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FTIABA I 

LIPHliumn PEJIATHBFITETA 

§ 1. Bp3HHa npocnapatha yaajahmor AjejeTsa 

3a onmcmBaH,,e npomeca, Kojm ce y npmpo,tm gewaBajy, HeonxogHo je 
noTpe6Ho mmaTm cmcTem pectlepeHumje. flog cmc -remom pettepeHule nogpasy-
mmjeaa ce xoopgmHaTHm cmcTem, KOjH cnyNal 3a oApebmBamme nono)Kaja tiecTmla 

y npocTopy, rgje je 3a cmcTem Be3aH caT, xojm cny>xm sa noxamBampe BpemeHa. 

rlocToje cmcremm pectlepeHumje y xojmma ce cn06ogH0 xpeTaHDe Tmjena, 

Tj. xpeTaFbe Tmjena, Ha xoja He gjejcmyjy cnorbaullge cmne, BpLum KOHCTaHTHOM 

613314140M. TaKBH cmcTemm Hasmaajy ce mHepumjanHm. 
Alto ce Asa cmcTema pecbepeHmje xpehy paBHOMjepHO Tpa.HcnaTopHo jegam 

y ogHocy Ha gpyrm H alto je jegaH og HDmx mHepmmjanaH, oHga je, oLmirnegHo, 
Apyrm cmcTem mHepmmjanaH (cBaxo cno6ogHo xpeTal-be H y TOM cucTemy 6Hhe 

npaBonmHmcxo H paBHOMjepHO). Ha Taj HaHHH nocTojm npomsBoibaH 6poj cucTema 

pectoepeHumje, KOjH ce je,RaH y ogHocy Ha gpyrm Kpehy paBHOMjepHO TpaHcnaTopHo. 
kicxycmo noxasyje, ga Bawm TaxossaHm npmHumn penaTHBHTeTa. rIpema 

TOMB npmHilmny CBH ripmpogHm 3aKOHH jegHaxm cy y CBHM mHepiAmjanHmm cmcTe-

mmma pecloepermmje. ,apyrmm pmjetimma, jegHaimHe xoje mapawaBajy npmpogHe 
saxoHe meapmjaHTHe Cy y cAFlocy Ha TpaHccipopmaumjy RoopgmHaTa H BpemeHa 

jegHor mHepumjanHor cmcTeMa  y  gpyrm. To sHagm, ga jegHaLmia, Koja onmcyje 
Heim npmpogHm saxoH, 6ygyhm ga je mspaNceHa xoopgmHaTama m BpeMeHOM y 
pasnmturrmm mmepLmjanHmm cmcTemmma pecbepeln.wje, pima jegaH Te HCTH 06nmx, 

Y3ajaMHo gjejcTBo maTepmjanmix tiecTmga y o6mLiHoj mexaHmwi onmcyje ce 
nomohy noTemmijanHe eHeprmje y3ajaMHor gjejcTBa, xoja je cl)yHxwija og xoop-

AHHaTa xiecTmga xoje gjejcTBYlY ie):IHa Ha Apyry. Tlaxo je BH.IljeTH, ga Taxan 

HatimH onmcmisaiba y3ajaMHOr gjejciBa ymytiyje y ce6m npeTnocTaBxy o Tpe-
HyTHOCTH pacnpocTmpaH.a y3ajaMHol' gjejcTBa, ogHocHo 6ecxoHat4Hy 6p3HHy 
npocTmpam3a. Tor gjejcTBa. ICI samcTa, crone xojmma Ha cBaxy LiecTmuy gjejcTByjy 

OCTarle tiecTmge y CBaKOM momeHTy samice, npm TaKBOM onmcmBaHDy, camo 0/1 

nono)Kaja tiecTmna. y TOM momeHTy. flpomjeHa nonoAaja ma xoje og LiecTkwa 
Koje y3ajaMHO gjejcTByjy ogpax(aBa ce mcTor momeHTa Ha octane tiecTimge. 

MebyTmm, HCKyCTBO noxasyje, ga y3ajaMHa TpeHyTHa gjejcTBa y npmpogm 

He nocToje. flpeMa Tome H mexaHmxa, xoja ce sacHmBa Ha cxBaTam,y 0 6ecxo-

HatiHoj 6p3HHH npocTmpaHDa y3ajaMHor gjejcma, cagpxm y ce6m msBjecHy HeTati-
HOCT. H samcTa, alto Rog jegHor OA Tmjena xoja y3ajaMHO gjejcmyjy HacTynH 

HeKa npomjeHa, oHga Iie ce Ha gpyrom Tmjeny TO ogpasmTm Tex no mcTexy 

Hexer BpemeHcxor mHTepeana. Tex nocnmje Tor BpemeHcxor mHTepeana Ha gpyrom 

Teoplija no.Tba 
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ce THjeny notlitH,y owpaeam npouecH, Koje je H3a3Bana AaTa npoMjeHa. AKo 
ce pacTojaa,e me by THM THjentima no,gHjenH THM BpemeHcKom Hwrepeanom, 
.406Hea ce „6p3HHa npocnipaH.a y3ajaMHor AjejcTsa". 

HanomeHmmo, ,ga ce Ta 6p3HHa mowe Ha3Earx H maKcHmanHa 6p3HHa npo-
cfHpafba y3ajaMHor AjejcTEa. OHa oApebyje canto oHaj EpemeHcKH HHTepEan 
nocnHje xora ce npomjeHa HacTana Ha je,gHom THjeny, notate AeinaBaTH Ha ,apy-
rom THjeny. OtH4rne,gHo je, ,ga nocTojafbe maKcHmanHe 6p3HHe y3ajamHor. AjejcTea 
noKa3yje y HCTO Bpmjeme, Aa je y riplipoAH yonurre HemoryhHo KpeTal -be THjena 

ca 6p3HHOM eehom oA Te 6p3HHe. H 3aHcra, KaA 6H MOM) nocTojam TaKBO 

Kperan,e, oH,ga 6H ce nomohy Fbera MOrn0 ocTsapHTH y3ajaMHO ,gjejcTso ca 
6p3HHOM Koja npesa3Hna3H Hajaehy moryhHy 6p3HHy npocmpaHDa y3ajaMHor 
Ajejcrea. 

0 y3ajaMHOM Ajejcmy Koje ce npocmpe oA je,gHe Ao Apyre tiecTHue, tiecTo 
ce rosopH Kao o „cHrHany" KojH ce ynyhyje o,g ripetiecTH4e H „KOjH caon-
inTaBa" Apyroj lieCTHL1 npoMjeHy, Koja ce AecHna Ha npnoj Liecmum. TaAa ce 
o 6p3HHH npocmpaHDa y3ajaMHor Ajejcma roeopH Kao o „6p3HHH cHrHana". 

143 npHHuHua penameirreTa Hana3H, cneuxjarmo, Aa je 6p3HHa npocmpaHDa 
y3ajaMHor Ajejcma jeAHaKa y  CBHM HHepumjanHmm cHcTemHma petepeHuHje. Ha 
Taj Hat4HH je 6p3HHa npocmpaFba y3ajaMHor AjejcTea yHHeep3anHa KOHCTaHTa •  

Ta KOHCTaHTHa 6p3HHa HCTO):106H0 je, Kao UITO he ce noxa3aTM KacHHje, 
6p3HHa npocnipaH,a CBjeTnOCTH y• BaKyymy. 36or Tora ce H OHa Ha3HBa 6p3HHa 

CBjeTnOCTH. 06HIIHO ce o3HaLtaea CnOBOM C, a HDeHa Hymepvtxma epHjeAHocT 
npema nocnDeAHDHm mjepeHDHma H3HOCH : 

= 2,99776.101 ° em/sec 	 (1,1) 

LimbeHmua, Aa ce y npaKcH y BehMHH cnytiajersa KnacHMHa mexaHHKa 
noKa3yje AOBOTIDHO Tatma, o6jambaea ce BenHKOM spHjeAHowhy oee 6p3HHe. 
Behmia 6p3HHa ca Kojkima Hmamo nocna TonmKo je mana y oAHocy Ha 6p3HHy 
CBjeTnOCTH, Aa npeTnocTasKa o 6eCKOHa4HOCTH 11°cl-hem-be apaKTHtmo He Trw-ie 
Ha TaHHOCT pe3ynTaTa. 

F1ose3m3aFbe npHHumna penamewrem c KoHatcHowhy 6p3HHe npocmpaHDa 
y3ajaMHor Ajejcma Hamea ce Einstein-0BHM npHHtAHnom penamewrem, 3a 
pammy oA Galilei-aaor npHHT.IHna penaTHEHTeTa, KojH nona3H oA 6ecKoHatme 
6p3HHe npocmpaa,a y3ajaMHor Ajejcma. (copMynMcao ra je Einstein 1905 

roAHHe). 
MexaHHKa ocHoBaHa Ha Einstein-oBom npHInAHny penaTHEHTeTa (o61414Ho 

hemo ra Ha3HEaTH npocTo npHHwin penaTHEHTeTa) Ha3Hsa ce penaTHEmcnitixa 
mexaHHKa. Y rpaHHHHom cnytiajy, KaAa cy 6p3HHe THjena. Koja ce Kpehy mane 
y oAHocy Ha 6p3HHy CBjeTTIOCTH, mowe ce 3aHemapHTH Trimaj 6p3HHe npo-
cmpa•ba y3ajaMHor AjejcTsa. Ha KpeTaH.e. TaAa penammicTwuca mexamixa npena3H 
y o6w4Hy mexaHHKy, ocHoBaHy Ha npeTnocTasum 0 TpeHyTHOM npocmpaHDy 
y3ajaMHor AjejcTia. Ta mexaHHKa Hamm ce Newton-oBa HnH Knacwma mexa-

Hwca. I-pal-114=mm npena3 ca_penamemcmtuce Ha KnacwiHy mexaHmty mo}Ke ce 
oloopmanHo H3BeCTH Kao npena3 Ka rpaHHum c oo y cipopmynama penaTHENc-
THtiKe mexamiKe. 

Beh y KnacHtmoj mexaHmum cy csojcma npocTopa penamsHa, Tj. 3aBHce 
oA Tora y RaKEom ce  CI!CTM  onucyjy. KoHcTaTanHja, ga ce Asa. pa3HospemeHa 
Aorabaja oAHrpaeajy Ha jeAHom Te Hcrom" MjecTy npocTopa HRH yontuTe Ha 
oApebeHom mebyco6Hom pacTojaI -by, pima cMHcao canto oftga, Raga je noica3aHo 
Ha KojH ce cHcTem pectlepeHuHje oAHocH Ta KoHcTaTauHja. 
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Hanporms, Bpmjeme je y xnacHtwoj mexamium anconyTHo. Apyriim pHjelmma, 
csojcTsa spemeHa cmaTpajy ce He3aBHcHa oA cHcrema peckepeHuHje — BpxjeMe 
je jeAHo 3a cse cHcTeMe peckepeHuHje. To 3Hatili, Aa am) ce ma xaxse Asmje 
nojase Aeuiaaajy HcTospemeHo 3a Hexor nocmaTpaga, oHAa cy oHe HcTospemeHe 

H sa csaxor Apyror. Yonurre, spemeHmi HHTepsan H3meby Asa AaTa Aorabaja 
mopa 6HTH jeAHax y CBHM cHcTeMHMa pecioepeHuHje. 

MebyTHm, naxo ce je ysjepHim, Aa je nojaM anconyTHor spemeHa Ay6oKo 

-npoTHspjeliaH Einstein-OBOM npHiumny penaTHBHTera. 3a TO je A0B011,1.10 noT-

-cjeTHTH,-  Aa y xnacHLnioj mexamium, ocHosaHoj Ha nojmy o anCOnyTHOM spemeHy, 
sami onurre no3HaTH 3axoH cnara}ba 6p3HHa, npema xojemy je 6p3HHa cnoweHor 
KpeTafba jeAHocTasso jeAHaKa 36Hpy (sexTopcxom) 6p3HHa, xoje npxxa3yjy TO 

xpeTaH:,e. ByAyhti Aa je osaj 3aKOH yHmsep3anaH, mopao 6H 6HTH IlpHMleHrbilB 

H Ha npocTHpal-be y3ajaMHor AjejcTsa. 0AasAe 6H cnmjeAHno, Aa 6p3HHa or 

npocimpafba mopa 6HTH pa3nHmkra H pa3H14M HHepumjantilim cHcTempima pecke-

peHuHje, y npoTHapjetiHocTH ca IlpHH1414110M penaTHEIHTera. MebyTHm, HCKyCTBO 

y TOM norneAy noTnyHo noTspbyje npHHuHri penaTHswreTa. 14 6aui cy MjepeFba 
xoja je npsH nyT H3seo Michelson 1881 roA, noxa3ana, Aa je 6p3HHa cajerno-
CTH noTnyHo HesasHcHa oA npasua npocimpaiba. Mebyimm, npema xnacHliHoj 
mexamium 6p3HHa csjeTnocTH mopana 6H 6HTH maiba y cMjepy xpeTaw,a semrbe 
Hero y npoTasHom cMjepy. 

Ha 'raj HattHH ripmHuHn penaTHEIHTera AosoAH Ao pe3ynTaTa, Aa i3pHjeme 

HHje anconyTHo. BpHjeMe Tege pa3nH4Hro y pa3HHM cHcTemHma peckepeHuHje. 

OTyAa cnHjeAm Aa TspAH,a, Aa je mebY ABa AaTa Aorabaja npouiao oApebeHH 
BpeMeHCKH parepsan, MMa cmmcna canto OHAa, xaAa ce noxaxe, Ha xojm ce 

ckicTem peckepeHuHje Ta. TspAfba oAHocm. CneualanHo Aorabajpi, xojH cy uCTO-
spemeHH y HeKOM cHcremy petepeHuHje, Hehe 6HTH HcTOBpeMeHH H y Apyrom 

CHCTemy. 

3a o6jaunizeHe Tora xopmcHo je nocmaTpaTH cnHjeAehH jeAHocTasaH 
npHMjep. flocmanajmo Asa iiHepuHjanHa cHcrema pect)epemuje K H K' ca 

RoopAHHaTHHm ocama pecnexTHsHo 
X YZ H Y'  Z' , KOjki ce xpehy 
jeAaH npema Apyrome yAecHo Ayw 
oca X H X' (cnuKa 1). 

Hexa ce H3 Hexe Taqxe A Ha 
ocH X' ynyhyjy cHrHanH y Asa 
mebyco6Ho cynpoTHa cMjepa. Kaxo 
je 6p3HHa npocTmpaH.a cHrmana y 
cHcTemy K', xao H y csaxom 	 x' 
HHepuHjanHom clicTemy jeAHaxa (y 
o6a cMjepa) c, TO he y Tatme B 
H C, Roje cy noAjeAHaxo y,Aa.rbeHe 
oA A, u- HanH cnihm jeAHospemeHo 
(y cHcTemy A'). MebyTHm, naxo je 
BHAjerm, Aa Ta Asa Aorabaja (Ham- 0r. 1 

na3ax cHrHana y B H C) Hehe 
6HTH mcTospemeHa 3a nocmaTpaLia y cHcTemy K. CTsapHo, 6p3HHa cHrHana 

y oAHocy Ha CHCTM K je, npema np0HuHny penaTHBHTeTa, jeAHaxa C, Te Kam:, 

 ce Tatnca B xpehe (y oAHocy Ha cHcrem K) npema cHrHany, xojH joj je ynyheH, 

a Tatma C y cMjepy oA cHrHana (ynyheHom H3 A y C), oHAa he y cmcTemy K 

cHrHan cTM iM y Tatixy B paHHje, Hero y Tatixy C. 

z. 
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Ha Taj HagHH Einstein-m:3 npHHumn penaTHEHTeTa yHocH seoma Ay6oxe 

H tyHAamewranHe npoMjeHe y ocHosHe  C1314314tiKe nojMoBe. rIpeTcTase o npo-

cTopy 14 spemeHy, xoje y3Hmamo 143  csaxmAaun-ber HcxycTsa noxa3yjy ce canto 

Imo npH6nHwHe, y sem ca  THM,  UITO y csaaH,Aalulbem xamoTy NMaMO nocna. 
canto ca 6p3HHama, Koje cy spno mane y oAHocy Ha 6p3HHy CBjeT110CT14. 

§  2. HHTepBan 

Y6yAyhe tiecTo hello ce C.T1pKIITH  nojmom gorabaja. ,aorabaj ce ogpebyje -

mjecTom, rAje ce  ,IteC140 M  spemeHom xaAa ce AecHo. Ha Taj HaLHAH Aorabaj, 

mojH ce Aewasa xo,A Hexe maTepHjanHe tiecTkule, ogpebyje ce TpNMa xoopAH-
HaTama Te 1-leCTIlLie 14  spemeHom xaAa ce  AoralDaj gewasa. 

MecTo je, 36or npernegHocTH,  KOplICHO ynoTpe6HTH 	13H14 meTsopc- 

AHMeH3140HaJIHM npocTop ca Tpmma npocTopHilm xoopAHHaTama 14 jeAHom Bpe-

MCHCKOM. Y TOM npocTopy Aorabaj ce npeTcTasrba TaLIKOM. Te Ta4xe Ha3HBajy 

ce „csjeTcxe Tatnce". Csaxoj gecTHHH ogrosapa Hexa nmija y TOM Cial4KTHEIHOM 

4eTsopo,AmmeH314oHanHom npocTopy (csjeTcxa. rummja). Tagxe Te .1114H14je ogpe-

byjy xoopAHHaTe LlecTmle y csaxom momewry. Flax° je cxsaTHTH, Aa maTepH-
janHoj HecTHHH xoja ce xpehe pasHomjepHo H npasonHHHcitH oArosapa npasa 

csjeTcKa nMHHja. 
CaAa hello maTemaTHtum H3pa3HTH ripm-H.nin MHBapHjaHTHOCTI4 6p314He 

csjernocTH. flocmaTpajmo  Asa cHcTema pecloepeHuHje K N K', KojN ce jeg,a,H 

y o,AHocy Ha ApyrN xpehy  KOHCTaHTHOM  6p314HOM. FIpHTOM y3MHMO xoopAH-

HaHTHe oce Tax°, Aa ce oce  X  14  X' noxnanajy, a oce Y N Z Aa. 6y,Ay napa-

nenHe ocama Y' H Z'.  BpHjeMe y cHcTemHma K N K' o3Hatimmo ca t 14 t'. .  

Heim ce npsx Aorabaj cacTojH y Tome, ga ce H3 Tatme ca KoopAHHaTama 

x i ,  y r  z 1  y cHcTemy K ,y momeHTy t1 , og,au.ullbe cHrHan, KOjH ce npocTmpe 

6p3HHom cajeTnocTH. FlpocTHpalbe  Tora cHrHana nocmaTpahemo 133 cHcTema K. 
Helm ce ApyrH Aorabaj cacTojH  y  Tome, Aa cxrHan cmwe y Twin,  X2, Y2) 2 2 

y momeHTy t,. CHrHan ce npocnipe 6p3141-10M C. Flpema TOME npewao je pacTo-

jai-be c (t2 — t1). C Apyre cTpaHe,  TO pacTojaFbe jeg,Haxo je [(x 2 —. x3 )2 + 

(Y2 — Yi) 2  + (22 — Zi) 21 112  
Ha Taj 	moaemo HanHcaTH cnHjeAehy penagHjy meby xoopAHHaTama 

o6a Aorabaja y cHcTemy K  :

— 

0C2 — X1)2  + (1 2  — Y1)2  +  (z2 z1)2 6;2  (t2 — t~ )2 = 0. 

Ta Asa Aorabaja, Tj. npocTkipaibe cHrHana, mory ce nocmaTpaTH 14 143 

cHcTema K'. 
Heim cy y cHcTemy  K'  KoopAHHaTe npsor Aorabaja 	y,', z 1 1, t1' a .  

Apyror: x2, 312', z2', t2'.  ripema  ripmlniny MHBapHjaHTHOCTH 6p4tHe CBjeTTIOCTH 

Ta 6p3HHa je y cHcTemHma K  H  K' je,AHaxa, 14 3aTo, aHanorHo ca (2,1), Hmamo: 

(x21  —  x11) 2 	(1/21—  102  + (22' — z1') 2  — C2 (t2' --t 1 ~) 2 =  O. 	(2,2), 

Axo cy x1 , yi,. Zit 4  H  X2, 312 , 	t2  KoopAHHaTe ma xaxsa Asa Ao- 

rabaja, oH,Aa  ce  senHtma 

	

(t2  4)2_  (x 2  —  x 1 ) 2  — (Y2 —11)2  —  (22 — )21112 	(2,3) 

Hausa HHTepsan meby Ta  Asa  Aorabaja. 

(2,1) 
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Ha Taj 	H3 npmmuina 14HBapalaHTHOCTH 6p3HHe cajeTnocTH cnHjeAH 
Aa, ago je HHTepsan mebY Asa Aorabaja jeAHax Hyru4 y jeAHom cHcTemy pecke- 

peHnHje, oHAa je OH jeAHax Hymi H y csaxom Apyrom cHcTe_my. 

AKO cy Asa Aorabaja 6ecRoHatiHo 6nH3y jeAaH Apyrome, oH,pta. je HHTepsan 

meby H3Hma 
ds2  = c2  dt 2  dx 2  — dy 2  — de. 	 (2,4) 

36or maTemaTH4xe yAo6HocTH H TO 6aU.1 3aTO, ;la 6H ce 4opMynaMa Aao 

cHmeTpH9HHjH o6nHx, y6yAyhe hello LiecTo MjecTO Bpemeila t ynorpe6n,asaTH 

APYrY npoMjeHmHBy z, xoja  je  ca t se3aHa penaLAHjom: 

(2,5) 

•TaAa je: 

[(x2 — x1)2  + (Y2 — .Y1) 2  + (2 2 — z1)2 	(r2 — i- 1)2 1 ,  

ds2 	(dX2 + dy 2  dz 2  dr2). 	 (2,7) 

Cao6pa3Ho Tome MH hello caAa H no xoopAHHaHTHHm ocama y Hawem 

tHx-rmsHom, LieTsopoAHmeH3HoHanHom npocTopy HaHOCHTH X, y, z, T, a He 

X, y, z, t. Kao ILITO je naao sHAjeTH, — S12 MOM( ce TaAa npoTymativiTH Kao 

xsaApaT pacTojaH,a meby Tatixama X1 , Yi , z1, V 1 , H X2 , ys, Z2,V2 y TOM npo- 

oTopy, a —• ds2 — xao xsaApaT enemeHTa AymmHe. 1) 

Kao urro je rope noxa3aHo, axo je ds = 0 y Hexom HHepumjanHom cHcTemy 

pecjepeHL1Hje, oHAa je 	= 0 H y Apyrom cHcTeMy. C npyre cTpaHe, ds H ds' 

6ecKoHa4fio cy mane Ber114 1414He HcTor peAa. Ha OCHOBy THX ,4Bajy OKO.T1HOCTI4 

cnHjeAH, Aa ds H ds' mopajy 6HTH mebyco6Ho nponopiwoHanHH: 

ds = a ds' , 

rAje xoeci3HuHjeHaT a mowe 3a1314CHT14 caMO oA anconyTHe BpHjeAHOCTH penaTHsHe 

6p3HHe o6a HHepwijanHa cMcTeMa. OH He mo)xe 3aBHCHTH OA KoopnHHaTa 

spemeHa, jep 6H oHAa pa3He Taxixe npocTopa H spemeHmi momeHTH Hmane 
pa3nHLHATe spHjeAHocTH, LuTo ripoTHapHjetim xomoremocTH npocTopa 14 BpemeHa. 

OH, TaKobep, He 	owe 3a1314CHT14 OA npasua per;a.THBHe 6p3HHe, jep 6H TO 

npoTHapHjetiHno H3oTponHocTH npocTopa. Flpema Tome, ca HCTI4M npasom xao 

UITO ninuemo ds= a ds', mowemo nHcaTH: 

ds' = a ds, 

jep cy, HapasHo, 6p3HHe. KpeTaH.a npBor cHcTema y o,aHocy Ha npyrm, H o6pHyTO, 
mebyco6Ho jeAmaxe. Alto cTammo ds = a ds' H ds' = a ds Hana3Hmo Aa je 

a2  1 Tj. a = ± 1. 6Hcmo H3a6panH J eAHy on THX spHjeAHocTH, Tpe6a 

HanomeHyTH, Aa a mcoxe 614TH camo jeAHaxo HnH cTanHo + 1 HnH CTai1H0 — 1. 

14 cTBapHo, xa,tk 6H a (t!) 3a jeAHe 6p3HHe 6Hno jeAHaxo + 1, a 3a Apyre — 1, 

oHAa 611 3a Hexe mopano HMaTH spHjeAHocTH y HaTepsany meby + 1 H — 1, 

ILITO je HeMoryhe. Ho axo je TaKO, oHAa a yamjex. mopa 614TH jeAHaxo + 1, jep 

jep je cne4HjanHH cnytiaj TpaHccI)opmauje ds' = a as imeHTHTeT ds' = ds, rAje 

je a = + 1. H3 ds' = ds HenocpeAHo }mask!, Aa je H 3a KoHatiHe HHTepsane 

sf  = s. 
Ha Taj HaHHH A011a3HMO AO Bpno Baxmor pesynTaTa: HHTepsan meby Asa 

.Aorabaja jeAHax je y csHm HHepwijamilim cHcTemHma peci)epeHnHje, Tj. HHTepsan 

1) LleTaopowimeaamollanay reomeTpijy, aoja ce oApebyje asaApailiont topmom (2,4) HIM 

(2,7) yaeo je Minkowski y aeaa ca reopajom penaraawreTa. 

(2,6) 
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je HHsapHjawra y oAHocy Ha TpaHcct)opmawijy H3 jeAHor HHepwijanHor cHcTema. 
peckepeHuje y ma KojH Apyrki. Ta HHElapHjaHTHOCT je MaTeMaTHT4KH Hspas KOH-

CTaHTHOCTH 6p3HHe CBjeT.TIOCTY1. 

HeKa cy oneT X 1 , y1 , z1, t 1  H X 2 , y2 , z2 , t2 RoopAHHaTe Asa Aorabaja 
y HeKom clicTemy peci)epeH4Hje K. nwra ce, Aa n x nocTojH raKas cHcTeM 

peobepeH4Hje K i , y }come 6H ce o6a Ta Aoraijaja AecHnH Ha jeAHom HCTOM 

mjecTy npocTopa? 

YBekHmo oaHaKe: 

t2 	ti = 112, x1) 2  -I- (Y2 — Y11 2  + (2'2 	z1) 2  = 1122. 

TaAa je HHTepsan meby Aorabajxma y cHcTemy K: 

s2 	c 2 t 122  _1122  ; 

a y CHCTM K' : 
S ' 212 = c2  1 1 122  — 1 ' 12, , 

na je 36or HHsapHjaHTHocTH HHTepsana. 

C'2  1122 — 1122 = C2 1 1 122 — 1 f  L • 

Mx xoheMo Aa ce y oHcTemy 	o6a Aorabaja Aece y jeAHoj Tatum Tj. Aa 
6y.ge 	2 = O. 

Taka je: 	
S122 	C 2  /12'4 — 129 -= c 2  1'122 > 0 . 

Okaake cnHje,4H, Aa cHcTeM pedpepefigHje ca Tpa)KeHHm CBOjCTBOM nocTojH, 

axo je .5 1
9
9 	Tj. axo je Hwrepsan meby o6a korabala peanaH. PeanHH HH- 

Tepsankt HaaHaajy ce „apemeHcKe. 	 _ 	„ 

Ha Taj HatiHH axo je Meby Asa Aorabaja Hwrepsan spemeHcKH, oHAa 
nocTojH TaKas cHcTeM, y Kome ce o6a Aorabaja Aewasajy Ha jeAHom HCTOM 

mjecry. 13pHjeme Koje y TOM cHcTemy npobe Hamby THX Aoraijaja, H3HOCH: 

1' 17 
c 

9 ■ 2 	12 	S12 
112 — L12 -= (2,8) 

AKO ce ma KaKsa Asa Aorabaja Aece ca jeAmim Te HCTHM THje.TIOM, oHAa -
je wiTepsan Meby H,Hma yaHjeK spemeHcKH. nyT KojH THjeno npebe 
Hameby o6a Aorabaja, He mo) ,Ke 6HTH Behm oA c t 2 , jep 6p3HHa THjena He 
mo>Ke 61,1TH Bella oA c. Flpema Tome yr3Hjeic je 

112 	ti 2 • 

0ArosopHhemo caAa Ha nwrai-be: mo)Ke nH ce HahH TaKas cHcTeM pecipe-
peHuHje y Kome 	ce Asa Aorabaja AecHna HcTospemeHo? flpeMa paHHjem, 

Mx Hmamo y CHCTeMHMa K 	K' C2  /122 —419 = C2  — 11 12. Mx xoheMO Aa 

6Yxte 	=-- 0. 0AasAe je: 

ST2 — lie < 0 . 

0AasAe cruijeAH, Aa ce Tpa)KeHH cHcTeM pecinpeHLudje mo)Ke Hahm calla y cny-
Liajy KaAa je pllurepsan S12 Hameby Aim Aorabaja HmarxHapaH. OBH HmarkiHapHn 

HwrepsanH HaaHsajy ce „npocTopHH". 
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Ha Taj HaLniH, aim je 143meby 	Aorabaja HHTepBan npocTopHH, Ta,ga 

nocrojm TaicaB ckicTem pectieperinHje y Rome ce o6a Aorabaja HcToBpemeHo Ae- 
wasajy. PacTojaFbe H3meby mjecTa y RojHma cy ce AecHnH TH ,I1orabaj14 y TOM 

cHcremy pectoepeHnHje 143H0CH: 

1'12= V1122 — C2  ti22 

,13,HjeThe3-be HHTepBana Ha BpemeHcRe 14 npo-

cTopHe je anconyTHH nojam, a 111TO 143T1a314 H3 1-bHxoBe 

MHBapHjaHTHOCT14. To 3Hal414, Aa CBOjCTBO HHTep- 

Bana Aa 6y,tie BpeMeHCKH wn4 npocToprni He 3aBHCH 

o ott cHcTeMa petepeHLIHje. 

Y3M14M0 ma RaRaB Aorabaj — Ha3saB1um ra 

Aorabajem 0 — Rao nogeTaR pamyHai-ba BpemeHa 

np OCTOpHHX RoopAzHaTa. ,E(pyriim pHjegHma, y 
TsopoximeH3HoHanHom KOOpAHHaTHOM cmcTemy no 

4IIjHM ce ocama HaHoce x, y, z, t, cBjeTcRa Tatnia 

Aorabaja 0 6mhe KoopmHaTHH nogeTax. norneAajmo 
ca,ga y RaRBom ce, ox-iocy npema AaTom Aorabajy 0 

Hana3e CBH ocranH Aorabajx. 36or nperneilHocTH 
nocmaTpahemo canto je,n,Hy npocTopHy Roop404HaTy 

14 
BpHjeme, H HaHocHhemo pix Ha xiBmje oce (cn. 2). FipaBonHHHcRo paBHomjepHo 

KpeTaI-be tiecTpine Koja npona3H xpo3 x == 0 3a t = 0, npeTcTaBrba ce npaBom 

nHHHjom, Roja nponam Rpo3 0, a HarHyTa je npeMa ocH t no,a yrnom Lui)H je 

TaHreHC , jeiiHaR 6p3HHH LiecTiille• Kam) je HajBeha moryha 6p3HHa je,E,HaRa C, 

TO FlOCT0j14 HajBehH yrao K0)14 Ta npaBa mo)Re 3aRnanaTH ca ocom t. Ha cm 2 

npuRasaHe cy ,B,Buje.npaBe, Koje npeTcTaBrbajy npocTHpalbe Asa cHrHana (6p314-

HOM CBjeTTIOCT 14 ) y cyripoTHitm cmjepoBlima, a npona3e Kp03 Aorabaj 0 (Tj. npo-

nase Rpo3 x = 0 sa I = 0). CBe npaBe Kcje npeTcTaBrbajy xpeTafba Liecnina, 

mory ce Hana3HTH canto y 	a0c 14 dOb. Ha npasHm miiiHjama ab H cd 

otiHrneAHo je 	
ilocmaTpajmo HajnpHje Aorabaje, 4Hje ce csjeTcRe 

TatiRe Hana3e y o6nacTa a0c. flaRo je BHAjeTH, A a je y CBHM TaLiRama Te 

o6nacTH C2  t2— X2  > 0. ,apyriim pPijetnima, meby Na RojHm Aorabajem Tor nopyLija 

Aorabajem 0 HHTepBanH cy BpemeHcRH. Y TOM no,apyqjy • je t> 0, .11. CBH 

Aorabajii y Tom no,I1p3NY ,EleivaBajy ce „nocnHje" Aoraba 0. AnH Asa Aorabaja, 

KOjH cy pa3ABojeHH spemeHcRlim HHTepBanom He mory ce 1414 y KaKBOM cucTemy 

pecipepeHnHje AewasaTH HcToBpemeHo. OxiaTne cniije,AH, Aa ce He mo)Re y3eTH 

Hmicaxas cHcTem pet ■ epeHnHje y Rome 614 ce ma KOjH oA Aorabaja 143 noAprija 

a0c AecHo „npkije" Aorataja 0, Tj. r,aje 614 6Hno t<0. Ha Taj HalaHH CBH 

AorabajH y noAPT -IlY a0c ,tkecHhe ce RacHiije y ogHocy Ha 0 14 TO y cbmm 

cHcTemmma petepeHinije. Ilpema Tome TO ce noAprije moxie Ha3BaTH „anconyTHa 

6y,riyhH6cT" y oAHocy Ha Aorabaj O. 

FloTnyHo aHanorHo, CBH ,gorabajm no,tipyLija bOd cy „anconyTHo npoinne 

y oxtHocy Ha 0, Tj. Aorabajpi 143 Tor noApyLija y CBHM cHcTeMHMa petepeHnHje, 

Aewasajy ce npHje Aorabaja 0. 
Ha lip* nocmaTpajmo join noApytija d0a H cob. Meby 6Hno KojIlM Ao-

rabajem Tora noAprija 14 Aorabajem 0 HHTepBan je npocTopHx. Y 6Hno Rom 

cHcTeMy petepeiniHje T14 Aorabajii ce Aemasajy Ha pa3HHM mjecnima npocTopa. 
Flpema Tome Ta noApytija gory ce HasBaTH „anconyTHo y,aarLeHa" y op,Hocy Ha 

0. Mebymm, rIOjMOBH „iicToBpemeHo". H „RacHHje" 3a Te Aorabaje 

cy penaTHBHH. 3a csaRri Aorabaj Tor noApy'tija nocToje TaRBH cHcTemm pe4 e- 

(2,9 ) 
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peHLIHje, rAje ce Aorabaj Aewasa xacHHje oA Aorabaja 0, cHcremkt rAje ce 
Aeulasa paHHje oA Aorabaja 0 H, Haj3aA, jeAaH cHcTem petepemiHje rAje ce 
Aemasa HcTospemeHo ca O. 

Hanommiaemo, Aa alto ce nozmaTpajy cse TpH npocTopHe xoopAHHaTe 
MjecTo jeAHe, oHAa mjecTo AsHje npase Roje ce cHjexy (cn. 2) Hmamo „xoHyc" x2 + y2 + z2 c2 t2 =  y  tieTsopoAmmeH3HoHanHom cHcTemy Hja ce 
oca noxnana ca ocoM t  (Taj  xoHyc ce Ha.314Ba „csjeTcxm xoHyc"). rIoApytija 
„anconyTHe 6yAyhHocTH" H „anconyTHe npournocTe npeTcTasrbajy ce, TaAa, 
peCrieKT1413H0 nomohy Asa orsopa Tora xoHyca. 

,E. ea Aorabaja mory 6HTH mebyco6Ho xay3anHo uose3aHH camo y cnriajy, 
xaAa je HHTepsan meby EbHMa apemeHcKH, WTO HenocpeAHo cnHjeAH H3 LH4H.e-
Hinte, Aa ce HHKaKBO y3ajamHo AjejcTso He moxe npocrHpaTH 6p3HH0m, Koja 6H 
6Hna seha OA 6p3HHe csjeTnocTm. Mao LLITO CMO ynpaso sHAjenH, camo 3a 

Taxose Aorabaje Hmajy anconyTHor cmHcna nojmosH „paHHje" H „xacHHje", LLITO 
je oiler HeonxoAaH ycnos 3a TO, Aa 6H HmanH cmHcna nojmosH y3poxa H 
nocrbeAnia. 

§  3. COTICTBeHO BpujeMe 

FlpeTnocTasHmo Aa  H3  Flexor HHepujanHor cHcTema peckepeHumje nocma-
Tpamo caT KOjH ce y oAHocy Ha Hac xpehe Ha npoH3solbaH HaSHH. Y CBaKOM 

nojeAHHaLiHom momeHTy TO ce KpeTme momte nocmaTpaTH xao pasHomjepHo. 
lipema Tome, y CBaKOM MOMeHTY moNce ce ysecTH KOOPAHHaTHI4 cHcTem tispcTo 
se3aH 3a caT RojH ce xpehe, a Koji ,' he (sajeAHo ca caTom) Taxobe 6HTH HHep-
LtHjanHH cHcTem petepemmje. 

Y TORY 6eCKOHatIH0 Manor BpemeHcKor HHTepsana dt (npema HerioKpeT-

Hom caTy, Tj. npema °Home KOjH je Be3aH ca Hama) noxpeTHH caT npena3H pa- 

cTOjafbe 1idx 2 +-dy2  + dz2  TIHTa ce, KOJ1HKH he spemeHm! HHTepsan npHTom 
noxa3aTH caT KOH ce xpehe. Y KOPAHHaTHOM CHCTeMy, KOH je B e3aH ca no-
xpeTHHm CaTOM, Taj caT ce He xpehe, Tj. dx' = di,' -,- dz' = 0. flpema 
jaHTHOCTH HHTepBana je 

ds2  =  C2  dt2  — d — dy 2  dz 2  =-- c2  dt' 2 , 

c2  c112  dx2 	— de, 

dt'  =  dt\I 1 
c2  dt2 	• 

dx 2  + dy' + dz2  

dx 2  + dy2  +  dz 2  =2  v  , 

dt2  

rAje je v 6p3HHa caTa xojH ce xpehe, 6Hhe: 

oAaxne je 

HIM ApyxLmje: 

Kam) je 

—
ds 

= c 	c 

dt'= ds 	 v2 
dt (3,1) 
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WurerpHpaHDem oBor H3pasa moxe ce Hakim BpemeHcKH mirepBan K0j1,1 noKa3yje 
car KojH ce Kpehe, AoK je Ha car)/ KojH ce He Kpehe nporeKno spHjeme t2  — 

t2 

V 2  
dt -V 1 —c- 

tl

•  (3;2) 

BpHjeMe noKa3aHo Yea caTy, KojH ce Kpehn ca garlim npegmerom, HamBa 
ce concrBeHo BpHjeMe Tora npegmera. cipopmyne (3,i) H (3,2) H3pa)KaBabr 
•oncrBeHo BpHjeMe nomohy BpemeHa cHcrema pect)epem.n4je, y ogHocy. Ha Kojx 
ce nocmarpa KperaH.e. 

Kao LIITO ce BHAH H3 (3,1) HIM (3,2), C011CTBeHO BpHjeMe npegmera K0j11 

ce xpehe, yBHjeK je maFbe og ogroBapajyher BpemeHcKor murepBana y Herm-
HperHom cHcTeMy. ,L(pyrxm pHje4HMa, car KojH ce Kpehe xAe cnopHje og cara 
KojH ce He Kpehe.  

HeKa ce y ogHocy Ha HHepnHjanm4 cmcrem peepepeHnHje K Kpehe Apyrm 

car npaBonHHHcKH H jeZ1H0,11HKO. CHCTeM pecbepem.n4je Be3aH ca THM carom 
TaKobe je HHepuHjanaH. Taja car y CHCTM K' ca Tatme rnegmura nocma-
Tpama y CHCTM K saocraje y ogHocy Ha liDeros car. ki o6pHyro, c ratiKe 
rnegmura cHcrema K', 3aocTaje caT y CHCTM K. ,Eta y Tom Hema HmaKBe 
nporHeypjetiHocTH mo)Kemo ce yBjepHr14, aKo ce o6parm namu-ba Ha crimjegehy 
OKOIIHOCT. 6H ce ycraHomno Aa caT y cHcremy K '  saocTaje 3a caTom y 
cmcTemy K Tpe6a IIOCUIIHTH Ha cruijegehm Ha44H. HeKa y HeKom MOMeHTy car 

npobe MHMO cara y K, H Heim y TOM MOMeHTy noKa3meampa o6a cara 6Y,RY 
Hcra. 3a ynopebmeaFbe xoAa care y K H K' Tpe6a noHono noKa3mBaH,,a cara 
K', Koji4 ce Kpehe, ynopegx -ru ca carom K. Ann caga MH Beh ynopebyjemo 
raj car c gpyrHm carom y K, ca carom nopeg Kora car K npona3H y TOM 

gpyrom MOMeHTy. IlpHrom Hana3Hmo, ga he car K' 3aocrajaTH y oxiocy Ha 
.caroBe y K, ca KojaM ce ynopebyje. BHAHmo, Aa je 3a ynopebxsaH.e xoga 
caroBa y Asa cHcrema HeonxogHo Hma-rx HeKOIIHKO HDHX y jegHom cHcremy, a 
jegaH car y Apyrom cmcremy. Flpema• Tome, raj npouec HHje cHMeTpH'iaH y 
ogHocy Ha o6a cHcrema. YBHjeK 3aocraje oHaj car KOjH ce ynopebyje ca pa3HHM 
carom4ma y gpyrom cHcremy pecbepeHnilje. 

AKO ce Pima Aria cara, og Kojinc jegaH onHcyje 3ari3gpeHy TpajeKTopHjy, 
Bpahajyhx ce y nona3Ho MjecTo (Kog cara KojH ce He Kpehe), oHga he car 
KojH ce Kpehe 3OCTTM y ogHocy Ha car KojH ce Kpehe. 06pHyro pacybmsafbe 
no Kome 6x ce car KojH ce Kpehe nocmarpao Kao ga MHpyje o6pHyro) caga 
je HemoryhHo, jep ce car KojH oru4cyje 3arsopexy TpajeKTopHjy He Kpehe jegHonmo 
H npaBorn4HHcKH re npema Tome cHcrem peckepeHuHje, KojH je Be3aH ca THM 

carom, HHje HHepnxjanaH. KaKo cy ripmpogHH 38KOHH je,IIHaKH canto y HHepux-
janHkim cHcremilma pecipepeH4Hje, TO CHCTeMH peckpemumje Be3amm 3a menoxpeTam 
ear (mmepumjanmm cmcTem) mmajy pammLarra ceojcTea, na je menpaemnmo pacy-
bmeamae Koje AosoAH Ao pe3ynTara, Aa car KojH ce He Kpehe mopa 3aocrajarx. 

BpeMeHCKH in-trepan KojH car noKa3yje jegHaK je HHTerpany 1 
	

ds 

a 

y3eTom Apic cejeTcKe nmmmje Tora cam. AKO ce car He Kpehe oHga je fberoBa 
cBjercKa nHHHja, otiem4gHo npaaa, napanenHa BpeMeHCKoj 0CM. AKO, naK, car 

BpuiH HepasHomjepHo xperax.e no 3aTBOpeHOM nyry H oiler ;lobe Ha I1011a3H0 

mjecro, oH,Eta he iberoBa cBjercKa nminja 6HTH Kpima, Koja npona3H Kpo3 Asmje 
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Tagxe Ha npaBoj cejeTcxoj  niiHrijH  caTa xojH ce He xpehe, a oArocapajy notle- 
TRy H xpajy xpeTaHDa. C Apyre cTpaHe, BHAjenH cmo Aa caT xojH ce He xpehe 
ysHjex noxasyje Beim BpeMeHCKH illiTepsan, Hero caT KOjH Ce xpehe. Ha Taj 

HaHHH AonaaHmo Ao 3ax.rbyt-ixa, Aa HHTerpan J ds y3eT meby Asjema AaTHM 

a 

CBjeTCKHM Tatixama, oma  maxcHmanHy  epHje,RHocT, axo ce }fame no npaeoj CBICT- 

CHOj nHHHjH, xoja cnaja Te  Tatixel)  (csjeTcxe Tatixe a H b mopajy, HapaBHo, 

6HTH Taxee, 	HHTepean  meby  H,Hma 6yAe epemeHcmi; y rIpOTHBHOM cnriajy 

HH -ferpan je RomnnexcaH). 

§ 4. Lorentz-osa TpaHccpopmau,Hja 

Haui he aaAaTaK cap,a  6HTH,  Aa Habemo cpopmyne 3a TpaHcckopmadliijy jeAHor 

cHcrema pecbepeHHHje y ApyrH,  Tj.  c opMyne, no KojHma ce, axo ce 3Hajy xoop-

AHHaTe x, y, z, t Aorabaja  y  HeKom cHcTemy peckepeHuHje K, mory HahH 

xoopAHHaTe X,' y', 2', t'  HcTor  Aorabaja y Apyrom HHepwljanHom cHcTemy 

Y xnacHmHoj MeXaHMLUI  TO  ce nHTaFbe pHjewasa spno jeAHocTasHo. KaKo 

je spHjeme TMO anconyTHo,  6Hhe  t=11 . axo cy RoopAHHaTHe oce 143a0paHe 

0HaKO, KaKO TO 06HHHO  paAHmo  (Tj. oce X H X' ce noxnanajy; oce Y,Z cy 

napanenHe ca ocama 2,-; xpeTaH3e Apx oca X H X) OLIHTO 11e xoopAHHaTe 

y H z 6HTH jeAHaRe xoopAHHaTama y' H 2', a xoopAHHaTe x H Xf  pa3m4Hosahe 

ce 3a pacTojaFbe xoje je  jeAaH  CHCTM npewao y oAHocy Ha ApyrH. Am) ce 

noHeTax patiyHaH,,a spemeHa  y3me  y momeHTy, KaAa ce o6a cncTeMa noxnanalY) 

a 6p3HHa cHcTema K' y  o,T1Hocy  Ha K je V, owla je TO pacTojaH.e .Vt. Ha 

Taj HaHHH je: 

x'  x+ 	y' =y, z' —z, 	 (4,1)_ 

Ose cl)opmyne Hamsajy ce Galilei-esa TpaHcckopmaumja• .Tlaxo je nposjepoTH, 

Aa osa TpaHccipopmailmja,  Ica° LUTO,  je H Tpe6ano oHeithsaTH, He 3aAosarbasa 

ycnose TeopHje penaTHBHTeTa;  y  1120j HHTepsanH meby AorabajHma HJ4jecy Hmsa- 

pmjaHTH14. 
PenaTHsHcTHHxe TpauctopmaLmoHe ckopmyne TpaNcHhemo 6aw Ha ocHosy 

ycnosa Aa npH H.Hma  HHTepBanH  6yAy HHsapHjaHTHH. 

AKO ynoTpe6mmo  senxtmHy 	xoja je sroAHa 3a game H3narafbe,. 

oHAa ce, Rao IUTO CM°  BHAjeJIH  y § 2, HHTepsan H3Meby Asa Aorabaja moNce-

nocmaTpaTH Ica° pacTojan-be  meby  oArosapajyhmm Asjema csjeTculm Tatixama y 
HeTsopoAHmeH3HoHanHom xoopAHHaTHom cHcTemy. flpeMa TOMB mowemo pehM 

Aa xoA TpamteHe TpaHc(impmatimje mopajy OCTaTH HenpommjeHDeHe cse Arxi4He 

y HeTsopoAmmeH3HoHanHom npocTOpy x, y, z, z. Taxse TpaHctopmaumje cy cam() 

1 ) To CHOjCTBO HmTerpana ds  y Be3H je ca THM, Aa je jexia o KOOpAHHaTa mmarm- f 
b 

a 
HapHa (r  =  le t); Kazta 614 cee  lierlipH  Koop,rolHaTe 61,ine pearnie oliAa 6m, HapasHo, 	ds 6mo 

minimmanali Ayw ripaBe nmulje. 	 a 
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TpaHcnauje H .poralwje xoopAHHaTHor cHcTeMa. OA THX, IpaHcnaumje KoopAH-- 

HaTiior cHcTeMa napanenHo CBOM npso6HTHom nonmajy HHjecy HirrepecaHTHe, 
jep ce cBoAe jeAHocTaBHo Ha TpaHcnagHjy noLieTKa npocTopmix itoopAHHaTa H 
Ha npomjeHy momeHTa nosema patiyHaH.a speMeHa. Ha Taj Ha'lHH ce TpmeHa 
Tpaxcgbopmaii,Hja maTemaTHLIKH mopa HapasHTH Kao poTauHja geTsopoAkimeRsHo- 
HanHor KoopAHHaTHor cHcTeMa x, y, 

Csaxa poTatiHja y tieTBopoAHmeHsnoHanEom npocTopy mo)Ke ce pacTaBHTH 

Ha wecT poTauHja H TO  y  pasimma xy, zy, xz, TX, Ty, TZ (aHanorHo 

ga ce CBaKa -poTailmja y 06Y191-10M npocTopy malice pacTaBHTH Ha Tpz 

poTauje y pasHlima xz). flpBe TpH poTaLmje TpaHccipopmHpajy camo 

npocTopHe xoopAHHaTe; oHe 0,grOBapajy 06HHHHM npocTopHmm poTawijaMa. 

llocmaTpajmo poTaLky y pasHH r x. Koop,cmHaTe y H Z ce npx TOM He 

mffleHDajy. AKO je 4r yrao poTawije, oHAa ce Besa meby cTapmm H HOBHM 

KoopAHHaTama oApebyje ckopmynama: 

x' cos If 	sin Alf, 	 (4,2) 

TpawIMo cloopmyne sa TpaHccloopmaupijy ca cHcTeMa pecl)epeH4Hje K Ha - 

clic -rem K', KojH ce y oAHocy Ha K Kpehe 6p3HHOM ,rty)K oce X. Ilpvt Tome 

ce, omeBHAHo, TpaHccipopmaLMH noAspraBajy canto KoopAHHaTe X H BpHjeMe r. 

flpeMa Tome Ta TpaHcci)opmaLwja mopa xmaTH o6r.i, ( (4,2). CaLk ocTaje, Aa ce 

oApeAH yrao, 4r, KOjH moxce 3aBHCHTH canto oA penaTHEHe 6p3HHe V 1 ). 

flocMaTpajMo y cHcremy K xpeTai+e noqema KoopAmqamor cHcTeMa 

pecbepernwje K'. TaAa je 	0 H topmyne (4,2) Ao6HBajy o6ni4K : 

x  = — sin 1r, 	T` cos _ 

lull Amjeneli.em npse Apyrom: 

— — tg 

Ho Kam) je t = 1 c t, a -- 6p3mqa -11 clicTema K' y oAHbcy Ha K, Ao6kisa ce: 

V 
tg 	— • 

0Aawke je : 

sin if = 

  

. 
1 - 

C 

V 

V2  

COS lif 

    

       

     

v 

 

       

          

          

3amjeqom y (4,2) Hanasxmo 

. V xf _1_ 

  

i—
c 

— 	 
V 2  ,  
c2  

  

C 

 

y= , z=2', x= 

    

    

    

  

V2  
1 — — 

C2  

  

1) ;la 6H ce Ha6jerna 36pRa, HanommFbemo Aa hemo ca V cTanHo oamagasaTH xoucraHTHy 

penaTHHHy 6p3mHy Asajy HHepuHjanHHx cHcTeMa pecipepeuumje, a ca v — 6paHHy tiecniue xoja 

ce Kpehe, xoja yornirre He mopa 6HTH xoHcTaHima. 



x +  V t' 
xi= 11 	V2  

3  
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eTasmajyhm join V = i c f, 	 Hmamo AeckmHHTHsHo: 

V  
+ V  t' C2  

X= 	
V 	

y 	 t 	 (4,3) 
2 	2 

I  Al 	c2 

Ono cy Tpa)keHe TpaHcci)opmaLlmoHe cDopMyne. OHe ce Hasmsajy Lorentz-
one TpaHccloopmallHoHe epopmyne H mmajy ctlyHgameHTanHH sHaHaj sa ,garba 

pacmaTpaH,,a. 
06pHyTe topmyne, koje Hspa)kaBajy X', y', z', t' nomohy X, y, z, t Haj-

jeAHocTaBHmje ce Ao6mBajy samjeHom V ca — V (jep ce cmcTem K y o,r(Hocy 

Ha K' xpehe 6p3HHom —V).  Ose ce topmyne mory A061,1TH HenocpeAHo pmje-

wasaH.em jextHa44Ha (4,3) no  x',  y', z', t'. 
1/13 (4,3) je naxo 1314,RjeTH, Aa 3a rpaHmtnim npenas C 	oc Ha xnacHtniy 

mexamiky, Lorentz - oBe Tpauctopmai.tHoHe cDopmyne npenase y Galilei - eBy TpaHc-

ckopmawijy. 
3a V> c y cjopMynaMa (4,3) koopAHHaTe x. t nocTajy HmarmapHe. To 

o,Etrosapa HHH.eHmnii, .rta cy HeMoryha xpeTalba 6p3mH0m Behom oA 6p3mHe cejeT-

nOCTH. L IaK je HeMoryha H ynoTpe6a cmcTema pect)epeHLAmje ca 6p3mH0m je,RHakom 

6p3HHH CBjeT.TIOCTH Tau 6H HmeHmoum y ckopmynama (4,3) 6HnH je,sHakm HynH. 
3a 6p3HHe V, mane y ynopebea,y ca 6p3HHom csjeTnocTm, MjecTo (4,3) 

mory ce ynoTpmje6HTm rip16nmkHe cloopmyne: 

X ----- 	VI',  y 	y', z= z', t =t' ±— x'. 	(4,4) 
2  

Hek.a y cmcTemy K  MHpyje man napanenaH ocm X. HeKa H2erosa Ay maia. 

HsmjepeHa y TOM cmcTemy 6y,ge A x = x2  — xi  (x2  H xi  — koopHAHHaTe o6a 

Kpaja turana y cmcTemy K). HabHMo caAa ,gyamHy Tor inTana, msmjepeHy y 

CHCTM K'. 3a TO je noTpe6Ho HahH xoop,u,mHaTe o6a xpaja urrana (x 2' H x1 1 ) 

y TOM cHcTemy y jeAHom  Te HCTOM MOMeHTy i d . H3 (4,3) Hananmo: 

x21 + V 1'  
.A 2  =   • 

V2  \1— 
C 2  

,QpiciHa tuTana y CHCTM K' je 0 x' = x2 	0,1ty3HmaH:, em X2  4:43, )( 1 

Hananmo: 
Ax' 

II 	V2  
1-- 

C2  

,,ConcTiseHa ,nywkia." mama Hansa ce }beron.a xty)kmHa y OHOM cmcTemy 

petepeHumje, y *come Taj LuTan MHpyje. O3HaiHMo Ty Aymaniy ca 10 =Ax', a 

ca 1 Ay ianiy Tora mans,  y  ma kom cmcTemy pecbepeHLIHje K. TaAa je: 

1= 4\11 — 	. 	 (4,5) 

Ha Taj Ha4HH isTan Hma HajBehy AyAmmy y OHOM cHcTeMy peftepeHigmje 

y Rome off MHpyje. Y cmcTemy y }come ce Rpehe tpsHHom V, EberoBa Aymckula je 

Ax 
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11  2 
 V

2  
1  — 	 nyTa maPba. Osaj peaynTaT Teopmje penaTasmTeTa 3ose ce Lorentz - oBo 

c 
cxpahel-be. 

Ramo ce nonpegHe AmmeH3mje Tmjena rip FberoBom xpeTaH.y He m ►ljelbajy, 
3ariperuia Tmjena [2, cmarbyje ce no aHanorHoj ckopMynH 

Q =  20 
V 2  (4,6) 
c2  

 

r, je je Q o  „concTseHa  3anpemmHa"  Tmjena. 

143 Lorentz-01313X TpaHcckopmanmja mory ce 	Beh r103HaTH peaynTaTH 
3a concTseHo Bpi4jeme (§  3).  Hexa y CHCTM K' MHpyje je,RaH caT. Y3MHMO 

Aa cy ce Asa Aorabaja  AecHna  Ha je,f1Hom HCTOM mjecTy x', y', z' npocTopa 
y cmcTemy K'. Bpujeme y  cHcTeMy  K' ilamehy Tux Aorabaja je L1 t'=-. 1' 2  
HabHmo catta spmjeme At,  lc*  je npouino n3meby TI•rX Aorabaja y cmcTemy 
pecPepeHumje K. H3 (4,3)  HMaMO: 

t' + —  X' 

tl 	
1 	C2  =  	 

— —1/2  c2 

mnm, nocnHje o,n,y3HmaH.a: 

t2 —t 1 =0t= 

IUTO ce noTnyHo cnaAce ca  (3,1).  I  

V 
t'2 	— X' e2 

Ai l 	V 2  — 
C2  

At' 

V2  
C2 

§  5.  TpaHaPopmagHja 6paHHe 

Y npeTxo,o,Hom  nornaarby  Hauinm cmo topmyne nomohy xojxx ce, Rua cy 
no3HaTe xoop,AHHaTe Aorabaja  y  jeAHom cHcTeMy petepexumje, mory HahH xoop-
AHHaTe mcTor Aorabaja y  Apyrom  cHcTeMy. CaAa. hemo HahH topmyne, xoje 
iioxa3yjy se3y m3meby 6p3HHe maTepmjanHe liecTmue, xoja ce xpehe y jelniom 
cHcTeMy petepemnile, ca  6p3HHOM  Te PicTe tiecnine y Apyrom cHcTeMy. 

Heim ce oner  cucTem 	xpehe y oAHocy Ha CHCTeM K 6p3HHOM V 
dx 

Apx oce X. Hexa je 	
dt 	

ki xomnoeFiTa 6p3HHe necTkuld y cHcTeMy K, a 

v 6p3HHa Te licTe  t4ecTinie  y cHcTeMy 	113 (4,3) nmamo: 
dt' 

dx 

dt' + —
V

dx' 
dx'd- Vdt'  , dy= dy', dz— d2', dt= 	

c2 

V2 	 _17_2 

c2 	 c2 



tg  0  ------ 
cos Of  • v'+ V 

(5,3) 
V2  
C 2 

sin 0'. 
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,,I1Hjelbekbem npaktx Tpktjy jeAHatnikta ca 9en:31)7 . 0m Hana3Hmo: 

V2 	
' k 1 — 

21 	V ' dx 	dx' +  V  dt' 	dy 	 c2  dz dz 	c2 
= 	

dy 

 v 	dt 	v 	 V 

	

+ dx' 	dt' + dx' 	dt' + dx' 

HnH, 	nocnktje 	aHjerbet-ba 
jexHatikia: 

V /X -I-  V 

ca dt' 

— 
V y  — 

V I  Y 

6pojitnatta H Hmetninatta 

V  

aeCHRX cTpaHa 	THX 

(5, 1) 

V 2  V2  
L^ C .4  C2  

Vx  7----- 
) vex 

V 
1 + 	 2,— 1 

v' V  - 
+ x 

, 	V, =  
1 	v'x V . + 

C2  C2  

Ose 43opmyne aecirmnikiwy Tpaticckopmauttjy 6p3HHa. 0He npeTcTaasbajy 3aKOH 
cnarakba 6p3HHa y TeopHjH penaTHBHTeTa. Y rpakiwtHom cnyttajy c —÷ oo ose 
4opMyne npena3e y cloopmyne xnacwnie mexamiKe: 

vx  =  ex  + V, Vy -7=--  V I} , Vz = ti fz . 

Y cnewijanHom cnyttajy, Kula ce ttecTinta xpehe napanenHo o H X, 6Hhe 

vx  --=-- V, Vy 7.----- Vz  =-- 0, 
Ta,a,a je 

v'y  =-- viz  =-- 0, a 	v', 
eta je 

V= 
v' + V 

v'V 1 + 
(5, 2) 

IlaKo ce je ysjepHTH jja je 36Hp Ataajy 6p3HHa, Koje cy makbe HnH jellHaKe 
6p3I4H14 CBjeTTIOCTH; npema TO] ckopmynH oneT 6p3vata. Koja HHje Bella o,a 6p3HHe 
CBjeTJIOCTH. 

3a 6p3HHe V, Koje cy 3HaTHO mat-be O( 6p3HHe OBjeTJIOCTH (6p3HHa 
mo)Ke 6HTH 171D0H3BOn3Ha) 	o6HEa— ce apH6nkt)KHo, c TattHowhy ,ao 'inaiosa 

V 
pexa 	: 

v12  ( 	 V 	 V vx  = v'x  + V 1_  x  , vy .--v'y — v'x v'y ----  
c2 	 c ' 

vz=v'z—v'xv'z 
ez 

1,13a6epktmo Koop,aktliaTHe cce Tax°, ;la ce 6p3HHa LlecTku.te y xaTom mo-
meHTy Hana3H y paaHH XY, Ta,ga 6p3HHa LiecTkine y cmcTemy K Hma Komno-
HeHTe vx  = v cos 0, vy  =  v  sin 0, a y cacTemy K' v' x =v' cos 9', v'y  . v' sin 9' 
(v, vf  H 9, O f  cy anconyTHe apktlexHocTH H yrno3H, Koje 6p3HHa 91,1H13 - ca ocama 
X H X', pecneKTHsHo y cHcTemktma K H K'). 

Flomohy (13opmyna (5,1) TaAa Hanammo: 



V 
— --I- cos 0 

V 2  
i 1 — -- 

0 
	sin 8'. (5,4) 
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Osa cbopmyna oApebyje npomjeHy npasi4a 6p3HHe npki npena3y ca jeAHor 
cHcrema petepentHje Ha ApyrH. 

nocmaTpajmo AeTarhHHje 133.)KHH cnewijanim cnyliaj Te (topmyne, a TO je 
cKpeTaH,e csjeTnocTH npH npena3y Ha ApyrH ckicTem peckepeinvje, nojasy Kola 
ce 3ose a6epauxja csjeTnocni. Y TOM cnytiajy je = C H npeTxoAHa 

• topmyna npenant y 

tg = 

I'13 HCTHX TpaHcci3opmannoHmx ckopmyna (5,1) naKo ce Ao6Hsa axanorma 
cDopmyna sa sin 0 H cos 9: 

	

 
I 	

V 4  
COS O f  + 

	

\I 	c2 

sin 0 = 	V 	
sin 0', cos 8 --- 	

V 	
(5,5) 

1 — cos 0' 	 1, —
c 

cos 0" 

Y cnytiajy V <.< C H3 ose ce cDopmyne Hana3H, c TatiHoLuhy Ao Li naHOBa 

V 
peAa 	: 

sin 0 — sin 8' = sin 0' cos 0'. 

YsoAelm yrao L10 = — 8 (yrao a6epanHje), ca TOM HCTOM TasHouthy 

lianaammo : • 

Ao= 
V

—

c 

sin 0', 

7j. no3HaTy enemeHTapHy cbopmyny 3a a6epanHjy csjeTnocTki. 

(5,6) 

§ 6. LI eTsopoptmeH3HoHaimm BeKTopU 

AKO 3a KoopAHHaTe Aorabaja y3MeMO BeJIHT4HHe x, y, z, 	oHAa Te Beim- 
tniHe moxcemo cmaTpaTH xao KomnoHeHTe seKTopa y lieTBOPOAHMeH3H0HaTIHOM 

npocTopy. 36Hp xsaApaTa TkIX KomnoHeHaTa, Tj. xsa,rtpar wripfun-f.e" seKTopa 
x2 ± y2 + z2 V2  He mkijeH.a ce 06pTaH.kima LieTsopoAHmeH3HoHanHor xoopAH-
HaTHor cHcrema, rAje cy Lorentz-ose TpaHcci)opmainije cneukijanHH cnytiaj THX 

o6pTaizza. 

Beicrop ca KomnoHeHTama 
sexTop nonoaaja". KomnolieliTe 
= 1, 2, 3, 4, a ockim Tora: 

x,y,z,77 Ha3HBa ce ,t1BTBOPOAHMBH3H0HarlHH 

Tor sexTopa o3Hatiasahemo ca x i , rAje je 

X i  X, X2 y, X3  = Z, X4 = 	iCt. 
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TpalictopmaqHjom jegHor mHep4HjanHor cHcTema petepeHt4Hje y Apyrm, Tj. 

Lorentz - oBom TpaHccipopmaLlHjom, KomnoHewre HersopogHmeHaHoHanHor pamyc-

BeKTopa TpaHcckopmHpajy  ce  cao6pa3Ho (4,3) npema topmynama: 

.X ' 1  — i cV 
	 V 

4 	 / 1 

	

X 	X ' 2, X 3 	 -- X i s , X4  
0 	- 

C2  

V 2  

— 

(6,1) 

Hersopog,HmeH3HoHanHH BeKTop A i  (HnH HeTB0p0BeKTOp) Ha3HBa ce yRyn-

HOCT tieTHpH Bei-11,1 ,414'4e.  Ai , A 2 ,  A3 , A 4 , Koje ce Tpaucci)opmailHjom LieTBopo,gx-
meH3HoHanHor KoopgHHaTHor cHcTema TpaHcci)opmHpajy Rao Romn0HeHTe Xi. 

Lorentz- OBOM TpaHcctopmamijom ,Eco6m3a Ce: 

V V  A"1  --A 4 	 A '4 	A'1 
	, A 2  = A l2 , A 3  = A's , \I 	V2 	 v2 _ 	

c2 e2 

(6 ,2) 

CBOjCTBa treTtiopo,aHmerisHoHanHmx BeKTopa y mHorome cy aHanorHa CB0j-

CTBHMa o614 ,1H1-Ix BeKTopa.  TaKo,  naKo je noKa3aTH, Aa je crivt-mo o6H4Hom CKa-

napHoM np0H3Bogy BeKTopa,  3614p  ripo143Bo,qa KomnoHeHaTa ,gBajy tieTBopoBeKTopa 

Al B i + A 2  Bo+ A3 B 3  ±  A 4  B 4  cKanap. ..Y6y,ayhe TaKaB cKanapHH npoHno,n. 

BeKTopa o3HaLlaBahemo ca  A i  B1, H yonme cmaTpahemo, aim ce Hem,' naTHHcKH 

mikteKc nojaBn.yje ABanyT,  Aa  ce no):t THM no,apa3ymmjeBa cymxpaHz,e no BpHjeA-

HOCTHM a  I  , 2, 3, 4, Tor HHgeKca. TaKo, KBa,gpaT „anconyTHe BpHje,gHocTH" 

tieTBopoBeKTopa, nHuie ce  y  o6nHxy A i  A i  PM A 1 . TaKaB Hatum o3HatiasaH,a 

cymmpaFba (r, je ce 1130CTaB.Tba 31-MK cyMe) Bp.TIO je aro,gaH H 3HaTH0 yripowhyje 

topmyne. 
KomnoHeHTe Tpo,gHmeH3HoHammx BeKTopa o3HatiaBahemo rptumm piAexcHma. 

KaA ce rpLIKH HHAeKc nojaerbyje ,gBanyT, oH,ga he ce no,u, THM no,gpasymmjerzaTH 

cymmpaH,e og 1 Ao 3 (Ha npHmjep AB = 11„ /3 0. 

ilpse TpH KOMr10HeHTe tieTeopoBeKTopa Ha3HBajy ce npocTopHe, a HeTripTa 
BpemencKa, no aHanormjH  ca  gerBopopa,gmyc - BexTopom (HeTBopoBeKTopom nono-
)Kaja). BpemeHcKa KomnoHeHTa cskix HeTBopoBeKTopa, ca xojHMa hello HmaTH nocna, 

HmarimapHa je. -Hanommfbemo, ,ga KBa,gpaT A t  mo)Ke 614TH KaK0 1103HTHBaH, TaKO 

H-HeraTHBaH (H.TIH je,n,HaK HynH), jep ce meby KomnoHewrama Hanasii H mmarm-

HapHa ROMTIOHeHTa. 

HeTB40,IAHMeH3HOHaJIHH TeH3op (14eTBopoTeH3op) Apyror pe,ga Ha3aBa ce 

yKyrIHOCT wecHaecT Ben14HHa A ii  (1, k = 1, 2, 3, 4), Koje ce TpaHccipopmaLkom 

Koop,n,HHaTa 

Xi  = CC a X'k 	 (6,3) 

TpaHctopmHpajy Kao npoH3BoA14 RoopAHHaTa, Tj. npema cl) opmynama 

Aik = aim akl ml'  A' (6,4) 
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Ko,4 Lorentz-ose ipaHccpopmauje je: 

 

1 

 

0 	0 

 

. V 
C 

     

     

    

V I - 2 

C 2 

  

V2  
C 2 

  

    

0 	 1 	0 

0 	1 	 0 0 

. V 
-

C 
0 	0 

V 2  V 2  
C2  

0,k) = 

JeAHHHT-IHH 4 - TeH3op d ig  Ha3Hsa ce TeH30p, KOjH HcnyHDaBa yCJI0B, Aa 3a 
CBaKH sexTop A i  samm 

5 ik A I =  Ai • 

nem) je smAjeTH, Aa cy KOMII0HeHTe Tora TeH3opa 

8 
	0, aim je i 	k, 

1, axo je i =-- lc. 

(6,6) 

(6,7) 

OA csaxor Tefisopa  A ig  mo)He ce cl)opmHpaTH manap A ii . A 11  + A + 22 
+ A33 + A44, KOjH ce 30Be „Tpar" (cnyp) TeH3opa. OtresHAHo je 

a l , 	4. 	 (6,8) 

TeH3op ce Ha314sa crimeTpwr4HH, aim je A id  = A( k , a aHTHCHMeTPHHHH, 
axo je Ai g — KoA aHTHcHmeTpH4Hor TeH30pa cse AmjaroHanHe Komno-
HeHTe, Tj. KomnoHeHTe A 11 , A 22, A33 , A 41 , jeAHaxe cy HynH, jep, Hanp., mopa 
6HTH A11= — All' 

AHaTIOFHO 4 - TeHsopy 2. pega mory ce ,Ilectm-icaTm TeH30pH sinner peAa. 
AHTHCHMeTpHLIHH jeAHHHHHH . 4•- TeH30p 4. peAa Ha3Hsa ce TaKaa TeH30p 
14Hje KomnoHeHTe mmjeHajy 3HaK nepmyTaujom ma Koja Asa HHAexca, rAje 

cy xomnoHeHTe; Koje cy pa3nHgHTe oA Hyne, jeAHaxe ± 1. 1"13 aHT.HcHmeTpHtmo-
CTII cmijeAH, Aa cy cse KOMI10HeHTe Tor TeH3opa K0,1( KOjHX Cy maxap Asa HH-
Aexca jeAHaxm, jeAHaxe HynH, TaKo Aa Hmjecy jeAHaxe HynH canto oHe KoMnoHeHTe, 
KoA xoj1x cy pa3nw-HiTa csa qe -rHpH HHAexca. Hexa je e 1234 = 1. TaAa cy, ot1H-
rneAHo, cse xomnoHeHTe ei klm, xoje Hmjecy jeAHaxe HynH, jeAHaxe + 1 Him — 1, 
ILITO 3a3HCH oA Tora, Aa ce napHHm HnH HenapHma 6pojeM nepmyTanHja 
(TpaHcno3HqHja) mory 6pojesH i, k, 1, m AosecTH Ao peAocnHjeAa 1, 2, 3, 4. 
HanomHH.emo, Aa je e2 imr7 = 4, LUTO je naxo nposjepHTH. 

Y oAHocy Ha poTaLtHjy xoopAHHaTHor cricTema senHHHHe eigim  noHaluajy 
ce Kao KOMII0HeifTe TeH3opa. MebyTHm, alto ce npoMHjeHH 3HaK jeAHe HIM 
TpHjy KoopAHHaTa, oHAa ce KomnoHeHTe eiglm He  mmjekbajy, jep cy Ae43HlicaHe 
jeAHaKo 3a cBe xoopAHHaTHe cHcTeme, Aox 614 xomnoHeHTe TeH3opa mopane 
H3MHjeHHTH 3HaK. flpeMa Tome, e ikhn , crporo y3esuiH, HHje TeH30p, Hero, Kaxo 

Tennuia nruba 
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06HHHO Ra)Ke, nceyAoTeH3op. riceyAoTeH3opm ma xojera peAa, cneLnijanHo nce-
yAocKanapH, noHalnajy ce Kao -TeH30pm npm CBHM TpaHcitopmagHjama KoopAH-

HaTa, M3y3eB oHmx, Koje ce He gory csecTH Ha poTailmje, Tj. H3y3esum 

npecnHKasal-ba npoMjeHe maKa KoopAHHaTa, Koje ce He gory csecTH Ha 

poTaumje. 
AKO je Aik aHTHCHMeTpHHaH TeH30p, oHAa ce Ka)Ke Aa cy A i k H nceyAo- 

1 
TeHsop A111,

AyanHH jeAaH Apyrom. AmanorHo je , eaarn A m  aHTHcHme- 
2 

TpHMHH nceyAoTeH30p 3. peAa, -AyanaH seKTopy Ai. flpom3soA
2 	

Aik A I, 

TeHaopa 2. peAa ca Fbemy Ayani-mm, ogmrneAHo je nceyAocKanap. 

Y Be3H Ca pegeHmm H3HOCHMO HeKa aHanorHa CBOjCTBa TpummeHmoHanHmx 

BeKTopa H TeH3Opa. IlOTIVHO aHTHCHMeTpHHHH jeAHHHHHH nceyAoTeH3op 3. peAa 

Hamsa ce yKynHocT senH14Hma eafiy , Koje MHjeI-b ajy 3HaK npm nepMyTaLU4jM Ma 

Koja Asa IIHAeKca. Kao M KOA cse KomnoHeHTe espy  jeAxaKe cy Hynm, 

OCHM OHHX KOA KOjMX je a  :/:  p :/, 7 . ce THHe TI-IX KomnoHeHaTa, TO je 

e123 = I. OcTane cy, naK, ol-mrneAHo jeAmaKe + I HnH --1 npema Tome, Aa 

R H ce nappaim Hnm HenapHmm 6pojeM TpaHcno3Hilmja moNce A0BeCTil peA 6pojesa 

a, p, y Y PellocnmjeA 1, 2,  3. 
npecnHKasafbem KoopAmHaTHor CHCTeMa, Tj. npomjemom CBHX Tpujy KOOp-

AmHaTa, KomnoHeHTe oUgHor seKTopa TaKobe mmjeFLajy 3HaK. TaKBH BeKTOpH 

Ha3HBajy ce nonapHm. komnoHeHTe SeKTopa, KOJH je jeAHaK npom3s0Ay AB* 
nonapHzx seKTopa, npm npecnkmasaFby He mmjel-bajy 3HaK. TaKsm seKTopm Ha-

3msajy ce aKCHjaIIHH. CKanapHH npom3s0A nonapHor H aKcmjanHor seKTopa Hmje 

npasH cmanap, Hero nceyAocKanap. rIpecnificasaHDem KoopAHHaTHor CHCTeMa off 
mmjef-ba 3HaK. AKcmjanHH seKTop je ncey,EkoseKTop, a _AyanaH je ca HeKmm 

• 
aHTHCHMeTpH4HHM TeH3opom. TaKo, aKo je C = A X B, 614he Ca  = —

1 
ecoy Cpy  

rAje je: 
C 	B —A C OY 	 • Y B p. 

Y TOOAHMeH3HOHaEHOM npocTopy mHTerpmpaa,e mowe ce BpLUHTH no sa-

npemHHH, no 110BpWHHH H  no  ITHBOj .11HHHjM. Y IleTB0p0AHMeH3HOHaRHOM npo- 

cTopy, pecneKTHsHo, moryhe cy qeTHpH spere HHTerpmpaH,a. 

1. I'IHTerpan no -KpHBOj IIHHHiH y 4-npocTopy. EnemeHT HHTerpmpaH,,a 

je enemeHT nyKa, Tj. 4-BeKTOP 

2. FIHTerpan no 110BpLUHHH (ABOAHMeR3H0HaRHOD y 4-npdcTopy. Mao 

LUTO je no3HaTo, y TpoAmmeH3HoHanHom npocTopy npojeKumje nospin.HHe napane-
norpama, KoHcTpymcaHor Ha seKTopmma A H B Ha KoopAmHaTHe pasHm X, xfi 

jeA,HaKe cy pecneKTHsHo A ct  B p — A R  B o  . AHanorHo, y 4-npocTopy npojemvje 

nospummie napanenorpama, KoHcTpymcaHor Ha Asa 1-seKTopa A i  H B k Ha 

6 KOOPAHHaTHHX paBHM Xi Xi, oApebyjy ce aHTMcPIMeTpM4HMM TeH30pom A i 

B i . CneujanHo, 6ecKoHatmo manm enemeHT nospum-te oApebyje ce aHTH-

CHMeTpliqHFIM TeH3opoM 2. peAa df ig  *-1Hje cy KognoHeHTe jeAHaKe npojeKujama 

nospumHe enemeHTa nnoxe Ha KopAHHaTHe pasHm. Y TpoAmmem3H0HanH0g npo-

cTopy, Kao BUTO je 1103HaTO, yMjecTO Tex3opa d.fap  }cab enemeHT nospumHe 

ynoTpe6rbasa ce seKTop df a  , KOjH je AyanaH ca TeHsopom df cc p Tj. dicc = 

ec,Ry  d i lly  • reomeTpHcKH TO je seKTop, HopmanaH Ha enemeHTy noapluviHe 

2 r 
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a-no anconyTHoj BpHjeAHocTH jeilHaK nospiumm Tor enemeHTa. Y LieTBopo- 

AMMeH31•10Ha.TIHOM npocTopy TaxaB je BeKTOp HeMoryhe KOHCTUHcani, aim mme 

Ce KoHcTpyHcaTH TeHsop dfik , K0j14 je AyanaH TeHsopy df ih , Tj.. 

* 	I 
dt/ k =

2 
 eiklm Am  • 

reomeTpHcKH off npeTcTaBiba enemeHT noBpimme je,i1HaK enemeHTy dfig  14 

„HopManaH" Ha ibemy; — cae npaBe nmmje Koje ce Hanase Ha Fbemy HopmanHe 

cy Ha CB141.4 npaimm niumjama Ha enemeHTy df, g . 

3. — HHTerpan no xpinepnoBpumHH, Tj. no TPOAHMeH3140HaTIHOj pasHo-

nmocTH (TpoAHmeHsHoHanHoj sanpemHHH). Y Tp0,1114MCF13140HanHOM npocTopy 

sanpemima „flapanenonmneAa" KoHcTpykicaHor Ha TpMMa BeKTOpMMa A, B, C 
Kao IIITO je no3HaTo, jeAHaKa je ileTepmmiaHTH 3. peAa, cacTaarbeHoj o,g KOM-

noHeHaTa TH X BeKTopa. Y 4-njocTopy npojenmja sanpemme „napanenonHnexta" 
(Tj. „nospumue" ximepnoBpumHej, KoHcTpyHcaHor Ha 4-BeKTopuMa .A 1 . C1, 
.0,eclmHinue ce AeTepmmHaHTama: 

(6,9) 

A i 	B 1 
	c , 

A k 
	

Bk 
	c , 

Ai 	Bi 
	Cl  

Koje caqm-basajy TeH3op Tpeher peAa, KojH je aHTHcHmeTpHgaH no csum Tpwma 
HHAeKcHma. CneLmjanHo, 6ecKoHaLmo maim enemeHT ximepnospumHe AegmHpaue 

ce aHTI4CHMeTp1LIEIHM TeH3opoM d S ig/ . Mao enemeHaT 14HTerpHpafba no xHnep-

n9BPLIIIIH14 sroAHHje je ynoTpe6HTH 4-BeKTop dS 1  KOjH je ilyanaH TeHsopy dSi ii : 

dS 1 
6 
 eiklm dSktm, d Sfk1 = e kimi  dSm 	 (6,10) 

(naKo ce yBjepHTH Aa cy KomnoHeHTe dS i  : dSi  = dS234, dS2  = dS143  
reomeTpHcKH je Taj 4-BeKTop no anCOnyTHOj BP14j .e,AHOCTI4 je,aHaK „noBpaHHH" 

enemenTa ximepnospumHe, a no npaBuy HopmanaH Ha TOM eneMeHTy (Tj. 

HopManaH Ha cBmm npaBLAHma, noBytielmm no enemeHTy ymnepnospumHe). 0414- 

rnexio je --- 4  =  dx dy dz jeimaK enemeHTy TpomimeHsHoHanHe sanpemHHe c V, 
— npojemmjH imnepnoispiuHHe Ha xHrieppaBaH x4  = coast. 

4. — HHTerpan no HeTsopummeHsHouanHoj sanpemimki. EnemeHT HHTe-

rimp,aHDa je enemeHT 4-3anpemnfie d Q = dx1 c1x 2 dx 3  dx4 . 
AHanorHo GaUSS-0B 0j H Stokes-osoj TeopeMH sa Tpo,immeHsHoHanHe 

HHTerpane nocToje Teopeme Ha ocHoBy Kojgx ce tierBopoilv.meHsHoHanHH HHTerpanH 
met yco6Ho TpaHccliopmHpajy. OA THX TeopeMa Hama die y ,iitarbH.em HsnarEi-by 

6HTH noTpe6He crmj-e-Aehe ABHje. 1/1H -rerpan no saTBopeHoj xHnepnospurimm 

moiKe ce TpaHctopmHpaTH  y  HHTerpan no 4-3anpemHHHKojy oHa o6yxBaTa, nomohy 

samjeHe enemeHTa HHTerpHpai-ba dSi  onepaTopom: 

a 
dS i  (K2 — 	

(6,11) 
ax, 

Hanp., sa HHTerpan BeKTopa A i  Hmamo: 

aA• 
A l  dS 	dO. 

ax, 

Osa. Teopema je, ogemtuio, reHepanmcakbe Guttss-ose TeopeMe. 



AHanorHo Hanasomc u 113' 

lla= 

114 PI 
 y pesynTaTy umamo: 

V cc 

	v2 

	

\I 1 — CLY 	 V I  — C2  

(7,2) 
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PIHTerpa!I no 06gLmoj nostpumum Tpalicttopmupa ce y mwrerpan no xiinep-
nospunimi imp. Ty nospunmy „o6askija" nomohy 3amjexe enemewra HfrrerpmpaFba 

df ►k onepaTopom: 

(6,12) 

Hanp., 3a uHTerpan oxt aHTHCHMeTpHHHOr TeH3Opa A ik  Emamo: 

f  1  `41k  df, k  = — f 	 
2. 	

dsi  aoAxkik 	aA  dS l= 	A  aS i a, th  
()x i 	ax 

Palm noTnyHocTm Haso,AHmo jou_t npaBHno Tpaiicct ■ opmaumje HHTerpana no 
geTaopo,ammeH3HoHarioj 3aTsopeuoj nuu1114 y HHTerpan no ocKynaumolioj noBp-
UJHHH. 406HBa ce samjeHom: 

dfki  a  

axk 
(6,13) 

Hanp., sa 14HTerpan seKTopa: 

aA 1C cifik  (dA k 	6,4 i ) 
cifki  

axk 	2 	ax1 	axk  

a TO je reHepanmcaube Stokes-oBe Teopeme. 

(6,14) 

§7 LleTsopowielonoim.ima 6pamia II y6p3atbe 

143 o6w-mor Tp0,QHMeH3HOHallHOF semTopa 6p3HHe moNce ce ckopmmpaTi4 
LleTB0p0AHMeH3H0HaJIHYI sexTop. Tagsa geTsopotammeHsHouanHa 6p3111-1a (4-6p3HHa) 

gecTliue je seKTOp 
dxi  

• 
ds 

3a Hanaxel-be KomnoHeuaTa TOr seKTopa uanommkbemo, n,a je, y Be314 

ca (3,1), 

ds—cdt 
e2  

rxtje je v 	o6I44-ta TpuumeumoHantia 6p3HHa tlecTmue. Ha Taj Ha4n4H je: 

d.r1 	dx 	 vx  

a's 7,2  i f n2 

c2  c2  

--± 
 2 

1 (
dSi— 

ax 
a 

—dsk
a

)• 
k 	ox i  

Hanompn-bemo, Aa je 4-6psHua sernvimia 6e3 AmmeH3vaie. 
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KomnomeHTe 4-6p3mHe HHCy HenBlicHe. Ku° je dxf ---- — ds2  , timamo: 

	

iq _ — 1. 	 (7, 3) 

4-y6p3ai-be LiecTime mamsa ce Rex7.°p 

dui  
w i  

' 	ds 

Flom ohy (7,2) 13 (7,3) Hai-Lamm° KOMn0HeHTe Tor BeKTOpa: 

1 	d 	v a 	 i 	d 	1 

	

w a  	 W4 := 	
V 	 V2 1 	 V2  dt 	i 	v2  • 	(7, 5) 

	

c2 1
2 dt 

 1— 	 c\11 — 	1— — 
c2 	c2 	 c . 

,Ltplobepei-ampaFbem (7,3) Ao6kisa ce: 

dui  
-=0 
ds. 

u = 0. (7,6) 

3 a A a T a K 

Liecnina ce Kpehe 6p3HH0M v(t). 0,apeawrkt FbeHO y6p3aibe W y OHOM cmcTemy peck-
pefnimje, y KojeM oHa y Awrom momewry MHpyje, y cnygajy alco ce 6p3xxa V mmjeisa: a) canto 
no npasuy,. 6) canto no Benimmi. 

P j e in e is e: Y AaHom citcTemy pecI3epeEnznje cy npocTopHe xomnoxewre wi ieRHaKe 
1 dv 	wo 	 1 	2 	2 ue  4_ 

a apemencica KOMTIOHeHT3 je je.aRaxa }VIM. ripema TOMC je — wn  = wi ; nlyrat Ad 
c2  dt 	c2 	 c4  ' 

1 
je w1 cicanap, TO je OH H y Apyrom ci4cremy peckepexnaje je,aHaK — W. rlocnymoisuni ce ThM 

c4  
lispagyHamukt Wi Hanammo y cnytlajy a): 

1 
w 

v2 

1 -- 
C2  

dv' 

dt 

a y cny'ajy 6): 
1 .  dv 

dt 
wo = 

(1 	
V2

) 
3  

c2  
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PEJIATHBHCTIFIKA MEXAHHKA 

§ 8. EnemeffrapHe tiecnige 3T Teopuill penannunreTa 

Y xnacHtmoj mexaHH4H mo)xe ce yBecTH nojam anconyTHo xpyTor THjena, 
Tj. THjena, xoje ce HH nog xaxemm ycnoBlima He mme ,rleckopmHcaTH. Y TeopHjH 
penaTHBHTeTa npema Tome 6H ce no anconyTHHm xpyTHm TmjenHma mopana 
noApasymmjeBaTH TaxBa THjena; tmje cse AmmeH3Hje ocTajy HenpommjeH7,eHe y 
OHOM cHcTemy pecbepepeHuHje, y Kome Ta THjena mHpyjy. MebyTHm, naxo je 
BHAjeTH, ga je npema TeopHjH penaTHBHTeTa, yomure, HeMoryhe nocTojaibe 
anconyTHo xpyTlix THjena.  

FloamaTpajmo, Hanp. xpricHH AHCK, K0j14 poTHpa OKO caoje oce 14 npeT-

nocTaBHmo Aa je anconyTHo KpyT. CHcTem pecbepeHuje Be3aH ca THM AHCKOM, 

otieBHAHo, HHje HHepumjanaH. kinax ce 3a csalai manH enemeHT ,RHcxa mowe 
yBecTH HHepujanHH cHcTem petepemvje, y Kome 6H y AaTom momeHTy Taj 

enemeHT 1414posao. 3a pa3He enemewre rtHcxa, gojH HMajy pa3n149wre 6p3HHe, 

TH cHcTemH he TaKobe 6HTH pa3nHtH4TH. rlocmaTpajmo H143 enemeHaTa ,upxpie, 

KOP4 cy pacnopeteHH Apx ma xojer pa,rmyca Avicxa. Yciberk anconyTHe KpyTOCTH 

Aucxa, xty)xxHe cBaxor TIC< oTcjemaxa y oxtrosapajyhem HHepHHjanHom cHcremy 
pectlePeHuje ocTajy HcTe, Kao Raga ce ,AHcx. He 6H oxpeTao. Te Apiunie xoH-

cTaToBahe H nocmaTpaq xojH MHpyje, Mjepeh4 x14 xa,n,a nopeA Hera y AaTom 
momeHry npona3H nocmaTpaHH parmyc ;nicxa, jep je csam oTcjeliax HopmanaH 
Ha cBojoj 6p3HHH, a y TOM cnytiajy He AeluaBajy ce Lorentz-oaa cxpaheH3a. 

lipema Tome he H LurraB paauc, pi3mjepeH og cTpaHe HenoxpeTHor nocmaTpa4a, 
xao cyma H:,eromix cacTaBHHx oApesaxa, 614TH PICT14 Ka° H KoA ,11Hcxa KOjH ce 

'He oxpehe. C Apyre cTpame, ,tly)KHHa csaxor enemeHTa nembepLije mcxa, xojH 
y  AaTom momeHTy nponam nope,g nocmaTpaLla KojH MHpyje, nos,BprHyTa je 

Lorentz-oBoM cxpahHBaH,y, Taxa ga ce H ,u,y)KHHa ujenoxynHe nepwbepHje (xojy 
mjepH HenoxpeTHH nocmaTpaq xao cymy ,ity)KHHa nojeAHHHx HDeHMX upe3axa) 
noxa3yje mas.a. Hero ApHHHa nepHtepHje Luicxa xojH MHpyje. Ha Taj Hatim 
Aonammo Ao pe3ynTaTa, ga 6H ce ripm poraumjg ,r(Hcxa op,Hoc AyAHHe H,erose 
nepHcipepHje npema pa,rmycy (xojy mjepH HenoxpeTHH nocmaTpa.4) mopao H3M14- 

jeHHT14,' yMjecTo ;la ocTaHe jefwax 27t. Ancyp,HocT-Tora pesynTaTa H noxa3yje, 

ga AHCK ycTBapH He mme 6HTH anconyTHo xpyT 14 Aa ce npH poTaujH Hem36jemmo 

noAspraBa Hexoj cnoxteHoj Aetopmallujm, Koja 331314CH OA enacTHInmx oco6HHa 

maTepHjana o,n, Kora je AMC( HanpaBrbeH. 

Y HemoryhHocT nocTojama 311COIlyTHO xpyTmx .,.THjena moryhe je ysjepHTH 

ce 14 Ha Apyrm HaLIHH. Hexa ce ma xoje xpy,To THjeno C110110aUJI4D14M AjejcTsom 

Ha ma xojy. kberosy Taxixy cTasH. y noxpeT. Kaga 614 THjeno 6Hno anconyTHo 
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KpyTo, TaAa 6H ce cse TagKe Tora THjena mopane notieTH KpeTaTH MCTO-

spemeHo ca TOM Ta9K0m, Koja je nouprHyTa Ajejcray; y npoTHBHom cnyHaiY 
THjeno 6H ce AectiopmFicano. TeopHja penaTHBHTeTa, mebyTHm, no6Hja Talmo 
cxBaTaFbe Kao HemoryhHo, jep ce ,gjejc .rso oA AaTe Tatme npeHocH Ha octane 

KoHaHHom 6p3HH0m, na npema TOMB cBe Tatme THjena He mory HcToepemeHo 

noHeTH Aa ce Kpehy. 

113 peHeHor npoH3na3e HeKH 3aKIbpiL(A, KojH ce oAHoce Ha TaK03BaHe 
enemeHTapHe 9ecTFH4e. flog enemeHTapHmm Hecniqama n0Apa3ymmjeBajy ce Hecnnle, 

Koje Ko,4 CBMX Cl7H3MLIKMX nojaaa y4eCTByjy camo Kao HjenHFia, Tj. Hema cmHcna 

roBopHTH o Amjeny Hecnnle.• 
ZPYrHm pHjeLmma, cTaFbe enemeHTapHe HecTFule noTnyHo je AectIHHHcaHo, 

Ka,aa je gaT nono)Kaj H 6p3HHa HecTFule Rao ujenMHe. OHHrnezmo, Aa, Kaka 6H 
enemeHTapHa HecTFula HMana KoHaHHe AHmeH3Hje, oHa ce He 6H mopana Aetiop-
mHcaTH, jep je nojaM iketopmalmje Be3aH ca moryhHowhy He3aBHcHor KpeTai-ba 
nojeJJMHHx AjenoBa THjena. Any!, Kao LUTO cmo manoHac BH,ajenH, TeopHja pena-

THBHTeTa AoKa3yje 'HemoryhHocT nocTojaHDa al1C0.11yTHO KpyTxx THjena. Ha Taj 

HaHHH AOna3HMO Ao BeoMa 3HaHajHor pe3ynTaTa, Aa enemewrapHe HecTmle He 
mory HmaTH xoHaHHHx AHmeH3Hja, Hero ce mopajy cmaTpaTH Kao reomeTpHcKe 

TaLme. 

§ 9. IlpHii,lln Hajmatber Li,jeicTBa 

FlpH npoyHaBaFby KpeTaFba maTepHjanFmx HecTFula nona3Hhemo 0,11 npHH-
. LAHna HajmaFber ,RiejcTBa. rippniwin HajmaFber gjejcTBa, Kao UJTO je no3HaTo, 

cacTojH ce y 1Tome, ,rta 3a CBaKM MeXaHHIIKH cHcTem IlOCTOjP1 TaKaB HHTerpan 

Ha3BaH AjejCTBO, KOIR npri cTBapHom KpeTaH,y MMa MMHMMyM H Ludja je BapH-

jaHLAkija 6S npema Tome je,RHaKa HynH 1). 

0,gpemimo HHTerpan AjejcTBa 3a cno6of.tHy maTeppljanHy HecTmly, Tj. 3a 

HecTFILly, Koja ce He Hana3H no,Et AjejcTsom ma Kamix cnorbaluFbmx cHna. Hano-

mmFbemo, Aa Taj HHTerpan He cMMje 3aBHCHTH H36opa oBor MIMA OHM' HHep-

ivjanHor cHcTema petepeHuHje, Tj. OH Mopa 6HTH HHBapHjaHTaH y oAHocy Ha 

Lorentz-oBe TpaHccDopmagHje. Oxta.B,ge cnHjeAm, as OH mopa 6HTH y3eT no 
cKanapy. JacHo je, ,u,a ce noA HHTerpanom mopajy Hana3HTH 4Fic1)epeHqHjanra y 
npsom cTeneffy. MebyTHm, jeAHHH TaKaB cKanap, KOjH ce mo)Ke cacTaBHTH 3a 
cno6oAHy maTepHjanHy HecTFaly je HHTepBan ds HnH ads, rAje je a- HeKa KoH-

cTaHTa. AaKne, AjejcTso 3a cno6o,gHy mecTmAy mopa HmaTH 0611MK: 

f ds, 

a 
b 

frAje 	- o3HaHaaa HHTerpan ,riy)K cBjeTcKe nHHHje meby Asa saAaTa Aorabaja — 

a 
nono)KajHma HecTxue y notieTHom H xpajFbem MjecTy y oApebelmm momeHTHma 

tl  H t2, Tj. meby 3aAaTHm CBjeTCKHM TaHKama. a je HeKa KOHCTaHTa Koja KapaK- 

1) 	yaesuni, nprean.wri Hajmakber AjejcTea 13p,11H, Aa HHTerpan S mopa 6HTH MHHH- 

manaH cam() 4,y)K manxx Ajenoea rimmje zwrerpHpa!-E.a. 3a rumplje npottaBoxplie Apiouie momte ce 

TI3pAliTH camo Aa S Pima excrpemym Kojm Fmje o6a8e3mo MHHHMyM. 
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TepHwe AaTy gecTmly. Tlaxo je BHAjeTH, Aa sa CBC HecTmue a mopa 6MTH 

110314THBlia Be.IIHHHHa. H crsapHo, sHAjenti CMO 
	

iy § 3, A a ds Hma maKcHmanHy 

a 
spHjeAHocT 	npat3e csjercKe npipmje. HHTerppipaphem Apic KpHBe CBjeTCKe 
JII4HHje, HHTerpan ce moNce riHHHTH KOIIHKO Ce r0A xohe manHm. Ha Taj•HaHHH, 

b 

axo ce• HHTerpan ds y3me  C  1103PITHHH14M 31-1aKOM, i 	oH,Qa OH HC MO)Ke !man! 

a 
mpifirimym, a aKo ce, flax, y3Me ca HeraTHEHHm 3HaKOM Taga ogeBHAHo Hma 
MHHHMyM H TO Ay)K npaBe cBjeTcxe npipipije. 

OBaj HHTerpan xijejCTBa mo)me ce TpaHccl)opmHpaTH y HHTerpan no BpemeHy 
t2 

iS= 	Ldt. KoeHcfmnutjeFIT L ico,r1 d t Ha3HBa ce, Kao LUTO je II03HaT0, La- 
ti - 

grange-osa 4kyHm4Hja AaTor mexaHH4Hor CHCTCMa. Flomohy (3,1) Hana3Hmo: 

t2 
v 2  ,• S —f a•C - 

0 

a t 

,rAje je v 6p3HHa maTepHjanHe tiecTmle, llpema ToMe, Lagrange- oBa 43ymumja 
3a LiecTny je: 

L — a c 

Kao UITO je HanomeHyTo, BenH.H4Ha a KapaKTepHwe ,AaTy tiecTmly, Y }ma-
cpiqPioj mexapipmpi cBama LiecTpula je oitapaKTepxcaila cBojom mac.om m

. 0,gpe,apimo 
Be3y Benpitipma a H m. OHa ce oApebyje 143 ycnoBa, xia icor rpaHH4Hor npena3a 

v2  C 	Do Haw H3pa3 3a L mopa npehH y KnacHLIHH H3pa3 L 	
m

2 
	, rAje je m 

KnacHtifia maca LiecTmue. 3a ocTnapeFbe Tor npena3a pa3BHjMo 

no cTeneHmma —
v

. 3aHeMapyjyhn iinaHose Eimer peAa. ,zio64Bamo: 

v2  

C2 	
PeA 

    

v2 v. 	a 2  L —  a  C 	 — a c + 	 
2c 

Kao LLITO je II03HaTO,  y  Lagrange-oBoj epaypix4pijpi, Hpicy BaXCHH LinaHOBH, 
KOjx cy TOTal1H14 H3B0)111 rio Bpemexy,_ na ce mory H3OCTaBlITH 143 CIVHKIIHje l). 
CBaKa KOHCTaHTa je TOTaIIHH H3130,11 EcTe Te KOHCTaHTe nomHolKeHe ca spe-
meHom, na ce npema TOMB y  L  mowe H30CTaBHTH. 1/13OcTaarbajyhm ktohcTaHTy 

a v2  ac, Ao6kijamo L 	—
2c' 

a  y  Knacmpioj naK mexamnivi je L=
mv2 

flpema 
2 

ToMe, mopa 6HTH 

1) FlpH HHTzrpHpaH.y y HHTerpany AjejcTsa, TOT aT11111 143BOA no spemeHy Aaje BenmitHy 
Koja He 3aHncit o,rk nyTa HHTerpHpaFba H muLleaaHa npH HapHjanHjH Ajejc-rBa. 



(9,2) 

L 
= 	

v 

cnytiajy je : 	 a y Apyrom: - 11 2 

C 2 ) 

2 
1 

c2  
2 • 
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Ha raj flaHHH Ajejcnio 3a cno6o,gHy• maTepajanHy TaLucy jez(Haxo je : 

S = — MC f ds, 

a 

a Lagrange-osa ckyHxamja: 

V 2  
L= mc2  1 — • 

C" 

§ 10. Exeprllja n Fairly= 

Kao wro je nosHaTo, mmnync Hecnme ce Hasmsa BeKTop 

to  L 
	 je cam6onkauca o3Haxa sexTopa, Haje cy xomnoHeHTe jeAHaxe 143BOAHMa 

oA L no oAroBapajyham xomnoHewrama BexTopa v). Y Be3a ca (9,2) Hana3mmo : 

my 
P = 

    

   

(10,1) 

   

C 

Rag cy 6p3mHe mane (v << c) anm Ha rpaHmam, 3a c 	oBaj a3pa3 npena3a 
y KflaCHLIH14 p = m v. 3a v = C amnync p Te)1(14 6eCKOHa4HOCTI4. 

d 	my 
dt 	V 2  

— 

C2  

cTsyje Ha HecTmuy. Hexa ce 6p3HHa HecTame mmjefba canto no npasuy, Tj. 
pima, je cana HopmanHa Ha 6p3HHa; raga je: 

d m y  
dt 2  v 

c2  

m k 	dv 
Ai 	0 

dt
. 

(10,2) 

Am) ce, nax, 6p3HHa mmjeiba canto no BenaHaHm, Tj. axo je cana y npasay, 
oH,Tla je : 

	

. d 	 /72 	dv 

	

dt 	V2 
1 	

( 

 1 — 
V 2  )3/2  dt (10,3) 

c2 	c" 

Y Ta Asa cnyHaja nponopuomanHocT cane pa3nmHaTa je npema y6p3a}by. Y npsom 

1/13BoA mmnynca no spemeHy npeTcTama cany, Raja Ajej- 

EHeprHja HecTame 	xao IIITO je no3HaTo, Ha3msa ce BenaHmHa 

&==.pv — L. 

• 
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YnpuiTasaHoem H3pa3a 3a L H p H3 (9,2) H (10,1) Hana3Hmo 

MC2  

 

(10,4) 
V 2 

— 

143 OBOF H3pa3a BHAH ce ,Eta y penan3HTHcTlitmoj mexamium eHeprHja LiecTPH4e 
Hmje jexmaxa. HynH gax HH oHika, Ka. a je FbeHa 6p3HHa je,rmaxa HynH. Ta „eHep-
rHja mHposaHDa", Tj. eHeprHja 3a v = 0, je,RHama je .= mc 2 • 

KaAa cy 6p3HHe mane (—
v <<1 , pa3sHjajyhm (10,4) y peA no cTeneHldma 

—
v 

 HMaMO: 
C 

& M C 2  + 
m v2 

2 

Tj. nopen eHeprHje mHpoealba Ao6pisa. ce H xnacHt1HH H3pa3 3a xmHenmy 

eHeprHjy mecTH4e. 
143 (10,1) H (10,4) H3.113.314 crmjeAeha penaLka mehy eHeprHjom H Hmnyn- 

com cno6oAHe maTepHjanue tiecTmge: 

6, v 
13 = 9  • c- 

(10,5) 

3a v = c Hmnync H eHeprHja iiecTkma Text d 6ecxoHat4HocTH. To 3Ha4H 

Aa ce tiecTmla ca maccm m, xoja HHje je,waxa HynH, He mme xpeTaTH 6p3H-

HOM CBjeTTIOCTH. MebyTHm, y penaTH3HcTkmoj • mex1HPILIH mory nocTajaTH 
gecTkule C macom xoja je jenHaxa HynH, a Kpehy ce 6p3HHom cBjernocTH. 

Taxse tiecnn_le 113 (10,5) Hmamo 

(10,6) 

kacHHje he ce BH,IljeTH, ,Eka. ce CBjeTTIOCT mowe TpeTHpaTH xao Taxse LiecTHue 

c macom xoja je jexmaxa HynH. 
1/133exwmo caxka cee 17,o6H3ene penaumje y geTsopoAmmeH3HoHanHom o6nHxy. 

rIpema nplikiLAHny HajmaR,er njejcTea je: 
b 

6S=—mc6f 
a 

Pa3sHhemo H3pa3 3a 6S, Y se3H ca THM HanoMeHHMo, ;la je d s = 

H npeMa Tome: 

6S.—mc6 f  	mc f 6 If_ dx2, 

a 
	 a 

7 

	

— 
m e 	 f uid6 xi, 

dx2, 

	

a 	 a 
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jep je —
ds

Komnoliewra 4-6p3HHe. ilapumjanmim HHTerpmpaw,em .Hana3mmo: 

	

b 	 b 	b 

i6 S — m c uid 6 x i = m cui 6xi —mc Ox i du i = 

	

a 	 a 	a 

	

b 	 b 

..„mciii .6x i  —mc Ox i w i ds, 	(10,7) 

	

a 	a .- 

rAje 'je W 	
dui  
[}'S

4-y6p3aH.e. 

olla 6H ce Haume je, HatmHe KpeTapha, ,  Kao UITO je no3HaTo ynopebyjy ce 

pa3He TpajeKTopmje, Koje npona3e Kpos ABa. 3aAaTa nono)Kaja, Tj. Ha rpaHHuama 

X() 	----- (6 x i)b = 0. 11paBa TpajeKTopmja ce TaAa oApellyje 143 ycnoBa 6 S. 0. 

1'13 (10,7) Ao6Hrm 6mcmo TaAa jeAHatimHe 	= 0, Tj. KOHCTaHTHOCT 6p3mHe 

cno6oAHe tlecTmue y LieTBopoAmmeH3HoHanHom 06npty. 

,E1a. 6H npoHawnm BapmjauHjy AjejcTBa Kao clpyHKumjy KoopAHHaTa, Kao IUTO je 

nosHaTo, Tpe6a cmaTpeTH, Aa je Tat-Hta a 3aAaTa, TaKo Aa je (0 x i)a  = 0. 

,pyry naK Tpe6a cmaTpaTH npomjeHnDHBom, anm npm TOM Tpe6a pa3maTpaTH 

canto npaae tpajeKTopmje, Tj. TpajeKTopHje Koje 3aAoBorbaBajy jeAHatimHe mpe-
TaH..a. F1pema Tome, HHTerpan y H3p33y (10,7) 3a /SS  jeAHau je Hyrim. YMjecTo 

(6 xi)b imcaheMo jeAHocTaBHo d xi , H Ha Taj Hal4HH Hana3Hmo: 

65=mcu 6 xi . 	 (10,8) ' 

4,3eKTop ca. KomnoHeHTama 
a s Hasima ce 4-BeKTop Hmnynca. 03Hatlasa- 
axi  

hello ra ca p,. 143 (10,8) BHA,m ce Aa  cy KomnoHeHTe 4-mmnynca cno6oAHe 

maTepHjanHe LiecTHue jeAHaKe: 

pi ------- m c u1 , 	 (10,9) 

Kao IUTO je n03HaTo 1,13 mexaHmKe, Tipp" cy KOM- 

. 
noHeHTe mmnynca LiecTmue, a m3BoA 	

as 
— — 

OS 
— tc je eHeprHja LiecTmue. 

at 	a 
cTehm ce H3pa3om (7,2) 3a KomnoHeHTe 4-6p3mHe, naio ce y6mjeAmTH, Aa ce 
npocTopHe KognoHeHTe pp cTaapHo noKnanajy ca Hmnyncom p, a BpemeHcKa je 

jeAHaKa .  

. & 
pa = Pa,  p4 = 1  — • .(1 0,10) 

Ha Taj HatiHH, y penaTHI3HcTHLIKoj mexaHmum mmnync H eneprmja Komno-

HeHTe cy jeA,Hor Te HcTor 4-Beicropa. Tora HenocpeA,Ho z3nase Tpamccbop-

mauxoHe itopmyne Hmnynca H eHeprmje npH npena3y ca jeAHor mHepumjanHor 

cHCTeMa pecinpeHumje Ha ApyrH. 3aHcTa, aao H3pa3e I 1 % 10,..0) 3a KOM110HeHTe 

aS as as 
143B0,413 — — — 

ax ay dz 
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4-HMnynca yBpcTHMo y onuiTe cpopmyne (6,2) 3a TpaHcckopmaHmjy 4-BeKTopa, 
Hana3HMO: 

V 
PxI  + — e9 /  

e2 	 , 	0' + V  p,'  
Px -=  	PY = PY I ' P z = P z' 	

= 

	

, 	e9 	 (10,11) 

if 	V 2 	 i V c22  

I'IMajyhH y emzty, ,rta je Rea,apaT 4-6p3HHe fq--=-1 1 (7,3), Hmamo: 

p1 =— m2  c2 . 

3amHjeHHBIIIH H3pa3 (10,10) 3a KOMI1OHeHTe pi , Hana3Hmo: 

==. p2 + m2 c2 .  
c- 

EHeprHja Hspa)KeHa nomohy Hmnynca, Kao IIITO je no3HaTo, Ha3Hsa ce 

HaMitton-oea cbyHtu4Hja 	(10,13) cnHjeAH: 

p2+ m2 c2 . 	 (10,14) 

flpH manpim (y oAHocy Ha c) 6p3HHama Hmnync je p <<mc. TaAa 143 

(10,14) ,go6mBamo npH6nHwHo: 

2  
P2  

m  C2 	m2 cis I + 11 	M C 2  ± 
2 m 

Tj., H3ocTaemajyhm eHeprHjy mkiposafba, 	je 1103HaTH KIlaCHLIH1,1 H3pa3 3a 

Hamilton-oey el-.)ymalHjy. 
a S 

YBpuiTaBajyhM y (10,12) — ymjecTo' pi  Hanammo 
axi  

(  6 S  \2  

\  a x ) 
HnH, axo cymy Hanknuemo y pa3BHjeHOM o6nHt(y: 

dO Sx  ) 2  + ao  Sy  )2 	aO 	sz y 	(aast.)2 + m2 c2  = 0. 

 Cs  

OBO je Hamilton — Jacobi  -  eBa jextHaLuiHa y penaTHeHcTPP•ncoj mexaHHHH. 

17pena3 Ha .  rpaHHLIHH cnymaj xnacHtme mexaffince y jemia.qHHH (10,16) 
o6aen.a ce Ha cnHje,n,ehm Hatam. FIpHje ceera Tpe6a y3eTH y o63Hp, Ka° H npm 
oAroeapajyhem npena3y y (10,14), Aa y penaTHsHcmtmoj mexaHHHH eHeprzja 
Liecnige caAp)KH =max m C2 , Kojera HeMa y KnacH4HOj mexamu. Kalco je Ajej-

CTBO S Be3aEo ca eHeprHjom nomohy penauje , TO je rip npe- • 	 • 

t • 
na3y Ha KnacHtiHy mexaHmcy nOTpe6HO mjecTo S CTaBHTH HOBO AjejCTBO 8 1  npema 

penaujx: 

— m2  c2 , (10,15) 

(10,16) 

S = S — m c 2  t. 
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Y=H3pcTmmo nH TO y (10,16), Hajla.314MO: 

(a  \ .4_  (6 	+ 	\ 2 	(d SI)2  + 2 m  S' 0, 
fJ)c) 	c)y) 	 c 2  01 	a t 

Ha rpaHmum 3a c-->, oo Ta je,L1HaL1Hma npenam y xnacHHHy Hamilton — Ja-
cobi- es),  jextHatHmy : 

1  1 id S'  \ 2  +  /0 s'  1 2  + la S ' 1  + 2  1 	= 

2mraxi 	kOyj 	koz) j 01 

flpH HexHm H3patiyHasalbHma npH6jeraBa ce HHTerpmpaHv no „HmnyncHom 
npocTopy". Y Beni  ' ca THM KOpHCHO je 06jaCHHTH CBOiCTBa 3anpemHHcxor ene-
meHTa y HMUJICHOM IlpOCTOpY, dpx  dpy  dpz  y O,gHOCy Ha Lorentz - ose TpaHc-
c130pMaHHie. AKO CC yseAe i3eTB0p0,1tIlMeH3140HaJIHM KOOpAHHaTHH cHcTem, no 

ce ocama 3ammurbajy HeTxpx momnoHeHTe 4 - sex -Topa Hmnynca LiecTive, 
o HAa ce dpx clpy dpz  mo.we cmaTpaTH Mao HeTspTa momnoHeHTa enemeHTa xmnep-
nospuniHe, nppixa3aHe jeAHatHmom (10,12). EnemeHT xHnepnospumHe je HeTsopo-
BeKTOP, KOjkl je OpHjeHTHcaH no HopmanH Ha TOj xPinepnospluHHH. Y AaTOM 
cnyHajy opmjewranHja Hopmane je, O iHrnegHO, IICTa xao H opHjeHTaLHje 4 - sex-
Topa pi . 0,11asAe 133J1a3H, Aa  op,Hoc: 

dpx dpy dp,  
(10,17) 

Rao o,moc je.AHamix RomnoHeHaTa Asa napanenHa 4 - sexTopa, npeTcTasTba HH-
sapHjaHTHy BeJ114 1-111HY. 

loco ce y HmnyncHom npocTopy y3MY „ccipepHe xoopAHHaTe", °Fula ce 3anpe-
M14FICKH enemeHT dpx dpy dp, npeTcTasn,a. H3pa3om p2  dp do, rAje je do enemeHT 

npocTopHor yrna 3a npasue seKTopa  p. Hanomm-byjyhH, Aa je p dp = — &cl& E 
 

[npeMa (10,13)], Hmamo: 

p2  dp  do 	pal& do 

c 2  

Ha Taj •HaT4HH Hana3HMo Aa  je H H3pa3 

pd& do 

Taxobep msapHjaHTaH. 

Ha ITC/ ysewhemo 4 - sexTop cHne, AeclmHHulyhH ra mac) H3so,A 

dp, 	du, m c 	 • 
ds 	ds 

Y3HMajyhH y o63Hp Aa je 
ii dui 	

0, HAeHTHTeTH 
ds 

(10,18) 

(10,19) 

ut = 0 	 (10,20) 

3aAosolbasajy H KomnoHewre  4  - cHne. ripocTopHe xomnoHeHTe Tora 4 - sexTopa 



ft o6pa3yjy Bei(Top 
 dl 

C\11–"— 
C2  

V E • 

f 
,  raje je f = 

dp
o6H4Ha cHna. BpemeHma. !tom- 
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noHeHTa, nax, H3H0CH: 

f4 

 

   fv, 

  

  

C 1 -  
C 

f Rao 1.11TO Henocpe,two 11311a311 143 (1 0,20)], Tj. y Be3H je ca paAom cline f, 113- 

spinet-1mm y jeAHHHnH BpemeHa. 

§  11. ,Itecinicr Mace 

criopmyne H3Be,geHe y npeTxoLwom nornaarby, Taxobe ce mory npHmHjeHHTH 
14 Ha xpeTakbe cnmeHor  THjena,  cacTaBn.eHor 143 micro LiecTmla, xao 14jenHHe. 

Y TOM cnytiajy no,g macom yBHjeR Tpe6a nonpa3ymmjenaTH yRynHy macy THjena, 
a noA 6p3HHom — 6p3HHy HperoBor, xpeTafba Rao njenHHe. 

IlocmaTpajmo THjeno  y  mHpy (xao njenHHy). Tana je FberoBa eHeprHja, 
KOjy mo)Remo Ha3BaTH yHyTpaunbom, HanpocTo je,gHaxa. /Vie, rAje je M— maca 
THjena. Kam) 'je maca no3HTHBHa, otthrnes,Ho je, ,qa je Ta BenHtufHa yBkijeR 

_M C2  
no3HTHBHa. Taxobe je n03HTHBHa H ToTanHa eHeprHja    THjena xoje 

v Al i_  2' 

C 

ce Kpehe (v je 6p3HHa xpeTan,a THjena Rao Lijenkie). Ha Taj Hatan-f Aonammo 

AO 3ax.rbygRa, Aa je y PeTlaTHBECTIIHKOl mexamium eHeprHja 3aTBopeHor cHcTema 

ymjeK 110314THBFia, HacynpoT cxBaTal-by KOje IlOCTO.114 y RnacHtmoj mexamim, 

rnje oHa momce 614TH KaK0 11031411413Ha, TaKO H HeraTHBHa. 

YHyTpaun-ba. eHeprHja THjena M c 2  canp)xm y ce6H, ocHm eHeprHje mHpo-

BaEba tiecTmla KOje yna3e  y  cacTaB THjena, jodi H RHHeTHtncy eHeprHjy THX 

LleCTH1Aa 14 eHeprvjy H.,HxoBor mebyco6Hor AjejciTa. ,apyrHm pHjetiHma, M c2  Hmje 

je,RHaRo cymll m A  c2 , rAj'e  cy  MA — mace tiecTkma Koje yna3e y cacTaB TH- 

A 
jena, a npema Tome HH M  Hmje  jenHaxo 	m A . C 063Hpom Ha TO y penann3HTH- 

CTIV-1140j mexaHking He `Baal ,' 3axoH o,gpaaFba mace; maca cnmeHor THjena Hkije 
je,rwaxa. 36Hpy maca noje,QHHHx njenoBa. Tora THjena. MjecTo Tora, Baxo4 canto 
3aRoH o,qp RaH.a. eHeprHje y Kojy ce yx..rbyvje Taxobe H eHeprHja mHposaH.a 

Liecnnia. 
Pa3nHxa AM---M—Em A  mace cno)ReHor THjena H cyme maca FberoBHx 

A 
caCTaBHHX Ajenosa Ha3Hsa ce ,Rect)exT mace. BenHtniHa D MO Hamm ce eHep-

rHja Be3e THjena. 
llocmaTpajmo THjeno  xoje  ce cacTojH 133 Asa AHjena (ca macama M 1  H M2) 

y cHcTemy pecbepemuije, y  Rome  THjeno mHpyje, H npeTnocTammo ,tka ce THjeno 

cnoHTaHo pacnaLta Ha ABa AHjena, HHje cy 6p3HHe v l  H v 2 . Ta,ga 33.RoH oApAaFba 

eHeprHje Aaje: 
Ai  	Maca 

& =   	 2 

	

V2 	 V2 
\ I 	1 1 	)111 	2  

C2 
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03a jex(Hatima moxe 6HTH 3a,goaorbeHa canto am) je M > M 1 	/iv  Tj. axo je 
e e x T mace M = M —  M 1  — M2  TIO3HT14Ba.H. Flpema Tome, THjeno ce moNce 

cnoHTaHo pacnacTH cam°  y  cnyLiajy, xa,rta je Fberos ,q4eKT mace (y oxtHocy Ha 
,EtjenoHe Ha xoje ce pacnaga) no3HTHHaH. HanpoTme, axo je AecbeKT mace Hera-
THeaH, oHaa je THjeno cTa6HnHo 14 He pacna,Ra ce cnoliTaHO. Tian je pa3ym-
jeTH, ,aa je 3a ocTaapeaie pacna,aa y TOM cnriajy norpe6Ho THjeny AosecTH 
eHeprkijy H3BaHa; Koja je jexiama 6apeM eHeprHjH I•berm:3e seae IA MI c2 . 

3axaux 

1. Tiecnina ca macom m i  H 6p3HH0m v cy,aapa ce ca vecTHHom m 2, xoja ce Hallam Ha 
mHpy, nun4 tlemy ce o6e LICCTHHe cje,mfbyjy y jemy vecTuny. HahH macy M H dp314Hy V Te 
cacTaBibeHe ,lecTxne. • 

1 
P j e Lu e tla e: TpaxceHa maca M = 	&2  — p 2  , rAje. cy & H p eHeprHja H iimnync 

c/ 
cacTaen.eHe mecTkine jeAHaxe cymm eHeprHja H Hmnynca gecTnna, xoje ce cympajy. Epaima, 

p c2  
nax, je V = 	 . Y peaynTaTy ,ao6pisamo: 

• 	2 mi  m2  m 2 =__ m12 + m22 + 	 V = 
miv 

 

   

   

(ni l + tn2 A1  I —v  
C2 

 

v 

 

2. THjeno ca macom M, Koje ce Hallam Ha wipy, pacnana ce Ha Asa mjena ca macama 
Mi  H M2; HahH eHeprHje 	H &2 THx ajenom. 

P j e w e rb e: 3axoH o oxp>xaEby eHeprHje H Hmnynca aaje 	 &2  HP i p2 = 0, 

ting  p12 p22 , .Ti .  &1 2 	&22 = M12 c4 	M 2 2 c4 .  143 THX ,asHjy jematima Hana3Hm?: 

2 	  

	

M2 +  114 12 _ M22 	 M 2  M12  + M22  
= C 	

= c 2 
2M 	

&2 	
2M 

§ 12. Cyikapll 

FlocmaTpajmo enaCTHL1H14 cy,gap ABHjy tieCT1,114a, Tj. TaKaB crup ripm KOMe 

ce He mmjeHDa yHyTpaan-be cTalbe HecTmila. Hexa eHeprHje H 14mnyncH '1ecTHI4a 
npmje cyaapa 6y,ay y Hemom C14CTM pectlepeHrlmje K pecnexTHsHo p i° , &10 , 

14  Pie ,  &20. npH TOM je oca X cHcTema K yaeTa Ayx{ BemTopa it,kixosor 
ToTanHor Hmnynca Pio + P2o• 

3a npoygaBaH.e cyAapa 3F0,11140 je npehm Ha ,apyrm cHcTeM pecliepeHnHje K', 
y }come je 36Hp Hmnynca o5mjy iiecTmua jeAHax Hynes. flpeMa (10,5) 6p3mHa V 
cHcrema y oAHocy Ha K jeAHaKa je: 1) 

1) OBaje cHcTem Assiy LiecTHHa xoje ce cy,aapajy nocmaTpamo Ka0 je,mo THjeno. CDopmyria 
(12,1) mexce ce TaKO1e, ,110614TH HenocpeaHo 1,13 .TpaHcckopmaw4OHHX cbopmyna (10, 1 1), rIpemS 
THM topmynama, H yaHmajyhm y 063Hp ,  ,aa je y OCILUTH TIMITYITC jemax HynH, }imam° Hspaa:. 

	

&lel + (x'02 	 .-., (6oi + &'62) V 
--=- C2 — (&et + &in), 6,01 4-  &02 = 	-- 	POTX + Pozx = 	  

Al 	V2 	 
Al 1 — V2  1 

..... 	 C2 	 C2 

Ij. alto ce Hanxtue y BeXTOPCKOM ofinHxy, TO npeTcTaerba epopmyny (12,1) (anocTpotipmpaHe 

BenwiHHe oAHoce ce Ha cHcTem Kl. 
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r'n. 11 

(13 10 + P20) C2  
V = 	 • 	 (12,1) 

610 + 620 

EHeprnje H Hmnynce 3a o6Hje 	 y cHcTemy K' naKo je H3paLlyHaTH 
npema onumm TpaHccbopmatwoHHm clJopMynaMa (10,11) • H cbopmyne (12,1). 
O3Ha4HheMo fix ca 	61 2 , 	—13 12. 

no cyAapy tiecTHLIa He mmjefba ce 36Hp Hakixospix Hmnynca H 36Hp eHep-
rHja. Y CliCTelvly R.' je p' 1  — p'2 .= 0, Tj. HMIlyTICH cy no BeTIPP-1HHH je,RHam4), 
a no cMjepy cynpoTHH. FlpH cyAapy HmnyncH p' 1  H p'2  camo ce 3axpeHy, 
ocTajyhH jepHam H mebyco6Ho cynpoTHH no cmjepy; a npema 3aKoHy opp)KaH3a 
eHeprHje anconyTHe BenHLIHHe Hmnynca TaKobe ocTajy HenpomjefbeHe. 

FlocmaTpajmo AeTan.HHje cypape, npH KojHMa ce i jepHa op tiecTkma (ppyra) 
Po cypapa Hana3Hna y mHpy (y CI4CTM K). Y cHcTemy K' Ta tiecTpu.la Hma 

AO cypapa 6p3HHy — V ,ny oce 	H Hmuync pecneKTHsHo 	m2 V  

7–  C2  
V2  

03HatiHMO ca z yrao, 3a KOjH ce npH cyAapy 06pHy HmnyncH p' 1  H p'2  y 
CHCTM K' (yrao pacHnafba y CHCTM K'). Kama ce anconyTHa senHLatHa p' 1 

 rip cyAapy He mmjefba, oHpa he x' — KomnoHewra Hmnynca tiecTmAe m2  macnHje 
cypapa 6HTH: 

m2 V  _ cos z. 
V2 

C 2  

EHeprHja Te tiecTkme y CHCTM K' 6Hhe: 

m2  c2  
6/2 = 	 

V 2  
1— c2  

Flpema nocrbe,nH.oj op, TpaHccbopmaiwoHmx cl3opMyna (10,11) Hana3Hmo o,Ras,ne, 
nocnHje cynapa y nona3Hom cpicTemy K, eHeprHjy 62  1lecTHue, Koja je ripeT-

X0)3,H0 mnposana: _ 

62 = 

FlpeTcTaarbajyhH 110M0hHy Be.TIHLIHHy V (1)opmynom (12,1), in o6mhemo etmEm-

TPIBHy stopmyny 3a 62  y o6nHxy: 

r2 
p;  o 	C V&120 	In12  C4 	 (12,2) V = 6

10+ m2 C2 	&10 /71 2 

(npHje cypapa je p 20 = 0, 620  = /112 C 2). EnemeHTapHo H3patlyHaBaH.e Aaje: 

2 
/71 m

2 
 (&io — 1 2  c4) 

62 = m2 .(-72 	2 	2 	 • (1 — COS x) 	 (12,3) 

/7/1C 2 +1112C 2 +2/722e910 

,pyres =max npeTcTaBrba eHeprHjy, Kojy je npm cyAapy Apyra =lemma 

npeAana npsoj. 1/1majyhm y Bww, 	ce 3614p eHeprHja o6Hje tiecTmle opp)KaEa 

V 2  m 2  c2 cos ; 1 1 	z 

-

V2  

C 2  
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np14 cyAapy, mo)xemo, ot4HrneAHo, sa eHeprHjy nocnHje cyAapa Apyre LiecTlwe 
(xoja HanHjehe) HanHcaTz H3pa3: 

Iv 2 	, 
M2 kt.-9 10 — 	C 4 ) 

-- 610 MT C2  + M22 C2  + 2 m2 
 610 (1 — cos x). 

MaxcHmanHa moryha npeAaHa eHeprilja rip cyAapy Ao6Hna ce 3a 
OArosapajyha BpHjeAHocT 3a 6 2  je: 

(12, 4) 

X 	OT. 

62 max  = M2  C2  +    • 	 (12,u) 

HecTmAa m1  HMahe, nax, npHTom r414m4manHy eHeprHjy: 

I  (610 — m1 C2)  (n2 	Mi)2  c2  
61 Min = M1 C2 	m21 c ..1 	c2 + 

2  m2 64o 

Hasemhemo Hexonmw nocrbeAHua Ao614sem4x clopMyna. Aim ce (topmyna 
(12,6) HanHwe y o6nHxy: 

6imin — M k  C2 	 (M — M 2)2  

610 Mi C2  
2  - 	2 

m + in] 2
c #1 2 610 

1314,11,H ce, Aa ce y rpaHHI4Hom cnriajy rip ,' manHm 6p3HHaMa ( xaAa je d'  N. 

M 0 2  
mC2 	

2 	
;Mama pe3ynTaT 11 03HaT H3 Hepe.naTHEmcnitixe mexam4xe 

oAHoc mHHHmanHe nffieTwixe eHeprHje 14 npso6HTHe RHHenpixe emeprHje tiecnille 

— 	  )xoja HanHjehe Te)RM xa cTanHoj rpaH141114, xoja H3HocH: 	
m2 

 2 A y cy- 
F rn2) 

TIpOTHOM rpaH1414Hom cnyLiajy, xaAa je 6p314Ha x4ecTmle m i.  611143y 6p314He C, 
(Tj. npH Ben MKMM &o) HanHcaw4 oAHoc Team Hymi, a calla sen1414HHa 61min 
TexcH CTallHOj rpaH14414. Ta rpaHmila je: 

_2 
–I– 

 _2 
MI M2 

61m in = 	C2 
2 M2  

IlpeTnocTasHmo, Aa je M 2  >> m,, Tj. Aa je maca 14ecTlige xoja HanHjehe 
mama y oAHocy Ha LiecTmly Roja MHpyje. flpema xnacHtmoj mexaHmw naxa 
T4ecTmla 614 npHTom morns. npeAaT14 TewKoj 'ieCTHLLH camo HesHaTaH AHO csoje 
eHeprHje. MebyTHm, TaKBO cxsaTaH.e je Aennacxpaxo y penaTHsHcTH=4Koj TeopHj14, 
I'13 cDopmyne (12,6) ce B14,414, Aa npm AOBO.ThHO Ben.14x14m eHepriljama 6 10 , Komi-
twHa npeAaTe eHeprHje moxe AocT14h14 H Ben141414Hy peAa jeAHHH4e. sa 
TO HHje A0130)10H0 Aa 6p3MHa Tiecnwe m 1  5yAe 611143y 6p314He C, He'ro je, xao 
IUTO je flax° B14,11jeTH, noTpe6Ho ,rta eHeprHje 6y,Ay peAa 

610 rs-' M2 C 2 ) 

Tj. naxa mecTmla. Mopa HmaTH eHeprHjy peAa mHposaH.a Teuixe tlecrzlie. 
AHanorHo BaXCH 14 3a M2  << m 1 , Tj. xaAa Teunta tiecTpwa HanHjehe Ha naxy. 

2 m 2  (6 2  — C4) 1 0 

nqc2 	tri" c" -1-  2  M2 640 

(1 2,6) 

feopija nwha 3 
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flpeMa xnacHHHoj mexaHmui H ospje 6H ce npepasana He3HaTHa xonHHHHa 
eHeprHje. KomiLivma npepaTe eHeprHje nocTaje sHaTua Tex noHeB op eHeprHje pepa 

m2  
— C2  • 
M2 

Hanomm-bemo, Aa ce 14 male He paw jewocTasHo o 6p3HHama pew 6p3HHe 

csjernocTH, Hero o eHeprHjama xoje cy Benmce y owocy Ha Mi  C2 . 

143seinhemo Ha xpajy penamje meby yrnoBHma pacHnaH,a HecTinla y cHcTemy 

K (yrnomma cxpeTaHaa c npainla npBo6HTHor xpeTaH.a. Hecnme MO 14 npoMje-

HaMa 1-1314X0Be eHeprHje npm cypapy. Y se3H ca THM mmemo npHmHjeTHTH, /la 3a 

cBaxy op THX HecTHila penailmja 
(12,7) 

rpje cy pi , pi pi — 4-HmnyncH HecTHue npHje 14 nocnmje cypapa, a IJ 1 4-sexTop 

6p3HHe, timje ce npocTopHe KOMTIOHeHTe (y cHcTemy K) noxnanajy ca 6p3HHOM 

V. 14 3akicTa, Ha nHjeBoj cTpaHH °Be jepHaHHHe Hana3H ce citanapHa seramnia, 
na je 3aTo pOBOMHO npoBjepHTH Ty penatpijy y ma }come cHcTemy pecl3epem.mje. 

Y cHcTemy K' HM1MO U cc  = 0, na je (13, 0 — p i ) U, 	(& 0 — &)i, y cmc- 

Temy K' eHeprHja HecTi/HAe ce He mmjeiba npm cypapy, Tj. 	
Laime ce H 

AoKa3yje penaumja (12,7). 
FlpHmHjeHmmo HajnpHje penaivjy (12,7) Ha HecTHily m 2 , Koja je npeTxopHo 

mmposana. Helm je 02  yrao pacHnaH.a Te HecTpnle y cHcTeMy K. Tapa, 3amje-

1-DyjyhH BpHjepHocT KomnoHeHaTa BexTopa p(, p(p, U i  y cHcTemy K, Hana3Hmo 

e,2  — m2  c2  = Vp 2  cos 02  

1411H, 3amjei-byjyhm H3pa3 (12,3) 3a V: 

( 	 26, ° 
m.  ) (62 —  m2 c2) 

cos 0 	- 	 • 	 (12,8) 
2 — — 	

Plo p2 C2  

npHMjeHOM 
penaumje (12,7) 3a HecTynly xoja HanHjehe po6HBa ce aHanorHo: 

6io 61= V (Pio — p cos 0 1),  

opaxne ce 3amjeHom H3pa3a 3a V HanasH: 

1(610 	m2  C '2) 	0  In2 C .2  — Inj C 4  
• 	(12,9) 

- 	 cos 0 1  =--- 
 

Pio Pi C 2  

cDopmyne (12,8) 14 (12,9) pjewasajy nocTasrbeHo nwrai-be. Hanomm-bemo, 

p,a y cnyHajy m 1  > m2 (Tj. Hecniu,a Koja HanHjehe Te)ma je op Hecnnle xoja 

mHpyje), yrao pacHnaH.a 0 1  He mox(e npehm Hexy maxcHmanHy BpHjewocT. 
Enemewrappimm H3patiyHasaH,em naxo je HahM, pa ce Ta BpHjewocT oppebyje 

jewaHHHom: 

1.11TO ce TatiHo noxnana ca KflaCHt1H14M pe3ynTaTom1). 

1) B. }lamp. „MexamiKa", § 11. 

m2  
sin 01max — 

m1 



cos A i  --  11°  ( 	in& -1-- 2 c2) — 610 m2 c2 	 (12,10) 

610 6 1 

n 	(610 4-  m2 c2) (6 2 	— m2 c2) cos v, 	 (12,11) 
&lo P2C 
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- 	copMyne (12,8) H (12,9) ynpouthasajy ce 3a cnyqaj, KaAa ce y3me Aa 
tiecnn4a Raja HanHjehe pima macy jeAHaKy Hynes 14 npema Tome 6p3HHy C. CTa- 

B.rbajyhH m 1  = 0, pio  = 
610 	pi = — Hana3HMo: 

• 	C 

§ 13. MomenT Hmuyaca 

Kao 	je no3HaTo, xnacHtnia mexaHmta AosoAH AO pe3ynTaTa, Aa ce y 
3aTsopeHom cHcTemy ocHm eHeprHje H Hmnynca oApwaaa jou' H momeHT Hmnynca, 
Tj. BeKTop 

M = E rXP 

(r H p Cy paAmyc-BeicTop H Hmnync LiecTHne; cymmpaHDe ce Bpuikt no CBHM 

tiecrmuama, Koje yna3e y cacTaB cmcrema). 0,gpitaFbe momewra jasma ce Ka() 
nocrbe,amua Tora, IIITO ce Lagrange-osa civi-anija 3a 3aTBopeHH cHcTem, 36or 
H3oTponHje npocTopa, He mmjefba npH o6pTaFby cHcTema Kao ujenme. 

06aBHmo nm caA aHanorHa HssobeH.a y LleTsopoAHmeH3HoHanHom o6nHxy 
Ao6Hhemo penaTHBHcTim.H H3pa3 3a momeHT. Hexa cy xi KoopAHHaTe jeAHe OA 
LiecTHua cHcTema. 1213Bpummo 6ecKoHagHo many poTagHjy y LieTsopoAHmeH3Ho-
HanHom npocTopy. TaAa ,  KoopAHHaTe x i  csarce tiecnnle nocnHje nmeapHe 

TpaHccloopmaL,,je npeby y xi', 

xi' = 	-4- x k 	i k, 	 (13,1) 

rjA,e je 652iA  6ecKoHatnio manH 4-TeH3op, K0j14 oApebyje poTaujy. IIpo poTaw4jH 

Ay KI41 -ia 	paAmyc-sexTopa mopa ocTaTH Henpommjel-beHa, Tj. x1 =--- 	3amje- 

Ho0 H3 (13,1) 14 oA6amsaphem tinaHoBa KcjM Cy Apyror cTeneHa. no (5 g iA , Kao 

SectcoHa4Ho mane BenHtunie spinier peAa, Hana3HMo: 

xi  x1  6S2 ik  = 0. 
Osa jeAHat4HHa mopa 614TH 3aAosorbeHa 3a 1-1p0H3BOTEHe BOHjeAHOCTH X. 

36or Tora ILITO je xi ; cHmeTpHtiHH TeH3op, ,6f2 ik  mopa 614TH aHTHCHMeTpHt1H14 

TeH3op (npoH3BoA cHmeTpHquor H aHTHcHmeTpHLIHor TeH3opa, ommrneAHo, yamjeK. 

mopa 614TH paaaH Hynes). Ha Taj HatiHH Hana3HMo Aa je: 

	

6 O ki = — 6 Sl it 	 (13,2) 

IlpomjeHa 6 S AjejcTaa  S  npH 6ecKoHatiHo manoj npomjeHH KoopAHHaTa 

xma o6nkac [e.(10,7)}: 
6 S =EA 6 x i  

(cymmpaH.e ce 143BOAH no CBHM tiecTmlama cHcTema). Y cnriajy nocmaTpaHe 

poTaumje 6Hhe 6 xy = b Oik  xk, a npema Tome 

6  S = 6 C2 ik  E p i  x g . 
3 
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AKO ce TeH30p E pi  Xk  pa3,Epojm Ha cmmeTpmmaH H aHTmcmmeTpmtaaH A140, 

om,rta he ripam OA H3143( 110MHO)KeH ca aHTmcmmeTpm 14Hmm TeH3opoM m,u,eHTmliHa 

6mTm jeAHaK Hynes. npema ToMe, aKo ce 143 E pi  Xk 0,13,130jH aHTHCHMeTpH IIH14 AHO, 

OH,qa ce npeTxoAma jextmatimma mowe marmicaTm y o6nmity : 

1 (13.3) 
(5 S= (5 Qui  	(p i  xi —pk x,)• 

2 

3a 3aTBOpeHH cmcTem' , 36or I43oTponMje npocTopa H spemeHa rip poTa-

Limjm y 4-npocTopy, Lagrange-osa (1)3/HK4mja He mmjeFba ce, Tj. napameTpa, 

6 Oii  Te poTaumje cy umKnugHe KoopAmHaTe. npema ToMe, oAromapajyhm reHe- 

6 O 	
3 (13,3); 

ii  

mmamo: 
as   

= 2 	(Pi Xk —  PkXi)• 

Bm,rtmmo, AaKne, j:ka ce KO TA 3aTBopeHor cHcTeMa oApKaBa TeHsop: 

M  ik =-7  E (xi Pk— Xk Pi)• 	
(13,4) 

OBaj aHTI3CHMeTpHIIHM  TeH3op  Ha3msa ce 4-TeH3op momeHTa. 

nu° ce ysjepMTH,  ;:ca  cy npocTopHe KomnoHeHTe Tora TeH3opa (i, k. 

2, 3) KOMII0HeHTe Tpummem3m0manmor Beicropa momeHTa mmnynca: 

(13,5).  

Mzx = Mxz = MY, Mxv M yz =—Mzy= Mx 

LLITo ce -mole KomnoHeHTa M4a  (a = 1, 2, 3),oHe cy, Kao LIJTO ce mo)Keme 

JIaKO yBjepmTm, 

NI 4ct 	C 

ZaKne, oBe Tpm KOM[I0HeHTe cagmfbaBajy BeKTop: 

i C 	p — &—Tc r) 

36or op,p)Kal-ba. M ii  3a 3aTBopeHH cmcTem Hanoce mmamo: 

(t p — 2c 	const. 

KaKo ce c Apyre cTpaHe ToTanHa emeprmfa E 	TaKobe upaama, Ta jep,Ha- 

momte ce HanmcaTm y o6nmKy: 

Ea r 	c2  E p 

2: & 

&Xcc  

YPCC 	'C2  ) • 
(13,6) 

t = const. (13,71 
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0,gaB,E(e BHAHMO, ,Ita ce Tal4Ka  ca  pa,rwyc-BeKTopom 

R 
E6 r (13,8) 

paBHomjepHo Kpehe 6p3HHom 

   

e2 E p 

 

(13,9) 

 

Koja HHje HmuTa Apyro, Hero 6p3HHa KpeTaH.,a cHcTema Kao njenHHe. TaKBa 

TaziKa, Kao WTO je no3HaTo, Ha3HBa ce newrap mHepnHje. clpopmyna (13,9) 
o,apebyje KoopalHaTe gebTpa HHepuHje y penaTHBpicTHLIKoj mexaHnui. MebyTHm, 
Tpe6a HanomeHyTH, ,z1a ce KoopAHHaTe 4eHTpa HHepumje npH npenasy xa ,apyrm 
cHCTeM peitepeHumje He TpaHc4)opMHpajy npema Lorentz-oam TpaHcciaopmaumoHmm 

clopMynaMa, jep KomnoHeHTe  R  y (13,9) HHcy KomnoHexTe ma KaKBor 4-BeKTopa. 

AKO cy 6p3HHe CBPIX gecrmna mHoro mal-be °A C, oH,Ra ce momte npH6nHx(Ho 

CTaBHTH lj = M C2  H (13,8) npena3H y I1WHaTH H3pas 3a newrap HHepuje. 

3 a A a T a K 

Y cmcTemy peckepeHnuje K 6p3HHa xpeTaH.a cHcTema Hecma xao HjenHHe je V (H opH-

jeHTHcaHa ,apx oce X), a IbeH  MOMCHT  HMnynca (y o,aHocy Ha KOOpAHHaTHH noHeTax, KOjM je 

yaeT y HeHTpy HHepoHje cHcrema) — M. 0.i peaHTH momeHT Hmnynca M 0  y cHcremy peckepemmje 

Ko, y Rome cHCTeM HecT0na MHpyje Imo Lljeruia. 

Pie In e fb e: KomnoHewre TeH3Opa TpaHccbopmauly ce xao npoHno,RH oAroaapajylmx Romno-
HeHaTa HeRTopa. Kam) CC npH Lorentz -osoj TpaHcckopmanHjH (6,2) y : Z-KOMHOHeHTe 4-HexTopa 

He mHjel-bajy, oH,aa ce KomnoHeHTe TeHaopa momeHTa Mxy, Mxz TpaHccbopmHany Rao x-xomno-

HeHTa 4-sexTopa, a xomnoHeHTa Myz ce cacaHm He mHjeFba. npH apu ► eHq TpaHcrtopmagHje ea 

cHcTema K y cHCTeM K0i  Tpe6a  HmaTH  y HHAy, Ra je y cscTemy K: M47  =  M4z  =  0 (11 aaHcTa 

6n he E &y  = 	&z  =  0  ,  jep je  KOOpAHHaTHH noveTax y3eT y newrpy HHepukije, a E py  

Ep, = 0, jep je 6p3HHa V opHjeHTHcana Apic oce X). " 
Kao pe3yirraT Tpalictbopmaumje Ao6i4Barto: 

• My 	 Mz  
Mox = Mx Moy  = 	 ,  Moz =-- 	 

	

V2 	 V 2  ,  — Al - 

	

C2 	
c2 

AnCOnyTHa BenHLIHHa momeHTa H3HOCH: 

	

An2 	AA2 
Adx2 4.  "1 7  -1- 4 7'.z 

V2  
C- 
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§ 14. LleTBopowntemiloyianmi noTeligHjan II0Jba 

Y3ajaMHo Ajejc -rso '-IecTHna moNce ce onHcHsaTH noMOhy nojma norba cHna. 

14 yMjecTo Aa ce rosopm, Aa jexia Hecnnia AjejcTsyje Ha Apyry, moxce ce 

xasaTH, Aa Hecnnla cTBapa norbe oxo ce6e. Ha csaxy Apyry tiecTmly, xoja ce 

Hana3H y TOM norby, Ajejcmje Heim ulna. Y xnacHtwoj mexaHHLAH norbe je 

canto HeK14 HaHHH onHcHsaFbe c1:1143144Ke nojase — y3ajaMHOr gjejcTsa tlecTxna. 

Y TeopHju penaTmiTeta, nax, 6naroAapehH KOHaLlHOCT14 6p3HHe npocTmpuba 

y3ajaMHor Ajejc -rBa, cTa.H9e cTsa.pH ce y CYLLITHH14 mHjeFba. Cline, xoje y gaTOM 

momewry AjejcTsyjy Ha HecTmuy, He oApehyjy ce Hz14X0B14M pacnope,gom y TOM 

momewry. lipomjeHa cTauba jextHe HecTH4e cApawasa ce Ha Apyre HecTH4e Tex 

nocnnje H3sjecHor miTepsana spemeHa. To 3Ha9H, Aa je norbe camo no ce6H 

(1)H313 14Ka peanHocT. MH He moxcemo rosopHTH 0 HenocpeilHom y3ajaMHOM Ajejc -rsy 

ilecTmla, xoje ce Hana3e Ha pacTojaH9y jeg,Ha oxt Apyre. Y3ajaMHo AjejcTso moxce 

11P0143.T13,3141- 14 y csaxom momeHTy canto meby cycjeAmim TaT1KaMa npocTopa (Ajej-
CTBO Ha 6nH3mHy). Ilpema TOMB mopamo rosopHTH 0 y3ajaMHOM AjejcTsy jeAHe 
mecTHne ca norbem, a 3aTHm o y3ajamHom AjejtTy norba 14 Apyre HecTHne. 

Pa3MaTpaheMO Asa o6nHKa norba : rpasHTanHoHa norba H enewrpomarHeTHa 
norba. IlpoyHasaH9y rpaszTaLlHoHmx norba HamjeH9yjy ce rnaBe IX—X. Y ocTanHm 
rnasama pa3maTpahemo camo enexTpomarHeTHa norba. 

Y3ajaMHo AjejCTBO AaTor enexTpomarHeTHor norba 14 Helm Hecnine xte -,-m-

tame ce jeuom senH4HHom, xoja xapaxTeppnue Ty Hecniny. Ta senHtma Ha-
stun ce eneKTpHt1Ho onTepeheH9e gecTHne• Y3ajaMHo Ajejcnto norba H necnine 

nponopnHoHanHo je onTepehefby HecTkine. OnTepeherbe moxe 614TH 110314THBHO 

min HeraTHsHo. CnetiHjanHo, onTepehme mowe 614TH je,gHaxo HynH. Y TOM 

cnrialy Kamm ce Aa HecTmna H14je onTepeheHa, 3a paanHxy o onTepehemax 

iiecTmna. Hanommioemo, Aa cse Ao Tags, ,1101( He nocTojm Hxxamix cipopmyna, 
xoje noise3yjy onTepeheFbe ca BA no3Hanim senimHama, mo)xemo npoH3BOrbHO 
m3a6paTH je,AHHHIly 3a mjepme onTepeheFba. 

Kao ILITO CMO B14,1Ajeilli y § 9, Ajejc .rao sa cno6oAHy maTepHjanHy HecTiiny 
b 

je S. -- rpcds. kw  ce onTepeheHa tiecTxua (y6yAyhe rosopHhemo o 14:10j 
I 

npocTo Imo o onTepeheiby) Hanam y non9y, TO HHTerpany Tpe6a AoAaTii 0 - 

nyticiui linaH, Koji.] oruicHje y3ajaMHO Ajejcnio norba H tiecT144e. Taj tinaH mopa 



S= f (— me ds -- Ak dXg • )  

b 

(14,1) 
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caApxaBaTH KaK0 	 Kole xapaxTepFnuy tiecTHuy (crienHjanHo HoeHO 

onTepeheFbe e), Taxo H BenH4HHe la* xapaxTepHuly none. HcnocTaBrba ce, 

Aa off Pima (Aram : 

e 
f A i  dx i . 

a 

Bp3HHy CBjeTJIOCTH 
oBAje cmo yBenH 36or yAo6HocTH. ripeA HHTerpanoM 

He mopamo 1114CaTH HHKaK 1314 X ApyrHx KOHCTaHTH, AoKneroA HHje ycTaHoarbeHa 

jeAHHHna sa MjepeFbe onTepeheFba. HeTB0p0AHMeH3H0HaIIHH BeKTop A i  Kapax-

TepHnie enexTpomarHeTHo none. 1--beroBe xomnoHeHTe cy, yornuTe roBopehH, 

ckYinalmje xoopAHHaTa H BpemeHa. BexTop A i  tIOCI4 Ha3HB 4-noTeHnHjan norba. 

Ha Taj Hatun4 3a onTepeheFbe y enexTpomarHeTHom norby Ajejcmo Hma o6nHx: 

a 

HanommFbemo, Aa cy jeAHHHne 3a MjepeFbe A i  TaKobe npoH3BorbHe Aoxnero,4 je 

npoH3BorbaH H36op jeAHAHna 3a e. 
TpH npocTopHe RomnoHeHTe Bewropa A, cat4H,aBajy Tpop,HmeHsHoHanHH 

Bewrop A, KOjH ce Ha3Fma. BeKTOpCKH noTeHnHjan norba. BpemeHcita KOMII0HeHTa 

Bewropa A, FimarmapHa je, Tj. Hma o6nmx A 4  = icp. PeanHa BenHtania cp HasHBa 

ce cxanapHH noTeHnHjan nova. Ha raj HatiHH je: 

	

Ai,2,3 = Ax,y,z, ; A4 = i 	 (14,2) 

Flpema Tome, HHTerpan Ajejc -rsa MOM ce HanHcaTH y o6nHxy : 

S— (— ds —ce  A d r — e cp dt) . 

a 

garbe je 
d r 	V, rAje je V — BexTop 6p3HHe mecnine. rIpema Tome, 
dt 

Ajejc -rso Ao6Fma o6nHx : 

12 
V 2 	e A  

(P) dt. 	(14,3) 
c- I  c 

1/13pa3 noA HHTerpanom HHje HHurra Apyro Hero Lagrange-ona rblixnHja sa 

onTepeheFbe y enexTpomarHeTHom non.) ,  : 

v2 
L — m 	

e 
= e. 

c2
+ Av— eP. — 

Ona c133/HxnHja ce pa3nHxyje o,rk Lagrange-one typinuije (9,2) 3a cno6oWlY 

qcTMy gnaHomma –c- 	— ecp, RojH noxa3yjy y3ajamHo ,gjejcTso 	TepeheFba e 

H nova. 

(14,4) 
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a L 
.1/13Boxt —

dv 
je reHepanHcaHH Hmnync gecnnie. 03HaqHmo ra ca P. 

