _ . 

F(x,y) = (xy; x•yl 

F(y; 'xyl =' (x•y. x) = (y (xy), y•(xy)), 

f(x•y. x)._ ~ (y, xy) = ((x•ylx, (x•yln), 

. x•y=<y(xy), x =y•lxy), <y· .. ,(.uy)x, xy = (uy)n. 

From tbe-first·_-~nc!f_the third_olthe preceding equalities·iffollows that· 
··'· (y(xy))x=y 

ami fr~m th~ :~econd ~nd th~ _·.fourth 
... \,, :- '' '·','' 

· · ·· y•((nyhix)) =X. 

Theorem 4. Let (S,·) be a groupoid. Then the identity 

/ 



U ,!S~ ·l· satisfies. identities '(1) and. (2) .. and a,b ~S~. then the equation 
' . x a = b · · l · (Jt .. 

'h••• ·a·· solution: x ., ·· b(,ab). U we :s~ppdae that. (3 ) .. has 'another solution· y f 7r,,. 

ya = b,then.. ' · 
; ..• a(yaJ =ab . 

and 
(y a)(a(y a)) ~·. (y~Hab), .. •···· 

hence · y = blab). 
.,, <.( 

So, (S, ·) is a !ell quasigroup . 

. Theorem 5. IHS.F) is. an idempotent cyclic (2,2)-groupoid and . 

F(x~) = (x;), where xt are .not aU equal, the~ · x1 ~ x1•1 • I = t' 2, 3 . 

• and x1 ~ x4. 
· Proof. If Fla. a) • (b,e), since F(a,a) ... Ia. a) itO~ollows a = b = c. 

From F(a,b) • lb,c) h. foJiowe. Fib~).!"· (c,a) and as ,before. we get a = b = c 
. ~ . ·. 

and· analogoualy in other cal6a. 

Theorem 6. If (S, ·) Is an idempotent cyclic (2,2)-groupoid slich that 

its c·omponents f and g are quaelgroaps, then (S,F) ia an M-(2.,2)-groupoid. 

Pro or. If we auppo•• that f(a,b) = (a,c), a 1: b, then fla.b) = a 

and since f is an Idempotent quaeigroup It follows that a = b .. SimiiAIJ'Iy 

from F(a,b) • (c,b), a ~ b, we set g(a,b) • b, hence a = b. 

The natural question whether the inverse of the preceding theorem 

Is true, that Ia, art the compoaenta of an M-!2,2)-groupold alwaya quail­

groupe hu a negative ~wer which follows from the next example. 

Example. The MQS IS,T) where S • (l, ... ,IJ and 

T • { <1245>, <1356>, <1482>, <1523>, <1678>, <1754>, <1857>, 

<2514>, <1.653>. <2746> <2137>, <3476>, <3617>,<3864>} 

define• aa M-12,2)-sroupold (S,F) whose components r and g are not 
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quaalsroupa ~cauae 

RI.J, • 5. nt. n • s and s(Ut • 5, sl4.U • 5. 
In the precedins example none or the component operation• wa1 a 

quaalsroup. That component operation• are both quaalsroup1 or both an 

not quaalsroupa followa from the next theorem. 

Theorem 7. Let (8,·) be an idempotent cyclic (l,lt--roupold. Then 

one or ita component• Ia a quulsroup iff the ot~er component ia a 

· quaaigroup. 

Pro o f. W • auppue that 1 Ia a quujsroup and f Ia not. But f Ia a 

left quaaigroup, hence there exiat a,b,c,d E S, b ~ c, auch that 

Ra,bt = Ra,ct • d, 

or the equation Ra,xt • b for aome a,b E S doea not han a aolutlon at all. 

In the first ca .. it followa that P(a,bt • (d,x) and P(a,c) • (d,yt for aome 

x,y E S. The cyclicity of P lmpliea that sfb,dt • a and g(c,dt • a, which 

contradict• the aaaumpUon that 8 Ia a quaaigroup. 

In the second cue, which might be po11ible only· if IS I = m , it 

follow a that the equation g(x,bt = a haa no solution. which is a contradiction. 

I( we .suppose. that r Ia a quaalgroup and g .is not the. proof Ia 

analogous. 

Theorem 8. LeUS. ·) be a groupoid. S is an Idempotent groupoid 

satisfying the identity 

. . . . (y(xyHx = y, 

iff. the ti;2)'"-groupoid (S,P) defined by 

F(x,y) = (xy, y(xyU · 

. is an idempotent cyclic (2,2)-_groupoid .. 

(4) 

' ·.p., o o f ... ··Let (S;·) be an idempotent groupoid satisfying (4).·•(S,F) 

ia.obviously)tn idempot~nt (2,2)-groi.Jpoid. Jfx,y E S, then•.·· 

· F(x,y• = (xy,y(xyH 



·., .. 

· ·.· .. .14ir·: .. -.·. 
"'' 

'· < ... ·._ .. ,··· . 
.. . ' . ·-.. ···; -~: -_ .. : _.: :· ' 

: . ~ . 

': ,:.- ·.: <·,·. 

··.· ... ::, .. "• . 

" · . . · · .. 'F(y(xyl,xl·~ ((yix:v~lx.·x(fy(xJ'jlx.U•<.. • .. ,·:\·/ 

::.::·--· 

. ,; c: ./ ~-,~·~~:·;::~: .. ~~Rz;;~·~j';;~;:~ii.~uJ : .... 
. '. ::: , Coroii~~J•: If· (S;:f ·,.· · an·:''id·e~p~t.n( qbaaigroup. aatiarjt~'g·,."tt~e .. , . 

···identity (y(xyllx ~ ·,, then.ih~,(z~21-·gro~poid .lS.FI cWi~eC:f~,:· _/ ,.·. ,:._,:.: · .·· ··. 
·,·. :·~· ···. ·: .. · '· ..• ··~{X,Jf•.(xy, ~IJ})~; . · '·' 

. ' . . - . . . . . . . . . 
~· .. ":<·,-~-~ . ·.~ 

. . -~ . . . . . . . . 

.. ·. 
'··.··:' 

~ :.. . 

....... · '· 

. ... :· ,.·, _,. 

· .. · . .A groupoid (quaidgroupi)S. ;) .lattacYing: the: lderititiea (y(xy))x'=· y .. 
·: .. I_ 

.. a~ x2 • • x :we shall .. call an .. M .. groupoid_(~..-qu,asigroup).: No:w we shaH. giv.e 
a. con~ruction of •. M;.;quaai.roupa . whi~h bJ.', the. <c~rollarr. · Ia· ·. ~lio ·· ·a ·· · 

·construction of. M-:-(2,2)-groupoida; . : · .· . . . · · . · . · · · 

Let 11 =· GF(v). be a GiJoia field of'o~e, ·v. I(~.b E F, a 1: 0, .b /:0, • 
'• '•. . .. ·. . . . . . 

then ~J · . ·· ·. · · 
XDJ • ax + by . (5). · 

a quasisroup (p,o)· of ord.Jt v is defined. We· ahall .. determine a,b such · 
that (F,o)be an M-quaaigroup. Putting (5) in (Jo(xoyHox = y and xox = x ·. 

we get. 

which ia equivalent to 

l a2 + t• ·o. 
a (a+ b2 ) =I, .· 

a+ b = 1, 

2 a, .. -1, 

b•t-a. 
(61 

Hence (P,o.t Ia an M-q·uaaigroup.liT a and b are nonzero elementl 
or p aatllfying (6). . 

We shall find all prime power• v for which ayatem (61 has nonzero 

aolutiona a, b. The neceaaary condition for the exiatence of an M-quaalgroup 

of order v ia that v(v-tll 0 (mod 41. Hence auch v ahould be aearched for 

amons the numben 4t and 4t+t, tEN. 

If v • lt, t E N , then 1 • -1, the multiplicative group 0 of the 

rield Ia cyclic of odd order and the only element a E 0 auch that a2• 1 

Ia a= 1, but then b • 0. Hence 111tem (6) do .. not have nonzero aolutlona 
In GF(ltl. 

If v • pt. p prime 1: 2., and v • 4t + I, k E N, then the multiplicative 
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sroup 0 orthe field OFfv) Ia crcllc of order Y-1 • 4k. Conaequentlr, 0 baa 
2 . 

an element or order 4. Since a Ia or order 2 and -1 Ia the oniJ element 

or order 2 In 0, It followa that a2 • -1 and 1-a ~ 0. Hence In thla can 
aratem (6) baa nonzero aolutiou. 

