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IIPEZITOBOP 

Ho petuethy Penyb-rmwor ceizpe -rapnja-ra 

3a icyaTypy CPC Sp. 413-359/73-02 Ha 
5. V 1973. mantle oaa HH.Hra je 
ocHo5o4eHa nope3a Ha opomer npoir3Ho ola 

3a npeay3ehe ogroHapa: 

.145uuu Jypena, manna ypegHlw, 

,apatomup J7a3uu, ypeHHHH, 

Emunuja Eaucunoeuh, 3-exHw4m ypeHHHH, 

AneKcangap Sanaa, Koperaop 

lltramaa: Seorpapcial H3,aaisagHo-rpatjamal 3aBoa, Seorpaa, ByaeHap Hojeoge MHumba 17. 

Ten3opeKu pawl je noeujei gathyma u pa3euo ce icapanenno c Fueop: +r 
pe.aatimenocthu. Ofpomny Kopucth nuje ucfloybuo canto y theopuju penathunw. 
Koja ce 6e3 meia ne 6u nu moina u3naicau, neio u y upumenu y najeehem 
otinacthu mexanuKe u y gthfiepenuujannoj ieomethpuju. Cnotiogno ce moxe pehu ga 
je ganac nemoiyhe u3ynaeatim AlexanuKy 6e3 uo3uaeama then3opcKoi pauyna. 

Ha cthygujcKoj ipyuu MexaHuKe 17pupogno-matitematinawi OaKyntTietha y 
Eeoipagy then3opcKu panyn ce Kopucthu Kao jegno og najeamiujux mathematTa4- 
11KUX opyha, iTta ce u upegale Kao aoce6an upegmeth. 3a thaj apegmetit irsociaoju 
na nazuem je3uKy ya6euuK Ten3opcKu pawl og upo0. gp Tathomupa H. Atiljefiulia, 
Koju je go)Kueeo gea u3gama. Ya6enuK cagp:Ku u 6oiathy 36upKy 3agatT..taKa, Koje 
je aythop genumuuno cam Oopmynucao a genumuuno uptoryiwo U3 najuo3nafftuje 
ceetlicKe nuthepathype. 

Ocehanu cy ce, mehythum, negocthauu Opu u3yuaeamy faen3opcxoi pauyna. 
17pe ceeia, y 36upuu 3agathaKa U3 yu6enuKa apo0. Auhenuha nucy naeegenu pe-
3ynthathu thux 3agaWaKa, unTio je, yinaenom, cnynaj u Kog ceux cnugnux yy6e-
nuKa ceethcKe nutaepaittype. C gpyie cffipane, u 3a cthygenthe mexanuKe 17pupogno-
-mathemathunKol OaKyntitetha y Eeoipagy, Koju aoxahajy u ee>K6e u3 then3opcKoi 
pauyna, a uoiothoey 3a one Koju then3opcKu pauyn u3yna3ajy camocthanno, necth 
je cnynaj ga ux neucKyctheo y iipumenu then3opcKoi panyna goeogu y cutityauujy 
ga y 6ehuxu 3agathaKa ne ymejy ga ce criahy y iipumenu napiene theopuje. Cthoia 
ce namethana acripe6a 3a jegnuM yy6enuKom Koju 6u yeeo ctriygentita y upuMeny 
then3opcKoi pa'yna. 

Y liloM tthiby Mu cmo u nalthcanu ocy Kmuiy y Kojoj cmo gam ueo thoK 
peutheama ceux 3agathaKa U3 yy6enuKa Ten3opcKu paiiyn apoy6. Tatho ∎ tupa H. 
Anhenuha. 

Hatuu 3agaz4u cy nymepucanu pegom og 1 ua gan,e, aim je y3 c6aKu 3a-
ganiaK, y 3aipagu, naeegen 6poj ogen,Ka u 6poj 3agaiThca onaKo KaKo cy onu 
naeegenu y gpyioM u3gamy uomenythoi yu6enuKa upoO. Au. eAuha. Tlopeg thoia, y 
petuaeamy 3agathaKa nevi-4a cy ao3u6ama Ha pe3yinliathe u3n07Kene y thoM yti6e-
Hwy. To gpyio u3game je u3gano u3gaeattKo upegy3ehe „Haynna Ki-buth" U3 

Eeoipaga 1967. iogune. 
quthanag he 3aaa3Utitti ga cy y u3eecnoM 6pojy 3agaz7uaKa u3memenu theK-

cthoeu. Te u3mene cy ce, WOKOM petuaeama, titoKa3ane Kao neoixogne. One cy 
flocneguga thoia uulio aythopu thux 3agathaKa, apu IbUX080M aoczTthe.ebamy, Hucy 
the 3agazToce u petuaeanu, act UUCy UMWIU yeug y thoK IbUX080i petuaeama Koju 
je, y u7sum enytiajeeuma, 3axtTieeao gpyKqujy Oopmyithuujy. Cee thaKee u3mene cy 
u3eptuene y3 calnacnocth unu fio cylenTsuju Op00. AmOenuha. 



VI 	 ripearoBop 

Holape6uo je jotu uailomenytrtu ga cmo fipu petuascaby nexux 3agaiacaca 6unu 
aptatAersu ga u3naxcento u twee aojeguttocaiu uteopujctoi icapaxaiepa. To cmo yuu-
nufzu y °num 3agaguma icoju ce, zatatte, tie 6u moinu petuutau Ha ocnoey ottoi unTio 
je tat:oxen° y aomettyaiont ya6emacy 14134. AtOenuha. 

KopuctTiumo u oey apunuKy ga 3axeanumo apo0. gp  Tatliomupy II. A4e-

nuhy 3a apy,Ketty aomoh u yayhueatbe tea u3eopuy autTsepaffiypy aojegutiux 3aga-
aicuca. Tatcoe, apu peutaeakby nexux apo6nema eenuxy aomoh ;lam je appicuo 
aox. apoy6. gp  Pactroco Ciflojattoeuh. 3axecubyjemo u itautem xoneiu Munotay Pa-
gocatubeeuhy, guan. mexattututpy, Koju ;tam je muoio aamoiao apu u3pagu upalexca. 
Haj3ag, 3axecubyjemo u3gaearacom upegy3ehy „TpaPeetaiaca tabula", n,eioeoj alex-
uwacoj pegata‘uju, cnalattuma (maiT4emeartutucoi cnoia) Eeoipagocoi u3ga8atuco-ipa-
OUTIKOl 3acoga u xonead Anexcaugpy Eaxtuu, KopetaTiopy oee tubule, 3a eenuxu 
opyg ga tabula u3a0 uarto ape u y tufa° 6o/bent o6nutcy. 
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go5njamo jegaH HOBH moryhH THH cHcTema. Apyru HOBH THH 1106iijamo axo 
Rao Kolbe numeMO HHgexce i, H i,„ Tj. 

 

x,„.rk 
 ai  ;,, 	. 

AKO Taxa nocTynHmo game, runuyhll gone yaex no jegaH HageKe mune, 
go5Hhemo k-TH morytuf Tun 

ai t ,2 ik 

ILITO 3ajeLHo ca npBO5HTHHM, ICHH Cy CBH kifigexcH 5Han rope, gaini yxynHo 
k +1 moryhmx THnolata. 

rlpema Tome, 3ax.rbyHyjemo, cHcTem k-or pega Hma k+ 1 moryhmx Timona.. 

3anaTaK 2. (0,3e.max 1., 3agaTax 2.). Konknal je 5poj enemeHaTa y cncTemy 
Hpyror H Tpeher pega. xa.L1 HHHeKCH y3nMajy apegHocTH I, 2, 3 H 4? 

Petueme: Y cHcremy k-or pega, Rag HHHeKCH y3HMajy BpeHHOCTH OH 1 ,H0 N, 
Sae yxynall 5poj enemeHaTa Nk. Ilpema Tome, y cHcTemy gpyror pega, Kag 
HH.LtexcH y3HMajy apenHocTH 1, 2, 3 n 4, 5Hhe 4 2 = 16 enemeHaTa. Y cncTemy 
Tpeher pega, Kakt Hu• e-Ken TaKohe y3HMajy HpegHoeTH 1, 2, 3 H 4, 5Hhe 4 3  = 64 
e.rxemeHaTa. 

3agaTaK 3. (OgemaK 1., 3agaTaK 3.). Kaxo y Haunim o3HaKama H3rnem cHcTem 
xoerinigHjeHaTa jeglie xomoreHe KHa.gpaTHe Cjlopiie; Kojy oco5nay umajy enet.deHTH 
Tor cHcTema? 
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I. YBorma pa3maTealba 

Perueme: KaanpaTny 4ropmy, 

a„ x' + a12  xl x2  + 	xl x3  + • • • + a, j„,, x' 

+ an x2  xl  + an x2  x2  + a23  x2  x3 + • • • -Fa2N x2 xN+ 

a„ x3  xl a„ x-3  x2  ± a33  x3  x3 + • • • ± a3N  x3  xx + 

+amixN  xl  +aN2xN x2  +aN3 xN x3 + • • • +aN,xx x'"', 

mozemo Hanacara y o5anxy 
N N 

au  xi xi, 
1-1 J-1 

npii geMy je, ogarnenso, 

a12=a21, 	am ,  • • • , aN - 1N = aN N - i• 

CHCTCM xoecinumjeHaTa moacemo Harman' y o5naxy mai -pane 

all a„ a13  .. • a, N  

a21 a22 a23 ' " a2N {au } = 	  

aN , aN , aN , 	aNN  I , 

Intja enemeara 3anoRomaaajy ycaos 

au = all . 

2. Ajunrrajnooa xonseaullja o caoopalby 

3aptaTan 4. (Onesbax 2., 3anaTax 1.). Hal:Imam y noTnyHocrn 3a i, j= 1, 2, 3 
CHCTCM HoneapHax je,gnagaHa H3pa3KeH caxce-ro y o5aaxy 

a xl - bi' 

Pememe. C o63apom ,aa je i cao5o,aaR, a j Irma H11,13eKC, rops.oj iennazama 
onroaapajy caenehe TN( cxaaapne jenHamme 

an x1+1212 x2  + ao  x3  = b„ 

a2,x' + a22 X2 a23 x3  = b2 ,  

a„xl + a32 x2  + a„ x3  = b3 . 

3anaTax 5. (One.n.ax 2., 3anaTax 2.). KOJIHKO ca5apaxa Hma y TpaameapHoj 
cpopmH 

3. Caw:171mm a all-rammer/31mm c_x -rerda (8 — 13) 	 3 

3aAwrnic 6. (Onemax 2., 3anaTax 3.). CacTem npnor pena a ffil HanacaTH y 

HOTTIYHOCTH 3a 1, j= 1, 2, 3. 

Peweibe: Kao cacTeM HpHor pena, c o53Hpom ma HanexcH y3Hmajy apenHocra 

1, 2 H 3, CHCTeM a/1 aMa Tpa xoopnHaaTe. Te xoopnaHaTe cy, ypeheHe y apcTy 

{ain + a221 +  a331 aln a222 + (7332 a113 a223 a333),  

HRH xonoHy 
al li + a221 ± a  31 

3 

a112 + a2.22 + .2332 

a 1 13 + (7223 + a333  

3anaTax 7. (Onea.ax 2., 3-maraic 4.). HanacaTH y noTnynocTa cacTeM a, „ xa 
Kan i y3ama HpenHocia 1, 2, 3, a a apenHocTH 1 a 2. 

Femme: 110IIITO C.3050BaH HH,BeKC i y3ama spenRocra 1, 2, 3, 13 OBO je cac- 
TeM npaor pena xoja HMa TpH KoommaTe. Te xoopasHaTe cy, ypeheHe y spery 

an x1  + a22 x2  

{ all xl + a12  x2 

 an xl  + a12 X2  

a3 , x' + a32  x2  

3. CHmeTpi ■um a anincumeTpwinn cncremn 

3a,aaran 8. (Onen.ax 3., 3anaTax 1.). Y airrnonderpwanom cncre.my 	Kan 

je j, k =1, 2, 3, 4: 
a) onpenHTH yxynaH 5poj enemenara Tor cacTeMa; 
5) onPeanni 5poj enemeHaTa jennaxxx Hyna; 
a) onpenaTH yxynaH 5poj eaemeHara pa33opiarmx oA Rpm; 
r) HanacaTH cae eaemeare He3aancHe mehy co5om. 

Femme: a) C o53Hpom ;la je cacTeM Tpeher pena a na aHnexca y3Kmajy ape/A-

nocTa 1, 2, 3 H 4, on ama 4 3  = 64 enemeRaTa (xoopnaHara). 
5) Bpoj eaemeHaTa jenHaxax Hynes jenHax je pamana yxynHor 5poja eue-

menaTa H 5poja enemenaTa paamPurrax on nyae. Kaxo je 5poj enemeaara 
paanagaTax on Hyae jenHax 5pojy RapHjaEraja Tpehe mace on lieTapa eaemewra, 
3a 5poj enemeHaTa jenHaxax Hyatt no5anamo 

64 - V, (4) = 64 - 
(4 

 4! 3)!- 64 - 24 40. 
-  

a) Epoj enemeHaTa pa3nallarax on Hyae jenHax je 5P0.!Y 
xaace on tleTapa enemeara, Tj. 

4!  
V3  (4) = 	= 24. 

(4 - 3)! 

auk Xi  yi zk, 	(i, j, k = 1 , 2, 3)7 

Pewerbe: Kaxo cy Hpomenzaae x, y H z pa3aH5are H mehyco5Ho He3anacHe, 
TO he 4.)opma HMaTH OHOJIHKO ca5apaxa KOJIHKO cacTeM auk  aMa KoopnHaaTa. 
C o53Hpom na je TO cacTeM Tpeher pena H Hanexca y3Hmajy nPenliocTH 1, 2, 3, 
OH ama 3 3  = 27 xoopnaHaTa, Tj. naTa TpaaaReapHa cpopma aMa 27 ca5apaxa. 

la„xl + a12 x2 

HJIH KOJI0Hy 

a„x' a„x2), 

HapHjanaja Tpehe 



4 	 1. Ysonsa pa3maTpas,a 	 3. CllmerpagHyr a aHnickimerpwram clic-remit (8 — 13) 	 5 

r) Epoj mehro6Ho He3aslicimx enemeHaTa jerwax je 5pojy Kom6HHa11zja 
Tpehe Knace on neTapH enemeHTa, Tj. 

K3  (4) = 43  = 4. 

TR enemeHTH cy a423, a124, a 134, a234.  

3anaTax 9. (Onemax 3., 3agaTax 2.). AKo je sU  auTHcHmeTmann. cHcTem, noKa-
3aTu ):1a. je Tajo. 

al) X i  = 0, 

H o5pHyro, axo je all  x' xi = 0 3a cse spenHocTH xi, iopa au  6HTH aliTHCHMeT-

PHHHH cHerem. 

Peuteme: Ksanpartty cbopmy a u  moscemo, 3ameHom HeMux Hunexca i H j, Harai-
caTH y oaaHry ail  xi xi, omiocHo mowemo mIcarli 

au  x' xi = ail  xi xi. 

Kaxo je au  an.TucHmerpHrum cncTem, Tj. au = —au , 5Hhe 

au  xi xi = — a i  xt xi. 
Onasue cnega 

2 au  x' xi = 0 

x' xi = 0. 

,E1a. 6mcmo noxa3anH o5pHyTo nohHmo on penartHje 

2 au  xl = 0. 

Osy penagHjy moncemo HanHcaTH y o6runcy 

au  xi + au  xi = 0, 

Han, axo y npyrom 'ulaHy 3aMeHHMO HeMe HaneKce i H j, y o6nHxy 

au  x' xi + au  xi xi = 0, 
0,a110CHO 

(au  + au) xi = 0. 

Kaxo osa penaugja mopa as Banat 3a csaKo x', mopa 61FTH 

au  + all = 0  

AKO 5poj He3aBHCHHX enemeHara Tpe5a as 6yne jensax nenom 5pojy N ;to 
xora ce HnnexcH mem.ajy, ourka je 

(Nk ) 
J— N> 

0 ,11110CH O 

N! — N. 
k! (N — k)! 

Onasne no5Hsamo 
(N — 1)! = k! (N — k)!, 

onaKne cnenH 
N — 1 = k, 

IIITO 311a,114 XIa. he 5poj He3asHcHux enemeHaTa HHTHCHMeTPH91101' CHCTeMa 514TH 

jenHax uenom Spojy N ,ao x ra ce Htureiccu melbajy, axo H canto axo je pen 
clicrema 3a jenau maFsH OA uenor 5poja N. 

Ha npilmep, axo y cucTemy npyror pena HanexcE y3HMajy BpegHoCTH 
1, 2, 3, Tj. axo je k = 2, N= 3, ue3asHcFul enemeHTH cy 

a12 , 	4713 , 	a23 .  

Axo je k = 3, N = 4, He3asHcHH enemeam cy 

a123, a,24, ana , a234 ,  

urn. 

3anaTas 11. (Onemax 3., 3anaTax 4.). HaruicaTH y noTtryHocTs KoopaHHaTe 
cHcTema 

aii = ui — vi 

3a 1, j— 1, 2, 3 H noKa3aTH ns je cHcrem aHTFicHmeTpitman. 

Peutetbe: KoopzumaTe CHCTeMa moncemo npencTasHm y o5nHy maTpHge, Tj. 

all alt a13 	 0 	ui 02 — u2 v1 141. v3 — u3 v1 

a21 a22 a23 = u2 v l ___ ul v2 	0 	U2  V3  — U3  

am  a32  a33 	u3  vi — u 1  v 3  u3  02  — u 2  v 3 	0 

OZHOCHO 

Ti. 
au  = — au , 	 113 o6nKaca MaTpJIge BHAHMO ,Ha je oHa aurucHmeTpatma, Tj. ,i1s je cHcrem aki 

urro je H rpe5ano aoxa3aTu. 	 almicHmerpHgan. 

3anaTax 10. (Oneisax 3., 3agaTax 3.). Y KOM aHTHcHmeTpHauom cHcremy he 	 MebyTHM, He3aBHCHO OA Tora Koje spercHocTH y3Hmajy HHLeKCH clicrema, 

5poj mehyco6Ho He3asocunx KoopaHHaTa 5HTI4 jeallaK aenom 5pojy N Ho xora 	 MONCeM0 noxa3aTH na. je OH atiTucHmeTpHHan. Hanme, aKo pa3mermmo mecTa 

ce HunexcH Tor encTema memajy? 	 Hanexcuma i H j, Hmahemo 

Peutetbe: Epoj mebyco6Ho He3asucusx enemeHaTa annicHmeTpxquor cH^Tema 	 all = al vi —ui vi = — (ui vi — ui v') = — au, 
k-or peaa, rne HunexcH y3HMajy BpeHHocrH 1, 2, 3, . . . , N, jenHaR je opojy 
Kom6HHauxja k-Te 'mace Oh N enemeHaTa, rj. 	 UITO je fl Tpe5ano noxa3aTu. 

N) 
• 	

341A2TIIK 12. (Onem ax 3., 3anaTaK 5.). KaxaB je CHCTeN1 
Kk (N) = ( 

\ k) 	 bii — ui vi + a 1  vi? 



7 4. Onepazwje ca cacremema (14 —  18) 6 	 I. Ysosica pa3marpana 

a 

Peweme: AKO pa3meanmo men's. EnsexcHma i H j, Ho5Hsamo 

~' = ul v'+ u'vt = b'/,  

Ha °molly sera 3axoriyjemo Ha je cHcrem cHMeTpa'iaH. 

3agaran 13. (01xemax 3., 3aHaTax 6.). Hexa 5yrie gar gaocTpyKa cticrem 
Non 3aHosonAiia jemia.nmy 

5poj, 

a (1) 

a xR
= (aRs + and xs  

1 
bu=  

2 
 (a u + aa), 

cu  = —
1 

(au — all), 

moxcemo micani 

AKO yacilemo 0311alce 

C o53Hpom Ha R atone 6HTH ma xojii 4nixcEpami 

d 
=(as+ am.) x'.  

xr 

Axo oso mupepeinutpamo no x3  Ho5HHamo 

a2 4, 

ax, 	— (a„ + a„). 

au  — b u  + cu . 

Jlaxo je HposepHrH, pa3meHom mecca HmaexcHma i H j, Ha je be  mimerpHaas 
cHcrem, Tj. bu  = b

f t H Aa je cu  airrHcHmerprgan CHCTCM, Tj. Cu = — Cll . 

TaHa 'outdo 

ban,. + ca„„,= 0. 

Hoxa3arrt Ha je m jemmyina 3moBomena 3a b= —c, xaH je an„ cumerpH4HH 
cncrem /I 311 b = c, Kag je 	aHTHCHMeTPIPIIIH cHerem. 

Peweibe: AKO je 	=mmHg= cHcrem, Tj. an.= am., 'rum je 

ba„,„ + 	ba„,„ + ca.„ = (b + c)a.„= 0. 

0,aaage cncivc, C 053HPOM ga je 	IIPOH3BOJLECH cHmerpHytH CHCTeM, 

b+c= 0, b= —c. 

Y cnriajy Kazx je a„,„ aHrticHmerpHym cecrem, rj. a„,„ —a„„„ Hmamo 

ba„„,+ ca„„,= ba.„ — ca„„ = (b — c)a.„— 0, 

osaxne cnegs, c o53Hpom Ha a„,„ mone 5FrrH HPOH3BOJbHH aHrliciimerpHynt 
cHcrem, 

b—c =0, b =c, 

ELITO je H rpe5ano noKa3aTn. 

Hai:Loan-meMo Ha cy yo5inajeHe o3Haxe 

1 	 1 

2 
—(a,•

I
+aj,) a(u) , — 

2 
(au—aft)= atuJ  

npa 'leMy je a(u)  crimerpHaaH geo, a am  annicHmerpHliaa geo cHcrema au. Ca 
OBHM o3Haxama, pacraszeti Ha CBOj CHMeTPIPIBB H aitrEciamerpinaH He°, =a= 
ciacrem momemo H3pa3HTH y o5mmy 

au = clop+ am— —
1 

(au  + au 
2 

) + —
1 

(au  — a). 
2  

3anaraK 15. (Ortemax 4., 3agarsic 2.). Axo je 

a„ xr 
noKa3aTa J1a je 

a 513 a 2  c13 
—(a„± a,) x5, 

axrax3— 
a„+a„. 

Yupocritm ose H3pa3e y cnriajy Ha je a„ crimerpHym cncrem. 

PCIStelbe: Axo Awry nia,aparny cpopmy Ham:in:Tem° y pa3sHjeHom o5nincy, Tj. 

X I + an  X1  X2  CD a„ xl 	 • • • + a, R  xi x R + • • ' +aiNxi  XN ± 

X X ± • • • + a, R  x2 R x + • • • x2  xl  + a22 22 	 +a2Nx2 xN + 

x + a„,xR 	 • • + a„ xR xN + + aai R 	X2  + • • • + R x R  

4. Onepaunje ca =creation 

3sHar8n 14. (Oxon 4., 3aHarax 1.). Ha ocHorty § 3, 3a,H. 4 a 5 Hoica3a.TH 
ce cHaam clicrem ilpyror pea moxce ripescramiTH xao 35gp jemior cHmer-

piumor H jegnor aaracHmermuor CHCTeMa. 

Peweme: Yonamo ma KojH cucrem Hpyror peaa. au . Otnirnemto je Ha ra mo-
xcemo H3Pa37/ITH y o5mixy 

au
1

au + 1an+ —
1 

— —
1

all— —
1 

(au  +all) + —
1 

(au — aft). 
2 	2 	2 	2 	2 	 2 

+am xN xl + aN2 xN x2 	. aNR  xN xR 	 aNN  xN x1.17  

rie je R Hexii (imucHpaHH 5poj, Tarp 3a naprinjamin HasoH cpopme no xR 
Ho5Hsamo 

a cp 
= (alit+ a al) xl  + (am+ ant) x2  + • • • 4- (aim + a aR) xR + 

a xR 

+ • • + (alga+ aaN)xN,  
Tj. 
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Y cariajy Kau je CHCTCM ars  cHmeTpwiaH, Tj. Kau je art  = a„, 5Hhe 
2 (13 d 

= 2 a„ 	
a 

xs, 	 t ars 
ax' 	axraxs 

3agaTax 16. (Oumax 4., 3auaTax 3.). 143spu1HrH mHowetse cricTema 	cHc- 
Tema bk , na ouAa KoHTpaxLmjy a) cTasn,casem k= 1, 5) cTamsalLem k= j. Y 
KOM cnyriajy ce cm Asa pe3ynTaTa Komno3Frimje Hehe pa3nHxosaTH? 

Femme: MHoR(eisem cHcTema au H cHcrema bk  Ao5Hsamo cHcTeM Tpeher 
pena ao bk . 

a) AKO H3BPIIIHMO iconTpalcuHjy CTaBJbaEbeM k = i A o5HBaMo CHCTeM npsor 
pcua ali bi  mix nu° je HCTO, a1' 

5) AKO H3spammo icoHTpammjy crawbausem k = j u,o5llsamo cHcTeM HPBOT 
peAa au 

,7:1,a 5Hcmo yTspuHnu y KOM cariajy ce pe3ynTaTH xomno3mmje Hehe 
pa3mucosaTH, H3jeuHa‘iHmo HR. Tana Ao5Hsamo 

al' 6j = au by  

(afi — au) = 0. 

OBa jer(Hamma je cHrypHo 3aAosomeHa aim je C1U 	, Tj. axo je cHcTeM a'-' 
cHmeTpwria.H. 

3auaTax 17. (0Aemax 4., 3anaTax 4.) gaT je cHmeTpHm3H cHcTeM a„ H aliTH-
CHMeTpkti1RH cHcTeM brs. 

a) 110MHOX(HTH HX H y noTnyHocTH Ham:Team 3a r, s = 1, 2. 
5) Iloica3aTH Aa je ars  b rs  = 0. 

Peweme: a) MHos(eH,em cHcTema a„ H brs  Ao5Hsamo clicrem neTspror peua 

kl 
Clj = au  6". 

C 053Hpom Ha oco6aue cHcTema au  H bkl , cHcTeM cjl  je cHmeTpHxia.H y ouHocy 
Ha JA mai nap HHAexca H aHTHcHmeTpHgaH y oullocy Ha ropisia nap Hauexca, Tj. 

kl 	kl 	kl 	lk Cu = Cji H Cu = — 

Kao cHcTeM geTapTor peAa, cHcTeM 4 ì/  Hma 24 = 16 xoopunHaTa, jep 
HHAexcH y3HMajy speAsocTH 1 H 2. Te KoopgimaTe cy: 

11 	 12 	 21 	 22 
C11 = an  611  = 0, c11 — a ll  142, cli = 	621, C1, = a11  622  --- 0, 

21 	 22 
ail= a12 bli = 0, e

12  n  = a12  612, c12 = 	621 , au= a12 622 =0, 
11 	 12 	 21 	 22 c2i  a21  611 = 0 , C21 a21 b1 2 	C21 "am b21, C21 = a21  622  = 0, 

11 	 12 	 21 	 22 
C22 =a„ b" = 0, c22  = 	b'2, c22  = an  b21, c22 a22 b22  O. 

5) Axo H3BNIHMO icomnomumjy ropH,a Asa cHcTema Ao5Hsamo cicanap 

a„ 

xojH moscemo HanHcaTH y o6nHxy 

ars  b" =— 
1 

 ars brs + —
1 

a„ b". 

	

2 	2 

Axo, AaJbe, y nocnemsem gnarly Ha gectioj CrpaxH ymecTo HeMor HHAexca r 
=memo s H ymecTo HeMor mmexca s namemo r, uo6HBaMo 

	

1 	1 

	

ars  brs 
2 	

= — a„ 	
2 

brs + — a,, bar 

Pa3meEmmo, caAa, y licTom .1.33.Hy mecTa HHAexcHma r Hs H y3mHmo y o53Hp 
oco5aHe cncTema a„ B b" (a„-= a„ H brs = — b"); Taila uo5HBaMo 

a„brs = —
1 

a„brs — a„ b's = 0, 

	

2 	2 
111TO je H Tpe5ano noxa3aTH. 

3aAaTaN 18. (Ouersax 4., saAaTax 5.). HanHcaTH 3a i, j= I, 2, 3 C1,1 ,..7TeM xoe-
cDmAHjeHara xsaupame (Dopme a,1  x' x1  H noica3aTH xaxo ce oaaj cHcTeM icoecim-
unjeHaTa mo)xe pumHTH CHMeTpHNHHM 5e3 npomeHe came 4)opMe Haxo je 

au co,  (i 0j)• 

Peweme: HanacaHa y pa3BHjenoM o6nHxy xsaApaTHa (Dopma je 

a,1 x'x1 =a11 x1 x 1 +a12 x 1 x 2 +a13 x 1 x 3 + 

+ a21  x2  xl + a22  x2  x2  + a23  x2  x3  + 

+ a31  x 3  Xl + a32  x3  x2  + a33  x3  x3 , 

na je, upema Tome, cHcTeM xoecimuujeHaTa (popme ripmca3aH y o5nHxy maTpHue 

all a,2 a13 

{au} = a21 a„ a23  

a„ a32  a„ . 

TO. 6Hcmo noxa3anH xaxo CC CHCTCM xoe(DmurjeHaTa mo)xe riHHHTH CH-
merpwmlim, xsa,ApaTily cpopmy HanHummo y o5nHxy 

 au  xi =— a „ xi —
I 

 au  xi xi. 

	

2 	2 

Axo y Apyrom lowly Ha .rxecHoj cTpaHH yMecTo HeMor FmAexca i nmuemo j H 
ymecTo HeMor uu,Aexca j rannemo 1, Ao5lisaivio 

au  xi xi = —
1 

au  xi + —
1
- at, xi xi, 

	

2 	2 
0,HHOCHO 

a xi xi = —
1 

(au + au) x' xi. 
2 

OHHOCHO 



8; x' 	x' 
xx dxo 

10 	 I. Yam= paamarpaiba 

Ymoneha o3HaKy 
1 

 2 
(air  + aft)=bu , 

A0611samo 
au  xi 	- b 	xi 

npa nervy je mu-nenuo 
bit  = bit , 

Tj. cacreM KoecimmajeaaTa b U  je cameTpanaa, nrro je a Tpebano noKa3a-rm. 

5. Kposexeposit nests camboxis. e-cgm5ons 

none a cnojeme. AKO ycHojamo na y cacremy 	npHa 
bpoj cnoja (c O53HpOM Ha HHROICCH y3mmajy }Tem:loom 
cnoja), mina cy enemeffra npaor cnoja 

e111 = 0, 	e.112 = 	en.3 	0,  

ein = 0, 	e122 = 0, 	e123 	{e11"} 

elm = 0, 	e332 = 	1 , 	e133 = 0 ,  

(19 - 26) 

anneac o3HanaHa 
1, 	2, 	3, 

0 	0 	0 

0 	0 	1 
0 - 1 	0 

11 

peHHE 
nocToje Tpa 

, 

5. KposeKeposs ne.irra csmboss. e-csmbons 

3anazaK 19. (0,aemaK 5., 3a.ilaTaK 1.). IloKa3aTH Aa je 

d 	d 41 i  

enemenTa Hpyror cnoja 

e211 = 0 , 	e212 = 0, 	e213 	1 ,  

e221 =  0, 	e222 = 0, 	e223 = 0,  

e231 = 1 , 	e232 = 0 , 	e233 = 0 ,  

a enememra Tpeher cnoja 

e311 = 0 , 	e312 = 1, 	e313  = 0, 

e321 	1 , 	e322 = O p 	e323 = 0 , 

e331  = 0, 	e332 = 0, 	e333  = 0, 

{e2111 

{e31k} 

0 

0 

1 

0 

-1 
0 

0 

0 

0 

1 

o 
0 

1 

0 

0 

0 

0 

0 

dxx d xj  

Peweme: Axo ce ma Raja cacrem n0,4150103 KpoaeKeposam clumbonom na Ha-
sping KoHipainaija no jemom HilHeKcy KpoHeKeponor cam5ona a jemom aa-
Amoy cynpoTHor Tana y naToM cacremy, ecperr Te onepanaje bake canto, na 
ce Hema aanexc cacrema 3aMeaH CJI060ILEIHM HEIROICCOM y3 KpoaeKepos cam6on. 
Hpema TOMO je 

, 

. 

Ha °cam °Bora no6aBaMo 

d a? 	 ax,  
-- 

= ax" Oxi di-0 a xi a 

ILITO je H Tpe6ano UOICa3aTH. 

3analaK 20. (OnemaK 5., 3anaTax 2.). °Apeman spenHocr 3a 

87 8: a en" Sr Sm , 
Kan je m, n, r =1, 2, 3, ... , N. 

Faunae: Dberr Rompantaje KporteKeposor cam6ona ca Kpoaexeponam CHM-
5onom ACTH je xao a KpoHeKepomor cam6o.na ca ma Kojam npyram cacTemom. 
Ha ocaomy Tora je 

ainn sm =sm =N 
Ha HOTS Hama( je 

 SR e„, arrns:, = 8: N, 

INTO je a Tpe6ano 07LpeRHTH. 

3anaTax 21. (OnensaK 5., 3anaTaK 3.). Hamm= e-ciicrem Tpeher cTynna (elk  
HRH euk) nomohy Tpa noce6He Ta6mage. 

Peuseme: Enemeara cacrema Tpeher pena He mory ce Hanacalif nomohy jean 
Ta5mme (maTpaae), Hal nomohy jeme npocropHe cxeme Koja lima Hpere, KO- 

3anaTax 22. (OnemaK 5., 3agaTax 4.). Hanacirra e-cmcrem Tpeher pena, Hnp. 

euk  nomohy Kpoaexepomax cam6ona y obnaKy jenae neTepmaaamre Tpeher 
pena. 

Femme: C o63apoM Ha ocobaHe Komno3amaje cacrema ca KpoaeKeposam cam-
bonom omarnenao je 

euk  = 	atk  

Axo oHy penanajy Han/ammo y pa3BHjeHOM o6na:Ky, no6maamo 

euk = e,23  8) 821 83k ± e231  a) + 	e3„ a) k + 

+ e,„ ea) Sk + e132  a) 83 Sk  + en, a) 
rue cy mocTaHmema linaHoma mja cy jennaxa Hynes. Axo, name, 3ameHamo on 
ayne. pa3nwarre KoopnnHaTe e-cacTema 1331IXOBHM spegHocrlima, no5anamo 

euk  = aj + a)• 	+ a) a) - 

8j 8k - al a; 81, - al a; 81, 

a) al 81 

a, e 	al 
Of 8) al 

3aAwraic 23. (Onen.aK 5., 3anaTaK 5.). ,t(oxa3aTa na je 3a i, j, k =1, 2, 3 

eifit = 3 ! . 

001010CHO 



Tpeher pena je o5nHKa 

all a„  a13 

a21 a22 a23 

a31  a„ a„ ; 

‘ICTBpT or peja je obarixa 

„ a„ 

21 a22 a, 3 

a32 (23, 

41 a42 a43 

a14 
a24 1 

a34 

a44 

12 	 I. YBoatia paamarpakba 
	 6. MaTpaue (27 - 34) 	 13 

Peuserbe: Axo y renepanncanom Kponexeposom cum5ony mecror pens. ta3Bpinn-
mo RouTpaxnujy noonsamo Kponexepos cnm5on gerspTor pena, 

ikr 8  ik 

Ha ocnosy oBora moxemo ruicaTH 
ijk — a uil 

Axo, uajbe , H3BPIIIHMO xouTpaxunjy y Kponexeposom cum5ony tieTspTor pena 
H pC3y1ITaT npenonosnmo no5nsamo 06494n Kponexepos CHM6011, Tj. 

3anaTax 26. (Onenr.ax 5., 3anaTax 8.). Tkoxa3ani na je 

aL 	= dr R.Js — Qs.  

Pezuerbe: Axo rinnexcnma i H j namo dnuccnpane spennocTn, peunmo I H J, 
no5nBamo 

amu,, a,"` = ail"; 	+ ar  a J l„ 

Lae cy H3OCTaBJbeHH 9JIaHOBH KOjil Cy je,HHaKH HyJIH. AKO, name, 3aMennMo 
KoopmmaTe Kponexeposor cnm5ona 9eT13PTOT pens HAIXOBHM spennocTuma, 
no5ffsamo 

1 	. 

2 
au m  ar 	arluf — arals • 

C o53npom JIa oaa penannja mopa as sawn 3a cite spennocirn I 14 J, mowemo 
nncaTH 

ij 
 „a"; a," = arcs—  arar, 

'LIT° je H Tpe5ano no xa.3aTn. 

Har4emena. C o53xpom ua ropiaa penauxja saaal 3a ma Koji' cmc -rem off , TO oHa 

mopa as maul x 3a Kpoiteaepos cium5oa . Ha °caw:5y Tom Hmamo 

Sinn 87,n= 	8,: 

6. Manna* 

3anaTaN 27. (Onen,ax 6., 3aAaralc 	T-T --ankicaTH xsanpaTne maTpnue npyror, 
Tpeher H qeTspTor pena. 

PCillelbe: KsanpaTna maTpFula Jipyror  pena je oananca 

Ilpema Tome, mthxemo mean! 

S;k = S;=2S = 2.3=3!, 

HITO je x Tpe6ano .11oxa3ani. 

3a,laTaN 24. (Onen.ax 5., 3aaaTax 6.). ,7:Ioxa3aTkE na je 

aZr,„ = 87,m = a" 
Peuterbe: Ha ocnosy AecbmitilInje renepanlicanor Kponexeposor cHMbona mec-
Tor pena, 

euk erst,  

cne,an 

HCTO Taxo je 
	 eimn — era auun est emm rst 

rst 
Sntm = 	eni„,= —erst e„„„—erst enz„,=8Zi  = 

na mowemo ralcani 

mTo je H Tpe6a.no noxa3arn. 
a',-,str„,= ars , 

all 

4131a22}; 

{ 

3agaTaN 25. (Onmax 5., 3anaTax 7.). goxa3aTia as je 
rs 

 amn = a"— as'. 

Peuteme: Axo minexcnma r H s Ramo Hexe clmmcnpane spexlocTil, peunmo R 
H S, Ao6m3amo 

8„,R ,s4ama =.32aRs  disz aSR , 	(RO 

rite cy mocTasibeun wianosn xojn Cy jean aim Hynn. Axo, game, 3amenumo 
xoop,EumaTe KponexepoBOT cnm5ona qeTspror pea H.14X01311M spenuocrama, 
no5nsamo 

amR„,  amn = aRs aSR .  

C o53npom ,Eta osa penaunja mopa ,La sawn 3a cse spentrocim R H S mo)Kemo 
Inman' 

SZ.,aftut — a" — 
	

3aAaTa4C 28. (Onerbax 6., 3artaTak 2.). liaillicaTti: a) comeTpwray maTpagy rpe- 
HITO je H Tpe5a.no ,Roica3an4. 	 her pe,Eta; 5) awrilcmmeTplatiny maTmaly geTspTor pe,aa. 
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'legume: CaMerpa5Ha maTpana 

5) AnTncHmeTpinna 

1. 

maTparka 

0 

—a„ 

—a 13  

— a14 

Yeinam paulawalk.a 

Tpeher pea 

all a„  a13 

a12 a22 a23 

a13  a„ a„ 

TierspTor 

	

a12 	a13 

	

0 	a23 

	

—a23 	0 

— a24 —a34 

je oSimxa 

• 

pep.a je 

a141a24  

a34 

0 	J. 

 Femme: MaTpana ce MHOHCH 

Lromnowe THM 5pojem. MaTpnne 
InTo HM ce onTosapajyhn enemerrn 
imam° 

3 	1 —1 
— 2 	

3 
1 2 	3 	1 —5 

ob.rnoca 

3anarax 32. (Onezbax 6., 3anaTax 

4 

1 
1-15 

1 

12 

0 1 +5 1 

6. MaTpm2e 

5pojem 
ce 

f 
35 

3 
—1} 

1 —3 

15 

6.). 

4 1 

ca5npajy, 
ca5epy, 

Ha 

7 

—2011 

H3patlynarn 

(27— 34 	 15 

Taj Hamm mro joj ce can enemeirrn 
OHHOCHO ony3HMajy, na Taj Hatpin 

onnocno otIy3My. Ha ocnosy Tora 

31 = 13 —31_1 6 0 

— 4 f 	1 6 	9 J 	— 10 	8 

1 = 132 	121 
—191. 

Hp0H3H0/1 

1 1 	2 1 
1 2 5 J, 

3anaTax 29. (Onemax 6., sanaTax 3.). Hanacang nes) ,  maTpnny Tnna (5,2) . 

Paueme: MaTpana num (5,2) je oannxa 

a„ a12 

am a22 

a a 31 a32 

na HPOMeHHTH mecTo TIHHHOHHMH H H3pa'IyHaTH BOSH npon3Bon, MTa ce mowe 
3aKTIVIHTH? 

Permerbe: Mnoweibem nsejy imanpaTnnx mai-pima no5nsa cc xsanparna maxpHIta 
acTor perm. CBHICH enemenT npon3sona, xojn ce nana3n y i-roj spoil! H j-TOJ 
xononn, 11o5nsa ce xao 3514p npon3sona enemenana i-Te spcTe npse (nese) 
marpurte H OHHOCHHX enemenaTa y j-Toj KOJIOHH npyre (necne) maTpnne. Ha 
ocnosy Tora je 

13 
1 2 

4111 

—1 	1 2 
21 
5 I 

13-1+4.2 	3-2+4.51 
1 2 .1 —1 2 	2 2 —1. 5 

111 
1 	0 

1 —21 
  I. 

AH0 npomennmo mecTa ITHHHogazda Ao5xsamo 

nspaurrn nomohy o5ntmnx jennarnma. 

Peweme: AKO cy nse maTpnge jennaxe onna cy HM csn oHroHapajyhH enemeHTH 	 IIpema Tome, pasmenom MecTa nHHHOHHMH He Ao5Hrta ce HCTH Hp0H3BOA, Ti., 

m4yco5no jegnax14. Ha ocnosy Tora 113 

1 

marpHITHe jen 	 .rb naAnne 	 3axriyjemo, ne Banal KomyraTnslin 3axon

I.

. 

= a„ a„ 1 	b„ b„ 

a21 a22 1 1 1121 b22 1 
1 

a„—b„ 	

1 3 4 2  	1 

	

—2 — 1 —1 	— 2 3 4 

1 	1 cneAe cnenehe tie-111pH cxa_napne jeataluise: 

a12= b12 	 —1 — 3 —1 	—1 	0 	5 ). 

a21 = 1121 	 Paueme: Ha ocnosy Aecpaimusje mnoweiba marpaga, AaTe y npeTxonnom 3a- 
nam, 5Hhe 

3anaTax 31. (Onemax 6., 3a,gaTaic 5.). 1013patiynaTn 

3 	1_ 21 3 	0 1 +5 1 7 _ 43 1 .  

1 2 	3 f 	1 —5 	4 j 	1 —3 {

3 	4 	2 	I 	1 	1 } —7 15 29 

	

—2 —1 —1 	—2 3 4 = 	1 —5 —11 

	

—1 —3 —1 	—1 	0 5 	6 —10 —18  . 

a41 a42 

a51 a52 

3a,saTax 30. (Onemax 6., 3aaaTax 4.). MaTprrgny jegnativaiy 

{ an an }={ b11 b12 
a21 a22 	b21 b22 11 

12 
2113 
5112 -1 

41 = f 

	

1.4+2.(-1)11 	7 
j 	12.3+5.2 	2-4+5.(-1)1

= 
 116 

21 
3 J. 

3anaTax 33. (0,4emax 6., 3anaTax 7.). Onpenam npon3son maTpnua 

a22 = b22 • 
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3agarax 34. (Ogemax 6., 3agaTax 8.). Ogpe,gHTH pair maTpHrie Axo nesy H .gecHy crpaHy ose jegHanktHe nomHowamo 
xoHTpalaljy, go5H.Bamo 

ca H H3spmnmo 

1 	2 	3 -1 
c4 A lk;13,5  = 	Sij a 

4 	4 	6 -2 

5 - 2 - 3 	1 	. 
ogHocHo, C oS3Hpom ,na je 	Aik - a ark 	(a =; a I ), 

Petueme: Og speTa H xogona csaxe maTpHge, H xsagpaTHe pegs n H npaso-
yraoHe THna (m, n), mo*e ce upegpTasamem o5pa3osaTH HH3 Aerepivrinialiam. 
Axo cy 3a Hexy maTpliuy cse geTepmknlanTe la* cy pega setter og k jegmaxe 
}lynx, a mehy °Emma pega k nMa Sap jeglla pa3aw9Hra og Hyne, Raze ce ga 
je pair re maTpHge k. lipagoyraoHoj maTpHux 

=an-1 

jep je spegnocT a.ujynrosaHe geTepmsHanTe ,gerepmmHaHTH 
pega, jegnaxa an-1 . 

ropha jegHaxocT je exslisagenTHa ca 

a;; =an-1  

ai xoja je n-or 

xoja je mina (3, 4), ogrosapajy 

1 	2 	3 -1 

4 	4 	6 -2 

5 	2 - 3 	I }, 

TpR geTepmilHaHTe Tpeher pega. BpegRocTH TUX 

ogaxge cgegH 3a a00, 

Aj = 	2  a; , 

mTO je H Tpebano noxa3aTH. 

3agaTan 36. (Ogen,ax 	7., 3agaTax 	2.). 	Iloxa3aTH ga ce xoctexTop A s, 	ege- 

geTepmmaHaTa cy 

1 	2 	3 1 	2 - 1 1 	3 -1 

meHTa Ger, 	y 	geTepmllHaHTH I ar J , (i, 

,i 	1 	t.ijk 
fir =— orit 

2, 3), mo*e FI3pH311T11 y oSaincy 

s 	t 
ak • 

2! 
4 4 6 = 0, 4 4 -2 =0, 4 6 -2 = 0, 

Peureme: KocbaxTop enemeHTa 	y geTepmmaHTH 141, 	KOjH ce Haga3H y 
5 -2 -3 5 -2 1 5 -3 1 flpBOj speTH H i-TOj KOJIOHH geTepmHHauTe I aj I , moxe ce H3pH3IITH y oonnxy 

na cmemo TspgirrH ga pair maTpHHe HHje jegHax 3. 
Og cmix geTepmmHaHaTa gpyror pega la* ogrosapajy ropaoj maTpHgE 

je, nnp., 

elik al. 

OBaj H3pa3 mowemo Tpanc(j)opmacaTH Ha cgegehH HagHH: 

1 2 	
-400 	 = C IA al 	(euk e123 4a3k—eiJk e i„ceal). 

4 4 	 2 

HIT° je gosomaio ga ce 3ax.rsygil ga je pair maTpHHe jegHax 2. 

7. Hexe immune ysegennx nojmosa 

3agaTax 35. (Ogee ax 7., 3agaTax 1.). r1oxa3aTH ga je 

Ati  = a, 2 ail ,  

AKO y gpyrom gnagy y 3arpagH ymecro Hemor Hngexca j munemo k, a ymecTo 
HeMor HHgexca k munemo j, go5Hsamo 

• 	1 

2 	

„,2 	 3 2\ 
'123 "J "k 	e132 61i aro - 

AKO, Haim, y HCTOM gnaHy KO,H cucTema eiJk pa3meHmqo mecra HagexcHma k 
H j, go6Hsamo 

" 	3 2 \ 
AI 	

2 ‘a
c
llc 

 e123 
, 
-j ak 	

k  e132 aj aro , 

rge je Al xo(DaxTop xoja ogrosapa egemeHTy Aj geTepmnnanTe I Aj I agjyHro- 	 ogHocHo 

rosaHe gerepmHnaHTH ct i;  pega n. 	 Ai = (813 	+ 8132 ai ) , 
2 

Peweme: 35Hp npoH3so,aa egemeHaTa i-Te spere (gam xogorie) geTepmHaaHTe 
ca OXIOCHIIM xo4)axToplima j-Te BpcTe (14JIH KOJI0He) jegHax je ApemiocTri 	 Imo caxero moxemo HanHcaTH y o5gHxy 

geTepmmanTe, axo je i = j, a jegHax Hyatt, axo je i j. I1pema Tome je 1 ,ijk s t 
Olig a; 	. 

A sk Ai =I Alle; • 	
2! 

2 Pemeee opo6nendri In retoopcxor pagylia 
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Ha cnrolaH Hawn' 6HCMO no6HnH 
Paueme: H3, Ha npHmep, penanHje 

e2Jk 4 az =  0,  

cneari, xa,,A ce Harm= y pa3sHjeHom o6nHxy, 

e231 4.23+ e213  a? a; = 0, 

xas xoopRHHaTe e-cHcTema 3ameHHmo EbEROBEM spessocuima, 

4- (4 4 .23= 0, 
Tj. 	

a; =a 4. 

Cinpnie penauHje no6nsamo axo Ca Hynom H3jennaznimo xod)arrop 6Hno 
Kojer Apyror tuemenTa serepmEtHaHTe 141; Tax° na momemo nHcaTH 

Al= 1  ei  a; ark , 
2! 

1 = — 813,, ak , 
2! 

na moxeivto HHCHTE 

Air = 	kirkr d; al , 
2!  

nrro je B Tpe6ano noxa3aTH. 

3asaTax 37. (Onen,ax 7., 3anaTax 3.). IIoxa3aTH Ra je 3a 1, 1, k =1, 2, 3 

1 v.uk a = — Ora Lti aj ak. 
3! 

Paueme: Axo y penanHjH 

H3BPDBIMO KOH 

absk , 

rae je A ik xocbarrop enemewra aj y AeTepmffaaHTH a = I ajI , 
TpaxEmjy Ito HHsexcHma i H k, no6Hsamo 

al;  
0)21130CHO 

a 1 ,11 =3 a, (Si Si+Si+S3=3 ) 

°name cnenH na je 

i j 	J ak  al = ak 

Axo cy jeaHatame (§ 7, 18), 
x.1 = b1 , 

carnacne, Tana je 	
ak bi = 	xr = aik  xr = 4 

Tj. Hcnyff.en je ycnos 	
aik b1 = 

Axo, mebyTHm, osaj ycnos HHje HcnymeH, ropFbe jenHamme cy upoTHspelnie. 
1 	, 

a= — 
3 

Axo, cana, Aj H3pa3Hmo y o6sHxy KojH je noxa3aH y npeTxoHaom 3as,ancy, 
Tj. CTELBHMO 

Ai 	1  WIG, HI Pt 
f — ehnn ak al , 

2! 

1 	i 1 tjkl 	n 

3 
a 

= — 2 ! 
Oinsn ak al 

1 	ik/ 
a= — 	a7, 

3! 
InTO je B Tpe6a.ao noxa3aTH. 

3a,s,aTsuc 38. (Osen,ax 7., 3a,aaTar 4.). AKO Cy CBE xocimicropH Ak Hexe 
TepusHafiTe 141 Tpelier pea jezwaxa Ryan, noxa3aTH na je Tana 

akar= akI  air 

H .Ea Cy jesnainme (§ 7, 18) y TOM cnyciajy nporaspegHe, axo Hide HcnymeH 
ycnos bid!, = b' air  H axo je .seTepmmarrra 141 Aereptaniaffra xoecinualjesaTa 
Tor cacreMa. 

3a,HaTax 39. (Onen,ax 7., 3azaTalc 5.). ,iloxa3aTH, na axo je a u  xi yi =0 3a upo-
H3BOThHe spenHocTH x' 	mopa BETH au -0. 

Petuase: C o63Hpom na X i  H y' mory HmaTH npolosomne spenHocria, y3MHMO, 
Ha npnMep, as je 	

xmO 0, x 1 =0 3a i0M, 

11 Aa je 
yNO 0, y1 =0 3a iON. 

Tana 113 pe.naHHje 
au  x 1  = 0, 

cnenx 
xm yN 0, 

Tj. 

a MN = 0. 

KEXO oBO Mopa ;la BENCH 3a csaxo M H N, MOACCM0 imam 

= 0. 

3mAaTax 40. (0,4eibax 7., 3anaTax 6.). Axo je acki Taxsa seawanaa ./aa. 6y,se 
a j, = Sk, Roxa3aTH Ra je Tana a1J  Kocbarrop enemeErra y neTepmEmaErrH 
I au  I, nonmea speAsonty a Te neTepmHHanTe. 

Peuren,e: Axo pesaErydy 
ajk  =ek 

.so6Hsamo 

0,EHOCHO 



Tj 

 — 1, 

y penartHjH 

es B„ = 8; 
a 

H3B13111114M0 Komno3HuHjy ca apr , go5Hsamo 

an B = ap„ 
Tj. 

— ap, . 
a 

Ha csupiaH Ha"IHH go5Hsamo 

ids  + 8: . 	als  + 

(1 — a) 	— 

la:+8;j=0, 

ogaxne cne,au, 3a a = 

20 	 1. YBomia pa3marpaaa 
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nomncommo Ko4aKTopoM enemewra ark , Tj. H3spummo Komno3rnmjy ca Ho- 	 3agaTaH 42. (Oge.rbax 7., 3anaTax 8.). Axo Hem gsocrpyxm =Tem as 3ag0- 

cbaKTopom Akr, go6Hriamo so.ybasa jegHanrmy 	 noxa3aTH ga swim jegiro og osa Asa: 

aAkr arj Q Akr 
jk 

Tj. has 	 — 0 
 

11 a = 	1 

a3; cei = A", 
°gam= caega 

ce, = . 	A ir 

a 
urro je H Tpebano HOKA3aTH. 

3agaTaH 41. (Ortemax 7., 3agaTaH 7.). ,Roxa3aTH ,r(a. je 

(log  a) — a (log a) 
— 	ascr , 

a,3 	 a Mrs  

aHo cy o3Haxe xao y § 7, a. 

Femme: Bogehu pagyHa o Tome ga je H3BOH gerrepmffnaHTe no enemeHTy jen-
Hag xocterropy Tor enemeHTa Hao H o pe3ynTaTy H3 Hpermognor 3agaTxa, 
Henocperwo cnega 

H3 penaHHje 

HIM 

I ds -E85 1=0 H a= —1. 

Femme: 133 jegHatume ,r4 ap = 85 go5nsamo 

lafa's1=larsl= 1  

MAR, nouiTo je geTepmimairra npormsoga rue CHCTeMa jermaxa upoH3Bogy 
'coma gerepmktHaaara, 

ai 'all = 1. 

Oso je exsHna_rieHTHo ca 

a2 	1, 

ogaxne caegH 

a= +1. 

geTepmimairry I as —3:1 moncemo TpaHccDopmHcaTH Ha caegehm Hatum: 

6 (log  a) 1 a s =  1 A., = asr  

a a, 	a oars  a 

cnen.H 
I oar 

Taxo .ga je log a = — log b. Ha 

asr 

1 _ Asp 

a 

()cam 

1 
= — A sr  

a 

= 1 aN 
a 

Tora je 

1 
a 

—8;1=lars 	 ja (es - a:)1=la;*1 I 

Tj. 

I as —8s1 — 	ari.  I la,-8, 

npH memy 3nax 3asHcH on Tora pa nH je geTepmxHaHTa las — 3:1 
HenapHor pena. Osy jeguanway mowemo HanHcaTH y o5nHxy 

- 

napHor Him 

(log a) =  a  (log b) 	1 ab _
aB„ 

6 es 	 es 	b a ces 

rie je B, HoctlaHTop enemerrra cc" y geTepmHHaHTH I cc" I = b = 1 . Axo, game. 
a 

ogaxne cnegn, 3a a = 1 
( 1  ±- 	ars —8; I = 

Ha ocHosy Tora, caga, Ao5Hrsamo 

(log a) _ 

er 

IlTTO je H TpeSano lolca3aTM. 

a 
1  a„ = — 

mro je H Tpebano noxa3arH. 

3agaraw 43. (Ogerbax 7., 3aAaTax 9.). Axo je au  airracHmeTprmHH CHCTeM 

a bu  no3lmfBuo ge4.•aill1nfa xsagpaTHa 4.,opma, 3oHa3aTH Ara cy ollaa 
xopeHH A-penauHje (§ 7,21) HRH je,HHaKH Hynes HnN qHCTO HmarHHapHH. 



ccu 
air ,sj,  

a a,; 

Hauomena. Kopmcrehll nocnembn obpa3au MO CC ce pennall Apyra geo 3aganca 41. 
Hain e, 6/the 

d(log a) 	(log a)  a au  
aces 	d au  d ars 

— 	 a„ad— —8) 	—a„. 

