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,Preface • 

, 

This text contains some facts, ideas, and techniques that сan help or motivate 
the reader to read books and papers оп various classes of functions оп the disk 
and the circle. The reader will find several well known, fundamental theorems as 
well as а number of the author's results, and new proofs or extensions of known 
results. Most of assertions аге proved, although sometimes in а rather concise 
way. А number of assertions аге named Ьу Exercise, while certain assertions аге 
collected in Miscellaneous or Remarks; most of them сan Ье treated Ьу the reader 

• as exerClses. 
The reader is assumed to have good foundation in Lebesgue integration, complex 

analysis, functional analysis, and Fourier series, which mei:\ns јп particular that 
hejshe had а good training through these areas. It is of some importance that the 
reader сап accept the following: 

Throughout this text, constants are often given without computing their exact 
values. In the course of а proof, the ушuе of а constant С тау change from опе 
occurrence to the next. Thus, the inequality 2С ~ С is true еуеп if С >: О. 
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1 uasi-Banac'h spaces 

In this text we mention only two examples of locally convex spaces: h(П), the 
space of аН complex-valued functions harmonic in П С С, and its subspace H(n) 
consisting of analytic functions. For our purposes, the class of locally bounded 
spaces is more important. Ву Kolmogorov's theorem, the intersection of this class 
with the class of locally convex spaces consists precisely of normable spaces. The 
topology of а locally bounded space сan Ье described Ьу а "quasinorm"; conversely, 
а "quasinormable" space is locally bounded. 

In the class of quasi-Banach spaces, there hold the "basic principles offunctional 
analysis." А concise discussion of these principles is contained in Section 1.3 and, 
in the context of F-spaces, in 1.4. Some properties of [Р ые stated, without proofs, 
in Section 1.5. . 

1.1 Quasinorm and p-norm 

Let Х Ье а (complex) vector space. А functional 11 . 11: Х ~ [О, оо) is called а 
quasinorm if the foHowing conditions hold: 

111 + gll ~ K(IIIII + Ilgll), 
where К (~1) is а constant independent of I,у Е Х; and 

11111 > О (f -::f. О), 11 лll 1 = Iлllllll (л Е С). 

(1.1) 

(1.2) 

The couple (Х, 11·11) is then called а quasinormed space. The standard example 
ые Lebesgue spaces: if џ is а positive measure defined оп а sigma-algebra of subsets 
of а set S, then the space Р(џ) = LP(S,џ) = LP(S) (О < р:::; оо) consists of аН· 
measurable complex-valued functions 1 оп S for which 

l/p 

11111 = 1IIIIp = IIIP dJi. < оо, 
s 

with the usual interpretation in the сме р = оо. When р < 1, this functional is 
not а norm but satisfies (1.1) with К = 21/ p - 1 and, moreover, 

11I + gllP ~ IIIIIP + Ilgllp
• (1.3) 

А functional satisfying (1.3) and (1.2) is caHed а p-norm. 
ћоm (1.3) it foHows that 

1111 + 12 + ... + InllP ~ 1II111P + 1I/211P + ... + II/nllp
• 

А similar inequality holds in the general сме although а quasinorm need not Ье а 
p-norm for any р. 

1 



2 1. QUASI-BANACH ВРАСЕВ 

1.1.1 Lemma If 11·11 јв а. qua.siпопп оп Х, then there exist consta.nts р Е (0,1) 
a.nd С ~ 4 вuсь tha.t 

IIA + 12 + ... + lnllP ~ С ( IIЛIIР + IlћllР + ... + IllnllP 
) (1.4) 

Eor every linite sequence Л, ... , 1 п Е х. 

Frош this опе сan deduce that Х is "р-погшаblе" for sоше р > о. 

1.1.2 Theorem (Aoki/Rolewicz) If 11· 11 јв а. qua.si-norт оп Х, then there Јв 
р> О a.nd а. p-norт 1· • оп Х вuсЬ tha.t 111I1/C ~ 111 ~ 11111, 1 Е Х, where С јв 
independent о! 1. 

Тће p-norт is defined Ьу 

п l/р п 

8fШ = inf {( L IlfjllP) : 1 = L lј}, 
ј=l ј=l 

where the infiтum is taken over аН finite sequences иј} еХ .. 

Proof of Lemma. ТЭokе р so that (2К)Р = 2, where К is the constant 
frош (1.1), and define the functional Н оп Х in the foIIowing way: Н(О) = О 
and 

Н(Ј)Р = 2k if 2k
-

1 ~ 1I1IIP < 2k for sоше integer k. 

Since 
(1.5) 

inequaIity (1.4) is а consequence of the inequality 

IIЛ + ... + lnllP ~ 2 ( Н(Л)Р + ... + Ниn)Р ) . 

Тће latter holds for п = 1. If п ~ 2, we consider two cases. 
(i) Let the suшшands ниј) Ье шutuaIlу distinct and arranged in decreasing 

order. Тћеп we have 

(1 ~ ј ~ п). 

Ргоm (1.1) it foIIows that 111 + 911 ~ 2Kmax{1I111, 11911}, whence, Ьу (1.5), 

II!I + ... + Jnli ~ mах{(2к)ј ниј) : 1 ~ ј ~ п}. 

(1.6) 

Because of (1.6) and the choice of р, it turns out that IIЛ + .... + lnllP ~ 2Н(Л)Р, 
which implies the required inequaIity. 

(ii) Аssщ:nе that the sequence Н иј) contains at least two equaI elements; for 
example, let Н(Л) = н(2) = 2т . Тћеп 2т-1 ~ 111I1f, IIfll~ < 2т . Since 

• 



1.1. QUASINORМ AND P-NORM з 

we have Н(Л + Ј2)Р :::; 2т+l = Н(Л)Р+Н(ћ)Р. This and the ihduction hypothesis 
imply 

II(Л +Ј2) + ... + fnll P :::; 2 (Н(Л + Ј2)Р + ... + H(fn)P ) 

:::; 2 ( Н(Л)Р + н(2)Р + ... + ниn)р ) 
:::; 2 ( IIЛIIР + lIћllР + ... + IIfnll P 

) • о 

Тће space Х is endowed with the structure of а topological vector space Ьу 
declaring "а neighborhood of zero" to mеап "а set containing {f : 11111 < l/n} for 
some п = 1,2, .... "С*) This topology is metrizable; according to the Aoki/Rolewicz 
theoremj naтely, if а p-norm •. m is equivalent to the original quasinorm, then the 
formula d(f, у) = Шf - gШР defines а metric that induces the saтe topology. 

The space Х need not Ье locally convex(t) ј it is locally bounded because the 
neighborhoods {f : 11111 < l/n} are bounded in the sense of theory of topologi
cal vector spaces. Оп the other hand, it is known that а locally bounded vector 
topology сan Ье described Ьу а quasinorm (cf. [87]). 

1.1.3 Exercise ОП the space и(О,I) (О < р < 1), there is not an equivalent 
q-norm for 1 ~ q> р. The same holds for the sequence space (Р. 

Quasi-Banach and p-Banach spaces А quasinormedspace Х is called а quasi
Вапасћ space if it is complete, which means that а sequence {Јn} с х is convergent 
if (and only if) IIfm - fnll -+ О as т, п -+ оо. If Х is p-normed and complete,then 
Х is said to Ье р-Вапасћ. 

1.1.4 Proposition Let Х Ье p-normed. ТЬеп Х is complete iff convergence ofthe 
series 2: IIfnllP јтрlјев convergence оЕ2: Јn. If Х јв complete and 2: Јn converges, 
then there holds the inequality 112::=1 fnll P 

:::; 2::=1 1 1fn IIP. . 

1.1.5 Proposition Let {ћk} (ј, k ~ 1) Ье а double sequence in а p-ВanасЬ 

space х. П~ IIfjkllP < оо, then the iterated series f (f fjk) and f (f fjk) 
з,k з=1 k=l .k=l з=1 

converge and Ьауе the вате вuт. . . 

1.1.6 Exercise (Peck [81]) Let (х, 11·11) Ьеа complex p-normed space of dimen
sion п < оо. Ву а theorem of Carathe6dory, every point frQm theconvex hull of 
the unit Ьаll сan Ье represented as а convex combination of 2n points from the Ьаll 
(because the real dimension is 2n). This сап Ье used to show that there exists а 
погт 11 . IIn оп х such that IIlIln :::; 11111 :::; (2n)1!p-111111n- Note that (2n)1!P-1 is 
not the best constant, at least for п = 1. 

• • • 

(. )Тће "Ьаll" {f : 11/11 < 1} need not Ье ац ореп set. Therefore а qua.sinorm, јп сопtra.st to а 
p-norm, need not Ье continuous. 

(t)For example, the !фасе LP(O, 1), О < Р < 1,јз not locally convex. . 



4 1. QUASI-BANACH SPACES 

1.2 Linear operators 

In the class of quasinormed spaces, continuity and boundedness of linear operators 
are equivalent. In Ше space L(X, У), of continuous linear operators from Х to У, 
the quasinОIШ is defined Ьу "Т" := sUPII/II~1 "Т 111· 

ТЬе space L(X, У) is complete iff so is У. 
An operator Т Е L(X, У) is said to Ье invertible if it is bijective and its inverse 

is contШuоus. 

1.2.1 Proposition Let Х Ье а qua.si-Banach врасе and Т Е L(X,X) вuсь an 
operator that 111 - Т" < 1, where 1 јв the identity operator. ТЬеп Т is invertib1e 

and there ЬоldБ the шеqualitу I,Т-1 I1Р ::::;; C(1-1I1 - TIIP)-\ where С and р аге 
the constants from итта 1.1.1. 

Proof. Consider the series E:'o(I - T)k. From inequality (1.4), applied to 
the space L(X, Х), we get 

п р п 

L(1-T)k ::::;; С L 111 - Tllpk
. 

k=m k=m 

Therefore the series converges; denote its sum Ьу S. ТЬеп we Ьауе ST = TS = 1 
and IISI/P ~ С Е:'о 111 - Tl!pk, which was to Ье proved. о 

ТЬе following statement is important although its proof is very simple. 

1.2.2 Тћеогеш Let Х and У Ье qua.si-Banach spaces and Е а dense subset оЕ Х. 
Let Тn Е L(X, У) Ье а sequence вuсь that sUPn IITnll < оо. П the limit liтn-+оо Тnl 
eJdsts Еог аЛ 1 Е Е, then 1t eJdsts foг аЈ1 1 Е Х and the operator Т 1 := Нтn-+оо Т nl 
18 l1nеаг and сопtinиопs. 

1.2.3 Exercise Let Т Ье а continuous liпеаг operat.or from а quasi-normed space 
Х to quasi-поImed space У, and let Е Ье а subset of Х such that the linear Ьull 
of Е is dense in Х. П уа is а closed subspace of У such that Т(Е) С УО, then 
Т(Х) с Уа. 

q-8anach envelope 

In the general cзse, а quasi-Banach space is embedded into тanу q-Banach spaces; 
the "sшallest" of them is called the q-ВanасЬ епуеlоре of Х. То Ье more precise, 
define Ше functional NtJ (О < q ~ 1) оп Х in the following way: 

1/9 

Lll/jlltJ : 'Е/ј = 1 , (1.7) 
• • 
Ј Ј 

where the iп6шош is taken over the set of 6nite sequences {/ј} с Х. This func
tional is а " q-seminorm", ј.е., satis6es the conditions 

• 

• 



1.2. LINEAR OPERATORS 5 

Тће set и Е Х : Nq(f) = О} =: Ker N q is а closed subspace of Х. If Ker N q = 
{О}, i.e., if N q is а q-norm, then the "completion" of the space (Х, N q ) is а q
Вanасћ space and is called the q-Banach envelope of Х ј denote it Ьу [Х]ч' 
According to the Aoki/Rolewicz theorem, always there exists а q such that Х = 
[Х]Ч, with equivalent quasiџоrms. А simple but illustrative example is Х = '-Рј 
then [Х]Ч = ,-ч (р < q :::; 1) and the corresponding quasinorms are equal (see 1.2.8 
and 1.2.6). It is mисћ more difficult to identify the envelops of the Hardy space HP 
(see Theorem 8.3.5). 

Тће importance of the space [Х]Ч lies in the fact that every operator from Х 
to an arbitrary q-Banach space extends to an operator оп [Х]чј more precisely: 

1.2.4 Proposition Let Х possess the q-Banach envelope (ј.е., let N q Ье а q
norm) aпd let У Ье ап arbitrary q-Baпach врасе. Н Т Е L(X, У), then there exists 
а unique operator S Е L([X]q, У) вuсЬ that ВЈ = ТЈ for аll Ј Е Х. 

The fol1owing fact is useful in identifying the envelope: 

1.2.5 Proposition Let Х Ье continuously embedded into а q-Baпach врасе У јп 
вuсь а way that every Ј Е У сап Ье represented as Ј = E~_l Јп, Јп Е Х, with 
Е~-lIIЈnll~ :::; Cllfll~, where С does not depend оЕ Ј. ТЬеп У = [Х]Ч (with 
equivalent quasinorms). 

Proof. Тће space Х is а dense subset of У. Since Х is dense in [Х]Ч, we see 
that it suffices to prove that the q-norms 11·lly and Nq are equivalent оп Х. 

Let Ј = Е Јј, where иј} isa finite sequence in Х. Тћеп 

Taking the infimum over иј} с Х, we get Ilflly :::; CNq(f). (Incidentally this 
shows that N q is а q-norm.) 

То prove the reverse inequality, let Ј Е Х. Then Ј = E~ 1 Јп, where 
E~_lIIJnll~ :::; CIIJII~· Since Nq(fn) :::; IIJnIIX, we get E~-l Nq(fn)q :::; Cllfll~· 
Непсе Е Јп converges to Ј in [X]q to Ј, and Nq(f)q :::; Е N q (fn)q :::; Cllfll~, which 
completes the proof. о 

Miscellaneous 

1.2.6 Тће functional N q is а q-norm оп Х iff there is а q-Banach space У such 
that L(X, У) separates points in Х. Тће latter means that for every Ј =/; О there 
is Т Е L(X, У) with ТЈ =/; О. 

1.2.7 Тће dual of а quasi-Banach space Х is Х* = L(X, С). If Х* separates 
points in Х, then the Вапасћ envelope of Х is equal to the completion of the 
normed space (X,N), where N(f) = sup{IAfI: А Е Х*, IIAII:::; 1}. 



6 1. QUASI-BANACH ВРАСЕВ 

1.2.8 Н Х = У(О, 1), О < р < 1 and 1 ~ q > р, then Nq(J) = О for аll / Е Х. 
ТЫв is connected with the- re1ation L(X, У) = {О}, where У is an arbitrary q
Вanасћ врасе. 

1.3 Ореп mapping, closed graph 

Let Х, У Ье а pair оС complete врасев висћ that Х is а dense subset ОС У, which 
теanв that еасћ member ОС У сan Ье approximated Ьу members оС Х. ТЫв does 
not imply that members оС а ЬаЈI К1 С У сan Ье approximated Ьу members оС anу 
fixed ЬаЈI К2 С Х, i.e., that /(2 ::> К1 • (/(2 = the closure оС К2 in the topology 
оС У.) Namely, as the following theorem states, if /(2 ::> К1 , then Х = У. 

1.3.1 Тћеогеш Let Х and У Ье quasi-Banach spaces. Let Т Е L(X, У) Ье such 
that the closure оЕТ(В), where В = {f Е Х : 111/1 < 1}, contains а neighborhood оЕ 

~ 

zero јn У. ТЬеn Ње mapping Т: Х ~ У is ореn and the operator Т : Х ј Ker Т ~ 
У is invertible. 

А mapping is ореn if it тарв ореn sets onto ореn sets. ЈС Т Е L(X, У), then 
~ ~ 

the operator Т Е L(Xj KerT, У) is defined Ьу Т(Ј + KerT) = Т /. Тће quasinorm 
in XjZ is defined Ьу 11/ + ZII = inf{II/ - у" : 9 Е Z}. 

Proof. Весаиве оС the AokijRolewicz theorem, we саn виррове that Х and У 
аге p-normed for воте р < 1. Let 15 > О and U = {f Е Х: IIf/IP < д}. From the 
hypotheses ОС the theorem it follows that there аге baIIs иn = {f Е Х: III/IP < дп} 
and Vn = {у Е У: IIgllP < сп}, п ~ 1, limn сп = О, висћ that 

We wi1I prove that vi С Т(И)ј then it wilI Ье еаву to complete the proof. 

(1.8) 

(1.9) 

Let 9 Е V1 • It follows from (1.8) that there exists Л Е и1 висћ that 9 - Т Л Е V2 . 

Similarly, there is /2 Е и2 висћ that (у - Т Л) - Т /2 Е Vз. Continuing in this way, 
we get the sequence оС relations 9 - Е;=l T/k Е Vn+1 , Л Е Uk • It follows that 
9 = E~=l Т/п. And since IIЛIIР < дk, inequaIity (1.9) implies that the series I:k Л 
convergesj denote its вит Ьу /. Тћив we ћауе 9 = Т/ and III/IP ~ E~=l II/nllP < 15, 
which was to Ье proved. о 

The ореп mapping theorem 

1.3.2 Тћеогеш Let Х and У Ье complete spaces and Т Е L(X, У). IfT is onto, 
then Т is ореn. In particular, Т is invertible јЕ it is onto and one-to-one. 

Proof. Let U Ье the unit ЬаЈI in Х. Сћоове а zero-neighborhood W во that 
W - W с и. Ву the hypothesis, the врасе У is the union оС the sets T(nW) 
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.(n ~ 1). Ву Bajre's category tЪеогеm, the closure at least of опе of them has 
nonempty interior, which implies that T(W) contajns an ореп set V #- 0. Then 
V - V is а neighborhood of zeroand there hold the inclusions . 

v - v с T(W) - T(W) С T(W) - T(W) С Т(И). 

Now the desired result follows from Theorem 1.3.1. О 

1.3.3 Exercise А subspace Е of а quasi-Banach space Х is said to have the 
Наћп/Вanасћ extension property (НВЕР) if each л Е Е* has an extension Л Е Х*. 
н Е ћав НВЕР, then Л can Ье chosen so that IIЛllх* ~ еllлIIЕ*, where е is 
independent of л. 

As а special саве of the open mapping theorem we have: 

1.3.4 Theorem (оп equivalent norms) Let 11· Њ and 11·112 Ье quasinorms оп а. а. 
vectorspa.ce Х, and let II/IiI ~ 111112 foг every / Е Х. If Х is complete with respect 
to both quasinorms, then there exists а. constant С < оо such tha.t II/Њ ~ ell/IiI 
foг шl / Е Х. 

The uniform boundedness principle 

1.3.5 Theorem (Banach/Steinhauss) Let Х and У Ье quasi-Bana.ch spa.ces, and 
let {Ав } С L(X,Y) Ье а. fa.mily ofopera.tors. Ifsups IIAsIII < оо, Еог шl / Е Х, 
then sUPs IIAslI < оо. lп pa.rticula.r the limit оЕ an everywhere convergent sequence 
оЕ bounded opera.tors is а. bounded opera.tor, 

Proof. Let 111112 = 1IIIIx + SUPs IIAsllly (f Е Х). From the hypotheses it 
follows that the functional 11 . Њ is а quasinorm оп Х. It is not hard to prove 
that the space (Х, 11 . 112) is complete and therefore the conclusion follows from 
Theorem 1.3.4. О 

1.3.6 Corollary Let В : Х х У t-+ Z Ье а. sepa.ra.tely continuous ЬiПпеат opera.tor, 
where Х, У, Z ате quasi-Bana.ch spa.ces. ТЬеп there is а. constant С < оо such tha.t 
IIB(f, g)lIz ~ Clllllxllglly Еог шl / Е Х, 9 Е У. 

"Separately continuous" means that every operator of the form / t-+ B(f,g) 
(f Е Х) or 9 t-+ ви, g) (g Е У) is continuous. 

Shauder basis 

А sequence {еn : п ~ 1} in а quasi-Banach space Х is called а Shauder basis of 
Х if to еасћ / Е Х there corresponds а unique scalar sequence {лn (Л} such that 
/ = 2:~=1 лn(Леn , the series converging in the topology of Х. 

1.3.7 Proposition If {еn : п ~ 1} is а. Sha.uder basis оЕ Х, then the fиnction
a.ls лn ате continuous and the lјпеат opera.tors Sn: Х t-+ Х defined Ьу Sn/ = 
2:~=1 Лk(Леk ате uniformly bounded. 
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Proof. Let IЈI = ЗUРn IISnl/l· Since IIЈ - Snl/I -+ О, we have /11/1 ~ К.Ј., 
where К is the constant from (1.1), and therefore, Ьу Theorem 1.3.4, it јз enough 
to prove that Х is complete with respect to the quasinorm 1- 1· Let иј }~l Ье а 
Саuсћу sequence in 1 - • _ This јтрНез, Ьесаuзе of the completeness of 11 . /1, that 
there is а sequence уп зuсћ that 

зuр IIВnЈј - yn/l -+ О as ј -+ оо, 
n~l 

(1.10) 

and thatfor every k the sequence {Лk(fј)}~l converges; let '"Yk = limj Лk(fј). Since 
the functional лk јз Нпеаг and the зрасе Вn(Х) is finite-dimensional, it follows that 
Лk(Уn) = Нтј Лk"(SnЈј) = limj Лk(fј) = '"Yk for k ~ п, and Лk(Уn) = О for k > n. 
Непсе уп = L:~=l '"Ykek' Оп the other hand, (1.10) implies that {уп} converges јп 
11 . 11 to зоте у. Тћuз у = L:::'=l '"Уnеn, whence УП = SnY. Returning to (1.10) we 
зее that IЈј - уl -+ О as ј -+ оо, which was to Ье proved. о 

1.3.8 Exercise А sequence {еn : п ~ 1} of nonzero vectors јп а quasi-Banach 
зрасе Х јз а Shauder basis of Х if and опlу if the following conditions аге satisfied: 
(а) Тће closed linear зрап of {еn } is Х; (Ь) There јз а constant К зuсћ that 
11 L:7-o ајеј 11 ~ KII L:;=o ајеј 11 for аЈl зсаЈаг sequences {ај} and т < n. 

The closed graph theorem 

1.3.9 Theorem LetT: Х t-+ У bealinearoperator, whereX andY arecomplete 
врасев. Then Т јв continuous ј! the fоПоwiпg condition 1в sat1sfied: For еуегу 
sequence {Јп} с Х вuсь that Јп tends to О Е Х and ТЈn tends to воте У Е У we 
have У = О. 

Proof. It follows from the hypotheses that Х is complete with respect to the 
quasinorm 111/12 = III/Ix + IIT I/Iy зо we сan аррlу Theorem 1.3.4. О 

1.4 F-spaces 

Тће closed graph theorem remains valid in а wider class of зрасез, the зо called 
F-spaces. Ву the term "F-norm" оп а vector зрасе Х we теan а functional 
N: Х t-+ [0,00) satisfying: (а) N(f) = О :. Ј = О; (Ь) N(f+y) ~ N(J)+N(y); 
(с) N(лЈ) ~ N(J) for Iлl ~ 1, and 

Нт N(лЈ) = О. 
>.-tО 

(1.11) 

Тће formиla d(f,g) = N(f - У) defines ап invariant metric оп Х and the 
topology induced Ьу this metric is vectorial, which теanз in particиlar that mul
tiplication Ьу зсаЈагз is continuous оп С хХ. In the сазе where the metric d јз 
complete, the зрасе Х јз called an F -space. 

А p-ВanасЬ врасе сan Ье treated as an F-space Ьу introducing the F-norm 
N(f) = IJfII~-
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Беsidеs, if Х is а lосшlу convex space whose topology is given Ьу а sequence of 
seminorms Рn (п = 1,2, ... ), then the formula 

defines an F-norm оп Х that induces the saтe topology. As an ехатрlе опе сan 
take the space h(JI)) consisting of шl harmonic functions оп the unit disk JI) с С as 
well as its analytic analogue H(JI)). These spaces are endowed with the topology 
of uniform convergence оп compact subsets of JI). This topology сап Ье given Ьу 
the sequence of norms рn(Ј) = maxlzl~rn lJ(z)l, where Тn Е (0,1) is an arbitrary 
sequence tending to 1. 

Concerning the requirement (1.11), which guarantees the continuity of scalar 
multiplication, it is useful to consider the сме of the Nevanlinna class N(JI)). This 
class consists of the functions ј Е H(JI)) for which 

1 
N(I):= sup log (1 + Ij(reill)1) dB < оо. 

O<r<l 21Г -1< 

1< 

(1.12) 

The functional N induces а complete invariant metric оп the vector space N(JI)) 
but (1.11) is not satisfied. For example, 

if J(z) = ехр ~ + z, then Нт N(€I) = 1. 
- z е-+О 

The set оп which (1.11) holds coincides with the Smirnov class N+(JI)) consisting 
of those ј Е N(JI)) for which the family В ......., log (1 + lJ(reill)l), О < r < 1, is 
uniformly integrable. This and other topological properties of the Nevanlinna class 
are discussed in [90]. The Nevanlinna theory is exposed in, e.g., [100, 18, 22] .. 

In the class of F-spaces, there holds the ореп mapping theorem 1.3.2 as well 
(the formulation is the saтe). Theorem 1.3.1 is now stated as follows: 

Let Х and У Ье F-spaces and Т Е L(X, У). If foг еасЬ neighborhood И оЕ 
О Е Х the set Т(U) contains а neighborhood оЕ О Е У, then Т(Х) = У and Т is 
ореп. 

The proof is identical to the proof of Theorem 1.3.1 up to the obvious changes 
of notation. The property (1.11) is used only in proving that Т(Х) = У. 

As а special сме of the ореп mapping theorem, we have the following gen
eralization of Theorem 1.3.4, from which the closed graph theorem is obtained 
immediately. 

1.4.1 Theorem Let N1 and N2 Ье F -norms оп а vector space Х, and let N 1 (1) ~ 
N2 (1) Еог аll ј Е Х. Л Х is complete with respect to both оЕ them, then every 
sequence {Јп} с х satisfies the condition: N1(Jn) --t О >N2 (Jn) --t о. 

1.4.2 Exercise Let Х a.nd У Ье quasi-Бапаch spaces "continuously" contained 
in H(JI)). А scalar sequence џ = {Џn}ОО is called а multiplier from Х to У if 

• 
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, ~ 

for еуегу Ј Е Х the series (џ * f) (z) = E~o џnЈ (п) zn converges in ј[Ј) and џ * Ј 
belongs to У. Н џ is а multiplier, then there is а constant С < оо such that 
"џ * л/у ~ C/lJ/lx for аН Ј Е Х. In paгticulaг if У = Х and Х contains аН the 
polynomials, then the sequence џ is bounded. 

1.4.3 Exercise Let Та : Х t--+ У Ье а family of operators between F-spaces Х 
and У. If sUPs Ny(TsJ јп) ~ О, as п ~ оо, for еуегу Ј Е Х, then the following 
holds: If Nx(fn) ~ О, where Јп Е Х, then supsNy(TsJn) ~ О. 

1.5 The spaces РР 

The simplest examples of infinite-dimensional (quasi-)Banach spaces аге [Р (О < 
Р ~ оо) and со = {а Е [ОО: Нт аn = О}. They play an exceptional role in тanу 
areas of analysis and especially in geometry of Вanасћ spaces; we refer the reader 
to [53]. Their importance for the theory of spaces of analytic functions lies in the 
following fact: 

1.5.1 Theorem For еуегу р Е (О, оо) the Bergman space АР, 

АР = {Ј Е и(ј[Ј): Ј ana.lytic Јп ј[Ј)}, ј[Ј) = {z: /z/ < 1}, 

is isomorphic with [Р. 

In the саве 1 < Р < оо, this was proved Ьу Lindenstrauss and PelczyIiski [50] 
Ьу using Theorem 1.5.5(Ь) below; an explicit isomorphism was constructed in [59Ј 
(р> 1) and [97] (р ~ 1). The саве of тјхед norm spaces was considered in [97, 59]. 

Here we list а few properties of [Р anд Со. А slight modification of the proof of 
Theorem 1.3.1 yields the following: 

1.5.2 Тћеогеш If Х and У аге p-ВanасЬ spaces and Т Е L(X, У) is such that 
"Т" ~ 1 and Т(ВХ ) :Ј Ву, where В indicates the ореп ипи Ьa.ll, then the spaces 
У and Хј KerT аге isometrka.lly јвотогрЫс. 

In particular: 

1.5.3 Theorem Еуегу sepaгable p-ВanасЬ space (О < Р ~ 1) is isometrica.lly 
isomorphic to some quotient space оЕ [Р. 

Proof. Define the operator Т: [Р t--+ Х, Ьу Т({аnН>О) = E~=l аnЈn, where 
{Јп} is а dense subset of the unit ЬаЈl of Х. о 

1.5.4 Exercise Let У Ье а subspace of [Р such that LP(O, 1) is isometric to [Р јУ. 
If а functional Л Е ([Р)* = [ОО vanishes оп У, then it vanishes everywhere оп [Р. 

The proof of the following is much more delicate (cf. [35, 52]). 

• 
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1.5.5 Theorem Let Х Ье еиЬег со ог [Р, О < Р ~ оо. ТЬеп: Са) Еуегу closed 
вuЬврасе (ofinfinite штеПВЈОП) оЕ Х сопtшпs an ЈвотогрЫс соруоЕ Х. And: 

(Ь) Еуегу complemented вuЬврасе оЕ Х ЈВ ЈвотогрЫс to Х. 
, 

In the саве 1 ~ р < оо both assertions were proved Pelczyllski [82], while the 
саве р < 1 was discussed Ьу Stiles [96, 95]. Assertion (Ь) for р = оо was proved Ьу 
Lindenstrauss [49]. 

Тће fact that the spaces [Р and lq (р :/; q) аге not isomorphic is contained in the 
following assertion of Pitt (р ~ 1, cf. [52, Theorem 12.7]) and Stiles [96] (р < 1, cf. 
[З5, Proposition 2.9]): 

1.5.6 Theorem Еуегу boиnded Ипеаг operator Егот lq to [Р (О < Р < q < оо) јв 
compact; the вате ЈВ true Еог Ипеаг operators Егот со to [Р. (Могеоуег, 1Е р < q ~ 1, 
then еуегу operator Егот а q-Banach врасе to [Р (р < q) 1в compact.) Consequently, 
по врасе оЕ Ње class [Р, О < Р < оо, and со 1в ЈвотогрЫс to а вuЬврасе оЕ another 
тетЬег оЕ tbls сlавв. 

ОП the other hand, if О < q < р ~ 2, then У(О, 1) is isometrically isomorphic to а 
subspace of LЧО, 1) (see [52, Theorem П.ЗА]). 



2 Lebesgue spaces: 
Interpolation and 
maximal. functions 

Thorin's proof of two variants of the RieszjThorin theorem јз in Section 2.1; 
as ап example, we prove the HausdorffjYoung theorem. Тће simplest version of 
Marcinkiewicz's interpolation theorem јз proved in Section 2.2; as an example, we 
prove PaIey's theorem оп Fourier coefficients (Theorem 2.2.5). Section 2.3 соп
tains the Hardy jLittlewood таЮтаl theorem with application to Lebesgue points. 
In Section 2.4we prove Khintchine's inequality, which зауз that the зuЬзрасе of 
LP(O, 1), О < Р < оо, spanned Ьу the Rademacher fиnctions is isomorphic with 12. 
Тће rest of this chapter јз devoted to the proof of Nikishin 'з theorem. ТЫз theorem 
states, in particular, that if а bounded linear operator Т тарз и(1Г) into Lq(1Г), 
where О < q < р ::;; 2, then actually Т тарз и(1Г) into the weak Lebesgue зрасе 
LР,ОО(1Г" А), where 1Г" А is of arbitrarily small measure (зее Theorem 2.5.2). If in 
addition Т "commutes with rotations" , then we сan take А = 0. Also, we prove the 
зо caIled Вanасћ'з principle and the theorem оп а.е. convergence (Theorems 2.7.1 
and 2.7.2). 

2.1 The Riesz/Thorin theorem 
• 

ТЬе proof of various variants of the Riesz jThorin (convexity) theorem сan Ье found, 
e.g., јп the books [7, СЬ. IV §2] and [8]. 

The case of bilinear forms 

Let 'У = (Ђ, ... ,'Ут) and О = (01, .. · ,оп) Ье sequences of positive real numbers. 
For аЕ ст, Ь Е СП and Р, q > О let 

т l/p l/q 

Ilall"Y,p = L IщIР'Уј , I/bll.s,q = • 

ј=1 

2.1.1 Theorem Let О < Po,QO,Pl,ql ::;; оо. Let 

т,n 

В(а,Ь) = L Bjk ajbk , 

j,k=l 

12 
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. 

where B jk Е С, and вuррове that 

Еог а11 а Е ст, Ь Е СП. Н 

1 1-1] 1] 
= +-, 

Р РО Рl 

1 1-1] 1] 
= +-

q qo ql 
and О < ТЈ < 1, 

then 

lп other words, јЕ 

м (а, (3) = вuр{ IB( а, (3) 1: Ilall-r,l/a ~ 1, IIы�б,l// р ~ 1}, 

then the fиnction log М(а, (3) јв сопуех јп the quadrant а ~ О, (3 ~ О. 

Proof. (Throughout the proof we omit the indices 'У,8.) Let Р, q < оо, and 

Ilallp = 1 and Ilbl!q = 1. (2.1) 

Define a(z) Е ст and b(z) Е СП Ьу 

where 
1 1- z z 

= +-
p(z) Ро Рl 

and 
1 1- z z 

= +-. 
q(z) qo ql 

The function F(z) := M~-l M1z B(a(z), b(z)) is entire, ав а вит of exponential 
functions. We consider the restriction of F to the strip П = {z: О ~ Re z ~ 1}. We 
have, for t Е IR, 

la(it)jl = lajIP/PO, 

la(l + it) ј I = laj IP/Pt, 

whence, in view of (2.1), 

Ila(it)llpo = 1, 

Ila(l + it)llpl = 1, 

Ib(it)kl = Ibklq/qO, 

Ib(l + it)kl = Ibklq/q1, 

Ilb(it)llqo = 1, 

Ilb(l + it) Ilql = 1. 

It fol1ows that IF(it)1 = Mo-1IВ(а(it), b(it))1 ~ 1 and similarly IF(l + it)1 ~ 1 for 
every t Е IR. Thus the function F јв analytic and bounded оп П and IFI ~ 1 оп the 
boundary of П. It fol1ows that IFI ~ 1 оп П and in particular IB(a, Ь)I ~ МЈ-l1 М(, 
which completes the proof јп the саве Р, q < оо. The remaining саве is similar. 
о 
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ТЬе case of 'јпеа, operators 

2.1.2 ТЬеогеш Let (R, џ) and (8, у) Ъе sigma-finite теавurе spaces and let 
1 ~ Ро, qo, Pl, ql ~. оо. Let Т Ъе а (сотрlех-)Јјпеаг operator defined оп jL-s1mрlе 
functions оп R and taking values јп the set о! а11 сотрlех y-теавuгаЪ1е functions, 
and let НТ fllqo ~ Mollfllpo and IIT fllql ~ M11lfllpl !ОГ а11 jL-simрlе functions Ј оп 

R. If 1 1 
~ = 1 -ТЈ +!L, _ = -ТЈ +!l. and О < ТЈ < 1, 
Р ро Рl q qo ql 

then "Т fllq ~ M~-1/ Millfllp !ОГ а11 jL-simрlе functions Ј. 

Remark. Concerning the validity of this theorem in the entire first quadrant, 
that is, for О < Pk, qk ~ ОО, see [7, page 281]. 

Proof of ТЬеогеш. We consider the ЬШпеаг form B(j,g) = Js (T1)gdv, 
where Ј, 9 аге simple functions оп R, 8, respectively, and use the formula 

IITJllq = sup{IB(j,g)l: IIgllql = 1, 9 simple}, 

where 1Jq' + 1Jq = 1. Let Ј = E~l щКј, 9 = E~=l bkHk, where Кј and Hk 
аге sequences of "pairwise disjoint" characteristic functions. Then straightforward 
calculation shows that we сап apply Theorem 2.1.1 with the indices Ро, qb, Рl , q~ , 

Bj,k = (Т Кј )Hk dv, 'уј = Кј djL, Ok = Hk dv. 
S R S 

The details are left to the reader. о 

The following form of the preceding theorem is perhaps more convenient in 
application. 

2.1.3 ТЬеогеш Let (R, џ) and (8, у) Ъе sigma-finite теавuге spaces and let 
1 ~ PO,qO,Pl,ql ~ оо. Let Т Ъе а Јјпеаг operator defined оп the сотрlех space 
LPo(R, џ) +LPl (R, џ) and taking va1ues јп the set о! а11 сотрlех y-теавuгаЪ1е Еипс
tions, and let "Т Jllqo ~ MolIJllpo, "Т Jllql ~ M1llfllpl !ОГ а11 Ј Е ио, Ј Е LPl, 
respect1ve1y. If 

1 1-ТЈ ТЈ 
- = + - and О < ТЈ < 1, 
q qo ql 

Њеп Т 1s а bounded operator Егот LP(R, џ) into и(8, у) and 

НТ fllq ~ M~-1/ MiHJllp· 

Proof. We shall consider the саве where the measure џ is finite and Ро < Рl ~ 
I 

оо. Then и(џ) С ио(џ). With the above notation, let 9 Е Lq (у) Ье а simple 
function and let Ј Е LP(jL) Ье arbitrary. "Choose а sequence Јп of simple functions 
оп R such that "Јn - Jllp -+ О. Then "Јn - Jllpo -+ о and therefore 

Т(јn - 1)g dv -+ О, 
s 
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ЬесаиБе Т: LPO I-t UО is continuous оп ЬРо(џ) and 9 Е Lq~. Hence 

The result foHows. о 

The case of real-linear operators 

For the validity of the conclusion \\Т f\\q ~ M~-7j M{'I\f\\p in the Riesz/Thorin 
theorem, it is essential that the operator Т Ье complex-linear, i.e., that Т(Лf) = 
лТ 1 for аН complex scalars л (Бее [7, Ch. 4, Example 1.3]). For real БрасеБ, the 
conclusion of the theorem remains valid if Pk ~ qk (k = 0,1). Otherwise, we 
have I\Tf\\q ~ 2М~-7јМ{'I\f\\р. However, if Т is а роsШvе linear operator, then 
Theorem 2.1.3 remains valid for any Pk, qk ~ 1. 

The HausdorffjYoung theorem 

Let Т denote the unit circle of the complex plane. For а function 1 Е Ll (1Г), let 
~ 

f( п) Ье the Fourier coefficients of 1, 

~ 1 
l(n) = 27Г 

-1Г 

2.1.4 Theorem If 1 Е и(1Г), 1 ~ Р ~ 2, 

оо l/р' 

L \l(n)\Р' ~ I\f\\p, (2.2) 
n::-оо 

where l/р + 1јр' = 1. In other words: If 1 Е и(1Г) and {Ьn } is а two-sided [Р-
~ 

sequence, 1 ~ р ~ 2, then the serjes L ьnl(n) js absolutely convergent and there 
holds the inequa1jty 

оо 

L ьnl(n) ~ I\f\\p I\{Ьn}l\р. (2.3) 
n=-оо 

~ 

Proof. The theorem is true for р = 1 ЬесаиБе \1(n)\ ~ 1\11\1, and is true for р = 
2 ЬесаиБе of Parseval's formula. Then the result is obtained Ьу the Riesz/Thorin 
theorem. о 

, 
2.1.5 Exercise If Р > 2 and {bn}~oo Е [Р , then there exists а unique function 

, 1/ ' 9 Е и(1Г) such that g(n) = Ьn for all п and I\gl\p ~ (E~=-oo \Ьn\Р) Р. 
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2.2 Weak LP-spaces and Marcinkiewicz's theorem 

The space LP'OO 

Let П Ье а measure space with а (positive) sigma-finite measure џ. Тће weak 
LP space LР,оо(џ), О < р < оо, consists of those measurable functions f оп п for 
which 

Ilf/lp,oo:= sup ,\. (џи,'\») 1/р < ОО, 
о<л<оо 

where џи,'\) = џ{,,-,: II(,,-,)I>,\} = џ( {"-' Е П: 11("-')1> ,\}). 
Chebyshev's inequality, 

1 
џ(у,'\) ~ х 

shows that V с LP'OO, while the formula 

оо 

'у' dџ, 
п 

Iglq dџ = џ(у,'\) d(,\Q) 
[) о 

(2.4) 

(proved Ьу means of Fubini's theorem) implies LP'oo с LЧ for q < р, if џ is finite. 
Тће quantity /1 . "р,оо is а погт for по р, but we have 

and ћепсе " . "р,оо is а (complete) quasinorm. It is interesting, however, that if 
р = 1, then the space need not Ье lосшlу convex (if, for ехатрlе, П = [0,1] with 
Lebesgue measure), although it сan Ье q-renormed for every q < 1. For р> 1 the 
space is lосшlу convex, and for р < 1 it is p-convex, i.e., there is an equivalent 
p-norm оп it.(*) 

2.2.1 Exercise Тћеге hold the inequalities 

џ(Л + 12,'\1 + '\2) ~ џ(Л, '\1) + џ(12, '\2), 

џ(Лf2, '\1'\2) ~ џ(Л, '\1) + џи2, '\2). 

Marcinkiewicz's theorem 

Quasilinear operators Let Т Ье an operator acting from а vector space Х to the 
set of шl nonnegative measurable functions defined оп а measure space (П, џ). Then 
т is called а quasilinear operator if there exists а constant К such that 

ти + у) ~ К(Тј + Ту) (ј,УЕХ). 

If К = 1, then Т is said to Ье subadditive. If an operator S with values in the 
set of finite measurable functions оп П is Нпеаг, then the operator Т f = 18f1 is 
subadditive. 

{·)For Curther information вее Kalton [36]. See аlво [7] Cor the general theory оС weak LP врасев. 

• 
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2.2.2 Theorem Let џ and и Ье sigma-fin.ite тeasures оп П and S, respectively, 
let О < Р < q ~ оо and let Т Ье а quasi1inear operator Егот У(и) + Lq(u) to 
the set оЕ аЛ nonnegative џ-теавurаblе functions. Assuтe there exist constants С1 
and С2 , independent оЕ ј, sucЬ that 

"Т jllp,oo ~ C1 11f/lp , 
IIT 1I/q,00 ~ C2 11jllq . 

(2.5) 

(2.6) 

ТЬеп Еог еуегу s Е (р, q) there exists а constant С independent оЕ ј sucЬ that 

"Т 11/8 ~ C1l1l18. (2.7) 

In the сме q = оо inequality (2.6) should Ье interpreted as IIT jlloo ~ C2 11j1l00. 

Weak type and strong type If Т satisfies (2.5), i.e., if Т maps V' into LP'OO and 
is continuous at zero, then we say that Т is of weak type (р,Р)ј if (2.7) holds, then 
Т is of strong type (s, в) . 

Proof of Theorem 2.2.2 

We consider the сме where К = С1 = С2 = 1 and q < оо, leaving the remaining 
cases to the reader. We have to deduce the inequality 

/Т fl8 dџ ~ С 1118 du 
f! S 

from two "weak" inequalities: 

1 
џ(Тј,л) ~ лР (2.8) 

1 
џ(Т ј, л) ~ лq S 11I q du. (2.9) 

То show this we represent the function ј in the form ј = У). + h)., where 

у).«() = ј«(), if lј«()1 ~ л, 
О, if 'ј«()! < л. 

Since Т ј ~ Т(у).) + T(h).), we have џ(Т Ј, л) ~ G(л) + Н(Л), where 

G(л) = џ(Ту)., л/2) and Н(Л) = џ(Тh)., Л/2). 
It follows from (2.8) and (2.9) that 

G(л) ~ (2/л)Р ly).IPdu = (2fл)Р 11IР м (2.10) 
S 1/1>). 
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,щd 

Н(л) ~ (2/ л)q Ih,\lq da = (2/ л)q IJlq da. • 

s /11:>;,\ 

Now we use the formula 

оо оо 

ITJlsdp = s р(ТЈ,л)лS-1dл ~ s (G(л) +Н(Л))ЛS-1dЛ. 
п о о 

Multiplying inequality (2.10) Ьу sлs- 1 and then integrating оуег л Е (О, оо) we get 

оо оо 

S G(л)лS- 1 dл ~ з2Р 
о 

(лS-Р- 1 IJlР da) dл 
о 111>'\ 

1I1 
( л s-p-l dл) IJlР da 

s о 

=--
з-р 

IJl s da. 
s 

The analogous inequality for Н(Л) is proved in а similar way. О 

Marcinkiewicz's theorem for Llog+ L 

2.2.3 Тћеогет Let р and а Ье finite measures оп П and S, respectively, let 
1 < q ~ оо and let Т Ье а quasi1inear operator Егоm L1(a) to the set оЕ аЛ 
nonnegative p-meaвиraЫe fиnctions. Н Т satisfies (2.5)(р = 1) and (2.6), then 

т Ј dp ~ К1 + К2 IJllog+ 'JI da, (2.11) 
п s 

where К1 and К2 аге independent оЕ Ј .. 

The class of those a-теавшаЫе functions Ј оп S for which the integral оп the 
right hand side of (2.11) is finite is denoted Ьу Llog+ L(S). 

The proof is similar to that of Theorem 2.2.2. Other variants of Marcinkiewicz's 
theorem сап Ье found in Zygmund [100, Ch. ХII§4]; the proof of some of them is 
much more difficult. 

Paley's theorem 

The implication 

оо 

Ј Е LP (1[') ==}:. L 
n=-оо 

~ , 
lJ(n)IP < оо (1 < р < 2), 

which is а weak form of the Hausdorff/Young theorem, was improved Ьу Hardy 
and Littlewood; namely: 
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2.2.4 Theorem If f Е и(lI'), 1 < р < 2, then I::==o(n + 1)P-2(c~)P < оо, where 
~ 

{c~} is the decreasing rearrangement ofthe sequence {f(n)}. 

An application of Marcinkiewicz's theorem yields а more general result, due to 
Paley: 

2.2.5 Theorem Let (п, р.) Ье а nnite measure space and let {<РnНО Ье ап ос
thonormal sequence јп L2(n,p.) such that sUPn Ilcpnlloo < оо. ТЬеп 

оо 

L np-2 lаnl Р ~ Cllfll~, f Е LP(n, р.), 
n==l 

where 1 < Р < 2 and аn = Јп јсрn dp.. 

Proof. Let р.(n) = 1 and sUPn IIcpnlloo = К. Define the mеавше а оп N, the set 
of positive integers, Ьу а({n}) = n- 2

. Define the operator Т: L1(n,p.) н .co(N, а) 
Ьу (ТЛ(n) = nаn . Bessel's inequality implies that Т is of strong type (2,2). 
То prove that Т is of weak type (1,1) and therefore to conclude the proof (Ьу 
Marcinkiewicz's theorem), observe that lanl ~ Kllflk Непсе, if IlfIiI = 1, we have 

а{n: ITf(n)1 > л} ~ а{n: Кп> л} ~ L n- 2 ~ CKmin(l, l/л), 
n>л/К 

which concludes the proof. о 

2.2.6 Exercise Let (п, р.) Ье а sigma-finite measure space and let {срnНО Ье ап 
orthonormal sequence in L2(n, р.) such that Ilcpnll ~ Мn'У, where М and 1 are 
positive constants. Then for 1 < р < 2 there holds the inequality 

оо 

L n(7+1)(p-2)lаn I Р ~ Cllfll~· 
n==l 

2.3 Maximal function and Lebesgue points 

The maximal function of а 21Г-реriоdic function Ф Е L1 (-1Г,1Г) is the (21Г-реriоdiс) 
function Мф defined as 

1 
(Мф)(О) = sup 2h 

O<h<". 

lI+h 

II-h 
Iф(t)1 dt. (2.12) 

The function Мф is above semicontinuous (and, consequently, measurable) as the 
supremum of а family of continuous functions. The (sublinear) operator М taking 
Ф to М Ф is cal1ed the maximal operator of Hardy and Littlewood. If 9 Е L 1 (11'), 
then we define 

(My)(eiВ ) = (Мф)(О), where ф(О) = g(e ill
). (2.13) 
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• 

The тајп maximal theorem 

2.3.1 Theorem (а) lfф is in Ll(-1I",1I"), then there exists an absolute constant 
С sucb that '{8 Е (-11",11"): Мф(8) > л}1 ~ fIlФЊ. 

(Ь) 1f Ф Е и( -11",11"), Р > 1, then Мф Е и( -11",11") and IIМФ//Р ~ СрllФllр, 
where Ср depends опlу оЕ р. 

Ву / ... / we denote the Lebesgue теавиге оп the Нпе. 

Proof. Assertion (Ь) is obtained from (а) Ьу Marcinkiewicz's theorem. То prove 
(а), let Ф Е Ll (-11",11"), let Е = {8 Е (-11",11") : Мф(8) > 1} and let К Ье а compact 
subset of Е. It suffices to find an absolute constant С зисћ that /К/ ~ Сllфlll' Ву 
the definition of Мф and the compactness of Е, there ме intervals 1ј (i = 1, ... , п) 
зисћ that 1ј С (-211",211"), К С U 1ј and /lј/ ~ Ј/; /ф(t)/ dt. Аззите that the 
sequence /lј/ is decreasing. Let Ј1 = 11. Let Ј2 = 1k, where k is the sma11est i 
for which 1ј П Ј1 = 0. Тћеп let Јз = 1т, where т is the sma11est i > k зисћ 
that 1ј П (Јl U Ј2 ) = 0. Continuing in this way we find а sequence Јј с (-211" , 211" ) 
of pairwise disjoint interva1s зисћ that U 1ј С U Јј, where, for еасћ ј, ЈЈ is the 
interval "concentric" with Јј and /Ј;/ = 3/Јј/. It fo11ows that 

(1/3)/К/ ~ L /Јј/ ~ L Iф(t)1 dt, 
Јј • 

Ј 
• 
Ј 

which gives the desired inequa1ity with С = 6. о 

Lebesgue points 

Тће таЮта1 theorem ћав тапу important app1ications. It is изеfиl, for ехат
ple, in proving a1most everywhere convergence. Usua11y, we сan еавilу prove а.е. 
convergence for а dense set of functions, and then 'изе the maxima1 theorem to 
interchange the limits. Неге we consider the existence of Lebesgue points. 