Since the dlract product or M-quaalsroupa Ia an M-quaslsroup, br 

the deacrlbed conatruction we can obtain M-quaaisroupa or order 

~ Ill 
v. PI ... PI • 

where p1, .... p1 are primes and "'i•"''lls poaitlv• intesen such that p~l • I 
lmod 4) for all I E { t, ... ,s ), 
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• ALGEBRA AND LOGIC", SARAJEVO 1987 

CLOSURE OPERATORS AND COISEQUINCE RELATIONS 

z. Sikic, Zagreb 

I We consider the multiple consequence relation as defined 

in (s]. Th~ definition is there prompted by the following line or 

argument: To say that a set of conclusions follows from a given set 

of premisses is to say that at least one of the conclusions must 

be true if the premisses are all true. That means that each possib­

le state of affairs. in which all the premisses are true is one in 

which some of the conclusions are true. Assuming the formulae of 

ou~ language.~ to be capable of truth and untruth, each relevant 

state of affairs is represented by the partition (T,U) of formulae 

of Z such that the formulae of T are true in this state of af-
{.{ 

fairs, while the· formulae of U · are untrue in it. If J 1./ :i.s the 

set of all partitions which correspond to the possible states of 

affairs,. it is plausible to define the consequence relation with 

regard .to .. ~iL as follows .. 

. xc?f' .... and 

Let X. and Y be sets of formulae of ~i.e. 
· Y ·is a consequence of X with regard to JL i.e • 

x u· y 
v"(, 

iff there is no (T 1 U).::,JL. such<that .. XCT ·and YC.U. It is also 

said that the set· of partition::; j-1, generates the consequence re-

lati()n •I,, i.l" 

. . . ' ' . 

If we presupposenothingabout theinter~a~ structure of 

the formUlae Of;£ I and abOUt their S~mantical inter~qnneCtiOnS 1 . 

·prepared, to allow any. set of partitions· of. formulae 



··.·· :· .. · · .. :.·: .. 

. · .. -to plBy .. _the. rol~::~f.:.J{ •. ;·So·;·~e.a~e:.l~·d ·~',.th~.~eneral~ d~ii~iuori ·,··.·.·· .. 
.. C)f~ the ·~ultiple c~nsequence. relatfo~ propos~ci iri[sJ~ .· . 

·. ·. ···.·: ·. ·:· 
' .. - . 

··,·. 
.. :·, 

. . -··:. :· 

' : .. ·.·• /1~_pn '!?<:t>,is ·a· co.nseq~ence Definition 

· <·•.· .. •nlation<m.~•••• 1• ~~:_~·.of.~artiti;,;;• JC ""<>h t~Ot,~ ~ Ui· 
. :·,_·· 

, .. '• 

... ; .. · •i::::::::::~.:~~r::t:i~·~;t~~;~~~.j:::~~~:::~::::::,: ..... 
.. .'i 

. , .. 
·, .··' 

be:'call~d its untrue set.: So, we :w.ti'l talk about ~onse- .. 

quence with .reg~rd t6v'C·1 · or\iieh. reg~r~ to·?:'; ,or with'. .. 

... 

I"X 1 I~ , IF. interchangeably. 
'J": '"' ' 

,· 
;.l ..... , .-

·We. consider the three:special cases (i~e: restrictions) of:. 

the consequence 'relation II= . 

(i) The most common ~ingie-conclusion rel~tion which permits 

only one conclusion and which accordingly ha~ instanc~s ~f 

the form 

x n- 8 xc.t.l 8E:.t. 

(ii) The single-premiss relation which permits only one premiss 

and which accordingly has in~tances of the form 

(iii) 

AE: ;t_ I yc. it! . 

The singular relation which permits only one premiss and 

only one conclusion, and which accordingly has instances 

of the form 

A ~8 AE.~, B~ci:. 
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It is evident .that these restrictions satisfy 

( 1) I-=H:-f1~ 

The characterization theorem, proved in (s] p.16, states 

that a single-conclusion relation is a consequence relation iff 

it is closed under 

overlap B~X ~X II- B 

dilution X' II- B & X'C X~ X R- B, and 

cut for sets x,z 11-B& (VA~ Z) X II- A ----+X II- B. 

Results on counte~parts, in ah. 5 of [s] (p.72-74.), .may be under­

stand as proving that different sets of partitions may generate 

one and the same single-conclusion consequence relation. 

Considering single-conclusion (single-premiss) consequen-

ce relations:as closure operators, in a Tarskian way, we will find 

simple conditions that must be satisfied by different sets. of par­

titions in orc;ier to.generate the same consequence relation. Inci­

dentally :the .characterization theorem for single-conclusion (sin..: 

·gle ... premiss). con~equence rel~tions.willturn out to be an· immediate 

the characterization theorem for closure operators. 

A. single-cone lusion relation II- . , ·.with instan.ces ·of 

X U-- B (XC-:;t, BE.;t), determines and is completely de­

the corresponding consequence-operator 

11-:']<~>_;,CJcii..> ·def.ined by 11x=1_B:X 11-BS. 
•'11-'J" 

; which 
. .· .· . . ' . ·. :· 

cbaracteri?,:ed .referin~ direc.tly' 



II- 'J"' . . . 
consequence-operator ·aorre'sponds 

-conclusiDn consequence relation 
.··It-T< .· . ·. 
· ·.· x =DfT: x~ r,& T~<'l'J . · 

. ":... 
11--7" 

Proof: .:AE::~ iffX,I~ A. iff (\tT)(XCT & re:'J"-A~J) iff 
. . ' . . . : 

A~n.{T:XC.T & Te'J'j. 

Hence, theco~sequenoe-operatorii-T:·c:p·c;;t,) __.\V(il..):lsa Clo­

. sure operator on~· , in the sense of the following d~f:i.~ition. ·. 

Defin:l. tion 3. .Let ·;f.,· be any set· and let lT be any set of sub­

sets of~, i.e. \J'c(i''(::l ... ); The closure operator generated by-:t 
-'Jrt> R .. · 

is a funct.ion . : J (';/.,) - J ('J..),, such that _.,... 
X. =n1_T:XCT1. Te:'Jj. 
A function-: t} (i_) -IJ'< :/..) is a closure operator on d.- iff 

there exists'Jc'? (:i,) such .that 
-1" 

= 

n--
Note that we impose no condition on (such as the inter-

("" 
section property or something else). J · may be any subset of 

fJ <.t.). 

It is quite easy to prove the following lemmas on closure 

operators. 

Lemma 2. Any closure operator has the following properties: 

1. xc.x, 2. YC.X- Y C. X and 3. x =X. 

Le11ma 3. A function-: 1j·(~) -.!fc::;'~) with properties 1, 2. 

and 3. (from lemma 2.) is a closure operator on d-.-. 

Proof: It is easy to check that 
-'1' t1J , ;j - l 

= for J =1_T:TC:. · &T=TJ· 
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Definition 4. The canonical extension of 'J C. '£ is the set 

- -~ 'J = f.r:rc:i & T = T }· 

Lemma 4. 

(i) 'J c..'j and 'J' •'J. 
-'J" - ~ 

( 11) = (cf. lemma 3.). 

-7'. -:r'l. 
(11i) = iff ,.,..,J n-

1 = ,J 2 (cf. lemma 3.). 

~ -~ ·J is the largest generator of Lemma 5. 

Lemma 6. The canonical extenaion of To:: 't is the intersection 

extension i.e. 'J: {X:(3Jr. )(J\:C~ & X:()Jt. )j. 

Proof: If ftc::J' & X = {'jjt "then 

xT=n f.r:xc.r & rr:'J'}c.f1{r:xc.r & r&JL)=rt{r:reJl) .. x 
-'3' -'T 

i.e. XC.X. Hence, X= X. So we have proved that 

£x:c~Jt.>cJtc."T & x =nlt. > ~c: 'J'. 
-"":' 

On the other hand from X = X 
.J 

it follows that ·x ,;(I[T:XcT &. T ,:.'J"' ( i.e. x = nJt. for 

Jl = {T:XCT & T c; Tjc'J'. Hence, 

T =Jx:xc~ & x =·x:r}c:.[x:c:aAH.Ptr:.'J" & x =fl./\. >j. 

Taking ~nto account that a consequence-operator is a clrisure ope-

rator, the charact~rization theorem and the equivalent generators 

theorem-follow at once .. 

. -.(,')· .. · r, 
Characterization theorem 1. An operatof'. ·. : J ( L>- J ( ~) is 

a consequi:mce:..operator~ff 1. xc.x, 2. YC.X~YC::.X and 3. "X:X. 