3agaTaK 45. (Onen.ax 7., 3anaTaK 11.). H3BecTH )1a je aHTHcHmeTpHrma AeTep-
mmiawra Henapnor pena yHeK jennaxa Hynes. 

Paueme: YO.MMO Huy aHTlicHmeTpHtnly neTepmmiatrry pea 2 N - 1. flax° je 
nposepHTH na ce oHa noMohy e-cacTeMa pena 2 N- 1 monce H3p33HTH Ha cne-
;lam na'mm 

a=eilI2-t2N-1 a. a, ;  • • • a,„, 
•

1 	
■{, •

2 

22 	 1. YEQuia pa3maTpa}ba 

Perueme: AHT0cHmeTpHITHom cHcTemy au  onroaapajyha X-penagHja je o5iunca 
(max onemax 7., jenHaqHny 21.) 

lau -Xb if  1- 0 • 

;:(a. 60CMO Acnca3a.rni na cy Kopean cue A-penanoje anti jenHaKH Hyatt BAH 
4HcTo aMarBHapHH, npernocTaaHmo na rrocTojE Hem KomnneKcno peinetbe 
),= cc Tj na je 

I au  - (a i (3) b 	O. 

Tom cariajy nocroje Tam HentrInHe zn = v." + 	paanntinTe OA Hyne, na Syne 

[au  - (a ± 	(t)+ ivi)— 0, 

niTo H3pawasa nEubeHnny na cncTem xoMore!mx nnHeapHnx jennataraa no zf Hma 
peinaba pa3natarra on Hyne (He TpHamjanHa), axo je AeTepmmairra KoecimaHje-
HaTa cHcrema jennara Rpm. Fopn,H KomnneKcHn H3pa3 mom 5HTH jegnax Etynit 
canto axo cy my H peannH H HmarnnapHil .4eo jenHalcu Hynes, Tj. axo je 

p - a bu  +13 bu  = 0, 

au  vi - a b u  v./ - b y tii = 0. 

HomHoncHmo npay oA 01WX jeAxiantufa ca [4 a Apyry ca v 1, na ax ca6epHmo. 
Tatra no6Haamo 

au  pi +a0  vi - a (bu ll! t.t.1 b vi %if) = 0. 

Kazo je, 36or airrHcHmeTpHje cm-Tema au , au 	- 0 a xaKo je 

bu 	bu  vi vj>0, 
TO je oc = 0. 

Ha =Email Hamm maozeffiem npae oA jenHalunia (1) ca v', a .pyre ca 
ony3HmaH.em APYre 0.11 npne, no6Haamo 

2 au  pi v.) 
	  o. 
bu y} IV + bu y: vi 

lipema Tome, c o53HpoM na je a jenHalco Hynes a p jemaK0 ism pawls-
turro on Hyne, KopeHR X-penaaHje mory 5HTH aim jenHaKH Hyna HJIH 11HCTO 
HmaraaapHH, nrro je H Tpe6a.ao nom3aTH. 

7. Hexe npameHe yxexemix Erojmoxa (35 —45) 	 23 

onaule HenocpeAno cneAm 

c ) a 	 au 	• 
= as, , 	= as. 

a a„ 	o ars 

H3 peRaHaje 

( 1 ) 	 a „„, 	= a„,' , 
a„ no6HHamo HO ,71H(Depen ilapalbem 

amn 	 n 
‘X  amn ----= 0, 

a a„ a a„ 
OAHOCH 0 

ani 
8,„ an/ + a „, 	=0. 

" a ars  

AKo y osoj jenHatmHa H3H LIIHMO KOMI-10311100y ca 

nl 
air + 8„ — 0 

a
, 

a,5  
OHH OCHO 

	

ace' 	as!.  

a „ 

Ha cnipiaH Hatnni, AIRDePeHunparbem penannje 

am  
	" 	and +, a „„,n 	asi 
a ars 

AK 0 H3apn1mm0 Komno3Hunjy ca au , no6Haamo 

	r +a a =o 

	

aces 	mr sj 

Tj. 

ami  
= am„ asi  

( 1 ) 

aim no 6Haamo 

( 1 ) HO CC", no6HBamo 

a ars 

3anarm 44. (One.max 7., 3anaTax 10.). ,amca3aTH TaliHOCT HapenHHK o5pa3aaa 
y3o3 y 0530p o3HaKe H3 § 7, a: 

a au  .
r ta 
	a au 	• • 

o Oh a ,,,,m 	a`,. a -I., 
a a„ 

a ay  
a 	- air asJ• 

Peuterbe: C o63apoM Ha oco6aHe Komno3HaHje cHcTema ca KpoHeKepoaoM CHM-
6onnma, olnenenHo je 

au  = a„ al; 3  , au = arse,. es , 
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Jena on oco6nna nerepmnnanara je na ce Bpegnocr gerepmnnairre ne mma 
axo ce ()Ha Tpancnonyje, Tj. axo joj ce lipomene BpcTe H xonone. IlpeMa TO-
me je 

	

a=eii 12•••i2N-i a. a. 	• • • a. 
II  1 12 2 	12N— I 2 N-1  

C npyre crpane, mehyritm, noluTo je nerepmnBanra annicHmerpluma, Tj. 

a. = - 	ai22 = - a 212 , 	, ai2N_1  2N— I 	a2 N- I i2N— 1 

no6nBamo 
i i 	i 

	

t i l e2 2 	a2 N_ I  2N—I 

_ )2N-1 e1 1  i2 ... 

	

i2N-1  a, , a . 	a.,„,. 	; 
2,2••• -0, - 1  '2N-1 9  

OHHOCHO 

H. TPAHCOOPMAHHJA HPOMEHJIMBHX. TEH3OPCKA AMEEPA 

8. AIPHIM H MeTplighlf npocrop 
a= -a, 

onaxne cne.zw 	 3anaTax 46. (Oren ax 8., 3anarax 1.). Hahn HeICOJIHFC0 npnmepa jegnarnma ca 
a =0, 	 nBe ireno3HaTe enjn cy mijarpama y acimuom paBHOM lipocropy. 

IHTO je H rpe6ano noxa3arn. 	
Peuteme: a) 3axon nyra jennonnxor xperalia: 

s-at+b, 

me je s nyT, t speme, a It b xoncrawre. 
5) Jannna enexrpntmor lioisa Tatmacror naenerrpncalsa: 

„ e 

r2  

me je .E jarilina noma, e liatnexrpncan.e, r pacrojaise. 
B) rloBpmlina xllanpara: 

P 
a2, 

me je P noripiunna, a gymina crpannae xBanpara. 
r) OMOB Maxon 3a jaminy crpyje: 

E 

R 

rite je J jamma enexrpwwe crpyje, E enexrpwInn nanon, R ornop nposomixa, 
npn nemy je jenna on Beniplima xoncralizna. 

3agaTaR 47. (Ogembax 8., 3a.gaTax 2).. HaBecria npnMep nexor astmuor npo-
cropa y 'come enemeurli }my T•ixe (nymayanlin npocTop) Beh nexe npyre 
Benkrume. 

Peuteme: Ha lipirmep, serropcxn npocrop. Enemelirn Berropcxxx npocropa cy 
serropx. Csaxli enemewr (sex rop) npocropa momce ce go5Irrn xao anneaplia 
Kom5.linaanja ocnoBnnx (5a3linx) serropa. 

3axtaTaK 48. (0,aemax 8., 3aztaTaK 3.). Kaxo ce y ana.normjli ca npocropom on 
Tpn numemnje monce nanncarli ycnort 3a napanenn3am ABe xnnep-paann? 
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8. AcImea H merpionm npocrop (46-52) 	 27 

Femme: JegHa9H1a xxnep-paBHH y npocTopy oA N AHmeH3Hja je o5ninca 

A i xi +B=0, (1= 1,2, ... , N), 

me je A i  cHcTeM ICOHCTELHTHFIX xoeitHuHjenaTa, x' upomeramme Koop,ramare H B 
KOlicTaHm. 

Kao H y upocTopy on TpH nHmeH3Hje, Berrop Twje cy xoopnaHaTe roe-
stHuHjeHTH A i , 

7-{A,}={A,A,- • • A N}, 

je ynpaBaH Ha xilnep-pasHH. 

Axo cy AaTe Beg xHnep-paBHH cBojxm jentragmama 

A i xi+B=0 H C,xi+D=0, 

OH/la ce yCJI0B H,Hxorie napa.nennocm maxi Ha ycnos xonmeapHocm BexTopa 

a --{A i} H b-{C i}, oxiocHo Ha nponopuHonanHocr 0,/(HOCHHX xoecinnwjeHaTa 
y3 Heno3HaTe, Tj. Ha yc.nos 

A i =kCi . 

OBaj yc.non napanemiocTH nBejy xHnep-pamm moxemo HanHcaTH y o5nHxy 

AI -=.= • • 	=k,. 
C, C2 	CN  

me je k xoe(InatajeHT nponopullonanHocTH. 

3anaTax 49. (Onmax 8., 3anaTax 4.). Y acInnaom tieTsoponHmeH3HoHom npoc-

Topy naT je Hexn BexTop e= {1 0 - 1 2}. 0.1:Text:Inv H,eroBe xoopnycHaTe y 

npaBLy BexTopa a = {0 1 0 0}, b={-1 0 0 0} H c= {2 0- 1 2}. 

Peutethe: Axo xomnoHeTe Berropa e Tpe5a na Syny y npainnama HexTopa a, 

b H C, °Irma momemo nHcaTH 

e-Aa+tt.b+vc 

rne cy X, 1.L. H v RoopnimaTe Berropa e y npaBuy Berropa a, b H C, Koje Tpe-
5a onpezurTH. Fopmoj BerropcRoj jexiagHHH onroBapajy cnenehe qempH cxa-
napHe jenHamme 

1= --12.+2v, 

X, 

- 1 = - v, 

2 = 2 v. 

H3 oBor cHcTema jegitatuma no5HBamo 

X=0, pt=1, v=1, 

LUTO 3Ha9H /13. BexTop e mowemo H3p3.314TH Kao 

e=b-rc, 

Tj. xomnoHewra Berropa e y npaBuy Berropa a jennaxa je Hy.nn, y npaBuy 

Bermpa b jenHaxa je b H y npaBuy Bewropa c jennaxa je Berropy c. 

3aaaTaH 50. (0,4emaxc 8., 3aztaTax 5.). Helm E2 H 4 6YAY Asa ABOAHMe11311011a 

noTnpocTopa Heror eywnincxor npocTopa E N  cut N AHmeH3Hja. Hoica3aTH na 
ce y cnygajy N= 3 OHR y ornurem cnynajy cexy IIo HeKoj xpaBoj; axo je N= 4 
oliFf Tie ce y orunTem cnygajy cehH y KoHamaom 5pojy Ta‘laxa; a axo je N> 4 
OHH ce y oniuTem cnygajy Hehe cehn. 

Peuteme: a) IlornpocTopH Ez H .E2"  Hexor eywnsncxor npocTopa EN opt N tm-
melmija npe,acraarbajy ,nBonHmeH3HoHe noripum y TOM npocTopy. JeaHatualle 
rpm nonpurn y Tp0,1111MOH3HOHOM erCHHACKOM HpocTopy moxcemo H3pa3HTH y 
o5nHxy 

xi 	(t„ 12), 

= x2 (13 , i4),  (i = 1 , 2, 3), 

rge cy 	'rpm npomeHmHBe xoopnHHaTe, a t„ 12 , 13  H 14  Held upomelusHHH 
napamerpH. 

Y rombem cacTeMy on mem- jenHamma cl)arypinuy CO,HaM Hp0MOHMHBHX, 
X i, /1 , 12 , t3  H t4 . 111CCT Hp0MCHMHBHX, peitHmo Xi, t2 , t3 , t4 , moxemo H3pa-
3HTH npexo npomennAme t 1 , na je, npema Tome, 

= 	(t,), 

urro npeAcTaBiLa jennavunly xpnBe no xojoj ce c,exy mare nospum. 
6) Y BeTBoponHmeH3HoHom eyxnHncxom npocTopy, jemia‘unie uonpuni 

mory ce HanlicaTH y o5nHxy 

xi  

--.7c(t 3 , t4), (i= 1, 2, 3, 4). 

H3 oaor CHCTM 0,,r( ocam jenHainma mory ce, y onarrem cnygajy, 
penwTH ocaM npomeHnAnmx xi, 4, t 2 , t,, t4 , IHTO 3Hatm na ce noeping mory 
cehH canto y xonamHom 5pojy Taziaxa. 

B) Y eponincxom npocTopy ca 5pojeM nnmeH3Hja BehnM on xierHpH, 
N> 4, je,z(Halnme nonpum ce mory H3pa3HTH y oonnicy 

xj2(t 3 , 4), (1=1,  2, ... , N>4). 

H3 oHor cHcTema off 2 N> 8 jegEratuma He mory ce, y onnTrem czysajy, Naha 
peineErsa no N +4<2N npomeHmHBHx, xi, t it , t2 , /2 , t4 , urro 31185H Ce, Y 
onmTem cnygajy, nospum Hehe cehH. 
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3apaTax 51. (Onen.ax 8., 3anarax 6.). KOJIHKO .riHmeimija Hma npocTop napa-
meTapa icojH onpebyjy nonowaj cno5onnor xpyror Tena y xperathy. OnpenliTH 
iberoBe xoopmmare H pa3maxe y KojHma ce meu,ajy. Je nH Tam) onpebeH  acpH- 
HH HRH me-rpHBKH upocTOp? 

Peweme: Honomaj cao5onaor xpyror Tena oz pebeH je xooprtimaTama ma ico-
jiix TpHjy HexoniiHeapHHx rheroakix TaBaxa. C o53Hpom na je cBaxa TaBica 
onpeberia ca TpH icoopnriHaTe, nonowaj xpyror Term je onpebeti ca =Bei -  K00- 

p,aanaTa. Kam), mOyram, Hameby TIM neseT icoopnuna-ra nocToje TpH Be3e (ico-
je cy nocHeHnua imaapajaamocTa pacToiaFba H3meby Tagaica), nonowaj KpyTor 

Tena of pebeH je ca inecT napaMeTapa. lipema Tome, npocTop napaMerapa, ico-
jH onpebyjy noncacaj xpyror Tena y xpeTaiBy, HMa rimer numeionja. 

3a inecT napameTapa x0314 onpebyjy nonoxcaj xpyror Tena mozcemo y3e-
TH, peunMo, TpH ,IleicapToBe KoopnimaTe jejise cDincciipaHe Ta'ice rena ii  rpm 
Ojneposa yrna: XA, Y4 , ZA, yrao concTsene poranaje cp, yrao npeuecHje 
11 yrao HyTaniije OBH napameTpx ce mmajy y pa3marnima 

— 00 ,<XA  < , — 00 < YA < 	— oo < Z A < oo,  

—00 < 	00, — < 4.).< co, O< S<ir.  

Ha ocHoBy no3HaBaBana canto napamerapa, Tj. xoopnimaTa napameTapc-
xor npocTopa, icojH onpebyjy nonowaj xpyror Tena, He mopicemo yropAHTH 
Ha 3111 je npocTop acinnin Hnn merpHtixH. HaHme, yxonnxo Hems. noTpe5e 3a 
yBobethem meTpHice y oaaj npocTop moxemo ra cmaTpaTH actanam. YKOHILKO 

ce nojaBH 11oTpe5a 3a ysobeibem merpmce y oaaj npocTop (arm je moryhe), 
mina ra mowemo cmaTparn meTpirqxlim. Hanomeimmo na 3a onpebiemaihe na-
paMeTapa, xojki onpebyjy oBaj npocTop, Hema nHicaxsor 3Hamaja je Jill on a4ni-
HH 1131H merpmxH. 

3aAaTatc 52. (Onemax 8,. 3anarax 7.). Alm cy napamerapc.xe jenHaqvale Hexe 
xanep -noapum y npocTopy 0,7A ner Allmemaja 

= a cos u', x2  = a sin ul cos u2, 

x3 = a sin ul sin u2  cos u3, x4 = a sin ul sin u2  sin u3  cos u4, 

x5 = a sin u' sin u2  sin u3  sin u4, 

rne je a nexa KOHCTaHTa, zit (i — 1, 2, 3, 4) napameTpa, nanucaTa jeHHatmay 
Te xanep -nospina y o5naxy cam° jegae jega•aHe. 

Peweme: 143jenHaB3BLux 3514p xBanpaTa nesinc crpana ropamx jentra ,nina Ca 
36apom xaanpaTa .geCHHX cTpaaa, ,a06aHamo 

(x')2 + (
x2)2 + (x3)2 + (x4)2 + (x5)2 = a2 .  

Ha oBaj Ha'IHH CMO H3 ner napameTapciaix jeiniaBaHa enHminnwanic 
meTapa napMerpa, ui (i= 1, 2, 3, 4), H Ho5win4 jenaarmay HcTe xHnep -nospan4 
y Henapamerapcxom (HMIIRIIIIHTHOM) o5nHxy. To je jexuramalla c4epe y npoc-
Topy on :ler nilmernrija, ca Hen -rpom y xoopnanaTuam ncriency a nanynpegmf-
xom a.  

9. TpauccDopmatada npomeammffix (53 — 60) 

9. Tpaectbopmarnaja apomnubmnix 

3a3laTaK. 53. (Ogemax 9., 3a.aaTax 1.) Aara je (oproroHanHa) agnina TpauccDo-
pmanHja onpebeHa jenHagnHama 

if = kesii  xi, 

rge cy cif  H k xolicTairre H rne je 

I crl= + 1. 

flpoTymalinTH rcomerpHjocH oBy TpanaDopmanHjy. 

Peweme: 3a k = 1, c o63iipom na je a.ii != a = 1, ropffia opToronanHa atinuia 
Tpanccpopmaumja 6H onroBapana poTaruijama. 

KBanpaT pacTojansa d ma xoje TaBice, ca icoopnlinarama xi, on Koopnii-
Hamor nome-ma 113110CH 

	

d2  = 	(xi) 2 • 

Axo 113BpIIIHMO naTy actanry TpaHccDopmanHjy, KBa,apar pacTojaita he 611TH 

(5p)2 k2 a.it a : xi xr = 2 (x1)2d2. 

Ilpema Tome, moxcemo 3a1cJbyiniTH, ;la naTa acinma TpaH4opmaluija ogro-
Bapa poTaaajama H H3npxelBy y pa3mepH k y onHocy Ha icoopniniaTHH nomeTax. 

3twaTax 54. (Onen,ax 9., 3a,aaTax 2.). Hoica3aTH na je y neTepmkinaHTH opTo-
roHanim TpaHccPopmauHja xoja onroBapa poramijama cBaicH enemeHT nerepmx-
HaHTe jenHaic csom xociaxTopy H o6pHyTo: axo je raj ycnoB 3a nexy nerepmx-
HaHTy FICEIrbeH oHa mopa 511TH ogroroliarma. 

Peweme: ClicTem icoectiHuHjeHaTa oploronanne TpaHcckopmaiiHje xoja onrosapa 
parawijH 3a3oBon,aBa pe.nauHjy 

a ., a k=s,k, (a = 1). 

Axo y oBoj penaniljg H3Bpunimo Komno3Hrudy ca icoepaicTopom A ir  enemen-
Ta a5, no6HBamo 

SA  A i; 

OHHOCHO 

8:a1=Ar . 

Onasne cnenki 
ark = A 

IllTO je H rpe6ano norca3arli. 

„aa 6HcMo noica3anic o6pHyro, nobHmo on penanHje 

rk  A rk  

	

a 	, 

L 
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113BpW1IMO momno3H11ajy ca . Tana Ao6nsamo 

ari  a'; = ari 

2 	8  ak ai  =a ki• 

Onanne cnena 

OT1HOCHO 

a win= Ao6xsamo, 3a NO2, 

Axo OBO 3aMeHHMO y (1) no6Haamo 

ark a ti' — akt 

111TO 3HB.111 na je TpaHccillopmaunja, .114j11 cy xoecinmajewra jenaaxa caojam xo-
41arrop1ma, oproroHanua H Aa onTompa poTauxja, ca H3y3eTxom TpaRc4opma-
unja Inkja cy xoecinuaajeaTx naTa maTpHuom npyror pena. 

9. Tpanccpopmattaja npomerumantx (53 - 60) 	 31 

OaHx inecT He3aaacHax ycnoaa moncemo nrpoTymaTHITH Ha cnenehm Hagan: Arco 
enemeHTe Kok." ce Hana3e y 6ano xojoj apcm (Him KOJI011H) cmaTpamo 3a xoop-
naHaTe junior BexTopa, °Km Taxo 4)opmapaHH HerropH mopajy 6HTH opTo-
ronanHa a jenaHHuHa. Jlaxo je nportepant Aa npyra on ropH,ax neTepmaHaHaTa 
3a1oson,ana oaaj ycnos, na 3amytiyjemo na. °Ha onpehyje opToroHanay TpaHc-
cPopmartajy. 

3anaTax 56. (0,gemax 9., 3anarax 4.). ,IlaTa je opToroaanHa Tpaactiopmanaja 

yi = 

na yoznimo Ase Tagxe P, a P2  imje cy xoopnaHaTe: y 
meiusaaffx y' : H y 2 i a y onnocy Ha cHcrem 91 one 
Ha oH,ga mopa 6HTH 

1 (pi2 — Y 0 2  = 2 (y'2 — y1)2. 
i 	 i 

Peujeme: Axo a3apniamo cmeny npomenzEn3ax Ha ocHoay Aare opToroHanne 
TpaHabopmaufne, HenocpenHo no6Haamo 

2 (9', —ii- D2 = 1 aiaik (Y )2 — YDCA — .Y 10= ajk (712—Y0 (A — 4) = 2 (y— y 02 , a 	 i 	 a 

OHHOCHO 

(1) 

di: ail* 

a2  = aN, 

a = 1. 

onHocy Ha cacrem npo-
cy yl a y2. goxa3aTH 

3anaTax 
onpehyjy 

Peuteme: 

1 

1 —2 

1 

4 

Ha ocHosy 

1 1 
2 

	

1 	—2 

	

1 	o 
4 

	

1 
	

1 

	

2 	4 

0 

	

0 	
1 

'sera 

55. (Onemax 
opToroHanae 

143paqyaasaa.em 

1 

4 

0 

1 

1, 

3axT6riyjemo 

9., 

cos 

sin 

TpaHccDopmarmje 
3anaTax 3.). Koje 

a 

cos a 	0 	sin 

0 	1 	0 

sin a 0 — cos 

apenHocra TOpHAIX 

a 0 sin a 

0 	1 	0 

a 	0 — cos a 

na canto npyra 

xoje 

a 

a 

= 

on Hance 
He? 

— 1, 

HeTepmHHaHaTa 

avrepmunairra 

Hasenellax AvrepmaElaHaTa 

1 	1 
0 

irf 

1 	1 	1 

Y2 	2 	2 

1 	1 	1 

2 	2 

AO5HBBMO 

0 
	—

'
1 	1 

 — — 
iff 

1 	1 	1 

r.2 	2 	2 

1 	1 	1 

2 	2 

monce onpebaHaTH 

±1, 

inTo je a Tpe6ano noxa3ara. 

3anaTax 57. (Oneabax 9., 3anaTax 
TpaHccDopmanHje 

11 H3pa3HTH a nomohy ai. 

Pesueme: Jaxo6ajan apse TpaHccpopmauaje 

a npyre 

Y H3pa3y 3a npnt,  TpanccDopmanHjy, 

xr H3pa3amo nomohy 	pyre Tpaaccpopmanaje. 

art  x', 

a zi 

5.). 	H3pamyHaTa 	jaxo6ajane 3a HapenHe 

xr = 

onpehen je AerepmHaawrom 

=I 41, 

= 	di,' 

a, x r, 

Tana no6aBamo 

xk 

a xi 

a  ik 

= 

oproroHamay TpancxDopmanajy, jep je acnymen ycnos j:ta je apennocT rbeHe 
neTepmaffaHre jenHaxa nnyc HRH maHyc jenan. MebyraM, To Haje nosonsan 
ycnos. ga 6H oHa onpebasana opToroHanny TpanccDopmanajy U.ean enemenTH 
mopajy 3anosOJbaaara ycnoae 

i a, a s .-- 8„. 

X i =a 	Tj. 	= 8j. 

Axo, name, amapmamo Komno3autijy ca xocDarropom A i  enemeHTa a k y geTep-
manual' a; I, no6aHamo 

a ark 4. — A;`, 
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OAHOCHO 
k 

-{c 	k 
( 2  = = 

	

IATO analni 1Ia cy a, H 	enemeirrn mOyco6no nnaepannx nerepmanariara. 

3aaaTaic 58. (Oztemaic 9., aaaaTax 6.). ,awra je .Tlopennosa rpanabopmannja 

1 x — vx 4 	5E2_ x2 ,  i3 = x3, .i4 =  x4 — 	1  vX 1 ) 	v2  ( 
x 1  — 	 

	

(1 — v 2/C2) 1 /2 	 c2 	c2  

1 
vi4 

x 1  X = 	x2= 
	x3= 

)73, x4 =  1.4 	 1 7:72  

	

(1 —V2/C2)1/2 	
e2 

,T.IncxyroaaTH rarratbe isene necinirynapnoern H pesep3iri5KariocTir napagynaisarbem 
jaxo 614jana. 

Peweme: JIopenuoaa Tpancepopmtunija je Juineapna xomorena Tpatici:Dopmaarija 
°anima 

(i, j==. 1, 2, 3, 4), 

je mar/mina icoectounjeaa -ra 
Y 0 0 — y v 

O 1 0 0 

O 0 1 0 

yv 0 0 
c2  

r.ae je yaeaena ()alma Y 	 • 
= v2r 

c 
HCTO Tax° je 

xi = al) 	(i, j= 1, 2, 3, 4), 
r,ae je 

• 0 0 yv 

O 1 0 0 

O 0 1 0 

0 0 y 

flourro cy neTepmmiance roprbsx ma•rpnua (jaico514jarin Tpancckopmannja) 
paankrinTe ou Hyae, Tj 

' 	x'  
=y2 (1 --

v2 = 1 H  

c2  

aamriyjemo ,zta cy Hopeinlose Tpanccpopmanmje necnarynapne H pesepaleasnie• 

3suotTax 59. (0,aemax 9., aanaTax 7.). Y eyiumacicom npocTopy or( 'TB aa-
mernrije nanncarn jenna=inne Tpanccbopmagnje geicapromx upasoyranx icoop,an-
aaTa y: a) muningapcxe nonapne icoopAnnaTe; 5) c(Depne nonapne icoopna-
na-re H )3) ennui-14111(e icoopaxna-re. 

143pagynarn jaxo5njane OBIIX Tpancitopmanaja 11 yTBPAHTH y KOjRM 

Kama OHH MOry 511rii jenuaxii Flynn HRH BeCKOHMITOCTII. 

Yi  (i= 1 , 2, 3), Peweme: a) Oanamlimo LkeKapTose npaaoyrne Icoopannare ca 
a usafin,aapcice nonapae ca x' (i = 1, 2, 3). Tana je 

y1 — xl cos x2 , 

y2 = x' sin x2, 

y3 = x3  

Oaaaae, 3a nnsepane Tpanccpop-
mannje, ao5naamo 

x' =17 (Y 1) 2  + ( Y2)2 , 

Y2  x2 = arctg 	, 
y1 

X3 = y3 . 

JaKo5njann OBHX Tpancci)opmannja H3HOCe 

cos x2  — xl sin x2  0 

sin x2  xi,  cos x2  0 

	

0 	0 	1 

H 

I o 	1 	1 	1 

	

0 Yx I ( xi) 	V 	( y1)2 + (y 2)2 

oaaKne annamo na cy jaxo5njaan jeanaxa Ivan HRH 5eciconagnocrn y ravicama 
x' = 0, OAHOCHO y' =y 2 = O. 

5) Y OBOM c.nriajy je 

yi = x1  cos x2  cos x3 , 

y2  = x' sin x2  cos x3, 

y3 = x1  sin x3 . 

= 

y v 

C2 

= a x. y2 
 (

1 — =1, 
c2  

yi 

, 

= 

3 PCIIICH11 apo5nemt, as rea3opc,cor paqyna 

1_ 



y' 
a xs 

cos x2  cos x3 

 sin x2  cos x3 

 sin x3  

= (x1)2  cos x3, 

–x1  sin x2  cos x3  –x1  cos x2  sin x3 

 xl cos x2  cos x3  – xl sin x2  sin x3 

 0 	xl cos x3  

1 x' 
r (x1)2  cos x3  1/(y1)2+ 0,2)2 .1/(y1)2 + ( y2)2 4. (y3)2 

3anaTax 60. (Onen,ax 9., 3anaTax 8.). ,L1oxa3aTH na je 
df (x) d f (lc)  

dt 	dt 
, Kan je 

Y3  x3  = arctg 
1,/(y1)2 	(y2)2 
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Onanne, 3a nanep3He Tpati4opmaaaje, no5Enamo 

x1 =  v(Y1)2 	+ (y2)2 + (y3)2 ,  

cy2 
x2  = arctg 

' 

Jaxo5ajaart cam Tparicitopmartaja a3Hoce 

ouaxne BKIIHMO Aft cy jaxobajaan jensaxa Hynes Hint becxcHwniocra y Twit:Ka-

ma x' = 0, x3  =
2 
 — onHocao y1 = y2  = 0. 

13) JennasaHa 
(y1)2 + (Y2)2 

 + 	
(y3)2 	I  

(t)2 (02 _ (b)2 (02 (02 

onpehyje, y onHocy Ha npasoyrna cacrem ,12(exapTosax xoopnwiaTa, nonpm 
npyror pena. Y3mamo na je y Toj jenHainnta c> b. Axo ce t Mena on 00 no c, 

jennwsina ripeucrawba (1:tamiviajy xomboxanrrax enancoana. AltaxorHo, 3a 
c>t>b ottamtuutjy jenHorpailmx xvinepoonottna a 3a b>t>0 cpamnaajy zu3o- 
rpaHax xauep5onoana. Te Tpa clamanaje nonpina cy mehyco5Ho opToroHa.rule. 

Axo H3a5epemo Tpat pa3afforre spenHocra napameTpa t, xoje 3a,r(oBwha- 

t3 >c>t2 >b>t1 >0, 

t 	t =. II,  2 = v,  3 x ,  k  =b <1,  

Taxo na je A> 1> v >k>1./.> 0, 3a geicapToBe npanoyrne KoornuntaTe y' Twace 
npecexa Tax Tpajy nonplus, onpeheaax spenuocrama v, A , no5anamo cne-
nehe H3pa3e: 

Y1= 	
c 

V.VA, 

y2  _ 4_ 

k 

c 	1  

V 1 – (k)2 
V [(k) 2  – (•9 [(v)2  – (k) 2] [(A)2  – (k) 2], 

(1) 

Y3  – 	1/1 _
1
(02  1/[1 — (09 [1 – (v) 2] [(A)2  – I] , 

Ti. Bpe,11,110CTH 11., V, A, onpehyjy y1, y2, y3, ca TanHornhy no 3HaKa (1511BH 3. 
ManenyHr: MaTemarmecxail annapaT 43a3axa, 4ar3maTra3, 1960, npeson ca 
Hemaxixor). Bpojena 	v, A cy entinTwace KoopnaHaTe ca napameTpama k a c. 

Ha ocuony jenHairma (1), 3a jatco5Hjan nobasamo 

ovi
= C3 	

0,2 _ 142) (v2 _ 112) 0,2 _ v2) 

Oxi 	1/(1 —13.2)  (k2 — 112) (1 — v2) (v2 — k2) 	(A2  — 1) (A2  k2) 

rae CMO pairs jenuocrasHocTH y nacaEby c-ranana 

H X2  00 2, 12. 2  = 402, Kr.a. 
	{xj } –{11, v, A} 

143 ropa.er H3pa3a 3a jaxo5HjaH, C o53apom Ha HaseneHe Hejezataxocnt 
xoje 3aaoBoJbanajy ensirrwme xoopnaHaTe, BHAHMO Ba he OH Sara yaex pa3- 
BIPIHT on Hyne a 5ecxosattuocra y Twucama y xojnMa cy Te xoopnaaaTe 
43aHacaae 

f (x) = f (x1, x2, 	x  N) a f (x)=[(i) Ha Ana amnia: 1) nocranars Kanpur= 
nactepeanaja 3a o5e crpaHe anewratmocTH rto t, Koja rim= 	(t)J = f[x 

a o5pa3onaTa namec 3a A t 0; 2) TpaaaPopmacaTH 
o
f x'', (x'r = 

dt 
—dxr  ), upe-

ma o5pacHama 3a Tpaactl)opmansjy Rohl mace 

of _of dxi 
7)17; 	X'r = 	

• 
aXr  

Bah/ ycnone 

11 CTaBHMO 



f[i (t)] = f[x (t)] 
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Peitierbe: 1) H3 penaaaje 

c.ne,aa 

d f(i) d f (x)  
dt 	dt ' 

Ti. 

LUTO je H Tpebano AoKa3a -rli. 

=al xi, (1) 

apa .iemy je 

= al)  ui 

R3Bp13111M0 Komnownudy ca al Ao5asamo 

= 	xj =80, xj 

( 1 ) 

TaKo sa 3axoa Tpaacatopmaiwje xoarpasapajaarrior Beicropa moxemo aarracarn 
y clammy 
(2) 

Axo y pe.nauaja f[i (t + A 0] =f  [x (1 + A t)], 

Ha je rpamyllia speaaocr Kompinalca grapepeaaaja 

lim 
f[x (t+At)—f[x(t)1 — lina 

f[x (t + A t)] —f[x (t)]  
A it-.0 	A t 	 At 

Tj. 

(t)] df [x (t)]  
di 	dt 	' 

UITO je H Tpe6ano ,aolca3ara. 

2) Ha c• gosy Harm o5pa3aua 3a TpaaccDopmagajy, Henocpeatio csean 

df _  f  di' _  a f  )xi  ail dxk  df I dxk df dxi 
dt 	dt 	Oxi oil a xk dt = d x1  k  dt 	dxj dt ' 

10. ilanapejaere. KotrrpaBainijairrum H Nosapujaaras seKropa 

3aAaraK 61. (0.aemax 10., 3a,awraK 1.). Hoica3ara ,aa a3m4y 3axoaa xoarpa-
sapajaarae H xosapajaarae erpaacclopmanaje cacrema npsor pema aema y o,aaocy 
as orroroaaaae rpaacclx)pmagaje y eymartocom apocropy amcaxse pa3saxe. 

Peuieme: 3alcoaa rpaacct•opmaaaje KoarpasapHjaaraor, oxiocao Kosapajaa -raor 
serropa (cacrema 'Timor pe,aa) cy 

_ 	(:)xi 
= 	 u), 	- 	 U.. 

xi 	ex' 

Axo je rpaaaPopmartaja oproroaanaa °Tura je 

2 a1 ak =  Sjk 

H 

a =1 ai;= -1 1. 

H3 (1) cne,avi 
a 

cr. ax' 	' 

10. Hasapajaare. Kompasapajairma H Kosapsjaffraft pampa (61 — 69) 	37 

~ ajx'=xi, 
a 

axj 
"
= , 

ralco ,Eka 3alcoll rpaac(1)opmatufje xosapajarrraor serropa mo)xemo nanacara 
y ca5ailyy 

(3) 

Ynopeyjyha (2) H (3) sasamo ;La H3meby TFIX 3axoHa rpaa4opmavaje 
aema pa3naKe, IIITO je H Tpe5ano aoxa3ara. 

3a,aaTax 62. (0,Ete.ibax 10., 3aAaratc 2.). Axo cy Ui (i = 1, 2, 3) mow:Liman 
Hexor xoarpasapajawraor selcropa y ormocy Ha 4eKapros npasoym4 cacrem 
y Tp0AFIMeH3FIHOM eyKJIHACHOM npocropy, Haim 133 erotic xooprafflare y: a) RAJIITH-
aapcxam no.napaHm Icoop,aintarama, H 5) ccbeptaim Ha:map:ram xoop)wHaTaMa. 

Pememe: a) $e3e a3mey no.napao na.naHaapcicax H Aexcap-roBax apasoyr.aax 
Icoop,aaaara cy 

X3 = y3 . 

Ha °away 3axona rpanatiopmaullje 

. 	.a x' 
w = 	, 

a yj 

3a Koarpasapajaarae koop,aaHaTe ,aaror sel, -Topa y nosapao amlnataapeicom 
cacremy 'wow:km:Emu ao5asamo 

a x 1 	d x 3 	a xl 
a' —U1  -- + U2  --- +U3  -- , 6y ' 	ay2 	dy3 

u2  — U' 
d x2 

± U2 
O.,2 

_FLI3 (--)---
x2  

ayi 	ay z 	a y3  ' 

o x 3 	_ a x3 	_ a x3  
iii =U' — +U' --- 	+U3 	 a yi 	42 	43 

Tj. 

o,aarate cne,all 

kyi. )2 ± (y2)2 ,  

x2  — arctg ( 3±2 ), 
Y1  
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— Y2 Y3 a x3 
0y2 [(

- 

yz)2 + (y2)2 ±(yz)2]y(yz)2 + (y2)2 

1 
142  

x1  cos x3  

dxi =4) xi dyl 

dt a dt 

Ha ocnoBy oBora je 

( 1 ) 

Hapaujaann it3B011/1 noaapno anannaspcicax no AexapTosnm Koop,annTama cy 

ax' 	y 1 	a x1 	y2 	xl 
—  	— v, 

yi 14)2 	+ (y 2)2. 	y2 141)2 0,2)2. 	y3 

ax2 	y2 	ax2 	 ax2  — 0 
ayl 	(

- 	

y')2 + (y2)2 ay2 (

- y

1)2 + (y2)2 ay3 

"3  = 0 dyz = 0 , 	 X3 = 1 
ay' 

Taxo aa aa xosTpasapnjasTne RoopamaTe sexTopa ao5mamo 

1 
u' 	  y1  U 1  + y2  U2), V ( y 1)2 	+ (y2)2 

u2 = 	
1 	

(y1  U 1 —y2  U 2), (y1)2 +  (y2)2 

u3  = U3, 

n.nn, axo ,LkexapTose xoopansaTe mpaanmo npexo noaapno muningapcmix, 

1 
= — (x 1  cos x2  U 1  + x' sin x2  U2) = U' cos x2  + U2  sin x2 , 

x' 

1 	
—

1 

)2 	 x 1  
u2— 

 (x1 
 (x" cos x2  U1 — xl sin. x2  U2) = (Woos x2 — U2  sin x2), 

3 U3 U U3. 

5) Ben namel)y a:Pepsi:a noaapsffx KoopannaTa a npasoyranx gexap-
TOBITX cy 

xi = 1/0,1)2 + (y2)2 + (y3)2 ,  

x2 = arctg 
y1  

y3  X 3 arctg
V(y1)2  + (y

2
)2/ 

ax2 	y2  	dx2  ax2 
— 0 

ayi 

- 

04)2 +  (y2)2 - ay2 (y1)2 + ) 
	 , 

a y3  

a x3 	 — y3 
ayl 
	[(

- 

y')2 + (y2)2 + ( y3)2] p/(y1)2 	+ (y2)2 

ax 3 V0,1)2 + 0,2)2  
ay3 —(y4)2 +  (y2)2  +  (y3)2 , 

Taxo Zia, Ha mom/ aaxona Tpanccpopmannje 

a xi 
= — 

yf
, 

 

aa xonTpasapnjairrne xooppasaTe sexTopa y ccPeptism noaapanm KoopannaTama, 
H3Pa3HBILIFI Aexagrorie KoopannaTe npexo abepimx, ao5asamo 

u1 = U' cos x2  cos x 3  + U2  sin x2  cos x3  + U3  sin x3, 

(U1  sin x2  + U2  cos x2), 

u3  = — —
1 

 (U' cosx2  sin x3 + U2  sin x2  sin x3 — U3  cosx3). 
xl 

3aaaTax 63. (0aenax 10., aaaaTax 3.). Axo cy y' =1, 2, 3) AeicapTose 
npasoyrne xoopamare xoje mance ox spemena t, Tj. axo je y' = y (t), ncrniTaTn: 

i 
a) jecy an —ch KoopaanaTe sex-Topa a IMICBOT HO 

dt 

d2  x' 
5) jecyna 

 dt 2 
xoopanaaTe serropa? 

Femme: a) liponasoadie renepaancane KoopainiaTe x' ao5nsamo m npasoyram 
,IlexcapTomx Tpanallopmansjom 

x' (t)= x'  [y1  (t), y2  (t), y3  (t)]. 

1WEIPozaa? 

Y mom cariajy, napsnjaann H3BOHTI cy 

x 1 	 ()xi 	y2  
ayi ky1)2 + 	(y2)2 + (y3)2' ay2 v(y1)2 	+ (y2)2 + (y3)2 

xl 	Y 3  

ay' VO4) 2 +(Y2) 2 +(Y3)2  

pro npeacTasma 3aICOH Tpanc(Dopmaanje xonTpasapnjamaor serropa, na cy, 

npeMa Tome, —
dxe 

KoopannaTe xonTpasapnjammor sexTopa. 
dt 



UITO ripencTaHma 3alcoH TpaHakopmalloje xonapujaHTHor Herropa. 

B) HapHojanim 113B0,2111 a P  H 	 nonnann cy npexo penannje 
ay' 	xi 

ay ay  ayi  
ax' ay)  Ox' 

InTO 3Hamf na cy TO xoopaHHaTe jennor Te ncTor Herropa (rpanHjeffra exanapne 
ct•yinamje p) y Aexaprosom H aDepHom nonapHom CHCTMY xoopanHara. Taxo 
je, Ha npaMep, 

acp 	ayi 
	= 2 x1  cos x3  (cos x2  sin x' - sin2x 2  cos x3), HT,R. 

xl a yi a xl 

3anaTaK 65. (Onen,ax 10., 3aaaTax 5.). lioxa3aTH na je KaaApania ninpepeHull-
janHa cpopma 

rpyny 
dS2  = (dx')2  (dx2) 2  (dx3) 2  — c2  (dX4) 2 , 

me je c noniTHrsHa KoncTanTa, anconyrHa HHnapHjaHra y onHocy as 
Jlopelluonnx TpaHcopopmauHja 

x1 = 

( 1 ___ -vc22  \) -if 

x 4 _IV_ )71 

x2 g2,  r 3 = Y 3 	= C 2  

c2  

— 
2 i 

( 1 — 
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5) Axo (1) join jenaHnyr Ancpepenimpamo no Hpemeny, no5Intamo 

d2  x1 	xi d2  yj 	a2  xi dyi dyk 

dt 2  dyj dt 2  ayj a yk dt dt 

10. 14HaapajaErre. Kcarrpaaapajairrall H aoaapajairrali serropH (61 — 69) 

5) AmDepeHmapaisem 113 (1) no6HHamo 

a
y 
	=Y3, 	

ay2 
  (1) = 2 )4, 

ay
CP

3 

.= yl ,  
a l  

a H3 (2) 

41 

cp 
— Ha ocHoHy sera aamyclyjemo na d2

t 2 
Racy KoopnimaTe HexTopa. 	 = 2 x' cos x 3  (cos x2  sin x3  - sin2  x2  cos x 3), dxi 

	 x' 

cp 
Hailomem. Y cHanijanHom cartajy, Bata je 	

a 

 x2 
— (X1)2  COS x3  sin x2  (Sin x3  + 2 cos x2  cos x3), 

oz xi 

a y1 
	 0, 

yk 	 (X1) 2  (cos x 2  cos 2 x3  + 2 sin x3  sin2  x2  cos x3). 
a x3  

Axo, cum, 113 ccDepHor nonapHor cncTema xoopnHHaTa, tnije cmo xoopnimare 
xi- ai + 	 obenewFuna ca 	npeemo y Heim npyrn rellepanHcaHH CHCTM KoopnimaTa 

 xi 
rte cy 	a b' coucTaHTe, 	 jecy xoopanaaTe aoHTpasapxjaHTHor BecTopa. lipema Tome, 	

Tparicctlopmaimjom 
Xi 

d2  

dr' 	 = Xi (xl, x 2 , x3), 
d 2  

momemo 3amyqaTa, 	 jecy aoopaimare KoarpaaapajaHTHor aecropa camo y aaHocy Ha 	 H pmemo y 053Hp 3axcal Tpanccbopmannje tare cxanapHe inmapHjawre, 

	

dti 	 = 
jlexapros cncrem xoopmaara, jep ce nalleapHam TpanccDopmaaajama 1I3 or(eicapTosor cacTema 
xoopHHHaTa Ao5aaa oneT ThexapTos cacTem aoopaHHaTa. no5HHamo 

3anaTax 64. (Onemax 10., 3a,naTax 4.). Hexa y AexapTosum upaHoyr.imm xoop- 
AHHaTama y' (i= 1, 2, 3) cpyllximja cp (y 1) = y1 y3 - (y2) 2  6yne cxanapHa HHBa- 
pHjaHTa. 	 oz nocno 

a) H3HpinriTH TheHy TpaHapopmanHjy y cotepHe nonapHe xoopr(HHaTe 

6) OnpenHTH H.eHe napunjanHe HaBone no y' H xl H noica3arx /la ce oba 
cticTema napurijanum HaBona noHanaajy y onHocy Ha npoHntorkay jay TpaHc-
cpopmanajy xao xonapHjaHTHH HexTopH. 

cp 	cp 
B) YnopennTH xooproniaTe 	 

ay'a x' 

Petame: a) BpennocT exanapHe nithapHjawre y npaHoyrnom Aexaprosom caere-
My 	je 

(1) (Yi) =Y1 Y3-  (Y2)2 • 

C o534pom Ha aaxoa TpaHccpopmagyije cicanapHe FinHaplijairre, lc* je o5nExa 

= 

H Ha Be3e mmeby gexaproanx H otepHRx xoopnmaTa, 

y1 = xt cos x 3  cos x2 , 

y2 = x1  sin x2  cos x3 , 

y3  = x1  sin x3 , 
Henocpenno ,no6HHamo 

(2) p (x') (X 1)2  cos x3  cos( 	x2  sin x3  - sin2  x2  cos x3). 

Tj. xaaa cy TpaHccbopmaHaje HaHeapHe, 

= _ 
a y 	y 

d*"' 	?7:' 

cp 	acp  a xj 

a 	a xi 



dx: - dx 2 , dx 3  - dz 3, dx4  
-- 2 

C2  

di4  --v  dil c2 
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Petuethe: Axo naTe aopeHuose TpaHcetopmaullje Baum:Hem° y nlitepeHuHjannom 
o5..rancy, 

dx 1  -  di' 
-vet?' 

( 1  _v 2 4 
c2  ) 

a TO 3ameHumo y nary ,:mbepeHHHjanny KaanpaTay ortopmy, Ao6weamo 

(dxy  (dx2)2 + (dx3)2 - c2 (dx4)2 

	

= y2  (di" - vd3c-4)2 	(di2)2 	C2 y2 (di4 
C2  

v2)-1 
rne cmo 3/Beall o3Haxy y 2 = (1 - - . HororniHm rpyn:Hcalbem snaHosa, name 

c2  
no5HHamo 

V2  

	

ds2 (y2_ y2 	ocily ±(di2)2 (coy + y2 (v2 c2) (dic-4)2 

Han 

ds2 y2 (1 12_2 ) (dily (cbc-2)2 (di3)2 c2 y2 (I 2 ) (di4)2 ,  

	

C2 	 C2  " 

H.ITO Ce cHonx Ha 

ds2 = (dii)2 (di2)2 (di3)2 c2 01,74y=de.  

Ha ocHoHy ropse jenHaxocTH 3ax.myqyjemo na je naTa runliepeHHHjan:Ha 
low:mama (Popma, y onHocy Ha flopelinose Tpanc4)opmausje, anconyina am-
napHa HHHapHjanTa, urro je a Tpebano noxa3aTH. 

3anaTax 66. (Onemax 10., 3aAaraic 6.). Y ojaocy Ha AmaproBe npaHoyrne 
xoopAHHaTe XatvarnTomos onepaTop V ne4)HHHcaH je cacTeMoM onepa-

Topa - 
ay' 

 . unpenHTH npema Hagauy TpaHccDopmHcalba npa cmenH Hp0MeHJMIBHX 

1:1)opmainly npHpony oHor cHcTema. 

Peuseise: Axo R3 ItexapTortor cHcrema xoopmniaTa npehemo y resepanHcaHH, 
cMeHOM 

= xi (Y -1), 

oHna ce cacTeM onepaTopa -
a 

d l TpaHaDopmmne no 3axoHy 
y  

3anaTax 67. (Onemax 10., 3ailaTax 7.). Y ananormjH ca ocnomulm cHcTemom 
KoHTpariapHjaHnna HexTopa y acImmom npocTopy, necimHacaTH y upocropy HojH 
My je nyanaH OCHOBHH cacTeM KoHapHjaHTHHx Berropa. 

Perueme: Y acintHom npocTopy ce KoHTpaHapHjaHraH Berrop necinnanne xao 

ypeheH nap Tanaxa. OCHOBHH xoopnEnaTHH HeicropH e, (i=1, 2, ... , N) ce ne- 
cimuny Taxo na je cHaKom on H,FIX npna Tatum. ;coop gimairam nolietTitoc (0, 0, .. 

, 0), na je nOBOMEIO HasecTH canto xoopAHHaTe npyre (xpajfbe) Tagxe. IIpema 
Tome, OCHO6HU cuciaem Kolapaeapujaufratux eelcOopa y aclumom npocTopy on N 
nEmeH3Hja mine 

;2 ={1, 0, 	, 0}, 

;2 = {0, 1, 	, 0}, 

{0, 0, 	, 1}, 

Lae CMO myna y3enH acry nyxamcxy jenHHHuy xao npencTasHHKa onroHapajyte 
Bernonme, urro je }Tex moryhe (HHAH: T. Anhenah, TeH3opcxH panyH, CT. 23.). 

C pyre cTpaHe, y admaioM npocTopy xosapHjaHTHH Herrop ce no:Immune 
into ypeheH nap napanenfinx xHneppasHH, axo je npocTop smnernimeH3HoHH 
(N> 3), HHane canto ypetjeHaM napom paHHH (slum: T. AHhenHh, Tex3opcxx 
pagya, cTp. 44-45.). Y TOM cnriajy hello Imo OCH081111 cuctr4eAs Ko6apujaiTanix eeK- 

oopa ne4H4HHcaTH one Berrope (i= 1, 2, ... , N), xojn cy onpehenH ,ayanHHm 
enemeHTHma (xHneppaaHnma) Taxo na tie no'feTHe H xpajibe xlineppaHHH (xoje, 
npema jenHammt 33. Ha crp. 45. xmare TeH3opcxn pagyH on T. AHhennha, 
onpehyjy ocHoHae KoHapHjaHTHe sexcrope) 511TH 

3a 	: xl= 0, xl = 1, 

3a e2  : x2 = 0, x2 = 1, 

3a eN: xN= 0, xN= 1. 

MehyTHm, nOBOJbH0 je pent canto xpajihe xlineppaHHH, na, xao cacTeM OCHOB-
HSX 	HexTopa, Hmamo 

g ={1, 0, 	, o}, 

e2 = {0. 1, 	, 0}, 

d 	d dyi 
dxk 	dxk' 

Ha ocHoHy liera 3axiby9yjemo na XamFurrollos onepaTop Hma 
pony xosapHjaHTHor HexTopa. 

cpopmanHy npH- 

;N= {o, o, 	, 1}, 

can camo y onHocy Ha TaHreHTHe xoopnrmarne xarreppaHHH a He Ta'ue. 
Tpe5a canto yoga na je nyamBH enemenT (xHneppaHan) xojH onrompa 

xoopmmaTHom notiency HeonpeheR; vox je xHneppaHaH, Ha npHmep, xoja 0A- 
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roHapa Tanicrt {1, 0, 	, 0}, Tj. xpajy KoHrpaHapHjaHTHor ocaoHnor Berropa e1 , 
onpehecia, an!, TO He npwanc.aBa mixaccHe Teuncohe. 

0Ho ce moxce npema ILlapoccoHy (111HpoxoH, TeH3opHoe ncuHcnecnce, CT. 87.) 

y WOBHMelf3HOHOM npocTopy HnycTpoBaTH HaTom C.THIKOM. 

Ha CJIHHH je jacHo niTa cy OCHOBHH xoffrpaHapHjaHTHH HerropH e1 , e2 , e3 . 

OCHOBHH xorsapHjanTHH Berropm 5Hhe onpehenn: el napa.nemllim pasHuma (OBGC, 

ADFE); e2  napanenHam paHHHma (OAEC, BDFG) H, Haj3an, e3  napanenEmm 

paBuHma (OADB, CEFG). Cam° y acpwrcom npocTopy, me yrnotell HHCy °Ape- 

helm, He moxce ce cmarpaTH na je e, = e'; TO Hamm camo y meTimpucom npocTopy, 
na cmo ocHosHe xoBapHjaHTHe )3ex -rope npencraratum nyuHma xpEuarx .lmHHja. 

3anaTar 68. (Onmacc 10., 3anaTax 8.). gaTa je nicHeapHa Aratepeeuejanea cpopma 

X dxj, 

	

A', = X, (x', x 2 , . 	, xN) 

a xi npoH3BOJbBe npomeHn,HHe. 

a) rioxa3aTH ;la cucTem X, onpehyje xoBapHjaHTHH Berrop, axo je 

Xi dxj dcp, 

me je p = p (x 1 , x2, .... , xN) crcanapHa HccHapHjaHma. 

6) rloica3aTH na cHcTem X f  onpehyje ccoaapHjaHTHH Berrop H y cnriajy 
eaa neeeapea )xeci)epeimejamea (popma Hi* ToTanHH nHcl:lepeagHjan ann xma 
cicanapHH HHTerpanHoHH (baxTop A (xl, x2, , x1 ), Tj. Kan je 

A X,dx'=d p. 

Petsteme: a) Aico eaepummo cmeey npomeen.eeex 

(x9, 

d 	dcp,  

OnHOCHO 

X,dx' = d xi, 

HHHapHjaHTa, H 

_ 	. 
dxs — dx'. 

xi 

AKO OBO 3amemmo y (1), no5HHamo 

(Xs — c)5i:Xk)dis= O. 

Hourro oBa jennalunca mopa jla Hawn 3a npon3HamHo di" cnenH na mopa 511TH 

— dx"  
	X k = 0, 
ax' 

Tj. 

6  xs  X = XS 	 , 

' 	a ii 

IUTO 3Hawc na cecTem X, Qapebyje KoHapHjaHTHH Herrop. 

5) CxanapHe HHHapHjairre dp H A TpaHaDopmknny ce no 3accolly 

dcp = d (p, 

TaKo na, C o53npoM na je dcp =A X, dx', no5HHamo 

5, Sri  di' = X X, dr', 

0,aeoceo, nocne cxpahHBaHr.a. ca  A (jep je A = A), 

_ 
dxf = X, dxi, 

°Anne, xao H parade, cnean 

Xi = x,  xs  , 
ii 

IUTO 311BRYI na H y OBOM C.TIrlajy cecTem X, oapebyje Koeapejawree seicrop. 

3anaTax 69. (Onen,ax 10., 3anarax 9.). rlocca3aTH ,na ce y eymeacicom npocTo-
py On Tpe aememeje yeeK mowe e3a5paTe Taxes )2(exapToe npaeoyrne CHCTeM 

eoopamiaTa na /lee KoopaeHaTe aaTor xoeapajaeTeor Berropa 6y.ay y 0,anocy 
ea ibera, jeaaaee HyBH. 