,,QH(13epeHuHpaFbem Hana3Hmo : 

,i v 	e A  
P — — 	-T- — 1'1 = P 	

e A 	
(14,5) Ai V 2 	C 

1 — 

OBAje cmo ca p 03HaLII4J114  061,1 11H14  Hmnync tiecTnie, K0j14 jeAHOCTaBHO Ha3HBamo 

Pimnyncom. 
143 Lagrange- 0)3e  tyEncuje  mowe ce HahM Hamilton - 013a ckyHiumja 

crvale y IIOTby no F103HaT0 .1  orunToj  clJopmynH 

a L 
321-= v 	— 

v 

YBpuTaeaibem (14,4) Hanammo: 

mc 2  	 + e p. 	 ( 14 ,6) 

MebyTkim, Hamilton-013y  ItyHKuHjy  Tpe6a 1441330TM nomohy reHepanHcaHor 
Hmnynca, a He nomohy 6p3HHe. ,E(H>Kyhm 'Ha KaaApaT 3f— e cp PI ynopebyjyhm 

e 41 2  
( it 

	

ca H3pa3om 3a p - -- 	143  (14,5) A oaisamo penalAmiY 

	

c 	i  
e ) 2  eCP\2  ni2 0 4_ p — 7, A , 

c 
(14,7) 

HnH pyra ,imje : 

m2 c4 
	

(PA)2 + e cP 
	

(14,8) 

3a mane 6p3HHe, Tj.  y  KnacHilHoj mexaHmu, Lagrange- cm itymulmja 

(14,9) 

c2  

(14,4) npena3H y 
e 

L 	 
2 +

—
c 

A v ecp. 

e 
 anpoiccHmaLmjH je p  =  m  y  =  P — —c  A na ,oTyAa Hana3Hmo cnHje,rtehm 

3a Hamilton- OBy cl)yfflumjy  : 

if_  1  p e 
2111k 	c 

Y TOj 

H3pa3 

Al
2 
 + cp. ( 14,10 ) 

Ha KpajY, HanHcahemo Hamilton-Jacobi-eBy jeAHatumy 3a gecTmAy y 
eneicrpomarHemom nonv. OHa ce ,n,o6Hsa 3amjeHom y Hamillon-osoj cl)ymu4Hjit 

Ha Taj Hatil3H 

samo 143 (14,7): 

( grad S 
c \ 

1 
 dt 
2  (OS eT\ ± m2  

I 

reHepanHcaHor Hmnynca P  ca , a cantor gfca — 
a r 	 dt 
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§ 15. Jewiatume KpeTaiba orrrepehetba y no.7by 

OnTepehefbe, Koje ce Hana3H y norby, He canto IIITO ce nouprasa yTH-

qajy norba, Hero n canto ca cBoje cTpaHe yTHtie Ha norbe H mnjeFba ra. flpeMa 
Tome, onTepeheFbe, Koje ce Hanam y criorbaLuH.em norby, cTporo y3er3um, nog-
BpraBa ce gjejcmy norba, Koje je TO camo onTepehea,e H3MIljelik1110. MnaK, aao 

onTepehepbe e HHje cyBknue BenHKo, oH,ga ce gjejcTBo onTepehel-ba Ha norbe, Tj. 
npoMjeHa norba ycnHjeA gjejeTBa onTepehefba, momce 3aHeMapHTH. Y TOM CIIrialY ,  

am) ce nocmaTpa Kperapbe onTepeheFba y 3agaTom norby, momce ce y3eTH, Aa 
caMO norbe. He 3aHHcH H14 OA KoopAHHaTa HH og 6p3HHe onTepeheFba. IlpeuH3HH 
ycnoBH, Koje onTepeheFbe Mopa •HcnyfbaBaTH ga 6H ce y petieHom cmHcny morno 
cmaTpaTH manHm, H3Hpijehe ce KacHHje § 74). MH hello 3a caAa cmaTpaTH, 

iIa je -raj yCJI0B mcnyl-beH. 

3Hatm, Tpe6a ga HabeMo jeAHagme KpeTaFba onTepehefba y 3agaTom 
eneKTpomarHeTHom norby. Te jeAHatime go6HBajy ce BapHpakbem 141-10Tee iA  rpaena_ 

AjeicTBa. JeAHatame RpeTaFba he npeMa- Tome 6HTH o6Ht4He Lagrange- 
B  

Hatimie: 

6 al, 	61, 
at v 	dr 

rgje ce L ogpebyje ckopmynom (14,4). 

a L . 
143130)-4 	je reHepanHcaHH Hmnync tiecTmle (14,5). 

av 
Zarbe momtemo inicaTH: 

OL 
ar 	

L. —c  grad A v — e grad cp. 

(15,1) 

Ho npeMa no3HaToj cbopmynti BeKTopcKe aHanp13e je 

grad a b = (a V) b (b V) a -I- b X rot a + a X rot b, 

rgje cy a 14 b ma Koja ABa BeKTopa. AKO Ty cl)opmyny npHmHjeFnimo Ha A v, 
H aKo ymemoy o6sHp, Aa ce ApickepeHumpaH,e no r BIDILH npH KOHCTaHTHOM 

V, Hana3Hmo  : 

(TV) A + ---c  v X rot A ) — e grad cp. 61. 	e 

flpeMa Tome, Lagrange- oBe je,u,Hatime nmajy o6nm : 

(v 0 
	(

v X rot A ) —egrad 

Ho ToTanHH AmckepeFigi4jan 
d A dt cacTojH - ce 143 ABa Anjena: H3 npomjeHe 

 tt 
 

TA" i- at BeKTopcKor noTeHilHjana no BpeMeHy y AaToj Tatim npocTopa H H3 

npoMjeHe npH rlpena3y oA je,n,He Tatuce npocTOpa Ha Apyry 3a pacTojaH.e dr. 
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	ra HI 

Kao 11.ITO je no3HaTO H3 BeKTopcKe aHallH3e, Taj Apyrki AHo je (dr 	) A. Ha 

Taj HaT-IHH, H3BoA 
d A

Hma o6nHK: 
dt 

dA a A +(v V) A. 
dt 

YBpluTaBaH.em y ripeTxo,rtHy je,ruiagmiy, Ao6HBamo :

= — 

dp 	
c 
e OA

t  
grad cp + 	(v X rot A). 	 (15,2) 

dt 	d 

OBO je jeAHatama KpeTaH.a HecTHue y eneKTpomarHeTHom nori.y. Ha nHje-
Boj cTpaHH je H3BoA Hmnynca tiecTHue no spemeHy. flpema Tome, H3pa3 Ha 
xtecHoj cTpaHH (15,2) je curia, Koja AjejcTByje Ha onTepeheH.e y eneKTpoMarHeT-
Hom norby. BHAHmo, ,rta ce .Ta cHna caCTOjH H3 ABa Amjena. 111)BH Akio [npBH H 

A pyrH HnaH Ha AecHoj cTpaHH (15,2)1, He 3aBHCH OA 6p3HHe tiecTHue. ,apyrll 

AHO (Tpetm tinaH) 3aBHCH OA Te 6p3HHe H TO TaKO Aa je nponopuHoHanaH 

6p3HHH H HopmanaH Ha E.oj. 
CHrta npBe BpcTe, Koja ce oAHocH Ha jen,HHH4Ho onTepeheFbe, Ha3HBa ce 

jatuma enewrpHtmor norba. 03Ha4mmo je ca E. ,EtaKne, npema xtecbmikawjm je 

E = — 	a t 
—grad?. 	 (15,3) 

cDaKTOp y3 6p3HHy, Ta'iHHje y3 	y Hspa3y 3a cHny ;Tyre BpcTe, Koja 

AjejcTsyje Ha jeAHHH4HO onTepehefbe, Ha3HBa ce jaHHHa marHeTHor norba. 03Ha-

tHimo ra ca H. ZaKne, npema Aecimniumju je: 

H= rot A. 	 (15,4) 

AKo je y eneKTpomarHeTHom norby E 0, a H = 0, oH,ga je pHje4 

eneKTpHimom norby; a aKo je nax E=0, a H 0, oHAa ce norbe Ha3Haa 

marHeTHo. Y OflLUTM cnygajy, eneKTpomarHeTHo noise je cynepno3HuHja eneK- 

TpHHHor H marHeTHor norba. 
JeAHatwHe KpeTaH.a onTepehefba y eneKTpomarHeTHom noisy mory ce carta 

HanlicaTH y o6rniKy: 

cIP e E -e— ( vX H ). 
dt 

(15,5) 

1,13pa3 Ha AecHoj cTpaHH Ha3HBa ce Lorentz- oBa mina. 1-1pBH HmeH AHO 

cHna, Kojom eneKTpHHHO norbe Ajejc -rByje Ha onTepehefbe, — He 3aBkicH 0.4 

6p3HHe onTepeheFba H ynpaBrbeHa je ,gyw BeKTopa jatmHe norba E. ,pyres no 

— mina, Kojom marHeTHo norbe Ajejcmyje Ha onTepeheFbe, 	nponopuHoHanHa 

je 6p3HHH onTepeheaa H ycmjepeHa HopmanHo Ha Ty 6p3HHy H Ha npaBag 

marHeTHor norba 
3a 6p3HHe Koje cy mane y nopebeH.y ca 6p3HHom cBjeTnocTH; Hmnync p 

npH6nH>KHo je je,tiaK cHojem KJIaC134HOM H3pa3y my H jeAHaHHHa KpeTat-ba 

(15,5) npena3H y 
dv m-d
-
t
=eE-1-- (YXH). (15,6) 
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Ha Taj HaqHH, mm moxtemo nocmaTpaTH y noisy H xpeTaFba tiecTHua, Koje 
m 

ce noTtutkbauajy KnacHiLmoj mexaHHIAH (Tj. Lula je KHHeTHluta eHeprHja 	2 
 , a 

Hmnync 

143Bennmo jowl jenHatumy, Koja ojpebyje npomjeHy KHHeTHtn(e eHeprHje no 

spemeHy, Ti. 14330,11 

d&o, d  mc 2  

dt 	dt 1,2 
1 - CL  

TlaKo je minjeTH, na je : 

V d p, 

onaxne je 
d &kin  v  dp 
dt 	dt 

a 3amjeHom —
dp 

1,13 (15,6) Hmamo 
dt 

d &kin 	E v 	 (15,7) 
dt 

[y3 HanomeHy, na je (v X H) v = (v X v) H = 0]. 

flpoMjeHa KHHeTHLuce eHeprHje no BpeMeHy je pan, KojH spun,' norbe Ha 

LiecTmuy (y jenHHIlukt upemeHa). I'13 (15,7) BHnH ce, na je Taj pan jenHax npo-

H3Bony 6p3HHe onTepeheH.a H cline, Rojom eneKTpHgHo noise AjejcTsyje Ha 

kbera. Pan norba 3a Bppijeme  dt,  Tj. npH noMjepajy onTepeheHA. 3a dr, jenHax 

je, otteskinHo, e E dr. 
1/1CTaKHHMO H Ty OKOJIHOCT, Lta pan Ha onTepeheFbe uptuki canto enexTpH4Ha 

nome; marHeTHo norbe He spun,' pan Ha onTepeheFbe Koje ce y Fbemy Kpehe. 
je y Be3H ca LIHH.eHmuom, na je cHna, Kojom marHeTHo noThe njej-

cTeyje Ha onTepeheFbe, yumjeic HopmanHa. Ha 6p3HHy onTepeheH,a. 

3 aj3aTaK 

M3pa3HTH y6p3ampe Liecnnie nOMOhy Fbeme 6p3vime H jatimme eneK.Tplitmor H marmermor 

norba. 

Fjeme 	 c 2 
 e: YapcTmmo y jegmagmmy xpeTaiba (15,5) p — 

v (skin 	
d 	&kin  , a aann 

d 
4 	Hapa- 

311140 npema (15,7). Y peaywraTy Ao6Hsamo: 

2 • 	e 	 1 	 1 	, 
L.i)] • 
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§ 16. H3oTponHja Bpemeila 

JegHatunie mexaHHxe misapkijaHTHe cy y ogHocy Ha npomjeHy 3Haxa  Bpe-

McHa, Ti. y or.T,Hocy H aamjeHH 6ygy1.1HocTH npownouthy. ,Etpyrkim pujer-nima, y 
mexaHHnH cy o6a cMjepa spemeHa mebyco6Ho exspisaneHTHa,Tj. BpHjeMe je 
H3oTponHo. To magi,' Aa, axo je npema jegHagmHama mexamixe moryhHo ma 
Raxso xpeTaIbe, TO je moryhHo H 06paTHo xpeTal-be, npH Kome CHCTM npona3m 
Kpo3 mcTa cTafba y 06paTHom pegocnjegy. 

Tlaxo je sHAjeTH, ,Eka TO PICT() saxm H 3a enexTpomarHeTHo norbe y TeopHjH 
penaTHEHTeTa. Iviebynim, nom TOM Tpe6a HcTospemeHo y3 3aMjeHy t ca — 

143MHieHHTII H 3HaK marHeTHor norba. CTsapHo, HHje TeWKO Bkr,gjeTH, kta be jegHa-

TIHHe KpeTapba (15,5) He mmjeHpajy, aim ce H33pum 3amjeHa: 

t-+ —t, 	E, H-÷ ----H. 	 (16,1) 

CRanapHH noTeHuHjan ce npema (15,3) He MHjeFba, a sexTopcKH npema 
(15,4) mHjeFba 3HaK: 

Ha Taj Hatui, axo je y eneKTpomarHeTHon norby moryhHo Heim Kpe-
TaH,e, oHAa je moryhHo H o6paTHo KpeTaFbe y Horby ca cyripoTHHm cmjepom 
sexTopa H. 

§ 17. rpaiknjeHnia inisaplljauTHocT 

Pa3 ✓ oTpHmo ri-HTaH.e, go Koje Mjepe cy jegHo3HatiHo oApebeHH noTeHnHjanH 
norba. FlpHje csera o6paTHMo na)KH,,y Ha OKOTIHOCT, Aa ce norbe KapaxTepknue 
AjejcTsom, Koje oHo spun,' Ha KpeTaFbe onTepehefba Koja ce y H.emy Hana3e. Ho 
y jeAHatuiHH KpeTaFba (15,5) He yna3e noTeHnHjanH, Hero jaiume norba E H H. 
Flpema Tome, Asa II0Jba tH3HtIKH HAeHTHgHa, axo kiX KapaxTepmuy jeAHH Te 

HCTH seKTopH E H H. 
AKO cy 3aAaTH noTempijanki A H cp oHAa cy npema (15,3) 14 (15,4) HOT-

nyHo jeAHo3HatiHo oApebeHH E H H, a npema TOMB H norbe. MebyTHm, jeAHom 
norby mory oArosapaTH pa3HH noTeHwijanH. 6Hcmo ce y TO ysjepHnH, 

hemo KomnoHeHTama noTeHivjana AA senHtame – – , rAje je f-npoH3Bon.Ha 
dX
f  

g  
fiVHHIjklia og KoopAHHaTa H spemeHa. TaAa noTeHLAHjan AA npenam y 

Of  

A '  A= AA+ 
O Xk . 
	 (17 ,1) 

KoA TaxBe 3amjeHe y HHTerpany gjejcTsa (14,1) nojasmyje ce AonyHcKH ti.aaH 

e 
of  xk= e 4. — . 

C a Xg 

,,IlogasaHDe ToTanHor AHckepeHuHjana y nox4HTerpanHom H3pa3y 3a AjejcTso, Kao 
LUTO je no3HaTo 1), He yTHtie Ha jeAHaHHHe xpeTaH.a. 

1 ) KOD, mirrerpmpatba ToTanHor AputepeHunjana }mice cpyHMije Ao6mBa ce KOHCTaHTHa 

pa3ruta HpHjeKHOCTH Te rbyfficumje Ha rpaHmuama HHTerpana. ElapHjauHjom kurcerpana Ta KOH- 
craitTa muitie3aBa. 

p - (p ,  A —A. (16,2) 
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AKO ce ymjecTo HeTBopogHmeH3HoHanHor noTeEn44jarja yBege BexTopcKH H 

cKanapHPI, a ymjecTo Koopgi4HaTa — Koopx4HaTe x, y, z, t, oH,ga ce HeTlip14 

enHatume (17,1) mory HaralcaTH y o6n14Ky 

A' ------ A +  grad  f, 
1 at 

= dt  • 
(17,2) 

Tlaxo ce yBjepl4TH Aa ce eneKTpHHHo H marHeTHo norbe, Koja cy necimuicaHa 

jenHa4il4Hama (15,3) H (15,4), CTBaPHO He mi4jei-bajy, aKo ce MjecTo A H cp cTaBe 

noTeHuHjanw A' 14 cp' KojH  cy  gecI4HHcaH14 ca (17,2). Ha Taj ce HaT-IHH TpaHc-

cbopman4jom noTeHHHjana  (17,1)  norbe He MHjeEba, ripema Tome, noTeHHHjanH 

HMCy je) HO3HaT-IHO onpe15em4 — BeKTOpCKH noTeHHHjan je. ,getHHHcaH ca Tag-- 

Howl-1y ,go rpanHjei4Ta npor43Bon.He clpyHtinktje, a cxanapHH noTeHHHjan C Tat4Hourhy 

Ao H3BOAa Te HcTe CIVHKL1Hje 110 BpemeHy. 

Cnew4janHo je oluirneAHo, Aa ce neKTopcKom noTeHnHjany mowe ,Ko,tkaTH 

ma KOjH KOHCTaHTHH BeKTOp,  a  cKanapHom noTeHwijany — ma Koja KOHCTaHTa. 

To ce H HeflOCpeAHO BHAH  no  Tome, LuTo y AetHHH4Hjy 3a E H H ynase camo 

H3BOAH OA A H cp H 3aTO A0AaBal-be KOHCTaHTH THM nenHt44Hama He yTHLie Ha 

jaMHHe norba. 

C1)14314 11KH cmiicao HMajy camo oHe Ber4T4Hxe, Koje Cy HH3apHjaHTHe y 

oAHocy Ha TpaH4opmagHjy (17,2) noTeHnHjana. CnenHjanHo, cBe jenHatame 

mopajy, 6HTH HHBapHjaHTHe  y  onHocy Ha Ty TpaHctopmanHjy. Ty HHBapHjaHT-

HOCT Ha3HBam0 rpant4jeHTa HHBapi4jaHTH0cT 1) (HDemaLIKH Eichinvarianz, eHrneclia 

— gauge invariance). 

OnHcaHa HejeAH03Hat1HOCT noTeHni4jana yBHjeK naje moryhHocT. ga ce OHH 

H3a6epy TaKo, na sanoBorbasajy HeKH A011yHCKH yCTIOB K0j1,1 H3a6epeMo (Hexy 

penaujy meby FbMMa).  Tpe6a  HcTahH, na je TO jeAHHH ycnoB, jep moxcemo 

ripo143BorbHo 143a6pani canto jegHy tyHmui43y f y (17,2). CnewijanHo, yBi4jex je 

moryhHo Fl3a6paTM noTeHumjan norba TaKo, na cKanapHa noTeHHHjan cp 6y,ge 

jegHaK Hynes. 143jeA,HaT414TH,  naK,  BeKTOpCKH noTeHumjan ca HyJI0M, aKo OH filije 

jegHaK Hynes, yonuiTe roBopehH, HeMoryhe je, jep ycnoB A = 0 cam no ce6H 

ripeTcTaBrba jaw Tp14 Aonylicip ycnoBa (sa TpH KomnoHewre BeKTOpa A). 

E.— grad cp. 	 (18,1) 

Ha Taj Ha44HH cTanHo eneKTpHHHo norbe netHHHude ce canto clianapHlim 110TeH-

Luijanom, a marHeTHo — BeKTOpCKHM noTeHLuljanoM. 

Y npeTxonHom naparpaty cmo Blinjen14. na noTeHHHjanH norba Hpicy jenHo-
sHaHHo onpebeHH. TIalco ce, mebyTHm, y6Hjeni4TH na, aK0 ce xohe onpici4BaTH 

CTanHO eneKTpomarHeTHo  norbe  nomohy noTeHLIHjana KOjH He 3aBlice on BpemeHa, 

1) Taj Haaza je npexcnoxato  V.  A. Fok. 

§ 18. CTanllo enefcrpomarllenio norbe 

CTaJIHO enexTpomarHeTHo 110113e Ha314Bamo norbe, Koje He 3aBi4c14 o,g Bpe-

meHa. 014eB14nHo je, ga ce noTemn4jarim cTanHor norba mory H3a6paTH Taxo, ga 

6yAy ckyl4KnHje canto OA KoopAHHaTa, a He H on spemeHa. -OTyga je cTanHo 
marHeTHo norbe npema (15,5) H. rot A. CTanHo eneKTp14 ,4Ho norbe je npema 

(15,3) 
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oHga ce cxanapHom noTeHuHjany moxce gogaTH, a ga ce none He MiijeFba canto 

ripoH3BorbHa KOHCTaHTa (Koja He 3a1314C14 HH og xoopg,HHaTa, HH og BpeMeHa). 

06HtiHo ce sa ysHma 14 Aonyriciat ycnoB, a TO je, ga Hma ogpebeHy Bpsje,A-

HOCT y ogpebeHol Tat-nn4 npocTopa. Hajtieudhe ce (13. y31ma Taxo xta y 6ecito-

fla'4HOCTII 6yAe jeAHaKo HynH. Ta,qa je oApeheHa H nomeHyTa KOHCTaHTa, a 

CKarIapHH 110TeHLU4jail cTanHor norba je Ha Taj HaT41311 110TIlyHO jegHomagaH. 

HanpoTHB, Belcropcim noTeHujan, npema paHHjeM, HHje jegHo3Halia.H Liax 

H14 3a cTanHo enexTpomarHeTHo non.e; mo>xe My ce gogaTH rpagHjeHT ma xoje 

4:13/Hlcumje og xoopAHHaTa. 
OgpegHmo, memy je jegHaxa eHeprHja onTepehefba y cTanHom enexTpoT 

marHeTHom 1-1011:1. AKO je norbe cTanHo, oftga Lagrange - oBa cloymumja 3a 

onTepehelbe He 3a1314CH eKCIIIII4L1HTHO og BpemeHa. Kao LLITO je 1103HaTO, y TOM 

cnytiajy ce eHeprHja oApitasa 14 noxnana ce ca Hamilton - oBom ckyluttlfflom. 

Elpema (14,6) Hmamo : 

m c2  e cp. 

I 1-- 
(18,2) 

Ha Taj Hatn4H, 36or nocTojaH=,a norba eHeprHjH tiecnme gogaje ce LinaH 
noTeHujanHa eHeprHja onTepehel-ba y nonv. IloganaLimmo Ty 6HTHy 

OKORHOCT, ga eHeprkija 3aBHcH canto og cxanapHor, a He H og sexTopcitor 

noTeHivjana. Y Be3H ca cbopmynom H = rot A 1/1 ca (18,!) TO 3HaL1H, xta 

marHeTHo nom,e He ynizie Ha eHeprkijy onTepehelba. EHeprHjy tiecTmie MO)Ke 

H3MHjeHHTH canto enexTpw4Ho name. To je y Be3H ca timbeHmlom ga, Imo LLITO 

je HanomeHyTo Ha xpajy § 15, marHeTHo non.e, HacynpoT enexTpHiiHom, He 

Bpund HERaKaB pag Hag onTepehennem. 
Alto je jamma nova y cimm .  Tatutama npocTopa jegHaxa, oHga ce none 

HasHBa xomoreHo. 1/13pa3Hmo cxanapHH noTeHnHjan xomoreHor enexTplitmor 
nova nomohy jatmHe norba E. 	ce yBjepuTH, ga je sa xomoreHo none 

cp 	— E r, 	 (18,3) 

jep, alto je E = const., — 6Hhe — grad cp = grad (E r)= (E r 	X rot r = E 
(HanommiDemo ga je rot r = 0). 

143pa3Hmo caAa BeKTopcm noTeHLu 	xomoreHor marHeTHor norba nomohy 

jaHHHe Tora norba H. flax° je npoBjepHTH, ga ce noTeHgHjan A moxce F:anxcaTM 

y o6nHxy: 
(18,4) 

ICI 3aHcTa, y3eBuim y 063Hp ga je H = const., na.naslimo nomohy rI03HaTHX 

tbopmyna Beicropcxe aHanme: 

rot (H X  r)  = H div r — (H r = 2 H 

(Hanommfbemo ga je div r =  3 ). 
BexTopcicH noTeHnHjan xomoreHor marHeTHor nova mowe ce y3eTH H 

Apymetje, Ha np. y o6nHxy 

A x = — Hy, Ay = Az= 0 	 (1 , 5) 

(oca 	je y3eTa Apic BexTopa H). B14)3,ThHBO je, ,Ra H 3a Taj HatiHH ymmal-ba 

BeRTopa A swim H = rot A. 

A =1 (1-1 X r). 
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3 a A aT a K 

1. HannaTii eacmjannofni npminpin 3a TpajeKTopMjy Liecritne (Maupertius-oB nplitunin) y 

crarniom eneKTpomarnemom norby H penaTinnicTimoj mexaHlinn. 

P j e e Fb 	Kao WTO je H3 mexamme no3HaTo, Maupertius-os ce njokninnn cacTojM y 

Tome Aa, 
aim ce ToTanma emeprmja tiecTmne owicaea (KpeTatbe y cTanmom norby), om,Aa ce ibema 

Tpajewropmja moae orlpenmtm H3 eapmjanuome je,anazoiHe: 

6 fPdr-----0, 

rjje je P reHepanncanm nmnync gecTune, m3paxcem nomohy emeprmje H nk(l3epemumjana Koopnm- 
e 

maTa, a mwrerpan ce ymma Apt( TpajeKropHje tiecTmne. 3aMjeHoM P = p + C A H y3 manomeHY, 

.rka ce p H dr noKnanajy, Ao6itna ce: 

8 S( pdl .-ec  A dr )= 0, 

2  
r,pje je dl 	dr2  enemewr nyKa. Hanaxcem.em p 	p2  + m2 c2 — 6—  e  49  ), AeckiimiTmeHo 

ce Ao6nea: 

m 2 e2  di + 1-C  A dr = 0 . 

§ 19. gpeTaibe y cTaJIHOM xontorettom extewrpHimom noJby 

FlocmaTpajmo xpeTam.e onTepehem.a e y xomoremom cTanmom enexTpmgmom 

norby E. Y3111,1140 ocy X ,ily)K npaisua Roma. AKO je notieTHa. 6p3HHa (6p3mma 

y momemTy t= 0) vo , om,ga die ce onTepehem.e otiesm,Amo sa iimTaso spmjeme 

KpeTaTm y pasmm Koja npona3m }mos semi ope E H Vo . Y3M14M0 Ty pasam 3a 

XY-pasam. Two. jeAmagmme KpeTaFba (15 ;5), Tj. 

AmckepeHumpalbe no BpemeHy) ,n,o6osajy o6nmx 

	

eE, 	dPY  = 0, 
dt 	dt 

o,gaxne 	
Px= e E t ,  PY = Po. 
	

( 19,1 
 

DoLieTax. pailymam,a spemema (Tj. MOMeHT t = 	y3enz cMO y MOMewTy 

Ka,rta je px  = 0; Po  je mmnync mecTmAe y TOM momemTy. 

KmmeTmtlica emeprmja 	tiecTmAe (emeprija 6e3 noTemumjanme emeprmje 

y norby) jegsama je, npema (10,3), 	c vim2 c2 + p2 . CTaBrbajyhm oBAje (19,1) 

mana3mmo 3a maul cnytiaj 

11 	2 4 + 

(Tatixa Fia,4 p o314agasa 

p2d 	(c e E 1) 2 . 

Flpema (10,5) 6p3mma LiecTmue je v 	-1?--! 	3a 6p3mme vx 	mmamo, 
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Aamne, 3a Hail cnytiaj 

dx 	eeEl  
dt

= 	 
V 	(c e E t) 2  

rgje je &o  = eV x122e2  + -20  p eHeprHja 3a t = O. 1,1HTerpmpaH,em Hana3Hmo: 

1 	 

X  = Ee 

Y3Hmamo ga je KOHCT3HT3 HHTerpmpafba jegHaxa HynH. 

3a ogpet-Hsal-be y Hmamo 

dy py c2 	Poe  
dt 	d 	11&,1+ (ceE02  

ogaxne je 

y 	P°c 
eE 

argsh
ceEt 

 • 	 (19,3) 

JegHatmHy TpajeKTopHje Hana3Hmo,axo H3 (19,3) H3pa3mmo t nomohy y 
yspcnimo y (19,2). To gaje: 

x 6-21. c h 
eEy • 	 (19,4) 

eE 	p,,c 

Ha Taj Hatipm y xomoreHom enexTpH4Hom noisy onTepehefse ce xpehe no 
naHtiaHmAH, 

AKO je 6p3HHa tiecTime v <.< c, oHga ce mowe CT31314TH p0  = m v o , 

= M c2, a c h 
eEy 	 1 
	 mow 	 m e ce pa3BMTH y peg no cTenema 	go6H- 
Poe 

samo, c TatiHomhy go tinaHosa smiler pega: 

x 	
eE 

== 	 
2 

y2 	 ( 19,5 
2 m v0 	

) 

Tj. onTepeheH,e ce xpehe no napa6onm, a TO je pe3ynTaT KojH je go6po no3HaT 

H3 xnacHtme mexaHmte. 

§ 20. l(perathe y cramom xomoreHom. marHentom nwby 

FlocmaTpajmo xpeTaH.e onTepeheFba e y xomoreHom marHeTHom noisy H. 
Y3MMMO ocy Z Apfc npasua norsa. JegHatnmy xpeTaH.a 

1.3 	(v X 111 ) 

npermummo y Apyrom o6nmxy, cTaBibajyhm MjecTo Hmnynca, npema (10,6), 

C2 

  

(19,2) (ceEt) 2.  
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rgje je & — eHeprzja HecTinte, Koja je, Rao LUTO 3Hamo 143 § 18, y MarHeTHOM 
norby KOHCTaHTHa. Ta,ga jegHaHmHe KpeTaFba go6Heajy o6miR 

dv 	e 
dt  = c  (v X H), 	 (20,1) 

H1114, y RomnoHewrama 

vx

• 

 = co vy ,  v y

• 

 = — v„, 	vz

• 

 = 0, 	 (20,2) 

rgje cmo yeenx o3HaRy 

e c H 
co  — 	 (20,3) 

110MH0)1114M0 ca i gpyry og jegHatunia (20,2) id ca6epxmo ca npaom. 
Hana3mmo: 

dt 
(v x  +  v y) = — (v x + ivy ), 

ogaxne je 

v x +  i --= a e 

rgje je a — KomnnexcHa RoHcTaHTa. Mo)Remo je HanticaTz y o6nPcy a  =  v ot e—i“,  
rgje cy Vot H a peanHm. Ta,ga je: 

vx + ivy = vo1 e ---1  (cot + , 

na, ogeajaHoem pearmor og xmarHpaHor gmjena, Hana3Hmo: 

vx  = v0t  cos (a) t  + a),i•y v 0 1 sin (o) t+ a). 	 (20,4) 

KoHcTaHTe v o t H a ogpebyjy ce  M3 notieTHmx ycnoBa; a je notteTHa cba3a, a 
alTO ce THge 2'0 1 — TO ce  143  (20,4) B14A14, ,ga je 

2  ' 	2 
V01 =  V?) +V  , x 	y 

Tj: v01  je 6p3HHa HecTillte y pasHm  X Y, Koja npm RpeTaHDy ocTaje KOHCTaHTHa. 

HHTerpmpajyhpi jow jegaiinyT, Hana3mmo 143 (20,4) 

X Xo r sin (6) t a), 	y= yo + r cos (co t + a), 	(20,5) 

rgje je 

	

v ot 	v ot 	c pt 

	

r _ 	 
ecN ell 

(20,6) 

(pt  je npojeinwja mmnyrica Ha paBaH  X y). 143 Tpehe jegHaHHHe (20,2) Ha.na-
314M0  Vz  = Voz  

z  =  z o + vor t ; 	 (20,7) 

X 0 , yo , Zo cy notteTHe RoopgmHaTe Hecnute. 

143 (20,5) 14 (20,7) SHAH ce, ,tta ce y xomoreHom marHeTHom nonDy onTepe-
het-be Kpehe  no  saBojaPnw, twja je oca- gyyR marHeTHor nomia, a pagmyc r ce 
ogpeloyje 143 (20,6). Bp3MHa  HecTpule je npmTom KOHCTaHTHa. Y cneum.janHom 

Teopitja  non.a 	 4 
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cnriaiy, KaAa je voz  = 0, Tj. Kalla onTepeheFbe HeMa 6p3mHe Ayx nova, ox,ga 
ce OHO Kpehe no nep4epxj14 Kpyra y paBHH HopmanHoj Ha non.y. 

BenHtllixa 	je, Ka° IUTO ce B14,11,H H3 topmyna, wiKruirma cl)peicsefalmja 
o6pTa1-ba. liecTmne y paBHH HopmanHoj Ha norby. 

AK0 je 6p3xHa LiecTmle mana, moNce ce n1)H6IIH)KHO CT313P1TH 	= m C2 . 

Tap. tpeKBeFulmja co nocTaje 

eH 
mc 

(20,8) 

3a,aaq H: 

1. 0,Kpe,KHTH cl)peKseiiHje ocumnaLwja orrrepeheHor npocTopHor ocumnaTopa, KojH ce 
Hanam y CTanH0H xomoreHom marHe -rHOM norby; concTeeHa clyeKsentHja ocuHnauja ocHana -ropa 

(y °Tuns) 110n.a) H3HOCH coo. . 

P j e in e H. e : JeAHaHHHe npHHyn-Tmc oclonawija ocunaTopa y marHeTHom norby 
(opHjeHTHcaHom ,ily)K oce z) rnace: 

" 1 	2 	2 	e 	. 	1 	2 
X -r. wo X = — y, y + o.) 0  y ,--= 	X, Z --t- cooZ --.--- O. 

me 	 me 

MHo)KeFbem pyre je.KHatume ca i H ca6HpaFbeM ca npsom, Halla3HMO 

02  =.__ i e H • +  
me 

r,aje je 	 0,aasne Hanammo, Tta ckpeKsefawje ocumnagHja ocwinaTopa y pasHH, Koja 
je HopmanHa Ha none, H3Hoce: 

co 	co2 _j_  ( _e Hy +  eH  
0 1  4 \mC/ — 2m c 

AKO je norbe H cna6o, oH,Ka osa cl3opmyna npenam y 

eH 
co o  ± 

2 mc 

OcmnaHmje Aye npasga nova ocTajy HenpommjeH.eme. 

2. HahH npomjeHy KpeTalsa HaeneKTpHcaHe Hecrinle, Koja ce Hanam y marHeTHom norby, 

Karla ce TO norbe cnopo mHjetba. 

P j e ill e 	e: FIpm cnopom mHjeFbat-by ycnosa xperalba. Kao Imo je no3HaTo, ocTajy 

KOHCTaHTHe TaxonaHe aaHa6a -rcKe HHBapHjaHTe. KaKo je y pasHH, Koja je HopmanHa Ha marHeTHo 

norbe, KpeTafbe nepHorAHHHo, TO je ama6aTcKa HHsapHjawra HHTerpan 1= Pt dr, y3eT 3a 

two nepHoA gpeTa}ba, y ;carom cnytiajy no xpyry (Pt  je npojemnija reHepanHc -aHor Hmnynca Ha 

HaseAeHy pasax). Craerbajyhm Pt = pt 	Imam° 

    

1= Pt dr = Pt dr ± A dr. 

    

    

Hanommm,emo, Aa je y npaom Linamy pt KOHCTaHTHO no ancozyTHoj EleAHliHHH H opHjeH-

THCaHO Ayac dr; Ha ApyrH 	npHmjeHHhemo Stokes -oBy TeopeMy: 

e  / ---= 2 n rpt — H 
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c pt 
rAje je r-paAHyc op6HTe. DraarbajyhH r = 

e H 
[13, (20,6)], HaJla3HMO: 

3 rc c pt2  
I 	 

e H 

0,ttawle ce BHAH, ,aa ce npH npomjemi H TaHreFuotjanHH Hmnync pt mmjeH.a nponopuHoHanHo 

BentittHHH VH. LilTo ce THEte Hmnynca pz Apic BexTopa H, OH ce, oLtHrneAHo, He mHjen•a, aKo 

ce rip npoMjeHH noma He nojaarbyje eneKTplunio norbe, Kole 6H 6Hno napanenHo ca H (Ha npH-
mjep, npe npomjeHH marHeTHor non.a y coneHomAy). 

§ 21. Kperratbe oriTepelielba y cTanHom xomoreHom enegTputiftom 
It mar Hemom no.lby 

Haj3aA, nocmaTpajmo xpeTaFbe onTepeheFba y cnriajy xua nocToje jexwo-
BpemeHo H enexTpwiHo H marneTHo norbe H TO o6a xomoreHa H cTanHa. Ouje 
ce orpaHmaeamo Ha cnynaj, xa,r(a je 6p3HHa onTepeheHpa v<<c, na je 3aTo 

I-beros Hmnync p = mv. Ka° ILITO heMO BHAjeTH xtowimje, 3a TO je HeonxogHo 
noTpe6Ho Aa enexTpHtiHo norbe 6yAe mano y nopebeiby ca marHeTHHm. 

Ocy Z y3MHMO Apx eexTop, H, a Ica° paean YZ y3mHmo paBaH, xoja 

npona3H Kp03 BeR.Tope H  H  E. Tafta ce jeAHalime xpeTaH.a. 

= e E —ce  

mory HanHcaTH y o6nHxy 

e• 
nix=— yH, 

(21,1) 

111z=eEz • 

1/13 Tpehe o,g OBHX jezmatu4Ha BHAK ce, Aa ce onTepehen.e ,gpx oce Z xpehe 
paBHomjepHo y6p3aHo, Tj. 

(21,2) 
2 
 m + voz . 

MHomtehm Apyry oA jeAHatima (21,1) ca i H ca6HpajyhH je ca npeom, 
HahHhemo Aa je 

d 	 - 	e • 
x—( m

Ey  
dt 

—
eH )

. 1,1HTerpan oBe jeAHatikme rAje ce x+iy cmaTpa Kao Heno3HaTa, 
me 

JeAHatt je 36Hpy Hwrerpana HCTe jeAHaLume 6e3 j:tecHe cTpaHe H napigHjanHor 

(v X H) 

z=
eEz 1 2  

4* 
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iarrerpana jewiammHe ca AeCHOM cTpaHom. FlpBm oA HDpix je a e –  Iw t , a Apyrm 

e Ey 	C Ey  
	. Ha Taj HatimH je 

M co 

KOHCTaHTa a je, yonme y3eBulH, KomnneKcHa. AKO je Hanminemo y o6nmxy 

beict ca peanHmm b H a, Bummo, KaKo je a nomHo>Kemo ca . ce 

(tam a mo>Ke ,n,a,Tm ma Koja spmje,AHocT, npm 4eMy ce Ha oArosapajyhm HatimH 
op,a6epe nogeTaK patiyHafba spemeHa. Y3MHMO je TaKo, J:ka a 6y,Re peanHo. Taxta, 

pa3ABajaH3em mmarmapHor o,R peanHor Amjena y 	iy, Ao6msamo 

x = a cos cot c EY  , y 	— a sin cot . 	 (21,3) 

Y momeHTy t = 0 6p3HHa je yripasrbeHa ,n,y)K oce X. 

BHAHMO, Aa 
je 6p3HHa mecTxue nepHo,q144Ha civHx4mja spemeHa. Cpe.111-by 

BpujeAmocT 
6p3HHe nalco je HahH, y3eBUJM y o63mp Aa je cpeAH3a spmje,nHocr 

cos cot = sin cot= 0: 

c x 	E, y 

Ha Taj HagmH, cpeuba 6p3HHa ,ay>K oce Y 
je,a,HaKa je Hyrm, a cpeAHDa 6p3MHa Aymc oce 

X, Tj. HopmanHo Ha MarHeTHOM H eneKTpm-

HOM 110J1Dy, pasnmgmTa OA Hyne. 
6 	 Cae cbopmyne oBor naparpaciJa Bare sa 

cnytiaj, KaLia je 6p3HHa tiecTinie mana y no-
pelDeFby ca 6p3HHOM CBjeTTIOCTH. 143. (21,3) 

mnm (21,4) smAHmo, Aa je saTo cnewijanHo 
noTpe6Ho, ,Lta eneKTpkitnio H marHeTHo name 
mcnyH.asajy yCnOB 

<< 1  , 

a anconyTHe senmgmHe Ey H H Mary 614TH 

11p0H3130.11)He. 

141HTerpmpamo nH joiu je,tkaHnyT jeAHatimige 

(21,3) H KoHcTaHTe mHTerpmpaH.a ysmemo TaKo, Lta sa t 	0 6yAe 

Ao6mBamo : 

(21,4) 

(21,5) 

a . 
= sin wt —

cEy t, I 
co 

a y —co  (cos cot —1). 
(21,6) 
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OBe jegHatmHe, nocmaTpaHe Imo napameTapcKe jegHaHHHe Kpm3e, ogpebyjy 
TaK03B3Hy Tpoxmay. Y 33BHCHOCTH 0,11 Tora, ga 11H je anconyTHa BeTIHHHHa a 

cEy
, 

 
Beha HRH Mal-ba og anconyTHe BenHlume 	,  npojeKwija TpajeKTopHje 

cTHile Ha paBaH X Y pima  o6rimx  npeTcTameH pecnexTHBHo Ha cn. 3a H 3b, 

Alto je a. — —
cEy 

 oHga  (21,6) npena3H 

cEy  
x —co H (cot —  sin  wt), 

c Ey 
 (1 — COS cot), 

Y  = w.1-1 
(21,7) 

Tj. npojelcmja TpajeicTopHje  Ha  paBaH X Y je 1.1mcnom,ga (cn. 3c). 

ti 

§ 22. TeHaop eneicrpomarHeTnor no.iba 

Y § 15 HsBerni cmo  jeAHatimHe  xpeTalba onTepehelba y non.y, nonasehm 

o,4 Lagrange-oBe (13yHmumje (14,4) HamicaHe y TpOJAHMeH3HOH3JIHOM o6nHxy. 

1/13Befwmo ca,Ra HcTe  jeAHatame  H3 gjejcrea (1 4,1) HanHcaHor ca LieTsopogHmeH-

SHOHaTIHMM o3HaKaMa. 
FlpHHwin Hajr4aHDer  AjejcTBa  rnacH: 

6  f(—mcds+ —e  A i  dx i) --= O. 

a 

(22,1) 

Kan je ds 	dX ,  Hariammo  (rpaHHile HuTerpmpapba a H b 36or KpaTKohe 

Hehemo nHcaTH): 

d  
6.5 	[—incOds 	 -e-c-  6  (A i 	f (m c 

dxi  a s  dxi  . c A i  6 dx i  

6 A i 6 dx i) = f (n 	+ dx i  d Ox i  • e 

	

A i d Ox i d-C- 	). O. 
ds 	c  

npsa Asa HnaHa y  H3pa3y  no HHTerpanom HHTerpHpahemo napgHjanHo. 
dx i  

OCHM Tora, y npsom HnaHy CTaBHMO 
ds 	

//i, rAje Cy Iti — KomnoHeHTe 4-6p3HHe. 

-raga je: 

(— me du i  6x i  — -e-c  6.xidA i 	6A i dx,)+(mc 	A i) &I = 0. 	(22,2) 

,I1PYrH LinaH oBe je,RHatime jelAHaK je HynH, 6y,rtyhH HHTerpan BapHpa y3 sap,aTe 
rpaHHge, Tj. ys rpaHHge  (oxi) a  = (Oxi)b = 0. ,Etarbe je 

	

a A i 	 d A 
OA 	

A 
 — 	 uxk , 	 ux,  , 

	

axg 	 OXk 
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a npema. Tome 

e dAi 
dx dx 	—

e OA
i 

x, c ax 	C-E— A C ddri6XA)= 0.  

dUi 
HanHammo y npraom tinaHy 	 ds

, 
a y Apyrom H TpeheM dxi = ui  ds. 

OCHM Tora, y TpeheM grimy 3aMHjeHHMO HHAexce i H k (To HHUITa He mHjeH.a, 

jep ce no HH,gexcHma l H k Bpuna cymHpafbe). Taxta je 

dui 	e (OA k  Ni t ) 
f[—me  ds 	C  axi 	

63cg  uk  Ox i ds=-0. 

36or Tora IUTO je ( Xi IIP01,13BOTIDHO, CJIHjeAH, Aa je H3pa3 noA HHTerpanoM 

jexmax. HynH, Tj.: 

YBeAHmo 03Haxy 

du, 	e (ailk 	aA i )  
m c = 	 u 

ds 	c 	Oxi 	
g. (22,3) 

aA,  
axi 	A 

U X tt  

TeH3op F jk  Ha3aBa ce TeH3op enexTpomarHeTHor 170.11Da. JexcHatame xpeTarba 

(22,3) TaAa Ao6linajy o6nHic 
du e 

ni  c  --=— r iktIA• 
ds

i 	
c 

(22,5) 

OBe LieTHpH jeAHa44He (3a 	1, 2, 3, 4) jeAHatugHt cy xpeTafba onTe- 
peheisa y enewrpomarHeTHom norby y geTBopo,vmeH3HoHanHom o6nHxy. 

143 Aecimimumje TeH3opa  Fik  crafjeAH, Aa je 

F1 A =  Fit 	
(22,6) 

Tj. TeH3op enexTpomarHeTHor non.a je aHTHcHmeTpwiaH. Flpema Tome 3a 
6Hhe Fii = O. 

Aim ce, y (22,4) cTaBH  A1,2, 3 -= Ax,y,z, A4 "=-7  ip, naxo ca Hana3e cnx-

jeAehe lifpi4jexiocTil nojeAHHHx xomnoHeHaTa TeH3opa Fig : 

F11=  F12 = F33 = F44 = 0,  

F12 =  — F21  =  HZ' F14 = F41 	Ex, 

F13 = — F31  =  Hy ,  F24 = — F42 = Ey ,  

F23  =  —  F32  =  Hx , F34 -- F43= — I Ez. 

f (_mc du, 

(22,4) 

To ce moxte HankicaTH H y o6nHxy Ta6nHge: 

0 	Hz 	— Hy 	E„ 

0 	Hz 	—i Ey 

Hy 	 0 

iE„ 	iEy 	iEz 	0 

(22;7) (F1 ) = 
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Ha Taj HatIHH, KOMII0HeHTe jatutuie efIeKTPH LIHOr H marHemor norby KOM- 

noHeHTe cy jegHor 4 - TeH3opa enexTpomarHeTHor norba. 
143 (22,7) Blum ce, xta cy npocTopHe KOMrIOHeHTe TeH3opa Fik (Tj. KoM- 

noHeHTe ca 1, k =-- 1 ,2, 3) Be3aHe 3a marHemo norbe. KoMnoHeHTe marHemor 

non:A. H, HaMMe, catanbaBajy Tp0immeH3HoHamm aHTHCHMeTpWIHH TeHaop 2. peAa. 

To 3HatiH, Rao WTO je no3HaTo, ,rka je BeKTOp H axcHjanHH BeKTOp (B. § 6). 

ce TwIe KoMnoHeHaTa enexTpw-mor nosba E, oHe cy BpemeHcxe 

KOMII0HeHTe Fik (je)I,H0 oA i 141114 k je,gHaK0 je 4). BexTop E ogeBH,rtHo je o6H9HH, 

Tj. nonapHH BeKTOp. 
Flomohy (22,7) H (7,2) yajepiTheMo ce, Aa cy npse TpH je,rwagmHe (22,5) 

KtleHTH , ie ca jeAHatHiHama xpeTalba (15,5), a geTEipTa ca je,RHa9HHom (15,7), 

,111,a cy, npeMa Tome, camo TpH op, 1-bPIX mellyco6Ho HesaBHcHe mo)Re ce naRo no- 

Ra3aTH Henocpwomm mHowel-bent o6i-ijy cTpaHa (22,5) ca ui . 'raga cy, y Be3H ca 

(7,6) H (22,6), o6je cTpage jenHaTimHe HneHTH4Ho je,rmaxe Hynes. 

AR() ce y BapHjaivjH 6 S nocmaTpajy canto npaae TpajexTopHje, owla je 

npBH LinaH y (22,2) liAeHTHLIHO jexmax. HynH. ,apyrki i4naH, y Rome ce jeala 0,11 

rpaHmta cmaTpa xao npomjeHrbHBa, ,gaje nHtepeH4Hjan AjejcTBa Imo (13YRK 1414 iY 

on xoopp,HHaTa. Ha Taj HatlilHje: 

6S = (in c u, — A i)8 x i  . 	 (22,8) 

0,4313,11e je : 
, e A 	A 

= in C Uj -r- —
c 

fri t  pi  — pii • 
ax f  

(22,9) 

4 - BeKTOP ca RomnoHeHTama 
a s — npeTcTaBrba BeKTOp reHepanHcaHor HM- 

nynca 	

Xi 

nynca LiecTpme P. KopmcTel4H4 Hspa3e 3a KOMII0HeHTe 4 -6p3HHe H 4- noTeli- 

nxjana, Hana3HMo cnmjeAehe m3pa3e 3a KoMnoHeHTe Pi : 

Pa= Pa 	Act 	P4 =------Lc (6.iin+ e (P), 	 (22,10) 

r,Rje je &am  

 

mc 2  

  

ripocTopHe Komnonewre 4 - BexTopa pi  o6pa3yjy, 

    

V2 • 

 

C2  

  

Rao ILITO TO H Tpe6a Aa 6y,ge, TPO,QHMeH3H0HaJIHH BeKTOp reHepankicaHor Hmnynca 
& 

& (14,5). BpeMeHCKa nax xamnoHenTa je, xao H y § 10, 
i 	

rAje je  TOTaJIHa 

eHeprHja onTepehei-bay norby. 
Y Be3H ca iimbeHHtlom Aa je 	1, 'Ammo 

e 
( 	 — m 2  c2, 	 (22,11) Pi  — --c   

S 
penagHjy, xoja ce noxnana ca (14,7). 3amjeHom Pi 	

a 
xi 	

-- Ao6kmamo Hamilton 
o  

Jacobi - es),  jewaimHy (14,11) y 9eTBoponHmeH3HoHanHom o6nHxy: 

+ 1112  
( a s (22,12) 
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3a,zzanH: 

1. 0ApeAHTH KpeTai-be onTepeheFba, Koje ce Kpehe 6p3HHOM 6IIHOROj 6p3HHH CBjeTROCTH, 
y enexTpomarHeTHom no.rby, r,gje cy  E H H napanenHH. 

P j e iu e e: Y3HmajyhH ocy Z  Ayac norba, HanasHmo jeAHaLmHe KperaFba (21,4) y o6nHKy 
e 

(yBeAHm.o KOHCTaHTy 2 = - 	0  
m e` 

= H y,  y  — 2 H 	z=cE2i, c t=E2 

• Ta4Ke Ha,a x, 37, z, t, oB,gje o3Hagasajy AlickepernuipaFbe no s), y3 ,40n3THCKH ycnoB u1 = 	1 
OBaj cHcrem je3,HagnHa pa3ABaja ce Ha Asa napa He3aancinix jextHaLma, 14firerpaLlujom TIIX 
je,r(HatmHa oRrosapajyhllm H36opom npoH3BbibHe KoHcTaHTe (notieTax pamyHaisa s, notteTaK H npa-
Bat.; oca X H Y) Ao6Haamo TpajemropHjy y napameTapcicom o6nliKy: 

a 	 a x TR- sin  Hs, y =  a H  cos A Hs, z=   
1 

 2E 
 a2 

ch 2E s, 

a  2 
C 	 sh2Es AE 

(a je rIPOH3B0IbHa KOHCT3HT3).  Hanompn-bemo, Aa je go6HBeHa TpajeKTopHja KpywHa cnHpana 
a 

nonynpe9HHxa 
A  H 

2, 1/1cTil cnytiaj y enewrpomarHeTHom norby KaAa je E I H. 
Pjewe w e: Y3Hmajyhm ocy Z  Apic H a ocy Y Aya E, Hana3HMo jeinia ,inHe Kperaisa: 

X=211y., Y=2Eci—AHX, 

HHTerpHpaH3eM 01314X jeAHatatHa (y3 AOnYHCKH YCJI013 111  = =  — 1) H y31-fmaibem moop,m4HaTHor HO-

LieTKa Ha onrosapajyhn H3.4HH,  Hana3Hmo cntijeztehe napamerapcKe jegHatonie TpajeKTopHje: 

3a H>  E  : 

1 
x 	

—  E 2 
(y H  sin a E a), y = y cos a, z --= a a, 

c  t VH
2

1
— E2 (y 

E sin a + H a), 

rnje cy KOHCTaHTe a, /3, y Be3aHe penanHjom 

1 
fi 
	a2 	72 

 =22 (H2 	E2) 

a napameTap 6 Be3aH ca s  penaLmjom  o=sAVH 2 —Ei 

3a H<E: 

x—  E2
1 _

112 (y  Hshad 13E4 y=ycha, z=aa; 

ct=
VE2

1 

H2
(yEshod fif 

—   

22  (E2  — H2) 
y2 	a2 	fi2 
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3a E  =  H  : 

2 2  
a2 	f3 2 + 

2 	fi 

	

X= 6 
	

2 3 

H  
02  +  	 a, y= 

2 
— 2 Z= a a, 

1   

22 
a2  

H2 

	

c  t  = — 03  + 	 a, 
6 	2/3 

l'Aje  cy  a,  f  ABHje  He3aaHcHe  KoHc -raHTe. 

§ 23. Lorentz  -  ()Be Tpatic4)opmauillje 3a nomie 

Y OBOM naparpacky HahH hello TpaHcckopmallHoHe ckopmyne 3a no.rhe, TJ. 
ckopmyne, no KojHma ce  mo)Ke  norbe oilpezu4TH y jeAHom HHepLAHjanHom cHcTemy 
peckeperamje, KaAa je TO  nome  no3HaTo y ,gpyroM cHcTeMy. 

cDopmyne, TpaHcckopmHpaHe 3a noTeHumjane, Hana3e ce HenocpeAHo 143 

onumix TpaHcckopmailmomix ckopmyna 4  -  BeKTopa (6,2). KaKO cy KomnoHeHTe 
Berropa A t  :  A x,  y, z, 1 (p,  Immo  Hana3Hmo 

A'. ± 	 cp'+  A'. 
V 

(1) — 	
V2 
	 (23, 1) Ax 	 Ay  A' y , A,—A',, 

V 2  
1— 

c2 	
1— 

C 2 

TpaHcckopmaumoHe  ckopmyne  3a KomnoHeHTe TeH3opa Fig morne 6H ce 
HahM npema onurroj ckopmynH (6,4) 3a TpaHcckopmawjy 4 - TeH3opa. Mebymm, 
jexiocTaBHHje je nocTynHTH Ha cnHjegehm Ha'lHH. noTcjeTHmo ce Ha TO, je 
npenas ca cHcrema  peckepemwje  K Ha cHcTem K', Rolm ce y cutHocy Ha K 
Epehe Aymc oce X,  exsHaanewraH  poTailHjH y pasHH Xv y geTaopo,gmmeH-
3HOHanHOM npocTopy X, y, 2,  v,  (B. § 4). KomnoHeHTe TeH3opa, naK, TpaHcckop-
mHpajy ce Kao 11p0143B0,Ec Asajy oxtroBapajyhmx KoopAHHaTa. Koopxy4HaTe y 
H x3  =  z He MHjeFbajy ce npM TOj TpaHcckopmaujz. I'13 Tara pa3nora He mz-
jefba ce HH F 23 : 

KaKo ce KoopAHHaTe y H  Z  He MHieFbajy, KOMII0HeHTe F12, F13, H F42, F43 
TpaHcckopmHpajy ce jexmocTamo, pecneKTHaHo Kao xoopAHHaTe Xi = X 14 X4 =-V. 

'Thema ckopmynama (6,4)  naxo  Hana3Hmo : 

VV 

	

F'12 —  l C  -- P1 49 	F.' 4 2 	F12 

	

F12 — 	 F42 =  

(23,3) 

F'13- 1 F'43 	 F' 43 + -- !13 

F13  =  	F43= 

F23 = F1 23• (23,2) 

- v 2  
c2  

V1— V2  
c2  

V 2  
1— 

C2 
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3a ogpebHsalbe TpaHcckopmauHje KomnoHeHTe F14  HanomHH.emo cnifjegehe: 
Mao IBTO je 1103HaTO, aHTHcHmeTpHtiaH TeH3op pega, jegHaxor 6pojy gHmeH3Hja 
npocTopa (ynop. y § 6 o TeH30pHma e igim  H eafiy ), ocTaje HHBapHjaHTaH npH 
poT.,a4HjH KoopgmHaTHor cHcTema y TOM npocTopy. PoTawija icoopgmHaTHor CH-
cTema X, y, z, v, y paaHH Xv momce ce, ormrnegHo, nocmaTpaTH xao poTaLmja 
gBoximeH3HoHanHor cHCTeMa KoopAHHaTa X , v y gsogHmeH3HoHanHom npocTopy. 
TeH3op ca icomnoHeHTama F11=F44= 0  F14 = — F41 y TOM CHCTMY je TeH30p 
pe,ga, KojH je jegHaK 6pojy gmmeH3Hja. flpema Tome je }cog poTaiiHje y paBHH Xv 

F14 =r14* 	 (23,4) 

YspcTHmo caja y (23,2) — (23,4) mjecTo icomnoHeHaTa Fik FbHX0Be H3pa3e 
nomohy HomnoHeHaTa norba E 11 H npema (22,7). Tana Hanammo crimjegehe 
TpaHcckopma4HoHe cipopmyrre 3a enexTpHtmo norbe: 

H 3a 

Ex = E'x , 

marHeTHo 	norbe: 

Hx =tr x , 

V 
y -r- — . LI z  

c 
Ey = , 

E" 
	 i 	,_,  

Ez — 

Hz = 

.-\ / 

,_, E'z --ii'y  
C (23,5) 

(23,6) 

i i 	Vc: V2  1— 
At 

 

V 

Hy= 
111,4--E'y  

C2  

V 

1— Al 	
C2 

V 2  1 e2 

Ha Taj Hat.ZHH, enexTpH4Ho H marHeTHo norbe, Imo H Behma cl)H3HEumx 
BenHT4HHa, penaTHBHa cy, Tj. 1-bHX0Be oco6HHe cy pa3j111 1.114Te y pa3HHm cHcTe-
mHma pecopeligHje. CnewijanHo, enexTpHLIHo H marHeTHo norbe momce 6HTH 
pasHo Hynes y jegHom CHCTMY nocmaTpal-ba, a y HCTO spHjeme 110CTOjaT14 y 
Apyrom cHcTeMy. 

3a cnyLiaj V<<c TpaHcci)opmaLmoHe topmyne (23,5), (23,6) ce 3HaTHo 

ynpornhyjy. Taga H3 (23,5) H (23,6), c Ta4HOwhy go LinaHoBa pea 
V 

 Hmamo: 
C  

Ex =-E'x , Ey= E'y 	 H'y ; 

V 	 V Hx =---H'x , Hy= 11
, 
 y----c7-E'z, 	

, 
	E'y.  

OBe cl3opmyne mory ce HanHcaTH y sexTopcxom o6nHxy: 

1 E=E'+—(H'Xv), - (23,7) 

cDopmyrie 3a o6pHyTy Tpalicci)opmaujy H3 K' y K go6HBaly ce HenocpegHo 
H3 (23,5) — (23,7) npomjeHom maim npez V. 

Axo je y cHcTemy K' marHeTHo norbe H'=-- 0, oHga meby enexTpHqHmm 
marHeTHHm norbem y cHcTemy K nocTojH penawja: 

(VXE), 	 (23,8) 

LLITO ce naxo Aoxa3yie Ha ocHosy (23,5) H (23,6). 
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Axo je, nax, y K' norbe 	= 0, oHAa je y cHcTeMy 

E = — 
1 

—(V X H) . 	 (23,9) 

Y o6a cnyHaja cy, npema Tome, y cHcTemy K marHeTHo H enexTpH4Ho norbe 

mebyco6Ho HopmanHa. 

§ 24. iltiBapiljaliTe 110Jba 

OA KomnoHeHaTa TeH3opa enexTpomarHeTHor 110.113a mory ce cacTaBHTH 

HHBapHjaHTHe BenHtuffle, Kole ce He mmjeisajy npH npena3y ca jeAmor HHep-
pHjanHor cHcTema pecloepemwje Ha Apyrm. 6HCMO HawnH cBe TamBe HHBapH-
jaHTe nocTymihemo aHanorHo oApebHBaHpy HHBapHjaHaTa cHmeTpw-mor TeH3opa 

APyror peAa. AKO je A ik  Taxas TeH3op, oHAa, Ka° LLITO je 1103HaTO, Tpe6a 

H3jeAHaHHTH ca Hynbm AeTepmHHaHTy: 

I A lA 	— 0. 

KopHjeHH oBe jeAHaHHHe npeTcTas.rbajy rnaBHe BpHjeAHocTH cHmeTpHHHor TeH3opa 

Aik 14 TO cy fberoBe HHBapHjaHTe. PICT() TO, Or4eBlIAHO, OgHOCH ce H Ha KoeckH- 

LwjeHTe y3 pa3He cTeneHe y TOj jeAHa4141414, KOjkl ce o6HHHo 14 y3Hmajy xao 

OCHOBHe HHBapPijaHTe. 

3a aHTHcHmeTpHHaH -  TeH3op, Kao IliTO je TeH3op Fik , onepauja npimo-

beFba Ha AmjaroHanmi o6nHK, oHeEHAHo, HeMa cmHcna. Hnax je moryhe nocny-
wHTH ce onHcamim Hatn4Hom npH HanaweH,y HHBapHjaHaTa TaRBor TeH3opa, 
rAje, HapasHo xopHjeHH A Hehe HmaTH cmHcao rnaBmix BpHjeAHocTH TeH3opa. 

Ha OCHOBy H3noxceHor HanHallimo jeAHaHHHy 

I Fig — O ig  = 0. 

TlaKo je B14,1IjeTH, Aa he y TOj je,IIHaLIHHH 110CTOiaTH canto LITIaHOB11 ca napHHm 

cTeneHHMa X. CTBapHo,• AeTepmmHaHTa ce He MHjeHDa, aico ce 3amHjeHe BpcTe 

H KonoHe. OcHm Tora, A eTepmmHaHTa napHor peAa He mHjefsa ce npoMjeHOM 

3HaKa CI314X BenHHHHa. flpeMa Tome, 36or aHTIICHMeTP14 1-1HOCTH Fik, 6Hhe: 

FiA —  XOikl 	 "gil 	Fig —  AOigl — IFik+A' t3 ii I. 

Cao6pa3Ho Tome, y jeAHaHHHH 3a A, 6Hhe cBera Asa KoeolonMeHa pa3nHHHTa 

OA Hyne y3 X2  H y3 X4 , TL aHTHcHmeTpHgaH TeH3Op 2.-peAa KapaxTepHine 

ce cBera ABjema HHBapHjaHTama. 

YBpcmmo II 14 H3pa3e (22,7) 3a KOMII0HeHTe TeH3opa Fik, oHAa 6e3 Te-

aixohe pa3BHjamo A eTeprumawry H Hana3Hmo: 

X4 + X 2(H2 	 — (H = 0 

(npH pankijaFby AeTepmHHaHTe 3roAHo je xoopAHHaTHe oce y3e1 ,1 Ha Taj HaHHH, 

Aa jeAHa oA oca, peumo oca Z 6yA,e opHjeHTHcaHa Ayx H, a Aa BexTop E 
6yAe y paBH14 YZ). Ha Taj Hal4HH, HHBapHjaHre cy cnHjegehe BeJIHHHHe 

H2  — E2  = invar., 	 (24,1) 

E H = invar. 	 (24,2) 
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H3BeAeHH peaynTaT noxauje, ,ga cy jegmHo ose HHBapHjaHTe mebyco6Ho 
He3asHcHe. Csaxa ce Apyra HHBapHjaHTa moNce HanHcaTH Imo clvFnugHja THX 
ABHjy. 

1/1HaapHjaHTe (24,1)  H  (24,2) HamicaHe y geTsopogHmeHsHoHanHom 06nHxy, 
Rao ILITO je BH,gIbHBO, Hmajy 06.IIHK 

Fik'  
2  

 

eiklm Fik Fitly 

(24,3) 

(24,4) 

rAje je eimm  IIOTIVHO aHniCHMeTplIllaH jeAHHHT-IHH TeFI30p 4-pe,17,a (B. § 6). 
Heonxo,gHo je HanomeHyTH, ga BenHHHHa ei gim  Fig  Fim  (HnH, ApyxqHje 

E H), cTporo y3esinH  HHje  ma.nap, Hero nceygocxanap. To ce 1314,RH Ramo H3 
FbeHor geTsopo,gmme143HoHamior npHxamsafba (IWOH3BOA TeH3opa Fig ca Fbemy 
AyanHmm, B. § 6), Tax()  H  H3  TpogHmeH3HoHanHor (npoH3so,g aRcHjanHor BeRTopa 
H ca nonapHHm sexTopom  E).  flpaBH cxanap je (EH) 2 . 

143 HHBapHjaHTHOCTH  ,gaajy  HaBe,gemix H3pa3a. H3na3e cnHje,gehm 3aRrbytw: 
AKO cy enexTpHI4Ho H  marHeTHo  none y ma KojeM cHcTemy pecl3epentHje meby-
co6Ho HopmanHH, Tj. EH =  0,  oH,ga cy OHM HopmanHH H y CBaKOM Apyrom 
HHepqmjanHom CHCTeMy  peckepeHr4Hje  [npeMa (24,2)]. Alto cy anconyTHe BenkpiHHe 
E H H y ma KOM cncTemy pec1epeHr4Hje jeAHaxe meby co6om, oHga cy oHe 
jeztHaxe H y ma }come Apyrom CHCTeMy [npeMa (24,1)]. 

OgesHgHo Bawe H  cnHjegehe  HejegHaxocTH: AKO je y 6Hno KOM cHcTemy 
petepeffilmje E > H 	E<H), Taxo. je H y caaRom Apyrom cHcTemy 
E > H (HnH E < H).  Axo  y  6Hno xome CHCTM pecbepeHuje sexTopm E H H 

e oLuTap (HIM Tyn) yrao, ofiga he H y CB KOM Apyrom ckicTemy 
=Tap (HnH Tyn) yrao, 

Lorentz-oaom  TpaHccbopmailmjom  ysHjex ce moxce nOCTHhH TO, Aa 6H E H H 
no6HnH ma Roje BpHjegHocTM,  xoje  6H HcnyH.aaane camo Taj ycnoa, ,ga E 2  — 
H EH HMajy 3aAare  ogpebeHe  spHie,gHocTH. Hanoce, yElHjeR ce moxte Halm 
Tana' mHepuHjanHH cHcTem peitepeHtmje, y 'tome Cy enexTpH4Ho H marHeTHo 
none y AaToj Ta,no4 napanenHa meby co6om. Y TOM CHCTeMy je EH = EH, 
H H3 .ABHjy je,gHatmla 

E2  — 	Eg  — 	E H E, Ho 

mory ce HahH BpHjegHocTH E H H y Tom CI4CTMY peckepeinwje (E0  H H o  cy 
eileKTpl,P4H0  H  marHeTHo none y TIOTIa3HOM CHCTeMy peckpenunje). 

H3y3eTaH je cnriaj,  KaAa  cy o6je nnBapnjanTe jejlnaxe HyJIH. Y TOM 
c.nyziajy Cy E H H y ci3Hm cHcTemHma peckepetugnje je,iniam H meby CO6OM 
nopmanxn. 

Alm je EH  =  0, ynnjex je moryhHo Hahn Taxas C}1CTM pecbepenunje 
y Rome je E = 0 HnH  H  =  0  (npeMa Tome, Aa nH je E2  — H2  < mrni > 0), 
Tj. none je MTh LIHCTO  enexTpH4Ho,  PLTIPI marHeTHo. H 06pnyTo, aao je y 
6Hno 'come cncTemy  pecbepemnije  E  =  0 HnH H = 0 olula he y cBaxom Apyrom 
CHCTeMy' OHM 6HTH  metvc06Ho  HopmanHH. 

3 aAa TaK: 

0,4pexiTx 6pstthy  cvicTema  pe(PepeHnHje, y !come cy enexTplituro H marHeTHo rime na-
panenHa. 
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P j e ui e i e : — FlocTojH 6ecKoHagHo mHoro cHcTema K', KOjH Hcnylbasajy nocTasmeHH 

ycnos. AKO je HabeH jeAaH op H>HX,  oH,tka  he HCTy oco6HHy HM.aTH H ma KOjH ApyrH cHcrem, 

xojH ce y opHocy Ha npsH Kpehe 6p3HHOM, Koja je ycMjepeHa ppic onager npazna non.a E H H. 
flpeMa Tome, AoBorbmo je oppepHTH ()A  THX  CHCTM oHaj, IiHja je 6p3HHa HopmanHa Ha ofia non.a. 

AK0 npasan 6p3HHe y3mem0 Kao ocy  X H  y3MeMO y 063Hp, Aa je y cacTemy K' : x x  =  0, 

y  z  - z y  =  0, nomohy (1)opmyna (23,5-6) 3a 6p3mHy V cucTema y onHocy Ha 11011a3HH 

cHcrem Ao6HBamo cnHjepehy jeAHaLuiHy: 

V 

	 E X H 
V2 	E2  + H2  

1 — — 
c2  

OA Asajy KopHjeHa Ksa,gpaTHe .jeztHatnie, pa3ymHje ce, Tpe6a y3eTH oHaj, 3a KOjH je V < c). 
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JEAHALIHHE 110JbA 

§ 25. flpun nap Maxwell -mum jeAnawma 

1 o 

	

H3 Hapa3a H = rot A, E = — — c -at — grad 	[(15,3) n (15,4)] 3a 
- 

norba E H H flax° ce Ao6Haajy je,rtHatmHe 3a Ta norba, Tj. penatarje Koje 
cape canto E 14 H. FlpHTom H3 H3pa3a 33 E H H mopamo enHmHHHcaTH 
noTeHujane A H p. 36or Tora hello oApe,gHTH rot E: 

•  1 
rot E — 	rot A — rot grad p. 

Ho, poTop caaKor rpaAHlewra jenHax je HynH, a rot A = H. ,ELaxne, 

I 3 
 rot E — — c dt
H  

(25,1) 

Y3Hmajyhm nm3epremmjy o6je cTpaHe jeAHatmHe rot A = H, H ca HanoMeHoM, 
)r_ta je AHeepreHuHja cBaKor poropa jerlHatca HynH, Hana3Hmo 

div H = 0. 	 (25,2) 

JertHatmHe (25,1) H (25,2) Ha3HBajy ce np8H nap Maxwell-oemx jejlHa-
timial). Hanomm-bemo, Aa oBe AeHje jermatume He oApebyjy jou" IIOTTIyHO 000- 
6I4He non,a. To ce BHAH no Tome, LUTO oHe oApebyjy npomjeHy marHeTHor 

O  nom 	 (a ca apemeHom H3BOA 
H\ 

 at )' aim He ogpeljyjy 
E 

H3130,1; 	
at • 

JertHatutHe (25,1) H (25,2) MOry ce HanHcaTH H y HHTerpanHom o6nHicy. 
Tipema Gauss-oBoj Teopemm je 

f div H tiV =-- 	df , , 

1) MilrXWe/1-0Be lexwatimie  -  OCHOBHe jeAfianHHe e7leKTp0AHHaMHKe MAXWeli je cl)optlynmcae 
1860-Tmx roAHHa. 
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rAje ce HHTerpan Ha AecHoj cTpaHH ysHma Wo LIHTaB0j saTsopeHoj nospurHHH 
xoja o6yxsaTa sanpemHHy, no KOj0j ce Ha nHjesoj cTpaHH HHTerpHpa. Ha OCHOBy 

(25,2) Hmamo 

H df = O. 	 (25,3) 

kIHTerpan BeKTopa no HeKOj 110BpLUHHH Hamm ce itnyxc BeKTopa Kp03 Ty 

nospumHy. Ha Taj HaqHH, cJnyKC marHeTHor norba KpO 3 csaxy saTBopeHy 110Bp-

inpaly jerwax je HyBH. 

flpeMa Stokes-osoj TeopemH je: 

f rot E df E di , 

r,aje ce HHTerpan Ha necHoj cTpaHH ysHma no saTsopeHoj KOHTypH, xoja o6y-

xsaTa nospunmy, no KOj0j ce Ha JIHjeB0j cTpaHH HHTerpHpa. 1/13 (25,1) Hana3Hmo 
HHTerpHpaFbem o6a Amjena no Hexoj noapinHHH: 

E di=— 	11 df
dt 

(25,4) 

PIHTerpan sexTopa no saTsopeHoj xoHTypH HasHsa ce wipxyna4Hja Tora Beimpa 

xoHTypH. UHpxyna4Hja enexTpiumor 110.113a HasHsa. ce, Taxobe enexTpomoTopHa 
cHna y AaToj xoHTypH. Ha Taj HagHH, enexTpomoTopHa cHna y HeKOj KOHTypH 

jerwaxa je Hsao,tly no BpemeHy ctinyxca marHeTHor norba Kp03 nospuipffly, orpa-

Hip4eBy TOM KOHTypOM, y3CTOM ca o6pHyTHm 3HaKOM. 

Maxwell-OBe jez1Ba=4HHe (25,1) H (25,2) mory ce HanHcaTH H ca 9eTsopo-
AMMeH3140HallHHM o3HaKaMa. Ha ocHoBy Aecimmillneije TeH3opa enexTpomarHeTHor 
noma 

aA g  a A i  

max° ce ysjepriTH, 

aFik 	a Fgi 	a Fii  
0. 	 (25,5) 

oxi 	
, 	--L  

xi 	a Xk 

3a i = k = l osa jerwatuma je HAeHTHIIHO sarlosorbeHa (yep je 3a i = k Fig= 0). 
Karla cy Asa oA I, k, 1 jermaxa, osa jextHatuma je TpHsHjanHa 36or aHTHcHme- 
TpI4LIHOCTI4 Fii . OcTane LieTHpH jexmat-me (3a k ÷ I), Kao LUTO je naxo 
BH,EkjeTH yBpurTaBafbem Hspasa (22,7) sa Fil c , HHCy HHLUTa Apyro, Hero jeAHatume 
(25,1) H (25,2). Ha Taj HaLuni (25,5) je npisH nap Maxwell-oBHx je,gliampia 
HanHcaH ca gentopoximeHsHoHanHmm osHaxama. 

§ 26. Ajejcmo as enexTpomarHemo no.The 

,risjejc-rBo S 3a cBe cHcTeMe, xojH 'ce cacToje 113 enexTpomarHeTHor noma 
tiecTmla, xoje ce y 1-3emy Hanaae, mopa ce cacTojaTH 133 Tpi4 Amjeza: 

S =Si+ Sm + Smf• 	 (26,1) . 

Fig .= 
a xi 	axk  
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Sm  je oHaj AHO AjejcTsa, KOjH 3aBHCH canto OA OCO6HHa LiecTmLia. Taj Amo, 
oHmrne,RHo, HHje. HPILIITa ;Tyro Hero AjejcTso 3a cno6ogHe tiecTHEie Tj. 3a tie- 
cTHLIe y OTCycTBy norba. Kao ILITO 3HaMO, gjejcTso 3a cn06o,RHy gecTmgy je 

—me i ds, [B.(9,1)]. AKO IIOCTOjH BHLue tiecTpn4a, oH,qa je TOTaIIHO AjejcT3o 

jeAHaxo cymil AjejcTsa 3a cBaxy tiecTI n Hanoce. Ha Taj HaLIHH je: 

S m = —Einc ds. (26,2) 

Smf je oHaj APIO Ajejcma, .K0jH je yCJIOBIbeH yBajamHmm ,ajejCTBOM Meby 

Llama 14 norbem. Kao LUTO CMO BmAjerim y § 14 OH pima o6nHK —e 	
mrimA k dxk  

y .cnytiajy mune mecTm4a, 

Smf 	—e  ikdx. (26,3) 

Y cBaKom o,g LinaHoBa oBe cycle A k  je noTemmjan norba y oHoj Tatlum npo-
cTopa H BpemeHa, y xojoj ce HanasH ogroBapajyha tiecTH4a. CyMa S in  +Sinf 

 je Hama Bell no3HaTo AjejcTBo (14,1) 3a onTepeheHDe y nonDy, xoje cmo paHHje 
o6HnDemtaBari je,RHocTaBHo ca S. 

Haj3a,A, Sf je oHaj AHo AjejcTBa, xojH 3aBHcm jegmHo ork oco6HHa camora 
norba, Tj. S1 je Ajejcmo 3a noise y xome HeMa onTepeheHDa. CBe AoTne, Aox 
cmo ce HHTepecoBanH camo  3a  xpeTaHDe onTepeheFba y 3agaTom enexTpomarHe-

THom norby, HHje Hac HHTepecosano Sf jep He 3aBncH oA tiecTHI4a, na Taj 
tinaH HHje morao TriniaTH Ha jeAHatn4He KpeTal-ba tiecTmla. MebyTHm, OH je 
HeonxogaH, xa,71a. xoheMO Aa Habemo jeAHatmHe, xoje oapebyjy canto none. Tome 
oAroBapa oxonHocT, 111TO  CMO  o,g AjenoBaSm Smf Ajejcma HauinH canto 
ABHje jegHatnifie norba (25,1)  H  (25,2) xoje join HHjecy AosorbHe 3a noTnyHo 
upebmaEbe norba. 

3a ,o, pet 	o6nHxa AjejcTBa norba S1 nohmhemo oA crimje,gehe Bprio 
BaNcHe oco6mHe erieKTpomarHemmx norba. Kao LLITO noxa3yje excnepmmeHT, 
enexTpomarHemo name noTtanbaBa ce TaKO3BaHOM npHHumny cynepno3Huje. 
Taj ce nppiHt_mn cacTojH y Tome, air°, axo je,EtHo onTepeheHDe H3a3HBa jegHo 
nonDe, a Apyro orrrepeheH.e Apyro name, oH,Eta noise, xoje H3a3HBajy o6a onTe-

peheHDa BajeAHo, npeTcTasrba peurrraT npocTor criaraFba THX norba. To 3Hatill 

Aa cy jatimHe pe3ynTyjyher norba y cBaxoj TatigH jeA,Haxe 36Hpy (BexTopcmom) 
jatima cBaxor norba Hanoce  y  Toj Tatnni. 

CBaxo pjemeHoe jewiatuma norba je none, xoje romte 6HTH ocTBapeHo 
y npmpom. flpeMa npHHLJHny cynepno3HqHje, 36Hp maxaxemx Taxiamx nonDa, 
Taxobe mopa 6HTH noise, xoje mox(e y ripmpo,rm 6HTH ocTBapeHo, Tj. Mopa 

3a):(0B01b14TH jeAHatimHe norba. 
Kao ILITO je no3HaTo, rumeapHe ,44epeumjanHe jeAHatiHHe 6aw ce 

oAnHxyjy oco6HHom, Jo. je 36Hp ma xojmx HaHX013PIX pjeweHDa Taxobe pjeweHDe 
jexmatn4He. Aaxne, je,EkHaLmHe norba mopajy HTM nHHeapHe AH(1)epeFungjanHe 
jeAHatuthe. 

1/13 petieHor cratje,u,H, 	 3HaKOM HHTerpana 3a Ajejcmo Sf mopa 
cTojaTH H3pa3 y xome cjmrypHpa xBaApaT jatimHe norba. Canto he y TOM cnytiajy 

je,rmaHmHe norba 6HTH nmHeapHe ckymamje — jeAHaLume norba ce Ao6HBabr 
BapHpaHDem -Ajejciaa, a BapHpubem ce cTeneH nop,mwrerpanHor H3pa3a cHmikaBa. 

3a jeAHHHily. 
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FloTeHwijanH norha He mory yhH y Hspas sa AjejcTso, 6yAyhH 	OHPI Fuicy 
jegH03HaT-IHO oApebeHH (y Sm.(  Ta HejeAHosHaTmocT Pale Una 6HTHa). Flpema 
Tome, Si mopa 6HTH HHTerpan HeKe CIVHKIAllje Og TeHsopa enexTpomarHeTHor 
norha Fii 1 ). Ho AjejcTso mopa 614TH cmanap, na saTo mopa 61-ITN HHTerpan Hexor 
cRanapa. OcHm Tora, xao IuTO je paHHje HanomeHyTo, Taj cxanap Roy! ce 
Hana3H noA HHTerpanmim 3HaKOM, Mopa 614TH Apyror cTerieHa no Fii. 

MP' seh sHamo, Aa nocTojH canto' je.gaH cRanap Apyror cTeneHa, RojH ce 
2 mo)Re cacTasHTH 	F 	(§ 24); TO je Fik (Ber114 1114Ha etkin, Fik Fim  je nceyAo- 

cRanap). 
Ha Taj HaHHH Si mopa 'imam 06ru1x: 

Si = a f f FLdV dt, dV dx dy dz, 

rAje ce HHTerpan ymma no RoopAHHaTama y tuiTasom npocTopy, a no spemeHy 
— meby Asa saAaTa momeHTa; a je Hexa KOHCTaHTa. ncut HHTerpanoM ce HanasH 

2 
Fut= 2 (I-12  — E2). Florhe E caAp.xm Hssoil —

6A 
Ho naxo je sHAjeTH, Aa at 

(  OA  )2  
at 

2 
3HaKOM). H saHcTa, xa,A 6H 

aA 
—ynasHno ( 
at 	y S1 ca 3HaKOM mHxyc, Taga 6H 

A0B0113H0 6p3om npoMjeHOM noTefu4Hjana no spemeHy (y nocmaTpaHom 

at 	

spemeH- 
(  OA  ) 2  CKOM HHTepsany) ysHjex 6Hno moryhHo yLINHPITII 	 rIpOPI3BOILHO Be.TIPIKIIM, a 

Sf —  HeraTHsHom BeTIPIHNHOM ca l'Ip0M3B011z,H0 BeJIPIKOM arICOTlyTHOM spHjeAHourhy. 
Flpema Tome, S1 He 6H morno IiMaTPI mmfflimyma, xao LLITO TO saxTHjesa rippni-
win HajmaFher AjejcTsa. Ha Taj HatIPIH, a mopa 614TPI HeraTHsHo. 

EpojHa spHjeAHocT a sasHcH OA ki36opa jeAHHHHria 3a MjepeFbe norha.. 
Hanommfbemo, Aa ce nocnHje H36opa oApebeHe spHjeAHocTH 3a a sajeAHo ca 
jeAHHHuama sa mjepeH.e norba, oApebyjy, TaRobe, H jeAHHHue sa mjepefhe csmx 
ocTarnix enexTpomarHeTHHx senH4HHa. 

Y6yAyhe ynoTpe6rhasahemo TaK03BaHli Gauss-oB cHcTeM jeAHHHga. Y TOM 

cHcTemy a je senipipnia 6e3 AmmeHsHja a 113HOCH 	
1 
	 • 
16 yr 

rlopeA Gauss-osor CHCTM je, HHHila ynoTpe6rhasa ce PI TaK03BaHN 
1 Heareside-os CHCTeM, y Rome je a= --Tv  Y TOM cmcTemy jeAHHHua jeAHa- 

T4HHe norba Hmajy sroAHHjH o6ntix (TaAa y Fbmx He ynasH yr), anH 3aTO g yna3H 
y Coulomb-os 3aK0H. HanpoTHB, y Gauss-oBom cHcTemy jeammila jextHatume 
norba caApKaBajy 5', a Coulomb-os 3aKoH Hma je,AHocTasaH o6nHx. 

1 ) floAHHTerpanHa cbymmja  y  Sf He mopa canpKaaaTH 143BOAe OA Fuc, jep Lagrange-oBa 
cpyxxuxja mowe ocHm KoopAHHaTa cHcTema caApacasarm canto H.Hxose npee H3BoAe no spemeHy, 
a ynory KoopAHHaTa (Tj. npomjeHmHemx no Kojmma ce eapHpaEbe Bpu1H npema nom-m-my HajmaH.er 
Ajejc -rea) kirpaly y TOM cnytiajy noTeHnHjanm Ak non.a. To je aHanormo ImiseHmni, WTO y mexa-
1.114414 Lagrange-osa 1:13ymcgkija 3a mexaHHLIKH cHcTem ca.Ap>KH canto KoopAHHaTe tiecrinla H FidixoBe 
npee 113BOAe 110 epemeHy. 

mopa yhH y gjejCTBO C II0311T1113HPIM 3HaKOM (a 3aTo 1,1 E2  ca I103PITPIBHPIM 

Teopmja no.la 5 
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Ha Taj Hatimm, gjejcTso 3a norbe mma o6runc: 

Si = 
16 g  c 	d2, 	= dx dy dz dr . 	 (26,4) 

OBAje cmo MjecTo dV dt Harmicanm d2 H 3aTO 1.1H0 m3pa3 1-10,glijeraiTH j0111 ca 

IC. Y Tp0AHMeH3HCHallHOM o6nmmy je 

Sf = 8 	f f (E2  — H2 ) d V dt 	 (26,5) 

,E(pyrxm pmjeHmma, Lagranqe-oBa cloymcumja 3a norbe rnacm: 

1 
Li— —1 (E2 — 1-12) dV • 

8 a' 
(26,6) 

,E(jejcTso sa norbe 3aje,rmo ca onTepeheFbmma, Koja ce y Fbemy Hana3e je 

S =-- — 	me ds 	– t  
	FlkdQ,  . 	(26,7) 

16 TIC 

Hanomm-bemo Aa ce oBAje onTepeheFba He cmaTpajy 13Huie mana Mao npm 
m3BobeFby jeAHaHmHa acpeTaFba onTepeheFba y 3aAaTom norby. flpeMa Tome, Ak  

Fii  oRHoce ce Ha npaBo norbe, Ti. Ha cnorbaumbe norbe, 3aje,tmo ca nolbem, 
koje cTBapajy calla onTepehc-Aba; AR H Ftk  3aBHCe ca,ga oA nono)xaja H 6p3mHe 
onTepeherba. 

§ 27. lientopo,qumexamonamall Bemirop cTpyje 

Zo caria CMO cTanHo nocmaTpanm canto TatimacTa onTepehelba. Y cTBapm 
csa onTepeheHpa y npmpoAm H jecy TatucacTa, jep ce, Ka° LLITO CMO BFLajenm y 
§ 8, cBaKa enemeHTapHa HecTmua mopa cmaTpaTm Mao Tatum., a csaica cnoweHa 
HecTmua cacTojn ce H3 nojeAnHmx eneMeHTapHHx HecTnua. 

Via mnax, 36or maTemaTmHKe yAo6HocTm, onTepeheFbe ce LleCTO nocmaTpa 
Mao ,Qa je KoHTFIHyanHo pacnoAmjerbeHo y npocTopy. Ta,ga ce moxte yBecTm 
„rycTmHa onTepeheEba" cl Taxa, Aa CI dV 6y,cte onTepeheibe, Koje ce Hana3m y 
sanpemmim dV; Q je, y3emum yonurre, tyHxumja OA FcoopAmHaTa 14 BpemeHa. 

PIHTerpanf Q dV no HeKoj 3anpemHHH je onTepeheFbe, Koje ce Hana3m y Toj 

3anpemmum. 
ilpmTom Tpe6a mmaTm Ha yMy, ,ga cy onTepeheFba ycTBapm TatixacTa, Te 

,ga je rycTnHa Q jexiatta Hynm cBy,qa OCHM y 014HM Tatixama, rxtje ce Hanase 

TatIKacTa onTepeheFba, a mHTerpan, cQd V mopa 6nrn je,rmaic CVMH THX onTe 

peheFba, Koja ce Hanase y AaToj 3anpemmHm. fipeMa Tome, Q ce mo)Ke HanlicaTH 
nomohy 6 - ckyHmujel) y cnmjextehem o6nFcy: 

Q  --= E eA  6 ( r — rA), 	 (27,1) 
A 

1) 8 - tyHtumja S (x) aectiliHinne ce Ha culjeAehif Haqmx: 3 (x) = 0 aa cHe HpHje,aHocTH 
Koje HHCy jeilHaKe Hyrim; 33 x = 0 a (0) = 00, H TO Tam) A3 je HHTerpan 

+00 

S 8 (x) d x = 1. 

— 00 



§ 27 	 LIETBOPO,EIHMEH3 ,10HATIH14 BEKTOP CTPYJE 

rAje ce cyma ysHma npeico cakix onTepehel-ba, a r A  — je paAmyc - sex:T . 0p (Hex-
Top nono)Kaja) oriTepehel-ba eA . Ta cl)ymcLAHja, npema oco6HHaMa (5- (by-(1.111e, 
cTsapHo je je,gHaxa HynH cBy,qa, OCHM y Taimama a 141-1Terpan je: 

f 2.d1/ = eA 
A 

rAje je Ha AecHoj cTpaHH cyma csmx onTepeheFba, Koja ce Hanase y xtaToj 
sanpemHHH. 

OnTepeheH..e liecnnle je, Bell 14 npema camoj ,44HHH4HjH, HHBapHjaHTHa 
Benymma, Tj. BenHHHHa Koja He sasHcH OA m36opa cHcTema pecipepeHwije. Ha-
npOTHB, rycTHHa Q yonurre yseEnum, HHje HHBapHjaHTa, HHBappijaHraH je camo 
11p0143BOA Q dV. 

ilomHoNcHmo o6je cTpaHe jeAHagHHe de= p  dV ca d x i  : 

de dx, 	d V dx = e dV dt 
 dxf 

 . 

Ha nHjesoj" cTpaHH je 4 - BeKTOp (jep je de cicanap, a dx i  4 - seitTop). „Qatcne, 
H Ha AeCHoj crpaHH mopa 6HTH 4 - Beicrop. HO dV dt Tpe6a cmaTpaTH Kao 

, 
cxanap (B. § 6) na. je 3aTO Q 

dx 
4 - seicrop. Taj ce BeKTOp (03Hal.111M0 ra ca 

dt 
ji ) HasHaa 4 - BeicTop cTpyje: 

dxi 
= Q — • 

d t 
(27,2) 

     

143 Te AecimilingHje rtpoH3na3e cruljeAehe oco6HHe: aKo je f (x) ma Koja KoHTHHyanHa cipyHKutija 
oHila je 

+co 

f (X) 8 (X — a) d x = f (a) , 

— 00 

a cneumjanHo 

(x) 8 (x) dx = cf .  (0) 

— CO 

(rpam-me HHTerpHparba HapasHo He mopajy o6aBe3Ho 6HTH + oo; n-ApyHje HHTerpmpaH,a mome 
6HTH Ma Kole noAprije, Kole o6yxHaTa TatiKy, y K010 .1 6- cPyHKHHja HHje je,aHaKa HyJ1H). 

HasoAmmo jow AHHje jeAHatiume ca 8- cjvHKHHjama. CmHcao THx jeARaHHHa cacTojH ce 
y Tome, Aa H.HX0Ba nHjesa H AecHa cTpaHa ikajy je,r4HaKe pe3ynTaTe, aKo ce y3My Kao cpaKTopH 
rio,g HHTerparn4Hm 3HaKOM : 

1 
8 (— x) = 8 (x) 	8 (a x) = — (x) . 

a 

Kao IIITO je 6 (x) A ecinumcaHa 3a je,t(Hy ripomjeHrbloy x , MO)KC ce yaecTH H rpo,AHmex-
skmiantia 8- cloyHnuija 6 (r), Kcja je je,amaKa ayrni CT.311H0, OCHM 3a noHeTaK Tp0AHMeH3HOH3.11HOr 

RoopAHHaTHor cHcrema, a je HHTerpan LiaTaBom nPocToPY 1eAl-tax 1. 0=arrne,tmo je, na ce 
3a TaKBy yHKLHjy moae yaeTH npoH3BoA 8 (x) 8 (0 6 (z). 

5* 
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TpH use KOMn0HeHTe oBor sexTopa caHHEbaBajy o6HHHH npocTopHH BeK- 

dx dy dz 
Top ca xomnoHeHTama Q —dt Q —

dt 
, Q —

dt 
, Tj. BexTop 

= o V, 	 (27,3) 

r,gje je v 6p3HHa onTepehel-ba y ,gaToj TaquM. BexTop j Ha3HBa ce BexTop 
rycmHe cTpyje. LieTspTa KOMn0HeHTa 4-BexTopa cTpyje je ICQ. Ha Taj HaHHH je: 

ft, 2,3 = jx,y,z, 	j4 z iC O. (27,4) 

LljenoxynHo onTepehepoe, xoje ce Hanam y nocmaTpaHoj 3anpemHHH, xao 

111TO je Beh pezieHo, jen,Haxo  je  HHTerpany i Q dV no turraBoj Toj 3anpemHHH. Taj 

HHTerpan mowemo HaruicaTH y HeTBopo,gHmeH3HOHanHOM o6nHxy: 

pdV=-7---1 jidSi, 
tc 	lc 

(27,5) 

rAje c'e HHTerpmpaHDe Bpum no 1114TaB0j HeTB0p0AHMeH3H0HanHOI xHneppaBHH, 

xoja je HopmanHa Ha ocy  x4  (oHpirneAHo, Aa Taxo HHTerpHpaH,e o3HaHaBa HHTe-
rppiparbe no umjenom Tpo,tulmeH3HoHanHom npocTopy). 

Yonurre, HHTerpan 	jidSi , y3eT no ma xojoj xmnepnoupumm, ()He- 
lC 

BHAHo je cyma onTepehen,a, HHje cBjeTcxe nHHHje cHjexy Ty ninepnoBpuniHy. 
YapcTHmo 4-sexTop cTpyje y H3pa3 (26,7) 3a Ajejcmo. TpaHctopmHpajm 

Apyrm HnaH y TOM H3pa3y. Flpema oBome ILITO je pegeHo y oBom naparpacky, 
mo)xemo ymjecTo TatncacTmx onTepehe}a e yBecTH xoHTHHyanHo pacnoxwjerbP1-Ta 
onTepeheHDa ca rycTHHom Q. Ta,ga, HapaBHo, ymjecTo HaBe,ReHor H3pa3a mopamor 

	

nHcaTH —
1 	

Q Ai dx i dV, 3amjeH)yjyhm cymy 3a onTepeheFba HHTerpanom no 

umjenoj 3anpeMHHH. Alm ce TO npermuie y o6nHxy 
c 

— f 0 
 dt 
xi 

A i  dVdt, BHAHmo,, 

Aa je Taj mnaH je,gHax 
i 	A  

— 	 ji (ISL. 
C 2  

Ha Taj HaTJHH, AjejCTBO S Ao6HBa o6rimx: 

mc ds 	A ijg dp+ 	 r 2 

Mac .) FkdQ•  

§ 28. JejAHawma KOHTI4HyliTeTa 

LljenoxynHo onTepeheHae, xoje ce Hana3H y Hexoj 3anpemHHH, je,rmaxo je 

	

fHHTerpany 	Q dV no Toj 3anpemHHH. FlpomjeHa Tor onTepeheFba ca BpemeHom 

a 
Aeci mHmue ce H3BoAom --di Q dV. 
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C ,pyre cTpaHe, Ta npomjeHa, Hanp. 3a jeuHHHny BpemeHa, o,upebyje ce 
KOTIHLIHHOM onTepeheiba,  xoja  3a jeuHlimny Bpemena H3abe Hanoibe H3 AaTe 

3anpemHHe, HnH, o6pHyTo,  xoja  ybe y Ty 3anper4Hy. Korm4Ha onTepeheHpa, 

xoja npobe sa jeuHHHIly  BpemeHa  xpo3 ene.meHT nospunnie df, xoja orpaHH4aBa 

HaLuy 3anpeml4Hy, H3HOCH Q  V  df, ruje je v — 6p3mHa onTepeheFba y TOj Ta4n.H4 

ripocropa, ruje ce Hana3m enemeHT di, BexTop df je ycmjepeH, Rao ILITO ce TO 

ymjex ycBaja, no C110Tha1111-60j Hopmanki Ha noBpLuHHH, Tj. no Hopmarm xoja je 

ycMjepeua Hanon.e ou nocmaTpaHe 3anpemHHe. flpeMa Tome, Q v df 110311THBHO 

je axo onTepeheFbe 143na.314  H3  AaTe 3anpemmie, a HeraTHBHo, axo onTepehelbe 

yna3H y Ty 3anpemmHy. 14jenoxynHa xonH , 4Ha onTepeheFba, xoja y jeul4Hku4 

BpeMeHa H3na314 H3 uaTe 3anpemmHe je npema Tome 	Q v df  ,  rule je HHTe- 

rpan y3eT no 1.11,1jeJlOj 3aTBOpeHOj 11013pILIHHH, xoja orpamv4aBa Ty 3anpew4Hy 

YnopebHBalbem ,go6i4BeFu4x H3pa3a Hana3Hmo: 

at 
 f 	 Qvcif. 	 (28,1) 

3Hax — Ha AecHoj cTpaHH  y3eT  je 3aTO, IIITO je, Kap,a ce 1.1jeJlOKy11H0 onTepe-

heFbe y uaToj 3anpemm-4  noBeha,  nHjelsa crpaHa noszTHBHa. JeuHa ,u4Ha (28,1) 

je Taxo3BaHa jeuHarH4Ha KOHTHHYHTeTa, HarnicaHa y HaTerpanHom oGnHxy. OHa 
143pawasa 3axoH oup)Kal-ba Konkrpme enexTpHuHTeTa. (onTepehei-ba), Y3esum y 
o63Hp ;la je QV rycTi4Ha  cTpyje  [3. (27.3)1, jeuHa ,H4Ha (28,1) mo)xe ce npe-

H14CTM y o6nHxy: 
a ,„ 	dV 	— j di  . 	 (28,2) 

u `  • 

Hamaummo Ty jeuHa4n4Hy y AncpepexLHjanxoN o6nicy. 3a TO hello Ha 

,uecHy crpaHy (28,2) nplimjeHHTH Gauss - oBy TeopeMy: 

j df  =  f div j dV 

YBparrasalbem y (28,2) Hana3HMo 	div j +-al°  dV = 0. Kaico TO mopa i 

Ba2KHTH 3a 14HTerpHpalbe  110  Ma K0j0j 3anpemHHH, TO nop,HHTerpanHH k3pa3 

mopa 6HTH je,uHax HyTIH: 

divj ±-E 	. (28,3) 

0130 je jekHa,IHHa KoHTHHyl4TeTa y ,13,14c1)epe El 414j anHo m o6nHxy. 

YBjepHhemo ce, Aa  143pa3  (27,1) 3a Q y o6nHxy ä cloyHxwije ayTomaTcm4 

3auoBorbaBa jeuHa ,n4Hy (29,3). 36or jeAHO'CTaBHOCTH npeTnocTammo, ;la je Aaro 

canto jekHo onTepeheFbe,  Tax()  Aa je: 

Q e6 (r — r0 ). 

CTpyja j je 
j 	evO (r — 1'0) , 
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rAje je v — 6p3HHa onTepeheH.a. Habmmo H3B0g 
6,0

KpeTaFbem onTepeheH.a 

mmjefbajy ce H.eroBe Koop,gmHaTe, Tj. mmjeR,a ce r. flpeMa Tome je: 

as9 OE) 	aro 
dt 	aro 	01 • 

ar o  Ho 
 a 
— HHje HHIIITa Apyro, Hero 6p3HHa V onTepeheH3a. „Q 	Km) ie K 	ie 

cl)ymcgmja 0,4 (r — ro ), 6Hhe: 

OP.  
aro 	ar 

ary,Ra ce ,Eto6mBa 

69 
= 	  at — v grad = — div Qv 

(6p3HHa onTepeheFba' v, HapaBHo' He 3aBHCH Og r). Ha Taj HaHmH, ,gonaaHmo 
40 je,RH aHmHe (28,3). 

Y - 4eTB0p0gHMeH3HOHaTIHOM 06.TIHKy je,rmaHmHa KOHTHHyHTeTa (28,3), KaO 
LUTO je JlaK0 BHgjeTH, ,u,o6Haa 06nmm : 

(28,4) 

Y nperxo,cmom naparpacby 12,14,ajenH cmo ,ga ce ujenounHo onTepeheFbe, 
1 	_, c, 

xi:* ce Hana3H y HHTaBoj sanp emmHm, mo.)Ke H3pa3HTH y o6.rnilxy -- ii uoi I 
i C 

rAje ce mHTerpmpaHDe Bpulm no xmneppasHm x 4  = const. Y gpyrom momeHTy 
_ 4jenorcynHo onTepeheEbe he ce npmxasam HCTO TaKi3mm HHTerpanom, ysemm no 

Apyroj xHneppasEin, HopmanHoj Ha ocm x 4 . flax° je nposjepHTm, ,ga jeAHaHmHa 
(28,4) ,tkoao,rm ,Eko 3amoua o,ap)KaH.a onTepeheiba, Tj. Ao Tora, ,cia je mHTel pan 

j i dSi  jeRHaK 6e3 o63mpa no EOM MH xmneppasHm x i  =----- const. mdTerpmpann. f 

Pa3nHma meby HHTerpanmma ji dS i , y3eTHm no Ankijema Taxamm xmneppar3Hmme, f 

moxce ce Hanmcam y o6nmKy 	ji dS i , r,gje ce HHTerpan ymma no Ilmjenoj .  

3aTsopeHoj xHneppatilim, Koja o6yxsaTa 4 - 3anpemmHy meby Asmjema nocmaTpa-
HEM xmneppaBHmma (Taj HHTerpan ce pa3nHxyje oA Tpa)KeHe pasnmxe 3a HHTe-
rpan no 6ecKoHaHHo yAarbeHoj „6oHHoj" xmnepnospam4HH, xojM, mebymm, minge-
3asa, jep y 6ecKoHaHHocTm HeMa onTepehelba). Ilomohy Gauss - 013e Teopeme 
(6,11) momte ce TpaHcc1DopmxpaTm Taj HHTerpan no 4 - 3anpemmHm meby Asjema 
xmneppasHma H KopHcTehM (28,4), mmahemo : 

jt  dS, 	clS2 = 	 (28,5) 
Oci 

LUTO je x Tpe6ano ,goica3aTm. 
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HaBeAeHH ,I1,0Ka3,  oLterikutHo,  ocTaje Ha CHa3H H 3a Aim HHTerpana I'  ji  dS i , 

lc o A Kojmx ce HHTerpHpaEbe Bpum no ma Kojkim Asjema 6ecKoHaLIHHm xrinepnoBp- 

uniHama (a He canto no xmneppaBHHma x4 = const.), Koje y ce6H yrobytryjy cas 

(TpormimeH3HoHanHH) npocTop. 0,1taBile ce BH,RH, ga riHTerpan ji  dS i , cTBapHo 

14Ma jeitHy Te Holy BpHje,t(HocT (jeAHaKy ujenoKynHom onTepeheL-by y npocTopy), 

6e3 o63Hpa no K0j0j ce  TaKB0j  xHrrepnospu.4HH BpLum HHTerpHpar-be. 

§ 29. Apyrn nap Maxwell - OBHX jeAnalinna 

ilpH H3HanaNcer-by  jemiamHHa  norba nomohy npHHuHna HajMaFber Ajejci - Ba, 

mopamo cmaTpaTH, Aa je  rlaTo  KpeTarbe onTepeheHDa H mopamo BapHpaTH canto 

norbe, Tj. noTeHumjane.  06pHyTo,  npH H3HanarKeHv je,c(Haimia KpeTai-ba cma-

Tparm cmo Aa je norbe  3aAaTo,  H BapHparm cmo TpajeKTopHjy t.recTHue. 

Flpema Tome •BapHjauHja npBor LinaHa (27,6) jeAHaKa je Hyrm, a y Apyrom 

cTpyja j, He cMHje ce  trapHpaTH.  Ha Taj HaLHAH je 

	

as= 	e2 	 1 6 m c 6 (Fs 21  k )1:1  

	

; 	A 	1  

f —I  [I-  j, 6 A,— 1  F- 6F' 162= O. 

	

c 	c 	87; 	tfc 	ik 

Fi 	a/1k 	oA, 

	

k = 6 x i 	6 x k  

. 

as == .1 	6A, 
8m 

Fik  6 ( 6aAx ki 	aaxAki  )1cif2 
c  c 

. 	 A 

	

- [--  i  6A,—  	6A .k  - -
1 
 r 

	

c 	8,7t 	xi 	8--yr  ik  —6-71z  

HeKa y Apyrom LinaHy  PIHAeKCH 1 H k, no KojHma ce cymHpalbe H3BOAH,  me1jY- 

co6Ho H3mHjeHe mjecTa  H ocHm  -cora 3amHjeHHmo  Fki  ca —F ik . Ta,ga go6HBamo; 

OA, 

	

[1 	.   

	

— j,- 	+71-,--ir  Fii -j-)ck 6A i l 62. 6 
ic  c 

,II,pyr- H oq THX HHTerpana  y3MHMO  naplrujanHo, Tj. ApyrHm pmjegmma, npHmHje-

HHMO Gauss- oBy  Teopemy: 

OS= 	1  f{ 1  j 	a  F116,462 +  	I 	6A i dSk 	(29,1) 
C 	c

i 
 —4 rt 	

, 	4n ic  

Y Apyrom xinaHy mopamo  y3eTH.  FberoBy BpHje,aHocT Ha rpaHrvjama HuTerpripaHDa. 

r'paHHue HHTerpHpaFba  no  KoopAHHaTama  cy  6ecKoHatme (jep  ce  HHTerpHpa no 

mjenoKynHom norby), a y  6ecRoiragHocTH je norbe jero,Haxo .Hyrim. Ha rpaHmlama 

HHTerpHpai-ba. HO BpemeHy,  naK,  Tj.  3a  3aAaTH notreTHH H Kpaji-bm momeHT, BapH- 

CTaBHMO JIH FMaMo: 



72 	 JE,C(HA91,1HE TIOJbA 	 rn. IV 

jawja noTeHLIHjana jextHaita je HynH, jep je npema npinquny HajmaHDer xtjejcTsa 
norbe sa Te momeHTe 3 a,u,aTo. Ha Taj HaHI4H Apyrm Hn aH y (29,1) je,rmax je 
Hynes, na Hana3HMo: 

0.  1 	 OFii) o.A. ds -2  
lic f (di 4a dx k  

36or Tora, 111TO cy npema npHH4Hny Hajmarber AjejcTsa BapHja4Hje 	npoH3- 
BOTbHe KoecimilmjeHT y3 ()A i  mopa 6HTH jegHax Hy/114, Tj. 

aFik 	4or 

c 

OBe i4eTHpH jegHaHHHe (i. 1, 2, 3, 4) gpyrm cy nap Maxwell-OBHX 
jegHaiuma, HanHcaH y HemopogHmeH3nomanHom o6nHxy. HanHummo oBe jegma-
ime y Tp0,1114IN:leHMOHaTIHOM o6nHxy. Flpsa og FE,Hx (1. 1) je 

aF12 	aF13 	1 aF14 	4or 
dx 	ay 	az 	c Ot 	c -11 * 

CTaBrbajyhM BpHjegHocTH KomnoHeHaTa TeH3opa Fig H3 (22,7), Hana3Hmo_ 

aHz  Oily 	d Ex  4or 

dy — az c at — 
3ajegHo c gBnjema cnHjegehmm (i = 2, 3) jegHatimHama oHe mory 6HTH Hanv.- 
case Rao jegHa BexTopcica 

	

rot H =71  ?i 	 (29,3) 

Haj3ait, tieTspTa jegHaHHHa (1---= 	Aaje: 

aiE 	aiE 	iEz  4 or 
x + 	Y + 	 iCQ, ox 	ay 	dz 	c 

14.11H 

div E = 47: Q. 	 (29,4) 

JegHagmHe (29,3) H (29,4) cy Apyrm nap Maxwell-osmx jegHatmia HanHcaH 
y BeicTopcKom 06nHxy 1). 3ajegHo ca npamm napom Maxwell-comx jegHatimna oHe 
noTnyHo ogpebyjy eneKTpomarHeTHo norbe H TO Cy OCHOBHe jegHatume TeopHje 
THX norba HnH, Imo ce Kawe, enexTpogmHamkce. 

Harniummo Te jegHatimie y 14HTerpanHom 06nHxy. HHTerpHpubem (29,4) 
no Heicoj 3anpempim H npHmjeHom Gauss-oBe TeopeMe: 

 

f div E dV =--- 

   

  

E df, 

 

liana3mmo 

   

(psEdf =4stf 

 

(29,5) 

     

(29,2) 

1) Maxwell-oBe jextriammie y o6nHxy, xoJH ce nprimjerbyje aa enexTpomanienio none y 
Baum 3ajeAHo ca enein - putiimm on-repeheEbem Koja ce y rbemy Hana3e, topmynHcao je Lorentz. 
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Ha 'raj HammH, cl-inyxc enexTpmmHor norba Kp03 3aTBopeHy nospumHy iegHax je 
LljenoxynHom onTepeheffiy, xoje ce Hanaam y 3anpeMI4HH orpaHHmeHoj TOM noBp-
1.1114HOM, 110MH0>KeHOM ca 4 7r. 

14HTerpmpaHDem (29,3) no HeKoj OTBOPeHOI 110Bp11.1HHH H npmmjeHom 
Stokes -oBe Teopeme 

Hana3HMo: 
f rot H df H dl, 

—
a-f 

c Ot 
E di+—c fjdf. (29,6) 

BenHmmHa 

   

1 OE 

 

(29,7) 
4m at 

 

Ha3mBa ce „cTpyja noMjepaja". 143 (29,6), Har u Icai-ie y o6nHxy 

H dl 	f J -I-45 	at )di, (29,8) 

ePigH ce, ga je mmpxynammja marHeTHor norba no Hexcj xowrypm jejlHaxa cymm 
npaBe cTpyje H cTpyje nomjepaja, xoje npoTmmy xpo3 noBpLuHHy xojy Ta xowrypa 

4 yr 
orpaHmmaBa, nomHoAeHoj ca 	 • 

143 Maxwell-oBHx je,AHamma moxte ce g06HTH Hama Beh n03HaTa je,u,Ha-
mmHa xowrmHywreTa (28,3). Y3mmajyhH AmaepreHmily o61ijy cTpaHa jextHammHe 
(29,3) Hana3mmo: 

1 
div rot H = 

c 
—  at div E 	4j-c div j. 

Melly-n-1m je, npema (29,4\, div rot H = 0 H div E = 4 O. Ha Taj HatiHH noHOBO 
AOna3HMO Ao je,riammHe (28,3). Y meTBopo,ammeHsmoHanHom 0631HKY 113 (29,2) 
mmamo: 

4 a  oit  

Ox i ax.g 	c axi  

HO 36or aHTHCHMeTp149HOCT14 TeH30Pa Fig, cTaBrbajylw 	 mmje- 
Fbajyhm 3aTI4M o3Haxe mHilexca, HMaMO: 

a2Ffi 	a2F„, 

oxi Oxi . 

oAaxne cnmje,Etm, Aa je = 0, mHme gonaammo go jegliatimie KOHTHHYH - ' 

TeTa (28,4), HanHcaHe y 9eTB0p0,414MeH3H0HaHHOM 06.1114Ky. 
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§ 30. rycntila eneprnje 11 Poynting - os BegTop 

flomHomcHmo o6Hje crpaHe jeAHatimie (29,3) ca E, a o6Hje cTpaHe jegHa- time (25,1) ca H, na Ao6HBeHe jegHatiHHe nojegimatmo ca6epHmo. H3 Te onepaLmje 4o6Hhemo : 

1 aE 	1 	OH 	4 n _---c  E --67. -4- 	H ot 	c  j E — (H rot-E 	E rot H). 

FlpHmjefbyjyhH no3HaTy cl)opmyny BeicropcKe aHanH3e: 

div (a X b) b rot a — a rot b, 
Ty penaujy moxcemo HanHcaTH y o6nHxy: 

I a 4 
2 c (E2  " 

H 

BeKTop 

a E2+[12 
at 8,a 

S  = X 4 n 

div S. 	 (30,1) 

(30,2) 

Ha3m3a ce Poynting- oB sem- op. 

HHTerpHpajmo (30,1)  no  Hemoj 3anpemHHH 14 Ha ApyrH =max Ha ,gecHoj cTpaHH npHmkijeHmmo Gauss - °By TeopeMy. H3 oBora A o6HheMo : 
6 E 

8 
2 	 

at 	 fj E dt/ 

Axo ce HHTerpHpapme Bpung 110 LIPITaBOM npooTopy, oFfga HecTaje HH TTe..  e- 
rpana no nosptuHHH (nofbe y 6ecxoHar4HoeTH je,gHaito je Hyll P). 4arbe, HH 
rpan 	j E d17  mo)Kemo HanHcaTH y o6nHxy cyme Ee v E no CBHM onTepehe- 

H,Hma, moja ce Hana3e y nonDy H, npeMa (15,7), cTaBHTH 

a evE= —
at 

(r,gje je din  = 

• 

HZ c2  

v2 

 C2  

Ta,rla (30,3) npena3H y 

   

f 1E' n2  
at 	 8 n dvd-Xe9ii,1=0. (30,4) 

Ha Taj Hat-um, 3a 3aTBopeHH cHcTem, KOjH ce cacTojH 143 enexTpomarHeT-
Hor noTha ca LiecTpulama Kt* ce Hana3e y H.emy, 0,13,p)KaBa ce Benxi - u-la Koja 
ce y Haae,geHoj je,gHat4HHH Hana3H y 3arpaAama. ,L pyre' tinaH Tora H3pa3a 

c 	J E—d ( E X H) 

S df 	 • (30,3), 
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je laiHeTmlua emprmja (sajeAHo ca emprmjom mprponal -ba) cBHx gecnitla; 
npBH tinaH je, Aaxne, eHeprHja cantor enexTpomarHerHor norba. npema ToMe, 
BenHHHHy 

E2 +1/2  
= 

8 at  
(30,5) 

momcemo HasBaTH „rycTkma eHeprHje" eneKTpomarHeTgor norba. To je eHeprHja 
jeAHHHL4e 3anpemime norba. 

Ko,rt HHTerpFlpuba no HeK0j KOHat1H0j 3anpemHHH, 1-10BpLLIHHCKH HHTerpan 
y (30,3) yonurre y3emum He imiLle3aBa, na Ty jeAHatimHy moNcemo HanHcaTH y 
o6nHKy: 

( E2 	1-1' 
67 	60T  dV +E&Ain 1=-- — 

 

Sdf, 	 (30,6) 

 

r, je ce ca,aa y Apyrom tinaHy y 3arpa,am cymmpaFbe BpLum canto no HecTimama, 
xoje ce Hana3e, y nocmaTpaHoj 3anpemHHH. Ha nHjenoj cTpaHH ce Hana3H npo- 
mjeHa LienoxynHe eHeprHje rforba 	HecTFma y je,AHHFHAH BpemeHa. npema ToMe, 

HHTerpan S df, Tpe6a cmaTpaTH Kao ebnyxc eHeprHje non.a xpo3 nospunmy, 

xoja orpaHHHaBa ,gaTy saripempmy, TaKO Aa je Poynting- OB BeKTop S rycTima 
Tora cknyKca, K0.1114414Ha eHeprFlje norba, Koja npoTeHe y jeAHHFHAH BpemeHa xpos 
jeAHHHily noBpuilmel-). 

§ 31. Tell3op emprilje—Hmnyaca 

Y npeTxo,rwom naparpacky H3BeJ114 cmo H3pa3 3a eHeprHjy enexTpomarHeT-
Hor norba. H3Be,LIHMO Taj H3pa3 3aje,r1Ho ca H3pa3om 3a Hmnync n'orba y HeTBopo-
,1114MeH31-10HanHOM 061114Ky. 36or jeAHOCTaBHOCTII MH heMo, 3a cau, nocmaTpaTH 
enexTpomarHeTHo norbe 6e3 onTepeheFba. kimajylm y BHAy AamFby npMMjeHy (Ha 
rpasHTamoHa norba), a TaKol-je 14 ynpowhaBaH,e H3BobeFba, o6aBrbahemo HsBobeFbe 
y onmem 06nHxy, He HcTHHyhm KompeTHe BpcTe cHcTema. 141 TaKo, nocma-
Tpajmo Hem,' cHCTeM, sa HHTerpan AjejcTsa HMa 06.11HK: 

S--= f 21(q,  vg 	ic 
)dVdt=-1– AO, (31,1) 

rAje je A HeKa cl)yHxLmja 0,4 BenFituma q, xoje Ae#Hinuy cFicTem, H og 143BoAa 
T14X BenHHHHa no .KoopAHHaTama i4 BoemeHy (3a eneKTpomarHeTHo norbe BenHHHHe q 
cy KomnoHeHTe 4 - noTeHbuijana). 36or KpaTx.ohe oBAje nimiemo caera jeAHy TaxBy 

Beni-Pc-my q. HanomFm.emo, A a je sanpemFmcKH HHTerpan f A dV Lagrange - oBa 

tbymmkija cHcTeMa, TaKo ,Lta ce A moae cmaTpaTH xao „rycmHa" Lagrange-oae 
433/Hxg4je. MaTeMaTHLIKH H3pa3 3a TO, ,IIa je cHcTem 3aTBopeH, npeTcTaBrbeH je 
TM, Aa A He saBFicki eKCI-11114414THO OA Xi — CI-114 1.1HO Tome, LIITO Lagrange-oBa 
styHKLAHja 3aTBopeHor mexaHHHKor cHcTema He 3aBHCH elsCrIJ1141114THO o,g BpeMeHa. 

1 ) IlpeTnocTaBrbamo, 	ce Ha camoj noeptuHHH nocmaTpaHe 3arlpeMHHe y AaTom momeHTy 
He Hana3e tiecTHLie. Y npoTH3Hom cnygajy Ha AecHoj cTpaHH jextHagmHe mopa ce Hana3HTH 
Taxobe H cDnyxc eHeprHje, xojy npeHoce gecTinte, xoje npona3e xp03 nospumHy. 



on 
aq,k  

,06KBeHa penauMja MO}Ke ce Ha II4CaTH y 06n1IKy; 

1ZocnMje ysobje }b a 03HaKe 

T1 = d;k  A— q, ;  

a T;K 

 (31, 3) 
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„JeJHagHHe xpeTarba" (Tj. je,Ha ~I14He norba, axo je pMje 0 Ma KojeM 

homy) ,go6HBajy ce riperla npMHuxny HajMaEber gjejcTBa rloMohy sapHparva S. 

	

,~o61isa Ce (36or KpaTKohe 03Ha914MO 	
d X [1 

os = 
a 	

q

A  Oq +  d A 
 dq, ;  dQ = 

q ,t 

dA
dq + - 

 a 	aA  bq _ ~ q  d  on]
dQ = 0. 

q 	[ 	q a 	ax. \ a , [ 1 	/ 	ax; 	aq, ;  

,L~ pyrH v ~inaH no, FIHTerpanoM, nocnMje TpaHcc)opMHpafba rrpeMa Gauss - oBoj 

TeopeMM, je,Hax je HynH 11pi4 IIHTerpnpaHby no uxjeJZOM npoCTOpy, na oTyRa 
Hana314MO CnHje,ehe „jei(HagHHe xpeTalba": 

	

d aA 	aA _ o 	 (31,2) 

dA aA aq  +  aA dq, k  
ax; _ aq ax; 	aq,k  dx ;  

YBpuiTasajyhM, os,je (3 1,2), K y3eBLIJM y o63Hp ,a je: 

Hana3MMo :, 

aq, k  _ a ~ q 	

axi 	0x1 0; = axk  ' 

aA _ 	

qk~ 	q, ax 
a  ~ OA 

 q 
[ + 

t 

	OA aq, ;  =  a 
 q 

ad  l 
ax 	ax d 	a 	ax 	d / 	 k 	k 	k 	qk k  

C ,pyre CTpaHe, MO}KeMO HarIMCaTH 

	

on 	an  

	

Y 	
Sik 

	

[ 	a k 
TKO ,a je 

aA 	a aA a,k  =  	 
axk 	axk  dq,k  

axi  dq, ; 	aq 

(HapaBHO, CTanHO ce nO,pa3yMHjeBa CyMNpaIbe no gBanyT nOHOBTh HOM HHAeKCy 1), 

,L am,H H3B0, aHanoraH je H3BO,y, KOjF1 ce o6aBJba y MexaHHwI KO, 3KKOHa 

0 ogpxcaF y exeprnje. Taxo ,o6nBaMo: 

l 

	=0. 	 (31,4) 
axk  

HanoMMlbeMo, ,a axo ce HM a He je,Ha, Hero Brnie se3Th4I4Ha q(') 
, oH,a, HapaBHO, 

MjeCTO (31,3) Tpe6a nl3carx 

q'

OA  
a q

~k 
(31,5) 



§31 
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Y § 28 BmAjenm CMO, Aa je je,aHat 	
dA k 

 nixa o6nmxa 	.0, Tj. Aa je 4-4114- 
6Xk  

sepreHuja seKTopa je,rmaKa Hynes, emsnsaneHTHa TBp,111-bH, A a ce o,ApicaBa 

HHTerpan Heicor BeKTopa no minepnoepumm4 f A„ d4 r,aje Ta xkinepnospum-ia 

o6yxBaTa Lljenomynxm TPOAHMeH3H0HaTIHH npocTop. OLimi-ne,gHo je, xta aHanorHo 

cTai-be Emma' H 3a ,u,pieepreHLAPijy Teli3opa; jezniaH 
a Ti k  

HHa 	0, el(BHBajleHTHa je 
d.x ‘  

TepAi-bm, Aa ce ou)Kasa eeKTop P i , Lnlje cy KomnoHeHre jeAHame HHTerpanmma 
o,g Ti A  no xvinepnoapatHHH: 

p i . const. f 

OBaj sexTop mopa 6HTH 14,4eHTman ca 4-BeKTopoM nmnynca cucTema.. 
KOHCTaHTHH ckarrop ripeA miTerpanom y3mmmo TaKO, Aa lieTepTa KomnoHeHTa 
aexTopa Pi , cao6pa3Ho paxmjiim ,geolm-mujama, 6yAe je,Iiama'efieprmjH cncTema, 

nomHo)KeHoj ca 3a TO Hanomexmmo, Aa ce P4  moNce HanncaTx y o6nHKy: 

P4  = const. i TikdS‘.-----  const. 

	

f 	 744 dV; 

aKO ce mxTerpHpaFbe apun4 no xmneppasxm x 4 = const. C ;Tyre cTpame, npema_ 
(31,3) ;imam: 

• dA 

	

T44 = —q 	A (q —ai l. 
aq  

OBa senw-ipisa, cao6pa3so 06w-moj ci3opmynm, Koja nose3yje exeprmjy ca . 
Lagrange osom 1:133/HKIIHjom, mopa ce nocmaTpaTx Kao rycrmsa esepmje cmcTema, 

na je npema Tome — i T44 dV ToTamia exeprmja cHCTeMa. Ha Taj Hatn, i, mopamo 

CTaBHTH const. 	na ce 3a 4-nmnync CHCTM Aeckmskyrmsso xto6Hsa m?pa3 
C 

Pi 	f T ik dS„ . (31,6) 

TeH3op T I K  Ha3msa ce TeH30p eseproje-mmnynca cpicTema. 

Heonxo,u,so je sanomesyni, ,Eta Aecinispiwija TeH30pa Tig y CyLIITHHH HHie 

je,gHo3HaHHa. 	salicTa, TeHsopy Tim  ,geckmmicaHom je,gHaHHHom (31,3) mowe ce 

AOAaTH 
 

sermtnisa 0 6J1HKa 	11likl, 
 

rAje je Yt k l ma  KO:111 TeH3OP asnicilmeTpPIT4aH 
axi  

no HsAeKcHma k, I. Flocnmje Taxse samjese HOBH TeH3Op Tl k moxce 3aAosorbaHaTH a2 im, 

jewiatimHy (31, 4), jep TIOCTOjH 14,geHTHTeT  	TOTaTIHH 4-mmnync cNcTema 

Pi yomuTe ce npHTom He miijeFba, jep npema (6,12)

g   

mo)Kemo nIicaTH: 

I. 	1  f(ds, 6 `11 ` ki  dS1  
a , „„  , 

Oxl 	2 	Ox l 	axk 
) 
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r,gje ce HHTerpHpaHie Ha xtecHoj cTpaHH je,niaHHHe BpLUH no noepuumpi (o6HHHoj), 
Koja „o6aBHja" xHnepnoepLuHHy, no KOj0j ce Ha 11HieB0j cTpaHH je,imaHHHe epum 
HHTerpHpafbe. Ta noepftuma, oHeepumo, Hana3H ce y 6ecKoHaLmocTH TpowimeH-
31-10HanHOr npocTopa, a KaK0 y 6eCKOHa 4IHOCTH He IlOCT0j14 I10113e HHTH HecTplue, 
TO je. Taj HHTerpan jeAHaK .Hynes. Ha Taj HaHHH, 4-Hmnync CHCTM je, Kao LUTO 
H mopa. 6HTH, Berap-uia, Koja je je,E(F103HaT-IHO AeCIDHHHCaHa. 3a je,tmo3Hatmo 
,ElectmHHcame TeH30pa Tig mo)Ke ce ynoTpHje6HTH saxTjeB, Jja ce 4-TeH3op 
momewra Hmnynca (B. § 13) cHcrema H3pa)KaBa 4-HMrlyncoM nomohy: 

f(xi  dPk  — 	f (xi  Tkt  –L  Xi Ti t) dS t  , 	(31,7) 

Tj. Taxa,- ,Eka ce He camo ujenoKynan mom-eHT cHCTeMa, Hero H FberoBa „rycTHHa" 
•H3pa)KaBajy nomohy „rycTHHe" Hmnynca no o6HHHoj itopmynH. 

naKo je O,1peHTM KaKae ycnoe mopa 3a TO 3a,goeorbaeaTH TeH3op eHeprHje 
-Hmnynca. Y ee3H c THM HanommFbemo, ,aa ce 3aKoH upwal-ba momeHTa moxce 
H3pa3HTH, Kao LLITO 3HaMo, TaKo Aa ce cTaBH, je AHBepreHuHja no4HH-
TerpanHor 143pa3a y Mii je,EcHaKa HynH. Ha Taj Ha.T-114H je 

a , 
axi 	

— x„7 .11)== o .
1

Hanomm-bemo, ,rta je 
axi 	

Oil  H 
()To

0 ; oilaTne Hanammo : 
ax, 	 dx, 

oil, Tkt —akI Ti t  = Tki — T1 k = 0 , 
HfH 

Tik 	Tki , 	 (31,8) 

Tj. TeH30p eHeprHje-Hmnynca mopa 6HTH cHmeTpHHaH. 
ilpHmjeTHmo, .tta T, k , ',13,eckHHHcaH c)opmynom (31,4), yonl.uTe y3eBu1k, HHje 

cHmeTpkniaH, anH mo)Ke 6HTH cacTaBrbeH Ha Taj 	Ao,gasaFbem H3pa3a o6nma 
6 

(piki  ca ogroBapajyhHM 

BkLgjehemo ,Aou,HHje (y § 93), ,Eta TIOCT0j11 jegHocTaBaH HatIHH xmpeKTHor 
,ao6HeaHa climeTpHtmor TeH3opa Tik. Kao LUTO je paHmje HanomeHyTo, aKo ce 
HHTerpHpaH.e y (31,6) Bpum no xHneppaeHH x4 = const., oH,Lka P i  Ao6Hea o6nHK: 

Pi=— 1 f T, 4 dV , (31,9) 

rAje ce Hfrerptipar-be BpLIII4 no uHjenom npocTopy (TpoxtumeH3HOHaJIHOM). KaKO 
npocTopHe KomnoHeHTe P1  o6pa3yjy Tp0AHMeH3H0HallHH BeKTOp HMiaynca cllcTema, 

a Bpemexcma RomnoHeHTa je HD eroBa eHeprHja nomHmKeHa ca 	, TO ce KOM- 
C 

 i , 
noHeHTe 	— i 414  mory HaaBaTH „rycTHHa Hmnynca", a (— .T44) — 

c 
exeprHje" (Tj. pecne..KTHeHo Hmnync H eHeprHja jegHHHue .  3anpemmHe). 

36or o6jaun-beuba cmHcna ocTamix KomnoHeHaTa T1k, HanHummo je,D,HaHHHy 

ax, 

„rycTHHa 

ogp.>KaHDa (31,4) y Tp0AHMeH3H0HaJIHOM 0611HKy: 

1 07'44  a T4a 	 1 a Ta o aT Ta  
— 0 

' 	= 0 . ic at 	axa 	is at ± axi3  
(31,10) 



MHTerpHpajmo oBe jeAHat-nme no Hexoj 3anpemHHH V npocTopa. H3 ripe Hmamo: 

	

1 a 	 a 7'4,  
dV f Tc  

	

T44 	
d V = 0 , 

	

at 	 oxa  

HJIH TpaHctopmawijom Apyror HHTerpana npema Gauss-oBoj Teopemm: 

a 
f T44  dV is 	dfcc 	 (31,11) t 

rAje ce Ha AecHoj cTpaHH HFrrer pan ymma no nospruHHH, xoja o6aBHja 3anpe-
mmHy V. Ha nHjeBoj cTpaHH Hana3H ce 6p3HHa npomjeHe eHeprHje, xoja ce 
Hana3H y 3anpempam V. 0,4aTne ca BHAH, ,r4a je H3pa3 Ha AecHoj cTpaHH 
xonHtimHa eHeprHje, xoja npolje xpo3 rpaHmly 3anpemme V, a — iC Tic(  rycnifla 
je Tor cl)nyxca — KOTIHIIHHa eHeprHje xoja npobe xpo3 jeAHHHuy nospumHe y 
jeAHHHnii BpemeHa. Ha Taj HatiHH, rycTHHa cknyxca eHeprHje je,RHaxa je ry CTI4H1-1 
HMnynca nomHmeHoj ca C2 . 

1'13 Apyre je,4HaqHHe aHanorHo Hana3Hmo: 

at c 
6 i (— Tzi3) dV = f 	 (31,12) 

Ha rimjesoj cTpaHH manaam ce npomjema mmnynca cHcTeMa y sanpemmmm V y 

je,rkmmm4m mpemema. Fipema Tome, T
93 

 df13 je xonHHHHa Hmnynca, xojH „HcTetie" 

y je4HHH1414 BpemeHa H3 sanpemme V. Ha Taj Hatum, TTY je rycnnia tnyxca 

Hmnynca. rycTHHa cf -lyKca emeprmje je BeKTop, a rycTmma tnyitca Hmnynca, 
K0j14, je cam no ce6H BexTop, otairnexmo mopa 6HTH TeH3op (KOMII0HeHTa T ap  

Tora TeH3opa je Benwilma a-xomnoHeHTe HMnynca, xoja npoTelie xp03 je,RHH1414Y 
nospumHe, HopmanHe Ha OCH Xp  y jeAmmmqm npemema). 

§ 32. TeH3op eneprllje—Hmnynca enewrpomanieTtior nova 

OnalTe pena4Hje, xoje cmo Ao6pum y npeTxo,ELHom naparpacby, npHmHjeHH-
hemo caAa Ha enexTpomarHeTHo norm. 3a enexTpomarHeTHo noise BenwmHa, 
moja ce Hana3H nog HHTerpalundm 3H aKOM (31,1) npema (26,4), je,rmaxa je: 

	

1  0
Id = 
2 	 1 	aA i 	0 Ak) 2  A -= 

	

16r
r 	

167r ( axe -  ()xi  ) . 

KomnoHeHTe 4 - noTeHnHjana nonDa A g  cy BenHgHHe q. - YspurraBaphem Tora y 
,gecimimiumjy (31,5) Temaopa T ig  mmamo: 

a 1  A 	OA  + 6 ik  Tig — 	()xi 1 0 A1 	A • 

6  Oig  ) 

3a H3patiyHaBaHe 143BOAa OA A, KOjH oB,Rje Aona3H, HanHcaliemo BapHja-
wily 6 A. ,E(o6mBa ce 

6 A = 	1 ( aA i  _ aA k) 6  (  aA,  OiA g\I 	1 	OA, 	aA k  
8 g.  axk 	oxi ) 	dxk 	dx, )----- 	8 n 	dxg 	Oxi  

‘ — 6 _______), 

§31 	 TEH3OP EHEPI-14.1E—MMIIY.FICA 	 79 
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HIIH, nepmyTailmjom HH,geKca  H  y3esum y o63mp ,ga je Fkl 	Fik: 

— 1 (5
aA i

. 

43v 	aXk  
0,gaBAe smAmmo, Aa je 

OA 	1 n, 

aA i  \ a(-----)-- 4z 
Fla, 

axg  
H npema Tome 

1 o A 	1 
Tik_  —4a  a Ixi  Fk1 	167c 

oiiFIL. 

,La 614 osaj H3pa3 6H0 cmmerpHHaH no HHgeKcHma i H k, ,AoAajmo my LinaH 

4 	
a  1 aAi

Fki;  Taj HnaH mma o6nmK H33o,ga 
Oxi

lfikl, jep je : 
7r ax  

aA i   F 	6A iF  it 	A.  Meg, 	dA iFki  
Ox i 	ax, 	 I  axi 	Oxi  

[npeMa Maxwell-of:3mm je,r4HaHmHama (29,2) y mjecTmma rAje HeMa onTepehel-ba. 
aFki   je  

	

	 =  0]  ,  a 3aTo ce,  Kao  LUTO je noKa3aHo y npeTxo,gHom naparpacl)y, 
Xf  

A6 	aA i  
mo)Ke AorlaTm TeHsopy eHeprmje-mmnynca. KaKo je ax 

	
, = 	geckmmi- 

i 	ux/  
THBHO Hanammo cnmjegehm m3pa3 3a TeH30p eHeprHje-HMnynca eneKTpomarHeT-
Hor norba: 

—1  ( 	
1 

F F „ — 	uik) 
4.7c 	 4 

HHje ce TeLLIKO ysjepHTH, Aa TeHsop Tik eneKTpomarHeTHor norba 3agoBorbasa 
3axTjer3 T 

-  tk ^ Tki• Ocmm Tora,  OH ce o,grulKyje oCo6Parom, Aa je 36Hp HzerOBHX 
AlijarOHBIIHHX Hnarrosa. jegHaK Hynes : 

Tii = 0, (32,2) 

H3pa3HMO KomnoHeHTe TeHsopa Tik  nomohy eneKTpHHHor H marHeTHor 
norba. Ha OCHOBy m3pa3a (22,7) 3a KOMII0HeHTe F ik, IlaK0 je HahH c.nmjegehe 
H3pase 3a T ik  : 

r 1 

TccI3  = 442  (E2  112) d
ap . Ea  Ei3 — „, I I p. 

(32,3) 

T4cc = Sa T44 = W, 

(32, 1) 

rgje je W 	81 (E2 

u 	 wn 

	

) rycTmHa eHeprHje norba, a S 	(E X H) — Poyn- 
4 oT 

well- ling - OB BeKTOp. TpmmeHsHoHanHH TeH3op Tap  Ha:3a ce max 	OB TeH- 

3op HanoHa. 
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calla cmo nocmaTpanx norba 6e3 onTepeheFba. Maxta ce Ty Hana3e 
H LiecTH4e, oH,aa cy ToTanHa eHeprHja H Hmnync noma 3aje,AHo ca tiecTiinama 
jej:tHaKH cymH eHeprHje H Hmnynca H jeAmix H Apyrilx, Ti. TOTaIIHH 4 - HMI-V.11C 

je je,rkHax: 

Pi = — — f TikdSk+ 

rAje je pi  = Mcu i  4 - mmnync mecTpula, a cyma ce ymma npeKo CBHx mecTilga 
moje ce Hana3e y norby. Y TpoAHmeH3HoHanHom o6npcy mo)Kemo 3a Hmnync 

non.a. H onTepeheNza HanHcaTH: 

f —S  dV 
c2  

a 3a eHeprHjy, 

f ti/ d V± 

1-1Hje Tell= npoBjepHTH, Aa ce Pi , Koje je AectIHHHcatio npema (32,4), 
cTsapHo oAp)KaBa. 1/13paLlyHajmo npomjeHy dPi  BeKTopa Pi  3a spHjeme dt. To 

ce mo)Ke ypaAHTH aHanorHo oHome, KaHo CMO H3paliyHaBanH npomjeHy onTe-
peheFba y § 28. Y HeKom momeHTy t Pi  ce oApebyje cl3opmynom (32,4), rAje ce 
HHTerpHpakbe spun,' no tiwraBoj xmneppasHrt t = const. Y momeHTy t + dt P, 
ce oApebyje HCTOM cjopMynoM, rAje - ce ca,Ra HHTerpmpaHDe spurn no xHneppaBHH 

t + dt = const., a HmnyncH - ciecTpula y3Hmajy ce y momeHTy t -I-- dt. Pa3nHxa 

fBpHje4HocTH HHTerpana 	Tik dSk Ha THM xHneppasHmma mo)Ke ce HanHcaTH 

y o6.runcy HHTerpana Tik dSk no xHnepnospluHHH, Koja oKpywyje tieTsopo- 

APimeH3HoHanHy 3anpemmHy• meby THM xmneppaBHHma (y 6ecKoHaLniocnt je noise 
jextHaKo Hymi H 3aTO HecTaje HHTerpana no „60 ,4Hoj xxnepnospunnim)". Ha -raj 

HaIIHH je 

dP,.— Tik dSk 	gfid  dpi, 

  

HnH, npema Gauss - osoj TeopemH : 

dPi  = aTk  d,f2 	 (32,5) 
C 	Oxk  

rAje ce HHTerp an y3Hma no 4 - 3anpemHHH me by AsHjema 6ecKoHamHo 6nkicKmm 
xmneppasHHma. 

,LtpyrH tinaH y (32,5) mo)Ke ce TpaHcckopmHpaTH, cnywelm ce je,RHat4mHama 
xpeTai-ba onTepeheFba y noisy (22,5): 

dp, 	e 
=-1- ik 

ds 

oAaKne, mHowelizem ca ds Hsna3H: 

e 
Fik dxk = Fik

dxk  dt. 
dt 

TeopHja no.rba 	 6 

(32,4) 
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Ff1. IV 

Yeobei-Lem rycnme onTepehei-ba Q, Hmamo 

	

dt E  dx, i , 	dt 
f Q

,
rik di 	

k 
 Li V 	Fik d V, 

rAje je jk  — 4- seKTop cTpyje. ,r(o6kmexm H3pa3 mowe ce HarnicaTz 1,1 y o6nkuty: 

= —1 
lc' 

f Ftkik dp, 

rAje ce 14HTerpan y314ma no HcToj 4- 3anpemmut Kao 14 Ro,r4 npsor LinaHa y 
(32,5). Ha Taj Hatnui je : 

dPi ---i 	( aTik•  + 1  Fik ik )d12. 
c 	axg   

C pyre cTpaHe, nomohy Maxwell-loam je,r(Hatipma mo)ice ce ,i1oKa3aTH, 

Aa oBgje HecTaje noAHHTerpanHor H3paSa, TaK0 Aa  je dPi  jeji,HaKo Hynes, Tj. 

Pi  ce cTaapHo o,ap)Kasa. Cny)Kehm ce M3pa3om (32,1) moHcemo nHcaTH: 

aTip =  1 ( 	1 ae,,, 	, a 
-r 	1. 11 I kl) -=  

ax g 	 4 ax 	axk  

1 	1 13 F1 aFil  
Flm + 	Fki+ aFki  F11). 

4 .yEA 	2 Ox i  

lipema Maxwell-omm je,TAHaxmiama (25,5) 14 (29,2) CTa514M0 os,Rje 

OFIk 	4:-/t 	aF,,, 	OF,„ 	aFit  
a Xk 	C 
	I

re ax i 	()xi 	ax,, 

14 y3mmmo y o63mp, Aa je TeH3op F11<  aHTHcHmeTpHtiaH, na Hmamo: 

oTi k 	1 	1 OFfiiiFim+  1 aFi., 	OF, i  
1.,117 -r — I 	 1  11 Jr 

, 
ax, 	442 axt 	2 dx, 	oxk

/ 

TpaHcno3nwljoM pnixteKca naKo je noKa3aTH, Aa ce npBa TpM LinaHa Ha 

.11ecHoj cTpaHH me1jyco6Ho noHmulTaBajy, na Taxo Aonaaktmo tEko Tpa)KeHor pe-
3ynTaTa: 

OTik 	1 
= 	Fik ik • 

a Xk 	C , 
(32,6) 

OBa jeAHatimHa, Koja je yonurreHoe je,RHatipme (31,4), maTemaTHEIKH je H3pa3 
3,asoHa oApKaHDa eHeprMje 14 Hmnynca enemTpomarHeTHor nonDa 3ajexmo ca 
mecipmama 'foie ce y Fbemy Hana3e. Mao LLITO ce moNcemo yBjepHTH, tieTspTa 
KomnoHewra oBe je4HatIHHe nomana ce ca je,EtHatiHHom (30,1). 

3 anat.; 	: 

1. 0,ape,ax -rm rname HpHjeAHocm TeHaopa eHeprHje—Httnynca enexTpomarHerHor norba. 
P j e u1 e e: TeHaop Tik  cHoAH ce Ha ,aujaroHanHH 06n14x y KoopAHHaTHom cHcremy, 

rAje cy HeKropvi E 13 H napanertHH. Y TOM cmc-remy je: 

— T11  = T22 = T23 = - T44 = W 
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(oca X je yea y npaBuy o6a BexTopa noma), 
AKO cy HeKTopH E 14 H melvco6Ho mopmanFut H jenHaKH no anconyTHoj senH4HHH, oHna 

ce TeH30p roc  He moxce CBeCTH Ha AmjaroHanim 061114K. KOMHOHeHTe Tlk  Koje cy paarnigHTe 
OR Hyne y TOM cnyttajy cy: 

— T3 3 — — — W 

(oca X je y3eTa y npasny E, a oca Y y npasuy 11). 
2. Hahm Lorentz - °Be TpatictopmauxoHe cj)opmyne 3a KomnofieFrre Tem3opa eHepriije-Hr4- 

..nynca eneicrpomarHeTHor norba. 

Pje ui e rb e: IlpeMa ornimim topmynama (5,4 — 5) xo6xeamo: 

1 	 V 
xx 	e2 	e2 	 YY 	YY' Yz 	Yz) 

+ 2 -- S'x  X-2- WI) , T 	T = Ti TXX =--- 

T — xY 
1 V 

Al, 	_V2 ( 
S'

Y)' 
Sx  = [S'x 
	2 

 (1 -I- -VI) + VW' ± VT' xx ], 

S 

	

1 	 1 	V 	 ,3%, — VT' 	= 	(1P -1- 2 Six  + —
174 

T' Al 	V2  ( 1— 

	

xY) 	
1 	

c2 

	

' 	V 2  
— — c2 	el% 	• XX 

aHanorrie topmyne 3a S z, Tx,z ,  Tzz . 

§ 33. TeopeMa BllpHana 

flocmaTpajmo cmcTem liecTima KOje MebyCO6H0 He AjejcTsyjy. 1-1014xoB 
-onuITH 4- iimnync mmxe ce HanHcaTH y FixTerpanHom 06.17HKy yi3o,gehm Ha Quo-
sapaiyhm HaT1HH o,apebeHm TeH3op eFteprmje-xmnynca. Y Ty cepxy onticm3a-
hemo pacno,Rjeny maca y npocTopy nomohy „rycnIxe mace", axanorHo nocTynxy 
rip onmcm3auby pacnujene TalixacTHx onTepehefLa nomohy Ffrmxose rycTxxe. 
AHanorHo cjJopMynH (27,1)  3a  rycTmHy onTepehea,a rycnixa mace moNce ce 
HankicaTi4 y o6nHxy : 

	

(r — rA), 	 (33, 1) 
A 

TAje cy rA  paAmyc:13exTopm (3exTopm nonmxaja) liecTpma, a cymmpal-be ce Bpum 
CBHM tiecTmlama CHCTeMa. 

„Fycnifia 4 -mmnynca" tiecTkma nmue ce y o6nmy Acu i . Mao air° 3Ham0, 
i 

	

Ta rye -flu-la npeTcTaBma Komnoxerrre 	 TeH3opa exeprHje-mmnynca, Tj 
C 

T4 cc  = 	I It c2  ul. Ho, rycTpixa. mace /I, ripeTcTaBma Bpemexcxy KOMHOHeHTy 

itt 
	- 4 - sexTopa  

c dt (a3anorHo rycTHHH onTepeheapa, B. § 27). IlpeMa Tome je 

TeH3op erieprzje-limnynca cmcTema NecTnia, xoje mebyco6Ho He AjejcTsyjy: 

dx i  dx k 	ds 
Tik 	C 

dS 	
dt = c ut- 

dt 	
, (33,2) 

'OBaj TeH3Op je, xao IIITO TO  H  mopa 

6* 



CTaBmajyhm oBAje ds c  dt V2 H ymjecTo p, — cymy (33,1), Hana3Hmo,  

- E M A C2  

A 
o (r — r c2  

V 2A  (33,3) 
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H3panyHajmo 36Hp AHjaroHanmix tinaHoBa TeH3opa exeprHje—Hmnynca. 
(32,2), Tj. BenHt4Hy T 1 . Hmamo: 

ds 	ds 
Tii  Acu u• 	— • 

dt 	dt 

BH,TAHmo, cneujanHo, Aa  je T11  < 0. 
.TlaKo je noKa3aTH, Aa H3pa3 (33,3) 3a Tii  Ba)KH 3a ma KOjH cHcTem Ha-

enexTpHcaHHx tiecTmla Koje mebyco6Ho AjejcTsyjy. CTBapHo, TeH3op eHeprHje 
--Hmnynca TamBor cHcTema morao 6H ce HanzcaTH y o6nHxy cyme TeH3opa 
"(33,2) H TeH3opa eHeprHje—Hmnynca eneicrpomarHeTHor noma, Koje nee-rime 
cTBapajy. Ho 3a enexTpomarHeTHo nome yBHjeg. je Th .= 0 (§32). Ha Taj HaqHFE 

moNcemo yTE.p.AHTH, Aa je 3a CBaKYI CIOH3HtIKH cHcTem 

0, 	 (33,4) 

rAje 3HaK jeAHaxocTH BaxcH CaMO 3a enexTpomarHeTHo nome 6e3, eneKTpw4HHx 

onTepehma. 
FlocmaTpajmo cHcTem HaeneKTpHcaHHx tiecnno, KojH spu ,' TaKBO xpeTaFbe,. 

npH Kome ce cBe RapaKTepHcTHLIHe BernigHHe 3a Taj CHCTM (KOOIDAHHaTe, HM-

nyncm) miijeH:,ajy y Koliagiimm HHTepBanHma. 3a Taxa() KpeTaH.e Kaxce ce, Aa je 
KBanicTatmoHapHo. 0,gpeAHmo cpeohy Bpuje,tmocT no BpemeHy ToTanHe eHep-

rMje & cHcTeMa. Y Ty cBpxy HAP' hello cpeAEby BpHjeAHocT no BpemeHy Apyre 

oxt je,EtHaT-HiHa (31,10). FlpH TOM Tpe6a HmaTH y situ Aa je cpen,H,,a BpmjeAHocT 

a  , 

	

H3B0,Ita 
oT 	 jextHalca HynH, Kao H yoniuTe m3BoA cBaKe BenHtume, Koja ce 

at 
mmjeFba y KoHa9Hom -HHTepBany 1). Ilpema Tome Hanaammo: 

a  T iT =O. 
ak 

nOMHO/KHMO Ty je,rtHatn4Hy ca X a  H HHTerpmpajmo no 14Hjenom npocTopy, 

TpaHctopmHpajmo HHTerpan npema Gauss - oBoj Teopemm, Hmajyhm y B14.4Y. 

Aa je y 6eCKOHaHoCTM Ta R 
= 0 (KpeTafbe ce BpLLIH y orpaHmeHoj o6nacTpr 

npocTOpa), na 3aTo HHTerpan no nospungHH Hintie3aBa: 

X a 
dT

a 	r
R  

dV = 
aXa Tap dV = 164 	= 0, • f  CbC 

df 
1) HeKa je f TaKaa Bernitma. Tapa je cpemsa 31)1 ,1 .1=4'3cl.  H33o,tia — 3a Helm BpemeH- 

dt 

CK13 HHTepaan T jeAHaKa 

Tij 	?' di 	f (1)  7" ,/(  
dt 	T dt  

0 
KaKo ce 1(0 miljeFba canto y KoHa4HHm rpaminama, To npH HeorpaHHtleHom noBehaBaH.y T cpem-ba. 

BpHjBAHOCT — CTBaPHO TexcH 

	

dt 
	Hynes. 
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nnm AeCtIHHHTHBHO : 

as dV = O. 	 (33,5) 

Ha ocHosy ose je,gHaHmHe moxemo HanmcaTm 3a HHTerpan o,4 Tii  T -FT  • aa 	44  • 

f dV 	 — 6  . 

1-iaj3aA, yspurrasajyhm ouje H3pa3 (34,3) 3a T 	Halla3HMO: 

 

 

V 2  
-6= mA 	 A 

C 2  
A 

(33,6) 

Osa penaumja, xoja ouebyje cpex-by spmjekuiocT eHeprHje KO, KBa3HCTa-
w4oHapHor xpeTalba, npeTcTaarba penaTmsmcTmmxo yornuTem.e Teopeme smpmana 
Knacmtme -  mexaknce"). 3a  mane  6p3HHe penauHja (33,6) npenam y 

~
m A Z A  

Tj. cpe,ru-ba spmjeAHocT ToTanme eHeprHje 043ocTasrbajyt4 eHeprHjy mmposaH.a) 
jeAHaxa je CpBAHD0 .1 BpHje,r(HOCTIA KHFIBTHHKe eHeprHje, y3eToj ca cynpoTHmm 
3HaxoM. To je y carnacHocTm ca pesynTaTom, Rojm Aaje xnacmgHa Teopema 
skipmana 3a cmcTem HaenexTpmcaHmx Hecrmua (Role mebyco6Ho AjejcTByjy npema 
Coulomb - OBOM 3axoxy). 

HanomeHmmo, 	je (6j  <  EinA c2, Tj. cpe.,41-ba spmjeAHocT TOTaJIHe eHep- 

A 
rHje mai-ba je OA cyme exeprxja mmposaFba tiecTmua. Taxo H mopa 6HTH, jep 
6x ce y npoTmeHom cnyt.lajy Hecrmue morne pa3neTjeTm AO 6ecRoHatiHocTm 
xpeTaH..e He 6H 6mno xsa3mcTaumoHapHo. 

