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llPE~rOBOP 



Vll 

0Baj yu6eHHK ca}J.p)l(H H36op rpa}J.HBa H3 npe}J.MeTa OnepmJUOHa 
ucmpaJICU6Q1-bQ KOjH je y pa3HHM o6nHIJ;HMa H y pa3JJHqHTHM BpeMeHCKHM 
HHTepBanHMa npe}J.aBaH Ha EneKTpOHCKOM tjlaKynTeTy y Hmny. AyTopn cy 
HacTojanH }J.a OB}J.e o6pa}J.e OHe HaCTaBHe je}J.HHH:u;e Koje he npe cBera 6HTH O}J. 
KOpHCTH 6y}J.yDHM HH)l(elbepHMa eneKTpOTeXHHKe MH H }J.pyrnM TeXHHqKHM 
CTpyKaMa KaO H eKOHOMHCTHMa. 

TeKCT je no}J.eJbeH Ha neT nornaBJba O}J. KOJHX Je npBo, EiteMeHmu 
KOH6eKcHe aHaJIU3e H Koje je TeopnjcKa ocHoBa 3a ocTana nornaBJba Koja cy 
npnMelbeHor KapaKTepa. To cy JluHeapHo npozpa.MupaJtJe, Jei>HOOUMeH3UOHGJ111e 
HeJluHeapHe onmUMu3a71u}e, Buutei>UMeH3UOHa.nHe He.nu11eap11e onmUMu3mJu}e 
Kao H Elle.IHeHmu meopuje uzapa. CBaKo O}J. OBHX nornaBJba npe}J.CTaBJba :u;enHey 
3a ce6e. 

):.(pym }l,eO yu6eHHKa je MeTO}l,OllOIIIKa 36HpKa O}J. 6nH3Y 250 3a}l,aTaKa KOjH 
npaTe TeOpHjy H O}l, KOjHX je HajBellH }l,eO KOMTineTHO peiiieH. 

PyKonnc je y :u;enHHH npoqnTao 3Be3}J.aH MapjaHOBHh H cBojHM 
cyrecTHjaMa je }l,OTipHHeO TI060Jbiiialhy KBMHTeTa TeKCTa. 0BOM npHnHKOM 

ayTopn MY ce 3aXBa1bYJY· 

AyTopn TaKoije }J.yryjy 3axBanHOCT pe:u;eH3eHTHMa, JiiBaHy Jia:u;KoBnhy H 
HeHa}J.y Mna}J.eHOBHhy qHje cy npnMe}J.6e yTn:u;ane Ha KOHaqaH H3rne}J. OBor 
TeKCTa. 

Y HHIIIY, 24. Maja 2007. AyTopn 

J1y6niiia M. Ko:u;Hn 
rpa}J.HMHp B. MHnOBaHOBHll 
CnaijaHa .D,. MapHHKOBHn 
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OITEP AD;HOHA HCTP A)I(HBAILA 

1. EJIEMEHTH KOHBEKCHE AHAJIH3E 

1.1 KonBeKcuu cKynoBu 

HeKaje IR.n n-)l,HMeH3HOHaJIHH npocTOp. Y OBOM npOCTopy, Ta~KY 

X= (XI, X2, ... , Xn) E IR.n 

MO)l(eMO ITOHCTOBeTHTH ca BeKTOpOM ITOJIO)J(aja Ta~Ke X, KOJH lleMO TaKolje 

o6eJie)l(aBaTH ca X H ITHCaTH Kao MaTpmzy-KOJIOHY 

XI 

X= 

x. 
Y npocropy IR.n yo6H~ajeHo ce )l.eqmHHIIIe EyKrrH)l.OBo pacrojalhe H3Meljy 

ra~aKa x H y ca 

d(x, Y) = lx-yl = ~(xl- Y1) 2 
+···+(xn- Yn)

2
, 

IIITO Je HCTOBpeMeHO H HHTeH3HTeT BeKTOpa X- y. 

3anHCOM x 2: y (x ~ y) 03Ha~aBaheMo ~HlheHHUY )l.aje xi 2: Yi (xi~Yi) 3a 
CBaKO i =1, 2, ... , n. 

,II:eclmHH:QHja 1. HeKa cy x H y )l.Be pa3rrH~HTe ra~Ke npocropa IR.n. Ta)l.a ce 

H3pa3 ax+ f3y, a, f3 E IR, Ha3HBa !lUHeapHa KOM6uHatJuja ra~aKa x li y. JIH­

HeapHa KOM6HHaiJ;Hja KO)l. Koje je a+ j3 = 1 Ha3HBa Ce mjJUHQ KOM6UHOlJU}a X H y, 
a a<l>HHa KoM6HHa:u;Hja 3a a, f3 ~ 0, rj. o6rrHKa Ax+ (1-A) y, A E [0, 1] je KOH­
eeKcHa KOM6UHOlJU}a Ta~aKa X H y. 

CKynoBe JIHHeapHHX, a<l>HHHX H KOHBeKCHHX KOM6HHaiJ;Hja Ta~aKa X H y 

03Ha~aBaheMo ca lin(x, y), ~fi(x, y), conv(x, y) pecneKTHBHo. 

1 



2 

reoMeTpHjCKH, aKO cy X, y E IR.n, n 2: 2, CK)'II ilHHeapHHX KOM6H:Hannja 
lin(X, y) je pa6a11 y IR.n O)J.pe~eHa THM Ta"liKaMa H KOOp)J.HHaTHHM IIO"lJ:eTKOM. 
Ceyrr aljmHHX KOM6HHannja afi(x, y) je npa6a Kp03 X H y, a CKYII KOHBeKCHHX 
KoM6HHannja conv(x, y) je .rtu11eap11u cezMeHm (oy.JIC) ca KpajeBHMa y x H y. 

,ll.ecJmuu:u;uja 2. Herrpa3aH ceyrr S c IR.n je KOH6eKcaH, aKo )J.y)l( conv(x, y) 
rrpnrra)J.a S Ka)J.rO)J. x H y rrpnrra)J.ajy S. 

I 
I 
I 
I 

. I 
I 
I 
I 
I 
I 

CmtKa 1. KoHBeKcHu u HeKOHBeKcHu cKynosu 

flpUA•tepu K0116eKC11UX CKyno6a: 

1. PaBaH y IR
3

: S = { (xi, x2, X3) E IR3
1 XI+ 2x2- X3 = 4}. Y BeKmpcKoM 

o6nnKy,aKoje x=[x1 x2 X3]r H p=[1 2 -1]r, HMaMO S={x I prx=4}. 

2. 3D-rronyrrpocTop: S = { (xi. x2, X3) E IR 3 I 7xi - 4x2 + 10 X3 :S 1} ( ceyrr 
CBHX Ta"llaKa KOje ne)l(e ca HCTe CipaHe paBHH 7XI - 4X2 + 10 X3 = 1 ). BeKTOpCKH, 
S={xlqrx:S1},q=[7 -4 10]r. 

3. IIpeceK )J.Ba 3D-rronyrrpocTo~a: S = { (XI. x2, X3) E IR3 I XI + 2x2- X3 ~ 4, 
7xi - 4x2 + 10 X3 :S 1} nnH S = { x I p x ~ 4, q r x :S 1}. 

4. KoHycyiR
2
: S={(xJ.x2)EIR

2
1 X2~lx1l}. 

5. Kpy)I(HH )J.HCK: S = { (xi, x2) E IR
2 I x? + xl :S 4}. 

a. c. 

CnuKa 2. OnepaQuje Ha~ KOHBeKCHHM cKynosuMa 
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TeopeMa 1. HeKa cy A u B KOH6eKcHu cKyno6u U31R.n. Taoa cy KOH6eKCHU u 

c!leoenu CKyno6u: 
a a A, a E IR (CrrnKa 2a.); 

b. An B (CrrnKa 2b.); 

c. A + B = { x + y I x E A, y E B } (CrrnKa 2c.). 

A L 0 
hull(A) ~ 

CrrHKa 3. KoHBeKCHH oMoraqn 

,l(ec)uuu._uja 3. HeKa je S rrpoM3BO.lliaH ceyrr m !R.n. KoH6eKCHU oMomaiJ 
Co(S) CK)'IIa S Ha3HBa ce CKYII CBHX KOHBeKCHHX KOM6HHaiJ;Hja Tal:JaKa H3 S 
(CrrHKa 3) . .IJ:pyrn:M pel:JHMa, Tal:JKa x rrpnrra)J,a Co(S) Ta)J,a M caMo Ta)J,a, Ka)J,a oHa 

MO)l(e 6HTH rrpe)J,CTaB.llieHa y 06JIHK)' 
k k 

(1) x=L:A-1x1 , L:A-1 =1, A-1 ~0, x1 ES, j=1, ... ,k. 
j=I J=I 

me j e k rro3HTHBaH u:eo 6poj, a x 1, ... , Xk E S. 

TeopeMa 2. HeKa je S npou360ibaH cryn U3 !R.n. Taoa je Co(S) HajMa1bu 
KOH6eKCQH CKyn KO}U CaOp:JICU S, mj. Co(S) je npeceK C6UX KOH6eKCHUX CKyn06Q 
Koju caop:JICe S. 

,l(ec)HHH .. Hja 4. KoHBeKCHH OMOTal:J ll KOHal:JHOr 6poja Ta"'!aKa XI, ... , Xk 
n • . 

H31R. Ha3HBa ce nOJlUeOap . .AKo Je k = n + 1, H aKO cy BeKTOpH X2 - x 1, x3- x 1, ... , 

Xn+I- Xt, JIHHeapHo He3aBHCHH, Ta)J,a ce rrorrHe)J,ap O'n+I = Co(Xt, ... , Xn+I) Ha3MBa 

cw.m!leKCOM ca TeMeHHMa y Ta"'!KaMa x~, ... , Xn+I· TaKo~e, 

O'n = {x =[XI ... Xn]T E IR.n I Xt+ ... + Xn = 1 1\ X; ;?:0}. 
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KaKo je MaKCHMaJiaH 6poj JIHHeapHo He3aBHCHHX BeKropa y IR.n je je~HaK n, 
y IR.n He Mory IIOCTOjaTH CHMIIJieKCH ca BHIIIe 0~ n tl TeMeHa (CrrHKa 4). 

TeopeMa 3. (Kapareo~opH) HeKa je S npouseofbaH cKyn U3 !R.n. AKo 

X E Co(S), maoa nocmoje maiJKe X), ... , Xn+I E S, maKO oa X E Co(XI, ... , Xn+J} 
J.(pyzUA1 pelJUAW, x ce J110:JJCe npeocmaeumu y o6Hury 

n+l 11+! 

(2) x=L:...t1x1, L:A-1 =1, A-1 ~0, x1 ES, j=l, ... ,n+l. 
)=1 }=1 

,l.l.eci>unuuuja 5. HeKaje S rrpoH3BO.JbaH ceyrr y IR.n H Us( a)= {x II a-x l<c} 
c4lepHa OKOJIHHa raqKe a E !R.n. TalfKa a. rrpHrril.na 3ameope1by cl S cKyrra S 
(cl =closure), aKO je sn Us( a) f:. 0 3a rrpoH3BO.JbHO e > 0. AKO je s = cl s, OH~a 
ce ceyrr S Ha3HBa 3ameopeH. TaqKa a rrpHrra~a yHympautlbocmu int S cKyrra S, 

aKo je U6(a) c S 3a HeKo c > 0. A:Ko je S = int S, OH~a ceyrr S Ha31IBaMo omeo­

peHUAJ. Haj3a~. raqKa a rrpHna~a zpaHUljU as cKyrra S, aKO 3a rrpOH3BO.JbHO e > 0, 
OKOJIHHa Ur.(a) ca~p)I(H 6apeM je~HY raqey H3 S II 6apeM je~HY raqey KOja He 
rrp1In~a ceyrry S. 

HeKa je S KOHBeKcaH ceyrr ca Herrpa3HOM yeyrpaiiiHOIIIny (int S f:. 0). 
Ta~a cy CKYIIOBH int S H cl S KOHBeKCHH. TaKo~e, Ba)I(H cl S = cl (int S) Kao II 
int (cl S) = int S. 

,l.l.eci>unuuuja 6. reoMerpHjCKO MeCTO raqaKa H= {X I pTx =a}, me je p 

HeHyJITH BeKrop H31Rn, a E IR, Ha3HBa ce xuneppaeaH y rrpocropy IR.n, a BeKTOp p 

je HopMaJ/HU eeKmop xHrreppaBHH H. XHrreppaBaH H o~pe~yje ~Ba 3aTBopeHa 

noHynpocmopa F = {xI pTx 2: a} II 11 = {xI pTx :Sa}, a TaKo~e H ~Ba OTBopeHa 
nollynpocmopa {xI pTx >a} H {xI pTx <a}. 

TeopeMa 4. HeKa je S 3ameopeH KoHeeKcaH cryn U3 IR.n u y $. S. Taoa 

nocmoju jeouHcmeeHa maiJKa a E S ca !11UHUA1armw1 pacmojaJbeM oo y. Oea 

maiJKQ a Harta3U Ce HQ MUHUMQJlHOM pacmojalby 00 y maoa U CGMO maoa KGOa 

je (x-af(a-y)~O 3GC6GKOXES (C!lUKa5). 

,l(oKa3. Je~HHCTBeHOCT. Haj6JIH)I(a raqKa a E s Mopa Jie)J(aTH Ha rpaHH~H as 
cKyrra S. IIpemocTaBHMO ~a ceM TaqKe a E as IIOCTOjH joiii je~Ha raqKa bE as, 
pa3rrHqHra o~ raqKe a, Koja je Ha HCTOM pacrojalhy o~ y. KaKo je S KOHBeKcaH 

ceyrr, ~)J( conv(a, b) rre)I(H y S, H ceM rora cBaKa yHyrpaiiiiha raqKa re ~)I(H 
(1-A,)a+A,b (0<..-t<l) 6nmKajeraqm y o~KpajlbHxraqaKa a H b(rrocrre-
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~m~a Heje~HaKOCTII T}JOyrrra). To 3Ha"IIII ~a a He MO)Ke 611m pmrrii"IIHTO o~ b, Tj. 

Haj6JIH)l(a Ta"l!Ka je je~IIHCTBeHa. 

Tj., 

Ycrros je ~OBOJDaH. HeKaje (x- a )T (a- y) 2:0 3a cBaKo xES. Ta~aje 

I y -x 12 =1 y -a +a -xl 2 = (y-a +a -x)T (y -a +a-x) 

= (y- a/ (y- a)+ (a- xf (a-x)+ 2(a- x) T (y- a) 

=ly-al2 +la-xl2 +2(a-x)T(y-a), 

I Y- x 12 -I y -a 12=1 a-x 12 + 2(a- x)T (y -a). 

Ey~hH ~a je I a-x 12 2: 0 H, no rrpeTrrocTaBII;H, ( x- a f (a- y) 2: 0, TO Mopa 

611T11 I y - x 12 -I y -a 12 2: 0 , Tj. I y - x 12 2: I y -a 12 
• CTOra, 3a rrpo113BOJbHO x E S 

Ba)l(ll I y- x 12: I y- a I , Tj. a je Ta"IIKa 113 ceyrra S, Haj6JIH)Ka Ta"IIKH y. 

Y enos je rro:rpe6aH. HeKa je a E S Haj 6JIH)l(a Ta"IIKH y, Tj. I y - x 12 2: I y - a 12 

3a CBaKO X E S. KaKO je X, a E S, II S je KOHBeKcaH CKJIT, KOHBeKCHa KOM611-

Haii;Hja z = (1- A )a+ Ax= a+ A(x- a) Jie)l(H y cKyrry S 3a csaKo 0 < A < 1, IIITO 

Ce MO)l(e HaiTIICaTM y 06JIHKY Heje~HaKOCTH 

(3) 

C ~pyre CT}JaHe, Ba)l(H 

(4) I y- a- A(x- a) 12 = I y- a 12 +A 2 1 x- a 12 +2A( x- a f (a- y). 

Jih (3) 11 (4) crre~je A2
1 x- a 1

2 +2A( x- a f (a- y) 2: 0. ,[(eJbelbeM ca A(> 0) 11 

CTaBJbalbeM 1~0+ ~o611ja ce ( x- ·a f (a- y) ~ 0. D 

CnuKa 5. Haj6nmKa TaqKa u noTnopHa xuneppaBaH 

)J.eclmHHI~Hja 7. HeKa je s Herrpa3aH ceyrr H3 IRn II a E as. XHrreppaBaH 

H = {x I pT(x -a) = 0} Fia311Ba ce nomnopHa xuneppaeaH ceyna S y Ta"IIKII a 
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(Crr11Ka 5), aKO je 11rr11 S c H+, Tj. pT(x- a)~ 0 3a cBaKo xES, 11rr11 S c H-, Tj. 

pT(x- a) :S 0 3a cBaKo xES. 

TeopeMa 5. (Cenapa6wuwcm.) HeKa cy SJ u s2 Henpa3HU KOH6eKCHU 
CKynoeu y IR.n, maK6U oa je slns2 = 0. Taoa nocmoju xuneppa6aH H, Koja 
pmoeaja SJ u sb mj. nocmoju HeHyllmU eeKmop p E !Rn, maKa6 oaje 

inf{ pTx I x E SI} ~sup{ pTx I x E S2} 

(C.lluKa 6, !leeo). 

,IJ,ecJmHu._uja 8. Herrpa3aH cKyrr C c IR.n Ha311Ba ce KoHycoM ca TeMeHOM y 

Koop,li,IIHaTHOM rro'leTKy, aKo 113 x E C crre)J,II AX E C 3a cBaKo A ~ 0 (Crr11Ka 6, 
)J,eCHO). 

,IJ,ecJmHu._uja 9. Herrpa3aH rrpeceK I1 KOHa'lHor 6poja 3aTBopeHIIX rrorry­

rrpocTopa 113 IR n 'IIIHII no!lueiJapcKu cKyn, I1 = { x I pl x :S ai, i = 1, ... , m} r,11,e cy 

Pi HeHyJITII BeKTOpll, ai cKarrapll, i = 1, ... , m. 

0 

CrrnKa 6. Cenapa6nJJHOCT KOHBeKCHHX cKyrroBa H 

KOHYC 

IlpUMepu no.llueiJapcKux CK)!noea: 

CBaKH rrorr11e,11,apcK11 ceyn je 

3aTBopeH 11 KOHBeKcaH. IIo­

IIITO IIp0113BOJbHa je)J,Ha'liiHa 

MO)I{e 611TII 3aMelbeHa rrapoM 

Heje)J,Ha'liiHa, OH)J,a IIOJIII­

e,ll,apCKII cKyrr MO)I{e 611TII 

rrpe,li,CTaBJbeH IIOMOllY KOHa'l­

HOr 6poja je)J,Ha'liiHa 11111rr11 

HeJe,li,Ha'liiHa. 

l.TI={x I Ax :s b }c !Rn, me je A= [aij]mxn pearrHa MaTpnu:a, II bE !Rm . 

-3 2 10 

9 4 56 

-3 -5 

-[;] 
-4 

a) I11 = 1 -1 :::; 4 , IIJIII, y CKaJiapHOM 06JI11Ky, 

-1 0 1 

0 -1 0.5 

0 1 6 
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-3x+2y::s; 10, 

9x+ 4y::::; 56, 

-3x-5y::s;-4, 

x- y::s; 4, 

-X ::::; 1, 

-y::s; 0.5, 

y::s; 6· 
' 

-3 -2 -11 -3x-2y::::; -11, 

-2 1 tJ 2 -2x+ y::s; 2, 
b) TI 2 = ::::; HJIH 

1 -2 0 x-2y::s; 0, 

1 1 30 x+ y::s; 30; 

TiorrHe~apCKH CKYIIOBH ll1 H il2 cy ~BO~MeH3HOHaJIHH (CJIHKa 7, a. H b.). 

2. TI={x!Ax=b,x~O}. 

3. n ={xI Ax~ b, X~ O}(A- Marpm~a THIIa mxn, bE IR.m). 

,l.t;el)>nnnnuja 10. HeKa je S Herrpa3aH KOHBeKcaH ceyrr H3 IR.n. Ta"<IKa x E S 
Ha3HBa ce eKcmpeMHOJW mal.JKOM ceyrra S, aKo je rrpe~cTaB.JbaH>e x = .Ax1 + (l-.A)x2, 
r~e cy x~, X2ES, .A E (0, 1) TaqHo caMo 3a x1 = x2 = x. CKyrr eKcTpeMHHX Ta"<IaKa 
ceyrra S 03HaqaBaheMo ca ex(S). 

X 
-2 10 10 

b. c. 

Cmma 7. TiorrHe)J.apcKH cKynoBH y !R?: a. OrpaHHqeH; b. HeorpaHHqeH; c. TipaBaQ 

HeorpaHHqeHor nonHe)J.apcKor cKyna d H eKCTpeMHH npaBQH d1 H d2 

,l.t;el)>nnunnja 11. HeKa je S 3aTBopeH KOHBeKcaH ceyrr H3 IR.n. HeHYJITH 
BeKTop d H3 IR n Ha3HBa ce npaetfeM cKyna S, aKo 3a rrpoH3BO.JbHO x E S Ta"'!Ka 

x +.Ad TaKolje rrpHrra~a S 3a CBaKo .A~ 0. TipaBQH d H ad 3a rrpoH3BO.JbHO a> 0 
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cy Je)J.HaKH. IlpaBa:Q d ceyrra S Ha3HBa ce eKcmpeli1HWI1, aKo ce oH He MO)I(e 
npe,ll.CTaBHTH y ofimmy ll03HTHBHe nHHeapHe KO.MfiHHaiUije )J.Ba pa3nHqHTa 

npaB:u;a, Tj. aKo d = A1d 1 + A2d2, AJ. A2 > 0, noBnaqH d1 = a d2 3a HeKo a> 0-
(CnHKa 7c). 

Mo)l(e ce noKa3aTH ,ll.a je cKyn eKcTpeMHHX TaqaKa H eKCTpeMHHX npaBau;a 

nonHe,ll.apcKor cKyna KOHaqaH. 

1.2. KouseKcue l}lynK~uje 

Y KypceBHMa MaTeMaTHqKe aHanH3e, TIOjaM eKCTpeMHHX Bpe,ll.HOCTH 

yrnaBHOM Ce Be3yje 3a TIOjMOBe HenpeKH)J.HHX HnH )J.H!l>epeHUHjafiHnHHX 

4>YHKUMja. Ha npHMep, HenpeKM)J.Ha 4>YHKUHja )J.e!l>HHHCaHa Ha 3aTBopeHoM 
ceyny )J.OCTH)I(e H MaKCHMYM H MHHMMyM, a )J.H!l>epeHU:HjafiHnHa HMa HynTH H3BO)J. 
y TaqKaMa noKanHMX eKcTpeMa. Mel)yTHM, 3a TIHTaina eKcTpeMa, ,ll.aneKo je 

Ba)I(HHja Knaca KOHBeKCHHX li>YHKU:Hja. 

,lJ,eclmHHU:Hja 12. HeKa je f S~IR., r)J.e je S Henpa3aH KOHBeKCaH CKYTI H3 

IR n. Ka)l(eMo )J.a je 4>YHKU:Hja f KOHBeKCHa Ha s, aKO 3a npOH3BOJl>He x, y E s H 
A E (0, 1) Ba)I(H JeHceHoBa Heje,ll.HaKocT 

(5) j(A x+ (1-A) y) ~Aj(x) + (1-A)j{y). 

<l>yHKUHja f je cmpozo KOHBeKCHa HaS, aKo 3a npoH3BOJl>He pa3nHqMTe x, yES H 

A E (0, 1) Ba)I(M j(A X+ (l-A) y) < Aj(X) + (1-A)f{y). <l>yHKUHja f s~IR. Ha3HBa 

Ce KOHKG6Ha (cmp020 KOHKG6Ha), aKO je -j KOHBeKCHa (CTpOrO KOHBeKCHa) HaS. 

Ha CnHU:M 8 (neBo) HnycTpOBaHa je oBa Heje)J.HaKOCT Ha npHMepy rpa!l>HKa 

CTporo KOHBeKCHe 4>YHKUHje. Ha HCTOj CnH:QH, ,ll.eCHO, npHKa3aH je rpa4lHK 

KOHBeKCHe li>YHKU:Hje, KOja, KaO lliTO ce BH)J.H MO)I(e HMaTH a!l>MHe cerMeHTe, y 
OBOM cnyqajy Ha TIO)J.HHTepBany [c, d]. 

/(/.X,+( 1-A.)y) 

X y a c d b 

CnHKa 8. CTporo KOHBeKCHa <i>YHKU.Hja (neso) H KOHBeKCHa <i>YHKU.Hja (.U.eCHO) 
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IlpUMepu KOHeeKcHux pyHKtJuja: 

1. Ji(x) = 3x + 4; 

2. h(x) =lxl; 

3. h(x) = x2
- 2x; 

4. f4(x) = -x112
, x ~ 0; 

5. fs(x,y) = x2 + 3xy + 5/; 
2 2 

6. f6(x,y) =ex +y . 

):(ecJtHHHQHja 13. HeKa je S(:J:.C/J) c !Rn, H f s-IR. HaozpapuKOA1, epi f, 
4>ymru.njej, Ha3HBaMo cKyrr epif= {(x, y) I xES, y E IR, y ~.f{x)}c !Rn+I, )].OK 
CKYII hyp f={(x, y) I X E S, y E IR, y :s j{x)}c !Rn+l Ha3HBaMO noozpapUKOAl 
!l>YHK~nje f(CnnKa 9). 

I 
hyp_f 

I I 

I s :b X a ~ t ,.. 
I 
I 

CnuKa 9. Ha)J.rpa!lJuK u no.urpa!lJuK !lJYHKQnje 3a n = 1 (neBo) u n = 2 (.uecHo) 

HanoMeHa. 03HaKa "epi" ;:iona3H O)J. epigraph (Ha)J.rpa!l>nK) a "hyp" O.ll. 
hypograph(rro)J.rpa!l>nK). · 

TeopeMa 6. HeKa je s Henpa3a11 KOHBeKCGH cKyn U3 !Rn u f s-R J.(a 6u 
PYHKJ,fUja f 6ww KOHeeKCHa nompe6HO je u 0060/bHO, oa epi f 6yoe KOHeeKCGH 
CKyn. 

):(ecJtHHHQHja 14. HeKa je S(:J:.(/J) c !Rn KOHBeKcaH cKyrr H f S---tiR 
KOHBeKcHa (KOHKaBHa) !l>YHKr~nja. BeKTop I; ce Ha3HBa cy6zpaouje11mo:w 

_ li>YHK~Hje j y Ta'IKU a E S, aKO Ba)KH Heje)J.HaKOCT j{x) ~ j{a) + l;T(X - a) 
(.f{x) ~ j{a) + l;T(X- a)) 3a CBaKO XES. 
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T l; (x- a) 

j{a) 

a X 

CnnKa I 0. Cy6rpa.D.HjeuT cTporo KOHBeKcue lflyuKu,nje (neBo) H KOHBeKcue 
lf!yi;IKLJ,Hje (.D. eCHO) 

,z::J:aKJie, cy6rpa.n;MjeHT je BeKTOp qMje ~y KOMIIOHeHTe TaHreHCM uarM6HMX 
yrJIOBa rrpeMa KOOp)l;MHaTHMM OCaMa IIOTIIOpHe XMIIeppaBHM H(x)=j{a) + ~T(X- a) 
CKyrra epi j (y crryqajy KOHBeKCHMX) MJIM hyp j (y crryqajy KOHKaBHMX 
<}>yHKLJ,Mja), CrrMKa 10. llpMMeTHMO .n;a Je uopMarrHM BeKTop rromopue 

xurrepparum H .nar ca n ~ [ ~~l 
YKoJIHKO je f )l;JI<}>epeuu,Hja6MrrHa <}>yuKLJ,Mja, Ta.n;a je TaureHTHa paBaH y 

TaqKM a je.n;MHCTBeHa Jl TaHreHCM Harn6HMX yrrroBa cy je.n;HaKM rrapu,MjaJIHHM 

M3BO)l;JIMa 110 O)l;rOBapajylrn:M KOOp)l;JIHaTaMa Bf(a). 
axi 

,lJ.ecj)HHH .. Hja 15. Cy6rpa.n;HjeHT .n;M<}>epeuu,Mja6Hnue KOHBeKcHe (KOHKaBHe) 
<}>yuKu,Hje f S---tiR (S( =t=(/J) <;:: IR.n) y TaqKM a E S Ha3HBa ce zpaouje1-1m <}>yuKu,Hje 
f y Taqm a E S, y 03Ha:QM Vj{a) HJIH gradj{a) Hje.n;uaKje 

(6) Vf(a) = gradf(a) = [8f(a) ... 8f(a)]T 
ax] axn 

rpa.n;MjeHT )l;H<}>epeHLJ,Mja6MJIHe <}>yHKLJ,Mje j y TaqKM a E S je je)l;MHCTBeH. 

llpUMep. ,z::J:aTa je <}>yHKLJ,Hja 
X

2+l 
f(x, y) = 1 Oe --5-~sin2 (x2 y) + cos2 (xy2

) , 

.n;e<}>HHMCaHa Ha KBa.n;pary S = [0, 2] X [0, 2]. rpa.n;MjeHT OBe <}>yHKLJ,Hje y TaqKM 
(x, y) je 
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-(x2 +y2 )/5 e 
gradf(x,y) = ---;:::======= 

~sin2 (x 2 y) + cos
2 (xi) 

x [- 4x + 2x(cos(2x 2y)- cos(2xy
2

) )+ 1 Oxysin(2x
2 
y)- 5y

2 
sin(2xy

2
)]· 

-4y+ 2y(cos(2x2 y)- cos(2xy2 ))-10xysin(2xl) + 5x2 sin(2x 2 y) 

<I>yHKIJ;:uja je orpaH:u"IJeHa HaS, TaKo ,ua je 0 <j{x, y)::::; 10, :u Mana IheH:ux HHBO­
nHHHja je np:uKa3aHa Ha Cn:u:u:u 11 (neBo ). lba6ep:uMo Ta"IIKY a = [1 1.13537]T, 
Koja np:u6n:u)I(HO ne)l(:u Ha H:UBo-n:uH:uj:u Ha Kojoj je j{x, y) = 6. fpa,u:ujeHT y Ta'IK:U 

aJe 

(7) V/(1, 1.13537) = [1.18637 0.465265]T' 

Koj:u je npHKa3aH Ha cn:u:u:u ca no"IJeTKOM y Ta"IIK:U a. B:u,u:uMo ,ua BeKTOp 
rpa,u:ujeHTa CTOj:U HOpManHO Ha TaHreHry y Ta"IJK:U a H:UBO-IT:UH:Uje 6 :U ycMepeH je 
npeMa H:UBO-IT:UH:Uj:U 7. Y CTBap:u, rpa,u:ujeHT IIOKa3yje npaBa:Q :U CMep Hajfip)l(er 
pacTa <i>YHK:Q:Uje. AKo IIOCMaTPaMO IIOBpiii, ,ue<i>:uH:UCaHy <i>YHK:Q:UjOM j (CnHKa 
11, ,UeCHO ), Ta,Ua B:U,U:UMO ,ua IIOCTOj:U BeKTOp (Ha CITH:QH 03Ha"IJeH Ca t ) KOj:U H3 
Ta"IJKe (a, j{a)) nOKa3yje npaBa:Q :u cMep Haj6p)l(er ycnoHa Ha caMoj noBprn:u. 

fpa,u:ujeHT (7) je npojeK:Q:uja BeKTopa t Ha xy-paBaH, Tj. Vf{a) = proj xyt. 

y 

z 

' LO 9 8 7 6 5 
I \ '- "-. ·' X . 

u 

gmdf= proj'J,t 

CnHKa 11. HHBO-nHHHje n rpa.D.njeHT !flYHKUHje )J.Be npoMeHJbHBe 

fpa,uHjeHT .u:u<t>epeH:u:uja6:unHe <l>YHK:Q:uje ce MO)I(e ynoTPe6:uT:u 3a <t>opM:u­
palhe Kp:UTep:ujyMa KOHBeKCHOCT:U. 

TeopeMa 7. HeKaje S(=l=(/)) c IRn KOH6eKCaH CKyn u f s~IR ourjJepeHZJU­
ja6wlHa rjJyHKlJUja. pa 6u f 6Wla KOH6eKCHa HaS, nompe6Ho je u 0060/bHO oa 3a 
npOU360/bHO a E S U C6QKO .X E S 6QJICU HejeOHGKOCm 

(8) ix) ?:.f{a) + Vj{a)T(x- a). 
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AHa!I02HO, 3G cmpozy KOH6eKCHOCm PYHKtfU}e f nompe6Ho je u 0060/bHO oa je 3G 
npoU360/bHO aES . 

(9) j{x) > j{a) + Vj{a)T(x- a), xES, x -:Fa. 

Tio3HaTo je ~a TejrropoB pa3Boj !J.>yHKqHje n rrpoMeHJDHBHX f. IR.n ~ IR y 

OKOJIHHH KOOp~HHaTHOr IIOYJeTKa 0 = (0, 0, ... , 0) HMa o6JIHK 

AKo rrpeTrrocTaBHMO ~ajejKBa~paTHa !J.>yHKqHja (ca~p)I{H YinaHoBe X;, x; i x;x), 

CyMa (1 0) IIOCTaje KOHaYIHa 

(11) 

1 ( a a J 1 ( a a J
2 

f(x) = /(0)+----, x1-+···+X11 - f(O)+I x1-+···+X11 - f(O). 
1. ax] axil 2. ax] axil 

36 
a a . 

Hp X1 - + ... + X11 -a J e, y CTBapH, CKanapHH IIpOH3BO~ BeKTOpCKOr OIIepaTOpa 
a.x1 xll 

rp!1J1HJeHTa, [ !, ... !JT ~ '\7 ca BeKTopOM upoMeHJJ,HBHX X~ [x1 X2 ... x"Y. 
TaKo ce (11) MO)I{e HamicaTH y o6nHKY 

(12) 

f(x) = /(0) + (vT x)f(O) + !(vT xY f(O) 
2 

= f(O) + (VT X )J(O) + .!_ (VT X y (VT X )f(O) 
2 

= f(O) + (vT x)f(O) + ~(xvT XvT x)f(O) 

= f(O) + (vT x)f(O) + !(x T (vvT ~)f(O). 
2 

llpOH3BO~ BeKTOpa 4_>opMaTa nx1 H 1xn Tj. (v · \1T)f IIpe~CTaBJDa MaTpHqy 

!J.>opMaTa nxn Tj. H = ( \1 · \1 T) f Koja je II03HaTa Kao XeceoBa MaTpHqa HJIH 

xecujaH. TipeqH3HHje, 
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(13) H(x)= 

a 
[~ . . . ~]f(x) = [a2 f(x)] 

ax] ax/1 axJJxj . -
l,j-1, ... ,11 

Ca.na (12) nocTaje 

(14) 
1 f(x) = /(0) + Vf(O)T x + -xTH(O)x, 
2 

ITITO je TejnopoB o6nnK KBa,n;parne <).>yHKUHje n npoMeHJbHBHX. TipnMeTHMO .uaje 

xecnjaH CHMelpwrna MaTpnua jep cy MemoBHTH H3Bo,nn Meljyco6Ho je,nHaKH 
a2j a2j -. 
--= -- . TaKolje, aKo je f KBa.n;paTHa <).>yHKUHja, eneMeHTH MaTpnue H 
axJJxj axjax; 

cy KOHCTaHTe, H OHa He 3aBHCH O,U Ta'!Ke y Kojoj Ce H3pa'IJHaBa lbeHa Bpe,D;HOCT. 

CnH'lHO, TejnopoB pa3Boj ,npyror cTeneHa ,nBanyT ,nn<J.>epeHunja6nnHe 

<).>yHKUHje n npoMeHJbHBHX y OKOITHHH Ta'!Ke a je 

1 f(x) ~ f(a)+ Vf(a)T (x-a)+-(x-a)TH(a)(x-a). 
2 

,ll.etfmuuuuja 16. HeKa je H KBa,nparna MaTpnua I}JopMaTa nxn H HeKa cy 

A;(H), i = l, ... ,n concTBeHe Bpe,nHOCTH MalpHUe H. AKo cy cBe concTBeHe 

Bpe,nHOCTH A;(H) > 0' 3a MaTpHUY H ce Ka)l(e .na je no3UmU6HO oepUHUmHa. 

MaTpnua H je no3umueHo. ce;wu-oepuHumlta aKo cy concTBeHe Bpe,nHOCTH 

.A;(H);:::: 0. AHanorno, aKo je ..1;(1:1):::;; 0 Tj . .A_;(H) < 0 MaTpnua H je HezamueHo 

CeMU-OepUHUmHa Tj. He2amU61fO OepUHUmHa. 

JlpUMeo6a. Mo)l(e ce noKa3aTH .na je cnMelpH'IHa MaTpnua H no3HTMBHO 

.ne<).>nHHTHa (no3HTMBHO ceMn-.ne<).>HHHTHa) aKo 3a cBaKo x E IR" 3a,noBOJbaBa 

Heje,nHaKOCT XTH X> 0 (xTH X ;:::: 0). CnH'lHO TBpljelbe Ba)l(H 3a HeraTMBHY 

( CeMH-) ,ne<).>HHHTHOCT. 

TeopeMa 8. HeKa je S(=t=(/)) c IR" KOH6eKCaH CK}'n u f s~IR oeanym 
oupepeHlJU}a6wma PYHKlJUja Ha s. Taoa je f?OHOC U3Meljy oepuHumHocmu 
xecujaHa u KOH6eKCHOCmU pyHKlJUje oam y Td6ellU 1. 
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Ta6erra 1 

xecHjaH H(x) COilCTBeHe Bpe,[J,HOCTH <i'YHKUHja t 

I103HTHBHO ,[J,e<PHHHTHa A-;(H) > 0 CTporo KOHBeKCHa 

I103HTHBHO CeMH-,[J,e<PHHHTHa A-;(H)~ 0 KOHBeKCHa 

HeraTHBHO CeMH-,[J,e<PHHHTHa A-;(H)~ 0 KOHKaBHa 

HeraTHBHO .n.e<PHHHTHa A-;(H) < 0 crporo KOHKaBHa 

llpuMep 1. HeKa je .n.am KBa.n.paTHa <PYHKUHja 
. 2 2 

(15) fCxt, x2) = 2xt + 6x2- 2xt - 3x2 + 4XtX2. 

HanRcaTH <PYHKUHjy t y TejrropoBOM o6rrHKy. 

at 
ax1 [2- 4x1 + 4x2] [2] PeUte1be. KaKo je Vt(x1 ,x2) = = , Vt(O,O) = H at 6 + 4xl - 6x2 6 

ax) 

a2t a2t 
ax2 

axlax2 =[-4 4] H(xpx2) = I 

a2t a2t 4 -6 ' 

axlax2 ax2 2 
3aMeHoM y (14) ce .n.o6Hja 

J{x~, x,) = [2 6t:J + ; [x1 x,f4

4 
_ :] [ ;:J. 

llpm-tep 2. IIpoBepHTH .n.a JIH Je <PYHKUHja t H3 rrpeTXO,lJ,HOr npHMepa 
KOHBeKCHa. 

PeUtelbe. ,[(a 6HcMo rrpoBepHrrH .n.e<PHHHTHOCT XeceoBe Marpnue, 
H3paqyHaneMO H>eHe COllCTBeHe Bpe,[J,HOCTH pernaBaH>eM KapaKTepHcmqHe 
je)J.HaqHHe: 

[
- 4-A. 4 ] 2 det(H -A.I) = det = (-4 -A.)(-6 -A.) -16 =A. +lOA.+ 8 = 0. 

4 -6-A. 

PerneH>a cy corrcTBeHe Bpe,l1,Hocm 
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A1 = -5 + Jfi ~ -0.876894, A2 = -5- Jfi ~ -9.12311. 

KaKo cy AI H A2 HeraTHBHH, MaTpm~a H je HeraTHBHO ceMH-)l.eljmHHTHa, rra crre)J.H 

,[J.aje j CTpOrO KOHKaBHa <jlyHKIJ:Hja (CrrHKa 12). 

CJIHKa 12. rpa$HK KOHKaBHe <l>YHJ<nHje (15) 

1.3. 0nTHMH33IJ,Hje H KOHBeKCHe c)lyHKIJ,Hje 

,ll.el)munu.nja 17. HeKa je S(=t=(/)) c IRn H f !Rn ~IR. 3a,n.aTaK O)l.pe~HBaiba 
minj{x) IIpH ycJIOBHMa X E S, HJIH minj(x) Ha3HBa ce 3aOamaK MUHUMU3QLJU}e 

XES 

<jlyHKIJ:Hje f llpOH3BOJbHa Ta"'!Ka a E S je OonycmU60 peute1ve 3aOamKa a j je 

pyHKLJU}a LJWba. AKo je a E S H j{x) 2: }{a), 3a cBaKo x E S, Ta,z:t.a ce a Ha3HBa 

onmUlWQJlHUM peuteRJeM (TaKO~e 2Jl06aJlHUM .onmUMaJlHUM peuteRJeM HJIH CaMO 

peute~neM JaoamKa). AKo je a E S H rrocTOjH. TaKBa E:-OKOJIHHa Uc(a) Ta"'!Ke a 
TaKBa )l.a )l.a je j{x) 2: j{a), 3a rrpomBOJbHO x E Uc(a)nS, Ta,ll.a ce a Ha3HBa 

JlOKaJlHUM onmUMaJlHUM peuteH;JeM. 

3a,[J.aTaK MaKCHMH3aiJ;Hje H OCTaJIH O)l.rOBapajyliH TepMHHH )l.e<jJHHHrny Ce 

.ll.Y arrH o. 

TeopeMa 9. HeKa je S(=t=(/)) KOH6eKCaH cKyn U3 IRn u f s~IR. HeKa je 

mattKa a E S JlOKaJlHO onmuMaJlHO peute~ne JaoamKa minf(x). 
xeS 

1. AKo je f KOH6eKcHa pyHKLJU}a, maoa je a u 2Jlo6aJlHO onmUMwmo 
peute1Ue. 

2. AKo je f cmpozo KOH6eKCHa pyHKLJuja, 0110a je a jeouHcm6eHo 2Jlo6armo 
onmuMaJlHo peute1Ue. 
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CrrHKa 13, rreBo, rrpH­

Ka3yje ,n:Ba pa3rrH'IHTa rrro6arr­

Ha orrTHMarrHa pemeJDa 3a­

,n:aTKa minf(x) y crryqajy 
XES 

f 

s 
a 

Ka,n:a je j KOHBeKCHa <iJYHK­

:UHja, ,n:oK CrrHKa 13, .uecHo, 

1IpHKa3yje je,n:HHCTBeHO OIITH­

MaJIHO pemeJDe HCTOf 3a,UaTKa 

3a crporo KOHBeKCifY <!JYHK­

:UHJY· 

CmiKa 13. 0nTMMM3aQMja KOHBeKcHe M cTporo 

KOHBeKCHe <IJYHKQMje je,n:He npoMeHJbMBe 

TeopeMa 10. HeKa je f !Rn ~IR KOH6eKCHa pyHKlJu}a u S( :J=.(/J) KOHeeKcaH 

cKyn U3 !R.n. TaiJKa a E S je onmwwallHO petiteJVe 3aoamKa minf(x) maoa u 
XES 

caMo maoa, Kaoa j{x) u.;Ha y maiJKU a cy6zpaoujeHm ; 3a Kojuje ;T(x- a) 2: 0 
3a ceaKo x E S. 

llocJie.r.una 1. AKo je S omeopeH KOH6eKcaH cKyn, OHOa je maiJKa a 
onmuMaJlHO pemeJVe aKo u ca.Mo aKo je cy6zpaoujeHm pyHKlJ11je y maiJKU a 
jeOHGK HYllU. CnelJU}armo, GKO je s = IRn, maoa je a maiJKa z.rw6aJlH02 .MUHUMyMa 

aKo u caMo aKo je cy6zpaoujeHm pyHKlJU}e f y maiJKU a jeoHaK Hyllu. 

llocJie.r.una 2. HeKa cy 3aOoeolbeHe npemnocmaeKe meopeMe u HeKa je 

PYHKlJU}a f oupepeHlJuja6wma. Taoa, oa 6u maiJKa a 6ww onmUMaJlHO peUielbe, 

nompe6Ho je u ooeolbHO oaje Vf{a)T(x- a) 2: 0 3a cBaKo xES. AKo je nopeo 

moza S omeopeH CK)Jn OHOa je a onmUMaJlHO peute1be aKo u CWI10 aKo je 

Vj{a) = 0. 

llpUMep. PernHTH MHHHMH3aU:HOHH 

rrpo6rreM 

min ( x1 -H +(x, -5)' 

-X1 + X2 :s; 2, 

( 16) 2x1 + 3x2 :::;; 11, 

-X1 :s; 0, 

-x2 :::;; 0. 

• (3!2, 5) i 

! 
/ 

CnMKa 14. MMHMMM3aQMOHM npo6neM 
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Peutel-be. QqHrne,n:Ho je .na IJ,H.JbHa <l>YHKu,Hja 

npe,n:cTaB.Jba KBa,n:paT paCTojalha o,n: TaqKe (3/2, 5) .no TaqKe (x~, x2) H .na je 
KOHBeKCHa, ca rno6anHHM MHHHMYMOM y TaqKH (3/2, 5). KoHIJ,eHTpHqHH KpyrOBH 
ca u,eHTpOM y TOj TaqKH cy HHBO-nHHHje <l>YHKIJ,Hje f (CnHKa 14). CBaKH cne,n:eJiH 
illHpH Kpyr npe,n:CTaB.Jba CBe BHillH H BHillH HHBO ITOBpillH H HajBetm Kpyr KOjH 
,n:o,n:HpHe KOHBeKcaH nonHe,n:apcKH cKyn S, o,n:peljeH orpaHHqelhHMa- Heje,n:HaKo­
CTHMa y (16), npe,n:craB.Jba pemelhe npo6neMa. C .npyre cTpaHe, Taj ,n:o,n:Hp Mopa 
,n:a ce ,n:oro,n:H y TaqKH H3 cKyna S Koja je Haj6nmKa TaqKH (3/2, 5), a TO 6H, npeMa 
HnycTpau,HjH rpe6ano ,n:a 6y,n:e eKcrpeMHa TaqKa cKyna S, TaqKa a= (1, 3) . .D:a JIM 

je TO 3aHCTa H OITTHManHO pemelhe 3a,n:aTKa? 

O,n:roBop Ha oBo nHTalhe ,n:aje TeopeMa 10. I>y,n:yhH .na je <l>YHKIJ,Hja IJ,H.Jba 
.D:H<l>epeHIJ,Hja6HnHa, HahH heMO lbeH rpa,n:HjeHT y TaqKH a, 

Ca cnHKe ce TaKolje BH.D:H ,n:a 3a cBaKo (x1, x2) E S yrao H3Meljy BeKTopa Vf(a) H 

(x1-1, Xr3) He npena3H 90°, Tj. ,n:a 3a CBaKO XES Ba)I(H Vf{a)T(X- a) 2_ 0, illTO 
npeMa llocne,n:HIJ,H 2 TeopeMe 10 3HaqH ,n:a TaqKa a 3a,n:oBo.JbaBa ycnoBe 
OITTHManHOCTH. 

flpoBepHMO ca,n:a ,n:a nH je, Ha npHMep, Ta~a (0, 0) OITTHManHa. KopHCTehH 

TeopeMy 10, naKo ce npoBepaBa ,n:a TO HHje TaqHo. 3aHcTa, Vj{O, 0) = [-3 -lO]T 
H 3a npOH3BO.JbHY HeHynry raqKy X E S Ba)I(H Heje,n:HaKOCT -3x1 - lOx2 < 0. 
Cne.nyje ,n:a Koop,n:HHaTHH noqeTaK He MO)I(e 6HTH OITTHManHa TaqKa. 

ll03HaTO je ,n:a je 3a,n:aTaK MaKCHMH3aiJ,Hje KOHBeKCHe <l>YHKIJ,Hje Te)I(H 3a 
pemaBalhe o.n 3a,n:aTKa MHHHMH3au,Hje. Y TOM CMHcny, cne,n:eha TeopeMa ,n:aje 
CaMO ITOTpe6He anH He H .D:OBO.JbHe ycnoBe 3a OITTHManHOCT pemelha. 

TeopeMa 11. HeKaje S(=F(/)) c IR.n KOH6eKcaH CK)ln u f IR.n~IR. KOH6eKcHa 

rjJyHK11u}a. AKa je a E S llOKallHO onmUMaflHO peUlel-be 3aoamKa maxf(x), maoa 
XES 

je ~T(x- a) :S 0, 3a c6aKo xES, zoeje ~ npou360ibaH cy6zpaoujemn rjJyHK11u}e 
. f y ma'IKU a. 
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llocJieAU .. a. AKo je PYHKtjUja f ourjJepeHtjuja6wlHa, u a E s je JlOKaJlHO 
T . 

onmuMaJlHO peme1t>e, maoaje Vj{a) (x- a) :S 0, 3a ceaKo xES. 

TeopeMa 12. HeKa je f IR.n~IR. KOH6eKcHa rjJyHKtjuja u S(=H/>) c IR.n 
ozpaHuiJeH u 3ameopeH KOHeeKcaH no!lueoapcKu cKyn U3 !R.n. Taoa 3aOamaK 

AWKCUMU3atJuje maxf(x) yeeK UAW onmUA1WlHO peULelUe a, u mo je HeKa oo 
XES 

eKcmpeMHUX maiJaKa cKyna S. 

0Ba TeopeMa MO)I(e 6:nT:n yonniTeHa Ha cny':Iaj HenOJm:e~apcK:ux 

orpaHH':IeHHX, 3aTBOpeHHX H KOHBeKCHHX CKJTIOBa. 

2. JI:UHEAPHO DPOrP AM:UP AlhE -

2.1. ,ll;efiluuu_nuja 3aAaTKa LP, npojeKQuja u JJHfilTHHr 

3a..n;aTaK n:uHeapHor nporpaM:upm:na cacmj:u ce y OTITHMH3an:uj:u JIHHeapHe 

cpyHKnHje j Ha KOHBeKCHOM IIOJIHe~apcKOM CKyrry. ,[(aKJie, aKO je fi=I=(/>, 
KOHBeKCaH IIOJIHe,ZJ.apCKH CKJII H3 !Rn, cpyHKnHja @Jba f fi~[R je JIHHeapHa 
cpyHKnHja n IIpOMeHJbHBHX X], X2, .•• , Xn, TJ. 

f(x) = f(xpx 2 , ••• ,xn) = c1x 1 + c2x2 + · · ·+cnxn. 

Yo6:u':IajeHo je .n.a ce f nmrre cKpaheHo, y o6JIHKY cKanapHor rrpo:u3BO,ZJ.a 

(17) 

Ha Taj Ha':IHH ce 3a~aTaK JIHHeapHor rrporpaM:upalha (y ,ZJ.aJbeM TeKCTY LP) MO)I(e 
HaTIHCaTH y KOHnH3HOM o6JIHKJ 

HJIH 

(18) 

MHHHMH3HpaTH CT X 

rrp:u ycnoB:nMa x E TI, 
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YMeCTO 3a)J,aTKa MHHHMH3au,Hje, MO)I(e ce rrocMaTpaTH H ".L\YaiiHH" 3a)J,aTaK 
. T 

MaKCHMH3aiJ,Hje max C X, rrpH l:JeMy Ba)l(e CJIH'IHH 3aKJI,Yl:JIJ,H. 
X En 

KaKo je cKyn )J,orrycTHBHX pemelha rrorrHe.uapcKH ceyn TI(=t=<l>) c IRn, OH ce 

o6H'IHO H3pa:>KaBa CHCTeMOM je)J,HaKOCTH HJIH Heje)J,HaKOCTH 3a rrpoMeHJI,HBe 

XI, x2, ... , Xn. flHHeapHa cpyHKIJ,Hja (17) je H KOHBeKCHa H KOHKaBHa (crry-qaj 

je)J.HaKOCTH y JeHceHoBoj Heje)J.HaKOCTH (5)), TaKO )J,a, Ha ocHoBy TeopeMe 12, oHa 

yBeK )J,OCTH:>Ke eKc-rpeMHe Bpe)J,HOCTH y eKCTpeMHHM Tal:JKaMa orpaHHl:JeHor 

KOHBeKCaHor IIOJIHe)J,apcKOr CKyrra ll (CJIHKa 15, JieBO ). 

n 

CnHKa 15. EKcTpeMH nHHeapHe «jlyHKU.Hje Ha KOHBeKCHOM ,L\OMeHy 

0BO TBpljelhe ce MO:>Ke IIpOIIIHpHTH Ha IIpOH3BOJI,He orpaHHl:JeHe KOHBeKCHe 

ceyrroBe, IIpHMeHOM IIOJIHe)J,apcKe anpoKCHMau,Hje (CrrHKa 15, )J,eCHO). 

(19) 

(20) 

HJIH 

(21) 

IIorrHe)J,apcKH CKYII n je )J,aT JIHHeapHHM orpaHHl:JelhHMa o6JIHKa 

Ax ::::; b, 

Ax = b, x~ 0, 

Ax ::::; b, x ~ 0, 

rrpH l:JeMy je A = [aij]mxn, b E IRm. 3a OBaKBa orpaHH'lelha ce Ka)l(e )J.a cy )J,aTa y 

KQHOHUlJKOM 06JIHKy. flaKO je BH)J,eTH )J,a ce CBaKH O)J, CHCTeMa (19), (20) H (21) 
Mo:>Ke TpaHccpopMHcaTH y o6rrHK )J.pyra )J,Ba. Ha rrpHMep, aKO je npo6rreM LP 
3a)J,aT CHCTeMOM orpaHHl:Jelha (21 ), Tj. HMa 06JIHK 

min f(x) = clxl + c2x2 + ... + cnxn 

. (22) Ax ::::; b 

x~O 
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OH ce MO)J{e HamicaTII ca orpaHWielbiiMa y o6n11ey (20) yBo~elbeM noMotmux 

npoll-teH/bueux Xn+I, Xn+2, ... , Xn+m (o6wmo je m <.n) 

(23) 

min f(x) = clxl + c2x2 + ... + cnxn + 0. xn+l + ... + 0. xm+ll 

A1x1 = b 

X1 ~0 

np11 'IeMy je A1 = [A I Im], MaTpll~a .uo611jeHa .uo.uaBalbeM 6noKa Im- je,niiHII'IHe 
MaTPII~e <PopMaTa mxm, MaTPII~II A 

1 
XI 

an aln 

0 
AI= ' XI= 

x, 

0 xn+l 

ami amn 1 
x,+m 

PemaBalbeM npo6neMa (22) pemaBa ce 11 npo6neM (23) 11 o6paTHO, jep 113Me~y 
BeKTOpa X II x1 TIOCTOjll KOpeCTIOH,UeH~IIja KOja ce OCTBapyje TIOMOllY onepaTOpa 
npojeK~IIje 11 n11<PT11Hra. 

OnepaTOp npojeKtfU}e 113 npocTOpa IRm+n y IRn, ce .ue<PIIHIIme ca 

(24) 

I1HBep3HII onepaTop npojeK~IIjll je llUpmuHz 113 npocTOpa HII)J{e .UIIMeH311je IRn y 
npocTop Bllme .UIIMeH311je IRm+n 

(25) x1 =lift (x)= lilt l = 
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TaKo, MO)I(eMo peliH )l.a je rrpo6neM (23) nmlmmr rrpo6neMa (22) H o6paTHO, 
rrpo6neM (22) je rrpoje:mHja rrpo6neMa (23). CHM6onHqKH, TO rrmneMo 

{At Xt = b, XJ~ 0} =lift {A X~ b, X~ 0} 

HllH 

{A X~ b, X~ 0}= proj{A1 XJ = b, XI~ 0}. 

2.2. CJiy'laj ueorpanu':lenor cKyna ~onycTHBHX pernelba 

(26) 

Pa3MOTpHMO 3a)l.aTaK nHHeapHor rrporpaMHpaina 
, T 

mm c x 
Ax=b 

X 2: 0, 

rrpH qeMy je c E IRn, A MaTpHI.la pe)l.a mxn paHra m H b E IRm (rrpH qeMy je 

o6HqHo m ~ n). IJpeTrrocTaBHMO )l.a orpaHHqeJba Ax = b, x 2: 0, )l.eqnmmny 
Heiipa3aH, HeorpaHHqeH KOHBeKCaH IIOllHe)l.apCKH CKyii S, ca eKCTpeMHUM 
TaqKaMa X], ••• , Xk H eKCTpeMHHM rrpaBUHMa d1, ... , dt. 

TeopeMa 13. (Yc.r1oeu onmwwam-wcmu 3aoamaKa LP) /{a 6u onmUMan1ta 

epeonocm PYHKlJU}e lJUiba 6ww KOHG'-/Ha, nompe6noje u 0060/bHO oaje cTdj2: 0, 
3a cee j = 1, ... , l. AKo cy oeu yc.rweu ucny1beHu, maoa je Meljy peUte1buMa 

3aoamKa 6ap jeona eKcmpeMHa ma'-lKa X;. 

flpUMep J. MHHHMH3HpaTH <}lyHKUHjy j(XJ, X2) = 12 XI + 15 X2 Y3 orpaHH-

4 XI -i- Jx2 ~ 12, 
2x1 + 5x2 ~·10, 

XJ ~ 0, X2 ~ 0. 

PeUte1be. OrpaHHqeJba )l.e<}lHHHrny )l.orrycTHBY o6nacT S c IR2
, H TO je 

6ecKoHaqHH KOHBeKCHH rronHe)l.apcKU cKyrr (CnHKa 16, neBo ). TaKo~e, MaTpHUa 
A HMa rryH paHr (rang A= 2). CKyrr S HMa TpH eKcTpeMHe TaqKe, [5 O]T H [0 4]T 
Ha KOOp)l.HHaTHHM OCaMa H (15/7 8/7]T y rrpeceey rrpaBHX 4 XI+ 3 x2 = 12 H 

2 X1 + 5 x2 = 10. EKcTpeMHH rrpaBUH cKyrra S cy dt = [1 O]T H d2 = [0 1]T. C 
.D.pyre cTpaHe, rpa.D.HjeHT <}lyHKIJ;Hje J, Vf= c = [12 15]T,je BeKTop opToroHanaH 

- Ha JbeHe HHBO nHHHje Koje cy, 6y.D.yliH )l.a je f nHHeapHa, rrapanenHe rrpaBe 
(CnHKa 16, neBo ). CeM Tora, c rroKa3yje CMep Haj6p)l(er rropacTa <}lyHKUHje J, 
TaKO )l.a je HajHH)I(a HHBO llHHHja Koja jorn yBeK HMa 3aje)l.HHqKUX Ta"'IaKa ca 
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CKYIIOM S OHa KOja rrpoml3H Kp03 eKCTpeMHY Ta':IKY [15/7 8/7]T. JimpTHHrOM 
.n;amr rrpo6neMa .n;o6nja ce rrpo6neM o6nnKa (26) 

. T 
mm c1 x1 
A1x1=b 

XJ2: 0, 

r.n;e Je AI =[4 3 
-I 

0
], cl =[12 15 0 or' XI =[xl x2 x3 x4r. CHCTeM 

2 5 0 -1 

orpaHH':Ielba .n;e<l>HHHIIle o6nacT y IR4, ca eKcTpeMHHM rrpaBUHMa o6nnKa 

d: =[I 0 a 1 ,81f, d~ = [0 1 a 2 ,82f (a~, a2, ,81, fh > 0). 

KaKoje 

c1Td: = [12 15 0 0] [1 0 a1 ,81]T = 12>0 

c?d~ = [12 15 0 0] [0 1 a2 fh]T = 15>0, 

BH,LUIMO .n;a cy HCIIyJDeHH ycnOBH OIITHMMHOCTH, rra cy XJmin= [15/7 8/7 0 O]T 
Tj. Xmin= [15/7 8/7]T pellielba rrpOII1HpeHor H nona:mor 3a.n;aTKa. IIpnMeTHMO .n;a 
nH<l>THHr npo6rreMa He YTH':Ie Ha orpaHH':IeHOCT OIITHMMHe Bpe.n;HOCTH <l>YHKU,Hje. 

4 

2 

Cm1Ka 16. OnniMM3au,Mja Ha 6ecKoHaqHoM KOHBeKCHOM nOJmeAPY 

JipUMep 2. MHHHMH3HpaTH <l>YHKU,Hjy j{x1, X2) = 8 XI+ 6 X2 Y3 HCTa orpa­
HH':IeJDa KaO y npeTXO.D;HOM IIpHMepy. 

Peute1-be. Y OBOM cny':lajy BeKTOp rpa.n;njeHTa cT = [8 6] je opmroHanaH Ha 
CTpaHHUY PQ .n;orrycTHBe rronne.n;apcKe o6nacTH S (CnnKa 16, .n;ecHo). To 3Ha':IH 
.n;a ce 6ap je.n;Ha HHBO-llHHHja <l>YHKU,Hje f IIOKnana Ca crpaHHLI,OM PQ, Tj. o6e 
Ta':IKe p = [0 4]T H Q = [15/7 8/7]T cy OIITHMMHe, MH H CBaKa Ta':IKa Ca 
cerMeHTa PQ. ,l(aKne, 3a.D;aTaK HMa 6ecKoHa':IHO MHOro pellieJDa. 

Ka.n;a je .n;orryCTHBa o6nacT HeorpaHH':IeHa, OIITHMMHO pellielbe MO)I{e 6HTH 
If HeorpaHH':IeHO, KaO IllTO IIOKa3yje cne.n;enH IIpHMep. 
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JlpUMep 3. MaKcHMH3HpaTH <Pymrn,njy j(x1, x2) = -2 x1 + 6 x2 y3 orpaHH-

X! + X2 ~ 2 
-X! + X2 ~ 1, 
X!~ 0, X2 ~ 0. 

Peutefbe. Hajnpe orpaHnqeJba npenmneMo y KaHOHHqKoM o6nHKY 

-XI - X2 ~ -2, 
-X! + X2 ~ 1, 
X!~ 0, X2 ~ 0, 

[
-1 -1] 

H3 qera ce BH.UH .ua MaTPHUa A= 
1 

HMa nyH paHr, a rpa<PHqKOM aHa-
-1 

nH30M YTBp~yjeMo .ua orpaHnqelha .ue<PHHHmy .uonycTHBY o6nacT Kao 
6ecKOHaqHJI KOHBeKCHH TIOJIHe)J.apcKH CKYTI (CnHKa 17, neBo). EKCTpeMHH 

rrpaBUH cy d1 = [1 1]T H d2 = [1 O]T, .uoKje \If= c = [-2 6]T. Ca.uaje 

cTdi=[-2 6][11]T=-2+6=4>0, cTd2=[-2 6][1 O]T=-2<0. 

)l;aKne, YCJIOBH 3a er3HCTeHUHjy KOHaqHor eKCTpeMyMa He TIOCTOje, H y OBOM 

cnyqajy Bpe.UHOCT <PYHKUHje UHTha Heorpam.fqeHo pacTe, Ka.ua ce, Ha npHMep, 

)J.OTIYCTHBa TaqKa Kpene )J.y)l( CTpaHHUe -X!+ X2 = 1, y npaBUY BeKTOpa d1• 

CmtKa 17. Heorpam-tqeHo OIITHMaJIHO pemelhe (neBo) H cnyqaj Ka)J,a 
pemelbe He IIOCTOjH ()],eCHO) 

-X! + X2 ~ -}, 
X! - X2 ~ -1, 
X1 ~ 0, X2 ~ 0. 
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. [,--1 1] Peute1be. Y OBOM crryqajy je A= , H KaKo cy KOJIOHe MaTpHn,e 
1 -1 . 

mmeapHo 3aBHcHe (,npyra ce ,no6Hja MHO)I(elbeM rrpBe ca -1 ), MaTpHn,a HMa paHr 

I. 0Bo YKa3yje Ha HerrocTojalbe KOHaqHor pernelba, IIITO ce orrre,na y rraparrerrHHM 

CTpaHHIJ,aMa ,norryCTHBe 06JiaCTH S, KOja je KOHBeKCaH H HeorpaHHqeH IIOJIHe,nap 

(CrrHKa I7, ,necHo). KaKo je BeKTOp rpa,nHjeHTa Vf= c = [1 I]T rraparrerraH ca 

6eCKOHaqHHM CTpaHHIJ,aMa o6rraCTH S, He IIOCTOjH o,npe~eHH rrpaBaiJ, Ha KOMe 6H 

ce IIOBehaBarra Bpe,nHOCT !IJyHKIJ,Hje IJ,HJba. .D:aKrre, OIITHMaJIHO pernelbe He 

IIOCTOJH. 

2.3. MeTo~ AyaJiuocTu 

)l.et))HHHIJ,Hja 18. HeKa cy 3a X E IRn, c E IRn, A= [aij]mxn, bE IRm, y E IRm, 
,nan1 crre,nehH rrpo6rreMH JIHHeapHor rrporpaMHpalba 

(27) rrpo6rreM P : 

(28) rrpo6rreM P' : 

max j(x) = cTx 

Ax :s; b 

X 2: 0, 

min g(y) =bTy 

ATy 2: c 

y2: 0. 

AKo rrpo6rreM p 30BeMO OCH06HU npo6JleM, Ta,na je P' oya;mu npo6JleM y o,nHocy 

Ha rrpo6rreM P. 

llpUMep 5. HeKaje ocHOBHH rrpo6rreM LP ,naT ca 

MaKCHMH3HpaTH j(x) = -3XJ + 2x2 

[-2 1] X [ 2] 
I -2 [ I] s 3 ' 

rrpH ycrroBHMa I 
2 

x2 II 

x~O. 

Ta,naje lheroB .nyarrHH rrpo6rreM ,naT ca 

MHHHMH3HpaTH g(y) 
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IIpH ycJIOBHMa [ -~ -~ ~J[::J ~ [-a 
y~O. 

Mo)l(eMo )J.a rrpHMeTHMO )J.a orrepaiJ,Hja )J.yaJIHOCTH HMa oco6HHY HHBOJIYTHBHOCTH 
(P')' = P, Tj. )J.YaJIHH rrpo6rreM )J.yaJIHOr npo6rreMa je OCHOBHH rrpo6rreM. TaKolje, 

orpaHU'Ielba )J.yaJIHor rrpo6rreMa ce Mory rpaHc<PopMHCaTH y 6Hrro KOjH O)J. 
KaHOHU'IHHX orpaHHqeJba (19) - (21 ). 

03HaqHMO ca (P, S) ocHOBHH rrpo6rreM LP ca )J.orrycTHBOM o6rrarnhy S, a ca 
( P', S') )J.yarrHH npo6rreM ca cBojoM o)J.roBapajyhHM )J.orrycTHBOM o6rrarnhy S' . 
Ba)l(H crre)J.eha TeopeMa: 

TeopeMa 14. (TeopeMa 0 oyarmocmu.) 

a 3a ceaKo XES u yES', ea;)ICU j{x) ::5 g(y). 

b. AKo jeoaH oo npo6JleMa, P WlU P', wwa onmu?wallHO pemel-be 

x* = [xJ* ... Xn*]T UllU y* = [yl*··· Ym*]T pecneKmU6HO, maoa za UMa u opyzu u 

eaJJCuj{x*) = g(y*). 

c. 3a oea onmu~wllHa pemel'ba ea:J/Cu 

i=1, ... ,m, 

j = 1, ... ,n. 

IlpW11ep 6. Pernelbe OCHOBHOr rrpo6JieMa H3 IIpHMepa 5 jef{x*) = 27/5, r)J,e 
je x* = [7/5 24/5]T E S. Ha ocHoBy TeopeMe 14, H )J.yaJIHH npo6rreM HMa pernelbe 
g(y*) = j{x*) = 27/5 IIpH qeMy je y* = [8/5 0 1/5] T E S'. 

2.4. CuMnJieKc MeTO.Z:. 

,Zl;HpeKTHO pernaBalbe rrpo6rreMa LP CBO)J.H ce Ha rroiJ,Hpalbe eKcTpeMHHX 
. TaqaKa )J.OIIYCTHBe KOHBeKCHe IIOJIHe)J.apcKe o6JiaCTH H H3paqyHaBalbe Bpe)J.HOCTH 

. <PYHKIJ,Hje IJ,HJba y THM TaqKaMa. CopTHpalbeM )J.06HjeHHX Bpe)J.HOCTH )J.OJia:m ce 
)1.0 OIITHMyMa. MeljyTHM, · OBaj rrocryrraK je H3BO)J.JbHB caMO aKO je 6poj 
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rrpoMeH.JhHBHX MaJIH. AKo je MaTpH:ua A .popMaTa mxn Ta,na 6H ce 3a HaJia)J(eH>e 

eKcTpeMHHX Ta':IaKa Mopano penmTH ( m: n) CHC~eMa o.n. m je.n.Ha'IHHa ca n 

Heno3HaTHX. YKOJIHKO je rrpHTOM n = m, 6poj je.n.Ha'IHHa BeoMe 6p3o pacTe ca 
nopacToM m, Kao mTo TO IIOKa3yje crre.n.eha Ta6rrH:ua: 

Ta6erra 2 

m 2 3 4 5 6 7 8 9 10 

(2:) 6 20 70 252 924 3432 12870 48620 184756 

Ben 3a m ~ 5, 3aXTeBa ce pemaBaH>e HeKO'JIHKO CTOTHHa je,li,Ha'IHHa, illTO je 
3aMamaH IIOCaO. Y rrpaKCH, m MO)Ke HllH H ,li,O HeKOJIHKO XH.Jha,ll,a, illTO ,li,OBO,li,H ,li,O 
orpoMHor 6poja je,li,Ha'IHHa H 'IHHH .n.HpeKTaH rrocryrraK pemaBaH>a HeMoryhHM H 
HajMOllHHjHM pa'IyHCKHM MaiiiHHaMa, jep 6H 6HJie IIOTpe6He rO,li,HHe pa.n.a 3a 
H>HXOBO pemaBaH>e. 36or Tora ce Tparano 3a rroje.n.HocTaB.JheHHM anropHTMHMa 
KOjH 6H 6p30 H e$HKaCHO pemaBaJIH TaKBe rrpo6rreMe. llpo6rreMH eKOHOMHje, a 
npe cBera TpaHcrropTHH rrpo6rreMH aMepH'IKe apMHje y BpeMe II CBeTcKor paTa, 
,li,OBeJIH cy ,li,O pa3BOja CUMnlleKC aJl20pUmMa KOjH je 1947. rO,li,HHe rrpe,li,JIO)J(HO 
l)opi,I ,[{aH:UHr (George Dantzig)1. Tiocrre.n.H>HX .n.Ba,neceTaK rO,li,HHa rrojaBHJIH cy 
ce T3B. Memoou yHympaua-be maiJKe (interior- points MeTo.n.Hi. 

TiocMaTpajMo 3a,ll,aTaK (26) 
. T mm c x 

Ax=b 
X:::: 0, 

rrpH ':IeMy je A = [aij]mxn H b E IRm. TipeTrrocTaBHMO .n.a je m :$ n, mTo je H 
HajqemhH crryqaj y rrpaKcH, a y crryqajy .n.a HHje, MO)J(eMo rrpehH Ha .n.yanHH 
rrpo6rreM, TaKo .n.a he AT 3a.L{OBO.JhHTH Taj ycrroB. 

Kao mTo je TI03HaTo, orpaHH'IeH>a Ax= b, x :=:: 0, .n.e$HHHmy rrorrHe.n.apcKH 
cKyrr TI. TipeTnocTaBHMO .n.a je rang A = m, a aKo je rang A < m, o.n.6aeyjeMo 
cyBHmHe je,li,HaKOCTH H3 CHCTeMa Ax= b. Y crryqajy m < n, MaTpH:UY A, Moryhe 
rrocrre rrpeMemTaH>a KorroHa, MO)J(eMo rro.n.errHTH Ha .n.Ba 6rroKa B H N, Tj. 

(29) A= [B I N], 

1 G. B. Dantzig, Linear Programming and Extension, Princeton Univ. Press, Princeton, N.J., 1963 
2 R. J. Vanderbei, Linear Programming: Foundations and Extensions, Princeton, N.J., 200 I. 
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r.ue je B = [bu]mxm, Ma'IpiiUa rryHor paHra (rang B = m) .D.OK je MaTpMua N je 

<iJopMaTa mx(n- m). Ta,D.a ce BeKTop rrpoM3BO.JI>He Tal.J:Ke x E II M BeKTop c Mory 

no,D.eJIMTM Ha ,D.Ba ,D.eJia 

X = [ :: l C = [ :: l 
TaKO ,D.a ce orpaHM'lelba Ax = b, X 2: 0, MOry HaiiMCaTII y o6JIMKY 

(30) 

Yo6II'lajeHo je ,D.a ce rrpoMeH.JI>MBe XB Ha3MBajy 6a3UCHe, a xN c!lo6ooHe 
rrpoMeH.JI>IIBe, .IJ.OK ce Ma'IpMIJ,a B 30Be 6a3UC. Ca,D.a MO)l(eMo <lJopMyJIMCaTM 

TeopeMy Koja KapaKTepMIIIe eKcTpeMHe Tal.J:Ke cKyrra S, Tal.J:Ke y KojMMa ce, y 

CKJia,D.y caTeopeMOM 12, IIOCTM)l(e OIITMMYM JIMHeapHe lPYHKIJ,Mje. 