Pesueme: Axo cy KoopnincaTe ccoBapHjaHTHor Berropa 3anaTe y onHocy Ha Helm 
reHepasnicaHH CHCTM ccoop.atmara y Tp0BHMell3HOHOM eyKTIHACKOM npocTopy, 
<mina je yam( moryhe onpennTH ccoopAHHaTe Tor BeccTopa y onnocy Ha HexH 
npaBoyrnli CHCTeM geKaproBnx RoopaimaTa (y eye.aeacKem npocTopema yeeK 
je moryhe H3a5pare npae0yrae CHCTCM TACKapTOBHX KoopalluaTa). Heica cy ece-
pArmaTe =Tor Berropa, y onHocy Ha Hem cHcrem npaBoyrnrcx ,E(eicapTosex 

me je 

Tana je 

( 1 ) 

jep je dp cicanapaa 
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xoopuxHaTa, v, (i = 1, 2, 3). Tana cy KoopnanaTe Tor ac-Tor HexTopa y onHocy 
Ha Hem ,apyra cHcTem npaHoyrnlix geicapromix KoopzufflaTa 

a jd 

d .co 

npH 	je, c o63apom na cy Koopnaname Tpasccpopmanaje 113 je,D.HOT y npyra 
,RexapTos npaHoyrsia cacTeM naneapHe (opToroHaime), 

(2) asf yi. 

(OBAe HHCMO y3eJui y o63ap TpaRcnauajy jeTwor cacTeMa y onaocy Ha npyra 
jep To 3a penietbe oHor 3anarKa HeMa HaKanor 3Hagaja). 

143 (2) cneun 

(3) = 00, 

rue je 

ccj = —
a

, a =la = f 1. 

(3), name, cnenia 

Y' = cc  
a ' 

Taico na TpaHcci)opmauajy (1) moxemo HanacaTa y o6nraxy 

(4) v1  = cc i  

 614TH 01 = v2  = 
A 

_Ma Tpe5a na onpeuamo Tam,  TpaH4opmagajy npn Kojoj he, peulimo, 

H V3 00, Tj. 

1 	2 	3 + V2 ± MI 03 = 0, 

1 	2 	3 
CC2 + CC2 V2  + 0E2 03  = 0, 

2 	3 
IX3 + CC; V2  + C43 V3  = V3  . 

()Hue amamo Tpa jenHamaHe 3a onpehmaEbe „lean' xoedwunjeHaTa aj. Join 
inecT jenHamma no6Hjamo 113 ycnosa OpTOTOHaBHOCTH 

IHTO ,IHHH rcyrnio AeHer jeHHatnnia ca ,aeiter Henomarax. lipa Tome Koorqui-

HaTy 03  onpehyjemo xao HHTeH3HTeT BeKTOpa Vi , Tj . v3  = VI  2. 

Ha ocHoHy ()Bora 3alubygyjemo na je yaex moryhe Hew Jnmeapay opro-
roHainty xoMoreay Tpanallopmauxjy, =Baja cy xoecimmajeaTH oci  , na na. use Koop-

neHaTe xtaTor HexTopa 5yny jenHaxe Hyna.  

11. Aednianunja TeH3opa Avyror H sumer peia 

3auaTaK 70. (One.Tbax 11., 3anarax 1.). Ilourro y cariajy opToronannax TpaHc-
4)opmautija HeMa pairnaxe Hamehy 3axoHa TpaHattopmauaje xowrpaHapajaHTHHK H 
xosapajaHrHax Herropa, HCHHTaTH ,ga an ce y oHHocy Ha opTorollazHe Tpanc-
dvpmanaje raxo noRatuajy a KoopnaHaTe npoH3Hon.Hor TeH3opa. 

Peuteme: PaHaje je noxa3ano (aqua 3anaTax 61.) ,t(a. cy 3aKona TpaHorpopmanaje 
KouTpasapajaHrHax a KonapajaHTHHK aexTopa Harm y ounocy Ha oprorollanHe 
TpaHccloopmauaje, 

= al; 	 uj , 

Tj• na je 

(1) 

H 

(2) 

d 
= 

d 

dx1 	i  
= . 

a x 1  

3aKoHa TpaHaPopmagaje xoHTpaHapajaHTHor a KoHapajaHTHor TeH3opa 
APYrcr peua cy o&nmca 

a is dxj ukc 
dxk ax' 
	_ o xk x' 

' a it &iv 
ukf 

	

= 	 . 

Axo HCKOpHCTHMO (1) a (2), °Be 3aKoHe mozemo HanacaTa y o6.31Hxy 

	

urj =ak a11lk1, 	ftij  =1 	uki  
k, I 

na BHAHMO na H3mehy HAIX HeMa paamixe. 
Ha =nail Hama noKa3ana 6acMo na H3mehy 3axoHa TpaaccpopmauHje 

xonTpapapHjauTHor a KoHapajaHTHor TeH3opa npoH3Honmor pena HeMa HaKaxse 
pa3naxe. 

3anaTax 71. (Onezax 11., 3anaTax 2.). HanacaTa o6pacue 3a Tpauccloopmanajy 
TeH3opa CHM THnosa nempror peia. 

Pewerbe: TeH3op tieTapTor pena uma neT moryhax THHOSa. H:baxopa 3aKona 
TpaHccpopmauBje cy o5Junca; 

di' &V OP ail u/ficl = upqrs 

()xi' axe' dxr 

_ijk. 	pqr d 	d 	ik  x3  
u 

d xP a xq a xr aX t  

4,1 	. ;V 6 	d xr 
u =-- u rs 	 - 

axP axe' dik d X 1  

	

p d 	xq axr d x' 
u jkl =u qrs xp a if a  ik 

O x" axe' axr dr' 
12  ma —  uPqrs Ti7 axj xk ()xi' • 

( 1 ) 



Mer-am, xaxo je 

babe 

onaocao 

d 	axe 
OxP di' 	P  

P Xq 
W • ers p 	xj 

r aXq 
W •fi W • fp 

INTO 3HH911 ,r(a je 	xosapajaifran BexTop, HJTO je n Tpe6aJlo noxa3aTa. 

3anaTax 75. (Onen,ax 11., 3anaTax 6.). Axo je 1.1.1 fieKH memoriam Tea3op, 

noxa3aTa na je u. j i FUI BapujauTa. 

Peureme: H3 o6pacixa 3a TpaRe4)opmaulijy =Tor metuoanTor Tea3opa, 

ax' axe 
te, 	 

MehyTam, xaxo je 
ax' 
	

dx" 1— ' 
axe 
	

ex' 
no6aBamo 

1 u 
i 

UJTO 3HaqII Aa je :61 TathapajanTa, into je H Tpe6ano noxa3ara. 

CJIBAH 
a axe  

=Id-A= u, 
a 	1 I xq 

x" 11  1 a XJ  axe ail 

, 	axm)axi  axk axp =u.ik v.„, 	  
ax' air axs axt ax' 
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3anaTax 72. (Onemax 11., 3aztaralc 3.). HanacaTH o5pacue 3a Tpaac4)opmanajy 
xowrpaaapajawrnor Teu3opa Tpeher pea na Hymn= KooponaaaTe 5e3 nine 
nomohy xoopnaaaTa ca upTom. 

Perueme: 3axon Tpaaallopmaaaje xorrrpaaapajanmor Tea3opa Tpeher pea je 
o5naxa 

(1) 
	 auk = u

por ax" axe axe 
a x 	ik  

Femme: Axo y inpa3y 3a Tpaaccpopmanajy AaTor Tea3opa Tpeher pena, 

w k •qr — 
di. ' axq axe 
axe axi axk 

a3apuramo aonivaicusjy no aanexeirma i H k, no6kmamo 

p O X ' axe axe 
w •ii=w • qr — — • 

OxP axJ ax' 

AAK0 y (1) gm:T=4mo KOM11031111Hjy ca CHCTeMOM 
a;ce axb axe 
- - 	obloamo 
di' aXJ aik 

UPqr 
di' axe  ail a Xb 

 oXP 	aXq axJ 
Kaxo je, metyram, 

ax' are axe 
ox" ax' aXP 	P  

Babe 
upqrnalq, 8 _ 17iik oxe axb axe 

axk' 
Tj. 

u ab, = --(m ax° dx 1' axe 
aik 

3aaaTax 73. (Oneasax 11., 3anarax 4.). •1oxa3aTa Ha ocaony o5pacila 3a Tpaac-
Itopmaaajy ,r(a. je 	Tea3op Tpeher peaa, axa cy u r. st  H vf, Tea3opa. 

axk axe auk axe axb axe 
axe axk 	ail ail axk  

a V  a Xb 	b 	axk  axq =a, 
axq axJ 

=8
q' 	axe axk 	" 

Tj . 

U.stO • r= i•jk 

	

axi axk 	diP 
v. m— 	— 

	

ax' axe ail 	az' air 

axk axp = u.Jk v. m  S i  
die ail ax' 

Peuteme: Ha ocaosy o5paena 3a Tpaaakopmaaajy Tea3opa u r..0 H 	6ahe 

r 
	i a iP axi axk 

—21  .st 27p. r 	jk V . 	 

	

ax' 	ak't 

IIITO 	 je 	Tea3op Tpeher pena, arm je H Tpe5a.no noxa3aTa. 

3anaTax 74. (Onemax 11., 3anaTax 5.). AICO je Jk Tea3op Tpeher pea jenaom 
KokiTpaa apajaaTa H anyT xosapajaaTan, noxa3aTa na je . fi  xoeapajaaTaa 
aerrop. 

3anaTaa 76. (Onemax 11., 3anaTax 7.). AKO je ur, meinornrra TeH3op, noxa-

3aTa J:ka. xoolmicropki U'., geTepmallarrre u 1. J  onpebyjy memokarra Tea3op Apyror 
cTyruba. 

Paueme: C o53apom ;la je 	xod-axTop enemeaTa 	y Acreprmalawru 1u.; 
6Hhe 

( 1 ) 
	

= I ii•J 1 ask • 

4 363tpica 3aAaralca a3 Te1130PCXMX PagYEla 
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p 	a xq 

	

u 	V .1 = 	Ug.p, 
dxP axJ 

Femme: Axo y jennaninni 

F 	 -p 
U. s  = 

U.qafr a iq  

xP dr' 

r -p ax' aig 

a xP xi 

313BpaIHMO rpanallopmarutje 
„ 	dxq 
u . 1 — -- 

a XP axJ 

Kai:0 oaa penagnja mopa Ra Hawn 3a cHaxo up q , mopa 6nTa 

OAHOCHO 

no6HHamo 

dcp dxk 
a )7' dxk di' • 

3anaTax 79. (One.rbax 11., 3anaTax 10.). Hexa y nerHoponnmen3Honom npocropy 
Ternop urzt 5Yne asTncHmerpiniau camo no nocnena.a Jrna RHAMCCa. Hoxa3aTH 
na ce y TOM c.nynajy canto 24 xoopmniare on 13,11X yxynHo 64 mory H3a6paTH 
IIP0113B0.1M10. 

Hcro Tax°, y xoopnnHarnom cHclemy o3Hagenom ca uprom, 6Hhe 	 To je 

(2) 	 II 8ik • 

C o53rapom na je 	I (MIMI 3aortaT'dIC 75.), x3 (1) n (2) cne,n;li 

U.jU 	U•
I 
 p

rd
i •kt 

axo H3B13111BMO xonTpainDljy no Knnexenma i H k, 

UP.qOpe 

Axo, nan.e, Ha ocHosy 3axona 3a TpaacctopmanHjy, KoopnsHare 	R3pa- 
3HMO nomohy xoopnnHara 5e3 npTe, no5Haamo 

ax, ' 	 no6nnamo 
ax' dig -„ ax' dig 

u .q 
dx" axS 

= . q- 
axP 

urro maga 	je U'.1  MellIONITH TeH3op, nrro je H Tpe6ano noxa3aTn. 

3anaTax 77. (Onerbax 1 I., 3a,ztarax 8.). iloxa3ama na je 	(I)  actonn Ten3op, 
ax' a xJ  

axo je cp cxanapna minaprijanra. 

Pet:mare: H3 3axona Tpanal•opmannje cxa.napne HRsapajawre, 
nrro je n Tpe6ano noxa3arn. 

17 -9), 

Petuerbe: Y npocropy on N nrimen3Hja 5poj n He3aHncHnx KoopnemaTa cncrema 
az cp 	 d xk X' dcp 0 2  xk 	 k-or pens., awrscHmeTpnnHor no r narkexca, je 

axk ex,  ax' 	oxk 
N 

IlomTO je 3a adnme TpaHccbopmannje 	
n= 	(N). CN 	k-r.  

r 

xk 

	 — 0, (xk = ajc  xJ + bk), 	 me je 	(N) 6poj BapHjannja ca DOH aBlbaasem (k - r)-Te mace ou N ene- 

meHara, a CN  5poj Kom6nHanaja r-Te mace on N enemeHaTa. 

()Awe, Haase, cnezni 

62 9 	02 cp  axk ax' 
.17 1 	dxk a x' di' axJ 

gnaw TeH3op, ,n-Aanyr xonaprijairmr, nrro je H Tpe6ano noxa3am. 

3anaTax 78. (Onen.ax 11., 3anaTax 9.). Axo je jam Ten3opcxa jennaznina, Ha 
npHmep 

r 	r 

noxa3arn na Hera Taxaa jegRamma Banal Inmehy xoopnaHara y cHaxom Apyrom 

cncremy KoopnaHara. 

0,71H0C110 

ti j. i =Uq.„ :iv  
axq ax' di' ax' 

Axo, ;came, y OnOi iegnaxnuin R3Bp11.111M0 IC0M1103Hanjy ca 	Ao6Haamo 
dx' 

upq 8„1  Sn=vpq  Sp 81„ 
Ti. 

—1 	—1 
V.,,, 

na BEXIMO /la ocraje y BancHocrn y caanom norrycznaom cacremy Koopnanara, 
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Y ODOM cHriajy je N=4, k =3, r= 2, na je 6poj HC3BBHCHHX KoopmmaTa 
TeH3opa u„, 

n=4.(
4)= 4±1=4.6=24, 
2 	2 

Tj. og Selo yicynHo 64 (yicynHH 6poj xoopnmaaTa TeH3opa u„, je 4 3 = 64), mo-
xcemo canto 24 6HpaTH lip0H3B0.16H0. 

3agaTaK 80. (0,(1e.TbaK 11., 3anaTax 11.). Hem y ABOAHMell3HOHOM npocTopy y 
onHocy Ha Koop,gaHaTHH CHCTeM xi 6yny Bare KoopminaTe TeH3opa rm, 

t11 	1 ,  t12 = 0,  

t21 = 0 ,  t22 = 1 

OnpenH.TH xoopnmEaTe Tor TeH3opa y onHocy Ha cHcTem KoopnEHaTa is xoje 
cy onpebeHe jenHaHnHama 

5c' = (x')2, x 2  = (x2)2 . 

HantlCaTli apegnoc rll HOBHX xoopAHHaTa 3a noce5He apenHocrx xoopnimaTa 

x 1 =1, x2  =O. 

Peuielbe: Y onHocy Ha cacTem xoopnHHaTa 	Koopnkniare =Tor TeH3opa cy 

(1) 	 = 	, 
O xm ax" 

rne je 

{t-}=1 10  °I I. 
143 je,anaHHHa 

xl = (x1)2 , 	=. (x2)2,  

no5Heamo 
ai2 	axe 
 = 2x2 , 

O xl 	ax2  

Taxo Ea, Ha ocHosy (1), imam° 

	

711 =ill ail ail ± t12 Oil Oil
+ t21 ai

i ai , 	a5-ci ail 
	+ t22 	= 4 (x1) 2 , 

a xl a x 1- 	Ox' a x2 	Ox2  6 xl 	a x2 a x2 

di' ai2 	A c.i. a ;2 	a .i1 0k2 	ai l 0i2 
i i2  = tit 	+ t12 s" ''''  ail t21  	+ t 22  	= 0, 

axl. Ox' 	a x1 a x2 	Ox2  d.xl- 	Ox2  Ox 2  

c-2 	ai2 	
+ t 

a j,2 Oil 	a 

	

tn   t 12  	 + t22  	= 0, 
xl 	ax' a x2 	a x2  Oxl 	dx 2  a x2  

di2 6i2 	6;2 i2 ai2  ail ai2 a*-2 
172'  = t 	 T" 	+ t`' 	+ t`" 	= 4 (XT. 

ax' xl 	()xi- a x 2 	a x2  Oxl 	ax2  ax2  
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3a BCHOCTM = 1 H X2  = 0 5Hlie 

111 = 4, t I2  = 0. F21  = 0, 122  = 0, 

11.11H, y o6nHicy maTpHue, 

{if./}- 	°0 1. 

3auaTaic 81. (Onemax 11., 3a,aamic 12.). ,L1oxa3aTH na axo je v i  KoHapiajaHTHE 
aexTop, raga je 

v, 

	

ax./ 	xi 

afiTHcHmeTpHqHH xosapHjaHTHH TeH3op npyror pena. 

Peuresbe: YBCHHMO o3Haxy 
()v. 	a v. J  -= Up . 

Jlaxo je noxa3aTH, pa3meHom mecra HH,BeKCHMH i H j, Aa je 

uti = — 

Tj. na je cHCTeM 	awrHcHmeTpHHaH. 

Axo H3BPPLIHMO TpaaccI)opmanHjy KoopnaHaTa, 

= (xi), 
Tana je 

— av,  aiT; 	a 	axP\ 	a  tv  axg_\_ 
kvPaii,1  aii 	‘, a xl 

avp  axm a xP 
+ V 

a2  xP ay 	dxq 	a2  X q  

dxm axi 	P 	&if Ox' a if axl q  

ay, ax' axq av ax' axq (avi  avg) 	axq 
=147 ax! 

 . xq 
axa 	ax' ax'axq dxf 	di) 	di' a.V 

Tj. CliCTEM Ito  je alITHCHWTp144.H14 KoBapiljaHTHH TeH3op HpyroT pega, 1.11TO je 
H TpC63.J10 HOKB3B.TH. 

3a,E(araic 82. (Ogemax 11., 3anaTax 13.). Ilo3HaTo je Ea ce jenHaHrula enHnce 
moxce y onsocy Ha Hen,' gexavros cncTem IcoopnunaTa (HpaBOyTYIHX aim KOCO- 
yTHHX) Har1HCHTH y 05JIHKy 

a (x1) 2  + 2 bx' x2  + c (x2)2  = I. 

Onpe,arrx nplipopy xoe(pHnHjeHaTa a, b, c y onHocy Ea npoH3Honme Tpanc(Pop-
mauHje ,L(exarrroaHx icoopEHHaTa y paBEH. 

Femme: J1eay crpaHy jenHamme enance, 

d i l di' 
= 2 xl, — = 0, 

x' 	ax2  

0 xi 	xi 
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(1) 	 a (x1)2  + 2 bxl x2  c (x2)2 = 1, 	 ozmocHo 
oxl Oxi 

Moxcemo Ha IIFICaTH y o5nEncy 	 aim  — au 	— au  
ail a xin 

a xl x 1 + 2 b xl x 2  +c x2  X2, 

osaxne 3ausygyjemo Ha y °gooey Ha TpanatopmauHje (3) cscrem au  Hivra 
na nHTHMO Ha OHa npegcramba xHanpaTHy 4)opmy 	 upapony Amur.  icosapHjaHTHor TC1,130pa, Tj. Hoes:Pm:Wean! jemialiHae enance (1) 

smajy, y oHHocy Ha npoH3H0zHe xomoreHe Tpaucctopmaursje /local:frown xoop- 
au  xi xi, (i, j-- 1,2), 	 Amara y paHHH, HpEtpox(y ,HHarryr xosapHjaHTHor Temopa. 

ca xoecloggHjewrama 

{au} = [
a b

). 
b c 

IlpeMa TOMB, jenHanHEry (1) Mox:emo HanHcaTH y o5nHxy 

(2) aux' xi= 1, (i, j= 1,2). 

1.1poi3son,He xomoreHe TpaHccpopmausje geicapromx KoopaHHaTa y paHHH 
jecy nmeapHe Tpaucri)opmaruije o5nEnca 

(3) = bi xJ, (i, j= 1,2). 

Axo y (3) H3Hpuram0 Homnomatajy ca cticremom 	rne je 1311` xorlaarrop enemeHTa b;, 
y AeTepMHBaHTH b,1, Ho5HHamo 

Bit xi B i; 
Tj. 

141 ak x4= 
ogaK.The cfiegn 

xk = pi; ic (plc = Bi; 
I bif  

ca,aa, (4) yHecemo y (2), Ho5HHamo 

(5) 	 au  PI (34, ics 	= I . 

C o53apom .n.a je neHa crpaHa jezmaxame (2) cicanapHa HHHapHjarrra, TO ce °Ha 
TpaHallopmrune Ho 3aKOHy 

aij xlxJ=au  xi xi =1. 

AKO OBO HOKOPHCTHMO, jeArramuly (5) moxcemo HarmcaTH y o5nHxy 

au  (3; (3:„ it xm = dim XI  Zs", 

Tj. 	
(a, pi, pin  — 	= O. 

Kaxo ona je,HaanEvaa mopa Ha Hawn 3a npoH3Hon.He TpaaccpopmaitHje ( 3), TO 
mopa 5HTET 

ail 	— aim  =0,  

3aHaTax 83. (OHen.ax 11., 3a,HaTax 14.). Hen 5y,He ;TAT Tea3op Suk  xojH he 
6HTH airrucHmerpanaH y omrocy Ha zwa HpHa HHAexca. 0AptuRTH TeH3op Tuk  
xojn he 5HTH arancemeTpHqaH y omiocy Ha Asa nocnemba HH.Hexca H 3aAoHo-
maHaTH jeHHainffly 

Ti jk TN, = S jjk • 

Peraeme: UHKAHTIKHM nepMyTaX1HjaMa Eumexca 1, j, k, H3 ropii,e jeaaa‘irme 
no5HHamo jom ase, TaKo Aa Hmamo 

TiJk TA' = S ilk ,  

— Tkjj —  Tijk =-* Sky, 

Tjkl+ Tkjj  — S iki • 

Ca5HpaEbem °mix je.rwarmaa no5HHamo 

— 2 Tuk  — SJtk — Sikj —  SAD 

o,aHocHo, c o53HpoM Ha ocoSaHy aHTHcHmeTpaje Telfaopa SUk  y oxsztocy aa lapsa 
Asa tufnexca, 

Tjjk= 
1 

(So, S,+ S jkj). 

Jlaxo je HposepHTH, pa3menom mecra HEmexcHma j a k, Aa je lump Tjjk aaTH-
cHmeTpanaH y mulocy Ha nocnemba ,to3a. HHHexca, Tj. Ha je 

1„, 	 1 Tog 
2 

kaku S ijk S 	
c 

2 	
Sfik Sjki) 	T ijk • 

3aHaTax 84. (0/Aen.ax 11., 3aAaTaK 15.). Y °gamy Ha Amp-cop npaHoyrnit 
cHcrem oca y1  y paBHH naTe cy y TalixEr (1, y-3) KoopHaHaTe u11  Hexor memo-
MUM' TeH3opa Hpyror pea Hape.asum Hpe.n,HocTHma 

2  U.1— , 	.2 	y-s, u 

0 Apexarra omiocHe HonapHe xoopgaHaTe 	p,  z2 = p)  Te Taixe H Hose soop- 
rnim H I  A 	., HaTor Tea3opa. 

(4) 

2 
= 

z 
U.2 u• 
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Pewene: Ha °amity sera Hameby nonapintx a gexapTorolx npaHoyrartx mop-
=Ham, 

xl 
= p = 1/(y1)2 (y')2, 

(1) 

i2  = p = arctg y2 , 
y i 

onnocne no.napne xoopnnnaTe ,pare Tanxe cy 

= 	3 = 2, 
(2) 

arctg — = —
n 

 • 
1 	3  

	

Caga, Ha °atm 	(3), (4) H (5), RoopnimaTe 	menionnTor TeHaopa 	y 
nonapHom cacTemy xoop,annara, cy 

1 

	

, ai l ay, 	i ail ay' 	2 a 1  ay' 	2 a i l  eY2  _ u.1----u.,—-i-u .2   	+ U.1 	+ U .2 	— 
a yl a.i, ay' a"' ay 2 di..-1 ay 2 (33,-1 

– 2 cos' .c 2  — 17-3 cos i 2  sin :0' + 0 cos .i 2  sin .. 2  + 6 sin2 i2 – 

= 2 cos' .i2  + 6 sin2 i2 , 

alcl ay' 1 	1 	+ 
,lail aY 2 2ail aY 1 2a*.1  dye 

u .2 = U .1 *— 	U .2 	+ U.1 	+ U .2 	_ 

	

ay'  d.x 2 	ay' d.i2 	(3)72 a xe 	0,2 axe 

= — 2 i I sin )7 2  COS i 2  — 0 50 + 6 5E 1  sin i2  COS .1 2  = 

Koopmmare meinonnTor TeHaopa 	y nonapHom cHc-remy KoopnlinaTa 	 = 4 sin 5E2  cos x 2  — 
Hobnaamo no o6pacuy 

(3) 

npu nemy je, y naroj Tama', 

H3 (1) nobnnamo 

oy' 
u 	u „ 	 

ay'? axe 

fu n.'„) ={ 1,2-j  

2 	1 a 5E 2  41  1  a 	ay2 	2  ai2 ay' 	2 axe ay2 
- u . 1 ----u . 1 -- —+u . 2 --- '-'---- -4-  U • 1  	+ U .2 '--"--'..-  -- = 

41 ail 	ay, ax' 	ay2 ai, 	ay2  di" 

2 	_ 	 6 
= – — sin x2  cos x 2 

 + .)7 1  il  
—
0 

+ — sin ,i 2  COS i2  = 
X I 

4 
—
x 

sin x2  cos 3E 2  + 	, -1 

Y 1 
	

y2  
ay, v(yi)2 + (y2)2 	dye  Y(

- 

y1)2+ (y2)2 

Y2  	ax2 Y 1  
ay , 	(- 

	

y1)2 ±(y2)2' 	dy2 (y1)2 + (y2)2 

HJIH, axo ileicaprone xoopAHHaTe n3pa3nmo nomoby rionapnux, 

(4) 
a x 'ail

= COS 	
_ 

— sin x2, 	
z..2 	1 

smx 
 . _ 
2, 	

ai2 	1 
	 — COS i2. 

dyl 	 dy2 	by' 	x1 	dy2  ""1  

Ha acrd Haman, H3 penamaja 

yl 	do s  

y2  =x' sin  

- 2 	, a  .i2 ayl 	1  oi2 ay2 	2 ai-2 ay, 	2  ei2 o y2 

U . 2 = U . 1 ...'.- 	+ U . 2 '-- ..--...... + U . I 	- + U .2  	= 

	

ay' di2 	ay' O.F 	42 ai2 	42  d3E 2  

= 2 sin 2 32 2 + 0 sin 5E 2  COS 5E 2  V3 sin 5c-2  COS i2  + 6 cos 2  3E 2  = 

= 2 sin2  ic'2  + 6 cos' i2 . 

	

(

Bpennoc-rn oinix icoopAn 	 nial nara y HaToj Ta 	(ca xoopmniarama 5E 1 = 2, 

.i 2  = —7c ) cy 
3 

_ i 	n. 	. 	7:. 	1 	3 	20 
u . 1 = 2 cos2 — + 6 sin2  — = 2 . — + 6 . — – = 5, 

3 	3 	4 	4 4 

U .2

- 

 = 4 . 2 . sin 
r.
-- cos -- – 2 y 3 = 4 . 2 . —

1
– 2 I/3 = 2 0 – 2 0 = 0, 

3 	3 	 2 2 

dy' 
= cos X.2, 

ay2 
= sin 

dyi 
	= i1  sin ai 2 

a  w2 
= COS 5E 2. 

2 	4 	7[ _
. 1  = 	sin 	

7C 
u — i 	— 	

4 . 0 .  1 0_0 

2 	3 cos 3 2 	2 2 2

+ 

 2 – 2+ T 

11.2 = 2 sin2 —
7c 

+ 6 cos2  = 2 - -i- 6 . 1 = 3 + —
3

– 3, 
3 	3 	4 	4 2 2 
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v i vj = 0, 

qKZ' vic V = 0, 

Hpema Tome, H3 jeria9Hee 

cHeHH 

oHnocao 

(2) = 
bi7 

 — — . 
Yn  a 

a ;cm axt ax" 
ca , OB0j jeAaWTaBB H3BpLUBMO Kommonsaijy 

ox'nax! x" 
2 	(i, 	alb a' ( = 	w ,m, 1, n) — —, 

I, k 	 m, 1, n 	 a 5c-a ail, 

4opMa 

MT° 3Ha9H Ha je w (i, j, k) xosapHjaHTHH TeH3op Tpeher pe,aa, na, Ha ocHoay 
KoHaeHaBje o o3Hariaaaay KoaapHjaHTHex TeH3opa, moxemo HHCaTH 

W (i, j, k) w 

3aaaTaK 87. (0,aemax 12., 3aHaTax 2.). Hexa 5yge HaTa 6arnmeapaa TepHapHa 

a1J a:v-1, 	j= 1, 2, 3). 

HanacaTa joj opHocHy 103a.apaTHy otopmy H oHrosopHTH Ha rename: xag Ho6H- 
BeHoj xaaapaTaoj (1)opmH ogroaapa canto jegaa 6Hameapria 4)opma xao HO.Ba3Ha? 

58 	 IL TpauccPopmagaja ripoixembamx. Tamp= anreopa 

Rug, HpExa3a.He y 	maTpHae, 

1/5-j  03  1 .  

3aHaTax 85: (0,aemax 11., 3aHaTax 
q" mopa 6HTH Hyna-Ten3op, axo 

penamtja 
gljv,vJ = O. 

Peuserbe: C o63Hpom Ha je v 1  HoTnyHo npoH3ao.aaux Berrop, Mn ra moxemo 
H3a6paTH axo Ha My me xoopHHHaTe 5y.ny jegHaxe Hynes 11.3y3eB 3a i = K, 
j= L, Tj. 

vx0 0, vy0 O. 

= 0, (v, 0 0, vz, 0 0), 

Kaxo 6pojeBH K a L mory 5HTH ma Kg* H3 cxyna 6pojesa 1, 2, ... , N, eirefig 
Ha, mopa Sam 

qu –0, 
mTO je H Tpe6a.no noxa3aTa. 

12. Cleanapol upomoil Bacropa. KpirrepHjym 3a oapehnambe Tea3operecor 
Kap:tic-reps ClICIWila 

3aHaTax 86. (0,aezar 12., 3agaTax 1.). Axo je uu xompaHapHjaHTH Temop 
,gpyror peaa, vk  xoaapHjaHTHH Berrop a w (1, j, Hera clicrem Tpeher pega, 
noxa3aTH H3BoheH,em TpanctopmauBje aa je y enriajY 

2 w (i, j, k)uu = vk , 
i. J 

yaex 
w(i, j, k)– wuk  

Peamme: Axo H3aptuamo TpaaccDotimaixlijy 

= (xi), 
Sadie 

(1) 	 2 iv-  (i, j, k)au =v,. 
1, .1 

C o63Hpom Ha je u 1J HsarryT RourpaaapHjaHTHH TeH3op, mum ce H>eroae xoop-
AHHaTe TpaHapopmmny Ho o6pacuy 

Axo To 3ameHmmo y jezula=may (1), Ho5Hsamo 

„,, 	a 	a x' 
}T,  o, j, k) — ---v, 

.1 	 axm az" 

o,allocHo 
a5c1  2 iv 0, j, una — — 

 axJ 
  = w on, /, 	

a 
. 

1,1 	 a xm xl 	nr,1 	 ik 

143Bp1.11113/10 nH y oHoj je,a;HaaHHH Komnomudy 

Tv. (i, j, k) 	
a 

—
a a 

J, k 	 o 	xm 
oH,HocHo 

(4) 	 2 um, (
1,J, k 

Tv-  0 	di' ()V dik 
, j, k) — — 	–w (m, 1, n)) = 0, 

t xm a x< 3xn 

°Anne, c o53apoM Ha je uml Hp0H3BOSBHH Tex3op, czegH 

wt, j, k) 	—(Lik  –w (m, 1, n) = 0, 
1,J, k 	 axm Oxiax" 

ax1  a ij d5ck 
1 IT (i, j, k) 	 I, n). 

t„), k 	 xm ()xi a x" 

ail de' axJ art a3Ek ?el 	 „ xi" Oxlax" 
2 (4 k) —  — — 	 --- w (m, t, — — 

a, J, k 	 ax"' a 3c-a a xi 4;7' x" ic m, lot 	 di° a ib die 

Tj. 

(a, b, c)– 	w(m, I, n) 6.7cm ax
1  de 

 
m, t, n 	 ab arc 

16.). lioxa3aTH Ha cameTpasHH Teroop 
3a HoTnyHo np0113B0JbMi BeRTOp v, Bata (3) 

axk  
ca — , Hooma.mo 

ax" 

w (m I, n) Zed  
m,1 

Tj. 

Axo, caaa, y 

6Haamo 
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Petuerae AKO y itaroj 5I4JIHHeapaoj 47opMH cTaBHMo u' = v', Ao5HSaMo Ksallpa-
THy c 3OPMY 

a;J  u' u1. 

Yxonxxo Cy KOe4)H11HjeHTH oBe KBagpaTHe 4 opMe CHMeTpwmH, Tj 

a;J  = aj„ 

o u a Taxsoj KBa.gpaTHoj 4 OpMH oArosapa CaMo jeAHa 6HJIH 1eapaa optrla Rao 
uoJIa3Ha, KOja ce y TOM c.trygajy Ha3HBa no.napxa SHnHHeapHa cpopMa. 

1[o5HBaMo 

SKr=fie axl axJ ax' A _ leP4t axP ax4  ax' 

Ox' a ax< 	axk axr axs 

_te°b°e 
axs Ox' ax'  axl Ox P ax4 _ 

P4; axc axs ax' aXb  axk  aXr _ 

l aS axJ axP aX4  

=ebceP4lgC ax" Ox" axk Oil' 

3aAaTaIc 88. (Ogeii aK 12., 3aj aTax 3.). HaHHCaTH Tp HJIAHeapay 4 op ty no 
xooplwHaTaMa u', v' H W' TpH ICOuTpasapHjauTHa BexTopa iIHjH Cy KOe4 R11HjeHTH 
xoopg mare aHTHCHMeTpHgHOr xOBapnjanTHOr TeH3opa Tpelxer pe,~a a,Jk  (i, j, k = 
=1, 2, 3). Ha IIJTa Ce CBOIIB Ouaocaa xy5Ha 4opMa? 

Pewewe: TpaJIHHeapHa (popMa je oSJIHxa 

aw. 
ui vJ H.k 

O (trosapajyhy KySuy 4 OpMy J{o51IBaMo craamajyhH u' = v' = W. IIpeMa TOMe, 
OHa je o5JIHxa 

a,Jk  u' ul uk. 

MC1jYTHM, C O53HpOM Ha aBTHCHMeTpljy TCH3Opa auk H cHMeTpljy Tea opa 
U1  of uk, cnelLH 

auk u ' ul uk= ajlk uf ul uk =  —a,Jk u ~ uluk=0, 

Tj. xy5Ha 4 opMa xoja o.r roBapa aaTOj TpHJnlneapnoj 4 opMH je jelwnaxa nyJlH. 

13. PeJIBTHBHH TCH3OpH 

3aaTaK 89. (OueibaK 13., 3a, aTaK 1.). IIOKa3aTH HOTIIyHHM H3pagyuaBameM 1[a 
je KpoHexepoB CHM50n 8k, anconyTHH TeH3op 9CTBpror pe.ua, gsanyT xoHTpa-
BapnjaHTaH H 11Ba11yT xosapujaHTaH. 

Pewe%e: KpoBexepoB CHM SOn geTBpTor pea Mo)KeMo, noMohly e-cucTeMa, 113-
pa3HTH Ha Cne11e1 H HagnH 

it 	iia 	s skr=$krs=eiy 
 ekfs• 

IIpeMa TOMe, y HOBOM CHCTCMy KoopAHara he 6 IiTH 

ls - 8 kr = e ekrs 

C o53HpOM Aa je CHCTeM ells  perlaTHBHH TCH3Op Te)I(HHC + 1 (TeH3opcxa 
rycTHHa) H 11a je ekrs peJI THBHH TeH3op Te)KHHC — 1 (TeH3opcxa xanalrTeT), 
Tj. Aa ce Tpaxc(popMHuly HO 3aKOHHMa 

o abe ax' axl axs  
axa ax1' ax° ' 

aXP aX4  aXl  
ekrr—V-i 

eA4l a C' ax' axs' 
 

Tj. 

Sij sab  axr axJ  Ox" Ox" 
PQ 

 Ox" Ox" Ox" axr'  

IIITO 3HagB Aa je Sk, anCO'IYTHH TCH3Op geTBpTOr pe.ga, )SBanyT xoHTpaBapli-
jaHTaH H 11BanyT KOBapHjauTaH, WTO : ' H Tpe6ano noIca3aTH. 

3aAaTaK 90. (OJgemax 13., 3a. arax 2.). IIoxa3aTH Aa je 

C'1 12  - 'N C. 
i 1  ~ 2 ...'N 

cxailap H OJ[pe11HTH My BpelwocT. 

Peweme: C o63HpoM Ha rpaHc (popMawIone o6pacue KoHTpanapxjaHTHor n Ko-
BapHjaHTHOr e-CHCTeMa, 6Hhe 

	

'~ 	 " 	 i e12...'Ne. 	=0ehlz'--INaX 	aX 	A _ le 	O x" 	aX kN 
i, i2...iN 	

aXJ I 	aXJJ`` 	
k ~ k2...kNa x

l, 	axrN 

Tj. 
;2 ... iN

f 	
=ei~ i2... ;N e. . f I 72 . ..lN  

o11axile 3aKJbygyjeMo Aa je a"'2 ••• 1N e, 12 _
..1N 

cxanapna HHBapujaara. BpeTHocT 
osor cxaJlapa jeRHaxa je 6pojy uepMyragnja oA N eJleMenaTa, Tj. 

e11 12". tN 
et2 ;2 ...;N = P (N) = N! 

3a1[aTaK 91. (OAen aK 13., 3agaTax 3.). Arco je t,,. Hexes anConymH aHTHCnMeT-
pHgHH TCH3Op y HpOCTOpy 011  `IeTHpH uHMeH3Hje, noKa3aTx ,qa je Taj~a 

tl4 t23 + t24 t3l + t34 t 12 
cicaJlapHa rycTHHa. 

Peuleme: C o63HpoM 11a je t,, aacojlyTHH xosapnjar(THH TeH3op, oHJ a My je 
TpaBC(pOPMa114OH11 o6pa3au o6nmca 

Ox" aX4 
(1) t.s°tP4- ax~ ax=' 
npH ' eMy je 

(2) tP4 — t4P, 

A 

(3) t,,=0. 



Ha ocHony rpaH4opmarumHor o6pacua (1) cnemr na je 

- - - 	- -axP axe axl az"' 
1 14 t  23 + t  24 '3 1 + t  34 t  12 = tPq 	a )74 tin: a i2 op +  

Ha Ham Hamm, 113 rpaHotopmarr,HoHor o5pacga 

as, aii dXi 

ax' 

= A, 
axf 

aii 

13. Pena-nom Tampa (89-98) 	 63 62 	 II. TpanccDopmaimia npommumutmx. Tamp= anreSpa 

axP axe 	axl axm 	axP axe axl axe' t 	 5  
Pg 	ai4 a.x-3 	

tpq 
	ai4 	axe 

Ao5HBamo 

    

 

laul=latel 
ail 

 

axi  
a x' 

     

BBB, axo noromm 3aMennMo HeMe HHnexce, 

_ _ 	_ 	 , az" axe axl axm 
114 123 + 124 131 + 134 112 = (cm + t gm t + 11,1,0 	 • 

Xl X2 a X3 a X4 

C o53HpoM Ha (2) H (3), =rem 

upon,- tpm  to + tqm  tip  + tlm  tpq  

je noinyHo aanwnmeTppriail, re ra moxemo Hallman! y ob.ufficy 

(5) Upqlm = U 1234 eptilm• 

Axo, nan.e, (5) yneceMo y (4), no5Hrsamo 

- - 	 OxP axe ax1  axm 
1 14 123 + 124 131 + 134 '12 = U1234 epqint aii 

0,11H0C110 

- - - - - - 	 axP axe az' az"' 
(6) t34  123  + /24  t3i  + /34  /12  - (t, 4  123  ± 124  /31 + 134 	 — 	. 

ail a:i2  crx3  die 
Mel)yrilm, xaxo je 

()xi' axe Oxi ()xi" 
epom _ 	- 

axl ax2  ox 3  ars 
no5nnamo 

11 4 123 + 124  In  + 134 112  A (t14  133  + 124  /32  + 134  t12), 

onaxne 3ax.myriyjemo na je t 14  123 -I- 124 t31 + t34  /22  cxanapaa rycrkma, urro je 
Tpe5ano noxa3arkt. 

3anarax 92. (Onemax 13., 3anarax 4.). Axo je a il  anconyrHs KonapajaHrHH 
TeH3op, noxa3ant na je I ati  I penarmma HunapHjaara rename 2. Onpennrs 
npHpony nerepmmfaHara 101 H I I, axo je afi anconyTHH KoarpanapHjaHrHH 
TeH3op npyror NAB H a1 MelII0B0TH reroop npyror pena. 

PeUteThe: Hi rpancctlopmanHoHor 
gpyror peia, 

ax' ax: 
au -a„— — , 

ax' 
Henocpenno no5anamo 

I au 1-1 4-u l— lasi l 

oaax.ne aaKihriyjemo ,aa je I a u  I penarmma cxanapHa HanapHjama rename 2.  

°name samysyjemo na je I au I penarmma cxanapHa imnapHjairra rencane - 2. 
3a nerepmmanry memonnror rea3opa a:fp  no5Hsamo (mum 3anarax 75.) 

3anarax 93. (Onmax 13., 3anarax 5.). Axo je a„,„ anconyraH KonapgjaHrnH 
romp, noxa3ars na cy xocbarropH enemenara a mp  Y nerepmmiagrx I a„„, I 'coop-
Arnim penarmmor xorrpanapHjaHrHor reH3opa rename 2. 

Peruembe: Axo je Ann' xo4larrop enemegra a„„, y nerepmmiarn I a„„, I  , oH,ua 

am„ An' - I a„„, I 8`„ 

sae, axo Hmmummo xcorrpammjy no Hanexcnma t H m, 

a„„, Am" N I 	. 

Hoene xoopmmarHe rpanccPopmarulje, 

- (xi), 
5141e 

a. Am" N I a„,„ I 

Meyrrim, C 053HPOM ,171 je (mom nperxonart 31LX[aTalc) nerepmHHartra xonami-
jaHrHor reH3opa ,npyror peza cicanapHa mmapHjagra rename 2, rj. 

I am,, I = A2  I amn l , 

t7n,„ .47P" = A2  a mm 	. 

Aico, =at, xoopmmare reH3opa am„, y HOBOM micremy Koop,amlara, H31Yd3HMO 
npexo iseromix xoopmmara y crapoM cHcremy xoopmmara, no5nsamo 

xi - 
a IJ 

 ax' a 
 - Anm 6,2 At: 

axm axm 
OnHOCHO 

7, () xi oxi 	A , a 	 = o. 
a)7'n din 

C o63HpoM ;la ona penaggja mopa na Banat 3a 11p0113BOJI,H0 ao  mopa 611Tx 

2mn  a x' a xl A, As ,. 
axm a xn  

(4) 

o5pacra auconyraor xonapHjaHrHor reH3opa 

ax, 	x' 
axf axi 

je 

5Hhe 
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o 5CP d 
AKO, caza, y oaoj jeanaximm H3BpIIIHMO icomnomi,Hjy ca 

dxJ 
x' a i" dal dig 

A" d 
	 -A2A;i dXQ diP 

aX m  dx' din dxf 	dx-1  ()xi' 

ao5m3amo 

dx' 

	

AKO y oBoj jegBaximin, name, 113BpIIIHMO Komno3praHjy ca  	Ao6HRamo 
dx"' 

B; 
a 	ax' dx"' dig 

	-B., 
m ax' dig 

,  

	

dx" di' dxj dx"' 	di" dx"' 

0,11HOCHO 

Anm  S .n sr, 
dxf dx' 

HJIH, KOBBAHO, 	
Aep = Atij O.ig  a 3LP 

dxj ()xi 

ogarae 38.K.7by9yjemo as cy xocbarropH A nr" eaemeHaTa a„,„ y acrepmmiaHTH lamn , 
KoHapHjaHTHor TeH3opa,apyror peaa, RoopzumaTe xourpaHapHjanTHor pegarm5Hori 
TeH3opa apyror peaa, Texame 2, IIITO je H Tpe6a.ao nogaaara. 

3aaaTag 94. (0,ae.rbax 13., 3agaTax 6.). QapeaHTH TeroopcKH raparrep xoltax-
Topa y aeTepmanaHTH o6pa3oBaHoj oa xoctexTopa ,neTepmnnanTe: 

a) memoallTor TeH3opa apyror pena, 
6) penaTHBHor xotcrpaBapnjanmor TeH3opa Texame -F  1. 

Pememe: a) Hem je A j., xocDaKTop enemeHra 	y neTep.mmianTn 	! , a B 1. 

KoctaxTop eszemeHra A i., y neTepmkulairris 141. Tana je 

B! =14181,  

Tj. 

ax' dig 

dXp d.x"'' 

KoHa‘mo, 

n dig dx' 
. 	- 

dx"' diP 

MT° 3HanH as je 	ancanyTim MeLUOBITTH TeH3op apyror pe,ia. 

5) Heim je a" penaTHBBIT KotapaBapnjawrini Ten3op Texanie — 1, °Ape-
nnmo, npBO, npnpony geTepmnnairre I Q U  I. H3 Tpancci)opmanmonor o6pacaa 

au = 	°ii  
dx' dx'" 

cneaH 
aimdil Oil 

= 6,NIal'"I A-1  -- 
Ox' d xm ,  

Tj. 

l ay =__ AN-21 au 
HHH, ago a3aparamo KonTpannijy no mineicciama i H k, 	 (4) 

(1) Afjba. = NI 41 . 	 HIT° 3HWIA as je I di I penaTHBlla cicanapna nnBapnjairma Texcnne N - 2. 

MebyTHm, xaxo je Ai. 1 memoHHTH TeR3op (mum 3aaaTax 76.), iberosa ,acrep- 	 06enexalmo ca A il  KoctoKrop e.aemeaTa au y aeTepmrmaHTH I au 1. Tana je 

mmiairra he ce Tpaiial)opmacarn no 3aKoHy (SHAH 3aaaTax 75.) 	
(5) 	 au Ai, = N lauI. 

I A! ./ I = I 41, 	 Y HOBOM cHcTemy KoopmmaTa 	6Hhe 

UITO 3aMenoM y (1) aaje 

(2) f i ei = 	. 	 (6) 	 au Ai;  = 

Y3amajyha y o63ap (4) n (5), H3 (6) cneaa 

(7) 
	 jij;iii=  AN-2 aii Aji.  

ARO, caaa, KoopamiaTe reH3opa ;76 Hyammo npexo kbeTOBTIX KoopasnaTa y 
crapom Koopnanarnom cncTemy, no6nBamo 

I 
A.  	

 dxm- • 	1 . 
. 

dx' di" 

OnHOCHO 

A!„,(.13 j j ii °x'n  
dx 1  aij 

C o63Hpom ,aa oBa jennowna mopa as sawn 3a Hp0H3B0JbH0 A n, , mopa 

	

r)-rnt 	r. 
B`1 =-L- 

dx1  di-1  

Aso, aa.rbe, Koopamirre TeH3opa 	H3pa3Hmo Hpexo H,eromix KoopmmaTa y 
cTapom RoopmmaTHom cucTemy, ao5HBamo 

alm  di' _ A .. _ AN-2 abn A i .=  
dx' dx'n 

0,LEHOCHO, C o63lipom as  je ab" Hp0113BOH.110, 

.TC.1  
A-  	— AN-3 A . 

j'  xl ex"' 

613TH 

(3) 
(8) 

5 PCILIeM1 npoSnemz 113 -reH3opcxor pasyBa 



MT° 3lia.111 Aa je A u  penararnin xoeapmjarrum renaop rexcnne N- 3. 
Onpenxmo, cam, npupony ,rxerepmnnairre I Au  I. 143 (9) cnenxi 

AN-3 A xm aXi 
ml 

aig cuP 
I Apgl= AN(N-3) I Ana  I AA, 

C o53apoM na y oaoj jennamnin And  moxce 6HTH nponnon,ao, cneng Aa  mopa 
5HTH 

axm 6.xl 
(14) 	 =AN2-4N+5 Blm  

na je 

r 	r  
x' ax' 

 

1 	1 	I 	1 

2 =Irhn l1-  • 1 2 • 4 , 
d xi x"' 

rim  
x

- 

' a x" 
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xl x"' 
H3BpITHEMO 	calla, icommonamjy ca — 	, ,ao5kinamo 

d iP 

axm °x '  Ji s P q 	
a .Zg 6 HHH, KOHH4H0 

13. PenaTIEB1111 Tex3opa (89 — 98) 	 67 

af = AN2-4N+5 B lm b ig d iP 

dx 1  

0,1(110010 

(9) 
d  xm  d A 	- 3 A 

qp  ml 
ig axp  

B

- 

gp = AN2 -4N+5 Bern 	aiP_ 
ax' de' 

ITITO 3Hanu na je 	penarionni xoffrpasapnjannin renaop Texame N2  - 4 N+ 5. 

3anaTax 95. (One.rbax 13., aanaTax 7.). Axo je r anconymn renaop y npocropy 
OA gernpn nnmen3Fije, noxazarn Aa je L netimincano jennammom 

L = I ru  I 2  

cxanapna rycnina. Ilpornan ren3opcxn xapaxTep cncrema fi H 	ecl)Hanca- 
HflX  

na je I A u  I penaTnena cxanapna nnaapnjanra . roxime N2  - 3 N+ 2. 1 

Tana 
05eneammo, naj3a,a, ca 1311  xo4)arcrop enemenra A u  y nerepbAnnaarn I Au 	 f

. I. 	 6 L g
u  =fu  IJ' I 

-- 2 
u-  je 	 = dr  

(11) A u  13" = N I A,i  I. 	 a HCTO ram) a npspony cncrema g Aednunicallor ca 
Y nosom cncremy xoopannara xt , 5ahe g g = 

(12) 71u  =NIAu  I 	 goica3arn na je 

onaKne, yanmajyhn y o63np (1 0) H (11), cnenn 	 Ig = Ifu  

(13) 2,, = AN2-3N+2 And  Om. 	 Pememe: Y xoopnrinarnom cncremy je 

Tj. 

(1 0) I Apo I = A l° +3N  +2 Apo 

Atm cam NoopannaTe A,, napaanmo npeico goopagHaTa A„,/ , noMOhy °Spam. (9), 
Ao5lisamo 

xm X i 	N2 -3N+2 ' AN-3 A  	- 	/1m/ km , mi 

0,E(HOCHO 

Am1(73ii x'"x  xi _ AN2-4N+5Bpn = 0 .  
ail ax'  

1 

= rij  2  . 

	

Y BOSOM cncremy Koopnunara, 	je 

	

L 1 /- 

	

*W1 2= 1 17i.P' 

Mebyrnm, c o53npom Aa je ru  anconyrns xonapnjairrnn remop, TO je 

a xl dxm 

.TcP 
noon Komnommje ca — — H3 °Be jegaalinne Ao5uBamo 

x"' axi 

- dxm diP axi ()Fe eiP AN2 -4N-1-5 

di' 6 xm di" ax' 	 6 xl x'n  

°Ammo 

( 1 ) 	 L = 4 L, 

MTO 3HEVIH na je L penarnena cxanapna nartapnjairra TeXCIffie + 1, Tj.  cxana- 
paa rycTaaa. 



HJIH, KOFIB4HO, 

(3) 
	 J.0  = 

	
xm 

na ocHoHy Hera 3ax.lbygyjemo .73.a je 	penaTHBHH xoffrpaaapHjaHTHH TeH3Op Te- 
mme -I- 1, Tj. TeH3opcxa rycTilHa. 

Ha ocHoay ,aectounnmje cHeTema gi , Ti. 

frs 

y Rosond clicTeNty KoopRimarra je 

xopHeTehlt (3), 
gu  = I f- 2  , 

= fmt 	6  is  
= xm xi 

=Afmi  ail 	. 	2  frsl 2 .0 2  . A T . 
xm 3x 1 

 
. 

,Ltarbc je 

gii = 	flml frsi 
. - 	— T. air' e.zi 

xm a 
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CHcTem fij moxemo H3pa3RTH y 05.rancy 
N 

1 	
—,4-2 m.  aii , ) .5E.1 

a L—  a , 
rif 

 , 2 
— 

i 	a 	 iil = A 
fif 	

‘ g 1  ____ I ; 	 a xm lax! 
6 ro 	a ro 	 I ar.. rifi•  

21 ru 1
2 
 " 	 ogRocno, c o53npoM aa je N = 4 (npocTop oa geTapH AlimeH3Hje), 

M
enemeHm, Satre 	 (4) 	 pi = gm/ d.' a .ii 4 yTam, 'calm je R380,T1 uerepmaHaare no =mar ry jexustax Imo:Pax-ropy Tom 

a xm a xi ' 
fu —  1 RP, 

2 L 	 Ha ocHosy mera 3ax.rhy4yjemo na je g" ancanyrm xoirrpaHapHjaHTHH TeH3op 
apyror pega. 

rile je /2" xocbaxTop enemeHra r 0  y neTepmnHaHTH I ru  i .  Ha ocHoHy aecimunnurje cncTeMa g0,  Tj. 
Y Hoaom cHeTemy xoopuliHaTa 5nhe 

(2) 
2 L 

KopHeTehH o5pa3ar (1) Imo R TpaHettoopmauHoHn o5pa3aH xotimicTopa R 1' (BR-

AH 	93.), jeaHaximy (2) mowemo HanncaTH y oErnay 

A , Rim  aXi a  

2 Ll L 	axl 
OAHOCHO 

gkj = a ik,  

y HOBOM cHereMy xoopaHHaTa je 
— — . 

	

g 	= 	gkJ .  

Axo PICKOpHCTHMO o5pa3au (4), ,a0514Hamo 

	

— 	a5c-k a.Z.1 	a."k1mi 
 glig ax ax' —  II 6 , 

opHocHo 
A  1 Rim  di' 4)c' 

 2 L 	a xi xm 

— (lick a Xl  gm( 
(gil 	

 

Xn7  O x'  
g a  S„,) = 0, 

oaaxae cneax, C 

	

o53npom zka 	mo)Ice 511ni npOH3BOJLHO, 

axk dii =  gu a k 
g 11 	

m. 

()A."' a xi 

a xm xl 

	

Axo, Ra.rbe, 113BpLIIIIMO icomno3HuHjy ca   	, Ro5kmamo 
OiaXq  

amk a xm xl 

	

gii 	
I 	.3 iP a .3‘1  

ORHOCHO 

- k 	axk  OXl  
g iq ap - 

.77P c LiEq 

143apunimo, calla, xoHTpalculljy no HHaexcHma i H k, Ti. CTBBEEMO i= k. 
go5m3amo 

iq ' 3 P  	5
axp iq 

OAHOCHO 
xk a xl gpq  

a xP a xq 

Ha oeHosy Hera 3asuarlyjemo aa je gu  anconymn xosapHjaHTHH Temop upyroi 
peaa. 

xi x' 



HOHITO je N = 4, 

N 

18 1)1 	N 	— If" 1 2  

Ifs I 

Igul=1PI,  
mac je H Tpthano noxa3aTH. 

1 
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143 jeuHaliane 

cnerm ua je 

fkj  I frs  I 
0,21,HOCHO 

3auaTax. 96. (Oge.max 13., 3auaTax 8.). Axo cy cae xoopruniaTe Hexor penam-
B1101" TeH3opa y ounocy Ha Heim KOOpArtHaTHH cHcTem jenHaxe Hymn, SHhle °He 
jeuHaxe Rpm y ounocy Ha cae xoopuHHaTHe cHcTeme. 

Peuseme: YO‘IHMO Heim pejlaTHBHH Tamp TexcHHe M, p-nyTa xowrpasapajaHraH 
H q-nyTa KoaapHjawraH, 1114je cy xoopunHaTe y ouliocy Ha HCICH um] KO0p,Z(HIla-

TRH cncTem cae jeuaxe Hynes, Tj. 

t
k kz. . . k

P = 0. 
11 12 .  • • 1  q 

Taira, 1?3 o6pacua 3a TpanapopmauHjy xoopumara Tora TeH3opa y ma Koji ,' 
up}rH KOOPAHHaTHH cHcTem, 

k k ..k P  d 	d  VP  a xi'. 	xiq :2. • • = Amf 	2. 
11 12' • ' 14 	1 1 12 .. .1q 	xkl 	x1Cp 	 61'4' 

cneaH 

	

f i  i2  . . 	0  
ji -12' • 

Tj. }berme KoopuHriaTe H y ouaocy Ha Taj HOBli NoopurmaTHH CHCTeM cy cae 
jerufaxe Hynes, 1.11TO je H Tpe6ano noxa3aTH. 