Тће Lebesgue point of а fиnction Ф is а point х Е IR. зисћ that 

h 

1
. 1 
lm -::-7" 

h-+o2h 
Iф(t + х) - Ф(х)1 dt = О. 

-h 

Тће set of а11 Lebesgue points of f is ca11ed the Lebesgue set of ј. 

2.3.2 Theorem Н а 211"-periodic function Ф is integrable оп (-11",11"), then a1most 
еуегу point јп IR. is а Lebesgue point Еог ф. 

2.3.3 Corollary ТЬе inequa1ity /ф(8)/ ~ (Мф)(8) holds alтost everywhere. 

Proof о! Theorem. Тће operator 

ТФ(х) = limsup 2~ 
h-+O 

h 

Iф(t + х) - Ф(х)1 dt 
-h 
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satisfies: (а) Т(Ф1 + Ф2) ~ ТФ1 + ТФ2; (Ь) Тф ~ IФI + Мф; (с) Т9 = О if 9 is 
• contllluous. 

Let Ф Е L1(-7I",7I"), л> О and е> о. Choose а continuous function 9 so that 
IIФ - 9Њ < е. From (а) we get Тф ~ Т9 + Т(ф - 9) = Т(ф - 9) and then, from (Ь), 
Ьу Theorem 2.3.1 and Chebyshev's inequality, we get 

\{О: Т(ф - 9)(0) > л}1 ~ I{O: IФ - 91(0) > л/2}1 + I{O : М(ф - 9)(0) > Л/2}1 
471"1IФ _ 11 2С 11ф _ 11 ~ 2(271" + С)е 

~л 91+ л 91", л· 

Thus I{O : Т(ф - 9)(0) > Л}I = о, for every л > о, because е is arbitrary. О 

Non-periodic case 

Let Ф Ье а 1осаllу integrable function defined оп IRn, п ~ 1. Тће maxima1 function 
М Ф is defined оп IRn Ьу 

1 
(Мф)(Z) = sup -

r>O тn I~-zl<r 
IфЮ I dVn(~), (2.14) 

where dVn is the Lebesgue measure оп IRn normalized so that the measure of the 
unit Ьэl1 is equa1 to опе. Тће Lebesgue point of а function Ф Е L1(!1), where 
11 с IRn is ореп, is а point х Е 11 such that 

1
. 1 
lm -:-

h-+O hn 
Itl<h 

Iф(t + х) - Ф(х)1 dVn(t) = о. 

Theorem 2.3.1 extends in the obvious way. As а consequence, we have that 

јЕ Ф Е L1(!1), then the Lebesgue set оЕ Ф is "a1most equa1" to 11. 

Density of rational functions јп LP 

2.3.4 Тћеогет If D is а bounded subdomain оЕ С, then the set оЕ rational 
fиnctions with simple poles is dense јп LP(D), Еос О < Р < 2. 

Observe that the function l/(z - а), where а Е ]ЈЈ), be10ngs to LP(D) if and оп1у 
if р < 2. 

Proof. It suffices to consider the case 1 ~ р < 2. Let ч; Е LQ(D), l/р+ l/q = 1, 
and 1et 

ч;(w)R(w) dA(w) = о, where dA = dV2 , 
D 

for every rational function R. Тћеп 

• ч;(w) dA(w) = О 
DZ-w 
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for every z Е С, whence 

. rp(w) dA(w) dz = О, 
I I D z- W Z-Zo =т 

where zo Е D and т < dist(zo, aD). Here we сan apply Fubini's theorem Ьесаuве 

l/р 

Iz - wГРdА(w) ~ С, 
D 

for IZ - Zol = т, where С is independent of Z. Hence, Ьу Cauchy's integraI formula, 

rp(w) dA(w) = о. 
Iw-zol<r 

Jf Zo is а Lebesgue point of rp, then we obtain 

O=Hт~ 
т-+о т 

rp(w) dA(w) = rp(zo), 
Iw-zol<r 

and this concludes the proof. о 

2.3.5 Exercise An interesting fact, observed in [10], сan Ье deduced from Тћео
rem 2.3.4 and Runge's theorem. 

If f is а Lebesgue тeaвигaыe function defined оп С, then there is а sequence 
Рn оЕ (ЬоlотогрЫс) polyпomials such that Рn -+ f а.е. 

2.3.6 Exercise Let П denote the set of аН rationaI functions. If р < 2 then the 
set П П и(с) isdense in и(с). 

2.4 The Rademacher functions 

Тће Rademacher functions Tj(t) аге defined Ьу T;(t) = signsin(2j t7r) (ј ~ О, t Е JR). 
For example, To(t) = 1 for О < t < 1, 

1, 0< t < 1/2, 

ђ(t)= -1, 1/2<t<1, 

О, t = О, 1/2, 1, 

and Tn(t) == Tn-l(2t). These functions form an orthonormal sequence in L2(0, 1) 
and therefore 

1 п 2 п 

l:ajT;(t) dt=l:lajI2, (2.15) 
о ;=0 ;=0 
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This generalization of the parallelogram law сan also Ье written as 

or in а more symmetric form 

2 п 

I: ejak =I:lajI2. 
(€j )Е{ -1,l}"+1 ;=0 

It was proved Ьу Rademacher that L:f-o lakl2 < оо, then E~o akTk(t) converges 
а.е. ОП the other hand, ifL:~o lakl2 = оо, then E~o akTk(t) diverges а.е. (Khint
chine and Kolmogorov). Тће proof of these facts сan Ье found in Duren [18] and, 
in а stronger form, in Zygmund [100]. 

Khintchine's inequality 

2.4.1 Тћеогет For еуету р Е (О, оо) there ате рosШуе constants ср and Ср such 
that 

1/2 1 п р 1/2 
I:ajTj(t) dt 
;=0 

(2.16) 
о 

foт еуету finite sequence {а;}? оЕ сотрlех sca1ars. 

Note that we сan take ср = 1 for р ~ 2, and Ср = 1 for р:::; 2. п 

Proof. Suppose we ћауе proved the theorem for р ~ 2. Let фn(t) = L:a;Tj(t). 
Тћеп ;=0 

1 1 

IIФnll~ = Iфn(t)12 dt = Iфn(t)1 1 /2 Iфn(t)IЗ/2 dt 
О О 

:::; IlфnIl11 /2 I1фnll;/2 ~ сзЗ/2 1Iфnll;/2I1фnll;/2, 

and ћепсе IIфnll2 ~ СзЗIIФnЊ, which proves the left-hand side inequality in (2.16) 
for р = 1. Using this we сan prove that IIФnЊ :::; const IIФnIl1/2' and so оп. 

То discuss the саве р > 2, we сan suppose that р is an еуеп integer. Using the 
binomial formula we find that there holds the inequality 

х,у Е С, (2.17) 

where к,р ~ 1 is а constant. We shall prove that IIфnllр :::; к,~/21IФnIl2 Ьу induction 
оп the length of {ak}~' In the саве п = 1 we ћауе 

. 

Ilфnllр = ('ао + а11Р ; lao - а11Р ) 1/р ~ к,~/2 IIФnI12, 
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because of (2.17). Let п ~ 2. TheIi, as is еазПу verified, 

1 п р 1 L ajTj(t) dt = -
2 О 

1 

(јао + 1/I(t)/P + /ао -1/I(t)/P) dt, (2.18) 
О ј=О 

п n-l 
where 1/I(t) = l: akTk-l(t) = l: аНl Tk(t). From this and (2.17) it follows that 

k=l k=O 

1 п р 

L ajTj(t) dt ~ 
1 

(I1/1(t)/2 + к.р /ао/2У/2 dt. 
О ј=О О 

The last integral is ~ (1/1/11/; +к.р /ао/ 2у/2, which сan Ье seen Ьу using the binomial 
formula, or Ьу using Jensen's inequality for the concave function х ~ (х2/Р + I)Р/2, 
Х ~ о. ОП the other hand, Ьу induction hypothesis we have I/1/II/p ~ к.~/2 1/1/11/2, 
which implies 

1 п р 

L ajTj(t) dt ~ (к.р I/1/II/~ + к.р /ао/ 2)Р/2. 
О ј=О 

This completes the proof because 

1/2 

• о 

м iscellaneous 

2.4.2 What is essential in the above proofis that Тn is defined Ьу Tn(t) = r(2n - 1t), 
п ~ 1, where r Е LOO(IR) is а l-periodic function such that r(t + 1/2) == -r(t). As 
an example we сan take r(t) = ei211"t to get Paley's inequalitYj this inequality will 
Ье discussed in а different context (see Theorems 11.1.1 and 11.1.3, page 164). 

2.4.3 The LP-closure of the Нпем span of the Rademacher functions is comple
mented in V, for 1 < Р < оо. 

2.4.4 Let {Јј}Л~l Ье а finite sequence in а vector space Х, let Ft = l:j~l Тј (t)fј, 
Ft = l:j~l CjTj(t)fj, where Сј = ±1. If ХО is а subset of Х, then 

/{t Е [0,1]: Gt Е хо}1 = I{t Е [0,1]: Ft Е Xo}l· 

2.5 Nikishin's theorem 

While Marcinkiewicz's theorem enables us to deduce а strong inequality from two 
weak inequalities, Ьу using Nikishin's theorem we сan obtain а weak inequality from 
а "very weak" опе. Before stating this theorem we introduce some terminology. 
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The sрасе /:'0 and subIinear operators 

Let (П, џ) Ье а finite measure space. ТЬе vector space /:'о(џ) = /:'0 (П, џ) of аН finite 
measurable functions оп П becomes an F-space when endowed with the F-norm 

111 
'11о(Ј) = п 1 + 111 dџ. 

Convergence in /:'о(џ) is equivalent to convergence in measure, i.e., Јп -t О iff 
limn џ(Јn, л) = О for every л > о. This сan Ье deduced from the formula 

'11o(g) = ОО џ(g, л) dл 
о (1 + л)2 ' 

(2.19) 

which сan еавНу Ье deduced from (2.4)(q = 1) Ьу taking 9 = 111/(1 + 111). 
An operator Т that maps а quasi-normed space Х to the set of nonnegative 

measurable functions is said to Ье sublinear if (almost everywhere): 
(a)T(J+g)~TJ+TgforJ,gEX; (Ь)Т(Лf)=IЛIТЈfоrЈЕХandЛЕс. 

If Т Ј is finite а.е. for аН Ј, then we сan treat it as an operator from Х to /:'0. 
Since (а) and (Ь) imply IT Ј - Tgl ~ Т(Ј - g), we see that continuity of Т at the 
origin imp1ies continuity of Т оп аН of Х. 

Spaces of type р 

А quasi-Banach space Х is of type р (О < р ~ 2) if there exists а constant К such 
that 

1 

(2.20) 
о j~O 

• 
Ј 

for every finite sequence иј} с Х, where Тј are the Rademacher functions; recaH 
that Tj(t) = signsin(2 j t'/l} Every p-Banach space (О < Р ~ 1) satisfies (2.20) 
with К = 1. And Ьу application of Khintchine's inequality (2.16), one proves the 
foHowing: 

2.5.1 Theorem LP Ьав type min(p, 2) (р> О). 

From Khintchine's inequality also foHows that the notion of type р Ьав по sense 
for р > 2 because if Х = С, then the integral in (2.20) is "proportional" to the 
f2-norm ofthe sequence иј}. 

Nikishin's theorem 

In order to state Nikishin's theorem let ТвЈ = ХвТ Ј, where ХВ is the characteristic 
function of В с п. 

2.5.2 Theorem (Nikishin [66]) Let Х Ье а quasi-Banach врасе о{ type р, О < 
р ~ 2, and let Т: Х r-t /:,О(П, џ) Ье вuЬПпем and continuous. ТЬеп {ос every с > О 
there exists а теавuсаЫе set В С П вuсЬ that џ(П " В) < с and ТВ тарв Х to 
LP'oo and јв continuous. 
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Lemmas 

For the proof we need two lemmas. The first lemma provides а characterization of 
continuity of Т Ьу теanв of "weak" inequa1ities. 

2.5.3 Lemma Let Т : (Х, 11 . 11) н- L.o(J1.) Ье а sublinear operator оп а quasi
Вanасћ space Х. ТЬen Т is continuous Ш there exists а decreasing fиnction с(>.), 
>. ~ О, such that limл"-+оо с(>.) = О and 

Ј1.(Т 1, >'11111) ~ с(>.) (>' > О, 1 Е Х). (2.21) 

Therefore, Niюshiп's theorem ваув that under воте conditions inequa1ity (2.21) 
сan Ье improved во that с(>.) = С / >.Р outside а set of arbitrari1y вта11 measure. 

Proof. Let Т Ье continuous. Then there exists а decreasing function €(>.) 
defined for >. > О such that €(>.) ~ О (>' ~ оо), and that there holds the implication 

11/11 = 1/>' . ;. rлo(Т f) < €(>'). 

Оп the other hand, (2.19) imp1ies Ј1.(Т 1, 1) ~ 2fЛо (Т f) Ьесаuве the function 
Ј1.(Т 1, >') is decreasing. Thus if 11111 = 1/>', then Ј1.(Т 1, >'11/11) ~ 2€(>') =: с(>.), 
and hence 

Ј1.(Т ј, >'11/11) = Ј1.(Т 1 / >'11111, 1) ~ с(>.) 

for every >. > о. 
Conversely, if (2.21) is satisfied, let 

оо с( >.ј д) d>' 
(1 + >,)2 . 

о 

From (2.19) it follows that there holds the implication 

11/11 < д > fЛo(Тf) < t:(д), 

which implies that Т is continuous, Ьесаuве t:(д) ~ О (д ~ О). о 

2.5.4 Lemma Let the hypotheses оЕ ТЬеогеm 2.5.2 Ье satisiied. ТЬеп its сопсlu
sions hold јЕ (and опlу јЕ) there exists а decreasing fиncиon с(>.), >. > О, such that 
1imл"-+оо с(>.) = О and 

(2.22) 

Еог а11 sequences {Јј} с Х such that Lj IIljllP ~ 1. 

This lemma сan а1В0 Ье interpreted in the following way: ТЬе conclusions of 
Theorem 2.5.2 hold iffthe operator ВI = ВUРј Т Iј тарв the врасе lP(X) into L.o(J1.) 
and is continuous. ТЬе врасе lP(X) consists of those sequences {fn}f с Х for 
which 

оо l/р 

IH/n}1I = L II/nllP < оо. 
n=l 
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.. Proof. We will consider "if"pllrt. (t) Let е > О and choose R > О so that 
c(R) < е, where с(л) is the function from (2.22). We say that а measurable set F 
satisfies condition (W) if there exists / Е Х, 111\1 ~ 1, such that 

(LU Е F). (W) 

If the collection, say :F, of such sets is empty, then for fixed л > О and / ЕХ, 
1\1\1 ~ 1, we take F = {LU Е .n: T/(LU) > л} to get J.L(F)T/(LU)P ~ RP (LU Е F), 
whence J.L(F)ЛР ~ RP. i.e., J.L{LU Е П: Tf(LU) > л} ~ (R/л)Р, and this means 
that Т maps Х into у,оо and is continuous. Therefore we сan suppose that :F is 
nonempty. Let (Fj ) Ье а maximal collection ofpairwise d\sjoint measurable sets 
satisfying (W) and let /ј Е Х bethe corresponding vectors. Putting Сј = J.L(Fj )l/p 
we have 2::ј I\Cj/jI\P ~ 1 and supjT(Cj/j){LU) > R (LU Е UFj ). From (2.22) it 
follows that J.L(UFj) ~ c(R) < е. Since the collection is maximal, there holds the 
inequality J.L{LU Е П" UFj : T/(LU) > л} ~ (R/л)Р, for every л > О. This means 
that the operator Тв, where В = П" UFj , maps Х into LP'OO, which concludes the 
proof. о 

Proof of Theorem 2.5.2. 

First observe that Lemma 2.5.4 remains true if we assume that the sequence /ј is 
finite. Let /ј Е Х Ье such а sequence, and let 

L I\fзl\Р ~ 1. (2.23) 
j~l 

According to Lemma 2.5.4, it is enough to find а decreasing function Cl (л) defined 
for л> О such that limA-+оо Cl (л) = О and 

џ(ЕА ) ~ Cl (л) (л > О), (2.24) 

where ЕА = {w Е П : тахј Т fJ ~ Л}. Let gt = 2::j~l Тј (t)/j (О ~ t ~ 1), where Тј 
ме the Rademacher functions. Тћеп 2Tk(t)/k = gt + gf, where 

gt = -ђ(t)Л - .. , - Tk-l(t)!k-l + Tk(t)!k - .... 

Therefore there holds the inequality 2T(Jk) ~ T(gt) + T(gf) almost everywhere оп 
[О, 1]. Since 

I{ t Е [0,1] : Tgt(LU) ~ 17}1 = I{ t Е [0,1] : Tgt(LU) ~ 17}1 

for every 17 ~ О (see 2.4.4), we see that I{ t Е [0,1] : Tgt(LU) ~ T/k(w)}1 ~ 1/2 for 
all w Е П and k ~ 1. Thus we have I{t Е [0,1] : Tgt(LU) ~ Л}I ~ 1/2, LU Е ЕА , SO it 
follows that 

џ(ЕА)/2 ~ i{t Е [0,1] : Tgt(LU) ~ л}1 dJ.L(LU). 
Е>. 

(t)Concerningthe opposite direction, which is not needed in our text, one could зее Wojtaszczyk 
[98, Сћ. Ш.Н]; the proof of 'ој!" рап јз ·essentially the saтe as in that book. 
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Tbls inequality is sufficient to conclude the proof in the саве when Х is р-Вanась, 
р < 1. Namely, replacing ЈЕл Ьу Јп and applying the formula 

I{t Е [О,lЈ: Tgt(c.џ) ~ л}1 dJl(c.џ) = dJl(c.џ) dt 
п п Тg,(",)~л 

1 1 
-- dt dJl(c.џ) = џ{с.џ Е П : Tgt(c.џ) ~ л} dt, 

о Тg,(",)~л О 

we get 
1 

џ(Ел)ј2 ~ џ{с.џ Е П : Tgt(c.џ) ~ л} dt. 
о 

Now Lemma 2.5.3 and the inequality /lgtll ~ 1, which holds for every t, give џ(Ел ) ~ 
2с(лј2), where с(л) is the function from Lemma 2.5.3. So we have proved (2.24) 
in this special саве. 

Let Х Ье а space of type р. ТЬеп the inequality IIgtll ~ 1 сan Ье false for some 
t, but from (2.23) and (2.20) it follows that 

(2.25) 

In order to exploit this fact, we start from the inequality 

I{t: Tgt(c.џ) ~ л}1 ~ j{t: IIgtll ~ vГл}1 + I{t: Tgt ~ IIgtllvГл}l· 
• 

Непсе, Ьу integration over с.џ Е П and using (2.25) and Fubini's theorem as above, 
we get 

• 

џ(Е>.)ј2 ~ I{t: Tgt(c.џ) ~ л}1 dJl(c.џ) 
п 

1 

~ кл-р/2џ(n) + џ{с.џ: Tgt(c.џ) ~ IIgtllvГл} dt. 
о 

ТЬе last integral is ~ c(.f).j2), because of Lemma 2.5.3, 80 we have (2.24) again. 
о 

2.6 Nikishin and Stein's theorem 

Tbls thcorem tells us that under additional, algebraic, conditions we сan take В = П 
in Theorem 2.5.2. We restrict ourselves to the саве of the multiplicative group Т. 

2.6.1 Theorem (NikishinjStein) Let Х Ье а врасе оЕ type р Е (0,2Ј, and let 
( ~ f< Ье а mapping оЕ the unit cjrcle Т to the set оЕ а11 isometric endomorphisms 
оЕ Х. НТ: Х ~ .ео(Т) јв sublinear, continuous and "commutes with rotations", 
ј.е., for every ( Е Т satisfies the condition (Тf<)(с.џ) = (ТЈ)(с.џ(), с.џ Е Т а.е., then 
Т(Х) С У'ОО(Т) and Т јв continuous as an operator from Х to У'ОО(Т). 
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, 

In the сме where Х is и(1Г) or и(][Ј)), we put J{(z) = Ј(Џ). 

Proof. Let djj(() = Id(I/27r. Theorem 2.5.2 guarantees that there is а set В so 
that џ(В) > О and џ(Ал ПВ) ~ С (111I1/л)Р, where Ал = {w Е 1Г: I(Tf)(w)1 > Л}, 
and С is independent of Ј and л. If we put Л (( Е 1Г) instead of Ј and apply the 
hypotheses of the theorem, we get jj(((-l Ал) П В) ~ С (11111/ Л)Р. Integrating this 
with respect to djj(() and using the formula 

jj((C1 Ал) п В) djj(() = џ(Ал)џ(В), (2.26) 
т 

we get џ(Ал ) ~ џ~) II~II Р, which was to Ье proved. 

То verify formula (2.26), we write the left-hand side as 

jj(C1 А п В) djj(() = djj(() X{-lA(W) djj(w) 
т т в 

(Х is the characteristic function), and then apply Fubini's theorem together with 
the relation X{-lA(W) = Х",-lА((). о 

А theorem оп multipliers 

As а nice application of the Nikishin/Stein theorem and the Marcinkiewicz theorem 
we have the following. . 

2.6.2' Theorem Let Т : Ll(y) I--t .со (1г) Ье а соп6пuоuв linear opera.tor tha.t 
commutes with rotations. ТЬеп Т is оЕ weak type (1,1) aпd оЕ strong type (р,р) 
Еог еуегу р Е (1, оо), and there exists а bounded sequence тn (-оо < п < оо) such 
that 

ОО 

Т J(e ie
) = L m n l(n)eine (2.27) 

n=-оо 

foг еуегу trigonometric роlупотјal Ј. Fиrther, јЕ Ј Е LP, р > 1, then 

- ~ 

т Ј(n) = тnЈ(n) (2.28) 

Еог еуегу integer n. 

Proof. Since LP is of type р for О < р ~ 2, Nikishin/Stein theorem tells us 
that the operator Т with the above properties is of weak type (р,р) for р = 1 and 
р = 2. Непсе, Ьу Marcinkiewicz's theorem, Т is of strong type (р,р) for 1 < р < 2. 
То prove the rest, let g(w) = wn, W Е 1г, for а fixed integer n. Ву the hypothesis, 
for every ( Е 1г we have (n(Tg)(w) = (Tg)((w) for а.е., w Е 1г. ТЬе function Tg 
belongs to L1 because 9 Е L2 and Т is of strong type (р,р) for р Е (1,2). It follows 
that if Ф Е L OO

, then 

(Тg)(w)ф(w) Idwl = Сn(Тg)((w)ф(w) Idwl 
т т 
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for every ( Е Т. Integrating this with respect to ( and using Fubini's theorem, we 
get 

1 
(Тg)(w)Ф(w) Idwl = 2 ф(w) Idwl Cn(Tg)((w) Id(1 

т ~ т т 

1 
= 271" Т ф(w)wn Idwl Cn(Tg)(() Id(/. 

т 

Непсе 

(Tg)(w) = Wn Cn(Tg)(() Id(1 =: тnWn for а.е. w Е Т; 
т 

this proves formula (2.27). The validity of (2.28) сan then Ье deduced from the 
Weierstrass theorem that the trigonometric polynomials are dense in LP. 

It remains to prove that Т is of strong type (q, q) for q ~ 2. Ву Marcinkiewicz's 
theorem (or Ьу the Riesz/Thorin theorem), we сan assume that q > 2. Let Ј, 9 Ье 
trigonometric polynomials. Then, in view of (2.27), we have 

Using this and the fact that Т is of strong type (р,р) for р = q/(q -1), we conclude 
that 

(2.29) 

where С is independent of Ј. Now let Ј Е Lq Ье arbitrary, and let Јп Ье а sequence 
of trigonometric polynomials such that "Јn - Jllq -t О. The validity of (2.29) for 
trigonometric polynomials implies 

• 

(2.30) 
• 

Since "Јn - ЈЊ ~ "Јп - Jllq and Т is continuous from Ll to .со, we see that Т Јп -t 
Т Ј in measure; after extracting а subsequence we сап assume that Т Јп -t Т Ј 
almost everywhere. Now Fatou's lemma and (2.30) give "Т Jllq ~ CqllJllq, which 
was to Ье proved. о 

2.7 Banach's principle 

The fol1owing fact, known as Banach's principle, plays ап important role in app1i
. cations of Theorem 2.6.1 to таЮтal operators. 

2.7.1 Тћеогет Let Х Ье а quasi-Banach space, let ТN (п ~ 1) Ье а sequence оЕ 
сопtiпuоus Јјпеаг operators лоm Х to .со(П,џ), and let 

TmaxJ(w) := sup ITnJ(w) I < оо 
n~l 

foг almost all w Е П. ТЬеп Ње operator ТmаХ : Х н .со(П, џ) is continuous. 
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Ргооf.Ш Let .соЏОО) denote the set of аН functions F = (Л, /2, ... ) : П I--t [ОО 
with measurable coordinates. The following two facts, the proof of which is left to 
the reader, imply the validity of the theorem. 

(а) With the F-norm 

IIF(w)l\oo 
п 1 + IIF(w)lloo dџ(w), 

the set .соЏОО) is an F-space .. 
(Ь) The operator Т9 = (T1 9, Т29, . : .) maps Х into .соЏОО) and has closed 

graph. о 

Theorem оп а.е. convergence 

2.7.2 Theorem Suppose that the conditions оЕ ТЬеогет 2.7.1 ате satisfied. If 
the limit 

Нт TnJ(w) := TJ(w) а.е. 
n-+оо 

exists алd is finite Еог еуегу 1 Етот а dense subset оЕ Х, then 1t exists Еог еуегу 
1 Е Х, алd Т 1s cont1nuous as ал operator Етот Х to Ј:.о. 

Proof. Let ХО denote thedense subset. . Consider the following sublinear 
operator оп Х : 

SJ(w) = limsup ITm/(w) - Tnl(w)l. (w Е П). 
m,n-tСХЈ 

Ву Banach's principle, this operator is continuous because 81 :::; 2Ттах/. Ву 

Lemma 2.5.3, we have 

џ(81, е) :::; с(е/I\/Ю (е > о, 1 Е Х), (2.31) 

where с(л) ~ О as л ~ оо. ОП the other hand, since 89 = О for 9 ЕХо, we have 
8(Ј) = 8и - 9) for аН 1 Е Х, 9 ЕХо· From this and (2.31) it follows that 

.. џ(81,е) :::; c(e/I\I - 9kl\) (е> о), 

where, for а fixed 1 ЕХ, we have chosen а sequence 9k Е ХО so that 1\1 - 9k 1\ ~ о 
(k ~ оо). Thus џ(SI, е) = о for every е> о. The result follows. о 

о 

ШSее [7, theorem IV.5.7], where а proof is given based оп Ba.ire's theorem. 



3 Poisson integral 

Harmonic functions occur in Fourier analysis naturally. П L cn ein8 is the 
Fourier series of а function Ф Е Ll (Т), then the function ! (теЮ ) = L~oo сп r 1nl ein8 

јв harmonic јп ј[Ј). Тће function ! = Р[ф] is called the Poisson integral of ф. 
In this chapter we аге mainly concerned with воте classical results оп radial 

limits of Р[Ф] , or, what is the вате, оп the АЬеl виттаЫlitу of the Fourier series 
of ф, where Ф belongs to LP(T), 1 ~ р ~ оо, or с(т). However, there аге тисћ 
stronger results јп this direction, and the reader should consult Zygmund's book. 
For exaтple, јп тanу савев we сan replace Abel's method of summability Ьу the 
method (С,а), а > О. But, in contrast to the саве of (С,а), Abel's method leads 
us to considering not only the radial but also the non-tangentiallimits of !(z). At 
the end we prove the Littlewood/Paley inequality and а variant of Schwarz lemma 
for harmonic functions (Theorems З.5.1 and З.6.1) 

3.1 Harmonic functions 

А complex-valued function !, defined оп а domain П С С, is said to Ье harmonic 
if it is of class С2 and !:;.! == о in п, where!:;. denotes the Laplacian, 

here 

д! 1 
-'- = af(z) = -
az 2 

д! .д! 
дх -Zay , 

(z = х + iY)j 

д! .д! 
дх + Z ду . 

Тћив ! is harmonic iff the function д! /az јв analytic. ТЫв implies the following. 

3.1.1 Theorem А Ьагmопјс function ! defined оп а вЈmрlу connected domain П 
сan berepresented јп theform !(z) = h(z)+g(z), z Е п, whereh and 9 areana1ytic 
and uniquely determined ир to an additive constant; сопуегвеlу, п! = h + у, where 
h and 9 аге ana1ytic, then ! јв Ьагтоniс. 

Using this theorem опе сan deduce various properties of harmonic functions 
from tbe corresponding properties of analytic functions. For instance, 

the composition о! а Ьагmоniс function with an ana1ytic function ј8 Ьагmопјс. 

Uniqueness theorem Ав а further consequence of Theorem З.l.1 we have: 

If ! ј8 Ьагmопјс Јп а вјmрlу cODDected domain П and ! = о iп an ореп subset 
ofn, then ! = о јп п. 

З2 
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Series expansion If Ј js Ьагтопјс јп D = {z : Izl < R}, then there аге un1que 
сотрlех nuтbers j(k), -оо < k < оо, such that f(re i ()) = 2:~--oo !<k)r1kIeik(), 
w1th the serjes converging unјЕостlу and absolutely оп every coтpact subset оЕ D. 
Conversely, јЕ such а series converges јп D, then it converges uпјЕост1у оп coтpact 
subsets оЕ D and 1ts sиm 1s Ьагтопјс јп D. 

Heine/Borel property The set of аН functions harтonic in а doтain П and еп
dowed with the topology of uniforт convergence оп coтpact subsets of П is denoted 
Ьу h(n). Ву Н(Щ we denote the subspace of h(Щ consisting of analytic functions. 
Both h(n) and Н(Щ аге complete and have the Heine/Borel property. The latter 
means: 

If а sequence Јп Е h(Щ, resp. Јп Е н(п), js uпНостlу bounded оп coтpact 
subsets, then Њесе 1s а subsequence tendjng uпЈЕостlу оп compact subsets to а 
Ьагтопјс, resp. ana1yt1c, fиnct10n. 

Меап value property А characteristic property of harmonic functions is the теап 
value property оп circles: 

1 
f(a) = 21Г 

.,.. 

-.,.. 
{z: Iz - аl ~ R} С п. (3.1) 

Green's formula If Ј is harmonic, then (3.1) сап Ье deduced from, say, Green's 
formula, а special case of which сап Ье stated as follows: 

If F 1s а C2-funct10n 1п D = {z : Izl < R}, then 

d 1 
dr 21Г 

ос, what 1s Ње same, 

.,.. F(pei ()) d8 _ F(O) = 1 
21Г _.,.. 21Г 

1 

where О < т, р < R. 

(6F)(z) dm(z) 
Izl <r 

(6F)(z) log (1 dm(z), 
Izl<p z 

Here dm denotes the Lebesgue measure in С. 

(3.2) 

(3.3) 

That а continuous function having the теап value property must Ье harmonic 
сап Ье deduced from the maximum principle for subharmonic functions and the 
existence of solution of the Dirichlet problem for the disk (see 4.1.10). 

Exercises 

3.1.2 If Ј is harmonic in ]IJ) and J(z) = g(lzl) in а "rectangle" ђ < Izl < ђ, 
81 < arg z < 82, then Ј = const in ]IJ). This сan Ье shown Ьу using the formula 
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3.1.3 ТЬе теan value оЕ 1 over а rectifiable Jordan сипе Г is defined as 

1 
Ји, Г) = 'Г' 

г 

l(z) Idzl, where 'ГI = length оЕ Г, 

provided the integral is somehow defined. If [а, Ь] is the straight Нпе joining а and 
Ь and 1 is analytic in а domain containing Г, then 

Ј(1 [ Ь]) _ F(b) - F(a) 
,а, - Ь ' 

-а 

where F is а primitive function оЕ 1. Using this опе сan prove the fol1owing: 
Let ПП Ье а regu1ar polygon centered at с with vertices al, а2, ... ,аn , п ~ 4. 

Let 1 Ье а function harmonic in а domain containing the curve ПП and its interior. 
ТЬеп 

п 

Ји, пп) = Е Ји, [с, ak]). 
k=l 

In particular, Ји, П4 ) = Ји, d1 ) + Ји, d2 ), where d1 , d2 are the diagonals оЕ the 
square. For the сазе п = 4 зее [7, СЬ. 5, Lemma 6.12]. 

3.1.4 (maximum modulus principle) If 1 Е h(Щ, where П is simply соп
nected, and 111 = const in П, then 1 = const. 

, 

The Poisson integral of а continuous function 

Poisson kernel Опе оЕ everywhere occurring harmonic functions is the Poisson 
kernel: 

P(z) = 1 -lz l
2 = Re 1 + z . 

11-z12 1-z 

There hold the formulas 

. 1- т2 
Р(Т, О) : = Р(те'8) = -,-. -~---

1 + т2 - 2тсозО 
оо оо 

= Е rlnlein8 = 1 + 2 Е ТN соз пО, 
n=-оо n=l 

Р(Т, t) ~ о and 
1 

. Р(Т, t) dt = 1. 

ТЬе Poisson kernel Ьаз the reproducing property: 

-
3.1.5 Theorem If а Еипсиоп 1 сопиПUОU8 оп JIJ) Ј8 Ьмmоmс јп Ј1Ј), then 

(rei8 Е Ј1Ј). 

(З.4) 

(З.5) 

(З.6) 
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Proof. Тће equality 

/(0) = 2~ /(() Id(1 
т 

(11' = aJl))) 

follows from the теan value property оп the circles Izl = р < 1 and the continuity 
of /. Applying this equality to theharmonic function / о СРО., where 

we get 

a-z 
CPo.(z) = 1 -, -az lal < 1, Izl ~ 1, 

1 
f(a) = 21Г Т f(cpo.(()) Id(l· 

Now introduce the substitution (= CPo.(w), i.e., w = СРо.((). Since 

1 - lal2 

Id(1 = 11 _ awl 2 Idwl, 

we get 
1 

/(а) = 21Г 

which is another form of (3.6). о 

P(aw)/(w) Idwl, 
т 

The Poisson integral of а function Тће Poisson integral of а function Ф Е L 1 (11') 
is the harmonic function Р[ ф] defined Ьу 

The proof of Theorem 3.1.5 shows that 

1 
Р[Ф](z) = 21Г 

(re ill Е JI])). 

(z Е JI])). (3.7) 

The Poisson integral сап Ье used to solve the Dirichlet problem for the disk: 

3.1.6 Theorem If Ф is_a continuous function defined оп 11', then Ф Ьм а unique 
continuous extension to JI]) that is Ьыmопјс јп JI])j this extension equa1s Р[ф]. 

Ап immediate consequence is the well known Weierstrass theorem оп ар
proximation Ьу trigonometric polynomials: 

ТЬе set оЕ а11 trigonometric polynomia1s is dense јп еасЬ оЕ the spaces С(11'), 
и(11') (О < Р < оо). 

Proof of Theorem 3.1.6. The uniqueness follows from Theorem 3.1.5. Let 
/ = Р[ф]. From (3.7) and the continuity of the function ф, Ьу using, Jor instance, 
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the dominated convergence theorem, we get limD3z-+1 j(z) = Ф(1), which proves 
that the extension is continuous at the point z = 1; and so оп. О 

Тће аЬоуе proof, although уегу short, ћав а disadvantage јп that it is based оп 
very speciaI properties of the Poisson kerneI. Тће standard proof depends оп (З.5) 
and the foIlowing: Нт sup Р(Т, t) = О for aII о Е (0,11") (see [86, 100, 22, 46]). 

r-+l o<ltl<" 

Theorems З.1.5 and З.1.6 yield the foIlowing. 

3.1.7 Theorem ТЬе Poisson integra1 acts as an isometric ЈвотогрЫвт цот С (ђ 
onto hC(1D» С LOO(1D», the врасе оffuпсtiопs that аге dеfiпеd and сопtiпuоus оп 1D> 

апd hагmопiс iп 1D>. 

3.2 Borel measures and the space h1 

The space М (Т) 

Let М (Т) denote the space of aII complex BoreI measures оп the circle Тј the norm is 
given Ьу 1IJ.t1l = (1/211")1J.tI(T), where 1J.t1 is the variation of J.t. Н dJ.t(ei8

) = Ф(еi8 ) d(} 
with Ф Е L 1 (Т), then 1IJ.t11 = IIФЊ, which means in particular that М(Т) contains 
an isometric сору of Ll (Т). Ву one of Riesz' representation theorems, 

М(Т) ЈВ isometrica11y isomorphic to the dua1 оЕС(Т) with respect to the Ыliпеаг 
foгm 

1 
('1', J.t) = 211" Т 'р«() dJ.t«(), '1' Е С(Т), J.t Е М(Т). 

(See [86, Theorem 6.19] for а generaI representation theorem.) 

The Poisson integral of а measure Тће Poisson integraI of J.t Е М (Т) is defined 
Ьу 

1 . -
. P[J.t](z) = 2 P(z()dJ.t«(). 

11" т 
(З.8) 

Again, if dJ.t( ei8 ) = ф( ei8 ) d(} with Ф Е L 1 (Т), then P[J.t] = Р[ф]. 
3.2.1 Proposition ТЬе соеfliciепts оЕ the fипсtiоп P[J.t] аге equa1 to the согге
sропdiпg соеfliсiепts оЕ the mеавurе J.t, i.e., there holds 

Proof. Тће formula сan Ье deduced from (З.8) Ьу term-by-term integration of 
the series (З.4) with respect to J.tj this is possible because the series (З.4) converges 
uniformly оп the circles Izl = r < 1. о 

3.2.2 Theorem ТЬе Роissоп iпtеgrа1 acts as а сопtiпuоus and iпјесtive liпеаг 
operator цоm М(Т) iпtо h(1D». 
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Proof. То prove the injectivity assume P[J.L] = о. From Proposition 3.2.1 we 
get Д(n) = О for every п, and hence (ф, џ) = о for every trigonometric polynomial 
ф. And since trigonometric polynomials ше dense in С(Т) we have (ф, џ) = о for 
every Ф Е С(Т). Now the Riesz representation theorem gives џ = о. о 

The RieszjHerglotz theorem 

Тће space h1 consists of the functions Ј Е h(lD» for which 

1 
IIЈЊ := sup 2 \J(rei8 )\ dB < оо. 

r<l 1г _,.. 

Тће Poisson integral of а measure џ Е М (Т) belongs to h 1 because 

11 Р[џ] Њ ~ IIILIl, (3.9) 

which is deduced from (3.5). Тће converse is true as well: every function belonging 
to h1 is equal to the Poisson integral of some (unique) measure. More precisely: 

3.2.3 Тћеогеш (RieszjHerglotz) ТЬе ројввоп integra1 acts аб ал isoтetric 1ВО
тогрЫвт froт М (Т) onto h 1. 

Proof. Let Ј Е h1. Then the "sequence" Jr (Т -+ 1), where Jr«) = Ј(т() 
for ( Е Т, is bounded in L1(T). This means that the "sequence" of measures 
dILr(ei8 ) = J(rei8 ) dB is bounded in М(1Г). Since М(1Г) is the dual of С(1Г), we can 
apply the в anach ј Alaoglu theoremj there exists а sequence Тn -+ 1 such that iLr" 

converges weakly (star) to а measure џ Е М(1Г), which means that 

1 ,.. J(rneit)g(e-it) dt -+ 1 ,.. g(e-it) dIL(eit) 
21Г _,.. 21Г _,.. 

for every 9 Е С(1Г). Take g(e- it ) = P(ze-it ), with fixed z Е ]]}). Then 

21 ,.. J(rneit)g(e-it) dt = J(rnz) 
1г _,.. 

because tlle function J(rnz) is harmonic in а neighborhood of the closed disk. From 
the last two relations we get J(z) = P[IL](z). And because of the weak convergence 
we have IIILIl ~ liminfn lliLr,,1I = liminfnIlJr"iII· Hence IIILIl ~ 1If1\1, which along 
with (3.9) implies the desired result. о 

3.2.4 Exercise Тће closure in h1 of the set of all harmonic polynomials is equal 
to {Р[ф]: Ф Е L1

}. 

Positive harmonic functions 

А positive real function Ј Е ћ(]]})) belongs to h1 because 

2~ _: \J(reit )\ dt = Ј(О). 
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. 

From the proof of Theorem 3.2.3 we obtain the foHowing variant of the RieszjHer-
glotz theorem. 

3.2.5 Тћеогеш (а) lf а function Ј Е h(JI))) is rea1-va1ued and positive, then Ј is 
equa1 to the Poisson integra1 of а finие роsШvе measure. 

(Ь) А rea1 Ьагтопјс fиncиon belongs to h 1 Ш it is equa1 to the dШеrenсе of two 
роsШvе Ьагтопјс functions. 

ТЬе following fact is а consequence of Theorem 3.2.5(а) and the inequality 

l-т l+т 
1 ~P(T,8) ~ 1 . 
+Т -Т 

3.2.6 Тћеогеш (Harnack's inequaIity) lf u is а fиncиon Ьагтопјс and positive 
јп the disk Izl < R, then 

~ - r и(О) ~ u(reill ) ~ ~ + r и(О) (О < r < R) 
+Т -Т 

and lV'u(O)1 ~ 2и(0)ј R. 

3.2.7 Согоllагу lf u is а positive Ьагтоniс fиncиon јп а disk D, and К а compact 
subset of D, then u(z)ju(w) ~ С for z, w Е К, where С is а constant depending 
опlу оп К. 

3.2.8 Согоllагу (Hurwitz) lf {Јп} is а sequence of anа1уис fиnctions with по 
zeros јп JI)) such that Јп -+ Ј uniformly оп compact subsets, then Ј Ьав по zeros јп 
JI)) unless Ј vanishes Ыеписа11у. 

Proof. Let D Ье а closed disk contained in JI)). ТЬеп there јв а constant М 
висЬ that sUPD IJnl < м for аН n. Now we put иn = log(MjIJnl) and apply 
CoroHary 3.2.7. О 

3.2.9 Тћеогеш (Harnack) Let {иn } Ье an increasing sequence ofrea1-va1ued Ьаг
топјс fиnctions defined јп а disk D с С. lf there exists а point а Е D such that 
иn(а) converges, then {иn} converges uniform1y оп compact subsets of D. 

Proof. Let К с D Ье а compact set containing а. Бу CoroHary 3.2.7 we 
have lum(z) - un(z)1 ~ Clum(a) - un(a)l, where С јв independent of т, п and z. 
о 

PoissonjStieltjes integral 

Instead with measures, it is sometimes more convenient to work with functions of 
bounded variations. Let BV[a, Ь] denote the set of functions of bounded variation 
оп [а, Ь]. ТЬе PoissonjStie1tjes integral of а function 'у Е BV = BV[-1r,1r] јв 
defined as to Ье the Ьагтопјс function 

(3.10) 
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In view to the well known connection between Borel measures and functions of 
bounded variation, the above assertions can Ье stated as follows. 

3.2.10 Theorem А fиnction f Е h(lIJ)) belongs to h1 iff f ј8 equal to the Pois-
8onjStieltje8 integral оЕ а fиnction "( Е BV. А p08itive Ьытопјс function 18 equal 
to the Poi88onjStieltjes integral оЕ an increasing fиnction. 

It is worthwhile to note that (3.10) can Ье rewritten in the form 

"е 1 PS["(](re' ) = k . Р(Т, О + п) + 2n 

where k = "(п) - "( -п) and 
2n 

Р'(Т, О - t)"(t) dt, 
-". 

, аР -2rsint 
Р (r,t) = а = 1 2 2 P(r,t), t +Т - rcost 

or in the form 

Exercises 

(3.11) 

(3.12) 

(3.13) 

3.2.11 Let f Ье analytic in IIJ) and Re f ~ о. Тћеп there exists а positive темше 
џ Е М (1[') and а real constant с such that 

/(z) = i Im /(0) + 2~ ". (+ z dџ(() 
_". ( - Z 

(z Е IIJ)). 

3.2.12 Let u Е h(lIJ)) Ье а real-valued function such that lu(z)1 ~ 1 и IIJ). Тћеп 

lV'u(z)1 ~ 21 - lu(z)1 
~ 1-lzl 

(z Е IIJ)). 

Тће assertion does not hold for complex-valued functions even if we replace "2" Ьу 
ап arbitrary constant. 

3.2.13 Let {иn } Ье а sequence of positive harmonic functions in а domain D С с. 
н it is not true that иn -+ +00 uniformly оп compact subsets of D, then there exists 
а subsequence of {иn} converging uniformly оп compact subsets of D. 

З.З Radial limits of the Poisson integral 

Ву the Jordan/Dirichlet test иот Fourier analysis, the Fourier series of а 2n
periodic function "( of bounded variation оп [-п, п] converges everywhere and its 
sum is equal to "(О + О) + "(О - 0)/2. This implies, via Abel's theorem, that the 



40 3. POISSON INTEGRAL 

limit limr-tl P[')'](rei6l ) exists everywhere and has the saтe value, so one сan expect 
that 

д '61 
lim доР[,),](те' ) = ')"(0), r-tl-

provided the derivative ')" exists. 1t follows from (3.13) and the following assertion 
that this is true. 

3.3.1 Proposition If а Еипсиоп ')' Е ВV[-1Т,1Т] ћав the finite derivative at О Е 
( -1Т , 1Т), then 

(3.14) 

Proof. Let О = О and ')"(0) = О. From (3.11) it follows that 

L := limsup IPSbl(r)1 ~ limsup 1 
r-tl- r-tl- 21Т 

6 

. ,Р'(Т, t)I·I,),(t)1 dt 
-6 

for every (small) о> Ој this is so because, according to (3.12), 

IP'(r,t)1 ~ С(0)(1 - Т) (Itl > о), 

whence 

limsup IP'(r,t)I·I,),(t)1 dt = О. 
r-tl- JtJ>6 

Now we apply the inequality It Р'(Т, t)1 ~ 2Р(т, t), Itl ~ 1Т, to obtain 

L~limsup~ 6 P(r,t)I')'(t)ldt. 
r-tl- 1т -6 t 

Finally, (3.14) follows from this and the hypothesis ')'(t)jt -t О, t -t О. О 

3.3.2 (symmetric derivative) 1n Proposition 3.3.1, the ordinary derivative 

')"(0) can Ье replaced Ьу the symmetric derivative lim ')'(0 + t) ; ')'(0 - t). 
t-tО t 

Fatou's theorem 

Proposition 3.3.1 is of elementary character and only deeper results оп differentia
bility of functions give deeper results оп the existence of radiallimits. Naтely, Ьу 
the Lebesgue theorem, the derivative ')" (О) exists for almost all О (see [86]), which 
along with Proposition 3.3.1 shows that the PoissonjStieltjes integral has finite ra
dial limits almost everywhere. Returning to the Poisson integral of а measure, we 
can state а more precise form of this result as follows.(*) 

(·)Rudin considers the саве of "M-harmonic" functions оп the complex ball, (84, Ch. Уј. Much 
more information оп the classical саве can Ье found in Garnett (22, Ch. Ij and, of соиrзе, Zygmund 
(100, Ch. IIIј. 

·-



• 

3.3. RADIAL LIМITS OF ТЛЕ POISSON INTEGRAL 41 

3.3.3 Theorem (Fatou) If J.L Е М(Т), then Р[џ] Ьав radia1limits a1most every
where. Besides 

for almost а11 О, where ф(еi8 ) dO јв the absolutely сопидиоив part оЕ џ. 

Recall that the measure J.L is uniquely represented as dJ.L(e i8 ) = Ф(еi8 ) d8 + 
dJ.Ls(ei8 ), where Ф is an integrable function and Џв is а singular measure (the theorem 
of Lebesgue and Radon/Nikodym). 

As а special case of Theorem 3.3.3 we have: 

3.3.4 Corollary Every bounded Ьмтопјс function оп IIJ) Ьав radia1limits a1most 
everywhere. 

Оп the other hand, this special case is sufficient to prove the qualitative part of 
Fatou's theorem, i.e., to prove the existence of the limits for h1-functions (see the 
proof of Corollary 3.3.9). 

Another special case: 

3.3.5 Corollary А measure J.L Е М(Т) јв singular iff Нт PlJL](re i8 ) = О a1most 
r-tleverywhere. 

3.3.6 Exercise If и is the Poisson integral of а singular measure, then 

2,.-

lim lu(rei8 )IP d8 = О for О < Р < 1. 
r-tl О 

Theorems of Kolmogorov and Carleson 

Since Р[Ф](rеi8 ) = 2::=-00 ф(n)r1nЏn8, Theorem 3.3.3 shows that the Fourier se
ries of an integrable function Ф is almost everywhere summable Ьу the Abel/Poisson 
method with the sum equal to ф. In connection with this, let us mention that 
Kolmogorov proved the existence of an everywhere divergent Fourier series (cf. 
[44, 100]). Carleson [12] proved that the Fourier series of an L2-function converges 
almost everywhere, which is generalized to the case р > 1 Ьу Hunt [31]. 

Nontangential limits 

Slightly modifying the proof of Proposition 3.3.1 one can prove the "nontangential" 
variant of Fatou's theorem: 

3.3.7 Theorem If ј Е h1, Њеп for a1most а11 ( Е 1I' there exists the limit 

<1lim j(z):= lim j(z), 
z-t( U,Эz-t( 

where U( јв the сопуех envelope оЕ the ипјоп {z: I z I < р} u { (}, and р < 1 1В fixed. 
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РгооС. Тће key property of the set и(, is: 

re ifJ Е и(, > 10 - arg(1 :::; const(1 - Т). (3.15) 

In order to prove that <1: limz -+1 PS['Y](Z) = о. under the hypothesis 'У/(0) = О, we 
start from (3.11); we get 

L:= <l:limsupIPS['Y](z)l:::; <l:limsup 21 
z-+l rei'-+l 1г 

6 

IР(т, 0- t)I·I'Y(t)1 dt 
-6 

(О < д < 1). For а given е > О, take д so that 1'Y(t)/tl < е for Itl < д, whence 

6 

Iрl (Т, 0- t)I·I'Y(t)1 dt :::; е 
-6 

6 

It рl(т, О - t)1 dt. 
-6 

Finally, Ьу using the property (3.15) we find Itpl(r,O - t)1 :::; constP(r,О - t) 
(re ifJ Е и1 ); thus 

Р(Т, 0- t) dt = Се, etc. о 

Radial > nontangential 

Тће above theorem сап also Ье deduced from the following. 

