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OITEPATOP XUJIBEPTOBE MATPUIIE
N JINBEPUH OIIEPATOP HA
ITPOCTOPUMA XOJIOMOP®HUX
OYHKIINJA

e PESUME. V¥ oBoj Te3u, npoyuaBamMo jiejcTBO beckoHauHe XujabepToBe MaTpuie Kao
omepaTopa, KOju 30BEMO OMepaTop XujabeproBe Marpuile m o3Hagasamo ca H wu mejcTBo
Jlubepunor omeparopa, o3HaveHOr ca L, HA KJACHYHUM [OPOCTOPUMA XOJOMOP(hHUX
dyHKIIM]a HA jeJJMHUYHOM JINCKY Y KOMILJIEKCHO] PDABHHU.

Iloznaro je jga oneparop Xuiabeprope marpuiie H jiejcTByje Kao OrpaHUYEH ONEPATOD
u3 Beprmanopor mpocropa AP y mpocrop AP ako u camo ako je 2 < p < oo. Takole,
II03HATO je Ja je HopMma omeparopa Xuibeproe marpuile H Ha BeprmManoBoM mpocTopy

AP jepnaka siani” kajia je 4 < p < 00 M M3HETA je XUIOTe3a J1a BayKu
T
HH||AP—>AP = . on
sin <%

ny caydajy 2 < p < 4. Y 0B0j Te3W JOKa3yjeEMO MpeTXonHy xunore3y. Hamazumo n nome
OoTrpaHuYerhe 3a HOpMY omeparopa Xuadeprose marpurte H na texwmackuM BeprmanoBum
npocropuma APY,

||H||Ap,a_>Az),a > , 3a l<a+2< p.

sin (a42)m
p

[Mokazyjemo ma y caydajy kaga je 4 < 2(a + 2) < p, Baxku

| HI| ap.o—ap.c = Wﬂ

0K je y caydajy 2 < a+2 < p < 2(a + 2), 106ujeHo ropme OrpaHuuene 3a HOPMY
|H || Ap.c— Ap.a, GObE 0 peTx0aHO NO3HATHX. JloKazyjemo na je omeparop Xuabeprose
marpune H orpanmden Ha npocropuma Becosa HY'® axo n camo axo Baxm 0 < Kp o =
V—ao— }3 + 1 < 1. Tlocebno, oneparop H je orpanuden na Beprmanosom npocropy AP
aKo m camo ako je 1 < a + 2 < p u orpanmuen je na Jupuxaeosom npocropy Db = AP
ako 1 caMo ako je max{—1,p — 2} < o < 2p — 2. Takobe, nokasyjemo ja ako je @ > 2 u
0 < e < a—2, Tamga ce JOTAPUTAMCKO TEKWHCKN BeprManos mpocTop A%Oga [IpeCIuKaBa ca
omeparopom Xumiabeprose marputie H y mpocTop Afoga_g_g. Axo je a € R, Taja oneparop
Xunbeprose Marpune H mpecamkaba JOTapUTaMCKO TeXKHHCKH Bioxoe mpoctop Bigge y

Bloga+1. Jlokazyjemo m ma omeparop H mpecimkaBa JOTapuTaMCKO TEXKWHCKHA Xapau-

1
log

H majbome moryhe. Ocum tora, mpoctop VMOA ce oneparopom Xuabeprose marpurie H
He npecukasa y Bioxos mpoctop B.
Ca nmpyre crpame, HagazuMo jga je Jlubepuu omeparop L orpaHWYeH Ha MPOCTOPUMA

P.g,x _ 1 :
Becosa Hy™" axo u camo axo Baxu 0 < Kpa, =v — a — o + 1. Tlopex rora, jokasyjemo

2
log

ca Jlubepurum oneparopom L y mpocTop Algogafl’ JIOK y ciyuajy Kaja je o € R, Jlubepun

Broxos npocrop By o, kKaga je a > 0, y mpocTop Blloga* ¥ 72 je OBaKBO JI€JCTBO OIEPATOPA

a ako je o > 1, Tajia, ce JIOrapuTaMCcKO TeXKWHCKH beprMmanor nmpoctop AP o Tpec/iuKaBa

omeparop L TpeciuKaBa JOIapHTaMCKO TeXKHHCKH Boxos mpoctop Bioge y camor cebe.



Axo je a > 0, mmamo j1a oneparop L MpecJuKaBa JOrapUTAMCKO TEKUHCKHA Xap/Iu-BIoxos
TPOCTOP l’)’llogcx y Bllog”_l ¥ TOKa3yjeMo J1a je OBaKBO JejcTBO oneparopa L Hajoobe Moryhie.
ITosunara KopeubiymoBa xumoresa Koja ce OJHOCH HA TPUHIUN MAKCUMyMa Y
kjacuaHIM Beprmanosum npoctopuma AP raacu:
Hexa je 0 < p < 0o. Tada nocmoju xonemanma 0 < ¢ < 1 ca caedehum ceojecmeom. Axo
cy [ u g zosomoppre dynryuje y jedunuunom ducky D, maxee da je |f(z)] < |g(z)| 3a
cee ¢ < |z| < 1, mada sasrcu || f||ar < ||g]|ar-
Xajman je mokazao KopeubiymoBy xumoredy y Cay4ajy Kaga je p = 2 u XuHKAHEH je
VOIIIIITHO HETOB Pe3yJTar, nokazajyhu na je xumnoresa Tauna 3a cee 1 < p < oco. Cayuaj
0 < p < 1 mperxonHe XAMOTE3E OCTAO je OTBOPEH. Y OBOj TE3W, PA3PENraBaMoO MPEeTXOTHU
orBopeH ciaydaj KopembiaymoBe XWIorese, TakoO IITO IOKa3yjemMo A3 KopeHOgIyMoB
NPUHIAN MakcuMyma y DBeprmanoBum npocropuma AP He Baxkwm y ciaydajy Kaja je
O<p<l.

e KIbYUHE PEYMN. Xunbeprora marputia, Jlubepun omepaTop, TPWHITAT MaKCUMyMa,
Xapaujepu npoctopu, beprmanosu mpocTopu, npocropu becosa.
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HILBERT MATRIX OPERATOR AND
LIBERA OPERATOR ON SPACES OF
HOLOMORPHIC FUNCTIONS

¢ ABSTRACT. In this thesis, we study the infinite Hilbert matrix viewed as an operator,
called the Hilbert matrix operator and denoted by H and Libera operator, denoted by L,
on the classical spaces of holomorphic functions on the unit disk in the complex plane.

It is well known that the Hilbert matrix operator H is a bounded operator from the
Bergman space AP into AP if and only if 2 < p < co. Also, it is known that the norm of
the Hilbert matrix operator H on the Bergman space AP is equal sin%’ when 4 < p < o0,

p
and it was conjectured that
7T
| lap-sar = —5=

S11
p

when 2 < p < 4. In this thesis we prove this conjecture. We find the lower bound for the
norm of the Hilbert matrix operator H on the weighted Bergman space AP®,

T
||HHAP,(1_>AP,(¥ Z W’ fOI‘ ]. < o + 2 < p
Sin

We show that if 4 < 2(a+ 2) < p, then

[ H || v — Ao =

- (a42)7w?
sin ¢ J; )
while in the case 2 < a+2 < p < 2(a+2), upper bound for the norm ||H || gp.c _, gr.a, better
then known, is obtained. We prove that the Hilbert matrix operator H is bounded on the
Besov spaces HY'*® if and only if 0 < kpap =V —a — % 4+ 1 < 1. In particular, operator
H is bounded on the Bergman space AP'® if and only if 1 < a4+ 2 < p and it is bounded
on the Dirichlet space D5 = AP if and only if max{—1,p — 2} < a < 2p — 2. We also
show that if @ > 2 and 0 < ¢ < a — 2, then the logarithmically weighted Bergman space
A%Oga is mapped by the Hilbert matrix operator H into the space Afoga,g,s. If a € R,
then the Hilbert matrix operator H maps logarithmically weighted Bloch space Bjoge into
Bloga+1. We also prove that operator H maps logarithmically weighted Hardy-Bloch space
Blloga, when a > 0, into Bllo o—1 and that this result is sharp. Also, we have that the space
VMOA is not mapped by the Hilbert matrix operator H into the Bloch space B.

On the other hand, we find that the Libera operator £ is bounded on the Besov space

HYPP if and only if 0 < Kpay =V —a — % + 1. Then, we prove that if a > 1, then the

2
log

space A?Oga,l, while if o € R, then the Libera operator £ maps logarithmically weighted

logarithmically weighted Bergman space A; o is mapped by the Libera operator £ into the

Bloch space Bjoge into itself. If o > 0, we have that operator £ maps logarithmically
weighted Hardy-Bloch space Blloga into Blloga* and we show that this result is sharp.

The well known conjecture due to Korenblum about maximum principle in Bergman
space AP states:
Let 0 < p < co. Then there ezists a constant 0 < ¢ < 1 with the following property. If
f and g are holomorphic functions in the unit disk D, such that |f(z)| < |g(2)| for all

¢ <|z[ <1, then [ fllar < lg]lar-



Hayman proved Korenblum’s conjecture for p = 2 and Hinkkanen generalized this result,
by proving conjecture for all 1 < p < oo. The case 0 < p < 1 of conjecture still remains
open. In this thesis we resolve this case of the Korenblum’s conjecture, by proving that
Korenblum’s maximum principle in Bergman space AP does not hold when 0 < p < 1.
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YBOI

IIpsu myT yBenena ox crpane /lasuga Xusibepra y pasiy [25], 6Geckonauna maTpuii
unju cy emementu garu ca (n + k + 1)7L rae je n,k > 0, majupe je pasmarpana y
TEOPUjU amMpPOKCHUMAIHja. & TOMEHYTOM Paay XujabepT mokasdyje u MpBe Heje HAKOCTH
ca HU30BMMAa WHAYKOBAHE eTeMEHTUMA erose marpuiie. Hakon Tora, Behu 6poj ayTopa
pasMarpa jejcTBO XuibepToBe MaTpUIle Ha eJIeMEeHTapHUM TPOCTOpruMa Hu30Ba. Crekrap
XunbeproBe MaTpuIle Koja jaejcTByje Ha mpocropy ¢2, ommcaH je ox crpane Marmyca
(Buzmeru paz [39]). Haume, Maruyc je nokasao ja je HEIPeKUIHU J1€0 ClEKTPpa Xuibeprose
matpuiie uHTepBan [0,7] u 7a je TO 3ampaBo 1eo crekTap Xumiabeprope marpuie. Y
kiacuuHoj MoHorpaduju [21] wucnuryje ce mnonamame Xusibeprope Marpuie Ha P
IPOCTOPUMA HU30BA, IJie Ce U YOUIITABajy IPETXOJIHO IO3HAaTe KjaacuuHe Xujabeprobe
HejeanaxocTu Ha npocropy ¢2. Mamely ocrasor, mokasyje ce u na je mopma Xuibeprose
matpune H : P — (P, jennaxa |[H|w_pw = gi= 3a cBe 1 < p < co. Ca paspojem
Teopuje XaHKeJIOBUX OMepaTopa, YOUIITaBajy ce szo Ta/la MMO3HATU PE3YJITATH KOjU Ce
ojsHOCE Ha omeparop XwujabeproBe marpuile, nmajyhu y Buay ma omeparop Xuiabeprose
MaTpHIle 3alPaBO MPHUIaLa TPOCTOPY XaHKEJIOBUX OTeparopa. 3a Buile nHbOpMaIija o
Teopuju XaHKeJOBUX oneparopa sujgetn MoHorpadujy [53]. Momepua reopuja mocsehena
XuabepToBOj MATPHUIIA, KOja IIPe cBera 00yXBaTa AejCTBO OmepaTopa XuadepToBe MaTPHUIe
Ha HEKUM KJIACHYIHUM MPOCTOPUMA XOJOMODhHUX (DYHKINMja HA JeAUHUIHOM JTUCKY,
nountbe ca pajgom [13], y kojem ayropu Inamanronynoc u Cuckakuc pasmarpajy oneparop
Xwibeprose marpuile Ha Xapaujesum mpocropuma HP. Onu noxasyjy Ja je oneparop
Xunbeprose marpurte H orpanmuen wa Xapaujesom npocropy HP axo m camo ako Baxku
1 < p < oo ¥ cayuajy kana je 2 < p < oo, nobujajy ciejehy oleHy 0JI03r0 3a HOPMY
Xunbeprose marpume xoja gejersyje ma Xapaumjesum mpocropmma || H || grpr < i,
JOK y ciydajy 1 < p < 2, Hagaze UCTY OIEHY, aJd 110 HEKUM JIOTATHO H&MeTHyTI/IpM
ycinopuma.  OcuM Tora, OHM HM3HOCEe U IIPETTIOCTABKY Jla je BPEJIHOCT Lo, 3alpaso,
TagHa HopMma omeparopa H : HP — HP. Ca npyre crpame, ﬂHaMaHTonyﬂocp UCIIUTYje U
noHamame Xunbeprose marpuile Ha beprmanosum mpocropuma AP. Y csom pamy [12],
mokazyje ma je omeparop H : AP — AP orpanmdeH ako W CaMoO ako Baxm 2 < p < 00. Y
cayaajy 4 < p < oo, nokasyje na axu [|H||ar—ar < T, 10K y ciayuajy 2 < p < 4,

nobuja ciaabuje ropme orpanmuerse. Kowmauno, y csom pagy [14], ayropu Hocranuh,
Jesruh w Bykorwh paspemaBajy mperxojHO HaBeJeHa OTBOpeHA muTarha. Hawnwme,
OHH Kao mocaenuily jemHe Teopeme HexapmjeBor tuma, mobujajy TOpibe OTPAaHHIErHe

|H||gzr—mr < 5or 33 cBe 1 < p < 00 u Hanaze gome orpanuderse ||H || gr_pr >
p

T
sin%’
Takohe 3a cBe 1 < p < oo. Ha Taj mauwmn, y moTmyHOCTH 3aTBapajy IUTAbe HOPME
orepaTopa Xujiabeprose marpuiie Ha Xapaujesum npocropuma. Onu Takobhe, mobujajy
Sinﬂgl 3a cBe 2 < p < 00, MOKA3ABINN HA Ta] HAUUH 2

P

je Hopma ||H||ap—Ar jesHaka sinL?—’” 3a cee 4 < p < oo. Mebhyrmm, makon TOT pana,
P

nome orpaandere ||H || gp—ar >

Kao0 OTBOPEH IpoOJIEM U Jla/be je OCTaj0 MUTalke TauHe HOpMe oleparopa XujabeproBe



matpunie H : AP — AP y ciayuajy kKaga je 2 < p < 4. Haxon tora, Behu 6poj
ayTopa ce 0aBMO PA3HUM yONIITemUMa Xuabeprose marpuile (npe ceera yommrasajyhn
Moje/InHe eJIEMEHTE ¥ HheHOj HHTErPAJIHO] PENPE3eHATIN]H) KOja AejCTBYje Ha TPOCTOPUMA
xonomopduux dyukuuja (Bumern [8, 18, 19, 52]). Taxobe, y mocmiextbe Bpeme, o
HHTEpECa je W pa3MaTpame MYyJITHILTNKATHBHE BapujanTe XuabeproBe MaTpuile (3a BHIIE
undopmanmja noregaru pag [7]). VY [38], ayropu Jlanyua, Hosak u ITasiosuh, ucnuryjy
uzMelhy ocrajor u JejcTBo oneparopa XuabeproBe MaTpUIlE HA JIOTAPUTAMCKO TE€XKUHCKUM
Beprvanosum mpocropuma. Ilokazyjy za y ciaygajy kama je o > 3, omeparop H,
IpeCcInKaBa JOrapuTaMCKO TeKMHCKH BeprmanoB npocrop A%Oga y Beprmanoe npocrtop
A?. Takobe, oHM HCHUTYjy W OrPAHIYEHOCT OMEPATOPa XmiIbGepTOBe MATPHUIE HA HEKHM
TIPOCTOPUMAa MeNIOBUTEe HOPME W HaJsaze Ja je oneparop H : HP°*% — HP°* orpanmven
aKO W CaMO aKO BaKu « + % < 1. Tlopen omeparopa Xuiabeprose marpurie H, ayropu
lasanonysioc, I'upesa, Ilenaes u Cuckakuc, mocmarpajy u MoauukoBaHu Xuiabepros
oneparop H na Texunckum Beprmanosum u JIUpHXJIEOBHM IIPOCTOPUMA (Bumern [19]).
Hauwme, nokasyjy ma ako Baxu p > 1l u —1 < a < p— 2, Taja je oneparop H : APo — AP©
OTpaHWYeH, JIOK y caydajy Kaga je p > 1w p—2 < a < p— 1, nobujajy orpaHnaeHOCT
oneparopa H : D, — Dh. VY oba ciyuaja, noTnyna KapaKTepusalija OIPaHHYeHOCTH
MoandrKoBaror Xua0epToBOT OmepaTopa, Kao W OlMeparopa XmadepTroBe MaTpuie, Ha
MPETXO/IHO HABEJEHUM IIPOCTOPUMA OCTAja jé OTBOPEHA.

IIpBux 1mrect tyiaBa oBe MOKTOpCKe amucepraije moceeheno je omeparopy Xuabeprose
MaTpUIle W FHErOBOM J€jCTBY Ha, TpocTopmMa xojomopduux dyukiuja. Hasemenu cy
Ipe CBera, CBU HOBU pe3yJiTaT JOOWjeHU Of cTpaHe ayTopa oBor Tekcra, M. Jeprtwha u
B. Boxwuna. Ilpea rjaBa je yBOOHOT KapakTepa, CACTOjU Ce Ol MO3HATUX W KJAACUIHUX
pe3yJTaTa Koju ce oJHOce Ha XaHKEJOBE OIEPATOPE U JIejcTBO XMIOepTOBe MATPHIE KAo
orepaTopa Ha MPOCTOPpWMAa HU30Ba, mpe cBera Ha P mpocropuma. Jlokazana je Teopema
Hexapuja u onpeljena vHopma || H||gp—er 3a cBe 1 < p < 0o. Ocum ToTa, TOKA3aHO je HAa KOjU
naumu ce u3 Teopeme Hexapuja mobuja knacuana Xapaujesa mejennakoct. JIpyra rasa
je mocsehena jejcrBy XuabeproBe Marpuile Ha Xap/UjeBUM IIPOCTOPUMA U JOKA3y Jia je

nopma ||H||gr—pr jeanaka 1+ 3a cse 1 < p < oo. Imasa ce ociama na pajose [12, 13]
P

(dnamanronymoc u Cuckakuc) u npe csera Ha paj [14| (Jocramwh, Jesruh u Bykoruh).
MebyTum, u mopesn Tora, jemaH e0 Opyre TjaBe je opurmHasiaan. Hawmme, HapemeH je
TIOTIIYHO HOBH JOKa3 3a J0me orpanmdeme || H || grpr > 4+ 3a cBe 1 < p < oo, npu gemy
je mpuMem-eHa HOBa TEXHUKA, KOja KOPUCTH XI/IHepI‘eOMeTpI/IjCer dyukimje. Hapegernu qoxas
je upeyser u3 paga [33] (Kapaunerpopul) u jenHocraBHuju je u ejeraHTHUjU 0J] OHOr Beli
nocrojeher u3 pama [14]. I'imaBan pesynrar Tpehe raBe je KOHAYHO PA3PEIIEHE OTBOPEHOT
npobjeMa KOju Ce OMHOCH Ha HOpMY omeparopa XuadeproBe marpuile HA BeprmanoBom
npocropy AP y caydajy kama je 2 < p < 4. Hamwme, nokazano je ma Baxku ||H||ar—ar =
sin7r27’T
KOME je IPUMEeHa jeHa HOBA TeXHUKA, KOja ce 6a3upa Ha HOBOM IIPUCTYITY MOHOTOHOCTH
WHTeTrpajHuX cpejnHa xojaoMmopdunx ¢gyukiuja. Ca apyre crpane, Kopuctehu TEXHUKY
XuIepreoMerprujckux yHKIMja, JaT je HOB M OPUTMHAJAH JIOKA3 33 JI0Hhe OrpaHUYerhe
[H|lap—ar = 75 3a cBe 2 < p < 00, koju je Taxohe npeyser ms pajta [5]. Habenenn
JTIOKa3 je 3HATHO ySpOCTHo npeTxoaHo nocrojehin qokas w3 paga [14]. Ocrarak tpehe riase
ce 6asupa Ha pesynraruma paza [12]. Yerspra riasa JOHOCH MOTIIYHY KapakTepU3aIujy
OTPAHUIEHOCTH OTepaTopa XWIOEepTOBE MaTpHIle Ha TpocTopuMa becoBa m mpocTopuma
MEITIOBUTE HOPME M THMEe Pa3PeIaBa jOIll je/IaH MPeTXOTHO HABEIeH OTBOPEH MpobeM Koju
nmarupa u3 pajgosa [19] (Famanomynoc, I'upena, Ileraes u Cuckaxuc) u [38| (Jlanywa, HoBak
u ITasjosuh). Pesyararu ose riase cy nybuukosann y paiy [30] (Jesruh, Kapanerposuh).

3a 2 < p < 4, upu uemy je jokas upeyser us paja [5] (Boxun, Kapanerposuh) u y
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Hawnwme, rmapnu pesynrar ope Tmape jecte ga cy omeparop Xuiabeprose marpute H, amm
yjearno n mogndukosarm XunbepTos omneparop H, orparmdenn na mpocropy HL'PY axo n
caMo ak0 Baxkn 0 < Kp o p = V—Q— %—l—l < 1. JlupexTHa TOCTEINTIA TTPETXOTHOT PE3YATATA

jecre ma cy omeparopu H u H orpaHHYeHH Ha TeKHHCKOM Beprmamopom mpocropy AP¢
ako m camo ako Baxu 1 < a + 2 < p. Taxobe, mocrenura HaBeeHOT pesysnTaTa jecTe
orpaamyenoct oneparopa H m H ma JImpuxsieosom mpocropy Db axo m caMo aKo BaxKu
max{—1,p—2} < a < 2p—2. VY meToj r1aBu ce pa3zMarpa JIejcTBO omepaTopa Xuabeprose
MaTpUIe Ha JIOTAPUTAMCKO TeXXKMHCKUM mpocTtopuma beprmama, Baoxa n Xapmu-Bioxa.
Kao mro cmo Beh HaBesu, IpeTXOIHO TIO3HAT PE3YJITAT O JejCTBY XuabeproBe MaTpuile Ha
JIOTapUTaMCKO TeXKHMHCKOM Bepryanosou mpoctopy A2 .. jecre na y ciaydajy a > 3, Baxkn
H: Alog
rJe je ImoKaszaHo Ja Baxku H : A120 o — A% 3a cBe a > 2. Mebytum, y meroj riasu
je maBesen pesynarar u3 pazga (32| (Kapanerposuh), Koju yomnrmrasa IpeTxo[HO HaBeIeHe
pesyntate. Hamme, moxzamno je ga y caydajy Kafa je a > 2 u 0 < € < o — 2 omeparop
Xunbeprose marpure H mpecinKasa JIOrapHTaMCKO TeXKHHCKH BeprMaHos mpocrop A2

log
o — A2, Osaj pesyarar je najupe nobossiman y pasy [28] (Jesruh, Kapanerposuh),

log™
y IIPOCTOP Aloga,Q,E. OcuMm TOra, IMOKA3aHO je ja ako Baxku « € R, Taja oneparop
Xunbeprose Marpune H mpecamkaBa JOTapUTaMCKO TeKHHCKH Bioxos mpoctop Bigge y
IIPOCTOP Blog +1.  Takobhe, omeparop H mpecinkapa JOTapPUTAMCKO TEXKWUHCKHU Xap/in-

Buoxos npocrop Bl Kajga je o > 0, y mpoctop Bllog"‘71 ¥ 0BaKBO JIejCTBO omeparopa [

log®»
je najbose moryhe. Ceu pesysiraru ose riase cy upeyseru u3 paja [32] (Kapauerposuh).
Kownauno, y mrecroj rmasu ce, m3mely oCTajor, Omnmcyje AejcTBO omeparopa XuiadbepTone
maTpuile Ha pocropuMa Becosa. Pesynaratu oe rnaBe mpeyseru cy u3 paja [28] (Jesruh,
Kapanerposuh). Jeman on rmaBaux pesynarara qo0ujeHNX y OBOj IJIABM jeCTE J1a ONepaTop
Xunbeprose marpuite H we mpecnnkasa npoctop VMOA y Baioxos npocrop B. Takobe,
pasMaTpa ce u aejcrso omeparopa H ma mormpocropuma mpocropa H'. Jemam ox mpsux
pesyaTaTa o moHamamwy Xuabeprose marpuue H Ha mpocropy H' nobujen je y pamy
Juamanromnysnoca u Cuckakuca ([13]), rue je nokasano na je H HeorpaHudeH omneparop
ma npoctopy H'. Ilopex Tora, y [38] je moxasamo ma omeparop XmiGeprose marpmme H
JejerByje Kao orpanmueH omeparop u3 mpocropa H' y mpocrop HP 3a cse 0 < p < 1.
MebyTuM, y Iecroj IriaBu, OBe JHUCEpTAIldje IOKa3aHO je aa Baxu H : H' — Hpoo1/p!
3a cBe 1 < p < oo, pu yemy je % + % = 1 m ga omeparop H He mpecamKapa MIPOCTOP
Hll’l’1 y mpocrop HP41/P" 33 6umo koje ¢ € (0,00). Hamomenmmo 1a je y cBoM pasy [9]
ayrop Cuma mokazao ja omeparop Xumbeprose marpure H mpeciukasa npocrop H' y
npocrop Kommjesux Tpancdopmalinja Mepa Ha jequnuvnoj kpyzkuuiu T. Ocum Tora, y
TOM CJIY4a]jy je TOKa3aHa W WH]eKTHBHOCT OMepaTopa XI/IJ’[6epTOBe ManHHe H.

Jlubepa je y csom pamy [37|] mocmarpao omeparop g(z 2 fo ¢)d¢ n moxazao
IErOB 3HAYA] y TEOPUjU jeAHOBAICHTHUX (DYHKITH]A. SanpaBo, ﬂM6epa je moxazao ma
MPETXOJHU OIEPATOp IPEeCc/IuKaBa jejiHy nocebHy KJjacy jelHOBajeHTHUX (YHKIHjA Y
camy cebe. Hakon tor paja, Hy6JII/IKOBaHO je MHOFO pa,JOBa Ha TEMY CJNYHHUX OIEPATOPA.
Yormrern JIubepun omepatop Aqg(z) = — f g(Q)d¢, tme je a € D, ymemen je m
MMPOyYaBaH €a TadKe TJIETUINTA cbyHKuHOHaJIHe amasmse y pagosuma Cuckakuca [57, 58],
a 3atuM u y paay [11]. Vkomuko je a € D, taga je oneparop A, gedunucan Ha IpocTopy
H(D), a camum THM W Ha KJIACHIHHM TpocTopuMa Xapamja, Beprmana m Becosa u
MOXKE Ce TOKA3aTH Ja WMa CKOPO WCTa, JHHEeapHA TOMOJOIIKA CBOJCTBA KAa0 M OMEPATOD
g(z) — foz g9(¢)d¢. Camum TmM, TpoydYaBame jeJHOI TAaKBOT omeparopa Huje OHIO0 01
WHTEpeca ca Tadke rieaumnTa pyHrnmonasaune amanuide. [Ipema tome, om Beher muTepeca
je 6mao pasMaTpalbe caydaja Kaga je a € JD. yOCTaJIOM Taga ce MOXKe TIPETIOCTAaBUTHI
aa je a = 1, omrocuo, monasumo 0 oneparopa Ajg(z) = 1 f 9(¢)d¢. Tlokasyje ce ma
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je omeparop A1 mo6po medunmcan ma mpoctopy H(D) m ga mpecamkasa mpoctop H(D)
y H(D), npu wemy Baxu A1g(z) = Y oo, (Z;O:n %) PAES fol g(t+ (1 —t)z)dt 3a cBe
g(z) =300 ,g(n)z" € H(D). Hamomenumo 1a ce tazga ca £ osznavasa JIuGepun oneparop
Lg(z) = fol g(t+(1—t)z)dt 3a cee g(z) = > o2, G(n)z" € H(D) Kasa IPETXOAHO HABEACHU
HHTErpaJl KOHBEPTUPA PABHOMEDHO Ha KOMIAKTHUM TOJACKYIOBAMA, jeMHUIHOT aucka D.
3a surie nadopmaruja o Jlubepuuom omepaTopy u 3a HEKA APYTa EETOBA CBOjCTBA BUIETH
[44] (Hosaxk, IlaBmouh). ¥ cBom paxy [50] Ilasnosuh ucruryje orpanngenocr Jlubeputor
omeparopa L Ha npocropuMa becoBa u mpocropuma MermopuTe HopMe. Hawmme, oH mokasyje
na je Jlubepun oneparop L orpanmten Ha npocropuma H,T% ako um camo ako BaxKu
0 < kpay=V—a-— % + 1, aam camo y ciayyajy Kaja je p > 1 u KaJia vV npoJia3u CKyIioM
HeHeraTuBHUX Iiesinx OpojeBa. lloTmyna kapakrepuzaiuja orpanudenoctu Jlubepuuor
omeparopa octaje orsopena. Ca apyre crpane, Ilasigosuh y cBoMm pamy [49] ucmuryje
nejcro JImbepuwHOT OmepaTopa HA JIOTAPUTAMCKO TEXKWHCKUM MpocTopuMa Xapan-boxa.
Hauwme, on noxasyje ma ako Baxku a > 0, maga Jlubepun omeparop L mpeciukaBa
lloga y TIPOCTOP Bllog”’_l'

Cenma u ocMa rj1aBa OBe JJOKTOPCKE ucepraluje cy nocsehene pazmarpaty Jlubeputor
omeparopa Ha mpocTopmMa xoaoMopdHUX (YHKIHja. Y CeaMOj TJIABH je JaTa MOTIIYHA
KapaKTepH3aliija orpanndenocTn JIlubepunor oneparopa £ na npocropuma H)' 7. Hanwme,
OKA3aHo je 1a je JIubepun omeparop orpanmden Ha npocropy HL' P axo u camo ako BaxKu
0 < Kpap =V —a— ]lj + 1, npu uemy je yKJIOEEHA OJroBapajyha pecTpukiiuja mia je
p > 1w jga v nposasu CKyNOM HEHeraTuBHUX Ieux 6pojesa uz paja [50|. Pesyararu ose
iase cy mybawkoBanu y pajy [29] ayropa Jesruha u Kapamerposuha. VY ocmoj riasu
ce mocMaTpa gejcreo JlubepuHor omeparopa Ha JOMAPUTAMCKO TEXKHUHCKUM [TPOCTOPUMA
Beprmana, Bioxa n Xapau-Baoxa. lokazamno je f1a ako BaxKu o > 1, Taga ce JIOrapuTaMCcKO
TEXKUHCKY BeprMaros mpocTop Alzog(¥ mpecaukaBa ca JIubepunumM omeparopoM L y IpocTop
A%Oga,l, 0K y cayuajy kaga je a € R, Jlubepun oneparop £ npeciamkaBa JOrapuTaMCKO
TeskIHCKN B1oxoB mpoctop Blege y camor cebe. Ca gpyre cTpame, MOKa3aHO je W [a
je TpEeTXOJHO HAaBEJEeHU pe3yaTarT o JejcTBy Jlubepuuor oneparopa L Ha JOTapUTaAMCKO
TeXKUHCKUM TpocTopuma Xapau-Bioxa w3 paga (49|, y usBecnom cvuciy Haj6osbu moryh.
Pesysmrarn ocme rnase mpeyseru cy u3 pana [32] (Kapanerposuh).

Kopenbsiym je y csom pajy [34] usneo cueneliy xumoresy o npuHnuiy mMakcumyma y

Beprmanosum nmpocTopuMa.
IIpunuyun maxcumyma y Bepemanosum npocmopuma. Hexa je 0 < p < co. Tuda
nocmoju koncmanma 0 < ¢ < 1 ca caedehum ceojecmeom. Axo cy f u g voromoppue
dynryuje y jedunuunom ducky D, maxee da je |f(2)| < |g(2)| sa cee ¢ < |z| < 1, mada
8AIICY

JIOPAPUTAMCKO TEXKHMHCKHM Xapu-bioxos mpocrop B

[fllar < llgll a»-

Y nomenyrom pasgy [34], Kopeubiym je mokazao npuHmmm makcumyma 3a p = 2 u ¢ <
%6_2, O/T TOJJATHOM TPETIOCTaBKOM Ja je g/f xomomopdHa dyHKIMja ¥ HAKOH TOTA je
yCIe U Cepuja mapiyjaaHuxX pesysarara of crpane selier 6poja ayropa (Bugern pagose
[35, 36, 40, 56]). Xajman je y cBoM pajy [22], mpBu 10Ka3a0 TAYHOCT XUIIOTE3E Y CJAYUa]y
p = 2. V6p3o HakoH Tora, XuHKaHeH je y pajy [26], joka3ao rauHocT Xunorese 3a CBe
1 <p< oo Cuyuaj 0 < p < 1 xumorese je ocrao meperier. Takobe, y [26], Xunkanen
jé moCTaBuoO NUTAE /14 JIU je MPUHIIUI MakCcuMyMa y BeprmanoBuM npocropuMa BajiuiaH
u y caydajy kaga je 0 < p < 1. Hakon tora, y (62|, Baur je mokazao ma mpurIumn
MaKCcUMyMa v BeprMaHoBuM mpocTopuMa Baxku y cay4dajy 0 < p < 1, ajam Mo JToJaTHOM
TPETIOCTABKOM Ja GYHKIHMjA g mMa mTpocTy Hyay v Tauku 0 y jeqwananom aucky D. Ocum
Tora, Hajbo/ba BPEIHOCT KOHCTAHTE ¢, 33 KOjy Baxku Koperb/yMOB MPUHIINAN MaKCHMyMa
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3a 1l < p < oo, uak Wy CAyYajy p = 2, JOIT yBeK je Hemo3HaTa. 3a Buille nHGOPMAITTja
KOja ce ojiHOCe Ha orpaHnyderma 3a KopenbiymoBy KoHcTranTy Bujeru pajgose [lycrepa n
Banra [55, 60, 61, 63, 64].

JleBera ryiaBa OBe JIOKTOPCKE JincepTraniuje je mocsehiena 0/iroBOPY Ha OTBOPEHO TTUTAHE
TagnocTr KopeHGIyMOBOT TPHHIINNA MakcuMyMa y BeprmamosmM mpoctopuma AP koj
kojux je 0 < p < 1 m paspermemy npeocraior nena Kopenbaymose xunoresze. Hawmwme,
nparehu pay [6] ayropa Boxxunra u Kapanerposuha, y 1eBeTo] riaBu 3ampaBo JT0Ka3yjeMo
na KopenbyiyMoB ipuHIun MakcuMyMa He Baxkn y beprmanosum mpocropuma AP Kox Kojux
je 0 < p < 1. Ocum Tora, nparehu pagose |26, 55, 64| ayropa Xunkanena, llycrepa u
Baura, y jeseroj miasu jiokasyjemo TadHocrT KopenOGsiyMOBOI LPHMHIMIIA MAaKCUMyMa Y
Beprmanosum npocropuma AP kon kojux je 1 < p < oo.

Besiuky zaxsasnocr ayryjem, npe cera, csom 1mpodecopy Mupospydy Jesruhy na
yBODemy v HAydHU Pal, HA OJa0UpPy TeMe, Ha W3IBOjEHOM BPEMEHY, Ha Her0BOj M3Y3€THO]
rmoceeheHoCTH U CBUM KOPUCHUM caBeTnMa U cyrecrujama. llocebHy 3axBajHOCT AyryjeM
u mpodecopy Brammmupy Boxwmay ma mpeysermm obaBezama MeHTOpa, Ha OpojHHM
CaBeTUMa U HHEr0BOj MCTPAJHOCTU V 33jeJHUYKOM PaJy. 3axBajbyjeM Cce M CBOjUM IPBUM
npodecopruma Komiuiekcue anananze Muonpary Maremesuhy nu Mumany Kuexxesuhy, kao n
nmpodecopy aHamm3e u wiaHy komucuje Mumomny Apcenouhy Ha KOPHCHUM KOMEHTaApUMA
¥ yJIoKeHOM Tpymay. Takobe, 3a10BO/BCTBO MU je Jia ce 3axBajuM cBoM mpodecopy Bophy
Kprunuhy, kao u Mapuju Mukmh, Ha npaBumMm capermMa W mogpiinn. Wmak, #Hajsehy
3aXBAJIHOCT JIyI'yjeM CBOjO] TIOPOJIATIN.

Hearwuya, maj 2017. Boban Kapanemposuh



OcHoBHU IOJMOBHU, TBphema 1 03HaKe

Y 0BOj, TIpe cBera yBOAHO] IVIABH, AT je KpaTakK IIPerJie]] HeKNX OCHOBHUX IIOjMOBA,
Kao u TBphema, Koja he ce KOpuUCTUTH y HACTABKY TeKcra. HaBejgeHu Cy yriaBHOM
pe3yaTaTn w3 KJACUYIHE Teopuje XapanmjeBnx u beprMaHoBUX TPOCTOPA, aad W HEKH
OCHOBHU €JIEMEHTU KOMILJIeKCHe U pyHKimonaaHe amaguse. Taxobe, dbukcupana je u
HoTanmja Koja he butu kopumiheHa y HapeaHWM MorjasbuMma. [JaBa je mojes/beHa Ha
CeKIje y 3aBUCHOCTH O] MojMa, TBphema W O3HAKE HA KOJy Ce OAHOCH. Y I0jeTUHUM
cekmnujaMma Jarte cy u pedpepeHIie Be3aHe 3a mojaM Ha, KOju Ce CEKITHja OJHOCH.

o Jedunuunu duck D u jedunuuna wpyocnuya T y xomnaercnoj pasru C

Juck mosynpeunuka r > 0 ca IEHTPOM y TaduKu zg KoMmiutekcHe pasan C o3HagaBamo
ca D(zg,r), oguocuo Baxknu D(zg,7) = {z € C : |z — 2| < r}. Jenunwumm nuck
D(0,1) osznauasamo ca D. 3a rpanuny 0D jexmangnor gucka D), oqHOCHO, 3a jenHUYIHY
KpyKHuHUILY, kKopuctumo o3uaky T. Hakme, saxu T = {z € C: |z| = 1}.

o [Ipocmopu h(D) u H(D)

[Ipocrop cBux xomomopduux dyHKIMja Ha jeauananom aucky D osnagasa ce ca H(D), mok
je h(D) npocrop cBux xapmonujckux dyuknuja y jeauaunanom aucky D. IIpocrop H(D)
cHab/1eBaMo Ca TOIMOJIONHjOM MHIYKOBAHOM PaBHOMEPHOM KOHBEPIeHIIHjOM Ha KOMITAKTHUM
nozckymosuMa mucka D. Taga ce ayar mpoctopa H (D) monctusehyje ca mpoctopom H(D),
e g € H(D) swaun qa je dbyrKmja g xomoMopdHa y HeK0j OKOJMHI 3aTBOPEHOT jeTHHTHOT
mucka D (xoja 3asucn on m36opa dynrkmmje g). Oarosapajyhe cnapusame je gaTo ca

o9 =S Fmgin),
n=0

-~

rae je f(z) = 3020 f(n)2" € H(D) m g(2) = 3272, 9(n)2" € H(D).

o Tejroposu woepuyujernmu

Huz Tejmoposux koedunujenara dyuxuuje f € H(D) oznagasa ce ca {f(n)}5,, onHocHo

f(n) A0 za cee n > 0. Tejmopos pen dyukiuje f

f(z) =) f(n)z", z€D,
n=0

koupeprupa y jemunuunoM jucky D. Ca apyre crpame, yKoauko xosoMopduy dyHKIM]y
f(z) = Y020 f(n)z" noucroserumo ca menum HusoM TejnopoBux koeduuujenara,

onuocHo ca uusoM {f(n)} 2y, Taza mocMarpaie mnpocTope xonoMopdHuX dyHKIH]jA
MOZKEMO BHJIETH H Ka0 0Jrosapajyhie mpocrope Hu30Ba.
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o Koncmanme

[MozuTnBHY KOHCTAHTY O03HaYaBaMo ca C, TPU UYeMy OHA MOXKE Ja y3UMa Pa3He BPeTHOCTH
vV 3aBHUCHOCTH OJ] KOHTEKCTa y KOjeM ce HaJla3W. YKOJUKO KOHCTAHTa 3aBUCH O]l jeTHOT
mapamerpa «, numenmo C,, npu uemy C, 03HAYABA KOHCTAHTHY BEJIUYUHY 33 (DUKCHY
BPEJHOCT [apaMerpa «, JI0K 3a pa3InduTe BPEJIHOCTHU ITapaMerpa « u Korcranta Cy Moxe
Jla y3uMa, pasHe BpeaHocTu. 3a jpe Bejuunbae M u N, KaXKemo Jia Cy yIOpeuBe U MUIIEMO
M = N, ykoiugo mocroju mosutusHa Kouctanta C, Taksa na Baxu C !N < M < CN.
Axo mocroju mosutneHa KoHcTaHTa C, TakBa Ja je M < C'N, Tajia KOPUCUTUMO O3HAKY
M < N. Vkomuko ce ynopeljyjy ase dyHIKMje, 00MTIHO MOApasyMeBaMo jia €y KOHCTAHTe
KOje ¢y UM TpUIpYKeHe He3aBuCHe o m300pa byHKIMja n n300pa HBUXOBUX apTryMeHATa.

e [P npocmopu

JIBe mepsbuBe byHKIMje, y OHOCY HA MepJbuB npocTop (X, f1), rje je p mo3uTUBHA Mepa Ha
ojiroBapajyhoj o-anredbpu npocropa X, moucropeliyjemMo, yKOJIUKO Ce OHE ITOKJIAIajy CKOPO
cByna Ha mpoctopy X y omHOCcy Ha mary mepy u. PyHrmumja f, Kojom ce pempeseHTyje
jeaHa Tako nobujeHa Kiaca ekBUBaJsIeHIje, npunaga mpocropy LP (X @), yKoauKo BaKm

e = 11 = ( / If(w)lpdu(w)> ' < 0052 0<p< oo

[/l o () = |I.flloc = esssup|f(z)].
zeX

Ipocropu LP(X, ) cy Banaxosu npocropu 3a cse 1 < p < oo (|| - ||, ruje nopma xaza
je 0 < p <1, amu je y oBom cayuajy ca dy(f,g) = ||f — gl nedbunncana rpancraropro
MHBAPHjaHTHA MeTpHKa Ha mpoctopy LP(X, i1)). Taxobe, L?(X, 1) je XuabepTos mpocTop
y OJIHOCY Ha CKajapaH mpows3Boj, (KOju je cariacaln ca TPETXOJHO YBEJIEHOM HOPMOM),
mecdbuHuCcaH Ha caeaehyn Hadwn

(f.9) = /X f(@)g(@)du(z).