Equivalent $enerators theorem 1. rTru~ (untrue) sets ~enerate on~ 

consequence-operator iff their intersection.· (union) 
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Corrolary L 

tion ·if( it iS closed under overlap, dilution and 

Proof: It is quite easy to see tna t 1 , 2. and .3. of 

rization theorem are equivalent to o.verlap,dilution and· cut for 

sets. Namely, Be-x-xi}-B i.e. (\IBE.X)XII-B iff 

(VBEX)Be:X i.e. XC:X. Hence; overlap·ts equivalent to 1. Simi­

larly, X' li-B & x•c.x- X li-B iff x•c.x-<ec=x•-ee.x) 

i.e. X' c. x-Xi c. X .. Hence' dilution is equiV!ilent to 2. Finally' 

x , z 11- e & < 1,1 A e: z > x 11- A - x II- e · if r z c. x ---.... < s E= X'iJZ - e e x > 

i.e. ZC.X-XVzC-X. Hence, cut is equivalent to zcx-xuzc.X. 

Substituting X for Z we see that 3. follows from overlap, di­

lution and cut. On the other hand, presupposing Z~.X it follows 

from 1. that Xu Z c. X, and then from. 2. that X U Z C X, and then 

from 3. that XUZC.X. Hence, cut follows from 1, 2. and 3. 

Corrolary 2. True (untrue) sets generate one and the same single-

-conclusion consequence relation iff their intersection (union) 

extension. is the same. The extension is the largest generator of 

the single-conclusion consequence relation. 
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III A single-pre•iss relation pa, with instances or the 

for• A t=-'Y (AE: :;l., YC.=:t), deter.ines and ls co•pletely deter•i­

ned by the corresponding assumption-operator~ :'Jr(~)---.~(Y_) 
defined by 

'Y • [A :A 1-Y}. 
An assumption operator ~u,, which correspond• to ~ , may be aha­

'll, 
racterized rererlns directly to the untrue set tt .. 

. I-'ll. 
Lemma 7. An assumption-operator corresponds to the single-

-premiss consequence relation F;A: iff 'Yu'= (I f_u: Y-:.... U • U" 1.L j. 

Proof: Analogous to that or lemma 1. 

f-1.1, ':'1 . . . 
Hence, the assumption-operator · . :' . .u 'ci(.)---+ (p ( ~) is a closure 

operator on de.,_ and the characterizati~n theorem, as well as the 

equivalent generators theorem,. are as' before. 
. . :--. . 

Characterization theorem 2. An . opera tor - : (.r ( ':1 ) ~ ~~ (:/_) is 

an :assumption-operator. iff .1. X CX, 2. Yc.X-Y C..X • and 

3._x~x. 
. . 

Equivalent generators the-Orem 2. · Untrue .(true) sets .generate one 
. ·'' '• ·. .. ; ... 

· a~d ·the same_ assumption-operator iff their intersection (union) 

extension · is the aame •. The' extens.:L011· is the greatest generator 

· o~:the assumpt~~ri-o~era~or; 
,,._,_··. 

Taking~into accoun~ the simple and-natural connection bet­

ween, ~ssumption.:.ope~atoriand· single-premi·ss consequence relations 

-· · .. we ~a~ily derive the. corrolaries: 

Corrolary 3. A ·single-premiss. relation~ is a_ .consequl:mce relation 

·:· .... _:·_:· ..... ,_ .... 
.'·· .. . :-. ;. 

::.:· 
,;'.· 

:_._·_,_ .. ·_.: 

. ."'·· 



. _: . : ~: :. '·, . .. .. · 

. ·. ··<· . 
. : :.•· 

'· .... 

··, .··.-·· · ···_.rr 
·;'-. .::· :-~:. 

·_.: .. . ·· ·.··. ·:·'. 

overlaP: 

dilution; 

. cut. for .sets··· 

·'>'. ...: 
.. -~ 

_J_, 

, :tt:;:~i/:.~:Z):•&/. • ~:-r. 
: ·: ... . > .. ,. ~·.; .' :.:. : ... :· ,: : .. 

· · co~rolary ·-1r; -__ -___ Untru'e.( tr~e·). set:. .• generate one· and·- the_ -.same•·'single-

.:.premiss .• ~onseq~ence. r''e-la~i~~. irr _the~i.r intersect~on · ( ~ri~PnJ .. _____ "·· 

'. extension . is t~e same.·. the exteDsitlo • is the largeJ?t ,gepera.t~r of_._-·. 

the SiJ1gle-premiSS CQni!ieqUen<le relation. .. ·. · 
." ·.. . . • ._,. ' '·: • • · .. ' ' '· (. .' .•. • . :·· ·,_. .. • ·, · ... • ; ' ~ • < ~ ,I ·' ' • • . • . ·, " • ," . 

-·Let: J.t be a set or partitions. of~, <t'= Lr: (:a ~)(T:,ur~ ~it) 
its ·true set and t{, :{U :(-~T)(T, u)6 J{!~lt~ un_t~tie- set; From.. - . 

~-·· ...... · ... 
· (-1) -- · follows 

(2) 

Taking int~ account ( 2), · corrolaries · 1. and 3. 'imply 

. . 

Corrolary 5. A singular· relation ~- is a consequence relation 

' iff it is closed under 

overlap A f-= A and· 

dilution A f- B & B f- c-A f- C. 

Corrolary 6: is a eimple consequence of corrolaries 2. and 4. 

Corrolary 6. True (untrue) sets generate one and the same singu­

lar consequence relation iff their intersection-union extension 

is the sue. The extenaion is the largest generator of the sin­

gular consequence relation (i.e. the largest generator, true and 

untrue, is closed under unions and intersections). 

Remark: Corrolariea 5. and 6. may be seen as abstract algebraic 

results on pre- ordered sets. Corrolary 5. asserts 
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that each1'c.(fcs> induces a pre- order on S defi-

ned by a~b: = I(:STEi'J )(ate-T&b*T), and conversely, 

that each pre- order on S is induced by such a 

subset of ~(S). Corrolary 6. asserts that subsets of 

~(S) induce the same pre- order on s ur they have 

the same intersection-union completion and that this 

completion is the largest generator of the pre- order. 

[sJ Shoesmith, D.J. & Smiley, T;J, Multiple-conclusion 
Logic, Cambridge University Press, 1978. 
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• ALGEBRA AND LOGIC'", SARAJEVO 1987 

0 HUOTOPYX DOCTPOBBHJIX D011TH-PBIIB'l'OX 

Slaes_ Ymaa 

P8910Me 

B [1] onpeJ;!eneKbl no'ITH-pemeTJtK JtaJt OJ!BO oCI061118RHe pe­

meToX H paCCMO~peHbl H8JtOTOpbl8 nocTpoeHHR nO'ITH-pemeTOJt OJ;!R0-

9JJ8MeifTHYMH.npoJ;!OJJlii8HH8JiaMH pemeTOJt HJJtlnO'I'TH-peme'I:!OI:. B. BaCTO­

Jial!leA paCSoTe paccMaTpYBaiOTCJI HOBble nocTpoeHHR no'ITH-pemeToJt. 

ODPEnEnEHHE 1. [1] OyCT& (Q, V) !1. _ (Q, ll) ~OMMy'l'aTHBHYe 

nonyrpynnY. OCS'beXT. (Q, V, ll) aas&~aaeTCJI no'ITH-pemeTxoa 

TOJJ&xo Torna, xor.qa·uMeeT ~: 

nPl XVX = X·, H xllx = x· H , -

X ll(yVzVX) = 

(1) 

This paper is .in final form>and no 
ed .for. pllb~ication _elsewhere._ · __ · · .. ____ , _ _ _. _._ .. _ . _ 

- ~s Mathematics:Sllbject ClasSification (1980): 20N99 
--_ · K~y words •· and phra13es: semigroilp_s '•, lattices,, near-1at~' 
weak~distributivity. · -·· -- -



··. ua' 

(2) 

. .. . . ftz 
. . .ue$ L x ... y, (x,y) e Q .... 

(3) x@y = lx,y = e,x e Q ·. 
· .·. . . y,x = e,y.e Q. 

~ (Q,@, @) not~Tu-perueT:P:a ae.asn.aroUia.ac.a pemeT:P:OH. 