3.3.8 Тћеогеш Suppose Ј 1s bounded and ana1ytic јп Ј[Ј), and ( Е Т. Then the 
existence оЕ the radia1 limit оЕ Ј at ( 1mpJies the existence оЕ the nontangentia1 
lim1t at (. 

3.3.9 Согоllму If Ј Е Н(Ј[Ј)) and и = Re Ј Е h1 , then Ј has nontangentia11imits 
at almost еуету point ( Е Т. 

РгооС оС Согоllагу. We сan assuше that и is positive. Тћеп the function 
1/(1 + f) is analytic and bounded in ID. Тће result follows. о 

РгооС of Тћеогеш. Let ( = 1 and liШr-+1 Ј(Т) = о. If Ј fails to have the 
limit О within и(" then there exist е > О and sequences tn -t О, О < tn < 1, and 
шn , Iшnl < Ро < 1, such that 

If(tnwn + 1 - tn)1 > е for аЈl n. (3.16) 

Con~ider the fиnctions Јn(ш) = J(tnw + 1 - tn), w Е Ј[Ј). Тће sequence Јп is 
uпifогmlу bounded in Ј[Ј) and therefore there exists а subsequence, denote it Ьу Јп, 
that converges to а function 9 Е Н(Ј[Ј)) uniformly оп Iшl < Рој this шеans that 
Јп (шn ) - У(Шn) -t о. Ву the hypothesis, we have J(tnr+l-tn) -t О for 0< r < 1, 
which implies that У(Т) = О for О < r < 1, whence у(ш) = О for аЈl w Е Ј[Ј). Thus 
Јn(шn ) -t О, which contradicts (3.16). о 
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Lindelof's theorem Theorem 3.3.8 is aspecial сазе of Liпdelбf's theorem: 

Let! Е HOO(~) and let -у: [0,1) I-t ~ Ье а contjnuous сuгуе such tbat -y(t) -+ 1 
as t -+ 1. If tbere exjsts limt-H !(-y(t)) = L, tben ! Ьаз nontangenUa1 ]јти L at 
tbe point 1. 

For the proof see [84, Theorem 8.4.1]. 

3.4 The spaces hP and и(т) 

ТЬе Ьагтопјс Hardy space hP (О < Р ~ оо) is defined as 

hP = {! Е h(~): 1IIIIp = sup Мр(Т, f) < оо }, 
r<l 

where Мр(Т, f) is the jntegra1 теan of order Р, 

1 7< l/p 

lf(rei6 )IP dO 
21Г -7< 

• 

In the сазе Р = оо the integral is to Ье interpreted as а supremum: 

Моо(Т, f) = sup lf(rei6 )1· 
6Е[ -7< ,7<] 

Therefore hoo = hOO(~) is the subspace of LOO(~) spanned Ьу harmonic functions. 
Ву Parseval's formula we have Mi(r, f) = :L~=-oo l1<n)12r2Inl, and conse

quently 
1/2 

111112 = • 

n=-оо 

З.4.1 Proposition Ifp ~ 1, and! Е h(~), tben Мр(Т, f) increases wjtb Т. Моге
оуег, јЕ р> 1, tben Мр(Т, f) js strictly increasing unless ! = const. 

It should Ье noted, however, that if Р < 1 and ! is positive, then Мр(Т, f) is 
decreasing. 

Proof. ТЬе "increasing" property сan Ье deduced from the subharmonicity of 
the function IIIP (see Theorem 4.2.1), or Ьу application of Minkowski's inequality 
in continuous form ("norm of integral ~ integral of norm") to the fогmulаШ 

'6 1 
f(лrе' ) = 21Г . 

-7< 

Р(л, t)!r(O + t) dt (О < л < 1), 

where !r(t) = !(reit ). То prove the second assertion, let Р > 1 and suppose that 
Мр(ђ, f) = МР (Т2, f) for some О ~ ђ < Т2 < 1. Let 

7< 1 
u(z) = 21Г 1!(zeit)IP dt = M$(lzl, Л, 

-7< 

(t)The сме р = оо is trivia1, while in the сме 1 ::;; р < оо we can аррlу Jensen's inequa1ity a.s 
well. 
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ТЬе function и is subharmonic in the disk Izl < Т2 and attains its таЮтит at 
z = ђ. It follows that u=const, Ьу the maximum principle (вее Theorem 4.1.7), 
whence 

Since 

If(O)IP = 1 
21Г 

11" 

0< r < р. 
-11" 

'Ј(О)/Р = 12~ _: J(re
it

) dtl
P ~ 2~ _: lJ(reit)IP dt 

(Ьу Јепвеп'в inequality or Ьу HOlder's inequality), we вее that 

1
1 11" J(reit) dtl

P 
= 1 11" lJ(reit)/P dt, r < Т2. 

21Г _11" 21Г _11" 

This implies that I(reit ) depends only оп т, when r < Т2, and therefore J(z) = 
const for Iz/ < 1; вее 3.1.2. о 

Radial limits 

Since 

n=-оо 

~ ~ 

where Ф Е L2 , ав well ав I(n) = ф(n) provided 1 = Р[ф], the ројввоп integral acts 
ав ап isometric isomorphism from L 2 onto h2 . It јв very important that this fact 
extends to the саве 1 < р ~ оо. Оп the other hand, ав we have вееп, the operator 
Р: L 1 t--+ h1 is not onto. 

3.4.2 Theorem ТЬе function 1 belongs to hP (1 < р ~ оо) iff it is equa1 to the 
Poisson integraJ оЕ some function Ф Е и(1Г). And јЕ 1 = Р[Ф], Ф Е и(1Г), then 

(1 ~p ~ 00), 

(1 ~ р < оо) (3.17) 

and 
aJmost everywhere. 

ТЬе proof is very similar to the proof of Theorem3.2.3 and will Ье omitted here. 
ТЬе Poisson kernel shows that an h1-function need not Ье equal to the Poisson 

integral of the boundary function. However, (3.17) implies the following. 

3.4.3 Corollary If 1 Е hP, р > 1, then 1 = Р[Ј.], where 1* (ei(J) = Нт l(rei(J). 
r--+l-

ТЬе Poisson kernel also shows that boundedness of 1. does not imply bound
edness of 1. However, if р> 1, we have the following. 

3.4.4 Corollary Let а function 1 Е h(Jl}) Ьауе radia1limits 1. (ei(J) aJmost every
where and 1* Е LOO (T). If 1 Е hP foг some р> 1, then 1 Е hoo and 1111100 = 11/.1100' 

I 
i 

• 

I 
I 

О' 
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Exercises 

3.4.5 [72] ТЬе Poisson kernel satisfies: М:(Т, Р) = М3(Т, Р) (q = 1 - р) and 

Мр(Т, Р) х (1 - Т), for О < Р < 1/2; 

X(l-r)(log е )2, forp=1/2; 
1-т 

х (1 - r)l/P-l, for р > 1/2. 

3.4.6 ТЬе inclusion hP с h(J[])) (1 ~ р ~ оо) is compact, i.e., every closed ball 
of the space hP аге compact in the topology of uniform convergence оп compact 
su bsets of Ј[]). 

3.4.7 Let z Е Ј[]). ТЬе norm of the linear functional z t-+ f(z) оп the space hP 

(1 ~ Р < оо) is equal to Kp(lzl)(1-lzI2)-1/р, where 

l/q 1 
К ( ) 11 - reitl2q-2dt 

Р r = 271" 
-1r 

1r 

(l/р + l/q = 1). 

3.5 The Littlewood/Paley theorem 

Here we consider the simplest variant of the Littlewood/Paley theorem. 

3.5.1 Theorem (а) Ifu Е hP, 2 ~p < оо, then 

к := l\7u(z)IP(l - Izl)P-l dA(z) < оо (3.18) 
D 

and there holds the inequa1ity 

l\7u(z)IP(l-lzl)Р-l dA(z) ~ Cpllull~. 
JI) 

(Ь) Ifu is ЬагтОПЈС ЈП Ј[]) and satisnes condition (3.18) [or some 1 < р < 2, then 
и Е hP and we have Ilull~ ~ Ср (К + lu(O)IP). 

The case р > 2 

There аге mапу proofs of (а). For example, it is possible to apply the Riesz/Thorin 
interpolation theorem; namely, the operators 

ди ди 
(SlU)(Z) = (l-lzl) az and (S2U)(Z) = (l-lzl) az 

mар hP into LP(J[]), dA/(l-lzl)) for р = оо and р = 2. Ап elementary but rather 
long proof, based оп local estimates deduced from the Hardy /Stein identity, was 
found Ьу Luecking [55]. We shall present а proof that is both elementary and short. 
We only need three simple lemmas оп positive harmonic functions. 
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3.5.2 Lemma If и 18 а. РО8јиуе Ьмтопјс Euпction јп )[Ј), then l'Vu(z)1 ~ :~(i;,. 

Proof. Applying the inequality l'Vu(O)1 ~ 2u(О) (Theorem 3.2.6) to the func-
tion w н U(Z + (1 -Izl)w), we get the result. о 

3.5.3 Lemma If и Е hP ј8 а. rea1-va.lued funct10n a.nd 1 < р < оо, then there ме 
nonnega.tive funct1on8 h1 a.nd h2 пот hP 8UсЬ tha.t 

Proof. Let 91«) = тах{u«) , О} a.nd 92«) = тах{-u«),О} for (Е Т. ТЬеп, 
Ьеса.изе of Theorem 3.4.2, the required conditions ате satisfied Ьу the functions 
h1 = P[91] and h2 = Р[92]. О 

3.5.4 Lemma Let и > О belong to hP, 1 < Р < оо. ТЬen 

IIull: = lu(O)IP + р(р; 1) D uP-2 1'Vu(z)1 2 1оg '~' dA. 

Proof. ТЫз is еазНу deduced from Green's formula a.nd the formula 

д(uР) = р(р -1)uР-2 1'VuI2 . О 

Proof of Theorem 3.5.1(а). It is enough to consider real-valued functions. 
Because of Lemma 3.5.3, we сa.n suppose that и is positive. ТЬеп Lemmas 3.5.4 
a.nd 3.5.2 give 

l'VuI222-РI'VuIР-2(1 - Izl)P-l dA, 
D 

which implies the desired conclusion. 

The case 1 < р < 2 

We shall apply the method of "dualization." Let Хр Ье the (real) зиЬзрасе of hP 

consisting of real-valued functions. Let Ур Ье the зрасе of real-valued harmonic 
functions that satisfy (3.18) or, equivalently, 

( 
1 )P-l 

D l'Vu(z)IP log Izl dA(z) < оо; 

the norm is introduced in the obvious way. From the proof of (а) it follows that 
X q с Yq (l/q+l/p = 1), the inclusion being continuous. From this we сa.n conclude 
that Ур с Хр provided that we have the inclusions ур С (Уч)* a.nd (Xq)* с Хр 
with respect to the зате ЫНпеат form. ТЬе results of Section 3.4 сa.n Ье formulated 
in terms of real LP a.nd hP spaces. Аз а consequence we we get (Xq )* = Хр with 
respect to the ЬПiпеат form 

1 
(и, v)o = 211" -,.. 

Ј 
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Оп the other hand, Ьу Нбldеr'sinеqualitу, we have Ур с (Уч )* with respect to а 
different form, namely 

(и, V)1 = u(O)v(O) + 

Fortunately, from Green's formula and the equality A(uv) = 2V'u· V'v it follows 
that (и, v)o = (и, V)1 provided that и and v ые harmonic in а neighborhood of the 
closed disk. Then, Ьу Нбldеr's inequality, we get 

I(u,v)ol = I(U,V)11 ~ lIullYpllvllYq. 

Now we use assertion (а) to get I(u,v)ol ~ CllullYpllvllxq, where С depends only 
оп q. And since sup{l(u,v)ol : Ilvllxq ~ 1} = Ilullxp, we see that Ilull p ~ CllullYp, 
provided the function и is harmonic in а neighborhood of the closed disk. In the 
general саве, we apply this inequality to the functions u(pz), р -t 1, and this 
completes the proof for 1 < р < 2. 

З.б Harmonic Schwarz lemma 

If f Е h(]I])), 111 ~ 1, and 1(0) = О, then there holds the sharp inequality 

4 
Il(z)1 ~ - arctan Izl· 

1г 

See [6]; see also 4.4.6. 

3.6.1 Theorem Let f Ье а complex-va1ued function Ьытоnјс јn ]1]) вuсь that 
If(z)1 ~ 1 for z E]I]). ТЬеn there holds the inequa1ity 

1 
1 - Izl

2 
1 4 

I(z) - 1 + Izl 2 1(0) ~:; arctan 14 (3.19) 

н equa1ity occurs for воте z Е ]1])" {О}, then there ые [еа1 constants а and ј3 вuсЬ 
that I(z) = еiак,(еifЗz) for а11 z Е ]1]), where 

() 
2 1 - z 2 2т sin 8 

к, z = - arg 1 = - arctan 1 2 
1г +z 1г -Т 

Proof. We start from the formula 

1 - т2 _ 1 11" ( 1 - т2 1 - т2 i() 

J(T)-1+т2Ј(0)-21Г _1I"·1+r2 -2rcos8-1+r2)f*(e )d8 

= (1- т2)2т 1 11" cos8 f ( i()) d8 
1 + т2 21Г -11" 1 + т2 - 2т cos 8 * е . 

Ћот this and the hypothesis 111 ~ 1 we get 

' I(Т) - 1- т2 1(0)1 ~ (1 - т2 )2т 1 
1 + т2 1 + т2 21Г 

11" 1 cos 81 dВ 
-11" 1 + т2 - 2т cos 8 . 
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80 we have to compute the integral 

We have 

8ince 

we see that 

Ј= 1 
21Г 

Ј= 1 
21Г 

IcosOI dO. 
_,.. 1 + т2 - 2т cos О 

,.. 

,../2 (COSO cosO) 
~--::------:~~ + dO 

-,../2 1 + т2 - 2т cos О 1 + т2 + 2т cos О 

= 1 ,../2 2(1 + т2 ) cosO dO 
21Г -,../2 (1 + т2 )2 - 4т2 cos2 О 

1 
=-

1г О 

2(1 + т2 ) cosO dO 1 + т2 2т sin О 
-----:.--~-~2 - = 2 arctan 2 ' 
(1 - т2 )2 + 4т2 sin О т(l - r ) 1 - r 

1 + т2 2т 1 + т2 
Ј = (1 2) arctan 1 2 = (1 2) 2 arctan Т. r -Т -Т Т-Т 

Combining аН these results we get (3.19) for z = Т. 
If equality holds for а fixed z = r > О, then, as the above inequalities show, we 

have 11.1 = 1 а.е., and f.(eifJ)cosO = еiСЖg(О), where а is а constant and 9 ~ о. It 
foHows that 

-iСЖ l ( ifJ) _ 1, О Е (-1Г/2,1Г/2), 
е • е -

-1, О Е (1Г/2, 31Г/2). 

Hence 

3.6.2 With the hypotheses of Theorem 3.б.1 we have 181(0)1 + 181(0)1 ~ 4/1Г with 
equality iff l(z) == еiСЖ II:(еi13 z) for some а, f3 Е IR. Therefore, if 1 is in addition 
real-valued, then 1'\7 J(O)I ~ 4/1Г . 

• 

• 



4 Subharmonic functions 

А real-valued C 2-function и is subharmonic iff .6.и ~ о. н и is not of class С2 , 
then и is subharmonic iff it is the Hmit of а decreasing sequence of subharmonic 
functions of class С2. The importance of subharmonic functions for spaces of апа
lytic and harmonic functions lies јп the fact that if f is analytic (resp. harmonic), 
then If\" is subharmonic for every р> О (resp. р ~ 1). This chapter contains concise 
proofs of the basic properties such as the тахјтит principle, local integrability, 
approximation Ьу smooth functions, the subordination principle. The discussion 
of the integral means (Sections 4.2, 4.3) follows Hormander's book [30](*) and јп
cludes Prawitz' theorem 4.3.1 and, as consequences, Koebe's one-quarter theorem, 
and Вieberbach's theorem. In Section 4.5 we prove а weak version of Riesz' rep
resentation theorem. Section 4.6 is devoted to the proof of а Littlewood/Paley 
theorem for subharmonic functions . 

. 

4.1 Basic properties 

А function и : D t-+ [-оо, оо), where D is а subdomain of the complex plane, is 
said to Ье 8uЬЬагтопјс if it is upper semicontinuous, i.e., 

и(а) ~ limsupu(z) for аН а Е D, 
z-ta 

and for every а Е D there exists R > О such that {z : Iz - al < R} с D and 

1 
и(а) ~ 211" 

-". 

и(а + pe iIJ
) dO for every О < Р < R. 

(4.1) 

(4.2) 

Upper semicontinuity implies boundedness from above, which guarantees the exis
tence of the integral јп (4.2). From (4.2) it follows that for every а Е D there exists 
а sequence Zn --t а such that и(а) ~ u(zn), which implies Нт sUPz-tа u(z) = и(а). 
In particular, и is continuous at а if иСа) = -оо. There аге discontinuous subhar
monic functionsj e.g., the function 

is subharmonic јп the entire plane and is discontinuous at zero. Because of the 
теап value property, 

every rea.l-va.lued Ьагтопјс function ј8 both 8uЬЬагтопЈс and 8uретЬагтоniс. 

(')The only difference is јп the proof of Prawitz' theorem. 

49 
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А function u is said to Ье superharmonic if -и is subharmonic. 
Јп the саве of C2-functions there is а simple criterion of subharmonicity deduced 

from Green's formula: 

А fиnction u Е C 2 (D) јв вuЬЬастопјс iff Аи ~ О јп D. 

From this and the formula А(и о <p)(z) = (Au)(<p(z)) /<p'(Z)/2, where <р is an 
analytic function, we get: 

ТЬе coтposition u о <р јв вuЬЬастоniс if u јв вuЬћастопјс and <р јв алalуtiс. 

Јп the general саве this aвsertion сan Ье reduced to the "smooth" саве Ьу ар
proximating an arbitrary subharmonic function Ьу smooth опев (Theorem 4.1.15, 
later оп). 

Ап important example of а subharmonic function taking the value -оо is the 
function log /z - а/. More generally: 

4.1.1 Theorem If f јв алalуtiс јп D, then the fиnction log /JI јв вuЬћастопјс јп 
D, and /JlР јв вuЬћастопјс foг еуегу р> о. 

New examples сап Ье produced Ьу using the following assertions: 

4.1.2 Theorem Тће Buт алd the mахЈтuт оЕ а finite sequence оЕ вuЬћастопјс 
fиnctions асе вuЬћасmопјс functions. Тће вате holds foг the liтit оЕ а decreasing 
sequence оЕ вuЬћастопјс fиncиonB. 

4.1.3 Theorem Let Ф Ье ал increasing сопуех fиnction that јв defined алd соп
tinuous оп ал interval 1 с [-оо, +00). If v јв вuЬћасmопјс and takes its Уaluев јп 
1, then the fиnction u = ф(v) јв вuЬћастопјс. Јп particular, u јв вuЬћастопјс јп 
the following савев: 

(а) u = /h/ P , where р ~ 1 алd h јв ћастоniСј 
(Ь) u = vP , р ~ 1, where v јв subharтonic алd nonnegqtive. 

Exercises 

4.1.4 [59] If р> О and f(z) = L~=m akzk, then for О < Р < оо we have 

0< r < 1. 

4.1.5 Let h Ф о Ье а real-valued harmonic function and О < Р < 1. The function 
/h/ P is subharmonic јН" h јв constant. The function /h/ P is superharmonic iff h haв 
по zel'Os. 

4.1.6 Let tI!, ... ,иn Ье а sequence of nonnegative functions subharmonic in D. If 
р ~ 1, then the function u := (uf + ... + U~)l/p is subharmonic in D. If Uk = /А/, 
where fk are analytic, then u is subharmonic for every р> о. 
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The maximum principle 

The simplest variant of the mахiшиm principle says: 

4.1.7 Theorem А nonconsta.nt subharmonic funcMon ca.nnot attain its шахЈшиш 
inside the domain. Јп particular, а nonconsta.nt harmonic Еипсиоп attains neither 
the шахЈшиш пог the шЈпЈшиш inside the domain. 

Proof. Let и Ье subharmonic in а domain D and let М denote the set of points 
in D where и attains its maximum. Because of the semicontinuity, М is closed. Let 
us prove that М is open as well, which will imply М = D or М = 0, so the proof 
will Ье finished. Let а ЕМ. Then (4.2) implies that, for R small enough and for 
all р < R, we have и(а) = и(а + р() almost everywhere оп the circle 1(1 = 1. From 
this and (4.1) it follows that и(а) ~ и(а + р() everywhere; thus, и(а) = и(а + р() 
everywhere, i.e., {z: Iz - al < R} С М. о 

-
4.1.8 Corollary If и is иррег semicontinuous оп D a.nd subharmonic Јп D, then 

-
max{u(z) : z Е D} = mах{и(() : (Е aD}. 

4.1.9 Corollary Let D Ье а bounded domain, let и Ье а function subharmonic -
јп D and иррег seтicontinuous оп D, a.nd let h Ье а rea1-va1ued function barтonjc -
јп D and continuous оп D. Пи ~ h оп aD, then и ~ h Јп D; besides, и < h ЈЕи is 
not harmonic. 

4.1.10 Corollary If а function is botb subharmonic a.nd superharтonic, then it 
is harmonic. 

Proof. If и and -и aresubharmonic in D, then и is continuous. Let К Ье 
а disk, relatively compact in D, and let h Ье harmonic and h = и оп дК. Then 
и ~ h and -и ~ -h and К. о 

Corollary 4.1.9 gives а partial explanation of the term "subharmonic." Moreover, 
we have: 

4.1.11 Theorem Let и Ье a.n иррег seтicontinuous function јп а domain D, wUh -
valиев јп [-оо, оо). ТЬеп и is subharmonic iff Еог еасЬ disk К with К с D, and -
еасЬ fиncиon h continuous оп К and harmonic Јп К, tbe condition и ~ h оп дК 
јтрlјев и ~ h Јп К. 

Proof. Necessity follows from Corollary 4.1.8 applied to the function и - h. -
Let ~ С D and let и Ье an upper semicontinuous function satisfying the above 
condition. Let Ф Ье an arbitrary continuous function оп д~ such that Ф ~ и оп 
д~. Then the function 
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-
equals the continuous extension of Ф to JI) (Theorem 3.1.6). Непсе u ~ h in JI) and 
in particular и(О) ~ h(O), i.e., 

1 
и(О) ~ 27Г 

1< 

-1< 

Being upper semicontinuous, the function u(eit ) is the infimum of а fami1y of соп
tinuous functionsj therefore, 

1 
и(О) ~ 27Г 

1< 

-1< 

Applying this inequality to the functions z ~ и(а + pz), we find that there 
holds (4.2), and this was to Ье proved. о 

Local integrability 

Н u is subharmonic in D, then 

1 
и(а) ~ 2 

7Гр 
u(z) dm(z) < оо, 

Iz-al<p 
(4.3) 

whenever {z: Iz - аl ~ Т} С D, апд therefore u is integrable in а neighborhood of 
any point at which u ћав а finite уalие. Moreover, u is integrable пеаг ап arbitrary 
point: 

4.1.12 Theorem Еуегу subharmonic Eunction u ~ -оо is 10са11у integrable. 

4.1.13 Remark It follows from Theorem 4.5.2 that lulP is locally integrable for 
every р < оо. 

4.1.14· Согоllагу IEи ~ -оо is subharmonic, then the jntegra1 јп (4.2) is finite. 

Proof of Theorem 4.1.12. Let Е Ье the set of those points јп D in а neigh
borhood of which u is integrable. This set is nonempty because of (4.3). Тће 

definition implies that Е is ореп. Let Ь belong to дЕ and let G с D Ье the disk of 
radius € centered at Ь. Тћеп G contains at least опе point а such that la - ы� < €/4 
and и(а) > -оо. (Otherwise, Ь is in the interior of the complement of Е.) Тће disk 
ао = {iz - аl < €/2} contains Ь and u is integrable оп ао because of (4.3). Непсе, 
Ь Е Е, which means that Е is closed as well. о 

Approximation Ьу smooth functions 

4.1.15 Theorem Let u ~ -оо Ье subharmonic јп а domain D. ТЬеп there 
exists an jncreasing sequence оЕ ореп sets D n , whose uпјоп js D, and а decreasjng 
sequence оЕ subharmonic functjons иn Е COO(D~) tending to и. 
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Proof. Let u;(z) = u;o(lzl) Ье а nonnegative "radial" function of class СОО(С) 
with compact support in ј[]) such that 

u;(w) dm(w) = 1. 
D 

For е > О small enough consider the sets Df; = {z : dist(z, С '- D) > е} and the 
functions 

Uf;(Z) = u;(w)u(z + ew) dm(w) = e-2u;(w - z)/e) u(w) dm(w), 
с с 

where и == О outside of D. Then Uf; is finite (because of local integrability of и), 
subharmonic and of class СОО in Df;. From the formula 

1 ,.. 

Uf;(Z) = 2 ru;o(r) dr u(z + reeit ) dt 
о -,.. 

and the inequality 

fJ < е, 
-,.. 

(see Theorem 4.2.1 and its proof), it follows that u(z) ~ uo(z) ~ u.(z), fJ < е, 
z Е Df;. And since и is bounded from above оп compact subsets, we сап apply the 
"limsup" variant of Fatou's lemma; we get 

1 

limsupu.(z) ~ 2 ru;o(r) dT lim sup u(z + reeit ) dt. 
0-+0 о _,.. 0-+0 

Непсе limsupuo(z) ~ u(z), which completes the proof. о 
0-+0 

Miscellaneous 
-

4.1.16 Let и Ф. -оо Ье upper semicontinuous оп ј[]) and subharmonic in ј[]). Then 

.(Ј 1 
и(те' ) ~ 211" Р(т,В - t)u(eit ) dt (О < т < 1). 

-,.. 
4.1.17 If а real-valued function h is semicontinuous and satisfies the condition 

1 
h(a) = 211" 

locally, then h is harmonic. 

-,.. 

4.1.18 If an upper semicontinuous function и satisfies the condition 

1 
и(а) ~ 2 

1I"T 
u(z) dm(z), 

Iz-al<r 

locally, then и is subharmonic. 



• 

54 4. SUBHARМONIC FUNCTIONS 

4.2 Properties of the теап values 

Convexity and monotonicity 

Ву definition, а real function <р( Т), т > О, is сопуех of log т if the function х 1-7 <р( еЖ ) 
is сопуех. Јп other words, <р( Т) is сопуех of log т if there holds the inequality 

О < л < 1. 

If <р is of class С2, then it is сопуех of 10gT iff <pl/ (Т) + <р' (Т)/Т ~ о. 

4.2.1 Theorem Let и Ъе subharmonic јп the di5k Izl < R. ТЬеп the {unction 

1 
/(Т, и) = 21Т 

1г 

-1Г 

(О < т < R) 

ј5 nnite, increasing and сопуех oflogT. ТЬе saтe hold5 {ог the fиnction 

/00 (Т, и) = тах u(Teit
). 

О~t~21Г 

Proof. If и is subharmonic, then so is the function 

1г 1 
/(z) := u(zei8

) dO = /(Izl, и) 
21Т -1Г 

(lzl < R). 

For fixed О < ђ < Т2 define the harmonic function h(z) = а log Izl + ь Ьу h(Tj) = 
/(Тј). Since /(z) = h(z) оп the boundary of the annulus ђ :::; Izl :::; Т2, we have 
/(z) :::; h(z) for ђ < Izl < Т2' From this it follows that /(Т, и) is convex of 10gT. 
That /(Т, и) increases with Т follows from the fact that the function <р(х) = /(Т, еЖ ) 
is convex and bounded for -оо < х < log R, and this completes the proof in саве 
of /(Т, и). 

Јп саве of /00 the proof is similarj we define h Ьу h(z) = /оо(Тј) for Izl = Тј. 
о 

The function /(Т, и) need not Ье increasing if и is defined and subharmonic in 
an annulusj а simple exaтple is the function u(z) = -log Izl which is subharmonic 
(and harmonic) јп the annulus С" {О}. 

4.2.2 Theorem Let и Ъе 5uЪЬагтопјс јп the anпulU5 р < Izl < R. ТЬеп the 
function 

1 
/(Т, и) = 21Т 

ј5 nnite and сопуех oflog т. 

1г 

(р < Т < R) 
-1Г 

Remark. The saтe holds for the function /оо(Т,u). 

Proof. Since и is locally integrable and 

ђ 1г 

u(z) dт(z) = TdT u(Tei8 ) dO, 
rо<lzl<ђ rо-1Г 
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. 

we вее that Ј(т, u)is fiпite for almost every Тј that it is'fiпite' for every r :wШ follow 
from the convexity. In proving that Ј(т,u) is convex of logr we сan proceed ав in 
the саве of Theorem4.2.1, oruse Theorem4.1.15 to reduce the proof to the саве 
where и is smooth. Н и is С2 , then the function v(z) = !P(lzl), where !р(Т) = Ј(т, и) 
is subharmonic and с2 . It follows that О ~ дv(z) = !р"(Т) + !р'(Т)/Т, r = Izl,and 
this completes the proof. о 

Logarithmic convexity 

.' " . 
" '. - '", .', 

А positive real function !р is said to Ье logarithmical1y convex if log!p is convex. 
А песеввагу and sufficient condition for !р to Ье logarithmically convex in (а, Ь) is 
that for every с Е JR the function еСЖФ(х) Ье convex in (а, Ь). We вау that !р(Т) is 
logarithmically convex of logr if !р(Т) > О and log!p is convex of logr, which сап 
Ье expressed ав !р(r~-Лr~) ~ !р(ђ)1-Л!р(r2)\ о < л < 1. Н!р is continuous, then 
the validity of this for л = 1/2 is sufficient for !р to Ье log-convex. 

4.2.3 Тћеогет Let и Ье subharmonk јп th.e аппuluв р < Izl < R, р ~ О. ТЬеп 
the fиnction Ј(т,еи) is logarithmica11y convexoflogr јп the interva1 р < Т<В. 

! .' . 

Proof. The function v(z) = eClogl.z:l+u(.z:) is subharmonic in the annulus р < 
Izl < R for every с > О. Непсе, the function l(еЖ , v) = еСЖ l(еЖ , еи ) is convex for 
every с > О. The result follows. о 

4.2.4 Согоllагу If f is а fиncиon ana1ytic јп the annulus р < Izl < R, then the 
fиnction 

1 l' l/p 

is logarithmica11y convex оЕ log r јп the interva1 р < r < R, Еог every О < Р ~ оо. 

In the саве р = оо this is Hadamard's three circles theorem. The саве р < оо 
was discussed Ьу Hardy [25] in the first paper from "theory of Hardy врасев." 

Miscellaneous 

4.2.5 [30, Theorem 3.2.17] Н и is subharmonic in the plane and satisfies the 
condition 

1 l' 

21Г -1' 

u(re ill
) dB = o(logr) (Т ~ оо), 

then и harmonic. 

4.2.6 (Liouville's theorem [30, Theorem 3.2.24]) Н и is subharmonic in all of 
С and u(z) ~ o(1oglzl) (z ~ оо), then и is а constant. 

4.2.7 Н и ~ О is subharmonic in the annulus р < Izl < R and р > 1, then the 
function Мр(т,u) = {Ј(т,uР)р/Р is convex oflogr for р < r < R. 
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4.3 Integral means of univalent functions 

А function 1 defined оп JI) is said to Ье univalent if it is analytic and one-to-one. 
The leading example is the КоеЬе function f(z) = z/1- z)2 mapping JI) to С slit 
пот -1/4 to -оо along the real axiз. 

Prawitz' theorem 

4.3.1 Theorem Let 1: JI) t-+ С Ье а univalent Еuпсиоп and 1(0) = О. ТЬеп for 
every р > О the Еипсиоп 

,.. 
, lf(rei8 )1-i> dO, 0< r < 1, 

18 decreas1ng. 

What is interesting here is that the function u = IfI-Р is subharmonic in the 
annulus JI) " {О} but not in JI), because и(О) = +00. AIso, the function -и is not 
subharmonic in JI) and therefore we cannot apply Theorem 4.2.1. 

Proof. We have 
2,.. 

211" Ј ~(T) = -р 11(reiIJ )I-Р-2 Re{J(re iIJ )I' (rei8 )eiIJ } dO 
о 

= -(р/т) Im 1f(()I-Р-2 f(()!' «() d( 
1(I=r 

= -(р/r)Im (w=u+iv) 
Г. 

= -(р/т) Iwl-P-
2 (udv - vdu), 

Г. 

where Г r is the image under 1 of the circle 1(1 = т; the curve Г r is oriented positively. 
Now we apply Green's formula to the domain f!r.R bounded Ьу Г r and the circle 
Iwl = R, where R > maxl.zl=r lJ(z)l. Since 

a(lwl-P-
2u) _ a(-lwl-P-

2v) __ 1 l-p-2 
ди av - pw , 

we have 

Iwl-P- 2 (udv - vdu) - Iwl-P- 2 (udv - vdu) = -р Iwl-p
-

2 du dv 
Iwl=R г .. О .. ,н 

The first integral is equal to 211" R-P, and therefore 

O ... ,R 

Тhiз concludes the proof. о 

I 
, 
, 
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Distortion theorems 
, 

4.3.2 Theorem (Bieberbach) If Ј ј5 а univa1ent fиnction јп ПЈ>, then 'Г'(О)I ~ 
4IJI(0)1· 

Proof. [30] We сап assume that Ј(О) = О aпd Г(О) = 1. Then 

J(Z)-1/2 = Z-1/2(1 - J"(0)z/4 + z2h(z)), 

where h is aпalytic in ПЈ>. Ву Theorem 4.3.1, case р = 1, the function 

Ј1 (Т) = т- 1 (1 + IЈ"(0)/41 2т2 + т4 M~(T, h)) 

is decreasing. 
IЈ"(0)/41 ~ 1. 

Hence the function т- 1 + IЈ"(0)/412т is decreasing, aпd hence 
о 

Remark. The famous theorem of de Braпges [17] states that if Ј is univalent 
in ПЈ>, then 

J(~!(O) / ~ nlf'(O)I, 

This was conjectured Ьу Bieberbach. 

4.3.3 Theorem (КоеЬе) If Ј ј5 univa1ent јп ПЈ>, then Ј(ПЈ» contain5 the di5k оЕ 
radiu5 IJI(0)1/4 centered at Ј(О). 

Proof. [30] Let Ј(О) = о. If w is not in the range of Ј, then the function 
g(z) = l/(f(z) - w) is univalent in ПЈ> aпd hence Ig"(O)1 ~ 4Ig'(0)1. It follows that 
'Ј"(О) + 2Г(0)2 /wl ~ 4IJI(0)1, whence 2Iг(0)2 /wl ~ 4IГ(0)1 + 'Ј"(О)I ~ 8IJ'(0)1· 
Thus Iwl ~ IГ(0)/41, and this concludes the proof. о 

4.3.4 Corollary If Ј ј5 а conEorma1 mapping оЕ D С С onto а, then 

IJI(z)1 ~ dist(f(z),aG) ~ 41Ј'( )1 
4 '" dist(z, aD) '" z, 

z Е ПЈ>. 

4.3.5 Theorem If Ј 15 univa1ent јп ПЈ>, then 

(11 ; ~3 ~ :~:~~~: ~ (11 ~ ;)3 ' Izl = Т. 

Proof. If we apply Bieberbach's theorem to the function g(w) = Ј( z - ~ ), 
1-zw 

we get 

/
zJ"(z) _ 2т2 

f'(z) 1 - т2 
Т 

~ 2· 1-т 

д f" 
Since Т дт log 'ГI = Re (z f' ) we see that 

2т - 4 д , 2т + 4 
1 2 ~ д log I Ј I ~ 1 2 • 
-Т Т -Т 

The desired result is obtained Ьу integration. О 
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4.3.6 .. .. If(Z)-f(О)1 11'(0)1 
Corollary Л ј 18 uшva1ent lЛ 1lJ), then z ~ (1 _ Izl)2 . 

4.3.7 Е • If ј . . al . 1n1 h I f(z) - ЛО) I '- lј'(О)1 
xerClse IS UП1V ent III JUI, t еп z :::: (1 + Iz l)2· 

4.3.8 Exercise Н ј is univalent in 1lJ), then 

where М(т) = тах lf(z)l, т(т) = шiп lJ(z)l· 
Izl=r Izl=r 

Меап growth 

Н р> О, then the function Iр(Т) = Iр(Т, f) = Ј_р (т, 1) is increasing, and this fact 
does not depends оп the hypothesis that ј is univa1ent (Theorem 4.2.1). However, 
the proof of Theorem 4.3.1 gives additional information оп Iр(Т), namely: Н ј is 
univalent in 1lJ), ј(О) = О and 1'(0) = 1, then 

2 
Ј'(т) = ERP - Р 
р r 211"Т 

Iwlp-2 du dv. 
O,..R 

This imp1ies that 1~(T) ~ (р/т)М(т)Р. Combining this with Corollary 4.3.6 we get: 

4.3.9 Theorem Л ј 18 univa1ent Јп llJ) and О < Р < 1/2, then Iр(Т, f) Ј8 bounded, 
and 

4.4 The subordination principle 

Let F Ье а univalent function defined јп 1lJ). А function ј analytic in llJ) is said 
to Ье subordinate to F if j(llJ) с Р(НЈЈ) and ј(О) = Р(О). In other words, ј is 
subordinate to F if j(z) = F(w(z», where Iw(z)1 ~ Izl, z Е 1lJ), and w is analytic. 
In this form the notion of subordination is defined for arbitrary functions. This 
notion is important because of the following theorem, known as Littlewood's 
subordination principle. 

4.4.1 Theorem Л а fиncиon и Ј8 8ubordinate to а 8ubharmonk fиnction и, then 

1 7< 1 7< 

211" -7< u(re ill
) dIJ ~ 211" -7< U(re ill

) dIJ (О < r < 1). (4.4) 

In the simplest саве w(z) = pz, О < Р < 1, this theorem reduces to Тћео
rem 4.2.1. 

Proof. We сап assume that U is continuous. Let h Ье а function harmonic in 
D r = {Izl < Т}, continuous оп the closure and equal to U оп the boundary. Тћеп 
U ~ h оп D r and, ћепсе, u(z) = U(w(z» ~ h(w(z» for Izl = Т. It follows that 

1 7< 1 7< 1 7< 

2 u(re ill
) dIJ ~ 2 h(w(reill ») dIJ = h(w(O») = h(O) = 211" h(reill

) dIJ. 
11" -7< 11" -7< -7< 

, ... 
" 

, 

I 
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This concludes the proof Ьесаиве h(re") = U(rei8 ). о 

For various applications of the subordination principle in the theory of univalent 
functions we refer the reader to Duren [19, Ch. 6]. We will consider two examples 
which cannot Ье found in [19]. 

4.4.2 Theorem (Kolmogorov /8mirnov) Н ј Е Н (IIJ) and Re ј Е h 1, then ј Е 
hP • , Ј.е., 

1 1r 

sup lJ(rei8)IP dO < оо {ос every р Е (0,1). 
т<1 211" -К 

Proof. We сan assume that ј(О) Е IR. Assume first that Re ј > О. Then 
ј is subordinate to the univalent function F(z) = с(l + z)/(l - z), с = Re ј(О). 
Applying the subordination principle we get the following: 

1 1r 1 
Ij(rei8 )IP dO ~ cP::--

211" -К 211" 

= cP~ 
11" О 

1r 1 + re ilJ Р 1 
~--;-;;'IJ d(} ~ cP::--
1- те' 211" -К 

к/2 u(О)Р 
(cot О)Р d(} = cos(p7Т /2) 

1r 1 + eilJ Р 

-К 1 - eilJ dO 

(О < р < 1). 

If ј is arbitrary, then we сап use Theorem 3.2.5(Ь) to reduce the proof to the 
preceding саэе. о 

4.4.3 Remark The Kolmogorov /8mirnov theorem сan Ье proved in the following 
way. Let Rej > О. Then Re(JP) = IJlPcos(argf) ~ IJlPCbS(11"p/2), and hence 

21 1r Ij(re i8
) IP 

d(} ~ (1 /2) 21 1r Re {J(reilJ)P} dO = (1 /2) Re{J(O)P}. 
11" -К cos 11"р 11" -К cos 11"р 

Our next example is the саэе р ~ 1 of the following theorem of Ahern [1]. 

4.4.4 Theorem Н ј Е H(IIJ) and О < Ij(z)1 < 1 foс а11 z Е IIJ), then foс every 
р> О we have 

1 

where ср js а posltjve constant. 

Ahern's proof is based оп а highly nontrivial analysis of singular measures, which 
enabled him to treat the саэе р > 1. Here we use the subordination principle to 
discuss the саэе р = 1/2. It turns out that then Ahern's theorem сan Ье improved. 
Оп the other hand, it seems that application of the subordination principle is 
limited to the саэе р ~ 1. 

4.4.5 Theorem Wjth the hypotheses о{ the prevjous theorem, we have 

2~ ~ (1 -1J(rei8 )1) 1/2 dO .~ с(l - r)I/21og 1 : т' 

where с js а роsШvе constant. 



60 4. SUBHARМONIC FUNCTIONS 

Proof. Тће analytic function a(z) == -log f(z) maps JI) into the right half-plane 
and therefore is subordinate to the function л(1 + z)/(1 - z), where л = а(О) > О. 
It follows that f(z) is subordinate to 

( 
1 +Z) Sл(z)=ехр -Л 1 _ z . 

Тће function -(1 -lzl)1/2 is subharmonic for Izl < 1, and therefore, Ьу the subor
dination principle, 

1 1f (1-lf(теi8ю1/2 dO;;: 1 1f (1_ISл(теi8)1)1/2 dO. 
21Г -п 21Г -п 

In order to estimate this integral we use the inequality 

х -", 2х 
1 ~1-e ~1 ' 
+х +х 

х> О. 

It follows that 

1 1f (1 -ISл(теi8 )1)1/2 dO ;:::: 
21Г -п 

1f ( ЛР(Т, О) ) 1/2 dO ;:::: 
о 1 + лР(т,О) 

1f (1 - т)1/2 dO 
о (1 - т + 02)1/2 

Introducing the change О = t../l - т we conclude the proof. о 

Miscellaneous 

4.4.6 (Harmonic Schwarz lemma) If и Е h(D) is real valued, 'иl ~ 1, and 
и(О) = О, then и is subordinate to the function 

2 l+z 
U(z) = - arg . 

1г 1- z 

Непсе lu(z)1 ~ ~ arctan Izl, and, Ьу the subordination principle, М2 (Т, и) ~ Т, 
1г 

О < т < 1. 

4.4.7 (Rogosinski's theorem [19, §6.2]) Let f(z) = F(",,(z)), where F is anа-
~ ~ 

lytic in JI), and"" is as above. Let Fn(z) = 2::;=0 F(k)zk and fn(z) = 2::;=0 f(k)zk. 
Тћеп Fn(",,(z) = fn(z) + O(zn+1). Therefore, Ьу the subordination principle and 
Parseval's formula, 

If f is subordinate to F Е H(JI), then 
п п 

L Ij(k)1 2T2k ~ L IF(k)1 2T2k , О < т < 1. 
k=O 

4.4.8 With the hypotheses of Theorem 4.4.4, we have 

1 
(1 - If(Tei8 )I)P dO ;;: ер(1 - Т)Р for О < Р < 1/2. 

21Г -п 

4.4.9 [19] If U = IflР , О < Р < оо, then strict equality holds for О < т < 1 in 
(4.4) unless f is constant or ",,(z) = o:z, 10:1 = 1. 
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4.5 The Riesz measure 

Let CS(D) Ье the set of аН C 2-functions with compact support in D. If и is 
subharmonic in D, then the functional 

ср I-t uАср dm, ср Е C~(D) 
D 

is positive and therefore there exists а unique positive Borel теавше џ оп D such 
that 

ср dJl. = uАср dm, ср Е C~(D). 
D D 

This measure is called the Riesz measure of u. If и is of class С2, then 

dJl. = (Au)dm. 

The Riesz теавше of the function log Iz - al is equal to 2m)а, where да denotes 
the Dirac теавше at the point а. The existence and uniqueness of the Riesz 
теавше сап Ье proved Ьу using Riesz' theorem оп representation of positive linear 
functionals оп Co(D).<t) 

Green's formula 

Here we will consider in some detail а generalization of Green's formula. 

4.5.1 Theorem Let и Ье 8иЬЬмmопјс јп DR = {z: Izl < R} and let u(О) > -оо. 
ТЬеп 

1 1r 1 r 
u(rei /1) dB - u(О) = log 1 1 dџ(z), 

211' -1r 211' JzJ<r Z 
(4.5) 

(О < r < R), where џ ј8 the Rie8z measure оЕ u. 

Observe that log(r/lzl) = О for Izl = т, so it does not matter what stands 
in (4.5) : Izl < r or Izl :::;; т. Besides, the formula holds in the саве u(О) = -оо as 
well, which shows that the integral оп the right-hand side is finite ifI u(О) > -оо. 

Jensen'sformula The well known Jensen's formula is опе of special cases of (4.5). 
Namely, if а function / is analytic in DR and /(0) #: О, then the Riesz теавше 
of the function log lf(z)1 is equal to 211' Lk дам, where ak are the zeros of /. This 
and (4.5) give Jensen's formula, 

1 1r r 
2 log lf(rei /1) 1 dB = log 1/(0) 1 + L log 1 1 ' 

11' -1r JakJ<r ak 

which, of course, сan easily Ье proved without appealing to Theorem 4.5.1. 

(t)For more information оп the Riesz measure we refer to Hormander [30] and Hayman/Kennedy 
[27]. For а discussion оп Riesz' representation оС positive linear functionals оп Co(D), зее Rudin 
[86, Ch. 2]. 

, 
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Proof of Theorem 4.5.1 

Fix Ro < R and let О < р < r < Ro. Choose а decreasing sequence {ип} of 
subharmonic functions of class С2 in the disk Izl < Ro such that ип tends to и 
(Theorem 4.1.15). Then Green's formula for smooth functions gives 

where 

1 
l(т, ип) - l(р, ип ) = 211" Gp(z)6.un (z) dm(z), 

DR 

r r 
log р' log Izl , Izl < т, Gp(z) = min 

Gp(z) = о for Izl > т. Let 9 Ье а C2-function in DR such that 9 = о in а 
neighborhood of the circle Izl = r and 9 ~ Gp in DR. Then 

1 
g(z)6.un (z) dm(z) = -2 

DR 11" DR 

- .. -

un (z)6.g(z) dm(z). 

Here we apply the dominated convergence theorem, which is possible because 'ипl ~ 
'и' + Iщl and the functions и and Ul аге locally integrable (Theorem 4.1.12), to get 

1 
l(т, и) - l(р, и) ~ 211" 

1 
u(z)6.g(z) dm(z) = -=--2 

DR 11" 
g(z) dJ.L(z). 

D R 

Now we take an increasing sequence of the functions 9 which tends to G р and get 

1 
l(т, и) - l(р, и) ~ 211" 

DR 
Gp(z) dJ.L(z). 

The reverse inequality is proved in а similar way. Finally, let р tend to о. О 

Riesz' representation formula 

А slight modification of the above proof yields the following variant of Theo
rem 4.5.1. 

4.5.2 Theorem Л и js suЬhагтощс јп а neighborhood оЕ the closed uпи djsk, 
then 

for every z Е ПЈ>, where 

1 
u(z) = h(z) + 211" G(z,w) dJ.L(w) , 

D 

"() 1 1r "t 
h(re~ ) = Р(т,О - t)u(e' ) dt, 

211" -1r 

J.L is the Riesz measure оЕ и, and G(z, w) = log I w - _z . 
1-wz 

( 4.6) 

• 
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Miscellaneous 

4.5.3 Let и Ье subharmonic in Ј1Ј). Then for every е Е (0,1/4) there exists а, 'аl < 
1/4, зисћ that 

1 11" 

where С is an absolute constant. 

4.5.4 Let t.p : D I-t С Ье а conformal mapping and let и Ье subharIIlonic in D. 
Then 

f(z) dJluotp(z) = f(t.p-l(W)) dJlu(w), 
D tp(D) 

where f is an arbitrary positive (Borel) function оп D, and Џ_ isthe Riesz теавше 
of the corresponding function. For instance, if v(z) = и(а + rz) (а Е С, r > О), 
then 

f(z) dILv(z) = f(w - а)/т) dJlu(w). 
D a+rD 

4.5.5 If и subharmonic in the unit disk, then there holds the formula 

f(z) dJluotp,.(z) = f(t.pa(w)) dJlu(w) 
D D 

where t.pa(z) = а - _z and f is positive and Borel. 
1- az 

(lаl < 1), 

4.5.6 If f is analytic and р > О, then the Riesz measure of 111" јз absolutely 
continuous and equal to 

~11I"-2If'12 dт. 
If р ~ 2, then the function 111,,-211'12 јз subharmonic; from this and Green's formula 
we can deduce that the function 

• 
1з convex. 

1 
r I-t 211" 

11" 

-" 

4.6 А Littlewood/Paley theorem 

For а function и defined in IIJ) we write [(и) = зир [(т, и), where, as аЬоуе, 
O<r<l . 

1 
[(т, и) = 211" О 
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Тће following version of the Littlewood/Paley inequality contains an estimate of 
the subharmonicity of uq (q> 1) via the Riesz measure of и (not of uq as in Green's 
formula). . 