§ 34. TeH3op eiteprfije-nmnynca maRpocitoncKllx THjena 

flocmaTpajmo caAa Hexo maxpocxoncxo TMjeno H oApeAmmo HDeroB TeHsop 
eHeprHje-HMnynca. 

clpnyxc HMIlyJICa Kp03 enemeHT df nospLume THjena HHje HMUITa Apyro 
Hero cmna xoja Ajejcmyje  Ha  Taj eneMeHT nospLunHe. [Thema Tome Tap dip  je 
a-Ta v.omnoHeHTa cline, xoja jejc -rByje Ha enemeHT nospu•He. YnoTpe6mmo 
cajla cmcTem peckepeHumje,  y  }come AaTm enemeHT 3anpemmHe THjena MHpyje. 
Y TaKBOM CHCTeMy pettepeHumje sawn Pascal-os 3aKOH, Tj. npHTncaK, KOjH BpLLIH 

,/,gaTm Am() THjena je,rmax je y CBHM npasumma H yBHjeK je HopmanaH Ha nospinmHy, 
Ha Rojy AjejcTsyje 2). ripema Tome mowemo nmcaTm Ta p df p =p'df„, oxaxne je 

Tap ------poa p, 

1) Blink! manp. „Mexammxa", § 14. 
2) Crporo pegemo, Pascal-oB 3aKOH aaam camo 3a Teqmoc -rm H racoee. Mebyrmm, 3a 

Hspera THjena maKcamanme moryhe pa3nmice rIOHTHCKa y pa3HHM npaaumma meamarme cy y oAmocy 
_ma npwrmcKe, KOjH Mory mrparm ynory y TeOpHjii penarmawrera, na 1-bHX0B0 yammaibe y o63mp 

Hje Frrepecawrmo. 

6—E M A C 2  = — 
A 	 A 2  
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rAje je p — npHTHcax. THjena. WTO ce THHe xomnomeHaTa Tao , Koje npeT- 

cTaBrBajy rycnniy Hmnynca, oHe cy 3a AaTH enemeHT sanpempiHe THjena jeAHaxe 
HynH y nocmaTpaHom cmcTemy. KomnoHeHTa T44 , nax, Mao H ysHjex, jeAHaxa je 

ryCTI4H14 eHeprHje THjena, }cob ,  heme osAje 03HaHHTH ca S. OH,ga je —8 ,otiHrne,rwo, 
C2  

rycTHHa mace THjena, Tj. maca jeAmizue Eberose 3anpemme. Barba HcTahm, Aa 
je oBzje pHjeti o je,AHHH4H „concTBeHe" aanpemHHe, Tj. 3anpempiHe y OHOM 

cHcTemy pecbepeHuje y }come AaTH AHO THjena MHpyje. 

Ha Taj HatH4H, y nocmaTpaHom cHcTemy peckepeHuje TeH30p Ti k (3a AaTil 

AHo THjena) kima o6nm: 

T, 

p 0 0 0 1 

0 p 0 0 

0 0 p 0 

(0 0 0—s) 

(34,1) 

CaAa je naxo Halm H3pa3 3a TeH3op eHeprHje-Hmnynca maxpocxoncxor 
THjena y ma xom CHCTM pecl)epeHuje. 36or \Tora. yBOAMMO 4.6p3mHy ui  maxpo-

cxoncxor xpeTafba enemeHTa 3anpemmie THjena. Y TOM CHCTM petiepeHLAHje, 
rAje AaT14 enemeHT mxpyje, xomnoHewre Fberose 4-6p3HHe je,rmaxe cy uo:  = 0,. 

114 = 1. I'13pa3 3a. T t k mopa 6HTH TaK0 H3a6paH, Aa y TOM cHcTemy Ao6lisa 

063- 13x (34,1). flaxo je flOI{3TM Aa je TaxaB 

(13  ± E) ui ilk + P Oik • 
(34,2) 

OBaj ,H3pa3 oApebyje TeH30p eHeprHje-Hmnynca maxpocRoncxor Tpijena. 
1-beroBe KomnoHeHTe, Hanl4caHe y TpomimeH3HoHanHom o6nHxy, cy: 

Ta p = 
(p e) v a  v 3  

+P aco, 

  

(I — ) c2  
c2  

 

(34,3) 

 

T44 = 

v 2  

8 	P  C2  

 

 

v 2  

c2  

 

Axo je 6p3HHa v maxpocxoncxor THjena mana y wocy Ha 6p3HHy csje-- 
, 

TTIOCTH, oH,ga je npii6nllx(Ho Tao 	
i 

— 	, e) v Kaxo je 	J ail = — kp+ e)v cc  
C2  

rycnnia Hmnynca, BHAH ce, Aa ynory ryoTHHe mace THjena Hrpa y TOM cnytiaiY 
1 	, 	, 

3611p — (1) 	8 1 
c2  
1/13pa3 3a T1k  nojeAHocTasi-byje ce y cnytiajy, xa,ga cy 6p3HHe CBia 

xoje yna3e y cacTaB maxpocxoncxor THjena, mane y wocy Ha 6p3HHy csje-
TllOCTII (6p3ma, rim maxpocxoncxor 	mo)Ke 613TH lip0143BOTIDHa). Y TOM 

cnytiajy y rycTHHH eHeprHje e mory ce 3aHeMapHTH csH FbeHH AjenosH, K0j14, 



2 
VA 

8-3p =:nlik c2  
C2  

A 

(34 , 6) 

V 2 nm 
3 P 

V2 
1— 

CQ 

(34,7) c2  
V2  
C2 
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cy manm y oxkHocy Ha eHeprHjy mmposaH3a, Tj. moNce ce nmcam 	ymjecTo 6, 

ruje je p  36mp maca LiecTmua, xoje ce Hana3e y jegmHmum (concTeeHe) 3anpe- 
mmHe Tmjena (Harnawasamo, Aa  y onurrem cnytiajy Tpe6a pa3nmxosaTm 411, oxt 

Tatime rycmHe mace Tmjena — , moja y ce6m yKmy4yje H macy xoja npom3na3m 
C 2  

o,Ek eHeproje mmy_pocxoncxor xpeTaFba liecTmua y Tmjeny N eHeprmje Fbmxoeor 
ysajamHor AjejeTea.). Lam ce mme npmTmcma oApeheHor eHeprkijom mmxpo-
cxoncitor xpeTaFba monexyna, OH je y nocmaTpaHom cnytiajy, Hapamo, Taxobe 
manm y ortHocy Ha rycmHy eHeprHje mmpoeaFba itc2 . Ha Taj HaLIHH, 3a m3pa3 

T1k Hana3HMo: 

T = ILO u1 ak . 	 (34,4) 

143 m3pa3a (34,2) Hana3Hmo T11 . - 8+3p. OnwTa oco6mHa (33,4) 
TeH3opa eHeprmje:Mmnynca ma xojer cmcTema noxa3yje ca,ga, ,Ra sa npmmcax. 
N rycmHy maxpocxoncxor Tmjena yBHjeK Ba>K1,1 HejexmaKocT 1 ). 

p<3-  (34,5) 

• 
YnopeAmmo penaumjy 	 ca onurrom cpopMynoM (33,3), Koja, 

xao WTO CMO Blipjenki, eawm 3a ma Roje cmcTeme. Bygyhm Aa  ca,4a nocmaTpamo 
maxpocxoncxo THjeno, oH,qa 3a ii3pa3 (33,3) Tpe6a ysem cpew-by BpHje,UHOCT 
3a cse 1301,1je,11HOCTH r y jeAHHHLAH 3anpemmHe. Y pe3yriTaTy ,Ro6msamo: 

(cymmpaFbe ce epum npexo LiecTmua, Koje ce Hana3e y jea-im' 3aripemmme)• 
ilpmmjeHmmo ,go6mseHe cl)opmyne Ha kmeanHm rac, 3a Koji ,' npeTnocTaarbamo, 

Aa je cacTaerbeH 1-13 je,Emalaix qecTmila. By,gyiriki ;la tiecTHLte kuteamior raca 
He Ajejc -rayjy jeAHa Ha Apyry, moryhHo je npmmjeHmTm ckopmyny (33,2) nourro 
ce npeTxo,RHo y3Me HDeHa cpextfba epmjeilHocT. Ha Taj 3a mAeanHm rac je 

T11, = nmc dt ds 

r,gje je n 	6poj gecmua y je,ruifikam 3anpempule, a upTa o3Hatiana cpe.11Eby 
spkijez,HocT ripeico CBPIX tiecTmua. AKO y racy He 110CTOjH Hmxaxeor maxpocxon-
cxor xpeTai-ba, oHAa c Apyre cTpaHe 3a Tik mmamo m3pa3 (34,1), YnopebmBal-be 
OBHX rtopmyna ,goB0,414 AO jextHaLDIFia: 

dx1  

Oise je,rmat4mHe o,rApebyjy rycmHy H ripliTmcalc penaTimpicTpitmor mAeanHor raca 
nomohy 6p3HHa tiecTmua. ,Lipyra OA 1-bHX sammjel-byje nosHaTy cbopmyny Hepe-

flaT141314CTHLIKe xmHemtixe Teopmje racona. 

1) rpaH144Ha sptijeAHocT p  =  8-- 
3 

nocriixte ce camo aa enetcrpomarHeme -ranace. 
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CTAJIHO II0JbE 

§ 35. Coulomb-os aaKoH 

3a CTaIIHO (KOHCTaHTHO) eneKrpH9Ho, Hnx, KaK0 ce 06H4Ho Kawe, eneK-
TpocTaTHI4Ko none, Maxwell-ose je,gHatugHe Hmajy o6nHK: 

div E= 4 TC 	 (35,1) 

rot E = 0. 	 (35,2) 

EneKTpmtmo name E H3pa)KaBa ce camo nomohy je,gHor cKanapHor noTeHimjana 
penamHjom: 

E = — grad cp• 	 (35,3)  

YBpCTM 1114 ce (35,3) y (35,1) ,go6HBa ce je,g,HaLiHa, Kojy 3a,gosorbaBa 110TeH-

Lmjan cTanHor enerrpH4Hor nova: 

A 99 = — 4 g Q. 	 (35,4) 

OBa je,gHaHHHa ce Ha3mBa Poisson-osa je,gHatm4Ha. CneumjanHo, y BaKyyMy, Tj. 

rAje je = 0, noTeHLHjan 3a,gosorbaBa Lap& ce-Day je,gHatimHy: 

A 15 = O. 	 (35,5) 

143 nocrbe,gFbe je,gHatulHe cnmje,gm, cnemHjanHo, ,ga noTeH4mjan eneKTpmtmor 
nova Hmr,gje He moNce mmaTH H14 maKcHmym HM MHHHMYM. H 3aHcTa, ;la 614 Cp 

eKcTpemHy Bpktje,gHocT, Heorixo,gHo je Aa CBH ripBm H3Bogii 0.4 cQ 

	

trp 	62,p 	621)  
no Koop,gHHaTama 6y,gy je,gHaKH Hynm, a ,ga ApyrH M3BO4H 	 

ay2 	oz 2  
mmajy jeAHaKm 3HaK. MebyTmm, nocrbe,gfbe je HeMoryhe, jep Ta,ga He mo>Ke 6Hrm 
HcnypbeH ycnoB (35,5). 

0,gpealmo ca,ga none, Koje cTBapa TatixacTo onTepeheFbe. 36or cHme-
Tpmje je jacHo, ,rka he none 614TM opmjemlicaHo y cnalcoj TaL1KM UN( parmyc-
Beicropa noBygeHor M3 Ta'-iKe, y Kojoj ce Hallam onTepeheibe e. 0,1:LaB,ge je 
jacHo, ,ga he anconyTHa Bpmje,gHocT E nova 3aBMCMTH canto oIL pacToja}ba R 
ox( onTepehel-ba. 3a Hanawefbe Te anconyTHe BpHje,gHocTH npmmmjeHmmo je,gHa-
timHy (35,1) y HHTerpanHom o6nnKy (29,5). GIDnyKc enex:rpitulor nova Kp03 CC1)epHy 

nospluxxy nonynpe , --ta R y3eTy oKo orrepehei-ba e, je,gHaK je 47r R2E. Taj 
stnyKc mopa 6HTM jep,HaK zl/r e. 0,gaBge Hana3Hmo: 

— -
R2 
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Y BeKTOpCKOM 06JIHKy  none  E moxce ce HanncaTH y o6nHxy: 

e R 
E — — • 

R 3  
(35,6) 

Ha Taj HaT*IH je norbe,  xoje  H3a3HBa TatixacTo onTepeheFbe, o6pHyTo nponop-
41i0HaJIHO KBagpaTy pacTojaH.a. cm  Tor onTepeheFba. To je TaK03BaHH Coulomb-GB 
3axoH. noTeHnHjan Tora norba je, otiemalo, 

(35,7) 

AKO Hmamo CHCTM onTepeheHpa, oH,Eta je norbe, xoje Taj cHcTem H3a3HBa 
npema npimuliny cyneprioammje, je,aHaKo CyMH norba, xoja H3a3HBa -  caaKo 
on -repehei-be nojeAHHat-mo. Cneujamio, noTemmjan TaKeor norba je : 

e A  

RA 
A 

rAje je RA pacTojaFbe on onTepeheH.a. eA  ,Ao Tatnce, y xojoj noTeHnHjan Tpa-
mthmo. AKO  ce  yBejle ryc•Ha onTepehefba 	Ta cl3opmyna Ao6Hea o6nHx: 

dii 
cp.  = 	

Q f u.v , (35,8) 

rAje je R pacTojaFbe o,r( enemeHTa sanpemmHe d V Ao AaTe Ta-Ice. 

Ouje hello HasecTH H maTemaTH ,ncy penanHjy, xoja ce xto614Ba, KaAa ce 
Benpitimme Q H 99 3a TagicacTo onTepehel-be 3aMl4jeHe y (35,4), 'FL xa,ga ce 

cTaBH Q = e a (R) H q9 = —
e 

. Taga Hana3Hmo : 

OY). 	 (35,9) 

§ 35. EmeicrpocTamtiKa exepruja onTepeheiba 

flocmaTpajmo C14CTM onTepehel-ba H oApe,ammo Hperosy eHeprHjy. flohH-
heMo oi( nojma eHeprHje norba, Tj. oA I-i3pasa (30,5) 3a rycTHHy el-ieprl4je. EHep-
rHja cHcTeMa onTepehel-ba mopa 6HTH jextHaxa: 

1 
E2  d V , 

rAje je E norbe, 143a3BaHo THM onTepeheH.Hma, a HH -rerpan ce y3mma no Hmje-
nom npocTopy. AKO ce oBAje CTaBK E — grad ?, U • ce moxce TpaHccbopmH-
pant Ha cnHje,AehH 

U 	
1 

 — 	E grad cp dV — 	f div (E (p) dV —
1 

f cpdiv E dv . 

8n 	 8,7r. 

1 

R 
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rIpam OA OBHX mmTerpana, npema Gauss-osoj Teopemm, jegHax. je HHTerpany 0,4 
E y no nospunAHH, Koja orpaHH4aBa 3aripempmy HHTerpHpafba. Ho, 6yAyhm Aa 
ce mmTerpmpapbe BpLum no njenoKynHom npocTopy, a y 6ecKoHatiHocTH je non.e 
jeAHaKo HyJIH, mmTerpan mwtie3aBa. CTaarbajyhm y Apyri4 mmTerpan div E = 4 a Q 
(35;1), Hana3Hmo cnHjegehm H3pa3 3a eHeprHjy cHcTema onTepehefba: 

U-- 
1 

fQcpdV. 
2 

(36,1) 

3a cHclem TagRacTmx onTepehefLa eA  ymjecTo HHTerpana mo>Ke ce HanHcaTH 
cyMa npeKo onTepeheHDa : 

1 
U= 

2 
2.1 eA (PAP 	 (36,2) 

rAje je PA— noTemumjan norba, Koje cTBapajy cBa onTepehel-ba y TatiKH rAje 
ce Hana3H onTepeheH.e eA . 

Flpema Coulomb - oBoM 3axoHy, aKo ce go6HBeHa cloopmyna npHmHjeHH Ha 
jegHy enemeHTapHy onTepeheHy LlecTELty (peLAHmo Ha eneKTpoH) H Ha nome, 
Koje OHa npoH3Baba, Aona3Hmo Ao 3aKlbyt1Ka, Aa onTepeheFbe mopa HMaTH HeKy 

„concTsemy" noTeHnmjanHy eHeprmjy, jegHaxy —

e

, rAje je cp noTem.nijan norba 

Koje cTBapa onTepeheube y MjecTy rAje ce Hana3H. Ho mm 3Hamo (B. § 8), ',Eta 
y TeopHjH penaTHBHTeTa cBaKy enemewra.pHy tiecn.ly Tpe6a cmaTpaTH Kao 

TatmacTy. FloTeHLAHjan, naK, , cp = PheroBor norba y Tatn414 R=0 nocTaje 

6ecKoHatiau. Ha Taj HatIHH, Ha OCHOBy eneKTpogmHammKe, eneKTpoH 614 mopao 
HmaTH 6ecKoHai-iHy „concTBeHy" eHeprHjy, a npema Tome H 6ecKoHatniy macy 
(jeAHaKy eHeprHjy 110AHjerbe.H0j ca c2). CID143144Ka ancypAHocT Tora pe3ynTaTa 
noRa3yje, Aa Beh OCHOBHPI ripHHI..ninH came ent.KTpoAHHammKe AoBoge go Tora,. 
Aa fbeHa npHmjeHa mopa 614TH orpaHmtleHa ogpeheHmm rpaHmgama. 

HanomHH.emo,. Aa ce 3 6or Ao6HBeHmx pe3ynTaTa 143 eJleKTp0AHHaMHKe, ;la je 
„concTBeHa" eHeprHja H maca 6ecKoHaLma, He mo>Ke y eneKTpoAHHamHLAH nocTa-
BFITH nkraH.e, Aa TIH je cBa maca eneKTpoHa eneKTpomarHeTHa (Tj. Be3aHa ca 
eneKTpomarHeTHom concTseHom emeprHjom tiecnine). 

KaKo je nojaBILHBafbe 6ecKoHatme concTBeHe eHeprHje, Koja Hema C1314 314- 

Lixor cmmcna, Be3aHo ca THM, ,Aa TaKBy LiecTmuy Tpe6a nocmaTpaTH Kao Taq-
KacTy, TO mo>Kemo 3aKrbytu14TH, Aa enexTpoAmHammma, Kao J101 - 14HHO 3aoxpyx<efia 

(1)143HLwa TeopHja, nocTaje cama y ce6H npoTHapjegHa npH npenasy Ha AoBon.Ho 
mana pacTojai-ba. Mme ce nocTaBmTm nmTam,,e 0 Tome, xaKaB je peg BenkNHHC 

THX pacTojaH.a. Ha TO miTaa.,e mowe ce oAroBopHTH, aKO ce HanomeHe, Aa 6H 
3a COTICTBeHy eneKTpomarHeTHy eHeprHjy eneKTpoHa Tpe6ano Ao6HTki BpHjeAHocT 
pega BenHtmHe eHeprHje mHposaH.a mc 2 . 

AKO ce, c Apyre cTpaHe, nocmaTpa eneKTpoH Ca H3BjeCHHM AHmeH3Hjama 
2 

Ro , oFuta 6H fberoBa concTBeHa noTeHujanHa eHeprHja 6Mna peAa —
e

. 143 yc- 
R0 

JI0Ba, 
e2  

Aa o6je Te senmtimme 63, ,y mcTor pega, mana3mmo: 
R0  

e2  
Ro 	 

m c 2  
(36,3) 
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Ome gmmeH3Hje (oHe  ce  Hanmajy „nonynpegHlut." enexTpoHa) ogpebyjy 
rpaHmle npHmjeHn.HBocTH enexTpogHHammxe Ha enexTpoH,...Koje npox3na3e seh 
H 113 COFICTBeHHX OCHOBHHX ripHHukina. Tpe6a yocTanom HmaTH y Bmgy, ga cy 
ycTsapm rpm-1141.1e IlpliMjeHJbHBOCTH eneKTpogimammKe, Koja ce ongje 173naxte (oHa 
ce o611tmo Ha314sa „xnacHtma") nomaKHyTe mHoro ,garbe 6.TlarOgapehl4 KBaHTHHM 

nojaBamal). 
BpaTHMo ce r1OHOBO Ha cipopmyny (36,2). nOTeHLIHjaT1H CPA KOjH ce y }boj 

Hana3e, jegHaKH cy npema COidomt-oBom 3axoHy: 

e 8  
CPA = 

• 	RAB 

(36,4) 

rgje je RAB pacTojaH,e meby onTepelleH.wma eA , eB . 143pa3 3a eHeprmjy (36,2) 

CaCTOjH ce. H3 ABa gmjena. I-Ipso, OH cagpim 6ecxoHa9my KOHCTaHTy „C011- 

cTBeHy" emeprHjy onTepehea,a, — Koja He 3aBHCH oA amxosor mebyco6Hor 
pacnopega. ,E1pyrm gHo je elleprHja y3ajaMHor ,gjejcTsa onTepeheH.a, Koja 3aBPIC14 

O A 14314X0BOF pacnopega. OtlemigHo, cam° Taj ,a110 H pima C13143H4KH cmHcao. OH 

je jegHaK 

rgje je 

RAB 
A t 

noTemmjan y Tatum rgje ce Hana3H eA, KojM H3a3mBajy caa anTepehepba OCMM 

eA . 1-1Ha.Tie ce moxce HanHcaTH: 
eA  eB 
 U' 	 (36,7) 

2 	RAB 
AO B 

CneumjanHo, eHeprilja y3ajamHor gjejcTsa Asajy onTepehefba je: 

ty __e,e2 _ 

R12 
(36,8) 

§ 37. Ilwbe HaeneFapficaHe LtecTlluke, Koja ce paBilomjepuo xpehe 

Ogpegmmo none npoy3poKosaHo onTepehel-beM e, maga ce TO onTepeheFbe 
paBHomjepHo xpehe 6p3HHOM V. HenoxpeTHH CJ1CTM pecbepeHumje Ha3sahemo 
czeTem K, a cHcTem peckpeHuoje, KojH ce xpehe 3ajegHo ca okrepeheFbem, 
CHCTeM K'. Hexa ce onTepehel-be Hanam y KoopgmaTHom nogeTxy CHCTMB 
K'. CHcTem K' xpehe ce y ogHocy Ha K napanermo ocm X, a ace y 14 Z cry 

napanenHe ca Z'. Y momewry t= 0 o6a ce KooppniaTHa not -le -1.Ra noKna-

najy. flpema Tome cy KoopgmHaTe onTepehel-ha y CHCTM K X = Vt, y =z = 0. 

Y epicTemy K' 110CTOjH CTa.T1H0 enexTpHtmo rime C BeKTOpCKHM noTeHumjanom. 

A' H manapHlim, Koji(' je je,u,HaK 99' = 
R - 

rAje je R'2  = x'2 + y '2 + z'2 . Y 

CHCTM K je npeMa (23,1) 3a A' = 0: 

({) 

        

       

(37,1) 

       

       

 

v2 
1 

C2 
 — R V 2  

  

C! 

  

U'. 
1 

(P f A 

eAT'A, 

e B  

(36,5) 

(36,6) 

KBaHTHH ecpeKTH nocTajy 6HTHH 3a pacTojaiba pea h/mc, raje je h Planck-osa 1 ) 
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Ca,ga Mopamo R' Hapauni nomohy KoopwaTa x, y, z y aicTemy K. npema 
Lorentz-cumm TpaFictopmagnomfm clopMynaMa je 

x— Vt x = = Z, 

L2 
) (Y 2  + Z2) 

c2 

(37,2) 

(37,3) 

(37,4) 

(37,5) 

V 2 
 c2  

a ogas,ge 

(X — Vt) 2  + (1 — 

RI2 

YBpCTHBLLIH TO y (37,1), Hana3vimo 

e -"–.-_ 

172 

c' 

2  -V—) (y2 + z2). 

[a. (23,1)] 	H3HOCPI: 

, —, 

R* 
rAje je yBeAeHa o3HaKa 

R*2  -= (x — 	-- (1 

Bex.Topcith noTeHnnjan y CHCTM 	K 

e V 
A =-- 

cR *  

Y clicTemy 	mar-HeTno none H' He IlOCTOIH, a eneitTpn.mo 110The je: 

e 
E' 	

R'
• 

R ia  
flpeMa topmynama (23,5) Hana3HMo: 

	

ex' 	E' 	ey' 	 ez' 

	

Ex=Ecc= 
R ► 3 	Ey-Y 

	
2 	2 ,  Ex= 

1— 	R13-111 
C2 	 YYYY 

IZocnxje 3amjeHe R', x', y', z' n3paNcemix ca x, 

E = (1— V2 ) eR  
c2 R*3 

z, 'Hana3nmo 

(37,6) 

r,Aje je R paAnyc-BemTop o,4 onTepehefba e Ao Tatme ca xoopwaTama x, y, z, 
r,rije Tpamthmo none (Fberose KomnoHeHTe cy x— Vt, y, z). 

Taj mapa3 3a E moNce ce HanncaTn y Apyrom o6nHKy, aim 
yrao 0 meby npa34em xpeTal-ba H pawlyc-seKTopom R. OLfeBH,LtHO je 
= R 2  sin2  e, na ce 3aTo R* 2  (37,4) moNce HankicaTH y o6ninty 

V 2  
C 

ce y3e,rAe 
y2 + z2 

V2  
— 3,112  v)  • 
C2  

(37,7) R*2 R2 ( 
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TaAa ce 3a E Ao6HBa: 

eR 	
1— C2 

E= 	, 	y2 	)3/2 	 (37,8) 

R3  (1— 	si n 2  

L 2  

ilpH aa,ztaTom pacTojaFby R . ort onTepeheFba, aplijewiocT nova E ce 

nosehaea xa,Aa 0 pacTe o,Et 0 Ao 
or 

pirni Ka,cta na,aa o,rt n Ao— . HajMal-bY 
2 	 2 

BpHjeAHocT HMa norbe 	ycMjepeHo napanenHo npaeuy KpeTai-ba (0. 0, iv); 

OHO H3H0C13: 
e , 	V 2  

----= 	 (1— H. 
R 2 	c2  

HajBehe je norbe, xoje je Hopma.nHo Ha 6p3HHH ( 0 = —
a 

. OHO je 
2 

• 
V 2 

I  - 

HanommEbemo, Aa xa,rka ce 6p3HHa yBehasa, norbe 	onarkd, a E . i — pacTe. 

Moe ce pehH, 	ce eneKTpH'iHo norbe onTepeheFba xoje ce xpehe Hexaxo 
„xoHTpaxyje" y npaBuy xpeTaFba. 3a 6p3HHe V, xoje cy 6nH3y 6p3HHe cBje-
TTIOCTH, HMeHTIJIaLl y. ityFunimjpi (37,8) 6nH3y je Hyne y ycxom pniTepeany 

• ki — 
ar 

 BpHjeA- 

H0CTH 0 OKO eplije,axocT 	 Tor mHTepeana je peAa BenHqHHe 
2 

AO ,  2 
 1—  

C2  

Ha Taj HaqHH, enexTpHqHo norbe onTepehefba xoje ce 6p3o xpehe Bernixo je 
canto y yCKOM HHTepBany yrno3a 6nH3y ex3aTopcxe paBHH, npH qemy unipmla 

V z  
Tor HHTep3ana onaAa., KaAa ce V noBehaBa, Kao 	 TA 	HaeexteHor HH- 

C2  

Tepsana yrnoBa. norbe 6pso onaka. 

MarHeTHo none. y CHCTM K je H 
	fir 

E) [B. (23,8)]. 3a 6p3HHe 

V <<c H3 (37,6) npH6nmxHo 'imam° E = 
eR , 

naje 

H= e V XR 
 c 

(37,9) 

§ 38. RpeTathe y Coulomb - OBOM nolby 

FlocmaTpajmo xpeTalbe qecTpule mace m H c onTepeheFbem e y norby, H3a-
3BaHom ApyrHm onTepehefbem e'. IlpeTnocTaarbamo, ,ga je maca Tora Apyror 
onTepehefba Torimo sera oA mace m, ,a,a ce oHo mowe cmaTpaTH HenoxpeTHHm. 

TaAa. ce 3aAaTax CB0,11,H Ha npoyqa.BaH.e xpeTaH.a onTepeheH.a e y neHTpanHo- 

E R2 	
1 
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e' 
cHmeTpHtiHom rimy ca noTeHimjanom Cp = — . 

EHeprHja (ToTanHa) 	gecnille jegHaKa je: 

	 a p2 +m2 c 2 +—r (38,1) 

rgje je CC = e e'. AK0 yriorpe6Hmo nonapHe KoopgmHaTe y paBH14 HpeTaEba 
ouga ce 3a Hmnync mogce, Kao IIITO je no3HaTo x3 mexaHHKe, HanHcaTH 

M2 p 2 	
/4 +1

7 2r  , rgje je pr  — pagHjanHa KOMII0HeHT3 Hmnynca, a M -- KOH-

CT3HTHIA MOMeHT Hmnynca tiecnige. Taga je: 

=-- C 	 m c  

	

2 2 	. 

r 4 	' 

flo3a6a31mo ce nHTafbeM, ga nH ce LiecTkula y csome KpeTal-by moxce no 
Bon:m npH6n1nKaBaTH LleHTpy. FIpHje cBera.  , 0 11el3HAHO je, ga TO y csaKom cny- 
tiajy Hplje moryhe, aim ce onTepeheFba e 	og6Hjajy, Tj. aKo cy e H e' HcTor 
3HaKa. 	y cnyt4ajy npH3nageH.a (e H e' Hmajy pa3nrigHTe 3HaKe) Heorpa- 
HHmeHo npH6nH>Kagafbe geHTpy je HeMoryhe, aKo je Mc>jal. ICI 3ancTa, y Tom 
cnytiajy np3H LinaH y (38,1) y3HjeK je Behu og gpyrora, a 3a r--} 0 gecHa cTpaHa 
Te je,QH3411He Te>mina 6H 6ecKoHa4l-iocTM. 1-lanpoTHB, aKo je Mc < I a 1, oH,qa 
sa 0 Taj H3pa3 mo>Ke ocTaTH KoHaT-iaH (Taga HapaBHO, Pr Tema! 6ecKoHati-
HOCT14`. Ha Taj HaT4HH, aKo je 

cm <I al (38,2) 

oHga LiecTm.la npH csome KpeTaHv „naga" Ha orrepeheH.e, Koje je npHBnaTiH. 
HacynpoT Tome un-° je y HepenaTH3HcTH(4Koj mexaHHuk TaKso nagaHe yonuiTe 
HeMoryhe (H3y3eB111H jegmHo cny'-iaj M. 0, Raga mecTHLAa fIeTH nparm Ha 
tiecTkny e'). 

floTnyHo ogpehm3aFbe KpeTaH.a onTepe.heFba y Coulomb-030m nomy Hal- 
je 113BOAHTH nona3ehH o,q Hamilton— Jacobi - ene jegHatmHe. Y3mHmo 

nonapHe KoopgHHaTe r, cp, y pasHH KpeTaa,a. Hamilton — Jacobi - eaa jegHatimHa 
(14,11) Hma 06.1114K: 

OS 	a 2 

+ 

( 649)  2 	1 OS  )2 
+ 	c

., 
 = 0. 

Ot 	r) 	 ` op 

'Tpa)Kmmo S y -06nHxy 

S.—&t-1- 	f(r), 

rgje cy C6 H M — RoHcTaHTHa eHeprHja H momeHT Hmnynca tiecTHue Koja ce 
xpehe. Y pe3ynTaTy go6H3amo : 

—&t MP+ 

2 

( 	 M 2  — m 2  c 2  • dr. 
r2  

(38,3) 



C2  A4 2  
a2  

& a; (38,4) (c2 	 C 
(M 6)2_ ni2c2 (M2 c2_ a 2 ) cos? 
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OS  
TpajeKTopHja ce ogpebyje je,t(HatimHom  	const. I/IHTerpmpakbe Aoso,tkm Ao 

OM 
cnmjeAehHx pe3yrraTa : 

a) aKo je 

b) axo je Mc<la 

fat _ c2 M2) ri  =  I  cii(M  &)2  in2 c2(a2 ___ A42 c2) c h cp  

c)alto je M C=  I  a I  : 

2  a 	& 2 	in 2 c4 	(p2 	a )2.  

r 	 c M 

KOHCTaHTa HHTerpHpaFba 3aBHCH 0 11p0143301bHOM H36opy nolieTKa patiyHaHDa 

yrna 
Y (38,4) HHje 6wraH H36op 3HaKa npe,t( KopmjeH6m, jep je Be3aH ca H3- 

6opom nomeTKa patiyHaFba  yrna  cp no,Et 3HaKom cos. TpajeKTopHja, Kojy Ta jex(Ha- 
gmHa npeTcTaBrba y cny'-iajy npmenageFba (a < 0), neap( y gjenmHm npH KoHalumm 

Bpmje,r(HocTmma r (c1m4HHTHo KpeTafbe), aK0 je E < m c 2 . AKO je, naK, E > m c2 , 
oH,r(a r Te.)K1,1 6eCKOHat1HOCTH H KpeTafbe je HHCI)HHHTHO. Y HeperlaTHBHCTHLIKOj 

mexammAH cfm4HHTHom xpeTalby oxtroBapa Hperal-be 110 saTtiopeHmm nyTaFbama 

(enmncama). I'13 (38,4)  Bmxtm  ce, Aa y penaTm3HcTm4Koj mexaHmmm TpajeKTopHja 
HmKa,r(a He MO e 6HTH 3aTBopeHa, — npm npomjeHH yrna cp 3a 2 rc pacTojam,e 

(3,4 LleHTpa He Bpaha ce  Ha  nona3Hy spHje,E(HocT. YmjecTo enHnca oB,Rje Hmamo 
nyTaFbe y o6nHKy He3aTBopeHHx „po3eTa". ,aoK ce y HepenaTHBHcTm4Koj-mexa-

HML11,1 CI)HHHTHO KpeTaEbe y Coulomb - OBOM norby spun,' no 3aTBOpeHHM nyTa-

}bama, AoTne y penannsmcmmKoj mexaHmum Coulomb - OBO norbe ry6m Ty cBojy 

oco6mHy. 
Y (38,5) ce npeA KopHjeHoM mopa y3eTH 3HaK -F 3a a `0, a 3HaK — 

3a a > [gpyrm H36op 3HaKa oAroBapao 614 H3mHjeFbeHom 3maKy npe,r( Kopmje- 

_ROM y (38,1)]. 
-3a a < 0 TpajeKTopmje 38,5) H (38,6) npeTcTamajy cnivane ca pa- 

cTojaFbeM r, Koje Te)Ke  Hynes  3a cp 	O. BpHjeme y TOKy Kora ce ,r(eulaBa 

”na,Ram.e" onTepeheFba e y Roop.B.HHaTHH no ,leTaR, — KoHaLnio je. Y TO ce naKo 

yisjepHTH, aKo ce npmmmjeTH, ,r(a ce 3aBHCHOCT xoopAmHaTe r OA BpemeHa 0,4- 

pebyje je,E1,HalimHom dS = const. AKo oB,aje yBpcTHmo (38,3), smAjehemo, ;la ce 
d& 

BpHjeMe oApebyje HHTerpanom, Kojm je 3a 	0 KoHagaH. 

3aAa.1.1 H : 

1. 0Apegwril yrao ctcpeTaFba onTepehemia Koje npomijehe y Coulomb-osom noisy (cc>0). 

P j e Lu e w e: Yrao oxpe -ram.a x jemiai je x = r — 2po, rAje je Po yrao meby gamjema 
.-acHmnTo -rama TpajexTopHje (38,4). Hanaaxmo: 

2cM 	 V fm2c2 	 x 	— v  m 	cc2  arc tg 	  
ca 

r.tlje je o — 6pamia ortrepehePba.  y  6ecKomatimocm. 

2  -
a 

 —  1  + &a; (38,5) 
c2  M 2  

(38,6) 
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2. OrlpeAHTH eckeKTIOHli npecjeK packinaHA 3a mane yrnoBe npH pacHnaEby tiecTinla 
Coulomb-mm.1m nomem. 

P j e Ili e Fb e: EcPeKTHEHH npecjeK da je oAHoc 6poja tiecTiiga pacynix (y 1 sec) y Aafom 
enemeHTy do TjenecHor yrna H rycnnie npHmapHor cHona HecTHHa (Tj. 6poja itecTinia, Koje y 
1 sec npona3e Rp03 1 cm 2  nospwHile nonpetmor npecjeKa cHona mecTHLIa)i). 

By,gyhm Aa ce yrao x cicperaH.a LiecTHHe npH fbeHom nponHje -ratby xpoa noze oApebyje 
"HHLIJaHCHNM pacTojaH>em" (rj. pacTojafbem o,g LteHTpa AO npase, no Kojoj 6H ce onTepehetbe 
KpeTano KaAa He 6H 6Hno nosba), TO je: 

	

da =1 27rede= 2a 
de 	de do 

d' = e 

	

 
dx 	dx sin x  

rAje je dd ---- 2gr sin x dd. 3a yrao cxpeTaH.a (aKo je maim) mo)Ke ce cmaTpaTkr Aa je je,itHaK 
wocy npmpaurraja umnynca npema FberoHoj npl3o6HTHoj HpHjegHocTH. FlpHpawiaj Hmnynca je,gHaK 
je.HHTerpany no HpemeHy oA cyne , Koja Ajejcroyje Ha onTepeheH.e. KomnoHeHra Te cMne , Koja 

cc e 
e HopmanHa Ha npasuy KpeTalba, npH6nH)KHo je jeAHaKa 	— Ha Taj Ha4l4H, Hmamo: 

r2  r 

+90 

= 
1  f 	ae dt 
 - 

	  

p 	( 1,2 _I_ 	t2) 3/ 2 	p e , t)  
— 00 

(v je 6p3HHa gem-Alia). 0AaHAe Hana3Hmo eiteKTHHHH npecjeK 3a vane 

4  (— 
a )2  do 

	

Pi) 	x i  

§ 39. ,411110JIMI MOMeHT 

FlocmaTpajmo norbe Koje 143a3Haa cHcTem onTepeheFba Ha Bent/aim pacTo-
jaFbilma orl Tora cIcTeMa, Tj. Ha pacTojaH.Hma, Koja cy semixa y oxtHocy Ha 
pacTojaH.a meby nojeAHHHm onTepeheH.Hma cHcTema. 

Y3MHMO KOOpAHHaT1-111 CHCTM ca n0MeTKOM ma rAje yHyTap cHcTema on-
TepeheFba. Heim pa,nHyc - seKTopm noje,RHHHx onTepeheffia 6y,gy rA . 0,npextHm• 
noTeHwijan norba, Koje cTBapajy caa onTepehefba y Tatulm ca pa.rwyc - BeKTopom 
R0 . npema pe3yrrraTHma § 35, noTempijan Tora norba je 

eA  

A I R O —  rAl 

(39,1) 

(cymmpaHDe ce apLum npeico CBHX onTepeheFba). 013Aje cy R 0  —r A  parwyc -sex-
TopH orrrepeheH,a eA  AO Tatnce, rAje ce TpaxcH noTeHwljan. 

MopaMo ripoyLIHTH oBaj H3pa3 3a Beraute spHjer:tHocTH Ro (Ro >>rA ). 36or 
Tora pa3BHjMo (39,1) y 	

rA 
 no cTeneHHma 	cnvitehe ce cbopmynom: 

Ro  

f (R o  — r) = f ) r grad f (R0) 

1) BHAH Hanp. „MexaHma", § 21. 
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(y grad ce AmckepeHumpaHDe spLum no KoopAmHaTama Kpaja seKTopa (R 0). C Tag-
Houihy ,Ao LinaHosa npsora peAa mmamo , 

e A  	E e A r A  • grad —
1 

. 	 (39,2) 
Ro 	 Ro 

CyMa 
d= eArA 

Hasmsa ce AmnonHH momeHT cmcTema onTepeheHDa. Bammo 
aao je cyma CBHX orrrepehefba 	eA jeAHaKa Hynes, oHAa 

(39,3) 

je HanomeHyTm, 
ARII0J1H14 MOMeHT d 

He 3aBHCH OA ma6opa KoopAmHaTHor nogeTKa. H sakicTa, paAmyc-seKTopm F A  m 

ri  A  je,AHor mcTor onrepeheHDa y ,Asa pasHa KoopAmHaTHa cmcTema sesaHm cy 
mebyco6Ho penammjom 

r'A  = rA  + a, 

rxtje je a HeKH KOHCTaHTHH seKTop. Flpema Tome, aKo je EeA  = 0, oHAa je 

)114110JIH14 MOMeHT y o6a CHCTM jewiatc: 

d' = eAriA  ).-leArA  + a E eA  d • 

AKO ce ca e A+'  r+A 	— e,g , rA-  o3Hatie no3pinma H HeraTmsHa onre- 

pehei-ba cmcTema H Hopixosm paavc-BeicropH, oHAa ce A HnonHH MO HT mme 
HarnicaTH y o6nHKy: 

d =Eet  —E  r-A =R+Ee-A- - R– 	, 	 (39,4) 

Ee+ r+ 	ECA  fA  
R+ 	A  A , 	 a_ 	 (39,5) E 

paAmyc-seKTopm ,ueaTapa onTepeheHDa" 	nO3HTHBHHX H HeraTmsHmx. AKO je 

E e+A  EC-A = e, oftaa je 	

d -= eR±_, 	 (39,6) 

rAje je R = R+ R-  paamyc-seKTop nosymeH o,A gewrpa HeraTmsHmx Ao
meHTpa 1103HTHBHHX onTepeheHDa.•CnewjanHo, aKO HMaMO camo Asa onTepehma, 
oHAa je 	pa,iwyc - Beicrop meby H.mma. 

AKO je cyma E eA  = 0, oHAa je noTeHLImjan non Da TaxBor cpicTema Ha 

Bei-m.14m pacTojaFbHMa 
dRo  (a9,7) 

= R8 

	

cTas.rbamo grad  1 
	 . Ka,ga ce 3Ha noTeHumjan, momce ce Hakim not E: 

	

Ro 	r(o 

E — grad cp = — grad 
 dR° 	grad (dRo) — (dRo ) grad 1  

Ro3 

	

	Ro g_ 
1 

	

3 	 R 
1 	3R° 	

3a Ilpema ckopmynH grad (dR o)  =  d H ys HanomeHy, Aa je grad RO 
	88 

none E Hana3mmo H3pa3: 

TeopHja no.rba 

3 (R o  d) R o 	d 
E = 	  • R3 

(I)  

rAje cy 
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Ha raj HaLIHH, noTeHmjan norba, Koje cTBapa cHcTem onrepeheFba 	0, 
o6pHyTo je npon0p4HoHanaH xsa,apaTy pacTojaPba olt cHcTema, a jaimHa norba. 
Ky6y pacTojaFba. 

§ 40. MyJITHIIOJIHH MOMCHTH 

Ko,q pa3BHjaFba noTeHimjana no cTeneHHma —
1 

Ro  

(f) 	p(1) 	p(2 ) 	cp (3) + 

tinaH (p(n) je nponopilHoHanaH —
1
-  •  SH,gjenH CMO, a ce npBH LinaH p( 1 ) upelpyje 

R no  
cymom CBHX ocirepehea,a. ,4yrk, p(2), K 0 jH ce noHeKaA Hama n —HrIOJIHH noTeH- 
wjan cHcTema, oApebyje ce AHnornimm momeHTom cHcTema. 

TpehH tinaH pe,ga p(3) ogeBH,rwo je je,aHaK 

a 2 

cp(3)  =-- 	Xa  Xp axctoxp Ro  
2 	

(40,1) 

rAje ce cyma yamma npeKo CBHX onTepeheH,a. 1/1H,geKc KojH noKaayje peAHH 6poj 
onTepeheFba oB,Elje H3OCTaBIbaMO. Xa  cy KOM110HeHTe BeKTOpa r, a Xa ---BeKTOpa R 0 . 

Osaj AHO noTeHnHjana o6H,nio ce HaamBa KBaApynonHH noTeHgHjan. Axo 

cy cyma onTepeheHna H AHnonHH momeHT cHcTema je,rkHaKH HynH, oH,Ra paBBHjaH.e 
not4H.e ca o( 3). 

Y H3pa3 (40,1) yna3e LuecT HenH4HHa 	ex a xp MebyTHm, naxo je 
BHAjeTH, Aa  ycTBapH norbe He 3aBHCH OA LuecT He3aBHCHHX BenHHHHa, Hero 

canto oA neT. To ,Rona3H oTyAa, HIT° clivina.mja 
1 

— 3aAoHomasa L',place - osy 
Ro  

Tj. 
a 2 	1  

	  =0 
R0  °X; Ro  

OBa je,aHatixHa ce mo)Ke HaripicaTH y o6nHKy: 

dap 	
62 

axa oxp Ro —u.  

flpema Tome, momcemo p(3)  HanHcaTH y o6nHxy: 

1 	 1 	 a2  1) (3)  = 	 e (x cc x— 
2 	 3 1.2  6a(3)  oXa  diVp  R o  

TeH3Op 

Dap  =le (3 xa  xp — r2  O af) 	 (40,2) 

maamBa ce KBaApyrionHH MOMeHT cHcTema. 
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H3 IteCt114H141.1Hje D a p npoM3na3H, A a je 36Hp Hpero3mx AHjaroHanHHx KOM-

noHeHaTa 

Da a = Q. (40,3)  

CmmeTpHtiHm TeH3Op Dap , npema Tome, mma csera neT He3aBHCH14X . xomnorie-

BaTa. Flomohy. Dap  mo)xe ce HarmicaTm 

Dap 	62 	1 
cp (3 ) 	 (40,4) 

6 aX„OXii  R 0  

noTnyHo aHanorHo mornH 6H ce Han•caTH cnmjegehm tinaHonm peAa p. /1-TH 
44naH ce o,gpebyje TeH3opom n-Tor paHra, K0.11,1 je cacTaBsbeH oA onTepeheH.a. 
aomnoHeHaTa H.Hxo3mx pa,gmyc-BexTopa. TH TeHsopm Ha3mBajy ce MyT1T141-10.11HH 
MOMeHTH cmcTema. CBH Cy OHM CHMeTpligH14 1 -10 CBMM HH,gexcHma 14 ynpouthasa-
kbem no ma KojeM napy mHgexca ,gajy Hyny 1). Moe ce noxa3aTH Aa TeH3Op 
mynTmnonHor momeHTa n-Tor pea mma cBera 2n— 1 He3aBHCHHX RomnoHeHaTa. 

§ . 41. CmcTem onTepeheiba y cnoJbaunbem no.7by 

nocmaTpajmo calla cmcTem onTepeheFba e 1 , e 2 ..., KojH ce Hana3e y cno-
JhawFbem enexTpHHHom non.y. noTeHumjan Tor cnon.auaber nosba y Tatum, r,gje 
ce Hana3m onTepeheIbe eA  o3Ha9mmo caAa. ca TA. noTeHumjanHa emeprmja cBaxor 
0,4 onTepehea,a je eA  PA,  a  ToTanHa noTefumjanHa eHeprmja cmcTema je 

U = XeA  TA. 

Y3MHMO oneT KOOpAHHaTHH cmcTem ca 1104eTKOM ma r,gje yHyTap cHcTema on-
-TepeheFba; rA  je pa,gmyc-sexTop onTepeheFba eA  y TMM xoop,gmHaTama. 

npeTnocTasHmo, ,ga  ce  cnon,awFbe nome crit6o mmjea.a Ha no,appljy CM-
cTeMa onTepeheH.a. TaAa eHeprmiy U mo)xemo pa33HTH y pe,g no cTeneHmma rA. 
Y TOM peAY 

:= U (1)  + U (2)  + U (3)  + .. . 
npi3H tinaH je 

Uo) 	EeA, 	 (41,1) 

r,gje je(P o spHje,gHocT noTemmjana y xoopimHaTHom notieTxy. Ca TOM anpoxcm-
maumjom eHeprmja cmcTema je Tax3a, xao xa,g 6H ce csa onTepehefba Hanaamna 
y je,gHoj Tatum (y xoop,gmHaTHom notieTxy). 

,Qpyrm tinaH pe,ga. je: 

U(2) grad cp0  • EeA rA . 

-grad cp 0  je Bpmje,gHocT rpa,gmjeHTa noTeHuHjana y K0010,1114HaTHOM notteTxy. Kam) 
je grad cp = — E, TO Hmje HHurra Apyro, Hero jatuma E 0  noma y KOOp.IMHaTHOM 
notiemy. YBobeH.em ,gmnonHor momeHTa cmcTema d °ammo: 

U(2)=—dEo . 	 (41,2) 

1) YnpowhaaaFbe TeH3opa no napy HHAexca 3Hatni H3je,aHaLiasaFbe AB* HHaeKca ca y3a-
cTonHam cympfpalbem no H.nma. IlpHrom ce par TeH3opa ciumaaa 3a ABa. 

7* 
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3a xomoreHo nolbe 143paa U (2)  14311a314 Taxobe H ,qupeKTHo 143 H3pa3a. 
(18,3) 3a noTemlmjan. 

CnHjeAehH tinaH U( 3) je,LtHax je 

U 	I ex x s  
2 	a r 	OY« Ox p. 

ICI oezje cmo, xao 14 y § 40, 1430CTaB1411 11 HH,geKce, K0i14 noKasyjy pe,gHH 6poj . 

2 	(Po a  onTepeheFba; 	cy epHjep,HocTH Apyriix Haeo,Eta 	noTeHumja.na y Ko- 
axc, VX3  

opAHHaTHom no ,-IeTKy. Ho noTeHuHjan cp 3a,gosomaea Laplace- °By jeuat4H}43,--  

•  62  (1) 	 a2  (1)  
axe 	a P oxdx f,, —  c,  

Flpema Tome U(3) mowemo HanvicaTH y o6nFiKy 

U(3) == 	
a 2 yo 	 1 

2 oxa  x t3 	e ( 1.« xp 	a pr2 ) , 

HJ1 14 

U ( 3 ) 
Da p 	62  yo  

6 axa  axp 
(41,3) 

rAje cy Da p — KOMII0HeHTe Kea,apynonHor momeHTa. (BHAH § 40). 

FlpeTnocTaeHmo, Aa  Hmamo Asa cHcTema onTepeheFba, ROA Kojwx cy cyme. 
onTepeheFba 3a o6a CI4CTM jeAHaKe HynH, a ,AmnonHH momeHTH cy d 1  14 (1 2 . 
1±FixoLio mebyco6Ho pacTojal-be je Be.TIHKO y oAHocy ca HDHXCIBHM COIICTBeH141+4 

,n,HmeH3Hjama. 0Ape,gmmo noTem4HjanHy eHeprHjy U pbuxoeor y3ajamHor AjejcTea. 
Moe ce cmaTpaTH Aa ce jexaH oA cHcTema Hana3H y nonv Apyror cHcTema. 
TaAa je 

U 	d 2  E 1 , 

rxtje je E 1  norbe npeor cHcTeMa. 3amHjel-byjyhm E 1  113pa3om (39,8), Hana3Hmo;: 

(d 1  d2) R 2 	3 (d 1  R) (d2  R) 
U 	

— 	
(41,4) 

J5 

rAje je R — BeKTop pacTojaFba meby o6a cHcTema. 
3a cnriaj, xa,Ra KO je,RHor o,4 cHcTema cyma onTepeheFba HHje je,n,HaKa 

HynH (H je,RHaKa e), Ha aHanoraH Hal41414 Ao6Heamo: 

U = e 
d R  

R 3  
(41,5) 

rAje je R eeKTop, ycMjepeH 0.11 AHnona (cHcTema KoA Kojera je cyma onTepeheFba 
je,twaxa. HynH) Ka onTepeheFby (cHcTemy xoA Kojera je cyma onTepeheH.a jelmaxa e) . 

HeheMo 143BOAHTH aHanorHe H3pa3e 3a ysajamHo ,ajejc -reo xea,apynona (cHcTema 
timje je ToranHo onTepehel-be H AHnonHH momeHT je,n,Hax. HynH) H orrrepeheFba, 
AHnona H xenpynona. HanommFbemo canto, Aa cy oAroeapajyhe noTeHmijariHe , 

 eHeprHje o6pHyTo nponopwwHanHe 3., 4. 14 5. cTeneHy pacrojaFba R. 
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§  42.  CTaJIHO marHeTHo HOJbe 

ilocmaTpajmo marHeTHo norbe maaaBaHo onTepehetbHma, xoja spuie cTatmo-
-HapHo xpeTat-be, no,4 THM ce nolpaaymmjeBa, ,ga onTepeheFba, npm cBojem xpe-
7w-by He Aoria3e 143 6ecKoHatiHocT14 H He o,gnaae y 6ecxoHatiHocT, Hero ce Lmjeno 
BpMjeMe }Telly y HeKOM KOHaqHOM no,gpytijy npocTopa. OCHM Tora npeTnocTaBmmo, 
ga Cy iimnyncH CBHX onTepehefba, TaKobe, xpoa LuiTaBo Bpmjeme KOHaT4HH. 

Taga ce cse BenHtni-le mlijeHDajy canto y moHaqHmm mHTepBarnIma cBojklx Bpktje,guo-
CTH 14 OA HHTepeca je 110CMaTpaTH HnHX0Be cpegl-be BpHjexmocTH (no BpemeHy). 

-CnellmjanHo, moxemo nocmaTpani cpep,fbe marHeTHo norbe H, it* 143a3mBajy 
onTepehefba, a xoje ire Beh ca,ga 6HTH c)yHKLMja canto o,g xoop,gmHaTa, ana He 
H o,g BpemeHa, Tj. 6Hhe CTaJ1H0 (KOHCTaHTHO). 

lea 6HCMO Hatunm jeAHatthHe, xoje o,g,pebyjy cpe,gEbe none H, noTpe6Ho je 
.ga Habemo cpe,tu-by BpHje,gHocT no BpemeHy Maxwell- osnx je,gHat-n4Ha div H-=-0 

H 	
1 OE , 4 

rot H 	— 	 j  . I7pBa ,gaje je,g,HocTaBHo 
c at 

div H = 0. 	 (42,1) 

aE  
Y APYroj je,gmatniHm cpeAfba Bpmje,gHocT oaBo,ga  at 

 , 
 xao H yonurre H33o,rta 

cBaxe BenHHHHe, xoja ce mmjel-ba y xoHaHHom Hwrepaany, je,rtHaxa je Hynx (H. 
Han. Ha cTp. 84). Flpema  Tome,  Apyra Maxwell- oBa je,gHaLuma Ao6Haa o6nHK: 

-- 	4 
H 	j. 

Te ,a3Hje je,gHaHHHe H o,gpebyjy cTanHo norbe H. 
YBeAmmo cpe,ru-bH BexTopcim 1-10TeHL4lijail A npema 

rot A 	H. 

YBpc -rHmo TO  y le,aHaHHHy (42,2'. Kam° je rot rot A=grad div A — A A  , 

grad div A — A A= 4  , 

(42,2) 

Hana3Hmo: 

Ho MH mama, ,ga BeKTOpCKFI noTeHLuljan noma HHje op,pebeH jeZHO3HatIHO 

Tia my ce mo)xe Awl arm  ma  KOjH  A011yHCKI4 yCJI0B. Ha OCHOBy Tora yammmo  no-

-rexuHjan A TaKO, ,Lta 6yge 

div A = O. 	 (42,3) 

TaAa je,aHaHHHa, xoja ogpeljyje BexTopcim noTeH4Hjan cTanHor maHreTHor noma, 
Ao6Haa o6nMK 

AA=-2-j. 	 (42,4) 

03y je,RHaHHHy naKo  le  pHjei.uHTH, ca HanomeHom, Aa je (42,4) noTnyHo 

aHanorHo POISS011- OB0j je,rtHaHHHH (35,4) 3a cicanapHH noTeHmjan ,cTanHor 
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enexTpHtiHor nova, rgje  ce  ymjecTo rycTHHe onTepehe}ba 	Hana3H rycnnia 

cTpyje 	AHanorHo pjeweHpy Poisson-oBe jegHa4HHe momtemo alpexTHo nHcaTH: 

A .------- — ildV, 	 (42,5) 
R 

rgje je R — pacTojaHDe og Tatixe, y xojoj Tpammmo A go enemeHTa 3anpemmie dV- 
Y cipopmynH (42,5) mo)xe ce og HHTerpana npehH Ha cymy no onTepehe- 

H,Hma, cTaBrbajyhH MjecTo  j  npoH3Bog Q V 14 y3eStuH y o63Hp, ga cy cBa onTe- 
peheFba TaLmacTa. FlpHTom je HeonxogHo HI\l',..TH y B14,11Y, A a je y 14HTerpany 
(42,5) R npocTo ripomjeHaima HHTerpMpafba, na 3aTO, HapaBHO, He nognmjexte 

npotiegypH y3Hmaisa cpegFbe BpHjegHocTH. AKO ce ymjecTo HHTerpana 	I dV 
R 

HanHw 	
eA  VA 

e.cyma 	, oHga oBgje RA npeTcTabrba pagivc-BexTope flOjeAHH14X 
RA 

liecTHna, xojH ce mHjefbajy npm xpeTat-by onTepeheFba. flpeMa Tome Tpe6a 
nHcaTH: 

A 	I eAvA 

ie A 
(42,6) 

rgje ce cpegFba BpHjegHocT y3Hma 3a no.o H3pa3 K0j14 ce Hanam nog 1.4pTom.. 
Maga je A 1103HaTO, °Kiva ce mo.ae Hahm 14 marHeTHo none: 

	

H  =  rot A = rot —1 	dV 

	

c 	
R V. 

OnepanHja rot spun,' ce no xoopgmHaTama Tatime, y xojoj ce Tpamm none. flpeMa 
Tome, rot ce mo)xe yBecTH no HHTerpanHH 3HaK H npH glicipepenuipat-by cma-
TpaTH j KOHCTaHTHHM. flpHmjeHom no3HaTe ckopmyne 

rot  f  a= f rot a.— grad f X a, 

rgje cy. f H a — ma Koji,' cEanap H sexTop, Ha npoH3Bog j•— 
1 

 Hana3Hmo 

R 

	

, 	71- 	J 7\  

	

rot 	grad 	A 	.1 = R3 R 	• N 
H npema Tome: 

c 	R3 (42,7) 

(pagmyc-BexTop R ycmjepeH je H3 dV npema TaLinH, rgje ce ogpebyje norbe). 
OBO je TaK03BaHH Biot -Savaft -oB 3aKOH. 

§ 43. MarileTHH MOMeHT 

FlocmaTpajmo cpegi-be marHeTHo none, H3a3BaHo cHcTemom onTepehepba 
Roja ce cTainwHapHo xpehy Ha eenmulm pacTojaH.Hma og Tora ci.icTeMa, T). 
pacTojaH,Hma, xoja cy BenHxa y ogHocy Ha pa3Mjepe cantor cHcTema. 
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Y3MHMO Koopman-Di cmcTem ca notienom ma rAje yHyTap c•icTema on- 
Tepehe'rba, aHanorHo °Home 111TO cmo paAPIIIM y § 39. OneT 03HatIHMO ca rA  
pa,Emyc - BeicTope nojerm- ix onTepehei-ba, a ca Ro  paxwyc - BeKTop Tatme, y Kojoj 
Tpamimo noise. Tao. je Ro  — rA  paAmyc - BeKTop OA onTepehekba eA  Ao Tatme, 
rAje ce oApebyje noise. npema (42,6) Hmamo 3a BeKTOPCKH noTemimja.n: 

eA  VA  

C ZdlR o —rA i 
(43,1) 

Kao H y § 39 pa3BHjMO oBaj H3pa3 no cTene -mma rA . C Tataxowhy 
mnaHoBa npBor peAa (36or KpaTKohe m3ocTaBrbamo pnuteKc A) je 

A=   1  (r\7—)• 
c R o 	 Ro 

Y npsom gnaHy ce mo)Ke HanHcaTH: 

2.;er. 
dt 

Ho cpex-ba spHjeAHocT H3so,Ra OA BenkpmHe E e r, Kaja ce mHjeiba y KoHat4Hom 

HHTepsany, jextHama je HynH. Ha Taj HatiHH, 3a A ocTaje H3pa3: 

A= 	Eev(rR o ) 
o 

1 
oa,gje cmo cTasHnH V ---  -=-  — R ° ( 

Ro 	R,?, 

OBaj H3pa3 TpaHcckopmHpajmo Ha cniljejlehm HaHHH. Hanomm-byhp, Aa je 

moxtemo HanHcaTH (y3eaum y o63mp ,Eka. je R o  KOHCTaHTHH BeKTop): 

E e (R o  r = 	t  E e r (r R o) + 21  y e iv (r R 0) r (v R o)]. 

YspurrasaH.em osor H3pa3a y A cpe,u,Fba BpiljeAliocT npBor tinaHa (ca H3BOAOM 

no apemeHy) oneT je je,gHaKa HynH, na )1061413am: 

1 

' 2 c 11 Ee [v (r .R 0 ) — r(vR0 )]. 

YBeAmmo BeKTop: 

m 
2c
—  e (r X v), (43,2) 

RojH ce Ha3Haa marHeTHH MOMeHT cHcTema. Tao 3a A Ao6HBaMO H3pa3;  

A= m X  Rn  • 
R03  

(43,3) 
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Ka40. je 11031-laT BeKTOpCKI4 noTeHumjan, flan je Hahm marHeTHo norbe. 
FIomohy ckopmyne 

rota x b) (b V) a — (a V) b a div b— b div a 
Hana3MMo 

,parbe je 

H = rot A = rot R O 	 • RO  
= 111 u1V R3 

11 0 0 

	

 
0 R grad — 	13 div R o  0 

0 	 Ro3 	R0  

3 
0 

M 

RO 

(— 

0 
1\ 	in 	3 Ro  (m R o )  

Ri3) 	Fq 	• 
Ha Taj HagmH je 

ff-_  3  R0 Cd1 R 0 )  
R8 

(43,4) 

BHAHMO, Aa ce marHeTHo norbe m3paNcasa nomohy marHemor momeHTa HCTHM 
ci)opmynama Imo m eneKTpM4Ho norbe nomohy Aprriorafor momewra [B. (39,8)1.. 

Alto je KOA CBHX onTepehefba CFJCTeMa jeAHam ogRoc oryrepeheFba npema 
macm, offila MO)KeMO- HanmcaTm : 

, , m  — 2.1  ekr A   m (r X v). 

	

2 c 	 2 m c 
AK() cy 6p3MHe csmx onTepeheHa v << c, orlia je my-  mmnync p onTepehefba, na Ao6mBamo : 

e m =_- 
2 

e 
	1 r X p — 

2 m c 
M, 	 (43,5) m c  

rAje je M =-- E r X p mexaHmtuat momeHT mmnynca cmcTema. Ha Taj HatImm, 
y TOM cnymajy je oAHoc marHeTHor momewra npema MeXaHHLIECOM KOHCTaHTaH H 

e 
jeAliaK 	 . 

2 m 

03HaT-THMO ca LH ,gonyHcitm NnaH y Lagrange - oicj CtIYHKIAHIH, KOjH 
YCJIOBILBH marHeTHmm norbem. Y CTailHOM xomoreHom MarHeTHOM norby, aito 
nocny,Kmmo mapa3om (18,4) 3a Heicropcxm noTeHumjan, mmamo : 

LH= 	A v 
2c

(fl X r) v = 	—
2c 

(r X v) H 

LH ---== m H, (43,6) 

je 
ce 

Tj. 

rAje je m — marHeTHH MOMeHT cmc-rema onTepehei -Ea. Cxpehemo naxuby H a 
aHanorMjy ca ' 	 norbem. Y xomoreHom enemTpmgHom norby La- 
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grange - osa Itylinmja cmcTema onTepehel-ba ca yxynHmm onTepeheFbem paBHHm 
Hynes, ca.,qp)KH TinaH: 

LE=dE 

— A14110/1H14 momeHT cmcTema), xojH je y TOM cny4ajy noTeH4HjanHa eHeprHja 
cmcrema onTepeheFba, y3eTa ca cynpoTHHm 3Haxom (B. § 41). 

Pa3m0TpHm0 cmcTem onTepehei-ba, xoja Bpaie tHHIITHO KpeTaube (ca 6p3H-
HOM c) y meHTpanHo - cHmeTpHLiHom efleKTpkIHHOM rimy, xoje H3a3HBa Hem. 
HerioxpeTHa HecTmma. 014H14THOCT Kperafba 3Hall 14, A a onTepehel-ba 3a cHe BpH-
jeMe ocTajy y HeRom RoHaLmom ,Emjeny npocTopa. ilpebxmo ca HenoxpeTHor 
icoop,gmHaTHor cHcTema Ha cHcTem, K0j4 pasHomjepHo poTHpa OKO oce, moja 
nponam xp03 HenompeTHy Hecnaly. npema no3HaToj c1 yHKt jH , 6p3knia V He-
cnnie y HOBOM KO0p,q14HaTHOM cmcTemy Be3aHa je ca FbeHom 6p3mHom V' y cTa-
pom cHcTemy penammjom 

= v + (Q X 

rrtje je r — pa,amyc - BexTop tiecTHme, a Q yraoHa 6p3HHa cmcTema KOjH poTHpa. 
Y HenoxpeTHom cmcTemy Lagrange - osa ckymcgmja cmcTema onTepehefba je 

L   U, 
m 

2 

•r,aje je U — noTemmjanHa emeprmja onTepehepba y cnon.atuH.em enexTpw-m-iom 
norby H eHeprmja 1-bmxoBor y3ajaMHor AjejcTBa. U je tyl-nalmja o,4 pacTojal-ba 
onTepehei-ba )co HenoxpeTHe HecTHme 14 OA H314X0B14X mebyco6Hmx pacTojaH.a. 
Flpm npena3y Ha cmcTem xojm poTHpa, oHa ce, otieBH,EtHo, He mmjepba. Flpema 
Tome, y HOBOM CHCTeMy Lagrange - osa ftyHx4mja he 6HTH: 

L = 	 x - U. 

IlpeTnocTaBHmo, ,Eta je xo,n, cBmx onTepehefba cmcTema ortHoc — onTepe- 
m 

-heH.a m mace jermax 14 cTaBmmo: 

Q 	 
 2 m c 
H.  

•(43,7) 

■ 
Ta,ga npm A0B0/13H0 manmm 11 (xarta ce mory 3aHemapHTH HnaHoBm ca H2), 
Lagrange - oBa rh ..ymmmja ri,o6mBa o6nmx: 

L= 
m V2  e(HXr) v. 

2 

BHAmmo, g a ce oba noxnana ca Lagrange- osom (tyfixqpijom, Kojom 6H ce onmcm-
Bano xperafbe nocmaTpaHmx onTepehei-ba y xoop,gmHaTHom cmcTemy - xojm MMpyje 
y ripmcycTBy KOHCTaHTHOr marHeTHor norba H [ynop. Ca (43,6)]. 

Ha Taj Hatn4H AonasHmo ,rto pe3ynTaTa, Aa  je noHawaEbe cmcTema onTepe- 

hel-ba ca jermaxHm ormiocHma -e- , xojH spine epHHHTHO KpeTaFbe (Ca 6p3HHama 

v 	y meHTpanHo-cHmeTpHHHom enexrpHHHom norby H cna6om xomoreHom 

marHeTHom norby H, eKBHBaJleHTHO noHaLuaEby Tor mcTor cmcrema onTepehefba 



106 	 CTATIHO 110JbE 	 FR. V 

y HCTOM eJIeKTpH'IHOM nonv y KO0p,KHHaTHOM cHcTemy, KOjH pamomjepHo pampa 
Ca yraoHom 6p3mom (43,7) (TaxonaHa Larmor - cm. TeopeMa). YraoHa 6p3Hria 

e H 
2 inc 

Hasima ce Larmor-osa ci)peneHnHja. 

Hanommisemo, ,rta atm Hmamo cBera jexkHy mecTHLAy, xoja ce xpehe• y ma-
rHeTHom 110.11>y H, oH,ga je yraoHa 6p3HHa 145 e e poTanHje no xpymioj CTa3H 

jeAHama (20,8), Tj. ABocTpyxoj Larmor- ih OBO, ..,..pexseHnHjm. 

3a.tzaTaK 

Qapepyrni oAHcc marnerHor u mexamigxer momerrra 3a CHCTM o,o, Asa onTepehei-ba (6p3HHe 

V << C). 
Pjewe i, e: Y3MHMO KoopAnnatiin nogeratc y nen-rpy msepssje o6Hje mecniue, na hello 

nmaTn m 1  1' 1  m2  r2 = 0 H p i  = — p2  = p, rAje je p kimnync penaTnenor KpeTaiba. clomohy 
TPIX penannja nana3umo : 

	

1e1 	•  e2  )  M1 M2  
m 

2 c 
M . — — 	2 

	

\m1 1 	m2 ni l + M2 



r JIABA VI 

E.TIEKTPOMACHETHI4 TAJIACH 

§ 44. D'Alembert-oBa jemtamtma 

EnexTpomarHeTHo norbe y Fiaxyymy Aectwilimue ce Maxwell- OBHM jeAHa-

taiama, y xojiima Tpe6a nocTaBHTH p = 0, j 	0. HariHummo Te jeAHatimie 

j011.1 jeAaHnyT: 
1 OH , 

rot E.-- c 
— 	GIV

T , 
 = 0, 

at 
(44,1) 

rot H = 1 dE— — , div E = O. 	 (44,2) 
c at 

03e je,AHatme mory HmaTH pjewei-be, xoje FiHje jeAHaxo Hyrim. To maim, Aa 

enexTpomarHeTHo norbe mo)xe nocTojaTH 	xaAa HeMa Hmax3xx onTepehekba 

EnexTpomarHema norba, xoja nocToje y Baxyymy, r,Aje HeMa onTepehelba, 
HamBajy ce enexTpomarHeTHH Tanacm. 03om npHrimom no3a6a3Hhemo ce npo-

y4aBalbem ocoaia. Taiomx 
cBera HanomHH.emo, Aa TaRBa enexTpomarHeTHa norba, rAje HeMa 

onTepeheiba, Heonxwmo mopajy 6HTH npomjeHnbiii3a. H 3aHcTa, y npOTHBHOM 

cnytiajy je 
OH 

at 	at 	
0 pi jeAHatimie (44,1) H (44,2) npena3e y jeAHatikiHy 

(35,1-2) H (42,1-2) cTanHor norba, icoA xojkix je caAa MeIyTMM C-= 0, 

j = 0. Ho pjewei-ba THX jeAHaiiHHa, oApebeHa civmaiHjama (35,8) H (42,5) 3a 

,(2 = 0, j =0, jeAHaxa cy HynH. 
H3BeApimo jeAHaLaie, xoje oApebyjy noTemzijane enexTpomarHeTHHx 

Tanaca. 
Mao ILITO Beh 3HaM0, 360r HejeAHO3HatlHOCTH noTem.pijana mom(e HM ce 

ysPijex. AcAaTH HeKH AonyHcim ycnos. Ha OCHOBy Tora y3mHmo noTemiHjane 

enexTpomarHeTHPix Tanaca TaKO, Aa 3a cxanapHH noTeHujan 6yAe ocTsapeHa 

je,RHat4mHa 
cp = O. 	 (44,3) 

TaAa je E — —1 —OA 
H H = rot A. Y3purrasaFbem OBHX H3pa3a y npBy oA 

c at 
jeAmagHlia (44,2) Hana3HMo: 

1 02A  
rot rot A = — A + grad div A = — 

Ca OP 
(44,4> 
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Ee3 o63mpa Ha TO, LUTO cmo noTeHujanmma ,tto,aanif Beh jeAaH AonyHcKH 
ycnoB, noTeHumjan A join HHje cacBtim jeAHo3HattaH. Momte my ce Ao,ttarm , rpa-
,twjeHT ma Koje clvwcilmje Koja He 3aBHCH OA BpemeHa (He mmjeHDajyhm ripHrom 
cp). CnewjanHo, noremlmjan eneKTpomarHeTHor Tanaca momce ce y3eTH Ha raj. 
HatIHH, •Ra 6y,ge 

14 3aHcTa, atm 

div A = 0. 	 (44,5) 

ce 

	

	 — yucrm y div E 0, Ao6HBa ce div 
 aA  

OA 

c  at 	 at 
div A = 0, Ti. div A ckyHKuja je camo oA KoopAHHaTa. Ta ckyHictuija ce 

at 
yamjeK mo4Ke goBecTH Ao Tora Aa  6y,Re jeAHaxa Hynes, as° ce BeKTopy A Ao•aa 
rpaAmjeHT oxtroBapajyhe tymnutje, Koja He 3aBHCH ox( BpemeHa. 

JeAHatiptHa (44,4) caAa Ao6mBa o6nmK 

6 2  A A 	1 	A — O• 	 (44,6) 
e2 at2 

OBa je,RHaHHHa .ACC1)14H1-111.1e noTeHumjane enerrpomarHemmx Tanaca H Ha3HBa ce 
D'Alembert-013a jextHatikma HRH TanacHa je,ttHaHHHa. 

AKO ce Ha oBy jexmatimHy npmmojeHe onepalmje rot H 	, morylle ce 
at 

yBjepwrm, ,ga eneKTpHHHo H marHeTHo narbe E H H 3a,gosonDaHajy HCTO TaKBe 
TanacHe jeAHax4HHe. I a , 

	

OnepaTop A —   Ha3HBa ce D'Alembert-oe onepa -rop H o3HaHaBa. 
C 2  at 

ce 3HaKOM 
62 

I  1 =  A 	— 
1 	

(44,7) 
c2  at' 

na ce TanacHa je,ttHaHHHa momce HarmicaTm y, o6nHKy: 

❑ f 	0, 	 (44,8) 

r,Elje je f ma Koja oA KomnoHeHaTa A, E HnH H. D'Alembert- OB oneparop 
moNte ce HartmcaTH y Hersopo,gmmeH3HoHanHom 06ruiKy. OtleBHAHO je 

a2  	. 
dx 

(44,9) 

§ 45. PaBHH Tanacn 

Pa3mo -rpmmo cneumjanaH cnytiaj eneKTpomarHeTcfmx Tanaca, rgje norbe 
3aBHCH canto oA jextHe moopAnHaTe, peummo x (H ()A epeMeHa). TaKBH ce TanacH 
Ha3HBajy paBHH. Y TOM cnyttajy je,twaHmHe norba go6HBajy o6nHK: 

a 2f av 0  

axe 	e 2 at2 

riAje ce no,4 f noApa3yntesjesa Ma Koja RomnoHeHra HJIH BeKTopa E 1411H B eicTo pa H. 

(45,1) 
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6Hcmo pHjeummt oBy jewlatutHy, npenHiummo je y o6nHKy 

(
A-1° 

 r I a  c at 	ax 	c at f  ==.° 
14 yiseAmmo HoBe npomjeHmHBe 

	

— Ct, 	= X -1- Ct. 

flame ce yBjepHTH, 	je 

a _i 	a 	l a 	a 	i 	s 	1 s) ,  

	

2 1\  Ox 	c 	2 ax 	c at ari -   

TaK0 A a jeztHattHHa 3a f ,u,o6HBa o6nitm 

	

62/ 	0.  

1/1HTerpmpalt.em oBe jewialimHe 	Hana3Hme 

Of = F( 7l) on  
rAje je F (7)) — flp014330.11DHa clpyHmumja. HHTerpMpajyhH join jerlaHnyT, Hana3Hmo 

f 	 f2 (7)), rgje cy  h  H f2  — ripoH3BorhHe ckyHm4Hje. Ha Taj HaHHH je 

f f i (x ct) + f ,(x c 	 (45,2) 

Hema je, Hanp., f 2  = 0, Tame Jo, je f = f 1  (x — Ct). 06jacHvmo cmitcao 

oBor pjeureH.a. Y csamoj paBHI,I X = const. name ce mItjel-ha ca BpemeHom. 
Y cBamom AaTem momewry nome je pa3nH94ro 3a pa3Ha x. OgeBHAHo je, Aa-
norhe Pima jeAHamy BpHjeAHocT 3a moopAmHaTe x H momeHTe t, KOj14 3a,RoBorhaBaiY 

penantje x Ct = const., Tj. 

	

= const. 	Ct. 

To 3HaLut na, atm je y Hemom momeHTy t = 0 y Hemel Tatillit npocTopa x nome 
- 14M3110 opeheHy BpHjeAHocT, Kp03 HHTepBan BpemeHa t acTy Ty BeHjerlHocT pima. 

nome Ha pacTojaHpy Ct Apic oce X o,it npBoarrHor MjecTa. Mwmemo pehH, Aa 
ce else mapamTepPicTip-tHe BenHT4HHe enexTpomarHeTHor norha npocTHpy y npo-
cTopy Apm oce X 6p3HHom, moja je jejulama 6p3HHH CBjeT.TIOCT14 C. 

Flpema _Tome, 11 (x — Ct) npeTcTaarha paBHI4 Tarlac, mojH ce Kpehe y 

110311THBHOM cMjepy oce X. name je yranjeTH, Aa f2  (X + Ct) npeTcTaBma Tanac, 

KOJH ce xpehe y•cynpoTHom, HerannsHom cMjepy oce X. 

Y § 44 noma3aHo je,  Aa  ce noTemmjan enemTpomarHeTHor Tanaca mo)me 
yseTH Tame, kta 6y,Ae (p= 0  npH memy je div A = 0. IloTeHuHjane paBHOr 
Tanaca, mojH caAa nocmaTpamo y3ehemo ynpaBo TaxoBe. YcnoB div A -= 
y TOM cnyLiajy Aaje 

OA,:  = 0  
ax 
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jep HmjenHa BenHT-IHHa He 3aBHCH on y H z. flpeMa (45,1) Hmahemo TaAa H 

	

d2A 	OA, 	 dA 0, Tj. 	- 	const.  Ho H3B0,11 — onpebyje enexTpHtmo name, H BHAHMO 

	

ate 	at 	 at 
na 6H KOMII0HeHTa A x ,  Koja  HHje jenHaKa HynH, y nocmaTpaHom cny.Iajy 03H3- 
tiaBana nplicycTioo noHrilTygmHanHor eJleKTpH4HU norba. BygyhH ga TaKBO norbe 
HeMa Be3e ca enexTpomarHeTHHm Tanacom, TO ce mowe CTaBHTH A x =0. 

Flpema Tome  BeKTOpCKH  noTeHHHjan paBHor Tanaca mowe ce yBHjeK y3eTH 
na 6y,qe HopmanaH Ha  OCH X, Tj. Ha npaBuy npocTmpaH.a Tor Tanaca. 
Pa3moTpHmo pasHH  Tanac,  KojH ce npocnipe y 1103HTHBHOM CMjepy oce X. 

Hon TaKBar Tanaca cse cy BenntimHe, a cneHmjanHo H A, cbyHKHHje camo on 
X— Ct. 1/13 cl)opmyna 

1 dA 
-E — H =rot A, 

npema Tome, Hana3Hmo : 

E = A', H  =  V  X  A  (x  — ct) = V (x — ct) x A'  =  n X 	(45,3) 

rgje anocTpocj ooliaquia gmcfiepeHniipaHe no x. — ct, a n  —  jegHHHqHH BeKTop 
gpx npurna npocTHpal-ba  Tanaca.  CTamajyhH npsy jegHaqHfly y gpyry, Hanammo. 

	

H = n X E. 	 (45,4) 

BHAHMO [M3 E = A'  H  (45,4)], ga cy H enexTpwiHo name E H marHeTHo 
nome H pamor Tanaca opHjeHTHcaHa. HopmanHo Ha npasHy npocTxpaFha 
Tanaca. Ha ocHooy Tora eneKTpomarHeTHH TanacH HaoHBajy ce TpaHcoepoanHH. 
H3 (45,4), name, BHAH ce  na  cy enemTpH4Ho H marHeTHo nome paBHor Tanaca 
mebyco6Ho HopmanHa. OCHM Tora, H3 HcTe jenHatHme (45,4) cnHjenH, Aa cy 
elleKTpHLIFIO H marHeTHo  name  paBHor Tanaca mebyco6Ho jegHama no anconyTHoj 
Bpmje,wocni. - 

HabHmo join cl)nyKc eHeprHje Kon paBHor Tanaca, Tj. fheros Poynting-oB 
BeKTOp. Hmamo : 

x  H)= c-[EX(nXE), 
4a 	 4 g 

a 6ygyhm ga je En = 0,  6Hhe 

S=  — E 2  n = f H2  n 
47C 	4TC 

flpema Tome je cbnymc eHeprHje opHjeHTHcaH nyw npaBila npocTHpal.ba Tanaca. 
1 	 E 2  Kno je W85 E 2 +  H2 1.—  rycnnia eHeprHje Tanaca, TO ce owe 

/ 
HarificaTH: 

S  =  c W n, 	 (45,5) 
iIITO ce cnaxce C THM, ga  ce  norbe npocTmpe 6p3HHOM cBjeTnocTH. 

kimnync jegHHHne oanpemme enexTpomarHeTHor norba je 	3a paoHH 
C 2 

Tanac TO Aaje — n. Cxpehemo naH(Fby Ha TO, Aa je penawija meby eHeprHjom 
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W H Hmnyncom — eneRTpomarHeTHor Tanaca PicTa, xao 3a LiecTHue lc* ce 

Rpehy 6p3HH0M cBjeTnocTM [B. (10,6)]. 

cl)nyxc Hmnynca norba ogpebyje ca xomnoHeHTama Ta p TeH3opa eHeprHje 

— Hmnynca. kw, Rao manoqac, npaBau npocTxpal-ba Tanaca y3memo xao ocy X, 

Hana3HMo, ga- je jegmHa RomnoHeHTa Ta p lc* HHje jegHaxa HynH: 

Txx W • 	 (45,6) 

Ka° IIITO 14 mopa 6HTH, cknyitc Hmnyaca je opHjeHTHpaH no npanty npocTripaH.a 
Tanaca H no BenH4HHH je jegHax ryCTI4F114 eHeprzje. 

Alm enexTpomarHeTHH Tarlac naga Ha THjeno, Koje ra H ancop6yje, oHga 
he Ha TO THjell0 AjejCTBOBBT14  HeK11  TIplITHCBK (TBKO3BBH14 CBjeTTIOCH14 npHTHcax). 

OH je jegHax HOpMaJIHOj (npema 1-10BpWHH14 THjena) XomnoHeHTH pimnynca, K0j14 

Tanac npegaje (y jegHHHum spemeHa) THjeny Rpos jeAHHHUy HDeroBe nospumHe. 
Axo je 0 yrao meby Hopmanom H npaBuem Tanaca xojH HaHna3H, oHga he npH-
THCaK 614TH W COS 0. Y OflLLITM cnriajy, KaAa ce Tanac y 110TIVHOCTII He ancop-
6yje, Her ce gjenHmmitio og6Hja og nospLugHe THjena, cBjeTnocHH npHTHcax je 

jexwax 3614py 14Mnynca KOjH  AOHOCH  yriagHH Tarlac H ogHocH og6HjeHm Tanac. 

§ 46. MoHoxpomaTimm paBHH Tanac 

BeoMa Ba)RaH cneuMjanaH cnyLiaj enewrpomarHeTHHx Tanaca je Tanac, }cog 
Kora je name jegHocTanHa nepHogmHa isbymulmja BpemeHa. TaxaB Tanac Ha3HBa 
ce moHoxpomaTH4HH. CBe BenwilmHe (noTew1HjanH, RomnoHeHTe norba) Rog moHo-
xpomaTHLmor Tanaca 3asHce og BpemeHa npexo (bax -ropa o6nHxa cos (c)t + a). 
BenHt4HHa Co Ha3HBa ce 41,11(1114HH3. tipexBeHwija Tanaca (mH heMo o Fboj r0B0- 

2 n 
pHTH jegHocTaBHo Rao o (ppeRBeHLkH). nepHog Tanaca je — . 

CJ 

Y TanacHoj jegHaLIHHH caga je Apyrz H3so,q norba no speMeHy jegHax 
d2f 

f, na ce npocTHpube norba y npocTopy xog moHoxpomaTHqHor 
ate  
Tanaca ge4HHHtue jegHatthHom: 

6,) 2  

f- ° .  (46,1) 

Kog pamor 'Tanaca 	ce npocTmpe gy< oce X) none je c133THRuHja 

canto og (X 	C t ). npema Tome, alto je paBaH Tanac moHoxpomaTHLiaH, oHga je 
iberoso norbe npocTa nepHogwiHa ckyHxLmja og x —Ct. 

BeRTopcni noTeHuHjan TaxBor Tanaca Haj3rogEmje je HanHcaTH y 06.1114Ky 

peanHor gHjena KomnneRcHor H3pasa 

A =  Re ko  e 	c 
(46,2) 
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(Re o3HaqaBa peanHH glio).  0  a,aje je A o  HeKH KOHCTaHTHH xomnnexcHH BexTop. 
OtieBHAHo je, ,Lta 	norba E 14 H TaxBor Tanaca mmaTH aHanoraH o6nmx : 

x 
fEo e iw ( i-2-cc)1, 

ca HCTOM itpeimeHwijom 

Benkimmia 

A 

 

C 
(46,3 ) 

co 

 

Ha3HBa ce ApithHa Tanaca (TanacHa AymmEia). To je nepHog hpomjeHe norba ca 
K00p,1114HaTOM x y aaxtaTom momewry 1. A0 , E0 , H 0  Haamaajy ce KOMILTleKCHe 
amnnHTy,Ae ogroBapajyhmx BenHHHHa. 

Ynorpe6a KOMIllleKCHI4X H3pa3a je Bpno sro,n,Ha 36or nmHeapHocTH Max-
well - OBHX je,rtHaHHHa. EnaroAapehm Tome, Hamme, cBe ce onepauje simile He 
Ha, TpHroHomeTpmcimm, Hero Hart je,gHocTaBHHjHM, eKCII0HeM.414ja.11HHM HspasHma, 
na ce Tex nocmije Tora npena3H Ha FbmcoBe peanHe AjenoBe. garbe hello ce 
LiecTo cnymmTH KOMMIeKCHOM cIDOPMOM. IIpMTOM he ce yelfrex no,gpa3ymHjeBaTH 
peanHH ,rwo oAroBapajyher KomnnexcHor H3pasa. 

Alm ce y npaBuy npocnipai-ba Tanaca yBerte jeAHHH4HH BexTop U, owla 
ce (46,2) m6xe HanHcaTH y o6nHxy: 

A = Re IA0  
cut---we nr 

BexTop 

k = — n= 
2 

n n 	 (46,4) 

Ha3HBa ce TanacHH BexTop. I4MaMO, Aaxne, 

A 	Re ilk°  e i  (k r a)  1 (46,5) 

H aHanorHe H3pa3e 3a E H  H . 
o n. a EH H gory ce npema (45,3) H3pa311TH nomohy A. 3a moHoxpo-

maTE ,nim Tanac 143 THX cl)opmyna Ao6xsaro 

E 	k A, H = i(k X A). 	 (46,6) 

TieTeopo,rmmeH3HoHanHH TanacHH BexTop Ha3HBa ce BexTop k, C xomno-
HeHTama 

k1,2,3 = k ,y,z (46,7) 

YBobeFbem Tora BexTopa (46,5) ,Ito614Ba 0 611 I4K 

A = Re IA, elk i x i I 	 (46,8) 



a2  
X = — 2k in 277 , 

2 a 
y = — 	 sin 77,

k  

a 2 
C t = - - 	sin 2 n , 

k 2k 
Z = 0 , 
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KBagpaT TallaCHOF 4 - Beicropa  je 

0. 	 (46,9) 

OBa  penauMja 14311a3H  AHpeKTHO  H3  Aecimuinuije (46,4) H (46,7), a TaKobe H  ax.ct 
ce (46,8) CTaBli  y  D'Alembert -oBy je,rtHatmly 

111 A =  0. 

3aAaTax 

QapearrH KpeTame onTepeheFba y rion.y pasHor moHoxpcmaTimor Tanaca A = 
= Ao cos k (x — c0. 

Pjewe Fb e: Y3MHMO ocy  Y  y npasny A. Hamilton - jacobi-esa jeAxaginia je : 

(:Sx y +[daSy  _. i_.  
A o  cos k  (x  — c td 2  + GOD2 	( 67St  y + m2 e2 = .. 

Tpamaihemo S y o6nHKy 

S=ay-Fi5z-Fy(x+c1)+/(x—ct), 

uje cy a, p, y — KOHCTaHTe, a f (X — Ct) HenosHaTa (tymnHja. Y pesynTaTy Halla3HMO : 

I 	 e2 A,.,2  
S= ay -I- 13z+ y(x+ct)- -

4y
(a2+132+m2c2+_ 

2e2 
— u) (x —ct)-F 

a e A o 	 e2  A 2 

 

± 	 
2• k 

sin k (x — c 0 
— —2-16

7 kc  sin 2 k (x —et). 

as as as 
acc' Op' ay 

Koje ce gory y3eTH na cy jelniaKe Hynki onrosapajyhmm H36opom RoopAHHaTHor nomeTKa H no-
LieTKa pa9yHaHDa apemeHa. Ysonehm senkiLmuy , = k (x — Ct) HanasHmo TaAa jeltHatiHHy Koja 
oupelyje xperafbe y napameTapcKom o6nHxy : 

e2  A 2  ,  aeA0  
X = 	

1 ( 
a2+/32 fm=c24. 	U ) n  + 	+ 	 sin n   

8 72  k 	 2c'2 	2 k 	4y 2 kc 

e2   
32 yz k0 c2  sin 2 n , -- 	A 

a 	e A o  
Y =  	sin v , 

2yk 	2y kc 	' 

i  2  e t — _ 	( a2 	 e2  A, 	ri 	a e A o  . + /32 ±2 c2 ± m 	) n  + 	Sul ?I — 
8 y2  k 	 2 e2 	2 k 	4 y2  k c 

e2  A 2  
— 32 y2 k0 e2   sin 2 77. 

CHCTeMy pecpepeHnHje y xojeg onTepehelbe MHpyje, oArosapajy TaKse spHjeAxocTH ct, 13, y 3a mo;e 
KOCCIJHLIH .leHTH y3 ?I y HspasHma 3a X,  y,  2 nocTajy jenHaKH HyJIH. Y TOM cHcTemy Hmamo : 

,Eta EH ce onpeuno KpeTaibe Tpe6a 143E3011e 143jeAHaMHTH Ca HeICIIM KOHCTaHTaMa, 

= 	 17, 
2 y k 

a= 
.2 y e Ao m2 c2 	e- 49.0  

2 c 	2c2  

rnje 

Teopmja noJba 



114 	 EJIEKTPOMAFHETH1/1 TAJIACH 	 11I. VI 

Ha raj Ha41141-1, oaaje onTepehei-be  Bpwi4  nepploaitifio mpeTaHie no aareopeHoj TpajemTopHjm o6nkiKa 
ocmHoe (ca ocom ,a3oK oce Y). 

§ 47. Doppler-os ecpeicr 

Cnywehm ce Tanacmp,im 4-BexTopom, rialto je H3BeCTH topmyne 3a Tpamc-
ttopmaLtmjy k H3 jeAmor moopAHHawnior cmcTema y gpyri4 KOOpAHH3HTHH 
cmcrem. OriwTe TpamctopmaLlmome topmyne 4-Bewropa (6,2) Aajy: 

V 
k'4+i --c- 

: 

C- 

vinm, 3amjemom epmjeAmocTm KOMII0HeHaTa k i ; 

co' + V  kix  

Al 	V 2  — 
2  

HO kx  = k cos a = — cos a,  rp,je  je a yrao meby hpaniem k H oce X. 
C 

Ha Taj Hat1HH, mana3mmo: 

= 

(47,1) 

Oso je Tagma topmyna 3a Doppler- os etexT. 3a V<<c oma npena3m y 

=  co' (1 	
V

— cos a')  • 	 (47,2 ) 

1
„

-
V

cos a 
c. = 	VI_ V

2 

3a k 1 = kx  mmamo: 

k' V — c2 k x  = 

mnm, cTarmbajyhm kx  = —03  cos a  , 
C 

cos  a 
cos a + 

V 
c 

(47,3) 

1+ 
V
— cos a' 
C 

OBa cJopMyna hoxnana ce  ca  copmynom 3a a6epaumjy, xoja je pammje m3ee-
Aema y § 5. 

AKO ce oca X ysme  Apx  npasua npocTmpam.a Tanaca, om,aa he Temaop 
emeprmje-mmnynca momoxpomaTmgmor Tanaca mmaTm, xao H KO csaxor paBmor 
Tanaca (B. § 46), cnmje,Aehe xommomewre, xoje mmjecy jeAmaxe Hynes. 

7.11 —  W,  T14 = 	T44 	W. 

I 	V 2  
1 



V 2  
1  — — 

C2  

1 — cos a 

W = (47,5) 
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YBobeH.em TanacHor 4-Berropa k i , Te penawlje mory ce HanHcaTH y TeH3opcKoM 
,o6nHxy: 

14, 
	 k, k k  

co 2 (47,4) 

Flp0x3Bo,g4 k i  kk  caLimbaBajy  cmmeTpk-mm TeHsop Apyror peg& flpeMa 

.Tome, 143 cbopmyne (47,4)  cnmjeAH,  Aa  je  BenPrimHa 	cKanap. Liamne, npm ripe- 
co 2 

easy  ca jeAHor kixepumjanHor cHcTema peokepeHL(Hje y ApyrH, — He mmjel-ba ce, 

a rycTima eHeprHje mopa ce TpaHcckopmmpaTm Kao RBa,gpaT GkpeKBeHumje. 
1/1majyhm y Buy (47,4)  Ha  Taj Hatikifi Hanammo cnmjeAehy TpaHctopmauHoHy 
4opmyny: 

E2 	
1-

12 
BY,Etyhm Aa je = —  , mo),Ke ce 3aKrby414TH, Aa ce anconyTHe 

4a. 	42-r 
,Bpilie,i1HocT14 noma moHoxpomaTH4Hor Tanaca TpaHcitopmkipajy Kao npBm cTeneH 
tpeKBeHmHje. 

Ha Kpajy Hanommfbemo,  6y,Eiyhm  Aa cy W 14 	npema (47,5) mebyco6Ho 
npocTo nponopmHoHanHe, Ta ce cbopmyna mo)Ke npmmileHH-rm H Ha paBHM Tanac, 
KOJH je cynepnosinuija HH3a moHoxpomaTmLiHmx Tanaca, Tj., yc -rBapm, Ha CBaKH 
paBHH Tanac. 

§ 48. flonapinagnja 

FlocmaTpajmo eneKTpw-iHo rime paiamor moHoxpomaTm4Hor Tanaca: 

E = Re {Eve r (kr—wt)  

t(cBe WTO 6yAemo peKnH,  oxiHocii  ce y mcroj mjepm 14 Ha marHeTHo norbe). E 0  ie 
HeKH KOMIlfleKCHH BeK -rop.  HDeroB  KBaApaT Eo yonw -re y3eBun4, TaKObe je 
KomnneKcaH 6poj. °9ef:3144mo,  E0  ce yBkijeK mo)Ke ripeTcTaBH-rm y o6nmKy 

Eo  = bet.' , 

rAje ce a ysHma Ha Taj 	a BeKTop b (yonurre yseBuim, TaKobe Rom- 
nneKcaH) mma peanaH KBa,apaT. Ta,qa eneKTpw4Ho norbe Ao6HBa arimK 

E  =  Re {be i (kr— wt 	 (48., 1) 

Hankiwmmo b y o6nPiKy  b 1  — i b2 , 1- ,E(je cy b 1  m b, — Asa peanHa BeKTopa. 
By,r(yhm Aa b 2  = — b3 —  2  i  b, b2  mopa 614TH peanHo, 6Mhe b L  b2  = 0, Tj. 

F3eKTOpH b 1  H b 2  meby co6oM cy Hopmaniim. Y3M111■10 KO0p,RHHaHTHH cmc-rem ca 
ocama Y H Z napanenimm ca b 1  14 b2  (oca X y npaBuy npoc -rHpai-ba Tanaca). 
-raga 143 (48,1) Hana3HMo: 

Ey=  cos (kr — cot --I- a), 

Ez =  b2  sin (kr — cot + a) . 
(48,2) 

S* 
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Koecbmumjewrm b /  H b2  masmBajy ce amnnwry,Re Tanaca. I'13pa3, KOJK npeTcTaarba 
aprymemT cosinusa mnm sinusa masmsa ce cka3a Tanaca. 

H3 (48,2) menocpeAmo cruljejw : 

	

E2 
	

E 2 
 

	

y 	Ez 
2-  -1 	2 

	

bi 	t2 

(48,3) 

P13 01314X cl)opmyna smAm ce, ,Eta y caaxoj Tagum npocTopa BeKTop enex-
Tpmgmor norba Taimor Tanaca poempa y pump', moja je napanenma paBHH Y Z, 
rip qemy Bpx sexTopa onmcyje enmacy (48,3) Taxas Tanac masmBa ce enmnTmlimo 
nonapmsoaam. AKO je b 1 = b2  om,Ra enmnca (48,3) npenasm y xpyr Tj. BeaTop 

poTHpa H ocTaje cTanaH no anconyTHoj BerHHHHH. Y TOM cnytrajy ace ce, ,Eta. 

je Tanac nonapmsosam no Kpyry. 
Ha xpajy, axo je b 1  mnm b2  je,LImamo Hynes, om,aa je norbe Tanaca yamjeK 

opMjeHTHcaHo napanenmo (mnm awninapanenmo) je,amom HCTOM npasuy. Y TOM 

cnriajy Tanac ce masmaa npaBonmmmcxm nonapmsoaam mrim nonapmsosam y paBmml). 
13Karbmso je, ,Ra ce enmnTmtimo nonapmsoaam Tanac mo)me nocmaTpaTm xao cynep-
nosmumja ,gBajy paBHO nonapmsosammx Tanac a 

§ 49. CneKTpantio pamaratbe 

CBaKH ce Tanac mo)Ke npeTcTaamTm y 06.TIHKy cyneprio3HuHje HH3a MOH0- 

Xp0MaTHLIFIHX Tanaca ca pa3TIHLIHTHM CtIpemBeFulmjama. MaTemaTmgxm TO 3max4m: 

passmjam.e norba Tanaca y pelt mnm mErrerpan Fourier- a. Taxa° pasnaraFbe 
masmsa ce H cnexTpanmo pasnarafbe. 

AKO je norbe nepmo,amgmo y spememy (ca. nepmoum T), oHAa ce OHO mo)me 

pa3TIONCHTH y Four(er- oB pelt o6rixa2 ) 

+00 f  = 	fn  e — iw ont , 	 (49,1) 
n=.-00 

1) flpeea HcTopHcKoj Tpa,KHumj“ npHxBaheHa je He3rcitHa Tepmmionormja npema Kojoj ce 
paeaH nonapHsamije Ha3Hea oHa paaaH, y KOlOi ce Hana3H eeKTop marHerHor norba, a pasan 
eneKTpH9Hor soma Ha3msa ce paBaH csjeTnocHHx ocnvinanHja. 

2) CBAje, 36or jeTIHOCTaBHOCTH, roeopmmo 0 HHCTO IlepHOAHHHOM norby H3a3BaHOM HHCTO 

nepHoAH4HHI4 KpeTarbeM onTepeheFba. MebyTHm, Tpe6a HMaTH y eNty, .Ka cTanHoHapHo (Ta4HHje, 
cKopo CTaLIHOHapHO) Kperarbe cHcrema 4ecTi4na 06HHHO Hmje IlepH0,111V4H0, Hero, icao LLITO ce KaNce, 
ycnoeHo neoHoKHLIHo 	„MexaHHKan, § 62). TaKeo KpeTai-be He Kapaic-repHuie ce jeAHHm, Hero 

t-raeHm H1430M pa3nH9HTHx nepHoKa. (a npema Tome H tipeKeeHnHja). Coe Berv4pie, Koje mapaK-
TepHwy TaKBO xpeTaH.e (H none Koje OHO H3a3Hea) He mory ce pa3no2KHTH y npocTH, Hero y 
reHepanHcaHH Fourier- os pelt, KOjH ce ckopmanHo moae HanHcaTH y o6nHicy aHanorwtHom (49,1): 

e—iwt, 

w 

Ca TOM pa3nHxom ., LETO ce cymmpafbe He Bpuni no c1peKeeH4Hjama, Koje Cy HHierIH MyrITHI11114 

HeKe Benw-ImHe wo, Hero no (l)peKeem.mjama o6nHKa 

(1) 	(1) 
n w  , 

1=1 

a w (1 ) , (0(2) , 	w(s) rAje cy n e) , n (2) , 	 ,  n(s) 	CI03HTHBHM MTh HeraTHBHH nHjenH 6pojesn, 

TaKo3saHe OCHOBHe ctipeKeeHmje Kperat-ba. 
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2 n 
rgje je co o 
	

-
T 

, a „Fourier-oBe KomnoHeHTe" in : 

+ T/2  

f f e iwo" t  dt. 

— T/2 

(49,2) 

Axo je f peanHo, oftga je 

f—n= f n. (49,3) 

Cpegi-bm HEITe311TeT Tanaca (HHTe3HTeT ce of pebyje KeagpaTom norba) Hma o6.runc 

CO 

+ 2  E I in 12 
11=1 

(49,4) 

(npi4 mspatlynaBal-by cpe,aFbe BpkijegliocTI4 Tpe6a HmaTz y 1314,ay, ):1,a je cpegi-ba 

spiljegHocT ocHkinyjyhmx ckaxTopa o6nkixa 	jeAHaxa HynH). Ha Taj Hammx, 

cpegfbm HFITe3HTeT Tanaca npeTcTaEuba ce y o6nrncy 36Hpa HFITeH3HTeTa Hue-

TOME{ MOHOXp0MaTHIIHMX xomnoHeHaTa. 
HenepHoAHHHo nome f MO)Re ce pa3no)KHTFi y Fourier-oB mi-{Terpan, aKo 

iVI-ulmja j(t) 3agoeonnaBa ogpebeHe ycnoBe (epywunrije, Koje sagoBorbasajy Te 
. ycnose, o6ppifio cy y 6ecKoHa4itiocTm jegHaxe Hyni1). Ta,ga cneKTpanHo pa3na-

rafbe Tanaca Hma o6m4K : 

f =  j .  f  w e_iwt dco, 	 (4 9,5 ) 

—co 

rgje cy Fourier- ose xomnoHeHTe norba : 

+0,  

f 	1
,27c 	

f e 1" 1 dt, 

je, aHanorHo ca (49,3) : 

(49,6) 

f_. 	 (49,7) 

+co 

Pa3MOTpHMO Hwrerpan f f 2  dt H H3pa3Hmo ra nomohy MHTeH3HTeTa nojegPffizx 

—co 
NOHOXp0MaTHHHHX xomnoHeHaTa. KopHcTehm ce ca (49,5) Pi (49,6) Hana3HMo: 

+co 	+co 	+00 	 -I--co 	+co 

ff 2  dt — f f dt f f w e – i" 1  do) = f f„ dw f f e – i wldt — 

+co 
= 2 g f fw  f _ to  do), 

—0. 
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14.11 14, craBrbajyhm 

.1-ce 
Pdt= 	Ilh,1 2  dco--=-41r 	do). 	 (49,0 

0 

LlecTo ce Aoraba, Aa ce Pima nocna ca noJbHMa, lc* y BpemeHy He mmje-
fbajy 614THO CB0j KapaKTep (cnewijanHo, lc* He Puutie3aBajy aa co) H y 
ECTO Bpmjeme Hncy cTporo nepHoAkniHa. TaxBo norbe He MOWS ce paano>kwrkr. 

±c° 

HH y Fourier- OB peA H14  y  IIHTerpan (HHTerparm 	e 
 i 1 2. 	w dt 	piseprmpajy). 

IlocmaTpajmo Benm ,n4Hy  f  y  HeKOM BeheM BpemeHcKom HHTepBany oA
T 

2 

Ao +— 
2 

H pa3.TIONGIMO je  y  TOM  HHTepBany y Fourier - OB peA o6.nmKa (49,1), 

0ApeAHmo caAa cpeAF-bH (3a BpemeHcxm HHTepBan T) 14HTeH3HTeT Tanaca. Y Bem 

IL ca  THM, LUTO ce npeTnocTaBrba Aa je  T  BOJI0 Be1114K0, HHTepBany co o  =   
2 	

meby 

yaacTonHHM tpeKseHumjama spno cy manm, na ce ort cyme (49,4) moNce npeh 
dco 

Ha 14HTerpan no C111 == —  : 
co o 

+  T12 
C _ t  = . _ dco 

0 
—  T12 

14114, yBpLuTaBajyhm (49,2): 

772 	 co 

—1  f 2  dt  =  rI 	 
el T 

—  T/2 

±  712 

f f ei"tdt 
—  T/2 

 

dco. 	 (49,9) 

 

Ha Taj Ha414H, cpe,tubpi  14HTeH314TeT  npeTcTaarba ce y o6nHxy cyme (4HTe-
rpana) 14HTeH314TeTa MOH0Xp0MaT144HPIX KomnoHeHaTa. cDopmyna (49,9) omory-
haBa mpatiyHaBafbe  HHTeH314TeTa  y ma mojem 6ecxoHa1Ho manom HHTepBany do) 
tpemseHumja. 

3a T ___>.  00, f 2  Texu4  HeKOj KOHa4H0j rpaHHIAH. 36or Tora H 143 Hapaaa (49,9) 
T 

cnmjeAH, A a HHTerpan fe i w t dt,  KaAa 1 	 T Te}K14 xa 6eCKOHa4H0CTH, pacTe 

—T 

• —co 
Arm H y TOM cnytiajy mowe ce  1,1313eCTI4 pa3naraEbe Ha moHoxpomaTH9He Tanace-
Ha  cnkijeAehm Ha4HH. 

Rao Tr r 
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§ 50. Ilarapijanllo nonapliaosaHa csjemnocT 

Csaxm MOHOXp0MaT14 14HH Tanac je npema camoj cBojoj ,ge4JHHH4HjH cTanHo 
nonapH3oBaH. MebyTHm, o6HHHo ce tima nocna c Tarlacpima, KojH cy cm:To ca-
CBKM moHoxpomaTHHHH, a ckpexBeHgHje 14M ce Hana3e y HeKOM manom HHTepBany 

FlocmaTpajmo TaKaB Tanac 14 Heim je 	Hexa FberoBa cpegH.a ckpeKBeHLAHja. 
Taga ce Fberoso norbe (y 3agaToj TaHum npocTopa) mo)Ke HanHcaTH y o6nHxy 

Re j Ao  (t) e 1 "t j , r,gje je KomnnexcHa amnnHTyAa A 0  (t) Hexa c yHK1.114ja Bpe- 

meHa, Koja ce naraHo mHjeH.a (Kog noTnyHo moHoxpomaTHHHor Tanaca 6Hno 614 
A0  = const.). By,gyhH ga A o  ogpebyje nonapH3auHjy Tanaca (B. § 48), oH,ga TO 
3HaHH, ;la ce y cBaKoj TaHLIK Tanaca FberoBa nonapm3auja mkijefba ca BpeMeHOM. 
TaKaB Tanac ce Ha3Hea napuHjanHo nonapH3oBaH. YocTanom, y cnewijanHkim 
cnyHajesHma, 3aB14cHocT A o  (I) oA spemeHa mowe 614TH TaKBa, ,ga Tanac 
6yge flOTIVHO nonapH3oBaH. 3a TO je Heonxo,gHo, ga oAHoc o6Hje KomnoHeHTe 
og Ao  6y,ge Hellp0MHjeK1131413 ca BpemeHom, Tj. ,ga ocTaHe HenpommjeFubms o,gHoc 
(peanH14x) amnrary,ga ABFijy mebyco6Ho HopmanHux KomnoHeH.aTa noma Tanaca, 
Kao H pa3nHKa Hal4X0BHX ta3a. 

Oco6HHe nonapH3ailmje enexTpomarHeTHHx Tanaca, cnewijanHo cBjeT-
nocTH, nocmaTpajy ce eKcnepHmeHTaAHo nyuiraFbem cBjeTnocTH xoja ce npo-
yHaBa Kp03 pa3Ha THje.nal), nocnHje LIera ce MjePH HHTeH3HTeT CBjeTflOCTH, Koja 
je npowna xp03 THjeno. C maTemaTHHKe TaHKe rne,u,HuiTa TO 3HaLni, Aa ce o 
oco6HHama nonapH3auje CBjeT.110CTI4 AoHoce 3aKrbr1Lm nona3ehm o.q BpHjegHo-
CTH HeKHX xBagpaTHFix tiymatHja FbeHor narba. Pa3ymmje ce, ga je oBgje pHjeH 
O cpegFbHm spHje,gHocnima THX ckyHRLAHja no BpeMeHy. KBagpaTHa ckyHKukija 
noma cacTojH ce 143 HnaHosa, K0j14 cy nponopLudoHanHH npoH3Bogmma A i  AR, 
Ai A *k Rn 14 A; Ak rAje cy A, KomnoHeHTe, Hanpplmjep, BeKTOpCKOr noTetlimjana. 

2iwt Al 	= AO( AOk e 2i t caArnice  FlpoH3BogFt o6nHxa Ai 	= A o , A ok  e — 
nepHogHHHe cjiaKTope e -+ - 2ia)t , K0.114 ce 6p3o rimjeFbajy H nocTajy jegHaftx Hynz, 
KaAa ce yamy FbiixoBe cpe,gFbe BpHje,gHocTH no BpemeHy. np0H3B0A14, naK, 
A, A k.* = A n , A4 He cagpKe TaKaB cjaxTop, na 3aTO HDPIXOBe cpeA}be BpptjeAlio-
CTI4 HI4CY jen,HaKe HY.T1 H. Ha Taj HaHHH B14,1114M0, Aa ce oco6mHe napLuijamio 
rionapm3oBaHe CBjeTTIOCT14 110171YHO KapaxTepHtuy TeH3opom 

ilk = A01 AO*k • 	 (50,1) 

Kama ce BeKTop A0  CTailHO Hana3H y pasHH, HopmanHoj Ha npaBuy Tanaca, 
TO TeH30p f ik  Hma cBera HeTHpH KomnoHeHTe (y OBOM naparpaciv ce noxtpa3y-
mHjeBa, ,ga ce 3a IiHgexce 1, k y3iimajy camo ABI4je spvijeAHocTvf: k ,2). 
143 AeckHHHLAHje f ik  ce BHAH, ga meby KomnoHeHTama Tora TeH30pa 110CTOji/ 
penaumja 

ki • (50,2) 

)oBeL-TMO TeH30p j, k  Ha HajnpocTkijpi o6nHK. HeKa je ni  „je,gHHHT-IHH -
momnneKciim BeKTop, K0j14 je Hopmpipati TaKO, Aa je n, n; = 1. 0ApeAHMO ni 
TBKO Aa 6yAe 

Jik ilk 	ni 	 (50,3) 

1) Hanplimjep Kp03 Nicol - oBe npit3me. 
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aHanorHo nocTynKy ceobefba. cHmeTpw-mor TeH3opa Ha rname oce. JeAHatama 
(50,3) mo)Ke ce HanmcaTH y o6nmKy 

( /ik 	61,),nk= 0 . 

6H osaj cmcTem xomoreHmx anre6apcKmx jegHamHHa npBor cTeneHa (no nk ) 
lMao pjeuiefba, Koja Hmjecy je,gHaKa Hynes, HeonxortHo je, Kao LUTO ce 3Ha, ga 
geTepmmHaHTa 6yge jegHaKa Hynes: 

(50,4) 

ogaKne ce ogpebyjy gsmje BpmjegHocTH 2, Koje hello 03HamHTH ca 	H 

CTaarbajyht4 oBe BpmjeriHocTm pegom y je,RHaHmHe (50,3) upegmhemo H3 H,HX 

gBa Beicropa n(ii) H n(2i) 

.Tlamo je noKa3aTH 1), ga cy BenmmHHe ). 1 	pearme H 1-103HTYIBHe, 

a BeKTopm n()) H n(p „mebyco5Ho Hopmanwe, Tj. ,aa 3agoaorbaBajy yallOB 

no?  n(2)* = 0. 	 (50,5) 

Caga TeH3Op i lk mo>Kemo HanmcaTH y o6nHKy: 

il k 	4 n(t) n(k)* 4.. )1 2  12(2 n(122* . 	 (50,6) 

Henocpeg,Hilm yBpurraBaH.em naKo je npoBjepHTH, ga Taj m3pa3 3amcTa 
3agoBorbaBa jegHammHy (50,3). 

AKo je cBjernocT noTnyHo nonapmaosaHa, oHga je A 0  = const. 	je 
npocTo jegHaKo A oi  Ao*k (6e3 ycpegFbaBaH,,a). Ho cBaKm og gBa tinaHa y (50,6) 
mma 6aLu TaKaB 06TIHK jeAHOCTaBHOr lip014360,11a Askijy KOMII0HeHTa KOHCTaHTHOr 

,11- , 	(1) 	ir 	(2) \ 
BeKTopa u/ 	i 	V fv2 n ) H Hpemy Kol-byroBaHo-KomnneKcHor, ApyrHM 
pzjewima, cBamm OA THX mnaHoBa mo)Ke ce nocmaTpaTH Kao noTnyHo (yonurre 
roBopehm, enmn -rwmo) nonapm3oBaH Tanac. ,Ltarbe, BKILPINIO, ga y (50,6) HeMa 
mnaHa, Kojm cagp>KH npom3Bo,Ete KomnoHeHaTa THX gBajy Tanaca. To 3HaITH, ga 

1) MHowerbem (50,3) ca n*. Ao6Haamo: 

=1 " n ni = =Jik n i nk=1 A oi n i 
2 

Ho cpeAH.a sjoHje,aHocT KaaApaTa moilyna cHaKe BenHHHHe je peanHa H no3H -rmaria BenHHHHa. 
,ELa 6H ce Aoica3ano (50,5), HanHummo jeAHaHHHe 	 • 

jik k n(I) 	n(i) p 	jik  11 (2k)  = 2.2  n (22, 

na npay now-maim° ca n (22* a Apyry ca n(12* : 

), 	(1) 	(2) * 	, 	(1) 	(2) *  n n. .--A.n•n • ik k 	t 
	

X 1 Jik n (2k) 	* 	X,' n (2)  n( 1 )* 
• 

Y3MHMO KoH.yroBaHy KomnneiccHy Apyroj jeAHaHHHH, yaHmajyhm y 063Hp, ;La je J1k  =fkr 

Jr; n (k2) *  n(9 	jki  /2(/2* n (L) = Jik  n (k) 	=_. x2 n(1) (I? 

nocnHje 'sera ce nojeAHHaHHHt4 o4y3mmaH..em on npae jenHaHHHe p,o6Hea; 

(2■4  — kt,.) n (I1)  n(2.)  = 0 , 

0,2aKne H cnHje dum (50,5). 
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ce 3a o6a Tanaca mowe cmaTpaTH Aa cy epHsHLIKH He3aBHcHH jeAaH op Apyrora, 
HnH, maKo ce Kawe Aa cy HeicoxepeHTHH. 	saHcTa, aso cy Asa Tanaca meby- 

co6Ho He3aBHCHH, oH,Aa je cpeAH..a spHjeAHocT nponsoAa AT A() jeAHaKa 

npopissoAy A( 1 .)  A(2)  cpeAt-bmx BpHje,AHOCTI4 A (1. )  H A(/2c) , a KaK0 je csama oA 
k 

HDHX jep,Haxa HynH, TO je H AT Ask = 0. 

BRAjenH cmo y § 48, Aa ce yBHjeK mowe y3eTH TaKsa KomnnexcHa amn.r1H-
Ty,Aa, Aa jeAHa oA Aspijy mebyco6Ho Hopmanmix RomnoHeHaTa 6yAe peanHa, 
a  Apyra HmarmHapHa. Tap,a Homxose anconyTHe senHLIHHe oApebyjy amnnpryp,e 

Arosapajyhmx ocupinaLija. 

Ha Taj HagHH, moAemo micaTH: 

n(y = b 1 , ti(V = i b 2 , 

rAje cy b 1  H 1) 2  peanHH (a y Be3H ycnosa HopmHpaH.a ,z(' n(li)* = 1 

penaLkom 	b2  =  1). Taga ce n (2i)  mo)Ke HanHcaTm y o6nrimy: 

n9)  =  i b2 , n(22)  

(50,7) 

sesaHH 

(50,8) 

(TaK0  Aa 6y,Ae ti( n(22* --= 0). OBH  H3pa3H noKasyjy, Aa cy ernince o6Hjy enHn- 

TH4H0 no.napm3osawrix  ocilvinamja  mebyco6Ho crw4He (HMajy jegHaKe 0,13,HOCe 

oca), npH tiemy je jeAHa oA 	oKpeHyTa sa npaBH yrao y op,Hocy Ha Apyry .  

Ha Taj Hatipui AonasHmo AO peaynTaTa, ,ga ce csamm napgHjanHo nonappt-
3oBaim Tanac mowe npeTcTasHTz Kao cynepnosHumja Asajy HexoxepeHTHHx 
enHfITHIIHO nonapHsosaHHx Tanaca, }cop mojmx cy enHnce nonapHsauje cni , 4He 

H  me1Jyc06Ho HopmanHe. 

TOTaTIHM PIHTeH314TeT  J  CBjeTJ1OCTH npoc -ro je nponopumoHanaH Ksa,apaTy 
Tj. 36mpy AmjaroHanHmx momnoHeHaTa TeH3Opa j( k: 

 

(50,9) 

(50,10) 

•A,Hoc nam 

A• 
0= 

marbe op Benwipixa 	npema sehoj KapamTepillue cTeneH AenonapHsagHje csje- 
TnOCTH. AKO je CBjeTJ1CCT  1-10TIVHO  nonapHsosaHa oHAa je jeAHa oA senvoiHHa 

1  Hnu 51. 2 , jep,HaKa HynH. OliHrneAHo je Taga = 0. CynpoTaH cnriaj je 
csjeTnocT, KOJI it* je 2 1 = .2 ; -=--- 1. TaKBa CBjeTTIOCT ce Hasmsa Henonapm-
sosaHa mnm npmpoAHa. tipti-bemnla, Aa y TOM cnriajy jeAHaLmHa (50,3) pima 
cnera jeAaH xopHjeN 3a 2.,  noma3yje,  Aa TeHaop Jfk  mAa 06m4K: 

itk 
(50,11) 

rAje je 2.. 0  onurra spHjeAHocT 21.. 1  H 4. CaAa Te jeAHatIHHe Aajy 3a seKTop ni 
6ecmoHa.14Ho MHOPO Bpkije,n,HocTi4. .D,pyrHM pHjeqpima, 0614LIHa CBjeT110CT ce mo)Ke 
cmaTpani Kao cyriepriosPiwija ABajy nonapm3osammx Tanaca jeAHaKor HHTeH31,1TeTa, 

K0,(1, K0j14X cy oce nonapmaaLmje pacnopebeHe Ha nponssorbaH HaqHH (y pasHpi 
HopmanHoj Ha npasa4 CBjeT110CTH). 
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§ 51. Pamaratbe eneKTpocTanviKor nolba 

Florbe, xoje msamsajy onTepehei-ba, Taxobe ce moxte ciJopmanHo pas-
JIONCIATI4 Ha paisHe Tanace (pasamTH y Fourier- OB HHTerpan), MebyTmm, TO 
pasnaral-be, y cyurTHHH ce pa3nHxyje og pasnaraH.a enexTpomarHeTHmx Tanaca 
y samyymy. ICI 3amcTa, norbe onTepehet-ba He sagosorbasa xomoreHy D'Alem-
bert -oBy je,gHaHHHy (44,8), a npema Tome Hmje,rtaH HnaH pea mojH npeTcTasn,, ? a 
TO norbe He sagosorbasa Ty jegHaLiHuy. Ogasge crimjegm, ga 3a pasHe Tanace 
Ha Koje ce mowe pacTasHTH norbe onTepeheEba, HHje mcnyfbeHa pena4Hja 

(02  2 
k 2 	— , Koja swim 3a pasHe moHoxpomaTH4He enexTpomarHeTHe Tanace. 

CneqmjanHo, axo enexTpocTaTHLmo norbe ctiopmanHo npeTcTaEmmo y o6nHxy 
cynepnosmuje pasHmx Tanaca, oHga he „cf)pexseHumja" TI4X Tanaca, otiesmgHo, 
614TH jegHaxa Hynm, jep nocmaTpa Ho norbe He sasHcH og spemeHa. TanacHH nax 
BeKTOpli, HapaBHo HHcy jegHaxx Hynm. 

FlocmaTpajmo norbe, 143a3BaHO TaxixacTmm onTepehel-beM e, xoje ce Hanasm 
y xoopgmHaTHom nogeTRy. floTeHumjan cp Tora norha ogpetyje ce jegHaHHHom 
(s. § 35) 

cp. — 4 a ea (r). 	 (51,1) 

PassHjmo cp y Fourier- OB HHTerpan, Tj. npeTcTasmmo ra y o6rixy cynep-

no3HW4je paB1-114X Tanaca o6nmxa cp k  e ik r  

= e ikr
cpkdk, dk y dk z . (51,2) 

_00 

FlpmmjeHvjyhm Laplace-os onepaTop Ha o6Hje crpaHe ose jegHatutHe, Hanasmmo:. 

A cp = — 
	r f k 2  e ikr

Cp k  dk x dky  dk z , 

co 

jep je Fourier- oBa xomnoHeHTa (A cp) k  o ,q Hspasa Q cp : 

(Ocp) k =-- k 2 cp k . 

C gpyre cTpaHe, (A cp) k  mo>xe ce HahH, axo ce 3a o6Hje cTpame jegHa-
4HHe (51,1) y3me Fourier- osa xomnoHeHTa 

(A (P)k 

+co 

1   1 f f 45e6(r)e – ikr dxdydz 
210 3  

_ 

e 

2 n 2  

YnopebmisaHDem o6a go6HjeHa Hspasa sa (A cp) k  , Hanaskimo 

e 	1 
`Pk— 2 n;2 	k2 

Osa ckopmyna H pHjeluasa nocTas.rbeH sa,gaTaK. 

(51,3) 



k 2  2172  
Ek — ikyk  = — Ik 

(51,5) 
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AHanorHo noTeHumjany  cp  mowe ce pa3B1414 14 nome 

+co 

E=IffEk  eikr  dk, dky  dkz . (51,4) 

 

Flomohy (51,2) Ao6HBamo 

+co 

E = — grad iffsok  e ikr  dk, dk y  dk z = — f ikyk eikr dkx  dky  dkz. 

YnopeljyjyhH ca (51,4), Hana3Hmo: 

OAaB,Ete ce BHAH, Aa je name Tanaca, Ha Koje cmo paanoxamH Coulomb-ipso 
nome, opHjeHTHcaHo Ay)x TanacHor BekTopa. Flpema Tome ce TH Tan acm mory 
HaBBaTH 110HrVIT}FAHHaJIH14. 

§ 52. ConcTBeHe ocnnaannje noJba 

flocmaTpajmo enexTpomarHeTHo nome, xoje ce HanaBH y Hexoj xoHamHoj 
Banpemmmm npocTopal). L1a 6Hcm0 ynpocTmnH Aamfba H3pamymasam.a, npeTno-
cTaBmmo, ,rta Ta 3anpermHa Hma o6rmx npaBoyrnor napanenonHne,aa ca cTpamama 
A, B, C. Taxta mo)Kemo cBe Bei -1149mm, Koje y TOM napanenonmne,ay KapaicrepHiny 
norbe, pa3BHTH y TpocrpyKH Fourier- OB peA (no TpHma moopAmmaTama). Ha 
npnMjep, BeicTopmcm noTemwdjan norba mmahe caAa o6nHic : 

A = 	Ak eikr . 	 (52, I ) 
k 

Cymxpafbe ce BpLuH no csHm moryhHm BpHje,n,HocTHma BexTopa k, '4Mje Romno-
mem -re, Mao UJTO ce 3Ha, mmajy BpmjeAmocT 

2  yr  n 	 2 nz kx  	x 	
2an v 	or k y  	p zB

A  

(52,2) 

rAje cy 11 x , fl y , fl C10314THBEIH H  meraTHemm umjerim 6pojeBm. KoetImuHjem -rm A k . . 

mopajy Ba,goBorbaBaTm penagmjy A_k =--- Ak 6y,gyhm Aa A mopa 6H -rm peanHo. 

k13 jeAmagmme div A = 0 cnHje,rw, Aa je 3a cBaxo k 
k Ak = 0, 	 (52,3) 

Tj. KOMIITIeKCH14 BeKT0p14 

TOpliMa k. BeKTupH Ak 
jeAmatiMme 

Ak „HopmanHH" cy Ha ogroBopajyhmm TanacHum Flex 

cy, mapasmo, tymtawje Bpemema. OBH Ba,o,oBorbaBajy 

Ak 	c2  k 2  Ak 	0. 	 (52,4) 

1) Prljeg je o rimy y orcycTey onTepeheEba („cno6o,[tHo 3pagetbe"). 
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AKO cy AHmeHsHje A, B, C AaTe ,3aripempffie ,110130.1 -6140 senHKe, oH,ua cy cy-
cje,uHe Bpmje,gHocTm kx , k y , k z  (K0,1:k K0j14X ce nx , ny , n, pa3nHKyjy sa jeAHHHtly) 
cKopo mebyco6Ho je,uHaKe. Y TOM cnyHajy M14 mo)Kemo rosopHTH o 6pojy mo-
ryhmix spHje,uHocTH k x , k y , k, y manHm HHTepaanHma A k x , A ky , A k z . 

Byuyhm ;la cycje,uHe BOHjeAHOCT14, pegiimo kx , o,urosapajy spHje,EkHocTHma 
nx  Koje ce pasnHicyjy 3a jeAHHHuy, oH,Eka. je 6poj Al1 x  moryhHx HpHje,uHocTH k x  
y HHTepsany A k x  npocTo je,uHaK oxtrosapajyhem HHTepsany An, BOHjeAHOCTH nx . 
Ha Taj Har-114H Hanaskimo : 

A n 	
A 

= 	A k
' 
 An y = 	 k y , , An 	dk,. 

2 yr 	 2 g 	 z 	2 at 

YKynaH 6poj A n moryhmx spHje,u,HocTH seKTopa k ca KomnoHeHTama y HHTep-
sanHma A k x , A k y , A k z  je,rwaK je npomsno,gy A n x  A n y  A n,, Tj. 

V 
A 17 = 	A k, A k y  A k z  , 	 (52,5) 

(2 Tc, 3  

r,Rje je V = ABC sanpempuia narba. 

0,uaue je naKo o,upe,ELHTH 6poj moryhmx BOHjeAHOCTI4 TanacHor seKTopa 
C anconyTHom Bppije,aHowhy y HHTepsany Ak H npasuem y enemeHTy TjenecHor 
yrna do. 3a TO Tpe6a canto npehm Ha ctepHe Koop,u,HHaTe y „npocTopy 
k x , k y , k z ", H ymjecTo Akx  Ak y  A'?z , HanmcaTm enemeHT sanpemme y TOM 

npocTopy. Ha Taj Hal-114H je : 

An — 
(2 7)3 

k 2  AkAo. (52,6) 

Hajsa,u, yKynaH 6poj spHje,uHocTH TanacHmx seKTopa anconyTHmx BeI114414Ha k 
y HHTepsany A k H csmx npasaL;a je,aHaK je (ymjecTo Ao nHuiemo 4a): 

An= 
2 

V 
m2 

k2  Ak. 	 (52,7) 

BeKTopH Ak, Rao cloyHinuije spemeHa, cso,ue ce Ha npocTe nepHoAHHHe 

ckyHKLAHje ci)peKseHLIHja cok =ck [ynop. je,uHaHHHy (52,4)]. rion.e hemo pasno)KHTH 
TaKO Lta 6y,ue npmKasaHo pasimm TanacHMa. Y Be3H C THM mo)Ke ce pe,A (52,1), 
nocnHje nperpyrnicasaFoa LinaHosa, HanHcaTH y o6nHKy; 

A =11  (ak  ei kr +  ak e- 

k 

(rAje ce ul3peKTHO 1/13paxcaBa peanHocT A). CmaTpahemo, ga CBaK0 a k  3aBHC14 

o,u spemeHa nomohy cbaKTopa eico k t: 

Ak 	e –i w k t, cok = ck. 	 (52,9) 

TaAa CBaK14' noje,afr-4 HnaH y cymm (52,8) 6Hhe cpyHmixja canto 0u paanpuca 
kr — co k t, LLITO oAroaapa Tanacy, KOjH ce npocTHpe y npasqy HeKTopa k. 

143pa4yHajmo yicynHy eHeprHjy 

, 1  _f ( E2 H2) d v 

i kr) 	
(52,8) 
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nocmaTpaHor non,a. y 3anpemHHH V, H3pawasajyhm je nomohy BenmtikiHa k. _ 

3a enexTpH4Ho norbe 14Mamo: 

E-- 1  A_— 
c 	

( k ei kr + k* e-i kr 

c 

I45114, ysestuH y 063Hp (52,9): 

E 
. 

akei kr — a k  e-i kr
\ 

 (52,10) 

k 

3a marHeTHo norbe H= rot A Hana3HMo: 

H = 
k 

FlpH H3pagyHaHal-by KBaApaera THX cyma Tpe6a HmaTH y smAy, ,tta CBI4 Ilp0H3B0):II4 

HnaHona ca TanacHmm HeKTopHma Hyny npH HHTerpmpaH.y no 

Ilmjenoj sanpemHHH. ICI 3aocTa, TaKBI4 HnaHoi314 cagpwe cloakTope o6nmxa e± i are  

q = k ± k', a HHTerpan, Hanp., 

A 2n 
1--n X 

e A x  dx 

0 

ca 1.1mjenmm n; 	0 je,gHaK je Hynm. Hs Tora pa3nora jenHaKH 

ca 	 +2 ikr .  A y 	
Cy HyJE4 I-11)0143- 

E0ABOARK0j14 	g,pice ckatcrope e— 	OHI4M HnaHoBmma rgje HeMa excnoHeH- 

gmjanHmx HmHmnaga, mHTerpmpaFbe no dV gaje jegHocTaaHo 3arrperomy V. 

Y pe3ynTaTy Hana3mmo: 

f k 2  ak ak 	(k X ak) (k X ak* ) 1 

Ho Ram) je ak k = 0, 6mhe 

(IC X ak) (k X a 	k 2  ak ak, 

na ce ge cl) MHMTMBHO Ao6Hja 

, 	 = 
le V 

ak ak. 
2n 

(52,12 ) 

k 

Ha Taj HatimH, ToTanHa emeprmja norba m3pa.)Kana ce y o6nmity cyme eHeprHja.  
e/k Koje Cy nojegmHatnio se3aHe ca csaxmm nojegiumm paBHMM Tanacom. 

floTnyHo aHanorHo moxce ce H3paHyHaTH ToTanHH Hmnync norba 

f 1  S dV =  1  
c2 	 4 c 

(E X H) dV, 

npH Hemy ce ,go6mHa : 

[

(k X ak ) e - i kr — (k X ak*  ) e - ikr] (52,1 1) 

k 

k c 
(52,13) 



32c- 1 (Pk cok Qk) 
2 	2 	2  

2 
E lk  

k 

(52,16) 
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OBaj pe3y.nTaT ce morao H yHanpext ottexHsaTH C 06314130M Ha 1103HaT14 o,D,Hoc 
meby eHeprHjom H Hmnyncom paaHHx Tanaca (B. § 45). 

YBobeH.em (52,8) [Hnx (52,1)] nocTHMxe ce onHcHaakbe norba noMohy 
AHcmpeTHor pexta npomjeHrbm3Hx (BeKTopa ak ), yMjecTo onHcHsaFba KOHTHHyaJIHHM 

pe,ROM npomjeHaisHx, KaKBO je y CyLLITHHH onHcHnaHoe nomohy noTeHujana 
A (x, y, z, t), KOjH je 3a,gaT y CBHM Tagxama npocTopa. TpaHcc]JopMHpahemo calla 
npomjeHrbm3e ak  , 1.11TO he Ham omoryhmTH, ;la jeltHaqHmama norba Aamo o6raix, 

KOjH je aHanoraH KaHoHcicHm je,RHaLuiHama mexaHme (Hamilton-oBmm jerlHatumama)• 

YBegHMO peanHe „maHoHmtme npomjeHrblise" Qk  H Pk nomohy penal ja 

Qk 	" (ak ak 
(52,14) 

Pk 	(')k " (ak 	ak*  ) = Qk • 

05,rtje je a Hema, peanHa KOHCTaHTa, Kojy hemo KacHHje uper4TH Tam), ,cca oAHoc 

Pk = Qk me by „reHeparicaHHm HmnyricHma" H „KopAHHaTama" cTBapHo 6yAe 

nocrbeAmLla je,LtHaHHHa xpeTaHDa. 

Hamilton- osa ctiyHmumja non..a ,go6Haa ce 3aMjeHoM Benkr-H4Ha ak, H3pa-

xemcc nomohy Pk  H Qk y H3pa3 3a eHeprHjy (52,12): 

-72` E -72`k 
k 

V  

	

(F32 	n2N .  

8 yr C2  a2 	k 

,721.  
,E1a 614 ce Hamilton - osa juHatH4Ha 	 = Qk cnarana ca Pk  = Qk , Tpe6a. 

Pk 

CTaBHTH  

	

V 	1 
	= — Tj. 

	

8 3-E.  c 2 	2 

a= 11  V  
V 4 Tr c 2  

 

(52,15) 

Tana Hamilton - oBa ckyfigumja Ao6Hsa o6nmx : 

 

„JeAHat-H4He KpeTafba" 

J-2c 	- 	a. 	• 

Qk  =—Pk,  "k =th  

caoAe ce Ha jeAHaLuiHe 
•• 

 

 

Qk 	(t)2k Qk 	0,  (52,17) 

Tj. HrteHTHHHe cy ca jellHamHHama norba. 
CBaKH 0,11 BeKTopa Qk  H  Pk HopmanaH je Ha TanacHom seicTopy k, Tj. 

Hma no ABHje He3asHcHe KomnoHewre. CMjep THX BeKTopa webyje ofilijewra-

gmjy nonapH3auje oArosapajyher Tanaca. Aim ce ca Qki, j = 1,2, o6Hrbeae 
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BHje KomnoHeHTe BexTopa  Qk  (y pasHm Hopmarmoj Ha K) oH,Lia ce HMa 

Qk = E Q k3 ,  H  aHanorHo  3a  Pk. Tau. je : 

, (52,18) 
kj 	 =2-1  P 12C1 	co Q h2i JJ 

BHAHMO, ;la ce Hamilton-osa ckyHxuHja paBna)Ke Ha cymy He3aBHCHP1X 

snamoBa 	Rojmx cBaxm cap 	no je,RaH nap BermitimHa Qkj, Pkj . CBaKm 

TaKaB LinaH oxiroBapa Tanacy  ca ozpebeHmm TanacHHM BexTopom H nonapm3a- 
umjom. lipm Tome giki Hma o6rmix  Hamilton-oBe (1)yHim1je nmHeapHor „ocipina- 

Topa", Kojm Bpulm npocTe xapmommjcxe ocumnaLimjel). 3aTo ce o ,ao6mBeHom 
paBnarafby noHeica,ti roBopH xao o paBnaraH.y norba Ha ocumnaTope. 

Hanucahemo ckopmyne, moje excnnmilmTHo m3pam(aBajy none nomolly npo-
MjeFilbliBHX Pk H Qk. 143  (52,14)  H (52,15) mmamo: 

1 
ak = —

k 
* 	\I'm  (Pk + 	Qk) • J.r (Pk  — i(O k  Qk) 	ak 	k 	-17 V 

(52,19) 

3aMjeFbyjyhH oBe m3pa3e y (52,8) Hana3mmo BeicTopcxm noTeHilmjan norba: 

A = 2 
k 

—

1 

 (  Ck Qk cos kr — Pk sin kr) (52,20) 

3a enexTpliLlHo H marHeTHo norbe Ao6mBamo 

H = 2 } 

E = 2 f 
 V 	

(ck Qk sin kr + Pk cos kr ) 

[ 

 1 
ck (k  X  Qk ) sin kr-HkXPk) cos kr  • 

(52,21) 

1) B., Hanpilmjep, „MexaHHKa"  §  30. 



FTIABA VII 

IIPOCTHPAHDE CBJETAOCTI4 

§ 53. reomeTpllexa onTHRa 

PaBHH -ranac ce ortrnixyje oco6mHom Aa  npaBau FLeroBor npocTmpaFba 

H amnruiTy,rta yamjex ocTaly  'ACTH.  np0H3BOTIDHPI eneKTpomarHeTHm TanacH. HapaBHo, 

HeMajy Ty oc06mHy. 
Mebyrmm, y Bermom 6pojy crlytiajeBa eneKTpomarHeTHm Tanacm, KOjP1 Hmcy 

paBHH, oArimicyjy ce TOM  OCO6MHOM,  Aa ce y CBaKOM manom AHjeny npocTopa 

mory nocmaTpaTm Rao palm'''. 3a  TO je, ogeBm,rmio, noTpe6Ho, ;la ce amnnwry,ga 

H npaBau Tanaca roToso He mmjeFbajy Ha gyxamm, Koja je peagy)KmHe Tanaca. . 

AKO je Taj ycnos mcnyl-beH, oftria ce mory yBeCTH TaKosBaHe TanacHe 
noBpLumHe, Tj, noBpumBe,  ROA KOjPIX  je y CBHM HDPIXOBHM Tat-mama cl)a3a Tanaca 

(y zaTom momewry) je,rm-laKa. TanacHe noBpLumHe pasHor Tanaca, ogeskigHo, 
npeTcTaBrbajy paBHH, HopmanHe Ha npaBny npocTmpal-ba Tanaca. 3a cBaKm manm 
Amo npocTopa mo)Ke ce roBopmTm o npaFily npocTopaH.a Tanaca, KojM je Hop-
manaH Ha TanacHoj nospuimHm. lipwrom ce mo)Ke yBecTm nojam 3paxa - nximja, 
KO,a KOjPIX ce TaHreHTa  y  ceaKoj  TatiLAM noKnana c ripasuem npocTmpaH..a 

Tanaca. 
Flpoyi-lasaH.,e 3axoHa npocTmpai-ba Tanaca y TOM cnygajy npeTcTaBma 

npe,ameT reomerpmcxe on•rmxe. reomeTpmcKa onTmKa, Aaxne, nocmaTpa npocTmpaEbe 
eneKTpomarHeTHmx -ranaca, a cnenmjanHo cajeTnocTH, xao ripocTxpaFbe spaKa 
rAje ce cacimm 3aHemapyje 1-blixoBa  Tanacna npmpo,tla. Apyrpim pmjeLmma, reome-
TpHcma onTHKa ogroBapa  rpafmtniom  cnytiajy manpix Tanacmu ny)fthxa, 0. 

Flo3a6aBmmo ce caAa m3Bobei-bem ocHoBHe jermatimme reomeTpmcxe onTmKe, 
je,aHatimHe Koja ojapebyje npaBau 3paxa. Hexa je f ma Koja BenmtimHa Koja 
onmcyje noise Tanaca (Ma Koja okt KomnoHeHaTa E HRH H). Ko,g, pamor moHo-

xpomaTmgHor Tanaca f mma o6rtmK: 

f =  aei  (kr — cot + a) 
aei 

(k x j  ± a) 	 (53,1) 

(43ocTaBrbamo 3Hax Re jep ce cTanHo nonpa3ymmjesa peanHm Am). 
Harimummo x3pa3 3a norbe y o6nmxy 

f 	aeilf  . 

Y cnytiajy, Ka,ga Tanac HHje paBaH, arim ce reomeTpmcma onTmKa momce npmmje- 
• amnnwry,ga a je ornuTa ckymmmja Koop,rwHaTa H Bpemexa, a cka3a 	Koja 
ce Ha3mBa Taxobe ajmoHan, HeMa npocT o6nmx xao y (53,1). MebyTmm, ajKoHan 111 

je y CyilITHHH pellaTMBHO orpomHa BenmgmHa. To ce Herlocpexio BEAM no iome, 

• ce mmjei-ba. 3a 21r y mxTepBany jerme TanacHe AplutHe, a reomeTpmcKa. 

onnixa onroBapa rpaH141114 A  —i-  0. 

(53,2) 
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3a mane njenose npocTopa H HHTepsana BpemeHa ajKoHan 
pa3}314TH y pen. C TamHomily nO mnaHosa npuor pena ;imam° 

mowe ce 

dw  4)---4,.+r- -Ft at 
(KOOpAHHaTHH nomeTaK H nomeTaK pamyHaHDa spemeHa y3eTH Cy y nocmaTpaHom 
Alljeny npocTopa H HHTepsany upemeHa; BpHje4HOCTH H3Bona y3Hmajy ce y 
KoopnHHaTHom nomerKy). YnopebHuaFbem Tara H3pasa ca (53,1) mowemo HanHcaTH: 

, '4) 	 dgd k =  6  _.==- grad 4) 	 (53,3) at 

LUTO H onrosapa mmfbeHmuv, na ce y cuaKom manom nHjeny npocTopa 	y 
manHm HHTepBanHMa upemeHa) Tanac mowe cmaTpaTH pasHmm. Y 4-11HMeH3H-

oHanHom o6nHKy penaumje (53,3) npnuy ce 

(53,4), 

rAje je k t -TaJlaCHH 4-BeKTOp. 

BH,Rjeffil CMO y § 46, na meby KomnoHeHTama 4-BeKTopa k i  flOCTOjH pena-
uHja le? =0. Axo ce ounje yupcTH (53,4), Hana3H ce jenHammHa 

61  = 0 	 (53,5) 
Ox i  ) 

013a jenHamHHa, Koja ce Ha3HBa jenHammHa ajKoHana, je ocHouHa jenHamHHa. 
reomeTpmcKe 011THKe. 

JenHammia ajxoHana mowe ce, TaKobe, H3BecTH H HenocpenHHm npena3om 
Ha rpaHmuy 	0 y TanacHoj jenHamHHH. ilome f 3anosolbasa TanacHy jenHammHy 

a 2f  

Ox 2i  

AKO ounje cTauxmo f =--- ae/IV 
 Hana3Hmo 

a2a 	as  dki) 	62 4) 	I f
axl e  + 1-1  ()x i  axi 	O.X 2. 	 ) 	0. 

	(53,6) 

Ho, xao LUTO je rope noKa3aHo, ajKoHan 4 pima Bem4Ky spHjenHocT. npema Tome, 
ounje ce mory 3aHemapHTH TpH npua mnaHa y onHocy Ha meTupTH Te ce rIOHOBO 

11011a3H no jenHammie (53,5). 
Haueulhemo osnje j0111 HH3 penaumja, Koje mebyTHm, npHMHjeFbeHe Ha npo-

cnipaH,e csjeTnocTH y Bamyymy nosone canto no IIOTIVHO 04eB11,11HHX pe3ynTaTa. 
HaBonHmo xx ounje H 36or Tora, LUTO }imam° y umny, na ce y CBOM onuiTem 
06.1111Ky TH 3aKlbytIL(H mory npHmHjeHHTH H Ha npocTpipapbe CBjeTDOCTH y maTe-
pHjanHHm cpenHHama. 

1/13 o6nma jenHammHe ajKoHana H3na3H Ba)KHa aHanorMja mety reome-
TpHcKom onTHKom H mexaHHKom maTepHjanHmx mecTHua. KpeTaH.e maTepHjanHe 
mecTilue rippiKa3yje ce Hamilton- jacobi-esom jenHatniHom (22,12): 

as 	e A i )2  
C 	

111 2 C? 	O. 

Teopmja soma 
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Osa jeAHaHmHa, Kao 14 jeAHatimHa ajKoHana, je napuHjanHa jeAHaHmHa npsor 
peAa H Apyror cTeneHa. Mao LLITO je no3HaTo, AjejcTso S je nose3aHo c mmnyncom 
p 14 Hamilton-0BOM ckyHKumjom 3-2c  HecTmua nomohy penauHja 

Os 	 OS 
72c — 

P 
 

Or , 
	, = 	

at • 

YnopebmsauDem OBI4X cl) opmyna c topmynama (53,3) smAHmo, Aa TanacHH seKTop 
Tanaca mrpa y reomerpHcRoj minium ynory mmnynca HecTmua y mexaHmIlm, 
a tpeKseHumja — ynory Hamilton-0E1e tymumje, T j. eHeprmje HecTHua. Anco-
nyTHa senw4mHa k TanacHor BeKTopa se3aHa je c cbpeKBeHuHjom nomohy cl)opmyne 

•  BmAHmo, Aa je Ta penaumja aHanorHa penaumjH p = — meby mmnyncom 

14 emeprHjom HecTmue c macom jeAHaKom Hynes 14 6p3mHom Koja je jeAHaKa. 
6p314H14 CBjeTTIOCT14. 

3a mecTpule sane Hamilton-oBe jeAHaHHHe 

p.  =  - 
Or 
 v r = 

dp 
 • 

C o63mpom Ha m3HeuieHy aHanorMjy moxcemo HenocpeAHo HanmcaTH aHanorHy 
jeAHaHmHy 3a spaKe 

k Oct) 	• 	Oco 
= — 

Or 	r dk 
(53,7) 

Y samyymy je co = ck,  na je k =  0, v = c n (ti je jeAHHHHHm seKTop Ay)K 
npasua npocnipaHDa), Tj.  Mao  LLITO H mopa 614TH, y saKyymy cy 3pauH npase 
nmHHje Ay>1( K0j14X ce  CBjeTTIOCT  npocnipe 6p3mHom c. 

AHanorHja mein/ TanacHmm sexTopom Tanaca H mmnyncom HecTHue Hapo-
Hwro ce jacHo nojasnDyje npm cnmjeAehoj OKOT1HOCTH. FIOCMaTpajMO Tarlac, KOjH 

npercTaBnDa cynepno3HuHjy MOHOXp0MaTHLI 1414X Tanaca c clopeKseHuHjama, Koje ce 
Hana3e y HeKOM manom HHTepsany,  14 KOjH 3ay3Hma Heim KOHar-1H14 Amo npocTopa 
(TaK03BaHH „TanacHm naKeT"). 1/13pagyHajmo 4 - HMnync noyba Tora Tanaca, Cily-

xteht4 ce ckopMynoM (31,6) C TeH30pom eHeprHje- mmnynca (47,4) (3a csaKy 
moHoxpomaTmHy momnoHeHTy). AKO y TOj tOpMyTIH 3ammjeHHmo k i  HeKom Hperosom 
cpeAHDom spmjeAHocnr, Ao6msamo  H3pa3 o6smKa. 

P, ---- A lc,, 	 (53,8) 

rAje je Koecimumjewr nponopumoHanHocTm A meby Asa 4- seKTopa Pi  14 k i  Heim 
cKanap. Y TpoAkimeHmoxanHom o6nmicy osa penawija ,aaje: 

P  = A k, 	= Aco. 	 (53,9) 

Ha 'raj Haqmr -r smAmmo, Aa ce mmnync 14 eHeprHja TanacHor naKeTa TpaHctop-
mHpajy pecneKTmsHo Kao TanacHm seKTop H ckpeKseHuHja npm npena3y oA jeAHor 
cmcTema petepeHuHje Ha Apyrm. 

I-IacTasnDajyhm aHanormjy mowe ce y reomeTpmcKoj onTmum ycTaHosHTH 
npmHuHn, KOjH  je aHanoraH npHHumny HajmaHDer AjejcTsa y mexaHmum. MebyTHm, 

off ce He moxce HanHcaTm y H  amilton- (mom o6nHKy 6 L dt 0, jep ce mcnocTa- 
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erba, Aa je 3a 3pay.e Hemoryhmo yeecTm tymulmjy, Koja je aHanorHa Lagrange-oBoj 
tyl-am4jH 3a HecTmpe. CTBapHO, Lagrange- osa tyHmilmja L tiecTmua noee3aHa 

6..71 je ca Hamilton-0130 McbyHKIaljOM 	nomohy penauje L= p 	3ammje- 
op 

1-byjyhm Hamilton-oBy cbyHimmjy tpeKsenwjom co, a mmnync TajlaCHHM BeKTOpOM 

k, Hanmcanm dmcmo y onTHQH, yMjeCTO Lagrange-oBe tyf 
co

ulmje, k — co. Ho 

Tai H3pa3 je jeAHaK HynH, jep je CO =--- ck. HeMoryhHocT yeoheHDa Lagrange-oBe 
tyHKLimje 3a 3paKe BHAH ce yocTanom H HenocpeAHo H3 rope HaBeAeHe OKOn-
HOCTH, Aa je npocTmpaH,e 3paKa aHanorHo KpeTalby tiecTFRIa, Hmja je maca 
jeAHaKa HynH. 

AKO Tanac mma oApeheHy CTailHy cippeKseHumjy co, oHAa ce 3aBHCHOCT 

 q-beroeor norba oA it/3f
.  spemeHa oApehyje cl)aKTopom o6nmKa e . ilpema TOMe, moxce 

ce 3a ajKoHan TaKBor Tanaca HanHcaTm: 

— cot + Y L  (x, y, 	 (53,10) 

-rAje je q) ;  d,pyHKLIHja canto oA KOOpP,HHaTa. CaAa jeAHatimHa ajKoHana (53,5) Ao-
:6mea o6nFIK : 

(0 2 
(grad 4) 1 ) 2  

c2  
(53,11) 

TanacHe nospumHe cy rioBpLuktHe KOHCTaHTHOr ajKoHana, Tj. npeTcTaarbajy ta-
mHnHjy noapLumHa oonmKa c.th (x,y, z) = const. Y csaKoj TatiKH 3paLtH cy Hop-
MaJIHI4 Ha ogroeapajyhoj TanacHoj 110BpIIIHHH. 1-inHX0Ba opmjeHTaumja oApehyje 
ce rpaAmjeHTom 0  th. 

Y cnytlajy KaAa je eHeprmja KOHCTaHTHa, momce ce, Kao IliTO je no3HaTo, 
npHHLIFin HajMaEber AjejcTsa 3a HecTmpy HanmcaTm H y o6nHKy TaKo3BaHor 
Maupertius - °ear npmHumna: 

S o fp dl 0, 

r,Rje ce HHTerpmpaH.e spun,' no TpajeKTopMjH HecTmLie meby Aea FbeHa 3aAaTa 
nono)Kaja. flpM Tome ce npeTnocTaerba, Aa je Hmnync m3paiKeH y tyliK1411jH O A 
eHeprHje H AmelpepeHilmjana RoopAmHaTa tiecTmge. AHanoraH npmHumn sa 3paKe 
Ha3mea ce Fermat-os ripHHI4M11. Y TOM cnytiajy mo)Kemo npema aHanormjH 
HanHcaTM: 

k di 	O. 	 (53,12) 

. Y eaKyymy je k =—°) n, H Ao6HBamo : 
C 

6 f dl -= 0, 	 (53,13) 

(jep je dl.n = di) IIITO H oArosapa ilpaBOTIHHHjCKOM npocTmpaHv 3paKa. 