TeopeMa 15. TaLtKa x = x* je eKcmpeMHa matJKa cKyna II aKo u caMo aKo 

nocmoju oeKoMn03UtJuja (29) MamputJe A, maKea oaje xs* = B-1b 2:0, XN* = 0. 

HeKa je x* eKTpeMHa Tal.J:Ka ceyrra II 3a Kojy Ba)l(M ,D.eKOMII03HIJ,Mja (29). 3a 

rrpoM3BO.JI>HO x E II, II3 (30) cJie,D.yje 

(31) 

o,D.aKJie ce .IJ.06IIja 
T T T TB-Jb ( T TB-)N) C X= C8 X8 + CNXN = C8 + CN - C8 XN 

= c T x* +(c~ - c~B-1N )xN , 
(32) 

rrpii l.J:eMy je Tal.J:Ka x* ,D.e<iJMHIICaHa ca cT x* = c~B- 1b. Moryha cy ,D.Ba cey'laja: 

1. C~- c~B-1N :2: 0. Y OBOM CJIY'lajy, Ha OCHOBY (32) M HeHeraTMBHOCTII 

n · T T * · BeKTOpa XN 3a CBaKO X E , Ba)l(M HeJe,D.HaKOCT C X;;:::: C X , IIpM l.J:eMy Je 

OIITIIMaJIHa eKC'IpeMHa Tal.J:Ka. 

2. c~- c~B-1N ;J:. 0. Y OBOM crry'lajy cy Moryha ,D.Ba rro,D.crry'laja: 

a) Mo)l(e ce o,D.pe,D.MTM eKc'IpeMHM rrpaBau d; y KoMe lPYHKIJ,Mj a c T x 

HeorpaHMl.J:eHo pacTe; 

b) IIocTOjii A,;;:::: 0, II BeKTop &' TaKaB ,D.a je x = x* + A ~ eKCTpeMHa 

Tal.J:Ka. ToM rrpiirrMKOM ce je,D.Ha 6a3IICHa rrpoMeH.JI>MBa (je,D.Ha O.IJ. 

IIpOMeH.JI>IIBMX II3 BeKTOpa XB) MO)l(e 3aMeHMTM ca je,D.HOM CJI060,D.HOM 

IIpOMeHibiiBOM (KOMIIOHeHTOM BeKTopa XN) rrpM l.J:eMy je CTX :5· CTX*, rra 

je HOBa eKC'IpeMHa·Tal.J:Ka 6JIM)l(e MMHMMaJIHOM peiiielby. 
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Ha OBOM pa3MaTpa:Eny ce 6a3Hpa llaHU,HfOB CUJHnJleKC aJl20pumaM. ilOJia3H 
:(o) . 

ce O,L\ IIpOH3BOJbHe eKCTpeMHe Ta"l!Ke X . 
Kojoj O,L\fOBapa 6a3HC B. AKo ce .L\OfO.L\H j{x._.P,) -
cny"'Iaj 1) pernelhe je HaljeHo. Y cnyqajy \ 

2-a) pernelhe He rrocTojH. 11 Haj3a.L\, y 
cnyqajy 2-b) Hana3H ce rrpaBa:U Kpemlha 

0 • • • 

Ka .L\PYfOJ, IIOBOJbHHJOJ eKCTpeMHOJ Ta"l!KH 
X(l) y KOjoj <i>YHKIJ:Hja :UHJba HMa Malhy 

Bpe,L\HOCT. C~a ce rrocryrraK rroHaBJba 

CBe ,L\OK Ce He ,L\Olje ,L\0 OIITHMaJIHOf 

pernelha (CnHKal8). AnropHTaM je ,L\06Ho 
Ha3HB "cHMrrneKc" H3 ,L\Ba pa3nora. llpBo,. 

360r CBOje H3y3eTHe je~OCTaBHOCTH 
(naT. simplex = je,L\HOcTaBaH) Koja 

,L\orryrnTa pernaBalhe LP ca BeJIHKHM 

6pojeM je,L\Ha"'IHHa y CBera HeKOJIHKO 
CnHKa 18. CHMIIJieKc anropHTaM 

KOpaKa H y KpaTKOM BpeMeHy, H .L\pyro, orpaHHqeJha o6pa3yjy IIOJIHe,L\apCKH 
CKyii, a KaKO CMO Ben IIOMeHyJIH, Hajje,L\HOCTaBHHjH IIOJIHe,L\pH cy CHMIIJieKCH. 

2.5. TpaHcnopTHH npo6neM 

Ba)J(aH cnyqaj npo6neMa LP je T3B. mpa11cnopm11u npo6!leJH3. 
TipeTrrocTaBHMO ,L\a m rrpOH3BO.L\HHX :ueHTapa At, Az, ... , Am, CBoje npoH3BO,L\e 

Xm-1.· 

-!ll!i--

CJIHKa 19. TpaucnopTHH rrpo6neM 

Ta6ena 3 

· Bt 

~ bl 
-

a1 
cu 

xn 

az 
c21 

.. 

Xzt 

: -

Gm 
CmJ 

Xml 

- =,-

···-•-bz 
·; .bn: 

- --
Cl2 Ctn 

X12 X In 

Czz Czn 

X22 Xzn 

Cmz Cmn 

Xm2 Xmn 

3 F. L. Hitchcock, The distribution of a product from several sources to numerous locations, J. 
Math. Phys. 20, no. 2 (1941), 224-230. 
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,nocTaBThajy no1poma'IKHM ueH1pHMa B1, B2, ... , Bm TaKo .na ueHTap A; 
,nocTaBTha ueHTPY B1 x!i KOJIH'IHHCKHX je,n:uH:uua (Cn:uKa 19). IlpHTOM, HeKa ueHa 

je,nHHMUe npoH3Bo,na H3 A; y B1 6y.ne c!i HOB'IaH:uxje.n:uH:uua. 36:up CBHX :ucnopyKa 

M3 npOH3BO.l(HOr UeHipa A; HeKa j e a;, a 36Hp CBHX .l(OCTaBa y TI01pOIIIa'IKH UeHTap 

B1 HeKa je b1. 0BH no.nauM cy cyMapHo npHKa3aHM y Ta6en:u 3. O'!Mme,nHo, Ba)l{e 

cne.neheje,nHaKOCTM: 

n 

(33) a;= LX;k i = 1, ... , m (36Hp CBHX HCTIOpyKa npOH3BO.l(HOr UeHTpaA;), 
k=l 

m 

(34) b1 = LXki, j = J, ... , n (36Hp CBHX .l(OCTaBa y UeHTap TIOTpOIIII:De B1). 
k=l 

IlpeTnocTaB:uheMo TaKo~e .na ce pa,nM o T3B. 3ameopeHoM npo6JleMy 'IHJa Je 

KapaKTepHCTHKa ,na Ce TI01pOIIIH CBe IIITO Ce npOH3Be,ne, Tj. ):(a Ba)I(M 

(35) MJIM 

Ma1pMUY C = [c!J]mxn 3BaheMO Mamputfa mpotuK06a, a Ma1pHUY X= [x!J],nxn 

n.JlaH (cmpamezuja) TpaHcnopTa. lJ,MTh je MMHMMH3MpaTM UeHy YKYTIHOr 

1paHCTIOpTa 

(36) 

(37) 

(38) 

minL, 
m n 

L = cllxll + c12xl2 + ... + cmnxmn = L L cijxij' 
i=l J=l 

n 

LX;k =a;, i-= 1, ... ,m, 
k=l 

m 

L:xk1 = b1, j =l, ... ,n, 
k=l 

(39) x!i;::: 0, i = 1, ... ,m, j = 1,2, ... ,n. 

O'!Mrne,nHo, oBo je 3a,naTaK JIMHeapHor nporpaMMpai:Da. C:ucTeM (37) HMa 

m, a (38) n je,nHa'IMHa. Me~yTMM, 36or ycnoBa (39), CMCTeM je JIMHeapHo 

3aBMCTaH H je,nHa je,nHa'IHHa ce MO)l{e o,n6aUMTM, TaKO ,na je paHr Ma1pHUe CM­

CTeMa r = m + n - 1. Epoj cno6o,nHMX (.nonyHcKHx) npoMeHThMBHX je k = mn - r 

= mn - m - n + 1. CBaKM nnaH TpaHcnopTa X = [Xu ],nxn , Koj:u 3a.l(OBOThaBa ycnoBe 

· (37) - (39) 3BaheMo oonycmueo petue1be. Pe:iiiei:De 3a.l(aTKa je onTHMaJIHH nnaH 

X * [ *] 1paHCTIOpTa = Xij mxn . 
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TeopeMa 16. Tpm-tcnopmHu npo6!leM (36)- (39) yeeK UMG onmUMGJIHO 

peutelbe (MUHUMYM) X*. 

IIpaKTif':IHO pemaBaihe ce cnpoBO)J.H y )J.Be ocHOBHe erane: 

1. 0)J.peljMBaihe nona:mor 6a3HCHor pemeiDa X 0 = [ xZlnxn . Y HaCTaBKY 

reKcra 6Mhe pa3MorpeHe )J.Be MeTo)J.e: Memoo ceeep03GnGOH02 ycflG H Memoo 

MUHUMQJ/He lJeHe. 

2. CyKUeCMBHO TI060JDIIIaBaiDe TIOlla3HOr pemeiDa )1.0 TIOCTH3alha OTITHMyMa 
(Memoo npepGcnooe!le no lJUKflycy H Memoo nomeHlJU}GflG). 

Memoo ce«epo3anaonoz yma. Ta6nHua ce nonyiDaBa no~eB O)J. neBor ropiDer 
("ceBepo3ana)J.Hor") yrna craBJDaiDeM x11= min {48, 18} = 18 (Ta6ena 4). 

Ta6ena4 

18 27 

8 

30 

27 

42 26 

5 

6 

TMMe cMo HcupnnH yKynHy 
KOllH~HHY pecypca KOJH ce 
)J.OCTaBJDajy TipBOM TIOTpoma~KOM 
ueHrpy, b1. TaKolje, yeynHa npo­
H3BO)J.IDa npBOr TipOH3BO)J.HOr UeH­
Tpa GJ ce yMaiDyje 3a 18, na 3a 
pacno)J.eny ocraje 30 je)J.HHMUa 
npoH3BO)J.a. IIpena3M ce Ha npBo 
cyce)J.Ho no.JDe ( 1, 2), Koje Ca)J.a 

20 
20 

npe)J.CTaBJDa HOBM CeBep03aTia)J.HH 
yrao. 3aro craBJDaMO 
x12 = min {27, 30} = 27, raKo )J.a 

TIOHOBO yMaiDyjeMO G1 3a 27, na OCTaje G1 = 3. Cne)J.efie TIOJDe je (1, 3) H ca)J.a je 
x 13 = min { 42, 3} = 3, ~HMe ce b3 cMaiDyje Ha 39 a G1 ce aHynHpa, ~HMe je 
Mcupn.JDeHa npBa Bpcra. HoBM ceBep03ana)J.HH yrao je no.JDe (2, 3) H X23 =min 
{39, 30} = 30, ~HMe je Hcupn.JDeHa npoH3BO)J.IDa G2, a b3 )J.06Hja Bpe)J.HOCT 9. 
,l.(a.JDeje X33 =min {9, 27} = 9, G3= 18, b3= 0; X34 =min {12, 18} = 12, G4= 6, 
b4 = 0; X35 =min {26, 6} = 6, G4 = 0, bs = 20. Haj3a)J., X4s =min {20, 20} = 20, 
G4 = b5 = 0. IIo~eTHO 6a3HCHO pemeiDe je 

18 27 3 0 0 

(40) Xo= 
0 0 

0 0 

30 0 0 

9 12 6 

0 0 0 0 20 

Epoj npoMeHJDHBHX y no~eTHOM 6a3HCHOM pemeiDy je 

r = m + n- 1 = 4 + 5 - 1 = 8. 



<J>yHI<UMja UMTha Ha OBOM pernelhy HMa Bpe)J.HOCT 

L0 
=en xu+ ... + c4s X45 

(41) = 10·18 + 8·27 + 5·3 + 8·30 +10·9 +8·12 + 7·6 + 8·20 

= 1039 
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Mo)J(e ce )J.OrO)J.HTH )J.a 6poj npoMeHThHBHX y no"IJeTHOM 6a:mcHoM pernelhy 
6y)1.e MalhH 0)1. m + n - 1. Taj crry-qaj HacTaje Ka)J. Tpa)J(HMO MHHHMYM (a;, b1) H 
npHTOM je a;= b1. Y TOM crry-qajy MCKThy-qyjeMO HCTOBpeMeHO H BpCTy H KOJIOHy. 
Ha npHMep, y Ta6errH 5, Ha noThy (1, 2) Tpa)J(HMO x12 =min {10, 10} = 10, TaKo 
)J.a HCUpTIThyjeMO H a1 H b2. 36or TOra MOpaMo HCKThY"IJHTH npBy Bpcry H )J.pyry 
KOJIOHY. TaKo, yMecTo ocaM 6a3HCHHX npoMeHThMBHX, )1.06HjaMo caMo meeT. 

Ta6erra 5 Ta6erra 6 

0BaKBO pemelhe ca Ha3HBa OezeHepucaHO, H peJiaTHBHO Ce "IJeCTO jaBTha npH 
pemaBalhy TpaHcnopTHHX npo6rreMa. ,IJ.ereHepauHja ce npeBa3HJia3H yBo~elheM 
)].Be BHpryerrHe 6a3HCHe npoMeHThHBe ca Bpe)J.HOCTHMa c > 0 (Ta6erra 6). llpBa 

npoMeHThHBa Kojoj ce )J.O)J.eThyje Bpe)J.HOCT c je cyce)J.Ha nocrre)J.IhOj peryrrapHo 
O)J.pe~eHOj npoMeThHBOj, X!2 = 10. liMaMO )J.Ba TaKBa cyce)J.Ha TIOTha: (1, 3) H (2, 2). 
I-ha6epHMo npBo, 11 HMaMo xn:::;; c. Ca)J.a ce a1 yBenaBa 3a c )].OK ce 6a.JHCHa 

npoMeHThHBa X23 yMalhyje 3.a c HT)J.. HacTaBTha ce rraHqaHa npoMeHa npo­
MeHThHBHX cBe )1.0 )J.Oiher )J.ecHor (jyr(mcTO"IJHor) yrrra. Ha Kpajy ce 11 am Melba )J.a 
611 611rra 3a)J.OBOTheHa perrau11ja ( 42) 11 nocTaje am = 20 - c. Mo)J(e ce npoBepHTH 

4 5 

)J.a je je)J.HaKoCT (40) je TaKo~e 3a)J.OBOTheHa, Tj. ,La;= _Lb1 = 95. TaKo, )1.06H-
;~J J=l 

jaMO TIOJia3HO 6a3HCHO pernelhe (Hyrre cy H30CTaBTheHe) 

10 10 c 

20-c 10+ c 

25-c 

20-c 
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IIorra3ehH o.n; oBor pemeH>a, HaCTaBJDaMO rrocryrraK .n;o .n;o6HjaH>a ,orrmMarrHor" 

pemeH>a Koje ca.n;p)J(JI rrapaMeTap &. 3aTHM, y TaKo ~o6HjeHOM pemeH>y CTaBHMO 
& = 0 II Ha Taj HaqJIH )J;OJia3HMO )J;O Tpa)l(eHOr OIITJIMaJIHOr pemeH>a. 

Memoi> MUHUMaJIHe l(ene. Y cyMapHoj Ta6rrHI(H TpaHcrropTHor rrpo6rreMa 
rrpoHal)e ce rro.JDe ca HajMaH>oM I(eHOM min{cy}. AKo pemeH>e HHjeje.n;HHCTBeHo, 
6Hpa Ce IIpOI13BO.JbHO je)J;HO 0)1; Il>JIX. Y 
HameM rrpHMepy je min{ cy} = c43 = 4. Ta6erra 7 

I~ 18 27 42 

48 L!QJ 8 
4 I~ 

···W 
22 

30 W7 8 
4 

Y IIO.Jbe ( 4, 3) yrrHcyje ce Bpe)J;HOCT 
X43 = min{a4, b3} = 20 H 3aMeH>yje 
b3 = 42- 20 = 22. KaKo ce a4 CBO)J;H 
Ha Hyrry, qerpBTa BpCTa ce HCKJDyqyje. 
Ca.n;a ce o.n; rrpeocTarrHx erreMeHaTa 
{ Cy·} IIOHOBO o.n;pel)yje MJIHJIMaJIHJI 
eJieMeHT. Y OBOM crryqajy IIOCTOje. )];Be 
MHHJIMaJIHe I(eHe C13 = C2s = 5. EHpa ce 
IIpOH3BO.JbHO, Ha IIpHMep, IIO.Jbe (1, 3) 
H CTaBJDa XJJ =min {a1, b3} = 22, rrpH 

27 
8 

I• 
~27 10 .. 

. · 

20 7 - '5 w 
' 20 

12 26 

w 
12 

9 

6 w I 
26 

8 7 

6, 8 

qeMy ce a1 pe.n;yeyje Ha 26. KaKo ce b3 aeyrrHpa, 1peha KorroHa ce HCKJDyqyje H3 
.n;a.JDer pa3MarpaH>a. ,[(a.JDe ce 6Hpa rro.JDe (2, 5) H 1)' je x2s =min {a2, bs} = 26, 
a2 = 4, b5 = 0, rra ce HCKJDyqyje rrem KOJIOHa. Ca.n;a ce rroHoBo rrojaBJDyjy lpll 
MliHJIMaJIHe I(eHe c14 = c21 = C24 = 6. EHpa ce, Ha IIpHMep, IIO.Jbe ( 1, 4) H CTaBJDa 
XJ4 =min {a~, b4} =min {26, 12} = 12, aJ=14, b4 = 0, IIITO JICKJDyqyje qeTBpT)' 
KOJioHy. Crre.n;yje X21 =min {a2, bi} =min {4, 18} = 4, IIITO HCKJDyqyje .n;pyry 
Bpcry H cMaH>yje b1 Ha 14. Ocmjy jom caMo 4 crro6o.n;Ha rro.JDa a rro.JDe (3, 2) HMa 
MHHJIMaJIHY I(eey C32 = 7, IIITO ,n;aje jom je,n;ey 6a3HCHY IIpOMeHJDHBy, X32 =min 
{ a3, b2} = min {27, 27} = 27 H JICKJDyqyje 1pehy BpCT)' II ,n;pyry KOJIOHY. Je.n;HHO 
rrpeocTarro crro6o.n;Ho rro.JDe je (1, 1) H y H>eMy je KOHaqHo Xll =min {a~, bJ} = 
min{14, 14} = 14. QeHayeyrrHorTpaHcrropTaje ca.n;a 

L0 = 10·14 + 6·4 + 7·27 + 5·22 + 4·20 + 6·12 + 5·26 = 745, 

IIITO Je 6o.JDe rroqemo peiiieH>e 0)1; OHOr KOje CMO )J;06JIJIH MeTO)J;OM 
ceBep03arra.n;Hor yrrra. 

llpepacnoi>ena no l(UK.llycy. Ca.n;a heMo pa3MOTpHTH je.n;aH o.n; MHorHx Mem.n;a 3a 
cyKI(eCHBHO rro6o.JDmaBaH>e rroqemor 6a3HCHor pemeH>a, H TO je Memoo 
npepacnoi>e!le no lJUKllycy. Y rroqeTHoj Ta6JIHI(H (Ta6erra 8) ce yoqJI HerrapaH 
6poj 6a3HCHHX IIO.Jba (TO cy IIO.Jba KOja Ca)J;p)l(e 6a3JICHe IIpOMeHJDHBe) M je,n;HO 
CJI060)J;HO IIO.Jbe y TaKBOM IIOJIO)I(ajy ,n;a Ce CBa OBa IIO.Jba MOry IIOBe3aTJI 
3aTBOpeHOM IIOJIHrOHaJIHOM JIHHHjOM KOja Ce CaCTOjM CaMO 0)1; XOpli30HTaJIHHX II 
BepTHKaJIHJIX CerMeHaTa. 
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Ha rrpnMep, aKo ce BpaTnMo Ha rro"IJeTHO 6roncHo perneffie ( 40) ,no6njeHo 

MeTO.I(OM ceBepo3aiia):J:HOr yrna, BH,ll.HMO }l.a 6a3HCHa IIOJba (1, 1 ), (1, 3) H (2, 3) 
ne)l(e y TeMeHHMa npaBoyraOHHKa "IJHje "IJeTBpTO TeMe CTOjH y CJI060,ll.HOM IIOJbY 

Ta6ena 8 

~ 18 . 

48 
10 8 

18 

30 
6 7 

27 
8 7 

20 
7 5 

27 42 12 

5 6 9 
27 3 

8 6 5 
30 

.··· 10 8 7 
9 12 

4 6 8 

18-A. 3+1.. 

.----1 ------.1 
0+1.. 30-A. 

26 

6 

20 

(2, 1). 0Bo je 3arnopeHa nonnro­

HaJIHa JIHHHJa KOJa HCnyffiaBa 

ropffie ycnoBe, n KOJY 3oBeMo 
lJUKllYC. · AKo Ca,ll.a 6roncHy 

npOMeHJbHBY XII = 18, yMaffiHMO 3a 

Heey Bemt"L~HHY A >0, cyce.nHY 

npoMeHJbHBY y U.HKJiycy, X13 = 3 
MOpaMO IIOBenaTH 3a MCTY 

Bpe,ll.HOCT, CJie,neny, X23 = 30, 
TaKo~e yMaffiyjeMo TaKo ,na he ce y 

CJI060}l.HOM IIOJbY IIOJaBHTM 

Bpe,ll.HOCT X21 = 0 +A (CnnKa 20). 

~~ 
0 

0 
X o_ 

- 0 0 9 12 6 

0 0 0 0 20 

CJJMKa 20. UMKJJyc y noiJeTHOM 6a3MCHOM pernelhy 

Bpe,ll.HOCT A Tpe6a TaKo H3a6paTM .na HOBe Bpe,nHOCTM npoMeHJbMBMX y TeMeHUMa 

IJ.HKnyca 6y.ny HeHeraTMBHa a caMo je.nHa o.n ffiHX ,na 6y.ne je.nHaKa 0. To ,ll.OBO,ll.H 

.no npaBMna A= min{18, 30}, Tj. 611pa ce Maffia o.n no"IJeTHHX 6a3MCHMX 

Bpe,ll.HOCTM Koje Jie)l(e Ha. cynpOTHMM yrnOBMMa y npaBIJ.Y CeBOp03amt,ll.­

jyroMCTOK. TaKo .no6MjaMo HOBe ·Bpe,ll.HOCTH npoMeHJbMBMX Kao Ha Cnnu.M 21. 
HoBa Bpe,nHOCT npoMeHJbMBe Xu je 0 q:H:Me OHa IIOCTaje cno6o,nHa npoMeHJbMBa 

,ll.OK XzJ }l.06Mja Bpe,nHOCT 18 M YJia3M y 6a3MCHO perneffie X 1 
(CJIMKa 21). HoBa 

Bpe,ll.HOCT <j;lyHKU.Mje IJ.MJba je Ca}l.a 

L
1 

= 8 ·27 + 5·21 + 6·18 + 8·12 + 10·9 + 8·12 + 7·6 + 8·20 = 913, 

,ll.OK je L 0 
= 1039 ( <j;JopMyna ( 41 )). HanMe, no"IJeTHa Bpe,ll.HOCT Ha IJ.HKnycy 

{(I, 1), (1, 3), (2, 3), (2, 1)} je 435, ,ll.OKje Ca HOBMM Bpe,ll.HOCTHMa IIpOMeHJbMBMX 

Bpe,ll.HOCT 309, "IJMMe ce .no6Mja 6oJba yeynHa u.eHa (CnnKa 21). 
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0 21 
[ 0~21 0 

jJ I I 
I ·I 

18---0-12 0 

X
1
= 0 0 9 12 

18 12 0 0 0 0 

CnMKa 21. llpepacno~ena no U.MKJiycy 

HapaBHO, liMa BHIIIe MOrynHOCTll 3a li360p :UHI<Jiyca, KaO illTO je nOKa3aHO 

Ha CJm:ull 22, ll H>liXOB o6nliK He Mopa .na 6y .ne HY)I{HO npaBoyraoHll. Bpe,nHOCT A 
3a :UliKnyc Ha Cnli:UM 22, ,none neBo, ~llna 6ll A = min { 18, 20} = 18, a 3a cny-qaj 

,necHo A= min{27, 20} = 20. 

,[{a 6liCMO yHanpe,n MOrilll ,na o,npe,nliMO .KOjll :UliKnyc BO,nll Ka CMaH>liBaH>y 

Bpe,nHOCTH <i>YHK:Ullje :UHJI>a, 3a cno6o,nHO no.JI,e (p, q) <t>opMllpaMo Beilli"'IliHJ Ypq 

KOJY 30BeMO tJeHa lJWUlyca 

(42) r pq = 2>ij -I cij , 
par nepar 

npll "l!eMy napHa cyMa, I , 03Ha"l!aBa cyMy :ueHa y napHliM "'IBOpOBliMa :UliKnyca 
par 

no"l!eB o.n Hymor y cno6o,nHOM no.JI,y (p, q), a HenapHa, I , cyMy :ueHa y 
nepar 

HenapHliM "l!BopoBliMa :UliKnyca. KaKo cBaKll :UliKnyc liMa napaH 6poj "'IBopoBa, 

nonoBliHa "l!BopoBa cy napHll a .npyra nonoBliHa HenapHll. KpehyhH ce no 
:UliKnycy no"l!eB O,n HyilTOr TIO.JI,a, (p, q) KOje liMa 3HaK +, 3HaK Ce Hali3MeHli"'IHO 

!'feH>a ,noK ce He CTllrHe .no nocne.naer "'!BOpa y :UliKnycy, ca 3HaKOM -. Ha 

Cnli:Ull 22, ,naTll cy npliMepll :ueHa 3a Ha3Ha"l!eHe :UliKnyce: 

Y21 = e21 - c23 + c13 - en= 6-8 + 5-10 = -7, 

y15 = e15 - c13 + e33 - c35 = 9 - 5 + 1 0 - 7 = + 7, 

Y41 = c41 - c45 + e35 - c33 + c13 - e11 = 7- 8 + 7 -10 +5-1 0 = -9, 

Y42 = C42 - c45 + c35 - c33 + c13 - c12 =5-8+ 7 -10+ 5-8= -9, 

TaKo .na npepacno.nena no :UliKnycy no.JI,a (2, 1) ocTBapyje cMaJDeH>e <i>YHK:ullje L, 
,noK npepacno,nena no :UliKnycy no.JI,a (1, 5), ry <i>YHK:ulljy noBenaBa. Cno)l{eHlljll 

:UliKnycll Y4I ll Y42, TaKo~e Bo,ne Ka Ml1Hl1Mll3a:Ulljll. 



y = 6-8+5-lO = -7 
21 

y ;7-8+7-10+5-10=-9 
41 

27 

20 

')' = 9-5+10-7==+7 
15 

21 I 42 12 26 

20 

')' = 5-8+7-10+5-8::= -9 
42 

CmiKa 22. Morytie amepuamsue Kouqmrypauuje 1\HKJiyca 
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Memoi> nomeuu,ujww. HeKa je )J.aT TpaucrropTHM rrpo6neM (36) - (39) 3aTBO­

peuor nma (JJ.aKne, 3a KOjM je La;= Lb1 ). TipemocTaBMMO )J.a rrpo:H3Bo~a'lKH 

ueuTap A; 3a TpaucrropT je)J.MHMI(e rrpoM3BO)J.a rrnaha a; HOB'laHMX je)J.MHMI(a a 

IIOTPOIIIa'lKH ueuTap B1 rrnaha. f3J je)J.HHMI(a. BenM'l:HHe a; 11 f3J ce 30BY 
nomeHlJU}wu-te lJeHe (nomenlJu}wiU). YKyrruo, 3a TPaucrropT je)J.MHMI(e rrpoM3BO)J.a 

Xij CTOjH Ha pacrronaraH>y 113HOC O)J. a; + f3.
1 

= Cij HOB'laHHX je)J.MHHI(a KOjH lleMO 

3BaTM jeiJunutJHa nceydolJeHa TPaucrropTa 113 A; y B1. Tio.IJ. ycnoBOM )J.a je 3a)J.aT 
CKYII rrapoBa IIOTeHI(Mjana 

(43) {(a;, fJJ) I i = 1, ... , m; j = 1, ... , n}, 

YKYIIHa nceyiJozJeHa mpaHcnopma he 6MTM 

m n m n 

(44) r= LLcijxij = LL(a; + fJ)xij. 
i=l J=l i=l J=l 

TeopeMa 17. 3a puKcupanu cryn napoea ( 43), nceydolJeHa r iJama ca ( 44) 
je KOHcmanmna 3a ceaKU iJonycmueu nflaH mpancnopma X = [ xij 1mxn . 
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JfoKa3. IIpeMa (44), 3a rrcey.n;o~eH)' Ba)I{H 

m n m n 

r = LLciixii = LL(a; + f3)xii 
i=l 1=1 i=l 1=1 

m n 

=La; a;+ 2:!31 b1 = Const. D 
i=l 1=1 . 

TeopeMa 18. AKo y ma6!lUZJU mpancnopmnoz npo6!leAw 3a c6a 6mucna 
no.fba (no.fba 3a KOja je xiJ > 0) 6a:»cu a; + {31 = c!i = c!i, a 3a c6a c!lo6oona no.fba 

(Xu·= 0) 6GJICU a; + {31 = Cij ~ Cij, nflQH mpaHcnopmaje onmUAW!laH. 

/foKa3. HeKa je 3a,JJ.aT TpaHcrroprnH rrrraH X= [x!i] TaKaB .n;a rrapoBH 

rroTeH~Hj ana (a;, P.J) 3a.n;oBo.JnaBajy ycrroBe 

(45) 
cij = cij' xij > 0, 

cij ~ cij, xij = 0. 

Ta.n;a, 3a rrpoH3BOJbaH TpaHcrroprnH rrrraH X'= [x'!i], Ha OCHOBY (45) Ba)KH 

m n m n 

L = LLciix'!i ~ LLciix'ii = r, 
i=I 1=1 i=l 1=1 

uno Je KOHCTaHTa rrpeMa TeopeMH 17. Ha ocHoBy (45) je TaKo~e 

m n m n 

,[(aKrre, L ~ T = LLciix!i = LLciix~ = Lmin, rraje rrrraH X*= X OIITHMarraH.· D 
i=l 1=1 i=l 1=1 

Mo)l{e ce rroKa3aTH .n;a 3a cBaKH nap rroTeH~HJarra (a;, fJ.J), ~eHa (42) 
~HKJiyca IIOJba (i,j) HMa Bpe,ZJ;HOCT yij = Cij- Cij. 

Ha ocHoBy cBera HaBe.n;eHor MO)I{eMo yTBp,ll;HTH KOMIIJieTaH arrropHTaM 3a 

pemaBmhe TpaHcrropTHor rrpo6rreMa 3aTBopeHor THIIa (36) - (39): 
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1. O,npe,lUiTH 6ap je,nHo noqeTHO 6a3HCHO peruelhe X 0 = [ x~],,x, y KOMe je 

m + n- 1 npoMeH.JbHBHX Xij> 0; 

2. 3a X 0 o,npe)J;HTH (a;, /1) 3a CBaKO 6a3HCHO TIO.Jbe (Xy· > 0) TaKO ,na je 

a; + f3.J = cu·, npH qeMy ce je,nHa o,n npoMeH.JbHBHX a; HnH f3.J 6Hpa 

rrpOH3BO.JbHO (Ha npHMep, a1 = 0). 

· 3. 3a cno6o,nHa no.Jba (xiJ = 0) H3paqyHaTH ncey,no:ueHe ciJ =a; + /]1 , a 

3aTHM cJ.>opMHpaTH MaTpHUY r = [rijlmxn = c-c = [cij- cijlmxn. YKOllHKO 

je y ~ 0, OTITHManHO peruelbe je TIOCTHrHYTO. Y npOTHBHOM, npehH Ha 

KopaK 4. 

4. O,npe,lUiTH min{yiJ} = Ypq(< 0). O,nroaapajyhe no.Jbe (p, q) je cno6o,nHo 

TIO.Jbe Ha Koje Ce TIOCTaB.Jba UHKnyC npepacno,nene KOjH )J;OBO)J;H )1;0 HOBOr 
rpaHcnoprnor nnaHa. TipehH Ha KopaK 2. 

Ilpwvtep 1. PemHTH rpaHcnopTHH npo6neM 

F [25 55 22]T, b ~ [45 15 22 20]T, C J: ! ! ~~]. 
l3 8 4 8 

Peute"fbe. KaKo je La;= Lb1 = 102, npo6neM je 3aTBopeHor THrra na 

MO:>KeMo ,na npHMeHHMO anropHTaM 1 - 4. lloqeTHa Ta6nH:ua ca no.na:u:HMa ,naTa 
je y Ta6enH 9. 

Ta6ena 9 Ta6ena 10 

I~ 45 15 22 20 . ~ 45 15 22 20 . 

25 9 5 3 10 
25 9 5 3 10 

3 22 

55 6 3 8 2 
55 6 3 8 2 

20 15 20 

22 3 8 4 8 22 3 8 4 8 
22 

lloqeTHO 6a3HCHO peruelbeX 0 Hana3HMO MeTO)J;OM MHHHManHe UeHe: 
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3a CBaKO 6a3HCHO IIOJhe tPOPMHpaMO rrap IIOTeHUHja.JJa (a;, fJ_j), TaKO ,[(aje a; +fJJ 
= C;J, rrpH ':IeMy 6HpaMo a 1 = 0. TaKo je /31 = 9, fh·= 3. 0Bo ,[(aJhe rroBrra':IH ,[(aje 
a2 = -3, a 3 = -6, fh = 6 H f34 = 5. .lJ:o6HjeHe Bpe,[(HOCTH yrrHcyjeMo y HOBY 
Ta6erry yMecTO a; H b1 (Ta6erra 11 ). 

Ta6erra 11 

~ 9 6 . 

0 
9 5 3 

I 3 l 
6 I 3 I 8 

-3 20 15 

-6 
3 8 4 

22 

3 5 

10 

22 
2 

20 
8 

KaKoje 

l
0+9 

C= -3+9 

-6+9 

0+6 0+3 

-3+6 -3+3 

-6+6 -6+3 

[

9 6 

= 6 . 3 

3 ·0 

. 3 5] 
0 2 ' 

--'3 -1 

0+5l 
-3+5 

-6+5 

[

0 -1 0 
0 -

MaTpHU:a pa3JIHKe j e y = C - C = 0 0 8 ~l naje miny, ~ y, ~-I. 

Ta6erra 12 

l>z . 8 5 

0 9 5 

--2 
6 3 

23 

--5 
3 8 

22 

3 

. 0 8 7 

.D:aKrre, crro6o,[(HO rron,e (1, 2) rrocmje TeMe :UHKrryca KOjH 
ne Ca,[(p)l(aTH cyce,[(Ha TpH 6a3HCHa IIOJha, KaO IIITO je 
rrpHKa3aHo y Ta6errH 11. 0.[(peljyje ce A = min{3, 15}=3, 
TaKo ,[(aje HOBa Ta6rrHu;a ,[(aTa y Ta6errH 12. Ca.[(aje 

3 

3 10 
22 

8 2 

4 [
1 0 0 6] 

y1 = c-c = o o 7 o . 
0 8 6 9 

.lJ:aKrre, Yi.i > 0, Tj. r > 0, 
TeopeMe 18 rrrraH 

rra j e Ha OCHOBy 

12 20 X 1 = 23 12 0 
[ 

0 3 22 

4 8 
22 0 0 

OIITHMaJiaH, a MHHHMaJIHa u;eHa TpaiiCIIOpTaje L1 = Lmin=361. 

llpUMep 2. PernHTH TpaHcrropTHH rrpo6rreM 

a~[6 I lO]T, b~[7 53 2)', c~[~ 
3 11 

0 6 

8 15 
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Peute1be. llpo6rreM je 3aTBopeHor nma. MeTO.UOM MHHHMarrHe ~eHe ,no6n-

[

6 o o ol 
jaMO IIOJla3HO 6a3HO pernelhe X 0 = 0 1 0 0 , TaKO ,na HMaMO HOBY TpaHC-

1 4 3 2 

rropTHY Ta6rrHey 

Ta6erra 13 

(Ta6erra 13). lbpa-qyHaBaMO MaTpH~y rrcey,no~eHa C H _ua.rr,e 

R 2 5 
. 

l 

2 3 
0 6 

-5 
1 0 

3 
5 8 

1 

Ta6erra 14 

R 2 3 . 
l 

0 
2 3 

2 

-3 
1 0 

3 
5 8 

~s 

12 

11 

6 

1 
15 

4 3 

12 

11 

4 
6 

1 

151 
3 

6 

7 

1 

9 

6 

7 

1 

9 

2 

2 

[

0 -2 -1 11 
l = c -c = 4 o -1 o . 

0 0 0 0 

KaKO je minyij = rl2 = -2' rro­

CTaB.JI:.aMO ~HKJIYC y TeMeHa (1, 1), 
(1, 2), (3, 2) H (3, 1). 3a A 6Hpa­

MO Bpe,nHOCT A.= min{6, 4} = 4, 
TaKO ,na Ha OCHOBY HOBe Ta6JIH~e 
H3pa-qyHaBaMO 

KaKo je minyii = y23 = -3, HMaMO 

HOBH ~HKJIYC, Ca IIOJia3HHM TeMe­
HOM (2, 3) H joiii neT TeMeHa 

(Ta6erra 14). Ca.uaje 

A=min{2, 1, 3}= 1, 

H rrocrre rrpepacrro,nerre ;io6HjaMo Ta6erry 15. Crre,neha MaTpH~a pa3rrHKaje 

[

0 0 -1 11· 
y 2 

= c - c = 5 3 o 1 , 11 

0 2 0 0 

minru =y13 =-1, 

.[(aKJie, HOBH ~HKJiyc je IIOCTaB.JbeH 

Ha rro.Jbe (1, 3). O,npe~yje ce 

A = min{1, 2}= 1, TaKo .ua rrocrre 

rrpepacrro.uerre .uo6HjaMo . HOBY 
Ta6rrH~Y (Ta6erra 16). Ca.ua je 
MaTpH~a pa3JIHKa 

Ta6erra 15 

~ 2 . 
l 

2 
0 ~I 

-6 
1 

5 
3 ...... 6 

3 12 6 

3 11 7 

5 -
0 6 1 

1 1 
8 15 9 

2 2 
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Ta6erra 16 

I~ 1 3 . 

2 3 
0 

-5 
1 0 

5 8 
4 7 

11 

11 

5 1 
6 

1 
15 

1 

7 

1 

9 

5 

2· onTHMarriio pemeH.e. OnTHMarrHa Bpe.n;­
HOCT ·«t.>yHKUHje unn.aje Lmin=100. 

3. JE,[t;HO,[t;HMEH3HOHAJIHE HEJIHHEAPHE 
OIITHMH3AD;HJE 

3.1. YnuMo.r.anuocT u unTepsaJI ueo.r.peljeuocTu 

Pa3MOTpHMO 3a)J;aTaK onTHMH3aunje «l>YHKUHje F, Koja 3aBHCH o)J; je)J;He 
npoMeHn.HBe A. Y o6nqajeHH MeTO)J; onTHMH3aunje «l>YHKUHje F, cacmjn ce y 
pemaBaH.y je)J;HaqnHe dF!dA = 0 no A. MeljyTHM, y npaKcH oBaj MeTo)J; ce peTKO 
KopncTH. Pa3JJ03H 3a To cy: 

1. F HHje )J;H«l.>epeHunja6nJJHa; 

2. Ko)J; npo6rreMa BHliie)J;HMeH3HOHaJJHe onTHMH3aunje, «l>YHKUnja F ce 
«l.>opMnpa O)J; unn.He «l.>YHKUHje f, TaKo )J;a je F('A) = f(x + A.d), x,d E IR.n, na ce 
je)J;HaqnHa dF/dA. = 0 cBOM Ha dr Vf(x + A.d) = 0, Koja je o6nqHo HeJJHHeapHa no 
A. 11 Koja ce HajrraKrne pemaBa HyMepnqKn; 

3. <J>yHKUHja F MO)I(e )J;a 6y)J;e 3a)J;aTa Ta6errapHO, Tj. Ha )J;HCKpeTHOM CKyny 
TaqaKa. 

36or cBera oBora je)J;HHO ce Mary npnMeHHTH HyMepnqKe npoue)J;ype 3a 
onTHMH3aunjy «l.>YHKUHje F. 0)1; Kn.yqHor 3Haqajaje nojaM YHHMO)J;aJJHOCTH. 

,IJ:etfluuu._uja 19. <l>yHKUHja F : [a, b] -t IR je yHUMoOa!lHa aKo Ha 
HHTepBarry [a, b] liMa je)J;aH II CaMO je)J;aH eKCTpeMyM (MaKCHMYM HJJH MHHHMyM). 
AKo ce OBaj eKcT_PeMyM )J;OCTH)I(e y caMo je)J;Hoj TaqKn H3 [a, b], «l.>YHKQHja je 
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cmpozo yHWIWOaJIHa. AKo <PYHKl~Hja HMa BHIIIe eKcT_PeMyMa Ha [a, b] oHa Je 

My.r1mWI'tooarma. 

0lJHTJie)1,HO, KOHBeKCHe HJIH KOHKaBHe <PYHK~Hje cy YHHMO)J,aJIHe a CTporo 

KOHBeKcHe (KOHKaBHe) cy CTporo YHHMO)J,aJIHe. 

/ ,, 
( \ . ', ,, 

' / ' a. 

j 
e. 

''''~~ 

CnHKa 23. <l>yHKU,Mje: YHMMO)J,MHe (a. U b.); CTporo YHMMO)J,MHe (c. npeKH)J,Ha; 
d. HenpeKM)J,Ha); MYJITMMO)J,anHe (e. uf) 

CrrHlJHO MeTo)J.aMa 3a nyMepHtiKO H3patiyHaBalbe nyrra norrHHOMa, r)J,e ce 

nyrre Hajnpe rpy6o JIO~Hpajy Tj. H30Jiyjy y )J,HCjyHKTHe HHTepBarre, H eKCTpeMH Ce 

MOry H30JIOBaTH TaKO lliTO ce H3 06JiaCTH )J,e<PHHHCaHOCTH S ~HJbHe <PYHKli,Hje f 
H3)1,BOje IT0)1,06JiaCTH YHHMO)J,aJIHOCTH S1, S2, ... , Sk, lJHMe ce npo6JieM HaJia)l(elba 

eKCT_PeMyMa <PYHK~Hjef CBO)J,HHa kiTO)J.ITpo6rreMa ca YHHMO,D;aJIHHM <}JyHKli,HjaMa, 

KOjH cy rraKWH 3a peiiiaBalbe. 

Y ,D;aJbeM TeKCTY, OCHM aKO ,n;pyralJFije HHje petieHO, CMaTpaneMO )],a 

YHHMO)J,aJIHa HJIH CTporo YHHMO)J,aJIHa <PYHKli,Hja )J,OCTH)I(e MHHHMYM Ha 

HHTepBarry ~~ = [ah b1]. YKOJIHKO YHHMO)J.aJIHa (cT_Poro yHHMO)J.aJIHa) <}lyHKli,Hja 

,D;OCTH)I(e MaKCHMYM Ha ~I, Ta)J,a neMO yMeCTC) F ITOCMaTpaTH <PYHKli,Hjy -F, KOja 

je TaKolje YHHMO)J,aJIHa ( CT_POrO YHHMO)J,aJIHa) aJIH )J,OCTH)I(e MHHHMYM Ha ~J. 

TeopeMa 19. HeKa je f YHUJ\100aJIHG PYHKZJU}a Ha S(=l=.(/>) c !Rn, zoe UJ\ta 

MUHUMyM. Taoa 3a npoU3eO/bHO x, y E S u A. E (0, 1) em~eu HejeoHaKocm 

f('Ax + (1-'A) y) :S max {f{x),j{y)}. 

Y CllytJajy cmpoze YHUlWOOa!lHOCmU, 6G:JICU HejeOHGKOCm 

f('Ax + (1-'A) y) <max {f{x), j{y)}. 

Mo)l(e ce ITOKa3aTH )],a je <PYHK~Hja j YHHMO,D;aJIHa ca MHHHMYMOM Ta)J,a H 

caMo Ta)J,a Ka)J.aje cKyn Sa ={xES lf{x) :Sa} KOHBeKcaH 3a npomBOJbHO pearrHo a. 
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Pa3MOTpHMo 3a,naTaK MHIIHMH3aiJ,Hje YHHMo,nrume <l>YHKIJ.Hje je,nHe 

rrpoMeHJbHBe min F(x). Je,nHHa HH<!>opMaiJ,Hja o. MHHHMYMY ,nona3H H3 caMe 
a<x< b · . 

rrocTaBKe 3a.[{aTKa a To je ,na ce OH Hana3H Her.ne y HHTepsany [a, b]. 36or TOra ce 

Taj HHTepBan Ha3HBa wtmepeall Heoope/jeHocmu. MeTO.[{H pemaBalba 3a,naTKa 

KOjH ne y .[{aJbeM TeKCTy 6HTH HaBe.[{eHH 6a3Hpajy Ce Ha CMalbHBalby .[{y)I(HHe 

HHTepBana Heo,npe~eHOCTH, H3.[{BajalbeM H3 TOr HHTepBana OHHX JberOBHX ,nenoBa 

KOjH He ca_np)l{e MHHHMyM. Cne,nena TeopeMa ,naje TeopHjCKY OCHOBY OBOr 

IIOCTyiiKa. 

TeopeMa 20. HeKaje F: [a, b]--) IR cmpozo yHwtoOClllHa fj;yHKlJU}a. HeKa 
je p,q E [a,b] u p<q. AKoje F(p)>F(q), maoaje F(x)'2F(p), 3aceaKo 
X E [a,p). AKO je F (p) 'SF (q), maoaje F (x) '2 F (q), 3a CBaKO X E (q, b]. 

TiocJie)J,HQa. HeKa je F cmpozo yHUMOOClllHa ca .MUHu.MyAtoM Ha (a~, bt) u 
HeKa je at < p < q < bt. Taoa je (a2, b2) c (at, bt) Hoeu uHmepea!l 
Heopoe/jeHocmu, u npumoMje 

i) a2=p,b2=bt 3a F(p)>F(q); 

ii) a2=a~,b2=q 3a F(p)<F(q). 

AJiropHTMH 3a o,npe~HBalbe eKC1peMa yHHMo,nanHHX <l>YHKU.Hja ce . . 
Tpa.[{IUJ;HOHallHO ,nene Ha OHe KOJH He KOpHCTe H OHe KOJH KOpHCTe H3BO.[{e IJ,HJbHe 

<l>YHKIJ,Hje. ,Z:Wyra rro,nena je Ha OupeKmHe (napClllellHe) H umepamUBHe MeTO.[{e. 

Ko,n .[{HpeKTHHX MeTO.[{a CBH IIO.[{aiJ,H IIOTpe6HH 3a pa,n anropHTMa cy II03HaTH 

yHarrpe,n .[{OK ce KO.[{ HTepaTHBHHX MeTO.[{a IIO.[{aiJ;H KOJH Ce KOpHCTe y k-TOM 

KOpaey H3pa'I)'HaBajy y (k-1 )-BOM KOpaKy. 

3.2. AnropuTMH npeTpa~uBalha 6e3 Kopumlielha H3Bo.z:.a 

i. AnzopumaM pa6HOMepnoz npempamu6alba 

PaBHOMepHo rrpeTpa)I(HBalbe je rrpHMep ,nHpeKTHor (rrapanenaor) 

rrpeTpa)I{HBalba, Ka.[{a ce Tal.JKe y KOjHMa ce H3pa'I)'HaBajy Bpe.[{HOCTH <l>YHKIJ,Hje, 

6Hpajy yHanpe,n. l1HTepBan Heo,npe~eHOCTH ~t = [at, bt], _ny)I(HHe l~tl = bt- at, 
,nenH ce Ha n + 1 eKBH.[{HCTaHTHHX IIO.[{HHTepBana .[{y)I{HHe h, Mpe)I{OM Tal.JaKa 

kh k - . h bl - al I ~~ I - - b 
Xk = a1 + , - 1, ... , n, r.ne Je = = --, xo - a~, Xn+t - I· 

n+I n+I 
<l>yHKIJ,Hja F ce H3pa1.JYHaBa y CBaKOj 0.[{ n yHyTpailllbHX Tal.JaKa Mpe)l(e: XI, x2, ... , 

Xn. HeKa je Xk Tal.JKa Mpe)l{e ca HajMalboM Bpe,nHomhy <l>YHKU.Hje F. KaKo je 
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<)_JyHI<UHja F CTporo YHHMO,ll;aJIHa, Tal.J:Ka JheHor MHHHMyMa (IIOCJie n H3pa­

l.J:yHaBalha) IIplma,ll;a HHTepBaJIY l:l.n = [Xk - h, Xk + h], li TO je HOBH HHTepBaJI 

HeO,ll;peijeHOCTH. ,[(y)I(JIHa OBOf HHTepBaJia je 

(46) 
2 

I ~II I= 2h = -11:11 1-
n+l 

O,ll;HOC ,ll;y)I(HHe HHTepBana Ha Kpajy rrpHMeHe anropHTMa, ,ll;aKrre rrocrre n-Tor 

KopaKa H .ll:Y)I(HHe rrol.J:eTHor HHTepBana E =I ~" I Ha3Jma ce Koe¢mJu}eHm 
1~11 

KOHmpaKtfU}e. 0Baj KOe<I_JHJJ,HjeHT KapaKTepHIIIe erjJUKaCHOCm anropHTMa. 

E<jJHKaCHOCT je yToJIHKO Beha YKOJIHKO je E 6rrmKe HYJIH, Tj. YKOJIHKO Je 

KOHrpaKJJ,Hja Bella. 

J.f3 ( 46) CJie,ll;yje ,ll;a je KOeqlliJJ,HjeHT KOHTpaKJJ,Hje anropHTMa paBHOMepHOf 

rrpeTPa)I(JIBalha E =-
2

- . O,ll;aTrre ce MO)Ke H3pa'-IyHaTH .ll:Olha rpaHHU.a 6poja 
n+1 

IIO,ll;eOHHX Tal.J:aKa IIOTPe6Ha ,ll;a 6H ce ,ll;OCTHrrra KOHTPaKu,Hja E, TO je n z r ~ -11' 
rrpH l.J:eMy <PYHKU.Hja I x l 03Hal.J:aBa "HajBehe u,erro" peanHor 6poja x, Tj. HajMalhH 

u.errH 6poj ~ x. 

ii. AnzopumaM duxomo.unoz npempaJICU6aHJa 

HeKa je F: [a1, b1] ~ IR cTporo yHHMO,ll;aJIHa <)JyHKJJ.Hja Kojy Tpe6a MHHH­

MH3HpaTH Ha HHTepBany /:11 = [a1, b1]. ,[(a 6HCMO <PopMHpaJIH CTpaTerujy 3a 

,ll;06Hjalhe e<jJHKacHor arrropHTMa rrpeTpa)KJIBalha, KopHcmheMo TeopeMy 20. 
IIocrre,ll;HJJ,a oBe TeopeMe je ,ll;a je HajMalhH 6poj H3pal.J:YHaBalha Bpe,ll;HOCTH 

<)JyHKJJ,Hje F Koja cy rroTPe6Ha 3a cKpahHBaiDe HHTepBarra Heo,ll;peijeHOCTH je,ll;HaK 

.UBa, Ha rrpHMep, F(p) H F(q) r.ue cy p, q E [a1, b1]. IIocrre Tor H3pa'-IyHaBalha, HOB 

HHTepBarr Heo.upeijeHOCTH je HJIH [a1, q] HJIH [p, b1]. ArrropHTaM he 6HTH YTOJIHKO 

e<)JHKaCHHjH YKOJIHKO cy OBH HHTepBarrH KpanH. ,[(aKJie, Haiiia CTpaTerHja 6H ce 

MOfJia CaCTOjaTH y MHHHMH3aJJ,HjH MaKCHMyMa ,ll;y)KJIHa OBa )J.Ba HHTepBarra. 

Pa3MOTpHMO )J.Ba eKcTpeMHa crry'-Iaja. 

IlpBH, ,ll;a ce Tal.J:Ke p H q 6Hpajy oBaKo: p = a 1 H q = b1. TMa cy o6a 

KaH,ll;H,ll;aTa 3a HOBH HHTepBarr HeO,ll;peijeHOCTH HCTa li IIOKJiarrajy Ce ca IIOJia3HHM 

- liHTepBaJIOM [a1, b1). 0Baj H36op HHje O,ll; KOpHCTH jep He CMalhyje ,ll;y)I(HHY 

liHTepBarra, Tj. HOBllliHTepBarr HeO,ll;peijeHOCTH ce IIOKJiarra ca IIOl.J:eTHHM /:11. 
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,[(pyru, ~ace o6e Ta"'!Ke H3a6epy y cpe~HHH HHTepBana, p = q = (ai + b1)12. 
Ta~a cy HOBH MOryoo HHTepBallH HeO~pe})eHOCTM JieBa H ~ecHa IIOJIOBHHa 
IIOJia3HOr HHTepBana (a1, (a1 + bi)/2] H [(ai + bi)/2~ bi]. THMe CMO ~06HJIH 
MaKCHManHy KOHtpaKIJ.Hjy anH ce Bpe~HOCTH «lJyHK:U:Hje F(p) H F(q) rroKnarrajy, 
TaKO ~a BHIIIe HeMaMO HeOIIXO~y MH«lJOpMa:U:Hjy 0 CMepy OIIa~aiba «lJYHK:U:Hje F. 

,[(aKJie, ~a 6H HOBH HHTepBallH 6HJIH IIITO MaH>H a ~a ce IIpH TOMe O"'lyBa 

MH«lJOpMa:u;Hja 0 YHHMO~allHOCTH, 6HpaMO MallO E:> 0 H 

p = (a1 + b1)/2- E:, q = (a1 + b1)/2 + E:, 

TaKo ~a HOBH HHTepBan Heo~pel)eHOCTH HMa ~y)l(HHY I !::J.2I = (b1- ai)/2 + E:. 0Bo 

je, 3a MallO E:, 6JIHCKO TeOpHjCKOM MHHHMYMY HHTepBana, C THM ~a cy Bpe~HOCTH 
«lJyHK:U:Hje F(p) n F(q) joiii yBeK pa3JIHqHre. 36or rora ce oBaj MeTO~ 30Be Mero~ 
~HXOTOMHje, o~ craporpqKe pe"'IH dihotomos = ~eJLeH>e Ha nona. 

Ha ocHoBy OBora ce naKo KOHcrpyHIIIe anropnraM ~nxoTOMHOr 

rrpetpa)I(HBaH>a, qnjH je k-TH KopaK ca~p)l(aH y H3paqyHaBaH>y 

ak +bk ak +bk 
Pk = - E:, qk = + 8 ' 

2 2 

lhepaTHBHH rrocryrraK ce 3aycraBJLa aKO ~y)I(HHa ~o6njeHor HHTepBana 

Heo~pel)eHOCTH I !::J.n I rrocraHe MaH>a o~ HeKe yHarrpe~ 3~are Bpe~HOCTH Koja 
KapaKrepniiie raqHocr rrocryrrKa. 

llpHMeTHMO ~a je ~y)l(HHa HHTepBana HeO~pe})eHOCTH Ha IIO"'leTKY n-Te 

HTepa:u:nje je~HaKa I !::J.n I = 2~_ 1 I !::J.1 I+ 2E:( 1- 2~_ 1 ), TaKO ~a je Koeqm:u:njeHT 

KOHTpaK:U:Hje ~HXOTOMHOr IIpetpa)I(HBaH>a je~HaK 

E = I ~n I = _1_ + 2E: ( 1- _1_) 
I 1::J.1 I 2n-1 I ~1 I 2n-1 . 

TeopHjCKH, Haj6oJLa e«lJHKaCHOCT Ce IIOCTH)l(e y rpaHJiqHOM · cnyqajy, Ka~ 

E: ~ 0, ann ra~a anropnraM Hehe Mohn ~a omo"'!He 36or HH«lJopMa:U:HOHor 

Konarrca. Mel)yTHM, MO)I(e ce y3eTH ~a je E: 3aHeMapJLHBO y o~Hocy Ha BeJIHqnHy 

rroqerHor HHTepBana I!::J.II = b1- a1, raKo ~a ce ~o6Hja E ~ (1/2r-I nnH, 
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npeu:u3H:uje E ::; (1/2r-
1

• ,z:t:oH:.a rpaH:nua 6poja :nTepau:nJa KOJa o6e36e~yje 

. E. 11 lnEl 
KOHTpaKUMJY Je n ?.I - In 2 · 

iii. AnzopumaM JnamHoz npece«a 

HeKa je Ha k-mj :nTepau:njH aJirop:nTMa npeTpa)l<HBaH:.a :UHTepBan 
Heo,npe~eHOCTH [ ak, bk]. Ha ocHoBy TeopeMe 20, HOBH HHTepBaii Heo,npe~eHOCTH 
[ak+I, bk+1] je je,nHaK [pk, bk], aKo je F(pk) > F(qk) H [ak. qk] aKo je F(pk) ~ F(qk). 
TalJKe Pk :u qk ce 6:upajy nona3ellli o.n cne,netmx ycnoBa: 

1. ,z:t:y)I(J-IHa HOBOr HHTepBaiia Heo,npe~eHOCTH bk+ 1 - Gk+ 1 He 3aBHCH O,U 
pe3ymam Ha k-Toj HTepauHjH, Tj. o.n mra Koja je o.u Heje,nHalJHHa F(pk) > F(qk) 
:un:u F(pk) ~ F(qk) 3a,UOBO.JDeHa. Tiope.u Tora, Tpe6a .na Ba)l(H je,nHaKOCT bk-Pk 
= qk - ak. KaKo TalJKa Pk ne)I(:U y yeyTpaiiJH:.OCTH HHTepBaiia [ ak, bk], OHa ce yBeK 
MO)I(e HaTIHCaTH KaO KOHBeKCHa KOM6HHaUHja KpajH:.HX TalJaKa (KapaTeO,UOpHjeBa 

TeopeMa, TeopeMa 3), Tj. Pk = ¢ ak + (1- ¢) bk. :nnH 

(47) 

r,ne je ¢ peaiiaH 6poj H3 HHTepBaiia (0, 1 ). Cn:nqHo, H3 je,nHaKOCTH bk-pk=qk- a~v 

cne.nyJe qk = (1 - ¢) ak + ¢ bk, Tj. 

(48) 

2. 3a HOBY HTepauHjy, Ta'IK~ Pk +I :u qk +1 ce 6Hpajy TaKo .ua ce HnH Pk+I 
TIOKllOTIH ca qk, HnH ,na ce qk+l TIOKllOTIH ca Pk· AKO je OBO OCTBapeHO, Ta,Ua je Ha 
(k+ 1)-oj HTepauHjH TIOTpe6HO CaMO je,UHO HOBO H3pa-qyHaBaH:.e tPYHKUHje. ,z:t:a 
6HCMO OBO TIOKa3aJI:U, pa3MOTpHMO cne,nena' ,UBa cny-qaja: 

Cnyqaj 1. HeKa je F(pk) > F(qk). Y OBOM cnyqajy je Gk+I = Pk H bk+I = bk. 
YnoTpe6HheMo je,nHaKOCT ( 47) y3 3aMeHy k ca k+ 1. 3a Pk+I = qk. :UMaMO 

3aMeHOM H3pa3a 3a Pk H qk M3 ( 4 7) :u ( 48), ,no6HjaMo KBa,npaTHY je,nHalJHHY no ¢ 

(49) ¢2 + ¢-1 = 0. 
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Cnyqaj 2. HeKa je F(pk) :S F(qk). Y OBOM cnyqajy je ak+I = ak M bk+I = qk. 
Ca.n;a KopMCTMMO ( 48) y3 3aMeHy k ca k+ 1. 3a qk+I = Pk MMaMo 

3aMeH.yjynM H3pa3e (47) M (48) y IIOCJie,D;H.Oj je.n;HaqMHM ,D;06MjaMO IIOHOBO 

KBa.n;paTHY je.n;HaquHy ¢2 + ¢- 1 = 0, Tj. je.n;HaquHy ( 49). KopeHM OBe je.n;HaquHe 

-1-JS -1+J5 
cy ¢1 = :::::-1.618 M ¢2 = :::::0.618. KaKo ¢ Tpe6a .n;a 6y.n;e M3 

2 2 
MHTepBarra (0, 1) o.n;6anyjeMo HeraTMBHO perneH.e rra je ¢ = ¢2::::: 0.618. Ha mj 
HaqMH, aKO cy Ha k-TOj MTepanMjM qk "J!.Pk M3a6paHM y carrraCHOCTM ca (47) M (48), 
r.n;e je ¢::::: 0.618, ,l.l;y)KMHa MHTepBarra ~~k~ Ce C~panyje 3a ¢, Tj. IIpH6JIM)KH0 0.618 
O,l.l; IIpB06MTHe ,l.l;y)KMHe. Y IIpBOj MTepanMjM cy IIOTpe6Ha ,D;Ba H3paqyHaBaH.a 
rpyHKnuje y Ta"LJKaMa PI M qi, aJIH Ha CBaKoj .n;pyroj je IIOTpe6HO CaMO je.n;HO 
H3paqyHaBmne, rrornTo je MJIH Pk+I = qk MJIM qk+I = Pk· KaKo cy .n;y)KMHe 
cymecMBHMX MHTepBarra Heo.n;pel)eHOCTM IIOBe3aHe perranHjOM 

~~k+II =bk+I-Gk+I = ¢(bk-ak) = ¢ ~~kl, 

erpHKaCHOCT MeTO.n;aje o.n;pel)eHa rpaKTopoM KOHTpamHje E = I~ nl/1~ II = ¢n-I_ 

O.n;aTne, n~r1+ InEl rrpuqeMy je In¢::::: -0.4812. 
In¢ 

llpUMeo6a. MeTo.n; "3namor rrpeceKa" je .n;o6uo Ha3MB rrpeMa 6pojy 

"3rraTHor rrpeceKa" ¢ = ( -1 + J5) I 2 , KOjM .n;aje HajnerrrnM o.n;Hoc rrpu rro.n;errH 

,l.l;y)KM HJIH HeKe .n;pyre nerruHe Ha ,D;Ba Heje.n;HaKa .n;arra (o,D;Hoc 1 : ¢). 0Baj o,D;Hoc j~ 
6JIO OCHOBa rrporropnMjCKOr CMCTeMa KOjM je IIpBH y CBOjMM CKyJIIIzypaMa M 
rpal)eBHHaMa CMCTeMaTCKH KOpHCTMO aHTJiqKM Bajap <I>M.n;Hja ( l/JuJzaa, OKO 490. 
- OKO 430. IIHe), qHMe je IIOCTMrao BpXyHCKe ecTeTCKe pe3yJITaTe. 

llpUMep. Pa3MOTpMMO crre.n;ehu MMHMMM3anHOHM 3a,D;aTaK: 

min A-2 + 2,1,. 
-3:s;..t:s;5 

Qmi>Ha rpyHKnHja F(A-) = A-2 + 2,1, je crporo KOHBeKcHa Ha IR, a rroqema ,D;y)KMHa 
HHTepBarra Heo.n;pel)eHOCTM [-3, 5] je I~II = 8. Mero.n;oM 3JiaTHor rrpeceKa, 
pe.n;yKOBaneMO OBaj MHTepBarr Heo.n;pel)eHOCTH ,l.l;O HHTepBaJia ~m qJija je .D:Y)KMHa 
l~nl :5 0.2. llpBe .n;Be raqKe ce o.n;pehyjy Ha cne.n;ehu HaquH: 

PI= -3 + (1- 0.618)(5- (-3)) = 0.056, qi = -3 + 0.618(5- (-3)) = 1.944. 
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OB.ne je F(p1) < F(qi), a TO 3Ha1J:a .na 1pe6a rroczyrr:a Kao y cny'lajy 2. Ca.ua 

HMaMO HOBR RHTepBan Heo_npeljeHOCTH [-3, 1.944]. 0Baj rrpouec Ce IIOHaB.JI,a R 

pe3ymaTH O.[{rOBapajytmx mpalJYHaBalba HaBe,[{eHH cy y Ta6enH. Bpe.[{HOCTH 

<}>yHKUHje FKoje ce R3pa1JYHaBajy y cBaKoj HTepauHjH, 03Ha1JeHe cy 3Be3.[{RUOM. 

Ta6ena 17 

k ak bk Pk qk F(pk) F(qk) 

I -3.000 5.000 0.056 1.944 0.115* 7.667* 

2 -3.000 1.944 -1.112 0.056 -0.987* 0.115 

3 -3.000 0.056 -1.832 -1.112 -0.308* -0.987 

4 -1.832 0.056 -1.112 -0.664 -0.987 -0.887* 

5 -1.832 -0.664 -1.384 -1.112 -0.853* -0.987 

6 -1.384 -0.664 -1.112 -0.936 -0.987 -0.996* 

7 -1.384 -0.936 -1.208 -1.112 -0.957* -0.987 

8 -1.208 -0.936 -1.112 -1.032 -0.987 -0.999* 

9 -1.112 -0.936 

Ilocne ocMe HTepau:aje Koja ca.[{p:>KR .[{eBeT R3pa1JYHaBalba <}>yHKU:aje, RHTepBan 

HeO.[{peljeHOCTR je je.[{HaK ~g = [-1.112, -0.936], rra Ce KaO TalJKa MHHRMyMa 

MO)l{e y3eTR, Ha rrp:aMep, cpe.[{HHa OBOr HHTepBana, Tj. -1.024. liHalJe, TalJHO 

pemelbe 3a.[{aTKaje A,*= -1. 

3.3. AJiropnTMU npeTpa~nBalha ca KopumlielheM U3Bo.z.a 

i. Memoi> nono6o/belba unmep6ana 

Kao R y rrpeTXO.[{HHM O,[{elliUHMa, pemaBaMO OIITRMH3aUHOHH npo6neM 

min F(A,), c THM mTo je <}>yHKU:aja F YHHMO.[{anHa :a .[{mpepeHUHja6HnHa. HeKa 
a<?.< b 

je y k-TOj HTepaUHjH RHTepBan HeO.[{peljeHOCTR je.[{HaK [ak, bk]. IJpeTIIOCTaBHMO 

,[{a je R3BO.[{ F' (Ak) II03HaT R pa3MOTpRMO cne.[{elia TpR Morylia cnyqaja: 

1. AKo je F(A.k) = 0, Ta.[{a R3 cTpore yHHMO.[{anHOCTR <}>yHKu:aje F cne.[{yje 

.n;a je A.k TalJKa MHHRMyMa. 

2. AKo je F'(A,k )> 0, Ta.[{a 3a A.> Ak :aMaMo F'(A,k )(A.- Ak) > 0 H Ha ocHoBy 

- CTpore yHHMO.[{anHOCTR cpyH;KUHje F 3Ha1J:a .[{a je F (A.) 2: F (A.k)· ,l(pyrHM pe'I:aMa, 

MHHHMYM ne)l<R neBO 0.[{ ·Ak, TaKO .[{a je HOBH HHTepBan Heo.n;peljeHOCTR 

[ak+I, bk+I] = [ak. Ak]. 
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3. AKo je F'(A.k)< 0, Ta.[{a je F'(A.k)(A.-.At)>O 3a A.< Ak na Je 

F(A.) 2: F(A.k). Ha Taj HaqHH MHHHMYM je .[{eCHO O.[{ Ak H HOBH HHTepBan 

Heo.[{peljeHOCTH 6nhe [ak+h bk+t] = [A.k, bk]. 

llorro)l(aj Ak Ha HHTepBarry [ak. bk] Tpe6a ,[{a 6y.[{e H3a6paH TaKo ,[{a 6H Morrra 

,[{a Ce MHHHMH3Hpa MaKCHMallHa Moryha .[{y)I(HHa HOBOr HHTepBana 

Heo.[{peljeHocTH, Tj. ,n;a ce MHHHMH3Hpa max{A.k- ak , bk- Ak }. QqHrrre,n;Ho, 

onTHManHH norro)l(aj Ak je cpe.[{HHa Teeyher HHTepBarra (ak + bk)/2. 

Ha Taj HaqHH, Ha 6Hrro Kojoj HTepau:HjH k H3BO.[{ F' ce H3paqyHaBa y 
cpe,n;lboj TaqKH HHTepBana Heo,n;peljeHOCTH. Y 3aBHCHOCTH O.[{ Bpe.[{HOCTH F' 
npou;ec ce HJIH npeKH,n;a HJIH Ce cpopMHpa HOBH HHTepBan HeO.[{peljeHOCTH, qHja je 

.[{y)I(HHa je,n;HaKa norroBHHH .[{y)I(HHe npeTXO.[{Hor HHTepBarra. HanoMeHHMO ,n;a je 

OBa npou;e.[{ypa BpJIO CJilfqHa MeTO.[{H .[{HXOTOM~Or Tpa:>Kelba Ca pa3JIHKOM IIITO Ha 

CBaKOj HTepau;HjH 'Ipe6a H3BpiiiHTH CaMO je,D;HO H3paqyHaBalbe. Ko.[{ MeTO,[{e 
,ll;HXOTOMHOr Tpa)l(elba IIOTpe6Ha cy ,[{Ba H3paqyHaBalba cpyHKu;Hje. 

~Y)I(HHa HHTepBarra Heo,n;peljeHOCTH Ha noqeTKY n-Te HTepau;Hje je 

~~nl = (b1- Gt)/2n-l TaKO ,[{a MeTO,ll; KOHBeprHpa Ka TaqKH MHHHMyMa Ca yHanpe,n; 

3a.[{aTOM TaqHoiiihy. EcpHKaCHOCT MeTO.[{a .[{ecpHHHCaHa je KoecpHU:HjeHTOM 

KOH'IpaKu;Hje E = (1/2)n--
1

, .[{OK je 6poj HTepau;Hja noTpe6aH ,n;a 6H ce nocTHrrra 

KOHTpaKu;Hja E, n :::J1- lnEl· I ln2 

IlpUMep. ProMoTpHMO MHHHMH3aqHOHH 3a.[{aTaK min A- 2 + 2).., npH qeMy 
-3:<>11:<>6 

Tpe6a CMalbHTH HHTepBan HeO.[{peljeHOCTH TaKO ,n;a lberoBa .[{y:>KHHa He npeJia3H 

0.2. ~aKrre, E = ll1n I = 0.2/9 = 1/45. <l>opMyrra n ~ r- In El ~aje n 2: 6. 
1111 I I ln2 

Pe3yrrmTH H3paqyHaBalba MeTO.[{OM no,n;erre HaBe,n;eHH cy y Ta6errH. 

Ta6erra 18 

k Gk bk 'Ak F('Ak) 

I -3.0000 6.0000 1.5000 5.0000 

2 -3.0000 1.5000 -0.7500 0.5000 

3 -3.0000 -0.7500 -1.8750 -1.7500 

4 -1.8750 -0.7500 -1.3125 -0.6250 

5 -1.3125 -0.7500 -1.0313 -0.0625 

6 -1.0313 -0.7500 -0.8907 0.2186 

7 -1.0313 -0.8907 
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Docrre,ll;Ihli HHTepBarr HCO,ll.pe~eHOCTH je je)J.HaK [-1.0313, -0.8907], rra 3a 

Ta"llKY MHHHMyMa MO)I(CMO y3eTH cpe,ll.HHY OBOr O,ll.CC"l!Ka, Tj. -0.961. 

ii. Jhymnoa Memoo 

JhyTHOB MCTO)J. ce 3aCHHBa Ha KOpHIIIllelhy KBa)l,paTHC arrpOKCHMaUHje 

<}>yHKUHje F y 3a)J.aToj Ta"'IKH Ak, a TO je TejrropoB rrorrHHOM ,ll.pyror cTerreHa 3a 

<}>yHKUHjy F, KojM heMo 03Ha"l!HTH ca q: 

q(A) = F(Ak) + F'(Ak )(A- Ak) + _!_ F"(Ak )(A- Ak)2
• 

2 
3a Ak+I 6Hpa ce Ta"l!Ka y Kojoj je H3BO.ll. <}>yHKUHje q je)l.HaKa eyrrH, Tj. 