4.6.1 Theorem [79] Let и ;:: О Ье subharmonic јп D and let џ Ье the lliesz 
measure оЕи. If q ;:: 1 and I(uq) < оо, then there holds the inequality 

(l-lzl)-l{џ(Е.(z»}qdт(z) ~ Cq(I(uq) -u(О)q), . (4.7) 
D 

where е = 1/6 and E.(z) = {w : /w - zl < е(l -Izl)}· 

Jf in addition du (и Е С2 ) is а subharmonic function, then 

џ(Е.(z» = dudm ;:: 7re2(1-lzl)2du(z), 
E.(z) 

which Ieads to the following: 

4.6.2 Theorem Let и ;:: О Ье а subharmonic fиncиon оЕ class C2(D) such that 
its Laplacian јв а subharmonic fиnction. If q ;:: 1 and I(uq ) < оо, then 

(1 -lzl)2q-l (du(z»)q dт(z) ~ Cq(I(uq) - u(O)q). (4.8) 
D 

Тће classical inequality of Littlewood and РаЈеу (Theorem 3.5.1) is а special 
саве of (4.8). Namely, if р;:: 2 and I(lhIP) < оо, where Ј is а real-valued harmonic 
function in D, then we take и = h2 and q = р/2, and get 

(1 - IZj)p-l IVhlP dт ~ Ср (I(lhIP - Ih(O)IP»). 
D 

In the саве q < 1 we have the foIlowing theorem, the proof of which is omitted 
here (cf. [79]). 

4.6.3 Theorem Let 0< q < 1 and let и;:: О Ье а С2-Еипсиоп such that both uq 

and du ые subharmonic. If . 

(1 -lzl)2q-l(du)q dт < ОО, 
D 

then I(uq) < оо and there holds the inequaJity 

I(uq) - u(O)q ~ Cq (1 - Izl)2q-l (du)q dт(z). 
D 

Jevtic [32] extended the above theorems to the саве of M-harmonic functions 
оп the unit ЬаЈl in СП. 
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Local estimates for the Riesz measure 

In what follows we suppose that u is а nonnegative subharmonic function defined 
in ][) and denote Ьу џ the Riesz measure of и. As we have seen, there holds the 
formula 

1 
l(т, и) - и(О) = 211" 

т 

log I I djL(Z) 
тО Z 

(see Theorem 4.5.1). 

4.6.4 Lemma ТЬеге holds the equa1ity 

1 
l(и) - и(О) = 211" 

Proof. Write (4.9) as 

1 
l(т, и) - и(О) = 211" 

(О < т < 1) (4.9) 

where Kr(z) is the characteristic function of the disk т][). Since Kr(z) log(r/lzl) 
increases with т, we have 

lim l(т, и) - и(О) = 21 
r~l- 11" 

Since l(т, и) increases, we see that l(и) = limr~l- l(т, и). О 

4.6.5 Lemma Let q ~ 1 and let jLq Ье the Riesz mеэsuге оЕ uq. Then 

{џ(Е)Р ~ Cq jLq(5E) 

Еог еуегу disk Е вuсЬ that 6Е С][). ТЬе constant Cq depends only оЕ q. 

(4.10) 

If Е is а disk of radius R, then тЕ denotes the concentric disk of radius RT. 

Proof. Ву translation, the proof reduces to the case where Е is centered at 
zero. Then, since џ(Е) = v«l/T)E), where v is the Riesz measure of the function 
U(TZ), we can assume that the radius of Е is fixed, e.g., Е = е][), е = 1/6. Using 
the simple inequalities 

(l(т,и) -u(О))q ~ (I(T,u))q -u(О)q 

and (I(T,u))q ~ I(T,uq), which hold because q > 1, we see from (4.9) (applied to 
u and uq ) that 

1 r 
211" тО log Izl djL(z) 

Letting т = 410, we get 

q 1 
~-

211" 
r 

log I I djlq (z ) . 
тО Z 

{џ(2е][))}9 ~ с Izl-1djLq(z), 
4еО 

(4.11) 



, 
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where we have applied the estimate log(4e/lzl) ~ log2 for Izl < 2е and log(4e/lzl) ~ 
l/lzl. Therefore, in order to prove (4.10) we have to remove Izl-1. То do this, we 
translate the "center" of (4.11) to get 

for а Е е][]), where па = {z ; Iz - а' < 1}. Since е][]) с 2епа and 4епа С 5е][]), we 
see that 

• 

Now we integrate this inequaIity over the disk е][]), with respect to dт(a), and аррlу 
Fubini's theorem, which finishes the proof because 

sup Iz - al- 1 dт(a) < оо. О 
zED ЕО 

Proof of Theorem 4.6.1 

From (4.10) it fol1ows that 

(1 - Izl)-1 {Jl(E,,(z»}q dт(z) ~ С (1 - Izl)-1 Jlq(E5" (z» dт(z). (4.12) 
D D 

Further, from 

Jlq(E5,,(z» = dJlq(w) 
E5.(Z) 

and Fubini's theorem it fol1ows that the right-hand side of (4.12) equals 

dJlq(w) (1-lzl)-1 dт(z), 
D G(w) 

where G(w) = {z ; Iz - wl < 5е(1 - Izl)}. Since z Е G(w) implies Izl - Iwl < 
5е(1 - Izl), whence 1 - Iwl < (1 + 5е)(1 -Izl), we see that 

(l-lzl)-ldт(z) ~ (1 + 5e)т(G(w» (l-lwl)-l. 
G(w) 

And since (1- 5e)(1-lzl) < 1-lwl for z Е G(w), we have т(G(w» ~ C'(1-lwl)2, 
where С' = 1Г(5е / (1 - 5е»2. Combining аН these results we see that 

This completes the proof of (4.7) because of Lemma 4.6.4 and the inequaIity 1-lwl 
~ log(l/lwl)· 

• 
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5 Classical Hardy spaces 

There are various equivalent definitions of HP-spaces. Jf р ~ 1, the shortest way 
to introduce HP is Ьу identifying it with а subspace of У(Т), 

НР(Т) = {ф Е и(т) : ф(-n) = О for п ~ 1}. 

Thus НР(Т) coincides with the closure in и(т) of the set of аН analytic polyno
mialsj this can Ье used to define НР(Т) for О < Р < 1. 

Јп this text, we define HP as а subclass of Н(]!}), see (5.1). In view of Riesz' 
projection theorem 6.2.1, HP is isomorphic with hP for 1 < р < оо. Because of the 
theorem of Burkholder, Gundy and Silverstein, see Theorem 7.2.1, опе can define 
HP as а space of harmonic functions (tf hP for р ~ 1) for every р> О, which is used 
to extend HP-theory to several real variables (cf. [93]). 

This chapter contains the standard facts оп radiallimits and factorizationj an 
exception is Section 5.5, where we consider the composition of ап HP-function 
with an inner function. Our approach slightly differs from that in other texts 
[18, 22, 46, 83, 86, 99] in that we first prove the Hardy jLittlewood decomposition 
lemma (Lemma 5.1.7), and then deduce the radiallimits theorem and F. and М. 
Riesz' theorems, without appealing to the Вlaschke products . 

5.1 Basic properties 

The Hardy space HP (О < Р ~ оо) is defined as the subspace of hP consisting of 
analytic functions, 

HP = {Ј Е Н(]!}): Ilfllp = sUPr<l Мр(Т, f) < оо}. (5.1) 

Here we can replace "sup" Ьу "lim" because Мр(Т, f) increases with r for every 
р > О. н р ~ 1, then HP is а Banach space, and if О < Р < 1, it is а p-Banach 
space. The completeness is proved in the standard way. The first step is the 
continuity of the inclusion HP С Н(]!}), which foHows from the foHowing lemma. 

5.1.1 Lemma Н f Е НР, О < Р ~ оо, then 

(5.2) 

The space HP is not normable for р < 1. Оп the other hand, it follows from 
the lemma that the dual of HP separates points in НР. 

5.1.2 Corollary Н f Е НР, then 

Mq(r, f) ~ (1 - r 2?/q-l/Pllfllp (q > р). (5.3) 

67 
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Proof. ТЫв follows from (5.2) and the following: 

М:(Т, f) = 21 ,.. lj(reill)IQ-р IJ(reill)IP d8:::;; ( вир IJ(reill)l) Q-p МС(Т, ј). о 
1г _,.. II 

Taking q = 1 > р and r = 1 - (l/n) in (5.3), we get,via the inequality 
~ . 

М1 (Т, f) ~ IJ(n)lrn , опе of тапу results of Hardy and Littlewood. 

5.1.3 Corollary If Ј Е HP (О < Р < 1), then 'Лn) I :::;; Ср IIfllp (п + l)l/Р-l, 
where Ср depends опЈу оп р. 

Proof о! Lemma 5.1.1. Аввите that Ј is analytic in а neighborhood of the 
closed disk. Тћеп, for р < ОО, 

For fixed z Е D let ср( w) = z - ~ . Ву the substitution <: = cp(~) we get 
l-zw 

IIJIIP = 1 
р 21Г 

Тће function inside the last integral is subharmonic and therefore 

wblch was to Ье proved. О 

5.1.4 Theorem For every р> О the space HP 1s complete. 

Proof. Let {Јп} Ье а Саисћу sequence in нр. ТЫв теanв that for every с> О 
there exists N висћ that Мр(Т, Јп - Јт) < с for every r and т, п> N. From (5.1.1) 
it follows {Јп} is а Саисћу sequence in H(D) and ћепсе {Јп} converges uniformly 
оп compact subsets to воте function Ј Е H(D). Letting т tend to оо, we get 
Мр(Т, Јп - f) :::;; с for п > N and all Т, wblch implies "Јn - Jllp :::;; с for п > N. 
О 

5.1.5 Exercise Н О < Р < оо and Ј is analytic in D, then Мр(Т, f) is strictly 
increasing unless Ј =const; вее Proposition 3.4.1. In particular, if Мр(Т, f) = 1ј(0)1 
for воте r > О, then Ј =const. 

5.1.6 Exercise For а fixed z Е D, equality occurs јп (5.2) iff 

where с is а constant. 

1 - Izl2 

J(w) = с (1 _ ZW)2 

l/р 

, 
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д decomposition lemma 

Various properties of а zero-free HP-function сan Ье deduced {гот the correspond
ing properties of the function Р/Р Е Н2. Тће following lemma of Hardy and 
Littlewood is often used to reduce the general case to the zero-free case. 

5.1.7 Lemma If 1 Е НР, Р > О, then there exist functions 9 and h without zeros 
јп ][]) such that 1 = 9 + h, 11911p :::;; Ilfllp and Ilhllp :::;; 111I1p· 

For example, in proving an inequality of the {огт IITlllx :::;; Clllllp, 1 Е НР, 
where Х is а quasinormed space and Т : HP t-+ Х а Нпем operator, we сan suppose 
that 1 has по zeros in ][]). 

РгооС. Assume, at first, that 1 ~ о is analytic in а neighborhood of the closed 
disk and that 1 has at least one zero in][]). Then the number of zeros of 1 is finite; 
denote the zeros Ьу аl, ... ,ат (counting multiplicity). Let 

and define 9 and h as fol1ows: 9 = (А - 1)1 ј2А, h = (А + 1)1 ј2А; we ћауе 
1 = 9 + h. Neither 9 nor h ћауе zeros in ][]) because IAI < 1 in ][]) and the function 
1 ј А has по zeros in ][]). Both h and 9 ме analytic in а neighborhood of the closed 
disk because so ме А - 1, А + 1 and 1 јА. And since 1 АI = 1 оп Т, we ћауе 191 :::;; 111 
and Ihl :::;; 111 оп т, which proves the lетта in that special case. 

If 1 is arbitrary, let In(z) = I(rnz), where тn = 1 - lјn (or any sequence 
tending to 1). Ву the preceding, we ћауе а decomposition 1 п = 9n + hn with the 
the desired properties. Since 

(5.4) 

(and similarly {ог h), then, according to Lemma 5.1.1, the sequences {9n} and {hn} 
are bounded Qn compact subsets of][]). Therefore, passing to subsequences, we сan 
assume that 9n and hn tend uniformly оп compact subsets to analytic functions 9 
and h, respectively. Ву Hurwitz' theorem, the function 9 is either without zeros 
or 9 == О because 9n ћауе по zeros. Тће saтe holds for h. But it is not true that 
9 = О because this and 1 = 9 + h imply 1 == h, which is impossible because 1 ~ о 
and 1 has zeros. 

Finally, пот (5.4) it follows that Мр(Т,9n) :::;; 1IIIIp for every r < 1, and hence 
Мр (Т,9) :::;; 111I1p. о 

Radial limits 

Since Нl С h 1
, we see пот the RieszjHerglotz theorem and Fatou's theorem that 

every function 1 Е Нl has radiallimits almost everywhere. However, the hypothesis 
that 1 is analytic improves the properties of the boundary function substantially 
(see, e.g., Theorems 5.1.8 and 5.2.1). 
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5.1.8 Тћеогет Let 1 Е НР, О < Р :::; оо. Then a1most everywhere оп Tthere 
exist radiallimits I*(ei{l) = Нт j(rei{l), and there hold the relations 

r-H-

(р :::; оо) 

(р < оо). 

(5.5) 

(5.6) 

ргоос. When р > 1, we тау арреа! to ТЬеогет 3.4.2. Let 1 Е HP and 
1/2 < р :::; 1. Observe that (5.5) is impIied Ьу (5.6). Next, because оп the lemma 
оп decomposition, we тау assume that 1 Ьав по zeros. ТЬеп the function 9 = 
ј1/2 Е Н2р is well defined. Since 2р > 1, the function У, so the function 1 = у2, 
Ьав radiallimits. Let 1. denote the boundary function and Ir(ei{l) = I(rei{l). ТЬеп 

where we have applied the СаисЬу /Schwarz inequality. Since Ilgr - g.112p tends to 
О and Ilgr + g.112p is bounded, we сan conclude that there holds (5.6) foг р> 1/2. 
Јп the same way we reduce the саве р > 1/4 to the саве р > 1/2, etc. О 

ТЬе set оЕ аЈl harmonic polynomials is not dense in hP foг р:::; 1. However, we 
have: 

5.1.9 Тћеогет ПО < Р < оо, then the set оЕ а11 (ana1ytic) роlупоmјш is dense 
јп НР. 

ргоос. This follows Егот (5.6) and the fact that Il!r - snlrllp ~ О (п ~ оо), 
Еог every fixed r Е (О, 1), where sng denotes the partial sum оЕ the Taylor series оЕ 
у. о 

The Poisson integral of log 1/.1 
If 1 is analytic in а neigJIborhood оЕ the closed disk,then we have log 111 :::; 
P~og 1/* IJ because ofthe subharmonicity оЕ log IfI. 

5.1.10 Тћеогет Let 1 ~ О belong to HP (р > О). Then log 1/.1 Е Ll (Т) and 
there holds 

·{I 1 
log Ij(re' )1 :::; 21Г 

-1< 

1< 

Р(т,(} - t) log 1/.(eit)1 dt, О :::; r < 1. (5.7) 

ВеЕоге proving this theorem we note two consequences. 

Smirnov's тахјтит principle ТЬеге аге unbounded functions 1 Е Н(Јј}) Еог 

which the boundary function belongs to Loo(T)j опе оЕ them is j(z) = ехр (~ ~ ;). 

However: 

5.1.11 Тћеогет (Smirnov) П 1 Е НР, р> О, and јЕ 1. Е Loo, then 1 Е НОО and 
1111100 = 11/.1100· 
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In the сазе р > 1 this theorem is contained in Corollary 3.4.4, while in the 
general сазе it is а consequence of (5.7), or of the weaker inequality 

(О ~ r < 1) . (5.8) 

and (5.5). It is worthwhile to note that (5.8) сan Ье deduced immediately from (5.6) 
and the inequality I/(pz)IP ~ Р[ IlpIP](z). 

In fact, inequality (5.7), together with Jensen's inequality for the function х г-t 
еХ, implies а more general fact, namely: 

5.1.12 Theorem (Smirnov) If 1 Е HP and 1. Е Lq foг some q > р, then 1 Е Hq. 

Uniqueness theorem Ап immediate consequence of Theorem 5.1.10: 

5.1.13 Theorem If 1 Е HP and 1.(eifJ ) = О оп а set о{ positive теавuге, then 
I(z) = О (or every z Е IIJ). 

Proof of Theorem 5.1.10 

Let 1 Е HP and, say, 1(0) =1 о. Since log+ х ~ хР /р, х > о, it follows that 

(О < r < 1), 

where С is а constant. We also have 

The last summand is ~ -log 11(0)1 because ofthe subharmonicity oflog 111. Непсе, 

1 ". 
211" _". Ilog I/(reifJ)11 d() ~ 2С -log 11(0)1, (5.9) 

and Fatou's lemma concludes the proof that log 1/.1 Е Ll('JГ). 
То prove (5.7) we start from the inequality 

log I/(pz)1 ~ P[log I/pl](z), where Ip(eifJ ) = l(peifJ ), (5.10) 

Р < 1, z Е IIJ), which holds for an arbitrary 1 Е H(IIJ)) because log 111 is subharmonic. 
Since logx = log+ х -log- х, we have, from (5.10), 

log Il(z)1 ~ limsupP~og+ Ilpl](z) -liminf P[log-llpl](z). (5.11) 
p-+l p-+l 

And since Ilog+ х -log+ уl ~ 'Х - YIP /р, х, у > О, it follows from (5.6) that 
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therefore limsupP[log+ Ifpl](z) = P[log+ If .. l](z). Now we deduce (5.7) from (5.11) 
p~l 

Ьу means of Fatou's lemma. о 

Remark. For another proof, see 7.1.5. 

5.2 The space Нl 

The results of this section, due to F. and М. Riesz, Privalov, and Smirnov("), show 
how much Н1 differs from h1 . 

The Poisson integral of the boundary function 

А function belonging to h 1 need not Ье equal to the Poisson integral of the boundary 
function. However: 

5.2.1 Theorem If f Е Н1 , then Ј. Е L 1 and f = Р[Ј.]. 

This is easily deduced from the relation f(rz) = P(fr](Z) (Т < 1), Ьу means 
of (5.6). 

5.2.2 Exercise (Cauchy's integral formula) If f Е Н1 , then 

1 
f(z) = 2 . 

1П 

ј.«() d( 
T(-z 

(z Е jIJ)). 

Now we аге in position to prove the famous theorem of F. and М. Riesz: 

5.2.3 Theorem Let р Ье а соmрlех Вогеl mеэsиге оп 11' 8UсЬ that Јт (П dp«() = о 
Еог еуегу п = 1,2, .... ТЬеп р ј8 a.b801utely continuou8. 

~ 

Proof. Let f = Р[р]. Then f Е h1 and f(k) = jl(k) for every k Е Z (Proposi-
tion 3.2.1). Непсе, the condition of the theorem imp1ies tha.t f is analytic. Непсе 
f Е Н1 so, according to Theorem 5.2.1, we have f = P(f.]. In view of the injec
tivity of the Poisson integral (Theorem 3.2.2), it fol1ows that dp(ei8 ) = f .. (e i8 ) dt. 
о 

Bounded variation :. absolute continuity 

5.2.4 Theorem If f Е Нl and јЕ the boundary fиnction ј8 a.lm08t everywhere 
equa.1 to а. fиnction оЕ bounded varia.tion, then f Ьэs a.b801utely continuous exten8ion 
to i5. (t) 

(*)Further information, as well as references and historical comments, can Ье found in Zygmund 
[100, Ch. VII§§8-10] and Duren [18, Ch. Ш] 

(t>i.e., а continuous extension that is absolutely continuous оп 1'. 
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Proof. Let Ј* = 'у а.е., 'у Е BV[-1I",1I"]. Then f = ры, Ьу Theorem 5.2.1. We 
have 

g(rei8
) := ~~ = PS['y] (rei8

) - k· Р(Т, 0+ 11"), 

where PSbl is the PoissonjStiltjes integral of'Y (see (3.10) and (3.13». Then, 
Ьу the RieszjHerglotz theorem, 9 Е Н1 and, Ьу Theorem 5.2.1, 9 = P[g*]j thus 
9 = PS[G], where 

(О Е IR). 
о 

Applying (3.13) again, with the obvious change of notation, and taking into account 
that the function G is 211"-periodic because g(O) = О, we get 

дј i8 д 1 
дО = PS[G](re ) = дО 211" 

-1Т 

1т 

Р(Т, 0- t)G(t) dt. 

It follows that 
-8 1 

ЈСте' ) = const + Р(Т, 0- t)G(t) dt, 
211" -1Т 

1т 

which concludes the proof. о 

In а similar way опе proves the following: 

5.2.5 Theorem ТЬе derivative оЕ а iunction f Е H(JI) belong8 to Н1 iff f 
Ьав ab801utely continuou8 exten8ion to JI). ТЬе boundary function оЕ the fиnction 
(ajaO)f(rei8 ) = irei8 f'(re i8 ), јЕ f Е Н1 , ј8 equa1 to (djdO)f*(ei8 ). 

Conformal mappings 

5.2.6 Theorem Let f Ье а сопfoгmа1 mapping оЕ JI) onto а domain G who8e 
boundary, да, ј8 а Jordaп сuгуе. ТЬеп f' Е Н1 iff да ј8 rectifiable. If да ј8 
rectifiable, then 

1т 

laGI = (5.12) 
-1Т 

and laGI ~ 22:::' о Ifcn)l, where laGI ј8 the length оЕ да. 

The last inequality follows from (5.12) and the inequality 

(5.13) 

due to Hardy (see 5.3.7). 

~roof. Let f' Е Н1 . The function f can Ье extended as a...sontin..!!.ous function 
to JI), and the extended function is а homeomorphism between JI) and G (theorem of 
Carathe6dory, [100, Ch. VП, §10]). Ву Theorem 5.2.5, this extension is absolutely 



74 5. CLA88ICAL HARDY 8РАСЕ8 

continuous оп 1г and therefore 8G is parameterized Ьу the absolutely continuous 
function Г(О) = f.(e i8 ) (101 ~ 71'). Непсе the length of 8С is equal to 

,Г' (0)1 dO. 
-11" 

Now formula (5.12) follows from theorem 5.2.5. 
Conversely, let дС Ье rectifiable, lдСI = 271', and let 7(0) (О ~ О ~ 271') Ье the 

arclength parameterization of дС. Тће function f ћав the radial limits <р(0) = 
limr -t1- f(re i8 ) оп а set 8 с [0,271'], 181 = 271'. Since the extended mapping is 
homeomorphic, the function <р "increases", i.e., there exists an increasing function 
t : 8 н [0,271'] such that <р(0) = 7(t(0», О Е 8. We extend the function t(O) as an 
increasing function оп [0,271'], and the corresponding extension of <р is of bounded 
variation оп 19,271']. Now Theorem 5.2.4 shows that f ћав absolutely continuous 
extension to []). Finally, f' Е Н1 , Ьу Theorem 5.2.5. Ш о 

5.3 Blaschke product 

If а function f Е Н ([]) ћав an infinite number of zeros, а1, а2, ... , then 1-1 аn 1 -t О. 
If f Е нр, there holds more: 

5.3.1 Theorem If {аn} (п ~ 1) is the sequence оЕ zeros оЕ а function f Е HP 
(р> О), then the Blaschke condition is satisfied: 2::"1 (1 -Ianl) < оо. 

Conversely, jf а sequence {аn } С []) satisfies the В1aschke condition, then the 
product 

converges ЈП []) aпd the fuпсиоп В is aпa1ytic aпd Ьав the properties: 
(а) ТЬе sequence оЕ zeros оЕ В, including repetitions Еог multip1icities, coincides 

with {аn }; (Ь) IB(z)1 ~ 1 [ог Izl < 1; (с) IB(ei8 )1 = 1 a1most everywhere. 

The function B(z) is called а Blaschke product; in the саве аn = О the 
ratio lanl/an is interpreted as -1. Note that В(О) = П~=1Iаnl, and this product 
converges iff the Blaschke condition is satisfied. Ву the term а Blaschke product 
we also теan а function of the form 

with k ~ 1 as well as the function B(z) == 1. 

Шsо we have proved the implication r"... :. /' Е Hl n without appealing to the theorem оС 
Carathe6dory. 
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Proof. Let f Е HP (р > О) and, say, Ј(О) i- о. _ From the inequality 

whieh is obtained Ьу an applieation of Jensen's inequality for the eoneave funetion 
log х, it follows that 

1 

Оп the other hand, there holds (Jensen's) formula 

Henee L:~11og(1jlakl) < оо, which is equivalent to the Blasehke eondition. 
Н the Вlasehke eondition holds, then the produet B(z) eonverges uniformly оп 

eompaet subsets to а funetion that vanishes exaetly at the points аn beeause 

1 _ аn -= z :::; (1 _ lanl) 1 + Izl. 
1 - anz 1 -Izl 

(Details ые omitted.) It is elear that B(z) has property (Ь). In order to prove (е), 
observe that B(z)jBk(Z), where 

is а Вlasehke produet as well. It follows that 

'В(О)' ~ 1 
IBk (О) I '" 211" 

And sinee IBk(ei8)1 = 1 and B(O)jBk(O) -+ 1 (k -+ оо), we ћауе 

21 1f IB(ei8 )1 d8 ~ 1. 
11" -1f 

Finally, sinee IB(ei8 )1 :::; 1 almost everywhere, we ћауе (е). о 

Riesz' factorization theorem 

5.3.2 Theorem Let {аn} Ье the sequence оЕ zeros оЕ f Е HP (р> О) and B(z) 
the corresponding В1aschke product. ТЬеп f ј В belongs to HP and 1If/ Bllp = 
IIJllp. Consequently, every HP-Eunction сan Ье represeпted as f = Ву, where В 
is а В1авсЫе product (finite or infinite), the function 9 Ьав по zeros јп ПЈ> and 
IIJllp = IIgllp. 
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Proof. With the above hypotheses, let 

Тћеп the function 1/ Bk belongs to HP because it is analytic in JD and /Bk(Z)/ > 1/2 
пем 1'. Since /I/Bk/ = /1/ оп 1', we have III/Bkllp = "I//р. Непсе 

1 ". /f(reill ) / 
21Г _". /Bk(reill)/ dO ~ "I//р 

for every r < 1. Ву Fatou's lemma we get 

1 ". /f(re ill )/ 
21Г _". /B(reill)/ d(} ~ "I//р, 

which implies 111/ Bllp ~ "I//р· Тће reverse holds because /1/ В/ ~ /1/. о 

5.3.3 Exercise П 1 Е нр, then there exist functions и, h Е Н2р such that 1 = gh. 

Some inequalities 

Isoperimetric inequality 

Let G Ье а domain with rectifiable boundary. Тћеп there holds the (isoperimetric) 
inequality /а/ ~ /да/ 2 /41Г, and equality occurs iff G is а disk. This inequality сan 
Ье rewritten as 

/I,/2dA ~ 2~ ". /I'(eill)/dO 2, 

D -". 

where 1 is а conformal mapping of JD onto а. Here dA denotes the Lebesgue 
measure оп JD normalized so that the measure of JD is 1. 

Thus the isoperimetric inequa1ity is а consequence of the following theorem of 
Carleman. 

5.3.4 Theorem If 1 Е нр, Р > О, then 

/1/2р dA ~ IIIII;p. (5.14) 
D 

Equa1ity occurs ifI f(z) = с(1 - az)-2/P, where с and а ме соmрlех constants, 
/а/ < 1. 

Proof. Let 1 Е нр. Тћеп we сап write 1 = Ви2/Р, where В is а Blaschke 
product and 9 is in Н2 and has по zeros in JD. Тћеп 

/1/2р dA ~ /и2/2 dA and IIIII;P = "gll~. 
D D 
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We have 

212 ~ Аn 9 dA = L...J ' where Аn = 
D n=оn+1 

п 2 

Lg(k)g(n - k) . 
k=O 

Since 
п 

Аn ~ (п + 1) L Ig(k)12Ig(n - k)12, 
k=O 

we have 
оо п 

Ig2
1
2 

dA ~ L L Ig(k)12Ig(n - k)12 = IIgll~· 
D n=Ok=O 

This proves the inequality. If in (5.14) equality holds, then we see from the preced
ing that В = 1 and that there exists а sequence .лn such that g(k)g(n - k) = .лn 
for О ~ k ~ n. This implies that g(z) = с(1 - az)-1 j etc. О 

5.3.5 Exercise [62] If 1 Е нр, Р > О, and п = 2,3, ... , then 

1/nр 

(п - 1) If(z)lnp (1 - IzI2)n-2 dA(z) ~ Ilfllp. 
D 

It is not known whether this holds for other values of n. 

5.3.6 Exercise Let q > р > о and r = ViJ1Q. If q/p is an integer and 1 Е НР, 
then 

1 1< 

Inequalities of Riesz/Fejer and Нјlbеп 

If 9 is а function analytic in II}, then а special case of the Riesz/Zygmund theorem 
(see (6.5)) states that 

1 

Ig'(r)1 dr ~ 1I"1Ig%· 
-1 

Replacing here g' Ьу 1 and using Riesz' factorization we get the Riesz/Fejer in
equality: 

1 

11(r)IP dr ~ 11"11111: (ј Е НР, р>О). (5.15) 
-1 

In particular, if р = 2 and l(z) = 2:::=0 an z 2n (аn ~ О), then (5.15) yields 

. оо 

""" ат аn """ I 2 
L...J т + п + (1/2) ~ 11" L...J аnl . 

т,n;?:О n=О 

(5.16) 



78 5. CLASSICAL HARDY SPACES 

This inequality, known as Нilbert's inequality, сan Ье deduced immediately цот 
the equality 

1 11" 

1(т)2 dr = i 1(ei8 )2ei8 dO, 
-1 О 

а consequence of Cauchy's integral theorem. ћот (5.16) it follows that 

~ атЬn ~ 
т~o m + п + (1/2) "" 1г • (5.17) 

1/2 

Hardy's inequality 

ћот Нilbert 's inequality we сan obtain а slightly improved version of Hardy's 
inequality (5.13). Namely: 

5.3.7 Theorem Н 1 Е Н1 , then 

~ I!(n) 1 
~ п + (1/2) ~ 1Гllflk (5.18) 

Proof. Let 1 Е Н1 and let 1 = Bg Ье the Riesz' factorization of 1. Тћеn the 
functions F = B g1/2 and G = g1/2 belongto Н2 and 111IiI = IIFII~ = IIGII~. Let 

~ ~ 

ak = IF(k)1 and bk = IG(k)l. Тћеn we have 

оо - оо п 
~ lJ(n) 1 ~ ~ 1 ~ _ ~ атЬn 
~ п + (1/2) "" ~ п + (1/2) ~ akbn-k - т~o m + п + (1/2) . 

Now we use (5.17) to get 

~ licn) 1 
~ п + (1/2) ~ 1ГIIFII21IGЊ = 1ГII1Њ· о 

5.3.8 Remark Јп the case р = 2 the isoperimetric inequality (5.3.4) сan Ье writ-
ten as 

(5.19) 

It is interesting to compare this inequality with (5.18). Јп general, convergence 
~ 

of the series L If(n)l!(n + 1), with 1 Е Н(НЈ» , does not imply convergence of 
L licn)12/(n + 1). However, if 1 Е Н1, then I!(n) 1 ~ 111111, and therefore (5.18) 
implies а weak form of (5.19), namely 

Оп the other hand, (5.19) implies Ilfll~ -11(0)12 ~ (1/2)11'(0)12, which cannot Ье 
deduced from (5.18). 

• 



5.4. INNER AND OUTER FUNCTIONS 

5.4 Inner and outer functions 

Inner-outer factorization 

79 

Riesz' factorization theorem сan Ье refined Ьу introducing inner and outer func
tions. Suppose that а function 1 Е HP ћм по zeros in][J). Then log 111 is harmonic 
and belongs to h1 , which follows from (5.9). Nevertheless inequality (5.7) шау Ье 

strictj this is the сме if, e.g., 1 is the во called аtопllс function ехр ( - ~ ~ ;). Тће 
atomic function satisfies the following: 

(а) IS(z)1 ~ 1 for z Е ][Ј)ј (Ь) IS.(eill)1 = 1 almost everywhere. 

An analytic function satisfying (а) and (Ь) is called an inner function. 

Singular inner functions If an inner function ћм по zeros, then it is called а 
singular inner function. Тће fol1owing theorem describes а connection between 
singular inner functions and singular measures. 

5.4.1 Тћеогет А function S Е Н(][Ј)) 18 а 81ngular јппег function iff there ex18t8 
а nonnegative s1ngular темuге а оп '!г вuсь that 

S() ic 1 ( + z d"'(~) z = е ехр -- v ., 
211" Т ( - z ' 

(5.20) 

where с ј8 а геа1 constant. 

Proof. If 8 is inner, then the function и = log 181 is negative and, Ьу the 
RieszjHerglotz theorem, there exists а nontrivial positive measure а Е М('!Г) such 
that и = -Р[а]. Тће measure is singular because u(re ill ) -+ О, r -+ 1 (Corol
lary 3.3.5). Then, Ьу passing to "analytic completion", we get 

1 
10g8(z) = - 211" ~+Zda«()+iC, 

т -z 

where с is а real constant, and this implies (5.20). Тће rest of the proof is simpler 
and we omit it. О 

Outer functions А function F is called an outer function if 

(5.21) 

w here 'Ф ~ о is а measurable function such that log 'Ф Е L 1 ('!Г) . В у the theorems 
of Fatou and PrivalovjPlessner, F ћм radiallimits and we have IF.«()I = 'Ф«(), 
( Е '!Га.е. 

If 1 Е нр, then, in view of (5.7), we сan define F Ьу (5.21) with 'Ф = 1/.1. Тће 
function c.v = 1 ј F is then inner and we have the factorization 1 = c.vF. This leads 
to Smirnov's factorization theorem. 
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5.4.2 Theorem Еуету fиnct10n 1· Е нр, Р > О, adm1ts а representation 1 = 
BSF, where В is а В1aschke product, S is а singu1ar 1nnет fиnct10n and F 1s an 
outer fиnct1on. We Ьауе IIlIlp = IIFllp, lf(z)1 :::; IF(z)l, and 11.1 = IF.I· 

We саН F and 1 = BS the outer factor and the inner factor"of 1, respec
tively. ТЬе factorization 1 = 1 F is called the inner-outer factorization of 1. This 
factorization is unique if we require, for instance, that 1(0) is а positive real питЬег. 

Exercises 

5.4.3 А positive, nonconstant Ьаттопјс function и is equal to the Poisson integral 
of а singular теавиге iff there exists an inner function (.Џ such that 

( ) 
_ R 1 + (.џ(z) 

и z - е l-(.Џ(z)' 

5.4.4 If 1 is а nonconstant inner function, then there holds strict inequality 
in (5.7). Оп the other hand, if а function 1 Е HP is outer, then 

"е 1 
log 'ј(те' )1 = 211" 

-1Г 

1г 

Р(т, () - t) log 1J.(eit)1 dt (о:::; т < 1). 

Conversely, if this equality holds for а fixed Te ifJ Е IIJ), then 1 is outer. Јп particular, 
а function 1 Е HP is outer iff 

1 
log 11(0)1 = 211" 

11" 

-11" 

5.4.5 Еуегу outer function сan Ье represented as the ratio of two bounded outer 
functions. Consequently, еуегу HP-function is the ratio of two bounded analytic 
functions. 

5.4.6 If 1 Е HP and 1/1 Е HP for some р > О, then 1 is outer. Ву ТЬеогет 4.4.2, 
1 is in HP if Re 1> О. Since Re(l/1) = 1/1112, we see that 1 is outer if Re 1> о. 

Addendum: Riesz' representation theorem 

ТЬе factorization theorems of Riesz and Smirnov аге closely related to the Riesz' 
representation theorem for subharmonic functions. We formulate this theorem 
following Hormander [30, §3.3Ј. 

5.4.7 Theorem (а) А function и -ф -оо, subharmon1c 1п IIJ), сan Ье represented 
Јп the [отm 

1 
u(z) = h(z) +211" 

W-z 
log 1 _ dIl(w) , 

D -wz 
(5.22) 

where h 1s а fиnct10n Ьаттопјс јп IIJ) and J.L is а positive mеавuте in IIJ), ifI the fиnction 
1(т,и) (О < т < 1) 1s bounded иот аЬоуе, which is equiva1ent to the requirement 
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that u possesses а Ьагтопјс majorant јп Ј[). ТЬе function h and themeasure џ аге 
uniquely determined Ьу и; h is the sma1lest Ьагтопјс majorant оЕ u and џ is equa1 
to the Riesz тезsurе оЕ и. 

(Ь) Let џ Ье а positive тезsиге оп Ј[). П the integra1 јп (5.22) converges Еог 
some z Е Ј[), then 

(1 - Izl) djL(z) < оо. (5.23) 
D 

Conversely, this сопdШоп implies that the integra1 јп (5.22) defines а subharmonic 
function ~ -оо, the sma1lest Ьагтопјс majorant оЕ which is == О. 

When specialized to the саве u = log 111, f Е Н(Ј[) , this theorem yields the 
following extension of Theorem 5.3.2. 

5.4.8 Theorem Let f Е Н(Ј[), f ~ О, and 

1 
(О < r < 1). (5.24) 

21Г -.,.. 

п {аn } is the sequence оЕ zer05 оЕ ј, then the В1aschke сопdШоп ј5 5ati5fied and f = 
Bg, where В ј5 the corre5ponding Бlaschke product and 9 Ьзs по zeros јп Ј[). ТЬе 

5ma1le5t Ьагтопјс majorant оЕ log IBI ј5 == О. Fиrther, јЕ f admit5 а factorization 
f = ЛЈ2 with liI(z)1 ::::;; 1 and f2(Z) =1 О Еог z Е Ј[), then (5.24) hold5 and liI(z)1 ::::;; 
IB(z)l, 1!2(z)1 ~ Ig(z)l· 

Here we only note that if u = log 111, f Е Н(Ј[), then condition (5.23) reduces 
to the Blaschke condition Ьесаиве the Riesz measure of log 111 is equal to 21Г Е да ... 

Beurling's approximation theorem 

This theorem сan Ье viewed as а generalization of the fact that the set, Q, of all 
polynomials is dense in HP for О < Р < оо. 

5.4.9 Theorem Let f Е НР, О < Р < оо. ТЬеп the clo5ed linear 5рan јп HP оЕ 
the 5et Qf = {qf: q Е Q} ј5 equa1 to В8НР, where В8 ј5 the јппег factor оЕ ј. Iп 
particular, јЕ f ј5 outer, then the 5et Qf ј5 dense јп НР. 

Proof. [30] Since IB81 ::::;; 1, we вее that it витсев to prove that QF is dense 
in НР. Proving this reduces to proving that Q с QF Ьесаиве Q is dense in НР. 
Now we вее that the proof of the theorem reduces to the proof that 1 Е QF. Let 

1 (+Zл«()ld(l, 
21Г Т (- z 

Fs(z)=eicexp 1 (+ZЛ«()ld(l. 
21Г л(()<s ( - z 

ТЬе functions рэ have the properties: (а) IFs«()1 ::::;; 1 for s < О and рэ «() -+ 1 as 
s -+ -ООј (Ь) рэ = раэ , where аэ Е НОО. 
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It follows from (а) that "Рв - 111р -t о as s -t -оо so, Ьу (Ь), it remains to 
prove that Рв Е QF. ТО prove this let Hp(z) = GB(pz), р < 1. Тћеп 

р -t 1, 

Ьу the dominated convergence theorem. Finally, if р < 1, then the Taylor series 
of Нр converges uniformly оп the unit circle, which implies that РНр Е QF. Тће 
proof is complete. о 

5.5 Composition with inner functions 

Throughout this section we consider nonconstant inner functions. If VJ is such а 
function, then we put 

СЈЈ* (() = <3: Нт VJ(Z), 
Z-+( 

for those ( Е 1г for which this limit exists and belongs to 1Гј then we extend СЈЈ* to 
а function from 1г to 1г јп an arbitrary way. 

Our тшп purpose is to prove the validity of the relations 

1 Е HP .: > 1 о VJ Е нр, and 

111 о VJ/lp = 11f/lp if СЈЈ(О) = О, 

due to Stephenson [94] (see Theorems 5.5.5 and 5.5.6). These relations as well as 
аll other assertions in this section Ьесоте obvious when specialized to the case 
VJ(z) = zn, П ~ 1. 

5.5.1 Proposition Let VJ Ье an јппег Еипсиоп. Н Ф and 9 аге ВогеЈ mеавuгаblе 
functions оп 1г such that Ф = 9 а.е., then Ф о СЈЈ* = 9 о СЈЈ* а.е. Consequently, ј! Фn 
аге Воге} functions оп 1г вuсЬ that Фn -t 1 а.е., then Фn о СЈЈ* -t 1 о СЈЈ* а.е. 

Proof. If СЈЈ(О) = а, then VJ = <р о (<р о СЈЈ), where <p(z) = (а - z)/(l - az) and 
<р о СЈЈ(О) = о. Therefore we сап assume that СЈЈ(О) = о. Let 

This is а set of measure zero, and we have to prove that the set 

is of measure zero. То prove this let с> О, let E~ = Un Јп, where Јп С 1г аге closed 
arcs such that Е С EI!:' L:n IInl < е, and let p~ = {ei(l Е 1Г: VJ*(ei{l) Е EI!:} We shall 
prove that 

27Г 

Kn(VJ*(ei{l)) d() = (5.25) 
о о 

• 
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where Кп is the characteristic function of Јп. This implies that 

211" 

IFEI ~ L K n (UJ .. (ei8 » dO < е, 
п о 

and this implies that F is of measure zero, because F с РЕ for аН е > О. 
То prove (5.25), when п is fixed, we choose а sequence фј Е С(1') such that 

фј(еit ) tends to Kn(e it ) for every t and Iфј(еit)1 ~ 1 for every t. Then фј(UJ.(еit » -+ 
Kn(UJ .. (eit», as ј -+ ОО, so we сan apply the dominated convergence theorem to 
reduce the proof to the formula 

211" 

ф(UJ.(еi8 » dO = ф Е С(1'). (5.26) 
о о 

Finally, this is reduced to the саве where Ф is а trigonometric polynomial. Тће 

details ате left to the reader. о 

Тће formula (5.26) extends to arbitrary Ф Е L 1(1'). 

5.5.2 TheoreIll [85, 94] If Ф is а Воге1 Eunction оЕ c1ass Ll (1') and UJ is аn јnnег 
Eunction with UJ(O) = О, then Ф о UJ .. Е Ll(1') and 

211" 

ф(UJ.(еi8 » dO = 
о о 

Proof. In order to reduce the proofto the саве Ф Е С(1'), we сan suppose that Ф 
is а positive real function. The sequence min {ф( (), п} increases to ф( () everywhere, 
so the proof reduces to the case where Ф is bounded. If Ф is bounded, then we choose 
а bounded sequence Фn Е С(1') such that Фn -+ Ф а.е.; Ьу Proposition 5.5.1, we 
have Фn о UJ .. -+ Ф о UJ. а.е. Тће result foHows. о 

5.5.3 TheoreIll Н Ф is а Воге1 fиnction оЕ c1ass L1 (1') and UJ is an јnnег fиnction, 
then Р[ф о UJ.] = Р[ф] о UJ. 

Proof. It suffices to consider the саве where Ф Е С(1'). Then the functions 
Р[ф о UJ .. ] and Р[Ф] о UJ are harmonic and bounded so it suffices to prove that their 
boundary functions coincide almost everywhere. Since Р[Ф] is continuous оп the 
closed disk, we have limr-+l Р[ф](UJ(rеi8 » = ф(UJ.(еi8 » а.е. Оп the other hand, 
limr-+l Р[ф о UJ](re i8 ) = (ф о U) .. )(ei8 ) а.е., and this completes the proof. о 

5.5.4 Corollary If UJ and Ј ме јnnег Eunctions, then so is the composition Ј о UJ, 

and (I о UJ) .. = Ј. о UJ .. а.е. If јn addition Ј is singu1ar, then so is Ј о UJ. 

Proof. This foHows from the relations: Р[Ј. о UJ .. ] = РЏ .. ] о UJ = Ј о UJ and 
P[(I о UJ) .. ] = Ј о UJ. О 

• 

• 
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Stephenson's theorems 

Combining the above results опе easily proves the fqllowing. 

5.5.5 Theorem Н 1 Е нр, р> О, and LtJ 18 1ппег w1th LtJ(O) = О, then 1 OLtJ Е нр, 

(f о LtJ). = 1. о LtJ., and 111 о LtJllp = "ЛIР. н 1 = IР 18 the 1nner-outer factor1zation 
оЕ 1, then 1 о LtJ = (I о LtJ) (Р о LtJ) 18 the inner-outer factor1zat1on оЕ 1 о LtJ. 

We conclude this section Ьу proving the implication 1 о LtJ Е HP ;. 1 Е нр. 

5.5.6 Theorem Н 1 Е H(~) and LtJ 18 an 1nпeг [uпсиоп, then 1 о LtJ Е HP 1mр11е8 
1 Е нр. 

Proof. Assume that LtJ(O) = О. Let 1 о LtJ Е нр, Р > О, let u = IflР and 
v = 1I о LtJIP, and let h = P[v.]. We know th~ v ::;;; h; see (5.8). Let D = T~, 
where т, О < r < 1, is fixed. ТЬеп u ::;;; М оп D for so!!!.e constant М < оо. Put 
П = LtJ- 1 (D). For О < р < 1, let Ер = {( Е 'ЈГ: LtJ(p() Е D}. Since 1 -ILtJ(р()1 -+ О 
а.е. as р -+ 1, we see, using Egorov's theorem, that lim p--+l ,Ер' = О. Непсе we сan 
choose р so that the following is true: 

If ср is the bounded harmonic function in the disk p~ whose values are М оп 
рЕр and О оп the rest of рЕр , then 

ср(О) < 1. (5.27) 

-
Since u is subharmonic and continuous in ~, there exists а function щ Е C(D) 

harmonic in D such that u ::;;; иl ::;;; М and иl = u at every point of aD. Ву the 
теan value property, 

1 
иl (О) = 211' 

-

(5.28) 

Since u о LtJ ::;;; h in ~, we have that иl о LtJ ::;;; h оп аn п p~. Consider the function 
иl о LtJ - h оп the closure of the set Пр = П п p~. At boundary points of Пр that lie 
in p~ we have иl OLtJ- h ::;;; О. ТЬе other boundary points of Пр lie in рЕр , and there 
щ о LtJ - h ::;;; щ о LtJ ::;;; М. Thus щ о LtJ - h ::;;; ср qn аnр • Since these functions are 
harmonic in Пр and Пр 3 О, it follows from (5.27) that щ(О) = щ(LtJ(О» ::;;; h(O)+l. 
Now the desired result follows from (5.28). о 

Approximation Ьу inner functions 

Let LtJ Ье an inner fиnction with LtJ(O) = О. н 1 Е Н2, then, Ьу Rogosinski's theorem 
(see 4.4.7) and Stephenson's theorem, we have 

оо оо 

L IЛk)12 ~ L IF(k)1 2
, 

k=n k=n 

where 1 = F о LtJ. This fact сan Ье expressed in terms of best approximation. 

· т 
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Let Qn, п ~ О, denote the setof аН holomorphic polynomials of degree at most 
n. For а function 1 Е НР, let Еn(/)р = infgEQ" 11I -gllp. Then the above inequality 
сan Ье stated as Еn(/ о W)2 ~ Еn(Л2, 1 Е Н2. It is interesting that this extends 
to the case 1 ~ р ~ оо. 

5.5.7 Theorem [64] Let 1 ~ р ~ оо, 1 Е НР, алd let w Ье ал inner fипction with 
w(O) = о. ТЬеп Еn (/ о w)p ~ Еn(Лр. 

Proof. Let 
1 

(/, h) = 211" 

,.. 

-,.. 
We identify HP with НР(Т). From the general theory of best approximation in 
Вanасћ spaces we know that 

Еn(Лр = sup{ 1(/,h)l: h Е и(т), (Qn,h) = О, Ilhllq ~ 1} (l/р+ l/q = 1), 

where (Qn, h) = О means that (g, h) = О for every 9 Е Qn. Now we apply this 
formula to 1 о w and use the foHowing facts: (а) If h Е и(т), then h о w Е и(т) 
and IIh о wll q = 1, and (Ь) if (h, Qn) = О, then h о w = о. Fact (а) foHows from 
Theorem 5.5.2, while the proof of (Ь) is straightforward it is enough to observe 

~ 

that (h, Qn) = о iff h(j) = О for О ~ ј ~ n. We get 

This concludes the proofbecause 1(/ ow, how)1 = 1(/, h)l, Ьу Theorem 5.5.2. о 

5.5.8 Remark If we change the notation and denote Ьу Еn(Лр the best LP 
approximation of 1 Е LP(T) Ьу trigonometric polynomials of degree ~ п, then 
Theorem 5.5.7 remains valid. However, the above method heavily depends оп the 
Hahn/Banach theorem and cannot Ье applied to the case р < 1. It would Ье 
interesting to study this case. 



б Conjugate functions 

The тајп theorems of this ehapter are the Privalov /Plessner theorem оп the 
existenee of radial limits of eonjugate funetions and the existenee of the Нilbert 
operator (Theorem 6.1.1), and the Riesz theorem that if и is јп hP , 1 < р < оо, 
then so is its harmonic eonjugate (Seetion 6.2). The rest of the ehapter is devoted 
to some related results. The equality LP(T) = НР(Т) + HP (Т) , О < Р < 1, due to 
Aleksandrov, is јп Seetion 6.4. Seetion 6.5 eontains а theorem оп strong eonvergenee 
јп Н1 • In Seetion 6.6 we eharaeterize harmonic quasiconformal homeomorphisms 
of the unit disk via the Нilbert tгansfогшаtiоп of the derivative of the boundary 
funetion. 

б.1 Harmonic conjugates 
-

То eaeh Ј Е h(Ш» there eorresponds the harmonie eonjugate Ј Е h(Ш», 

оо 

J(rei8 ) = -i L (sign п) j(n)rlnlein8. 
n=-оо 

- -If Ј is real-valued, then Ј is uniquely determined Ьу the eonditions: (а) Ј is real-- -valued, (Ь) Ј + iJ is analytic, and (е) 1(0) = о. 
For ап arbitrary Ј Е h(Ш» there holds 

--
Ј = -Ј + Ј(О). (6.1) 

- - .. 