3auaTax 97. (Ouenrax 13., 3auaTax 9.). 1Toxa3aTH ua axo ,Asa penaTHaHa TeH3opa 
HcTor perta, Tuna H TexHHe Hmajy icAHaxe xooprunare y ouHocy Ha jeuax Roop-
uxHaTEH CHCTeM, 6Htle HAIXOBe Koop,anHaTe jeufiaxe y oullocy Ha caare xoop-
AHHaTIO1 cHcTem. 

Femme: Yo'mMo Asa penamma TeH3opa TexcHne M, p-nyra xoRTpartapHjaHTHa 
H q-nyra xosapkijariTHa. H3 yCJI0Ba cy H,Hxotte xoopurmaTe, y ounocy Ha 
HeKH xoopunHaTHH cncTem xt, jegBaxe, Tj. 

U 1' 12 	1P  = V 1I 12.  • . 1P  
.11 12* • .4 	• .Jq' 

	

A_Maki k2 . . . kp  ()xi' 	ax' axis 	dxtq — 
1 1  12 — • I d x 	aik° ()xi. 	d xJq 

A_m 	. .
1  a 
	d 	..17 11 	d ... 

' '7 	0;k axle 	d xfq  

13. Pena-arum TeH3opH (89 — 98) 
	

71 

k2 . . kp 	k 2 ... kp  
rue cy 	 H V11 /2. . Iq xoopumaTe THX TeH3opa y HCKOM upyrom 'coop- 
AHHaTHOM cHcTemy 

Komno3Huujom obejyr crpaHa ropffie jeuHamme ca 

d 	d ir2 	&z'° d 	 axlq  

	

6)6 d x i2 	d x4,  d 	d 	d 
u06Haamo 

u11 12 .. .Iq ski 
akrl. 	akrpp 	1q  = 	..11c: a  kr 	 8, 1q 

OAHOCHO 
ri  r2 . . . = —v r 	. . .7, 

1 1 t2 	sq 	'1 '2. - • 

IlrTO je H Tpe6ano noxa3aTH. 

3auaTax 98. (Ouesaax 13., 3auaTax 10.). AKo je au  Tama anconyTHH usocrpyxs 
xosapHjaHTHH TeH3op ua 6yue jai./  I = a>0, noxa3aTH ua cy TaTha 

1 euk 

alICOJIyTHI4 TeH3opH. 

Paueme: Hoene TpaHc4)opmauHje npomeH3LesaHx xi y npomean.Hae xi, uo6Hsamo 

	

1 	1 
ax' 6x" d x' 

lea eiJk = I a  if1 2 eiJk = I a 1.11 2  A- 
Ox' dif axk 

unH, axo FICKOplICTHMO o6pa3au 3a TpaaccDopmaru4jy KoopunHara anconymor 
xoaapHjaHTHor TeH3opa a u , Tj. 

axi a xm  

	

aij  = 	_ 	, 
ax' 

uo6HBaMo 

( 3x 1  d xrn a °ilk= aim  dx' d_ 

	

=6, - -,  Li A T A T 	ax' axd d  
di' 632J a)71' 

0,1030CHO 

6x" 6x" ()xi 0/ a e uk) = c e„,) 	_ 	_ _ 
dx' dx- 1  ax 

	

Ha ocHorty 'sera 3amrlyjemo 	je 	euk  anconyTHE KosapHjaRTHH Tamp Tpe- 
her pera. 

Ha MTH Ha=nni je 

1 	II 	1 
1 	 T-  .,, 	, , --2-  , --2- --2- 	6ii 6.i) eik 

----ok=lal ev- — Li LX LI a e's— — —, 
Va 	 oxF 6x' ox: 

gk) = 

I 	 1 — 	
1 Igkll 

menu 

1/72 euk  

d xr axs d x' 
-1  er5,   	

dik =  



72 	 II. TpaHalYopmaullja trp0MeRnArBER. TeH3opcxa anre5pa 	 15. Ilojam exc-reintije. 3anpemmicnt extemewr. Opmjeirrauxja ... (101 -102) 	73 

0A,HOCITO 	 3a1aTau 100. (Onemax 14., 3anaTax 2.). Y 9erHoponomeH3HoHom npocTopy =- 
1  eijk ) ( 1 era  di' div 	 Ta cy meTHpu KoHapHjaHTHa BeKTopa _ )._ 	 

(Va 	 ax' axs ax' 	 {tj= {1, 0, - 1, 0}, {u 1)={0, 1, 0, 0}, 

IT 	 'a B14411M0 ,Eka je 	anconyTHE IcompaHapHjaHTHH reH3op Tperier pe,na. 	 {v,} {2, 1, 0, - 1), {w,} = {1, 0, 0, - 1). 
a 

0,apegrini H.14X0B CITORALITH.11 11p0143130,11. 

Peutetse: Cnomaunbn nporoso,a mernpn Harm xonapHjaHTHa Herropa naje Kona- 
pkijaHTHH aHTI4CRMeTp119H14 Temop merripTor pena 

14. Beicropcun, memomnrm u cuou.aumu upou3nou sewropa 

3agaTaK 99. (Onemax 14., 3anaTax 1.). OapeanTH y 9eTHoponHmeH3noHom npo- 	 KoopHHHaTe Tora TeH3Opa onpebeHe cy nerepmHHaHrom 
cTopy xoopromaTe 5HHexTopa bij xojn je onpebeH icoHTpasapnjaHTHnm nexTomma 

{111} = {1, 0, I, 2}, {vi} {0, 1, - 1, 1}. 

Peuteme: ErmexTop 	xojH je onpebeH HerropHma ui H Vi, galmmicati je xao 
cnonaumax (HexTopcxH) npo13no,n HexTopa u' H v1. rIpema Tome je 

1 ui ui  
(1) 	 [ul vi] = 	1= te. 

	. 
- v', 

vi  vj l  

ti rj tk tI 

Il i  uj  Uk cat  

aijkl =  
'Di 

V1 
 Vk  ) j  

WI Wj Wk W I 

C 06 314p0M Aa je onaj TeH3op noTnyHo atrHcHmTpn.man, mowemo ra 1111CaTH 

y o5nHxy 

opgxne 3a xoopnaHaTe 

b11 

b12 =  

b22  = 

a' 	a' 

V1 	V 1  

b21 =  

b 33  = b44 = 

Il l  

v1 

6metcropa 

1 	1 

0 0 

U2 

 v2 

0, 

,go6xua.mo 

= 0, 

1 0 
= 1, 

0 	1 

( 1 ) 

npn memy je 

al234 7"--  

1, 

ca l  

11'1 

t2  

U,  

V,  

W2 

t3  

U3  

V3  

W3 

t4  

U4  

V4  

W4  

a  ijkl = a1234 e  ijkl 

1 	0 - 1 

0 	1 	0 

2 	I 	0 

1 	0 	0  

0 

0 
11 

2 

-1 

0 

0 

0 

-1 

-I 

1- -1, 

1171x, 

b13 = 	b31.=  

b23= -b32= 10 

b34  = - b43 = 

npmca3akie y o6nHxy 

1 	1  

10 	- 1 

1 

1 	-1 

1 	2 

-1 	1 

xnanpaTHe 

	

= - 1, 	b14..=  -b41 = 1 1 	2 1= 

0 	1 

	

_ 1, 	1,42 	0 2 
- _2 

1 	1 

= 3, 

maTpune mempror pena, 

jegkma }beroaa He3amicHa xooptama.ra. 
Ha OCHOSy (1) moxcemo 113pa4yHani 611R0 KOiy KooparmaTy TeH3opa auk,. 

Taxo je, Ha npumep, 
a4123 	(7 1234 • e4123 =(- 1). (- 1) = 1, 

a4133 = a1234 • e4133 =( - 1) 	0 - 0, 

15. flojaM eucTettuje. 3atpemnicuu eaemenr. Opujearauuja 
BeuTopeunx upocropa 

	

0 	1 -I 	1 

- 1 0 - 1 - 2 
{b9 = 	1  

	

1 - 1 	

1 	0 	3 . 

2 - 3 0 

3aAaTau 101. (Onenaaic 15., 3acaTaK 1.). Heim y' 5y.y 2:1exapTosc npaHoyrne 
xooprumaTe y Tp0):111Mel-13;10140M npocropy. 'ilBeCTI4 cckepHe nonapHe xcopnlma-
Te r, 0, cp 14 nocmarpaTH apepHy nortpui r a. Ha oBOj cep o6pa3oHaTH 
11H4MHITTe314ma-Tniy ABOAlimeti314oxy ca TemeHuma (0, p), (0 + de, p), 
(0, cp + dy), (6+ dO, + d fp). 0Apexturn excTeH3Hjy °He henHje H reomerpHjcxli 
HHTepnpeTupaTH H>eHe npaHoyrne eicapTotte xoopAHHaTe. 



oxi 

eyi 
Si  = 

axi 
0j - • 

(3y 1  

dyt 

oxi 

oxi 1 -1 

 ay.' I 
= (x1)2  cos x 3  = r2  cos p, 

TO je 

H3 pe.narulje 

S,

- 

 = r2  cos cp • S, -
dr 

. 
yi 

r = V(Y 1)2  + (Y 2)2  + (Y3)2 , 

(1) 	Si =eijk dxj 8 xk, 

onaxne 3a Eberose KooprisHare no-
6nnamo 

S2 = S3 = 0. 

Heica cy Si  mow:ware exc-
Termje y geicaprosom npaHoyrnom 
KoopAHHarHom cHcremy y'. Tana je 

Kam je (3H1lH 3anarax 62.) 

y3  

8 -3 

V= 
2 -5 

10 -2 

-2 19 

14 1 7 

30 13 7 

162 79 53 

= 32 

Ha °away Hera 3axibytryjemo 
3rrnunia. 

0 0 1 	0 

-14 1 2 -7 

-30 13 5 -7 

- 162 79 20 - 53 

13 -84 

79 - 500 

= 32 (250 - 147) > 0, 

na je opHjeararmja H (am tierBopice Beicropa no- 

=2 8 

I 28 

2 21 

7 125 

1 	2 

2 -3 -- 

5 3 

20 - 13 

	

I 0 	1 	0 
=2 8 84 

28 500 

OJIHOCHO 

 

1 	2 	1 	0 

-1 0 2 3 

2 2 1 - 1 

3 0 0 5 

 

	

1 	0 0 0 

	

-1 	2 3 3 

2 -2 -1 -1 

3 -6 -3 5 

   

V= 

  

2 3 3 

-2 -2 -1 

-6 -3 5 

= 32> 0, 
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Femme: 05enexa4mo cci)epHe nonapHe Kooprnmare ca x 1  =r, x2 =0, x3  = ep. 
ExcreHaHja Aare AB0,12(11MCH3HOHe henHje (npema cnrunt) onpebeHa je penaTHHHHm 
icompanapHjaHrinim HeKropom 

Ao6HHamo, KopricrehH Hen H3mey Aeicaproaxx H ceDepHax KoopAHHara, 

Or 
-= cos cp coS e t 	= cos cp sin 0, -

d r  =s in p, 
oyl 	 ay2 	 oy3  

na je 
S,

- 

 = a2 cos cos cp cos dcp de = a2  cos 0 cos2 cp dO dep, 

a2  sin 6 cos 9 d6 dcp, 

a2  sinpcoscpdO dp. 

lipema Tome, ,Ltexagrose npanoyrne 'mown:ware HeKropa Si  cy npojelowje ene-
meffrapHe hennje Ha y2 y3, y3  y1  n p y2  icoopAHHATHe paBHH, pecneKTHHHo. 

3agairax 102. (0,nemax 15., aanaraK 2.). Y Aarom HexTopeKom npocropy on 
Hernprf AHmea3nje onpenHTH opHjeHraurdy mernopice Hex-Topa ti, ui, vi , Wi , y 
HanHcaHom nopency, Kan cy AM Roopgartare y ormocy Ha Hp0MCHH,HBe X' 

Aare ca 
{ti} = {1, 2, 1, 0}, 	{vi} = {2, 2, 1, - 1}, 

{16= {-1, 0, 2, 3}, {W} = {3, 0, 0, 5}.  

H3BpIHHTH 3aTHNI cmeny npomeHibintax xi y Hose npometuhrme Xi jenHammiama 

i1 =x1 +2 x2 +3 x3 -x4 	i3 = 5 - 3 x2 + 2 x3 + x4, 

ic 2 = 3 xl - x2 - 4 x3 -1- 2 x4, -4 X -X1 + X2  + X3 - 2 x4, 

na onpeANTH opHjewraumjy one HerHopice nocne TpaHccpopmaunje y Hose npo-
meHn,HHe. 11Ira ce npn TOM moxce AoroArrrn? 

Femme: H3pamyilasaa.em memosirror rrpoineo,qa Aarrix Berropa y cHcremy ripo-
meAuLHara xi, Ao6xsamo 

V = eijki  ti uj  vk 14,1' = 1 
	
- vk 
4! ) 

Ha ocHoHy Hera 3ambyHyjemo Aa je H.Hxosa opHjeHraurtja no3HTHAHa. 
AKO H3Hpummo rtary TpaHccDopmauHjy npomeHn.HHHx, Ha ocHoHy o6pa3aua 

3a TpanccDopmaruijy xoopAHHara icoarpasapnjaHTHHx aexTopa, Ha npHMep, 

axj 
Ao5llsamo, 

{ti} = {8, - 3, 1, 2}, 	{vi} = {10, - 2, 5, 3}, 

{u'} -- {2, - 5, 2, - 3}, 04/ = { - 2, 19, 20, - 13}. 

AKO cam. H3pagyHamo Me111013HTH npoH3BoA, Ao6Hsamo 
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C o63xpom ga je opujeurauxja newropa ocTana Henpomeibena (nonrrunua) 
Hoene gaTux Tpauccpopmaanja npomerubusux, 3ax..*Bygyjemo na Awn Tpaucd)op-
maunje npegcraarbajy HIM mucry poTauxjy, runt porauujy ca npomenom cmepa 
gnema ocama, "um, nax, poTanujy ca npomenom cmepa caux tieTHpH oca.  

3agaTau 104. (Que.rbaic 16., 3agaTax 2.). To ucTo canto y ccDepuum nonapuum 
Koopgunarama 

xl = p, x2=0,  x3 = cp. 

Pe:new: Ha ocuorty ne3a u3mehy ,L(eKapronux npanoyraux H crtoepuux no.napnux 
KoopgymaTa, 

y1  = xl cos x2  cos x3, y2 — x1  sin x2  cos x3, y3  = x1  sin x3 , 

	

16. OeHORHH MeTpH.CH TeH3Op 	 go5usamo 
l 

RaTaK 

a y 
	= cos x2  cos x3, aY  — sin x2  cos x3, aY  — sin x3  3agaTau 103. (0,nerbax 16., 3a, 	1.). QupegiTru icoopmmaTe meTpmucor Tell- 	 , 

3opa g o  H SpemlocT geTepmxualrre g — I gu I 3a eyicinincicu Tp0,HHMeH311011H np oc- 	
a x 1 	 a x" 	 d xl 

' 	— — x ' sin x2  cos x3 c 3 , X , — V, ay3  = 
, TOp y unnuunapcxum nonapEum xoopgmaTama 	 ao  

, d y2 = x1  cos x2 co 
xi =p, X2  = cp, x 3  = z. 	 ax2 	 ax2 	 ax2  

Peuietbe: Koopgmfare xonapujairmor meTpwucor Ten3opa go6u.namo nontor1y 	 ay' 	— — x 1  cos x2  sin x3, a y
2  
	= x1  sin x2  sin x3, 	ay3 

	= x' cos x 3 , 
o6pacua. 	 ax3 	 ax3 	 6 x, 

a yk 6 y k 
(1) 	 Taxo na, Ha ocHoSy o6pacua 

	

gu  — ax' axi . 	 a  yk a yk 

Su = axi dxj k 

xoopnimara, 	 Ao6nsamo 
 Ha °mica), Be3a 143mehy ,EkeKapronux npanoyr.m4x pi uniumgapcKux nonapum  

yi = xlcos x 2, 	y2 = x1  sin x2 , 	y3 — x 3 , 

OP 42  ay3  1 
cos x 2 	sin X2  

ax' ex' a xl 

1 

	

la yi  1 	ay' 42  ay3  
	 = — xl sin x2  x 1  cos x2  

	

oxi 	ax2  ax2  a x2  

I ay' 

aye 

 ay3 I t 

	

0 	0 
t ax3  ax3  ax3 j 

Ha ocuony (1), 3a Roop,amiaTe merpirncor Ten3opa g q  caga no6unamo 

	

g = cos2  x2  + sin2  x2 = I, g,,— 	  -21 — g13 g31 g23 g32 

g22  = (x1)2 (sing x2 4, cos2 x2) = (x1)2 9  

g„ 1, 

Tj. Koopumiare KonapiljauTuor meTpmixor Teu3opa go  y umannegapcxxm nouap-
imm Koopnimarama, npinca3ane y o6rmicy MaTpHUe, cy 

	

1 0 0 	1 0 0 

{g u } = 0 (x1 ) 2  0 = 0 p 2  0 

	

0 0 1 	0 0 1 

Oganne nenocpeguo go6unamo 

g= gll I — 

	

I 1 	0 	0 
(x 1 )2 0 = (x1)2 = V. 

	

0 	0 	1j 

0,HHOCHO 

(2) 

Ao6xsamo 
g11 = 1,  g12 g21 — g13 — g31 — g23 — g32 — ID,  

g22  = (x1)2 cos 2 x3 = p 2 cos2 97  

g33  = (x1)2 = p2. 

I1pinca3ane y o6npucy marpune, KoopgunaTe meTpuxmor Ronapujairruor 
Temopagu , y c(1)epliom nonapHom cucremy IcoopgauaTa, cy 

1 	0 

{g,,} = 0 (x') 2  cos2  x3 	0 	= 0 p2  cos2 cp 0 , 
0 	0 	

0 	1 	0 	0  

(x') 2 	0 	0 	p2  
°Anne cuenu 

	

it 	0 	0 I 

g=igu!=l
i 0 (x 1 )2  cos 2  x3 	0 = (x1)4  cos 2  x3 = p4  cos 2  cp. 

	

0 	0 	(x1)2 

3anaTax 105. (Oge.ibax 16., 3agaTax 3.). gar je xocoyrzu npanonulmjcicu CHC- 
TeM icoopzumaTa y eyFuntricKom npocropy on N numetuuja, rne cy jenuummu 

Berropu Koopnunarflux oca e, (i = 1, 2, ... , N). 
()Apeman meTpEpncy 43opmy ds2  H ge'repmmaine gu I H 	I. 

Petueme: Be3e ri3mehy npanoyrnux ,12(eicaprosnx H gaTFIX Kocoyrnax npazonx-
nujcxux KoopguliaTa cy o5nuxa 

(1) 	 xt= 
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me cy a; H oci  mebyco6no peunnpoinin (nnnep3nn) cncTei KOHCTBSTMHX xoe-
4nmajenara, o,npeljenn xoopganaTama jegninvninx nexTopa. 

H3 (2) no6nnamo 

Taxo ;la cy, }la ocnony penannje 

11 

gMN  0, 

Kan je NAM, IliTO je H Tpe5ano noxa3aTn. 

3agaTax 107. (Onemax 16., 3anaTax 5.). AoicaaaTn ,aa je y EN  ynex 

go  gu = N. 
Peureme: H3 jensagane 

go gjk 

a)1' 	i 
— =, 
d 

ayk ayk 

xoopgnnare meTpirmor Ten3opa y onnocy Ha /xaTn cncrem xocoyrnnx npaso- 
JUIllifjCKHIC xoopnnnaTa 

k 	k 
(3) 	 go= z,Ixi aj , 

na je mcrpiiixa cpopma oftaxa 

ds2 	dx' dx, 	ccif dxi 

Ha ocnony (3) go6nnamo 
k 

cne,nn, axo H3BpumMO xonTpaxunjy no ininexcnma k n 1, 

go 	= af = N, 
mTo je H Tpe5ano goxa3aTn. 

3a,Barraic 108. (Onen,az 16., 3agaTax 6.). 143Becm napegne o5pacne 

g a 	. 	 (log g) = g . 	a 	 a a) - - = ggu; 	5) — 	u; 	B) _.-- (log g) = gu.116  
ago 	 ago 	 axle 	a Xk 

I gn I 
k 

=1.11141-141= 	 1 ,4 1 2  
Peuteme: a) 1/13aog neTepmnnanTe no enemenTy jennax je xoelmxTopy Tora ene-
menTa. IIpema Tome, 5ilhe 

   

a M3 penannje 

onnocno 

cne.an 

gik Si`, 

Igij ek 1 = Igu ilgik =- 1 	1 81; 1 .  

(1) 

jep je no ne(Inumnnjn 

ag 	 gsg.% 
ago  

Gu 
1 	1£ 2  = 

I 42. 
141 

3axtaTax 106. (Onemax 16., 3anaTax 4.). Iloica3am xa axo je go  = 0 3a i0j, 
Tana he 6wrn 

gMM 1 	
a gmN= 0 3a MON. 

g MM 
Per:lobe: H3 jennamme 

Sm 

cnegn, axo ungexclima m H n gamo clumnpane apwocra, 

g N1 	a'Af. 

MOyTam, xaxo je gNi  = 0 3a iON, 6nhe 

g NN g"  = 810. 
H3 OBe jexmatnine cne,nn 	

M 
g NM 

gNN 

ON 

OHM0eF10, xan je N = 
M gm =  1  

gmm  

6) AKO nCxopiscTHmo o6pa3an (1), Ao5Haamo 

d (log  g)..=  1 ag 	ge _ go.  
ago 	g ago  g 

B) Ha ncui nwnin je 

d xk 
(log g) = 	(log  g) • --aaxk2 = gu gxk̀ as go  

3ax4a.raic 109. (Onen.ax 16., 3anaTax 7.). Axo ca Go  o5enewnmo xocpaxTop 
,neTepmlinanTe I  gu I lc* ogronapa enemenTy gu, noxa3aTn: 

a) AA he 6HTH 	G,k= Gki= 
1 

—a i rge je g-Igul 
g 

6) ga je GI]  penaTnann Amur Koaaplija.nTm4 Ten3op Temme - 2. 

Peuteme: a) HomTo je Go  xocparrop enemenTa gu y neTepmnnanTn I gu I TO je 

gjk G 	8ii.  
Mehymm, 113 jennamme 

gij 
gjk = 

(2) 

(3) 
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cnenx 
gjk = 

1 = 1 

I gil! 	g 

luin, KOHal}10, 
ax'" dx" 

G„- A -2  G,„„ 	,
der axs 

Ha OCHOBy Hera 3axmynyjemo ,na je G 1  penaTHHHH geartyr xosapHjaHTHH Ten3op 
TexotHe - 2, IIITO je H Tpe5an0 noxa3aTH. 

17. PamancHn npocTori 

na no6m3amo 

gik 
Gm_ 1  

g 
nrro je H Tpe6ano noxa3aTH. 

6) 143 jenHawHe 

gik Gik = I gnm  

nocne TpauccpopmanHje npomeHsbmnfx XI y npomeHmHae xi, cneng 

kik Gik 	gmrt 8ii.  

Ha OCHOBy o5pacua 3a TpaHc4)opmanHjy TeH3opa gii, 

(1) 	
_ gm. 

axm dx"' 
no5Haamo axi  a 

Igil I=i gi;1= gm^ 
dx"' d x" I 

Gik= A -2  lei I Si = O 2 glk Gtk, 

jk
G ik — 

A-2 gjk 	0 .  

AKO HCKOpFICTHMO 05pa3aII (1), oHy jegllaqmiy mexcemo Harmcana y o5nHxy 

- 
Gik gmn 	- 	g.1" G 	0, 

x'" x" 

og,Hocifo, axo H3apunlmo xouTpaxnHjy no HHAexcHma j 

di' ail' 
Gik g"'" 	- A-2  g'"" G,„„= O. 

ax" 

C o63Hpom Ra gm" y OBOi jeThHanIIHH MO)Ke 5HTH npoH3HoJ6H0, mopa 611TH 

Gik 	- A-2  G,„,,. 
dx"' ax" 

xm a x" 

	

H3epummo, calla, xomno3HuHjy oBe jenHagime ca — 	Tatra go5}03amo
dzr 

azi dx"' dik dx"
-- A- 2 

 G Ox'" ax" 

ax"' cYi' a x" 	
„,„ 	 

dis 

axm az' 
Gik?) ,a; =a-2 G„",-- aXr d.i'  

3az aTax 110. (Qat:Lax 17., 3aAaTax 1.). Hoxa3aTH cnpoHoen.em pa...wHa ,rto 
xpaja Zra ce meTpngxa cl)opma (6) jenHHHHHe al)epe He ' ,am= y peanHoj o6nacTH 
FI3pa311TH y o6nHxy 

ds2  = C1  due C2  dv2, 

rye 6H C, 1 C, Sane 110311THBHe peanHe KOHCTaHTe. 

PeUlelbe: IsAeTpuqxa 4)opma (6) jeaHHHHHe cd)epe Hma canal( (HKam o,ae.. -bax 17., 
jegHa4H.Hy 6.) 

(1) ds2  = cos 2  cp d 02  + dy2 . 

IlpeTnocTammo Jia Ha jenwnHiHoj cci)epH nocTojH Taxan dacTeM xoopno-
HaTa u H v y onHocy Ha xoju ce meTpmxa (1)opma (1) moace Hanlicam y o5.rancy 

(2) ds2  = C1  due C2 dv2 . 

C o63Hpom ,aa je ds2  exanapHa HHHapHjanTa, H3jezwatimun1 (2) a (1), 

go5Heamo 
C1 du2  +C2 dv 2  =cos=  d02  d y2 . 

HIT° mowemo HanHcaTH y o6nHxy 

(3) ( IC, du + 	dv) (V C, du - VC 2 dv) = (cos 	y de + id cp) (cos d 0 - id?). 

Ha ocHorty (3) moacemo rimcaTH 

j!C,du+iVC2 dv=e"' (cos pd0 + idp),  

re, du - i VC, dv = e- "' (cos y d 0 - id cp), 

rge je w cDynicHnja xojy Tpe6a ogpegirx. 

143 jegua‘allia (4), garbe cnegli 
,— 

I'Ci du = cosh w cos y d 0 + isinh wdy, 

i V dv = sinh w cosh y d 0 + i cosh lvd cp. 

Kaso cy u H v (1)yiamje og y H 0, TaAa je 

	

du 	du 

	

du 
=du 

	+ de, 
cp 

(6) 

na je 

Tj. 

OgHOCHO 

(4) 

(5) 

	

dv 	av 
dv =

0 
 d-±  

	

1) 	'r 

6 Peinema upoSnemH 113 Teloopocor pagyua 
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YHOMOMM (6) y (5) H rojenHaxasaiLem Koecimanjellara y3 dp H c/0, ,4051011T40 

	

au 	1 au  _ 	sinh w, (7) 	 cosh w cos p, 

	

00 re-', 	 a cp yc, 
v 	cosh w.  v 	1 	. 

(8) 	 — 	sinh w cos cp,
2ae 	 ap 1/cy 

143 jennaxittna (7) caenn 

02  u 	1 	 Ow1 
sinh w cos — — 	cosh w sin cp, 

	

de acp VT`, 	 Op re; 
d2 
	— 	cosh w

d w 
. 

	

cp 60 VC', 	00 

Axo 13.3jennalmmo XtecHe cTpane oanx jennacuma (c o53HpoM na cy HM nese 
crpaHe jenHaxe), no5Hsamo 

. 
i cosh w

00 
 = smh w cos cp —

6 w 
— cosh w sin cp. 

Ha HCTH Haliffli H3 (8) cnexc 

cosh w cos p Ow 
,
1 
	sinh w sin cp, 

	

00 dy re; 	 69 iy C2  

	

02 v 	1 ., aw 
	— Stun w—, 
4? de Ire; 	00 

Tj• 

(10) 	 i sinh w —
0 w 

— cosh w cos p —
d w 

— sinh w sin cp. 
d 

H3 jennaqHHa (9) H (10), 3a napnrijanue H3sone 

= 0 
cp 

w 	. . 
— =Isis 9. 
00 

Axo, cana, (11) AHCpepellglipamo no 0, a (12) no cp, no5Hsamo 

02  w 
(13) 	— 0, 

cp 60  

o2 w  

(14) de 09 
=icosp. 

JenHaqHHe (13) H (14) cy npoTrisperme. To maxim na cy ycnosH HHTerpa-
5Hmocrlf jenHanma (9) H (10), 0,EHOCHO jennasma (7) H (8), HificomnaTH5HaHH  

(He noicnananajy ce), Ha ocHosy Yera 3aicfbygyjemo na He nocTojH Tam ticiyHx-
Alija w na 511 jenHamHHa (2) 5Hna 3anosomella. Apyrnm pegama, Ha jenHHHaHoj 
ccpepx He nocroje ram icoopAHHaTe u H 7J y onHocy Ha icoje 5H ce meTplatixa 
cl)opma jeninimme ccDepe morna HanHcaHH y o5nHxy (2). 

Ilpema Tome, jenHHH ■faa ccPepa (na, npema Tome, Ft csaica npyra aDepa), 
Haico je noTnpoCTop TponHmeH3HOHOr eyiam oncicor npocTopa, HeMa eyvnincicy 
yHyTpanmy meTpHxy, Tj. HHje eyx.curncicH npocrop. 

3anaTax 111. (Onemax 17., 3azamic 2.). OnpenuTri merpryncy cbopmy nospum 
Topyca H noica3aTH 1a ona Hma eyx.nHncicy meTprixy. 

3agailiax fape6a ga inacu• Qapeorarrm meTpipixy cDopmy nospinx Topyca H 
noica3aTH Aa oHa HeMa eyiumncicy meTpHicy. 

Femme: Be3e Homey ReicapTosHx npasoyrnwx xoopAHHaTa y1 , y2, /, H xoop-
AHHaTa na nospinll Topyca cp H 0 (npeMa cnHini) cy 

yl = (r + p cos 0) cos cp, 

(1) 	 y2 = (r + p cos 6) sin co, 

y' = p sin 0. 

JejAHHIIHHe Topyca cy 
r = a = const., 

p = b =const. 

Axo ysenemo o3Haxe 

(3) xl, 	0 = x2, 

(mina cy sew H3mehy geicapTosHx npasoyrnEtx icoopnanaTa y 1, y2, y3  H Icoopatt- 

Ham x1, x2, Ha nospinH Topyca, naTe jenHanuHama 

y1 — (a + b cos x2) cos ,x1 , 

(4) y2 = (a + b cos x2) sin xi, 

y' = b sin x2. 

(9) 

(12) 

des 
H 
 0 

d 
 0 

 w 
Ao5Bsamo 

Op  

(2) 

6• 



143 jenHaqi4He (4) no5HHamo 

xl = (a + b cos x2) sin xl, 
0 y2 	 a  y3  - 0 = (a b cos x2) cos xl , 

x' 

(16) 

84 	 II. TpaHcci)opmairaja ripomenrbaaHx. Temopoca Eurre5pa 

MeTpwixa cl)opma noiapms Topyca je 

( 5 ' 
	 ds2 =gu  dx ,  dxf, 	(i, j = 1, 2), 

me cy Roo/amniaTe meTpHrucor TeH3opa gii  onpebeHe jeAtia‘1111101V1 

3 a yk d yk 

(6) 
k-1 	x 

(7) 

d x2 	 d X 2 	 d x2  
d 	 a  ,2 	 a y3 

= b sin x2  cos xt, 	- b sin x 2  sin xl, 	= b cos x 2 , 

na je, Ha °many jennaHHHa (6), 

gi  = 0:) ,v1 2 +  toy2 	d 3 3 
=(a + b cos x2 ) 2  sin' x1 + (a -■ 

) 	xl ) 	x 1  ) 

+ b cos x2) 2  cost x 1 = (a + b cos x2) 2 , 

(8) g22= 	\2 + / 42 \2 	ay3 \ 2 = 

x2  ) 	 x2  ) 

g12 = g21 = 0,  

Ti. icoopniniaTe meTpimor TeH3opa nonpum Topyca, npinca3ane y ()ailing maT-
pprue, cy 

(a + b cos x 2)2  0 1 
{gii} =Sl 	

0 	b2 

meTpumy ctlopmy (5), cana, no5Hpamo 

ds2  = (a + b cos x2) 2  (dx') 2  + b2 (dx2)2 , 

ds2  = (a+ b cos 0)2  d cp2  b2  d02 . 

Axo SHcMO noxa3ann na ce Ha norspuni Topyca He mory Hahn Tante 
xoopnwaaTe, penHmo u H 7J, y onHocy Ha xoje 5H ce meTplunca (1)opma (11) 
morna HanlicaTvi y o5nHxy 

(12) ds2  = C, due  + C2  dV2 , 

me cy C, H C2  1103HTHBHC peamie KOHCTaHTe, oHna 514 TO 3Ha",114310 ,na nospuni-
Ha Topyca Hema eyx.inincxy McTpxxy, Tj. na imje eyx.raincxn npocTop. HobHmo 
on, npeTuocraince na raxne xoopnaHaTe, u H v, nocroje. Tana je 

(13) C, du2  + C2  dV2  = (a + b cos 0)2  d e,o2 + b2 d02,  

17. nimaacica upocrops (110 -112) 	 85 

Ha ocHony (14), MOB:CM0 CTaBHTH 

VC, du + VC dv =e"' [(a + b cos 0) d p+ ibd 0], 
(15) 

Ve; du - 	= e-w [(a + b cos 0) d 	ibd 0], 

ate je w cl-gmalkija xojy TpeSa onpenirrH. 
143 jenHaqinia (15) Ao5gsamo 

V C du = (a + b cos 0) cosh w d + ib sinh wd 0, 

dv = (a + h cos 0) sinh wdp + ib cosh wd 0. 

HOHITO cy u H V (130ymaulje on p H 0, TO je 

du= --dcp+—
d u

d0, 
d 9 	00 

u 

dv=-d dcp +Lu dO, 
ay 	00 

111 .10, 3amellasaiatm y (16) H injenHatianai-bem xoe(13HuHjefiaTa y3 dcp H d 0, 
cHcrem napuHjanHHx nncl)epeHunjanHux jenHamnia 

I-- au 	 du 
C, — = (a + b cos 0) cosh w, 	— = ib sinh w, 

00 
(17) 	

-- ay 	 dv 
V C,— - (a + b cos 0) sinh w, v c, — ib cosh w, 

OP 	 00 

113 xojrix onpehyjemo u H V. ,Lka 5H onaj clicrem napruljanium AnctiepeHumjaninix 
jenHaqinia HMaO penieu.e mopajy 5HTH 3anoaosserm ycHom HHTerpaoHnHocTri, 

dzu 	d2 u 	02 v 	02 v 

0960 oOdcp' acp.00 a04' 

ib cosh w 
w 

 - = (a + b cos 0) sinh w
Ow 

 b sin 0 cosh w, 

	

09 	 00 

ib sinh wL
w

= (a H- b cos 0) cosh w—
Ow 

b sin 0 sinh w.  
400 

143 jennauf Ha (18), xoje npe,ncran.;Hajy cHcrem anre5apacxnx jennaninia no 

	

napnxjammm H3Hoglima Ow 
	w 
 H — , n05Haamo 

• 	 cp 	00 

Ow 
—= i sin 0, 
dp 

Tj. 

(18) 

0,11,HOCHO 

du + i V C, dv) (1/ 1  du - ire2 dv) 
	 (19) 	

Ow 
(14) 	

=Ka b cos 0) d 	ibd011(a b cos 0) d co L. ibd0]. 
	 00 
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Tj. 
a)" 

xk 

na 3anpemmicEcH enemeErr (2) moncemo H3pa3HTH y o6nHxy 

dV = jridx1  dx2 ... dxN. 

Y aDepanm no.napEmm Ecoop/mHaTama je (mum 3anaTax 59. 5) 

(3) 

a)" 

a xi 
= (x') 2 cos x3 , 

0.11HOCHo 

na je 3anpemEmcicH enemeHT 

dV = (x 1) cos x3  dx1  dx2  dx 3, 

dV=p2 cosedpdcpd0. 

Y gnHIITEYKHM icoopnEmaTama je (HHAH 3anaTax 59. B) 

(.1,2) (v2_ (i.2) (?, 2 v2)—  — c3 	  
I/ (1 — p.2) (k2  — ('.2)(1 — v 2) (v 2 — k 2) (X2  - 1) 01 2  — k 2) 

na je 3anpemEracEcH enemeHT 

dV— —c3 
(x2 1).2) (v2 _ 1).2) (A2_ v2) 
	 d(1 dv dA. 

J/( 1  —112) (k2  — p2) (1 — v2) (v2  — k 2) (X 2  — 1) (A2 —k2) 

ay' 

xk 

IUTO cy napaHjanEre jenHanime 113 xojEtx Tpe6a ..r(a onpen0mo Heno3HaTy (13yEacrl-
jy w. Txa. 511 jenHaqHHe (19) Hmane pemethe mopajy 6111H 3anosonbelm ycnom 
HErTerpa5HnHocrn, Tj Mopa 511TH 

no6HHamo 
dyk  dy' 

= 

63,1 12 

d xj xi 
02 wd2

w  

460 06c)cp 

MOyTHm, nE4epernmpaibem H3 (19) no6Emamo 

62 m, 
	_ i cos 0, 
ay 60 

(20) 
02 w  

a 	
0,

0p 

na Hamm) na yCJI0BH HuTerpa6HnHocTH jenHanima (19) HHCY 3aItOBOJbeHH, IHTO 
3Haa0 na II3 jenHanima (19) He moncemo onpenHTH cl3yHxTmjy w. 

Ilpema Tome, C o63Hpom na He moncemo onpennTH cl3yE1x1ustjy W, TO He 
moxcemo pexnEETH cHcrem napulljammx nlicpepeHHHjanaHx jenHanEma (17), uno 
3Havm ;la Ha noapum Topyca He moxcemo Harm Tante 'coop/mm .1-e uHvy on-
HOcy Ha Koje 6H ce merpHnxa (1)opma (11) morna HanHcaTH y o6nHxy (12). 
,t(pyrxm penHma, TO 3Hazill Aa nospin Topyca Hema eyxnHncxy meTpHxy, Tj. HE& 
eyxnHncita npocrop, IUTO je H TpeSano noxa3aTH. 

ItgaTax 112. (0,nen,ax 17., 3anaTax 3.). 143pa3HTH 3anpemHHcicH enemeHT me-
TpHnEcor npocropa nomohy neTepivamaare g H npiameHHTH TO Ha onpehm3arbe 
3anpe/o11}1cxor enemeHTa eyxnancxor TponErmeR3HoHor npocropa y c4)epHEE.m no-
.napHHm H eMBITIMICHM EcoopAHHaTama. 

Peweme: Axo y nam merpEsncH npocrop ysegemo eyEcnHncxy meTpmcy H yonHmo 
enemeErrapny henHjy H3mehy KoopjlnHaresna pamm y onHocy Ha Helm geKapros 
cHcrem npanoyrnxx xoopAHHaTa, Hmahemo eneMeliTapica npaBoyrum N-napane-
nemmen ca HaHuama dy', dye, , dyN vija je 3anpemaHa 

• 

(1)

 y AercaproaHm 

(2) 

rue je 

m-ro Eipencranna 

Axo 
je 3anpemEmcm 

i y 
— 

H3B/HIEHMO 

dV 

3arrpemHHcicH enemeHT 
npanoyralim Ecooparmarama_ 

TpaHccpopmanBJy 
enemeHT (mum 

dV = 

= 	jaxo6Hjeaa geTepmHBairra. 

= dy" 

°Amax 

a y' 

dye . . . dyN, 

y npocropy on N n11meH3Hja, H3paxcen 

1Tp0MeH.T6HBHX y' y npomeHnmee x', oHna 
15., janHamme 27., 28. H 29.) 

dx' dx 2  . . 	dxN, 

• 

18. Arc Epase. lluresurrer Betaopa. Yrao lc* o5pa3yjy Asa Berropa 

	

3agaTaK 113. (Ogemax 18 , 3anaTax 1.). Hexa 	A i(2), A lp), 5ygY jenmratren 
TaHreHTEHE BerrOpm xoopnaHaTEmx JEHHHja xpitoonsaajetcor cacrema KoopgmlaTa 
x' (i= 1, 2, 3) y Rexoj Tatum P. lioxa3aTH ,ro. he Hmxose Hoop,rarnaTe Sum 

1 	- 	
1 	

1 	,„. 1 	 1 	• 
)41)= 	 A(2) = X(3) — 	8;. 2) = 	--- 0 2 , 

Ygti 	 Vg22 	 1433 

Femme: Axo cy napamerapcxe jenaaakme xpHae ammje 

(1) xi = xi (s), 	(i = 1, 2, 3), 

a x-k 

xk 

— . 
as 

143 o6pacua 3a TpaHaDopmanzjy meTpunxor Teu3opa, 

yk 
gii =aki --  (3x 1  

rge je gapameTap s nyx xpEtee, mina je jenaaHtErm aexTop TaHreErre Ha Ty xpEtny 
onpehea KoopncHHaTama 

(2) 



Ha 

(2) 

(3) 

Hem Hamm 5xcm0 n06Fut1 

cos 0(2) = 	 

gll g33 

COS 0( 3) = 	 

g11 g22 

xi= const., (i~ L). 

2 (A 2 — P.' (v 2  — !-,2 ) 0 	 0 

— v 2) (y 2  

(1 	
(v2 

k2) 
0 

(A' — 	(A- - v ) 

— 1) (A 2  — lc') 0 2  
0 	e2 
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Axo xoopnynianty Juundy X2  = const., x 3  = const., o6enemimo ca x 1 , xoop-

nmiamy JT14111dy x3  = CODA., Xi  = const., o5enexatmo ca x2  14 xoop,numaTxy nxxxjy 
const., x 2  = Cont., o5enexclimo ca x 3, mina je yoopniniaTna munda xL onpe-

hexa je,rwaq.xxama 
( 3) 

Jeninnpum nexTop Tam-enTe Ha xoopatmarxy ninnijy xL, Ha ocxony (2), 

HMa xoopnimaTe 
dx 1  

(4) (L) = — 
d8  (L) 

rre je ds(L)  enemexT nyxa xoopromalue nxxxje xL, 

18. 313ric xpase. 1411Te11311SeT Beicropa. Yrao xoja apaayjy ... (113 —  127) 

Ha ()elms},  (1). (2) H (3) mowemo na 3ax.mynxmo na he clic -rem xpuno-
nramjcxxx xoop,ramaTa 5xTx opToronanam (xocxxyc yrna Fomeby x?xx jenEtax 
Hyrax) axo je itneuTrmx Hem/men yCJI0B 

g23 = g31 g12 = 0,  

(5)

 jep 

(6)  

Tj. 

, i 	dx' 	dxi 

x3, cy  

/11TO je 	H Tpebano 113BeCT11. 

3anaTax 115. (Onemax 	18., 3anaTax 
Aapcxe, ccpepne H enunTmixe xoopniiriaTe 

Perverse: 'Y npeTxontiom 3anaTxy je 
Aa cxcTem xpirsontunijcxxx xoopnkulaTa 

Y nal-lap-to LuErumnapcxom cilcTemy 
3auaTalc 103.) 

{g 0} = 

3.). 	TIoxa3aTx na 	cy 	nonapne 	inumn- 
oproroxanme xoop,axxaTe. 

noxa3axo as je noTpe6am x nonomax yawn 
5yne opToronanan na 5yne gib  — 0 3a i 0j. 

xoopnxxaTa meTpmix14 TeH30P je (swan 

	

1 	0 	0 

	

0 	(x 1 ) 2 	0 

	

0 	0 	1 	' 

A(L) — — 	 -- , 
/ g u  dxi dz. , 	V g LL  (dx1-)2  

je dxi — 0 3a i z L. 
Koopnxxare (5) mowemo, name, H3Pa341TH y o5nnxy 

„ i 	1 	dx 	1  
= 	— 	s',,, ,-, (L) 	 1_ 

	

V g u  dxL 	V gi., 

KoopnunaTe jentum ,unix nex-Topa xoopEnntaTkria aminja x1 , x2 ,  

• 1 	• 	 1 
al, 	 v2 , 	f( 3 ) 	0 39 )(1)— 	 -- 1 i (2) 	1/g 	

V g33 

pecnexTxmo, ILITO je H Tpe5ano noxa3aTx. 

3a.aaTaK 114. (Onemax 18., 3anaTax 2.). Axo cy 0 ( , ) , 0(2) , 0(3)  yrnonx Fomehy 
xoopnimannix lc/mum y TH'iKH P HeKOF xpnnonxtmjcxor cxcTema noxa3a-rx 
na je Tana 

cos 0 	g 12 ( 3) = ,  — 
V g 11 g22 

Ha octiony oxor pe3ynTaTa 113BeCTIf as je noTpe5ax H AoBalban yCJI0B as cncTem 
HPHBOAHHIdCKHX xoopnimara 6y,ne opToroxanatt as 6yne 

g23 = g31 g12 = 

y csaxoj Tamxx npocTopa. 

Femme: Axo xoopnywaTne xpnrse xmajy 3ajeninfaxy Tagxy P, ow@ je xocxxyc 
yrna n3meby 6xno xoje nne xpinte onpeheir exanapxxm npou3nonom jentlluxunix 
THHFCHTESIX nexTopa. THX xpxxxx y Ta ,txx P. 

IIpema Tome, axo ca 0 (1)  obenewxmo yrao H3Mel)y xoopzumaTElix srxxxja 
X2  11 x3 , ca 0(2)  yrao x3mehy KoopnvmaTxxx nxxxja X 3  H x', a ca 0(3)  yrao 
113Met)),  KOOWAHHaTHIIX mundja x 1  H x2 , belie 

cos 0( ,)----gu x (2) A(3) — g  	al a'3, 
lig22g33 

OHHOCHO 

cos 0(i)  —  /123  
g22 g33 

na BIULHMO na je ropmx YCJI013 HCIIYHaeH, INTO 3naNm na je cxcTem nonapxo 
munilinapcxxx xoopanliaTa cncrem opToroxammx xoopnautaTa. 

c(l)epnom nonapnom CIICTeMy KoopnxnaTa meTplpixx Tel-Bop je (Bann 
3anaTax 104.) 

1 	0 	0 

fi g ,j) = 0 (x 1 ) 2 cos2  x3 	0 

0 	0 	(x 1 ) 2  ' 

na BTIBHMO na je H ()Me gig  =0 3a i j,  INTO 3ria=ni na je H osaj el4CTeM KO0p,g14- 

HaTa CHCTeM opToroxanxxx xoopnxxaTa. 
Ha ocuony jenxagxna. (1) y 3anaTxy 59. B, 3a meTpixnat Tex30p 

C1111/1TYPIKHM xoopnxnaTama no5xnamo 

(1 — 3'22) (1c 2  — 

{g ig}= 	 0 

0 

Ha ocnony vera 3ax.myqyjemo na je H onaj cxcTem xoopnmaTa cncTem opTo-
roxantntx xoopnifetara. 

• 

(1) 

cos 0(1)  
lig22  g33  

g31  cos 0(2) = vg33  
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• 

3anaTax 116. (OnemaK 18., 3anaTax 4.). IloKa3aTH Aa cy Rpm enemeHTH noje-
AHMIX RoopHHHaTHErx nHHHja KpHnomuntjcKor cHcTema xr , (i= 1, 2. 3), onpeheHH 
o5pacuHma 

ds( , )  = Y 811 cbc1 , 	ds(2) = gn dx2, 	ds(3)  = j dx3 . 

Pewerbe: EnemeHT nyKa Kpatte, ,laje cy Hapamerapcxe je.HHautue 

xi = xi (s), 	(i = 1, 2, 3), 

rge je napameTap s nyK KpHse, je 

( 1 ) 	 ds = V g che 

3a IC0013)331HaTHY illnittjy 	c o53Hpom ;la je Ayxc Te nultHje x2  = const., 
x3 = const., enemeHT nyKa je 

(2) ds(, ) = Vg„ dx1  dx' = V g„dxl 

Ha mut Ha', 3a KoopnurtaTHy nrnudy x 2  enemeaT nyxa je 

(3) dst) =VZ; dX 2  
H 3a Koopraniamy atutHjy x 3  je 

(4) d(3) = V g 33  dx3. 

3anaTaH 117. (Onemax 18., 3anaTaK 5.). 143p33HTH icocanyc yrna p (3)  Tomehy 
Kooprotanna nonpmx x 1 = const. H x2 = const. nomohy wairrpanapHjairrHor oc-
HOBHOT TeH3opa. 

Peuieffre: Hexa je Nil )  jerunnfaHH BeKTop Hopmane Ha Koopzuntanty panaH 
x1 = const., a N ip)  To Hero 3a KooprumaTny panaH x 2 = const.. C o53upom na 
y KoopinmaTHoj panaH x 1 = const. nice KoopnnHaTHe mode x 2  u x3  it na y 
KoopnlatraTnoj panful x 2 = const. nex(e Koop,anHaTHe nkrauje x 3  H x1, 5Hhe jenH-
KIFIFIR BerropR KoopAHHaTHllx JIKHRja ynpaaHH Ha jenHHHaHH BeKTop Hopmane 
Ha panaH y Kojoj ce Te nHHHje Hana3e. lipema Tome, mozemo nricaTH 

(1) gu  N10) Xia) = 0, 	Nio) X0) = 0, 

(2) gif  Nio)  MD = 1, 

(3) g Ikr(' 2)A 1(3) --- 0, 	Su Ni(2) .(11) = 0, 

(4) gt, N(2)  N
1(2)= 1, 

vle cy 	Koopp,HHaTe jennammor Herropa KoopnimaTHe nIntaje xL. 
Kam je (swig 3anaTaK 113.) 

1  
X(1.) = 	 SL, 

V Su. 

jenHamme (1) H (3) ce cioxe Ha 

g N io)S -12.= 0, 

g Nio)  3i= 0, 

g N(2) S -13 = 0, 

Su N()  Si = 0, 
0,HHOCHO 

(5) g N i  „ (1)= 0, 

(6) Sri N t(1) = 0, 

(7) g, 3  N i(2) = 0, 

(8) g„ Ni(z ) = O. 

JenHa'mxy (2) moxeMo HauncaTH y o6maKy 

g,, /V4)  /s41)+g,2 N(1) 4)  + g NO) N3(1) = 1, 

um, Ha ocHorty jenHartHHa (5) H (6), gaje 

(9) g,, MI) 	• 

1 

(1) 

CJIWIHO, H3 (4) no5HBamo 

gi2N1(2)= 1  (10) • 
N(2) 

MHoXerm jeXialnixy (5) ca g12, (6) ca gj 3 , a (9) ca gjl H ca6HpajyhH 
onrosapajyhe crpalle HacTasnax jenHamula, no6nnamo 

Tj. 
	

g 	g 2  + g13 g  ,3) Ni
(1) 

N(I) 

1  

1 
gik  grk  N ( 1 ) =-1-- 

N (1)  
OAHOCHO 

	

N10) = 	gi', 
N(1) 

HAI{ 

gi 

	

N (1) = 	. 

OTyna, cranmajyhtt i = 1, no6HHamo 

= Vg11 , 
Ha je 

A ,./ (i) 	• 
Vg" 



g12 

Veg22 
cos c:) (3)  — 
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Cnwumm nocryrncom Ao6Hsamo 	 na 3a ,aranionly Rpm xpnne y AaTom mrrepnany go6nBamo 

i 	
g42 

I (2) 	, 	 
v g22 

2n 

s = f Va2 sin2  u 

21T. 

a2  co.,- u - b2  du = f a 2  - b2  du, 

• 

Hpema TONIC, Tpa.)xenn KOCHHYC je 

g'1 g1 2 

	

cos 	Cp (3) =gr1 N(1) N(2) =  g if - 
V g g 

Tj. 
	

COS Pp(3) 
a , 

g
32  

Vgil g22' 
1 

HUM. Iconanno, 

3aaaTax 118. (Orton:al: 18., 3aaaTax 6.). Heim xprisa y E 3  j:taTa je jeanannnama 

y' = a cos u, y2  = a sin u, y3 = bu, 

rAe cy y1, y2, y3  xao o6inino gexaprone npanoyrne KoopruniaTe, u napaMeTap, 
a a n b no3HTHsne xoncramTe. Hahn Ayx(Huy nyxa one igurne romehy rasiaxa 
u = 0 H u= 2 . 

Illra he 613TH Armula 'prise ca HCTHM jeana,uniama y =Trim rpaminama, 
axo ce Hana3n y rpoanmeu3Honom npocropy 'IBja je meipwma 43opMa minecfm-
HFITHa H AaTa n3pa3om 

(dy1)2  + (dy 2)2  - (dy3)2 . 

Ancicyrosanq cariajerse icaa je a Bebe, jerniaKo HJIH man.e on b. 

Peuteme: Knagpar enemenra Juica Aare xpuse je 

ds2,_.. (dyi)2 +  (di/2)2+ (dy3)2, 
onaKne je 

ds =1/(d5  ) 2  + (dy2) 2  + (dy3)2  , 
Tj. 

ds= 	 
dyl 

 \

2, 	dye\2 +((d,3) 
du. 

du ) 

+/ 

du ) \ du 

J1,y)xHHa nyica 'Trine y Aarom Harepnany je 
2n 	 2n 

s f Va2 sin2  u a 2 cos 2 u b2 du  = f l c/727+  b2 du,  

Ti. 	
s  2 7, Va2 b2 

Aim je merplma cpopma npoc-ropa intaecjninnTHa, Tj. axo je 

ds2 (dyi)z (dy 2) 2  - (dy3)2, 
on,aa je 

Tj. 

s = 2 T: Va 2 - b2 . 

143 °nor n3pa3a 3a Ayw(Hniy nyica, nnAnmo Aa he &an: 

a) 3a I I> ibi, s peanno, 

6) 3a a = b, 	s = 0, 

B) 3a 	 s Hmarrniapno. 

3arurran 119. (Onemax 18., 3agarax 7.). Aim cy 	jearnnpurn nerroprx y 
npocropy ca 1103117HISHO ,L1eC13HHHTHOM merpmncom cpopmom, noxa3arn Aa je Tara 

gu  -Ai u.•/• < 1. 

Peuteme: Ha ocnony Illnapuone Hejernialmne, npeMa xojoj je, y npocropy ca no-
3131-11BHO Ae01)11HTITHOM MeTp1PIKOM cpopmom, anconyrna npennocr cKanapnor 
npoH3nona ,11Ba nexropa marba HIM je,anaKa npon38ony ITHTCH3HTeTa THX BeKTopa 

(snarl on,emax 18., jernia9nny 32.), cneaH 

1,  (1 xi 	WI= 1 ) ,  

urro je H rpe5ano noxa3aTH. 

3norrax 120. (Orkerbax 18., 3aAarax 8.). 1 -loica3arn la Kan je yrao 0 n3ivreby 
jerunurnmx neKropa H Al  d (npn Tome cy d).1  11114)HHHTe31{Maillill npupant-
rajn) maJni, on he 6HTH oapehen npH6ranKno jerniaxnuiom 

02  g d Xi d . 

Peuteme: C o63Hpom 	cy 	H A' 27- d'Ai jearnurinn BCKTOpH, TO je KocHnyc 
yrna n3meby HATx jeanax a.Hxonom cxanapnom ripork3soay, Tj. 