KalK.uas pemeT:P:a .asnseTcl!. not~Tu-pemeTxOHJ yTseplK.UeHue.1 

us [1] ·• TaltHM oeipasoM, cne.ncTBHeM yTBeplK.UeHHSl 1 .JIBJTlleTcSl cne.uy-

Jlanee, 

YTBEPlK!lEHHE 1', [1] ny_cTb (Q,v,'""') JTJOCiaJl pemeTxa. nycTb, 
l' .. :r 

. Ill&~ 
xvy = 

- . /-

' · ixefll 
.XV y = 

TEOPEMA 2. 

A a l Xl"'y,; (x,y) e Q 
l x,y e,x s Q 

y,x = e,y e: Q. 

t x v y, (x,y) e: 0 2 

x,y e: E,x e: 0 
y,x • E,y e: 0 
x v y, (x,y) « Ea 

t x4y, (x,y) e 0 2 

x,y e: E,x e 0 
y,x e E,y e 0 
x~, (x,y) e £2 
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JlOUS&'l'eni>CTBO 

a) Hs onpe~ene&HR t!l-(]) senocpe~cTseaao cne~yeT, qTo 

UliUIId e e: £,. e ~ 0, asnJJeTCJI e.aH&Huel rpynnoH~os ( 0 u { e } , <t ) H 

tOu {e},Cl.)). 

6) Y'IBTWBAJI npe~nono•eaHe, 'ITO t0,V,6) H (£,V,~) noq-. . 

TH-pemeTKH, T.e., 'ITO B (Q,V,A) H (!,V,~) HM88T MeTCO OPl~ 88H-

~ (2) H (J),,RAXO~, qTO 8 (Q,~,~), T&EM&, HMeeT M8CTO OPl. 

8) BBH~Y a) H. npe~nono•eaHR, qTo tO,V,A) H (E,V,~) noq­

TH-pemeTXH, H&XO~HM, qTo (Q,~) H (Q,Cl.)) XOMMyT&THBBW8 nonyrpyn-

nw. 
r) YqHTtriBAJI·npe.r:tnon01!8HH8, 'ITO (Q,V,6) II (£,V,~) noqTH­

pemeTJ:H, T.e., qTo B noqTa-pemeTKS (S~,a) HM88T MeCTO 

H1 · BBH~Y a),· HM810T M8CTO pa:BeHCTB& 

x@ (e@xl = x@ (e@x) = x H 

(e) e@(X\Ve) = e@(x@e) = x 

;QJUI mo6oro x e Q H mo6oro e e: .E , · aaxo;QBM, qTo a ( Q,@ ·, (jiJ). , TaE- · 

lK8, HMeeT MeC'l'O 0P3. OpHTOM 1 T&X XaJ: pase&CTBa 00;1:1 . (e) HM810YT 

MeCTO· ;llJlJI moCioro X e . Q H mo6oro e e '£, . rt~e Q n £ = If, Ha,XO;IlHM 

'ITO B ( Q 1 @ , @) He HMeiOT MeCTO 3&XOH&I nOI'JlOilleHHR. B caMOM ;Qenee, 

OTCJO~a nonyqaeM, ttTO (Q,@ ,@) He RBJIJileTcR pemeTxOit,. 

~)Tax !~:aX OP2 HMeeT.llleCTO B (Q,V,A) .H B (E.,V;~), TO 

nP2 HMeeT MecTo ;QJLII scex x,y, z e: Q H .nnR .•cex x,y, z e:. E. 

BBH;Ily a) H B) 1 .HMeiOT MeCTO paseaCTBa 

e @(y@z @e) = y@ z. a. 

(e@yl@ (e@z) @(e<li)e) 

~Jl.ll: . JliOCi&IX ·Y, Z e: Q H JIIOCiOI'O e '· e: E • O'l'CIO;Il& H&XO;QJtM, .ttTO 

M8CTO B :'Q,@,@) JlJlJI 

1 loCieccHnusoe nornC>IlleHHe. 

21 yTaepm,t~eHHe · 2 Hs · [1].. 



'; .' 

·· .. ·. 

........ -. 
--:··:->·:.:. 

~-K~y~;;~~~r. ··6)_ ,·.~-- . ~~ ·;:~~-~ ~-.'~~0 ~~~<r~~~o :~B~HCTB~_\)::~:_;,. :'~· 
.· ... · ... ~·,".:. .~~.- ... ~. · .. ~,:,·-:·: : ·.; ... -~::' :··~_ ...... . 

. :•x®.t• (Y) ~·®x>·-~- x ®fz ®x>~.>-.H _ -··' ···. :::'~; .. ~ : , .. :·. 

· , .. I~®.Ot~ l~!ii~J® ~~ ~ .,;i :~~~~:/.· ... " , .. ,. ·}; 

..•. ;_~.(~.uQ~,:~.~.".~.--8.=)· .. : .. ·.:.:_:~.·.:n'~.:·.····.=.~~ce~•x~.~.;~ ... ·~,·Y~.0.·.'.~.·.: .. ~~~ ~i.!, 
w ~a~ .. ... .. - g:_:H:.·~iOooro:·z: .• ;e:!E· i~ 

. :··· : .. ' ·~. : . ' 

·. : -B.H.Uf. a) K:B)·.·B!lXOlU114,.·;~TO:·HMeJOT.Mei;:TO :Pa'ae.HcTBa 
.·· ,·.~-. . ·.. ··)t·· . . ;·: ~ . ' -· '·:: .: .. : . 

-x:®'{e_-.. _1 __ -~·~<Y>xf :··_·x~~ ,:~.r.· 
· .. •,'. ... ··~'.: .......... · .. ·· 

.. •: 

.. · ,'(~®ei)'@J (X(j)e2 )@ (x@x}' ""'; x.(i)x(i) (X(i)X) ... · 
. :· .. · .. t.-·_::.:1;,_.. . . . . ,:, . .· .... ·· ... : . . . '· . 

.unsr ~IO&oro>x .• Q' H mo&wx el, .·~ ~ E ·• OTC~.Qa, BBH.I!Y . IS) H. B r Haxo­

. .I!Hfl,.. -.~TO, .DP2· .HM88T MaC TO ·.!!Jill .ruo6or.d X !i Q · II · mo6wx . y ~ Z .J! .· £ • .; 

"•.·, .. 
,,·: . 

. . . · Kalii.Qa.ll pemeTJta · . .IIBnsreTcJI no'ITH.,.peme'i'J:OR; yTBep~~r.ueaKe ·:1. 

Hs. [1) • TaJ:HN oepasoM, cne.ucTBHeM· TeopeMitl ·2. JIBnJie.'fCJl. ·cne.uyromee . 

. Y'l'B8Plii1:18BH8: . 

TEOPBMA 3 •. nycT& (Q,u,n) .!!. (E,V,t\) nroewe pemeTJtH, !.!.­
J:Ne.~To .· Q n £ ·•· !!X£ll, .ganee, . · 

A .uetA Jl 
IU Q • Q u E, " n 1 • If, 

xVy 

x6y 

x u y (x,y) ~ Q2 

~· k X, y • , E, X II 9· 
rry,x• E,y•Q 

X V y, (x,y) • £2 

~ 
x n y, (x,y) • 

Jl~t x,y • E,x • 0 
y,x • E,y • E 

X II y, (x,y) • 

A2 
Q 

. . . ' . . 
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DPHMB'IAIIHB 

Ben• I E I • 1 'I'&OP!Mil ! C'l'a&e'l' Y'I'BePQeaHeM ! . I!!,!!! 
.!!. o6pasoM, '1'80p!llf1 .! npll I E r - 1 C'l'AB8'1' Y!HP!§118BB811 c. 

0606 .. &8811 ~88p.D8BII. 5 118 [1) r 8118 ... 8 ODBO B '1'0 .. 

DOK11811'1'8nloC'I'BO, JIBn•e~· cne~ ~aep.aeBB81 

YTBBPJ!ABBHB 4. DYC'l'lo (Q,v,l"l)! (E,V,f\). DtOwe p!ll!'l'D. 