9* 
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§ 54. HHTeH3HTeT 

Flpema paHmje H3nmeHom, mo>Ke ce y reomeTpHjcKoj OrITHLAH cBjeTnocHg 

Tanac nocmaTpaTH Kao cHon 3paKa. MebyTHm, 3pailH camp' no ce6H oppebyjy 
canto npaBall npocTHpaaia cBjeTnocTH y csaKoj TatiKH, a He H pacnogjeny HHTeH- 

3wre -ra CBjeTTIOCTH y npOcTopy. ilocmaTpajmo 6ecKoHaHHo ma.nH enemeHT Ha ma 
KOjOj TanacHoj nospumHH nocmaTpa-
Hor cHona. 113 pHcloepeHupijanHe reo-
meTpHje je no3HaTO, pa criaKa nosp-- 

• 
1.1111Ha y CBaK0j CBOjOj Tatum lima Asa 

rnasHa nonynpetiHmKa KpHsime, KOjP5 

0,- cy, yoruuTe rosopehm, pa3nHimTH. 
HeKa cy ac m bd (cm 4) enemeHTH 
FilaBH14X xpyroBa KpHBHHe, KOjH  npo- 
na3e Kpo3 pan.' enemeHT TarlacHe' 
noapume. Tapa ce 3pauH, KojH npo- 
na3e Kpo3 TagKe a m c, Meljjyco6Ho 

cHjeKy y oprosapajyhem ueHTpy KplisliHe 0 1 , a 3pauH, KOjkl npona3e Kpo3 b 14 

cHjeKy ce y Apyrom ueHTpy KplisHHe 0 2. 
ilpH panum 'yrnosHma meby 3pau1ma I/13 0 1  1,1 0 2 , ,4PKYIHe cermeHaTa ac 

H by otiHrnepHo cy nponopuHoHanHe oAroBapajyhmm nonynpeqHmumma Kpm3HHe 

R 1  H R2 (Tj. ApKi4Hama 01 a m 02 6). noBpunHHa enemeHTa npQn0puHoxanHa 
je npoi433opy 143 ac H bd Tj. npoH3sopy R 1  R 2 . ,ELpyrHm pHjetuima,. Ka,ga ce 
nocmaTpa enemeHT TanacHe nospaugHe, Koja je orpaHmtieHa oppebeHmm HH3OM 

3paKa, oEipa ce npH xpeTaH.y py›K THX 3paKa nospumHa Tor enemewra mujefba 

nponopuHoHanHo senH9HHH R1  R2. 
C Apyre cTpaHe, HHTeH3HTeT, Tj. C13.TlyKC eHeprHje Kpo3 je,t1,14HHIly nospumHe, 

o6pHyTo je nponopuHoHanaH 110Bp1.1.1HHH Kp03 KOjy npoTHtie AaTa KOJIHtil4Ha csje-

TTIOCHe eHeprHje. Ha Taj Hat4HH ,40.11a31,1140 AO 3aKrbytuca, pa je HHTeH3HTeT: 

const. 
/ 	 (54,1),  

Ri  R 2  

OBy c opmyny Tpe6a pa3ymmjeTH Ha cnHjepetim HatiHH. Ha csaKom paTOM 3paKy 
(A B Ha Cll. 4) nocToje oppebeHe Tatime 01  H 02  Kao ueHTpH KplisHHe (y Tan-
Kama rgje ce cmjeKy ca 3paKoM) camc TanacHm nospiumHa Koje cmjeKy AaTH 
3paK. PacTojafba. 0 0 1  H 002 , op npecjetiHe TagKe 0 TanacHe noBpumHe H. 

3paKa AO Tat-lama 0 1  H 02 , npeTcTasn.ajy nonynpeHHHKe KplumHe R1  H R 2  Ta-

nacHe no3puuie y TatucH 0. Ha Taj Hatim c!opMyna (54,1) oppebyje npoMjeHy 

HHTeH314TeTa cBjeTnocTH ppK AaTor 3paKa y 1:13, ymu.mjH op pacTojal-ba Ao o,upe-

beHmx TamaKa Ha TOM 3paKy. Hanompubemo, Aa ie osa cloopmyna HenopecHa 3a 
ynopebH3at-be HHTeH3HTeTa y pa31-114M Tatucama jep,He HcTe TanacHe nospwHHe.. 

Bypytui Aa  ce HHTeH3HTeT oppebyje KBagpaTOM mopyna norba, TO ce 3a 

npomjeHy cantor norba ppic 3paKa momce HanHcaTH 

. 
f 	

const. 

V R 1  R 2  
(54,2) 

rpje ce y cloa3HOM ckaKTopy eikR  EWA R mo)Ke noApa3ympljeBaTH KaKo R i  TaKo 

H R2. BenyumHe eth H eaR2 mebyc06Ho ce pasnHKyjy camo y KOHCTaHTHOM 

c43aKTopy (3a paTH 3paK), jep je pa3m4Ka R 1  — R2, OAHOCHO pacTojaFbe meby 

o6a LteHTpa KPY1BHHe, KOHCTaHTHa. 

Cn. 4 
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AKO ce o6a norlynpetiHmKa KpmBHHe TanacHe noBpuniHe noKnanajy, °Fula 
.1,54, I) II (54,2) Hmajy 0611K: 

const. 	const.  . 
. f 	 •  	eikR 

R 2 	 R2 
(54,3) 

OBo Ba›Km cneumjanHo yamjeK y OHHM cnriajeamma, Kap,a cBjeTnocT npomcrHtie 
1,13 TaLiKacTor m3Bopa (oH,qa cy TanacHe noBptumHe KoEuleHTpHtme cckepe, a R 
pacTojaHDe OA 1,13B0pa CBjeTTIOCTM). 

I/13 (54,1) B1/111HMO, Aa  HHTeH3mTeT nocTaje 6ecKoHamaH y TatiKama R 1  = 0, 
R2 = 0, Tj. y ueHTpmma KpmemHe TanacHmx noBpunifia. AKO ce TO npmmmjeHm Ha 
cse 3pame y cHony, Hana3m  ce, 	14HTBH3MTeT CBjeT.110CT14 y gaTom cHony Te}Km Ka 
6BCKOHa4HOCTM yornuTe y3eBum Ha ,1u3Hjema nospan4Hama 	reomeTpmcKom MjeCTy 
CBHX 1.1eH -rapa KpmBHHe TanacHe noBpumHe. Te ce nospwmHe Ha31Bajy KaycTmKe. 
Y cneuHjanHom cnyLiajy  cHona  3paKa ca ctepHHm TanacHHm noBpumHama o6je 
KaycniKe ce cso,tke Ha jeriftly TatiKy (cI)oKyc). 

FIpema CBOJCTBHMa reomeTpmcKor MjecTa ueHTpa Kp1,1131iHe cbammnHje noBp-
un4Ha, no3Ha.THm H3 AmitepeHumjanne reomeTpHje, 3paitm TaHrHpajy KaycTmKe. 

Tpe6a HmaTm y spiny, ,n,a ce ueHTpm KpmEHHa TanacHmx nospun4Ha mory 
Halla3MTH He Ha apauHMa, Hero Ha Hplixosom ripo,tcy.aeFby m3a onTkitiKor cHcTema 
OA Kojera npom3na3e. Y TaKBHM cnygajesmma mma ce nocna ca mmarmHapHmm 
Kayc -rmtnimm noBpaimHama (Hall toKycmma). IlpHTOM HHTeH3PITeT CBjeT.TIOCTH HmrAje 
He nocraje 6ecKoHatiaH. 

LLITo ce Tmge noBehaBaFba HHTeH3HTeTa AO  6eCKOHaHHOC -11,1 7  OH, HCTTAHa, 

y Ta4Kama xayc -rme noc -raje BennKH, anm mnaK ocTaje KoHatiaH (B. 3a,aaTaK 143 

§ 59). cDopmanHo, 6ecKoHagHo BenmKa Bpmje,aHocT MHTeH3PITeTa noKa3yje, ce 
6nM3y KaycTmKa He moHce y noTnyHocTH npmmHjeHmTm anpoKcHmauja reomeTpHcKe 
anTmKe. Ca ,TOM oKonHouthy nose3aHa je H LIMHDeHPILla, A a ce npomjeHa ta3e 
ApK 3paKa mo>Ke oApeAmTm ci)opmynom (54,2) camo Ha OHHM cermeHTmma 3paKa, 
Koji He cattpKe Tatme ,go,tmpa ca KaycTmKama. KacHHje (y § 59) noKa3ahemo, 

Aa ce crBapHo npm nponasy nopeA xaycTPIKa epa3a norba cmaHqje sa —
2 	

To 

3HaH1, 	aKo je Ha Amjeny 3paKa Ao  H.eroBor TaHrmpaH.a ca npsom KaycTmKom 
norbe nponoptimoHanHo (taKropy eikx (x je KopAHHaTa Ay)K 3paKa), oH)qa lie 

nocnHje npona3a nopeA KaycniKe norbe 614TH nponopumoHanHo ca ei(kx – '/2). 
'IcTO TO ce Aoraba H 6n13y ,u,oxkHpHe Tatixe ca ApyroM xaycTmKom, na he m3a 

-re TaqKe name 611TH nponoptAmoHanHo ca erikx 

§  55. Yramill ajKoHaa 

CBjeTTIOCHH 3paK,  KOjH  npm KpeTaH.y Kp03 BaKyym Hambe Ha ma Koje 
.npoBHAHo maTepmjanHo Tmjeno, mmahe PO 11311a3y 143 Tor THjena, yonurre y3emum, 
npaBau pa3nmx-4wr oA npBo6mTHor. HapaBHo, npomjeHa npaBila 3aBmcm OA KOH-

KperfllAx ocoama THjena  H 0,E1 H.eroBor o6nMKa. I/InaK ce FIC110CTaBH.F10 A a je 
MOryhe 143BeCTH HeKe ornuTe 3aKoHe, K0j1,1 ce oLtHoce Ha ripomjeHy npasua 
CBjeTflOCHMX 3paKa npH npona3y Kp03 flp01,131301bHa maTepmjanHa. THjena. FIpm 
-rote ce npeTnocTaBnpa canto, ,Ra 3a 3paKe, Koje ce npocTmpy Kp03 nocmaTpaHo 
THje110, BaJKH reomeTpmcKa 011THKa. MM hello TaKsa THjena, KPO3 Koja ce nponym-

-Tajy CBjeTTIOCHH 3paum, Ha3P1BaTM, KaO 1.1.1TO je yo6milajeHo, 011TH4KHM cmcremmma. 



aq, 	 , 

ri3 (5 5 ,2) BHAH ce, ga cy BeKTOpH 11 H 	je414H14 11HH: — Be KTOp O M 11  = 
or 
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flpeMa aHanorkijH meby npocTHpai-bem 3paKa H KpeTai-beM HecTHue, Koja je 
HaBegeHa y § 53, HcTo TaKBH 3aK0HH sawe H 3a npoMjeHy npasua KpeTaH.a. 
HecTHua, Koje ce HajnpHje Kpehy npaBonHHHcKH y BaxyyMy, a 3aTHM npona3e 
Kp03 ma KaKBO enexTpomarHeTHo none H 110H0B0 H3na3e H3 TOr nova y saxyym. 
M1,1 hemo 360r Belle ogpebeHocTH CTaJIHO 1- 0B0pHT14 0 npocTHpaHDy CBjeT.TIOCHHX 
3paKoBa. 

Y npeTxogHom naparpacjy sHajenki CMO, ga ce jegHaHHHa ajKoHana, Koja 
ogpebyje npocTMpal-be CBjeTT1OCHHX 3paKoBa, mo.we HanHcaTH y 06JIHKy (53,11): 

co 2  , 
(V+ 	—7  (3a CEjeTnOCT  ca ogpebeHom tpeKBeHuHjom). Y6ygyhe, 36or npaK- 

THT-11-10C;TH, ca (.1) o6H.rbe>Kaaahemo KOTIFILIHMK H3 ajKoHana H KOliCTaHTHe Be.111,1 1.114He 
CO 

Taga 	ocHosHa jegHaHHHa reomeTpHcKe 011TPIKe HmaTH 0611HK: 

= • (55,1) 

CBaKo pjewei-be oBe jegHaHHHe ornicyje ogpebeHH CHOW spaKoBa, npm 
Hemy ce npaBau 3paxa KojH npona3H Kpo3 gaTy TaLiKy npocTopa, ogpebyje-
rpagmjeHTom y Toj TaHxpt. HnaK je 3a Haute cspxe TaKBo onHcHBaFbe Hego-
BUMHO, jep MH Tpammmo onurre penawlje, Koje ogpebyjy npona3 xpo3 onTHHKe 
cHcTeme .ma Kojmx 3paxa,  a  He jegHor ogpebeHor cHona spaKoBa. 3aTo ce 
mopamo nocripxyiTH ajKOHaTIOM, y3eTHM y TaKBOM o6nmy, y Kome 6H morao-
01-1HCHBaTY1 cBe moryhe  CBjeTTIOCHe 3paKe, Tj. 3paxe, KojH npona3e }CO3p ma KOjH 

nap Tatiaxa y npocTopy. Y CBOM o6HHHom o6nHKy ajKoHan %1? (r) je ta3a 3paKa . 
H3 HeKor cHona, KOjH npona3H  Kp03  TaT.IKy r. Caga mopamo yBecTH ajKOHan Kao 
tyHxwly 4' (r, r') KopgmHaTa gi3Hjy TaHaKa (r H r') cy pagmyc-aeKTopH no'-IeTHe 

KpajHpe Ta ■-iKe 3paKa). 3paK ce  Moxce noByhm Kp03 caaKe ABHje TaHKe r, r', 
a UI (r, r') je ta3Ha pa3nkixa (HnH, KaKo ce Kaae, onTHHKa gy>KHHa nyTa) Tora 
3paKa meby Tat-mama r 1,1 r'. KacHHje hemo nog r H r' cTanHo nogpa3ymm-
jeBaTH pagnyc-BexTope TaLiaxa  Ha 3paKy pecneKTHBHo go Pi nocnHje Fberosor 
npona3a Kp03 011144KH CHCTeM. 

AKO ce y (i)(r, r') cmaTpa ga je 3agaT jegaH og pagmyc-BexTopa, peummo 
r', ofiga he 4) Kao tyHKumja og  r  ornicHBaTH ogpebeHH CHOII 3paKoBa, H TO OHIAX 7 

 KOjH npona3e Kp03 TaLncy r'.  Taka.  mopa 3a,a0B0JbaBaTH jegHaHmy (55,1) y 
Kojoj ce gHtepeHumpaPbe Bimini n0 KomnoHewrama og r. AH.anorHo, am) ce cma-
Tpa ga je r gaTo, oHga Hana3Hmo  j01.11 jegHy jegHaHHHy 3a 4, (r, r') TaKo ga je: 

(Or 402  =  1 , 	(Vr4) 2  =  1 . (55,2) ,  

Kao LUTO je no3HaTo H3 npeTxogHor naparpata, npaBau 3paxa webyje 
ce rpagHjeHTom HperoBe ta3e. KaKo je k;/ r, r') ta3Ha pa3nHKa y TaHKama r1  

r, TO ce npaBau 3paKa y  TaLIKH 	ogpebyje seKTopom 	= —, a y Tatilth r 
Or' 

n 2 = n.2  =  1. (55,3) 

LieTHpH BeKTopa r, r',  n,  n' mebyco6Ho cy n0Be3aHH HeKom penauHjom, 
jep cy gBa og H.mx (n, q , f)  1,13B0414  HeKe ckyHKumje 41 no gpyrHm (r, r'). LLITo 
ce TIALie came tyHKumje fl,  oHa  sagoBorbaBa gonyHcKe ycnose — jegHaHHHe (55,2). 
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3a Hana>KeHDe penawlja meby 11, n', r, r', 3F0,E1H0 je mjecTo 	ysecTi4 

BenFPH4Hy, Ha Kojy ce He 6M HaJ:(0Be3HBa111,1 HPiKaKBH Aonyficni ycnom4, (Tj. Koja 

He 614 mopana 3a,gosonbasaTM ma KaRBe AmckepeHLAHjanHe jeAHat4mHe). To ce 
mo)Ke ypaApITH Ha cnHje,gehm Ha. 1111H. Y cjvHicujii He3aBHCHe npomjeHrE,Hse cy 

r H r', na 3a AmckepeHLwjan  dcl;  HMaMO : 

d4) 	dr  ± -a-a  `,.1). 7  dr' 	— n dr + n' dr'. 

1,13apummo caAa Legendre-oBy TpaHccleJopmauHjy 110 He3aBHCHHM npomjeH-

J101.31311M 11 H 11' ymjecTo r  H 	Tj. 

d = —  d  (n r) + r dn +d (n' r') — r' dn', 

0,4aKne, ysobeFbem cfyHKuHje 

	

= n'r nr — 	 (55,4) 

kimamo 

az = — r dn r' dn'. 	 (55,5) 

OyuKuHja z Ha314Ba ce yracm-ut ajKoHan. Kao WTO ce 131,1):111 H3 (55,5), y 

yraoHom ajKoHany He3asmcHe npomjeFubliae cy n H 11'. Ha z ce He HaAose-

3YIY HintaKBH AonyHcKH ycnoHH. araapHo, jeAHaLH4Ha (55,3) H3paxcasa ca,ga calla 

Aa je I , a TO cy ycnoEpt, mojH ce oxioce Ha He3aBMcHe npomjeH-

nzmae. I'13 THX yCJ10Ba 1314)114 ce, ,13,a cy oA -rpm KOM[10HeHTe n x , ny , n, sewropa n 
aHanorHo ti') camo Aspije He3aBpicHe. Y6yAyhe, Kao He3aBlicHo npomjeH- 

npHae cmaTpahemo RomnoHeHTe ny , nz , niu , n', na je 

n ix -1/1 	n '2 	n '2 .  

YBpurraBajy1114 Te Pi3pa3e y 

xdn x — ydn y —zdn z +x'dn'x ± y' duty  z' dn'z , 

Hana3HMo 3a AkiciDepexumjan 

fey ) 
d y — (y — 	 x) d 	 (z — 

nz 	 x) dn z 	(y,e dn y 
nx  

+(z'x'  dn'  z • n x  

0Aaaae Hana314mo AeC1)14H14T14BHO cnHje,Aehe jezHaHHHe: 

	

ny 	ax 	nz 	67  y — x   Z 	X = 

	

fix 	any 	tlx 	On, 
(55,6) 

, 	n'y 	dy 	, 	tic 	dy 
x = an; 	z — x' =- 	 • 

	

n x 	 n' x 	d n' z  

Oise je4Ha4HHe oApebyjy orunTm TpaweHH oAHoc meby n, n', r, r'. clpyxxmja z 
xapairrepHale KomcpeTHa cBojoTBa THjena Kp03 Koja npona3e spaL04 (wrin CB0j-

crsa noma — y cnygajy ri46aEba. HaenexTpmcaHmx tiecnAa). 

n x 	n; — nz , 
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Ka,Ra cy it' m 	3a,EtaTpf, oH,Ra cBaxm nap 143 je,rmaHmlia (55,6) npeTcTaBfba 
npaBy nmHmjy. Te npaBe nHHHje HHjecy Hmuira Apyro Hero 3paLlm, 14 TO npmje 

nocnHje nponacxa xpo3 onTmtum cHcTem. Ha Taj HatimH, je,gHatimHe (55,6) 
tienocpeAH o oApebyjy xperaFbe 3paKa Ha o6HM cTpaHama onTmHxor cmcTema. 

56. TaHK11 CHOROBH 3paxa s 

cipm TpermpaHv nponacxa CH01-10Ba spaxa Kp03 011T144Ke cmcreme Hap0414TH 

HHTepec npeTcTaBfbajy CHO 110B14, HHjM ce csM 3paqm cmjexy y jextHoj Ta. 1-1KH 

(TaK03BaH14 X0M014eHTp14 1-1H14 CH01101314). 

XOMOUeHTpI44 1414 CHOW 3paxa, nocnmje nponacxa xpo3 01TH4K14 CHCTeM, 
yormuTe y3eEnum, ry6H Ty CBOjy OCO6HHy, Tj. nocnmje nponacxa xp03 THjena 
3paum ce He cxyn.n.ajy noHoso y HeKoj Tatum. Camp y HapotimTHm cnytiajesmma, 
KaAa m3na3e 143 cBjeTnocHe Ta4Ke, nocnHje nponacxa }CO3p onnpixm cmcTem 
npecmjelAajy ce y je,twoj TatmcH y nHxy cBmjerne Tatucel). 

Mowe ce noxa3aTH (B. § 57) ,aa jeAHHeTBeH cny.iaj, KaAa CB14 xomoueH-
TpmqHm CH0110B14 14 nocnHje nponacxa xpo3 OFITHIIKE cmcTem ocrajy X0M014eH-

Tp144H14, npeTcTaarba cnyHaj mxteHTHHHor npecnmicaBaHa, Tj. cnyHaj TaKBOP 

onTmtmcor cmcTema, Koji,' 3a ma KOjH npeitmeT Aaje fHK KOjH je KgeHTFitia.H ca 
14.14M 14 no 06nHxy 14 no AmmeHamjama (Apyrmm pHjetimma, nmx ce pa3nHxyje oA 
npeAmeTa canto nomjepaFbem, poTar4mjom HnH orne,RaFbem npeAmeTa Rao ujenHHe). 

Ha Taj Ha4HH, Hmxaxas O1THIIK14 cmcTem He mowe ,gaTH noTnyHo BjepaH 
.T1 OK ripegmeTa (Kojn Hma KOHaLlHe AmmeH3Pije) Ft3y3eBum Tpl4BlijallH14 cny4aj 
HAeHTHHHor npecnmxaBaFba 2). Moryhe je camo anpoxcHmaTm.sHo, He noTnymo 
BjepHo 14,t(eFITHIIHO orne,,Etal-be npe,gmeTa ca H3BjeCHMM AmmeH3Hjama. 

HajBawHmjm cnytiaj npena3a xommieHTpmtnrimx cHonoBa y xomoi.eHTpFNHe 
npercTawbajy AOBO.TbH0 TaHK14 cHonoBm (Tj. CHOFIOBH ca manmm yrnoM oTBopa), 
xojm npona3e 61103y oRpebeHe nHHHje (3a AaTH onTmtum cmcrem). To nmHHja 
Ha3HBa ce onTmtuca oca onTmHxor cHcTema. 

Heonxo,RHo je apHrom HanoMeHyTH, ,aa Hax H 6eCKOHatIH0 yCKH CH01-101314 

3paKa (y Tp0gHmeH3moHanHom npocropy), y OFILLITE.M cnyHajy, Hmcy xomoueHTpmtnim. 
BmAjenm cmo, qa ce y TaKBOM cHony paa.nmtimTm apaum npecmjegajy y pa3Hmm 
Talixama; Ta nojasa Haamaa ce acTmrmaTm3am. H3y3eTaK npeTcTaarbaly oHe 
Tagme TanacHe nospLumHe y xojHma cy 06a. FbeHa nonynpetHimxa xpmBHHe mehy-
co6Ho je,AHaxm. Y 6nm31fim TaKee TaLixe manm ,4140 nospumme mo)Ke ce cmaTpaTm 
Mao cctlepHm, na ce o,u,roBapajyhm TaHxm CHOP 3paxa mowe cmaTpaTm xao 
xomoueHTpHtlaH, 

flocmaTpahemo onTpitixe cHcTeme, KOjH nocje,ayjy axcmjanHy cmmeTpHjy. 
Oca cHmeTpmje TaxBor cmcTema picTo,ao6H0 je M FberoBa onTmtum oca. 14 3aHcra, 
TanacHa nospLumHa cHona CBjeTTI0CH14X 3paKa K0j14 nponaom Apr( Te oce, ose-
BmAHo mma TaKobe 14 alccmjanHy cmmeTpmjy, a poTanmoHe noeptuv.He, mao ILITO 

je nosHaTo, mmajy y Ta4Kama npecjexa ca ocom cmmeTpmje Asa mebyco6Ho 
je):tHaxa nonynpetiHmxa KpMBHHe. fipeMa Tome, TaHK14 CHOH, KOjH ce Kpehe y TOM 

1) lipecje4Ha Tai4Ka mowe ce Hana3HTH H1111 Ha caMHM apaumma Hni4 Ha ii..14X0130j npo-
ApAHoj nHHHjF{; y 3aB4iCHOCTI4 OA Tora TM/COBH ce Ha3HBajy peCrleKT1413H0 peanHH 14111,1 HmarmiapHH. 

2) TaRao npecnHicaaal-be mowe ce oc -raapHTH nomohy paBliFIX orneAana. 
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npaBuy ocrahe xomoLleHTpkNaH. 1/ICTO TO ce OAHOCH H Ha A OBOIL,H0 TaHKe 
.CH0110Be, KojH ce Kpehy y npaBwima, KojH saxsaTajy AOBOThaHO mane yrnoBe 

OrITHqKOM OCOM 1 ). 

3a Hana)KeEbe onumix KBaHTHTaTHBHYIX penawija, Koje onpebyjy nHKoBe 
nomohy TaHKPIX cHonoBa, KOjki npona3e Kp03 aKcHjanHo-cHme -rpHLIHe OrIT14HKe 

•cHc -reme, KOpHCTHheMO ce orauTHm jenHaLH4Hama (55,6), HaKoH npeTxoAHor 
•onpebHBaH,a o6nHKa civHKIAHje  x  y nocmaTpaHom cnyHajy. 

KaKo cy CHOMOBH 3paKa TaHKH H npona3e 6nH3y onTHLIKe oce 6Hhe BeK-

Tow,' TI H 11 1  3a CB3K14 CH011 opHjeHTHcaHH cKopo Ay)K Te oce. AKO ce onTHLIKa 
oca y3me Kao oca X, oHAa he KomnoHeHTe Ily , 	n'1„ n', 6HTH mane y oAHocy 
Ha jen,HHHLw. IUTO ce THLie KomnoHeHaTa nx , n' 6Hhe nx 	1, a n', mowe npH- 

,6nH>KHo 6HTH je,uHaK HnH +  1  Hnu. — 1. Y npBom cnyLiajy 3pailm ce H Aar e 

xpehy cKopo y PICTOM npaBuy Kao H paHHje, ynanajyhm y npocTop Ha Apyroj 
eTpaHH 011THHKOr cHcTema, KojH ce y TOM cnytiajy Ha3HBa COL11,1B0M. Y Apyrom 

onyLiajy 3paLuf mmjeHDajy cMjep cKopo 3a 7r; TaKas OfITHIIKH cHcTem ce Ha3HBa 

ornenano. 

KoppicTehm LIHFIDeHHL.ly,  Aa cy ny , nz,rr'z manH, pa3BHhemo yrBOBHH 

ajKoHan z(n y , 1I z , rep tez) y pen  H orpaHH9Hhemo ce Ha npBe LinaHoBe. 36or 
aKcHjanHe cHmeTpHje tH4TaBor ciAcTema, x mopa 6HTH HHBapHjaHTHo y oAHocy 

Ha poTaujy Koop,uHHaTHor cHcrema OKO OrITYILIKe oce. 0AaBge ce BH,II,H, n a He 
moNce 614TH LinaHoBa npsor pena KojH cy nponopuHoHanHH npBvim cTeneHmma 

y - H Z-KomnoHeHaTa BeKTOpa  n  H n' y perry 3a 7. TaKBH LinaHoEH He 6H 61411H 

HHBapHjaHTHH. OA 1.1.11aHOBa. Apyror pena TO CBO IJ CTBO HMajy KBanpaTH n 2 , 11' 2  H 

cKanapHH npoH3BoA an'. Ha Taj HagmH, ca Tax4Houihy Ao tinaHosa npyror pena, 
yrnOBHH ajKoHan 3a aKcHjanHo cHmeTpHLIHH 011THLIKH cmcTem pima 06nHK: 

a 	9 	2 	 2 	,2 
= const. 	(TG, 	n z ) 	f (n y  n'y 	n, 	

h 	n ), 	(56,1) 

n„(x — g) — f n',  =  z, f a z + n',(x" 	=z'. 

FlocmaTpajmo X0M01;eHTIDH4H14 cHon KojH nonasH 143 TatiKe X, y, z. HeKa 

x', y', 6yne TatiKa y Kojoj  ce  npecmjeuajy CBH 3palw cHona nocnHje npo-
nacKa Kpo3 coLuiso. Karla 6H npBH H npyrm nap jenHatiHHa (56,2) 6HnH He3a-
BHCHH, OH,ga 614 -re tieTkipm je,rwaLHAHe, KaAa cy 3anaTH X, y, z, X', y', 2', 

oApebkmane jenaH cHc -rem spHjenHocTH ny , nz , n iy , fe z , a TO 31-1aL1H, Aa 614 on 

spaKoBa KojH nona3e H3 TaxiKe X, y, z canto jenaH npothao Kpo3 Ta ,iKy  ,  y'  ,  z'. 
YCJ1OB, A a 614 CBH 3paum KOjH nonase 143 TaliKe x, y, 2, npounim 4/03 	y', 

cacTojH ce, naKne, y Tome,  A  a  jenHagmHe (56,2) He 6yAy mebyco6Ho Ha3aBHcHe, 

Tj. A a jenaH nap THX jenHaLTHHa 6yne nocrbenviga A pyror. HeonxoAaH ycnoB 3a 

1 ) Moe ce noKaaaTH, na  ce  3a,aaTaK o npecnHaaaaHsy nomohy TaHKHX cHanosa, KojH 

npona3e 6nH3y CHITHgKe oce y HeaKcHjanHom cHmeTpvigHom ORTH4KOM CHCTeMy, moae cmecrm ma 

npecrixaaal-be aacHjanHo  -  cHme -rpHtnior cpicTema 3ajeaHo ca HaaHanHkim o6pTaH, em npHTOM no6H-

flexor nHica Kao ujenxkle y oAHocy  Ha  npenmeT KojH ce npecnmaaaa. 

rAje cy f, g H h, KOHCT3HTe. 

I-IocmaTpahemo cnyt-iaj coLiHBa, npm Liemy hemo CTaBHTH /1 1 x 	1. 3a orne- 

Aano he, Kao urro he ce KacHHje noKa3aTH, cse ciDopmyne HmaTH aHanoraH 
o6nHK. CTasrbajyhH cana H3pa3 (56,1) y ornu -re jen,Hatume (55,6) Hana3HMo: 

ny (x — g) — fn'y  =  y, fa y  + n'y (x' h) = y', 
(56,2) 
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TO je,  ogmrnen,Ho,  nponopumoHanHocT  KoecjimujeHaTa je,gHor napa je,aHagmHa ca 
Koeckmqmjesrmma Apyror napa  (Tana  ce je,RaH nap Ac6mBa 143 gpyror HPOCTO KOH-

ceunisHmm mHo>Kerbem je,gHom KOHCTaHTOM). Ha Taj HagmH, mopa 6mTm: 

cneLlmjanHo : 

x — g 	f 	Y _ 7 .  
A' h 

(56,3) 

(x —  g)  (x'  +  h) 	f 	 (56,4) 

,ao6mseHe jen,HagHHe  onpeloyjy  Tpa>KeHy 3aBHCHOCT Koop,amHaTa TaxiKe 5114Ka 

oA  Koop,amHaTa npeAmeTa  npm  npecnmKasaHv nomohy TaHKHX CH0170Ba. 

TaHKe X = g, x = —  h  Ha OTITHHKOj ocm ma3msajy ce rnasHm GkoKycm 
onTmgKor CHCTeMa.  nocmaTpajmo  cHonose 3paKosa Kojm cy napanenHm ca OBT14- 

HKOM  ocom. JacHo je, na ce Tatum emmTosaH.a TaKsor 3paKa Hana3m y 6ecKo-

HagHocTm Ha OnTH4KOj OCH, Tj. X -=-- 00. I/13 (56,3) skLam ce, Aa  je y TOM cnyHajy -

x' = - -h. Ha Taj HaHHH,  napanem-m  CHOI 3paKa MOCEHje nponacKa }CO3p OHT14- 

HK14 cHcTem, npecHjeLia ce  y  rflaBHOM  ttomycy. 14 o6pHyTO, CHOH spaRa Kojm 

nona3m H3 rnasHor cl3oKyca,  nocraje,  HaKoH npona3a Kpo3 cmcTem, napanenaH. 

Y jenHaHHHH (56,3)  mooprmHaTe  x H 	pat4yHajy ce OA jenHor HcTor 
Koop,rmHaTHor not(eTica, KOjM ce Hana3m Ha 011T14 1-1K0j OCH. 1/11-1aK 3ro,gHmje je, ,rta 

ce Koop,gmHaTe npeAmera H nzKa pagyHajy OA paaHmx Koop,amHaTHmx nogeTaKa, 
Kojm 6H ce y3enm peCrleKTYIBHO y rnasHmm ckoKycHma. Kao 110314THBH14 CMjep 

pagyHaf-ba KoopnvmaTa  y3eheMo  cmjepose OA ogrosapajyher ci)oxyca 	oHy 

crpaHy Ha Kojy ce apax 	AKO Hose KoopamHaTe npe,ameTa Yl nvnta o614- 
n.ex(Rmo Benkmmm cnosmma, 	: 

X  =- x — g, X' -,--  x'  h, Y 	,y, Z =- z, 	z'. 

JeAHaLume npecnkiKanaHDa (56,3 ki (56,4) Ao61Bajy ca HOBHM 03HaKama 06.1114K 

	

X X i  — f2, 	 (56,5) 

r Z' f 	X' 
Y

_ 
ZX 	f 
	 (56,6) 

BenkiLiviHa f Ha3msa ce  rnaBHa  toxycHa pa3AarbnHa cHcTema. 

Yi 
OnHoc 	14a3msa ce 6o4Ho Hrm nonpetmo yaermLiaFbe. Litro ce THHe 

y3nymtHOr yeenHHaf-ba, Hpera Tpe6a rmcaTH y nmitepeHLmjanHom o6nHxy, ynope-
byjyhH enemeHT ny>KHHe  npe,rimeTa  (y npaBuy oce) ca enemeHrom npicHHe nmca, 
jep KooppmHaTe HHcy jenHocTaHHo mebyco6Ho nponopLmoHanHe. ilpema (56,5) 
mo>kemo Hr1HCTM 3a „y3,apicHo ysermHal-be" 

( Y' 2 	 (567) 
d X I X2  — Y • 

Ogas,ae ce BH,E114, Aa  ce LiaK m 3a 6ecKoHa4Ho mane npeAme -re He mo)Ke 

,1:10614T14 reomeTpmcKm CJI144aH 1114K. Y3,aptalo yBenkiHaFbe Hmje Hmxana je,rmamo 
nonpeimom yBermHarby  (H3y3eTam  HHHH HapasHo, HAeHT14 13H0 ripecraimasaFbe). 

CHon, KOJH HOTIa314 143 Ta'4Ke X=----- f Ha onTHHKoj OCH, ppecmjeua ce noHoBo 

y Ta4KH Xf =-- -f Ha HcToj OCH. 'Fe .rtBpije TagKe Ha3msajy ce rnasHe TaHme. 

kI3 je,u,HagmHa (56,2) (ny  X — f n' y  Y, n,Y BmAm ce, Aa y TOM 



cnymajy (X= f, Y = Z = 0) sa)me jeAHatmHe ny  = tily , nz  =n'z . Ha Taj 

HaL1HH, CBaK14 3paK, KojH nona3H H3 rnasHe Ta4Ke, noHoso npecHjeua onTm4Ky 
ocy y Apyroj rnasHoj Ta4KH, y npasuy, KojH je napanenaH npso6HTHom npasuy. 

AKo ce KoopAHHaTe npeAmeTa H HD erosor nmita pagyHajy oA rnasmix 
TatiaKa a He oA rnasHux toKyca, oHAa 3a Te KoopAHHaTe 5 14 	Hmamo: 

= 3,71 	= x - f. 

YspLuTasaH:,em osora y (56,5) naKo ce Ao6zsa jeA,Ha4ma „npecnHKaBaFba" y 
oonwxy: 

1 	1 
= 	f • 

(56,8) 

Mo}Ke ce noKasaTH, Aa ce KoA onTH4Kmx cHcTema mane Ae6rbHHe (Hanp. KOA 
orneAana 14 ycKor co4Hsa) o6Hje rnasHe Ta4Ke cKopo noKnanajy. Y TOM cny-
Hajy, cneuHjanHo, 3roAHa je jeAHa4HHa (56,8), jep ce y i-boj TaAa H 's" npaK-
TH4H0 patiyHajy OA HcTe Ta•Ke. 

AKo je ciDoKycHa pa3AmbHHa H03HTHBHa, OHAa ce npeAmeTH, K0j14 ce 
Hana3e cnpmjeAa (y npasny KpeTal-ba 3paKa) oA toKyca (X> 0), npecnmasajy 

npaso 	171  > 0 . TaKBH onTH4Km CHCTeMH Ha3Hsajy ce ca6HpHH. AKo . je, 
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naK, f < 0, oHAa 3a X> 0 ',imam 
Y ' 

<0, 11. npeA,meT ce npecnoKasa o6pHyTo. 

TaKsH clicTemm ce Ha3Hsajy pacHnasajyhm. 
DOCT0j14 jeAaH rpaHH4HH cny4aj npecrmKasaH.a, RojH HHje ca,ap)RaH y 

topmynama (56,8). To je cny4aj, Ka,u,a csa TpH KoeckHuHjeHTa f, g, h (56,1) 

nocTajy 6ecKpajHo BeRHK14 (Ti. 01-1TH4KH cmcTem Hma 6ecKpajHo senmy (13oKycHy 
pa3,Aarbmiy H FberosH rnasHH toKycH Hana3e ce y 6ecKoHa4HocTH). Ocno6aba-
HDem OA 3arpaAa y jeAHa4HHH (56,4), AHjerbeHDem 4naHosa ca g 14 npena3om Ka 

rpaHmum Aa f, g H 12 6yAy 6ecKpajHo Berl 141(14, Hanammo: 

x -  = — 
h 	f 2  g h  

KaKo Hac HHTepecyje canto cny4aj, KaAa ce upeAmeT H H.eros 1114K Hana3e Ha 
KOHallHHM pa3Aan:d4Hama OA onTH4Kor clicTema, TO f, g , H h mopajy Te}1(14TH 

h .1" — g h 6ecKpajHOCTM TaKO, Aa OAHOCH 	 , vyAy KOHa4H14. AKO HX pecneK- 
R 

THBHO 03Ha414M0 ca a H j9, Hmamo 

= a X +13. 

3a Apyre AsHje KoopAHHaTe HMaMO ca,ua 143 onurre je4Ha4HHe (56,7) 

yi 	z' 	
/a — 	v a . Haj3aA, pa4yHajy1AH oneT KoopAHHaTe X H X' oA pa3HHx KoopAH- 

y 	z 
HaTHmx notieTaKa, HaHme 0,4 npoH3sorbHe Ta4Ke Ha ocH oApa)Kasal-ba 14 04 nHKa 
Te Ta4Ke pecneKTHsHo, AetHHHTHBHO Ao6Hsamo jeAHatume npecnincasaa,a y 
npocTom o6nHxy 

X' = a X,  Y' — 	z , = ± 1/ a Z. (56,9) 
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Ha Taj HaHHH, y3,coof(Ha H noripelma ysenxHaH.a cy KOHCTaHTHa (Ma g a J1HK 

HHje reomeTpxcicH cnHHaH npeAmeTy, jep Ta Asa ysenHHaFba HHcy mebyco6Ho 
jextHaxa). nocmaTpaHH cnyHaj npecnHKasaH.a Ha3Hsa ce TenecKoncKH. 

Cse cbopmyne (56,5) — (56,9), Koje cmo H3senH 3a coHmso, mory ce y 
plcToj mjepH npHmjeHHTH H Ha orneAana, na Hai( H Ha onTwuce cHcTeme 6e3 
aKcHjanHe cHmeTpHje, canto alto ce npecnHxasaFbe spun ,' TaHimm cHonosHma 
3pama Kojx nponase 611H3y 01THIIKe oce. 17pHTom ce ysHjex. mopajy X-Koop,gm-
HaTe npeAmeTa H J1HKa pattyHaTH nyw onTHHke oce noLles 0,11 o,grosapajyhmx 
TaHalta (rnaBHHx cbotcyca kinki rnasmix TaHaxa) y npasily npocTHpaFba '3paKa. 
IlpHTom Tpe6a mmani y BRAy, Aa ce K0 011THI1KHX cHcTema, KOJH HeMajy 
amcHjanHy cHmeTpHjy, npasum onTHEixe oce cripHjejla H no3a,rm CHCTeMa He 
Hana3e Ha je,gHoj npasoj. 

3aAaraK 

0.apezpiTH cl)oKycxy pa3p,an.Hxy 3a npecnrigasal-be nomohy Aea aKcmjanHo - ckimeTpkr-fHa 

.onTHi-uca ciicreMa, Likije ce onTHEme .oce noKnanajy. 

P j e w e rb e: Heica cy /1  H 12  cboicycHe pa3,qampnie o6a cHcTema. 3a cBaKki CHCTM 

nojegmHaiiHo xmamo: 

Xi i 	 X2 X r2 = /22  
KaKo nHKOBH, lc* Aaje npsH cmcTem cnpice ma° npegmeTH 3a Apyrvi cmcTem, TO o3Ha43sajyhil 

cal pa3,gan.HHy meby Sam-bmm rnaeHam ctioxycom npsor cHcTema H npe,ai-bpim toKycom Apyror 

.cmcTema, Hmamo X2 = X' 1  — 1. 113pamcaBajyhR X' 2  ca X 1  mana3limo: 

)Cif 
X'2 = 	2  

± iXi 

HRH 
2 

( 	+ 	(x,2 	/1 	 /1 f2  

,o):(aKne ce BpLut, ;la ce rnaeFui otcycH cacTaeHor cmcrema Hana3e y Tatmama 

/21  

Xi = 	X1 2 = 

a tomycHo pacrojal-be H3HOCH 

f=
— /1/2  

Oa H360p 3H3.K0Ba. y OBOM H3pa3y Tpe6a HaHHCaTH o,grosapajyhy je,t(Ha ,111Hy 3a nonpeLnio yae-

..nligalbe). 
Y cnytiajy ,Ra je 1 = 0, 6kthe toicycHa paallamrnia f = oo , Tj. cacTaBrbeHH CHCTM Aaje 

2  
TenecKoncko npecnmKa9aHDe. Y TOM cnytiajy HMaMO X' 2  = )( 1  - /2  , Tj. napameTap a y onwroj ( 

ii 
:topmynkt (56,9) 143HOCH 

f2 
/2 

fI 
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§ 57. flpecatwasathe Lunpoiont cHollosHma apaKa 

FlpecnplicaBaH.e npe.gMeTa nomohy TaHKkix cHonosa 3paica lc* je TpeTH-
paHo y ripeTxoAHom naparpactly, canto je aripoxcHman3Ho. OHO je yTaTIHKO 
I- atmHje (Tj. oinTpHje) yKOTIHKO cy pitH TH CHOHOBH. npebHMO caAa Ha nprrakbe, 
KOTHIKO je moryhe ocTsapHTH TatiHo npecnkixaBai-be ripeAmeTa CHOtIOBHMa 3paKa 

np0H3B0n.He umpime? 

HacynpoT npecnidxaBaHDy npeAmeTa TaHRHM cHonoimma, LUTO ce mowe 
ocTBapHTH Ma KOjMM 011THHKI4M cHcremom mojPi 14Ma aKcHjanHy cHmeTpHjy, 
npecnkcaeaR,e umpoxiim cHonosHma moryhe je canto nomohy on -m(41(1,1x :...HcTema 
KOHCTpyI4CaHi4X Ha oApebeH Hal-1 HH. Mao 1.11TO je rioKa3aHo y § 56, t-iait 14 ca 
THM orpaHmtieH,em HHje moryhe npecnHicasai-be 1414 H3Aanexa CBHX Tatiaxa npocTopa. 

garba HaBobeHDa 3acHoBaHa cy Ha cnHje,Aehoj 6HTHoj HanoMeHH. HeKa ce 
CB 14 3pal4H, KOjH noria3e H3 HeKe Tatixe 0 H riporia3e xp03 OrITH4K14 cHcTeM, 
IIOHOBO cHjexy y HeKoj Apyroj Tatum 0'. flax() je mAjeTH, Aa je onTkitiKa gy)KHHa 
nyTa 4. je,r(HaKa 3a cBe Te 3paKe. PI 3aHcTa, 6nH3y csaKe oA Tatialca 0, 0'  
TanacHe noBpu.n4He 3a 3paKe, Koji(' ce y cHjeKy, npeTcTaBnpajy ccbepHe 
nospuipme ca LlewrpHma y 0  H  0' 14 y rpaHH4Hom cnyt-iajy, npH npH6ninKasaaiy 
Ka 0 H 0' AereHepinuy ce y came Te Ta4Ke. Ho, TanacHe no3puthHe cy nosp-
un4He K0HCTaHTHe cka3e, na  Cy  je,RHake H npomjeHe clia3e Aymc pa3FIPIX 3paKa 

meby 1-1D14X0BHM npecje4HHM Tagxama ca AsHjema oApebeimm TanacHmm noBpium-
Hama. H3 petieHor cnHje,RH, Aa cy (3a pa3He 3paKe) npoMjeHe cka3a meby 
Tatmama 0 H 0' jeAHaKe H noTnyHe. 

Ilogehemo ca nocmaTpai-bem ycno3a, Koje Tpe6a mcnyHHTH 3a ocTBapelbe 
npecnilicaBaH.a 111HpOKI4M cHonoBHma manor cermeHTa npase. 1114x npeTcTasn.a 
npwrom Taxobe manH cermeHT npaBe. Y3M14M0 npaBne `MX cermeuTa xao 
npaBile oca x 14 X'  ca moopinmaTHHm nogericom 0 H 	y ma Kaximm Taqicama 
npeAmeTa H riHKa Koje jeAHa Apyroj oAroBapajy. Hexa je 	onTwima ilyAHHa 

nyTa 3a 3paKe, K0j14 H3ria3e  143  0 H cTinKy y Of . 3a 3paxe, K0j14 H3ria3e 143 

Tatnce, Raja je 6ecKoHa4nio 6rm3y Ta'4K14 0 ca KoopAHHaTom dx H KOj0j oAroBapa . 
TatiKa ito,g Junta ca KoopAHHaTom onTHLixa AyxcHHa nyTa je rAje je 

ti) 	agi 
dv= 

 
— dx 	dx' 
a x 	x' 

YBeAHMO „yBeniatiaHDe" rip npecripixaBaH'y 

dx' 
dx 

cy KOC131-1yCH yrnoBa meby 

xao oAHoc ApicHHe dx' enemeHTa mixa H ApimHe npecnpixaHor enemeHTa dx.. 
36or Tora, ILITO je cermeHT KojH ce npecnmasa maim, yserigaH.e x ce mmice 
cmaTpaTH Mao Ben 14 1-1 14Ha, Koja je KOHCTaHTfia Ay) Tora cermewra. AKO ce Kao 

al) 
06HqHo Hanknue —

dx 
= — nx, 	ax , 	 x  (n x  H tilx  

npatamma 3paKa H oca X H XI ), Ao6Hsa ce 

= (cz n' x  — n x ) dx. 



Taj Hal1HH Ao6msamo ycnos npecnmKasaHDa y o6nmRy: 

sin —
2 
0' = const. = If a. (57,2) 
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Kao H 3a csaRH nap TaLlaKa npe,AmeTa 14 nHKa Koje jeAHa Apyroj oArosapajy, 
011T144Ka Aym(mHa nyTa mopa 6HTH jeAHaKa 3a cse 3paKe, K0j14 1431Ja3e 

H3 Tatuce dx H cTinKy y TaLIKy dx'. 0AasAe Ao6msamo ycnos: 

n' — n, = const. 	 (57,1) 

OBO H jecTe Tpa>ReHm yCnoB, KOJH mopajy 3a,a0B0Ibl4TH spaqm y 011T144KOM 

cmcTemy npH npecnmKasak-by manor cermeHTa npase umpoRlim cHonosHma. 
PenaLwja (57,1) mopa ce mcnyHHTH 3a cae 3paRe, Kojm nonage H3 TagKe 0. 

FIpHmkijeHHmo, Hanp. ycnos (57,1) Ha npecnificasai-be cermeHTa npase 
nomohy aKcmjanHo-cHmerpHHHor onTHHKor cmcrema, rAje ce Ta npasa noKnana 
ca onTHHKom ocom cHcTema. 04es1,AHo je, Aa ce nHK TaKobe noKnana ca ocom. 
3paK, KojH nponam gym( onTHLIKe oce (n, = 1) He MHjel-ba caoj nparsall npm 
npona3y Kp03 H TO 36or aKcmjanHe cmmeTpmje. To 3HatiH, Aa je H /l'x  = 1. 
0AasAe cnmjeAH, Aa ROHCTaHTa y (57, 1) y nocmaTpaHom cnyHajy H3HOCH a — 1, 
na (57,1) mo)Remo npenmcaTH y o6nmKy: 

1  — nx  
= a. 

1 — le x  

03Hammm0 1114 ca 0 H 	yrnose, Koje 3pal..04 HmHe ca onTmLutom ocom y TatiKama 
npeAmeTa H nHKa, Hmahemo: 

0 	 0' 
1 — nx = I — — 	cos 0 	— 	1 — n'„ =  1  — cos 0' 	

2 
2 sine — 

2 
2 si ne 
  

sin — 
2 

flpebHmo caza. Ha npecnHicasaH,,e manor Axjena pasHm. TIHK he 6HTH manm 
AHo Apyre pasHH. T1aKo je noKa3aTH, As, aKo cy 3a ma Koja Asa cermeHTa 
npasmx, Koje ne)Re y pasHH npeAmeTa, mcnyrbeHm ycnosm o6nmKa (57,1), TH 

yCII0B1,1 he ce mcnyHHTH H 3a csaKH gpyr H cermeHT y Toj pasHH, na he ce 
3aTO H OCTBapHT14 npecnmKasaHpe i-IHTasor nocmaTpaHor Amjena pasHH. Y1314jeK 

ce mory m3a6paTH oce XH.Yy pasHH npegmeTa Ha Taj HaLIHH, Aa npecrix-
RaHe oce X', Y' 6y,Ay TaKobe mebyco6Ho HopmanHe. Ycnosm, Koje 3panm y 
011THL1KOM CHCTMY Tpe6a Aa mcnyHe ripm npecnmRasal-by manor Amjena pasHH 
anipoimm cHonoBHMa, mory ce npema Tome HanmcaTH y o6runcy : 

a n', — n,  =  const., 3  n'y  — ny  = const., 	 (57,3) 

rAje cy a 14 13 KoHcTaHTe, Koje oApebyjy ysenmHaFbe y npasuma X m Y. 
Kao npnMjep nocmaTpajmo npecriHKasaH,,e AHjena pasHH, Koja je HopmanHa 

Ha 011T14t1K0j OCH aRcHjanmo-cHmeTpw-mor OCITHLIKOr cmcTema. OziesmAHo je, Aa 
he nHK 614TH TaRobe HopmanaH Ha Toj OCH. 36or cHmeTpmje je a = p H o6a 
ycnoga (57,3) csoAe ce caAa Ha jegaH. YsoAehm oneT yrnose 9 H 0' mebY 
-apaKom H OfITHHKOM ocom y TatiKama npeAmeTa 14 nviRa., Ao6mBamo 

a  sin 0' — sin 0 = const. 
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3a 3pake, gojH H3na3e H3 npecjetiHe Tagge paBHH Roja ce npecnHgaBa 
onTHHge oce y npasny re oce (0 = 0), mopa 36or cHmeTpHje 614TH H 0' = 0. flpema 
Tome je const. = 0, na ce ycnos 3a npecrimgaBaHoe Ao6HBa y o6npigy : 

sin 0 
const.:_---.7-. a. 

sin 0' 
(57,4) 

LL1To ce THT-le ripecnkigaBaHDa WHpOKHM cHonoBHma TpoAmmeH3HoHani-nix 
npe,rimeTa, nag° je BHAleTH, Aa je OHO HeMOryhHO gag pi K04 THjena mane 
3anpemmHe. 14 3aHcTa, ycnoBe TagBor npecnHgaBaHDa npercTaBnpano 6H 3a,go-
BonDaBaH,, e penanHja o6nHga (5 7,1) 3a ma Koji ,' o,tt TpHjy cermeHTa npaBmx, Roje 
npona3e gpo3 ,RHo npocTopa gojki ce npecniigaBa. Te penaw4je mopajy ce 
HpnyHDaBaTH 3a cBe 3paKe, K0j14 Hsna3e 113 Tagge 0 npeAmeTa, Tj. npki ripo-
143B0113HOM 11. Ha Taj Ha414H, TpH RoivinoHeHTe n'z  je,RHHHHHor BegTopa 

n' mopane 6H 3an,os07basaTH TpH je,gRaHHHe 06nktrca (57, 1) 14, OCHM Tora, 
p en a nmjy n i2x ± ify ± n ' z2 1, 111TO 3Ha4m csera HeTHpH je,i1Ha4aiHe, a TO je 

yonarre y3eBai Hemoryhe (H3y3eBuipi TpHBIljaTIHH cnyHaj HAeHTHHHor npecrim-
gaB al-b a). 

§ 58. rpaimge reomeTpHexe onTHKe 

1/13 gecbm -ipir..imje pasHor moHoxpomaTHHHor Tanaca  BHAH ce Henocpeg,Ho, 

A a TamaB Tanac pima yBHjeg 14 cEiy,ga FicTy amnripiryny. TagaB Tanac je 6ecgo-
Ha4aH y CBHM ripaBwima y npocTopy H 110CTOjH y njenogynHom HwrepBany ape-
meHa oA — oo oo. CBaKH Tanac, KOjH HeMa yBHjeg HI4T14 cBy,Lia KOH-

CTaHTHy amnnwry,riy, moNce canto 6HTH BHuie HRH Mai-be moHoxpomaTHHaH. Flo3a-
6aBwhemo ce o6jaw1-basaHDem nytTaHDa „cTeneHa moHoxpomaTH4HocTH" Tanaca. 

ilocmaTpajmo enegTpomarHeTHH Tanac ca amnriwry,uom, Roja je cbyHgnmja 

OA BpemeHa. ,QpyrHm pHjeciHma, y cBaROj TaLigH npocTopa, gp03 RojH npona3H 
Tanac, amnruiTyAa ce mmjeFba ca BpemeHom. 

Hexa je co o  mega cpexifba tpegBeHnHja Tanaca. Ta,aa name Tanaca, Ha 

enegTpHHHo, y AaToj Tatigpi pima o6nvig E(h e iw o t • To noise, HapaBHo, tiHje 

moHoxpomaTHmHo, anH ce Hnaic mo)Ke pa3ROWHTM Ha moHoxpomaTH4He Tanace, 
Tj. y Fourier- os 14H -rerpan. AmnnieiTy,Ra KOMnOHeHTe y TOM pegy ca cl)pemBeH-
14Hjom c0 nponopLAHoHanHa je HHTerpany o6nmka 

I 1E, (t) 	(-1) ')  at. 

(Darr op ei 6.° 	t  neppioAHHHa je cipyHgnmja, timja je cpexii-ba Bpmje,gHocT 
jegHaga Hynm. Kaila 614 E o  &trio yornuTe KOHCTaHTHO, °Fla 614 HHTerpan 6Ho 
jeLniag Hynn 3a cse co L  wo . Ago je, nag, Eo (t) npomjeHrbm3o, anm ce cgopo He 

1 
miljeHa y BpemeHci<Hm HwrepBankima pega 	 oftria je HHTerpan cgopo 

—coo 
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jegHaK Hynes 14 TO yTonmKo TatiHmje yKonmKo ce naraHnje mmjel-ba E 0 . ,aa 614 
HHTerpan 6Ho OCjeTHO pa3nHT-IHT on Hyne, noTpe6Ho je, Aa ce Eo (t) OCjeTHO 

mmjeHDa y ToKy BpemeHcKor HHTepeana pega nepHona 	 
— (Do  

03HaHl4M0 ca At peg BeJ1144Hfle BpemeHcKor HHTepnana y ToKy Kojer ce. 
 ammuiTyna Tanaca ocjeTHo mmjeHoa y AaToj Tal-cH npocTopa. 143 HaBeneHmx 

143narafba mna3H, Aa  ce ckpeKBeHLAHje Kole ce Hajimme pa3nHKyjy on co o , a 
Koje yna3e y cneKTpanHo pa3narafbe Tor Tanaca ca ocjeTHHm HHTeH3mTeTkima ;  

1 
onpebyje H3 ycnoBa  	At. AKO ce ca A.co 03HaT414 14HTepBajI cppeKBeH- 

co 	co o  

wija. (ou cpenFbe cPpeKBeHL1Hje co o), Koje yila3e y cneKTpanHo pa3naraEbe-
Tanaca, oHna, npema Tome, Bawl,' penauja 

Aco At 	1. 	 (58,1) 

YKOJIHKO je Mai-be Act), yT0.1114K0 mafbm HHTepBan cl)peKBeHLIHja yna3H y cneK-- 
TpanHo pa3naraFbe AaTor Tanaca, Tj. yTonputo BHWe je moHoxpomaTmtiaH Taj 
Tanac. Flpema TOME BHAHMO, Aa je Tarlac Tronicco MOHOXp0MaTHHH14j14, yKOIII4K0 

je Bede At, Tj. yKonmKo ce naraHmje mmjeFba Fberosa amnnwryga y csaKoj 
TaLnui npocTopa. 

Penagmje, aHanorHe ca (58,1), naKo je H3BecTpi H 3a TanacHH BeKTop. 
HeKa cy Ax, Ay, Az BenH ,14He pega pacTojaH,a gy)K oca X, Y, Z, Ha KojHma 
ce ocjeTHo mHjeFba amnnHTyna Tanaca. Y AaTom momeHTy BpemeHa none Tanaca . 

Kao cbyHKLAHja oA KO0pa11HaTa x (KaXla cy 3anaTH y H z) Pima 061114K E0  (x) eikoxx , 
rgje je k,, x  HeKa cpegi-ba gomnoHeHTa TanacHor BeKTopa. Caci3Hm aHanorfic,  
xasobehby (58,1) mme ce Halm kiwrepsan Ak x  spHjegHocTH, Koje ce Haa3e 

y paanararby nocmaTpaHor Tanaca y Fourier- os HHTerpan (Hcro TO 3a k y  H k z ). 
ripwrom HanasHmo: 

Akx  Ax — 1, 	Aky  Ay 	1, 	Akz  Az 	1. 	 (58,2) 

FlocMaTpajMo, cneujanHo, Tanac, Koju ce emHTyje y ToKy KoHalmor 
BpemeHcKor HHTepBana. 03Hai414M0 ca At peg senHHHHe TOF HHTepBana. Amnin4-- 
Tyna y AaToj Tatum npocTopa, y cBaKom cnymajy, npHmjeTHo ce mHjef-ba 3a . 

BpHjeme Qt y Toxy "cora Tanac ycnHje ;la y noTnyHocTH npobe Kpo3 Ty TatiKy. 
Ha ocHoBy penauje (58,1) caga mo)Kemo pehH, Aa  „cTeneH HemoHoxpoma THH-

Home' TaKsor T anaca  Aco, y CBaKOM cnyHajy He mo)Ke 614TH MaH2H OA — 
At 

(anH, HapasHo, mo)Ke 614TH H Behm): 

(58,3) 

AHanorHo, am() cy L. Ay, Az BenHtipme pe,ga gmmeHsHja Tanaca y npo-- 
cTopy, oHna 3a HHTepBane EpHje,aHocTH KomnoHeHaTa TanacHor BeKTopa, Koje 
yna3e y pa3naraibe Tanaca, Hana3Hmo: 

1 
Ak x  ax 	Aky  Ay ,  Ak z >• 

— 

(58,4) 

1/13 OBHX cbopmyna cnHjeA,H, Aa aKo HMaMO cHon cBjeTnocTH ca KOHa4HOM 

umpHHom, oHga npasau npocTmpat-ba csjeTnocTH y TaKsom cHony He mo>Ke 
614TH KOHCTaHTaH. AKO opHjeHTHLuemo ocy X y npaBuy (cpenFbem) CBjeTTIOCT14. 
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ca KOHaHHOM LumpHHom, OHJIa npaBau npocTHpaH,a CBjeTTIOCTH y TaKBOM cHony 
He moae 611TH KOHCTaHTaH. AKO opHjeHTHaiemo ocy 	y npaBuy (cpeAfLem) ,  
CBjeT.TIOCTH, Ao6Pisamo: 

O v  > 	 _ , 
k Ay Ay 

(58,5) 

rAje je 0y  — BenHLHAHa peAa cKpeTal-ba cHona oA cpeAH.er npan ,,a y paBHI4 XY 
(ynop. TaRobe § 61). 

C Apyre cTpaHe ctiopmyna (58,5) oAroBapa Ha miTaH.e o rpaHH9Hoj OLUTpHHH 
011TH 4IKHX nHKOBa. CHOrI CBjeTTIOCTH, KOJI Kora 6H ce CBH 3paLikt npema reomeT-
pHcRoj 011THLUi mopanH cjetm y jeAHoj TaLCH, ycTBapH Aaje J1HK y 06nHKy HeKe 
mprbe, a He y o6nHKy Tat-ce. 3a uniipHHy L1 Te mplbe Hmamo npema (58,S) 

 
k0 	

(58,6) 

rAje je A yrao oTBopa 3paKa. OBa okopmyna ce mowe npHmHjeHHTH He canto Ha 
mil( Hero H Ha npeAmeT. HaHme, mowe ce yTspAHTH, Aa npH nocmaTpaHDy 
cBjeTnocHor cHona, KojH H3na3H H3 cBjeTne Tatme, Ta TaLiKe He moxe ce 

pa3mmoBaTH OA THjena AmmeH3Hje— 
0 
 . Cao6pa3Ho TaKBOM peunTaTy topmyna 

(58,6) o,Rpebyje rpaHH4Hy BHAHy moh mmKpocKona. MHHHManHa BpHjeAHocT 
Koja ce Aocrpme 3a 0 	1 jecTe /1, LUTO ce noTnyHo cnamce ca tim-befun.lom Aa 
ce rpaHHile reomeTpmcKe onTHKe oApebyjy TanacHom Ay)KHHom cBjeTnocTH. 

3anarax 

HahH peg BenH9HHe Hajmal-Be unipHme cBjernocHor cHona, mojH ce Ro6HBa oA napanenHor 
cHona Ha pacrojat-iv 1 o21 imacjvarme. 

P j e 1u e i e: AKO AHmeH3Hje Amackparme 03Haommo ca d, oH,ga 143 (58,5) Hmamo 3a yrao 

Alickpan1Hje A; d, o,aaxne je umokma cHona pexta d+ —1. Hajmai-Ba BpHje,rtHocr re BenHt4HHe 

je. V X1. 

§ 59. rEkinivaimija 

3axoHH reomeTpHcKe onTHKe cTporo cy TaL1HH canto y H,ReanHom cnytiajy, 
RaAa ce TanacHa Ay)KHHa cmaTpa Kao 6ecKoHa4Ho mana. YKom4Ko je cna6hje 
HcnyfbeH Taj ycnoB, yTonHKo ce jatie nojaarbyjy yAanDaBaHpa oA reomeTpHcKe 
011THKe. FlojaBe Koje ce nocmaTpajy y Be3H ca THM cKpeTai-bHma Ha3HBajy ce 
nojaBe AlickpaK141-lje. 

FlojaBe AHcbpaniHje mory ce nocmaTpaTii, HanpHMjep, xaAa ce Ha nyTy 
npocTmpaHpa cBjeTnocTill) Hana3e npenpeKe — HenpoBHAHa THjena (HasHBahemo 
Pi X expaHH 1,1111,1 3acTopH) npoH3Bon,,Hor o6nHKa HnH, naK, KaAa cBjeTnocr 

') Y6y,ayhe, KaAa 6yAemo roBopHnHo .1114CkpaKI.M14, 36or o,apebeHocrH roBopHhemo o cBier-
nocrH. 14Hat4e, cBe LIITO crije,AH op,Hockt ce, HapasHo, Ha ma Koje enexrpomarHerHe ranace. 

TeopHja nova 	 10 
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npona3H Kp03 oTBope Ha Hellp0BHAHHM eRpaHmma. Ka;la 6H ce 3aK0HH reomeT-

pmcKe onTHKe crporo mcnythasanx, oHaa 614 ce H3a expaHa Hana3Hna o6nacT 
„cjeHKe", Koja 60 6Hna oLurpo pa3ABojeHa oA 06nacTH Ha Kojy CBjeTJ1OCT naAa. 

414tPaKumja, naR, AoBoAH AO 11p1411144H0 KOM111114K0BaHe crame pacno,Ajene HHTeH-

-3HTeTa CBjeTTIOCT14 yMjecTo oulTpe rpaHmue HiBmeby cBjeTnorTH H cjeHKe. Te 

nojaBe Hie yT0.1114K0 cy jatie Hspa.)KeHe, yKOJIHKO 

cy mat-be AmmeH3Hje expaHa 14 oTBopa y H.Hma mnm ymo- 

TIHKO je Bela TanacHa ApKHHa. 
3aAaTaK TeopMje Amckpanvje cacTojH ce y oApe- 

\ 	 bliBat-by pacnopebHBafba. CBjeTJIOCTH, Tj. eneKTpomarHeT- 

1 	 Hor norba y LIVITaBOM npocTopy, KaAa cy AaTH pacnope,a 

1 	
H o6rwR Tmjena (H pacnopeA, H3Bopa CBjeTJIOCT14). TaMHo 

pjetuaBalbe Tor 3aAaTKa moryhe je canto pjeuiaBaHDem 
TanacHe jeAHatume ca oArosapajyhmm rpaHHLIHHm ycno-

BHma Ha nospLuHHH THjejla, K0j14 3aBHce jowl 14 OA 01114- 

11KHX oco6HHa maTepHjana. Talmo pjeLuaBaFbe 0614`1H0 

npeTcTaBriDa senHKe maTemaTkme Temohe. 

Cn. 5 • 	
kinaK ce y BehHHH cnyziajeBa noica3yje, Aa je Ao- 

sonDaH H 1pH6nH)KHH meToA pjewaBarba saAaTaKa o pac-
noAjenH cBjeTnocTH 6nH3y rpaHmle meby cBjeTnowhy H cjeHKoM. Taj meToA ce 
mowe npHmHjeHHTH y cnytiajemima '3HaTHor cmpeTaHDa oA reomeTpHcKe onTHKe, 
Tj. TaAa, KaAa cy y npisom peAy AHmeH3Hje CBMX THjena cysHuie BenHKe y 

oAHocy Ha TanacHy AyAHHy H 
Apyro, KaAa ce nocmaTpajy canto mana cxpeTaiba 

cBjernocTH oA npaima spaKa, lc* AetHHHLue reomeTpmcKa onTHKa. 

liocmaTpHjmo ma KaKaB eKpaH ca OTB0p0M Kp03 KOjH nponasH cBjeTnocT 

oA AaTMX H3sopa. CnHKa 5 npmKa3yje Taj eKpaH y npecjeKy (Ae6ena nHHHja). 
CBjeTnocT ce xpehe c nHjeisa y AecHo. Ma KOjy OA KomnoHeHTa nonDa E 

mar H 06Hrbe)KHhemo ca u. flpHTOM hello no,a u no,apasymmjeBaTm nome Rao 

dpyfualmjy caMO oxt RoopamHaTa, Tj. 6e3 taKTopa onpebyje 
3aF1HCHOCT 

oA BpemeHa. Haw BaaaTaR CaCTOjH ce y o,apebmBal-by HHTeH3I4TeTa CBjeTTIOCTH, Tj. 

nonDa u y ma Kojoj TatiKH nocmaTpaH,a P H3a eKpaHa. Y npm6.n1AHmm pjewa-

BaH.mma Tora BaaaTRa y cnymajeBHma Kaila Cy cKpeTaFba OA reomeTpmcRe onTHKe 

mana, mo)Re ce cmaTparH, Aa je y Tax4Kama oTBopa norbe . HCTO OHaKBO, Kao UITO 

6H 6Mno, KaAa yonwre He 614 6Hn0 HHKaKBor expaHa. ,II,pyrHm pHjel-mma, osAje 
Cy BpHjeAHocTH noiba oHaKse, KaKBe HenocpeAHo cnHjeAe 143 reomeTpHcKe 

onTHKe. A 3a cBe TaTIKe Koje ce Hanase HenocpeAHo 3a expaHom, mowe ce 

CTaBliTH, ua je norbe je,aHaRo HynH. 0 11H1-11eAHO je aa npmTom CBOJCTBa camor 

empaHa (maTepHjana oA Kojer je cacraBsbeH) yonuiTe He Hrpajy ynory. TaKobe 
je otnarneAHo, Aa je y nocmaTpaHHm cnytiajesHma 3a AmtpaKivjy 6wraH canto 
o6npuc Kpaja oTBopa, a HHje 6MTaH o6nox HenpoBpiAHor expaHa. 

3ammcnmmo HeRy nospLumHy Koja o6yxBaTa oTBop Ha expaHy TaKo Aa ce 
rpaHH4m KpajeeHma oTBopa (npecjeR TaKBe nospLumHe Ha cn. 5 npHKasaH je 

1•10THuama). PasAmjenHmo Ty nospumHy Ha Ajenose nospLumHa df, '-tie cy Ammem-

sHie joui yBHjeK BerIMKe y o,aHocy Ha TanacHy ApKHHy CBjeTlIOCTM. TaAa cBaxm 

oA THX ,ajerwha nospwHHe AO KOjHX cntrEfe CBjeTTIOCHH Tarlac mowemo nocma-

TpaTm Kao mBsop cBjeTnocHor Tanaca, K0j14 ce npocTmpe Ha cse cTpaHe 0A 

Tor AjenHha nospumHe. florbe y TatIKM P nocmaTpahemo Rao peBynTaT cynep-

nomiAmie norba, Koja noTm4y oa CBHX nospumHcKmx Jljemiha df, KOjlel npeKpHsajy 

OTB0p (TaK03BaH14 Huygens-os npHHLuin). 
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norbe, K.* H3a3HBa Ajelipth df y Tatum P ogeBHAHo je nponopilmoHanHo 

Be1114414HH u norba y camom Ajenkihy df (HanomHH.emo, Aa npernocTaarbamo, Aa 

je norbe y df oHaxBo KaImo' 6H 6Hn0 y. oTcycTsy eRpaHa). OcHm Tora, OHO je 
nponop4HoHanHo npojexujH df„ noBpumHe df Ha noBpuiMHy, Koja je HopManHa 

Ha npaBLy n 3palca, KOjH cniNce y df H3 CBjeTTIOCHOr H3Bopa. To je 36or Tora 

WTO Kpo3 enemeHT df npona3e jeA,Haiod 3pau, 6e3 o63Hpa Ha o6nHKe Tor ene-
meHTa, canto aim je lberoBa npojetulmja df„ KOHCTaHTHa, na he 3aTo H H.eroBo 

„ajejeTBo Ha 110.11,e y Tatum P 6HTH HCTO. 

Ha Taj Hatn4H 6Hhe nome Koje Ajenmh df H3a3HBa y TaLIKH P, nponoplim-

oHanHo BenHHHHH udf n . ,Elarbe, noTpe6Ho je join ypa'4yHaTM npomjeHy amniniTy,ae 

cba3e Tanaca ripH npocTHpal-by oA df Ao Tatnce P. 3aKou Te npomjeHe npm-

ica3yje ce (bopmynom (54,3). flpema Tome rpe6a udf 1-10MHONCHTH jour ca 

1 eikR (rAje je R pacTojatbe o,a df Ao P, a k — anconyTHa BpmjeAHocT TanacHor 

seKTopa cBjeTnocTH), na Hana3Hmo, Aa je TpaNceHo nome nponopuoHanHo 
eikR 

BeIWILIHHH udfn  R ,Tj. H3HOCH: 

e ikR  

	

au 	 

rAje je a 3a ca,aa Heno3HaTa KoHcTaHTa. Time y TaHxn P, it* je yeTBapH 

=cynepno3HraHja noma 143a3BaHPIX OA cTpaHe C1314X df, H3HOCH AaKIle 

ueikR 

	

upr= a 	R 	dfn, 	 (59,1) 

,rAje ce HHTerpan npocTive no 110BPLUHH11, Koja je orpamageHa KpajeM oreopa. 
JacHo je Aa Taj HHTerpan npH nocmaTpaHoj anpoiccHmamjH He mowe 3aBHcHTH 
o,a o6nknca Te nospLuraEle. copMyna (59,1) mo)Ke ce npHmiljeHraTH HapasHo H Ha 

ArackpaKujy He oA oTBopa Ha expaHy, Hero H oA expaHa oxo xojer ce cBje-
1710CT mo)Ke cn06o,aH0 npocTmpaTH. Y TOM cnriajy nospuiraHa HHTerprapaH,a y 

09,1) npocTrape ce Ha ale cTpaHe o,a Kpaja expaHa. 

3a oApebraBaH..e KoHcTaHTe a nocmaTpajmo paBHH Tarlac, xojki ce npocTmpe 

.rty)K oce X. TanacHe nospiuHHe . cy napanenHe ca paBHH YZ. Hema je u BenH-

tn4Ha noma y paBHH YZ. TaAa y Tatum P, Kojy y3Hmamo Ha ocra X, norbe 

.H3HOCH u p, ueikx .  C Apyre cTpaHe, norbe y TaLum P momte ce oApeAwrm 
nona3ehn oA ckopmyne (59,1) y3eBlun Rao nospu.n4Hy HHTerprapaH.a, Hanp. 

paBaH YZ. 36or Tora 111TO je npraTom yrao AmbpaimHje many!, Tj. mano je 
cxpeTaH.e oA reomeTpxcice onTme, y HHTerpany cy 6HTHe canto oHe TatiKe 

paBHra YZ, Koje cy 6nm3y moopAHHaTHor notiema, Tj. TaMKe sa Koje je y, z << x 
=(.v je KoopAHHaTa TaLiKe P). Tana je 

d- z 2  R ,__)/x2 + y 2 4 z 2 x  
2 

pi (59,1) Aaje 

+ Co 
y2 	z2 

a f ue ik (x+ 2—x  ± 2  —x  
p = - 	 d dz. y  

—°' 

10 
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1 
OBaje je u KOHCTaHTa (name y paBHH YZ), a y taxTopy 717  owe ce y3eTZ 

R ,_x= const. OH,aa je 

eikx 
up au 	

 

x dyi
• z2  

eik
2
—

x dz. 

2x 
06a oaa HHTerpana cy HapasHo je,aHaRH. 3aMjeHoM y= 	

k 
cBoAe ce no- 

je,amHatmo Ha HHTerpan: 

d= f cos 	 f sin 	 (1 = 

co 
 

na ce ,go6HBa 
ikx 2 ig 

Up  = a ue —k— • 

C Apyre cTpaHe je Up = ueikx , na je 

k a =-_ 	 • 
2 at 

YaparrasaFbem oBe apmje,aHocTH  y  (5 9,1) Hanasxmo Ae 141-111THBHO pjelneH,e nocTa-

BIbeHOr 3a,aama y c6nHicy 

f ku  
= 2ai R 6ikRdf  Up 	 n. 

(59,2)- 

FlpHmHjeHmmo topmyny (59,2) Ha pjetneH:,e nmTarsa o npomjemi chase ripm 

npona3y 3paca Kp03 HperoBy ,RoAHpHy TaLiRy c RaycTHRom (B. Kpaj § 54). Y3MHM0 

Rao nospiumHy HHTerpHpaH.a y (59,2) ma Rojy TanacHy nospLuHHy. Tpe6a .qa 

o,Ape,u,Hmo noise up y TaT.IKH P, Koja ce Hana3H Ha HeRom ,gaTom 3paKy Ha 

pacTojai-bY x o,4 HperoBe npecjeHHe TaHRe ca m3a6paHom TanaaHom nonpuixHom 
(Ty Tatncy y3M14M0 Rao RoopAHHaTHH noHeTaR 0; Rao pasaH YZ y3eheMo paBaH 

lc* TanacHy noBpinHHy TaHrHpa y TaLIKH 0). flpH HHTerpHpai-sy y (59,2) 6HTaH 

je camo mama Amo TanacHe nospunifHe y 6nH3HHH TagRe 0. Aim cy paBHH XY 

XZ H3a6paHe Tax°, xta ce noRnanajy ca rnaBHHm paBHHma RpHBHHe TanacHe 

nosplumHe y To1.4KH 0, oF:ka je 6m-43y Te Twice je,aHaHHHa nospun4He 

Y2 	Z2  
X 	 --- 

2 R 1  2 R2 

rp.je cy R, H R 2  nonynpeqHmAH RpHBHHe. PacTojaH.e R OA Tatme TanacHe-

nospunme ca RoopamaTama X, y, z Ao Taq(e P ca KoopuHHaTaMa x, 0, 0_ 

H3HOCH 

2 	1 
—X)2±y2-t-z2;:___Ix+ Y2  (  2 2   ( 1 	1 

Ri 	2 \ x 	h- 2  
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Ha TanacHoj nospanum none ce moxce cmaTpaTki KOHCTaHTHO. NCTO TO 

Ba)itH 11 3a cipalcrop —
1 

By,gyhm Aa ce HHTepecyjemo canto npomjeHom oc4a.3e 

-ranaca, moxcemo 1430CTaBHTH KoeitHujeHT H jexkuocTamo nkicaTH: 

et 
1 	

1 	 z2 
p r■-■ —7- eik R n 	 eik  2 

y (Y T?; 	2 ) dy I  elk x 	R2 (" 
1 	

dz. 	(59,3) 

— CO 

ileHTpH KpHaHHe TanacHe nospumHe Hana3e ce Ha nocmaTpaHom pay 
y TagKama X = R 1  Pi x = R 2 , a TO cy AoAmpHe TaHme 3paKa H o6Hje KaycTHKe. 
Hexa je R 2  < R,. 3a x < R2 < R1 xoeckHuHjeHTH y3 6 y excnoHeHTHma noAHH- 
TerpanHmx H3pa3a o6a HHTerpana (no dy H 	11031iTHBH11 cy, a CBaK11 oA THX 
HHTerpana nponopqmoHanaH je (1 ± 	flpema Tome 6Hhe Ha ,Amjeny 3paKa 

ikx 
go ,go,ampa nose RaycTHme p 	. 3a P2  < x< R 1  Tj. Ha ,gHjeny 3pama 
meby ABHjema go,ampHHivi Tatixama, H HHTerpan no dy 6Hhe nponopuHoHanaH ca 
1 + 1, a HHTerpan no dz nponopumomanam ca 1 — i, TaKo na Raixos npo-

143BOLL yonurre He ca,ap)KH I. Ha Taj HaHHH oe,gje ',imam° Up r"..1 	1
.
e
ikx 

= ei (kx 'r12)
, Tj. npm nponasy 3paKa 6nH3y npee xaycTmice cima ce mmjefba 

3a-3a—n/2. Haj3an, 3a x> R 1 > R2  ',imam° up 	
ikx 

= e
i (kx — a) 
 , Tj. npH npo- 

.na3y 61-1143y .apyre xaycTlixe cba3a ce join jeAaHnyT npommjeHH 3a — v/2. 

3a,naTax 

0,npenwrm pacnonjeny HHTeH3HTeTa CBjeT.BOCTH 611113y AOAHPHe TaqIce apaKa ca KaycTHKom. 

P j e w e 1-b e: Aa 6Hcm0 pHjewHnH oBaj 3anaTaK yno -rpe6Hhemo itopmyny (59,2) BpuiehH 
y iboj mm -rerpmpaate no Ma Kojoj TanacHoj nosp UHHH, Koja je Aoson.Ho yAarbeHa OA nocmaTpaHe 
TaLrKe iloampa 3paKa ca KaycTHKom. Ha cn. 6 a b je npecjeK Te Tanacile noepLuHHe, a a' b' ripe-
cjeK KaycTHKe; a' b' je eBonyTa icppune a b. HaC mmTepecyje pacnoAjena 17wreH3mTeTa 6nm3y Ta4Ke 
0 AoLtEpa 3paka Q 0 ca KaycniKom. lipe -rno- 
cTaBn.a ce, Aa je ,ay)KHHa D cermeB -ra Q 0 Ao- 	 6 
Boadm Bel-mica. Ca x o6HrbInKmhemo pacTojafbe 
orc Taqice 0 gym( Hopmane Ha KaycTHKy, ripH 
Remy hemo cmaTpaTH Kao nO3HTHBHe Bpuje,nHocTH 
x 3a Taqice, Koje ce Hana3e Ha HopmanH y 	

A 
npaBuy Ka LteHTpy KpliBI4He. 	 u 	 /1 

LIMP, OApacTojaHa. . R 	np0m3B0n.He TaqKe Q' 

	

FIOAHHTerPaJIHH H3pa3 y (59,2) je cl)yHK- 	 / 	p 

Ha TanacHoj noBpaumm Jno TagKe P. flpema no-
3HaT0M CBO .ICTBy eBonyre 6Hhe 36142 ApKitHe 
cermeHTa Q'0' TaHreHTe y Ta4KH 0' H ,B3onnie 

nyKa 00' je,amaK nyWPIHH QO TaHreHTe y Ta4KH 

0. Ka,na cy TaiiKe 0 H 0' Bpno 6nm3y, 6Hhe 
00' = je nonynpeTIHHK KpHBHHe Kaycnilce 
y TaLIKH 0). Flpema Tome 6Hhe Q' 0' = D — eg. 
PacTojam.e Q'0 (no npaBoj) npm6rucKHo H3HOCH (noe-rnocTaBlba ce Aa je yrao 0 manH)i): 

0 3  
C2'0 Q' 0' g sin 	D — 02 + sin 0 D _e 

6 

1) MH oBAje npmmjerbyjemo npH6nioKy cl:topmyny 3a anconyTHy. BenmqmHy 36Hpa ABaiY 
BeKTopa, o,n K0jHX je jeAali Wo anconyTHoj Benv414H11 BeJIHK y onHocy Ha Apyrpi: 

aA  

(A..>> a; aA  je npojeKuHja seicropa a Ha npaBuy Berropa A). 

Cn. 6 
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Aecklimmol-10, pacTojaH.e R = Qf H3HOCH R__— QFQ - x sin 0 = Q 1 0 - x0, Tj. 

R 
6 

YBpwTaBam.em osor H3pa3a y (59,2) Hana3Hmo 

ike03 	oc, 
k 

u p 	f e 
- ikx0 - 6 d0-- 2 f cos (kx0  -F—

e 
 0 2 )d6 

6 
0 

(ckawrop 1/R noA HHTerpanom mmjet-ha ce naraHo H HHje 6HTaH y oA,Hocy Ha excnoHeH- 
nktjanii ckarrop, na cmaTpamo Aa je KOHCTaHTaH). YBobethem Hose npomjetubmBe HHTerpmpatba 

p 1 /3 
= 	J 0, Ao6Heamo: 

2 

2 k 2  
CD (X -11- ) I 

rAje je 4D (t) TaK03BaHa Airy-eBa ckyliKnmja l). 3a HHTeH3HBHOCT 1 	tip 1 2  nmuemo 

3 

/ - 2 A ( 2--k2-) 116  CI) 2  ( X 

(y Be3H Ca H36opoM KOHCTaHTHOr ClJaaTopa SHAH Hmice). 

3a sentuce 1-103HTHBHe spmjeAHocTH X Ao6mBamo oAasne aCHMTITOTH4Ky ckopmyny: 

4 x3 /2 Ai  '21z 2  
/ z - A__ exp 

2 V x 	3 

Tj. HHTeH3HTeT onaAa excnoHeHnHjanHo (o6nacT „cjeHxe"). 3a senHKc no anconyTHoj ElpHjeAHocnt 

xeraTHBxe spHjeAHocTH x mmarao: 

2A 	r 2 (-  X)3/2 A i2k2  
/ 

	
sine - 

	

V -x 	3 	e 	4 

1) npema V. A. Foku („Ta6nHne Airy- -eBHx ckyHtulmja", MocKBa 1946), Airy - coo ckyHtc-

nHja 	(t) Aedminnue ce penammjom: 

0, 

ct) (t) = -1  icos( 
3 

-1-t)d,; 
V;

o 
 

Ka,lla Cy HO3HTHBHe BPHjeAHOCTH aprymeHra Benince,. oHAa 3a ckyl-s.nHjy' cD (t) BalKH acmmnToTHHickt 

m3pas: 
1 	 t3/2 

cl) (t) 3  
2 t1I' 

Tj. 013 	eKCHOHeHLIHjailHO TeNCH HynH. 3a BenHKe HeraTHsHe BpHjeAHccorm t (no anconyTHo]: 

BeIIHHHHH) sa)Km ckopmyna: 

— 00 

3 

cl"-)(t)z, 
1 

sin r-2  - ty2+-1, 
L  3 \ 	 4 j Ho'h 

Tj. cl)(t) ocntinmpa ca amnnirryAom, Koja onaAa o6pHyTo nponopHmoHanHo ca (- 0 1 / 1 . 

nperneA ckopmyna, Koje onncyjy Airy - el:3e cPYHIMIlje H Ta6nHue 6pojHHx BpojeAHocTH 

mory ce HallH y HaBeAeHoj Ki-hmtanut V. A. Foka [tyliKulija (13 (t) o3HatteHa je Tamo ca v (t)]. 
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TJ. HHTeH3HTeT 6p30 ocunnyje. Cpe,414,a apHje,aHocT HHTeH3HTeTa, yea no THM ocumnaHHjame, 
H3HOCII: 

A  

Oaaue ce o6jaun-baaa cmHcao KOHCTaHTe 

614 ce Ao6mo H3 reomeTpHcHe onTime He 
A; oHa opebyje HHTeH3HTeT Aaneico o,a Haycnce, 
yaHmajyhn y o63Hp nojaay ,amkpaxlmje. 

Y camoj AoithpHoj TaLIKH 3paKa ca KayCTHKOM (x = 0) Hmamo: 

/  = 0,89 Ak — 	11 B 

(jep je c13 (0) = 0,629 	)  lipema Tome, y TatiKaMa Kay crHic.e HHTeH3HTeT je nponop4HoHanaH 

ca k113 , Tj. ca 	1 /3  (raje je  2  TanacHa ayAHHa). 3a A, —›- 0 HEITCH3HTeT Te)KH Ka 6ecKoHav - 
HOCTH, Ka.0 H LIITO bH MOpa110 6HTH (ynop. § 54). 

' § 60. Fresnel-oBa AtappaRrAnja 

Axo ce 143B0p cBjeTnocTH H Tatixa P y b:ojoj ce Tpamat HHTeH3HTeT cBje-
TILOCTM Hana3m Ha KOHat1HOM pacTojabby oA expaHa, oftga. 3a o,apehmsabbe HHTeH-

3HTeTa y TaLIK14 P mrpa ynory canto manm )11,10 TanacHe noBpLumble, 110 K0i0j ce 
spu ,' mHTerpmpaH.e y (59,2) . Taj ,nmo ce Hana3m 6nm3y Aymcm, xoja cnaja 
143130p ca Tatmom P. H aamcTa, KaK0 cy cxpeTabba oA reomeTpmcxe onTmxe 
He3HaTHa, TO he HHTBH3HTeT CBjeTTIOCTH, moja y P cTinxe ca pa3HPIX Tatiaxa 

TanacHe nospumbie, Bpno 6p3o ona,naTm y 3aBHCHOCTH c on yAarbeHocTm on( Te 

ApicH. gmckpaxmmoHe nojase, xo,Et xojmx mrpajy ynory canto manm AjenoBm TanacHe 
nospiumHe, Ha3mBajy ce Ab4paxum0He Fresnel- oBe nojaBe. 

nocmaTpajmo Fresnel-oBy ,rweppaxmmjy OA ma xaxBor expaHa. npema Hase-
AeHOM CBOiCTBy TaKBe ,IkHckpantHje, Ty mrpa ynory camo manm ,nmo xpaja expaHa. 
C Apyre cTpaHe 3a gOBOTE,H0 mane 
AjenoBe xpaja expaHa yEdijex ce 
mowe cmaTpaTm ,na cy npaBonm-
HMCKM. Flpema Tome, nu xpajem 
expaHa no.npa3ymmjeBahemo 6aul Ta-
KaB manm ilpaBOIIMHHCKM cermeHT. 

Y3MMM0 xao XY oHy pasaH, 
}cc* nponam xpo3 113B0p cBjeT-

J1OCTM Q (C11. 7) 14 4/03 .1114H1413,  

Kpaja expaHa. HopmanHo Ha Hpoj 
y3mmmo pasaH XZ, TaK0 Aa OBa 
nocrbe,nbba npona3m xpo3 Tatncy Q 

Tatmy nocmaTpaH.a. P y Kojoj 
TpaHmmo BpmjeAHocT jat4mHe CBjeT-

nOCT14. Haj3a,n, KO0p,414HaTHH nage-
TaK 0 y3mmmo Ha .1114HHjH Kpaja 
expaHa, nocnlje tiera je nonoxaj 
CBHX TpMjy oca noTnyHo o,npebeH. 

Hexa D r/  6yAe Heim pa3Aan.mHa o,n m3Bopa csjeTnocTm Q ,no moopAmHaTHor 
notiema. Ca Dp  o6mbewmhemo x-xoopAmHaTy Tatixe nocmaTpabba P, a ca d 
bbeHy z-moopAmHary, Ti. pa3,4an.mHy ,no pasHm XY. npema reomeTpMcxoj onTbung 
cBjeTnocT 614 morna nacTx canto y Tatme, Roje ce Hana3e 1431-1a,g pasHm XZ. 
06nacT non, paBHM XZ je o6nacT rAje 6R npema reomeTpmcxoj O11TMW 6}ina 

cjeHKa (o6nacT reomeTpmcxe cjebce). 
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OBOM npHnHKom o,gpe,aHhemo pacno,n,jeny 14HTB1-1314TeTa csjeTnocTm sa 
eKpaHom 6nH3y rpaHmle reomeTpHcKe cjeme, Tj. 3a mane spHje,gHocTH d (y 

oxtHocy Ha DP H DO. HeTaTI4BHO d noKa3yje, Aa ce Tatma P Hana3H y o6nacTH 

reomeTpmcice CjeliKe. 

Kao nospumHy HHTerpHpal-ba y (59,2) y3eheMo nonypaBaH Koja npona3H 
Kpo3 11 1414 Hjy Kpaja expaHa HopmanHo Ha paBHH XY. KoopmHaTe x 14 y TaHaKa 

Te noBpu.n4He nose3aHe cy mebyco6Ho penauHjom x = y tg a (a je yrao lismeby 

_nHHHje Kpaja eKpaHa 14 oce Y), a KoopAHHaTa z je no3HTHEma. forte Tanaca, 

KojH nonaae 143 H3Bopa Q, 6Hhe Ha pacTojaEby R q  o,q Tor H3Bopa nponornmo- 

HanHo taKTopy e ikR 	Flpema Tome noYbe u Ha nosputHHH HHTerpHpaHpa 6Hhe 

nponopuHoHanHo 

u, exp [ikily2 	z2 	 (D, 	y tg a) 2 ] 

1414Terpany (59,2) Tpe6a cazka 3a R CTaBHT14 

R= 113/2  +(z--d)2+ (D p — y tg a)' . 

Y noAHHTerpanHom H3pa3y HHcy 611THH ckaKTopH K0j1,1 ce naraHo mHjeH:,ajy, am) 
1 

ce y3my y oxwocy Ha etccnoHeHuHjanHe. Flpema Tome mo)Kemo - T?  cmaTpaTvi 

KOHCTaHTHO, a HCTO TaK0 momcemo yMjeCTO din  nHcaTH dy dz. Ta,n,a Hana3Hm0 

ga je no.rbe y Ta4KH P: 
+co oo 

iip ^/ fexp likiii(D 	y tg a) 2  + y 2  ± z 2 -H 

—mo o 

y2 4_ 2..2 

1/(0 	y tg 	y' 	D 	
2 D Q, +3itgc( ' 

(v — d) 2  

	

. V(Dp Y tg 	 z2 	DP ± 	y tg a 
2 Dp  

YBpCTHMO TO y (60,1). KaKo Hac norbe HHTepecyje camo Kao ckyHKLAHja oA 

pacTojaEba d, mox{emo 1430CTaBMTH KOHCTaHTHII cipaKTop exp {ik (Dp+ Dq)}• 

I/IHTerpan no dz Aaje 143pa3 y Kome HeMa d, na hemo H 1-bera 1430CTaBMT14. 

Tatra Hana3HMo: 

	

U p 	1 exp ( ii,: 
[ 2 Da

) ± 2 Dp (Y — d) 2]laY 
1 	 1 

0 
OBaj H3pa3 ce mo)Ke HanHcaTH 14 y cnHje,geheM o6nHKy: 

t(k + k) Y 	  1 

d2 	 2 

(p + D 	0 ol 	 1 , up ,----' exp 	
2 D ik 	 exp ik 1 

.5-p  --t-  Yq 

+ (L) p —y  tg a)2+ (y — d)2  ell dy d:. 	(60,1) 

Kao 11.1TO cmo Beh paHmje HasenH, y Ta41<y P naAa cBjeTnocT yrnaBHom 

1,13 OHHX TaHaKa pasHH HHTerimpaHca, xoje cy 6nH3y TaHice 0. OTTga y 14HTe -

rpany (60,1) Hrpajy ynory manH y H z (y op,Hocy Ha al  14 Dr). N3 Tara 

pa3nora moNcemo ruicaTH 
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14HTeH3HTeT CBjeTTIOCTI4 otkpebyje ce KsatkpaTom noma, Tj. maaApaTom moAyna 

I tip1 2 . Flpema Tome 3a HanaNcePbe HHTeH311TeTa 1-1 lije 611TaH ItaKTOp KOjli ce 
Hana3m no,q 14HTerpanom, jep mHo)KeH.em ca KoH.yrosamim 143pa3om OH Aaje y 

pe3ynTaTy jettpmpluy. 143BpILI14M0 y HHTerpany cnkijetkehy 3aMjeHy: 

r i i 	I 	I \ 	d 

k kDp M  Dq)Y Dpi ____ 11 2 .  
2 	1 	, 	1 

D p --t—  D q 

•TaAa Ao6ksamo: 

ups 

co. 

e 

rAje je 
kD 

=d 	  2Dp (D q + Dp) 
Taj Ha'-11TH HEITBH3HTeT I y TatIKH P H3HOCH: 

(60,2) 

(60,3) 

 

Co 

]

2 2 
±[ S ( W)HA 

 

/ 
2 

Aje cy 

2 
eig2dri 

(60,4) 

   

—w 

   

C (w) 

- 

f cos n2 dr), 

w 

2 
'sin ij 2  d7) 

0 

TaK03BaHH Frestiel-osH mHTerpanH. cDopmyna (60,4) pHjeulasa nocTasmeHH 
.3axiaTaK, oApebyjyfil4 PIHTeH3HTeT CBIBTIIOCTH Ka° r.bymu..1Hjy o,4 d. ,Ela.The je / 0 , 

Rao U_ITO je nalco B11,11jeTH, HHTeH314TeT y OCBHjeTibeHOj 06nacTm H TO y OHHM 

Tatmama, Koje Hmcy cyBknue 6n143y Kpaja cjeHKe, HnH TatiHmje 3a w >> 1 [ C(oo). 
1 

S(c.0)=--  
2 

3a o6nacT reomeTpkicKe cjeHKe saxce HeraTYIBHH W. J1aK0 je o6jacHHTH 

.aCHMUTOTHtIKH o6nmx cloymulHje 1(w) sa BenmKe HeraTkusHe npHje,u,HocTx W no 

anconyTHoj senwmHki. 36or Tora hemo 110CTyrIPITI4 Ha anHje,gehm HatIHH. 

janmim HHTerppipaFbem Hmamo: 

CO 	 CO 
1 	tw2 	1 	i b,2 cfn  

1 e iri2c117-- 
2i1w1 
	 e 	-1- 	e' --i,T)  

ill1 	 i w i 

,,Earbmm napupijanHktm HHTerpHpaH.Hma A ecHe cTpaHe Ao6msa ce pe,g no cTe- 

1 
neHmma 

w 

1 
e l'12  thri=eiw2[-

2 
.

1 

 + 	 
t 1,11 	4\w'1 3  

Iwl 
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Haim 6ecKoHataHH pe,71 OBaKBOF o6rnma HHie KoHBepreHTaH, Hnax, 36or Tora 

UITO 3a Berma iWI Berm -lima HmeroBHx y3acTonHmx TmaHoBa 6p3o ona,ga, Beb 
cam npBH mnaH Tora peAa Aaje Ao6py npeTcTaBy ckymuvje Koja ce Hana3H Ha 

IIHjeB0j cTpaHH, pagyHajyhm ,tka lwi Hmajy Benpme BOHje,13,HOCTH (pe,RoBH TaxBe 

BpCTe Ha3mBajy ce aCHWITOTH4KH). Ha Taj HaTIHH Ao6HBamo 3a HHTeH3IITeT 1 (W) 

(60,4) cnHje,gehy acHmnToTHtmy cbopmyny, Raja je noAecHa 3a Benme HeraTHBHe 

BOHjeAHOCTH W: 

/ 0  
/ = 	• 

4 NIV 2  
(60,5) 

BHAHmo, Aa  y o6nacTH reomeTpp.cxe cjetme, Aanexo oA H,,eHor Kpaja, HHTeH- 

3HTeT TeNcH Ka HynH 14 TO o6pHyTo nponopuHoHanHo imaApaTy paCTOjafba 0,E( 

Kpaja cjemte. 
flocmaTpajmo caxta. F103HTOBHe spHjeAHocTH w, Tj. o6nacT 1,13HaA paBHH XY . 

Mmemo HanHcaTH 

b,2 	inZ e ' dry ----- e 

—w 

f o — ei dn  = (1 + 0 
_co 

—in 
-- —I e 

- ctri  . 
2 

111 

3a AOBOT131-10 Benkuce W moxce ce KOOPICTI4TH aCHMFITOTPIT-IKH Hapas y HHTerpany 

Ha AecHoj cTpaHH jeAHalume, na hemo HmaTH: 

f i  2 

e dr) 	(1 + 

_ 

YspuiTasai-bem osor Hspasa y (60,4) Ao6HBamo: 

sin (W2  — 
4 	 (60,6) 

	

1=1 0  [i +  N ; 	 
Ilpema Tome, y ocsHjeTnoeHoj o6nacTH, Aanemo cut Hpaja cjeme, pima HeorpaHHHeH 

6poj MaKCHMyMa H mmimmyma, jep 

to oAHoc 	octlkinvipa Ha o6Hje cTpaHe 

oxt jeAHHHue. BenHtimHa THX ocumna-
Limja cmaH.yje ce, Kafka ce W noBe-
haaa, o6pHyTo nponopilHoHanHo pa-
cTojai-by oA xpaja reomeTpmcKe cjeHxe, 

OSVJETLJENA OBLAST , a Tatme maKcHmyma H mmmmyma no- 
cTeneHo cy mebyco6Ho cBe 6nHwe 
H 6nkuice. 

8 	 3a mane spHjeAHocTH w cPyHx- 

'Alija 1 (w) Pima KBaJIHTaTHBHO MOTH Kapaicrep. Ha cm 8 Ta je ckyHmija 

rippixasaHa rpacDMTIKH. Y 06nacTH reomeTpmcice cjeHKe HHTeH3HTeT oriaAa MOHO- 

/ 	1 

TOHO npm y,garbasalby ox( rpaHmue cjeHKe. Ha camoj Toj rpaHm j w j e I =-4— 
0 

3a FI03HTHBHa W PIHTeH3HTeT pima HaHamjeHratiHe maxcHmyme H MHHHMyMe. 

1 	iw 2 
. 
Iv

e 
2 / 

GEOrIETRISKA 
SJENKA 

CR. 
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§ 61. Fraunhofer-osa AtuppaluAllja 

nOCT0j14 LimTag HH3 C.T1riajeBa ANE13paiulmje, }ma KOJHX ce MHTeH3HTeT y 

Taw,' nocmaTpai-ba oApebyje ujenoKynHom TanacHom nogpumHom. flpyrkim pHje- 
qHma, y mHTerpany (59,2), KOjI-1 oilpebyje up, 6HTHa je yxynHa TanacHa noBpulMHa 

Kojoj ce gpLum HHTerpHpai-be. C Apyre cTpaHe, cmaTpahemo Ha ocHogy 
H3no)KeHor, Aa je expeTaHDe oA reomeTpHcKe OrITHKe mano, Tj. y Tagxy nocma-

Tparba P eTH)Ky camo OHM 3panH, KojH Tpe6a Aa mano cxpehy ea nyTa no 
xojeM 6M ce KpeTanH npema reomeTpHeKoj onTHL.m. ilpema Tome je njenoxynHa 
TanacHa nogpunflia 3HagajHa canto y enHjeAeha Aga enriaja. 

IIpBM enytiaj je, Ka,ga ce Tatum nocmaTpaH.a. Hana3H 6nH3y toxyca, Tj• 

&mayKe y KOjOj KoHgeprHpajy reomeTpHcith nyTegH CBHX CBjeTTIOCHMX 3paKa. 

4LPYrkt, Hajga)KHHjH cnytial npeTcTaarba TaKo3BaHa Fratitzhofer-oga aubpaK-

nHja. Ko,q F raunhofer-oBe A HCJpaKuHje Hanage ce H H3gop cBjeTnocTH H Ta9Ka 

nocmaTpaFba P Ha Bpno BenHKMM pacTojaH:mma (6ecKoHatio genpumm) OA expaHal). 

IlpH Tome ce 3patA4 143 H3gopa CBjeTTIOCT14 xpehy Ka expaHmma y o6nHxy 

napanenHor cHona. MeTo TO samm PI 3a gpaxe, KojH nonage oA expaHa npema 

TaLII414 nocmaTpaFba. 36or Tora Hac Ko,4 F rautzho f er-o Be AMcjpaxuMje !MIT-

pecyje canto npomjeHa npagna cHona cBjeTnOCTM, Ti. Tpammmo HHTB143PITeT Kao 

tyl-almjy o,11 yrna experaFba. cBjeTnocTH OA npgo6HTHor npaBua (yrna ,n,Htpax-

timje). KaKo nocmaTpamo mana cKpeTaH,a oxt reomeTpucxe onTHKe, Taj yrao 

Mopa 611TH manH. 

Aggetuhemo ornu -ry topmyny, Koja npHxa3yje Frattnhofer-oBy AlackpaKuHjy 

0,11 expaHa H oTgopa npoH3go.rbHor 0611 PiKa. FIRKa ce CBjeTTIOCT xpehe c nHjega 

Ha Aecmo. Y3M14M0 KOOpAPIHaTH14 notieTaK 
HerAje nHjego oA expaHa. Ha cn. 9 je 0 
KoopAHHaTHH notieTaK, P Tai4Ka nocmaTpa-

Hza PI df Heim enemeHT TanacHe nogpuume 
no Kojoj ce }Tam HHTerpmpalbe y topmyrni 
(59,2): 

ku p 	e ikR d fn • 2aiR 

Y nocmaTpaHom cnyLiajy F rautzho f er-
ase ,II,HckpaKnHje y cgjeTnocni Koja naxia 
Hmahe csH 3p31.114 MOTH npagan, Tj. MOTH 

TanacHH gexTop k (je,RHHH4HH geKTop y TOM npagly je n). TaLmy P Tpe6a 

3amHenHTH Ha 6ecKoHatiHom pacTojaHq o,11 expaHa. 36or Tora cy CBM gpanH, 

Koji,' nonage 0,11 expaHa y  P,  TaKobe mebyeo6Ho napanenHH, Tj. zmajyje,rwaKe 

TanacHe geKTope 	aeAl4HPILIHM Bex -rop y TOM npagny o3HaLmmo ca n'). Yrao 

meby k H k' jecTe yrao Aliclopatuvije, (k 	ce HapagHo pagnmcyjy camo no 

npaguy, a genwmHe cy MM HcTe). 

1 ) HapaBHo, F raunhof  er-oBa  AHckpaKuja excnepHmewranHo ce He nocmaTpa Ha 6ecxo-

Ha4Hom pacTojaH.y, Hero noMOhy coLmea xoje ce HalIa3H Haa expaHa. OH,xa to y cl3oxycHoj paeHH 

,no6mea AHltpax4HoHa CRI4Ka. Anal( ce owe AOKB3aTH, Aa Ta OKOJIHOCT HHILITa HH MHieHma y 

KaCHI4ji4M Itopmynama, canto am) coLtHno Hmje cynHme mano, TaKO Aa y H.emy He HacTajy AHC131DBK-

11„140He nojase, lc* ycnoerbaea camo COLIHBO. 



OBa ckopmyna npmKaayje FIHTeH3PITeT I up 2  Kao ckyrucuiljy op yrna ppntpanwje. 

DocmaTpajmo Fraunhofer - oBy puclopaKupijy Ko,a 6ecKoHat4Hor 
napanenHmm Kpajesmma, KojH ce Hana3w y HenposmpHom eKpaHy 

z 

k 

npope3a ca 
(cn. 10). 

Y3MPIM0 ocy' Z napanenHo ca py6oM 

npope3a, a ocy V HopmanHo Ha paBHH 
npope3a (paBaH XZ). 

Y3MPIMO y (61,1) Kao nospwkiHy 
EHTerpmpan,a paBaH npope3a meby o6a 
FberoBa Kpaja. EnemeHT mHTerppipaHa 

df jepHaK je Tapa npojeKuji4 enemeHTa 
dx dz Te paBHH Ha npaBau Arm RaKo 

cy C1314 3pa1.1H KOjH naAajy mebyco6Ho 
napanenHm, 6Hhe yrao meby k H ene-

MeHTOM dx dz KOHCTaHTaH py)K LIFITaBe 
paBHH npope3a. 36or Tora mo)Kemo y 
(61, I) ca TaT4Howhy AO KOHCTaHTHOr 

ckaKTopa, ymjecTo din  HanHcaTi4 jepHo-

CTaBHO dxdz, TaKo pa je: 
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florbe Ha 110BpWHHII HHTerpmpal-ba y H3pa3y 3a lip 143H0C14 u = 
uo e ikr (r  

je pax(myc-BeKTop op 0 npema df). Benmt-ma 	y nopHHTerpanHom H3pa3y 

mo)Ke ce cmaTpaTH KaO KOHCTaHTa, Koja H3HOCH D . npema Tome HaJ16.311M0 : 

Up -=  110   f e
ikr 

e
ikR 

df  n. 
2TriHo 

I'13 CJ1HKe 9 Bkipm ce, xta je R = R o  — r. 110MHO>K14M0 oBy je,ELHar-umy c o6e 

cTpaHe ca n'. KaAa je Tazuca P 6ecKoHatiHo paneKa, BeKToppi R m Ro  cy napa- 

nenHm, na je 3aT0 R o  n' = R o . Ha Taj HatimH je 

R= Ro — rn', 

17a. je 

eikr = eik R o  e ik'r 

(oBpje je k = 	CIDaKTOp eikRo. je KOHCTaHTaH. flpeMa Tome p,eCkEHHTHBHO 

Ao6mBamo: 
0 	. 

up =
Ito e

ikR  f ei(k —10 rdf n • 
27u i Ro  

(61,1) 

On. 10 

--keo +a 

i (k
x 
 — k' x ei 	k' z ) z 

up ‘---j fe 	 dx dz 

(2 a je wpipi4Ha npope3a). 1'lHTerpan no dz oxk nepzop,1414He itymmmie 	z 

jepHaK je Hynm ymijeK Kap,a je lc, 	flpeMa Tome mopa 6xTm kz = kz' , Tj. 
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csjeTnocT cKpehe cam° y paBHM xy, WTO ce, yocTanom, morno H otieithi3aTm 

36or cmmeTpmje. I'13pa3 3a Up cBoAkt ce Ha Taj Ha•IMH Ha 

+a 

up,  f e
iXX 

dx 

—a 

rAje je x = Icx — 4 1 ). HHTerpmpaH.em Hana3mmo 

sin xa 
Up 	 • 

xa 

OTiaiNie ce sa HHTeH3HTeT dl CBjeTJIOCTM, KOjM je rio,ii,sprHyT 

y kiHrepBany dx BpigjeJIHOCTI4  *X,  Hana3m: 

7  a (sin x,a) 2  
dl = 10  xa 

xmckpaimpiji& 

( 6 1 ,2)' 

rAje CM0 KOHCTaHTHH cloaxTop m3a6parim Tam) ;la je 10  TOTaTIHM 14HTeH314TeT csje- 

TflOCTI4, Koja npona3m Kp03 npope3 (Tj. muTerpan oA dl 3a cae BpMje.,ILHOCTI4 x). 

dl Rao tymulmja o)1, yrna Amd)paialmje pima o6nzic npkixa3aH Ha crimum 11. 
dx 

Axo ce x nosehaaa ca jexiHe H Apyre crpaHe 0A x = 0 141-1TeH314TeT A06msa H143 

Ham3mjeHm4Hmx maxcmmyma H mmiimmyma. 
BmcmHa maxcmmyma 6p30 onaAa xa,o,a ce 

n_x  noaehasa. HajBehm maxcmmym I mma 	 six2  
3a x = 0. ,  KoA MHHHMyMa je  I  = 0. Tm 
MHHHMyMM HacTajy xa,tia je; 

xa.na 

(n=+1,+2,±3,±4..... ) 
	(61,3) 

Kao ► TO je HaBexieHo y HanomeHm 
Ha cTp. 155, Frautzhofer- osa Awl:Tax-
LAmja ce 06kigH0 nocmaTpa nomoliy cmc-
Tema cotimaa. flapanenHm cHon 3paxa, 
nocrimje npona3a xpo3 COLIHBO, cxynn.a 
ce y 1-berosom rnaaHom itoxycy. Y paBHM 
Koja nponasm Kp03 Taj ckoxyc HopmanHo 
Ha onTmtiky ocy cotimsa, norbe Up 6Hhe 
ysmjex jegHaxo HynH, m3y3eis camm  cpo- 
xyc. Axo ce nax ripen COLIMBOM Hana3m 
ma xaxas expaH, oH,Ra cHon 3paxa. no,g-
nmjexce Apat)paicivjx. Cao6pa3Ho Tome 
Ao6msa. ce Taxta y oxanHoj pasHm cotimsa Heim ms,ApReHa AmtpayalmoHa cimxa, 

a He Tat-mac -1- m J1MK ii3eopa crljernoCTH. 

1) x ce mowe nspasnni nomohy yrna nmtpanmje a, Tj. nomohy yrna meby k H k'. Hamm, 

naKo ce Ao6waa topmyna (3a mane x 14 a) 

x sin (k,Z) 

k cos(k,Y) 

rAje cy (k, Y) H (k, 	yrnoam meby k H ocama Y H Z. 
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3amHjeHHmo calla expaH „AonyHcKHm", Tj. TaKBHM, K011,1 HMa npope3e Ha 

OHHM mjecnima rxtje je npBH expaH HenpoimaH H o6pHyTO. 06m-be)Kmmo non.e 

y ckoKanHoj paBHH coLmBa  y  o6a cny4aja, pecneKTHBHo ca ti (P H 4) . KaKo ce 

20 PIu~Zj HapaiKasajy HHTerpanHma, y3eTHm no pa3pe3Hma expaHa, a pa3pe3H 

o6a expaHa AonyfbaBajy ce no uHjene paBHH, TO he 6HTH u9)) + 	= ll p, rAje 

je Up norbe. Koje ce rko6HBa KaAa expaHa He 6H 6Hno. Beh je nOKaSaHO, Aa je 

lip = 0 ci3yAa OCHM y cboKycy, oAaKne ce Ao6mBa. 	u9=-- 0, HJIYI 3a °Aro- 

Bapajyhe PiHTeH3HTeTe: 

I ti (P1 2 	u (. 2p)12 (61,4) 

Ha Taj HaL11,1H ,1101TyHCICH expaHH najy jeAHaKy nmckpaKuHoHy CnHKY y tH4Ta-

130j C130Kal1H0j paBHH cogHsa, H3y3eB camH CI3oxyc (TaK03BaH14 Babinet-oB 
npHHT.Avin). 

PehHheMo Her.uTo o jegHoj HHTepecaHTHoj nocrbe,rmum Babinet-oBa npHH-

uHna. flocmaTpajmo ma Koje upHo THjeno, Tj. THjeno, Koje y noTnyHocTH ancop-
6yje ujenoKynHy cBjeTnocT, Koja Ha Fbera naAa. 'Thema cTaBy reomeTpHcKe 
onTHKe npm ocBjeTrbaBaH.y TaKBor THjena o6pa3oBana 6H ce H3Hag Hera o6nacT 

reomeTpHcKe cjeHKe, Linja  6H  nospumHa npecjeKa 6Hna jenHaKa noBpanAHH npe-
cjexa THjena y npainly, KojH je HopmanaH Ha npaaau y Kome cajeTnocT nana. 
MebyTHm, nocTojaH.e ;mit paKLAHje AOBOAI4 AO Tora, Aa CBjeT.TIOCT npH npona3y 

nopen THjena AjenmvipigHo cKpehe ca cBor npBo6HTHor npasua. 36or Tora Ha 

BenHKom pacTojapby no3a,tui THjena cjeHKe Hehe 6HTH, a ocHm cejeTnocTH Koja 
ce npocTmpe ,y npBo6HTHom npaBuy, nocTojahe H Hexa KOJIHT-114Ela CBjeTTIOCTH, 

Koja he ce npocTHpaTH  no,a  marmm yrnoBHma npeMa cBojem npBo6HTHom npaBuy. 

Ta CBjeTJ1OCT je pacyTa CBjeTBOCT H FbeH HHTeH3HTeT Hmje TeLLIKO 0,IrpeAFITH. Y 

Ty cspxy Hanomm -bemo, na npema Babinet-osom nppniumny KonH4HHa cajeTnocTH, 

Koja cKpehe 36or ArickpaKumje Ha nocmaTpaHom THjefIy, H3HOCH HCTO KOJIHKO 1,1 

cBjeTnocT, Koja cKpehe npH AH(1)paKupijki On npope3a y HenpoBHAHom eKpaHy 
npH tiemy ce 05nHK H noBpunma Tora npope3a noKnanajy ca o6nHKom H noBp-
awHom nonpegHor npecjeKa THjena. Arm KOJI Fraunhofer-oBe nwtpaKuje 0A 

npope3a HacTyna cKpeTaH.e LljenoKynHe CBjeTTIOCTH, Koja npona3H Kpos npo-

pe3. 0Aaane cnHje,RH, .ga  je  yKynHa KonHHHHa cHjeTnocTH, Koja je pacyTa Ha 

LipHom THjeny, jenHaKa K0111,1 1-11,1H14 CBjeTJIOCT14, Koja nana Ha nospamHy TO 

THjena 14 Kojy TO THjeno ancop6yje. 

3aAaum 

I. 0ApeAlcm Fraunhofer- oBy AHclopanutjy KOA npaeoyraoHor pa3pe3a (ca. crpaHama 

2a H 2b). 

P j e in e Fb e. Pjewerbe je aHanorHo oApelpHeaH.y A4paiumje oA npope3a. Yeobet.bem 

kx —k' 
X 	

k, 	=-- Z 

(oce X H Z napanenHe cy crpaHama npaeoyraoHor npope3a) Hana3HMo 3a HHTeH3HTeT 

d/= 4_ 
ab (sin % 	( 	

zxx 	

sin 7.
z

b  

7,2 	yt  a b 	
dl 	. x 

03HaKa 



sin2  Nx 

Nx2  
f (0) 

§ 61 
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2. OgpegHTH Fraunhofer-osy AmkpaxilHjy Rog AkickpaxiiHoHe peuieTice — paeHor eKpaHa 
ca jeAHamim napanenHilm npope3Hma (unipHHa npope3a je 2a, unipriHa HenpoimgHor eRpaHa mebY 

y3acTonHHm npope3HMa H3HOCH 2b, 6poj npope3a je N). 

P j e in e Eb e: Y3MHM0 paaaH pecueTice Rao paBaH X Z, r.aje je Z oca napanenHa npo-

pe3Hma. HHTerpHpai-be y (61,1) Aaje 

N-1 
t 	e 2itntd 

11P =  P 
n -0 

j e 2iNzd 

e 2izd 

rgje je x = kx — le x , d = a + b,  a  u rp  je pe3ynTaT HHTerpFipaH.a no jeAHom npope3y. KopH-

cTehH ce ca (61,2) Hmamo 3a HHTeH3HTeT I Up 1 2 : 

to  a  / sin  Nxd  )2  ( sin xa )2  
dx di — 

	

A'  a 	sin xd 	7.q 

(.7.0  je TOTaTIHN HHTeH3HTeT CBjeTTIOCTH, Koja npona3H Kp03 npope3e). 

	

Y cninajy senHKor 6poja npope3a, Tj. sa N 	oo , oea ckopmyna 	ce HanacaTH y 

3  n 	 dl 
Ppy rom o6nkticy. 3a epHjeAHocTiri x -=- 	(n 1-1H0 6poj) c7,7-1  Hma maKcHmyme. BJ1H3Y TaKBOr max- 

cHmyma Tj. Kana je xd = n 	s,  a  e mano), 6Hhz 

Id  a / sin xa )2  sing Are 
dz. 

	

N 	xa 	82 

Ho Raga N oo HvicH cliopmyna9 

N  -4  co 

(sing Nx 
 Nx2 
) 

— n8 (x), 

Tj. 6nH3y csaKor maKCHMyMa  TOTaJIHH HHTeH3HTeT H3HOCH 

a) 
sin 2  (a 

d 	
n —d 

10  aa 	n2  

3. OgpegHTH Fraunhofer-oay  Atickpanuijy Icon Kpy)xHor OTB0pa (nonyripetimaica a) Raga 

CBjeTTIOCT naga HOpMaJIHO Ha paBaH oTaopa. 

Hewrap omopa HopmanHo Ha H.eroay paBaH. 03Ha4mmo ca x npojenciijy Bewropa k Ha Ty paaaH 

<f) = 0. Tana .43opmyna (61,1) naje 

(X = k a, rAje je a yrao nHckpaKuHje). 36or cHmerpHje H3rla3H, Aa he AtictvaKulija 3aBHCHTH canto 

og x, na ce 36or Tora mmicemo orpaHH'HTH Ha nocmaTpaH.e 3paxa, Rojil ce Kpehe y paBH11 

P j e to e ti e: YBeAHMO HkinHHApcigHe icoop,AHHaTe z, r, cp ca ocom Z xoja npona3H Rpos 

a 2a 	 a 
ikR0 kuo 

iRo 	‘f .I
0(zr) r dr, 

e 
Up — 

ku n eikR° 	f  e —  izr coscp 

2Trtk0 	
r dr = 	 

0 0 	 0 

• 

1 ) flpeMa ckopmynama, xoje cy no3HaTe H3 TeopHje Fourier-oaKx peAosa. 6Hhe 

+a 

N-÷co 
llm [7,1  S f (x) 

—a 
1 sin2  Nx 

0AaaAe ce BMW, It a cy cnojcTna itykumHje
ycraapH csojc-rsa 6 — ckyHRosje (Es. 

N-->co 
	Nx2 

rip. Ha CTp. 66). 
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rAje le Jo (x)  = 	e—  ix cos cp 
DeSSei-oaa cbytilamja FunTor 

2n 
pe,aa, a tro  -je norbe y ca MOM' 

0 
oTsopy. 1/13 TeopHje Bessel-omix ckyliKwija no3HaTo je, Aa. je : 

a 

f Jo (y.  r) rdr — a J
1 
 (a z) 

0 

MuTefisprrer Amcbpaniaje y npocTopffii yrao do Ao6p3a ce rixowerbem 1 up 1 2  ca Rg do. Ha Kpaiy 

ce 3a illfreli314TeT csjernocm dl, 	noAnmjexte Akicivaialmj0, Ha118.314: 

dl — 	
J 21  (aka) 
	 do , 

I; co 

rilje je /0 ToranHH HHTel-13147eT cejeTnocni Raja nua. 



FEABA VIII 

II0JbE OITTEPE'FIEFbA Y KPETAFbY 

§ 62. PeTap,roBaHH HoTenAnjamll 

Y rna.314 V npoytiaBanH CMO KOHCTaHTHO none npoy3pomonaHo onTepe-
herbmma Koja •mnpyjy, a y rnasH VI — npomjeHrbkiso none, aim 6e3 onTepehefba. 
Cue. hemo ce no3a6aanTn npoyLiaBai-bem npomjeHrbm3nx norba y npmcyciTy 
onTepeheFba moja ce DOOH3130.1-bH0 Kpehy. 

143Beinhemo jerwatimHe, Koje o,apebyjy noTennnjane npom3BorbHor eneKTpo-
marHeTHor norba. To H3BObel-be je 3roxinje H3BpLIIHTH y tieTsepopmmeH3HoHanHom 
o6nmxy. '36or TOra hemo ,qpyrn nap Maxwell-oni4x jeinqa4HFia HanHcaTn y 
o6npncy (29,2) 

aF,.„ 	4yr . 
	 =_--- 	 /: 
ax 	c " 

YBpCTHMO 013,11je F11, m3pa.)KeHo nomohy noTexunjana, Tj. 

F 	aA k  aA  

ax k  
Ta,Lta Hana3nmo 

a2A„ 	d'A i 	• 4 yr . 
axi  ax„ 	Oxl = c Ji  • 

,I1o,gajmo ca,ga noTeEurnjankima A i  Aonyficial ycnos 

oA i 
 ax, —  

HanpicaH y Tp0AHMeH3H0HallHOM o6nnKy Taj yCJI0B rnacki• 

d iv A + c ay 0 . 

(62,i) 

(62,2) 

(62,3) 

OBaj ycnoa je reHeparincaFbe ycnosa, Koje cmo Aojlasann noTeHw1janHMa 
7 cnytiajesHma Koje cmo nocmaTpann palinje. Taxo, 3a KOHCTaHTHO norbe (62,3) 
OH ce Tpafictopmnpa y div A 0, yCTIOB, KOjH ce noxnana c (42,3), 3a eneK- 

Teopmja no;ba 	 '11 
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TpomarHeTHo norbe y BaKyymy (§ 44) y3HMaJIH cmo noTeHJ4Hjane TaKO, Aa 6yge 
cp.,- 0 H div A = 0. Taxam noTemiHjarm, 04eBHAHO, Hcnyfbaaajy H ycnos (62,3)1). 

Je,r(HaHHHa (62,1) TpaHccbopmHpa ce ca,aa y 

a 2 A 1  4 

 6  
 . 	 (62,4) 4, 	C  

• OBa je,RHaHHHa AecimHvaue noTern.wjane 11p0H3BOILHOT enexTpomarHeTHor 
norba. Y Tp0AHMeH3H0HanH0M o6nHxy oHa ce runue y o6nHxy ABHjy je,riaLima 
— 3a A H 3a cp: 

1 a 'A 	4 n . 
AA —— 

c c2 	t2  

a2cp  

c2  at' 	4 r g̀  • 

(62,5) 

(62,6) 

3a KOHCTaHTHO norbe oHe ce TpaHcctiopmpipajy y Hama aeh nosHaTe je,rmatimie 
(35,4) H (42,4), a 3a npomjefubpino none 6e3 onTepehel-ba — y jeAHaHHHy (44,6). 
Y (62,5) H (62,6) O H  cy,  yonarre y3eBUJM, ckymilmje OA CBMX Koop,m4HaTa 
M OA apemeHa. 

Pjemei-be HexomoreHmx mmeapHmx jenHa.HHHa (62,5) H (62,6), xao IIITO je 
no3HaTo, moNce ce npeTcTaBHTH y o6nHky 36Hpa pjeineH.a PICTHX THX je,LtHaHHHa 
6e3 ,RecHe cTpaHe H naptmjanHor HHT erpana je,aFfatima c ,ge cHom cTpaHom. ,Da 
6HCMO Haulm! Taj napwijaruipt HHT erpan paumjenmmo 14140 npocTop Ha 6ecxo-
HaHHo mane Atijenose H oApeAmmo noihe, npoy3p0K0BaHo onTepehepbem, Roje ce 
Hana3H y jegHom o,r( TaKBPIX enemeHaTa 3anpermHe. Bnaro,opehm npmeapHocTH 
jeAHaHHHa no.apa, npaso norbe he 6HTH jextHaito cymm norba, npoy3poxosamix 
CBHM TaKBHM enemeHTHma. 

OnTepeherbe de y AaTom enemeHTy 3anpemme, yonme y3esinH, cjyHKLlHja 
je o,Ek apemeHa. AKo ce Roop,rwHaTHH nomeTax y3me y nocmaTpaHom enemeHTy 
3anpemmHe, oH,ga je rycTma on -repeheFba Q= de (t) d (R), rAje je R — pacTo-
jaFbe o,g xoopAHHaTHor noHeTxa (MM nocmaTpamo canto je,RaH Taxam enemeHaT) 

Ha Taj HaHHH Tpe6a Aa pHjelummo jex(HaHHHy 

C a ztn 

2 6/2 = — 4 a.  de (t) a (R). 	 (62,7) 

143y3ea xoop,r(HHaTHor noHeTx.a., yamjex je a (R) = 0, na ce Ao6Haa. je,u(HaHHHa 

1 a2 cp  

e2 at2= ° • 	
(62,8) 

1 ) Tpe6a HanOMeHyTH, Aa, 6e3 o63Hpa Ha AonyHcKH ycnos (62,3), no -reHnHjanH cp H A 
He ocrajy

i 
 no -rnyHo leAHO3HaLIHH.  H  3aHCTa, BeK -ropy A mo>Ke ce .aoAaTH grad f, a c,A cp HPHTOM 

of 
0,ily3eTii —

c 

—

at' 

rAje, meby -rum, cbyHK.wja caAa Bah Hmje npoHaBokHa, Hero mopa, Kao WTO ce 

je naKO yBjepHTH, 3a):1,013011.4BaTH jeAHa'{miy 

1 6 2 / 
— 	 . 

— c 'at 
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04eBH,pHo, Aa y nocmaTpaHom cnyHajy cp nocjepyje ueHTpanHy cHmeTpHjy, 

Aa je cp cbypncLAkija canto op, R. npema Tome, aKo ce Laplace-oB onepalop 

Parmue y cckepHHm KooppimaTama, oftaa (62,8) p06HBa o6.nmK 

1 	a ( 	acp ) 	1 o24) p2_ 	 0 .  
R2 aR 	R 	e2 ot2 

z ( 
6Hcmo pHjeuninH oBy jeAHa. ,H4Hy H3Bp1111,1M0 3amjeHy tp = 

R, t)  
R 

"Tap,a 3a 	,u,o6mBamo 

627 	i  a'z  = 0 
aR 2 	e2 ate ' 

1-Io oBo je jepHaHHHa pasHmx Tanaca, Hplje pjeweFbe Hma o6m4K (B. § 45): 

f (t —Rc ) + f 2 t+ —Rc ) • 

nowTo Tpa>Kreimo canto napumjanHH HHTerpan jepHaHHHe, AOBOTIDHO je y3eTH 

CaMO je,D,Hy o,11 cbyliK111.4ja f 1  H 12 . 061,1 1-1H0 je 3ropHo y3eTH 12  = 0 (0 Tome Mal 

,HH)Ke). TaAa noTeHw1jan HMa csy,tka, OCHM y Koopp,HHaTHom nogem, o6nHK 

P 	 R 
	 (62,9) 

ciDymmmja 	y OBOj jepHaLIHHH je 3a ca,ga npopi3Bon.Ha. Y3MHM0 je capa TaKo, 

Aa ce po6Hje nper.nd3Ha spHjepHocT noTeHuHjana TaKobe H y KOOpAY1HaTHOM 

notiency. ,Ltpyrkim pkijetaima, mopamo x y3eTH TaKO, Aa H 3a K000)1,11HaTHH noT-IeTam 

6y,ae sagosorbelia je,afiatniBa 62,7). To je naKo ypagHTM, C HanomeHom, pa 3a 

R 0 cam noTeHuHjan Te}KH 6ecKoHa4HocTH, na 3aTO 1-berom.4 H3B0,13,H 110 

KooppHHaTama pacTy 61o)Ke Hero 113130)3,H rlo BpemeHy. ,Ltamne, sa R —> 0 y jewia- 

1 62 (19 
•41,11-111 (62,7) mnaH e2 at2

mo)Ke  ce 3aBemapwri4 y o,piocy Ha Obi . Ta,Ra (62,7) 

npenaski y Hama Beh nosHaTy je,RHatimpy. (35,9), Koja ,RoBo,a,H .rto Coulomb-oBor 
.samoHa. Ha Taj HaHHH, y 6.11H3HHH Koop,amflaTHor notieTxa (62,9) mopa ripehu 

y Coulomb-oB 3aKOH, o,RaKne CJIHje,131,H, Aa je z(t). de (t), Tj. 

de (t 	
(62,10) 

P = 	R 	• 

OpaB,Re je naKo npehm Ha pjeuleFbe jepHaHHHe (62,6) 3a npoH3Bon.Hy 
pacnopjeny onTepeheFba (x, y, z, t). 3a TO je AOBOrbHO y (62,10) HanHcaTH 

d V (dV je enemeHaT sarrpemkme) H HHTerpmpaTH no ujenoKynHom npocTopy. 
TaKo Ao6HseHom pjeweEby HexoMoreHe jepHaHHHe (62,6) momce ce ,ao,gaTH jour 
PjeLlIel-be Cp o  HcTe jegHa9HHe 6e3 pecHe cTpaHe. Ha Taj HaHHH, onuiTe pjeuieH.e 

(62,6) HMa o6nHK: 

cp (x, y, z, t) = f —
R 	

y', z', t — —c
)c11/1  + pc, , 

R2 = (x — x') 2  (y — y') 2  (z—f) 2 , 	= dx' dy' dz' 
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(R je pacTojafbe oA enemeHra 3anpemmHe dV ,go „Tagxe nocmaTpaFba.", y Kojoj 
Tpamaimo npHjeAHocTH noTeHwijana). Taj H3pa3 micahemo KpaTKo y 06.T114Ky 

Q t— 
R  C  dV 	, 	 (62,11) 

	

rAje HHAeKc t   noKa3yje, Aa BpHjeAHocT Tpe6a y3eTH y momeHTy t — —R  c 
Aotc CMO anocTpot y3 dV H30cTanHnH. 

DOTIVHO aHanorHo pHjetuana ce H jeAHat4HHa (62,5). 04enHAHo je 

A ------ 
1 f 

 

R 

dV Ao ,  (62,12) ,  
R 

 

rAje je A o  — pjewei-be jeAHatuiHe (62 ,5) 6e3  AecHe cTpaHe. 

FloTem.wjanH (6 2 11 ) 14 (62,12) 6e3 T o  H Ao  Ha3HBajy ce peTapAonaHH 
noTeHLuijanH 141114 noTeHuHjanH ca 3aKaumbefbem. 

Y cnriajy HenoKpeTHmx onTepeheH.a (Tj. xaA rycTHHa Q He 3a1314C14 OA, 

spemeHa), opmyna (62,11) npena3H y neh no3HaTy opmyny (35,8) cp 	dV 

3a eneKTpocTaTHLum none, a (62,12) npenam (nocnHje y3HmaH:ia cpeAl-be epHjeA-
HocTx) y topmyny (42,5) 3a KOHCTBHTHO marHeTHo TIO,The. 

Ao 	y (62,11)14 (62,12) ogIcebYlY ce TaKo, Aa Hcnyfbanajy ycnone 3aAaTKa. 
3a TO je, ot4HrneAHo, gOBOTID HO A a 6y,Ay 3aAaTH not4eTHH ycnonm, Tj. nome y 
noHeTHom momeHTy. 1AnaK, o6m4Ho ce HeMa nocna C TaK1314M notieTHHm ycnonmma.- 
YmjecTo Tora 06m4Ho ce 3aAajy ycnosH npm senHKHm pacTojaH.Hma oA CHCTM 
onTepeheHpa y Toxy 4MTaBor apemeHa. HaHMe, Aaje ce cnorbaun-be 3pagen,e 
Koje naga. Ha cricTem. Cao6pa3Ho Tome, no.rbe, Koje HacTaHe Kao pe3ynTaT 
mehyco6Hor gjejcTaa Tora 3pat-leHDa H cHcTeMa, mowe ce pa3nHKonaTH oA cno-
rbaLuHer no.rba camo spatieFbem, Koje H3na3H oA cHcTeMa. Talmo 3patieHDe Koje 
H3na3H oA cHcTeMa Ha senHicHm pacTojaamma mopa HmaTH 0611I4K pasHor Tanaca, 
mojH ce npoc -mpe no npasuy cA cHcTeMa, Tj. y cMjepy pacTyhmx R. Ho Tome 
ycnosy, Kao LLITO ce BHAH H3 Tora WTO CMO CTBB141114 12 = 0, 6atu oArosapa 
pjelueHDe o6nma (62,11) 14 (62,12 , Tj., y o6rH4Ky peTapAonaHHK noTeHumjana. 
Ha Taj Hatu4H y TOM pjeweFby npsH LinaHonn npkiKa3yjy norbe, Koje H3na3H oA 
cHcTeMa, a T o  H A0  Tpe6a Aa 6yAy jeAHaKH cno.rbauabem nomy, Koje AjejcTsyje 
Ha CHCTeM. 

§ 63. Lienard  -  Wiechert-oBn noTeim,njarm 

FlpHmmjeHmmo topmyne (62,11) H (62,12) Ha name, npoy3polcosaHo jeAHHm 
onTepehefbem (enemeHTapHom LiecTmuom), Koje ce npoH3Bon.Ho Kpehe. Y TOM 

cnriajy noAHHTerpanHH mspa3H y peTapAonaHmm noTeHuHjanyma gory 614T14 

pa3nHt4HTH OA Hyne camo y noje,AHHHm K3onosaHHM TaLutama. HaHme, naKo je 
BHAjeT14, Aa he y CB2KOM momeHTy t OHM 614TH pa3n.HL4TH OA Hyne camo y jeAHoj 
TaI4K14 npocTopa. 3a TO y3MHMO Ta4Ky nocma -rpaFba P ca KoopAHHaTama x, y, z 
H momeHaT nocmaTpafba. t Kao nogeTaK 0 tieTB0p0AMMeH3110HallHOF KOOpAl4HaTHOr 

cHcTeMa H KoHcTpympajmo „CBjeTTIOCH14 KOHyC" (B cTp. 8) ca OCOM ApK spe- 



Inpema (63,1)1, Hanammo, Aa je TpaaeHH 4-BeKTop: 

ui  
 uk  

Rg 
e (63,3) 

,§ 63 
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meHcRe ace. iloBpLumHy Aol-ber oTBopa Tor KoHyca, Koja o6yxBaTa no,gprije 
„anconyTHe npolunocTH" (y oAHocy Ha Aorabaj 0), npeTcTaBiba reomeTpmcxo 

mjecTo TaKBHX Tatiaxa, 143 KOjHX ynyheHm CBjeTflOCH14 cHrHan CT141Ke y cBjeTcxy 
Taqky O. TaLute, y KojMMa Ta noeptumHa cmjeqe cBjeTcmy nimmjy xpeTaFba onTe-
peheFba, oqesm,gHo cy TaxBe cBjeTcite Tatme, y KojHMa cy no,gmHTerpanHH kispasH 
y (62,11) H (62,12) pas.nmqmTH o,g Hyne. AnH, 11OLL1TO je 6p31IHa HecTmLle yamjeK 

mai-ba oA 6p3HHe cBjeTnocTM, owla cBjeTcKa nHHHja FbeHor KpeTaFba yBmjex mma 
maH.H „Har1.16" npeMa BpemeHcKoj OCH, Hero ILITO je „Harm6" nospuimHe cBjeT-
nocHor KoHyca. 3aTo je jacHo, ;la cBjeTcKa nHHHja qecTmme momte cmjehm AoHD13 
OTBOp CBjeTTIOCHOF KoHyca canto y jeAHoj TaLIKH. MOMeHaT K0j14 o,groBapa 

TOj Tatum, oxieem,gHo ce oApebyje m3 jegmaqmHe 

I' 	
R (t')  

 c 	t  

je• t — momeHaT nocmaTpaH.a, a R (1') — pacTojaphe o,g onTepeheH,a Ao 

Taqxe nocmaTpaH.a, Koja ce cmaTpa Kao sagaTa ckyHicurija o,g BpeMeHa. 
ga 6H ce open noTeHLmjanx, Tpe6ano 614 nocmaTpaTm onTepeheFbe 

KoHaMHHx AHmeHsmja, a 3aTI4M yseTH Lta EberoBe gmmeHsmje Teae Hynm. F1pwrom, 

otieBmgHo, cbaxTop 1/R y noxiHTerpaluimm Hspasmma y (62,11) 14 (62,12) mowe 

ce 143H14jeT14 14C 110A HHTerpanHor sHaxa. MebyTmm, HHje moryhHo, pelAHMO y 
(62,11), mHTerpan OA npocTo samHjeHmTm BenmqmHom onTepeheH.a e, y sem 

C TIIM, UITO pa31-114M Tat-mama no,gpy4ja HHTerpmpaHDa o,arosapajy pa3H14 MO- 

meHT14 t —  R • 
C 

To ce moxte ypa,g,HTH canto, axo y momeHTy 1' ogpebeHom 143 (6 3,1), onTe- 
peheH..e MHpyje. ,apyrktm pmjeqmma, y cHcTemy pectlepeHumje, y 'tome y momeHTy 

onTepeheFbe mmpyje, noTeHumjanm y Tatum nocmaTpaHDa y momeHTy t je,gHartm cy 

A = 0, 	 (63,2) 

rgje je R pacTojaFbe og onTepehelba Ao Tatme nocmaTpaH.a y momeHTy t' y TOM 

,cmcTemy peckpeHuHje. 
1/13pa3m 3a noTemzijane y rIp0H3B0JbHOM cHcTemy nocmaTpaFba mory ce 

,73,0614T14 Henocpe,wo, axo ce Hannue TaxaH 4-BexTop, Kojm 614 sa V = 0 Aaeao 

3a 92 m A manoqac HanHcaHe BpI1jewHocTM. YseBium y o6spip, Aa ce 143 

(63,2) mo)me HanHcaTH 14 y o6nHxy 

e  

c(t — t`) 

(63,1) 

rAje je 	4-6p3mHa onTepeheFba, 	4-Beicrop c KomnoHeHTama (x — x'), 

(y — 0, (z — z'), co — t'), a x', y', z', t' cy mebyco6Ho sesaHH penagHjom 
Koja ce y qeTBop0gmmeH3moHanHom 06nHKy ramie 

RZ = 0. 	 (63,4) 



c _ RY1 
c 

R 
grad  e  =  	  

(63,7) 
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nOHOBH141,4 npena3om Ha Tp0,ammeH3H0HanHe o3HaKe, ,u,o6HBamo ca,ga 3a 110TeH-

umjane noma, np0y3p0K0BaHor TatiKacTHm onTepeheH.em Koje ce cn060,r(Ho , 
 Kpehe, cnHjegehe H3pa3e: 

99  = (R  vR  
c 

e v 

 

c ( 	 v R   (63,5) 

rAje je R — pa,RHyc-BexTop  o,E(  Tax4Ke y Kojoj ce Hana3H onTepehefbe Ao TatiKe • 

nocmaTpaH.a P, a CBe BenwthHe Ha Aecmoj c -rpaHH je,r(HaLIHHa mopajy ce y3eT1 
y momewmMa t', KojH ce oApebyjy 143 (63,1). IloTeHgHjanH norba y o6nHKy 
(63,5) HamBajy ce noTeHimjanH Lienard-Wiechert-a. 

3a H3paLiyHaBaH.e jaMMHe eneKTpHtmor 13 marHeTHor non .a. no okopmynama. 

1  a A  
E 	c 	

— grad 92,  H  =- rot  A 
at 

Tpe6a  ,E(HtepeHumpaTH q  14 A  no KoopAHHaTama X, y, z Ta'4Ke H momewry  noc-
maTpania. t. MebyTHm,  clpopmyne  (63,5) H3pa)KaBajy noTeHt.mjane Kao ckyHRuHje 
o,r( ti H camo nomohy  penaLmje  (63,1) — Kao limnnHuHTHe ckyHKIIHje ox( x, y, z, t. 
36or Tora,  3a H3patiyHaBaHDe  Tpaxcemix 143B0Aa Tpe6a riperxo,rtHo H3pagyHaTl 
m3Bo,ge o,E( t'.  41HckepeHumpaH,,em  penaL(Hje R(r) --=-  c (t — 1') no t, HMaMO: 

OR OR  at' 	_Rv at' 	I  at')
at 	Or  at 	R 	c 	at 

(BpHje,u,HocT 
dR 

 at' ,1106HBa  ce  AmbepeHL(HpaH,em  HAewrwreTa R 2  = R 2  14 3amjeHom 

at'  = 
 — v(ti) '), 

01' 	1 
OtvR 

1 — 
Rc 

OR(e) 

MTh 

(63,6) 

AHanorHo, AmckepeHumpaH.em  HcTe penauje no KoopAHHaTama, Hana31 ce: 

grad 	grad R 	 ( OR
g 
 rad r  +  R ) 

o,rtaxne 

1) 3HaK  mrtHyc je y Be3H  ca THM, UITO je R paAHyc-BeKrop o,4 onTepehel-ba e  Ka TaYKYI 

P, a  He  o6pHyTo. 
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Flomohy 01314X (.13opmyna Hmje TCLUKO H3patiyHaTm norba E H H. 1/13ocTaBrbajyhm 

AeTarbHa paHyHal-ba, Hasop,mmo Ao6HBeHH pe3ynTaT: 

E = e 

v2 
1 — 

c2 R v  R) 	 RX ((R — IR) X I , (63,8), 
RVy 	c 

R -- c 	R c
c2 (R— It—

V )3 [ 	C 
C 

H= — (R X E). (63,9) 

• 	ov 
OB,Rje je v = at ,  , a cse Benm4mHe Ha AecHmm cTpaHama jeAHaHHHa y319majy ce 

y momewry t' . 1/1H -repecam- Ho je HanomeHyTH, ,Eta je marHeTHo norbe ysmjex 

HOpMaP.H0 Ha enexTpHHHom. 

Ha }co* HaBoAmmo H HeinTo ApyK4IHjH o6nmx nmcaH.a. Lietzard-Wichert-
°BMX noTemwjana, KOjH je xopmc -raH y Hexmm cnyMajeBHMa. OH ce ,go6msa 

3amjeHom m3pa3a (63,1) H (63,6) y (63,5): 

e 
(p-= 	,t) 

, , 	A = 	. 
cy— 	ot 	

(63,10) 

§ 64. CnexTpa.inio pamarame peTapAoBaHilx noTemlnja.ria 

Florbe m3a3saHo HaenexTpmcaHmm 14ecTpulama y xpe -ral-by mo>xe ce pa3no-

AHTH Ha moHoxpomaTmgHe Tanace. FloTeHLImjanm noje,gmHe moHoxpomaTHHHe 
t 

xoMnoHeHTe (Fourier-ose KOM110HeHTe) norba mmajy o6nmx (p w  e—", Awe—l cu t
. 

AHanoraH o6nMK mmajy H Apyre Benxi-11414e, Roje orwebyjy norbe. ryc -rmHe onTe-

peheFba H cTpyje cmc -rema on -repehefba coja M3a3HBajy norbe, Taxobe ce mory 

pa3BHTH y Fourier-oa peri 141114 mwrerpan. JacHo je, 11,a. 3a cTsapaH.e oxtpebeHe 

moHoxpomaTHHHe KOMr10HeHTe norba oAroBapajy pecnexTmsHe FourieroBe K01,4- 

oxt Q H j. 

6mcm0 Fourier-ose xomnoHewre norba m3pa3mnm nomohy Fourierospix 
xomnoHeHaTa ryc -rmHa orrrepeheFba x cTpyje, c -raskimo y (62,11) ymjecTo 	H Q 

pecnexTmEHo q 	—icut 	Q w e—hot  . Tatra Hana3HMo 

g9. e—i " t= f 

	R l  

Acu 
e 	c. 

R 
	dV. 

Flocnmje cxpaheFba ca e i" t  M yBobel-ba anconyTHe spmje,n,Hoci- m TanacHor 

co 
sexTopa k., Hmamo: 

ik R e  

d V . — 	C.' co 
(64,1) 
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.AHaIlOrHO 3a A„ go6HBamo 1 ): 

=  f
ikR 

j„
e 
 dV. (64,2) 

HanommFbemo, ga ckopmyna (64,1) npeTcTaBrba yonurreHpe pjecueFba 
Poisson-ose jegaaLIHHe y onuiTHjy jegHaLnmy o6nHga: 

A T + k2 	—  -  t co 	 (64,3) 

(.1106HBa ce 143 jegHain4He  (62,6),  rgje Q H T 3aBHCE og BpemeHa nomohy 'tax- 
Topa e— iwt ) 3a k  =  0, ctDopMyna (64,1) npenaam y (35,8). 

AKO ce pagH o paanaraH.y y Fourier-os HHTerpan, oHga je Four ier- osa 
KOM110HeHTa rycTHHe onTepeheFba (B. § 49) 

+co 

Q e—iwt o  = 	dt  . 
22-c f 

- co 

YBpwTaBaH)em 0E07 H3pa3a  y  (64,1), Ao6msa1o: 

+cc 

99u)  =
1  if 

C) 
ei(cut-EkR)dVdt. 2 	

N  
(64,4) 

Ago ce, nag, pages o paanaraHv y Fourier- os peg y BpemeHcgom HHTepBany T 
(nepHog non.a), oHga hemo HMaTH [ynop. (49,2)]: 

T 2 

	

Tn= 
1  f 	Q  ei  (a t kR)  dV dl (64,5) 

T 
2 

AHanorHH H3pa3H A. paanHxyjy ce camo no Tome LLITO je nog HHTerpa.nHpim 

31-13KOM Q 3HmHjeFbeHo ca 	j . 

Cam hemo go6HBeHe ckopmyne nommHjeHHTH Ha nome, xoje Haaamaa jegHo 
TaggacTo onTepehepbe y  noxpeTy.  Heim pagmyc-BexTop Tora onTepehepba ro (t) 
npeTcTaBrba aagaTy ckymcumjy og speMeHa. Taga je ry0THHa onTepeheFba: 

Q = e 6 [r — r (t)]. (64,6) 

3amjeHom oBor 'wan y  (64,4)  H HHTerpHpaFbem no dV [urro ce CBOAH Ha 
samjeHy r ca ro (t)], go6HBaMo: 

w 

+0,  
e 	1 	irw t 	kR(t).1 

dt . 
f R(t) e  

(64,7) 

1 ) 143pa3e 3a IT ri A  rucnemo  y KomnnexcHom o6nuKy. Tpe6a ynam -rwra, Aa y Taxamm cu 	co 

cnymajesHma yHHjeK Tpe6a y3eTH  peanaH AHo oA 1.1,14X0BHX npoktaBoAa ca e—iwt 
 ,  a He op, cammx 

TI4X HerALIHHa. 



EaRa3HMO 

C pyre cTpaHe ce N3 

Ao6N6a 

(Cl(p) k  =— 2r 
e — i (vk) t 

= 	ei kr cp dk dk dk k x 	z 
It 	II 
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AHaJ10FHO je 3 a BeKTOpCKH noTeHumjan : 

A 	e 	(t)
e 
 w t 	kR (t)] dt , 

' 2 m c 	R(t) 
(64,8) 

rgje je v = r0 (1) 6p3HHa onTepehel-ba, a R(t) pac -rojaEbe og orrrepeheFba 
TaLime nocmaTpai-ba. 

3 a.qaTaK 

Pa3no)KHTH Ha pasHe Tanace narbe HaeneKTpHcaHe ,fecTHLIe, Koja ce Kpehe pasHomjepHo 
npasonHHHcKH. 

j e ru e H, e. flocTynkihemo aHanorHo noc-rynKy y § 51. rycTHHy onTepehelba nHcahemo 
y o6rung p = e 6 (r — vt), rilje je v 6p31Ha HecTilue. Y3e13111H Fourier-ony KomnaHeFiry 
je,RHaLIHHe 

E = — 4 .7r e 8 (r — vt) , 

	

1 	a 'Tk. 

	

( 0  `P)k 	eTkc2 	at2 

Ha Taj Ha4m4 je 

a 2„, 

	

`vk 	 e 	— i (kv) t 
k' .p= 	 e 

c2 	 k 	2 ,,e2 

fogamne je gecjyAfix -rumio 

e 	e
—i (kv) t 

`P k = 2n2 	kv 2  
2 

c 

OaaBae m3na3H, jja Tanac ca TanacHHm seKTopom k HMa cippeKBeHuHjy w = (kv). AHa 
norHo H3113314140 3a BeKTOpC1(14 noTeHLIHjan: 

e 	ve —i (kv) t 
• 

kv 

) 
Haj3ag, 3a name ',imam 

(kv) v 
— k + --- 

i (kv) 	e 	 c-  
E1{ 

 

k 
— ikcp k  -4 	 Ak  = 2  , i 	

kv Ek 	 c 	 a- 	,. ( y 
 

-= — 
c ) 

ek X v 
	 e— i (kv) t 

Hk = i (k X A ) 
2e 	( kv 

c ) 

A, — 	 
It 	27r2 c 

k 2  
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§ 65. Lagrange-oBa cPytumBja c Taimomby ,Tko tumBoBa Apyror peAa 

Y 06ntiHoj, KTIaCHLIHOi mexaHmum mme ce cHcTeM LiecTmila xoje mebyco6Ho . 
 AjejcTsyjy, onmcmaaTm nomohy La gran ge- ose xoja 3aBHCH camo 

KoopgmHaTa H 6p3HHa THX tiecTinla (y jeAHom Te HCTOM momeHTy). MoryhHocT 
Tora ycnoarbeHa je y xpajFbem pe3ynTaTy L1HH3eHHLIOM, LUTO ce y mexaHmnm 
npeTnocTaarba, ,ga je 6p3HHa npocTmpai-ba y3ajamHor AjejcTBa 6ecxoHatnia. 