HO 
 cos 0 = go  Ai(A'+ d A') = Ai + 	d Af, 

cos 0 = 1 + 80 1,' d Al 

C apyre crpatie, mebyrnm, moxcemo micaTn 

cos 0 = Xi (V + d'Ai) = g(A'+ d Xi - d A') ("Aj + d ).j)- 

= g (A' d A') (?! + d Xi) - g„ d Al 	- go  d Ai, 
Tj. 

co s 0= 1 -gu t/Xi dXj-g u dXQ,j. (2) 

Ca6Hpan.em jeanamnna (1) H (2) Ao6nsamo 

2 cos 0 = 2 -gudXidAj, 

/idyl \ 2 	dy2 \ 2 idy3 \ 2 

d9-=  .\/ 	—dte) ---du) du,  

oanoc 

( 1 ) 
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0,11HOCHO 

gu  d At d = 4 sin2 
0

— . 
2 

cue= Ra x mopa 6HTH cicanapna HusapiljaHra (jep ce mory ca6Hparn, 0,11110CHO 
OHY3HMaTH, camo Tet130pH HCTOT pena H Trim), TO he, no H3spnismo -Tam-
cDopivianujy npomensbninix y npomeHmHse 5nTif 

0 	0 
Kan je yrao 6 mann, moncemo crasmTH na je npn6.3nacHo sin — = — na no6H- 

2 2 

  

ex' d xm 
(xU1,,, vs„,) — 

d 

 

I x — v o  I = I x uu — vu = = x — 	 I Az. 

     

Immo 

IIITO je H Tpe6ano noxa3arn. 
02  =gen,' Mehynim, Kalco je y onHocy Ha ripomeHnaule 	3anosomeHa nerepmH- 

HaurHa jenHanHaa 

3anaTax 121. (Onemaic 18., 3aAaTax 9.). Axo cy ASH ABB jenHHH,ma seicropa 
noKa3arn na yrao 0, Kojn oHn onpehyjy 3anosozasa jennalmny 

sin2  6 = (go  g„— go  gjjA'XJ i.e. 

Femme: 143 penannje 

cos 0 = go A' 
no5Hsamo 

cost 0 = g„,grs Xr 

na je 
sin2  0 = 1 — cos2  0 = 1 — go  Xi 1.1J g„ Xr  

C 063Hpom na cy H jenniumn serropH, Tj. na je 

go VXJ =1 
H  

I xubn  —7i,„ I= 0, 
anertH na mopa 5HTH H 

x U0 –71ij I =0' 

IUTO 3Hamg na je ;lam nerepmnHaHrHa jenIlatrina HHsapHjaHrHa y onHocy Ha 
KoopmulaTHe Tpanc4)opMaxwje, IUTO je H Tpe5ano noxasarn. 

3anaraic 123. (Ones ax 18., 3a,aamic 11.). Axo cy Ran. Ana seicropa Kosapn-
jaHTHRM xoopAnnaTama noica3arn na ce BCKTOpCKH np0n3B0.7.1 
mowe H3pB3HTH y obnincy 

vk  = UV sin 0 v', 

me Cy U 14 V 11.11X0BH HHTeH3HTeTH, 6 yrao romehy rnx 
serrop ynpaBaa Ha o5a Ta sexTopa. 

	 sm.-Topa a v' jensaumn 

Peuie%e: Berropcxn npon3son nBa serropa je serTop mnje cy KoHrpasapnjaHTHe 
icOOpnHna're onpeheHe jenHagnHom 

g, Its  = 1, 
	 ( 1 ) 

	
w ' = silk U. v, . 

TO je 
g 	A.1 	= 1 ,  

na no6nsamo 
sin2e gij 	iil 	g 	gr,  

Onasne, noronaom H3MCHOM Hemnx IIHneKca, nobnsamo 

Sin2  e=gr,v2■J g,te 1.1.3  — g„. 	'g1, Xj Fe, 
()Allow° 

s1n2  0 = (gu 	go  gis) X' Xi Iil 113  

IUTO je H Tpebano norca3aTH. 

3anaTax 122. (Onensax 18., aanarax 10.). AKO cy uu  H u  KOBapHjaHTHH TeH-
3opm, noxa3aTH na je nerepmmaHrHa jennatunia 

I xuu  — I = 0 

Hnsapnjanma. 

Petueme: C o53npom na cy U0  H v1J  anconyrall icosaplijanTHH TeH3opH H na 113 
paannxe 

X U0  – , 

14HTCH3HTCT serropa 	je onpehen csojnm Ksa,nparom, 

(w)2 = 	= gu m,' w1 = gij cum U1  v. eiPq UP  vg  = 

= gri gsm c,„ciPq U1VUp V,= E„j egi Ur  V s  Up Vq , 
OHHOCHO 

(W) 2  =a,.,, Ur  Vs  Up V q . 

Kaxo je, mehyrnm, (sHnn 3anarar 26.) 

aff--gn—sfal=nr.1—nsf, 
3a xsanpar HErreH3Hrera. serropa 	no5Hsamo 

(w)2  = (UP VI — ug vP) go, gjg ul vj—  

= g,P
gp2 	vJ vrl — g,, go  u' UP  vj vg  = 

• 	 = (go  gig gig  gjp) UP  V1 vg, 

nrro je, Ha ocHosy pe3yaTara cnipirfor pe3y.TraTy H3 3ananca 121., 

(w) 2  = (uv)2  sine 0. 

Onasne 3a IIHTCH3HTeT serropa w' no5nsamo 

w uv sin 0. 



( 1 ) 
gMN 

COS elmic 
Y gMM g NN 
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IloicancHmo, caga, ga je serrop Wi ynpasall Ha sex -ropHma u1  H vi . Y TOM 

unn,y, x3panyHajmo cxanapin npoH3sog serropa wi H u 1 . Taga go5nsamo 

ui x,1 = g11 	= gijui Ellm  u, v. = Elim uJ  u, v. = 

= —
1 

(eit'n uj  u, 	– 	v,„) 
2 

= 2 
	 2 
(v

.
' 	u, v„, – Eihn  U1  Hi  V,,,) = 1 	— 	Uj  /1/ 	= O. 

Ha HMS Hamill gobssamo 	je H cicanapHs npox3sog sexTopa 	v1  jegHax 
Hyng, 

v,wi g j V 1  W1 = 	eft"' Li, V m =EJ1m 141V, V. = 0, 

LIITO 3Hagli Aa je serrop w' ynpanaH Ha serroplima Ili  14 v,. 

Kaxo je, AaJbe, 
= w vi, 

rge je v1  jenmurnm sexTop sewropa wl, TO, Ha xpajy, xmamo 

III = E1Jk uj  Vk = UV sin 0 v', 

rge cy u n v mrreH3yrreTx sexTopa u 1  H v1, 0 yrao x3meby FbHX, a v' jegHaHnHH 
ser:Top KOill je Ha Hz.nx ynpasaH, IHTO je H Tpe5ano noxa3aTH. 

3agaTaK 124. (Ogen,ax 18 , 3agaTax 12.). Axo je 

0 , 
nolca3aTE na je u 1 = 0. 

Petume: acanapm npomsog serropa ca camHm co5oM je,rmax je xsagpaTy 
H,erosor IIHTCH3HTera, Tj. 

gij
u1 u.1 = (u)2 . 

C o53xpom 	Kaa.apaT xirreH3x-reTa sexTopa He mosce 5HTH Heramman, Ti. 

(u) 2 > 0, 
TO je 

g ,j  u' > 0, 
Tj. icsagparHa ftopma 

u1 

je n0311TH13110 gecIllnurrHa cl)opma, a oHa monce &Tx jegHaxa HyJIH Cam 3a 

u' = 0, 
IIITO je x Tpe5ano noxa3aTH. 

rge cy 01J  yrnosH H3meby sexTopa TpHjegpa e, .  

Peutme: PaHxje cmo noxa3anki (szax 3agaTax 114.) ga je icocintyc yrna xont 
ogpebyjy Arse KoopaaHaTHe xpxse, peglimo x 1'4  H 	ogpebeH H3pa3om 

-•• 
OCHOSHH sexTopx e„ e,, e3 , cy 

TaareHTHR serropx Ha icoopgi4HaTHe RH-

mije .x 1 , x,, x3 , peClieKTHSHO (Bunn 

Quincy). Ha ocHosy Tora Imo H Ha oc-
nosy o5pacna. (1), yrao H3meby sexTo- 

pa e n ej  ogpebeH je x3paa3om 

(2) g `'  = 	 

gii gjj 

ups 'eMy je, 35or 

	

e • e. 	6.;  • ei  
cos 0 ,– 	 

	

e a ; ej 	ei)(ej  • ej) 

se3a H3meby xoop umaTa me-rpm:or TeH3opa H OCHOBIRIX (6a31111X) sexTopa 
o5nHica 

g;  = ei  • ej . 

TIpema Tome, Ha ocHosy (2), go5Hsamo 

1 – cos 2  023  cos2  0„ – cos'- 0„ + 2 cos 0 1 , cos 023  cos 0 31 = 

1 	($23) 2 	(g31) 2 	(g12)2   ; 2  g12823g31   
g22g33 	g33 g11 	g11 g22 	gll g22g33 

1 	r  
	 Lg11 g22 g33 g11 (g23) 2  g22 (g31) 2  g33 (g12) 2  + 2  g23 g31 g12] ,  
gl 1 g22g33 

gl 1 g12 g13 

glig27g33±g12g23g31 -L g13g21g32 — g1+g22g31 — g12g21g13 — glIg23g112 = g21 g22 g23 = 

g31 g32 g33 

0,EMOCI10, 35or g ,j e, • ej =ej  • e,– , 

I – cos 2  0, 3 – COS 2  031  — cos2  0,, + 2 cos 0 12  cos23  cos 031  - 

a 
	 [g11 g22 g33 g12 g23 g31 g13 g21 g32 g13 g22 g31 g12 g21 g33 g11 g23 g32] 

3a,aaratc 125. (Ogemax 18., 3agaTax 13.). liolca3aTH ga je y TpogameH3HoHom g11 g22 g33 
npocropy 

g 	 Kam je, mebymm, 
1 – cos2  0,3 – cos2  03 , – cos2  0,, + 2 cos 0,, cos 0„ cos 031= 

g11 g22g33 

7 Perueffa tipoEuremit e3 TeR3opcxor panyaa 



O .,, A 

a X2  d X 3 
 a.i3  ax3  

a x2  a x3  

0i2 
ax' a x2  

()X I' d X2  

ex -1 ' _ 
aii ' 

d x2  A-1 
a il  

c) 372 

= A-1 a x3 

—I ski I 
xk 

C)5C1  
xk ax' 

axt 
d x' 

a;,,  I' 

g 6, 2 

into, oqurnegao, moxemo HaIlliCaT11 y o5imxy 
oi.2 

— — 
(3 x 2  a x3 

 i3  aX 3  
x2  d x3  

i3  ax3  

xl  ,c3  

(2) 
	v1  = A v, 03  
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no5Baamo 

1 - cos2  823  - cos2 031  - cos 2 0 12  + 2 cos 012  cos 033  cos31  = 	 
g11 8,2833 

Toro je H Tpe5ano noxa3aTH. 

3a,aaraic 126. (Onen,ax 18., 3anaTax 14.). Axo je 	Hexes airracrnvieTpxqua 
xoffrpaaapHjaHTHR TeH3op, 50he 

1.03 ,  a u31 ,  

xoopnanaTe maapajaHmor Berropa. 

Pesueme: C 053Hpom Aa  je uij xotrrpaaapHjaHTHH TeH3op oHna je iberos TpaHccDop-
mauxoHH o5pa3a1 

	

au _ars 	a5c'i, 

axr d 

npH qemy je au= 	35or u" = - us*. 

Axo yaenemo omaxe 

au23  = v„ j/iu31 = v2 , j/ju12 = v3 , 
onna je, peuxmo, 

( 1 ) 
	 v i =y gu- 

	

-_2, , 	d .Z 2  .V 
xr a xr 

Mehymm, xaxo je 

Tj. 

c.ne,nn Ha je 
= A Yi, 

or(a. 50CMo 1101-0,1010 r3pa3HnH AeTepmkulatrre y ropa,oj jennaqHHH, yoasmo 
ma Koh,  neTepmHHaHTy I au  I. Axo xooParrope enemeHaTa au  aenexcHmo ca A", 
oHna je 

auArik =laula lf• 

Axo, ,aaJbe, y oaoj je,011a0.11110 113B131110M0 xomnomatajy ca a", me cy al' eneme-
11T0 peannpoaHe (Hrn3ep3He) AerernsamaErr e Aerepaillawrri I au  I , Ao5m3amo 

,31,4fic—lau ls'accx", waif = aD, 
OATIOCI-10 

Alk= auk& 

111TO 3HaqH na ce xotexTopH 00.00.30e neTepm0HaHTe mory 11313a3HT11 nomohy 
}belie apenHocrx H enemeHaTa iaeHe penanpornie AeTephumurre. 

HmajyhH °Bo y sHAy Imo H %unbertagy )1a. cy  HeTepmmairre y jenHaqHHH (2) 

KocDarropx ogHocHHx enemeHaTa y neTepmHHaHTH A- 1 - 
a xk 

momemo =cam 

111TO 3ameHom y jenHaqamy (2) naje 

v=v1 

	

-, axldx_2 	a X3  

	

d x' 
±v2 

 x' 	3 	
,z■ 

 

Ha cnrmax HaqHH 5HCMO no5H.a.H 

g penamn3HH cxanap Te1uSBe + 1. Hpema TOMB, 113 (1) )3(061133aMO 

— 	 65E2  di' 
01  =62 1/gUrs- 

a xr d x.Y 

Axo H3pa3 Ha Ileum j crpaHH one jenualume HanHinemo y pamjeaom o5nHxy, 
Bonerul pagyHa ,r(a je uMM= 0, no5Haamo 

ail 	6 2  a5.C 3 	-2  di' di-2  di3  
v-, = 	[u-- (- 	 — 	+ u-- (a x  — - — 

dx2  dx3  dx3  dx2 	dx3  ox' dx' dx3  

Two na moxemo BHCaTH 

xi 02

- 

 = vj a 5c.2  

d xf 
v3

- 

= v./  _ , 
x3  

d xi 01 =v1 a _,. 
xi 

+1112  (_i2  a i3  43V 0)7
_

3 )] 
a x 1  ax2  d x2  axl  

Ha ocHoay qera 3a.x.nlayjemo na cy v„ 0 2 , v3 , onacHo Viu23 , 	u31 , 	12, 
xoopAHHaTe xosapHjaHmor BexTopa, Toro je Tpe5ano noxa3aTH. 

3agaTax 127. (0.gesbaK 18., 3a0aTaK 15.). AKO je Try  0HTHCHMeTpH111111 KOB01:01- 

jaHT1111 TeH3op, 5Hhe 
023 	031 	013  
Vg ' 

a , vi  

RoopnxHaTe KosapHjaninor Berropa. 

7• 
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Peuteme: C o53spom 	je v u  KonapHjaHTHH Teloop (num je theron TpaliccDop- 
maTkHoHH o5pa3au 

trim Hemy je v13  = —71J1 ,

- 

 35or v, = — 

AKO yrse,gemo o3Haice 

v„ 	1 v31 	V i7  
= U 	

7 	
= U 3  , 

Vg 	V g 	V g 

olma je, Ha npluviep, 
v 23 	1 	d xr d xs 

u — 	= _yrs  _ 	_ 
Vg 	a x2  d x 3  

14.11H, c o53lipom Aa je Vg penaTHnHa ci(anapna HHHapHjanTa Te)HHHe + 1 (BHAH 

npeTxoginf 33HaTalc), 	
-1 	d xr O Xs 

ax 2  dx3 
. 

 

Axo necHy cTpaHy one jegHaHHHe Hanmnemo y pa3BHjeHOM obnincy, no5HHamo 

-1 	(d x 2  d x 3  d x3 0x211 
 + v31 (

a x
-

3  a x: d x'  a X3  
_ [412 , 

ai 2 	i2  a 	 d x 2  d x 3  d i2  

THKO r(a mo)Kemo nHcaTH 

Ha ocHosy Hera 3ax.rbyHyjemo .r4a cy 	
V23 	V3 , 	V,2  

u2, u3 , ogHocHo  	, 103013- 

VT?  
nfiHaTe icoirrpanapHjaHTHor BeKTopa, ITITO je H Tpe5ano noxa3aTn. 

19. Ilpemeurrame mineKca. 3npymenn TeH3opH. 4n3nparge icoopiumaTe Teu3opa 

3a3nTaic 128. (Onen,ax 19., 3a..4aTax 1.). IloKa3aTH .71a cy eijk HE ~Ik 3.apynceHH 
TeH3OpH. 

PCUIElbe: CBH OHH TeH3opH KojH ce no5HHajy 113 jenHor nona3Hor Tampa K OM-

no3muijoivi ca OCHOBHHM meTpH,HcHm TeH3opHma (KOnapHjaHTHH.m 333111 xoarpaHa-
pHjaHTHHm) 3oBy ce 3.apynceHH TeH3opH. ,z1 a 5HCMO HOKH3aJIH AH Cy Cu,H Eijk  

3appic.e1Ili TCH3Opit. Tpe5a ona noxa wemo na ce. peummo, TeH3Op EiJk  mowe 
Ao5HTH 143 TeH3opa Eijk  KOME1031111HjOM ca OCHOBHHM merpHnxxm TeH30p0M. 

Ha ocHoHy Hecinunaulje 3ApyweHnx TeR3opa cnem ;la je Ten3opy Elm„ 
3Apywert H TeH3Op 

g" gfrn 

M4yrxm, Kaxo je 

ax'  a X5 	
di' 

= w 
d 

, 
vu

- 

 yrs  o*.i 0  

+ v12  (a xi  a  X2 	
x2 a xi 

di3  0i2  gobirsatvro 
Z irren =  F./7g  efmn 

gil g jm gkn 	 gil 
 gr

im gkn 

;quo je npoHepHTH, 35or nornyHe aHTHcHmeTpHje cHcTema 
gim gkn e

lm,,  no-rnyHo aHTHcHmeTpHHaH, na moxcemo nHeaTH 

gil gfm gkn eimn _ eijk g ll  g2nt gin 

lipema Tome, ,ao5HHamo 

ga g jm gkn ,hnn  = g eijk gl 1 g2,rn g3n elnm 

no5Heamo 	
Kaxo je, Aa.rbe, 

	

dicl 	, d il 	 e i  ,,,,, g11g2mg3rr = 1 gij 1 =  1 	1 = 	9  
a 	6l = ul — 11  + 	u2 	+ u- ---, 

d x' 	d x 2 	d x3 	 g ul g 

OX(HOCHO 	 TO, KOHWIHO, no5HHamo 
ax' 

— 

	

iii =211 	 
• 

	 gil g jm gkn ei,,,n=1; 	1 	1 	. g . 	eijk = 	eijk = ejk ,  , 

d x-i 
Ha camau Rawl( 5Hcmo no5HnH 	

4 	 g 	Vg 

Mebyrxm, Kaxo je (=vim° Ka° y npeTxognom 3agancy) 

c).x2  ax3  ax3  dx2 
= A 

a' 

61-2  di' ai2  d i 3 	d x' 

dx 3  ax' d x' d x3 
— A 

d ii 

0i2  ai3  a.i2  6)73 	a x-  

Ox' dx2  ox 2  ax'— A a i i 

43.5c 2  d.i3 	a.. 2  ai3 	a x3  ' 

ie TCH3Op 

Ha OCHOBy Hera 3axibriyjemo ga cy cuk  H Eijk  3,aprKeHn Teimopn, INTO je H 
Tpe5ano noicamrrH. 

3a,naTaN 129. (Onen,ax 19., 3anaTax 2.). Iloica.3aTH 333Boemeis.1 pagylla Aa ce, 
y oxtHocy Ha ,LteKapTon npanoyr.all cHarem, KoopHH.HaTe 3,apricellax HeicTopa He 
palrifixyjy jenHe oA Apyritx. 
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Peutetbe: Y onHocy Ha npasoyran ,E(exapros cnc -rem KoopuHmaTa, xooprumaTe 	 Ha Herm Ha9HH je H 

meipHtmor TeH3opa oupeeHe cy malpsHom 1e3  = 633  . 

H 

1 0 0 

0 1 0 • 	0 

0 0 1 • 	0 

0 0 0 	1 

Ha ocHosy no:Drumm* 3irpoynceHHx sexropa, sexTop xojn je 3npy)KeH BeKopy 1.1 je 

u, = 

Osoj TeHaopcxoj jenHamum oarosapajy Cnenehrix N cxanapHxx jenHamina 

ui + 3 12 U2  ± 	3 1 N UN =U1,  

ll2=a21211 	u2 + • • • + 	 uN= u2 , 

UN =  8,i ul + 8,2 u2  + • • + 8NN UN  =. UN,  

Ha OCHOBy KojEx 3axmytryjemo ot(a. ce KoHTpasapHjaHTHe H xosapHjaHrHe xoop.aH-
HaTe serropa y )eKapTOBOM npasoyrnom cHcTemy xoopnxHaTa He pa3rnixyjy. 
Apyrffm petarma, 113mehy anpyweHra serropa y npasoyrnom geicaprosom cacTemy 
xoopAHHaTa HeMa pa3srme, urro je H Tpe5ano noxaaam. 

3anaTax 130. (Onensax 19., 3anaTax 3.). Am je 0(23)  yrao 113meby RooprmHaTrinx 

serropa e2  H e3  y eyxnHnocom npoeToPY TpH anmes3Hje, noxa3aTH na he 5HTH 

ggii 
sinz 0(23) 	• 

g22 g33 

Penteme: AKO je xoop,aHHaTua TpHjenap ompeben BerropHma e,, °Rua je 

e2 = e(2) e1  

na ce BHHH 1za cy KogrpasapHjaHTHe xoopnaHare sex-Topa e2  

{e lm} –{0 1 0}. 

Jer[Hiumuf serropH serropa e 2  H e3  cy 

e(2) _ e(2) _ 1 
•• ■ (2) - 52.    

le2 1 V g22 1421 

	

e (3) 	1 ,f 
(3) = 	= 	 o 3. 

	

I e3 1 V g33 	V g33  

Ha ocHosy peaynTaTa y 3anarxy 121., caca, moxemo IIHCHTH 

Sill2  0(23)  = (gai grs gir gis) X (2) X (2) A (3) X (3) = 

1  
(gu g„– g„ gm) 82 82 a; s3= 

g22 g33 

1 	 1 
(g22 g33 g23 g23) 

g22 g33 	 g22 g33 g32 g33 

C oS3Hpom ;la je ropHa geTepmmilawra jermaxa xotbarropy enemewra 
serepmaHaRTH g=lgu  I, TO je 

g22 g23 

g32 g33 

na go6usamo 
ggn 

	

Sine 0(23) = 	 
g22 g33 

3asaTax 131. (Onerbax 19., 3HuaTax 4.). Onpenirru clumunce NooprtHHaTe sex-Topa 
6p3HHe y TpOPHMeH3HOHOM npocTopy y ouHocy Ha cucTeme nonapHo AHJIHH-

AapeKrix KoopunHaTa H enHnTimarx xoopumaTa. 

Femme: KoHrpasapHjaHTHe xooprumaTe sex -Topa 6p3HHe onpehene cy H3BOHOM 

xoopumara no spemeHy, Tj. 
. dx 1  

v 1  = — . 
dt 

g22 g23 

g11 y 

G" = 

CEH9110 je 	 (13H3H=nce RoowatuaTe sex-Topa 6p3HHe jecy n,erone npojexurtje Ha xooprw- 

-{e`,3 )). = {0 0 1}. 	 Haine aHHHje, Tj. 

= gu  X i(k) • 
KsanpaT HaTermrreTa serropa 	je 

C o63Hpom na 	 serropH xoopn,HHanna JIHRHja oupeljeHH CBOiHM 

1;2 2  = e2  • e2 = gu  e (2) e(2) =g2,9 	 RooppuHarama (BHHH aauarax 113.) 

1  8k , 
Nic

j 
 ).= 	0 -k vile cymripaTH) 

V gkk 

na je 

1;21 — 



nerepmanairre Tpeher Axo, AaJbe, npeocrane 
npne npere, Ao6nnamo 

v, 

a2, 
a3, 

v2.  03  

a22 

a„ a33 
Om-all 3a.na- 

V1  

6) C 
TalIC 115.) V2  03 

d)C 2 	dp v(2)  -- xl v 2  x- — r — = r cp, 
dt 	dt 

dx 3  dz • 
0(3 ., = V — = —= z 

dt dt 

o53HpoM ,Eta je y ennn-rntumm xoopannalama 	v, 

pena pa3BnjeMo no enemetrrnma 

= v All  + v, A 22  v 3  /1 13  = v. Al j, 

I —' 1  
an 
a21 

Tax° 	je 

OAHOCHO 

0( 1 )=C 

• 

v:8,„,r 0,2 _ ,2) (v2. _  1,2)  -F  _ (v2 _ 
c ( 0,2  —  v.2)0,2_  v2)  14 y_g _3;  

L (A2- 1)

/

(

\

,2 -k2) 

clnumgxe RoopminaTe nexTopa 6p3nne he 611TH 

r 0:2 _ (2, 1 2  
(1 – [L2) (k 2  – p.2) 	dt 

alz 	= v, A 2 ' v2  A 22 + v3  A 23 = v, A2 j, 

a32 a33 

02  v 3  

a,2 a„ —v, A 3 1 Tv, A 32  ± v3  A 33 	A3), 

a„ a23  

D= u , v, A'1_-u2vvA2t+u.v, A 3  , 

D=u,vi  Ati, 

rite cy Au xocl)arropu enemenaTa 	y gerepmmiarral -rpeher pena ! LUTO 
je n Tpe6ano noxa3a-rn. 

104 	 11. TpaH4opmaukcja 

no6nnamo 

vQ)  = 	vi 	
1 , 

8, – g„ 

• . 
gi 2 V'  

• • 

Ten3opa 

1 	0 

0 (x) 
0 	0 

, 	dxi 
=- — 

dt 

HpomembHan.x. TeH3opcxa am-e5pa 

1 	 1 

19. llpemenrraEbe miaexca. lapyaceHH TeH3opH. 0313101Ke . . . (128 — 137) 	105 

311,aazan 132. (Orteman 19., 3a,a,aTax 5.). 	oica3ani Tamtocr Hapenne jegnagnne 
3a oueucieuy gelTiepmunauilly 

v, 	03 	0 j 

all 	47 12 	a13 	u1 
=U V Au P 

2 	a„ a23 

a3, 	a32 	a33 	u3 

rne cy u, H v, nexropn a A'-' xocparropn ,neTepmnnairre Ternopa 

Peruelbe: Axo Awry ,ne-reptvEnnairry pa3B0mo no enemeurnma geTnp -re xonone, 
,ao5maamo 

0 1 	v., 	v3 	0 
V, 	02 	 • 02 	03 	 c 1 	02  

all 	al2 	a„ 	u, 
D 	 a21 a22 a23 	— 	 a„ 	a,2  a„T u3 a„ a12  a,„, 

all 	az2 	a23 

ail a„ a33 	a„ a„ a„ 	! a2, a22 a„ a31 	a32 a33 

)3(3) 	 g„ vi 

gif  
gi, 

1 
v(2)= guy' 1/—g 12 —  

g22 

1 
V 	=go  Vi  

6p3HHe 

0 

1 

dr 
— 
dt 

g22 

g33 

0= 0 

gi, 

1 

1 

y 

	

g„ v1 	— 	gi , v1 , 
Y 

1 
= 	V2  g22 	 g2,2 V' , 

rig22 

= g„ v3 ,f
1 

g33 

a) Koopnnnare meTpknixor 
Tama cy (B11,12(11 33,4aTax 103.) 

{g u} 

na cy 41431PIKe xoop,EtntraTe nexropa 

V g33 

no.napno 

 1 0 	0 
0 r2  0, 
0 0 	1 

y TOM CHCTM 

• 
r, 

—14 33 7)3 

Annininapcxnm Roop,anna- 

RoopEnniaTa 

0(2)= C 

V( 3) C 

r  

@2 — 
 ,2) 	(2.2) 1 2 d, 

(1 – v 2) (v 2  – k 2) 	dt 

0,2 i.L2) (A2 v2)l2 dx 

L (A2- 1 ) (A2 - k2) j dt 

3a,naTaR. 133. (Onemax 19., 3anaTax 6.). Axo cy ui , , aU , anconymn ren3opn, 
noxa3aTH na he mill-germ ,geTepManaHTa 113 npeTzcomor 3aaarxa npencTan.a,arn 
penal-mann cxanap re)Knte 2. 

Pesuobe: Axo ynextemo omiaxy xao y npemortnom 3agarxy, rj. 

(1) 	 D =u,vi  Au, 
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,Ltan.e je 
D= A 2  u1 v,„ AM apt = A. u, v„, Abn, 

(5) 

KoopmulaTe meTpEpuror TeH3opa go6linamo 113 o6pacua 

ayk 0yk  
gu = 	• , 

k a X' i)X •I  

na je, Ha macs),  (5), 

ogRocHo 

je 

ogHoeHo 

41 0,1 ay2 ay2 	[(x)2  + (x2)2  10] x' x2  
g12 = g21 = 5 

ax' a x2 	xl axe 	 8 (y2)2  

2 x' x2  [(x 1)2  + (x2)2  —  10] 
g12 =  g 21 — 	 • 

[(X 1  + x2)2  — 4] [4 — (x 1  — x2)2] 

g221 )+k1111 oX2 a 2 ) =  

/op 	ay2 \2 r  /y2 +71(42 ) 2,  

X 	 y 2 	6 x2 

(4) g22 
1 —x2)9.  1 , 	  

y 2  = ±— 

4 
V [(xl + x2)2  — 4] [4 — (xl x2)2 	 4  (x1 x2)2  

4 (y2)2  [(x1  + x2)2  — 4] [4 — (x1 — x2)2] 

rue je Au Jux])arrop enemenTa aft  y AeTepmffimilm I a u j, off m Tpe6a na ogpe-
Ammo rpaHabopmagHonx o6pa3au cxanapa D. Bel TopH ut  x vt , c o63Hpom na 
cy anconyrim TeH3opH (npaor pega), RMajy apaH4opmanHoHe o6pacue 

xi 
u, = u, — , 

axm 
v = v — . 
j  m aii 

KocDarrop A'1  TpaHabopmrune ce Imo penannmni xowTpasapHjaHTun TeH3op 
Texline 2 (SHAH 3agaTax 93.), rj. 

71-u = A 2  Aim 	 A = a x'dxm (3) 
ox' 

axk 

IIpema Tome, 

(4)  

HJIH, axo HCKOpHCTHMO (2) H (3), 

a. 1  ax"' ()RI 
6, 2  u,V. — — — 

aV axP axq 

Ha ()cam (1), y HOBOM el:Jeremy icoopgutrara 	6Hhe 

D 	AU, 

011HOCHO 
A2 D, 

Ha ocHoay 4era 3ambygyjemo na je gaTa oHJ3H9eHa gerepmH.HauTa penarnaHH 
cxanap Temme 2, n1TO je H rpe5ano noxa3aTH. 

3agaTalc 134. (0.amax 19., 3agaTaic 7.). Y ogHocy Ha Helm ,LIelcapToa cm-rem 
npanoyrimx icoopnHHaTa y paaHH yogeHe cy Ta=uce A (— 1, 0) x B (1, 0). Cae 
ocrane TaInce pamin ogpebyjemo IFJ,Hxoanm paeTojawItvia x1  H x2  og cam naejy 
TanaKa (6HnonapHe Koopgrfflare y paBHM). QapegHTH nHHHjeica enemeHT paana 
y OBHM KoopinniaTama, Koopg,HHaTe merptrucor Tetnopa go  13 memy 3,HpyxceHor gu. 

Perueme: Be3e H3mehy AeKaproasx npaBoyrnnx KoopgaHara yl, y 2, H 6Hnonap-
mix aoop,rumara x1 , x2, cy (mum ciuncy) 

(x') 2  = (y2+ 1 )2  + (y2)2, 

(x2)2 (yi — 1 )2  + (y2)2. 

OTyga cy Tpaucckopmarmorm o6pacum 

(,1)2_, (x2)2 
Y 	

4 	' 

y
2 

AinpepelnrapaH,em jegHatualle (2) napulljan.no no x', 4105m:tame 

0y2 	_ 1 ayi 

a xi 	y2  ax' ' 

na je, Ha ocHoay (5), 

	

g11 — [1 +(yi  — 
	( yi )2 (x1  x2)2 

	

(y2) 2 	xl 	4 (y2)2 

oggoello 
4 (x1  x2)2  

gll — 
[(x1  + x2)2  — 4] [4 — (x2 — x2)2] 

CJIH9H0 H3 (1) WIC/1H 

	

y2 	y1 +1 6y' 
a x2 	y2 6 

(2) 

(1) 

(2) 

(3) 



Koopsnllare Icompanapnjallmor OCHOBHOF 

3opy g u) ao5nuamo no o5pacuy 
rell3opa gij 

Gig U  
g =  

108 	 II. Tpanc4)opmalulja npomewrbaraux. Teu3opcxa anrthpa 
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na cy Hoop,amiaTe MeTPHMKOT ren3opa 	, npauca3aue y 

2 x' x' 	 2 x 1  x' 

o5Jaucy marpnue, 

(x 3 ) 2  + (x2) 2  - 10 

2 x' x2 	j 

AKO 

(2) 

onua 

OB0j I13OpMfl nonamo H OPY3IVIVVIO cloopmy 

2 al3a23 	2 
a„a„+ a„ a„ 

dx3 dx4 + 2 a' 4 a24  (dx3) 2  ± 	 (dx4) 2  , 
a„ 	 a„ 

ona nocraje 

- [(x' 	.X2)2  - 4] [4 - (x' x 2) 2] f (x 1 ) 2  + (x2) 2  - 10 

KBanpar enemewra nyica (niumjcial enemenr), 

ds2  = g dxi dx' = g„ (dx")2  + 2 g„dx1  dx2  g„(dx2)2  , 

y OBOM CJPPlaiY H3HOCH 

4 x1  x2  ds2 _ 	  {x' x2  (dx 1) 2  + 
[(x' + x2) - 4] [4 - (x 1 - x2)2] 

+ [(x')2  + (x 2)2  - 10] dx' (Ix: -4- x' x2  (dx2)2}. 

(3upy -Acenor TeH- 

4(x1  x2) 2  

[(x 1 + x-1) 2 - 4]2  [4 - (x' - x2)92 
{20 [(x 1 ) 2 + 

(x2)2] Rxty (x2)2, 2  I 00), 
5nhe 

{gu} 	
[(x1 + x2)2  - 4] [4 - (x 1 - x2)2] 

2 x' x2  {20 [(x1 ) 2 + (x2) 2] - [(x1)2- (x2)92_ 100} x  

f 	2 x" x2 	10 - (x1) 2 - (x2)1 

(x1 ) 2 	2 x 1  x2  

3ananc 135. (Que.sax 19., 3agarax 8.) Hem cl) = au  dx .  dxj (i, j = 1, 2, 3, 4) 
6yue nomrgalla necimunirna merputuca claopma y Kojoj je a„ = a„ = 0„ am a„ 0. 
rloica3arn is ce ona monce nanne.arn y o5nutcy 

e 4, 1 2-  422 + 43 1 

r.rle je 	xomorena xuanparlla cllopma on dx 3  H dx 4, e = 1 Tax° Aa oyne 
E au > 0 H me je 

= (2 e a„ 	„) 

- 

(a (dx 1  dx 2) + (a„ + a„) dx3  + (a „ + a„) dx4}, 

Y,= (2 c a 12.) 

- 2 

 [a„ ( - dx1  + clx2) + (0, 3 - a„)dx3 + (a „ - a „) dx4]. 

Peumbe: ,aara xllauparlfa claopma, C 053npom ,rta je a„ = a 22,- 0, y pa3enjellom 
oaruncy n3rneua 

(1) = a ,2  dx 1  dx 2  1- 2 al3 dx1 dx3  + 2 a„ dx1  dx4  + 2 a„ dx2  dx3  + 

( 1 ) 	
+ 2 a,24 dx 2 dx4 + a33 (dx3)2  + 2 a„ dx 3  dx4  + a44 (dx4)2 . 

= 2 a„cbc1  dx 2  + 2 a„ dx1  dx 3  + 2 a„, dx1 dx4  2 a2, dx 2 dx 3 + 

a13 a2 3  (d.x3y .4_ 2 a13 	a24 + a2 3 a14  
(3) 	+ 2 a, dx2  dx4  + 2 	 dx 3 dx 4 + 

a„ 

+2 17' 4 	a24  (C1X4)2  ±  
a„ 

rue je (13, xomorelia amanparlla cpopMa no dx 3  H dx4, Ti. 

a„ a„ - 2 a „ a23 (dx3)2 2  a„ a34  -  a„ a,- a23  ai4 
dx dx + 

a,2 

a„ a44 - 2 apt  ‘224 (dx4)2, 
an 

.11.naa 2 a„dx 1 dx2  y (1)opmll (3) moxcemo Hanncarll y oannicy 

2 a,2 dx' dx2  = 4-52  [(dx' + dx2) 2  - ( - dx' + dx2)2], 
2 

nnn, axo ueclly crpany nomilowamo H nonenumo ca a l „ 

(5) 2 a„ dx' dx2  = (2 0, 2) -1  Ra„)2  (dx' + dx2)2  - (a, 2) 2 ( - dx1 + dx2 ) 2]. 

HCTO TaK0 je 

2 a, 3  dx' dx 3  - (2 a„) -1 [(a, 3 ) 2 (dx1 + dx3)2  - (a, 3 ) 2  ( - dx' dx3)2], 

WM, aim neeny ea-pally noTvrllownmo H nonennmo ca a„ , 

(6) 2 013  dx' dx 3  = (2 ai2)-1 [a,2 a,, (dx' dx3) 2  - a„ a 13  (- dx' + dx3) 211. 

Ha cnapian HaNnu no5nuamo 

(7) 2 a,4 dx 1 dx4 = (2 a „)- la 12  a 14  (dx 1  dx4) 2  -au 0, 4 (- dx 1  dx4) 2], 

(8) 2 a„ dx 2  dx 3  = (2 a„)-  1 [a,  a„ (dx2  + dx3) 2  - a,, 023  ( - dx2  dx3) 2], 

(9) 2 024  dx 2  dx4  = (2 a„) -  [a„ a24  (dx2  + dx4) 2  - a„ a24 (- dx2  + dx4)2]. 

Ago m3pa3e (5), (6) (7), (8) 14 (9) 3amellnmo y (3), nocne noroAlinx 
nneirrkplltnx rpallecbopmallnja, 1o5nsamo 

(1-) = (2 a„)-3 [012  (dx' + dx2) + (0,3 + a23)dx3 + (a „ + a„) dx4] 2  - 
(10) 

- (2 a„)-1 [a„ ( - dx1 + dx2) + (a„ - a„)dx3  + (a,- 4234) dx4] + 

X 

rne je 	Koclaaxrop enemeura g,3 y uereprinniatrrn g= 	Ilpema TOMB, C 	 (4) 
o53npom /la je 



u(k)  = gij  Aoe, = g j  tz'  	
gik Ui  

	

( 4)2  - 	 ( 4)2  V 	v 
v 7 (0,7)2 

uk  
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Ysennmo, caAa, o3naxe 

44= e -1  (2 a„) -1  [a „ (dx1  + dx2) + (a,3  + a„) dx3  + (a,4  + a„) dx12 , 

4,1= e -3  (2 a „)--1[a„ ( — dx1  + dx2) + (a,3 — a„) dx3  + (a,4 — a„) dx12 , 

me je e =f 1, Tax° na je e a„> 0, 0,4H0C110 

41= (2 a„)-3  [a „ (dx3  + dx2) + (a,3  + a„) dx3  + (a14  + a„) ther, 

41= (2 a12)-1 [a „ ( — dx1  + dx2) + (a,3  — a„) dx 3  + (a,4 — a„) dx12 . 

Tam. Km:manly clopmy (10) moncemo nanklcaTn y o5nrucy 

= et.P? — e44 + , 
rne je 

= (2 a a„) 1[a„ (dx 1  + dx2) + (an + a23) dx 3  + (a,4 + a„) dx4], 

4)2=--  (2  a an) 2  [al, ( — dx 1  + dx2) + (a„ — a23) dx3  + (av, — a24)dr9, 

rne je 	xomorena xsa,apartla cpopma no dx 3  H des, Aara ca (4), IIITO je 

Tpe5ano noxa3aTn. 

3anaTax 136. (Onemax 19., 3anaTax 9.). Axo je Ai jexamtnin sexTop, noxa3ant 
Aa cy xocnnycn yrnoBa, xoje weros npaBan rpann ca xoopAntianism ntinnjama 
flexor ICPHBOJIHIIHjCICOT KOOPAHHaTHOT cncTema y Tp0nscmes3nonom npocTopy, 
AaTil o5pac1jnma 

1411 Llic 9  Fri; 

Petueme: C o53npom jxa je Ai jennntrum sexTop, Tj. I Xi =1, To he xocnnye 
yrna xojn on rpann ca xoopAnnaTnom nkrasjom xL 514TH jennax cxanaptiom 
upo13som Tora sexTopa H jeAHHIPIHOT sexcTopa re xoopAnnaTne IIHHHje, Tj. 

COS a(L)  g AI A (L). 

Kaxo je mehyTnm, jeAuswain sexTop KoopAtiname JIHHHje onpehen KoopAnnaTa- 
3anaTax 113.) (snAH 	

1  

X(1) 	 0L, 
V gLL  

3anarax 137. (Onewax 19., 3aAaTax 10.). Y eyronnexom Tp0AHNIeFI3HOHOM 
npocTopy y onnocy na Heim xocoyrnn npasoniumjcm eneTem xoopAntiaTa n3pa- 

■-).• 

314TH (Ptintprxe xoopnrware u(i)  Berropa u nomohy werosnx xonTpasapnjauTnnx 
xoopAnnaTa ui 11 YHOPOII,HTH jense ca Apyrnma H Ca xosaptijanTntim xoopAnna-
Tama ui  . 

Pememe. Hexa cy xocoyrne xoopAnnaTe xi AaTe nomohy ,L(exapTostrx npaso-
yranx yi jennavinama 

xi = yi, 

0,aHOCHO 

yi= a lf x i, 
	

(aka! = 
Tana je 	

g„ = 7 a" a", 
k 

na cy jentunfpnul sexTopn 	Kocoyrnor xoopAnnaTnor cm-Tema Oman 3ana- 
Tax 113.) 

1 
A(L) 	 . sL 

OtkL aCkL 

CP1333DIKe xoopArulaTe BexTopa u jecy npojelattlje Tora sexTopa Ha oce 

xoc,oyrnor cncTema, na Cy, npema Tome, jentiaxe cicanapnom npon3so,ny sexTopa u 
H jenumpoinx serropa onrosapajyhnx oca, Tj. 

143 ropwe penannje BHAHMO xaxsa je se3a 143me1jy 04.311.1101X Et xonTpa- 
.-. 

sapnjalannx, onnoctio (1)1331PHOIX H xosapnjanTnnx xoopAnnaTa BexTopa u. 0‘1H-

rneatio je Aa ce na ocsosy ropwe penal nje mory 113pa3Hrxt xonTpasapnjanTtle, 

°Atwell° xosapnjanTne xooptaltlaTe sex-Topa u npexo werosnx 4:1/11311,11CHX 11.11H 

xosapnjasTintx, OAHOCHO CDH311.11(11X 11J111 xonTpasapnjantnnx RoopAnnaTa. 

A2 	X, 

5ithe 
al 	8 -1,, 	Ai, 

	

cos G(w= h x
i L X 	— , /— 

V g LL 	IriT.L IIS.L 

°Atwell° xocnnycn yrnosa n3m4y naTor je,Annntimor sexTopa H xoopmmalintx 
ninuija xl, x2, x3, cy pecnexpasno 

	

A, 	 A, 	 X 3  
COS OC( i) -= 	 , COS OC( 2) =

.g  

„—_ , COS 01( 3) = 

	

I ,/Tii 	 V 22 	 aT3 

II1TO je H Tpe5ano noxa3aTn. 



21. KplicTo4)e.nota) cum5ox8 (138 — 143) 	 1 13 

Axo y Qallocy Ha HeKH oproroHaaHH 1:00p,a1THaTHH cHcrem patiyHamo KoopromaTe 
KplicTocpenosor cum5ona lapse spore, ov-mrnegao je, c o53Hpom Ha (1.1) H (1.2), 
la he 5HTH 

(1.4) 	 [IT, K1-0, 

III. METPHIIKE PEJIALILIJE. TEH3OPCKA AHAJIH.3A 

Lae cy I, J, K, Ma xoja rya rvAyco5Ho pa3nmara 5poja 113 curia 
1, 2, ... , N. HpeMa Tome, og Hyne mory 5HTH pa3Inunrre canto oHe 
HaTe Rog xojux cy Hajmall,e gsa (Ma Roja) migexca jelHaxa. 

HocmaTpajmo, Ipso, cnygaj 'mg je I = 	H3 (1.2) cnegH 

[II, K]= 	
1 dg,

I (1.5) 
2 d x-K' 

5pojesa 
Koop,ah- 

21. KpmeTo(benorin CHM50.111 

3aaaTah.. 138. (Ogen,as 2L, 3agaTax 1.). 111.3panyHaTH KpHcTocbenone cHm5one 
y hfinHugapoiatm nonapfulm H ccl)epHlrm nonapHHm Koop,aHHaTama. 

Paw/be: C o53Hpom Ha senHxy npilmeHy TeH3opcKor pagyHa H grptepeHnHjanHe 
reomeTphje. 4ecro je noTpe5Ho, npH pentasait.y RommeTtillx npo5nema, H3pany-
HaBaTH KoopAHHaTe KpacToclaenosilx cHm5ona npse H gpyre spere y Hexom 
H3a5paHom cHcTemy Koop,ramaTa. 

Y cnyqajy opToroHanHlix KOOPAKHaTHILIC cucTema KpHcrocknosH cHm5onn 
nocegyjy H3secHe oco5HHe Koje HaM gajy se3y mehy H,HXOBHM KoopgitHaTama, 
Taxo la ce Spoj He3asHcHlix KoopAHHaTa yivtaasyje. Y osom 3agarxy cHcremaTcKH 
hemo H3J10)1CHTH Te oco5HHe, iuro he HaM omoryhHTH ga naxo yOMIIMO He3a-
sHcHe KoopaHHaTe. Ha xpajy hello TO ripHmeHuTH Ha enygaj uhnHHgapcxnx 

nonapHxx H ccbeimmx nonapHxx KoopAHHara, IHTO ce H Tpaach y OBOM 3agaTxy. 

1. Kpuclizog5enoe cumoon I eporie. Y ogHocy Ha Hem oproronanHH xoop-

ailliaTHI4 cHcrem y By1CJIHACKOM H plimaHcKom npocTopy, Ka) HOCTOjK y r114TaBOM 

yomeHom pHMaHCKOM npocropy HRH Sap j101:ajIHO, RoopgymaTe meTpluncor TeH- 

3opa cy 

gu. 0 	0 • • • 0 

0 g22 0 • • • 0 

t 0 	0 	0 - • - 

KpucTchkenos c13m5on npse spcTe getinitiFicau je H3pa3om 

(1.2) 	
1 a g. 	OA. dg ( 	k 	 •) 

	

[i :1, kl = — —I-  +- ' 	" 

	

2 d xi 	d xi dx k  

r&e HHgeKes i, j, k, y3limajy spegHocTH 1, 2, ... , N, npH ‘iemy je ourrne)Ho 
cHmeTpmaH y ogHocy Ha upsa Asa ruigexca, Tj. 

(1.3) 
	

k]=Lti, k].  

jep cy npaa Asa ' ,mum jermaxa Hynes. 
Axo je, naR, 	5Hhe 

[If, I] = 1 a - 
2 dx' 

HRH, axo ymecTo J ea-ammo K, 

[1K, II= 
1 d g,

r 
2 a xrc 

Axo OBO ynopegrrm oca (1.5) BliaHMO ,aa ce Te Beg KoopraniaTe pa3nHxyjy canto 
y 3HaKy, Tj. 

(1.7) 	 [II, K] = - [IK, I], 

INTO 3fla9Il jaa nocrojH oco5HHa ahrHcHmeTpHje y ogHocy Ha apyra Ana Hugexca. 
Osge je sa)KHo HanomeHyTH as ocoSima aHTHcHmeTpHje nocrojH canto y cnynajy 
xae cy )(Ba vargexca mehyco5Ho jegHaKa H pairuvarra oe Tpeher, npH Nemy ce 
raj pa3IIINHTI4 He HaJla3H Ha rip-3°m mecTy. Axo ce pa3J1114.11714 HHACICC Hana3H 
Ha npsom meciy N4 ra mowerao, c o53Hpom Ha oco5HHy cHmeTphje y ogHocy 
Ha npsa ;aria knigexca, a0BeCTH Ha gpyro mecTo, TaJcO Aa Ba)I:4 ropthe Tspbelbe. 

Ha xpajy, noomaipajmo cartaj xag je I-J=K. Tana he 514Th 

(1.8) 	 [II, I]= 
1 	g„ 

2 a x' 

Ha ocHoBy npemognor Mo)xeMo 3aKsbrarrn ea yxynaH 5poj He3ashcHxx 
H og HyJle pa3JH3IHTHX KoopgimaTa KpHc-rod)enosor cHm5o1a. npse spore H3HOCH N 2 . 

Te Roopgmare cy 

(1.9) 	 [ii, j], 	(i, j- 1, 2, 	, N). 

ClieHrijailHO 3a Tp0gHmen3noil plimanCial npocrop. y ogHocy Ha IteKH 

oproroHanHH 1:00/1-114Halffli cHolera, hmamo never HapegHilx He3aBHCHHX KOOpaH-

Ham KpHcrocj)enosor cHrabona npse 1Tc-re: 

	

[11, 1], 	[22, 1], 	[33, 1]. 

(1.10) 	 [1 1, 2], 	[22, 2], 	[33, 2], 

	

[11, 3], 	[22, 3], 	[33, 3]. 

8 Peuleaa npoonemn 1:12 Tefoopcimx paslyna 

(1.1) 	 {gu} 

g NN 

(1.6) 
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Cse ocrane ce H3soAe 113 <mix Ha ocHosy BaseAetna oco5HHa cHmeTpHje y oA- 
Hocy Ha npaa Asa HHAexca H aHTHcHmeTpHje y oAHocy na Apyra Aaa HHAexca. 

AKO je xoopAHHaTHH cHcrem Tams Aa xoopAHHaTe meTpwixor Ten3opa 
3aAosorbasajy ycnose 

gii = g11 (x2, x3, • • • , xl ) ,  

g22 = g22 (xl , X3, • • • , XN), 

g NN = g NN (X 1 , x2 , • • • XN -1), 

INTO je, Ha npHmep, carriaj y AHAHHAapcicHm H ccbepluim nonapHHm HoopAmia-
Tama y eyxnHAcHom npocropy oA Tina AHmeH3Hje, na H y xpHsonmEmjcxam 
opToroHanmam xoopAHHaTama Ha nospnarHH al)epe (xoja Hnje epcnnAcm npocrop), 
5Hhe jeAnaxe HyHH H xoopAHHaTe Kpacrocl)enosor cHm5ona npse spere 3a am 
TpH mehyco5Ho jermaxa HHAexca, Tj. 

[II, I] = 1 agn =O. 
—2 d x' 

Ilpema Tome, y THICBHM xoopAHHaTHHm cHcTemHma 5Hhe pa3nrmiTe 0,13( Hyne 

canto oHe xoopAHHaTe KpHcTocpenosor cHm5ona npse spore R .* Hmajy Asa 
mehyco6Ho je,u,Haxa (H oA Tpeher pa3nHurra) HHAexca, Tax° Aa mowemo nllcarn 

(1.13) EH, = [Y, 1], (4.i= 1 , 2, • N), 

jep 3a i =j Ao5Hsamo 
[ii, I]= – [ii, i] = 0. 

H oso Tpe6a HarnacHTH Aa je oco6HHa aHTHcHmerpHje 3agosomeHa 3a 
Apyra ABB Ewlexca canto axo Cy OHM pasammTH jep HHame He Basal. Axo cy 
Apyra Asa HHAexca jennaxa, oana moxemo, C O63HpoM Ha oco6HHy cumeTpHje 
y oAHocy Ha npaa Asa HHAexca, Ha Apyro mec-ro AosecrH oHaj HHAexc KojH je 
pa3nagHT oA Tpeher, Taxo Aa (Huta swim oco5HHa aHTncHmeTpHje y oxiocy Ha 
Apyra atm HHAexca. 

Hmajytuf ropH>y aanoMeHy y sHAy, mozemo TspAHTH Aa cy KpHcrool)e-
3101311 CBMSOJH ripe spCre, pariyHaTH y oAllocy Ha xoopAHHaTHe cncreme THijH 
me-mom TeH3op 3aAosomasa ycnose (1.11), BHTHCHMeTpHLIHH y oAHocy Ha 
Apyra Asa BH):(eKCB, Tj. moxemo micaTH 

– [ik, j] 3a kOj 
(1.14) 	 [ij, k]={ 

– [1k, I] 3a k=j. 

Ha ocHosy oBora momemo 3axisyrorrn Aa y OBOM cnriajy yxynan 6poj 
13e3aBliCHHX H OA Hyne paanwarrilx xoopAHHaTa Kpncrotenosor cHm6ona npse 
spere H3HOCH N (N –1). 

2. KpuaTio0eAoa cum604 II epctrie. Osaj cHm5on je AeclmilmcaH cne,nehHm 
H3pa3om 

(2.1) 	
ij 

	

k 	
11,  

npn =iemy je ogarne.sHo 
k 

} = 
k 

1 35or cHmeTpHje KpBcTo(1)enosmx cHm5ona 
i i 	.i i 

npse spc-re y oAHocy Ha npaa Asa HHAexca. 
Y opToroHanimm Koop)lwaTHHm cHcTemama 5H•e 

K J 

1 
(2.2) 	

i 	= gKK [H, K]. 
1I 

MehyTHm, xaxo je [IJ, K] = 0 3a csaxo I, J, K, Kohl cy mehyco5Ho pa3nn9HTH, 
TO je H 

(2.3) 
11 K J 

= 0. 

Axo je I= JO K, mmamo [II, K] = – [IK, l]. 110MHOZCHMO JIM OBO ca gll  grK  
go5HBamo 

grr gKK [II, K] = 	giCK [IK, I], 

na je, Ha ocHosy (2.2), 
f K 1_ gKK  f 	1 , 
1 I 

0 nHOCHO 

1I Kf 	gKK 	 ' 

f I1_ 	f K 
	

(I , K =1, 2, ... , N 
IOK 

Axo Cy elm. TpH HHAexca jeAHaxa, Tj. I= J= K, bailie

(2.5) 
{1/1} 

= 	[//, I]. 

IIpema Tome H y OBOM cnriajy je noTpe6Ho H3pagyHaTH canto N 2  He3a-
sncHHx xoopAHHaTa KpHcToltenosor c1m5ona Apyre spare, Tj. 

(2 . 6) 	 j 
k 	

, 	(i, k = 1, 2, ... , N), 

Am( ce oc-rane naxo no5nsajy na ocnosy penanHje (2.4). 
Axo KoopAHHare meTpkrixor TeH3opa 3aAosonasajy ycnose (1.1 1), 5nhe 

(2.7) 

HpeMa Tome, oco6HHa (2.4) H osge je Hcnythella, Tj. 

(2.8) 
	

1,/,}-51.,//1" ,  
na y Tam:4nm xoopAHHaTHHm cHcremHma swim penamkja 

f i 1 _ 
kk i i} ' 

g" 1k 
ik } (2.9) 	 (He cymn-paTH) 

l   

rAe cc noApa3ymesa cHmeTpaja y oAHocy Ha Aona nap HHAexca. 

(1.12) 

(2.4) 

8• 



1 0 0 

{gii} = 0 r 2  0 I , 

t o 0 1 
{g'l} = 

0 0 

p 2 	0 

0 p2  cos 2 cp 

1 0 	0 

1 
- 0 
P 2  
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H y OBOM cnygajy 5poj He3aBHCHHX 11 OA Hyne paanizigHTHx KoopgrniaTa 

KpHc-roilierrosor cHm5ona )&pyre apc -re II3HOCH N (N - 1). 

3. Ifitnurtgapme fionaprie KoopguliatTie. Y onom ciacTemy Koop.arrHaTa (x 1  =r, 

x 2  =cp. x3  -z) meTpwricH TeH3OP Hma 05J1141( 

C o53Hpom ma cy °Bile HcrlyiseHH yCJI0BH (1.11), TO lima meeT He3aaxc-

HPX 	KpacToclienotior clim5ona npae apcTe. Te xooparmare cy 

[11,2] [22,1], [33,1], [11,3] [22,3], [33,2]. 