Tll!K8, ~ Q n E • fl. PpKTOM, nvcT• peaae'l'fa (Q,u,n) o6naaawaa 

~ MBB:&aaeA ~ ~ BII!M!BTIIMH a,b • Q yaoa~111 ~ 
IBm aS~ 8 a P b. DyC'l'lo·~ 06)11'1' (Q,V,A) onp!Depea !1211 
(i) -·(j) .Ill teopeMW _L .t2r.U.!. (Q, V, A) U. IUIIRl ~ U1.2.1. 0.£: 

. 'l'p116YTIIBBOC'I'II ~ 811108 MODYnRpHOC'I'IIo 

0606118BBIII YTB8~8BII. 6 HB (1),11118~118 DOD06HW8 DO!a-

3 aten:&cTsa, . llBnlleTCJI cneayJOIIIee ytaepueaaea 

YTBEPlltQEBJlB·s. nycn (Q,u,n)!!. (E,v,,q ruoewe pe118T:ttH 

. ~ liTo Q. n .E = fl •. DvcT:&, . .aanee, . ol5'11tJt'l' · (Q, v , A) . on~eDeneB g­

.. £!.!.. ( i)- ( J) H!l !!_9"P8Mw J_~ Toraa· !. ( Q; V ,.\) HM88'1' M8C'1'~ 

DPi' · ·•· x v (y ~ z Ax).= (x v y) A (x v z) A (x_ v x) 11 

. . . 

TEOPEMA 6~ .. nycT!; (Q,~;·A·) ·.!!_·(e', v,~) n~6we rtO'ITII-pemeT-. 

~ ~a~11el 'ITQ fl n 0 • fJ • . nycn ~ ,~:~anee , · 

. · ... 

(1').:' a:~~~.o·u. 0, Q n.·t) .. "· 
·,"j 

····.!!.~--~. 

•• (2, ):: 

.... -:···· __ .;..._u.-.;__--- . . '.' 
. , ·•. · .. ·: ., r. 

_.::: ;· 

.· :_·, 

·· . .-,-'·'··· 

·:·' 



.".i, ;,·. · .. ~ 

:at ,H3 , onpeue.11eHJUF ( 1 1 ) ""' ( 3 •f aenQcpe,ncTseaHo · CJI'81lYE!T 1 

'ITO !talK~ : 0 i;; (I ' 0 i Q I $18Jili8TC,II; .H~ ~eM rpynnOH;QOB ( 6 u ( 0 J, (2) r 
H . (Q U .{ 0 } ~ @ ) 1 T ~ e, 1 '1'1'9 . HM810'1! M8CTO oi>O~MYJII!I . ' ·,- ... : . . . ,' .. 

'(Vx c Q u {0}) (Vy c Q u {0}) (x = 'ri v y 
• . ' . . . ' :, . ' . : - ' . • . r ,. ' ~ . . ' .. ·.. . . . 

(Vx E Q u {0}) (Vy c Q u { 0}) (x = 0 V y = 0 ==!> x @ y ~ O) • 

15) YqiiTI>IBU npe;QnonoiKe~e, 'IJTO · (Q 1 'l , td H. lt11 v ,~) no'ITH.:. 

peme'l'J:H, T, e. • 'ITO s (Q, V , A) 11 (tl , V, ~) HMe.eT MeCTO 111'1, s.BH1lY ( 2 1 ) 

H (3 1 ) 1 . H&X01liiM 1 .qTO · B (IJ .@,@h. T&JOU! 1 HM88T NeCT.O flP1. : 

B) BBK1lY a) H npe;QnonoJKeHH$1, 'ITO (QIV,6). H ((l,V,~) noq-

TB-pemeTJ:H, H&X01lHM1 'ITO (Q 1 @) H (Q,@} ltOMMyT&TKBHI>Ie nonyrpyn­

nl>l. 

r) Y'lKTI>IBBll npe1lOOJIOlK8HHe, 'ITO (Q 1 V 1 6) H ((l,V,~) DO'lTH-

pemeTJ:H1 T.e., 'ITO B OO'lTH-pem&TJ:e (S 1o 10) HMeeT MeCTO 

nP3 x c(y ox) • xo (ycx) 11 .nn.11 mei51>1X x,y c s 21 ; 

H, BBHDY a), KMeiOT M8CTO p&88HCTB8 

(0) X@(O(i)x) '"' X @(O@x) ,. 0 H 

O@(x@O) • O@(x@O) • 0 

DJIJI JIIOOOrO X e: Q H n11100r0 0 C t) 1 HBXODHM 1 'ITO B (Q 1 @ 1 @) 1 T&J:­

JKe, HM88T M8CTO flP3. npRTOM, T&J: J:AJ: paBeBCTBA DOD (0) HM8DT Ne-

ll ooeccaneaaoe norno•eaae. 
Zl yTaepa.neaae 2 Ha (1). 
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CTO ~ns Ka~oro. X • 0 H xa~oro 0 • G, I'A8 Q 0 G • 8, BAXOAHM, 

qTO B (Q,GD,~) B8 KN8~ M8CTO saKOBW norno•eaas. B CaMOM A&nea, 

OTCmAA nonyqaeM, qTo (Q,GD,~) He RBBft&Tc• p8m8TKOA. 

A) Tax xax nP2 HM88T M8CTO B (Q,V,A) B 8 (G,V,~), TO 

nP2 HMeeT MeCTO Anft acex x,y,z • 0 R ~n• scex x,y;z • G. 

BBHAY a) H B), HMBDT M8CTO pa88BCT&a 

O~(y@)z{j)O) "'0 

co~yl@co~ziGDcoQDo) • o 

QnR n~6~X y,z e Q K n~60I'O 0 • 6. OTCmA& HAXOAHM, QTO nP2 HM88T 

MeCTO B (a, @ , @ ) QBS BC8X y 1 Z • a H ~ISOI'O X • 6 • 

noQOISBHM cnocoiSOM, BBKAY a) , B) II taKTB, QTO@ H (~ 6M­

HBpH~8 onepaLUIR B tl, Benocpe~CTB8HIIO HBXOQRM, qTo nP2 HM88T M8-

C'l'O s (a,@,~l ABJI scex x,y,z • a. 
TeopeMa Qoxasaaa. 

nP3 X 1!. (y V.x) = X.V (ya X) 1) ABR scex x,y • a21 ; 

Henocpe;QCTB&HHO HAXO.IlHM 1 .qTO. HM88T. M8CTO CB8.11YIOIII88 YTBeplK.Il8HHe: 

TEOPEMA 7. noqTii-pemeTJ\:a (a., v, I!.) R:BnseTCR pemeT:KOR !2!:..:: 

!J! ~ TOnhXO TOI',I!a, ltOI',Ila . .!!. (Q,V ,I!.) !!Q M&HI>!DBR Mepe ·~.~ 

OAHB ru~ sa~~:oaos nornomellHJI. 

nHTEPATYPA 

[1] Ymaa .fl., M OIIHOM o6o6meHHIO pemeTC>X, Review C>f Research· 

Faculty ofScienece- university of Nevi .Sad, Vol. 

\Ji11«!3 Ymi!R 

21000 HoBH.Ca.Q 
Ball3a~aa 2S · · 

Jyrocnaaeja 

17-2, 1987~ 

l) o6eccene~aoe nornomeaHe. 
2) JT&eplK.IleKHe ~ H9 (1} • . . ' 
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ABSTRACT. Algebras whose congruence or subalqebra lattices 

satisfy some conditions were recently discussed by maay authors. 

For a given algebra A we. here consider> both ConA ·· aad SubA · 

as sublattices .of a lattice :G A of· weak congruences on. ·k (i.e~ ... . . . ·.· ... ···. .·w·· . . . . 
of· allcongruences ... ·on ·all· subalgebras of._ A). ·It_ .turns .. out _tha't · 

the main: connections (homomorphism, entbeddingi isomorphism) 

betwe.en SubA . and ConA .. depend mostly on the -lattice properties 
of· a diagonal relation:· ·ll in c k • 

. .. . .· w ·'. ··.. . .., . 
We prove that;, ll is ·a· neutrale.lement in .c A if and 

., ... - •· ·.' · ..... _,·:, ., . ·. i .. ,. :.· · .. ' . . . ·W · , · i .• 

only. if. for ,evecy ,sub algebra B ,.• the. congl:uence .... lattice· ConE is·_ . 
iso~orphic ·~ith the ·s.uitableideal :i.n ·cori.A 1 and the set of, au··. 
such idealsi.s' closed unde.'l:",intersections, Moreover_, Ais exce- ·. 

pd.onal in .. c'.Aif.and• only if those-i.CI:eals form ,; sublatticeof 
. . .• w ..• ' •. . . . '. '·.·, . . ·.·. . . . . . . . .. ·.··. . ·' . 

the lattice o£ ,allicleals' on: ·conA., Finally, _for· algebras· hE".v"ing· · 

•·noinUnite chairi .. · of.subalqebras'and ··congruences ,coni··.: subk·i.f 

. an(only.i£ !leis ~xception~l··tn cwA;·:-and.,"·thc;;,_lat1:ice of 

. . 2 .. · . ' ···. ·, . ·•. .. . . · .. '' 
·: (B B € SubA) is·!Somorphic with·ConA. · 



algebra A, cwAis 

i.e. of ~11 the. congruences on 

. A, The following properties of a weak' 

· proved in [ 2] and [ 3]. · 

• 1. conA is a ~ublattice of cwA, namely it is 

generated by a .diagonal relation A= {(x,x) I x € A}. . ' - . 