MH seh 3HaMO, Aa  36or KOHaT-{He 6p3HHe npocTmpai-ba y3ajaMHor ,ItjejcTaa 
norbe Tpe6a. nocmaTpaTm Kao camocTanHm cHcTeM ca concTseHmm „cTeneHmma 
cno6o,ge". 0,4aBge cnmje,Rm alto mmamo cHcTeM 14ecTmila (onTepehelba), xoje 
mebyco6Ho AjejciTyjy, 3a onmcm3a.H.e Tor cmcTema mopamo nocmaTpaTm cHcTeM, 
KOjH ce cacTojM o,rk TH X tiecTmLia H OA norba. flpeMa Tome, npm m3pagyHasaHpy 
KoHatme 6p3HHe npocTmpaFba ysajamHor AjejcTsa, yorauTe y3esulm, CHCTeM 

tiecTmna., Koje mebyco6Ho Ajejcisyjy, Hemoryhe je onmcmsaTm nomohy Lagran-
ge-aBe cjDyHKLMje, Koja 3aBHCH camo o,71 xoopAnHaTa H 6p3HHa LiecTmna, H xoja 
He ca,gpmcm Hmxamse senmgmHe, Koje cy Be3aHe ca COnCTBeHHM „cTeneHmma 
cno6oAe" non.a. kinax, atm cy 6p3HHe v CBMX LiecTmna mane y oAHocy Ha 
6p3HHy CBjeTROCTPI, oH,ga ce CHCTEM onTepeheH.a. Mc:1)1(e OnHCHBaTH HexoM npM-
6nH?KHOM Lagrange- oBOM CIyHKL.4jOM. I-IpHTOM ce HCROCTaarba, Aa je mOryhHo 
yisecTz Lagrange- osy cipyxxumjy, Koja onmcyje cHcTeM He camo 3aHemapmsaH.em 
CBHX creneHa vic (cnacmtma. Lagrange- oBa itymaimja), Hero H ca TatiHouthy AO 

2 

g 	C2  Benm mHa pexa 	(Darwin, 1920). 

FlpeTxo,RHo HanommFbemo, ,Eka ripm HynTOj anpoxcmmallmjm, Tj. xa,la ce 

3amemape peTap,goBaHm noTeHnmjanm, Lagrange- osa itymalmja 3a cHcTeM onTe-
peheFba mma o6nmx: 

L 

, MAVA 	 eA e  B  = 
2 	2 	RAB 

A 	 A#B 

(65,1) 

(cyMHpaFbe ce spu ,' npexo onTepehefba, xoja yna3e y cacTaB cmcTema). ,apyrm 
4naH je noTeHumjanHa eHeprmja y3ajamHor gjejcTBa y cnytiajy xa,ga 6H onTepe-
hefLa mmposana [s. (36,7)].  4, 

3a ,E(6614Bal-be cnmjeAehe anpoxcmmanmje KO Lagrange - °Be ckymulmje nocTy-
nmhemo Ha cnnjeAehm HatimH. Lagrange- osa tyHxnmja 3a onTepeheH,,e, Koje ce 
Hana3m y cnorbaum.em nomy, je [B. (14,4)]. 

v 2 	e A  
rt L= — mc 2  — — 	— v . 

c 4  

Y3MHM0 ma xoje onTepehepbe cmcrema. 0Ape,gmmo noTeHLAmjane norba, npoy3- 
poxonaHor CBHM ocTanmm onTepeheH.mma y Tatum r,Aje ce Hana3m npao onTe-
pehen,e, H H3pa3mMo Fix nomohy Koop,amHaTa H 6p3HHa onTepehei-Ba, xoja 
npoy3poxyjy TO nonne (To ce mo>xe ypa,ilmTm camo npm6nnAHo: p — C Tatmoinhy 

Ao tinaHoaa pea =, a A — 	 LinaHoBa pea v/c). 3aMjeHoM Taxo go6mBeHmx 
C2  

m3pa3a 3a noTeHnmjane y rope Haae,geHm m3pa3 3a L, ,goasamo Lagrange- osy 
cf3y1- ulmjy 3a jeAH0 OA onTepehea,a cmcTema (Kajla je Aar() xpeTaH.e ocTannx). 
OHAa ce oualme naxo mowe HahH L sa LHO cHcTeM. 
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Flohmhemo og H3pa3a (62,11) 14 (62,12) 3a peTapgoaaHe noTeHuHjane: 

°  `t— 	 1 
R 	 it— I'  — 	 f 	 
	dV, 	A= 	 (IC 	V . 

AKO cy 6p3HHe MAX onTepeheEba mane y ogHocy Ha 6p3HHy CBjeTTIOCTI4, oHga 

pacnogjena onTepehel-ba, Tj. Q 14 j, He ycnHje ga ce cymuie 143M HjeH14 sa 

BpHjeme R/C. npema Tome mowemo O R H j R pa3BHTH y peg no cTene- 
t - — 	t-- - c 

Hmma Ric. Ha Taj Hatl 14H, 3a cganapHH noTeHujan Hana3Hmo, ca TamHoiiihy 

o LinaHoBa Apyror pega: 

Q cIV 
(I) = f 	1 6 	dV --I 62  R dV

R 	c at 	2 c2  dt2  

(Q 6e3 HHgexca je Q 

111-1 	

otieBH,gHo mory ce H3HHjeTH Hcnog. y 
a 	62  

momeH -ry t; --t  a 14  ot2  

fTerpanHor 3Hama.). AnH 0 dV je TOTaIIHO onTepehePhe, a HcTog06H0 je 

KOHCTaHTa moja He 3aBHCI4 0,L1 BpemeHa. Dpema Tome, gpyrki T4BaH y go6HBeHorr 

H3pa3y jegHalc je HynH, na je 

fo dV  
1   62  f R dV . 

R -I-  2 c2  at2  
(65,2) 

AHanorHo ce mowe 110CTy1114T14 14 3a A. Ho H3pa3 3a BeKTOPCKH 110TeH-

1.1kijan nomohy rycTHHe cTpyje set.' cam no ce6H cagpxcH 1 /c, a 3aMjeHOM y 

Lagrange- osy tyfnulHjy mHomal ce joui jegaHnyr ca 1/c. BygyhH ga Lagrange- osy 
cloymulHjy Tpammmo canto ca TagHoup-iy go LinaHoBa Apyror pega, oHga je ,g0B0TIot-10 

y pegy 3a A y3eTH canto npBH gnaH, 

A  = 1 oy r dv  
R 

(CTaB141114 CMO j =- QV). 
IlpeTnocTaBHmo, ga ce pima canto jegHo Tat-HcacTo onTepeheFbe e (Ka,11a 14X 

je HeKOSIHKO, noTpe6Ho je y3eT14 cymy AO6HBeHHX H3pa3a). Taga 3a noTeHuHjane 

noma, Koje OHO npoy3poKyje, go6HBamo 143 (65,2) 14 (65,3) 

(65,3) 

e 	e a2 R 	ev +-- , 
A — 

, 
R 	2 C2  at2 	cR 

rgje je R — pacTojafbe og onTepeheFba. 
Y3/.414M0 y,mjecTo p H  A  gpyre noTefumjane cp' H A', 

topmaumjy: 

1 al 	A' = A+ grad f , 
 at 

rgje 3a f y3Hmamo crmjegehy cbyfu4Hjy 

(65.4) 

143BPLIIHBLI1 TpaHc- 

e OR 
= 2 c at 
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TaAa ,ao6Hjamo: 

(p' --
R

,  A' 
ev 

+—
e 

V
OR 1) 

cR 2 c 	at 
OR 6 ,(a 6Hcmo H3patiyHanH A', npHje csera HanomeHHmo, ga je V v 
ot 	at 

Onepauja V ouje 3Hatm ,Z;HCj)epeHLjHpal-be no xoopAHHaTama Tatnce nocma- 
Tpai-ba, y xojoj ce Tpawd npHje,aHocT A'. 36or Tora je VR je,RHaxo jeAmmtniom 
sexTopy P , opmjewnicaHom 0,g onTepehei-ba e npema TaLnat nocmaTpaupa, na je 

	

ev 	e, • 
A 

cR 	
• 

.3a HapagyHasaHDe n nnummo: 

n- 	d (R 
dtR ) R 

Ho nsBoA R ripm 3a,RaToj Tatum nocmaTpaFba jecTe 6p3HHa v onrepeheFba, a 
H3so,n, R ce naxo oApebyje ,aHcbepeHL.mpaFbem je,lwaximHe R2 = R2 , Ti.  

Rfi = Rti = Rv 
Ha Taj HaLn4H je 

n 
— v n (nv) 

R 

CTasibajyhm cae OBO y H3pa3 3a A', gettl4HPITMBHO HaJla3HMO: 

e 	, 	+ (vn) n] 
Pi= 17' A _2cR  

(65,5) 

..Axo ce Hma Hexonkixo onTepehefba, oH,Eta je, ogesHAHo, no -rpe6Ho 143BpILIHTH 
,cymmpaHDe no csHm onrepehefbmma. 

3amjei-byjyhm ()se Hspase sa noTeHmijane y Lagrange-oBy (byHx4Hjy 3a 
-onTepehepha y cnorbauni,em nonoy, Hana3Hmo Lagrange-oBy 1:33/HxnHjy LA onTe-
peheFba eA  (xa,ga je 3aAaTo KpeTarbe CB1,1X ocTanmx onTepeheFba). 

v2  
IlpHTom je noTpe6Ho H KHEI2T14 11Ky eHeprHjy—MA C 2  /I— 

A 
— Taxobe pa3sHTH 
C 2  

no cTeneHmma vAlc, saApxasajyhm iinaHose go Apyror peAa. Ha Taj Hal4HH 
Hanammo cnHjeAehm ii3pa3 3a LA: 

	

1 ,2 	 1 ,4 

	

MA 'A 	1  InA 	 eg 	eA ne8 	[vA v B +(vA  n) (v 8  n)] LA= 
2 	' 8 c2 	

eA 	 

	

RAB 	2 c2 	“- AB 

(cymmpaFbe ce spum 110 CBHM onTepehefbma, ca HsyseTxom eA ; n je jeAHHHT-1H1,1 

sexTop no npasny meby e B  H eA ). 

1 ) iloTeHuHjanH cp' H A' Hehe amine aagoson.aHaTH D'Alembert-oae jeAHa‘uttie, jep Hehe 

HcnyHbaBaTM yClIOB (62,3). Y HCTO BpHjeMe, HapaeHo, A' H cp' he Aant TagaH pe3ynTaT 3a norbe, 
aK0 rp H A .ajy Taj pe3ynTaT. 



M 11 2  A A 

2 	 RAB 
A> B 

L o  = 
eA  e B  

• 
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0,Etasp,e Jule Tem() Halm L 3a ,H4Tas cHcTem. flax° je yisHAjeTz, ,ga Ta . 
CPYFIK411ja Hmje jeAHaKa cymm LA 3a csa onTepeheFba, Hero pima o6nHK: 

m m 2 
A A  

2

V 

	 8 C2  

A 	eA es  
RAB 

A 	 A> B 

[- 
, 	eA e g  
	[V AV B+ (vAn)(v B  n)]. 	 (65,6) 

A>B 

cTsapHo, sa csaKo onTepehefbe, npm 3azaT0m KpeTal -by CBIAX ocranHx, Ta 

ci-..)ymaulja npenam y rope maae,tkemy tymmi.lmjy LA. H3pa3 (65,6) ripeTcTaBrba 

Lagrange-osy cbymnimjy C11CTM onTepeheEba c Taimoinhy Ao 4.riamoBa ,Ilpyror 

pe,aa. 
Ha Kpajy, ogpe,ammo ca 11CTOM anpoiccmmaumjom jaw m Hamilton-osy tymx- 

Lmijy cmcTema onTepeheFba. To 6H ce morno ypa,m4TH no WI LIITHM npaamimma 

mana)Kempa. 3f nomohy L; aim je je,a,HocTasHmje nocTynaTH Ha cnHje,gehm HatH4H. 
,qpyri4 H 4eT3pTH HnaH y (65,6) npeTcraerbajy any nonpasKy H3pa3a 

L = 

2 c2  RA B 

C Apyre cTpaHe, no3HaTo je 113 mexaHHKe, ,E1,a Cy 3a any npomjeHy L 11 Jr 
mana ,Lto,o,a3aFba je,aHom H Apyrom metyco6Ho jeAHaKa no BenHgHHH, a cynpoTHa 
110 3HaKy (rAje ce npomjeHa L nocmaTpa npri KOHCTaHTHI1M Koop,ammarama 

6p3HHama, a npomjeHa ,.72 — npH KOHCTaHTHHM Koop,AHHaTama 14 HmnyncHmal). 

mowemo °Amax HanHcaTm, o,rty3Hmajyhm oxt3-24-0  

I1CT 11 Apyrm 11 i4eTspTH 4naH 113 (65,6) 3amjea,yjyhm y 

( 	PA  vA = . 	. Ha Taj H a,-I 1414 je: 
tnA  

P2A 	PA 
2 m A 	8 c2  M 3A  

A 

eA e B  
R AB 

A> A 

   

eA e B  
m  ,„ 	 [PA P s ± (PA n)(PB n)]. 
—A ”.13 RAB 

(65,7),  

 

A> B 

 

     

j) AKo Lagrange-oBa rh yHKEIHja 3a13HCH, OCHM OA KoopAimaTa H 6p3HHe, 10111 PI OA HeKOr 

HapameTpa h, °Fula je 

(F = aL  

n a je 

. AKO ce mane npommjelim napameTap 	OHAa ce TaKobe mano mAjevbaiy- aL 
h q, p 	(C)X. q, q.  

521,.  H L. 143 Ao6mBeHe jeAHatnixe EHAH ce, Ka 3a npomjeFie 	Sr, aa>KH jeAxaxHxa (S 	)Q P 

= — (8L) q,  (4HAeRcki no,K 3arpaAama noKa3yjy, Koje BenligmHe Tpe6a nocMaTpaTH Kao KolicTaBTe)_ 

Flpema Tome 21-  

2  MA 

PA  	l 

 RAB

eA es  

A 	 A> B 

l-bHma 6p3zHe HmnyncHma 

aL 
P aq 

dL = 	
• 

Fdq 	
(a L) da.  

reHepamicaHa clina 	zmnync). 0,KasAe 3a 

•

pq — L xmamo 

• 
d,7zt=— Fdq + dP 
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	 rn. VIII 

a u H 

1. OnpeAHTH (ca. TagHowhy no tinaHosa Apyror pe,48.) neHTap HHepnHje cHcTema sec-
-m.1a Roje mebyco6Ho ,Rjejc -rayjy. 

P j e m e rb e: Bp3HHa V cHcTema Rao njenHHe oApebyjy ce topmynom 

cnje je P = E PA 	
oL 

TOTallHH Hmnync cHcTema, a 	H.eroBa eHeprHja, Roja 143HOCH 
dr  

A 	A A  

E m A  c2  + 	Roje je HanHcaHo y o6nmy (65,7), He ca,qp)RH y ce6H eHeprHjy mmposarba 

,LiecT14He]. nocrn4je 3amjeHe oAroBapajyhmx 143pa3a mcnocTaBiba ce, Aa ce HanHcaHa penaHHja 
mo>Re HHTerpHpaTH no BpemeHy, TaRo Aa nojam HeHTpa HHepw4je cHcreMa LiecTHHa Roje meby-
.co6Ho ,Rjejcrayjy craapHo 110CTOiFf ca nocmaTpaHom anpoRcHmaqHjom. 3a panHyc-BeRTop R LieHTpa 
HHepnHje Ao6Hsa ce H3pa3: 

=  &A  rA , 

9A 
N^,aje je 

„ 2 
&A  m A  c 

+ 2m 
1-  2 

FA , eA 	eB 

A AB 

2. HanHcaTH Hamilton-oBy ckyHRHHjy y Apyroj anpoRcHmauHjH 3a CHCT em oA ABHje 
HcRn.r1HBLux RpeTafbe CHCTM Rao HjenHHe. 

P j e un e HD e: Y3MPINIO clic -rem pectoepeHLIHje, r Rome je 36Hp Hmnynca o6Hje HecTrine 
jeAHaR HynH. AKO Hmnynce Hanknuemo Rao H3BoAe on AjejcTBa, Hmamo: 

as as 
+ —c).  

0AaBAe ce BHAH, Aa je y nocmaTpaHom cHcTemy petrepeHHHje AjejcsrBo cpyHRHHja pa3m4Re 
r = r2 —r1  pa,Amyc - BeRTopa o6Hjy 9ecTHna. Ilpema Tome 'imam° P 2  = — p 1  = p, rAje je 

as 
n— 	Hmnync penaTHsHor RpeTal-ba LiecTlina. Hamilton-osa cbyHRLAHja je jexiaxa: 
g-  — or  

32e==
1 (1 

	

	1 	1 (1 	1 ) 	e e2  ._ 	4_ n2 _ 	 4  
2 MI 	m 2 	8C2  /7/3 I  /773  P  1 	—2 

el e2 	, 
2c2  m1 m2r ill

2 
± (I)  n) 2]. 

A 



F.TIABA IX 

3PALIEHDE EJIEKTPOMATHETHHX TAJIACA 

§ 66. Honae cHcTema onTepeheiba. Ha ,RaneKum. pacTojamHma 

DocmaTpajmo norbe, npoy3poxosaHo cHcTemom onTepehefba y noxpeTy, 
Ha AaneKom pacTojafby ori  Tor  cHcTema (Tj. Ha pacTojaHpy, lc* je BenHKo 

y o,uHocy Ha AmmeHuje  cHcTeMa).  ilpwrom hello oneT nohm OA H3pa3a 3a 

perapAosaHe noTeHuHjane 

1 A 	ri ; R  
dV  • 

(1)= 	Q  t - R dV 	 C 

Y3MHMO KOOpAHHaTHH notieTax 0 rnje 6Hno y cHcTemy onTepeheFba. 

03HaIIHMO ca Ro  pa,umyc-uexTop on Tagxe 0 ,go Tal-nce P, r,uje Tpammmo uppi-

jerwocT norba, a je,414HPILIHH  sexTop  y TOM npasuy osHatuimo ca n. Pa,ruiyc-BexTop 

onTepeheH,a de = Q dV Heica 6y,ue r, a panHyc-sexTop oxt de AO Tatuce P Heica 

6y,ue R, OgeskinHo je R=Ro —r H R=I HHTerpHpaFby no dV 

y H3p23y 3a cp H A cmaTpa  ce,  a.a je R o  KOHCTaHTHO. 

Ha senpumm pacTojaH.Hma on cHcTema onTepeher-ba je R o >>r. clpyfficuHjy 

R =1R0' r  I  moNcemo npema Tome pa3BPITH y per:c no cTeneHHma r, orpaHH-

1114B11114 ce Ha tinaH npsor  peLka.  flpeMa onurroj cl)opmynm 

f  (r) 	f (0) + gra d f (0)-r 
Ao6Hsamo 

R = Ro — rn. 

YBOCTHMO TO y H3pa3  3a  peTap,EkosaHe noTeHumjane. Y HmeHHouy 110,13,HH-

TerpanHxx H3pa3a rn mowe ce 3aHemapHTH y o,RHocy Ha R 0 . MebyTHm, y 

t — 	TO ce 3aHeMapHaal-be He moxce y4HHH -rm ; moryhHocT Tora 3aHemapH- 
c 

BaFba os,uje ce He o,upebyje penanisHom BenH4HHom Ro/c H rn/c, Hero THM, 

Haut° ce mkijer-bajy camm  Q  H  j 3a spHjeme rn/c. Ha Taj Hatim, sa noTeH- 

gHjane norba Ha BenkiKoM pacToja-by 	cHcTema onTepeheFba Hana3Hmo H3pa3e: 

fQ R rn d V, 
Ro 	t — +  

(66,1) 

1 
Re  rn dV. 

R o  t-7+ 
(66,2) 
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Ha Benmaim pacTojaFbHMa oxt CHCTM onTepehel+.a noshe ce y He mHoro 
Benmaim AjenoBmma npocTopa MO)Ke nocmaTpaTH Rao paBaH Tanac. 3a TO 
,e noTpe6Ho, Aa pacTojal-ba 6y,ay Benmxa He canto y waHocy Ha pa3Mjepe  cHC-

TeMa, Hero H y onHocy Ha ApRYHy eneRTpomarHeTHmx Tanaca, Roje cmcTem cTBapa, 
mnpt Ramo ce Ra)Re, 3patm. 3a Tams() ce noxipyi4je nonna roBopm Rao o „Tanac-
HOi 30H14" 3pameFba. 

Ko. pasHor Tanaca noiha E H H cy mebyco6Ho noBe3aHa penauHjoM 

E = HXn [B. (45,4)]. Kam) je H = rot A, TO je 3a noTnyHo o,npebmBaHe norba 
y Tanacmoj 30HH A0B0110H0 :13patlyHaTm camo BEKTOpCKM noTemumjan. KOA pasmcr 

Tanaca Pimamo H 
1 	• 

(AXn) [B. (46,3)], rrije TaLiKa o3HamaBa ,13,mcliepeFiLval-be 

no BpeMeHy.') 

Ha Taj HagmH, Ka,ga. 3Hamo A, Hanaammo H H E no cl2opmynama : 2) 

H (A 
	 1 	• 

= 	(A X n . 	E= [(A X n) X n]. (66,3) 

Hanommfbemo, Aa  je Ha Aanexmm pacTojaFbmma norbe o6pHyTo nponop 
gmoHanHo npsom cTeneHy pacTojai-ba (R 0) oLl cmcTema xojm 3pa1H. Taxo1le-
Tpe6a HanomeHyTm, ,rta Bpmjeme t ynaam y m3pa3e (66,1-3) yEHjeK y Kom6H- 

R 
Haumjm I — ° 

3a 3patieH.e, moje m3a3HBa Hex° TammacTo onTepehel-be y npom3BorbHom 
KpeTafby, 3F0,1:1,H0 ce flOCJ1Y)f(HTM Lienard-Wiechert- °skim noTeHumjanmma. Ha 
,garieRmm pacTojaH.mma mowe ce y topmynm (63,5) pa,gmyc-Beicrop R 3ammjeHmTH 
ca R o  (KopAmHaTiim nogeTaK ce y3Hma ma rAje yHyTpa Komatime o6nacTm npo- 

') Ty cl)opmyny flax() je npoBjepHTH HenocpeAHHm H3pa9yHaBakbem. HanmuHmo (66,2) y o6nHxy 
I 	 R0 	 f (P)  

A = — f (t'), rAje je f (t') ckyHmtmja oil t' = t 	
A- 

3a H Hmamo H = rot , 
' 

FrpH ,t4d3e- 
R, 	 0  

I 	 1 
peHupariq npoHoao,Eta f. — ckaicrop — moNce ce cmarrpaTH KoHcrawrH0m (jep ce AticbepeEnuiparbem 

R o 	Ro  
1 	 1 	 I 

—,tto6HBa tinaH nponopuoHanaH ca - 2--  , Koju ce moxce 3aHemapHTH y oAHocy Ha LinaH ca — 	na- 
R 0 	 k0 	 Ro 

I 
ce AHrtepeHuHpa canto no R,„ lune je caapicano y t'. TaAa. je H = — rot f (t'). 3a sex -rop, ico- 

R0  
jH je cluHictuija canto oA 1', Bamth 

d  r 	df 
rot f (P) = 	x —de 	lc  (n X 

di') 

(jejo je V ti = - 
1 

— p R0  = 	. ,ELeckHHHTHBHo Hmamo : 

1 	. 	 1 
H = — 

cR 
(f X n) = (A X n),c

o  

LLITO je H rpe6ano AoKa3arri. 

• 
2 ) Osgje ce Fe mowe yno -rpe6HTH topmyna E = — — A [a. (45,3)], 6y,gyhm Aa noTeHuHjany. 

cp H A maje He oaxkosorbaaaly AonyHcxe ycnoae, gojH cy HM 6141114 noc -raarbeHH y § 45. 
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cTopa, y Kojoj ce on_TepeheFbe Koehe), a y ycnos (63,1), xojM oapebyje 

R = R0  —  ro  n [r0  (t) je paamyc-BeKTop onTepeheFba]. 0Haa je: 

ev (V) 
A = nv  (t) 	 (66,4) 

CR0 (1 
C 

raje ce t' 0.11Pe1jyje H3 jeaHaHHHe : 

t , 	ro (r)  n 	t 	Ro  
C 	 C 

(66,5) 

3paHePbe eneKTpomarHeTHPix Tanaca spium ce, HapasHo, 3paHmem eHeprHje. 
cipnyKc eHeprHje oapetyje ce Poynting-0BHM BeKTopom, KOjI4 3a pasHe Tanace 

H3HOCH: 
H2 

S = c 	n. 

HHTeH3HTeT d1 3pagelba y enemeHTy npocTopHor yrna do oapehyje ce Kao 

Konw-ma efieprHje, Koja npoTHHe y je,aHHH1AH spemeHa mp03 enemeHaT df 
= R2  do ctepHe noBpaimHe ca NeHTpom y KO0p,11,14HaTHOM noHeTxy H ca nony- 

npeHHHKom Re . OHeBkaHo je, Aa  je Ta immix-m-1a je,rmaKa npoH3Boay rycTHHe 

cknyKca eHeprHje S 14 d f, Tj: 

d1 =c —
H2 R 2  do (66,6) 

Kaxo je norbe H o6pHyTo nponopuHoHanHo ca Ro, sHaH ce, Aa je eHeprmja, 

Kojy cHcTem 3paHH y jeaHHH4H HpemeHa y enemeHaT npocTopHor yrna do, 

jeaHa.Ka 3a csa pacTojaFba [Kaaa. cy 3a I-1:)14X jeaHaKe spHjeaHocTH t —  

Pa3yMHje ce, Aa TaKo H mopa 6HTI4, jep ce eHeprzja, Kojy cHcTem 3paHH, npoc-

THpe Kp03 OKOTIHH npocTop 6p3HHom CBjeTTIOCTM C, npx Hemy ce Hmraje He 

axymyrimpa, HI4TH HcHe3aBa. 
I/I3Beinhemo ckopmyne 3a cneKTpanHo pa3naraEbe norba Koje 3paHH cHcTeK 

Tanaca. Te ce cipopmyne mory ,il,o6mTH HenocpeaHo H3 cbopmyna § 64. CTasiba-

jyhH y (64,2) R = Ro  —  rn  (raje ce y HmeHHouy noamTerpanHor H3pa3a mo-
xemo orpaHHHHTH 3amjeHom R = R e), ao6Hsamo 3a Fourier-ose KOMII0HeHTe 

seKTopcKor noTeHumjana  : 
eikR 0  i 

A  , =-- 	i w e–ikr d v 	 (66,7) 
u 	cR 0 	' 

(raje je k = kn). KomnoHeHTe H. H E. oapehyjy ce nomohy A. KopHcTehpl 

ctiopmyne (66,3). CTas.rbajyhvi y I-1. 14x H a, e–iw t , E. e—l'aj , Auj  e–i't  ymjecTo 

H, E, A 14 cKpahyjyfai 3a.THm ca e–iwt, ao6HBa ce : 

H„ = (k X A„), E„ 	[(k X A„) X (66,8) 

Kaaa ce rosopH o cneKTpanHoj pacno,ajenm HHTeH3HTeTa 3pageH.a, Heon 
xoaHo je ;la ce pa3nHKyje pa3naral-be y Fourier-os HHTei- pan oa pa3narafba. y 

Fourier-os pea. Ha pa3naraFbe y Fourier-os HHTerpan Hamna3H ce KOXI Tpe- 

TeopHja nwba 	 12 

Tpe6a CTai314TH 
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Tkipal-6a spatieH.a., Koje HacTaje npH cy,gapy HaeneKTpHcaHmx HecToua. Ty je 
HH -repecaHTHa yKynHa KonHtulHa eHeprHje, Koja ce 3patur y ToKy cygapa (Kojy 
H3ry6e LiecTHue Koje ce cygapajy). HeKa je d&mo er-reprzja, Kojy C11CTM npH 
cygapy 3patim y enemeHaT npocTopHor yrna do y o6nputy Tanaca ca ckpeKsen-
uHjama y HHTepsany do). Flpema onurroj ctiopmynm (49,8) oHaj ,I(HO yKynHor 

KojH oTnaga Ha HEITepsan cippeKueHuHja do), go6Hua ce H3 o6Hql-ror H3pa3a 

3a HliTeH3HTBT 3amjeHom KuagpaTa noma KuagpaTom mogyna FberoBe Fourier- one 
KOM110HeHTe H HCTO)106HHM MHO>KCHDBM ca 4a. OTyga Hmamo [ynop. (66,6)] : 

d &nc0== c I H.1 2  Rg do do). (66,9) 

AKO, naK, on -repehef-ha spine cimHHTHo nepHogH4Ho KpeTar-he, oH,Ra ce norbe 
3pol-ref-ha mopa pasno}KHTH y Fourier- on peg. IlpeMa ornu -roj cl)opmyrai (49,4) 

HHTBH3HTeT nojegHHe KomnoHeHTe Fourier-osor pega go61413a ce 113 o6H4Hor 

H3pa3a 3a HHTBH3HTeT 3amjeHom 1-10J1Da ca 1-1,,erouom Fourier- OBOM KOMI-10HeHTOM 

mHoweihem ca 2. Ha Taj HatiHH, HHTBH3HTBT spageH.a y e.nemeHaT npocTopHor 
27r 

yrna do ca ckpeKBeHLwijom co = nco o  = n —  H3HOCH 

din = c  1 H, 1 2  fc.  02  do. 
2r 

(66,10) 

3a cneKTpanHo pa3naraFbe Tanaca, Koje 3paqH jegHo TatimacTo onTepeher-he 
(Kaga ce Kpehe y cnorbaulHDem norby), molKe ce HanHcaTH H oBaj H3pa3 

+ co e ikRu  

A 	 ev (t) 
ei[cot—krun 

dt, u,  
22-rcRo  

op  

(66,11) 

KOjH ce go6m3a H3 topmyne (64,81 aHanorHo noc -rynKy ,go6nBar-ha (66,7) H3 

(66,2). KaKo je v = 
dr, 

6Hhe v dt dro , na ce Ta cloopmyna mowe HanHcaTH 
dt 

H y o6nHKy KoHTypHor HHTerpana, y3eTor gy -)K TpajeKTopHje qecTkrue: 

= e 
e 	f e i(cut — krd dro  

• 
2 ac R 0  

(66,12) 

Fourier-oBa KomnoHeHTa marHeTHor norba npema (66,8) pima 6  0-J1HK: 

H. = e 
icoeikR 0  

2 gc2 R 0  
e

i(cot —kr o ) (n X dro) (66,13) 

cr) opmy e (66,11-13) ripma3yjy Fourier- one K0MI1OHOHTe norba (pa3no)KeHor y 

Fourier- os Purerpan) HenocpegHo no 3aKoHy KpeTar-ba onTepehefha Koje 3patm. 

AKo on-repeher-he uplum nepprogHtmo xpeTar-he no saTBopeHOj TpajeKTopHjm, 
ofiga ce norbe mopa pa3110)KVITH y Fourier-on peg. Komnopien -re pasnarapba y 

Fourier- on peg ,i1o6NBajy ce 3amjeHom y go61413eHmm ckopmynama (66,1 1-13) 'tax-
Topa 1/2n ca 1/T. npH qemy ce HHTerpHpai-he upum no nepHogy KpeTat-ha T 



H„ = e c2 T2 R0 

T 

e
i[nwat-- kr 0 (0] 

[n X v (01 dt = 
0 

2a in eikR ° 
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(B. § 49). 3a Fourier- oBy KOMI10HeHTy marHeTHor norha ca cippemaeHumjom 
= n coo . 	mmamo: 

2 a t 	
k•

n e 
 Ro 

=e 	 
c 2  P R o  

i(n w o t —kr0) 
e 	 (rt X dro)  • (66,14) 

,II,pyrom 14HT erpany mHTerpmpaH.e ce BpLum n0 3aTBopeHoj op6mTH mecTmle. 

§ 67. Allnoano 3pagetbe 

Y noAHHTerpanHmm m3pa3Hma (66,1) H (66,2) 3a peTap,uosaHe noTeHumjane 
BpHjeMe rn/c mo)Ke ce 3aHemapHTH y cnyHajemma, aKo ce 3a TO EpHjeme pac-
no,u,jena onTepeheE-ba mano mmjeH.a. TlaKo je HahH ycnoBe ocTBapeEba Tora 

3axTjeBa. HeKa Ham T o3HatiaBa peA BenHtmHe BpemeHa, TOKOM Kojer ce pacno-
Ajena onTepehepha ocjeTHo npommjeHm. 0Hemwo je Aa he 3patiet-be TOF cHcTema 
HmaTm nepkwAy peAa cantor T (Tj. HMahe tpeKBeHumjy pe,ua 1/T). 03Hat114140 

3aTHM ca a peA BenHHHHe pa3Mjepa cHcTema. Ta)la he Bpmjeme rn/c 6HTH pea 
a/c. ,D,a ce 3a TO Bpmjeme pacnope,u onTepehefba He 614 3HaTHO -npomjeHmo, 110- 

Tpe6Ho je ,rka 6y):te a/c << T.  Arm  CT H14je 1-114L11Ta Apyro Hero Ta.nacHa Ay.)KHHa 
3page1-,,a 2.. Ha Taj HaHmH,  ycnos  a<<cT mo)Ke ce HanmcaTm y o6nHxy 

	

a << 	 (67,1) 

Tj. AHMeH3Hje CHCTMK mopajy 614TH mane y QuHocy Ha Aymumy 3pa4eHor Tanaca. 

HanommH.emo, as ce  HCTH  oBaj yarroB (67,1) moxce ,ao6HTH H 143 (66,7). 
Y no,ncHHTerpanHom H3pasy r Ao614Ba BpI4je,gHocTM y no,qpyqjy pea ,ummeH3mje 
cHcrema, jep je BaH CI4CTMK j je,u,HaKo HynH. ilpema Tome cTeneH ikr je 
manm H mo),Ke ce 3aHemapHTm  3a  oHe Tanace, Kw( KojHx je ka<<1, LirIo je 
eKBHBalleHTHO ca (67,1). 

Taj ce ycnos mo)Ke HanmcaTH H y Apyrom o6nmKy, ca HanomeHom, 	je 

T 	alv, na je a 	cal v, aKo je v pert Benm4n4He 6p3HHe onTepehel-ba. 1/13 a <<. 
TaAa. Hajla314M0 

	

v 	c,. 	 (67,2) 

-Tj. 6p3HHe onTepeheFba mopajy 614TH mane y ynopebeH:py ca 6p3HHOM cBje-
T.ROCT14. 

FlpeTnocTaBmhemo, Lta  je  Taj ycnoB mcnyFbeH H no3a6aBmmo ce nporia-
Bafbem 3pa4iefba Ha pacTojaH:dma OA CHCTM KojH apatim, Koja Cy senpixa y 

,o,r(Hocy Ha TanacHy ,u,y)KHHy (a y csaKom cnriajy BenHKa y oAHocy Ha pa3Mjepe 
•mcTema). Kao LLITO je noxa3aHo y § 66, norbe ce Ha TaKBHM pacTojaH.mma 
mo)Ke cmaTpaTm Kao paBaH Tanac, na je 3aTo 3a o,upebmBafbe noma AOBOTIDHO 

H3paHyHaTm camo BeKTOpCK14 noTeHnHjan. 

BeKTopcKm noTeHnmjan (66,2) non.a Ha Aaneithm pacTojaHA4ma pima ca,aa. 
,o6nHK: 

1 
A  =

cR 	
• dV, O 

 
(67,3) 

-  12* 
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rAje je t' =t— R olc. CaAa  spHjeme 	smile He 3asHcm o,rk npomjeHrbmmx 

HHTerpHpaH.a. Y3mmajyhH j  =  ov, npenHunimo (67,3) y o6niimy 

1 
A  = c R o ( E ev ) 

(cymmpaH,.e ce spium no  csHm  onTepeheH.Hma cHcTema; 36or KpaTKOhe H3ocTa-

BliheM0 HHABKC — cBe  BenHtptHe  Ha AeCF11,11.4 cTpaHama je,,T.tHagHHa ce y3Hmajy 

3a momeHaT t'). Ho ',imam° 

ev = —d
d
t er 
	, 

rAje je d AHnonHH momeHaT cHcTeMa. Ha Taj Hat-IPIH le: 

A = — 1 – d. 
cRo  

flpeMa ckopmynama (66,3) Hana3HMo, Aa je marHemo norbe jextHaKo 

H = caR® (d X n) 

a eneKTpH , io noshe 

E  = 	c2
1
Ro

[(C1 X n) X n]. 

(67,4) 

(67,5) 

(67,6) 

HanommFbemo, 	ce K04 nocmaTpaHe anpoKcHmaumje 3pamekbe oApebyje 

ApyrHm H3B0,110M AmnonHor momeHTa cmcTema. Talmo 3pa9el-be ce Ha3HBa-

AM-1011HO. 
•• 

KaKo je d=1:er,  TO  je d=Lev. Ha Taj HatH4H, onTepeheEba mory 

3pal-ATH canto y cny4ajy,  aKo  ce Kpehy y6p3aHo. OnTepeheHpa, Koja ce Kpehy 
pasHomjepHo, He 3patie. To, yocTanom, HenocpeAHo cnHjeitH H3 nppuillmna pena-
THBHTeTa, jep ce onTepeheFbe Koje ce xpehe pasHomjepHo moNte nocmaTpaTii y 
Taxsom HHepuHjanHom cncTeMy, I",laje OHO mHpyje, a onTepeheFba Koja mHpyjy,. 

otieBHAHo, He 3patle. 

YBpwTaBaH.,em (67,5)  y  (66,6) )1061,1BaMO HHTeH314TeT 11,1411011HOr spaLiel-ba. 

dl = 	n) 2 do. 
4nc3  

(67,7) 

OBO je KonHimHa eHeprHje, Kojy cHcrem 3patm y jeAHHHLAH BpemeHa y TjenecHH 
yrao do. YKynHa KonHtniHa eHeprmje, Roja ce spatm y jegHHHum BpemeHa y CBHM 

npaBwima, go6HBa ce HHTerpmpaHDem no cam yrnosHma. 36or Tora yBeilHmo 

cckepHe KoopAHHaTe c nonapHom ocom ,n,y)K BeKTopa d. HeKa nonapH14 yrao 14 

a3HmyT BeKTopa n y THM Koop,rwHaTama 6y,tty 0 H cp. ,IlaKne, 8 je yrao meby 

n. Tatra je do = sin 0  do  cip m (67,7) npena3H y: 

2 

d  I -= 	sin3  0 de dy 
43-rc3 
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HHTerpHpaH.em no dcp c,n, 0 ,go 2Tt H no do o,, 0 ,go 7t, Hana3Hmo : 

2
3 d-. . (67,8) 

AKo nocTojH cBera jeuo onTepeheFbe, Koje ce Kpehe y cnorbaumiem 

6Hhe d=er H d=ew, rAje je vg y6p3afbe onrepeheH.a. Ha Taj HaHHH, 

yKynHo 3patieibe onTepehel-ba Koje ce Kpehe 6ihe 

2e2 w2  (67,9) 
3c 3  

Hanommbemo, Aa cHcTem, cacTaBrbeH o.uk gecTkla, KoA Kojzx je oAHoc on -re-

peheiba 1,1 mace jegHaK, He mo>Ke 3paHHTH (AHnonHo). 3aHcTa, 3a TaKaB 

CHcTem API0J1H14 momeHaT je 

d = 	er = 	mr = const. 	mr, 

rAje je const. o,RHoc onTepeheiba, 14 mace, KojM je PICTI4 sa cBa onTepehel-ba. 

Ho E mr = R E m, rrie je R pa,B,Hyc-BeKTop LleHTpa HHepLudje cHcTema (Hano-

mHfbemo, Aa cy cse 6p3HHe c, na ce moNce npHMHjeHHTH HepenaTHBHcTHLIKa 

mexaHHKa). Flpema Tome, d je nponopHHoHanHo y6p3aHv LleHTpa, HHepuje, Tj. 
jeAHaKo je HynH, jep ce HeHTap mHepuHje Kpehe pasHomjepHo. 

Ha Kpajy, Hanzcahemo 43opmyne 3a cneKTpanHo pa3naraFbe HHTeH3HTeTa 
PinonHor 3patieHpa. 3a 3pa4eH.e npH cyAapy yBeinhemo KonHt4HHy eHeprHje 

dCs co , Koja ce 3a cse BpHjeme cyrkapa 3pat-H4 y o6rimy Tanaca ca dopeKBeHujama 

y HHTepBany dco (ynop. § 66). ,Lo6HBa ce 3amjeHom y (67,8) BeKTopa d Hoero-

BOM Fourier- OBOM KOM110HeHTOM H HCTOBpeMBHHM mHowei-bem ca 4n [ynop. 

tiopmyne (66,6) H (66,9)1: 

d&„ = 
8g 

(d,„)2  do). 
3c 3  

pema 	HHH r_wijki Fourier- oBe KomnoHewre, Hmamo: 

2 
d e — icot = 2 

 (d. e—iwt) 	_ (-0 2  cl a, e —iwt, 
dt 

o,RaKne je du, = — c0 2  d„. Ha -raj HatulH A06HBaMo : 

8 g co 4  
d 	---  33  da,1 2  do). 	 (67,10) 

Kog, nepHoAH ,IHor xperaFba LiecTmla. Hana3H ce Ha aHanoraH Hat4HH HHTeH-
2HTeT 3patiefba ca cippeKBeHHzjom co = nco o  [ynop. (66,10)] y o6nHKy 

4al 
= 	3c3 	dn 	 (67,11) 

• 
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§ 68. 3pagetbe npn cyJapuMa . 

Y 3agatImma o 3patieHv npm. cy,gapmma pjebe ce npoyHaBa 3paHeH.e npH 
cy,gapy ABmjy HecT141.0, xoje ce Kpehy no ogpebeHmm nyTaFbama. 06mtalo ce 
TpeTpipa pacmnaHze HmTaBor cHona HecTkma, xoje ce xpehy napanenHo, na ce 
3a,a,aTax cacTojm y oApebmBai-by yxynHor 3paHeFba. Koje ce op,Hocm Ha jeAmmiLly 
rycTmHe tnyxca LleCTI41.4a. 

AKO je rycTmHa tnyKca pasHa jeic(mHpulm, Tj., axo y jE1:1141414L1H BpemeHa 
xpo3 je,t(mHmLly noBpunme npecjexa cHona nponam je dtwa HecTmua, oHga 6poj 
gecTmma, Koje nponaae ca „HmularicKmm pacTojaFbem" HE 14 „napamerpom cy,Rapa"') 
mehy Q 14 Q 	dQ, H3HOCH 2Th. QC/Q (a TO je noBpLumHa orpaHmHeHa xpyroBmma 
nonynpeqHmxa Q 14 ,o+ do. ). 36or Tora TpaxeHo yxynHo 3paget-be go6mHa ce 
mHoxceEbem yxynlior 3paHeFba A 	je,r(He Hecnale (ca 3agaTom Bpmje,r(Howhy 
napameTpa cy,rlapa) ca 2/ro do m mHTerpmpafbem no do o,i1 0 ,Eto co. Ha Taj 
•406143eHa BenmHmHa Pima AmmeH3mje npom3BoAa eueprmje 14 nospu4He. Ha3BaheMo 
je eckeKTPIBHO 3pagefbe (no aHanormjm ca e4JeKTH3Hmm npecjeFom pacmnaFba) 
o6mrbexathemo je ca x : 

x=f,6,& 1 2J-rodo. (6 8,1) 

CaCBMM aHanorHo mowe ce upeAmTm BteKTHBHO 3paHeFbe y oApebeHm enemeHaT 
do npocTopHor yrna, y weheHom mHTepBany dco pexBeHumja m T. C.114 

1/13Hewhemo onuiTy topmyny, xoja nplxa3yje pacnogjeny 3patiel-ba no 
npaaumma rip packinalby ctinyKca HecTmma geHTpanHo-cmmeTpmc-Himm norbem, 
npeTnocTasibajyhm ga je 3pageHne AmnonHo. 

AHTBH3HTBT 3pagepha, (y cBaxom momeHTy) nojeuHe gecTmge pacmnHor 
tnyKca ogpebyje ce topmynom (67,7), y Kojoj je d Amnonlim momeHaT HecTmue 
y o,r(Hocy Ha LleHTap xojm pacrna 3). Flpmje cBera, HahHheMo cpegi -by HpmjegHocy 

Tor m3pa3a no cnim npanwima HeKTopa d y panxu nonpeHHor npecjexa cJ)nyKca. 
KaKo je [d X n] 2  = a2 — (nd)2, TO he cpegi-by Hpmje,gHocT mmaTm camo Henmi-H4Ha 

(nd) 2 . 36or L(eHTpanHe cmmeTpmje nonaa moje patina 14 36or napaneHocTm cHona 
tiecTmma Koji ynaga, pacmnai -be (a 3ajeir,Ho ca 1-1.14M 14 3pageFbe) ITMa aKcmjanHy 
cmmeTpmjy y oAHocy Ha ocy, Raja npona3m Kp03 1.(eHTap napanenHo npoTpulal-by. 
Y3MHMO Ty ocy Ica° ocy X. 36or cmmeTpmje oHeBoilHo je, ,Lt a cy cpegi -be HpmjegHocTm 

npom3BoAa4 diy , 	 je,a,Haxe "Hynes, a cpe,zube Bpmje,L(HocTm ort u y  4.4 H  

14 a, mehyco6Ho je,r(Haxe, npm Hemy je otieBm,aHo : 

-2 	9 	1 	" 	" 2 d y  d 	— (d 2  — d ). 
2 

1) no,a napameTpom cyAapa no,apa3ymmje8a ce pacTojaH.e, 3a fa* 6H ce mamomune 
CTHLte Koje ce cyAapaly, xa,Ra 6H ce xpeTane no npaBoj. 

2) AKO H3pa3, xojH ce HHTerpHpa 3aBHCH 0,4 yrna, nog KoJHM ce Hana3H npojentHja Am-
nonHor momeHTa TiCCTHLC y paBHH nonpegHor npecjexa cHona, 0H,Aa ce mopa rfpeTxo,aHo HahH 
H.erosa cpenH.a apHjeAHocT no CEIHM npaB0Hma y Toj pasHH, a Tex nocnHje Tora Tpe6a ra 
110MHONCHTH ca 2'rp dp H HHTerpmpaTH. 

3) Y cTEapH, 06H14H0 ce paAH 0 Amnomicm momeHTy ,rtsmiy tiecTmna — oHe, xoja ce pacHna 
oHe, xoja pacHna — y oAHocy Ha HAXOB 3ajeAHHLum rewrap HHepumje. 
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kimajyhH cise TO y BHAy , naKo hemo HahH : 

(a X n) 2 	( a +c1 x ) 	( a 2  — 3 4) cos 2  

rAje je 9 yrao 

14HTerpmpaH.em 
Aapa Ao6Heamo 

y 3aBHCHOCTH 

me by npaBLAem 3pageH.a. n H OCOM X. 
HHTeH3HTeTa 	no 	BpemeHy 	H no CBHM 

CiftlieJlehH 	ABC1:1HHHTHBHH 	H3pa3, 	1{0jH 	o.apebyje 
oLt npania spatieH.a : 

do 
B 

3 cost 0 — 1 

napameTpHma 	cy- 
eckeKTmBHo 	3p2- 

(68,2) c/x n  [A 
4gc:' 	 2 

rAje 	je : 

A =  f 	dt • 2gc) dc,, B = -yi  ff .  (d 3  — 3 a dl • 2rr,o dc?. (68,3) 
3 

,ELpyrki HnaH y (68,2) 	arnica je y 	Taxsom o6nmicy, 	Aa 	HHTerpHpaH.em no do 
y pe3ynTaTy gaje Hyny. 

I'IHTeH3HTeT 3pcoieHpa, Koje HacTaje npm packinal-by, mowe ce noxiHjenwrm 

y Asa ,II,mjena: nonapm3oBaHo y paBHH, Koja npona3m Kpo3 X ocy H 

ripaBaLi n (y3mmmo Ty paBaH Kao XY paBaH), H 3paLieEbe, nonapH3oBaHo y 
paBHH, Koja je HopmanHa Ha HaBefkeHoj paBHH. BeKTop eneKTpHHHor norba je 
opHjeHTHcaH Kao BeitTop 

(a  x n) X n n (nil) — a 
[B. (67,6)]. KomnoHeHTa Tora BeKTopa y npaBuy HOpMaJIHOM Ha paBaH X Y H3HOCH 

— dz , a npojeKuja Ha paBaH XY H3HOCH sin° dX  — cosO ay . ,E1,m3aFbem E 
Ha KBaApaT m Hanaweibem cpex-be BpmjewiocTm no CBHM ripaBwima BeKTopa d 

y paBHH YZ, npmje cBera miximmo, Aa npom3Boil npojexuHja norba Ha paBaH XY 
H HopmanHmx Ha 1-b0i, nocTaje je,gHaR Hynes. To sHatim, Aa  ce HHTBH311TeT 

cTBapHo mowe npeTcTaBHTH y o6rimicy 36mpa Asa He3aBlicHa xtmjena—HHTeH3mTeTa 
3patieHpa, Koje je nonapmsoBaHo y ABkijema mebyco6Ho Hopmanimm paBHmma. 

I4HTeH3HTeT 3paHefba ca elleKTpH LIHMM BeKTopom y paBHH XY oApebyje 

9 	1 	•• 
ce cpeAH,mm KsaLipaTom dz= 

2 
— (d2  — d')d'). 3a ozroBapajyhm ,4140 eckeKTHBHor 

\ 

3patieFba Ao6frmamo m3pa3: 

II 	
4 rcc 

do 
3  2 

1 	-,2 
((.1 2  — c x) dt - 2 no do. 

0 —co 

(68,4) 

HanommEbemo, Aa je oBaj A140 3pa4iefba. m3oTponaH no npantmma. Hmje noTpe6Ho 
flHCTM H3pa3 3a eteKTHBHO 3paLieH.e ca npaB4em enexTpHHHor norba y paBHH, 

HopmanHoj Ha ocm cHona H Ha BeKTopy ii, jep je otierm,u,Ho Aa je ciz n  II + 
din • 

Ha aHanoraH HaLIHH mowe ce A061414 H3pa3 3a pacnop.jeny ecipeRmsHor 

3paHei-ba no npatiumma y oApebeHom HHTepBanY ckpeKseH4Hja doJ. HeheMo noHoBo 
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HaBOAHTI4 pacmaTpaH.a,  Koja  cy cacEmm aHanorHa rope Hase,gemim, Hero hello 
HaBecTx AeC1IHHHTMBaH H3pa3: 

dzivo = 
do do  [A (w) 	

2 
B (w) 

3 cos 2  0 — 1 ], 	 (68,5) 
c3   

rAje je 

4 
A (o) = 

2
3 	

d
w

„ 2 Yro 

0 

cc 

0) 4  

B (w) = 7 (ci — dx2 (.0 2  ;TP. de. 

0 

(6 8 , 6) 

143Bewhemo ,garbe Heim cjDopMyne, Koje ce oxtHoce Ha oHaj Akio cneKTpanHor-
pa3naraH,a 3patiefba npH cy,gapy, 3a Kojm #emaeHin4je PtcnyfbaBajy ycnoB 

coy << 1 , 	 (68,7) 

rAje je Z Beni-1414Ra pe,rka TpajaEba cy,Ekapa. Y HHTerpany: 

+co  

H" =-- 
 2 [ n 

f H eiwt  dt 

norbe 3patieFba H npMMjeTHo je pa3nHqiero o,g Hyne canto y ToRy spemeHa 
BenHHHHe perka r. 36or Tora, y3 ycnoB (68,7), mo)Kemo cmaTpaTH, ,tka je noxt 

mwrerpanom cot << 1, na  ce  ehot mowe 3ammjeHHTH jeApiknjom. Ta,rta je 

H. = 2 17r  H dt. 

- , 

• 
3amjef-byjytm oBAje H3pas (66,7) H = --1  (A X n) ki HHTerpHpajyhm no BpemeHy, 

' Ao6oBamo: 

= 2yuc RA2 Al) X fli  
(68,8) 

rAje je A2 — A1 npomjeHa BeicropcKor noTeHnnjana norba, Koje 3a BpHjeme 
cy,Rapa m3a3Haajy tiecTpme Koje ce cy,aapajy. 

3amjeHom (68,8) y (66.9) Hahmhemo TOTaRE-10 3pagei-be y Toxy cyAapa. 
OBri,je hello canto HaBecm pe3ynTaT HHTerpmpai-ba no csnm npasumma [mwre-
rpmpaHDe ce Bpuni TatiHo oHaKo, Mao npm 143Bobel-by (67,8) 143 (67,7)]: 

2 )2 A 	 _ — . R2 do)  d&
w
= 

3 me 
(A 
" 	

- so 
(68,9) 

BMAHMO, ,Eka 3a vane cl3peKseHLije spatlefbe He 3aBHcM o,L1 cippeRBemixje, Tj. KaAa 
d& cu  

0 oH,Ra 	 TexcH Hemoj KOHCTaHTHOj rpaHmuji 1 ). 
do 

HHTerpHpaH.em no napameTpHma cynapa mo)me ce Ao6H -rm aHanoraH pe3inTaT 3a 
ect3eKTHEHo apagefbe npH pacHnaH,y cHona gecTHEla. Nnam Tpe6a Hmarm y sHny, na Taj pe3ynTaT 
He BaNUI 3a ectleKTHEHO 3patiel-be npx Coulomb-oBom y3ajamHom Ajejc-rsy ,lecTraga Role ce cyaa-

pajy, a TO y Be31-1 C THM, LUTO je HHTerpan no dp nHseprefrraH (norapwramcKH) 3a BenHica p. 
Y c.nHje,nehem naparpaty aHnjehemo, na y TOM cnyvajy eckeKTHaHo 3pagelbe 3a mane ckpetc-
seHqHje Hmje KoHcTaHTHo, Hero norapwramcKH 3aapicH on cl) pexaeHnmje. 
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Ka;la cy 6p3HHe tiecTHua, Koje ce cyAapajy, mane y omocy Ha 6p3HHy 
CBjeTlIOCTH, a 3pagel-be je )11'111011HO, ou,rta, KopmcTehm ce H3pa3om (67,5), Ao6kisamo 

( 	 2 

d&L„ = 3 	n 	Ee,(v—v i )), 	 (68,10) 

rztje cy V 1  14 v2  6p3HHe mecTHua npHje H nocnHje cy,tkapa, a cymmpafbe ce }spurn 
no mecnulama lc* ce cy,rtapajy. Alto cy, naK, 6p3HHe LiecTHua ynopeArbzBe ca 
6p313HOM CBieTTIOCT14, oH,aa ce y (68,9) Tpe63. 1-10CY1301(14T14 noTeHuHjanom 1-10113a 

y o6nHxy (66,4). 

§ 69. 3pagethe KoA Coulomb-osor y3ajamnor AjejcTBa 

Y OBOM naparpaity H3Bemhemo HH3 cl3opmyna, Koje ce oxmoce Ha Amnonlio 

:spatieFbe cHcTeMa ,41314jy HaeneKTpHcaHHx tiecTHua. FlpeTnocTaBnpa ce, .rta cy 
6p3HHe LiecTpula mane y oAHocy Ha 6p3HHy CBjeTTIOCT14. 

PasHomjepHo mpeTaFbe cHcTeMa Kao ujenHHe (Tj. xpeTaRie ueHTpa HHep-
uHje cHcTeMa) He goBoAH AO 3pa4eFba, Te 3a Hac ouje HHje piHTepecaHTHo, 
36or Tora hello nocmaTpaTH camo penaTHBHo KpeTaFbe tiecTHua. Y3MI4M0 'coop-

AHHaTHH notleTax y ueHTpy HHepuHje. Ta,aa ce AHnonHH momeHaT cHcTeMa 
r, 	e2  r2  mo}me nHcaTH y o6nHxy 

d _ 1 2  e m — e, m i  
r, 

m 1  –1-- 1 	111 2 
(69,1) 

r,gje ce HHAemcH 1 H 2 oAHoce Ha o6Hje LiecTmue, a r = r 1  — r 2  je pa,u,Hyc-

BexTop meby 
Flogehemo ca 3patieFbem npH eminTHLucom KpeTaa,y ABHjy x-lecTHua, Koje 

ce npHt3nae npema Coulomb-oBoM saKoHy. Kao IBTO je no3HaTo H3 mexaHvixe l), 

TO ce KpeTaHe mowe npHKa3aTH Kao KpeTa.HDe tiecTklue mace 1U = m1 m2 

a (1 —89 
1 — E COS cp = 	 

r 

uje cy BenHKa nonyoca a  m  ei(c4emTpmu1reT 8 jeAHaKH: 

(69,2) 

21&INI 2  (69,3) 

OBAje. je CGJ ToTanHa emeprHja tiecTplua (HeraTHBHa KOA ItIHHHTHOF KpeTaFba.), 

=-- ,a r2  cp — momeHaT K01"114T-114He }me -cal-bap a — KOHCTaHTa y Coulomb-oBoM 
3a.KoHy (o e1 e, ). 3asHcHocT KoopAHHaTa o,4 BpemeHa owe .ce HancaTM 
y 06nHxy napaMeTapcKHx jeAHaLudHa: 

 

a a" 
r = a (1 —  E  cos), 	t 	— sin 

• a 
(69,4) 

i) B. xanp. „MexaHmKa", § 20. 

 

+ M2 

(pe,RyKoBaHa maca gem-1411a m i.  H m2 ) no emincH, Koja y nonapHmm KoopuHaTama 
HMa je,rchal4HHy o6nMKa: 
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JegHom nyHom o6pTy no enHocm ogrosapa npomjeHa napameTpa og Hyne AO 

FlepHog mpeTaH:.a. H3H0CH: 

T 
a 

Ca,ga hello ogpe,gHTH Fourier-ose icomnoHewre AmnonHor momeHTa. 36or 
nepHo,gHLiHocTH xpeTaHDa pages ce o pas.naraH.,y y Fourier-os peg. Kamo je 
gifflOTIHI4 momeHaT nponop4HoHanaH pa,ailyc-BeicTopy r, 3a,rtaTaK ce cHogH Ha 
H3paHyHaBaH.e Fourier-oBnx KomnoHeHaTa KoopgmHaTa x = r cos cp H y = r sin cp. 
3a3HcHocT x H y og spemeHa ogpebyje ce npema (69,2) -- (69,4) napameTap-
cimm jegHaHHHama: 

x = a (8 — cos 4 

(ysenH cmo cl)pexseHLky 

y 	82 sin 5 , 	co o t= — Vsin 

2 az 	a 

iaa3  

(69,5) 

YmjecTo Fourier-omx KomnoHeHaTa icoopAHHaTa 3ro,gHkije je H3patiyHaTH' 

Fourier-013e KomnoHeHTe 6p3HHa, y3esium y 063Hp ,11a je xn  =  — L W o n xn p. 
y n — — i w o n y ► . 0Hga je 

X, = 
xn  

T 
int  - 

n T 
== 	e ° 	dt. 

coo — i w o n 
0 

Arm, x dt = dx  =  a sin  4  Ha Taj HaHHH, ripenasehm og HHTerppipaH.a no dt 
Ha HHTerpmpaH.e 	Hmamo: 

= 
is  f 

e
in 	E sin 

2 an 
0 

Ha crimmaH HaHHH HanasHmo: 

sin 

cos 

2.7r 

ia y - 82 	in 	z sin ,;) 
yn 	2 an 	

e 
 

0  

 	27z 

is V  I  —82 	
e

in (Z:— s sin Zt.) 

2 an 8 

0 

[npki riperiasy og npBor IiHTerpana. Ha gpyrM y nogHHTerpanHom mspasy npfluemc ,  

npHTom 
(

cos 	 1 
cos  —.=-  cos — 1  +  —1  ;  TaAa ce 14HT erpan ca cos — —) ca6Hpa H  

8 	8 	 8 

HgeHTHHHo nocTaje jegHax Hy.11141. Haj3a,a, amo ce ripzmHjeHH no3HaTa cbopmyna 
H3 TeOpHie BeSSei - OBHX cbyHiamja, Ao6Hsa ce: 

2gr 
1 2 I 

	e 
f i(1.1—x  sin 

   cos (rte — x sin ;--)c/ =Jr, (x), 

0 0 

rgje je fn  (x) Besse/-osa ckyHicumja pega uHjenor 6poja n. Y pesynTaTy getm- 
HPITHBHO go6Hsamo cnHjegehe 143pa3e 3a TpaNteHe Fourier-oBe momnoHeHTe: 

xn= J
, 
 (ne), yn 

ia fi  — 82 
J n(n6) 

iz 8 

(69,6) 

(LApnma KoA Bessei-oBe cbmatHje o3HaHaBa gHtlepeHL4Hpal-be no 1-beHOM apryMeHTy). 



Hoy  ht.) 8\ 
2a) Li" co o  

(Do 

a 
Y co = 	

il 82  — 1 
 H. 

 (1(0 
2co 	

r 	— 8)- 

— WO 
x w  

W O 

(69,13) 
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I/13pa3 3a HHTeH3HTeT MOHOXp0MaTH4HHX momnoHeHaTa 3patiefba go6HBa ce 

yapurraBarbem .X, 13  H y a)  y itopmyny (67,1 1): 

in 
— 	

 
3 c3 	

J (n8) 	E2 	r21(n8)]( 
el m 2 — e 2 m i 2 

all+ 111 2 

4 04 n2  a2 	'2 	1-82 

Hanpaummo Hanoce, aCIIMIITOTCKH m3pa3 3a HHTeH3HTeT, KaAa je n spnct 

Benfficoi) .  

2 a2  n e, 	e, m, 2  

ni,d- m 2  ) [1 + 	11 1 — 82  

V-  1 _ E2 2n 

e (69,8) 
31-r c3  82  VI— 

013a cjjopMyna mowe ce npHmHjeHHTH maga 	HHje cy3Huie 6nH3y jegmikale 

HaHme, HeonxogHo je ga 6yge mcnyfbeH yCJI0B 

n ( 1  — 82)312 >> 

ilocmaTpahemo, 3aTHM, cygap gi3Hjy HaenemTpHcaHHx HecTHHa, moje ce 

npmEmage. I--bmxo3o penaTH3Ho xperaEbe onHcyje ce mao mpeTafbe liecTHHe 

mace ia no xpinep6or4 
a (6 2 — 1) 

1 — € cos cp 	 (69,9) 

rgje je • 
a 2 6 M2 	 (69,10) a= 	8= \I 1 + iuct2  , 

2 d, ' 

(caga je & > 0). 3aeHcHocT r og spemeHa npHma3yje ce napameTapcmHm jegHa-

14HHama : 

3  r= a (6 ch — 1), t= 	a (8 sh — 	 (69,11) 
VV a 

rgje napaMeTap S  nonpHma BpHjegHOCTH O — PO 	+ 00. 3a moopgmHaTe 

X H y Hmamo 

x = a (ch 	s), y = all 82  — 1 sh 	 (69,12) 

1/13pagyHaeaFbe Fourier- o3Hx momnoHeHaTa (osgje ce pages o pa3nararby 

y Fourier-o3 HHTerpan) spwm ce cacamm aHanorHo npeTxogHom cnytiajy. Y pe-
3yriTary ce Ao6lisa : 

(69,7) 

1 ) 3a Ao6kisal-be 4opMyna (69,8) H3 (69.7) Tpe6a npHmHjeHHTH acHmnToTcKy doopmyny, 

Koja je no3HaTa M3 TeopHje Be. sse/-osHx C1lyHKL114ja : 

1 	 6 
in  (n 6) --= —  	e  

1/21rn (1— 82Y/4 r  -1-1/1 —8 2  

Koja smut 3a n (1 — Of 12  >> 1. Hanomm-bemo, Aa Je V. A. Fok Aonio oncuTHjy cloopmyny, Kap-

ouebyje j(nE) 3a senxice BpHjeAHOCTM n H 3a 1-T01439cm:die s (,E1.A.H. 1, 97, 1934). 
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(1) 	 i 	
a  OBAje je H. Hanckel -oBa yHxnnja npBe BpcTe 	pe,Aa —coo , a co 0 =-- 	(Ha- 

- 
WQ 

pasHo, coo  Hmje ca,ga tpexBeHLmja KpeTaFba). rIpx H3pagyHaBaHv ynoTpe6rbeHa 
je topmyna P13 TeopHje Bessel-oBHx tyinalmja: 

+  co 

— co 

eve — ixsh 4 ,_____ ig,  HT (ix) .  (69,14) 

YBpurraBaHDem ,go6mBeHmx Hspa3a y topmyny (66,10) Ao6mBa ce ToTanHo 
spamefbe npm cy,gapy 3a HHTepBane tpeKBeHnnja dcol): 

216. 0) 2 a2 el m2 	e2  mi.  2 	82 ___ 1 H(.(L)i) ico ,8  2 

3c3 	 82 	-- 
0)  ± M2 	 CO O  

0 , i  0)  (] 

-i- [UN-) 	
) 2 

id . 	(69,15) 
oo 

Bpno je BaNcHo „etexTmBHo 3patieH,e", it* KapaKTepnwe 3pagephe npH 
pacHnaHv cHona LiecTmLia, Koje ce napanenHo xpehy (B. npeTxo,rin naparpat). 

6H ce oHo H3pagyHano, nomHommmo d&o„ ca 2we dQ H HHTerpmpajmo no 

canma Q OA Hyne AO 63CKOHaL1HOCTH. I/IHTerpHpaHae no dQ 3aMjeHDyjeMo PIHTe-

rpxpaFbem no dE (y rpaHnuama og 1 ,Ao co), KopncTehm ce tnipbeHmqom, Aa je 
27c,o do = 27c a2  8 ds (oBa penawija Ao6pisa ce P13 Aecl)mi-mwija (69,9), y Kojnma 
cy momeHaT M x eHeprHja Be3aHn ca napameTpom cy.apa Q H 6p3HHOM 

2 
tlecTHne y 6ecKoHaciHocTH 21 0  nomohy penaLlnja M = iu,v 0 Q, 	= 

ittv() 
go6H- 

2 
BeHH HHTerpan ce npHKa3yje Henocpexio nomohy topmyne : 

p2 
z [zp'2 	 1 zp2] 

dz z LP L'1)'  

ritje je Zp, (z) ma Koje Newel-be Bessel - oBe je,rwa4HHe peAa p 2). klmajyhi4 y BmAy, 

„Iva 3a 	co Hanckel-osa tyHxnuja H(. 1) ( i°co  E ico 	o 	Text,'Hynx, y pe3ynTaTy ce 

Ao6nBa cnHjeAeha topmyna.: 

4u2ia2 w  \la a el  m2  — e2  m 1 2 
 &Au) 	3c3  

ini+m2 
H(.

W (0 
 ') (1 11 (1)'  ( i(0) 

/ CO (0 — 	0 
CO 0 	W O  

(69,16) 

1) Ku yammai-be Ksa,apaTa mo,gyna Tpe6a HMaTH y BHAy, Aa je y w  MHCTO kimarkffiaAo, a 

xa, 911CTO peanHo. 

2) OBa cbopmyna je HenocpeARa nocn.eXtuga Bessel-ose je,timactmHe : 

Zu+ z Z ' + (1 Z2 

d&.-= 

00 0  
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flocmaTpajmo, Hanoce, rpaHmHe cnriajese manmx x Benmmix ckpeicaeliwija, 
Y idwrerpany 

+c° 
sh 

cl = 	1-1( 1)  ( —
O

iCt)  
iw  CO) 

e  wo 
  

C13 0 

(69,17) 

xojx AeclopiHmine Hanckel - osy ckyHimily, 6HTHa je canto oHa o6nacT spmje,RHocTpt 

npomjefubmne piHTerpmpaPha  y  KOj0j excnoHeHinljainim ItaxTop HMa BeI1144141-ly 

peAa je,rgHm4e. 36or Tara  je  3a mane 43peRBeHumje (w <K0) 0) 6mTHa o6nacT 

Benxxxx Aim KoA BeTIHKI4X mmamo sh >> OTyAa je npm6nlimmo: 

+co f 	sh 

	

— 	e coo 

	

H(."  (iw) 	 ca=- H0(1)  (-1 
10) 	 0)0 0 
cu o  -CO 

Ha aHanoraH Ha ,n4H Hana3HMo, ,rta je 

fiL,"" ( iw ) 	 ( iu)  

o 	\woi 
cu o 

 KopHcTehm ce Haj3aA nppt6IuicHmm pf3pa3om (3a mane x), n03HaTmm 143 TeopHje,  

Bessel - oBmx cloyuKulija: 
2 	2 ifro (ix) —a— In Tx  

(y  =  ec 
 ,  rAje je C — Einer-oea KoHcTaHTa; y = 1,78107  .  ..), Ao614Bamo cnk

jeAehH Pi3pa3 3a ecbeKTmBHo 3pageFbe KaAa cy eppeKBeHuje mane : 

16 e;e 	e, 	e2  

	

c 3  ( m l 	in2)2  

3 
2VO in2  In  	 ) do) 	(68,18), 

(7 0)  I ei e21(mi ± M2) 

3 
,ctvo 

3a w << 	
e l  e2 1 

OHO 331314CH OA clppeicsemutje norapoTammui. 
Kaga cy tipeKsem.inje BerniKe (a) >> co 0 ), oH,Ita cy, HaripoTHB, y HHTerpany 

(69,17) 61,ITHH manm Y  Be3m  ca THM pa3nawemo excnoHeHujanHm 43axTop 

no,AHHTerpanHor ✓ spa3a n0 cTeneHmma g H mmamo npm6nputcHo : 

+co 	lw„ 	 0: 	1w  
— 

(i 	 e  6 wo 	— 2 i  
ia) 600) 

 

F.q 
0 saj ce 14HTerpan 3amjeHom  i  s- 	cBooi Ha r-cky mapijy, na ce y pe 

o),-, 
 

6  

3ynTaTy Ao6msa: 

(1) (i 	 (.1),,\'13 r ( H i 
	

\ 
u) 	 3 ). o 	yr 3 

CU 0 	 0 



•Ho ona,ga excnoHem.lmjanHo ca nosehal-bem tpeKBeHumje. 

163-r e l  

	

2 ') 	 2 — 2 Trcoe1e2 	 Vo 
3 a  

d 	,- 	. 
(e l 	,„ 

e 	3 
— 

do, 	3a co   • (69,22) 
3 1/ 3 	c 3 	ni  2 	

111.0 	 e, e 2  
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AHano rHo Hanammo: 

1_1 ( 1 ) 	 i co 

	

wo 	
1 	(  6 co..  )2/3 

,(--3-). 
 2 

icu( 

	 

3 	Co 

0 

Haj3a,a, npmmjeHom no3HaTe cloopmyne H3 TeopHje r- ckyHimmja 

r (x) r (1 — x) 

 

sin x 

Ao6maamo 3a eckeKTmaHo 3patiefbe npm senkumm tpeKBeHumjama: 

16 	
2 
 e2

2 
	 e 

	

(l 	
3 

d x., 	
e2 	

dco , 	 Vo 

v--4c3 mi 	in2/ 	
3a co >>  	(69,19) 

3 	 1 e1 e2 

H3pa3, KOjH He 3aBHCH OA tpeKsentmje. 
FlpebHmo caLka. Ha 3patieH,e, Koje ce nojaarbyje npm cyAapy ABHjy Hecnula 

Koje ce oxt6mjajy no 3aKoHy U = —
a 

(a > 0). KpeTal-be ce spun,' no xkinep6onH 

— ± 6 COS cp = 	 
a (8 2  —1)  

r 
(69,20)  

3aBHCHOCT oA spemeHa npHKa3yje ce napameTapcKmm jeAHaHmHama: 

x a (E ch y=— V 82 	sh 

t 	su, 
a 	 (s sh 	t) 	 (69,21) 

la H 	cy 113 (6 9 , 10)1. CBa HspagyHaBaH,,a 3a oBaj cny'iaj AmpeKTHo ce cao,Re 
xa Beh HaBeAeHa, na HX Hmje noTpe6Ho flOHOBO H3B0,1114TH. 3aHCTa, HHTerpan 

+ co w 
i a  j' i (8 sh + 

x 	 shy d e ",) cu 	20-cco 
_CO 

3a Fourier- ose KomnoHeHTe KoopAmHaTe 	ca 3amjeHom 	tz— cBo,r4 ce Ha 

PICTH HHTerpan Rao H 	npgBnaHei-ba, camo nomHoweH ca e —  nwiwo. 1/1cTo 
a)K m pi 3a y w • 

FipeMa Tome, H3pa3H 3a Fourier-oBe KomnoHeHTe ;: w  , y y cnytiajy oA6m-

jai-ha pa3nHKyjy ce o,grosapalyhHx m3pa3a Koxi opmsnagefba, camo no taK-

Topmma e 'rw/ wo . ,E1aKne, y topmynama 3a 3pacierbe nojasibyjy ce cyBinuHm 

taKTopm e —2 ' w/wo Hanoce, 3a mane 
e- 27rcu/ coo 

tpexBeHumje Ao6Haa ce paHmja cipopmyna 
\ (69,18) (jep je 3a co (< co o  : 	 I ) . 	Bentuce tpeKseHilmje eteKTHBHO 

3paHei-be pima o6nmK: 
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3aztai.114 

1. OgpegHTH yxyni-i cpegEbH HHTeH3HTeT 3patieH,,a KO enHnTHHHor KpeTaw,a Rea onTe-
pehei-ba Koja ce npHanatie. 

Pie we 	e. Ca H3pa3om (69,1) 3a ,44111011H11 momeHaT HMaMO 3a yKYI1HH HHTeH3HTeT 

apageFba: 
2   (el m, — e2 m1) 

r 2 .
2  

3 c3 	ml  + m2  

le,  e, 
npema je,EtHaHHHH Kpe -rai-ba je 	r= 	 r (tt—pe,rtyKoBaHa vaca), na je: 

2 2 	 2 
2  e i  e2  et 	e2 	1 

3  c 3 	m 1 	m 2  r' 

r H3paiKaBamo nomohy cp npeMa jextHat4HHH op6wre (69,2), a HHTerpHpaH.e no epemeHy nomohy 

jeilmainime dt = we r2 
114 

 sammjewdmo HHTerpmpw-bem no yrny (og 0 go 2,T). Y peaynTaTy 

T 

3HMO 3a CpeAHA4 HHTeH3HTeT 1 = — 1 dt cnmjegehii H3p3.3: 

0 

2 2/2( et 	e2  )2 .1.1/2  I  e l e  1 3 1& 1 812  ( 
3 	

ye 2 

2 	; M 2  
1 = 3 c-0  

rii2 	 M5 	 2 t  e 2 . • 

2. OgpegHTH ToTanHo 3pageise A, npH cygapy ABHjy HaeneKTpHcaHmx gecTi•wa. 

P j e 	e. Y crip-iajy npHspageHpa, TpajeKTopHja 6Hhe xitiep6ona (69,9), a y cny- 
tiajy og6Hjai-ha. (69,20). AcHmirroTe xHnep6one gime ca H.eHom ocom yrao cp,„ Kojfri ce ogpehyje 

H3 COS cp o  = 	,  a yrao c,cpeTaH.a. 	(y KoopgiiHaTHom cocTemy, y KojeM 14eHTap HHepliHje 

MHpyje) 6Hhe x  =  Tc — 2 yo. 1,13pagyHaBaH,e spi.uH ce iicTo Kao H y 3agaTKy 1 (HHTerpan no dcp 

ymma ce y rpaHHLiatta meby — chid 

,U3  V05  
tg- 

3c3  lei e2 1 	2 

a y cnyLiajy 	og6Hjai-ba: 

+  cp c,) Y cnriajy npuinagefba KiO peaynTaT 

(7 	x) 	1  +3 tg2 	+ 6 tg X 	e l 	e2_ 
2 , 	2 	m1 	m2  

Hana3HMo: 

2 

2 
,ii,' V05  

& 	
tga X 

/..\ 	_ 
(7, ____. x) 	1 4_ 3 t g2 	X 1 _ 6 tg X e t — e2  

3c8  e l e2 	2 2 J 2 m„ 	m a  

Y o6a cnygaja no 	x 	no,gpasymHjeaa ce 	1103HTHI3HH 	yrao, KojH 	ce ogpebyje H3 penau-fje 

X 
2

P  
cLg

, 	) 	!I v°  (— =- 
2 	I ei  e2 1 ,  

TaKd he npvl „tpoHTanHom"  cy.11aPY  (p = 0, x  =  TO gaHjy HaeneKTpkicawrix gecrHt4a 6HTH: 

8y3 7/05  

'e
1 	e2 

45c3  e l  e2 	m,2)2  

1 = 

rgje je p „napameTap cygapa". 

3. QApex4TH ToTanHo eckeKTHI3Ho 3patiepbe npm pacHnal-by cHona ,-iecTpwa (onTepeheiba 

H mace m 1) Ha onTepeheiby e 2  (Mace  m2). (OnTepeheFba e l  14 e2  cy mc-ror 3HaKa). 



(4 — 3 nx — n y) do. 2 	2 d 	 ei 	e2  ) 2  a 2 

32  v cs p 3  (m l m 2  
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Plea] e Fb e: TpaweHa HenHEIHHa je 

co co 	
9  2 

J. 	
i° T 2ey e2  t el 	e2  )2 	i j  

z = 	/cif  • lap dp  — 	 2.7 	-71-  dt  •  p dp  • 3c3  \ m 1 	m 2 	 r 
o — cc 	 0 	cc 

klwrerpmpaHe no apemeHy 3ammjeHHhemo HHTerpHpaH.em no dr ,Ety)R TpajertTopHje Hecnute, 
dr 

nHuJyhH dt  =  — , rnje ce pagajanHa 6p3HHa V r  -= r M3pa)KaBa nomohy r 13opmynom: 
vr  

2 ,2 
2 	 2 	0 	2e1  e2  

v  =  —  [6 	1142 	U 0)] 	
r 

=V vo 
2 it r2 	 2 	dar 

1/1HTerpmpakbe no dr  HpinH  ce y rpaHHHama oA oo Ao Haj6nH)Rer paciojaH.a r o  oA ueH-
Tpa (TaLiKa. y KOjOi v r  =---- 0), a  3aTHM  OQ r0  ROHOBO ,L10 6eCK0HaYHOCTIi. To ce cH6AH Ha AaocrpyKH 
HmTerpan OA rc, Ao 00. 1/13patlyHasaH.e Asoc -rpyKor HHTerpana noAecHo je HsspruHrH, atm ce 
H3MHjeHH peAocnHjeA kiTerpHpaH.a, oAHocHo, axo ce HajnpHje HHTerimpa no dp, a 3aTHm no dr.. 
Kao peaynTaT H3patiyHaaaFba  Ao6t4Ba  ce cnHjeAehH pe3ynTaT: 

ei e2 m 1  m 2 	e, 	e2  
9  es  (nil 	M2) ml 	m2 

4. 0ApeAHT Hpacno,ajeny ToTanHor 3patiefba no npasumma npx nponHjeTaiw jeAHe Hae-
nexTpHcaHe tiecTHge nopeA  pyre,  aim je 6p3HHa TOJIHKO Beninta (maxap Aa je H mana y oAHocy 
Ha 6p3HHy cHjeTnocTH), Aa ce  cxpeTaHz,e oA npasonHHHcRor xpeTaH.a mo)Re cmaTpaTH mano. 

v2  
P j e w e Fb e. Yrao cxpeTafba je mann, axo je RHHeTHtixa eHeprHja y 2 BentiKa y 

a 
Hocy Ha noTeHnHjanHy eHeprHjy, .114jH je pen HenH4HHe — (yv 2 .>) ap). Y2MHM0 npanau xpe- 

P  ' 
TaH.a Kao ocy X, a xoopAHHaTHH notreTax one" .  y LleHTpy HHepHHje. Y npsoj anpoxcHmanHjH 
TpajeRTopHja ce oApeloyje Rao  x  =  vt, y = p. Y cnHjeAehoj anpoic.-mmanHjH jeAHavmHe xpeTaH.a 
Aajy : 

avt 	a y 	a p 
r- r 	; " := -Tr 7  

rAje ce 3a r mwRe HarnicaTH  r 	+ ,v 2  t  .  HHTerpHpajyhH ,nomohy THX H3pa3a ckopmynT 
(67,7) no apemeHy y rpaHHgama oA — oo Ao + co, Hana3Hmo 38. ToTanHo 3patieFbe y npocTopHz 
yrao do: 

(nx 	ny  cy momnoHefrre jeAHHHLIHor Berropa n y npaany do). 

§ 70. KBajwyno.rmo H marHenio g14110JIHO 3pagethe 

IIocmaTpajmo 3paLlexpe, lc* je yerrossbeHo cnpijeAehmm LinaHosmma pea 
BelcropcKor noTem.wjana (6 6,2), Aim cy ArimeH3mje cmcTema mane y oAxocy 
Ha TanacHy gymaiHy,  oxAa  cy, yontuTe y3esuim, TH tinaHosm 3HaTHO max.m OA 

npsor HnaHa, KOIH npxxa3yje Alumni-Jo spatiekbe. MebyTHM, OHH cy Ba/KHH y 
OHHM cnytiajesmma, Eca,ga je AmnonHH momexaT cmcTema onTepeheEba je,gHaK 
na 3aT0 HeMa AmnonHor 3pa4ieFba. 



§ 70 	KBA,[1,PY110.11H0 H MAI'HETHO al/111011HO 3PALIEFbE 

Pa3Bmjarbem (66,2), Tj. 

A= fj 	dV 
c R, e + 

no cTenetimma 
rn 

Hana3Hmo C TagHowhy Ao tinaHoBa npsor pe,aa: 

1 	6 
A = c Ro 

j t , dV c 2  R, at'  f (rn) j t , dV . 

CTassbajyhi4 j =,ov, npenmimmo A y o6nmy 

ev' 	1 	6 
A — 	cR0 	c2  Ro  at, .evi (r' n). (70,1) 

	

(Rarbe hello, Ka° H y § 67, 36or KpaTKOhe H30CTaBibaTH 14H,ReKC 	Y Apyrom 
mnaHy ca AecHe cTpaHe mowemo mica -rid 

1 6 
v (rn) —2 at r (nr) 	v (nr) —2 r (nv) = j- —

6 
r (nr) -- X v) X Ili- 

2 Ot 	2 

, 
 

Ta,11a. 3a A Hana3Hmo m3pa3: 

ci 	1 	a2 

A 	 

	

c Ro 	2  c2  Ro  at2 

	

, 	, • 

	

er (nr) 	- -R-0- n X n), 

rAje je d AHn0.11H14 momeHaT cpicTema, a m = 
2

1

c 
Ee (r X v) — mart-le-n-1n MO- 

meHaT cmcTema. Paai A a.rbe TpaHcckopmanHje Hanompn-bemo, Aa ce Beicropy A 
Mo)Ke, 6e3 npomjeHe norba,  A  oikani ma mojm BeKTop, KOjM 614 6140 nponopi.moHanaEt 
ca n ,  jep ce y Be3m cjjopMyna (66,3) E H H nplcrom He mmjefbajy. 

Ha OCHOBy Tora Ao,Rajmo ,11,o6HBeHom H3pa3y 3a A BeKTop 

n 	6' 
6 c2  Ro  at2  

TaAa Ao6msamo: 

6t2, 	e [3 r (nr) — nr9 	(inX n). 
• 

A = c Ro 
-1- 

 6 c2  R0 
 6 

 

a 2 

Aim H3pa3 noA 3HaKOM 	HHje H141.14Ta zpyro, Hero npon3so,A 17p D 

Beicropa n 14 TeH3Opa msaApynonHor MOMeHTa Pap = E e ( 3  Xcc xp d  
(B. § 40). YBe4eM0 J114 BeKTOp D ca Komnofiewrama D u  = Dap np , Hana3mmo 

pec~ HHHT14BaH 143pa3 3a BeKTOpCKH noTem4mjan: 

 

A 1)). c  P o  6 C 2  Po 
b + 	cRo  (mX 

 

(70,2) 

Teopija nwba 

 

13 
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1 .JI. IX 

Marta 3Hamo A, mowemo oApeAHTH,  norba E. w H apaHetha. Florinhy onuire 
cipopmyne (66,3) Hana3Hmo cruijejlehe H3pase: 

H = c2 1Ro (ciX D) 	61 c (fj X ll) + [(r11X EL) X n]1 • 

(70,3) 

E c  1Re  f[(d X n) X n] —6, c  RD X n)' X ni +An X 

HHTeH3HTeT 3paLieFba dl y npocTopHom yrny 	c,apehyje 	npema 
onurroj opopmynH (66,6). OB,gje inemo ort.peogHTH ymyrrHo 3patieHc,e, Tj.. eHeprHjy, 
KOjy cHcTem 3pa4H y je,u,HHHuH BpemeHa y CBHM npaBukutia. 36or Tura y3mHmo 

Cpe,111-133/ Bpnjep,HocT o,u dl n0 CBHM npaBumma rt. OLIBB3&gH0 je, ,ua. le yxynuo, 

3patieF6e jermaxo Toj cpe.u,t-boj BpHjeAHocTH nomHomeHoj c.a. 47;. Ko,g Hanaxcel-E,a 
cpern-be BpHjeztHocTH KBa,Etpara marHeTHor norba mutieaa.Bajy C1314 npoHaso,AH• 

npaor, Apyror 14 Tpeher HnaHa y H, TaKo Aa ocTaly canto cpeAHDe EpHje,u,HocTH: 

1-b14X0 BMX imaApaTa. JeuHocTaBHa H3paqyHaBal-ba l ) Aajy 3a pe3ynTaT cratje,Rehm, 

143pa3 3a I: 

3 c3  c12 -4-1  18,01  c5 	a- -1-  3 c" 2 2 (70,4 

Ha Taj HaHHH, yitynHo 3pa4eHme cacTojH ce 143 TpH He3aBHcHa Amjena. 

OHM ce Ha3HBajy pecnex.THBHo AvinonHo, xBaApyrionHo 14 marHeTHo- AHnonHo 

3paHei-be. 

HanomHH.emo, Aa marHeTHo - AHnonHo apatiempe y mHorkim cnyHajeamma 

(131aKT14 ,-11-10 He rIOCT0)H. TaKO, OHO He rIOCTOjM y cHcTemy, y mojpem je oaHoc 

onTepeheHDa Pt mace PICTH x.o,4 CBMX HecToua xoje ce xpehy (y .  TOM cnyHajy 

HeMa HM ,apnionHor 3pa4ie1-Da, Kao LLITO je Beh Hase,gemo y § 67). CTBapHO, xo,4 
TaRBor cHcTema marHeTHH momeHaT je nponopuHomanaH mexam4HKom momeHTy 

o. 

Hmnynca (a. § 43), na je 3aTo, Ha ocHosy 3axoHa oxtpxa.H:,a nocise4H-ber, m = 0. 

143 HcTor pa3nora (B. 3aAaTax y § 43) marHeTHo-AHnonHo 3patiefbe He 110CTOj4 

H1,1 y jertHom cHcremy, xojki ce cacTojH 113 ABa onTepeheFba (iuTo ce, mebyTHm, 

He mo}xe xa3aTH 0 AHnonHom 3paHeH.y). 

3 a AaTa K 

143pagyHaTH ToTanHo ecjeKTHBHO 3pariexpe npH pacHnal-by cHona HaenexTplicalinx LiecTHLta 

Ha tiecTruAama, Koje Cy jeaHaKe  ca  H.Hma. 

P j e we ib e. npn cy,aapy je,aHatatx aecTHua HC nocTojK A1111011H0 (a 14 CTO Tali() HI4 

marHeTHo - AHnonHo, apagel-be,  na  Tpe6a HapaqyHaTH KHaApynonHa apageEba. TeH3op Kaanpy- 

I) 	aro,a,aH meToA Hanamcelba cpe,RH.Hx BIJI4je,aHOCTH npoxasoaa xomnoHeHaTa 

jeAHHH4Hor HeKTopa. By,ayhm ,Ra  je  n jeOHHH'IHH BeKTop, oH,Eta ce na
n[3 , 

6y,rkyhH cvimerpHttaH 

TeH3op, moxce canto HapaaHTH nomohy jeammigHor TeHaopa cO' 
Tj. na  n (3  = (28 	YnpotuhaBa- 

1-bem no napoaHma HHTteicca a, (3 14 yaeHmt y o63Hp Aa je n2 = I, Hana3HMo, Aa je a = 1/3. 

3a cpem-by BplijeAHOCT 11p0143130,aa LleTvpH KomaoHewre imulemo aHanorHo (na n i.3 ny  n5 — 

a (S ao  Sy8  +  bay  8 0a 	S a8 	(Emajyhm y swly ckime -rpprifiocT nn 	as ciaa me -rvsps4 
13 y 

in-weicca). YnpoLubasaFbem no napoaHma HHAeKca a,  j3  H y, 8 Hana3mmo a= 1/15. 
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nonHor momeHTa cHcTema orL  ,4BHje  je,rtHaKe 14ecTilue (y oAHocy Ha 1-1,11X013 3aje,qH144K14 momeHaT 
Aliepwije) H3HOCH: 

D 	—e (3)- 	— 1 28 cc  

	

cf., 	cc 1 3 	13 	, 

cy  xa,  KomnoHewre  pax4yc-BeKropa  r meby Liec -rmlama. YBpcTHhemo Taj H3pa3 y clpopmyny 

... 

180 co 
D 	3a 141-1TeH3H.TeT  3pa4e1-ba.  npBH, Apyrri 	TpehH 413BOA 110 BpemeHy 	KcopAHHaTa 

cciP 

.xa 
 143pa3Hhemo 'nomohy  o,groBapajyhe  6p314He gecTHue v : 

v ar--3xa vr  e2 	m x cc  = va 	=- 

	

2 	r3 	
Z . t o  = 	  r4  

?r,aje je v  =  vr — paxcHjanHa  K0MII0HeHTa 6p3HHe (Apyra je4HaKocT npeTcraerba jeuHa4HHy 

KpeTafba orrepeherba, a rpeha  ce AO6Hea  Amci)epeHuvipaHDem Apyre). 143pa4yHasaH.em ce ,gona3,4 

Ao cm4jeAeher ii3pa3a 3a  HHTeH3111TeT: 

4 tie' 
5 m z c5 t 4 (V2  + vq; 

•(v -  = v2  ,  v2  )• v14 t,  Hapa)Kaaamo nomohy r penauHjaMa 
(1) 

4e2  ,v2  
0 	inr 

P vo v = 	• 
({) 

1/1H -rerpHpat-be no BpemeHy  3aMi4jeHHMO  HH -rerpHpai-bem no dr crn44Ho nocTynicy y 3aJta -rxy 3 
•§  69, OAHOCHO 

p 2 vP 	4e 

rz 	Mr 

Y Leoci- pyxom HHTerpany (no dr  14  dp)  Bpu.4mo HajnpHje HHTerpHpal-Be no dp, a 3aTliM no dr. 
Ha Kpajy pagyHaH.,a Ao6Hea ce  criHjeAehm  pe3ynTar: 

8 71e4 v03 
=- 

3 	art  C5  

§ 71. flo.The apagen,a Ha maaHm pacTojaFbHma 

cDopmyne AHnonHor  3pa4eiba  6Hne cy H3se,geHe 3a noThe Ha pacTojaH.Hma, 
,Loja cy senmxa y oAHocy Ha TanacHy Apicimy (14 3HaTHO aeha oA AHmeH3Hja 
cHcrema KOjH 3pa , 4). Y oeom naparpacky cmaTpahemo, je TanacHa ApicmHa 

BenHxa y o4tHocy Ha AHmeH3mje cmcTema, aim hello name nocmaTpaTH Ha paCTO-
jaHDPIMa, ma Aa H senmdm y o,u,Hocy Ha pa3Mjepe cmcrema, anm moja cy peAa 
TanacHe ,rty)KHHe. 

Glpopmyna (67,4) 3a  seKTopcKH  noTemmjan 

1 
	d 

 • 
(71,1) A 

c Ro 
 

npeMa 143310)KeHOM sawm  H 013,g1e,  jep je 3a FroeHo 14313obe1-,,e yBeTa camo Ta 

OKOTIHOCT, A a je R 0  BeJIHKO y o,RHocy Ha AmmeHskije cmcTema. MebyTHM, none 
xe Tpe6a cap,a cmaTpaTH Kao paBHH Tanac gal( HH y manmm o6nacTmma. 36or 

dr 	 dr 
dt — 

v2  
0 — 
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Tora ce ci)opmyne (67,5) H (67,6 .) 3a enexTplitmo H marHeTHo none He mory 

Bmwe ripmmtijeHHT14, na 3a FbHXOBO m3patiyHanaH3e Tpe6a ripeTxoAmo oApeAmTur 

H A H 
cDopmyna 3a cicanapHu noTeHuiljari momce ce A0614TH H3 143pa3a 3a A . 

AmperrHo nomohy onurrer ycnosa (62,3) 

1 	p  
A  + c 

d 
 at —°' 

KOjkl saAo3orba3ajy noTeHumjartm. CTaBnajyhH oBAje (71,1) H HHTerpHpajyhM no 

spemeHy, Hah1heMo: 

cP= — div 	 • 	 (71,2) 
r(o 

OBA,je He nutuemo KOHCTaHTy HHTerpHpaH:)a (11p0143BOJEHy CtlyHKIIHjY oA KOOPAH - 

HaTa), jep Hac uHTepecyje camo npomjeHrbmau AHO noTeHwijana. Hanommpbemo, 
,u,a y ckopmynu (71,2), Ka() H y (71,1), Tpe6a apHje,riocT d y3eTr4 y momeHTy 

R 1 ) t' = t — ° • 
C 

CaAa BHLTie He npeTcTaarba. Humaicee Temohe uspai-iyHaBaHDe enexTputtuor 

H marHeTHor nova. Flpema 06144Hmm cbopmynama, Koje nose3yjy E H H ca 

noTemijanuma, Hana3umo: 

E 	
d 

grad div  	
1 	 (71,4) 

Ro e2 d Ro 

P13pa3 3a E mox-ce ce HaralcaTH y Apyrom o6rumy, y3 HanomeHy, Aa 	 kao 
Ro 

1 
csaaa ckyuKuyija oA KoopAHHaTa H epemema °Er-mita —, I I t — —1)-R 	3aAoBorbasa 

D' Alembert-osy jeAHa4u4Hy: 
•• 

1 a2 	d 
c2 at2 R0 	R 0  

KopucTehH TaKobe H I103HaTY ckopmyny BeicTopcKe axanx3e 

rot rot a = grad div a — D a, 
HanaKimo, Aa je 

 

 

E =- rot rot 	 • 
Ro  

(71,5) 

3 ) n0HeKaA ce yBO,AH TaK03Baliii Hertz-os BeKTop, KOjH ce Aeclmmimue °rim : 

 

 

Z=— 1  d
\ 	c 

t — Rol R0 	/ 

 

TaAa je: 

  

div 

1 	
• 

	

 
H = — rot — 	 (7 1 , 3) 

c 	R o  

1 	• A = — Z ' 	div Z. 
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,qo6mBeHe cbopmyne oApebyjy none Ha pacTojal-bmma peAa TanacHe ,ApKHHe. 

1 
Pa3yMHje ce, Aa ce y CBHM THM okopmynama He cmmje R  H3HHjeTH mcnpeA 

3HaKa AmckepeiwmpaH.a no KoopAmHaTama, jep je o,r1Hoc LulaHosa, Kojm caApxce 
1 	 1 

npema LinaHomma ca 	6aw senmgmHa pea oAHoca TanacHe Apitime 

r(o 	 to 

Ro. 
HanocrbeTxy Hanvicahemo cipopmyne 3a Fourier- oBe RomnoHeHTe noiba. 

3a oApebmBaHne H. CTaBHmo y (1)opmyny (71,3) ymjecTo H d HDHX0Be mOHO-

D —iwt 	—hut 
xpomaTmtme KOMII0HeHTe, Tj. pecrieKTABHO 	e 	H d w  e 	. MebyTmm, 

-rpe6a HMaTH y amAy, Aa ce Benmi-wHe Ha AecHoj cTpaHm jeAHatn4Ha (71,1) — 

171,5) yammajy 3a momeHaT t' = t 	° 36or Tora mopamo mjecTo d cTasHTH 

143pa3 : 
Ro 	 + ikR o . 

d. e–iw(t– 7
)-= 	e

–icut 
 

3aMjeHoM H cxpahmaaFbem ca e i"t Hana3Hmo : 

eikR, 

H„ 	— i k rot (d a, 	 
R0 

eikR,  
XV Ro 

H„ = ik (d„ 

AHanorHo ce Hana3H 143 (71,4): 

(71,6) 

(71,7) 
eikR o 	 eikR u  

E„ = k2  d o, 	+ (c1.\-7) 	• Ro RQ 

3a,gaTax 

0,apeAHTH none xsazwynonHor H marHeTHomaHnonHor 3patieEba Ha manHm pacTojaHsHma. 

P j e w e Hz, e . Axo 36or xpaTKohe npeTnocTasHmo Aa AmnonHor 3patieFba yonwTe Hema, 
oHAa. Hmamo (ynop. H3pagyHaBaHia H3 § 70): 

f i A  = cl 	j  tR 	RV ,.: .. .. ___, _ cl 	( r, 7 ) 
Ro  

,(spLummo pa3narafbe no creneHmma o,i1 r; R=--R o —r). Hacy npoT oHome, WTO CM() p414H1411H 

1 
y § 70, taxTop 	cajla ce He moxce H3HHjeTH HcnoA 3HaKa Alickeperimpalba. 1 ,13HecHmo 3HaN 

Ro 
Htepeinutpai-ba Hcnoil HHTerpanHor 3Haxa H npenHummo topmyny ca TeH3opcxHm o3Haxama : 

1 	C x k ji  
	dV 

Ai 	c i)2Ck 	Re 

jt 
c   dV 
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(Xk  03Havasa icomnoHeHTe paiwyc-BeicTopa R 0). Ilpena3ehH o,g HHTerpana Ha cymy Tic onTepe-
hema, Hana3Hmo: 

A  = 	1 	a 	( > • ev :  xk)t ,  
c OXk 	Ro  

Ha HCTH HaL!HH Mao H y § 70, oBaj H3pa3 ce panjenvje Ha Kaa.wynonHH H marHeTHo-AHnonHH 
RHO. OAroBapajyhm cmanapHH noTeHilHjam4 H3pagyHaBajy ce H3 aeKTopcKor noTeHHHiana Mao y § 71. 
TaKo ce 3a IcsapynonHo 3patielbe p,o6HBa: 

1 	a 	DtJ. 	 1 	a 2. 	Dik  

6 aX, ()X ic 	R0 
A. = — 

6  c  74k R 

a 3a MarHemo-AHnonHo 3pageH.e: 

A rot —---- 0 . R  0  , 

(CBe BeimLume Ha AecHoj CTpaHH jeAHax-H4Ha y3Hmaly ce, mac H 06w4Ho, y momeHTy t ,  = t -- 

§ 72. 3pagetbe onTepehetba, Koje ce 6p3o Kpehe 

DocmaTpajmo caAa onTepeheHy HecTmuy, Koja ce Kpehe 6p3HHom, lc* 
Huje mama y oxtHocy Ha 6p3HHy CBjeTTIOCTH. CDopmyne § 67, H3BeAeHe noxt ripeT-
nOCTaBKOM V << C, He mory ce Ha oBaj cnyHaj AmpeKTHo npHmHjeHHTH. MebyTHm r 

 mm HecTinty mo)Remo nocmaTpaTH y OHOM cHcTemy petepemmje, y Rome 
oHa y AaTOM momeHTy mHpyje. Y TOM cHcTemy peckepeHLwje, 0 11eBHAHO, 
nomeHyTe itopmyne mory ce npHmHjeHHTH (cmpehemo na)KHDy Ha HHH,eHkuly, xta 
ce TO mo>me ypaAHTH camo  y  cnyHajy je,rtHe HecTHue Koja ce Kpehe; 3a CHCTeM 
onTepehea,a, HapaBHo, He nocTojH cucTeM peckepeumje, y 'come 6H CBe 
HecTmue jeAHospemeHo mHpoBane). 

Ha Taj HaHHH, y Haae,ReHom cHcTemy pecimpeHuHje HecilTHLIa 3paHH y Tomy 
BpemeHa dt eHeprHjy 

2 e2  
d& = — 7 W2  dt. 

3 c' 	° 
(72,1) . 

[npema ckopmynH (67,9)j,  r,aje  je wo  y6p3aHDe HecTo4e y HCTOM cHcTemy pectie-
peHumje. flpermwmmo ca,ria Ty topmyny y L4eTB0p0,1114M2H3HOHaJIHOM 06.11HKy, y 
Kome he ce mohm npHmHjeHHTH y npoH3Bon.Hom cHcTemy peckepeHuHje. 36or 

2 Tara HanomHH.emo, a je Wo=-- 4 
 Wk, rAje je wk  4 - y6p3aHDe HecTHLie y ma 

Kom cHcTemy peckepeHgHje  (B.  3a,R. 1 § 7). ,an3e, yMjecTo spageHe eHeprHje 

dt mopamo caLka. iThcaTH „spaLieFbe 4 - Hmnynca" i 	dPi, jep je eHeprHja (nomHo- 

x.cena ca, BpemeHcKa KOMnOHeHTa 4 - Hmnynca, a yMjecTo dt Tpe6a H3 cn.H- 
c 

HHor pa3nora nHcaTH 
d

, 	

xi

. Na Taj HaHHH Hana3Hmo: 
tC 

2  e2  'du,  y dx 	
2 e2  (duk y dP, 	 u ds, . 

3 c ds 	3 c ds 
(72,2) 
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rAje je uk  4-43HHa HecTinie. flax° je nposjepprTa, Aa y CI4CTM peckepeHnHje • 
rAje je v = 0, spemeHcKa KomncHeHTa Te je,'"HalaHHe y cTsapH Aaje (72,1):: 
npocTopHe nax acomnoHeHre orlajy 	spaHea,e Hmnynca y je,zull-mn4 spemeHa ,  

dP 

	

= O (3a v = 0 npocTopHe KomnoHeHTe 	Tamobe cy jezwame Hynes). no- 
dt 
CAneAilikl pe3ynTaT .mowe ce ""o6HTH .14 AmpexTrio, xa,aa ce 3paHefbe Hmnynca... 

()Apex, Jcao HHTerpan TycntHe clonymca Hmnynca no 3aTBopeHoj nospwHHH,.. 

Koja 06yxsaTa yec rxuy.. Y CHCTM peckepeHHHje, y Rome je v = 0, 3patieH0e: 
ce o,apebyje ckopmynama • 67, H Hmnync, mojrt ce yHocH no cynpoTHHm cmje-
poi3Hma, jezHaK je no anco,nyTHoj nenH9HHH, a cynpoTaH no cMjepy, na je Hane-

;Lem,' HHTe:rpan HAeHTELnio jej:"Hax Hynes. 
ToTan,Ho 3pa4efbe sa .apHjeme nponHjeTal-ba LiecTkige xpo3 AaTo enexTpo-

marHeTHo Rome je4tHaito je ilwrerpany oA HFpa3a (72,2), Tj. 

2 e 2  f duk  

	

3 c 	ds 	
dxi. 

03a ckopmyna moxce ce HanvicaTH y Apyrom o6nHmy, amo Ce y Fboj 4-y6p3apha 

du i  H3pa3e nomohy TeH3opa enerrpomarHeTHcr norba npeNa jexHat-mHaMa xpe- 
ds 

Tal•ba (22,4): 

Tax'a 11ana3Hmo: 

	

2 e4 	,-. 

	

A P i =  3 m2t5  ) (F kI t11) 2  dx 	 (72,3) 

BpemeHcKa RomnoHewra ose je,gHaHHHe A* TOTaflHO 3page1-be eHeprHje 

A 6/. Y3HmajyhH 3a cse HeTsopoAmmeH3HoHanHe senHHHHe 1-buxoEe H3pa3e nomohy 
oAroBapajyhmx TpoAtimeHsHoHani4mx senHHHHa, Hana3Hmo: 

+c°  
 2 

	

2 e 	
1E + c I 

	

--- (v X 1-1) 
1 	1 

(E v) 2  
4   

A e, = _,  o    dt. 	(72,4) 
i m- c"

, 

	
,r2 

1 — — 
C 2  

AHanorHo, 3a ToTanHo 3page1-be Hmnynca 	: 

	

2 e, 	f,E + —1  (v X H) — c2 (E v) 

	

3 m 2 	 2 

2  
	 v dt. 	(72,5) 

143 rtopmyne (72,41 BYIAH ce, A a KOA 6p3HHa, "cc* cy 6nH3y 6p3HHe cBje- 

TTIOCT14, TOTBIIHO spaHeH.e eHeprmje y je":"HHHLill spemeHa 3aBHCH OA 6p3HHe 

V2 ]-1 
y OCHOBHOM Rao 1-- 	, Tj. nponopuHoHanHo je xsa,u,paTy eHeprHje me- 

e2  
cTHge y xpeTat-by. 1'I3yseTaK npeTcTasrba canto xpeTal-be y enexTpHHHom norby, 

[v
2 

napanenHo npasny norba. Y TOM cnyHajy cbaRTop 1— c-2- , Koji,' ce Hana3H y 

du i 	e 
n 	CiS   r .1 Ili. 

V 
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mmeHmorly, cKpahyje ce ca HCTO TaKsHm (baKTopom y 6pojHo4y, na ce mcno-
cTastba, Aa  spageH.e He sasmcw o ork eHeprHje LiecTHue. 

Ha Kpajy, saApmcahemo  ce  Ha riTai-by o pacnogjenH 3patiefba no npasimma 
xiecTin4a Koje ce 6p3o  Kpehy.  3a pleinasarbe osor sagaTma srogHo ce je nocny-
31(14TH Lignard-Wiechert-OBHM Hspasom 3a name (63,8-9). 3a BenExa pacrojaH.a 
mopamo y H.emy 3a,ap)KaTH canto tinaH ca HajHH>Kmm cTeneHom [Apyrm LinaH y 
cbopmynm (63,8)]. YsobeHDem jeAHHHLnior seKTopa n y npastly spagefba (R = nR) 
3a name, Koje HsasHsa onTepeheHDe, Hmamo, AaKne, cJopmyny: 

E_ e 

  

, 	n X E, 	(72,6) 

   

c2  R 

  

rAje ce cse senligHHe Ha  AecRoj  cTpaHH omx jextHagmHa ysmmajy y perapAosa- 
• 

HOM momeHTy t'=-- t—  R  ,-- 	=---  V je y6p3aHDe tiecTwile). 

C 
HHTeH3HTeT 3pageH,,a y npocTopHH yrao do H3HOCY d I = 4n E.' R 2  do. 

PaseHjaHDem Keagpara E 2  HanasHmo: 

V 2  

e2 	2 (n w) (v w) 	W2 	
(1--

c2 
 (n w

2 
dl  = 

 4 a c3 	vny 	
C ) 

4 	vn) 6  
C (1  —

c 	
1  — 

. 	(72,7) 

AKO, naK, xoheMo  Aa  oxtpe,ammo yrnasHom pacnoAjeny ToTanHor 3patiefba 

3a cso spHjeme KpeTaH.a onTepeheH.a, oHga Tpe6a HHTerpHpaTi4 HHTeH3HTeT 

no spemeHy. Ilpwrom Tpe6a HmaTki y sHAy,,rka Hspas KojH ce HHTerpJlpa, npeT-
cTasma clpyHiuHjy og t'.  36or  Tora Tpe6a ruicaTH: 

dt  =
at 
at' = (1 — 

nv 
—

) 
dt' (72,8) 

[B. (63,6)], nocnHje Liera ce wHrerpHpaHae Boum AHpeKTHo no dr. Ha Taj Hat4H 
Hmamo cnHjegehm Hspas  sa  ToTanHo spagem.e y enemeHaT npocTopHor yrna do: 

2 

e2 (1— -72  )(nw) 
2  (nw) (vw) 	w2 

c 	vn  4  + ( 1  vn \3 	vn  
C 	) 	C 	

(I 	 
C ) 

(H3OCTaBHJIH CMO anocTpoclJ KoA npomjewrbmse HHTerpHpaHc,a). 

3 aAaTaK 

P j e w  e  e. — ilpa nponHjeTaH,y Kp03 norbe mecTknia cKopo He cKpetie. 36or Tora 

e 2  r 	e2r 
ce y (72,4) 6p3HHa V mo>Ke cmaTpaTH Kao KOHCTaHTHa, na je E — = 02  + e t2)3/2  

r3 

de9 i, = 
4 n ca d°  dt. (72,9) 

(c 

IHI3pa*tyHaTM ToranHo  3pagetbe  onTepeheH.a. e1 , Koje nponHjehe }CO3p 	CO ulomb-oao norbe 
e 

noTeHHjaOM 	= 
2 

6p3HHcm pea 6p3HHe CBjeTJ1OCTH. T4 	TI 	
) 

r 
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v = p (B. 3aA. 4 y § 69). 111HTerpmpa-bem (72,4) no HpemeHy, aoateamo y pe3ynTaTy TOTa111-10 

3pa4eFbe: 

	

4 e2 	4 — 

V- 

	

a e l e9 	C2 

12 ne c' p3  V
1 	

V 2  

C2  

73. 3pagethe onTepeheiba, goje ce Kpehe pannomjepno no Kpyry 

OBAje hello ,geTarsHo nocmaTpam spatieHDe onTepehefba, xoje ce npox3- 
80.1-bHOM 6p3HHOM Kpehe no Kpyry y xomoreHom KOHCTaHTHOM marEeTHom norby. 

TIonynpetunix nyTaHDe r H LuncruigHa cOpexsem..nija xpeTaFba co o  npHicasyjy ce 

nomohy jatnme no.rba H x 6p3mHe 4CTML v je,aHatimHama (B. § 20): 

	

mc v en 	v 2  
r 	 (73,1) 0 0  =  

v2 	 r 	mc
.  

c 2  
eH 1— c2 

TOTa.T1H14 PIHTe1-1314TeT spageHDa y CBHM npainimma o,apebyje ce ,gHpeKTHO 
npema topmynH (72,4), rgje Tpe6a cTaBpiTi4 E = 0 H H 	v: , 

2 e4  H 2  1 .2  

	

I 	 (73,2) 
V 2  

3 m 2 c5 (1_ 
C2  

BH,1:11,1 ce, ,Lta je TOTaTIHH HHTeH3HTeT nponoplAploHanaH xBa ttkpaTy Hmnynca t-iecTnue• 

AR° Hac mHTepecyje yrnomia pacnoiljena spatieHDa, oKaa Tpe6a KOpHCTHTH 
4opmyny (72,8). HHTepecaHTHa je H cpeitfsa sppljeikHocT HHTeH3HTeTa t  yea 
no nepHoily xpeTaHDa. Cao6pa3Ho Tome, mHTerpHpahemo y (72,8) no BpemeHy 
.oxpeTaHDa tiecTinla no xpyry H 110,11Hje.1114TH pesynTaT Ber114 11HHOM nepno,Ra 

2 a 
T - — • 

()) 0 
Y3MHMO pasaH nyTaHDe xao paaaH XY (K00p,IIHHaTHH notieTax y tleHTpy 

}Tyra), a pasaH YZ y3eheMo xpos npasau spageHDa n. MarHeTHo noise 6nhe 
opmjeHTHcaHo .apx oce Z. HeKa je, 3aTHM, 0 yrao meby npamlem spatreHDa n 14 

OCOM Z (nonapHm yrao npaBila n) , a cp --- t yrao meby paxwyc-aexTopom 

LiecTpme H OCOM X. Tai la xocHHyc yrna meby npasilem n H 6p3HHOM V (Tj. 

OCOM X) H3HOCH COS (11, sin 0 cos cp (BexTop V Hanam ce y paBHI'l XY 

H y ceaxom momeHTy je HopmanaH ' Ha pa,gMyc - sexTopy HecTicAe). Y6p3a.HDe 

iiecTmLie v npxxasyjemo nomohy norsa H H 6p3HHe v npema je,r1Hatumii xpeTaHDa 

Is. (19,1)]: 

	

• 	e 	v 2 

me 
V = 	 (V  X H) • 

flocnHje npocTor Pi3pa4yHaBaH;ia ,rwaisa ce: 

2/t  

7; 2 \ 	
( I  

0 

e4  H2  V 2  (1 uo 
8 7v0 m2 

C3 

vt 
cos2 —

v 
— sin 0 cos cp 

dy (73,3) 

(1--
v 

s
i
n cos cp

)2 
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(HHTerppipai-be no spemeHy 3ampijepbeHo je HHTerppipaHDem no cip = c 0  dt) 
FlpoLtec HpiTerppipaPha je enemewrapaH, Ham) cy H3pa3H nppinpitiHo rnoma3m4 
Kao pe3ynTaT ,go61413a ce cnHjereha cbopmyna: 

cll = do 
e4  H' v 2 (1 — —1)2  c2 

8 a m 2  

V 2 
2+ 

c
-

2 
 sine  

(1- 14 sin 29) 512  
C- 

 

2 
 ) 4 

+ 	sine 0
) 

sin 2  
v  2 ( 	v 2 	2  

C 	 C 2  

4 (I--°2  sine 0) 712  
C 2  

(73,4y 

 

OaHoc HHTeH3HTeTa 3pamei-ba noa yrnom 0 = 0 (HopManHo Ha pasaH op6HTe) 

14 14HTeH314TeTa fl og yrnom 0 = —
2 

(y paHHH op6HTe) H3HOCH: 

I   dl   
\  do 1,12 

dll 
t,doi o  

V 2 
4 + 3 2 

 

V4 512 • 

Kaaa 	0, oBaj 0,aHOC Texth Ka 1/2, a 3a 6p3HHe 6,-H43y 6p3HHe CBjeTJIOCT14 .  

nocTaje Bpj10 BeJIHR.14. ,EipyrHm ppijegpima, Koa xpe -raH.a ca BeTIHKOM 6p3HHOM 

spatiepbe je KoHL,fewrpPicaHo y OCHOBHOM 6r1H3y paBH14 op6HTe. „111PippiHa -  6.0 
o6nacTH yrnoBa, y Kome  ce  Ha.nam rnaimpi aHo 3paHea,a, naKo ce oi.ljephyje 

2 

ycnosa 1 — 
V 

sine 	
V2 

, 1 — 	-r caHrbajyhm 	
71 

= —  I  A 0; 
c 2 	 c2 	 2 	

sin 0 	I — 

(A 0 ) 2  

• OgeHpiaHo je, aa je 
2 

A 0 ---At 1 — -72c  

flocMaTpaheMo 3a -rHm cneKTpanHy pacnoajeny 3pageH.a. KaKo je KpeTaH.e 

onTepehep 	apiH ( ha nepmoHo neppioa 7 = 
.7--c
,

2rr)
, TO ce pax,' o pa3narapby 

(Do 	v 

y Fourier- oB pea. H3pa4yHaHapbe je 31- 0,EtHO n0tIeT14 OA HeKTopcKor noTeHupijana. 
3a Fourier-oBe KomnoHeHTe HeKTopcKor noTeHujana Pimamo topmyny (B. § 66) 

e ikRo 	C  i (co o  nt — kr) 
A n  -  -= -- 

ec R T

,._ 
e 	dr, 

o   

raje ce HH -rerpHpaPbe  Hpuipi  ay>m TpajeKTopHje HecTpme (Kpyra). KoopapiHaTe. 
HecTPHAe cy x = r cos cot, y.= r sin cot. Kao npoMjeHrbMBy HH -rerppipapai-ba 
y3ehemo yrao cp = cot. Y3 HanomeHy, A a je dx = — r sin p dcp H kr = kr sin 0 • 

•sin cp =____
_ nv 

sin 0 sin cp (0  je  yrao meh
n co o  = npainlem 3pa9efba H ocom Z; k= 

c 	 c 

V 2 
(73,5) 



sin 0 sin (1) ) sin cp dp. 

2,, 
ev 	 t, ikg, 	( c ,„ 

Axn= 2 	c  R e  e 	e 

0 

Axn (73,6) i e'v eikR 0  n ( nv  sin 0) • 
c R o  

I n  2  R20 do • 2 yr  I lin 1 2  RO2 	= 	2 yr  1(k X An) 

sin e) ± 
v 2  ,2 nv 
C 2 	C 

sin Oddo. (73,8) eq-1 2 	v 2  / 
d 	2 .7r c' m2 

(1 — ---)[ctg2U2„ 
nv 

§ 73 3PALIEL-bE 011TEPEEEHDA, KOJE CE KPETIE PABHOMJEPHO I10 KPYFY 203 

nv 	 , HaJIa3HMO 3a Fourier-oBe KomnoHewre X-KOMII0HeHTe BeicTopcxor 
cr 

noTeHgmjana: 

Beh CMO Ha oBaxaB HHTerpan HaPILLIJIH y § 69. OH ce npkixa3yje H3BOTIOM 

Bessel - oBe 

AHanorHo ce HspagyHaBa A y ,: 

	

Ri , r 	nv 
	sin 0) • 	 (73,7) A y , 	— 	- tl 

R o  sin 0 

Komnomewra gyxc oce Z yonurre je je,aHaaa 

lipema epopmynama § 66 ',imam° 3a HH;eH31,1TeT 3pa4ieH.a. ca  ckpemBeHumjon 

co = mo o  y enemeHaT npocTopHor yrna do: 

Hanomm-byhH, Ra je 

k)12 = A 2x  1c2 	Ay k2  cos 2  0, 

3ammje1-byjyhm m3pase (73,7), ,ao6HBamo 3a HHTeH3HTeT 3pagef-ba cnmje,aehy 

cbopmyny (Schott, 1912): 

3a oa,petwaHe ToTanHor HHTeH3IITeTa 3paLiel-La ca clopeKBeHumjom (I) = nw o. 
y CBHM npamwma, Taj m3pa3 Tpe6a kiwrerpmpaTH no cBmm yrnoBHma. Melyymm, 
HHTerpHpal-be ce He mo)Ke Bpun4TH y KoHatiHom 06nHay. Flomohy Hm3a TpaHc-
topmamja, Koje cy y Be3m ca Heimm penaiAmjama Teopmje Bessel - oBMx ckyHimpija,. 

Tpam<eHm HHTerpan mme ce CBeCTH Ha cnkije.aehm o6nmx 

v2 
2 e' 1-1 2  (1 -- — 

 ) 

In2  c2  v 

[ V2 	 2 ( 
n 	

• 2 nV 	
n' (1 — 	f 	2 r'z) dd. (73,9) c2 	2/1 In = 

d 

Ca,aa hello AeTarbHHje nocmaTpaTm cnexTpanHy pacnoajeny 3pazieHa y 
cnytiajy, xa,aa je 6p3HHa KpeTai-ba HecTmle 6nm3y 6p3mHe cBje -rnoc -rm (L. Arc[-
movie m I. Pomeran'Cuk, 1945). Hmwe hello BH,ajeTki, ;la y TOM cnyLiajy ocHosHy 

ynory y 3patiel-by Hrpajy ckpeKBeHtmje ca Benkixmm n. Y Be3H c THM Tpe6a.  
2 nv 

06jacHHTH aCHMIITOTCKH 06.11HK Bessel-oBe Ckyrnamje j2n 	c 	3a serimma n 



)
C 2  

2 —3/2 
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(H 3a cnyHaj, Ka,Lka je v/c 611143y je,RHHH4e). Axo Harannemo BesSe/-0By cf)yHia.mjy 
y HHTerpanHom o6nHxy: 

j2n ( 2  fz-)' 
	f e2 in (cp — since) 

dip, rc 
„ 

4Dna)mamo, ,ga y nocmaTpaHom cnyHajy y HHTerpany ocHoBHy ynory Hrpajy mane 
BpHje,gHocTH npomjeHn.HBe HuTerpmpaHDa cp (jep he 3a Bei -mice cP no,EIHHTerpanHH 
H3pa3 614TH ckylumja, Koja 6p30 ocwinpina). Cao6pa3Ho Tome pa3nomuihemo 

,eKCII0HeHT no,RHHTerpanHor I43pa3a no cTeneHmma o,4 

21r 
 

+0,  
e2 in[(1 	+ -7).T3] dcp  

11,114Terpmpapbe mo)me ce yseTH 3a wijeny o6nacT OA — oo Ao + oo, jep HHTe-
rpan 6p3o KoHBeprHpa; HnaH Tpeher peamopa ce 3aApKaTH, jep je y cnyliajy 
xojH Hac HHTepecyje (1 —t) mano 14 npema Tome je nmHeapHH HnaH mann]. 
,E1o6mBeHH HHTerpan AmpeKTHo ce cBoAH Ha Air y-esy ckyHicHHjy (B. Han. Ha 
cTp. 145). Ha Taj Ha414H Ao6mBamo aCHMITTOTCK14 H3pa3 3a Bessel-oBy civEtuHjy: 

/2/z ( 2    4) [2 teli (1-0] . 	 (73,10) 
n' 

1 
 /3 	,71 

3amjeHom H3pa3a (73,10) y (73,9) Ao6Haamo 3a cnexTpanHy pacno,ajeny 
spaHeH:ia rip Benpumm BpHje,gHocTHma n') cnHjeAehy cbopmyny: 

1-- 
( 	v 2  

2 e 4H 2 	n 
) v, 

C2 
/11 2  C3  
	  icIp' (u) 	–u 2  f (u) du }, 	 (73,11) 

7 2 
U 	n213 (1-

-c2
) • 

Ka,Lka U-4. 0, oH,Ra H3pa3 y Beill4K0j 3arpa,roi TexcH KOHCTaHTHOj rpaHHHH 
4)' (0) 	— 0,4587.... Flpema Tome 3a u << 1 Hmamo: 

v2 ) , I n 	0,52   
e4 H2  ( I 	

C2 
m2 c3 n 13, 1 <<n<<(1 

v 2  )– 3/ 2  

C2  
(73,12) 

In 

Tj. 14HTeH314TeT n-Tor xapmoHmica nponopw4oHanaH je ca /2 1/3. 3a u >> 1 mme ce 
ynoTpHje6HTH 1103HaT14 aCHMETOTCKH H3pa3 Airy-eBe ctlyHiamje (B. Han. Ha 
cTp. 145) H Ao6mBa ce: 

V 2  
el H2  (1— — n112 

c2 

)5/4 

I n 	 exp 	2—n (1— .1  312  ) 1 
2 	11 a m2 c3 	 3 	c- 

n>> 

(73,13) 

1) Y 3amjelim je ropH.a rpamitia HErerpana, (2n /3), yeaKao oo (jep je n BerniKo), 

2  ( a Aoisa rpaimua, 2 1 —

v , p 	 v era Kao 1 — — (36or Tora 
C 	 c2 	UITO je v c----. c). OcHM Tara, y 

ioecl:IklkijeFrry npeA BenKKom aarpaAom V je aampljel-beHo ca c. 
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Tj, HHTeH3HTeT onnta excnoHem.mjanHo, Ka,qa je 11 Bpno BeJ1HKO. Ilpema Tome, 

v2) -3/2 
cnexTpanHa pacno,ajena Hma maxcHmym 3a 77. r"--1  (1 — — 

	
, a OCHOBHM ,RHO 

2  

BpatieHpa xoHLiewrpHcaH je y o6nacTH cippexBeHuja, y K0j0j je: 

v2  ) 3/2 	e  H 	1•2 )-1 
coo(' — 	 1— --. 	• 

c 2 	m c 	c' (73,14) 

Kaxo cy re Bpmje,gHocTH Co Bpno Berme, a pacTojaFbe meby ,LIBmjema o6nHwHDHm 

c)pexBeHr4Hjama H3HOCH CO 0  (xoje je penaTHBHo mano), TO mo)Hemo pehH, A a 
cnexTap apatieHna Hma „xsaapixoHTHHyanHH" KapaxTep, 6y,gyhH Aa je cacTaarbeH 1,13 

Bpno Bermor 6poja rycTo pacnopebeHmx nHHHja. 

3anatAH 

1. — HahH acHmrrroTcKy cpopmyny 3a cneKTpanHy pacnujeny 3pacteH,a. npH Be11141(11M n 3a.  

Hecntgy, Koja ce Kpehe no Hpyry 6p3HHom, Koja HHje 6.11133y 6p3HHe CBjeT.110CTH. 

P j e lu e EEC e. — floMohy acHmnToTcHor H3pa3a Bessel- ove tivHK4Hje, Koja je HaBeAeHa 

HanomeHH Ha cTp. 187, Hana3ptmo 143 (73,9): 

( 01121 v I c 	
v 
7:-2)

2/1  

y2 ) 
Osa cbopmyna mcme ce npHmHjeHHTH, aKo je n (1 — 1 312  >> I. AKo je k Tome 1— 

C2
manor 

 oHila Ao6HeeHa topmyna npena3H y cl)opmyny (73,13). 

2. — 0,4pe2HTH 3aKoH npoMjeHe eHepritje ca BpemeHom 3a onTepeherbe, Koje ce Kpehe nc. 

Hpy)KHoj nyTaa.M y KOHCTaHTHOM xomoreHom marHeTHom non.y H ry6H eHeprpjy 3pa4eEbem. 

P j e un e H, e. — ilpema (7 3.2), 3a ry6HTaIc eHeprHje y ie,AHHH1H spemeHa, Hmamo: 

d& 	2 el H 2  ( ,e_ 

dt 	3m' \L92 M2 C4) 

je eHepritja HecTinte). Ogaue Hanammc: 

4

arg th 	— arg th 
&

-°- — 
2
3 	m3

H
c6

2 
tr c  

MC 2  

rAje je & eHeprtija gecTime y nogeTHom momeHTy (1 = 0) . BHAHmo, Aa eHeprHja onaAa, npH- 

6nymaeajyhH ce aCHMIITOTCKH BplijeAHOCTH 	= MC 2  (TIOTIlyHO 3aycTasrbaHae HecTinte), KaAa- 

t 	00. 

§ 74. Koiletbe 3paneibem 

Y § 65 noxaaaHo je, Aa  pa3BHjaI-be noTeHujana norba cHcTema onTepe-

helba y Pe4 no cTeneHHma v/c, ,RoBoAH y Apyroj anpoxcHmanHjH ,rto Lagrange-ose 
tymulgje, xoja noTnyHo ogpebyle (ca TOM anpoxcHmanHjom) xpeTafbe onTepeheHaa.„ 

PaaBHjmo, ca,a,a, none Ao tinaHosa smiler pep,a 14 o6jacHEmo, Ao }calm): ecloe- 

Kam TM 4j1aHOBH ,E10B0):1e. 

2 if r m 2 C 3  

. 	
-- 

v"/4 n  1/2 	 z 

( 	+ 	
 v2 

1 1 — 
C 2  

• 
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Y pegy 3d cKanapHm noTenwjan 

cp--=--f v o t_ RdV 

tinaH Tpeher pega no — 
I 

 H3HOCH 

1 	6 2 v). 6 c 3  a t2 f R2  Q dV (74,1) 

loB,Rje HeheMo nmcaTH npse LInaHoBe pea (B. § 65) 36or xpaTKohe]. H3 HCTMX 

pa3nora, Mao H npm 143Bo1'jeHpy (65,3), y pegy 3a BeKTopcith noTeHujan mopamo 

y3eTN canto tinaH Apyror pea 110 — , Tj. 

	

Al2) = — 	—6 	j c/1 7 . 	 (74,2) 
c 2  dt 

1/13BpL1mmo TpaHcitopmaindjy noTeHujana : 

a f 
cf)' =1= (f) 	at 	A'= A + grad f, 

y3mmajyhm 11)yEnu.mjy f Ha Taj Ha4n1H, ga cicanapHH noTeHLimjan 
EynH. 3a TO MOPE oLiHrnegHo 6HTH: 

p(31 6yge jegHaK 

1 a2 
f = 6 c' at' R2QdV. 

'Taga he HOBH Beicropcim noTeHujan 6HTH 

A t(2) 	6,1  a  

	

2  ()t 	j d V 
6 cl  a :27 R2 Q  dv = 

	

a 	 2 

	

c .2  at 	3c at  j d V 	2  a 2  f R o dV.  

FIpena3ehm caga ca HHTerparia Ha cyme no nojegiiHmm onTepeheH.Hma, 3a 
• 

zipsH 4.RaH Ha AecHoj cTpaHm Hmamo — 	E e V. Y ApyroM LinaHy ninummo 

R=Ro —r, r,gie R o  H r Hmajy o6piim cmHcao (B. § 66). Taga je 

i ,I3, pyrii LinaH nocTaje 
3c' 

 —E e v. Ha Taj Ha4HH je 

A'(2) 	
2 

— 
3c2 

E e v. (74,3) 

MarHeTHo non.e, moje ogrosapa Tome noTeHr4Hjany jegHaKo je Hymel (H = 
= rot N(2) = 0?, jep A' (2)  He cagpmcm IcoopAHHaTe eKCI-1.11H1.1HTHO, ElleKTpH4H0 

1 'A fo)  
TIOrbe E . — — 1-1. ', H3HOCH: 

C 

E = 	
2 

3 

 -- 
d, 

3c 

rilje je d ,II,H110J1HH momeHaT cHcTema. 

(74,4) 
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Ha -raj HaH}tH, HnaHoeti Tpeher pega y pasmijeHoM Hapa .sy 3a norbe npm-
Kasyjy Heice ,n,onyHcKe cane, Koje gjejc -reyjy Ha onTepehe}ba, H Koje ce He Hana3e 
y Lagrange - i th OBO, .,..)/HKIAPijki (65,6). Te cane 3aeace op }(313oga y6p3a}ba on -re-
pehe}ba no epemeHy. 

llocmaTpajmo CPICTBM on -repeheHpa, Roja epine c -railmoHapHo xpeTaHDel) 
a3paHyHajmo cpep}by epajepHocT papa, KOjPI none (74,4) BprUH y jegaHmla ape-
meHa. Ha ceaKo onTepehe}be  e  gjejcTeyje cana f = e E, Tj. 

2e _ 	u. (74,5) 

Y je,rtaamtla BpeMexa oea calla epum pag, (wiz je jepHax f v, na je ymynHyl pag 
a3eptueH Ha cea onTepeheFba jepHaK cyma no on -repehei-bmma : 

f v = 
d  

2 	• 	2 d • •• 	2 
ev --- 

 3c3 
 d d = 

3c 3  dt 
(d d) — 	d 

3c3 
d 2. 

Ysamalbem cpem-be spajexwocTa no epemeHy npeor HnaHa HecTaje, na je 
cpep}bm pap jegHax: 

f v 	3c  d- . (74,6) 

Ho H3pa3 Ha pecHoj cTpaHm Haje HPILLITa ,gyro, Hero (y3eTo C 06pHyTam 3HaK0M) 

spageibe eHeprHje, lc* cacTem epuia y jegmHaLla epemeHa [B. (67,9)]. Ha Taj 

Ha4HH, cane Koje ce nojaerbyjy y Tpehoj anpoxcamalmja (74,5) onacajy 06pHro 
Ajejc -reo 3paHe}ba Ha onTepehe}ba. Te cane ce aasaBajy xot-iefbe spatiefbem HIIH 

Lorentz - 08e cane Tpe}ba. 

PicToepemeHo ca ry6a -rmom eHeprmje y cacTemy onTepeheFba moja 3paHm, Ha- 
cTaje H H3BjeCTaH ry6PITaK MOMeHTa KODPILIPIHe KpeTaEba. Ymal-bef-be momeHTa KOJIPI- 

dM 
Likaie Kpe -ral-ba y jezkia4a Bpemexa, 	

dt  namo je aspaLiyaaTa nomohy H3pa3a sa cane  ' 

KoLleH,,a. j_lackeperampaH,,em momeHTa xonaHaHe peTa}ba M = E (r X p) no epe_ 
. 

meHy, mmamo 	= (r X p),6ygyhm pa jeE (r X p) (v X 	0. 143B0,11 

no epemeHy op amnynca HecTaue 3amjeEbyjemo cyinom TpeH,,a (74,4), moja Ha 
}by gjejc -reyje H Hana3amo 

• 

( X f) = 
2 

de (r X d) 	 X d). 
3c 6  

 

3c 3  

Hac maTepecyje cpeArba BpPije,aHOCT (y BpemeHy) ry6}(TEca momeHTa RODHT-111He 

-KpeTaHDa KOA c -raLmoHapHor mpe -raH.a, cnaHHo oHoMe, map Hac je paHaje HHTe-

pecosao cpep}bm ry6aTax eHepraje. AKO Hanatuemo 

(d X = (d X el) — (ci X (i) 

') TaLiHmje, — KpeTaEbe, Koje 6H 6mno cTanHoHapHo, KaAa ce 3aHemapit 3parierbe, Koje 
,A0BOAK Ao nocTeneHor rmrywHeal-ba xpeTaH.a. 
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HanomeHemo, ga cpegpba. BpajegHocT ToTanHor npBor 143BOAa no BpeMeHy 
(npsa LinaH) mcge3asa, Hahahemo AeltHHHTI4Bli 0 cnmjegehm 143pa3 3a cpegf•ba 
ry6aTax momeHTa KonagaHe KpeTaf-ba cacTema KOJM 3paluf : 

2 	•• d
d
M
t 	3 c3 (ci X d)- (74,7) 

KotieH,e 3paL3eH,em Ba)Ka H Ka,aa nocroja cBera jegHO onTepeheH.e, Koje. 
ce KpeFe y cno.rbaLuH.em non.y. Taga oHo H3HOCH: 

z 	2e2  
— 

 3c- 
v. (74,8) 

3a jegHo onTepehefbe yBajeK ce mo)Ke y3eTa TaKaB cacTem peckpeHuaje, 
y Kome OHO, y gaTom momeHTy, MHpyje y ROpAPIHaTHOM 110LleTKY. AKO ce y Tax-
BOM CHCTMY m3pamyHaBajy gajbli LinaHoBm pega 3a none, Koje 143a3aBa onTe-- 
pehef•be, mcnocTaBmhe ce, ga TM LInaHosm amajy cnajegehe cBOjcTB0. Raga pa-
llyc-BeKTop og onTepeheH.a go TaLace nocmaTpaapa. Te>ICH Hynes, oHga Cy Te 

tinaHoBa tlyfiKumje npasua H cMjepa paamyc-BeKTopa 14 TO TaKBe, ga 14D14X0B14 
cpegi-be BpajegHocTa no CBHM npasuama nocTajy je,RHaKe Hynes. Apyram pajeliama, 
Ha Taj Hami--f go6aBeHe cpegf-be BpajegHocTm 3a tinaHoBe Bawer peoga, Y pe,Iy 
3a cany gjejcTBa onTepehef•ba „Ha camo ce6e", jegHaKe cy Hynes. Ha Taj 

HaLum, y cnytiajy jegHor onTepehefba, cloopmyna (74,8) je y sexy pyKy TatiFfa 
itopmyna 3a o6paTHo gjejcmo 3pagef•ba y OHOM cacTemy pectiepeHuaje, y Kome 
onTepehef-be MHpyje. 

MebyTam, Tpe6a amaTm y Bagy, ;la onacaBaFbe ajejcTsa onTepehel•ba „cantor 
Ha ce6e" nomohy cane Kw-fel-ha yonfuTe cacsam He 3agoBoxbaBa H y ce6H cagp)Ka 
npoTaBpjegHocTm. JegHatikiHa KpeTaH.a onTepehefba y oTcycTBy cnorbaufH.er norba, 
Ha Koje gjejcTByje canto cana (74,8), je: 

2e2  
M v = c3 V . 

OBa je,r(Hatama mma, °cam TpHBHjanHor pjeufef-ba V = const., jOILI H pjeuief-be,. 
• 3mc3 t 

xug Kora je y6p3aFbe V nponopuaoHanHo ca e  2e2 , Tj, HeorpaHalieHo pacTe 
ca BpemeHom. To 3Hat1H, Ha np., ga. 614 ce onTepehefbe, Koje je npoluno Kpo3 
ma KaKso norbe no a3na3y 143 norba mopano HeorpaHmeHo „camo CO6OM 
y6p3aBaTm". AFICypAHOCT Tora pe3ynTaTa CBleA0T414 o orpaHageHoj ripmmjeH-
JIMBOCTM cipopmyne (74,8). 

Moe ce nojaBaTa naTaFbe o Tome, Ha Koji,' HatiaH eneKTpogaHamaKa,. 
Koja 33g0Bo.rbaBa 3aKOH ogpKaH:Da eHeprl-Ije, momce ,a0BeCTI3 AO Tor ancypgHor 
pesynTaTa, no Kome cno6ogHa tfecTiqua HeorpaHmt4eHo noBehaBa cBojy eHeprajy. 
KopHjeHH Te TeafKohe y cTBapa Hana3e ce y 6ecKoHai•moj enexTpomarHeTHoj 
„concTBeHoj macm" enemewrapHax tfecTaua, o Kojoj je 6i-ino pajet4a paHaje 
(§ 36). Maga y jeaHatamama KpeTafba nmuemo KoHatffly macy onTepehefba, MH 

My y CyllITHHH npanacyjemo ItopmanHo 6ecKoHa9Hy HeraTaBuy „concTBeHy 
macy", Koja Haje eneKTpomarHeTHor nopajeKna, a Koja 614 3ajegHo c eneKTpo-
marHeTHom macom goBogana no RoHatme mace mecTaue. Ho, xaKo oay3mmalbe 
jegHe 6ecKoHata-focTa og gpyre Haje noTnyHo jegHo3Hatma maTemaTaima onepa :- 
uplja, TO H aosogx go Hm3a gammx Tewxoha, me by KojMMa je H TeufKoha, Ha K°iY 
cmo oBgje yxa3anH. 
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Y cHcTemy KoopuHaTa, y KojeM je 6p3HHa LiecTkule mana, jeAHaHHHa 
peTaHDa ca ypagyHaTkim Kogelbem spatieFba pima o6nHK: 

2 e2  
mv -,- --eE -P —c (v>01 ) -Hyp • (74,9) 

Ilpema H3noNceHilm pe3oHoaaH.Hma oaa je,n,HaHHHa mowe ce npHmHjeHHTH canto y 
cnriajeamma, Ra,n,a je cHna xotieH=,a mana y o,EI,Hocy Ha cHny, Koja npoinna3H 

143 cnorbaLuHper norba. 

,E(a 6M o6jacHHnH c1:11,131,14104 cmHcao Tor ycnoaa, nocrynHmo Ha cnHjexkehm 
Ha44H. Y cHcTemy peckpeHmje, y Rome onTepeheHDe y AaTom momeHTy MHpyje, 

Apyrr4 143$0I1 6p3HHe n0 apemeHy, axo 3aHemapHmo cHny KogeFba, je,n,HaK je: 

•• 	e • 	e 	• 
v = E +

17—(v X H)• 

, 	• 	e r, 

Y Apyrom qnaHy CTa13.11;aMO (orpamigaaajyhH ce Ha HcTy agHocT) v =--  

na Ao6mBamo 

• • 	e • 	e2  
v = — Eda m2c (E X H) • 

npema Tome, cHna KoLieFba cacTojahe ce 143 Asa HnaHa: 

2 e3  p.  • 2 e4  
f 	3 c3 -1-  3 #120  ( i" X H)• (7 4,1 0) 

AK° je co cippexaeHumja mpeTaH.a, oHna je E nponoptwoHanHo ca c0 E, na je 
es cf) 	 e4  

npema Tome npaH tinaH pea BenHHHHe 	 E, a Apyrm pena 	 Ell. 
m c3 	 tre e4 

{Thema Tome ycnos, Aa cHna KoHeFba 6y,tie mana y oAHocy Ha cnonpHy cHny eE, 

2  e 
Koja njejc -rayje Ha onTepehea,e, Aaje 	<< 1, HnH, aim ce yse,ge TanacHa 

M 

AyNcidHa 	: 

0.) 
e 2 

A.>> 	• 	 (74,1 1) 
m C2 

Ha •aj pia ,4HH, cipopmyna (72,8 , 3a Kw-lei-be spatieEbem moxe ce npmmvje-
H14TH canto axo je nymulHa Tanaca, mojH nana Ha onTepeheFbe, Benkma y o4Hocy 

e2 	 e2 
Ha „nonynpetixe on-repehei-Ba

M c2 . 
Bi4AHM0, Aa pacTojal-ba pea 

in c2 
oiler 

npercTaarbajy rpaHHLly, 1 ,13a moje enexTpox4Hamma Aona3H calla ca co6om y 

IIPOTI4Bpjet4HOCT (B. § 36). 

gpyro, axo ynope,gHmo Apyrm 	curie xot4el-ba ca C14/10M eE, HMaMO ycnos: 

In2 c 4 

H« 	 (7 4,1 2) 

Tennida no.ba 
	 14 



2 e3   a Fik 
	 uk u i  

3 m  ca  ay, 
2  e4  

3 mz c4 	
ilk 

 3 m2c1 (Fk i  Ur) 
2 e4  

(74,15) 
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Ha Taj HatimH, HeonxoAHo  je  noTpe6Ho Aa H canto no.rbe He 6y,rte cysauie BenHKo. 
m2 c4 

Ilorba pe,aa  	,  TaKobe,  npeTcTaBrbajy rpaHally, Haa Roje KnacH4Ha enerrpo- 
e 3  

AHHaMHKa J10B0):11,1 Ao  yHyTpaalHDPIX  npoTmBpjetiHocTm. 14 oBAje Tpe6a HmaTH y 
BHJ:1y, ce y cTBapa eneKTpo,codHammKa noKa3yje HenpamjeHrbmBa Beh KoA mafbax 
norbal) H TO 360r KBaHTHax eteKaTa. 

kl3Bellamo penaTmBmcTaLmcm a3pa3 3a KotieH.e 3pagefbem (3a je,n,Ho onTe-
pehea,e), Kojm ce moNte nprnxjeHHTM .  H 3a Rperai-ba ca 6p3HHaMa pea 6p3mHe 
CBjeTJ1OCTH. Te cane 6mhe caJta. 4 - BeKTopa f i,  xojmma Tpe6a XtoriyHHTH je,RHa-
timay xpeTaHA. onTepeheR,a, HanHcaHy y HeTBopoAHmeHaHoHanHom o6naKy: 

dui 	e 
m c 	F Uk f 	 (74,13) 

3a oApebmBaH.,e  f i  HanoMeHHMo, Aa 3a v << c 

K0Mn0HeHTe mopajy npehm y KomnoHeHTe BexTopa — (74,8). TlaKo je BaAjeTH, 

2 e2  d2  ui  
Aa TO CBOjCTBO Hma 4 - BeKTop 3 

c d s2  . 
 14naK, OH He 3a,AoBorbaBa penaujy 

f i  ui = 0, Koja Ba)Km 3a  KOM110HeHTe csaKor 4 - Berropa cane. ,tea 6x ce Taj 

ycnos mcnyHmo, Tpe6a HanmcaHom m3pa3y ,go,RaTH 1-TeKa gonymciar 4 - Berrop, 
cacTaarbeH 113 4 - 6p3mHe  ti  H 1-beHHX 1,13B0J:1a. Y rpaHHHHOM cnytiajy V =-- 0, 
TpH npocTopHe KOWTOHeHTe Tora BeKTopa mopajy nocTaTH jeAHaKe Hy11H 

TaKo, Aa ce He 6H HamHjeHxna npasa Bpkije,AHocT f i , Roja je Beh AaTa H3pa3om 

2 e2  dZ u, 
	. Ty oco6mHy aria 4 - Berrop u i , na 3aTo Tpa)KeHm ,tkonyHcRH tinaH 

3 c 	ds 2  
mopa amaTz o6naK a u i . CKanap a Tpe6a H3a6paTH TaKo, ,aa 6H ce 3a,gosomm-
na penaliaja ft  ui = 0. Y pe3ynTaTy Hana3mmo 

2 e2  d2u, d2uk  f 
3 c ds 2  + Uk  ds2  I 	

(74,14) 

Zo6aBeHa cipopmyna Moxce ce npenHcaTH y Apyrom o6nmmy, npema jexia-

d2ui 

	

3HHHama xpeTafba, axo  ce  1,13B0,1111 	 pa3e Henocpe,n,Ho nomohy TeH3opa 

BalbcKor eneRTpomarHemor norba, Koje Ajejcmyje Ha tiecrHuy: 

	

du, 	e 

	

ds 	m c = 	2 	F ik 

d2 	e  d Fik 	 e2   
ds2 	m c 2  d x l  lik  111+ m2 	

E, E, 

c l ik k/ 11 / • 

Flpa 3aMjeHH Tpe6a  Hmani  y BH,Ry, Aa je rip0H3B0,11 no HHAeRcHma 1, k aHTHcHme- 
Fat k   TpHHHor TeH3opa 	cameTpHmHor TeH30pa 	Ilk  HAeHTHL11-10 je,4HaK HynH. 

()xi 

Tpx 1-beroBe npocTopHe 

m 2  2  c 
1 ) KOA noma pea  	

e  , 
 uje je h Planck  -  oBa 
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kiwrerpan 0R 4 - cline f i , y3eT 110 CBjeTCK0j .11HHI4j14 KoeTafba on -repeheFba, 
Koje nponHjehe Rpo3 3agaTo norbe, mopa ce noKnanaTH (ca. o6pHyTHm 31-1BK0M) 

ca ToTanHmm 3pagefbem orrrepehelba 4 - Hmnynca 0 Pi , o,upebeHmm ckopmynom 
(72,3) [criPPiHo Tome, Kao fITO ce cpe,n,Fba BpHje,RHocT paua cHne f y Hepena-
T131311CTMLIKOM cnygajy noKnana  c  HHTeH3HTeT0M AHnomior 3paile}ba — B. (74,6)]. 
naKo ce le yBJepHTM, Ra je  TO  3aHc .ra Tam Ilpaa ABa tinaHa y (74,15) noxna- 

e2  d2 ui \ 
p najy ce c npspim tinaHom y  (74,14)  	 

3 c ds2 
H n H HHTerpHpaHv nocTajy je.tt- 

du i  
Haim HynH, jep y 6ecKoHa4HocTM tiecnn4a HeMa y6p3aFba, Tj. 

ds 
= 0. Tpehm 

tinaH Aaje: 

-ffi 
 ds 3 m2 e4 

2 el  f 
(Fki ut)2  u i  ds, 

IBTO ce y nornyHocTH nomnana ca (72,3). 

Am) ce 6p3HHa HecTHue npH6npoRaBa 6p3HHH cBje -rnocTH („ynTpapenaTH-
BFICT14111th" cnyLiaj), ox,rta o,rt  Tppi  gnapia, y cbopmymi (74,15) Haj6p)Ke ce noBehaBa 
TpehH, K0i14 ca,up>KH TpocTpyxe npoH3Bo,ue KomnoHeHaTa 4 - 6p3HHe (Hanomm-bemo, 

C 

;la KomnoHewre 4  -  6p3HHe ca,upice y Hmemiony 

— ,110BOTIDHO 611143y jeAHHHLle,  MON{  e nHcaTH: 

v 2 

1— —
c2

)  .  36or Tora ce, KaA je 

2 e4  
(FILL 11) 2  ui  . 	 (74,16) 

npocTopHe KOM110HeHTe Aajy 3a cHny KoT4eHpa H3pa3: 

fx 	
2 el  (Ey — 	 --k (E,llyr  

3  m2 c4 	 4 ,2 
1 — 

(74,17) 

0Buje je X oca H3a6paHa Apt( 6p3HHe v H cByu,a, rAje je 6Hno moryhHo, 

craBrbeHo je v = c. BHAHmo, Aa je 3a ynTpapenaTmspicTlltuty tiecTmw KotieHDe 
3pat-lepbem nponopuPloHamio KBaApaTy fbeHe eHeprHje. 

CKpehemo na)KH.y Ha cnHje,uehy HHTepecaHTHy oxonHocT. rope je HaBexte-

Ho, 	ce Ao6HBeHH H3pa3 3a Kotiefbe 3patielbem moNce npmmkijexpiTH camo y 
m2 c4 

norbHma, Roja, cy mana y orlHocy Ha 	 (y CHCTM petepeHgHje K) , y 'come 
e3  

LiecTmua MHpyje). Hema je F pext BenHtame nonpetmor nova (y o,uHocy Ha npa-
Ban KpeTaH.a) y cHcTemy pecbepeHuje K, y 'come ce tiecTrina Kpehe 6p3HHom 
v [none, Koje yna3H y cl)opmyny (74,17)]. TaAa y cHcTemy K o  none Pima Bpi-, 

 je,rmocT peAa    (B. TpaHc4)opmalwoHe cli)opmyne y § 23). 36or Tora F 
v 2 

1 
C2  

mopa HC1}bBTM ycnos: 
F 

   

	2 << 

 

   

m2 c4 

  

 

C 2  



212 	 3PAI-1E1-bE EJIEKTPOMAFHETHI/IX TAJ1ACA 	 M. IX 

MebyTHm, cHna KO4e1-ba (74,17) npercTaarba BenHHHHy pega 

e 4  F2  
V2 ) '  

m2 c4 1 ____ 
C2  

v 2  
Te BHAHmo, ka ce yallOB (74,18) moNce 14CrlyHMTH [Kaka je 1 — —,-. kOBOMHO 

C 2  
mano] gat( H ona, Kazta je cama cHna KotieHDa f BenHxa y oAHocy Ha o6H14Hy 

Lorentz- °By Ckfily, it* zjejcTayje Ha onTepehefbe y enexTpomarHeTHom 110Tby 

(1> > eF). Ha Taj Ha-U1H, sa ynTpapenaTmsrAcTH4Ky tiecnaly moNce BaxcHTH crlymaj, 
Aa KoT-leHDe 3patie.H.em (74,17) npeTcTam -ba OCHOBHy czny, lc* Ha I-by Ajejc -rayje. 

Y TOM cnyLiajy moxce ce cmaTpaTH, ,a je ry6HTax (KKFIeTlitiKe) eHeprHje 

LiecTHLte Ha jekHHHily kymcHHe nyTa ( _____ _d_6kin 	je,zHatc camo CI41114 KOLIel-ba f x. 
dx 

kimajyhm y rmgy, ,a je nocrbeki-ba nponopuoHanHa mia,apaTy eHeprilje tiecTmue, 
mo)Kemo HanHcaTii: 

d &kin 

dx — 	g  

rkje ce ca g (x) o3Ha'-iaBa Koeolopt4HjeHaT }:0iP1 3aBMCH OA KO0p,a13HaTe X, K011el ce 
npema (74,17) EspaxcaBa nomohy TpaHceep3anHmx KomnoHeHaTa non,a. HHTerpm-
pal-bem oBe AmclaepeHigHjanHe je,AHatimHe Hanammo: 

x 

1 	I 
&kin 	1 g (A) dx, 

rAje ce ca & o  o3HaliaBa notieTHa eHepriija 14eCTI1Ue (eHeprHja 3a 	co ). 

CnemjanHo, xpaji-ba eHeprHja tiecTmLie ca l  (nocnHje nponHjeTaH,a LiecTHLte Kpos 

norbe) okpebyje ce cloopmynom 

	

6-0
1 
 - 	g (x) dx. 