IIITO )l,aJ e 

(50) 

q'(A) = F'(Ak) + F"(Ak)(A- Ak) = 0, 

Ak+I = Ak- F'(A,k), k = 1, 2, .... 
F"(A,k) 

Dpouec ce rrpeKH,ll.a Ka)J.a je IA-k+1 -A.kl < c HJIH Ka)l.a je IF'(~)I < c, r)l,e je c yHape,ll. 

3a)l.aT MaJIH II03HTHBaH 6poj. HaBe)l.eHa rrpoue.ll.ypa MO)I(e ce rrpHMeHHTH caMo Ha 

)l.BarryT ,ll.Hq,epeHUHja6HrrHe «PYHKUHje. CeM Tora, rrpoue)J.ypa je )J.e«PHHHCaHa 

caMo y crry"'Iajy Ka)l.a je F"(Ak) -:f. 0 3a cBaKo k. 

llpuMep. Pa3MoTpHMO «PYHKUHjy F, )l.e«PHHHCaey Ha crre)J.ehH Ha"l!HH: 

A:2:0, 

A<O . • 

<l>yHKUHja F je cBy,ll.a )J.BarryT ,ll.Hq,epeHUHja6HrrHa. llpHMeHHMO lhyTHOB MeTO,ll. 3a 

MHHHMH3aUHjy F(..l), IIOJia3CllH li3 

Ta6erra 19 

k Ak F(..lk) 

I 0.400000 1.152000 

2 0.100000 0.108000 

3 0.047059 0.025324 

4 0.022934 0.006167 

5 0.011331 0.001523 

6 0.005634 0.000379 

F' (..lk) 

3.840000 

2.040000 

1.049692 

0.531481 

0.267322 

0.134073 

A.z..--1 

0.100000 

0.047059 

0.022934 

0.011331 

0.005634 

0.002807 

)],Be pa3Jili"lJHTe Ta"l!KC. 

Y rrpBOM crryq~y Y3MHMO 

..l1 = 0.4. KaKo je rroKa3aHo y 

Ta6errH 19, rrpoue,ll.Jpa )J.OBO.ll.H 

)l.O Ta"l!Ke 0.002807 rrocrre IIIeCT 

HTepaUHJa. Mo)l(e ce rraKo 

rrpoBepHTH, )l,a rrpouec ycTBapH 

KOHBeprHpa Ka CTaUHOHapH~ 

Ta"'IKH A.= 0. 
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Ta6ena 20 Y ,npyroM cnyqajy y3MHMO 

k A.k F(A.k) 

I 0.600 1.728 

2 -0.600 I.728 

3 0.600 1.728 

4 -0.600 I.728 

F'(A.k) Ak+I 

I.440 -0.600 

-1.440 0.600 

1.440 -0.600 

-I.440 0.600 

AI = 0.6. feHepHcaHe TaqKe, KaKo je 
noKa3aHo y Ta6enH 20, HaH3MeHHqH-o 

,[{06Hjajy Bpe,nHOCTH 0.6 H -0.6. 

KoHBepreH~Hjy 

MeTo,na cne~HIPH~Hpa 
TeopeMa. 

l:hyTHOBOr 

cne,neha 

TeopeMa 21. HeKaje F: IR~IR 06a nyma HenpeKUOHO oupepe1-11Juja6wma 

PYIIKlJU}a. Pa3MOmpUMO lhymH06 aJI_20pumaM (50), oerjJUHUCaH npeC!lUKa6al-beM 

G(A-) =A.___:_ F'(A.) . 
-F"(A-) 

HeKa je A.* maKe a ma'-IKa oa je F' (A-*) = 0 u F" (A.*) -:j:. 0. IlpenocmaBUMO, oa je 

no'-lemHa ma'-IKa A. 1 ooeofbHO 6!lucKa A.*, maKo oa nocmoje pewmu 6pojeeu k1 u 

k2, maK6U oaje k1k2 < 1 U 6G:JICU 

I 
1. -->k' IF"(--t)l- I 

2. IF'(--t*)-F'(--t)-F"(--t)(A *---t)l < k ' 

1--t*---tl - 2 

3a ceaKo A., Koje 3aooeofbaea 1--t---t *I::;~~ -A *I· Taoa a!l2opumaM KOHBep2upa Ka 

A.*. 

4. BHIIIE,ll.HMEH3HOHAJIHE HEJIHHEAPHE 
OTITHMH3AIJ;HJE 

4.1. AnropnTMH npeTpa~uBalba 6e3 Kopumlielba H3Bo.z.a 

Y OBOM nornaBJbY, 6Hhe peqH o MeTo,naMa 3a pemaBa:Ene 3a,[{aTa:K~ 

MHHHMH3a~Hje IPYHK~Hja BHme npoMeHJbHBHX, minf(x), 6e3 KopmuheiM 
xeS 

H3BO,ZI;a. fOTOBO CBH IT03HaTH MeTO,[{H Ce CBO,[{e Ha cne,nene: ITOJia3ellH O,ll; noqeTm 
TaqKe X

1
, KpeneMO ce ,ZI;y)l( HeKor npaB~a d1 KOjH je npeTXO,ll;HO o,npe~eH, F 

MHHHMH3Hpa ce cpyH~Hja ~HJbajy TOM npaBizy. 3a MHHHMH3a~Hjy Ce KOpHCH 
Me · TO,ll;H Je,ZI;HO,ll;HMeH3HOHaJIHe OI1THMH3a~Hje 6e3 KOpHilllleEna H3BO,ZI;a (anropMTaN 
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paBHOMepHOr rrpeTpa)I<JIBaiha, arrropHTaM )J.HXOTOMHOr rrperpmKHBalba HJIH 

arrropHTaM "3rrarHor rrpeceKa"). HeKa je raj MHHHMYM Hal)eH y TalJKH x2
. 3aTHM 

ce O)J.pe~yje HOBH rrpaBa:U: d2 JJ.Y)I( KOra Ce HaCTaB.Jba je)J.HO)J.HMeH3HOHaJIHa 

OIITHMH3a:U:Hja. IJoHaBJbajylill OBY rrpon:eJJ.YPY )1.0Jla3HMO )1.0 HH3a rrapn:HjaJIHHX 
· I 2 k • j( I) j( 2) MHHHMyMa KOJH Ce IIOCTH~ y TalJKaMa X , X, ... , X, ... , IIpH lJeMy Je X > X 

>··· > j(xk) >···. Ilpo:u:ec ce rrpeKH)J.a Ka)J.a pa3rrHKa xk+I - xk no MOJJ.YJIY rrocraHe 

)J;OBOJbHO Marra, rj. Ka)J.je HcrrylheH KpHrepHjyM 3aycTaBJbalha lxk+l -xk I< & . 

CyiiiTHHa OBaKBHX MeTO)J.a je yrrpaBO OIITHMH3a:U:Hja y rrpaB:U:Y, Kojy DeMO 

o6jaCHHTH Ha IIpHMepy l}>yHK:u:Hje )].Be rrpoMeHJbHBe. 

flpUMep. MHHHMH3HpaTH l}>yHK:u:Hjy 

rrpaB:U:Y d = [1 l)T 

a) H3 TalJKe (-1, -1), 
b)H3Ta1JKe (1, 0). 

PeUle1-be. a) Y (xi, x2) - paBHH, 

rrpaB:U:Y BeKTOpa [} 1) T, O)J.rOBapa 

rrpaBa ca Koei}>H:U:HjeHTOM rrpaB:u:a k = 

1, a Kpo3 ralJey (-1, -1) rrporra3H caMo 

je)J.Ha TaKBa rrpaBa, X2 =XI (CJIHKa 24). 
3aMeHOM y l}>yHK:U:Hjy OHa ce CBO)J.H Ha 

l}>yHK:U:Hjy je)J.He IIpOMeHJbHBe 

j(XI, X2) = 2 XI
2 + XI

2 
- 2 x/ + 1 

=xi2+1, 

(-1,-1) 
/ 

CnHKa 24. MHHHMH3an:Hja y npaB:U:Y 

KOja HMa MHHHMYM mindj(Xh X2) :=' 1 y TalJKH x; = (x1, X2 ) = (0, 0) (CJIHKa 24). 

b) Kp03 TalJKY (1, 0) ca IICTHM KOei}>H:U:HjeHTOM rrpaBn:a IIpOJia3H rrpaBa 

X2 =XI-}, TaKO )J.a ce Ha TOj IIpaBOj l}>yHK:U:Hja CBO)J.H Ha 

f(xi, X2)=2xi 2 +(xi-li-2xi(XI-1)+1 =x/+2. 

i. Memoi> «.oopi>unamnoz cnycma 

HeKa je f IRn~IR crporo yHHMo)J.arrHa l}>yHK:U:Hja, ca MHHHMYMOM y Ta'IKH 

x*. MeTOJJ. KoopiJunamnoz cnycma Kao rrpaB:u:e rrperpa)I(JIBalha KOpHCTH BeKrope 

KOOp)J.imaTHHX oca, TalJHHje ·oproBa GeJJ.HHH'IHHX BeKropa): di, d2, ... , dn. r)J.e je 
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d1 = [0 ... 0 1 0 ... O]r, je,n:HHHqHJI BeKTop xroce Qe,n:HHH~a Haj-ToM Mecry). Ha 
Taj HaqHH, npH KpeT<U:bY .L(y)l( npaB~a dj Mel:ba ce CaMO npoMeH.JbHBa Xj, a OCTane 

KOMTIOHeHTe ocmjy 4>HKCHpaHe. KpHTepHjyM 3aycTaB.Jbal:baje lxk+l -xk I< 8. 

AnzopumaM KoopouHamHoc cnycma 

KopaK 0. l·ha6paTH 6poj e > 0 KOjH he ce KOpHCTHTH 3a 3aycTaB.Jbal:be anropHTMa 
H 3a dJ, .. . , dn y3eTH KOOp,l.(HHaTHe npaB~e. lha6paTH noqeTHY Taqey 
x 1, cTaBHTH y1 =xi, k =j = 1 H npehH Ha KopaK 1. 

KopaK 1. CTaBHTH YJ+I = y1 + Aj d1 r.n:e je AJ onTHManHo pernel:be 3a,n:aTKa 
min j{y1 + Ad1), A e IR. AKo je j < n cTaBMTH j := j+ 1 H BpaTHTH ce 
Ha KopaK 1. AKo je j = n, npehH Ha KopaK 2. 

KopaK 2. CTaBHTH xk+I = Yn+l· AKo je lxk+l -xk I< 8 Tpe6a ce 3aycmBHTH. Y 

cynpOTHOM CTaBHTH YI = Xk+I, j = 1, 3aMeHMTH k ca k+ 1 H npefiH Ha 
KopaK 1. 

llpUMep 1. Pa3MOTpHMO cne.n:ehH 3a,n:amK 

(51) min ./{xi, xz) =(xi- 2)4 +(xi- 2xzi, (x1, xz) E IR2. 

min <p(A) / 

3! 

minA~3.12817 ... 

CJIHKa 25. MeTO.ll. Koop.u.uHaTHor cnycTa 

HHBO-JIHHHje OBe 4>YHKQHje npHKa3aHe cy Ha CnnQH 25, neBo. TaqHo 
pernel:be 3a,l.(aTKa Ce MO)I(e BH)]:eTH H3 je,n:HaKOCTH (51), H TO je ./{2, 1) = 0. 
J13a6epHMO noqeTHy Taqey YI =XI = (0 3]r, H npaBa~ di = (1 Of y npaB~Y 
XI- oce (CnHKa 25). Ca.n:a pemaBaMo npo6neM 

min./{yi + AdJ), A e IR. 
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CTaBHMO <p(A.) = f(y1 + Adi) = j(A, 3) = (A -2)4 + (A- 6i, H .n.o6HjaMo KOHBeKCJIY 

cpyHKU.Hjy (CJIHKa 25, )l.eCHO) Kojy MHHHMH3HpaMO HeKHM O.ll. MeTO)l.a je)l.HO­

,nHMeH3HOHaJIHe OIITHMH3aiJ.Hje. )J;o6HjaMo rrpH6rrmKHO pemeH>e A ~ 3.12817. 
Ca.na je Y2 = YI + Ad1 = [3.12817 3]T. HoBH MHHHMH3aiJ.HOHH rrpo6rreM je 

min f(y2 + Ad2), A E IR, ca pemeH>eM A ~ -1.43591, TaKo .ua je Y3 = Y2 + Ad2 = 
[3.12817 1.564Q9]T, lliTO je HOBa TaqKa HTepaTHBHOr rrpou.eca, x2. 

· AKo HacTaBHMo rrpou.ec, .n.o6HheMo pe3yrrTaTe KOjH cy .n.aTH o Ta6JIHIJ.H, M3 

Koje BH.lJ.HMo .n.a je rrocrre ce,naM HTepau.Hja rpemKa MaH>a o.n. t: = 3 ·1 o-3 
. 

Ta6erra 21 

k 1 2 3 4 5 6 7 

xk (0., 3.) (3.13, 1.56) (2.63, 1.31) (2.44, 1.22) (2.35, 1.17) (2.29, 1.14) (2.25, 1.12) 

j(xk) 52. 1.63 0.16 0.04 0.015 0.007 0.004 

KoHeepzeHlJU}a Qll2opum.Ma KoopouHamH02 cnycma. HH3 TaqaKa x 1, x
2
, x

3
, ... 

arrropHTMa KOOp)l.HHaTHOr crrycTa KOHBeprHpahe Ka OIITHMaJIHOj TaqKH x* IIO)l. 

crre.n.ehHM ycrroBMMa: 

1. MHHHMYM f IRn---+IR, .uy)l( rrpoH3BOJbHOr rrpaBu.a y IRn je je)l.HHCTBeH. 

2. HH3 TaqaKa {x
1
, x

2
, x

3
, ... } Koje reHepHme arrropHTaM rrpHrra.n.ajy 

orpaHHqeHOM 3aTBOpeHOM CKYIJY. 

CnuKa 26. IlpeBa3UJIIDKelhe npo6neMa "rpe6eHa" 

YKOJIHKO <J?yHKU.Hja f HHje .ll.H-
cpepeHIJ.Hja6HrrHa, MO)I(e ce 

.n.ecHTM .n.a ce arrropHTaM 

3aycTaBH y HeOIITHMaJIHOJ 

TaqKH, KaO lliTO TO IIOKa3yje 

IIpHMep <J?yHKIJ.Hje )l.Be rrpo­
MeHJbHBe q11je cy HMBO-JIHHHje 

rrpHKa3aHe Ha CrrHIJ.H 26. Y 

OBOM crryqajy, HHBO JIHHHje cy 

.n.eo no .n.eo rrraTKe H HMajy "rrperroMHe" TaqKe Koje ce jaBJbajy Kao rrocrre.n.HIJ.e 

IIOCTOjaH>a "rpe6eHa", Tj. je)l.HO)l.HMeH3HOHaJIHOr CKyrra TaqaKa y KOjoj j HMje 

.UHcpepeHIJ.Mja6HrrHa. TaKo, Ka.n. arrropHTaM CTHrHe .n.o TaqKe x 2 (CrrHKa 26, rreBo) 

Ta)l.a HHje)l.aH O)l. KOOp)l.HHaTHHX rrpaBaiJ.a He BO)l.H CMaH>eH>y Bpe)l.HOCTM 

. cpyHKIJ.Hje. 0Ba TelliKOlla ce rrpeBa3HJia3H H360pOM HOBOr rrpaBIJ.a X
2
- x 1 (CJIHKa 

26, .n.ecHo). 

llojaM "rpe6eHa" HJIYCTpOBafleMO IIpMMepoM <J?yHKIJ.Hje )l.Be rrpoMeHJbMBe 
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(52) 

CnHKa 27. <l>yHKQHja (52) ca "rpe6eHoM"(neBO) H HHBO-JIHHHje ()].eCHO) 

"'IHjH je rpaqmK rrpHKa3aH Ha Cmn~H 27. Ha rpa<l>HKY VYHKU.Hje (CnHKa 27, neBo) 

BH,n:H Ce "rpe6eH"- CKYII Ta"l!aKa He,n:H<i>epeHIJ.Hja6HnHOCTH Ha IIOBpiiiH "l!Hja je 

rrpojeKIJ.Hja npaBa Koja ce rroKnana ca x2-ocoM, TaKo .n:a HHBO-nHHHje (CnHKa 27, 
,n:ecHo) HMajy Ta"l!Ke "npenoMa" ,n:y)K Te oce. 

OcHOBHH rrpo6neM K~H yTH"l!e 

Ha 6p3HHY KOHBepreHU.Hje OBaKBHX 

MeTo,n:a je ycrropaBa:I:be rrpou.eca KaKo 

Ce 1IpH6nmKaBaMO OIITHManHOj 

Ta"l!KH. HaMMe y 6nH3HHH MHHHMyMa 

HarH6 rpa,n:HjeHTa (aKo je f ,n:H<l>e­

peHU.Hja6HnHa) HnH cy6rpa,n:HjeHTa 

(aKO HHje) ce 1IpH6llH)KaBa eynH, HllH, . . 
Je,n:HOCTaBHHJe pe"l!eHO, CTpMHHa 

rroBpnm 6p3o orra,n:a. THMe ce 

cKpahyje KopaK, ,n:aKne Harrpe,n:oBa:I:he 

rrocTaje crropHje, TpajeKTOpHja ,n:o6Hja 

KapaKTepHCTH"l!aH "U.HK-U.aK" o6nHK H 

j(x) 

CnHKa 28. ~HK-IJ.aK ocu.Hnosalhe oKo .1ma 
")J.OJIHHe" 

ycrropaBa ce KaKo ce rrpH6nmKaBaMo MHHHMYMY. Hapo"'IHTO cy crropH rrpou.ecH 

Ka,n:a ce OIITHManHa Ta"l!Ka Hana3H y ycKHM ",n:onHHaMa", Kao Ha CnHIJ.M 28. Y 
TaKBHM cny"IJajeBHMa, MO.ll:HVHKau.Hja rrpaB.u.a crryniTa:I:ba rrpHKa3aHa Ha CnHU.H 26 
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(,necHO) MO)Ke ,noBeCTM .no 3Ha'lajHor y6p3aBalha npou.e;:zype. Ta.n.a ce M36op 
. k+l k 6 . '/;. HOBOr, )J.MjarOHaJIHOr npaBIJ,a X -X , Ha3MBa y t[J3Q6ajyrtU KOpaK. 

ii. Memoo qmeKcu6wmux nonueoapa 

0Baj MeTO)J. OTITMMM3aiJ,Mje He,nM1JepeHI~Mja6MJIHMX 1JyHKD;Mja cy 1964. 

npe,nJIO)KMJIM Herr.nep M Mw.n. 3a pernelhe npo6rreMa minf(x). CyrnTMHa Mem.n.a 
XES 

je M360p llpOM3BOJbHOr n-,ll.MMeH3MOHaJIHOr CMMTIJieKCa CJ' = {Vp V2 , ... , V,H1} M3 

CKYTia S C IRn, M o,npeljMBalhe OHOr TeMeHa Vk CMMTIJieKCa Ha KOMe IJ,MJbHa 

<l>YHKIJ.Mja f IRn~IR MMa MaKCMMMHY Bpe,ll.HOCT. O'IMrrre.n.Ho, cMep BeKTopa 

. . VI+ ... + Vn+l 
t- Vk, KOJM Je O)J. TOr TeMeHa ycMepeH Ka Te)KMlliTY CMMTIJieKca f=-----'-------'-'-'-'-

n+1 

jecTe cMep ona.n.alha Bpe,ll.HOCTM <l>YHKU.Mje. Ca.na ce npMMelhyje nocrynaK 

pep!leKCUje: Ha TOM npaBIJ.Y ce TipOHaJia3M Ta'IKa KOja je CMMeTpM'IHa CJIMKa 

MaKCMMMHor TeMeHa y o,nHocy Ha XMnepaBaH H c 1Rn-I, Kojy .n.e1JMHMrny 

npeoCTane Ta':IKe M3 cr. Ta HOBa Ta'IKa 3aje,nHo ca noMeHyTMM Ta'IKaMa M3 

XMTieppaBHM 'IMHM HOBM CMMTIJieKC Ha KOjM Ce npMMelhyje MCTa npon;e;:zypa. AKO 

ce nocrre ,nBejy y3aCTOTIHMX pe1JrreKcwja .no6Mje MCTM CMMnrreKc, npMMelhyje ce 

nocrynaK peoyKljUje, Tj. CMalhMBalha Jzy)KMHa CTpaHMIJ,a CMMTIJieKCa. TaKO ce 

)J.06Mja HM3 CMMTIJieKCa KOjM Ce np.M6JIM)I(aBa OTIMMaJIHOj Ta':IKM. IlocrynaK je 

MJIYCTpOBaH Ha Crrwu.w 29. Ha rreBoj CTpaHM crrwKe npMKa3aH je Tpoyrao 

(cwMnrreKc y IR2
) ca TeMeHMMa 1, 2M3. HeKaje U.MJI>Ha <l>YHKIJ.Mja./{xi, x2) cTporo 

KOHBeKCHa M MMa HMBO-JIMHMje KaO Ha CJIMIJ,M 29, ,neCHO. Ta,na j MMa HajBeny 

Bpe,UHOCT Ha TeMeHy 3 M OTIMCaHMM TIOCTYTIKOM pe1JrreKCMje )J.06Mja ce TeMe 4. 

3aTMM Ce npou.e,nypa TIOHaBJba Ca.CMMTIJieKCOM {1, 2, 4} M3 KOra ce )J.06Mja HOBM 

"CMMTIJieKC {2, 4, 5}, 3aTMM {4, 5, 6}, {5, 6, 7} MT,U. 

4 

1 

3 

CmtKa 29. AnropHTaM cpneKcM6MnHHX nonMe)J.apa 
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4.2 AJiropuTMH npeTpa.IKHBaJLa ca Kopum_lieJLeM H3Bo.r.a 

TiocMaTpaheMo npo6neM minf(x) npn 'IeMy je f IR.n~IR. !l>YHKIJ;Hja 
xES 

.lU14>epeHu;nja6HJIHa y Ta'IKH x n HeKaje Vf{x) f. 0. PaHnje je noMeHyro ,na npaBau; 
H CMep BeKTOpa rpa,nnjeHTa \lj{x), y Ta'IKH X 110Ka3yje npaBaiJ; H CMep Haj6p)l(er 
nopacra Bpe,nHOCTH !l>YHKIJ;Hje f. ,[{aKne, npaBau; H cMep Haj6p)l(er ona,nmna 
il>YHKIJ;Hjej{XJ, X2, ... , Xn) je ,naT BeKTOpOM 

HJIH H:.erOBHM Je,l(HHH'IHHM BeKTOpOM, 

do=- Vf(x) = ----;======-=1 ==== 
jVJ(x)j 

Bf 

ax, 

i. Memoo naj6p:JJCez naoa 

CJIH'IHO MeTO,l(y KOOp,nHHaTHOr crrycTa, MeTO,l( Haj6p)l(er rra,na KOpHCTH . . . 
Je,nHO,l(HMeH3HOHaJIHY MHHHMH3aiJ;HJY aJIH y npaBIJ;y HeraTHBHOr rpa,nHJeHTa, y 
cBaKoM o.n KopaKa anropnTMa. 

All20pUmaM Haj6p:JK:e2 naoa 

KopaK 0. l13a6paTH e > 0 Kao KpnTepnjyM 3aycTaBJbaH:.a anropHTMa. J.-ha6paTH 
rro'IeTHY Ta'IKY x1, CTaBHTH k = 1 H rrpehn Ha KopaK 1. 

KopaK 1. AKo je !Vf(xk)l < & , anropnTaM ce 3aycraBJba. Y cynpoTHOM, 

CTaBHTH dk = -\lf(xk) H o,npe,nHTH Ak, OIITHMaJIHO pemeH:.e 3a,l(aTKa 

minj{xk + Adk), A. E IR. CTaBHTH xk+I = xk + A.dk, k 3aMeHHTH ca k+ 1 
H BpaTHTH ce Ha KopaK 1. 

IlpUMep 2. TipnMeHHMO anropHTaM Haj6p)l(er rra,na Ha 3a,naTaK (51) 

min j{x1, x2) = (x1 - 2)4 + (x1- 2x2)2, (x1, x2) E IR2, 
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ca TIOlJ:eTKOM y HCTOj TalJ:KH X
1 

= [0 3)T, M 3aycTaBHMM KpHTepHjyMOM t: = 0.1. . . . 
flpaBaU npeTpa)J(HBalbaJe HeraTHBHH rpa}J.HjeHT y IIOJia3HOJ TatiKH 

d
1 
=-Vf(x1)=-[4(x1 -2)

3 

+2(x1 -2x2)] =[_4
2
4
4
], 

- 4(xl - 2x2) (x,,x2)=(0,3) 

TaKo .n.a .n.orra3HMO .n.o je.n.HO}J.HMeH3HOMHarrHor npo6rreMa minj{x
1 + Ad 1), A E IR. 

OH ce CBO}J.H Ha min16(1 + 221)
4 

+ 4(3 + 461)
2
, A, E IR, tiMje je rrpH6JIH)I(HO 

pernelhe A~ -0.0615348. TaKo ce .n.o6Hja HOBa TatiKa (CrrHKa 20) 

x 2 =x1 +Ad1=[2.70753 1.52316]T. 

HacTaBJbajyhH ,lJ,aJbe, .n.o6Hjajy ce pe3yrrTaTH Kao y Ta6errH: 

Ta6erra 22 

k 1 2 3 4 5 6 7 8 

xk (0., 3.) (2. 70, 1.51) (2.52, 1.20) (2.43, 1.25) (2.37, 1.16) (2.33, 1.18) (2.30, 1.14) (2.28, J.15) 

j(xk) 52. 0.34 0.09 0.04 0.02 0.01 0.009 0.007 

npH tieMy ce, nocrre ocMor KopaKa arrropHTaM 3aycTaBJba Jep Je 

1Vf(x8 )1 = 0.09 < & . 

CmiKa 30. AnropinaM Haj6p)l(er na.na 

qJeHoJ-weH lJUK-IJaK mpajeKmopuje. MeTO}J. Haj6p)J(er rra.n.a o6H'IHO pa.n.H rrpHJIH'IHO 

}J.06po Ha TIOlJ:eTHOM CTa,L(HjyMy rrpoueca MMHMMH3aUMje. MeljyTHM, y 6JIH3MHH 
OIITMMaJIHe TalJ:Ke, MeTO}J, ce 3HatiajHO ycrropaBa nperra3enH y TMIIHqaH UHK-UaK 
pe)J(HM. Ycrropelbe ce MO)J(e o6jacHHTH aKO ce rrocMaTpa TejrropoB pa3Boj y 

OKOJIHHH TatiKe Xk }J.O JIHHeapHOr lJ:JiaHa {fje HerrpeKM}J,HO }J.H<l>epeHUMja6HJIHa) 

flxk+ Ad)·= j{xk) + A'VJ{xk)Td +A ldl $(x\ Ad), 
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r~e ~(xk, .Ad)--+ 0 Ka~a .Ad--+ 0. Y anropHTMY ce Y3HMa d = -Vj{xk), H KaKo ce 

Ta'IKa xk npn6mDKaBa onTHManHoj Ta'IKH x* (y Kojoj je IV.f{x*)l = 0) ca6npaK 

A.Vj{xk)Td = -A.IV.f{xk)l2 TIOCTaje Mana BeJIH'IHHa BHIITer pe~a, 'IHMe ce 3HaTHO 

CMalbyJe ~)I(HHa KopaKa H MeTo~ ce ycnopaBa. 

ii.lhymno« Memoo 

YMeCTO rrpe1pa)I(HBalba y rrpaBIJ,Y H CMepy Haj6p)l(er TIMa, Tj. HeraTHBHOr 
rpMHjeHTa, ffiyTHOB MeTO~ MO~Hqmeyje OBaj npaBaiJ, MHO)I(enH ra ca HHBep3HOM 

XeceoBOM MaTpHU:OM. PaJMOTpHMo KBa~paTHY anpoKCHMau.njy q <l>YHKIJ,Hje f y 
Ja~aToj Ta'IKH xk · 

q(x) = j{xk) + Vj{xkl (x- xk) + _!_ (x- xkl H(xk) (x- xk), 
. 2 

r~e je H(xk) xecnjaH MaTpnu.a (13) <l>YHKIJ,Hje fy Ta'IKH xk. YKOJIHKO KBa~paTHa 
<l>YHKIJ,Hja q HMa JIOKallHH MHHHMYM y Ta'IKH X, TMaje \lq(x) = 0 HJIH 

Vj{xk) + H(xk)(x- xk) = 0. 

flpeTIIOCTaBJbajyliH ~a y Ta'IKH Xk IIOCTOjH HHBep3HH xecHjaH H(xkri, ~o6HjaMO 
~aJe 

xk+I = xk- H(xkriV.f{xk), k = 1, 2, 3, ... , 

'IHMe je ~e<l>HHHCaH ffiyTHOB OIITHMH3aiJ,HOHH MeTO~. AKO je TIOJiaJHa Ta'IKa 
~OBOJbHO 6JIHCKa OTHMallHOj Ta'IKH x* H aKO je H(x*) MaTpHIJ,a ITyHOr paHra, Ta~a 
ffiyTHOB MeTO~ KOHBeprHpa Ka x*. 

flpUMep 3. IlpHMeHHMO Ca~a ffiyTHOB MeTO~ Ha pernaBalbe 3MaTKa 

min j{x., x2) = (x1- 2)4 +(xi- 2x2i, (xi, x2) E IR?, 

Ca IIO'IeTHOM Ta'IKOM XI = (0 3)T, H KpHTepHjyMOM JaycTaBJbalba e = 0.05. 
XecnjaH <l>YHKU:Hje IJ,HJba je 

a2t azj 
--

ax2 axlax2 = 2[ 6(x1 -2)
2 

+I -2] H(x)= I 

82/ azj -2 4 ' 
--
8x18x2 ax 2 

2 



TaKo .ua je H(x1
) = 2 , na npeMa TOMe H(x1r 1 

=-[
25 -2] 1 [4 
-2 4 192 2 

Vj{x1) = [-44 24]T . .1J:aKrre, 
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2
], )J.OK je 

25 

x =x -H(x) Vj{x )= --2 I 1 -I I [0] 1 [4 
3 192 2 

2][-44] 
25 24 

= (2/3 1/3]T ~ (0.67 0.33]T. 

Pe3YITTaTM npBMX meeT KopaKa (3aoKpy)l(eHM Ha )J.Be .ue:UMMarre) HaBe)J.eHM ey y 
Ta6emr. 

Ta6erra 23 

k I 2 3 

xk (0., 3.) (0.67, 0.33) ( 1.11' 0.56) 

j(x") 52. 3.13 0.63 

HaKOH meeT MTepa:uMja .uo6MjeHa 
je Ta"'IKa x7 =[1.83 0.91]T . Y 
OBOJ T3"'IKM MHTeH3MTeT rpa)J.M.;. 
. . . 
JeHTa Je )J.OBOThHO MaJIM, TJ. 

M npo:ue.uypa ee 3ayeTaBTha 
(CJIMKa 31). IlpMMeTHO Je 
O)J.eyeTBO :UMK-:UaK Oe:UMJIOBaiDa 
mTo Je noerre.uM:ua YKThY"'IMBaiDa 
.upyror M3BO)J.a noepe.ueTBOM 
xeeMJaH M3TPM:Ue. 

iii. Memod KolbyzoBanux npaBau.a 

4 5 6 7 

(1.41, 0.70) (1.61' 0.80) (1.74, 0.87) (1.83, 0.91) 

0.12 0.02 0.005 0.0009 

0.5 1.5 2 2.5 

CnHKa 31. lhyTHOB MeTO.IJ. 

,l(eclmHHU:Hja 20. HeKa je H eMMeTPM"'IHa MaTPM:Ua pe.ua nxn. JIMHeapHo 
He3aBMeHM BeKTopM d; M dj, Ha3MBajy ee H-Koi'-byzoeaHUM (MrrM eaMo 
K01-bY206QHUM), aKO je d/H dj = 0. 

IlojaM H-KoiDyroBaHoeTM je yonmTeiDe nojMa opToroHarrHoeTM, M eBO)J.M ee 
Ha opTOroHarrHoeT aKo je H je)J.MHM"'!Ha MaTPM:Ua, Tj. d;T H dj = d/ dj = 0 => d;..ldj. 
AKo je je.uaH o.u H-KoiDyrosaHMX BeKTopa d; MJIM dh 3a)J.aT, .upym ee MO)I(e 
o.upe)J.MTM ea Ta"'!Homhy .uo MYITTMTIJIMKaTMBHe KOHeTaHTe. 
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llpUMep 4. ,ll;aT je crre)J;enH 3a,z:J.aTaK uerrHueapuor nporpaMHpaina 

(53) min f{xt, x2) = 4xt2 + 4xl- 4X)X2- 8x1- 8x2 + 4. 

XeceoBa MaTpH:u;a D;HJbHe <PYHKD;Hje f{xt, x2) , rrracH H = [ 
8 

-
4

] . lba6epeMo 
-4 8 

npoH3BOJbHY noJia3HY Ta~KY x 1 
H no~eTHH npaBa:u; dt, ua npHMep, d1= [1 O]T. 

Ca,n.a Tpe6a O)J;pe)J;HTM BeKTop d2 KOJnyroBaH BeKTopy dt. IlpeTnocTaBHMO )J;a je 
d2 = (1 b ]T llpH ~eMy MOpa 6HTH b ;f. 0, jep d1 II d2 MOpajy )J;a 6y)J;y JIHHeapHO 
He3aBMCHH. Je)J;Ha~HHa KOJnyroBaHOCTH 

d?Hd/ =0 
. . T 

)J;OBO)J;H )J;O ycrroBa 8 - 4b = 0, O)J;aKJie Je b = ~· ,ll;aKrre, d2 = [1 2] . 

2.5 

15 

0.5 15 Jj Jj 

CrruKa 32. KolhyroBaHH npaBQH 

06JIHK 

(54) 

AKo ca,n.a MHHHMH3HpaMo <PYHKD;Mjy 

j{x1 + Adt), A E IR, 

6 . 2 
H )1;0 HJeMO KaO peiiielhe Ta~KY X , 

BH)J;eneMo )J;a Ta~uo peiiielhe npo6rreMa 
(53), Tj. OTITMMaJIHa Ta~Ka X* = (2 2)T, 
Jie)KH Ta~HO Ha npaB:u;y BeKTOpa d2 
(CJIHKa 32). ,ll;pyrHM pe~HMa, 3a,z:J.aTaK ce 
peiiiaBa caMo y )J;Ba KopaKa, 6e3 o63Mpa ua 
TIOJia3HY Ta~KY X

1 
H ll0Jla3HH Bei<Top d1. 

0Baj <PeuoMeH · peiiielha uerrHueapuor 
3a,z:J.aTKa y KOHa~HOM 6pojy KOpaKa, jaBJba 
CaMO aKO je D;HJbHa <PYHKD;Hja K6GOpamHa, 

Tj. aKO )1;0 Ha a,z:J.HTHBHY KOHCTaHTy HMa 

r)J;e je CEIRn H H CHMeTPM~Ha MaTPHD;a pe)J;a nxn. Y TOM crry~ajy Ba)KH crre)J;ene 
TBpljelhe. 

TeopeMa 22. HeKajef IRn ~IR K6aopamHa pyHKtJu}a o6nuKa (54). HeKaje 
I n t; - n x npoU360ibHa mattKa U3 IR u dt npOU360ibaH 6eKmop, maKo'le U3 IR . HeKaje 

Ak onmW11an11o peute~ne 3aoamKa minj(xk + A.dk), A E IR u xk+1 = xk + Ak dk, 
k = 1, ... , n, zoe cy d}, ... , dn H-KOlnY206G11U 6eKmopu. Taoa 6G:JICU 'Vj(xn+ll = 0, 

. ..::. n+l * . ,J, • J ny. 3auamaK ce peuta6a y n KopaKa u x = x Je mattKa A1UHWI1YAW .pyHKlJUJe . 



0Ba IIOrO,[{HOCT Ce KOpHCTM 3a OIITH­

MH3aUHjy KBa,npaTHHX lj_>yHKUHja, aJIH H 

,npymx 4>YHKUHja Koje cy 6ap ,nBarryT 

,nH!J.>epeHUHja6mme. HaHMe, aKo je ljlyH­
KUHja F: IRn---tiR HajMaihe ,nBarryT ,nHijle­

peHUHja6mma y Ta"<IKH a, Ta,na ce oHa MO)I{e 

arrpo:KCHMHpaTH KBa,npaTHHM TejnopoBHM 

TIOllliHOMOM 

f(x) = cT(x-a) + (x-a)TH (x-a), 

a 3aTHM Ce Tpa)I{H MHHHMYM Te KBa,npaTHe 

ljlyHKUHje. Ha Taj Ha"<IHH ce ,no6Hja 

minj{x) ~ min F(x). 

a 

CnHKa 33. AnpoKCHMaQHja 
«<>YHKQHje F(x) KBa~pamoM 

«<>YHKQHjOM 
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Je,nHa TaKBa KBa,npaTHa anpOKCHMaUHja lj_>yHKUHje ,[{Be rrpoMeHJbHBe IIpHKa3aHa je 

Ha Cn:nu:n 33. 

5. EJIEMEHTH TEOPHJE Hr AP A 

Hrpa y ,nC>6HTaK je je,naH 0,[{ HajBa)I{HHjHX MO,nena OIITHMH3aUHje y 

OKpy)l{elhy cyrrpOTCTaBJbeHHX HHTepeca H Ba)I{Ha MeTo,na TeopHje o,nny"<IHBalha. 

PernaBalheM pa3HHX Knaca Hrapa, BpeMeHOM ce !J.>opM:npana enaKrna 

MaTeMaTH"l!Ka TeOpHja, meopuja U2apa "l!HjH cy OCHOBH ,naTH y lj_>yH,naMeHTanHOj 

KlhH3H l)oHa ljloH HojMaHa H OcKapa MoprelirnTepHa
4
, H Koja je y6p3o rrocTana 

OCHOBa "l!HTaBe rpyrre MeTO,[{a y OrrepaUHOHHM HCrpa)I{HBalhHMa. Y OBOM TeKCTJ 

6aBHheMo ce je,nHOM ycKOM Knaco:M Hrapa y Koj:nMa 6poj Hrpa"<Ia He rrpena3H ,nBa. 

5.1. MaTpuque urpe ca uyJITOM cyMoM 

Jfzpa 11061-IUfla. ,[(Ba Hrpa"<Ia, D H G HCTOBpeMeHO IIOKa3yjy ITO je,naH HOB'IHll 

KOjH MO)I{e 6HTH Bpe,nHOCTH 1, 5 H 10 ,[{HHapa. AKO je 36Hp Bpe,nHOCTH IIOKa3aHHX 

4 J. von Neumann, 0. Morgenstern, The Theory of Games and Economic Behavior, Princeton 
University Press, 2nd edition. Princeton, 1947. 
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HOB'IMha HenapaH, D y3HMa o6a HOB'!Hha, a aKo je napaH Y3MMa MX G. llrpa ce 
noHaBJLa IIpOM3BOJLaH 6poj nyTa. Koje HOB'IHlle .· Tpe6a ,na H3a6epy Mrpa'IH y 
CBaKOj rrapTHjM, TaKO ,na lhMXOB ,[{06HTaK 6y,ne MaKCHl'daJiaH? 

D 

,ll,el)muunuja 21. T..Jucma cmpame2uja u2pat.ta je H36op je,nHor o,n npaBMJia 
no KOjHMa CBaKM rroje,nHHa'IHH Mrpa'I MO)I(e ,na Hrpa. HeKa cy KOMIIOHeHTe 
BeKTOpa d = ( d1 ... dm] T erreMeHTM CKyrra 'IMCTMX CTpaTernja Hrpa'Ia D, a BeKTOpa 
g = [g1 ... gn]T erreMeHTH ceyna 'IHCTMX crpaTernja Mrpa'Ia G. YpeljeHM nap 
(d;, &) ce 30Be cma1be U2pe, a CKyii CBHX CTaJhaje ,naT ,[(eKapTOBMM IIpOH3BO,[{OM 
{dJ, ... , dm}x{gJ, ... , gn}, TaKo ,naje yeynaH 6poj CTalha Mrpe mn H noKrrarra ceca 
6pojeM erreMeHaTa Marpm:~;e ,no6HTM A. 

KopHcTehH yBe,neey TepMMHorrorMjy, Mamput.tHY u2py MO)KeMo ,neqmHHcaTM 
Kao ypeljeHy Tpojey (d, A, g), HJIM aKo je d = g, Kao ypeljeHM nap (d, A). TaKo, 
"Hrpa HOB'IMha" ,naTa Ta6erroM 24 je MaTpH'IHa Hrpa ,neljmHMcaHa napoM 

(55) (l "1" lll (d, A)= "5" , -5 

"10" 1 

-1 lOll -5 10 ' 
5 -10 

a CTpaTerMje Mrpa'Ia cy HCTe d = g = ("1" "5" "10"]T. llrpa je noTrryHO 

,neqmHHCaHa MarpuQOM ,no6MTM A= [aij]mxn, ,noK ca,np:>Kaj CTpaTerHja MO)I(eMo 

ancTpaXOBaTH. Ha IIpMMep yMeCTO nOKa3HBaJha HOB'IMlla, Hrpa'IH MOry 
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HCTIHCHBaTH 6pojeBe "1", "5", "10" Ha JIHCT)' xapnije, HJIH H3BJia'IHTH KapTe H3 
lliTIHJia KOjH Ca,ll.p)l{H TpH "6oje", Ha npHMep, Kapo, xep:u; H TIHK. 

C .D.pyre CTPaHe, aKo 6HcMo )l{errerrH noTnyHHjy HH<l!opMa:u;Hjy o spe,ll,HOCTM 
,ll,06HTKa caaKor Hrpa'Ia, Ta)l.a 6HcMo y no.Jby (i, j) MaTpH:u;e ,ll,06HTH A ynMcarrH 

ype~eHH nap (aiJ, biJ), r,ll,e je a;.i i G --~ 
,ll,06HTaK nrpa-qa D no.D. ycrroBOM )l.a Ta6erra 25 ~~,--~--~C--
Hrpa · CTPaTerHjy d;, a biJ ,ll,06HTaK \ "1" 1 "5" I "10" 

~~=;~H~, n;~ ~:Ko:,oM n::ny~~: -- -~~:~~~- r~l:D~ffi~F~~[Ir¥R~I 
m6rrH:u;a "Hrpe HOB"'IHha" je )l.aTa Y D ~ k;1~~15 3 _, ~·~1~/~;~tli~ kJW - ~~,:} 

!~~:~=Ka2:·c!::= TI~:,:~,ll,l:rre3~;~ 1"10" r J:'t~i~-~~~."~tps.:m~~lQ~ 'i'o~0 
CBaKOj CTpaTerMjH) Gij + bij = 0. 36or ---------,-~ _________________ , ______________ ,, _____ _ 

TOra "Hrpa HOB'IHfla" cna,n.a y rpyny MaTPH'IHHX Hrapa ca Hy!lmOJH cyMOM. Y 
crry"'laJY Ka,l],a HMaMO caMO ,l],Ba Hrpa"'Ia, OBaKBe Hrpe ce JOITI 30BY 
aHmG2011UCmUIJKe. 

KaKo Hrpa"'IH 6npajy caoje CTPaTerHje? ,ZJ;o6HTHH Hrpa-q D pa3MaTpa 
MOryfie "o,ll,rOBOpe" CBOr TipOTHBHHKa Ha TIOTe3e "1 ", "5" HJIH "1 0" H yo"'laBa 
)l.a je y crry'lajy "1" HajHenoBO.JbHHjH o,ll,rosop "1" H "5", Ka,n.a D ry6H 1 

,ll,HHap, Tj. min { -1, -1, 10} = -1, npe,ll,cTaB.Jba HajMa.I:bH .D.06HTaK. Y crry-qajy ,l],a 

D Hrpa "5", HajHeTIOBO.JbHHjH HCXO,ll, je min{-5, -5, JO} = -5, a HajHeTIO­

BO.JbHHjH HCXO,ll, O)l,roaopa Ha TIOTe3 "10" je min{1, 5, -10} = -10. TaKO ,ll,06Hja­

MO CKYTI minaij ={-1, -5, -10} MHHHMaJIHHX ,ll,06HTaKa 3a Hrpa-qa D (Ta6erra 26, 
1 

KOJIOHa Kpajlhe rreao ). KaKo D MO)Ke )l.a 6npa caojy CTpaTerHjy, OH he ce, 

HapaBHO, O,ll,JIY'IHTH 3a oey Koja MaKCHMH3Hpa OBaj ceyn, max{-1, -5, -10} = -1 
a TO je npaa cTpaTernja, HJIH "1". HrpajyhH "1 ", D MO)Ke 6HTH cnrypaH y 

rapaHTOBaHH ,ll,06HTaK VD = -1, 6e3 063Hpa Ha TIOHaiTialhe npOTHBHHKa. Ta ce 

ape,ll,HOCT rapaHTOBaHor ,ll,06HTKa, Vv =max min au Ha3HBa Oo1ba (cucypHOCHa) 
I 1 

~===========,======~ 

Ta6erra 6peOHOCm U2pe, HJIH MGKCUMUH. C G mma 
26 j 1J .D.pyre cTpaHe, nrpa-q G, TaKo~e 

,2)'. ;W;I.tl• 10 -1 = VD Hrpajyoo pa:u;HOHaJIHO, yrnpljyje 
·•. ~5 '{t'S:r }Q{' _ 5 ceyn MaKCHMaJIHHX ry6HTaKa npH 
: '1. io_5>~t(H _

1 0 
npaoj, ,ll,pyroj HJIH Tpehoj CTPaTerHjH, 

· ·-
1

· -
5 

-
10 

.. -- m~xau ={1, 5, 10}, rnTo je ceyn 
max a .. 

i 1} 

D 

=va 

,ll,aje ape,ll,HOCT Hajseher Moryher 

MaKCHMyMa CBaKe KOJIOHe (,ll,OlhH pe.n; 
Ta6erre 26). MHHHMYM osor cKyna 

ry6HTKa, Koja ce 30Be 20p1ba (cucypHocHa) 
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epeo11ocm uzpe HnH MUHUMaKc, vG =min max ati. Y OBOJ HrpH Je VG = 1, a 
J I 

o.nroBapajylia crparemja je raKol}e "1 ". CrparerMje {"1 ", "1 "} Koje o,[{roBapajy 
c:urypHOCHHM Bpe.[{HOCTHMa VD :u VG ce 30BY onmu11arme cmpamezuje jep :urpalJY 
D .[{OHoce .[{06:uraK VD Koj:u He MO)I{e 6:ur:u YMaibeH, 6e3 o63:upa Ha :urpy 
npOTJIBHHKa, .[{OK :urpalJ)' G HHKaKaB H360p CTparer:uje npOTHBHHKa He MO)I{e 
noBeliar:u ry6:uraK H3Ha.[{ Bpe.[{HOCTH VG. Mo)l{e ce noKa3ar:u ,[{a 3a cBaKy 

aHrarOHHCTH'IKY MaTpH'IHY :urpy Ba)I{H VD ::5 VG. 

5.2. ,lJ;OMHH3HTHe CTpaTeruje 

ro,[{Ime 1950-re, B:un:ujeM TaKep5 je. npe.[{TIO)I{HO .~. ------------, 
Ta6ena I lio6 , 

npHMep je.[{HOCTaBHe :urpe Koja HeMa OC06HHY · Hynre 27 r~--~-r---! 
cyMe :u Koja je no3HaTa no,[{ Ha3HBOM "oUlle.Ha i n I H ! 

;.~=~~e;;~:~o~~~;:::j. J~11=e~.u~: ]]~::an~:. ·· - ·1~ · ~ o:~~ ~~~~ 
An: :u Eo6 6HBajy yxamneH:u He.[{aneKo O.[{ Mecra npoBane. AJI · -._---_·_ -, L<:- ! 

TioiiiTO cy pa3.[{BOjeHH, .[{06:ujajy crre.[{eny TIOHY.[{Y 0.[{ r~-r;ox&]1~Jit I 
TIOJIHI(Hje: CBaKO 0.[{ lhJIX MO)I{e .[{a npU311a 3TIO':IHH (H ---------------------" 
CaMHM THM OTITy)l{lf H ,npyror) HJIH .[{a 11e npU311a. AKO H:Uje.[{aH 0,[{ lhHX He npH3Ha 
Ta.[{a CBaKO .[{06Hja TIO rO.[{HHY ,[{aHa 3aTBOpa 3a He.[{03BOJbeHO HOIUelhe opy)l{ja. 
AKo o6ojm:.(a rrp:u3Hajy :u orrry)l{e .[{pyror, .[{o6:ujajy no 10 ro.[{HHa 3aTBopa cBaKo. 
AKo je.[{aH rrpH3Ha a .[{pyrH He, oHaj Koj:u je rrpH3Hao ce ocno6al}a a .[{pyr:u .[{o6:uja 
20 rO.[{HHa. KaKO Tpe6a .[{a ce IIOHarnajy 3aTBOpeHHI(H ,[{a 6:u MHHHMH3Hpan:u CBOje 
Ka3He? 

Hajrrpe rrpHMer:uMo .[{a o.[{pelj:uBalhe Ka3He H:uje .no6:uraK Ben ry6HraK, :urrH 
"HeraTHBHH" .[{o6:uraK. 3aro je Ma'I'pHI(a .[{06HTH rrpBor :urpa':Ia (An:), 

[-10 OJ [-10 -20] A= , a 3a .[{pyror (Eo6), B = , .[{OK cy BeKmp:u crparerHja 
-20 -1 0 -1 

HCTH d = g = [n 11] T (n = IIpH3HaJbe, 11 = HeiipH3Halbe). 

0BaKBe Hrpe Koje O.[{pel}yjy .[{Be Marp:ul(e A H B ce 30BY 6UMamputtHe uzpe 
:u reHepanHo Ba)I{H A + B =1= 0. YKoJIHKO je A + B = 0, HJIH A = - B, 6HMarpM':IHa 
:urpa ce CBO,[{H Ha aHTarOHHCTH'IKY Hrpy ( Tj. :urpy ca eynTOM cyMoM). 
E:uMarpH':IHe Hrpe ce Mory 3a.[{aT:u H je.[{HOM Ma1pHI(OM, anH Koja Kao eneMeHTe 

Ca.[{p)KH rrapoBe (aiJ, biJ), 

5 Albert William Tucker (1905 -1995), aMepnqKH MaTeMaTnqap,je.naH o.n nnoHnpa Teopnje 
nrapa 



A B = [( -1 0,- 1 0) 
( ' ) ( -20, 0) 

(0,- 20)]. 
(-1,-1) 
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KaKO ce 110Harnajy Hrpa'IM? An pa3MMIII.Jba OBaKo: "Moryna cy )J,Ba CTaJba. 
l)o6 MO)I(e )J,a 11pM3Ha rum MO)I(e M )J,a hyTM. lllTa aKo 11pM3Ha? Ta)J,a, aKo ja hyTMM, 
)J,06MjaM 20 fO)J,MHa a 10 aKO 11pM3HaM . .lJ:aKJie y TOj CMryaUMjM je 6o.Jbe 11p113HaT11. 
AKO l)o6 He 11pM3Ha M ja 011eT nyTMM, )J,06MjaM fO)J,MHY )J,aHa, )J,OK aKO 11pM3HaM ja 
caM crro6o)J,aH! .lJ:aKrre, y CBaKOM crryqajy je 6o.lhe 11pM3HaTM!" l1 TaKo, Arr 6Mpa 

11PBY cTPaTerMJY- npu3Harnu. 

Me~yTMM, M Eo6 pa3MMIII.Jba Ha MCTM "pauMoHanaH" Hal:JMH, 11a TaKo M oH 
6Mpa 11pM3HaJbe, IIITO )J,OBO)J,M )J,O cTalha (n, n) o6ojMua 11p113Hajy. TaKo 
)J,OJia3MMO )J,O KOHUe11Ta )J,OMMHaHTHMX CTpaTerMJa. 

03Hal:JMMO ca vi= [mil ... min], i-zy Bpczy a ca u1 =[~ljl, j-ry KOHOH)' 

mnJ 
MaTPMUe [mu]mxn. AKo je mkJ > mu, i * k,j = 1, ... ,n, 11McaheMO Vk >Vi (i =I= k), 11 

penH )J,a k-'-Ta BpCTa Vk crnp020 OOMUHUpa OCTane BpCTe. CJIHl:JHO, aKO Ut > Uj 3a 
/ =/= j, Ta)J,a KOJIOHa Ut cmp020 OOMUHupa OCTane KOJIOHe. 

,U:ef}luuuu:uja 22. Y 611MaTPM'1Hoj HrpM (A, B), cTpaTerMja dk Mrpa"'a D 
(cTpaTemja gtMrpa"'a G) je OOJ11UHaHrnHa aKo k-Ta BpcTa MaTpMue A (l-Ta KOJIOHa 
MaTpMue B) cTporo )J,OMMHMpa ocTane BpcTe (KorroHe). CTaJhe (dk, gt) 
)J,OMMHaHTHMX CTPaTerMja ce Ha3MBa paeHomeJICa OOJI1UHaHmHux crnpamezuja. 

,IWyrMM pel:JMMa, )J,OMMHaHTHa CTpaTernja je OHa CTPaTerMja Koja Mrpal:JY 
)J,OHOCM MaKCMManaH )J,06MTaK, 6e3, 063Mpa Ha Hal:JMH 11rpe )J,pyror Mrpal:Ja. Y MfpM 
")J,MJieMa 3aTBopeHMKa" 11pBa BpcTa . MaTPMUe A )J,OMHHMpa )J,pyry, 

[ -10 o] > [ -20 -1] 11a je 11pBa CTPaTemja, "npU3Ha1be" )J,OMMHaHTHa 3a 11pBor 

[
-10] [-20] Mrpa"'a. CrrM"'HO, y MaTPMUM B, 11pBa KorroHa )J,OMHHMpa )J,pyry, 

0 
> _

1 
, 

11a je "npu3Ha1be" )J,OMMHaHTHa cTpaTer11ja 11 3a )J,pyror Mrpal:Ja. TaKo ce y OBoj 
MrpM OCTBapyje paBHOTe)l(a )J,OMMHaHTHMX CTPaTer11ja (n, n) KOja )J,OHOCM 
3arnopeHMUMMa 110 1 0 ro)J,MHa 3arnopa. .D:a cy M j e)J,aH M )J,pyrM HIIIJI11 Ha 
"MpauMoHanHo" pernelhe, a TO je 11pe)J,BM~albe )J,a he )J,pyrM 3arnopeHMK M3a6paTM 
11pM3Halbe, CBaKO O)J, JbMX 6M M3a6pao He11pM3HaBalbe M TaKO 6M o6ojHUa )J,06HJIM 
CaMO 110 fO)J,MHY )J,aHa. 
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YKomiKO je Hrpa A= [aijlnxn ca HynTOM cyMoM, Ta,z:J;a ~OMHHaHTHa KonoHa 

MaTpHu,e B = -A, IIOCTaje OOMUHUpG11G KOnOHa· (~OMHHHpaHa O,ZJ; OCTanHX. 
KonoHa) MaTpHu,e A, H npeMa TOMe ~OMHHaHTHa CTPaTerHja ~pyror (G) Hrpa"'Ia. 
Ey~lrn: ~a HHje~aH Hrpa-q HeMa HHTepeca ~a Hrpa ~OMHHHpaHe CTpaTemje, IbHX 
MO)J(eMO HCK.lliY"'IHTH, 6pHCalbeM O~rOBapajynHX BpCTa H KOnOHa, 6e3 OIIaCHOCTH 
~a HapymHMo ~o6HTHe KOM6HHau,Hje Hrpa"l!a. EnHMHHau,HjoM ~oMHHHpaHHX 
CTPaTerHja ~o6Hja ce pe~yKoBaHa Hrpa HH)J(e ~HMeH3HOHanHocTH Koja je 
. . 
Je~HOCTaBHHJa 3a aHanH3y. 

llpuMep 1. Hrpy ~ary MaTpHU,OM 

r
3. 5 

A= ~ ~ 
. 2 41 

1· 3 , 

-3. 4 

pe~KoBaTH, HCK.Jb y"'IHBalbeM ~oMHHHpaHHX CTPaTerHJa. 

Peutelbe. KaKo npBa BpCTa ~OMHHHpa ~pyry VI > V2, ~pyry Bpcry 

6pmneMO, TaKO ~a OCTaje [
3 5 

0 2 
2 4] 

-3 4 
. Ca,n;a, ~pyra H "'IeTBpTa KonoHa 

~OMHHHpajy rrpBy, u2, U4 > u1 (~aKne rrpBa CTPaTemja je ~OMHHaHTHa), TaKo ~a 

6pHmeMO U2 H U4, illTO ~aje [
3 2

] . ,lJ;a.Jbe, IIpBa KOnOHa ~OMHHHpa ~pyry TaKO 
0 -3 

11• rrpBy Konoey yKnaJMMo n I(06nj>Mo MaTPHI1Y [ _:] . KoHa'lllo, y H.oj rrpBa 

BpCTa ~OMHHHpa ~pyry TaKO ~a ~pyry Bpcry 6pHmeMO H OCTaje CaMO MaTPHIJ,a 
[2] !l>opMaTa lxl. 0Bo je eneMeHT Ha Mecry (1, 3) rra HMaMO paBHOTe)l{y 
~OMHHaHTHHX CTpaTerHja (d1, g3). 

5.3. Hemos eKBHJIH6pujyM u TiapeTo onTHMaJIHOCT 

BpaTHMO ce HrpH "~HneMa 3aTBopeHHKa". AKo 6H ce oBa Hrpa Morna 
TIOHOBHTH BHille rryTa, Hrpa"'IH 6H YBH~enH MOryflHOCT ~a ~OMHHaHTHY 
CTPaTerHjy rrpH3Halba 3aMeHe "Hpau,HoHanHoM" CTPaTerHjoM H TaKo 6H 
no60.JbillanH HCXO~ ~06HBillH CBaKO IIO ro~HHY ~aHa 3aTBOpa. AnH, HHje~aH 0~ 
lhHX He 6H Morao ~a rrorrpaBH cBoj rrono)l{aj 6e3 "capa~lhe" ~pyror, mTo je CTalhe 
je~He crreu.H!I>HqHe paBHOTe)l{e. 
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,l(etJ>HHHQHja 23. CTaii>e Hrpe (d;, &) y KOMe HHje,naH 0):{ Hrpa"l!a He MO)Ke 

,na noBena cBoj ,no6HTaK caMocTaJJHOM rrpoMeHOM cTpaTerHje, Ha3HBa ce Hemoe 
eK6WlU6pujyM . CTmi>e (d;, g1) je llapemo

7 
onmuMaJIHO aKo HHje,nHo ,npyro cTaH:.e 

He noBenaBa ,no6HT je,nHor Hrpa"l!a, y3 ycrroB ,na He yMaH:.H ,no6HTaK ,npyror. 

Y crry"llajy ",nHrreMe 3aTBopeHHKa" cTaH:.e (n, n), ,naKrre rrpH3HaH:.e, "l!HHH 
HeiiiOB eKBHJIH6pHjyM, jep H An H Eo6 caMOCTaJJHOM rrpoMeHoM cTpaTemje He 
Mory ,na rroBenajy ,no6HT (Tj. ,na cMaH:.e Ka3flY). C ,npyre cTpaHe, cyrrpoTaH nap (H, 
H) je ilapeTO OIITHMaJJaH jep rrperra3 Ha 6HJIO Kojy ,npyry CTpaTerHjy MO)Ke 
noBenaTH ,no6HT je,nHor a.JJH cMaH:.HTH ,no6HT ,npyror Hrpa"l!a. 

0"tJHrrre,nHo, aKo Je Hrpa aHTaroHHCTH"l!Ka, cBaKo cTaH:.e je TiapeTo 

OTITHMaJJHO. 

Teem e23ucmeHlJUje Hemoeo2 eKeWlu6pujyMa. Dollie (p, q) je rro.Jbe HeiiioBor 

eKBHJIH6pHjyMa aKO je apq = max aiq If bpq = max bPi y 6HMaTpH"l!HOj HrpH HJIM 
I J 

apq = maxa;q = max(-aP) = minaPJ aKo je Hrpa MOHOMaTpH"l!Ha. Ha ocHoBy 
I J J 

oBora MO)J(e ce ce yTBp,nHTH je,nHOCTaBaH TeeT er3HCTeH~Hje HeiiioBor 

eKBHrrH6pHjyMa. <l>opMHpa ce Ta6rrH~a napoBa (aiJ, biJ) erreMeHaTa ,no6HTHHX 
MaTpH~a A H B, 6HMaTpH"l!He Hrpe (A, B) (y crry"tJajy MOHOMaTpH"l!He Hrpe je 

biJ = -ay). AKo apq rrpe,ncTaB.Jba MaKCHMaJJHH erreMeHT q-Te KOJIOHe a bpq 
npe,ncTaB.Jba MaKCHMaJJHH erreMeHT p-Te BpcTe, nap crpaTerMja (dp, gq) 
rrpe,ncTaB.Jba HeiiiOB eKBHJIH6pHjyM. 0BaKaB eKBHJIH6pHjyM y HrpH ",nHrreMa 
3aTBopeHHKa" je cTaH:.e (n, n). 

llpUMep 2. KoMnaHHj'a "Arr«l.>a KoHCaJJTHHr" )J(eJIH ,na yBe,ne HaJHOBHJH 
HHTpaHeT CHCTeM. Y KOMIIaHJfjH pa3MaTpajy ):{Be MOryllHOCTH: ,na 0):{ 

npoH3Bo~a"tJa, "EeTa CHcTeMa", Ha6aBe orrpeMy rrocrre,nH:.e reHepa:rmje aJJHjom 
· HerrpoBepeHy, HJIM ,na Ha6aBe 

~-- .. ---·····---------r:s;,;;~-Cu~-;;;~~~;1 i:rpoBepeHy orrpeMy HeiiiTO CTapHje 

I Ta6ena 28 ~~P~~ ~~=~:~!~~·:::::::~M::~: 

1-
~;up~----·- ---~ HoBa T. !zo,_~O ~-,0, o ..,.I KOJY o,n oBe ,nBe BpcTe onpeMe ,na 

KoHca!lmuH2 1----------t_.·_ .•. _. . .. _._-_•.-_-_.•_ .. _·. ~---_-_• .. ·. ___ , rrpoH3BO,nH. lbpa"tfYHaTo je ,na 6M I CTapa T. I';(), 0 •••. . 5,.5. I rrpoqmT "EeTa CHcTeMa" a.JJH H "Arr!lJa 
--~---·-- --------- ' ...... -· -I ,;::_:: _ _:_ _____ j 

6 TipeMa I,loHy Herny; John Forbes Nash Jr. (1929- ), )J.06HTHHK Ho6enoBe Harpa}J.e 3a eKOHOMwjy 
1994. no lbefOBOj 6worpa4Jwjw 2001. TO)J.HHe CHHMJbeHje 4JwnM A Beautiful Mind, y KOMeynory 
Hema wrpa Pacen Kpoy. 
7 Vilfredo Federico Damaso Pareto (1848-1923), 4JpaHuycKO-HTanwjaHCKH eKOHOMHCTa w 
4Jwn03o4J 
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KoHcannmra", y crryqajy ~a o6e KOMnam1je 1na6epy HOBe TeXHonorllje, 6110 no 
20 (MIInlloHa), a y crryqajy 1136opa cTape TexHonorllje, no 5. McniiTaTII ~a n11 
nocTOje ~OMIIHaHTHe CTpaTemje II HelllOB eKBIIIT116p11jyM. ,[(a llll nocTOjll 
IJapeTO onTIIManaH H360p CTpaTerHja? 

Peutefbe. Mrpa ce MO)J(e on11caT11 Je~HOM MaTpiiii,OM A=[20 OJ 11 
0 5 ' 

BII~IIMO ~a Hllje~Ha BpCTa (KOllOHa) He ~OMIIHIIpa ~pyry Bpcry (KOITOHY) TaKO ~a 
11rpa HeMa ~OMIIHaHTHIIX cTpaTerllja. KaKo je A = B, <PopM11paMo ra6n11rr.y 
napoBa (aij, aij) (Ta6ena 28). BII~IIMO ~a je 20 MaKCIIMYM npBe KOITOHe a TaKo~e 
11 MaKCIIMYM npBe BpcTe, ~aKne nOJne (1, 1) je non,e HellloBor eKBIIn116plljyMa. 
An11, TO je II non,e (2, 2), jep je 5 Mlll<CIIMYM ~pyre KOITOHe II ~pyre BpCTe. TaKO, 
~Ba cTpaTeiiiKa CTaJDa: (HoBa TeXHonorllja, HoBa TexHonor11ja) 11 (CTapa 
TexHonorllja, CTapa TexHonornja) cy ~Ba HellloBa eKBIIn116p11jyMa. To 3Ha'lll ~a 
aKo 611 ce 11rpa Haiiina Ha non,y (2, 2), yKynaH npo4>11T o6e KOMnaHIIje 6110 611 10. 
Je):{HHa MoryhHocT noMepaja Ka BeneM npo4>11ry je npena3 Ha cTaiDe (1, 1) Ka):{a je 
yeyrraH rrpo<i>IIT 40, Mil TO Ce He MO)J(e 113BeCTII 6e3 carnaCHOCTII o6e KOMIIaHIIje. 
Y crryqajy ~a HeMa ):{OrOBOpa, IIOCTOjll p11311K CTaiDa (1, 2) llllll (2, 1) Koje ~ajy 
HynTH npo<l>HT. C ):{pyre cTpaHe, nap cTpaTernja (HoBa TexHonorllja, HoBa 
TexHonomja) je llapeTO OIITIIManaH, jep Hllje):{HO ~pyro non,e ceM (1, 1) He ):{aje 
Bene rrpo4>11Te o6eMa KOMIIaHIIjaMa IICTOBpeMeHO. 

11rpe y KOjiiMa IIOCTOjll ~OrOBOp 113Me~y llrpaqa 30BY ce KOartUtJUOJie, a OHe 
KO):{ KOjiiX ):{OrOBOp He IIOCTOjll, 6eCKOa!lU'tJUOJie U2pe. 

TpapuLtKo oopelju6afbe llapemo onmUMaJlHlLY cmafba. Y Koop):{HHaTHOM CIICTeMY 
Ha.II,pTaMO Tal.JKe (aij, bij), Koje 'IHHe eneMeHTe 611MaTp11'1He 11rpe 

'IIIMe ):{0611jaMo cKyrr o~ m·n Tal.JaKa y 
paBHII. ToM ceyrry ~o~aMo ):{Be 
3aMHillJbeHe Tal.JKe ( -oo, 0) 11 (0, -oo ), rra 
3aTIIM KOHCTpYIIIlleMO KOHBeKCHII OMOTaq 
TaKo npoiiiiipeHor ceyrra Tal.JaKa, IllTO je 
HeorpaHII'IeH rronHe):{apcKII ceyn, KaKo je 
rrp11Ka3aHo Ha Cn11rr.11 34. TaqKe y 
6eCKOHal.JHOCTII ~OBO~e ):{0 rrojaBe je~He 

b .. (nl'pa'l G) 
I} 

{urpa•• D) 

CmiKa 34. KoHBeKcHH oMoTal.J 11 

TiapeTO OIITHMaJIHOCT 
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xopH30HTanHe H je~He BepTHKanHe crpanune norrue~apcKor cKyna K~e cy 
6ecKoHa'IHe ~)I(IIHe. Ca~a ce ceyn Ta'laKa {(aii, by)} ~errii Ha ~Ba no~cKyna. 
flpBH je CaCTaB.JbeH 0~ Ta'laKa KOje ITe)l(e y TeMeHIIMa IIITII Ha KOCIIM CTpaHIInaMa 
norrHe~apcKor cKyna, na npiiMep Ta'IKa (apq, bpq), a ~pyrii ca~p)I(H Ta'IKe Koje 
ne)l(e yHyTap ceyrra IIITII Ha XOpii30HTaiTHIIM (BepTIIKaiTHIIM) crpaHIInaMa, Ha 
npHI\1ep Ta'IKa (ars. brs). CTaiha IIrpe Koja o~roBapajy npBOM no~cKyny cy 
flapero OTITIIMaiTHa CTaiba. 

CrriiKa 35 IIrrycrpyje npiiMeHy rpaqm'IKor MeTo~a o~pel)IIBaiha IIapeTO 
onTIIMaiTHIIX cTalba 3a IIrpe "~IIrreMa 3aTBopeHIIKa", 3aTHM IIrpe II3 IIpHMepa 2 
(yBol)elhe HOBe TexHorroriije), Kao H IIrpy Koja ce pa3MaTpa y crre~eheM npiiMepy. 

G G 

Cm1.Ka 35. IIapeTo onTUMarrHu eneMeHTH urapa "AuneMa 3aTBopeHuKa" (rreBo), "HoBa 
TexHonoruja" (IIpuMep 2, cpe}J.HHa) u "peKnaMHa KaMnalha" ( IIpuMep 3, }].ecHo) 

llpUMep 3. MaTpiina nOKa3yje npoqmTe (y MIIITIIOHIIMa ~orrapa) ~Be 

aMepH'IKe ~yBaHCKe KOMnaHHje y 3aBIICHOCTII 0~ KOM6IIHaniija CTpaTeriiJa 
peKrraMHIIX KaMnalba {He peKJWMupamu, pelolaMupamu} 

He peKnaMHpaTH 

peKJiaMHpaTH 

He peKJiaM. peKJiaM. 

[

(50, 50) (20, 60)] 

(60, 20) IC27, 27)1 =A 

O~pe~IITII nap cTpaTeriija HernoBor eKBIIrru6piijyMa II IIapeTO onTHManan nap. 

Peute1-be. KaKo je a22 = maxa;2 = 27, b22 = maxb21 = 27, no.Jbe (2, 2) je 
I J 

no.Jbe HernoBor eKBHITII6piijyMa, II crpaTeriije 

(d2, g2) = (peKllaMupamu, peKlla.wupamu) 

'IIIHe paBHOTe)I(HII nap (yoKBIIpeHo ), anH OH HIIje IIapeTo onTIIManaH. C ~pyre 
cTpaHe, nap cTpaTer:uJa 

(d1, g1) = (He peKllaMupamu, He peK!laMupamu) 
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jecTe llapeTO OIIT:UMa.JiaH, a.JI:U Ce KOMIIaH:Uje IIO :UHep:u.:uj:u ,l1.p)J(e paBHOTe)J(HOr 
CTaiha, HaKO cy IIpOI)mT:U Ma:Ih:U 0)1. CTaiba (dt, g 1). llo'IeTKOM 70-T:UX rO,lJ.:UHa, 
aMepmiKa a,lJ.MHHHCTpa:u.:uja, y :U.HJI>Y 3arnr:uTe 3,l1.paBJna rpaljaHa 3a6palhyJe 
peKJiaMHpalbe IJ.:UrapeTa :U T:UMe KOMIIaH:UJe HaC:UJIHO :U3Jia3e :U3 paBHOTe)J(HOr 
CTalba :U rrperra3e y CTalbe llapeTO OIITHMa.JIH:UX CTpaTer:uja (d1, g1), IIOBehaBill:U 
T:UMe rrpocjmT. CaMo y 1971. ro,lJ.HHH, Ha ocHoBy rrpoMeHe cTpaTer:uje, .lJ.YBaHcKa 
:UH.lJ.YCTp:uja CA,[{ 6erre)l(:u rropacT O.lJ. 91 MHrr:uoHa )1.orrapa. 

5.4. MaTpHl.Jue urpe ca ce,lVIOM 

AHa.JI:U3HpajMO HOBy Bap:ujaH1y ":urpe HOB'I:Uha" (Ta6erra 29) y KOjoj CMO 

MaTp:u:u.y A 3aMeH:urr:u MaTp:u:u.oM A 1 =[a 1iit3 , TJ. MaTpH'IHY :urpy ca eyrrToM 

cyMOM 

(56) ( l 
"1" J llO 0 d = "5" ' A I= 0 -5 

. "10" 5 1 

Cpal:fYHaBaMO MHH:UMa.JIHy :u 
MaKC:UMa.JIHY c:urypHOCHY Bpe,l1.HOCT 
:urpa'Ia D :u G: vD = maxmina 1

; = 1 
i j Jj 

rrocT:u)l(e ce 3a (i, j) = (3, 2), .lJ.OK ce 

vG = minmaxa 1ii = 1 rrocT:u)l(e TaKol}e 3a 
J I 

(i, j) = (3, 2). .ll:aKJie, OIITHMa.JIHe I maxa.!i 
I 

crpaTer:uje cy ("10", "5"). 