· 2. subA is a retract of cwA. !~deed, it is isCimorphio 
. 2 . . . . . 

the.ideal (A], under_ B -+B .A. 6. 1 and-moreover,· the mapping 

m: p + p " 6. is an endomorphi sll\ . on CwA • 

A ls said to have .the congruence .=..;;;.;;;.==-== ,.;;,;;;~.=...;;&.. 
(CIP) if" for pI e € cwA 

( p " e) v A = ( p v A) " (6 v 6.). 

Recall that A is said to have the congruence extension 

property (CEP). if every congruence on a subalgebra of A is a 

restriction of. a congruence on A.· 

3. A has the CIP if and only if n : p -+ P. v 6. is a homomorphism 

from C A into ConA. w . 

4. A has the CEP if and only if the restriction of n to 8 E subA 

n 1 B : p + p v 6 is an injection fro111 eonB into con A, 

An element a of a bounded lattice L is neutral if 

rna: x + x " a and na: x + x v a are homomorphisms, and 

fa: x + (x "a, x v a) is an embedding of L into (a] x [a). 

An element a of a bounded lattice L is exceptional if 

it is neutral, and the classes of the congruence induced by 

ma have maximum elements which form a sub lattice Ma ·of L ([ 1 ]) • 

5. The diagonal relation A of an algebra A is neutral in C111A if 

and only if A satisfies both the CIP and the CEP. 

6. The classes of the congruence induced on C A by the mapping 
w 2 

m have maximum elements, collection of which (MA "'{B I B € 

SubA}) is not necessarily a sublattioe of c A. 
w 



171 

* * * 

Starting with the congruence intersection property, 

we induce two weaker conditions. 
An algebra A is said to have the weak congruence !!!,­

teraeotion property ( w CIP), if for p, 8 € c;,A 

fl. < 8 implies fl. V ( p A 8) • (A V p) A 8. 

(Obviously, A< 8 means that 8 E conA.) 

A is said to have the subalgebra congruence intersec­

..!:!.£!!. proprrty ( sCIP) , if for p , 8 E c A . w 

pA6.•8Afl. implies fl.v(pA8)•(fl.vp)A(fl.v8). 

(ctlvioualy, p and· 8 are congruences on the &IUII8 subal98bra of A •) 

Clearly, the CIP .irr.plies both the wCIP and the sCIP. 

LEMMA 1.. If A satisfies ~ £!! ~ ~ !!£!,!! 1 ~ ~ 
· has the !fll· · 

Proof~ Let p,,A •e ,..A, and suppose that A satisfies 

the wCIP and the CEP. Then 

(p,vl:.l 1\ (evA) :i(p ~·re vA)) vA<e vA. Now, since· 

p A-(9 v A) and e are congrue1;1ces on the same sub algebra 

by 'the CEP and by ,4. 1 



"' .· '-• . 

. · . . . If ~-h_a_s _the ·._we_· ·-~-~ ,:•_th_e_n the ·.;;;r..;;;e.;;;;s..;;;t.;;;;r,;;;;i.;;;;c..;;;t.:::;:i..;:;on;;.;. .. · 

· _:sra'•p ... pvA. (B· e: SUbA). 'is an ._ozito homo1110rphi$IIl pf ConB ·to .. _ -6ne. :'· · 
. . .•.. 2 .... ; ·.· ... ·.· ·. . . . 2 . ~- .·' ..•• ·. .. .. 
·-~ <~,~lll:in'G:o~A(!_.~, •. ~<<B ~61conA> .. ~: ;'. , .. ·. 

-Proof • 

. ·>(s2 1.9)vl1 =(B2 .vA) 
: 2···. ·.. . •..• · .. ·•···· ... ·: ... 

~ti 8 <B.A9)=•9. o.:· 

·LEMMA ~·-··A.· 

·.·Proof. suuple reformulation. ~f 

··.··,· 

·.Proof. 

3. 

For the "if" part, all we have to prove ia that the 
.CIP and the fact that· n 18 . is "onto" imply the wCIP •. 

Let p € ConS, 9 € (B~v6]·. «hen, since n I 8 is "onto" 1 and 

by sCIP, 8 ;. a v A, for some a e: ConB. Hence 1 

(pv/1) 118 • (pv6) A (a v/1) • (pAa) vll< (p A (avil)) v6 • 

•(pA9)v6, 

and we m:a done, since the converse inequality always holds. 
2 . 2 

If. 9 e: Con8 1 but 8 t (B v6], then 91 • (llvp) "'9 e: (B v6], 

and by the previous consideration 

Hence, 

6 v(pA8) •8 1 =-(6vp) A8 1 •11v (pA9 1) •6v (p.-. (6vp).-.9) •6v(pA9), 

and the WCIP holda. a 
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'l'BEORBM 5 • ~ following .!!.! egui valent ill ~ .!!-
gebra Ar 

( i) A ~ ,!!!.! CBP ,!!!!! ~ WCIP' 

(ii) FOr 8 E SubA, ConB a CB2vtl) conA, 

~ nf8 r p+p v A. 

( (B 2vAleoaA ia an ideal in conA , aa before.) 

Proof. (i) - (ii): 

niB is an injection by 4., and it is "onto" by Lemma 2. By 

· Lemna 1 it is a hanomorphism. 

(ii)=-(i):· 

The Ct:J:' :Follows by 4 .~ and the wCIP by Lemllla' 4 • 0 

EXAMPLE l. We. give here t.ne .r ... o.~z- .-1cmornt · . .,~upntd 
which satisfies the conditions of Theorem 5. 

gebra A: 

G a b. c d 

a b b d c 

b a .C d .. 
d d 

.. d d c 

THEOREM 6. .The following~ equivalent !£! ~ al~ 

(i) ~- is neutral in C A; 
-. .-.w. 

·. £or.ans; c ESubA 
-.-.'2 .· ... ··. · .. · 
a) conB = (B vHconAuridern I B, and 

•· .. · .. 2 .2 .· ..... 2· .. ' . 2 . ; .•. 
b) (B AC .)y ~ = (B vlH-·A-(C vA). 

···; ···.:·:- :·_._,._ _-- . 

. (i) .,. (il) : . 
_-, '· 

by Theo;rem 5 / ahd 'b) '?Y 5. (in the in troduc-

.riamely 9Y_,the_.CIP..,: 

that. A satis-



· .. · .··· ... ···.··· .. · .... ·.·.·.··•· ···· .. ···.· .. ~. .·· . r 
·a;,;•• <nlc>-:-1 <PA 1' eA):> <nls,..c>- <PA" 9Ar 

we have .. us~d ·~e·!act. that for P € conV, V< E~.A.,··. 
Also, by a), inverse 

Con ca2·" c 2r. Indeed 

. . . .· . 2 . 2 
• .PA <B.A. ,and 9A~ CA 

•. . .· ·.· . 2 . 2. 2 . 2 
PA A .a .A< BA ACA = (B AC )A • 

Now, 1) implies 

p.A9.:> (n .. 18 ,..c>_- 1 (PA"eA) , and hence. 

(pA9)A.:> (pA" 9A)~ = PA "·9A ., 

and the CIP i.s 'satisfied. 0 

EXAMPLE 2. The following unary algebra ilustrates 

the situation in Theorem 6. 

A a b c d 

f 1 a a d c 

f 2 b a d c 

·THEOREM 7. 

A'= (A,f1 ,f2 ) 

B • {a,b} 

C • {c,d} 

~ following !!.! equivalent ~!!!. !.!:-

(i) fl .!! exceptional !.!!, c;,A; 

(ii) !2! every 8 € SubA; 

2 
a) Con8 • (B vAlconA ,!!!!! 

b) PlsubA: 8 +B2vfl !!. ! homcmo;phism !!.2!!! subA 

~ conA (paCwA•eonA, p(p) • (pAll) 2 vll). 



us 

Proof. (i) - (11) I 

a) follows by Theorem 61 and b) by the definition of the 

exceptional alament 1 since in this case the squares form a 

aublattice of evA. 