ISHAmmo, Aa 3a 	co KoHatnia eHeprHja 	Texu4 KOHCTaHTHOj rpaHmum, lc* 

He 33E314C14 OA 6:),)  POIneranUk, 1939). ,E1pyrHm pijerimma, nocrnije nponHje-
TaHa Koos norbe eHeprHja LiecTH4e He momce npeaasHhm &kr, xoja je okpebep.a 
jekHatip.Hom 

f g (x) dx 

Hnx, samjeHom H3pa3a 3a g(x), 

+Go 
2 	(  el  ) 2  

&kri  = -3 m2  c 4  \in c2 	[(E), — H z) 2 	+ (E, H y ridx. (74,19) 

f 

—co 
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3aAa1.IH 

1. H3pagyHaTH BpHjeMe Ha xpajy Kojer he „nacTH" jea,Ha Ha npyry nBHje HaenexTpHcaHe 
qecTHLie, xoje ce BpulehH eJ1/111THIIHO xpeTaH.e mehyco6Ho npmnatie (ca 6p3HHom, Koja je mana y 
onHocy Ha 6p3HHy cejernocTH) H xoje 36or 3pa9erba ry6e eHeprmjy. 

P j e w e rb e. Cpent-bH ry6HTaK eHeprHje THX t► ecTHQa y je naHHHQH epemeHa HallOCH 

( B. San. 1, § 69): 

d 161  _ (2 16 I) 3/2  

	

5,,,, /21 ei e2 I3 / ei 	e2  \2  ( 1 	2  I &  I M2  

dt 	 c3  M5 	
) 

	

ml 	/722) 	 2 2 

	

3,u e l  e2 	
(1) 

(HanomHH.emo, Aa je )(on enHnTmHor xpeTaH.a. I &I < 0, na je d 16 I  > 0. FlpeTnocTalbamo, Aa je 

	

dt 	• 
manH ry6HTaK eHeprHje 3a lenaH o6pT, a To omorylAaaa na ce momce HCKOpHCTHTH Fltrema cpenisa 
apHjenHocT. Ynopeno ca eHeprxjam gecTmue ry6e momeHaT Konip-nme xpeTal-ba. ry6HTaK mo-
meHTa y jenHHH4H Bp emeHa AaT je 4cpMynoM (74,7). 3amjeHom H3pa3a (59,1) 3a d H y3 Nano-

meHy, Aa je 
• 	(e,e2)r 

	

r  — 	 H M = (r X v), 
1-3  

Hana3Hmo 
dM 	2 lei  e2 i el 	e2 \2  M 

= 
dt 	3 c3 	fli j. 	m2 	r3  

HahHhemo cpenFby spHjeaHocT oBor Hapaaa no nepH . ny xpeTaFba Cpenfba epHjenHocr on r-3  
pt3pagyHaaa ce HCTO TaKO, Kao  LUTO  ce y 33,RaTKY 1 § 69 H3pa4yHaaa cpeal-ba apHjenHocT o4 r-4 

 Y pe3ynTaTy Halla3HMO 3a cpenHDH ry6HTaK momeHTa y jeAHHHLU4 Bpemeria cnHjenehm H3pa3: 

dM 	2 I e, e2 I (21,11 	1) 812 	(el 	e2 V 
— 	

3 c 3  M2  
(2) 

dt 	 m, 	 ) 

[Kao H y (1) 3Hax 3a cpenH.y spHjeaHocT H3ocraBrbamo]. ,11Hjerbei-bem (1) ca (2) Ao6Hoamo Amcke-

peFugmjanmy jeaHammHy: 

dill 	1,1 e1 e22 	

& M2) 

	

3 	2 	' 
d M 	2 M 3 	e 2 tt 	2  

HHTerpHparbem xoje Hana3HMo: 

e2 e2 

	

1  2 	M3 	,  I  60 I 
 M. I &  I  =  2  m2 ( 	 mo   

KoHcTaHTa HHTerpHpaH.a yseTa je TaKO, ,aa 3a M = Ivlo  6y,ge 	= 60, rIlje cy Mo H 60 no- 

tieTHe apHjenHocTH MOMeHTa H eHeprHje LiecTime. 

„rfanaFby" jeaHe 4ecTPle Ha npyry onroaapa M —÷ 0. 143 (3) aHaH ce, Aa npwrom 

oo, Kao IUTO ce H npeTnocTaarbano. HanomuFbemo, Aa npoH330.4 I &I M2 Te)KH Ka pe2i  e22,  

a H3 cl)opmyne (69,3) skuni ce, Aa excueHTpHuHTeT 	Tj. npH6nH>KaaaH.em mecnn4a opowra 
dt 

ce ripH6mrcaaa Kpyry. 3amjeHom (3) y (2) onpebyjemo H3B0,11 	H3paxeH Kao itylllutHjy oA M, 

nocnHje Hera HHTerpmpaH.e no  dM  y rpaHmlama on NI G  no 0 HenocpenHo naje BpHjeMe nanalba: 

tpad 	 0 	 ez 
—2 ( i r 	r 	 

II ef e2+ V 2  Mil I & I) • 

—2 
Cs M 5  

jr2 fit  I  &o I  IA  ei 	\ml 	m2)  

2. OnpenHTH rpaHH ,IHy exeprHjy, Kojy moae HmaTH ,iecTHLAa nocnHje nponmjeTama Kpoz 

norbe marHeTHor AHnona m. Bevrop m H npasat; xpeTa.E.ba Hana3e ce y jenHoj pacHH. 

(3) 
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rn. 

P j e to e e. Y3MHMO Kao XZ paBaH, oHy pasaH, Koja npona3H Kp03 HPKTOp ill H npasau 
KpeTaH.a, npH qemy ce 4CTML Kpehe napanenHo X OCH Ha pacTojarby p. 3a TpaHcBep3anHe 
KoMnoHeHTe non.a marHeTHor AHI1011a Hmamo [3. (43.4)]: 

3(m r) z 
 5  m

z  r2  
Hy = 0, Hz  — 	 ( p2 	2) 51 2 	 [3 (P cos 	x sin cp) p (p2 	X 2) cos Cp 

/ 

(osAje je cp yrao meby m H OCOM Z). 3aMjeHoM y (74,19) H HHTerpmpark.em• Ao6Hsamo: 

6_
kr

1= 
2 no

__ m2
e4 p5  m g2 

yr 	e2   ) 2  [41 	39 	5 

	

32  — 
	
sin' cp -]- 	since cos cp 

3. HarnicaTH Tpo,aHmeH3HoHanHa H3pa3 3a cHny KoqeH,a y pe.naTHeHcTH4K0m cnyqajy. 

P j e uI e fb e. 1,13pa4yHasa.H.em npocTopHidx KomnoHeHaTa 4-BeKTopa (74,15) Aoaziamol ): 

f  =, 32mec23  
[( at +(vv))Ed- 71  [v(-aat d-(vv))Hil+ 

2  4   
 + 3 1112 el  ['EH] + -c- [H [H vii + .- 
1
- E (v E)1 + 

2 e4  
+ 	 2  , v [(E + —I  Ev Mr— 72-1 	( E v)2 } . 

3 m2  c5  ( 1 — 

	

G2 
 E-) 	c  

c 2  

§ 75. CnexTpanHo paaaaratbe apatierba 

y yaTpapenaTHBUcTlltiKom carlaiy 

YraoHa pacnoAjena 3patieHDa tiecTpule, Koja ce Kpehe 6p3mH0m 6nz3y 
6p3HHe csjeTnocTii („ynTpapenaTlismcTru-llui" cnytiaj) pima KapaKTeplicTppu-iy oc0-
6mHy, }coja ce moxce BHAjeTH Henocpexwo N3 ornuTer ii3pa3a (72,7) 3a MITeH-

31,1TeT 3patiefba. Y limeHmoile pa3H14X ,inaHoBa Tora H3pa3a ynase sHcoKH cTe- 
v  

neHm pa3mixe (1 — —) . ARO je v 6nm3y c (Tj. I — C  << 1), ()Fula 	PIHTeH- 
C 

314TeT mmaTH owTap maKciimym y yCKOM yraoHom ,iirrepBany, y Rome je v n 	v, 

Tj. n je mop() napanenHo ca v. Ha Taj HatiMH, ynTpapenantemcTmixa LiecTliga, 

yrnasHom, 3pa4li y npaBuy caor KpeTal-ba. 
Han je 01.114leHHTH yraomm mHTepean AO OKO ripaeua v, y Kome je HHTeN-

314TeT 3patiel-ba npHMjeTHO pa3IIH4FIT OA Hyne. Atm ce Hannuie 

vii v 	e2 
1— — 1 — — cos cl- 1= _ — — 

C 	C 	 C 	2
, 

( peAa I — v 
Hana3Hmo, ,ga je Ta pa3nmKa mana 	 — y zwrepBany Ae ,----, i__V  , 

c 
 

c 

ILITO je vicTo : 

 

ae-1— 
V2 
C2  

(75,1) 

    

1) 03,aje cy 3a BeKTopcKe npoinsoAe y3eTe yrnacre 3arpaAe, Aa 614 6Hno jacHml e o6pin.e- 
wanalbe. Op, 
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3a a3pagyHaBa1-be cnexTpanHor pa3narai-ba 3paLiel-ba 6HTHy ynory arpa y3a-
jamHa ogHoc me by senaLmHom yraoHor aHrepBana AO H yKynHam yrnom a cxpeTal-ha 
gem'''.le npm nponajeTaHv Kpo3 cnorbaulH.e enexTpomarHeTHo none. Yrao a 
ce moNce ogajeHaTa Ha cnajegehm Hagar!, TpaHcBep3anHa (npema npaBuy Kpe-
Tal-ba) npoMjeHa amnynca LiecTaue ama peg BenaLwHe npom3Boga TpaHcBep3anHe 

cane en H BpemeHa nponHjeTafa Kpo3 forte t ,  —
a _•--_- a 

 (rgje je a pacTo- 
v 	c 

jaH.e, Ha }come je norbe npamjeTHo pa3naLuno o,R Hyne). 
My 	MC 

OgHoc Te BenaLiaHe H amnynca p = 	,-...., 	 — ------   ogpebyje Peg 
v2 	V 2 

1 — 	1 — 
C2 	 C2  

BenaLmHe yrna a (anconyTHa BpmjegHocT yrna cxpeTaH.a a 3a ynTpapenaTaBa-

cTaLacy LiecTpaly y3ilma ce ,ga je mana). Ha Taj HatulH je 

eFa 	v2  
a 

mc 2 	c2  
a 

,II,axne, 0,1:1,HOC
Ae 

 aria peg BenaLmHe 

a eFa a  
me2  

CKpeheMo namxmy, .a oBaj o,RHoc He 3aBHCH o,4 6p3mHe LiecTmle H y ujerimm4 
ce ogpebyje cBojcTBama cantor cnorbatuH,er noma. 

flpeTnocrasamo Hajnpaje, ,Eka je 

eF a>) me, 	 (75,2) 

Tj. noTnyHm yrao cKpeTaH,,a LiecTmue BenMK je y oAHocy Ha O. Taga moxcemo 

3aKrbymmTa, ga 3pa4eFbe y 3agaTom npamly yrnaBHOM npom3na3m H3 oHor ,Hjena 

TpajeKTopHje, Ha Kome je 6p3mHa LiecTaLle cicopo napanenHa ca THM npaBilem 

(npasH ca H.mm yrao y mwrepBany se), a Ay)KmHa Tora pmjena je aria y 0,4- 

 Hocy Ha a. Ha TaRBom wijeny norbe F momce ce cmaTparm KOHCTaHTHC, a notuTo 

ce manm RHO RpmBe momce cmaTpaTm Kao Amo Kpyra, TO mo)Kemo npmmmjeHmTm 

pe3ynTaTe, Koje CMO go6mnm y § 73 3a 3patiel-ba npm paBHOMjepHOM xpeTaHDy 

no Kpyry (3amjeFbyjyhm npaTom H ca F). CneLmjanHo, moxce ce saubriaTii, 
,a ie rnaBHa gm° 3pa4en,a 6HTM KoHLIeHTpacaH y o6naCTM tipex.BeHLadja 

e F co 
v 2) 	 (75,3) 

mc (1 — 

[B. (7'3,1 4)]. ,LIeTarbluije m3patlyHaBaH.e cnexTpanHor pa3naraFba AaTo je y 3a,AaTKy 

6p. I .  y3 °Bat naparpacl3. 
Y o6pHyTOM rpaHaLlHom cnriajy 

e Fa <<mc2, 	 (75,4) 

Hajena yrao cRpeTaH.a LiecTpme mana je y ogHocy Ha QA. Y TOM Crlytiajy 

yKynHo 3patieFbe, yrnanHOM, ynpameHo je y ycKom mwrepaany Ae oxo npaBila Kpe- 

Tal-ba, npa Liemy Ha AaTy TaLmy yna,tka 3patieibe ca uajene Tpajeicropmje. 3a ogpe- 

1 ) ARo ce oca X yame  y  npaaay apeTaFba tiecTaue, oaaa je (eF)°  36ap KBaApaTa y- i3 z- 
e 

KomnorleaaTa Lorentz-oBe cane eE+ 7 Of X H), raje ce npaTom mo)ae CTaBHTH v C; 

F2  =  (Ey 	-I-(E x 	1-1))2. 



Ha Kpajy Ao6mhemo : 

2 
e 	nvy  21  

yuc 2  R o  
— 

c E au 
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bpisaibe cneicTpanHor pasnarafba 3paqefba y Tom cny.iajy nocnyxHhemo ce Lie- 
nard-Wiecherl-OBMM H3pa3om (72,6) 3a norbe y TanacHoj 3OHH H H3paLiyHahemo 
HD erosy Fourier-oBy icomnoHewcy. Y Ty cBiDxy Tpe6a HHTerpHpaTH Eeiwt no 

a 	R o 	r'n 

	

dl. Ho, KaK0 je Hspa3 (72,6) (13yHtun4ja OA t— R 
—c--j,– t   =_-_....– j'— r' n 
C 	C 	C 	C 

(oBAje je r'= r(r) -_--- vt' paAmyc-BeKTop tiecnule). 36or Tora je 3roAHo npehm 
()A HHTerpHpaHa no dt Ha HHTerpmpaHDe no dt', y3Hmajyhm 

dt  =  (1
c 

[a. (72,8)] H 

	

r'n 	 vn)  
e 	e 

iwt 	iw(f —) 	iwt ,  (1 — 

	

c 	e 	c 

+co 	 nv 
[nX[(n -- %)x 	

eiwt(i 
(75,5) 

00 

(H3OCTal3JbaMO ancTpot KOA npomjeHibmse HHTerpmpaH.a). 5p3m-1y V nocmaTpamo 
yaHjex. Mao KOHCTaHTHy BenHmHxy (y3HMajyhH y o63Hp cammm THM, Aa je cue- 
Tai-he LiecTm(e y AaHom cnriajy mano), a npoMjeHrbHao je camo y6p3aH.ee w (t)  . 

FlpoujeHa pe,4a senH4HHe tpemBeHumja, y o6nacTH KOjHX je RomleHTpHcaH 
OCHOBHH AMO apagel-ba, mo>Ke ce M3BOLLIMTM Ha csije,aehm Ha4HH. nepPIOA emcno- 
HeHnnjanHor 1:1)aicropa y noAHHTerpanHom mapasy y (75,5) Hma pe,Et  senwmHe 

1 ( 1 	v –1 	2 ( 1 	v2 \--1  
c) 	co 	C2 )  • 

I'IHTerpan he 6MTH 3HaTHO pa3TIFFIHT oA Hyne, atm Taj nepno,g 6y,tke HcTor pe,ga, 
Kao H spmjeme T, y Toxy Kojer ce y6p3aFbe w(t) geciline mmjeHDa Ha ocjeTaH 

Ha'IHH. OglirneAH0 je T 	
a 	a (a 

je pacTojaH.e, Ha Kome je nor be npm- 

mjeTHo pa3nugHTo oA Hyne). Flpema Tome Hana3HMo: 

C 

V2  
 a(1—
)  

—
C2  

(75,6) 

3aBHcHocT 013MX dppeKBeHumja oA eHeprHje ,iecTpme je HcTa Mao H y (75,3), aim 
je KO3C13M4HieHT Apyx4pijm. 

,EleTan.HHje TpeTHpaEbe HHTerpana (75,5) AaTo je y 3aAaTicy 2 oBor na-
parpacba. 

3 aitatlks 

1. 0,apeAHTH cneKTpanHy pacno,Rjeny ToTanHor HHTeH3HTeTa (no CBHM npaBLAHma) 30a. 
tielba npH ycnosy (75,2). 	

. 

P j e w e H. e. 3pameise  ca cBaKor  enemewra Aymanie TpajeKTopHje oApebyje ce ckopmynom 
(73,11), y K0i0j Tpe6a H  3aMHjeHHTH  spHjeAHouihy F TpaHcaepaanHe cline y ,rlaToj TatiKH H, °cum 
Tora, Tpe6a npehM ca AHcKpeTHor cneKTpa tpeKeeHumja Ha KoHTHHyanaH. Taj npena3 ce splum 
ckopmanimm mHowerbem ca do  H aamjeHom 

dn 	da) 
ln dn  ln  —dcu dw 	—

wo
• 
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AKo ce 3arHm HHTeH3HTBT HHTerpHpa no gwraBom apememy, Halmhe ce cnewrpanHa pacnoAjena 
TorenHor 3pavei-ba y cnHjeAehem o6nHxy: 

2 ew (I — 112-) -Fcc 	 c9 
c2 	1 ,,,, 	i v 7_7  c 	i

' 
 [—u  41 ' (H) + y- j (1)  (u) du]dt , de„ ------ — e w 

—co 	 u 

rAje je d7(u) Airy-en (byi-unixja oA aprymeHra 

	

[MCw 	'0\ .  
u = 

	

eF 	c2 11
1213 

 

noAHHrerpa.nHH Hapax 3aBHCH (DA npomjeHrbithe HHrerpHpaiba t HMPRHLHITHO RpeK0 BeRHHHHe 

(F, a 3ajeAHo ca H3HM H U, mHjel-ba ce Ayw rpajeKropHje Liecrxne; npm 3aAaTom KperaH,y Ta 

npomjeHa owe ce cmaTpaTH Kao 3aBHCHOCT oA spemema). 

2. PICT() TO y3 ycnos (73,4). 

P j e w e w e. Hmajyhm y HHAy, Aa ocno3Hy ynory Hrpa 3patieH.e nou manHm yrnoeHma 

0 npema nparwy Kperatha, mowemo Han CaTH; 

	

vn 	V 	 v 	
02 	1 , 	V2 

	

1 — — cos 0 — — — 	— — 02  • 
1— C C  2 = 

	c2 

--> 
YBOAehH H BEKTOp 0 = n — v/v (c anco;iyrHom spHjeAHowhy 0), npenacahemo Hapax (75,5) c 
rat-iHowhy Ao Linamosa emuer peAa y cmijeAehem oiirniKy : 

	

iwt ( 1 	v2 
+0 
 02) 

2e 	v2 + 	 e  2 	C 9  2  f 	 v2 

— 
[(w-0.). 4.  —1  (1 — — 0 2) WI dt 

3c2 Ro 	c2 	 ) 	2 	c` 

HRH, aKo ce yBeAe o3HaKa 

w (
2 	r2 

E 	e (w y  

(1)  — -C2 R-Q 03/ 	(VC1-)10)0 	WW1 

rAe je w „ Fourier-oBa. KomnoHeHTa y6p3aFba. ()Raj Hapax yapcmhemo y topmyny (66,9) 

d& 	= cR 2  1 E w  1 2  do d co H HHTerpHpahemo no ceHm npaeuHma (cTaHrbajyhm do = sin 0 d9 dy 
d& rw 	0 
= 0 cie drp). TaKo ce 3a cneKTpanHo pa3nararbe ToranHor 3patieH.a y pe3ynTary Ao6Ht3a cnHjeAeha 

topmyna: 

	

21t e2 	J. 	I 	 V 9 \ 	W2  ( 	V2 )2 1 	, 

	

den w  = — 	W(0 1 1 2  [ 	
W

1 — 	(1 — 	-1-- - ,- 1 — 	dal 

	

C3  W 	 ) 	2 wf- 

( e) 
2 \ 	c 2 / 

§ 76. PacHname cno6opmm onTepeheibuma 

Am Ha erne -rem on -repehe•.a nalla eneKTpomarHeTHH Tanac, oHlta ce noA 

yTkuojem Tor Tanaca onTepeheR,a Kpehy. To KpeTaH.e npaheHO je spaT4eH.em Ha 
cse cTpaHe. AeivaBa ce, KaKo ce Ka.)Ke, pacmnan,e npao6rnmor Tanaca. 

PacHnaHDe je Haj3ropirnje oKapavreprneaTrn opmocom KorixtutHe exeprvje, 

Kojy eMHTyje CI4CTM y AaTOM npaBiAy y je,rummtrn BpemeHa, npema rycTimm 
cknyKca eHeprrnje, KOJM na,ga Ha crneTem 3paHeH,a. 0HeamAHo, -raj °Alice Pima AM' 

meH3Hjy noBpurnme H Hanma ce ecteKTrnsHrn npecjeK pacmnaiba. 
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HeKa je d I eHeprHja, Kojy cHcTem 3paHH y npocTopHH yrao do (y 1 sec), 
KaAa Ha I-bera naga Tanac, HHjH je Poynting- os BeKTOp S. Taxta eteKTHBHH 
npecjeK pacHnaH.a (y npocTopHH yrao do) H3HOCH: 

do — dl 
S 

(76,1) 

(14pTa o3HaHaBa cpegFby BpHjegHocT no BpemeHy). kIHTerpan o og do.  no CBHM 
npaBnHma npeTcTaBrba njenoKynHH ecl:seKTHBHH npecjeK pacmnaH.a. 

IIoCMaTpaiMo pacHnaFbe, Koje Bpum jegHo cno6ogHo onrepehelbe. HeKa Ha 
TO orrrepeheffie naga paBHH moHoxpomaTHHHH nHHHcKm nonapH3oBaHH Tanac. 1-be-
roBo eneKTpHHHo norbe mo)Ke ce Ham/Ica -1- H y o6nHicy: 

E  Eo  cos (kr — t + a). 

FlpeTnocTaBHhemo,  Aa  je 6p3HHa, Kojy onTepeheH.e Ao6Hje no gjejcTBom 
norba Tanaca KOjM naga, mana y ogHocy Ha 6p3HHy cBjeTnocTH, LI1TO je npax-
'MALMO yEmjeK ocTBapeHo. Taga ce mcme cmaTpaTH, ga cHna, icoja gjejciTyje Ha 
onTepeheibe, H3HOCH eE,  a  cHna (e I c) (v X H) ag cTpaHe marHeTHor norba moxce 
ce 3aHemapHTH. Y TOM cnyHajy, TaKobe, mowe ce 3aHemapHTH yninaj nomjepaja 
onTepehel-ba Kaga ocL♦Hnyje nog Trmnajem noxba. AKo onTepeheFbe Bpum ocnm-
nanHje oKo KoopgmHaTHor noHema, Taxa ce moxe cmaTpaTH, ga Ha }berg 3a 
nHjeno BpHjeme gjejcTByje OHO 110.11e, Koje HOCTOjH y KoopgmHaTHom noHeTKy, Ti. 

E = Ea  cos (cot — a). 

KaKo jegHaHHHe KpeTaH.a onTepehel-ba mace 
• • 

m r = e E, 

a i-beroe AHnomni momeHaT je d = er, 6Hhe 

e2  
d 'E,  (76,2) 

3a FispagyHaBaFbe pacyTor 3pageFba ynoTpe6Hhemo cl)opmyny (67,8) 3a 
AHnonHo 3pageFbe (Hmamo npaBo ga TO ypagmmo, jep je 6p3HHa, Kojy onTepehe-
}be go6Hje nog Trmlajem Tanaca KojH naga, mama y ogHocy Ha 6p3HHy cBjeTnocTH). 
HanommFbemo, Tamobe, ga je cl)peKBeHuHja Tanaca KojH onTepeheFbe 3pattH (Tj. 
pacyTor onTepeheH.em) oHeBmgHo jegHaKa cl)peKBeHgHjH Tanaca K.0jH ynaga. 

3amjeHom (76,2) y (67,7) Hana3HMo: 

d  I  — 

4 a m2  c3 

1E X n) 2  do. 

C gpyre cTpaHe, Poynting-oB BeKTop Tanaca, KOjH ynaga H3HOCH 

OgaBge Hana3Hmo ecloeKTHBHH npecjeK pacHnaHDa y npocTopHm yrao do: 

(

e
2 )2 

mc2  sing 9 do, (76,3) 



3 Me.' • 
8g ( e 2  
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rAje je 0 — yrao me by npaeuem pacHnapba (BexTopom 	npaeuem enexTpHtiHor 

norba E Tanaca xojH naAa. BHAHmo, Aa eckexTmeHH npecjex pacHnaH.a cno6owm 
onTepehei-bem He 3aBHcH oA tpexeemke. 

0ApeAHmo ujenoxynm ec1exTm3HH npecjex a. Y3eheMo ctepHe xoopAHHaTe 
c notieTKom y MjecTy, rAje ce nana3H onTepehel-be K ca nonapom A yxc E. TaAa 

je do = sin o do thp. 3amjeHom H HHTerpHpaHDem no c/0 (41 0 ,ao H no dp oA 

0 ,tto 2m, Hana3Hmo: 

(76,4) 

Ha xpajy, H3patiyHajmo etexTHEHH npecjex da y cnytiajy, xaAa Tanac xojH 

nap. Hmje nonapH3oeaH (npxpoxtua cejeTnocT). TaAa mopamo y3eTH cpeAl-by 

BpPlje,riocT o,A (76,3) no CBHM npae4Hma BexTopa E y pasnm, HopmanHoj Ha 

npaelly npocTHpaH.a Tanaca xojH naRa (Ha npaelly TanacHor BeKTopa k). Y3MHM0 

KOOPAHHaTHH cHcTem ca OCOM ZA y) Berropa k H OCOM X Ay) eexTopa E. 
TaAa xocHxyc yrna 0 meby  n  H E, Ti. npojexuzja le,AHHHI4Hor BexTopa n Ha. 

ocy Z, H3HOCH cos 0 = sin 9 cos cp, rAje cy H cp nonapHH yrao PI a3MMyT 

npaella n. Cpexuba epHjeAHocT y3eTa no cemm npaeumma 0,4 E y paBHH, Koja. je 

HopmanHa Ha k, exeHeaneHTHa je cpe,itH,oj spiijeAnocni no a3HMyTy (p. Opula je 

sine (0• 	1 + cos2,0 
sine A = 1 	=. 	 

2 	2 

na 3amjeHom y (76,3) Hanammo 3a etexTmeHH npecjex pacHnaH.a HenonapH3o-

BaHor Tanaca cno6oAHHm onTepeheHDem: 

da 	
(e2 	

(1 	cos2 ) do, 	 (76,5) 
2 m , 

rAje je 	yrao meby TanacoM xojH na,tta H pacyTHm TanacoM. 
PacHnar-be cneujanHo ,goeolim Ao nojaBe Hexe cHne, }cop. AjejcTeyje Ha 

tiecTmly xoja pacHna. Y TO ce mo)xe nako yejepHTH cnmjegehmm pe3oHosaamma. 

Tanac, xojH nal:La Ha tiecTmuy, ry6H y jeAHHHIH4 epemeHa npocjetiHo eneprHjy 

c W a, rAje je W — cpe,rina rycTHHa eHeprHje y H.emy, a 0 — ToTanHH etexTHEHH 

npecjex pacHnaHaa. Byilyhm Aa je Hmnync norba je,aHax xonntniHxy H.erose eHep-

rHje H 6p3HHe cBjeTnocTH, TO Tanac xojH na,ga ry6H npwrom Hmnync, xojH je 

no senw4HHH jelwax W6. C pyre cTpaHe, y cHcTemy pecCepeHuxje y xome onTe-

peheFbe spuni canto mane ocukinaumje no Trimajem cane eE, 6Hhe npeMa Tome 

H 1-berosa 6p3MHa v mana, a yxynaH tnyxc Hmnynca y pacyTOM Tanacy jeAHax, 
c Tat-mouthy Ro tinaHoea miner peAa no v/c, Hylm (y § 71 nox.a3aHo je, Aa y 
cHcTemy pecloepeHwije y 'come je v = 0, He HacTaje 3patiefbe Hmnynca oA cTpaHe 
tiecnme). Flpema Tome, cae Hmnync xojH ry6H ynap,HH Tanac „ancop6yje" tiec-

THila Roja. pacHna. Cpe,E‘H.a cHna f, xoja AjejcTeyje Ha tiecTHLIY, je,AHaxa je 
cpemboj epHjeAHocTH Hmnynca ancop6oeaHor y jeAHHH4H spemeHa. Tj. 

f = a 11/ no (76,6) 

(n o  je jegHHHLIHPI sexTop y npaelly npocTHpaFba yna,gHor Tanaca). Hanomm-bemo, 

A a je cpem-ba cHna Benpitn4Ha Apyror pea y op,Hocy Ha norbe Tanaca, KojH 

Aox je „TpeHyTHa" cHna (tH4jH je rnaBHH Akio e 	npeor peika y oAHocy Ha none. 



2 
da.= met  

e2 

t, _„2 
1/4w0 	w  

w4 

sin 2 0 d9 

2 (1 

cDopmyna (76,6) moxte 

jeAxocTx cxne Kotief-ba (74,1 
cTaje jeAxaft }lynx, xa,ria My 
jexolocT ocHosfie cxne e E).  

rsi 1. 

Apyrx tinax ,roje: 

0)• 
ce Aoarrx If 	

e furx o Hana.nce}Lem cpe,41-be spx- 

ce Hate cpeAFLa spHjeAulocT (Kao 	cpe,gFba 

 ilpsx tinax, }Miff je nponopuxouranax ca E, no- 

3PA4IEI-bE ETIEKTPOMAFFIETHI4X TATIACA 

2 e 4  E2  n 	_87r e2 	E2 

	

3  I-70T/ 	0 = 3 /Tic  • 4---7(  no , 
arro ce, npema (76,4), noKnana ca (76,6). 

3 aAa1.414 

=--  E0  cos (cut + a) rnackt: 

ocumnaTopom). peheaeld, Koje (noa yTHuajem fieKe enacTinHe cane) a1:auN 

Hana3HMO: 	 ( § 	) AHanorHo HaBo 

A 
14 B mebyco6Ho Hopmanfai BeKTopH B. 	48. 	

befir,y, Koje je HaBeAeHo y Texcry, 

6oAHHm on 

P j e ut e e. JeAHatnpia  xpeTai-ba  onTepehefba y Tana 

2. 143pagyHaTH  eiteKTHBHH 
 npecjeK pacHnal-ba niiHeapHo 

 P j e Tanaca cno- 

1. Hapa 
T 	

L
epeheryHaTH etleKTHsHH npecjeK pacHrraH.a enHnTipiHo nonapH3oBaHor 

e Fb e. Close Tanaca Hma 0611HE( E 	A cos (cot + a 

},em.  

do.  
4 ;Tni 2c3  

	

e -1 	[A X n] 2  4- [B  X  n]2  
+  t32  

cy HOIH Ha FLera naAa E 

mane ocuanaLiHje (TaK03BaHHM 

nonapa3oaaFior Tanaca onre- 

) + B sin (wt + a), rAje cy 

rAje je cuo cl)peKBeHnHja Iberomix  cno6oAHmx  octiHnankija. OAanAe }imam° 
3a npacHrifie oc 

r +  w 2
0  r =— En  cos (cut-}-  cc), 

•• 

r 	
nkinanHje e En  cos (cut  +  a) 

m (w0 — w 2) 
- 

je  yrao mehy E H n). 

cno6o,raim onTepe hmem. 
3. 0

ApeHTH cTeneH AenonapH3anaje 	§ 50) 
KoA pacHnal-ba HenonapH3osaHe cBjeTnocTH 

P j e e e. 36or cHmeTpHje otiHrneAHo je, a he o6Hje rnaBHe RomaoHeFiTe pacyTe cBjeTriocTH 6HTH nonapH3oBaHe  y  paBHH; jeAHa y paaHH KOja riporia3a Hpo3 ynaAHH H pa.c.-yTH apaK,  a pyra y y HaseAeHo 
HopmanHoj Ha °Bo]. Y3MHMO ocy Y 	j  paEHH. TaAa 3a npBy no H a 

Hana3Hmo  E 	const •• Ey cosa-, a 3a Apyry E const. E. 41,13aFbem Ha KB anp ar, Hana- E2  p2 
mce}bem cpeA}be BpkjeAtiocTil H oAHoca, 

,r4o6nsamo (n0wrO je 3a HenonapH3oBaHy cBjeTnocr 

caTH y o6nxy 

je yrao meby npasnHma ynaAHe x pacyTe cBjernocrH). 

pacHnaHv He mHjetba ce (w 	co'). Y HHBapHjaHrHom o6.nmicy Ta penannja mo)Ke ce Hana- 

Pje

ki

w e  e.  Y KoopAHHaTHom  cHcremy, 
 rAje HecTkina mapyje, cjppeicaeHr.ixja cB;ernocTH 

4. OAPeAlint cbpeRBeHnHjy CaleTnOCTH 
pacyre onTepeheFbem y KpeTai-by. 

p =-- cosza- 

k' u . = k 1 	e rAje je  u — 4-6p3wia onrepehei-ba. 0,gaBAe  ce  6e3 Teumoha Aonisa: 

(0 1(1 — 	cos 0) =-- w (1_ v  cos 0 ), 

do. 

AK0 0,4aBAe oApeAHmo d
,  HahHheMo 
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raja cy 0 H e l  yrnom meby npasuem xpeTai-ba 14 Tanacom xojm ynaAa H K0114 ce pacHna (v je 

6p3HHa onTepehei-ba). 
5. 1,13pa9yHaTH yraoHy pacnoajeny pacHnaH.a nimeapHo nonapH3oaaHor Tanaca onTe-

peheR,em, Kole ce xpehe 6p3HHom v y npaBuy npocmpaH,,a Tanaca. 
P j e ul e H. e. HHTeH3HTeT pacHnat-ba oapellyje ce t opmynom (72,7), y xojoj y6p3aH.e 

Liecmue w Tpe6a H3pa3HTH nomohy norba E H H Tanaca RojH ynaaa, a npeMa topmyrim, Koja je 

Ac6HBeHa y 3aaa-rxy y3 § 15, npHTOM Tpe6a HmaTH y BH,[ty, Aa .je v HopmanHo H Ha E H Ha H. 

J:IHjerbei-bem HHTeH3HTeTa dl Poynting-oBrim aexTopom Tanaca xojm naAa, Hanammo c.nHjeAehH 

H3pa3 3a et ex -rHaHH npecjeK pacHriaH.a: 

, 	2 

(i — 
v 

--ic  )(l — 
V
7) 	 2 	v2 

do 
= ( 

e2  )2 	  

m c2 	v 	
6 [( — --- 	 c- vc  sin 9 cos cp) — (1 — =) cost 0 I , 

(1 — —c  sin 0 cos (p) 

raja cy 0 H (p nonapHH yrao H a3HmyT TI
P 
 aena ri y oltHocy Ha KOOpAHHaTHH cHcTem ca ocom Z 

ay>IC aex -ropa E H oCOM X gyHt v [cos (IL E) = cos 0; cos (n, v) =-- sin 9 cos (p]. 

6. OA . ea,HTH xpeTaH.e onTepehei-ba nott ymuajem cpealbe cline, xojom Ha Hera ,njejcTayje 

onTepehei-bem pacym Tanac. 
P j e Lu e H, e. CHna (76,6), a oHaa H 6p3HHa nocmaTpaHor xpeTaH.,a, opHjeHTHcaHH cy 

y npaauy npocmpaEba ynaaHor Tanaca (oca X). Y nomohHom cHcTemy petepeHuHje K0 , y icome 

on -repel-lei-be mHpyje (HanomPubemo, Aa je pHjeg o cpeaH,oj spHjenHocTH nepHoAa manHx °mama-

ullja), cHna Koja Ha Hera AjejcTsyje 143HOCH npema (76,6) a W0, a y6p3aH.e, xi* Ao6mje no,a 

ymnajem cline, 6Hhe: 

1 	dv Wd 1— c  

( 	v2 )2/2 dt 	m 
1— 	 1 +-- 

v 

PIHTerpkipaEbem oae je.rwaiiHHe Au6msa ce: 

  

vv 
— 2 — — 
c 	c 	2 

v 	v 	S 
1— -- 1 — — c 	c 

Wd  t - 
m 

 

    

dx 
tlHMe ce HmnnHuHTHo onpehyje 6p3HHa v = dt- 

Ka° cj7yHKuHja oa apemeHa (RoHcratiTa HHTe- 

rpmpafba y3eTa je -ran, aa je 3a t = 0 6p3HHa v = 0). 

7. OapeaHTH cpeal-by cHny, Koja ajejcTayje Ha onTepeheH,e, xoje ce Kpehe y enexTpo- 
marHeTHom norby, lc* je cynepno3HuHja Tanaca ca CBHM moryhHm, morponHo pacnopebeHHm 

npaaumma pacnpoc.mpaH,a. 
P j e w e w e. Harmummo jea,Haqime xpeTaH.a orrrepehekba y 4eraopogHmeH3HoHanHom o6nicy 

du, 
ds= I • 

3a oapel3Hame 4-aex -ropa fi , Hanompubemo, Aa y cmc-remy petepeHuHje, y }come onTepeheibe 

y AaTom momeirry mHpyje, xana nocrojH caera jeaaH Tanac, KOIH ce npocmpe y onpebeHom 

npaBuy (peuxmo, Ayx( oce X), jeAHatmHa xpeTaH.a je (v, = v): 

dv 
m dt= oW 

 

a 
wo = m Wo 

(HHaexc Hyna o,aHocH ce Ha cHcTem etepeHuHje K0). Y6p3ai-Le W H rycTHHa eHeprHje W 

Tanaca y nonaKtom cHcTemy petepeHuHje K (y Rome ce orrepeheHe Kpehe 6p3HHoM v), Be3aHH 

cy ca Iv 0  H W0  topmynom, Koja je ,ao6HaeHa y 3aAarxy § 7 H topmynom (46,12). nOUITO ce o6aBH 

Ta TpaHctopmaumja, Ao6HBa ce: 



	

cc  =-  8/z 	e2   ) 2 	w4  

	

3 	in  c2 	( 	_ (i.,2)2 + co  2 72 
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(3FlaK cpe,aibe epHjeuocrit cTanHo mocTaerbamo). To 3Ha9ili, Aa X- Kommeeera Bein- opa ft  mopa 

npehH y —c  o. Taney ocoatHy Hma 4-Bex -rop — 
c 
—
a 

 Tik u k
, 

rAje je Tik  TeH3op eHeprHje-HMnynca 

ranaca, a uk  4-6p3HHa onrep3heH.a. 4arbe, f i - mopa 3a,goeon.aearH ycnoe f i ui  = 0, LLITO ce 
Mo)Ke nocmhH AokaeaH.em HanHcaFom Hapasy 4-Beicropa o6nuno. au i , rnje je a cxanap. 
0Apeliyjyhm cc Ha oAroHapalyhm [yn. H3Eobelbe cbopmyne (74,13)], Ao6Heamo: - 

du. 
MC 

ds 
= — —

a 
 (Tik 	ui  uk  ut  TO. 

c 

Y enexrpomarHerHom non.) ,  H3orponHor 3pa4eHDa 36or cHMeTpHje Hecraje Poynting-onor 
eexTopa, a reH3op HanoHa T ec3  mopa HmarH o6nmx const. S afi. Hanommbyhm Taxobe, Aa mopa 

611TH= 0, Hanammo 3a xomnoHewre Tik : 

= 3 	Tat = 0' T41 — --- W. 

aamjerb yj y hx oee H3pa3e y (1) Ao6Heamo 3a cHny, xoja Ajejcreyje Ha onTepeheFbe: 

	

d my 	4 Wo 

	

dt 	v 

c2 

 a 	3 c 	v2 )  

	

— 	 1 — - 

Oea. cHna Ajejc -reyje y cMjepy, xojH je cynporaH xperaHv on-repehebba, Tj. xperai-be 
onrepehefba ce K0914. Hanompubemo, ,Aa je 3a v « C cHna KoHeFba. nponopuHoHanHa 6p3HHH 

onTepehea,a: 
dv 	4 Wo 

m — 	 dt 	3 c  v. 

8. 0ApeAwn4 ectexTHeHH npecjex pacHnal-ba nHHeapHo nonapH3oBaHor Tanaca ocuHna-
TOpoM, y3eBWH y o63Hp H xoHeEbe 3paLien.em. 

P j e w e Fb e. JeAeammey Kpei alba onTepeheiba y ranacj KOJH naAa, nimemo y o6nHxy: 

	

e_ i,t 	2 e 2 

	

wo  r 	E e   r. 
m 	3 m Gs 

• 36or 	mowe ce npH6nmxHo craeHrm r = — w 2  r. TaAa Ac6meamo: 

• •  , 	• 	2 	e 
 r  y r wo  r = Eoe—  twt, 

2 e2 	2 uje je y = 3 	m c3  w0 . 0Aaexte Hanammo: 

iwt 

	

e 	e 
r 	E0 	2  

w — w2  — iwy 0 
EtleKTNEIHI4 npecjex je: 

( 1 ) 

§ 77. Pactinalbe Tanaca ca manful cDpeKsemAlljama 

PacHnaibe enexTpomarHeTxmx Tanaca cncTemom onTepehe}ba paannxyje ce 
o,a pacnnaffia je,r-imm (Henoxpem4m) onTepeheibeM npzje csera no Tome, LIITO 

aaxaarbyjyhm nocToial-by concTBeHor mpeTaa,a onTepeheFba y cHcTeMy, cbpexBeH- 
pacyTor apameiba mcme 6tiTM paanntn4Ta o,4 cbpetcseHunje Tanaca Kojm 

ynaAa. HaMMe, y cnexTpanHo paanaraFbe pacyTor apaHeFba Tun, .fianopeAo ca 
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clopexBefutHjom c0 Tanaca KojH naAa, TaKobe H cicipeKraeHqHje o6nHita 	± 
(0 

(rAje _ 
E cu /1 Lr,o,je cy (0(/)  OCHOBHe ckpeKseHilkije ycnOBHO  -  nepPio,uxqmor xpeTaFba 

mecTifila y ckicTemy, a fl (I) nponaBon,,Hm Luijenki 6pojeBH (B. Han. Ha cTp. 116)j-
FacHnal-be ca npoMjeHOM ItpeKBeHLtHje Ha3HBa ce HeKoxepeHTHo (md Kom6HHa -

uHoHo), HacynpoT KoxepeHTHoM pacHnal-by 6e3 npomjeHe cppexaeHuje. 

AKO npeTnocTaBmmo, Aa  je  nome Tan aca KOjH naAa cna6o, mowemo rycTHHy 

cTpyje npeTcTaBHTH y o6rIHKY 	jo 	j', rAje je j o  rycmHa cTpyje, KaAa cno- 

Tbaumse none He nocTojH, a 	je  npomjeHa cTpyje no,g yTmlajem Tan aca KojH 

naAa. Y Be3I4 ca THM, Bewropcmm noTeHwljan (H Apyre Benntume) noma CHCTM 

TaKohe Pima o6nHK A 	 rAje ce A0  n A' 0,4pebyjy nomohy cTpyja 

j o  H 	OmpirneAmo je, Aa A' npeTcTaarba Tanac, KojH cI4cTeM pacHna. 

Ona hello nocmaTpaTH pacHnaR,e Tanaca, KoA Kora je clwexBeHLIHja w 
mana y oxtHocy Ha cse concTBeHe cl)peKBeHuHje cHcTema. PacHnan,e he ce 

cacTojaTH, KaKo 1•3 xoxepeHTHOr TaKO 14 143 HeKoxepeHTHor Amjena, anH owlje 

hello nocmaTpaTH canto KoxepeHTHo pacHnaH.e. 
3a H3patiyHaBaH.e narba pacyTor Tanaca npm A0B0.11D140 manoj (1)peKseH4H-

jH co, yEsHjeK ce mmemo nocny)KHTH paanaraPhem peTapAosaHmx noTemkana, 
Koje je HssplueHo y § 67 H § 70, 9ax. H OHAa, KaAa 6p3HHe Liecnilla y CHCTM 

H HHCy mane y oxwocy Ha 6p3HHy CBjeTTIOCTH. ,11oHcra, Aa 6H Hal3eAeHo 

pasnaraHze wirerpana 

1  

	

f 1' 	dV 
c 	 Ro  rn 

t - 

rn 
noTnyHo BaNcHno, noTpe6Ho je camo, ,ga BpHjeMe --- -,-, 

a
— 6y,n,e mano y 0,11Hocy Ha 

c 	c 
BpHjeme , 1/w, y ToKy Kojer ce pacno,gjena cTpyje ocjeTHo mHjelsa. 3a )1013011DH° 

, C 
JI mane (..0 ( 	

,< co \ -a:  osaj yC0B je mcnyfbeH He3aBHCHO OA Be.TIHt1 14He 6p3HHa iiecnt- 

ua y cMcTeMy. 

IMBH LinaHosH peila 

c2 1R  (  'di  X n) 	n) X nil ,  
0   

rAje cy d', K m' — OHM AjeflOBH A14110JIHOF H marHeTHor momeHTa cHcTeMa, KOjH 

HacTajy ycnmje,n, pacHnHor 3pameHDa, Koje naAa Ha cHcTem. Crafjejlehm LinaHosH 
pea ca,qp)Ke H3BoAe no upemeHy miler Hero Apyror pexta, na Hx 3aHemapyjemo. 

KomnoHeHTa Ira, cnexTpanHor pa3naraFba no.rba pacyTor Tanaca ca cl3peK- 

BeHLkom, Koja je je,aHaKa elppeKBeHmijm 3paMeHDa Koje naAa, upebyje ce TOM 

HCTOM cflopMynOM, rAje je, yMjecTo CBI4X BenHHHHa noTpe6Ho CTaBli1TH HDPIXOBe 

Fourier-oBe RomnoHewre: 

	

— to 2  d 	-- 0) 2  in w . co , 	co 

TaAa Ao6HBamo: 

(02 

c2  R0 t(riXdu) --Hn X( X 0 }. (77,1) 
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CnHjeAehHHolm pa3liaraH.a non.a, Aarm 6H tinaHoBe nponopgHoHanHe BHUIHM 

creneimma mane tpeKBeHLAHje. Alto cy 6p3HHe csHx onTepehei-ba y CHCTM mane 
(v << c), oftaa ce y (77,1) ApyrH ,inaH moxce 3aHemapHTH y ogHocy Ha npBH, jep 
marHeTHH momeHaT cagpmcH ogHoc v/c. Taga je: 

e2 R  (0 1  (nXd„). (77,2) 

AKO je 36Hp onTepeherba cHcTema je,RHam HynH, ofma 3 a w -->. 0, d. Te-

HCH KOHCTaHTHOj rpamigH (Ka,u, 36Hp onTepeheHna He 6H 6Ho je,gHax Hy1114, oftaa. 

6H sa w = 0, Tj. y KOHCTaHTHOM norby, cHcTem no'1eo xao LAjeni4Ha xta ce Kpehe). 

v 
npema ToMe, 3a mane w w <‹— , mowe ce cmaTpaTm, A a 6. H 111 1‘1, He saBHce ( 

c 
og cl)peKBeHuHje. OgaBge BHAHmo, ,ga. je Home pacyTor Tanaca nponopuHoHanHo 
xBagpaTy ciDpemBeHlwje. I-beron HHTeH3HTeT je, AaKne, nponcpqmoHanaH (0 4 . 

Ha Taj Ha44H, Kog pacHnaH.a. Tanaca mane ctipeKBeHLAHje, eckeKTHI3H1 ,1 npecjex 
pacHnaFba (coxepeHTHor) nponopt.moHanaH je geT5pTom cTeneHy cppexBeHiloje 
3patieFba Roje ynaga. 1) 

§ 78. pacHnaibe Tanaca ca Beama( clopegaemwjama 

nocmaTpajmo pacptnaFbe Tanaca cmcTemom onTepehefba noA npeTnocTamom, 

Xta je ckpemBemiHja CO Tanaca Be.TIHKa y ogHocy Ha ocHosHe concTBeHe tpeKBeHumje 

cHcTema. nomegibe Hmajy pe,q BenHLIHHe w o ,  —
a

, na w mop. HcnyfbaBaTH ycnos 

w>> 	— • a 
(78,1) 

OcHM Tara npeTnocTaBHhemo, ,rta cy 6p3HHe onTepehefba y CFICTM mane (v << c). 
npema ycnoBy (78,1), nepHog xpeTaH.a onTepehea,a y cHcTeMy Beim( je 

y o.HOCy Ha nepHo. Tanaca. iIpema ToMe, y ToK3ii HHTepBana BpemeHa pega 
nepHoLta Tanaca, Kperan,e onrepehea,a y cHcTemy moNce ce cmaTpaTH pasHomjep-
HHM. To 3Hatim, Aa Kog nocmaTpaHDa pacHnaH.a KpaTicHx Tanaca HHje 6HTHo 
y3HMaTH y o63Hp mebyco6Ho gjejcTso onTepeheFba y cHcTemy, Tj. Mory ce 

cmaTpaTH cno6ogHHm. 

Ha Taj HatiHH, xog H3pagyHaBaH.a 6p3HHe V, xojy onTepelAeH.e Ao6Hje y 
norby Tanaca KojH naga, moxcemo nocmaTpaTH csaico onTepehefbe nojegHHatiHo 
H 3a Fbera nHcaTH jegHatikffly xpeTaR,a y o6nHxy: 

	

dv' 	i ( cut — k ir) 

	

m 
 dt 	

eE eE oe 

rAje je k 1  = 	tti 	TanacHH BeKTop ynagHor Tanaca. Pa,gmyc-serrop onTepe- 
c 

herba, HapasHo, npeTcTaBlba tymunijy spemeHa. Y emcnoHeHTy excnoHeHtlmjanHor 

14cTo TO ce, yocTanom, onHocH H Ha pacHnal-be cajeTnocTH He camo Herparmim aTo-
mHma, Hero H joHmma. EnaroAapehH BenHxoj macH je3rpa, moxe ce 3aHemapuTH pacHnal-be, xoje 
HacTaje oA xperaEba joHa xao ujenHme. 
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(78,2) V' 
e 	— (0.4— kg) 

horn 
	E°e 

In 
A' --,-- (78,3) 

is  Roc° 

1 e2
e

iqr iw t- 11A 
c 

2 e iqr 
—

m 

e c 	12 	2 	1 fr  Ro do 	
g c3

(n., X Eo  ) 2 1 

	

4g 	

15 Teopuja  noka 

(78,4) 

c4aKTopa Ha kecHoj cTpaHH  Te  jeAHatime 6p3HHa npomjeHe npaor tinaHa ca 
apemeHom Benma je y okHocy  Ha  6p3HHy npoMjeHe Apyror LinaHa (npaa H3HOCH 

VO) 
to, ,I1Pyra je pea kv 	— <<  co). fIpema Tome, xo,Et HHTerpmpaH,a je,RHatimia 

xpeTaFba moxte ce Ha Emosoj gecHoj cTpaHH r cmaTpaTH Imo KOHCTaHTHO. Ta,aa je: 

3a aexTopcKH noTeHujan pacyTor Tanaca (Ha BenHithm pacTojaH,Hma o,4 cHcTe-
Ma) Ao6mBa ce npema onurroj ci3opmymi (66,2): 

A' =  1 
	 1 

 —f j' 	Ro  rn dV — 	(evi ) R o  rn 2  , 
CRo t— — 	 c Ro 	t —  ,  — 

c 	c 	 c 	c 

r,gje ce cyMa y3Hma 3a caa onTepeheFba ckIcTema; n 2  je je,AHHHLIHH BexTop y 
npantly pacHnana. 3amjeH.yjyhm osAje (78,2) Hana3HMo: 

rAje je q = k 1  — k, pasnma H3meby TanacHor BeKTopa k 1 ynakHor H TanacHor 

aeKTopa k 2  = co —n2  pacyTor Tanaca (cTporo peaum, TanacHH BeKTop k 2  = 

—n2 , r.aje ce )pettaeHuHja  co'  pacyTor Tanaca moye pa3IIHKOBaTH OA CO. Meby-
c 

THM, npomjelia okpeKBeliumje  Ku,  pacHnania npekcTaarha BenHtu4Hy peka 	Tj. y 

nocmaTpaHom cnytiajy mana  je  y o,aHocy Ha camy ttipeKseHuHjy cu, H y k 2  Ta 
npoMjeHa mo)Ke ce 3aHeMapHTH). BpHje,gHocT cyme y (78,3) mopa ce y3eTH y 

momeHTyt i —t—
o---  (Kao 06H4H0, 360r mpaTKohe H30CTallibaMO HHAeKC t' y 

rn2  
r). FlpomjeHa r 3a ajoHjeme 

 C 
 — moNce ce 3aHemapHTH 36or Tora, LLITO je npeTno-

cTaanieHo, Aa cy 6p3HHe Liecnu.la mane. 

3a norhe H' pacyTor  Tanaca  Hana3Hmo npema (66,3): 

n X  E 	 (t—  ) fir_   2 	0  e  
c  Ro  

CIDnyKC eHeprHje y enemeHTy npocTopHor yrna y npaaLly n 2  H3HOCH: 
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C 	2  
)1Hjen,,el-bem tnyKcom eHeprmje 

4
— E ° 

ynagHor Tanaca H yBobet-bem yrna me by 

npaBLIem norba E ynagHor Tanaca H npaEmem pacmnaFba, gectommiTHBHo Hanaam-

MO eteKTHBHz npecjeK pacHrtaEba y o6nmxy: 

(78,5) d6= 
e 2  e

icr 2  . 
sin -  0 ao. 

MC 4  

  

UpTa 3Ha4n4 y3mmal-be cpegi-be BpmjegHocTm no BpeMeHy, Tj. cpegHpe Bpm-
jegHocTm no KpeTaHDy onTepehei-ba y cHcTeMy. OHO ce Bpuni 36or Tora, ILITO 

ce pacznalice nocmaTpa  y  HmTepBanmma BpemeHa, Kojm cy BenHKH y ogHocy Ha 

nepmog KpeTaFba onTepeheHDa y cHcTeMy. 

3a TanacHy gy>Kmuy 3paiieFba H3 ycnoBa (78, 1) cnmjegm HejegHagmHa 

.4.<< 
C
--a. LLITo ce Tmiie penaTmBHe BenkitimHe 	H Q, moryha cy o6a rpaHmtnia 
v 

 

cny gaja 2,>> a m 	Y o6a Ta cnyt-laja onurra topmyna (78,5) 3HaTHO ce 

ynpouthaBa. 

Cne4mjanHo, KO,Ek pacmnaH.a aTOMOM ca Z eneKTpoHa 6Hhe: 

do (

Z e2)2 

 sin`'0 do, 
mc 2  

(78,7) 

Tj. pacmnaH.e je nponopumoHanHo KBagpaTy aToMcKor 6poja (i4naH, Kojm ogro- 

Bapa aTOMCKOM je3rpy mo Ace ce y cymm (78,6) 3aHeMapMTH, jep je maca je3rpa 

3HaTHo Beha og mace eneKrpoHa). 

ilpebmmo caga Ha cnyt.aj X<<a. Y KBagpaTy cyMe, Kojm ce Hana3m y 

(78,5) nopeg KsanpaTa (e 2/mc2 ) 2  mogyna cBaKor og linaHoBa Hana3e ce npoms- 

Bogm o6nHKa: 

Hog Hana)KeHDa cpegfbe Bpmje,EtHocTH no KpeTaFby onTepeheH.a, Tj. no 

XOBIAM mebyco6Hzm pacnopegmma y cHcTeMy, r 	Ao6ima BpmjegHocTm y HHTep- 

Bany pega a. KaKo je 	
1 	„, A 	a, TO je eKcnoHemumjanHm taKTop e

ig(r — r' ) 

y TOM mwrepBany 6p3o-npommjeHrbmBa nepmogmtma tymovja, H H2ema cpegfba 

BpHjegHocT jegHaKa je Hynm. 1-la Taj Hatm4H, 3a 2,..<<a ectieKTHBHz npecjeK 

pacHnaFba je: 

1 
Y cnytiajy ti >> a y m3pa3mma (78,5) je qr 	1, jep je g ,T , a r pega 

BeJIHHHHe a. 3a.mjeFbyjyhm, npema Tome, eiqr jeuHmLlom, mmamo 

)2 
=--( mc2 

sin 
 

0 do. 	 (78,6) do  

e2 	e'2 
	e

ict(r 
" mc- m, c 

(

—e2  sine e do. 
mc)  

(78,8) 
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CnewijanHo, KOA pacHnafba aTomom, Hmamo y Tom cnyLiajy: 

da =Z(—
e2 2 

sine  E do, 
mc 2  

(78,9) 

Tj. pacHnaH.e  je  nponopilHoHanHo npBom creneHy aTomcxor 6poja. Hanomm-bemo, 
,Ra ce cl3opmyne (78,8) H (78,9) He mory npHmHjeHHTH 3a mane yrnose pacm-
nafba (peAa Ala), jep y  TOM  cnyciajy q BFnue HHje Be.1114K0 14 CKCII0HeHT qr je 
maim y on,Hocy Ha jeAHHHLAy. 

3a ogpebHBaH.e eckeKTHsHor npecjeKa KoxepeHTHor pacFmaiba mopamo 
o,rwjenHTH oHaj Akio norba pacyTor Tanaca, KojH Hma clapeKeeHinljy Co. 1/13pa3 
(78,4) 3a norbe 3aBHCH oA  spemeHa nomohy cloaKTopa e—/wt a ockim Tora, 

e 
spemeHa 3aBl4C14, TaKobe,14 cyma 	

R
e 

r(t) 
. flocrbezu-ba 3aBHCHOCT 14 ,11080,1114 

Ao Tora, Lta ce y norby  pacyTor  Tanaca nopen dopeEseHuHje w Hana3e j0111 14 

Apyre (E-boj 6.ricKe) cl3peKseHLmje. Taj Al(10 norba, xojm Pima ulJpext3eHLAHjy 0), Tj. 

3al3HcH OA BpemeHa camo nomohy dpaKTopa e 1cot , otie3H,RHo ce Ao6mja, aKo ce 
e2  iqr 

y3me cpe,r±,a 13pHje,oHocr no spemeHy 3a cymy 	m e , Tj. no KpeTaFby onTe- 

peheFba. Cao6pa3Ho Tome, H3pa3 3a eol3eKTHBHH npecjeK dak o h KoxepeHTHor pa-
cHnat-ba pa3nHKyje ce or.L yKynHor npecjeKa da y Tome, 11.ITO ymjecTo cpejlibe 
spHje,gHocTH KBaApaTa moLlyna cyme y FbeMy ce Hana3H Kaa,apaT mogyna cpexube 
BpHjegHocTH cyMe: 

 

e 2  eiqr 
mc 2   

 

2 
sin= o do. 

 

di5k  0 h 

 

(78,10) 

     

Y cnyLiajy amo je ).,>>  a,  oneT mmemo 3ammjeHHTH iqr je,amHHiAom, na je: 

e2 )2 

arakoh 	—rn 	sine +9 do. 	 (78,11) 

Ynopebyjyhm OBO C LijenoKynHHm elteKTHBH14M npecjexom (78,6), BHAHMO Aa je 
digk o h = da, Tj. ilmjeno  pacHnaFbe je KoxepeHTHo. 

AKo je, naK, ).<< a,  oftga Ko,g y3Hmaiba cpeAFbe spHjeAHocTH y (78,10) 
CBH tinaHoBH cyme (Mao  6p3o npoMjeHmMae nepHo,gHtiHe c i)yHtutHje spemeHa) 
HecTajy, na je dak o h = 0. Ha Taj  Ha4H4H je y TOM cnytiajy Wijeno pacHnafbe 
HexoxepeHTHo. 

15* 
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LIECTI4gA  Y  ITABHTAIAHOHOM 110.1bY 

§ 79. rpanwragnoHo noise y HepenammicTvpigoj mexamm,u 

IlopeA enexTpomarHeTHmx norba y npmpoAH jowl nocToje H norba Apyre 

apcTe, Taxo3BaHa rpaBmTalimoHa norba mnm noma Tewe. Ta noma mmajy cruije- 

;Idly ocHoemy oco6mHy:  y  kimma ce cBa Tmjena, 6e3 o6 3Hpa Ha 1-brixoey macy 

141I14 onTepehekbe, Kpehy Ha HCTH HatHIH (HapaBHo, atm cy 110LIBTHH yciIOBH HCTH). 

Ha npHMjep, 3aKOHH cno6o,u,Hor naAalsa y norby 3emmmHe Texce HCTH cy 

3a csa. THjena, 6e3 o6 3mpa Ha FEHX0BY macy; csa oHa Ao6mBajy jeAHo Te HCTO 

y6p3aHe. 
Ta oco6kma rpaBHTaumokikix noma Aaje moryhHocT 3a ycTaHoBrbekbe 6mTHe 

aHanorkije meby xpeTakbem Tmjena y rpaBmTagmoHom norby 14 xpeTakbem Tkijena, 

xoja ce He Hana3e HH y xaxeom cnomatuH.em norby, Ho ce nocmaTpajy c TaLute 

rneAknuTa HemHepwjanHor cmcTema petepeHumje. I/1 3amcTa, y mHepumjanHom 
cmcTemy petepeHumje cno6o,AHo xpeTaIbe CBHX Tmjena Bplum ce npaBonmtikicxm 

14 pasHomjepHo, 14 aKO Cy, peummo, y nomeTHom momeHTy H.kixoBe 6p3mHe 6Hne 
jezmaxe, 6Hhe je,AHaxe 3a TTHTaBO Bpmjeme. Flpema TOMB je omeBHAHo Aa, am) ce 

TO CJI060AHO KpeTaFbe nocmaTpa y 3aA2Tom HemHepumjanHom cHcTeMy, oHAa he 

ce H y og,Hocy Ha Hera cBa Tmjena KpeTaTH Ha I4CTH Hag 14H. 

Ha Taj HatimH, oco6mHe xpeTal-ba y HemHepumjanHom clicTemy petepeHumje, 

mcTe cy Imo 14 y mHepumjanHom cmcTemy y apmcycTBy rpaBmTauktoHor norba. 
,DpyrHM pmjetimma, HemHepumjanHm cmcTem pecipepeHumje exBmBaneHTaH je Hexom 

rpaBzTauHoHom norby. Ta OKOJIHOCT Ha3mBa ce ripmHumn eKBI4BaJleHTHOCTI4 

FlocmaTpajmo, Ha rip., KpeTaHe y paBHomjepHo y6p3aHOM cmcTemy pete-
peHumje. Tmjena ma xoje mace, }cc* ce cri060AHo xpehy y TaxBom ckicTemy pe-
tepeHuHje, otieBHAHo he, y oAHocy Ha Taj ckicTem, mmaTH HCTO KOHCTaHTHO 

y6p3aH.e, Kole je jeAHaxo 14 cynpoTHo y6p3akby camor cmcTema petepeHumje. 

TaKBO je xpeTakhe y xomoreHom KOHCTaHTHOM rpa;BHTaumoHom norby, Ha npHyllep, 

y norby 3emrbmHe Texte (y mankfm H,eroBkim AjenoBmma, rAje ce norhe mowe cma-

TpaTm XOMOreHHM). Ha Taj HatimH, pasHomjepHo y6p3aHm cmcTem petepeHuoje 

examBaneHTaH je KOHCTaHTHOM xoMoreHom cnorhawkbem norby. HeuiTo OIILUT14jH 

cnyEiaj je CHCTeM peckepeHumje, KOjH ce HepasHomjepHo y6p3aHo Kpehe nocTe-

neHo H IlpaBOJI141414CKH; OH je, otieBmAHo, em3mBaneHTaH xomoreHom, anm npoMH- 

jeHrbHBOM 	norby. 
MebyTmm, HeonxoAHo je HanomeHyTH, Aa noma, ca RojHma cy exBHBaneHTHkr 

HeHHepuMjanHH ckicTemH petepeHumje, Hkicy csa CaCBHM kukeHTkp4Ha C „npaskim" 
rpaBmTaumoHmm nommma, Koja nocToje H y HkiepumjanHmm cmcTemmma. Meby H.mma, 
Hamme, nocTojM cacamm 6mTHa pa3nkixa y oAHocy Ha HmxoBe oco6mHe y 6ecHo- 
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HaHHocrH. Ha 6ecx0HaHHom pacTOjaFby o,u THjena xoja H3a3HBajy norbe, „npaBo". 
rpasHrauHoHo name yi3Hjex TexcH HynH. MebyTHm, norba, ca KojHMa cy exi3H-
BalleHTH14 HemHepumjanHm cmcTemm nocmaTpaaia y 6ecxoHa4iHocTm HanpoTms, 
HeorpaHmi4eHo ce noBehasajy, mnm, y xpajFbem cnyHajy, ocTajy KaHaHHa no Benm 

gmHz. TaKo, Ha np., ueHTpHcloyranHe cwne, xoje HacTajy y cHcTemy peoloepeHLAHje, 
xojH poTHpa, HeorpaHHHeHo ce noBehaBajy npH yllarbeFby ou oce poTauje. 
Florbe, ca xojmm je exsmsanewraH cucTem pecbepeHu,mje, xojH ce xpehe y6psaHo 

npasonmHmcxm, je,u,Haxo je y til4TaBOM npocTopy, yKlby 14141311114 Ty H 6ecRoHaHHocT. 

ca KojHMa cy examaneHTHH HeHHepujanHH cHcTemm nocmaTpaH.a , 

 HecTajy, 4Hm npebemo Ha mHepuHjanHH cHcTem. HacynpoT ToMe, „npaBa" rpa-

BHTaHoHa norba (lc* nocroje 14 y HHepumjanHom cHcremy pecloepeHumje) He 

mory ce 14CM-bp4MTH HHKaKBHM m36opom cmcTema peckepeHumje. To ce B14,II,14 He-

nocpeuHo 143 rope HaBeAeHe pa3nmxe meby ycnoBHma y 6ecxoHaHHocTH y „npasHm" 

rpasHTallHoHHm norbmma 14  y norbHma, xojFima cy exmisaneHTHH HemHepLAmjanHm 

cmcTemm; KaK0 TIOC.Tbe,L1HDH y 6eCKOHaLIHOCT 14  He Texce Hy.T1H, TO je jacHO, ;la ce 

HHKaKBHM 
H36opom cHcTema peitepeFHAHje He mory McKrby4HTM „npaBa" norba, 

Koja cy y 6ecKOHa4FHOcTM je,uHaxa HynH, 

Je,E4Ho, LUTO ce mowe nocTmilm o,groBaPalYhmm m36opom cmcTema pecPepeH-

Lmje,, TO 
cy HcxrbyHeH.a rpaBHTagHoHor norba y AaTom Amjeny npocTopa,xojH je 

OBOrbH0 
manH, Tax°, ,ua ce y Fbemy norbe moNce cmaTpaTH xomoreHmo. To ce 

mowe ypauHTH nomohy H36opa cFicTema, KOJM ce xpehe y6p3aHo, a y6p3albe 
cHcTema 6mno 614 jeu,Haxo no BenHHHHH, a cynpoTHo no npaBny y6p3aHpy, lc* 
,uo6Hje HecTFula, xoja ce Hana3H y nocmaTpaHom AHjeny non.a. 

KpeTaFbe 4CTML y rpasHTaLlHoHom *norby op,pebyje ce y Hepenan3Hc-

THIIKOj mexaHmum L agrange-osom dpymulmjom, xoja (y mHepqmjanHom cmcTemy 

pect,eperalmje) mma o6nmx 

V 
L 	

M

2

2 	
MCp, 	

(79 1) 

rAje je cp Hexa ckyHRLIFija o,u xoopu,HHaTa H BpemeHa, Koja xapaxTepHwe norbe 
}cc*. ce Ha3Fisa rpasmTallmoHm noTeHumjan 1 )• ilpema Tome jeuHaHHHe xpeTaHDa 

Hecnnle rnace 

OHe He ca,u,pme macy HH ma maxBy Apyry KOHCTaHTy, xoja xapaxTepmule 0c0- 

6mHe LiecTkme, LUTO H3pawasa OCHOBHy ocO6HHy rpaBwraiAmormix 110Jba, xoja je 

m3HeineHa Ha notiency naparpaeba, 

§ 80. rpaBwrail,lloilo none y penamBncTuTiKoj mexammu 

OcHoma oco6HHa rpaBwramoHmx norba, Aa ce y H.Hma csa THjena xpehy 

Ha 14CTI4 
HaHHH, xoja je HsnoweHa y npeTxou,Hom naparpactly, BaNcH H y pena-

TH131,1CTH4K0j MeXaHHL1H. BaxcH, Aalcne, H aHanormja meby rpamTagHomm norbHma 

14 
HeFfHepmjanHmm cHcTemHma peclJepeHuHje. Flpema ToMe, npH nporiaBaFby oco-

6HHa rpaBwrauHoHmx norba y penamsHcmHxoj mexaHmum npmpo,utio je, Taxobe, 

nohm oxt Te aHanormje. 

v =- — grad cp. 	 (79,2) 

' 1 ) KacHHje Hehe4o 14MaT14 
Emile nocna ca eneicrpomarHeTHHm noreHnHjanom, na o3Haqa-

Barbe rpasHTailHoHor no -reHmjana VICTI4M cnosom He ricoice Aosecm zto 3a6yHe. 
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Y HHepilmjanHom cHcTemy petepeHwje y Descartes-oBom Koop,AHHaTHom 
cHcTemy HHTepBan ds ce ouebyje H3 penaw1je: 

ds2  = C2dt2 — dX 2  — dy 2  — dz 2 . 

FlpH npena3y Ha ma KojH ApyrH HHepujamipi cHcTem peckepem4Hje, Tj. Ko,g Lo-
rentz-OBHX TpaHctopmaLmja, HHTepBan, Kao LLITO 3HaMO, oApKaBa HCTH 061114K. 
AnH, aKo npebemo Ha HeHHep4HjanHH cHcTem peckepeHuHje, oH,Aa ds2  BHuie Hehe 
614TH 36Hp KBaApaTa AmtepeHumjana LiCTHOH KoopAHHaTe. 

Tama, Ha np., npH npena3y Ha K000,RHHaTHH cHcTem KOjH paBHOMjepHO 
p o TH pa 

x = x' cos Qt — y' sin S2t, y = x' sin Qt y' cos Qt, z z' 

(Q je yraoHa 6p3HHa poTagHje, opHjeHTHcaHa ,cooK oce Z) HHTepBan ,Ro6HBa 
o6nHit 

de = [c2  — 22  (X '2  y' 2)1dt2  — dx/ 2  — dy — d z' 2  + 2 cS-2 y' cLe dt — 2 c Q dy'dt. 

Be3 o63Hpa no Kojem 6H ce 3aKOHy BpHjeMe TpaHctopmHpano, osaj H3pa3 He 
mo)Ke ce CBeCTH Ha 36Hp KBaApaTa Apal3epeHLAHjana HeTHpH Koop,EwHaTe. 

Ha Taj HatIPIH, y HeHHepumjanHom cHcTemy petepeHLAHje KBaApaT HHTep-
Bana je HeKa KBa,apaTHa topma onniTer o6nHKa xictiepeHuHjana IcoopAHHaTa, Tj., 
Hma o6nHK 

— ds 2  = gik dx i dxk , 	 (80,1) 

rAje cy gik  — HeKe tyHKLIHje KoopgHHaTa, Tj. flpOCTOpHHX KoopAHHaTa x 1 , x2 , X3 
H spemeHcKe KoopAHHaTe x 0 . Flpema Tome, IleTB000IIHMBH3H0Haf1H14 KoopAHHaTHH 
cHcTem X0 , x1 , x2, x3, Ka,ga ce ynoTpenbasay HeHHepqmjanHH cHcTemH petepeHuHje, 
6Hhe KpHsonHHHcKH cHcTem. Benwimie glk , Koje o,apebyjy cBa cBojcnsa reome-
TpHje y CBaKOM AaTOM KOHBOJIHHHCKOM KoopAHHaTHom cHcremy, npeTcTaBrbajy, 
Kao LUTO ce Ka)Ke, meTpHxy npocTopa-spemeHa. 

Ramo ds2  caaKaKo Hmje 36Hp xisupaTa, TO Hema cmkicna ynoTpe6.rbaBaTH 
HmarmHapHy BpemeHcKy KoopAHHaTy JC4 = iCt. PeanHy BpemeHcKy Koop,RHHaTy 
o3HatiaBahemo ca x0  (Hrm ct) 1 ). 

BenHEIHHe gik ce ,  oxieBHAHo, yBHjex mory cmaTpaTH cHmeTpH4He npema 
HHAeKcHma i H k jep ce geCIDHHHWy H3 cHmeTpHT4He topme (80,1), 
rxtje gik  H gki  yna3e nomHo)KeHe je,gHpim HCTHM npom3BoAom dx i  dxk . Y onuiTem 
cnytlajy, otieBHAHo nocTojH cBera 10 pa3HHX BenHHHHa gik  LieTHpH c je,rwaKpim H 
4.3 

2 	
C paanmqpinim HH,rtexcPima. Y HHep4HjanHom cHcTemy petepeHtiHje npH 

ynoTpe6H Descartes-oBBx npocTopHHx KoopAHHaTa X], 2 , 3 	y, Z H BpemeHa 
X0  = Ct, BenwmHe gik  cy: 

g11=g22 = g33 = , goo . — 1, grit,. 0 3a i k. 	(80,2) 

KOOpAHHaTHH cHcTem eleTB000,1114MBH3110Ha.11H14) ca THM BOHjegHOOTHMa gik , Ha- 
3mBahemo Galilei-eB cHcrem. 

Y npeTxoitHom naparpaclv n0Ka3aH0 je, Aa cy HeHHep4HjanHH cHcTemH pe-
tepeHqHje eKBHBaneHTHH Hemim norbHma cHna. Ca,ga BHAHMO, ga ce y penaTH-
BHCTHLIKOj MeXaHHI(H Ta norba xtetHHHEily Benmmama 

1 ) Cao6pa3Ho Tome, Arn,vhe, na,na je nannicnki HH,aexc Hamicam ABaniT, nopa3ymmjesahe 
ce cymHpai-be oA 0 ,no 3, a 3a riyiKH, Kao H paHHje, oA 1 ,no 3. 
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1/ICTO TO ce opHocH H Ha „npaBa" rpaskiTailHoHa norba. CBalw rpaBHTa-

1.(140H0 name HHje H14WTa Apyro, 
Hero ripomjeHa npocTopHo-spememcKe meTpHKe, 

na ce npema Tome Aeci4Hmtue 
BenHLHAHama Ta BeoMa BaMCHa ox.onHocT no-

Ka3yje, dt1a 
ce reomeTpHcKe oco6HHe npocTopa-spemeHa (meTpoKa) 

Aeolmmiluy 

43143041(14M 
nojaBama, a HHcy HenpomjeHrbmBe oco6HHe npocTopa H BpemeHa. 

TeopHja rpaBHTaw4oHxx norba, H3rpabeHa Ha OCHOBY Teopmje penaT 
14
HBE-

TeTa, Ha3mBa ce onwTa TeopHja penaTHBHTeTa. 3acHoBao jy je 
Einstein ( Re-

C1:114H14TMBHO 
jy je oloopmynHcao 1916 ron.) H mo)Kpa je Haj.rbenwa op 

CBHX ITOCTO -

jehmx 
cloH3w-mix TeopHja. 14HTepecaHTHo je HanomeHyTH, p,a jy je 

Einstein 143- 

rpapmo 1414CTO Ae,ayKTI4B141/1M 
nyTem, na je TeK KacHHje noTHpbeHa aCTpOHOMCKHM 

nocmaTpaR, Hma. 
Kao H y HepenaTHBHcTpitiKoj mexaHmum, Me  ]Y „npaBHm" rpaBHTaw4oHmm 

norbHma H 
nommma, Koja Cy eKBHBaneHTHa HeHHepujanHHm cHcTemmma pecke-

peHuje, nocTojH TeMerbHa pasnmKa. Ilex npena3y Ha HHepujanHH cHcTem pe-

ckepeHLAHje KBap.paTHa topma (80,1), Tj. BenH4n4He gik , po6HBajy ce 143 1-b1/1X0B14X 

(
Galilei-esox) BpHjepHacTH nomohy npocTe TpHHcckopmailHje Ko m opAHHaTa. Y Be3m 

ca THM, y HHeptlHjanHom cocTemy peepepeHilmje gik  omaly cacsv cnetwjanaH 

o6nHK, H TO 6a111 TaKaB, 7.1,a ce TpaH-ctopmaw4jom KcopAHHaTa mory y 14TaBOM 

e TaKaB 
npocTopy cBeCTH Ha Galilei-ese BpHjepHocTH 	1.--1HH.eHHLAa, 01

-1111TEM cny- 
j 

o6nHK cTBapHo cacsvim cnew4janaH, BOAH ce no Tome, LUTO ce y 

tlajy TpaHccbopmaujom cBera camo LieTHpH x.00pp,HHaTe He mory 
Aece -r Benwmaa 

gik  cBecTH Ha yHanpmjep, 3apaTH o6nHK. 

„Flpaso" rpaBHTauHoHo noise He MO>Ke ce enHmHHHcaTH HI4KaKBOM TpaHc-

epopmaw4jom Koopp,HHaTa. ,13,pyrkim pHjeLnima, y npMcycTBy rpaBHTaultoHor norba 

npocrop-BpHjeme je Taxa°, Aa ce Benwirme g, k , Koje Ae,c114H144uy f-beroBy meTpHKy, 

He 14017 HIIKaKBOM 
TpaHcopmaLueljom KooppmHaTa cBecTH y t-HATaBom npocTopy 

Ha HDI/IXOB Galilef-es o6nHK. TaKaB npocTop-epmjeme Haspsa ce HeeyKnHpcm4 THnH 

3aKpHarbeH 3a pa3nHKy o,rt eyKnHAcKor HEM pasHor, y Kome ce—ds 2  yBHjeK mo)Ke 

cBecTH Ha 36Hp KBappara meTHpH zHd)epeHw4jana. Y HeeyKnupcKom npocTopy He 

Ba)Ke 3aKoHz 06HHHe eyKni&EicKe reomeTpzje'). 

JepHHo LUTO 
ce rime nocTpth.H TpaHoepopmau,Pijom KooppmHaTa y HeeyKnHp, - 

 cKom npocTopy, TO je csobefbe BenHt-4Ha g ik  Ha BpHjepHocTx (80,2), Tj. enHmH -

HHca.H.e rpaBHTau,HoHor norba y ,L1,aTOM 6ecKoHa4mo manom enemeHTy „3anpemmHe" 

npocTop-BpemeHa, ROK y ocranoM npocTop-BpemeHy g,, ocTajy HeranonejcKm. I1 

3aMcTa, y 6ecKoHaHHo manom npocTopy g, k  mory ce cmaTpaTH KOHCTaHTHHM, a 

cBaKa KBappaTHa topma C KOHCTaHTHI1M KoectozgHjeHTHma mme ce cBeCTH 

36Hp KBappaTa. TaKaB KoopAHHaTHH cAcTem 3a Aa-ry TatiKy Ha3BaheMO ranHnejcKH. 

Byp,yhm p,it cy BenHqoHe gik  y paTaj TaLulz cBepeHe Ha AojaroHantim o6nHK, 

HanomPubemo, ,Lka Ha Taj HaLl 14H HMajy jepHy HeraTHBHy 14 Tpm 110314T1413He rnasHe 

BpHjepHocTH. Opaape cmijepv, Aa je p,-TepmHHaHTa g, cacTaarbeHa 143 Bell 14t114Ha 

y peanHom npocTop-BpemeHy, yBkijeK Herannma. 
r5tic 

,L(o caAa CMO roBopHnH o npocTopHwm H BpemeHcKmm KooppmHaTama
,  ocTa-

Brbajyhm no cTpaHH nHTaH.e n Tome, Ha KaKa3 ce HatHim Te KooppHHaTe mory 
y3eTz. MehyTHm, cam nojaM cHcTema pecloepemvje po6HBa y onwToj TeopHjH 

CTporo y3e3wH, 4a 6H BaNcHna eyxnktAcKa reameTpktja, HeonxoAkto je, KnkLactc 
ce ds2 

oc-ro 
mcn p- Ke 

cBeC TH 6aut Ha 3614p xeaztpara Ambepeimmjana KoopAHHa-ra, AOK y peanHom eyom np 

spemeHy 11HtepeHumjami TpHjY npoc -ropmix KoopAktnara yna3e y ds 2  ca jeIHHM, a dx 02  ca 06parHk, m 

3Hatcom (atco ce He yeoae HmerktHapHe itooptuftHaTe). HeTsopommeH3kioHanHa reome
-rpHja, Koja ce 

1lecimixmLue 
itsatipaTHom doopmom dx02—dX12— dx22—dx32, noHexaA ce Ha3m3a. nceyp,oeyxnktnHa. 

14nax, mkt oaAje Hehemo yno -rpe6rbaBaTH -raj Teprizx (Hanomktibemo, je y nceyAo-eyKnHAHom 

npoc-rop-BpemeHy 414CTO 
npocropHa, Tj. TpoAHmeH3HoHanHa reomeTpktja, HapasHo npocTo eyxnktAcica). 
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penarYiBwreTa cmPicao, K0j14  ce  pa3nHKyje oq cmHcna KOjH je HMaO y CrieLlHjanHOj 
TeopHjm. Y cnenHjanHoj TeOpHjH penamspiTeTa Kao cHcTem petepeHinije ymmarni 
CMO yKynHocT THjena, KOja  ce  Hana3e Ha HenpomjeHmHskim paCTOjaEbHMa, Tj. KOja 
mHpyjy y oxiocy Ha Apyre. MellyTHm, y OHLIITOj 'reapHjH penaTHswreTa, 
TO je HeMoryhHo. 1,1 3aHCTa, npmcycTso ma KaKsor rpaBwranHoHor norba 3HaL114, 
xao UITO CMO BH,gjenx, npomjeHy meTpHKe npocTop-BpemeHa, npH Hemy ce, cne-
npijanHo, MHjeFba H meTpkiKa cantor npocTopa, a OCHM Tora 3asHcH 14 OA spe-
meHa. TaKo Aoria3H ,go Tora, HH y KaKBOM cpicTemy THjena Koja ra cacTaB-
rbajy He mory 6HTH je,u,Ho npema Apyrom HenoKpeTHal). OLiesHAHo, ,ga ce Ha 
OCHOBy Tora HH y KaKBOM CHCTeMy THjena He mory nocmaTpaTH ca HenpoMjeH-
TbHBHM mebyco6HHm pacTojaHomma. 

Ha Taj Ha'-IHH, nOjaM 0 HenoxpeTHocTH je,gHor THjena y oxiHocy Ha Apyro 
ry614 cMHcao y onurroj Teoppijm penaTHBwreTa. Join spline, Hema cmmcna HH 
yonarre nojam ma KaKse oApeljeHe 6p3MHe penamsHor icpeTafba THjena. 

lipema Tome sa TagHo oApebmsapbe nonomcaja THjena y npocTopy y npm-
cycTsy rpaBidTainioHor norba, crporo y3eBum, Heorixo,gHo je HmaTH cHcTem o,g 
6ecKoHaHHor 6poja THjena, Koja mcnyi-E,aBajy LiwraB npocTop. Taxas cmcTem TH-
jena, 3aje,gHo ca caToimma KojH cy Be3aHH ca csaimm OA HDPix, a KojH page Ha 
Ilp0H3B0IbaH HaHHH, je cHcTem peckepeHiiHje y 01-11UTOj Teopijm penaTHspiTeTa. 

§ 81. l(puBontffineKe Koopmfaa Te 

Kao LLITO CMO su,gjenn, moA npoy ,iasalba rpasmTani4oHmx norba nojase mopamo 
o6ase3Ho nocmaTpaTm y Kpl4BOTIMHPICKIIM KoopAHHaTama. Y Be314 C THM He01X0,1:1H0 
je H3rpagHTH meTBopoumeH3HoHanHy reomeTpHjy ca 1-1p0H3BOJIHI4M KIMBOTIHH14- 
CKHM Koop,gmaTama. Tome cy HammjefbeHH §§ 80-85. 

nocmaTpajmo TpaHcokopmaugjy jegHor KoopAHHaTHor cHcTema X 0 , X 1 , .X 2 , 3 

X t  =fi(X' ° ,X",X 12 ,X' 3), 

rAje cy f' HeKe cbyHuiHje. np141114KOM TpaHctopmanuje KoopAHHaTa EbHxosH AH-
cl)epeHilmjanH TpaHcci3opmmuy ce  npema perranHjm: 

aXi 
dxi 	—thfic dx'k. 	 01. 1) 

Csaxa yKynHocT HeTkippi serippillHe Ai (i = 0, 1, 2, 3), Koje ce TpaHcci)op-
mappijom KoopAHHaTa TpaHcci)opmHpajy Kao EEHXOBH uckepeHnmjanm, Hasmsa ce 
monTpasapmjaHTHH 4 - eeKTop. Ha Taj Hat4HH KOA TpaHcckopmanHje Koop,gHHaTa je: 

A i 	
OX I  A tfr  

= 	 4"A  . 

ox'" 

KomnoHeHTe KoHTpaeapmjaHTHFix seicTopa osHatiaBahemo 14H,E/eKCOM rope (npM 
Bpxy criosa) 2). 

1) HeH36jewHocT TaxsHx Aeobopmawija BHAH ce, Ha npHmjep, H3 Tora, ILITO y HeeyxnHAHom 
npocTopy onHoc Apicmie nepHckepHje xpyra npema paatycy HHje jenHax 2 H yonwTe, mmjekba ce 
ca apemeHom. Flpema Tome, aim pacTojaHA. THjena no pa,4Hycy xpyra ocTajy HenpomjeHn.HHa, 
oHrka ce mopajy pacTojaH,,a no nepackepHjH mHjeH.aTH, H o6pHyTo. 

2) Byxtylui Ad AilckepetigHjar4 goopAHHaTa Xi  caMH cagHH.asajy xoHTpanapHjaHTHH nexTop, 
oBAje H )6y,gyhe nHcahemo HHAPKC xoopAHHaTa rope. Cam° noHexag, hello ROA noje,LtHHHx xo- 
opAHHaTa HH,4exc nHcaTH Aorbe  I1 TO  TaMO, rAje 6H 6Hno HearoAHo Aa ce nmuy rope. [Ha np. x 92 

 yMjecTo (x2)9. 

(81,2) 
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HeKa je cp Hexes cKanap. LleTHpm BenmgmHe axi  npm TpaHcc;oopmailHjm Ko- 

op):4HaTa TpaHccbopmmpajy ce npema eloopmynama 

Op 	Op ax'k 
ax'k dxj .  

➢ oje ce pasnmxyjy oA topmyna (81,2). CBaKa ygynHocT genipm Benw-H4He A i , 

Role ce TpaHc.topmagvjom KoopAmHaTa Tpalictiopmmpajy Rao H3B0AH o,4 cKanapa , 

 Ha3HBa ce KOBapHjaHTHH  4-BeKTop.  Ha Taj HaLIHH, ppm TpaHcitopmaqzjm Ko- 

opgmHaTa je: 
(81,4) 

KomnoHewre KoeapzjaHTHmx  BeKTopa  o3Ha44aeahemo HH„r_keKcom 

Y Descartes-OBOM K000,AHHaTHOM cmcTemy HeMa pa3nmKe meby KOBapPijaHTHHM 

KoHTpaeapmjaHTHHm eeKTopHma; TpauccipopmaLlHoHa npaemna (81,2) H (81,4) Ty 

cy eKeHeaneHTHa 2). 
Y Be3H ca nocTojamem  Lula  o6nkca eexTopa y K1JHBOT4HPICKHM KoopAHHa- 

Tama nocToje -rpm 06J1HKa  TeH3opa  2. pe.ia. KowrpaBapHjaHTHIA TeH3op Apyror 

pe,tta Ha3mea ce yKynHocT  16  BenvitthHa, Koje ce TpaHcckopmmpajy Kao npo-

H3B0,g KomnoHeHaTa Aeajy KorrrpaBapvijaHTHzx BeKTopa, Tj. npema 3aKoHy 

Ox"axk 
Aik 	ax,ni klaz, 	 (81,5) 

AHanorHo Aecimmuie ce moaapHjaHTHH TeH3op, xojH ce TpaHccbopmmpa npema 

topmynama 
(81,6) 

H mjealoemTH TeH30p, KOjH  ce  TpaHctopmmuie npema cloopmynama 

A i 	d ax xf 	m 
— 	 (8 1 ,7 ) 

Off axk 
CaCBHM atianorHo Aecim-imuy ce Tet-P.opm smiler peAa. Hanp. TeH30p 

KoeapmjaHraH no TpH  HH,gex.ca,  a KoHTpaeapmjaHTaH no jeztHom, TpaHcct op -

mmpa ce npema cl)opmynm : 
Ox'P  ox'r ax's a.x"z 

	

A 1.72 	 A' t  

	

iki 	Ox 1  Oxk axl ax't 	prs' 

AKO je TeH3op cHMeTpHT-IaH  HIM  aHTmcmmeTpmtiaH no ma KojeM napy HHAeKca 

(aKo je je,s,HaKe KoeapmjaHTHocTm HJIH KoHTpaeapplaHTHocTm), oH):ta TO samm H 

y ma Kojem KoopAHHaTHom cmcTemy. MebyTmm, 3a MjeLLIOBHTH TeH3op, peLU1MO 

3a Ai nojaM cmmeTpmje  Him  aHTmcHmeTpmje HeMa cmmcna, jep pa3Hmm  HHAe- 

KCHMa oAroeapajy pa3nw4HTH 3aKOHH TpaHcci3opma4Hje, na ce 3aTo npm npena3y 

1 ) Y 'sem ca THM, yoc-ranom, ,1101301BHO je HCTahH, Aa y Descartes-osHm KoopAH.Harama 

rpaxijefir Hma picTe seKropcKe  oco6HHe  1(3.0 H CB14 Apyrm BeRTOpH. Y BKB14BaJIBHTHOCT TpaHctop-

manHja (81,2) H (81,4) moNtemo  ce  topmanHo yBjepHTH Ha cnHje,aehm Ha4HH. TpaHccOpma-

UHje pasnx ,IHTHx Descartes- oBHx KoopAHHammx czcTema cy nHHeapHe Tparicepopmauje o6n u Ka 

xrk rnie  cy  tx ik  KOHCTBHTB  Koje  saAoson.anajy T3B, ycnon OpTOCOHaTIHOCTH: a ir (SRI 

ik 

(81,3) 

OX 'k  

Al ==-Ei 
A.• 

ax" axim 
A ik= ----7  	A  • 

axi dxk 

npema topmynama (81,2) H (81,4)  HMaMO  g = cctk  A s k  H A i  =  cc ki A k• MHowelbem Apyre oji THX 

jextHaxiHHa ca cc ii  H cymHpaH.em  no  HHAeKcy / Ao6Hsamo A l   v = a A. 	HCTy TaKsy TpaHccloop- 

manHjy, Kao H sa A l . 
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og, jeAHor KoopAnHaTHor cncTema Ha Apyrn, yornuTe y3esu14, mmjeHaajy oco6nHe 

cmmeTpmje. 

AKO je TeH3op, Tj. cse 1-berose KomnoHeHTe, jeAHaK Hy.1114 H y jeAHom Ko-

opAnHaTHom cncTemy, oHAa he 614TH jeAHaK HyJ1H H y CBaKOM KOOpAHHaTHOM CM-

cTemy. 36Hp Asa TeH3opa jeAHamor KO- HIM KoHTpasapkijaHTHor KapaKTepa, TeH3op 

je ncTor xapaKTepa. 
OtiesnAHo je, Aa je Flp0143B011 KomnoHeHaTa seKTopa A i  14 Bk  TeH3op 

o6nnKa A i; , a BeKTOpa A i  pi Bk — TeH3Op o6.1-i14Ka At. flponasoA, Bei(Topa A l 

 ca TeHscpom Atk je TeH3op o6nliKa A tt ic  14 T. Cll. 

Y Descartes-oBHm KOOpnHHaTaMa mo)Ke ce oA ma Koja ,u,sa seKTopa cacTa-

BHT14 cKanap—CKanapHn rip0143BOA TEX seKToca. Y Kpl4BOTIMHHCKI4M, naK, KoopAH-

HaTama He mo)Re ce cacTaswrm cKanap OA Asa KoHTpasapmjaHTHa 1411H Kosapm-

jaHTHa seKTopa. AJIH, oA KoHTpasappijaHTHor souTopa At 14 KosapnjaHTHor B 1, 
mo)Ke ce cacTaspyrn cKanap: -raj cKanap je senmgmHa At B 1 , Koja ce Ha3msa 

cKanapH14 npom3Bop, seKTopa N N B i . je Ai B 1  3ancTa cKanap, naKo ce 

ysjepliT14 nomohy TpaHccipopmaLmoHnx topmyna (81,2) 14 (8!,4). 
cDopmnpafbe cHanapHor npon3soAa ABajy seKTopa npeTcTaBrba cne1MjanaH 

cnytiaj cnojeAeher npasnna „ynpowhel-ba" TeH3opa. Alm 14MaMO TeH3op 

oHAa je 143pa3 	(cymmpaFbe no 	TeH3op 3a Asnje jeAl4H14142 HmKer peAa oA 

peAa TeH3opa !G. TaKo, Ha np., oA TeH3opa AZ mo)Ke ce topmnpaTm cmanap 

A ir I/I 3ancTa, npema (81,7) je 

	

A l
aaxi 	akin 

	

()xi oxi 	
— m 	1 	172 t. — 	, 

Tj. A je 3a14cTa nHsapmjaHTa'). CJIHHHO Tome cKanapHn cy n3pa3m A iikk, A //5  Bic 

H T. CJ1. 1/13pa3 A k ii KOBapi4jaHTHI1 je TeH3op Apyror peAa, Ak B k  — KoHTpa- 

sapHjaHTHH seKTop H r. Cn. Hanompn-Lemo, na m3pa3n, Koji ce Ao6njaly rip 

cymmpaHDy no Asa ropi-ba Pinn Asa Aol-ba MHAeKca (Ha npnmjep 	Hncy TeH- 

3op14. Y6yAyhe TaRse senntinHe HeheMo ynoTpe6rbasaT14. 

jeAnHntani TeH3op y Kp14BOTIHHHCK14M KoopAnHaTama je MjeLLIOBETI4 TeH3op 

cy KomncHeHTe 	= 0 3a i k, a 3a i = k pasHe jeAmHnum. AKo je 

A k  seK -rop, oHAa mHo:Kefbem ca (5ki  A0614samo 

	

A k 	A i ,  

Tj. crier seKTop, a TO H AoKa3yje Aa je 	TeH3cp. 

KBagpaT enemeHra AyanHe ds 2  je KsaApaTHa tyHKI.Inja AncipepeHunjana 

Tj. 

	

— 	= ,g,k dx i  dxk, 	 (81,8) 

rAje cy 	yHK14nje KoopAnHaTa. gr,k cy c14merpmt4H14 npema HHAeKcnma i n k, Tj •  

(81,9) 

FIOLLITO je r1p0143BOXI (ynpoLuheHn) oA g ik  H KoHTpasapnjaHTHor TeH3opa 

dx t  dx k  cKanap, g, k  je KOBapiljaHTHI4 TeH30p. TeH3op grik  Ha314Ba ce meTpn-

T-mn TeH3op. 

1 ) CKanap H PniaapmjaHTa cy C141-101414M14, 

ffik= gkt• 



§ 81 	 KPYIBOJIVIHMCKE KOOP,E1HHATE 
	

235 

owoBapajyhmm m36opom xoop,n,mHaTHor cHcTeMa TeH3Op gik  yamjex ce MOHC 

TpaHctopmmpaTm y ranmnejcxy cipopmy (y AaToj Tatm) 

Kao lUTO je noxa3aHo y  §  80, y peanHom eyxnm,rtHom npocTop - BpemeHy 

(0) 
g ik= 

1 

0 

0 

0 

0 

1 

0 

0 

0 	0 

0 	0 

1 	0 

0-1 , 

(81,10) 

TeH3opa A i k 14- B ik  Ha3HBajy ce mebyco6Ho HHBepCHH, axo je' 

Aik b id  ----- 

CneumjanHo, KOHTpaBaPiljaHTHVI MeTPPILIK11 TeH30p g tk  Ha3mBa ce TeH3Op, mHBep-

caH TeH3opy gik , Tj, 

giic 
gkl 

Fanmnejcxm TeH3op gnik , OtleBH,B,H0, 13W, mcTe KOMTIOHeHTe, xao H TeH3Op 

Y Descartes-0BOM (HeTBOP0,11HMeH3HOHaTIHOM) KOOPAHHBTHOM cmcTemy, Rao 

LUTO je Beh HanomeHyTo, HeMa pa3mixe meby KO- H xoHTpaBapmjaHTHmm BeKTO-

puma; Ta pa3nmxa nojaBn.yje  ce  Tex npm npena3y Ha xpmBonmHmcxe xoopAmHaTe. 

ilpema Tome, axo je ma Koja ckm3mHxa BenmHmHa y Descartes-OBOM xoop,gmHaTHom 

cmcTemy BeKTOP, omp,a ce npH npena3y Ha xpmBonmHmcxe xoopmHaTe Ta Benm-

HmHa momce npeTCraBHTH Ha  ,TABa  HaHmHa: tines y o6nmxy xoBapmjaHTHor mnm y 
o6nmxy KoHTpaBapmjaHTHor sexTopa. 06a o6nmxa juHor ucTor BexTopa o3HaLia-
Bahemo jeAHaxmm cnosom, anti ca mH,Rexcmma rove H Aorbe (A i  m Ai). 

Pax() je Hahn cl3opmyne, no KojuMa ce mopa Bp11114TH npena3 oA xoBapm-

jaHTHOF Ha xoHTpaBa.pmijaHTHm o6nmx BexTopa, H o6paTHo. flpuje cBera OT-IeBHAHO 

je, Aa cy RomnoHeHTe merpmHxor TeH3opa jeAmHe BenHquHe, xoje mory op,peAmTv 

Be3y meby KO- H KOHTpaBaplijaHTHHM xomnoHeHTama BexTopa. TpaweHe 

penaumje mopajy osecTm y Descartes-osom KO0p)111HaTHOM cmcTemy (Tj. 3a 

g, k = Oik ) AO Ai =N ' )

,II,a 6H ce xoHTpaBapmjaHTHm BeKTOp morao H3pa3HTH 

nomohy xoBapmjaHTHor, mopamo, gaxne, o,r1 xomnoHeHaTa A i  m xomnoHeHaTa' me-

Tpmincor TeH3opa CaCTaBHTH xoHTpaBapmjaHTHm BeKTOP, KOjH 6H oAroBapao nocTaB- 

rbeHom ycnoBy. Taxas je: 
Ai 	o i k A 

t:, 

H o6paTHo: A i  ------ 	Ak. 	 (81,13) 

1 ) Y OBOM H y aHanorHmm cnyHajeBHma, rnje ce npm noKa3Haaf ✓ y cnyntHmo Descartes-oaHm 

Koop,amaTHHm ciicTemom, mopa ce HmaTH y spiny, Aa ce Descartes-o3 cHcTem mme y3eTH camo 

y TOM cnyHajy, KaAa je npocTop eyKnHAHH. Y cnyHajy HeeyKniinHor npocTopa npki AoKa3mBaH,y 

Tpe6a KO0p1111HaTHH cHcTem CMaTpaTH Descartes-oeHM y naT0M deCKOHMHO manom enemeHry 3a-

npemHHe, 111TO ce ysHjeK mow.e ypanuTH § 80). CBH 143B0,414 ocTajy TaAa. PICTH H a HeeyKnHAHH 

npocTop. Y cruttanim cnymajesHma 36or KpaTicohe y6y.ayhe yBHjeK hello roBopPint o Descartes-osom 

icoopAHHaTHom cHcTeMy; an Tpe6a HMaTR y any, na ce CBH pe3ynTaTH H HCTOJ MjepH mory npH- 

MHjeHHTH H Ha HeeyKnHAHH npocTop. 
Mopa ce HanomeHyTH. Aa y peanHom npocTJp-spemeHy, axo ce y3Hmajy peanHe KoopnimaTe 

xi, — ds2  mowe ce y naT0M 6ecKoHaHHom manom enemeHTy cBecTH canto Ha rankinejcicH o6nux, v 

Kome TpH KBanpaTa Aml)epefnutjaria yna3e ca 1103HTHBHHM, a jena.H ca HeraTHBHHM :3HaKOM. MebyTHM, 

Ta OKOIIHOCT HHurra He mHjeFba y H3naraH.Hma oaor H cnHjenehHx naparpacba, jep 3a npena3 on 

ranHnejcmix KoopnmaTa Ha HeTBOpoAHmeH3HOHanxe Descartes-o9e, Tpe6a yaecTH canto yMjeCTO 

KoopAHHaTe x°, H)eH npon3BoA ca 1. 

(81,11) 

(81,12) 



ax' n ax'r ax's Oxit 
eikim= e rirst 	Oxk ,x , ax m = (81,16) 
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H 3a14CTa, y Descartes-oBom KOONIEHaTHOM cmcremy je gi k= 61k H Te ckopmyne 

Aajy Ai = Al , LLITO H mop. 6mTm 

HanommH.emo, Aa  ce  y  ranmnejcKmm KoopAmHaTama KO- H KoHTpaBapHjaHTHe 
KomnoHeHTe BeKTopa He noKnanajy y noTnyHocTm. HaMMe, A «  = Aci,A 0 = — A° . 

CBe OBO ElTO je petieHo o,AHocm ce H Ha TeH3Ope. CBaKH TeH30p y 

Descartes-oBoM KOOpAHHaTHOM cmcTemy ripm npena3y Ha KpHBORHHHCKe KOOpAH-

HaTe mowe ce npeTcTaBpiTm y HeK0.1114K0 06nmKa pa3Hor ico- H KoHTpaBapmjaHTHor 
KapaKTepa. Pa3He o6nmice HCTOI TeH3opa osHatiaBahemo HCTHM CJIOBOM ca 
pa311H4HTHM pacnopenom mHAeKca. Flpena3 meby pa3IIP1 FITHM o6nmuma TeH3opa 
Bpulpf ce cacBmm aHanorHo nocTynKy, KOjM ce Bpium KOA BeKTopa. TaKo je 

im 
Aki 	gim  Ak , A l = - - - g 11  gkin A im  HT,Ek• 

AKO je TeH30p Apyror peAa HecmmeTpmtiaH, oftna Tpe6a pa3.1114K0BaTH AZ o  A k i y 

 Tj. mjecTo, ca Kojer je AMFElyT HH,ELeKc. 

Y Descartes- OBOM KOOpAPtHaTHOM cmcTemy RBaApaT anconyTHe BpmjenHocTm 
Beicropa jenHaK je 36mpy ImanpaTa 1-berOBHX KomnoHeHaTa. OgesmAHo je, Aa je y 
HepenaTmBmcTmLiKmm KoopAmHaTama KBanpaT anconyTHe BenHHHHe BeKTopa cKanap: 

A i  A i  _--- g, k  A t  A' = gik  A i  Ak 	 (8 1 , 1 4) 

KopmcHo je HanomeHyTH, Aa HHAeKCH, no Kojmma ce spun,' cymmpafbe y 
npom3Bony TeH3opa, mmajy m3BjecHy cno6ony npemjewTaFba. Taco, Ha np.: 

Ark 	= A i.k
Bik, Aik B ik 	Ai k  B ik MTA. 

1/1E-LneKc ce y jenHOM ckaKTopy mo)Ke nonmhm non ycnosom, Aa ce HCTH TaxaB 

HH,13,eKC y Apyrom Cf1CTM (To je naKo npoBjepmTm, KopmcTehm Be3y meby KOBa-

pmjaHTEDim H KoHTpaBapmjaHTHmm KomnoHeHTama TeH3opa, Koja ce ocTBapyje 
TeH30pom g ik ) . 

Y § 6 nOTnyHO je AeckmHmcaH (y Descartes-oBmm KoopAmHaTama) jenuHH-iHH 

aHTmcmmeTpmLIHm nceynoTeH30p TpaHcckopmmpajmo ra cana npema npom3- 
130.11DHOM KIDHBOTTHHHCKOM KOOpAHHaTHOM CHCTeMy. FlpeTxonHo HanomeHmmo, na 
npema neckmHmiHjm eikrrn, moNcemo HanmcaTm 3a rip0H3B0JbH14 TeH3Op kik 

	

enrst knt krk kstktm., 	 (81,15) 

rAje je k AeTepmmHaHTa, cacTaarbeHa H3 BenHHHHa k th . H 3amcTa, nojeAmini 
tinaHoBm neTepmmHaHTe Ao6mjajy ce y3mmajyhm tieTmpm enemeHTa no jenHoj on 
cBaKe BpcTe (TaKo na je rzrOs0t) H H3 cBaKor pena (TaKo na je itk0/0///) 
H cTaBsbajyhm npen HmHX0B npom3BoA 3HaK mnm npema Tome, Aa nm je 
moryhe pen 6pojeBa penoBa npeBecTm y pen 6pojeBa BpcTa nomohy napHor mnm 
HenapHor 6poja TpaHcno3mg4ja. 

flpeMa onwTmm npaBmnmma TpaHcokopmailmja TeH3opa H nomohy (81,15) 
Ao6mBamo npM npena3y Ha KpmBonmHmcKe KoopAmHaTe: 

rnje je 

(x'°, x' 1 , x'-, x' 3 ) 
J = a  (x°, xl , x2,  x3) 



jaKO6HjaH TpaHcci)opmauje ca xoopAHHaTa xi Ha x'i. OBaj jaKo6HjaH mowe ce 

H3pa31TH nomohy ,n,eTepmmiawre g', Koja je cacTagrbeHa O,q momnoHeHaTa TeH3opa 

g';k . Y Be3H ca THM HanomHH.emo, ;IA 36or Tora iIITO je y Descartes-oBom 

Koop,culHaTHom cHcTemy gi k  = o ik , 6H1'ie npeMa TpaHcckopMa1 u1oHHM ckopmynama 

ox" Oxim 

	

7•7=  g alt o x k 	 • 

YnopebHsaH.em AeTepmkmaHaTa, moje cy caciaarbeHe 113 BenHtuma H3 06Hje 

	

-- 	1  

	

cTpaHe Te jeAHaLume, Hmamo 1 = g' J2 , Tj, v J g ; 	. MebyTHm, ,Rarbe hemo no,4 

KopHjeHom cTanHo nocaTH 	g, jep je ycTsapH y CB14M moopAHHaTama, It* ce 

op,Hoce Ha peanaH npecTop-BpHjeme, AeTepmiial- ra g HeraTHsHa (B. § 80). 

M3 (81,16) ca,aa Hana3Hmo, Aa je: 

iklm =  -g' eiklm .  

Ha Taj Ha414H, y RpHBOJIHHHCKHM moopAHHaTama aHTHcHmeTpHT-H4H je,13,14HHT-1H14 

TeH3op 4-or peAa mopa ce Aecimmca -rm Kao 

E ach?, = V —g eikim• 

1. 1oAH3aPbem HHAexca Ko,g TeH3opa r— g e i pan, name je Hahv, ,ELa je KoHTpaso.pH- - 

 jaHTHH je,1114HHIIH11 aHTHckimeTpHLIHH TeH3op 4-or pea 

1 
E iklm 	r  

— g 

Y Descartes-oBom KoopAHHaTHom cHcTeMy HHTerpan oA cKanapa no 

dS2 = de clx 1  dx 2  dx3  Taxobe je cKanap, Tj. dQ ce npH HHTerpHpaH,,y noHnua 

xao HHsapHjaHra (§ 6). FlpH npena3y Ha RpHBOTIHHHCKe moopAHHaTe enemeHaT 

1 
HHTerpmpal-ba dI2 npena3H y — 	— g' dQ'. Ha Taj Hal-114H, y KOMBOTI1/1- 

j 

HHCKHM 
KoopAHHaTama npH HHTerpupaHq no Hemel 06nacT1 4-npocTpa 	

—g ddb 

noHawa ce mao HHsapHjaHTa'). 

Cse UITO 
je Ha Kpajy § 6 pe4eHo c o63HpOM Ha enemeHTe mwrerpmpaHpa no 

xHnepnospulHHH, TIOBOLL114Hli 1/1 JII4H1,1j14, ocTaje Ha CHa314 H y KIDEB0)114HHCKI4M mo-

opAHHaTama, camo C TOM pa3nHmem, LUTO ce yHeRonHito mmjelba AeCM-11,11.114 
6ecxo- 
ja 

a.111:11,1X TeH3opa. EneMeHT 
„nospuwHe" xmnepnospuinHe cl)opmHpaH o,71 TpH 

HatiHa mana noMjepaja, KoHTpaBapHjaHTHH je aHTHcHmeTpw-m TeH3op dSiki. 1-be-

ros ,L1,yani- 4 BemTop xto6Hsa ce mHoweFbem TeHsopem V —g 	Tj. 143HOCH: 

1 
ask  1"1 	g. 

 eklmi 
6 

1) Alto je cp cKanap, oHAa ce nenwunia V — g cp, Koja je npH nwrerpnpal-by no dfl 

BapHjakaa, noHeKaA Haakina cxanapHa 
rycTniia. AHanorHO ce reeopn o BeKTopcKoj H TeHsopcitoj 

ryCTHHH 	—gA i, 	— gAik Fru. OBe BenkpliiHe A ajy Berrop 	TeH3op npH imTerp;ipal-by 

no 6ecKoHatnio manoj 4-3anpemHHH (Hinerpan SA i 	dcl no KoHaqHoj o6naCTM, yaesum 

yonune. He moNce 614TH 
sewrop, jep Cy 3aKOHH TpaHctlopmauHje uen -opa Ai 	pasEthm Ta,ucama 

oaanztuiTn). 

(81,17) 

§ 81 	 KPI4BOJINFIVICKE KOOP.LWHATE 	 237 



238 	 LlECTHIJA Y ITABI/ITALIVIOHOM 1-10,TbY 
	

M X 

AHanorHo, aKo je df lk  enemeHaT nospLumHe (ABoAmmeH3moHanHe), cPopmm-
paHe Ha ,tosa 6ecKoHatio mana nomjepaja, oHAa ce H,,eroB Ayanw4 TeH3op A e - 
cimiHmuie alnico : 

I ir 	dirm 
— df 	v —g 	lij • ik 	2 

(8 1,1 8) 

OB,Re OCTaBIloaMO o 3HaKe dS i  H dfik , Kau H paHmje, peCrleKTHBHO 3a —6  eiki ,„ dSkirn 

11 —
2

e jun, dfni , a He 3a EbmxoBe npom3BoAe ca g). flpaBHna (6,1 1) — (6,13) 

sa mebyco6Hy TpaHect3opmaLlmjy HHTerpana Ta,ga ocTajy mcTa, jep 1431/1X0B0 1,13130- 

bei-be mma ctiopmanHm KapaKTep, K0j14 HHje ise3aH C TeH30pCKHM oco6mHama °Aro-
Bapajyhmx Bern4414Ha. OA Hal4X Ham je HapogmTo noTpe6Ho CIPaBH.TIO TpaHctopma-
umje HHT erpana no xmnepnospumHz y 14HTerpan no 3anpeMHHH (Gauss-oBa 
TeopeNa), Koja ce Bpinm samjeHom 

dS1--›-d52 
a 
axi 

(81,19) 

§ 82. PacTojaiba H nturepBann BpeMeHa 

Beh cmo roBopmnm, 	y 01-11.11T0i Teopmjm penaTmBmTeTa 1436op cmcTema 
pecl)epeHuje HHje HHT.IHM orpaHmgeH. TpM npocTopHe KoopAmHaTe x', x 2 , x 3  mory 
614TH ma Koje Benmi4mHe Koje oxtpebyjy pacnope, Tmjena y npocTopy, a spemeHeKa 
KopAmHaTa /Acme ce Qape1J14BaTm caTom, K0j14 rIp0H3BOMHO paAm. HacTaje 

rulTaH,e o Tome, Ha Kojm ce HaHMH Ha OCHOBy BOHjeRHOCTI4 BenmgmHa X', x 2 , X 3 , 
x°  Mory oApeAmTm npaBa pacTojapba H mHTepBanm BpemeHa. 

On,peAmmo Hajnpmje Be3y npasor BpemeHa, Koje hemo y6yityhe o3Ha4aBaTm 
ea r, ca KoopAmHaTom x°. Y Be3m ca THM nocmaTpajmo Asa 6ecKoHatmo p 6Bnmc cis  Ka 

Aorabaja, Kojm ce A etuasajy y je,II,H0i kICTO1 Ta-1mA npoelopa. Tatra mHre an  

meby THM Aorabajmma, KaO 1.11TO 3HaMo, HHje H[4ara A pyro, Hero cdr, rAje je 

dz — mHTepBan BpemeHa (npaBor) meby o6a Aorabaja. CTaBrbajyhm dx 1  

dx3  = 0 y onunm 143pa3 	c/s2  =--gik  dxidxrc, Hanammo, AaKne, 

ds2  = 2c  dr2 = gooaxo2  
, 

0AaKne je: 

dr =—
c

1 , 	dx°; (82,1) 

14nm, yonwTe, 3a spHjeme meby ma Koja Asa A orabaja, Kojm ce ,gewaBajy Ha 
je,ELHOM HCTOM MjecTy y npocTopy 

— goo  de. 	 (82,2) I .1 .  
OBe penanmje oApebyjy 14HTepBane npaBor BpemeHa (14nm, KaKo ce jaw 

Ka)Ke, concTBeHor BpemeHa aa gaTy Ta'IKy npocTopa) y Be3m ca npomjeHom 
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RoopAzHaTe 	Y3rpeA Hanommbemo, A a je sernicizHa g oo , Rao LUTO ce B14,1U1 H3 

HaseAemix cl)opmyna, HeraTHEHa 

goo < O. 	
(82,3) 

Heonxo,rio je n0;33+114 pa3npiRy meby cmlicnom ycnosa (82,3) H cmlicnom 

ycnosa, A a -rpm rnasHe spzje,AHocTH TeH3opa g, k  mopajy 6HTH 110314T1413He, a jeAHa 

HeranisHa (cTp. 231). TeHaop gik , KOjH He 3aAosorbasa A pyrm oA THX ycnosa, 

yonurre He mowe oArosapaTH 614no RaKBom peanHom rpasHTauHoHom norby, Tj. 

merpHum peanHor npoc -rop-spemeHa. A Helicnyfbasal-be ycnosa (82,3) 3Ha4zno 

614 canto, Aa oArosapajyhH cHcrem pe,c1)epeHuHje He mory ocTsapwrii peanHa TH-

jena; 
aao ce ycnos 3a rnaBHe spuje,AHocTH npurom oHAa ce noAecHom 

TpaH4opmaLuijom RoopAHHaTa yBHjeK mowe nocTiihm, ,11,a g00  6yAe HeraTHsHo 

(Ha nvilmjep crizgHor cmc -rema HaHtui heNo y § 89 npH nocma -rpaHv poTHpajyher 

KOOOT4HaTHOF czcTema:. 
OnpeAmmo caAa enemeHaT dl npocTopHor pac -rojal-ba. Y cneumjaraioj Teo-

pHjH penaTH5H -re -ra (§ 2), dl mo)Ke ce oApebmsaTz Rao HHTepsan pi3meby Asa 

6ecKoHacilio 6ricRa Aorabaja, Rojii ce A ewasajy y 14CTOM momeHTy. YorauTe 

y3esum, TO ce y CHILLIT0j TeopHjH penaTHEHTe -ra He mowe ypaAHTH, Tj. He owe 

ce oApe,AHTH dl cTassbajyhm y ds npocTo 0 H TO 36or Tora, LUTO je y 

rpasMTauHoHom rI0J-by COTICTBeHO spHjeme y pa31-im Tac-Hcama npocTopa Ha pa3He 

Ha4HHe se3aHo C RoopAHHaTom x°. 

3a oApebosai-be dl noc -rynHmo ca,Aa Ha cnHje4ehM 1-13.4H1- . 3amlicnHmo, A a 

ce 143 A aTe Tatuce npocTora o,AauiHrbe csjeTnocHli cHrHan y Apyry TaHKy, Koja 

je Ha 6ecRoHa4mo manom pac -rojal-by oA npBe, a 33T141,4 o6paTHo HCTHM nyTem. 

OgesmAHo je, A a je npoli3so,A 6p3Hrie csjeTnocTm C 14 spemeHa, Koje je 3a TO 

Heonxo,Alio, (m3mjepelio y leAHoj HCTOj Ta4o4 ripocTOpa) jeA,Hax A soCTpyKoM 

pacTojal-by meby Trim Asjema TaLiRama. HanHullimo HH -repsan, oAsajajyhy npocTopHy 

H BpemeHcRy RoopAHHaTy: 

ds2  = gcodxadx`P 2goa dx°  cixa + goo  dko, 	(82,4) 

rAje ce noA noHosrbeHmm rpcilmm HHAemclima noApasymHjesa cymmpali..e na spli 

jeA,HocTzma 1, 2, 3. 3a Asa A orabaja, K0j14 npeTc -rasn.ajy oAna3aK H cTz3a1-be 

cmrHana H3 je,AHe TatiRe y Apyry, Rao LETO ce 3Ha, HHTepsan je jeAHax 

C-rasrbajyhm ds2  = 0, Hana3HMo 3a „spHjeme" npoc -rHpai-ba cHrHana 113 npse 

Tac-ce y Apyry 

dxV 	 (g0c,g03 — g0: goo )  p  0  dxcc dx13) } 
goo 

(y3vimamo 110314T1'IBH14 RopvjeH jeAHaciyuie ds 2  = 0). 

3a RpeTaa.e cHrHana HaTpar 1/13 A pyre Tamxe y npsy „spzjeme" dX (02 

 oApebyje ce HCTO 
TaRsom topmynom, rAje caAa Tpe6a npomHjel-HiTz 3HaR CBHx dx«, -rj 

dXT = —
1 	

dxcc — V (goc, g — 	 go) dxa dx }. 

goo 

Ha Taj Ha4HH, mHTepsan „spemeHa" meby oAaluHrbal-bem 	spahaliDem cHrHana 

y Ty HcTy TaLuy jeAHaK je 

2 	, 	  
dxV-F d x( 20) 	a gop gct 3 go) dxcc dxi3  . 

800 
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0,groBapajyhm PniTepsan npasor BpemeHa oilas,ge ce ,I1o6HE3a npema (79,1) 

—g  mHoa 	 oeFbem ca 	°, a pacTojaHDe dl meby o6je TatiKe join mHoNcelbem ca 

—. 3a pe33/11TaT Ao6H3amo: 
2 

d12  •-----(gap— g"- ")dxa dx13  . 
g00 

OBO je Tpa)KeHH H3pa3, KojH oApebyje pacTojaHne nomohy enemeHaTa 
npocTopmc Koop,rmaTa. FlpenHanimo ra y 06nHxy 

d12  = ra3 dxa d.rP 	 (82,5) 

r.aje je 

rap 	gap 	goct goF 	 (82,6) 
goo 

TpoLmmeH3PfoRanHH meTpHi-noi TeH3op, KOjH zertimunue meTpHxy, Tj. reomeTpHcice 
oco6HHe npocTopa 1 ). PenaWijoM (82,6) ycnocTaarba ce se3a meby meTpHicom 
peanHor npocTopa H meTpmom tieTsop0AmmeH3HoHanHor npocTop-BpemeHa 2). 

HnaK je Heonxo,n,Ho ynamTHTH, Aa, yonuiTe y3esum„.9. - 1 k  3amice OIj l o , TaKO, 

,Eta ce H npocTopHa meTpma (82,5) BpemeHom MHje}ba. H3 Tor pa3nora HeMa 
cMHcna HHTerpmpaTH dl; Taxas HHTerpan 3asHcHo 6H o,71 Tora, n0 KaKB0j 6H ce 

CBjeTCK0j JIHHHjH y3eo meby ,4314jema 3a,13,a.THM Tagxama y npocTopy. Ha Taj HaLIHH, 

y onwToj TeopHjH penaTzEwrreTa Hema cmptcna nojaM o onpebeHom pacrojal-by 

1) HanommFBemo JZa je Y a k TeH3op, KOjH je mmBepcam KomTpaBapmjamTmom TpoAmmem3mo-

manmom TemBopy ga fi . H 3aIcra, H3 gik 	= / mmamo manoce: 

geogi3),+ gao goy . 5;`, gaflgigo 	gao 	= 0. 

0,apebyjyhm gao H3 Apyre je olmagmme H yBpurraBam.em y Tipsy, ,1106Hsamo gal,  7a8  = SY , InTO je 

1,1 Tpe6ano Aoica3ant. 

Hanomemmmo, TaKobe, Aa cy AerepmmmamTe g H 7, Koje Cy cacTaBmeme pecnex.Tmamc c.rt 
menwilima gtk  H 70, mebyco6mo Be3aHe penaumjom g = g007. 

2) KBaApaTma ckopma (82,5), OgeBHAHO Mopa 6HTH 6HTHO 110311THBHa. 36or Tora HDeHY1 Koe-

tHHHjeHTH mopajy, Ka0 111TO je 1103HaT0 H3 Teopmje ckopmm, 3KA0130163.BaTH ycnoBe: 

  

^/u. 7'12 Yia 

Y21 Y22 Y23 

,'31 Y32 Y39 

 

Yu Y12 

Y21 Y22 

> 0, > 0. 

  

    

AKO m3pa3Hmo yik
nomohy guy  maim mabemo Aa TH ycnosm Ao6xBajy o6nmx. : 

  

g00 g01 g02 

g10 g11 g12 

g20 g21 g22 

 

goo g01 

g10 g11 

< 0, <0, g<0. 

   

    

Komnomewre meTpkmor TemBopa mopajy BaAoBorBaBaTm ose ycnose, 3ajeaHo ca ycnomma (87,3)„ 
y cBaKom cmcTemy pecbepemumje, Kojm ce Moe ocTsapprrm nomohy peanmmx Tmjena. 
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Meby THjemima, a Bawm camo 3a 6ecxoHaLiHo mana pacTojaH.a. .1ertmHm cnytiaj, 
RaAa ce pacTojaH.e mowe oApexim -rm H y xoHatiHmm no,gpripima npocTopa, 

npeTc -ramajy TaxBH cmcTemH petepeHumje, y xojpima 	He 3aBmce o,11 BpemeHa, 

H 3aT0 HH -rerpan $dl Ayw npocTopHe xpP3e mma upebeHm cmvicao. 

FlpebHmo ca.ga Ha Ae(HHHIlmjy nojMa jegHospemeHocTm y onurroj TeopHjH 
penaTHBHTeTa. gpyrmm pmjetimma, o6jacHHMo nm -rabe 0 moryhHocTHma cpmxpo-

Hmsaumje caToBa, xojH ce Hana3e y pa3Hmm Tatimama npocTopa, Tj. ,EtoBobeH.a 

r,o carnacHocTH noxa3mBaH=ia THX caToBa. 

Heim ce H3 Hexe Tatme B oAauipme cHrHan y TaLmy A, xoja je Ha 6ec-

xoHa4Ho manom pacTojaHay olt npBe Tagxe, a 3aTHM ()Amax HaTpar H3 A y B. 
„BpHjeme" npocTmpaH.a cHrHana H3 B yAH H3 A y B jeAHaxo je, pecnexTmBHo, 

rope oApebeHmm dxq )  H dX(0) , rAje ce pacTojaH.e paLlyHa oA A npema B. Aim 

je x 0  momeHaT cTiisaH.a cHrHana y A, oi-ma je momeHaT oAaLummam,a Tor cHr- 

Hana H3 B : — 	, a momeHT nospaTxa y 	x° 	dx (4)  OtieBHAHo je, Aa 

Tpe6a y3eTH noxa3mBaH9e caTa y B jeAHospemeHo ca Aoriacicom cHrHana y A, 
a OHO je Ha cpexuAHH meby MOMeHTOM oAalum.rbaHDa H MOMeHTOM noBpaTxa. CHr- 
Hana. ,EpyrHM pmjettama, ca HexHm MOMeHTOM x° y Talo,' A mcTospemeH je mo- 

meHar X° 	
dx(0)—dx(0) y TatIKH B. llomohy rope HaBeAeHmx 143- 

2 

pa3a 3a dx (01)  H dA )  mowe ce, ,u,axne, pa3nHKa BpmjeAHocTH „BpeMeHa" x°  3a 

ABa mcToapemeHa Aorabaja, xojpt ce AeLuaBajy y 6ecRoHatnio 6n1-icxmm Tatixama, 

npeTcTaaHTm y o6npcy 

groadx a  
=  	 • 

g°° 
(82,7) 

OBa penauHja Aaje moryhHocT,kga ce caToBm cmHxpoHH3mpajy y ma xojoj 5ecxo-
Ha4io manoj 3anpemmHm npocTopa. Am) ce cnpitipia cmHxpoHm3aumja npoAywpf 

- .4arbe H3a Tagxe B, oH,Ra ce CaTOBH mory cmHxpoHm3HpaTm, Tj. oApe,gmTH HCTO-

Bpemexocr Aorabaja Ay)K ma xoje npumje (Koja HHje 3a -reopeHa). 

AnH, am() noxywamo Ao6HTH cmHxpoHm3auHjy caToBa. Ay) Hexe 3aTBOpeHe 

RoHType, TO ce mowe noxasaTH xao HeMoryhe. 14 3apicTa, o6pfnaweH.em Ayw 
xoHType H BpahaH.em y nona3Hy Tat-my, Ao6Pinm 6mcmo 3a X° , y3eBun4 yorunTe, 

BpmjeAHocT xoja Hmje jeAHaxa HyJ1H. THm mule noxa3yje ce Ica° HeMoryha CHH-

xpoxpi3awija caToBa y mjenoxynHom npocTopy. gpyrPim pmjegmma, y- OrIUJTOj Teo-
pHjH penaTHBHTeTa mcToBpemeHocT Aorahaja He camo LLITO HMa pammtimTH cmmcao 

y pa3Hpim cmcTemmma petepeHumje Mao y cneuHjanHoj Teopmjm penaTHBHTeTa, 
Hero yonurre He mowe 6HTH ycTaHoBrbeHa HH yHyTap jeAHor Te HCTOT cmcTema 

petepeHumje. Je,T1HHH cnytiaj, maxta ce cpixpoHH3agmja noxa3yje Mao moryhHa, 

jecy TaKBH cHcTemH peckepeHuHje, y xojmma Cy BenmgmHe go, je,rmaxe Hynm (HnH 

ce mory CBeCTH Ha Hyny oAroBapajyhmm H35opom xoop,AmHaTe x°). 

Haj3a,a, aim nocmaTpamo Hm -repsan concTBeHor BpemeHa meby ABa. Aorabaja 

xojH ce AeLuaBaly y Hexoj Tatum npocTopa, H HHTepBan BpemeHa meby PICTO-

spemelimm Aorabajpima Ha Apyrom MjecTy npocTopa, 0H,4a, yornuTe y3eBLLIH, TH 

HHTepBanm Hehe 6HTH mebyco6Ho je,rmiaxm. gpyrmm pmjetimma, npaBo BpHjeme Tette 

Ha pa3.rmigHTH Hativni y pa3HI4M Tatixama npocTopa. MebyTmm, xaxo y oTcycTBy 
rpaBwraumoHor non.a paLk LiacoeHma samptcH camo OA H36opa cmcTema petepeH-
umje, OH je y onurroj TeopHjH penaTmewreTa pa3np4Hr y pasHmm Tatwama 

npocTopa, gait H y jeAHom Te mcTom cmcTemy pecbepeHumje. 

16 
Teopxja nwba 
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§ 83. NoBapnjaHnio AutDepenumpatbe 

Y Descartes-013mm KoopAHHaTama l) ,gHtepeHLIHjanH dA i  BeKTopa A i  catim-

OA i  
FE) aBajy BeKTop, a H3BoAH --(-)---kt  KomnoHeHaTa no KoopAHHaTama caLuu-baBajy TeH3op. 

Y KpHBOJ1HHHCKHM Koop,rwHaTama TO He swim; dAi HHje BeKTop, a TaKobe HH 

aAt 
Hmje TeH3op. To je y Be3H C 4H1-beHmum, LIITO je dfi i  pasnma BeKTopa, 

aX" 
KojH ce Hana3e y pa3HHM (Koje cy 6ecKoHaLiHo 6nH3y) TatiKama npocTopa. A y 
pa3HHm TatiKama npocTopa BeKTopm ce TpaHctopmHpajy pa3nH4HTo, nowTo cy 
Koec1jl4LHjeHTM y TpaHccloopmailHoHmm $opmynama (81,2), (81,4) tyHKLAHje Ko-

opAHHaTa. 
Y OBO ce mo)Ke nalco yBjepHTH 1.1 nHpeKTHO. 36or Tora hemp oxtpeAHTH 

TpaHcckopmauoHe Cpopmyne 3a AHckepeHLIHjane y KPHBOTIHHHCKHM KoopAHHa- 

Tama. KoBapHjaHTHH BeKTop TpaHctopmHuie ce npema topmynama: 

oXk 

O Ai 	
. 

-= 	k) 
x'/  

axk 	, axk 	ax k 	, 	, 62x k 

	

dA i 	dAk Akd 	 dAk 	4k 	, 	. 

	

1 	axl 	ax'l 	axi 	axix 1  

Ha Taj HatiHH, dA i  yonurre ce He TpaHctopmHpa Kao BeKTop (HapaBHo, 

HCTO TO OAHOCH ce H Ha AmckepeHuHjane KOHTPBBBPHIS.HTHHX BeKTopa). CaMO y 
o2x k 

KaAa Cy  APYr14 143B° A 14  ifii-TR71=- 	
Tj. Ka,qa cy xlc nktHeapHe ckymulmje 

o,q 	TpaHctopmagHoHe topmyne Hmajy o6nmc: ,  

k 
dAi =

x
. dA k ,  

Tj. dA i  ce TpaHctopmHpa Keo BeKTOp. 

Calka hemo AecimipicaTm TeH3op, KojH y KpHBOTIHHHCKHM Koop,umHaTama Hrpa 

	

dA i 
 ynory TeH3opa 	y Descartes-omm KoopAHHaTama. ,spy rktm pHjetiHma, mopamo 

TpaHctopmkicaTH iv- H3 Descartes-oskix y KpliBonkauicKe KoopAHHaTe. 

,L(a. 6H ce y KpABonHHHcKHm KoopAHHaTama )3,06H0 AmtepeHilkijan BeKTopa, 

KojH je TaKobe BeKTop, Tpe6a Aa ce o6a BeKTopa, KojH ce me1jyco6Ho ousHmajy 

Hana3e y je,aHoj -ratiKH npocTopa. ,EApyrHm pHjeqHma, Tpe6a Ha HeKH HaLLHH „npe-

mjecnme je,aaH og, Asa 6ecKoHa 4iHo 6.rniciaix selcropa y Tatncy, rAje ce Hana314 

APYrkl, nocrimje era Tpe6a oApextHTH pa3nHKy o6a BeKTopa, KojH ce ca,aa op,Hoce 
Ha HcTy TaqKy npocTopa. Calla onepauHja nomjepaa,a mopa ce npvi TOM ogpe-

gmTH Ha Taj HaqHH, ,u,a ce y Descartes OBHM Koop,AHHaTama Tpa)KeHa pa3nHKa 

noKnana c o6w-n-ipim AmcipepeHumjanom dA i . nOUITO je dA i  npocTo pasnpma KOM-

noHeHaTa ABajy BeKTopa, KojH cy mebyco6Ho 6ecKOHat4HO 6nm3y, To 3Hat414, Aa 

ce nocrnAje onepa4Hje nomjepalba yno -rpe6om Descartes-0 ,314x KoopmHara, 

1 ) A Taxoba y npamm Kocoyrnvn4; yonurre yRmjeK, KaAa cy Benvp-naHe gik  KOHCTaHTHe. 

npema Tome je: 
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noHeHTe Bel(Topa He mopajy H3MHjeHHTH. A.1114 TO nomjepaFbe HHje H14111Ta Apyro 

Hero npemjeurraHDe BeKTopa napanenHo camom ce6E. flpH napanenHom noMjepa}by 
BeKTopa FberoBe KomnoHewre y Descartes-oBmm KoopmHaTama He mmjelbajy ce. 1 ) 

AJIH aK0 ce ynoTpmje6e Kp14130.T1H4ICKe KoopAHHaTe, ofma ce TaKBIIM nomjepaFbem 

KomnoHeHTe BeKTopa yormuTe mmjeFbajy. flpeMa Tome, y KpHBOIIHHHCKPIM KOOPRH -

Harama pa3nmKa KomnoHeHaTa o6a BeKTopa nocnmje noMjepal-ba jeAHor OA FbMX 

y Taqicy r,gje ce Hana3H Apyrm, Hehe ce noKnanaTm c HDHX0BOM pa3nmKom npMje 

noMjepafba, Tj. C AmciDepeHujanom dA t . 

Ha Taj HattHH, npm ynopebeH.y Asajy BeKTopa, Kojm cy mebyco6Ho 6ecKo-

HaHHo 6nm3y, mopamo jegaH o,g FIDHX napanenHo nomjepmTm y TaHKy, rgje ce 

Apyrm. FlocmaTpajmo ma K0j1,1 KoHTpaBapmjaHTHm BeKTop. AKO FberoBa spm-

jegHocT y Tat-1KM C Koop,gmHaTama X 1  H3HOCH- Ai, oFula y cycje,gHoj TaHKH X i  + dx 
E3HOCH A l  + dAl. 1/13Bpiummo 6ecKoHaHHo any TpaHcnaLimjy BeKTopa At y Tar{Ky 

xi+dxj. FlpomjeHy BeKTopa o3Ha4mhemo npmTom ca 6Ai. Tam pa3nmKa. DA 1  
meby o6a BeKTopa, KOjH ce Ca,qa Hana3e y jeAHoj TatiKH, 143HOCH: 

	

DA 1 = dAi —6Ai. 	 (83,1) 

FlpomjeHa Mi KomnoHeHaTa BeKTopa npm 6ecKoHa4Ho manoj napanenHoj 
-TpaHcnaumjm 3aBHCH OA Beniv.imue cammx KomnoHeHaTa, rxtje Ta 3aBHCHOCT otie-

Bm,gHo mopa 6HTH nMHeapHa. To Henocpe,gHo crgje,gm M3 Tora, LLITO ce 36Hp 

ABajy BeKTopa mopa TpaHcckopmmpaTm no HCTOM saKoHy, no Kome H CBaKH OA 

IlDHX. Ha Taj HaHmH 6iii pima o6nmK 

	

OA 1 = — r ik1 Ak dx!, 	 (83,2) 
4 

r,ELje cy F iki —HeKe cPyFnalmje OA KoopAmHaTa. F ik, 3asiAce HapasHo oA KoopAmHaT- 

nor cmcTema; y Descartes-oBom 2) KOOpAHHaTHOM cmcTemy je rkl= 0. 

Beh ce o,gaB,Eke smAm, ,ga BenmgmHe rk, He catimbaBajy TeH3op, jep TeH3Op, 

KOjH je je,rmaK Hynes y je,gHom Koop,gmHaTHom cmcTemy, je,gHaK je Hynes H y cHaKom 

Apyrom cmcTemy. HapasHo, y HeeyKnmAcKom npocTopy HliKaKBHM m36opom Koopfkm- 

HaTa ce He moxce g06mTm, Aa cBe 	6y,gy je,gHaKe Hynes y 414TaBOM npocToPY• 
Moae ce camo y3eTM TaKaB KOOpAHHaTHH cmcTem 	Descartes-oB 3a iiaTy 

Tatcy, — y Kome F lu  nocTajy je,gHaKe Hynes y ,gaTom 6ecKoHa4Hom manom  AH- 

jeny 3 ). BenmgmHe F lu  Ha3MBajy ce Christoffel-oBH cmm6onm. OCHM BenmgmHa 
KacHmje hello ynoTpe6rbaBaTm, TaKobe, H Benmtm4He 	Koje ce AectimHminy Ha 

cnmje,gehm HaHHH: 

ri,k1 =  gim Fic7 • 	 (83,3) 

1) Hanompnbemo, Ra y cnyvajy BeeyKnKaBor npocTopa 3a cBe AoKa3e H ,Eteckmmumje, yMjecTo 

Descartes- oBor Koop,LmErailior cHcTema, Tpe6a y3eTkt Descartes-oB (WM Ta'iHHje, ranBnejcKH) 

Koopputamm CHCTM 3a AaTI4 6ecKoHa4mo maim RHO. 

2) A HCTO TaKO H y ma Kome npaBom Kocoyrnom. 

3) KacHHje hello BH)ljeTH (§ 84), Race 	143paKcaBajy nomohy npakix 143BoAa OA merptiLt- 

KOr TeH3Opa gik . Moxce ce Aoica3aTH moryhTiocr H36opa TaKBor KoopurHanior cgcTema, y Kome 

cy, y ,g,aTcj Ta ,  um, cam npsz 03som 0,K 	a npema TOMB H r iko  jeB,BaKv. Hynes \TTHTOM ApyrH 

H3Boi:km oR gik  Hticy je,aliam4 Hynes). 

4) YmjecTo o3HaKa. r I  H r l
noBeKaA ce ynoTpe6rbaBajy o3HaKe, pecneKTIaBHo 

- ,16 
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HapasHo, BaNcH H o6pHyTo: 

11;r =gin' rm,ki. 	 (83,4) 

Ca Christoffel-osiim cHm6onHma naKo je noBesaTH H npomjeHy KomnoHeHaTa 

KoBapHjaHTHor BeKTopa npH napaneHom noMjepaFby. Y Be3H ca THM Hanommi-bemo, 

Aa ce npH napanenHom nomjepalby cKanapH, oLieBHAHo, He mHjeFbajy. CneumjanHo, 
npH napanenHom noMjepaFby He mHjeFba ce H14 cKanapHH npoH3B0xt ABajy BeTKopa. . 

Heim cy A i  H Bi HeK14 HosapHjaHTHH H HeKH KoHTpaBapHjaHTHH Beicrop._ 

TaAa H3 8 (A, Ei) = 0 HMaMO: 

Bi OA, =-- — A i  Ott 	Bk A i  dxi, 

am) ce 3amjeHe o3Hame HH,n,exca:4  

Bt &A i = rk Ak B dx'. 

Kam) je Bi rIp0H3B0JbH0, o):Laue Hmamo: 

Ak dX 1 , (83,5) 

111TO H Aectailimue npomjeHy KoBapHjaHTHor BeKTopa nom napanenHom noMjepaEby. 

()Ai 
3amjeHom (83,2) H dAi = -

(lit 
dxl y (83,1) Ao6mBa ce 

D Ai = 	Ak)dxt. 

AHanorHo Hana3mm0 3a KOBaplijaHTH14 Beicrop 

(83,6), 

DA i  
dAi 
  —11Ak)dx/. 	 (83,7) 

1,13pa3H, KojH ce Hana3e y 3arpaAama y (83,6) H (83,7) npercTaBrbajy 

TeHaope, jep TIOMHO)KeH14 BexTopom cai Aajy oneT BeKTOp. GrieBHAHo je, Aa cy TO 

TeH3oppi, K0j14 y ITHBOJIHHHCKHM KoommaTama Hrpajy HcTy ynory, Kojy mrpa 

TeH30p _ i 
y Descartes-of:3mm, TH TeH3opH ce Ha3HBajy KOBapHjaHTH14 H3- 

asick 

soAH pecneKTHBHO BeKTopa Ai H A,. 03H3-114heM0 14X y o6nHmy Afk H 

Ha Taj Hamm je 

DAi 	 = 	dx', 	 (83,8) 

a carpi KOBapHjaHTH14 143B0,1114: 

	

NV 	• 
A1 	' 

1 = — +111  Ak , 
Ox 

OA l  rk 
= 

(83,9) 

(83,10) 

Y Descartes-or:3mm KoopxoniaTama je rki = 0 H. KoBapHjaHTHH 143BoAH npena3e 

y o6H4He. 
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TaKobe je naxo g ec1)HHMCaTH KOBapHjaHTHH H3130,4 TeH3opa. 3a TO Tpe6a 

,o,gpeAHTH npoMjeHy TeH3opa  npH  6ecKoHagHo manom napanenHom nomjepaH.v. 

Ha np., nocmaTpajmo ma KOjH KoHTpasapHjaHTHH TeH3op, KOjH je npoH3BoA Asajy 

,KoHTpaBapHjawrim seKTopa Ai B k . rlapanenmim noMjepaFbeM 143na3H npema (83,5) 

6 (Ai Bk). Aio Bk  Bk  6 Ai =  —  Ai It z  dxm — Bk rim  Al dxm. 

.36or rn.iHeapHocTM oBe TpaHcckopmailmje oHa mopa BaNCHTH H 3a ma KOjH 

-TeH3op Aik : 

	

6 A ik  = — (A im  rkinl+ A rnk  rmi  i!c1X1. 	 (83,11) 

•amjeHom y 

DAik  =  dAik  —  6 Afk 

Aik Earla3HMO KOBapHjaHTHH 	
Ag

; / TeH3opa A ik  y o6nHKy 

i 	6Aik  A ik •I= 	+r im , Ana 	• mk, Aim. 	 (83,12) 
ox/ 

CaceHm aHanorHo Hana3Hmo KoeapHjaHTHe 1,13B0,1ke mjemosprror TeH3opa 

Ak  H KoHapHjaHTHor A ik  y o6nHKy: 

Ak;1=---rnk il A in  I  +rim.  I A tkit  , 	 (83,13) ox' 
 xi 

r71 Amk — 	A im• 	 (83,14) 

AHanorHo moNce ce ,geo:n4HHcaTH KOBapHjaHTHH 'mon TeH3opa ma Kojer 

.peua. rIpwrom ce Ao6mja cnHje,aehe npaeHno KoaapHjaHTHor pitlepeHumpaH ,a. 

,ELa 6H ce Ao6H0 KoeapHjaHTHH H3BOA TeH3opa 	no xi, Tpe6a 06HHHom H3B0AY 

3a CBaKI4 KosapHjaHTHH HHAeKC 	(4•47.) .110Awni tinaH 

axi 	
— ril A .k, a 3a caa- 

icH KoHTpasapHjaHTHH HH,IkeKC  i 	Tpe6a AoAaTH LinaH 	rim 

TlaKo ce moxcemo ysjepHTH, pa ce KOBapHjaHTHH H3BoA npoH3Boxka Hallam 

no HCTHM npaeHnHma, Kao H o6HHaH H3s0p, 11po133130,4a. rIpwrom KoeapHjaHTHH 

143so,a cKanapa cQ Tpe6a cmaTpaTH Kao 0614TiaH H3B0)1, Tj. Kao KosapHjaHTHH 

seKTop 	
ap y carnacHocTH ca THM, UITO je 3a cKanape ocp=--- 0, H 3aTo 

dx 

Dcp = dcp. Ha Up., KOBapHjaHTHH 143B0,4 npoH3Boxta Ai  Bk  je: 

(AiBk);,== 	Bk -E-  Ai Bk;1  • 

AKO ce KO KoeapHjaHTHHx 1,13130,qa nonHrHe HHAexc, KOjH o3HaHasa. APici)e-

peluvpai-be, Ao6KBajy ce TaK03BaHH KoHTpaaapHja.HTHH H3BO4H. TaKo je: 

A ik  =---- 
	 Ai;k 	gkl 

goKamimo cau, Aa  cy  Christoffel-om cHm6onm rk, c vimeTp-ni no AG-

amm HHAeKcHma. nOUITO  je  KoBapHjaHTHH H3BOA BeKTOpa Ai;k TeH3op, °luta je 
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TeH3Op H pa3nHxa A nk — Ak ; i. Heim je BexTop A, rpaAnjewr cicanapa, 

6cp A - 	. TaAa y Be 3H H3pa3a (83 	 Hmamo: ,10) 3a Ai ; k 
oxi 

ri 	acp 

	

A„,,— A ni c 	ik — ki) 
axi 

a Ai 	02,„ A k  
(jep je 	= a xi  Y Descartes-OBOM KOOP,L114113THOM CHCTeMy KOBa- 

dxft 	ox' axl 
pHjaHTHH 143BoAH TpaHctopmHpajy ce y o6INHe, na je 3aTo nHjeBa cTpaHa 

XHankicaHe je,z1HaLume 3a BeKTOp 	= 
O 

TT. jeAHaKa Hynes. Ho, 1101LITO je Ak;! —Ai;k 

TeH30P, a 6y,gy1m Aa je jextHam Hynes y jeAHom ClICTeMY, OH Mopa 614TH jeAHaic 

HynH H y ma }come KoopnHHaTHom cHcTemy. Ortalme Hana3Hmo, ;la je: 

 

, 
(83,15) 

OmesHAHo je: 

 

(83,16) 

 

Y onurrem .cnyLiajy nocTojH caera 40 pa3mix BeI114 1111Ha 	sa cBaKH on tie- 

THpH moryhe BpkijeAHocTH HHAeKca i nocTojH 10 Pa3.1114 1114T14X napoBa BplijeAHOCT14 

HHAeicca k 11 l (cMaTpajyhM ;la cy je,rmaKH napoBH, KOill ce ,Roomsajy TpaHcno- 

31411110M k H 1). 
Ha 3aBpulency oBor naparpadm HaBeuthemo join 3a Christoffel - oBe 

cHm6one topmyne 3a TpaHcckopmauHjy 143 jegHor xoop,gHHaTHor cHcTema y Apyrt4. 

Te cbopmyne mory ce Ao6HTH ynopelpHBabem TpaHccbopmauHoHnx 3aKoHa C o6Hje 
cTpaHe je,rtHaLmia, Koje o,Apehyjy ma KOjH O. KOBaplijaHTHI4X H3Boxta, 143 ycnoBa, 

Aa TH 33KOH14 3a o6Hje cTpaHe 6y,i4Y jeAHax.H. Ha Taj Har411H npocni pa'lyH Aaje: 

	

‘ Oxi Ox'n Ox'P 	a2 x'm 6xi 

	

kl =  ninP  of In  O.X k  axl 	axk Oxl ax'm 	
(83,17) r r   

P13 oBe cbopmyne BHAH ce, Aa ce BenHtume F lo  noHawajy Ka° TeH3OP y 0,gHocy 

Ha nmHeapHe TpaHcckopMaLu1)e [KaAa HecTaje Apyror 4napia y (83,17)1, 

§ 84. Beaa Mefijy Christoffel-omm cHm6collma 
14  meTpwixtuvi TeH3opoM 

D A i  = gik DAk. 

C Apyre cTpaHe je A i  =  gik Ak, na je 

DAi = D(gik A k) = gik DAk AkDg ik • 

YnopebHBaH.em ca DAi=g,kDA k , a 36or npomsBorEalocTm seicTopa Ai, imam; 

Dg 	O. 

,EtoKaNcHmo, Aa je KOBapHjaHTH14 143BOA meTpwHcor TeH3opa gik  je,u,Hax. Hynes. 

Y Be314 ca THM HanommFbemo, Aa 3a BeKTOP DAi, xao H 3a CB3K14 BeKTOp, Baxm 

penaLmja 
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OztaBAe HenocpeAHo CIllijeAll, Aa je KOBapHjaHTHII 1,13BOA, 

gik>1 =-_-_- 0. (84,1) 

Ha Taj HagmH, Ku xoBapmjaHTHor ApickepeFulHpaiba gilt Tpe6a cmaTpaTm Kao 

KOHCT3HTY. 