Ta6erra 29 

• I mma .. 
j Jj 

-10 

-5 
1 = VD 

= va 

,lJ;ec}mHH.Qnja 24. 3a :urpy ca HYJITOM cyMOM (d, A= [aij]mxn, g), 3a Kojy 

Ba)I(H VD = VG = V, TJ. 

(57) 
. . 

v = maxffilna .. = mtnmax a .. = a , 
i j '1 j i IJ rs 

ce Ka)l(e ,lJ.aje u2pa ca ceiJRo.w. Ta,lJ.aje v = ars epeo11ocm u2pe, rroJbe (r, s) Ha3:UBa 
ceiJRacma malJKa MaTp:u:u.e A, dr :u gs cy onmUMa.JlHe cmpamezuje :urpa'Ia D :u G, 
.lJ.OK je TpojKa (dr, gs, v) pernelhe :urpe. AKo je v = 0, :urpa je paeHonpaeHa (pep). 
3a V > 0 :urpa je 1WKJl01-beHa np60M U2pa'ly, a 3a V < 0 Hrpa je Ha1Ul01-beHa iJpy20M 
u2pa1Jy. 
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llpeTXO.D:Ha BapnjaHTa nrpe HOB'IHna, (55), HeMa ce.nnacry Ta':IKy, jep je 

VD == -1, .noKje VG =1, na (57) He Ba:>Im. HenocmjaiDe ce.nnacTe Ta':IKe .noBo.nn 
.no "nyTaiDa" y CTpaTernjaMa, Tj . .no Tora .na aKo je.naH nrpa':I ycTanH je.nHy 

cTPaTernjy noMohy Koje no':IHIDe .na .no6nja, .npyrn yBeK MO)l(e .na npoMeHH cBojy 

cTpaTemjy H npeoKpeHe ry6nTaK y .no6HTaK. 

Ha3HB "ce.nnacTa Ta':IKa" 3a eneMeHT 

ars. KOjH 3a.Jl:OBO.JbaBa je.nHaKOCT (57), .nonmH 

o.n oco6nHe noBpnm H3 IR 3 
ca ce.nnacTOM . . . 

Ta':IKOM, .na 3a npeceK y Je.D:HOJ paBHH HMaJy 

KOHBeKCHJ <l>YHKUHjy a y OpTOrOHaJIHOj 
paBHH KOHKaBHy. TaKaB je Ha npHMep, 
cnyqaj ca no3HaTHM npHMepoM "ce.nnacTe 

noBpnm", xHnep6onnqKHM napa6onon.noM 

(CJIHKa 36) KOjH je .naT je.nHa':IHHOM 

z = K(x, y) = axy + bx + cy + d 

(a.;t 0, b, C H d cy npOH3BO.JbHe KOHCTaHTe ). 

lh aHaJIH3e je n03HaTO .na YCJIOBH CTaiJ,H-
OZ oz 

oHapHOCTH - = 0,- = 0 .najy x =-cia, y = -bla, Kao H AC- Ji2 = -a2 < 0 
Ox Oy 

3a cBaKo a.;t 0, TaKo .na je (x, y) =(-cia, -b/a) ce.nnacTa TaqKa. 3a ce.nnaczy 

TaqKy Ba)KH 

(58) K(x, y) ~ K(x, y) ~ K(x, y), 3a cBaKo x,y E IR. 

KaKo npBH nrpa':I (D HJIH 
MaKCHMHH) MaKCHMH3Hpa 

.D:06HTaK OH y CTBapH 

MaKCHMH3Hpa K(x, y) no x,. 

HJIH aiJ no i. Y cny':Iajy nrpe 
(56), D MaKCHMH3Hpa ar2 no i, 
H .no6nja .na je TO a32 = 1. Ha mj 
Ha':IHH, CBaKO Y.D:a.lbaBaiDe O.Jl: 
ce.nna (x, y) = (3, 2) 3a IDera je 

HenoBO.JbHO. CJIH'IHO ToMe 

.npyrH Hrpa':I MHHHMH3Hpa 

K(x, y) no y, Tj. a31 noj, naje 

H 3a IDera HenoBO.JbHo y.nrunaBaiDe o.n Ta':IKe (x, y) = (3, 2). TaKo je eneMeHT 

MaTpHU,e .D:06HTH A Ha MeCTy (3, 2), a32 = 1, MaKCHMaJiaH y CBOjoj KOJIOHH a 
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MJfHHManaH y CBOjoj BpCTJf. 0BO CBOjCTBO Ta~Ke (x, y) Ha3HBa Ce paeHome:J/Ca 

ceo.rwcme maiJKe Koja je, 3a pa31IHKY 0~ HernoBOr·eKBHJIH6pHjyMa CTa6HJIHa, jep 
cBaKo o~crynaH>e o~ cTpaTerHja ce~rracTe Ta~Ke yMaH>yje ~o6HTaK CBaKOr o)::J: 
Mrpa~a. Ey~yh11 ~a ce~rracTa Ta~Ka HMIIJIHIJ;Hpa CTaH>e ~HCTHX CTPaTerHja, OBa 
paBHOTe)J(a ce jorn Ha3HBa HpaeHome:JICa Itucmux cmpamezuja. 

flpUMep 4.11rpa ce MO)J(e O~HOCHTM Ha CaMO je~HOrHrpa~a, Ha npHMep, Ha 
cry~eHTa KojH ce npHnpeMa 3a HCIIHT. Y Ta6MIJ;H cy ~aTe ou;eHe Koje OH MO)J(e ~a 
~0611je y CKJia~y ca HHTeH3MTeTOM IIpHIIpeMa Jf HHBOOM Te)J(JfHe TecTa Ha MCIIMTY. 
O~pe~HTM OIITHManHY CTPaTerHjy H Bpe~HOCT Hrpe. 

PeUte1be. Y OBoj HrpH HeMa ~pyror wrpa~a jep cy "cTPaTerwje" rraK­
cpe~H>H-Te)J(aK KaO KBanHcpHKaiJ;Hje Te)J(JfHe .HCIIHTHOr TeCTa yHanpe~ YTBp~eHa 
rrpaBwrra CHCTeMa cry~Hja, Kao rnTo cy 11 O.QeHe pe3yrrTaT ~roro~HrnH>e 

CTaTHCTH~Ke aHanH3e. Me~yTHM, Hrpa Ce aHMH3Hpa Ha HCTH Ha~HH KaO Jf Hrpa 
ca ~Ba Hrpa~a. )J;aKrre, MHHHMYM BpcTa ~aje BeKTOp [5 6 7]T, o~aKJie ce 
O~pe~yje MaKCJfMHH G33 = 7. C ~pyre CTpaHe, MaKCHMYM KOJIOHaje [10 8 7)T, 
rra je MHHHMaKc TaKo~e a33 =7. )J;aKrre, nocTOjH ce~rro y rro.Jby (3, 3), na rrocTojH 

~MeTa cTpaTerwja x =[0 0 If, ~a~rre TeMe.JbHa npHnpeMa, a Bpe~HOCT Hrpe je 

V = 7. llpeMa )J;ecpHHJfiJ;HjH 24, Jf3Jia3aK Ha HCIIHT je Hrpa HaKJIOH>eHa cry~eHry. 

llpUMep 5. 11rpa MO)J(e HMaTH BHrne ce~rracTHX Ta~aKa. TaKo, wrpa 3~aTa 
MaTpHIJ;OM 

A=[ ~ -~ ~l, 
-1 -2 3 J 

HMa ~Ba ce~rra (2, 1) H (2, 2), a Bpe~HOCT Hrpe je v = a21 = a22 = 0. 

5.5. MaTpH'IHe urpe 6e3 ce.z:.JJa. MemoBHTe cTpaTeruje 

Kao IllTO CMO BH~eJIH, 3a Hrpy (55), ~OH>a II ropH>a Bpe~HOCT ce He 
rroKrranajy, VD < VG, Tj. Hrpa HeMa ce~rracry Ta~Ky. O~cycrno Te Ta~Ke 
OHeMorynaBa Hrpa~e ~a CBOje CTpaTerHje ,cpHKCMpajy" Ha H>Y II TMMC 
OIITHMH3Hpajy CBOje ~06HTKe. Me~yTHM, aKO Hrpa~H O~Jiy~e ~a MeH>ajy CBoje 
CTpaTerHje y TOKY Hrpe, OHM MO)J(~a Mory HaM 3aKOHJfTOCT npoMeHe KOjHM 6H 
CBaKH 0~ Hrpa~a MOrao ~a IIOBena ~06HTaK HJIH 6ap CMaH>Jf ry6HTaK. )];a 6HCMO 
HManH KOHTPOJIY Ha~ BeKTOpHMa CTPaTerHJa d = [d1 ... dni Hrpa~a D, H 
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g == [gi ... gn]T Hrpa-qa G, yBernheMO BeKTope x = [xi ... Xm]T H y = [y1 ... Ynf, 
TaKBe ,Ua X E CY

111 
O,UHOCHO y E CYn, r,ne cy CY

111 
H CYn CMMIIJieKCM y npOCTOpHMa 

IRm o,UHOCHO IR.n pecneKTMBHO (BH,UeTM ,D;e«l.>MHMQMjy 4, o,neThaK 1.1.). 3a 

KOOp,UMHaTe BeKTOpa X H y Ba:>I<M 

m n 

(59) LX;= LYJ = 1, X; 2 0, y1 2 0, i = 1, ... ,m, j = 1, ... ,n. 
i=l J=l 

flpHTOM, TeMeHa CHMnJieKca cy ,ne«i>MHMCaHa BeKTOpHMa KOjM MMajy Hyrre Ha 

CBMM MeCTMMa CeM Ha je,UHOM, Ha npHMep BeKTOp ek = (0 ... 0 1 0 ... O]T ca 

je,UMHMQOM Ha k-TOM Mecry (KojM 3a,UOBOThaBa (59)), npe,UCTaBTha k-TO TeMe 

cMMnrreKca. AKo ceynoBe cTpaTerMja Hrpa-qa D H G npe,nCTaBMMO BeKTOpMMa 

d == (di ... dm]T H g = (gi ... gn]T, Ta,Ua CKarrapHH npOH3BO,UM 

[0 ... 0 1 0 ... 0]. d; 
I 

d/11 

[0 ... 0 1. 0 ... 0]. gj 
J 

g/1 

T 

CMM60JIM1JKM H3pa)J(aBajy npHMeHy CTpaTernja d; H gj, Tj. napa (d;, g1). 

Y crry11ajy "Hrpe HOB"IJMha" (55), m == n = 3, na he cTpaTerMje "1", "5" H 

"10" 6MTM npe,ncTaBTheHe BeKTOpHMa x =[xi x2 X3]T H y == [y1 Y2 y3]T, npH "IfeMy 

x, y E a 3
• AKo Hrpa-q D o.urry"IJM .ua, Ha npHMep, HaM3MeHH"IJHo Hrpa npBy na 

,npyry C'IpaTerMjy, Ta,Ua ce MO)J(e y3eTM ,Ua OH 112 CBMX napTHja Hrpa npBy H 1/2 
,npyry C'IpaTernjy, na he lheroB BeKTOp CTpaTernja 6MTH X= (1/2 112 0] T. AKO 

Hrpa-q GoneT, 1/2 CBMX napTHja ·Hrpa Tpehy C'IpaTerMjy a no 114 Hrpa npBy H 

.upyry, lberoB BeKTop cipaTerMja 6Hhe y = [1/4 1/4 114] T_ Ha Taj Ha':IMH, x 

MO)J(e 6MTM npOH3BOJI,aH BeKTOp H3 IR.3 
KOjM 3a,UOBOThaBa (59) 3a m = n = 3, Tj. 

XI + x2 + X3 = 1, Xt, x2, X3 ~ 0. Crrwmo Ba)J(M 3a y = [yi Y2 y3] T. 

,ll.eci>uuunuja 25. C'IpaTerHje X= [xl ... Xm]T E (5
111 H y = [yi ... Yn]TE an, 

':IMjM HMje,UaH erreMeHT HHje je,UHaK je,UMHMQM, Ha3MBaMO .vteUl06UmUM 
cmpame2ujaMa MaTpH11He Mrpe A. MernoBMTe cTpaTerMje "IJMjM cy CBM erreMeHTM 

cTporo no3MTMBHM Ha3MBaJY ce nomnpw Meuweume. 

IlocMaTpajyoo reoMe'IpMjCKM, yo11aBaMO .ua TeMeHa CMMnrreKca a 111 Han, 
. ,ne«i>MHMiny m O,UHOCHO n "IJHCTMX CTpaTerMja, Ta':IKe Ha rpaHMQM CMMnJieKca 8a 111 

H 8an (ceM TeMeHMX Ta'<JaKa) Ca"IJMlbeHe cy O,U MeiiiOBMTMX CTpaTerMja ,UOK cy 

YHYTparnlbe Ta"IJKe OBMX CMMnrreKca, noTnyHo MeiiiOBHTe C'IpaTerMje Hrpa':Ia. 
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,ll.ecJmHHQHja 26. HeKa cy x = [x1 ... xnt ji y = [y1 ... Yn] T Memomne 

cTpaTerHje MaTplPIHe Hrpe A= [aiJ]mxn. Ta,n:a ce «PYHKIJ;Hja 

111 n 

(x, y) ~ K(x, y) = LL:X;auyJ = xT· A·y 
i=l J=l 

30Beje32po MaT_PH':lHe Hrpe (x, A, y) H npe,ncTaB.Jba otteKU6aHy oo6um Hrpe (Tj. I 
Hrpa':la). 

<l>yHKIJ;Hja je3rpa K(x, y) je oniiiTH nojaM KOjH ce ,ne«PHHHIIIe 3a MHOrO 
reHepanHHje THnoBe Hrapa. Y CBHM crry':lajeBHMa K je KOHBeKCHa «PYHKIJ;Hja no X 
a KOHKaBHa no y. Y crry'Iajy MaTpH'IIIHX Hrapa, y JeHCeHOBOj Heje,nHaKOCTH (5), 
B3)KH je,nHaKOCT: 

K((l-A)xt+ AX2, y) = (1-A)K(xt, y) +A K(x2, y), 0< A <1, 
(60) 

K(x, (1-A)Yt+ AY2) = (1-A)K(x, Yt) +A K(x, y2), 0< A <1. 

TeopeMa 23. (pm-t HojMaH8) Y ceaKoj Mampu•moj uzpu ca oea uzpatta, 
yeeK nocmoje onmw.twme Meuweume cmpamezuje X: u y 3a o6a uzpa'-la, mj. 

OtteKU6aHa oo6um K(x, y) UMa ceO!lacmy mal.JK)' (X:, y) 3a Kojy 6a:JICujeOHaKocm 

(61) max minK(x, y) = minmax K(x, y) = K(x, y). 
XECTm YECT11 YECT

11 
XECTm 

BerrH'IHHa v = K(x, y) = x:T ·A ·y 30Be ce epeoHocm uzpe H npe,ncTaB.Jba 

,no6HTaK npBor Hrpa':la (H ry6HTaK ,npyror). Y crry':lajy 'IHCTHX cT_PaTerHja Ba)KH 
X= e,, y = es, TaKO ,na ce V CBO,nH Ha ce,nrro MaTpHIJ;e ,no6HTH, ars (57). 

Ype~eHa T_PojKa (X:, y, v) ce 3oBe peUle1be MaTpH':lHe Hrpe. 

113 (61) crre,nyje 

(62) K ( x, y) s v = K (x, y) s K (x, y ), x e CYm, y e CY" , 

mTo je oco6HHa ce,nrracTe Ta':IKe (BH,nH (58)), Tj. (X:, y) je ce,nrro Hrpe, Koje no 

TeopeMH 23 yBeK nocTojH. ,D;a:Krre, Ka.D: ce Ka)Ke ,na je "Hrpa 6e3 ce,nrra", MHCJIH ce 
"6e3 ce,nrra y 'IHCTHM CT_PaTerHjaMa". llpBa BapHjaHTa "Hrpe HOB'IHUa" (55), Koja 
HeMa ce,nrracry Ta':IKY y ':IHCTHM CTpaTernjaMa (,naKJie y TeMeHHMa CHMnJieKca CYm 

8 John von Neuman, (Neumann Janos) (1903 -1957), MaljapcKo-HeMaqKM MaTeMamqap 
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}I an), .HMa je y MeillOBHTHM CTpaTer.HjaMa H TO je (x, y) ' 3a X = [1 I 2 0 1 I 2]T 

H y == [10/11 0 1 111]T. Bpe,nHocT Hrpe je 

v == K(x,y) == :XT Ay == (112 0 112]r=~ ~15 :~1r
1

0~lll = 0, 

1 5 -10J 1/llj 

mTo 3Ha'IH .na ce pa,UH o "<Pep" HrpH. 

):{pyra Bap.HjaHTa, Hrpa (56), HMa ce.nno y 'IHCTHM cTpaTerujaMa, Tj. 3a 

x == [0 0 1]T H y = [0 1 O]T, H lbeHa spe,nHocT je 

JJ:aKne, Hrpa je HaKJIOibeHa ,no6HTHOM Hrpa'Iy D. 

llpu.Mep 6. Jam je,naH npHMep Hrpe y 
KOjHMa je noje,nHHau y "KoH<l>nHKTY" ca 
OKpy)J(elbeM, y OBOM CJiy'Iajy ca TipHpO,UOM, 
Koja MY je cynpoTcTaBJbeHa yMecTO ,npyror 
urpa':la (y JIHTeparypH ce osaKBe Hrpe 30BY 
uzpe npomue npupooe ). <l>apMep j e Ha csoM 
HMalby HHCTaJI.Hpao onpeMy 3a HaBO,U­
IhaBalbe. llpe,ns.HljajyhH .na JIH he cne,nehe 
Ce,UMHUe TiaCTH KHilla HJIH He, OH O.UJIYlJYje ,na JIH ,Ua HaBO,UibaBa yceBe HJIH He. 
MaTpnua ,no6HTH je ,nam y Ta6enii 31. Y osoj HrpH HHje,nHa 'IHCTa. cTpaTeruja 

HHje onTHMaJIHa. Pemelbe Hrpe cy nomyHo MemoBHTe cTpaTeruje x =[x 1- x]T, 
y = fy 1 - y]T, npH ':leMy je 0 <x < 1 Kao H 0 < y < 1 (y npOTHBHOM fiR 6ap je,nHa 
cTpaTerHja 6Hna 'IHCTa). Y pemasalhy osor 3a,naTKa noMohHhe HaM cne.neha 
neMa. 

(63) 

JleMa 1. HeKa je uzpa oama MampUtJOM A =[all 
a21 

h = a11 + a22 - a12 - az1 * 0, 

al2] , noi) yc!I060M 
an 

-u HeKa cy onmUMQJIHe cmpamezuje X == [X 1- X r ' y = [.Y 1-y r nomnyHo 

Meuweume. Taoa cy epeiJHocm uzpe u onmWitarme cmpamezuje oame U3pa3u.Ma 
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/(oKa3. Ha OCHOBY (62) Ba)Jm 

(64) 

K(x, f) ~xT, (A f)~ xT {[ ::: :::][I~ ji ])~ (x 1-xJ[;] ~ jJ +(a- jJ)x, v 

npM "lleMy cy KOHCTaHTe a H j3 ):\aTe· Ca 

(65) 

KaKO npoMeHJbHBa X Y3HMa Bpe,Z:\HOCT H3 OTBopeHor CKyna (0, 1 ), y Heje):\HaKOCTH 
(64) ce HH 3aje,Z:\HO x He ,1:\0CTH)J{e roplba rpaHHUa v, 6e3 o63Hpa Ha 3HaK pa3JIHKe 

a- f3, cBe ,1:\0K je a- f3 :;t 0. TaKo ,Z:\06HjaMo ,1:\a Mopa 6HTH a- f3 = 0, Tj. a= f3, 
IIITO 3aje,Z:\HO ca (65) ,1:\aje je,Z:\HaKOCT 

al2 +(all- a12)51 = a22 + (a2I- an))!· 

0Ha je 3a,L\OBOJbeHa 3a y = (a22 - a12 )1 h, r,[\e je h =I= 0 ,1:\aTo ca (63). Ha crrH"llaH 

Ha"l!HH, ,Z:\06Hja ce x = (a22 - a21 )/ h. KaKo je a= fJ, H3 (64) crre,L\yje fJ= v, ,1:\aKJie, 

H3 (65) Bpe,Z:\HOCT Hrpe je v = a22 + (a21 - a22 )y = a22 + (a21 - a22 )(a22 - a12 )1 h Tj. 

a22- a21 a22- al2 

(66) 
1 all al2 h h 

V=- ,X= ,y= .0 
h a21 a22 a11 - a12 all -a2I 

h h 

Y crry"llajy Hrpe H3 Ta6erre 31, 3aMeHoM y (66), ,Z:\06Hja ce 

x = [1/3 2/3f, y = [112 112f ca Bpe,Z:\HOIIIhy Hrpe v = 4000. ~aKrre, Hrpa je 

HaKJIOJbeHa q,apMepy. 

TeopeMa 24. CKyn onmUMarmux MeUlo6umux cmpamezuja C6aKoz uzpatta je 
KOH6eKcaH u 3am6opeH. 

/(oKa3. HeKa je Sn cKyn onTHMaJIHHX cTpaTerHja Hrpa"l!a D H HeKa cy x1 H 

x2 npOH3BOJbHe OITTHMaJIHe crpaTerHje, Tj. XI' x2 E s D • AKo je v Bpe):\HOCT Hrpe, 
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aa ocaoBy (62) je K(xp y) 2 K(x, y) = v, Kao n K(x2, y) 2 v, 3a cBaKo yEa". 

TaKo, 3a cBaKo y, Ha ocHoBy rrpBe je.n.HaKOCTH y (60) crre.uyje 

K( (1- A.)x1 + A.x2 ,y) = (1- A.)K(xpy) + A.K(x2 ,y) 2 (1- A.)v + A.v = v, 

.uaKJie, K((l-A.)i1 +A.i2,y)2v. To 3Ha1JH .ua je KOHBeKcHa KOM6Imau,nja 

onTHMaJIHHX cTpaTernja z = (1- A.)i1 + A.i2 TaKo~e OIITHMaJIHa, Tj. z E SD. 

,l(aKrre, ceyrr SD je KOHBeKcaH. 3aTBopeHocT crre.uyje H3 HenpeKH.UHOCTH l}lyHKIJ,Hje 
K. Ha crrn'IaH HalJHH ce )J.OKa3yje KOHBeKcHOCT n 3aTBopeHocT ceyrra Sa 
onTHMaJIHHX cTpaTernja .upyror nrpa'Ia. o 

Y llpnMepy 8, Ha Kpajy CJie)J.ener O)J.e.JDKa, IIOKa3aHO je )J.a cy CKJIIOBH SD ll 
SG KOHBeKcHH n 3aTBopeHn. 

5.6. O.r.pel)nBalhe MemoBHTHX cTpaTeruja 

llpeMa l}loH HojMaHoBoj TeopeMn (TeopeMa 23) rrocTOjH 6ap je.n.Ha 
orrTnMarrHa MernoBnTa cTpaTernja MaTPH'!He nrpe, a lheHo Harra)l(elhe ce 6a3npa 
Ha rrpnMeHn Heje.n.HaKOCTH (62). TioKa3aneMo .ua ce rrpo6rreM .Ua.JDe cBo.un ce Ha 
pernaBalhe Je.n.Hor .unpeKrnor n lheMy .uyarrHor rrpo6rreMa rrnHeapHor 

rrporpaMnpalha rrpn lJeMy cy BeKTopn x n y orpaHn'IeHn Ha cnMrrrreKce am 
O)J.HOCHO a 11

• 

TeopeMa 25. (TeopeMa 0 MeUl06UmUM cmpamezujmwa.) HeKa je oama 

MampU'-11-/a U2pa A= [a;j]mxn. OnmUA1aJlHe MeUlOBume cmpamezuje oo6umH02 

mj. zy6um11o2 uzpa'la cy peULe1-ba npo6.Tlnta LP: 

(67) 

max cTX·= 1·z+O·x1 + ... +O·x"' 

-z+a11 x1 + ... +am1xm 20 

-z+a111X1 + ... +a11111 Xm 20 

x1 + x2 ... + X111 = 1 

X; 2 0, i = 1,2, ... ,m, 

001/0CHO 1-beMy oyafl1102 npo6JleMa 
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(68) 

min cTY = 1·w+O·y1 +: .. +0·y
11 

w- anY1- ... - a1nYn ~ 0 . 

w- am1Y1- ... - amnYn ~ 0 

Y1 + Y2···+ Yn=1 

yj ~ 0, j = 1,2, ... ,n. 

/(oKm. 3a !}>HKCHpaHo x !}>yHKr~nja oqeKHBaHe )J.06HTH K(x, y) je nHHeapHa 

()J.aKne KOHKaBHa) no y, H )J.OCTH)l{e MHHHMYM y je)J.HOj 0)1, eKCTpeMHHX TaqaKa 

(TeopeMa.12). ,[(aKJie, Hajnpe je, 

f(x) =min K(x, y) = m~n K(x, e), 
yea 11 l~J~n 

a 3aTHM TPe6a MaKCHMH3HpaTH j{x) npH qeMy XE <J
111

, HJIH, IIITO je HCTO, Tpe6a 

MaKCHMH3HpaTH HOBY npoMeH.ffiHBY z, no)J. orpaHnqeJbHMa 

z ::5 K(x, e1), z ::5 K(x, ez), ... , z ::5 K(x, e11), 

H XE <J
111 

(IIITO je eKBHBaneHTHO ca XJ + ··· + Xm = 1, Xi~ 0, BH)J,eTH (59)). KaKO 
Ill 

Je K(x, e)= 2::X;au H z = cT·X, r)J.e je c = [1 0 ... O]T H X= [z XJ .•. Xm]T, 

i=l 

)J,Ofla3HMO )1,0 3a)J,aTKa LP (61). PernaBalbeM OBOr 3a)J,aTKa ce )J.06Hja X= [z, x]' 
r)J,e je Z je Bpe)J,HOCT Hrpe a X OnTHManHa CTPaTerHja )J.06HTHOr Hrpaqa. 

PernaBalbeM )J,yMHOr 3a)J,aTKa (63) )J.06Hja ce nap Y = [w, y), Tj. nOHOBO 

Bpe)J.HOCT Hrpe H onTHManHa CTPaTemja ry6Hmor Hrpaqa. 0 

Ha ocHoBy TeopeMe 25, y TaqK'H onTHMyMa je z = w = v, )J,aKJie, MO:>Ke ce 

nocTaBHTH cJie)J,enn, HeiiiTO je)J.HOCTaBHHjH cKyn 3a)J.aTaKa LP qnjHM pernaBalbeM 

)J.06HjaMO MeiiiOBHTe CTpaTerHje X H y KaO H Bpe)J.HOCT Hrpe v: 

max v mm v 

(69) OCHOBHH TA I ~l Ill )J.YMHH 
X ~l~,XE<J, 

JlpUMep 7. OllPO/IHTH MemoBJne cTparerHje Hrpe A= [ ~ 2 -1]· 
-1 1 

Pewe1be. Y OBOM cnyqajy je m=2, n=3. Ha ocHoBy (69), cTpaTemja 

)J.06HTHor Hrpaqa x E <J
2 ce )J,o6nja pemaBalbeM 3a)J.aTKa LP: 



max v, 

X1 + 2x2 ~ V, 

2x1 -x2 ~v, 

- X1 + X 2 ~ V, 

X1 + X2 = 1, 

x1 ~O,x2 ~0. 

EnHMHHai(HjoM x2 = 1 - Xi .uo6Mja ce CHcTeM 
Hej e)l,HaKOCTH 

1) V:::; 2- Xp 

2) v :::; 3x1 - 1, 

3) v :::; 1- 2xp 
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' ' ' ' ' ' ' ' 

CmJKa 3 7. Y 3 IlpHMep 7 

)l.OK ycrroBH x2 = 1- xl' x1 ~ 0, x2 ~ 0 .uajy 4) 0:::; x1 :::; 1 . Heje.uHaKOCTH 1) - 4) 

)l,e<l>HHHIIIY y (x1, v) - paBHH HeorpaHJI'IeHy IIOJIH.rOHaJIHY o6rraCT (CrrHKa 37) ca 
BpxoM y rrpeceey rrpaBHX 2) 11 3), Tj. y Ta"<IKH x1 = 215, v = 115. TaKo je x2 = 1 - x1 

= 315, IIa je OIITH.MaJIHa CTpaTerHja )l,06H.THOr Hrpa-qa X= [215 315]T E a- 2
, a 

Bpe.uHocT Hrpe je v = 115. ,[(aKrre, Hrpaje HaKrroiDeHa rrpBOM Mrpa-qy. 

PemaBaihe )l.yaJIHOr 3a)l,aTKa (69) Ce Ca)l,a CBO)l,H Ha CHCTeM Heje)l.HaKOCTH 

Y1 + 2y2 - Y3 :::; v, 

(70) 
2yl - Y2 + Y3 :::; v, 

Y1 + Y2 + Y3 = 1, 

Yl ~ O,y2 ~ O,y3~ 0, 
a KaKo je v = 115 H Y3 = 1 - Y1 - y2, .ropiDH CMCTeM rrocTaje 

6· '4 
2yl+3y2=s;-, y~-2y2=s;--, y~~O, Y2~0. 

5 5 

MHo)l{elbeM rrpBe Heje.uHaKOCTH ca 2 a .upyre ca 3M IDHXOBHM ca6HpaineM .uo611ja 
ce 7yl = 0, Tj. Yi = 0, IllTO 3aMeHOM y rrpBe )l,Be Heje.uHaKOCTH y (70) .uaje 

1 1 
2y2 - y3:::; -, - y2 + y3:::;-. Ca6HpaiDeM oBe )l.Be Heje.uHaKOCTH .uo6Mja ce 

5 5 

0:::; y2 :::; 3_, TaKo .ua HMaMo )l.Ba pemeiDa y1 = [0 0 1]T H y 2 = [0 2 I 5 3 I 5]T, 
5 

~TO cy )l,Be eKCTpeMHe Ta"<IKe CHMrrrreKca a- 3
• Ha ocHoBy .upyre je.uHa"<IHHe y (60) 

Ba)l{H 
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K(x, (1-A)yl+ AY2) = (1-A)K(x, Yl) +A .K(x, y2), 0 <A <1. 

Y TOM CJiy'Iajy, peiiielbe je CBaKa KOHBeKCHa KOM6IIHaUHja y = (1- A)y1 + AY2 
. 3 0 KOJa HHa'Ie Jie)I(H Ha CTpaHHUH CHMIJneKca () . BO MO)I(eMO npoBepHTH TaKO IIITO 

heMo H3pal:JYHaTH tPYHKUHjy Bpe,n.HoCTH Hrpe K(x, y) y ce,n.nacmj Ta'IKH (x, y), 

TJ. 

K{x,(l-A)YI +AY2) 
= (1- A)K(x,y1) + AK(x,y2 ) 

~o-AH m~ -~ -;Jr~l+A[~ m~ -~ 
~(1-AH m-n+Ar~ m:;~J 
= (1- A)(-~ + ~) + A (~ + ~) 

5 5 5 5 5 

1 1 
=5((1-A)+A)=5, 

-:]r2~ 51 
3/5 

IIITO TIOTBpljyje paHHje HaljeHy Bpe,n.HOCT Hrpe V = 1/5. 

flpu.Mep 8. IJOKa3aTH ,ZJ.a cy CKYTIOBH OTITHMaJIHHX MeiiiOBHTHX CTpaTerHja 

[
2 2 2 3] S0 H SG Hrpe 3a,n.aTe MaTpHUOM A= 3aTBOpeHH H KOHBeKCHH. 
1 3 4 1 

PeUte1be. CHcTeM Heje,n.HaKOCTH ocHOBHor 3a,n.aTKa LP (69) rnacH 

2x1 + x2 ~ v, 

2x1 +3x2 ~ v, 

2x1 +4x2 ~ v, 

3x1 + x2 ~ v, 

X1 + X2 = 1, 

X1 ~ 0, X2 ~ 0, 

' 

H OH Ce eJIHMHHaUHjOM X2 = 1 - X1 CBO)J.H Ha 4 Heje,ZJ.HaKOCTH: 

X] + 1 ~ V, - X1+ 3 2: V, -2x1+ 4 ~ V, 2XJ + 1 ~ V, 
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J<oje y (x1, v)-paBHii .LJ:eqmHiimy rronlirOHaJIHY o6nacT rrpliKa3aHY Ha Cnli~li 38 
(neBO ), ca MaKCiiMYMOM V = 2 3a X1= 1. ,[(aKne, CKYII OIITiiMaiTHiiX CTpaTerMja 

npBor lirpa'Ia Sv liMa caMo je.LJ:aH eneMeHT x = [1 O]r. 

v 

CmtKa 38. Y3 llpHMep 8 

Ca.LJ:a .LJ:YanHii CliCTeM (69) 3a BeKTop y E £T
4 

liMa o6nMK 

2y! + 2y2 + 2y3 + 3y4 ~ 2, 

YI + 3y2 + 4y3 + Y4 ~ 2, 

YI + y2 + Y3 + Y4 = 1, 
(71) 

YI ~ 0, y2 ~ 0, Y3 ~ 0, Y4 ~ 0. 

3aMeHOM YI + Y2 + Y3 = 1- Y4 y rrpBy Heje.LJ:HaKOCT, .LJ:061ijaMo 2(1 - Y4) + 3y4 ::52, 
rnTo ce CBO.LJ:Ii Ha Y4 ::5 0. Y3 3a.LJ:aTO orpaHii'Ielbe Y4 ~ 0, .LJ:061ija ce Y4 = 0, 'IHMe je 
.LJ:HMeH31ija CMMrrneKca cMalbeHa Ha 3. Ca.LJ:a Tpa)l(liMO BeKTop [y1 Y2 y3]

1 
E £T

3
, 

Kojli ceM ycnoBa CliMrrneKca YI + Y2 + Y3 = 1 li YI ~ 0, Y2 ~ 0, Y3 ~ 0, 3a.LJ:OBOJhaBa li 
rrpeocTane Heje.LJ:HaKOCTii li3 (71 ): YI + Y2 + Y3 ::5 1 li YI + 3y2 + 4y3 ::5 2. 

YcnoB YI + Y2 + Y3 = 1 y KOM61iHa~lijli cay1+ Y2 + Y3 :51 .LJ:aje YI + Y2 + Y3 = 1, . . . 
'IMMe ce ycnOBii pe.LJ:YKYJY Ha CaMO Je.LJ:HY HeJe.LJ:HaKOCT, 

(72) 

Ha CliMIIneKCY £T
3, KOjli je, KaO IliTO 3HaMO, TpOyrao. Ceyrr pernelba, YKOITiiKO HMje 

rrpa3aH, MOpa (c 0631ipOM Ha ITiiHeapHa orpaHii'Ielba) 61iTii IIOITMrOHanaH ceyrr. 
3aTO, IIOTpa)l(HMO rrpeceKe CTpaHii~a CliMIIITeKca £T

3 KOje ce .LJ:06Mjajy 3a YI = 0, 
Y2 = 0 li Y3 = 0, ca rronyrrpocTopoM YI + 3y2 + 4y3 ::5 2. 

Bli.LJ:MMO .LJ:a ce 3a YI = 0 Heje.LJ:HaKocT (72) CBO.LJ:Ii Ha 3y2 + 4y3 ::5 2, a ycnoBii 
CliMrrneKca Ha Y2 + Y3 = 1, Y2 ~ 0, Y3 ~ 0. 11.3 3y2 + 4y3 ::52, Y2 + Y3 = 1 ce .LJ:061ija 

y3 ::::; -1, ITITO j e y KOHTpMMK~Mjli ca ycnoBOM HeHeraTMBHOCTH rrpoMeHJhliBe y3• 
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3a Y2 = 0 :UMaMo c:ucTeM YI + Y3 = 1 :u YI + 4y3 ::5 2, o.n;aKrre ce y3 ycrroB 
YI ~ 0, Y3 ~ 0 .n;o6:uja pemelhe 2/3 ::5 YI ::5 1 :u 0 ::5 Y3 ::5 113. OB:uM je .n;etl>:uH:ucaH 
rr:uHeapH:u cemeHT 'lllj:u cy KpajeB:u [2/3 0 113]T :u [1 0 O]T, :urr:u, y rrpocTOpy 

2 1 
c:uMrrrreKca c:r\ [2/3 0 113 O]T = -e1 + -e3 :u [1 0 0 O]T = e1. C .n;pyre 

3 3 
crpaHe, aKo je Y3 = 0, .n;o6:uja ce c:ucTeM YI + Y2 = 1, YI + 3y2 ::5 2, ':I:uje je pe­
melhe 112 ::5 Y1 ::5 1 :u 0 ::5 Y2 ::5 112, mTo .n;aje .n;pyr:u rr:uHeapH:u cemeHT .n;aT 

1 1 
KpaJib:UM Ta':IKaMa [112 1/2 0 O]T = -e1 + -e2 :u (rroHoBo) [1 0 0 O]T = e1. 

2 2 
2 1 1 1 

Te Tp:u Ta':IKe, e1, -e1 + -e3 :u -e1 + -e2, .n;etl>:uH:umy Tpoyrao Sa (Crr:uKa 38, 
3 3 2 . 2 . 

.n;ecHo) :u TO je ceyrr orrTHMaJIHHX crpaTer:uja .n;pyror :urpa':Ia. CKyrroB:u SD :uSa cy 
O':I:UrJie,ll;HO KOHBeKCH:U. 

5.7. Cne .. ujaJiue Koufjlurypa._uje MaTpH'IHHX urapa 

HeKa je .n;ara Marp:u:u;a A= [a;1]mxn Koja .n;etl>:uH:ume MaTp:U':IHY :urpy ca 

eyrrToM cyMOM (d, A, g). 

,[l;ec}mHH.QUja 27. Ka)KeMO .n;a KOHBeKCHa KOM6:UHa:u;:uja V E COllV{Vp, ... ,Vq) 
BpcTa Vp, ... ,vq Marp:u:u;e A crporo .n;oM:uH:upa Bpczy vi, i =I= p, .. . , q, aKo V >vi. Ha 
CJI:U':IaH Ha':I:UH .n;etP:UH:Uille ce crpora ,ll;OM:UHa:u;:uja KOJIOHe Uj Ha,ll; KOHBeKCHOM 
KOM6:UHa:u;:ujoM KOJIOHa Dr, ... ,Us, Tj. Uj > U, u E conv(ur, ... ,Us). 

AKo y Marp:u:u;:u A= [ aiJLxn rrocToj:u cTpora .n;oM:uHa:u;:uja Ha.n; i-TOM 

BpCTOM, V >Vi, Ta.n;a ce i-Ta BpCTa Vi, MO)Ke :UCKJ1>Y':I:UTH :U3 Marp:u:u;e A. C .n;pyre 
CTpaHe, aKO IIOCTOj:U crporo ,ll;OM:UHaHTHa KOJIOHa, Uj > U, 'fa.n;a ce OHa :UCKJ1>y':IJje 
:u3A. 

IlpUMep 9. Halm OIITHMarrHe CTpaTer:uje :urpe A = r ~ ~ ~ ~l· 
11 10 1 

Peutefbe. KaKo je [ 7 7 11] < ~[ 6 7 15] + _!_[11 10 1], :uMaMo 
4 4 

Crpory ,ll;OM:UHa:u;:ujy KOHBeKCHe KOM6:UHa:u;:uj e IIpBe :U Tpene BpCTe Ha,ll; .n;pyroM 

BpCTOM. McKJ1>Y':IJjeMo je :u CTaBJ1>aMO x2 = 0. OcTaje MaTp:u:u;a A1 = [ 
6 7 15

] 
11 10 1 
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y KOjOj ~pyra KOJIOHa CTporo ~OMHHHpa KOHBeKCHJ KOM6HHau;Hjy npBe H TPehe 
KOJIOHe, na ce Uz HCKJbyqyje, H CTaBJba ce Y2 = 0. TaKO, OCTaje MaTpH:u;a 

t}lopMaTa 2x2, A2 = [ 
6 15

], a MernoBHTe cTpaTerHje cy o6mtKa x = [x1 0 
11 1 

x-3]T H y = [yi 0 Y3t KaKo je, 36or x, y E o- 3
, x1+ X3 = 1 H y1+ Y3 = 

1, <lJopMyrre (69) ce cBo~e Ha 

Y3 ycrrOB Xi~ 0, YI ~ 0. )J;o6Hjajy ce ~Ba CHCTeMa Hej~HaKOCTH, 

11 - 5 X1 ~v 15 - 9 y1 5,y 

1 + 14x1 ~v H 1 + l3yl 5,v 

XI ~0 Y1 ~0 

ca CJIH~HOM rpa<lJH~KOM HHTepnpeTau;HJOM, . . 
TaKo ~a Je ~aTa caMo HHTepnpeTau;HJa npBe 
Heje~HaKOCTH (CrrHKa 39). CrrH~Ho Kao y 
ITpHMepy 7, ~onycTHBa o6rracT je 6ecKoHa~Ha 
llOJIHrOHaJJHa o6rracT ca MaKCHMYMOM 
v = 159/19, 3a Xi = 10/19. Ha Taj Ha~HH ce 
~o611ja onTHMaJIHa CTpaTerHja npBor Hrpa~a 

x = [1 0/19 0 9/19]T E o-3
. CJm~aH ~HjarpaM 

v 

CrrHKa 39. Y3 llpHMep 9 

~aje TIOHOBO V = 159/19, 3a y1 = 14/19, TaKO ~aje y = [14/19 0 5/19f E o-3
• 

BH~HMO ~a y OBOM npHMepy TIOCTOjH paBHOTe)l{a ce~rraCTe Ta~Ke 

(X, y) = ((10/19 0 9/19r, [14/19 0 5/19]T), ~OK y•IJpHMepy 8 TIOCTOjH 

paBHOTe)l{a 6ecKpajHo MHoro ce~mtcTHX · Ta~aKa. Crre~eha TeopeMa ~aje 
KpHTepHjyM je~HHCTBeHOCTH. 

TeopeMa 26. AKo Mampu'-IHa u2pa UMa 6ap jeiJHy ceiJJlacmy ma'-IKY 

nomnyHo Meuweumux cmpame2uja ( y CMUCllY J(eljJuHu71u}e 25), maiJa je ma 
ceiJJlacma ma'-IKajeiJuHcmeeHa. 

llpUMep 10. (l1rpa "rrraBa-nHcMo") ,ll;Ba Hrpa~a HCTOBpeMeHo 6au;ajy 
HOB~Hh o~je~Hor ~HHapa. AKo o6a HOB~Hha TIMHY Ha HCTY CTPaHY ("rrraBa" HJIH 
"nHCMo") npBH Hrpa~ Y3HMa o6a ~HHapa. Y cynpoTHoM, y3HMa HX ~pyrH 11rpa~. 
ITocTaBHTH MaTpH:u;y Hrpe 11 o):(pe~HTH onTHMaJIHe CTpaTernje. 
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Peute1-be. Mrpaje 3a):(aTa crre,lJ,enoM Ta6mru;oM. 

Hrpa'l Ii 

g/ ava pismo 

Hrpaq I 
gl ava [ 1 -1] 

-1 1 pismo 

H O"'IllTJie):(HO HeMa Ce,[(JJaCTy Ta"'IKY jep je VD = -1, VG = 1. TaKO, npeTTIOCTaB.JI,aMO 

,[(a lie OTITHMaJIHe CTpaTerHje 6HTH 06JJHKa X = [X 1- X f , y = [y 1- y ]T, llpH 

"'IeMy 0 ::::; x ::::; 1, 0 ::::; y ::::; 1. <l>yHKUHja o"tJeKHBaHe ):(06HTH Ge3rpo Hrpe) je 

(73) K(x,y)=[x 1-x][. 
1 -I][ y ]=4xy-2x-2y+I, 

-1 1 1-y 

IIITO npeno3HajeMo Kao xHnep6oJJH"'IKH napa6orroH):( (CrrHKa 35). Koop):(HHaTe 

Ce,[(JJaCTe Ta"'IKe ce ):(06Hjajy 113 CHCTeMa ~: = 0, : = 0 KOJH ce CBO):(H Ha 

4y- 2 = 0 H 4x- 2 = 0 ca perneiDeM x = 1/2, y = 112 . .ll:aKne, onTHManaH 

nap CTpaTerHja je X= [1/2 1/2]T, y = [1/2 1/2]T, H KaKO cy TO nomyHO 

Mernomne cTpaTerMje, ce,[(nacTa Ta"'!Ka je je):(HHCTBeHa. Bpe):(HOCT Mrpe je 

v = K(I/2, 1/2) = 1 - 1 - 1 + 1 = 0. 

HanoMeHa. MCTO perneiDe ce ):(06Hja npHMeHOM .popMyna (66), jep MaTpHua 

):(06HTH 3a):(OBO.JI,aBa YCJIOB (63), h =au+ G22 - GJ2 - G21 = 4 =/= 0). 

Y npeTXO):(HOM npHMepy Hrpe "rnaBa-nHcMo" ce yo"'IaBa ,[(a je MaTpHUa 

):(06HTH A = [ 
1 

-I] cHMeTpHqHa MaTpHua jep 3a):(OBO.JI,aBa penauHjy A = AT. 
-1 1 

MeljyTHM, CHMeTpHja MaTpHUe ):(06HTH He noBna"'IH "cHMeTpHjy" Hrpe. HaMMe, 

aKo 6HcMo MaTpHUY A 3aMeHHJIH MaTpHUOM AT, Ta):(a 6HCMO MopanH ):(a 

3aMeHHMO H MecTa Hrpa"'IHMa G H D, na 611 cBaKH TI03HTHBHM eneMeHT MaTpHUe 

A Ca):(a 3HaqHo ):(06HTaK 3a G yMecTo ry6HTKa . .ll:a 611 cBe ocTano HCTO, noTpe6Ho 

je npoMeHHTH 3HaK eneMeHTHMa MaTpHue AT, Tj. nocMaTpaTH MaTpHUY ~AT. 
TaKO ):(OJia3HMO ):(0 nojMa Meljyco6HO OrJie):(aJICKH CHMeTpHqHifX Hrapa KaO H ):(0 

nojMa Hrpe Koja HMa oco6HHy CMMeTpHje. 

,ll,ec}mnHI~nja 28. MaTpH"'IHa Mrpa A je oz!leOaJlo Hrpe B aKo je B = -AT. 
MaTpH"'IHa Hrpa A je cuMemputJHa aKo je caM a ce6H orne):(ano, Tj. aKo je A = -AT 
(TaKBa MaTpHUa Ce Ha3MBa KOCO-CMMeTpH"'IHa). 
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QqMrJie)J.HO, perrau:Mja orrre)J.arra je CMMe'IpMqHa, Tj. aKo je A orrre)J.arro B, 
ra)J.a je M B orrre)J.arro A. 

TeopeMa 27. AKO cy uzpe A u B 02Jleoarto jeoHa opyzoj, maoa je 
v(B) = -v(A), a CKyn onmUAW!IHUX cmpamezuja oo6umHo2 uzpal.Ja uzpe A je 
;eoHaK cKyny onmUMa!IHUX cmpamezuja zy6umH02 uzpal.Ja uzpe B u o6pHymo. 

llocrre)J.MU:a oBe TeopeMe je )J.a aKo je Mrpa A CMMe'IpMqHa, Ta)l.a je v(A) = 0, 
)].OK cy orrTMMarrHe cTpaTerMje )J.06MTHor M ry6MTHor Mrpaqa je)J.HaKe, SD = SG. 
ilpHMep Mrpe "rrraBa-IIMCMO" IIOKa3yje )J.a Hrpa MO)l{e MMaTM CMMeTpHqaH MCXO)J. 

MaKO MaipMU:a A HMje KOCO-CMMeTpMqHa. 

JlpUMep 11. <l>opMHpaTM Mrpy KOja je OrJie)J.aJIO HrpH "rrraBa-IIMCMO" II 

O)J.pe)J.IITII OIITIIMaJIHe CTpaTerMje. 

P eute1be. MaTpHn:a )J.06MTII Hrpe-orrre)J.arra j e 

B~-AT ~-[ _: -:]f: _:]. 
llpHMeHoM <PopMyrra (66) )J.06MjaMo pe3yrrTaTe·KojM IIOTBpljyjy TeopeMy 27: 

1 -1 1 1 
v(B)= (-4) 1 -1 =-4(1-1)=0; 

Crre)J.etm rrpHMep )J.aje je.D.HY II03Hazy Hrpy Koja MMa oco6MHY cMMe'Ipllje. 

JlpUMep 12. CBaKM O)J. )J.Ba Hrpaqa IIOKa3yje je)J.aH MJIII )J.Ba rrpcTa, 
MCTOBpeMeHO M3rOBapajyJill peqM "je)J.aH" II ")l.Ba" IIITO je lberOBO IIpe)J.BMljalhe 

6poja rrpcTMjy Koje rroKa3yje rrpoTIIBHIIK. AKo o6a Mrpa-qa rrorpeiiie MJIM o6a 

rroro)J.e, pe3yrrTaT je HepeiiieH M HIIKO He )J.06Mja rroeHe. AKo je)J.aH rrorO)J.II, OH 

)J.06Mja OHOJIIIKO IIOeHa KOJIIIKO M3HOCM 36Hp IIpCTMjy KOjM cy IIOKa3aHII. 
QqMrne)J.HO, IIOCTOje 4 CipaTerllje: (1, 1 ), (1, 2), (2, 1 ), (2, 2) r)J.e IIpBH 6poj y 

rrapy rrpe)J.CTaB.Jba 6poj IIOKa3aHMX IIpCTMjy, a .D.pyrM rrpe)J.BMljeH 6poj IIOKa3aHIIX 

rrpCTMJY rrpOTMBHMKa. CaCTaBMTM MaTpMizy )J.0611TM 11rpe M MCIIIITaTM lheHy 
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CIIMeTJmJy. AKO je OIITIIMaJIHa CTpaTeriiJa IIp~or IIrpa-qa X= [ 0 4 ~ 0 r, 
O~pe~MTII OIITIIMaJIHY CTpaTeru:jy ~pyror IIrpa-qa II IICIIIITaTII KOM IIrpa-qy je IIrpa 
HaKJiolbeHa. 

P eute1be. MaTpu::u;a ~o6IITII j e ~aT a y cne~ehoj Ta6enii: 

Hrpa-q II 

(1,1) (1,2) (2,1) (2,2) 

(1, I) 0 2 -3 0 

(1,2) -2 0 0 3 
Hrpa-q I 

3 0 0 -4 (2,1) 

(2,2) 0 -3 4 0 

3a MaTpu::u;y IIrpe A ce IIOKa3yje ~a Ba:>Im A =-AT, TaKO ~a je IIrpa CIIMeT}JII"l!Ha. 

Ha OCHOBY rrocne~u::u;e TeopeMe 27, y =X= [ 0 4 ~ 0 r' ~OK je Bpe~HOCT IIrpe 

v = 0, ~aKne IIrpa je 4>ep. 
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l. EJIEMEHTH KOHBEKCHE AHAJIH3E 

1.1. KonBeKcnu cKynoBH 

1.1.1. ,[(oKa3aTH .ua je cKyn S c IRn KOHBeKcaH aKo H caMo aKo je HCnylheH ycrroB: 
k 

3a cBaKo k2: 2 H npoH3BOJDHe Xt, ... ,XkE S H ,t::=: 0, LA; = 1, Ba:>Im 
i=O 

k 

X= LA;X; ES. 
i=l 

Pewe1t>e. HaBe,neHH ycrroB je ,UOBOJDaH 3a KOBeKCHOCT ceyna S jep 3a k = 2 
H npoH3BOJDHe Xt, X2ES H A.E[O, 1] Ba)KH: x = AX1 + (1- A)x2 E S. ,[(a je ycrroB 

noTpe6aH, ,noKa3aheMo npHMeHoM npHHIJ;Hna MaTeMaTHqKe HH.UYK:u;Hje. HeKa je S 
KOHBeKcaH cKyn. IIpeMa ,[(eqmHH:UHjll 2, TBp~elbe Ba)KH 3a k = 2. IIpeTnocTaBHMO 

,Ua Ba)KH 3a HeKH npHpO,UaH 6poj k H ,UOKa)KHMO ,na Ba)KH II 3a npHpO,UaH 6poj k+ 1. 
k+l 

HeKa cy x1, ... , x k+t E S 11 A; 2 0, LA; = 1 , npoH3BOJDHH . .AKo j e Ak+1 = 1 , Ta)J.a 
i=O 

k k+I 
je LA; = 0, na je x =LA; X; = xk.+l E S. Y cynpoTHOM, x MO)Ke .ua ce 

i=I i=I 

npe,ncTaBII y o6JIHKY 

x = i A; X; + Ak+1xk+1 = (1- Ak+1 { i A; X;)+ Ak+1xk+1 • 

i=I \ i=I Al + ... + Ak 

II . . f, A; S . S 
0 HH,UyKIJ;HJCKOJ npeTTIOCTaBIJ;H L...J X; E , na Je H X E . 

i=l AI + . :. + Ak 

i.1.2. ,[(OKa3aTH ,Ua je cKyn S C IRn KOHBeKCaH aKO H CaMO aKO je KOHBeKCaH 

lberoB npeceK ca np0113BOJDHOM npaBOM. 
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Peute1be. llpaaa y IR.n HMa je)J.Ha•nmy x = xo + td, xo, x, d E IR.n, t E IR.. 
HeKa je cKyrr S KoHBeKcaH H HeKa je L = S n l, r)J.e je l rrpoH3BOJbHa rrpaaa 'IHja 

je je)J.Ha'IHHa x = x 0 + td. 3a rrpoH3BOJbHe erreMeHTe x,y E L c S H rrpoH3BOJbH6 

A E [0, 1], rrpeMa ,ll.e<PnHHU:HjH KOHBeKCHor cKyrra Ba)I<H z =AX+ (1- A.)y E S. C 

,ll.pyre cTpaHe, Kao Ta'IKe Ha rrpaaoj l, x H y ce Mory rrpe,ll.cTaBHTH y o6m1ey 

x = x0 + t1 d, y = x0 + t 2 d, rra je z = x 0 + (At1 + (1- A.)t2 )d, Tj. z TaKolje rrpn-

IIa,ll.a rrpaaoj l. TaKo, z E L, a 36or npoH3BOJbHOCTH x, y H A., cKyn L je KOH­

BeKcaH. 06pHJTO, HeKa je npeceK CKyna S H IIpOH3BOJbHe npaBe KOHBeKCaH. HeKa 

cy x,y E S H A E [0, 1] npoH3BOJbHH. AKo je je l npaaa o)J.peljeHa Ta'IKaMa x 

H y H L = S n l , Ta)J.a Ba)I<H x, y E L . 36or KOHBeKcHOCTH cKyna L Ba)I{H H 

z =AX+ (1- A.)y E L c S. 36or npmi3BOJbHOCTH x, y H A cKyn S je KOHBeKcaH. 

1.1.3. AKo cy ceynoBH A, B c IR.n KOHBeKCHH, KOHBeKcaH je H ceyn A xB. 
~OKa3aTH. 

Peute1be. HeKa cy x = (xA,x 8 ), xA E A, x 8 E B, y = (y A•Y 8 ), y A E A, 

y 8 E B H A"E [0, 1] npoH3BOJbHH. KaKo cy A H B KOHBeKCHH ceynoBH, Ba)I{H 

Ax A + (1- A )y A E A H AX 8 + (1 - A )y 8 E B . 3aTo Ba)I{H H 

AX+ (1- A)y =(Ax A+ (1- A)y A' AX 8 + (1- A)y 8 ) E Ax B. 

1.1.4. AKo cy cKynoBH A, B c IR.n KOHBeKCHH, KOHBeKCHH cy H ceyrroBH 

aA = {ax I x E A}, a E IR., H A+ B = {x + y I x E A, y E B}. ~OKa3aTH. 

PeuteTne. llpoH3BOJbHH erreMeHTH x, y E aA HMajy o6rrHK x ;= ax1, 

y = ayp xP y1 EA. 36or KOHBeKCHOCTH ceyna A, 3a npoH3BOJbHO A E [0, 1] 

Ba)I{H AX 1 + (1- A)y 1 = z 1 E A, naje H 

Ax+(l-A)y=a{A.x1 +(l-A)yJ=az1 EaA. 

CrrH'IHO, HeKa cy x,yEA+B npoH3BOJbHH. Ta,ll.a je x=xA+x8 , y=yA+y8 , 

xA,y A E A x 8 ,y 8 E B. KaKo cy cKynoBH A H B KOHBeKCHH, 3a rrpoH3BOJbHO 

A, E [0, 1] Ba)I{H 

AX+ (1- A)y =(Ax A+ (1- A)Y A)+ (Ax 8 + (1- A)y 8 ) E A+ B. 

1.1.5. ~a JIM cy npeceK H ym1ja KOHBeKCHHX CKJIIOBa KOHBeKCHH? 



89 

PeUle1-be. HeKa cy A II B KOHBeKCHII cKyrroBII. 3a rrpo1I3BOJbHe x, y E An B 
:a AE[O,l] Ba)lm A.x+(1-1)yEA II Ax+(l-l)yEB,Tj. A.x+(1-1)yEAnB. 

llpeMa TOMe, II An B je KOHBeKcaH. 

YHIIja KOHBeKCHHX ceyrroBa y OlllliTeM crryqajy HIIje KOHBeKCaH CKyrr. Ha 
rrpiiMep, A = [1, 2] II B = [5, 6] cy IIHTepBarrii y IR, )l.aKrre KOHBeKCHII ceyrroBII. 

MeijyTIIM, ceyrr Au B = [1, 2] u [5, 6] HIIje KOHBeKcaH. 3aiiCTa, mqKe x = 1 II 

y = 5 rrp1Irra)l.ajy ceyrry Au B, arrii He II CBe IbHXOBe KOHBeKCHe KOM61IHau,IIje, 

Ha rrpiiMep KOHBeKcHa KoM61IHau,IIja .!_ x + .!_ y = 3 ~ A u B . 
2 2 

1.1.6. HcrriiTaTII KOHBeKcHocT crre)l.elrn:x cKyrroBa: 

a) A = {(xi, x2) E IR2
1 X2 2: a+ bxi}, B = {(xi, x2) E IR2

1 x2 :Sa+ bxi}, 
a, bE IR, 

6) C= {(x~,x2)EIR2 Ix22'.XJ 2}, D= {(xi,x2)EIR2 Ix2:Sxi2}, 

B) S = {(xi, x2, X3) E IR3
1 X3 :S ax1 + bx2}, a, bE IR. 

PeUle1-be. a) HeKa cy x = (xpx2 ) II y = (ypy2 ) rrpo1I3BOJbHH erreMeHTII 

cKyrra A II z = (z1, z2 ) =.Ax+ (1- l)y IhiiXOBa rrpOH3BOJbHa KOHBeKCHa KOM61I­

Hau,IIja. KaKo je x2 :2: a+ bx1 II y 2 :2: a+ by1 , TO je 

z2 =Ax2 +(1-.A)y2 :2:A.(a+bx1)+(1-A.)(a+by1) 

= a+b(A.x1 +(1-A.)y1) = a+bzl' 

mTo 3Haqii ,ll,a z EA. llpeMa ToMe, cKyrr A je KOHBeKcaH, II TO je rrorrypaBaH 
(CJIHKa 1.1.6, JieBO ). Ha IICTII HaqHH ,ll,OKa3yje ce )l,a je B KOHBeKCaH ceyrr. 

CnMKa 1.1.6 
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6) llpOH3BO.JbHH eneMeHTH X= (XpX2 ) H y =.(YpY2 ) CK)'IIa C cy HlKBH )J,a 

je X 2 ~ X1 
2 

H y 2 ~ y1 
2 

. 3aTO 3a IbHXOBY IIpOH3BOJbHy KOHBeKCHY KOM6HHaU:Hjy 

z = (zp z2 ) = .Ax+ (1- A.)y Ba:>Im: 

Z2- z; = Ax2 + (1- A.)y2- (A.x1 + (1- A.)y1Y 

~ AxJ2 + (1- A)YJ2- (.Ax]+ (1- A.)yly 

= A.(I-A.)(xl- YY ~ 0, 

Tj. Z E C. 36or IIpOH3BO.JbHOCTH eneMeHaTa H KOHBeKCHe KOM6HHaU:Hje, C je 

KOHBeKCaH CK)'II. 

CKyrr D HHje KOHBeKcaH. 3ancia, Ta':IKe x = (-2, 1) H y = (2, 1) rrpnrra,ll,ajy 

ceyrry D, ann He H IDHXOBa KOHBeKCHa KOMOHHau:nja z = 0.5x + 0.5y = (0, 1) 
(CnHKa 1.1.6, )J,eCHO) . 

1.1.7. ,[{oKroaTH )J,a je Kyrna K(a, r) = {x E IR.n llx- al < r}, a E IR.n, r E IR., 
KOHBeKCaH CKyii. 

Peutelbe. HeKa je a = [a1 a2 

X = [XJ X2 .. • Xn]T, Y = (y1 Y2 

z =.Ax+ (1- A.)y Ba)J(H: 

anf H HeKa cy x, y E K(a, r), 
Yn]T H A E [0, 1] rrpoH3BO.JbHH. Ta,ll,a 3a 

I z -a I= I .Ax + (1- A. )y - A.a - (1- A. )a I= I A.( x- a) + (1- A. )(y - a) I 

::; A I x- a I +(1- A.) I y- a I < A.r + (1- A.)r = r, 

rrno 3Ha':IH ,ll,a z E K(a,r). 

1.1.8. ,[{oKroaTH )J,aje CK)'II S = {x E IR.n I aTx:::; c}, a E !R.n. c E IR., KOHBeKcaH. 

Peutelbe. llpoH3BO.JbHH x, yES McrryiDaBajy ycnoBe aT x::; c, aT y::; c. 3a 

IDHxoBy KOHBeKCHy KOM6MHau:Hjy z = .Ax + (1 - A. )y Ba)J(H 

aT z = aT (.Ax + (1- A. )y) = A.a T x + (1- A. )aT y ::; A.c + (1 - A. )c = c , 

TJ., Z E S. llpeMa TOMe, S je KOHBeKCaH. 

1.1.9.11crrHTaTH KOHBeKCHOCT ceyrra S = {x E IR.n I xTAx + bTx + c:::; 0}, r)J,e je 

b E IR.n, C E IR., a A= [aij]nxn, aij E IR., CHMeTpHtiHa II03HTHBHO CeMH-)J,eqmHHTHa 

MaT}JHIJ:a. 

Peutelbe. CnMeT}JH':IHa MaTpnu:a A = [aij]nxn, a!i E IR., je II03HTHBHO ceMH­

)J,etPHHHTHa aKO 3a)J,OBOJI:,aBa ycnOB Z T Az ~ 0 3a CBaKO Z E !R.n. HeKa cy X, y E S 
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!pOH3BO.JhHH li Z =AX+ (1- A)y IhliXOBa IIpOH3BO.JhHa KOHBeKCHa KOM6HHaUHja. 

['a.ua je 

zrAz+brz+c 

=(Ax.+(l- A.)y)r A(A.x+(l- A.)y)+ br (Ax.+(l-A.)y)+c 

= A.2 xrAx+ ..1.(1- A.)(yrAx+xrAy)+(l- A.iyr Ay+ A.brx+(l-A.)bry 

=A.(xrAx+ brx+c)+(l- A.)(yrAy+ bry+c)-..1.(1- A.)(xr Ax+yrAy-yr Ax-xrAy) 

~-A-(1-A.)(x-y)r A(x-y) ~0, 

liTO 3Ha"'IH ,Ua Z E S. flpeMa TOMe, S je KOHBeKCaH CKyii. 

l.1.10. A.Ko cy A, B c IR.n Herrpa3HH cKyrroBH, .UOKa3arn .uaje 

Co( An B) c Co( A) nCo( B). 

Peutel-be. HeKa Je x E Co( An B)npOH3BO.JhaH erreMeHT. Ta.ua je 
k k 

x= LA;X;, LA; =1 X; EAnB, i=1, ... ,k. KaKoje X; EA H X; EB, Toje H 
i=l i=l 

x E Co(A), x E Co( B) pecneKTHBHO, Tj. x E Co( A) nCo( B). 

06pHYTO He MOpa ,Ua Ba:>I<H. 3aHCTa, HeKa 
cy .uaTH ceyrroBH A={(1, 1), (4, 4)} H 
B={(1, 3), (4, 3)} y IR2 (CrrHKa 1.1.10.). Ta.ua 
je An B = 0, rra je H Co( An B) = 0. 
Me~yTHM, KOHBeKCHH oMoTa"tJH 

Co(A) = {(xpx2 ) I x2 = Xp 1 ~ x1 :S: 4} 

Co(B) = {(xpx2) I x2 = 3,1 ~ x.1 ~ 4} 

HHCY .UHcjyHKTHH jep (3, 3) E Co( A) n Co(B) . 

(4,4) 

(~4,3) 

(1,1) 

CrrHKa 1.1.10. 

1.1.11. Tipe,ncTaBHTH cKyrr S = {(XI, x2) E IR2 I X1 X2 2: 1} Kao npeceK 
rrorryrrpocTopa. 

1.1.12. O.upe.UHTH rpaHH"tJHe H eKcTpeMHe Ta"'IKe ceyrroBa: 

a) A= {xEIR 11 ~x~2}, 

6) B ={(X], X2) E IR2 1.1 ~XI~ 2, X2 = 0}, 
2 . 2 

B) C={(x1,x2)EIR lx1 -4~x2~0}, 
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r) D = {(x~,x2,x3) EIR3
1 XI +x2:S3, 2xi +x2+x3:S4, X1,X2,X3~0} 

Ll:) 

I}) 

{ 31 2 2 E= (x~,x2,x3)EIR XI +x2 :Sx3}, 

F={(XI,X2,XJ)EIR3
1 XI 2+xl+x/:S4, x2=1}. 

PeUle1be. a) fpaHMqHe raqKe ceyrraA cy 1M2. To cy M eKcTpeMHe Tal!Ke. 

6) TipeMa ,[{e<l>liHMI(MjM 5, cBe TaqKe ceyrra B cy rpaHMqHe. EKcTpeMHe 
Tal!Ke cy (1, 0) M (2,0). 

B) CKyrr rpaHMqHMX raqaKa cKyrra c je ac = CI u C2, r.n;e je 

CI={(xi,x2)EIR2 Ix2=x/-4, -2:Sxi:S2}, 
c2 ={(xi, X2}E IR2

1 X2 = 0, -2 :SXI :s 2}, 

a CKYII eKCTpeMHMX TaqaKa 

ex( C) = {(XI, X2) E !R?I X2 = x?- 4, -2 :S XI :S 2}. 

r) fpaHM'!He Tal!Ke cy cBe oHe Koje Jie)l(e Ha CTPaHaMa rronMe.n;pa OABCDE 
(CnnKa 1.1.12, neBo). EKcTpeMHe Tal!Ke cy TeMeHa 0(0, 0, 0), A(2, 0, 0), 
B(1, 2, 0), C(O, 3, 0), D(O, 3, 1) n E(O, 0, 4). 

2) o) 

CnnKa 1.1.12. 

b) 

Ll:) BE = ex(E) = {(xi, x2, X3) E IR3 I XI2 + x/ = XJ}. (CnMKa 1.1.12, 
cpe.n;nHa) 

I}) oF= {(xi, X2, X3) E IR3
1 x? + xl + x/ :S 4, X2 = 1 }, 

ex(F) = {(xi, x2, X3) E IR3 I XI2 + x} + x/ = 4, X2 = 1}. (CJIMKa 1.1.12, 
.n;ecHo) 
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1.1.13. O.npe.nHrn nonHe.napcKe cKynoBe S = {x E IR2 I Ax :S b} H lhHXOBe 

;:KC'IpeMHe Ta"'!Ke H eKCTpeMHe npaBll,e, npH "tJeMy Je 

-1 1 2 -2 1 2 

-1 -1 -1 -2 -1 -2 

a) A= 1 0 b= 3 6) A= -1 -4' b= -4 

-1 0 0 -1 0 0 

0 -1 0 0 -1 0 

Pewel-be. a) Y CKanapHoM o6nHKY orpaHH"'!elha cy .nam Heje.nHa"'IHHaMa: 

- X 1 + X 2 ~ 2, - X1 - X 2 ~ -1, X1 ~ 3, X 1 2 0, X 2 2 0 . 

EKcTpeMHe Ta"'!Ke cy (1, 0), (3, 0), (3, 5), (0, 1) H (0, 2). EKcTpeMHH rrpaBU.H He 

IIOCTOJe. 

6) CKyn S je OIIHCaH Heje.D;HaKOCTHMa: 

- 2x1 + x2 ~ 2, - 2x1 - x2 ~ -2, - x1 - 4x2 ~ -4, x1 2 0, x2 2 0. 

EKcTpeMHe Ta"'!Ke cy (4/7, 6/7), (4, 0) H: (0,2), a eKc'IpeMHH rrpaBU.H cy d1 = [1 O]T 
H d2= [1 2]T. 

2 2 

1 
1 

a) 6) 
CnHKa 1.1.13. 

1.1.14. .1J:oKa:mTH .D;a je CKJII peanHHX CHMeTpH"'IHHX ll03HTHBHO ceMH­

)J;e<l>HHHTHHX Ma'IpHll,a THIIa 3x3 caje.D;HHH"'IHOM .D;HjaroHanOM KOHBeKCaH. 

Pewel-be. llo'Ipe6Ho je .D;OKa3aTH KOHBeKCHOCT cKyna Ma'IpHU.a o6nHKa 

M = [~ ~ :] , a, b, c E IR,. TaKBHX .naje zT Mz?:. 0, 3a cBaKo z E IR3
. 

b c 1 
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1.2. KoHBeKcHe cJlYHK._uje 

1.2.1. ,[(oKa:mTH .na je cpyHKIJ.Hja f(x) = llxll, x E IRn, npH 'IeMy je II · II HOpMa, 
KOHBeKcHa cpyHKIJ.Hja y IRn. 

Peutel-be. HeKa cy x, y E IRn H A. E [0,1] npoH3BOlliHH. TipeMa no3HaTHM 
OC06HHaMa HOpMe BruKH 

IIA.x + (1 - A )yjj ~ IIA.xjj + 110- A )yjj = A.jjxjj + (1- A )jjyjj ' 

,ZJ,aKrre I(A.x + (1- A)y) ~ A.l(x) + (1- A)l(y), naje cpyHKIJ.Hja I KOHBeKcHa. 

1.2.2. ,[(oKa3aTH .na je cpyHKIJ.Hja f(x) = max{xP x2 ,. .. , xJ, r.ne je 

X= [xi X2 ... Xn]TE IR.n, KOHBeKCHa y IR.n . . 

Peute1beo HeKa cy x, y E IRn, X= [xl x2 ... xnY' y = [yl y2 ... YnY H 

A. E [0, 1] npoH3BOlliHH. Ta.na 3a CBaKo i=1, 2, ... , n Ba)J<H 

Ax;~ max{A.xp A.x2, ... , A.xn} = A.max{xp x2, ... , xn} = -lf(x), 

(1- A.) Y; ~ (1- A.) max {y 1 , Y 2 ' 0 0 

·' Y n} = (1- A.) I (y) · 

3aTOje Ax; +(1-A.)y; ~A.I(x)+(l-A.)I(y) 3a cBaKo i = 1, 2, ... , n, naje Hcny­

lbeHo 

I(A.x + (1- A)y) = max{A.x1 + (1- A)yJ> · .. ,J..xn + (1- A)Yn} ~ A.l(x) + (1- A)l(y). 

1.2.3. <l>yHKIJ.Hja • I je acpHHa, Tj. MO)J(e .na ce npe,ncTaBH y o6JIHKY 
l(x) = CTX +a, C E IR.n, a E IR, aKO H CaMO aKO je HCTOBpeMeHO KOHBeKCHa H 
KOHKaBHa. 

Peute1beo ,[(oKa)KHMO ,ZJ,a je l(x) = CT X+ a HCTOBpeMeHO KOHBeKCHa H 
KOHKaBHa cpyHKIJ.Hja. 3a npOH3BO.JI,He X, y E [Rn H A E (0, 1) Ba)J(H 

I ( A.x + (1 - A )y) = c T ( A.x + (1- A )y) + a = A.c T x + (1- A )c T y + a 

= A.(cT x +a)+ (1- A.)(cTy +a). 