And if Ј is analytic, then Ј = -i(f - Ј(О)), and ReJ = Irn(J - 1(0)). 
The funetion eonjugate to Р[ ф], ф Е Ll (Т), equals 

~ 
- "8 1 ~ - " 1 
Р[ф](rе' ) = 2 Р(Т, В - t)ф(е't) dt = -2 

1г _~ 1г О 
Р(Т, t) [ф(В - t) - ф(В + t)] dt, 

-where we write ф(х) instead of ф(еiж ). 
kernel, 

Here Р denotes the eonjugate Poisson 

P(z) = Iт 2z = Iт 1 + z 
1-z 1-z' 

• 
1.е., 

- -"8 2т sin В 
Р(т,В)=Р(те')=1 2 2 В· 

+Т - reos 

This kernel does not belong to h 1. -The kernels Р and Р are eonneeted Ьу the formula 

- 1 1-т Р(Т, В) 
Р(Т, В) - tan( В /2) = - tan( В /2) 1 + r . (6.2) 

86 
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-Note that 1/tan(O/2) = Р(l,О).· 
It is known that Р[Ф] need not Ье in h1 (see 6.1.4) but the Kolmogorov/Smirnov 

theorem 4.4.2 says that there holds the implication f Е h1 > 1 Е hP , О < Р < 1.(*) 

The Privalov/Plessner theorem 

6.1.1 Theorem If Ф Е Ll (Т), then there exist and аге equa1 the following limits 
( а.е.): 

and 1
. 1 
lт -

Е-40+ тr 

11' ф(О - t) - ф(О + t) d 
Е 2 tan(t/2) t. 

ТЬе existence of limr -41- Р[ф](теilJ ) is contained in Corollary 3.3.9. This theo
rem guarantees the existence of the improper integral 

11' ф(О - t) - ф(О + t) d 
0+ 2tan(t/2) t. 

There exists such а function Ф Е С(Т) that this integral converges absolutely for 
по О. It is even more interesting that there exists а function Ф Е С (Т) such that 
the improper integral 

11' ф(О + t) - ф(О) dt 
0+ 2 tan(t/2) 

diverges for every О (see [100, р. 133-4]). 

-The Hilbert operator ТЬе function Ф is said to Ье conjugate with Ф and the 
operator Н taking Ф to Ф is called the Нilbert operator. (t) ТЬе Нilbert operator 
maps L1 into LP, for every р < 1, but not into L1, so in the general case the Poisson -integral of Ф has по sense. However, as we will prove later оп (see Theorem 6.1.3), 
if Ф Е L1

, then Р[Ф] = Р[ф]. 
Proof of Theorem 6.1.1. It suffices to prove the relation 

11' ф(О - t) - ф(О + t) dt 
l-r tan(t/2) 

= О, (6.3) 

under the hypothesis that О is а Lebesgue point of ф. We write the difference under 
limr -41- in (6.3) as 11(Т) + 12(Т), where 

-

1 
Ћ(т) = 2тr о 

l-r 

Р(т, t) [ф(О - t) - ф(О + t)] dt. 

Since IP(T, t)1 ~ 2/(1 - Т), Itl ~ 1 - Т, we Ьауе 

l-r 

IФ(о - t) - ф(О + t)1 dt -+ о 

(·)See also Kolmogorov's theorem 7.1.10. 
(t)Usually 2tan(t/2) is replaced Ьу t. 

(Т -+ 1), 



88 б. CONJUGATE FUNCTIONS 

because О is а Lebesgue point. In the сме of the integral 

1г _ 1 
Р (Т, t) - -...,..--:-...,.. 

1-т tan(tj2) 
[ф(О - t) - ф(О + t)] dt 

we use the formula (6.2); it follows that 

'""' 1 
Р(Т, t) - tan(tj2) ~ const. Р(Т, t) (1 - r < Itl < 71"). 

Thus 
1 

112(r)1 ~ С 271" Р(Т, t)IФ(о - t) - ф(О + t)1 dt. 
-1Г 

1г 

Now the hypothesis that О is а Lebesgue point and the following lemma imply that 
12(Т) --+ О (Т --+ 1), and this completes the proof. о 

6.1.2 Lemma If О ј8 а Lebe8gue point оЕ а fиnction Ф Е L 1, then 

limsup 1 1г Р(r,t)lф(О+t)-ф(О)ldt=О. 
т-Н -- 271" -1Г 

Proof. This сan Ье deduced from Proposition 3.3.1 Ьу taking 

t 

'Y(t) = IФ(О + х) - ф(О)1 dx. о 
о 

The Poisson integral of the conjugate function 

6.1.3 Theorem If Ф Е Ll and Ф Е L1, then Р[ф] = р[ф]. 

Proof. Аs:щmе that Ф is real-valued. Ву the Kolmogorov jSmirnov theorem, -the function f = Р[ф] + iР[ф] belongs to HP for р < 1. Now Smirnov's theo-
rem 5.1.12 tells us that f Е Н1, and hence f = Р[Ј.], Ьу Theorem 5.2.1. Finally, -since Ј. = Ф + iф, Ьу the theorems of Fatou and PrivalovjPlessner, we see that 

- -
Р[ф] + iР[ф] = Р[Ј*] = Р[Ф] + iР[ф], 

• 
and the result follows. о 

Miscellaneous 

6.1.4 Н {ak} is а convex sequence tending to О, then the sum of the series 
L~=1 аn cos пО is positive for every О Е (-71",71"), and its sum belongs to L1 (1Г) 
(see [42, Theorem 4.1]). In particular, the function 

оо 

Ф(еi()) = I)logn)-1 cosnO 
n=2 

is in L1, while the function conjugate to Ф is equal to L~=2 (log п) -1 sin пО and is 
not in L1 • 

• 
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6.1.5 Using (6.1) опе сап prove the following: 

If Ф Е L 1, then 
-;::. 1 
Ф = -ф + 21Г 

-1r 

Тће Privalov /Plessner theorem сan Ье stated in the following form: 

6.1.6 Тћеогет Let Ф Е L1(T) and let Ф(В) Ье the indennite integra1 оЕ the 
function В I-t ф(еi8 ). ТЬеп the improper integra1 

_.!:. 1r Ф(В + t) + Ф(В - t) - 2Ф(В) dt 
1г 0+ 4sin2 (t/2) 

-exists for а11 В and is equa1 to ф( В) a1most everywhere. 

А more general variant states: 

Let"{ Е BV[-JГ,JГ] and let "((t + 21Г) - "((t) = const. ТЬеп the integra1 

_.!:. 1r "((В + t) + "((В - t) - 2"{(В) dt 
1г 0+ 4sin2 (t/2) 

and the limit 

exist and ате equa1 a1most everywhere. 
See Zygmund [100, Сћ. IП §§7-8, IV §3 and VП §1]. 

The RieszjZygmund inequality 

As we have seen, if 9 Е h1 , then the conjugate function 9 need not belong to h1 • А 
result of Riesz and Zygmund [100, Сћ. IV, (6.28)] states that if 9 Е h1 , then 

-1 r 
(6.4) 

In other words: 

6.1.7 Тћеогет If 9 Е h(llJ» and (д9 / дВ) Е h 1, Њеп 

1 д9 ( it) д9 
-1 дт те dr :::; 1г дВ 1· (6.5) 

-
Proof. We сan assume that 9 is harmonic in а neighborhood of llJ>. Тће function 

v = тд9/дт is conjugate to the function и = д9/дВ and therefore 

(6.6) 
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where F(z) = 2z/(1 - z). Now (6.5) сап Ье deduced from (6.6) and the equation 

1 

Iт- 1 ImF(reit)1 dr = 71" (О < Itl < 71"), (6.7) 
-1 

Ьу using Fubini's theorem. 
In order to prove (6.7) let О < t < 71", and apply Cauchy's integral theorem to 

the function F(z)/z оп the semidisk {тејl:l: О ~ r ~ 1, t ~ () ~ t + 7I"} (which does 
not contain the point z = 1). We get 

Непсе 

1 F(reit) . 
---.:.-..:.. dr = -z 

-1 r 

1 ImF(reit ) 
-~-....:..dr =-

-1 r 

t 

t 

Now (6.7) follows from ReF(eil:l) = -1 and ImF(reit)/r > о. о 

Geometric interpretation Let 7 Ье а function continuous and of bounded vari
ation оп [-71",71"], let 7(71") = 7(-71"), and I(тејl:l) = Р[7]· The function 1 сап Ье 
treated as а continuous mapping of the closed disk to the complex plane. 

6.1.8 Corollary If 1 18 а ЬотеотОГРЫ8т, then 

length оЕ 1([-1, 1]) ~ (1/2) х length оЕ 8f(JD). 

The hypothesis that the curve z = 7(t),7I" ~ t ~ 71", is а Jordan curve is not 
suffi.cient for 1 to Ье а homeomorphism. А suffi.cient condition is described Ьу 
Choquet's theorem [13]: 

6.1.9 Theorem А 8ufIic1ent cond1t1on foг 1 to Ье а ЬотеотОГРЫ8т 18 that the 
сuгуе z = 7(t) (Itl ~ 71") 18 а convex Jordan сuгуе. 

6.2 Riesz projection theorem 

The operator R+ acting from h(JD) to H(JD) according to the rule (R+u)(z) = 
2::=0 u(n)zn is called the Riesz projector. 

The projection theorem 

It is а direct consequence of Parseva1's theorem that ~ acts as an orthogonal 
projection from h2 onto Н2 • This fact was generalized Ьу М. Riesz in the following 
way. 

6.2.1 Theorem If 1 < р < оо, then ~ act8 as а bounded projection Егот hP 

onto НР. 

.. , 
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Ву the Kolmogorov /Smirnov' theorem, we сan treat ~ as an operator from 
L1 ('[') to нр(,[,) = {Ј .. : f Е нр} С .со ('['), for р < 1. From the projection theorem 
and Theorem 3.4.2 it follows that for every Ф Е и('[') (1 < р < оо) there exists 

~ ~ ~ 

а unique function 'Ф Е и('[') such that 'Ф(n) = ф(n) for п ~ О and 'Ф(n) = о 
for п < о. This enables us to treat ~ as an operator from и('[') to НР(,[,) , 
1 < р < оо. However, the Riesz projection does not тар Ll into H 1 ('[') (see 6.1.4); 
furthermore, Н1 is not complemented in L 1 , i.e., there is по bounded projection 
from L 1 to Нl (see [87]).Ш 

The conjugate functions theorem 

Since the Riesz projector is connected with conjugate function in а simple way, 
namely R+u = и(О) + (и + iu)/2, the Riesz theorem сan Ье stated as follows: 

6.2.2 Theorem Ifu Е hP , р> 1, then и Е hP and there exists а constant Ср such 
that Ilullp ~ Cpllullp. 

In view of the connection between conjugate functions and the Нilbert operator 
(Privalov/Plessner theorem, 6.1.1), we have: 

6.2.3 Theorem ТЬе Нilbert operator maps и('[') to и('[') for 1 < Р < оо. 

In the саве р = 2, Theorems 6.2.2 and 6.2.1 follow from Parseval's formula; we 
have lIull~ = Ilull~ - lu(0)12

• If а proof is known either for 1 < р < 2 or for р > 2, 
then the general саве сan Ье treated Ьу duality. Let us mention four "short proofs." 

(i) The operator R+: L 1 ('[') t-+ .со ('[') is of strong type (2,2) and, Ьу Kol
mogorov's theorem (Theorem 7.1.10), of weak type (1,1). Therefore we can 
apply Marcinkiewicz's theorem. 

(н) If 1 < Р < 2, we can use Theorem 2.6.2 and the existence of the radiallimits 
of u. 

(Ш) If 1 < р < 2, then, as noted after Theorem 7.2.1, we сan use Theorems 7.2.1 
and 7.1.2. 

(iv) If р = 2n , for some positive integer п, then we сan еавНу deduce the validity 
of Theorem 6.2.2 from the саве р = 2; see the proof of Theorem 6.2.6. Then, 
for arbitrary р > 2, we can apply the Riesz/Thorin theorem. 

Here we present an elementary proof, due to Р. Stein, based оп the Hardy /Stein 
identities. 

ШIf every subspace of а ВanасЬ врасе Х јв complemented in Х, then Х јв isomorphic to а 
Нilbeп врасе [51]. 
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IIIII~ = 1/(0)12 + 2 (6.8) 

Concerning other values of Р, we consider only the cases that are sufficient to prove 
Riesz' projection theorem . 

• 

6.2.4 Lemma Let О < Р < оо. А function 1 Е Н(I!))) belongs to HP јЕ and опlу јЕ 

2 

HSp(J) := I/(O)IP + ~ 1 
IlIp-2 1/'1 2 1оg dA < оо. 

JI) Izl 

Moreover we have IIIII~ = HSp(f). 

Proof. If 1 has по zeroes in ][)), then it suffices to apply (6.8) to the function 
ЈР/2. If р ~ 2, then the function IIIP is of class С2 so we сап apply Green's formula. 
In the general сме опе applies Green's formula to the functions (1112 +t:)p/2, t: > О, 
and then let t: tend to О (see also 4.5.6). О 

The formula IIIII~ = HSp(f) is known as the HardyjStein identity. There 
holds an analogous formula for rea1-va1ued harmonic functions. We only need the 
сме of positive functions. 

6.2.5 Lemma Let 1 Е Н(][))) and let и = Rel belong to hP , 1 < р < оо. ТЬеп 

Ilull~ = lu(O)IP + р(р; 1) 
_ 1 

uр 21/'I2 10g dA. 
JI) Izl 

(6.9) 

Proof. In the case where и > О this reduces to Lemma 3.5.4. In the general 
case опе considers the functions (u2 + t: )Р/2. О 

Proof of Riesz' theorems 

We shall prove Theorem 6.2.2. We тау suppose that и is real-valued, and then the 
theorem сап Ье stated as follows. 

6.2.6 Theorem Let 1 Ье ana1ytic јп ][)), and let 1 < р < оо. If Re 1 Е hP , then 
1 Е HP and there holds the inequa1ity 

IIIII~ ~ Cp(ll Relll~ + If(O)IP). 

If 1 is а conformal mapping of the disk onto the domain G = {z : О < Re z < 1}, 
then Re 1 Е h оо but 1 is not iIf НОО ј therefore, the theorem does not hold for р = оо. 
For the сме р = 1 see 6.1.4. 
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ProoC оС Theorem 6.2.6.Consider first the case 1 < р ~ 2. Let и = Re Ј Е 
hP• In view of Lemma 3.5.3, we тау suppose that и ~ О and, as in the proof of 
Lemma 5.1.7, that Ј is analytic јп а neighborhood of ј[]). Then from Lemmas 6.2.4 
and 6.2.5, together with the inequality uр-2 ~ Iflр-2 , it follows that 

I\fll~ - IJ(O)IP ~ р 1 (I\ul\: -lu(О)IР), 
р-

which gives the desired result for 1 < р ~ 2. 
-

Let 2 < р ~ 4 and let Ј Ье analytic in а neighborhood ј[]). Then the function 
9 = -iЈ2 belongs to НЧ, q = р/2, and we have Reg = 2uv, where v = ImJ, 
and therefore, Ьу the preceding case, I\fll~ = I\gl\; ~ CpI\2uvl\;. Оп the other 
hand, Cauchy /Schwarz inequality gives I\uvl\; ~ (1Iul\pl\vl\p)P/2. Непсе I\fll~ ~ 
Cp2Ql\ul\~/2I\fll~/2. Since I\fllp is finite, we сan divide both sides Ьу I\fll~/2, and 
this yields the result for 2 ~ р ~ 4; etc. О 

6.2.7 Remark If О < р < 1, then (6.9) does not hold, but we still have 

р(1 - р) 

2 

provided и is positive and continuous оп the closed disk. When combined with 
Lemma 6.2.4, this yields another proof of Theorem 4.4.2. 

б.З Applications of the projection theorem 

The projection theorem has many important app1ications. For example, the trigo
nometric system is а Shauder basis јп LР(Ћ') for 1 < Р < оо; јп other words, the 
system of the functions rlnlein8 is а Shauder basis in hP.(§) 

п 

6.3.1 Theorem Let Ф Е и(Ћ'), 1 < р < оо, and Фm,n(еi8 ) = L: ф(k)еik8 , where 
m and п ме integers, m < n. ТЬеп 

IIФm,nllр ~ Срl\фl\р 
I\ф - Фm,nllр --t О as п --t оо, m --t -оо. 

k=m 

(6.10) 

(6.11) 

ProoC. Let ek(ei8 ) = eik8 . Then Фm,n = ет R+(e_m ф) - еn R+(e_n ф). From 
this and Theorem 6.2.1 we obtain (6.10), and from (6.10) and the Weierstrass 
approximation theorem we obtain (6.11). о 

Now we сan determine the dual of HP for 1 < р< оо. 

(§)Иоwеvеr, there асе spaces, e.g., Bergman, in which this system is not а basis although there 
holds the analogue of the projection theorem. 
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6.3.2 Theorem Л 1 < Р < оо, then the dual оЕ HP ј8 ј8отогрЫс to НЧ (1/р + 
1/q = 1) with re8pect to the ЬiJjneaг Еогт 

(1,9) = Нт 21 
r-+l- 1г 

~ оо 

J(re- i8 )9(rei8 ) dO = Нт L ј(n)у(n)т2n . 
-~ r-+l- n=О 

Proof. Let А Ье а bounded Hnear functional оп HP and А1 Ье the Hahn/Banach 
extension to hP• Ву the projection theorem and Theorem 3.4.2, there exists а 
function 9 Е hq such that IIA111 = 119111q and А1Ј = (1,91) for Ј Е hP• Непсе, 
АЈ = (1,91) for Ј Е нр. ТЬе function 9 = ~91 belongs to hq and we have 
(1,9) = (1,91) for Ј Е HP (because Ј is analytic), and this proves the inclusion 
(НР)* с Hq. ТЬе reverse inclusion is proved Ьу using Нбldеr's inequality. о 

6.3.3 Exercise (isomorphism LP to нр) Н 1 < Р < оо, then the formula 

оо оо 

(Tu)(z) = L U(n)z2n + L u( _n)z2n-l 
n=О n=1 

defines an isomorphism of hP onto НР. 

6.3.4 Exercise (Parseval's formula) If Ј Е и(т) and 9 Е LQ(T), where 1/р + 
1/q = 1 and 1 < Р < оо, then the series 

оо 

L ј(n)у(n) rlnlein8 
n=-оо 

-
converges uniformly in ј[Ј), and there holds Parseval's formula: 

1 

n=-оо 

6.4 Aleksandrov's theorem 

Relation (5.5) shows that и(т) contains an isometric сору of HP (р > О); denote 
this subspace Ьу НР(Т). Thus НР(Т) = {Ј. : Ј Е нр}. Н р ~ 1, then НР(Т) сап 
Ье described in the foIlowing way: 

НР(Т) = {ф Е LP(T) : ф(-n) = О for п ~ 1}. 

In the case р < 1, this fact does not hold, simply because the Fourier coefficients 
are not defined; then НР(Т) is equal to the LP-closure of 

Т+ = {ф Е Т : ф( -п) = о for п ~ 1}, 

where Т is the set of аН trigonometric polynomials. 



6.5. STRONG CONVERGENCE IN H 1 95 

Let НР(1Г) = {ф : Ф Е НР(1Г)}. One of consequences of the projection theorem 
is that У(1Г) = НР(1Г)+НР(1Г), 1 < Р < оо. This fact was extended Ьу Aleksandrov 
[4, 3] to the саве р < 1. However, in that саве, the decomposition is not unique 
(ир to an additive constant) because the intersection НРпНр is equal to the linear 
span of the set of the functions 9а«() = 1/(1 - а() (а Е 1Г, ( Е 1Г) (see [4, 3]). 

6.4.1 Theorem (Aleksandrov) If f Е У(1Г), р < 1, then there are functions 
Л Е НР(1Г), Ј2 Е НР(1Г), вuсЬ that f = Л + Ј2 and IIЛllр + 1'!2l1р ~ CpllJllp· 

Proof. Let Х denote the direct sum of the spaces HP and НР. Consider the 
operator Т : Х t-t LP, Т(Л, 12) = Л + Ј2. For every trigonometric polynomial Ј, 
IIfll p ~ 1, we will find (Л, Ј2) so that Ј = Т(Л, 12), where II(Л, 12)11 ~ Ср (and 
Ср depends only of р) and then the result will follow from Theorem 1.3.1. 

Let Ј = 2:lkl~n akeikll and 'У«() = (п. Then 'УЈ and 'УЈ belong to НР. Put 

<р = 'У/('У - 1). Then <р Е_НР П HP and <р + <р = 1. Now let <Pt«()_ = <p«(eit ), 
t Е IR, and 9t = f<pt, ht = J<Pt· Then 9t and ht are HP and Ј = 9t + ht. Routine 
calculation shows that 

1 
119tll~ dt = 1I<p1l~ IIIII~, 

27Г _11" 

which means that there exists t such that 119tllp ~ 1I<pllp. For this value of t we 
have IIhtll: ~ 11111: + 119tll: ~ 1 + 11<p1l:· Finally, we take Л = 9t, 12 = ht , and this 
completes the proof. о 

Kalton's theorem 

Let БР denote the space offunctions f Е H(D) such that 
l/p 

IIIIIБр:= 'Ј(О)I + 1!,(z)IP (l-lzl)Р-l dA(z) < оо. 
D 

Ву the Littlewood/Paley theorem, we have БР С HP for 1 < Р < 2. This inclusion 
remains valid for р ~ 1, which follows from the inequality 

M$(Tn+l' f) - М$(тn , f) ~ Cp2-nР М$(тnн, Ј'), ТN = 1 - тn, 

see Proposition 7.1.6. Therefore the following result of Kalton [37] improves Тће
orem 6.4.1. 

6.4.2 Theorem If f Е LP(T), р < 1, then there are functions 9 Е БР, h Е БР, 
вuсь that f = 9* + ћ* and 11911Бр + IIhllБр ~ CpllJllp· 

6.5 Strong convergence in Н1 

For а function f analytic in ][) let 

1 п 1 п 1 
Рn! = An L· Вјј, where Аn = L· 1 

ј=О Ј + 1 ј=О Ј + 
(п = 0,1,2, ... ) 

• 



96 6. CONJUGATE FUNCTIONS 
. 

and Вјl are the partial sums of the Taylor series of 1. It is well known that 
Ilsnll1 :::; С Аn llll1 and that Аn is "best possible". А direct consequence is that 

1 п 1 
1 L· + I"Вјll :::; elll1110gn 
ogn ј=О Ј 

(п ~ 2). (6.12) 

where е is an absolute constant. It turns out, however, that there holds the stronger 
inequality 

1 п 1 
logn L . + I"Вјll :::; еllll1 

. О Ј 1= 

Moreover, we ћауе the following characterization of the space H 1 • 

(6.13) 

6.5.1 Theorem [92, 76] Рог а function 1 anaJytic јп D the following assertions 
аге equivalent: 

1 Е н1 ј 
1 п 1 

sup А L· I"Вјll < оо ј 
п n.оЈ+ 

1= 

(6.14) 

SUp IIРnl11 < оо. (6.15) 
п 

Remark. It follows from the proof that the quantities occurring in (6.14) 
and (6.15) are "proportional" to the original norm in H1j in particular there 
holds (6.13). 

Since the polynomials are dense in Hl, we have the following consequence: 

6.5.2 Theorem If 1 Е H 1 , then 

1 п 1 
li,;n А L· 1111 - Вјl11 = о 

п ј=О Ј + 

and, consequently, 
1 п 1 

l~ А L· I"Вјll = 11111· 
п ј=О Ј + 

6.5.3 Corollary [76] If 1 Е Hl, then lim inf 111 - вnl11 = о. 
n-+оо 

There are functions Ф Е L1 such that Нтn IIФ - snфll = оо; such an example is 
given Ьу Ф(еi8 ) = E.f=,2(logj)-1/2 cosj(). Since the sequence (lOgj)-1/2 is convex, 

the function belongs to Ll (вее 6.1.4). Fиrthermore, one сan show that 111 - вnll1 ~ 
c(logn)1/2, с = const. > о. We omit the details .. 

Ву теanв of Fatou's lemma, from Corollary 6.5.3 we obtain: 

6.5.4 Corollary [76] If Ф Е Hl(T), then liminf IФ(еi8 ) - snФ(еie ) I = О а.е. 
n-+оо 

• 
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Оп the other hand, there e:xlsts а function Ф Е Н1 (1') whose Fourier series 
diverges almost everywhere (see [100, СЬ. VПI, theorem (3.5)]). 

Konyagin's theorem 

ТЬе above corollary does not extend to L1 ; Konyagin [45] proved the following 
improvement of Kolmogorov's theorem: 

If {Ф(m)} js а sequence оЕ роsШvе пшnЬеrs such that 

ф(m) = o(JlnmjJlnlnm) as m --+ оо, 

then there exists а fипctjon Ф Е Ll (1') such that 

limSUРSmф(еi/1)јф(m) = оо !or аН () Е 1'. 
т--+оо 

Proof of Theorem 6.5.1 

It is obvious that (6.14) implies (6.15). То prove that the condition f Е Н1 

implies (6.14) let f Е Нl and for fixed п ;г: 2 and w Е IIJ) define the function 
9 Е Н1 Ьу 

g(z) = (1 - rz)-l !(rwz) (Izl ~ 1), 

where r = l-lјn. We have g(z) = Е';:о sj!(w)rj zj. Applying Hardy's inequality 
(Theorem 5.3.7) we get 

оо 1 . оо 1 
L . + I lsj !(w)lr' = L . + 1 Ig(j) 1 ~ 1I'11gll· 
ј=О Ј ј=О Ј 

Since r j = (1 - lјn)ј ;г: с for О ~ ј ~ п, where с> О is ап absolute constant, we 
have 

п 1 211' . . L. Ilsj!(w)1 ~ (1I'jc)llgll = (lј2с) 11- re'tl-ll!(rwe,t)ldt. 
ј=О Ј + О 

Integrating this inequality over the circle Iwl = 1 we find 

where we have used Fubini's theorem. Finally, using the estimate 

211'. 1 
11- re'tl-ldt ~ Clog 1 = Clogn, 

-r О 

we see that (6.13) holds and therefore that (6.14) is implied Ьу ! Е Н1 • 
Let f Ье analytic in IIJ). From the uniform convergence of snf оп compact 

sets it follows that Рn! I--t f uniformly оп compact subsets of IIJ). Assuming that 
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11 Рnll 1 :::; 1 for еасЬ п, we have М1 (Т, РnЈ) :::; 1 for аН п and r < 1. This implies, 
via the uniform convergence of Рn! оп the circles Izl = Т, that М1 (Т, f) :::; 1 for 
every r < 1, which means that 11111 :::; 1. Thus we have proved that (6.15) implies 
f Е Н1 , and this completes the proof. о 

Remarks 

6.5.5 Inequality (6.12) is optimal in L 1 in the sense that logn cannot Ье replaced 
Ьу any ф(n) (independent of f) such that ф(n) = o(logn). То see this one takes f 
to Ье the Poisson kernel, then let r tend to 1 and use the norm estimate for the 
Dirichlet kernel. 

6.5.6 Using Fejer's theorem one shows, Ьу summation Ьу parts, that if f Е h1 , 

then sUPn IIРnll1 < оо, where Рn is extended to harmonic functions in the obvious 
way. Conversely, if f is harmonic in D and sUPn IIРnll1 < оо, then f Е h1

• 

б.б Quasiconformal harmonic homeomorphisms(§) 

Throughout this section we denote Ьу <р а continuous increasing function оп IR 
such that <p(t + 2ЈТ) - cp(t) == 2ЈТ, so that the function 'Y(t) = ei<p(t) is 27r-periodic 
and continuous, and of bounded variation оп [О, 2ЈТ]. We consider the harmonic 
mapping f defined оп Ш> = {z: Izl < 1} Ьу 

1 1г 

f(z) = 2ЈТ Р(Т, (ј - t)'Y(t) dt (z = re ili
). (6.16) 

-1Г 

- -
Ву Choquet's theorem (Theorem 6.1.9), f is а bomeom~pЫ!.m of Ш> onto Ш>. Con
versely, every orientation-preserving homeomorhism ј: Ш> t-+ Ш>, harmonic in Ш>, can 
Ье represented in the form (6.16).(') А consequence of Choquet's theorem and а 
result of Lewy [48] is that the Jacobian of f is strictly positive in Ш>, i.e., 

(6.17) 

Being harmonic, the mapping f can Ье represented as f(z) = h(z) + g(z), 
у(О) = О, where h and 9 ме analytic in Ш> and uniquely determined Ьу ј. We can 
rewrite (6.17) as 

I у' (z) I 
h'(z) < 1 (z Е Ш». (6.18) 

Characterization theorem 

We characterize those ср for which f is quasiconformal, i.e., for which (6.18) can Ье 
improved to 

у' (z) I 
k = ~~g h'(z) < 1 . (6.19) 

• 

{§)This section is a1most identical to the paper [80]. 
(')Various properties оЕ harmonic homeomorphisms are described јп [14]. 
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6.6.1 Theorem ТЬе ma.pp1ng 1 18 qua.skonforma1 jff the funсиоп <р 18 bl-LiР8сbltz 
a.nd the ШЉегt tra.n8forma.Uon оЕ <р' 18 е88епиа11у bounded оп IR. In other word8, 
1 18 qua.skonforma1 jff <р 18 a.b801utely сопиПUОU8 a.nd 8a.ti8fie8 the condition8: 

esssup 
OER 

ess inf <р' > О, 
ess sup <р' < оо, 

7r <р'((} + t) - <р'((} - t) 
t dt 

+0 
< оо. 

(6.20) 

(6.21) 

(6.22) 

Тће proof that the three conditions are sufficient is short; we simply compute 
the radiallimits of the modulus of the Ьounded a.nalytic function у' /h' and apply 
the maximum modulus principle. 

Тће necessity proof is more complicated and depends оп Mori's theorem in 
theory of quasiconformal mappings (cf. Ablfors [2]), which states that if Ф is а 
quasiconformal homeomorphism of JIJ>, then 

where 
1-k 

а = 1 + k' k = sup 
zED 

дф(z) 
8ф(z) 

(6.23) 

and С depends only оп 1(0)(11). Тће mapping \z\o«zl\z\) shows that the exponent 
а cannot Ье improved in the class of arbitrary k-quasiconformal homeomorphisms. 
However, it follows from our proof (see (6.32)) that if Ф is harmonic, then it 
satisfies the ordinary Lipschitz condition (with Lipschitz constant depending оп k) .. 
Combining this with Heinz' inequality [29] \h'(z)\2 + \g'(Z)\2 ~ 1/1Г2 , Z Е JIJ>, which 
holds if /(0) = О, we get the following. 

6.6.2 Theorem If the ma.pping 1 18 quasiconforma1, then it i8 bi-Lip8chitz, i.e., 
there Ј8 а cOn8ta.nt L < оо 8UСЬ tha.t 

Note that an arbitrary bi-Lipschitz homeomorphism is quasiconformal. 

Boundary values of the derivatives 

In calculating the boundary values of the analytic functions h' and у' it is useful 
to use the formulas 

(11Je = 16 jf Ф(О) = о. 

h'(z) = 8/(z) = ~е-iО(lr(z) _ Jo;z)) 

g'(z) = al(z) = ~eiO(lr(z) + JO;z)) , 

(6.24) 

(6.25) 
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where Је = of/o(), Jr = о! јОт. The derivatives Jr and Је ате connected Ьу 
the simple but fundamental fact that the function т Jr is equal to the harmonic 
conjugate о! Је. It follows from (6.16) that Је equals the Poisson-Stieltjes integral 
of 7 = е"" : 

ое 1 
Је(те' ) = Р(т, () - t) d7(t). 

211" _". 

Непсе, Ьу Fatou's theorem, the radial limits of Је exist almost everywhere and 
limr -+ 1 - Је (Teie ) = 7Ь «()) а.е., where 70 is the absolutely continuous part of 7. It 
turns out that if7 is absolutely continuous, then limr -+l- Jr(Teie ) = Н(7')«()), а.е. 

Absolute continuity The function 7, of course, need not Ье absolutely continuous. 
However: If 

then 7 is absolutely continuous and, mогеоуег, the fиnctions h(eie ) and g(eie ) аге 
absolutely continuous. 

This is опе of possible formulations of Theorem 5.2.5. 
Using (6.24) and (6.25) we сan easily show that (6.19) implies 

1 - k т Jr(z) 1 + k 
1 + k ~ Je(z) ~ 1 _ k (z Е ][)Ј). 

Thus: If Ј is quasiconformal, then €p ј8 ab801utely continuou8. 
From now оп we suppose that €p is absolutely continuous. Then there hold the 

formulas Је(еШ ) = 7'«()) = i€p'«())ei<p(e) and, Ьу Theorem 6.1.6, 

". 7«() + t) + 7«() - t) - 27«()) d 
2 t. 

+0 4sin (tj2) 

Ву straightforward computation we find that e-i<p(e) Jr(eie ) = А«()) + iB«()), where 

А«()) =.!. ". 2 - cos (€p«() + t) - €p«())) - cos (€p«() - t) - €p«())) dt 
11" +0 4sin2(tj2) 

1 ". sin(€p«()+t)j2-€p(f))j2) 2 

= 211" _". sin(tj2) dt, 

В«()) = _.!. ". sin (€p«() + t) - €p«())) ;- sin (€p«() - t) - €p«())) dt. 
11" +0 4sin (tj2) 

Then using (6.24) and (6.25) we get 

Ih'(eie )12 = ! (А«()) + €p'«()))2 + В«())2), 
4 

Ig'(eie )12 = ~(A«()) _ €p'«()))2 + В«())2). 

(6.26) 
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Since the function g' /h' is analytic and bounded, Ьу (6.18), we see that 

2 _ g'(Z) 2 _ ср'(В)2 + А(В)2 + В(В)2 - 2ср'(В)А(В) 
k - ~~C h'(z) - ess:u

p ср'(В)2 + А(В)2 + В(В)2 + 2СР'(В)А(В)· 
Непсе: 

ТЬе mapping 1 ј5 quasiconforma1 iff 

ср'(В)2 + А(О)2 + В(В)2 
К := es::~p 2ср'(В)А(В) < оо. (6.27) 

. (К - 1)1/2 
There hold5 the formula k = К + 1 . 

Proof of the characterization theorem 

Now it is еаву to show that conditions (6.20), (6.21) and (6.22) imply that 1 is 
quasiconformal. We have only to note that condition (6.21) implies 

\\В - Нср'\\оо ~ C\\cp'\\~, (6.28) 

where С is an absolute constantj this inequality is deduced from Theorem 6.1.6 Ьу 
using the relation х - sinx = 0(х3 ). 

The necessity proof. Let 1 Ье quasiconformal. Then К < оо (see (6.27)), i.e., 

ср'(В)2 + А(в)2 + в(в)2 ~ 2Кср'(В)А(В). (6.29) 

It follows that А(В)2 ~ 2Кср'(О)А(О) and therefore 

ср'(О) ~ 2~A(B). (6.30) 

Since 
1 1г 

А(О) ~ 41Т (1- сов(ср(В + t) - ср(О))) dt 
-1Г 

= ~ (1- Re (e-i<Р(8) 1(0))) ~ ~(1-\/(0)\), 
we get essinf ср'(О) > о. Thus condition (6.20) is satisfied. 

In order to verify (6.21) we use the inequality 

ср' (В) ~ С 
ср(В + t~ - ср(О) 2 dt 

-1Г 

(6.31) 

(С is an absolute constant) which is obtained from (6.29). Assume first that ср is 
of class С2 and choose В so that ср'(О) = тах:ср' =: М. Let О < {3 < 1. It follows 
from (6.31) that 

1г 

M~C 
ср(В + t) - ср(О) 

t 

2-{3 

М{3 dt , 
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whence 
<р(О + t) - <р(О) 

t 

Now we apply Mori's inequality (6.23) to deduce that 

1г 

2-/3 

dt. 

l-,.k M 1-/3 ~ С1 (tO:-1) 2-/3 dt, а = . 
l+k О 

Choose f3 so that (а - 1)(2 - fЗ) > -1, which is possible because (а -1)(2 - fЗ) -+ 
а -1> -1 as f3 -+ 1-, to get тах<р' ~ С2 , where С2 depends only оп К. From 
this and (6.30) we get А(О) ~ 2КС2 and ћепсе, Ьу (6.29) and (6.26), Ih'(e i8 )1 ~ Сз. 
Тће function h'(z) is continuous оп the closed disk because the function 'у = ei<p is 
С2 , so we have 

Ih'(z)1 ~ Сз (z Е JI]), 

and the constant Сз depends only оп К. 
In the general case consider the mappings Јп, of JI]) onto ПЈ>, defined Ьу 

Jn(z) = J(wn(z»/rn = hn(z) + yn(z) (rn = l-l/n, п ~ 2), 

(6.32) 

where W n is the conformal mapping of ПЈ> onto Gn = J-1(rnПЈ», wn(O) = О, w~(O) > 
о. Since the boundary of Gn is an analytic Jordan curve, the mapping W n сап Ье 

continued analytically across 8ПЈ>, which implies that Јп has а harmonic extension 
across 8ПЈ>. Since also , ( , )' 

уп = У о W n wn ~ k, 
h' (h' о w )w' п п п 

we сап арреаl to the preceding special case to conclude that Ih'(wn(z»llw~(z)l/rn 
~ Сз , where Сз is independent of п and z. And since Gn с Gn+1 and uGn = ПЈ>, 

we сап apply Caratheodory's convergence theorem (Theorem 6.6.3 below): wn(z) 
tends to z, uniformly оп compacts, whence w~(z) -+ 1 (п -+ оо). Thus inequal
ity (6.32) holds in the general case. Using this and (6.26) we get <p'(O)+IB(O)1 ~ С4 • 
Finally, it remains to apply (6.28). 

The Caratheodory convergence theorem 

Here we prove the simplest vш·iапt of Caratheodory's theoremj for the general form 
see [23, Сћ. II§5] as well as [19]. 

6.6.3 Тћеогет Let Јп: ПЈ> t-t ПЈ> Ье а. sequence оЕ iiniva.lent functions such tha.t 
Јn(О) = О, J~(O) > О, Јn(ПЈ» с Јnн(ПЈ» Еог every п, and UЈn(ПЈ» = ПЈ>. ТЬеп 
Jn(z) -+ z uniform1y оп compa.ct subsets. 

Proof. Тће set {Јп} is relatively compact in Н(ПЈ» and ћепсе it is enough to 
prove that every H(JI])-convergent subsequence of {Јп} converges to the function 
<p(z) = z. Therefore we сan assume that Јп tends, uniformly оп compact subsets, 
to some function Ј Е Н(ПЈ». Clearly Ј(ПЈ» с ПЈ> and J~(O) -+ 1'(0). Let Dp = 
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{z: Izl ~ р}, р < 1. Since Ufn(JI~) = ID> and Dp is compact, we see that Jn(lD» 
contains Dp for П> по, where па is large enough. The function g(w) = f;;l(pw) 
maps ID> into ID> and у(О) = о and hence у'(О) = р/ J~(O) ~ 1, for П > по. lt foHows 
that J~(O) -+ 1 and hence 1'(0) = 1. Непсе J(z) = z, Ьу Schwarz' lemma, and the 
proof is complete. о 

А probIem 

Let QGH = {Ј*: Ј is а q.C. harmonic homeomorhism of ID>}. Is QCH а group with 
respect to composition? The set of аН quasiconformal harmonic homeomorphisms 
of ID> is not а group because the composition of two harmonic functions need not 
Ье harmonic. Оп the other hand, the set of all quasiconformal transformations of 
ID> is а group (cf. [2]). 

Miscellaneous 

6.6.4 [56] The mapping f = P[ei'P] is quasiconformal if <р Е G1(1R), min<p' > О 
and 

1< (,џ(t) 
~..<.dt < оо 

о t ' 
(6.33) 

where (,џ(t) = sup{ l<p'(x) - <р'(У) I : Ix - yl < t} is the modulus of continuity of <р'. 
Condition (6.33), known as Dini's condition (applied to <р'), is sufficient but not 
necessary for the Hilbert transformation of <р' to belong to LOO

• 

6.6.5 Let G = <p(ID», where <р: ID> t-+ С is а univalent function such that <р'(О) > О. 
Let Јп: ID> t-+ G Ье а sequence of univalent functions such that Јn(О) = <р(0), 

J~(O) > О, fn(lD» с Jn+l(ID» for every П, and UJn(lD» = С. Then Jn(z) -+ <p(z) 
uniformly оп compact subsets. 

6.6.6 Martio [56] proved that condition (6.21) implies that Jf(z) is bounded аЬоуе 
оп ID>. The converse is true because Jf(z) = lш( Jr(z)Je(z)), whence Jj(eie ) = 
<р'(В)А(В). Therefore Ј satisfies а Lipschitz condition оп the boundary iff Jj(z) ~ С 
(z Е ID», where G is а constant, or, equivalently, If(E)1 ~ GIEI for апу measurable 
set Е с ID>. Clearly, this does not imply а Lipschitz condition оп ID>. 

The mapping Ј satisfies а Lipschitz condition оп ID> iff both <р' and Н <р' are 
bounded. 



7 Maximal functions, interpo
lation, coefficients 

This chapter concerns two fundamental facts: 

(1) (mахјmа1 theorem) Тће operator Mrad defined оп h(lD) Ьу 

(Mradu)(ei8
) = sup lu(rei8 )1 

O<r<l 

maps hP to и(Ћ') for р > 1, and HP to LP(T) for р> О. 

(2) (mахјmа1 characterization) Let р Е (О, оо). Ап analytic function ! belongs to 
• 

HP iff Mrad(Ref) belongs to и(Ћ'). 

In Section 7.3 we state а theorem of Hardy and Littlewood оп (С, a)-means in HP 
and ргоуе an analogous result concerning "smooth" Cesaro means. А Marcinki
ewicz theorem for НР, О < Р < оо, with applications to Taylor coefficients, is in 
Section 7.4. In Section 7.5 we consider some extensions of Hardy and Littlewood's 
theorem оп Taylor coefficients. Section 7.6 contains some remarks оп the dual 
of н1 • 

7.1 Maximal theorems 

Radial тахјтаl function 

Let и Ье а complex-valued function defined оп ID. Тће radial maximal function of 
и is the function MradU defined оп Ћ' Ьу 

(Mradu)(() = sup 'и(т()' (( Е Ћ'). 
O<r<l 

In other words, Mradu is the smallest dominant of the family ur(() = и(т(). 

7.1.1 Proposition If Ф Е Ll(T) and ! = Р[ф], then Mrad!(() :::; Мф((), ( Е 
Ћ', where М ј8 the mахјmа1 operator оЕ Hardy and Littlewood defined Ьу (2.12) 
and (2.13). 

-
r t . 

Proof. Let ( = 1, 1'(t) = ЈО ф(е'Х) dx and 

t t 

F(t) = {ф(еiх ) + ф(е-iХ )} dx = 
• 

ф(е'Х) dx = 1'(t) - 1'( -t). 
о -t 

104 



• 

7.1. MAXIМAL THEOREMS 105 
• 

From (3.11) (О = О), substituting -t for t, we get 

1 1 
f(r) = 2 P(r,1I")F(1I") - -2 

11" 11" О 
Р'(Т, t)F(t) dt, 

where Р'(Т, t) = aP/at. It follows that 

IЈИI ~ ~-rмф(о)+.!.мф(о) 
+ r 11" о 

It P'(t)1 dt. 

Now the result follows from Ј; It P'(t)1 dt = 2т /(1 + Т). О 

Radial maximal theorems 

The following theorem, due to Hardy and Littlewood, is an immedia.te consequence 
of Theorem 2.3.1 and Proposition 7.1.1. This theorem provides additional informa
tion оп the convergence in (3.17): if р> 1, the convergence is dominated. 

7.1.2 Theorem (radial maximal) ТЬе operator Mrad тарв h1 (гевр. hP , р > 1) 
into L1,OO(T) (гевр. у(1Г)), and јв continuous . 

• 

It is worthwhile to note that this theorem сan Ье proved without appealing 
to the main maximal theorem. Namely, we сan use Nikishin's theorem, Banach's 
principle, and Fatou's theorem, but Proposition 7.1.1 is of independent interest. 

Using the properties of subharmonic functions, we сan еавНу deduce the "sub
harmonic" version of Theorem 7.1.2. 

7.1.3 Theorem (subharmonic maximal) Let u Ьа а nonnegative, continuous, 
вuЬЬытопјс function оп ID>, and let 

1f 

sup u(rei8 )p dO =: Ар < оо, where р > 1. 
O<r<l -п 

ТЬеп Mradu Е у(1Г) and we Ьауе IIMradUllp ~ Cp(Ap)l/P, where Ср јв а constant 
depending опlу оп р. 

In the саве of analytic functions, Theorem 7.1.2 extends to шl р > О; it is enough 
to take u = l!lp/2 and apply Theorem 7.1.3. 

7.1.4 Theorem (complex таЮтш) For Ј Е НР, Р > О, we Ьауе 
• 

1 

7.1.5 Remark We can use the complex таЮта! theorem to deduce (5.7) 
from (5.10). Namely, from the inequality log lf(pei8 ) I ~ {Mradf(ei8 ) у/р, and 
the complex maximal theorem it follows that {MradJY is an integrable majorant 
ofthe {атНу log IJpl and therefore we тау apply Fatou's lemma to inequality (5.10). 
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А further example: 

1.1.6 Proposition [[! Е Н(][)) a.nd О < Р < 1, then 

М: (р, f) - М:(Т, f) ~ Ср(Р - Т)Р М:(р, /') (О < т < р < 1). 

Proof. From the inequality 

it follows that 

Then the desired inequality is obtained Ьу integration in О and using the maximal 
theorem. о 

Nontangential maximal function 

Theorems 7.1.2, 7.1.3, and 7.1.4 remain true if we replace the radial maximal {ипс
tion Ьу the nontangential maximal function М.и, 

М*и«() = sup lu(z)1 «( Е 1['), 
zEU, 

where То < 1 is fixed and U( = the convex hull of {Izl ~ то} u {(}. These variants 
аге proved Ьу means of the following. 

1.1.1 Proposition [[ Ф Е L1 (1[') a.nd! = Р[Ф], then М.!(() ~ С Мф«(), (Е 1[', 
where С depend8 опlу оп То. 

The proof is very simi1ar to that of Proposition 7.1.1 and we omit itj see the 
proof of Theorem 3.3.7. 

Although the pointwise estimate M.u(eil1 ) ~ const Mradu(e il1 ) is not valid, we 
still have: 

1.1.8 Тћеогеш (Fefferman/Stein [21]) [[О < р < оо a.nd u ~ О 188uЬhагmошс 
in ][), then 

2,.. 2,.. 

{M.u(eil1
)}P dO ~ Ср {Mradu(eil1)}p dO. 

о о 

Proof. The proof is based оп the inequality • 

( )
q Cq 

u z ~ 152 u(w)q dm(w), 
Iw-zl<6 

due to Hardy and Littlewoodj see Theorem 9.1.1. For z = Te il1 Е ][) let 

6. z = {pe it
: Ip - тl < б, It - 81 < б}, 15= 1 - Т. 

-1 , 
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Let z Е и(" ( = eif/ Е 'ЈГ, and 0< q < р. It is еазу to deduce from the preceding 
inequality that 

Непсе 

( ) Ч СЧ 
u z ~ 82 

2С 
U(Z)q ~ 8 q 

8+6 

8-6 

8+6 r+6 
u(peit)q pdp dt. 

8-6 r-6 

g(t) dt, 

Since Z = rei8 Е и(" we ћауе 18 - 771 ~ к(l - Т), к = const., which implies that 

It turns out that 
{М.u(еiТ/)}Ч = SUp U(Z)Q ~ C~Mg(77), 

zEU, 

whence 
{M.u(eiТj)}P ~ C~{Mg(77)}pIQ. 

Integrating this inequality from 77 = О to 27Г, and using Theorem 2.3.1 we get the 
desired result. о 

Kolmogorov's theorem 
. 

It follows from the Theorem 4.4.2 and the complex maximal theorem that if f Е 
Н (IIJ)) and Re f Е h 1, then 

IIMrad1llp ~ Ср 11 Re 1111, for every р Е (0,1). 

This is improved Ьу the following result of Kolmogorov. 

7.1.9 Theorem If f Е H(IIJ)) and Ref Е h1 , then Mradf Е L1,oo, and there is а 
constant С such that 

This can also Ье stated as follows. 

7.1.10 Theorem ТЬе operator u t-+ Mradu acts as а contjnuous operator Етот 
h 1 into Ll,oo ('ЈГ). 

This theorem is еазНу deduced from Corollary 3.3.9, Banach's principle 2.7.1, 
and the NikishinjStein theorem; details are left to the reader. 

Another form of Kolmogorov's theorem concerns the maximal Hilbert oper
ator. 
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7.1.11 Тћеогеш Let 

where 
,.. ф«() - t) - ф«() + t) d 

Е 2 tan(t/2) t. 

ТЬеп Нтах ј8 oEweak type (1,1). 

7.1.12 Remark Тће maximal Нilbert operator maps LP to У, 1 < р < оо. See 
Garnett [22, Сћ. З, Ех. 11]. 

7.2 Maximal characterization of HP 
• 

Тће following theorem, due to Burkholder, Gundy and Silverstein [11] enables us 
to treat HP as а space of harmonic functions and can Ье used to extend HP-theory 
to several real variables (cf. [21]). 