Je,vaimma grik;/  = 0 mo)Ke ce ynoTpmje6mTH y Ty capxy, Aa ce Christoffel-

OBH CHM60JIM Fik1 m3pa3e nomohy meTpmgxor TeHaopa g, k . 36or Tora, npema OITLLITOj 

AetIFIIII/ILII,Ij1,1 (83,14) 
xoBapmjaHTHor H3Bolla TeH3opa, Hanmulmo: 

OR ik 	r  rn 	r  III 	ogik  
gik;1 	 x , — gr. ,. it "— gin, i kl = axl — ric,it —  rl,ki ---= 

0,gaBAe je max° opeHTM r j , ki , — Ha •np , Ha cnmjeAehm Hatim. HanHummo Bpkt-

jeAHocT P13130,43. OA gik  nocnHje TpaHcnosmuje mHAexca i, k, 1: 

= F k,il+ri,m ,  

agli  
dxk = r 

agki 
— ()xi 	l'ki 

Y3Hmajyhm nony36Hp THX je,D,HagmHa Hana3HMO, (y3Hmajyhm y o63Hp 

ri,ik): 

	

ag . 1 	ago 1 (ogik  , 	i ) 

ri ' kl   == 	Oxi -1–  Oxic 	dx 
(84,2) 

0,4aBzke Ao6msamo 3a cHM6one 

gim 	
ag14 

	

)xl — 	 aX m  rk!i 	
1 	(agmk 	Ogmt  

OBe cloopmyne Aajy TpaaeHe H3pa3e Christoffel-cmx cmm6ona noMOhy me- 

Tpmmmor TeH30pa. 
1/13Be,n,mmo m3pa3 3a ynpoluheHm Christoffel-oB cHm60n 	Kojm je Ba>KaH 

3a 6yAyhe m3naraHe. 36or Tora heMO ogpeg,HTH ,i1Hcl)epeHumjan dg AeTepmm-

Hawre g, Koja je cacTaarbeHa OA KommoHeHaTa TeH3opa gioig ce moNce A06mTm, 

alto ce y3me AHopepeHmmjan cBaKe KomnoHeHre TeH3opa g ik  H yMHOWH ca ogro-

Bapajyhmm xoecbmwijeHTom y AeTepmmHaHTH, Tj. woBapajytimm mmHopom. C Apyre 

cTpaHe, KaO ILITO je 1-103HaTO, KomnoHeHTe TeH3opa gik; KOjH je mHBep3aH TeH-

3Opy gik , jeRHaKe cy mzHopmma AeTepmmHaHTe OA senmgmHa gik  noxLmjen.eHmm 

TOM AeTepmpiawrom. Flpema Tome mmHopH AeTepmmHaHTe g 143HOCe ggik• Ha 

Taj HaqmH je: 

dg = ggik dgik  = — ggigdgik 

(noLuTo je gik gik = oi = 4, 6Hhe gikdg ik = — gikdgik). 
143 (84,3) mmamo 

agik 

ail 

Aa je 

(84,3) 

(84,4) 

F EU 
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AK0 HHAeiccH m H l y TpeheM H npBom gnaHy y 3arpaAH H3MHjeHe mjecTa, BM-

AHMO, Aa ce Ta Asa tinaHa mebyco6Ho noHmuTasajy, na je 
a 

1 im  og in, 
rki 	g axk 

HnH, npema (84,4); 

r ,
=  a

g  ain —  g 
hi  2g axk —  axk 

KopHcHo je 143H14jeTH H H3pa3 3a BeruiTimie gkl rik1. Hmamo 

g 	 (.mk  Logim  agia 
kl 	 pun 	_ 

axk 
	dxm 

\ 

	

2" axf 	 ) • 
1 

Flomohy (84,4) TO ce MO)K TpaHcckopmHpaTH Ha o6nHK 

a(v _g'  gik) (84,6) 

	

g 	OXk  

KoA pa3H14X H3par-iyHaBaEba Tpe6a ktmaTH y BHAy, Aa cy H3B0A14 KOHTpa-

BappijaHTHor TeH3opa gik  noBe3aHH c 143BOAHMa OA gik  cnHjeAehHm pananHjama 

g lk 
lk ogii 

g" axm —  g 
(84,7) 

(Koje ce AO6HBajy ,11HdoepeFulpipaFbem jeAHa44HHe ga  glk = of). Ha Kpajy, noKawHmo 

na ce 143B0AH OA gik MOry 143pa314TH r1OMOhy BenHtnnia 

THTera g;/ik   =0 HenocpeAHo H3na3H, Aa je: 

agile 

	

f)xi == 	rm 1 gmk — rni, giin • 	 (84,8) 

Flomohy Ao6HBeHmx cttopmyna H3pa3 mowe ce csecTH Ha noAecaH o6nHK, 
KOjH npeTcTasiba reHepanHcapbe AHsepreHuHje BeKTopa y Kpl4B0M4HHCKHM KOOPAH -

HaTama. Kaico je: 

i 
k 	aA 

axk 
 i 

	

A 	, 	A  
; = 

	rile 

[B. (83,9)], 6Hhe: 

14.1114 AeCIJHHHTHBHO 

A i 	() A i  
axi 

OA! 	j olnii—g 
A — 	4 

axi 	Oxi 	• 

(84,5) 

HaHMe, H3 141-1ABH- 

1  
11 — g 

A ik 
1/13se m 	 49 mo aHanoraH H3pa3 3a k 

(83,12) Hmamo:  

— gA0 

14 3a aHTHcHmerpHT-iaH TeH30P A tk . H3 

(84,9) 

_L 	k 	k 	im 

	

A m 	rrak  A  
A i:kk  =6 	Azle 	 • 

' 	axk 
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Ho, KaK0 je A mk  = — A km , 6Hhe: 

r inik  A mk 	rikm  Akm 	0.  

3amjeHom 143pa3a (81,5) 3a r im-  k,  Hana3Hmo, AaKne: 

A i —  g A ik) 

11:7-4 	axk 

HeKa je caAa Aik cumeTpHHaH TeH3op. 0ApeAHmo H3pa3. 

mjeulosprre KomnoHoHTe. klmamo: 

A 	OA I; 	rk A I  ri  A  k 	1 	a(A li  —  gr) 	A , 
oxk  -T-  I 	1 	t. 	1 

OX k  g 

flocn.eAl-bH HnaH jeAHaK je: 

Ogik ((Viz 	agic, 	oxi  Aki 

2 dxk  '  ax 

36or cHmeTpHje TeH3opa  A la  Asa  HnaHa y 3arpa,nH ce 110HPILLITaBaiY ocTaje: 
 

1 	a(1/ 	g I agkl 
A ;k 	_ 

g 	Oxic— 	Fir A
kl 	 (84,11) 

•   

a A i  OA k  . 

Y Descartes-OEmm  KoopAHHaTama    je aHTHCHMeTpl4 T4H 14  TeH30p.
axk 

Y  Kp14130.1114HHCKHM  KoopAHHaTama  Taj TeH30p je Ack —  Ak;i• MebyTHm, Ha OCHOBy 

H3pa3a  3a  A i;,„  14 360r Tora  1.1.1T0  je 	mmamo: 

(84,12) 

cp 
1-laj3aA, TpaHctopmHpallemo Ha Kp14130.11HHHCKe KoopAHHaTe cymy al 143- 

BOAa HeKor cKanapa 	0HesHA,Ho je, Aa y KpHsonkiHmcKxm KoopAHHaTama Ta cyma 

npena3H  y p;i. Ho cp ;i  = 	jep ce KoBapHjaHTHo pitepefnAvipafbe cKanapa 

cao,RH  H.  0614T3HO ,EmtlepeHumpaHoe.  no,v)Kyhm HH,ReKc 1, Hmamo: 

p  ;1 	otk 6cP 
dxk' 

na npeMa cloopmynm (84,9) Hana3HMo: 

cP;1=  1 
	 6.. (v 	_ ggik ;1 

g a. 	dXk 

KOpHCHO je HanoMeHyTil, Aa  ce  Gauss-osa Teopema 3a TpaHccloopmHpaFbe HHTe- 

rpana seKTopa no xHnepncspLum4 y mHTerpan no 4-3anpeMHHH mox{e HanHcaTH 

y o6nuKy (84,9) Kao: 

(84,10) 

3a Ho erose 

aA i 	OAk 
A i;k —  Ak;i = a 	oxi 

(84,13) 

A i  — gdS i = I 	— g cIS2- 	 (84,14) 
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§ 85. l(peTalbe Hecnige y rpaBwraglloHom uoJby 

KpeTafbe cno6onHe maTepHjanHe Hecnige on,pebyje ce y cnewijanHoj Teo-

pHjH penaTHBHTera npHHLIHnom HajmaFber njejcTBa: 

OS = — mc45 ds, 	 (85,1) 

npema }come ce LiecTknia. xpehe  Taxo,  na je FbeHa cBjeTcxa nHHHja excTpemHa meby 

ABjema ,RaTHm cBjeTcxHm  TaHxama,  Tj. y AaTOM cnyilajy je npaBa (y 06144HOM Tpo- 

,EMMeH3140HaJIHOM npocTopy  Tome  oxtroBapa npaBonHHHcxo pasHomjepHo xpeTaHme). 

0HeBHAHo je, na  ce xpeTafbe  HecTknia y rpaBHTaLtHoHom non.),  onpebyjy 

npmEnAHnom Hajmafber  tajejcTsa  y TOM 14CTOM 061114Ky (85,1), jep rpaBHTaUJ4OHO 

none HHje Hmurra npyro,  Hero  npomjeHa meTpHxe 4-npocTopa, na ce y H,emy 

canto samjefbyjy H3pa3H  ds ca  dxi. Ha Taj Hatn4H, y rpaHHTanHoHom no.rby =re-

crkina ce xpehe Taxo, ce H,,eHa cBjeTcxa Tax-11(a xpehe no excTpemHoj HRH, 

KaK0 ce xaxce, no reoAeTcxoj IMHI4j1/1 y 4-npocTopy X ° , X 1 , X2 , X 3 . MebyTHM, Kam) je 

y ripmcycTBy rpaBHTailHoHor nova npocTop-BpHjeme HeeyxnH,RcxH, OH,qa Ta nHHHja 

Beh HHje npaBa. 

BkinjenH cmo (§ 10), Aa cy y cnew4janHoj TeopHjH penan3HTeTa, Tj. y ra-

.1114.11ejCKOM 4-xoopAHHaTHom cHcTemy, jenHaHHHe xpeTaFba cno6onHe HecTuLle 

dui 	 dxi 

ds 	
0, 

 

unit Apylomje,  dui  = 0, rnje je 	=_.— — 4-6p3HHa. 0HeBH,ItHo je, 
ds 

A a ce y xpriBonHHnciaim xoopAHHaTama Ta jeAHaHHHa reHepanmwe y jexmaHHHy 

Dui = O. 	 (85,2) 

I/13 H3pa3a (83,6) 3a xoBapmjaHTHH Amt.) e p e Hum j a n 13eKTopa HM . MO 

dui + r iki ilk  dX1 = 0. 

dui 	d2  X i  
„IHjerbeH.,em Te jen,HaHHHe ca ds, xao npBH HnaH ,go6HBa ce ds 	ds _ H Ha Tal 

Ha'4HH Hana3Hmo: 

d 2  xi 	• dv dxt 
kI  ds ds

= 0. 
ds2   

(85,3) 

OBO cy TpaxteHe  jeAHaLn4He  xpeTaH.a. BH,ammo, Aa ce xpeTabe Hecnnle y 

rpaBmTaLwoHom norby  onpebyje  BenHHHHama I,kt, Ti. BenHHHHama, xoje HeMajy 

2 i 

KapaxTep TeHaopa. 3a  FR /  = 0 (85,3) npena3H y o6HHHe jen,Hatik 	d uie —
dx

----= 0. 
s:= 

d2  xi 	dui 	 I k t 

Pi3BOA 	
ds2 	ds 

 je 4-y6psaHDe tiecTmle. Flpema Tome BenHHHHy — m ro u u 

mmemo Ha3BaTH „4-ckina", yoja AjejcTsyje Ha HecTmly y rpaskiTauHoHom norby. 

TeH3op g, k  npHTom mrpa ynory „noTeHuHjana" rpaskiTanHoHor nova; pberoBH 

H3BoAH onpebyjy „jaHHHy"  nova  riki. 
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Je,uHatnia (85,3) mowe  ce  H3BeCTH H AllpeKTHO H3 npmHLimna HajmaFber 

gjejcTBa 6 J ds=0. HMaMO') 

— 6 ds 2  — 2 ds 6 ds = 6 (gik dxj dxk) = dxj dxk 6 g ik  2gik  dxi 6 dxk = 

= dxi dxk ag-4 6x 1  + 2 gik dx i  dOxk 
ox 

ripema Tome je: 

1  dxi dxk ag ik nx ,  , dxi d6 xi{ 
ds 

ds ds 	
= 6S 	6 ds = mc f 1-

2  ds 
	—

ds 
–6---

xl 
 6 '

—
z 

, dxi dxk agik 	d  (2n,
dxj

)6xk Ids me gik—
ds 

dxi 	
I  • 

ds ds ax' 	ds 	ds 
(85,4) 

,Ei pyr or gnaHa HecTaje, jep je  Ha  rpaHmnama dxk = 0. 3ammjeHmmo y ,upyrom 
nay no,u HHTerpanom km,ueicc  k  milLeiccom 1. TaAa, alto CTaBHMO Aa je xoeclom-

nmjeHT y3 Ilp0H3BOJIDHy BapHiaLlHjy dxi je,uHaK Hynm, Hana3HMo: 

1 dxi dxk Og ik 	d I  dxi\ 
2 ds ds dxi g"ds )== 

1 dxi dxk og ik 	d2xi dxi dxk  ogii  

	

=.-  _ 	 ---= 0 
2 ds ds dx i 	ds2 	ds ds dxk 

Y3 HanomeHy, ,rta ce TpehH tinaH momce HanmcaTm y o6nHKy 

1 toga  a gia  dxi dxk 
2  \ax k 	()X i / ds ds ' 

H yBoAehm Christoffel-oBe  cmm6one  ri . ik npema (84,2) ji,o6mBamo: 

d2X i 	dxi dxk 
gil  dS2 	

i 	ds ds 

MHomtelbem ca gml x Hanompubyhm, ,ua je 	g, 1 =-- 671 , 	rth ,A0.11a3HMO 
gm!  rbik= 

Ao jegHatimHe (85,3). 
FlocmaToajyhm, Ka0 06HtIHO, cTBapHe TpajeKTopmje H je,uHy o,u, rpaHmna Kao 

npomjeHrbmse, H3 (85,4) 3a Bapmjaumjy 6S Ao6msamo m3pa3 6S = mcui  dxi  .  Ilpema 

Tome, alto 4-mmnync p i  mecTmile y rpasmTaLlmoHom norby npeMa paHmjem °Ape- 

as 
Ammo Kao H3BQ air  oHAa Ao6mBamo 

. 	OS (85,5) 
Pi  Oxi

= mcui 2) 

1-beroB icsaxtpaT je 
p i  pi == m2 c2 (85,6) 

    

1) He cmHje ce MHjemaTM Baimjauxja 8 c npomjeBom 8 npH napanenHom nomjepajy 

(TpaHcnankijm). 
2) Y Be3H ca THM, LLITO ouje ynoTpe67baBamo xoop,amaTy X° ymjecTo X 4, Be3a KOM110He-

HaTa pi c Tp0,AHmeH3HoHanimm Hmnyncom M eHeprHjom y rarmnejciu4m Koopm4HaTarta pa3mayle 

ce OR ae3e, xojy CMO paHHje HManH.  HaHMe,  npocTopHe H Bpemexcica Komnoliekrra pi jemiaKe cy 

p 	a KomnoHeHTe KoeapHjaHTHor aexTopa pi pecneKTHEHo cy p H 
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a3amHjemimo 	OBgie  pi  ca 
	

H nammo Hamilton-facobi-esy je,RHatilmy 

3a gecTmly y rpaaHTauHoHom norby 

aS OS o ik 	m 2c2 	0 . 
 rt ()xi dxk 

Je,rtHa4H4Ha reoAercice .11HHHje He wawa ce y o6nHxy (85,3) IIPHMHjeHHTH 

Ha npocTHpaFbe cajeTnocHor cHrHana, jep je no cajeTcxoj JIHHHjH npocnipaH.a 

CBjeT.110CHOF 3paxa, xao MT° 3HaMo, HHTepaan ds je,13,Hax. HynH, na CBH 1111aHOBH 

jeAHaT4HHe (85,3) nocTajy 6eCKOHar-IHH. Kao LLITO je no3HaTo, npasau npocTH-
paH.a. cajeTnocHor 3paxa y reomeTpHcRoj onTHIAH oApebyje ce TanacHmm BexTo-

pom, KOlH TaHrHpa 3paK. npeMa Tome, geTaopo,AHmeH3HoHanHH TanacHH BeKTOp 
dxi 

moxemo HanHcaTH y o6nvacy ki = 	rAje je 	Helm napameTap. Y Crle1114- 

j8.11H0j TeopHjH penann3HTeTa, Tj. y eyxnHAHom npocTopy, npH ripocTxpaH.y CBjeT-

JIOCTH y Baxyymy TanacHH BeKTOP ce He mHjeH.a ,IkyNC 3paxa, Tj. dk1 = 0 (B. § 53). 

Ta jeA,HatudHa y rpaaHlauHoHom norby, otiemu,Ho, npena3H y Dk 1 .0 HnH 

kiki 	 (85,9) 

di; 
YaptuTaaajyhm osAje oxi  ymjecTo ki (4) je ajmoHan), Hana3HMo jextHatn4Hy ajxo-

Hana y rpaaHTalwoHom  norby  y o6nHxy 

g1k at}, al) _Fx7i 	 (85• 0) 
ax 

§ 86. rpanninn4 riperiaa 

Y rpaHHLIHom cnygajy manmx 6p3HHa penaTmakicTwixe jeAHatu4He xpeTaH.a 
tiecTmle y rpaanTagHoHom norby mopajy npehM y oAroaapajyhe HepenaTHapicTime 
jeAHaT-H4He. FlpHTom Tpe6a imam y BHAy, ,ria H3 npeTnocTaaxe, ,rta je 6p3HHa 

mana, Taxobe H3na3H ycnoa, Aa H camo rpaaHTaumoHo norhe mopa 6MTH cna6o; 
y npoTHaHom cnytiajy mecTH4a, Kola ce Hana3H y H.emy, zo6Hna 6M BenHxy 6p3HHy. 

noxa3ahemo xaxo je  y  TOM rpaHHLIHom cnytiajy meTpH ,Hat TeH30p gik , K0j14 

Itec1JHHHLue non.e, noae3aH  c  HepenaTHsHcTw-Haim noreHumjanom cp rpamiTaLAH- 

oHor norba. 

Y HepenaTHaHcTH ,moj mexaHHLIH xperaFbe LiecTHHa y rpaamTaLmoHom ncrby 

oApebyje ce Lagrange-oBoM  ctiyHm.ulom (79,1). HanHcahemo je ca,ga y o6nHxy: 

mv 2 
nic2 	

2 
— my, 

(85,7) 

dk i • k ±rikik k I = 0 	 (85,8) 

(H3 THX je,EtHaLuma oApebyje ce H napameTap A). 

Anconma BPHje,gHOCT TanacHor 4-aexTopa, Imo 1-1T0 3HaMO (B. § 46) 

jextHaxa je HynH, Tj.: 
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rAje CMO ,goAankt KOHCTaHTHy — MC 2  (KOHCTaHTHH ILITaHOB13 Hlicy 6HTHH 3a 

Lagrange-osy 43,Fuutjy) . To je noTpe6Ho ypaAHTH 143 pa3nora, ,ga 6H Hepe- 

, Mv2. 

naTHBHcTHInca Lagran ge-oBa ci3yHimmja y oTcycTBy norba L = — mc 2  --1-- —2  

6Hna noTnyHo ucTa, Kao tymuHja y Kojy npena3H oAroBapajyha HepenaTHBH- 

V 
V 2 	 V 

cTHHxa tyHx.wija L = — mc 2  I — — y rpaHHHHom cnygajy xa,ga 
C 

— —0.0. Cg  

Aaxne, HepenaTHBHcTHLlito Ajejci•Bo S 3a ilecTmuy y rpaBHTailHoHom non.y je: 

4 ,2 

S ----fLdt =  — mc f(c — 2c + c)dt, 

HnH, noinTo je vdt---dr 

Iv 	1 
S = — mc f (c dt — —

2 
—
c 

dr + —c
y dt) • 

Ynopebyjyhm oBaj H3pa3 c peJlaT1413HCTINKI4M AjejcTEsom S= — MC S ds, 

Biummo, Aa je y nocmaTpaHom rpaHHHHom cnyHajy ds je,[maxo: 

v 
ds c dt — 2  dr + 2  cp dt. 

v2 

KBaApHpaHDem H 3aHemapHBaH.em HnaHoBa peAa c2 —, Hana3Hmo 

ds2 	(c2  + 2 (p) dt2  —dr 2 . (86,1) 

Ha Taj HaT4HH, RomnoHeuTag(1 meTpHgxor TeH3opa y rpaHHT4Hom cny-

Hai)/ 143HOCH: 

2cp 
goo 	 c .2 • 

(86,2) 

LL1To ce THge ocTanmx KomnoHeHaTa, cnHjeAHno 6H I43 (86,1), Aa je gad = oafl, 

a = 0, MebyTHm, yomuTe yaeBuiv, nonpaBxe cy HcTor peAa BenHtnme, Imo 14 

b 0 a 
nonpaBica 3a go  (BHAH o TOM Ae -ran.mmje y § 100). HeMoryhHOCT o,apebHBaH.a 

TI4X nonpamat Ha HaBen,eHH HagHH y Be3I4 je ca TI4M, LUTO 6H nonpaBlta y g ap, 

 6y,gyhm Aa Hma HCTH peA BenHEmHe Kao H nonpaBica y g06 , y Lagrange-oBoi 

ityHitujH Aosena Ao manHx tinaHoBa Bmuer pe,ga (3axBarbyjyhm Tome, ILITO ce 

y H3pa3y 3a ds2  KomnoHeHTe g ai3 He mHo)Ke ca C 2 , Rao LLITO ce TO paLtH KoA g00). 

§ 87. JeAHainnie enexTpowniamince y npHcycTBy 
rpaBHTagllonor no.Tba 

JeAHat4HHe eneKTpomarHeTHor norha cnervjanHe TeopHje penaTuBHTeTa 

naKo je yoniuTHTH Tam), Aa ce mory npkimmjeHHTH y ma }come xpHsonHmicxom 

KoopAHHaTHom CHCTeMy, Tj. y cnyT.Iajy npHcycTBa rpasHTaLmoHor nosba. 
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TeH3op enexTpomarHeTHor norba y criew4janHoj TeopHjH penaTHBHTeTa 

oA k  dA i  
,RectH4Hpaue ce Rao Fik= 

axl 	axk 	
OtieB14,rwo je, Aa ce carta mopa Aectll4- 

HHCaTH Ka° F i k = Ak ;t  — Ai;k 	Ho y Be3H ca (84,12) H3J1a3H Aa je : 

	

F = Ak;i — Ai;k =66Axi; 	661cAi  k-  

Te ce, npeMa Tome, Be3a Fik C noTeHujanom Ak He mmjeEba. Ha ocHoBy Tora 

npBH nap Maxwell-OBHX je,n,HaHHHa (25,5) 

	

OFik 	OFii L dFht  	-=0 	 (87,2) 

	

dx! 	Ox' 	aX i  

TaKotie oxtp)KaBa CB0j o6nHx. 

,11a. 613 ce HanHcao Apyrm nap Maxwell-01314x je,RHatn4Ha, npeTx0,4140 Tpe6a 

AectimmicaTH 4-BexTop cTpyje y KpHBOJIHHHCKHM xoopmHaTama. To hemo ypra Akt 
noTnyHo aHanorHo Hauiem nocTynxy y § 27. 

OnTepeheFbe, lc* ce Hana314 y enemeHTy 3anpemme dV= dx 1 dx 2 dx 3 , 
moNce ce HanHcaTi4 y 06nHxy de = QdV, rgje je rycnnia Q=EeA6 (  

A 

[1314,1114 (27,1)]. MHoNtePhem de =QdV ca dxi Hmamo 

dX i  
dedxl—edVd.xi= y_gdx° 

dVdx° . 

1/1HBapHjaHTHH enemeHT 4-3anpemme je —gdV dx° =11—gdO (§ 81), na je 

-4-BeKTop cTpyje 

== Coc dxi 
I 	-v- ____ g dx° 

i dxf 
' e  

op3HHa, 143mjepeHa nomohy „BpemeHa" 0 x — HHje BeKTop). KomnoHeHTa 
di( ° 	

(dx

° dx 
, 	 

4-BeicTopa cTpyje, noMHO)KeHa ca — v —g , je npocTopHa rycn4Ha onTepehe}ba. 

Y cneumjanHoj Teopmj14 penaTHBHTeTa ,apyr14 nap Maxwell-0)314x jeAHatn4Ha 

e(29,2) pima o6n14x: 

aFik 	41 
oxk 	c • 

Y rpaBHTal.n4oHom nonv oHe 4o614Bajy o6nnK 

43T .. 

Fr1-=---c 

1) Y ranwiejcimm KoopAHmaTama KomnoHeHTe Ai Beaaae cy caAa ca cicanaptimm m Box-

TOpCKIIM noTeaupijanpima nomohy A 3 , 2 , 3  = A 1 ,2 , 3  = A x ,y, z , A, = — A° ------ — cp (Tan Ra he Linari 

Ai dxi, Koji( ce Hanaag y napaay 3a Ajejc.rso, mmaTx paHH1y Bpi4jepHocT). Cao6pa3Ho Tome, 

mmjelba ce Be3a KomnoHeHaTa Fik c non.mma E 14 li. Capa ',imam F12 = Hz, F13  = — Hy, E23= 

= Hz , F10  = Ex-, F00 = Ey, F sa= Ez. 

(87,1) 

(87,3) 
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mnm, npema (84,10), 
1 	6 	4g .. 

(11—gFik)= —c j. g 

JeAHaqmia KOHTHHyHTeTa-
ai 

—. = 0 (28,4) CaAa AO6HBa 06.11HK: Ox' 

V—g. ()x i°  

(87,4) 

(87,5) 

carnacHocTH ca (84,9)1. 
Haj3a,a, naKo je HanmcaTm jegHatimHe KpeTaFba onTepeheHe tiecTmne, KaAa 

je,aHospemeHo ;nocTojm H rpaHHTanmoHo H eneKTpomarHeTHo norbe. 3a TO je no-

Tpe6Ho H3BpWPITH BapMpal-be (npm 3a,aa.Tom norby) oHor gmjena Ajejc -rsa, K0j1,1 

saemcm o,g y3ajamHor AjejcTsa trecTmue c o6a norba, Tj. 

f 	f Ak dXk  • 

MebyTHM, TpaHteHe jezkmatimHe KpeTaFba je,RHocTammje je HanmcaTH, AxperrHo 
npOCTHM reHepanHcaH.em je,rtatimHa (22,5) npema KpmHoni4HHcxylm KoopAHHaTama, 

HanxcaTH y H,Hma Dui ymjecTo dui. Ha Taj HatimH Hanammo: 

Dui  
MC 	— Fkuk  . 	 (87,6) 

ds 

§ 88. K011eTaHTHO rpaBnTaukuoHo II0Jbe 

Bpno HaxcaH cnewijanaH cnytiaj rpaskrTaumoHmx non.a npeTcTaBmajy KOH-

CTaHTHa rpaawranHoHa norba. Y KOHCTaHTHOM rpaBwraw4oHom 110Thy moxte ce 

ki3a6paTH Taxa3 cmcTem petbepeHuje, y Home HmjeLlHa BeinvimHa, a Hanoce H14 

meTpHtnal TeH3op gik , He 3aBHCH OA spemeucxe Koop,m4HaTe x°. 

ipasmTanHoHo nor e KOHCTaHTHO je, crienHjanno, y TOM cnyLiajy, alto cy 

csa THjena HenoKpeTHa (y cmcTemy peckepeHumje, y Kome gig  He 3a1314CH OA x°). 

Ot3e3HAHo je, Aa cy Ta,ga o6a cmjepa BpemeHa HcTe Bpmje,gHocTH (Tj. He mopa 
ce mHjeH,aTH HH je,gHa jexmaLHAHa, Kaga ce npommjeHH 3HaK npeA x °). 0Aaa,ge 

cnmjeal, Aa Cy y TOM cnyLiajy cBe KomnoHeHTe goct  meTpmIntor TeH3opa jeAHaKe 

Hynes; y IIIDOTHBHOM cnyMajy HHTepsan ds 6H ce YI3MI4jeH140 npH samjeHR x° ca 

— X° . ipaBwranHoHa nonpa Te BpcTe HasHBahemo craTmqxa. 

ipaskyraumoHo norbe Taxobe je KOHCTaHTHO H y cnytiajy, Ka,rta Tmjena BpLue 

cTanHoHapHo KpeTaH.e. no,4 cTainwHapHmm KpeTaHr,em ouje no,apasymmjesamo 
Talcs° KpeTaHDe, KO, Kojera cy rycTkma 14 6p3mHa maTepHje y csattom enemeHTy 

npocTOpa KOHCTaHTHH. Kao npmmjep TaKHor KpeTaFba moxce ce y3eTH paBHOMjepHa 
poTauja cHmeTp14Hor Tmjena mco csoje oce cmmerpmje. Y TOM cnygajy o6a 

cmjepa spemeHa Bey Hvicy HcTe Bpmje,RHocTm. Ka,ga ce npommjeHm 3Halt Bpemexa, 

oluka ce mHjel-ba, Ha np., 3HaK yraoHe 6p3HHe poTanHje. Ko,a rpasmTa4Hommx 

norba TaKse spcTe, O'-leBHAHO, KomnoHeHTe goc, meTpmitor TeH3opa yonarre Hmcy 

je,RHaKe Hynes. TaKBa. KoHcTaHTHa norsa HamBahemo cTanmoHapHa. 
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BpemeHcKa RoopAHHaTa x ° , Koja je H3a6paHa TaKO, Aa TeH3Op gik  He 3a-

BHCH OA xo, Ha3HBa ce CBjeTCK0 Bpmjeme. HeorixonHo je HanomeHyTH, na F136op 

cBjeTcKor BpeMeHa, Hmje CIOTTIyHO jenHosHaHaH. Name, CBjeTCK0 BpHjeme necim-

HPICaHO je camo c Ta9HoLIihy AO npOH3BOJbHe CI)yEtuHje on npocTopHmx Koopnm-

HaTa. HapaBH0, Aa AoAaBaH.em TaKse ckyfflo(Nje HmjeAHa OA gik, npema paHmjem, 

Hehe canp)KaBarm 1 ° . OCHM Tora, X°  mo.we ce 110MHONCHTH npOH3BOJbHOM KOH- 

CTaHTOM. 

AKO }imam° nocna ca CTaTHLIKI4M rpaBHTagHoHkim noshem rAje Hmamo mo-

ryhHocT Aa ynoTpe6HMo clicTem, y Kome je g oo, = 0, oHAa ce THM ycnoBom X (/  

onpebyje TOTIHKO, ga camo ocTaje moryhHocT, ;la ra ce nomHo)KH npOH3BOJbHOM 

KOHCTaHTOM. AKO, OCHM Tara, none HecTaje y 6eCKOHaT-1HOCTH, oH,na je 3ronHo 

y3eT14 cmcTem peckepeRLlHie Ha Taj Hat11,1H, Aa HuTepsan ds2  y 6ecKoHaHHocTH 

AO6Hje rarminejcKm o6nHK, — cnew4janHo, na y 6ecK0Ha9iocrH 6yne g oo  = — 1. 

THM ycnosom TaAa ce onpebyje HaBegeHa rIp0H3BOThHa KIHCTaHTa H 14360p cBjeT-

cKor BpeMeHa nocraje jenHo3HaHaH. AKO ce y3me cMcTeM peckepeHumje, y Kome 
je BpeMeHCKa KoomHaTa cBjeTcKo Bpmjeme, oHga, bynyhm ga Hanoce npocTopHa 
merpHKa He 3aBytcH on y TaKBom cHcTemy pima cmmcna onpelpHsafbe pacTo- 

jan,a meby THjenHma (B. § 82). 

--c  — go o o 
(88,1) 

KojH ce mowe npHMI1jeHHTH Ha ma Koji,' KoHaqHH HHTepaan BpeMeHa. JegHHM 

HHTepsainlma cBjeTcKor BpeMeHa OgrOBapajy y pa3HHM TaHKama npocTopa pa3nm-

4HTH IIHTepsanki concTseHor BpeMeHa. 

AKo cy 6p31He CBHX THjena mane, a rpasHTawloHo norbe cna6o, oHna ce 

Ivory npMMHjeHHTH npm6m4)KHH H3pa3H (86,2), na (88,1) naje 

x° 	fl., 	2(p 
v = — e 2  

T  H IIOLLITO je 	ti 1, OH,Ila je npH6nH)KHo 
e2  

36or Tom IllTO gik  He 3aBHCM oA 
o

, cneqmjanHo crmjenx, ;la pa3nI4Ka 

Ax° BpHjeAHOCT14 cBjeTcKor BpeMeHa sa nBa PicTospemeHa (y CM14Cfly 06jaII1H:)eHOM 

y § 82) norabaja, KojH ce neluaBajy y nismjema 3anaTmm Tat mama npocTopa, He 

3aBricH on, x°  (y CTaTHMKOM norbY le,E1,HocTaBHo Hmamo ttx 3  =0). TO 0 31-1a 1114, aKo 

nocmaTpamo nBa. norabaja A H B, KOjH ce newaBajy y HeKoj Tatum npocTopa, 

ABa npyra norabaja A' H B', KojH ce AewasaiY y gpyroj TaHKH npocTopa, 

npm Hemy je A HcToispemeHo ca A', a B ca B', mina he pa3rma BpmjenHocTH 

x° 3a norabaje A H B 6HTH jenHaKa pa.3=414 BpkijenHocTH x° sa norabaje A' 

14 B'. Ha Taj HaHmH mo)Ke. ce pehH, ga je cmHcao cBjercKor spemeHa ca,ApwaH 

y Tome, ga je PIHTepsan Tora BpeMeHa meby ma Koja nBa norabaja y HeKoj TatucH 

npocTopa jenHaK HHTeosany cBjeTcxor BpemeHa meby ma Koja Asa npyra gora- 
baja, KojH cy pecneKTHBHo mcTorspemeHo c npBmm napom norabaja, KojH ce ne- 
waBajy y' ma Kojoj npyroj Tatns_14 npocTopa. L11To ce THHe Be3a meby cBjeTcKmm 

npaimm spemeHom, TO ce clpopmyna (82,1) mowe caga. HanHcaTH y o6nmicy: 

(88,2) 
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Ha Taj HaHmH, concTBeHo BpHjeMe TeLie yTonmxo naraHmje, yxonmmo je 
mat-bm rpasprraum-oHm noTeHiAmjan y Asraj Ta4KH npocTopa, Tj. yKO.T1HKO je Beha 
fberoBa anconyTHa Bpmje,gHocT (Fume, y § 95 noxa3ahe ce, ,ga je noTeHl1Hjan 
yo HeraTHBaH). Aim ce je,gaH oA ,gBa jeLmaxa caTa Hana3mo Heim Bpmjeme y rpa-
BmTagmoHom norby, oH,ga he nocnmje Tora caT, KOjH je 6Ho y norby, 6HTH y 3ao-
cTaTxy 3a npBHM. 

Mao ILITO je Beh rope noxa3aHo, KOMII0HeHTe goa  meTpkrixor TeH30pa je,rt- 

Ha.Ke cy Hy.11H y CTaTHL1KOM rpasmTanmoHom norby. IlpeMa pe3ynTaTmma § 82 TO- 

je y Taxeom norby moryhHa cmHxpoHm3agmja caToBa y IIHTaBOM npo- 
cTopy. Taxobe Hanomma,emo, ,ga je enemeHT npocTopHor pacTojaPba dl (82,5) y 
CTaTHT-1KOM 1101by jexiocTasHo 

d12  ---- gap d xa dx13- 	 (88,3) 

Y cTailmoHapHom 110Iby gocc  Hmje je,ELHaKo Hy.1114, H Hemoryha je CHHXpOHH-

3aumja caToBa y HHTSBOM npocTopy, nOLI1TO gik  He 3aBHCH OA X ° , TO ce  cjJOp- 

Myna (82,7) 3a pa3nmxy Bpmje,gHocTm cBjeTcxor BpemeHa 3a Asa mcToBpemeHa 
xtorabaja, KOjH ce AeluaBajy y pa3Hmm Tat-mama npocTopa, moxce HanmcaTm y 
o6nmxy: 

fgock dx' Ax° — 
gI30 

(88,4) 

KOJH ce moxce npmmmjeHmTm 3a ma xoje ABmje Ta'-me Ha nmHmjm, Apt( moje ce 
BpLum c1HxpoHm3agmja caToBa. Rog c4HxpoHm3ai4mje ,rtpx 3aTBopeHe moHType 
pa3nmxa BpIljeAHOCTII cBjeTcxor BpemeHa, xoja 6H ce KOHCTaTOBaYla npm noBpaTxy 
y nona3Hy Tatixy, je,gHaxa je mHTerpany 

Ax° = goa d-ta 

g00 

(88,5) 

y3eT0M 110 TOj 3aTsopeHoj 

Moe ce ,goro,gwrm, ,ga cym 	
1

a 	g
°cc 

dx' 6y,ge ToTanHm ,amtlepeHumjan ma 
goo  

xoje cbyFnumelje xoopAmHaTa (npocTopHmx), TaK0 na HHTerpan (88,5) no 3aTB0- 

peHoj xoHTypm 6y,ge je,gHax. Hynm, a cmHxpownammja caToBa ,ga 6y,ge moryha. 
Y TOM cnyHajy nojaaa RomnoHeHaTa g oa  HHje ycnoarbeHa oco6mHama cantor cm- 

cTema peckepeHLimje, Hero npocTo HenoxlecHmm m36opom xoop,gmHaTe x ° , H H360- 

pom KOjl3 joj o,groBapa yEmjex ce moNce yLniHmTm, Aa g oa  6y,ge jegHaxo Hynm. 

flocmaTpajmo ripocTmpai-be CBjeT.TIOCHHX 3paKa y KOHCTaHTHOM rpaBmTatim- 
OHOM norby. 13mAjenm CMO y § 53, ,ga je cPpeKseHumja csjeTnocTm jermaxa m3so,gy 
ajmoHana 4 n0 BpemeHy (Ca cyripoTHmm 3HaKOM). cr) peKBeHLiHja, m3mjepeHa CBjeT- 

X°  
CKHM BpemeHom

c 
 npema Tome 143HOCH (Do= 	oxo • Kaxo je,Etqaqpiqa ajxo- 

Hana (85,10) y KOHCTaHTHOM II0J1Dy He caAp)xm ,x°, TO cl)pexeequja (D o  ocTaje 
KOHCTaHTHa xo,rt npocTkipaq.a cejemocHor 3paKa. ckpexseEnvja, m3mjepeqa con- 

a 4) 
CTBeHHM spemeHom, H3HOCH CO = 

ar 
	. Ta tipeRBeFulmja je pa3m4qHTa y pampim 

Taqxama npocTopa. Y sem ca penaujom 

64 xo 	&Jr, 	c 
ay 	ax6  or 	ka f goo  

Teormia no.rba 	 IT 
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'imam° 
co o  

= 	 
V—  goo 

( 88 , 6 ) 

3a cna6o rpaswraumoHo norbe onasne ce Ilp146.1114>KHO no6m3a 

(1) 	°Jo 1  — ( 	--2)• 

thinumo, na ce Ci)pexseHuHja csjeTnOcTm nosehasa, Kana ce nosehasa anconyTHa 
spmjenHocT noTeHumjana rpai3xTauxoHor norba, Tj. xana ce CBjeTTIOCT npm6nPuxasa 

THjermma, Koja npoy3poxyjy 110.113e. 06p1yTo, KaAa ce 3pax ynarbyje oq THX TH- 

jena, eppexseHumja CBjeTIIOCTH ce cmaHoyje. 

AK0 CBjeTTIOCHH 3pax, KOjki nona3m 143 Ta4Ke, rnje je rpasmTauxoHpi TIOTeH-

1414jan je,u,Haic cp i , Hma (y TOj TatIK14) cippexseHumjy Co, OH he, xa,u,a cTmrHe y Tagxy 

c noTeHuHjanom (1) 2 , HMaT14 ckpexseHumjy (H3MjepeHy COFICTBeHHM BpeMeHOM y Toj 

TaHKI4), xoja je jegHaKa 

	 (1 	(P22) 	co (1 + 	
c 2

CP2). 

1— (--P1  
C2  

F114HYICKH cnexTap, K0j14 emwryjy ma R0j14 aTompt, K0j14 ce, Hanp., Hanase 

Ha CyHuy, H3rnena Taxo HCTO, Rao WTO Ha 3BMTbH m3rnena cnexTap, xojH emm-

Tyjy HCTO TaKBH aTomm, KOjM ce Hana3e Ha 3eMnH. Alto ce, nax, Ha 3emnou 
nocmaTpa cnexTap, xojid mcnyunajy aTomm Ha CyHuy, oHna he, npeMa rope 143- 

no)KeHom, Fberose nHHMje 614TH nomjepeHe y onHocy Ha THAHHje HcTor Taxsor 
cnexTpa, emmTosaHor Ha 3emn.m. HaMMe, csasa nptHmja ItpexseHumje w nomje-
pRhe ce 3a purrepaan xojizi ce onpebyje 143 ckopmyne 

—  AW= (88,8)  
C2  

rnie cy (p i  H Cp 2  noTeHumjanm rpaswrauRoHor norba pecnexTmsHo y mjecTy emm-

TosaHDa H y mjecTy nocmaTpaFba cnexTpa. AKo ce Ha 3emnoH nocmaTpa cnexTap, 

K0j14 ce eMHTyje ca CyHua kinm 3soje3na, oHn,a je I (p i  1 >I cp 2 1 PI 143 (88,8) crui-

jenm, na je Aco < 0, Tj. nomiepafbe ce newasa npema mai-bp.m cippexseHumjama. 

OnmcaHa nojasa, Ha3Hsa ce ,.upseHH gennacMaH". 

flocTaHax Te nojase mowe ce o6jacHwrm HenocpenHo Ha ocHosy rope pe-

LieHor o concTseHom BpemeHy. 36or Tora, EITO cy cse senkiLmHe He3asmcHe on 

X° , mHTepsan concTseHor spemeHa, y TORY }cora ce Hexa ocumnaumja y cajeT-

TIOCHOM Tanacy npocTmpe 143 jenHe Taxixe npocTopa y npyry, jenHax je 3a cse 

ocumnauzje. Ilpema Tome jacHo je, na he 6poj ocuonaumja, it oje ce Bowe y je-

.13,HHHUH csjeTcxor spemeHa, 614TH jenHaxe 3a cne Ta'nce npx 3paxa. ABM jenaH 

Te 14CTI4 mHTepsan csjeTcxor spemeHa ogroBapa yTOJIHKO sehem HHTepsany C011- 

craeHor spemeHa, yxonmxo ce narbe Hanammo on Tmjena xoja npoy3poxyjy none. 

4 axne, clopexseHumja, Tj. 6poj ocuHnauxja y jenmmium concTBeHor spemeHa, ona-
nahe ynarbasaFbem csjeTnocTx on Tic( maca. 

Kon xpeTat-ba LiecTRue y KOHCTaHTHOM non") ,  onpxasa ce FbeHa eHeprxja, 
6 S 

necimmticaHa Imo mson njejcTsa no cs eTcxom spemeHy  j 	 --.-- c Tco  . To, Hanp., ( 

( 88,7) 
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craljeAm 36or Tora, II1TO X°  He yna3H AmpexTHo y Hamilton-J acobi-eBy jexIHa-

Lamy. Ha -raj Hatum ,gedmimcaFia eHeprmja je BpemeHcxa xomnoHeHTa xoBapH-
jaHTHor 4-13exTopa Hmnynca Idk = mcu k  = mcgki ui • Y CTaTHLIKOM norby je C1.3 2  

= — goo dX0 — d/2 , na 3a eHeprHjy, xojy hemo oa,aje osHat4HTH ca & o , mmamo: 

dk° 	 dx 0  
— mc 2  goo ds = mcgoo — r/J2 V— goou..4.0 

Yse,Rkimo 6p3HHy tiecTmle v =  	143mjepeHy y concTHeHom Bpe- 
ii 

dl 
 —goodx° 

meHy, Tj. lc* MjepH nocmaTpag, xojm ce Hana3m Ha AaTom mjecTy. TaAa 3a 
eHeprHjy ,r(o6Hsamo: 

610 — 
mei' —g o, 

 

(88,9) 

To je oHa senmiimHa, xoja ocTaje KOHCTaHTHa KO KpeTal-ba tiecTin.(e. Be- 

2  mC 
511441,1Ha, 	_ _ 	npmTom HHje KOHCTaHTHa. MoRce ce ,I1oKa3ani, Aa H3pa3 

v 2  j 
C 

3a eHeprHjy (88,9), ocTaje Ha cHasm H y cra4HoHapHom non.y, canto axo ce 
6p3mHa v mjepm y concTseHom BpeMeHy, ogpebeHom caTosHma KOjH Cy cmHxpo-

Hm3mpaHm ,Eky)x TpajeKTopHje tiecTmle. 

Y rpaHmtniom cnytiajy cna6or rpaswrat4HoHor non.a, 1,1 manmx 6p3mHa, 143 

(88,9) Hana3Hmo nomohy jemiatame — goo  = 1 ± 
cp 

IlpH6.T11,1)KHO: 

mv 2  
&o = mc2  - 2 

 + my, (88,10) 

rxtje je mcp — HepenaTHBHcTi4tmca eHeprHja LiecTkwe y rpaBwral.woHom non.y, 
tuTo je y carnacHocTH ca Lagrange-osoM cbyHm.n4jom (79,1). 

3aAau H 

1. OnpenHTH cHny, Koja AjejerByje y KOHCTaHTHOM rpaBHTaLiHoHom 110.1by Ha gecTHuy, Koja 

.ce nonaraHo Kpehe. 

P j e w e H. e. 1/13 (85,3) Hmamo, nocnHje aaHemapHeatha HnaHoea Apyror pena no 6  -p3HHH 

c1 2  xa. 	 a 
ds2 = raGO  (u°)2 2  r u°uP op 

Ca HCTOM TatiHowhy Hmamo : 

ui ui = goo  (u°) 2  + 2 gocc  ua = — 1 . 

YBOAehli Tp0P,HMeH3HOHallHH BeKTop 6p3HHe Imo 	
tha , rAje je U. = 

1 — us enemeHr concTee- 
dr 	 c 

*l7 
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Hor spemeHa Ha THjeny Koje ce Kpehe (npH manHm 6p3HHam a raj serrop npenam y o6H4Hy 

ranHnejcKy 6p3mly), Ao6HBamo: 

ua — v" ,  u°=-2. 
C 

gra va 

11—goo goo 

CL 
BenH94He row r op 

H3pa4yHasamo no onwroj cl3opmynH (84,3), rAje cm H3130AH no x° HcnaAajy 36or - 

d2xa 	j 

xoFicraHrHocrm norba. Flomohy H3pa3a Ao6kileHHx Ha raj Ha44H, H3palgyHajmo de 	—c2 = wa,  r,aje 

d2X (-4  
je wa = 	 Tp0AHMeH3H0HanHH 

(npocropHH) seKrop y6p3alba. Y oxtrosopy 3roAHHje je ripehn Ha 

dT2  
KosapHjaHrHe KomnoHeHre, I1pHTOM rpe6a HMaTH y sHAy, Aa ce se3a meby KO- H KoHrpasapH 

jaHTMIM KomnoHeHrama npocropHor serropa wa oApebyje np0CTOpHHM merpHLIKHm 
TeH30p0M -ra p , 

 na je wa  --- yap wil• npH H3pa.,4yHasalby rpe6a i,.marH y Emny, aa i J e yap g[3Y = 8Ya  (B. npHm.. 

ga0  

Ha cri.). 240) H yap e = — —  (y  1.11TO ce naKo molKemo ysjepHrH mHmeHDem jeAHatmHe 
goo 

gai gi  = gaPgpo  + g ao  goo  = 0 ca yya, H cymmpa.H.em no a). Y pe3ynrary Ao6maamo cnH-- 
o   

je,gehm 143pa3: 

1 

	

— 	 — 6  wa  = 	in if — g00 + V — goo —v: 

	

c2 	axa 	 ira-axP ( 
gaol 

— aa ct (gg130:1 

CHna fa ,uo6m3a ce mHmeH,em wa  ca macom rHjena m. Yso,aehm rpopmeH3HoHam-H BeKrop ca.  

H Cat-1mq 
	

g00 = 11,  Ao6HseHH H3pa3 momcemo HanHcam ca rpoAH- 

g00 
meH3HoHanHHm o3HaKaMa: 

f == — m c2  grad In Ifit mc 	X rot g). 

KomnoHeHre seicropa H cse seKropcKe onepauHje mopajy ce on.je ripumm y KpHBOIIHHHCKHM 

npocropHHm KoopumHarama, Koje op,rosapajy npocropHoj merpmm 
aetHHHCaH0j TeH30p0m yap. 

Hanomm-bemo, ;la aKo ce rHjeno yonarre He Kpehe, oH,ga. cHna, xoja Ajejm- Byje Ha Pbera 

inpsa LinaH y (1)], Hma noreHumjan. ,1:1pyrm LinaH y (1) Hma o6nHK ap.anoraH Coriolis-oBoj CHRH. 

Taj 4naH ce Hana3H y H3pa3y 3a crauxoHapHo name (KaAa. g oa  HHje jenHaKo HynH). Moe ce 

pehm, A a Foucault-oso marHo, Koje ce Hana3H y crauHoHapHom rpasHrauHoHom rimy, Koje 

npopoKyje pormpajyhe rHjeno, nperpnrbyle HCTO cxperan,e, Koje 614 onawarm, KaAa 6n ce OHO-

Han 
y3
a3Hno Ha THjeny, 

Koje porHpa (y orcycray rpaBwrauHoHor norba) ca yraoHom 6p3HHom 

Q = 
2 
_c _ Vh rot g. 

2. 1413secr0 Fermat-os npnHLwn 3a npocrHpaH.e 3paKosa y KOHCTaHTHOM rf askraum-

oHom riomy. 

e u.1 e rb e. Fermat- oB npHm..mn (s. § 53) rnacH 6$ka  dxa = 0, rAje ce mirerpan 

y3Hma Apg. 3paKa, a noAHHrerpanHH H3pa3 mopa 6HTH H3pa.)KeH nomohy cl)peKseHuHje w o , KOHCTaHTHe 

aif 
Apic 3paKa, H AHtepeHunjana Koop,u.HHara. Ilourro je ko  = 

ax 	
— (LA nmuemo ko  = g01ki, Hnx 

o  

— —c = goo k°  + gocc  V. 

Yspuirasaibem Tora y penauprjy ki ki = gik ki kk = 0, Kojy hello HanHcarH y o6nHKy: 

goo  (k° g—e'x  ka) -I- y ap ka kR = 0 , 
goo 

KomnoHeHrama ga  = — ga°  

( 1  ) 
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Ao6Heamo 

(1'' 0)2  + yap 	kP = O. 
goo  C 

"1/13 oee penauHje H H3 Tara, UITO  Beicrop  ka mopa HmaTH npaeau seKTopa dxcc, Hana3Hmo: 

w o 	cl.xa 
ka  =  	 

c  — goo di 

rAje je di (82,5) enemeHT npocTopHe paanan.HHe Ay) apaKa. TO. 6H ce A06140 H3pa3 3a ka  

w o  
runuemo 	ki 	 —c  _ex°  	 gap  k p.  

,o,AaHAe Hmamo 

Y3eBILIH y o63Hp, na je TeHaopy gap HHBep3HH yap 

dxP  
ka  -= yap (kP 	g130)=)-co  w ° ( 	 

C \V—  goo dl 

+go(3) 

Hajaari, mHoweH.em ca dxccAo6HBa ce Ferm t a_--oe rIpPIHUHTI y o6runty (H3OCTal3TbajOSH KOHCTaHTHH 

.taKTop wo) : 

	—g dxct = O. 

5  (v 
 di 

 -goo  g03 

f  di  
V —  goo 
	CEpehemo nax(Eby Ha To, .ga ce y rpaert- 

TamioHom norby 3paK He Kpehe no HajKpahoj nHHHjH y npocTopy, jep 6H ce HajKpaha nHHHja 
mpercTaBrbana jertHaqHHom 

8f d1=0. 

§  89. PoTagnia 

Kao npHmjep crauHoHapHor rpamTauHoHor norba nocmaTpahemo of-lc -rem 

-petepeffigHje, xojH paBHoMjepHo pompa. 

Zec1JHHHcahemo HHTepBa.n ds y nocmaTpaHom cHcTemy. Y Be3H ca THM 

H3spumhemo TpaHctopmamijy  ca  HenoxpeTHor cHcTema Ha CHCTeM KOjH paBHo-

mjepHo poTHpa. Y HenoxpeTHom xoopAHHaTHom CHCTM t(ynoTpe6- 

Jbusamo uHnHHApH4He xoopAHHaTe r', 	z') HHTepBan Hma 0611HK 

ds2  = C2dt!  — dr' 2  — r' 242  — dz' 2 . 

-Heim cy y poTHpajyheM  cHcTemy  r, (p, z, IiHnHHAppitiHe xoopAHHaTe. Axo ce oca 

poTaivje nomana ca ocama Z H Z' , ona Hmamo r' = r, z'  =  z, (I) + 2 t, 

rrtje je S2 — yraoHa 6p3HHa poTaLtHje. 3aMjeHoM ce Ao6HBa H3pa3 3a ds2  y p0-

7Hpajyhem cHcTemy petepeHT4Hje: 

ds2  = (C 2  — 522 r2) dt 2  —2S2r 2 dcpdt — dz2 	r2 dp2 	dr2 . 	(89,1) 

'Y CTaTHLIKOM norby Hmamo P.AHOCTaBHO 8 
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HeonxoAHo je HanomeHyTH, Aa ce poTmpajyhHm cmcTemom petepeHumje, xojm 

npoytiaBamo y oBom naparpacky, mo)xe cnyxcHTH came ,go pacTojafba je,AHaxmx 

C C  
 

 S2 ' 	
3aHcTa, m3 (89, 1) BHAH ce, Aa sa r> 	BenHtimHa goo  noCTaje 1103HTHBHa, 

ILITO 
He mowe 6HTH. HenpmmjeHrbmBocT poTHpajyher cmcTema pecpepeHLu1je 3a . 

Beha pacTojaH.a je y Be3m ca THM, LUTO 614 6p3HHa poTaLwje Ha HaliMa nocTana . 

Beha o,A 6p30He cBjeTnocTm, na ce 3aTO TaxaB cmcTem He mowe ocTBapHTm 

peanHmm THjenxma. 
Mao H y cBaRom cTamoHapHom non.y, Ha THjenmmaxoja poTHpajy caToBm 

ce He mory cmHxpoHm3mpaTH y CBHM Tatixama. H 3aMCTa, axo ce o6aBH cHHxpo-

HH3auja Apx. Hexe 3aTBOpeHe nmHmje, oH,Aa hemo 110 noepaTxy y nona3Hy Tagxy 

)10614TH BpHjeMe, Koje ce oA npso6HTmor pa3nHxyje 3a BenHtimHy [B. (88,5)]: 

Dr2 dp 
r2.  

C 2  

mnm, npeTnocTaBHBum AP je 
SCr « 1 (Tj. Aa je 6p3HHa poTamje mana y nope-

bei-by ca 6p3mHom cBjeTnocTH): 

gocE — dxa 
goo 

(89,2) 

rAje je S— noBpatHHa npojexwije KoHType Ha paBaH, HopmanHy Ha ocy poTa-

uHje (3Hax — Haim 3a o6mna)xelbe no xoHTypH pecnexTHBHo y pinm 

cynpoTHo cMjepy poTaw4je). 
FlpeTnocTaBHmo, Aa ce no Hexoj 3aTBopeHoj xoHTypm npocTmpe CBjeT.TIOCH14 

3pax. 1/13pattyHajmo Ao Ta4HOCTH LinaHoBa peAa v/C spHjeme t, xoje npoTeile 

meby oAaLuHrban,em cBjeTnocHor 3paxa. 14 lberoBmm noBpaTKom y nona3Hy Tagxy, 

Bp3HHa cBjeTnocni npeMa ,getmilifilmjH yBHjeK je , jeAHaxa C, alto ce BpHjeme 

cmHxpoHH3Hpa AYE AaTe 3aTB0peHe nHHHje 14 axo ce y CBaK0i cnyxmmo 

concTsexmm BpemeHom. ByAyhm, Aa je pa3nPum meby concTBeHmm 14 cBjeTcxmm 

BpeMeHOM peAa V2/C2 , TO ce npm H3patiyHaBaHq TpaweHor HHTepBana BpemeHa 

t ca TagHomhy Ao BenmliHHe peAa vic Ta pammxa mowe 3aHemapHTH. Ilpema. 

Tome Hmamo: 

L 	2S2 
t 	S, 

c 	c2  

rAje je L — ApicmHa xowcype. Cao6pa3Ho Tome, 6p3HHa CBjeTTIOCT14 143MlepeHa-

Ica° oAHoc Lit 143140CH: 

c + 2 S2 	• 	 (89,3) 

Osy ckopMyny, Kao H ckopMyny 3a npsy anpoiccmmanmjy Doppler-oBor etexTa, 

naxo je H3BeCT14 14 tilICTO xnacmt-im nyTem. 
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3 aaaTax 

0ApeaHTH enemeHT npocTopHor pacTojaH.a y poTHpajyheM Koop,amiamom cHcTemy. 

P j e cu e fb e. flomohy (89,1), (82,5) H (82,6) Hana3HMo: 

r2  42  
d12  =  dr2  dz 2  0 2 1.2 

1— _ 
c2  

imme ce AeckHinnue 
npocTopHa reomerpHja y pompajyhem cHcTemy pect)epeHnHje. Hanommbemo, 

Aa 0,4HOC Ily)KHHe nepittlepHje Kpyra  y paHHH z = const. (c neirroom Ha OCH poramje) npema 

nonynpegitHxy r H3HOCH 

I 	02r2 

27r 

Tj. BehH je oa 2g. 



Cn. 12. 

FTIABA XI 

JEAHAI-114HE ITABI4TAU,140HOr 110.TbA 

§ 90. TeHaop Kinimme 

BpaTmmo ce oiler Ha nojam napanenHor nomjepalba BeKTopa. Kao IIITO je 

peileHo y § 83, y onuiTem cnytiajy HeeyKnmAcKor npocTopa 6ecKoHaqHo mano na-
panenHo nomjepaPhe BeKTopa Aectammue ce Kao TpaHcnallmja, npm Kojoj ce Kom-
noHeHTe BeKTopa He mmjeH.,ajy y KoopkwaTHom ciicTeMy, KOjH je Descartes-oB y 

.gaTOM 6ecKoHat3io manom enemeHTy 3anpemmHe. 

AKo je xi = xi (s; napameTapcKa je,u,Haluma HeKe KpmBe (s je ,ay)KmHa nyKa patiy - 

dki 
HaTa o,rk HeKe TatiKe), OHAa je BeKTOp ll t  = — jeAHHHT-1H14 BeKTOp, KOjli TaHrmpa KpmBy. 

ds 
AKo je nocmaTpaHa KpmBa reo,ReTcKa, oftga je, Kao LLITO CMO smAjenm y § 85, 

Apx. Hz,e Dut = 0 [Bm,Am (85,2)]. To 3Ha.rn, aico ce BeKTOp /Li nox3prHe nap a-

nenHoj TpaHcnailmjm H3 Tatme xi Ha reo,rkeTcKoj .111,1H14jH y Tatncy xi + dXi Ha 

PICTOj TIHHI4j14, oKga ce OH noKnana ca BeKTopom ui + dut, K0j1,1 TaHrmpa 1114HHjy y 

TatiKm xi -1- dxi. Ha Taj HatimH, nomjepaH,em TaHreHTe reoAeTcKe nimmje Ay)K 

came Te rummje, oHa ce noMjepa napanenHo camoj ce6H. 
C Apyre cTpaHe, npm napanenHoj TpaHcnaLlmjm Asajy BeKTopa „yrao" meby 

1-bHMa, oLimrne,rkHo, He mmjei-ba ce, Flpema. Tome moxcemo pehi, Aa ce npm napa- 

nenHOj TpaHcnaLlmjm ma Kojer BeKTopa API( 
Ma Koje reo,geTcKe nmHmje, yrao meby TMM 

BeKTopom H TaHreHTom Ha Toj IIIIHI4jH He 

mmjei-ba. gpyrmm pmjetimma, npm napanenHom 
nomjepauby BeKTopa, HperoBe KomnoHeHTe no 
reo,tteTcKmm nmHmjama y CBHM TaiiKama nyTa 
mopajy 6MTM Henpomjerubmse. 

BeoMa Ba)KHa oKonHocT je, ILa y Heey-
tc.nm,rwom npocTopy napanenHo nomjeparbe 
BeKTopa 1,13 je,r(He 3a,gaTe TaLiKe y Apyry 

Aaje pa3He pe3ynTaTe, aKo ce nomjepaibe 
BpLUM no pa3Hmm nyToBmma. CneumjanHo, 
orLaB,rke cnmjeAm, ,aa aKo ce BeKTOp noMjepa 
napanenHo camom ce6H no HeKoj 33.TB0- 

peHoj KoHTypm, npm noBpaTKy y npBo6mTHy 
TaLiKy OH ce Hehe noKnonmTm ca cBojkim npB06mTHxm nonowajem. 

6MCMO TO o6jacHmnm, nocmaTpajmo HeeyK.nmAcKm ABOAHMeH3140HaTIH 14  

npocTop, Tj. ma Kojy Kpmsy nosplumHy. Ha CB. 12 npeTcTasnzeH je A110 TaKBe 
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nospluHHe, orpaHHHeH TpHma reoAercioim nHHHjama. nomjepHmo sexTop 1 na-
panenHo Ayw RoHType, lc* cJopMHpajy Te nHHHje. FlomjepaHDem Ayw nHHHje AB 
sexTop 1, oApwasajyhm CTBJ1HO HCTH yrao C TOM nHHHjom, npena3H y BeKTOP 2. 
DomjepaHDem Ayw BC OH Ha HCTH HallHH npena3H y 3. Haj3aA, xpeTaHoem H3 
C y A Ayw xpHse CA, oApwasajyhm CTBJIHH yrao C TOM KPHBOM, nocmaTpaHH 
sexTop npena3H y 1', xojH ce He noxnana C sexTopom 1. 

1/13seAHmo onuiTy tkopmyny, KOja npHKa3yje npomjeHy sexTopa npH napa-
nenH0j TpaHcnauHjH no HeKOj 6eCKOHaqH0 manoj 3aTBopeHoj KOHTypH. Ta ripo- 

mjeHa clA k  oHesHAHo ce mowe HanHcaTH y o6nHxy oAk , rAje ce HHTe- 

rpan y3Hma no AaToj xoHTypH. 3amjeHom (Mk  H3pa3om (83,5) 'imam: 

AAk Fik1 

,(sexTop Ai, KoJH ce Hana3H noA HHTerpanom, mHjeH.a ce y Be3H ca FberoBom 
nomjepaHpem ,ELyw xoHType). Taj xpHsonHHHcxx HHTerpan mowemo TpaHcckopmH-
paTH nomohy Stokes-ose Teopeme (6,14) y HHTerpan no nOBpLLIHHH, xojy AaTa 
KoHTypa o6BHja. TaAa je: 

AAk. 1 r[o(rkm  Ai) 	a(orxikim  Ai)ldilm, 2 j 	oxl 

arizm A l
_ ark!  _ 1 	 A  I r 	1- 	a A, 	i  OA] ,_, 

pi. - A , -t- i km --  — I kl 
2 	L ax 	cx•ni ' 	thl 	thm 

df lm  • 

Ho ripomjeHa sexTopa A i  Ayw xoHType je fberosa H3mjeHa ycnHjeA napanenHor 
- nomjepan,a, na npema Tome Ii3BoAe oA A i  moNcemo oApeAHTH AmpexTHo 143 

oA 
OA, 	

n 
A n dx , Tj. 

6
-
xi

-i 
 = F7i A n . ...,aMilieHnyiyhli TO H mkijeFbajyhm 03Hamy PIH- 

AeKca y Asa nocibeAfba HnaHa noA HHTerpanoM, Hana3Hm0: 

1 f [arikm 	ariki 	r i r n 	ri ra AAk 	 Eirn 	nIL km —  nm. 	
A 

m  • 
• 	U 

36or Tara, LLITO je 3aTsopeHa xoHTypa 6ecxoHaHHo mana, mowemo noAHHTerpanHH 
H3pa3 3 aMHjeHHTH Fberosom spHjeAHowhy y HeK0i Ta4KH yHyTpa KoHType H 1/13- 

Hmjerpf mcnoA HHTerpanHor 3Haxa. ilpeocranH HHTerpan TaAa jeAHocTasHo Aaje 
BeJWILIPIHY af irn  nospunme, KOjy o6sHja xoHTypa, H AetilEIPITYIBHO Ao6mBamo: 

1 
AAk ------- —

2 

rAje je Riftm — TeH3op 4-peAa: 

t 	ark R i  m  
klm —  	+ 11.ar 	f  kini — rn OX! 

(90,1) 

(90,2) 

je Rim TeH3op, sHAH ce H3 Tora, IBTO ce y (90,1) Ha .111ieB0j cTpaHH 
Hana3H BeKTOp: pa3nHica. AA k  BPHleAHOCTH sexTopa y HCTOj TatiK14. TeH3op 

Rikinz Hamaa ce TeH3op KpHBHHe, 1311H Riemann-Christoffel-oB TeH3op. 
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Flax° ce Ao61413a aHanorHa cbopmyna 3a KoHTpaBapHjaHTHH BexTop Ak  .  36or 
Tora HanomHH.emo, 36or Tora, IBTO ce npm napanenHoj TpaHcnanHjH cKanapH 
He mmjeFbajy, 6Hhe Q (AkB k )  =  0, r,aje je Bk HeKil KOBapPljaHTHH BeKTOp. r10- 
mchy (90,1) ogaTne Hmamo: 

A (AkB k ) = Ak A Bk  +  Bk Ak = Ak Bi  R iki th 	+ B k AAk 

k 
Bk(Ail k  —

2 
A iRamkira)= 0, 

PIJIPI, 36or Tora 31TO je  BexTop  Bk  npoH3BonDaH: 

AAk  = — -2-1  elm A i Apm (90,3),  

Alto ce BeKTop A l  ABany -r KoBapptjaHTHo Amci)epeFiqmpa no :xk H no X 1 , oH,ga 
yonaiTe y3enum, pe3ynTaT 3aBHCPITH oA peAa ANct)epeHL(HpaFba, cynpoTHo oHom• 
LLITO BaxcH 3a onitnie  PI3BOAe.  HcnocTaBrba ce, Aa ce paaTIHKa Ai;o—Apile 
ozpetiyje PICTPIM TeH3opom KpmBHHe, KOjH CMO rope H3BeJIPI. HaHMe, Bamm topmyna 

Ai ; 1 ; k === A Feil  • (90,4) ,  

xojy je naxo npoBjepHTH HenocpeAHHm paHyHom (To 143pa4yHaBa1-.e oBAje hello 
36or KpaTKohe PI30CTaBHTPI). AHanorHo, 3a KoHTpaBapHjaHTHH BeKTop je: 

A i;k;1 —  fA i; 1 ; k 	— 	Rini  ki• 
	

(90,5),  

Haj3a,g, naKo je  Ao6HTH  aHanorHe cbopmyne 3a Apyre H3BO,ge TeH3Opa 
[To je Hajje,gHocTaBHHje ypaAHDA., alto ce nocmaTpa, Hanp., yMjecTo TeHaopa Alk 
cneuHjanHH cnytiaj TeH3opa o6nHKa A, Bk H npH Tome ynoTpe6e cjJopMyne 
(90,4) H (90,5). CDopmyne, ,go6HeeHe Ha Taj Hatn4H, 36or IbmxoBe nimeapHocTH 
Ba)Ke 3a ma KOjPI TeH3op]. 

OLieBHAHo )e, ga je  y  eyKJIPIACKOM npocTopy TeH30p KpmBHHe je,rwaK HylIPI 
H 3aHcra, y eyK1114,11CKOM npocTopy mory ce y3eTH KoopgmHaTe KOA KOjHX cy y 
LIPITaBOM npocTopy CBe rkl  =  0, a 3aTO H R iki m = 0. 36or TeH3opHor KapaicTepa 

Rki m , OH je Taxka jeAHax  Hynes  H y Ma xojem ,gpyrom KoopAHHaTHom cHcTemy. 
To je y Be3H ca Ln4H,eHmuom, ,[ta je y eyKnHAHom npocTopy napanenHo nomjepaFbe 
BeKTopa H3 je,gHe TagKe y Apyry je,gHo3Ha9Ha onepanHja, a npm o6Hna)Kepby 
3aTBopeHe KoHType BeKTop  ce  He MHjeFba. flax° je BPI,gjeTH, Aa ce y eyKIIPIAHOM 
npocTopy mme mnjeFbaTH  pe,g  KoBapHjaHTHor AmckpeFRAPipakba. 

Ba>KH PI o6pHyTa Teopema: axo je 	 ofLga je npocTop eyKnHAcKH. 
CTBapHo, y CBaKOM npocTopy moxce ce y3eTH KOONIPIHaTHPI cHcTem, KOjH je- 
Descartes-oB y ,gaTom 6ecKoHatfflo manom gjenHhy. AKo je Rim = 0, 0H,ga je 
napanenHo nomjepalbe jegHo3HaLrHa onepawija, na ce nomohy napanenHor 
nomjepaH,a, Descartes-013°r cHcTema H3 ,gaTor 6ecKoHaiiHo manor AjenHha y cse 
octane MO)K ,g0614TP1 Descartes-OB cHcTem y zn4Tasom npocTopy, Tj. npocTop 
je eyKJIPIACKPI. 

Ha Taj 	KpHTepHjym 3a ogpebHBal-be ,ga JIH je npocrop eyKnpigclu4 
PIJIH HHje, ca3HaFbe je, Aa Jill  je  TeH3Op KpmBHHe je,g,HaK Hynes HfH pa3.1114tIMT oA Hyne.- 
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HanommHDemo, ,t(a maxo ce y Heeyxnm,acicom npocTopy mo)Ke 143a6paTm 
1{000,1114HaTH14 cmcTem, KOl14 614 6140 DeSCarteS - OB y AaToj TatiK14, Tj. TaxaB, ,rta 

cy y AaToj Tatum cse rk1  jewiatte Hy.T114, kinax npwrom TeH30p KpHBHHe Hmje 

jegHax Hy.1114 (jep 143B0AH OA rik , Hmjecy jeAHaxm Hyam exyna ca riko. 

§ 91. Oco6HHe TeH3opa xpHHHHe 

143 143pa3a (90,2) 3a TeH3op R iki m  Henocpe4Ho crimjeAm, Aa je TeH30p 
Kp14B14He awniciimeTpkitiaii no mH,gexcmma 1 H m: 

Rki  lm = 	R ikm1 • 	 (91,1) 

3aTHM, FMK() je npoBjep14TH ,fla Ba>K14 cnHjegehH 14,4eHTI4TeT 

R ikim 	Rtnki+ R;mk = 0. 	 (91,2) 

Flope,Ei MjewoBNTor TeH30pa K014B14He qtn , TaK0 e ce ynoTpe6rbaBa KOBa-

pHjaHTHH TeH3op Kp141314He 

R  iklm =  gin k kim• 	 (91,3) 

Flomohy npoeTmx TpaHctopmanmja naxo je A0614r14 cnmjeAehm m3pa3 3a R Ham 

1 d 2  g 	62   gk i 	62 g11 	 km  
R iklm = 

2 ( dxk oxl 	dxm Oxkdxm 	Ox' ()xi 

gnp (1-Z rfaz— rikrtz FT)• 

143 oBor 143pa3a Henocpexmo H3na3e cJimje,gehe oco614He ckimeTpmje: 

R iklm 	R kilm• 

R iklm = 	Rikml, 

F?iklm 	Imik• 

H3 OBHX topmyna climjeAki, Fiancee, Aa cy cBe KomricHeTe Riki m , ROA K0j14X 

je L = k 14.1114 / 	jegHake HyTIH. 

Haj3axi, 3a Riki m , Ka() 14 3a R ikinz Bax<ki KriewrivreT (91,2): 

R iklm 	Rimki 	R urnk = 0. (91,8) 

Y sem ca penanmjama (91,5) — (91,7) oemm °Bora oAanxie erimjetim, Aa axo ce 

y Riklm 143B0L1.114 jegHa Te mera upiRrup-Dia nepmyTanmja Ha. ma K0j14M Tpmma mixiex- 
cmma, na ce Ao6mBeHe 'rpm KOM110HeHTe ca6epy, pe3yJITaT he 614Tki je,iiHaK HyJI14. 

,110Ka3K14M0 join cimjexiehm HAeHT14TeT: 

R Ilk1;m+ Rinmk;I 	R rizIm;k = O. 	 (91,9) 

(91,4) 

(91,5) 

(91,6) 

(91,7) 

3roAHo ra je ripoBjepliTm, axe ce y3me KOopAmHaTHH CIICTeM, Kojkl je 

Descartes- 0B y TOj Ta4K14. 36or TeH3opcxor KapaxTepa penanmja (91,9), 'raga 
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die BaEHTH y ma KOM KoopgHHaTHom cHcTemy. ,LtHcpepemmpaHDem Hspasa. (91,2) 
14 H3jeAHatiasaisem y Fbemy rk 1  ca Hynom, y nocmaTpaHoj Tatum, Hana3HMO: 

a 	a2 	ri/k  
R tIkl;m= 	 • arl  oXk  oX in  axl 

flomohy orora 'wan naKo ce ysjepHTH, Aa (91,9) 3aHcTa swim. 
OA TeH3opa KpHsHHe mo)Ke ce nomohy yripowhelsa cacTasHTH TeH3op 

Apyror peAa. Talmo ynpowheFbe mowe ce H3BeCTH camo Ha jeAaH HaHHH. 
aaHcTa, aKo R k1  ynpocTHmo no HHAeKcHma m H 1, go6Hhemo Hyny: 

R m 	
im n 

mkt = g 	= 0,  

360r aHTHCHMeTpHgHOCTH Ri m kl no HHAexclima i H m. YnpoinheH.e no m H k 
.(ynpoluheH.e no m H 1, oHesHAHo, gaje PICT() TO ca cynpoTHHm 3HaKOM) Aaje 
TeH3Op Apyror peAa: 

,„,, 

ilk = 	
aria 	Ori  

Rik = 	
lk 	ran F, 	r  in 

- • rem 7- 1  ik Im• 

JIaxo 	

oxk 	ax' 
je sHgjeTH, Aa je osaj TeH3op cHmeTpHHaH: 

Rik = Rki• 

HajaaA, aKo ce ynpocTH Rik ' go6HBamo HHsapHjaHTy 

R  = ekRik= gilgkm 

Koja ce Hamsa cKanapHa KpHsHHa npocTopa. 
flpema pena4Hjama (91,5 	8) HHcy cse KomnoHeHTe TeH3opa KOHBHHe Hen- 

BHCHe. 0ApeAmmo 6poj He3aBHCHPIX KOMnOHeHaTa TeH30pa 	flocmaTpajmo y no- 

	

HeTKy cny4aj npocTopa C ABHje AHmeHmje, 	o6HT-iHy nospumHy. 1/1HgeKcH 
k, 1, m mory Ta,r4a HmaTH spHjeAHocTH 1, 2. KomnoHeHTe KOJI K0j1iX cy HCTO-
BpemeHo i H k HnH 1 H m jeAHaKH 1 11111,1 2, jeAHaKe Cy Hynes. A cse oHe KOM-
noHeHTe, Koje HHjeCy jeAHaKe Hynes, HnH cy mehyco6Ho jeAHaKe, HnH ce pasnm-
Kyjy camo no maKy. Ha Taj Hal4HH, TeH3op KpHsHHe y TOM cny4ajy Hma camo 
jegHy HensHcHy KomnoHeHTy, Hanp., R1212.  llaKo je Hades, Aa je cKanapHa KpH-
sHHa R = g" gkm Riklm Y TOM cnygajy R = 2 R1212/g2  (g je AeTepmmaHTa, Koja je 
cacTasibeHa oA se.nHHHHa gik ). R/2 ce npHTom noKauje, Aa je jeAHax 1-103HaT0j 
OaliSS-0B0j KpHBHHH nospulmHe, Tj. jeAHHHum noAHjeibeHoj np0H3B040M rnaBHHX 
paAmyca 

0ApeAmmo caAa 6poj He3aBHCHHX xomnoHeHaTa TeH30pa RpHsHHe y Tp0- 
AHMeH3H0HanHOM npocTopy. flocmaTpajmo OHe KomnoHeHTe, KoA KOjHX cy camo 
Asa HHAeKca pa3nHHH -ra,  Tj.  KOMCIOHeHTe 0 61114Ka Rabab (Tpe6a namTHTH, Aa 
osAje Hema cymmpaFba no HHAeKcHma). flap spHjegHocTH a H b moxce ce go6HTH 

BpHjegHOcTM 1, 2, 3  Ha  TpH HaHHHa. CsaKH nap a H b gaje npema (91,5) 
—(91,7) caMO jeAHy He3asHcHy KomnoHeHTy. Ha Taj HaHHH, KomnoHeHaTa TaRsor 
TH11a 611he csera TpH. KomnoHeHaTa ca TPkI pa3nHHHTa HHAeKca, Tj. KomnoHe- 
HaTa o6nHKa Rabac, TaKoh  3.%  A e ..e -PITH csera TpH: 8 1213 , 82123. 8 3231. 
cy HnH jegHaKe osHma, HnH ce oA HDHX pswiliKyjy camo no 3HaKy. Ha TajHat1HH, 
y Tp0AHMeH3H0HanHOM npocTopy TeH3op KpHBHHe mma LuecT He3aBHCHMX Komno-
AieHaTa. ticTo TOnHKO KOmn0HeHaTa Hma CHMeTpHHHH TeHSOp R a, Ilpema Tome, 
143 nmeapHmx penallmja Rik = gml  R limk, cae KomnoHeaTe TeH30pa Riki m  mory 
ce H3pa3HTH ca Rtk  H MeTpHHKHM TeH30pOM grik . AKO ce yme KoopAHHaTHH 

Cse octane 
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CHCTeM, itojm je Descartes-os y TOj Tatum, oHAa ce npH TpaHcckopmawljama, 
KOje AosoAe Ao npocTor o6pTal-ha Descartes-oBor clicTema y nocmaTpaHoj Tatmt, 
KOMI-10HeHTe merpmliKor TeHsopa y T0j Tat-mm He mmjet-hajy. MebyTHm, KOM1-10- 

HeHTe TeH3opa, yonarre ysesuat, npoMHjeHHhe ce. OArompajyhmm m36opom Ko-
opAmHaTHor cHcTema ysmjeK ce mowe ITOCT111114, Aa TpH KOM110HeHTe TeHsopa 
xpmsmHe y p,aToj TaLIKH 6yAy jeAHaKe HyJ1H. Cnel4HjanMo, TeHsop Rik mowe ce 
csecTH Ha rnasHe oce. Ha Taj HaLIHH, xpmsHHa TpoAmmeHsHoHanHor npocTopa 
y csaKoj Tatum oApebyje ce Tpmma sertmtmHama. 

HajsaA, npebmmo Ha tieTB0p0,1114MBH3H0HallHI4 npocTop. Bpoj KomnoHeHaTa 
TeHsopa xpuBmHe c Asa pasHa HHAeKca (Tj. THna Rabat)) Lu csera je ecT: 14H-  
AeKcm a H b mory ce yseTH H3 tieilipH spHjeAHocTH 1, 2, 3, 4 Ha wecT Hatima, 
a CBaKH nap spmjeAHocTH Aaje jeAHy HesasmcHy KOM110HeHTy. Spoj KomnoHeHaTa 
ca TpH pasHa HHAeKca je csera 12: 'rpm pasruitimTa HHAexca mory ce M3 1, 2, 3, 4 
,406HT14 Ha geTHpH Hatuma, a csaKa TpojKa spHjeAHocTH Aaje TpH HesasHcHe 
K014110HeHTe (Hasp., R1213 ,  R2123 ,  R31321• Haj3a,11, 6poj KomnoHeHaTa, KoA K0 .114X 

Cy csa ttenipm HHAeKca pasnH14HTH, 143H0CH TpH: R1234. R1423. R1342; octane cy 
MnM jeAHaKe ospima, 141114 ce OA H3Hx pasmucyjy camo sHaKom. A.1114 14 143 °BMX 

TpHjy KomnoHeHaTa camo Atamje cy Hesaamcme, jep cy cse TpH mebyco6Ho nose-
saHe jeAHmm 11,E1eHTliTeTOM (88,2): 

R1234 + R1423 4- R1342 --- 0. 

Ha Taj Hat1HH, y ttersopoAmmeH3HoHanHom npocTopy TeHoop xpmsmHe Hma csera 
20 He3aBHCH14X KomnoHeHaTal). AKO ce ysme KOOpalH2THI4 cmcTem, Kopf ce M0W 
y AoToj Tat-mcm cmaTpaTm Kao Descartes-oB, 14 aKo ce nocmaTpajy TpaHccf3opma-
Lwje, it* o6phy Taj cHcTem (Tax° ;la ce spHje,n,HocTH gik  He mmjet-hajy y no-
cmaTpaHoj Tat1K14), mowe ce nocTmhx, Aa mecT KomnoHeHaTa TeH3opa KpHB14He 

6y,13,y jeAHaKe HyJ1H. (IllecT je 6poj moryhHmx He3a1314CH14X o6pTaFba LieTsopoAli-
meHsmoHanHor moopAHHaTHor cHcTema). Ha Taj Hatil4H, KpHspnia 4eTsopoAmmeH-
3140HanHOF npocTopa y CBaK0j TaLIKH oApebyje ce nomohy 14 BenHHHHa. 

3 a.KaTaK 

1/13pa4yHaTH KOMTIOHeHTe TeHnpa Rik (yaamajyhvi H3 1-bPIX LIPICTO ripocropHH AHo) y CH-

cTemy peckepeHnHje, y Kome je gocc  = 0, g00 — — 1 (noAo6Hom TpaHcitopmanHjom LieTHpH KoopAH-

Hara, ysHjeK ce Ta 4TMM ycnoaa gory HcnyHHTH). 

Pjeweibe. 3agcct 
	

c10 Tp0,,14MeH3H0HallHH meTpHtlxv, TeHaop y aii (82,6) noKnana ce 

ca u / 

	

' 1113  k Ya l3  = 
 gag). 1'I3BOAH  aga 	aic4P,  TaKobe, catan-basajy Tp0,11HMeH3H0HaJIHH TeH 3 OP, 

	

ax  ° 	Ox° 

1 ) HanHummo K0m6HHanHje Hwaexca i, k, 1, m, Kole Aajy He 3aBHCHe KOMHOHeHTe : 

1212 1223 	1313 	1324 1423 2323 2424 
1213 1224 	1314 	1334 1424 2324 2434 

npH 9emy je 

1214 1234 	1323 	1414 1434 2334 3434 

R1234 — R1324 4-  8 1423  = 0. 
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rn. xi 

Kojm hello 03143.'14TH ca 	HenocpeAmo m3pa4yil8sakbe no chopmynm (91,10) AOPOLtti Ao cnmje- 
Aeher pe3ynTaTa: 

la 	a 	I aP 
Roo — — —4 2 ax'

s 
 a 	ccP 

Rea = 	( % cc13 ; 13 

R — a  x + p " 
ccP 	2 ax° 	ap

.  
0a,nje je Pap 7po,ammem3momanmm TeH3op, Kojm ce mapawasa nomohy y ap, Kao LUTO ce R ik  H3- 

paxcasa nomohy gik . CBe onepaumje no,am3aFba mmaexca H KoBapHjaHTHor nmcbepemumpalba oegje 
ce Bpare y Tp0AHMeH3H0HaJIHOM npocTopy, Tj. nomchy meTpm4Kor Tem30pa y ap (no PICTHM Cb0p-

NyllaMa Imo H y 4eTBopo,ilmmem3momanmom npocTopy, Te onepaumje sptue cc nomohy Tem30pa gik ). 

§ 92. jejcTBo as rpaBmTa.ulloHo ao.rbe 

3a Hana>KeH.e jeAHatikma, Koje AeciniHmuy rpaBHTaLmoHo none, Heonxo,gHo 
je npeTxoAHo oApeAHTH gjejcTso Sg  Tora nova. Tpa)KeHe jeAHaliHHe Ta,ga ce 
Ao614Bajy nomohy Bapiipafba cyme giejcTBa noTha H maTepHjanHHx liecTmga. 

dELjejcTso Sg , Kao 14 AjejcTso 3a eneKTpomarHeTHo none, mopa ce m3pa3HTH 
y 06J1HKy 14HTerpana no Limjenom nosy, Tj. no HI4TaBOM npocTopy 14 no Bpe-
MeHCK01 KOOPAHHaT14 Meby AB14je 1-beHe 3a,gaTe BpHjeAHocTH. By.gyhm Aa Sg 
mopa 614T14 HHBapgjaHTa, OHO Hma 06nHK. 

SG 

   

— g c152, 

rgje je G HeKH cKanap.  3a  ogpebHBal-be Tor cKanapa nohmhemo og Lnu-beHm.le 
Aa jeAHatimHe rpai3HTar4HoHor nova mopajy ca,gpmcaBaTH H3so,rae „noTeHgujana" 
nova, Kojg Hmcy EMU 14 OA Apyror pega oHoMe, WTO Ba>KH 3a jeAHaLH4He 
eneKTpomarHeTHor norba), nOLUTO ce jenHa4HHe non.a. Ao6HBajy nomohy sapHpaH.a. 
Ajejcn3a, oH,ga je 3a TO He011X0,11H0, Aa cKanap G ca.ap.>KH H3BoAe oA gik , K0j14 
HHcy B 14CUH OA npBor peAa. Ilpema Tome, 0 mopa. caApKaBaTH camo TeH3op 
gik  H Benkmme rkt 

MebyTHm, 143 cammx BenH4HHa g,k  H r'k , HHje moryhe cacTaBHTH HHBapH-
jaHTy. To ce HenoopegHo BHAH 143 Te OKOTIHOCT14, LUTO ce nomohy ogroBapajyher 
H36opa KO0p,1114HaTHOr clicTema yBHjeK mo>Ke yAecHTn, Aa cse 13 enm Luilie 
rk , y AaTOj TatiKH 6y,gy jegHaKe Hynm. HnaK, nocTojH cKanap R— KpmBHHa 
4-npocTopa, — KOiH, ma ga. OCHM TeH30pat g, k  14 1+,erotimx npEgix HaBoAa, 
caApAH jour H Apyre H3BoAe PA gik , noc.rbegFbe caANKH canto nkmeapHo. 
36or Te miHeapHocTH HHBapHjaHTHH HHTerpan $ RV — g ds7 mo>Ke ce TpaHcckop- 
mHpaTH noMohy Gauss-oBe Teopeme y HHTerpan H3pa3a KojH He ca,gpmui Apyre 

.143BOX(e. HaMMe, 	 mo)Ke ce npeTcTaBi4TH y o6nHKy 

= f Gli—gdS2 f 6(11—g wl)  dS2 , 
oxi 

rAje G caAp>KH canto TeH3op gik  14 HperoBe npBe H3BoAe, a noAHHTerpanHH 
m3pa3 y Apyrom HHTerpany Pima o6nHK AHBepreHLIHje Hexe senHtmHe 	(AeTarbHa 
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onepaumja H3BegeHa je Ha Kpajy osor naparpacim). flpeMa Gauss-osoj Teopemm 
Taj Apyrid HHTerpan mowe ce TpaHctopmHpaTH y HHTerpan no xmnepriospumH14, 
Koja o6yxsaTa 4- 3anpeMHHy, no Kojoj ce spi114 HHTerpmpaHae Ko,A Apyra Asa 
HHTerpana. Bapmpapzem AjejcTsa HecTaje, ,aaKne, sapmjauHje Apyror tinaHa Ha 
AecHoj cTpaHH, jep no cmmcny npHHinina HajmaFber AjejcTsa Ha rpaHmAama 
HHTerpmpaH.a sapHjatImja nonza jeAHaKa je Hyn14. npema ToMe, mo)Kemo HarnicaT14: 

f f Gf—gdp- 

Ha nHjeaoj cTpaHH je cmanap, na je npema Tome H H3pa3 Ha ,RecHoj cTpaHH 

TaKobe cicanap (Aom cam HHTerpan 	 HapaBHO, 1414je cKanap). 

Berdt-11414a G 3a,aosonDasa rope nocTasn.eH14 ycnos, jep cagp>K14 canto gik  
M H.erose npse H3BBO,Re. FIOLLITO je, Kao LUTO ce swam H3 npeTxo,aHor,(3SGV— g d,S2 
jeAHHa TaKsa HHaapHjawra, TO moHtemo nHcaTH 

c 3  
6 Sg = 16,7.rk 6 f G 	g dQ = 16 k 0  f 811-- g  

(92,1) 

rAje je k — HOBa ymisep3a.nHa KOHCTaHTa. AHanorHo nocTynmy, KOjH je 14313pureH 
y § 26 3a ktjejCTBO eneKTpomarHeTHor norba, mo)Ke ce 1314,1:Oen-I, Aa KOHCTaHTa 

k mopa 6HTH 1103HTHBHa (BRAM Kpaj osor naparpacba). 

1-CoHcTaHTa k Ha.3msa ce rpasmTaumoHa KOHCTaHTa. ,E1HmeH3Kja 3a k crwijeAH 
Henocpe,rtHo H3 (92,1). njejcTso Hma AHmeH3mjy g cm 2  sec -1 . Moe ce cma-
TpaTH, Aa cse Koopr4HaTe Hmajy AHmeH3Hjy cm, a gik  cy 6e3 AHmeH3mja, na, 
npema ToMe, R Hma ApimeH3Hjy cm -2 . ,L1ecin4HHT1413Ho Hana3HMO, Aa k Hma 
jAHmeH314jy crt23  • g-1  - • sec -, . 1-beHa Hymepw-lica spHje,rtHocT je 

k = 6,67.10 -8  cm' • g -- ' • vc 	 (92,2) 

HanommH.emo, Aa 6HCMO mornm CTaBHTH Aa  je k pa BHO je,RHHHLAH (HnH 
Apyrom rip01431301bRO HammeHoBaHom 6pojy). MebyTHm, npiiTom 6H ce o,gpe,Lwo 14 

1436op je,m4Hmue 3a Mjepel-be mace, Koja 6H ce y TOM cnriajy noKnanana c je-
AHHHu,om sa Mjeper-be Aymulfie. 1 ) 

1,13pa4yHajmo caAa senH ,n4Hy G y (92,1). H3 H3pa3a (91,10) 3a R i k Hmamo: 

y-- g R= 	g gik  R 

V —g{— g 	ax i 
ik 	 ik 	 k 	i 	i 

	

g i 	rkm+ g k r  k 
rlm 

npsa Asa T4naHa Ha AeCH0j cTpaHH cy: 

g 11■Ty rk  1  ik 	 ik I 
— gg rik)—r k 66.-si 	

g gik) 

0. crikd Flu 	6  ( 	 

Oxk 	Oxk 	
_ri 6 

11  6,0 	g ik) • 

OF' 	or 

1) ilomeKaa ce craerba k = C2 . Taaa ce maca mjepm y cm, npm tremy je 1 cm = 1,35.10 28g, 
Maca, mamjepexa nomohy TkIX je,aimmna, maaHea ce rpaemTaLlmoHn nonynpegmmk Tmjena. 
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H3ocTaBJbajyhH TOTallHe H3BOAe , Hanasxmo: 

1 6 a V— g G = — rill  (y—gg ik)d- 
axi 	 z oxk  ( Ii_g gik)_ 

— (1-71 	— 	rinizn) ik  

Flomohy cbopmyna (84,5) — (84,8) Hanasmmo, Aa cy npsa Asa tinaHa Ha AecHoj 
cTpaHH jeAHaxm npoHno,gy H3 1/1-1-a H 

— rimrk/gki + 2  rilk r;mgmk  — rik r lm k 

g ik(— Finn, r'ik  + 2 rink k r,'" —r'ih r;'„) 	2 gik (— 	r',71.1 m). 

4e4mHHTHBH0, A axne, onisamo: 

G = gik 0-1,7rillz 	 (92,3) 

KomnoHeHTe meTpHmxor TeHsopa BeJIHIIHHe cy, R.* Aecimuntly rpasHTaimoHo 
norbe. Flpema Tome, y npHHLuAny HajmaEber zjejcTsa sa rpasHTaLlHoHo norbe 
ynpaso senHtniHe g,, no,AnHjexty sapHpaH.y. kinax je osAje Heonxo,RHo HCTahM 
cnHje,Elehy pe3epsy. HaMMe, mi4 caro. He mo)xemo TapgHTH, Aa y peanHo HacTanom 
110.111 HHTerpan AjejcTaa HMa MHHHMyM (a He jeAHOCTaBHO excTpemym) y oAHocy 
sa cse moryhHe sapHjauje g, k . To je y Be3H ca timbeHmlom, Aa csaxa npo-
mjeHa g, k  He ogrosapa npomjeHH meTprixe npocTop-spemeHa, Tj. peanHoj npomjeHa 
rpaBilTaLmoHor norba. KomnoHeHTe gi, mmjeFbajy ce seh H npH npocToj TpaHc 
ckopmaLwjH xoopAHHaTa, xoja je sesaHa camo C npenasom ca jeAHor cHcTema 
peckpeHuHje Ha Apyrm y je,aHom HCTOM npoCTop-spemeHy. CBaKa Taima. TpaHc 
ckopmanHja xoopAHHaTa, yonurre ysesum, npeTcTasrba yxynHocT (Beh 
npema 6pojy KoopAHHaTa) HesasHcHmx TpaHabopmaimja. ,aa 6H ce HcxybyliHna 
moryhHocT TaKBHX npomjeHa gik , xoje Hmjecy y seam ca npomjeHom meTpmce, 
mory HM ce gortaTii iieTHpH goripicKa ycnoBa, H aaxTHjesaTH mcnyHpea,e THX 
ycnosa nom sapHpaHpy. Ha Taj Hatn4H, npHHLIHn Hajmapber AjejeTBa npHmmjefbeFr. 
Ha rpasHTaLAHoHo norbe Aoxasyje canto, rka ce senHqHHama g, k  mory go,to.TH 
1-1BKH ,a0rlyHCKH yCT1OBH Ha Taj HaLIHH, Aa  6H npm HAIXOBOM orTwal-by ogjeiCTBO 
HManO mHHHmym y oAHocy Ha sapHpal-be gik . 1) 

HMajyhH y BHA)/ Te HanomeHe, nomaammo ca,ga, Aa rpaspiTatmoHa RoHcraHTa 
mopa 6HTH 1703HTMBHa. Ka0 tieTHpH AoriyHcxa ycnosa 0 KOjHMa je 6Hno rosopa 
yammmo, Aa cse TpH momnoHeHTe goa  6y,ay jexmaxe Hynes H Aa AeTepmmHaHTa 
I gap I, cacTasrbeHa OA xomnoHeHaTa g ap , 6yge xoHcTaHTHa: 

goa = 0,  I gap I = const. 

(Ha ocHosy nocibeAH.er o,EL THX ycnosa Hmahemo: gaP 
a gap 

= 
7.7c7 	dxr I gad 

3 ) FloAenatiHm), mebyTHm, na cse urro je petieHo He yTivie Ha S4 3 Boxi, jeAtia‘igHe norba 
npHHE.mna Hajmal-her AjejcTsa (§ 94). Te je,nHaqHHe ce Ao6pisajy Belt H Kao pe3ynTaT ycnosa 
eKcTpemyma AjejcTBa (Tj. HecTaHKa iberose ripe BapHjawile), anH He o6aBe3Ho mmikimyma. rlpema 
Tome, ript4 HoliXOBOM meobel-by mory ce He3aamcHo noAsphm BapHpaH.y cse K0M110HeHTe g,k . 
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Hac osgje HHTepecHpajy OHH 1111aHOBH y nogmHrerpanHom H3pa3y y gjeiCTBy, 
KojH ca,qpmce H3soge og gik no x°  (ynop. cTp. 65). FlpocT paHyH nomohy (92,3) 
noKa3yje, ga cy TaKBH T4fIaH0B14 y G 

gaP gI8 agar ag"  dx° x° 

FlaKo je BHAjeTH, Aa je Ta BenHx-IHHa y CyLLITHHH 110314THBHa. PI 3aHcTa, y3Hma- 
jyt1H npocTopHH xoopAHHaTHH cHcrem, K OjI4 614 y garoj Tatum npocTopa y ,LtaTom 

	

momeHTy 6H0 ,Itemapros (Tama Aa je gap = gai3 	dap`, go6msamo 

Tj. 36Hp KaagpaTa. 

	

,aoao.rbHo 6p3OM npomjeHom icomnoHeHaTa gap ca apemeHom 	(y HHTep- 
sany meby gsmjema rpaHmnama HHTerpHpapba no dx°) mo>xe ce, Aaxne, BenH-
Ln4Ha G y4HHHTH Ep0143BOILHO BeJIHKOM. Ka4a 614 KOHCTaHTa k 6mna HeraTHBHa, 
oHga 6H ce npH TOMB AjejOTBO HeorpaHHHeHo CMa1431413a.110 (y3Hmajyhm rIp0143BOJBHO 

BenHKe HeraTmsHe BenHHHHe no anconyTHoj BpHje,11HOCTH), Tj. He 6H morno 
HmaTH mmHmmyma. 

§ 93. Tell3op exeprllje-llmnynca 

Y § 31 Ao6HBeHo je ornuTe npasHno 3a H3paHymaBaH,e TeH3opa eHeprHje-
Hmnynca ma Kojer ckH3HHKor cmcrema, Hje je gjeiCTBO npeTcTaarbeHo y 06J1HKy 

HHTerpana (31,1) no 4-npocTopy. Y KpHBOEHHHCKHM KoopAHHaTama Taj HHTerpan 
mopa 6HTH HamicaH y o6nHKy 

S= 1  AV —gdS2 	 (93,1) 

(y ranmnejcimm KoopgmHaTama je g = — 1, H S npena3H y SA dVdt) PIHTerpm-
pal-be ce api.uH no ,414TaBOM (TpoAHmeH3HoHanHom) npocTopy H no spemeHy meby 
Asa 3agaTa MOMeHTa, Tj. nO 6 ecKoHaHHom no,gpyHjy 4-npocTopa, Koje ce Hana3H 
meby gimjema xmnepnoapumHama. 

Kao LETO je &Lilo peHeHo Behr y § 31, TeH3op eHeprmje-mmnynca, geckm -
HHcaH ckopmynom (3 1,5), yormuTe y3 eaum, HHje cHMeTpHMaH, Kao LETO 014 mopa ga 6yge. 
Ida 6H nocTao cHmeTpmHaH, Heonxo,row je 6Hno H3pa3y (3 1,5) goAaTH Ha ogrosa-

pajyhH HaHHH H3a6pamm LinaH o6nmKa Dx/ I" rgje je aHTHcHmeTppigHo no 
• 

i-ul eKcHma k Pi 1. Caga hello gaTH ApyrH HaHHH H3patyHasaHpa TeH30pa eHep- 
rkije-Hmnynca, K0j14 Hma TO npemmyhcTao, Aa °Amax 410BOLH4 Ao npasor Hspa3a. 

143spuimo y (90,1) TpaHcckopmauHjy RoopaHHaTa xi Ha xoopAHHaTe X 7 =-= 
xi— 1, rAje cy — mane senHHHHe. KoA Te TpamcckopmagHje KomnoHeHTe 

gik TpaHcckopmmpajy ce npema OCHOBHHM ckpmynama, xao LETO cnmjefam: 

Rik (x9 gilm(X") 
aX aX k 	" i 	ika

c k  
\ 

	

— g 6  — 	m thaz) aX-1 dx~m

g ik (,,t )  + g rim (nk 	g liet (ni  
dxm 1 	dx' 

4 ax° I  ()gal 

Teopxja nosa 18 
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TeH30p !Pk  oskje je cl)ym.tHja oA X' 1, a TeH3Op gik  ckyHxnHja paHHjHx KoopAH-

HaTa X 1 . ,E1a 6H ce CBM tiflaH0B11 npeTcTasHnH y o6nHxy cl)ymulkije je,IIHmx Te MCTHX 

npomjeHrbkispix, y g' ik  CTaBl4M0 -= X I  —;"1  14 pa3BHjMo 1 ) no ciene-
HHma 1 . 3aTMM, saHemapyjyhm LinaHose sHwer pe,ga no V mo)xemo y CBHM Hna-
HOBHMa, KOjH caApice V, HanHcaTH gikymjecTo eik. Ha Taj Ha411H HanasHmo : 

a0.1 	Ok g ik(x t) 	elk  (x i) 

ox' /, +g  ax' +gk  a:;.i 

,ampexTuom KOHTpOTIOM Jla.K0  ce ysjepHTH, Aa ce nocrbe,ru-ba Tppi LinaHa Ha 
AecHoj cTpaHH mory HanHcaTH y o6nHxy 36Hpa 	 KoHTpasapHjaHTHHx 

11380,Ra 0,11 	Ha Taj Hat411H  HanasHmo ACCIMH1414BHO TpaHccloopma4Hjy gik  y 

o6nHxy: 

g i  ik  =  g ik 	ogik ,  Og ik 	1;k (93,2) 

ilourro je AjejcTBo  S  cxanap, ouo ce He mHjeH,,a nom TpaHcct)opmat4HjH 

RoopAHHaTa. C Apyre cTpaHe, npomjeHa ,gjejcTsa dS npH TpaHcckopmaLAHjH }co-
opAHHaTa moae ce HanHcaTH y cnHjegehem o6nHKy. Hexa, xao H y § 31, q 
osHatiasa Bel114414He xoje ,ger.1)HHHLuy oHaj (1)143114KH cpicTem, Ha KOjII ce o,gHocH 

Ajejc -rao S. TpaHccbopmaujom xoop):LHHaTa senHHHHe q ce mmjefbajy sa 6q. Me-

byTHm, xo,a HspaHyHasaH=,a  65  He mopajy ce nHcaTH gnaHosH, xojvi cy BesaHH c 

npomjeHama of.t q. CBH TM  HnaHosH ce me1=jyco6Ho cxpaTe 36or „jeAHaHHHa xpe-

TaH.a" clhiam.ixor cHcTema, nourro ce Te je,rmaHHHe H oHaxo A06Hsajy xa,ga ce 

cTaBH Aa sappijanHja 0A  S  no  senHHHHama q 6y,ge jextHaKa Hynes. Flpema Tome, 
AOBOTIDHO je 11HCaTH camo tillaHOBe, K0j14 cy BesaHH c npoMjeHOM oA gik . AKO, 

Kao 06HTiH0, npHmjeFmmo Gauss-osy Teopemy H 3a rpaHH4e HHTerpHparba cTa-

BHMO g:k=  0,  Hanammo  aS  y o6nHxy 

1  f  dr—gA ogik  + 	o de} do  
OS = cji 	 aok 	()x i 

a-  
ax' 

1  r 	 
c1 dgik   ()xi 

 ay
6 
 Al 

6gik d[2. °4, 
ox' 

1) Heonxo,ano e noi,ayhH,  Ad  oanaxa Hasoaa KOjy cmo yaenx no KOMTIOHeHTaMa CHMeTpH4HOr 

aF 
Temopa gik y Hex)/ pyxy HMa  CHM6011H4KH  xapax -rep. HaHme, 113130111,16 gik (F je Hexa ckyaxnmja 

aF 	 . 

0,4 gik) mmajy ycTaapki cmucao canto  3aTo, LLITO oaria,fasajy ,iku-beFunly, 	je dF  =  agik  dgik. 

aF- 
AnH 36Hp agik dgik LITIaHOOK  ca .4H4pepexumjankima dve ceaxe o,4 KomnoHeHaTa rip I 	k 

cumeTpHHKor TeH3opa ynase Asany -r.  36or Tora KOK AmcbeveHHHpayk,a KoHupeTHor H3pasa F no 

ma xojoj oApebeaoj xomnoHearm  gik npvi  i 	k Anelmnn bmcmo Benp*thxy, }cop. je ,KBanyT Bella 

aF 
k  o,a oHe y cnyliajy xaAa ce oanagasa ca 	Oey HanomeHy Tpe6a HMaTH y aHAy, amp ce 

Aajy 	

agr 

oApebeHe HpajeAHocTH  HHAeKCHMa  i , k y tiopmyriama y Koje yna3e H3BOAH no aF 
a gik 
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YBeAHmo ca dr_ta o3HaKy 

.Taxta OS Ao6Haa o6nHK 1) 

Or— gA  a ay_gA  
agik 	ax / 	agik  

a  axi 

(93,3) 

OS 	f 	 —
2c 
frk agikr—g c152 	(93,4) 

	

(Hanommbemo, xta je gi"Ogik = - gik ark 14 3aTo TikOg ik = — 	CTaBn.a- 
_jyhH ouje 3a ógik H3pa3 (93,2) Ao6m3a ce, KopncTehH ce cHmeTpHjom TeH3opa Tik, 

	

aS = 2c  Tik (V; 11  $k;') y— gc112---c  f Tik f 	g a • 

'TpaHctopmHpa.jmo ca,4a Taj H3pa3 Ha cnHjeAehm Hat14H: 

()s 	( T lio;kii_gds2  1 f F V — g dQ. g (93,5) 

TIpBH HHTerpan noMOhy (84,9) momce ce HanHCaTM y o6nHxy: 

foaxic(r=-iT i) dQ  

H TpaHctopmHpaTH y 14HTerpan no xkineprioBpundHH. IIOLUTO cy Ha rpamenlama 
pasHH HynH, Taj HHTerpan HecTaje. 

Ha Taj HatiHH, H3jexiatiyjyhm OS ca HyTIOM, Hana3HMo: 

OS =— 	 = O. 

.36or Tora LIITO cy i  npo H3BOrbHM, Ao6HBa ce 

Tik;k--=.-  O. (93,6) 

aT  
Ynopebyjyhm oBy jeytHatniHy ca jextHat 	 xk

ik  4Hom (31,4) 	= 0, Koja BaxcH y rarm- a 
nejcithm KoopAHHaTama, BHAHmo xta TeH3Op T i k, Aecl)HHHcaH cpopmynom (93,3), 
mopa 614TH HAeHTppiaH C TeH30pom eHeprHje-Hmnynda, — y Kpaji-boj mjepH c 
TatiHoinhy ,go KOHCTaHTHOr tax.Topa. Flax° je npoBjepHTH, Aa je Taj taicTop 
paBaH jeAHHHilm, Tj. ga je Tik 143 (93,3) ynpaBo TeH3op eHeprHje-Hmnynca, a 

1 ) CKpeheMo na.)KI-by Ha To, Aa y nocmaTpaHom cnygajy AeceT BenHtniHa Sg ik  Hilcy 

He3asHcHe, jep InpercTaBrbajy pe3yr1TaT TpaHctopmanHje IcoopAHHaTa, icojkix Hma cHera geTHpH, 
flpeMa Tome, H3 H3jeAHa9eFba SS ca Hynom He 14311a311, Aa je Tik  = 0. TaKobe Hanommbemo. 

„Aa je H3pa3 (93,4) 3a 8,3 TatiaH 3a ma Kojy sapHjanHjy OA g ik . 

18* 
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TO ce, HanpHMjep, moxce ypaimm pagyHafbem no itopmyni4 (93,3) 3a enexTpo- 
1 

marHeTHo none A = — —
167r

Fi', Pk-- — F F ( 	
16z ik ini g g  

gil km 1) .  

Ha Taj HatiHH cbopmyna (93,3) omoryhaBa pispaLlyHaBaH.,e TeH3opa eHeprmje - 
Hmnynca nyTem witepeHumpaH,a A no KomnoHewrama meTwmor TeH30pa 
(if FbuxoBilm 143BoAmma). flpiTom je TeH3op Tik, 'wiz ce AecimHkune npema ( 93 ,3), 
cmmeTpmmaH TeH3op. clpopmyna (93,3) je noAecHa 3a mspatiyHaBaH.e TeH30pa 
eHeprmje-pimnynca He camo y cnytiajy npmcyc -rBa rpaBwraumoHor norba, Hero H 

oHAa Kapa OHO He 110CTOjkl, Kapa meTpm4Km TeH3op HeMa camocTanHor cmncna, 
na ce npenas Ha KpmBonoHmcKe KooppmHaTe Bpum tiopmanHo xao EHTepnanHa 
eTana npll H3pat1yHaBaHv Tik. 

VIspas (32,1) sa TeH3op eHeprpije-mmnynca eneKTpomarHeTHor TIO.Tba. mopa 

6HTH y KIMBOIIHHHCKHM KoopAHHaTama HanpicaH y o6nmicy; 

1  ( 	/ 	1 
Tik = 	F F k 74  Fi. 	gik), 

11.11H, sa xomnoHeHTe mjeumBpiTor TeH3opa; 

1 	kl 	1  k 	

4 
T 	F IF 	

4 	
Flm  6) • 

a  
(93,7) 

AHanorHo, xoBapMjaHTHe xomnoHeHTe TeH3opa eHeprkije-mmnynca maxpocxoncxpix 
nijena (34,2) cy: 	

Tik 	 8) 14 11k 	g k 

a mjeluospiTe: 	
= (p + 8) ui  uk + poll' • 	 (93,8) 

HanommFbemo, pa je BeTIHT-114Ha T00  yimjex no3kITHBHa 2): 

Too > °. 	 (93,9) 

3a xomnoHeHTe T0 i  yomu -re ysemum, TO ce He moxe pehH. 

§ 94. Jexkliwitme rpaBnTagnoHor ncoba 

Ca,ga mo)xemo npehr4 Ha kt3BobeHDe je,gHatma rpaBHTaumoHor nova. Te 
jermatume po6mBajy ce H3 npimumna HajMar-ber AjejcTiia 6(S in  + Sg) = 0, rAje 

cy Sg  H Sn, pjejcTBa pecnexTzBHo 3a rpaBwraumoHo norbe pi 3a maTepHjy 
(mecTHue). Caxta ce noupraBa Bappipai-by rpaimTauHoHo norbe, Tj. BenwmHe g, k . 

rannnejcium K0OP J4HTM8 je Too  = Too =__ 	Tg rycTmaa eneprmje, a — 	= 1  T 
C a 

1 Toa = 
I 

...—...: — 	i 	I Toa rycTxna KOM110HeHaTa mmnynca; Benpitume TPT — TIP car-mH z.a.aajy • 
c 	c 	 a aP' 

TeH3op rycTHHe cbnyKca xmnynca. 

2) 3aptcra, ;clam° T00  = Ell(?.)  ± p (u + g00 ). Ilpan Lilian je y caaxom cnriajy noamTHaaH.. 

Y Apyrom Linany Hanninnmo u0 ,__ g00 uo + goa uct = goo dx°  +cisgoa thvc.1  H nocnkije npocTe Tpalic- 

dly 
„ 

4)opmaLinje ,u,o6Hsamo p —
ds 

, raje je  dl enemewr npocTopnor pacTojatba (82,5). 0,aaaae ce BHAH,  

Aa je H Apyrn gnan y Too  n03nTnaan. 

1) y 
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143pagyHajmo BapHjanHjy OSg . Hmamo: 

f Rr—gdQ= 

=of 	— g cg2 f IR ik g oga Rae
-v_g+ gay g ()Rik} do.  

M3 (kopmyne (84,4) Hmamo 

1  	1 or—g=  
211— g 	2 

na ce 3amjeHom Ao6kma: 

f Rii—gdS2= 

gik  6g1k 

f (Rik 	2 gik R) 6g
ik

lf—  gdQ f gik 6  RikY —  g ch2. (94,1) 

3a H3pagyHaBal-be OR ik  HanomeHmmo, ,r4a Haxo BenHHHHe r'ki  He catIma- 
Bajy TeH30p, H:311X0133 BapHjauHja 614k/  ripeTcTaBma TeH30p. H 3ancTa, rk AkdX 1  
je npomjeHa Bewropa npm napanenHoj TpaHcnanHjH [BHAH (83,5)] H3 Heice Tatme 
P y TaHxy xoja ce Hanam Ha 6ecxoHatmo 6nHcxom pacTojaFby. IlpeMa 
Tome, oft A i dx 1  je pa3nHxa ABajy BeKTOpa xojH ce go6HBajy, pecnexTHBHo, no- 
iohy Asmje napanenHe TpaHcnauHje (c HeBapHpaHHm H BapHpaHmm rdo H3 Tatum 
P y jeAHy HcTy TaHxy P' . Pa3nHKa ABajy BexTopa y jeAHoj HCT0j je BeKTOP, 

na je 3aT0 Orhl  TeH3op. 

YnoTpHje6Hmo KOOpAHHa.THH CHCTeM, KOjH je raminejcim y AaToj Tatum. 
TaAa cy y Toj TatIKH CBH 	O. Ha ocHoBy H3pa3a (91,10) 3a Rik Hmamo 
(y3eBuni y 06314p, Aa cy IIpBH H3B0AH OA gik  caxta jeAHami HynH): 

gik6 R ik .= gik [ 6ic o r„ 	orik 	• a 	k 	gik 
dxl 

or Ow l 
oxi 

rAje je 

w' = — g" Orf`k g' odic• 
nOLLITO je W1  BexTop, Ao6HBeHy penanHjy mowemo y 11p0H3BOILHOM KOOPAHHaTHOM 
CHCTeMy HanHcaTH y o6nHKy: 

gik o  R ik 	I 	a 	 
(V — g w'

) V — g axl  

Owl 
[3amjekbyjyhm 	ca w ;/  H npmmjeRiyjyhm (84,9)]. rtaxne, Apyrx HHTerpan Ha 

ecHoj cTpaHH y (94,1) je: 

a V — g w  A-2 
Ox' 
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H npema Gauss-oBoj Teopemm moxce ce TpaHccbopmmpaTH y HHTerpan o,rt 11)/ no 
xHnepnospLumHm, xoja o6yxBaTa csy 4-3anpeMHHy. nOLLITO je Ha rpaHmnama HH-

TerpHpalba sapmjanHja non.a. je,gHaxa Hynes, Taj linaH oTnalla. Ha Taj Hatum, 
sapmjanmja 6Sg  je 1 ) 

3 
6 sg= I6 ;k V ik— gik  6gik 	g 

Aim 6HCMO nouirm OA H3pasa 

Sg = 16 v.  k fGv 
aa AjejcTso non.a, xao LLITO ce naxo yBjepHTH, ,40614J113 6HCM0 

as = 16 ar k 
c3 	 —  g) 	a a (6 	g)  og ik (50  

a gki 	axl 	ark 

axl 

Synopebyjym TO c (94,2) Hana3mmo cnitje,gehy penanmjy 

g dS2 

(94,2) 

li - g) 
R ik— gik R = 

 1 	a (G 	
a  _.ik 	(943) g 	gik 	OX.1 

a (G 
a  1_ 

	

axi 	J 

3a sapmjanmjy AjejcTsa maTepmje mmemo nmcam HenocpegHo Ha ocHosy 
(90,4): 

64.3m = — f Tjk Og Ik V — g CK2y 	 (94,4) 

rAje je Tik  TeH3op eHeprHje-HMnynca maTepmje (ymbriyjyha H enexTpomarHemo 
nome). rpaspiTanmoHo y3ajaMHo AjejcTBo mrpa ynory canto 3a Tmjena c Aoson,,Ho 
senmxom macom (3axsarbyjyhm LudEbeHH1114 111TO je rpasmTanmoHa xoHcTaHTa mana). 
npema Tome, rip npoytiasapby rpasHTagHoHor non2a o6HtiHo Hmamo nocna 
C maxpocKonciaim THjenHma. Cao6pa3Ho Tome Tpe6a 3a Tik  06miiHo nmcaTm 
mspaa (93,8). AKO ce rpasmTanmoHo norbe npoy3poxyje enexTpomarHeTHHm 
3pagekbem y saxyymy, oH,Aa 614 ce 3a Tr Tpe6aJlo nocnymmTm m3pa3om (93,7). 
Mebymm, HeonxoAHo je mmaTH y sHAy, ,ga je rycmHa eHeprHje cno6onHor 
apatieH.a, xoje nocTojm y npmpo,AH mana npema rycnnim eHeprHje maTepHjanHmx 
Tmjena, r,ge je ypagyHaTa H HDHxoBa eHeprHja mmpoHaliza. npema Tome, nocma-
Tpathe rpasmTanHoHor norba, npoy3poxosanor enexTpomarHeTHmm nonDem y 
oTcycTsy maca He npeTcTaarba HapogHTH HHTepec. 

1) OBaje HaBoAmmo cnHjeAehy HHTepecaHTHy OK0.11HOCT. AKO 6H ce inpatiyHaHana BapHja-

toga 8 SR -11—g dO [ca Rik 143 (91,10)], cmaTpajyhH rk, xao He3aBHcHo npomjeHmHse, a gik Imo 

KOHCTaHTe, 110CJIHje H era ce xopHcTe 113pa3H (84,3) 3a r'kt  , oKaa 6H ce Ao6Hno, xao [UTO ce IMO 

yajepwril, H3pa3 x0114 je HaeHTWIHO jexHax Hynes. 14 o6pHyTo, aK0 .ce cTaBH na je HaseneHa 

sapHjaiwja jegHaxa Hynes, Morna 6H ce 0,apeAHTH sem mmeby H meipHtixor TeM3opa. 
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Ha Taj HaT4HH, 03 npHHumna HajMaI-ber AjejcTsa 6S,, + 6Sg  =  0 Hana3Hmo 
nomohy penawija (94,2) H (94,4): 

C 3 I 	1 	T.) 	8,rck 
16ak (

Rik— 2  gik 	e4 I ik 

oxaKne je, 36or npoHaBorhHocTH 6gik: 

1 	87rk 
Rik —  -2-  g, k  R = 

C4 
1  ik) 

14.1114 ca MjeLTICBIITHM KomnoHeHTama 

r  k 	1 ,k 	8gk k • 
11% 	 0 1 tr( 2 	C4  

(94,5) 

(94,6) 

grk 	gdS2, 

OBO cy Tpa)KeHe jeAHatiHHe rpaBHTaLlHoHor norha — ocHosHe jeAHaHHHe ormyre 
Teopoje penaTHBHTeTa. 

8.7-rk 
Ynpowhei-hem (94,6) no HHAeKcHma H k Hana3HMO R 	c4 T(T=T)• 

•  
ilpema ToMe, je,aHatimHe non,,a mory ce HanHcaTH, TaKobe, y o6n11my 

8yrk 	1 	T .  

	

Rik =  ---cT (/ ac —  —2 	 (94,7) 

Hanommibemo, Aa cy je,RHatimHe rpaBHTaw4oHor norha HenHHeapHe jeAHaHHHe. 
'Thema ToMe, 3a rpaBHTauHoHa norha He Bawo npHHLIHn cynepno3H4Hje, 3a 
pa3m4Ky OA Tara LIITO OH Ba.)KH 3a eneKTpomarHeTHo norhe y criew4janHoj TeopHjH 
penaTHBHTeTa (§ 26). 

Tpe6a, yocTanoM, HmaTH y BHAy, iia ce y npaKcH o6HE3Ho rtoraba. Aa ce 
nocna ca cna6mm rpaBHTaw4oHHm norhnma, 3a Koja cy jeAHai-IHHe norha y 

npBoj anpoKcHmailmjH nHHeapHe (3H,Lim cnHje,gehm naparpack). 3a TaKBa norha ca 
MCTOM anpoKcHmaw4jom Baxm  H  npHHw/in cynepno3HuHje. 

Y BaKyymy je Tik = 0,  na  ce jeAHaHHHe rpaBHTauHoHor norha cso,n,e Ha 
jeAHavime 

	

Rik =0. 	 (94,8) 

HanomHH,,emo, Lta TO HHKaxo He sHatffl, 	je npocTop-BpHjeme BaKyyma 

paBHO; 3a TO 6o mopano  611TH  R iki m 	O. 

TeH3op eHeprHje-Hmnynca eneKTpoMarHeTHOr norha pima oco6mHy, Aa je 

T;  Ti  =0 [B. (32,2)]. KaKo je  c  Apyre cTpaHe 	—
8nk 	T, owla je, AaKne, 

e4 

npocycTBy cantor eneKTpomal heTHor norha 6e3 HKaKBHx maca cxanapHa KpHBHHa 
npocTop-BpeMeHa je,aHaKa  Hynm  (R = 0). 

Mao LTITO je II03HaTO, AHBepreffilmja 7-14 TeH3opa 7 k, jexi,HaKa je HyTIM 

(§ 93). ripema Tome mopa 611TH jermaKa Hynes H AmBepremmja aHjeBe cTpaHe 
jeAHaqHHe (94,6). Flax° ce yBjepHTH, Aa  cTBapHo Balf(14 H,ReHTHTeT 

Ri;k —  2 (  k 
61  R) = 

1 k 	1  
2 aR °. 

;k 

(94,9) 

OBaj HgeHTHTeT AmpeKTHo 03na3H H3 HAeHTHTeTa (91,9) mHo)KeH.,em ca 
ik Al g 	n. 
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Ha Taj Hatnm je,4Hatnme T,k; k 	0 y cyarrHH14 ce caApwe y je,gHatuiiiama 
norba (94,6). C g pyre crpaHe je,riHa4HHe T,1;k --=0, Koje HspamcaBajy saKoHe orlpwaH,a 
eHeprHje H Hmnynca, caApmce je.aHatimHe KpeTapba oHor cimskix-Hcor cHcTema Ha 
KojH ce orlHocH nocmaTpaHH TeHsop eHeprmje-Hmnynca (Tj. je,gHatimHe KperaFba 
maTepHjanHmx LtecTHua HnH Apyrx nap Maxwell-mix je,rmatimHa). Ha Taj HaLIHH 

jegHatimHe rpaBwrallHoHor norba caApmce y ce6H H je,aHatiHHe 3a caMy maTepHjy 
(maTepHjanHHx xiecnala H eneKTpomarHeTHor norba), Koje npoyspoKyje TO norbe. 
HacynpoT ToMe, jeLmatmHe eneKTpomarHeTHor norba (Maxwell-013e je,tia4141-1e) y 
ce6H caApmte canto jexmatimHy orkp3KaH,a ujenoKynHor onTepehel-ba (jeLtHat-H4Hy 
KoHTHHyHTeTa), arm He caApKe jeAHainme KpeTaH.a THX onTepehepsa Koja npo-
y3poxyjy 

npemai, ToMe, y cnriajy enexTpomarHeTHor norba pacnopeA H KpeTaEbe 
onTepeheFba mory 6HTH saxLaTH Ha npoH3BorbaH Ha4HH, canto Aa TOTaJIHO onTe-
pehepbe 6yAe KoHc -raHTHo. KaA je sa,gaT pacnopeA onTepeheFba, Ha ocHoBy fbera 
ce, nomohy Maxwell-omix jelkHaqHHa, oApebyje norbe, Koje oHa npoyspoKyjy. 
Y rpasHTa4HoHom noisy pacnopez H KpeTaHDe maTepHje, Koja ra npoyspoKyje, 
HilKaK0 He MOry 6HTH sa,rtaTH Ha  Ilp0H3BOTbaH HaLIHH, — HanpoTHB, mopajy 6HTH 
oApebeHm (noMohy pjetuaBaH.a je,gmatlliHa norba KO sa.,ElaTHx notieTHHx ycnoBa) 
HcrospemeHo ca cammm norbem, Koje Ta maTepHja npoyspoKyje. 

kinaK, Heonxo,ItHo je HanomeHyTH, 	jenHaLmHe rpaBHTailHoHor norba He 

oApebyjy pacnopeA H KpeTa ► be maTepHje y ujenHHH. HaHMe, -re je,r1HaqHHe y ce6H 
He caApmce je4HatimHe cTaFba cyncTamie, Tj. jeAHaqHHe Koje mellyco6Ho noBesyjy 
npHTHcaK H rycniy. Ta je,rwatillHa mopa 6HTH saAaTa nope,4 jeAHaLipma non.a. 

LieTHpH Koop,amHaTe xi MOry 6HTH no.rwprHyTe rip0H3B0J1aH0j TpaHcctopma-
14Hj14. Ilomohy Te TpaHccbopmailHje mory ce Ha npoH3BorbaH HaLIHH H3a6paTH 
TI4pH 0,11 geceT KomnoHeHaTa TeHaopa 	flp:::ma Tome, He3aBHCHO je camo inecT 
BenHL1HHa g,k . 3aTHM , LieTHpH KOMII0HeHTe Koje ynaae y TeH3Op eHeprHje-Hm- 
nynca maTepHje 4-6p3HHe 	noBesaHe cy mebyco6Ho penaujom 	 1, na 
Cy oxt FbHX HesaBHcHe caera TpH  KOMII0HeHTe. Ha Taj HataiH, AeceT je,tmatilma 
nonaa. (94,5) c -rBapHo oxtpebyjy AeceT HenosHamx BenHimHa, HaHme ulecT Rom- 
noHeHaTa gik , TPH KOMII0HeHTe 	H rycimHy o maTepHje (Him pbeH ripHTHcaK p). 

AKO ce H3 je,RHaLmHa (94,5) enHmHHHpajy tienipH HenosHaTe — 6p3HHa H 

rycmHa, momce ce Ao6HTH inecT jeAHatiHHa, Koje oxkpehyjy urecT BenHLIHHa gjk . 
Aa ce sa gik  pima cBera urecT jextHaiuma BHAH ce HenocpextHo 143 Tora, 
ILITO cy AeceT jegHaximHa (94,5) m.ebyco6Ho noBesaHe ca tienipm HAeHTHTeTa 
Tifk = O. 

3 a A  aT a K 

HanncaTn je,riatinHe cTannoeapeor rpaenTanvoeor non.a. 
P j e in e ez, e. Yeeinhemo oaeaKe g oo 	gox  = hga. Tana je gap = yap — hgagp ,  

rAje je yap npocToplin (Tp0AHMeH3H0HaFIHH) merpnqui Teneop (82,6). Y6yayhe cee onepanmje no- 
,4143afba H cnywral-ba me,aeKca H Koeapmjawreor ,amcbepexnmpai-ba Bpwe ce y Tpoxlme1-13H0HanHOM 
npocTopy ca meTpmcom y ap (Kao  H y  3a,EtaTKy H3 § 91), YBeLlitleM0 H Tp0,11HVIeH3HOH3.11HH aHTH-

CHMeTpH4HH Teeeop 

_ogp aga 

faP  = gi3;a—gcz ;13—  oxc, 	dxp 
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.H TpopimeHaHoHanmy 6p3xxy yap Aecimuivauyhm je Ha° 

dxa  

(d x° ga  dxa) 

FlocnHje HapatiyHasaH.a momnoHeHara TeHeopa Rtk 	Toe  ,110614BajY ce cnHjellehe jemiatunie 1 ) :  

c(-4h2 	h; a + tap tai 	c4 j  

	

a 	87LIC [  e -1- p 	e —p 
2h h ; v

a
va 	2 	, 

1 	; a 	1 

Viz  ,pa 	 . 	8.7k p + e=- 
2 1131- 4

3 ipa h

'P 	Cl 	vava 
1— 

C2  

[ 	  cc ± A 
/ '131' 
ay/  _ 1 h.;cc _L.  I och  _ 8;7k e—p 8a 	(P + Ova  vp 

Pp 
	2 	2h ' 13  	4h2 	;13  	Cl 	2 	pH-  2( 	vgvP ) C2 i  _ _ ,.2 _ 

je TpoluimeHmoHanmi TeHaop, Kojx ce HapaAaea nomehy y ap' 	
UITO ce R i  Hapamcasa 

nomohy gilt). 

§ 95. Newton-o$ aagoll 

Y /10614BeHmm jeAHatiPtHama rpaBwratwoHor noma 133BpWHMO rpaHHLIHH 

npena3 Ha HepenaTHemcTvgicy mexaHHKy. Mao UJTO je noma3aHo y § 86, npeT-
nocTasxa mane spHjezHocTH 6p3HHa oaHx LiecTmla HcToBpemeHo H3HcKyje, ,aa 
canto rpar3HTaLHoHo none 6y,ge cna6o. 

I/13pa3H 3a KOMII0HeHTe goo  merpHmKor TeH30pa y nocmaTpaHom rpaHH4Hom 
cnytiajy HabeHH cy y § 86: 

goo =  — — 

2p 

C2  

3aTHM, 3a momnoHeHre emeprilje-mmnynca mo)Kemo ce nocnyHcHTH H3pa30m (34,4) 

Ttk  = ktC2 Ui Uk , rAje je µ rycTHHa mace THjena (cyMa maca Liecnala y jeAHHHL1H 
zanpemnxe). WTO ce Tivie 4-6p3mHa U' TO, noun. ° ce maxpociconcko KpeTaFbe 
HapaBHO Tamobe mopa cmaTpaTH nonaratio, mopamo 3aHemapicrn cse 1-berie npo- 

1) klapagyHaeax.e moAce ce onaRulaTM aKO ce yHanpHjeA Hanomeme, Aa Aeclomix -rpmfie jeAHa-

9HHe MOry CaApKaTH canto 143BOAe SeKTOpa g a  y Kom6xHaillux fa p, a He CaMH Taj BeKTOp. 14 

zaHc -ra, jeAHatmHe mcpajy 61,1TX x-eapxjaHTHe y ozHocy Ha TpaHcckopmaxxjy epemeHcxe KoopAH- 
HaTe o6nxtca x° 	x° -Hp(xa), Koja He mHjeFba cTauxoHmpaHocT norba Anx np14 TaKeoj TpaHc- 
4)opmaxxjx ga  npenaax y ga 	cp ;a . TeHaop ta p ce omeepinHo He miljelba. 

c2  
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cTopHe KomnoHeHTe, 3a,ap)KaBajyhm camo BpemeHcKy, Tj. MOPaMO CTaBHTH Il i  = 0, 

T ic  — u0 = 1. OA CEPIX RomnoHeHaTa T , Ha -raj Haq111-1 ocTaje canto 

	

To() =--- 	Pc2. 	 (95,1) 

	

CKanap T = T; 6Hhe je,4HaK HCTOj Bef114 1-1HHH : 
	c2 .  

Hanknummo jeAHal-imHe norba y o6nmuy (94,7): 

R, 	c4 - (T it` — 2 	T)• 

3a i= k= 0 6Mhe 

nO 	4ork 
rC0— 	 

C 2  

Cse ocTane je,RHagme, Kao LIITO ce naKo mmemo ysjepwrm, npz nocmaTpaHoj 
anpoKciimaLuijii HAeHTmitHo cy jeAHaK.e HY.11H. 

Flpm m3pagyHanaHv R°0  no onwTOj topmynx (91,10) HanomeHHmo, Aa Cy 

1111aHOBH KOjH Ca,RP)Ke Ilp0H3B0Jle BeilligHHa rki y CBaKOM cnyHajy BenpiLipme A py- 

ror pe,ga no cp. LinaHosm, naK, KojH ca,up)Ke 1433oue no X° =ct, manm cy (y 
Hocy Ha linaHose ca ineoAmma no Koop,apiaTama xa), jep ca,ap)Ke canto 

1 	

cre- 

	

ocTaje R0 	R ° 	Fa  o.  3aMjeHoM ra  neHe o,4 	. gecimiHmTk 	 0  3Ho 	 o  

	

dxic 	 oo 

1 gcccc agoo 	1 64) 
Hana3Rmo 

2 	Ox' 	C 2  ox" 

o 	.  1  o'T  
R0 

— — C2 axct 2 

Ha Taj Ha9HH, jegHaiii4He norba npena3e y 

	

Acp = 4nk,a. 	 (95,2) 

JeAHatmHa (95,2) je jeAHa4mHa rpaBicraumoHor noma y HepenaTi43HcTHLIKoj 
mexaHmAm. Cxpehemo na>Ki-by Ha TO, Aa je no -rnyHo aHanorHa Poisson-oBoj jeAria-

'414H14 (35,4) 3a eneKTplitIHm noTeHw4jan, y K0j0j ce ca,Ra ymjecTo rYCTHHe OFiTe-

peheuba Hana3m rycniHa mace nomHo)KeHa ca — k. 3aTo mo)Kemo °Amax Hanx-
caTH onLuTe jeAHaLipuie (95,2) aHanorHo c (35,8) y o6npiKy 

(p=  _k  
R 

Osa cbopmyna o,Apebyje noTeHumjan rpaskrraumoHor non.a ma Kor pacnope,Ra 
maca y HepenaTH3HcTwiRoj anpoKcmmaumjg. 

CnetwjanHo, 3a noTeHumjan norba je,aHe LiecTmue mace m HMaMo 

1 

C - 

(95,3) 

(1)=.- (95,4), km 
R ' 
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ay 
' 

na je, Aaltrie, cHna F = — m' — Koja AjejcTByje y TOM nomy Ha npyry tiecTmly 
a R 

(Mace /72') 

kmm' 
F— 	 R2 (95,5) 

OBo je HO3HaTH Nell/On-0B 3aK0H rpaBHTanHje l ). 

iloTeHnfflanHa eHeprHja LiecTnie y rpaBwragHoHom nomy jenHaKa je npo-
H3Bony H3 FbeHe mace H noTem4Hjana noma (§ 88), aHanorHo ToMe, ILITO je 
noTeHLAHjanna eHeprpija y eneKTpHt{Hom nomy jenHaKa npoH3Bony onTepeheHDa H 
noTeHumjana Tora noma.  Ilpema  Tome, aHanorHo (36,1) 3a noTeHnHjanHy eHep-
rHjy ma Kor pacrLopexta maca mo)Kemo HanpicaTH m3pa3 

U = — f itc,0 di/ • (95,6) . 

3a Newton-os noTemwjan KOHCTaHTHOr rpamiTaLmoHor norba, Aanelco on 
maca Koje ra H3a3HBajy, mowe ce HanHcaTH pen, aHanorHo oHoMe KojH je no-
6HBeH y §§ 39-40 3a eileKTpOCTaTIV-IKO name. Y3MHMO KOOpAPIHaTHH nogeTaK y 
neHTpy HHepnwje maca. Tana HHTerpaz p,r dV , KOjH je aHanoraH nHnonHom mo- 

meHTy cHcTema onTepehenia, 13,11eHTHT-IHO je jenHaK Hynes. Ha Taj HaT4HH, 3a pa3.1114Ky 

On enexTpocTaTHT-mor norba, y rpaBHTanHoHom 1101by yBHjeK ce mowe HCKIIDY-

LIHTH „nHnonHm tinaH". Pa3BHjeHH noTeHLMjan p npema Tome lima 06nHK 

k M 	1 	() 2 	1  

DaP aX,8 a xp Ro + 	' 

rnje je M = fict dV — yKynHa maca cMcTeMa, a BenHtmHe 

Dap -= fp, (3Xa 	r2 oaddV (95,8) 

mory ce Ha3BaTH TeH3opH KBanpynonHor momeHTa maca 2). OHM cy ca 06HgHHM 

TeH30pom puiepuje 

J 	f p,(1-2 6 ap  — xa xp) dV 

noBe3aHH otieBHAHHm penaujama 

Dap .-- in. occ p 	3 .1 ap. (95,9) 

   

1) H3 (95,5) ce BHAH, Aa  je }tog enemeHTapHpix Hecnina ogHoc rpaewranHoHnx cnna npema 
km 2  

enegTpomarHeTHHm cacemm He3HaTaH. TaKo 3a ABa enegTpoHa je 	= 2'10-48, a 3a ;lea npo- 
,e2  

TOHa 710-37 . 

2) Oegje cee HHgegce CC , p rnunemo ,Rorbe, He npaBehH pa3J1HKy meby KO- H KOHTpaliiapif-

jawnixm KomnoHewrama, cao6pa3Ho ToMe, LUTO ce noApa3ymHjeeajy onepanHje y 06H9HOM Newton-
OBOM (eyKJIHACKOM ripocTopy). 

(95,7) 
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§ 96. geHTpanHO-CHMeTpi4 HO rpaBwraglloHo 110Jbe 

IlocmaTpajmo rpamTagHoHo name, Koje Hma geHTpanHy cHmeTpHjy. Talmo 
name mo)Ke ce npoy3poKoBaTH  ma  Kam3Hm geHTpanHo-climeTpHgHHm pacnope,Rom 
cyncTaHge. FlpH Tome, HapasHo, mopajy 614TH geHTpanHo-cHmeTpHLIHH He camo 
pacnopeA cyncTaHge, Hero H  H.eHo  Kpe .raH.e, Tj. 6 p3HHa y cBaKoj Tatum mopa 
614TH opHjeHTHpaHa apic pa,amyca. 

1__eHTpanHa cHmeTpHja  norba  noKa3yje, Aa meTpHKa npocTop-BpeMeHa, Tj. 
143pa3 3a HHTepBan ds mopa  611TH  HCTH 3a cse Tatixe, Koje ce Hana3e Ha jeA-
Haxom pacTojai-by oA geHTpa.  Y  eymnH,acKom npocTopy TO pacTojaH.e je je,aHaKo 
pawiyc-BeKTopy, AoK y HeeyKnHacKom npocTopy, KOjH er3HCTHpa y nplicycTBy 
rpaBHTagHoHor non.a, Hema BenHEIHHe Koja 614 Hmana cBa cBojcTBa eyKnKacKor 
paaHyc-BeKTopa (Hanp., Koja  6H  atria HcTospemeHo jeaHaKa H pacTojaiby Ao 
gewrpa H nepHckepHje nozwjerbeHe ca 2g). Flpema Tome, caaa je H3 6op „pa-
,amyc-BeKTopa" npoH3BorbaH. 

AKO ce ynoTpHje6e „cckepHe" npocTopHe KoopAHHaTe r, 8, cp, oH,aa je Haj-
•onuITHjH geHTpanHo-cHmeTpHtn4H H3pa3 3a ds2  

as2  = h(r, t) d r2 	k (r,t) (sin 2e  •  dcp 2 	de2) 	1 (r, t dt2  + a (r, t) dr dt, 	(96,1) 

r,aje cy a, h, k, 1, HeKe ckyHmgHje „pa,aktyc-BeKTopa" r H „BpemeHa" 1. Ho, 36or 
Tora, ILITO je y onurroj Teoplijr4 penaTHBHTeTa 14360p cHcrema petepeHLH4je npo-
143BOJbaH, MH KoopAHHaTe mo)Kemo jOLLI noasprHyTH 11P0143B0119H0j TpaHctopma-
414j14, Koja He KBa pH geHTpanHy cHmerpHjy ds'. To 3Hat4H, ,rka KoopAHHaTe r H t 
mo)Kemo TpaHctopmHpaTH nomohy topmyna r=fi (e,t), r,gje cy 

f2  ma KaKse ckyHKgHje HOBHX Koop,aHHaTa r',t'. 
KopHcTehm Ty moryhHocT, y3mHm0 KoopaHHaTy r H BpHjeme t Ha Taj HaHHH, 

Jla 6H, npso, KoecimgHjeHT a  (r,  t) y3 drdt y 14pa3y 3a ds2  6140 je,aHaK HYJ1H H 

PYro, KoeckHgHjeHT Ic(r,t)  6140  je,RHocTaBHo pasaH r2  '). DOCIbeAliDe 3Hal414, ,11 a 
je paamyc-BeKTop r oapebeH Ha Taj HatudH, Aa  ay)KHHa nepHtepHje c geHTpom 
y KoopAHHaTHom nogeTKy 6y,ae je,aHaKa 2tr (eneMeHT nyKa nep14c)epHje y paBHH 
e = g/2 je d1=- rdp). 3roxHo  he  614TH, ita Ben14LH4He h H 1 nmnemo y eKcno-
HeHuHjanHom 06nHKy, H TO pecneKTHBHo Kao — e' H C 2  e v  r,aje cy A H v HeKe 
tyHKLAHje of( r H t. Ha T aj HaH14H H3pa3 3a ds2  ynoTpe6rbaBahemo y o6m4Ky 

ds 2  = evc2dt2 — r2  (de 2 	sin2 e • dcp 2 ) — e' dr2 . (96,2) 

AKO ce no,a X 1 , X 2 , x 3 ,  X 0,  no,apa3ymmjeBajy peCrleKTHBHO KoopaHHaTe r, e, 
ct, Hmamo ,aaKne 3a KomnoHeHTe merpH4Kor TeH3opa. Koje 1414CY jeAHaKe HynH; 

mpa3e: 

g11 	g22  -= r 2, g33  = r2  sin 2e, goo = — ev. 

flamo je BH,ajeTH, Aa  je 

gll 	 g22   i g00 	e –v . 
r2 

g33 	

r2  sin 2 e' 

1) Tpe6a HanomeHyTH, ,aa Taj ycnos He o,apeloyje jeAHo3Ha ,tHo apemeHcice KoopAHHaTe. 
HaHMe, OHS. ce jaw mo)Ke TpaHccl)opmHpaTH 6Hno Kojom TpaHcckopmawdjom o6nHka I = 1(e), lc* 

ca4p)tcm r. 
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FlOMOhy OB14X BpHjeHocTM JlaK 0 je 170 01-1111T0j (1)0 0MyT114 (84,3) 0,110e,13,P1TH 

BenpitniFie rk,. 1/13pa4yHaBai-be goBop,i4 AO cnmje,rtehxx ii3pa3a (anocTpocl 03Ha-

tiasa Amtepernimpafbe no r a Tatixa Ha,11 CTIOBOM ,E114c4epeffijmpaFbe no et): 

r,i 
i 	—2 	

Flo=--  2 
 

F33 	— sin e cos e , 

o ; 

—
2 

e-- v, 

r 2 	 1 
12 = 113= r 

1 
P10 

re-2 , 

FL= ctg 6, 

113 — r sin 2  e 

ao = ex —2  

roo -= —2 

(96,3) 

CBe ocTane Komnoliewre Fik1 (OCHM Of-114X, Koje ce pa3nmicyjy oA Harllicamix 

camo Tpaxcno3mnmjom 141-1,4exca k 	je,rwaKe cy HynH. 
3a Ao6lisafbe jeuatania rpasPrrailHolior non.a Tpe6a npema doopmynii 

(91,10) M3pa'IyHaTM KomnoBeFrre TeFi3opa R. JeAxocTaBila, arm AocTa Ayra 

n3pai1yiiaBania Aoao,ile AO  cnHje,gehmx je,riaLama: 

8ak 	
= 	

- 1 	1 
c4 
	T l 	 — 

	

r2 	r2 

8rck 2 	8.7rk 3 

C 4  
	T2= 74- T3= 

v'A'\ 	1 	(•,- 	/2 	5v.  
= —

2 
e-A(v" + —

2 	 2

+ 	- 
r 	2 ) 2 e  (X+ 2

A +
2 	2 	

) —  

v'2 V 

8yrk r7,0 

C4 	' 
1  f) =--- e –  7.2 — — — 2 * 

	

1 ( 1 	1 	

r

1 
r  

8ak
,0 = e TO 	

A. ): 
I 	– —• 

c 4 	r 

(96,4) 

(96,5) 

(96,6) 

(96,7) 

OcTane KomnolieFlie cy Krkewriu-nio je,iimaKe Flyrivi. 
JeABaLuifie rpaspiTai(mje ce y rIOTIVHOCT14 MOry FiFiTerpmpant 3a BOJI0 Ba)Kam 

cnytiaj gefrpaimo-ciimeTpmr-ifior norba y BaKyymy, 11. 143BaH Maca Koje ra npo-

y3poKyjy (Schwartzschild, 1916). AKO ce TeHaop exeprHje-Hmnynca Haje,gHaLim 
ca HynoM, ,Ro6mBajy ce cmije,n,ehe jeAfialume: 

( 

	

e _ 2  V 	1 	1 

	

r 	r 2 	r2  

_A (7, 1 	1 ) 	1 
e 	r  — r:  -r- r2  = UP 

=0 

(96,9) 

(96,10) 

(96,8) 

[zieTapTa jeAHatiHHa, Tj. jeAtiatikixa (96,5) He mopa ce rmcaTH, iep je nocri.exi,mu,a 

TpHjy ocTamix jep,Bataia]. 



d12  = r2  (singe dcp2 	de 2) +  dry  

1 
2km 
c2r 

(96,13) 
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143 (96,10) ogmax BHAHMO, 4a A He 3aBkicH og BpemeHa. 4a.rhe H3 jegHa-
HHHa (94,8) H' (94,9) Hana3HMo 	v' = 0, Tj. 

	

v  =  f (t), 	 (96,11) 

rgje je f (t) cbymcumja cam°  og  BpemeHa. AnH, Kam) je HHTepBan ds2  y3eT y 
o6nmy (96,2), MH CM0 jaw gonycTpum moryhHocT H npom3BorbHe TpaHccbop-
maumje Bpemema o6nMKa t  =  f  (t)  (B. Han. Ha cTp. 284). TaKBa TpaHcctiopmauHja 
eKBHBaneHTHa je gog,aBaHDy  Ka  v npoH3Bon.He clvHicuHje og HpemeHa, na ce no 
mohy Tora yBmjeK mowe f(t)  y  (96.11) H3je4HaMHTH ca Hynom. gaKne, He orpa-
HmHaBajyhm reHepanmcal-be,  mo)Ke  ce cmaTpaTm Aa je A -1-v. 0, Tj. v. 
Hanommt-bemo, "[a ce Ha Taj HaHHH ueHTpanHo-cHmeTpHHHo norbe y BaKyymy 

.ayTomaTcKH noKa3yje Rao CTaTHLIKO. 

JegHatimHa (96,9) naKo  ce  HHTerpmpa H gaje: 

=  e „ 	
1 	const 

r 

Hasegmmo HHTepecaHTHy OKORHOCT, ,ga je y 6ecKoHatniocTm (r 	00) 	ev= 1, 
Tj. Ha ygarbeHocTH og rpaBmTaumoHmx THjena meTpmKa je ayTOMaTCKH ranmnejcKa. 
KoHcTaHry, Koja oBge yna3m, naKo je H3pa3mTief nomohy mace THjena, y3 yCJI0B, 

Aa Ha BenHKHm pacTojaH.Hma  og  maca, rgje je norbe cna6o, Ba)KH Newton - oB 

3aKoH. HaHme, mopa 6HTH g oo  =  — 1 — Zcp[B. (86,2)], rgje je noTeHumjan cp 
C2  

jegHaK cHome H.yTHoBcKom H3p53y (95,4): p= — 
km
—

r 
(m je yKynHa maca THjena, 

m 
Koje npoy3poKyje norbe). Ogasge ce Bmgm, ga je const. 	

2 k
•  

c2  

Ha Taj HaLIHH, sa HHTepBan JleC1M4HHTHBHO Hana3mmo 

12 
 km)  

dt2 	r2  (sin 2  e dcp 2 	de2) 	
dr2 

2km
.  

(96,12) 
1 

OBaj H3pa3 IIOTIVHO 4ectn4HHuie rpaBwraumoHo norbe y Baxyymy, Koje je npo-
y3p0K0BaH0 ma KOJHM ueHTpanHo-cHmeTpHHHHm pacnopegom maca. flogsnaHmmo, 
,ELa 0130 pjetueFbe BaNcm He camo 3a mace Koje MHpyjy, Hero H 3a mace Koje ce 
Kpehy, canto aKo TO KperaFbe TaKobe nocjegyje ueHTpanHy cHmeTpmjy (Ha npm-
mjep ueHTpanHo-cHmeTpHHHe nyncauje). 

FlpocTopHa meTpmxa gecipmmuie ce 3a enemeHT dl npocTopHor pacTojaH.a: 

c2r 

[KomnoHeHTe TeH30pa Ng  (82,6) oB,aje ce noxnanajy c ogrosapajyhmm KomnoHeH- 
r 

Tama gafi]. PacTojaHDe 04 ueHTpa go ma Koje TatiKe npocTopa je I Yg ii.  dr, a 
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Kam° je g11 	1, TO je 
r 

11glidr 	r 

(3HaK je,RHaKocTH Ba)m camo sa Ta4Ke y 6ecKoHa4mocTH), ,apitHHa, naK, nepH-
01)epHje 'Tyra, lc* ripona3H Rp03 nocmaTpaHy Taqicy (ca ueHTpom y KoopAH-
HaTHOM noHeTKy), 143HOCH 2.7Vr. BHAHmo, AaKne, Aa je 0,RHoc gpicHHe nepkicipepHje 
pnema H.eHom nonynpeHHHxy maHDH oA 2m. 

3aTHM 143 (96,12) BHAHMO, Aa je — goo  S 1. Y Be3H C cbopmynom (82,1) 

= V — goo  dt, Koja o,Rpebyje npaso HpHjeme, C.1114jek1,14 Aa je 

dt. 

3Hax jeAHaxocTH HaNcH 3a 6ecKoHa4HocT, rgje ce t noKnana c npaBHm speme-
Hom. Ha Taj HaHHH, Ha KOHa4HHM pacTojaH3Hma o,ri maca ,ReLuaBa ce „ycnopeFbe" 
spemeHa y ogHocy Ha spHjeme y 6ecKoHa4Hocrm. LipyrHm pujetimma, nomjepaH.e 
cneKTpanHmx nm-Hija y rpasprramoHom 1-10Thy (B. § 88) Bpun4 ce npema 1.1pseHoj 
cTpaHH. 

KomnoHeHTa goo , xao LUTO ce 3Ha, mopa 6HTH HeraTHBHa. flpeMa Tome 143 

(96,12) summo, ga. „pa,gmyc-seRTop" r He moxce HmaTH BpHjegHocrid mafbe OA 
2km;c 2 . Ogrosapajyha mmEmmanHa gy)KHHa nepMc)epHje je 2g•2ktnic 2  = 4g1cmic2 . 
To 3Ha4ki, Aa maTepHjanHo THjeno He mo)Ke HmaTH gHmeH3Hje, Koje 6H 6Hne maibe 
og HeKe ogpeloeHe Aol-be rpaHm.le. HaHme, THjeno mace m He mo)Ke 'imam y 
Kpyry gy)KHHy, Koja 614 6Hna Marta og 42/km/c 2  1). 

Ha Kpajy H3HHjeheMo join npH6npnKHH H3pa3 3a ds2  Ha BenHKHm pacTo-
jaamma 0,11 Koop,n,HHaTHor noHeTKa: 

ds2  = dsn2 
2 km (dr2 e dt) .  
cr 	

2 2 (96, 1 4) 

,apyr0 t-inaH npeTcrasiba any nonpasKy npema raminejcKoj meTpknim ds20 . 
Ha BenHKHm pacTojaE-bHMa og maca Koje npoy3poKyjy nomie, cBaKo norbe je ueH-
TpanHo-cHmeTpHHHo. flpema Tome, (96,14) ogpebyje meTpHKy Ha HenHimm pacTo-
jai-bHma o,g ma Kojer cHcTema THjena. 

Mory ce 113H1ljeTH 14 HeKH OTILUTH CTaB01314 H noeoAom ileHTpanHo-cHme-
Tp1,14HOF rpasivral4HoHor 1-10Tba yHyTap rpai3HTaLimomix maca. H3 jegHatimHe (96,6) 
B14,1114 ce, ,Ra 3a r mopa  H  nocTaTH je,EiHamo HynH, y Kpaji-boj nHHI4jH, 6apeM 
Kao 	Y flpOTHBHOM cutiajy AecHa cTpaHa jeAHatame nocTana 6H TaAa 3a 

r 	0 6ecKoHa4Ho nenHKa, Tj. H To°  614 y r = 0 Hmano cHHrynapHy TaLixy, ILITO 

je (131,13144KH ancypgHo. cl)opmanHHm HHTerpmpaEbem jegHaHHHe (96,6) y3 rpa-
}11411H14 yC.TIOB 4-=.0 =  

 

r 
8nk f 0  A, — 	1 + 	To  r2  dri* 

0 

(96,15) 

   

1 ) CKpeheMo nay Ha To, /la osaj pe3ynTaT Hema cmxcna KoA npHmjeHe Ha enemeHTapHe 
tiecmge. Y wocy Ha Te tiecTmue njenotcynHa Teopnja, Koja ce H3na)Ke y OBOi KFbH3H, 36or 
KBaHTHNX nojasa, xao INTO je Beh petieHo, ry6H csoj cmHcao seh H 3a pa3Mjepe, Koje cy y 
orpomHom 5pojy nyTa (pe,aa 10- 4°) sehe oxk km/c2. 