TJ. I(A.x + (1- A)y) = A.l(x) + (1- A.)l(y), IIITO 3Ha'IH .na je I HCTOBpeMeHO 
KOHBeKCHa II KOHKaBHa cpyHKU.Hja. 06pHyTO, aKO je cpyHKIJ.Hja f IR.n ~[R H 
KOHBeKCHa H KOHKaBHa, 3a IIpOH3BOlliHe X, y E [Rn H A E [0,1) Ba)J(H 
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f(A.x + (1- A.)y) = A.f(x) + (1- A.)f(y). To 3Ha~H )J.a je f a!l>HHa, Tj. MO)l(e )J.a ce 
npe)J.CTaBH y o6rrmcy 

f(x)=c1x1 +c2x2 +···+cnxn +cn+I =cTx+a, 

r)J.ejec=[ci c2 ... Cn]TH a=cn+I· 

1.2.4. HeKa cy li>YHKUHje J;, / 2 , • • ·, fk KOHBeKcHe y IR n. ,ll;OKa3aTH )J.a cy 

KOHBeKCHe H li>YHKUHje: 

a) f(x) = max{J; (x),/2 (x),. · ·,fk (x)}, 

k 

6) f(x) = IaJ;(x), a;> 0. 
i=l 

Peutelbe. a) 3a npoH3BO.JbHe x, y E IR.n H A. E [0, 1] Ba)l(H 

J;(A,x + (1- A.)y) ~ A,J;(x) + (1- A,)J;(y) ~ J..,maxJ;(x) + (1- A,)maxJ;(y) 
]$i$k ]$i$k 

= J..,f(x) + (1- A,)f(y), i = 1, 2, .. . ,k, 

naje H f(J..,x + (1- A.)y) = maxJ;(A,x + (1- l)y) ~ A,f(x) + (1- A,)f(y). 
]$i$k 

6) 36or KOHBeKCHOCTII li>YHKUHja ji H II03HTIIBHOCTH lXi, 3a CBaKO i = 1, 
2, ... , k Ba)lm 

CyMHpaineM ce )J.06Hja 
k . k k 

f(A,x+(l-A.)y) = IaJ;(Ax+ (1-A.)y) $ A.IaJ;(x)+ (1- A.)LaJ;(y) 
i=] i=] i=] 

= A.f(x) + (1- l)f(y). 

1.2.5. HeKa cy li>YHKUHje h• J;,- · ·, h KOHKaBHe y !R.n. )l;oKa3aTH )J.a cy KOH­

KaBHe H li>YHKUHje: 

a) f(x) = min{J; (x), / 2 (x), · · ·, fk (x)}, 

k 

6) f(x) = IaJ;-(x), a; > 0. 
i=I 
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1.2.6. HeKa cy ,UaTe IPYHKnHje f IRn~ IR H g: IR ~ 1R H HeKa je h: IRn~ IR, 
h(x) = g(f{x)) H>HXOBa KOMII03HnHja. ,[(OKa3aTH: 

a) AKo je j KOHBeKCHa H g Heorra.uajyna KOHBeKcHa «l>YHKnHja, «l>YHKnHja 
h je KOHBeKCHa. 

6) AKo je j KOHKaBHa H g Hepaczyna KOHBeKCHa «l>YHKnHja, «l>YHKnHja h 
Je KOHBeKCHa. 

B) AKO je j KOHBeKCHa If g Hepaczyna KOHKaBHa «l>YHKnHja, «l>YHKnHja h 
J e KOHKaBHa. 

r) AKO je j KOHKaBHa H g Heorra.uajyna KOHKaBHa «l>YHKnHja, «l>YHKnHja h 
Je KOHKaBHa. 

Peutefbe. C o63HpOM Ha TO ,n;a ce ,UOKa3H TBpljelba pa3nHKyjy CaMO y H36opy 
IIOTpe6HHX Heje,r:t;HaKOCTH, OB,Ue ne 6HTH ,ll;OKa3aHO CaMO IIpBO. 

a) HeKa cy x, y E IR.n H A E [0, 1] rrpoH3BOJbHH. 36or KOHBeKCHOCTH 
«l>YHKnHje j Ba)l{lf 

j(..tx + (1- A)y) ~ ..tj(x) + (1- ..t)j(y) , 

a 360r MOHOTOHOCTH If KOHBeKCHOCTH «l>YHKnHje g: 

g(j(..tx + (1- A)y)) ~ g(..tj(x) + (1- ..t)j(y)) ~ ..tg(f(x)) + (1- A )g(f(y)). 

0BO KOHa~HO ,Uaje Heje,UHaKOCT 

h(..tx + (1- A)y) ~ ..th(x) + (1- ..t)h(y) , 

Koja 36or rrpoH3BOJbHOCTH x, y E IRn H A E [0, 1] rrornpljyje KOHBeKcHOCT 
«l>YHKnHje h. 

1.2.7. HeKa je «l>YHKnHja g KOHKaBHa y IR.n H f(x) = - 1
-. ,[(oKa3aTH ,n;a je 

g(x) 

.PYHKnHja f KOHBeKcHa Ha ceyrry S = {x E IRn I g(x) > 0}. 

Peute1-be. <l>yHKnHja If/: IR+ ~ IR, 'l'(t) =!, je ,r:t;H.pepeHnHja6HnHa HaIR+ H 
t ' 

Ba:>~m: 

'I'' (t) = -~ < 0, 
t 

'l'"(t) = ~ > 0, t > 0. 
t 

IIpeMa ToMe, If/ je Hepaczyha KOHBeKcHa «l>YHKnHja. KaKo je j{x) = lf/(g(x)), a 
«l>YHKnHja g KOHKaBHa, rrpeMa TBpljeH>y 3a,r:t;aTKa 1.2.6.6), «l>YHKnHja j je 
KOHBeKcHa Ha ceyrry S. 
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1.2.8. AKo cy li>YHKIJ;Hje fj, J2, ... , fm KOHBeKCHe, ,li,OKa3aTH ,[l,a je KOHBeKcaH 

CJCYIT 
S= {xEIRnl /;{x)sO, j= 1,2, ... ,m}. 

PeUle1-be. 3a npoH3BOJbHe x, y E S H A E [0, 1] Ba:>I<H 

fj(A.x + (1- A)y) s Ajj (x) + (1- A)~.(y) s 0, j = 1,2,· · ·,m, 

IIITO 3Ha'IH ,[l,a je AX+ (1- A)Y E S. 

1.2.9. HeKa je j KOHBeKCHa li>YHKIJ;Hja y IR.n. ,[(OKa3aTH ,ll,a je CKYIT CBHX cy6-

rpa,li,HjeHaTa li>YHKIJ;Hje j y ,[l,aTOj Ta'IKH KOHBeKCaH ceyn. 

PeUle1-be. TipeTnocTaBHMO ,[l,a cy ~~ H ~2 npoH3BOJbHH cy6rpa,li,HjeHTH 

li>YHKIJ;Hje f y Ta'IKH a H ~ = A.~1 + (1 -A.)~, AE[0,1], lhHXOBa npoH3BOJbHa 

KOHBeKCHa KOM6HHaiJ;Hja. llpeMa ,[(e!l>HHHIJ;HjH 14, 3a CBaKO X E IR. n 3a,[I,OBOJbeHe 

cy HeJe,li,HaKOCTH 

j(x) 2:f(a) + ~1T(x- a) H f(x) 2:f(a) + ~l(x- a). 
3aTO je 

~T(x- a)= ( A.~ 1 + (1 - A.)~2)T(x- a)= A. ~IT(x- a)+ (1- A.)~ T(x- a) 

$ A.(f(x)- j(a)) +(1-A.)(j(x)- j(a)) = j(x)-j(a), 

TJ. j{x) 2: j{a) + ~T(X - a), ITITO 3Ha'IH ,[l,a je H ~ cy6rpa,li,HjeHT li>YHKIJ;Hje j y 

Ta'IKH a. 

1.2.10. O,ll,pe,li,HTH cy6rpa,li,HjeHT li>YHKIJ;Hje 

{ 
4- X, 1 S X S 4, 

f(x)= 4-(x-2) 2 , x<1 HnH x>4 

y npoH3BOJbHoj Ta'IKH x E IR. 

PeUle1-be. <l>yHKIJ;Hja f je KOH­

KaBHa H ,li,H!l>epeHIJ;Hja6HJIHa Ha 

CBaKOM 0,[1, HHTepBana (-oo, 1), (1, 
4) H (4, oo) (CnHKa 1.2.8.). 3aTO cy 

lheHH cy6rpa,li,HjeHTH y Ta'IKaMa 

yeyTap THX HHTepBana Je,li,HaKH 

rpa,li,HjeHTHMa, Tj. Vj(x) =- e1 3a x 
E (1, 4) H Vj{x) = -2(x- 2) e1 3a 

X E (-oo, 1 )U( 4, oo ). Y Ta'IK&Ma X = 1 
H X = 4 cy6rpa,li,HjeHT li>YHKIJ;Hje j . . . 
HHJe Je,li,HHCTBeH, Jep y lhHMa HMa 

CnHKa 1.2.8. Cy6rpa,li,HjeHT Kao 

KOHBeKcHa KOM6HHau;Hja rpa,li,HjeHaTa 
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6eCKOHa"IJ:HO MHOrO IIOTIIOpHH:X XHIIeppaBHH CKyna. hyp f CKyii cy6rp~HjeHaTa 
<PYHKIWje j npe.[{CTaB.Jha CKyii KOHBeKCHHX KOM6HHaiJ,Hja rp~HjeHaTa <PYHKIJ,Hja 

2 . 
fi(x) = 4 -X H h(x) = 4- (X- 2) y THM Ta"l!KaMa. TaKO, IIpOH3BO.JhaH cy6:.. 
rpa.[{HjeHT <PYHKIJ,Hje f y Ta"IJ:KH X= 1 je 

SI =A Vfi(l) + (1- A) Vh(l) =A (-e1) + (1- A) 2e1= (2 -3A) e1, 

a y Ta"l!KH x = 4 je 

s2 =A Vfi(4) + (1- A) Vh(4) =A (-e1)+(1 -A.)( --4 e1) = (3A.- 4) e1, 

r,[{e je A E [0, 1 ]. 

1.2.11. 0.[{pe.[{HTH rpa.[{HjeHTe HTIH cy6rpa.[{HjeHTe cne,[{etmx <PYHKIJ,Hja: 

a) f(x)=x 10 +5x5 -1, 

6) f(x) =I xI, 

B) f(xl>x2)=(x1-xi)exlxz, 

r) f(xpx2) = ~x: +xi, 

.z:.) f(x1 ,x2,x3 ) = x1
2 + 4xi + 9xi. 

Peme1be. Ca Vf(x) 03Ha"IJ:HneMo rpa.[{HjeHT <PYHKIJ,Hje f y Ta"IJ:KH x aKo OH 
IIOCTOjH, a ca S(X) cy6rp~HjeHT <PYHKIJ,Hje y Ta"l!KH X, aKO rp~HjeHT He IIOCTOjH. 

a) Vf(x) = (l0x9 + 25x4
) e1• 

6) Vf(x)= P ' { 
e x > 0 

-e1, x<O, 

r) Vf(xPx2) = [~ 2xl 2 
xl +x2 

(0, 0) IIOCTOjH CaMO cy6rpa.[{HjeHT 

s(O) =A CJ-(1-A) el = (2A-1) CJ, A E [0, 1]. 

~ 
2
X

2 
2 

]T , (XI, X2) 'f:. (0, 0), ,[{OK y Ta"l!KH 
xl +x2 

sco, o) = [2A- 1 2p- 1JT, ;., f.l E ro, 11. 



99 

1.2.12. HeKa je S c !Rn KOHBeKcaH cKyrr H f S - IR ,lJ,H<PepeHu,Hja6HnHa 
<l>YHKIJ,Hja. <l>yHKIJ,Hja j je KOHBeKCHa aKO H CaMO aKO 3a CBaKO X, y E S Ba)l<H 
Heje,l],HaKOCT 

(Vf{y)- Vj{x))T (y- x) 2: 0. 
)lOKa3aTH. 

Peutefbe. HeKa je f KOHBeKcHa ,lJ,H<PepeHu,Hja6HnHa <l>YHKIJ,Hja H HeKa cy 
x, y E S rrpoH3BOJbHH. Ta,ll,a, rrpeMa TeopeMH 7, Ba)Ke Heje,lJ,HaKocrH: 

f{x)-f{y) 2: VJCyl (x -y), j{y)-j{x) 2: Vj{x)T (y- x). 

!hHXOBHM ca6HpalbeM ,ll,06Hja Ce 

VJCyl (x- y) + Vj{x)r (y- x) :S 0, 

aje,ll,HOCTaBHOM TpaHc<PopMaiJ,HjOM H Tpa)KeHa Heje,l],HaKOCT. 
Q6pHyTO, HeKa je Heje,l],HaKOCT 

(Vj{y)- Vj{x))T (y- x) 2: 0 

3a,l],OBOJbeHa 3a CBaKO X, y E S H HeKa cy a, X E S rrpOH3BOJbHH. Pa3BOjeM 
<PYHKU.Hje f no TejnopoBoj <PopMynH y oKonHHH Ta"IJKe a ,ll,06Hja ce 

j{x) = j{a) + Vj{c)r (x-a), 

r,l],e Je c =a+ fJ(x- a), 0 < e < 1. IIpeMa rrperrrocraBJbeHoj Heje,lJ,HaKOCTH Ba)KH 

(Vj{c)- Vj{a))T (c- a) 2: 0, 

TJ., 

(Vf{c)- Vj{a)l (a+ fJ(x- a)- p) = fJ (Vj{c)- Vj{a))\x- a) 2:0. 

KaKO je e I103HTHBHO, HCnylbeHa je Heje,nHaKOCT 

Vj{c)r (x- a) 2: Vf{a)T (x- a), 
a THMeH 

j{x) = f{a) + Vj{c)T (x- a) 2: j{a) + Vj{a)r (x- a). 

36or rrpoH3BOJbHOCTH a, x E S, y cKna.ny ca TeopeMOM 7, <PYHKIJ,Hja f je KOH­
BeKcHa. 

1.2.13. llCITHTaTH KOHBeKCHOCT cne,l],ellHX <l>YHKU:Hja: 

a) f(xpx 2 ) = ~x12 +xi, 
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6) f(xpx 2 ) = 4x: + 9x~, 

B) j(XpX2) = }n(x1 + X2), X1 +X2 > 0. 

Peute1-be. a) I'pa~HjeHT <PYHKIJ,Hje f(x) = f(xpx 2 ) = ~x12 + x~ y Tal:JKH 

x =(xi, xz) i- (0, 0) je~HaKje 

3a npOH3BOJbHO a= (ai, az) -j. (0, 0) ;H: npoH3BOJbHO X= (XI, Xz) Ba)I<:H: 

~x12 + x~ ~a12 +a~- (a1x1 + a2x2 ) 

- ~a~z +a~ 

TJ., j(x) ~ f(a) + Vf(a)T (x- a). llpeMa TeopeMH 7, <PYHKIJ,Hjaje KOHBeKcHa. 

6) I'p~HjeHT <PYHKIJ,Hje je Vf(x) = [8xi 18xz] T. 3a npoH3BOJbHe x, y E IR2 

(Vf(y)- Vf(x))\y- x) = [8(y1 --: x1) 18(y2 - x2 )] [y1
- x1

] 

Yz -Xz 

= 8(y1 - x1)
2 + 18(y2 - x2l ~ 0, 

IIITO 3Hal:JH ~a je <PYHKIJ,Hja KOHBeKCHa (BH~eTH 3~aTaK 1.2.12.) 
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T [ 1 1 1 1 ] [ Y1 - XI ] (Vf(y)- Vf(x)) (y- x) = 
~+~ ~+~ ~+~ ~+~ ~-~ 

= ( 1 - 1 J (yl - XI + y2 - xJ 
Y1 + Y2 xl + X2 

=- (yl- xl)2 + (y2- x2)2 :=::; 0. 

(yl + Y2)(x1 + x2) 

IIpeMa 3a,naTKY 1.2.12., ljJyHKJ.J,Hjaje KOHKaBHa. 

1.2.14. J1CITHTaTH KOHBeKCHOCT cne,nefl.HX ljJyHKJ.J,Hja: 

) !( ) ax1+bx2 b IR a x1 ,x2 = e + c, a, , c E , 

Peutel-be. a) IIapu.HjanHH H3BO,UH ljJyHKU.Hje f cy 

8f - beat.+bx2 8
2 
f - 2 axl+hx2 8

2 
f = abeax.+bx2 

- , 
2

-ae , , 
ax2 8xl 8xl8x2 

JDeH XecHjaH y npoH3BOJbHOj Ta~KH je,nHaK 

82! 82! 
--

ax2 axlax2 [ a2e~,.~,, abe~•'"•] [ a2 

H= I ax1+bx2 
82 f 82! = abe ax• +hx2 . b2 eax• +hx2 = e ab 

8xl8x2 8x2 
2 

= eax.+ x2H ab] , -
b2 ' 

H- --[a2 

ab]· -ConcrneHe Bpe.UHOCTH MaTpHU.e H .uo6Hjajy ce perna-
ab b2 

BaJDeM je.uHa~HHe det( fi - 11) = 0, Tj. 
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~ 2 2 
PemeJba cy ~ = 0 H A-2 = a + b . CorrcTBeHe Bpe.D.HOCTH MaTpn~e H cy Ta.n.a 

AI = 0 H A-2 = (a 2 + b2)eax,+hx2
• KaKo cy o6e corrcTBeHe Bpe.n.HOCTH HeHera:­

THBHe, MaTpnua H je rro3HTHBHO ceMw.n.eqnmwrna, a rrpeMa TeopeMH 8, <PYH~Hja 
f je KOHBeKcHa Ha IR2 3a rrpoH3BOJbHe Bpe.n.HocTH napaMeTapa a, bE IR. 

6) C 063HpOM Ha rrap~HjaJIHe H3BO)J.e <i>YHK~Hje j 

a2f = 2b ax2 , 
2 

xecnjaH je KOHCTaHTHa )J.HjarOHaJIHa MaTpH~a H = r~a 2~ ~]' 'lHje cy corr-

0 0 2c 

CTBeHe Bpe)J.HOCTH A]= 2a, ,h = 2b, AJ = 2c. no ycnoBy 3a)J.aTKa Ba)I(H a, b, c > 0, 
na cy COIICTBeHe Bpe)J.HOCTH II03HTHBHe, Tj. H je II03HTHHO .n.e<PHHHTHa MaT_PH~a. 
llpeMa TeopeMH 8, <PYHK~Hja f je cT_Poro KOHBeKcHa. 

1.2.15. KBa.n.parny <i>YH~Hjy f rrpe.n.cTaBHTH y TejnopoBoM o6nHey y oKonHHH 
Ta':IKe 0(0, 0) H HCIIHTaTH Theey KOHBeKCHOCT. 

2 1 2 a) f(xpx2)=x1 -x1x2 +-x2 +x1-5x2, 
2 

6) f(x1 ,x2) = 5- x1
2 

- 3x1x2- 5x~. 

Peute1be. a) Tiap~HjaJIHH H3BO.D.H <i>YH~Hjefcy: 

af af 82 J - = 2x1 - x2 + 1 , - = -x1 + x2 -1, --
2 

= 2 , ax1 ax2 ax1 

a rpa)J.HjeHT H XeCHjaH y IIpOH3BOJbHOj Ta':IKH 

mTo .n.aje TejnopoB o6nHK <PYHK~Hje 

a2J 

axlax2 

a2f 

ax~ 

=[ 2 -1] 
-1 1 ' 
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f(x)=f(O)+Vf(O)Tx+-xTH(O)x=[1 -5] 1 +-[x1 x2 ] 1 [x] 1 [ 2 -
2
1][xx12 ]· 2 x2 2 -1 

ConcTBeHe Bpe)l;HOCTH xecHjaHa cy AI = 1 H ... h = 3, na je H no3HTHBHO 
ue<l>HHHTHa MaTPHUa. ,lJ;aKne, <l>YHKUHja j je CTporo KOHBeKCHa. 

6) rpa)J;HjeHT H xecHjaH <l>YHKUHje j cy 

[ 
-2x -3x ] 

Vf(x) = -3x~~-10:2 ' H(x)= 
[
-2 
-3 

-3] 
-10 ' 

a TejnopoB o6nHK 

f(x) = /(0)+ Vf(O)T x+ -xTH(O)x = 5 + -[x1 xJ 1 1 [-2 
2 2 -3 

KaKo cy o6e concTBeHe Bpe)l;HOCTH xecHjaHa AI= -1 H AI = -11 HeraTHBHe, H 
je HeraTHBHO )l;e<l>HHHTHa MaTpHUa, a <l>YHKUHja j CTporo KOHKaBHa. 

1.2.16. ,lJ;OKa3aTH KOHBeKCHOCT cne)l;ellHX CKYTIOBa: 

a) A={cxJ>xJEIR 2 Iex• ::s;x2 :::;-x~ +x1 +6}, 

6) B={(xpx2)EIR 2 IIx1-2l-4:::;x2 ::s;2lnx1}, 

B) C={(x1,x2 )EIR 2 14x1-11X2 :::;2;rr, x2 :::;sin2xparctanx1 +x2 20,x1 20}, 

r) D = {cxl>x2,x3) E IR 3 I ex.+x2 -10:::; x3 :::; 5- X~- 3xlx2- 5xn. 

Peute1be. a) CKyn A MO)Ke )l;a·ce npe)l;CTaBH y o6nHKY 

A = {c XI' x2) E IR 
2 

I x2 2 ex• } n {c XI 'x2) E IR 
2 .I x2 s -X~ + X+ 6} = epi f n hyp g ' 

r)l;e cy <l>YHKUHje f: IR~IR H g: IR~IR )l;eqmHHcaHe pecneKTHBHO ca f(x1 ) = ex• 

H g(x1) = -X1
2 + X 1 + 6. JlaKO je )l;OKa3aTH )];a je j KOHBeKCHa, a g KOHKaBHa 

<l>YHKUHja, na cy, npeMa TeopeMH 6, epif H hyp g KOHBeKCHH ceynoBH. Kao 
npeceK KOHBeKCHHX CKYTIOBa, H A je KOHBeKCaH CKYTI (CnHKa 1.2.16, neBO). 

6) AKo ce cKyn B npe)l;CTaBH y o6nHey 

B = epijn epi g n hyp h, 

t)J;e cy 
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Ta.z:t:a II3 KOHBeKCHOCTII «l>YHK~IIja j II g II KOH,KaBHOCTII «l>YH~IIje h cne.z:t:II 
KOHBeKCHOCT O.z:t:roBapajytiHx CKYIIOBa, a TIIMe II lbiiXOBOr rrpeceKa (CniiKa 1.2.16, 
cpe.z:t:IIHa). 

B) Ceyn C je KOHBeKCaH KaO rrpeceK KOHBeKCHIIX CKyiiOBa 

c = epijn hypg n epi h n HI n H2, 

r.z:t:e Je j(XI) = ( 4XI - 27r)/rr: KOHBeKCHa «l>YHK~IIja, h(XI) = -arctan XI «l>YHK~IIja 
KOHBeKcHa 3a x1 ~ 0, g(x1) = sin 2x1 KOHKaBHa 3a 0 ~ x1 ~ 7r, a H1 II H2 
rronyrrpocTOpii H1 = {xi E IR I XI~ 0} II H2 = {xi E IR I XI~ 7r} (CniiKa 1.2.16, 
.z:t:eCHO). 

CmiKa 1.2.16. 

r) CKyrr je KOHBeKcaH Kao rrpeceK KOHBeKCHIIX ceyrroBa D = epijn hyp g, 

r.z:t:e je j(XpX2) = ex1+x2 -10 KOHBeKCHa, a g(XpX2) = 5- X:- 3XIX2- 5x; 
KOHKaBHa «l>YHK~IIja (BII.z:t:eTII 3a.z:t:aTaK 1.2.14. II 3a.z:t:aTaK 1.2.15) 

1.2.17. HeKajef [O,+oo) --7IR HerrpeKII.z:t:Ha Heorra.z:t:ajyha «l>YHK~IIja II 
X 

F(x) = jJ(t) dt. 
0 

~OKa3aTII .z:t:a je F KOHBeKcHa «l>YH~IIja. 

Peutelbe. KaKo je F'(x) = ~ (ft(t) dt) = f(x), ro je 36or MOHOTOHocm 

«l>YHK~IIje j 3a CBaKO X, y E [O,+oo) IICIIYibeHa Heje.z:t:HaKOCT 

(P(y)- P(x))(y- x) = (f(y)- f(x))(y- x) ~ 0. 

llpeMa TBpljelhy .IJ:OKa3aHoM y 3a.z:t:aTKy 1.2.12, «l>YH~IIja F je KOHBeKcHa. 



1.3. 0nTUMU3a.QUje U KOHBCKCHe filyHK.QUje 

1.3.1. PeiiiMTH MHHHMH3~HOHH rrpo6rreM 

min (x1 - 4)2 + (x2 - 3)2, 

x1
2 -2x2 s 0, 

x1 + x2 s 4, 

x1,x2 ~ 0. 
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PeUte1-be. <l>yHKUHja f{xi, xz) = (xi- 4i + (xz - 3)
2 

je KOHBeKcHa, a o6-
rracT .uorrycTHBHX pemelha s .uaTa Ha CJJHUH 1.3.1 je KOHBeKCaH cKyrr. rpa­
,UHjeHT <}>yHKUHje UH.Jba, Tj. BeKTOp rrpaaua Haj6p)l{er pacTa <}>yHKUHje 
Vf{xi, xz) = [2(xi - 4) 2(xz - 3)]T opToroHanaH je Ha HHBO-JIHHHje. Y Ta'IKH 
A(2, 2) Ca BeKTOpOM IIOJIO)I{aja XA = (2 2]T OH HMa Bpe,UHOCT 
Vf{xA) = Vj{2, 2) = [--4 -2t KaKo je 3a caaKo xES HcrrylheHa Heje.uHaKocT 

Vf(xA)T (x- xA) = [-4 - 2] [x
1

-
2

] = -4x1 - 2x2 + 12 ~ 0, 
x2 -2 

rrpeMa TeopeMH 10, TaYJKa A(2, 2) je Ta'IKa y Kojoj ce .uocTH)I{e OIITHMaJJHO 

pemelhe !min= 5. 

CrrHKa 1.3.1. CrrHKa 1.3.2. 

1.3.2. ,ll.aTaje <}>yHKUHja f(xpx 2 ) = x~ + x~- 6x2 +10. O.upe.UHTH minf(xpx2), 
XES 

rrpH YJeMy je S KOHBeKCHH OMOTa'I Ta'IaKa A(1, 0), B(O, 1), C(-1,0) H D(O, -1). 

PeUte1-be. HHBO-JIHHHje KOHBeKCHe <l>YHKUHje UH.Jba f H cKyrr .uorrycrnBHX 
pemeJha S, TaKol)e KOHBeKCaH, OIIHCaH Heje,UHa'IHHaMa XI+ X2 :5 1, -X1 + x2 :5 1, 
-XI- Xz :5-1, X)- Xz :5 1, rrpHKa3aHH cy Ha CrrHUH 1.3.2. rpa.uHjeHT <l>YHKUHje f 
y Ta'IKH A(O, 1) je 

Vf(xp x2 Hxl,x2):..(0,l) = [2xJ 2(x2 - 3)]T I (xl>x2)=(0,1) = [0 - 4]T . 

Ta TaYJKa 3a,UoBoJbaBa ycrroB 
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3a cBaKo xES, rraje pernelbe rrpo6rreMa fm;n= j(O, 1) = 5. 

1.3.3. PernHTH crre.n:ene MHHHMH3aUHOHe rrpo6rreMe: 

a) min x/+ (x2 +1i 6) min XI
2 + xl 

2 2 4 x1 + x2 ~ , 

x1 -1 ;:::x;, 

x1 -1 ;:::-2x2 • 

B) min (XI - 5) 2 + xl 

x1
2 + x; ~ 4, 

2 2 2 x1 + x2 ~ x1, 

x1 + x; ~2. 
i 

//_,....,.-~+--- ---.... , 
', 

B) 

r) 

CrrnKa 1.3 .3. 

PeUle1be. a) /min= 2 3a (xi, x2) = (2, 0); 

x1
2 + x; ~ 4, 

2 x1 ;:::x2 , 

x1 -1;:::-2x2 , 

x1 -2 ~-2x2 • 

• 2 2 
mm XI +x2 

x1x2 ;::: 1, 

x,;::: 0, 

x2 ;::: 0. 

6) /min={ 16- 9.J3)12 3a (XI, X2) = {2- .J3, ( J3 -1) /2 ); 
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B) fmin = 9 3a (XI, X2) = (2, 0); r) fmin = 2 3a (XI, X2) = (1, 1). 

CJ<YTIOBM .uonycrnBMX perneH>a, HMBO-nMHMje IJ,M.JhHMX <ilYHKIJ,Mja H rpa,nMjeHTM 
UM.JhHMX <ilYHKU.Mja y onTMManHMM TaLJKaMa npe.ucTaB.JheHM cy Ha CnMIJ,M 1.3.3. 

1.3.4. PelliMTII MMHMMM3aiJ,MOHM npo6neM 

Peute1-be. <l>yHKIJ,Mja IJ,M.Jha j(XpX2 ) = e-(xt+x2
) je KOHBeKCHa, H>eHe HMBO­

ilMHMje e-(xt+x2
) = c cy npaae o6nMKa x1 + x2 =-Inc, c > 0, a rpa.uMjeHT 

Vf{xi, x2) = e-(xt+X2
) [-1 -l]T je aeKTop KOHCTaHTHor npasu.a (CnMKa 1.3.4.). 11:3 

rpa4lMLJKOr npMKa3a CKJTia )l.OTIYCTMBMX perneH>a S BM)l.M ce )l.a CBOjy MMHMManHy 
Bpe)l.HOCT Ha S <ilYHKIJ,Mja f )l.OCTM)I{e y OHOj TaLJKM A y KOjoj rpaHMLJHa KpHBa 

ext + ex2 = 20, MilM, y ,ll.pyroM o6nMKJ, X2 = In(20- ext) )l.O,ll.Mpyje HeKy HMBO­

CnuKa 1.3 .4. 

ilMHMjy X2 = -X1 -Inc. ll3 ycnoBa )l.O,ll.Hpa 
. . 

3aK.Jh YLJYJ e ce .ua J e 

d ( ) ext - In(20- ext) = = -1 
dxl 20-ext ' 

TJ. x1 = In10. ll3 ycnoaa .ua TaLJKa A 

llpHna)l.a KpMBOj X 2 = In(20- ext) )l.06Mja 

ce x2 = In10. ,[(aKne, XA = [In 10 In 10]T 

M VfCxA) = [-11100 -1/100( KaKo 3a 
CBaKO X E S Ba:>I<M 

V'f(xA)T(x-xA)=-1010[11][x1 :_In10] = _1_(ln100-xl -x2);::: 0, 
x2 -In10 100 

TaLJKa A(ln 10, In 10) je TaLJKa y Kojoj ce .uocru)l{e fmin = 0.01. 

1.3.5. O.upe.uMTM minf(x) H maxf(x) aKo je 
XES XES 

a) f{x) = j(x~, x2) = x/ + 4xl- 30xi -72x2 + 549, 
S: 4XI + X2 ~ 12, XI+ 2x2 ~ 12, XI+ X2 ~ 12; 

6) f{x) = j(x~, x2) = 2x/ - 16xi - x2 + 40, 
S: XI + 2x2 ~ 12, XI + X2 ~ 9, XI ~ 0, X2 ~ 0. 
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Peutelbe. a) Ceyrr ,ll;Orrycnm:ux pemelha S je KOHBeKcaH, Kao :u 4>YHKIJ,Hja 

j{x) = j{x1, X2) = X1
2 + 4xl- 30xl -72x2 + 549·= (XI -15i + 4(xz- 9i, 

a lbeH rpa,ll;:ujeHT je Vf{x) = Vj{x1, x2) = [2(xi- 15) 4(x2 - 9)f. Ih rpa!l>w:IKor 
rrpHKa3a 4>YHKIJ,Hjef, lbeHor rpa,ll;:ujeHTa Vf :u cKyrra S (Crr:uKa 1.3.5.a) BH,ll;H ce 
,ll;a HajMalby Bpe,ll;HOCT Ha ceyrry S 4>YHKIJ,Hja f ,ll;OCTH)Ke y Ta':IKH ,ll;O,ll;Hpa M HeKe 
CBOje HlfBO-llHHHje H npaBe X] + x2 ==12. Y TOj Ta"LIKH je TaHreHTa HHBO-llHHHje 

(x1 - 15i + 4(x2 - 9i = c yrrpaBo rrpaBa XI + xz =12. PemaBalbeM c:ucreMa 
je}J;Ha':l:uHa 

2x1 -30 =-1 
8~2 -72 ' 

X1 + X2 = .12, 

}J;06:ujajy ce Koop,ll;HHare Ta':IKe M(5.4, 6.6). JacHo je }J;a je 3a cBaKo x E S 
HCIIylbeHa Hje,ll;HaKOCT 

VfCxM)r(x- XM) = -19.2 (x1 + X2- 12) 2: 0, 

rra je pemelhe MHHHMH3au,:uoHor rrpo6rreMa /min= 115.2 3a (x1, xz) = (5.4, 6.6). 
MaKCHMaJIHy Bpe,ll;HOCT Ha cKyrry S 4>YHKIJ,Hja f, rrpeMa TeopeM:u 12, ,ll;OCTH)Ke y 
HeKoj O,ll; eKcrpeMHHX Ta':laKa. YrropeljMBalbeM Bpe,ll;HOCTH li>YHKIJ,Hje y THM 

j{xA) = 261, f{xs) = 333, f{xc) = 236.02, 

3aKJbY':IYJe ce ,ll;a Je pemelbe MaKCHMH3aiJ,HOHor rrpo6rreMa !max = 333 3a 
(XI, X2) = (12, 0). 

6) 

CrrMKa 1.3.5. 

6) f{XJ, X2) = 2xJ
2 

-16xl -X2 + 40 = 2(XI- 4i -X2 + 8 (Crr:uKa 1.3.5.6), 
/min= 3.96875 3a (XI, X2) = (3.875, 4.0625), 

/max= 58 3a (xi, X2) = (9, 0). 
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1.3.6. ,[J;araje QJYHKU.Mja f(x) = f(xpx 2 ) = x: + x1x2 +xi. PeiiiMTM MaKCMMM-

3au.MoHM rrpo6neM maxf(x), r.ne je CKYII S 3MaT Heje.nHaKOCTMMa 
XES 

a) -3xi - 2x2 + 6:::; 0, -XI + 2x2- 3 :::; 0, 2x1 - x2- 4:::; 0; 

6) -3XI- 2X2 + 6 :S 0, -XI + 2x2- 3 :S 0, 4(XI- 2)
2 

+ 4(X2- 3) :S 25; 

B) -3XI- 2x2 + 6 :S 0, -XI+ X2- 3 :S 0, 4(XI- 2)
2 

+ (2X2- 5) :S 25. 

Peute1-be. <l>yHKU.Mja U.MJba f{xJ, x2) je KOHBeKcHa a CKYIIOBM .norrycTMBMX 
peiiieiDa cy KOHBeKCHM, 3aTBOpeHM M orpaHMqeHM. rpa.nMjeHT QJYHKIJ.Mje jje 

Vj{x~, x2) = [2xi + x2 XI+ 2x2]r. 

IIpeMa TeopeMM 12, onTMManHa peiiieiDa 3a.narMx MaKCMMM3aiJ.MOHMX npo6rreMa 
ce Jl:OCTM)l{)' y eKcrpeMHMM Ta"IJKaMa. 

a) CKyn .nonycrMBMX peiiieiDa (CrrMKa 1.3.6.a) MMa 3 eKcrpeMHe raqKe: 

A(3/4, 15/8), y npeceKy npaBMX -3xi - 2x2 + 6 = 0 M -XI + 2x2- 3 = 0, 

B(ll/3, 10/3), y rrpeceKY npaBMX -XI + 2x2- 3 = 0 M 2x1 - x2- 4 = 0 M 

C(2, 0), y rrpeceKY rrpasHx -3xi - 2x2 + 6 = 0 M 2x1 - x2 - 4 = 0. Yrro­

pe~MBaiDeM Bpe.UHOCTM QJYHKU.Mje y TMM raqKaMa 3aKJby-qyje ce .na QJYHKU.Mja 
Jl:OCTM)I(e MaKCMMaJIHY :Bpe.UHOCT /max= 36.7778 y raqKM (XI, X2) = (11/3, 10/3). 

6) EKcrpeMHe ra"IJKe CKYITa .uonycTMBMX peiiieiDa cy A(3/4, 15/8), Koja ce 

HaJia3M y npeceKy npaBMX -3x1 - 2x2 + 6 = 0 M -x1 + 2x2 - 3 = 0, aJIM M CBe 
ra"IJKe nyKa Kpy)I(HMU.e 4(x1- 2i + 4(x2- 3)2 

= 25 M3Me~y raqaKa B(4.4, 3.7), 

Koja ce Hana3M y IDeHOM rrpeceKY ca rrpaBOM -XI + 2x2 - 3 = 0, M 
C(l.6503, 0.5246), y rrpeceKy ca npaBOM -3x1 - 2x2 - 6 = 0. 36or 6ecKOHa"'IHor 

6poja eKCTpeMHMX raqaKa, ynope~MBaiDe Bpe.UHOCTM QJYHKIJ.Mje HMje Moryhe. 113 
rpaQJM"'IKor rrpHKa3a HMBO-nMHMja M rpa.nHjeHTa ilJYHKIJ.Mje jH CKYITa ,norrycrMBMX 

peiiieiDa S (CJIMKa 1.3.6.6), BHJl:M ce .na MaKCMMaJIHY Bpe.UHOCT Ha S QJYHKU.Mja j. 
Jl:OCTM)I(e y ra"'IKM B, rj. /max= 49.33 3a (xi, x2) = (4.4, 3.7). 

6) 

CrrMKa 1.3.6. 
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B) MaKCHManH)' Bpe)J.HOCT HaS cpyHKl.l~a f )J.OCTH:>Ke y Ta"IJKH M Koja je 
Ta"I!Ka )J.O)J.Hpa HeKe IneHe HHBO-JIHHHje XI + XI x 2 + x/ = C H Kpy:>KHHI.~e 

2 2 . . 
4(xi - 2) + (2x2- 5) = 25. l-h ycnoBa )J.O)J.Hpa, npe.ncTaB.JbeHor Je.nHa"IJHHOM 

8(x1 - 2) 

2(2x2 - 5) 

H ycnoBa )J.a M(XJ, X2) ne:>KH Ha Kpy:>KHH:UH, )J.06Hjajy ce IneHe KOOp)J.HHaTe 
(XI,X2) = (3.72, 4.31), a /max= 48.5 (CnHKa 1.3.6.B). 

1.3.7. 0)J.pe)J.HTH )J.HMeH3Hje npaBoyraOHHKa MaKCHManHe noBpiiiHHe KOjH HMa 
o6HM2m. 

PeuteHJe. AKo ce ca x 1 H x2 03Ha"IJe C1paHH:Ue npaBoyraoHHKa, npo6neM 
MO:>Ke .na ce npe.ncTaBH y cne.nehoj <)JopMH: -

max X1X2 

XI+ X2 = 1, 
XI, X22':. 0. 

lh npBor ycnoBa orpaHH"Ileina MO:>Ke .na ce H3pa3H x2 = 1 - XI H 3aMeHH y 
cpyHK:UHjH :UH.Jba f{XJ,X2) = XIX2, na OHa )J.06Hja 06JIHK g(XI) = XI(1 - XI)· 

MaKcHManHa Bpe)J.HOCT gmax = 0.25 )J.OCTH:>Ke ce 3a xi= 0.5, Tj. /max= 0.25 3a 
X1= 0.5, x2= 0.5 . 

1.3.8. Ha pacnonarainy cy .nae BpcTe MynTHBHTaMHHCKHX Ta6nem, "I!Hja je :ueHa 
300 H 400 HOB"IlaHHX je)J.HHH:Ua pecneKTHBHO. Ta6neTa npBe BpCTe Ca)J.p:>KH no 2 
je,nHHH:Ue BHTaMHHa A H C H 8 je)J.HHH:Ua BHTaMHHa D, a Ta6neTa .npyre BpcTe 3 
·je)J.HHH:Ue BHTaMHHa A H no 2 je)J.HHH:Ue BHTaMHHa C H D. llpHMeHOM TepanHje 
Tpe6a o6e36e)J.HTH HajMaine 36 je)J.HHH:Ua BHTaMHHa A, 28 je)J.HHH:Ua BHTaMHHa C 
H 32 je)J.HHH:Ue BHTaMHHa D. O.npe)J.HTH KOM6HHa:UHjy Ta6neTa Koja o6e36e~yj~ 
nOTpefiaH YHOC BHTaMHHa ca MHHHMallHOM :UeHOM. 

PeuteHJe. HeKa XI H x2 npe.ncTaB.Jbajy 6poj Ta6neTa npBe H .npyre BpcTe) 
KOMfiHHa:UHjH. flpo6neM OIITHMH3a:uHje KOjH Tpefia peiiiHTH je: 

min 300x1 + 400x2 , 

2x1 + 3x2 ~ 36, 

2x1 + 2x2 ~ 28, 

8x1 + 2x2 ~ 32, 

XI, X2 E ~o. 



111 

]oiiiTO je <PYHK.Unja U.HJba f(xpx2 ) = 300x1 + 400x2 mmeapHa, lheH rpa)l;njeHT 

e KOHCTaHTaH BeKTop Vj{x1, x2) = [300 400]T. CKyrr )l;onycTHBHX pernelha S, 
mBo-nnHnje <PYHKUHje IJ.HJba f 11 lheH rpa)l;njeHT Vf rrpnKa3aHn cy Ha Cnnun 
lJ.8. llpBa Tal.J:Ka CKyna S Ha Kojy HaHna3e HHBO-ITHHHje <PYHKIJ.Hje j je Tal.J:Ka 

4(6, 8) y npeceKy rrpaBHX 2xt + 3X2 = 36 II 2xt + 2X2 = 28. 3a npOH3BOJbHY 

ra'IKY X= (XJ, X2) E S Ba)I(H Heje)l;HaKOCT 

. Vf(xA)\x- xA) = [300 400] [xi-
6

] = 300x1 + 400x2 - 5000 2. 0, 
X -8 2 

a Tal.J:Ka A HMa ueno6pojHe Koop)l;HHaTe, naje pernelhe 3a)l;aTKa x1 = 6, xz = 8. 
100 

CnnKa 1.3.8. CnnKa 1.3.9. 

1.3.9. Konn'IHHa nonynpoBO)l;HHKa Koja ce MO)I(e npoH3BeCTH y 3aBHCHOCTH O)l; 

D,Be KJbY'IHe KOMIIOHeHTe je )l;aTa H3pa30M q(x1 ,x2 ) = 4xi + 2x2 - 0.5X1
2

- 0.25x~. 
lJ;eHa IIO je)l;HHHUH Te)I(HHe npBe KOMIIOHeHTe je 80, a )];pyre 50 HOBl.J:aHHX 

je)l;HHH.Ua. 3a npoH3BO)l;lhy je Ha pacnonaralhy 4000 HOBl.J:aHHX je,lJ,HHH.Ua. 
0)l;pe)l;HTH OIITHMaiTaH IIpOH3BOJJ.HH IIITaH, Tj. MaKCHMaiTHY KOITH'IHHY 

IIOnyrrpOBO)l;HHKa 1Ip0H3Be)l;eey ca )l;aTHM 6yi,IeTOM. 

Peute1ve. <l>opMynau.nja 3a,rt.aTOr 3a)l;aTKa onTHMH3au.nje je 

max 4x1 + 2x2 - O.Sx~ - 0.25x~, 
80xi + 50x2 ~ 4000, 

XI ,X2 2. 0. 
YMeCTO max q MO)I(e ce, IIO,D, HCTHM orpaHHl.J:elhHMa, O)l;pe,D,HTH min g npH l.J:eMY 

je <PYHKUHja g(Xt, Xz) =- q(XJ, x2) = 0.5XJ
2 + 0.25xl- 4XJ - 2xz KOHBeKCHa. 

fpa,D,HjeHT ROBe <PYHKUHje U.HJba je 

Vg(x) = Vg(x1, x2) = [x1- 4 O.Sx2- 2]T, 

II 3a XA = [4 4)TE S Ba)I(H.Vg(XA) = 0. 3aTO 3a CBaKO X= (XJ, X2) E S Ba)I(H 

HeJ e)1.HaKOCT 
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Vg(xA)T (x- XA) ~0, 

na, KaKo je ceyn ,[(onycniBHX peme1na S KOHBeKcaH (CrrHKa 1.3.9), npeMa 
TeopeMH 10, pemelbe onTHMH3aiUIOHor npo6rreMa je qmax = - gmin = 12 3a 
X! =4, X2 =4. 

2. JII:IHEAPHO TIPOrP AMI:IP AILE 

2.1. ,[J:et)luuuQuja 3a~aTKa LP, npojeKQuja u nu«Jnuur 

2.1.1. ,l(aT je 3a.ZJ.aTaK mmeapHor nporpaMHpalba 
min 3xl- 4x2 + X3 

-x1 + 5x3 = 50, 
2x1 - 3x2 ~ 12, 

npH '!eMy Je 

a) X] ~ 4, X2 ~ 0, X3 ~ 0; 
6) X! ~ 0, X2 ~ -5, X3 ~ 0. 

IIpe.n.cTaBMTM 3a.ZJ.aTaK y cBaKoj o.n. KaHOHM'IKHX cpopMH (20) H (21 ). 

PeUleltJe. a) QMJ~>Ha cpyH:r<nMja je f{x) = cTx, r,[(e je c = [3 -4 1]T M 
X = [X! X2 X3]T. ,l(a fiH Ce .ZJ.OfiHJia KaHOHM'IKa cpopMa (20), llpBO orpaHH'Ielbe, 
KOje je )J.aTO je,[(HaKomhy, rpe6a npe,[(CTaBHTH y 06JlHKY ,[(Be Heje)J.HaKOCTM: 
-x1 + 5x3 :S 50 M XI- 5x3 :S 50, a ):(pyroM orpaHM'Ielby, .n.amM Heje.n.HaKomhy, 
rpe6a npoMeHMTH 3HaK: -2x1 + 3x2 :S 12. KaKo ,[(O,[(aTHO orpaHM'Ielbe x 1 ~ 4 
TIO.ZJ.pa3yMeBa HeHeraTMBHOCT npoMeH.JI,HBe X!, CHCTeM orpaHM'Ielba KOHalJHO 
,[(06Hja OfiJIHK 

-x1 + 5x3 :S 50, 
X! - 5X3 :S -50, 

-2xl + 3x2 :S -12, 
-X! :S-4, 

X!, X2, X3 ~ 0. 

3a.n.aTH 3a.ZJ.aTaK LP 3aTo MMa KaHOHH'IKY cpopMy 

min CTX, 

Ax:S b, x~ 0, 
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-1 0 5 50 

1 0 -5 -50 
A= b= 

-2 3 0 ' 12 

-1 0 0 -4 

3a KaHOHif'lKY <PopMy (21) rrorpe6Ho je HarrpaBHTH Jm<Pnmr rrpo6rreMa, Tj. cBa 

orpaiiwielba rrorra:mor 3a)J;aTKa, ,ll;aTa Heje)J;HaKOCTHMa, Tpe6a 3aMeHHTH 

je)J;HaKOCTHMa, y3 yBo~elbe HOBHX rrpoMeHJbHBHX. TaKo, ,ll;pyro orpaHHqeJbe ce 

3aMelhyje ca 2x1 - 3x2- X4 = 12, X4 ~ 0, a )J;O)J;aTHO orpaHHqeJbe XI ~ 4 ca 

XI - Xs = 4, Xs ~ 0. CHCTeM orpaHHqeJba Ca)J;a IIOCTaje 

-XI + 5X3 =50, 
2XI- 3X2 -X4 = 12, 

XI -Xs = 4, 
XI, X2, X3, X4, Xs ~ 0, 

a OIITHMH3aiJ,HOHH IIpo6rreM 
. T 

mm c1 XI, 

AI X] =b), X] ~ 0, 

l-1 0 5 0 

_u b, =l~J r,ll;eJe A 1 = ~ -3 0 -1 cl = 

0 0 0 

3 XI 

-4 x2 

1 ' xl = x3 

0 x4 

0 x5 

6) Y OBOM crryqajy )J;O)J;aTHO orpaHHqeJbe X2 ~ -5 He IIO,ll;pa3yMeBa 

HeHefaTHBHOCT IIpOMeHJbHBe X2, rra Ce MO)I(e CMaTpaTH )J;a X2 HHje O,ll;pe~eHOf 

3HaKa. Y TOM crryqajy tpe6a yBecru HOBe IIpOMeHJbHBe X2 = Xz'- X2", x 2', X2" ~ 0. 
Ha Taj HaqHH, CKYII )J;orrycTHBHX pelllelba orrHcaH je Heje)J;HaKOCTHMa 

-XI + 5X3 ~ 50, 
XI - 5X3 ~-50, 

-2x1 + 3x2'- 3x2" ~ -12, 
-x2' + x2" ~ 5, 

XI, X2', Xz", X3 ~ 0. 

MarpHqHH o6rrHK orrTHMH3aiJ,HoHor 3a,ll;aTKa je 
. T 

mm c2 x2, 

Az x2 ~ b2, x2 ~ 0, 
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-1 0 0 5 50 3 XI 

1 0 0 -5 -50 -4 x' 
A2= ' b2 = 

2 

-2 3 -3 0 -12 ' c2 = 4 ' x2 = X II 
2 

0 -1 1 0 5 1 x3 

):(a 6H ce )l;06HJia KaHOHWIKa <!JopMa (21), OCHM 11pOMeHJbHBHX x 2' H X2
11 KOje 

o6e36e~yjy ycrroBe HeHeraTHBHOCTH, YBO)l;e ce H npoMeHJbHBe X4 H Xs, KOje 

Heje.nHaKOCTH npeBO)l;e y je.nHaKOCTH. TaKo, CHCTeM orpaHnqeiDa nocTaje 

-XI + 5X3 =50, 
2xi- 3x2' + 3~2" - X4 = 12, 

- X2
1 + X2

11 + X5 = 5, 
XI, X2

1
, X2

11
, X3, X4, Xs 2: 0. 

MaTpHqHH o6rrHK onTHMH3aUHOHor 3a,ll;aTKa je: 
. T 

mm C3 X3, 

A3 XJ = b3, X3 2: 0, 

n b, ~r~n r -I 
0 0 5 0 

A 3 = ~ -3 3 0 -1 r.neJe CJ = 

-1 1 0 0 

3 XI 

-4 x' 2 

4 X II 
2 ' 

' x3 = 1 x3 

0 x4 
0 Xs 

2.1.2. Crre.nehe 3a,ll;aTKe JIHHeapHor nporpaMHpaiDa npe.ncTaBHTH y o6e 
KaHOHJiqKe <!JopMe: 

a) max XI - 2x2 + 3x3, 

XI + X2 + X3 :S 7, 
XI - X2 + X3 = -2, 

3xi + 2x3 = 5, 
X2- X3 2: 1, 

XI, X2 2: 0; 

6) min -2x1 + 5x2 - X3 + 6x4, 

4xi - 2x3 + X4 = 2, 
2XI + X2 + 4X3 - X4 2: 12, 

-3xi + 2x2 - 8x4 = -31, 
XI + X2 + X3 + X4 :S 12, 

XI, X32: 0, X4 ~ 0. 

Peutelbe. a) YMeCTO 3a,ll;aTor MaKcHMH3aUHOHor npo6rreMa, Moryhe je 
ITOCMaTpaTH MHHHMH3aUHOHH min -(XI - 2X2 + 3X3) 110)1; HCTHM orpaHHqeiDHMa. 

llonno npoMeHJbHBa X3 HHje orpaHHqeHor 3HaKa, yMecTo IDe ce yBo.ne HoBe 
npOMeHJbHBe X3

1
, X3

11 2: 0 Ha HaqHH X3 = X3
1 

- X3
11

• 0CHM TOra, )l;Ba orpaHHqeiDa -

je)l;HaKOCTH 3aMeiDyjy ce Heje,nHaKOCTHMa 
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a qeTBpTOM orpaHWielhy ce Melba 3HaK. TaKo, 3a~aTaK LP MO)Ke ~ace rrpe~cTaBH 
y KaHOHHqKOM o6nHey 

r~eje 

1 1 1 
1 -1 1 

AI= 3 0 2 

-4 1 -3 
0 -1 1 

. T 
ffilllCJ XI, 

AI Xi :s b}, Xi 2:0, 

-1 7 

-1 -2 

-2 ' bl = 5 ' c. = 

3 -3 
-1 -1 

-1 XI 

2 x2 

-3' x.= 
x' 3 

3 X II 
3 

3a ~o6Hjalbe ~pyre KaHOHHqKe tJ.>opMe o~pe~yje ce mitPTHHr 3a~aTOr rrpo6neMa 
YBO~elbeM joiii ~Be HOBe IIpOMeHJDHBe X4, Xs 2: 0, na ce OH MO)I(e 3aiiHCaTH y 
o6nHKy: 

A2 X2 = b2, X2 2: 0, 
r~eJe 

-1 XI 

1 1 1 -1 1 0 7 2 x2 

-1 1 -1 1 0 0 2 -3 x' 
A2 = 'b2 = 

3 

3 0 2 -2 0 0 5 
' c2 = 3 ' x2 = X II 

3 

0 1 -1 1 0 -1 1 0 x4 
0 Xs 

6) YBo~elbeM HOBHX rrpoMeHJD.iiBHX · X2 = X2'- X2" H X4 = - X4', rrpo6neM 
~o6Hja o6nHK 

. T 
ffilllCt XI, 

AI Xi :s bt, Xi 2: 0, 

-2 -1 1 -4 -1 -12 -2 XI 

4 0 0 -2 -1 2 5 x' 2 

AI= -3 2 -2 0 8 ' bl = -31 ' cl = -5 ' x. = 
X II 

2 

-1 -2 2 2 -7 29 -1 x3 
1 1 -1 . 1 -1 12 -6 x' 4 
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YBoljelheM jorn ~Be HOBe IIlJOMeH.Jbime Xs H X6 ~06Hja ce H ~pyrH KaHOHH'IKH 
06JIHK 

r~eJe 

4 0 0 -2 -1 0 0 2 

3 -2 2 0 -8 0 0 31 
A2= 

2 1 -1 4 1 -1 0 ' b2 = 12 ' 

1 1 -1 1 -1 0 1 12 

c2 = [- 2 5 -5 -1 -6 0 oy, 
x2 =[xi x' 2 X " 2 x3 x' 4 Xs x6Y· 

2.1.3. rpaqnr<IKHM MeTO~OM peiiiHTH rrpo6rreM LP 
. T mmc x, 

Ax :S b, x 2:0, 

aKo je c = [3 5]T, x= (XI X2]T H 

-1 -1 -5 -1 -1 -3 

-7 8 0 -1 1 2 

a) A= 3 2 
' 

b= 18 6) A= 4 3 
' 

b= 24 ' 
1 0 4 -1 0 -2 

0 1 6 0 -1 -1 

3 5 50 

r -3 :l b~P~l -1 -1 -5 
B) A= b= r) A= 9 

1 -1 ' 0 
-3 -5 -4 

-1 0 -2 

Peute1be. a) Ceyrr ~orrycTHBHX pernelha, HHBO-JIHHHje IJ;H.JbHe <PYHKIJ;Hje H 
lbeH rpa~njeHT rrpHKa3aHH cy Ha CrrHIJ;H 2.1.3.a., o~aKrre ce BH~ ~a HajMalby 
Bpe~HOCT /min= 17 <PYHKIJ;ilja ~OCTH)I(e y Ta"l:IKH (XI, X2) = (4, 1). 

6) /min= 11 3a (xi. x2) = (2, 1) (CrrHKa 2.1.3.6). 

B) /min= 18 3a (XI, X2) = (2.5, 2.5) (CJIHKa 2.1.3.B). 

r) /min= 4 3a (xi, x2) = 1(0, 4/5) + (1- 1)(4/3, 0), A E [0,1] (CrrHKa 2.1.3.r). 
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B) r) 

Cmma 2.1.3 

2.1.4. rpaqmqKMM MeTO)J.OM peumTM upo6neM LP 
. T mmc x, 

Ax= b, x~ 0, 
aKoJe 

-2 1 1 0 0 0 0 1 

-1 3 0 1 0 0 0 13 

a) A= 4 1 0 0 1 0 0 ,b= 26 ' 
1 -3 0 0 0 1 0 0 

1 1 0 0 0 0 -1 4 

c = [-4 3 0 1 -1 0 O]T, x ='[xl X2 X3 X4 xs X6 X ]T· 
7 ' 

A~[~ 
-3 -1 1 

~l b+:l 6) 4 1 0 

-2 4 1 -1 

c= [-3 1 0 -1 O]T, x = [x1 X2 X3 X4 Xs]T. 

Peute1be. a) 3a.naTM rrpo6neM MO)I(e rrpojeKu,MjoM .na ce CBe.ne Ha rrpo6neM 
. T 

mm c1 x1 +a, 

AI X) :s b), X)~ 0, 
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r,neJe 

-2 1 1 

-1 3 13 

c, ~ [:J x, ~[::} AI= 4 1 ' bl = 26 ' a=-13. 

1 -3 0 

-1 -1 -4 

l-13 rpaclm:qKor rrpHKa3a rrpe,ncnrnJDeHor Ha CrrH~H 2.1.4.a BHJl:H ce ,na je pemeH.e 
/min= -9 3a (XI, X2) = A.(l, 3) + (1 - A)(3, 1), A E [0,1) . 

6) 3a rpaqm:qKo pemaBaH.e IIOHOBO je rrorpe6Ho H3BpmHTH rrpojeK~Hjy 
3a,naror rrpo6rreMa y rrpocrop IR2

, · arrH oHa oB,ne, 3a pa3JIHKy o.n rrperxo,nHor 
crryqaja HHje oqHrrre.nHa. 3aro rpaHc<)}OpMMmeMo cH:cTeM je,nHaqH:Ha KOjHM cy 
1a,nara orpaHH:qeJI.a H .no6HjaMo 

-X] + 3X2 + X3 = 6, 
XI- X2 +x4 =3, 

2x1 + X2 + X5 = 9, 
X], X2, X3, X4, X5 2: 0. 

TpaHc<J>opMHCaHH 3a.[{aTaK je 
. T 

mm c1 XI+ a, 

r,neje 

PemeH.e 3a,naTKajefmin = -11 3a (xi, x2) = (4, 1). (CrrH:Ka 2.1.4.6). 

a) 6) 

CJIHKa 2.1.4 



119 

2.2. CJiy-.aj ueorpaHH'Ieuor cKyna ~onycTHBHX pernelha 

2.2.1. ~oKa3aTII .ua crre.uehii 3a.uau;II LP IIMajy KOHaYJ:Ha pernelba II o.upe,UIITII IIX 
rpaqliiYIKIIM MeTO,[(OM: 

a) min 2xl + 3x2, 
XI +2x22:7, 
X]+ X2 2:5, 
XI+ 4X2 2: 6, 

X], X2 2: 0; 

6) min 8x1 + 12x2, 
3xl + x2 2:9, 

x1 + 2x2 2: 8, 
XI + 6x2 2:12, 

XJ, X2 2:0. 

Peute1-be. CKyrroBII .uorrycTIIBIIX pernelba cy HeorpaHIIYJ:eHH II o6a IIMajy no 
,UBa eKcTpeMHa rrpaBu;a di = [1 O]T II d2 = [0 1]T. 06rriiK je.uHaKOCTII CIICTeM 
orpaHIIYJ:elba ,U061Ija YKJDYYIIIBalbeM HOBHX npoMeHJDIIBIIX X3, X4, X5 2: 0. Ilpena­
CKOM y HOBII, BIIIlle,[(IIMeH31IOHaJIHII IIpOCTOp pernelba, 6poj eKCTpeMHIIX npaBau;a 
BroKHIIX 3a rrpo6rreM OCTaje IICTII, a IbliXOBe npojeKIJ;Hje y IR2 MOpajy ,Ua 6y.uy d1 II 
d2. TaKo, 61ITHII eKCTpeMHII npaBIJ;II HOBor ceyna .uonycTIIBIIX pernelba cy o6JIIIKa 

d1' = [1 0 dn d14 d1s]T II d2' = [0 1 d23 d24 d2s]T, diJ 2: 0, 

a IJ;HJDHe <l>YHKIJ;Hje 
c'T X' = [2 3 0 0 0) [XJ X2 X~ X4 Xs] T 

y IIpBOM, O,[(HOCHO 
c'T x' = [8 12 0 0 0) [XI X2 X3 X4 Xs] T 

y .upyroM crryYiajy. KaKo cy y o6a cnyYiaja IIcnylheHII ycrroBII c'T d1' 2: 0 II 
c'T d2' 2: 0, rrpeMa TeopeMII 13, o6a 3a,UaTKa LP IIMajy KOHaYIHO pernelhe. 

a) CKyn .uorrycTIIBIIX pernelba, HIIBO-JIIIHHje IJ;IIJDHe <l>YHKU:Hje II IbeH 
rpa.uiijeHT rrp1IKa3aHII cy Ha Crriiu;II 2.2.1.a. CMep BeKTopa rpa.uiijeHTa noKa3yje 
.ua HajMalby Bpe,UHOCT /min= 12 <l>YHKIJ;IIja IJ;IIJDa .uocnr>Ke y TaYIKH A(3, 2), Koja 
ce HaJia31I y rrpeceey rrpaBIIX XI + 2x2 = 7 II x1 + x2 = 5. 

6) /min= 52 3a (x1, X2) = (2, 3). (Crrni<a 2.2.1.6.) 

6) 

CrrnKa 2.2.1 
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2.2.2. rpa4>HqKHM MeTO)l;OM peiiiHTH crre,nehe 3a)J;aTKe LP: 

a) max x1 + x2, 
2x1- X2 2:-1, 
-XI + 2X2 2: 4, 

X1, X2 2: 0; 

6) min 3xl - 2x2, 

3xl- x2 2: 8, 
X] -2x2 2:0, 

X], X2 2: 0; 

B) max -x1 + 2x2, 
2x1- x22:-1, 
-XI + 2X2 2: 4, 

X], X2 2: 0. 

Peute1-be. CKyrroBH ,norrycTHBHX pemelha H HHBO JIHHHje H aeKTOpH 

rpa,nHjeHaTa UHlliHHX 4>YHKUHja rrpe,ncTaan,eHH cy Ha CrrHUH 2.2.2. HHje,naH o.n 

3a,naTHX 3a)J;aTaKa HeMa KoHaqHo, aeh HeorpaHHqeHo pemelbe. 

a) 6) 

CrrHKa 2.2 .2 

n) 

a) Caojy Hajaehy ape,nHocT UHlliHa 4>YHKUHja ,nocTH)I(e ,ny)l( rrpaae 

p: -XI + 2x2 = 4. J1aKO IIOCTOjH rrpaBaU .ll;y)l( KOra UHlliHa 4>YHKUHja Hajfip)l(e 

paCTe, Bpe,nHOCTH UHlliHe 4>YHKUHje H ofie rrpOMeHlliHBe cy HeorpaHH':IeHe. 

6) Y OBOM crryqajy UHlliHa 4>YHKUHja HajMalby Bpe,nHOCT )l;OCTH)I(e ,ny:>K 

rrpaBe p: X1 = 0. Ca,na cy HeorpaHHqeHe OIITHMaJIHa Bpe,nHOCT UHlliHe li>YHKUHje . . 
HJe,nHe IIpOMeHlliHBe, aJIH Bpe.ll;HOCT ,npyre IIpOMeHlliHBe y peiiielby Je KOHaqHa. 

B) QHlliHa 4>YHKUHja .ll;OCTJ!)I(e MaKCHMaJIHY Bpe,nHOCT /min= 4 .ll;y)l( rrpaBe 

p: -XI + 2x2 = 4. Y OBOM CJiyqajy HeorpaHHqeHe cy Bpe.ll;HOCTH ofie IIpOMeH.JI,HBe 

y OIITHMaJIHOM peiiielby, aJIH je OIITHMaJIHa Bpe,nHOCT UHlliHe 4>YHKUHje KOHaqHa. 

2.2.3. ,[(aT je 3a,naTaK LP 
min ax1 + Px2, 
-XI + 2X2 2: 6, 

X1 + X2 2:4, 
X2 2: 2, 

X], X2 2: 0. 

a) 3a Koje Bpe.ll;HOCTH rrapaMeTapa a, P E iR. 3a)J;aTH 3a,lJ;aTaK HMa KOHaqHO 

pemelhe? 

6) O,npe,nHTH orrTHMarrHo peiiielbe 3a a = 1, p = 2. 

B) 0 ,npe.ll;HTH OIITHMaJIHO peiiielbe 3a a = 3, P = -1. 
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r) O.upe.n.Mrn onTMMaJIHO perneiDe 3a a= f3 = 1. 

Pewel-be. a) CMcTeM orpaHMqeiDa y IR2 
o.upeljyje HeorpaHMqeH ceyn 

.uonycTMBMX perneiDa, npHKa3aH Ha CnM~M 2.2.3.a. EKcTPeMHM npaB~M TOr ceyna 
cy di = [1 O]T H d2 = [2 1]T. YBoljeiDeM HOBHX npoMeH.JbMBHX X3, X4, x5 2: 0 
CMCTeM orpaHMqeiDa llOCTaJe 

-XI + 2x2 + X3 = 6, 
XI + X2 - X4 = 4, 

X2 -Xs = 2, 
XI, X2, X3, X4, Xs 2: 0. 

ffiMMe onMcaH ceyn .uorr.rcrnBMX perneiDa y IR 5 
HMa eKCTPeMHe npaB~e 

di' = [1 0 d13 di4 dis] M d2' = [2 1 d23 d24 d2s( QH.JbHa <i>YHK~Mja 
.uo6Hja o6nHK 

c'Tx'=[a f3 0 0 0] [x1 X2 X3 X4 Xs] T' 

naJe 
c'T di'= [a f3 0 0 0][1 0 d13 di4 dis]T=a, 

c'T d2'= [a f3 0 0 0][2 1 d23 d24 d2s] T = 2a + f3 . 
IlpeMa TeopeMH 13, ycnoB KojH napaMeTPH a H f3 TPe6a .ua 3a.UOBO.JbaBajy .ua 611 
.naTH 3a.UaTaK LP HMao KOHaqHo perneiDe je a 2: 0, 2a + f3 2: 0. 

r) 

CnHKa 2.2.3 
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6) /min= 6 3a (x~, x2) = (2, 2). (CrrHKa 2.2.3.6.) 

B) /min= -4/3 3a (xi, x2) = (2/3, 1 0/3). (CrrHi<a 2.2.3.B.) 

r) fmin = 4 3a (xi, x2) =). (2, 2) + (1-A.) (2/3,10/3), AE[O, 1]. 
(CrrHKa 2.2.3.r.) 

2.3. MeTo,. ,.yaJiuocTu 

2.3.1. 3a crre.nene npo6rreMe LP o,npe,nHTH IbHXoBe .nyarrHe rrpo6rreMe y je,nHoj o.n 
KaHOHHqKHX $opMH: 

a) max XI- 3x2 + 2x3 + 4x4, 

2x1 - X2 + 3X3 + X4 S 5, 
XI + 2x3- 5X4 S 3, 

-X2 + X3 + X4 2: 2, 
XI, X2, X3, X4 2: 0; 

B) max x 1 - 2x2 +x3 + 3x4, 

XI - 2X2 + X3 + 5X4- X5 = 3, 
-2xi + X2 - 3x3 + 2xs = 8, 

-XI - 3X2 + 2X3 + X4- X5 S 10, 
XI, X2, X3, X4 2: 0; 

6) min 2x1 - x2 + 5x4, 

XI - 3X2 + X3 + 2x4 = 5, 
2XI + X2 - 2x3 + X4 = 2, 

XI + 3x3 - 3x4 = 8, 
XI, X2, X3, X4 2: 0; 

r) mm -2x1 + x 3 - 3x4, 

XI+ 2x2- 3x3 + 2x4 = 8, 
-XI - X2 + 2x3 - X4 S 2, 

2x2 - X3 + 3x4 2: 4, 
XI, X2, X3, X4 2: 0. 

PeUte1-be. a) IIpo6rreM MO)l(e .na ce rrocMa-rpa y KaHOHH'IKoj $opMH 

max cTx, 

Ax S b, x 2:0, 

A~l~ 
1 XI 

-1 3 

-~l b~l ~l c~ -3 x2 
0 2 ,X= 

2 x3 
1 -1 -1 -2 

4 x4 

I:beroB ,nyarrHH rrpo6rreM je 

min bTy, 

A Ty 2: c, y 2: 0, 

r.neJe Y = (y1 Y2 YJ]T, HJIH, y KaHOHH'IKoj $opMH: 
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mm 5yl + 3y2 - 2y3, 

-2yl-Y2 ~ -1, 
Y1 -y3 ~ 3, 

-3yl - 2y2 + Y3 ~ -2, 
- Y1 + 5y2 + Y3 ~ -4, 

Y1, Y2, Y3 2: 0. 

6) C:ucTeM orpamPielha 3a)J.aTHx je.n.HaKOCTHMa HaJnpe npeBO.lJ.HMo y 
1eje.n.HaKOCTH Ha crre.n.eh:u Ha"II:uH: 

~a.ua npo6rreMy 

·.n.eJe 

1 -3 

2 1 
A= 

1 0 

-4 2 

x1 - 3x2 + X3 + 2x4 ~ 5, 
2x1 + X2 - 2X3 + X4 ~ 2, 
x1 + 3x3 - 3x4 :S 8, 

-4xl + 2x2- 2x3 :S -15. 

1 

-2 

3 

-2 

. T mmc x, 

Ax~ b, x2: 0, 

2 5 

1 2 
' 

b= 
-3 8 

0 -15 

' 
C= 

))J.roBapa .n.yarrHH npo6rreM 

. [y ]T . r.ue Je y = 1 Y2 Y3 Y4 , TJ. 

max bry, 

ATy' 2: c, y 2: 0, 

max 5yl + 2y2 + 8y3 -15y4, 

-yl - 2y2- Y3 + 4y4 :S -2, 
3yl- Y2 - 2y4 :S 1, 

-yl + 2y2- 3y3 + 2y4 :s 0, 
-2yl - Y2 + 3y3 ~ -4, 

Y1. Y2, Y3, Y4 2: 0. 

2 XI 

-1 x2 
' 

X= 
0 x3 

5 x4 
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B) mm 3yi + 8y2 -lly3 +lOy4, 

-yi +2y2- y3+ Y4:S-1, 
2yi - Y2- Y3 + 3y4 :S 2, 
-yi + 3y2- 2y3- 2y4 :S-1, 

-5yi + Sy3- Y4 :S -3, 
YI - 2y2 + Y3 + Y4 :s 0, 

YI, Y2, Y3, Y4 ~ 0. 

r) . max 8yi - 8y2 + 2y3 - 4y4, 

~y1 + Y2 + Y3 :S 2, 
-2yi + 2y2 + Y3 - Y4 :S 0, 
3yi- 3y2- 2y3 + Y4 :S -1, 

-2yi + 2y2 + Y3 + 3y4 :S 3, 
Y1, Y2, Y3, Y4 ~ 0. 

2.3.2. MeTo,n:oM ,n:yanHOCTH peiiiHTH 3a,n:aTaK LP 

max cTx, 

rrpH ':leMy je: 

o) A= [ 3 1 -4 
-2 -4 -1 

Ax :::; b, x ~. 0, 

b= C= -1] [ -3] 
1 ' -3 ' 

Peute1-be. a) OcHOBHH rrpo6neM je 

-4 
-18 

-30 

-5 

max f{XI, X2, X3) =-XI + 3X2 + X3, 
XI+ 4x2 + 3x3 :S 12, 
-XI + 2X2 - X3 :S 4, 

XI, X2, X3 ~ 0, 

a lberoB ,n:yanHH rrpo6neM je 
min g(y1,y2) = 12yi + 4y2, 

YI- Y2 ~ -1, 
4yi + 2y2 ~ 3, 
3yi- Y2 ~ 1, 

Yl, Y2~0. 

XI 

x2 
X= 

x3 

x4 

<l>yHI<~Hja ~H.JI,a .n:yanHor rrpo6neMa cBojy HajMalby Bpe,n:HOCT gmin = 8 ,n:ocTH)l(e 
y Ta':IKH (y1, y2) = (1/2, 1/2), Koja ce Hana3H y rrpeceKy rrpaBHX 4y1 + 2y2 = 3 H 
3yl-Y2 = 1 (CnHKa 2.3.2.a). KaKo je 3a ry Ta':IKY y rrpBOM orpaHH':Ielby .n:yanHor 
rrpo6neMa HcrrylheHa CTpora Heje,n:HaKocT Yl - Y2 > -1, rrpeMa TeopeMH 14 Mopa 
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ua Ba)l(H X! = 0. ITpeMa HCTOj TeopeMH, KaKO je Yl = 1/2 > 0 H Yz = 1/2 > 0, y 
o6a orpaHHqelba OCHOBHOr rrpo6rreMa MOpajy ,Ua 6y.uy HCIIylheHe je,UHaKOCTH, Tj. 