Heka jel < p<ocom %4—% = 1. Tana, 3a nBe mepsbuBe dbyHKIUje f U g, ¥ OJHOCY Ha
mepsbuB npoctop (X, p), Baxku Xenaeposa HEjeTHAKOCT

gl < £ Npllgllq-
Cremujasno, v cayuajy kajga je p = ¢ = 2, nobujamo Kormu-IIIsapiioBy HejegHakocT

I£glle < 17 112llgll2-

o (P npocmopu

[Ipocrop P nedumuimemo kao mpocrop LP(X, u), mpu demy je X = Ng u p Mepa koja
CBaKOM MOJACKyNy CKyma Ny mpuapykyje meroBy kapgwnaaaoct (Opojauka mepa). To
3Ha4u 12 je P npocTop HU30BA a = {ay, }5° ), TAKBUX Ja BasKH

o v
laller = [lall, = (Z Ianl”> 3a 0 < p < oo;
n=0

lalle= = [lalloe = sup |an|.
n€Ng

vil



CKaJapHU Ipou3Boj Ha mpocTopy /2 nedurncan je Ha crenehin maumn

<aa b> = i anaa
n=0

rae je a = {ap}oly u b= {b,}>2,.

e Xapdujesu npocmopu hP u HP
Ba 0 < p < oo gedunumenmo Xapujes npocrop HP kao npocrop csux dbysaxiuja f € H(D),
TaKBHX I BaXKU
[fllze = fllp = sup My(r, f) < oo,
0<r<1

rJe je

1
1 2T ) P
My(r, f) = (27r/0 \f(re”)\pdt> 33 0 < p < o0;

Moo(r, f) = sup |f(re")|.
0<t<2m
Taxobe, 3a 0 < p < oo gedpunueMo xapMOHUjcKu Xap/ujes pocTop h? Kao mpocTop cBux
dbyuxuuja u € h(D), TakBux j1a Baxu

[ull e = |lull, = sup My(r,u) < oc.
<r<1

Oyuknuje n3 XapamjesBor npocropa 3amgososbasajy Pejep—Pucony uejemmaxoct. Hawme, 3a
dyuxnujy f € HP, rne je p > 0, Baxku ciiejieha HejeTHAKOCT

1
[ 1spde < w7l

-1

Heka je f € HP, f # 0 u mexa je {\,}02, mu3 cBux myna dbyukuuje f y gucky D
(yripyayjyhn u sumecrpykoctn). Tazma, Biaamkeos mponssos

s /\n
n=1 n

PaBHOMEDHO KOHBEpPrHpa Ha KOMIAKTHUM MOJCKymoBuMa mucka . Ocum Tora, Bakwu
|B| < 1y mucky D, |B| = 1 ckopo cByna Ha T u cBe Hyne dbyukumje B cy {A\,}22 ;.
Kunacuuna pedepenna 3a reopujy Xapaujesux npocropa je moHorpadumja [16]. Takobe,
Bujiern u Monorpadumje [31, 47, 48].

[Moropocrop mnpocropa H® koju ce cacroju ox onux ¢QyHKIHja KOje Cy Takohe u
HeIIpeKu;IHe Ha 3aTBOPEHOM jeJIMHIYIHOM JuCcKy D), cHaGIeBeH ca CympeMyM HOPMOM, 30Be
ce quck anrebpa m obenexkasa ca A.

9

Ap — 2
11—\,

n<

e Pucosa gaxmopusayuja y Xapoujesum npocmopuma

Heka je f € HP. Taga nocroju jenuncrsena dakropusanuja dyuknuje f = ABS[f], rue
je A € T, B je buamkeor mpou3Boj Koju ojrosapa uyjaama dyuknuje f, S je cunrynapsa
yayTpamma dhyrknuja (S je xonomopdua dbynknuja y qucky D, 0 < |[S| <1y D, S(0) >0
u |S| =1 cxopo cByma na T) n

+z
T —Z

[f](2) = exp ( log |f(§)|dm(§)> 3a cBe z € D.
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Ocmm tora, Tama Baxku [f|] € HP u |[f]| = |f| ckopo cByna ma T. Jemwa ox aupekTHUX
MOC/IENI, TPETXOAHE (haKTOpu3anmje y XapAujeBUM NPOCTOPUMA MOXKE Ce HCKa3aTh
i Pyl 1,41 i i q
na caegehu maunn. Hexka je f € HP u P~ + . Tana nocroje dbynkmuje g € HY n
h € H", rakse xa je f = gh u ||gl|%e = ||hll%- = || f]I%»- Haume, nosossno je usabparn
r
g=ABS|[f]la u h= [f]g, 13 TPETXOIHO HaBejeHe dpakTopu3aluje pyHknuje f.

e Onepamop Pucose npojexyuje

Oueparop Ry : LP(T) — HP nedunucan ma caepehin naaun

1 [ ut)
R+U(Z) = 271'/0 mdt, S ]D),

30Be ce omeparop Pucose mnpojeximje. Ha ocnoBy pesyarara nz [27] omeparop Pucose
TIpOjeKIije je orpaHnveH 3a 1 < p < 00 U BayKH

IRy |l oo ()= Fr = T

~

Yronuko je f € LP(T) u f(&) = io: f(n)¢"za € €T, rae je

n=—00

~ 1 [ A

f(n) = 2/ e " f(e)dt 3a cBe n € 7Z,
T Jo

TaJa BaXKuU
Ry f(&) =) f(n)e.
n=0

Ha osaj magmn omneparop Pucose mupojeknuje Ry Buammo Kao omepaTop u3 IIPOCTOPA
LP(T) y upocrop HP(T) (oarosapajyhin Xapaujes mpocTop Ha jeauHmdHO] KpyKHUIM T)
Koju je m3omopan mpocropy HP.

e [Ipocmopu BMOA u VMOA

[Ipocrop BMOA ce cactoju on dbymkmuja f € H', 4uje cy rpanmame Bpegmoctn f(e')
OrpaHuYeHe CPEebe OCIIMIIAIN]e HA JeJMHUIHO] KPyKHUIH T, OJIHOCHO, KOj€ 3310BO/baBajy
ciaenehu ycsios

1 )
sgpm/l\f(e ") = frldt < oo,

TJe ce cympeMyM y3uma 1o csuM mHTepBaiauma I C T u rae je

1 i
ﬁ—mlﬂHW-

VKOINKO BaxKu )
lim / ey — frldt =0,
1110 |1 I‘ () |

Tajga KaxkeMmo ja gpyaxiuja f npumaga npocropy VMOA. Osge, kao mro je yobuuajemo,
KOPUCTHMO O3HaKY || 7ga o3HAUMMO JyKWHY JIyKa, OJHOCHO WHTepBaja | Ha jeJMHUIHO]
kpyxuunu T. Mozke ce mokazaru 13 ce ayasu npocropa H! ugenruduxyje ca mpocropom
BMOA (®edbepmanosa Teopema) I ga ce ayan mpoctopa VMOA uaentudukyje ca HY.
3a pure undopmMalpja 0 oBuM npocropuma sujeru [31].

X



e BLepamarosu npocmopu AP u mescuncku Bepemarosu npocmopu APY

Hopmanmuzosana Jleberosa mepa Ha jequwaunaroM ancky D ozHadasa ce ca A, OTHOCHO BaXKH

1 1 .
dA(z) = —dxdy = —rdrdf, tae je z = x + iy = re'®.
s s

Ba 0 <p<oowua>—1, rexuncku Beprmanos npocrop AP = AP*(D) aedununiemo
kao nipocrop H(D) N LP(D, dA,,), rae je

dAa(2) = (@ +1) (1 —|2[})" dA(2).

Axo f € AP* =H(D) N LP(D,dA,), Taja mumemMo

1 lLare = 1 llpa = (<a +1) /D P (- \z\Z)“dA@)) "

[Ipocrop AP = APV je Beprmamos npocrop. 3a sumte mudopMmamnuja 0 BeprMaHoBHM
npocropuma Bugern [17, 23, 31, 47, 48].

o IIpocmopu HP o HYT® (eneyujaano, npocmopu Becosa u Jlunwuya)

®ynkuuja f € H(D) npunaga npocropy HP2 raeje 0 < p,g < con 0 < a < 00, yKOJINKO
BaKH

]' q
W llrae = [ Flge = ( [ gt - r)ga-ldr) < 00,0 < g < o0
I llimoees = Flpoca = sup (1= 1) My(r, ) < oc.
<r<

Huje remxo npoeputn na f € AP'® ako u caMo ako BaxKu

1
[Ba e —/0 (1 —7)*MZE(r, f)dr < cc.

pp,

Takobe, Hopma || f||p,« je yHOpeauBa ca HOpMOM ||f||p,p at1, OJHOCHO BAsKH
p
£ llaze <AFIpp e

p,p, oL
[Ipema Tome, Bazku AP = H™" v,

Vkommko je t € R, kopucrnmo oznaky D' 3a mms {(n + 1)1} . Axko je A = {\ 22,
HU3 1 X TPOCTOP HU30BA (MPUMETUMO JIa YKOJIUKO TIOMCTOBETUMO XOJI0MOPMhHY (DyHKIU]Y
f(z) = >0 f(n)z" ca musom mennx TejmopoBux koedurujenara {f(n)}o,, rTaga
MOXKEMO TI0CMaTPATH CBaKH MPOCTOP Xoa0MopdHuX dyHKIMja Ka0 MPOCTOP HU30BA), Taa
I ITIEMO

AX ={Asx = {Anantnlo o = {an}ylo € X}.

Ha upumep, saxku {a,}52, € D! ako u camo ako je Y oo T'fﬂ < 00. Ipocrop DHP9,

rae je t # 0, osmauasamo ca HPP®. Ilpema Tome, 3a cBako v € R, mmamo jga Baxm
szx)’q’a = D VHPSY,

Meby mpoctopuma HEPY rtae je 0 < s < oo, mpocTopn Hf_’fél Cy OJ] CIeIHjaTHOT
WHTEepeca W MpecTaB/bajy mpoctope BecoBa kaga je 0 < ¢ < oo m Jlummmiiose nmpoctope
Kaja je ¢ = 00.




Ocum Tora, y HeKMM W3BOopmMa, Ha mpumep y [48], mpocropu dyukimja f € H(D),
rakBux ga je D"f € HPP"® pre je o € R (wm exsusanenrno f(M e HPOM~®) 3
HEKU HEeHeraTWBaH 1eo O6poj n, Takas Ja je n — « > 0, mpeacrassbajy npoctope Becora
u o3Hauanajy ce ca Bh?!. Vmopehyjyhu cse mperxomno naseseno ca geddUHAIMOM JATOM
M3HaI, HaaasuMo jaa je By? = HP4~% 33 cee a < 0 m BR? = Hff(’ll 3a cge o > 0.

e Baoxros npocmop B

Ba dyurmujy f € H(D) kaxemo ma mpunaga Biaoxosom mpocropy B ako Baxwu
1 £1l5 = sup(1 = [2*)| f'(2)] < oo,
zeD

OIHOCHO, aKo je Byroxosa mosynopwma || f|| g konauna. Ca npyre crpate, HopMa Ha Bioxosom
npocropy B moxe 6uru gedunucana xao ||f||g + [f(0)]. Huje Temko nposepuru ga je
oBa HOpMa ekBuBasenTHa HOPMU || D! f||o0.001- IIpema Tome, Baoxos mpoctop B mozkemo
BUETH W Ha Caemenu HauwWH

J— 0070071
B = HX>™!,

Baxuo crojcrBo Biioxose nmosiyHopMme je mena koHdopMHA uHBapujaHTHOCT. Hawmme, ako

je va(2) = =%, rae je z € D u a € D, ayromopduzam jeAMHIYHOr IMCKA, T2 BazKH

1f o ¢allz = | f]l5-
Takobe, Baxxku H* C B. Banpaso, ako f € H*, tana je

118 < || flloo-
]{amaml

Uwmajyhm y Buay ma je H! xommeran mpoctop u ga je B = 1 , MOXKeMoO
BaK/ByInTH 73 je Bioxos mpoctop B, 3ampaso jeman Bamaxos mpocTop.

e Xapdu-Baozosu npocmopu BE?
pocropu BYY, rae je 0 < p, g < 0o, 308y ce Xapuu-Bioxosu npocropu. Taja Baxku
bl K 71
By = HYP O
I[Ipema Tome, Xapau-Bioxos npocrop Bh? je npocrop ceux dynxmmja f € H(D), raksux
Ja je
1
/ M(r, f)(1 - r)ildr < oo, 3a 0<q< o0
0

sup (1 —7)My(r, f') < oo, 3a ¢=o0.
0<r<1

o Xunepzeomempujcre Pymrxuyuje

Bera ¢dyunknuja je nedunncana ua ciaenehn Haunu

1 o] s—1
B(s,t) = | 2571 —x)"d —/ _ Y,
(s,t) /Oaf (1-2x) z . Ora) x

rme ¢y § u t KOMIUIeKCHE OpojeBn, Takeu Ja je Res > 0 u Ret > 0. Bpemnocr B(s,t)

Moxke 6uTn m3paxkena npeko lama dyukimje, ogHocHo Baxku B(s,t) = FF((SLEF%) Ocum

Tora, 1o3Haro je ga l'ama dynkuuja 3a/1080/paBa ciiejnehy DYyHKITMOHAIHY je/IHAYUHY

™

T()D(1 - z) =

sinwz’

x1



3a cBe KoMmItekcHe Opojese z € C \ Z, Tj. 3a cBe KOMILIEKCHE OpOjeBe KOju He MPUaIajy
ckymy neanx 6pojesa. Xunepreomerpujcka dbyukimja F(a, b, c; z), z € D, ca napamerpuma
a, b u ¢, necpunnire ce vHa ciaenehu HAINH

. =Tk+a)T(k+b) T(c) 2*
Flab.ei2) =) —rre —r0 Tt d) K

k=0

Xurniepreomerpujcke OyHKIMjEe 33/10BOJbABA]Y ciegely HHTEerpasiHy pernpe3eHTaujy

1 1 ta—1<1 _ t)c—a—l
F(a,b,c;z) = dt
(a,,¢;2) B(a,c— a) /0 (1—tz)b ’

KOja BaxKM KaJa je ucnymeH yciaoB Rec > Rea > 0.

o [IImypmos Hu3 nosuroma u LlImypmosa meopema

Heka je P(x) nonmuuom u ueka je Py(x) = P(x) u Pi(x) = P'(z). Koncrpyummmo aus
moJimHOMa, Ha caegehn HaumH

PQ = — rern(Po, Pl),

P3 = — rem(Pl, PQ),

P, = _rem(Pnf%Pnfl)v
0 = —rem(P,_1,F),

TJe je rem(Pj,13j+1) oCTaTak Ipu JAesberby mosuHoMa P ca mommnomom Pjiq, 3a ce 0 <
j <n—1, upu yemy je n 6poj TAaKBUX Jie/berba MOJUHOMA TOTPeDHUX Jia ce Tobuje ocTarak
0 (6poj n me moxe 6utu Behu o crenena deg P mommnroma P). Nwmajyhu y Bumy na je
deg Pjy1 < degP; 3a cee j > 0, oBaj ajqropuTaMm ce 3aBpIllaBa HAKOH KOHAaYHOT Opoja
kopaka. Hws mommuoma Py(x), Pi(x),. .., Py(x) 30Bemo IImypmos nus nosurnoma P(x).
Hokas crenelie kmacuiane Teopeme Moxke ce Hahn y [54].

IITmypmosa meopema

Heka je w(x) 6poj mpomena 3naka y LTypmoBom HE3Y

Py(x), Pi(z),...,Py(x),

nommaoma P(x). Tanma je 6poj mysa momuroma P(x) wa uarepsany (a,b) (He paaynajyhn
Bummecrpykocth), rae je P(a) # 0, P(b) # 0 u a < b, jemnak w(a) — w(b).

Xil



I'maBa 1

Oneparop XmjabdbepToBe MaTpuie Ha
ITPOCTOPUMAa HU30BAa

1.1 XamnkejsioBu oneparopu u Teopema Hexapmuja

IIpecamkaBame [ n3 jemHor mpocTopa HHU30BA

X, y Japyrm mpocrop Hu3oBa Y, oxapeheno [ ]
marpuniom npecaukasamwa [ = [vur]5%—o; s A
nmeduHUCAHO je Ha caenehn HauMH
al as as a4
I A{zntnZo = {yntnzos

rae je {xn )00, € X u {yp}2, € Y, upu uemy =] o “ “
BaKM

. as a4

Yn = Z’ynkyvk, 3a cee n > 0.

k=0 @l
Marpuiia [I'] opecaukasama I je Xawxesosa L ]
MAMPUUG, AKO MMa HUCTE EJEMEHTE Ha, CBAKO] Cruxa 1.1.1 Ha commm je mpmkasama
CIIOPETHO] JIMjarOHAJHM, OMHOCHO aKO BAXKH Ynk = Xamxenora marpuna [I] = [an k)50, _o-
Gp+4k 3a CBE T, k> 0 1 3a HEeKM HU3 KOMILJIEKCHUX EfeMenTH Ha CHOPeIHHM AHjAroHAIAMA
opojeBa {an},. Jpyrum peummva, ejeMeHTH warpuze [[] ¢y merm.
XaHKeI0BE MaTPHUIIE 3aBUCE CAMO 071 361pa CBOjUX
KOOPIMHATA.

Hedunurmja 1.1.1 Ilpecaurasare I' us jednoz npocmopa Husosea X, y opyeu npocmop

nusosa Y, je Xankenos onepamop axo je mampuya moz npecauxasaroa [I'] = [yni]o_
k=

Xanxero6a mampuya, 00HOCHO GKO NOCMOJU HU3 KOMNAEKCHUT 6pojesa {a,}5 ), makae da

BANCU Vpk = Unak 3a cee n, k> 0. O

Yoo jia je I' XaHkesoB omeparop MOXKEMO IPEJICTABUTH W Kao UAEHTUTET u3Mehy
omepaTopa, Tpu YeMy y3uMaMo Ja je mpocTop X HMHBapHjaHTaH y OJHOCY Ha OMepaTop
JIECHOT TIOMepamha Koju je pedununcan ua caenehwn mnaunu

D(xg,z1,...) = (0,20, 21,...)

u na je mpocTop Y WHBapMjaHTAH y OJHOCY Ha ONEpaTop JIEBOT ToMeparma KOjHu je
nedwrancan Ha caegehn HavWH

L(y07y17--~) = (y17y27--')'



1.1. XAHKEJIOBU OIIEPATOPU I TEOPEMA HEXAPUNJA

Hawnwme, mon mpernoctakoMm ga je I' XankesoB onepaTop, BaxXn

FD($0,:U1, . ) = F(O,xg,xl, .. )

n Takobhe, Baxu

LF($0,3§1,. . ) =

00 o0
- { Z an+k+1$k} )

rae je (zo,21,...) IPOU3BOBHO Omabpan ememeHT mpocropa X. IIpema Tome, HA OCHOBY
ITPETXOTHOT, 3aK/bydyjeMo J1a aKo je ormepaTop I' XaHKE0B oepaTop, OH/Ia BayKH jeTHAKOCT

I'D=1LI.

Ca npyre crpane, ako omeparop | 3aj0Bo/baBa jeIHAKOCT

I'D = LT, tana je T
X---->Y
1
Tnk+1 = Ynt1,k 32 cBe N,k > 0. Dl E I
A\
Yronuko cajga gedunumemo vus {a, 15, Ha caeaehn HaduH X v
(p = Yn,0 38 CBE N > 0, Cuomxa 1.1.2 Omneparop I je

XaHKeJI0B aKO H C€aMO aKo
'HO6HJ3“MO Aa Je nujarpaM KOMYTHDA, Tj. aKO U

camo ako Baxku I'D = LT
Yk = Vntlk—1= """ = Yntk0 = Anik 3a cBe n, k > 0.

Caemu 12 je oneparop I, 3anpaso XarkeioB oneparop. 3 ¢cBera npeTxoHor, 3aK/by 1y jeMO
nma je omeparop I' Xankesor omepaTop ako u CaMO akKO Baku cjaenehun maenTturer m3mely
onepatopa I'D = LT

Hexa je I : L*(T) — L?*(T) omepatop medurncan ma caegehn naamn

Ff(e") = f(e™).

Huje Temko nposeputn jia je omeparop F' cypjeKTHBHA, JUHEapPHA M30METPHUja ITPOCTOPA
L*(T). Ca apyre crpane, 3a nary bynxmujy g € L%°(T), neka je omeparop My : L*(T) —
L?(T) nedunmcan Kao

My f(e) = f(e")g(e).



1.1. XAHKEJIOBU OIIEPATOPU I TEOPEMA HEXAPUNJA

o0
Takole, veka je g(z) = > g(n)z" 3a z € T, rue je

n=—oo

1

2
g(n) = 2/ e "g(e™)dt 3a cre n € Z.
™ Jo

Tana Baxxu

1My fll2 < llgllsol.fl2;
3a cee f € L?(T). Ocum rora, nexa je Ry : L?(T) — H? oneparop Pucose npojexiuje.
Tana, moxkemo fedpunucarn oneparop Hy, ka0 KOMIO3UIM]Yy TPU

MPETXOAHO TepUHICAHA OIePaTOpa, OJHOCHO, JOOMjaMO 1a BarXKu M,
L*(T) —— L*(T)
H, = RyM,F : H> — H?,
| |
TPU 9eMy TTOIPa3yMeBaMo Ja YMecTo oneparopa F', mocMaTpamo

eroBy pecTpukuujy F|y2, na mormpoctop H? mpocropa L2(T). H?------ > H?
Taxobje, Tpeba mamomemyru ga cy upocropu H2(T) u H?
n3oMOpdHU IPOCTOPU, TAKO Jla HX MOYKEMO I[IOUCTOBETUTH.
Omeparop H, jecTe orpanmdeHn u JHHeapaH OIepaTop, Kao
KOMIIO3WIINja TaKBUX oneparopa. llokazkmmo jga je omeparop H,
Xankenos omeparop. Hexa je f € H? mpousso/sHO onabpana
dyukiumja. Tama mocmarpajyhu cBe Ha jemnudHOj KpyRuWIN T,
1j. 3a 2 € T, mmamMo 72 BaxKwu

Cianka 1.1.3 Komyrarusau
nEjarpaM KOjUM Ce OIHCYje
KOHCTPYKIMja XaHKEJI0BOr
omepaTtopa Hy : H? — H?
MHAYKOBAHOT (DYHKIHjOM
g € L>(T).

Hyf(z) =Y J(k)Hy(=").
k=

0
Ca apyre crpane, g00ujamo 1a je
Hy(z%) = RyM,F(z¥)
Ry M,(7")
= Ry(z%g(2))

= R £ gt

n=—0o0

= R £ dnrn)

n=—0o0

= > gn+k)z"
n=0

[Ipema Tome, mobujamo 1a BaxKu

Hyf(2) = S 7)Y g+ k)" = 3 (Zam k)f(k))

k=0 n=0 n=0 \k=0

Cnemn na je marpuna [Hy| = [g(n + k)|%,_, XaHKesI0Ba MaTpHIIA, OJHOCHO oneparop Hg
je XamkesoB omeparop. 7

Cneneha kiacuuna Teopema, pesyiatar Hexapuja, morephyje na je tagan u obpar
IPeTXOHOT pa3Marpama. Haume, cBaku orpaHudeH XaHKeIOB onepaTop H Ha IpocTopy
H? (ommocHO Ha mpocTopy /2 Koju je m3oMeTpmukn m3omopdan ca mpoctopom H?), jecte
obsmuka Hy, 3a mexy dyskmujy g € L>(T). Haxo dyHkuuja g ca oBuM CBOJCTBOM HHje
jemmcreeno onpebera, MoxkeMmo je omabparu Taxo ja Baxu | H| g2 g2 = [|g|l reo(r)-



1.1. XAHKEJIOBU OIIEPATOPU I TEOPEMA HEXAPUNJA

Teopema 1.1.2 (|31, Hexapu|) Heka je H oepanunen Xankenaos onepamop wa npocmopy
H?. Tada nocmoju gynxyuja g € L>=(T), maxsa da je

H=Hy;= R MjF.
Ocum moea, dynrxyuja g mooce bumu u3abpana e MAKes HAYUH, 00 8aHCU
IH 2 2 = |9l Lo (T)-

Joxas. Hexa je [H] = [an4r]2%_o Marpuna orpanmdenor XaHKeI0BOr omeparopa H Ha
npoctopy H? (koju je mzomerpmukn mzomopdan Xuabeprosom mpocropy £2). Tana, 3a
mpousBoJbHe 1ee Opojese n, k > 0, BaxKu

(e 9]

00
<Hznazk> = <Z an+jzjvzk> = Qptk = <Zan+k+j’z]7 1> = <Hzn+k7 1>'
=0

J=0

Ca apyre crpane, Kopucrehu JIMHEAPHOCT OlepaTOPa H U MPETXOTHO JOKA3AHY JeTHAKOCT
(Hz", 2F) = (Hz"tF 1) 3a cBe n,k > 0, nobujamo za 3a [Ba IPOM3BOBHO OZAGPAHA
TTOJTMHOMA,

N K
P(z)=> pn2"mQ(2) =Y qr",
n=0 k=0

BazK1

Pndk <Hzn+k7 1)

M=
M=

(H(PQ),1) =

3
Il
o
i
=)

Paar(Hz", 2¥)

I
M=
M=

i
o
0
o

K
- < S e, 3 w>
n=0 k=0
_ (HPFQ).

[Ipema Tome, M3 MpPeTXOHOT, 3a /IBa MPOU3BO/BHO omabpaHa mosuHoMma P u (), mobujamo
na paxu (H(PQ),1) = (HP, FQ). Heka je ¢ byrknnonan gedunncan ca ¢(f) = (Hf,1).
N3 nunreaprnoctn XaHKEIOBOT OIepaTopa H M CKaJapHOT TPOM3BOMAA, CIAEIN JUHEAPHOCT
dyurmmonasa ¢. Ocum Tora, npumenom Komm-I1IBapiose HejemnakocTh, 100mjaMo 1a je

6(PQ) = [(H(PQ), 1) = [(HP,FQ)| < |[HP|2FQll2 < [Hll2smz - [Pll2 - 1Q2-

Heka cy g,h € H? npomssomue dyukimje. Tama, 6yayhu na cy HoamHOMHE IycTd y
mpoctopy H?, mocroje mmsosn mommmoma { P, }0% n {Q, 52, Taksu ja je

lim [|[P, —glla=0 u lim ||Q, — hl||2 =0.
n—oo n—oo
[Ipema TOME, HA OCHOBY HPETXOIHOr, 3aAK/bYIYJEMO J1a BarKu

[9(gh)| < Ml 2 mrz - llgllz - [[2]]2-

Axo je f € H' npousgosbua dpyHKIH]a, Taga HA OCHOBY Pucose Teopeme 0 hakTOpH3aImjn
y Xapmjesnu mpoctopnma, moctoje dbyaknmje g, h € H?, taxse 1a je |g[3 = k)% = || f]1-
Crnenu na je

[6(H] < [ Hll2sm21F 11



1.2. XMNJIBEPTOBA MATPUIIA KAO OIIEPATOP

OJTHOCHO, ¢ je OorpaHIYeH JHHeapaH GpyHKIHOHAT Ha mpoctropy H'. Ha ocHOBYy Teopeme
Xan-Bamaxa, dyrxmmonan ¢ ce mpommpyje go dynknmonana ma mpocropy L(T), 6es
mpoMmene HopMe. IlpuMenom PucoBe Teopeme 0 perpeseHTaryji OrpaHuIeHnX JTHHEAPHIX
dbynxmmonata na mpocropy L(T), mobujamo ma mocroju dbynkmja u € L°°(T), Taksa 1a
BaXKu

1 21 ) )
¢(f) =5 / fetyu(et)dt.
T Jo
Ca apyre crpane, cjegu nia je
2m
Uik = (H2"TF 1) = ¢(2"TF) = 21/ MRy (e dt = T(—(n + k),
T Jo

3a cBe n, k > 0. Baxmyuyjemo na je a, = u(—n) 3a cee n > 0. Konauno, neka je g = Fu.
Tana g € L>®(T) u a, = g(n) 3a cee n > 0. Cuenn na je [H] = [g(n + k)]2%._,, oXHOCHO
Baxxu H = H,. Taxobhe, Baxnu

19llc0 = [Fulloo = llulloo

161l = [l2lloo,
OIHOCHO, HobmjamMo 1a je
19llco < [1H]l 2 pr2.

MebyTuM, ca apyre cTpaHe, IMaMoO 11 je

[Hll rzsm2 = [ Hgll iz 2
= |[[R+MgF |2 12

< NRilleemy—mz - IMgllp2(my—r2cr) - 1F | 2= n2(m)
1
= [9lls;

opuocuo, Baxku ||H|| g2 m2 < ||g]|lco- VI3 cBera mperxomnor mobujenor, 3ak/pydyjeMo ga je
|| 72— 2 = ||gllc- Tume je mokasz Teopeme 3aBprieH. [ ]

1.2 XwuabeproBa MaTpuIla Kao OIEPATOP

Y ckymy XaHKeJIOBUX MATPHIR TOCeOHO MecTo 3ay3uMa Xuabeproa marpura. Owna je
CBaKAaKO jeJlaH 0/ Haj3HAUAJHUX IIPEJICTABHUKA CKyTla XaHKEJIOBUX MaTPUIIA, jep oMoryhasa
nurepakiujy Beher 6poja MaremMarnyKuX JUCIUILIMHA, KAO [ITO CYy Teopuja Opojesa, 3aTum
JInHeapHa aJirebpa, Teopuja olepaTopa U KOMILJIEKCHA aHasu3a. Y MOrJIaB/bUMa, KOja Cjejle
pasmarpamo JiejcrBo Xuabeprose Marpulie Ha 1IPocropuma Hu3osa, Mehy kojuma cy u
Haj3HAYAJHUJU TTPOCTOPU XOJOMOPMHUX DYHKITHjA.

Hedbunurmja 1.2.1 Onepamop Xuabepmose mampuue H jecme onepamop undyxosan
Xuabepmosom mampuyom

1 o0
H) =[h| g = | ———— .
] = Palen = |71



1.2. XMNJIBEPTOBA MATPUIIA KAO OIIEPATOP

Omneparop Xunbeprose mMarpurie H MOXeMO BUIETH U KA0 OMEPATOp KOjU JejCTBYje HA
npocropuma xosoMmopduux dyHKImja, Oyayhu ma ce cBakoj xoaoMopdHOj PYHKIIAjH MOXKE
npuapyxutu oarosapajyhu umnz mwenux TejaopoBux xoedunujenara. IIpema Tome, ako je

o0

f(z)= > f(n)z" xosoMopdHa GYHKIHjA Y JeIMHAIHOM aucky D, Taja Baku
n=0

Zzh”’“f Zzn+k+1

n=0 k=0 n=0 k=0
Ako je g € L*(T), rana je marpuna oueparopa Hy, = Ry MyF, 3anpaBo oznpebhena
xoedunujentuma y passojy dyukuuje g, onnocno saxu [Hg] = [g(n + k)];% . Ocnm
Tora, Kao y goka3y Teopeme 1.1.2, sakpyayjemo ma Baxku ||Hgllpz 2 < [|g]|oo, Oyayhu ma
cy mpocropu £? 1 H? n30MeTpHIKH H30MOpPMHHL.
Hexka je g(e®) = ie " (m —t) 3a cre 0 < t < 27. Tazma Baxwu ||g|jec = 7w g € L°°(T).
3a mpousBosbHO onabpan 1eo 6poj n > 0, mobujamo 1a BaxKku

Gn) = & [FTemimtg(e)dt

7 27" e tn
= L <+1)( —t)dt

e et o

= mf%td(_mﬂ))
_ %(RH) [te—i(nﬂ)t’O _ f027r 6—i(n+1)tdt}
= n%rl
Cnemn na je [Hy] = [g(n + k)]55—0 = [ﬁ}:kzo’ oHOCHO omeparop H, je 3ampaso

oneparop Xunbeprose marpune H, tj. Baxu H, = H. Ilpema Tome, 3ak/bydyjemMo 1a
Baxku cieneha mejemmakocT

[H 22 = [1Hgllzme2 < llglloc = -

Hemrro xacuwuje, y ciaenaehem moryrassby, nokazaheMo ga y mpeTxo/iHOj HEjeTHAKOCTH BaXKU
jeanakoct, ogHOCHO A2 je || H |22 = 7.
Ca apyre crpane, 3a pon3BosbHO ofabpany dyuknujy g € L*°(T), Heka je oneparop
Ay H I ¢! nedurncan wa ciaenehin Haumy
~ o
Agf(2) = { Fmya(n) }

n=0

[Mox moparHom npernocraBkoM Ja je g(n) > 0 3a cee n > 0, kopucrehu pesyarare uz [24]
3aKJ/BYIYjEMO /13 BayKH

HHgHZQ—)ZQ = HAg”Hl—%l-

Cuerujasiao je

Mg fller < Agllm—er [l = [[Hglleem el fllar < lgllool[ 1

3a ce f € H', onHOCHO Bazkn

Z}f ()] < lgllcllfllrs 52 coe f € H'. (1:21)



1.2. XMJIBEPTOBA MATPUITIA HA ITPOCTOPMMA HUN30BA

Vkommro yamemo ga je g(et) = ie % (r—t), rme je 0 < t < 27, Kao MOCAeMITY HejeTHaKOCTH
(1.2.1), nobujamo xnacuuany Xapoujesy nejednarocm

Z |f(n < 7|\ fllz 3acse fe H. (1.2.2)

Vkommko mak, m3abepemo 1a je g(e't) = iwefg, rae je 0 < ¢t < 2w, Tama je ||gllcc = 7 @

g € L*°(T). Taxobe, 3a cBaku neo 6poj n > 0, Baxku

/g\(n> — f27" —mt zt dt
= %fozﬂ e"(“?) dt
e
G
- 45

[Mpumenowm nejeanakoctu (1.2.1) Ha nperxonuo oxabpany dbyukuujy g € L(T), nobujamo
HejeTHAKOCT KOja MpeJicTaB/ba mobosbinamke Xap/ajese Hejeanakoctu (1.2.2)

Z fn 1 <7THfHH1 3a cse f e H. (1.2.3)

[\V]

Ba pure uHdOpMAaIEja 0 IPETXOJAHUM HejejHakocTuMa Buern [14, 31].

1.3 XwuabeproBa MmaTpuiia Ha (¥ mpocropuma

JejcrBo oneparopa Xmiabeproee marpuiie H Ha (P mpocToprMa MOXKE €€ MCKA3aTH Ha
caenehn maunna

[e’) o0
a
H: {an}zo:() = { E n—i—kk—i—l} 3a CBe {an}zo:() IS4
k=0 n=

Hwum oeor mormassba jecte ojapehuBarme HOpMe oneparopa Xuibeprose marpuiie H na P
POCTOPUMA, OJHOCHO HOpMeE || H ||gp—ygp. Y HACTABKy HaM 0O KOpUCTH MOxKe Gutu cieehia
KJIACHYIHA HejeTHAKOCT.

l—|—%:1. Axo je

Teopema 1.3.1 (|21, Xunbeprosa nejequaroct|) Hexa je 1 < p < 0o u 5

f € LP0,00) uge LY0,00), mada sasrcu

/OOO /OOO dedy < Slzg (/Ooo |f(x)|pdx>; </Ooo |g(y)]qdy>{11. (1.3.1)

Cneyujasno, ako je {an}oe; € P u {by}32, € ¢4, mada eascu

iiff“- (Z\%!”) (ZI%I") . (1.3.2)

Ocum moea, KoHCcManma T Ty npemxoonum nejednarocmuma je 1ajoona moeyha.




1.3. XMNJIBEPTOBA MATPUIIA HA ITPOCTOPVMA HUN30BA

Hoxasz. Ilpumernom XemnmepoBe HejeTHAKOCTH 3a CIPETHYTE €KCIIOHEHTE p U ¢, J00ujaMo ma
BazKH"

f fo |f(x)g |da:dy _ f f Ifﬂs)g(y)l d:cdy

z+y
= Jo fooo \f (ﬂf)

1

z\Pa 1 Y)7q
(5)" low)|—Lr (2 dady

hSil
QlH

(z+y)

5 1
o () e o (7 0
fo |f(55)|pfo oty dydx : fo |g(?/)‘qfo J:m—&—y dxdy
141 1 1
= B( D @) da) (f5 () ody)
1
= smf (fO ’d.ﬁL‘) (fO ‘g(y)’qdy)q
Ha raj maumn cmo mokasanm Hejeanakocr (1.3.1). CrenujasHo, TPUMEHOM OBE

Hejesnakoct Ha dyukiuje f(z) u g(y), Takse na je f(z) = a, 3a cee x € (n — 1,n], rae
jen € Nwug(y) =bg 3a cee y € (k— 1,k], rze je k € N, nobujamo 1a Baxun

S [ (Zw) (ZIW)

Q[

IN

3=

n=1k=1

MebhyTum, Kako BaxKu

n k 1 1
/ / dxdy > 3a cee n,k > 1,
n1Je-12+y n+k

W3 IPeTXOJHe ABe HejeIHaKOCTH J00njaMo /13 je

1 1
0o 00 ’anbk’ - 00 P oo q
< > P ) a] .

n+k ~ sinZ jan| 0%

n=1k=1 p n=0 k=0

Byayhu na u3 mejeqnakocrn (1.3.1) crneam mejennakocr (1.3.2), 10BOBHO je jom mokasaTn

Jla je KOHCTaHTa —— Hajbospa Moryha y HeJeILHaKOCTI/I (1.3.2). Heka je S mpomsBo/bHO
p

sin *

omabpan 6poj MamM 0O

smg nHeKa Je 0 <e < 2p Taxobe, neka je

_14e _14e
ap=m » mby,=%k ¢ Bacse n,keN.

Y macraBky, kopuctuMo o3Haky O(1) 3a BesmumHy KOja MOXKEe J1a 3aBUCH Ol P U €, aju
Koja je orpanmuena kaja je p ¢dukcupano u € — 0. Takobe, kopucruhemo o3naky o(1) 3a
BEIMYMHY KOja MOXKE Ja 3aBUCH O P U £, aJIM KOja TEXKHW HY/IU Kaja je p dpurcupamno u
€ — 0. Taga Baxku

1 o0 > o0 1
- = / Ry Znilfs <1 —l—/ e =1+ =,
g 1 &

n=1 1



1.3. XMNJIBEPTOBA MATPUIIA HA ITPOCTOPVMA HUN30BA

o0 o0
Caeqm gaje . ah =1 +0(1) n 3 b =1+ O(1). Ocum Tora, nobujamo ja je
k=1

n=1
SRS +e 1+£d d
o At
- o _14e
- floo x1-¢ f? “H_Z dudz
1 1 _14e
> floozr 1—e 0 1+u dudx—fl 1= [FuT e dudx

_1+4e
o 00 _1—g [0y 4 1 —1—5
= i = 0 Tre dudr — S BB L dz,

npu uemy je f=1— %‘5 = % — %. IIpumernmo ga je raga o = ﬁ < B w caMuM THM je
1 > 1 1
— e </ — ey < —-
. PP . ox® «
[Ipema Tome, mobumjamo ma je
oo 00 b 0o 1 1+€
a —1—€
Zlkz1 > fl z 0 1+u dudz + O(1)
n—= =

= % |:sir71r% "‘0(1)} +0(1)

= tarz +o)].

P

Konauno, 3a 0Bo/bHO Ma/Io €, uMajyhu y Buy fa je 6poj S mamu of g, Cleu Ja je
p

HM8

i:: > 1 [Sij{% +0(1)]

> S(L+01)7 (L+001)

- s(E) (5m)

umme ce norBphyje na je KoncranTa r y mejeamakoctu (1.3.2) majboma moryha. [
p

Q=

D=

Ca gpyre crpane, u3 unrerpasne nejeanaxoctu (1.3.1) moxemo moburtn jour jemHy
BapujanTy Xuabeprose HejenHakocTr 3a Hu3ose. Heka cy {an}iey € F u {bp}p2, € ¢
TMPOM3BOJBHO OJabpanu Hu30BU. Tajga kao y mokasy Teopeme 1.3.1 3aksbydyjemMo na BaxKu

1
ii |an_1bk_1\ /n /k 1 dxdy < .ﬂ- i |an_1|p i ‘bk—1|q ' .
n-1Jk-12T+Y T osin g\ A~ —1

n=1k=1 p
MebyTum, kKopucrehu nomesty kBagpara [n—1,n] x [k—1, k] na Tpoyriose Ay u Ay (Bugern
Cauky 1.3.1), nobujamo na je

3=

n k
Joo1 Jea T}dedy = f[n 1,n]x[k—1,k] x—l—ydxdy

= fAl mdmdy + fAz x—}_yda:dy.



1.3. XMNJIBEPTOBA MATPUIIA HA ITPOCTOPVMA HUN30BA

Y
. Ciumka 1.3.1 Ha caunu  je
\\ rty=nt+k-1 NpuKa3aHa IIOfeNa KBajpara
[n — 1,n] x [k — L,k] =a
N
3K SN N TpoyryioBe A1 u Az, mo KojHMa
N
N A2 ce uHTerpaau (OYHKIHja Ty vy
AI\\\\ IUIBY ,ZLOKBBI/IBaH:j I;lIeje,ZLHaKi)CTI/I
zdy
[ S : o) Jin—1m)x k=10 1y = mFR=T-
1 AN
1 1 N
1 1 s
1 1
1 1
b by
0 n—1 n T
Crnenu na je
1 . n n+k—1—x
fAl ac—i—ydxdy - fnfl f x+y dyd.fC

fo k— 1 utn— 1+yd?/du

1 pl—u 1
= b n+k—1—(1—u—v)d”d“-

Cnwano, nobujamMo mga BaXKu

fAQ m+yd$dy = fn 1fn+k 1- xm+ydydx

fo fk 14u n— u+ydyd“

= fo 0 n+k 1+(1 w=pydvdu.
: 1 1 2 :
Kopucrehn mejegmaxoct 1= T nii-ire = nyi—T Koja Baxu 3a ce 0 < a < 1,

mobmjamo ma je

1 rl—u
fn 1flc 1 24y dﬂCdy = fO 0 (n+k—1—1(1—u—v) +n+k—1+1(1—u—v)>dvdu

1—u
n+k 1 fO dvdu

_1
n+k—17

3a cBe n, k > 1. Caenu na je

>l (S o) (e
Ay — —
n+k—1 " sin} \ nt p bl ’

8
S =
Q=

O/IHOCHO BayKu

o] N o] q
|anbg| ™ P
ZZ < —— (D lanl | D10kt (1.3.3)
= IS
kot LT sing \0 k=0
3a cee {anltpeg € P u {bp}32, € £9 m ocum TOra, KOHCTAHTa LI y NPETXO/IHO]
p

HejeqHAKOCTH je Hajbos/pa Moryha.