0, go6Heamo: 
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ra xr 

Kaxo je T0°  = —e l' Too 	0  [B. (93,9)], TO ce ogaB,Ile Bm,qm, ga je 	0, Tj. 

e A 1. 	 (96,16) 

kimajyhm y Bmgy Ty mejegmatimmy H mejegmatimmy 

A 	p 	e)(u 1 ) 2 	0, 

143 jeAmatimme (96,4) manammo, Aa je 	0. Ho Kaga r 	oo (ganexo og maca \, 
omga meTpmKa npenasm y ranmnejcKy, Ti. e v 	1, v 	0. FIpema ToMe, 113 VI  > 0 

cnmje,qm, .ga je y 4jenoKynmom npocTopy v C  0 , Tj. 

ev 	1. 	 (96,17) 

)Lo6mBeme mejegmaLimme noKa3yjy, ga ce oco6mme TipocTopHe meTpme 
caToBa y uemTpanmo cmmeTpmtimom 110.Tby y BaKyymy ogmoce, y HCTOj MjepH, 

H ma noThe ymyTap rpaBHTal.AMOHMX maca. 

Axo ce rpaBmTaVomo norbe m3a3mea cci)epmmm THjenoM „nonynpetnima" 

a, ofula sa r>a mmamo  TO°  = 0. 3a TaLiKe ca r>a, cloopmyna (96,14) npema. 
Tome gaje: 

a +8nk  f o 
7 0  r2  drl• 

c 4 r 
0 

C .pyre crpame, ouje ce mowe npmmmjemmTm m3pa3 (96,12), Kojm ce ogmocm Ha. 
BaKyym. Flpema ToMe m3pa3y je: 

In (1 — 2 km  )• 
c2r 

YnopebmBa!-bem o6a mapa3a mana3mmo tiopmyny 

a 

41U 	0 
M == —

c2  T
o r2  dr ,  (96,18) 

Koja ogpebyje yKynmy macy Tmjena nomohy 1-beroBor Temaopa emeprmje-mmnynca. 

3 a ,a a L 14 

0,rtpe,urm npocTopHy KpHBHHy y LieHTpamio-ciimeipittiom rpasm -raiwoHom rioa,y y BaKyymy. 

P j e w e Eb e. npocToprim TeHaop mpktaiiHe (03Ha4HM0 ra ca Pa  ) mapawaaa ce nomohy 
P1 8  

npocTopRor meTpmgHor TeHaopa' alp PICT° xao WTO ce R ikim  H3pawaBa nomohy gik . KomnoHewre 

nix 

Y8 	 cc 
TeHaopa r 	mory ce H3pa3HTH nomohy KomnoHeHara. Texaopa Pap = pY yp  (14 y

ap
) TaKO, Aa 

je A0B0.11,H0 mapavyHaTrt Pap  (§  91). Ca HpHjeAHOCTIIMa yap H3 (96,13), nocnKje pagyFiarba AO-

614EaMO cruije,gehe mapaae 3a xomnoKeHTe Texaopa 

	

P9  ny km n  r 	2 km 
r-  = .1-  == - — - ) r-  — — 8 	9 	c2r 	r 	c2r, 
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H PS  =  0 3a a p, na ce .4o6Haa  as  je TeH3op PR  cseaeH Ha rnaHHe oce. CKpeheMo naRoby Ha 

TO, as cy
0' cp 

P5)  no3HTHHHH, a  Pr HeraTHHHo. To 3Ha9m, Iia je npocToplia reomeTpHja Taxsa, 

as je y „paHHHma" xoje npona3e  xpo3  moopaHHaTHH notieTax 36Hp yrnoea Tpoyrna sehH o,a It, a 
y „pasmima" Koje Cy „HopmanHe"  Ha  pa,amyc-HerropHma, Taj 36Hp je marbH oxt 

2. OapeAHTH 06nHx po -rauHoHe noBpuI4He, Ha KojOj je reomeTpHja HCTa Ka0 Ha „paaHH". 
xoja npona3H Kp03 KOOpaHHaTHH rioLteTaK y 7eHTpanHo-cHmeTpH4Hom FpaBl4TaHHOHOM norby y 
BaKyyMy. 

P j e in e Tb e. 1- eomeTpHja  Ha  poTa4HoHoj nospuTHHH z = z(r) (y LIHrImilapHLIHHM KOOPAH -
maTama) ,aeitHHHLue ce enemewrom nymome 

d1 2 = dr'  --F dz 2 +  r2dcp 2  =  dr2(I + 2 72) 	r2 42 .  

YnopebeFbeM ca enemeHTom ,ayhome  y  „paHHH" 0  =  7rI2 y nocmaTpaHom norby 

 

d1 2  = r2dcp 2  
1 

Hana3Hmo 

2/ng 
c2r 

1  ±  2  7 2  = 

 

1 

1 
2mk 

 

c2r 
oAaxne je 

   

    

z  =  2 2 tnk I  2 cm2 k 
r— —4-- • c" 

3. TpaHccbopmHpaTH HHTepHan (96,12) y Taxae xoopaHHaTe, KO xojmx je enemewr dl 
npoc -ropHor pacTojaFba nporropuHoHanam caome eyxnHAHOM H3pa3y. 

PjeuieFbe. CTaarbe.iyhH 

m k 	 ) 2  r 	(1 + 	r1 , 
2 c2r1  

,ao6mBamo H3 (96,12): 

( 1 	km  ) 2  

ds 	 2 
k
e

mi. c2  r 
	 km  ) 4 / —  	dt- 	-1 (i - 

2 c -r 
9 	kdri2 	r2 ic102+rjsin20.42). 

I  -r  
, 	 i 

2 c2r, 

KoopKHHaTe r1 , 0,  cp  Ha3Heajy ce 143°7-porn-Le ccf)epHe xoopAHHaTe. 
4 1,13BeCTH jeaHatthHe 'Jew] panHo-ckmeTpHT-iHor rpaeHTauHoHor norba y KoopaHHaTHom CH-

creMy, x0jpi ce y CBaK0i Tatno4  xpehe  3ajenHo ca cyncTaHnom Koja ce Halla3H y TOj Ta•IKH 
(Taxae cHcrem pecbepeHHHje More ,ga ce Ha30Be „COncTseHH cHCTeM"). 

Pje uI e Fb e. FlocnywHhemo  ce  asmjema moryhHm TpaHcitopmaLmjama xoopaHHaTa r. t y 
enemewry HwrepHana (96,1), as 6Hcmo HajrlpHje H3jeAHalIHJIH ca Hynom K0e140141HieHT a (r, t) ilpH 

drill, a 3aTHM, as ceenemo Ha Hyny  y  caaKoj TaLIKH paAHjanHy 6p3HHy r cyncTaHue (octane xoM-
noHeHTe 6p3HHe yonurre He nocToje  afior  ueHTpanHe cHmeTpHje). ilocnHje Tara xoopaHHaTe r H t 
mory Ce jour TpaHcckopmHpaTH nomohy TpaHccbopmauHja o6nHxa: r= r(r'), t = t(t'). 

O3HaMaBajyhH h, k, I peCReKTHBHO ca — e4 , — e4  , c2 ev  (X, p., V cy clo y miumje Oa r H t) 
Ao6msamo H3pa3 ds2  y o6nmxy 

dal 	eve2dt2 	e"`(d82 sin'Odp') — dr2 . 

KomnoHewre TeH3opa eHeprHje-HMnynca cync -raH4e H3HOCe 

711 =  T2 ---  T3 -= p, T(0)  = — C. 

Teopxja noJba 19 
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FlpHIIHLIHO Ayr° m3paLlyfiacaFbe 

87rk „,i 
= 

AOBOAR  Ao cnajeAe1i4x 

8:rk 	1 	,e  (3,2 
p 	e— 	 —2— + p!ut 

je,aBa=uma rpaBx -rawije: 

•• 	• • 	3 • 
— e  -

_ 	
p. — —

2 
p. V + 

4 
 —13.2 	—11  — e, (3) 

8ak 8
;

k 	1 	_A 
e 	-I- v' 2  + — — t4 

►2p." -I- p." — 	— + p.rvi) + p --= —
4 	

(2v" 

,  • 	• 	• 	. 	• 	• •• 	• 0. 
+ —

4

e 	(Xv 	v 	k 	— 2 — X2  -- 2 p. — p.2) (4) 

Eifric 	 / 	3 13.2 
11.  T e 	(p."  + —4 

) v  —2 
 e  j—) 2 • (5) 

4 	= — 
C‘ 

& 	 p." 

	

84kT  1 	
i 	• 	• 	• 

0  = 	e
_ A 

 (—  2  p.' — p.' 	+ vip.)• 

	

0 	
(6) 

HeKe °mine penannje 3a X, p.,  V mory ce naxo axo ce nobe op jevatimia, lc* ce 

Hana3e y jeAHatumama rpaBwraqHje (93,6) Tik;k  =  0. 3amjemom Tk H gik  H3 (I)  H  (2) Hanammo 

cnllje,Rehe AeHje jextatime 

• 
• 2 c 	 2p' 

+ 2p.   , V' 
P 

Axo je p gapebexa ckymumja eBeprmje  s, oKaa ce Te je,aBaLume parrerpmpajy HenocpeAtio y 

o6.rucy 

de +  2p.  =-  — 2
P 	

+11  (r), 

dp 
v = — 2f

P e 
+f2(t), 

rAje ce ItyHxunje f i  (r) H f2(t)  gory  y3eTH ilp0143BOTBHO 36or moryhBocTil rope Hase,aeHmc ripo-

14300.113HPIX Tpaticcloopmawija o6npixa 

r= r (e) H t  =  t (9). 

5. Hahi onurre pjeuiekbe je4tHwilitia neHTpantio-cHmeTpw-mor rpaairranHolior nolba, xap,a 
apHTHCBK CyfICTaHLIe H3HOCH p (B. Datt, 1937). 

P j e Lti e 	e. ilocnymoihemo ce „concTsefillm" cBcTemom pecpepemnije (B. 33.B. ,4). I'13 

cl)opmyne (8) spuni ce, Aa ce 3a p  =  0 mme cTaBliTz v = 0. Ta,aa ce jeAlialmfla (6) HenocpexcHo 

HHTerpHpa no BpemeHy H Aaje 

eK — 	ellla
12 

(I) 
4 (f +  1 

rAje je f = f (r) — 11p0H3BaTblia ityrnunija o ,q r (Koja 3a4oBon.aea canto yC.110B f +  1  > 0). 3a-

MjeHOM oBor x3pa3a y je,RHatuix  (3)  33,aaTica 4 Ao6ujamo jeAHaLmBy 

•• 	3 • 
+ P.2  - fe — P.  =  o. 

rIpBx miTerpan Te jexiatiknie je 

• 
2 	—11 	— 3 
= fe +Fe 1-  

(7) 

(8) 
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rAje je F = F(r) — jou.' jeAHa Bp01431301bHa cpymniHja. Jour jezHom HHTerpanHjom Ao6Hsamo 

3a f > 0: 

   

    

3a I < 0: 

 XI 	F ct = 
1 

— fe d  + Fe — /72  arg sh 	+ (r), 
(2) 

'3amjeHom 

1 \I m 	4,12 	F 	Ar.., 	
+ 0 (r). ct __ 	fe + F e 	 arc sin (_

n312 	F 

.40614BeFikIX H3pa3a y jeAHaLIHHH (5) 3a,aaTxa 4 410614BaM0 3a a 

4nkF' 	31A 

c4  
a =-- 7  e— -2-- 

(3) 

7)opMyne (1 — 3) oapebyjy TpamceHo ornuTe pjeine}ba. To pjeuieFLe y CyllITHHH He 3aBHCH OA 
TpH, Hero csera (3):1 ABHje npoinsonAie civfuiHje, xoje oApebyjy se3y meby f, F, 0, jep ce calla 
KoopAHHaTa r moNce H3a6paTH Ha ripoHason.aH HaLim (H36op spemeHa t nocTaje jeAHo3HatiaH, Kaaa 
ce CTaBH V = 0). 

§ 97. 1(peTarbe y gerrrparmo-cmieTwitrom 
rpaBFITa11,140HOm riwby 

FlocmaTpajmo xpeTam.e THjena y LieHTpanHo-cmmeTpmtmom rpaemTa4moHom 
Kao H y csaxom geHTpanmo-cmmeTpmtmom norby, xpeTaFbe he ce epauiTH 

y HeK0j „paEmm -  Koja npona3H Kp03 KOOpAHHaTHH notieTax. Y3MHMO Ty paBam 
Kao pasam 0 = rcp. 

3a oApebHeampe TpajexTopHje THjena (Mace m) nocnymathemo ce Hamilton, 
Jacobi-eBoM jeAHaqmiom: 

.  ()SOS 
glk axi_oxk + m2 e2 = 0. 

floMOhy gik, xojm ce ogpelvje Ft3pa3om (96,12) 3a mmTepean Hana3HMo cnmje-
;Why jeAmatimHy: 

TAje je 

	

__ I, la s2 _ Id s\2 	1 a s\2 
cat) 	6  67") 	—1°C2=° ' 

(97,1) 

ev= 1 — 2kmi c 2r 	 (97,2) 

je maca THjena, xoje npoy3poxyje name). flpeMa onurrmm npaBmimma 3a pje-
inaeaFhe Hamilton -Jacobi- ese je,gmatimme, Tpaxmmo S y o6nHxy 

S — &,,t Mcp f (r), 

ca KOHCTaHTHOM emeprmjom 60  H momeHTom mmnynca M. 3aMjeHoM y (97,1) 
Hanammo je,riat-mHy 

2) 	m2 	di 2 
e–  v 

— — M — ev M 2  C 2 , 
c2 	r2 	dr 

0,tkaxne je 
df 

 dr 

 

M 2  
2 

e —v — M2  C2  — • 
T2  

19* 
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Ha Taj HatIHH, Aje C TB 0 je: 

, 	2 
____ in  S --= — & 0  t + My  +  e—v / 2  y 1&9 f 

c2 
e—v 	2c2 	Mr:  dr. 	(97,3} 

cTpajexTopHja ce, Imo LLITO je no3HaTo, ogpebyje jegHatiHom —  ---= onst., ogaxne, je: 
aM 

M dr 
(97,4) 

M2  
C23 m 2  c2ev — 

r2 
 ev-

CY  

OBaj HHTeI'pan caogH ce Ha enHnTHqHm. 

Kao npHmjep xpeTaH.a y newrpanuo-cHmeTpHimom non.) ,  cnyxm xpeTaH.e 
nnaHeTa y norby Te)Re CyHua. By.gyhm ga cy 6p3HHe nnaHeTa mane y ogHocy 
Ha 6p3mHy CBjeTTIOCTH, TO penaTHHHcTHLHca TeopHja rpa3HTanHje A OB0,1:k14 camo 
Ao cacmm He3HaTHHX nonpamm 3a op6HTe nnaHeTa y ogHocy Ha Newton - mu 
TeopHjy. 

3a ripH6nH)KHo ripopiaBaFbe je,gHatikiHe op6HTe (97,4) 31- 0IIHO jy je Hanes–
can' y o6nHxy gHtepeHnHjanHe jegHaLume 

c2 

	

(M.  dry  ,_  a 	
mz 

T2  d y 
__ m c2 ev 	

r2 ev 

HIM, yBogehH HOBy npomjeHrbmny 6 --= 1/r H yBpLuTaBaH.em H3pa3a 3a ev: 

M2c2 ( _ da )2  = &i21 ____ m2c4  +  2km fm 2c 2 6  ____ M2 c2,52 _t_, 2km'M2a3. dy 

igHtepeHtnipaa,em Te jegHatime no cp A o6HBaMo 

	

d2 a 	1 
a62, 	 (97,5) dy 2  p 

m2 3 km' 
rgje cy yHegeHe KOHCTaHTe p 	 a = 	 

km' 2'  

03a jegHalmia pa3nHxyje ce OA jegHatimHe xoja 6H ce goaina y Newton 
oBoj TeopHjH 3a maim tinaH a6 2 . PHjeunThemo je meTogom cyxnecHsHpix anpoxcH-
manHja. FlpH HynToj anpoxcHmanHjH H3ocTaBn3amo gnaH aa 2 . FlpeocTana jegHa-
gma, xao IIITO je no3HaTO, Hma xao pjeureH,ie HpyTHoecxy Op6HTy 

1 
 —

1 

	

r 	p 
(1 	e cosy), 

rgje je p napameTap oparre, a  e I-beH excneHTpHnHTeT; BenHica nonyoca je 
a=- p1(1 — e2), a nepHxen op6HTe ogrosapa spHjegHocTH yrna 

FlpH cnHjegehoj anpoxcHmanHjH TpaNcHmo a y o6nmxy a = 06  + ai , rgje je 

	

HynTa anpoxcHmanHja. 3amjeHom 	 y (97,5) Hana3Hmo 3a 61  
jegHaLudHy: 

2 	 2 	a 	 e2   
	+ 	au°  --- ( 1 	e cos cp)2 	

a 
[(1 + 

2 
) 2ecos cp +—e 

2 

z 
.51 	

cos 2 (pi 



dr 
2 

r2 	 
(.0  

0 	ev  
c2M2 r2 
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OA CI3HX HnaHoBa H3 3arpage Ha AecHoj cTpaHH camo A pyrm tinaH )10130,1114 AO 
npHMjeTHe npoMjeHe op6HTe — saxea.hyjyhH pe3oHammjH (pjetuelsem xomoreHe 

d2a, , 
jegHalikiHe Gicp2  + al  =-- 0) OH goRogH go ecl3eicTa, KOjH ce HenpexHgHo nose- 

-haBa. 3agpmtaBajyhll canto Taj LinaH, Hana3HMo 3a a napuHjanHH HHTerpan He-
xoMoreHe jegHammHe 

ae  
= 

P2 
cp sin T. 

Ha Taj HatiHH, y Tpa>meHoj anpoxcHmawijH je 

1 	 1 
cr--=--- 1 -=-(1-Pecoscp+—

ae
psincp);::—...—[1+ecoscp(1--

a
)] • (97,6) r 	p 

0A3B,Ile BHAHMO, Aa  HpyTHOBCKB enHnca ponipa; 3a BpHjeMe jemior o6pTa 
TinaHeTe nepHxen 1-beHe op6HTe nomjepH ce 3a 1) 

27ra 	67r km' op 
c2a (1 — e 2) (97,7) 

IlocmaTpajmo, game, nyT 3paita CBjeTnOCTH y 4eHTpanHo-cHmeTpwiHom 
rpa3HTatwoHom nomy. Taj nyT ce ogpebyje jegHamHHom ajxoHana (85,10): 

axg-  axk 

Koja ce og Hamilton -Jacobi- ese jegHatume pa3mitcyje canto no ToMe, LuTo y no-
cmegisoj Tpe6a CTaBHTH IT! = 0. Flpema ToMe, 3a TpajeKTopHjy 3pax.a. moxcemo 
()Amax HanHcaTH, cTarimajyhm y (97,4) m = 0: 

(97,8) 

a 
(ymjecTo emeprHje tiecTigue 6, 	

s 
— -67  caga Tinuemo cl)pemBeHuHjy CBjeTnOCTH 

ay 

3a Hcrn4THBaH.e Te TpajeKTopwje, xao K y npeTxogHom cnytiajy HanHummo 
(97,8) y o6nHxy gmckepemmjanHe jegHatmHe: 

2 
(C/0) 	0)0 02 ± 2 km' 
\del)) 	c2M2 	c2  

111114, A144)epemuipaH.em no cp H noHompim yBoben,em KoHcTaHTe a = 3km7c 2, 

d2a 
dcp 2 

= — a ± aa2 	 (97,9) 

1) Hymepwixa eplijemiocT Tara nomjepai-ba webexor (1)opmynom (97,7), 3a Mepxyp 
3emnq 143Floce pecnevrxmo 43,0" x 3,8" y or() rowma. AcTpoxomcxa mjepeEba ,Itajy spijemiocni 
42,6" + 0,9" H 4,6" + 2,7" y caepulexom cnaralby ca teopkijom. 
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	 m. xi 

HaocTaarbajyhH mann tiflaH act, lianasHmo y HynTOj anpoKcHmain4j14 

cos cp 

(ca R cmo osHagHnH m o/cM), 

	

npasy r = 
cos 
	, Koja nponaspi Ha pacTojaH.y 

R 0,g KoopAzHaTHor nogeTKa, 3a oApebmnaFbe crmje,gehe anpoxcHmaLwje cTaammo 
y (97,9) a' -= ao + 61 . Ta,ga 3a of  Hana3Hmo je,rwatiimy: 

	

d2 	, 	2 	a 
	--t- =-- (160 	—

R2 
c0s 2  cp. 

d cp2  

R2 2  
flapuHjanHH HHTerpan one jegHaLnme je 6 1i  =  R 

	

3 	
(1 + sin2  cp), na npema Tome, 

3a TpajexTopHjy spaxa Ao6Pisamo jeAHatuemy: 

	

1 	cos cp 	a 
cr=__—

' 3R2 	
sin2  p) • 	 (97, 1 0)r 	

R

0ApegHmo opHjeHTailmjy Te xpmne Ha nenmaim pacTojaFbnMa o,rt geHTpa. 
3a TO CTaBY1140 	00 HJIH G = 0 H H3 TaK0 ,g06HBeHe jeAHaginie TpaNcHmo cp 

Ir 	1 
y o6nnKy: p = ± —2 

+ —
2 

Ay c manHm Acp [HMajyhn y Emu, Aa je y (97,10) ApyrH 

mnaH Ha AecHoj cTpaHH mann]. Ca TaLmouthy AO HenHgHHa spinier peAa TO Aaje 

1 	2a 

2 "aq) 	3R .  

Ha Taj HatinH, TpajexTopHja 3paxa npeTcTann.a. }THE)/ c acHmnToTama,. meby 
itopima je yrao 

=- 
4a 4 km' 

• 	 (97,11) -  

3K c2 R 

Aalc.ne CHjeT/IOCHH 3paK, K0jH nponasH .Kpos nem- panHo-cHme -rpligHo rpaBwra-

14140H0 nor e Ha pacTojaHpy R OA tieHTpa, cxpehe, a TO cxpeTaH.e je ogpebeHo 
HaBeAeH o m c1opmynom1)• 

§ 98. Ilcey,EkoTensop emprmje-rotnynca 

Y oTcycTny rpanHTagHoHor II0Jba 3aKOH o oApicananq eHeprnje H Hmnynca 
maTepHje (3aje,gHo c enexTpomarHeTHHm norbem) Hspaxcana ce je,AHatn4Hom (31,4) 
dTik  - 0. Mao yornuTelbe Te je.gHatiHne aa cnriaj npacycTna rpanHTaqmoHor ox" 

	 =  

noma cnpicH jeAHaHHHa (93,6) 

k 	1 	d (T/ic If — 	1 agki Tki 	0.  ,r  
k g 	xk 	2 Oxi 

1) 3a apaK, Kojx nponasm nopeA Cymua 6mhe icp = 1,75". 

(98,1) 
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ATIH y OBaKBOM 06IIHKy, yon me y3eBLUH, oBa je,n,HaLuma He H3pawaBa 3aKOH 0 

°Apical-by ma gera l ). Ta oKonHocT y Bespi je ca THM, UITO ce y rpaBHTa4HoHom 
norby mopa onpKaBaTH 4-Hmnync He camo came ryncTaHge, Hero 4-Hmnync 

cync -raHue 3aje,nHo c rpaBwrailHoHHm norbeM. noc.rbeAHDH HHje ypatiyHar y 

H3pa3y 3a T. 
3a Hana)KeHDe oAp)KaBaHor ToTanHor 4-Hmnynca rpaBwrawdoHor. norba 3a-

jenHo C maTepHjom Koja ce Hana3H y F6emy, nocTynHhemo Ha cnHjeAehm Ha9HH 2 ). 

Y3MHM0 KoopnHHaTHk cHcTem Ha Taj HatiHH, Aa y HeKOj 3aAaToj Ta.T-Hoi npocTop-

BpemeHa CBH npBH H3BOAH oA gik  no KoopAHHaTama 6yAy jegHaKH HyTIM (camp' 

gik  npHTom He mopajy o6aBe3Ho HmaTH ranHnejcKe BpHjeAHocTH). TaAa je y Toj 

TaLIKH Apyrm 14naH y je,nHat-H4HH (98,1) jenHaK HynH, a y npBom ce moxce Y— g 
H3HHieTH Hcrio,a 3HaKa 14313°,13,a, na ocTaje 

a 	k 

axk Ti 
	0, 

HRH, y KoHTpaBapHjaHTHHm xoMnoHeHTaMa 

dxk 
'k 

= O. 

BerippiptHe Tlk , K.* 14,4eHTmr-nio aa,RoBorbaBajy Ty jeAHaLinxy, mory ce HanHcaTH 
y o6nHKy: 

T ik  = 	
6 n ikl 

ax' 

r,nje cy n ik1 Benmr-14He aHTmcHmeTpHHHe no HH,neKcHma k, 1: 

n i = 	c 

cl3aKTIviith HHje TeU1K0 Tik  CBeCTH Ha Taj o6nHK. 3aTo hello nohM o,n, jeil-

HatimHa noma 
r 4 

Rik — 
 

8rric 

a 3a R ik  Hmamo, npema (91,4): 

D 	, , .k 	I im kp is { 62  gip 	
62 gmn 	a 2 gin 	d2grnp  

=2 g 	dxmoxn 	dxf ()xi' 	OxindxP 	dx 1  ax" J 

—0, a He (QS 1) Y - TO ce naK0 yejepHTH, aim ce y KpHBOnHHHCKHM noopAHHaTama 

as k  

H3Beny FICTH pagyHH, KOIH Cy H3BC,IteHH y § 28 y Descartes-OBHM KoopromaTama. YOCTa.ROM AO-

BOJI.H0 je npocTo HanomeHyTH, Za Ta paNyHaEba HMajy 1114CTO cbopmanHH KapaKTep, KOjH HHje y 
se3H C TeH3OpCKHM CBOjCTBHMa onrosapajyhHx Henw4HHa, Ica° HH II0Ka3 Gauss-oBe Teopeme, xoja 
y KOHBOTIHHHCKHM KOOpAHHaTaMa Hma HcTH 061111K (81,19), Kao H y Descartes-oBHm. 

2) Moe ce nojaHHTH mica° na ce Ha rpaskraw4oHo name npHmjeHH ckopmyna (93,3) cTaH- 
c4  

n.ajyhm y Eby A= 
16irk 

G. MebyTHm, nonsnatimmo, A a ce Ta cl)opmyna oAHocH cam° Ha cl3H3H9xe 

cHcreme, Koje . ce ornicyjy Henw-H4Hama q, Koje ce paariHxyjy on gik. npema Tome, oHa ce He 

mowe npHmjeHHTH Ha rpasHranHoHo norbe, xoje ,aeciniHHLuy came Hemp-lime g ik. YHanpen Hanomm-

Hzemo, na 6HCM0 3amieHom y (93,3) G yMjecro A Ao6HnH jeLkHocTasHo luny, Kao MTO ce TO AH -

peicnio HHAH 143 penanHje (94,3) H jenHaitHHe norba y sanyymy. 

1) H saHcTa, HHTerpan g dSk onpwaea ce camo xana je mcnyFbeH ycnou 

aV — gT 1/ 
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(Hanompnbemo, 	cy y nocmaTpaHoj TaLIKH cBe rikt = 0). FlocnHje npocTmx TpaHc- 
cl)opmauHja TeH3op Tik mo)Ke ce bBecTH Ha cnHjegehm o6nHK: 

Tik  =-- 
a 	c4 	1 	a  

dx! t 167rk (—g)dxm[ (— g)(gik gim g" gkm) 11 .  
H3pa3 	ce Hana3H  y  BenHKOj 3arpaAm je aHTHcHmeTpHtiaH no HHAeK- 

cHma k, 1 H npeTcTaBrba BeJIHtiHHy, Kojy CMO rope 03HatH41114 ca 	By,rtyhH A a 
Cy npsH 143B0,414 0,11 gik  y nocmaTpaHoj Tatum je,gHaKH HynH, TO ce ckaKTop 

1 
	 mo)Ke H3HHjeTH HCI10,4 3HaKa H3Borta 	 YBeAHmo 03HaKy (-6 	 Oxl 

h ikl C 4 	0 
167a axin[ 

( g  k g im 	gil gkm)1 ;  

oBe BenHtmHe, TaKobe, cy aHTHcHmeTpHtme no HHAeKcHma k,1: 

Ta,ga ce mo)Ke HanHcaTH 

h  ik/ 	hi/k (98,3) 

ahiki  

ax' = (— g) Pk. 

agi
,1c'

k  OBa penaullja, Koja je H3BeAeHa npeTnocTaBKom 	-= 0 npecTaje ,rka BaNcH 
6 

nom npena3y Ha Ilp0H3B0JIDHH KOOpAHHaTHH cHcTem. Y onurrem cnytiajy pa3nHKa 
ohiki 

(98,4) 

(98,5) 
7 ik H  H3BOAH 

Oxi 
cHmeTpHtuie BermtuaHel). AK0 ce T,k  H3pa3H nomohy Rik npema jeAHat4H-

Hama rpaBHTauHje, H atm  ce  ripHmjeHH H3pa3 (98,2) 3a hiki, nocnHje ,40B011:4-10 
Ayror patiyHaf-ba, Koje oBAje HeheMo H3HOCHTH, mo)Ke ce ,go6HrH crije,gehm 
H3pa3 3a tik: 

4 
t ik  ik InA _L C 	 P ‘ 	km 

I 6:rk I(2 F inn, 	r1P rf" 	rin r mp
1

)g.
il g 
	g g  ) 

 

+ g ilgmn (rikp  rpmn 	rnkuz 
rip 	

rknp  rpm  

	

g ki g mn( riiprptin + rmi n r  fp 	rni p 	r iinz r/p2p) 

(rfn rmk p — 	r,k,p) }* 
(98,6) 

   

) Ynpaeo 36or Tora cmo rope H H3Fmjenm (— g) Hcnoa 3Haica 143aorta no X 1  y 143pa3y 

33. Tik. Y ITCTHBHOM cnriajy 6mno OH 
ah

l 
	, a 3a-ro H tik, HeckimeTppruio no i, k. 
ox

da 
 

(98,2) 

dx' 	(— g) Tik Hmje je,rmaKa HynH. 03Hatuthemo je ca (—g)tik. Ta,ga hello 

npema ,Ictecimunimyr HmaTH: 

(—g)(T -ik 	tik ) —  dhilci  oA 1  
BenHtuiHe tik  cHmeTpwiHe cy no HHAeKcHma 1 , k: 

tik = tki  . 

To ce SHAH HenocpextHo H3 Fb HXOBHX Aecfilnimumja, jep cy H TeH3op 
ahikl 
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BHTHO CBOjCTBO BenH4HHa tik cacTojH ce y Tome, 1.11TO He caqHH.,anajy 

TeHsop. TO ce BH,E(14 no TOMC, IIITO ce y 6-7-x  Hana3e npocTa, a He KoBapH-

LjaHTHH H3B0AH. MebyTHm tik  ce H3pa)KaBajy nomohy BenHHHHa rich  a nocnpe.uH.e 
CC noHatuajy Kao TeH3Op y o,rtHocy Ha nHHeapHy TpaHcciDopmagHjy KoopAHHaTa 
(B. § 83). HCTO TO ce oAHocH, AaKne, H Ha tik. 

I/13 ,13,etHHH1.1Hje (98,4) cnHje,ax, Aa ce 3a a 6 Hp  Tik 	HAeHTHLIHO 3a,4o- 
430.rbaBajy je,uHatume 

Oxk ( — (Pk  + 	O.  

-To 3HILIH, ;la Ba)KH 3aKOH  o oApKai-by BenpviviHa 

(98,7) 

Pt 	f 	g) 	tik) dS k. 	 (98,8) 

Y OTCyCTBy rp141314TaLIHOHIIX norba y ranpinejcimm HoopAHHaTama je 

HanHcaHH HHTerpan npena3H  y 
 1 

— TikdS k , Tj. y 4-HMnync maTepHje. Flpema 

-Tome BCJIHLIHHe (98,8) mopajy 6HTH 14,11eHTHLIHe C TOTaJIHHM 4-HMIW.TICOM maTe- 
,pHje cKyna c rpaBHT.31.1Homim norbeM. YKynHocT BenHtuiHa tt k HasHBa ce ncey,Lto-
. TeH3op eHeprHje-Hmnynca rpamiTa4HoHor norba. 

PIHTerpHpaI-be y (98,8)  mo)Ke  ce epumTH no ma Kojoj 6ecKokatiHoj xHnep-
110BpLIIHHH, KOja y ce6H cagput tiwras Tpo,AHmeH3HoHanHH npocTop (B. § 28 H 
.§ 31). AKO ce Kao TaKBa y3me minepnoBpuiHHa const., oftua ce pi moxce 
,HanHcaTH y o6nHKy Tpo,u,HmeH3HoHanHor npocTopHor HHTerpana 

Pi  = 
1 f (— g)(Ti° 	d . (98,9) 

'BenH4n4Ha (—g)(TH+ tn) mo)Ke ce, Kao 06H4H0, Ha3BaTH „rycTiffla" ToTanHe 

,eHeprHje maTepHje H norba, a BenHL4He --
1  

(—g) (T" t") — KomnoHeHTerycTHHe 

ToTanHor Hmnynca. Ilocn.e/AFbe (nomHoxceHe ca c 2) y HCTO BpHjeMe npeTcTaBlbajy 

KomnoHeHTe rycTv.He cJnyKca eHeprMje, a (—g)(T afl+t6fi) Cy KomnoHeHTe ryc-
THHe tnyKca Hmnynca. Y oTcycTBy maTepmje*) je Tik = 0 TaKO, ,ua je rycTHHa 

1 
eHeprHje rpanwratwoHor norba (—g)t", a rycTHHa Hmnynca je —(—g) 

	

Bpno je Ba›KHa Ta 	 ce ToTanHH 4-Hmnync- maTepHje H norba 
Itspa)KaBa y 06npucy HHTerpana o,rt Benkimmia (-6(7'11' -I- Koje cy cHme-
TpHHHe no HHAeKcHma i, k. OHa noKa3yje, ;la Ba)KH 3aKOH 0 o,up}KaBal-by momeHTa 

,Hmnynca, KojH je o,upebeH  , B. § 31) ca: 

Mik f ( x idpk xkdpi)„ 

	

f { xi (Tic/ 	tkl) x k (Til 	0)) (—s) dS , 

*) Tpeda: mace (lip. rip.). 

(98,10) 
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Ha -raj HaHHH y rpasHTawioHom norby npoRpKaBa ce Ba)KeEbe saKoHa 0 0,ap-
xtaiby ToTanHor momeHTa Hmnyncal). 

0,qa6mpai-bem KoopAHHaTHor cHcTema, KOjM je ranHnejcKH y AaTOM ene-
meliTy 3anpemmHe, mowe ce ygecHTH ga cHe tik y ma KOjOj TaTIKH npocTop- 

spemeHa 6y,Ety je,aHaKe Hy111/1 (na cy npHrom jeAHaKe Hynkt cise FL). C ;Tyre 
cTpaHe, mory ce )10611TH tik KOjH Hmjecy jexmaKH Hynpt y eyK.nH,RHom npocTopy, 
Tj. y oTcycTBy rpaBHTaLmoHor norba, aKo ce je,E(HOCTaBHO y3my KpHBOTIHHHCKe 

Koop,u,HHaTe yMjeCTO ,o,eKapToBcKHx. Ha Taj HaHHH, y cBaKom cnyHajy HeMa cmmcna 
roBopHTH o o,apebeHoj noKanH3awijm eHeprHje rpasH -rauHoHor norba y npocTopy. 
AKO je y HeK0j CBjeTCKOj TatiKH TeH3Op Tik 	oHAa. TO BaAH H y ma KOM 

Apyrom cHcTemy peckepeH4Hje, TaKo ;la mowemo pehM, Aa  y TOj TaHKpi HeMa ma-
TepHjel 14TI11 eneKrpomarHerHor norba. Hal-To -14B, Ha OCHOBy Tora, II1TO je 
ncey.goTeH3op je,RHaK HyJI 14  y  HeK0j Ta4KH y je,r1Hom cHcTemy pe4JepeHLu1je, H14- 

KaRo He cnHjeAH, ;la TO HCTO Ba)KH H sa Apyrm cfricTem petepeHuje, na npema 
Tome HeMa cmycna roBopHTH 0 ToMe, Aa 3111 Ha zaTom MjeCTy nocTojH rpaBm-
TallHoHa eHeprMja PinH He nocTojH. To noTnyHo ogroBapa ToMe, Aa ce noTtecHmm 
H36opom Koop,ELHHaTa momce „yHHILITHT14 44  rpal314TaL4HOHO name y gaTOM enemeHTy 
3anpemmHe, npH Hemy npema rope H3noweHom HcTorspemeHo HecTaje H ncey,ao-
TeH3opa tik y TOM enemeHTy. 

BenHHHHe P1  — 4-mmnync norba H iviaTepHje -- Hmajy noTnyHo o,gpebeHH 
cmHcao H noKa3yjy ce Kao He3aBHcHe 0,q H36opa cHcrema pecfoepeHuje, H TO 

6am y TaKBOj MjepM, KaK0 je TO Heonxo,rwo Ha OCHOBy C1)14314LIKPIX pe3oHoBal-ba. 

1/1343ojklmo OKO nocmaTpamix maca ANO npocTopa T0.11 11K0 Ben 13K, Aa ce MO)Ke 
cmaTpaTH, Aa H3BaH Fbera He 110CTOjil rpasHTauHoHo norbe. Y HeTaop0olmeH3H-
oHanHom npocTop-BpemeHy  TO  no,apyHje TOKOM BoemeHa npope3yje „KaHan". 
H3BaH Tora „KaHana" HeMa norba, TaKo Aa je 4-npocTop—paBaH. Y Be3H ca THM, 

KOA H3pat3yHaBaHDa eHeprHje  H  Hmnynca norba, oHeBH4Ho Tpe6a orla6paTH HeTBo-
p0,1114MeH3140HaIIH14 KO0p,[1,14HaTH11 cHcTem TaKo, Aa 6H 113BaH „KaHana" OH ripe-
na3Ho y ranHnejcKH cHcrem 11 CBM tik 61411 14 je,rwaKH Hynm. HapaBHo, cHcTem pe-
tlepemmje ce THM yCJ1OBOM HHKaK0 He upehyje je,n,Ho3Hat1Ho; OH mowe yHyTpa 
KaHana 611TH j0111 11p0113B0113H0 H3a6paH. Y nyHoj carnacHocTH ca 1-4314314T-IKHM 

cmmcnom BenHHHHa Pi, oHe ce, metjyTHm, noKa3yjy cacBmm He3asHcHe 0,11, H36opa . 

KoopAHHa.THor cHcTema yHyTap „KaHana". H 3aHcTa, nocmaTpajmo Lusa KoopAHHaTHa 
cHcTema, KOjH cy pa3nHHHTH yHyTap „xaHana", anH H3BaH „KaHana" npena3e y 
jegaH HCTH ranHnejcKH CHCTeM, H ynope,Emmo BpHje,aHocTH 4-Hmnynca P 1  H P'1  
y THM cHcTempima y oApetieHmm momeHTHma „BpemeHa" x °  H X I° . Y3MHM0 TpehH 
xoop,aHHaTHH clicTem, KojH  ce  yHyTap „KaHana" y momeHTy 	noKnana C npeHm 
cHcremom, y momeHTy 	— ca Apyrmm, a H3BaH „KaHana" ca HCTHM THM ra- 
nwnejcKHm. Ho Ha OCHOBy 3aKoHa o o,ANKaH:q eHeprHje H Hmnynca BenHHHHe 

(dPi  
a 

Cy KOHCTaHTe 	= 0I..  To  Ba)KH KaK0 y IlpBHM Asama, TaK0 H y TpeheM : 

° 

KooprumaTHom cHcTemy. 0,EtaBile cnHjeAH Pi=Pik, ILITO je H Tpe6ano xtoxa3aTH., 

I) HeonxopHo je HanomeHyTH, pa Ao614Betim H3pa3 3a 4-Hmnync maTepHje H norba HHje H 

jepHHH moryhm; HanpoTHs, mory ce Ha 6ecKoHaHaH 6poj HatiHHa (1314)114 Ha np. 3agaTaK H3 osor 
naparpata) HahH TaKsH H3pa3H, xojH 6H y oTcycTsy norba npena3Hrm y Tik,  a npH HHTerpH-
paHv no dSk ,11313anH 6H Benw4HHe Koje ce oppxasajy. Halt° cy, HapasHo, TH HFiTeriparim, Ti. TO-

TanHa eHeprHja H Hmnync ma -repHje H norba npHTom mebyco6Ho jepHaxm, Hnax he „pacnopep 
rycnthe" eHeprHje H Hmnyrica y npocTopy 6HTH paanHYHTH. je H36op, xojH CMO H313p1.1.1HTIH, 

jeAHHH H36op, imp xojer je nceypo -reH3op eHeprHje-Hmnynca norba cHme-rpHHaH H 3a-ro paje mo-

ryhHocT p,a ce itopmyrniuie 3aKOH  0  oppitaH.y momeHTa Hmaynca (Taxsy cHTyai4Hjy HManM cmo y 
CyLLITHHH 130.1 y § 31). 

* Tpe6a: mace (11pHm. npeB.). 
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rope je HanomeHyTo, A  a  cy  BenHHHHe tik  TeH3OpH  y oAHocy Ha nHHeapHe 

TpaHccjoopma4Hje moop,g,HHaTa. npema Tome Pi caHHH,,aBajy Beicrop y ozwocy Ha 

TaxBe TpaHccj:lopmaqHje,  cneumjanHo  y o,gHocy Ha Lorentz-ose TpaHccbopmaLwje. 

3aMjeHoM (98,4)  y  (98,8)  Hana3Hmo 

Pi 
	1 Mild  ,  , 	 d C 	 1  
	 clo k  -=  —1  Jr 	k 

	

dS 	dS 
dxk

1hiki. 
c i axi 	2c 	Oxi 

OBaj HHTerpan moxe ce TpauctopmHpaTH y HHTerpan no 06H4H0j nospu.H4HH 

nomohy (6,12): 

. 	1 
Pi—  hilddfk* i . 	 (98,11) 

Aim ce Kao nospunma HHTerpmpaH.a y (98,8) yame xHnep-nospu.n4Ha 	= const., 

owla je  y (9 8  I I nospurkma  HHTerpHpaHpa  HPICTO npocTopHa o6HL1Ha nospumHa l ) 

Ha Taj HatIHH Hana3HMo H3pa3 3a 4-Hmnync maTepHje H rpaBHTagHoHor norba y 

HeKOM no,gpytijy TpoLtHmeH3HoHanHor npocTopa y 06nHxy HHTerpana no nonpuTHHH, 
Koja o6yxBaTa Ty 3anpemmHy 

	

hic'c'dfcc. 	 (98,12) 

npm.nmcOM npHmjeHe oBe cbopmyne Ha H3pagyHasame ToTanHor 4-Hmnynca 
maTepHje H nova, Tpe6a HmaTH y BH. y, ,rta cao6pasHo ca rope H3no)KeHmm, 
CHCTeM npOCTOpHHX KoopAHHaTa mopa 61414 y3eT TaKO, ,ga y 6eCKOHaHHOCTH, 

rAje je npocTop eyKnHAHH, Taj  CHCTeM  npena3H y Descartes-os CHCTeM. 

FlpHmjeHDyjyhm ckopmyny (98,12) Ha H3onosaHH cHcTem THjena, moja 

ce CTaJIHO Hana3e 6nH3y  Koop,gmHaTHor  noLieTma, moxcemo y3eTH noapunmy 

HHTerpHpatha AosonaHo  ygarbeHy  o,g THjena, Tax° Aa ce Ha Fboj rpaszTailHoHo 

none opebyje H3pa3om (96,14)  3a  HHTepBan.H3paHyHaBaHDe AoBom ,go pe3yriTaTa 

	

Pa  =0, P° = mc, 	 (98,13) 

rxtje je m yKynHa maca  cHcrema.  OBaj pe3ynTaT ce HapaBHO H otlexHBao, jep 

OH H3paw3Ba  je,gHaicocTH TaKo3BaHe „Teu.nce" H „HHepTHe" mace 
(„Teull(a" maca Ha3Hea ce maca, Koja ;let HHHine rpaBHTauHoHo norbe npoy3po-
KoBaHo THjenom; TO je oHa  maca,  Koja ce HanasH y H3pa3y 3a HHTepBan y rpa-

B14Ta1.1140H0M norby, Hill  cneuHjanHo  y Newton-osoM 3aKoHy. „1/1HepTHa" maca 

o,apebyje o,gHoc meby Hmnyncom H eHeprHjom THjena H, Hanoce, eHeprHja two-

BaH9a THjena jeAHaica je  npoH3mAy  Te Haerose mace H 0). 

Y cnyHajy xoHcTaHTHor rpaBHTauHoHor nova HcnocTaBrba ce, Aa je moryhe 
H3BecTH jemiocTaBaH H3pa3 3a ToTanHy eHeprmly maTepHje sajegHo c norbem 

y o6nHxy HHTerpana canto  no  npocTopy, KojH maTepHja 3ay3Hma. Taj H3pa3 

je  „HopmanaH"  enemeHT nospatHe,  Koji' je noseaaH c „TaHremmjanHme enemewrom 

4,* 	1 „, 
dfik  nomohY (6,9):  uiik  = 	iklm  dflm. Ha noepwHHH Koja o6yxHaTa minep-nospLumly, HopmanHy Ha . 

OC11 x° 	jenHaKe Hynes canto  Komnoliewre  dflm rnje le 1, m = 1, 2, 3, na npema Torte As. h  Hma 

camo KomnoHewre ca jegHHM Oq i Punt k jenHaKHrt HynH. KomnoHeHTe df oa  Httcy Hituna Apyro, Hero 

KomnoHeHTe TpoxtmeHaHoHanHor enemeHra oapiHe nospLume, KojH o3Hatiaaamo npoc -ro ca 

pi 
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mo)Ke ce Ao6HTH, Ha npHmjep, nona3ehm oA crikijegeher KgeHTkrreTa, KojH BaxcH, 
,mao LLITO je naK0 npoajepHTH, KaAa HH je,twa BenHLIHHa He 3aBHCH OA X° 1): 

Ro =   a (If_ gg io rA  
if_ g d.La " 

mwrerppipaH.em kolf—g no (Tp0AkimeH3H0HaJIHOm) npocTopy H npHmjeHom Tpo-
J:knmeHsHoHanHe Gauss-ose TeopeMe, Ao6mBamo 

f Rg ji— g d V = 
y_ g g i0 roll  di a.  

Y3eBuipi ,LIoBOrbH0 y,garbeHy noapumHy HHTerpHpai-ba H xoplicTehm ce Ha kboj H3pa-
.3Hma 3a gik , Koje ,Raje cl)opmyna (96,14), nocnHje je,gHocTaBHor pagyHa ,Ao6mBamo: 

4 gic m,  

	

- Tj. HanmcaHm miTerpan je jeAplaK 	431 
	, 
P° . 	akimajyhpi TaKobe y o63mp, ;la je 

npeMa je,B,HatillHaMa norba 

Rg _ 8 nk (7,8 	1.2 	= 4  /Lk (To 7,1_ 	7,3) ,  
e4 	° 

.A06HBamo Tpa)KeHy ckcpmyny 

\ 
mc 	

1 	
(Ti 	

7 	
Tg) y — g dV. (98,14) 

OBa ckopmyna npHKa3yje ToTanHy exeprxjy maTepHje H KOHCTaHTHor rpasira-
qmoHor norba, Tj. yKynHy macy THjena, nomohy TeH3opa eHeprHje-Hmnynca canto 
maTepHje (R. Tolman, 1930). Hanommbemo, ,Lka 6Hcmo y cnriajy geHTpanHe cH-

- meTpHje norba HmanH 3a HcTy BenHHHHy jou' H Apyrm H3pa3 — ci)opmyny (96,17). 

1 ) H3 (91,10) Hmamo 

PPO 	D 	
( Jo 

' s 0 6 R
. 	g 

Of ar 	

r 0 r 771 — r r 01  n 

.a ncmohy (84,5) H (84,8) Hana3Hmo, Aa ce Taj H3pa3 mowe HanHcaTH °Ham 

Ro_  _ I 	a   (y_ g 	gimr 	0 . 0 y_ as 	rio) 

Flomohy ;4c -re penauHje (84,8) naKo ce yajepHTH y TO, ;la je ApyrH LinaH Ha AecHoj cTpaHm Hxtew- 

1 	agiM 
- THLIHO jeAHaK — 2 

— 11° 
ago  — H 360r Tora, LLITO HHjeAHa BerIH 4IHH3 He 33BHCH OA X0 , jeJHaK je 

Hynes. HanoKoH, aKO 143 HcTor pa3nora 3amHjeHzmo y npeom LinaHy cymmpaFbe no / cymapaHr.em 
no cc, Ao6Heamo (1:10pMplY KOja je H3se,ae Ha y TeKeTy. 
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3  a ,11 aTaK 

HahH H3pa3 3a TOTailHH 4-Hmnync maTepHje H rpaaHrauHoHor norba, rtpkimjeH,yjyhm ci) op-
myny (31,5). 

P j e in e Fb e. Y KpHBOJIHHHCKHM KoopaHHaTama HMaMO ymjecTo (3 1, 1) S=SAII — gdVdt 

na 3aTo, aa 6H ce Ao6Hna Hem-lima  Koja  ce oap)KaBa, Tpe6a y (31,5) yMjecTo A micaTH A V—g,. 
TaKo aa 4-Hmnync Ao6Hja o6nHK 

Pi 	[A  1/ -g 	 aq(- 1)  	dSk 

a 
axl 	aq(0 

— 
axk 

flprimjeEbyjyhH (pay clJoMyny Ha maTepHjy, 3a Kojy cy BenH4HHe q(1) pa311114FITe oA gik , mo)Ke ce 

V — g H3HHjeTH HcripeA 3HaKa H3B0,11,a 7  na  noaHHTerpanHH H3pa3 H3H0CH — ,.g Tit!' ruje je T1 TCH-

aop eHeprHje-HMnynca maTepHje. FlpHnHtcom npHmjeHe HanzcaHe dpopmyne Ha rpaeHTauktobo norbe 

Tpe6a CTaBHTH A  = 
 16.7

c4 
a BenH4HHe q(1) cy KomnoHeHTe g ik  meTpH4Kor TeH3opa. T .0TaIIHH 

ik 
4-Hmnync norba H maTepHje H3HOCH npema Tome 

f 	,r 	 C3  
	A 	dem  a 	) -1 

Pi = c 	7 i  v — g dSk+ 
16Irk f [ 6 	g-i

k 
axi 	

g 
dsk. 

ay k 

KopHwhefbem H3pa3a (92,3) 3a G, oaa cPopmyna momce ce TpaHctopmHpaTH Ha 06nHic 

— g)  k a (g iro 
	 Sk 

[ G 	g 	r1 	/7 
—g)  

axi 
g  - 	

— 81 + 	axi Pi—  1  71171r— 	
c4 

 163k 

,apyrm 4naH y HenHicoj 3arpazi npima3yje 4-HMnync rpaeHTanHoHor norba y oTcycTsy maTepHje*). 
FloAHHTerpanHH H3pa3 HHje cumeTpl-NaH npema HHAexcHma i , k, na 3aTo He omoryhaHa cPopmynH-

caH.e 3aKoHa o,apwaEba momeirra Hmnynca. 

§ 99. rpaBirragllom4 Taaacu 

FlocmaTpajmo cna6o rpasmTaLmoHo norbe y BaKyyMy. Y cna6oM flashy me-
rpmKa npocTop-epemeHa je „cKopo eyKnH,RcKa", Tj. moNce ce y3eTH TaKas clic -rem 
petepeHilmje, y Kome cy KomnoHeHTe meTpi4HKor TeH30pa gik  cKopo je,gHaKe 

CB0j1414 ranznejcKnm BppijexiocTmma, Koje hello 03HatiliTH osaKo: 

rr(0) 	v 	(0) 

6 cti3 	°ap,  •  goa = °' g00 = 	1 ' 

MoNcemo, AaKne, gik  HarIHcaTM y o6npiKy: 

) _L  
gik 

rxtje je hik  aria nonpasita, Koja Aec1)14Hkru1e rpaBwrawioHo norbe. 

3a mane h ik  KomnoHewre rpastiTanmoHor norba rkl, Koje cy m3paxeHe no- 
mohy H3BoxLa o,4 gik , TaKofje cy mane. 3aHeMapyjyhH cTeneHe h ik  BHiue oA npBor i , 

*) Tpe6a: mace (HecTHLAa). (rIpHm. npeH.). 

(99,1) 

(99,2) 
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mowemo y TeH3opy Rik1m  (91,4) 3a,up)KaTH canto HnaHose y npBoj 3arpaun 

(  o2him 	aqlki 	a2hkrn 	62hu  
R 'lam= 2 axk dX" axidxm axiaxi Ox'axm) •  

3a ynpowbeHH TeH3Op Rik }imam° ca HCTOM 

Rik = gim  Rlimk gMim  Rlimk ,  

HRH 

1 d 2h ik 	d'h il 	a 2hk 	O 2h 

	

R., 	 + 

	

1.i 	2 	 axlax 112 	dxicax/ 	axiaxi 

rAje je hi; = g(0)/k hii, h 

(99,3) 

(99,4) 

CHCTeM petepeHLIHje y3enH cmo Ha Taj HaHHH, Aa ce gik  mano pa3nHKyje 
(o) 

o,u gik . Ho Taj ce ycnos o,up>KaBa H 3a ma Kojy 6ecKoHaHHo many TpaHcctiop- 
mawijy Koop,umHaTa, TaKo ,nta ce 3a h ik  mo)Ke nocTaBHTH jom HempH (npema 
6pojy KoopAHHaTa) ycnoBa, a Aa ce npHnHKom Tora He pemeTe ycnom ,ua HDH-

xoBe BerHIHHHe 6yAy mane. 

Y3MHMO 3a Te AonyHcKe ycnoBe je,uHaHHHe') 
• 

=0, 	hi 	 (99,5) 

	

dxk 	 2 

TaAa ce nocrbeAFba TpH tinaHa y Rik mebyco6Ho KpaTe, na Hanaammo 

62h, 1 (vm  

	

Rik 	2 g‘ 	oxlaXin 

Ha Taj HaHHH, jerwaHHHe (94.7) rpaBwramioHor norba y BaKyymy o6m-
Bajy 06J1HK 

❑ h Igc. 0, 	 (99,6) 

rAje je ❑ D'Alembert-os onepaTop. 

62 	a 2 	a2 

	

axtoxm =dxa 	C2  dt2.  

OBO je o6HHHa TanacHa jeAHaHHHa. Ha Taj Ha4HH, rpaBHTagHoHa norba npo-
cTkipy ce, Imo H eneKTpomarHeTHa, y Baxyymy 6p3HH0m CBjeTTIOCTH. 

1) AK° ce Tpaliccbopmaqllja, Koja AoBoAm ,tko 14" lc* ricnyfbasajy Te ycnose, Tpaam y o6nkitcy 

x'i = + V (V cy mane BenH4HHe mcTor peAa., Ka() H 	oH.Aa ce nag° yejepviTH, Aa clvfm- 

Luije i Te Tpamcckopma limje mopajy 3aAosorbwri4 jeAliatifixe 

❑ i  = —a  (re — —1  h 
aXk 	1  

rAje je t = ek) P. 0AaaAe ce BRAM, ,ga ce KoopAptHaTmm cmcTem, Kojm mcnykbaaa ycnoe (99,5) 

mowe jou' noAeprmyTm ma Kojoj manoj TpaHcctiopmawiji4 x'i = xi + i, rAje 3a 	ea.w.14 

jeAnampima 	= 0. OCHM TOra, KOOpAHHaTHH CHCTeM mo)Ke C-IeBHAHO 6HTH noAeprHyT ma KOjOj 

Lorentz - oBoj Tpalictopmagmjm. 

=_ g(o)lm 
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FlocmaTpajmo paBHH  rpaBHTauHoHH  Tanac. Kog Taxsor Tanaca norbe ce 

mHjeFba  canto no jegHom  npaBuy y  npocTopy. HeKa Taj npaBaLl 6y,ue ()ea x 1 = x. 

Je ou,HatinHe (99,6) ,uo6HBajy  Ta,Eta 061114K: 

	

(I  :2X 2 	aat22 ) 11;  = 	
(99,7) 

a HDHxoBo pjetueH.e je HeKa  ckyuKumja  o,g x ± ct (§ 45). 

FlocmaTpajmo Tanac, K0 .114  ce  npocTmpe y r10314THBHOM cMjepy oce X. CBe 

BenH9HHe h i/ y FbeMy cy  CIVHKI414je OA x — Ct. ,11011yHCKI4 yCnOBH (99,5) y TOM 

cnytiajy ,ualy —o  j  0,  rAe  Tatma HaA CSIOBOM o3Ha4aBa ,uHtepeHumpaH.e 

no t. Te je,uHaqpiHe mory  ce  HHTerpHpaTH jeAHocTaBHo H3ocTasrbajyhH 3HaK 

,,ritepeHumpaHa. Moe ce  CTaBHTH,  ,Eta cy HHTerpauHoHe KOHCTaHTe je,uHaKe 

HynH, jep ce oB,ue krwrepecHpamo (Kao H y cnyHajy eneKTpomarHeTHmx Tanaca) 

camo npomjeHrE,HBHm Amjenom  norba.  TaKo ce meby noje,RHHHm KomnoHeHTama 

Ao6mBajy penauHje: 

`. 11 	12 	31  

Kao LUTO je Ha cTpaHH  (302)  y HanomeHH petieHo, yCnOBH (99,5) join He 

AetHHHLuy je,uHo3HaLiHo cHcTem peckepeHnHje. Hamme, MH join mo)Kemo TpaHc- 

ctiopmHpaTH KoopAHHaTe y o6nHKy 	xi + (x — ct). TaKBa TpaHcckopmaimja 

He pemeTH ycnoBe (99,5),  jep  I  3axtoBon.aBajy jeAHatu4Hy 	0 (a. HcTy 

HanoMeHy). Te TpaHctopmauHje  ce  mory ynoTpe6rbaBaTH Taxa ,tka nocTaHy je/1- 

HaKe HynH LieTHpH Benw-H4He 	4S1, 4,03, 4+43. I'13 je,rwaLuma (99,8) cnHjeAH, 

Aa cy npHTom jeAHaKe HynH  H  KomnoHeHTe 4,  ,  44, 44. 	L11To ce THLie npeo- 

cTamix Be1114 1414Ha 44, 4,3-  y3 ,  - oHe He mory nocTaTH je,u,HaKe HynH H14KaKBHM 

H36opom cHcTema peckepeHuHje, noLuTo ce, Kao LUTO ce mowemo yBjepHTH TpaHc- 

topmawijom x" = x' 	(x — ct), Te KomnoHeHTe yonurre He mmjel-bajy. Hano- 

mHEbemo, Aa je Ha Taj HatINH  jeAHaRo  HynH H 	4' ,  na je 3aTo 	= 

Ha Taj Hatu4H, paBHH rpaBHTauHoHH Tanac o,upebyje ce ,u,Bjema Benxtm-

Hama, HaHme ca h 2 , 1 , h22  — h 33 . ,1:1,pyrHm pHjetimma, rpaBqTauHoHH TanacH cy 
TpaHcsep3anHH TanacH, ximja ce nonapH3aumja oApebyje cilmeTpHqHmm TeH-

sopom Apyror pea y paBHH  YZ,  a 36Hp EberoBwx ,uHjaroHanHmx 14.naHoBa 

//22 h33 jextHaK je Hying. 
rpaBHTanHoHH TanacH  nocje,uyjy  Hem)/ eHeprniy. 4Hja je „rycTHHa" jezmaKa 

too g). Kao 14 cBaKa eHeprkija, H oHa npoyspoKyje HeKo rpaBHTauHoHo norbe. 

Ha Taj HaqHH, rpaBHTaLAHoHH  Tanac  cam OKO ce6e npoy3poKyje HeKo ,uonyHcKo 

rpasprranHoHo norbe. To je  norbe  BenHtn4Ha smiler pea (H TO Apyror) y oAHocy 

Ha norbe cantor Tanaca. jep  je  eroBa eHeprHja Apyror pe,Ra [H3130A 
agi  

oX 1k je  

npBor peAa no hi ll , na je  npeMa  (98.6) t ill  Apyror pe,ua]. 

H3patiyHajmo tnyKc  eHeprHje  y pasHom rpaBHTauHoHom Tanacy. Y npeT-

xoAHom nap-arpaty BH,RjenH cmo, Aa  ce cbnyKc eHeprHje rpaBHTauHoHor noiba 

o,upebyje BenHHHHama era  (—g).  Koxc Tanaca, KOjH ce npocTmpe Ayw oce 

ogesHAHo HHje je,uHaKa HynH canto KomnoHewra do 

Kao LUTO je no3HaTo, ncey,uoTeH3op 	je mana BenHHHHa ,upyror pe,ua. 

MopaMo H3pax4yHaTH t 10  camo  C  TOM TatiHowhy. Jeu,HocTaBaH patiyH nomohy 

°mine topmyne (98,6), a KopHcTehm ce 4Hi-beHmlom, Aa y paBHOM Tanacy micy 

0 T 

	 (99,8) 
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ETT. Xf 

jeAHaxe Hyrui camo momnoHeftre h 23 , h 22 = — h 33  TeHsopa h,, AwiloAH nac 
peunTaTa: 

tot — 	C1  (ah 2,ah 2, , an. 0/1 33 	2  ah 23  oh23) 

	

32,ruk ax at + dx Ot 	ax at 

Axo cy cse senmgmHe ciDymuHje canto OA x — ct, oHAa oAasAe Ao6msamo Ae-
4)14HPITHBHO 

h. 	____ 
=  C3  rh2 	( - 22  	33)

2  

32.Tak 	23  I 	2 
(99,9) 

§ 100. Cna6o rpaaHTaglloHo norbe 

OBAje hello nocmaTpaTpt cna6o rpaswrauHoHo norbe, H3a3BaHO npoHsson.-- 
HHM Tmjerimma, xoja ce Kpehy mani4m 6p3mHama y cAHocy Ha 6pskixy CBjeTnOCTH. 

36or nppicycTsa cyncTaHue jeAHaqpnie rpaspiTagmoHor norba pasmixosahe 

ce ()A npocTe TanacHe jeAHai-IHHe o6nPca U  h =.--0 (99,6) no tinaHoEmma Ha 
ecHoj cTpaHH jeAHaLume, KOjH noTni-ty oA TeH3opa eHeprHje-HMnynca cyncTaH4e.. 

HanHcaheMo Te jeAHat ,tHe y o6nmy: 

k 
k. 	8a 

-e
" 	

(100,1) 

rAje CMO ymjecTo 	yBenm oisAje 3a Hac noAecnmje seniimilHe qr ik  = h1 	2  Oik h, 

a Ti npercTasn.a Aonyxcxe mpase, KOjH ce Ao6Haajy y Ta4H1im jeAHa ,u4Hama.. 
k 	8/rk k 

Ri--2-6i
C4 	

npx npenasy Ha cnytial cna6mx norba ca nocmaTpaHom 

anpoRcmmai4jom. Ilaxo ce yBjepHTH, rya ce RomnoHeHTe I -(30  H T a()  Ao6HBajy AH- 

pexTHo H3 oArosapajytmx xomnoHeHaTa mk  , xaAa ce H3 HDHX msAlsoje mane se- 

ni4914He oHor peza. KojU Hac HHTepecyje. LL1To ce Flax Tmge KomnoReHaTa, oHe, 
13  a 

nopert LinaHoBa xoj14 ce Ao6msajy H3 Tp caApRe H gnaHoBe mane senmmHe 

Apyrcr peAa H3 Rif — 2 6 11  R. 

Bernigknie k saAosorbasajy ycnos (99,5),  	0. H3 (100,1) cnmjeAn,., 
()xi' 

Aa mcTa Taxsa jeAHagmHa BaNCH H sa 

I 	0. 
oxk 

(100,2) 

Osa. jeAHatnma 3aMjet-byje osAje °flurry penawijy T i;k--- 0. 

0ApeAmhemo, npHje csera, meTpHxy npocTop-spemeHa y cna6oM rpasmTa-
11HCHOM norby Ha penaTmsHo He cacsHm Benmxpim pacToja.H.mma OA clicTema T14- 

jena, xoja TO norbe nsa3msajy (pacTojaFba, xoja cy senfrixa y oAHocy Ha AmmeH-

snje cmcTema a, anm mana y op,Hocy Ha ApicmHe rpaszTaunoHmx Tanaca, xoje 
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cHcTem 3pa9m, ti  ac/v). Y npBoj anpoxcHmaLmjH gory ce y jeAHammama 
I 

(100,1) 3aHemapHTH tinaHOBH  ca  H3B0AHMa no BpemeHy 1124)11c), KOjii caApxce 
c2  at2  

1/c2 , a oA CBHX KomnoHeHaTa  4  mowe ce cmaTpaTH pa3RH4HTa OA Hyne camo 

KomnoHeHTa c2  [B. (95,1)], Koja caApwm c2  (Am( ocTane cape npBH 
pinH Apyrm cTeneH 6p3mHa THjena). TaAa Ao6miamo jeAHamptHe 

aka = o, 
vo, 	

6,,pg 	16  27rk it.  (100,3) 

MopaMo TpaxcHTH pjetueFba THX jeAHatma, lc* cy y 6ecxoHamHocTH jeAHaKa 
HynH (ranHnejcKa meTpma). Ilpema Tome, H3 npEmx ABHjY je,4HammHa cnHje,B,H 
tP ec ,-- 0, tro  = 0. Ynopelpefbem Tpehe jeAHaminie ca jeAHammom (95,2) 3a Newton OB 

0 	4cp 
rpaBHTaLtHoHH noTeHuHjan 	HaTla3HMO 	 u,r4aHAe Hana3Hmo 3a KOMI10- 

C 

HeHTe TeH3opa 	y hl 	— —
2 
1  !ak  cnHjeAehe BpHjeHocTM: 

	

i 	y 

HIM 3a HHTepHan: 

ha. 	2  olg 	n  ho 	2 
a  — — cp a , 0 	no  — cp 

c2 	 c2  
(100,4) 

ds2  = (1 + 
2

cp) c2dt2  — (1  — cp) (dx 2  dy2  dz 2) • 	(100,5) 

ApyrH mnaH oHAje Aectmunue npocTopHy meTpmy y cna6oM rpamTar,HoHom 
(Newton - oBoM) norby. 

BHAHMO, Aa nonpaHHH mnaHoBH npBor peAa no cp nocToje He camo y goo , 
Hero H y gap. Y § 96 Bela je HaBeAeHo, Aa y jeAHammama xpeTaFba mecTinla 
(ca 6p3HH0M V<<C) nonpaBHH mnaHoBH y go  AoBoAe Ao mankix Be.Timmmia smiler 
peAa oA mnaHoBa KOjkl nOTHI-ly H3 go. Y Be3H C THM 6HnH CMO y craiby, Aa y 
§ 86 oApeAmmo canto h oo . 

LET° ce THme MjeLLIOBHTHX IcomnoHeHaTa g0 meTpHmKor TeH3opa, oHe cy 

y nocmaTpaHoj anpoKcHmamjH octane jeAHaxe Hynx. Y cnHjeAehoj anpoxcHma-

LAHjH 'imam° 3a oApebHBaH,e senHmkma gp = jeAHamHxy 

16 tk 
c4 vao • 

YBpcnihemo oBAje Z Q0  = itIC2/10 //c -Z-J  — ittCV a , rAje je v o6HmHa TpoximeH3HoHanHa 

6p3HHa, H yBewheMo Tp0AHMeH3H0HanHig BexTop g ca KomnoHeHTama ga =.– 

gao 
TaAa Ao6HBamo jeAHammHy 

 

16 ak  Ag 	C3 11,V. (100,6) 

Teopnja nwba 

 

20 

g00 
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3a Benko. pacTojaFba (y  oAHocy  Ha Atimert3Hje THjena) FbeHo pjetuelbe mowe 

ce HanHcaTH HenocpeAHo no aHanormjH ca pjewei-bem (43,3) je,aHatll4He (42,2): 

2k  
g 	

C3R0  
(14  X Ro) ,  (100,7) 

rAje je M = S (r X ttv) dV momeHT Hmnynca THjena.') 

Y 1. 3a,qamcy y § 88  noxa3aHo  je, 	y rpaBHTamoHom norby ca goa pa3- 

11144HTHM oA Hyne AjejcTByje  Ha  mecTmly „Coriolis- oBa cHna" H TO HCTO Tanta 

cHna, xoja 6H AjejcTBosana  Ha  tiecTmuy THjena, Roje poTHpa ca yraOHOM 6p3HH0m 

c_ r- 
= 2 v h rot g. npema Tome mcmemo Ra3aTH, 	m y rpaTailHoHom noJby xoje 

H3a3Hsa. pOTHpajyhe THjeno  (c  MOMeHTOM Hmnynca M), Ha LiecTinw AjejcTsyje 

cHna xoja je exskmaneHTHa Coriolis-oBoj cHnH npH po-raL.MH ca yraoHom 6p3HHom 

–2–  rot  g [RO M  —  312 0 (MR0)] 

[h 	1, g H3 (100,7)]. 

3aAaTaK 

0,ApeAHTH AjeicTso 3a rpanwrauHoHo rime y Newton-osoj anpoKcHmauHjm. 

P j e e e. Flomohy gik  H3 (100,5) HapamyHasamo npema onurroj ckopmynit (92,3): 

4 , 
G 	—F (V ce)", na je Ajejcmo  3a  norbe: 

S  =— 4nk f(o (p), ' dVdt. 

YKynHO Ajejc .rao 3a nonce 3ajeAHo c macama pacnopebeHHK y npocTopy ca rycTHHOM 11 H3HOCH: 

S=  if  {"22  P. (19 	k  (v 	dVdt. 

Flax° ce yejepHTH, Aa napHpaH.e  S no cp AosoAtt Ao Poisson-one je,d.Hatuthe (95,2). 

§ 101. 3pageibe rpaBuTaguomix Taaaca 

1/13pagyHasaH.e  eHeprHje  xojy spathe noxpeTHa THjena y o6nHxy rpasHTa- 

LIHOHHX Tanaca, H3HCKyje o,apelouBat-be rpasHTaLwoHor 110Tba y „TanacHoj 3OHH", 

Tj. Ha pacTojaamma, xoja  Cy  Hemixa y oxtHocy Ha AymutHe emwroBamix Tanaca. 

Csa H3patiyHasaHa  cy  npHHLIHnHjenHo noTnyHo aHanorHa HapaRyHasaH,Hma, 
xoja cmo BpuiMnH 3a enexTpomarHeTHe Tanace. JeaHatn4He (100,1) cna6or rpa- 

1) AKo ce H3pamyHa  ToTanHH  momeHr rpanwrauHoHor norba H maTepHje npema ontuToj 

cloopmynH (98,10) ca goc, 113  (100,7),  Ao6Hsa ce ynpano senHmHHa M. To noxa3yje Aa itopmyna 

(100,7) npasHnHo upebyje goa  AaneKo  oA THjena maK H y CRP{ ajY, Kana ce 6nH3y THjena rpanH-

TaLIHOHO norbe He mo>Ke  cmaTparH  cna6Hm. HnaK, npHTOM je M momeHT Hmnynca He canto 3a 

calla THjena, Hero H 3a THjena 3aje,ano ca rpaeirrauHoimm non.em (aKo je nome cnyAa cna6o, oima 

ce fberos momeHT tioxce 3aHeMapHTH). 
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BHTaLIHOHOr non.a no o6nHxy ce notcnanajy ca jeAHatnniama peTapAosamix noTeH-
LtHjana (§ 62). Ilpema Tome HDHX0B0 orn.uTe pjeulefbe mowe ce °Amax Harm-
.caTH y o6nHxy 

4k f vic,
1t R 

 dV 
R 

ByAYhH Aa cy 6p3HHe CBHX THjena y CHCTMY mane, momte ce norbe Ha BenHicHm 
pacTojaH,Hma o,4 cHcTema HanHcaTH (B. §§ 66 H 67): 

44 k  

rAje je R0  pacroja}be cut KoopAHHaTHor nogeTica, KOjH ce Hanaam ma rilje yHyTpa 

cMcTeMa. 36or KpaTKohe HaocTaBHhemo HH,Reicc 
Ro

y no,RHHTerpanHHm H3- 

paaHma. 

3a HapatiyHaBaH.e THX HHTerpana ynoTpHje6HMo je,E(HaLn4He (100,2). 1/130- 
CTaBibajyhH HHAeKce icoA H 0,11Bajajy11H npocTopHe H BpemeHcKe KOMII0HeHTe, 

EanHummo (100,2), y o6nHxy 

dray dr 00 
(101,3) ai7 	crT—co 	°)' axo 

llocnHje mHoNceH.a ripe jeAHatiHHe ca X8  HHTerpHpajmo no LuljenoM npocTopy 

o f 
	 dr 	 f d(r.

y 
 xP) 

ax. raoxsdV = 	" xfl dV = 	
Ox 	

av— rafi d V. 

Ram) je y 6ecKoxaHocTM Vik = 0, oTnaAa ripsH HHTerpan Ha Aecxoj cTpaHH, 
jep je TpaHcckopmHpaH npema Gauss-oBoj TeopeMH. Ymmajyhm nony36Hp npeo- 
cTane je,rtHaqHHe H HcTe jextHaLmHe c TpaHcnoimpaHm HHAexcHma, Hanammo: 

vaP 	 ax° 
1 d 

dV = 	
2 	(vao xs 	ixa)dV. f  

[1OMHO)KHMO 3aTHM Apyry 0,4 jeAkiagHHa (101,3) ca Xa Xs H110HOBO HHTerpHpajmo 
no UHjenoM npocTopy. AHanorHa TpaHcckopmainija Aosomi A O 

oxo  vooxa Xi3d V —  (raoxs  +v oxa) d V.  

Ynopebe}bem Ao6HBeHHx peunTaTa Hana3HMo: 

1 02 

	

vapddV. 	voo xaxPdV. 	 (101,4) (:)711.)   

Ha Taj HatiHH, HHTerpanH oA CBHX rap mpa)KeHH cy nomohy HHTerpana 

1C0jH cape canto KOM1-10HeHTy roo. Arm Ta KomnoHeHTa npH AaToj anpoKcHma-
uHjH (Ka° IIITO je pegeHo y § 100) jerwatca je oArosapajyhoj KomnoHeHTH T„ 
TeHaopa Tik• 

c Ro (Tn — Ro d V, (101,2) 

0 - 
L'o o 
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3amjeHqjyhm TO y (101,4) H yeo.nehM spHjeme t =x°/c Ao6Hsamo (101,2) y o6nHxy 

2k O2  , 	 r 
4)"— C74V0 (V` 	xaXP V. 

. (101,5) 

Ha senHimm pacrojaH.Hma o,r( CHCTM onTepehma Tanac ce mowe (y 

manxm AjenosHma npocTopa) cmaTpaTH Rao paBHH Tanac. flpeMa Tome, mowe ce 
H3pa4yHaTH cbnyKc eHeprHje, xojy CHCTM 3pat4H, peummo y npasuy oce X 1 , Ko- 

pHcTehH ce itopmynom (99,9). 

	

Y cbopmyny (99,9) ynase KomnoHeHTe h 2a 	4)23 H h22 	/133 	4)22 — k63 -  

P13 (101,5) 3a H=.14x Hana3Hmo, H3pa3e: 

2k •n• 	 2k (•• 
— /1 23 — 	 L'23) h 22 	h 33 ------ — 

C C4/(0 	
aRo 	22 — .633) 

(Tatum o3Hatiasa AHckepeHumpal-be no BpemeHy), rAje cmo ysenH TeH3op 

D 	,u (3 de — 6 „p d V 	 (101,0 

„ima,u,pynonHor momeHTa" maca (B. § 95). ,aeC13141-1HTHBHO Ao6Hsamo cbnyKc eHep-

rHje ,ity)K oce X t  y o6npixy 

tio 	k 	522  D33)2  + 
4 ac5 M 	2- 

16331• 	 (101,7) 

KaAa je nO3HaTO 3patielbe y npaBuy oce 	naKo je o,apeAHTH 3pagelbe y- 

np0H3BOnDHOM npas4y, no Kome hello jeampuLtHH BeKTop 03HaLIHTH ca n. 36or 

Tora Tpe6a o tg KomnoHeHaTa TeH30pa nap H BeKTopa nu cacTaBHTH cKanap 

Apyror c'reneHa no Dan, xOjH 6H 3a n1 .1, n 2 =--- n 3  = 0 npemao y 

/533 + (522 -- i523)2 .  

1/1HTeH3HTeT spatima eHeprHje y enemeHT npocTopHor yrna do AeCIJHHH-

THBHO H3H0CH: 

dl= k 5 	rij o.pna nd2  +__ 524  - 	noTido. 	(101,8) 

Lla c5  4 \ 	
2_1 

 

ToTanHo 3pagel-be y CBHM npaswima, Tj. ry6HTaK exeprHje cHcTeMa y 

( jexuAlumm spemexa --
d& moxe ce HahH, alto ce Hate cpega,a spHjeAHocT Tor 
dt 

cpsnyxca no npasgEma, na 3aTHM Ta BpHje,twocT nomHomm ca 4z. Hanamcen,e 
cpewbe spHje,ELHocTH splum ce Jim) nomohy cbopmyna Koje cy HaseAeHe y Hano-
meHH Ha cTp. 194, H xtoBoAH Ao cmije,geher H3pa3a 3a ry6HTax eHeprHje: 

k 
= — Dad 	 (101,9) 

dt 	5c5 	" 

HeonxoAHo je HanoMeHyTH, Aa je HymepHLIKa BpHjexkHocT Tor ry6HTKa evieprHje, 

max H sa acTpoHomcKe o6jeKTe, TOTIHKO mana, ua je H'eroa yTHL4aj Ha KpeTaHDe, 

lox 14 3a xocmHtiKe HHTepsane BpemeHa, cacaHm He3HaTaH (TaKo 3a AsojHe 
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2BHje3ge ry6HTax eHeprHje rpaBwraw4oHmm 3patieHDem TOKOM jegHe rogmHe je 
pega 10 -12  og Fbmose ToTanHe eHeprHje). 

d& 	1 
ki3pa3 3a 	cagpxcH —. To 3Hat3H, ga ce ry6HTax eHeprHje H3onHpaHor 

dt 	c 5  
,cHcTema nojaHrbyje canto rip neToj anpoitcHma4HjH no 1/c. Rog npue Lienipm 
anpoKcHmauje eHeprkija cHcTema ocTaje KOHCTaHTHa. 0,qaBge cruijegH, Aa ce 
cHcTem THjena y rpaeHTa4HoHom noisy mo)Ke onkicaTH nomohy Lagrange-ose 
+43ymake c TaLiHowhy ,Ro tmaHosa pea v 1/c 1 , 3a pa3.11HICy oA enexTpomarHemor 
norba, rgje Lagrange-osa tiyHKHHja nocrojH canto c TaHHowhy ,go 4naHoHa Apyror 

•pega nocrbegEbe je y sem C THM, IUTO ry6HTax eHeprHje eneKTpomarHennim 
zpatiefbem cap 	1/c 3). I/InaK cy ecbexTH, KOje H3a3Hsajy TH Aonyliciat tinaHom 
y Lagrange-osoj ckyHmwijH, cacsHm He3HaTHH 1 ). 

3 a A a T a K 

Asa THjena, xoja ce npHanatte npema Newton -oBom 3aKOHy, xpehy ce no xpy>KHHm nyTa-
FbaMa (oxo fbHxoHor 3ajeAHH.mor ueHTpa HHepLudje). 0ApeANTH 6p3HHy npa6nmxaBaH.a. o6a THjena, 
Ixoja je ycnoerbeHa ry6HTKOM eHeprHie 3pagefbem rpaswraHHomix Tanaca. 

P j e to e Fb e. Axo cy M t  H m2  mace THjena, a r H.Hxoso mebyco6Ho pacTojaH,e (xoH-
cTaHTHo npH xpeTaHv no xpy)fuim nyTaH.ama), oHAa H3pagyHaBaH.e nomohy (101,9) Aaje 

d& 32k(  mim2
ricu6, 

dt 	5c5  m 1  -I- m, 

TAje je w = 
2/r

T nepHoA o6pTaH.a. w je Benamo ca r nomohy co'ra = k 	 nOWTO je 

2r2  d& 
2r 

k mitn2 , 6Hhe r = 	km i m 2  dt 
,na AeCklifiliTABHO Aoatsamo: 

• 64 k3 (m i  + m2) m i m2  
r — 

5c5 ra  

§ 102. 1430Tp0111111 npocTop 

FlpHmHjeHHhemo jegHaLIHHe rpaewrauHje Ha npocTop, KOjH je csyga noTnyHo 
.xomoreH H H3oTponaH. To 3Hatn4, ga ce moxce y3eTH TaKBO „csjeTcKo" HpH-
jeme, rgje 6H y csamom gaTOM momeHTy Tora HpemeHa npocTopHa meTpHxa 6Hna 
jegHaKa y CBHM Tatutama H y CBHM npanuma, ,apyriim pHjetnima, npocTop Lima 

1) HaBoAHmo, 6e3 H3Bo1}eH.a, Hapa3 3a Lagrange-oay (jvHx1.1Hjy cHcrema Hem.= xoje meby-
ico6Ho AjejcTayjy Ha rpasHrauHoHH HaIIHN, H TO y Apyroj anpoxcHmarAHjH: 

M AV
2
A _,L,== 	 1 	 m Av4A i km A M B _i_ km B 

1 --'-- 
3

C2 	+ 	8C2  -1- 	2R  AB AB 	 AB 
A 	 B#A 	 A 	 AFB 

	

-1-k2MA MB  MC 	km M 

2C2R  AB RAC 

i 
-T- 

 .. 	AB  
2 C2  R  AB 

A#B 	 A $ B 
A# C 

.r-Lije je nAB  — jeAHHINHH aexTop y npaeHy paAHyc-aerropa R AB  meby 

(TVAVB VAI1AB • VB nAB) ,  

lieCTBLiaMa M A  H M B. 
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noTnyHy cHmeTpHjy. F1puTom ce, HapasHo, ayTOMaTCKH npeTnocTaarba, Aa je ry-- 
CTI4Ha maTepHje (y cBaKom AaHOM momeHTy „cBjeTcKor" BpemeHa) KOHCTaHTHa y 

Inljenom npocTopy l). 
FlpHje cBera nocTaBHmo npocTopHy meTpHKy H3orponHor npocTopa y oApe-

beHom momemy „cBjeTcKor" BpeMeHa. ,apyrHm pHjetnima, MopaMo HahH H3pa3- 

3a enemeHT npocTopHor pacTojaH.a dl nomohy AMtepeHuHja.na KoopAHHaTa, Tj. . 

oApeAHTH KomnoHeHTe TeH3opa yap y onwTeM H3pa3y 

d12 = yap dXa dx13. 	 (102,1) 

TpoAtimeH3HoHanHH meTpHHKH TeH3op 03HaliaBamo ca y ap 3a pa3nmy OA geTBopo- 

AHMeH3140HaJIHOr TeH30Pa gik 

KpHBHHa npocTopa nOTnyHO ce oApebyje Fberomm TPOAHMeH3H0HaJ1HHM 

TeH3OpOM KpHBHHe, KOjH hello 03HallPITH ca rpya 3a pa3nHKy OA LiersopoAHmeH- 

3130HaJIHOr TeH30Pa Rim (oco6HHe TeH3opa P i37o, HapaBHo, noTnyHo cy aHanorHe 
a 

oco6HHama TeH3opa A/amp Y cnriajy noTnyHe H3oTponHje mopa ce Pp ya  Hapa- 

Hcaaani canto noriohy meTpHtmor TeH3opa y ap. TlaKo je BliAjeTH, Aa 36or oco 

6HHa cHmeTpHje Papa (B. § 91)  OH  mopa, AaKne, HmaTH o6nHx: 

Paya  = A (0 yap —da y rd. 	 (102,4 

rAje je A Helca KOHCTaHTa. TeH3op 2. peAa. Pap = Par yp H3HOCH 

Pup 	2 Arap, 	 (102,3) 

a cfcanapHa KpHBHHa 
P = 6A. 	 (102,4) 

Ha Taj HatiHH BHAHMO,  ,Eka  ce oco6HHe KpHBHHe H3oTponHor npocTopa oApe-

byjy cBera jeAHom KOHCTaHTOM A. cIpema Tome, moryhHa cy cBera TpH 6HTHG 

pa3nHtura cnriaja npocTopHe merpHKe: 1) TaKO3BarIH npocTop KOHCTaHTHe no-

314T1413He KpHBHHe (KojH oAroBapa 1103HTHBHHM BpHjeAHocnima A), 2) npocTop KOH-

cTaxTe HeFaTHBHe KpHBHHe  (KojH  oAroBapa BpPljeAHOCTHtla A <0) H npocTop,  

ca KpliBHHOM jeAHaKom Hynes 	= 0). nOCIBeAHDH OA I-bHX npeTcTaarba paBHH, 

Ti. eYKJ1HAHH npocTop. 
FlpH nporiaBaFby merpHKe 3roAHo je nona3HTH oA reomeTpHcKe aHanormje -

nocmaTpajyhm reomeTpHjy H3oTponHor TpoximeH3HoHanHor npocTopa Rao reo-- 
meTpHjy Ha H3oTp0nHoj xmnep-nospiumi (y HeKOM (131,1KTI4BHOM IleTB0p0AHMeH3H 0-

HaJIHOM npocTopy29. Talon nospanma je minepc(kepa, TpoAHmeH3HoHanHH npocTop 

KojH Ha0j oArosapa, npocTop je 110314THBHe KOHCTaHTHe KpHBHHe. JeAHatmHa 

1) AKO ce npHmHjeHe ,i1o6H3eHH pe3ynTaTH, oH,Ba mopa 6HTH roBopa 0 csojcTBHma npocTopa,. 
KojH ce nocmaTpa y „BenHKoj pa3mjepH", 3aHemapyjyhH „noKamie" HeXOMOreHOCTH, Koje cy H3a-
3BaHe cKynxbakbem maTepHje y 3BHje3,Kama H 3Bje3,KaHom cMcTeMy (TaKo3BaHe BaHranaKTHHHe ma-
rnHHe HBH ranawTHKe). TaKo ce no,K ryCTHHOM mace mopa noApa3ymmjesaTH cpeAkba maca y3eTa 
no o6nacTHMa npocTopa, sernmx pa3Mjepa y oaHocy Ha pacTojaH.a meby marnmama. 

HaKo AaHaulibm acTpOHOMCKH noAauu Aajy OCHOB 3a npeTnocTaBKy 0 KOMOreHOCTH TaKBe 

rycTHHe, HnaK Ta npeTnocTaBKa HeH36je)KHO mowe HMaTH canto IlpH611HAHH KapaKTep, na ocTaje 

oTEsopeHo raiTaH.e, ,rta JIM Ta OKOJIHOCT mowe H3MHjeHHTH qa.K. H KBaJIHTaTHBHO Ao6HseHe pe3ynTaTe-

H, y Kojoj ce mjepH nomanajy ca cimapHowhy HaK H 6H-rHa cHojcnaa Ha Taj HagHH Ao6weexxx 

pjeweiba jeilHammHa rpaBHTauHje. 
2) Pa3ymHje ce, Aa oBaKaB npocTop HeMa HHILITa 3ajeAHHHKo ca ReTB0p0AHMeH3H0 HaBHHMt,  

npocTop-BpemeHom. 



,Ilymania, nag, „nonynpeqHmca" xpyra (HnM akepe) je 
f  dr  

Ti. seha 
r2 

 1-- 
a2 

0 
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minepctepe c pamcom a y 4eTBOPOAHMeH3H0HaIIHOM npocTopy 
rnacH : 

x1 , X2, x3. x4  

4  --F. + + 	a2 , 

a enemeHT AymcHHe Ha H.oj 

d12  = cbq d4+ dx3+ 

Docmarpajyhm xoopAHHare xi, x 2 , x 3 , xao TpH npocTopHe xoopAHHare H 

eJIHMHHHpabrhH H3 d1 2  (1)PIKTHBHy xoopAHHary x 4  nomohy npse jeAHaliHHe, Hana-
313M0 enemeHT npocropHor pacToja}ba y o6nHxy 

(x i dxi  x 2 dx2 + x3 dx 3) 2  
d12 	 dx3+ 	 (102,5) 

2 x a — 2  — x22  — x2 3 

I'13 osor Hspasa JlaK0 je HspagyHara KOHCTaHTy A, H3 (102,2). ilourro Ham 
je o,rt paHHje no3Hafo, Aa  Pap Hma o6nHK (102,3) y uHjenom npocropy, ,g0BOTIaHO , 

 je 13,a ce HspagyHa camo 3a TaLixe, xoje ce Hanase 6nH3y xoop,AHHaTHor no-
tieTxa, rAje je 

X ct Xp 
74= act13+ 	a2 • 

Kam) cy 11pBH 11380,11H OA yap,  a  3aTHM H senH4HHe Fap 7  y KOOpAHHaTHOM 110- 

tieTicy jegHaKH HynH, TO ce HspatiyHasal-be no onurroj cl)opmynH (91,10) noxasyje 
BPJI0 npocro H ,g4HHHTHsHo Aaje: 

= - • 
a2  

(102,6) 

Berimmia a mowe ce HassaTH „nonynpetim xplisHHe" npocropa. Yse-
Ammo ymjecTo xoopAHHara xi,  x2 ,  x 3, oArosapajyhe „cckepHe" xoopAHHare r, 9, (p. 
TaAa enemeHT Apianie Ao6Hja o6rnix 

dr 
 r2 
2  

d12 	 r2  (sin2 9 	c/0 2). 
1_ — 

az 

(102,7) 

KoopAHHaTHH nogeTax, HapasHo, mowe ce yseTH y ma K0.10j TaLIKH npocTopa. 
,Tjpiaia xppicHe nepHcbepHje y THM xoopAHHaTama je 2/r r, a nospumHa ctepe 4nr2 . 

r 

oA r. Ha Taj HaliFfH y TaKBOM npocropy oAHoc ApicHHe xpy)x.He nep4epHje 
npema pamycy maH.H je o,4  2n. 

,LtpyrH 3ro,rtax o6nHx.  d12  Hma y „tiersopoAHmeHsHoHanHmm ctepHHm KO-

op,uniaTama" xoje ce Ao6Hsajy, aim ce MjecTo xoop,rtHHaTe r yseAe „yrao" X 
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npema penaujH r = a sin x (x ce MHjeFba y rpaHmuama o,rt 0 ,Ao 270 1). 

Taga je : 
d12 = a2 r 2 

	

laX 	sin2 x (sine  dcp 2 	de 2)]. 	 (102,8) 

KoopAHHaTom x mjepH ce pacTojafbe Oq xoopAHHaTHor nogeTica, Kole H3HOCH ax. 

TloBpuiMHa cckepe y THM xoopAHHaTama H3HOCH 4ma2  sinx. BHAHMO, Aa ce  yAa-

IbaBaF-beM o,t( xoopAHHaTHor  notiema,  Bemituma noBpiume cckepe noBehama, AoK 

Ha pacTojaHv 7Lal2 He  ilocTmnie  MaKCHManHy BpHjeAHocT, lc* H3HOCH 41La 2 . 

3aTMM noim-be Fla ce cmaHDyje lox ce He TpaHcct)opmHpa y Tatucy Ha „cynpoT-
HOM nony" npocTopa Ha  pacTojaHv  na, HajBeheM pacTojaH.y, Koje yonuiTe mowe 

HOCTOjaTH y TaKBOM npocTopy [HapaBHo, cHe ce TO BH,1414 H3 (102,7), am) ce 

HanomeHe, Ra KoopAHHaTa r He moxce HMaTH BpHjexmocTH Behe o,g al. 
3anpemmHa npocTopa C r103HTHBHOM KpHBHHOM H3HOCH npema (102,8): 

2:r 7r  TC 

V = fife sin2 x sine dxdOdp, 

0 0 o 
oAaxne je 

V = 2g2a3. 	 ° (102,9) 

Ha Taj HaHHH, npOCTOp ca r103HTHBHOM KpHBHHOM je KoHatiam (anm, pa3yMHje ce, 

HeMa rpaHma). Moe ce pehM Aa je „aaTBopeH cam y ce6H". 

14HTepecaHTHo je  HeTalw,  Aa je y aaTBopeHom npocTopy ToTanHo enex-
TpHtiHo onTepehei-be jeAHaxo Hynes. P1 aaHcTa, csaica aaTBopeHa nospiuHHa y 

KOHallHOM npocTopy ca o6Hje cBoje cTpaHe o6yxBaTa KoHa. ,IHe o6nacTm npo-

cTopa. Flpema ToMe, cbnyxc enexTpmtnior norba Kpo3 Ty noBpiumHy je,rtHaK je 
c je,t1He cTpaHe ToTanHom onTepeheH.y, Koje ce Hanam yHyTpa noBpu.n4He, a C 

Apyre cTpaHe jeAtiax je onTepeheFby, Koje ce Hanaam HaBaH Hie, rAje ce onTe-

pehepbe y3Hma ca cynpoTHmm 3HaK0m. CyMa onTepehem.a c o6mje cTpaHe noep-

i.uHHe jeAmaKa je, AaKne,  Hynes. 
Flpelpmo ca,Eta Ha nacmaTpai-be reomeTpHje npocTopa, KojH nocje,gyje KOH-

CTaHTHy HeraTHBHy xpHBHHy. I/13 (102,7) BH,TAHMO, ,Ra KOHCTaHTa nocTaje Hera-

THBma, alco je a 2  HeraTmsHo, Tj. a je HmarHHapHo. ilpema ToMe cse cloopmyne 

aa npOCTOp HeraTimie  KpMBHHe  mory ce Ao6mTm AHpeKTHO H3 npeTxulimx, aKo 

ce y H.Hma a aemjeHH ca ia. ,apyrHm pHjegmma, reomeTpHja npocTopa ca Hera-

THBHOM xpmBHHom ,go6mBa ce maTemaTHT-ix.H Kao reomeTpHja Ha (ieTBopo,ammeH3Ho-
HanHoj nceyxkocckepH C mmarHHapHmm nonynpeqHmKom. 

	

Ha -raj HaHHH KOHCTaHTa 	je ca,rta 

1 
— • a‘ 

(102,10) 	• 

a enemeHT Ay)x.mHe y  npocTopy  ca HeraTHBHOM KpHBHHOM y xoopAHHaTama 

r, 0, 	Hma 06.11HK 

d12  = 	dr2 r2 
	

r2  (sin' e 4 2 + de 2), 	 (102,11) 

1+7  

1) „Descartes-oBe"  KoopAHHaTe  X1 , X2, X3, X4 noBe3aHe Cy Ca tieTe0p0p4meti3motiantimm ccbep" 

IiHM KoopAHHarama a, 0, cp, x npema penanmjama 

a  sin x sin 0 cos cp, 	x2  ----- a sin x sine sin cc, 

X3 = a sin x cos 0, 	X4 = a cosx. 
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rAje KoopAHHaTa r mowe HMaTH cee BPHjeAHOCTH OA'0 AO oo. CaAa je oAHoc 

Ay)KHHe Kpy)KHe nepHdpepHje npema nonynpeHHHKy BAH oA 2n. I'13pa3 sa d12 , 
KOjH oArosapa (102,8), Ao6mBa ce, aKo ce yseAe KoopAHHaTa x npema penaujH 

r = ash x (x ce oBAje mmjeH,a oA 0 Ao Do). TaAa je 

d12  = a2  {de+ sh tx (sine  4 2 + de2 )}, 

FloepLuma cckepe je caAa 4.3 .0 shi x H yAarbasafbem oA KoopAHHaTHor no-
nerKa (noeehaeat-bell 6ecKoHatnio ce noeehaea. 3anpeMHHa npocTopa Hera-

THBHe KPHBHHe, 0 11eBH,RHO je 6ecKoHaLiHa. 

3 a A B TaK 

TpaHcckopmHpaTH enemeHT AywHHe (102,7) Ha o6niu y Kome 614 6Ho nponopuHomanaH caom 

eymmAcKom H3pa3y. 

P j e ul e H. e. 3aMjeHa 

	

r1  	
r2  r i  + 

4 az 

AosoAH Ao peaynTaTa 

d12  = 	
1 
	(dry 	r2  d9 2 	r2 sin1  0 dy2). 

2 	1 	1 
( 	r i  )2 
1 ± 

§ 103. ilpocTopuo-spemeHeRa meTpilga aamopeHor 
HaoTpormor mo,Rena. 

Ilpena3ehm Ha Tpernpme npocTopHo-H3oTponHe meTpHKei) m14 mopamo 
npHje ceera H3a6paTH CHCTM peckepeHuje. HajnoAecHHJH je oHaj cpicTem, Kop4 
ce y csaKoj Taium npocTopa Kpehe 3ajeAHo ca cyncTaHuom, Koja ce Hana3H y 

Toj TaHICH. Moe ce pehH, Aa je cHcTem petepemvje calla maTepaja Koja Hcny-

i-baea npocTop. 6p3HHa cyncTaHue y TOM cHcTemy je npema AeckHHHuHjH yeptjex 

jeAHaKa HynH („concTeeHH" cHcTem petepeHuHje). OgesHAHo je, ua je TaKae 
H36op cHcTema petepeHuHje 3a H3orponHH moAen pagHoHanaH. FlpH Apyrom 
Hs6opy opHjewrawija 6p3HHa maTepHje H3a3Heana 6H npHenHy HeeKsHeaneHTHocT 
pa3Hmx npaeana y npocTopy. BpeMeHcKa KoopAHHaTa mopana 6H ce H3a6paTH 
Ha HaHHH, xojH je HaseA,eH y nogeTRy npeTxo,u,Hor naparpacIa, Tj. TaKo, Aa y 
ceaKom AaTOM momeHTy meTpHKa. y HHTasom npocTopy 6yAe jeAHaKa. 

36or noTnyHe eKBHBaneHTH0GYM CBHX npasalla, KOMn0HeHTe goa  meTplmor 

TeH3opa y M3a6paHOM cHcTemy peci)epeHindje je,AHaKe cy HynH. H 3aHcTa, TpH 

KomnoHeHTe goa  mory ce nocmaTpaTH KaO KomnoHeHTe TpoAmmeH3HoHanHor sex-

Topa, Koji,' 6H H3a3Heao pa3nH4HTocT 3a pa3He npaene, jep je pa3nHtiHT oA 

Hyne. Ha Taj ds2  mopa HMaTH o6nHK ds2  = — goo d4— d12 . KomnoHeHTa 

E00  ouje je 4yHKuja camo oA x°. 36or Tora ce epemeHcKa KoopAHHaTa mme 

Fjetueibe je,AHatimia, Koje ce nocmaTpajy y OBOM H cnHjeAehem naparpaty, npsH je 

.,x3Beo A, Friedmann (1922). 

(102,12) 
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H3a6paTH yBHjex TaKO, A a goo  npebe y — c 2. 03HatiaBajyha je ca 	Ao6Hhemo: 

ds2  = c2  dc2  — d12 . 	 (103,1) 

JacHo je, A a BpHjeme V npeTcTaarba concTBeHo BpHjeMe y CBaK0 .1 	npocTopa. 

llogmimo ca nocmaTpaR3em npocTopa ca I103HTHBHOM KpHBHHOM. Y6y,gyhe, 
36or xpanwhe, roBopHhemo o oAroBapajyhem pjeweaq je,gHatn4Ha rpaBHTaLHje 
xao 0 „3arBopeHom mo,aeny". 3a dl nocnymmhemo ce H3pa3OM (102,8) y xome 
je „nonynpetmx xp,HBHHe" a, yomuTe y3eBwH, dpyHxnHja BpeMeHa. Ha Taj HatiHH 
mowemo ds2  HanHcaTH y 06nHxy 

ds2  = c2  dr2  — a2  (v){dx 2 	sin2x (d9 2 	sin2 13 dy2)}. (103,2) 

cDyfnumja a(v) upebyje ce je,rtHaqHHama rpaBHTanHoHor no.rba. 3a pjeula-
BaH.e THX je,RHatn4Ha 3ro,aHo ce 110Clly)KHTH BeJ1HMHHOM ymjecTo BpemeHom, rgie 
ce rJ Aecimnimule penanHjom 

cdr = adr). 

Taga ce ds2  mme HanHcaTH y o6nHxy 

(103,3) 

ds2 = a2 (r1){ 	de 
 — sin2x (d 9 2 + Sir1 2 0 • dcp 2)}. 	(103,4) ; 

3a cacTaarbal-be jeAHaLn4Ha non.a Tpe6a notieTH ca H3pagyHaBaH.em xomno- 

	

HeHaTa TeH3opa Rik (xoopamaTe x°, 	x2, x 3  cy 	z, 0, (p). 36or cHmeTpHje 
moxce ce o,n,max 3aKILyt1HTH, ,ga cy KOMI10HeHTe Rom l'IgeHTHqH0 je,RHaxe HyJ1H. 

3aTHM mowemo npHmHjeTHTH, Aa cy OA Bemigiffia. rk , KomnoHeHTe o6rixa r oao  H 

ro4a, TaK013e, je,iniaxe HynH, LLITO je naxo A oxa3aTH. 36or Tora y H3pa3y 3a Roo. 
ocTajy camo CJ1HjegehH 11.11aHOBH: 

argo 
	In tr  — g 	rP Roo-- 	 op Oa 
U r)

2  
	 V I) 

LLITo ce THtle xomnoHeHaTa Rap, Hanomp-bemo 36or ynpoulheH.a. H,HxoBor H3pa- 

myHaBanaa, zta, 6y,rkyhm je goa = 0, TO ce KOM110HeHTe Tpo,immeH3HoHanHor TeH30pa 
yap, noxnanajy ca xomnoHewrama gap. 36or Tora, nocnHje H3ABajaFba H3 

Rap OHPIX tinaHosa, KOjH cape camo gap, uo6Hhemo xomnoHeHTe Tpo,rmmeH3H0-

HanHor TeH3opa Pap. Ha Taj Hat4HH Hana3Hmo: 

0 

Rap= 13 - (rap  r- cl° 13 	g  r°ay  110  — 13 7  r're„ . 

nomohy BpHje,EtHocTH xomnoHeHaTa meTpw-mor TeH30pa H3 (103,4) 

goo 	a2, 	== a2 ,  g22 	a2 s i n2- ,  z g33  = a2  sin 2zsin2  0, 

H3patIyHasamo OA BenwiHHa rk, oHe xoje cy Ham noTpe6He: 

0 a 	0 	a 	a l a, 
r00 —a rap = gap ,  r i4 = —a  up 

(Tatixa o3HaqaBa AmckepeHLuipaaie no n). TeH3op Pap je npema (102,3) H (102,6) 

2 
Pap 	g 

aP 	a2 



HnH, HHTerpHpaFbem 

p i' s 

(A01-ba rpaHH4a y 14wrerpany je KOHCTaHTHa) 2). 

31n a — 

ds  
+ const. 
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llomohy CB14X THX H3pa3a Ao6HBamo nocnHje npocTor H3patiyHaBaH.a : 

2 

1 	3 • 

a4 
(a2  + a2) . 

, 
OBO Tpe6a H3je,r(HatiHTH ca BenHHHHom 

8 o-rk 	
maim je y H3a6paHom cHcTemy e4 	0 .  

pecioepeHuHje maTepHja Henoxpema, 6Hhe ua = 0, u° =11a, a H3 (93,8) HMaMO 

To°  = —6 (8 je rycTHHa eHeprHje maTepHje). 

Ha Taj Hatil4H Ao6HBamo cnHjeAehy je,ItHatumy' : 

• 8nk 
= 3 

c4 	a4 
(al 	a2) . (103,5) 

OBAje yna3e ABHje Heno3HaTe cvHx4Hje, E H a. 36or Tora je Heorixor:tHo y3eTH 

jOLL1 jeAHY je,rmatimiy. 3a Ty je,ItHatimiy 3r0,RH0 je y3eTH je,gHaHHHy 71;1  = Ot 

(ymjecTo npocTopHpix RomrioHeuaTa jeuatiptHa norba). To je je,rma orA HeTkipm 
je,aHaHHHe (98,1) Koje ce, Ka.° LLITO je no3HaTo, ca,gpwe y je,riatumama rpaBH- 
TaLmje. OBa je,AHatnixa mowe ce H3BeCTH 14 Henocpe,4Ho nomohy TepmortHHa- 

MHLIKHX penagmja Ha cnHje,Rehm HatmH. 
KopHCTehH ce y jeAHaHHHama norba H3pa3om (93,8) 3a TeH3op eHeprHje-

Hmnynca, mH camptm THM 3aHeMapyjeMO CBe npoLlece AHcHnatmje eHeprHje, 
Aoriotte Ao noBehaHDa ewrponHje. Talcs() 3aHemapHsaFbe oB,Etje je noTnyHo 3aKO- 

HHTO, jep cy ,A0113/HCKH HnaHoBH, Koje 6H Tpe6ano ,ttoAaTH Ber114414H14 Tk y Bent 

ca AHCHnauHjoM eHeprHje Heo6Htmo manH y otmocy Ha rycTimy eHeprHje 8, 

Koja y ce6e yKrbyHyje H eHeprHjy mHpoBafba maTepHjanHmx THjena. 
Ha Taj Hatuni, npH H3BobeFbY ie,u,HaHHHa norba moxtemo cmaTpaTH, ,Eta je 

ToTanHa eHeprHja KOHCTaHTHa. 1ZOC.T1p1MheM0 ce caAa 1103HaTOM Tepmo,AHHa-

MHLIKOM penawijom d& = TdS — pd V, r, je cy S, V — eHeprHja, ewrponHja 

H 3anpemmHa cHcTema, apH T — npHTHcax H TemnepaTypa. FlpH KOHCTaHTHOj 

ewrponxjH Hmamo je,aHocTaBHo = — pd V. YBobeEbem rycnnie eHeprHje 

e= 	6e3 Temoha Hana3Hmo 

dV 
ds= — (s + p) v  

lipema (102,9) 3anpemmia npocTopa V je nponopi4HoHanHa Ky6y nonynpegHtixa 

KpHBHHe a. clpema Tome je dV/V = 3da/a = 3dlna, na mowemo HanHcaTM 

8+P= 3d On a), 

(103,6) 

1) MH yomure He nocmarpamo je,KHatiHHe ca TaKo3BaaoM Kocmoriouncom KOHCTaHTOM, jep 

je y HajcKopHje BpHjeMe ,KetHHHTH3Ho AoKaaatio, ,ELa Hema HHKBKBHX 4H3H4ICHX OCHOBB 3a TaKB0 

mmjeH.aFbe je,AHaqHHa rpaBH -rauHje. 
2) CKpeheMo na)Kiby Ha LIHH.ekmuy, Aa ce jea,HatimHa (103,6) noKnana ca jeaHaAHHom (8),, 

Koja je Ao6HeeHa y 4 3aAaTicy § 96 HHTerpHpaH.em jeAHatiHHe Tk i = 0 y „concTaeHom" cHcTemy-

pecipepeHLIHje. 

ds 
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AKO je n03HaTa se3a meby 	p („jeAHasHHa cTafba" maTepHje), 
jeAHatuma (103,6) webyje s Kao cpymuHjy o41 a. TaAa H3 (103,5) momcemo 
o,peHTM 	y o6nHxy. 

da 	
(103,7) 

8 ak ea 2 
3 c4  

JegHaHHHe (103,6) H (103,7) pHjetuasajy y onurrem o6nHxy sa,ttaTax o ,tted3HHH-
caHpy mei- plaice y 1430TO011HOM 3aTsopeHom mo,tteny. 

Axo je maTepHja y npocTopy pacnopebeHa y o6nHxy noceanix maxpo-
cxoncmax THjena, oHAa ce npH ogpebHsaH.y H3a3saHor rpasHTauHoHor norba Ta 
THjena mory nocmaTpaTH Kao maTepHjanHe mecTinle, xoje Hmajy webeHe mace, 
yonurre ce He HHTepecyjyhH 3a HDHX0By yHyTapaq cTpywrypy. CMaTpajyhH 6p-
3HHe THjena penaTHsHo mamma (manHma y oLtHocy Ha c), momce ce je,iniocTasHo 

cTaBHTH 	11C2 , rAje je p, 36Hp maca THjena y oAHocy Ha je,tummuy 3anpe- 
74J4He. I'13 HcTor pa3nora npwrHcax „race, KOjH ce cacTojH 	THX THjena, 
cysHuie je manH y oAHocy Ha e, na ce moxce 3aHeMapHTH (npwrvicuH, nax, y 
mjenHma, npema seh peLieHom, He cmHoce ce Ha nocmaTpaHo nHTaH.e). LLITo ce 
Twie apageFba y npocTopy, OHO je penaTHsHo mano, na ce Fberosa eHepriaja H 
npHTHcax Taxobe gory 3aHeMapHTH. 

CTasibajyhm y (103,6) e=pc2, p= 0 H HHTerpHpajyhH, Ao6HBamo 

/las = const. (103,8) 

OBa jeg,HaHHHa manna 6H ce HanHcaTH H APIpeKTHo, jep jeAHocTasHo H3paixasa 
HHH,ematly, Aa 36Hp maca THjena y ujenoxynHom npocTopy ocTaje KoHcTawraH, 
xao H IBTO mopa 6HTH y nocmaTpaHom cnyHajy (co-Lei:lux° je const..M/2n 2 , 
sr,aje je M = µV — yxynHa maca y npocTopy 3anpernaHe V = 2a2a3). Yspara-
saH.em (103,8) y jeAHatiHHy (103,7) H HHTerpHpajyhm, Ao6Hsamo: 

a= ao  (1 — cos n), 	 (103,9) 

2kM 
xrAje je 	 oHcrawra. Haj3a,a, 3a se3y H3meby 	H 7), Hana3Hmo H3 

3 gc2  
(103,3) 

= —
a„ (n—sinn). (103,10) 

JeAHaHHHe (103,9) kl (103,10) oApebyly y napameTapcicom o6nHxy cloyincumjy a(r). 
KpHBa, lc* npmca3yje  Ty  3aBHCHOCT, jecTe umnona. 

3a n=o, ± 2n,  ± 	nocTaje je,aHaxo Hyrni, a p. 6ecicoHatmo. Ho 

Jca,tta p,–+ 00, Taxobe H ripHrHcax nocTaje BeJIHK, na 3aTO npH TpeTHpaIby me-

TpHice 3a BpHjeAHOCTH 7), Kole cy 6nH3y Hase,AeHHm, Tpe6a nocmaTpaTH cyripoTaH 

rpaHH ,4HH cnyHaj Hajseher moryhHor ripiaTkicxa (npH A aToj ryCTHHH eHeprHje). 

Y § 34 BPI,EkjeJ114 CMO, maxcHmanma npwrucax H3HOCH p = 8/3 [B. (34 , 5 )]• 
YEspLuTasaH,em Tora y topmyny (103,6), A o6mBamo 

const., 	 (103,11) 

nocnHje '.era (103,7) H (103,3) AoBoAe Ao penauHja: 

a=  a 0  sin n, r 	--2 	 (103,12) (1 — cos s n),  

f a 	 
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r,aje meby KOHCTaHTOM a'0  H koRcrawrom y (103,11) nocToj4i oApebefia. Be3a, 
By,tlyhm Aa OBO pjetnefbe Hma cmHcna nocmaTpaTH canto 3a Bpno mane BpHje,a- 

HOCTH OA a, momce ce °Amax HanHcaTH o.groBapajyha npH6nmicHa ckopmyna (Koja 
ce Ao6HBa pa3BHjafbem y per 3a n <<i): 

a  = const. Yr . 	 (103,13) 

rIpomjeHom 3HaKa BenHitHHe V, BenHHHHa a y (103,12) nocTana 6H HMa-
rHHapHa, a }bell Ksa,tcpaT HeraTHBaH. OHna 6H cse HeTHpH KOMIIOHBHTe g,k  y 
(103,2) 6Hrie Hera -mime, a ,geTeptotHaHTa g n03HTHBHa. AnH TaKBa meTpHKa je 
ckH3:111ICH ancyp,rma (B. crp. 230). To 3Hat1H, Aa 3a rope Hase,aeHe spHje,n,HocTH 
7) meTpHKa cTBapHo HMa H3onosaHe TaHKe. 36or Tora spHjeAHocTH Tpe6a no-
cmaTpaTH canto y 14HTepBany o,4  0  AO 27r. (HnH WTO je HCTO, OA 27r xto 4g II 

T. CIO H Hema rtH3H4KOr cmHcna BH3.11HTHLIKH npony)KaBaTz meTpHxy H3a Hase-
AeHor HHTepsana. 

§ 104. IlpocToptio-BpemeHma hicrpnRa ontopeHor 
HaoTpormor moAe.ria. 

Pjetnefbe Kole oArosapa H30Tp0IIHOM npocTopy HeraTHBHe KpHBHHe („oTso-

peHH mo,rten") Ao6HBa ce Ha HatIHH, KOjH je noTnyHo aHanoraH npeTxonHom. 
YMjecTo (103,2) Hmamo ca,rta 

ds2-= c2dr2 — a2 (r){dx 2 	sh 2x (d 0 2 	sin 2 0 • dcp 2)}. 	(104,1) 

OneT hello ymjecTo r yBecTH npomjeHrbmsy rJ npema cdr = adn. Tana 

....4o6HBamo 

ds2  = 0(i)(6)2 — de — sh2,(de2 sln 2 0•dcp 2)). 	(104,2) 

OBaj H3pa3 ckopmanHo ce momce ,a061,11 ,1 H3 (103,4) 3amjeHom 	z, a pecneK- 

THBHO ca 	ix, ia. flpeMa Tome H jeAHagmHe non.a gory ce Ao6HTH Heno- 
cpe,rtHo nomohy HcTe 3aMjeHe y (103,5) H (103,6). JexmaHHHa (103,6) npHTom 
3aApmcaBa CBOj paHHjH o6nHK: 

31na (104,3) 
ds  

j 8  ± 13
+ const.,  

a ymjecTo (103,7) Hmamo 
8rk 	3 . 

c4  8  = —701 (a2  a2) 

Cao6pa3Ho TOMB ymjecTo (103,7) Hana3Hmo 

(104,4) 

da  (104,5) a  At 8ak 	ea2+ 

c4  
1-lajnpHje hello nocmaTpaTH cnyiaj manHx npHTHcaKa. Y3HMajyhH p = 0, 

s=p,c2 , Hana3Hmo cnHjenehe AeckHHHTHBHe ekopmyne: 

ao a= a, (chn — 1), z= —
c 

(shn—n), 

3c2  
,ua3 = z—vic  ao . 

rIpBe ABHje npHicasyjy y napameTapcKom 06npcy ckymcilHjy a (r). 

(104,6) 



318 	 JERHALIIIHE 1'PAB11TALIVIOHOF 110JbA 	 rn. Xi 

3a ri = 0 nonynpemHmic KpmamHe a (n) nocTaje jeAHaK Hynm, a It Te)KH 

6eCKOHaMHOCTH (KOHCTaHTe mHTerpmpaaba y3eTe cy y (104,5) TaKO, Aa Toj BpH-

jejlHocIrm oAroaapa v =0). HacynpoT pjenteFby (103,8) — (103,10 1 , TO ouje 
canto 3a jegHy apmjeAHocT r1. Y 6nm3mHm rJ = 0 HabeHo pjetneH.e ce He 

	

mowe npHMHjeHHTH, na  ce  oneT mopa yaeTH cnytiaj p = 	rIpema paHmjem 
mmamo H3 (104,3) 

	

Ea'. const., 	 (104,7) 

a 3a 3aBHCHOCT a OA V Hana3mmc 

a' 
a a' o shm v ---P (chn — 1 

3a mane n, KaAa yocTanom canto x MMa cmmcna nocmaTpaTm TO pjeineFbe, 
oneT mmamo 

	

a = const.rr 	 (104,8) 

Ha Taj Hatimm, y nocmaTpaHom cnymajy meTpmKa HM8. cmHrynapHy Tagicy 3a .7)=0, 
.na saTo cae civmanije  Tpe6a  nocmaTpaTm canto 3a apmjegHocTm n > 0, mnm canto 
3a 71 < O. 

3a n  > 0 nonynpeiiHmK Kpmamme MOHOTOHO pacTe ca v. Hanommbemo, Aa 
nosehaaaFbe nonynpeqHmKa xpmemHe AoBoxui Ao noaehasaFba, yontuTe, CBHX pa-
cToja}ba y npocTopy, Imo UITO ce TO HenocpeAHo amgm H3 Lan-beHmge, Aa je 
enemeHT npocTopHor pacTojaFba (102,3) nponopumoHanaH ca a. To AoacAm AO 

mebyco6Hor „paamnaNceFba" Tvjena y TaKsom npocTopy. C Ta,nce rnegmLuTa no-
cmaTpama, Kojm 614 ce Hallam) Ha Hemom oA HDHX, m3rneAano 6m, Kao Aa ce caa 
ocTana THjena }Telly y paAmjanHom npaatAy, yAarbaaajyhm ce oA nocmaTpatiai). 

Hajaag, rpaHkriHm cnyLiaj nocmaTpaHmx pjeuleFba, Koja oAroaapa 6ecico-
matiHom nonynpeqHmicy KpmamHe npocTopa, npeTcTaerba moAen ca paBHHM (eyKnmg-
claim) npocTopom. 14HTepaan ds2  y ogroaapajyhem npocTop-BpeMeHy momce ce 
marmicaTm y 06nmxy: 

ds2  = ode b2  (z) 

	

(dX 2 	dy2  + dz 2) 	 (104,9) 

(Kao npocTopHe KoopAHHaTe y3eTe cy Descartes- oae KoopgmHaTe x, y, z). cl)ax.Top 
Kojm 3aBHCH OA apemeHa y enemeHTy npocTopHor pacTojam.a. ommrneAHo He MN-

jeHba eymmAHocT npocTopme meTpmice, jep je npm 3aAaTom V Taj ckaKTop KOH-

CTaHTaH H npocTom TpaHcciJopmanmjom KoopAmHaTa mme ce CBeCTH Ha jeAmHmny. 
1/13pamyHaaam,a, aHanorHa oHmma 1,13 npeTxoAHor naparpacka, AoaoAe go 

cnmjeAehmx jeAHat4mHa: 

81ric  8 = — ( 

	

3  —db) 2, 31n b — 	 c16 	 + const. 
C 2 	b2  \dr 	 j P 

Y cnyHajy manmx npmTmcaKa Hana31mo: 

02 = const., b = const. r2/3. (104,10) 

   

1 ) ,Lia 6H ce H3aeo aalobriaK o „pamina)KeH.y" THjena, HeonxoaHo je ;la Henocpe,aHo y3a-
jamHo bjejcTao THK THjena 6yge Aosommo cna6o, TaHHHje, noTeHuHjanHa eHeprHja y3ajaMHor Ajej-
crsa THjena mopa 6HTH mana y oAHocy Ha KHHeTHHKy eHeprHjy FbHxosor K peTam, a noH ,.pa3Hna-
)Keiby" (oBaj ycnoa je y caaKom cnyHajy mcnyi-beH 3a noson.Ho yaasbeHa THjena). Y npoTHamom 
cnyHajy, mebyco6Ha pacTojaH.a THjena ogpebyjy ce yrnaamom H.HxoeHm y3ajammim njejcraom. 36or 
-rora, Hanp., mopajy OCTaTil KOHCTaHTHe AHMeH3Hje nojeAHHkix maxpocKoncnix 
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3a mane v over Tpe6a nocmaTpaTH cnriaj p 	Kaxta. Ao6HBaMo 

BO. const., b = const.11 i  . 	 (104,11) 

Ha Taj Ha'iMH, y TOM cnytiajy meTpmKa HMa cmHrynapHy Twin,  (T.  = 0). 

CBH nocmaTpaHH moAenm ca H30Tp0IHHM npocTopom owniKyjy ce 3ajeA-
HHIMPIM CBOjCTBOM — HaHX0Be meTpHKe mmajy cmHrynapHe TatiKe. HnaK, Tpe6a 
HmaTH y BmAy, Aa camo noTnyHmje menHTinaal-be je,iiaimHa norba y onuiTem cny-
majy HeH3oTponHor npocTopa mo)Ke 0,4r0B0pHT13 Ha riTai-be y K0i0j je MjepH Ha-
BeAeHo CBOjCTBO THX pjealea,a. cneLmjanHo CBOJCTBO HaoTponHor mo,rteria, KOjH 

He Ba)KH y peanHom cnriajy KaAa npocTopHa H3oTponmja mo)Ke 6HTH canto 
npx6n14)KHa. 

1/13no)KHhemo ontje join HeKOJIHKO HanomeHa, Koje ce THLiy pe3ynTaTa npHM-
jexe TepmoAHHamHKe y onurroj TeopMjH penaTHBHTeTa. 

BH,AjenH CMO y § 98, Aa 33KOH oApKaH.a ToTanHor 4-Hmnynca y oriwToj 
TeOPHjH penaTHBHTeTa Ao6mBa KapaKTep KaeHTHTeTa. Hanoce, TOTaJ1HH 4-HMIlyJIC 

Pt y HHTaBOM 	npocTopy je,rmax 	je 	HYTIH. 

(98,12) 3a 4-HMnync 	y 	o6rnmy HHTerpana 

To 

no 

HenocpeAHo 

r106p111HHH 

H3rla3H 

1 
pi = 

113 H3pa3a 

hoadfa . 

CTBapHo, y KOHatiHOM mo,Reny cBaKa. 3aTnopexa noBpunma o6yxBaTa ca o6mje 
cTpaHe KoHaLiHy o6nacT npocTopa. 36or Tora je HaBeAeHm HHTerpan jeAHax TO-

TanHoM 4-mmnyncy, KojH ce Hana3H y npocTopy ca jegHe cTpaHe nospumHe H y 

HCTO BpHjeMe y3eTom ca o6pHyTmm 3HaKOM O,q Hmnynca y npocTopy, KOjH ce 

Hanaam ca Apyre HzeHe cTpaHe. Flpema Tome, ToTanHH 4-Hmnync y LiftraBom 
npocTopy mapatlyHaT npema cipopmynm (98,9), paBaH je Hynm. 

Ha Taj HagmH, Aedmmmumja ToTanHor 4-mmnynca y 4HTaBom npocTopy 
npema: topmynx (98,9) y cyinTmHm HeMa cmHcna, jep ce oAroBapajyhH 3aKOH 
oAp)KaFba eHeprmje ,EtereHepPnue y 6e3caAp)KajHm mAeHTHTeT 0 = 0. 

Y HepenaTHBHcTHLIKoj TepmoAHHamHum eHTponHja cBaKor 3aTBopeHor CH-

cTema MOHOTOHO ce noBehaBa, nocTmAyhm cBojy maxcHmanHy BpmjeAHocT xpo3 
IIPHJ1HHHH HHTePBaJ1 BpeMeHa. Ta BpmjeAHocT oAroBapa cTaFby Tepmo,AHHamH4He 
pasHoTewe H oHa je HajBeha OA CBHX BpHjeAHOCTH, Koje eHTpornija mo)Ke HmaTH, 
Ka,tta cy AaTe KoHcTaHTF:e spHje,gHocTm mmnynca H eHeprmje cmcTema. 

Y PellaTHBHCTHLIKOj Tepmo,rnmamHL;H, npema H3J10)KeHOM, Ba)KH 3aKOH MO-

HoToHor noBehaBafba euponmje 3aTBopeHnx cmcTema. 1/1nax, 36or HaBeAeHmx 
oco6mHa 3aKoHa oAp)KaH,a, ca,Aa ry6H cmHcao TspLu-ba, Aa npH TOM noBehaBafby 
eHTponmja Ha xpajy Kpajesa Ao6HBa HajBehy moryhHy BpmjeAHocT npH xta -roj eHep-
rHjM H Hmnyncy,—HapaBHo, xa,Eta ce npmmmjeHm Ha KOCMOC KaO ujenigHy. Ha Taj 

eHTponmja Kocmoca cmcTemaTcKH ce noBehasa 6e3 HKaKBOr npena3a 
Kocmoca y ma KaKso paBHOTeNCHO CTal-be, Koje Hma maKcHmanHy eHTpornijy. 

3anaTaic 

TpaHccbopmHpaTH HHTepean ds y oTeopeHom momny as Henruca r Ha ueHTpanHo cHme-
7p1491114 o6m4K (96,2). 

P j e ui e i e. 3a 17 >> I HM8MO 1,13 (104,5) 	cr, Tax° na HHTepaan (104,2) ,ao6HBa 

ds2 	e2 do 	e2 	dx2 sh2x(dAt  sin2042)}. 
o6nHH 



TaKo Aa KoeckHuHjeHT y3 d9 2 	sin'Othp 2  6y,ne r2 .  nimiyhti Aube 

(c2rdr 	rdr)2  
C 2  (de — T2  dX2) 	c2 T2 T2 dr2 , 
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Yeenxmo moey KoopnimaTy r  npema penaxxjx 

r = cr shx 

cTaBHheMo 
c2 rdr rdr 

cdt, 
11  C2  T 2 	r2  

,onaKne je 
r 2 

	

t = Air2 	r chx.
CZ  

143pamex y rIp0MjeHTB1413HM r,  0, cp,  t kixTepean oHAa Ao6maa 0611M( 

ds2  = c2 dt2  — dr2  — r2  (de2  sin2042). 

OBaj pennTaT noKa3yje,  Aa  3a eenkma r meTpinca oreopexor monena y npeoj anpoKcxma-

tnijx nocraje ranxnejcKa MebyTam, y cmcremY pecbepemmje r, 0, p, t maTepHja fuije Ftenoicpenta, 

a msema pacnonjena je xexomorema. lipxTom je pacnonjena H KpeTakbe maTeprije xexTpanxo-cxme-

Tpkti-mor 0611HKa OKO npox3eorbxe TagKe y npOcTopy, Koja je y3eTa icao KOOpAHHaTHH nogeTaK. 

Y micTemy x, 0, (p, r ceaKoj AaToj maTepajanxoj 4eCTHI.4 onrosapajy onpebexe KOHCTaHTHe Bpi-

jeAHOCTH x, 0, cp. Ilpema Tome panxjanxa 6p3xxa LiecTxxe v y ckicTemy r, 0, cp, t H3HOCH V = 

= (at ar  lx  = 	it cthx Knit v ---L--- fit. Oita ce noeehasa ca pacrojarbem nponopuxoxamio npeom cTe- 

nexy Oa T. 3a onpebithaFbe pacnonjene rycnnie marepmje. manommx.emo, Aa y cmcremy x, 0, cp 

KOTIHIIHHa 
maTepkije, Koja ce Hanam y c4epHOM cnojy .„ae6n.vie" dx Jima o6ranc const. sh 2xdx. 

tr2  dr 
Ho KaKo je sh2xdx -=-. 	

c 
222)2 , TO nocnkije A Hjerbeiba 3anpemmiom 4rr2 dr ccbepxor cnoja y 

moopAkmaTama r, 0, cp, mana3xmo, Aa pacnonjena maTeplije xma o6nHK 

t 

	

const. 	 
(0e. —r - )" 

Cse Ao6HaeHe chopmyne, ineenexe no npernocTasKom U >> 1, /le mory ce IlpHMHjeHHTH 3a 

cnytiaj, Kana cy senwixxe r 6nx3y Benmffliama Ct (3a mano 	r 6Hhe mano x 

§ 105. Flpocnipatbe CBjeT/IOCTH 

IlocmaTpahemo npocTHpaibe spaKa csjeTnocTH y HsoTponHom npocTopy, 
Y Ty cspxy HajjenHocTasHHje je y3eTH y o63Hp ginbeHmly, na je ny)K cBjeTcKe 

IIHHHje npocnipaH.,a CBjeTTIOCHOr cHrHana HHTepsan ds = 0. Ysehemo Kao Koop-

AHHaTHH nogeTax. cHcTema  x,  8, cp TaLncy, H3 Koje nonasH CBjeTTIOCHH spax. 36or 

cHmeTpHje otiHrnenHo je, Aa he ce spanH npocnipaTH „panHjanHo", Tj. Aye 

nmalje 8 = const., p = const. CraBrbajyhm cao6pa3Ho Tome de = y 
de . 

(103,4) HnH (104,2), Ao6mhemo ds2 	a2 ( cfri  2 	) kisjenHatiasaphem ca Hynom, 

Hana3HMO di = 1 dx, mnm HHTerpHpathem 

±n 	const. 	 (105,1) 

3Hax. nnyc npen 71 onrosapa spatty, KojH ce npocTHpe y cMjepy on xoopnmaTHor 
noLieTica, a 3HaK mmHyc onrosapa spaxy, KojH je opzjewnicati npeMa KoopAvi-

HaTHOM notieTicy. Y TaKBOM o6nHKy jenHatnixa (105,1) mme ce npHMHjeHHTH Ha 

npocmpaH.e spaica }calm Kon oTsopeHor, TaK0 H icon saTsopeHor monena. no- 
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mohy cipopmyna npeTxoAHHx naparpacf)a, oAaBAe ce mowe pacTojaFbe xoje spaK 
npebe H3pa3HTH y clvEnulHja BpemeHa. 

MoA oTBopeHor moAena CBjeTTIOCH14 3paK, K0j14 H3na3H H3 neKe TagKe, 
npocmpe ce Tewehm Qa ce HeorpamitieHo yAarbx oA Fbe. KoA 3aTBopeHor mo-
Aena cBjeTnocHH 3paK, KOj14 nonam OA Hexe Tatixe, Ha xpajy xpajesa mowe 
CTHhH AO ,cynpoTHor nova" npocTopa (9emy oAroBapanpomjeHa x oA 0 Ao 
npH Aarbem npocTHpaEby 3pax ce not4HH,e npH6na.wasam nona3Hoj Ta4KH. 06H-
nacxy 3 paKa „OKO npocTcpa" H Bpahawy y nona3Hy TatiKy oAroBapana 6H npo-
mjeHa x  oA 0 Ao 27r. I'13 (105,1) BHAH ce, Aa ce rip TOM mopa 14 n  mkijefbaTH 
0,11 0 Ao 	luTo je mebymm HeMoryhe (H3y3eB jegaH cnyciaj 	KaAa 3pax H3na3H 
y momeHTy, KOjH oAroBapa 	0). Ha Taj Hatum, 3pax ce He 6H morao BpaTHTH 
y nona3Hy Tatlxy, o6Hulanum „OKO npocTopa". 

3paxy, K0j11 6H cTHrao y Taiixy nocmaTpapba (KOOpAHHaTHH nogeTax), 0A-
roBapa jeAHatilma (105,1) ca 3HaKOM MI4HyC ripen AKO je v(?) 0 ) MOMeHT Ham-
nacxa 3paKa y Ty TaMKy, oHAa 3a n=7)0  mopa 614TH X = 0, Tax° Aa jeAHatiHHa 
npocTHpaHna Taxamx 3paKa Hma o6nMK 

x  = Tip - n. (105,2) 

0,4aBAe ce BHAH, Aa Ao nocmaTpaga, K0j14 ce Hana3H y Ta4KH 	 mory 
c -rHhH y momeHTy r(n o) 3paHH, KojH cy nownH 1,13 Tagaxa, xoje ce Hana3e Ha 
„p4cTojafbHma" He Behmm OA x = 7)0. 

OBaj pe3ynTaT, K0j1,1 ce oAHocH H Ha oTBopeHH H Ha 3aTBopeHH moAen, 
BeoMa je 6HTaH. BHAHmo, Aa y CBaKOM momeHTy BpemeHa T(>J) y AaToj Ta4KH 

npocTopa cbH31,114K0 nocmaTpube He mowe o6yxBaTaTH HHo npocTop, Hero camo 
AHo npocTopa, RojH ogroBapa Ca maTemaTHLme Tatixe rne,gHwTa, „BHA-
n6HBa o6nacT" npocTopa npeTcTaBrha npecjex geTBopoAmmeH3HoHanHor npo-
cTop -Bpemena CBjeTROCHHM xoHycom. Taj npecjex je xoHatiaH, KaK0 KOA OTBO-

pelior, TaK0 H KOA 3aTBopeHor moAena (xoA OTBOpeHOr moAena je 6ecxoHagaH 
npecjex xmnepnospumHom V = const., xojH oAroBapa npocTopy, KOjH ce y csHm 
Taxixama nocmaTpa y HCTOM momeHTy r). Y TOM CMHCIly pa3nHxa meby OTB0- 

pefimm H 3aTeopeHmm moAenom mafbe je Ay6oxa, Hero ILITO 6H morno H3rne,gaTH 
Ha npBH norneg. 

YKORHKO je y AaTom momeHTy ofinacT npocTopa yAarbeHHja oA nocma- 
Tpaqa, yTORHKO oHa paHHjHM momeHTHma oAroBapa. 3amHcfimo cltepHy nosp- 
unixy, xoja je reomeTpmjcxo MjecTo Tatiaxa 143 K0j14X je cajeTnocT H3aLuna y 
momeHTy r(n—x), a nocmaTpa ce y KOOpAHHaTHOM nogeTxy y momeHTy 
v(j). Ta noBpanma H3HOCH 4rca2 (?) —x)sh 2x (Ku 3aTBopeHor moAena) HIM 

4na2  (r) — x)sin 2n (coA orBopeHor mogena). Y cl)ymaiHjH yAarbaBal-ba On nocma- 
Tpat-ia noBpumHa „BHAIBHBe cckepe" y notiemy pacTe on Hyne (3a x = 0), 3aTHm 
AOCT14)Ke maxcHmanHy BpHjeAHocT, a nocnHje ce cmaEbyje, At:ix ,Robe y Hyny 3a 

(rAje je a(n—x). a(0) = 0]. To 3HatiH, na je npecjex cBjeTnocHHM 

xoHycom He canto xoHatiaH Hero H 3aTBOpeH. 1/13rneAa xao Aa ce 3a .reapa y 
Ta'i KH, xoja je „cynpoTHa" OA Tatixe y KOjOj ce Hanam nocmaTpag. Y TOj 

TaMKH 8—÷00. 

Yxyrmo nocmaTpaHa xonlitipma maTepHje xoA oTBopenor moAena jewiaxa 
je HHTerpany 

'1 

Mposin  =  4 i pas sh2x • dz. 

0 

TeopHja no./ba 21 
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3amjeHom !La' 1,13 (104,6), Hanammo 

3c2 a 
Mposm 	2k 
	° (sh7) 	— n ). 

OBa BeJIHHHHa HeorpaHmgeHo pacTe, KaLta 17—* 00. K0,4 3aTs0peH0r moLtena paw-

heH,,e Mposm  je orpaHlvieHo, pa3yMHje ce, ToTanuoM macom M. 

ilocmaTpajmo ca,rta npomjeHy dopeKsemptje csjeTnocTm npH npocTHpaFby 

Kp03 1,130Tp011H11 npocTop. Y Ty cspxy PICTahl4 hello npeTxo,4Ho crimje,gehy 

OKOnHOCT. HeKa y HeKoj Tatum npocTopa HacTaHy Asa Aorabaja, meby KojHMa je 

BpeMeHCKH HHTepBan di = (1/c) 4061. AKO ce y momeHTmma mixosHx HacTa-

jaFba o,Ratumrhy csjeTnocHm cHrHanH, xojH ce nocmaTpajy y Apyroj Tatum npo-
cTopa, oHAa he meby momeHTHma HD PIXOBYIX KoHcTaTosa I-ha npohm spemeHcKm 

HHTepsan K0J14 oArosapa PICTOj npoMjeiu l di'j senH4mHe Kao H y Tatum oAa-

LumrhaH.a. To Henocpe,rwo H3T1a314 H3 je,B,HatimHe (105,1), npeMa Kojoj npoMjeHa 

sermigHHe 11 3a spHjeme npocTHpaFba ClajeT110CHOF 3paKa 113 je,E1,He T a LIR e y Apyry, 

3aBHCH canto oA pa3nHKe KoopatHaTa z THX Ta=-1aKa. Aim, 110111TO ce 3a Bp1,1- 

jeme npocntpatba cHrHana mmjeti.a nonynpe4HHK KpmsHHe a, TO he Hwrepsankt 

apemeHa meby momeHTHma oLtautHrhaHDa ABajy cHrHana H momeHTHma FbHXOBF1X 

KOHCTaTOBaFba (npHmafha) 61,1TH pannettarra. 0,Emoc THX HwrepBana je)HaK je 

oAHocy oArosapajyhmx spmjeAHocTpt a. 
143 Hase,geHHx pe3oHosafha cnHje,rtH, cnet4HjanHo, Aa ce H neptio,Rm csjeT-

nocumx oct.tHnaLtHja, MjepeHM y csjeTcRom BpeMeHY 77, ramjet-hajy Apt( ?Taxa npo- 

nopLtHoHanHo Be.111,1 11HHH  a.  OpeKBeHumja CBjeTJ1OCTH OtieBHAHO 6Hhe o6pHyTo 

nponopumoHanHa senH ,114HH a. Ha Taj HaqHH, Koxt npocTmpaH.a. csjernocHor 

3paKa 6Hhe KOHCTaHTaH flp0H3B0,11 Wa ,rty)K H era, 

= const. 	 (105,3) 

ilpeTnocTasmmo, ,1:ta y momewry v(n) nocmaTpamo cBjeTnocT Kojy 

H3sop, Kojm ce Hana3H Ha pacToja-by, Koje o sttrosapa oApebeHoj spmjeAHoc -rm 

KoopwtHaTe x. MOMeHT emmTonaH.a. Te csjeTnocTH 6Hhe npema ns MOMeHT 

77(1) —  X). AK0 je co o  ckpeKseHumja CBjeTIIOCTH y momeHTy EheHor emwrosat-ha, 

ou,cto he ckpeKseHuHja co, Kojy nocmaTpamo, npema (105,3), H3HOCHTH 

a(?)— 
(0= CD°  a(71) 

KaAa ce clpyHm.atja a(?)) moHoToHo nosehasa, mmamo co < con , Tj. HacTaje 

cmaEhHsafhe ckpeKseHilmje csjeTnocnt. To 3Hatim, Aa ce KO nocmarpot-ha cneKTpa 
csjeTnocTH Koja cTHwe, cse Pherose rummje mopajy noMjepHTH npema upseHoj 
cTpaHH y oAHocy Ha cneKTpe HCTHX CYlICTaHll,11 y o6HT-n-nim ycnosHma. Ta no-

jaBa y cyLuTHHH npeTcTasrha Doppler - oB eteKT y3ajaMHor „paunawet-ha" Tmjena. 

Benmtunia IlpseHor nomjepat-ha, MjepeFba Hanp. oAHocom to/co o  nopeMe-

heHe npema HenopeMeheHOj dapeKseHumjm, 3asHcH (npm ;carom momeHTy nocma-

TpaH.a) 0,4 pacTojaH,a  Ha  KojHMa ce Hana3m nocmaTpaHH H3Bop csjeTnocTH [y 

pena'4Hjy (105,4) yna3H KOOpAHHaTa X CBjeTTIOCHOr H3Bopa]. KaAa pacTojaFba 

HHcy cysmwe serniKa, H3pa3 a(11 — x) mowe ce pa3BHTM y PeR no cTeneHHMa 

3aApwasajyhm ce  Ha  npsa Asa tinaHa 

(105,4) 

y -- 
co 	c1 (1) 
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(Tatum o3Hatiasa AHtlepeHupaH.e no 17). ,Llaybe Hanomm-bemo, i a oeAje npoH3BoA 
xa(11) HHje Hmurra Apyro, Hero pacTojaHDe I ;co nocmaTpaHor H3Bopa. H 3aHcTa, 
„pa,ztHjanHH" enemeHT Aymmie H3HOCH dl = adx. FlpH HHTerpmpaHv Te penagHje 
HacTaje ngTaFbe, RaxeHm ce Hatumom cloH3Htixor nocmaTpafba oApebyje pacTo-
jaa,e; y 3aBHCHOCTH o,4 Tora Tpe6a y3eTH BpHleAHOCTH a y pa3HHM Taincama 

'nyTa HHTerpHpaH9a y pa3HHm momeHTHma (HHTerpHpaH.e 3a ti = const, oAroea-
pano 6H jeAHoepemeHom nocmaTpai-by CBI7X TaLfaxa nyTa, wTO je Cl)H3HLIKH He-
ocTeapnAeo). Aim KOR „manHx" pacTojaH:ia mo)xe ce 3aHemapHTH npoMjeHa a 
AYH( nyTa HHTerpmpaH.a. H npocTo HanHcaTH I = ax, ritje je epHjeAHocT 3a a 
y3eTa y MomeHTy nocmaTpaH.a. 

3a penaTHeHy BenHtnmy npomjeHe ci)pexeeHwija RoHat4Ho Hana3Hmo cnHje-
Achy 4OpMyny: 

 

— coo — al, 
co o  

- 
a(n) 

a—  „ • 
a- (ri) 

rAje je yee,ReHa o3Haxa 

KoecimumjeHT a y3 1 xoHcrawraH je (3a A am momeHT nocmaTpai-ba). Ha Taj 
HaLIHH, pellaTHBHO nomjepaFbe cnexTpanmix IIHHHja Mopa 6HTH nponopuHoHanHo 
pacTojal-by ,qo nocmaTpaHor H3eopa cBjeTnocTH. 

Axo ce upeeHo noMjepafbe nocmaTpa xao pe3ynTaT Doppler-oBor etlexTa, 
mory ce oApe,AHTH 6p3HHe v THjena, xojHma ce oHa yAarbyjy oA nocmaTpatia. 
Y3eBuni Aa je (co — wo)/coo --= —vic H ynopeAmeum ca (105,5), Ao6Heamo 

v = acl 	 (105,7) 

(oea cjJopMyna momce ce Ao6HTH H HenocpeAHo H3paLiyHaeaH.em H3i3o,Aa v -------- d(aX)  
dr 

Axo ce noxywa ;la ce ci)opmyna (105,7) npHmjeHH Ha excriepvmeHTanHe 
noAaTxe, oH,Eta. ce 3a xoecimuljeHT ,Ro6Hea epHje4HocT 

a = 5,6.10 –  

OBa apHjeAHocT oArosapa noeehai-by „6p3HHe pa.amnaxceH a" o,4 160 km:sec Ha 
csaim MHIIHOH CBjeTJIOCHHX roAHHa pacTojal-ba. FIO 3HTHBH1,1 31-laK IX 3HaLIH, 	je 
a(I))> 0. Ko,g oTBopeHor mo,gena Tome oAroeapa 71> 0, a xo,i1 3aTeopeHor : 
0 <fl <rz. 

AKO ce y jextHatmHy (104,4) CTaBH E = p, C 2  H a = 
a 	

ouma he ce 3a a2 ' 

oTeopeHH moxten Ao6HTH crimje,geha penawija: 

1 	2 	8nk 
a2z  3c2  

Kom6HHoeafbem oee jeAHatmHe ca je,rmaxoinhy 

shn 	1 
a 	

L 
chi — 

a o(chn— 1) 	a 	2 

26 cm -1 . 	 (105,8) 

(105,9) 

21 1' 



AO6Piaamo 

	

ch -- =a 	• n 

2 	

\I c2  

 8akp, 

3a 3aTBOOeF114 mo,gen Ao6Hno 6H ce yMjecTo (105,9) 

_1 _ 8nk  a _ a2 .  
a2 	3c2 
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(105,10) 

(105,11) 

AKO ce ynopeAH (105,9) H (105,11) BHAH ce, 
HeraTHBHa HnH 110311THBHa, WTO 3aBHCH o,11 Tora, 	je HeraTHBHa 11.11H no3H- 

TPIBHa pa3n -Hma (8700c9p, — a 2 . Ta pa3nwRa nocTaje je,gHaKa HynH 3a p, 

rAje je 
2c =--- 3 	a2 = 6 . 10 -28  g  

8nk 

FlpH caBpemeHom cTai-by acTpoHomcimx no,AaTaxa, cpeAH,,a rycTHHa maTepHje y 
npocTopy moae ce O)HTM canto ca Bpno manom TaLmouihy 11 oHa He omory- 

haBa HPITH Aa ce ()Apex,' 3HaK pa3nHxe 

HaBewheMo oB,a,je jezwy HejeAHatimiy, Kojy je moryhe Ao6m -rm npH 3a-

AaTHm BpHje,a,HocTHma a. 3a oTBopeHH moxten ' ,Imam° a = shnia b(chn — 1) 2 , 

a oAaB,eke 
shn (shii — n ) 

	

cv = ao(shn — 7)) = 	 
a(chn — 1) 2  

Kam) je 0 < n <oo, TO mop 6HTH 

1 
—
3a 	

cv 	
a • 
	 (105,12) 

AHanorHo 3a 3aTsopeHH moAen Ao6maamo 

	

sinn in 	sing)) 
	  • 
a(1 — cos77) 2  

rloBehaBaH.y (1(r1) op,roBapa HHTepBan 0 <n<7t, na ce npema Tome Aonisa 

0 <cr <-
2 

• 
3a 

(10 5 ,13) 

Y o6a cnrtaja je cr < 1 /a = 2 .108  cBjeTnocHHx ro,AHHa. 

0,11peAHmo 3aTHM HHTeH3HTeT 1 CBjeTJIOCTI4, icoja cniNce AO nocmaTpatia 

o,rk H3Bopa KojH ce Hana3H Ha pacTojaEby, lc* oAroBapa oApebeHoj BpHjeAHocTH 
KoopAHHaTe rycTHHa (13nyKca cBjeTnocHe eHeprHje y TaTiKH nocmaTpaa, a o6p-

HyTo je nponoptlHoHanHa noBpuim4 celoepe, Koja je nosymeHa Kpo3 nocmaTpaHy 

Ter-ncy ca ueHTpom y TaLIK13, y KOj0j ce Hana3H CBjeTTIOCHH H3Bop. Y npocTopy 

ca HeraTHBHom mpHBHHom, nospLumHa crepe je 42 -ra2 s112x. Csje -rnocT, KOjy emm- 

Tyje H3Bop y Toxy BpemeHa 	= —
1 

a(n — 	cmhyt he y Tatncy nocmaTpaFba. 

Aa je KpHBHHa npocTopa 

• 
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y TOKy Bpemelia dr a(n) 	1 

a(0 	
a(n ol )q. Kaxo ce HHTBH3HTeT Aecinnituue xao 

(bnyxc cBjeTnocHe emeprHje  y  je,RHHHUH BpeMeHa, oH,ga he ce y 1 nojaBHTH 

tiatcrop a(11
a 
 —X) •  HajsaA, eHeprHja TanacHor naKeTa nponopumoHanHa je 43pex-
(n) 

BeHIAHjH [B. (53,9)]. Kan ce cl3pexBeHuHja mHjefba npH npocTkipaFby CBjeTnOCTH 

x) 
a(ri) 

1= const.  a2(1)--X) • 
cr4 (71)sh 2x 

3a saTBopeHH moAen Ao6Hno 614 ce aHanorHo 

a2 01 — 	 X) /--= const. 	 • 
a4(n)sin2x 

(105,14) 

(105,15) 

OBe topmyne ripHicasyjy 3aBHCHOCT BHArE,HBe OCBHjeT.TbeHOCTH nocmaTpaHor 
o6jeKTa oA FberoBor pacTojalba (xaAa je 3aAaTa anconyTHa ocBHjeTrbeHocT). 3a 
mana x  moNce ce crauHTH a(i) — a(ri), na je TaAa 

1 	1 
I 	

a2 (n)x 2 	/2 

Tj. 06HT-IHH 3aKOH ymaFbeFba HHTBH314TeTa, xoje je o6pHyTo nponopuHoHanHo 
xBaApaTy pacTojaH,a. 

Ha xpajy, nocmaTpahemo nHTaH,e o TaxosBaHlim concTBeHmm xpeTat-huma 
THjena. KaAa cmo roBopMnM  o  rycTHHH H xpeTaiby maTepHje, ymajex cmo n0.14- 
pasymmjeBanH cpeAH,y rycTimy H cpeAH.e xpeTaH.e. Cnew4jarmo, y oHom CHCTM 
petepeHuHje KOjHM CMO ce CTanHO cnpfaum, 6p3HHa cpeAH3e BpHjeAHocTH xpe-
Tarba je,AHaxa. je Hynm. lipase 6p3HHe THjena pacTypeHe cy oxo cBoje cpeAH.e 
BpHjeHOCTM. Y TOKy BpemeHa 6p3mHe concTBeHor xpeTaa,a THjena mmjefbajy ce. 
3a oApelpHBat-be saxoHa Te npomjeHe nocmaTpahemo THjeno, xoje ce cno6oAHo 
xpehe H y3eheMo xoopAHHaTHH nogeTax y ma KOjOj TatIKH 1-beroBe Tpajewro-
pHje. TaAa he TpajeKTopmja 6HTH paAHjanHa nHHHja 9 = const., cp = const. 

Hamilton-Jacobi-eBa jeAHagmHa (85,7) nocriHje 3amjeHe BenHHHHa gik nonpHma 
0611HK 

( daS)2_ (aidS)2+ in2c2a2(n) 0.  

Kaxo y xoecimumjeHTe oBe jeAHatuve He ynasH x (Tj. KoopAHHaTa x je uHxnHtuia), 

TO saxat saxoH oAp)xaH,a 
Os =  const. klmnync p noxpeTHor THjena npeia onurroj 
ax 
as as 

AetHHHIAHjil H3HOCH p = aT  =  aax • Ha Taj HatIHH, xoA xpeTaFba THjena ocTaje 

KOHCTaHTaH 11p0H3BOA 

no saKoHy (105,3), TO he ce y  I  nojaBHTH jowl je,AaH ckaxTop 

HHTHBHO ce HHTeH3HTBT Ao6HBa  y  o6nuxy 

(105,16) 

pa = const. 	 (105,17) 
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AKO yae/lemo 6p3HHy v concTBeHor IgoeTaa,a THjena npema penaiuljH 

 

 

my 

  

 

-V v2 ' 1 
C 2  

 

06}themo 

   

va 
	 =-- const. 

 

v2  
1 	C 

 

(105,18) 

OBOM penauHjoM npHxaayje  ce  aaKoH npoMjeue 6p3mie v y BpemeHy. Kaila ce 
a noBehasa, of-1,ga 6p3HHe  v  MOHOTOHO onailajy. 
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