4xz + 3x3 = 12, 

2xz- X3 = 4. 

PernaBalbeM CHCTeMa je.uHaqnHa .uo6nja ce x2 = 12/5, x3 = 4/5. KaKo je 

({0, 12/5, 4/5) = 8 = gmin, TO je OIITHMaJIHa (MaKCHMaJIHa) Bpe,UHOCT 

UHJDHe <l>YHKUHje OCHOBHOr 3a,UaTKa /max = 8, a ,UOCTH)J(e ce y Taqm 

(XI, Xz, X3) = (0, 12/5, 4/5). 

6) 0CHOBHH H .ZJ.YaJIHH npo6JieM cy: 

max f{x1, Xz, X3, X4) =- 4xl - 18xz- 30x3- 5x4, 
3xl + xz- 4x3 -x4 .S -3, 

- 2xl- 4xz- X3 + X4 .S -3, 
XI, Xz, X3, X4 2: 0, 

CrrnKa 2.3.2 

mm g(y1, Yz) =- 3yl - 3yz, 
3yl - 2yz 2: - 4, 
YI- 4yz 2:-18, 

-4yl - Yz 2:- 30, 

- YI + Yz 2:-5, 
YI, Y2 ::::: 0. 

6) 

rpa<l>HqKHM MeTO,UOM 3a peruelbe ,UyaJrnOr npo6rreMa ,U06Hja Ce gmin = -36 3a 
(y~, yz) = (6, 6) (CrrnKa 2.3.2.6). OnTHMarrHa Ta"'!Ka P .uyarrHor npo6rreMa Harra3H 

ce y rrpeceKy npaBHX YI- 4yz = -18 H -4yl- Yz = -30, rnTo 3Haqn .ua 3a lhY y 
npBoM H "'IeTBpToM orpaHnqeJby .uyarrHor rrpo6rreMa Ba)J(e CTpore Heje.uHaKOCTH, 

Tj. 3yl - 2yz > -4 H - YI + Yz > -5. 36or TOra je, rrpeMa TeopeMH 14, 

x1 = X4 = 0. C .upyre CTPaHe, KaKo je YI = 6 > 0 H Yz = 6 > 0, y o.uroBapajylrn:M 
orpaHHqeJbHMa y OCHOBHOM 3a,UaTKY MOpajy ,Ua Ba)J(e je,UHaKOCTH, Tj. 

xz- 4x3 =-3, 
4xz- X3 =-3. 

Pernelbe .uo6njeHor cncTeMa je x2 = 9/17, X3 =15/17. KaKo je 
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j{O, 9/17, }5/17, 0) =-36 ~gmin, 

TO Je H /max= -36 3a (XJ, X2, X3, X4) = (0, 9/17, 15/17, 0). 

2.3.3. IlperracKoM Ha ,nyarrHe rrpo6rreMe pemHTH crre,nelie 3a,naTKe LP: 

a) max -2x1 - 4x2- 23x3 - 4x4, 

X] - 3x3 + X4 ~ -2, 
-x1 -x2- 2x3 + 3x4 ~ 2, 

X), X2, X3, X4 2: 0; 

B) max 3x2 + 6x3 + x4- 15xs, 
2x1 + X2 + X3 - 2xs ~ ·2, 
-X] + X3 + X4 + 3xs ~ 1, 

X], X2, X3, X4, X5 2: 0; 

6) min 2x1 + x2, 

X1 + X2- X3 2: 5, 
XI - 2x2 + 4x3 2: 8, 

XI, X2, X3 2: 0; 

r) max x 1 + 3x2 + X3, 

5xi + 3x2 ~ 3, 
x1 + 2x2 + 4x3 ~ 4, 

X1, X2, X3 2: 0. 

Peutel-be. a) /opt=- 46/3, Xopt= [0 0 2/3 O]T. 

6) /opt= 56/5, Xopt= [28/5 0 3/5]T. B) /opt= 9, Xopt= [0 1 1 0 O]T. 

r) /opt= 7/2, Xopt= [0 1 1/2( 

2.4. CuMnJieKc MeTOJJ: 

2.4.1. Crre,nelie rrpo6rreMe LP rrpHrrpeMHTH 3a rrpHMeHY cHMrrrreKc MeTo,na: 

a) max cTx, Ax= b, x 2: 0, 

1 -1 2 -1 

2 1 -3 1 

A= 1 1 1 1 

2 -1 -2 -1 

3 0 -1 0 

6) max cTx, Ax~ b, x 2: 0, 

A=r-~ =~ 
0 -1 -3 

0 

1 

2l 
6 

b= 7, C= 

1 

8 

-i, 
-1 

1 

1 

X= 

2 X1 

-1 x 2 
C= , X= 

4 x3 

-6 x4 
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B) mm CTX 
' 

Ax:Sb, 

2 1 8 

-1 3 -6 c=[-~2J x=[:J A= b= 
-3 -2 -3 

-1 3 -5 

P )y T • T • eute1be. a MeCTO max c x MO)I(e ce Tpa)I(MTM mm c1 x, r,D;e Je 

c1 = -c. CMcTeM orpaHM'Ielha "<IMHe je,D;HaKOCTM, aJIM MaTpMu.a CMCTeMa A HMje 

nyHor paHra. KaKo je paHr MaTpMU.e A je,D;HaK 3, M36aU.MBalheM M3 CMCTeMa 

nocne,D;lhe ,D;Be Je,D;Ha"<IMHe ,D;06Mja ce o6nMK npo6neMa rroro,D;aH 3a rrpHMeHy 

CHMrrneKc MeTo,D;a: 
T 

mm c1 x1, 

A]X] = bi, X] 2: 0, 
r,D;eJe 

b,=m 
2 [I -1 2 -I] 1 

AI= 2 1 -3 1 ' cl = 
-1 

1 1 1 1 
-1 

6)II T · T · C OHOBO ce yMeCTO max C X Tpa)I(M mm C] X, r,D;e Je c1 = -C, HCTeM 

orpaHwielha Ca,D;a Mopa ,D;a ce rrpeBe,D;e y o6nHK je,D;HaKOCTM yBoljelheM HOBMX 

rrpoMeH.JhMBMX xs, X6, X7 2: 0. 06n~K HoBor rrpo6neMa LP, rroro,D;Hor 3a npMMeHY 
CMMnneKc MeTo,D;a, je 

. T 
mm c1 x 1, 

A]X] =bl, XI2: 0, 
r,D;eje 

A,+~ 
-1 0 2 1 0 

~l b, =b{il -2 1 2 0 1 

-1 -3 1 0 0 

c1 = [-2 1 -4 6 0 0 oy, XI= [xl x2 x3 x4 Xs x6 x?Y. 

B) IIonno y OBOM cny.-qajy rrpoMeH.JhMBe HMcy o,D;peljeHor 3HaKa, Mopa ce 

CBaKa O)l; lhMX IIpe,D;CTaBHTM KaO pa3llMKa ,D;Bejy HOBMX HeHeraTHBHHX 
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IIpOMeHJbHBHX. 0CHM TOra, yBo~e Ce H HOBe IIpOMeHJbHBe y I.J,HJbY ~OBO~elha 
CMCTeMa orpaHH':Ielha Ha o6JIHK je~HaKOCTH. TaKO, Tpa)l(eHH o6JIHK rrpo6neMa je 

r~eJe 

2 -2 1 
1 -1 -3 

Al= 
3 -3 2 

1 -1 -3 

c1 = [-2 2 1 -1 0 

2.4.2 . .D:aT je 3a~aTaK LP 

mm T 
C] X], 

A]X] = b~, X]:::: 0, 

-1 1 0 0 0 

3 0 -1 0 0 

-2 0 0 -1 0 
'bl = 

0 

3 0 ·0 0 -1 

0 OY, X 1 = [x~ x" 1 

max f(x1, x2) = X1 + 2x2, 
X]+ X2 :S 8, 

-X]+ X2 :S 2, 
X2 :S 4, 

X1,x2:::: 0. 

, 
x2 

8 

6 

3 

5 

x" 2 x3 x4 Xs x6Y 

a) 3a cBaey o~ Ta':laKa PJ(4, 4), P2(2, 4) o~pe~MTH 6a3HCHe H cno6o~He 
rrpoMeHJbHBe, Kao H rrpe~cTaBJbalhe MaTPHI.J,e A y o6nMKY [B I N] y CHMrrneKc 

MeTO~. 

6) .1J:a JIM HeKa 0~ Ta':laKa P1 HJIH P2 3a~OBOJbaBa KpHTepHjyM OIITH­
MaJIHOCTH CHMIIJieKC MeTO~a? 

PeUlelbe. a) 06nMK CHCTeMa orpaHH':Ielha, rroro~aH 3a rrpHMeHY CHMrrneKc 
MeTo,[{a,Je 

X1+X2+X3 = 8, 
-x1 +x2 +x4 = 2, 

X2 + xs = 4, 

HJIM, y MaTpH':IHOM 06JIMKY, Ax= b, r~eje 

A+~ 
1 1 0 

~J b=m 1 0 1 x= [x1 x2 x3 x4 XsY· 
1 0 0 
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a':IKH P 1(4, 4) y HOBOM rrpocTOpy pernelha o.n.roBapa Ta':IKa x 1 = [4 4 0 2 O]T. 
:ocne HeOIIXO)J,HHX TpaHCC))OpMa~Hja, BeKTOpy X) O,D,rOBapa o6nHK (XBI XNI]T, 
pH ':leMy je XBI 2:_ 0, XNI = 0. 3aTO cy 6a3HCHe IIpOMeHJbHBe XI, X2 H X4, a cno­
O,D,He X3 H x5. O.n.roBapajyhe MaTpH~e y rrpe.n.cTaBJbalhy A y o6nney [B1 I N1] cy 

B
1+i 1 

n Nl ~r~ n 1 

1 

w~f~ 
0 -IJ "aKo Je 0 1 , rrpoBepoM ce .n.o6nja B1-Ib = Xsi = [ 4 4 2]T. 

1 -2 

'a':IKH P2(2, 4) y HOBOM rrpocTopy pernelha o.n.roBapa Ta':IKa 

X2 = [2 4 2 0 O]T = [XB2 XN2]T, Xs2 2:_ 0, XN2 = 0. 

:a.n.a cy 6a3HcHe rrpoMeHJbHBe x1, x2 H X3, a cno6o.n.He X4 H x5• O.n.roBapajyhe 
rarpn~e y rrpe.n.cTaBJbalhy A y o6nney [B2 I N2] cy 

B, ~r -i 
1 

1 

1 

!aJe B2-1b =xs2 = [2 4 2]T. 

6) 3a O,D,peljHBalbe MaKCHMJMa KpHTepHjyM OIITHMMHOCTH y CHMIIneKC 

1eTo.n.y je c~ - ciB-1N ~ 0. 0Baj ycnoB je ncnylheH 3a Ta'IKY P1( 4, 4), na oHa 

Ipe,D,CTaBJba OIITHMMHO pernelhe. Y Ta':IKH P1 cpyHK~Hja ~HJba )J,OCTH)J(e CBojy 
mjBeny Bpe,D,HOCT fmax = 12. 

~.4.3. ,[(aT je 3a,D,aTaK LP 
min f{XJ, X2) =XI- X2, 

-XI+ 2X2 :S 1, 
XI+ X2 2:_ 2, 

XI, X2 2:_ 0. 

a) ,l.(OKa3aTH ,D,a ,D,aTH 3a,D,aTaK HMa KOHa':IHO pernelbe. 

6) rpacpH'IKHM MeTO,D,OM O,D,pe,D,HTH pernelbe 3a,D,aTKa. 

B) 3a cBe eKcrpeMHe Ta':IKe cKyrra .n.onycTHBHX pernelha o.n.pe,D,HTH rrpe.n.­
~TaBJbalbe Marpn~e A y o6nnKY [B I N] y CHMrrneKc MeTo.n.y. 
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r') llpHMeHOM KpHTepHjyMa CHMTIJieKC MeTO)l;a )l;OKa3aTH OTITHMaJIHOCT 

)l;06:ujeHor pemel:ha. 

Peutel-be. a) Ceyn )l;onycTHBHX pemel:ha je HeorpaHH'leH :u HMa )l;Ba 

eKcTpeMHa npaa:Qa d 1 = [1 O]r :u d2 = [2 1]r. KaKo je cr d1 = 1 2: 0 :u 

cr d2 = 1 2: 0, npeMa TeopeM:u 13, 3a)l;aTaK :uMa KOHa'IHO pemel:he. 

6) MHHHMaJIHY ape)l;HOCT Ha cKyny )l;onycTHBHX pemel:ha /max = 0 iPYHK­

:QHja )l;OCTH)I(e y Ta'IKH P1(1,1) (Crr:uKa 2.4.3). 

Crr:uKa 2.4 .3 

Ta'IKH P 1(1,1) O)l;roaapa Ta'IKa 

B) 3a npHMeey CHMTIJieKC MeTO)l;a TIOrO)l;Ha je 

crre)l;eha 4JopMa orpaHH'lel:ha: 

[
-1 

A= 
1 

2 

1 

Ax=b, 

XI = [1 1 0 O]T = [XBI XNI]r, XBI 2: 0, XNI = 0. 

na3HCHe npoMeH.JDHBe cy XI :u x2, a crro6o)l;He X3 :u X4. Owoaapajyhe Marp:u:Qe y 

npe)l;cTaB.JDal:hy A= [BI I NI] cy 

[
-1 

Bl = 1 Nl = [1 OJ· 
0 -1 

1 1 [ 1 -2] 1 l[ 1 KaKo je B; = -- , ro je 3a:ucTa B; b = --
3 -1 -1 3 -1 

Ta'IKH P2(2, 0) O)l;roaapa BeKTOp X2 = [2 0 3 of. 1-h I:heroae penpe3eHTa:QHje 

[XB2 XN2]T, XB2 2: 0, XN2 = 0, BH)l;H Ce )];a cy 6a3HCHe npOMeH.JbHBe XI H X3, a CJI0-

60)l;He X2 :u X4. 0)l;roaapajyhe Marp:u:Qe y npe)l;cTaB.JDal:hy A y o6rr:uey [B2I N2] cy 

B, fi ~l N, =[~ -~l 
Kaxoje Bi =[~ :][~] = [:] = x.,. 

r) 3a Talley XI = [1 1 0 O]T KpHTep:ujyM OTITHMaJIHOCTH y CHMnJieKC . . 
MeTO.lJ:Y Je :ucnyl:heH, Jep aa:>Im: 
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lJp11MeTMMO )J,a )J,pyra eKCTpeMHa TalJKa, X2, He 3a)J,OBOJLaBa CI1MTIJieKC Kp11Te­

JI1jyM OTITI1MaJIHOCTI1: 

. c~2-c~2n;1N 2 =[-1 o]-[1 o][
0 1

][
2 0

]=[-2 1]. 
1 1 1 -1 

Z.5. TpaHcnopTHH npo6JieM 

Z.S.l. 3a crre)J,ehe rpaHcnopTHe npo6rreMe O)J,pe)J,I1TI1 norra3He nrraHoBe 

rpaHCTIOpTa MeTO)J,OM ceBep03aTia)J,HOf yrrra 11 MeTO)J,OM MI1HI1MaJIHe n;eHe 11 

apon;eHI1T11 KOjl1 0)1, )J,0611jeHI1X TIJiaHOBa je TIOfO)J,HI1jl1 3a KOMTIJieTHO pemaBalbe 

apo6rreMa: 

[10 3 5 8] 
a) a= [12 5 18]T, b = [10 11 8 6]T, C = 5 7 6 5 ; 

1 4 3 7 

6) a= [20 110 120]T, b = [70 40 30 60 50]T, 

c~[~ 
2 5 7 

n 8 3 4 

1 4 3 

B) a= (120 30 40 60]T, b = (30 90 80 20 3Q]T, 

2 8 4 6 3 

3 2 5 2 6 
C= 

6 5 8 7 4 
3 4 4 2 1 

r) a= [130 90 100 140]T, b=[110 50 30 80 100 90]T, 

2 3 6 8 2 10 

8 1 2 3 5 6 
C= 

7 4 4 1 4 8 

2 8 5 1 3 6 

Peute1be. a) IIorra3HO pemelbe )J,0611jeHo MeTO)J,OM ceBep03aTia,IJ,HOr yrrra 

npe)J,CTaBJLeHo je y Ta6err11 1. ·MaTp11'IHI1 o6rr11K Tor pemelba je 
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2 

2 

4 
3 4 

a ~eHa rpaHcrropTa rrpH TaKBOM rrnaHy Je L0 
= LLx~c!i = 223. AKo ce 

i=l J=l 

rrpHMeHH MeTo,n MHHHManHe ~eHe, 3a rrona3HO perneJDe ce ,no611ja 

X
1 =[x~]3x4 =[ ~ 

1

; ~ ~1 
. 10 0 8 0 

3 4 

ca ~eHoM t = LLx~c!i = 100 (Ta6ena 2). ,[(a 611 perneiDe 6Hno He,nere-
i=l J=l 

HepHCaHO, OHO MOpa ,na HMa 3 + 4 - 1 = 6 6a3HCHHX IIpOMeHJI,HBHX, Tj. 
rrpoMeHlliHBHX Koje HMajy Bpe,nHOCTH pa3nH':mTe o.n 0. PerneiDe X · ca 5 
HeHynTHX eneMeHaTa je .nereHepHcaHo, na je 3a )l;allie pernaBaJDe rrpo6neMa 
rroro,nHHje pemelhe x<>, HaKo je ~eHa TpaHcrropTa Malha y cnyqajy rrona3Hor 
rrnaHaX. 

Ta6ena 1 Ta6ena 2 

~ IO II 8 6 
. ~ IO I I 8 6 

. 

I2 10 3 5 8 
IO 2 I2 10 3 5 8 

I I I 

5 
5 7 6 5 

···. 5 
5 

5 7 6 5 
5 

I8 
1 .-.·· ' 4 3 7 
I'- --_- 4 8 6 I8 1 4 3 7 

IO 4 8 

6) MeTo,noM ceBepo3arra.n;Hor yrna Ta6ena 3 
,no6Hja ce rrona3HO pernelbe (Ta6ena 3) 

X' ~r~~ 4~ ~~ 6~ ~1, 
50 

~ 70 40 30 60 50 . 

20 4 2 5 7 6 
20 

IIO 7 8 3 4 5 
50 40 20 

L0 = 1130. I20 2 1 4 3 2 
IO 60 50 
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MeTo,noM MHHHMaJIHe ~eHe Mory ,na ce .no6njy pa3JIH"IIHTa rrorra3Ha pe-
JeH>a, y 3aBHCHOCTH 0)1. H36opa IlO.Jba Ca HCTOM ca HCTOM ~eHOM. Y 
'a6erraMa 4 H 5 rrpe,ncTaB.JbeHa cy )J.Ba TaKBa perneH>a: 

Ta6erra 4 Ta6erra 5 

~ 70 40 30 60 50 . ~ 70 40 30 60 50 
. 

20 4 2 5 7 6 
20 

20 4 12 5 7 6 
20 

-

110 7 8 3 4 5 
30 60 20 110 7 8. 3 4 5 

20 30 60 · . 
.. 

2 1 4 3 2 120 
70 40 10 

120 2 1 4" 3 2 
30 40 _:- 50 

x• ~[ ~ 
0 0 0 20j [20 0 0 0 

~l J. 0 30 60 20 n X 2 = 20 0 30 60 rrpn "IJ:eMy 

70 40 0 0 10 30 40 0 0 50 

e L1 
= L2 

= 750. Y OBOM crry"IJ:ajy o6a MeTo)J.a ,najy He,nereHepncaHa norra3Ha 
>erneH>a, rra je 36or MaH>e rrorra3He ~eHe 3a )J.a.Jbe pernaBaH>e rrpo6rreMa rroro)J.HHje 

!3eTHje):(HO O)J.X HJIH X2
• 

B) PerneH>e .no6njeHo MeTO)J.OM ceBep03arra.nHor yrrra 

30 90 0 0 0 

0 0 30 0 0 

0 0 40 0 0 

0 0 10 20 30 

1e .nereHepncaHo, na HHje noro)J.H~ 3a .na!be pernaBaH>e rrpo6rreMa. MeTo,noM 

MHHHMaJIHe ~eHe .no6njajy ce pa3JIH'IHTa .norra3Ha perneH>a ca pa3JIH"IIHTHM 

o;eHaMa. ,l.(Ba TaKBa perneH>a cy, Ha rrpHMep, 

30 10 80 0 0 30 20 70 0 0 

XI= 
0 30 0 0 0 x2 = 

0 30 0 0 0 
H 

0 40 0 0 0 0 40 0 0 0 

0 10 0 20 30 0 0 10 20 30 

ca ~eHaMa L1 = 830 H L2 
= 870. TipeMa TOMe, 3a )J.a.Jbe pernaBaH>e rrpo6rreMa 

Y3HMaceX. 

r) MeTO)J.OM ceBep03arra~Hor yrrra .no6nja ce rrorra3HO perneH>e 
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110 20 0 0 0 0 

xo = 
0 30 30 30 0 0 

ca neHoM L0 = 1400. 
0 0 0 50 50 0 

0 0 0 0 50 90 

MeTo,n;oM MHHHMaJIHe n;eHe .n;o6Hja ce, Ha npHMep, pemelhe 

110 0 0 0 20 0 

XI= 
0 50 30 0 0 10 

ca n;eHoM L1 = 1410. 
0 0 0 0 20 80 

0 0 0 80 60 0 

Y OBOM cnyqajy je n;eHa TpacnopTa no noml3HOM nrraHy _xO Malha, na Je OH 

noro,n;HHjH 3a .n;a.rr:.e pemaBalhe npo6rreMa. 

2.5.2. ~aTH cy IpaHcnopTHH npo6rreMH 

a) a= [40 25f, b = [10 35 20]T C = [7 2 4] • 
' 3 8 9 ' 

6) a=[70 45 15]T, h=[40 9Q]T, c~f! n 
O.n;pe,n;HTH no je.n;Ho He,n;ereHepHcaHo norra3HO pemelbe, a 3aTHM MeTo,n;oM 

npepacno.n;erre no IJ;HKJIYCY o.n;pe,l1;HTH onTHMaJIHa pemelha. 

Pewe1-be. a) MeTo,n;oM ceBep03ana,n;Hor yrna .n;o6Hja ce norra3HO pemelhe 

TpaHcnopTHOr npo6rreMa 

Ta6erra 6 

~ 10 
. 

40 7 
10 

25 3 

35 

2 4 
30 

8 9 
5 

20 

20 

xo =[10 30 
0 5 

OJ L0
= 200 

20 ' 

npe.n;cTaBllieHo y Ta6errH 6. IIomTo nocmje ,n;Ba 

crro6o,n;Ha nollia, (1,3) H (2,1), Moryhe je 

HanpaBHTH ,n;Ba nHKJiyca 3a npepacno.n;eny. l(eHe 

I(HKJIYCacy 

yl
03=4-2+8-9=1, Y~I =3-8+2-7=-10. 

KaKo je y1°3 > 0 H y~1 < 0, caMo IJ;HKrryc o.n;peJjeH nollieM (2,1) cMalhyje n;eHy 

TpaHcnopTa, na ce npepacno.n;erra BpmH no lbeMy. 



BemPnma A O)l.pel)yje ce TaKo )l.a cBe 

1pe)l.HOCTII y TIO.JbHMa OCTaey HeHeraTHBHe, Tj. 

l = 5. TaKO X2J TIOCTaje HOBa 6a3HCHa npo­

.1eH.JbHBa, x22 HoBa cno60)l.Ha npoMeH.JbHBa, a 

IOBO perneH>e Je 

x' ~[~ 35 

0 

0
] (Ta6ena 7). 

20 

Y HOBOM peiiieH>y je)l.HHH HeHCTIHTaHH :UHKnyc 

e o)l.peljeH no.JDeM (1 ,3) :u H>eroBa :u;eHa je 

r l = 4- 7 + 3 - 9 = -9 < 0 
13 ' 

nTo 3Ha'IH )l.a npepacno)l.ena no H>eMy BO)l.H 

5o.JDeM pernell> y. 

IJOHOBO je A = 5, HOBa 6a3HCHa 

apOMeH.JbHBa je X13 yMeCTO XII, a HOBO perneH>e 

ie (Ta6ena 8) 

x 2 = [ o 35 5] 
10 0 15 . 

IJ;eHe :u;:uKnyca y OBOM perneH>y cy y1
2
1 = 9 :u 

r i2 = 8 - 9 + 4 - 2 = 1. 

KaKo cy o6e TI03HTHBHe, HHje)l.aH O)l. Moryh:ux 

UHKnyca He BO)l.H Ka no6o.JDIIIaH>y perneH>a. 

3aTO je X2 
OTITHManHo perneH>e, a L2 = 255 je 

MHMHManHa IJ;eHa TpaHCTIOpTa. 

10-A. 

Ta6ena 7 

~ 10 . 

7 40 5 

25 3 
5 

5-,\ 

Ta6ena 8 

~ 10 . 
I 

40 7 

25 3 
10 I 
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30+A. 

I 
5-A. 

35 20 

2 4 .. 
35 

8 9 
20 

20-A. 

35 20 

2 4 
35 5 

8 9 
15 

HaiiOMeHHMO )l.a 6:u ce )1.0 OIITHManHor .perneH>a )l.OIIIilO y IIpBOM KOpaKy )l.a 

je IIOila3HO peiiieH>e O)l.peljeHO MeTO)l.OM MHHHManHe 

Ta6ena 9 

~ 40 . 

70 7 

45 5 
25 

15 3 
15 

90 

4 
70 

9 
20 

8 

:u;eHe. 

6) IIona3HO perneH>e O)l.peljeHo MeTO)l.OM 

MHHHManHe :u;eHe je npe)l.CTaB.JDeHo y Ta6en:u 9. IJ;eHe o6a 

MOryna IJ;HKnyca cy TI03HTHBHe: 

y1°1 = 7-5 + 9-4 = 7, r~2 = 8-9 +5-3= 1. 

KaKO HHje)l.aH 0)1. MOrynHX IJ;HKnyca He BO)l.H CMaH>eH>y 

:u;eli:e TpaHcnopTa, oiiTHManHo perneH>e je 
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r 
0 70] 

X 0 = 25 20 

15 0 

2.5.3. Mem;::t;oM rroTeHI.lJfjarra penmTH crre;::t;ehe TpaHcrropTHe rrpo6rreMe: 

a) a= [11 11 8y, b = [5 9 9 7y, 

6) a= [46 34 40y, b = [40 35 30 

s) a=[6 8 lOy, b=[4 6 8 6y, 

c~r~ 
8 1 

4 5 

3 5 

1sy, c~fl 

r
2 2 3 

C= 6 4 3 

1 2 2 

r) a = [60 70 20 Y, b = [40 30 30 50 Y, 

PeUJe1be. a) MeTo;::t;oM MHHHMarrHe ueHe ;::t;o6Hja ce 

. rO 2 9 OJ 
IIOJICl3HO pelllelbe X 0 = 5 6 0 0 . IloTeHUHjaJIH a? If 

. 0 1 0 7 

~l 
3 2 :l 1 6 

5 9 

He;::t;ereHepHcaHo 

PJ o;::t;peljyjy ce 

TaKO ;::t;a y 6a3HCHHM IIOJbHMa (i, j), Tj. OHHM IIOJbHMa r;::t;e je X~ > 0, Ba)l<lf 

ciJ = a;
0 + PJ. KaKo pelllaBalbeM CHCTeMa o;::t; 6 rrHHeapHo He3aBHCHHX je;::t;HaqHHa 

Tpe6a o;::t;pe;::t;HTH 7 Herro3HaTHX, 3a je;::t;Hy o;::t; JbHX ce Y3HMa rrpoH3BOJDHa 

Bpe;::t;HOCT, Ha IIpHMep a? = 0, rra je a0 = [0 -4 -5]T If p0 = [6 8 1 7]T. 

ct>opMHpajy ce MaTpHUe 

C' ~[a,'+ PJJ.~ ~r~ ; =]! H -4] 6 . 

0 
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.aKo Je min{y~} = -4 = y1°4 , rrollie (1, 4) (y Ta6enH 10 o3Ha"<IeHo 3Be3.D.HnoM) 

npe~yje nHKnyc no KOMe Tpe6a BpnmTH 

pepacrro.neny. 
)];a 6H Bpe.l1,HOCTH 

Ta6ena 10 

2-;\ 0+;\ IIpOMeH.JI,HBHX y 

D 
IIO.JI,HMa nHKnyca 
OCTane HeHeraTHBHe, X i 

1+;\ 7-;\ Y3HMa ce A = 2, rra je 0 
7 

HOBO, rrorrpaBllieHo 
~ernelhe -4 

2 

X
1 ~[~ 

0 9 

~] 6 0 

3 0 

-5 6 

r Ta6enH 11 IIpMKa3aHH cy HOBH 

!OTeHnHjanH a I H pi, o.naKne ce .n.o6Hjajy Ta6ena 11 
-I I 

mTpHne C H y : 

[2 
4 1 

H -I I I 4 1 C =[a; +,Bj]mxn = ~ 
3 0 

7
1 ~c-~ ~ [~ 

4 0 

~l 0 4 

0 5 

X i 

0 
7 

-4 
2 

-5 6 

6 8 1 7 

8 1 3 
2 9 * 

4 5 9 
5 6 

3 5 2 
1 7 

6 8 1 7 

8 1 3 
9 2 

4 5 9 
5 6 

3 5 2 
3 5 

:ZaKo je yi2: 0, orrTHManHo perneH>e je X, a MHHHManHa neHa TpaHcrropTa je 

[,min= 68. 

6) Pernelhe .uo6HjeHo MeTo.noM MHHHManHe neHe je .uereHepHcaHo, rra ce 

Kao rrona3HO Y3HMa 

6 

29 
0 

~], 
25 15 

0 

5 

Koje ce .uo6Hja MeTO.LI.OM ceBepo3arra.nHor yrna. IIocryrraK .n.o6Hjalha orrTMManHor 

pernelha rrpHKa3aH je y Ta6enaMa 12- 15. 
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Ta6ena12 

R 4 3 8 3 
. 

0 
4 3 2 5 

40 6 

[4 3 8 3] [ 0 0 -6 

~l C0 =2 1 61,y0 =-1 0 0 

5 4 9 4 -2 1 0 

min{y~} = -6 = y1°3, 

-2 1 1 6 4 
29 5 

I 
3 5 9 4 

25 15 

6-il O+il 

D 
29+il 5-il 

Ta6ena13 

~ 4 3 2 -3 
. 

0 
4 3 2 5 

40 I 5 

[

4 . 3 2 - 3] [ 0 0 0 8 ] 
C1 

= 2 1 0 - 5 'y1 
= -1 0 5 9 ' 

11 10 9 4 -8 -5 0 0 

min{rt} = -8 = Y~ 1 

-2 
1 1 6 4 

34 

7 
3 5 9 4 

25 15 

40-il 5+il 

D 
O+il 25-il 

Ta6ena14 

\,>( 4 3 2 5 
i 

[ 4 3 
2 !l yl ~H 

0 0 n C2 = 2 1 0 0 6 

3 2 1 3 8 

0 
4 3 2 5 

15 I 30 

-2 1 1 6 4 
34 

-1 3 5 9 4 
25 15 

min{y~} = -1 = r;l 

A-=15, 15-il l+il 

[ 0 16 30 OJ 
D 

X 2 =1519 0 0 . O+il 34-il 

' 
25 0 0 15 



139 

C' =r~ 
3 2 4

1 
rl 0 0 

~l 1 0 2 ' y
3 

= 0 0 6 

3 2 4 0 2 7 

Ta6ena15 

X 3 3 2 4 
-

min{rtr~ 0 0 
4 3 2 5 

16 30 

x,. =X' =r~~ 
16 30 01 
19 0 0 ;Lopt=277. 

25 0 0 15 

-2 1 1 6 4 
15 19 

0 
3 5 9 4 

25 --- 15 

B) He,D;ereHepncaHo nona3HO pemelhe ,D;o6nja ce MeTO,D;OM ceBep03ana,n:Hor 

yrna H rnaCH X 0 J ~ ~ ~ ~1· IJoTeHQHjanH H O,[(rOBapajyne MaTpH:Qe 

lo o 4 6 

,D;06HjeHH Ha OCHOBy 

(Ta6ena 16): 

r
2 2 

C0 = 4 4 

3 3 

4-il 2+1 

oBor pemelha cy 

Q=j~ 
O+il 4-il 

Ta6ena16 

IX 2 
i 

0 
2 

2 6 

1 
1 
:--

2 1 0 

2 3 4 
4 21 -

4 3 1 -' 

4 4 
2 2 1 

''c' --- 4 6 

KaKo je min{y~} = -2 = r~l' TIOJbe (3,1) o,npeljyje U:HKJIYC HajTIOBOJbHHjH 3a 

npepacno,neny. ~a 6n cBa noJba y U:HKrrycy ocTana HeHeraTHBHa, Y3HMa ce ,1,=4, 
na ce 3a HOBO, nonpaBibeHo pemelhe ,D;o6nja ,D;ereHepncaHo pemelhe 

X' = r ~ ~ ~ ~ l !IOillTO cy 3a OIIJle~HBaH.e IIOT<HJU!jana IIOTpe6Ha jom IIIla 

TIOJba y KOjH:Ma TipOMeHJbHBe HMajy TI03HTHBHe Bpe,n:HOCTH, H3a6paneMO ,D;Ba 
-TIOJba ca HajMalhOM U:eHOM, Hllp., (2, 4) H (3, 2) H ,ll;O,D;ellHTH HM Mane TI03HTHBHe 

Bpe,D;HOCTH e H J, KOje cy 3aHeMapibHBe y O,ll;HOCY Ha OCTane BellH':IHHe H Koje he 
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Ha Kpajy mpaqyHaBaJna 3alicTa y3enr Bpe.UHOCT 0 . .Y Ta6emr 17 npe.ucTaB.lhemr 

cy llOTeHUHjamr OBaKO !l>opMHpaHor 

perneH>a, a npaTehe MaTPHUe cy: 

c• J: ~ ~ :l r' J~ ~ ~ ll 2 3 d l 0 0 -1 

Ta6ena17 

!X 2 3 

0 
2 2 3 4 

6 
Ca.ua Je min{y~} = -1 = y~3 , na ce 

6 4 3 1 npepacno.uena BpillH no UHKJIYCY 
0 

8 O)J.pe~eHOM TIO.JheM (3, 3). - .· e 

0 
1 2 2 1 

8-i\ 
4 J 6 e+i\ 

D 
O+i\ 6-i\ 

HoBO pemen,e (nocne 3aHeMapHBalhll e) je x' ~ l~ 6 0 OJ 
0 2 6 . ,ZJ.a.lliHM paqy-

Q 6 0 

HaH>eM noTeHQHjana H npaTehHx MaTpHua .uo6Hja ce: 

,J ~ [0 I O]T, p' ~[I 2 2 O]T, C' J~ ~ ~ ~t' J~ ~ ~ ~I]. 
l1 2 2 oj lo o o 

KaKO je -l 2: 0, OllTHMaJIHO perneH>e je X2
, a MHHHMaJIHa ueHa TPaHcnopTa je 

Lmin = 40. 

liO 0 0 
50J r) O.u noJia3HOr onTHMaJIHor perneH>a X 0 

= 3~ 30 10 ~ .uo6HjeHor 

0 20 

MeTO)J.OM MHHHMaJIHe UeHe )J.O OllTHMaJIHOr perneH>a .uona3H ce Ha crre.uehH 
HaqJIH: 

ao = [0 
T l2 3 9 : ly' ~ l~ 1 -4 

~l 0 -7] ' ~0 c = 2 3 9 0 0 
Po= [2 3 9 If, _

5 -4 2 -6 8 8 0 15 

x•+: 
0 10 50] 

30 0 0 ' 

0 20 0 



0 10-& 50] 
30 0 0 ' 
0 20-& 0 

3 5 

3 5 

0 2 

10 50] 
0 0 ' 
20 0 

2.5.4. Penmm TpaHcnopTHe npo6rreMe: 

Lmin = 310. 

~], 
11 

~]' 11 

2 3 9 7 

3 4 6 1 
a) a=[20 16 14 11y, b=[16 18 12 15y, C= 

5 1 2 2 

4 5 8 1 

6) a = [1 I If, b = [1 I 1 r, C J~ ; ~] ; . l2 4 5 

B) a=[30 35 40y, b=[20 34 16 10 25y, 

c = ~~ : ~ ; ~]; 
l3 4 1 2 10 

1 2 9 7 

3 4 1 5 
r) a= [60 55 40 35Y, b = [70 5 45 70Y, C = 

2 4 8 3 

2 3 3 1 
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16 4 0 0 

0 12 0 4 
Pewe1-be. a) Xopt = 

0 2 12 0 
, Imin = 133. 

0 0 0 11 

x,. ~ li 
0 

~l Lm;,~S. 6) 0 

1 

l14 
0 16 o ol 

B) Xopt = ~ 4 0 0 25 ' Lmin = 417. 

30 0 10 0 

60 0 0 0 

5 5 45 0 
r) xopt = 

5 0 0 35 
, Imin = 295. 

0 0 0 35 

3. JE,[I;HO,[I;HMEH3HOHAJIHA HEJIHHEAPHA 
OllTHMH3Al(HJA 

3.1. YHnMo.r.aJJHOCT u HHTepBaJJ Heo):(pel}eHocTu 

3.1.1. O.upe.z:vnH HHTepaa.Jie YHHMO.Ua.JIHOCTH cpyH~Hja 

a) f(x) = (x -1)(x + 2)(x- 3)(x + 5), 

6) f(x) = max{(x -1)(x + 2),- (x- 3)(x + 5)}, 

x2 
B) f(x) = 2 , 

In x-1 

r) f(x)=(x-2)sin3x. 
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Peutelbe. a) <l>yHKIJ;Hjaf je HenpeKH,n;Ha H ,n;HIPepeHu;Hja6HnHa HaIR H Ba)lm 
f(-5) = j{-2) = j{1) = j{3) = 0. llo PonoBOj TeopeMH, Ha CBaKOM O)J; HHTepBana 
~-5, -2), (-2, 1), (1, 3) nocTOjH 6ap no je,n;Ha TaqKa ~; y Kojoj je f'(~;) = 0, Tj. y 
Kojoj IPYHKIJ;Hjaf ,n;ocTH)I(e eKcTpeMHY Bpe,n;HOCT. KaKo jef'(x) nonHHOM Tpeher 
~TeneHa, OH MO)I(e HMaTH CaMO 3 peanHe Hyne. TaKo, Ha CBaKOM O,D; HHTepBana 
(-5, -2), (-2, 1), (1, 3) IPYHKIJ;Hja f ,n;ocTH)I(e TaqHo je.n:HY eKcTpeMHY Bpe,n;HOCT, 
11a cy TO HHTepBanH YHHMO,D;anHOCTH. (CnHKa 3.1.1a) 

6) Ynope~HBaH>eM IPYHKIJ;Hja 

Ji(x)=(x-l)(x+2) H fi(x)=-(x-3)(x+5) 

(CnHKa 3.1.16) KaO HHTepBanH YHHMO,D;anHOCTH yoqaBajy Ce (-oo, -2), (-2, 1) H 
(1,oo). 

B) <l>yHKIJ;Hja f je HenpeKH,n;Ha H ,n;mpepeHu;Hja6HnHa Ha ceyny 
(0, lie) U (1/e, e) U (e, oo). MMajyhH y BH,n;y H>eH H3Bo,n; 

f'(x) = 2x (ln
2 

x -lnx -1) 
(ln 2 x -1) 2 

' 

MO)I(e ce 3aK.JhyqHTH ,n;a nOCTOje caMO ,D;Be CTaiJ;HOHapHe TaqKe, H TO no je,n;Ha y 

HHTepBanHMa ( 1 = e(I-.J5)/ 2 E (1/e, e) H (2 = e(l+.J5)/ 2 E (e, oo). llpeMa TOMe, 

HHTepBanH YHHMO,D;anHOCTH cy (1/e, e) H (e, oo). 

r) <l>yHKIJ;Hja f je HenpeKH,n;Ha H ,n;mpepeHu;Hja6HnHa HaIR H HMa 6ecKo­
HaqHo MHOrO npOCTHX Hyna y TaqKaMa X = 2 H X = krr/3, kEZ.. llHTepBanH YHH­
MO,D;anHOCTH cy (rr/3, 2), (2, 2rr/3) H (krr/3, (k+l)rr/3), kEZ \ {1}. (CmiKa 3.1.1 r) 

a) 6) r) 

CnHKa 3.1.1 
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3.2. AJJropHTMH npeTpa~HBalha 6e1 KopHmlielha H3Bo.r.a 

i. AnzopumaM pa6HOMepnoz npempamu6alba 
ii. AnzopumaM ouxomOMHOZ npempaJJCU6alba 
iii. AnzopumaM Jnamnoz npeceKa 

3.2.1. 3a cpyHKIJ;Hjy f(x) = O.l(x -1)(x + 2)(x- 3)(x + 5) MeTO):{OM paBHOMepHor 

npeTPmKHBa:l:ba O):{pe):{HTH npH6JimKHO peruelbe (Xmin , /min) MHHHMH3al.lHOHOr 

npo6rreMa minf(x) TaKo ):{a Ta~Ka Xmin OJ:{ Ta~Ke y Kojoj ce ):{OCTH)I(e enaKTHH 
l:>x:53 

MHHHMYM HHje y):{a.JheHaBHliie OJ:{ 0.1. 

Peutel-be. llorra3HH MHTepBarrje [a~, bJ] =c= [1, 3], a TPa)l(eHa Ta~HOCT h = 0.1, 

na je 6poj rro):{eOHHX Ta~aKa, Tj. YHYTPaliilbHX_ Ta~aKa Mpe)l(e je):{HaK 

n= bi-ai -1=19. 
h 

Bpe):{HOCTM tPYHKI.lHje y Ta~KaMa Mpe)l(e cy: 

k Xk f{xk) k Xk f{xk) k Xk f{xk) 

0 I. 0. 7 1.7 -2.2559 I4 2.4 -2.735 
I 1.1 -0.3593 8 1.8 -2.4806 I5 2.5 - 2.53I2 
2 1.2 - 0.7I42 9 1.9 - 2.664I I6 2.6 -2.2374 
3 1.3 - 1.0603 IO 2. -2.8 I7 2.7 -I.8457 
4 1.4 - 1.3926 II 2.I - 2.88I9 I8 2.8 -1.3478 
5 1.5 -1.7062 I2 2.2 -2.903 * I9 2.9 -0.7355 

6 1.6 - I.9958 13 2.3 -2.8565 20 3.0 0. 

HajMalba Bpe):{HOCT cpyHKI.lHje y Ta~Ka:Ma Mpe)l(e je /min = -2.903 y X12 = 2.2, 
na ce MO:>Ke 3aK.Jb~HTM ):{a Ce MHHHMaJIHa Bpe):{HOCT cpyHKI.lHje ,[(OCTH)I(e y 

HHTepBarry [2 J , 2 .3] . 

3.2.2. MeTo,n;oM paBHOMepHor npeTpa)I(HBalba o.n;pe.[(HTM npH6JIH)I(HO peruelbe 

(X min, /min) MMHMMH3aUHOHOr rrpo6rreMa min j (X) 3a cpyHKI.lHjy 
25x54 

f(x) = max{10(x
2 + l)(x- 2), -(x2- 9)(x + 3)} 

TaKO ,[(a Ta~Ka Xmin 0,[( Ta~Ke y KOjoj ce ,[(OCTH)I(e enaKTHH MMHHMyM, HHje 
y.n;an,eHa BHrne o.n; 0.01. 

PeuteltJe . .z:t:a 611 ce nocTHrrra TPa)l(eHa Ta~HOCT y je.n;HoM Kopaey IIOTPe6HO 
je n = 199 IIO,[(eOHHX Ta~aKa, O.[(HOCHO 199 H3pa~HaBalba Bpe.[(HOCTH cpyHKI.lHje Y 
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Ta~KaMa Mpe)l(e. ,ll;e.lhelbeM noczynKa Ha BIIIIIe KopaKa, 6poj II3paqyHaBalba MO)l(e 
3HaTHO ,[{aCe CMalbii. 3aTO y npBOM KOpaey llO,[{eiTIIMO IIHTepBan [a1, b1] = [2, 4) 
TaKO ,[{a Ta~Ka MMHMMyMa He O.[{CT)'lla 0,[{ Ta~He Bpe.[{HOCTM BMIIIe 0,[{ h1 = 0.5. 3a 
TO cy noTpe6He n1 = 3 no,[{eoHe Ta~Ke, na ce ynopeljMBalbeM spe.[{Hocm 
4JyHKUIIje 3aK.Jbyqyje ,[{a je HOBII IIHTepsan HeO.[{peljeHOCTM [a2, b2] = [2, 3). 
Y .[{pyroM Kopaey nocTaBIIMO KpiiTepiijyM h2 = 0.05. Ca.[{a MMa n2 = 19 no.[{eo­
HMX Ta~aKa M 3a HOBII IIHTepBan HeO.[{peljeHOCTII ce .[{06IIja .[{06Mja [ a3, b3] = 
[2.25, 2.35]. KoHa~Ho, y rpelieM Kopaey ca Tpa)l(eHIIM KpiiTepiijyMoM Ta~HOCTII 
h3 = 0.01 noTpe6Ho je n3 = 9 no.[{eOHMX Ta~aKa II nocne.[{ll>II MHTepBan 
Heo.[{peljeHOCTII je [2.3, 2.32]. Peiiielbe npo6neMa je /min= 19.5419 3a Xmin = 2.31. 
IIpiiMeTIIMO ,[{a je 3a .[{06IIjalhe peiiielba 6IIno noTpe6Ho 31 H3paqyHaBalhe 
Bpe.[{HOCTII 4JYHKUIIje. 

3.2.3. 3a 4>YHKUIIjy f(x) = O.l(x -1)(x + 2)(x- 3)(x + 5) MeTO.[{OM .[{MXOTOMHor 

nperpa)l(IIBalba O.[{pe.[{IITII llpii6ITII)l(H0 peiiielbe (Xmin , /min) MIIHMMM3auMOHOr 

npo6neMa minf(x) TaKo ,[{a Ta~Ka Xmin O.[{ Ta~Ke y Kojoj ce .[{OCTM)l(e er3aKTHII 
l:Sx:S3 

MMHIIMYM HIIje y.[{a.JbeHa BIIIIIe 0.[{ 0.05. 

Peute1be. HeKa je e = 0.001. IIpBII IIHTepBan Heo.[{peljeHoCTH je [a1, b1] = 
[1,3],1I 

- a 1 + b1 - - 1 999 PI- & - . ' 
2 

a 1 +h1 ql = + & = 2.001, 
2 

f(p!) = -2.7989, f(ql) = -2.8011 

KaKo je j(p1) > j{q1), 3a HOBII IIHTepsan Heo.[{peljeHOCTII ce Y3MMa [a2, b2] = 
[p~, b1] = [1.999, 3]. HJerosa .[{y)l(IIJ:Ia b2- a2 = 1.001 He 3a.[{OBO.lhasa KpiiTepiijyM 
3aycTaB.Jbalba, na ce noczyna:K HacTaB.lha. Y Hape.[{HMM IITepauiijaMa .[{o6Mjajy ce 
cne.[{etm pe3ynTaTII: 

Ta6ena 19 
k Gk bk fj.k Pk qk j(pk) j{qk) 
1 1. 3. 2. 1.999 2.001 -2.7989 -2.8011 
2 1.999 3. 1.001 2.4985 2.5005 -2.535 -2.53 
3 1.999 2.5005 0.5015 2.24875 2.25075 -2.8892 -2.8883 
4 1.999 2.25075 0.25175 2.12388 2.12588 -2.8927 -2.8935 
5 2.12388 2.25075 0.126875 2.18631 2.18831 -2.904 -2.9039 
6 2.12388 2.18831 0.0644375 
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,lJ;y)J(HHa rrocne)J.II>er HHTep:Sana Heo.npeljeHOCTH je "\\falha o.n 2 · 0.05 = 0.1, rra je 

IIOCTaBJbeHH 3aycTaBHH KpHTep:ujyM HCrrylheH. IJpeMa TOMe, pemelhe rrpo6neMa 
je [min=-2.9017 3a Xmin=2.156. 

3.2.4. 3a <PyHia~:ujy f(x) = max{10(x
2 + 1)(x - 2), -(x2 

- 9)(x + 3)} MeTO)J.OM 

)J.HXOTOMHOr rrpeTpa:>KHBalha O)J.pe)J.HTH rrp:u6nmKHO pemelhe (Xmin, [min) MHHH­

MH3a:QHOHOr rrpo6neMa min f(x), TaKo .na Ta'lKa Xmin o.n Ta'lKe y Kojoj ce 
O$x$5 

)J.OCTH)J(e er3aKTHH MHHHMYM HHje y.nan,eHa BHme o.n 0.05. 

PeUle1-be. Pe3ynTaTH )J.HXOTOMHOr rrpeTa)J(HBalha ca t: = 0.001 .naTH cy y 

cne.nehoj Ta6en:u: 

Ta6ena 20 

k ak bk !:J..k Pk qk j(pk) j{qk) 
I 0. 5. 5. 2.499 2.501 36.1526 36.3476 
2 0. 2.501 2.501 1.2495 1.2515 31.611 36.6046 
3 1.2495 2.501 1.2515 1.87425 1.87625 26.7459 26.7203 
4 1.87425 2.501 0.62675 2.18663 2.18862 21.8807 26.8437 
5 2.18663 2.501 0.314375 2.34281 2.34481 22.2443 22.4064 
6 2.18663 2.34481 0.158187 2.26472 2.26672 20.38 20.34 
7 2.26472 2.34481 0.08 

/min= 19.5643 3a Xmin = 2.3048. 

3.2.5. 3a <PYHK:Q:ujy f(x) = 0.1(x -1)(x + 2)(x- 3)(x + 5) MeTO)J.OM 3naTHor 

npeceKa o.npe)J.HTH rrp:u6nmKHO pemelhe (Xmin , /min) MHHHMH3a:QHOHor rrpo6neMa 

minf(x) TaKO )J.a Ta'lKa Xmin O)J. Tal:JKe y KOjoj .ce )J.OCTH)I(e er3aKTHH MHHHMYM 
bx$3 

HHje Y.z:taJbeHa BHme O)J. 0.05. 

Peute1-be. Ilona3HH HHTepBan Heo.npeljeHOCTH je [a1, b1] = [1, 3]. 

J1Majyn:u y BH)J.y )J.aje l/J ~ 0.618, y rrpBoj HTepa:QHjH H3pal:JYHaBa ce: 

p 1 = a1 + (1- ¢)(b1 - a1) = 1.764, 

q1 = a1 + ¢(b1 - a1) = 2.236, 

f(pl) = -2.404, 

f(q]) = -2.894. 

KaKO je je j(p1) > j{q1), HOBH HHTepBan HeO.z:tpeljeHOCTH je [az, b2] = fp1, bi) 
= [1.764, 3]. ,lJ;y)I(HHa TOr HHTepBana He :ucrry~I>aBa 3aycTaBHH KpHTep:ujyM, rra ce 

anropHTaM IIOHaBJba Ca HOBHM HHTepBanOM HeO)J.peljeHOCTH. Pe3yllTaTH )J.06HjeHH 
y HaCTaBKy npo:Qeca cy: 
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Ta6erra 21 
k ak bk l:l.k Pk qk f{pk) Mk) 
1 1. 3. 2. 1.764 2.236 -2.404 -2.894 
2 1.764 3. 1.236 2.236 2.528 -2.894 -2.459 
3 1.764 2.528 0.764 2.056 2.236 -2.853 -2.894 
4 2.056 2.528 0.472 2.236 2.348 -2.894 -2.809 
5 2.056 2.348 0.292 2.167 2.236 -2.903 -2.894 
6 2.056 2.236 0.18 2.125 2.167 -2.893 -2.903 
7 2.125 2.236 0.111 2.167 2.194 -2.903 -2.903 
8 2.167 2.236 0.069 

:aycTaBHH KpHTepHjyM HcnylhaBa ce nocrre 7 HTepai.J,Hja, naje pemelbe npo6rreMa 

~in= -2.902 3a Xmin = 2.201. 

;.2.6. MeTO)l;OM 3JiaTHor npeceKa O)l;pe)l;HTH: a) min f(x), 6) max f(x), r)l;e Je 
2~x~5 O~x~2 

f(x) = lx 2 -1.51 x l-21- x. 

1poi.J,ec 3aycTaBHTH Ka)l;a pacTOjai'be mMe~y )];Be HTepai.J,Hje 6y)l;e Malbe O)l; 0.1. 