10



1.3. XMNJIBEPTOBA MATPUIIA HA ITPOCTOPVMA HUN30BA

Teopema 1.3.2 ([31]|) Hexa je 1 < p < 0o. Tada 3a onepamop Xusbepmose mampuye H
xoju dejemsyje na npocmopy P sascu

I Hlepser = ——

T
p

Joxas. Heka je {an}02, € ¢P. Taga umamo na oneparop Xuubeprose marpuie H nus
00 (o ¢]
{an}22, € P npecnukasa y HU3 { > ankkJrl} . IIpema TOMe, JJOBOJHHO je IMOKa3aTh jia
n=0

BaXX! HejeTHAKOCT

1
00 o0 PN\ » %
|a|
D\ Xk Zlan\p
n=0 \k=0 n=0
U Ja je KOHCTaHTa o x y HPETXOJHO] HejeTHAaKOCTH ONTHMAajHa. Y HaCTaBKy, HeKa je
p

-1
o0
by, = <Z nf,fL) 3a cee n > 0. Ilpumenom mejenmakoctu (1.3.3) 3ak/bydyjemMo 1a

[e'e) fe'e) p
a a bn
S(Sh) - 55 e
n=0 \k=0 = .
=, <z k|) (2 w)q
P k=0 n=0

PR (R g V)
zmup) (z(zw,:ﬂ)) ,
n=0 \k=0

7r OIITUMaJIHa KOHCTaHTa. KOHa‘{HO U3 IIpeTxoaHe HQ]G,I];H&KOCTI/I cjaean
p

=

IN

IpU 9eMY je

1
00 00 P\ 00 P
|a| < 7 »
n+k+1 T sinZ [an|
n=0 \k=0 P \n=0
" KOHCTaHTa sm 7r € OIITUMaJIHA. .
J

Hamnomena 1.3.3 O6uuno ce y jureparypu 1oy XuabepToBOM HejeIHAKOIINY cMarpa
nejenraxoct (1.3.2) kaga je p = ¢ = 2. OmHOCHO, TO je HEjeTHAKOCT

zz il < x ZlanP w
n=1k=1

Koja BaKy 3a cBaka JaBa musa {an}2; u {bx}3, m3 npocropa (2. UuTepecaHTHO je
Jla ce OBa, HEJEIHAKOCT MOXKE MOKA3ATH Ha HEITO €JIeMEHTAPHUJU U BUIIE T€OMETPUjCKU
Ha4MH HEro mITo je To ypaheHo y ommrreM caydajy v gokasy Teopeme 1.3.1, npu gemy je y
jemuom TpenyTKy norpebuo uckopucturu u Kormu-I1Isapriosy nejegnakoct. Hanme, najope
ITOKaKMMO J1a 3a CBaKU IIPUPOJaH 6poj n, BaxKu cjiejieha HejeTHAKOCT

Z \anc (1.3.4)

VY nacrasky, nparehin [45], najemo jegan mOTIYHO efleMeHTapaH, FeOMETPUJCKHU JIOKA3 OB

HejeqmaxocTi. Y KoopamHaTHO] paBHu youumo tauke O(0,0), B(0,v/n) u Ap(v/n, Vk) 3a
cee k =0,1,... (Bumern Cauky 1.3.2). Heka je Cj Tauka Koja HacTaje y MPECEKY Ly KN

11



1.3. XMNJIBEPTOBA MATPUIIA HA ITPOCTOPVMA HUN30BA

OAj m KpyKHOT JIyKa Ca TEHTPOM y TauKh

O, mnonynpednuka +/n, xoju je oxapehen Ap(vt, VE)
taukama Ag m B (3a cBe kK = 0,1,...).
: — B(0, V)
Taxohe, meka je 3a cme k 1,2,..., A1 (/B =T)
ca Dy osmagen mpecerk gayxu OQAx_ 1 n 4 !
k
Hopmasie n3 tauxke Cy Ha ayx OAg. Barnm, Cror
Heka je ca P o3maveHa MOBpIIMHA KPYXKHOT £ l
. |
uceuka oxpehenor raukama O, Ag u B (1j. | !
|
|
MOBPIIIMHA YETBPTUHE KPYyTa Ca I[EHTPOM Yy ‘ |
|
3 |
rauku O TOJYNPEYHUKA /1) W Heka je | ‘
P, moBpmmHa Kpy:KHOr HCedKa oxpebemnor ‘
. k= 0(0,0) Ao(v/n,0)
raukama O, Cp u Cp_q1 3a cBe =
1,2,.... Ocum Tora, y HaCTaBKY, MOBPIIUHY Cnuka 1.3.2 Ha ciunu je mpukasana
IpOM3BOLHO omabpanor Tpoyria AMNQ KOHCTPYKLmja KOja Ce KODHCTH 33
O3Ha4YaBaMO Ca PAMNQ~ Hajnpe, IPUMETUMO U3BOheme jeqHOT eJieMeHTapaHor H
Ja je reOMETPH]CKOT JI0Ka3a HEjeJHAKOCTH

S __Vm
k; VE(n+k) s

00 0o
=2 Pz} Pacion,
k=1 k=1

Ca apyre crpane, kopucrehin mpeTxoaHy HejeIHAKOCT W uMajyhn y BUIY ja 3a CBe Iejie
bpojese k > 1 Baxku

2
—  (10Ck]

n |OAo||Ag—1Ak|
|OAo[?+[AoAx|? 2

n Va(Vk—vE=1)
n+k 2

ny/n
4Vk(n+k)’

Pac,ob,

v

oo
™ ny/n

. s :
nobujamo ga je 7t > kgl TV(nt R OBAKIIE CIIEIN HEjeHAKOCT (1.3.4). Konagno, npuMeHOM
uejeqaakoctn Komn-1llsapmna u wejeanakocru (1.3.4), nobujamo qa Baxku

SEgpss |anby| XX 4/n %
ngl k§1 ntk T n; el Vk n+k|an‘ %m’bﬂ
(o ¢] o0 \/7
<
o
< om0 lanf? Z 0% |2,
n=1 k=1
IIITO je U TpebaJsIo MOKa3aTH. o

Hamnomena 1.3.4 XwibeproBa Heje HAKOCT 3a HU30BE MOXKE C€ KMCKA3aTH U Y HEIITO
apyrauujem obimky. Hanwve, yxommko je g € L®(T), a = {an}32 € 2 u b = {by}32, € 2,
Taja BaXKu

YD g(n+ k)aby| < llgllclalle][b] - (1.3.5)

n=0 k=0

12



1.3. XMNJIBEPTOBA MATPUIIA HA ITPOCTOPVMA HUN30BA

3ampaso, npumerumo na ce npumenoMm Kommu-1lIBapriose mejequnakocTu, gobuja ciaegeha
HejeTHAKOCT

S 3 G0+ K)aby

> 3 & fyreni <it>anbkdt\

n=0 k=0 n—=0k—=0
ﬁfo%g(e”) Z aneflnt Z bkezktdt‘
2
< lglle |5 Ji7 32 ane™ 32 e Z’“tdt'
00 2 00 2
™ i T .
< lglles % Zoane nt| ¢ ﬁ kzobke ikt dt.
n= =
Kaxo je

1 2w | ] ) 1 2w | o o 2 oo )
S B IR SR P S
0 |n=0 k=0 k=0

TO MPETXOTHA HEJeTHAKOCT TTOCTAjE

1 1
0o oo 00 2 00 2
ZZ (n+ k)anbi| < [lgloc (ZW) (Zlb,ﬁ) = lgllecllallellblle,

n=0 k=0

mro je u Tpebaso mokasaru. Ilpumenom mejennakoctu (1.3.5) na dyukuujy nedunucamy
ca g(e®) = ie”(r —t) 3a 0 < t < 27 (xao y moxazy Xapaujese Hejemnaxoctu (1.2.2))
nobmjaMo BapUjaHTy KJaaCHdHe XUI0epTOBE HEjeTHAKOCTH

|anbk’|
330 AL oo

n=0 k=0

Ca gpyre cTpane, OpUMEHOM HEJeTHAKOCTH (1.3.5) ma dbysrmujy Koja je meduHncana ca
g(e) = iwe_%, re je 0 < t < 27 (xao y jgokasy mejemnakocru (1.2.3)), mobumjamo
TMOBOJBIIAILE TIPETXOTHE HEjeTHAKOCTH

anbk
Sy bl e
- n+k+2

¢

Tume cMo 3aBpHIMIN pa3MaTpale KOje Ce OJIHOCH Ha JIejCTBO oleparopa XujabeproBe
MaTpHIe HA OCHOBHMM HpocTopuMa Hu3oBa. Wmajyhwm y Buiy sa ce cBaK0j x00MOPQHO]
byHKIMjT MOXKE jeTHOBHATHO MTPUIPYKUTH HU3 HheHnx TejiopoBux Koeduimjenara, ciaean
Jla TIPOCTOPU XOJOMOP(MHNX (DYHKIN]A MOCTAjy TPOCTOPH HU30Ba. Y HAPEIHUM IJIaBaMa
WCIUTY]eMO TIOHAIIAKE OTIEPATOPa XUI0ePTOBE MATPHUIIE HA HEKUM TTOCEOHUM MPOCTOPUMA
xosiomopdHUX HYHKINja HA je IMHTIHOM TUCKY, Mehy KojuMma cy Xapanjesu u Beprmanosu
TPOCTOPH, AW U APYTH 3HAUAJHKU mpocTopu. Pe3yarary y HapeIHuM TjiaBaMa Cy HOBHUjer
IaTyMa U yIJIABHOM OPUTHHAJIHU.

13



I's1aBa 2

XujabeproBa MaTpula Ha
XapJujeBuM OPOCTOPUMA

2.1 HejcrBo XmabeproBe marpuiie H na HP npocropuma

Hexka je f ¢pyukmumja uz Xapaujesor mpoctopa HP, tie je 0 < p < 0o 1 HeKa je {J?(n) =0
wen Huz Tejioposux koedurujenara. Tama oneparop Xusibeprose marpune H aejcrByje
una mpocropy HP ma ciemehn magmn

[e o]

SIG
Hf<z>:§_%<;)nj§{>“>zn, seD.

Y oBoj riaBu oapehyjemo HOpMY XmabepToBe MATPHUIlE KOja MejcTBYje Ha XapaujeBuM
npocropuMa. 3a pasnuky oz HopMme || H||w_yw, oapelusame wnopme ||H || go—pr je HemTo
KOMILTHKOBaHUjE€ W 3aXTeBa MpPUMEHY apyrux Texumka. Ocum Tora, ananusumpahemo n
Kako ce omeparop Xwuubeproe marpuite H momarmma wa Xapaumjesum npocropuma HP, y
zaBucHOTH 0o mapamerpa 0 < p < oo. Hamwme, nmokazahemo na je oneparop H : HP — H?
OrpaHrYeH aKo M caMo ako je 1 < p < 00 u y CiIy4ajy OrpaHuyueHOCTH O/IepAUNieMO HeroBy
Tagny HOpMYy. Jlakie, y caydajy Kana je p = oo, oneparop H : H*® — H® Huje orpanmtiex.
Takobe, uu oneparop H : H! — H' uuje orpanuuen. MurepecantHo je 12 y ciayuajy Kaia
je 0 < p < 1, oneparop Xuibeprose marpuite H He npeciukapa Xapaujes npocrop HP
uvak uu y npocrop H(D) xomomopduux dynkuuja y jeauaumunom aucky, mro hie uzmely
ocTajor u OGUTU TOKA3aHO Yy HAPEJIHUM pa3MaTpatbuMa.

MehyTtum, npe cBera, younmo ga #Ha HP mpocropuma omepatop XuabepToBe MaTpuiie
WMa CIeInjajgHy WHTErPAJIHY pPernpe3eHTalnnjy Koja he OUTH O BHUINECTPYKEe KOPUCTH Y
JlaJbeM NCTTUTHUBAIGY TOT OMEPATOPA.

JIema 2.1.1 ([13, 31]|) Hexa je f € HP, 2de je 1 < p < co. Tada saorcu

1
e = | 1f_(tt)zdt. (2.1.1)

Joxas. Koueeprennmja mHTerpasa y jemnakocru (2.1.1) ciaeam TUPEKTHO, MPHUMEHOM

Dejep—Pucose nejequakoctn v dumbenure aa je dyuxnmja t — OTPaHUYEHA 32 CBE

1
1-tz
z € D. Ilpema Tome, umajyhu y BUIY KOHBEPTEHIIU]Y HHTerpaJia fol 1]0_(22

dt m pa3Boj
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2.1. XNMJIBEPTOBA MATPUIIA HA XAPIUJEBUM ITPOCTOPUMA

dbyukiuje fy Tejmopos pexn f(z) =D 1, f(k‘)zk, 3a cBe z € D, nobujamo 1a Baxku

fol lff(?zdt = fo tz)”dt
=0
1 o nn
= J kz f(k:)t 2075 2dt
= 3 (Z Fk) [ tn+k’dt) 2"
n=0 \k=0
R R i n
= nZ_:O (Z n+(kJ)rl> <
= Hf(2),
mTo je m Tpebasio JoKa3aTH. |

2.1.1 Omeparop H nHa npocropy H>

V 0BOj ceknmju mokalyjemo ma oneparop Xuiabeprose marpurie H muje orpammuen Ha
npocropy H*>. Hawuwme, nokazehemo na omneparop H He npecsiukasa npocrop H™ y cebe
(na ocHOBY Teopeme 0 3aTBOpeHOM rpaduKy, TO je eKBUBAJEHTHO uutbenunm na H Huje
orpanuden omneparop ua npocropy H). Koncrantha dbynknuja f = 1 npunasga mpocropy
H®. Ca apyre crpane, kopuctehu unrerpanny pernpesenranujy (2.1.1), crneau ma je

LS| 1 1
H = = th2" | dt = = —log ——
/() /0 lftz / (Z > +1 PR

1pY YemMy 10 pa3yMeBaMoO OTKJIOWUB CHHTYIAPUTET ¥ HyJIN DYHKI]je % log i Mebhyrum,
byukmmja

1 1
Hf(z)zzlogl_z

HUje orpaHmueHa xosoMopdua dyHkmja y jeauaunanom gucky D, omwocno Hf ¢ H.
[Tpema Tome, omeparop H me mpecamkasa mpoctop H™ y camor cebe.

2.1.2 Omnepatrop H na npocropy H?

Taxobje, mokaxumo u ja omneparop H : H' — H' uuje orpanmuen. Omer je J0BOJBHO
rokazaru ja oreparop Xmabeprose marpure H me npecimkasa mpocrop H' y cebe. Heka
je [ dyukuuja nebunucana y jeqmaunaroM aucky D wa cienehn Haunh

2,2

(1—-2)

f(z) =

Hajupe, mokazxumo ga ¢yrknuja f npumaja mpocropy H'. Hamme, y cayuajy xama je
z=¢€"uf — 0, nobujamo

L e L
T2 e

T a0 /bg’i dt
= [ — = — < 0.
[v 7] /0 0log?0 J.oo 2°°

4

1—z|=|1—-¢€Y <10 u

1
log‘ = log
1—=z

Caepau,
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2.1. XNMJIBEPTOBA MATPUIIA HA XAPIUJEBUM ITPOCTOPUMA

IIpema ToMme, uMmajyhin v By KOHBEPreHTHOCT IPETXOMHOI MHTErpaja, 3akK/bydyjeMo Ia
Baxxu f € H'. Ca apyre crpane, npernocrasumo na Hf € H'. TIpumerumo 12 je

Hi() = z(zmﬂ)

n=0

= Z (Z f(k fo t”+kdt>

n= 0
_ nzz;o ( g f(t)dt) o

Tana, wa ocaoBy Xapaujese uejemnakoctu (1.2.2), mobujanmo

;nﬂ / £ ()t < 7l H | < oo

MebyTnmM, BaxKn

=0 > wr o tf0dt = fy f() _0n+1dt
— 1f 1
= Jo B log Lyt
- 1
o fO (1— t‘)log1 dt
= fO slogf
= OO7

mro je Hemoryhe. Ilpema Tome, moueTHa IPETHOCTABKA j€ MMOTPEINHa, TAKO Ja MOopa OWTH
Hf ¢ H'. Takne, oneparop Xunbeprose Marpuue H nuje orpanmden ua mpoctopy H'.

2.1.3 Omneparop H Ha HP npoctropuma kaga je 0 < p < 1

Heka je 0 < p < 1. llokaxumo 51a y TOM cjayd4ajy omneparop XujbepToBe MaTpHiie

H ue npecaukasa Xapaujes npocrop HP y npocrop xonomopduux dyrkmuja H(D) na

jequunuyanoM aucky. Tum npe, 3aksbydyjeMo ja oneparop Xujabeproe marputie H Huje

orpanuter na npocropuma HP y osom cayuajy. Ilrtasume, mocroju dyukimja f us

mpocropa HP  trme je 0 < p < 1, raksa na pen H f(0) auseprupa. Hamwme, mocmarpajmo
dyuxnnjy medunucany Ha ciaegehn Haaun
1

f(z)zl—z 3a cee z € D.

Tana je f € H(D) u Baxu

1
1 27 1 ?
| fller = sup Mp(r, f) = sup </ ,dt) < 00,
0<r<1 0

0<r<1 2w |1 — T61t|p

nmajyhn y Buay ga je 0 < p < 1. Ca gpyre crpame, Kako je
o) ] ry
f(k)
H = n
-3 (3 )

TO HAJIAZUMO 12 je

16



2.1. XNMJIBEPTOBA MATPUIIA HA XAPIUJEBUM ITPOCTOPUMA

CaMumM THM, JOJA3UMO [0 3aK/bYUKa Ja MpeTxoaHo aobumjexa dbyukmumja H f He mpumama
mpocropy xomomopdunx dyuknuja H(D).

TIpema ToMe, Ha OCHOBY TPETXOAHWX pa3MaTpama omeparop XuiabepToBe MATPHUIIE
H wnwuje orpanmyeH Ha XapaujeBuM mnpocropuma HP y caydajy kaga je 0 < p < 1 m
p = oo. Crora, y HacCTaBKy HaM je O] HMHTEpeca ja IMOCMaTpaMo JejcTBO omeparopa H
camo Ha XapaujeuMm npocropuma HP kon kojux je 1 < p < oo. lloxazahemo na je y
TOM CJIy9ajy omeparop XuaidepToBe MATPHUIlE OIPAHUYEH W OAPEaAnNeMO HEroBy HOPMY.
Takobe, namomenumo ma cy y pazay [13], duamanromynoc u CHCKaKHC OPBU JI0KA3aJIN
HEOT'PAHMYEHOCT oreparopa Xuabeprose marpuile na Xapaujesom npocropy HP y ciayqajy
Kajga jep=1wu p = oo.

2.2 Hopwma ||H||gr—u» kKaga je 1 < p < 0o

Y oBoM morJiaB/by, HEIITO KacHuje, nokaszahemo za je y cayuajy 1 < p < 0o, oneparop
Xunbeprosre marpuite H : HP — HP orpanmuen. Hanme, ncrnocrasiba ce ga Baxu ciemneha

HEjeTHAKOCT
7
in™’

p

| H | Hp—pr <

y caydajy Kajga je 1 < p < oo. Ocum Tora, mMpeTxojHO TOpHe OrpaHntvemne he butn u
TauHa HOpMa omeparopa Xujiabeprose marpuiie H ua XapaujeBom mpoctopy HP kana je
1 <p<oo.

2.2.1 Jeana teopema HexapmujeBor Ttuma

Y 0BOj CEKIMjH TOKAKUMO OIPAHUYEHOCT OllepaTopa XmibepToBe MaTpUIle Ha IPOCTOPY
H? kama je 1 < p < oo. 3ampaso, nokazahiemo Hemro onmruje TBpheme. Hamwme,
yxosuko je H, Xamkesos omeparop npuapyzxen dbynknuju g € L°°(T), mro 3naun ga
je oneparop Hy sanpaso unjykosan Marputiom [g(n+ k)|p%_o (Bugern upsy riasy), taja
je Hy orpammuen omepatop Ha Xapaujesom mpoctopy HP, 3a cse 1 < p < 00, 0JHOCHO

BazK1

HHgHHPHHP < HgH?TO
Slng

Kipyuna crBap y mokazy nperxoHe HejeIHAKOCTH, JeCTe YHEbEHUTA 18 XAHKEIOB OIePaTop
H, uma pempesenranujy Hy, = Ry MyF (Buneru nornassbe 1.1), rae je Ry : LP(T) — H?
omnepaTop Pucose mpojeknuje, nedpunncan Ha caenehn HaunH

1 [* ot
Riu(z) = /0 Ldt, z €D,

T or 1—ze it

TIpU 9eMy je TO3HATO A3 BayKu

IR |l oo ()= Fr =

3a cBe 1 < p < oo (Bugmern [27]). Taxobe, omeparop M, : LP(T) — LP(T) jecte nedumnncan
Kao ‘ A 4

Myf(e") = f(e)g(e"),
IIpU 9€My BaxKu

1My fllp < llgllooll fllp,
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2.2. HOPMA XMWJIBEPTOBE MATPUIIE HA XAPANJEBUM IITPOCTOPNMA

OJTHOCHO,
Mgl o1y Lo (1) < [19]lo0-

Konauno, omepatop F : HP — LP(T) jecre M30MeTPHUYKH ONEPATOD KOHjyroBama HA
JeMHNYHOj KPYKHUIM T, OJIHOCHO

Ff(e') = f(e™™),
TJe je
1| e po(ry = 1.
Matpurna Xankenosor onepatopa H, jecte gaTa npeko KoedunnjenaTa y pa3Bojy dyHKImje

g € L*(T) na crenehu naunn [Hyg| = [g(n + k)|2%_,. dakie, ako je f(2) = > p2, Flk)zF
xosiomopdHa dyHKImMja y jesuauyaHoM jgucky D, Taja BaxKu

00
=0

Hof(z2) = (Z g(n+ k)f(k))
n k=0

[Mparehin pesynrare Jocrannha, Jesruha u Bykoruha ns paga [14], y nacraBky jokasyjemo
cneaehy Teopemy Hexapujepor Tuma.

Teopema 2.2.1 ([14]) Hexa je 1 < p < oo u g € L>(T). Tada 3a Xankeros onepamop H,
Koju dejcmsyje na Xapoujesom npocmopy HP saorcu Hy = Ry Mg F u

gl
| Hg|lgp— e < Sinog-

Jloxas. Hexka je f € HP u mexa je ca Sy, f o3naden

M, m-tu Tejnopos nosmuom dynknmje f, 0QHOCHO HEKa

LP(T) ----» LP(T) je Smf(z) = Sty f(k)zF, tne je z € D. Caemm

A : 1a je ||Smf — fllar — 0 xama m — oo. Ca mpyre

F Ry CTpaHe, Hajupe HOKaxXuMo ma pen H,f xkomseprupa

ﬁp f}p y jemumHEYHOM mucKy . JloBO/bHO je IOKa3aTH Ja
g BaxKu

Canka 1.4.1 KomyTarusan gujarpam KOjum

< lgllooll 1l zr- (2.2.1)

ce OIHUCYyje IPEeICTaB/bambe XaHKEJIOBOT

> G+ k) f(k)
k=0

oneparopa Hy : HP — HP mmaykosanor

HKI_[I/I.OM e L T) xao KOMHOBI/IHI/I.G . .

y A g A

Hajmpe, noka:xuMmo 1a mpeTxoaHa HejeTHAKOCT BayKu
)

kagma ce dyokmmja f 3aMeHM ca CBOJUM M-THM
Tejmopoeum mosmuaoMoM Sy, f. Hakon Tora, ykosmko
[IyCTUMO JIa M — 00 JiobuhemMo TparKeHy HejeIHaAKOCT.
Hajmpe, umajyhu y Buay 9mmeHny Ja je omepaTop
F wuzomerpuja upocropa HP y npocrop LP(T) u

oneparopa PucoBe mpojexnumje R4,
MyJITHTIIAKAIMOHOT  omepatopa My n

M30MEeTPHUYKOT OllepaTopa KOHjyropama F.

oarosapajyhom mpuMeHoM XeJiIepoBe HejeqHaKOCTH, 100mujaMo Ja 3ampaBo Baxku ciaemeha
HEjeTHAKOCT

> g(n+k)f(k)

m . ’
k=0

% f027rg(eit)e—int i f(k)e_iktdt’
k=0
3 5T g(e e E Sy f) (et

19lloo [1Sm.f |l z2v-

IN
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2.2. HOPMA XMWJIBEPTOBE MATPUIIE HA XAPANJEBUM IITPOCTOPNMA

Ha cnuvan maunn gobujamo u oarosapajyhy mejemmaxocT 3a pasnuky Sy, f — S;f, omakne

3aKJBYdyjeEMO T1a, je
{Za@ + k)f(k)}
k=0

jeman Kommjes um3. Ilpema Tome, yKOJMKO cajga y TPETXOMHO 10OMjEeHO] HEjeTHAKOCTHU
m —~
> g+ K) (k)
=0

Hasbe, TpUMeTUMO J1a BasKn

oo
m=0

< ||9llool| S f || p mycTEMO 1A M — 00 moGuhemo mejegnakoct (2.2.1).

o~

(n+k)f(k)z"

8
NgE!
Q)

Hgsmf(z) =

3
Il
=)
i
=)

)

(k) % fOQW g(ez‘t)e—z‘(n+k)tdtzn

I
18
3
~

i
o
o~
Il
)

I
®
3
——
¢

Oﬂg(eit) Z J/c\(k,)e—z‘k:t Z e—int ,n ¢
k=0 n=0

_ L 27 ge)Suf(e) g

21 JO 1—ze— it
1 2« (MgFSmf)(e”)d
27 JO 1—ze—

= R.M,FS,f(z).

Ha ucrn nauun ce noxasyje ga Baxu jenuaxoct Hy(Syf — Sjf) = R MyF (S f — Sif),
opaxie umajylu y sujy orpanmuenocr omeparopa Ry, My u F, 3akmbydyjemo jga je
{HySm [} Kommjes 1m3 y mpocropy HP. Komawno, ykoanko y jemmakoctn HySp, f =
Ry M,FSy, f nyctumo ga m — oo, nobujamo fa je

H,f = R, M,Ff,

t

3a cee f € HP. Cnean na je

9lloo

T
S —
p

| Hgllre—mr < | RBtllzocry— mr | Mgl Lo(my— Lo () |1 F || o = Lo (1) <

1ITO je u Tpebasio JT0Ka3aTH. |

2.2.2 Topme orpannueme 3a ||H||gr—ur kKaga je 1 < p < 00

JlupekTHa MOCAeIUIIa IPETX0/IHe TeopeMe HexapumjeBor Twma je olleHa 00370 HOPME
onepaTopa Xunbeprose marpuiie H #a Xapaujeom mnpoctopy HP kama je 1 < p < oo.

Tlocneauna 2.2.2 Hexa je 1 < p < oo. Tada nopma onepamopa Xuabepmose mampuue
H xoju dejecmeyje na Xapdujesom npocmopy HP sadosomasa caedehy oueny odoseo

| H || gp—mr < e

Hoxas. Tpaxena nejeqnakoct cienu npuMenom Teopeme 2.2.1 Ha byHKIU]Y U3 IpOCTOpa
L>(T) necdunncany ca g(e?) = ie % (m —t), tne je 0 < t < 2. [

Harmomenumo a je 1pBO ropre orpaHnyere HOpMe oreparopa Xuabeprose MaTpuiie

H xoju nejeryje Ha Xapaujesum rpocropuma HP |y ciyuajy kazga je 1 < p < 00, u3BeJI€HO

oz crpane Juamanronysnoca u Cuckakuca y pajy [13]. Haume, y Tom pajy je nokasano ja

Bazku onena || H||grpgr < i, @i caMo y ciydajy Kafa je 2 < p < 00, JI0K je y ciydajy
P

1 < p < 2 nobujeHo HemTo ciaabuje ropkHe OIPAHUYEHE.

19



2.2. HOPMA XMWJIBEPTOBE MATPUIIE HA XAPANJEBUM IITPOCTOPNMA

2.2.3 [lome orpanmueme 3a ||H||gr—pr Kaga je 1 < p < oo

Teopema koja cienm jaje oxrosapajyhe Jome orpaHuvere orneparopa XuabeproBe
varpurie H xoju mejerByje ma Xapamjesom mpocropy HP y cayuajy kama je 1 < p < oo.
[Ipeu noxasz ose Teopeme uzBejieH je on crpane Hocranuha, Jesruha m Bykoruha y pany
[14]. MebhyTum, goka3 Koju ciaeau je OpUIMHAIAH JOKA3 ayTopa OBOI TEKCTa, KOPUCTH
XHUIIEpreoMeTprjcKe (byHKIUje U jeTHOCTABHUJU je OJ TPETXOJHO MOMEHYTOT J0Ka3a (3a
Buite undopmanuja sugeru [33]).

Teopema 2.2.3 ([14, 33]) Hexa je 1 < p < oo. Tada wopma onepamopa Xunabepmose
mampuye H xoju dejemsyje na Xapdujesom npocmopy HP sadosomasa caedehy oueny

000300
T

| H | go—mr >

R
p

sin

- -
Aoxas. Hexaje 0 <y <1<pu f,(2) = (1—2) 7 3a z € D. Haxon jexHocTaBHOI pavuyHa
u kopucrehin xunepreomerpujcke dynknumje (Bugerm ogepak y yBOAHOM ey mocsehen
XHIIepreoMeTprjcKuM (byHKIHjaMa U oJropapajyhe oznake) mobujaMo ma je

=T (k+3) 1
Il =3 et e = P (3 3m).

k=0

Ha ocroBy Crupsnarose dhopmysie, 3aK/byIyjeMO Ja BaKu

I (k+3) 1

GiE ~ T kajga k — oo.

Crnemn ma je ||fyllar < oo u ||fy]|lHr — o0 kama v — 1. Ca apyre crpane, kopucrehu
HHTErPAJTHY PEMPE3eHTAIN]y XUepreoMeTprjcKux dbyHKIHja u popmyy (2.1.1), mobujamo

o va(Z)_/ol(l—t)Zzl—tz)_B<1’1_11’>F<112 ; )

OpHOCHO, BaXu

s ()2 E e T

D k=0T<k+2—%>I‘<k+%) p(%) k!

Kaxko je
I?(k+1)

<k+2——)1“<k:+ 2) _HO(’ﬁil)

TO 106MjaMO

Hfy(2) = (fv( ) +94(2))

sin X

HpI/I quy BazKH1
sup [|gyllgr < sup |lgyllae < Cp < oo,
<y<1 0<y<1

Caga je
[ ol o7 [l = llgyllme
[ fylle — sin TF £l e

| H || g me >
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2.2. HOPMA XMWJIBEPTOBE MATPUIIE HA XAPANJEBUM IITPOCTOPNMA

Konauwo, kama v — 1, nobujamo ga BaxKu

™
E?
p

| H || gp—mr > 3

mTo je m Tpebaio mokazaru. Tume je mokasz 3aBpIIEH. |

Konauto, Ha OCHOBY NPETXOHUX Pa3MaTparma MOXKEMO OJPEUTH HOPMY OIepaTopa
Xuabeprose marpune H : HP — HP y cinygajy kaza je 1 < p < oo.

Teopema 2.2.4 Hexa je 1 < p < co. Tada 3a nopmy onepamopa Xurbepmose mampuuye
H na Xapdujesom npocmopy HP sascu

s
||HHHP_)HP — Gn ™ .

Hoxas. Tauny nopmy |[H| grpr = ghx nobujamo aupexTno na ocnosy Teopeme 2.2.3
p

IMocnemune 2.2.2. [}

Haxon nperxomuo HaBeIEHOT A€TA/FHOT UCIIUTUBAMKA HA KOjU HAYWH 3AMPABO OLEPATOP
XwibeproBe MaTpUIlE JI€jCTBYje HA Xap/AUjeBUM ITPOCTOPUMA, [IPUPOJIHO je BUIETU HA KOjU
HaguH Xuabeprosa Marpuiia Jejcrsyje Ha beprmanoBum npocropuma. To je nmsmb napejne
rmase. Mnak, kao mro hemo ybp3o npumeruTn, cuTyarnnja koa beprmanosux mpocTopa je
HEINITO CJA0XKEHW]ja 1 3aXTeBa MPUMeHYy HOBUX TeXHUKA.
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I'maBa 3

XujabeproBa MaTpula Ha
BeprmanoBuM mpocTopuma

3.1 XwujabeproBa marpuila Ha BeprmanoBum npocropuma AP

Y oBoj rnaBu ojpenuhiemMo tauny Hopmy Xwmiabeproee marpuiie H wa beprmanoBum
npocropuma AP wHa Kojuma je Taj oneparop orpanuder. Ocum Tora, ucrmuTaleMo U HOPMY
ortepaTopa XumjibepToBe MaTpUIlE HA TEXKUHCKUM BeprmanoBuMm npocropuma. Vcenocrasiba
ce na je oupebhuBame Taune Hopme oneparopa XwuabeproBe marpuiie Ha BeprmanoBum
TPOCTOPUMA HEITO TeXKe W KOMILIMKOBAHU]E Y OJHOCY Ha CAy4aj XapInjeBuX MPOCTOPa.
3a ¢yukmujy f € AP Baxn

il = ( [ !f(Z)I”dA(Z)>; = (2w pyar) < o

[pema Tome, cienn na je HP C AP. Ocuwm Tora, mosuato je ma saxku HP C A?P (Bugern
[31]). Ha mekwu mauwn dyHKimje n3 BeprManoBux mpocTopa MMajy CJIMYHA CBOjCTBA Kao
dyukiumje n3 oaropapajyhux XapamjeBux mpocTopa, aau je IHUXOBO UCIUTUBAILE 0OMIHO
HerTo KoMmiutnkoBanuje. Takobe, kon Behuue omeparopa u byHKIHOHAIA JePUHUCAHIX
va XapaujeeuM u BeprMaHOBHM MPOCTOPUMA je YOUEeHO ja Ce HOpMa Ha BeprManHoBoM
pocTopy Jobuja IyIuinpamkeM oJroBapajyhie BeTudnHe KOja yIECTBY]e Y HOPMHE OIlepaTopa
win byHKIMOHAIA Ha onrosapajyhem Xapmaujerom mpocropy. Kao mro hemo Bumeru, To
he 6utu ciyyaj u Kox oneparopa XujibepToBe MaTpUIIE.

Hajupe, npumernmo ma omeparop XuadeproBe MATPUIlE HUje OTPAHUYEH HA IIPOCTOPY
A?. JloBosbHO je moKazaTu ma omeparop H me mpeciuxasa mpoctop A2 y cebe. [lltasumre,
cuTyaluja je jomn HenoBosbHuja. Hawmme, nocroju dyukimja f uz Beprmanosor mpocropa
A% taxma ma we camo nma Hf me mpumaga npoctopy A2, meh je pen oapehen ca H f(0)
JUBEepTeHTaH. 3aucTa, TocMaTpajMo byHKIU]Y AeduHucany Ha ciaejehn nauwn

o0 1 N
f(z)zzmz , z€D.

3=

n=1

Tana je

(e}

1
2 _
17142 = Z (n +1)log?(n+ 1) <o

n=1

onaxye cieu ga f € A% Ca npyre crpane, BaxKn

= 1
H(0) = ; (n+1)log(n+1) -
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3.1. XNMJIBEPTOBA MATPUIIA HA BEPITMAHOBUM IIPOCTOPUMA

Ha ocuoBy mperxosmor, oneparop Xunabeprose marpuile H y HACTABKY TOCMATPAMO CAMO
na beprmamosum mpocorpmma AP ko kojux je 2 < p < oo. Heka je f € AP rme je
o0

2 < p < oo. Tama, mmajyhu y Buny ga Hus {%—H} MPUTIAIa TPOCTOPY MHOYKMIIAIA
n=0

(AP %) (Bumern [31]), To mocToju mosuTHBHA KoHCTaHTa C, TAKBa 12 BayKH

~

( )z 3a z € D. TIpema Tome, 3a cBaky TakBy (GyHknmjy f cremehu pesn

nre =5 (% i)

VM3 OTPAHUYEH HU3 KOe(pUIMjeHara, mMTo 3HAYNA & je FEer0B MOJYITPETHNK KOHBEPTeH e
HajMame jenaH, onaocHo H f je mobpo nedwmnucana xosomopdHa hyHKIHjA Y jeAUHTTHOM
mucky D. YV macTtaBky, o7 KopucuTu HaMm Moxke Outu ciaeneha jgema kojoMm ce maje jemna
HHTErpaJTHa pernpe3eHTalnja oneparopa Xuidbeprose Marpure Ha AP mpocropuma (Takobe,
Buzern [12]).

e je f(z) =

||M8

JIema 3.1.1 ([12]|) Hexa je f € AP, 20e je 2 < p < co. Tada sasrcu

A=) = /01 = (11—t)zf (1— (1t—t)2> dt.

Hoxaz. 3a z € Du 0 <r <1 gedunumnmmo

f(t)

0 1—1tz

Crf(z) = dt.

Tana wa ocHOBY mHTerpaJsiHe penpesenrarmje (2.1.1) 3ak/pydyjemo ma je
Hf(z) = lim C, f(2).
r—1

Vrkonuko 3a maro z € D uzabepemo cuenehy crazy maTerpaiuje
rs

t=1ts)=—F——, 0<s<1
(s) 1—r(1—s)z’ =7=0

mobmjamMo 1a BaXKu

Gtz = f 1f£§)zdt
= fol f(t(*g))Tl(s)zt/(s)ds

fol e e (1—r{18—s)z) ds.

Ca apyre cTpane, HEKa je

r

hr(s) = mf(%,s(z)),
TJe je s
Ors(2) = 1—r(1—s9)z
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3.1. XNMJIBEPTOBA MATPUIIA HA BEPITMAHOBUM IIPOCTOPUMA

[Tpumernmo ma je ¢r s : D — D xonomopdHO mpecmkasambe, 3a cee 0 < r, s < 1. Taxobe,

BaKU
r 1 2

1—r(1—s)z| — |1—z\ 1—|z[2'
Oyukrnuja f 3amoBossaBa cienehy HejeqHAKOCT

1= (=) e (311

3a cee z € D (Bumern [59]). Ocum rora, ceaka xosomopdua dyakmuja ¢ : D — D, uaaykyje
orpaamyen Komnosurnuonn oneparop Cy : f — f o ¢ ma mpocropy AP u Baxku

|Coll ap—ar < (%)p (Bumern [10]).

Kopucrehn nejeqnaxocr (3.1.1) u nperxoany HejeaHaKOCT, 00MjaMo 1a je

1 \»
FonaI < (=) 1 o 6all
" Takohe

1 © rsllar

IN

(Ao 1.0
- (%*:z)infum
< (32)" 1l

Kopucrehu ase nperxomgno nobujene HejeIHAKOCTH, 3aK/byIyjeMO 13 je
2
2 1+s\»?
i (s)] < oz (150) Wl
(1 —1]z2)"» N2 T8

Kaxko je p > 2, To je jecHa cTpaHa TpeTXOJHe HejeJHAKOCTH WHTerpabuina QpyHKIHja 10
s. Konauno, xopucrehu Jleberopy teopeMmy 0 HOMUHAHTHOj KOHBEPUEHIIWjU, HODMjaMO 1a

HJ(z) = /01 1 (11— 52! (1 - (18— s)z> ds,

1ITO je u Tpebasio JT0Ka3aTH. |

BazK1

3.2 Hopwma |H||ar—ar Kaga je 2 < p < 00

13 uperxoane Jleme 3.1.1 nobusu cmo ciaeehy nHTErPaAJIHY PEIPE3EHTAIN]Y OlTeparopa
Xunbeprose MaTpure Ha Beprmamosum mpocropuma AP, e je 2 < p < 0o,

1
Hf(z) = /0 Tif(z)dt, z €D, (3.2.1)

npu uemy je Tif(z) = wi(2)f(d4(2)), wi(z) = Tl,t)z n ¢y(z) = 17(1157%)2 Hperxomio
mobujeHy WHTEeTrpajHy pemnpe3eHTaiujy, yrorpedbuhemo y orerm HOpMe XuabepToBe
marpurie H : AP — AP omosro m omo310, y nmby jgobujatba TauHe Hopme. Hamwme,

nokasaheMo 1a Baxkn
T

[H | ar 40 = —57

3a cBe 2 < p < 0.
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

3.2.1 Topme orpannueme 3a ||H||ar—ar Kaga je 4 < p < 0o

Y oBOM TOIVIaB/BY HAIpaBUNeMO TOPIE OPAHUYEHE 33 HOPMY oleparopa XuabeproBe
marpurte H wa Beprmamosum mpocropuma AP y ciayuajy kama je 4 < p < oco. Hamwme,
nokasaheMo 1a BaxKn

7T .
||HHAP—>AP < smiQi kaga je 4 < p < oo.
p

Teopema koja ciequ mobujena je ox crpane Jumamantomysnoca y pany [12]. Mebyruwm, kao
mTo fieMo BUIeTH TEXHUKA KOja je TPUMeReHa, VKb Uy jyin 1 nHTerpaany pernpe3eHTalujy
omeparopa XuabepToBe MaTpHUIle H00MjeHy y MPETXOAHOM MOTJIAB/bY, HUje Ouia TOBOJbHA
Ja obyxBaTu u ciaydaj 2 < p < 4.