(11) .. (i) z fl is neutral by 'Jhaorem 6 1 and it is 

axcep'tional by b) • c 

LEJ4MA 8. ~ !!!!_ conditions 2£ 'lheorem -1~ PlsubA 
2 2 !! ~embedding .1!!1.• g,!!!! only!! (in (1)) B vfl•C vfl !!!-

plies 8 • C (8 1 C € Sub A). 

Proof. Obvious. 0 

LBMW\ 9. ~ A ~ ~ algebra ~ ~ cwA !!!.!, .! 

finite length11• Then, under ~· conditions .2£ Theorem z, 
PI subA !! "onto" Jill, g ~ only g (in (i)) ~!!..!!! ~-

qruence ~ ~ .£!!!! [B]ker n. ~ e € conA) is .! square. 

P.roof. pI sub A is "onto" if and only if thew is. at 
2 . . . 

least one square B in [ 8] k. , for every 8 E Con A . (since in · ern .. 
. 2 . • . 

that case. PI SubA (B) "'8 vt:.. ... 8) .NcM,if . the least: conqruence' in 

[ Blk ... · . ·is a square, thEm obviously there is a square·' in the 
. ern . . . . . · . 

class,. and: p lsubA is "onto". Conyersely, if p is. a minimal 

congruence in the c;lass [. 8] kern (which .exi~ts since cwA has 
... .• : ·. ". '. ' ,';'' ' ." ' 2 - ' . '· . 
a .finite··length) ,and if B belongs to the same class, then 

.. · • p <~2 ; · ~d: (pA~)i~ c 2 < B< Thus,. we have· · 

:··: ... : .~A6·~c2 ,~A, and. ~v·i~·c2 vA ... 
,.,·. ··,· .. , 

Since o::rr :<.i l in ,Theorem. 1 A has the CEP, 'by· 4. , p = c2 
1 and the 

least congruooce in the class is . a square. ' 0 

.. _,_ ... 

'~ · .. 

ll·· I.e. ~i_l:chains in this lattice are .fi~ite •.. · ... · · 
·.-: ·:• 

: :- ·:_ · .. : 

.. _,. 

·-·· ... 



.. .. :.1 .. ··:" . 

we shall Qharacterize the algebras having isomorphic· .. 

lattices of sub algebras and. congruences, using~ as be£6re, a 

.. · ..• diagonal ~elation in the, lattice of weak congruences. Recall·· 

· .... that·the' set ~fall squareM~:7"<a2 IB€SubAJis a sublattice 

of ci, if A iS an exeeptional element .in this lattice •. 

·THEOREM 10. · The following:~ eqt.ii~alent ·~ an .. ·· · 
algebra A .12! •.. ~ ·cwA has .! finite• .lenght:. 

' / .. ··. ·~ .·' .. 2 

(i) r) SubA=conA' .~ PlsubA:B
2
-tB Vd ; . 

.. b) · for eveey t! €SubA~ ConS ~(B. vA]ConA ~· . 
····nla:p+p vA;··· 

(ii) A .!!. !!! exceptional element ~ cwA and 
·.. . 2 ' 2. 

MA ,; ConA ~ n 1M : B + B v A • 
A·· . . 

Theorem·10. can be represented 

by a conunutative dia9ram: . 

Proof .. (i)- (!i)r 

.By Theorem 7, all we have to prove is that MA =coni\. 

This is. obvious since MA is a sub.lattice of CwA isomorphic 

with SubA, Under B +B 2 , and since B + B2vA is again an isomor­
phism from SubA onto ConA. 

(ii) - (i): 

This part follows by '1.'heorem 7 and by the fact that in every 

class [ 9 )kern (9 € ConA) there is exactly one square (since 
M6 .iii ConA). 0 

EXAMPLE 3. 

Any affine algebra l!lati­

sfiel!l the condition• of Theorem 10. 

Here we qive a diaqram of the weak 

conqruence lattice for Klein~s 
group G. 
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ON !::lOME GENERAL1ZATIO.N3 01!' ORDERING RELA'.riONS 

Malisa R. ~izovic 

Abstract In this paver \·re· c;ive some new connections of 
generahzed ordering with binary orderinr; and total binary 
ordering. 

I Main definitionG 

1. An (n+l)-ary relation R on J ·ia · (n+l)-reflexive iff 
n+l · 

( a )ER for each .aEH. [ll. 
2. M (n+l)-ary relation H on :~ i3 2-antisymmetric iff 

for ·ea.ch a,bE.3 the following is :satiGf:i.ed: If all p<lrmutations 

of a, b~l::l- are included in (n+l)-tuples .of R,- then a=b. [l:l 
3. An {n+l)-ary rele.tion Ron 8 is iA1-transitive, iENn 

ifi'for each ~0 , ••• ,an+ltS. 

( ·c i-1 n ·) .... ·c ·. i-1 ' .·· n+l) ·)~( i-1 n+l). r ] 
· . a 0 ,ai,ai+l fRA a 1 ,ai'ai+l liR .. _,.. a 0 . ,ai+l _ER. L2 

. . . 4. M (n+l)-efy.:relation R on S 
. . 

:i.s compressil?le iff the 

follq~Ting is r?a'l;isfied for all_ a1 , ••• ,ak€ S: 

I:t'.(ail~ ..•. 1;i()€R, h+ ••• +ilt=nt_r,i1 ,H,,ikEN, then .. 

Jl . . ·. Jk •·•··· . ·· ... ·..• . ·. ·. . { . .. . . . .... , . (a1 ,.~~,ak')~R,·for.~allj1 , ••• ,jk~NV o}; j 1+ ••• +d1~:=1Hl.[iJ_• 
. 5. An (n-~1)-ary relation. R on 8 is wealdy compressible iff 

I , ' ' 

r.J!fiis paper.~s in· final f'orm'a.nd.no,cversion of it .will-be 
submitedJor l'Ublication elzeNhere. . · ·• · · .. · .· . . 

· Ar·18 \!'4athematics . ~lubject ClC1sificntiion (1980): 06A15.rr 
Key•\.Tords and phrases·:. n-a;oy relations. .· .· .. ·.. . · 

·.; . 



180. 
' r s . . .~;.·;:i. ~r: .. ''.'" ;!·>> ':> \ <> :~ ·. 

If·· (a, b)ER,, r+lit=n+l, r, sEN, .. ii>Pt~~!J~!~!)Efl .. £or ~11 .. hj~N~{Oht{ii.' ; ••.... · 
~ ~+·j:::n+l • . · . ~· ... · ; .. ~ "·. · ... 

. . 6. An'(n+:h-ar;r relation: R on: s is 2-oomplete ifrf~r ail •··. 

··· ..... a'~~~ the followi.~~. is satis:ie~: ((3 a1 ; ••• ,an+lE~) such th~t· 
(a1 .... )€R·and·a1=a, aj~b, lt6.-l...(J~n~l) or ((3b1 ,. .•• ,bn+les). 

such that (b~t1)ER and bk7b, b~iz:~, l~k<m~n+l)~ .·· . 

7•. An (n+l)-ary rdatiohR on ·s is strongly. 2-complete 
· · iff for.all a,b€8 the following is satisfied:. 

( 3 r,sEN,' r+s=n+l such that (~,~)E-R) ~r· 
· k.m · .. · · 

.... · (3k,.inEN, k1·m;,.n+l.sl1ch tl;l.o.t (a,b)~R) •. 
. : . '· ·. . ' "• : . ·. :_. ·. 

!I nome notes on r;enernliz~tionu ~f ordering relationa 

.l'ROlOSIIJ:ION 1. If • (n+~)-ary'reL?.tion !f .Q1!. .§ :t~ .gom11ressible 

· .. ~. iA1-transitive then it i§. .&i.LI:1-transitive ·for each. i, .iENn.• 

· ~: Let the a 0 , ••• , an+lt 8 be. arbitrary . elementG, o.nd .. 
let i' j' i < j ( . for i > j p'roo.( is analogous ) be such that . 

·.·( i~l j-1 . ri R 
.. a 0 ,ai'ai+l'aj,aj+l)f and 

( i-1 j-1 n+l) 
a1 ,ai,ai+l'aj,aj+l ~R •. 

From compressibility of relation R \'Te also· have· 

( i-1 ~-1 n ) R d' a 0 ,ai'ai'aJ.+l'aj+l Er an · 

( i-1 ~-1 n+l)E-R 
al. ,ni,ai'a1+l'aj+l • 

From iA1-tranaitivity we have 

( j-1 n+l 
a 0 ,aj+l)ER, 

and it follows that the relation R iu jA1-transitive. 