PeUle1be. a) Pe3yrrTaTH )l;06HjeHH npH pemaBmny 3a)l;aTor MHHHMH3a­

~~~oHor npo6rr:eMa cy: 

Ta6erra 22 
k ak bk l:l.k Pk qk 
1 2. 5. 3. 3.146 3.854 
2 2. 3.854 1.854 2.708 3.146 
3 2. 3.146 1.146 2.438 2.708 
4 2. 2.708 0.708 2.271 2.438 
5 2.271 2.708 0.438 2.438 2.541 
6 2.271 2.541 0.271 2.374 2.438 
7 2.271 2.438 0.167 2.334 2.374 
8 2.334 2.438 0.103. 2.374 2.398 
9 2.334 2.398 0.064 

/min= -2.316 3a Xmin = 2.366. 

6) YMecTO 3a)l;aTor MaKcHMH3ai.J,HOHor 

rrpo6rreMa pemaBa ce MHHHMH3ai.J,HOHH min g(x) , 
O~x~2 

rrpH l.JeMy Je 

g(x) =-f(x) = x -lx 2 -1.51 x 1-21. 

Pe3yrrTaTH pemaBaJ:'ba oBor npo6rreMa cy: 

j(pk) .f(qk) 
0.032 3.219 

-1.436 0.032 
-2.152 -1.436 
-2.02 -2.152 
-2.152 -1.896 
-2.299 -2.152 
-2.282 -2.299 
-2.299 -2.244 

-4 -2 

_, 

CrrHKa 3.2.6 
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Ta6ena 23 
k ak bk !:l.k Pk qk g(pk) 
I 0. 2. 2. 0.764 1.236 -1.798 
2 0. 1.236 1.236 0.472 0.764 -2.013 
3 0. 1.764 0.764 0.298 0.472 -2.06 
4 0. 0.472 0.472 0.18 0.292 -2.058 
5 0.18 0.472 0.292 0.292 0.361 -2.061 
6 0.18 0.361 0.18 0.249 0.292 -2.062 
7 0.18 0.292 0.111 0.223 0.249 -2.062 
8 0.223 0.292 0.069 

fmax = -gmin = 2.062 3a Xmax = 0.257. 

rpa$HK IPYHKU.Hje f rrpHKa3aH je Ha CnHU.H J.2.6. 

g(qk) 
-1.09 
-1.798 
-2.013 
-2.061 
-2.05 
-2.061 
-2.062 

3.2.7. 3a MeTo,ne paBHOMepHor rrpeTpa)I<HBaiba, ,[\HXOTOMHOr rrpeTpmKHBalba H 

3naTHor rrpeceKa 3a pernaBalbe MHHHMH3aiJ.HOHor rrpo6neMa min f(x) o,npe,nHTH 
a~x~b 

6poj H3pa~HaBalba IPYHKIJ.Hje rroTpe6HHX 3a rrocTH3albe Ta'IHOCTH c; =a !:l.I, r.ne 
je f:l. 1 = b - a ,L\y)I(HHa IIOlla3H.Or HHTepBana Heo,npe~eHOCTH, a a Y3HMa 

Bpe,nHOCTH pe,nOM 0.05, 0.005, 0.0005 HllH 0.00005. 

Peute1be. HeKa je x* Ta'IHO pernelhe rrpo6neMa, a [a(p)' b(p)] HHTepBan 

Heo,npe~eHOCTH ,no6HjeH HeKHM 0,[\ HaBe,neHHX MeTO,na, TaKO ,na Tpa)l(eHa Ta'IHOCT 
c; 6y,ne 3a,noBOJbeHa. Ta,na je rrpH6nH)I(HO pernelhe rrpo6neMa x(p) = (a(p)+ b(p)) I 2 

H Ba)J(H lx*- X(p)l < C:. 3aTO .L\Y)I(HHa KOHa'lHOr HHTepBana Heo,npe~eHOCTH MOpa 
,na 6y,ne !:l. (p) = b(p) - a(p) < 2e . 

IlpHMeHOM MeTO,na paBHOMepHOr rrpeTpa)I(HBalba ,L\y)J(HHa Kpajlher 

HHTepBana Heo,npe~eHOCTH je,nHaKa je !:l.n = 2 !:l.i I (n + 1). ));a 611 6Hna 
IIOCTHrHyTa Tpa)l(eHa Ta'IHOCT, MOpa ,na 6y,ne 3a,[\OBOJbeHa Heje,nHaKOCT 

t'11 1 . 
L1n = 2-- < 2& = 2at'11, o,naKne cne,nH n >- -1. IlpeMa TOMe, 6poJ 

n+1 a 

rro,neoHHX Ta'laKa, a THMe H6poj mpa~HaBalba IPYHKU.Hje je n = I~ -11, r.ne je 

Ca ~ f l 03Ha'leH HajMalbH u.eo 6poj BellH HllH je,nHaK t. 

Ko,n MeTo,na ,L\HXOTOMHOr rrpeTpa)I(HBalba y CBaKoj HTepau.HjH IIOTpe6Ha cy 

2 H3pa~HaBalba IPYHKU.Hje, a KOHa'lHH HHTepBan Heo,npe~eHOCTH ,no6HjeH rrocne 
n HTepau.Hja HMa ,L\y)I(HHY f:l. 1 I 2n. 3a IIOCTH3albe Tpa)J(eHe Ta'IHOCTH IIOTpefiHO je 

6 . t'1I 2 . Ina 1 3 . 6 ,na y,ne HCIIylheHa Heje,nHaKOCT - < ai1p TJ. n > --·-- . aTO Je IIOTpe aH 
2n ln2 
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ipoj MTepaUMJa n = ~- lna -11, a llOT_Pe6aH 6poj H3pa~HaBaiba cpyHKUMje I ln2 
'=2n. 

KoHa'IHO, 3a MeTO.ll 3JiaTHor npeceKa, y cBaKoj MTepauHjM ce Bpnm caMo 
e,[{HO mpa~HaBmhe cpyHKUMje, ocMM y npBoj, Ka.[{a cy noTpe6Ha 2. KoHa'IHH 

mTepBarr Heo.[{pet)eHocTH .[{06MjeH nocrre n MTepauHja je .llY)l(HHe <Pn ~ 1 , na 3a 

:a.[{OBO.Jbelhe Ta'IHOCTM T_Pe6a .[{a 6y.[{e MCITylheHa Heje.[{HaKOCT </Jn ~ 1 < 2a ~ 1 • 

) . ln 2a . 6 . 6 . . ~In 2a l 6 . TJ.[{a Je n > --, TJ. pOJ ITOT_Pe HHX MTepaUMJa Je n = -- , a pOJ 
~¢ ~¢ 

IOT_Pe6HMX H3pa~HaBalha cpyHKUMje je I= n+ 1. 

Y Ta6errM 24 .[{aT je npeme.[{ 6poja noTpe6HMX HTepauMja n M 6poja 

IOT_Pe6HMX H3pa'IyHaBalha cpyHKUMje I npH npHMeHM pa3JIH'IHTHX MeTo.[{a 3a 
['pa)l(eHe Bpe.[{HOCTH a. 

Ta6erra 24 a= 0.05 a= 0.005 a= 0.0005 a= 0.00005 

~eTO.[{ paBHOMepHOf n =19 n= 199 n = 1999 n = 19999 
npeTpa)l(HBalha I= 19 I= 199 I= 1999 I= 19999 
~eTO.[{ .[{HXOTOMHOf n=4 n=7 n = 10 n = 14 
npeTpa)l(HBalha I= 8 I= 14 I= 20 I= 28 
~eTO,[{ 3JiaTHOf n=5 n= 10 n = 15 n=20 
n_peceKa I= 6 I= 11 I= 16 I= 21 

3.3. AJJropHTMH npeTpa1KHBa~a ca KopumbelbeM H3BO,[I.a 

i. Memoo nonoBo/belba unmepBana 
ii. lhymnoB Memoo 

3.3.1. 3a cpyHKUHjy j(x)=0.1(x-1)(x+2)(x-3)(x+5) MeTO.[{OM ITOJIOB.Jbelha 

H:HTepBarra O.[{pe.[{MTM npH6JIH)l(H0 pemelhe (Xmin , /min) MHHHMM3aUMOHOf npo-

6JieMa rninf(x) TaKO .[{a Ta':IKa Xmin O.[{ Ta'IKe y Kojoj ce .[{OCTM)l(e er3aKTHH 
1Sxs3 

MMHHMYM HHje Y.lla.JbeHa BMme O.ll 0.01. 

PeuteltJe. <l>yHKUMja f je .[{HcpepeHUMja6MrrHa HaIR M lheH M3BO,ll, je 

f'(x) ~ 0.1(4x3 + 9x2
- 30x- 19). 
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llona3HH HHTepBarr Heo.n;pe~eHocrn je [ai. hi] = [1, 3] H AI = 2. KaKo je 
j 1 (AI) = -1.1 < 0, a .n;y:>Klma HHTepBarra Heo.n;pe~eHOCTH He 3a,D;OBOJbaBa YCJIOB 
npeKH,ZJ;a, tPOpMHpa Ce HOBH HHTepBarr Heo.n;pe~eHOCTH [a2, h2] = [AI, hi] = [2, 3]. 
Pe3ynTaTH ,ZJ;a.JhHX H3pa'I)'HaBaiha .n;aTH cy y crre.n;ehoj Ta6enH: 

Ta6ena 25 

=:£ ak hk !:l.k Ak !' (Ak) 
I I. 3. 2. 2. -'-l.I 
2 2. 3. I. 2.5 2.475 
3 2. 2.5 0.5 2.25 0.4625 
4 2. 2.25 0.25 2.125 -0.3727 
5 2.125 2.25 .0.125 2.188 0.03I2 
6 2.125 2.188 0.063 . 2.156 -0.1742 
7 2.I56 2.I88 0.03I 2.172 -0.0724 
8 2.172 2.188 O.OI6 

llocrre 7 HTepal.(Hja HcnylheH je 3aycraBHH KpHTepHjyM, na je pernelhe npo6rreMa 
/min = -2.904 3a x = 2.18, IIITO npe.n;cTaBJba cpe.n;HHY nocrre.n;Iher HHTepBarra 
Heo.n;pe~eHOCTH. 

x2 
3.3.2. 3a <l>YHKI.(Hjy j(x) = 2 MeTO,D;OM IIOJIOBJbelba HHTepBarra o.n;pe,D;HTH: 

l-In x 

a) min f(x), 6) max f(x), 
1/ e:<>x:<>e e:<>x:<>e 2 

TaKo .n;a rpernKa 6y.n;e Malha o.n; 0.05. 

cy: 
Pewel-be. a) Pe3yrrTaTH .n;o6HjeHH pernaBalheM MHHHMH3al.(HOHor npo6neMa 

Ta6erra 26 

k ak hk !:l.k Ak f'(Ak) 
I 0.368 2.7I8 2.35 I.543 5833 
2 0.368 I.543 1.175 0.955 1.828 
3 0.368 0.955 0.588 0.662 0.80I 
4 0.368 0.662 0.294 0.5I5 -0.346 
5 0.5I5 0.662 0.147 0.588 0.428 
6 0.5I5 0.588 0.073 

/min= 0.471 3a X= 0.552. 

6) MaKCHMH3al.(HOHH npo6neM 3aMelhyje ce MHHHMH3al.(HOHHM 

max f(x) =min(- f(x)). 
e~xse2 e5:.x:Se2 
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Ta6ena 27 
k Gk bk !:::.k A.k - f' (Ak) 
1 2.718 7.389 4.67 5.054 0.018 
2 2.718 5.054 2.335 3.886 -5.638 
3 3.886 5.054 1.168 4.47 -1.479 
4 4.47 5.054 0.584 4.761 -0.578 
5 4.762 5,054 0.292 4.908 -0.252 
6 4.908 5.054 0.146 4.981 -0.111 
7 4.981 5.054 0.073 

/max= -15.719 3a X= 5.017. 

3.3.3. 3a lj_lyHKUHjy f(x) = O.l(x -1)(x + 2)(x- 3)(x + 5) lhyTHOBHM MeTO.UOM 

o.upe,UHTH minf(x) ca TalJHornhy 0.01. 3a cTaprne Bpe,UHOCTH y3eTH 
l$x:53 

a) 1.2, 6) 2.9. 

Peutel-be. Ilpna .una mno.ua lj_lyHKUHje f cy 

f' (x) = 0.1(4x3 + 9x2
- 30x- 19), f" (x) = 0.6(2x2 + 3x- 5). 

KaKo j e f" (x) f. 0 3a x E ( 1, 3 ), 3a pernanm:ne 3a.uaTOr MHHHMH3aUHOHor npo6ne­
Ma MO)I{e Ce npHMeHHTH JhyTHOB MeTO.U, HCKa3aH lj_lopMynoM 

f'(xk) x -x -~--'----"-..:.... 

k+J- k f"(xk). 

a) AKo je nona3Ha TalJKa x 1 = 1.2, perneJDe ce .uo6Hja nocne 6 HTepauHja, 
Kao IIITO noKa3yje Ta6ena: 

Ta6ena 28 
k Xk f' (xk) !" (xk) Xk+I IXk+i -Xkl 
1 1.2 -3.513 0.889 5.156 3.956 
2 5.156 61.38 38.18 3.548 1.608 
3 3.548 16.655 18.494 2.648 0.9 
4 2.648 3.891 10.178 2.265 0.382 
5 2.265 0.573 7.236 2.186 0.079 
6 2.186 0.023 6.671 2.183 0.003 

fmin = -2.904 3a X= 2.183. 

6) IJona3eOO O,U TalJKe XI = 2.9, 3a llOCTH3aJDe Tpa)l{eHe TalJHOCTH .UOBOJDHe 
cy 4 MTepau,Hje: 
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Ta6ena 29 
k Xk f' (xk) f" (xk) Xk+I . lxk+l- Xkl 
I 2.9 6.725 12.312 2.354 0.546 
2 2.354 1.241 7.885 2.196 0.157 
3 2.196 0.091 6.742 2.183 0.013 
4 2.183 0.001 6.647 2.183 0. 

3.3.4. ,[{aTa je cpyHK:U:Hja j{x) = x2 + e-x. HcnHTaTH .ua rrH ce 3a pernaBalbe 

MHHHMH3aiJ;HOHOr npo6JieMa min j(x) MO)Ke llpHMeHHTH ffiyTHOB MeTO,U, a 
-C.O<X<OO 

3aTHM pernHTH npo6rreM ca Ta"mornliy 0.001. 

Peute1-be. <l>yHK:U:Hja j{x) je ,nHipepeH:u;Hja6HrrHa npoH3BO.lliaH 6poj nyTa Ha 
IR, a IbeHa npaa .uaa H3BO,Ua cy: f' (x) = 2x ~e-x, f" (x) = 2 +e-x. Je,nHa"lffiHa 

f' (x) = 0 HMa caMo je,UHo perneH.e, na cpyHK:U:Hja f HMa caMo je,nHy eKcrpeMHY 

Bpe,nHOCT. KaKo je f" (x) i= 0 3a caaKo x E IR, 3a o.upe]jHBaH.e Tor eKcrpeMyMa 

MO)Ke ,[(a Ce npHMeHH ffiyTHOB MeTO,U ca llpOH3BO.JbHOM CTapTHOM Ta"'IKOM. 

Y3HMajyliH 3a cTapTHY Ta"'IKJ, Ha npHMep, X1 = 0 , .uo6Hjajy ce crre.ueilll 

pe3yJITaTH: 

Ta6ena 30 
k Xk f' (xk) !" (xk) Xk+l 
1 0. -1. 3. 0.3333 
2 0.3333 -0.0499 2.7165 0.3517 
3 0.3517 -0.0001 2.7035 0.3517 

/min= 0.827 3a X= 0.352. 

3.3.5. O.upe,nHTH min (x- 2) sin3x ca Ta"'IHornhy 0.05 
O:s:x:<>l 

a) MeTO,[(OM llOJIOB.JbeH.a HHTepBarra, 

6) ffiyTHOBHM MeTO,UOM. 

Peute1-be. a) Ta6erra 31 

k ak bk tl.k 
1 0. 1. 1. 
2 0. 0.5 0.5 
3 0.25 0.5 0.25 
4 0.375 0.5 0.125 
5 0.438 0.5 0.063 

A.k 
0.5 
0.25 
0.375 
0.438 

/min= -1.511 3a X= 0.469. 

f'(A.k) 
0.679 

-3.16 
-1.2 
-0.231 

lxk+l- Xkl 
0.3333 
0.0184 

0. 



153 

6) Ta6ena 32 

k Xk f'(xk) f"(xk) Xk+I iXk+I - Xki 
I 0. -6. 6. I. 1. 
2 1. 3.III -4.67 1.666 0.666 
3 1.666 -I.242 -1.188 0.62I 1.046 
4 0.62I 2.146 IO.l7 0.41 0.211 
5 0.41 -0.657 I5.496 0.452 0.042 

fmin=-1.512 3a x=0.452 . 

. 3.6. )].am je <i.JyHmHja j(x) = j(x~, xz) = (x13 + xzi + 2(xz- XI - 4)4. HeKa je 
{A)= j(x1 +Ad), r.n;e je x1 TipOM3BOJbHa Tal.JKa H d npOH3BOJbaH npaBaJJ;. 

a) O.n:pe.n;HTH eKcnrrHJJ;HTaH H3pa3 3a tp(A.). 

6) 3a x 1 = (-3 1]T M d = [1 1]T ffiyTHOBMM MeTO,ZJ;OM o.n;pe,ZJ;HTH 

nin ip(A.) ca Ta'IHOIIIny 0.05. 
!>.:!!>2 

B) 3a x1 = (4 5]T M d = (-2 1]T MeTO,[(OM TIOJIOBJbelha MHTepBarra 

~.n:pe.n;HTH min ip(A.) ca Ta'IHOIIIny 0.05. 
-5!>..!!>5 

Peute1-be. a) AKo je x1 
= [x1(I) xz0Y H d = [di dz]T, Ta.n;aje 

tp(A.) = ((x1(I) +A-dd+ Xz(I) + A.dzi + 2(xz0) +A-dz -XI (I)_ A.d1- 4)4. 

6) 3a x1 = [-3 1]T H d = (1 1]T <l.JyHmHja Kojy Tpe6a MHHHMH3HpaTHje 

tp(A.) =((A.- 3)3 +A.+ 1)2
. 

lpHMeHoM ffiyTHOBor MeTO.n;a c cmpTHOM Ta"<IKOM A- 1 = 0 .n:o6Hjajy ce crre.n:enH 
le3yrrTaTH: 

Ta6erra 33 
k Ak tp'(A.k) If' "(A.k) Ak+I iAk+I- Aki 
I 0. -I456. 2504. 0.58I 0.58I 
2 0.58I -466.1I6 I052.72 I.024 0.443 
3 1.024 -I44.608 457.997 1.34 0.316 
4 1.34 -41.413 216.265 I.531 0.191 
5 1.53I -9.494 I22.791 I.609 0.077 
6 1.609 -1.14I 94.053 1.62I O.OI2 

lf'mi~= 0.007 3a A= 1.609. 
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B) 3a XI= [4 5f H d = [-2 1]T li>YHI<IJ.Hja ,qJ(A) IIOCTaje 

q_1(A.) =((A.+ 4)3
- 2-1. + si + I62(A. + 1)4

. 

MeTo,n rronoBJDelba HHTepBana ,naje cne,nene pe3yJITaTe: 

Ta6ena 34 
k ak bk !:J.k A.k qJ '(A.k) 
1 -5. 5. 10. 0. 6996. 
2 -5. 0. 5. -2.5 -2059.94 
3 -2.5 0. 2.5 -1.25 1160.66 
4 -2.5 -1.25 1.25 -1.875 -10.438 
5 -1.875 -1.25 0.625 -1.562 600.152 
6 -1.875 -1.562 0.312 -1.719 312.307 
7 -1.875 -1.719 0.156 -1.797 156.64 
8 -1.875 -1.797 0.078 -1.836 74.692 
9 -1.875 -1.836 0.039 

q_lmin= 431.744 3a A= -1.855. 

4. BllillE)l;HMEH3HOHAJIHA HEJIHHEAPHA 
ODTHMH3A:QHJA 

4.1. AJJropnTMH npeTpa~nBaiLa 6e3 KopumlieiLa H3Bo~a 

i. Memoo Koopounamnoz cnycma 
ii. Memo() pneKCU6UJIHUX nonueoapa 

4.1.1. MeTo,noM Koop,nHHaTHor crrycTa o,npe.UHTH minj{x~, x2), me Je 

2 1 2 f(x1 ,x2 ) = x1 - x1x2 + -x2 + x1 - 5x2 • 
2 

3a cTapTHY Ta'IKY y3eTH xi=[O 10]T, a rrpou;ec 3aycraBHTH Ka,na je pacrojalbe 
H3Me~y .UBe cyce.z:r.He HTepau;Hje Malbe o.n 0.2. 

Peute1tJe. HeKaje YI =xi= [0 IO]T. ct>yHKU:Hja 

lpl (A) = f (y I + Ad I) = _.f - 9 A 

,nocTH)J(e MHHHMYM 3a AI= 9/2, rraje 

y, ~y, +A,d, ~[O 10]" +~[I O]T ~[~ lOr 
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~z=-1/2, naje 

)J,OCTir>Ke MMHMMYM 3a ..11 = -1/4, rraje 

[
17 19]T 

y2=y~+~d~= 4 2 

114JyHK~Mja rp2(A)=f(y 2 +Ad2)=_!_(8A2 +4A-327) 
16 

.n:ocTM)I(e MMHHMYM 3a 

Az = -1/4, na je 

[
17 37]T 

y 3 = y 2 + A2d2 = 4 4 
H x3 = Y3· OneT je llx3

- x2 ll 2: 0.2, na ce rrpo~ec HacTaB.Jba. HoBe Bpe)J,HOCTM cy: 
3 1 2 1 

YI =X ' rpl (A) = 32 (32A + 8A- 655)' AI= - 8' 

[
33 37]T 1 2 1 

Y = - - m (A) = - (32A + 8A -1311) Az = --2 8 4 ' 'r 
2 64 ' 8 ' 

y, ~[3: 7:r x'~y,. 
KaKo je llx4 

- x3ll = 0.176777 < 0.2, npo~ec ce 3aycTaB.Jba H pernei:he Je 
[min= -20.4922 3a X= [4.125 9.125]T. 

4.1.2. MeTO)J,OM KOOp)J,HHaTHOr crrycTa ca Ta"'IHOrnny G = 1 o-2 o.n:pe)J,MTM penmTH 
MaKCHMM3a~MOHM npo6rreM 

Peutefbe. YMeCTO 3a)J,aTor MaKCMMM3a~MOHor rrpo6rreMa max g(x1, x2), 
pernaBa ce MMHMMH3a~MOHM rrpo6rreM min./{xi,x2), r)J,e je 

f(xi'x2) = (g(xi'x2)tl = exf+xlx2+Xi-2xl-3x2+1. 

Tiorra3enM o.n: Ta"'ll<e x0 )=[0 ··O]T H npHMei:hyjyliH rrocrynaK npeACTaB.JbeH y 
npeTXO.IJ:HOM 3a.n:aTKy, )J,06Mjajy ce crre.n:ehe Bpe.n:HOCTM: 
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Ta6ena 35 

k xk( = YI) AI Y2 A2 Y3 j(xk) llxk-xk-III 

I [0 O]T I [I O]T I [I I ]T 2.7I82 

2 [1 1Y I 

[~ Ir 

I 

[~ ~r -- - 0.3678 I.4I4 2 4 

3 

[~ ~r 
I 

[i ~r 
I [~ Er 

-- - 0.269I 0.559 8 I6 8 I6 

4 
[~ Er 

I [~ Er. 
I [Jl 85r -- - 0.2639 0.140 

8 I6 32 32 I6 64 32 64 

5 
[~ ~r I [~ 85r 

I 
[43 34Ir -- - 0.2636 0.035 

32 64 I28 I28 64 256 I28 256 

6 [~ 34Ir 0.2636 0.009 
I28 256 

llpeMa TOMe, 3a Ta'IJ<Y y KOjoj <PYHK~Hja f ,l1;0CTH)I(e CBOj MHHHMYM /min= 0.2636 
MO)I(e ce y3eTH x6=[0.336 1.332]T, a y TOj Ta'IKH <PYHK~Hja ~HJI,a g ,l1;0CTH)I(e 
CBojy MaKCHManHy Bpe,tuiOCT gmax = (0.2636)-l = 3.7936. 

4.1.3. MeTO)J.OM KOop,n:HHaTHor crrycm o.n;pe,n:HTH minj{x1, x2), r.n;e je 

f(xpx2 ) =max (4x1
2 +4xi -16x1 -16x2 +32, 4x1 -4x2 +16). 

Pewe1-be. HeKaje rro':IeTHa Ta'IKa x1 = [0 O]T H YI =x1. <l>yHK~Hja 

qJI{.A.)= fCYI + .A.d1) =max (4.A?-16A. + 32, 4.A. + 16), 

'IHjH je rpa<PHK rrpHKa3aH je Ha CnHUH 4.1.3.a, .n;ocTH)I(e MHHHMYM 3a AI= 1. 3aTo 
je Y2=[1 of. <l>yHK~Hja 

qJ2{.A.) = j{y2+ A.d2) =max (4i -16,{ + 20, -4.A.+20) 

)J.OCTH)I(e MHHHMYM 3a .A.2=1 (CnHKa 4.1.3.6), rra je x2
= y3=[1 3]T. Bpe,n:HOCTH y 

HOBOj HTepaUHjH cy: 

YI = x2 =[1 3]T, 

qJI(A.)=fCyi+A.di)=max(4.A.2-8A.+8, 4.A.+8), minq_~I(A.)=8 3a .A.1=0 

(CnHKa 4.1.3.B), 



Y2 = YI +Aid I = [1 3]T, 

tp2(A.) = j{y2 + A.d2) =max ( 4A.2 + 8A. + 8, -4A. + 8), min tp2(A.) = 8 3a A.2 = 0 

(CmiKa 4.1.3.r), 

Y3 = Y2 + A.2d2 = [1 3]T, x3= Y3 = [1 3]T. 

a) 6) B) r) 

CrrHKa 4.1.3 
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KaKo je lx3- x21=0, Ta'IHO pemelbe MHHHMH3aU.HOHor npo6rreMa je /min= 8 3a 
X= (1 3]T. 

4.1.4. MeTo~oM <PrreKcH6HrrHHX norrHe~apa o~pe~HTH minj{x1, x2), r~e je 

j{x~, x2) = x12 + xl- 4xi- 2x2 + 7 . 

Peutelbe. HeKaje no'IeTHH CHMnrreKc Tpoyrao ca TeMeHHMa v1°>= [0 O]T, 
v2(

1) = [1 O]T H v3°> = [0 1]T. YrropeVHBalheM Bpe~HocTH <l>YHKU.Hje y TeMe­
HHMa 1p0yrrra j{v1(1)) = j{O, 0) = 7, j{v2( )) = j{1, 0) = 4 H j{v3(l)) = j{O, 1) = 6 
MO)I{e Ce 3aKJbY'IHTH ~a <l>YHKU.Hja f ona~a 0~ TeMeHa VI(I) y npaBIJ.Y If CMepy 
BeKTopa t(l)- v/1), r~e je t0 >= (v/1)- v2°))/2 := [0.5 0.5]T cpe~HHa HacnpaMHe 
CTpaHHIJ.~ V3(1) - V2(l). IJOCTYTIKOM. pe<l>rreKCHje, Tj. O~peljHBalbeM Ta'IKe v1(

2) 
CHMe1pH'IHe Ta'IKH V1(l) y O~HOCY Ha cpe~HY C~aHHU.e V3(1)- V2(1} ycnOCTaBJba 
Ce HOBH Tpoyrao Ca TeMeHHMa V1(2) = (1 · 1) , V2(2) = V2(1)' V3(2) = V3(1). 
HaBe~eHHM nocrynKoM y npBe 4 HTepau.Hje ~o6Hjajy ce crre~ehn pe3yrrTaTH 
(cHM6orroM * 03Ha'IeHa cy TeMeHa Koja ce pe<PrreKryjy y Teeyhoj HTepau.HjH): 

Ta6erra 36 

k VI(k) V2(k) V3(k) j{v1 (k)) f{v2(k)) f{v3(k)) 

1 [0 O]T * [ 1 O]T [0 1]T 7 4 6 

2 [1 1]T [1 of [0 1]T * 3 4 6 

3 [1 If [1 of * [2 O]T 3 4 3 

4 [1 l]T * [2 1]r [2 O]T * 3 2 3 
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C~a 3a pe<!>neKToBaThe Te:MeHa rrocmje ,n;Be Mory)lliocTM. AKo ce pe<PneKryje 
TeMe VI(4), ,rt;06Mja ce TpOyrao ca TeMeHMMa VI(S) = [3· O]T, v 2(S) = v 2(4), v 3(S)= V3(4) 

M Bpe.rt;HOCTMMa <l>YH~Mje j{v1(
5
)) = 4, j{v2(5)) = 2, j{v3(5)) = 3. AKo ce 

pe~neKryje V3(4\ .n;o6Mja ce Tpoyrao ca TeMeHMMa v 1(S) = v 1(
4
), v 2(S) = v 2(4), 

v} )= [1 2]T M Bpe.rt;HOCTMMa <l>YHKII,Mjef{v1(S)) = 3, j{v2(S)) = 2, j{v3(S)) = 4. Y o6a 

cny-qaja y HOBOM TeMeHy Bpe,rt;HOCT <l>YH~Mje je Bena Hero y OCTanMMa, rra ce 
HOBOM pe<PneKCMjOM IIOHOBO ,rt;06Mja Tpoyrao ca TeMeHMMa v 1(

4
), V2(4}, v 3(

4
), liiTO 

3Ha"IJM ,n;aje MMHMManHa Bpe,rt;HOCT <l>YHKII,Mje y OKOITMHM TeMeHa V2(4) = [2 l]T. 

CnMKa 4.1.4 

AKo ce ll,MJbHa <l>YHKII,Mja rrpe,n;cTaBM y 

o6nMKY 
. 2 2 

f{XJ, X2) =(XI- 2) + (x2- 1) +2, 

BM,rt;M ce .n;a Je pemelbe 3a,n;aTKa yrrpaBo 

/min = 2 . 3a (XI .X2) = (2, 1 ). 

TpoyrnoBJi KOpMmheHM 3a .n;o6Mjalbe 

pemeTha rrpMKa3aHM cy Ha CnMII,M 4.1.4. 

4.1.5. I1ona3ehM o.n; Tpoyrna ca TeMeHMMa (8, 9), (1 0, 11) M (8, 11 ), MeTo,n;oM 

<PneKcH6MnHMX rronMe,n;apa o.n;pe.rt;MTM minf{XI.X2), r.n;e je 

f{XI.X2) = 4x/ + xl- 40xi- 12x2 + 136. 

Y cny-qajy rreTJbe cMaH.MTM cTpaHMII,y Tpoyrna, a rrpoll,ec 3aycmBMTM K~ 

MaKCMManHa ,rt;y)IGIHa CTpaHMII,e 6y,n;e MaH.a O,rt; 0.2. 

Peute1be. IJpMMeHOM IIOCT)'IIKa pe<PneKCMje OIIMCaHOr y rrpeTXO,rt;HOM 

3a.rt;aTKy, y rrpBMX 5 MTepall,Mja .n;o6Mjajy ce cne.n;ehH pe3ynTaTM: 

Ta6ena 37 

k VI (k) V2(k) VJ(k) f{vi(k)) f{v2(k)) f{v3(k)) 

I [8 9]T [I 0 II ]T * [8 II]T 45 I25 63 

2 [8 9]T [6 9]T [8 llf * 45 13 63 

3 [8 9]T * [6 9]T [6 7]T 45 13 5 

4 [4 7]T [6 9f * [6 7]T 5 I3 5 

5 [4 7]T [4 5]T [6 7f 5 5 5 

KaKo cy Bpe.rt;HOCTM <l>YHKII,Mje y CBMM TeMeHMMa rrocne.n;Ther Tpoyrna je.n;HaKe, 

CTpaHMII,e Tpoyrna Tpe6a CMaH.MTM. HoBM Tpoyrao HMje je,n;H03Ha"IJHO o.n;peljeH, 

KaKO 360r KOe<!>Hll,MjeHTa CMaH.elba CTpaHMIJ,e, TaKO M 36or M36opa TeMeHa Koje 

ocTaje. TaKo, Ha rrpHMep, rrocryrraK MO)I(e .n;a ce HacTaBM ca TpoyrnoM ca 
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eMeHHMa v1(
6
) = v 1<5) =[4 7]T, v 2<6) = [4 6]T, V3(6) = [5 7]T. Pe3yrrTaTH .n;an,e 

1pou;e.n:ype cy crre.n;ehH: 

Ta6erra 38 

k VJ(k) V2(k) VJ(k) fCvi (k)) f(v2(k)) f(v3(k)) 

6 (p) [4 7]T * [4 6]T [5 7]T 5 4 1 

7 [5 6]T [4 6]T * [5 7]T 0 4 1 

8 [5 6]T [6 7f * [5 7]T 0 5 1 

~rre.n;ehoM pe<lJrreKCHjOM IIOHOBO 6H ce ,ll;06HO TPOyrao M3 npeTXO,ll;He HTepau;Hje, 
1a ce orreT Bpnm pe.n;yKIJ;Hja CTPaHHIJ;e Tpoyrrra. Pe3yrrTaTH cy rrpe.n;cTaBJJ,eHH y 
rre.n;ehoj Ta6rrHu;H, rrpM l.JeMy je 03HaKOM (p) HarrrameHa HTepau;Hja y Kojoj je 
13BprneHa pe.n:yKu;Hja: 

Ta6erra 39 

k VJ(k) V2(k) VJ(k) fCvi(k)) f(v2(k)) f(v3(k)) 

9 (p) [5 6]T [4.5 6]T * [5 6.5]T 0 1 0.25 

10 [5 6]T [5.5 6.5]T * [5 6.5]T 0 1.25 0.25 

11 (p) [5 6]T [4.75 6]T * [5 6.25]T 0 0.25 0.0625 

12 [5 6]T [5.25 6.25]T * [5 6.25]T 0 0.3125 0.0625 

13 (p) [5 6]T [4.875 6]T [5 6.125]T 0 0.0625 0.015625 

' rrocrre)UbeM TPOyrrry .n;y)I(HHa HajBehe cTpaHHI~e je 0.176777, lliTO 3a,ll;OBOJJ,aBa 
:oCTaBJJ,eHH KpHTepHjyM 3a 3aBprneTaK rrpou;eca. IIpeMa TOMe, TPa)l(eHo pernelhe 
:! /min= 0 3a (XI, X2) = (5, 6). 

~.2. AJiropnTMH npeTpamu~alha ca KopumlielheM H3Bo.r.a 

. Memoi> naj6pJICez nai>a 
i.lhymnoa Memoi> 
ii. Memoi> Kolbyzoaanux npaaau.a 

.2.1. O.n;pe.n;MTH min x1
2 

- x1 x2 + .!_ x~ + x1 - 5x2 MeTo.n;oM Haj6p)l(er rra.n;a ca 
2 

Ol.JeTHOM Tal.JKOM x 1=(0 10]T H 3aycTaBHHM KpHTepHjyMOM € = 10-2. 

PeUle1be. rpa.n;HjeHT <l>YHKIJ;Hje 
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. [at] ax [ 2xl - x2 + 1] 
Vt(x) = ar = . 

-~ -X1 +X2 -5 
ay 

Y no'IeTHoj Ta'IKH xi= [0 10]T npaBan Haj6p)l(er na,ZJ;aje di = -Vj{xi) = [9 -5]T, 
IIa ce HOBa HTepanJija ,ZJ;06Hja MHHHMH3anHjOM «i>YHKnHje 

t(x1 + ..1d1) = 138.5.4? ~ 106..1. 

0Ha ,ZJ;OCTH)I(e MHHHMYM 3a AI= 0.3827, naje · 

X
2 = X

1 + Ajd1 = [3.4440 8.0866]T. 

IIomTO je jVj{x2)1 = 0.4089, nocrynaK ce HacTaBJI>a Ha HCTH Ha'IHH. ,D;o6HjeHe 
Bpe,ZJ;HOCTH cy: 

d2= -Vj{x2) = [-0.1986 -0.3574f, j{x2 + Ad2) = 0.0323 i- 0.1672 A- 20.2816, 
A2=2.5854, x3=x2+,hd2=[3.9574 9.0106]T, jVj{x3)j=0.1097, 

d3=-Vj{x3) = [-0.0959 0.0533]T, j{x3 + Ad3) = 0.0157 A2
- 0.0120 A- 20.4977, 

A3 = 0.3827, x4 = x3 + A3 d3 = [3.9940 8.9903]T, jVj{x4)j = 0.0044; 

36or HCIIylheHOCTH 3aycTaBHOr KpHTepHjyMa, pemelhe 3a,ZJ;aTor 
MHHHMH3anHoHor npo6JleMaje tmin=-20.5 3a (xt, x2) = (3.9940, 8.9903). 

4.2.2. MeTO,ZJ;OM Haj6p)l(er na,ZJ;a ca 3aycTaBHHM KpHTepHjyMoM t: = 0.05 pemHTH 
MHHHMH3anHOHH IIp06JleM minj{XI, x2, x3), r,ZJ;e je 

a)j{XI, X2, X3) =:= (2XI- X2 + X3 -1i +(-XI+ X2 + 2x3 -1)2 +(xi+ 2X2- X3 -1i, 

6) f{Xt, X2, X3) = (2XI - 2x2 + X3 -1 i +(-XI + X2 + 2X3 -1 i +(XI + 2x2- X3 -1 i. 
PeUlel-be. a) rpa,ZJ;HjeHT «i>YHKnHje t je 

\lt(Xp X2 'X3) = [ at at at ]T = r ~2;~1-+ :;;2-- ~:: =: l· 
ax) ax2 ax3 

- 2x1 - 2x2 +12x3 - 4 

HeKaje xi= [0 0 O]T IIOJ1a3Ha Ta'IKa. Ta,ZJ;aje di = -Vj{O,O,O) = [4 4 4]T 
npaBan Haj6p)l(er na,ZJ;a, a iPYHKnHja 

j{xi+Adi) = 192A2- 48A + 3 
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o:ocnnKe MHHHMYM 3aA.1 = 0.125. HoBa HTepa~Hjaje 

x2 = x1+A.1d1 = [0.5 0.5 0.5]T. 

KaKo je IVJ{x2)1 = 0, rrpo~ec ce 3aBprnaBa, rra ce perneiDe rrpo6rreMa /min = 0 
[(06Hja 3a (XJ, X2, X3) = (0.5, 0.5, 0.5). 

6) IIorra3enH o,n Ta"IJKe x1 = [0 0 O]T, ,no6Hjajy ce crre,neliH pe3ynTaTH: 

Ta6erra 40 

k xk j{xk) IVJ{xk)l dk Ak 
1 [0 0 O]T 3 6 [4 2 4]T 0.155 

2 [0.621 0.310 0.621]T 0.2069 2.8146 [-0.346 2.621 -0.966]T 0.048 

3 [0.604 0.435 0.575]T 0.0179 0.5204 [0.510 0.087 0.054]T 0.104 

4 [0.657 0.444 0.580f 0.0039 0.2997 [-0.058 0.264 0.J28]T 0.062 

5 [0.654 0.461 0.588]T 0.0011 0.1371 [ 0.100 -0.022 0.091]T 0.080 

6 [0.661 0.459 0.596]T 0.0004 0.0883 [ 0.008 0.087 0.012]T 0.064 

7 [0.662 0.465 0.596]T 0.0001 0.0458 

~6or HCrryiDeHOCTH 3aycTaBHor KpHTepHjyMa 3a perneiDe rrpo6rreMa ce MO)I(e 
{3eTH /min=O.OOOl 3a (x1, X2, X3) = (0.662, 0.465, 0.596). 

1.2.3. O,npe,nHTH min (x1 - x2i + (x3 - x4i MeTo,noM Haj6p)l(er rra,na Y3HMajyliH 
Ia IIOJia3HY Ta"IIKY: 

1° x1=[0 0 0 O]T, 

2° x1 = [-2.5 2 -2.5 2]T, 

3° XI= [10 9 -1 4]T. 

Pemefbe. rpa,nHjeHT 4>YHK~Hje 0 j{x], X2, X3,X4) Je 

\lf(xpx2 ,x3 ,x4 )=[2(x1 -x2 ) -2(x1 -x2 ) 2(x3 -x4 ) -2(x3 -x4 )]T. 

(aKo je Vj{O,O,O,O) = 0, TO ce perneiDe rrpo6rreMa/min = 0 rrocTH)I(e Ben y rrpBoj 
Ipe,nJIO)I(eHoj IIOJia3HOj Ta"IJKH (x1, X2, X3, X4) = (0, 0, 0, 0). AKO ce 3a IIOJia3HY 
:a"IIKY ma6epy ,npyra HJIH Tpelia rrpe,nJIO)I(eHa Ta"IIKa, perneiDe /min= 0 ce ,no6Hja y 
(pyroj HTepa~HjH, aJIH 3a pa3JIH"lJHTe Bpe,nHOCTH IIpOMeHJbHBHX: 

2° (XJ, X2, X3, X4) = (- 0.25, - 0.25, - 0.25, - 0.25), 

3° (XJ, X2, X3, X4) = (9.5, 9.5, 1.5, 1.5). 

. IJpHMeTHMO ,na MHHHMYM /min = 0 l}>yHK~Hja ,l(OCTH)I(e y CBHM Ta"IJKaMa 
XI, X2, X3, X4) E IR4 3a KOje Ba)I<H XJ = X2, X3 = X4. 
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4.2.4. 0)..(pe)l.IUH 

llO'IeTHOM T3'IKOM x 1=[0 lO]T. 

PeULe1-be. Tiap:QHjaJIHH H3BO)..(H IPYHKnHje 

2 1 2 
f(xpx2) = x1 - x1x 2 + -x2 + x1 - 5x2 cy: 

2 

a rpa)..(HjeHT H xecHjaH y npOH3BOJbHOj T3'IKH 

if &j 

ax [ 2xl - x2 + 1 ] - 8x2 ax ax 
Vf(x) = I = - ' H(x) = a2jl aij2 

at -x +x -5 _ I 2 __ 

= [ 2 -1]. 
-1 1 

ax2 ax I ax2 axl2 

XecHjaH je KOHCTaHTHa MaTpHIIa H lbeHa rumep3Ha MaTpHJia je H(xr' ~ [: ~ l 
lloJia3elrn: O)..( Ta'IKe x 1=[0 10]T, npHMeHOM lbyTHOBor MeTo)..(a )..(06Hja ce 
cJie)..(elia HTepaQHja 

x' ~ x' -H(x'r'Vf(x') ~[1~ ]-[: ~l5
9] ~[;]. 

KaKo je Vj(x2) = [0 O]T, perneae npo6JieMaje /min= -20.5 3a (xi, x2) = (4, 9). 

4.2.5. JbyTHOBHM MeT<))..(OM peiiiHTH npo6JieM min j(XJ, x2, x3), r)..(e je 

f(x1, x2, X3) = (2x1- 2x2 + X3- 1i + (-x1 + X2 + 2x3- 1i + (x1 +2x2-x3 -1i, 

PeULe1-be. rpa)..(HjeHT 4Jyal<QHje, xecHjaH H HHBep3HH xecHjaH cy 

[ 

12x1 -6x2 -2x3 -4l 
Vf(x) = - 6x1 + 18x2 - 4x3 -2 , 

- 2x1 - 4x2 + 12x3 - 4 

[ 

12 - 6 - 2] [1 0 4 
H(x) = -6 18 -4 , H(xf1 = 

9

1

0 
4 7 

-2 -4 12 3 3 
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;e .no6Hja Ta"IJHO pemelbe /min= 0. 

1.2.6. O.npe,nHTH max XI + 2x2 + 5xiX2 - XI 2 + 3xl npHMeHOM lbyTHOBor 
deTo,na. 

Peutel-be. YMecro 3a,naTor MaKCHMH3aiJ,HOHor npo6rreMa max f{xi, x2) 
JemaBa ce o.nroBapajynH MHHHMH3au,HOHH min g(x~, x2), r.ne je 

g(XI, X2) = -j{XI, X2) =-XI- 2.x2- 5XIX2 + XI 2- 3xl 

fle3aBHCHo o.n norra3He Ta"IJKe, y .npyroj HTepau,HjH ce .no6Hja raqHo pemelbe 
~ax= -groin= -0.2973 3a (x~, X2) = (-0.1081, -0.2432). 

t2.7. PemHTH MHHHMH3aiJ,HOHH npo6rreM minj{XI, X2) lbyTHOBHM MeTO,nOM 
::a IIOJia3HOM TaqKQM (1, 0) H 3aycTaBHHM KpHTepHjyMOM C: = 0.05, aKO je 

a) f(xi,x2) =(xi- 2x2)
4 +(xi- 2)4

, 

!( 2 X
2+x2 

6) xpx2)=x1 +2x2 +e • 2
• 

Peutel-be. a) 3HajynH .naje 3a 3a,nary <jlyHKIJ,Hjy 

Vf(x) = 4[(xl- 2x2)3 + (xl ~ 2)3] ' 
-2(x1 -2x2) 

H(x) = 12[(xl- 2x2)2 + (xl ~ 2)2 - 2(xl- 2x2)22] ' 
- 2(x1 - 2x2) 4(x1 - 2x2 ) 

npHMeHOM lbyTHOBor MeTo.na .no6Hjajy ce crre.nehH pe3yrrTaTH: 

Ta6erra 41 

k xk. . j{xk) JVJ{xk)l 

1 [1 of 2 8 

2 [1.3333 0.3333)T 0.3951 2.370 

3 [1.5556 0.5556)T 0.078 0.702 

4 [1.7037 0.7037)T 0.0154 0.208 

5 [1.8025 0.8025)T 0.003 0.062 

6 [1 .8683 0.8683f 0.0006 O.Q18 

Pemelhe je /min= 0.0006 3a (x~, x2) = (1.8683, 0.8683). 
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Ta6ena 42 

k xk j(xk) IVJC 
1 [ 1 O]T 3.7183 6.437 

2 [ 0.6054 O]T 2.048 2.747 

3 [ 0.0560 O]T 1.0592 1.112 

4 [--0.4950 O]T 0.7826 0.265 

5 [--0.4254 O]T 0.773 0.02 

/min= 0.773 3a (XI, x2) ~ (-0.4254, 0). 

KOHCTaHTHa MaTp:u:ua H(x) = . AKo je d1 = [1 O]T, Ta,na ce JDeMy [ 2 -1] 
-1 1 

H-KolhyroBaH BeKTop d2 = [1 b]T (b #- 0) o)J;pe~yje H3 ycnosa 

dJHd2 = [1 O]T = [1 O]T = 2- b = 0. [ 
2 -1][1] [ 2-b] 

-1 1 b -1+b 

,[(aKJie, d2 = [1 2]T. HeKaje IIOJia3Ha Ta"IJKa x 1 
= [0 IO]T. <l>yHK:UHja • 

qJ1 (..1.) = f(x 1 + A.d 1) = A-2 - 9..1. 

)J;OCTH)J(e MHHHMYM 3a AI= 9/2 (BH)J;eTH 3ll)J;aTaK 4.1.1.), rraje 

x'~x'+~d,~[O !OJ'+~[! OJ'~[~ !Or 

2 2 81 
qJ2 (..1.)=/(x +A-d 2 )=A. +..1.-4 

)l.06:uja ce A.2 = - 1/2. KoHa"'IHO, Ta'IHO perneJDe rrpo6JieMa /min=- 20.5 )J;OCTH)J(e 

ce y Ta"'IKH 
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{CTO ce pernelhe )J.06Mja M aKO ce 3a IIOlla3H)' Ta'IKY Y3Me, Ha rrp., X
1 = [1 l]T: 

q;>1(A)=f(x1 +A-d1)=A-2 +2A--2, A.I=-1, x 2 =x 1 +~d 1 =[0 1y, 
2 

<p2 (A)=f(x 2 +Ad 2 )=A-2 -8,.1,-%, ).2=4, x 3 =x2 +-12d 2 =[4 9]T . 

. 2.9. HeKa cy a1, a2, ... , an EIRn rrpoM3BO.JbHM nMHeapHo He3aBMCHM BeKTOpM H 

l=[hij]nxn CHMeTpwma rro3HTMBHO .ne!l>HHMTHa MaTpnua. ,[(oKa3aTM .na cy 

eKTOpH d1, d2, ... , dn E !Rn )J,e!l>HHHCaHH ca 

k = 1, 

k > 1, 

H-KolhyroBaHH. 

Peute1be. KaKo je 

T T ( d{Ha2 ) T d{Ha 2 dTHd = 0 d 1 Hd 2 = d 1 H a2 - T d 1 = d 1 Ha2 - dTHd 1 1 , 

diHdl I I 

:eKTOpH d 1 H d2 cy H-KolhyroBaHH. ITpeTrrocTaBHMO .na cy H-KolhyroBaHH CBH 

:eKTOpH d 1, ... , dk (k<n) H )J.OKa)KJIMO .na je H BeKTop dk+1 H-KmnyroBaH ca 

bHMa. HeKaje jE{l, ... , k} rrpoH3BO.JbHO. Ta.naje 

d THd TH( ~ dJHak+1 d ) dTH ~ dJHak+1 dT d 
J k+l = d J ak+l- LJ T ; = J ak+l- LJ T JH ;· 

1=1 d; Hd; 1=1 d; Hd; 

:6or H-KolhyroBaHOCTH BeKropa .d1, ... , dk H rrmMTHBHe .ne!l>HHHTHOCTH 

mTpnu,e H Ba:>Im: d}Hd; = 0 3a i -::Fj H d}Hd; = d}Hd 1 > 0 3a i = j. 3aTo je 
. T 

T T dJHak+l T 
d 1Hdk+1 =d1Hak+1 - T d 1Hd1 =0, 

d 1Hd1 

liTO 3Ha'IH .naje dk+I H-KolhyroBaH ca rrpoH3BO.JbHHM BeKTopoM d1, jE{l, ... , k}. 
lpeMa TOMe, CBH BeKTOpH d 1, ... , dn cy H-KolhyroBaHH. 

1.2.10. MeTO)J.OM KolhyroBaHHX rrpaBau,a o.npe)J.HTM minj{x1, x2, x3), r.ne je 

./{XI, X2, X3) = (2xi- 2x2 + X3- 1)2 +(-XI+ X2 + 2X3- li +(XI +2x2- X3 -lf 
Peute1be. XecHjaH li>YHKIJ,Mje u,nn.a je (BH)J.eTH 3a.naTaK 4.2.5.) II03HTHBHO 

~e!l>HHMTHa CHMeTpli'IHa MarpHU,a 



166 

H(x) = [~~ ~: =·!J. 
-2 -4 12 

H-KmnyroBaHH npaB~H d1, d2 11 d3 Mory ,D,a ce <l>opMHpajy npHMeHOM TBp~eina H3 

npeTXO,D,HOT 3a,D,aTKa, llOJia3elrn O,D, npOH3BOJbHOr CHCTeMa JIHHeapHO He3aBHCHHX 

BeKTopa. HeKaje, Ha npHMep, U) = [1 0 O]T, a2 = [0 1 of, a3 = [0 0 1]T. 
Ta,D,a je 

d1 ~a, ~[~l . 
d =a _ diHa2 d = [~J_:- 6[~J = [~~

2

l 2 2 dTHd 1 12 ' 
I I 0 0 0 

HeKa je noJia3Ha Ta"l!Ka, Ha npHMep, x
1 = [0 0 O]T. Hajnpe ca Bpnm 

MHHHMH3a~Hja <l>YHKIIHje f ,Z:I,y)K npaB~a d~, Tj. MHHHMH3aUHja <l>YHKUHje 

qJ1 (A) = f(x 1 +Ad1) = 6.4? -4.-1.+3. 

Pemelhe je AI= 113, naje 
x2 = x1 + A.1dl = [1/3 0 O]T. 

Cne,D,ena je MHHHMH3aunja <l>YHKIIHje f ,D,y)K npaBua d2, TJ. MHHHMH3aUHJa 

<l>YHKIIHje 

2 15 2 7 
qJ2 (A.) = I (X + A-d 2) = -A - 4.-1. + - . 

2 3 

Pemelhe oBor npo6neMa je A.2 = 4/15, na je 

x3 
= x2 + A.2d2 = [7115 4115 O]T. 

llocJie,D,Iha MHHHMH3aUHja je ,D,y)l( npaBUa d3, Tj. MHHHMH3aUHja <l>YHKUHje 

q73 (A.) = f(x 3 +A-d 3 ) =_!_(5.-1.-3)2, "l!Hjeje pemelhe A3 = 3/5. Ta"l!HO pernelhe 3a-
5 

,D,aTor MHHHMH3aUHOHOr npo6JieMa je /min= 0 3a 

x = x3 + A.3d3 = [2/3 7/15 3/5]T = [0.6667 0.4667 0.6]T. 
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~.2.11. <l>yHKIJ,Hjy j(XJ, x2) = 4x1
2 + 2x/ - sin(x1 + x2) arrpOKCHMHpaTH 

~ejnopOBHM IIOllHHOMOM )J.pyror CTeiieHa, a 3aTHM MeTO)J.OM KOJhyroBaHHX 

rpaBau.a peiiiHTH rrpo6neM minj(x1, x2). 

Peute1ve. TejnopoB rronHHOM .ll.pyror cTerreHa li>YHKIJ,Hje f y oKonHHH 
a"LJ:Ke 0 = [0 O]T HMa o6nHK 

1 
T(x) = /(0)+ Vf(O)T x+-xTH(O)x. 

2 

sin(x1 + x2 ) ] 

4+sin(x1 +x2 ) ' 

·o Je 

T(xpx2 ) = -x1 - x2 + 4x: + 2x~. 

{ecujaH KB3,!1parne oiJYHKIIHie T je KOHCTaHTIIa MaTplll1a H,. ~ [~ ~] H 

I 1 KolhyroBaHH BeKTOpH cy d1 = [1 O]T H d2 = [0 1]T. IIona3ehH O)J. 

!pOH3BOJbHe Ta"LJ:Ke, Ha IIpHMep 0)1. x 1 = [0 O]T MHHHMH3aiJ,HjOM li>YHKIJ,Hje 

" ITO rrpaBIJ,HMa d1 H d2 pe)J.OM )J.06Hjajy Ce Ta"LJ:Ke X
2 

= [0.125 Of H 

:
3 

= [0.125 0.25]T. KoHa"LJ:HO, Tmin = -0.1875 3a (x~, x2) = (0.125, 0.25). KaKo 

e j(x~, x2) :::::: T(x1, x2), MO)l(e ce 3aKJDYlfiiTH )J.a je pernelhe 3a)J.aTor rrpo6neMa 

~in =- 0.1788 3a (XJ, x2) = (0.125, 0.25). 

;. EJIEMEHTH TEOPHJE HrAPA 

;.1. MaTpH'IHe urpe ca HYJITOM cyMoM 

i.l.l. 0)1.pe)J.HTH )J.06HT IIpBOr Hrpa"LJ:a y HrpH 3a)J.aTOj Ta6nHIJ,OM 

Hrpa11 II 

2 3 

H'P'" I : [ -~ -~ -~J 
rocne cepHje rroTe3a {(1, 1), (2, 2), (2, 1), (1, 2), (2, 3), (1, 3)}. ,[(a nH je oBa 

(06HT Beha, Malha HllH je)J.HaKa 36Hpy )J.Olhe H roplhe Bpe)J.HOCTH Hrpe? 
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Peutefbe. ,ll;o6HT je -1 - 2 + 2 + 1 + 2 + 1 =. 3, LJ:OK je 

VD = max{-1, -2, -3}= -1, v0 = min{3, 3, 2}= 2, 

TaKo )];a je VD + va = 1. ,ll;aKrre, LJ:06HT npBor Hrpa'Ia nocrre HaBe)l;eHe cepHje 
noTe3aje Beha. 

5.1.2. AHTaroHHCTHlJKa Hrpa 3a)l;aTa je MaTPHIWM LJ:06HTH 

A= 

1 2 3 4 

2 3 4 1 

3 4 1 2 

4 1 2 3 

Docrre cepHje noTe3a {(4, 2), (2, 2), (2, 4), (4, 1), (1, 4), (3, 4)} npBH Hrpa'I je 
3apaLJ:HO OLJ:pe~eHH 6poj noeHa. Ha npe)l;rror LJ:pyror Hrpa'Ia Meinajy Hrpy, TaKo LJ:a 
je ca)l;a MaTPH~a LJ:06HTH I - A, r)l;e je I je)l;HHHlJHa MaTPH~a. 11rpa'IH noHoBo 
npHMeinyjy HCTJ cepHjy TIOTe3a H Ca)l;a npBH Hrpa'I ry6H H3BeCTaH 6poj TIOeHa. 
KorrHKH je 6HrraHc ,D,06HTH npBor Hrpa'Ia? 

Peutefbe. Epoj noeHa Koje je ocBojHo npBH Hrpa'I nocrre HaBe,D,eHe cepHje 
TIOTe3a je 1 + 3 + 1 + 4 + 4 + 2 = 15. flocrre 3aMeHe Hrpe ,D,pyroM HrpOM Ca 
MaTpHUOM )l;06HTH 

0 -2 -3 -4 

-2 -2 -4 -1 
I-A= 

-3 -4 0 -2 

-4 -1 -2 -2 

npBH Hrpa'I ry6H,jep je 36Hp noeHa -1-2-1-4-4-2 = -14. TaKo je yeynHH 
6HrraHc npBor Hrpaqa 1 noeH. 

5.1.3. ;laTa je aHTarOHHCTII'IKll urpa A= [ ~ ~ J. r)le Je x "' 0 napaMemp 

0,D,pe)l;HTH )l;OII>Y H ropiny CHrypHOCHY Bpe)l;HOCT Hrpe y 3aBHCHOCTH 0)1; X, VD(X) I 

Va(x) H CKHUHpaTH rpaqmKe OBHX 4JyHKUHja Ha HHTepBarry [0, 2]. . 

Peutefbe. ,ll;oina H ropina CHrypHOCHa BpeLJ:HOCT Hrpe cy 

vn(x) =max {min { 1, x}, min{x, 1}} =max {min{ 1, x} }=min{ 1, x }, 

va(x) =min{ max{1, x }, max{x, 1} }= min{max { 1, x} }=max{ 1, x}. 
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0 . .5 ~ 1.5 

Crr11Ka 5.1.3. 
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,l(aKrre, 

{
X, 0 :s; X < 1, { 1, 0 :s; X < 1, 

vD(x) = v0(x) = > 
1, X~ 1, X, X_ 1. 

rpm}mUII cy IIp11Ka3aHII Ha CJIIIUII 5.1.3, a IIpiiTOM 
je rpaqmK tPYHKUIIje VD(X) IIp11Ka3aH 
IICIIpeKII,ZJ;aHOM JIIIHIIJOM. 

5.1.4. ,l(ara je aHTaroHIICTIIqKa 11rpa A= [ 
2 

x], r.n;e je x ~ 0 napaMerap. 
-1 1 

).n;pe,D;IITII ,D;OihY II roplhy CllrypHOCHY Bpe,D;HOCT 11rpe y 3aBIICHOCTII O,ZJ; X, VD(X) II 
~G(X) II CKIIUIIpaTII rpatPIIKe OBIIX tPYHKUIIja Ha IIHTepBarry [0, 4]. 

as 

' 
' 

Peutelbe. Qq11rrre.n;Ho je 

X 
2 3 4 

Crr11Ka 5.1.4. 

VD(x) = max{min{2, x}, min{-1, 1}} 

= max{min{2, x},-1 }, 

a KaKo je 3ax ~ 011 min{2, x}~ 0, TO je 

VD(x) = max{min{2, x} }= min{2, x}. 

C .n;pyre cTpaHe, 

v0 (x) =min{ max{2, -1}, max{x, 1}} 

= min{2, max {1, x}} 

= {max{1, x}, 0 :s; x < 2, 
. 2, X~ 2, 

TaKO ,ZJ;a je KOHaqHQ 

{ { 

1, 0 :s; X < 1, 
X, 0 :s; X< 2, 

vD(x) = v0(x) = x, 1 :s; x < 2, 
2, X~ 2, 

2, X~ 2. 

'pa«i>IIUII cy np11Ka3aHII Ha Crr11u11 5.1.4, a npiiTOM je rpa4>11K tPYHKUIIje VD(x) 
Ip11Ka3aH IICTipeKII,ZJ;aHOM JIIIHIIJOM. 
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[ 
l X] · 5.1.5. MaTpHUOM A = , me je x ~ 0 

2x 1 

rrapaMeTap, ,neqmHHCaHa je MaTpHqHa 
aHTaroHHCTJiqKa Hrpa. O,npe,nHTH ,nmny H 

roplhy CHrypHOCHY Bpe,nHOCT Hrpe y 
3aBHCHOCTH 0.[{ X, VD(X) H Va{X), H CKHUHpaTH 
rpa<l>HKe OBHX <l>YHKUHja Ha HHTepBany [0, 2). 

J.f--__ ____., ___________ _ 

Peme1be. Ba)J(H je,nHaKOCT 

VD(x) = max{min{1, x}, min{2 x, 1} }, 

a KaKo je min{1, x}:::; min{2 x, l} 3a cBaKo 
X ~ 0, TO je .[{Olha CHrypHOCHa Bpe,nHOCT 
VD(X) = min{2 X, 1}. foplba CHrypHOCHa Bpe,nHOCTje 

0.5 , 

I 

I 

' I 

I 

I 
I 

I 
I 

I 

o.s l. LS 

CmtKa 5.1.5. 

va(x) =min{ max{1, 2x}, max{x, 1} }, 

X 

rra KaKo je max{1, 2x}~ max{x, 1} 3a cBaKo x ~ 0, TO je va(x) = max{x, 1}. 
KoHaqHo (CnHKa 5.1.5), 

{
2x, 0 ~ x < 112, 

v (x)-
0 - 1, x~1/2, {

1, 0 ~X< 1, 
v0 (x) = 

X, X~ 1. 

5.1.6. HeKa je A= [
2 

x] aHTaroHHCTHqKa Hrpa, r.ne je x ~ 0 rrapaMeTap. 
3 -x 

O,npe,nHTH .[{OlhY H roplhy CHrypHOCHY Bpe,nHOCT Hrpe VD(X) H Va{X) H CKHUHpaTH 
rpa<l>HKe OJ}HX <i>YHKUHja Ha HHTepBany [0, 4). 

Peme1be. 3a ,nary Hrpy Ba)J(H 

VD(x) = max{min{2, x}, min{3, -x}} 
= min{2, x}, 

jep je min{2, x}~ min{3, -x} 3a x ~ 0. TaKo~e, 

va(x) =min{ max{2, 3}, max{x, -x}} 
= min{2, x}, 

IIITO je cyMapHO ,naTO <l>opMynaMa 

{~O~x<~ {~O~x<~ 
v0 (x) = v0 (x) = 

2, x~2, 3, x~3. 

fpa<l>HUH cy rrpHKa3aHH Ha CnHUH 5.1.6. 

z.s 

LS 

l. 

o.s 
X 

l. 4 

CnHKa 5.1.6 



.2. ,lJ;OMHH3HTHe CTpaTerHje 

.2.1. 0)l;pe,ll;JITH )l;06HT o6a HrpaYia y 6HMaTpHYIHOj HrpH 3a)l;aTOj Ta6JIHIJ;OM 

Mrpa'l II 

Mrpa'l I 

1 2 3 

1 [(0,-10) (4,-4) (1,-3) 

2 (2, 6) (-2,0) (4,-2) 

4 

(6,-1)] 
(0,-8) 
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Jcne cepHje noTe3a {(1, 1), (1, 2), (2, 2), (2, 3), (2, 3), (1, 4), (2, 3)}. I1cnHTaTH: 

l JIM y HrpH TIOCTOje )l;OMHHaHTHe C'IpaTerHje? 

PeUlel-be. ,ll.o6HT HrpaYia je 

(0, -10)+(4, -4)+(-2, 0)+(4, -2)+(4, -2)+(6, -1)+(4, -2) = (20, -21), 

TO 3HaYJH )];a je npBH HrpaYI 3apa)l;HO 20 je)l;HHHI.(a a )l;pyrH je H3ry6HO 21. Y 
])H HeMa )l;OMHHaHTHHX CTpaTerHja, jep HHje)l;Ha BpcTafKOJIOHa He )l;OMHHHpa 

Tan e. 

2.2. KojH HrpaYI je no6e)l;HHK nocne cepHje noTe3a 

{(1, 1), (2, 1), (2, 1), (2, 2), (1, 2), (2, 2)} 

a [ (0, 3) (-2, 0)]. 
) ( -1, 0) ( -1, 2) ' 

B [(2, 3) (1, 2)] . 
) (3, 3) (0, 4) ' 

6 [(2,- 2) (1, 3)] . 
) (2, 3) (3, 0) ' 

r- [(-2, 1) (3, 2)]. 
). (3, - 3) (1, 4) 

~llHTaTH llOCTOja.Jhe .lJ:OMHHaHTHHX C'IpaTerHja·. 

PeUlel-be. a) (0, 3) + (-1, 0) + (-1, 0) + (-1, 2) + (-2, 0) + (-1, 2) = (-6,7), 
KJie .ll:pyrH je no6e)l;HHK. Y HrpH HeMa )l;OMHHaHTHHX C'IpaTemja. 

6) (2, -2) + (2, 3) + (2, 3) + (3, 0) + (1, 3) + (3, 0) = (13, 7), npBH je no­

~HHK. Y HrpH HeMa )l;OMHHaHTHHX CTpaTerHja. 

B) (2, 3) + (3, 3) + (3, 3) + (0, 4) + (1, 2) + (0, 4) = (9, 19), .lJ:pyrH je no­

~HHK. Y HrpH HeMa )l;OMHHaHTHHX CTpaTemja. 

r) (-2, 1) + (3, -3) + (3, -3) + (1, 4) + (3, 2) + (1, 4) = (9, 5), npBHJe 
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no6e,nHHK. CTpaTerHja g2 .npyror Hrpa-qa je ,noMmiaHTHa jep Ba)l<H [
2

] > [ 
1
] 

4 -3 ·_ 

IIpBH Hrpa-q HeMa ,noMHHaHTHIIX cTpaTeriija. 

5.2.3. HcKJbY"lliiBaiheM ,noMIIHIIpaHIIX cTpaTemja, pe.nyKoBaTII 1Irpy .nary 
MaTpiiUOM 

a 3aTIIM o,npe.[{IITII OIITIIMaJIHe CTpaTeriiJe. 

Peutel-be. IIpBa BpcTa ,noMIIHIIpa .npyry VI > v2, na .npyry Bpczy 6pmneMo, . . . . 
Jep IIpBII 1Irpa-q HeMa IIHTepeca ,na IIKa.[{ YKJbY"fJYJe ,npyry CTpaTeriiJY y HII3 CBOJIIX 
IIOTe3a. TaKO, OCTaje pe,nyKoBaHa 1Irpa 

[
2 1 4 3] 

At= 1 0 2 3 . 

Ca,na, Tpeha II "IJeTBpTa KOJIOHa ,nOMIIHIIpajy npBy, u3, u4 > u~, ,naKrre npBa 
CTPaTeriija je .[{OMIIHaHTHa, TaKO ,na 6pmneMO KOJIOHe U3 II U4, IIITO ,naje 

)l;aJbe, IIpBa KOJIOHa .[{OMIIHIIpa ,npyry Ut > U2 TaKO ,na IIpBy KOJIOHY YKJialhaMO II 

1106HjaMo MaTPHIIY A3 ~ [ ~]. Y H.oj npBa BpcTa 1\0Mlnmpa 1\PYI'Y TaKO 11a IIPYI'Y 

6pmneMo II ocTaje caMo MaTpiiua ~ = [1] «l>opMaTa 1x1, ca erreMeHTOM ca 
MecTa (I, 2) y no"IJeTHoj MaTpiiUII A. OB,ne nocTOjii paBHOTe)l(a ,noMIIHaHTHIIX 
CTPaTeriija(dt,g2)= ([1 0 O]T, [0 1 0 O]T). 

5.2.4. HcKJbY"lliiBalheM .[{OMIIHIIpaHIIX CTPaTeriija, pe.nyKoBaTII 1Irpy 

1 4 7 -2 

-5 2 3 -4 
A= 

-2 -5 -1 -1 

6 4 3 0 

a 3aTIIM o,npe.[{IITII paBHOTe)I(He CTpaTeriije. 
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Peute1be. IlpBa BpcTa ~OMHHHpa ~pyry v 1 > v 2, a qeTBpTa ~OMHH.Hpa Tpehy 

V4 > V3, rra 6p.HilleMO V2 .H V3, jep IIpBH Hrpaq HeMa .HHTepeca ~a KOp.HCT.H ~pyry .H 
Tpehy CTPaTemjy. TaKo, ocTaje pe~KOBaHa .Hrpa 

A = [1 4 7 -2] 
1 6 4 3 0 

y Kojoj rrpBa, ~pyra H TPeha KOJIOHa ~OMHHHpajy 11 qeTBpzy, UJ, u2, U3 > u4. 
HcK.JbyqnBalheM u 1, u2 H u 3 ~o6Hja ce nrpa 

y Kojoj ~pyra BpCTa ~OMHHHpa IIpBy V2 > VJ, rra ce YKJialhalheM IIpBe BpCTe 

~o6nja MaTPHU:a <PopMaTa 1x1, A3 = [0]. ffieH je~HHH erreMeHT je y rroqeTHoj 

MaTPHU:H A 6no Ha Meczy (4, 4), rra je TO je rro.Jhe ce.n;rracTe TaqKe. ):(aKrre, . . 
IIOCTOJ.H paBHOTe)l(a ,ll;OMHHaHTHHX CTpaTerHJa 

(d4, g4) = ([0 0 0 1) T' [0 0 0 1)T). 

5.2.5. HcK.lli yqnBalheM ,n;oMHHHpaHHX CTPaTernj a, pe~yKoBaTH Hrpe 

a)[~ !l 
-3 1 1 0 

-2 

6) [ -~ -~l 
3 -2 2 3 2 3 

1 B) 
-2 1 3 5 -1 4 

3 
-2 -1 2 0 

2 -2 1 -3 
1 -3 -2 4 

0 -3 -4 1 
2 0 -5 3 

r) Jl) -3 -1 0 3 
0 -4 -3 1 

-4 -1 2 3 
1 -1 -6 2 

-1 0 3 5 

Peute1be. a) v 3 >VI, rrpBa BpcTa ce 6pnme; U3 > u2, TPeha KOJIOHa ce 6pnme. 

lli]Ja ce pe~cyeyj e na [ ~ ;] 

6) IJpBa .H qeTBpTa KOJIOHa ,ll;OMHHHpajy ,n;pyry, UJ, U4 > U2, rra HX HCK.Jhy-

~ [ 3 -2] qyjeMo. Hrpa ce pe,n;yKyje Ha · _
2 1 

. 
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B) o2, o4 > o 1. a 3aTMM v2 > VI; pe.rzyKoBaHa Mrpa je ~ ~ - ~1· 
l-2 2 

[3 -2]· r) VI> V3, V2 > V4, 3aTMM 0], 04 > 02 (MTIM 03); pe.[{yKOBaHa Mrpaje Q _
5 

}1.) KaKo je v5 > V3, V4, 6pmny ce Tpeha M 'IeTBpTa BpcTa; Mrpa ce pe.nyeyje 

Ha ~ ~ =~ _: -~1· l-1 0 3 5 

5.2.6. HcKJbY'IMBaiheM .[{OMMHMpaHMX CTPaTemja, pe.rzyKoBaTM Mrpe 
0 -1 

6) l~ n 
-4 2 3 

0 
3 0 -5 6 2 

a) -1 B) 
-5 -7 -2 5 4 

3 
4 -2 1 4 2 

l! 6 4 n ro 
1 3 !} r) 3 2 }1.) ~ 2 4 

6 4 3 3 10 

a 3aTMM O.[{pe.[{MTM paBHOTe)I<He CTpaTerMJe. 

Peute1-be. a) v2 > VJ, v3, na yKnmhaMO npBy M Tpehy Bpcry, 'IMMe ce Mrpa 

pe.rzyeyje Ha cy6MaTpMUY [
3 0

] ; y lhoj npBa KonoHa .[{OMMHMpa .npyry na ce 
4 -2 

oHa HCKJI,yqyje. Y cy6MaTpHI\H Koja je npeoCTana [ -~J one-r npBa Bpcm 

.[{OMMHMpa .npyry M 6pmne je, TaKo .na ocTaje [0] ca Mecm (2, 2). PaBHOTe)lme 
CTPaTerMje cy ([0 1 0 0] T' [0 1]T). 

6) v3 > V], V2, na OCTaje MaTpMUa-BpCTa (4 3 5); 0], 03 > 02, T3KO ,[{3 OCTaje 
[3] ca MecTa (3, 2); paBHOTe)I(He CTPaTerMje cy ([0 0 1] T' [0 1 O]T). 

B) o2, o 3 > o 1, TaKo .na ce Mrpa pe.rzyeyje Ha npBy KonoHy, y Kojoj 33.[{1ha 
BpCTa ,[{OMMHMpa npBy, .npyry M Tpeny Bpcry; OCTaje (1] Ca MeCTa ( 4, 1 ), na cy 
paBHOTe)J(He cTpaTerMje ([0 0 0 1] T' [1 0 O]T). 
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r) u b u, > u,, na ce Mrpa pemKJii e Ha [: :] ca ce11noM Ha Mecry ( 1 , 1) 

UITO je y no':IeTnoj MaTpH~H erreMeHT a13 = 4. O.n.roBapajyhe cTpaTerHje cy 
([1 0 0] T, [0 0 1 O]T). 

II) u 1 > u2, u4> u,, pei1)'Kl\Hja Ha [! ;l3aTI!M v, > v" na ocTaje G :} 
ce.n.rro na Mecry (2, 1), HJIH y norra3Hoj Ma·qm~H a32 = 3; paBHOTe)I{He cTpaTerHje 
([0 0 1] r, [0 1 0 O]T). 

5.2.7. O.n.pe.n.HTH .n.olhy H roplby cHrypnocny Bpe.n.nocT 6HMaTpH1JHe Hrpe 

(-1, 3) (2,-1) (5, 1) (2,-2) 

(-2, 2) (3, 5) (2,-3) (-2,5) 

( -3, 0) (1, -2) (1,-2) (3, 1) 

(0, 2) ( -1, 1) (3, 0) (1, 0) 
. . 

~ O,ll,pe,ll,HTH ,[I,OMHHaHTHe CTpaTerHJe, aKO TIOCTOJe. 

Peutel-be. Hajnpe o.n.pe,ll,HMO MHHHMYM npBHX KOMnoneneTa napoBa y 
::BaKOj BpCTH: 

min{-1, 2, 5, 2} = -1, min{-2, 3, 2, -2} = -2, 

min {-3, 1, 1, 3} = -3, min { 0, -1, 3, 1 } = -1. 

[(olha cHrypnocna Bpe.n.nocT je VD = max{-1,-2,.:....3,-1 }= -1. 

3aTHM O,ll,pe,ll,HMO MHHHMyMe ,ll,pymx KOMTIOHeHaTa y CBaKOj KOJIOHH: 

min{3,2, 0, 2}=0, niin{-1, 5, -2, 1} =-2, 

min{1, -3, -2, 0} = -3, min{-2, 5, 1,0} = -2. 

l'oplba cHrypnocna Bpe.n.nocT je vc = max{O, -2, -3, -2} = 0 . .lJ:oMHHaHTHe 
~TpaTerHje ne nocTOje. 

5.2.8. 3a crre.n.ehe 6HMaTpH'IHe Hrpe, O,ll,pe,ll,HTH MaKCHMHH H MHHHMaKC 
3pe,ll,HOCTH H O,ll,pe,ll,HTH ,[I,OMHHaHTHe CTpaTerHje, aKO llOCTOje. 

a [ (0, 3) ( -2, 0)]. . 0 [(2,- 2) (1, 3)]. 
) (-1, 0) (-1, 2) ' . ) (2, 3) (3, 0) ' 



176 

B [(2, 3) (1, 2)] . 
) (3, 3) (0, 4) ' 

r·[(-2,1) (3,2)]· 
) (3, -3) (1, 4) 

Peutelbe. a) vD= max{min{O, -2}, min{-1, -1}} = max{-2, -1} = -1; 
vo= max{min{3, 0}, min{O, 2}} = max{O, 0} = 0; 
.lJ:oMMHaHTHe C'IpaTerMje He IIOCTOje. 

6)vD=max{min{2, 1},min{2,3}} =max{1,2} = 2; 
vo= max{min{-2, 3}, min{3, 0}} = max{-2, 0} = 0; 
.lJ:oMMHaHTHe CTpaTerMje He IIOCTOje. 

B) vD= max{min{2, 1 }, min{3, 0}} = max{l, 0} = 1; 
vo= max{min{3, 3}, min{2, 4}} = max{3, 2} .= 3; 
.lJ:oMMHaHTHe C'IpaTerMje He IIOCTOje. 

r) vD= max{min{-2, 3 }, mi:h{3, 1}} = max{-2, 1} = 1; 
v0 = max{min{1, -3}, min{2, 4}} = max{-3, 2} = 2; 
.lJ:pyra cTpaTemja .n:pyror Hrpa'Ia ,[{OMMHHpa rrpBy g2 > g1, rrpBH Hrpa'I HeMa 

,[{OMJIHaHTHe CTpaTerMJe. 

5.3. HemoB eKBHJin6pujyM u TiapeTo onTHMaJiuocT 

5.3.1. CBaKo o.n: ,[{Ba Hrpa'Ia 6Hpa Hyrry MnM je,[{MHMuy rrocne 'lera rrpBH Hrpa'I 

.n:o6Mja o.n: .n:pyror CYMY M3a6paHMX 6pojeBa. CacTaBMTM MaTIJM:UY Hrpe M 

IIOKa3aTM ,[{a je Hrpa HaKnOJbeHa 1IpBOM Mrpal:JY. 0.n:pe,llMTM llapeTO OIITMManHa 

cTaJDa. 

0 

P emelbe. 11rpa ce MOlKe npe)ICTIIBHTII Ta6nH!IOM 0 [ ~ ~] TaKo 11• J e 

A=[~ ~ l Kru<O je vv = max{O, I} = I n va = min{!, 2}= I, 3arapaHTOBaHH 

,[{06MTaK 1IpBOr Hrpa'Ia je 1 a TO je MCTOBpeMeHO M ry6MTaK ,llpyror, 6e3 063Hpa 

Ha CTpaTerMje . .lJ:aKne, Hrpa je HaKnoJDeHa rrpBoM Hrpal:JY. KaKo je Hrpa 

aHTarOHMCTM'IKa, CBa CTaJba cy llapeTO OIITMManHa. 

5.3.2. Je,[{Ha OC06aje O,[{BOjMna 5000 3a KpaTKOpO'IHY MHBeCTMIJ;Mjy. llpe,ll JbOM cy 

,[{Be MOryhJIOCTM: 1° ,[{a ynmKM HOBaiJ; Ha 6aHKOBHM )I<Hpo-pal:JYH, rrpH 'leMy je 

KaMaTa MaJDa, anM HOBa:u; MO)I(e .n:a rro.n:MrHe y 6Mno Koje BpeMe; 2° .n:a yno)I(M 

HOBaU. Ha opo'IeHy IIITe,[{JDY ca BelioM KaMaTOM anM Ca Ka3HeHMM rrpo:u;eHTOM 3a 
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paHMje rro,nM3alhe Hos:ua. MaTpM:ua .no6MTM 
,naTa je y Ta6nn:uM. O.npe,nHTH MaKCMMMH M 
MHHHMaKC Bpe,nHOCTM VD, VG OBe Hrpe M 
YTBp.[(HTH ,na llH IIOCTOjH paBHOTe)l(a 
ce,nnacTe TaqKe. ,l1;a nH rrocTojH qncTa 
cTpaTerMja 3a ynaraqa? 11crrMTaTH .na nM 
rrocTOjM TaqKa Hemosor eKBHnn6pnjyMa. 

Pewel-be. MHHHMYMH spcTa cy 

{225, -75}, ,naKne VD = max{225,-75}= 225. MaKCHMYMH KonoHa cy {225, 500}, 
TaKo .na je va = min{225, 500}=225. ,ll;aKne, (1, 1) je ce.nnacTa TaqKa, rra rrpeMa 
TOMe, rrocTojM qncTa crpaTernja [1 O]T. TaqKa Hemosor eKBHnH6pnjyMa 
rroKnarra ce ca ce.nnacTOM TaqKoM H ceM 11>e ,npyra He rrocTOJH. 

5.3.3. Cry ,neHT HMa HHTepsjy 
Ca rrpe,ncTaBHHKOM KOMIIaHHje 
KOja ,naje CTHIIeH,nHje. 3aBHCHO 
0,[( 3aHHTepecoBaHOCTH je,nHe M 

.npyre crpaHe, Moryha cy 
qeTHpH pa3llHqHTa MCXO,na, 
,naTa y Ta6enn 44. O,npe,nHTH 
.[(Oli>Y H roplhy Bpe,nHOCT VD, VG 

npe.D,CTaBHHK 
Ta6ena 44 -~------c:_, __ _ 

l3aHHTepecoBaH 
1
He3aHHTepecoBaH 

,r-,--~-----------~--, --~~----~-

! 3aHHTepecoBaH \ 1000 400 
I , 

i :------------~--,---------------··---····· 

jHe3ai1HTepecoBaH i 600 j 100 
- __j ________________________ _l ___________ j __________________ _ 

OBe Hrpe H yrnp,nHTM ,na llH IIOCTOjM paBHOTe)l(a ce,nnaCTe TaqKe. ,l1;a llH IIOCTOjM 
qncTa cTpaTernja 3a ynaraqa? McrrHTaTH .na nn rroCTojn TaqKa Hemosor 
eKBHllH6pnjyMa. 

Pewel-be. MHHHMYMM spcTa cy {400, 100}, ,naKne VD = max{400, 100} = 

400; MaKCHMYMH KOllOHa cy {1000,-400}, TaKo ,naje VG = min{1000, 400} = 400. 
,ll;aKne, ce,nnacTa TaqKa je (1, 2), rr~ rrpeMa TOMe, rrocTojn qncTa cTpaTemja 3a 