Teopema 3.2.1 ([12|) Heka je 4 < p < oo. Tada 3a nopmy onepamopa Xuabepmose
mampuue H na Bepemarnosom npocmopy AP saocu

s
HH||AP—>AP < Slnj

p

JHoxas. Hexa je f € AP mpomssosbHO ofabpana ¢dyuknuja. Kopucrehinm nmTerpaany
HejenrakocT MUHKOBCKOT n mHTErpaany pernpesentanujy (3.2.1) mobujamo ma je

1

|l = (o] Tr)ae] dA)”
< 1T (R)PdAGR) 7 dt
= Jy ITef | avat,

rae je Ty f(2) = wi(2) f(¢e(2)). Ca apyre crpane, ysohemem cmene w = ¢y(z), rae je z € D,
00HWjaMo /18 BaXKu

1T f 1% = JplTif (2)IPdA(2)
= Jplw(z \”If(¢t( )IPAA(z)
= p %
= ﬁ th \w!p“*\f(w)lpdA(w),
rie je Dy = ¢4(D). Umajyhu y suay na je Dy C D u p > 4, cienu 1a je
L ol fw)|dA(w

e o | f (w)|PdA(w)

T f 1k

IN

IN

t2—p

- (1—t)2 HfHApy

OJIHOCHO, BaXKH
2_

1
tr
T2 f][ar < 7( 5 [1f ] -
p
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

Konauwo, kopucrehn mperxouo qo06ujene HejeTHAKOCTH, 3aK/bYyIyjeMO Ja je

IHflar < fy ITef ]| avdt

2_ _2
< Jotr A=)t ||l
= B(21-2)flla
= nzlfllae
p
Tume je moka3 3aBpIIeEH. |

3.2.2 Topme orpannueme 3a ||H||ar—ar Kaza je 2 < p < 4

Kao mro cMo Bumenn, TeXHuKa MpUMEHeHa y IPETXOTHOM IIOIVIAB/bY HE Jaje OIeHY
0710310 HOpME omeparopa XuiabeproBe Marpuile Ha bBeprMaHoBUM MPOCTOPUMA Y CIAYYa]y
Kaja je 2 < p < 4. MehyTtum, NpupoHO je MPeTIOCTABUTH J[a IIPETX0HO HABEJIEHA OIEHA
0/I03T0 HOPME OIepaTopa XuadepToBe MaTPHUILe

| H || ap—ar < sm% kaga je 4 < p < oo,
P

BaxM 1y ciydajy 2 < p < 4. Taksa xunoresa nsnera je y paiy [14] ox crpane Jocranuha,
Jesruha n Bykoruha u npegcraspana je jeman orsopen mpobaem. [Iparehu pan [5], xoju
je 3apaBo 3ajemuwuku pas B. Boxkuna n ayTopa 0BOT TEKCTa, y HACTABKY ajeMO J0Ka3 Te
xuroreze. MehyTum, 10Ka3 je HelTo KOMIUIMKOBAHU]A U 3aXTEBa MPUMEHY HEKUX JPYTIuX
TeXHUKA. 3alpaBo, y HACTABKY HAM je /b Ja MOKaXKeMo ciejelly HejeHaKOCT Koja ce
onHocu Ha bera dyHKUInjy

1
<4_p + p—284> B (2, 1— 2) < / Wp(t) max{sQ,tZ}p_Q dt,
2 2 D p 0
rneje2 <p<4,se0,1]m(t) = t%_l(l—t)_%. Jokas npeTxonHe HejeJHAKOCTH, ¥ KOjo]
yuectByje n bBera dyHnkimja, 3axresa npuMeny Behier 6poja pazanuntux Texauka. Hajupe,
kopurithemem HITypMoBe Teopeme U3 esleMeHTapHE TEOpHje MOTMHOMA (BHIETH O/Ie/bak Y
ysoauowm gemry nocsehen [IITypmosoj Teopemu u IITypmosom Husy nmosmaoMa) qokazahiemo
cnenehe Tpheme koje he 6utu oy KOpUCTH Tpu U3BOhemy jerHe moMohHe HEjeHAKOCTH Y
Kojoj yuecrByje Bera dyunkuuja. Hakon Tora, npesazumo Ha JIOKa3 IIPETXOJIHO HaBE/EHE
HejeqHaKocTH 3a Bera ¢dynkimjy, Koja he 6uTu K/byuyHa y JIOKa3WBakby TpParKeHe OIleHe
0/103r0 HOpMe oneparopa Xunbeprose marpure na beprmanosum npocropuma AP y ciydajy
Kaga je 2 < p < 4.

JIema 3.2.2 Ioaunomu n(x) u &(x), depunucanu na caedehu nawun,
n(z) = 2% — 112° + 3921 — 252% — 1172% + 171z + 2,

¢(x) = 227 — 252% + 1042° — 1032* — 3022° + 5652 + = — 2,

cy nosumuenu na unmepsary (2,4).
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

Jloxas. JIupexktHo nposepasamo ga je 1(2) = 12 u n(4) = 30. IIpema Tome, IT0BO/BHO je
nokazaTu ja nosmHoM 1)(x) Hema Hysa na naTeppasny (2,4). Koucrpywmmmo [MIrypmos
HU3 KOJU 0JroBapa TosuHoMy 7)(x):

no(r) = o8 —112% +392* — 252% — 11722 + 171z + 2,
m(x) 62° — 552% 4 15623 — 7522 — 234w + 171,
me(z) = 55(1372% — 126623 4 36332% — 25562 — 1953),
ns(z) = 23026223 — 655222 + 36537z — 46231),
m(x) = rasl0% (25614927 + 1245415z — 1510428),
_ 23.36%-171612

15(2) = Tgegietiacioser (—122409971x + 322732527),

( ) __ 18769°-65612310201 . 111119185452762355014
Ne\x) = 25.365-171613 14984201000220841

Tana, HAKOH jeHOCTABHOT pauyHa, gobujamo ciaenehy tabery

no(z) | m(z) | m(z) | m3(z) | na(z) | ns(z) | ne(z) | wy(x)
+ - - - - + + 2
+ + - - - - + 2

Tabesia 1. Tabena npomena 3naka y IIIrypmoBom Husy nosmuoma 1(x), kaga je £ =2 un
x = 4, rae je wy(x) 6poj mpomena 3uaka y IItypmosom ausy no(z), m(z),. .., ne(x).

Hobujamo ma je wy(2) — wy(4) = 0 n Ha ocroy I1ITypMoBe Teopeme, 3aKbyIyjemMo 1a
nosmHOM 7)(7) HeMa Hy/Ta Ha mHTEpBaY (2,4).

Ca apyre crpane, Hamaszumo ja je £(2) = 180 u £(4) = 210. TIpema Tome, Takolje je
JOBOJFHO TOKA3aTH Ja norHoM &(x) Hema HyIa Ha uHTepBaday (2,4). Tama, caudHo Kao y
PETXOHOM CJIydajy, HAKOH jeIHOCTABHOI padyHa, A01a3uMo 1o ciaeaehe tabemre

So(x) | &1(2) | &(2) | &(2) | &l2) | &(2) | Eo(2) | &(z) | welz)
+ + + + 2
+ + + 2

+ - - - -

Tabesia 2. Tabena npomena 3naka y [Ilrypmosom Husy nonunoma &(x), kaga je £ =2 n
x = 4, rae je we(x) 6poj npomena 3naxa y Llrypmosom musy &o(x),&1(x), ..., ().

Crnemn ja je we(2) — we(4) = 0 m xopucrehu Illrypmosy reopemy, nobujamo ja
nosrHoM &(x) Hema Hysma Ha uHTepBady (2,4). Tume je moxkas 3aspiies. |

Hamomena 3.2.3 Kopucrehu nporpamcku jesuk Mathematica, MoxXKe ce JTako BUIETH 1A
cy nosmaomu n(x) n &(x) nosuruBHU Ha wHTEpBaANLY (2,4). O

Crenehe enemeHTapHO U jeTHOCTABHO TBphewe Oulie HAM OJ] KOPUCTH Yy HEKUM JTaJbUM
pazMaTpamuMa Uy JA0Ka3y jeHe HejeqHAKOCTH Koja ce oxuocu Ha bera dhyHKIm]y.

Jlema 3.2.4 Hexa je o € (0,1] U (2,3) ut € (0,1). Tada sasrcu

_1
(1—t)ag1—at+%t2.
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

Zloxas. TlpuMmeTnMo 1a BaxXu

(1 _ t)a = 1—aot + a(oérl) t2 _ (a(afl?))!(a72) t3 _ ala— 1)(0;1' 2)(a—3) t4 4. ) (3 ) 2)
< 1 a(a—1),9 o
= —at + Tt s
IJIe CMO MCKOPHCTHIN Ja je W3pa3 y MPETXOIHO] 3arpaiu MO3UTHBAH. [

Ocum Tora, 6uhe nam norpebHo u ciejnehe mo3uaro ceojcrBo Bera dynkimje.

Jlema 3.2.5 ([15, Teopema 3, ctp. 114|) Hexa je 0 < x,y < 1. Tada sasrcu
1
Y
Ilocneanyno, kopuiihemeM ITPETXOJHUX Pe3yJiTaTa, J0ga3uMo 0 cienehe 3navajae
HejeJHAKOCTH KO0ja ce ogHocu Ha bera dyHKIM]Y.

Jlema 3.2.6 Hexa je 2 < p < 4. Tada sasncu
2 1
B(Z,2(p—2 > < -
<p =2 (p—2)(4-p)

Aoxaz. (1) Cayuaj 2 < p < g Kaxo BpesmmocTn % u 2(p — 2) mpunagajy WHTEPBALY
(0, 1], To Ha ocuoBy Jleme 3.2.5, nobujamo na je

g B 1 o 4_(17_2)2 1
B<p’2(p 2)) = 2.2(p—2) 4p-2)(4-p) w26

(2) Cayuaj p € (2,3] U (%,4). Kako 2p — 5 € (0,1] U (2,3), 10 npumeHom

HejeqrakocTw (3.2.2), mobujamo

B(%,Q(p—2)) =/ tr N1 — ) 5at
< it (1— (2p - 5)t + =D=02) gy

— b _ 5 (P—3)(2P—5)
2 7+1 +2

— D _ p(2p=5) +p(p 3)(2p—5)
2 p+2 2(p+1)

[Tpema TOME, MTOBO/BHO je MOKA3ATH A BAXKU

1 2p-5 (p—3)(2p—5)]< 1
2 p+2 2(p+1) T (p-2)4-p)

Huje Temko nmpumernTu ma je nejequakoct (3.2.3) TauHa ako m caMo ako Baxku

(3.2.3)

n(p) = p — 11p° + 39p* — 25p® — 117p? + 171p + 2 > 0,

rae je 2 < p < 4. Mehyrum, na ocnoy Jleme 3.2.2, cnequ na je n(p) > 03a cse 2 < p < 4.
Konaano, nejeguakoct (3.2.3) je Tadna.

(3) Cayuaj 3<p< % Tana je 2p — 6 € (0,1]. Ilowoso, kopucrehu HejegHAKOCT
(3.2.2), manazumo ma je

2 . _2(p=2)-1 2
B(320-2) = F52%5D (* 21"5)
p(2p—5) =
= (p— 2122]7 fO 2p Gdt
< 7221225 S [l (1— 2p — 6)t—|—7(2p_6)2(2p_7)t2) dt
- (p P
__p(2p=5) [E _ 20(=3) | p(p—3)(2p—7)}
(p—2)(2p—1) |2 p+2 2(p+1)
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

Jlaxje, TOBOJHHO je TOKA3aTH J1a BaXKu

P*2p—=5)[1 2(p-3)  (-3)2p-17) < !
2p—1 |2 p+2 2(p+1) “4-p

(3.2.4)

JennocraBan pauyn, mokasyje ga je HejegHarocT (3.2.4) TadHa aKO U CAMO aKO BaxkKu
E(p) = 2p" — 25p° + 104p° — 103p* — 302p% + 565p% + p — 2 > 0,

rie je 2 < p < 4. Iowosrom npumverom Jleme 3.2.2, ciaenn ma je £(p) > 03a cBe 2 < p < 4.
[Tpema Tome, (3.2.4) je Tauna nejeqraxoct. OBuUM je 10Ka3 J€Me 3aBPIIIEH. [

Konauno cmo y moryhmoctm, xopumhemeM TPETXOIHUX PEe3Yy/aTaTa, Ia IMTOKAKEMO
TpaxkeHy HejemTHakKocT 3a bera dyHKIm]y.

JIema 3.2.7 Hexa je 2 <p <4 us€|0,1]. Tada saorcu

4—p p—2 2 2 1 o
<2+284)B(p’1_p) g/o wp(t)max{SQ,tQ}p dt,

2de je by(t) = tr (1 — ).

Joxas. Hexa je

1
Fy(s) = <4;p + 1’;234> B (Z 1-— ;) —/ Yp(t) max {32,7:2}”‘2 dt. (3.2.5)
0

Ham s je ma mokaxxemo 1a je Fp(s) < 03a cse s € [0,1]. Hajupe, nanazumo ga je

. S 1
B = (1) B (B =2) =2 [Cuan— [ e

Taga, HaAKOH jeTHOCTABHOI padyHa, HoOHjaMo Ia je

Fi(s) = 2(p—2)B (I%, 1— g) 3= 2(p — 2)s2P=2=1 [*4 (t)dt
= 2p— 25 [B(21-2) 7 = [Py, (t)dt].

[Tpema Tome, BaxKuU

Fy(s) =2(p— 2)s*P2 Gy (s), (3.2.6)
rJe CMO O3HAUMIIN

Gy(s) = B (2, = ;) S /0 ()t (3.2.7)

Jlame, qobujamo

Gy(s) = B (%, - %) (8 —2p)s"2P — 4y (s)

sl_P(l—s)% p’ p
_ 2(4—@3(%,1—5) s (I ) (3.2.8)
s _%(1—5)17 2(4*P)B<%71*%)
2(4—p)B(2,1-2
= 1— (p QP)EP(S)’
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3.2.

HOPMA XMWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

e je
J 8—210—g 2 1
Bl = P =s)r - 2 2\’ (3.2.9)
%4—m3(@1—5)
Hudepeninpamenm, HaIA3NMO
Ep(s) = (8——2p 2) T (1~ )b _.%38—2p—7(1__8)%_1
e A
_ 257_21’_%[_ _l_(_ _l) _li|
e 3 Gt St DA (3210)
- 27%%[4 p—y— (4= p)}
(1—s)

2
2(4-p)s’ "7k

(1=s)' "%

4—p—5
4—p

|

(1) Cayuaj 2 + /3 < p < 4. Y 0BOM ciIyuajy, BasKi HEjeHAKOCT 4 — p — % <0m

CaMUM THM je E]'D < 0on [0,1], onakie crenu ga je E, nepacryha dyukuunja na unrepsary

[0,1]. Axko je 4—p—% < 0, ofHOCHO aKo Baxku 2+1/3 < p < 4, Tama, kopucrelin jeHAKOCT

(3.2.9), mobujamo na je lim Ep(s)
s—0t

p =24 /3, Taga HATA3MMO

= 400. Ako jemak 4 —p — % = 0, 0JTHOCHO aKO BayKu

E,(0) = 1— —~1 —+
»(0) wpp(Ei2)

= 1— 1 sin 21
2(2—V/3)m 2+v/3
2 o 2

> 1—Zsin 33

> 0.

Ca apyre cTpane, BaXXu
1
E,(1) = < 0.

[Ipema Tome, mocroju so € (0,1), Taxko na je E,
(s0,1]. U3 (3.2.8), 3ak/byuyjemo jaa je

G, >0 na [0,s0] u G,

Hakie, dynkmuja G, je neonanajyha ua [0, so] u

_ﬂ4—m3(%1—§)

> 0 na [0,5s0), Ep(sg) =0u E, <0 na

<0 ma [sg,1].

Hepacryha na [so, 1]. Kako Baxwu,

1
GNDzOHGADzB(?l—i)—A1%@ﬁ:0

To je Gp > 0 na [0,1]. Cazga, u3 jennaxocru (3.2.

6), cienu na je Fy > 0 ma [0,1]. Camum

tuM, F, je Heonanajyha dyuxnuja za [0,1]. Ocum Tora, Baxu

p—2

2) B (3
-2)-

Fp(1) +

(7

2

(

'G\l\')

1_*) fodjp

B(31-)
D’ P
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

onmaxie je Fp(s) < Fp(1) =0 3a cse s € [0, 1].
(2) Cayuaj 2 <p<2++3. Tamajed —p— % > 0 W caMUM THM, HAJA3UMO JIa

4—p—1
4Iipp € (0,1). Kopucrehin (3.2.10), gobujamo

bo =

2(4 — p)s772p7%
(1—s)'"%

E,(s) = (po — ).
Kaxko je Ej, > 0 ma [0,po] n E,, < 0 na [po, 1], To crenu 1a je dbynxmmja E), meonanajyha na
[0, po] n nepacryha na [po, 1]. TIpema Tome, Ey(po) = OrgaglEp(s). Kopwucrehu jeamakoct
_S_
(3.2.9), mobujamo ma je
1
E,(0) = Ey(1) = — 5 N < 0.

Tepanmo ma Baxkn Ey(pg) > 0. Ilpermocrasmmo cymnporno, ga je Ey(pg) < 0. Tana je
Ey(s) < 03acse s € [0,1]. Cana, uz (3.2.8), saxmyuyjemo 1a je G, < 0 on [0, 1] u cammm
M, G, je mepacryha dynkmmja ma [0,1]. Kako je Gp(0) = Gp(1) = 0, To crexun ma je
Gp = 0, mro sanpaso nopradn 1a je Gy, = 0. Kopucrehn (3.2.8), nobujamo na je £, =0
na [0,1] u mpema Tome, axxu Ej, = 0 na [0,1]. Oso je y xonrpajukiuju ca jeguakocrn
(3.2.10).

Haxkie, nokazanu cMo ga Baxku Ey,(pg) > 0. Taxobe, seli cmo nokazanu ga je E,(0) < 0
u E,(1) < 0 u na je dyuxunja E, meonarajyha na [0,po] u mepacryha [pg, 1]. Ha ocroBy
nperxouor, nocroju p1 € (0,pg), Tako aa je

E, <0 ma [0,p1), Ep(p1) =0 u E, >0 Ha (p1,po),
u mocToju pa € (po, 1), Tako ga je
E, >0 ma [py,p2), Ep(p2) =0 n E, <0 na (p2,1].
Crora, Baxu
E, <0 na [0,p1], E, >0 ua [p1,p2] u E, <0 na [pg,1].
Kopucrehn (3.2.8), 3akmpydayjemo ma je
G, <0 ma [0,p1], G, >0 na [p1,ps] u G}, <0 nHa [py,1].

Hakie, dyukuuja G, je nepacryha ma [0, p1], neonagajyha na [p1,pe] u nmepacryha na
[p2,1]. Kopwucrehn jegmakocr (3.2.7), mmamo ma je Gp(0) = Gp(1) = 0. TIpema Towme,
mocToju p3 € (p1,p2), TAKO A BaXKN

Gp <0 ma [0,p3), Gp(p3) =0 u Gp >0 na (p3,1].

Camum M je,
Gp <0 ma [0,p3s] u G, >0 ma [p3,1].

U3 jennakocru (3.2.6), Hamasumo ga je

F]; <0 ma [0,p3] m FIQ >0 ma [ps3,1].
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

Haxke, bynkuuja F), je nepacryha ma [0, p3] u F), je neonanajyha na [ps, 1]. Axo s € [0, p3],
TaJia BayKu

FP(S) < Fp(o)a

M aKo s € [ps, 1], Tama je
Fy(s) < Byl(1) = 0.

[Tpema Tome, ma 6u mokasamm ga je Fp(s) < 0 3a cse s € [0, 1], moBo/bHO je jomt mokasarn
na je F,(0) < 0. [lomenyra HejeHakoCT CJleld U3 HApEIHOI PAa3MaTparba

F0) = 52B(21-2) — [] ()2 Dt
= B (21-2) - fetr T a g a
:é¥B@J—a—B($M@—m,—@
_ I(242(p—2))T(1-2
= 4TpB (%a 1- %) - (p F(QIZp—Q))-‘rS) p)
4 2 2 F(§+2(p—2) F<%>F(1_%)
- 2B (5’ b 5) C 20-2ree-2)r(2)
= 2B(21-2) %;@302@403(;1;)

(4*p)B<3,172) )
ﬂ%&2§[3<wﬂp‘”)—u~&4my

u kopucrehu Jlemy 3.2.6, 3akspydyjemo na je

£, (4—p)B(2,1—§) [B<2 ” 2)> 1 ]<0

= —,2\P — - —

' 25 (2,2(p - 2)) p (p—2)(4—p)

3a cBe 2 < p < 4. OBuM je M0Ka3 KOMILIETHPAH. |

Y HapeHMM pasMaTpambUMa TTOKa3yjeMo fa Baxu HejemHakoCT || H || ap—ar < Sinﬂ-gl 32
P

cBe 2 < p < 4. buhe nam norpebna cienehe O3HATO U eJIeMEHTAPHO TBPhebe.
Jlema 3.2.8 Hexa jex >0,y >0 ua € (0,1). Tada sascu
=y <ay e —y).
Hoxas. Heka je y > 0 dukcupaHo u 03HAIUMO
g(x) = 2% —y* —ay®(z —y),

rae je x > 0. Taga Baxkn

1 1
/ _ a—1 a—1 __
g(x)=ax —ay —oz(xla—yla>.

N3 nperxommor, 3ak/bydyjeMo ma je
g'>0ma (0,y), g <0 na (y,00) u ¢'(y) =0.
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3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

[Ipema Tome, dyukuuja g je pacryha na (0,y) u omagajyha ua (y, 00), OMHOCHO, HATAZUMO
ma je g(y) = max g(x). Cammm TrM, Baxn
0<x<oo

9(z) < gly) =y* —y* —ay* 'y —y) =0,

NI €KBUBAJICHTHO

daceezr >0wuy>0. |

Teopema 3.2.9 ([5]) Hexa je 2 < p < 4. Tada 3a nopmy onepamopa Xuabepmose
mampuue H na Bepemanosom npocmopy AP saocu

T
| H || ap—s Ar EQégﬁjgg-

Hoxas. Heka je f € AP, tne je 2 < p < 4. TloTpebro je mokazarTu 73 BaXKU HEJETHAKOCT

[Hfllar < 5= I fllar. Bes cmamera ommrocru Moxemo upernocrasutu jga je f # 0.
P

Osnaanmo

p(r) = 2MJ(r, f),
rae je 0 < r <1 u HeKa je

x(r) = ¢(r) = ¢(0).

Kako je f xomomopdua dyukiuja y aucky D, mobujamo na je ¢ jenna Heonaxajyha u
mudepentjabunna dynkuuja Ha (0,1) m Baxn ¢ Z 0. Tlpema Tome, dynkuumja x je
neormasajyha u qudepennujadbumna va uarepsaay (0,1). Crora, Baxu

X' >0 una (0,1),

rae je 0 < r < 1. Ha ocrosy jegmakoctn (3.2.1), mmamo ma je

1
Hf(2) = /0 Tif(2)dt,

IpHU 9eMy je

T,1(2) = (@), () = 7=z " 400 = T —pe
[MTraswurre, .
[ H fllar < /O T3 f|| avdit, (3.2.11)
rJe je
r 1 5
ITifllap = —— (/ ]w|p_4f(w)\pdA(w)> . (3.2.12)
(1—t)» \JD
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YV mperxojHOj jeqHaKOCTH je yBenmeHa ciaeneha
o3HaKa

Dy = ¢4(D).

Taxole, Huje TEKO TPOBEPUTH T TAJA 3ATPABO

BazK1 1 1
—t
Di=D(5—75—)
2—-t 2—-1¢
1

omHOCHO, D} je ;LHCK ca HNEHTPOM y TadKh 5—
MOJIYIPEYHUKA 2 . Ca jpyre crpaHe, HeKa je

thz{ze(C:t2<|z]<1}.

Kako Baxn

Ciuka 1.5.1 ¥YMecTo HHTerparuje o

1 _l—t: t t2, ;LHCKyDt:¢t()_D( t’;_z)
2—t 2—t 2—t7 y jeamaxoctu (3.2.12), mpenasumo
10 je Dy C Ry2 (Bugern Cyuky 1.5.1). U3 (3.2.11) ua wirerpanjy no npereny fp =

u (3.2.12), nobujamo ma je 3ampaBo JOBOJBHO
MoKa3aTw J1a Baku cyeneha HejeTHAKOCT

' wP~4 f(w)|P w I%
/pr@) (/R\ P4 () PAA( >>

2

Kaxo je
I = B(2,1-2
sz |l (21-2) Ifllas
= Jo Up(t)dt] f av
1
- fo Uyt (fo ro(r dr)pdt,
141

1
/ P~ f (w)PdA(w) = / P30 (r)dr,

2
L t

nobujamo ma (3.3.1) Baxku, ako je 3ampaso ciaeneha HejeHAKOCT TadHa

/01 Pp(t) </t: T”Btp(r)dr); dt < /01 Up(t) </01 Tgp(r)dr> g dt.

Kopucrehu Jlemy 3.2.8, namaszumo 1a je

fol Vp(t) [(f; Tp?’%p(?”)dr>; — (fol Tcp(r)dr) ;} dt

< % (fol rcp(r)dr)i fo Pp(t) [ftg rP=3o(r)dr — fol rcp(r)dr] dt.

Camum Tnm, Hejeanakoct (3.3.2) Baxu, ako je

/01 %) [/t: el - /01 “P(?")dr] dt <0,

{z€C:1?2 < |2| <1} xoju caapxu

muck Dy, jep je 12 < 74

(3.2.13)

(3.2.14)

(3.2.15)
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3.2.

HOPMA XMWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

NJIN €KBUBaJICHTHO

Jo o(0) J () drde + 9(0) [ [y e) fih =St — [y (t) fi el

< Jy tp(®)

IMoxcernmo ce mga je Fp(s) dynkumja nedummcana y (3.2.5).

mobmjamMo ma je

fol rx(r)drdt.

(3.2.16)
ITpumenom Jleme 3.2.7,

Sy (t) [ rr=3drdt — fol Up(t) [Lrdrdt
= Jy bp(t) 55 dt — & [ by ()t
:%[‘fo ¥p(t) fO ()P 2d 2f0 Up(t dt}
=5 [Tp (%’1_%) Jo %o tzpzdt}
Fp(
S 10)
<0.

Haxue, noka3 mejegnaxkocru (3.2.16), peykyjeMo Ha J0Ka3 HEjeIHAKOCTH

[t [

(3.2.17)

dt < /0 L) /0 (et

Kopucrehu @ybunujesy Teopemy, HAJIA3UMO JIa je

ft12 rP=3x(r)dr

fol rx(r)dr

ft2 rb=? fo
Jo X

Jo

s)dsdr

fmax{s t2} P=3drds

1frnax{s,t2 }p 2
p—2

1

X'(s) ds,

s)dsdr

fo r fo
Jo X' (s)
fol #xl

fs rdrds
(s)ds.

ITpema Tome, ymecro (3.2.17), A0BOBHO je JOKA3ATH 13 BaKU

[

HNJIN €KBUBAJICHTHO

Mebyrum, nperxonna HejeqHakocT je tadna, jep je x'(s) > 03acse s € (0,1) u F,
3a cse s € (0,1), na ocuoy Jleme 3.2.7. Tume je mokas Teopeme 3aBpIIIEH.

5 /01 Pp(t) [1 — max {s,tQ}pi

1— 2
"\ (s)ds,

2} dtds < /Olq,z)p(t)dt/o1



3.2. HOPMA XWJIBEPTOBE MATPUIIE HA BEPTMAHOBUM ITPOCTOPUMA

Hocaeagnna 3.2.10 Hexa je 2 < p < 0o. Tada nopma onepamopa Xuarbepmose mMampuye
H na Bepamarnosom npocmopy AP zadosonasa

T
HH||AP—>AP < Slnj

p

Zoxas. Tepheme cienu na ocuoBy Teopeme 3.2.1 u Teopeme 3.2.9. |

3.2.3 dome orpannueme 3a |H || ar—a» Kaga je 2 < p < oo

3a ogarosapajyhy omeny omosmo omepartopa Xuabeproee marpurie H ua Beprmanosum

npocropuma AP kanma je 2 < p < 0o, KopucTrheMo XunepreoMerpujcke GyHKImje (BugeTn

oarosapajyhy cexkiumjy y yBOAHOj IyiaBu 3a moTpebmHa TBphema u O3HaKe KOje Ce OIHOCE

Ha xunepreoMerpujcke dyukimje). Hanme, mparehin pan [5|, majemo opurmuaman mokas

nejepnaxocru ||H|larar > Tz y catyuajy xaga je 2 < p < 0o. 3a Hemrro apyrauuju
p

TPUCTYT U TPBOOKMTAH MOKA3 MPETXOJHE HEjeIHAKOCTH, KOjU je HeITO KOMILITUKOBAHWU O]
JI0JIe HaBEJICHOT JIOKa3a U 3aXTeBa MPUMEHY HeKWX JIPYIHUX TeXHWKa, Bujgern [14].

Teopema 3.2.11 (|14, 31]) Hexa je 2 < p < oco. Tada 3a nopmy onepamopa Xuabepmose
mampuue H na Bepemanosom npocmopy AP eaocu

s

H|| 4 > .
1H L ap—s a0 > — 57
P
Joxas. Hekaje 1l <y <2<pm
L& (k)
f’Y(Z) = (1 z) P= Z T (1) k'’
k=0 P

3a z € D. Tana, kopucrehu xunepreomerpujcke (byHKIMje, HAKOH jeIHOCTABHOI PAYdyHA,
mobmjamo ma je

T2(1-7)2dAR) =Y

k=0

I2(DT(k+2)k

2 k ok
A= [ a-2) it (33

Ha ocroBy Crupsnnrose dpopmysie, caeau ia je

rE+3)1 1

M kS oo
Tkt2) K krip—a "7

Crora Baxu || fy|la» < 00, jep je 3 —v > 1 v <2 u Baxn lir112 | fy |l a» = co. Kopucrehu
y—

unTerpanny penpesentanujy (2.1.1) (koja Baxkn u y Beprmanosum npocropuma), mobujamo

JIa BazKu
1 dt
wa(z):/ ‘ :B<1,1—7>F<1,1,2—7;z>.
0 (1—t)r(1—tz) p p

[Ipema ToMme,

va(z):I‘<7>F<1—7>§: T2(k + 1) r(wZ)z’f‘

p
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Kaxo je

I?(k+1 1
6D o),
P(k+2-2)1 (k+2) k+1
P p
ca yundopmMHOM KOHCTaHTOM 33 0 < % < 1, mobujamo
T

™ (f4(2) + 94(2)),

p

Hfy(z) =

S

3a ce z € D, mpu gemy je

o T (k42
“”<rﬁg§;éf&)<%<m’

rae, Kopucrehn % < % < % < 1, mMaMO KOHCTAHTY KOja 3aBHUCH CAMO O] P. CamuM TUM,
HaJIa3uMo [, je

sup HQ“/HAP < Cy.
<y<2

Jlakje, BaXXn
1H follar o 7 N follae —llgyllar

| HI| ap— a0 > > =
ol = s [f ]
VKOIUKO ycTUMO 118 Y — 2, 1odbujamo
7
| H || ap—ar > 2
p
U THMe je JOKa3 3aBPIIeH. |

Ha kpajy, mpuMeHoM TPETXOAHO ITO0MjeHMX PE3y/ATaTa HATA3WMO HOPMY OTEepaTopa
Xunbeprose matpurie H na Beprmanosum npocropuma AP kaja je 2 < p < oo.

Hocaeanua 3.2.12 Heka je 2 < p < 00. Tada nopma onepamopa Xuabepmose mampuue
H na Bepamarnosom npocmopy AP zadosonasa
7

H = —.
L = o

Zoxas. Ha ocnoBy Ilocaenutie 3.2.10 n mperxomme Teopeme 3.2.11 nmomazmmo 10 TpasKeHOT
pesyJaTara. |

3.3 XwabepToBa MaTpUIla HA TEXKMHCKNM BeprmaHoBuM
npocropuma AP“

Hemro kacuuje, y neroj rnasu Xuabepmosa mampuus Ha npocmopuma Bepzmarosoz
muna okazahemo j1a 3a oneparop Xujabeprose marpuiie H Koju fejcTByje Ha TEKUHCKAM
Beprvanosum npocropuma, BaxKu

oneparop H : APY — AP® je orpanmuen ako u camo ako je 1 < a+ 2 < p.
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3.3. XMJIBEPTOBA MATPUIIA HA TE2XKTUHCKVM BEPITMAHOBUM ITPOCTOPUMA

[lws oBOr moOTMaB/Ba jecTe onemuBambe HopMe ||H || ap.o_yapa. Kao mro je n ovekmBaHo,
CUTyanmja je HemTo KOMILIMKOBAHU]a y OJHOCY Ha Kaacmane Beprmanose mpocrope (Kom
kojux je o = 0). Pesysrarn osor moryias/ba cy npeysern u3 paja [33] ayropa oBor Tekcra.
Hamomenunmo, 72 ce y 0BOM paay OpBM IyT pa3MaTrpa HOpPMA XWI0EPTOBE MATPHUIE HA
TEXKUHCKUM BeprMaHOBUM MPOCTOPUMA, KOJT KOjUX je o # 0 M ocuM TOTa, H00HjeHa je TavHa
HOpMa y caydajy Kaja je o > 0 u p > 2(a + 2), 20K Cy y oCTanuM ciaydajeBuma go0ujern
napijanaan pesyarari. CJIUYHO Kao KOJ KJIACHIHNX BeprMaHoBUX MPOCTOPA, MOKA3yjeMo
nma Baxku ciejgeha teopema, y K0joj Kopucrehu xunepreomerpujcke pyHKIHMje, HATAZUMO
ojiroBapajyhiy OleHy 0/10370 3a HOPMY oleparopa XuibepToBe MATPHUIE Ha TEeXKUHCKUAM
Beprvanosum npocropuma.

Teopema 3.3.1 ([33]|) Hexa je 1 < a+ 2 < p. Tada 3a onepamop Xuabepmose mampuue
H, xoju dejemeyje na meocunckom Bepemanosom npocmopy AP, eaocu

™

(a+2)m
p

| H L apms ara > —
Sin

Jlokas. Y nokazy (camano kao Koj kaacnmaanx Beprmanosux mpocropa, uamelhy ocrasor,
KOPUCTHMO XWIEpreoMeTprjcke (byHKIM]e U WHTErPATHY perpeseHTarjy oneparopa H).

_
Hanwe, Heka je 1 <y < a+2<pmu f,(2) = (1—2) » 3acse z € D. Hakon jegrocraBHOr
padyHa, T06HjaMo 13 BarKH

v
Hf’Y”APa = (5757044‘2; 1) .

Ha ocroBy Crupsinarose dhopmyie, ciein

I?(k+3) k!
I'k+a+2) (k+1)23

Kaga k — oo.

[Ipema rome, Bazxn || fy|lare < 00, jep je o +3 —v > 1 & v < a + 2 u Takobe, BaxKu

lim ) | fy||ape = oo. Kopucrehn wnrerpamne pempesenarimje omepatopa XuibepTone
y—a+t

MaTPUIlE ¥ XUMEPTEOMETPHJCKUX (PYHKIIN]a, HAJAZUMO Ja je

Hiyz) = /o1 (1 —t)ghél — tz) -7 <1’1_ ;> r (1’1’2_ Z;z> '

Cnenn,
i T2(k +1) F(’“F%)zk
i =r(7)r (1_>z%r<k+2—>r(kz+g) rG) ®
(k+2—f>F<k+ 2) k+1)7
mobmjamo
L) = = (4 (2) 4 9(2))
rJe je

SUP  [|gy[loc < Cpa < 00,
1<y<a+2
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U CaMUM THUM je

sup Hgv”p@ < Cpoa-
1<y<a+2

[Ipema ToMe, 3aK/bydyjeMO Ja BaXKu

HHf”/”APv“‘ > ™ HfWHAT"‘x - HQVHAP’O‘.

Follare = st [/, lane

| HI| ap.c s apo >

Konauwno, ykoauko mycrumo ja v — « + 2, gobujamo
T

(a+2)7?

[ H || apo - ape > —
S11 D

¥ THUMeE je JI0Ka3 3aBPIIEH. |

Curyanuja je HemTo CcjIoXKeHUja yKoauko ce HopMma || H || Ap.o_ap.0 OLEmyje 0103r0.
Tana, y caygajy kazga je a > 0, Baxu cieneha Teopema.

Teopema 3.3.2 ([33|) Hexa jea >0 up > a+2. Tada

(i) Axo je p > 2(a + 2), saorcu

v
2 )
sip (et2)m
p

[ H || Ap.esy Apec <

(ii) Axo je 2a+3 < p < 2(a+2), sascu

atl 7r
| H|| apc s ap.0 <277 T
sin

(iii) Axo je a+2 < p < 2a + 3, savicu

|H]| < (142757 T
AP — AP . (af2)w
S ———

Joxas. Kopuctuhemo cienehy nunrerpanny penpesenrtaiiujy oneparopa H, kojy cmo panuje
M3BOANIN (BUIeTH IpejcTaBbabe (3.2.1)),

1
Hf(z):/o T f(z)dt, z€ D,

mpu demy je Tif(z) = wi(2)f(de(2)), wi(z) = m u ¢u(z) = (1t—t)z' Kopucrehn
WHTerpajaHy HejegHakocT MUHKOBCKOL, 1001jaMo

Sl

1H fllape = ((a+1) fo [Hf(2)P (1 [2*)" dA(2))

3=

— (at+1)r (fD’fOth (1—|z|2)%dt’pdA(z))
(3.3.1)

=

< (at+ D)7 i (oI T ()P (1— [22)° dA(2) 7 dt
- fol T3 f | Ar-ecdt.
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YBohemem GunHeapHe cMeHe KOOpAMHATA W = ¢y(z), Tae je z € D, Hamasumo
1T f e = (1) Jylwi(2)PIf(8e(2))P (1 = [2]7)" dA(2)

= (@t D) fyym rlor @] e (L= lér ()P)” dAGw)

— 2 (0%
= (et ) fym ol fw) (1—‘(111&,}‘) dA(w).

2 (e
) dA(w))

rie je Dy = ¢(D). Tanma je Dy = D (%_t, ;—:’;), rie je D (%—w %—:i) JIUCK TIOJTYTTPETHIKA
1—t 1

5—¢ Ca IEHTPOM y TauKh 5—; KOMIUIEKCHE paBHU. Ca Jpyre CTpaHe, BaxKu

[Tpema Tome, Baxku

3=

2_1

A Y WP f(w |t
T3 f || ape = Py <( +1)/Dt! P f (w)]? (1 ‘(

_t)p

1—tw

1- ’L—t ‘2 ) e
(I-tw - (1=t)*wl?
_ 2tRew—t2—t(2—t)|w|?
- (1-t)*wl?
_ t 2Rew—t—(2—t)|w|?
= 13 aA—0)|w[? :
Cnenn,
at2 g =
tr p—4 » o P
[Tifllape = ———z= | (@+1) [ |wl"7|f(w)[Pg(w)*dA(w) |
(I D
TJe je
2Rew —t — (2 — t)|wl|?
= € Dy.
) DT
Kopucrehnu nejemnakoct
2w|—t—(2—t)|w|?
g(w) < JB%T:%EWQEL
It |w|?—t—(2—t)|w]?
= TP
1—|wl|?

U TIPETIOCTaBKY Ja je a > 0, mobujamo
gr(w)® < Jw| 72 (1~ Jwf?)”.

[Tpema Tome, Baxku

at2_g
HthHAp,as”M((aH) / |w\p-2<a+2>|f<w>|p(1—|w2)adA<w>)p. (3.32)
(1 t) Dy
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Cayuaj (i). p > 2(a + 2). Kopucrehu (3.3.2) u unmbenuiy ga je y 0BOM CJIydajy
jw|P=2(2+2) < 1 3a cBe w € Dy C I, 3ak/mydyjemo ma je

LH_l

1T ane < "y (@ 1) [, 1F )P (1= [w]?)* dA(w) )
(1—t) P

S =

at2 4

g ((a+1) [ [f ()P (1 = [w]?)” dA(w))

(1-t) 7

3=

IN

= o[ fllave.

Ha ocuomy (3.3.1), cieam

at2

1
[H fllave < [y (i Z)audt £l ap.e

= B(221-52) | f|are

= 0 (=2) 0 (1= 22) 1 Lave

= gtz [ fllave.
P

[Ipema Tome, y oBoM ciiyuajy, mobujaMo Jia BazKu

[ H || 4P - ape < —
S1n

(a+2)7 °
p

Cayuaj (ii). 200+ 3 < p < 2(a 4 2). Y oBom cayuajy saxu |w|P~2(22) < L 33 cpe

|w]

w € Dy C D. Tana, kopucrehn (3.3.2), nanasumo ga je

at2 4

tpi « 1 w — U}2 @ w
Tl < o (( +1>/t )P (1— [wf?)® dA( ))

D, Wl

3 =

Hakon Tora, 106mjamo
Jo, el f )P (L= [wl)* dA(w) < f rlf (@) (1= fw]?)* dA(w)
= 2Jy (1=7%)" ME(r, fdr
< 2[R =) M, fdr
2042 [(h (1 — r2)*ME (r2, f)dr
< 20 for(L= ) MY fdr

= 227 o f ()P (1 = [w]?)" dA(w).
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3.3. XMJIBEPTOBA MATPUIIA HA TE2XKTUHCKVM BEPITMAHOBUM ITPOCTOPUMA

Y mperxonHOM MO KopucTmin dnmenuiy aa je My(-, f) pacryha dbynknuja. Tazna je

Tl < 25 (04 1) fo £ )P (1~ ) dA(w)

at1l 242
= 2 p thT?%Hf”Ap’a.

Ha ocnomy (3.3.1), nobujamo

afl T
[ fllare <277 — | fllave.
Sin ———

OpnHOCHO, BaXKu
w
sip (e+2)m
P

atl
HHHAI%Q*)AP@ < 2p

Cayuaj (iii). a+2 < p < 2a+ 3. lupekTHO ce mpoBepaBa Jla BaXKu |w| > ﬁ 34
a+2) < (%)2(a+2)—p

cBe w € D;. Taga, y oBoM ciiyuajy, Hazasmmo ma je |w[P~2( 38, CBe
w € Dy C D. Hame, xopucrehn (3.3.2), nobujamo
tO‘TfQ—l 9t 2(at2) 4 9 %
IZefllare < oy (3577 (@ 1) fp, If@P(L = ) dA(w))
2(a+2)

-1
< 20 T I fllave.
t P (1-t) P

Ca apyre cTpane, BaXXu

2(at2) 2(a+2)
(2—1t) (t+2(1—t)) P
a+2 a+2 - a+2 «a
t P (1-t) P t p (1-t) P
2(a+2) 1 2(a+2) _ 2(a+2) 1
< t.P +2 P (1-t)"»
= a+2 a+2
t P (1—t) P
at2 2(a+2) ety
_ t P ——=-1(1-t) P
= oz +2 P ( )a 3 .
(1-t) » t P

OBJie cMO nCKOpUCTHIN HejegHakocT (T + y)? < 2P 4+ yP xoja Baxm 3a ce x,y > 0 u
B € (0,1). Camum Tum je

tLH_1 2ot 2) (1 t)LH_

p e -1 — p

|Tefllape < | ——F5z +2 7 | Ifllare,
(I—t)» t

u kopucrehu (3.3.1), mobujamo

2(a+2)_1 T
I e < (14257 ) —Z e

sin ==
jep je at2 at2
/1 - dt—/l(l_t)p_ dt = ——
0 (1—15)%2 0 £ sini(at?)ﬂ.
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3.3. XMJIBEPTOBA MATPUIIA HA TE2XKTUHCKVM BEPITMAHOBUM ITPOCTOPUMA

Kownauno, cmenn ma je

2(at2) 4 m
HHHAP’Q—)AP«&S 1+2 » T (et
EIDT

Tuwme je j10xka3 3aBpIleH. |

Konagno, Ha OCHOBY TPeTXOIHWX Pe3y/ITara J0Ja3WMO /3 TadHe HOPME OIepaTopa
Xunbeprose marpurie H wa TexkuackuM Beprmanosum mpocropumva APY) y caydajy Kaja
jea>0wup>2(a+2). Hanve, nmamo cienehin pesysrrar.

IMocnemuna 3.3.3 Hexa je « > 0 u p > 2(a 4+ 2). Tada 3a onepamop Xuabepmose
mampuue H xoju dejemeyje na meoscurcrom Bepemarnosom npocmopy AP saoscu

T
sin (a+2)m
p

[H || Ap.c ap.e =

Jlokas. Tpaxkenn 3aK/bydak JUPEKTHO CJIEIU TPUMEHOM MPETXOJHUX Pe3y/ITaTa, OJHOCHO,
mpumenoM Teopeme 3.3.1 u Teopeme 3.3.2 (i). |

Ocum Tora, NpUPOHO je IPETIOCTABUTH 13 BayKU

‘|HHA7’K¥~>AIL,O = Wy

y omreM cayuajy kajua je 1 < a+ 2 < p. Mehyrum, pasperiaBame Ta4HOCTH je/IHE TAKBE
TMPETIIOCTABKE 3aXTEBa HEKA JIOJTATHA PAZMATPATHA.