7.2.1 Тћеогеш Let О < р < оо. А fиnction ј = u + iv Е H(Jl}) belong8 to HP јЕ 
and опlу јЕ Ње fиnctjon Mradu belongs to У(Т)ј there hold8 the iпеquаШу 

(7.1) 

Before proving the theorem some remarks are in order. Тће right-hand side 
inequality is а consequence of the complex maximal theorem. In the саве р > 1, 
the left-hand side inequality is а formal consequence of the radial maximal theorem 
and Riesz' inequality (l/Cp )llflIHP ~ lIullLP + Iv(O) 'Р (Theorem 6.2.6). Оп the other 
hand, if 1 < Р < 2, then Riesz' inequality follows from (7.1) and the radial maximal 
theoremj the саве р ~ 2 сan then Ье discussed in various ways (for example, as in 
the proof of Theorem 6.2.6). 

Proof. Ву the preceding remarks, it suffices to prove the inequality 

2,.. 2,.. 

Iv(eilJ)IP d() ~ СР (и+«()))Р d(), О < Р < 2, 
о о 

where и+«()) = Mradu(eilJ), supposing that ј is а polynomial and ј(О) = О. Ву 
Theorem 7.1.8, we сan replace и+ Ьу и·, и·«()) = sup(EA lu«eilJ)l, where 

А = convex ћиll of {1} U {(: 1(1 ~ 1/V2}. 

So it suffices to prove 

2,.. 2,.. 

Iv(eilJ)IP d() ~ СР (и*«()))Р d(), О < Р < 2, (7.2) 
о о 

where u + iv is а polynomial. 
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Let Е>. = 1{8 Е [0,211"]: и*(О) ~ л}l, а>. = {8 Е [0,211"]: и"(8) > л}, and 
тел) = IG>.I· Assume we have proved that 

v2 d8 ~ . и2 d8 + 2л2т(л), л> о. (7.3) 
ЕА ЕА 

Multiplying this Ьу qл -Q-l, q = 2 - Р > О, and then integrating from л = о to оо, 
and using Fubini's theorem, we get 

2,.. 

(u,,)2- Q d8 
о 

Hence 
2,.. 2,.. 

v2(u")p-2 d8 ~ Ср (и")Р d8, р < 2, (7.4) 
о о 

where Ср = 1 + 2(2 - р)/р. То obtain (7.2) assume that Ј:'" (и")Р d8 = 1. Then, 
Ьу Jensen's inequality, 

2,.. 2/р 2,.. 

IvIP(u*)-Р(u"У d8 ~ {lvIP(u")-Р}2/р(u")р d8 
о о 

2,.. 

-- IvI2(u*)p-2 d8; 
о 

now (7.2) follows from (7.4). 

Proor оС (1.3). We can suppose that О < I Е>. I < 211". Let 

F(z) = sup lu(z)l, z Е с. 
(ЕА 

-
The set Fл = {z Е С : F(z) ~ л} п JI]) is nonempty and simply connected because 
the function sup{F(z), Izl/л} is subharmonic in С. Also, Fл contains the set Н>. = 
U{ei8 А: 8 Е Е>.}. Let Г>. = (дн>.) ....... Е>.. Ву Cauchy's integral formula, we have 

1 . /(Z)2 dz = /(0)2 = О, 
211"~ дНА Z 

whence 

- f(e i8 )2 d8 = f(e i8
)2 (d8 + idr/r). 

ЕА ГА 

Taking the real parts we get 

(и2 - v2
) d8 - 2uvdr/r. 

ГА ГА 

Since Idr /rd81 ~ 1 оп Г>. and 21uvl ~ и2 + v2
, we conclude that 

v2 d8 ~ и2 d8 + 2и2 d8 
ЕА ЕА ГА 
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, 

Now the desired result follows from the inequaHty 

u2 dB ~ >.2 dB = 
ГЈ\ ГЈ\ 

Thiscompletes the proof of the theorem. о 

Remark. The above proof is а slight modification of Koosis' proof (see Garnett 
[22]). The only difference is in that Koosis uses (7.3) to show that 

2 л 
/{В: /v(B)/ > >.}/ ~ т(>.) + >.2 О sт(s)ds. 

7.3 "Smooth" Cesaro means 

In contrast to the case 1 < р < оо, the sequence {zn} is not а Shauder basis in 
HP for р Е (0,1]. Hardy and Littlewood proved that this sequence is а (С, а) basis 
in HP for а > l/р - 1 (р ~ 1) (for а proof, see [67]). Instead, we shall construct 
the "smooth" Cesaro basis, which has ап advantage in that it is "universal", ј.е., 
independent of р (Theorem 7.3.4). Before, we state the theorem of Hardy and 
Littlewood. 

Тће Cesaro means of order а > -1 of ап analytic function Ј are defined Ьу 

(10/ J(z) = Г(n + 1) ~ Г(а + п + 1- k) Лk)zk 
п Г(а + п + 1) ~ Г(n + 1 - k) , 

k=O 

where Г is the Euler gamma function. In particular 

п k 
(1~J(z) = 2:(1- )Лk)zk. 

k=O П + 1 

Define the тюdта! operator (1 mах Ьу 

((1::'ахЛ(() = sup /(1~J(()/ (( Е 'ЈГ). 
п 

It should Ье noted that the nontangential тахјта! function М.Ј is dominated 
Ьу а constant multiple of (1::'ахЈј in the case а = 1, this follows from the inequality 

/1 - z/2 1 
/f((z)/ ~ (1 _/z/)2 ((1mахЛ((), 

and this follows from the formula 
оо 

J((z) = (1 - z)2 2:(n + 1) ((1;Ј) (() zn. 
n=О 

7.3.1 Theorem If О <р ~ 1, а > 1/р-1, and Ј Е нр, then II(1::'axJ/lp ~ Cp/lJ/lp, 
Нт "Ј - (10/ Ј" = О, and Нт (10/ J(e iIJ

) = f(e iIJ
) а.е. 

n-too п Р n-too п 



In the сазе 1 < Р < оо, there is а тисћ deeper result, due to Carleson[12] and 
Hunt[31], which states that the above relations hold for the partial sums of f Е hP 

(see р. 41) .. 

The polynomials W п 

Let Ф Ье а complex-valued Coo-function with compact support in IR. Define the 
trigonometric polynomials Wn , п ~ 1, Ьу 

Wn(eit ) = Wj'(eit ) = L Ф(~)еikt. 
Ikl<oo 

7.3.2 Lemma Por every роsШvе integer N there holds 

(101 < 11"), 

where CN depends опlу оЕ N and ф. 

Proof. Suppose that supp Ф is contained in, say, the interval [-2, 2]. Then 

k=-oo 

оо k 
= L ф п 

k=-oo 

N N 

L m 
т=О 

N 

= L(-1)m N 
m 

оо 

LФ 
т=О k=-oo 

оо 

LФ 
k=-oo 

оо 

=L 
k=-oo 

N+2n 

=L 
k=-2n 

k - m ikIJ 
е 

п 

k-m 
п 

k-m 
п 

Тће inner sum in the last expression, denote it Ьу Sk,N, is equal to the symmetric 
difference of order N of the function ф(хјn). Ву Lagrange's theorem, for every k 
there exists f.m,N such that Sk,n = n-N ф(N) (f.m,N). Since the derivative ф(N) is 
bounded, we see that IWn(eiIJ)1 ::;; CIOI-Nn1- N, {or -11" < О < 11", with С depending 
only оп N and ф. Оп the other hand, from the definition of Wn it follows that 
IWn(eiIJ)1 ::;; Кп, where К = 2 тах IФI. This concludes the proof. о 

.. - ---
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The operator W тах ' 

For а function / Е H(JD», we define the таЮтal function Wmax/ Ьу 

(Wmaxf)(() = sup IWn * /(()I 
п 

7.3.3 Lemma [[О < q ~ 1, then 

(Wmaxf)q ~ Сч M(lflq), 

Proof. Let sирр(ф) с [-2,2]. ТЬеп 

2n 

(( Е 'lГ). 

1 1Г. 

IWn * /(()I ~ 27Г -1Г /(r(e
it

) L r-kф(kјn)е-ikt dt 
k=-2n 

2n L r2n-kФ(kјn)е(2n-k)it dt. 
-2n 

For fixed ( ,п put 
2n 

'fJ(z) = I(z() L ф(kјn) z2n-k 
k=-2n 

(7.5) 

and rewrite the preceding inequality as IWn * /(()I ~ т-2n M1 (Т, о). ТЬе function 
9 is analytic and ћепсе M1(T,g) ~ (1 - r2 )1-1/qМq (1,g) (see Corollary 5.1.2). 
Putting r = 1- 1ј(n + 1), we get 

1г 

-1Г 

1г 

-1Г 

Непсе, Ьу Lemma 7.3.2, we get 

IWn * l(eit)l q ~ Cn1
-

q 11(0 + t)lq nч dO 
181<1/n 

+ Cn1- q 1/(0 + t)lq n(l-N)qlol-Nq dO 
1/n<181<1Г 

= Сп 11(0 + t)lq dO 
181 <l/n 

1г 

+ Cn1-
Nq {I/(t + O)lq + I/(t - O)lq} O-Nq dO. 

l/n 

ТЬе first summand јп the latter sum is dominated Ьу С M(lflQ)(eit ). Write the 
integral јп the second summand in the form 

1г 1 1Г 1г Ј = O-Nq dF(O) = Р(О) + Nq F(O)O-Nq-l dO, 
l/n l/n l/n 
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where 
8 

Р(О) = (If(t + x)lq + If(t - x)I Q
) dx. 

о 

From this we obtain 

Ј~F(1Г)+Nq SUp P~O) ,.. O-NQdО 
. 0<8<,.. и l/n 

Nq Р(О) Н-l 
~ Р(1Г) + sup П Q 

Nq -1 8 О 

~ CnNq
- 1 M(lflQ)(e it ), 

where we choose N so that N fJ > 1. This completes the proof. о 

The "W -maximal" theorem 

From the preceding lemma, Ьу the таЮта! theorem and the theorem оп conver
gence almost everywhere (Theorem 2.7.2), we get the following. 

7.3.4 Theorem Рог еуегу р Е (О, оо] we Ьауе 

If ф(О) = 1 and р < оо, then 

Нт 111 - Wn * fllp = О, 
n-+оо 

Нт Wn * f(e i8
) = J(ei8 ) almost everywhere 

n-+оо 

{ог еуегу f Е нр. 

(7.6) 

(7.7) 

(7.8) 

Proof. Let О < q < р and s = pjq. ТЬеn (WmaxJ)P ~ С {M(lfl Q)}', because 
of (7.5), so we get (7.6) from the таЮта! theorem 2.3.1, appHed to L'. ТЬе 

relation (7.7) holds if f is а polynomial; that (7.7) holds for all f Е НР, follows 
from IIWn * fllp ~ Cllfllp and Theorem 1.2.2. Finally, (7.8) is proved Ьу using 
Theorem 2.7.2. о 

7.3.5 Exercise Let (ј = s + it Ье а complex number and р > о. ТЬеn 

4n 

хn' Lakzk . 
р k=n р 

This can Ье proved Ьу taking Ф(х) = х/т<р(х), where <р is а COO-function such that 
supp(<p) С (0,00) and <р(х) = 1 for х Е [1,4]. 
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Assume there exist constants С1 and С2 , independent оЕ ј, such that·· 

IIT fllp,oo ~ C1 11fllp , 
IIT fllq,oo ~ C2 11f1lq , 

(7.9) 

ТЬеп foг еуегу s Е (р, q) there exists а constant С independent оЕ f such that 

IIT flI8 ~ CllflI8 , 

Observe that the СаБе q = оо is now excluded. In that СаБе the things Не much 
deeper, as опе сап see in [7, Ch. 5]. 

Proof. The idea is the saтe as in the СаБе of the classical Marcinkiewicz's 
theorem. The unique obstacle is in that we cannot use the old decomposition 
of f because g). need not Ье in НР(1Г). Fortunately, we have the decomposition 
f = g). + h)., where 

IIg).lI~ ~ А IflР da, 
111>). 

Iflq da + A..\2q 
111~). 

IfI-q da, 
111>). 

where A=const, and da is the normalized теаБurе оп 1г (Lemma 7.4.2 below). 
Assuming that Т is subadditive and С1 = С2 = 1, we have 

јЈ.(Т ј,..\) ~ jJ.(Tg)., ..\/2) -+ jJ.(Th)., Л/2) 

~ А(2/ ..\)Р IflР da + А(2/ ..\)q 
111>). 

+ A(2..\)q IfI-q da = /1 (..\) + 12(..\) + 1з(..\). 
111>). 

Now we multiply this Ьу в..\8-1 and integrate these three summands from ..\ = О to 
оо. For instance, we have 

s 
оо 

/з(..\)..\8-1 d..\ = A2q 111 A2q 
..\q..\s-1 d..\ = __ 

о q+s о 

In the СаБе of /1 and 12 we proceed similarly. О 

The following lemma is essentially due to Bourgain [9]. The following presenta
tion is taken from Кislyakov/Xu [43]. 
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7.4.2 Lemma Н 1 Е HP (О < Р < оо) and л > О, then there ме fuпctions 
h Е Нео and g Е HP вuсь that 

Ih.1 ~ Слmiп C~I, 1:'1) and 

IIgll~ ~ С If.(()lp Id(l, 
(ЕТ, I/.ЮI>>' 

where С depends оn1у оп р. 

Proof. Let л> О and define the functions а оп Т, and F оп ID Ьу 

. (11.1)1'/2 
а = тах 1, л 

1 
and F = _. 

Р[а] + iP[a] 

Since Р[а] ~ 1 in ID, we have О < IFI ~ 1 in ID. Therefore the function 

G = 1 - (1 - F 4/p)2/p 

is well defined, analytic and bounded in ID. We claim that the functions h = G 1 
and g = (1 - а)1 satisfy the desired conditions. 

Since IF.I ~ l/а and ,а, ~ CIFI4/p (Ьу Schwarz' lemma), we have 

( 11 1)-2 /h.1 ~ CI/.I min 1,; , 

and this gives the desired estimate for h. Оп the other hand, 

Ig.1 ~ С/l - F./ 2/p /1.1 

~ С а - 1 + /Н(а - 1)/ 
а а 

2/1' 

1/./ 

~ С(1 - l/а)2/1' /1./ + СЛ /Н(а _1)/2/р , 

where Н is the Нilbert operator. Since а = 1 оп the set {l/.1 < л}, and Н is 
bounded оп L2 , we see that 

IIgll~ ~ С (1 - l/а)21/./Р + СлР 'Н(а - 1)/2 
Т Т 

~ С 11.11' + Сл1' (а - 1)2 
1/.1>>' Т 

~C 1/.11'. 
1/.1>>' 

This completes the proof. о 
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Application to Taylor coefficients 

As ап example, consider the operator 
~ 

(Т л(n) = (п + 1) sup lJ(k)l, 
O~k~n 

Ву Corol1ary 5.1.3, for every р Е (0,1) we have 

f Е НР, П ~ О. 

Define the measure џ оп П = {0,1,2, ... } Ьу џ({n}) = (п + 1)-2. Then, arguing 
as in the proof of Theorem 2.2.5 we find that Т satisfies (7.9) for everyp Е (0,1). 
Непсе, Ьу Theorem 7.4.1, Т maps HP into LP(n,JL), for every р Е (0,1). Thus we 
have proved: 

оо ~ 

7.4.3 Theorem [57] IE f Е НР, О < Р < 1, then L (п + 1)р-2 sup If(k)IP < ОО. 
n=О k~n 

As а corol1ary we have part (а) of the fol1owing theorem of Hardy and Little
wood. 

~ 

7.4.4 Theorem (а) IE f Е НР, О < Р < 1, then lJ(n) I = о(n1 /Р- 1 ). 
~ 

(Ь) Assertion (а) is optima1 ЈП the fol1owing sense: IE If(n)1 = О('Фn) for every 
f Е НР, where 'Фn > О, then there is а constaпt с > О such that 'Фn ~ cn1 /р- 1 • 

~ 

Proof. То prove (Ь) assume that lJ(n)1 = О('Фn). Consider the space 1.':;: of аН 
scalar sequences {аn } for which lI{аn}IIФ := sUPn 'Ф;llаn l < оо. Ву the hypothesis 
we have HP С 1.':;:. То prove that the inclusion operator is continuous assume 

~ 

that (1) јј -t f in НР, and (2) {Јј(n)} -t {аn} in 1.':;:, as ј -t оо. It foHows from 
~ ~ 

assertion (а) and (1) that јј(n) -t Ј(n), ј -t ОО, for every n. Оп the other hand, (2) 
~ ~ 

implies that јј(n) -t аn for every n. Непсе аn = Ј(n) for every п, and therefore 
the closed graph theorem teHs us that the inclusion is continuous. In particular, 

~ 

we have sUPn 'Фn 1 Ifr(n) I ~ Cpllfrllp, О < r < 1, where fr(z) = (1- rz)-2fР and Ср 
depends only оп р. Since 

we conclude that 'Ф;ln2/Р-lrn ~ С(1 - т)-l/Р , where С is independent of r and 
n. Now the desired result is obtained Ьу taking r = 1 - 1/n. О 

LЧпtеgrаЫlitу of Мр(Т, f) 

We have proved that if f Е НР, Р < оо, then 

Мч(Т, f) = О (1 - т)l/Ч-l/Р ) (Т -t 1) for q > р, (7.10) 
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see (5.3). Тћеп, using the fact that the polynomials are dense in НР, we can prove 
that (7.10) remains valid if we replace "О" Ьу "о". This is further improved Ьу 
inequality (7.11) below because Мр(Т, Л increases with Т. 

7.4.5 Theorem (Hardy/Littlewood) Н f Е НР, О < Р < оо and оо ~ q > р, then 

1 

(1 - r)-p/q М:(т, л dr ~ Cllfll:, 
о 

where С depend8 оn1у оп р, q. 

From (5.3) and (7.11) we get the following: 

7.4.6 Corollary Н f Е НР, О < Р < оо, оо ~ q > р and 8 ~ р, then 
. 1 

(1 - r)sa-l М;(т, л dr ~ CIIJlI;, 
о 

where а = l/р - l/q (> О) and С ј8 independent оЕ ј. 

In the case s = q, this can Ье written јп the form: 

7.4.7 Corollary Н f Е НР, О < Р < оо and q > р, Њеп 

lf(z)lq(1-lzI 2 )q/р-2 dA(z) ~ см IIJlI~· 
D 

In connection with this corollary see 5.3.5. 

Proof of Theorem 7.4.5. We сап suppose that q < оо because 

Моо(Т, Л ~ (1 - r)-l/q Mq( vr, Л. 
Define the (quasilinear) operator Т: HP t-+ С (О, 1) Ьу 

(ТЛ(r) = (1- r)-l/qМq(r,Л, 0< r < 1. 

(7.11) 

We will prove that Т maps НВ into U.ОО (О,l) for s = р and s = q. Ву Тћео
rem 7.4.1, this will imply that Т maps НВ into LB(O, 1) for р < s < q; this will 
conclude the proof. 

In the case s = р we use inequality (5.3); we get 

(7.12) 

where А is а positive constant. If IIJllp = 1, then it follows from (7.12) that 

'{Т Е (0,1): Тј(т) > л}1 ~ '{Т Е (0,1): А(l- r)-l/p > л}1 = тјп(l, (А/л)Р), 

which proves that Т is of weak type (р,р). In the case s = q the desired conclusion 
follows from the inequality Mq(r, Л ~ Ilfllq. Тће proof is complete. о 

Remark. For а more elementary proof, see [18]. 

7.4.8 Exercise If f is harmonic јп ID, then (7.11) holds for q > р > 1. 
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7.5 Оп the Hardy /Littlewood inequality 

As а consequence of Theorems 7.4.3 and 2;2.4 we haveanother result of Hardy and 
Littlewood. 

7.5.1 Theorem Л f Е НР, О < Р < 2, then 
оо 

К := ~)n + 1)P-2 IЛn)IР ~ Cp"J"~. (7.13) 
n=О 

л а. funcUon f Е H(JD) ва.ивnев the condition К < оо, foг воте р> 2, then f Е HP 
and "J"~ ~ СрК. 

Јп the саве 1 < р < 2, this theorem is, of course, weaker than Theorem 2.2.4. 
The following proof contains, however, an improvement of (7.13) in other direction. 

Proof. In the саве q = 2 > p,inequality (7.11) сап Ье written as 

1 оо р/2 

(1 - r)-p/2 2: 11(n)12r2n dr ~ Cp"J"~. 
о 

(7.14) 
n=О 

Let f Е НР, О < Р < 2. We use (7.14) and Lemma 7.5.4 belowto get 

(7.15) 
n=О 

Since card(In) = 2n for п ~ 1, and the function t н tp/ 2 , t > О, is concave, we have 

тn 2: IЛk)1 2 
р/2 

~ 2-n 2: IЛk)IР, 
kEI" kEI" 

and this together with the previous relation implies (7.13). 
То discuss the саве р> 2 we consider the space Хр С H(JD) defined Ьу condi

tion (7.13). It is еавНу seen that (Хр)* = X q , 1/р + 1/q = 1, with respect to the 
bilinear form 

оо 

(ј,у) = 2: лn)g(n) 
n=О 

Since (НР)* = Hq, 1 < р < оо, with respect to the эате form, we deduce from 
HP С Хр , Р < 2, that X q с HQ, q > 2.The proofis complete. о 

Inequality (7.15) сan Ье improved Ьу combining Theorem 7.4.5 with the Haus
dorff/Young theorem. For example, in the саве р = 1 we get: 

7.5.2 Theorem [57] Л f Е Hl, then 

оо l/Q 

2: тn 2: 11(k)IQ < оо, 0< q < оо. (7.16) 
n=О kEI" 
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· 

Note that the quantity in (7.16) increases with q. In the саве q = 1, (7.16) 
reduces to 

оо ~ L If(n) I 
n=оn+l 

< оо. 

Addendum: Littlewood's conjecture 

In connection with the so called Littlewood's conjecture, 

О 

п 

L ei>'kf} d() ~ clogn, 
k=l 

the following extension of Theorem 7.5.1 (р = 1) was proved in [65]. 

7.5.3 Theorem Н {лn}i'" is а strictly increasing sequence оЕ роsШvе integers, 

and Ј Е Hl is such that suppl С {лn : п ~ 1}, then L:::'_l n-1IЛлn)1 ~ CIIJIII, 
where С is independent оЕ {лn} and Ј. 

LP-integrability of power series with positive coefficients 

7.5.4 Lemma Let а: > -1, О < q < оо, and Јп = {k : 2n ~ k < 2n +1 } for 
п ~ 1, ЈО = {0,1}. Н {аn} is а sequence оЕ nonпegative numbers such that the 
series G(r) = Е::'-о аnтn converges for every r Е (0,1), then the following three 
сопdШопs аге equiva1ent and the corresponding quantШеs are "proportiona1": 

1 

(1 - r)O<G(r)Q dr < оо, 
О 

n=О kEln 

оо п Q 

L(n + 1)-0<-2 Lak < оо. 
n=О k=O 

Јп the саве ofthe function G(r) = sUPn~O аnтn the expressions L:kEl
n 

ak, Е;_о ak 
shoи1d Ье replaced Ьу sUPkEln ak, sUPo~k~n ak, respectively. 

This lemma is an immediate consequence of its special саве: 

7.5.5 Lemma Let {ak} Ье а sequence оЕ nonnegative rea1 numbers such that 

the series Р(Т) = E~o akr2k converges for every r Е (0,1). Let о: > -1 and 
0< q < оо. ТЬеп the conditions 

1 

А := (1 - Т)О< F(r)Q dr < оо 
О 

I 

оо 

and В:= L 2-(o<+1)a% < оо 
k=O 

аге equiva1ent. There holds the inequa1ity В/С ~ А ~ СВ, where С depends опlу 
оп 0:, q. ТЬе same holds for the Еипсиоп Р(Т) = SUPk akr2k. 
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Proof. ТЬе proof ofthe inequality А ~ В/С is very simple (see, e.g., the proof 
of Theorem 11.1.1, р. 165)(·). То prove the reverse inequality, observe first that 
the саве q :::; 1 is trivialj we integrate the inequality 

оо 

(1 - т)'" F(r)q :::; (1 - т)'" L a~rq2k. 
k=O 

In the саве q > 1 we can use Jensen's inequality (ав in [58]), or proceed.as follows. 
Write the inequality А:::; СВ as IIT({an})(r)IILq(IL) :::; Cqll{an}l/tQ , where 

оо 

Т({аn})(т) = (1- т),в L 2,вnаnт2
n

, {3 > О, 
n=О 

and df-L(r) = dr/(1 - т). It is еавНу verified that Т maps ђ to и(џ) for q = 1, оо, 
so we сan apply the Riesz/Thorin theorem. О 

Miscellaneous 

7.5.6 If а> О and let {аn} Ье а nonnegative sequence, then the following condi
tions ые equivalent: 

оо 

L anrn = о( (1 - т)-"') (т -+ Г), and L ak = 0(2"'n) (п -+ оо). 
n=О kEln 

ТЬе equivalence remains true if we replace "О" Ьу "о." 

7.5.7 If / Е нр, 1 < р < 2, and {Лn}l") is а strictly increasing sequence of positive 
~ 

integers, then 2:: 1 np-2 1f(лn )IР < оо. 

7.5.8 [59] Lemma 7.5.4 сan Ье generalized in the following way: 
~ 

For ал ana1ytic fиnctjon / let дnf(z) = 2: /(k)zk. Let 1 < р < оо, О < q < оо, 
а > О. Then kEln 

1 оо 

(1 - r)q"'-l М$(т,!) dr < оо јЕ алd only јЕ L (2-"'nllдn/llр)q < ОО. 
n=О О 

In the саве q = оо there holds the equjva1ence 

Мр(т,!) = 0(1 - r)-a .; :. IIдn/llр= 0(2аn). 

This сan Ье deduced from Lemma 7.5.5 in the following way. We have 

оо 

Mp(r,!) :::; L Mp(r, дп!), 1:::; р :::; оо, 
n=О 

and, Ьу Riesz' projection theorem, Мр(т,!) ~ Ср sUPn~O Мр(т, дп!), 1 < р < оо. 
It remains to apply 4.1.4. 

(.) It јв, however, difficult to prove that this inequality remains hold if we drop the hypothesis 
аn ~ Ој see Theorems 11.4.1 and 11.4.2. 
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7.5.9 Let 1 < р < оо, f Е Н(ПЈ», and let the sequence f(n) Ье decrea.sjng. ТЬеп, 
f Е HP jf and оn1у ј[ 

оо 

~)n + 1)P-2 1f(n)IР < оо. 
п=О 

This сап Ье deduced from 7.5.8 aпd the LittlewoodjPaley theorem. 

7.5.10 Assertion 7.5.8 does not hold for р Е (0,1) U {оо}. Then we сап use 
Theorem 7.3.4 to replace 6.п! Ьу Г п * ј, where Г п is а sequence of polynomials 
Г п, п ~ О, satisfying, for all р > О, 

оо 

f = L г п * ј, f Е Н(ПЈ», 
п=О 

Ilr п * fllp ~ Cpllfllp, f Е НР, 

Ilr nllp х 2n(1-1/p). 

А more complicated polynomials сап Ье constructed Ьу means of Theorem 7.3.1 
(cf. [69]). Such polynomials play а central role in calculating multipliers for various 
spaces of aпalytic functions (cf. [33, 70]). 

7.6 Оп the dual of Н1 

А function Ф Е Ll (Т) is called а function of bounded mеап oscillation if 

where 

aпd the supremum is taken over all subarcs of Т. 

1 
ФI = 111 

The class ВМО = {ф: IIФII* < оо} is normed Ьу IIФIIвмо = IIФIIL1 + IIФII*. The 
intersection of ВМО with Hl(T) is denoted Ьу ВМОА. 

The famous theorem of Fefferman states that ВМОА is isomorphic to the dual 
of Hl (Т). This meaпs the following: 

А fиncиon Ф Е Hl (Т) belongs to ВМОА jf and опlу ј[ 

sup 21 ,.. ф(еit)Q(е-it ) dtl = IIФII~ < оо, 
IIQlll ~l 1г -,.. 

(7.17) 

where the supremum js taken over the set о[ а11 polynomja1s јп H 1 • Moreover, the 
погm 11· II~ js equjva1ent to the orjgjna1 погm јп ВМОА. 

The proof of Fefferman's theorem as well as of various other properties of ВМОА 
сап Ье found in Garnett [22, Ch. VI]. Here we сап accept (7.17) as а definition of 
ВМОА. Also, we сan treat ВМОА as а space of aпalytic functions оп ПЈ>, via the 
Poisson integral. Then Theorem 7.5.2 leads to the following. 
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-

7.6.1 Theorem [57] Let {аn}О' Ье а sequence оЕ сотрlех numbers sаtisfyшg 

1/q 

< оо, Еог some q > 1. (7.18) 

ТЬеп the function J(z) = Z=~ anzn belongs to ВМОА. 

Note that (7.18) is satisfied if аn = О(lјn). 

7.6.2 Remark It is interesting that condition (7.18) is sufficient for the validity 
of the implication 

оо 

~;. L аn converges; 
n=О 

see Theorem 11.2.2 and CoroHary 11.2.3. 

Miscellaneous 

7.6.3 The space ВМОА is closely related to two important spaces offunctions
the space НОО and the Вloch space ~ = {Ј Е H(IIJ)): sUPZED{1-lzI2)1f'(z)1 < оо}. 
It is clear from (7.17) that IIjll~ ~ 1111100 so ноо С ВМОА. This inclusion is proper 
because the function J(z) = Z=:=1 znj(n + 1) is in ВМОА but not in ноо. 

The inclusion ВМОА с ~ сan Ье deduced from the еавНу proved relations 

and 

IIQIiI ~ IQ(O)I + С IQ'(z)1 dA(z), 
D 

where С is an absolute constant. The inclusion is proper. Namely, the function 
J(z) = Z= z2" is in~. Оп the other hand, since н1 С HP for 1 < р < оо, and , 
(нр)* = HP (Theorem 6.3.2), we see that ВМОА с HP for every р < оо and 
therefore ј is not in ВМОА because ј is not in н2. 

7.6.4 Fefferman's duality theorem сan Ье expressed in terms of multipliers, па
mely: 

ВМОА = (н1 , ноо ) := {у Е H(IIJ)): 9 * ј Е НОО for аН ј Е Н!}. 

It was proved in [61] that (Н!, ВМОА) = ~. 

7.6.5 If ј Е Н1 and 9 Е ВМОА, then J(eit)g(e-it ) need not Ье integrable оп 
[-11",n-]. Example: 

1-Z( 1-z)-2 
j(z) = z2 1 + z log 1 + z ' 

1-z 
g(z)=logl . 

+z 

• 



8 Bergman spaces: 
Atomic decomposition 

Јп this chapter we consider the CoifmanjRochberg theorem оп the atomic 
decomposition of Bergman spaces (Theorems 8.3.1, 8.3.4) as well as some ар
plications, due to Kalton [37], to the theory of vector-valued analytic functions 
(Theorems 8.4.2, 8.4.3). Some technical simplifications in the proof of the Coif
manjRochberg theorem ые made. Kalton's results ые formulated in а more precise 
form (Theorems 8.4.3, 8.4.5). 

Further topics in the theory of Bergman spaces сan Ье found in the book of 
Hedenmalm, Korenblum and Zhu [28]. 

8.1 Bergman spaces 

Let О < Р < оо. The Bergman space АР is the subspace of LP(JI}, dA) consisting of 
analytic functions. The quasinorm сап Ье written as 

1 

о 

lр (Т, f) rdr, 
1 

where lр (Т, f) = 21Т 

8.1.1 Proposition For р Е (О, оо) there hold the fol1owing: 

-,.. 

(а) For еуегу z Е JI} the fипсМопа1 1 I--Т I(z) 18 cont1nuou8 оп АР; 
(Ь) ТЬе 8расе АР 18 complete; 
(с) Н 1 Е АР, and le(z) = I(gz), then lе Е АР and 11I - lell ~ О (g ~ 1),
(d) ТЬе 8et оЕ а11 роlynот1а18 18 а den8e 8ub8et АР. 

Proof. The function IflP is subharmonic, which means that 

lf(z)IP ~ ~2 

whenever R ~ 1 - 14 It follows that 

which proves (а). 

lf(w)IP dA(w) 
Iw-zl<R 

(8.1) 

(Ь) If {Јп} is а Cauchy sequence in AP(JI}), then, because of (8.1), it converges 
uniformly оп compact subsets to а function 1 analytic in JI}. Оп the other hand, 
since LP is complete, {Јп} converges in the LP metric to some function 9 Е LP. 

123 
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And sinee Јп -t Ј in LP(K), where К is anу eompaet subset of D, we ћауе Ј = 9 
almost everywhere. 

(с) Let Ј Е АР, О < Р < 1. Тћеп 

1 

IIJ - Jull P = 2 lр(Т, Ј - Ј(Ј rdr. 
о 

Sinee lр(Т, Ј - Ји) ~ lр(т,1) + lр(Т, Је) and lрЈт, Је) = lр(Т(ј, 1) ~ lр(т,l), the 
funetion r f-t 21р (т,1) is an integrable dominant so we еan apply the dominated 
eonvergenee theorem. Тће ease р ~ 1 is diseussedin а simi1ar way. . 

(d) Let Ј Е АР, € > О and О < (ј < 1. Тће Taylor series of Је eonverges 
uniformly оп JI:D, whieh implies IIJu - snll ~ € for п large enough, where Sn ые the 
partial sums of the Taylor series of Јр. Now (d) еап easily Ье dedueed from (с). 
о 

Exercises 

8.1.2 Тће assertion (с) of Proposition 8.1.1 holds and for an arbitrary funetion 
Ј Е LP(JI:D). 

8.1.3 Тће inelusion Aq с АР is eompaet for q > р. 
Remark. It is known that АР is isomorphie to [Р (see Theorem 1.5.1). And 

sinee every operator from fq to [Р, q > р, is eompaet (see Theorem 1.5.6), every 
operator from А q и АР, q > р, is eompaet. 

8.1.4 There holds the inequality IJ(z)1 ~ (1 -lzI2)-2/р llflIАР. See Lemma 5.1.1. 

8.1.5 For every р> о and every polynomial f(z) = L~=m akzk there holds the 
inequality 

1 1 
п + l"f1lнр ~ IIfllAP ~ т + 111f1lнр. 

8.2 Reproductive kernels 

Let 
1 

Kp(w,z) = (1- WZ)2/p+l (z,W Е JI:D). 

Let dJlp denote the measure defined over JI:D Ьу dJlp(w) = Ср(l -lwI2 )2/р-ldА(w), 
where 

~ = D (1-lwI 2 )2/Р-ldА(w) = ~. 

Тће following theorem shows that da Кр has the reprodueing property. 

• 
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8.2.1 Theorem Let О < Р :::;; 1 and f Е АР. ТЬеп (ог еуегу z Е ][) tbe function 
w .-.+ f(w)Kp(w, z) ЬеЈопgэ to Ll(][), dJLp) and tbere bolds tbe folшulа 

f(z) = Kp(w, z)f(w) dЏp(w). (8.2) 
D 

Proof. Н 11!lIAP = 1 and z Е ][), then, according to (8.1), 

If(w)1 = If(w)IP If(w)1 1 -Р :::;; lf(w)jP(I-lwl)-2/Р+2, 

which implies that the function w .-.+ f(w)Kp(w, z) is in Ll(][), dJLp). It follows that 
the functional 

Azf = Kp(w,z)f(w) dJLp(w) 
D 

is well defined and bounded оп АР. Since the functional f .-.+ f(z) is bounded 
(Proposition 8.1.1(а» and the polynomials are dense in АР, we see that the proof 
of (8.2) reduces to the proof that Azf = f(z) for f(z) = zn, П ~ О. However this 
follows пот the formulas . 

1 ~ Г(а + k + 1) k 

(1- z)o<+1 = ~ Г(а + l)r(k + l)z , 
k=O 

• 

(1-lwI2 )0<-1IwI2kdА(w) = Г(а + l)r(k + 1) 
D r(a+k+l) 

(1 -lwI2 )0<-ldА(w), 
D 

which зrе true for а > О, and the formula JD wmwn dA(w) = О (т '1 п). о 

Remark. А more interesting proof of (8.2) сan Ье found in [63]. 

8.2.2 Lemma Let f Е АР, О < р:::;; 1 гпа let 

g(z) = IKp(w, z)llf(w)1 dJLp(w) 
D 

(z Е ][). 

ТЬеп 9 Е и(][), dA) гпа tbere Ьоldв tbe inequa1ity IlgllLP :::;; Ср IlfIlAP. 

Proof. Let & Ье а partition of the unit disk into disjoint sets Е with the 
following properties: 

2. diam(E) ~ С 
С:::;; 1 - Iwl ~ 

1 зrеа(Е) 
С :::;; (1 _ Iwl)2 :::;; С 
1 1 -1(1 
с :::;; 1 _ Iwl :::;; С 

(w Е Е), 

(w Е Е), 

«(,w Е Е), 

where С is an absolute constant. Such а family consists of the sets 

{ 
1 1 

z: 2Нl < 1 -Izl :::;; 2k ' 
27Гј 27Г(ј + 1) } 
2Н2 :::;; arg z < 2Н2 ' 
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where k = О, 1, 2, ... , о ~ ј < 2k +2. Let Е = {Еn : п ~ 1}. Then 

оо 

g(z) ~ С ~)1 -lwn l)2/P-l lf(w)Kp(w, z)1 dA(w) 
n=l Еn 

оо 

~ С ~)1 - Iwn l)2/P+l вир If(w)Kp(w, z)l, 
n=l wEEn 

where {wn} is an arbitrary sequence such that W n Е Еn and С is а constant 
depending only оп р. It follows that 

оо 

g(z)P ~ C2)1-lwnl)2+Р вир lf(w)Kp(w,z)IP. 
n=l wEEn 

For а fixed z the function 
• 

(1 - wz)2/p+l F(w) = lf(w)Kp(w,z)IP = 
f(w) Р 

is subharmonic in ID Ьесаиве the function f(w)j(1 - wz)2/P+l is analytic with 
respect to w. Therefore 

1 
F(w) ~ A(D

w
) D

w 

Р(() dA((), 

where Dw С ID is an arbitrary disk centered at w. From this and the properties of 
the family Е we get 

lf(w)IP 
Вn 11 - wzl2+p dA(w), 

where Вn is the union of those Е Е Е for which the set Е п Еn is nonempty. 
Combining these with the inequality 

1 С .,----.....,..,.....- dA(z) ~ ...,----,-....,,-
D 11 - wzl2+p (1 -Iwl)p 

(вее Lemma 8.2.3 below), we get 

оо • 

g(z)P dA(z) ~ С L lf(w)IP dA(w). 
D n=l Вn 

Now our result follows from the еавНу checked fact that each Вn contains at most 
N members of the family Е, with N being independent of n. о 

8.2.3 Lemma Let 

11 - iiwl- s dA(w). 
D 
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There hold the relations( *) : 

(1 - lal)-s+1 for 8 > 1 

Ја(а);::::: log 1!IBI for 8 = 1 (а Е IIJ)), 

1 for 8<1 

(1 -lal)-s+2 for 8> 2 

Јв(а);::::: log 1!IBI for 8 = 2 (а Е IIJ)). 

1 for 8<2 

РгооС. Since Ја(а) = 2Јо1 Js(ra)dr, it suffices to discuss the саве of Јв . Let 
р = lal < 1. We have 

1 
Јв(а) = -

1г 

1 
~ 
~-

". 

[(1- т)2 + 4rSin2 (8ј2)ГВ/2 d8 
о 

о 
1г О 

8.З The Coifman/Rochberg theorem 

• 

It is the idea of Coifman and Rochberg [15] to represent а member of АР as а sum of 
"atoms" Ьу replacing the integral in (8.2) Ьу а Riemannian sum over а sufficiently 
fine partition of the disk. They proved the "decomposition theorem" for every 
р > о and for а class of domains in сп, in particular оп balls. Here we consider 
the саве р < 1 because this саве, as was shown Ьу Kalton [37], is of fundamental 
importance in the theory of vector-valued analytic functions. 

8.3.1 Тћеогеш (оп atomic decomposition) Let О < р ~ 1. ТЬеп 
(а) There eJdsts а sequence {wn } јп IIJ) and а constant С such that for every 

f Е АР there exists а sequence {аn} С fP with the properties 

(8.3) 

(Ь) ТЬе function f ofthe form (8.3), where {аn} Е fP, belongs to АР and there 
holds IlfllAP ~ CII{an}llp· 

For the proof we need а lemma. 

(·)"А::=: В " теanз that the ratio А/В Нез between two positive constants. 
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8.3.2 Lemma ТЬеге exists а consta.nt С вuсь that 

Iw - (1 
IKp(w, z) - Кр(, z)1 ~ С diam Е IKp(w, z)1 

(ог аП Е Е &, w,( Е Е a.nd z Е ID>. 

Proof. Ву the mеa.n va1ue theorem, we have 

IKp(w, z) - Кр(, z)1 ~ (2јр + l)lw - (1 sup 11- iizl-2
/
p- 2 

аЕЕ 

Iw - (1 
~ (2јр+ 1) 1 1 1 supIKp(a,z)1 

- а аЕЕ 

Iw - (1 
~ Ср d' Е sup IKp(a, z)l· 

lam аЕЕ 

Оп the other hand, 

• 

1 
1-wz (w-a)z Iw-al С 

- = ~ II~' 1 - iiz 1 - az 1 - а 

Непсе 11 - wzl ~ Cl1 - iizl and ћепсе IKp(a, z)1 ~ CIKp(w, z)1 for а, W Е Е. Тће 
result follows. о ' 

Proof of Тћеогеm 8.3.1. Assertion (Ь) follows from the boundedness of the 
sequence II'Фk IIAP, where 

• 1 - IWkl2 
'Фk(Z) = (1 _ Wk zP+2/p ' 

Let us prove (а). Let е > О. Dividing еасћ Е Е & into N subsets, where N is а 
sufficiently large integer independent of Е, we сan represent ID> as а disjoint union 
D 1 U D2 U ... , where D1 , D2 , ••• are subsets of ID> with the properties: 

Let {wn} Ье а sequence such that wn Е Dn. Define the operator Т Ьу 

оо 

Tj(z) = L)n(1-lwn I 2)Кр(Wn ,z) (z Е ID», 
n=l 

where 

Proceeding as in the proof of Lemma 8.2.2, we сап prove that Т maps АР into 
АР. In order to conclude the proof it suffices to prove that Т is an isomorphism for 
е small enough and that 
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Тће proof of the latter is similar to that of Lemma 8.2.2. То prove the rest we start 
from the relation 

оо 

f(z) - Tf(z) = L (Kp(w, z) - Кр(Wщ z))f(w) djLp(w). 
n=1 D 

From this, Ьу Lemma 8.3.2, we get 

оо 

ITF(z) - f(z)1 ~ Се L If(w)IIKp(z,w)ldjLp(W) 
,,=1 D" 

= Се lf(w)IIKp(Z, w)1 djLp(w). 
D 

Now Lemma 8.2.2 shows that IIT f - 111 ~ Cpelllll· Finally we take е = 1ј2Ср and 
apply Proposition 1.2.1. О 

It is of importance that the sequence W n in (8.3) сan Ье сћовеп from the annulus 
{w: r < Iwl < 1}, where т < 1 is fixed. 

8.3.3 Тћеогет (Kalton [38]) Let О < т < 1 and Ф Е АР. ТЬеп Ф сan Ье 
represented as 

1/р 

~ СIIФIIАР, 

and С depends опlу оп т and р. 

In contrast to Theorem 8.3.1, here we do not assert {(k} is independent of Ф 
(though this is probably true). 

РгооС. If Г is an arbitrary set, then the врасе [Р(Г) consists of those functions 
(.Џ t-+ а", for which 

1/р 

Ilall:= L 1 а", IP < оо. 

Let Г = {w : r ~ Iwl < 1}. Define the operator S : [Р(Г) t-+ АР Ьу 

'" 1 -lwl2 

S({aw})(z) = L...J aw (1- wz)2/p+l' 
wEf 

Let Е = В([Р) and А an arbitrary (not necessarily continuous) linear functional оп 
АР such that А(Е) = О. We want to prove А = О оп АР, which implies that S is 
onto; this proves the desired result, according to the ореп mapping theorem. 

Let F Ье the linear hull ofthe vectors IPk(Z) = 1j(1-WkZ)2/Р+l, IWkl < т, 
where {Wk} is the sequence from Theorem 8.3.1. If f Е АР, then f = 9 + h, 
where 9 Е Е, h Е F and !Jgll + Ilhll ~ CIIIII. Since щm(Р) < оо, we вее that А 
is bounded оп Р, i.e., there exists а constant С1 such that IAhl ~ C1 11hll, which 
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implies that /ЛЛ = /Лh/ ~ С2 11111, and this means that Л is bounded оп АР. Take 
ф(w) = Л('Фw), where 'Фw(z) = 1/(1- wz)2/1'+1. Тће function Ф is antianalytic 
and ф(w) = О for r ~ /w/ < 1 because Л(Е) = О. It follows that ф(w) = О for every 
w Е ][) and in particular Л<Рk = О for every k. Ву Theorem 8.З.1, this implies Л = О 
оп АР, which was to Ье proved. о 

The case р > 1 

If 1 < р < оо, then the formulation of the Coifman/Rochberg theorem is similar to 
that of Theorem 8.З.1; we only have to replace (8.З) Ьу 

оо (1 -/wn/2)2/q 

I(z) = ~ аn (1 _ w
n

z)2 ' 

where l/р + l/q = 1 (see [99]). 

The case of weighted spaces 

Тће weighted Bergman space A~, О < Р < оо, {3 > -1, consists of those 
1 Е Н(][)) for which 

l/p 

I/II/p,p := /1(z)/P(l - /Z/2)P dA(z) < оо. 
о 

8.3.4 Theorem Let О < Р ~ 1, {3 > -1 and 'у > О. 
(а) ТЬеге exjsts а sequence {wn } јп][) and а constant С висЬ that еуегу 1 Е A~ 

сan Ье represented as 

(8.4) 

with I/{ an}I/ip ~ CI/II/p,p· 
(Ь) Еуегу Еипсаоп 1 оЕ the foгш (8.4) wjth {аn} Е (Р be10ngs to A~ and 

/III/р,.в ~ CI/{ an}lllP. 

ТЫs theorem is proved in the saтe way as its particular саве, Theorem 8.З.1 
({3 = О, 'у = 1); the key is in the formula 

J(z) = сэ 
l(w)(l -lwI2)s-:-2 dA(w) 

D (1- wz)s 

which holds for 1 Е A~. 

Envelops of Hardy spaces 

(8 = 'у + ({3 + 2)/р) , 

We have defined the q-Banach envelope оС а quasi-Banach sрасе (see р. 4). Now 
we сan give а nontrivial exaтple. 
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8.3.5 Theorem НО < р < q ~ 1, then the q-Banach епуеl0ре ofthe Hardy врасе 
HP јв equa1 to A~, f3 = q/p - 2. 

Proof. 
(see 7.4.7). 
where 

Тће space Х = HP is embedded into the q-Banach space У = A~ 
Оп the other hand, every Ј Е У сan Ье represented as Ј = E:'=l Јп, 

(1 - Iwn l2 )'Y 
Ј -а п - п (1 _ wnz)'Y+l/p 

and (Е lanIQ)l/q ~ CIIJlly· Lemma 8.2.3 shows that 

". 1 С 

_". /1 - wne ilJ I'YP+l dB ~ (1 - Iwn ')'УР , 
which implies 

оо оо 

L IIJnll~ ~ С L lanl Q ~ CIIJlly· 
n=l n=l 

Now the result follows from Proposition 1.2.5. О 

8.4 Coefficients of vector-valued analytic functions 

А function F : П t-+ Х, where П is а domain in С, is said to Ье analytic if every 
point in П admits а neighborhood in which Ј сan Ье expanded into а power series 
with X-valued coefficients. Јп the case where П is the unit disk, it turns out that the 

~ ~ 

analyticity implies the existence of vectors Р(n) such that F(z) = Е:'=о Р(n) zn, 
~ 

Izl < 1, with uniform convergence оп compact subsets. The vectors Р(n), uniquely 
determined Ьу Р, are called the Taylor coefficients and, as опе expects, satisfy the 
condition limsupn~oo IIF(n)IP/n ~ 1. ОП the other hand, if {Јп} is а sequence of 
vectors in Х, then the condition 

limsup 11 Јп 11 l/n ~ 1 (8.5) 
n~oo 

is necessary and sufficient for the series Е:'=о Јп zn to converge for every z Е JI)). 

In the case of convergence, the sum of that series is analytic in JI)). Therefore the 
set of the functions F : JI)) t-+ Х analytic in JI)) сan Ье identified with the set of the 
formal power series satisfying (8.5), i.e., with the set of the power series converging 
in JI)). We will denote this set Ьу H(JI)), Х). 