Mehymim, 'calm cy y oaom cnriajy g,, n g33  xolierairre (jegEHHHe) 

KaK0 je g22  cl)ymailija canto om x', 5Hhe 

[11,2]= --
1
-

Og 	
0, [22 3]= - 	6g2

=
E-2  0, [332]=_ 

1 ag, 
-0, 

2 axe 	 2 ax3 	 2 axe 

[11,3]= - 1 
 dg,

'' =0, [33,1]- 	1 6833   = 0 
2 ax3 	 2 a xl 

na oc-raje cam jegira He3aaHcHa xoopa -miara xoja je pa3rwm-ra o ,q Hyne. Ta 

icopgimaTa je 

Ha crimari HaqHH go5Hsamo 14 KoopaimaTe Kpricrocpenopor cHm5ona 
npyre spcTe. JemHHa HeaainicHa xoopaHHaTa xoja je paanwikrra om Hyne je 

(3.4) 	 12121 = gli [22,1]= [22,1] = - r, 

gox °crane gae go5Hriamo Ha ocHorly penagnje (2.4), Tax° ga cy 

(3.5) 	
f 1 
12 2} - - P, { 

1 
1 

2 

2 

r 

1 

{22  1} - 1,3  ' 

y 3  

1 

{gu} ={ 
0 

(4.1) 

{g"} = 

1 
0 

p2  cos 2  
C o5cnpom na Cy H on= ncnyibeim 

(jeTunixna) Ka° 14 na g2 , He aamicH og x3 , 

[11,1] - [22,2] = [33,3] = 0, [22,3] = 	
1 og22

= 0, 
2 dx3  

[11,2] = 	I agil 
 = 0, [11,31- 	

1  agii  = 0, 
2 axe 	 2 0 x3  

Taxo ga nMaMo canto rpH Heaamiche xoopAHHare Kpricrorpenorior cHm5ona 
npae apc -re H TO 

1 g 	 1 ag"  
[22,1] = 	22  = 	p, [3 3,1] = 	 2 -p cos cp, 

2 	 2 ax' 

1 ag 
[33,2]- - - 	= p- sin co cos p, 

2 axe 

na cy, npema aome, O ,q Hyne pa3nmirre caegehrix Aesur xoopgirHaTa 

[12,2]= to. [13,3] = p cos' y, [23,3] 	- p2  sin 9 cos 9, 

(4.2) 	 [21,21= p, [3],3] = p cos 2  m , [323] = - p 2  sin n cos co, 

[22,1] = - p, [3 3,1] = - p cos 2  9, [33,2] = p 2  sin cp cos cp. 

(3.1) 

1 	g22 
(3.2) 	 [22,1] = 	 = r. 

2 a x' 

Ha ocHosy paanje Hasegerna oco5HHa, 143 ore narco go5Hsamo °crane Ape om 
Hyne paanipurre xoopgmiaTe, Taxo ma yxynaH 5poj om Hyne pa3nipuiTHx 'coop-

giniaTa 143110CH -rpm. Te icoopgHHaTe cy 

(3.3) 	 [12,2] = r, [21,2] = r, [22,1] = - r. 

jeginie Tpli xoopannaTe Kpricrocpe-
.noror cHm5ona gpyre apcTe xoje 
cy pa3mpurre om Hyne. 

4. COepie fionapHe Koopgu-
;woe. Y OBOl1 cricTemy xoopgx-
HaTa (x' = p, .x-2  = (p, x 3  = 6) MeT-
pH'IKH ren3op je 

ycnonn (1 .3 1) 14 ma je g11  xolicTaHra 
&the 
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Jena:He Tpll He3asHcae KoopaHaan Kpncrocpenosor cHm5ona ;Tyre Hpere cy 	 no5Haamo 

1 =el [22,1] = p, 
122} 

{313} 	
[33,1] = – p cos 2 <p, 

13231 
= 822  [33,2] = 1 — p2  sin cp cos = sin cp cos cp, p 2 

na cy, npema TOMC, on Hyne pa3nHanTe cnenehnx nem' HoopzumaTa KpncTocpe-
nonor cHm5ona ;pyre Hpare 

— 

 = 	
a 

 (log Vg) 	(2 log + log cos x2) = —
2 

, 
1 i 	' i 	x 	 xl 	 xl 

2ii 
= 	(log 14) = —

6 
(2 log x1  + log cos x 2) = – tg x 2, 

	

x2  e 	a x2  

i 1 	d 	 a 13 i j = x, (logrg) = x3 (2log xl + log cos x 2) = 0, 

IWO je H Tpe6ano noKa3aTH. 

3a,awraic 140. (0,aemax 21., 3aanan 3.). AICO cy 0 H cp nonapao pacTojalbe H 

reorpacpcxa nalpHaa Ha aetcoj ccPepit na ce y3me 

	

122  }P ' 	1 133 1 -1P ' 	{ 233 1 – 
 – tg cp, 

(4.3) 	
1 221 } =, 	{ 331 } = i ' 	332 

 1– – t8 9, 

2 
1

2} – 
_ 	

3 
l  3 }– –p cos2cp, 	

3  23 
 = sin cp coS cp. 

3anaTaH 139. (0) e.rbax 21., 3anaTaic 2.). Hona3aTa aa y aPepaam nonapaHm 
HoopaHanama ca meTpHalcom clopmom 

ds2 = (dx') 2  + (x1 dx2)2  ) + (x1  cos x2  dx3)2 , 
BaXCH 

log a = 2 log xi + log cos x2  
H ,/ka je 

	

{ 1 1ixi 	{ 2 i 
1= –tgx2, 	

3 
i
i 
 1=0. 

Peuieme: N3 H3pa3a 3a meTpipncy cpopmy, 

ds2  = (dx1)2 +  ( 1 , 2 x ) (dx2)2+ (x'  cos x2)2  (dx 3)2, 

Bjewilmo na cy nooplantaTe meToracor TeH3opa 

1 	0 	0 

{gi)} = 0 	(x1) 2 	0 
0 	0 (xi cos x2)2 I 

Oaanae email 

	

1 	0 	0 

	

g = I gtJ I = 0 	(x1 )2 	0 	– (x1)4  cost x2, 

	

0 	0 (xl cos x2)2  

log 	= log [(x1)2  cos x2] = 2 log x1  + log cos x2. 

or(a../be, Ha ocaoay o5pa.cna (HHAH onemaa 21., je. n:mainly 10.) 

k i 
– —6 

xk 
 (log a),  

	

xi =8 cos cp, 	x2 =6 sin op, 

H3paayaaTH ate KpricTocpenose cHm5one 3a Taj noopramaran cncTem xi H x2 

 H nona3aTa ,r(a. cy OHH jenHann Hynes 3a 0 = O. 

PeUICIbe: Be3e H3mey eicapToma npaHoyrnnx noopanana. y' H noopracHaTa 
aa noaputH ccpepe 0 n cp cy °anima (Hann cnincy) 

= R sin 0 cos p, 

y2  =R sin 0 sin cp, 

y3 = R cos O. 

Ha ocaoHy osmx penanaja, napum-
janHarm RHCpepeamcpaHseM no5Haamo 

ay' 
— = R cos cos cp, 
a 0 

y2 R cos 0 sin cp, 
00 

dy3  
= – R sin 0, 

= — R sin 0 sin cp, 	03'2 	= R sin 0 cos cp, 	= 0 
a cp 	 cp 

na, Ha ocaoHy o5pacna, 

	

7 6)* aYk 	({xl}  

d6 



ay' a y 1 	yz 0y2  dy 3  dy3  0  
g12 = g:21 00 cp 00 Op 00 Op 

a x2   
= sin cp, 

d x -

'=0 cos p, 
0p 

(6) 

00 

dcp dcp 
[12,1] = [21,1] = [21.2] -

d
-
y

- 
60 do

' : [12,2] - 

ax' axe Ox' 	O x' ax2  ax' 

+ [22,1 ] 
dcp ay de , 	 dO 

g -020 

 

ax' ax2  dx 1 	ax' ax e  Ox'  

62 9 	a y  
22 	ax2 axI 

Sine 	Sill"  

03 
12 2  sin y - cos2  cp • -coS 0 sin 2  y 	 

0 	 02 + cos 2 cio 
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3a Hoop,anHaTe meTpx‘mor TeH3opa Ha ITOBNIH celiepe no5Hriamo H3 TpaH4opmanHomix o6pa3aua (4) napv,Hja:illam 
5HHamo 

Awl)epeHnHpathem 

41 ) 2 
= 

0 ( aY 2 	( 43 )2 R2,  d e 	a 0 

0x 1  
a0 

-= cos cp, 
ax' 

- 0 sin 9, 
Ocp 

g22 	ayl \ 2 ± a2 \ 2 + a3 \ 2 R2 sin2 0.  

kacp) 	o 	a y ) 

H HCTO TaK0 

00 	60 
- COS y, 	= sin cp; 

az' 

dy 	sin cp 

x' 

= COS cp 

X 2 	0 
Texaopa. cy 

( 7) 
maTpune, Koop,Eantare meTpHtticor 

{g'1;} = 
R2 	0 

0 R2  sin' 0 

Ha ocHo3y Hoopanitara mennmor TeH3opa mmicemo Haim H3pagyHarki Ha 
cy jenitHe oR HyJle pa3nwlifre Roop,auHaTe Kpitcroclienonor cHm5ona. nine Hpcie 
(ai rtH 3anaTax 138.) 

[21,2] = R 2  sin 0 cos 0, 

(2) [12,2] = R2  sin 0 cos 0, 

[22,1] = - R2  sin 0 cos 0, 

KpRcroclaenonor cHm6ona. ;Tyre Hpare 

12211 = cotg 0, 

(3) 12 
2 } cotg 0, 

1 
= - sin 0 cos O. 

22 

AKO, cam, 14313pIEHMO TpaHccpopmattHjy npomeHamanx 0 it p  y npomeH-

HAIBC X' H X2 , nomohy o6pa3ana 

_ 0 x - cos y,  

	

62  0 	sine p 	62 0 	sin p  cos  p 	62 0 	cos' cD _ 	 

	

(a x1 ) 2 	0 ' ax' axe 	0 	' 0,2) _ 
	, 

	

2 	0 

a 2 9_ sin 2 9 	02 p 	cos 2 9 	(Po 	sin2p 
	' 

	

0 xi)2 	02 	' a  x, a xe 	0 2 	' (c■ 	
- 

x2) 2 	02  ' 

do  de ay 	60 .39 dy 	do  do a@  
[11,1] = [21,2] 	 + [12,2] 	' 	+ [22,1] 	 - 

ax' 	 Ox' ax' 	Ox' Ox' Ox' 

02 0  00 	02  cp do 
	- 

(0x1 ) 2  dx1 
+g2, 

(0x1)2 

=R2  sin2 p cos 	cos 6 	 
sin 0 

2 
 sin' 0 

02 	03 

a o 00 09 	60  a cp ay 	 dy 00  
[11,2] [21,2] - -   [12,2] 	 + [22,1] 	 

ax' dx 1  0x2 	axi 	Oz2 	ax' ax' axe 

ate a0 	a2  Cp 0p 

± 8'1  (0 X 1 ) 2  0X2  + g22  (a X 1) 2  6 X2  = 

[
I 	 sin 0 	, 	sin'- 0 

- Rz sin CiD 6111 2  p • 	cos 0 (1 ± cos2  9) -- ,- 2 cos- y  
0 	 02 	 0 3 	' 

liptuca3aHe y oSaHxy 

( 1 ) 

na, Ha mica),  (5), Koopnintarc KpHcro(De:lonor ctim5ona urine Dpcie, y cHcTemy 
KoopnitHara x 1  H x2 , H3Hoce 

(4) 	
X 2  = 0 sin p, 

mina cy Noop,rama-re KplicTotbenosor cum6oHa npne 1Tc-re y HoHom cHc-remy 

Koop,aHHaTe x' H x2  (azaH Qaemalc 21., jenHa‘nmy 15.) 

	

dx' 	 az x" a xo  
( 5) 	[0, lc] = [041, 	-1-g,43 -  	 , (i, j, k, a, [3, y = 1, 2), 

,)-Z7j 01-k 	aJ:4 ai-k 

npH gemy je {xcq = {0, p} H {. 1 } = {x 1 , x2}. 



Tpanccliopmanmona obpa3an Kpnc-roclienosor ami5ona pyre spc -re je o5nHxa 

(SHAH oxtemax 21., icAliviiiny 19.) 

tf k 1 = 1 m 1 ax' x' a ik 	xt  

iff =( r sj axf oiJdxm
+ 

 di' 

us. Ha ocnosy TOra, (3), (6) n. (7), Ao5nBamo 

f 11 =  f 2 1 de dcp dx 1  + 1 2 1 d9 00 ax' _ 
11 If 11 21 4x2  ax' ay 12 If ax' ax' Opp ± 

+ 	 
A2 A ()x' +  02 	a 

(a x1)2 ae (a x')2 O p  - 

= sin2 cp cos cp - —
I 

- cos 0 
sin

2 
 0 +2cotge), 

0 

2
—

i 2 u 2 1 00 d9 ax2  +1 2 d9 00 ax2 + 
[1 21 12 11 11 21 ax' x2  d y 12 11 ax' dx2  dcp 

+ f 1 1 Op  ap ax2 	020 	ax2 	a2 cp 	ax2 

12 21 ax' dx2  00 4-  ax' ax2  00 +  ex' ax2  by 

sin = cos cp - cos 2 9. -0- + cos 0 sin2 9  020 
  + cos 2 9 cotg6) , 

2 11 2 1 d6 49 ax2  + 1 2 1 dcp 00 ax2  + 1 1 1 dcp dcp dx2  

	

(2 2f
= 

 11 21 dx2  dx2  dcp 12 I 	dx2  dcp 12 21 ax2  dx 2  de + 

a2 9  dx2 	62  cp 	x2  
+

(dx2),  00 (d x2)2  acp - 

= sin cpcos29 	1 - — - cos 0 sin
9 
 e 

 + 2 cotg . 
2 

a ik 

1 1 cp 	ax' ± 

2f ax' d 	ae 
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[12,2] = [21,2]= [21,2] - 96 —66 69  +[12 ,2] -611 	(3 9 
a x' axe axe 	ax' axe a ' 

	

09 Op 00 	02 0 	00 	d2 cp 	dcp  
+122,1] — — +g 

	

dx2  ax2 	
,, 

 dx 1  d x2  6 x2 + g22 	d 	dx2  

1 	 sin 6 
	s' 0

' 

- 

R2  cos 9 - sin2 y • 
e 

• — + cos 6 c0s2 9 	-cos 29 02 	03 	' 

[22,1] = [21,2] - '°`) —00  -1-Po  +[12,2] -a—e  --16 op  + [22 1] Op Op 00  + 

	

ax2. Ox2 ax' 	 Ox2 Ox' 	' O x2 6.0 ax' 

020  ae 	&cc)  ap 
+g„ 

(ax2)2 a xi + g 22 (0 x2)2 () xi  

f 11 = 1 1 1 = 1 2 1 de dcp  d 	I 2 1 09 de ax' + 
11 21 12 If 11 2f ax' dx 2  dcp 12 If Ox' dx2  acp 

{

1 dy  dx 1  ±  02 0  ax'  d2 y ax' 
2 2 ax' x2  de d axe de a xl d x2  dcp 

- sin 9 ( - sin2 y . 
6 0 

—
1 

+ cos 0 cos29 
sin26 

 - cos 29 cotg 0) , 

5 	1 Lf 2 1 d0 d 9 oxlf 2 1 dcp 60 ax'  1 1 1 dcp acp ax' ± 
12 25 11 21 dx2  axe dy 

± 
12 if 4 x2  ax2  d 9 

+ 
12 25 6 x2  ax' ae 

+ 
02 6  0x' + 

 d
2  cp ax' 

-  (a xz)' 60 (a x2)2 Op  

in I s 
= R2  cos cp [ cos 2 cp • —

1 
- cos 0 (1 + sin29) 

sine + 2 si
.
n2 9 si11

3 

261 

0 	 02 	 0 i 	

= cos cp (1+ sin2cp)— 
e 

—cos e cos2 y 
0 2

e 2 sine cp cotg 0] , 

69 de 09 	de dcp d9  	Op dcp ae 
[22,2] = [21,2] 	 +[12,2] 	 +r 

	 -+ 
ax2  ax2  ax2 	ax2 x2 x2 	ax2  ax2  ax2  

2 1_1 2 1  00 dcp axe + 2 1 dcp de axe + 1 1 	dcp dy axe ± 
(1 1f 11 21 dx 1  d 	d y 12 1 f ax' dx1  dcp 12 2f dx1  dxl 00 

az 0 ax2 	az cp  ax2 
62  0 00 62  cp  d y 

+ g 	+ g 22 	
+ x") 2  de + (d x') 2  09 

(a xzy a x2 	(a x2)2 x2 

sin 0 	sin2 0 
- /22  sin 9 (cos2 9 . —

1 + cos 6 cos 2  cp 	 2 cos2 cp 	 
62 	 03  ) •  

in e = sin 9 [(I + cos 2 cp) — - cos° sin2p 
s 	

- 2 cos2  cotg , e2 



124 	 III. MeTpwrice pemaukije. Temopaca aHanina 
	 21. Kpmc-rocte.nosu ciimborni (138 - 143) 	 125 

Ha ocHoBy uo5ajcin4x H3pa3a 3a KoopuiniaTe Kpficro(penoBnx cHmbona 
npne H upyre BpcTe, pagyHanix y ouHocy Ha RoopulailaTHH cHcTem 11 .x 2 , 
;MK° je BILEICTH ,Lta ce aa 11,112: uo5Hjajy HeonpeJeHH k3pa3H aKO ce cram( 0 —0. 
MebyTHm, y3ac-ronHom nplimeHom JloninanoBor npaBilna naKo ce noKa3yje to 
cse xoopaHHaTe Te)Ke HynH Kau 0 TexcH }lynx. 

3aAann: 141. (Owen ax 21., 3auaTas 4.). HeKa y' (i = 1, 2, 3) 5yuy ,L(exaprom 
npaBoyrne KooputmaTe y E3  H HeKa y' = U1  1 y2 = u2 5yuy y3eTe Kao Roopu(4- 
HaTe Ha nonpum y 3  —f(u 1 , u2). 

a) Hallman( meTpknmy (1)opmy Te HOBpLIHI. 

5) IloKa3aTH ua ce KpHc-rocbenoral CHM60.1111 ;lore BpcTe ose noBpum 
mory HanHcaTH y o5.-11(Ky 

u-= LAY  R 1 	1 +f,2 +12 2  

y3Hmajy Bpe,RHOCTH 1 H 2 11 rue je 

f = 	af 	
a2f 

" au- ' 	au- a 0 • 

Peraeme: Y ReicapToBom npaBoyrnom cHcTemy Koopumlara, jeuHanmia noBpuni 
je oanma 

(1) Y 3 	y 2), 

a 13e3e inmehy geKapTonHx npaBoyrnHx mopuxnaTa y', y2, y3  H IcoopuxHaTa u' 
H u 2  Ha nospam (r'aycoBH napameTpH) cy 

(2) yl u' , y 2 == u2, y3 	(ul ,  u2) .  

a) ,aa 5HCMO Hanmanli meTpHHxy 43opmy noriplux, Tj. 

(3) ds2  = gc,p  do duo, 

mopamo npeTxouno oupeuHTH xoopulmaTe meTpinixor TeH3opa gt, 13, y oullocy Ha 

xoopaimare u 1  H U2  Ha uaToj non/3111H. KoopumiaTe merpw(Kor TeH3opa oupe-
byjemo no o5pacuy 

(4) k=1 dux aUC3  

3 a yk a yk 

3a napluijanHe H3Bone ,LIeKapToBlix npanoyrnnx KoopinnTaTa no xoopmniaTama 

14 1  H /42 , Ha ocHoBy (2), uo5mamo 

	= 	= 	a .Y2  o a Y2  = 1. au , 	7 a u2 	,./ u1 	' o u2  

11a. he, Ha ocHoBy (4), KoopumHare meTpinixor TeH3opa &TR 

g ii — (ad):)

2 ; a

d24 1  ) Y22 ± d

e)

yu

3

1 )

2 

= 1  + (-0C)/if1  ) 2'  

	

ay '  dy 1  , ay' ay' ay3  dy' 	of  of 
g,2—g21 = au, ‘au2 	au2 T 6,1 6„2 dui 602 ' 

	

1 2 	ay2 2 	ay3 2 

ou2 +( au2 ±( au2 

	

gr2 N 	) 	=1± (aduf2 )2'  

HnH, npuKa3aHe y o5nmy maTpme, 

1  -4- 

(of 2 of  On  
dui 	au' au?. 

) 

{ fga.s,}= 	of  ,c) f 	1 1  t, of \2, f • 

du' du' 	rou2  

IIpema Tome, meTpiniKa (1)opma nospum, na ocHoBy (3), je oanma 

	

ds2 = [1 + (-61-)2 ] (dui) 2  : 2  a 'f  al'  du' due +[1 	+ (--a-l—) 21 (du2)2. 
out 	 du' due 	2 	\ a u2 

	

5) KoopunHare meTpw(Kor TeH3opa (6) nosplun (3.114rneuHo, 	mowem o H3- 

pa3HTH y o5mucy 

Tam) ua. 3a KoopyrnraTe KplicTockenorsor cHm5ona apse Bpere uo51113amo 

[c413, 	
1 (dg5.1,± 	gSii 	

af 	02f  , 

2 du' 60 	) d 002  duO 

HHH, aKo ymuemo o3HaKe 
d f 	 f 

au, =I 	au-auo 

mo)xemo HX HanHcarx y o5nHKy 

[aP ,  Yl 

KoopimiaTe KplacTocpenoBor cpuv.15ona upyre BpcTe oupelvjemo Ha ocHoBy 
penauHje 

( 7 ) 
1:Y = 
	[py, v ] ,  

na BH,E1141%.10 	je 3a HAIXOBO oupehHBathe noTpe5Ho ua 3H 	 ut amo KonTpanapitjaHTl 
OCHOBHII TeH3op ga'. KOOpAHHaTC TOr Tex3opa cy 

rue x(rueKcH 
7" P ' 

TaKO 

(6) 

Of  Of 
gc,;&— 6a0 a te ()U ri  

( 5) 

ay'_ 	of 	ay' = df 	 getY d  er G' 

a U l  a U a 	U2  a U2 
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je GG"  xocpaxTop enemeHTa gcc, y HeTepmrfflaHTH g=Igc,;. 143 maTprnxe (6) 
Ao5yisamo 

H3 napamerapcxnx jeHHatuma xppxHor uarnnwpa, 

,goonsamo 
1+.11 

fi f, 	1 ±fi 
rHe cy HcxopinntleHe HanpeH yaeHeHe o3Haxe, Tj. 

f2 = 
2 	of \2  

ao/ 

yl= a cos u', 

evi 
	— a sin 
du' 

	
= ' 

634 = 0 0 
au2 	au2  

y2 = a sin 14 1, )13  112, 

ay2 
aui  = a cos u", 

aY3  =1 
u2  

= 1 + +A, 

2 

a y3  
	— 0, 
dui 

na cy xoopHHHaTe xoHTpaoapHjaHTHor OCHOBHOT TeH3opa„ gaze y o5nrucy maTpxue, 

1 +A 	fif2  

+.11+fi 	1+ f + 	= 1 11+A —f1f21 .  

f,f, 	1+1'1 	1 +A -4-  t — AL 1 +fi 
1 +ft+ fi 1 	+ 

Ha ocHoay oBora H penal:Hide (7), 3a xooppsHaTe KpkrcTocpen000r cHm5ona 
.pyre spare, calla, Ao5Hriamo 

+f2 
f  / I  }=g11(11,11±g12[11,2]= 	12 	2 f]  f11 _ 	 fe z 	

J
f 
2J1
f 

1 -.. 	2 	2 
I  +f I ±f2 	1  +fi+fi 	1+.11+.12 

{

1 	 f f 1=1 	}=g-4[12,1]±giz[12,21_ 	12  

1 2 	2 1 	 1  +fi4- 

1  2 21 1 +f  ;122  + f 

1 222 1 1+1;212+2  f;  

HITO ce, oTnirneHHo, moxe HanHcaTH y o6nHxy 

a 	""y  

(3 y 1 +A+ fi 
LLITO je H Tpe6ano noxa3aTH. 

3aHaraw 142. (0,neJbax 21., 3agaTax 5.). gaTa je noopm xpyxcHor uziramopa 

y' = a cos , y2  = a sin le, y3 = u2 . 

a) Qape,runll joj merpHlucy cDopmy. 
6) HankrcaTH KpEcroctenose cHm6one 'Time n pyre opcTe 3a Ty noHpin. 

Pememe: Zja 6HCMO oHpeHmun meTpipixy cPopmy noopum HaTor xprialor AH-
juumpa noTpe6Ho je Ra, npoo, oHpexlmo xoopHHHaTe meTpHtncor TeH3opa. Te 
xoopHHHaTe ome4yjemo no o6pacny 

( 1 ) 

	 &a __ 2  3  d y” a yk 
dua d u5  

Taxo Ha cy, Ha ocHorty (1), KoopArniaTe meTplencor TeH3opa 

gn  (2—c) Yull) 2  (:Yu 21 )2  ( cl—aYu31 )2  = 2  

	

dyl 	1d v2 ay2 dy3 
g12 g21 	 a ul a u2 as u' a u2 au' 

yl \ 2 	dy2 \ 2 ± ay3 \ 2 = 1,  
g22 	 I du21 

+ 

\au2 ) 	kau2 ) 

RAH, npmca3aHe y o6nHxy maTprtne, 
a2  0 1 

fg031= 0 	J 
MeTpkrua cDopma je, npema Tome, o6ninca 

ds2  = a2  (du1)2 + (du2)2 . 

6) C o63Hpom "la cy Roop,armaTe meTpHimor TeH3opa xoHcTanTe 5Ehe 
xoopHHHaTe KpRcroctien000r cHm6ona npoe BpcTe, na, npema Tome, H Hpyre 
opcTe, oBe jeHmaxe 

3a)laTax 143. (0,nen,ax 21., 3aHaTax 6.). Hexa crxcrem xoopaHHaTaxx ammja 
Ha Hexoj nonpnaH 5y,He oproroHana.H. 

HanHcaTH meTpwacy cDopmy nospnin y TOM cariajy H H3pa3HTH Hale 
KpHcrocl)enoae cHm5one y 0/limey Ha Hexes opTOroHaJHH IWYEBOJIHHHiCKH cEcTem 
xoopHHHaTa y 1p0,iuHMeH3HOHOM eyKJIH,EICKOM npocTopy. 

Femme: C o53HpoM Ha je noapin ABOAHMeH3HOHH npocTop H ,r(a je CHCTeM 
xoop,Euniannax nitHHja Ha Troop= opTcroHanaH, TO je meTpapum TeH3op oaninca. 

fg„ 0 1, 	
( {gcco} 	 0c, 13=1, 2), 

0 g„ 
na je, npema Tome, meTprpnca cloopma oanHxa 

g  (dx1)2 g22 (dX2)2• 

Axo yonEmo Heim oproronanHH xoopmmanuf cHcrem xpHoo.nHHHjcxnx 
xoopgaHaTa y Tpo,nnmeH3HoHom eyxaHrmKom npocTopy, oHHa je ee3a xr3mey 
THX xoopramaTa H xoopHHHaTa Ha HaToj noapinn obnixa. 

	

= (xa), 	(i= 1, 2, 3; cc = 1, 2), 

fel= 

2 1 	AA,  
1 11 1 +f--F {221} - {1 22}=1+f;(2-11-f3 

a y3  0  
u2  
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0,71HOCHO 
(..)?)• 

KoopaimaTe KplIcTocpenorsor cHm5ona apse Hpc -re y ogeocy Ka opToro-
Half Till cHcTem Kpl4B021141IlliCKILX xoopartHaTa y Tpoalime.H3Hol-10M ey.10-111aCKONI 
npocTopy pa=lyHamo Ha ocHony o5pacua °Herbal: 21., jeittia ,Thaty 15.) 

Eij,  k-i= rot [3. yl  d x' x° dx-Y +g 	02  xa 	dx 0  

4  di' di) 

r.He cy [a [3, y] xoopHHHaTe KpffeTocl)enonor cum5ona apse Hpere pamyHaTe y 
oHllocy Ha icoopHHHaTe Ha .oaToj no3pum. KoopaHHaTe [ij, Hmajy cne oco5nne 
xoopHHHaTa KplicTotenonor cHm5ona npne HpcTe 3a opTorouarnm ckicTem Icoop-
HHHaTa, xoje cy H3noweHe y 3aHaTxy 138. 

KoopaHHaTe KpucTo<i)enonor cHm5ona apyre npcTe pagyHamo no o6pacuy 
(egam °Herbal< 21., jeHtlagpmy 19.)  

du. 	k 1 ,  

d 	if if 
Ho5HBamo 

du 	du. 
	—  	u„{ .

k 	
.k  .}. 

dx 	d 	ti 	.7 1  

C o53HpoM Ha cy KpucToctienoBH CHN160J114 ,apyre spere eliMeTpWIH14 y oaHocy 
Ha Holt.H nap Hlinexca, Tj. 

I 

1 if I Oil' 
5Hhe 

du, 	du;  
J , 

xi 	x' 

-=. 	— Uk  

ro je H Tpe5ano nolcaaaTH. 

	

i 11 CL 1 a5L i  dX13  d xY 	62  x" 	6)7' 
	+ — 	 

	

1 .1 kJ 113y J dza d xJ d xk 	d:i1  d 	xk O.T. 	 2) Jeallagrmy 

22. KoBapnjannat 11131101* BeKTopa x TeH3Opa 

3a1*aTax 144. (01*enal< 22., 3a,aaTax 1.). 01*pe1*FrrH xonapHjaHTHH 1131101* cica-
napa 

Peuarbe: KoHapHjaHTHH 143B01* cicanapa (TeH3opa HynTor pe1*a) jealfax je Eberosom 

napnujanHom H3so1*y. lipema Tome, 5Hhe 

dg 
g , 	- - • 

ax' 

(BHHH °Herbal( 21., je,aHaNnHy 9.) 

dg 	

j 
	=2g 
d xi 

g, i = 2 g{ i  
ji 

 }, 

LUTO je H Tpe5ano papeauTH. 

3a1[aTaK 145. (OHerbax 22., 3aHaTax 2.). Hoica3aTH: 

du 	du. 
1) Ha je ynex 	— 	—  

c)x 1 	d xi 

2) Ha je u„ ; = u1 , canto axo je u 1  rpaHHjeHT. 

Peuieme: 1) Ha ocHoay HednimulHje xonapHjaHTHor H3Bo1*a xonapHjaHTHor sex-
Topa, 

mowemo HanHcaTH y o6nHxy 

du, 	lc 1 du 	k 

6u1 if 	x' 	if 
c o53Hpom ,z(a. je 

k 1 	k 

Ho5HHamo 
du ; — dui 

 6 xi Ox' 

Osa je,aHagilHa npe,acTaan.a ycnon Ha nnHeapHa makepellunjanHa <Dogma u, dxi 
5y1*e ToTanux Hial,epeHulljan Hexe cxa.napHe cpyxxuxje, Tj. ,Eka je 

u,dxl =dcp, 
paaxne cneHH 

dcp 

d 

urro 3HaNH Ha je nona3Ha jeHHaaHHa 3a1*oHon.ebra canto axo je u, rpaHHjeHT HeKe 
cicanapHe ctlyHxaHje, IUTO je H Tpe5ano noxa3aTH. 

3aaaTaK 146. (01*erbax 22., 3aHaTax 3.). 143pagyklaTH xonapHjawrHe H3Bone u, ;  
aexTopa gaje cy xoHTpanapHjaHrHe xoopaHHaTe ul Hare y oaHocy Ha 

cHcrem ccpepHnx nonapHHx xoopHHHaTa. 

Peweme: KosapHjaaTHH 1131301* xonTpaHapHjaHTHor BeKTOpa He(PHHHcan je Ha 
cneHehn Hamm (Hamm °Amax 22., jemianinly 13.) 

1 i 
( 1 ) 	 zi, j = 	 ' 

a xi 

MerjyTHm, Kaxo je 

TO je 14 

du; 	f k l 	 uk  
z j J 

9 Pemeue aparneme 113 Teinopcaor paszyBa 



du' +141  1 1 + u2  1 1 + u3 	1 1 
ax' 	11 1 J 	11 21 	11 3 

du' +0  I 1 	u2  1 	u3  1 
ax2 	12 I f 	12 2 	12 3 J 

du' ± f 1 1 u2  f 1 1 	3 f 
-ax3 	13 I f 	13 2 	u  3 31 

d u2  +141  I 	1 u2  2 1 +u,{ 	1 

a xl 	11
2

1 1 	11 2 J 
	123 

 1 ' 
ale 	f 2 1 +u2 1 2 1 +o f 2 1 

ox2 	12 if 	12 2 j 	12 35 ' 

dx3 +u' 2 1 +0 1 2 1 +u3 1 2 1 

dx3 	13 if 	13 2 j 	13 3 .1' 

du3 ±ui f 3 1 +0  I 3 1_,,o { 3 1 

Ox' 	11 II 	11 2 J 	1 3f ' 

= 0±4-ul I 3  1+u2 / 3  1+u3 I 3 1 
dx2 	lj 	122j 	123r 

U,2= 

1 
U,3= 

2 
U, 2= 

2 
U, 3= 

3 
U. 

3 
U,2= 

dui +14,f 1 1 

	

d xl 	11 kf 

du' +uk  I 1 1 = 

	

dx2 	12 kj 

00 +14,111 =  

	

dx3 	13 k j 

+Uk  I 2  

	

x' 	(1 k) 

du2  tik  2 1 = 

	

dx2 	2k11 

d u2  uk  f 2 1 

	

dx3 	13 kj 

du3 uk  I 3 1 = 

	

dx" 	11 kf 

d u3  uk  3 

	

dx2 
	

2k 

ate'  149 
 ,p =—+—, 

a P P 

6 due  
U, p 

a p p 

I 	
9 de 

 
U P S=  —+ 	U ,6= — +Ue  sin cp cos cp, 

P a 9  
 du°  

w ee=  	 +u  — tg 9. 
00 p 

Uk d  uk =uk Ukd 

2 14 —
du

= 2 uk  u , j  = 2 uk, j  uk, 
oxi 

rto6Hjamo 

0 	due 
u 9 = • —Otgcp, 
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5HCMO H3patiyHani4 Koopassare osor xosapxjairrsor B3so.aa (Koji je memo-
MTH retoop Apyror peAa) y Hexom cnermjansom cHaremy xoopalmara, norpe6so 
je Aa 3Hamo xooparisare KpHcToc4enosor csm6ona rtpyre spare y TOM cxcTeMy 

oopartHara. C obmtpom ,Eka rpe6a Aa H3panysamo xoopmisare xosaprijaHrsor 
'mom (1) y cc epsom rIOJIapHOM mammy Koopmmara, TO hemo KOpHCTRTH 

sett swarlysare Roopmisare Kpscrocl)eaosor csm6ona Apyre spare y TOM CHC-
TeMy xooprumara (swig 3allarax 138.). 

AKO ca 	142 , u3  o6enexfimo KogrpasapgjaxTese xoopmniare serropa ui y 
cucTemy c(bepHux no.napsnx xoopagsara, raga he, Ha ocnosy (1), 5HTH 

KoBapgjasum H3BOH 1.0 AeclunnicaH je Ha caeAehm Hauls (sii,gx one-
.ay 22., jeArtaxilmy 15.) 

ui>j= gfi u!/ . 

C o63ffpom ,rta je 

	

1 	0 	0 

	

0 	 0 
{e} = 	Pz  

	

0 	0 	 
p2 cos2 cp 

	

a uP 	1 uP 	 1 	uP uP,  P 	 UP' 9  	— 	7 	UP. 

	

p 	p2 	p 	 p2 cos 2 p 	p 

uq) , P —  a uq) + u9 	:19 — 1 
d 

+
uP 

, us e — 	
1 	dim

+ tg 
P 	P 2  Op P3 	 p2 cost p 0 p2 

	

du° 	 1 du 
— 

° u° 
P 	 — U. -= — —  — tg 

	

dP 	P 	pz a 	p2 

UP 	ue sin cp 

p 3 cos2 cp 	p 2 cos3 9 

3a,naTaK 147. (0,1aerbax 22., 3agarax 4.). AKO je u HHTeR3HTer serropa ui 
noxa3aut r(a je 

	

u ,u 	uij u u 

	

= — 	 
d 	' 	u 

,r(o6usamo 

0,0 _ 	1 	awe 
p2cos2 p 0 

xl = p ,  x2 = 9, x2 = 

ul = uP, u2 = u9, u3 = ue, 

H y3nmajyha y o63rtp sperrzoars Kprtcrocirenossx cHm6ona Apyre spare 3a 
et:Dept:1s norrapas cncrem Koopgasara Aare y 3agarxy 138., 5Hhe 

	

a UP 	p 	d u3 	c 	a uP  
u ,,p 	 cp 	— p uc, u 6 — 

00 
— U p cos2 9, 

	

p 	 cp  

Pememe: 1CsaApar BBTeB3HTeTa sexropa ui Ao5Ehemo axo ra cxairapso nomno-
>NEMO camera co6oM, T. 

(u)2 = gal./ uk
. 

0,4asAe cae.rtm, c o63spom Aa  je xoBapHjawriar Et3so,g ).4e.rpmixor rex3opa je- 
maw< HyJIH, 

2 
(U) = 2 uu, j  (g ki  ui uk), = g ui,j  uk + gik  uk, j , 

0,HHOCHO 

=Uk d Uk  ±UkU kj. 

Mehyritm, xaxo je 

3 
+ U 

X3 	

., I 3 1 

143—  ---a 	
"313311 

_ou3  +0{
3 kJ 
31_2-436 +141 +u2 { 3 2 } 3 3 

turn, c o63rtpom ,tka je 

d 
2 u u 

9* 
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0,1LHC)CHO 

a u 	uj u 
d 

niTo je H Tpe6ano noRa3aTn. 

3apiaTaic 148. (Oge.a.aK 22., 3auaTax 5.). IloKa3ant na cy y gaonnmen3noHom 
npocTopy iconapHjanTini 03BOLIII PIPILliCBOT anTnenmerptmor reH3opa e co  jeunaxn 
}wan, Tj. je 

= o, 	p, Y = 1, 2) 

H 0HaTne innec-rn na je 

a (log Va) 	P 1 

	

uT 	

- 

tp ij
, 

 

re je a geTepmFaraliTa meTpwixor TeH3opa acco  Tor npocTopa. 

3agaiaaK cu-pe6a ga inacu: HanncaTn excn:inunTno jeunaginie 

E«e,r= 0 

 3a ct, p = 1, 2 n ouaTue n3necm j a je 

d (log 1/7-2) 	P 1 .  

	

du? 	(

- 

3 y 

PCUSC16C: C o53npom Ha penaunje 

E41' 
	co 	a 	a 1 

`ECCCI 

P Y 41' 	oUY 	E'13 j a y

I

i 
H 

jeginizmay 

moNcemo namicaTH y o6.rancy 

qi  du, 	a eyo  / a  - 

	

/— I v  }-1/71e„ v  eG 	 = 

	

y 	P Y 	
0. 

 

CTasibajyhR y osoj jexia=num a.= 1, p = 2, noonjamo 

	

4- —e„/ v 	v  I 
Va Ow` 	1 y 	2 y j 

Ti- 
a (log V a)j 1 1 ± j 2 

u'r 	1 ly .1 1 24' 
Quaocuo 

a  (log 1/a) P 1 ,  
duY 1p yj 

urro je H Tpe6ano noKa3aTa. 
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23. Anconynni (Ejlaclijes) H3BOH BeKTopa H Ten3opa 

3a1aTaK 149. (Oue.saK 23., 3anaTaK 1.). 0ape,Inan anco3yrini n3Bou Ten-
3opa t ,jk cnposo1jen,em CBHX onepaunja. 

Pememe: AnconyTHH H3BOB Tampa, 222 nyTa xonTpasapnjanTnor n 12 nyTa ico-
aapnjanTnor, je oaanica (Bw:kern one.rbax 23., jemlatunly 17.) 

8  	tiii i2 • irn dxk  
ta t 	 a" ,  k  dt 

Ilpema Tome, anconynm 143ao,u TeH3opa t uk  (Tpn nyTa RoaapnjanTHor) je 

S ti,„ 	t..  dx/ 

S t 	' lki dt 

1VIebyrnm, Kamp je Koaapnjaurtm n3eou TeH3opa 

•  — 	 t 	 'k rjka 	 t — 	 rj 	 .1 — tijr{ 	1 ,  
1 k 

3a anconyTHH H3BOA Z1o6aBamo 

	

S r ip, = id tuk 	r 	IT 	r 	dxi 

ta t 	a Xi 	

1 

‘rik  1 i 	"rk  1 / 	
— t . 

{ 1 k 1) —dt 

LIITO, jorn, MOACeIVIO narnicam y o5Juncy 

	

t.. 	d t.. 	1r Idx1 
t  irk 

1r }d 	
I

.yi 	r 	dx 1  = _ Lk 	. 

I 	dt 	
ur 

	

S t 	dt 	
trk 

I i dt 	 I k dt 

3anaTan 150. (Queibalc 23., 3aaaTaic 2.). 143pagynaTn ancallyrne E3noge meTpn-

'"II(11X remopa gu , gu 

PeUtelbC: C o53npom na. cy Konapnjannni 113130)111 merpnxncnx TeH3opa jenuaxn 
Hynes. 

gij , k = 0, g,k= o, s,,k=o, 

nenocpcuno ClICAJI LIB Cy H H,HXOBH BLICOHyTHI4 H3BOAIL je,rnialua "Lynn, Ti, 

8 gu 	dxk 
	 grj,k 	= 0, 
dt 	 dt 

gu 0  dxk 

	

— g,k 	 
t 	dt 	

u, 
 

	

(a,)= 	
dxk 

— o. 
S t 	dt 

_ 
esc, = V a 

- 	

, 

e01 ,  y 0, 
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Pesueme. AHHepreralnja Berropa v je cxa.napaa HHaapHjaHra Koja ce 
KowrparcHirjom mosaprtjaHrHor H3BoHa xoHrpaHapHjaHrmix KoopoxHaTa 
rropa, Tj. 

/ div; = v i  = —±a  + vk i  

	

'` a x' 	k i 

Kam, je mOymm, (sH= orten,ax 21., je,aHammy 10.) 

1 k i 	a xk 
i  1= —a  (log VD, 

Ho5m3a 
Tora Be- 

011HOCHO 

Ha ocHoay Tora je 

—
d 

(gu st' = —
a 

(go  us 
dt 	t 

& 
vi = — 

a x 
+ vk —

.rk 
(log i/i), 

i  

3aHaraH 151. (0,ae31,ax 23., 3aHarax 3.). Jecy JIH onepauHje KoHrparanrje 
anconyTHor AluDepeHuHpaa.a KomyraTHaHe? 

Pememe: ArrcanyTHH H3BOH, Ha npHmep, BeKropa f f.& je 

	

S  t iik 	a f\ 

	

koi tf 
 at 	at 

0,HHOCHO 

	

a 
a 

 t! ik 	a 	- 

	

t 	(* • 	± 81.  
sttk . 

MeDyntm, xcalco je anconyTHH H3BOH TeH3opa 3 1;  jeHHarc mum, Tj. 

S —  
a t 

(aD = o, 
3(o5Knamo 

	

8 t l y, 	• 	tj 

	

. I 	 .  tic  

	

8 t 	
s,

a t ' 

Ha ocHoay sera 3amyqyjemo Ha cy onepaimje Korrrpanwje 13 aricommor uH 
pemilipaiba IcomyraTHHHe. 

3aHaTaH 152. (OHerbax 23., 3aHaTax 4.). Iloica3aTH ,r(a je yaerc 

—
d 	 But 	a& (go ut vl) = go 	vi + g,. u' 	. 

. 	. 
dt 	 8 t 	' a t 

Peweme. AnconyTHH H3BoA crcazapHe HEHapHjawre jeArtaK je rseHom o5H4Hom 
H3Horty, Tj. 

Sc _ 	dxk d tp dxk = d cp 
8 t 	k  dt — dxk dt dt 

Petueme. Y npeTxormom 3aHaTicy CMO noxa3a.rm qa je 

a &  
61  (go u'  vi) = g o 

8 ui 
vj -1- g o  u1  

dt 	 a t 	 a t 
Axe., caHa, y osoj penagHjH maxim° uj ymecro v 1, ,E4o5HBamo 

a , 	a uj 
±-1 	ui uj) = 	ul + &J ul 
dt 

	
S t 

()Ammo 

111TO je H Tpe5ano nolca3aTH. 

24. Amlyepemmja.roin onepa ropu. 

3aHaTaH 154. (OHerbax 24., 3aHaTax 1.). HarmcaTH r3pa3 3a ,a,asepreauHjy 

BeKTopa v y nonapHo matHHAapcxllm, ccpepHxm H eJIHIITHUHM xooprumaTama. 

3a HHHepreEruHjy Ho6HHamo 

d 	. 	„„ 	.8 ui 

dt 
— (g ,• u- , )= 	u' 

S t 
 , 

Metyrnm, ma) je anconyTHH H3Harg merpHIncor reH3opa jezwaK mum (max 
3aHaTaK 150.), Ho6HHamo 

3 
(g n u' vi)= 	+ u

i 
 

8 t 	 8 t 	 t • 
OXIIIOCHO 

te 	8 vi (go te vi) = 	+ go 	, 
dt 	 8 t 	8 t 

II/TO je H TpeSa.no Hoica3ant. 

3aHaTaH 153. (OrtemaK 23., 3aHaraK 5.). I1oga3aTH ,r(a je yaerc 

. 8 uj —
d 

(go ut 0= 2 go  ui 
dt 	 8 

v i,1 = 1  •—(vi 
jig-  x' 

Bum° je yoturra Ha y oHom H3pa3y 3a HHaepreHuHjy 4HrrypHray icoaTpaHapH-
_,. 

jaHTHe icoop)IHHaTe aexTopa v. Moryhe je HrusepreHrmjy Herropa H3pa3HTH es 

npexo xosapHjaHrmix HJIH (1)11311,1IC10X RooprumaTa. 

a) 1Tonaptio tuumugapoce unopgunaitie. Hen. cy x1 = r, x2  = 0, x3  = z, 
HanapHo Hilimumapace RoopmaHaTe. Y oxfocy Ha ()Raj cHcrem Koop.anHaTa Helm 

cy vr, 00, vz, KoHrpaHapHjaHTHe KoopHHHaTe HeKropa v. C o53Hpom Ha cy 
Kooprignare meTpHqxor TeH3opa 

1 0 0 

{gii} = 0 r 2  0  , 
0 0 1 

(1) 



(2) 
	 azf dve 

	
AKO xouTpaHapHjaHme KoopAHHaTe H3pa3Hmo nomohy KoHapHjaHTHHx, Tj. 

dr 	de 	dz 	r 

0,HHOCHO 

TO je 
g-,go :-r2 , 

1/g -r, 

na 3a nitHepreminjy BeKTopa 0, Ha ocHoDy (1), • o6HHamo 

v • , = —
1 

—4 
r dr 	d 

(re—a 	-a- 

	

0 	d
)+ 	(roe) + 	(rvz) , 

z 
0.3.HOCHO 

na, Ha ocHoHy (1), 3a HatHepreHanjy Hex -ropa v,

- 

 H3paxceHy npexo IHerosxx 
KoirrpanapHjaHnnix xoopn,HHaTa, no5m3amo 

1 

p2  cos 0 [ap 

d 
(p 2  cos 0 vP) — 

6 0 
(p 2  Cos 0 v(1) 

0 
— (p-

„  
cos 0 vg) 

. avP ay. avc 2 
= 	 + — vP - tg 0 vc. 

' 	dp 	dO 	ay 	p 
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143pa3 (2) npenc -raHma AfiBepreHuiljy BeKTopa v

▪  • 

H3paweHy npexo lbeFOBHX 
Kom-paHapHjanTHHK xoopHHHaTa. Axo xonTpaHapHjaHTHe KoopintHare H3pa3Hmo 
nomohy KoHapHjaHTHitx, Tj. 

yr = g'rv,. = vr , ve =g°° v 	
1 

e= -- ve , vz= grP .v2  = 
r 2  

H TO 3amemimo y H3pa3 (2), no5Hhemo H3pa3 3a H -HzepreugHjy BeKTopa H3pa-
KoHapHjaHTHHx KoopnitHaTa, Tj. 

dv 	1 dye  dv, yr  .- 	+ — + 
dr r2  de 	az 	r 

Axo, Ha =TM Ha'IHH, KompaHapHjairrHe xoopzuniaTe H3pa3Hmo nomohy 
4l3H3HIIKHX, Tj. 

_) 	v (e) 	v (8)  
c ' 	o, 	- 	, 

gee 	r 
gz.z• 

H TO 3ametamo y (2), ,no5Hhemo H3pa3 3a nimepreHuHjy HexTopa v 

▪  

H3pa)KeHy 
npexo H2eromrx 41133H4KFIX xoopnkmara, Tj. 

VP = gPP 	V°  =g” Vo — Vo, VC = g'P = 	Vp  
92 	

1 

p 2  cost  0 

TO 3amenHmo y (5), no5Hhemo H3pa3 3a nmatepreHuHjy BeKTopa v H3pa>xe.Hy 
npexo tHerom4x xorapHjaminix Koop •tnra -ra, Tj. 

(6)  ' 
. dv p  1 aye 	1 	av  + 2  v, - —tg 

 vo • v . = 
dp 	p2  o0 p2 cos 2 0 	p 	P 2  

Axo, nax, xowrpaaapHjaHme xoopnnHaTe H3pa3Hmo nomohy clnokunatx, 

v(o) 	 vo) 	1 
ve - 	- vo)  , ve - 	- 	v(0) , 

gPP 	 17g0e 	p 

H TO 3amelmmo y (5), Ao5Hhemo H3pa3 3a •31413eprenuttjy BeKTopa v H3paweny 
npexo I-berm:nix (1)11311,11(14X xoopnimaTa, Tj. 

a  div -'-v= vt . = --,v`s" 	1  a  + 	' 	
I 	dv 

-1 

	

vo, 	 0.,) . 2 	tg 0 
(7) • ! 	v(p, - -- v0)- - dp 	p dO 	pcos0 ay 	p 	P 

c) EauficalosKe Koopgurtaiiie. Hexa cy v", v', v', xouTpaHapHjaHTHe xoop,ax- 

)(cell)/ npexo iberoskix 

( 3 ) 

vc 	 
g99  p cos v 

%) 
 

(4) 	 divo—v . 
	av,, 

dr 

6) COepHe ao.dapie Koopguncuiie. 
nonapHe KoopnimaTe. Y ocHocy Ha 

KOHTpaBapHjaHTHe KoopniniaTe Hewropa 
pmucor Temopa 

{4} = 

a vie, 	
- + — - na-re Herropa 

opnnHa-re 

{g0} = 

na je 

e2  

me-I-pipit:or 
v y cacTeMy CHHEITH'IKHX 

Ten3opa cy 

(A 2 _ 12)  (v 2 _ 1,2) 

C2 

(mum 
KoopntmaTa 

3a,3aTaK 	115.) 

0 

(). 2 _ v2) (v2
- 1.12) 

x' 

(.2  

= p., x2  -- v, 

0 

0 
( Â2 _ r.2) 0, 2 

X 3  = 

v2) 

?.. 	1(0- 
r 	d0 	Oz 	r 

Hexa cy 	x' -p, x 2 =0, x3 =cp, 4epHe 
oBaj excl.-cm RoopnaHara Hexa cy ve, v°, v9, 

v. 	C o63Hpom na cy xoopnintaTe mer- 

1 	0 	0 

1 	p 2 	0 	}, 
0 	0 	p 2  COS 2  0 

( 1  — 11' 2) (IC2  — 112) 
0 

0 
(1 — 

v2) (v2 	k2) 

0 
().2 	1) (x2 k2) 

(x2 	(. :k2 	y2) (\,2 	t,2) 

11(1 — 11 2) (k2 —!j2) (1 — v2) (v2  - k 2) (A 2  -1) 	— k2) 

TO ie 

p 2  COS 0, 
	 Vg _ 



a e„r e 	m 	in 	 172 

a Xk 	m" r 

k _ e 
r""  S k 

- s 
1 

erst k = rStrz 
t k 
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TaK0 Ha 3a asepreamthr BexTopa v- 

• 

H3paxceHy Hpexo meroafix KoHTpasapHjaHT-
1111X tcoopzumara Ho6Haamo 

— 
a id— 	a (vgvg)-1--kygv')-F—kygv-d, 

' Vg 	 av 	a 
°Almelo 

avg Ovv avx 	 vx 

di/ ay axVgap.VgayVg ax 

Ha CHIPlaH Hamm xao y rrperxoHatim cartajemma H mute 5HCMO morn"' 
HErsepreHanjy BeKTopa H3pa3HTH npexo taerontx KosapHjaRTHHx rsnH 0M13HriKHX 

KoopomaTa.  

6) 17onapuo cg5epue Koopgunaztite. Y OBOM cariajy, c o63Hpom Ha je 

1 	0 	0 

1 	1 	0 

{g,1} = 0 p2 	0 

0 0 P2  cos2 0 

3a aanaacHjaH Ho5Hjamo 

tip= 1 	a  (p2 cos0--Ea l+—a  
p 2  cos Ol_ap \ 	d p1 a6\ 	00 / OLP \cos 0 	j 

{gii} 1 = p, x2=0,  x3 = 0, 

cicanapa cp y nonapHo mininulapcicHm, noaapHo c4:lepHHm H eaffHTLFIKHM 'coop-
3aHaraic 155. (0,Herbax 24., 3aHaTax 2.). HanHcaTH H3pa3 3a nannacHjaH neicor 

HHHaTama. 

0 ,AHOCHO 

/1 
(2)2 m  02 m 1 62  9 ± 2 Op tg  dy 

9 - 	r 	T 	 

	

p2 	p 2  602 	p2 cos2 0 a ‘1, 2 	p 6p 	p2  (30 • 

a) Enuiiu7amKe Koopgunauie. C o53Hpom Ha peaamtjy (1) Ft IcoopHHHaTe 
Petuelbe: Axo y H3pa3y div v crammo v = grad cp Ho6Haamo narmacHjaH Tj. 	 meTptrixor TeH3opa (BHBeTH 3aHaTax 115.), y oaom cHcTemy KoopHHHaTa A0514- 

div (grad 9)- (gu 9, 	-gii u 	 jamo 

Y npeTxoitHom 3aHaTxy cmo allHens Ha ce ..1. -JotaepreHmja aerropa mowe 	
az 	62m 	62 

X2 

± p. 	arg gµµ),) 

H3pa3HTH y o6funcy 	 a 112 	a v2 	ay. ap, 

1 	b 
cuvv=v„= — axf (V gv . ). 

Axo y oaom H3pa3y ymecTo KoopHHHaTa Beicropa ramemo KoHipaaapHjaHTHe 
Roop,a0HaTe rpagujeHTa, Tj. 

vi=gu 	
ap 
()xi' 

Ho6Haamo 

( 1 ) 

a) Ilonapuo gunuttgapcue Koopgunafue. Y (mom cHcremy xoopHrrHaTa, c 
o63Hpom Ha je 

1 0. 0 	 1 0 0 

{g1} =  0 r2  0  , {01 0  4 0  }, 	(xl = r, x2 =0, x3 = z), 

0 0 1 	 0 0 1 

3a nanaacajaH cxanapHe obynxtude cp, Ha °may (1), Ho6Haamo 

a +2 	1 a2 cp 02 cp 	1 Op  
— — + — + — — 
ar2  r2  602  az2 	r d .  