Remark. In Theorem 12 Ll:l instead of nA1-tranai ti vi ty 

iA1-transitivity for some iEN~ can be required. 

THEORET-1 2. ~ g .!2!, !:!:!!. (n+l,2,nJ.1)-R.'I.T, weakly com1~reaoible 

relation .Q!l :],. If ~ i:J bino.r:y relo.tion .Q!l d defined .!2:. 
~ 11'! (l,5)ER for .!!2m!. k,m~N, k+01•n+l tbeJJ. ~ is RAT-rela-

~ .2!! !i· 
~: Reflexivity and anti::rymmetry or relation~ can be · 

proved as in Theorem 12 [1]. 

Relation ~ ia tranoitive: 
Let' a~b and b ~c. Then, by the definition of relntion "' and 

by weak compressibility of relation R 



n n 181 
(a,bJ~R and (b,c)~R. 

n-1 
It follows that (a, b ,c)ER. Hrom 

n-1 2 n-1 
(n, b ,c~R and (a, b )ER by 
2 n-1 

nA1-transitivity it followo that (a, b ,c) R, ••• , from 
n-1 n n 

( a ,b,c}ER, (a,b}ER it follows thnt (a,o)ER or n.-c. 

The next example shows that weak compressibility is not 
a con3equence of othero axioms for generalized order. 

Eltample 1. 1::1-{a,b,c,dj, n•2. 
3 

H• f(x)/ Xf8}u {(a, h. c), (b, o, d), (a, b,d), (a, a, b), (a, a, c), (n, a,d~ 
R is (?,2,2A1)-RAT relation on ~, but it is not weakly comprea­
:sible,. and thus it iu not possible to reduce it to ths binary 

order. 

Relation R in the next example is (3,2 1 2A1)-RAT, weakly 
compreRoible relation but it is not compressible. 

Example 2. s .. fa.,b,c,d), n .. 2. . . 
'i 

R= f ( x) I x E 8} U { (a, a., b) , (a , b , b) 1 (a, a, c ) , (a., c , c) , (a, a , d) , ( a., d, d) , 
(n,b,c),(a,b,d) 1 (b 1 c,d)}. 

It is reduced to binary order relntion: 

~ = {<x,x)/xfS}U{(a,bJ,(~,c),(a,d)J. 
III Generalizationo of total orderinp; relnt;:lons· 

TIIEOREN ;.;. Let ~ be .!! binary relation . .Q! total ~ . .Ql! .§.. 
Then the (n+l)-aryrelationR defined by: 

(a~+1)fR iff a1 ~a2~ • • • ~an~ ~n+P 
is (n+l )-reflexive, 2-antia:ymmetric, i ·'1.1-trq.nsi ti ve, compres3i­
,ble. and 2-complete relation .Q!! .§. 

l'roof: Total ordering of ~ directly implies 2-completeness 
of R. Other properties are valid by theore'm 11 f..iJ • 

The. converse is also true: . . . . 
THEOREM 4-. Let Rhe an. (n,+l,2,iA1 )..:.R:>T, compres~lible and 

relation on§_ •. 'If ·~ is binary relation on .§.defined 
. j _k-

~~b iff (a,b)ER for~ j,lcEN, j+k=n+l, 
then . ·~ :is ·•total orderinc;.··. on.§. •. 

r·roof: .Relation. ·~-• is RAT-relation by theorem 12 [i}. 
· Let a bES a;.!b. Because of 2-qompleteness and '2-antisymmetry of · 

I. • ' . . . .. . . . . . . . . . . < . . . 
. relat:Lon R, only one way ih definition .of 2-cottrpleteness . is 

. valid. Th~G, {3 a1,. ~. ,an...:1Es), (3 j,kE-l'l) l~j.c2.k~n-1, so that 

· ····c· j-1 k-lb·· .. ·• n-1)· ER · ... · 
~1 . ,a,aj .' '<l;lc • 



I· .... 

l8l .·;.;··.: 
.... ·:: ,·_ .. 
. ' . , . ·.,·, .... 

.. . By coillpressibili ty of, .the·: relation R '' i t':toliems: that 'j;her~. or"e::;' . ·. 
·.' ·. . · ·,:: . ... ·:. ·. ·:. ·.· · ·: r. s ... ·~' · :· · .... • ... · .. : ... : ... · . · ..... ' ·.. . .·. . .. . 

r;sEN9 r+s~n+l., .. sli.c.h .tf?at ta,b){-~!~.e~-~~.b.'·~d.~ :i..s:tota.F _·,_ .. . 
• . ...... •· . . ' .. .'' ·. :: . ·-· . . . . . ~· . ' . : ·. . · .• ·. . .: ·. ,. ' .. . . . - .- __ .... . " ., ' ' ! :· . 

,ord.ermg,on·S~:. ,_.... . .. ,'.· .. ··.,· .. ,, ... 
, •:· • •. , '· ' ' • \. ' ":'- , . . , ' . ," •. • I .. • .. . ' ., ' . . : .• , . . • . . . ' • • . . . • \ •, ~, . • 

. .·· .lf, ·instead· of ·c·omprea.sihiiity. 'in Theorem 4 •. we· take Weak . 

". ,.· 

compressibility; t~en~ inatead·-of:2;.ooiripleteneaf.!.,.we muO.t.'U:s-Ei:··,: .. 
strong: ••2~c'-omp!J.eteness,. and·:we•:COine·,:to' ,the next-.. '(;heo:rem.'th\t•. ·.:'···· ... · 
proo:t>·or:wl~ict;i 'fs··sttre.ightforWard~ •·· . . , ·.· ...... : , ..... · ,,:::.: . . · 
. •. ~J.liiJOOillifJJ 5.: Let )1 be 2-e.n:tis:vmffidtric '·; nil.1:_t:t"R.nsi ~~Ye' ,;.', s·l;ro:_ .. . . : · .. 

··.~ G790f!tnlete. ,m¥i w,eaJsb.· cpmpressiblo.,.(m-1)-ary. :relat~on on .. ·.§.~,,. .. : 

.. u.~.!!!.· .. bin~··re~ai(i.on·on.~:det:ined.'&::> >:. .. ·-,.o:: · .:·. · · 
..... a:~b·if'.f (o.,b)fRfor·,:some i,jEN', i+j..n+l; . 

··then ·."' . is •. ·total· orderine(£!!: .§.. •· .·. 
., .. ·_:' ' . . . . 

\ ,_::- •... 

sino,e'the comp;essible .and. 2-oomplets (n+l)-~ry 'relation 
is ··o'bvio~sly·· strone;l~ ·2.:..co~iet~···an'd· ~~e~kly:. ·compress:f.ble:l'ela~ •. : .. 

· .. ··. 

· · ·tiori, it·roi1ows tnat Theorem 5.-·ls extenoion of·Theoi-em l.J..~·iri·•·•·.······ · 
the way· srio'm ·by ·the ~ext examples .. :': . · 

.l~xample·3~.Ra:{a,b,c}l n•3 •. · . . ...... · 
R=[Ca.,o.,a,aJ! (b, b,b~b), (c,c,c,ci), (n,a,o.,bJ,(a,a,a,cJ, · ·· 

{n,a,b,b),(a,a,o,c),(a,b,b,bJ,(Il,c,c,c),(b~b;b,c), · 
~b,b,c,c), ~b,c,o,cJ, tc, b,b,c)} • 

. R is (4 1 2,3A1 J-RAT, 'ltealtly compressible and stronr;ly 2-co-
.mplete, but it iB not comt•ressible •. · . · 

Remark Compressible. and 2-cQmplete· (n+l)-ary. relation is 
(n+l)-reflexive. 

Weakl7 o011presaible and .. strongly 2-complete (n+l)­
-ary relation is (n+l)-re.flexive. 

RED'ERENCEd 

[1) Ulan, J., AeAelja, B~, Qn ~ generalizo.tions 2f reflexive 
antimmetric ~ transitive .relgtion3, l'roceeding of the •;impo­
sium on n-ar,r Structures, ~p~e 1902., 1?5-184. 
I~] UAan, J., ~eieljo., R., ~anDitive ~ relationu ~ 

cho;actorizptions 2l seneralized eguiv~lencea, Zbornik radova 
PMl'-11 U liOVOII .Jad.u1 Rer. r-tat. 11 (19Rl), ?.31-245. 
~J u~;an, J., AeAeljo., n. 1 On some opera tiona .!2!!. !!!!, !!,! 

Hsn+l>, lrilosi rwm, ')kopje,l983., 71-84. 
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