Derivatives Тће derivative ofa function Ј Е H(JI)), Х) is defined Ьу means of 
~ 

power series, F'(z) = E:'=l nР(n) zn-l, or Ьу the formula 

F'(z) = Нт F(w) - F(z). 
W~Z w - z 

(8.6) 

It should Ье noted, however, that the existence of the limit (8.6) for ап arbitrary 
function F does not guarantee that F is analytic. 
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Hadamard product 

The Hadamard product of а (scalar) function 'Ф Е H(IIJ» and а function F Е 
H(IIJ>, Х) is defined Ьу 

оо 

('Ф * F)(z) = L ф(n)F(n) zn. 
n=О 

The proof that Ф * F belongs to H(IIJ>, Х) is straightforward. There holds 

z F'(z) = ('Ф * F)(z), ,where 'Ф(z) = (1 ~ z)2· 

8.4.1 Proposition Let F Е H(IIJ>, Х), where Х is а. р-Вanа.сЬ вра.се, a.nd let 
the series E~l 'Фk(Z) = Ф(z), where 'Фј Е H(IIJ», converge uniformly оп compa.ct 
subsets. ТЬеп 

оо 

('Ф * F)(z) = L('Фk * F)(z) (lzl < 1). 
k=l 

Proof. Let Izl =т < 1, FN(Z) = Ef 1 ('Фј * F)(z), and RN(Z) = E~N+l 'Фј(Z). 
Then 

оо 

IIFN(Z) - Ф * F(z)IIP = IIRN * F(z)IIP ~ L AN(j), (8.7) 
ј=О 

. - - . 
where AN(j) = IRN(j)IP IIF(j)IIP IzjJP. The sequence RN(Z) is uniformly bounded 
оп compact subsets and therefore for every р < 1 there exists а constant С = С(р) 

~ , ~ 

such that IRN(j)1 ~ С / р1 for all N and ј. From this and the inequality IIF(j)1I ~ 
K(p)/~, we get AN(j) ~ М(р)(т/р2)јр where М(р) = С(р)РК(р)Р. Thus Ьу 
taking р2 = ..;r, we вее that the sequence AN has а вишшаЫе majorant. Оп the 
other hand, from the hypothesis RN(Z) -t О, uniformly оп compact subsets, it 
fol1ows AN(j) -t о (N -t оо), for every ј. Therefore we сan аррlу the dominated 
convergence theorem: 

Now the desired assertion fol1ows from (8.7). о 

Inequalities for the coefficients 

Let НОО(Х) denote the set of all bounded functions F Е H(IIJ>, Х); the quasinorm is 
given Ьу IIFlloo,x = suplzl<lIlF(z)llx. If F Е НОО(Х), where Х is а Banach врасе, 

~ 

then опе сan иве the Hahn/Banach theorem to deduce the inequality IIF(n)11 ~ 
IIFlloo,x from the corresponding inequality for scalar-valued functions. However if 
Х is p-Banach, then this inequality does not hold, and proving that 

IIF(n)11 ~ Ср(n + 1)1/p- 1 IlFII0о,х 
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is quite nontrivial. Following Kalton [37], we will prove the latter Ьу means of the 
CoifmanjRochberg theorem. We first consider а weak variant of Schwarz lemma. 

8.4.2 Theorem Let F Е НОО(Х), where Х p-ВanасЬ space. ТЬеп there holds 
the inequa1ity 

(z Е D), 

where Ср is а constant depending опlу оп р. 

Proof. Let Ф Ье а scalar-valued analytic function belonging to LP(D). Accord
ing to Theorem 8.3.1, there holds the formula 

~ 1-lzkl2 

Ф(w) = L...J (Xk (1- Zkw)2/p+1' 
k=l 

where {zk} is а sequence in D and {ak} is а sequence of complex numbers such 
that II{ak}lIp ~ СрIIФIILР(D), where СР is independent оfф (Zk ше independent of 
Ф as well). Тће series converges uniformly оп compact subsets so we сan apply 
Proposition 8.4.1; we get 

ОО 

Ф * G(w) = L ak(1 -IZkI2)D2/РG(WZk) (w Е D), (8.8) 
k=l 

where G Е H(D, Х) and 

DSG(z) = G(O) + f (8 + 1)(8 +.,2) ... (8 + ј) д(ј) zj. 
ј=l Ј· 

Now choose G so that D2!PG = F and put ф(W) = w in (8.8). We get 

Непсе 

IIF'(O)II~ Iwl ~ (1 + 2јр)Р L laklP (1 -IZkI2 )Р IIF(ZkW)IIP 

~ (1 + 2јр)Р L laklP IIFII~,x ~ CpIIFII~,x· 

This proves the result for Z = о. п Z Е D is arbitrary, then we apply this special 
саве to the function ћ(w) = F(z + (1-lzl)w); the derivative сan Ье found Ьу the 
formula (8.6): Р{(О) = (1 -lzl)F'(z). We need however to show that the function 
ћ (w) is analytic in D; this is true because 

оо п 

F1(w)=LF(n)L ~ zn-j(1-lzl)jwj 

n=О ј=О Ј 

ОО 

=L 
ј=О • 

n=з 

п . .. 
. zn-з (1 - Izl)3 w3 , 

Ј 
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where we have used 1.1.5. о 

8.4.3 Theorem Let F Е НОО(Х), where Х јв а p-ВanасЬ врасе, О < р:::;; 1. ТЬеп 
there exjsts а constant Ср depending опlу оп р висЬ that 

(п ~ 1). (8.9) 

Before proving the theorem consider а simple example. Let f Е НР, О < Р < 1. 
Define the function F : ПЈ> н HP Ьу F(w)(z) = j(zw) (z, w Е ПЈ». Тће function 

оо ~ 

F belongs to Н(ПЈ>,НР) Ьесаизе F(w) = I:n=oj(n)enwn, en(z) = zn, andthe 
series converges for Iwl < 1. Тће function F is boundedj moreover IfFlloo = IlflIHP. 
Ап application of Тћеогет 8.4.3 gives l1<n) I :::;; Ср (п + 1)1/p- 1 1Ifllнр because 
IlenllHp = 1. Thus, јп this special case, Тћеогет 8.4.3 reduces to the well known 
result of Hardy and Littlewood (Согоllагу 5.1.3). 

Proof о! Theorem. In the case п = 1 the assertion iscontained јп Тћео-
~ 

гет 8.4.2 because Р'(О) = Р(1). Let п ~ 2. We use the atomic decomposition 
again. In this situation we choose G јп (8.8) so that D2/PG = Р'. Тћеп we take 
ф(w) = wn јп (8.8) and get 

АnР(n + 1)wn = 2: Gk(1 -IZkI 2 )F'(ZkW ), 

where 
Аn = (п + 1)! . 

(2јр + 1) ... (2јр + п) 
Since Аn behaves as n l - 2 / p

, it follows that 

From this and Lemma 8.4.2 it follows 

Finally since 

we get (8.9). о 

Vector-valued Hardy spaces 

2с 
IzlnP dA(z) = ----:-

D nр+2 

Theorem 8.4.3 сan Ье used [ог its own improvement. For а quasi-Banach space Х 
let НР(Х) (О < Р < оо) denote the space of analytic functions F : ПЈ> н Х such 
that 

1 IIFllp,x = sup 27Г IIF(rei/l)IIP dB 
O<r<l -1< 

1< l/p 

< оо. 

So НР(Х) is а "vector" Hardy space. 

• 
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. 

8.4.4 Theorem Let F Е нр(х), where Х 1в а p-ВanасЬ space (О < Р ~ 1). ' 
ТЬеn IIF(n)llx ~ Cpn 1

/ P- 11IFllp,x, forn ~ 1. 

Proof. Let У Ье the completion of the врасе of those continuous functions 9 : 
т I-t Х for which the function Ilgll belongs to и(т). ТЬе врасе У is p-ВanасЬ. For 
а fixed Т, О < r < 1, define the function G : JI]) I-t У Ьу G(z)(eit ) = F(rzeit ). ТЬеп 
G Е НОО(У) and IIGlloo,Y ~ IIFllp,x. Since G(n)(eit ) = тn F(n)eint , we сап apply 

~ 

Theorem 8.4.3 to get rnIIF(n)llx ~ Cpn1/p-1 1IFllр,Х, where ср is independent of Т. 
This concludes the proof. о 

Inequalities for а Hadamard product 

ТЬе Hadamard product of а function Q Е Ll (Т) and а function F Е Н (JI]), Х) is 
defined Ьу 

оо 

Q * F(z) = L Q(k)F(k) zk. 
k=-oo 

~ 

Since IQ(n)1 ~ IIQIII, the function Q * F(z) belongs to H(JI]),X). 

8.4.5 Theorem Let F Е НОО(Х), where Х јв p-ВanасЬ, and let Q Е L1(T) Ье 
~ 

such that supp( Q) is contained јn (-оо, п] for some positive integer n. ТЬеn there 
exists а constant ср вuсЬ that IIQ * Flloo,x ~ ср n1/P-11IQllрIIFII0о,х. 

п ~ ~ 

Note that Q * F(z) = 2: Q(k)F(k) zk. Note that in the special саве Q(ei8 ) = 
k=O 

eint we have Theorem 8.4.3; оп the other hand, we will deduce Theorem 8.4.5 from 
Theorem 8.4.3 Ьу теanв of Theorem 8.4.4. 

Proof. Let ak = фn - k) for k ~ О and A(z) = 2::'0 akzk. ТЬеп Q * F(w) = 
~ 

2:~=0 an_kF(k)wk. Thus Q * F(w) is the n-th coefficient in the Taylor expansion 
of the function A(z)F(zw), which implies, Ьу Theorem 8.4.4, 

, 2..-

IIQ * F(w)ll~ ~ Cn1-
p 

sup IA(reit)IP IIF(reitw)IIP dt. 
O<r<l О 

Непсе 
2..-

IIQ * FII~,x ~ Cn1-
p sup IA(reit)IP dt 

O<r<l О 
IIFII~,x· 

Since the function IA(z)IP is subharmonic the laвt integral increaвes with r and 
therefore the supremum is equal to 

2..- 2..-

IA( eit ) IP dt = IQ( eit ) IP dt. 
О О 

ТЬе result follows. о 

Ав ап immediate consequence of Theorem 8.4.5 and Lemma 7.3.2 we have: 
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8.4.6 Тћеогет Let F Е НОО(Х), where Х Ј8 а quasi-Banach 8расе. Let 

Wn(eit ) = W,Y'(eit ) = L Ф(~)еikt, 
Ikl<oo 

where Ф ј5 а complex-va1ued Coo-fиncиon with compact 5upport Јn JR. Тћеn Његе 
hold5 the inequaJity IIWn * Flloo,x ~ CIIFlloo,x, п ~ 1, where С ј8 independent оЕ 
п and Р. 

Miscellaneous 

8.4.7 If а sequence Рn Е Н(ЈЈ), Х) converges uniformly оп compact subsets of ЈЈ), 
then its limit belongs to Н(ЈЈ), Х). 

, 

8.4.8 If the function Ф : ЈЈ) f-t ЈЈ) is analytic and F Е Н (ЈЈ), Х), then the composition 
F о Ф belongs to Н(ЈЈ), Х) and there holds the standard formula for the derivative. 

8.4.9 If Х is quasi-Banach, then НР(Х) is complete for every р Е (О, оо]. 

8.4.10 (Kalton [38]) If Х is quasi-Banach, then for every р Е (0,1) there exists а 
cOn5tant С = С(р) such that IIF(O)II ~ С sup IIF(z) 11· 

p<lzl<1 

8.4.11 А function Р : Х f-t [-оо, оо) is said to Ье plurisubharmonic if it is upper 
semicontinuous and 

1т 1 
Р(х) ~ 21Т Р(х + yeiO

) d(} 
-1Т 

for аН х, у ЕХ. The space Х is said to Ье Р L-convex if its quasinorm is plurisub
harmonic. Since convex functions are plurisubharmonic, Banach spaces аге Р L
convex. Some of quasi-Banach spaces аге Р L-convex, e.g., LP (р > О), and some 
are not. 

А quasi-Banach врасе Х Ј8 PL-convex ifI 111(0)11 ~ maxIl1«()1I Еог еуегу соn-
tinuou5 fиnction 1: i f-t Х anaJytic Јn ЈЈ). 1<1=1 

Further information сan Ье found in [68, 16, 38, 3, 74]. 

8.4.12 Let Х Ье quasi-Banach space and а = s+it an arbitrary complex number. 
Then 

4n 

L k(7 akzk ~ n 8 

k=n оо,х 

This generalizes 7.3.5. 



• 

9 Subharmonic behavior 

Тће basic topological properties of the spaces hAP = h(JI)) П LP and hP, Р < 1, 
сan Ье deduced from the inequality 

lu(O)IP ~ СР lulP dA, и harmonic, (t) 
D 

essentially due to Hardy and Littlewood. In this chapter we give two proofs of this 
inequality (Section 9.1) as well as some generalizations (Section 9.3). Using (t) we 
prove the Hardy and Littlewood's theorem that hAP is "self-conjugate" for every 
р> О (Theorem 9.1.2). In Section 9.2 we apply (t) to prove four estimates, due to 
Hardy and Littlewood, concerning hP (Theorems 9.2.1 and 9.2.2). 

9.1 Subharmonic behavior of lulP, р < 1, and 
Bergman spaces 

Тће space hAP = h(JI)) п LP(JI),dA), О < Р < оо, (quasi)normed in the obvious 
way, is called the harmonic Bergman space. That this space is complete for Р ~ 1 
сап Ье proved Ьу appealing to the subharmonicity of lulP , и Е h(JI)) (see the proof 
of Proposition 8.1.1). However, as we already noted (see 4.1.5), if О < Р < 1 and 
и Е h(JI)), then lulP need not Ье subharmonic. Nevertheless, as the following result 
shows, the functional и ~ и(О) is continuous оп hAP, for every Р > О, and this сап 
Ье used to prove that hAP is complete Eor every р. 

9.1.1 Theorem Ifu = lul, where и is harmonic јп JI), and О < Р < 1, then there 
holds the inequa1ity 

и(О)Р ~ СР иР dA, (9.1) 
D 

where СР is constant depending on1y оп р. More genera11y, this inequa1ity remains 
valid јЕ we assume that и ~ О is ап arbitrary subharmonic function јп JI). 

Recall that we ћауе used this theorem in proving the important Theorem 7.1.8. 
Of course, if Р ~ 1, then (9.1) holds with СР = 1; if и = 111, f analytic, then 

СР = 1 for every Р > о. 
In the саве where и = lul, и harmonic, Theorem 9.1.1 is а formal consequence 

of the following theorem of Hardy and Littlewood [26]: 

9.1.2 Theorem (Hardy jLittlewood) If и = Re ј, where f is ana1ytic јп JI), then 

11IP dA ~ СР (1 Im J(O)IP + 
D 

137 

D 
lulP dA). (9.2) 
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Indeed, since the function IflP is subharmonic for every р > О, and since 
Ig(O)IP = If(O)IP, we вее that (9.2) implies (9.1). However, it вееmв more natu
ral first to prove Theorem 9.1.1 and then deduce Theorem 9.1.2. 

Proof of Theorem 9.1.1 

First proof.'*) If we apply (9.1) to the disk of radius 1 - Izl centered at z Е ]()), 
we get 

(9.3) 
D 

Hence, it is natural to consider the maximum of the function F(z) = (1-lzl)2u(z)Р, 
which exists under the condition that и is bounded on]()). We shall аввите that и 
is bounded{t) and that 

uPdA = 1. (9.4) 
D 

Then the function F is above semicontinuous оп the closed disk and equal to zero 
оп the boundary. Consequently, F attains its mахiшит at а point а Е ]()). Now 
we apply the sub-mean-value property of и оп the disk D a of radius (1 - lal)j2 
centered at а. It follows that 

и(а) ~ 4(1-lal)-2 udA. 
D A 

Writing и = иРир- 1 , we вее that, in view of (9.4), (1-lal)2u (a) ~ 4(Ма)1-р , where 
Ма is the supremum of U'on Da . Аввите we have found а constant Кр such that 
Ма ~ Кри (а) ј then (1 - lal)2u (a) ~ 4(Кр)1-Ри(а)1-Р , i.e., after multiplying Ьу 
и(а)Р-l, 

which implies (9.1). 
In order to prove Ма ~ Кри(а), let z Е D a • Then Izl-Ial ~ (1-lal)j2, whence 

1 -Ial ~ 2(1 -Izl). Ву the definition of а, there holds the inequality F(z) ~ Р(а), 
• 
1.е., 

( )Р 1 - lal 2 ( )Р 
и z ~ 1 _ Izl и а . 

From these two inequalities it follows that Ма ~ 41/Ри(а), which completes the 
proof. о 

Remark. Let и : ]()) ~ IR Ье а Borel function that satisfies the condition 

с 
и(а)Р ~ "2 

r 

(')rn the саве of the modulus of а harmonic function, the proof ја given Ьу Kuran (47] and 
Fefferman and Stein (21]. Fefferman and Stein's proof can Ье found in Коовја [46] and Garnett 
[22]. Here we present two proofs from (75]. 

(t)rf и јв not bounded, then we аррlу (9.1) to the functions u(pz). 
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for воте р> О, provided that Dr(a) = {z: Iz - аl < Т} С IIJ). Then this condition 
is satisfied for every р > О. 

Second proof. ТЫв proof is аррНсаЫе only to the саве where и = Igl, 9 
harmonic. ТЫв time we start from the inequaНty 

К lY'g(a)1 ~ - sup{lg(z)1 : Iz - аl < Т}, (9.5) 
r 

which is valid whenever the disk Dr(a) = {z: Iz - аl < Т} is contained in IIJ). (Тће 
constant К is independent of r and а.) From Lagrange's theorem and inequal
ity (9.5) it follows that 

u(а) ~ u(z) + K(t/r) вир и (8 = t + Т) 
D.(a) 

provided z Е Dt(a) and Ds(a) С IIJ). Тће point а is chosen in the вате way as 
in the first proof (with other hypothesis for и). Then, we сћоове t and r во that 
8 = (1 -lal)/2. Then u(w)P ~ 4u(а)Р for w Е D 8 (a) and therefore 

u(а) ~ u(z) + Kp(t/r)u(a) , z Е Dt(a), 

where Кр = 41/ p . Next we сћоове t and r во that Kp(t/r) = 1/2, and get the 
inequality u(а)Р ~ 2Pu(z)P, z Е Dt(a). Integrating this inequality in z Е Dt(a), we 
get 

t2u(a)P ~ 2Р uр dA ~ 2Р . 
D.(a) 

• 

Since t = Ср (1 -Ial), we вее that u(О)Р ~ (1 - lal)2u(a)p ~ 2Р /с;, which concludes 
the proof. о 

Proof of Theorem 9.1.2. 

Let р < 1. We start from the inequality 

If'(O)IP ~ С Ig(w)IP dA(w) (е = 1/2), (9.6) 
~D 

which follows from (9.5) and (9.1); write this as 

1f'(O)IP ~ С Ig(w)IP dr(w) (е = 1/2), 
~D 

where 

Тће measure dr invariant with respect to conformal automorphisms, which теanв 
that 

G о <Ра dr = G dr 
D D 
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for every positive Восе} function а, where 

a-z 
'Pa(Z) = 1 --az 

(/а/ < 1). 

Тће automorphism 'Ра has the property 'Pa('Pa(z») == z. Hence, applying (9.6) to 
the function f о 'Ра, we get 

/!,(а)/Р(1-/а/ 2 )Р ~ с /g('Pa(w)/P dr(w) = С /f(z)/P dr(z), (9.7) 
ED Н.(а) 

where НЕ(а) = 'Pa(€II») = {z : /'Pa(z)/ < е}. Integrating inequality (9.7) and 
changing the order of integration, we obtain 

/Г(а)/Р(l _/а/2 )р dA(a) ~ С /f(z)/P dr(z) dA(a). (9.8) 
JI) D H.(z) 

Тће set HE(z) is а hyperbolic disk centered at z. Тће euclidean area of HE(z) is 
"proportional" to (1 - /z/2)2, so (9.8) implies 

/f'(a)IP(l -lаI 2 )Р dA(a) ~ СР Ig(a)IP dA(a). (9.9) 
JI) D 

Now it is enough to prove the inequality 

IJlР dA ~ СР (lf(O)IP + If'(a)IP(l -lаI 2 )Р dA(a»); (9.10) 
JI) JI) 

indeed, (9.2) is implied Ьу (9.9), (9.10) and (9.1). In order to prove (9.10), we start 
from 

1 оо 

IJlР dA = М;(т, Лт dT ~ 2 L 2-n М;(Тn , f) 
JI) о n=О 

оо 

= 21f(0)IP + LГn(М;(Тn+l,f) - М;(Тn ,!») , 
n=О 

where Тn = 1 - 2-n . Hence, Ьу Proposition 7.1.6, 

оо 

IJlР dA ~ 2If(0)IP + СР L 2-n2-nРМ;(Тn+l,ј'), 
D n=О 

from which (9.10) is obtained immediately. 
In the case р ~ 1 we can proceed in а similar wayj we only have to modify 

the proof of (9.10) (see [61]). Also, we can proceed as in the proof of Riesz' 
theorem 6.2.6, i.e., if 1 ~ Р ~ 2 apply the preceding result to the function Р; etc. 
О 
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9.1.3 Remark As Theorem 9.1.2 shows, the space hAP is "self-conjugate" for 
every Р > О, in contraвt to the саве of hP, which is self-conjugate only for Р > 
1. Using Riesz' theorem оп conjugate fиnctions, we deduced that the sequence 
en (re i8 ) = rlnlein8 is а Shauder baвis of hP (Theorem 6.3.1), which implies that 
{еn} is а basis of hAP for Р > 1. However, this sequence is not а baвis of hAP for 
Р ~ 1. More precisely, for every Р ~ 1 there exists а fиnction f Е АР the Taylor 
series of which does not converge in АР. 

9.1.4 Remark The space hAP is equal to the direct sum of its subspaces АР and 
Аъ = {/: f Е АР, 1(0) = О}, for every Р> о. This сan Ье used to show that hAP 
and АР are isomorphic for every Р > О (see 6.3.3). 

9.2 The space hP, р < 1 

Recall that the harmonic Hardy space hP , О < Р < оо, is defined Ьу the requirement 

Ilullp := sup Мр(Т, и) < оо. 
r<l 

In contrast to the саве of Bergman spaces, the space hP for Р < 1 differs very much 
from its analytic analoguej for information we refer to [89]. However, there are 
similaritiesj for example: 

9.2.1 Theorem For и Е hP (О < Р < 1) we Ьауе: 

lu(z)1 ~ Ср (1 - Izl)-l/Pllullp (z Е Ј[])), 

'Щn) I ~ Cp(lnl + 1)1/P-1Ilu llp (п Е Z). 

Proof. Ву (9.3) we have 

1 

(9.11) 

(9.12) 

lu(re i8 )IP ~ Ср (1 - т)-2 lu(w)IP dA(w) ~ 2Ср М: (р, u)pdp 
2r-l<lwl<1 2r-l 

(for 1/2 < r < 1), which implies (9.11). Hence 

1 7f 1 7f 

lu(rei8 )1 dB = lu(re i8 )IP lu(rei8 )11-P dB 
21Г -7f 21Г -7f 

~ {Moo(r,u)}l-p lIull~ ~ (Cp)1-P(1- r)-l/P+lllull~. 

This gives (9.12) via the inequality 

lu(rei8 )1 dB, r = 1 - 1/(lnl + 1). 

The proof is complete. о 

In а simi1ar way one proves the following estimates. 
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9.2.2 Theorem (Hardy/Littlewoocl [26]) П и = Rej, ј Е Н(]Ј) and и Е hP 

(О <p~ 1), then 

(О < r < 1). 

Two ореп probIems 

As far I know, the following two problems are still unsolved. 

PROBLEM А. Whether there exists а function и Е hP (р < 1) such that 

lU(n)1 ~ c(lnl + l)l/Р-l (с = const > О, п Е Z) ? (9.13) 

PROBLEM В. Whether there exists а function ј Е Н(]Ј) such that и = Re ј Е hP 

and 

М:(т,ј) 
2 

~ clog -
1

-
-т 

(О < r < 1)? (9.14) 

Hardy and Littlewood [26] proved that the answer is positive provided that 
р = I/N, N = 2,3, ... ј their example is 

8N p 
u(z) = D N P(z) = 80N (rei8

), 

where Р is the Poisson kernel. It is clear that и satisfies condition (9.13) for 
р = I/N. That condition (9.14) is satisfied follows from the estimate (e.g., [89]) 

N l-lzl2 

ID P(z)1 ~ с 11 _ zlN+l . 

It should Ье noted that solving Problem А leads to solution of В. Namely, 
~ 

condition (9.13) implies condition (9.14). Indeed, if (9.13) is satisfied, then Ij(n)1 ~ 
с(n + 1)l/Р-l, so the conclusion follows from the inequality 

оо 

М:(т,ј) ~ с ~)n + I)P-2 1ј(n)IР rnр 
n=О 

(see Theorem 7.5.1). 

9.2.3 Exercise (Hardy/Littlewood) Let и = Rej, ј Е Н(]Ј), а > О, and О < 
Р < оо. Then the following three conditions are equivalent: 

Мр(т, f) = 0(1 - т)-а ј Мр(т, и) = 0(1 - т)-а ј Мр(т, р) = 0(1 - т)-а-l. 

9.3 Subharmonic behavior of smooth functions 

In this section we present some results that are closely related to Theorem 9.1.1. 
Unless otherwise stated, we consider real-valued functions defined оп а proper sub
domain G ofC. For the proofs of slightly more general results we refer to [75, 77]. 
For generalizations to the case of the so called M-harmonic functions, see [73, 34]. 
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The class SH(G). For а constant К ~ 1, let SHK(G) denote the class of поп
negative, continuous functions и оп G such that 

u(z) :::; кт-2 udт 
Dr{z) 

whenever Dr(z):= {w: Iw - zl < Т} С G. We put SH(G) = UK~1 SНк(G).Ш 
'" As remarked оп page 138, the first proof of Theorem 9.1.1 gives the following 

result: 

9.3.1 Proposition Let р> о. Ни Е SHK(G), then иР Е SHc(G), where С ј8 а 
cOn8tant depending оn1у оп К and р. 

Classes of С1 functions 

The class НС1 (G) ТЬе second proof of Theorem 9.1.1 (р. 139) was based оп the 
property 

1\7 f(z)1 :::; к т-1 sup 1/1, Dr(z) с G, (9.15) 
Dr{z) 

where К ~ 1 is а constant independent of Dr(z) С G. We denote Ьу HCk(G) the 
class of alllocally Lipschitz functions f оп G satisfying (9.15). Note that (9.15) is . 
implied Ьу 

1\7 f(z)1 :::; Klf(z)I/8a(z), 8a(z) = dist(z, aG), (9.16) 

which is а restriction оп the growth of f and is therefore stronger than (9.15). 

9.3.2 Example (а) It is а simple but important fact that condition (9.16) is 
satisfied if f is а positive function harmonic in G. 

(Ь) If f = Ig'l, where 9 is а univalent function in G = JI)), then the proof of 
Theorem 4.3.5 shows that 

The class OCk(G) is the subclass of HCiK(G) consisting of those f such that 

where О f(z, Т) is the oscillation of f оп Dr(z), 

Of(z,r) = sup{ If(w) - f(z)1 : w Е Dr(z)}. 

9.3.3 Example If а function ј: G t-+ IR is сопуех or harmonic, then f Е OCi< (G) 
for some К independent of ј. In particularthe function f(x+iy) = еХ is in HC1(G), 
where G is the right half-plane, but f does not satisfy (9.16). 

Шlп defining other classes we proceed јп а similar way. 
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9.3.4 Example As а further ехатрlе, we have that IfI Е OCl (G), if ј is analytic 
in G. (See Lemma 10.2.4.) 

• _. - __ I ~~ 

9.3.6 Corollary Let р > о. А functjon ј Е Cl(G) belongs to HCl(G) јЕ and 
опlу јЕ there јв а. consta.nt К вuсЬ tha.t 

1\7'j(z)IP :::;; Kr-2
-

p Ifl P dт, 0< r < 8a(z). 
Dr(z) 

Let 

Opj(z, r) = { 1 D
r

1
(z) 1 

the LP-osci1lation over Dr(z). 

}

l/P 
Il(w) - j(z)IP dт(w) , 

Dr(z) 

9.3.7 Corollary Let р > о. А Eunctjon ј belongs to OC1(G) if a.nd опlу јЕ 
l\7j(z)1 :::;; Kr-lОрј(z,r), 0< r < 8a(z), Еог воте consta.nt К. 

This is deduced from the preceding corollary Ьу considering the functions ј -
const. 

Proof of Theorem 9.3.5. The proof of (а) is the same as the second proof of 
Theorem 9.1.1, р. 139. It remains to prove that ј Е OC l (G) implies 1\7 fI Е SH(G). 
Let ј Е OC}(G). Ву Theorem 9.3.1, it suffices to prove that, for some q, the 
function 1\7 flq belongs to SH(G). This can Ье reduced to proving that 

1\7 1(0)lq :::;; С 1\7 flqdт 
Ј') 

provided that ][Ј) С G. Ву Corollary 9.3.7, we have 

1\7 1(0)1 :::;; К Il(z) - 1(0)1 dт(z). 
Ј') 

Оп the other hand, 
1 

Ij(z) - 1(0)1 :::;; Izl 1\7 j(rz)1 dr, 
о 

whence 
1 

Il(z) - j(O)1 dт(z) :::;; dr 1\7 j(rz)llzl dт(z). 
D о D 

Hence, Ьу the change z = w/r and Fubini's theorem, 

1 

1\7 1(0)1 :::;; К 1\7 I(w)1 dт(w) r-Зlwl dr :::;; К 1\7 I(w)llwl-ldт(w). 
D Iwl D 

.. ---

• 
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Now the required inequality is proved Ьу H61der's inequality with the indices q = 3 
and ql = 3/2, using the fact that the function w t-+ Iwl-1 belongs to the space 
L3/2(ш>, dm). о 

Classes of C2-functions 

The class Н С2 (G) consists of those 1 Е С2 (G) for which 
• 

1~I(z)1 ~ кт-1 sup 1\711 + кот-2 sup 111 
Dr(z) Dr(z) 

for some constants К, Ко. Тће condition 

1~I(z)1 ~ KI\7 l(z)lда(z)-l + Ко ll(z)l да(z)-2 

implies (9.17) with the saтe values of К and Ко. 

The class ОС2 (G) consists of those 1 Е С2 (G) such that 

1~j(z)1 ~ кт-1 sup 1\711 
Dr(z) 

(9.17) 

(9.18) 

for some constant К. In particular, OC2 (G) contains every function 1 for which 

1~j(z)1 ~ КI\7ј(z)l/да(z), z Е G. 

Ву Lagrange's theorem, 1 belongs to ОС2 (G) ifI 

1~j(z)1 ~ кт- 1 sup 1\711 + кот-2ои, Т) for some К and Ко. 
Dr(z) 

9.3.8 EXaIIlple Condition (9.18) is satisfied if Ј is а harmonic function оп ап 
arbitrary domain G. Let 1 Ье an eigenfunction of ~, i.e., ~I == >'Ј for some 
constant л. Assuming that the closure of rШ> = Dr(O) is contained in G, we have 

1 11" d . 
2 l(те'8) dO = т-1 ~J dm. 

211" -11" dr rD 

Hence 
11" d. 

-:-Ј(те'8) dO - т-1 (f - 1(0)) dm, 
-11" dr rD 

and ћепсе 
I~J(O)I ~ 2т- 1 sup 1\711 + rlлl sup 1\711. 

rD' rD 

Applying this to the function w t-+ I(w+z) we conclude that 1 Е OC1(G) provided 
G is bounded. Оп the other hand, if J(x+iy) = sinx, and G is theright half-plane, 
then ~J = -Ј but 1 is not in OC2 (G). 

, 
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9.3.9 Theorem ТЬе Eol1owing inclusions hold: (а) HC2(G) с HC1(G); and 
(Ь) OC2(G) С OC1(G). 

9.3.10 Corollary А Еипсиоп ј Е C2(G) belongs to HC2(G) јЕ and опlу iEthere 
is а constant К such that 16J(z)1 ~ кт-2 sup 111. 

Dr(z) 

Тће proof of Theorem 9.3.9 is based оп the foHowing lemmas. 

9.3.11 Lemma If ј: Dr(z) -t IR is а С2-Еипсиоп, then 

1\7 J(z)1 ~ 2т- 1 sup 111 + (2/3) r sup 1611. (9.19) 
Dr(z) Dr(z) 

This inequality is а consequence of the formula 

о! (О) == 1 1r J(eifJ)e-ifJ dO _ 1 6j(w)(I-lwI2 )w-1 dm(w), oz 21Г -1r 41Г D 

where ј is а C2-function defined in а neighborhood of the closed unit disk. Тће 
verification of this formula сan Ье reduced to the сэsе of J(z) == zmzn, where т, п 
are nonnegative integers. 

9.3.12 Lemma Let Р1 , Р2 and Fз Ье nonnegative, continuous Eиnctions оп G 
such that, Еог some constant К, 

Р1 (z)/ К ~ т-1 sup Р2 + r sup Fз and (9.20) 
Dr(z) Dr(z) 

Fз(z)/К ~ т- 1 5ир Р1 +т-2 sup Р2 (9.21) 
Dr(z) Dr(z) 

whenever Dr(z) С G. ТЬеп there is а constant С == С(К) such that 

Ћ(z) ~ ст-1 5ир Р2 • (9.22) 
Dr(z) 

Proof. Ву translations the proof of (9.22) reduces to the сэsе z == о. Let the 
closure of пе(о) Ье contained in G and Р2 ~ 1 оп пе(о). (In the general сэsе we 
consider the functions ћ/А, where А is chosen so that F2 (z) ~ А for аН z Е пе(о).) 
Choose z Е пе(о) so that F1 (w)(c -Iwl) ~ Ћ(z)(с -Izl) for аН w Е пе(о). This 
implies that Ћ(w) ~ 2Ћ(z) for w Е D6(Z), where д == (с -lzl)/2. Now we use the 
hypotheses to find w in D6(Z) so that Ћ(z)/ К ~ т-1 + (Кr/t)Ћ (w)+Krt-2 for all 
т, t > О such that r+t == д, which implie5 Ћ(z)/ К ~ т- 1 + (2Кr/t)Ћ(z) + Krt-2 • 

Now choose т, t 50 that r + t = д and 2Kr/t == 1/2К, which implies that r == 
Сl(С -Izl), t == С2(С -Izl) for 50те Ci == ci(K), to obtain F1(z)/K ~ F1(z)/2K + 
К1 (с -lzl)-l, where К1 == c11 + Сlс22 . Непсе Ћ(О)с ~ Ћ(z)(с -Izl) ~ 2КК1 , 
and this conclude5 the proof. о 

Proof of Theorem 9.3.9. Let ј satisfy (9.17). We тау assume that К ~ 2 
and Ко ~ 2. Define the functions F1(z) == l\7j(z)l, F2 (z) == lJ(z)l, Fз(z) == 
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IAf(z)l. Then (9.20) is satisfiecl because of (9.19), and (9.21) is satisfied because 
of (9.17). Hence 1 Е НС1(а), Ьу Lemma 9.3.12. This proves assertion (а). 

То prove (Ь) let 1 Е ОС2 (а). Applying (а), together with its proof, to the 
functions 1 - с we find а constant К 1 independent of z, Т, с so that 1'\7/ (z ) 1 ~ 
К1т- 1 sUPDr(z) 1/ - cl· Finally we take с = /(z) to finish the proof. о 

Vector-valued functions The preceding notions and results can Ье extended to 
vector-valued functions. For example, if 1 = (Л,12) is а function from G to JR2, 
then we replace 1'\7 f(z)1 Ьу IID f(z)lI, where D /(z): JR2 I-t JR2 is the derivative of / 
at z. Тће Laplacian of / is defined as А/ = (АЛ, А12). Applying Lemma 9.3.11 
to the functions аЛ + Ь12, а2 + Ь2 = 1, we find that 

IID f(z)1I ~ 2т-1 sup IfI + (2/3) r sup IAfI· 
D,.(z) Dr(z) 

It turns out that Theorem 9.3.9 remains valid. As an application we note а sufficient 
condition for а СЗ-fuпсtiоп to Ье in ОС2(а). 

9.3.13 Theorem А теа1 valued СЗ-Еuпсtiоп 1 belongs to ОС2 (а) јЕ there а.те 
constants К1 a.nd К2 such tha.t 

1'\7(Af)(z)1 ~ к1 т- 1 sup '\72(Ј) + к2т-2 sup 1'\7 fI· (9.23) 
Dr(z) Dr(z) 

Here 
82112 + 182/12 + 821 12 1/2. 

'\7 2 (1) = 8х2 8у2 8х8у 

Proof. Suppose that а real-valued function / satisfies (9.23). Since '\7(6.Ј) = 
6.('\7Ј) and IID(6.f)11 х '\72(Л, we see that condition (9.2зј means that '\7/ Е 
НС2 (а). Therefore (9.23) implies '\7/ Е НС1(а), Ьу Theorem 9.3.9, which means 
IID('\7f)(z)1I ~ Кт-1 supDr(z) 1'\7f1 for some constant К. Since obviously IAfI ~ 
const ·IID('\7f)II, it follows that / Е ОС2(а). о 

Remark. Condition (9.23) implies the formally stronger condition 

1'\7(Af)(z)1 ~ кт-2 sup 1'\7 fI· 
Dr(z) 

9.3.14 Corollary А C4-function 1: G -t JR belongs to ОС2 (а) јЕ so does А/. 
Consequently a.COO-fипсtiоп 1 belongs to ОС2(а) iEso does Ak 1 Еот some integer k. 
Iп pa.rticula.r еуету роlуЬаттоniс Eunction оЕ finjte order belongs to ОС2. 

А function / is polyharmonic of order k, where k is а positive integer, if 
Ak / == о. For the theory of polyharmonic functions we refer to [5]: 

Proof. Let Аl Е ОС2 • Then Аl Е НС1 , Ьу Theorem 9.3.9, which means 
that 1'\7(Af)(z)1 ~ кт-1 sUPDr(z) IAfI· Now the desired conclusion follows from 
Theorem 9.3.13. о 

• 



10 Lipschitz spaces 

In this chapter we ые concerned with some results which relate the modulus 
of smoothness of n-th order of а function 9 Е C('IГ) with the n-th tangential de
rivative of the Poisson integral of g. In Section 10.1 we consider the case п = 1 
(Theorem 10.1.1); as ап application we prove Privalov's theorem оп conjugate func
tions (Theorem 10.1.3 and 10.1.4). In Section 10.2 we use Section 10.1 to prove 
some results оп the Lipschitz condition for the modulus of an analytic function. 
The case п ~ 2 is considered in the next two sections. 

10.1 Lipschitz spaces of first order 

The space Ла(К) If К is а bounded subset of С, then, Ьу definition, Ла(К) 
(О < а ~ 1) is the set of аН complex-valued functions 9 оп К such that 

Ig(z) - g(w)1 ~ С Iz - wlO< (z, w Е К), 

where С is а constant independent of z, w. 

The space Lip(w, К) More generally, let w Ье а majorant, i.e., а continuous 
increasing function оп [О, to], where to is large enough, such that w(O) = О and that 
w(t)jt decreases (t > О). Then the space Lip(w, К) is defined Ьу the requirement 

Ig(z) - g(w)1 ~ Cw(lz - wl)· (10.1) 

The norm is given Ьу Си + Ig(a)l, where Си = С (~ О) is the smaHest constant 
satisfying (10.1) and а is anу fixed point from К; with this norm the space Lip(w, К) 
is Banach. Since тахк Igl ~ Ig(a)1 + Cgw(diamK), we see that the inclusion 
Lip(w, К) С LOO(K) is continuous. 

Lipschitz condition and the tangential derivative 

In the case К = 'IГ condition (10.1) is equivalent to Ig(eit ) - g(e i8 )1 ~ Cw(lt - 81), 
t, 8 Е IR (the value of С need not Ье the same). In particular, this means that 
the "classical" Lipschitz space Л1 ('IГ) consists of absolutely continuous functions 
9 Е C('IГ) with the bounded derivative (djd8)g(e i8 ) , and that therefore is isomorphic 
to L ОО ('IГ). Since 

". d 't а'" 't 
_". Р(Т, 8 - t) dig(e' ) dt = а8 _". Р(Т, 8 - t)g(e' ) dt, 

we сап conclude that 9 belongs to Л1 ('IГ) iff D(P[g]) belongs to hOO , where D is 
the operator of "tangential" differentiation, (Du)(re i8 ) := au(rei8 )ja8. This сan 
Ье generaIized in the foHowing way. 

148 

, . , , 
'0 
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10.1.1 Theorem Let UJ Ье а majorant such that 

is a1most increasing Еог some а: > О. (10.2) 

ТЬеп а fиnction и, Ьагтопјс Јп ]!), js equa1 to the Poisson integra1 оЕ some fиnction 
9 Е Lip(UJ, Т) Ш tbere exists а constant С such that 

Еог а11 z Е ]!). (10.3) 

А [еа! function ср, defined оп some interval, is called almost increasing if there 
exists а constant С such that х < у implies ср(х) < Сср(у). (An almost decreasing 
function is defined similarly.) 

Let А(]!) denote the disk-algebra, i.e., the set of functions that аге analytic in 
]!) and have а continuous extension to the boundary. Since D f(re iIJ ) = ireiIJ f' (re iIJ ) , 

f Е А(]!), we have the following consequence. 

10.1.2 Corollary Let UJ Ье as Јп the tbeorem and let f Е А(]!). ТЬе boundary 
fиncHon ј. belongs to Lip(UJ, Т) Ш 

If'(z)1 ~ С UJ(1 - Izl) 
1 -Izl 

This last condition implies f Е А(]!). 

(z Е ][)). 
• 

Theorem 10.1.1 is an immediate consequence of the following assertions which 
will Ье proved later оп in а more general situation (see Propositions 10.4.4 and 
10.4.5); the direct proof is rather simple. 

If и = P[g], 9 Е С(Т), then Моо(Т, Du) ~ С(1 - r)-lUJ(g, 1 - Т), О < r < 1, 
where UJ(g, t) is the modulus оЕ continuity оЕ g. 

Оп tbe otber band, jf и Е h(]!) and Ј; Моо(Т, Du) dr < оо, theп и = P[g] [ог 
some 9 Е С (Т) satisfying 

1 

UJ(g, t) ~ С Моо(Т, Du) dr, 0< t < 1. 
l-t 

Privalov's theorem оп conjugate functions 

The condition 9 Е A1 (Т) does not imply that the radial derivative 8P[g]/8r is 
bounded (in contrast to the tangential derivative) because the functions 8и/8В and 
т8и/8т represent an arbitrary pair of harmonic conjugates. However, under an 
additional hypothesis оп the majorant we have the following theoreт of Privalov: 

10.1.3 Theorem Let (10.2) Ье satisned and suppose tbat 

UJ(t)/t13 is a1most decreasing [ог some [з < 1. (10.4) 

If и = P[g] and 9 Е Lip(UJ, Т), tben tbe conjugate fиnction и Ьав а continuous -extension to]!) and its boundary fиnction belongs to Lip(UJ, Т). 
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Јп other words, 

If conditions (10.2) and (10.4) ме satisfied, then the НilЬert operator тарв 
Lip(w, Т) to Lip(w, Т). 

Proof of Theorem 10.1.3. Let и Ье real-valued. The function v = Du is 
harmonic and therefore l\7v(z)1 ~ 2R-1 sup{ Iv(w)1 : Iw - zl < R}, where R = 
(1 -lzl)/2. Using the hypotheses and Theorem 10.1.1, we get 

,,-,(1 - Izl) 
l\7v(z)1 ~ С (1 _ Izl)2 . 

Since l\7vl ~ lдv/д()l/т = lд2и/д()21/т and д2и/д()2 = _т2 д2и/дт2 , it follows that 

д2и i8 ,,-,(1 - Т) 
дт2 (те ) ~ С (1 - т)2 , о < т < 1, 

where С is independent of Tei8 . Integrating this from т = О and using (10.4) we 
get 

ди ( i8) 
дт те 

which together with (10.3) gives 

С ,,-,(1 - т) 
~ , 

1-т 

1\7U(,z)1 = l\7u(z)1 ~ С ""'~1-:--1~~1): (10.5) 

Finally, (10.2) and (10.5) imply и Е Lip(w, Ш» (see Lemma 10.1.6 below). о 
According to the above proof, we have the following theorem оп extension of а . . 

Lipschitz condition from Т. to Ш>. 
• 

10.1.4 Тћеогет (а) Let w satisfy (10.2) and (10.4). ТЬеп the fиnction 9 belongs 
to Lip(w, Т) iff the ројввоп integral оЕ 9 belongs to Lip(w, Ш». 

(Ь) If Ј Е А(Ш», then (10.2) јв sufБсiепt Еог the validity оЕ the implication 

Ј. Е Lip(w, Т) => Ј Е Lip(w, Ш». 

10.1.5 Remark There are cases where а Lipschitz condition оп the circle extends 
to the disk with saving the corresponding Lipschitz constant. For example, if Ј Е 
А(Ш», О < а ~ 1 and IЈ(()- Ј(1])1 ~ 1(-1]lа, (,1] Е Т, then lJ(z)- J(w)1 ~ Iz-wla, 
z, w Е Ш>. The latter is equivalent to' 

Iz - wl 
lJ(z) - f(w)1 ~ 11- wzl1-a (z, w Е Ш», 

and this implies 1J'(z)1 ~ (1 _lzI2)a-l, Z Е Ш>. 

10.1.6 Lemma If а C1-function и: Ш> t-+ С satisfies (10.5) and w satisfies the 
(Dini) сопdШоп 

Z w(t) 
---'-'- dt < оо 

о t ' 
х> О, (10.6) 

then и Е Lip(Wl' Ш». 
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Proof (cf. [84, Lemma 6.4.8]). Let 

l\lu(z) I ~ (,)(1 - Izl) 
'" 1 - Izl ' 

Let lal ~ Ibl ~ 1. Ву Lagrange's theorem, 

z Е JIJ>. 

lu(a) - u(ь)1 ~ (')~1~1~11) la - bl, 
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where е = (1 - >.)а + >'Ь for some >. Е (0,1). Since lel ~ Ibl and (,)(t)/t decreases, 
we see that 

(,)(1 - lel) (,)(1 - Ibl) 
1 - Icl ~ 1 - Ibl ' 

hence lu(a) - u(ь)1 ~ (,)(Ia - bl) ~ (,)1 (Ia - bl), under the condition la - ы� ~ 1 -Ibl· 
If 1 - Ibl ~ la - ы� ~ 1 - lal, then lu(a) - u(ь)1 ~ lu(a) - u(ь')1 + lu(b') - u(b)l, 

where Ь' = (1 - 8)b/lbl, 8 = la - bl. Using Lagrange's theorem as аЬоуе we get 

In the case of lu(b') .:... u~b)l, we have 

lu(b') - U(Ь)I ~ 
Ibl (,)(1 - t) 

-,-:",_-,- dt ~ 
Ib'1 1 - t 

• " 

l' 
(,)(1 - t) d _ (S:) t - (,)1 и . 

1-6 1 - t 
, 

• 

Finally, if 8> 1-lal, w~ use the inequality lu(a) - U(Ь)I ~ lu(a) - u(а')1 + lu(a') -
U(Ь')I + lu(b') - u(b)l, where а' = (1 - 8)a/lal, and then proceed in а similar way 
as аЬоуе. о 

10.1.7 Remark If (,) satisfies (10.6), then (,)1 is а сопсауе majorant. Let 

1 (,)(t) 
(,)2(Х) = Х 2 dt, 

х t 
О < Х < 1. 

This function is not increasing but has the properties: (,)2 is сопсауе, (')2(t)/t is 
decreasing and (,)2(0+) = О. It follows that (,)2 is а majorant near О. We have 

х (,) (t) 
2 dt = (,)1 (Х) + (,)2 (Х) , 

о t 
О < Х < 1. 

Then Lemma 10.1.6 and the proof of Privalov's theorem yield: 
Suppose that (,) satisnes the Dini eondition. (а) Н и = P[gl and 9 Е Lip«,) , т), 

then the eonjugate fиnction и Ьав а eontinuous extension to JIJ>, and, тогеоуег, и 
and и belong to Liр«,)з, JIJ», where (,)з(Х) = (,)1 (Х) + (,)2 (Х). 

(Ь) Н f Е A(JIJ» and Ј. Е Lip«,), т), then f Е Lip«,)1, JIJ». 
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10.1.8 Remark А majorant IJJ is said to Ье regular if there exists а constant G 
such that 

Z lJJ(t) 
-.-:..-'- dt + Х 

О t 
1 IJJ~) dt ~ GIJJ(X) 

z t 
(О < Х < 1). 

It is easily verified that condition (10.2)&(10.4) implies that IJJ is regular. The 
converse is true as well. Moreover, IJJ satisfies (10.2) iff 1JJ1(X) ~ GIJJ(x) for some 
constant С; and IJJ satisfies (10.4) iff 1JJ2(X) ~ GIJJ(x) for some constant С. 

10.2 Lipschitz condition for the modulus 

А function f Е H(IIJ» satisfies the condition If(z) - f(w)1 ~ Iz - wl in IIJ> iff 11'1 ~ 1 
in IIJ>. Оп the other hand, the corresponding Lipschitz condition for 111 is satisfied 
iff '\71111 ~ 1. Since 1'\71111 = 11'1, we conclude that there holds the relation 

f Е H(IIJ». 

This is the simplest case of the following theorem. 

10.2.1 ' Theorem Let IJJ satisfy the Dini condition (10.6). If f Е H(IIJ» and 111 Е 
Lip(IJJ,IIJ», then f Е Lip(1JJ1,1IJ». 

The theorem states, in particular, that if 111 Е Lip(lJJ, IIJ», and IJJ satisfies (10.6), 
then f Е A(IIJ». Оп the other hand, there exists а function f Е H(IIJ» " А(][Ј)) such 
that the function 111 has а continuous extension to the closed unit disk. ТО show 
this, we use the known fact t!!..at there exists а bounded analytic functio~ и + iv 
such that и is continuous оп ][Ј), while v has по continuous extension to][J). Then 
there are а point ( Е 1Г, two sequences {zn} С][Ј) and {wn} С IIJ> tending to (, and 
two points а, Ь Е С (а :ј:. Ь) such that v(zn) -+ а and v(wn) -+ Ь. We сап assume 
that eia :ј:. e ib since otherwise we can consider the function (и + iv) / л for а suitable 
л> о. Then the desired function is f = ехр(u + iv). 

As а consequence of the аЬоуе theorem we have the following result of Dyakonov. 

10.2.2 Theorem [20] Let IJJ satisfy (10.2). А function f Е Н(][Ј)) belongs to Ње 
space Lip(lJJ, IIJ» iff 111 belongs to Ње saтe space. 

Before stating another theorem of Dyakonov recall that the function 111 is sub
harmonic and consequently P[lf.I](z) - If(z)1 ~ О, for аН z Е IIJ>. We also know 
that 

P[lf.I](z) -lf(z)l-+ О as Izl-+ 1, (t) 

so it is а natural question how fast the convergence in (t) can Ье. It turns out 
that this is closely related to Lipschitz condition for ј, i.e., to growth of the first 
derivative. 