+ cpd 0/ge9 ±A) d (rigu), 
av a v 	dA c)X 

rHe 
02_ 42) (a2  v2) (v2_ v.2) 

Vg c3 	  
1/(1 — (i. 2) (k2  — t.1.2) (v 2  — k 2) (x 2  — 1) (*A2  — k2) (1 — V 2) 

3a,3aTaK 156. (Oxte.thatc 24., 3aHaTax 3.). H3pagyHaTH 

Crst, k = 

3a r, s, t = 1, 2, 3, Ha oTyHa H3BecTit Ha je 

a (log 11-0  
Oxk 	tm kJ 

3agaiiiax iripe6a ga inacu: HarmaTH y noTnyHocut jemtaanHe 

erst, k 0  

3a r, s, t = 1, 2, 3, Ha oTyHa H3BecTH Ha je 

(log Vi) 	m 
axk Asp _1[ 4  ( Frj-P°  )±— oe- Pa  )+—a  (rgzz (251)1 

r ar rg  Or 	60 g  a0 oz 	az 
ogliocso 	 Peuteme: C o63Hpom zra je 



um je 14 Tpe5a.no noica3a-nr. 
AKO t  caga, n3pa3 (1) Haninuemo y pa3Bnjenom oarnucy, Bo5nBamo 

[ di4 - --I- °  ( vl.G" : LG' .2  + -2:4G" + • • . +%. GiN)± 
Vg 	 dx' V g 	), g 	

lig  
V g 	, 

a v 
+ —(4,G21  + :tG22  + 4G" + • • • + v  G2  N) 

axe le g 	V g 	}lg. 
Vg (2) 

2 

g22 g23 • • • g2 N 

g32 833 • • • g3 N 
G11  = (— 02  

- - - 

821 g23 • • • g2N 

831 g33 • • • g3N 
G32  = ( - 1) 3  

gN 2 gN3 •  • • gNN 	 gN1gN2 •  • gNN 

gll g12 • • • gIN-1 

1)N+1 I  g21 g22 • • • g2N-I 

• • 	• 

a xi 

1 
gu 7= 7.5 

g 	I 
V 	V 

+ • • • +—VN  G =(-1)N+1  
Vg 	Vg 

el  

v 2  

( - 1)N+1.6..„ 

g12 g13 " •gi 

g22 g23 • • • 82N 

■YN2g N3' gNN 
eN  

Vg 
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AKO y OBOM r3pa3y Kom-paBapnjanme xoop,arniaTe Berropa v 

▪  

impaanmo npeico 
nyeroanx Nortaprijam -rmx Koop,annaTa, Tj. 

Crst — I/7g em, 	 Gu 
vi = gu jegnagnny 

crst, k =  0 	 Ao5Haamo 
mc>xemO Hain-Ica -17 y o5Juncy 

a rg- I m 	_ m 	
divZ - 1/17?  oexi ( 1"ggGuvi ), 

ern   xk  - ems, g

- 

{ 
r k -ermtl g lsk -e"'" Vg  tk =°' 	 0):(HOCHO 

\ 
A KO y oBoj jeanwanni ymecro nngexca r, s, t, nninemo 1, 2, 3, no5njamo 	 ( I ) 	

dig = I a Vj Gii  

g 	g ) 

aV  g 	 177 	 r_

gel' 

{

3k

In) 

	

1 	, 

a xk -I: gem"( 	 -1 	?" 	i 

	

1 k 	' 2k 

0,3,110CHO 

1 	2  / 	{ 
d.xk - g  lk 	g  2k -  g  

OBy jennaunmy moNcemo Harnicarn y cxpallenom o5nrcy 

Vg } dxk ° k m 0, v 

onaxne c.nerni 	
+ TIGN2+ v3  GN 3 + • • • 	GNN)1 

a xN g 	 g 
V g  

Kocloarrope G", G12 , G13 , 	, emmenaTa 8, 1 , gi .,, g,„ 	, y ,nerepmn- 
nairrn g, mOxeMO 14313B311TH y o5.7ncxy Acrepmimanara, Tj. 

1 arg  = 1 m 

Vg dx" 

01:1110C110 

d (log )/) 	m 
x" 	rn k} 

3anairaic 157. (Ogemax 24., aanararc 4.). 11oica3a -rm Aa  ce ranteprennnja Beic-

Topa v, inije cy xonapitjanTne KoopmmaTe , mo)k-e nanncarn y oaluncy 

divZ = —a  (-1% Go) 
ax'  g 

rge cy Gu Boeparropil y nerepmitaaffrn g=;g0  H.T111 y oarnucy 

a 
0 Tam) .aa moxcemo nneara 

IgN1 gN2 • • • gA ,N _,, 

(_ 1)N+' 
div v 	 

V—g 

rge je BeTepmmianra (N+ 1)-or pega. 

Peutetbe: Y 3agancy 154. Oman jen-Bamnny 1. y TOM 3agancy) je noxa3ano ;la 
ce Ansepreinknja Berropa malice 113pB3HTH y o57incy 

dire= 
-8 

 
V g Oxi 

(vivo 



a 
0 

EIJIH y °Wpm, 

 dive= (-1)N+1 [ 	A, + (-1) 1  -a— + • • + 
14- 	xi 	 x2  

+(- 0N-1_ A N+ (_ oN 
xN 

Hocnegadd n3pa3 moxemo narnicarn y (Army AeTephomarrre, 

Vg 
A cp

( — 1)N+ 

MIR 
Tif =CFA Vic , 
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OAHOCII0 

D N +1 
div v — 	 

UITO je H Tpe5aJIO noxaaam. 

3axIaTax 158. (Oge.rbax 24., aanaTax 5.). Iloxaaam na ce nan.nacnjan exanapa cp 
moze Hal-Imam y o5.anxy 

vg 

0 

A cp (--1)N+1  

Vg 	1 a co 

g J. 	axe  

P name: Y npeTxognom aagancy cmo noica3ann ga gllseprenTrAjy aexTopa mo-
xcemo H3pa3HTH y obakncy 

a 
ax' 

d 

1 
• — V. J 

Ha ocnoay (2), caga. moxcemo nal:Imam 

-0 a 
v — {— - 	 [( _ 1)2NA/di, 

a xi 	
1)N +1 Ail +

Ox2 
[(- 1)N+ 26,2] + • xN 

IIITO moxemo nanncaTn y 05mq 

-0 	1 
div v = 

Vg 
t---- [(-- 1)N -' 1 	+ 

a x2 
[( - 1)N+ 2  6,2 ]± • • 

xl  

+ 	r/- 1)2N AN]  (_ 	. 0  . g} 3  
xN 

a 	a a 
a xi 	

. . . 
x2 	a xN 

gll 	g12 • • • gIN 

(-- 1)' +1  
div v - 	_ 

jig 

VN 
gNI gN2 • • • gNN 

Vg 

rge cy xonapnjanwe Room:Imam Berropa v.

▪ 

 Axo y ToMe napaay icoopgn-
Haw BexTopa aamenumo xoopgunaTama rpagajewra, c o53npom ,rya je 

div (grad cp) = gu 9 u = A q), 

0 

je H Tpe6aJio noxaaaTm. 

3a,zutialc 159. (Ogerbax 24., aagarax 6.). lioxaaaTn na je 

= div V= —1  —a  (j/i TO, 
ax' 

axo je 	anconyrnm 5naexTop. 

Femme: Caaxom BexTopy mo)xemo nomohy Pulnijenor anTllcnmerpliquor Tampa, 
y npocTopy og TpH ,411.1■4e11311je, xoopgEnnpaTn awrncitmerpnwn wimp gpyror 
pega (6HBeIcTop), Tj. 

Vic= —
1 

Si .k ri. 
2! " 

g21 g22 	• • g2N 

V 1 
Vg 

v2, 

Yb 

Henocpegno go61fsamo 

1 a cp 
• -= 

g a xi 

a 

a xi 

( 1)N+1 
dIV V - " 

jig 

142 	 111. MerpH'we penaumje. Temopexa anaaroa 

g11g13 • • • gi N 

g21g23 • • • g 1 N 
V1 G21+ V2 G22 + 	VN G2N =  ON+ 2 

V 
(- 1)N+ 2 6,2, 

VN 
gNigN 3 • • • gNN Vg 

V N  
gNigN2 •  • • gNN - 1 

v1  
-7= 
V g 
v2, 

Vg = ( — 1 )2NAN . 

V, 

V 2 

Vg 

vl GN 1  + 	GN 2  ± • • • + 14-11-• GNN  = (- 1)2N  

Vg 	Vg 	 V g 

g11 g12 • • • g1 N-1 

g21 g22 .  • • • g2 N-1 
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flpema Tome je 

je Mebyram, xaxo 

KOHaplijaHTHH H3BOA 514Berropa Tij je 

• • 	d rj 	i r k = 	 T" j  

	

xk 	1 k 	1 k 

AKO H3BpmHMo xotrrpaxturjy no trmnexcama j H k, no5aBats.to 

Tij
J a 	 + Tij 	1+ r I 	1. 

xj 
MeijyTaM, xaxo je 

Tii{ i  1= —Till 	1= 0, 
1j 	1j 

36or atnactimerpaje Ten3opa Pi a camerpaje Kpacrocpe.aosor cam5ona pyre 
Bpere no Aoff.Hm mtnexcama, TO je 

= 	Ta j  
xi 	j j 

0,EIHOCI-10 

ij  d Tu yr 	— 	Tij 1 aVg  (log  v 
g 	;+=,. 

OXJ 	ax' 	 UX ,  1/g a x i 

rue je r Berrop no.nowaja y Tp0IIHMeH3HOHOM npocropy H rr(e cy omaxe KILO 
y xaqtart T. Atrbenaha „Teopaja Berropa". 

Pewerbe: 1) Berropcxa permaaja 

div (pv ) = 	v v v • grad p. 

y TeH3OpCKOM 06JIHRY aarne,aa 

div cpv) = (cp ve),, = cp 	+ yd . 

2) POTOp rtexTopa v mowemo ir3pa3xTa y obruncy 

rot v = {Erik vk , j}.  

--•.\ 
rot .:pv) = {elk (ap v,), j} = {cpelik vk  +Eijk Vk cp )}. 

1 
T = div Tij 	 g Tu), 

V a x.1  
IIITO je H rpe5arto noxa3ara. 

3aaarax 160. (Ortemax 24., aanaTax 7.). HanHcanf y renaopcxom o5naxy Ha-
perie noattaTe Beicropcxe penanaje H npoBepara ax: 

div (cp v )= div v v • grad cp, 

rot (pv ) = rot v — v x grad 9, 

div ku x v) = v rot u — u rot v, 

—P. 

rot (u x v 	 (v —v)+ udtv v — v div u, 

div rot v = 0, 

rot rot v = grad dtv v — A v, 

div r = 3, 

rot r = 0, 

(--*V • V r v, 

fzijk v, 	= — fejjk vi 	= v x grad cp, 

rot (p v)= {goeifk v k , j — JJk vj  y.,} = p rot v—v x grad p. 

u X v = {euk u1  vk }, 

div (u x v)= (ok U./ vai  ,ijk uj, ivk 	ujvk,i,  

thy 1 1.1 x V ) .= Vk E k U 141. ,— u1 Ejik Vk.i=  v rot u — u rot v. 

ipq Euk= 	= 

rot (u x v) = (.3 11: uf,a  vk + afkq ui Vg1. 

no5FrBamo 

Tro5uRaMn 

PeLUCEN upo6.nemn 113 ren3opcxor pamria 

raxo na je 

0)1,110CHO 

vu +ux rotv+vxrotu, 

rot grad cp = 0, 

( —1) 

 grad u•v =u ye) +v 
( 

—3. 	 —3. 

3) Beicropcxa npomBon Betcropa u H v moxtemo HaIIIICaTH y oarancy 

4) Beicropcx0 npoitason Betcropa u H V moacemo H3pa3HTII y oaranty 

u x v = {ew, ujvk} 

Tax° qa je 

rot ( u x v) = {ePo (euk uJ vk), 1}= (ePqi EukU4i  V k  + EPqi  Euk Ili v ) = 

= kiPq C ific U ,‘ 7)/c 	741• 
Kaxo je, mebyram, 



0A,HOCHHO Taco .Ba je 

{glk 

HRH 

ormocno 

rot rot v 

▪  

={EPgi 	 Erik V k .  fi} = (8itipq  g/4  

rot rot v =

- 

 I 8jk r q v 	_in) mk 
pg  g.• k,  — tO p q  g ig vk , j,- Sig S p gig V k,  

W ks pl gig  0k, ql} 

rot rot v = {(gki  vk. /),pg ig 
 0k,ig}--= grad div v - v

- 

. 

u • v = u, vi = u' 

grad (74. 7:0= {(u' v,), j} = {ui v j + vi u,, j). 

OBy penattajy, otturzep,Ho, moacemo Bauman,' y oartatcy 

grad (74 • ) {u 1  v i , j  + v1  u,, j  + vj, - ui vj, i +v' u 1 , 1 - vi uj,J, 

KaKo je, rtaibe, 

B 

Ao5BBamo 

OAHOCHO 

pq 

nq 

grad ( u • v ) jui 	+ vi uj, + u' SF; vp , g +Vi 8 171 Up,  g 

grad (-..14 • -;) = fui vj, + vi uj , + ui in„,i7 Vp , 	8,77 ql, 

BAH, xmalmo, 

Yk,j = SkJ  
Ao5kisamo 

rot r = {euk Ski} . 

C oompom 	je e-cHcTeM noTnyao auTHcrimeTpugaa, a KpoxeirepoB cam6o.11 
climeTplittau, ,r4o6nBamo 

	

rot r {euk s„;} = — {euk 	=O. 

11) C o63Hpom rta je 

	

by) 	• Cv • V) = vj d , — = al, 
ay' 	by' 

10. 
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C o53xpom ;la je (Bum 3aBaTaK 26.) 

87Z = 8!?, 	af, al, 
Ao5FtBmo 

rot ( 'u x v) ={37 87,44;vk - 8 11, S9 uj,, uk + 	u,; — 	v,t}, 

ousocHo 

rot (74 x = {v/ - ugvP,, + uP v,: - vP u,:} = vru - v 	dive —vdivu.  

5) Otanaptud npoH3BoB Berropa u B v mozomo n3pa3Hra y ob.nany  

7) AintepreHuHjy pampa BeicTopa v 

▪  

moxcemo 143pH3RTH y 06.HAKy 

MOyrnm, Kapp je 
	div rot v = (euk v„, j),,= suk vk , j,. 

e - - e jik  _ 
H 

Ao5Ftsamo 
	 Vk, 1i = Vks 

div rot v = ej k 	eljk 7)k. f t = 0. 

8) PoTop poTopa BeicTopa v

- 

 moxemo H3PH3FITH y clammy 

grad ( u • v )= {u'vj,„ + v' uj, + (v,,j  - vj, i) + vi (uid  - 9) KooprumaTe Tagwe jecy KoopAnHare Berropa (Berropa no.nowaja) camo 
y ,E(eKapTOliom upaBoymom cmcTemy KoopruniaTa, Ti. 

MOymm, Kara je 	
elk 	eikJ 

B 

(I), kJ =  T. JO 

Ao5BBamo 	
rot grad cp = {eijk cp, /0} = - 	cp, kj)= 0. 

7= {31 = {Y 1, Y2, y3}. 
KoBapitjairmu 113so,4 Berropa nonowaja je 

ay:  

Y,J= 
dyi -of- 

AK° kc3Bpuntmo icoxTpantujy, C o63apom ,Lta 
)1o5yatamo 

Je 11PocToP ort Tpn ,rouvien3uje, 

div r = y:,= af — 3. 

10) PoTop Berropa nonozaja moxemo B3pa3HTH y o6ABicy 

grad u • v )= {ulvj, i  + v'uj , i + u' emPa emu  vp , 	Vi  en"  emu Up 	 rot r 

- 

= {eijk yk,j). 
MeyTHM, KaKo je 

= {u' vj, +24' uj, 1 + ell. eng•P 0p, q  ejim  vi emQP up, q} = 

)
=u•( vv)+v • vu +uxrotv+vxrotu. 

6. PoTop rpaatjarra cicanapa p moxemo 113pH314TH y o5Jaucy 

rot grad cp = {eiJk 6p. 04} = {elik P, ki}. 
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no6nBarvio 

(v.V)r= {vi y = {vi 	= {vi} v. 

3anaTaK 161. (0,amaK 24., 3agaTax 8.) AKO je a, , poTop KoBapiajanTnor BeK-

Topa, noKa3aTn na je 	
au , k aik ,,+akz , j  .=0 

24. ,/.(liclaepeauxjamix onepaTopa (154 —165) 	 149 

ITOILITO cy KpncToct.e.loen CHM.50JIII ,apyre npcTe CliMeTpH'IHH y onnocy na 
A011,13 nap kinneKca, 

	

a au  aa,k  Oak, 	1 1+ 	a li{ j
1
k l+ 

	

au,k+a/k,i+aki,j—  axk o xi dxi 	k 

1  
±akil z j i  1 -47 .1 1k  —an k —akl  • • =0, J 

1 

na je To exanaaneirrno ca 

d au 4.. d ajk 	aki  0.  

dxk axi dxj 

Pczwerbe: C o63npom na je au  poTop KoBapnjanTnor BoKTopa, Tj . 

OUHOCHO 

au, k+  a.„,,,,+aki,1= 

UITO je H Tpe6ano nolcaaaTn. 

d aif  dajk + d aki  = 0 9  

dxk dx' axj 

a, Epu Os' vr, s = 	 — vi ,
3anaraK 162. (OnenAK 24., 3agaTax 9.). 110Ka3aTII ,Eta je 

xic 
(v 9)2 = 	

xk 	
9) = 2 gij cp., co, 

Petteeme: ranallepennnja.ram napameTap npBor pega necInuffic.an je Ha c.nenehn 
na9nn (SHAH ogematc 24., jegnaqnny 11.) 

(v 9)2 =A, cp-=_=gli 
acp 

—OP gij 
()Xi  (ix /  

C o63npom na je TO acanapna immapnjawra, Fben napnnjannu H3BOU jennaK je 
HaeHOM RoBaplijanTraom Enaony (SHAH 3anaraK 144.), Tj. 

onna je 

akid  = V1, kj -v k , ij ,  

TaKO na j(0514BaMO 

au , k afic ,, + ak ,, 1  = 	ik - 01,1k  + Vk. 31  - V i,  ki 	ki  - 

mat, c o63npom na je v idk  = v,, ki , 

au , k 

C pyre crtoalle je 
d ay  _ 	/ k 
	 all d Xk 	k 	

ass f i k 
5Hhe 

d 
	xk (N7  CP)2 = 

aXk
xk (AI = 	k 

a 4  ;k 	 1 
a jk,I= 

Oxl 	
ask{ .

1 

z j 

1  
akz, j= aaxft — all 1  

	

k; 	z j 

	

dau  dap<  Oak, 	1 1 	1 
au,k+aik,i+akid= xk O xi a 	k —azz j k —azx 

1 	 i 	 1 1 - a.11 	 id 	= O. 
k i 

- ali 	- a 

	

k j 	i j 

KaKO je TeH3op ay  aniummeTpnnan, Tj. 

au —v .,,,,—v,, i — —(v,, J —v .,,,)= —a1,, 

au, k ± aik , i + al," =
d a,

i 	 +
d a.,

k + 
Oa,

i + all { 1  1+ ass { 
dxk ax' OxJ 	i k 	j k 

1
1+ 

	

a (v 0 2 	cp, .1) ,k  = gif 	 (1) ,ik  

dx" 
Tj. 

a 	a  

	

(v 9 2) = 
d xk 

(A, 9) = gji cpuk cp,,+ p„ cp,ik = 2 gu 	cp,jk  
dxk  

urro je H Tpe5ano noKa3aTn. 

3anaTan 163. (Ogen.ax 24., 3anaTaK 10.). lioica3aTn na je 

A x'= 	gf3Y
l 	

(x, p, .1.= 1,2). 
y 

Pezneme: 06enexa4mo ca 	KoopnianaTe Ta'TKe y onnocy Ha Heim cmcrem Kpn- 
Boniumjcmix KoopannaTa x 1 , x 2 . Tana je 

A x°' = ,g0Y x7p y • 

Iviey Tam, c o53npom 07,a, y ornuTem cariajy, 	Knop,n,miaTe BeKTopa Bert 
cicyn cKanapa, MB hello, ,aa 6HCMO TO na3namuni, nnneKc icojn o3nagaBa penal" 

na je 

6nhe 



ontaxasa cxyn o.a ;xi:a xosapujannta sex -Topa. 
Casa je 

OH;HOCHO 

MebyTxm, Nam je 

mo5nRamo 

5poj cx&rrapa (KoopsituaTe Tatum) CTHBRIE y sarpaSY, 
pujairruu Ems 

urro je H Tpe5ano noxa3aTu. 

Ox "= oar pc) A 	— g5? { a  

A xa = gray Ha ( a(ay, _ a(c) A }] • 
ax, ‘ 	Y 

Tj. x(' ) , TaKo sa icoRa- 	 lipema ToMe je 

(A xl)2 = A xi • A = — 	{i  }) • ( — g"'n 	n }) , 

x(13) 	
s()  _ ar= f1 aa = p 

axo 	to 3a «O p, 	 0,11HOCHO 

A xa = A x(a) = gray x(P)a gPY ary  

A xi = _g'"" [ 	1, 
112 17j 

so5usamo 

A xi • A = gik 	
k 

})• (- gm" 
m n
j  1), 

omllocHo 

Axi•Axi=garn 	11./1, 
/ k J rn n J 

HITO je 1.4 Tpe5ano onpenHTE. 

(b. x9 2  —glk "m{! }{ 1  
jk {m n

}. 

 

5) C o53HpoM sa je 

A xi _ glk 

k 
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3axia'raic 164. (Osemax 24., sasaTax 11.). OspesuTrt 

a 
xk 

(p,41). 
	 26. Iblimposa d)opma. Hepat)ose jesna.ume 

3asaTax 166. (Osemax 26., aasaTax 1.). IloxaaaTu sa cy cm-remit licl)atposux 
Petueme: Kaxo je (suss °Amax 24., jesuatutsy 12.) 	 jesowtsua upusprxesat Iltbactiosoj (Dopmrt 

A1 (cP, 4)) gu 	44;  , 	 X, cbci 
TO je 

o A 	 tbopma Hp, rse je k Rom-Tama, exsusaminsu jegau spyrom. 
— 4.1 1  tcP, ‘,111 -= lg.' 9), 

.xk 	 Perueme: ilcbacl)osoj cpopmu 

jep je napitujamm H3BOH cxanapa jesuax tberosom xosapujauTuom H3B0M. 

Hpema ToMe je 

a xk 
AI (9), 	= g" (Pqk 	+ "9,t LP ,fic=gii (Tvk tP,r +p,/ 4,;k),4,;k), 

 

= dxi, 

osrosapa CllCTM Ilta(besux jesitamula (suss ()Amax 26., jessammy 28.) 

(1) 	 au  dxj =0, 
rse cy xoetluisujerrru aurucumeTpunuor Teu3opa a u  (poTopa oA Xi) Aant ca 

IWO je H Tpe5ano oupessTu. 
a. — 	— . 

3asarax 165. (Oseibax 24 , sagarax 12.). Ospeuirru 	 xi axi 

a) (A x') 2 ; 	5) A xi • A xi. 	 Ha HMI Ha'IHH, rhpabosoj (1)opms 

Peuseroe: a) Ha camas swum xao y 3asamy 163. moxe ce uoKa3aTM sa je 	 k(1) k X, dx', 

A xi = — gik i  1, 	j, k = 1,2,3). 	
oprosapa =Tem 1.14)actosux jessazuma 

	

I k 	 (2) 	 bat dxf = 0, 
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rae je 
a (kx) 	(kX,)  bu  — 

dx' 	axj 
Kaxo je, mebyTHm, 

b = k (LY—i—n=ka , 
4 	x' ()xi 	4  

cHcrem jenHamnta (2) nocTaje 
k dxj = 0, 

Ti. 

3agaTax 167. (Onen,ax 26., 3anaTa1 2.). rloxa3aTH na cy CHCTeMH 11cDaci)oaFix 
jegHarima Koji' onroaapajy licl3acposum ciaopmama 

X, dxf H 	 dxj dcp, 

ripe je dcp TOTaJTHIT ,ranDepervajan 1:1)yHEuHje cp 	(x1 , x2 , 	, xN), exHithaneuTHH. 

Femme: IlipactioHoj cloopmH F, onroHapa cHcTem Ilcba,43osux jenHautHa 

( 1 ) 
rae je 

ax. 0X, 
= — 

x' 

1140.4)oay cl)opmy F2 , c 053npom as je d cp ToTaaHH 

, 	op 
cicp= — 

xf 
di' '

, 
mo>xemo HaIIIICaTH y o5nHxy 

09 )dx'. 
a x' 

ilita(omix jeAitaximia. 

bu dxj =0, 

( 	ap) a / xi+  Op 
u  b = a xi  Xj ÷ 

xi 	a xj 	 dx' 1 ' 

Meljyrnm, xaxo je 

b   	_ = 
ax. aX, 	0 2  CP 	02  cp 	ax 

— 
dx, a  - j 

0.x' Oxi 6x 1 axi dxj ax' Ox' axj 	
ii 

elle-rem jenHavnina (2) nocTaje 

3aaarax 168. (0,ne.Tbax 26., 3a,naTax 3.). lioxa3aTH n.uperrHxm H3pagyaaaamem 
.aa cy cHcTeivm 114)aclooaHx jenHa‘mHa npnnpy)KeHH rIckacliosoj cbopmn X dx' Is 
lbenom TpauccDopmaTy TpaHccDopmaTH jenall gpyror. 
Peureme: 1-14)actooaoj (Dopmli 

dx' 

oxtroBapa CHCTervl nC13aC1)0BliX ie,ItHagitHa 

(1) = 0, 

rae je 

a x. 
au = 	 A j,, — X, j  

x' a x) 

aHTHcHmeTpHtnn4 xosapiljaHTHH TeH3Op Japyror pega. 

Axo 113BpilIHMO Tpaticctiopmamuy npomerubmax 

nitacimBoj 4)opmx 	dx' onronapa TpaHccipopmar X, d Oaom TpaHuflopmary 
onroHapa, cana, clic-rem 11c134oxpix je,nHaquHa 

(2) d1: =O. 

Aa oHcmo noKa3anH as je cHcTetvi (2) TpaHc4lopMaT cHcrema (1), nocly-
nHhemo Ha cnenehm Hati.HH. C o63Hpom na je au  naa nyna xoBapHjatiTHH Teti-
3op Snhe 

xi ()xi 
d k , ---- au  _ 

0xk 

Kaxo je H dx' xouTpasapHjaHTHE sexTop, Tj. 

die= dxr 	 
d x' 

5iitte 

x' di' dx , di/ 
xdk-i d5C 1 =a •— 	 

ki  4314  ail 
0,11/10C110 

dki d.V = dxj ()xi 
ik 

au  dri = 0, 

0 , 
IIITO 3Hatill as je cHcTem (2) 114:1)a400anx je.aHavmHa Koju oaronapa 11c1)ackolioj 
ctiopmx X, d xr TpanccDopmaT cHorema (1) 1143ackoaux jenHamma Koji onroHapa 
1-14)aci)oaoj cl)opmH X, dx', INTO je A Tpe5ano noxa3aTH. 

Haromena. Axo cy KeopauriaTe ReKor Bexropa jemialce Hynn y jeztHom clicremy Koop-
AimaTa &Me oHe jeamaKe Hy.am. y ma KOM Apyrom Ttonycntsom clammy xoopzkenara. HaIMe, 
1113 jemwraHe 

au  dxj = 0, 

IIa BRAHMO na je off exansanenraH cHcTemy jenHatlima (1), Imo je H Tpe5ano 
noxa3aTH. 

au  dx' = 0, 

gEnDepeHulijan, Tj. 

OBoj cl)opmr( onronapa clicTem 

(2) 

rae je 

y npomeHaddBe 1 , 

Homo je, Ha ocHony (1), 

g051111aMO 

au  dxj = 0, 

na minim° na je eximanewrall ca cHcTemom (1), INTO je H Tpe5an0 noKa3a.TH. eneAn 	0 rca.A je of  = 0, 

v 	 dxj 
. V; 

X' 



dx1  1 dx2  I 
=0. 

dx3  

d.x4  
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npema Tome, ago cacTem 11(1)a4Jomx jeaaa‘maa (1) HanauTemo y o5nagy 

	

A i — 0, 	(Ai = au dxj), 

rAe je 	goaapajaaTax BeicTop (jep je 	Asa TryTa goaapmjaaTax TeH3op H dxi xoaTpasapH- 

jaaTaa 	aenoopeacao cae,au as je 

Ti, 
dud =O. 

3agaTaH 169. (Ogemax 26., 3agaTax 4.). HanHcaTH 1-14)aci)oHe jegHatme xoje 
ogroaapajy 110.4)orioj 4)opmx 

CHcrem 1-1c1)acPosHx jegnaalma xojH ogroaapa licpaclxmoj (Dopms (1) y maTpx.1- 
Hom 435.inixy je 

0 

—1 

1 

0 

0 

1 0 

0 —1 0 1 

0 0 — 1 0 

0Hoj maTpmnoj jegHaaHHH ogroaapa cHcrem og ReTHpH cnegehe cxanapHe jeg-
HalmHe 

	

dx2 + x2 dx3 + x3  dx4. 	 dx 2  = 0, 

Petuabe: C 053Hpom ga Ilcpacboaoj 4)opmn 	 dxl — dx3  = 0, 

dx1 	 dx2  — dx4 = 0, 

ogroaapa cncrem rlipacpoinix jegnaturHa 	 dx3  = 0. 

ao  dx' = 0, 

Lae cy xoecionsjeErrn cHcrelvia ogpel)eHn ca 	 27. Ireoge3Hjcxe Junmje 

r‘t 	 d X;  d 
a = 	k = Xj , — Xi. = 	— 	 3agaraK 170. (Ogen,ax 27., 3agaTax I.). OgpegHTH cae napameTpe u 3a Koje 

ax' oxi 	 ce AnctopeHuHjaaraa jegnag oa reoge3Hjcxxx mnrHja (14) csogH Ka° y cnyziajy 

To H3 II.zbaci)ose (1)opme o5.inna 	 xaq je t=s Ha npocr obninc (16). 

(1) 
	 -s..-- x1  dx2  + x2  dx3  + x3  de, 	 Petuetbe: 4(a 5H ce ,I(ffiDepeugHjainia jeguatunia reoge3Hjcxax nHaaja (14), 

go50Hamo d2  x' + f / dx/ dxk dx 1  s" = 0,  

{X i} = {0, 	x2, x3}, 	 du2  1 k j du du 	du s' 

na cy, Hpema Tome, xoed)HnHjeHTH cocTeMa Ilitacpomix jegHagana xojH ogroaapa 	 mem Ha npocT o5nnx (16), 
I-14)acttosoj •topmH (1) 

HHTerpagHjom °Be je,gHalume go5Haamo 

s=cu+d, 	(c, d=const.), 
omfocuo 

u=as+b, 	(a, b= const.). 

xnx y o5nincy maTpinle 
	 3aHcra je Taga 

all = a22 =a33 =a44 = 0, 

a„— —a31 =.X2, 1 — X 1 ,2 =1, 

a„-= —a„= 13.1  — 11 , 3  = 0, 

a14 = —a41 = 14. 1  — X1 , 4 = 0, 

a23 = — a, =X3 .2  — X,3 = 1, 

a24 = — a,„ = X,,, — 	= 0, 

a34 = —a43 = ,1"4. 3 — 	= 1, 

d2  + / (ix/ dxk 0, 

 ds2  ljki ds dr 

otmraegHo je ga mopa 5HTH 
d2  s 

du2  

	

0 	1 	0 	0 

	

—1 	0 	1 	0 

	

0 	—1 	0 	1 

	

0 	0 	—1 	0 

Tj. 

dx' dx' ds 	dx' 
— =c—, 

du ds du 	ds 

dx' dxidxi dx ,  (Cy 
du du 	ds ds 
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d'xi =d2xi (ds\ 2   dx' d2  s 

du2  ds2  du 	ds du2  
= (c)

2d2 
	ds2 

Axo (4) a (5) 3aMeRHMo y (3), Ao5nsamo 

dx' dxj 
gi.— 

ds ds 
— g, 1  a' a' (a') 2  + (a2) 2  - (a3 )2 . 

na jenaarilma (14) ripena3x y (16). gaLle, CBE napamerpa icoja ce y 3anarKy 
	 MebyTHM, KaK0 je 	

(a ')2 + (.22)2 (a3)2 = 0 ,  

rpaRce cy 
	

babe 
u = as + b, 	(a, b = const.). 

3ailaratc 171. (OneJeax 27., 3aaaraic 2.) -  Feorte3ajcica ityna natiaja ce 3OBe °Eta 
3a zojy nackepeartajanna jeratagiuta (16) lima ripeit aarerpan 

dx' dxj 
gii — — = 

ds ds 

Oae mory bora peaJiHe camo y pamaacicom npocropy tritaecbaturrae merpaxe. 
I1oxa3ara, Ha npamep, ITa cy y Tp0ARMCH3I40110N1 npocropy =ifija je me-

Timm:a claopma 
ds2  = (dx 1 )2 + (dx2)2  - (dx3)2 , 

reone3ajcxe Hyna zmalje oApOetie je.atiagintama 

= s + bi, 

me je s napamerap, a a' H b' xoacraare, npit .temy xottcram-e a' 3agoeomaitajy 
ycnoe 

(a1)2 (a2)2 (a3)2 = 0. 

P CUM fbe: 	 .namtje, .IErje cy jeanagatie 

(1) 	 xi = ai s+ bi, 

Stine reone3ajcxe ayna EHHHiC y rpo,attmemitoiriom npoc-ropy ca merpwacom 
cpopmom 

(2) 	 ds2  = (dx 1)2  + (dx2) 2  - (dx 3) 2 , 

H,EXOBe Koop,annare mopajy 3a,zioecotaearit ycnoe (riper' unrerpaa) 

dx' dxj 0  

gu  ds ds 	• 

143 (2) 3a Koopaintare merptmor ree3opa no6Heamo 

0 0 

(4)  {gii} = 0  1 0 
0 0 -1 

a R3 (1) caena 

dx' 
(5) — 

ds 
= a'.  

dx' dx' 0  

ds as 

Ha ocnoey iera 3axiertyjemo Aa jemiamme (1) 3an0tto.ibasajy yCJIOB (3), Tj. 
jezniaginie (1) cy jentiaginie reorce3ajcictix HyJia atuntja y rp0,avimen3lloit0m npo-
cropy ca merpmccom 430pMOM (2), INTO je H Tpe6a.rio noxa3a-ra. 

3a,1wratc 172. (Onerbax 27., 3aAaraK 3 ). Harnicara eXCILTIEDITHO je,ariamilie 
reone3njcnix JIIIHIlia (16) y 06H'IROM Tp0,LIHMe1i3140HOM npocropy y aPepatim 
nonapHaM icoopannarama. 

Pewerbe: Jegfiagima reo,ae3ajcicax Allitaja (16) je 06nm:a 

(1) 	
d2  x' + 1 1 dxJ dxk 0.  

ds2 	fl  j k ds d s 

C o6314pom Aa je remopcxa, oea jennaginia eaxca y ma Kam ,r(onycnmom cm-
cremy icoopnimara. Y Tponameemonom rrpoc -ropy jeanamant (1) wirottapajy 
cneeehe TpH cica.napae jetutamine 

d2  xl +  I.  1 Idxj 

ds2  1 j ki ds 

d2  x2 2 dx' + 

ds2  ijk ds 

d2 x3 f 3 1 dx' 

ds2  ij k ds 

Y cacremy ccPeptutx no.aaptutx Koopnintara je 

xl = p, x2 = 0, x3 = g?, 

f 	1 	f.  1 	 f 2 	1 
= - p cos' 0, 

12 2J 	P' 13 3J 	 11 2 21 — 	p 

1 23 1= sin 0 cos 0, I
13

1
jt3

— 3 
 lj 	p 
1=-1  , 	

2  3 
 31 	

3 2 
1= —tg o, 

3 	j 	 j 

na jeettamme (2) no6tteajy (36.imic 	

t 	j 1 	j 

 

d2 p 
 p 

 (c/ )2 
pcos2 0( 41P\

2 
 = 0, 

ds2 	 ds Jj 

d2 0 2 ds ldp 
— + — — — + sin 0 cos 0 (.2-Pcnz  = 0  

ds2  p ds ds 	 ds 

cp 2 d chp 	d A 
=r  —7- — — — — 2 tg 0 " = 0

• ds2  p ds ds 	ds ds 

( 3) 

(2) 

dxk = 0 
ds 

dxk 0  

ds 

dxk = n  

ds 



   

x2  = arctg Y` 

Y1  
x l = V (y  1) 2 + (y2) 2 

dy' = — x' sin x2; 
6,2 

= sin x2; 
a x2 	 dx 1  

y 2 
= X1  COS X2 , 

a X2  

a x2 	1 . 
— sin x 2; 

x' 

x2 	1 
COS x 2 . 2 = — 	. 

a y2  x 1  
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3aztaTaR 173. (Onemax 27., manaTax .4). Iloponnna reonemxjcimx Hyna Juntaja 
onpebeHHx ma ma xojy Tanxy manosonasa jenHamnly xoHyca ca TemeHom y Toj 

Taj xollyc ce 3oBe vita Konyc. 
Y TpogameHmHoHom plimaHcxom npocTopy HHAe(1)HEETHe MeTIJEKe 

ds2  = (dxi)2+ (dx2)2 (dr3)2, 

onpenoTH reonemHjcxe Hyna naHrtje ma xoopnaHaTHH nonerax H IMIXOBO reome-
Tpyjcxo mecro (Hydra Rove). 

Peweme: C o53Hpom Ha pemynTaTe manam 171., jenHaITHHe reonemajcxHx ',rpm 
nHnHja cy 
(1) 	 = s, 

jep je ycnoa na uponame xpom xoopgmaTHH nolteTax. 
H3 jennaxnme (1) cnenH 

(x1)2 + (x2)2 (x3)2 = [( 21)2 + (a2)2 (a3)2] s2 ,  

0,BHOCHO 
(x1)2  + (x2)2  — (x3)2  = 0, ((a1)2  + (a2) 2  — (a3)2  = 0), 

(x1)2 + (x2)1__ (x3)2 

jenHalma reomeTpujmor mecra reonemmjcimx Hyna nHHnja , Tj. jeztHawnia. Hydra 
KoHyca. 

28. Hapaneaao nomepame 

3agaTax 174. (Onemax 28., manaTax 1.). goxamaTH na caaxa cxanapHa HHaapH-
jawra ocTaje TIN napanenHom npeHocy HenpomemeHa. 

Peweme: Axo manapHy HHHapHjaErry npeHocHmo H3 Tanxe npocropa ca Koopsx-
gamma x1  y Tattxy ca KoopnwHaTama + as, (ulna ce ycnoa na TO rxpeHotnetbe 
5yne napane.n:Ho Empaxcaza y o5nHxy 

k dxk  = 0,  

HER, C o53Hpom na dxk mowe 6HTH HpOH3B0Jba0, y oanHxy 

dcp 
( , k 	= 

d xk 

Hirrerpaurtjom oaor cHcrema napuHjaninix jenHamma no5HHamo 

cp = = const., 

Ha ocHosy *sera max.iyityjemo na. cxanapna HaaapHjairra npH napanenHom npe-
Hocy ocraje Henpomerbena, LETO je H Tpe5ano noxamaTH. 

Ham:weird: Moxemo noxa3aTH x o5pHyTo: axo npH upeHomelby cxanapHe HHHapHjaHre 
H3 jean Tanxe npocropa y Apyry sena DpeallocT ocraje HenpoMeH.eHa, omaa ce TO npeao-
menz apnTH napanenHo. 

HaaMe, axo je spennocr exanapHe HHaapHjaHre y Tanni npocropa ca xooprumaTama 
xi jenzaxa q,, oHna, na 5H cilia ocTana Henpomemena Trim npeHocy y Tanxy ca xoopAHHaTa-
ma xi + dxi , mopa 61f TR 

q> 

	

d R = 	dxk 
d xk 

a TO je ycnoa 3a napanenHo npeHorneme manapHe kumapHjaHTe. 

3agaTax 175. (0,c ezaK 28., manaTax 2.). Hem {U;} = {1, 2} byny ,E1exagrose 
npaBoyrne xoopAHHaTe Hexer Herropa y paHHH y UMW (1, 0) H Hexa ce Taj 
Berrop nomepa napanenao no xpyry y Toj pawnn nmjH je Hemp y xoopgaHarHom 
nonency a nonynpemanx my je jenHHHua. OnpenHTH xoopnumare ()Dor serropa 
y nonapHom clicremy H HmpaTiyHaTH Hamoae npomeHe npH OBOM nomepamy. 

Peweme: KosapHjaHTHe xoopAHHare garor HexTopa y nonapHom CHCTMY xoop-
nHHaTa onpebyjemo Ha ocHoay Tpauc(Dopmau,HoHor o5pacna 

„ a yi 
ui = CJ • 	, 

j  o X i  

me cy U iserose KooprwHaTe y gexamosom npaBoynnom cacTeMy KoopmmaTa. 
Ha ocHoay Be3a Hmmeby ,EkeRapronHx npaBoynntx H nonapHrix xoopnimaTa 

y parnTH, 

(2) 
	 y 1  = xl cos x2 , 	y2  = xl sin x2 , 

OPE °CHO 

(3) 

no5Haamo 

a yi 
	 cos x 2 ; 
ax' 

11 d — cos x2; d x sin x2; 

Ha ocHoHy (1) H (4), cans, AoSsaamo 

	

a  y1 	c) v2 a 	a  v2 
= 	+ U 	=  ' + 2 —'— = cos x2 + 2 sin x2, 

	

xl 	dx1  a xi 	dx 1  

ax2 	axe a x2 	a x2 

Tj. xoaapHjaHTHe xoop,amaTe AaTor HexTopa y nonapHom cHcremy xoop,ns-
Ham cy 

(6) 	 {2.0 = {cos x2 + 2 sin x2, — xl sin x2 + 2 xl cos x2}. 

KompaaapHjaHme xoopnErHaTe naTor aerropa y nonapHom cHcreiviy xoop-
ataaTa onpebyjemo Ha ocHoHy TpanaPopmaunoHor o5pacna 

. xi 	a xi 	a xi 
ul 	= U1 	+ - -- • 

	

y i 	dye 

Taxo na je 

( 1 ) 

(4) 

H 

(5) 

y l 	ay2 	 ey2 
= 	+ U2 	= 	+ 2 — = — xl sin x2 + 2 x1  cos x2 , 

(7) 



U. k = 0, 
ds 

onaa TO HCTO mune H KoilTpaaaplijairrne KoopainiaTe TOT Berropa. ga &demo 
noxa3asin, H313pUIHMO Romnominnjy y ropthoj jeauaiinna ca MCTpH'IKHM TeH30- 
p0M gjl. Tana ao5naamo 

(1) 
dxk 

ds 	
uJ

'
k = 

Mel yTHM, KaKO je KoBapnjanTini i33Bog meTpipiKor TeH3opa jeanaK Hynes, je,a-
lia‘niny (1) mowemo Trankicarn y ormithy 

dxk 

ds 
(g' u3),k=0, 

oxiocHo y o5nnKy 

(2) 
dx" . 
	 u' = ds 	,k 

dxk 

160 	 III. Mermuce penauktje. Tetr3opoca alumna 

KopHcmhii (5) H (7) ao5nsamo 

u' = cos x= + 2 sin x 2 , 

= - - sin x2  + -
2 

cos x2, 
x1 	x1  

Tj. KonTpaaapiijairnie KoopainiaTe aaTor Beicropa y -nonapliom cacTeMy Koopaii-
HaTa cy 

(8) 	 = {cos x2  + 2 sin x2, -1  - sin x2+ -
2 

cos x2  . 
X1 	X1  

28. rlapanegtio nomepaibe (174 - 178) 	 161 

HpomeHe Kourpaaapajairrilux KooparniaTa 	napane.anom. nomepathy cy 

1 
dui = - 	}ui dxk. 

Ha ocno.ay onora ao5naamo 

dui = -
I

1  ul dx" = -I 2 1 2 } u 2 dx2 , 
j k 

due = - / 2  I it dxk  = - j 2  1 ul dx 2  - 2  u2  dxl, 
k 	 1 2J 	21 

j k 

0,E(HOCHO Y aaToj rama4 y 1 = 1, y2 = 0, Tj. x' 1, x2 = 0, je du' = (2 cos x2  - sin x2) dx 2 , 

	

u, = 1, u2  = 2; 	u1 = 1, u2  = 2, 	 (10) 
Ili. 	 d112  = 	

1 
(sin x' - 2 cos x 2) dx1 - -

1
- (cos x 2  -;- 2 sin x 2) 11- 2 . 

{u1 } = {1, 2} 	 (20)2 	 x1 
H 

{u} = { 1, 2}. 	 flpii napanenHom nomepathy no Kpyry 

Hpometie xosaplijairrinix KoopakmaTa u, npu napanennom nomepathy cy 	 xl = 1, 

je dx 1 = 0, na cy npomelie Kosapiijairrithix 14 RoirrpariapiijanTithix icoopaiinaTa, (9) 
du, =1 i  }u, dxk . 

i k ' 	 H (10), Hare ea 

Ha ocliony °Bora ,i(o5m3amo 	 dui = (2 cos x2  - sin x2) dx2 , 	du2  = - (cos x2  + 2 sin x2) dx2 , 

	

du, = 1 	}ui dxk, 
1 k 	

du' - (2 cos x2  - sin x2) dx 2 , 	du2  = - (cos x2  + 2 sin x 2) dx2. 

3aaaTaN 176. (0,aethaK 28., 3aaaTaK 3.). AKO cy u, II u1  icoBapajawride li KoErrpa- 
du,= 1 j  }ui dxk . Bapkijarrime KoopAnHaTe Heicor seKTopa, noica3ani as aim KosapnjanTne KOOpHH- 

2 k HaTe 3aaoaothaaajy ycnoa 3a napane.fino nomepathe TO =To mune n KonTpaBa- 

C o53npom ;la cy RoopaimaTe meTpwmor TeH3opa 3a rionapiin cncTem mop- 
pnjairrue xoopannaTe, n o5puyro. 

aimaTa 	 Petueme: AKO Kosapnjanme KoopamiaTe tr , HeKOr sex-Topa 3aaoriothasajy yc.noa 
3a napazeatio nomepathe, Tj. aKo 3aaosothaaajy jealiaiamy 

0 	--- 
1 

(X1) 2  

3a je,arnie og iTyne pa3nwthrre KoopanuaTe KpEcTocliemaor cHmboaa apyre apcTe 
ao5kniamo 

1 	=g11 [22,1] 
1 g22  = 	1 (2 x,)  

	

/ 	 - 
2 2 	 - 2 dx1 	2 

	

2 	2 	 1 ( xl) = 	, g22  [21,2] = - g22  [22,1] = - 
{1 21 -42 11 - 	 (x1) 2 ' 	x' 

TaK0 aa je 
du, = 

1 
2
2 	

dx 2  = (2 cos x2 - sin x2) dx2 , 

(9) 
	

du2 = I 	dx,, 	
2  +1 	1 u2  dxi = 

12 21 	12 11 

= - xl (cos x2 + 2 sin x2) dx2  + (2 cos x2 - sin x2) dx 1 . 

11 Peateurt npoSnehar .3 res3opmor panyma 

{g,j) 	o 
1 0 (0)2 f ' 	

{el  = 1 



HRH, HOLIITO je KOBapHjaHTHE H3BO,B, MeT./N(1MM' Te1130Pa je,n3aK HYJM, 
	 OXMOCHO 

dxk 
(gu  ul),k  = 0, 

ds 	 HJIH 

au, (du, 	11 p dxk 

t 	d xk
–u, 

 i k 	dt 

28. Ilapanenno nomepube (174-178) 	 163 162 	 MeTpipnce penaurije. Temopaca aHarrun 

Ha ocHoHy Sera 3aKyby9yjemo ga H xoHrpaaapHjaHTHe KoopgaHaTe garor HeKTopa 
sagosomanajy yews 3a napanemo nomepathe. 

):(a 5Hcmo noKa3aHH ga Ha>Km H o5pHyTo, npeTnocraaHmo ga Hamm jeg-
Hatnum (2), Tj. x(a KourpaHapHjaHTHe KoopAHHaTe 	3artoHo7baHajy ycgors 3a 
napanenHo nomepan.e. TaXa, Icomno3H11.njom jegHaqHHe (2) ca meTps=nwm 
3opom gu , go5vmamo 

OEIHOCHO 

( a u, 	dxk . 
— — 	 =-- v. 
a t 	dt 

KaKo v' moNce 5HTH ma KojH KoHapHjanmo KoHcTanTaH Belcrop gyIK RTHHe 
x' = x' (t), czezm 	,u3rx Te Kin= mopa 5HTH 

8u, dxk 
— k 2 

 a t dt 
—dxk  go ut. =0, 
ds 	' 

OJLHOCHO 
dX k  

Ubk -= 0, 
ds 

Su, du,1 1 _dxk _ u 
 at 	dt 	i lik dt 

MTO je 31 Tpe5ano H3BeCT11. 

Ha °arcs),  'sera 3aubrryjemo ga H KoHapHjanTHe Koopg.HHaTe 3agoao.TLaaajy 
ycgos 3a napanenHo nomepan,e. 

3agaTaK 177. (Oge.rbax 28 , 3agarax 4.). Heim HexTop vi ogpebyje napanenHo 
HeKTopcxo no2be gym HeKe Rime ge4)HHHcaHe napamerpom t a Helm Herrop u, 
TaKobe 3aBHCE og HCTOr napamtTpa t. PLIBeCTH npaaHno 3a anconyTart H3BOH 

d 
nerropa u, nona3ehH o,n — (u, v 1) 

dt 	
. 

Peweme: AnconyTHE H3Hog example HHHapHjanTe no napaMeTpy t jegHax je 

FbeHOM o5H9nom H3Hogy. ilpema Tome je 

3, 	, 	d , 	., „ _,, dxk 	, 	dxk 	. dxk 
— kit ;  v-) = — ku, z,' ) = 0, v.- ) — =- V Uhk — + Ui V', 

a t 	dt 	 '
k 

dt 	dt 	' dt . 

C gpyre cTpaHe, meyTHm, je 

8, 	., 	, a u, 	8v' 

St 
— (u, vi) = v. 8 t + u, -- 

a t 
, 

IIa mowemo nHcaTH 

	

au. 	avi 	dxk 
- 

dxk  

	

—2 + — 	— LI, V — 

	

St 	St 	dt 	' dt 

C o53Hpom ga HexTop 	gyx KpaHe x' = x' (t), ogPebyje napanegno HerropcKo 
name, &the (Br= ogemax 23., jerrawmay 9. B °Amax 28., jegHatumy 7.) 

	

vi 	the,  — = v. — = v. 

	

t 	'k  dt 

Ha °may Tora go5nsamo 
k Ui 	 cbc 

Uhk  

	

a t 	dt  

	

3agaTatc 178. (OgemaK 28., 3agaTaK 5.). AKO 	H 	ogpeyjy gyz nexe KpHae 
Aedwatacaue napaMeTpoM t napanenna HexTopma nosha, 113BeCTE npaHmno 3a 

aTICOJWTFIE 313BOH TeH3opa utJ  nona3ehH oz — (ti ti  (I)). 
dt 

Pezueme: KaKo je 

dxk (u, • Al tii)= —
d 

(uu  1.1.j) = (uu  12J),k  — 
at 	 dt 	 dt 

H 

a u.  . 	SA' 	. 8 8 
(uk„ 	= 

 a ; 	
+ — + 	, 

t 	 a t 	8 t 

momemo uncaTH 

Su 	a V 	a ./ 	dxk 	 dxk  
8 t

li hs  1-1  + u
i'' 
 • — 

S t 
1.1i . + uo  Xi — 

8 t 
— Uu, 

dt 
k — X i  ti i  + Uu (Aik  1.1) + Xi  Ili  k) 

dt 
. 

•  

C o53Hpom ga cy A' H .L' RoHapHjaHTHo KOHCTaHTHII HerropH ;vac xpioe 
xi = x' (t), moxemo nHCaTH 

dxk 8 uu 	
= 	A' 8 t 	 dt 

OHHOCHO 

( a 14ii  11 J =  A 
— uibk 	 

a t 	dt 

Kam HeKTopH H 	MOTY 511TE IIPOE3BOTBEE KOBapEjaHTHO KOECTaliT1131 Hex- 
TOPH PPR Kpaae = x' (t), Quail Aa MX< Te "pine mopa 6HTH 

a zit/ 	dxk 
uu,k  	, 

a t 	dt 

1 1• 
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HAI! 

	

a  u, 	 I\ dxk  

	

t 	 likf
—ui, 

r 
jkf dt 

a u,. du, - / dxk 	1 	dxk 

Axo je y jenriainatm (2) a = v = A, Ao5HBamo 

duP O. 1 dgAn  g 	A 1\ 	= 
2 61/ 13 	AA  A p j/ 

8 t 	dt 	k dt 	j k dt Ku() je 

(pia). duo = 0, 

Petueme: JOAHHIVIHH Hexropx TaHreHaTa icpHrnoc ua = const. Cy ottpeem4 'coop-
JAHEaTaMa 

TO C o5311pom 	y3H1s4a. BI3eHHOCTH 1 H 2, Tj. A II M (AO M), 

= 0, 
gMA AMP 

HJIH 

AMO
= 0, 

xi TO He npettcrawba Jim:alms HOB ycnos jep je Beh ca,Hpxcall y (3). 
cy norpe5HH x HOBOJbHH YCHOBH. 

(3 ) 

Tj. 

(He cymxpaTH no v). 
x(a„) __ 1 

napanenHocTH BeicTopa 4,)  y otwocy Ha Kpnny C je 

( 3) I v 
ai3 duo= 0, 

s\ 

dt 2  
(3). 

(s, _ds 

dt 

d 2  u' +  1 I  dui duk dui s” 
= 0, 

dt 2 	l j k J dt dt 	dt s' 
Tj. icoopAHHaTe 	tcpuBe C 3agoBoaaBajy clicTem ,E(H4epeiiiiyijanm4x jeAnalinsta 

otisocno 

WTO je H Tpe5ano H3BeCTH. 

29. Ilapaneauo HomepaH.e Bewropa no Holy= 

3aAaTatc 179. (Onelbax 29., 3a,naTaK 1.). IloTpe5aH H noBon,aH ycnos zja jetm-
HHHHH Helcroptc TaHreHaTa icpknmax ua = const. 3a a =I HRH 2 6yny napalm:mu 
y otuTocy Ha xpi4By C Ha nospinH 5Hhe Aa oBa nocnena.a byge HHTerpan 
je./Inatome 

agAA  1 (ogAA  agA5  a gog  
2 duo — 

2 40 
+ 

duA duA — [PA, Al = gµA IP A 

ropma jet(HaqTala nocTaje 

1 \ 

gljA  { L } ÷gAA IP A 

A 1 	 A 
gAA 1.A pJ—gmAlp Al gAA A  i) p,  iduo = 0, 

duo= O. 

? ),3 do=o, 

ur3  
(dx(v)-1.-x -rv) 	1)do -0. ( \ a 	Y 

Atm y OBOj jegHaaHHH KoopHHHaTe BeicTopa 4, )  H3p33Hmo npexo 
Ao5tH3amo 

[ 	
auo 

a  ( 	+ 	a Ipuo o, 
vg„, 	y p 

atco H3Bpunimo na3natieno ,runi)epenumpame, 

1 	g„ 	1 duo o, 
( 	2 (g„,) 3 /2. a uP 	(g„,)lz t v'xp, }) 

(2) 	 (  
\ 2

1 
 g, auP 	t

+ I
y p 

AKO je y jexca‘nnl (2) c<0 v , Ao5ktnamo 

3ajaTax 180. (OnetbaK 29., 3anaTaR 2.). goRa3aTi4 ,r4a 
Aa xpnna. u 2  = p (1.1 2) Fla nonpruki 	(ul, u2) 53rAe 

49 „

1  2
1 2 1  so , 3  + if 

2 22f 
1_ 2  r 

i 
1 

2

b p, + (21. 

1 

2

2f 

1 

f 	kl 	t1/ 
rte upTe na3Hanyjy tmcipepeHnupaibe no u'. 