YV wmapennoj riaBu mcnmraheMoO OTPAHMYEHOCT OIEpaTopa XujJI0EePTOBE MATPHUIE HA
npocropuMa Memosute Hopme HLT%. Usmely ocrasor, Kao jegny o mocieauna, uMahemo
7 TIPETXOHO HAJAB/HEHN PE3Y/ITAT KOJU Kake ja je omeparop H orpann<deH Ha mpoCTOPY
AP* ako m camo ako Baxku 1 < a4+ 2 < p.
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I's1aBa 4

XujabeproBa MaTpula Ha
ImpocTopuMa beprmanoBor tumna

4.1 Orpann4enocr oneparopa H na HP?® mpocropuma

Llub oBor IOrIaB/ba je NCIUTUBAe OrPAHUYeHOCTH olepaTopa XuI6epToBe MaTpHile
H na upocropuma HP®®. Hauwme, nokasahemo ga je oueparop XuaGeprose marpune H
(kao u omrosapajyhu momudurosanu XunbepTos omeparop H) orpanuden Ha IpOCTODY
HYPP ako n camo ako Baxku 0 < Kpapy =V — o — % +1 < 1. Kao nocaeanIy TpeTXoaHor

pesyiarara umahemo na je omeparop H, kao u omeparop H , OUpaHWYeH Ha TEXKUHCKOM
Beprmanosom npocropy APY ako m camo ako Baxku 1 < a4+ 2 < p u OrpaHUYeH HA
Jupuxneosom mpocropy Dh = AP ako u camo ako je max{—1,p — 2} < a < 2p — 2.
Pesyrraru u3 oBor moryasba cy mybiukosanu y paiay [30] (3ajenauuku pag M. Jepruha n
ayTopa oBor Tekcra). OcuM TOra, mpe HABEJEHNX PE3y/ITaTa, OCTOojan Cy camo oapelenn
MapIujajgan pe3yTaT KOju ce THIy KaJa je orneparop Xuiabeprose marpuile H orpanuden
wa HD'P npocropuma. Hawmme, Jlanyua, Hosak u IMasnosuli (Bugern [38]) cy nokazanu
Ja je omeparop H : HP°>% — HP°%% grpaHWmdyeH aKO M €aMO aKO BaxKW o + % < 1.
Takole, y paany [19], ayropa Tlananonynoca, I'npese, [lenaesa n Cuckakuca cy Joka3aHu
CaMoO TApIKjaJHA PE3YJITATH KOJU CE€ TUYY OrPAHUYEHOCTH MOJMpUKOBAHOT XuabepToBOr
oTepaTopa H Ha TexXUHCKUM Beprmanosum npocropuma APY) kao w wa upuxseoBum
npocropuma Db = AP®. Ocmm nperxosno naBegeHmx HMaprMjaJHUX pe3yaTaTa y OBOj
00J1aCTH, KA0 jeJHa MOTUBAIM]A 33 JIOKA3UBAE MPETXO/IHO HABEIEHOD TJIABHOT PE3yJ/ITaTa
KOjI ce OfHOCH Ha IHTame Kaja je omeparop H orpammuen Ha mpocropmma HL Y,
TMOCIY2KUO0 je u ofaroeapajyhiim pesyntar kKoju ce omHocu Ha Jlubepun omeparop. Hawwme,
JIubepwn omeparop jecre omeparop medununcan Ha ciaegehn HaTwH

5 (k) 7
Lf(z)= —2" 3a f(z)= n)z" € H(D).
f(2) §§k+17 f(z) ;:Of() (D)
Y pany [29] (sajenauuku pag M. Jesruhia u ayropa osor Tekcra) u y pazny [50] (ayropa
M. Tlasnosuha) je nokazano ja je JluGepun oneparop L orpanuden na npocropy HL T
ako n camo ako Baxku 0 < Kp., (3a Bume undopmanuja o JlubepumoMm omeparTopy
BujieTn oArosapajylia mornas/mka y HACTABKY KOja ce Ha mera ognoce). Wwmajyhum y Bumy
0Baj pe3ynaTar, oAroBapajyhm pesyarar KOju ce OJHOCH Ha OrPAHHUYIEHOCT OIEepaTopa
Xunbeprose marpune na HYT” mpocropuma jecre neouekmparn. MehyTum, pesynrar Koju
ce OJHOCH Ha orpaHuveHoct JlubepuHor omeparopa MOCAYKHMO je Kao TJIABHA MOTHBAIIL]a
3a u3BOhEHmE HAIEr PE3y/ITara O OrPAHMYEHOCTH OIMEPATOPa XuI0epTOBE MATpHUIlEe HA
HEP* mpocropuma. Hain riaBnu pesynTaT oBor HoIVIaB/ba jecTe ciejeha Teopema.
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

Teopema 4.1.1 ([30]) Onepamop Xuabepmose mampuuye H je oepanuuen na npocmopy
HEPY gx0 u camo axo easicu 0 < KEpay =V —Q — % +1<1.

atl
Kao mmpextry mocaeauiy Teopeme 4.1.1, mvajyhm y Bumy ga je AP® = HPP v
HAJIA3UMO J1a BaxKH

2
H:Aﬁ’a%A’;’aaKOHcaMoaKOO<V—i+1<1.
p

[Tocebuo, Baxkn
H : AP® — AP® gro m caMo ako 1 < a+2 < p.

HejcrBo MmopunduroBanor Xuyibeprosor omneparopa H, nedpunucanor ca

~ 1 r
o= [ V0 renm)

Ha pocropuma AP w AP (koju ce ozmauasa ca DE) je pasmarpano y [19]. Pasmarpamenm
nokaza Teopeme 4.1.1 3akspyunhemMo 51a 3a1paBo OHA OCTaje HA CHA3U M KaJIa CE ONEPATOP
Xunbeprose marpuite H 3amenu ca cBojom mommdurarnumjom H, ommocro mobmhemo ma
Bazku ciesneha Teopema.

Teopema 4.1.2 ([30]) Modugurosanu Xuabepmos onepamop H je oepanuuen na HE®
ako u camo axo 6avicu 0 < Kp o, < 1.

IIpumerumo yia ce ciwvaH (peHOMEH jaB/ba Kaja Ce MOCMaTpa OIEPATOD TEKUHCKE
Beprmanose npojekimje. Oneparop TexkuHCKe BeprMaHoBe Mpojekiiije je OrpaHuyveH Ha
upocropy LP(D,dA,) ako u camo ako je meroba MOMM(pUKOBAHA BEp3Wja OrPAHIYCHA HA
ucrom upocropy (Bugeru [17, 23, 31, 65]).

V mumy noxkasmsarma Teopeme 4.1.1, mHajupe HABOAWMO HEKOJWKO YBOAHWX PE3Y/ITATA
koju he 6uTn moTpedbHN v n3BOhEIby TOKa3a Te TeopeMe.

Viomuko f(z) = > .07, f(n)z" € DY, tana je Hf € H(D). Ha ocnosy Xapamjese
Hejenmnaxocty 1.2.2 paxku H' C DY'. Ilpema tome, omeparop Xunbeprose marpuie H
je mo6po gedunmcan wa mpocropy H!, maxko muje orpammuen na memy (OH je orpaHmdeH
Ha Xapaujesom mpocropy HP camo ako je 1 < p < 00, Ka0 IITO CMO PaHUje MOKAZHBAJIH).
Crora, y HacTasky, Hajupe oapehyjeMo umjexce p,q,c,V 3a koje saxu HL'TY C Dl
[IpBO, HABOAMMO jOII HEKOJINKO MOTPEOHNX IIOjMOBA M Pe3yaTaTa KOjU Ce Ha IbHUX OJHOCE.

Ako ¢y X u Y npocropm Hm30Ba, KaxkeMmo ga je Huz A = {\,} %, MHOKMIAL U3
npocropa X y mpocrop Y u mumemo A € (X,Y), ako 3a cBaku Hu3 x = {2, }70 ) BaXKH
Az ={A\zp}l,eY.

Takobe, 6uhe Ham moTpebuU U TeHepaaucanu npoctopu Hu3oBa {(u,v). Hawmwve, nus
KOMILIeKCHUX Opojesa a = {a,}02, npumaga npocropy £(u,v), rae je 0 < u,v < 00, aKo
BazKH"

v

o0
lallfuy = llallee = | D larl* | < oo,
n=0 \k€lp

reje lp = {0y ul, ={keN:2""1 <k <2'zan >1 YV crysajesuma Kaga u
WINA U Y3UMajy BPETHOCT HECKOHAYHO, 0/IroBapajyhiy cyMy y nMpeTxojHO HABEJIEHOM YCJIOBY
Memamo ca cympemymom. Ocum Tora Kopuctuhemo u cieaehy HoTaujy. 3ampaso, HeKa je
O<u<oon0<q< oo YKoOIUKO je ¢ < u, Taja MHAIIEMO ¢ * U = 00, a YKOJHUKO je q > U,

taga je - = 1 — 1 TpeGahe nam u crexeha teopema n3 [31].

1
qxu q
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

Teopema 4.1.3 ([31])

(a) Axo je 0 < p <1, mada sascu (HPT* {(u,v)) = l_l_aﬁ(u q*v).

(6) Axo je 2 < p < o0, mada sasrcu (HPY L(u,v)) = (2 XU, q k).

(B) Ao je 1 < p < 2, mada sascu D~™U(p' xu, gxv) C ( * l(u,v)) € D™Y(2%u, gxv),
npu uemy je %—i— z% =1.

Kopucrehu mperxoguy Teopemy, y HapeaHoj Teopemu onpeljyjemo uHmekce p, q, ., vV 3a
koje paskn H)T™ C D1, 3a sume madopmanmja sugerw [29).

Teopema 4.1.4 ([29])
(1) Hexa je 0 < p < 2.
la) Axo je 0 < ¢ < 1, mada sasrcu HYT C DY axo u camo axo je Kpay > 0.
p7 I
y p,q,x 1p1 y
= J2 v = o,V .
(16) Axo je 1 < ¢ < o0, mada easwcu H; C D0 axo u camo axo je Kpq, > 0
(2) Hexa je 2 < p < 0.
y P,q,x 1p1 - 1
—= 2 v = - - T 5~
(2a) Axo je 0 < ¢ <1, mada sascu H, C D" axo u camo axo je v — v >
(

2

26) Axo je 1 < q < oo, mada easicu HY"™ C DY axo u camo axo je v —a > —1.

Zoxas. Cﬂyqaj (1). Y oBom ciyuajy Hajupe mpermoctaBumMo fa Baxu 0 < p < 1. Heka
je f(z) = == 3a cse z € D. Tana kopucrehu Teopemy 4.1.4 manazumo ga je

HPP™ C DWW =  fe (HDT™, DY)

f € (DVHP®> Dby
f e DU (HPee 1Y)

f € DT HP2> ((1,1))

f e Dy+l+l_%_a£(l,q* 1)

R R

D™ e d(1g % 1),

Vrxoauko Baxu 0 < ¢ < 1, tama je g *x 1 = co. Ha ocroBy mperxozmor, ciean 1a je
P.q,0 191 at2—2-v %
HY"" C DUV & {(n+1) P } 066(1,00)
n—=

& sup Y (k+ 1) 7727 < oo
n>0kel,

1
A
& sup 2”<a+P V><oo
n>0
= a+%—1—l/§0

& Kpay >0,

onmocuo Baxku HL P C DU < Kpawp = 0, MTO je u 3a0paBo U TpebdasIo MOKA3ATH.
Ca apyre crpane, ykoauko je 1 < ¢ < oo, Tajia Baxu

gxl=4¢,
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

IIpH 9eMy je % + % = 1. Jlobujamo
1 o
HPSY C DU & {(n + 1)0‘+r2*”} e l(Lq)
n=
s Y[ S E+DTPTTY] <00
n=0 k‘GIn

o0

s Y 2"<a+%4&7”)¢ < 00
n=0

N a+%—l—u<0

< EKpaw > 0.

Hasme, pasmorpumo ciaydaj kaga je 1 < p < 2. Omer ueka je f(z) = flz 3a cBe z € D.

Tana Baxxun HYTY C DY axo u camo axo je f € DYTL(HP9 ('). Ha ocrmoBy Teopeme
4.1.4 paxxu D"P1=(p' x 1,q* 1) C DV (HP9 (1), TIpema Tome, ma 6u ToKasamu Ja
Bazku HY'P* C DY, nosomno je mokasaru ma f € DVT1=(p’ x 1,¢ * 1). Ilpumernmo ga
jep x1=np.

Axo je 0 < ¢ < 1, Taga Baxku g *x 1 = oo. dobujamo

feD = U(p,00) & {(n+1)2"71> € l(p,o0)

& osup | X (k4D br) < 0o
n20 \keln

((a—v=1)p+1)

& sup 2" P < 00

n>0
—y—141
& sup 2n<a v p) < 00
n>0

& a—l/—l—i-%SO

& Kpaw = 0,

mro je m Tpebano nokaszaru. Ca apyre crpane, ako je 1 < g < oo, Taga mmamo g * 1 = ¢'.
Cnemn na je

fe Dqulfoze(p7 o) & {(n + 1)0471/71}20:0 e l(p,q)

= i (Z (k‘+ 1)(a—y—1)p>P e

n=0 \ k€l,
o §2n(<a—u—1>p+1>

/
q

P < 00
n=0
—v—14+1)¢
& sup 2n<a v +P)q < 00
n>0

= 04—1/—1—1—%<0

< Kpay > 0.

1

1— 3acse z € D.

Cay4aj (2). Y oBom ciayuajy umamo jga je 2 < p < oo u Heka je f(z) =
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

Tana, na ocaHoBy Teopeme 4.1.4, Baxku
HPP* C DY =  fe (HD?™, DY)
& fe(DVHPYY Dt
& f e DvTi(HPe )
& feDV T2 1,q%1)
=

{(n+ 1)0‘*”*1}:;0 €0(2,g%1).

Vrxoauko je 0 < g <1, tama je ¢ x 1 = 0o m modbumjamo

HPP C DU & {(n+1)*77 1} € 4(2,00)

D=

& sup ( d(k+ 1)2(0‘_”_1)> < 0o

n>0 \ kel,

& sup 2n(2(a—y—1)+1)% < 00
n>0

& sup on(e—r=3) <
n>0
& a—vV— % <0

= V—az—%.

Ca mpyre crpane, ako je 1 < g < oo, Taga Baxku ¢ * 1 = ¢/ m cavum Tim je

HP™ Cc DY = {(n+ 1)0‘_”_1}70;0 €0(2,q)

n=0 \ kel,

o i < Z (k‘—l— 1)2(au1)> 2 e

00 J
PN E 2n(2(a—u—1)+1)7 < 00

n=0
OO 1Y 7

s > on(o—r=3)d < o
n=0

S a—v-— % <0

& v—a>-1
Tuwme je moka3 Teopeme 3aBPIIEH. |

Kao nmocnenuny nperxogne Teopeme, HatazuMo ga ako je 0 < p <2 u Ky o, > 0, Taga
BaXKH

H: HP9 — 3(D).
Takobe, ako je f € H(D) n fol |f(r)|dr < oo, Tana je

M)

Hf(z) ; 1_Tzdr€H(ID>).

Ocum rora, kopucruhemo dnmenuny 1a ako je s —t =« — fu f € H(D), taga Baxku
1D° fllp.g.a = 11D flp,q,65 (4.1.1)
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

u unmeHuity ma ako je 0 < p < g <oowu f € H(D), ciemn

My(r, fy < — Wl

(1—r)r a

3a mokas nperxonne HejeqHakoctu Bugern [16, Teopema 5.9].
Ca apyre crpare Heka je caga 2 < p < 00, Kpayp > 0 n f € HP® Kopucrehn
jemmnakocr (4.1.1), Hamaszumo 1a je

INFGILS

IN

3 Moo(r, f)dr

[ Moo (r, D" £)(1 = r)¥dr

JEM(r, DY £)(1 = )" dr

S

1 v—3i_q
S oy
<

)

0
o0,

jepjev —a— % > —1. TIpema Tome, Baxku H : HY®Y — H(D), ako je 2 < p < oo m
Kpap > 0 n camum tam je H : HPP* — H(D), jep je HYP™ C HY°%. Tlpumerumo ja
akoje2 <p<oomv—a+3<0< V—a—%—i-l, tana HY'T mmje monckyn ox DAY,
amm unax saku H : HPTY — H(D).

Y pa3zmarpamuMa Koja cJle/le KOPHCTHMO U Hu3 mosuHoMma {V,}02 , KOHCTpyHCaH Ha
caenehn vaunn (Bugeru (31, 47]):
Heka je w dyukimja kirace C°° na R TakBa jga je
w(t)=13at<1;
w(t) =03at>2;
w je omamajyha u nosutusHa Ha nHTepBaTy (1,2).

Heka je ¢(t) = w (£) —w(t) n Vo(z) =14 2z m 3a n > 1, nedurmmmmo

2n+1

Vaz)= > o <2n""1> 2k = ki)@ (2n’“1> 2*.

k=92n—1

[IperxomHO KOHCTPYHCAHU TTOJTUHOMY UMajy cJjeneha cBojcTBa

[e.o]

9(z) = Y (Vaxg)(2) 3a g € H(D),

n=0
||Vn *g”p S CpHng 3a g € HIJ’ p > 07

Wil < 2°(73), 0 < p < 0.

Takohe, 6uhe mam moTpebro caemehinx HEKOINKO TTO3HATHAX JIEMA.

JIema 4.1.5 ([31, 47]) Hexa je 0 < p,q < oo, a > 0 u v € R. Qynuxyuja g € H(D)
npunada npocmopy HLPY axo u camo axo sasicu

o0
22”(”_0‘)qHVn * gl < 0o3a0 < q< oo,
n=0

u axo je ¢ = 0o, mada g € HY° axo u camo axo sasicu

Vo s glly = O (2.
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

4n
Jlema 4.1.6 ([29, 47]) Hexa je n nosumusan ueo 6poj, P(z) = . \p2¥, 20e je {\}
k=n

4n
nus wommaekcnus 6pojesa u Q(z) = 3. log®(k + 1)A\2¥, 2de je § € R. Tada nocmoju
k=n
ancoaymmna xoncmanma C xoja 3asucu camo 00 0, maxea da je
CHQlly < log’(n + )| Plly < ClIQ|p, e je 0<p < co.

JIema 4.1.7 (|31, Jlema 7.3.1|) Hexa je 0 < s+ 1 < b. Tada sasrcu

/1 Mda: < Cop(1 =) rneje 0<t < 1.
0 (].—tSU)b - ’ ’ -

Jlema 4.1.8 (|31, Cras 7.3.2]) Hexa je b > a > 0, ¢ > 0, c—b+a > 0 u nexa je
f:10,1) = [0,00) mepausa pynryuja. ITpemnocmasumo da je 0 < ¢ <1 u f je pacmyha
Pynxyuja usu da je 1 < q < co. Tada sascu

/01(1 —p)r (/01 Wdr>qdp < 0/01(1 _ pytla=bra-lra(yq,

Konauno, npenazumo ma moka3 Teopeme 4.1.1. Hajupe, moka3yjemo jemadn cMep, Tj.
MOKa3yjeMo a ako je omepaTop XmabepTose maTpune H orpammuen ma mpoctopy HLTY,
Taﬂaje0</€p7a,l,:1/—a—%+1<1.

Jloxas umnaurayuje

onepamop H : HY'Y* — HP'T* je oepanunen = 0 < Kpa, < 1,

y Teopemu 4.1.1.

3anpaBo JOBOJHHO je TOKA3ATH JA aKO j& Kpap > 1 mmma Kye, < 0, Taga omeparo
D, P, »

Xubeprose marpune H He mpecinkasa npocrop HLPY y mpocrop HYT®. YV macrasky

Pa3IUKYjeMO BUIE MOTYNHOCTH.

Cayuaj 1. Kpq, > 1 (ekBUBaIEHTHO o + % —v <0).

Axo je f(z) = C (rme je C xoncranra), Tajga Baxu Hf(z) = glog L =CcY nz:r
n=0

Ounrnenno je f € HY?®, Kopucrehn Jlemy 4.1.5 3akmytdyjemo

sup 2"V, « H fl|p, < sup onlv—a=y) 00,
n n

jepjev —a— % > 0. Takse, saxu Hf ¢ HY°% u camnm tum je Hf ¢ HYT | jep Baxmu
HPP™ C HP%. Tlpema Tome, oneparop H ne npeciukasa upocrop HL'PY y npocrop
HP% y osowm cydajy.

Cayuaj 2. kpay = 1.

Cayuaj 2(a). Kpay =1 a+ % —v=0,q=o00.
CanvHO TPETXOIHUM Pa3MaTpHBUMa J00MjaMo

e}

f(2) 110 ! Z < € HP°% ako ! 0
z)=— = 0% ako v —a— — = 0.
2 BT _2 n:On+1 v P

20



4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

Takobe, saxu H f ¢ HY° mro cremn n3

Hf(z) = ;;o (k+11)2 + nZ=:1 ];0 (n+k+%)(k+1)zn

LR Skt
- (k+1)2 n :
k=0 n=1

Cayuaj 2(6). kpa, = 1 (ekBuBaIEHTHO ¢ + % —v=0),0<¢g<o00.
Kopucrehu Jlemy 4.1.5 u Jlemy 4.1.6, 3ak/byayjemo ma pyHKIH]A

1
<5§1+77
q

> i o {11}

, TJie je max< —,
= (n+1)log*(n +2) a q
npunaga mpoctopy HDTY | nox dbyuxmmja

oo 1—¢
log" " ¢(n+2)
h(z) = E n—Hzn Qé H,Ij)’q’a,
n=0
Kaxko Baxn

—~ = log¢(k+2) ~
H = =h 32
00) = 3 G gy = e 32
saKsbydyjemo ga Hg ¢ HYPY.

Cayuaj 3. kpa,y < 0.

Cayuaj 3(a). kpay <0< a+ % —v>1,q= oo
[o.¢]

Hexa je fs(z) = > =

()P 7€ je B > 0. Ckyn {fﬁ 0< B < %} je yEEdOpMHO
n:0 p7w7a
orpanudeH moiackyn ox Hy, , OJTHOCHO,

sup || D fgllp,oo,a < 00 (Jlema 4.1.5).

0<p<3

Axo 6m oneparop H Morao 112 ce IpoJysKNI JI0 OTPaHNIEHOT ollepaTopa n3 mpocropa HE %
y mpocrop H(D), umamu 6u na je

sup |H f3(0)] < o0,
0<p<i

jep je f — f(0) nenpexugan smreapan oneparop Ha npocropy H (D). Mehyrnwm, saxu

HEs0) =3 ot

i lim Hf5(0) =
= (k+1)7+1 "800 f6(0) = o,

IITO je KOHTPAIUKIIN]A.

Cayuaj 3(6). /{p,a7l,<0<:>a+%—1/>1,0<q<oo.

Mzabepnmo 0 < < «, Tako na je kp 3, = 0. Taga Baxn HPP C gD Y cxmany

ca mperxomHuM ciaydajem 3(a), omeparop H He Moxke OGUTH MPOAYXkKEH JO OTPAHHYEHOD
Hpvoo76
omepaTopa u3 mpoctopa Hj,

y npocrop H(D) u caMmum TuM, HEe MOYKEe OUTH POy KEH
JI0 OrpaHuteHor omepaTopa u3 npocropa HL' P y npocrop H(D).

ol



4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

Cayuaj 3(B). Kpa, = 0 (ekBuBaseHTHO o + % —v=1),0< g < o0.
Hexa je

f(z) i - ' {1 1} ce<i4
z) = ————, T/e je maxq —, e < -.
= log*(n +2) q q

[Tpumenom Jleme 4.1.6 mobujamo

o0 _ _ 1
1D flpge = 55 2" 00170 (1 4 2y

n=0
[SS)

_ 1
= 2 rom
n=0
< 00,
jep je eq > 1.
Ca apyre crpasne, pyukiuja H f je nobpo mnedunucana, jep je € > 1, omaxje ciaean

o0

1
7;) (n+1)log®(n+ 2) <o

Cana, noxkaxumo na Hf ¢ HPTY. Ha ocrnosy Jleme 3.3 uz [50] umamo na sasku HLT" C

HP reje B = a+%. Hexka je n mo3suTHBaH 11eo 6poj, Takas qajen > vy = B+n—v.

Tana sasku HSOMP = HY . Tokaxmmo aa Hf ¢ H,"%7 u camum M, nobuhiemo na
Hf ¢ HY"™. Hosomno je noxaszaru ja je ||(Hf)™|cq, = 00. Taxobe, mpuvernmo ma

BakH Kooqn = 0. Kako cy xoedurmjentn (H ) (k) byukuuje (Hf)™ nemerarupm,
namasumo ga Hf € Hyo% (exsusanenrno (H f)(™ € H®%7) ako u camo axo je

A <§2 uﬁ%xw) (1= )" ~ldr < o,
0

k=0
IIITO je €KBUBAJIEHTHO Ca

2k+1_1 e

—

S (S @ | <.
k=0

j=2F

—

Kaxko je (Hf)" (k) < (k + 1)"ﬁ\f(k:), TO je IPeTXOHA HEjJeJHAKOCT eKBUBAJIEHTHA Ca

2h+1_g e

i 9—k(y=n)q Z f]?(j) < .

k=0 j=2k

Taxobe, Baxu H f(j) | 0 kaga j — 00, Tako ja 106ujaMo eKBUBAJIEHTAH YCJIOB

i o—k(-n-1)q (f[\f <2k>>q _ i (ﬁ? (Qk))q .

k=0 k=0
MebhyTum, TpeTxonu yCa0B HEje 33I0BOJ/bEH, jeP BaXKKU

T (oF) — o 1
Hf (2 ) - ]go (2F+j+1) log® (j+2)
= (k+ 1)t
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

o0
Sk s = o,
k=0
jepje (e—1)g < 1. |
Jloxas umnaukayuje
0 < Kp,a,y < 1= onepamop H : HD'?* — HP'TY je ozpanuuen,

y Teopemu 4.1.1.

Hexka je cama 0 < kpq, < 1 (unm ekBuBanentio 0 < o + % — v < 1) u Takobe, Heka je
f e HY?™. Kao mro je panuje jokazano, saxku Hf € H(D). Heka je n mosuTuBan 11€o0
6poj. Ouurienno, Taga je

1 T
M (. (HP)™) < C(n)/O %dr, n=12, ... (4.1.2)

Axo je 1 < p < 00, kopucrehn reopemy Oybunnja, HATAZUMO Ja je

AL

My (p. (Hf)™) < C ’f(r)<21n 0%7",0629!M> o

1 (4.1.3)
< Cf;%dr, n=12....
Y MPEeTXOHOM CMO KOPUCTHUJIU 13 BaXKu
/27F d79 =0 <1> s > 1 (Bugeru [16, Jlema, crp. 65]). (4.1.4)
o |1 —te?| (1—t)s=1 )" ’ ’
Hekaje 0 < p<lmurg = 1 2k za k=0,1,2,.... TlocmarpajmMo camMo TO3UTUBHE I€JI€

6pojeBe n, TakBe 1a je n > 5 — 1. Taga Baxn
1
d P
MP (p’ (Hf)(n)) = < ; <f0 |1 rpel‘e |1;L+1) d0>

P\
e (B )
Tlel\ (4.1.5)
2k ME (ris1,f) \ P
< <Z (1- 7“k+1p)p(]:jfl> >
1

1 ME (r,f)(1—r)P~1 p
¢ (o )"

IN

Y mpeTxoaHOM CMO TOHOBO KopucTmiu (4.1.4) v dautbeHuIy 1a BaxKn

e p [eS)
(Zak> §Zai, rmeje 0<p<lmua,>0 k=0,1,2,....
k=0 k=0

Cayuaj 1. ¢ = 0
Axo f € HY°, na 6m mokasaim na H f € HY°%, nosomno je nokazaTw ma je

My (p, (H)™) = O (1= p)7>7")
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

TJe je n JOBOJHPHO BEIUKU TO3UTUBAH 110 OPOJ.

Cuyuaj 1(a). p = oc.
IIpBo, mpumernmo ma je « — v > 0w

Mos (0. D*1) = O () & Mool ) =0 (1)

Kopucrehn mperxoano u (4.1.2), HajmasuMo 1a BaxKu

Moo (p, (H)W) < C [ 1=000
1 (1—r)”~%dr
S Cf ( 1 7217 n+1
C
S (1_p)n+a7u7 n c N

Hamomennmo ga cmo oBae Kopuctuau Jlemy 4.1.7 m mpeTnocTaBky ma je v — o > —1 &
a—v<l1.

Cayuaj 1(6). 1 < p < 0.
3

3aKJbYIyjeMO J1a BaKW

1
MOO r, =0 T
I ((1 —r)”%—”)

[Tpumernmo 1a je o + % — v > 0 (WK eKBUBAIEHTHO Kp o, < 1). Cana, kopucrehn 4.1.3,
IobmjaMo 1a BaXKmu

My (p.(Hf)®) < C g M=l

17 7L+1

,al
< 0[17“ N Pdrop e N.

Y IPeTxoJHOM CMO KOPUCTHIA J1a je Kpo, > 0. Ha ocmosy Jleme 4.1.7, cienn

C

M, <p7 (Hf)(")) < A= via’

onnocHo, Baxkn Hf € HY ™.

Cayuaj 1(B). 0 <p < 1.
MozkeM0 OpeTnoCTaBuTH 4 j€ 1 > ]%. Kopucrehn (4.1.5) u Jlemy 4.1.7, nobujamo

1
My (p, (H)™) < € (fy MECD0Z )

(1_7‘p)P("+1)*1

1
(1— 7‘)( o 7+V+1) dr\ "
S <f0 (]_ rp)P(n+1
c
S T

Cayuaj 2. 0 < g < oo.
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

IpernocraBumo ma f € HYP wmn expusasento f( € HPGt"—Y npp gemy je
N OBOJBHO BEJIMKN TO3UTHBAH 1eo 6poj. a 6u moxazamm na Hf € HDTY, nosomno je
noxazatu ma (H f)™ € HPaatn=v,

Cuyuaj 2(a). p = oo.
Y oBom cayuajy, kopucrehu (4.1.2) u Jlemy 4.1.8 gobujamo

[(H )2 U atny = fol M (p, (Hf)®™) (1 = pyatnte—)=1q,

Cfo ( 1 M) (1 — p)alnta—r)=1g,

1 Tp)n+1

IN

< C fy M&(p, ))(1 = p)ae=)"Ldp,

Kopucrehn (4.1.1), 3akspydyjeMo 1a je MOCJIeIbN HHTErPAJ KOHAYAH, jep je HHTerpaJl

1
/ M, (p, f(”)) (1= p)elrte==lgp
0

KOHaYaH.
Osre je Jlema 4.1.8 npumemsena y cayuajy a =n+a—v, b=n+1u ¢ = 1. [Ipumernmo
naje a>0,b>as360r @ —v <1 (eKBUBAJIEHTHO Koo oy = ¥V — .+ 1 > 0). Illrasumre,
c=1>0mu

c—bta>0a-v>0rv—a+1<1l& kea,y <l

Cuyuaj 2(6). 1 < p < o0.
Cndano Kao y mperxomHoMm ciay4vajy, kopucrehin cana (4.1.3) u Jlemy 4.1.8, sBumumo ga
BayKH

[N e = Jo M (o, () (1 = pyitete =1

q
1 Moo (r,f)dr nd+a—v)—
< Cfo <fo (1—rp) n{—l—p) (1- P)q( e~ Ldp

< CJi MG - p) ),

[Mocenmu wHTErpas je KOHAYAH, jep je MHTErpaJl

1
/0 Mg (p, ™) (1= pyrre)"1ap

KOHAQ4YaH.
Osre je Jlema 4.1.8 nmpumermena y ciay4dajy Kajja jea =a+n—v,b=n+1— 1% uc=1.
[TpumernMmo 1a je

1
a>0, ¢>0, b—a=v—a——-—+1=kKpa, >0
p

1 1
a—btc=a+-—v>0&kpap=v—a—-—+1<1.
p p

Cayuaj 2(B). 0 <p < 1.
MoxkemMo mpernocTaBuTH Ja je n > %. Canma kopuctumo (4.1.5) u Jlemy 4.1.8. Crenu

' 1 Mo (r, 1-r)P—ldr\ s nt+a—v)—
H Hf )HPQR—I—a v < Cf() ( (1( Ti,))i(n-»—)l) - )p (l—p)‘I( n ) 1dp
< Cfy M&(p, )1 - p)pFpla—)—1g
< 00,
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4.1. OTPAHMYEHOCT OIIEPATOPA XMNJIBEPTOBE MATPUIIE

jep je ,
/0 My (p, f(”)) (1= p)rrte==ldp < oo,

Osze je Jlema 4.1.8 npumemena y cayuajy kaga jea = p(n+a—v), b=pn+1)—1,c=p
u ca % yMecTo ¢. JdobujaMo ja Basku

a>0, ¢c>0, b—a=p—1-—pla—v)>0& Kpa, >0

a—b+c=pla—v)+1>0& Kpa, < L.

Twume je 3aBpirieH J0Ka3 U OBe HMILTUKAIIH]E. |

4.2 IlpumeHa ayaJTHOCTU
Y 0BOM TIOTJIABIbY TIOKA3YJEMO 18, UMILIUKAIN]a
0 < Kpap < 1= oneparop H : H"* — HP®* je orpannden

MOxke Omru jloKazaHa v KopuiihemeM gyagroctu. OBie JajeMo jera/baH J0Ka3 CaMo y
cay4ajy Kaga je 1 < p,q < co. Buhlie nam morpebua n ciaemeha Teopema.

Teopema 4.2.1 ([31,47]) Hexa je 1 < p,q < 0o u nexa cy p’ u ¢ wonjyzosanu excnonenmu

30 p u q, mum pedom. Tada ce dyas npocmopa Hﬂ’i’ , 2de je a > 0 moorce noucmusemumu

ca npocmopom HPTY . OQdzosapajyhe dyaano ynapusarse je damo ca
e o~
= animn),
n=0

2de je [(2) = Y00 f(n)2" € HP9 y g(z) = 320 G(n)2" € HYO,

Joxas umnaurayuje
0 < Kp,a,py < 1= onepamop H : H>?* — HP'T* je ozpanuuen,

Yy cayuajy xada je 1 < p,q < oo .

Heka je f € HD"" u h € Hﬂ’a’l. Kao mro cMo panuje mpuMeTuin, oneparop Xujabeprose
matputne H je nobpo nedpunncan Ha mpoctopy HYT%. Tana Baxu

[(h, DVHf)| = [(Hf,D"h)|
— |ppHE f(z)D’/Hh(z)dA(z)‘
_ ( Du1+1thz ( ))dt’
_ (i Jor 2 Dﬁffff; )dﬁdr) dt
Cfo [F(O]G(t)dt

IN

rae je G(t f | DT h(r?t)| rdr.
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4.2. IMTPMMEHA OJYAJTHOCTHN

Hexka je cama 6 = a+%—%—1/. Kaxo je 0 < OH—%—I/ < 1, To mobujamo —1 < dq < q—1.
Kopucrehu XenmepoBy HejeqHAKOCT, HATAZUMO

1
7

(nDHH < {10 HWdt} (et ma-n-at}
= Clils,

1

npu uemy je [; = {fo |f()]9(1 — t)‘sth} uls = {fo G (t)(1 — )~ dt} Cnemu na je

U=

If < [y M&(t )1 —t)’adt
= [ ML (t, DV f) (1 — t)datevd
< Cfy M (8,D¥ ) (1 - 1) 5y
= C [y M (t,D"f) (1 — )9 dt.

Opnocno, saxku Iy < C||DY ][, -
Jame, onemyjemo Iy, Moxkemo mucaTn,

Igl = Iy + 129, (4.2.1)

L 1 q
121—/2 (/ \D"“h(r?t)\rdr> (1—1)7%dt
0 0
1 1 q )
Iy = / ( / ‘D”“h(er)‘rdr) (1= 1)~ gy,
1 0
2

Huje Temko et na Baxu

e je

Iy < CMg;(%aDVHh)
/ (4.2.2)
< C [y ME (t,DV*1R) (1 — )=+ g,

OBze CMO WMCKOPUCTUJIN YHUHLEHUILY 13 je Mg; (t,D”+1h) pacryha dyukmuja, jep je

yrxmmja Mo (¢, DYT1h) pacryha.
V nacrasky, omemyjemMo Iog.

e = [i g (J[D7+ngs \ds) (1— )% dt

1 t v+1 q B —5q’'
< f% (fo M (s, DV*'h) ds) (1—t)"%qt was)
< (P M (1 5. D7) ds) " (1 1) at
B Cfo Mgo (t,DV'Hh) (1-— t)—5€/+q’dt.

Y IpeTxXoaHOM CMO MCKOPHUCTHUIN HejeTHAKOCT

(L som)

m

(1-— t)k_ldt < (%)m /1 (o(1 =)™ (1 — t)m-&-k—ldt7
0

o7



4.2. IMTPMMEHA OJYAJTHOCTHN

rie je ¢ HemerarusHa (ynkumja Ha wHTepBany (0,1), 1 < m < oo m k > 0 (oBo je
crienmjasian cydaj jeiHe BapujaHTe KiaacudHe Xapjanjese Hejeganakoctu (Bumpern [19, crp.
242| u omrosapajyhe pedepenre Koje cy TaMo HaBeJeHE)).

Kopucrehin (4.2.1), (4.2.2) u (4.2.3), nobujamo na je

!

I < C [} MZ (t, D" IR (1 — )97+ g
< O Jy MY (6, D" R) (1 - 1) =3 gt
= O [} MY (1, Don) (1 — )0 T gy

)@
) (1—t)7Ldt

= Cf MY (t Dtep

pq’l

[Ipema ToMe, BazKm

[(h, D"H f)| < C[|D" ]|

p,q,& | p,q 17

u camnm tum je ||DVH [, , < 0o, na ocnosy Teopeme 4.2.1, ognocno, ciean fa Baxn
Hf € HP®. m

Ha 6u mokazamm ga je oneparop H : HOT* — HpZ"* orpanmuen, rae je 1 < ¢ < 00,
y cayvajy Kaja saxn 0 < a — v < 1, MOXKeMO IOCTYIHTH Kao y IPETXOJHOM DasMaTpatby

y3 Kopumheme AyaaTHocT (Hllfa1> = H°%* (pugeru |1, 31]). V cayuajy kama je p =1

1l < g < 0o, MOXKEeMO KOPUCTUTH JyaJHOCT (Hff’r’g’l) = HY%% (gugern [1, 31]).

Y OpeTXoAHUM TJaBaM HCITATHBAIM CMO TOHAIIAMEe OlepaTopa XWIO0epTOBe MaTpUiie
Ha HEKUM KJIACUYHUM TPOCTOPHUMA XOJA0MOpPGdHUX (DYHKIN]a HA jeJUHUIHOM IUCKY. Y
HaCTaBKY TPOIIUPYjEMO TIPETXOIHA pa3MaTparba, TaKO IITO HEKe O HAIINX ITPETXO0THO
MTOMEHYTHUX IPOCTOPa xoioMOpdHNX (HYHKITNM]A HA JeANHUIHOM JUCKY CHAOIEBAMO Ca HEKOM
JIOTAPUTAMCKOM TeXKMHOM. Jlakje, y HapeIHOj IVIaBU UCIUTYjEMO oreparop XuabeproBe
MaTpUIle Ha JIOTAPUTAMCKO TE€2KMHCKUM IIPOCTOPUMA.
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I'maBa 5

XujabeproBa MaTpula Ha
JIOTAPUTAMCKO TE2KMTHCKUM
ITPOCTOPHUMA,

Cepxa OBe IjlaBe jecTe WCIUTHUBAIE JEjCTBa Omeparopa Xwujibeprose marpuile H Ha
HEKUM O] KJIACHIHUX MPOCTOPA X0JOMOP(MHUX (DYHKIN]A HA JEIUHUIHOM AUCKY, Al KOju
cy cuabaeBeHU ca JIOTAPUTAMCKOM TeXuHOM. Hawmwme, mokaszahemo na ako je o > 2 m
0 < e < a— 2, Tana oneparop XujabeproBe Marpuile H mpecivkapBa JTOTapUTaMCKO

rexxuncKr Beprmanos npocrop A2 .y mpocTop Al20g°‘_2_5' Taj pesyrrar jecte yommmreme

log
IMPETXOHO MO3HATUX pedyarara. J3ampaso, y paxy [38] (J/lamyua, Hosak, IlaBnosuh)
jecre moka3aHO Ja y Ciay4ajy Kaja je o > 3, omeparop H mpecinkaBa JIOrapUTaMCKO
TEXWHCKHU MTPOCTOP A?Oga y Beprmanos npocrop A2. Ca japyre cTpame, TTOKA3aHO je ja
Baxu H : A%Oga — A% my cayuajy xaga je a > 2 (sugern [28], zajesamaxn pasg M. Jestuha
u ayropa oBor Tekcra). Taxole, mokazaliemo ma ce 3a cBe o € R j10rapuTaMcKo TEXKUHCKH
Broxos mpoctop Bjgge, oneparopom XunbepToBe MaTpHIle, IPECINKaBa, y TPOCTOP Bloga+l
(Ha oBaj HaumH cy Takohe yOIIITeHH HEKW OJroBapajyfin pesyaraTd W3 HETOT MOrJaB/ba
pasa [38]). Ocum Tora, oneparop Xunbeprose marpune H, 3a cse o > 0, upeciaukasa

JIOTAPUTAMCKO TEXKUHCKN Xapau-BJoxos mpocTop Blloga y IpoCTOop Blloga—l’ Ipu 4eMy 3a

cBako € > 0, nocroju dhynakiuja f € Blloga, TakBa 1a je Hf ¢ Blloga*Hf‘ CBu pesystaru u3

OBe [VIaBe Cy OpUrMHaJHU U 11ybaukoBaHu y paiy [32] ayropa oBor Tekcra.

5.1 Heku nmomohau pe3yararn

Y oBOM nomiaB/by JlokazaheMo HEKOJUKO YBOJIHUX M MOMONHUX pe3yiraTta Koju he Ham
OuTH O KOPUCTH y PA3MATPABLUMA KOja CIeie.

Jlema 5.1.1 Hexa je « € R uwa > 2. Tada saorcu

o 1 o
/ teetdt < 0,284
1 a

oga

npu wemy je Cy Koncmanma xoja ne 3a6ucu 00 a.