10.2.3 Theorem (Dyakonov [20]) Let IJJ satisfy (10.2) and (10.4), f Е A(IIJ». 
ТЬеп the fol1owing conditions ме equiva1ent: 
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(ј) 1/.1 Е Lip("",,1') a.nd I/(ei8 )1-I/(rеi8 )1 ~ С"",(I- Т) foг воте consta.nt Сј 

(н) 1/.1 Е Lip("",,1') a.nd P[l/.I](z) -1/(z)1 ~ C"",(I-lzl) {ог some consta.nt Сј 

(Ш) 1 Е Lip(""" IIJ)). 

Dyakonov's proofs are based оп theorems оп pseudoanalytic continuation and 
theorems оп division Ьу inner functions. Here we present the proof from [78]. Тће 
key is in connection between the modulus of the first derivative a.nd the oscillation 
of the modulus of the function. 

10.2.4 Lemma Let Dz = {w: Iw - zl ~ 1 -Izl}, 1 Е A(IIJ)). ТЬеп 

1 
2(1 -lzl)I!,(z)1 ~ sup (lf(w)I-I/(z)l) (z Е IIJ)). 

wED. 

ргоос. Let Mz = sup{l/(w)l: w Е Dz }. If z = О and Мо = 1, then Schwarz' 
lemma gives 11'(0)1 ~ 1 - 1f(0)12 ~ 2(1 - 1/(0)1), which is the required inequality 
in а special сме. In the general сме we apply this special сме to the function 
F«() = f(z + (1 -lzl))/Mz , ( Е IIJ). О 

Ргоо! о! Тћеогеш 10.2.1 Assuming 111 Е Lip(""" IIJ)), we have 

I/(w)1 -1!(z)1 ~ C"",(lw - zl) ~ С"",(1 - Izl) 

for every z Е IIJ) and w Е D z. Taking the supremum over w Е D z and using Lemma 
10.2.4, we get II'(z)I(1 -lzl) ~ 2C"",(I-lzl). Now the result follows from Lemma 
10.1.6. О 

Ргоо! о! Theorem 10.2.3. [78] Тће implication (Ш) =} (ј) is trivial. Consider 
the implication (i) =} (щ. Assuming (ј), let h(z) = P[l/.I](z), 1 Е Lip(""" IIJ)) =: Х 
and 1/.1 Е Lip("",,1'). Тћеп h Е х, Ьу Theorem 10.1.4, and 111 Е Х because 1 Е х. 
Непсе 

h(z) -1/(z)1 = h(z) - I/(z/lzl)1 + lf(z/lzl)I-If(z)1 

= h(z) - h(z/lzl) + I/(z/lzl)l -1f(z)1 

~ С"",(1 - Izl) 

for z Е IIJ) " {О}, which implies (Н). 
In order to prove that (н) implies (Ш), we start from the inequality 

I/(w)1 - lf(z)1 ~ h(w) - I/(z)1 = h(w) - h(z) + h(z) -1f(z)l, 

valid for z Е IIJ) and w Е D z • From the hypothesis 1/.1 Е Lip("",,1') and Тћео
rem 10.1.4 it follows that 

h(w) - h(z) ~ C""'(lw - zl) ~ С"",(1 - Izl), 

Ву (щ, we have h(z) - lf(z)1 ~ С"",(1 - Izl), so we get 

lf(w)I-I/(z)1 ~ C"",(I-lzl), w Е Dz • 

Тће proof is now concluded as јп the сме of Theorem 10.2.2. О 
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10.3 Lipschitz spaces of higher order 

Moduli of smoothness If h is а complex-valued function defined оп JR, then Ll~h 
(п is а positive integer, t Е JR) denotes the n-th symmetric difference with step t : 

Ll:h(O) = h(O+ t) - h(O) (О Е JR), and Ll~h = Ll:Ll~h (п ~ 2). 

In particular, Ll~h(O) = h(O + 2t) - 2h(O + t) + h(O). In the general сазе there holds 
the formula 

п 

Llfh«(}) = L ~ (-1)n-kh(О + kt). 
k=O 

If 9 is а function оп the unit circle, then Ll~g is defined Ьу Ll~g(eilJ) = Ll~h(O), 
where h(O) = g(eilJ ). For fixed п and t, Llf is а linear operator which preserves 
С('ЈГ)ј we have I/Llfgll ~ 2n l/gl/, where 1/.1/ = 1/·1/00 denotes the max-norm in С('ЈГ). 
Тће modulus of smoothness of order п is defined Ьу ""n(g, t) = sup{I/Ll~gl/ : 181 < t}, 
t > О, 9 Е С('ЈГ). 

Lipschitz spaces Let Ф Ье а positive function оп (0,7r] and let п Ье an integer. 
Тће Lipschitz space Liрn(ф) consists of those functions 9 Е С('ЈГ) for which 

""n(g, t) = О(ф(t», t -t Ој 

the norm is defined Ьу 

Тће analogous space defined Ьу the "little оћ" condition will Ье denoted Ьу liрn(ф). 

Zygmund classes In the сазе where п = 2 and ",,(t) = t the spaces Liрn(ф) and 
liрn(ф) are known as the Zygmund classes (cf. [100, П.§§3,4]) and are denoted Ьу А. 
and Л., respectively. А function 9 Е л. is called а smooth function because the 
existence of the left derivative at а point implies the existence of the right as well as 
that they are equal. Тће set of points where 9 is differentiable тау Ье of measure 
zero although must Ье everywhere dense and of the power of the continuum. See 
[100, р. 43-48]. Тће Weierstrass function 

оо 

g(O) = L ь-not cos(bnO) , 
n=l 

where Ь = 2,3, ... and а: > О, belongs to А. for а: = 1, and to АOt('ЈГ) for а: < 1. 
It is known that for а: ~ 1 the function 9 is nowhere differentiable (Weierstrass, 
Hardy). 
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The spaces hoo,n('IjJ) Let hoo('IjJ) denote the class of the functions и Е h(][J)) for 
which u(z) = O('IjJ(I/(I-r))), r = Izl-+ 1-, where 'Ф(х), х ~ 1, is а positive 
nonincreasing function that grows slower than воте power of х. The latter теаnв 
that, for воте f3 > О, the function 'IjJ(х)/хfЗ is almost decreasing. Such functions 
are, for example 'Ф(х) = xO«log(2x))1', where а > О and f3 Е IR, or а = О and 
f3 > О. In the simplest(*) case, when 'Ф(х) = 1, we have hoo('IjJ) = С(1Г), and then, 
ав we have вееn, the Poisson integral acts as аn isometrical isomorphism from С(1Г) -
onto hC(][J)) = С(][Ј)) п h(][J)) (вее Theorem 3.1.7). Неnсе every subclass of С(1Г) сan 
Ье regarded as а subclass of hC(][J)), and conversely. 

Following the paper [71], we shall show that anу hoo ( 'Ф) is isomorphic to воте 
Lipschitz врасе via the tangential derivative of sufficiently large order. 

Under the above hypothesis оп 'Ф, we define 

М(т,и) 
Ilull", = lu(O)1 + O~~~l 'Ф(I/(1 - Т))' 

where М(Т, и) = Моо(Т, и) = max{lu(z)1 : Izl = Т}. Let 

hoo,n('IjJ) = {и Е h(][J)) : IIDnull", < оо}, п = 0,1,2, ... , 

where 

(Dnu)(rei8 ) = :::(rei8 ) = .I: (ij)nu(j)rlileii8, 
Ј=-ОО 

The subspace of hoo,n('IjJ) defined Ьу М(Т, Dnu) = о ('IjJ (1/(1 - Т))), r -+ 1-, will 
Ье denoted Ьу ho,n('IjJ). 

Conditions for majorants From now оп we shall assume that 'IjJ is а positive almost 
increasing function оп [1, оо) satisfying the condition: 

there exists а constant С < оо such that 'Ф(2х) ~ C'IjJ(x), х ~ 1. (И) 

This is equivalent to the existence of а positive constant а such that 

'Ф(х) is almost decreasing (х ~ 1). 
хо< 

Concerning the function ф, we shall assume that it positive and almost increas
ing оп (0,1] and that there exists f3 > О such that 

(. )with respect to оф 

ф(t) 

tfЗ 
is almost decreasing (О < t < 1). 

• 
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10.4 Growth of derivatives 

The following theorem is classical and is due Hardy and Littlewood, Zygmund, and 
Privalov (see [18, Ch. 2, §§1,2], [100], and [67]). 

10.4.1 Theorem Let О < а ~ п (п = 1,2, ... ) and и Е h(~). 
two conditions ше equiva1ent: 

ТЬеп the fоПоwiпg 

и Е hC(~) & wn(u .. , t) = o(ta) ; 

Dnu(z) = 0«1 - Izl)a-n). 

(10.7) 

(10.8) 

If јп addition а < п and и = Rej, ј Е H(~), then the сопdШоп j(n)(z) = 
0«1 - Izl)a-n) ЈВ equiva1ent to еасЬ оЕ the preceding. 

Recall that hC(~) = C(~) п h(~). In this section we extend Theorem 10.4.1 in 
the following way. 

10.4.2 Theorem If ф(t)/tn a1most decreases and ф(t)/tЬ a1most increases, for 
воте Ь > О, then the РОЈВВОП integra1 acts as an isomorphism оЕ Liрn(ф) onto 
hоо,n(ф), where ф(х) = хnф(1/х), х ~ 1. 

Remark. The analogous assertion for the pair liрn(ф), hо,n(ф) is also valid. 

This theorem is contained in the following. 

10.4.3 Theorem Let п Ье а positive integer and let Ф and Ф satisfy conditions 
(И) and (U~). ТЬеп the following assertions ше equiva1ent: 

(а) Liрn(ф) = hоо,n(ф); 

(Ь) There ше constants а < п and С вuсЬ that Ф sаtisпеs (Uа ) and 

ф(t)/С ~ tn ф(1/t) ~ СФ(t), 0< t < 1. 

Condition (U~) is natural because the modulus of smoothness has the property 
that wn(g, t)/tn almost decreases (Lemma 10.4.7). However, the theorem cannot 
Ье applied to the case 

1 
ф(t) = (1 + log(1/t) )Ь (Ь> О), 

and we do not know whether the space Lipn (ф) is isomorphic to some of the spaces 
hoo (ф). 

Proof of Theorem 10.4.3 

The implication (Ь)=>(а) is а consequence of the following two propositions, which 
will Ье proved later оп. 
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10.4.4 Proposition IЕи Е hC(][)), then 

M(r, nnи) :::; С(l - r)-nwn(u., 1- r), 0< r < 1, (10.9) 

wbere С < оо depends оn1у оп п (п = 1,2, ... ). 

For the proof зее page 160. 

10.4.5 Proposition If u Е h(][)) and 
1 
(1 - r)n-l M(r, nnи) dr < оо, 

о 

then u Е hC(][)) and 
1 

,,-,n(и., t) :::; С (1 - r)n-l M(r, nnи) dr, 0< t < 1, 
l-t 

where С depends оn1у оп n. 

For the proof зее page 162. 

(10.10) 

(10.11) 

Let п Ье а fixed integer. Condition (иа ) {гот the preceding section сan Ье 
written as 

ф(у) :::; с(у/х)аф(х), у ~ х ~ 1. 

Непсе (иа ), а < п, imp1ies 
оо 

ф(у)у-n-l dy :::; Сх-nф(х), х ~ 1, 

which is part of the following lemma.(t) 

10.4.6 LеПШlа ТЬе function Ф saUsfies (Аn ) iff there exists а < п such that Ф 
satisfies (иа ). 

Proof. We need to prove that (Аn ) implies (иа ) for some а < n. Let Ф satisfy 
(Аn ), and let 

оо 

Р(х) = ф(у)у-n-l dy, х ~ 1. 

It is еазу to see that сР(х) :::; х-nф(х) :::; СР(х), х ~ 1, and hence it suffices 
to find Ь > О such that хь Р(х) is nonincreasing for х ~ 1. Choose Ь зо that 
Р(х) :::; (l/Ь)Ф(х)х-n , х ~ 1, which сan Ье written as Р(х) :::; -(l/Ь)хР'(х). ТЫз 
implies that the derivative of хь Р(х) is :::; О, which concludes the proof. о 

Now the implication (b)~(a) of Theorem 10.4.3 is obtained immediately from 
Propositions 10.4.4, 10.4.5, Lemma 10.4.6 and the formula 

оо 1 

ф(у)у-n-l dy = (1 - r)n-lф(l/(l - r)) dr, 0< t < 1. 
l/t l-r 

For the proof of the implication (a)~(b) we need зоте тоге lemmas. 

(t)Such З-'!sеrtiопs ме often encountered in Ље theory of regularly varying functions (вее [88]). 
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10.4.7 Lemma If 9 Е с(т), then the [unction U)n(t)/tn јв a1most decrea.sing [ос 
t> о. 

Proof. Тће lemma is еавНу deduced from the inequality . 

U)n(g, 2t) ~ 2nU)n(g, t), t > О, 

while (10.12) сan Ье proved Ьу means of the formula 

dfg(ei8 ) = L g(j)(eijt - l)neij8 
Iјl<оо 

(g is а trigonometric polynomial), from which опе gets 

п 

(10.12) 

(10.13) 

d~tg(eilJ) = L(eijt + l)ng(j)(eijt - l)neijlJ = L ~ dfg(ei(lJ+kt)). о 
ј k=O 

10.4.8 Lemma If 9 Е с(т) and gk(eilJ ) = g(eiklJ ), where k = 1,2, ... , then 

Proof. From (10.13) it follows that 

(_I)n [g(ei8 ) -g(О)]= 2~ 1r (dfg)(eilJ)dt. 
-,. 

Непсе 

IIg - 9(0)1100 ~ 2~ 1r IIdflloo dt ~ U)n(g,7r) = U)n(gk, 7r/k). 
-,. 

о 

10.4.9 Lemma Let Х = Liрn(ф) ос hоо,n('Ф). ТЬеп there hold Ње аввесиопв; (ј) 
If а sequence {ит } С Х converges јп пост to и, then um(z) ~ u(z) unifoсm1у оп 
compact subsets о[][Ј). (Н) Х јв complete. 

Proof. Let Х = Liрn(ф). According to Lemma.s 10.4.8 (k = 1) and 10.4.7, 

U Е х. 

This shows that Х is continuously embedded into с(т) = hC(][J)), which implies (i). 
Тће saтe fact сan Ье used to prove the completeness of х. 

In the саве when Х = hоо,n('Ф) the proof is even simpler. о 

10.4.10 Lemma Let Ф and'Ф satisfy the conditions (И) and (И~). Let Uk(Z) = 
zk, where Izl ~ 1 and k = 1,2, ... ТЬеп 

(k ~ 1), (10.14) 

(k ~ 1). (10.15) 
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Proof. ТЬе proof of (10.14) is straightforward. In order to prove (10.15) we 
use the equality (~fUk*(W» = wk(eikt -1)n, w Е Т. Непсе 

Wn(Uk*' t) = 2n sup{1 sin(ks/2)ln : О < s ~ t}, t > О, 

and therefore 

IIUkllф,n = 2n suр{lsiп(ks/2)l n/ф(t) : s ~ t ~ 1, О < s ~ 1}, 

Since ф(t) ~ ф(s)/С for О < s ~ t ~ 1, we have 

IIUkllф,n ~ Сsuр{lsiп(ks/2)ln/Ф(s) : 0< s ~ 1}, 

where С is independent of k. If 1/k ~ s ~ 1, then Isiп(ks/2)ln/Ф(s) ~ С/ф(1/k) 
because the function 1/ф is almost decreasing. If 0< s ~ 1/k, then 

because sn/ф(s) is almost increasing. Thus Ilullф,n ~ С/ф(1/k). ТЬе proofofthe 
reverse inequality is simpler. О 

Now we ready to prove the the implication (a)~(b) in Theorem 10.4.3. Let 
Liрn(ф) = hoo ,n(1/J). It follows from Lemma 10.4.9 and the closed graph theorem 
that IIDnullф х IIUkllф,m k ~ 1, where uk is as in Lemma 10.4.10. Непсе, Ьу 
Lemma 10.4.10, Ф(1/k) х (1/k)n1/J(k), k ~ 1, which yields 

0< t ~ 1, (10.16) 

and this is part of (Ь). 
In order to prove that (а) implies (ио<) for for some а < п, we consider the 

functions 

оо 

Uk(Z) = k-n1/J(k)zk + '2)jk)-n(1/J(jk) -1/Ј«(ј -1)k») zj k, Z Е )[). 
ј=2 

Assume, as we тау, that 1/Ј is nondecreasing. ТЬеп 

оо 

М(Т, DnUk) ~ 1/J(k)rk + L ( 1/J(jk) -1/Ј«ј - 1)k) ) r jk 

ј=2 

оо jk-l 

~ 1/J(k)rk + L L ( 1/Ј(Р + 1) -1/Ј(Р) ) тр+1 

ј=2 p=(j-l)k 

оо 

= 1/J(k)rk + L ( 1/Ј(Р + 1) -1/Ј(Р) ) ТРН 
• j=k 

оо 

= (1- Т) L 1/Ј(Р) ТР ~ С1/Ј(1/(1- Т»). 
p=k 
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It follows that {Uk} is а norm bounded sequence in hоо.n(ф). Now we use the 
inclusion hоо.n(ф) С Liрn(ф) to conclude that the functions Uk are continuous оп 
the closed disk and 

0< t < 1, (10.17) 

where С is independent of t, k. 
ОП the other hand, Ьу Lemmas 10.4.7 and 10.4.8, 

оо 

= k-nф(k) + k-n LГn(ф(јk) - ф«ј - l)k») 
ј=2 

оо . 

= k-n L (ј-П - (ј + l)-n)ф(јk). 
ј=l 

Hence, Ьу (10.17), (10.16) and (И), 

оо 

k-n Lгn-1Ф«ј + l)k) ~ Сф(lјk) ~ Сk-nф(k) 
ј=l 

and therefore 

оо оо 

у-n-lф(у) dy= k-n у-n-lф(уk) dy ~ Сk-nф(k), k=1,2, .... 
k 1 

It is easily verified that this implies (Аn ). Thus Ф satisfies (иа ) for some а < п 
(Lemma 10.4.6), and this concludes the proof of Theorem 10.4.3. 

Proof of Proposition 10.4.4 

In proving Proposition 10.4.4 and Proposition 10.4.5 we shall use the inequalities 

-
M(r,Dn+1f) ~ С(l- т)-l М«l + r)j2,Dnu) 

М(Т, ј(n+1) ~ С(1 - т)-l М«l + т)ј2, Dnu), 
(10.18) 

where u = Rej, ј Е H(IIJ), and п ~ О. Equivalently: if Dnu is bounded in IIJ), then 

where С is independent of ј and z. Тће proof is left to the reader as an exercise. 
In proving Proposition 10.4.4 we тау assume that u is real-valued and harmonic 

in а neighborhood of the closed disk. For fixed r < 1 let h(O) = ur(O) = u(rei8 ). 

Then 

(.L\rh)(O) = h(n) (О + Хl + оо' + Хn) dXl оо. dxn , (10.19) 
tE 
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where tE is the n-dimensional сиЬе [О, t]n. Непсе 

h(n)(()) = (Dnu)(rei8 )tn 

= (Af)(()) - (h(n)(() + Xl + ... + Хп ) - h(n)(())) dxl ••. dжп . 
tE 

Since 

161 

~ М(т Dn+1)x "', , Х = Xl + .. . Хп , 
о 

we get 

М(т, Dn+1 u) ~ IIAfurll oo + М(т, Dn+1U)(Xl + ... + Хп) dx1 •.. dжп 
tE 

= IIAt'urlloo + (n/2)М(т, Dn+1 )tn+1, 0< r < 1, t > о. 

Тће function Afu defined Ьу (Afu)(rei8 ) = (Afur)(()) is harmonic оп the closed 
disk and therefore IIAt'urlloo ~ IIAfu .. 11 ~ c.vn(u., t), t > о. These inequalities 
together with (10.18) yield 

М(т, Dnu) ~ ГПc.vп(U., t) + Kt(l- r)-l М((1 + т)/2, Dnu) (10.20) 

(t > О, О < r < 1,) where К depends only оп n. Let А(т) = (1 - т)-п М(т, Dnu), 
О < r < 1. It follows from (10.20) that 

А(т) ~ ГП(1 - r)nc.v(t) + 2П Kt(1 - r)-l А((1 + т)/2), 
where c.v(t) = c.v(u., t). Choose an integer m so that 2П К ~ (1/4)2т and take 
t = а(l- т), а = 2-т . Тћеп we have А(т) ~ a-m c.v(I- т) + (1/4)А((1 + т)/2), О < 
r < 1. Integrating this inequality from р « 1) to 1, and introducing appropriate 
substitutions, we get 

1 l-p 1 

А(т) dr ~ а-т c.v(t) dt + (1/2) А(т) dr 
р о (l+р)/2 

l-p 1 
~ -т ",а c.v(t) dt + (1/2) А(т) dr. 

о р 

Непсе, since the integral 1: А(т) dr is finite, 

1 l-p 

(1/2) А(т) dr ~ а-т c.v(t) dt. 
р о 

Now (10.9) follows цот the inequalities 

l-р 1 

c.v(t) dt ~ (1 - р) c.v(1 - р), М(т, Dn+1 u)(1 - р)n+l ~ (п + 1) А(т) dr, 
о р 

which are valid because the functions c.v and М are increasing. Thus the proof of 
Proposition 10.4.4 is finished. 
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Proof of Proposition 10.4.5 

Let u = Re 1, where 1 is analytic и II». Then 

п 1(k) ( ) 1 1 
1(z) = L ,rz zk(l- r)k + ,. (1 - s)nzn+l 1(n+l) (sz) ds 

k=O 
k. n. r 

(z Е II», 0< r < 1). Denoting the sum Ьу 1r,n we have 

1 
If(z) - 1r,n(z)1 :::; ,. 

n. r 

1 

(1 - s)n M(s, 1(n+1)) ds. 

(10.21) 

From this and (10.18) it follows that (10.10) implies 111 - 1r,nlloo -} о (Т --+ 1-). 
Since the functions 1r,n (Т < 1) are continuous оп the closed disk, we see that (10.10) 
implies the continuity of 1, and consequently of и, оп the closed disk. 

In order to prove (10.11) let ur(O) = u(rei /1), О < r :::; 1. Then (10.11) is 
equivalent to 

1 

II~?Ullloo:::; С (1- s)n-1М(s,Dnu)ds, 0< t < 1. (10.22) 
l-t 

Let r = 1 - 2t, 0< t < 1/4. Then II~rU!II :::; II~r(Ul - ur)II + II~rur". It follows 
from (10.19) a.11d the "increasing" property of М(Т, Dnu)that 

1 

II~?urll :::; tn М(Т, Dnu) :::; п (1 - S)n-l M(s, Dnu) ds, 
l-t 

a.nd ·therefore we have to prove that II~r(U! - ur)II is dominated Ьу the right-hand 
side of (10.22). Since II~r(Ul - ur)II :::; II~r(л - 1r)II, it is enough to prove that 

1 

II~?(Л - 1r)II :::; с (1 - s)n-l M(s, Dnu) ds. 
l-t 

То prove this write (10.21) in the form 

п 

л(о) - 1r(O) = Н(О) + L hk(O)(l - r)k /k!, where 

Н(О) = ~ 
n. r 

We have 

. I 
• • 

r 

r 
1 

k=l 

1 

(1 - s)n M(s, 1(n+1)) ds 

(1 - S)n-l М((l + s)/2, Dnu) ds 

1 

= 2nС (1 - s)n-l M(s, Dnu) ds, 
l-t 
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where we ћауе applied (10.18).In order to estimate II~rhkll, let m = п - k + 1 
(1 :::;; k :::;; п) and observe that (10.19) implies 

1I~;hkll = II~:-l~r'hkll :::;; 2k-lll~r'hkll:::;; 2k-ltmllhim) 11. 

From this and the inequality Ilhim)11 :::; С(1- r)-l М((1 + т)/2, Dnu) (see (10.18» 
it foHows that 

1 

l-t 

where С is independent of t. Combining аН the аЬоуе results yields (10.11) for 
0< t < 1/4. If t > 1/4, we can apply Lemma 10.4.7 to reduce (10.11) to the case 
О < t < 1/4, and this completes the proof. о 

Misclellaneous 

10.4.11 (conjugate functions) If 'Ф(х), х ~ 1, satisfies (И) (р. 155) and there 
exists а constant /з > о such that 

'Ф(х)/х{ј almost increases (10.23) 

then the space hоо('Ф) is "self-conjugate", i.e., ther-e holds u Е hоо('Ф) => и Е 

hоо('Ф), or, what is the same, the Riesz projector (R+u)(z) = 'E~ о u{n)zn acts 
from hоо('Ф) to hоо('Ф). From this and Theorem 10.4.3 it foHows that the same 
holds for Liрn(ф) provided there exist constants /з < п and а> О such that ф(t)/tCt 

is almost increasing and ф(t)/t{ј is almost decreasing. It was proved in [91] that 

јЕ (И) hold8, then (10.23) ј8 nece88ary Eor hоо('Ф) to Ье 8elE-сопјugаtе. 

10.4.12 If а < п, then the derivative Dnu in Theorem 10.4.1 mау Ье replaced Ьу 
еасћ of the derivatives дnи/дјтдn-ј (} (ј = 0,1, ... ,п), see 10.4.11. If О < а < п, 
then Theorem 10.4.1 remains true when "О" is replaced Ьу "о". 

10.4.13 А real function 9 Е С(1Г) belongs to л. iff the Саисћу integral 

satisfies 

• 

1 
j(z):= -

21Г 

Ij"(z)1 :::; 1 ~Izl (Izl < 1) . 

This condition implies that ј Е А([]) and that the boundary function ј. belongs 
to л •. 



11 Lacunary series 

In the first section we consider Paley's theorems оп lacunary series in HP (The
orems 11.1.1 and 11.1.3). The rest of the chapter is c;l.evoted to the proof of а 
generalized version of the GurarijjMatsaev theorem оп и(о, 1)-integrability of la
cunary power series (see Theorems 11.4.2 and 11.3.1). Since the proof is based оп 
the ideas from Karamata's proof of Littlewood's tauberian theorem, we included а 
short discussion of Karamata's ideas (Section 11.2). 

11.1 Lacunary series in HP 

А sequence {nk}k~1 of positive real numbers is called lacunary if it satisfies the 
condition 

The corresponding series L akxn " is then called а lacunary series. 

11.1.1 Theorem (Paley) Let nk Ье а lacunary sequence оЕ positive integers. П 
f Е Н1 , then 

оо 1/2 

"ЈЊ ~ с L l!<nk)12 , 
k=1 

where с > О is а constant independent оЕ ј. 

This theorem does not extend to the case of L 1(T), and this сan Ье seen 
from 6.1.4. 

Theorem 11.1.1 will Ье deduced from the following result. 

11.1.2 Theorem (HardyjLittlewood) Let f Ье analytic јп IIJ). ТЬеп there hold 
the assertions: 

(а) П f Е нр, О < Р ~ 2, then 

1 

К := М;(Т, 1')(1 - Т) dr < оо (11.1) 
о 

and there exists а constant Ср such that К ~ Cpllfll~. 
(Ь) П2 ~ р < оо, then (11.1) јтрlу f Е HP and Ilfll~ ~ Ср(К + If(O)12 ). 

Proof. (а) Let О < р ~ 2. In view of Lemma 5.1.7, it is enough to discuss 
the case where f has по zeros in IIJ). Fиrther, we сan assume that Ilfllp = 1. Let 

164 
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9 = lр/2 • Then Ilfll~ = IIgll~ and 

МС(Т,I') = (2/р)Р 2~ 
-,.. 

Hence, Ьу Нбldеr's inequa1ity with the indices 2/(2 - р), 2/р, we get 

МС(Т, 1') ~ (2/р)Р М;-Р(Т, g)Mf(r, у'). 

165 

Since М2(Т, у) ~ IIgll2 = 1, we see that М;(Т, 1') ~ (2/р)2 M~(T, у'), and this 
reduces the proof to the easily proved inequa1ity 

• 

1 

M~(T,y')(1 - r)dr ~ CllglI~. 
о 

(Ь) As remarked in the proof of Lemma 6.2.4, the function IflP is of class С2 so 
we сan apply Green's formula to prove that the Hardy /Stein identity, 

2 

IIfll~ = 11(O)IP + ~ 

holds for every 1 Е НР. Let g(z) = f(pz), О < Р < 1. Ву HOlder's inequa1ity we 
get 

1 

Hence 

1 М;(Т, у')Т log ! dr. 
о r 

Multiplying this inequality Ьу IlglI~-Р and then letting р tend to 1, we get the 
desired result. о 

Proof of Theorem 11.1.1. Let л = infk~l nk±l. From Theorem 11.1.2 it 
~ nk 

follows that 
r"'+l 

M'f(r, 1')(1 - Т) dr, 

where Тт = 1 - л-m, Cl=const> о. For еасћ т, the block Iт = [лm,лm+l) 
contains at most one member of the sequence {nk}. Therefore we can suppose that 

~ 

nт Е Iт for a11 т. Since M 1 (Т, 1') ~ nlf(n)lrn - 1 , we have 

r 7R+t Тт+l 

M'f(r, 1')(1 - Т) dr ~ n~lf(nm)12 r 2n",-2(1 - Т) dr. 

Now the proof is easily completed. о 
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11.1.3 Theorem (Paley) Let the series f(z) = 2:~1 akznk, where {nk} is а 
lасuпату sequence, converge in]l). ТЬеп! Е HP (О < Р < оо) iff 2:';:1 lak 12 < оо. 
ТЬеге exists а constant С = Ср > О such that 

(11.2) 

Proof. In the case 1 ~ Р < 2, the result is an immediate consequence of Paley's 
theorem. Let О < р < 1. Let ! Ье analytic in а neighborhood of the closed disk. 
Then, Ьу means of the Cauchy jSchwarz inequality, we get 

Since "!Њ ~ cll!II2, we see that с IIfll~/2 ~ IIfll~/2. If ! is arbitrary, then we apply 
this inequality to the functions !р (р ~ 1) and this completes the proof in the case 
О < Р < 2. 

Let 2 < Р < оо and q = рј(р - 1). t follows frош Paley's theorem that 
the operator Р, (Р J)(z) = 2: j(nk)znk, is bounded from Hq to н2. The dual 
operator Р* is formally equal to Р, and since (Hq)* = HP (Theorem 6.3.2), we 
have IIP!IIp ~ Cpll!II2 for ! Е н2 . Hence IIfllp ~ Cpll!II2 if Р! =!. 

In the case р> 2, the theorem can also Ье deduced from Theorem 11.1.2(Ь) Ьу 
using 7.5.5. о 

Miscellaneous 

11.1.4 Inequality (11.2), known as Paley's inequality, holds for every р Е (О, оо) 
under the more general assumption that ! is an arbitrary trigonometric polynomial 
with lacunary coefficients. 

Оп the other hand, in the case р = оо, there holds Sidon's theorem [100, 
Theorem VI.(6.1)]: 

11.1.5 Theorem А trigonometric series with lасuпату coefficients is the Fourier 
series оЕ а bounded function ifE Ње sequence оЕ coefficients is absolutely summaЫe. 

For further properties of lacunary series see Zygmund [100, Ch. У, §§6,7]. 

11.2 Karamata's theorem and 
Littlewood's theorem 

Recall Abel's theorem: 
Let 

оо оо 

f(z) := L Ak zk = (1 - z) L Sn zn (lzl < 1, z Е С), (11.3) 
k=O n=О 
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where {Ak} (k ~ О) Јв а sequence ofvectors Јп а ВanасЬ врасе (Х, 1·1), and sn = 
E~=o Ak. Ifthere еЮsts the Нти limn -+oo sn =: S Е Х, then limr-+l- Ј(т) = s. 

In other words, convergence оЕ а вегЈев ЈтрНев its suттаЬШtу Ьу Abel's 
method; the converse is not true. Tauber proved that if the "tauberian" condi
tion limn -+oo nАn = О is satisfied, then the existence of limr-+l ј(т) =: l implies 
limn -+oo Sn = l. Littlewood [54] improved Tauber's theorem Ьу replacing Tauber's 
condition Ьу (*) 

sup (k + 1)IAkl < оо. 
k~O 

(11.4) 

Тће original proof of Littlewood is very complicated. Karamata [39] found а simple 
approach to Littlewood's theorem, which enabled him to improve and generalize 
some more tauberian theorems, mainly due to Hardy and Littlewood [39, 41, 40]. 

Karamata's theorem 

Condition (11.4) and boundedness ofthe function ј(т) = (1-т) E~o Skrk оп (0,1) 
imply boundedness of the sequence Sn (Lemma 11.2.4). 

11.2.1 Theorem (Karamata) If the sequence Sn јв bounded and the сопdШоп 
оо 

lim (1 - т) Е snrn = S јв saUsfied, Њеп 
r-+l- n=О 

1 

ф(t) dt, (11.5) 

where Ф јв an arbitrary lliemann<t) integraЬJe fиnction оп [0,1]. 

Proof of Littlewood's theorem. In order to deduce Littlewood's theorem 
from Karamata's theorem, i.e., to prove that the conditions (11.4) and 

(11.6) 

imply convergence of the series Е Ak, we choose Ф so that rф(r) = 1/(л - 1) for 
е-Л ~ r < e-1 , ф(r) = О otherwise, where л > 1. Then from (11.5) we get, Ьу 
taking r = e-1/ n , 

Оп the other hand, 

1 [лn] 

(л -1)n L Sk 
k=n+l 

(')See Theorem 11.2.2. 

1 [лn] 

lim (л 1) L Sk = S. 
n-+оо - П 

k=n+l 
(11.7) 

- SN = [лn] - п -1 
(л - 1)n 

1 [лn] 

SN + (л _ 1)n L (Sk - sn). 
k=n+l 

(t) "Riemann" cannot Ье replaced Ьу "Lebesgue". 
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. 

From this and condition (11.4) it follows that 

limsup 
n-too 

1 [лn] 

(л -l)n L Sk 
k=n+l 

- Вn ~ 1imsup тах ISk - вnl ~ СlоgЛ. 
n-too n<k~[лn] 

Now the result follows frqm (11.7) because л > 1 is arbitrary. О 

Proof of Karamata's theorem. Observe that the expression 

оо оо 

(1 - Т) L 1/;(rk) rk = L 1/;(rk)(rk - rk+l) 
k=O k=O 

is а Riemannian sum ofthe function 1/;(т). ТЬе diameter of the underlying partition 
is equal to 1 - r and therefore 

1 

1/;( t) dt. 

It follows that condition (11.6) сan Ье written as 

оо 

lim (1 - Т) "(Sk - S)rk = о. 
r-tl- ~ 

k=O 

Replacing r Ьу тl+а , а > О, we find that 

and this implies 
оо 

Нт (1 - Т) "(Sk - S)P(rk) rk = О, 
r-tl- ~ 

k=O 
where Р is an arbitrary polynomial. Hence 

оо 

lim sup /(1 - т) L(Sk - S)1/;(rk) rk / 
r-tl- k=O 

оо 

~ limsup (1- Т) L(Sk - S)(1/;(rk) - P(rk))rk 
r-tl- k=O 

оо 

~ limsup (1- т) L 11/;(rk) - P(rk)lrk 
r-tl- k=O 

1 

=М 11/;(t)-p(t)ldt, 
О 

where М = sUPn~O Isnl. This concludes the proof because the polynomials are 
'" dense in Ll (0,1). о 
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Оп Littlewood's theorem 

The proof of Littlewood's theorem shows that condition Аn = О(lјn) сan Ье 
weakened. Here we state а special саве of а very general result of Karamata [40]. 

11.2.2 Theorem Let the fиnction (11.3) Ьауе property (11.6). ТЪе вегјев E~ An 
converges ЈЕ there exists а function б(л), л> 1, вuсЬ that limл-t1+ б(л) = О, and 

k 

Нт вир тах L Ај ~ б(л) Еог а11 л > 1. 
n-too n<k~[лn] . 

з=n 

(11.8) 

11.2.3 Corollary With the аЬоуе hypotheses, the вегјев E~ Аn convergesiE 

where С јв independent оЕ n. 

1/q С 

~-; foг sоше q> 1, (11.9) 

It should Ье observed that condition (11.8) is necessary for convergence of an 
arbitrary series and is weaker than the condition 

, 

[лn] 

Нтвир L IAjl ~ б(л), 
n-too . +1 

з=n 

while the latter is weaker than (11.9); namely, if (11.9) holds, then Ьу H61der's 
inequality, 

[лn] [лn] 1/ 

L IAjl~ (Е IAjlq) q([лn]-n)1-1/q~С(л-1)1-1/q, 
ј=n+l ј=n+l 

во we сan take б(л) = С(Л _l)l-l/q • 

Theorem 11.2.2 is an immediate consequence of the above proof of Littlewood's 
theorem and the fol1owing lemma. 

11.2.4 Lemma ЈЕ the fиncиon f 1в bounded and 
• 
з 

вир тах I L Ak < ОО, 
n~O n~j~2n '" k=n 

then the sequence Sn bouпded. 

(11.10) 

, 

We leave the proof of this lemma to the interested reader. We only note that 
one сan start from the inequality 

2n +l оо 

If(rn ) - s2n l ~ L Ај(l- T~) + I L Aj~ , 
ј=О j=2n 

(11.11) 
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where тn = 1 - 2-n
• Н (11.10) is strengthened to Bиpn~o 'E~~n 'Ај' < оо, then 

the proof Ьесотев shorter; namely, then it еаву to show that the right-hand side 
of (11.11) is bounded. 

Miscellaneous 

11.2.5 Тће "uniform" version of Dirichlet/Jordan test ваув: 
ТЬе Fourier series оЕ а 21r-periodic continuous fиncиon 1(0) ofbounded variation 

converges uniЕогтlу оп IR. 

Let Ak (О) = ak сов kO + bk sin kO «(Ј Е IR, k ~ 1), where ak, bk аге the Fourier 
coefficients of 1(0). From Theorem 3.1.6 it follows that 

н in addition f is of bounded variation оп [О, 21r], then IIAklloo = O(ljk), во the 
conclusion of the test сan Ье obtained Ьу Littlewood's theorem. 

11.2.6 Equality (11.5) holds if the sequence Sn is real and bounded from above. 
Јп Ыв proof Karamata арреalв to the following: Н 'Ф is а Шетanп integrable 
function, then for every е > О there аге polynomials Р(Т) and Q(r) висћ that 

. Р(Т) < 'Ф(r) < Q(r) and Ј01 (Q(r) - Р(Т)) dr < е. 

11.2.7 Let the sequence Sn = 'E~=o Ak Ье bounded and let condition (11.6) 
Ье satisfied. Н <р is an absolutely continuous function оп the segment [0,1] and 
<р(О) = О, then 

11.3 Lacunary series in С[О, 1] 
We continue to denote Ьу {A k } а sequence of vectors in а Вanасћ space х. We 
consider the series 

ОО 

.с(Т) = L Ak rЛk , (11.12) 
k=O 

where Лk is а lасuпагу sequence, i.e., а sequence satisfying 

. ЛН1 
шf Л = q > 1. 
k~O k· 

(11.13) 

Тће fol1owing theorem is taken from GurarijJMatsaev [24]. 

11.3.1 Тћеогет Л there exists the limit S := limr --+1- .с(Т), and is finite, then 
the series 'E~o Ak converges. 
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Proof. First we prove that the hypotheses imply 

(11.14) 

where М = sUPo<r<II.c(r)1 and С is independent of the sequence {Ak }. Let 

Then 
оо 

L Ak Р(rЛk ) = P1.c(r) + ... + рn.с(тn ), 
k=O 

whence 
оо 

L Ak Р(rЛk ) ~ (lpll + ... + Ipnl) М. 
k=O 

Choose Р so that Р(1/2) = 1, ,Р(т)' ~ 6т for 0< r < 2-q , and ,Р(т)' ~ 6(1 - т) 
for 2-1/ q < r < 1, where 6 is small enough; for example, we can take Р(т) = 
{4r(1-r)}N, N large enough. Next, if Ak -+ О, choose v so that IAIII = sUPk~O IAkl. 
Then 

kf.1I 

~ (lpll + ... + Ipnl)M + IAIII L IР(rЛk)l· 
kf.1I 

Let r = 2-1/Л~. We have 

L IР(rЛ.) I ~ 6 L (1 - ТЛk/Л~) + 6 LТЛ"/Л~ 
kf.v k<1I k>1I 

11-1 оо 

~ 6 L Лk / ЛV + 6 L 2-
qk ~ 6 L qk-II + L Tqk . 

k<1I k>v k=O k=1 

Now choose 6 so that the latter is less than 1/2. We get (1/2)IAII I ~ (lpll + 
.. . Ipnl) М, which is just the desired assertion in the саве that Ak -+ О. In 
the general саве, we consider the function .с(рт) for О < Р < 1; since the con
stant С = IPlI + .. ·IPnl is independent of {Ak}, we see, Ьу the preceding, that 
(1/2)IAklp2

k 
~ С sUPr ,.с(рт)' ~ С М for аЈl р and k, which completes the proof of 

inequality (11.14). 

Further, let us prove that Isnl ~ С1 М, where Sn = E~=o Ak , and C1 is an 

• 
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absolute constant. Putting Тn = e-1/>'" we get 

п 

1.с(Тn ) - Snl = L Ak (T~Jo - 1) + 
k=O k=n+l 
п оо 

~ L IАk IЛk(1 - Тn ) + L IAklr~k 
k=O k=n+l 

п оо 

~СМLЛkјлn+СМ L е->'Јо/>'", 
k=O k=n+l 

whence, Ьу condition (11.13), 1.с(Тn ) - snl ~ const. М. 
Finally, let Сх[О, 1] Ье the space of continuous functions from [0,1] to Х and 

let У Ье the subspace of Сх[О, 1] consisting of the functions 9 of the form 9 = .с 
with the property that there exists the limit limr-+l g(r). Ву what we have proved, 
the formula Аn (g) = Sn defines а bounded sequence of linear operators from У 
to Х. Оп the other hand, because of uniform continuity of functions 9 ЕУ, we 
have limp-+l- IIg - gplloo = О. Since gp Е У and Нтn-+оо An(gp) exists, we see that 
Нтn-+оо An(g) exists. о 

11.4 LP-integrability of lacunary series оп (0,1) 

With the above notation, we denote Ьу Р(х,у) (О ~ х ~ 1, у ~ О) а nonnegative 
real function that satisfies the condition 

(11.15) 

where а, Ь, с, d are positive constants (а ~ Ь, с ~ d). We write F Е .6. (а, Ь; с, d) or 
F Е .6. according to whether the values of а, Ь, с, d are or are not important. The 
simplest example is Р(х,у) = х"'уР (а > О, Р > О). Further examples сan Ье 
found Ьу considering the functions Р(х, у) = х"'ф(хf3у), where Ф : [О, оо) I-t [О, оо) 
is а function for which there are positive constants 'у and о such that Ф(t)ј(У 
decreases and Ф(t)јtб increases. 

11.4.1 Theorem IE F Е .6., and.c јв given Ьу (11.12), then the fol1owing condi
tions аге equiva1ent: 

1 

(1 - т)-l Р(1 - т, 1.c(r)l) dr < ОО; (11.16) 
О 

(11.17) 

In the case where Р(х, у) = хуР, this reduces to the fol1owing theorem ofGurarij 
and Matsaev [24]: 

• 
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11.4.2 Theorem For еуегу р Е (О, оо), the fol1owjng сопdШопs аге equi.va1ent: 

1 оо 

1.c(r)IP dr < оо; 2)1/лn)IАn IР < оо. 
n=О о 

We shall deduce Theorem 11.4.1 from а weaker result, namely: 

11.4.3 Proposition ТЬеге holds the jnequaUty 

1 

(1- т)-1 Р(l - Т, 1.c(r)l) dr ~ со suрF(1/лn , IAnl), (11.18) 
о n~O 

where со јв а роsШvе constant. 

Proof. Let F Е ь'(а, Ь; с, d). Тће ~ntegral in (11.18) is ~ 

1 

(1 - т)-1Р(1 - Т, l.c(r)lr1!d) dr/r, 
о 

and since the series .c(r)r1!d is lacunary, it follows that in (11.18) we сап write 
т- 1 dr instead of dr. Next, assuming that Лk+1/Лk ~ q > 1 for every k, let 

• 

[т(l - r)]N 
Р(Т) = [р(1 _ p)]N' 

where N is an integer and р satisfies the condition 2-q < р < 1/2 < 1 - р < 2-1!q. 

Choose е: so small that 

2-q(1-0) < р < 2-(1+0), 2-(1-0) < 1 _ р < 2-(1+0)!q. 

For every 8 > О we сап choose N so that 

Р(Т) ~ 1, 

0< Р(Т) :::;; 8т, 

for 2-(1+0) < r < 2-(1-0), 

for О < r < 2-q(1-E), 

О < Р(Т) :::;; 8(1 - Т), for 2-(1+0 )!q < r < 1. 

It is easily checked that 

Int : = 
1 
(1- т)-1 F 1-т , dr 

о о r 

1 dr 
(1 - т)-1 Р(1 - Т, l.c(r)l) , 

о r 

where С depends only of Р алd Р. Therefore to prove (11.18) it is enough to 
find а polynomial Р so that Int ~ со suрn~оF(1/Лm IAnl). Suppose that Аn -+ О 

? 
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and take v so that Р(1/Л", IA"I) ~. Р(1/,\n, IAnl) for аН n. We shall prove the 
(formaHy) stronger inequality 

Int,,(P) ~ со sup Р(1/ лn , IAnl), (11.19) 
n~O 

where 

Int,,(P) = (1 - т)-l р 1 - т, 
Ј" о 

Ј" = (2-(1+Е)/Л" , 2-(1-Е)/Л,,). 

There hold the implication 

k> v, r Е Ј" 

k < v, r Е Ј" 

= =>:. rЛk ~ 2-q(1-E) -..;: , 
==>:. rЛk ~ 2-(1+E)/q. 

dr , 
r 

(11.20) 

Now we pass to the proof of (11.19). Assume first that Р Е ~(a, Ьј 1, d). This 
means that the function у t-+ Р(х,у)/у (у > О) decreases, which implies that 
Р(х, Уl + У2) ~ Р(х, Уl) + Р(х, У2), whence 

Int,,(P) ~ (1- т)-l Р(1- т, Р(rЛ")IА,,1) dr 
~ r 

- L (1- r)-l Р(1- т, Р(rЛk)IАkl) dr. 
k:F" Ј" r 

Ву the relations (11.20) and the properties of Р, for 8 smaH enough, one сan prove 
that the subtrahend is small with respect to Р(1/л", IA"I), while the minuend is 
~ К Р(1/л", IA"I), where К is independent of 8, and this concludes the proof in 
the special case. (Details ше omitted.) 

Оп the other hand, applying Minkowski 's inequality to the preceding inequality, 
we get, for р > 1, 

, 

which is enough to complete the proof because an arbitrary function of class ~ can 
Ье represented as РР, where Р Е ~(a, Ьј 1, d). о 

In order to deduce Theorem 11.4.1 from Proposition 11.4.3 we need two technical 
lemmas. 

11.4.4 Lemma Н а > О, /3 > О, then 

1 

(1- pYJt-l(р - r)f3- 1dp ~ Са,fЗ(1 - r)a+f3 -1 (О < r < 1). (11.21) 
r 
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Proof. Let а < 1 and /3 < I.Ш We split the interval (0,1) Ьу the point 
р =.;т. If т < р < .;т, then (1 - p)C>-l(р - т).в- 1 ~ (1 - ..ji}c>-l(p - т).в- 1 . If 
.;т < р < 1, then (l_р)с>-1(р_т).в- 1 ~ (l_p)c>-1(уТ_т).в- 1 . ТЬе result follows 
Ьу integration of these inequalities over the corresponding intervals. о 

11.4.5 Lemma If G 1в а. pos1t1ve теавuга.Ые fиnct10n оп (0,1) and"l > О, then 
1 1 Р 

(1 - T)"Y- 1G(T) dT ~ со (1 - p)"Y/2-1 dр (р - T)"Y/2- 1G(T) dT, 
о О о 

where со 1в а. pos1t1ve constant depending оnlу оп 'У. 

Proof. We сan apply Fubini's theorem and арреal to inequality (11.21). О 

Proof of Theorem 11.4.1. Let F satisfy condition (11.15) and assume there 
holds (11.16). Put G(T) = (1 - т)-ь F(1 - т, 1.e(T)I). According to Lemma 11.4.5 
we Ьауе 

1 1 Р 

(1 - т)-l F(1 - т, IL(T)I) dT ~ со (1 - p)b/2-1dp (р - t)b/2- 1 а(т) dT. 
о о 

Оп the other hand, the inner integral equals 
1 

рЬ/2 (1 - T)b/2- 1 G(pт) dT 
о 

1 

о 

= рЬ/2 (1 - t)b/2-1(1 - рт)-ь F(1 - рт, l.e(pт)1) dT, 
о 

1 

~ рЬ/2 (1 - т)-Ь/2-1 F(1 - т, 1.e(pт)l) dT. 
о 

which is 

(Here we used the fact that х-ь F(x, у) increases with х, which follows from (11.15).) 
Further, the function x-b/ 2 F(x,y) belongs to д(а - Ь/2,Ь/2; c,d) so we саn apply 
Proposition 11.4.3; we get 

1 

(1 - т)-Ь/2-1 F(1 - т, lL(pт) 1) dT ~ с >.1:.(2 F(I/ >'n, IAnlp>'n). 
о 

From these inequalities and the estimates 
оо 

(1 - р)-"У ~ со L >.~p>'n, where 'у = 1 - Ь/2 > О, 

we get 
1 

n=О 

(I-T)-lF(I-T, 1.e(T)I)dT ~ со 
о 

1 оо 

dp L >.~-Ь/2 р>'n+Ь/2 >.1:.(2 F(I/ >'n, IAnlp>'n), 
о n=О 

whence, Ьу condition (11.15), we see that (11.17) holds. ТЬе proof of the implica
tion (11.17) ;. (11.16) is шисЬ simpler and we omit it. ТЬе reader could see the 
papers [60] and [58]. о 

ШОпlу this саве will Ье used јп the proof of the theorem. 



, 

• 
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