cry,neHTa a TO je [1 O]T. TaqKa Hemos.or eKBHnH6pnjyMa rroKnarra ce ca 
Ce,nnaCTOM TaqKOM H CeM lhe ,npyra He IIOCTOJH. 

5.3.4. O,npe,nHTH ce,nnacry Taqey Hrpe 3a,naTe MaTpH:UOM A =r ~ -~ 23

1

]. 

-1 -2 

Pewel-be. KaKo je VD = max{-1, 0, -2} = 0, va = min{O, 0, 3} = 0, rro.rr,a 
(2, 1) H (2, 2) cy ce,nnacTe TaqKe. ,l1;aKne, qncTe cTpaTernje ([0, 1, O]T, [1, 0, 0] T) 
H ([0, 1, 0] T' [0, 1, 0] T) C:Y OIITMMMHe M rrpe,ncTaB.rr,ajy paBHOTe)l(y qHCTHX 

CTpaTerHJa. 
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5.3.5. (CyKo6 IIOllOBa) f'op,D;aHa H ,[(paraH 

Ta6ena ~ f'op,D;aHa yroBapajy cacmHaK Ha je,ZJ;Hoj o,ZJ; ,ZJ;Ba 
45 ~------------r----:------ OMHJbeHa MecTa 3a H3na3aK. ,[(paraH je 3a 

6oKc I 6aneT 6oKcMe'I a f'op,D;aHa 3a 6aneT. AKo ce CTerreH 
---;- -~-~~~-~---;~--~--~-~~-~----- CaTM4Ja~Hje H>HXOBHM H36opOM paHmpa ca 0, 

li ~---r-------- 1 H 2, cne,ZJ;ena Ta6nm-"(a ,D;e4JMHMIIIe Hrpy 
~ 6aneT 0, 0 1, 2 II03Hary IIO,ZJ; HMeHOM "cyKo6 IIOllOBa". 

----- ---- ___________ j_________ _ HcrrHTaTH ,ZJ;a nH rrocTojH HernoB 

eKBHllH6pMjyM y "cyKo6y IIOllOBa". ,[(a llH IIOCTOje IJapeTO OIITHManHa IIOJba? 

G 

(1, 2) 

PeUtelVe. EneMeHT a 11 je MaKcHManaH y 

npBoj KonoHH, Tj; a11 = 2 = max an a eneMeHT htt 
-oo -----1----a I 

(2, 1) 
je MaKCHManaH y rrpBoj Bpcru b11 = 1 = maxb11 . 

. . J 
(0, 0) 

D ,[(aKne, rroJbe (1, 1) je rroJbe HernoBor 
eKBHllM6pHjyMa. AnH TO je TaKO~e H IIOJbe (2, 2) 
jep je a22 = 1 = maxa;2 Kao H b22 = 2 = maxb

21
• 

I J 
-oo 

fpa4JMK Ha CnHUH 5.3.5 rrpMKa3yje KOHBeKCHH 
CnHKa 5.3.5 oMoTa'I rrapoBa MarpHue ,ZJ;o6HTH ca Ta'IKaMa -oo 

HaD H G ocH. EKcTpeMHe Ta'IKe (1, 2) H (2, 1) 
rrpe,D;CTaBJbajy IJapeTO OIITMManHe TalJKe, a H>HMa O,D;rOBapajy IIOJba (1, 1) H (2, 2) 
MaTpHue ,ZJ;o6Mru. 

[
(1,1) (-2,2)] 

5.3.6. (,[(Bo6oj) MarpHua A= ,ZJ;aje Hcxo,ZJ;e ,ZJ;Bo6oja H3Me~y 
(2,- 2) (-4,-4) 

,ZJ;Ba rrpoTHBHHKa. Ha pacrronaraH>y cy ,ZJ;Be cTpaTerHje {ooycmamu, 11e 
ooycmamu}. AKo o6ojHua O,ZJ;yCTaey, ,ZJ;ene je,ZJ;HaKe ",D;o6HTKe" (no je,ZJ;aH rroeH). 
AKo o6ojHUa HaCTaBe ca ,ZJ;B06ojeM, pH3Heyjy paH>aBaH>e HllH CMpT, IIITO je 

HajnornHjM MoryhH Mcxo,ZJ; (-4). AKo je,ZJ;aH O,ZJ;yCTaHe, 6Hhe rrpornarneH 
eyKaBHUOM H CYO'IHlle ce ca 6ojKOTOM 

,D;pyrnrneHor oKpy)KeJna (-2) a ,D;pym ,ZJ;o6Hja 2 
rroeHa. HcrrHTaTH er3HCTeHUMjy HernoBor eKBHnH-
6pHjyMa H flapeTO OIITHMallHOCT. 

PeUte1be. KaKo Je a21 = maxa;1 = 2 H 
I 

h21 =max b21 = -2, rroJbe (2, 1) je rroJbe HernoBor 
J 

eKBMnH6pHjyMa. TaKo~e, Ba:>Im a12 =max a;2 = -2 
I 

Kao H b12 = maxb11 = 2, rra je H rroJbe (1, 2) rroJbe 
J 

G 
(-2. 2) 

-oo 

D 

(-4, -4) . 
CnHKa 5.3.6 
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HemoBor eKBHnH6pnjyMa. llo.Jba (1, 1), (1, 2) H (2, 1) cy TiapeTo onTHManHa,jep 
cy TO TIO.Jba eKCTpeMHHX TalJaKa KOHBeKCHOr OMOTaqa napoBa-eneMeHaTa 

Ma1]JHI:(e A (CnHKa 5.3.6). 

[
(0,-10) (4,--4) (1, -3) (6,-1)] 

5.3.7. 3a Hrpy o)J.pe)J.HTH no.Jba HeiiioBor 
(2, 6) ( -2, 0) ( 4, -2) (0, -8) 

eKBHiiH6pnjyMa H O)J.pe)J.HTH llapeTO OTITHMMHO peiiielhe. AKo Hrpa npona:m 
Kp03 HH3 CTalha U = {(2, 4), (1, 4), (2, 3), (2, 2)}, O)J.pe)J.HTH )1,06HT CBaKOr Hrpa'Ia. 

Peute1-be. llo.Jba (1, 4) H (2, 1) cy no.Jba 

HeiiioBor eKBHnH6pnjyMa. 06e O)J.roBapajyhe 
G 

C1]JaTernje (dh g4) H (d2, g1) cy TiapeTo -oo (2, 6) 
----+---. 

OTITHManHe. 0BO ce ):(06Hja H3 l:(pTe)l(a Ha CnHI:(H 

5.3.7, r,~J;e cy napoBH (2, 6) H (6, -1) eKTpeMHe 

Ta'IKe KOHBeKCHOr OMOTaqa eneMeHaTa MaTpHI:(e 

):(06HTH H -oo no o6e oce. Tiocne HH3a cTalha u, 
):(06HT nrpaqa je 

(0, -8)+(6, -1)+(4, -2)+(-2, 0) = (8,-11), 

):(aKne, 8 3a D Hrpaqa H -11 3a G. 

(-2,0) 

4,-2). (6, -1) 
• (I,-) • 

(0,-8) 

(0,-10) 

(4,-4) 

I 
~oo• 

CnHKa 5.3.7 

D 

5.3.8 . .HcnHTaTH nocTOjalhe HeiiioBHX eKBHnH6pnjyMa H IIapeTO onTHManHOCTH 

y Clle)J.ehoj 6HMaTpH'IHOj HrpH 

[
( -5, 12) (5, 13) ( -5, 15) (5, 13)]. 

(0, 7) (1 0, 8) (0, 1 0) (1 0, 8) 

Peute1-be. EneMeHT (0, 1 0) Ha 1v.1ecry (2, 3) je 

MaKCHMYM KOllOHe npBHX KOMTIOHeHaTa H 

MaKCHMYM BpcTe ,l1;pyrnx TaKo ):(a je TO HeiiiOB 
eKBHllH6pnjyM. . 

KOHBeKCHH OMOTalJ CKyTia ype~eHHX napoBa KOjH 
cy npHKa3aHH y KOOp):(HHaTHOM CHCTeMy (D, G) 

-= 
(-5.15) G 

• (-5,12) 
(0,10) 
(0. 7) 

-oo 

CmtKa 5.3.8 

(10, 8) 

D 

Ha CnHI:(H 5.3.8 CBOjHM TeMeHHMa O):(pe~yje llapeTO OTITHManHe C1]JaTerHje, H TO 

cy OHe KOje O):(rOBapajy napOBHMa (-5, 15), (5, 13) H )J.BOCTpyKOM (10, 8), )J.aKne 

C1]JaTernje (dt, g3), (dh g4), (d2, g2) H (d2, g4). 

5.3.9. ,lJ;Be KOHKypeHTCKe KOMTiaHHje Tpe6a )J,a O):(ny'Ie )J,a llH )J,a CBOje npOH3BO)J,e 
peKnaMHpajy npeKo TB HnH npeKo HOBHHa. Ka)J.a KOMTiaHnja peKnaMHpa 
IlpoH3BO):(e npeKo TB, lheHa 3apa):(a ce noBeha 3a 100 HOB'IaHHX je)J.HHHI:(a (HJ) 

aKO KOHKypeHT TipHMeHH HCTY C1]JaTerHjy, a OCTaje HenpoMelheHa aKO ce 
KOHKypeHT peKnaMHpa npeKO HOBHHa. Ka):(a KOMTiaHHja peKnaMHpa npOH3BO,l:(e 
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rrpeKo HOBHHa, 3apa;::J:a ce c:MalbH 3a 100 HJ aKo KOHKypeHT HMa peKrraMy Ha TB, a 

IIOBena 3a 200 HJ aKO ce H KOHKypeHT peKJiaMHpa rrpeKO HOBHHa. <J>opMHpaTH 

MaTpHUY JJ:06HTH KOMIIaHHja H OJJ:pe;::J:HTH rroJba Hernosor eKBHrrH6pHjyMa li 
llapeTO OIITHMaJIHOCTH. 

. . [(100,100) (0,-100)] 
Peute1-be. MaTpHua JJ:06HTH KorrMrraHHJa Je . lloJba 

( -100, 0) (200, 200) 

(1, 1) H (2, 2) cy IIOJI>a Hernosor eKBHJIH6pHjyMa, a caMo cTalbe (200, 200) je 

llapeTO OIITHMaJIHO. 

5.3.10. Y HrpH ;::J:aTOj y Ta6errH 46, y 
KOJOJ rrpim Hrpa':l HMa Ha pac .. 

rrorraralhy cTpaTerHje (di, d2, d3, d4) 
a JJ:pym CTpaTemje (gi, g2, g3, g4), 
o,npe;::J:HTH rroJba HernoBHX eKim­

rrH6pHjyMa H llapeTO OIITHMaJIHOCTH. 

Peute1-be. lloJba HernoBHX 

eKBHJIH6pHjyMa cy (1, 1 ), (2, 3) H 

( 4, 2), ca Bpe,nHOCTHMa (0, 0), (3, 4) H 

(3, 3) pecrreKTHBHO. rpai)>H':IKa 

aHaJIH3a IIOKa3yje ;::J:a cy llapeTO OIITHMaJIHa IIOJba (2, 3) Ca Bpe;::J:HOCTHMa (3, 4) H 

(3, 4) ca Bpe;::J:HOCTHMa (4, 0). 

5.3.11. Y HrpH ;::J:aTOj y Ta6errH 47, y Kojoj rrpBH Hrpa':l HMa Ha pacrrorraralhy 

cTpaTemje (d1, d2, d3) a ;::J:pyrH CTpaTerHje (g~, g2, g3), OJJ:pe;::J:HTH rroJba HernoBHX 

eKBHJIH6pHjyMa H llapeTO OIITH-

llapeTO OIITHMaJIHa. 

MaJIHOCTH. 

PeuteH:Je. lloJba HernoBHX 

eKBHJIH6pHjyMa cy (2, 1 ), (1, 2) H 

(3, 3), ca Bpe;::J:HOCTHMa (40, 25), 
(25, 40) H (1 0, 1 0). rpai)>Hl:JKOM 

aHarrH30M JJ:06Hja ce ;::J:a cy rroJba 

(1, 2) ca Bpe;::J:HOCTHMa (25, 40) H 

(2, 1) ca Bpe;::J:HOCTHMa ( 40, 25) 

5.3.12. llOKa3aTH ;::J:a cy CBa IIOJba aHTarOHHCTH':IKe MaTpH':IHe Hrpe llapeTO 

OIITHMaJIHa. 

Peute1-be. HeKa je Hrpa 3a;::J:aTa MaTpHUOM A= [aii]mxn• aii E IR. Ta;::J:a je 

6HMaTpH':IHa BapHjaHTa Hrpe ;::J:aTa MaTpHUOM rraposa [(aii,- aii)]mxn. 



Y KOOp~HHaTHOM CHCTeMy y KOMe Ha X-Ocy 
HaHOCHMO ~o6HTKe D Hrpa'Ia, a Ha y-ocy ocy 

~o6HTKe G Hrpa':la, cBe Ta':IKe (aiJ, -au) 
3a~HBOJhaBajy ycrroB y = -x, Tj. CBe rre)l(e Ha 
npaBoj ca Ham6oM -1 Koja nporra3H Kp03 
Koop.nHHaTHH no':leTaK, Kao Ha CrrHUH 5.3.11. 
0Be Ta':IKe O~peljyjy JIHHeapHH cerMeHT KOjH 
npe~CTaBJha je~HHY KOCY CTapHHuy HeorpaHH­
':IeHOr TIOJIHrOHaJIHOr CKyna, a KaKO CBH 

napOBH (aij, -aij) Jie)l(e Ha TOj CTpaHHUH, CBa 
CTalba cy llapeTO OTITHMaJIHa. 

5.4. MaTpH1JHe urpe ca ce~JIOM 

-()() 
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D 

-oo 

CrrHKa 5.3.11 

5.4.1. O~pe~HTH, yKOJIHKO nocTojH, paBHoTe)I(J 'IHCTHX cTpaTerHJa 3a Hrpe 
3a~aTe MaTpHUOM A, Kao H TPaHcnoHoBaHoM MaTPHUOM AT: 

a) 
[

10 0 -10] 
A= 0 -5 5 ; 

5 1 5 

6) [
1 -3 -2] 

A= 2 5 -4 . 

2 3 2 

Peute1-be. a) MHHHMYMH BpcTa MaTpHue A cy {-10, -5, 1}, .n;aKrre ~olha 
Bpe~HOCT (MaKCHMHH) je VD(A)= max{-10, -5, 1} = 1. MaKCHMYMH KOJIOHa 
MaTPHUe A cy {10, 1, 5}, TaKo ~a je roplba Bpe~HOCT (MHHHMaKc) 
VG(A) = min{10, 1, 5}= 1. ~aKrre·, VD(A) = VG(A) = v(A) = 1, na je ce~rro Ha 
noJhy (3, 2). CTalbe 'IHCTHX CTPaTerHja ([0 0 1] T' [0 1 O]T) je paBHOTe)l<HO 
CTalbe Hrpe. 3a TpaHCTIOHOBaHy MaTPHuy je VD(AT) = max{O, -5, -10} = 0 H 
VG(AT) = min{lO, 5, 5}= 5, TaKO ~a OBa Hrpa HeMa ce~rra na HH paBHOTe)l(e 
'IHCTHX CTpaTerHja. 

6) MHHHMYMH BpcTa MaTpHue A cy {-3, -4, 2}, ~aKJie ~olba Bpe~HocT 
(MaKCHMHH) je VD(A) = max{-3, -4, 2} = 2; MaKCHMYMH KOJIOHa MaTPHUe A cy 
{2, 5, 2}, TaKO ~a je ropl:ba Bpe~HOCT (MHHHMaKc) VG(A) = min{2, 5, 2}= 2. 
~aKrre, VD(A) = VG(A) = v(A) =2, na je ce~rro Ha noJhy (3, 1); cTal:be 
([0 0 1] T' [1 0 O]T) npe~cTaBJha paBHOTe)l(y 'IHCTHX CTPaTerHja 3a Hrpy A. 
3a waHCTIOHOBaffY MaTPHuy je VD(AT) = max{1, -3, -4} = 1 H 
VG(A ) = min{1, 5, 3}= 1, TaKO ~a je v(A) = 2, na HAT HMa ce~rro Ha TIOJDY 
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(3, 1); rra¥ CTpaTer:uja ([0 0 1] T' [1 0 O]T) je paBHOTe)l{a "l!HCTHX CTpaTer:uja H 
3a:urpy A. 

5.4.2. I1oKa3aTH .na aKo :urpa .naTa MaTpHUOM A = [ aiJ Lxn HMa ce.nrracry Ta"IIKY, 

OHa je HCTOBpeMeHO H Ta"l!Ka HeiiiOBOf eKBHJIH6p:ujyMa. 

Peute1be. AKo je apq ce.nrracTa Ta"l!Ka, Ta.na Ba)l{H 
. . 

apq = maxmmaiJ = mmmaxaiJ, TJ. apq = maxa;q = mmaPi. 
I J j I I j 

MHo)l{e!heM Te je.n:HaKOCTH ca -1 :u KopmnhelheM :u.neHTHTeTa max (x) =min (-x) 

.no6:uja ce -apq = min(-a;q) = max(-aP). KoM6HHOBalheM OBHX je.n:HaKOCTH 
I j ' 

.no6:ujaMo (apq'-apq)=(m~xaiq'm~x(-aP)}, IIITO 3Ha"IIH .na je apq HajBeh:u 

erreMeHT y CBOJOJ KOJIOHH a -Gpq HajBellH y CBOjoj BpCTH y MaTpHUH 

B = [-aiJ],nxn. IIpeMa TOMe, apq je Ta"l!Ka HernoBor eKBHrr:u6p:ujyMa. 

5.4.3. 3a aHmroHHCTH"IIKY :urpy 3a.nary MaTpHUOM A= [aiJ]~=I,~= 1 , me je aij = i-j, 

1::::; i ::5 5, 1::::; j ::5 6, HCIIHTaTH er3HCTeHUHjy paBHOTe)l{e "l!HCTHX CTpaTer:uja H 
HaKJIOlheHOCT Hrpe. 3aTHM ypa,ll;HTH HCTO 3a Hrpy 3a,ll;ary TpaHCIIOHOBaHOM 
MaTp:uuoM AT. 

Peute1be. MaTp:uua :urpe je 

0 -1 -2 -3 -4 -5 

1 0 -1 -2 -3 -4 

A= 2 1 0 -1 -2 -3 

3 2 1 0 -1 -2 

4 3 2 1 0 -1 

JheHa ,ll;Olha Bpe,n;HOCT (MaKCHMHH) je VD(A)= max{-5, -4, -3, -2, -1} = -1, a 

roplha Bpe,n;HocT (MHHHMaKc) vc(A) = min{4, 3, 2, 1, 0, -1}= -1. ,ZJ,aKrre, :urpa 
HMa ce,n;JIO "l!HCTHX CTpaTer:uja (x, y) =([0 0 0 0 1] T' [0 0 0 0 0 1]T) Ha IIOJbY 

(5, 6). Bpe,n;HOCT :urpe je v(A) = a56= -1, ,n;aKrre, :urpa je HaKJIOlheHa .n;pyroM 
(ry6HTHOM) Hrpa-qy. 

MaKCHMHH 3a AT je VD(AT) =max{ 0, -1, -2, -3, -4, -5} = 0, a MHHHMaKc 
je vc(AT) = min{O, 1, 2, 3, 4}= 0. TaKo HMaMo c:uryau:ujy ce.n;rra y "IIHCTHM 
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CTpaTerMJaMa (x, y) = ([1 0 0 0 0] T' [1 0 0 0 0 O]T) Ha IIOJbY (1, 1) ca 
BpeJJ.HOIIIhy v(A) =an= 0. 0Ba Mrpaje iflep. 

5.4.4. AKo Mrpa A= [aiJ.],nxn MMa cenno Ha rroJby (r, s) M Bpe):(HOCT v(A) = am 

rana M Mrpa 3a):(aTa MaTpM~oM A1 = aA + fJ = [aaij + fl1mxn, rne je a> 0 n 

a, fJ E IR, TaKolje MMa cenno (r, s), a Bpe):(HOCT HOBe Mrpe je v(AI) = a ars +fl. 

Pewelbe. HeKa je p = (pi, ... , Pk) rrpomBOJDaH HM3. flaKo ce IIOKa3yje, na 3a 
orrepa~Mje min M max, 3a a> 0 M rrpoM3BO.JbHO fJ Ba)Jm: 

min {a p + fJ} = min {a p} + fJ = a min p + fJ, 
max {a p + fJ} = max {a p} + fJ = a max p + fJ. 

AKO Ce y CBOjCTBY HH3a p IIOCMaTpajy BpCTe V; M KOllOHe Ui MaTpM~e A, M3 

HaB):(eHMX j e):(HaKOCTM cne):(yj e 

ann, 

max; {min{ a V; + fJ}} =max; {a minv; + fJ} =a max; {minv;}+ fJ, 

VD(AI) =max; mini {a aiJ + fJ} =a max ;mini aiJ + fJ =a ars+ fJ, 
vc(AI) =minimax; {a a!J- + fJ} =a minimax; aiJ + fJ =a ars+ fJ. 

[(aKne, a ars+ fJ je Bpe):(HOCT Mrpe AI= a A+ fJ, M TO je eneMeHT Ha Mecry (r, s) 
MaTpM~e AI, naKne cennacTa Ta"LJKa. 

5.4.5. ,lJ;aTe cy Mrpe A= [aij]mxn M B = [bij]mxn Koje MMajy Ce):(na Ha MCTOM IIOJbY 

(r, s), ca BpeJJ.HOCTMMa v(A) = ars M v(B) = brs· lloKa3aTM na Mrpa, ne!flMHMCaHa 
KOHBeKCHOM KOM6MHa~MjoM (1-A)A + A B, 0 _:::;A :::; 1, TaKolje MMa cenno Ha 
0:CTOM IIOJbY (r, s) M ):(a je Bpe):(HOCT Hrpe (1-A) ars +A brs· 

Peutelbe. 3a MaTpM~e AM B Ba)l(e je):(HaKocTn 
.. . 

max; mmi aiJ = mmi max; aiJ = am 
max; mini biJ =minimax; biJ= brs· 

MHo)l(eJbeM rrpBe jenHaKoCTM ca (1-A) M npyre ca AM ca6npaibeM no6MjaMo 

(1-A)max; mini aiJ + A max; mini biJ = (1-A)mini max; a !I+ A mini max; biJ 
= (1-A)ars+ A brs· 

KopmnheibeM oco6MHe nnHeapHOCTM orrepa~nja max; mmi n mini max;, 
[J.06MjaMO 

max;mini{(l-A)aiJ +A biJ}= minimax;{(1-A)aiJ +A biJ}= (1-A)ars+ A brs, 

liiTO je cennacTM eneMeHT MaTpM~e (1-A)A +A B Ha rrbJby (r, s). 
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r-2 
5.4.6. ,!laTe cy aHTamHHCm'IKe ~~rpe A = l ~ =~. ~l H B =I ~ -~ -;] . 

-5 3 l-1 -1 2 

YKOJIHKO IIOCTOjH paBHOTe)J(a 'IHCTHX CTparerHja OBHX Hrapa, O}l,pe}l,HTH 

Bpe}l,HOCTH Hrapa a 3aTHM O}l,pe}l,HTH a TaKO }l,a KOHBeKCHa KOM6HHa:uHja Hrapa 

(1-a)A + a B 6y}l,e: 

1° HaKJIOlheHa IIpBOM Hrpa'IJ; 

2° HaKJiolheHa }l,pyroM Hrpa'IJ; 

3 ° paBHOIIpaBHa (~Pep). 

Peutelbe. 06e Hrpe HMajy Here paBHOTe)J(e 'IHCTHX crparerHja, ([0 1 O]T, 
[0 1 O]T) y ce}l,JIHMa (2, 2) ca Bpe,nHOCTHMa · 

v(A) =max{ -3, -2, -5} =min{ 5, -2, 3}= a22 = -2, 

v(B) =max{ -2, 1, -1} =min{ 2, 1, 3}= b22 = 1. 

Ilo3HaTo je }l,a aKo Hrpe 3a}l,aTe MarpH:UaMa A H B HCTor IPopMara, HMajy ce}l,rra 

Ha HCTHM IIO.JbHMa (r, s) ca Bpe}l,HOCTHMa v(A) = Grs H v(B) = brs, Ta}l,a KOHBeKCHa 

KOM6HHa:UHja Hrapa (1-a)A + a B, 0 ::; a::; 1, raKo~e HMa ce}l,rro Ha (r, s) a 

Bpe}l,HOCT Hrpe je KOHBeKCHa KOM6tiHa:UHja Bpe}l,HOCTH Hrapa A H B, Tj. 

v((l-a)A +a B)= (1-a) v(A)+ av(B). 

Y OBOM crry'Iajy, v((1-a)A +a B)= (1-a) (-2)+ a·1 = 3a-2. KaKoje 0::; a::; 1, 

HMaMO }l,a Je 

2 
< 0, 0 ~ a < -, Hrpa HaKJIOlheHa II Hrpa'IJ; 

3 

v((l-a)A+aB) =0, a=~' Hrpaje HeyrparrHa (IPep); 
3 

2 
> 0, -<a~ 1, Hrpa HaKJiolheHa I Hrpa'IJ. 

3 

5.4. 7. 0J(pe/IUTH napaMemp p > 0 y MaTp11J1H A = [ ~ -;] TaKO J(a Hrpa 

}l,eiPHHHCaHa MaTpH:UOM A HMa paBHOTe)I(J y 'IHCTHM crparerHjaMa, O}l,pe}l,HTH re 

crparerHJe H HaKrrolheHOCT Hrpe. 



Peute1be. KaKo je p > 0, 

vD(p) = max{min{p, -1}, min{1, p}} 
= max{-1, min{1, p} }= min{1,p}, 

va(p) = min { max { p, 1 } , max { -1, p}} 
=min{ max{p, 1},p }=p. 

rpa4JHIJ.M 4JyHKIJ,Mja vn(p) M va(p) ce IIOKJiarrajy 
Ha MHTepBany 0 < p ::; 1 (rroJJ,e6JnaHa JIMHHja Ha 
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LS 

X 
LS 

CnMKa 5.4.7. 

CJIMIJ,M 5.4.7) M TaJJ,a je VD(p) = Va(p) = p, IIITO je BpeJJ,HOCT Mrpe. ~aKJie, 3a 0 ::; p 
::; 1, Hrpa HMa paBHOTe)J()' y "IJHCTHM 
CTpaTerMjaMa {[0 1)T, [0 1)T} M HaKJIOibeHa je 
IIpBOM Hrpa-qy. 

5.4.8. OJJ,peJJ,HTM rrapaMeTap p > 0 y MaT}JMIJ.M 

A = [
3 
p 

1
] TaKo JJ,a nrpa JJ,e4JMHMcaHa 

. p 3 

MaT}JMIJ.OM A MMa paBHOTe)J()' y "IJHCTHM 
CTpaTerMjaMa, OJJ,peJJ,MTM Te CT}JaTerMJe H 
HaKJIOibeHOCT Mrpe. 

Peute1be. KaKo Je p > 0, MaKCHMMH Je 
4JyHKIJ,Hja 

2.5 

LS 

VD(p) = max{min{3p, 1}, min{p, 3} }, 

I 
I 

I 

// Va(p) 

l 

I 
I 

( 
( 

//~D(p) 

3 

CnHKa 5.4.8. 

X 
4 

"IJMjM je rpa4JMK IIOJIMrOHaJIHa JIHH;Hja KOja Ha HHTepBaJIY [0_, 4) MMa "IJeTMpM 
cerMeHTa (rrpeJJ,cTaBJheHMX McrrpeKMJJ,aHOM JIMHHjoM Ha CJIMIJ,M 5.4.8). TaKo~e, 
MMHHMaKcje 

v0 (p) = min{max{3p,p}, max{1, 3} }= min{3p, 3}, 

(rryHa JIMHMja). <l>yHKIJ,Mje VD(p) M Va(p) ce IIOKJiarrajy Ha IIO)J,HHTepBaJIHMa 
0 ::; p ::; 1/3 M p ~ 3 (rroJJ,e6JhaHa JIHHMja Ha CJIHIJ.H 5.4.8), rra je BpeJJ,HOCT nrpe 

{ 

3p, 
v(p)= 

3, 

1 
0 5, p 5, -, IIOJhe (1, 1 ), 

3 
p ~ 3, IIOJhe (2, 2). 
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,[(aKJie, 3a 0 < p ::5 1/3, Mrpa MMa paBHOTe)l(y y "I!MCTMM CTpaTerMjaMa 
([1 O]r, [1 O]r), a 3a p ~ 3, ([0 1]r, [0 1]r) My o6a crry"IJajaje HaKrroH>eHa 
IIpBOM Mrpa"IJY. 

5.4.9. 11crrMTaTM ,n:a JIM Mrpe 3a,n:aTe MaTpmJ;aMa A M Ar, r,n:e Je 

A= r=~ =~ ~~l' MMajy paBHOTC)I(Ha CTaH.a y "l!MCTMM CTpaTerMjaMa. 

1 5 -10 

Peutelbe. MMHMMYMM BpcTa MaTpMU:e A cy {-1, -5, -10}, .n;aKrre .n;oH>a 
Bpe,n:HOCT (MaKCMMMH) je VD(A)= max{-1, -5, -10} = -1; MaKCMMYMM KOJIOHa 
MaTpMn:e A cy { 1, 5, 1 0}, TaKo .n;a j e ropH>a Bpe.n;HocT (MMHMMaKc) 
va(A) =min{ 1, 5, 10}= 1. 

3a TpaHCIIOHOBaHY MaTpMU:Y je VD(AT) = max{-5, -5, -10} = -5 M 
va(Ar) = min{10, 10, 5}= 5. HMje,n:Ha o.n; Mrapa AM AT HeMajy ce.n;rracTe Ta"l!Ke, 
npeMa TOMe HM paBHOTe~ "IJMCTMX CTpaTerMJa. 

5.4.10. AKo ca v(A) 03Ha"IJMMO Bpe.n;HocT MaTpM"l!He Mrpe ca HYJITOM cyMoM 
3a.n;aTe MaTpMU:OM A, o.n;pe,n:MTM IIITaje Belie v(AI+A2) MJIM v(AI) + v(A2) aKo je 

6 A- A - · 
[

2 1.5] [ 0 1] 
) I - 1 0 ' 2 - 1.5 3 ' 

P eutelbe. a) MMHMMYMM BpcTa MaTpMU:e A I cy { 2, 1 } , .n;aKJie 
VD(AI) = max{2, 1} = 2; MaKCMMYMM KOJIOHa cy {2, 3}, TaKO .n;a je 
v0(AI) = min{2, 3}= 2; (1, 1) je ce.n;rracTa Ta"l!Ka ca Bpe.n;Holllhy Mrpe v(AI) = 2. 

3a MaTpMn:y A2, crrM"I!HO, vD(A2) = max{2, -2} = 2, va (A2) = min{2, 2}= 2, TaKO 
,n:a je (1, 1) ce.n;rracTa Ta"l!Ka ca Bpe.n;Holllhy Mrpe v(A2) = 2. ,l];aKrre, 

v(A,) + v(A2) ~ 2 + 2 ~ 4. C .!(pyre CTpaHe, A1 +A2 ~[~ ~J na HMaMO 

v(AI+A2) = max{5, 7}= min{8, 7}= 7, ce.n;rro Ha rro.Jby (2, 2). llpeMa TOMe, 
v(AI)+v(A2) < v(AI+A2). 

6) MMHMMYMM Bpcm MaTpMn:e AI cy {1.5, 0}, .n;aKrre 
VD(AI) = max{1.5, 0} = 1.5; MaKCMMYMM KOJIOHa cy {2, 1.5}, TaKO .n;a je 



187 

VG(AI) = min{2, 1.5}= 1.5; (1, 2) je ce~rracTa Ta'IKa ca Bpe,zmomny Hrpe 
v(AI) = 1.5. 3a MaTPHUY A2, HMaMO VD(A2) = max{O, 1.5} = 1.5, 
VG(A2) = min{1.5, 3}= 1.5, TaKo ~aje (2, 1) ce~rracTa Ta'IKa ca Bpe~Homny Hrpe 
v(A2) = 1.5. ,[{aKrre, v(A1) + v(A2) = 1.5 + 1.5 = 3. C ~pyre CTpaHe HMaMo, 

[ 
2 2.5] A1 +A2 = na je v(A1+A2) = max{2, 2.5}= min{2.5, 3}= 2.5, mTo je 

2.5 3 

ce~rro Ha IIOlliY (2, 1). llpeMa TOMe, v(AI) + v(A2) > v(A1+A2). 

B) MHHHMYMH BpcTa MaTPHUe A1 cy {2, 1}, ~aKJie VD(AI) = max{2, 1} = 2; 
MaKCHMYMH KOJIOHa cy {2, 3}, TaKO ~a je VG (AI) = min{2, 3}= 2; (1, 1) je 
ce~rracTa Ta'IKa ca Bpe~Homny Hrpe v(AI) = 2. 3a MaTpHUY A2, CJIH'IHO, HMaMO 
vD(A2) = max{2, -2} = 2, VG (A2) = min{2, 2}= 2, TaKo ~a Hrpa MMa ~Be 
ce~rracTe Ta'IKe, (1, 1) H (1, 2), v(A2) = 2. ,[{aKrre, v(AI) + v(A2) = 2 + 2 = 4. 

c ~pyre CTpaHe, Al"+A2 =[ 
4 5

]naje v(AI+A2) = max{4, -1}= min{4, 5}= 4, 
-1 1 

ce~rro Ha IIOlliY (1, 1). llpeMa TOMe, v(AI) + v(A2) = v(A1+A2). 

5.5. MaTpH'IHe urpe 6e3 ce,z:v1a. MemosuTe cTpaTeruje 

5.5.1. HeKa cy x = [1-p p]T 11 y = [p 

rrpBor n 1\pyror Hrpa'Ia y HrpH A = [: 

1-p ] T , Q5, p 5,1, MeiiiOBHTe CTpaTerHje 

-1] 
1 

. O~pe~HTH Bpe~ocT napaMeTpa p 

3a Kojy IPYHKUHja O'IeKHBaHe ~o6HTH HMa MaKCHMaJIHY Bpe~HOCT. 

Peute1be. Henocpe~Ho H3pa1JYiiaBaMo 

K(x,y)=xT·A·y=[1-p. p][
1 ~1][ p ]=-1+4p-2p2

, 
1 1 1- p 

mTo Je KOHKaBHa KBa~paTHa IPYHKUHja no napaMeTpy p ca MaKCMMYMOM 
max K(x, y) = 1, 3a p = 1. 

5.5.2. HeKa cy x = [1-p/2 p/2]T H y = [p 1-p ]T (05, p 5,1) MernoBHTe 

[-2 OJ cTpaTerHje npBor H ~pyror 11rpa11a y MrpH A= 
1 2 

. O~pe~HTM Bpe~HOCT 

napaMeTpa p 3a Kojy IPYHKUHja o'IeKHBaHe ~o6HTH MMa MHHHMarrHy Bpe~HOCT. 

Peute1be. Henocpe~Ho H3pa1JYHaBaMo IPYHKUHjy o'IeKHBaHe ~o6MTH 



188 

K(x,y)=xT·A·y=[I-p p][-
2 0

].[ p ]=_!.p(p-2), 
2 2 1 2 1~ p 2 

IIITO Je KOHBeKcHa KBa.upaTHa IPYHKI(Hja no napaMeTpy p ca MHHHMYMOM 
min K(x, y) = -1/2, 3a p = 1. 

5.5.3. HeKa cy x = [1-p p]T H y = [p 1-p ]T, 0:::;, p :::;,1, MeiiiOBHTe cTpaTerHje 

npBor n.upyror urpaqa y urpu A ~ [ ~ ~] . O.upe)IIITH Bpe)lHOCT napaMerpa p 3a 

Kojy IPYHK~Hja o"lJeKHBaHe .uo6HTH HMa MaKCHMrumy Bpe.uHocT. 

Peme1-be. l-hpa"'IyHaBaMO IPYHKUHjy o'IJeKHBaHe .uo6HTH 

K(x,y)=xT·A·y=[1-p p][
2

·. I][· p ]=1+2p-3p2
, 

. 0 2 1-p 

IIITO je KOHKaBHa KBa.upaTHa IPYHK~Hja no napaMe"Ipy p ca MaKCHMYMOM 
max K(x, y) = 4/3, 3a p = 1/3. 

5.5.4. KorrHKa je MHHHMarrHa .uo6HT npBor Hrpa-qa ai<o ce y HrpH 

A ~ [ =: = 1 _: l npi!MeHH cnzyaiU<ja crparernja {[p p l-2p ]', [1-p p o]'), 

0:::;, p :::;, 1? 

Peme1be. <l>yHKI(Hja o"'IeKHBaHe .uo6HTH npe.ucTaB.Jba .uo6HT npBor Hrpa-qa 3a 
.uaTH CKYn C'TpaTemja. ,l(aKrre, 

[

-1 -1 

K(x,y)=xT·A·y=[p p 1-2p] -~ -~ 

IllTO je KOHBeKcHa KBa.upaTHa IPYHK~Hja no napaMe"Ipy. MHHHMarrHy Bpe,llHOCT 
Kmin(x, y) = -3 IPYHK~Hja .uo6HTH ,llOCTH)I(e 3ap = 2, IIITO je H3BaH ,ll03BO.JbeHor 
HHTepBarra [0, 1]. AKO je p E [0, 1], CBojy HajMainy Bpe,llHOCT minK(x, y) = -2 

O~p~l · 

IPYHK~Hja .uo6HTH nocTH)I(e 3a p = 1. 

[ -3 
0 

_:1 5.5.5. Hrpa"'IH y npBOJ napTHJH Hrpe A= -I 2 npHMelhYJY nap 

-2 I -2 

CTJJaTpemja ([p p 1-2p]T, [0 1-p/2 p/2]T ), a y .upyroJ napTHJH nap 
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(fp/2 1-p/2 O]T, [1-p p/2 p/2]T ). 0.[{pe.[{HTH napaMeTap p TaKo .[{a 36Hp 

.[{06HTH npnor Hrpa'Ia 6y.[{e je.[{HaK HYllH. 

Peutelbe. ,li;o6HT npnor Hrpa'Ia nocne npHMeHe npnor napa cTpaTerHja je 

K(x,y,)~x,T·A·y, ~[p p l-2p ]J =~ ~ -~l~I-
0

2pl=~(2-3p+3p2 ), l-2 -2 l p/2 

a nocne .[{pyror napa Je 

K(x2,y2)=x2T·A·y2 =[p/2 p/2 Of[=~ ~ -~l[~~~l=~(-4-2p+7p2 )· 
-2 1 -2 p/2 

36Hp .[{06HTaKaje K(x1, YI) + K(x2, Y2) = p(l3p- 8)/4 liiTO ce aHYnHpa 3a p1 = 0 

H p2 =8/13. 

5.5.6. 0.[{pe,[{HTH MeliiOBHTe CTpaTernje H HaKnOHOCT Hrpe: 

6) [~ :l [-2 3] 
B) 2 -1 ; [ 

4 12] 
r) 10 -3 ; 

[ 
5 10] 

.[{) 10 3 ; [ 1 -5] 
lj) -4 5 ; 

e [-120 150]. 
) 30 -15 , 

~ [ 17 -3]. 
) -15 0 

Peutelbe. IlpeMa JleMH 1, IIO.[{ ycnonoM ,[{a je h = au + a22 - a12 - a21 =I= 0, 

a) h~-6, x~[~ H, Y~G 
6) h~4, x~[~ H, y ~[~ 

B) h ~ -8, X ~ [ i . H, y ~ [ ~ 
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r) h ~ -21, X~[~~ ;J' y ~ [ ~ ~r v ~ 44/7, Hrpa HaKllOlbeHa I 

Hrpatzy; 

II) h ~ -12, X ~ [ 1: 1
5
2 r' y ~ [ 1: 1

5
2 r' v ~ 85112, Hrpa HaKJlolbeHa I 

Hrpatzy; 

I)) h ~ 12, X~[~ ~r y ~ [~ ~ r v ~-I, nrpa HllKJIOlbeHa II Hrpaqy; 

e) h = -315, x=[_!_ ~]T' r=[!.! 10]T' v = 6017, Hrpa HaKJIOiheHa I 
7 7 21 21 

Hrpatzy; 

"') h ~ 35, X~ [ ~ * J, y ~ [ ;5 !~ r v ~ - 917, Hrpa H3KllOlbeHa II 

Hrpatzy. 

5.5.7. Crre,~J;ehe Hrpe pe;:zyKoBarn HCKJDY'IHBalheM ,ll;OMHHHpaHHX CTpaTerHja, a 
3aTHM HahH lhHXOBe Ce)l;JiaCTe Ta'IKe y MeiiiOBHTHM CTpaTerHjaMa: 

[3 5 1] 
a) 3 4 4 ; 

r 
1 -1] 

r) 3 2 ; 

-2 5 

r
1 0 -2 21 

e) 2 -3 4 5 ; 

0 -5 0 1 

r
-3 01 

6) -2 3 ; 

2 -1 

0 1 -3 5 

1 2 -2 -1 
~) 

-4 -2 0 2 

-1 0 3 4 

-2 -3 8 

4 5 12 
lj) 7 0 -4 

10 12 -3 

Peme1be. a) TipeTnocTaBHMO )l;a onTHMarrHe cTpaTerHje HMajy o6rrHK 

X: =[xi x2]T, y = [y1 Y2 Y3]T. KaKo je y MaTpH:UH )l;06HTH u2 > u1, HCKJDytzyje ce 

,ll;pyra KOJIOHa (y2=0), 'IHMe Ce Hrpa CBO)l;H Ha Hrpy 3a)l;ary MaTpH:UOM 
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A 1 ~ [! :] . Ca.z~a rrpeMa <jJopMy naMa ( 66) )l06njaMo h ~ a"+an-an-a21 ~ 4, n 
onTHMarrHe MeiiiOBHTe CTpaTernje y 11rp11 AI x1 = [112 112}T, y1 = [3/4 1/4]T. 

OnTHMarrHe MeiiiOBHTe cTpaTernje norra:me nrpe A cy x = [1/2 112 ]T, 
y = [3/4 0 1/4]T, a Bpe,I.(HOCT Hrpe V = 5/2. 

[-2 3] 6) V2 > VI, crre.n.yje XI = 0, Hrpa ce pe.n.yKyje Ha . Ha OCHOBY 
2 -1 

4JopMyrra (66), h = G]]+a2ra12-a21 = -8, X =3/8, y = 1/2, TaKO ,I.(a cy OITTHMaJIHe 

MeiiiOBHTe CTpaTemje ce.n.rra X = [0 3/8 5/8 ]T, y = [1/2 1/2]T, a Bpe)J.HOCT Hrpe 

v = 112. 

B) llpBa KOJIOHa ,I.(OMHHHpa .n.pyry, HCKThY'I)je ce (yi=O), a Hrpa ce pe.n.yeyje 

Ha [
0 2

]. <DopMyrre (66) .n.ajy h = a11+a22-a12-a21 = -6, x =2/3, y = 112, TaKo 
3 -1 

,I.(a cy OITTHMaJIHe MeiiiOBHTe CTpaTemje Ce,I.(Jia X = [2/3 1/3 f, y = [0 1/2 1/2]T, 
a Bpe)J.HOCT Hrpe V = 1. 

r) ,Z:Wyra BpcTa )J.OMHHHpa npBy, na ce npBa HCKThyqyje (x1 = 0), IIITO .n.aje 

[ -~ :]. <l.>opM)'ne (66) )lajy h ~ a"+a,-an-a21 ~ 8, x ~7/8, y ~ 3/8, TaKo )la 
cy onTHMarrHe MeiiiOBHTe CTPaTemje ce.n.rra x = [0 7/8 1/8 ]T, y = [3/8 5/8]T, 
v= 19/8. 

l1 -5] 
)1.) U2 > U3, HCKThyqyje ce K~JIOHa U2 na OCTaje -4 5 , C THM IIITO je 

-6 2 . 

::y:j: ::•[oj ~rp~5]v, ::;M::~~~j:~: :' ~:::,::::_::, ~~ 0;; :::/:: 
-4 5 

y = 2/3, na cy onTHMarrHe MeiiiOBHTe cTpaTernje ce.n.rra x = [3/5 2/5 O]T, 
y = [2/3 0 1/3]T, a Bpe)J.HOCT Hrpe je V = -1. 

lj) V4 > V3, V2 > V], TaKO ,I.(a je XI = X3 = 0 jep ce HCKThyqyjy npBa II Tpena 

[ 
4 5 12] 

BpCTa na ce Hrpa pe.n.yeyje Ha . Ca.n.a u 2 > lli, IIITO ,I.(OBO,I.(H )1.0 
10 12 -3 

HCKThY'IHBaiha U2 (y2=0) 'IH~e ce Hrpa CBO,I.(H Ha [ 
4 12

]. Y OBOM crryqajy 
10 -3 
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IIOCTOjH 6eCKOHa"'!HO MHOrO peiiielha, 0)1. KOjHX. je)J.HO )J.ajy tPOpMyJie (66): 
h = an+a22-GJ2-G21 = -21, X =13/21, y = 5/7, Ha OCHOBY '!era cy OIITHMaJIHe 
MeiiiOBHTe CTpaTerHje X = (0 13/21 0 8/21]T, y = (5/7 0 2/7]T, a Bpe)J.HOCT 
Hrpe V = 44/7. (Mo)l{e ce IIOKa3aTH )J.a cy CBe KOHBeKCHe KOM6HH£mHje 
eKCTpeMHHX CTpaTemja rrpBor Hrpa'Ia, XI = [0 1 0 O]T, H x2 = [0 0 0 1]T, 

)J.aKne x = (1- A.)xi + A.x2 , 0 ~A,~ 1, orrTHMaJIHe.) 

e) TipBa H 'IeTBpTa KOJIOHa )J.OMHHHpajy ,l1.pyry H 1peny, Tj. UJ > Uz, H 

r 
0 -21 

U4 > U3, TaKo ,lJ.a je YI = Y4 = 0, a H~a ce pe)J.yKyje Ha -3 4 . Ca)J.a ,l1.pyra 

-5 0 

[ 0 -2] BpCTa )J.OMHHHpa Tpehy (x3 = 0). 11rpa ce pe,nyeyje Ha _
3 4 

, rra <PopMyne 

(66) )J.ajy h = a11+azz-aiz-azi = 9, x =7/9, y = 2/3. 3aTo cy orrTHMaJIHe MemomiTe 
cTpaTemje ce,lJ.na x = [7/9 2/9 O]T, y = [0 2/3 1/3 O]T, a Bpe)J.HOCT Hrpe je 

v = -2/3. 
0 -3 

1 -2 
m) u2 > u1, H U4 > u3 (yz = Y4 = 0) pe.l1.yKIJ.Hja Ha . Ca)J.a V4 > V3, 

-4 0 

-1 3 

v, >VI (xi ~ x, ~ 0) a /I:UM pe)lyKIIHja 11aje [ _: -~]. Ha ocnosy <!JopM)'na (66) 

HMaMO h = all+azz-GJ2-G2I = 7, X =4/7, y = 5/7, ITa cy OilTHMaJIHe MeiiiOBHTe 
CTpaTerHje ce)J.na x = [0 4/7 0 3/7]T, y = [5/7 0 2/7 O]T, a Bpe)J.HOCT Hrpe je 
V = 1/7. TIOKa3yje ce, Me~yTHM, )J.a cy CBe KOHBeKCHe KOM6HHaiJ,Hje eKCTpeMHHX 
CTpaTemja XI = (0 1 0 O]T, H X2 = (0 0 0 1]T OIITHMaJIHe. 

5.5.8. Y aHTarOHHCTH'IKOj 
HrpH ,lJ.aTOj Ta6enoM 48 
Hrpa'I I 611pa cTpaTerHje A 
H B y O)J.Hocy 80% A H 
20% B, a Hrpa'I II 611pa 
O)J.HOC 30% A H 70% B. 
KonHKH j e rrpoce'IHH 
)J.06HTaK I Hrpa'Ia y je)J.Hoj 
rrapTHjH? 

f ----·----·-H-~p;~-II------------~ 
1.-C-T_p_aT_e_r_HJ-. a-A-j C1paTer:Hja B 

r···---·---- !-----·------------;----[--·---------------~--·------·-----
! 1 CTpaTerHJa 

800 
i 

300 : - : A ,l(HH ! - ,l(HH 

! ~ ! . - -----------------i- ------------

Ta6ena 48 

i ::s: ~ CTpaTemJa [ 
200 

, 600 ' ' B - ,l(HH I ,l(HH 
I : ! 
-·---~-~~ --- -~-·~·--~~~ -~---~-~~~~~- ----~~~~-~-
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Peute1-be. IIpoce'lHH )J.06HTaK I (.ll.o6HTHor) nrpa'la y je)J.Hoj napTHjH je)J.HaK 
je O'leKHBaHOj Bpe)J.HOCTH Hrpe Ca CTpaTernjaMa X= [1-X X]T H y = [1-y y]T, 

[ 
800 -300][1- y] K(x,y)=[1-x x] =800-1000x-ll00y+1900xy. 

-200 600 y 

CTpaTernje Koje cy H3a6pann nrpa'IH )1.o6njajy ce 3a x = 0.2 H y = 0.7, naje 

K(x, y)ix~o.2 = 800-1000x -llOOy+ 1900xyix~o.2 = 96. 
~v ~v 

,ll;aKne, y cBaKoj napTHjH, npBH nrpa'l npoce'IHO 3apaljyje 96 )J.HH. 

5.5.9. Y aHTarOHHCTH'lKOj 
nrpH )J.aToj Ta6enoM 49 
nrpa'l I 6npa crpaTernje A 
H B y O)J.HOCY 40% A H 
60% B, a Hrpa'l II 6npa 
O)J.HOC 60% A H 40% B. 
KonHKH je npoce'IHH 
)J.06HTaK I nrpa'la y je)J.Hoj 
napTHjH? 

Ta6ena49 
~--------fiq;a~-~~--------· 
fc~a~~~~~-A.-1-c~p~~~~nj~-13-­

~ -c~r~f~~~J~-~- -~~o-;.::----- !'----=~~~--~~~- ---
:r CTpaTernja r-·-400 ------

B - ~HH i 
,o--~-~7- ~----~~-.~~,~-'"~-~~-~ --- ' 

550~HH 

Peute1-be. IIpoce'lHH )J.06HTaK I nrpa'la y je)J.Hoj napTHjH je)J.HaK Je 
O'leKHBaHOj Bpe)J.HOCTH Hrpe Ca CTpaTerHjaMa X= [1-X x]T H y = [1-y y]T, 

[ 
750 -350][1- y] K(x, y) = [1- x x] = 750 -ll50x-ll00y + 2050xy, 

-400 550 y . 

Kojy rpe6a cpal:JYHaTH 3a x = 0.{> H y = 0.4. KaKo je 

K(x, y)lx~0.6 = 750 .:...1150x -llOOy + 2050xylx~0.6 = 112, 
~~ y~A 

y cBaKoj napTHjH npBH nrpa'l npoce'IHO 3apaljyje 112 )J.HH. 

5.5.10. 0'leKHBaHH npon;eHaT 
nopacTa 3apa)J.a 3anocneHHX y 
0)1.e.lhelby A H B je)J.He qmpMe y 
3aBHCHOCTH 0)1. Tora )J.a Till Ce 
npOH3BO)J.H qmpMe peKllaMHpajy 
H:a pa)J.Hjy HnH Ha TB cy )J.aTH y 
Ta6nnn:n (Ta6ena 50) 
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a) O,n;e.Jbelbe A 6Hpa ,n;a pa,n;Ho peKmlMe 6y;zy 3acryrr.JbeHe ca 60% a 
O,n;e.Jbelbe B ca 50%; 

6) O,n;e.Jbelbe A 6Hpa ,n;a pa,n;Ho peKanMe 6y;zy 3acryrr.JbeHe ca 90% a 
O,n;e.Jbelbe B ca 50%. 
O,n;pe,n;HTH o'IeKHBaHy spe,n;HocT rroseli.alba 3apa,n;a 3a csaKo o,n;e.Jbelbe. 

Peute1be. a) IIpou.eHaT rroseli.alba 3apa,n;e O,n;e.Jbelba A 6Hhe je,n;HaK 
Ol.JeKHBaHoj Bpe,r:t;HOCTH Hrpe Ca CTapTerHjaMa X= [0.6 0.4]T H y = [0.5 0.5]T, 

K(x, y) = [0.6 0.4][
5 2

][
0

·
5
] = 4.3. 

3 8 0.5 

Y HCTO speMe, O'Ieeyje ce cMalbelbe rrrraTa y O,n;e.JI.elby B 3a 4.3%. 

6) IIpou.eHaT rroseli.alba 3apa,n;a O,n;e.llielba A 6Hhe je,n;HaK oqeKHBaHOJ 
spe,n;HOCTH Hrpe ca cTapTerHjaMa x= [0.9 0.1}T H y = [0.5 0.5]r, 

K(x, y) = [0.9 0.1][
5 2

][
0

·
5
] = 3.7. 

3 8 0.5 

QqeKHBaHo cMalbelbe rrnaTa y O,n;e.Jbelhy B je 3a 3.7%. 

5.6. 0.l(pel)nBalbe MeillOBHTHX CTpaTeruja 

5.6.1. O,n;pe,n;HTH ce,n;rracry Ta'IKY y MernoBHTHM cTpaTemjaMa .n;HjaroHanHe Hrpe 

a1 0 

A= , a; >0, 

0 
H IIOKa3aTH ,n;a cy OIITHManHe CTpaTerHje IIOTIIYHO MeiiiOBHTe. 

Peute1be. 3a,n;aTaK pernaBaMo MeTo,n;oM LP. IIpeMa TeopeMH 25 H 
tlJopMyJiaMa (69) IIOCTaB.JbaMO OCHOBHH H ,n;yanHH 3a,r:t;aTaK 

OCHOBHH 

maxv 

G]XJ;;:o: V, 

a2x2;;::: v, 

a,;xn;;:o: v, 
XI+ ... +xn= 1, 

XI;;::: O, ... ,xn;;:o: 0, 

;zyanHH 

mmv 

GJ.YI :::; V, 

G2}'2:::; V, 

Gn)ln::; V, 

YI+ ... +yn= 1, 
YI;;::: O, ... ,yn;;:o: 0. 
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,[(e.JbelheM Heje.n.HaKOCTH a;X; ;::: v H a;y; :::; v ca a; > 0, .n.o6njaMo X; ;::: via;, 
y; :5 via;, a CYMHpalbeM OBHX Heje)J.HaKOCTH 3a i = 1, . .. , n, )J.06HjaMO 

Xt+ ... +xn;::: vlat+ ... + vlan, 

1 ;::: v(ll a1+ .. . + 11 an), 

O.n.aTrre je 

y1+ ... +yn :5 vla1+ . .. + vlan, 

1 :5 v(l/ a1+ ... + 11 an). 

(t~J ~·~(t~J. 
H3 qera 3l!Klh yqyjeMo 11a je v ~ ( t ;J _, , IIITO npe,11CTaBJLa Bpe/IHOCT mpe. 

IJpoMeH.JbJIBe X; H y; ce HaJia3e H3 Heje)J.HaKOCTH a;X; ;::: V H a;y; :5 V, KOje ce 3a 

.n.o6njeHo v npernapajy y je.n.HaKOCTH. TaKo, x; =via; H y; =via;, na je ce.n.rracTa 

TaqKa (x, y) .n.aTa ca 

[ ]T ( J-1 [ ]T 111 n1 111 
x=y=v- - ... - = I- - - ... -

~ ~ ~ ~~~ ~ ~ ~ 

KaKo cy CBH erreMeHTH BeKTopa x H y CTPOro no3HTHBHH, onTHMarrHe 

CTpaTerJije cy TIOTnyHO MeillOBJITe. 

5.6.2. O.n.pe)J.HTH ce.n.rraczy TaqKy y MernoBHTHM CTPaTernjaMa .n.njaroHarrHe nrpe 

b) 0 

B= 

H noKa3aTH .n.a cy onTHMaJIHe CTPaTerHJe nornyHo MernoBHTe. 

PeuteTVe. CrrnqHo Kao y npeTXO)J.HOM 3a)J.aTKy, Bpe.n.HocT nrpe Je 

v =(I _!_J-
1 

< 0, a ce.n.rracTa TaqKa (x, y) .n.aTa ca 
1=1 h; 

-CBH erreMeHTH BeKTopa X: H y cy cTporo TI03HTHBHH, na cy onTHMarrHe 

CTPaTernje noTnyHo MernoBiue. KaKo je v < 0, nrpa je HaKJIOlheHa ry6HTHOM 

nrpaqy. 
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5.6.3. Ha CJIH:QM je npHKa3aH je.n;HocTaBaH JiaBHpHHT 

ca YJia3HMa y Ta"l!KM PH Q. Ma"l!Ka ce HaJia3H y Ta"l!KH 
p M H.[{e Ka Ta"l!KM Q, a MMill M,[{e y cynpOTHOM CMepy, 

o.n; Q Ka P. llyT npeKo Ta"l!Ke A je HajKpallli, H aKo 

Ma"l!Ka yxBaTM MMma Ha nyTalhH PAQ, .n;o6Hja 5 

noeHa, Ha nyTalhH PCQ .n;o6Mja 3 aHa PBQ, 2 noeHa 

jep je OBa TPaca Haj.n;y)l(a. AKo ce MMMOM~e ca 
MMIIIeM, Ma"l!Ka .n;o6Mja 0 noeHa. CacTaBMTH MaTpHey 

Hrpe H HahM OITTMMaJIHe CTpaTerMje. 

.J, B 

C'.l----------'0 Q 

CJIMKa 5.6.3. 

Peute1-be. MaTPH:Qa Hrpe je .n;HjaroHaJIJia H .n;am je y Ta6eJIH 

Mum 

PAQ PBQ PCQ 

PAQ 

[f ~0 ~J Ma'lKa PBQ 

PCQ 

TaKo .n;a ce .n;HpeKTHH H .[{yaJIHM npo6JieM LP KOjH pemaBa Hrpy cacTOJe o.n; 

peJia:QMJa 

(*) maxv, 5xl;:o:v,2x2;:::v,3x3;:o:v, x1+x2+x3=1, x1;:o:O, x2;:o:O, x3;;:=:0, 

(**) mm v, 5yl ~ v, 2y2 ~ v, 3y3 ~ v, y1+ Y2 +y3 = 1, Y1;::: 0, Y2;::: 0, Y3;::: 0. 

Jib npBe TPH Heje.n;HaKOCTH y (*) cJie.n;yje x1 ;::: v/5, x2 ;::: v/2, x3 ;::: v/3, na ce 

ca6HpalheM .n;o6Hja x1+ x2 + X3 ;::: v/5 + v/2 + v/3, MJIM 1 ;::: v(l/5 + 112 + 113), 

O.[{aKJie je V = (1/5 + 112 + 1/3r
1
=30/31. KaKO je TO OITTMMaJIHa Bpe.[{HOCT 

npo6JieMa (*) H (**), Heje.n;HaKOCTM Ce npeTBapajy y je.n;HaKOCTM M ,U06HjaMO 

x1 = v/5 = 6/31, x2 = v/2= 15/31, X3 = v/3= 10/31, H MeTe Bpe.n;HocTH 3a YI, Y2 M Y3· 
OnMMaJIHe cTpaTerMje "l!MHe ce.n;Jiaczy Ta"l!KY nomyHo MemoBHTHX cTpaTerHja: 

x ~r~[36! ~~ ~~r ~ ~~[~ ~ ~r 

5.6.4. 0)lpe)IHru omHM!IJlHe cmpernje aHTarOHHCTW!Ke Hrpe [ ~ ~ !] . 
Peute1-be. KaKo TPeha KOJIOHa MaTPH:Qe CTPoro .n;oMMHHpa .n;pyry, oHa ce 

MO)I(e HCK.JI,Y"l!MTM, y3 aeyJIHpalhe TPehe cTpaTerMje, Y3 = 0. llrpa ce pe.n;yKYje Ha 
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[ ~ ~] TaKO )1a Ha OCHOBY <jJOpM)' na ( 66) HMaMO h ~ an+a22-a 12-a21 ~ 4, X ~ 3/4, 

v = 1/2, na cy orrTHManHe MeiiiOBHTe crpaTerHje ce.n;na x = [114 3/4]r, 
y = [1/2 1/2]r, a Bpe.n;Hocr Hrpe je v = 5/2. 

5.6.5. O.n;pe.n;HTH orrTHManHe craper11je rrpBor H .n;pyror Hrpa'Ia 3a 
aHTarOHHCTH'IKY Hrpy ,n;ary MarpH:QOM ,n;o6HTI1 

2 -1 1 

-2 1 -1 

-2 1 -2 
2 -2 3 

Peute1-be. ,[(olha I1 roplha CHrypHOCHa Bpe.D;HOCT cy VD = -1, VG = 1, ,n;aKne 
He rrocrojH ce.n;no y 'IHCTHM crparerHjaMa. CBO)J;HMO 3a.n;araK Ha rrpo6neM LP H 
KOpHCTHMO <):>opMyJie ( 69) 

Hrpa'I D Hrpa'IG 

(d)) 2x1 ...:... 2x2- 2x3 + 2x4 ~ v, 
(g)) 2y) - Y2 + Y3 ~ v, 

(g2) -2yl + Y2- Y3 ~v, 
(d2) - x1 + x2 + x3 - 2x4 ~ v, 

(g3) -2y) + y2 -2y3 ~ v, 
(d3) x1 - x2- 2x3 + 3x4 ~ v, 

(g4) 2y1- 2y2 + 3y3 ~v, 
(d4) xP x2, x3, x4 ~ 0, 

(g5) Y1' Y2' Y3 ~ 0, 
(d5) x1 + x2 + x3 + x4 = 1; 

(g6) Y1 + Y2 + Y3 = 1; 

Ca6HpalheM Heje.n;HaKOCTH (gi) H (g2) .n;o6HjaMo v 2::: 0. Ca6Hpalhe (di) H 2·(d2) 
a;aje -2X4 2::: 0, Tj. X4 ::5 0. KaKO je .joiii 113 CHMIIJieKCHOr ycJIOBa X4 2::: 0, TO je 
>:4 = 0. Ca.n;a Heje.n;HaKOCTH (d2) n(d3) rrocrajy. 

- x1 + x2 + x3 ~ v, 

x1 - x2 - 2x3 ~ v, 

raKo .n;a ca6HpalheM .n;o6HjaMo -x3 ;;::: 0, IIITO 3aje.n;Ho ca X3 2::: 0 .n;aje X3 = 0. THMe 
riOCJie)J;Jhe Heje,n;HaKOCTH .D;06Hjajy je.D;HOCTaBHHjH 06JIHK 

-x1 + x2 ~ v, 

x1 - x2 ~ v, 

fllhHXOBHM ca6HpalheM .D;06HjaMO V ::5 0, IIITO Y3 V 2::: 0 ,n;aje V = 0. 3aro je X]= X2, a 
V3 YCJIOB CHMIIJieKCa (ds). XI + X2 + X3 + X4 = 1, KOjH Y3 .D;06HjeHe Bpe)J,HOCTH 
t"3 = X4 = 0 IIOCTaje X]+ X2 = J," HMaMO 2XJ = 1, Tj. X]= X2 = 1/2. TaKO CMO )J,06HJIH 
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0 . . . [ 1 _1 o o]T . 
Bpe)J.HOCT Hrpe V = , H MeillOBHT)' C1paTerHJY IIpBOr Hrpaqa X = l 

2 
, 

Ca)J.a, H3 CHCTeMa Heje)J.HaKOCTH Hrpaqa G, H3)J.BajaMo Heje)J.HaKOCTH (gi) , (g3), 

(g4) H (gs) 

(*) 

2yl - Y2 + Y3 s 0, 

2yl- 2y2 + 3y3 s 0, 

Y1' Y2' Y3 ~ 0, 

Y1 + Y2 + Y3 = 1; 
3aMeHOM Y3 = 1 - YI- y2, y rrpae )J.Be Heje)J.HaKOCTH, )J.06HjaMo 

y1 .:.._ 2y2 s -1, 

-yl- 5y2 s -3. 

Ca6HpaJDeM oae )J.Be Heje)J.HaKOCTH )J.06Hja ce -?y2 ::::; -4, HJIH Y2 ~ 417, a 

yao~eJDeM HOBe rrpoMeH.JhHBe t ~ 0, MO)Ke ce IIHCaTH y2 = 4/7 + t. 3aMeHOM y 

IIpBy Heje)J.HaKOCT y roplbeM CHCTeMy )J.06HjaMO YI ::5 1/7 + 2t, a IIpBa Heje)J.HaKOCT 

H3 (*) )J.aje Y3::::; 2/7- 3t. KopHcTehH HeHeraTHBHOCT rrpoMeH.JhHBHX y1, Y2 H y3, 
HMaMO CHCTeM HeJe)J.HaqHHa 

1/7 + 2t ~ 0, 4/7 + t ~ 0, 2/7- 3t ~ 0, t ~ 0, 

qHje je perneJDe 0 ::::; t :::; 2/21. ~aKne, perneJDe Hrpe je je)J.HHCTBeHa orrTHMaJIHa 

CTpaTerHja 3a rrpaor H 6ecKoHaqHo MHoro orrTHMaJIHHX cTpaTerHJa 3a )J.pyror 

Hrpaqa: 

X=[~ ~ 0 0 r Y =[~+21 ~+I %-3J ( O,;t,; ~J v=O. 

5.7. Cneu.ujaJIHe KoHcJmrypau.uje MaTpu-.Hnx urapa 

5.7.1. HahH 6ap je)J.HO perneJDe Ma1pHqHe Hrpe A= [ 
4 2 3 

-
1
] 

-4 0 -2 2 ' 

KOpHCTehH C1pOry )J.OMHHaiJ,Hjy KOHBeKCHHM KOM6HHaiJ,HjaMa. 

Peute1be . .lilcrrHTajMo Hajrrpe MoryhHocT )J.a )J.pyra H 1peha KOJIOHa MaTpHIJ,e 

A CTporo )J.OMHHHpajy KOHBeKCHY KOM6HHaiJ,Hjy IIpBe H qeTBpTe KOJIOHe. KaKO ce 

eJieMeHTH )J.pyre KOJIOHe u2 HaJia3e H3Me~y eJieMeHaTa IIpBe H qeTBpTe KOJIOHe UI . . 
H U4, Jep cy 3a)J.OBO.JheHe HeJe)J.HaKOCTH 

4 > 2 > -1 H -4 < 0 < 2, 
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Moryne je )l.a IIOCTOjM A E (0, 1), TaKO )l.a Ba)l<M u 2> conv(u1, u4), Tj. 

(*) 

ropH:.a Heje.uHaKOCT .uaje )l.Be Heje.uHaKOCTH no A: -5A < -2 H 6A < 4. Y3 

CHMII,fleKCHH ycrroB 0 < A <1, 3aje)l.HM'IKO perneH:.e je 2/5 < A < 2/3. ,[(aKrre, 3a 

cBaKo AEE (2/5, 2/3) Ba)KJI (*). 0Bo 3Ha'IH .ua M3 MaTpln.le A MO)Ke .ua ce 

MCK.JhY'lM .Upyra KOJIOHa, jep ry6HTHH Hrpa'l HeMa pa3rrora )l.a 6Mpa .upyry 

crpaTerMjy Ka.ua 6o.Jhe pe3yrrTaTe (MaH:.H ry6MraK) rrocm)Ke KoM6HHoBaH:.eM rrpBe 

M 'leTBpTe. CrrH'lHO, erreMeHTH Tpehe KOJIOHe U3, 3a.lJ.OBO.JhaBajy Heje.uHaKOCTH 

4 > 3 > -1 M -4 < -2 < 2. 

Ha CJIJI'laH Ha'IHH, u3 > conv(uh u 4), aKo IIOCTOjM AE(O, 1), KOje 3a)l.OBO.JhaBa 

Heje)l.HaKOCT 

(**) 

J.-13 (**) ce .uo6Hjajy Heje.uHaKocTH 115 < AHA < 1/3, IIITO y3 ycrroB CMMrrrreKca 

0 <A <1 .uaje 1/5 <A< 1/3. TaKo H3 A HCK.Jhy-qyjeMo H Tpehy KorroHy, H Hrpa ce 

[ 4 -1] pe.uyeyje Ha A1 = . Ey.uyliM .uaje vD= -1, va= 2, mpa HeMa perneH:.e y 
-4 2 

'IHCIDM CTpaTemjaMa a KaKO je <!>opMaT MaTpMI.le )l.06HTM 2X2, MO)KeMO 

KOpHcmm <!>opMyrre 

al2 :x=[a22~a21] '~=[a22~at2]' h=all+a22 -al2-a2l=i=O, 
a22 all - al2 · an- a21 

h h 

Koje )l.ajy VI = 4/11, X I = [6/11 5/11]T M y 1 = [3/11 8/11]T, M TO je perneH:.e 

pe.lJ.YKOBaHe Hrpe y MeiiiOBMTHM crpaTerMjaMa. KaKO CMO H3 IIOJla3He Marpm.~e 

MCK.JhY'lHJIH )l.pyry M rpeny KOJIOHy, MeiiiOBHTa crpaTerMja .Upyror Hrpaqa MMa Ha . . . . 
THM MeCTMMa HyJie, )l.OK Je crpaTerHJa IIpBOr Hrpaqa Je)l.HaKa CTpaTerHJM HCTOr 

Hrpa'la pe.uyKoBaHe Mrpe. Bpe)l.HOCT Hrpe ocTaje MeTa. ,[(aKrre, perneH:.e rrorra3He 

Hrpe je X = [6/11 5/ll]T M y = [3/11 0 0 8/llf, V = 4/11. 

. [4 5. 7 .2. PernHTH aHTaroHHCm'IKJ Mrpy . 1 
-3 3 1] 
4 -1 5 . 
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Peute1be. TipeMa lj>opMyrraMa (69), ocHOBH» rrpo6rreM LP 3a pemaBaJI>e 

MaTp:!iqHe Hrpe Je 

maxv, 

4xl+ x2:2:= v, -3xl+4x2;::: v, 3xt- x2:2:= v, Xt+5x2;::: v, 

mro y3 ycrroB Xt+ x2 =1 )J.aje 

3xt+l;::: v, -7xt+4;::: v, 4xl-l;::: v, -4xJ+5;::: v. 

ipalj>JiqKJi IIpHKa3 OBHX Heje)J.HaKOCTH, 3aje)J,HO Ca 

ycJIOBOM HeHeraTHBHOCTH X), rrpe)J.CTaB.JJ,eH Je 

oceHqeHoM o6rramhy Ha CrrmJ,H 5. 7 .2, ca 

MaKCHMYMOM y raqKH x 1 = 5111, v = 9/11. TaKa ce 

)J.06Hja 11 x2 = 6/11. AKo rrocmjH A.E[O, 1], TaKa )J.a 

•~ uejenuaKocr [ ;J > (1-A{~]+ A[ ~~l m 

CrrHKa 5.7.2 

MaTpHIJ,e A MO)I(e )J,a ce HCK.JJ,yqH IIpBa KOJIOHa. JiaKO ce HaJia3H pemeH>e OBOr 

CHCTeMa, ~<A.< 2. TaKo~e, rrocmjaH>e A.E[O, 1] 3a Koje Ba)lm Heje)J.HaKOCT 
5 6 

(1- A{~]+ A[~~]<[~] ucK.Jbyqyje nocne)llby Konouy, a ro je 3a 0 <A<~. 
THMe ce 6poj KOJIOHa MaTpHIJ,e )J.06HTH pe)J.yeyje Ha )J,Ba, Ha )J.pyry H rpehy, )],OK 

crparerHjaMa 1 H 4, )J.pyror Hrpaqa o)J,roBapajy Te)I(HHe Yl = 0, Y4 = 0. TaKa ce 

)J.YaJIHH CHCTeM orpaHJiqeH>a CBO)J.H Ha CHCTeM -4y2 + 3 Y3 = ?/11, 4y2- Y3 = 9/11. 
OHJIO pemaBaH>eM OBOr CHCTeMa HJIH 3aMeHOM y je)J.ey 0)1, )],Be je)J.HaqJIHe 

Y3 = 1 - y2, )J.06Hjajy ce pemeH>a Y2 = 4/11, Y3 = 7/11. Haj3a)J., pemeH>e IIOJia3He 

Hrpeje X= [5/11 6/11]T H y = [0 4/11 7/11 .O]T, v= 6/11. 

5.7.3. Halin 6ap je)lllo pemeH>e aurarouucruqxe MarpWiue Hrpe [~ -~ -!]. H 

O)J.pe)J,HTH HaKJIOH>eHOCT Hrpe HrpaqHMa. 

Peute1be. 0)1.pe)J.HMO A.E[O, 1 ], TaKa )J.a Ba)I(H Heje)J.HaKOCT 

[ ~] > (I- A{_~]+ A[-: J .!lo6uja ce cucreM I-SA < 0, 7A-3< 0, onaKJJe je 

1 ~ 3 TT • - < 1L < -. ,_..,aKJie, IIpBa KOJIOHa ce MO)I(e eJIHMHHHCaTH H OCTaJe pe)J.yKOBaHa 
5 7 

Hrpa [ 
2 

-
3
] Koja ce MO)I(e pemaBaTH rpalj>HqKJi HJIH rroMohy lj>opMyrra (66): 

-3 4 
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h = all + a22 - a12 - a21 = I2, x =5112, y = 5/12, a pemelbe norra:me Hrpe je 

x = [7/I2 5/12]T H y = [0 7/I2 5/I2]T. KaKo je v = -l/I2, Hrpaje HaKJIOlbeHa 

,npyroM HrpalJY. 

5.7.4. HaliH 6ap je,nHo pemelbe aHTaroHHCTH'IKe MaTpH'IHe Hrpe 

o,npe,[{HTH lbeHy HaKJIOlbeHOCT npeMa Hrpa'IHMa. 

-3 3 

3 0 

-I 4 

4 -2 

H 

PeUtel-be. llocmjH MoryhHOCT ,na ,npyra H Tpeha BpcTa ,noMHHHpajy 

KOHBeKcHy KOM6HHa~Hjy npBe H ':IeTBpTe BpcTe. O,npe,nHMO, ,naKrre, AE[O, I], 
TaKo ,na Ba)J{H [3 0)>(1-A)[4 -2]+A[-3 3). Pemelbe ,no6HjeHe 

Heje,nHa'IHHe je je _!_<A<~. 3aTHM, noKroyje ce ,na nocmjH AE[O, I], TaKo ,na 
7 5 

Ba)J{H [-I 4)>(1-A)[4 -2]+A[-3 3), H mje .?_<A<~. TaKo, MOry ce 
7 5 

HCK.JbY'IHTH npBa H 'leTBpTa BpCTa, 'IHMe Ce MaTpH~a ,[{06HTH pe,nyeyje Ha 

[ 
3 0

]. llpeMa ~PopMyrrH (66), h = a1I+a22-a12-a21 = 8, x =318, y = 112, na je 
-I 4 

pemelbe norrroHe Hrpe x = [0 5/8 3/8 O]T H y = [I/2 I/2]T, ,noK je v = 3/2. 

Hrpa je HaKJIOlbeHa npBOM HrpalJY. 

I -3 

5. 7.5. HahH 6ap je,nHo pemelbe aHTaroHHCTHtJKe MaTpH'IHe Hrpe 
-3 

2 -2 
,H 

I 

1 -I 

5.7.6. JloBa~ Ce Kpene pe'IHHM pyKaB~HMa CaMO HH3BO,[{HO, 113 Ta'!Ke p Ka Ta'IKH 
Q npeKO Ta':IaKa a, b HJIH C, Kao Ha CJIH~H, C THM illTO MO)J{e KOpHCTHTH H pyKaBa~ 
ab Ha KOMe ITOCTHjH BO,[{Olla,[{. 

:~ 
Q. 

a b ab c 

a 

-3 4 0 -I 

7 -2 0 3 

b 

ab 0 3 0 -I 

CrrHKa 5.7.6 
c -4 -'I 0 8 
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TirreH ce Kpene CaMO Y3BO.D:HO KOpHCTerrll HCTe nyTeBe CeM pyKaBIJ,a ab. ,[I;o6HT 
JIOBIJ,a o.n: XBaTmna nrreHa .n;ara je y Ta6errH. 

a) AKo Je paBHOTe)J(a MeiiiOBHTHX CTaTerHJa Hrpe ,n:aTa ca 

x = [ ~ 0 156 
7 ]T 
16 

, Y = [ 0 0 1 0 t, o,n:pe,n:HTH HaKJIOibeHOCT Hrpe 

Hrpa"'IHMa. 

6) O.n;pe,n:HTH orrre.n;arro Hrpe H HahH lheHo peiiielhe. 

Peutefbe. a) Bpe,n:HOCT Hrpe je 

7 -2 0 3 0 

-3 4 0 -1 0 KC -) -T A- [ 1 5 ·1:] V= x,y =X· ·y= 4 0 =0, 
16 0 3 0 -1 1 

-4 
. . 

,n:aKJie Hrpa Je IIO)JJe,n:HaKO HaKJIOiheHa Hrpa"'IHMa. 

6) Orrre.n;arro Hrpe je .n;aTo MaTpHIJ,OM B =-AT= 

-1 0 8 0 

-7 3 0 4 

2 -4 -3 

0 0 0 

1 

0 

3 1 1 -8 

. Ha 

ocHoBy TeopeMe o orrre,n:arrHMa, ce.n;rro y MeiiiOBHTHM cTpaTernjaMa Je 

T [ 1 5 x = (0 0 1 0] , y = - 0 -
4 16 

7 ]T - ca Bpe,n:Hoiiihy v = 0. 
16 

5.7.7. ,ll;BojHu.a 6HIJ,HKJIHCTa D H G, HMajy Ha pacnorraralhy 4 CTa3e pa3JIH"lJHTe 
.n:y)J(HHe, KOJe BO,n:e Ka O.ll: CTapTa .ll:O IJ,HJha y CKJia.n:y Ca CJIHKOM. 
CBaKo o.n: lhHX npoH3BOJDHO 6Hpa CTa3Y a, b, c 
HJIH d, He 3HajynH yHanpe,n: lhHXOBy .n:y)KUHY. CTapT 

~--<I>opMHpaTH MaTpHU.Y ,[{06HTH TpKa"l!a D y 
3aBHCHOCTH o,n: TOra Kojy CTa3Y je H3a6pao, aJIH H 
Kojy CTa3Y je H3a6pao G, aKo ce .n;o6HT H3pa)J(aBa 
y 6pojy KHJIOMeTapa lheroBe npe,n:HOCTH, a 
6HIJ,HKJIHCTH Ce Kpeny HCTOM 6p3HHOM. 

a) HcnHTaTH CHMeTpHjy Hrpe H o.n;pe,n:HTH 
lbeHy Bpe,n:HOCT. 

6) HcnHTaTH nocTOjalhe ce.n;rracTe Ta"l!Ke y 
"lJHCTHM CTpaTerHJaMa. 

CrrHKa 5.7.7 
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B) O~pe~HTH OIITHMaJIHe CTpaTerHje. 

Peute1be. a) AKo H D H G H3a6epy CTa3Y a, CTH)I()' Ha nnJb HCTOBpeMeHo, rra 
je rrpe~HocT 6nnHKJIHCTe D je~HaKa 0. AKo H D H3a6epe cnl3y a ~OK G n~e 
cTa30M b, lberoBa rrpe~HOCT he 6HTH -3 KM, HT~. TaKo ce ~o6nja MaT}JHna nrpe 

a b c d 

a 0 -3 -5 1 

b 3 0 -2 4 =A, 

c 5 2 0 6 

d -1 -4 -6 0 

Koja HMa oco6HHy CHMeT}JHje, jep je A = -Ar. Ha ocHoBy rrocrre~nne TeopeMe o 
orrre~arrHMa, v = 0. 

6) MHHHMYMH BpcTa MaTpnne A cy {-5, -2, 0, -6}, rra je MaKCHMHH 
VD(A)= 0. MaKCHMYMH KOJIOHa MaTpnne A cy {5, 2, 0, 6}, TaKO ~a je MHHHMaKc 
va(A) = 0. ,[(aKrre, ce~rro y "LIHCTHM CTpaTernjaMa je a33 = 0. 

B) lJHCTe CTpaTerHje o6a Hrpa"l!a cy HCTe, X= y = [0 0 1 of. 
5.7.8. ,[(peBHa KeHHecKa nrpa rnoynm-rrHHr (H3 rrepno~a MnHr ~HHaCTHje), Koja y 
CaBpeMeHoj Be3HjH HOCH Ha3HB "KaUe11, nanup U MaKa3e", CaCTOjH Ce y TOMe ~a 
~Ba Hrpa"Lia HCTOBpeMeHO IIOKa3yjy IIeCHHey (KaMeH), OTBOpeHy IliaKy (rrarrHp) H 
H ~Ba pa3MaKHyTa IIpCTa (MaKa3e). flo Tpa~HnHjH, KaMeH II06e~yje (JIOMH) 
MaKroe, rrarrnp rro6e~yje (cKpHBa) KaMeH a MaKroe rro6e~yjy (ceKy) rrarrnp. TaKo, 
aKo o6a nrpa"Lia rroKa)l()' HCTH "rrp_e~eT" nrpa je HeperneHa, a HHa"LJe Hrpaq KojH 
rroKa)l(e 'jaqn rrpe~MeT" ~o6Hja je~aH rroeH. CacTaBHTH MaT}JHizy Hrpe a 3aTHM 
HahH OIITHMaJIHe CTpaTerB:je. 

Peute1be. MaTpnna ~o6IiTH A HMa o6rrHK 

KaMeH 

[ ~ -~ _:] 
-1 1 0 

rrarrnp 
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,ll.mba c:urypHocHa Bpe,nHOCT :urpe je -1 a roplba + 1 TaKo ,na He nocTOjH ce,nno na 

npeMa TOMe HH paBHOTe)Ka "'lliCTHX CTpaTer:uja. )J.aKne ce_nno je,nHHO MO)Ke ,na 

TIOCTOjH y MeiiiOBHTHM CTpaTernjaMa. flpHMeTHMO Hajnpe ,na je Hrpa CH­

MeTpHqHa jep A = -AT. )J.aKne, Bpe,nHOCT Hrpe je V = 0, H OTITHManHe CTpaTernje 
:urpaqa cy je,nHaKe. AKo npeTnocTaBHMO ,na MeiiiOBHTe cTpaTer:uje HMajy o6n:uK 

X = y = [p q 1 - p - q]T, p~O, q~O, Ta,na je <i>YHKQHja oqeKHBaHe ,no6HTH 

(j e3rpo Hrpe) 

K (p, q) = [p q I- p - q ]- A · [ : t 
. 1- p-qJ 

(1- p- q) (p- q) + (1- 2 p- q) q + p (p + 2 q -1) = 0, 

3a CBaKO p H q. )J.aKne, CBe CTapTerHje cy OTITHMaiTHe. 