Jlokas. (1) Cnayaaj a < 0. Crean na je

o0 o0 1 (0%
/ t%tdtglog“a/ etdr = 28 4
I

oga loga a
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5.1. HEKN IIOMOTHN PE3VYJITATU

(2) Cinyuaj o > 0. Ilpumenom maprujasHe WHTETpaIje T00MjaMo Ja BasKu

00 —t
flogat% dt

log a +O‘flog to— 1 ftdt
- 10% L4 alBt fa(a—1) [ 1072 dt
< Calog a+a flgata 2 _tdt

Hacrasmajyhu nperxoann nocrymak, go0ujamo ma je

o] _ log® 1 _
Jogattefdt < CoBt +a(a—1) .. ) fiogat*” bt
o a—|al— 1
< Gt a(a—1) -...-(a— M)“’g -
< Cple
rae je |« najseliu neo 6poj Koju He mpenasu «. [

Kopucrehu nperxomsy jgemMy moja3zuMo no ciaegeher KOpucHOT pe3y/IraTa.

Jlema 5.1.2 Hexa je a € R u nexa je n wenezamuean ueo 6poj. Tada sascu

1 a
2 1 2
/ r’ log™ dr = 28 (n+ )’
0 1—r n+1

npu wemy je odzosapajyha Koncmanma nesasucka od n, 00nocko, nocmoju Koncmarma Co,
HE3ABUCHA 00 N, MAK6a Ja je

1 log“(n+2) ! log®(n +2)
= S oo™ ar<(C,—————=~.
Co n+1 _/OT 8 =t n+1

Jlokas. (1) Cnyuaj o > 0. Hajupe, nanasumo ga je
1 2 1 2
Jo 7" log® =-dr > fl_%ﬂ " log® y=-dr
> log®(n+2) fll_# r’dr
n+1
log®(n+2 1

= Ogng:ll b1 (1- THWH)
> Clogo‘(n+2) )

n+1

Ca apyre crpane, kopucrehu Jlemy 5.1.1, nobujamo ma Baxkwu

fllfL T‘nlOga &dr < flii logo‘ &dr

n+1 n+1

— oo —1
- 2flog(2n+2) t%e™"dt

2 fiog(nia) L€ tdt

< C log®(n+2)

IN

o n+1
u
1— L 9 1——L_
Jo "t rlog® =dr < Cylog®(n+2) Jo "Trtdr
- C log®(n+2) 1 ntl
- o n+1 n+1
< C, lognstLl—l-Q).
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5.1. HEKN IIOMOTHN PE3VYJITATU

[Ipema Tome, cnemn na je

1 a
2 log®(n + 2)
"log® —=—dr < Cp2 T2
/OT & T =T

(2) Ciyuaj a < 0. Heka je ¢(r) = rlog® %, rie je 0 < r < 1. Taga je ¢ HeHeraTuBHA,
neonazajyhia dyukimja na narepsasy (0, 1] u Baxwu

£ (r) < p(tr) < to(r),

za cee 0 < t < 1. Kopucrehu Jlemy 4.1 u3 [41], nobujamo aa je

1 1— 1
/ 7“"7(’0( 7ﬁ)dT =@ <>
0 1—7r n+1

1 (e
2 I 2
/ r" log® dr =< 0g®(n +2)
0 1—r n+1

Konauro, BaxXn

)

1ITO je u TpebaJsio JT0Ka3aTH. |

Cneneha reopema je mocnemuita Teopeme 2.31 na crpanu 192 kiacuane mMoHorpadimje
[67], crora he meH mokas OGUTH W30CTABIHEH.

Teopema 5.1.3 ([67]) R
(a) Ba cee a € R, Tejaoposu xoepuyujernmu F(n) dynryuge

3a0080.5G60]Y, R
F(n) <log®(n + 2),

npu wemy je odzosapajyha woncmanma nezasucra 00 m.
(6) 3a cee a € R, Tejaoposu xoedpuyujernmu G(n) dynryuje

G(z) = log®
(2) = log® -—,
3a0060.5G60]Y, )
N log®™ 2
G(n) < 08 T (n + ),
n+1

npu wemy je odzosapajyha xwoncmanma nezasucra 00 .
Kopucrehu nperxogay Teopemy 1071a3UMO 10 jOIIT jeTHOT KOPUCHOT TBphema.

Jlema 5.1.4 Hexa je a € R u nexa je k nenezamusan ueo 6poj. Tada eaoscu

i log®(n +2) _log®™(k+2)

“n+1)n+k+1) " E+1 7

npu wemy je odeosapajyha woncmanma nezasucna 0d k, oduocno, nocmoju xonemanma Cy
HesasucHa 0d k, maxsa da je

1 log““(k‘—l—2)<i log*(n+2)  _ log®t(k + 2)
Co k+1 n+1n+k+1) - % Ek+1

n=0
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5.1. HEKN IIOMOTHN PE3VYJITATU

Jloxas. Kopucrehnu Jlemy 5.1.2 u Teopemy 5.1.3 (6), gobujamo 1a Baxu

log®t(k42)  _ 1l k. o+l 2
ot = for log =dr

o0
— Lk log®(n+2) n
= Jor Zo o rtdr

00
o log*(n+2) rl nik
= X S Jorthdr

n=0

log®(n+2)
- ngo (n+1)(n+k+1)°

mpu demy je ogrosapajyha xoncranTa HezaBuCHA O k. |

5.2 Omneparop H Ha jJorapmraMcCKO TE€>KHHCKHM
BeprmanoBum mpocTopuma

Heka je o € R. Tama gedunnimeMo JOrapuTaMckKo TeXKMHCKH BeprMaHoB mpocTop

A

2
loge Ha ciaenehu nauu,

2
K = {1 €H®): 111, = [ 17 108" 2 aa0) < .

[Ipnmernmo 1a je A%Oga C A?3aceea>0n A120g0 = A2

~

Jlema 5.2.1 ([28, 32]) Heka je « € R u f(z) => 07 f(n)z" € A%Oga, Tada saorcu

N (7 2log” (n 4 2)
AZ‘f(”ﬂ Tarl

e

111132

n=0

npu wemy je odzosapajyha xoncmanma nesasucha od uzbopa pynxyuje f, odnocro, nocmoju
xoncmanma C' Hesasucha od usbopa dynrxuyuje f, maxea da je

*(n+2)

— < E <C .
C’HfHA?og“ _n:o’f(n)| n+1 — HfHAlzoga

~

Hoxas. Ilpumenom Ilapcesanose dopmyne na dyuruujy f(z) = Y .o f(n)z" € Afoga u
npumenowm Jleme 5.1.2, magazumo 1a je
& 1 o @
~ 2 ~ log®(n + 2)
2 2 n « 2

= n r"lo dr < n)-———=

13, = ST [ 1 0g 2dr < 3 1) P2,
mITo je m Tpebasio JoKa3aTH. |

Cajia ¢cMo MoryhHOCTH J1a ONAIIEMO MOHAIIAKE onmeparopa Xuibeprope marpuile H Ha

%Oga, Kaga je a > 2. Creneha

TeopeMa yominTasa ofropapajyhe pesyrrare u3 pajgosa [28]| u [38].

JIOTAPUTAMCKO TEKUHCKUM bBeprmManoBuMm mpocTopuma A
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5.2. JIOTAPUTAMCKO TE>XKMHCKN BEPI'MAHOBU ITPOCTOPN

Teopema 5.2.2 ([32|) Hexa je a > 2 u 0 < e < o — 2. Tada je onepamop Xuabepmose
mampuye H dobpo dedpunucan na aozapumamcro mestcurckom Bepemarnosom npocmopy
A%Oga U BPECAUKABA 20 Y NPOCTNOP Alzoga,z,a,

Hoxas. Heka je f(z) = >.07, f(n)z" € Alog Tama, wa ocuoBy Komm-IIIsapriose
HEjeIHAKOCTH, 3aK/bydyjeMO J1a BaKU

2 f(n) log®(n + 2) 2 (= 1
nZ:On <Z|f = n+1 ) (nz:o(n—l—l)loga(n—l—Q)) < %,

jep je a > 2. Ilpema Tome, oneparop H je nobpo JneduHucan Ha TPOCTOPY Alog Ca npyre
crpaue, kopucrehu oner Kommu-IlIsapuosy mejemraxkoct u Jlemy 5.1.4, nobujamo ma Baxku

N

o a—2—¢ n
1Hf]1% = ZHHﬂ)P5¥m%ia

logo‘7275 n=0

_ f(k)
- z]znfm

2
log® ™27 (n+2)

n+1
n=0
|F (k)[2 log® (k+2) log®~27¢(n+2)
< HZO kZ kil 2 n+k+1 2 (F+2) ntl
o0
271012 log® (k+2) log® ™27 (n+2)
< kzo PG Z Tl ey Z (D) (n+k+1)
a—1l—¢
< CIlf|2 log (k+2)
> ||f”A120ga kgo 10ga(k+2) k+1
_ 2 v 1
= CHfHAIQOgD‘ ]C;() (k+1)10g1+5(k+2)
< 0.
Camvum tum, coreqn ga Hf € Alzoga_Q_E. [ |

5.3 Omneparop H Ha jJorapmTaMcCKO TE€>KHHCKHM
BioxoBum mmpocTopuma

3a a € R norapuramcko TexkuHCKE Bioxos mpocrop Bioge Aedunumne ce Ha ciaenehn
Ha4YUH

Buoge = { £ € D) s 171 - 1) = 0 (1o 2 ) .

Hopwma y npocropy Biege naTa je ca

£ 1B1oge = 1£(0)] +sup!f( )1 = [2]) log™* ——.
zeD I ’Z‘
OcuM Tora, IpUMETHMO 13 je Blogo sarpaso Bioxos npocrop By~™ = B. Caezneha reopema
onMCyje ToHamame omeparopa XuabeproBe marpuiie H Ha JOTAPUTAMCKO TEKWHCKIM
Bioxosum npocropuma Bioge 3a cse a € R. Ocum Tora, oHa yonmTaba IIPeTXOIHO
nocrojehe pe3ysnTare KOju ce OMHOCE HA [1€JCTBO XWIOEPTOBE MATPUIE HA JOTAPUTACMKO
TeXKUHCKUM TIpocTopuMa Bioxa (Bugern [38)).

Teopema 5.3.1 ([32|) Hexa je o € R. Tada je onepamop Xuabepmose mampuye H dobpo
depunucar onepamop na npocmopy Bioge u npecaurasa 2a y npocmop By o+t
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5.3. JIOTAPUTAMCKO TE>XKMHCKMN BJIOXOBU ITPOCTOPN

Jloxas. Ha ocuoBy Teopeme 2.1 (a) m3 [49], mamasumo ma ako je dyskmmja f(z) =

Yoor o f(n)z™ € Bioge, Tana Baxu Y., ‘{L(fl)l < oo. Crenn ma je oneparop Xuabeprose
marpune H 1o6po gedunucan oneparop Ha mpocTopy Biege. Ca apyre crpame, meka je
[ € Bioge, Tpu deMy 06e3 cMamera ONIITOCTH, MOXKEMO JOJATHO IPETIOCTABUTH Ja je

f(0) = 0. Tapa, upumenom Jleme 4.2.8 uz [65], gobujamo ja Baxku

1—wz

3a cBe z € D. Takobhe, umamo jia je

k’z‘Qn 1
dA(z) = ——
/D 1-2 (2) n+k+1’

3a cBe HeHeraTuBHE 1ej1e OpojeBe n u k. Ilpema Tome,

’Z‘Zn .

H .

/]D)f(Z)l—Z Zn+k+1 f(n)

Crora, Baxu
HIm)| = |fy /()2 dA)
w w 2n
- ‘f = )1 o f]D) (1—- wz|)2 1- z)dA( )dA(w)‘

— % fol T2n+l f027r (I_ETeie)%(l_re,Z'g)dadrdA(w)

- le fl 2n+1

drdA(w )‘

17”2 )2

IN

Cf |f (1 ‘w‘ fO |1 2:;1‘2d7”d14( )

|w]

IN

¢ f, 2 T drd Aw)

Jw]

Og 1—|w

1 on
= Cfy 2+1fmmd,4( w)dr

n 21
= Cfol 2n+1 fO log 2 0 Wd@dpdr
< Cfol r2ntl fol =z, log” dpdr
= Cfo log® =5 J, 127;,;

OcuMm Tora, BaxKu

1 N & pk
dr = _.
/0 1—7rp kZ:On—i—k—i-l
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5.3. JIOTAPUTAMCKO TE>XKMHCKMN BJIOXOBU ITPOCTOPN

Camvum tum, kopuctehu Jlemy 5.1.2 u Jlemy 5.1.4, nobujamo

— o0 1 a
|Hf(n)| < Ckgoﬁfo plog® $25dp

= log® (k+2)
< C 2 mnmrin
k=0
log®*!(n42
= ¢ . n—‘r(l )

CaMum TUM, BaxKu

((Hf) ()] = |3 nHf(n)"™

o
< C> niﬂlogo“"l(nJr2)|z|”_1
n=1
(o]
< O3 logmt(n+3)|I"
n=0

< C Y log®(n +2)|z|™

n=0

Kopucrehn Teopemy 5.1.3(a), ciean

1
1=z

2 o0
log®™! = = ZlogaH(n +2)|z|".

n=0
Konagmo je
(Hf) ()] < C 3 log*™H(n+2)[2]"

n=0

IN

1 atl 2
le\z| log =]

Opnuocno, saxu Hf € Byya+1. |

5.4 Omneparop H Ha JlorapuTaMCKO TE€>KWHCKUM
Xapan-bBiaoxoBuM mmpocropuma

Hexka je a € R. Taga medpununireMo JorapuTaMCcKo TEXRUHCKYE Xapan-Bjoxos mpocTop
« Ha ciegehn HaUWH,

B

1
log

2

Bl = {1 €MD) 17l = 1700+ [ 17 10g 12 A < o0

Axo je a = 0, Taza je Bllogo Xapau-Baoxos npocrop Bé’l. Takolje, npuMeTnMoO 18, aKO

je a > 0, taja Baxu Blloga C Bé’l C H' n ako je f(z) = Yoo f(n)z” € H', Tana je
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5.4. JIOTAPUTAMCKO TEXKMHCKWN XAPJAN-BJIOXOBU IITPOCTOPU

Yoo ‘n(fl)‘ < oo (ma ocnory Xapmaujese mejemnakocrn (1.2.2)). ¥V macrasky pasmarparba

071 KOPUCTH HAM MoxKe O6utn cieneha Teopema Koja je mokasana y [49].
Teopema 5.4.1 ([49]) Heka je o > —1 w nexa je f(z) =Y 7, F(n)z" € H(D), npu uemy
saorcy, f(n) | 0 kada n — oo. Tada

[e.o]
~ log¥(n+2)
€ Bl ,a E ——— < 00.
[ € Bygga axo u camo axo nzof(n) ] 00

HImasuwe, nocmoju koncmanma C nezasucna od pynxyuje f, maxsa da je

l n
Zf PE L) < O gy

log™

*Hst

log™

Teopema koja cienu ommcyje moHamame Xuabeproe marpuie H Ha jorapuraMcko
rexxuackuM Xapau-Biaoxosum npoctopumva. 3a uiie nHopManmja BugeT [32].

Teopema 5.4.2 ([32]) Hexa je a > 0.

(a) Tada je onepamop Xuabepmose mampuue H dobpo dedunuan na npocmopy B o u

log®™
NPECAUKABA 20 Y NPOCOP Blog‘kl'

(6) Axo je f(z) = 7, F(n)z", npu wemy saocu f(n) | 0 xada n — 0o u Yoo flfl) < 00,
ma@aHfEB a1 nosaauu f € B}
log
esyamam uz deaa () je najboru mo2yh y cmucay da 3a ceaxo € > 0 nocmoju Pynxyuja
P %) 1i] h d 0 ] '
f € B o, maxea da easicu Hf ¢ Blog
%0 je a < 0, mada ce onepamo He Modice NpowUpumu 00 Henpexudnoz onepamopa
(r) Ako j 0, mad pamop H powupumu do renpexud pamop
u3 npocmopa Bl o y npocmop H(D).

log™ *

log a—1l+e-

log
Hoxas. (a) Ha ocnoBy Teopeme 2.1 (6) u3 [49], umamo ga ako f(2) =7 J?( )z" € Blog ;

a > 0, Tama je Y 7, |£(f1)| < o0o. Camum Tuwm, omneparop H je jmobpo nedbunucan na
Bllogo‘ Ca gpyre crpame, Heka je f € Bloga, npu geMy 06e3 CMaiberba OIIITOCTH, MOMKEMO

upernocrasutu ja je f(0) = 0. Tana, va ocroy Jleme 4.2.8 u3 [65], nobujamo ja Baxkn

/f/ 1_|w‘ )dA(w),

1—wz

sa cge z € D. Hexa je S = [p [(Hf) (2)[log® _1 dA(z). Tanma, kopucrehin WHTErpaIHy

IZ\
pernpe3eHTalujy orneparopa XuaberoBe MaTpHUIe H f(z) = 01 1f ®) dt, Hayjazumo Ja je

S < f]D)fo = tz|2 log® 113|z‘ (2)

- fJD)fo = tz|2

fo(wllwr)v\ )dA( )lloga 11 MdtdA( 2)

< CJp L 1 ‘w‘)f log® ™! 1—2|z\ fol |1—tz|2|1 thdA( z)dA(w)
< oyl }‘w“ fo b o™ 2 dA(:)aAw)

< CJp ‘f;w| |fD = Zw|2 log®~! %MdA(z)dA(w)

< O fp Ll mlogo‘_ll—frdrdfl(w)

< O fp LN [t log® ! (2o drd A(w).
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5.4. JIOTAPUTAMCKO TEXKMHCKWN XAPJAN-BJIOXOBU IITPOCTOPU

Kopucrehnu Jlemy 5.1.2 u Teopemy 5.1.3 (6), cienu na je

1 - & 1 -
fO 1—71”|w| loga ! 1Erd7“ = ZO ’w‘n f(] r loga ' 1zrdr
n=

Oola1+2
SED O

n=0

[Mocaeanano, mobujamo ma BaxKm

S < CIID) |f/1(uw)| 1Oga

< O [y 1f (w)|log” 35 dA(w)
< 00,

onHOCHO, mMaMo 1a H f € Blog _1-

(6) Baxu Hf(z) = X_:OHf(n)z”, upu gemy ﬁ\f(n) Z n+k+1 1 0 kaga n — oo.

n=
Tama, kopuctehu Teopemy 5.4.1, HATA3UMO 118 BAKH

log® Y(n +2)
n+1

Y

1 fls = Z_%Hf(n)

npu udemy je ojaroeapajyha koncranta uesaBucHa oy dbysknuje f. Ca apyre crpane,
ropucrehwu Jlemy 5.1.4, nobujamo

log* '(n+2) _ F(k) log®~!(n+2)
Z Hf( )% - Z nt+k+1 : n+11
log®~1(n+2)
— A D) (n+kFT)

I

I M8H 8 ﬁM
kﬁ>
M

7 10g (k+2)
( ) =T

[Ipema ToMme, BazKm

(

oo
log (n+2)
H = _—
LHEIRED WIDES oo

npu uemy je oxrosapajyha koHcranTa HezaBucHa on gyHKimje f. Taga je
log®(n + 2
> f ) <o

u kopucrehu Teopemy 5.4.1, 3akmyuyjemo na f € Blog

(B) Heka je ¢ > 0 u nedunmEmMO f(n) = 3a cee n > 0. Tana Baxn

loga+1+e/2 (n+2)

Yoo {l(g <oowu f( )} 0 kaga n — oco. Taxobe, nHamaszumo ga je

log n+2 0g® ¢ (n + 2)
Zf <00 Zf W =
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5.4. JIOTAPUTAMCKO TEXKMHCKWN XAPJAN-BJIOXOBU IITPOCTOPU

Heka je f(2) =>.,", f( )z, Tama f € Bloga Ha ocHoBy Teopeme 5.4.1u Hf ¢ Blloga,pra,
jep 61 y CympOTHOM BazKUJIO

< 00,

i log™*(n + 2

n—+1

Ha OCHOBY jiefa (6) oBe Teopeme, MITO je KOHTPAIUKIIH]A.
(r) Kaxo Baxu Bl o C Bllogﬁ 3a cBe § < a, TO MOKeMO y3eru ja je —1 < o < 0. Heka

o0 Zn
2= nzo log(n+2)

3a cako r € (0,1) dynxuuja f.(z) = f(rz) npunama npocropy H (D) u ma ocrosy Teopene
5.4.1, ckyu {fr:7 € (0,1)} je orpanmuen y npocropy B o. Ca apyre crpane, Baxku

log
je cama

log
k

Hf (0 1.
Il kzzo k+1logk+2)_>oo xama 71

OBO je y KOHTPaWKIM]H Ca YUIeHHIOM Jia ako je ckyn X C Bl . orpammden u ako je

log
H orpanndven Ha Bloga, taga je n ckyn {H f(0) : f € X} orpanuuen, jep je dbyHKImoHa
h — h(0) menpexuman wa npoctopy H(D). Tume je q0Ka3 KOMILIETHPAH. |

IMocaenuua 5.4.3 Hexa je « > 0 u f(z) = ZZOOJ/C\( )2", ede je ]?(n) > 0 3a cee

nerezamueHe yeae bpojese n, NPu wemy Gadcy y o {fg < 00. Tada
oo
~ log®(n+2
Hf e Bllog"“l AKO M CaMO aKO Z f(n)gql:_;u < 0.

n=0
HImasuwe, nocmoju xoncmarma C Hezasucha 00 usbopa dynryuje f, maxea da je

[e.o]

1 log (n+2)
Sl <X Fn=E = < clitflg

Joxas. Baxmu ﬁ?( ) = Z n+k+1 1 0 kama n — oo, jep je f( ) > 0 3a cBe nese 6pojese

k > 0. Caga Tpaxenu AOKaS ceay upekTHO u3 aokasa gena (6) Teopeme 5.4.2. |

IMocnenuua 5.4.4 Hexa je o > 0 u nexa je dynryuja f(z) = 00, f(n)z” € H(D), npu
YeMY GAIICU

< oQ.

i log (n+2)
= n+1

Tada Hf € Bllogw*

Jloxas. Heka je x, = Re f(n) Yy, = Im f(n), 3a cBe HemeraTusHe Tene Opojese n. Taja

cy dynxnuje
Z-Tnz n h Z Yn2",
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5.4. JIOTAPUTAMCKO TEXKMHCKWN XAPJAN-BJIOXOBU IITPOCTOPU

xosomopdue v jequauanoM aucky D. [lame, Heka je

|zn| + 2 _ |
saceen=0,1,.... Taga saxu 2= > 0, 2t < |z, < |f(n)| u 27 —2;, = z,,. TIpema ToMe,

(18

o0
bynkmmje g7 (2) = Y at2"u g (2) = x,, 2" cy xosomopdHe y jeanHuIHOM ucKy D
n=0

N BazKM

n

~ . log%(n +2)

’f(n”ni—i—l < 0.

e

> - log*(n + 2) <

E n —
n-+1

n=0

0

n

Crora, kopucrehn [ocaenumy 5.4.3, Hamazumo 1a
+ 1 - 1
Hg" € Bloga* u Hg € Bloga,l.
Taga mobujamo ga BaKH

Jy (HgY(2)| 1og™ " 12 dA(2)

= fpl(Hg")(2) = (Hg™)(2)|log" ™" $2dA(2)

< Jo ((Hg™Y ()] + [(Hg) (@) log® " 12dA()
< oo,

ommocHo, Baxku Hg € Bllogafl' Ha ucrn magmn, mokasyjemo na Hh € Bllogafl' Taxolje,
Baxku Hf = Hg+iHh, jep je f = g+ ih. Cnenn,

Jo [(HF) (2)|log® ™" 2dA(2)

= Jp|(Hg)'(2) +i(Hh) (2)|log" " {25dA(z)

< Jo((Hg) (2)| + |(HR) (2)]) log™ ™! 125dA(2)
< 0o0.
CamvuMm tuM je Hf € Blloga*“ qnuMe je J0Ka3 3aBPIIeH. |

Hemro xacuuje, y ogHocy Ha mpeTxoaHo go0mjeHe pe3yaTaTe KOju TOBOpPE O AejCTBY
XuabepToBe MaTpHIle HA JOTAPUTAMCKO TEXWHCKHUM TIPOCTOpUMa, 100mjaMo Heke
cauuHe pesysiarare 3a JlubepuH omepaTop Koju JejCTBYje HAa MNOMEHYTHM ITPOCTOPUMA.
MoTrBaimja 3a ICTUTUBAHE OBA JBa OMEPATOPA HA JIOTAPUTAMCKO TEXKWHCKUM ITPOCTOPUMA,
xosoMopdHaux dyHKIHIja 610 je pasn [49], y kojem je mamely ocrasor pasmarpaHo u JejcTBO
JIubGepuHOT omeparopa Ha THM ITPOCTOPUMA.
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I'maBa 6

XujabeproBa MaTpula Ha
nmpocTopuMa becoBa

6.1 XwusabeproBa marpuiia Ha mpocropy VMO A

Ilokazahemo ma ako je 0 < p < oo um 1 < ¢ < 00, Taga oneparop Xujabeprose
f_’fil/p y Buoxos npoctop B. Kao nocaemuiy
peTXoHOT pe3ysrara umahemo jga omeparop XujbeproBe marpuiie H He mpeciukaBa
npocrop VMOA y Baoxos upocrop B. 3amnpaso, oneparop XujibeproBe Marpuie Huje
orpanuden Ha nmpocropy H, anu npecimkasa npoctop H™ y mpocrop B (nnm npenusamje
y mpoctop BMOA). Ca mpyre crpane, oneparop H He mpeciaukasa mpocrop BMOA y
npoctop B. Y oBoM morsaB/by ToOOJBITABAMO MPETXOAHK pe3yarar. Hawmwme, mokazahemo
Ja ce ipoctop Becosa Hfff/p, KOJH je oTmpocTop npoctopa BMOA, ocuM y ciydajy Kajga
jep=oomu2<q< oo, He npecaukasa y boxos nmpocrop B ca omeparopom Xuabeprose
marpuiie H ako je 1 < ¢ < oo. Pesynraru u3 oBor morsiassba ¢y mybaukoBaHu y pay [28],
Koju je 3ajemumuku pax M. Jesruha m aytopa oBor tekcra. Hajupe, 6uhe mam morpeban

ciesiehn o3HAT pe3yaTaT o JyasHoCTH oaroBapajyhnx mpocropa (Bugeru [4]).

Matpure H He mpecimkasa mpoctop Becosa H

Teopema 6.1.1 ([4]) Axo je g € B, mada je ca

r—1

pg(f) =1lim Y f(n)gn)r", fe HMM
n=0

depunucar, 02paHUNer AUHEAPAH PYHKUUOHAA HA NPOCTIOPY Hll’l’1 U 8aJICU
lpgll < ClID" glloo,00,1-

/
Ob6puymo, axo je p € <H11’1’1> , mada nocmoju jeduncmsena pynkyuje g € B, maxsa da
8aICU

3a cee pynryuje f € Hll’l’1 u

1D gllsc,001 < Cllgll-

Cajsia cmo y moryhuoCTH J1a KOpucTeNu HAIIl IPETXOHO HABE/IEHU PE3yJITaT JAyaJHOCTU
mokaxkemo cienehy Teopemy.
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6.1. XNMJIBEPTOBA MATPUIIA HA TIPOCTOPMMA BECOBA

Teopema 6.1.2 ([28])

(a) Axo je 0 < q¢ <1, mada onepamop H npecaurasa npocmop Hfff/p, 2de je 0 < p < o0,
y npocmop BMOA.

(6) Axo je 1 < q < oo, mada onepamop H ne npecaurasa npocmop Hffil/p, npu uemy je
0 < p < oo, y npocmop B.

Joxas. (a) 3a oneparop Xunbeprose marpuiie H Koju nejerByje Ha XapamjeBoM mpocTopy
HP tne je 1 < p, Baxku
Hf = R.MgFY,

e je Ff(e) = f(e™™), Myu = gu 3a cee u € L®(T), g(e®) = ie ™ (mr —t) 32 0 < t < 27
u R, je omeparop Pucose npojexnuje gat ca

27 it
Riu(z) = 1/0 Mdt

T o 1—ze

Kako je npocrop BMOA 3anpago Pucosa nipojeximja nipocropa L*°(T), nanazumo jga
je omeparop XunabeproBe marpurie H orpanuten omepartop u3 mpoctopa H y mpocTop
BMOA.

Ako je 0 < ¢ < 1, Tama Baxwm Hffil/p C Hfo,l,l. Y HacTaBKy, TTOKa3yjeMO Ja BayKn

Hfo’l’l C A. Heka je f € Hfo’l’l NpOM3BO/bHO Ofabpana dpyarnuja. Tama je

1
1) = | sz

Jla 6u mokazanu na f € A, TOBO/BHO je TIOKA3aTH J]a HHTErpaJs Ha TECHO] CTPAHN MPEeTXOTHE

jemHAKOCTH DPABHOMEPHO KOHBeprupa y omuocy uHa z € . Mebhyrum, oBo mobujamo mu3
HejeTHAKOCTH

1 1
/ le(pz)dp‘ < / Meo(p. D' f)dp, 0 <7 <1, = €D,

W AUFbEHUIE 114 je fol Muo(p, D' f)dp < oo (Bumern [20, Teopema 4, ctp. 754]). Tlpema

TOME, BasKH Hffil/p C Asacse 0 < q <1 Cavmum tuMm, ako je 0 < ¢ < 1, Taga Baxu
H:HP"  — BMOA.

1+1/p
(6) Ako je 0 < p1 < p2 < 00, TaJa BaxKK Hf-l%f}; - Hfj_’f’/;. Tperxoany uumerwnIry
KopucTtuhieMo y HACTABKY.
Cuyuaj q = oo. VY [38] je mokazano na ako f € B, taga Baxku

, o (e 2 )
() =1 =0 (tog 21 ) <€

2
1—2z"

[TperxosHa orena He Moxke Butn nobospiana Kao mTo nokasyje dyakimja g(z) = log

1 .
TTokaxuMoO Jia cajia Baxku g € Hfff}p. Kaxo je

C
(n) ’<7 > 1
’g (2)| < i "2h

TO 32 % <p< ﬁ, n > 2, 3aKJBYIyjeMO J1a BaXKU

21 dt 1/p
19 sty < sup (1 — 1) 1/7 (/ 0) <c
0

0<r<1 |1 — rett|np
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6.1. XNMJIBEPTOBA MATPUIIA HA TIPOCTOPMMA BECOBA

p,00,1 00,00,1
1 & i

00,1
Jp ¥ TIPOCTOD B u cneneha orena,

Ocuwm tora, xako je H = B, To nobujamo ga omeparop H He mpeciauKaBa

TPOCTOP H1+1

2 00
](Hf)’(z)\ (I—|z))=0 <10g 1_|z’) , z€D, fe Hfh};

He MOxKe Ouruy 11000/bIIaHA.

Cayuyaj 1 < q < co. MoxkeMo MpeTIoCTaBUTH J1a je % <p< % e je n = 2 1eo

6poj. Heka je
2 \!
h(z) = {1
@)= (o 2)

rae je 1 <y <2wuq(2—7) > 1. Tlokasahemo na Tama Baxku h € Hffi/p u Hh ¢ B. TIpso,

n—1/p < 0. llpema

ako f € H(D), razna je ||D1+1/pf||p,q,1 < 00 AKO H CAMO aKoO je Hf( p.a.

TOME, JTOBOJBHO je JoKa3aTH Ja Taja saxu |7 p,gn—1/p < 00. Huje Temko sugern ma je

C

[h7(2)] < —_—
|1 — z|™ (log 1_2|Z‘)
Cuenn
1 o gt q/p ) X
Hh Hpqn e : Cfo < 0 |1—re“|"P(1og137n)<27)P> (1_T)q(n_ /P~y
1 dr
<
= Cf[] (1—7‘)(10g&)(277)q
< Q.

Y IpeTxXOaHUM pa3MaTpambUMa CMO KOPUCTWIN 718 BaXKH

2T
dt 1
—— =0 — 1.
|, e o (age) o

_ 1
Je)= (1-2) (log ﬁz)’y'

CnndHO mpeTXOoJHNM pa3MarparmnMa Hokasyje ce ga taga Baxun f € Hy
51]). Ca mpyre crpaHe, BaxKu

Jlame, Heka je

VU (Bapern [47,

lim i f(n)ﬁ(n)r” = lim fo rt)h(t)dt

r—1" n=0 r—1-

_ 1 2\t

r—1-
= 0.
Konauno, na ocaoBy Teopeme 6.1.1 Baxxu Hh ¢ B. |

Ilocneauiia mpeTxo/iHe TEOpeMe jecTe IMOHAIIake oneparopa Xuibeprope marpuile H
wa mpocropy VMOA. 3anpaBo, ucnocrasiba ce ja XuibeproBa MaTPUIE HE PECTUKABA
mpocrop VMOA y Bmoxos npocrop B.
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6.1. XNMJIBEPTOBA MATPUIIA HA TIPOCTOPMMA BECOBA

Hocaeagnua 6.1.3 Onepamop Xuabepmose mampuue H ne npecaurasa npocmop VMO A
y Baoxos npocmop B.

Jlokas. Kopucrehu [47, Teopema 6.8, crp. 186], nHanasumo ja je Hfo’m C VMOA. Ca
JpyTe CTpaHe, BayKH Hffi/p C HX*' 3a ce 0 < ¢ < 2. IIpumenom Teopeme 6.1.2,
nmobujamo 1a omepatop Xunbeprose marpuiie H #e npeciukasa mpoctop VMOA y Baoxos

npoctop B. Tuwme je moka3 3aBpiieH. |

p7p7
1+1/p’

1
2 v
"), zeD, ptp =pp.
1 — 2]

[Ipumernmo ga ce mpuMenoM Teopeme 6.1.2, MoKe 3aK/BYINTH Ja ce TPETXO/IHA OIeHa He
MOZKE€ 3AMEHUTH Ca OLIEHOM

[(H) (2)] (1= |z)) = O(1), z€D,

p’p7
1+1/p’

Hamomena 6.1.4 VY [38] je mokazano 1a ako je f € H e je 1 < p < 0o, Tajia BaxKn

(Hf) (=) A=z =0 ((log

3a cBaky Gyurmujy f € H rie je 1 < p < oo. &

6.2 XwuabepToBa MaTpHIla Ha IOTIPOCTOpUMa Ipocropa H!

Buamo ga oneparop Xuabeprose marpuue H nuje orpanuden ua npocropy H'. Mnaxk,
nokazahemo sa omeparop Xuibeprose marpuiie H mpecimkasa mpocrop H! y mpocrop
HPooUP prejel < p < ooup+p = pp, ama me y npocrop HPP/P' 33 6uio koje
0 < g < oo. Ipumernmo ma saxkn H' C HPaYr c gPeol/P gy cpe 1 < p,q < 00.
Kopucruhiemo crenehy teopemy (Bumern [47]).

Teopema 6.2.1 (|47]) Hexa je 1 < p,q < 0o u a € R. Tada je dyan npocmopa By!
uzomopgpar npocmopy BE  p+p' =pp’, g+ ¢ = qd’, y 0dnocy na cnapusare

Zf 9(n), feBrt geB’y,

npu wemy NPemroonl ped KOHGEP2UPG.

Cana cvo y MoryhHOoCTH 1a JOKaXKeMO MPETXOJHO HajaB/beHM pe3yarar kKopucrehn
u3Mehy oCTasor u mPeTXoIHO HABEACHY TEOPEMY.

Teopema 6.2.2 ([28]) Hexa je 1 <p < oo u % + % = 1. Tada saorcu
(a) H : HY — gpool/p’

(6) H ne npecaurasa npocmop Hl’l’1

y npocmop HPOYP' 34 6uno xoje q € (0,00).

Joxas. (a) Hexa je f € H! npoussomno ogabpana dbynxmuja. Tana je Hf(z) = 0 ; (T)Zdr
3a cBe z € D. Kopucrehu narerpanny nejennakoct MunkoBckor u Hejemnakoct Dejep-

Puca, mamaszmmo ma Baxkn

. /
My HP) < Jo1F0ldr (& 7 i)

IN

11 5=
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6.2. XMJIBEPTOBA MATPUIIA HA TIPOCTOPMMA BECOBA

(6) Kako saxn HP11/P C gPe:1/V 33 0 < ¢ < gy < 00, TO MOKEMO MPETHOCTABNTH
ma je 1 < g < oco. Kao m obmuno, ozmaanmo q¢ + ¢ = q¢’. Hexa je f € Pl

1+1/p’
npernocrasumo ga Hg € HP9YP 3a cpako g € Hl’l’1 Tama 3a cBaxo g € Hl’l’1 el
o — —_~
> Hg(k)f (k)
k=0
KOHBeprupa uHa ocHory Teopeme 6.2.1 m camum TuM je
X~ =< = k
S HgWJk) = lim Y- Ho(k)F(k)r
k=0 =17 =0
— 1 k)
7_131 Z Z k+n+ (k)rt
o A
Kako Baxu Z Ji(l:; >z 9 n)| <oowm Z |f(k)|r* < oo, manasmvo 1a je
n= n=0
o oo /\
22 piaii SO ),
o +n+1 = 70n+k+1
3a cee 1 € (0,1). IIpema Tome,
S R X k)t~
Z Hg(k)f(k) = hm7 Z Z n+k+1g(n)
k=0 =17 n=0 k=0

[Mpumenom Teopeme 6.1.1, 3akspyayjemo ga Baxku Hf € B. OBo je y KOHTPaIUKIAjH Ca
Teopemom 6.1.2 (6). [

Hanomena 6.2.3 (1) Ha ocnosy |38, Ilocieuma 2.2| Baxn
H:H' — grol/vte

e je 1 < p,g < oo u e > 0. Kaxo saxn HPOVP'+e D HPal/P' 1o Teopema 6.2.2 (6)

TMoKa3yje m1a
H: H' — gpral/p'+e

He BaXKu Kazpa J =0.

(2) Baxmu H ’ ’1 c H' C H1’2’1 c HPZYP rpeje 1 < p < oo. Ilpema ToMe, Kao
ITOC/IETUILY TeopeMe 6.2.2 umamo 1a onepaTop Xuiabeprose marpunie H He npecsimkasa
TPOCTOP Hl1 11 y TPOCTOP Hl1 21 Ca cpyre cTpaHe, J0 WCTOT 3aK/by9YKa MOXKeMO johu
VKOJIMKO KOPUCTUMO YHELEHUITY 12 je ayasa npocropa H 11 21 uzomopcan npocropy Hp® 21
(Bunern [1]) m Teopemy 6.1.2. &

74
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Hamomena 6.2.4 Jenan o npBux pe3yjTaTa O MOHAIIABky Xuabeprose marpurie H Ha
npoctopy H' nobmjen je y pasy duamanromynoca n Cuckakuca ([13]), te je moxaszamo ma
je H meorpammden omepaTop Ha mpoctopy H!. Ca mpyre crpane, v [38] (Jlamywa, Hosax,
[Masnosuhi), je mokazano ma omeparop Xumbeprose marpune H nejcTByje Kao orpanmden
oneparop mu3 npocropa H' y mpocrop HP 3a cee 0 < p < 1. Kao mro je y mperxomroMm
naseseHo, y pagy [28] (Jesruh, Kapanerposuh), nokasaso je ga paxu H : H' — HPooOU/P'

gsacee l <p<oom % + ]% = 1. Konauno, y paxy [9] (Cuma), nokazano je ma omneparop

Xunbeprose marpuiie H mpecaukasa mpoctop H' y mpoctop Kommjesux Tpancdopmarmja
Mepa Ha jemnangHoj KpyRuumym T. OcuM Tora, y TOM CJIy9ajy je MoKasaHna W WHjeKTUBHOCT
onepaTopa Xuubeprose marputie H. 3a wernrro suiiie nadoOpMaIinja 0 THM PE3yJITaATUMa, U
BUXOBUM JIOKa3uMa rorseaaru pag [9]. O

Ca apyre crpane, ca OBOM IJIaBOM 3aBpIIaBaMO HCIIUTHUBAIE oleparopa XujabeproBe
MaTpHUIle Ha TPOCTOPUMA XOJ0MOPGHUX DYHKIN]a HA jequHuTHOM Jucky D. ¥V Hapemanm
raBaMa naxkmy mocsehyjemo JlubepwroM omepaTropy m HEroBOM [€jCTBY Ha HAIUM TOPE
MTOMEHYTUM TPOCTOPUMA..
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I'maBa 7

JInbepun oneparop Ha IPOCTOPUMA
MEIIOBUTE HOPME

7.1 Hedbununuja JInbepunor omeparopa

Kao mro cmo Harmacuaun y yBogaaoM mesy H (D) o3ragaBa mpocTop CBUX X0JI0MOPGMHUX
dyuknmja y jesuanyanoM AucKy D y KOMIJIEKCHO] paBHU KOju je CHabJ/IeBEeH Ca TOTIOIOTIjOM
WHJ/IYKOBAHOM PAaBHOMEDPHOM KOHBEPT'€HIIMjOM HAa KOMOAKTHUM IOJCKYIIOBUMA j€IMHUIHOTD
mucka . Ocum Tora, Taga ce ayan mpocropa H(ID) noucrosehyje ca npocropom H (D),
npu qemy g € H(D) 3Haun ga je DyHKIHja ¢ XOTOMOPMHA ¥ HEKO] OKOJIHHH 3aTBOPEHOT
ncka D (koja 3asucn on m3bopa dbynxuuje g). Oxrosapajyhe jyanHo ynapubame je Iaro
Ha ciaenehn maumn

(.90 =3 Fon)a(n),
n=0

e je f(2) = Y00 f(n)2" € H(D) n g(2) = 3200 G(n)z" € H(D).

Tana nedunurremo JIubepun omeparop Ha cieaehn HAUMH

00 00~ 1
Ly(z) =Y (Z ;ffﬂ) 2" = /0 g(t+ (1 - t)z)dt,

n=0 \k=n

npu wemy je g(z) = >oo,g(n)z" € H(D) u ocum Tora, y TOM Clydajy HUje TEIIKO
MPOBEPHUTH Ja 0Baj oneparop mpecinkasa npocrop H (D) y mpocrop H(D).
Taxobe, oznauasamo ca L omepartop

1
Lo(z) = /0 gt + (1 - t)2)dt,

raeje g(z) = > 02, G(n)z" € H(D), yBex Kaja IPETXOAHO HABEIEHN UHTEIPAT KOHBEPIHUPa
PABHOMEPHO Ha KOMIAKTHHM IOJCKYIOBUMA jeuHUYIHOr aucka D). 3anpaso, paBHOMEpHa
KOHBEPreHIja 3HAYN J1a, je TPAaHUIHA BPETHOCT

lim gt + (1 —t)z)dt

PaBHOMEpPHA Y OJHOCY HA 2z Ha OWIO KOjeM KOMITAKTHOM IOACKYIY jeAuHUYIHOT aucka D.
[Iperxonna npernocraBka rapanTyje ia je dpyukiuja Lg xosoMopdHa y jeIMHUIHOM JAUCKY
D. Taxobe, oneparop L 308emo Jlubepun oneparop, 6yayhu ga Baxu jesuaxocr L = Ly
npocropy H (D).
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7.1. JE®OMHUIINJA JINBEPUHOI' OIIEPATOPA

HaBemmmo m kpaTak HMCTOpHjAT KoOju ce omHOCH Ha yBoheme Jlubepuuor omepartopa.
[Mpeu nmyr JIubepun oneparop jecre mpoywasan y paiy [37]. 3anpaso, taga je yeejen
orepaTop

o) 2 [t

¥ MOKA3aH je FHEeroB 3Havaj y TeOpHjU jerHOoBajeHTHUX (yHKInja. [locebHo, moxkazano je
[Ta, TTPETXOIHU OTMEPATOP MPECTIUKABA jelHY MOCeOHy KJACy jeIHOBAJEHTHUX (DyHKIHja v
cebe. Hakon Tor paja, mybJMKOBAaHO je MHOTO pajioBa Ha Temy Jlubepuuor omeparopa.
Yommrrenn JIubepun omeparop

Mgle) = [ 9l0)dc, veje a €.

a
YBEJIEH je W IpoydaBaH ca Tadke rieauinra byHKIMOHAIHe aHaan3e y pajgosuma [57, 58],
a 3aruMm u y paxy [11]. Ykommko je a € D, Tama je oneparop A, nedbuHMCAH HA TPOCTOPY
H(D), a camum THM ¥ Ha KJIaCHYHHM TIpocTopuMa Xapanja, beprmana u Becosa u moxke
ce TIOKa3aTH JIa UMa CKOPO HUCTa JUHeapHa TOIOJIONIKA CBOJCTBA KAa0 W OMEPaTOp

o(2) /0 T g(0)dc.

[Ipema ToMe, mpoyUaBarme jeTHOT TAKBOT OTEPATOPA HIje HHTEPECAHTHO €A TAUKE TJIEIUIITA
dyukmmonaane anaanze. Crora, o7 Beher maTepeca jecre pazmarapme ciaydaja a € JD.
Taga MoxkeMO PETHOCTABUTH 13 je @ = 1, OIHOCHO ITOCMATPaMO OIIEPATOP

1
Mg) = 1 [ 90

BampaBo, HIje TEIIKo IIPOBEPUTH 1a je omepatop A 106po sedbunncan ma mpoctopy H (D)
u na npecankasa npocrop H(D) y H(D), nupu yemy Baxku

e 00~ 1
Aig(z) =" (Z ;fﬁ) "= / gt + (1 - 1)2)dr,

n=0 \k=n

3a cee g(z) = Y . ,9(n)z" € H(D). llpema Tome, omeparop Aj, jecTe 3alpaBo HaI
perxoHo yBejaenn Jlubepun omeparop L.

Hakon oBor yBosa koju ce ojuocu Ha Jlubepun oneparop, npesia3uMo Ha U3ydaBatbe
HEKUX I-ETOBUX CBOjCTABa. J3alpaBo, WHTEPECyje HAC HAa KOjUM MIPOCTOPUMA MENTOBUTE
Hopme HDTY je JIubepun omeparop orpammduen. QOcmm Tora, 3a Buire WHOOPMAITjA O
JIubepurom omepaTopy u 3a HeKa JApyra merosa cBojcrsa Bugern 44| (Hosak, ITasmosuhi).

7.2 JInbepun omneparop Ha mpocropuma HP%

OcHoBHa, CBpXa OBOI IMOIJIaB/hA jecTe Ja TOKaxkemo ma je Jlubepun omeparop L
orpanmyuen Ha npocropy HLT" ako m camo ako BaxKn Ky, = v — o — % +1> 0. Jokas
tor Tephema nybaukosa je y paay [29] (Jesruh, Kapanerposuh), npu yemy je kao riaBHa
mortuBarmja mnocayxuo pas [50] (Ilasmosuh), y kojem je mamely ocramor mokasano a
HaBesieHo TBpheme BaXkn y ¢Iy4ajy Kajga je p > 1 u Kajga v mposia3u CKYIIOM HEHeTaTUBHUX
nesaux 6pojeBa. Hajope, maBeanmo neka nmomohma tBphema Koja he mam 6uTn o1 KOpUCTH y
nacraBky. Kopucrtuhemo o3uake u pesyarare napegene y nornasmy 4.1, IIpBo, mokaxkumo
crenehy siemy (3a Buire nudopmanuja Bugern [48]).
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Jlema 7.2.1 Hexa je n nozumuean ueo b6poj,
an
=2
k=n

npu wemy je {\r} Huz Komnaexcnur 6pojesa u nexa je

4n
= Zlog‘s(k + DApz", e je 6 € R.
k=n

Tada nocmoju ancoasymmua xoucmanma C Koja 3a6ucu camo 0d §, maxea da 6asici
CHIQllp < log’(n + 1) Pll, < ClIQp, rae je 0<p < co.

Jloxas. Y nokasy xopuctnmo ciegehe nmosmare pesynrare (3a sumie madopmanmja u 3a
JIOKa3e HaBe/leHNX TBphema Bugern (31, 48]).

n
(1) Hexa je f(2) = Y. arpz®, 0 <m < n. Tada sasicu

k=m
[ fllp < Mp(r, f) < ™| fllp, 0<r<1.

(2) Axo je f € HP uw g € H?, 2de je 0 < p < 1 u p < q, mada sadcu

My(r, f9) < (1=1)"" 7| fllplgllgs 0 <7< 1.

(3) Hexa je ¢ dynryuja xaace C™ ca nocauem y [a,b], maxo da je b —a > 1 u nexa
je p > 0. Tada sa ceaxu uyeo 6poj N, Np > 1, nocmoju xoncmanma C = Cp N, maxea da
8aHCU

_1
Wyllp < Clo™ oo (b= a)¥ 7,

2de je Wy(z) = S50 (k)2
Hajmpe, mpernocraBumo 1a je 0 < p < 1. Heka je ¢ ¢dynkmnuja krace C° ca Hocauem
y nnrepsany (%,5), Taksa ga je p(z) = 1 3a z € [1,4] u ozmauumo A\, = 0 3a cse

k& {n,n+1,...,4n}. Ilocmarpajmo dyukimjy ¥(x) = ¢ (%) log®(z + 1). Tama 3a Q

MOXKEMO IIHCATH

Z<p< >log (k4 1)Ap2" Zw E)Apz".

Taxolje, mpumernmo ma je suppy C (%, 5n). Crora, Baxxu

1_
< Cn W]l
< O M| onN | P,
= CnN[[vM [0 P|lp-

1Qllp = Wy * Pllp

V mumy mporene mopume [|10V)|| o, kopucruhemo Jlaj6rumoso npasmio n3soga u ciegehy
JIAKO JTIOKA3WBY HejeTHAKOCT

log®(n + 1
<C'70g(n.+ ),ﬁ <z <on, 7=01,.
nJ 2

’(logé(a} + 1)>(j)
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omakJje 1001mjaMo

nJ

N ' ‘ S
WM (@) < C3 W) (2)|pi—Nleelntl)
7=0
< CnNlog’(n+1),
npu uemy je koncranTa C HezaBucHa ox n. [lpema Tome, BaxKu
1)
1Qll, < Clog®(n + 1)||P||,-

YV nmby I0Ka3MBaKba HEJEIHAKOCTH Y IPYIOM cMepy, 3amumumo P ua cienehn Hadamwn

roe je & = Mg log‘s(k: + 1). Ilocrynajyhu kao y rope HaBeJeHOM CJIydajy, HAJTA3UMO Ja
BazKHn

1P, < Clog™(n + 1)[|Qll,

quMe je JOKa3 KOMIUIETHPaH Yy ciaydajy Kaja je 0 < p < 1.
Axo je p > 1, Taja KOpUCTUMO HEjETHAKOCT

1Qllp = Wy * Pllp < [[Wyll1[[Pll,

u
(Wil < Clog®(n +1) (uperxommu cayuaj p = 1),
qUMe 3aBPIIABAMO J0Ka3 JIEMe. |
VY HacraBky Kopuctumo ciaeaehu nosHar pesyarar. 3a Jokas3 Tor TBphema sugern [16].
Jlema 7.2.2

(a) Baoweu HYT™ C A% C HP™% sa cee 0 < ¢ < oo.
(6) Hexa je 0 < p < u < 00 uﬁ:%—%—i—a. Tada je HDT™ ¢ HYPP,
Ocuwm Tora, 6ulie mHam morpebna cireneha TBphema Koja cy qokazana y [50].

Jlema 7.2.3 Axo cy a u b nosumusnu peaanu 6pojesu, maxeu da je a +b <1 u g€ HP,
2de je 0 < p < 00, mada savcy

</02W}9(a+beit)‘l’dt>’l’ . <2ab+b>fo (/02” ‘g((a_kb)eit)‘pdt)zl)‘

Jlema 7.2.4 Hexaje0 < q<1,8>0unexajeu: (0,1) — [0,00) neonadajyha dynryuja.

Tada je
</r1 u(s)(1 — s)ﬁ—lds>q < C/Tl wi(s)(1 — 5)%~1ds,

npu wemy je C' Koncmanma xoja He 3a6ucu 00 u.

Jlema 7.2.5 Hexa je 1 < ¢ < 00, 14+ > ¢ > 0 u nexa je u = 0 mepousa dynxyuja
dedpurucana na unmepeary (r,1). Tada easicu

(/Tl u(s)(1 — s)5ds>q <C(1—r) /rl wl(s)(1 — 5)(1+0-)a—1 g
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7.2. JINBEPUH OIIEPATOP HA ITPOCTOPUMMA MEIIIOBUTE HOPME

ITopen Tora, mokaxxumo 1a Baxke cjemeha JBa KOPUCHA CTaBa, Koje heMo KOpUCTUTH Y
JIOKa3y IJIaBHOT pe3yJsitara y oBoj miasu. Mehyrum, Hajnpe, mojcernmo ce j1a mpocTop CBUX
aHAJINTUYIKUX ToamHOMa P Huje rycT y mpoctopy HP°%, Hawwme, 3aTBOperme mpoCcTOpa
nosmuaoMa Py mpoctopy HP°* jecte mpocTop

hP oo = {f € HP>% - My(r, f) =0 ((1 — 7')_0‘) Kaja 7 — 1}.

Cras 7.2.6 Hexa je 0 < p < o0.

(a) Axo je kpay =V —a — % +1 < 0, mada ce onepamop L e mosice npowupumu 0o
ozpanunenoe onepamopa us npocmopa hl°Y y npocmop H(D) u camum mum ne mosice ce
npowupumu 0o ozpanunenoe onepamopa us npocmopa HY " y npocmop H(D).

(6) Axo je kpay < 0 u 0 < g < oo, mada ce onepamop L He moorce npowupumu 9o
ozpanurenoe onepamopa us npocmopa HYTY y npocmop H(D).

oxas. (a) Heka je f,(2) = —— u Heka je n no3uTusan 1eo 6poj, Takas j1a je n > a4+ —1.
J 14 1—pz J J J p
Axko je 0 < p < 00, IMaMO 718 BaXKU

2m do P C
(n) - -
My(r, ;") < C </0 = rpei9|(n+1)]?> S (1- rp)n-i-l—%'

[Tpema Tome, mobujamo

(1 _ T)a—l—n—u
sup (1 — )" VM, (r, fp(")) <Csup ———
o<r<1 0<r<1(1 —rp)" 175

S 5

jepjea—u+%—120@/—@197a,yzy—a+%+1<0.
Ako je p = 00, Tajia BaXku

(1 _ r)a—l—n—u

_ \atn—v (n)y ¢
(1 T) MOO(Tv fp ) = ¢ (1 _ T'p)n+1

<C.
Ha ocrOBY IpeTxoHOr 3aK/byIyjeMo fa je ckym { f, : 0 < p < 1} orpanmden y mpocropy
R %%, Camum tuM, yKOIMKO 61 oneparop £ uMao IPOLIIPErbe 0 OIPAHTYEHOr OlIePaATOPa
n3 mpocropa hy ™" y npocrop H(D), To 6u 3maumno ga je ckyn {Lf,(0)} orpanmyen, jep
je dyuknmonan g — ¢(0) venpexkuman Ha poctopy H(D). Mebhyrum, Baxu
[o¢] pn
n+1

n=0

Lf,(0) = — 00 Kaga p — 1,
IITO MPEJICTAB/ba KOHTPAJUKITHA]Y.

(6) Heka je kpayp <010 < g < co. Uzabepumo 0 < < «, Tako na je kpg, = 0.
Tama mvavo ma pasku HE®OP C HPT®, Cana Ha 0CHOBY TIDETXOJIHO JOKA3AHOT Jesa (a),
onepatop L He MosKe GWTH TpOMMpEeH J0 OTpAHITeHor omeparopa m3 mpoctopa HEP
y nipoctop H (D) u camMum THM, He MOKe GHTH IPOIIMPEH JI0 OFPAHUYEHOT OlepaTopa U3
npocropa HY' P y npocrop H (D). [

Crasp 7.2.7 Hexa je 0 <p <00, 0 < q< 00 U Kpa,y =0. Tada dpyrnryuja

1 =3 gy e max{ L} <oy !
z) =) ——F——, ede je max\ —, e < -,
— log"(n+2) q q

npunada npocmopy HL'TY. Ocum moza, dynxuyuja Lf je dobpo defurucana, asu Lf ne
npunada npocmopy HL T,
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7.2. JINBEPUH OIIEPATOP HA ITPOCTOPUMMA MEIIIOBUTE HOPME

Jloxas. Hajmpe, mokaxxumo ga f € H)?. Kopucrehn Jlemy 4.1.5, Jlemy 7.2.1 u cBojcTBa
Hn3a nosmuoMa {V;,}9° o koHcTpyucanor y noriasiby 4.1 | HaTa3uMMo Ja BaxKu

oo
ID” fllp o = 02”(”*0“)‘1||Vn*f||%

n=

- Z 2n(V—Oé)q (]0g75(2n+1))q ||Vn||g
n=0

L e 1y (D)
n=0

oo

= > (n+1)"=1
n=0

< 00,

jep je eq > 1. Ilpema Tome, Baxku f € HDTY,
Ca gpyre crpane, mokaxumo ga saxu Lf ¢ H)"®. Ha ocuosy Jleme 7.2.2, nanasumo
JIa je
1
HP® C Hso,qﬁ’ raeje B =a+ -,
p

W caMUM THM JOBOJBHO je mokasaru ja sawxu Lf ¢ HOP.
Heka je n mosurwsan meo 6poj, Takas jga jen > v u v = f+n — v. Taga Baxn
HXP — H%Y Tlokamumo na Basku Lf ¢ Hy"" u nvmahemo na je Lf ¢ HDPY.

[Mpumernno ma je dyuxmmja Lf nobpo nedpuwrucana, jep je € > 1, mrro mosgaan

- 1
Z (k+1)log®(k +2) < oo

k=0
Taxobe, mpuMeTHMO 12 je Koonyn = 0. Kako cy xoedwmmjentn cp dbynximuje (Lf)™
HeHeraTUBHH, BUAUMO Ma ¢yaxuuja Lf npunaja mpocropy Hy, "7 axo u camo ako BaxKn
1/ a
/ Z ar® | (1—r)" tdr < oo,
0 \k=0
IITO je eKBUBAJIEHTHO €A
o oktiop \ ¢
Z 2 kva Z cj | <oo.
k=0 j=2k
Kaxo Baxu ¢; < (j + 1)"b; (j — 00), TO je nperxosiHa HejeJHAKOCT eKBUBAIEHTHA Ca
0 okl \ ¢
—k(~v—
Z 9—k(y—n)q Z bi | < oo,
k=0 j=2F

rae cy b; xoedunujenrun dyukmuje Lf. Ocum Tora, xako b; | 0 (j — o00), mobmjamo
oarosapajyhin eKBuBaseHTaH yCI0B

o
S 2 koD, < oo,
k=0

MebhyTum, mperxoinu yCaoB HUje 3a/0BObeH, jep jen —v+1=0u

= 1
bor = - , = (k+1)t*
* %‘; G+logG+2) ~ FHY
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7.2. JINBEPUH OIIEPATOP HA ITPOCTOPUMMA MEIIIOBUTE HOPME

U CaMUM THM BaKn
o0
E (k+1) (1=2)a = o,
k=0

jepje (e—1)g < 1. [ ]

Konmauno, caga cMo y MoryhHOCTH 72 JOKaXKeMO OCHOBHU PE3yJITaT OBOT TOTVIABJhA,
kopucTehn mpeTxoaHo Ao0mjeHe pe3yarare.

Teopema 7.2.8 ([29]) Caedehu uckasu cy exsusarenmmu:
(a) Onepamop L dejemeyje Kao 0zpanuder onepamop u3 npocmopa Hp e Y HP,
(6) Baostcu kp gy =V —a — % +1>0.

Jloxas. Hajupe, nokaxkumo na Baku mvmmmkanmja (6) = (a). Oa mvnymkanmja jecre
nokazana y [50] 3a cBe 1 < p < 0o u ¢Be HeHeraTuBHe Tene O6pojee v. Mu hiemo mokazaTu
ma oma Baxknm 3a ce 0 < p < 1 mw cee v € R, Ocum Tora, HAIT J0KA3 MOKA3yje TAUHOCT
HaBejeHe NMILINKAIje U y cay4ajy Kaga je 1 <Kp<Loou v € R.

Hexa je v > o + }D —1,0<p<1lugec HY". Taxobe, HeKa je n HO3UTUBAH IE0
6poj, Takas ga je n — 1 < v < n. Ilo3naro je na Baxu j
19" |pqs < 00, tiie je B = a+n—v > 0. Ocum Tora, HCTA EKBUBAJCHIMIA BAXKH U 32
dyukujy Lg. HpeMa TOMe, 10B0bHO je soxazatu ga Baxu ||(Lg)™||,q.5 < o0

Heka jerp =1 — 2k 3a cee k > 0. Kako Baxn

1
(Lg)™ () =/ (1 =)™ (& + (1 —t)z)dt,
0
TO mobujaMo Ja je
S (Lg) ™ @re®)[Pdo < [T do (fl (1= )" g™ (¢ + (1 — t)rei®)|dt)”
0 g S Jo 0 g ret?)|
p
= 027r do (z kaJrl |g (t—|- (1 —t)re’9)|dt> (7.2.1)
< C § 9—knp—kp f027r \g(n tk + (1 _ tk)Tew)]pdG,
k=0

mpu demy je ty € [k, Tk+1]. Kopucrehu Jlemy 7.2.3, namasumo na je

2 + (L—ty)r [*7 ;
T A—tgr /0 19" (tk+ (L —ti)r)e)Pdf. (7.2.2)

Kopucrehnu (7.2.1) u (7.2.2), nobujamo na je

2
/ 1) (bt (L) re®) P8 <
0

rME(r, (Lg)™) < C / t)"PTPTEME (¢ + (1 — t)r, g™t (7.2.3)
Yeohemem cmene t + (1 — t)r = s, caean
1
n —np—p+1 n —2 n
rM2(r, (Lg)™) < C(1—r) PPt / (1— s)"™PHP2018 (s, g ) ds. (7.2.4)

Cayuaj 0 < g < p < 1. Ha ocuoBy Jleme 7.2.4 u va ocuosy (7.2.4), mobujamo

L), 5 = Jy o (1= r)B Mg (r, (Lg) ) )dr
< Cfol(l )T ([ )2 ME (s, o) ds)  dr
< C’fo (1— r)qﬁ_l_nq_ﬁ% frl(l - s)anrq_%_lMg(s,g(”))dsdr (7.2.5)
= C’fo (1- s)nq+q_%_1M£(s,g("))ds fos(l — T)qﬁ_l_nq_ﬁgdr
< Cfo (1-— s)qg_lMg(s,g("))ds
< Q.
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7.2. JINBEPUH OIIEPATOP HA ITPOCTOPUMMA MEIIIOBUTE HOPME

Y mperxogHOoM cMO KopucTtuin Teopemy OyOuHUja U YNBEHUIY 1a je v > o + % — 1.
Cayuaj p < q < oo. Y osom ciydajy kopucrumo (7.2.4) u Jlemy 7.2.5. Mzabepumo
e >0, TaKogajeu>a+%—1+% U HAJIA3UMO Ja BaXKU

g

Jo 2 (U= )2 M (r, (£9))dr

< Ofi- p) PP (11— gymetr=2 P (s, )Y dis) v dr

< O fy (=) gy 11— ) R s, g ds gy )
= C [y =s)" T MY (s, gM)ds [y (1 — )T B
< O fy(1—s) 1M (s, g™ ds

< oQ.

Cayuaj q = co. Axko je sup (1 — r)ﬁpM};(r,g(”)) < o0, taga xopucrehn (7.2.4),
0<r<1
nobmjamMo ma je

sup (1—7)PME(r, (Lg)™)

0<r<1

< Csup (1— 7“)[31’_"1”_1’+1 frl(l — s)”p+p—2M£(S,g(”))ds

0<r<1 (7.2.7)
< C sup (1 —r)Pp—np=ptl frl(l — 5) PPN AP=2

o<r<1
< C

®unanno, nmmukamuja (6) = (a), y cayuajy 0 < p < 1, cienm w3 (7.2.5), (7.2.6) n (7.2.7).
Ca apyre crpaHe, JOKaKUMO U TadHOCT uMmiukanuje (a) = (6). Hanme, noBossHO je
nokasaru 13 uckas (a) Huje ravan y ciaemehia Tpu coydaja:

1
g=o00, v—a——+1<0; (7.2.8)
p
1
0<g<oo, v—a—-+1<0; (7.2.9)
p
1
0<g<oo, v—a——-+1=0. (7.2.10)
p

Cras 7.2.6 (a) mokasyje Ja ucka3 (a) y HAIIO] TEOpEeMU HUje TadaH ako Baxku (7.2.8), mok
u3 Crasa 7.2.6 (6) cienm ma nckas (a) mame Teopeme Huje TadaH yKOJUKO Baxku (7.2.8).
Konaano, Cras 7.2.7 nokasyje ma ako (7.2.10) Baxu, tajga nckas (a) vuje tagan. Tume je
JIOKA3 OBE TEOPEME Y MOTIYHOCTH 3aBPIIeH. [

V macTaBKy J0Ka3yjeMO jOIl je/iHy 3HAYA]JHY TEOPEMY.

Teopema 7.2.9 ([29])

Hexa je kpa < 0. Tada cy caedehu uckazu mehycobro exsusarenmmuu:

(a) Onepamop L ne mosice 6umu npowupen do oepanurenos onepamopa us npocmopa HL T
y npocmop H(D).

(6) Onepamop L dejcmeyje xao ozparnuqen onepamop us npocmopa HYT* y npocmop H(D).
(8) Baowcu HPP C DY

(r) Baoru 0 <p<2,0<qg<1ukpq,=0.

Jloxas. JTupekTHO ce mposepasa na mMmmmkanmje (B) = (6) = (a) u (r) = (B) caene
npumenoM Teopeme 4.1.4. Ocraje HaM joIn Ja MOKazKeMO UMILTHKAIH]Y (a) = (T), 07HOCHO,
Ja uckas (a) me Baxku y caegelium ciaydajeBuma:

0<p<oo, 0<qg<00, Kpay <0; (7.2.11)
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0<p<oo, 1<qg<00, Kpar =05 (7.2.12)
<

2<p<oo, 0<qg<1, Kpay=0. (7.2.13)

ITpumenom Crasa 7.2.6 10/1a3UMO 10 3aK/bYUKA Ja UCKa3 (a) HUje TauaH YKOJIUKO BazKe
ycaosu (7.2.11).

Cayaaj 0 <p < oo, 1<qg< 00, Kpay =0.

Ha ocuoBy Crasa 7.2.6 moxkemo mpermnocTaBuTu aa je 1 < ¢ < oo.

Hexka je
oo k k
piz 1
2) = — e 0<e< -, 0<p< 1l
fs,p( ) kZ:O 10g1+8(k 1 2) 9 P

Ha uctu nauwn xao y goxkazy Crasa 7.2.7, HajgaszumMo na je

o0

oo
1D feplld g < Cq D (k+1)" 1+E>q<cqz (k4+1)77 < o0,
k=0
rie je xoncranta Cy HesapucHa o1 € u p. Pynkuuja fe , Ipunaga IpoCTOPy H(D) u cxyn

1
{k@O<p<LO<€<2}

je orpanmuen y npocropy HYT”. Ca apyre crpane, Baxu

o k

P
L 0) = — 00, Kajga p— 1 u ¢ — 0.
fep(0) = (k+1)log"™¢(k 4+ 2) raas p "

OIaKJIe CJIeIU TParKeHU 3aK/bydaK.

Aro je 2 <p < 00,0 < q <1, Kpap =0, Taga ce onepaTop L te MoxKe TPOIPUTH
710 OTPaHUYEHOT OllepaTopa n3 mpocTopa HY o y mpoctop H(D), mTo 3ampaBo caeam Ha
ocuoBy Crapa 32 u3 [50]. Tume je joka3 Teopeme 3aBpiiieH. [

Cre mpeTxonno mobujene pe3yarare MOXKEMO NCKa3aThH y ciemelioj Teopemun.

Teopema 7.2.10 ([29]) Hexa je 0 <p < 00, 0 < ¢ < oo ua> 0. Tada sasrcu

(5.1) Onepamop L dejemesyje xao ozpanunen onepamop u3 npocmopa HYPY y npocmop
HYPY axo u camo ako je kpq,, > 0.

(5.2) Onepamop L dejemesyje xao oezpanunen onepamop u3 npocmopa HLPY y npocmop
H(D), asu ne u y npocmop HY'P™, y cayuajy xada je 0 < p <2,0<q<1 ukpq, =0.
(5.3) Onepamop L dejemesyje xao ozpanunen onepamop u3 npocmopa HLPY y npocmop
HPY qau HEP nuge no@c%yn 00 D', y cayuajy xada je kpa, > 0 u
2<p<Loour—a< — 2}7<:a0ajel<q<oo

UAU

2<pL oo urv—a<— 2,1<;a0aj60<q<1.

(5.4) Onepamop L ne moosice bumu npowuper 00 02panuMenoz ONepamopa Uus npocmopa
HYT™ y npocmop H(D), y cayuajy xada sasicu

(5.4.1) Kpay <0

UAU

(5.4.2) Kpay=0,2<p< 0

UAU

(5.4.3) Kpay =0,1<g< 0
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Jloxas. Uckas (5.1) jecre mocmenura Teopeme 7.2.8, nok je (5.2) mocmenuria Teopeme
7.2.9. Ca npyre crpane, geo (5.3) caean nmpumenom Teopeme 4.1.4 u Teopeme 7.2.8. TllTo
ce tnue nckasza (5.4), meo (5.4.1) cmenn na ocHoBy CraBa 7.2.6, mok geo (5.4.2) cuenn
npumvenom Teopeme 7.2.9 u neo (5.4.3) cmenn Takobe, wa ocaoBy Teopeme 7.2.9. Tuwme je
JIOKa3 KOMILIeTHPaH. |

Ha canvan HagwH Kao mMITO CMO TPOyYaBaJId J€jCTBO OlepaTopa XujidepToBe MaTpuile
Ha JIOTAPUTACMKO TEKHUHCKUM IIPOCTOpUMA X0 IoMOpdHNX (DYHKIH]ja HA je IMHUIHOM JIHUCKY
D, y mapennoj rnmaBu pazmarpamo jejcrBo JlubepuHor omeparopa Ha TUM ITPOCTOPUMA.
[Mopex Beh nocrojehux pesynrara nybiaukoBanux y paiy [49], HaBoauMO M OpurMHAJHE
pesynrare u3 paza [32].
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I'maBa 8

JInbepun oneparTop Ha JOrapuTaMCKO
TE2KMHCKIM IIPOCTOPUMA,

Wcnuryjemo nejecrso JlubepuHor omeparopa Ha MPOCTOPUMA XOJ0MOphHUX DYHKITHjaA
Ha jemwanuanoM aucky D cmabmeBenux ca JsiorapuraMckoMm texxkmuoMm. Hawmwme, mokazahemo
Ja y ciay4ajy Kajga je a > 1, JIlubepun oneparop L, mpeciimKaBa JIOTaAPUTAMCKO TEXKUHCKN
%Oga y MIPOCTOP A120gﬂ—1' Taxolje, mokasyjemo ma L mpecaukaba
JIOrapUTaMCKO Te:KHHCKH Bioxos mpoctop Bigge y cebe, 3a cee a € R. Ocum Tora, y
pauy [49] (M. TTasnosuli), nokasato je na Jlubepun oneparop L npecinkaBa J0rapuTaMcKo
TeXUHCKN Xapau-Biioxos mpoctop Blloga Yy OpoCTOop Blloga*“ 3a cee a > 0. Mu nokasyjemo
I1a je MpeTxXOoaHY pe3yaTaT Hajoo/msu Moryh, y cMucay ma 3a cBako € > (0, moctoju dpyHKImja

fe Blloga, TakBa jga Baxu Lf ¢ Blloga,pre. Pesynratu oBe rnape mybJMKOBaHU CYy Y PaLy

Beprmamos npocrop A

[32] ayropa oBor rekcra.

8.1 Omneparop £ HaA JOTAPUTAMCKO TE€XKMHCKUM
BeprmanoBum npocTopuma

TTomcerumo ce na cmo y I'taBm 5, 3a cako o € R, meduHnca m JOrapuTaMcKO TEKUHCKH
Beprmamnor mpoctop Aﬁ)ga Ha cienehn HadwWH,

2

B = {7 €U U1, = [ 1IPI0g? ) < oo

a

o~

Taxobe, nokazamu cmo ga ako f(z) = > 2 f(n)z" € A
5.2.1)

2

joge s TaJla BAKH (Bugern Jlemy

- i‘f(nww

2
1713 o

«
n=0

npu yemy je ojrosapajyha xoncraHTa He3aBucHa 0 u3bopa dyukimje f. Teopema koja

cJen onucyje aejcTBo JIubepuHor omepaTopa Ha JOTAPUTAMCKO TEXKUHCKUM BeprManoBuMm

TTPOCTOPUMA.

Teopema 8.1.1 ([32|) Hexa je « > 1. Tada je onepamop L dobpo defiunucan na npocmopy

2 2
Aloga U BPECAUKABA 20 Y NPOCINOP Alogafl'
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8.1. JIOTAPUTAMCKO TE>XKMHCKN BEPI'MAHOBU ITPOCTOPN

Joxas. Heka je f(z) = Y 7, f(n)z" € Alog Tana, xopucrehn Komu—IIIsapriosy
HejeTHAKOCT, HAJA3UMO J1a BayKW

= |Fn) o+ 2)) (& | :
nz:;n <Z|f n—+1 ) <;(n+1)loga(n+2)> < 09,

n=0

jep je @ > 1. Ha ocmoBy uperxoguor, gobujamo na axko f(z) = > o0 f(n)z” c A2

log™>
Taga je > o0 ‘{L(g‘ < o0. IIpema tome, Jlubepun oneparop L jecre mobpo medpurHmMCAH HA

npocropy A2 Kopucrehu nejennakocr (59) u3 pama [50], qobujamo ga Baxun

log® "

PG, £0) <00 ) [ s, s,

3a ce 0 <7 < 1. CamMmuMm THM, BaxKu

JolLF(2)Plog* ! {HmdA(z) = 2[5 rME(r, L) log ! {2dr

< O f) 15 [ M3 (s, f)dslog®™! 2ydr

= Cfo M3 (s, f) [ 75 log® ! 25drds
< O [y M3(s, f) [7 12 1og® ™t {2 drds
= C [ M2(s, f) <log°‘ 2 —log® 2) ds
< Cfol M3 (s, f)log® t2-ds

= Cfol uM2(u?, f)log® 2du

< O [ uM3(u, f)log® 25 du

= O [plf(2)Plog® 1=z dA(2)

< oQ.

2

Y IPETXOHOM CMO YBEJU CMEHY § = 4° U UCKOPUCTHIN dutbeHuily na je Mo(-, f) pacryha

dyuknuja. Crenn ga Lf € AIZOgO‘_l’ MTO je u Tpebasio TOKaA3ATH. |

8.2 Omneparop £ HA JOTAPUTAMCKO TE€XKMHCKUM
baoxoBuMm mpocropuma

VY 'nasu 5 cmo, 3a cBako o € R, nedburncaam J0rapuTaMCcKO TeXKUHCKH BJ1ox0B mpocTop
Bioge Ha cnepehn madmm,

Boge = { £ € HD): P10~ 12 = 0 (1o 2 ) .
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8.2. JIOTAPUTAMCKO TEXKMHCKMN BJIOXOBU ITPOCTOPN

Takobhe, Hopma y mpocTopy Bigge je mara ca

2

£ 11Boge = |£(0)] + sup| f/(2)](1 — |2]) log ™ =—r
zeD Z‘

Pesyarar koju ciemm omucyje paejctBo JIubepwror omeparopa L Ha JIOTapUTAMCKO
TexKMHCKUM BroxosuMm npocropuma Bigge, 3a cBe a € R.

Teopema 8.2.1 (|32|) Hexka je o € R. Tada je onepamop L dobpo dedunucan na npocmopy
Bioge u npecaurasa 2a y npocmop Bigge .

Aoxas. llpumenom Teopeme 2.1 (a) u3 [49
f(2) = 32020 F(n)2" € Buoge mamn 3202
je mo6po nedunucan Ha OpocTopy Bigge

Ca gpyre crpane, kopucrelin Jlemy 22 u3 [50], 3a v = 1 u p = 00, HAITA3UMO Ja BaKu

|, momazumo Mo 3ak/byUKa a 3a DYHKIHjY
f(n)\

< oo. I[Ipema Tome, JIubepun oneparop L

wo(r (Lf)) < (1=7)77 /1(1 — 8)Mso(s, f')ds
za cee 0 < r < 1. Tana, kopucrehu Jlemy 5.1.1, namazumo 1a je
(=) Moo(r, (L)) < 5 [ (1= 5)Moc(s, f)ds
< Cﬁ frl log® %ds
- Cﬁ fgz% t%e~tdt
< Clog™ +=

Konauno, mobujamo Lf € Bigge. Tume je moxas KoMIIeTHpaH. |

8.3 Omneparop £ HA JOTAPUTAMCKO TE€XKMHCKUM
Xapau-baoxoBuM mmpocTopuma

3a a € R gedunnmemo JoraputaMcko TexxuHcKu Xapau-Bioxos mpocrop B
caenehu Hauws (Bugern Lnasy 5),

loge HA

Bﬁogaz{feﬂu Il = 7O+ [ 17 Eloge 12 —aa(:) < }

VY pauy [49] je nokazana caeneha reopema, koja omucyje gejcrso Jlubepunor oneparopa £
na Xapau-BioxoBuM mpocTopuMa Blloga, y caydajy xkaga je o > 0.

Teopema 8.3.1 ([49]) Hexa je a > 0.
(a) Tada je JTubepur onepamop L dobpo dedunucar ma npocmopy Blloga U NPECAUKABA 20 Y
npocmop Bllog&,l.

(6) Axo je f(z )ZZZOOJ?( )2", npu%mysaofcuf( )40 xadan —ooud 2 ftm) < 00,

n=0 n+1
mada Lf € Bl a_1 Mosaauu f € Blog

(B) Axo je a < O mada JTubepun onepamop L e moosice bumu npowiupen 0o Henpexudioz
onepPamMOopa U3 NPOCIMoPa Bloga y npocmop H(D).
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8.3. JIOTAPUTAMCKO TEXKMHCKWU XAPAN-BJIOXOBU ITPOCTOPU

Joxas. 3a neo (a) sumern Teopemy 2.3 u3 [49]|. Uckas (6) crean ma ocHoBy Teopeme 1.1
u Teopeme 1.2 uz [49]. Hdeo (B) je mocieauna Teopeme 2.1 uz [49]. [ ]

Hamomena 8.3.2 Ha ocuosy gena (a) n3 Teopeme 8.3.1 cneqm na y cay4ajy xkaaa je a > 0,

Jlubepun oneparop L mpeciamKaBa JOrapuTaMCKO TEXKWHCKY Xap/u-BJjoxos npocTop Blog

y JIOTAPUTAMCKO TEXKUHCKU XapAau-DBJ0oX0B TPOCTOP Bl . Tokazkumo caga 7a je Takan

pesyirar Hajbos/su MoTyh, y cMUCTY Jia 32 cBaKo € > 0, HOCTOJI/I dbynxuuja f € Bl o, Taksa

log®»
na Baxu Lf ¢ BlOgQ_HE. Haunwme, weka je € > 0 mpouszBosbHO 01abpaHo U AeUHUIITIMO

~ 1
n) = ,
f( ) loga+1+6/2(n+2)

f(n)

3a cee n > 0. Tama Baxu Y oo <oou f( ) 4 0 kaga n — oco. Ocmm TOTa, HATA3ZKMO

- n0n+1
Hda Je
> 1 2) > gt (n + 2
o n+1 n—l—l

Heka je f(z) = > .07, f(n) . Tama je f € l’)’logcx ua ocuoBy Teopeme 5.4.1 u Baxxu Lf ¢

Bllog”_1+5’ jep 6u y cynpoTHOM MMaJIn Ja je

o0

-~ log®Te(n + 2)
E — ) < 00,
_Of(n) n+1 >

Ha ocHOBY sena (6) u3 Teopeme 8.3.1, mro je korTpamukimja. Tume je Hame pasmaTparmbe
V IOTIIYHOCTH 3aBPIIEHO. &
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I'maBa 9

Ilpuaiun makcumyma y
beprmanosum nmpocropuma

9.1 IIpmaiun makcumyma y AP npocropuma ako je p > 1

3a 0 < ¢ <1, meka je ca A, 03HaYeH NIPCTEH
onpeben ycnosom ¢ < |z| < 1. Takobe, neka je
D ={z:|z|<c} uS:. = {z:|z] =c}. Tana,
MPUHIIAT MaKCAMyMa MOJyJIa Karxke, /1a ako je
dyurmmja f xomoMopdHA Y JeIUHUTHOM JTUCKY
D u ako je |f| < M y nupcreny A., 3a Heky
TTO3UTUBHY KOHCTAHTY M U HEKU MOJYyHIPEIHUK
¢, Tama Baxu |f| < M y jequnuanom gaucky D.
[Ipema Tome, gobujamo ga sBaxu || fllar < M =
|M||ap. Y TOM citydajy, mOCTaB/ba Ce MPUPOIHO
TIUTARE 14 JIW e KOHCTanTa M MoXke 3aMeHuTH
ca IPOU3BOJFHOM XOJOMOPGHOM (YHKIHUjOM Y
JEIUHUYHOM JIUACKY D unn APYIUM peduMa, aKO  Cawmka A.1 Iogena jeqwruaror gucka ) Ha AUCK
cy [ m g xonomopdue dbyHKImje y JOIUHUTHOM D, = {z: |2| < c}, xpyxununy Se = {z : || = ¢}
aucky D w axo Baxu | f(2)| < [g(2)[3a2 € A, 12w nperen Ac = {z:c¢ < |z| < 1}, npu wemy je
JIN Ta13, CIIe N J1a, je Hf”AP < HQHAP? Hampumep, o<c¢<1. 3a dyuxuuje f u g xonomopdue y
axo je dynkimja f/g xoaoMopdHa y jeIMHITHOM  jeaunumunom aucky D sazcu yeros | £(2)] < |g(z)|
jqucky D, Taysa Ha OCHOBY HPHHITMIIA MAKCUMYMA 34 cpe 2 € A,
momyta caenn na je |f(z)| < |g(z)|3aceez € Du
camum tuM Baxku || f]|ar < ||g||ar. VY Be3u ca TuMm, Baxkan pesysrat y Teopuju Beprymanosux
mpoctopa je KopeubiyMoB IIPHHIAI MaKCUMyMa, KOJU IPeICTaB/ba MIPUHIIAT MaKCHMyMa
v BeprmanoBum mpocTopuMa u KOju TIacu:

Hpunyun marxcumyma y Bepemarnosum npocmopuma. Heka je 1 < p < oo. Taga mocroju
xoucTanTa 0 < ¢ < 1 ca caenehum cBojectBoM. Ako ¢y f n g xonomopdue dyHkimje y
jemuanmanom aucky D, takee ga je |f(2)| < |g(z)| 3a ce ¢ < |z| < 1, Tana Baxwu

1fllar < llglav-

[Ipeu myT gedunucan o crpane Kopenbayma (Bumeru [34]), mpuHImm MakcuMmyma je
nokazao Xejman y [22] y cayuajy kajga je p = 2 M TO Ca KOHCTAHTOM € = % = 0.04.
Hamowmenmvo 11a je y com pajy 34|, Kopenbiym moka3ao mpuHIUIT MAKCHMyMa 33 p = 2 1
c < %e_z, MOJT JIOJIATHOM MPETIIOCTABKOM fa je g/ f xomomopdHua (byHKIINja 1 HAKOH TOTA
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9.1. CJIVUHAJ BEPTMAHOBUX IITPOCTOPA BERET' EKCIIOHEHTA

je yejaenmmia cepuja mapiijaaHUX pesysaTaTra of cTpane pelier 6poja ayropa: Koperbiyw,
O’Hwu, Puuapsg u 2Ky (Bugern [35]), Kopenbaym n Puaapy (Bugern [36]), Marepo (Bugern
[40]), Uleuk (Bumern [56|) m apyru. Kacumje, Xunkanen je y csoMm pany [26] mobosbimao
XejMaHOBY KOHCTAHTY TOKA3ABINHA Ja TPUHITUIT MakcuMyMa Baxu 3a ¢ = 0.15724. Ocuwm
TOTa, OH je TTOKA3a0 Jia IPUHIIAT MakcuMyMa Baxkn u y Beprmanosum mpoctopuma AP 3a cBe
1 <p<oo. Vceayuajy kaga je p = 2, jenan npumep nporaben o crpane Mapruna (Bugern
[34]), mokasyje ma Baxu ¢ < % Y oom cayuajy, Baur ([60]) je Hamao ropme orpanuiene
¢ < 0.69472 u ckopuje, Banr je y pauy [63] nokazao sa sanpaso Baxu ¢ < 0.6778994. Ca
Japyre crpane, y caydajy p = 2, llycrep je mokazao ja Baxkwn ¢ > 0.21, kopucrehn cBojcra
Me6wujycosor nceymopacrojama y npcreny (sumeru [55]). Taxobe, y [61], Banr je moxaszao
na Baxkn ¢ > (0.25018 3a cee 1 < p < oo m HemTo ckopwuje, Banr je mokazao ja Baxku
¢ > 0.23917 3a cee 1 < p < oo ([64]). VY cBakoMm ciydajy, TauHa BPEIHOCT KOHCTAHTE C,
TaK M Yy CAyUajy p = 2, jOII yBeK je HeIO3HATA.

Sampaso, Kopeubsiym je u3HEeO XUIIOTE3y Ja IPHUHIUI MakcuMyma y beprmanoBum
npocropuma AP Baxu 3a cee 0 < p < oo. Takolbe, y [26], Xunkanen je nocrasuo
MUTAkE /13 JIX je TIPUHITUI MaKCuMyMa y BeprMaHoBuM MpocTopuMa BaJdUIaH U Y CJAyYajy
kaja je 0 < p < 1. V [62], Banr je mokasao ja npuHuuin Makcumyma y BeprmanoBum
npocTopuMa Baxu u y caydajy 0 < p < 1, ajum 1oj1 J10/IaTHOM [IPETIOCTABKOM J1a (DYHKITHja
g uma pocry Hysy y Tadku 0y jegmawanom jgucky D. Ca apyre crpase, Kao mro hemo
BUJIETH KACHMWje Y APYTOj CEKINjU OBe TJIaBe, OATOBOP HA MPETXOIHO TMOCTABRFEHO TMHTAHE
je HeraTWBaH.

V macTtaBky oBe cekmnuje, moxasyjemo jga KopenOayMOB TPUHINN MaKCUMyMa BaXKu
v Beprmamosum mpocropuma AP ko xojux je 1 < p < oo. [okas m3sogumo mparehn
pesyarrate u3 |26, 55, 64|. TIpe cBera, nojcernmo ce na ako je dyHkimja h cybxapmMoHujcka
y jequanaaoM aucKy D m ako je 0 < 71 < ro < 1, Taja Baxu

2 ) 2 )
/ h(r1e?)d < / h(r2€'?)do.
0 0

Ocuwm Tora, moTpebHa HaM je u ciaeqeha egeMeHTapHA JieMa.

JIema 9.1.1 ([64]) Hexa je a nosumusan 6poj u 0 < r < ¢ < p < R. Axo cy g u
h zoaomoppue Ppynxyuje y ducky |z| < R u axo dynrwyuja h uma najmare m nyaa y
sameopenom ducky |z| < ¢ pauynajyliv u suwecmpykocmu, mada 6adtcu

2m | . e o )
| Jotre| utre|as < (ZEE) [ Jatoe™ [ toe| as.
0 Pty 0
Jloxas. Tlpema TpeTIIOCTABITN, MOKEMO TTHCATH
m
h(z) = ho(2) [ [ (= — aw),
k=1
rae Cy ai,...,Gy, cBe Hysae dgynknmje h y 3arsopenom aucky |z| < ¢ m dynkimmja hg je
xosomopdua y aucky |z| < R. Heka je
i agz
k
1) = () I (- ™).
k=1 P
Tana je H xonomopdua dbyHKImMja y 3aTBopeHoM nucky |z| < p u Baxu |h(z)| = |H(z)| 3a

cBe |z| = p. Takolje, Huje TeIko NpoBepUTH JIa HA KPYKHUIM |2| = 7, BaXKK
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9.1. CJIVUHAJ BEPTMAHOBUX IITPOCTOPA BERET' EKCIIOHEHTA

3a cBe |a| < c. Tlpema ToMe, Ha KPYKHUIM |z| = r, Baxkn

Ih(z)| < (*) H(2)].

cr
Pt

Uwmajyhu y Buay 1a je dyskmuja |g|*| H| cybxapmonujcka (Bugern [26, ctp. 336]), Baxku

fo% }g(rew)’a ‘h(rew)‘ dg < (;jc;r)m fo% }g(rew)’a ‘H(reie)’ do
()" S latoe)|" |1 (pe | at
(25)" 127 latoe)|" blpe)| a0,

1ITO je u Tpebasio JI0Ka3aTH. |

IN

IN

Cana cvo y moryhiHocTn j1a TIoKaxkeMo IJIaBHU pe3yJrar ose cekiuje. Hanve, Teopema
KOja CJIEJIM y HACTABKY IMOKa3yje TavdHOCT MPUHIMIA MakcuMywma y mpoctopuma AP Ko
xojux je 1 < p < o0.

Teopema 9.1.2 (26, 55, 64] Hexa je 1 < p < co. Tada nocmoju xoncmanma 0 < ¢ < 1 ca
caedehum ceojemeom. Axo cy f u g rosromoppre dynxuyuje y jedununrom ducky D, maxse
da je | f(2)] < |g(2)| sa cee ¢ < |z| < 1, mada sasrcu

/14 < llgll a»-

Hoxas. Hajupe, neka je 0 < ¢ < 1 koncrtanTa Kojy hemo KacHHUje OJpeuTH U HEKA je
1 < p < oo, npu uemy ca |p| oznauaBamo neo geo 6poja p. Takobe, meka cy f u g
xosomopdue dyukuuje y jennnnanom aucky D n mexa Baxkn |f(2)] < |g(z)| 3a ce z € A.
[Torpebuo je mokazaTh 73 BasKH

[ reraae) < [ laeraac)
/Cr 2)PdA(2) /|f JPdA(2) < / 2)PdA(2) /|g )PdA(2)

NJIN €KBUBaJICHTHO

/(If(z)l”—lg(Z)p)dA(Z) </ (lg(2)P = [f(2)[")dA(2)- (9-1.1)
D.

c

OJTHOCHO

Mozkemo npernocrasuru ja cy Hopme || f||ar u ||g||4» kKOHAUHE, jep y cynpoTHOM TpaxKenn
3aK/bydak qupekTHo ciaegu. Ca apyre crpaHe, MOXKEMO TPETTIOCTABUTH Ja (DyHKIHja ¢
Huje uaenTnuku jennaka 0 m ma dyHkimja g uma 6ap jegHy HYJY Y 3aTBOPEHOM IUCKY
D., jep y CympoTHOM TpaykeHHW pesysiTaT TpuBHjagHo cienanm. Heka je w(z) = f(2)/g(2)
3a cBe z € A.. Tama je |w(z)| < 1 3a cBe z € A,. [lajpe, MOXKEMO HPETTIOCTABUTH 1A
Baxn |w(z)| < 1 3a cBe z € A., jep y CynpHTHOM TPasKeHM 3aK/bydaK CJIEH JUPEKTHO.
Heduauimmmo
wo = wo(p) = max {Ju(2)] : 2] = p} .

Bacse x>0,y >0wup>1, saxu creneha nejennakocr (umern [21])
py"Hx —y) <aP —yP <paPTi(z —y). (9.1.2)
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9.1. CJIVUHAJ BEPTMAHOBUX IITPOCTOPA BERET' EKCIIOHEHTA

Ocum Tora, Tama HAJAZUMO T3 BAXKH

P =lglr = (LFIlP)) BT — (glo)) T
L%J'f’p_w (If]P) — |g|lp)) (9.1.3)

L
Lp]

IN

< L%Jmp—m }prJ _ngJ‘_

Heka je caja 0 < r < ¢ < p < 1. Kaxko Baxu |f| < |g| y upcreny A., To npumeHom
Py1ieoBe Teopeme josiazumo g0 3ak/bydka ja yukiuje f ) — ngJ u gU’J AMajy HUCTH
6poj nyna y sarsopenoM jucky D, padynajyhm u sumecrpykocru. Ilocebro, dyHkimja
fle) — glp) pva majmame |p| myna y mucky D, jep cMo mpermocTaBmin fa (byHKIHja g
uma Hajmame jeany nyiy y De. IIpema rome, kopucrehu Jlemy 9.1.1 u nejeaunakocr (9.1.3),
HaJIa3uMo J1a BaXKu

ST (P =gy (re®)do - < f37 2y (|f =2V | f12) — gle)]) (ret®)do
TTC LJ s
(z28) " 27 2y (12| £ = gl (a0
LPJ s wlp—lpl|1—plr] ;
= (=) k L&(l_ﬁp'ump—urp)) (pe'?)db

Cajia, Ha OCHOBY HPETXOJIHE HEJETHAKOCTH JH00UjaMo 1a BaxKu

o PP i0 rtce e ‘1 wp’ p_|f|P i0
[ = e >des<p+w> / (1_||<|g| 117)) (oeya0.

p

IN

[Ipumernmo jia 3a cBaku npupojgad 6poj n u 3a cee |a| < 1, Baxku cieneha HejesHAKOCT

|1 —a"| |1 —al
< .
1—Ja|® = 1—|al

[Tpema TOMeE, HA OCHOBY TPETXOMHOr T0OMjAMO 13 BAXKHU
- Lp) .
2 2 1—
J (£ = 1oy re®)dt < () f3T (52 gl = 1£17)) (pe)do

lp) - i
< (7)) S5l = 117 (o) do.

npu gemy dyaximja y(p) 3a10B0/paBa

1 —w(z)|
() 2 ma { Jel=p.
1— |w(z)|
Heka je p duxcupano. 3aruM, IOMHOXKEMO IPETXOIHY HEjeAHAKOCT Ca T U UHTErPAIHIMO
je mo r y rpamunama ox 0 go c. Tama, qobujamo ma Baxku

1
vp) Jy ( ,ff%) ? rdr

Hame, maoxkuMo Hejeqraxoct (9.1.4) ca p w 3aTUM je MHTETPAIUMO TIO p y TPAHUIAMA O]
c no 1. Hakon Tora, Ha1azuMo Ja je

1
P —dp | (fIP = 1gl")(2)dA(z) < [ (lg” = |f1")(2)dA(z).
/ ) Jo (pTC%)L J rdr /DC /AC

2
/ (7P — 1gl?) (2)dA(2) < / (gl — 1P (pe®)d.  (9.1.4)
De 0
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9.1. CJIVUHAJ BEPTMAHOBUX IITPOCTOPA BERET' EKCIIOHEHTA

VKOIMKO ToKaxkeMo 7a je Morylie omabpaTu ¢, TaKO Ja BaxKu

! p
/ C =, (9.1.5)
fo (p+cr> rdr

3aBPIINJIM CMO JIOKA3 Teopeme. 3amnpaso, Kako je [p] > 1, To je 70BO/bHO mOKa3aTh ja
MO2KeMO 0mabpaTH ¢, TaKo Ja je

! p
_ dp > 1. 9.1.6
/ f pfﬁ rdr p= ( )

Hajope, ompeammvo omrosapajyhe orpanmueme 3a 7(p). Ilpe cmera, mamomenmmo ma je
ceyaoxunepbomaKo pacrojatbe d mamelhy mauaka «, € D, medwrucano Ha caemehn

HaYnH 8
a —_—
d = .
VY ceom pagy [55], ITycrep je nokaszao ja Baxku
d(w(z),w0) = | LEL=0 | < k() <1
o) 1—wow(z)| ~ P ’

3a cBe |z| = p, npu yemy je

00 1+22n1 14 p2e2ntl 1+C2n2
K(p) 1+P H p-c )( P )( )

(14 p2c2=2) (1 + p~2¢27) (1 + 2= 1)?
[Iparehun Xunkanenos paj [26], nexa je

w(z) =@ _,

1 — wow(z)
e je 0 <t < K(p)u0<6<2r. Taua je

wo + tet?
1+ wote?”

w(z) =
Huje remko mposepurnu ja je ycios |w(z)| < wy eKBuBajeHTaH ca

t(1+ wd)

cosf < —
- 2w

[Tpema TOMeE, HA OCHOBY MPETXOMHUX PaszMaTpama, J00ujaMo 1a BaXKm
< (two)[l-w(z)|
I-lw(z)] = 1—|w(2)[?

[1—tet?|
1—¢2

V1+ wit? + 2wt cos b

< 1+t /1 —t2
1+t
I—t
1+ K (p)

S VTR
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9.1. CJIVUHAJ BEPTMAHOBUX IITPOCTOPA BERET' EKCIIOHEHTA

3a cBe |z| = p. Camum TUM, 106U CMO J1a je

R E B WO (F 75
s {F0 =2 = TGy

|1+ K(p)
v(p) = :[—7I((p)

Kopucrehn nporpamcku jesuk Mathematica, nobujamo na mejegmaxoct (9.1.6) Baku y
cay4ajy kKafa je ¢ = 0.23917. Ha omaj HauwH, J0Ka3 TeopeMe je 3aBpIIeH. |

TAKO 18, MOKeMO ofabpaTu ja je

3a 1 < p < oo, o3HAYNMO ca ¢, Hajehy BpeaHOCT KOHCTaHTe ¢ 3a Kojy Kopenbaymos
npuHun Makcumyma y beprmanosum mpocropuma AP Baxku. Taja Ha OCHOBY HpPeTXOjHEe
Teopeme, JOOHjaMo jeJIHO Jombe orpanuiete ¢, > 0.23917. To je TpenyTHO Hajbos/Be J0MHE
orpanuyere 3a Kopenbsiymoy koncranry. Tauna BpejHOCT KOHCTAHTE HUJE [IO3HATA.

Hanomena 9.1.3 V pany [26] XunkaHeH je 110CTaBHO IUTAHKE Ja JIM BarKK
cp — 1 xama p — oo.

Opurosop je morTBpjan u cjaegu u3 jokasza Teopeme 9.1.2. Hawmme, Ha ocHOBY j10Ka3a
IIPETXOHE TEOPEME ITPUHITUIT MAKCUMYMA BaXKHM aKO 33 KOHCTAHTY C BayKM HEjeJIHAKOCT
(9.1.5). Ocum Tora, mpuMeTHMO J1a 3a JeBy cTpany Hejeanaxkoctu (9.1.5) Baxku

1 9 1
/c c rp-l-c LpJ dp 2 672 /c pQCp ij dp

Takobe, Kako BazKH

v(p) [ 2¢cp
p \p*+c

TP 9eMy je MPeTXoHa KOHBEPTeHIlja paBHOMePHA, TO WHTETPaJ

Lp]
> — 0 kayma p — 00,

2 [t P
072 2cp
“ 7(p) (p2+02 )

mueeprupa ka oo 3a cee ¢ € (0,1), kaga p — oco. Ha ocHOBY mperxofHOr pasmarpama
JIOJIA3MMO JI0 3aK/byUKa [la BayKd ¢, — 1 Kaja p — 00. &

o] 0P

9.2 Ilpuniun makcumyMma y AP mpocropuma ako je p < 1

V 0BOj cekmuju mOKa3yjeMo rIaBHU Pe3yaTar oBe riiaBe. Hamme, y Teopemu Koja Ciremn,
Jokazyjemo ga Kopenbaymos mpuHIun MakcnMyMa v Beprmamnosom mpocropy AP He Baxkn
y caydajy kaga je 0 < p < 1. Pesynraru ose ceknuje cy npeyseru u3 paja [6] (Boxun,
Kapanerposuhi). Ilpe cBera, mounmemo ca mpeauMuHApHAM pe3yiararuMa. [lorpeban Ham
je cnenehn ejemeHTapas U KOPUCTAH PE3Y/ITAT.

JIema 9.2.1 Hexa je 0 <p<1ux>0. Tada saorcu (1+ )P <1+ pz.
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Jloxas. Heka je o(x) =14 pr — (1 + x)P, npu gemy je x > 0. Taga, mmamo ma BayKu

1-p
¢(x)=p—p1+az)P =p<1— <1ix> > > 0,

jep je 0 < p < 1. Crora, dyukimja ¢ je neonagajyha wa unareppasy [0,00). Ilpema
ToMe, HajgasuMo Ja Baxku @(r) > ¢(0) = 0 wIm eKBHBaJEHTHO, JOOHjaMO Ja BayKn
1+px > (14 z)? 3acse x > 0. [ |

Kopucrehu nperxomny Jjiemy, HOKa3yjeMoO IJIABHY MPEJIUMUHAPHN PE3YJITAT.

Jlema 9.2.2 Hexa je 0 <p <1 u0<c<1. Tada, nocmoje n € N u 0 < e <1, maxeu

da easicu n o\ p
1+ ?psm’“ > <1+ (E) ) .

Loxas. Nmajyvhu y Buay 1a je 0 < p < 1, MmoxkeMo m3abpaTu JOBOJBHO BeMKo N € N, Tako
J1a BaXKU p—i—% < 1. Tana, Hanazumo aa je np+2 < n win ekBusaseHTHo n— (np+2) > 0.
[Ipema Tome, mobujamMo ma BaxKu

lim "~ (P+2) —
e—0t

Camvum TiM, MOKeMo mw3abparu JoBo/bHO Maio 0 < € < 1, Tako na je
nc’

n—(np+2) <
9 B .

(9.2.1)

Ocraje HaM joIII Ja MOKaXKeMO J1a IPETX0/THO n3abpaHu N U € 33JI0BOJhaBAjy TPaXKeHU YCJIOB.
Hauwme, kopucrehn nejegmaxocr (9.2.1), Hamasumo ga je

" np+2 (5>”
J— > — ,
28 c
WJIN €KBUBAJIEHTHO np e\n

14+ 22 > 14 p (7) . (9.2.2)

c
Ca apyre crpane, kopucrehu Jlemy 9.2.1, nobujamo
n n\ p
14p (5) > (1 + (5) ) . (9.2.3)
c c

Konauno, kopucrefin (9.2.2) u (9.2.3), nanasumo ja Baxu

L 22wt (1 + <f)n)p.
2 c

Tuwme je moka3 jJeMe KOMIJIETUPAH. |

Cazma cMmo y MoryhHOCTH Ja MOKayKeMO IPETXOJHO HAjaB/beHU TJIABHU DPE3Y/ITAT OBE
raBe, KOju Kayke JIa NPUHIAI MAKCHMyMa, He BaXXKW y BeprManoBuM MPOCTOPUMA MaJIOT
ekcrionenTa. Hanme, Baxku ciejieha Teopema.

Teopema 9.2.3 ([6]) Hexa je 0 < p <1 u0 < ¢ < 1. Tada, nocmoje dynruyuje f u g
zoaomoppue y jedurusnom ducky D, maxse da saoicu |f(2)] < |g(z)] 3a cée ¢ < |z| <1 u

[f1l.az > llgl| a»-
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Hoxas. Ha ocuoBy Jleme 9.2.2,3a nate 0 < p<1lu0<c<1,mocrojen e Nnl<e <1,
TAKBHU Ja BaKH
n E\™M\P
np+2<n w1+ e (1+(5)")" (9.2.4)
c
Tana, moxemo medunucarn dyukimje [ u g, Ha caegehn HadmH

f(2) m(2" ") mog(z) = 2",

- €
1+(3)
3a cee z € D. [lakje, dyuknuje f u g cy xonomopdue y jenunuanom jgucky D. Ca apyre

crpane, ako je ¢ < |z| < 1, umamo ja Baxun

n n

€ €
> ;
e |zrten

1 IIOCJICANYIHO

n n n

c € <1 € )z
cn 4 en cn 4 en |Z|n+5n - |z‘n+€n’

NI €eKBHUBaJICHTHO

’ n

Camum THM, ako je ¢ < |z| < 1, Taza, kopucrelin MpeTXoAHy HejeJHAKOCT, HAJIA3UMO Ja

BaKH

(2" + )
" ten

If(2)l = m (2" +e")

L+ (%)

Ocraje HaM joImr fa TOKaXKeMo, J1a 3a NpeTxoaHo ojabpane dyHKIMje f U g, Baxkn

< < 2" = lg(2)|-

£l > [lglla»,

(f f(z)lpdA(Z)>; -(/ |g<z>\pdA<z>)’l’. (925)

Buanmo ma (9.2.5) Baxku, ako je ciegeha HejeTHAKOCT TavuHA

J

KO0ja Je eKBMBAJIEHTHA Ca

NI €eKBHUBaJICHTHO

7 (2" +e")

p
W dA(z) >/D\z”pdA(z),

o
(1+(3)""

[Ipema Tome, ymecto (9.2.6), TOBOJBHO je MOKA3ATH Ja BaXKH

/ |27 + e"PdA(z) > / |2|"PdA(2). (9.2.6)
D D

/D\z”—i-s"]pdA(z) > (1+ (i)n>pA)|z]"pdA(z). (9.2.7)

Kako je D =D, US. UA,, ipu uemy je D. ={z € C: |z] <¢e},Sc={2€C:|z|=¢} n
A ={z€C:e<|z| <1}, To HANA3UMO A2 je JOBO/BHO MOKA3ATU /1A BAKU

/DE |z”—|—s"pdA(z)—|—/Ag|z”+e”|pdA(z) > (1+ (i)")p/prdA(z). (9.2.8)
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Hajope, npumernmo 1a je

27 2
/ |2|"PdA(2) / / r"Prdrdf = 2 / PP dr = : (9.2.9)
0 np + 2

Ca apyre cTrpane, UMamo

fDa |z™ + e™PdA(2)

Jo. 1" (L4 (2)) 7 dAGz)

= ™ fo |1+ (2)"]" dA(2)

= ", (14 (97 0+ (3)")

m

V4
2

dA(z).

[Tpumerumo ma je ’§| < 13acse z € D.. Camum Tum, g100HjaMO
Jo |2 +empaA() = e [ S () () 52 () () dAG:)
= & fy, TiZo (%) 2™ 520 (%) 2 dA(2).
Kako Baxxnm
/ 2" 7" dA(z) = 0, 3a cBe HeHeraTmBHe mese 6pojese k # 7,

TO HaJA3WMO J1a je

o 2
Jp, 17" +eMPdA(z) = & Y (%2) a21nk Jo. 2R A(2)
k=0

= . (9.2.10)
= " kZO (pk ) Z2nk f]DJg |Z| " dA(Z)'
Takobhe, nmamo ma je
27 52nk+2
12> d A(z) / / 2 rdrdf = / 2R gy = , (9.2.11)
De nk -+ ].
3a cBe HeHeraTusHe 1iesie 6pojese k. Kopncrehn (9.2.10) u (9.2.11), ciaenu
2nk+2
f]D)E |Zn + gn‘pdA(Z) = np Z (p/2) €2nk TLk-‘rl
(9.2.12)

= e"t? Z (p/2) nk+1

Cnwano, BaXK#

Ja 12" +€"PdA() - = fA =" (1+ (£)")[" dA(2)
= |z|"p|1+(%) !”dA
(

SIS

= e (1))

[Ipumerumo ma je ’§| < 13acse z € A.. Crora, HAJIA3UMO JIa BayKu

Jo 2" PAAG) = [, 12 57 () (5)™ 0520 (7)) (2)™ dA(2)
= [ [y (et e 32 (PP L dA(2).
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Kaxko je
11
/ ’Z]npmqjdA(z) = (0, 3a cBe HemeraTwBHEe TIeTe Opojese k # j,
A 2z
TO 706MjaMo
s 2
fAs ‘Z” —|—5n’pdA(z) = E (plé?) 62nk fAE |Z’npﬁ§%dx4(z)
= 2 (9.2.13)
= E (PI/CQ) E2nk fA |Z|np—2nde(Z).
k=0 c
Haxkon Tora, caean
fAE ‘Z‘np—2nde(z) — % 027r fal Tnp_2nk7’d7’d0

— 2f1 Tnp+1—2nkdr

€
o 1—gnp+2—2nk (9214)
= 2 np+2—2nk

1_8np+272nk
np2+2 —nk

3a CBe HeHeraTueHe 1eje 6pojese k. Ilpumernmo ga Baxku np+2 # 2nk 3a cBe HeHETATHUBHE
nesie 6pojese k, jep je n > np + 2 > 2. Takohe, mpumerumo ja je

1— np+2—2nk
€ _ / 272k 4 A(2) > 0,

>

3a ce HeHeraTusHe 1esie 6pojese k. Kopucrelin (9.2.13) u (9.2.14), umamo ja je

.- 2 n —2n
Ju 12" +eMPdA(z) = X (p/2) 20k 1—enpt2-2nk

= k np2+2 —nk

) N2 2nk_ _np+2

= k;o (") Ty, S (9.2.15)
S 2 2 k—(np+2)_

_ 2 2 " 1

= gnhpt kgo (p’/C) € "P;Q,nk ’

IpH 9eMy je

€2nk7(np+2) -1

TSR > 0, 3a cee HeHeraTupHE 1ejIe Opojese k.
2

Kownauno, kopucrehu (9.2.9), (9.2.12) u (9.2.15), nokas nejegnaxocrn (9.2.8) coan ce Ha
TAYHOCT caefehe HejeTHaKoCTH

: 00 /2 2 1 g2nk—(np+2) _ q ex™m\P 2
5p+2kzzo<k> (nk‘—l—1+ i >>(1+<c)) np+2’

NJIN €KBUBAJICHTHO

E"Wiak > (1+ (f)n)p 2 (9.2.16)

P c np + 2

92\ 2 1 2nk—(np+2) _ q
ak = p/ + 6 2 2 O?

rae CMO O3HaYMJIN
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3a CBe HeHeraTuBHe 1iese OpojeBe k. [lpumernmo ma Baxku

ad —(np+2) _ 1 2
Y zag=1+ =14 (g—<”p+2> - 1) . (9.2.17)
2

Camunm tum, xkopucrehin (9.2.17), ymecro nejeqnaxoctu (9.2.16) moBo/bHO je mokasartu ja
BaXXH HejeJTHAKOCT

(1 g () 0 ()
np + 2 c np + 2

KOja je eKBHBAJEHTHA Ca

Lgnp—i-Z (@ + 5_("P+2)> > (1 + (E)n>p 2
np + 2 2 c np + 2

NI €eKBUBaJICHTHO

14 2Lgnpt2 (1 - <§)n)p.
2 c

MebyTum, nperxonna HejenHakocT je tadna, Ha ocuoBy (9.2.4). Tume je mokas Teopeme y
HOTIYHOCTH 3aBPLIEH. [ |

IIpema Tome, ma ocuoBy Teopeme 9.1.2 m Teopeme 9.2.3 mobujamo ga Kopeubaymos

IpUHINI MakcuMyMa y Beprmanosum npocropuma AP Baxkn y ciayuajy kaga je 1 < p < oo,
0K vy cayuajy Kaga je 0 < p < 1, KopenbaymoBa xurore3a HUje TaUHA.
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Cnoucak cumMooJia

Jmck ajirebpa

nperer ¢ < |z| < 1y KoMIuIekcHoj paBHH, mpu demy je 0 < ¢ < 1
Beprmanos mpocTop

TexknHcKu BeprmManoB mpocTop

JIOTAPUTAMCKO TeXKUHCKE Beprmanos npocrop A2
HopMaan3oBana Jleberosa Mepa Ha jeIUHUIHOM JIUCKY
Boxos mpoctop

JIOTApPUTAMCKO TexkuHCKu BjioxoB npocrop

mpocTopu Becosa

Xapan-Baoxosu mpoctopu

JIOTAPUTAMCKO TeKMHCKM Xapan-Bioxos mpoctop
Bramkeos npomnsBos

Bera dynkmuja

IpoCTOp Koju ce cacroju of ¢gyuxuuja f n3 Xapaujesor mpocropa H'
u 4nje cy rpanmuHe BpegHocTH f(e) orpaHudene cpeme oCIuIanuje
Ha jenuHUYHO] KpykHUIM T

KOMTIJIEKCHA, PaBaH
[IO3UTUBHA KOHCTAHTA
TTO3UTUBHA KOHCTAHTA KOja 3aBUCH O] TapaMeTpa o

JEUHIYHN JUCK Ca MEHTPOM Y KOOPANHATHOM TTOYETKY ¥ KOMILIEKCHO]
pasun C

3aTBOPEHM JEIMHUYHN JUCK

JIUCK Ca TIEHTpoM y Tadku zg € C mosympednnka r

THCK |z| < ¢, mpu gemy je 0 < ¢ < 1

3aTBOpeHN THuCK |z| < ¢, mpu gemy je 0 < ¢ < 1

mms {(n + 1)t}2020, rze je t peasan 6poj

ONepaTop JAECHOT MOMEPAHA,

rama QyHKIHja

XaHKeJ0B onepaTop u3 MpocTopa HU30Ba, X y MPOCTOp HU30BA Y
xuriepreoMerpujcka (PyHKIMja ca mapamerpuma a, b, c, rae je z € D

n-tu Tejyiopos xoedutujeHT xoiaomopdue dyHnkiuje f
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CIINCAK CMMBOJIA

cypjekTuBHa jmHeapHa m3oMerpuja mpoctopa L2(T) medunmcana ca
Fi(et) = f(e)

XwibeproBa MaTpuiia

XaHKE0B OTepaTop

XankesioB oneparop uHayKoBan dyukiujom g € L°(T)

TPOCTOp XOJOMOPGHUX (DYHKIN]A HA jeTUHUIHOM aucky D

IPOCTOP XapMOHMjCKUX (DYHKIIN]A HA jeJMHUYHOM JIUCKy D)

Xapaujes mpocTop

TPOCTOPH MEITIOBUTE HOPMeE

mpocTopu Becosa

upocrop dbynkuuja f uz HP°*% 3a xoje Baxu Mp(r, f) = o ((1 —r)™%)
Kajga r — 1

KOHCTaHTa Koja 3aBucu of moaymnpedrnka 0 < p < 1 m yuecrByje y
OIIEHU TICEYI0XUIIEPOOJIMYKOT PACTOjahba HA JEIMHUIHOM JUCKY

O3HAKa 33 BEJIWYUHY UV — @ — % + 1, e cy p, @ u v napaMerpu
OTIepaTop JIEBOT MTOMEPAHA

JIubGepun omepaTop

yomrnrenn Jlubepun omeparop, rae je a € D

MPOCTOPY MEPJHUBUX (DYHKIINja OTPAHUTIEHE P-HOPME

IpPOCTOpU P-CyMabDUTHUX HU30BA

YOIIITEHN TTPOCTOPU HU30BA

MYJTUIVIAKAIIMOHY OTlepaTop uHAyKoBaH dyHKujom g € L(T)

WHTeTpajHa CpelnHa pena p GyHKIuje f Ha KPYKHANK TOJYTPEIHUKA
7 ca IIeHTPOM Y KOODJAWHATHOM MOYETKY y KOMILJIEKCHO] PABHH

03HAKa 33 MOCTOjarbe TO3uTHBHEe KoHCTAaHTe C') KOja 33/I0BO/haBA YCIOB

CIN<M<CN

O3HAKa 3a L0CTOjare no3utusHe Koncranre C, KOja 3a/10B0/baBa yCI0B

M < CN

CKYTI TIPUPOIHUX OpojeBa

ckyn NU {0}

MPOCTOP AHAJUTUIKUX TTOJUHOMA

CKyIl peayiHnx OpojeBa

omepatop Pucose mpojekiuje

npcren t2 < |z| < 1y koMmmaexcroj pasaw, mpu demy je 0 <t < 1
KPY2KHUIA [TOJIYIIPEYHUKA € ¥ KOMIJIEKCHO] PaBHU ca, 1leHTpoM y 0
m-tu Tejsiopos noauHoM xosoMmopdre dyHkimje f

JEJIMHUYHA KPYKHUIA €A [MEHTPOM ¥ Taukn () KOMILIEKCHE PaBHU

CTEIUjaJTHI KOMITO3UIIMOHHU OrepaTop XosomMopdue dyuknuje f, npu
TeMmy je 0 <t <1
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CIINCAK CMMBOJIA

VMOA

bp(t)

notmnpocTop mpoctopa BMOA xoju cagpxu ¢yHKIHje f 3a Koje Baxkn
caos lim - et — frldt =0
Yy 7|0 K f[‘f( ) fl}
CTEIUjaJTHO KOHCTPYUCAH HU3 TOJUHOMA 33 Koje, n3Mely ocraior, Baxn
1-1 .
[Vallp =< 2"\ %) xamaje 0 < p < oo

KOHBOJIYIIH]ja ToimHOMa Vi, u dyHKIMje g Xoa0MOopdHE ¥ jeINHUYHOM
jgucky D

6poj npomena 3naka y IIrypmosom nuzy &o(x),&i(x),... moaunoma
o3HaveHor ca &(x)

2 2
dbyskmja t5_1(1 —t) p,upuuemy je2<p<4ul<t<l

dyukmmja krace C* ma R Taksa 1a je
wt)y=13at<1

w(t)=03at>2

w je omanajyha u nosurnsHa Ha nHTepBaTy (1,2)

dbyukunmja f(2)/g(z), rne cy f u g xomomopdue dyukuuje y aucky D u
3a,10B0JbaBajy ycaos |f| < |g| y Hekom npcreny A,

max{lw(z)| : |z = p}
IPOCTOP HUBOBA
JyaJ mpoctopa X

MIPOCTOP MHOXKIJIAIA U3 jJeJHOT IPOCTOPa HU30Ba X yV APYTH IPOCTOP
HIU30Ba Y

cKyII 1esux Opojesa
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buorpadmuja ayropa

Bboban Kapamnerposuh poben je 8. jamyapa 1990. rogune y Vpamwuiiu, rie je 3aBpIimio
OCHOBHY M Cp€/iby IIKOJAY, Kao Dhak remepanuje u Hocwmaan Bykose puiiome. Toxom
OCHOBHE U CPeIibe ITKOJIe, YIeCTBOBAO je Ha BeheM Opojy MaTeMaTHIKnX TaKMUUemha, Mehy
KojuMa ce m3mBajajy Jynmopcka Bankamcka Maremarwmuka Osmmmumjana (I'puxa, 2005),
Mebhynapoaan Maremarnaku Typuup I'pagosa (Pycuja, 2006), Bankancka Maremarnaka
Omumnujama (I'puka, 2007), Uarepnarmonanno Maremarnarko Taxvudeme (Pymynuja,
2007) u Uareprammonanna Maremarnaka Omnvrnujaga (Bujernam, 2007). Toxkom cpesme
mikoJie 6uo je crunenucrta PoHja 3a pa3BOj HAYYHOT U YMETHUYKOD TTOJMJIATKA.

Ocuosre cryauje Maremarnaror ¢akynrera, YHusepsutera y Beorpany, ymmcao je
2009. rogmme ma cMmepy Teopmjcka mMaTeMaTnka u TmpuMeHe u 3aBprmo 2013. romgmmbe ca
npoceunom orerom 10.00, kao cryzent remeparumje. Macrtep cryauje je zaspmmo 2014.
TOAWHE Ca MCTOM IPOCEIHOM oOImeHoM. TokoMm crymuja, 6mo je crumemaucra Pomnma 3a
mitage Tasienre Pemybsauke Cpbuje. Op 2013. roamse sanocieH je sa MaremMaTudkom
daxyarery, Yausep3utera y Beorpany ma Karemgpu 3a peasty n KOMIUIEKCHY aHAIU3Y.

Crnmcak objasmennx pagosa (cBu y wacormcnma ca SCI nmcre).
e M. Jevtié, B. Karapetrovié¢, Hilbert matriz on spaces of Bergman—type, Journal of
Mathematical Analysis and Applications, 453 (2017), 241-254.

e B. Karapetrovié¢, Libera and Hilbert matriz operator on logarithmically weighted Bergman,
Bloch and Hardy-Bloch spaces, Czechoslovak Mathematical Journal (accepted for publica-
tion).

e M. Jevti¢, B. Karapetrovié, Hilbert matriz operator on Besov spaces, Publicationes
Mathematicae Debrecen, 90/3-4 (2017), 359-371.

o M. Jevtié¢, B. Karapetrovi¢, Libera operator on mized norm spaces HY' T when 0 < p < 1,
Filomat (accepted for publication).

Crucak pajioBa Ha PEIEH3U)U.

e B. Karapetrovié¢, Norm of the Hilbert matriz operator on the weighted Bergman spaces.
e V. Bozin, B. Karapetrovi¢, Norm of the Hilbert matriz on Bergman spaces (y oBom pamy
pellien je oTBopeH 1pobJieM Koju ce oJHocU Ha ojipehuBame HOpMe oneparopa XuabeproBe
marpune H ma Beprmanosom npocropy AP y cayuajy kama je 2 < p < 4).

e V. Bozin, B. Karapetrovié¢, Failure of the Korenblum’s mazimum principle in Bergman
spaces with small exponents (y OBOM pajy peIlleH je OTBOpEH TpobJeM KOju ¢e OTHOCH
wa KopeubayMoBy XWTOTE3y O MPUHIMITY MakcuMyMma y beprmanosum mpocropuma AP y
caydajy kaga je 0 < p < 1).
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Mpunor 1.

UsjaBa o ayTopcTBy

MortnucaHu-a _Bobad Kapanetposuh

Opoj ynuca 2003/2014

UsjaBmyjem
[a je goKTopcka gucepTauuja nog HacnoBOM

Onepatop XunteptoBe matpuue v IlubepuH oneparop’

Ha NpocTopuma XonoMopHUX yHKLM]a

® pe3ynTaTt CONCTBEHOr UCTpaXXuBaykor paja,

e [JanpeanoxeHa aucepTaunja y LenvHU KW Y AeNOBUMa Huje Guna npeanoxeHa
3a gobujame Ouno koje auvniome rnpema CTYAWCKMM fporpaMuma gpyrvx
BMCOKOLLKOICKUX YCTaHOBA,

e [a Cy pe3yritaTi KOpekKTHO HaBedeHU U

e [a HMCaM KpluMo/na ayTopcka npaBa M KOPWUCTUO WHTENEKTYanHy CBOjUHY
Apyrux nuua.

Mornuc pokropanpga

Y Beorpay, 11. maja 2017.

yoo_ g )
L bgUi /2000 T FO0E
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Mpwnor 2.

M3jaBa 0 UICTOBETHOCTU WITaMMaHe U efIeKTPOHCKe
Bep3uje OOKTOPCKOr pana

bobGaH KapaneTtposuh
Mime n npeanmMe aytopa

2003/2014

Bpoj ynuca

. MaTemaTunka
Ctyamjcku nporpam

Onepatop XunbeptoBe matpuue n Jinbepun onepartop
Hacrnos paga

Ha npocTopuMa XonomMopdHUX PyHKUKja

MeHTop op Bnagnmup bBoxuH

boban Kapanetposuh
lMoTnucanm

u3jaBrbyjeM fa je wramnaHa Bep3uja MOr JOKTOPCKOr pafla UCTOBETHA EMEKTPOHCKO]
Bep3nju Kojy cam npejao/na 3a objaBrbuBake Ha noprtany [durutanHor
penosutopujyma YHuBepauteTta y beorpagy.

[osBorbaBam fAa ce objaBe Moju NUYHKM nogauu Be3aHu 3a gobujarse akagemckor
3Bara AOKTOpa Hayka, Kao LUTO Cy UMe v npesnme, roguHa u MecTo pofiewa v aaTym
onbpane papa.

OBM nuyHM nogaun Mory ce 06jaBUTM HA MPEXHWM CTpaHuLama aurutanHe
6rbnuoTteke, y eNeKTpOHCKOM KaTtanory 1 y nybnukauvjama YHusepauteta y beorpagy.

Motnuc gokTopaHga

11. maja 2017.
Y Bbeorpagay,

A I
PNy
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Mpunor 3.

UsjaBa o KO%pI/IU.IheI-by

Oenauwhyjem YHusepautetcky 6ubnuoteky ,CseToszap Mapkosuh® ga y Jurutanyu
penosutopujym YHuepsuteta y beorpagy yHece MOjy OOKTOPCKY nm‘cepTau,mjy noAa
HacnoBOM:

Onepatop XmAbeptore matpuue 1 AMbepuH orneparop

HO NPOCTOPMMA XOAOMOPTPHMX cPYHKLIMA

KOja je Moje ayTopCKo Aerlo.

JucepTauujy ca cBuM npurosvma npegao/na cam y enekTpoHCKoM dhopmarty rnorofHom
3a TpajHO apxvBuUpame.

Mojy AOKTOpCKY AucepTaumnjy noxpareHy y [Jurutandu penosutopujym YHusepauteTa
y Beorpajly Mory ja KopucTe CBM Koju NoLTyjy oapeabe cagpxare y ogabpaHom tuny
nuueHue KpeatusHe 3ajeaHuue (Creative Commons) 3a kojy cam ce ofsy4uo/na.

1. AyTOpCTBO

2. AyTOpCTBO - HEKOMEPLIMjaIHo

3. AyTopcTBO — HEKOMepumujanHo — 6e3 npepage

4. AyTOpCTBO — HGKOhl;eleMjaﬂHO — OEenWTK NOA UCTUM yCrioBUma
5. AytopctBo — 6e3 npepage

6. AyTOpCTBO — AenuTu Noj UCTUM ycrioBuma

(Monumo fa 3aokpyxute camo jedHy Of] LecT noHyfeHWx nuueHuu, Kpartak onuc
nUUEeHUW AaT je Ha nonefuHn nucra).

MoTnuc gokropaHaa

11. maja 2017.
Y Beorpagy,

l

Jlaraid {,(/Té'g’g"w vy ”‘%Zfﬁ




1. AytopcTBo - [lo3BorbaBate yMHOXaBawe, AUCTPUDYLM)y W jaBHO caofluTaBarke
Jena, u npepaje, ako ce HaBede uMe ayTopa Ha HauvH ogpefeH og cTpaHe aytopa
Uny gaeaotia nuueHue, vak u y komepuujanHe cspxe. OBo je HajcnobopHuja o CBUX
TNIALIEHLIN.

2. AyTopcTBO — HekoMepuujanHo. [lo3BorbaBaTe yMHOXaBare, AUCTPUbyumjy 1 jaBHo
caonwTaBarwe fena, u npepage, ako ce HaBede Mme ayTopa Ha HaduH oppefleH of
CTpaHe ayTopa unu Aaeaoua nuueHue. Opa nuueHua He A03BOrbasa KoMepuujarnHy
ynotpeby nena.

3. AytopcTtBO - HekoMmepuujanHo — 6e3 npepage. [Jo3Borbasarte yMHOXaBawe,
ANCTpUbyumnjy M jaBHO caonwiTaBakwe fAena, 6e3 npomeHa, npeobnukosBarwa Wu
ynotpebe gerna y CBOM [Hefy, ako Ce HaBede MMe ayTtopa Ha HaduH ofgpeheH of
cTpaHe ayTopa unu gaeaoua nuueHue. OBa nuueHua He J03BOSbaBa KoMmepuujarnHy
ynoTpeby gena. Y ogHOCY Ha CBe ocTane nuueHue, oBOM JULEHLUOM Ce orpaHuyasa
Hajeehun 0buM npara kopuwherwa gena.

4. AyTOpCcTBO - HeKkoMepuujanHo — Aenutu nof wctum ycnoBuma. [Jossorbaeare
yMHOXaBate, AMCTpubyuujy 1 jaBHO caonwiTaBakbe Aena, U npepaje, ako ce HaBene
MMe ayTopa Ha HauuH ofpefeH o cTpaHe ayTopa Wiy JaBaoua NuueHue U ako ce
npepaja AvMCTpubyvpa nod WCTOM WAKW CIMYHOM fnvueHuoMm. OBa nuueHua He
[,03BO/baBa koMepuiujanHy ynotpeby aena u npepaga.

5. AyTtopctBo — Ge3 npepage. [lo3sorbaBate yMHoOXaBake, OUCTPUOYLUjy W jaBHO
caoritaBame fena, 6e3 rpomena, npeobnukoBaka unu ynotpebe gena y csom geny,
ako ce HaBefle MMe ayTopa Ha HauuH oapeheH oA cTpaHe ayTopa wnu JaBaola
nvueHue. OBa nuueHua [o3Borbasa koMepuujandy ynotpeby gena.

6. AyTtopcTBO - genuTu nod UcTUM  ycrnioBuma. [ossBorbaBate YyMHOXaBake,
ancTpubyLunjy 1 jaBHO caonuTaRake gena, u apepage, ako ce HaBele UMe ayTtopa Ha
HauyvH ofpefleH of cCTpaHe ayTopa WnvM [aBaola nuueHUe W ako ce [Mpepaja
auctpubyupa nog UCTOM MMM cAvdHOM  nvueHuom. OBa nuueHua [03BOSbaBa
koMmepuujanHy ynotpeby pena n npepaga. CnuyHa je COMTBEPCKMM nuuUeHLama,
OHOCHO NuLieHLIamMa OTBOPEHOr Koa.