I 

1 

Peuteme: AK° je Ha nospinH xi= xi (u 1 , u2) xpluia gam jetucaqpiHom 

u2  = cp 

(Hula, Aa. 5H °Ha &Ina reot(e3Hjckca AHHHja, iseHe TroopAHHaTe 
.rBaBaTH je,Hica‘nmy reone3Hjcxxx ammja, Tj. 

pe.naHHje 

o,nytocHo 

mopajy 3aAoso- 

norpe5aH H goBonsau ycnoB 
reonc3Hjega .nHauja Ens= 

cv +1, 2, 1",  



166 	 III. Merpnuce penal je. Ten3opaca alma:gm 

Aico y oHoj jentialtHHH ymecro napameTpa t =memo U1, Ho5Hisamo 

ul + 1I  du' duk du' s" =0.  
(du1) 2  ljki du' du' du' s' 

0Hoj TeH3opcicoj jeunamum of roHapajy cneHehe we cicanapHe jertHagHHe: 3a 1= 1, 

f 1I du ,  duk 
lj k dui du' s' 

1 , 111+ 2Ii i,Iv + 12'2 }v2-, ",  

2 } dui duk s" 
cp " +1 	— — —o' -- —0, 

j k du' du" 	s' 
0,HHOCHO  

29. Ilapanenno nomepaibe Beicropa no nonmun (179 — 181) 	 167 

Ha ocHoHy sera H3Me1jy ,ijeKapTOBHX npaHoyrapix icoopHrtHaTa a tcoopHH-
Han u1 H 122  Ha nospant c4iepe (HHHH cnHxy) 

cp ul, 0 = u2, 

= R cos u 2  cos u" 

y2  =R cos u2  sin u1  

y3  = R sin u2, 

H Ha ocHoHy o6pacua 

dyk dyk 
gu= 

k=1 Ole 

3a xoopHHHaTe meipmixor TeH3opa ,z10-
5posamo 

2 	2 2 	3" 	 1 () 	 cp" 2+{ 	+ 2 	Icp'+{ 	2  
1 1 	1 2 	2 2 	s' 	 IR 2  cos2  u2  0 	gi i} = R 2  cos2  U2 

 

{gu} = 	R2 	 1 
EnHmitHaltHjom 

s- 0— 143 jemta‘unia (1) Et (2) Ho5Haamo 	 R2  
s' 

2 2 	 1 2 	1 1 	

2 

1 1 

	

1 212 } 3 	2  }— 2 1 112024- ( 2 1 2 — 1 1  1) " { 

INTO ripeAcratuba norpe5aH H HoHonaH ycnoa Ha Ham icpHaa 6yHe reoge-
sHjcxa niumja. 

3aHaTax 181. (OHerbax 29., saHaTax 3.) HanHcant innbepeauiljanue jeertHawme 
reQuesajcicax nHHHja Ha apepH, icag ce 3a xoopHRHaTe Ha seHoj uoupum y3My 
reorpatfcxa HyxcHaa cp H tumnina 0. HHTerpanirra Te je, aatunie H noxasaTH Ha 
ce je maxima reoHesHjcimx niuraja Ha ccPepa ivioxe Hanticam y KoHattaom o5nincy 

A cos° cos cp+Bcos 0 sin cp+Csin 0= 0, 

rHe cy A, B, C rrpoH3Hon.He xoHcrairre. 

Pewerbe: Y3MHMO cp = u1, 0 = u2  H y jermaximus reortesitjcice naaHje, 

d2 d 	/ du-1  duk 	s" „ 
(dt) 2  t jk dt dt 	dt 

Heim je t = ui. Tana je u2  = 0 =0 (0), na je,uwariania reoiremjciatx naHaja (HHHH 
npeTxoHHH 3auaTax) imam 

(1) 	
0,, 

12 

 1 

2  1

0,, + (1 2 1_ 21 

1 
121\ 

0,, + (21

11 
2
2,1 1 

1 _1 

1 
1 

1

1\ 0, + 	2 1_ 0.  

	

f 	kl 2 2 	1 f ) 	k 	1/ 

Taxo Ha cy KoopHHHaTe KplicTocinnosor cHm5ona Hpyre Hp= (lc* cy pasnx-
Imre off Hyne) 

1 

1 	 sin 1,2 cos u2. I 2 1 
, 

121=1211= tg u2 
	

11 1 

Ha ocHoHy °Bora, jerutavunta (1) nocraje 

0" — 2 { 1 12 10'2  [ 1 21  = 0, 

0,13;HOCHO 

(2) 0" + 2 43 .0'2 + sine cos 0 = 0. 

CMeHOM tg 0 = w jeHHaamna (2) upenasH y 

w"+w=0. 

OTyHa je 
w = tg 0 = — A i cos co — A, sin cp, 

OHHOCHO 

A, cos O cos cp + A, cos 0 Sill + Sin 0 = 0, 

HRH, axo yHeHemo o3Haxe A,— —
A , A2  = —

B 
, 	(COO), 

(3) Acosecosp+BcosOsincp+Csin0=0. 



1  
0 

{gu} = sin2 cc' 	 {e} 
0 	(x1 ) 2  

/ 
0 	

1  1 
2  (x 1) 

sine a 0 

168 	 Merpwcfce penaunje. Ten3opoca aHaTrina 	 30. Pamax-Kpnc-rockenoB TeH3op. JIameose penaumje (182 — 187) 	16 9 

3a 	= const. nona3Ha nml)epeRnHjanna jegoanfma gaje petnerbe xoje je, 
3a C = 0, /37,,-4 0, canpxcalio y jenHanHHH (3), Tj. 

A 
tg cp = — 	, 

OHHOCHO 

const. , 

II1TO cy xpyrosH y mepHnHjaHcxum pasHxma, Tj. reue3Hjcxe ammje. 

30. Pumas-KpseTochenos TeH3op. Jlameose penaunje 

3anaTax 182. (0,aenax 30., 3agaTax 1 ). H3panyHaTH PnmaH-KpHc -rocl3enos Ten-
aop 3Z uospin nHnintnpa, xoayca H nonyccbepe. 

Peuteme: Hospinn Hannitapa, KoHyca H nonycdgepe cy HBOHHIs4eH3HOHH npocTopH. 
Jennna He3asHcHa icoopnimaTa PHmaH-RpHcroctienosor TeH3opa y npocTopy 
Ase nHmen3Hje je 

—
4) 

 RI212 	
x' 	2 

 [22,1]— 	 [21,1]+ / 2 1 I [21, m] —{ 2 2 1[11, m]. 

a) Be3e H3meby XtexapTomm npasoynnix KoopAHHaTa H icoopAsHaTa Ha 
rump= ruumwapa (SHAH cnnxy) cy 

3a KoopnimaTe merpHaxor TeH3opa 

R2 
[ 1 I go  I R2  01 	fgui. 	0 1 .1 

( 0 1 j 
0 1 

C o53HpoM na cy xoopnymare merpiantcor TeH3opa KOHCTaHTe, xoopnnHaTe 
KpHcTo(pe.nostax cHm5ona (npse H npyre spore) jenHaxe cy Hynu, Tj. 

[if, k] = 0, 
j k i  

na je H Pfiman-KpHcToctoenos TeH3op xAes- 
TNYKx 	HyHH, Ti. 

5) Be3e H3m0y gexapTosux upaso-
yr:mx xoop,anHaTa H xoopnxHaTa Ha noBp- 
IHx 

 
KOHyCa (SHAH CJIHKy) cy 

y'= xl cos x 2 , 

y 2  = x1  sin x2 , 

= x' cotg cc, 

na 3a xi:ow:ma-re meTpwncor TeH3opa Ao5HBamo 

Ha ocHosy oBora, KoopAHHaTe KpEcTockenosHx cHm5ona nine pi ;Tyre spore 
(la* cy pa3nkuTre oA Hyne) cy 

[12,2] — [21,2]= xi, [22,1] = — [12,2] = —x 1 , 

2 2 	 {1 21 - 12 1 f 1 	

2 1 j 2 1 	1 = 	sin2  a, 

na je 

	

R1212 = 
 dx' [22,1]—d x2[21,1]

+{2 1}[21, 
	

{2 2{[11, 

OHHOCHO 

a , 	,, 	 1 
[21,2] = --1 + — - x 1 = — 1 + 1 = 0, R I2 12 = 	 l —  x-J+ 1

2

2 

 1
} 

a xl 	 x' 

Ha °effort)! nem 3axmynyjemo, c o53Hpom jla je /2, 2  , 2  jeAHHa He3asHcHa hoop- 
AHHaTa, ;la cy ale RoopktHHaTe PlimaH-Kplacrocl)enosor TeH3opa jenHaxe HynH, Tj. 

Rlijk—°• 

.v1  R COS xl , 

y2 = R sin x', 

y3 .= x2 . 

Ha ocHosy o5pacna 

3 a yk a yk 
g;1 =  —:- —7 

k-, ax,  d X' 

Ha nosplukt ullnrninpa no5nsamo 



B) Be3e H3m4y )31eicaprosax npasommx mow:unan H xoopAHHara Ha 
nospum nonyc4epe (SHAH cnincy) cy 

cp 

0= x2 , 

y1 = R cos x 1  cos x2 , 

y2  = R sin x' cos x2 , 

y3 = R sin x2 , 

na 3a KoopnnHaTe meTpHnxor TeH3opa 
Ao6HHamo 

{gu} l 0 	R 2 } '  {gu}  l 	
1 

0 - 

f R2 cos2  x2  0 	 R2 cos2  

Ha ocHosy oBora, on Hyne paaffanirre icoopAHHaTe KpHc-rocbenosax cam5ona 
apse H ,r(pyre Spore cy 

[11,2] = R2  sin x2  cos x2, [12,1] = [21,1] = -R 2  sin x2  cos x2 , 

1 12 } = { 2 1 1 }-4gX2' 

I 2 
if  = sin x2  cos x2 , 

na 3a jemmy He3aBHCHy xoopnHaaTy PmfaH-KplicTocilegosor TeH3opa no5nsamo 

1 

R2, 
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3anaTax 183. (Ogensax 30., 3anaTax 2.). AKO je meTpffica Heicor pHmaHcicor 
npocTopa on TpH ,/rHmeH3Hje oApebefla ctiopmom 

ds2  = (h, dx 1)2  + (h2  dx 2)2  + 3  d x3) 2  , 

rne cy h 1 , h2 , h3 , cpyinamje on TpH xoopnnHaTe, H3panyHaTH Psmax-Kpincro- 
cpenos TeH3op nomoiny cloyinamja h, 	1, 2, 3) H HAIXOBHX H3sona. Hoxa3aTH 
na lie osaj TeH3op 5irrif jenHaic Hynes, axe je h , clvaxnHja canto 0,7T x ' , 	 canto 
on x2  H h, camo og x3. 

Peuteme: Ha ocaosy merpHince cbopme 

ds2  = (h,dx 1)2 +(h,dx2) 2  + (h3  dx3)2 , 

xoopnHHaTe merptinicor TeH3opa cy 

o o I 

{0}=1 00 I ,  2   

0 0 --I-- 
k3 

Ica = ki (xl, x2, x3), (1= 1,  2, 3). 

Ha ocHosy KoopnaHaTa meTpiencor Tea3opa, 3amm.ynyjemo na ce pa.un o 
oproroHanHom icoopAHHaTHOM cHcremy y pHmaHocom npocropy on TPH numeH-
3Hje. C o53Hpom Ha oco5HHe KpRcTo4)enosHx cHm5ona y op:aocy Ha opToroHa-
nae cHcreme icoopnliHaTa (MTH 3anaTax 138.), y osom cnynajy no5HBamo 

[12,3] [21,3] = [13,2] [31,2] = (32,1]= [23,1] = 0, 

[11,1]=-
1 ak, 
2 a .x1  

k 1  0 0 

{gu} = 0 k., 0 

0 0 k 3  
(k, = (h1)2), 

spa Ilemy je 

a 
 R1212 	

a X2  

	

 	ir sin x2  cos x2) -I- 211 [21,1] = 

= 	(R2 sin  x2 cos x2) ± tgx2 R2 sin  x2 cos x2,  

a X2  

OXIXOCHO 

R1212 = R2  COS2  X2 . 

Ha ocHosy HO3HHTHX anre5apcmx oco5HHa PHmaH-Kpincrocl)enosor TeH3opa, 
H3 ore icooppsHare moxemo onpenErTH cse °graze. 

HauoMexa. Ysonuso cy y Hamm opocropy cse uoopAnnaTe Psman-Kpncrocbenosor 
TeH3opa jesnaxe Ryan - npocTop je epuraucxu. Y nponnwom (rj. ysounso noc-roja bap 
jesna icoopionlara pawn/9=a 0A }Tyne) - npoc-rop je pnmaucKa. Ilpema ToMe, Ha ocaosy 
peny)Trara y mom aaAaTsy, nospum usinampa H Konyca cy eyanuAcicu npocropn (swag-
MeH3HOFIH), 2(oic je norpur nonycckpe (ua, npema ToMe, H ol)epe) pnmancloi upocrop. ;la 
nospra abepe maje eyicaHAcKH npocrop, Tj. Aa Heia eyunnucxy meTpnky, 5FLUO je nosanno 
(Ha Apyra Hymn) y saAancy 110.  

[22,2] = 
1 ak2
-  

2 axe 

1 ak3  
[33,3] = 2 - , 

a x3  

[22,1] = - [21,2] = - [12,2] = - -
1 

2 

 k2 

xl 

[33,1]= - [31,3] = - [13,3]= - 1 
ak3
axl 

1 ak2  [22,3] = - [23,2] = - [32,2] = - 	ax3  , 

1 ak3  
[33,2] = - [32,3] = - [23,3] = - 

	axe 
 , 
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[11,2] = -[12,1]= -[21,1]= 	
dk, 

 
2 dx2  

1 dk, 
[11,3]= -[13,1]- -(31,11=- 	, 

2 dx3  
{j/K} 

=gn[JK, I], (I, J, K=1, 2, 3). 

	

Koopaymare KosapHjaamor PHmall-Kpucrocpenosor TeHaopa o. pet 	cy Hapaaom 

R,IJk
a  

- axj [ik, 11- w w, 11+1 }[kl, ml-l i  JP, m], i j 
H Hma HX, C obampom ,r4a je npocrop 0,11 Tpx ,aHmeHaHje, canto mec mebyco5Ho 
HC3HBHCHHX. THX LHeCT HeaasHcimx xoop,aHHaTa cy 

81212 , 81213 , 81223 , 81313 , 81323 , 82323' 

110je,M3HaqH0, 3a caaxy oq clakix Koop,aHHara ,Ho5Haamo 

	

1) R1212=-
6 

xl 
	

dx 2 
 [22,11- -

a
[21,1]-1 

2 1
}[21, m] - 

2 2
1[11, m] = 

= 	( 1 dk2  
2 dx'

) 

dx2 2 0x2 	2 1 
( I 	-1c1 )+{ 1 	[21,1]4 { 2 2

1 
 }[21,2]+ 

+ 
2

{ 3 
1 
 }[21,3]- 

 2  1  2 
 }[11,1]-{ 2

2 2 
 }[11,2]-1 

 2  32 
 1[11,3]--- 

2  1 
	- 

- +8111

(d  

 [21,1] [21,1] + g22  [21,2] [21,21+g" [21,3] [21,3] - 
1 0 2  k,  
2 (a x2) 2  

- g" [21,1] [1 1,1] -g22  [22,2] [11,2] - g33 [22,31[11,3]= 

1 a2 k 2 	1 d 2 k, ±  1 ( 1 dk,  2 	t_l ak,  \ 2  

2 (ax 1) 2  2 (dx2)2  k, 2 dx2 1 	k2  ` 2 ax' 

1(_ 	ak2 \ (1 Ok, 	1 	1 dk 2 )  ( 	1 aki \  
2 axl) k 2 ax' 	k2  k 2 dx 2 ) 	2 az' ) 

1 ( 	1 dk2 \( 	1 ak,\ 	a2k2 	a2k, 
2 a x3/ k 2 dx3 ) 	2 (dx1) 2  2 (dx2) 2  

1 tak, 2 	1  (ak2 \2 	ak2  dk, 	1 ak, ak,  
+ 4k, ,dx2 ) + 4k, Vx1 ) + 4k, ax' ax' 4k2  dx2  dx2  

1 ak, ak, 
- 4k, dx 3  ax3  

2) R1213 = -
a 

[23,1]- 	[21,1] + 

	

axl 	ax3 	2 1 

2 3 
1[11,1] - 1 

2 
2

3 
 1[11,2]-1 2 3 1[11,3]=  

- - -- 
ax3 

 [21,1] +g" [21,1] [31,1] - g22  [23,2] [11,2] -g" [23,3] [11,3] = 

d 	1 dk,\ .t. 1 (1 dk,\11 dko  
- ax3  k 2 dx2 ) 	2 dx2 ) 2 ax3 ) 

111 dk 2 \( 	1 aki \ 	1 11 ok,)( 	1 ak,\ =  
k2  2 dx3 )` 2 dx2 ) k,k 2 axe) 	2 ax3 ) 

1 a 2 k, + 1 ak, ak, 4.  1 ak, ak, 	ak, 
2 dx3 dx2  4k, dx2  dx 3  4k2  ax3  axe 4k 3  dx 2 

 dx2  
--

a 
[23,1] - 	[22,1]+{

2

1

2 
 [31,1]+{ 222 [31,2] + 

dx3  

a  

2 32f n 1 11 { 2 1 3 } [21,1] - 
2  23 

 [21,2]- { 2 3 
 3

} [21,3] 
1  

ax3 [22,1]+{ 

a 	

21 

	

2 
[31,1]+{ 3 

2 
 }[31,3]-1 

 2z3 
 1[21,2] 

21 

----- [22,1] +gll [22,1] [31,1] + g33  [22,3] [31,3] - g22  [23,2] [21,2] = 
dx3  

a  ( 	1 dk2  \ 	1 	1 ak2 )/  1 Ok i \  
ax3 	2 ax') k, k 2 axl) \ ax3  

+ 1 f_lok 2 W1 	 ak2 \11 ak2 \ 1 62 k,  
2 dx3 ) k 2 dx") k2  \ 2 dx3 ) k 2 dx1 ) 2 dx3 oxl 

1 ak2  ak, 	1 dk2  ak2 	1 ak2  ak, 
4k, Ox' ax3  4 k, dx 3  Ox' 4 k 3  dx3  a 

a 	a 
3 	

• 
4) 	R„,3=

ax" 	dx 
[33,1] 	 [31,1] + { 3

1
1 } [31,1] + / 

3

2

1
1 [31,2]+ 

+/ 331 
	3 
1[31,3]-1 1 

3 
 1 [11,1]-{ 

3  2 
 3 } [11,2]-{ 

3  3  3
}[11,3]- 

a 
 =dx" 

[33,1] 	
a

a

x3 
 [31,1] +gll [31,1] [31,1] + g 33  [31,3] [31,3] - 

- g"[33,1][11,1] - g22  [33,2] [11,2] -g33 [33,3][11,3]= 

=  a ( 1 ak,) 	a (1 ak,), 1 0 all(' ak,\+  
dxl 	2 ax,) ax3  2 dx3 ) k, 1 2 ax3  2 dx3 ) 

1 (1 dk 3 W  1 aka  \ 1 i 1 dk,w 1 dk i \ 
+k, 2 ()xi) ( 2 dx1 ) k i k 2 ex') 2 ax') 

1 / 	1 dk,  \ / 	1 dk, \ 	1 /1 dk,\ / 	I ak,\ 
- 1c2 .-  2 axe) 	2 dx2 ) k 3  l2 dx-3 A 2 dx3  4)- 

[31,1]±{ 221 [31,21+{ 
 231 

 I [31,3]- 

k, 

dx 3 ' 

3) 
	

R1223 = 
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I d2 k 3 	I a2 k, +  1 riak,\2 + dk, ak 3 1_ 

2 (a x1)2  2 (Ox3)2  4k, Lk a x3  ) 	axt a xl 

1 dk 3  dk, +  1 fidk 3 \ 2  + dk 3  ak,1 

4k2  a x2  d x2  4k3 Lkax' ) 	az' d xi .1' 

- 	[32,1] + { 3 
1
2 1 [31,1] + { 

3

2

2
} [31,2] + 3,1] 5) 	R1 323 = --

dx2 P 
	

ax3  

+ / 3 3 
 2 
 1[31,3] - / 3 1 

 3 
 1 [21,1] - { 3 2 

 3 
 1 [21,2]- / 3 3 

 3 
 1 [21,3] = 

+ 	[32,3] --
a 

[33,1] g33  [31,3] -,g11 [33,1] [21,1] - 
ax2  

- g22  [33,2] [21,2] -g33  [33,3] [21,3] = 

d ( 1 ak3 \  1( 1 dk 3  v 1 dk,\ 

d.x2 	2 dx 1 ) k, k 2 Ox 1 R 2 Ox2 ) 

dk 3 dk3  1 	 \ 

- k 2 dx2) 2 ()xi ) 	k 3\ 2 ax2) k 2 Oxl) 

1  02 1c, 	1 dk3  dk, 	1 dk 3  dk2 	1 dk 3  dk3  

- 2 Ox2 ax' 4k, dx 1  dx2  4 k2  dx2  dx3  4k3  dx2  dx 1 ' 

6) 	82323 =
d x2 

[33,2] - aax3  [32,2] + {312} [32,11+i 3 2
2 
 [32,2] + 

+} 3 32 } [32,3]- { 3 1 3 } [22,1] - 
3  23 

 E222]_{ 33 }:[223] - 

= 	[33,2] Ox3 [32,2] + g22  [32,2] [32,2] + g33  [32,3] [32,3] 
ox2   

- [33,1] [22,1] - g22  [33,2] [22,2] -g33  [33,3] [22,3] = 

a( 	ak3 \_ a tiak2 \ ± ujak2 \2 +  
a

- 

x2‘ 2 a x2  ) a x3  k 2 O 3 ) k2  k 2 d 3 ) 

± 1 (1 dk3  2 _ 	aka  \1_1 ak2 L 
7[3  k 2 ax2 ) k, k -  2 Oxl)k 2 d xl) 

1 	1 dk 3  (1 ak3 \ _1.11 ak3 \(_± ak2 \ =  
k 2 ax2 ) k 2 a x21 kk 2 Ox3 ) 	2 ax3I 

= 	a2 k3 1 02 k 2 1 dk 3  ak2+ 	ro k 2v +  
2 (d x2)2  2 (a x3)2  4k, xl x' 4 k2  a x3  

ak .dk21 +  1 riak,\2  dk 3  dk2 

 (7-x2  a x2  j --4k3 Lk-a x2  ) ax3  cx31' 

Aim cy cpyinamje h, (i = 1, 2, 3) Taxne ga je 

hi = h, (x ') , 	h2  = h2  (x2), 	h3 = h3  (x3), 

Tj. am) je merparncn ren3op o5nifica 

k, (xl) 	0 	0 

	

{g,1} = 	0 	k2 (x2) 	0 	, 

0 	0 	k3  (x3) 
onna je, mffirnenno, 

R1212 = R1213 = R1223 =R1313 = R1323 = R2323 = 03  

Rink = 0, 

na je y TOM cnriajy npocTop eyxna,acrui. 

3anarax 184. (Onen,ax 30., 3a.aaTaK 3.). Axo ce meTpipncn Ternop au  Flexor 
upocTopa npomenn y au + b,1 , rAe cy b u  mane Benimine, onpentrin npomene 
wow:lna:Fa Pnman-Kpncrocl)enosor TeH3opa y npaoj anponnmannjn. 

Femme: Y onnocy Ha merpnmcn Tenaop a te , IcoopnkmaTe Pnman-Kpncrocteno-
nor TeH3opa cy 

Raik= 	. [ik, 1] 
d 
	 [ij, /I+ / 

a x 	
[kl, m] - i k }[j1, m], 

-1 	 i j  
rne je 

	

[ij, k] - 1  Cc:A ± aki 	at .\ 

2 	()xi -  dx;:)' 
H 

amk [ij, k]. 
i j 

Axo ce KoopnnnaTe meTpluncor TeH3opa au  npomene y au + big  = 	rne 
cy bu  mane Benninme, mina he RoopnrinaTe Priman-Kpncro(benonor TeH3opa 633TH 

. 	 rt/ 	• 	4, 	FPI 	• , 
(1) RR* - [71C, n*  - 	n* 	[kl, m] -{ 	[il, mr, 

d xi 	d 	 j 	 i k 
rne je 

(2)
[Ey, 	= 

2 

(dg„,,, +dgk, +dg,i) 
2  1 Cx'

alk 
+dxf 

 4 ak , +bal.+  

	

Oxl 	dxk 	o 	axk 

2 az' dxf  

I (abJk + dbk1 	
xk

)= [if 	Bilk ,  

ca 03HaKOM 
B 	1 lobo +abki + ON\ 

ilk-  2 l ax_ axe axk 
rae je 

1 m  = gmk [if, k]* = gmk [ij, k]+ gmk 
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Onpenkimo, ca,na, xoEiTpaaapHjaHTHH TeH3op gu y npaoj anpoiccHmansjx. 
Moxcemo ra 143pa3FITH y o5nnKy 

gu = + cii , 

rge cy cu mane senwnme xoje Tpe5a onpe,r1HTH. Ha ocHosy penanHje 

,005xsamo 

(a,./  bu) (aik cik) 

OAHOCHO 

au  aJk  ± a cjk  b 	6110' = 8 
Onasne c.ne,ax 	

a  11  cik 	b an, bu  cfk 

HnH, aKo 3aHemapHmo mane seimmHHe sinner pup., 

au cik = b„ ajk  

041an,ie, Komno3HuHjom ca a" , no5Hsamo 

a;  c1k = —kJ  ajk  a", 

OnHOCHO 
erk = brk ,  

rie je, y npiaoj arIpoKCnmausjs, brk = gri gkJ 	bu  air aik, TaK0 ga MO)KCMO 
if Hcant 

gu mrs au - bu 

Ha ocHosy oBora, KoopnimaTe KplicTocloenosor cHm6ona ;Tyre spcTe cy 

i j 

m 
= (and` - Fink) [ i , k] + (a'"k  - fr"k) B 11k , 

nnx, axo 3aHemaparvio mane senirome, y npsoj anpoKcHmaniiiii, 

(3) 	 = { n2  } amk  Biik ,  

npu memy A ik He mopajy 5HTH mane senmmne, jep napruijanml H3sonn manux 
senimilia He mopajy 614T11 mane BeJIHMIlle. IlpeTflOCTaBHJI14 CMO Aa  HHcy. Ago, 
cana, (2) H (3) 3amemmo y (1), nobvisamo 

a 	 a 
	

41+ ants  B 0 ) • 121,1k= 	i ([11c, 11+ Aid) 	
xk 	

+ Bm) + 
t j 

• ([kl, nd -1- B la  m) — ( 1 7 n  I -I,  am s B a cs) • a j 1 , In] -I- 14  j 1 m) — i k 

	

= —
a

- [ik, I] - —
a 

[if, 1] + 1 
m 

}[kl, m] I 
in 
 }V 	

a 
, m]+ 	Biki 	 

a 
...'ijl+ 

a xi 	d xk 	i j 	 i k 	a xi 	ax k n 

+{
m  } Bki,;,— { imk  } Bii,,, + ams Bio [kl, m] - ens B ik,[jI, m] -I-
i j 

+ a' Bus Bklm— ams Biks B 117f1 —  

- Rufk + 	 
a n 	m 

Bkhn— 

	

Dud 	+ 1 1 	 - 
1 i k} 

B 
 ihn 

 - 
' 

	

a xi 	a xk 
Bu, 	

i j 

{ s 	 s  k 1 B„, - 	
I 	- 

{ }Biks + ar"' (Bus  Bk,,, —  BB, Bfi„,), 
j  

TaKO aa Cy npomeHe KoopainiaTa PliMaH—Kpacrocbenosor TeH3opa, y ripsoj 
anpoiccHmanTijFr, 

n  
— B111 +{ in  B + 

	

Rajk =  R Rafk — a 	i  Dila 	;c5-, 	 klm  

1 - {m  B u,„, -- ens (Bus Bids. - Biks B11m),  
j 1 

INTO je Tpe5ano onpenuTH. 

H auomeita. AKO Cy Buk maJTe Be-71141111C, raaa cc °Raj 3a/1mm: cBoruf Ha TL 3aaaTxa 248. 

3anaTaK 185. (OnemaK 30., 3anaTaK 4.). H3pamyHaTic R1212  3a nospin qHja je 
meTpiruca diopma 

ds2  = (a) 2 cos2 ce (dul) 2  + (a)2  sinew (du2) 2 , 

rne je a KoHcTairra, a co cliymamja on ul H 24 2 . 

Paueibe: 113 H3pa3a 3a me-I-N1 xq cbopmy, 

ds2  = (a) 2  cos2  w (dul) 2  = (a) 2  sin2 ce (du 2)2 , 

BHAHMO Aa cy KoopnHHaTe mleTplagiCar TeH3opa 

1 
1 Igii}  _ (a) 2  cos' ce (a)2 sO 	 (a)2  cos 2  in20.)  1 , 

0 	

{g 
U) 

_ 	co 

1 
(a)2  sin'-ce 

Ti. cHcTem icoopnimaTa U 1 , u2  1C CHCTeM opToroHanmix Koopni•nisTa Ha nospaiti. 
3a KoopgimaTe KpHcTcaPenospix ciim5ona ripse H pyre spere, caaa, no5lisamo 

[11,1] = I agn
- 	

(a)2  • 2 cos ce sin ce ac''' = 	(a)2  sin ce cos ce  ac ' , 
' 2 a ul 	2 	 a u' 	 au' 

[11,2] = - [12,1] = -- [21,1] - -  I 0g 11  = (a) 2  sin co cos co 
ace
-- , 

2 d u2 	 au- 

[22,1] = - [21,2] = - [12,2] = 	1 ()g" - (a) 2  sin Gs cos ce [22,1]= 
 a u' 
	

du' 

ace 

[22,2] = "  g22 = (a) 2  sin ce cos ce — u6" , 
2 a u2 	

a°  

r 1 1
eti  

11 11 	 ul 
[11,11= - tg 	  

k 

0 

12 Pewena apo6nemff 83 relmopmcor pasyua 



42, 	a2,„, 

(6u')2  (c) u2)2  

11211 
=g22 [11,2]= cotg -

dco 

u2  

I 	1 	
d u2 

 1=g11 [21,1]= -tgo  d co , 
121j - 112j 

{1 

2

2} = 12

2

11 
= g22  [12,2] = cotg o - , 

du' 

2 22 	 d u2 

 I 
g22  [22,2] = cotg co - , 

2 2 1  I 
= gut [22,1] = - tgo - 

au'
' 

	

2 	2 

OAHOCHO 

RI 212 (a) 2  sin co cos co 
o 	o 

  	
u2)2 (a ui)d' 

inTo je H Tpe5ano m3pagymaTm. 

Harcomeua. 133 aapaaa 3a 12 , 212 =AM  A°Zia He Pamaa-Kpacrockaoa Temop 5aTa jell ax Rpm axo (1)yinaTaja CD aa.aosozaaa napnxjaaay Afut)epeaumjanay jeaaaaway 

Tj. axo je oamaxa 
(11', u2)- A [(1 1)2  +(e)1+ Bu' + Cu2  + D, 

rue cy A, B, C a D upoxr3Borbue KoacrauTe. Y TOM cayaajy npocrop ca aa.aaTom mennticom je eyfunuacxe. 
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na je 	
3a.maTam 186. (Omemax 30., 3anaTax 5.). Y opmocy Ha Heim opToronamm cmcreM 

.R, 212 = - [22,1] - -
d 

[21,1] + { 	} [21, m] - { 	}[11, m] = 
d ul 	a  u2 	2 1 	 2 

m 
2 	

xoopmmiaTa y ABoximen3lloHom pmmamcicom npocTopy =imja je meTpinica cliopma d 	 m  

d s2  = g „ (dx1)2  + g22 (dx2)2, 

-L [22,1] ---a-[21,1] + / 1 1[21,1] + { 2 1[21,2] -{ 
1 
 1 	

bmhe 
[11,1] - 	

-L 	2- 1  

	

a:0 	a u2 	2 1 	2 1 	2 2 R 212- - Ha  ( 1 a -11a  ) ±-6  (-1=  ----e )x2  )]. g ' 	2 a &xi Vg 	dx 1  dx2 	V g a 

{2 21 "1 '2]  = -

a 
[ 	 -  (42)2 sin co cos co -a te ] - 

	

_ 2 	 d co 	 Roica3ani To. 

Peuteme: KoopmmmaTa R, 212  Pmmam-KpmeToclienomor Temopa AaTa je Empasom 

-
a [

- (a)2  sin co cos co -
dco

]+ - tg 	•[- (a)2  sin co cos co -
dco

]+ 
u2 	 d u2 	d u2 	 au 2 	 R , 2„ = 	[22,1] - 	[21,1] + m  } [21, m] 

- 2 2

m 
 [11, ml, d 	d x2 	2 1 

d 
d 	d 

+ (cotg 	
ul 

d 
-da) ) • [(a)2  sin co cos co -

co]
- 

d 	 d  d 	1 
1 

81212 = 
a X1 

[22,1] - d x
2 	2 

[21,1] + / 	1 [21,1] + 

+{ 221 } [21,2] -{ 
2  I 

 2 } [11,1] -{ 2 2 } [11,2]. 

Ha °mom),  m3pa3a 3a meTpFpncy cDopmy, xooptimmaTe meTpwqmor Tem3opa cy 

I 	0 
{$1.1} = { gil 

n  

0.4110CHO 

(d u.') 

a ,,, 	 a2  CD 

2  
= (a)2 (sin2 co - cos 2  co) 	2 - (a) 2  sin co cos co 	+ 

d ul  

h 61   + (2)2 (cos2 „ _ sin2 co 
( a 

	
co  + (a)2  sin cos co 	 

a 	 (d u2]2+  

a c„ )2 	 a (8, y 
+ (ay sine „ (._ ± (a)2 coo (t)  ( )2 

d in 
	(6 )2 sin2 (,)  

d u2  	ul 
o w )2 

- (a) 2  cos 2  (- , 
a u2  

d ul 

12• 

d - ( - tg 
d 
-
do)

) • [ - (ay sin co cos co 	- 
d u2  

- (cotg w-66) )  • [(a) 2  sin co cos co -dco = 
d u2 	 u2  

{Li} 	0  1 
I 0 g22  j  1 

- 
g22 

na cy xoopmmnaTe Kpmcroclienommx climbona npae H /lore spare 

1 dg, 	 1 a g „ 	 1 og22  
2 d xl 	 2 d x2  

[22,1] = - -- , [21,1] = - -- , [21,2] = - 	, - 	 2 ax' 
1 dgi2 	 1  a gii [11,1] = 	--- , [11,2] = - --  
2 ax' 	 2 d x2 , 
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I 2 
1  1---1  

t 2 1J g„ 

1 1  }--1- 
2 2 g„ 

Taw qa je 

HI. 

[21,1]-- 

[22,1] = 

MeTp•ixe penauaje. 

1 	1 	6g11  2  
2 

1 

Telnopcxa aHanina 

1 	121
,, 	1 	1 	422 

- — 	_.41- - 	— 
1 	g22 	

2  - 
g22

22 
	ax 

2 	1 	" 	g22  — 	[22,2]= 

HAH 

1 po
212 

g 
''1 

1 	1 

2 	I/
i= 

 g 

1  

30. l'in.lam-Kplicio4csios TeH3op. :Tame°He penauHje 

[ 	(dg22 ) 	1 	ag„ 

Vgdx' 	 g dx2 k0x2  

0 811 	n. 	(422 	(431 	1  

(182 — 

4422 
6 

ax' 

137) 

(411 

1 

(422 

F,1 

2 g„ 	ax2 	
/ 

I 	I 	ag22  
2 g,, 	ax' 2 2 J 	g22 	2 g„ 	axe 

(,,„ 
6  22 	611 

2gV g 	Ox' 	ax 
) ( n. 

611 
ax'-2gV g 

22 
axl 

) 

dx 1  

0 ( _1 ag22 \ a 	1 ag„ \+ 1 
 ( 
	Og„\(  1 ag„\  

1212  dx' k 2 d ) 	2 	x2  ) g„\ 2 	x2  ) ‘, 2 Ox2  

± 1 ( 1 ag\I 1 0g22 \ 	1 	1 (422 \  1 ag„\  

g22 2 ex' ik 2 Ox') g„k 2 Oxl ) 2 ax' ! 

_ 1( _dg22\ ( 	On) ,  
g 22 k 2 a.,c2 / \ 	2 dx2  

o,asocso 

1 
/2 1 „,- - 1--P. ( ag22 ).± a  ( agn) 	1 	ag„ 	_ 	 ag21  ag„  

2 tax' \ ax1 	0x2  1 ax'- ) 2g,, Jx2  dx' 2g22  ax' dx1- 

1  _ 6g22  '4 11 	1  422  ag„  

2 g„ ax' axl 2g„ dx2  d x2  

AKO nesy H Aecsy crpasy HOHCJIHMO ca g=g„g„, ,ao5usamo 

1_ 1 [ 1 a (ag22 \  ± 1 	(ag„)  1 1  ag„ _ 
g  A1 1212 	2  g  ()xi ox , ) g ax,2 ax2 	2g 

g,,
a x2 i) a.2 

1 1 ag„  ag„ 	1 1 ag22  ag„ 	1 1 dg22  dg„ 

2g g„ ax' Ox' 2g g„ 0x1. ax' 2g g22  dx2  dx2  

omocso 

1 R 	1 1 [ 1 	dg„  ± 1 	dg„ 	1 	1 ag„ ( 
g  1212 — 2 	vg ax' oxi 	ax2, ax2 ) 	 a X2 0

- 21/ g 
g11

)(2 

1 	1 022  ag„ 	1 	1 dg22  ag„ 	1 	1 dg22  dg„1 

2Vg g„ax' 	2/g g„ ax' 	 g22  ax 0x2 1 

y oBoj jemiaginal 143BpL1HMO 3aMeHy 

1 g„ 	1 g„ 

gn g 	gn g 
Atobnsamo 

1 R  = 1 1 	1 6  1  6g22\  1  O  (Ogn\ 	1 	ag„ ag„ 
-g22 	, 	2 -  

g 12" 	2 vg vg dxl\axl J 	ax2 ax2 ) 2gVg ax dx 

1 	022  °22 	1 	(1 g22  ag,, 	1 	agn  	 
2gYg -11  ax' 	a x' 2g3//22 

22  ax'dx' 2gVg
2
-11  dx2  dx2  

C o53upom ,r(a je 

ag2 2 
 

L ag„ 	 ag 
• 

ax2 	— dx2  dr' 
	la 	

ax2 

	

ag 	r
g], 	

ag 
g

22 )- 
6%22 	

N 	— 

	

gg,, Oxl 
	= 

ax' a x 
no5ssamo 

I 0, 1 	1 1 	1 	ag ag22  

g 
'"12 21  

2 Vg 

1 	idg„) 
— 

{ 

V g ax' 	axl 
— 

2Vg g Ox' ax' 

+ 1 d dg„ \ 	1 	1 ag ag„1 .  
irg dx2  ax2/ 2Vi g ax' dx2  

Kaxo je, ,qa,Tbe, 

1 a 1  ag22 \ 	1 	1 dg  dg„ - 	1 ag„)  
ax' k ax') 2V g g dx 1  xl 	x' krg 	)' 

H 

1 a ag„  \_ 1 1 ag ag„ .= a 
 (

1 On \ 
 rg x2  k x2  ) 2V g g x2  ax2  a x2  g d x2  I' 

TO, iconainio, Ao5lisamo 

g
1 L, 1 1 [ d (1 41 +  ( 1 Oil 

 --1212 = 2  vi ax' rg x, x, vi a x2 )] , 

IIITO je n Tpe6ano noxa3aTH. 

= 	I  C.fi rm  R ki”. , 
4 

Onasne cne•all, pa3menom mecra migelccHma i H j, 

Sii 	Oki Eimn 

4 
	kfmrs 

Axo, 

3aaaTaK 187. (0,aemarc 30., 3aaaTax 6.). I43Becni y noTnyHocrm goica3 ga. je 

= Ell. 

Peuteme: Koirrpasappijairrma Temop Apyror pea 	gednimican je iia. crienerm 
HaHHH (wail oacibax 30., jexia,inay 18.) 
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Kaxo je, meyram, (Harm onemaK 30., jenHatnmy 13.) 

Rki,„„= 
montemo HHcara 

623' 	0 	°29i 	0 
a57.i  (Vic 	dyjayk 

ay' ayj ayk ' 

(4) 	
k1 = f m loyr ays Jyk 

li if lr day,  ayj d ym
, 

Ha °molly xiera 3avbriyjemo /la OEM y onaocy Ha cm-rem noKanartx ,IZexapro-
BBX 	HMajy TeH3OpCKH KapaKTep, HITO je H rpebano noxa3arri. 

Hartomena. Y oimoey Ha crscrem 1101CaM3FIX Aexapromix Koopamara yi, y Heaoj TaqICH P 

urro je H rpe5ano goxa3aTH. 	 pumaHcaor npocropa, icoopaHHare merpHsncor Teaaopa cy HoHaratrre, na je 

ag11 
—0 

31. HapOTHITH KOOpHSHIITHH encrema y pHmaneKom Hpocropy 	 oxk — ' 

Taxo na Cy H NoopaiiHaTe KpHcro(Deaosnix cHm5ona npae H xtpyre apere jezHaae Hynm (Baia 
3agamx 188. (Onemax 31., 3agaTax 1.). lloKa3ara na y onaocy Ha HeKH CHCTM 	 oaesbax 31.), ij. 
-110KBAHHIL iteKapToma Koop,anHara yi KpacrocInnosH CHM60.11H Hmajy TeH3OpCKH k 
Kaparrep. 	 [if, kJ— 0, i 

i J 
1 —0, 

Ha ocHoHy oBora Imo H remopcxor 3amoHa TpaHabopmaguje Kpncrotivnomax cHm5ona awn 
H pyre apere (3) H (4), y oaHocy Ha cacTeme noxanHcsx „Etemapromix KoopaHHara, enema as je 

(1) [ij, lc] [ 	
,1]oxm oxn axl 

g 	
xm a  x. 	 [ij, k] —o, f 

1 
 . 1=0. 
f 

Ha ocHoey 'qua 3a.ubriyjemo na cy zoopaimare KpHcroclmnoanx cHm5ona apse n zwyre 
Hpere jenHame Hynesy oarsocy Ha ma kola clicrem noxanma )2(exagromx KoopaHHara y ae-

(2) 	 xoj raqica plamaHmor npocropa. 

3aHarax 189. (OHensaK 31., aanaraK 2.). Axo y Hexom KoopnimarHom cHaremy 
merpHKa npocropa VN 11Ma 06BHK 

C182  = e (dx 1)2  + go (x")dzi dx- 

rne je e = f 1; i, j,= 2,3, ... N; cc= 1, 2, ... , N, ogna cy KoopnHHarHe ILHHH-

je xl reone3HjcKe nrumje, Koje ceKy oprorollamio xHneprioaprart .z 1 = C. 

Peuteme: JenHaRHHe KoopaHHarnEx EHHHja xl cy 

(1) =const., (i = 2, 3, ... , 

a enemeHr nyKa ritx nHHHja je (Hang 3agaraz 116,) 

(2) ds( ,) =1, dxl = 

Ha ()cam jegHa'mHe reone3HjexHx mum.* (HHAH onen.aK 27., jenaa-
Tnuty 16.), 

ay' 	(V' — = . j , — 
ayj 	ay' 

Sir  = 4 efia  tin°  Rmnkl• 

AKO, caga, ymecro HeMor BaneKea k nru ►emo m, ymecro Hemor aHneKca 1 m4-
memo n H o5pHyro, no5HHamo 

sii = 1 ,jmn elkl Rklmn 
 

4 
OBTIOCHO 

SJI = 1 eikl eJmn 	Sij 
"klmn = 4 

Ha cy Ha ocHorty (1) H (2), 3BKOHH rpancclopmanHje Kplicrocpenornax cHm5ona 

(3) [ij, k]=[mn, 1]c)y c)yn  

Perame: 3aKoHH rpaHcclopmaaHje KplICTO(Den01311X cHm5ona 'rpm H AmTe arc-
re cy o5nnKa 

„
mn — — — 

la a iek 	 aik  

fkl fml ax' ox - dik 6 2 x- diA 

1 tif irsf ax' oil a xm f) is a il a x'n •  

Axo y HeKoj raliKH P pinvraHcKor Hpocropa yOTIHMO cHcrem noKanifax 
gemprosllx KoopHimara yl, y2, ... , yN H KpHcroul)enose cHm5one y onnocy 

Ha raj cacrem Kooprafflara obenenutmo ca [if, k], 0,11 / 
k 

330CHO 	, ogaa he y 0A- 
i j 

HOC Ha HeKH HOBH CHCTeM BOKBREGIX 4eKaproartx KoopnHaara 9 1 , 92, ... , iff, 

y HcToj raxtEs P, KpacToclienoan CHM6OBH 6HTH [ij k], OAHOCHO /
k 
 1. KaKo cy, 

i j 
mehymm, rpaHcclxwmarksje KoopAHHara y' y xoopnaHare yi o5nHKa 

yi= di p, 
oxiocHo 

Yl
= cci 

rAe cy aj H CHCTeM0 KOHeTKETHHX meepfigHjeHara, go5Haamo 

(3) 
d2  xt 	i1 dxf dxk =0, 
ds2 	j k ds ds 



Kaxo je (arum onen.,ax 27., jennawary 17. m one.tbax 23., jenHagHlly 17 ) 

8 dx' 0 

 t ds j— 
(4) 
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naxo je nposepHTH xta cy xoopmtHaTHe nHHHje x 1  reone3Hjexe. H3 (3), Hume, 
no5HBamo 

d2  x:  +111dx 1  dx 1  _ 0.  

ds (1) 	1. 11 .1 ds(1)  ds(i)  
I 

M4y-rotm, xaxo je
11 	

0, jep je g- 11 = e = Et 1, 

	

d2 	A  
— 

aS(i
2 

 ) 

jep je 
dx1 	1 
	— 	= const., 
ds(1) v e 

3ax.rbygyjemo Ha xoopnkrHaTHe nrumje 	FLIIeliTHMKH 3anoBotbaBajy jenHatnmy 
reone3Hjexkix BHHHja, Tj. one cy reone3Hjcxe RHHHje. 

AK° yo,ilimo xHnepnoriput x' = C, oHna ctie octane xoopnintaTHe nininje 
xM, (M = 2, 3, . . , N), nexce y Toj xHnepnospunt. JesEIHHWIFITI Berropm Tait-
renal-a Ha ocoopnwHaTne .nHHHje xM cy (BllnH 3azaTax 113.) 

1  
(4) ),(m)—    .;,f, 

1 gmm 

;lox je jemunamtHH Berrop TaHreHTe Ha icoopnHHaTHy ntruHjy 

(5) X ( ; ) = Fi V1 . 

IT jenEunnaor Berropa TaHrefrre RoopAHHaTHe nintHje xM je 
Cxanapnu npokt3Bon jentnimmor Bex-ropa TaHreirre xoopaHHaTne JIHHITje x' 

go  'A JD (k), 
OZHOCHO 

1 	i 	1 	 I  
(6) 	km— 	am= o, (Mo 1). 

Ye V gmm 	V e Y  gmm  

C O53HpOM na cy jentfinvt.HH BexTopx TanreHaTa Ha xoopgyaraTne JIHHIlje X i"(  

HeTospemeHo H TaIifeHTHII BeKTOpil mulepnospum .x1 = C, Ha oeHoBy 
jenHa.unte (6) 3ax.rbygyjemo na cy reone3Hjexe KoopnnHaTne nmwje x 1  opToro-
Hanne Ha rtutepnorspumma x 1 = C, INTO je H Tpc5ano noxa3aTH. 

3artaraix 190. (Onemax 31., 3anaTax 1). FlocmaTpajmo Helm pF1MaTICKI1 npoe-
Top V, ca HITITeCIHTHFITHOM merpmxom cDopmom. 3a cBe Tagxe xoje newe Ha 
xottycy reone3Hjemix Hyrta nintHja (1311,E(11 onerbax 27., 3anaTax 4.) xoncTpyHeaHom 
3a icoopnHHaTHH Hoge-m.1c, netinnuntHja (27) PormaHotinx xoopnitHaTa Hae H3He-
BepaBa. Kam Tpe5a R3meHHTH necl3HHHitHjy PHmaHomx woopaHHaTa ;la oHa 
o5yxBaTn H Te Tamce. 

Petueibe: Ae(13IIITHLIIHMO, npe cBera, KaHoticicu aapameitiap. Ilobkodo on tnnbeHinte 
na je, y primaHcicom npocTopy necloHHHTHe meTpHxe, yenon na xpuBa., gaTa y 
napameTapcicom clammy 

( 1 ) 

5yne reone3Hjexa xptraa na H3BOn jet:m.1,4%1°r Berropa Tatirewre Te xpt4Be y 
nparaty Te xpHBe 5yne jenHax HyJIH. Y pHmaHctcom npocTopy HHnect)HHHTHe mer-
mum mcoxe ce necHTH na Berrop TailreHTe xpHrte HMa IIHTCH311TeT jenHax ny.in 
(na 5yne H3oTpornt Berrop) na ,na. ce H He MO)K neciniHticaTH jentnumin BexTop. 
14 Tana ce reone3Hjexa xplu3a mowe necinunicaTH 3aXTeBOM KOjIT ce 3acHHBa Ha 
napane.THom npeHocy. 

Berrop 

	

(2) 	 ua =d  	
dt 

x-c‘ 

je Berrop TaHreHTe xptthe (I). Ta je xplisa reone3Hjcxa axo Berrop (2), npx 
naparicaHom npeHocy )1yx< Te xpxse , ocraje EbeH TaHreHrtnt Berrop, HJi13. INTO 
je ITCTO, atm je npomeHa Berropa ny)x xpnBe KonHHeapHa camom Berropy, Tj. 

axe 

a t 
—X (1) u«. 

Ta jennamma je AHcf)epeimxjantia jertHamma reone31jexe 	xoja ce, c o5- 
3mpom Ha (2), mo)xe nanneaTH y o5nHxy 

(4) 
d2  x'c ± f adx-0  dx? 

X (t)
dxa 

 — 0. 
dt 2 	1 p y f dt 	 dt 

npocTopy II03HTHBHO ,IIMICIHHHTHe meTpHxe (um, makbe cTporo, 3a xpu-
By (1) gHjit nyx HHje jentiax Hynes, Tj. 3a HeH3oTpontry xpon3y) (l)ymmuja )40 
ce mowe H3pa3HTH nomohy styxa s xpHse (1). Hexa je 

(5) s = s (t). 

JenHamotta (3), Tj. 

(6) a t dt 
8 (dxc' = X (t) 

dxc' 
, 

cc mo-hce, Tana, nanHcaTH y oartcy 

(7) — 	s' 1 =X (t)-- s', s' = 
a t ds 	drl 	dt 

(dx. 	dxa 	ds 

OATIOCHO 

(8) _. s 	s" = X (t) 	 
8 (dxm) , dxm 	dx" 
t ds) 	do 	 ds 

TO H3 (8) Hmamo 

(9) [3"— (Os] 
dx.m 

=0, 
ds 

(3) 



BJIH, Haj3an, 

(18) 
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X (t) = 	, 

d2 la }dx 0  dxT s" drx 
0. 

dt 2 	p y dt dt 	s' dt 

(YnopenH ca: oHemaK 23., jeHHaunta 14). Y3eBUIH na nyK s upegcraama napa- 
meTap 1, Tj. na je 

(13) t =s, 

jen-namnia (12) nocraje 

(14)
d2 xa 	a rixo dxY = 

O. 
£152 	p y 	ds  

AollycnomE, eana, na je meTpoKa npocropa HoHelmoirrita H Aa je reo-
He3Hjexa Kpitha (1) Hyna nroulja (H3orponHa Rpm), nom3ahemo JHa nocrojo 
napaMerap T sa Rojo nocnembH =mall Ha neHoj c-rpaou notlepenukijazoe jeHoa-
,IFIHe (4) reone3HjeKe Kpose nocraje jennaz Hyna. 

HeKa je T TaKaa napameTap. Tana je 

(15) T = -r(t). 

JegRaTatHa (3), Tj. jenHamota (6), ce Tana mome HanlicaTH y o6naKy 

(dxc,  dT \ 	d T 

8 t d, —dt 	dT dt 

3 (dx" (d12  thca d2 T x  (t) d_xc' d T 

a T 	(dt) 	d T dt 2 	dT dt 

dT d 2 T 
X (t) — – — 

dt 	dt2  d2  x 4  c +1 t x rr dT dxy 

p y dT  
 0, 

d T2  l dT 

kdt / 

c o53apom na je, Ha oeHooy (15), no npernocraaaH
dT

00. XV 61t ce Rena 
dt 

crpalia one jennagarte coena camo Ha ma npHa vulatia, napaMerap T rpe5a na 
3anosonAHa Hotepeormjanoy jennagony 

2  
— A ()—= 0,

dt2 	dt 

T=Ci 	
(t) dt 

e 	dt + C2 .  

Hapamerap T Kojo 3anoson.asa (20) 3oae ce icallonacu ilapamezitap. 3a KanoHout 
napamerap nwl)epeouHjanoa jenoassoa (18) reoHe3HjKe naoHje nocraje 

d2xa {

(3 

 a dx0  dxY 
(21) + 

dT2 	y dT dT u.  

143 (20) ce BHAE ma KaHoocKH napaMerap Hoje jenoo3Hamto onpeheo H 
na, aKo cy T H T1  Asa KaHoneKa napaMerpa, Be3a tviehy llama rnacH 

(22) Ti =a-r+b 

me cy a H b KoocraoTe. CnenHjanito, 3a HemoTpouoy KpHay, Ha °cow:4y (14), 
nyK s npencrawba KaHOHCKH napaMerap. 

Theclonniummo, cana, PHmaHooe KoopmataTe Ha cneneho Hamm. Yocum°, y 
onoocy Ha Hp0H3BOTE.H.H KoopHHHaTHH cocrem xa, HeKy Tatncy P, ca KoopHsaa-
Tama xg. KaHoocKH napaMerap T H3a5epHMo Taxo na. Ha coaKoj reone3Hjcxoj 
IIHHHjH Kpo3 Po  Taqxo Pc, onroHapa Hpeanocr T = 0. To je, c o53opom Ha (22), 
yoex moryhe. &MO Koja reone3Hjexa nortoja Kpo3 P, je onpehena EbeoHm rao-
rewroom Herropom 

(23)
pc, (ddx: pa 

y Ta.IKH Po . CHaKoj Ta9KH P onroaapa onpeheu Herrop pa  (TanreuTHH Herrop 
y P, one reone3HjcKe anoHje Koja npona3H Kpo3 P) o omeheoa openHocr na-
pm/lel-pa T. Benmunte 

(24) zcc =P T 

3ooy ce Pumaxose tcoopgartarae Taqice P. 
,L(a cy Taxo netlmoncaoe Koopganare Za yomnTabe Paman000x KoopmataTa 

Aecinimgcamix y onenxy 31., noKamtmo Ha 3a H,HX same jenoatraHe aoanoroe 
jenoattooama (30) a (31) nomeHyror onea.Ka. 

YO'HIMO jenny reone3Hjcxy anoHjy Kpo3 P o  onpeheoy Berropom 

(25) pc' = const. 

HaeHe napamerapcKe jenoaxmoe y °Hooey Ha KoopnintaToo cocrem Za cy (24), 
a ELeoe notlepeouHjanoe kJ:maxim:le y onooey Ha Heim CHCTM 3a xaooneKH na-
paMerap T cy 

(26) 

C o53Hpom na 

(27) 

TO (26) nocraje 

(28) 
IP Y 

p0  r = 0, 

HITO je ananoroo jennatnnto (30) y onemicy 31., a 3a T =s, Kam. je To mo-
ryhe (HeH3oTponHa Kpooa), je 5am Ta jenoaqona. 

OAEOCII0  

(11)  

na (4) rnacH 

(12) 

(19) 

°name je 

(20) 

d2 	dzo dz,  =0. 
d,2 li3 y f dT dT 

je H3 (24), a 35or (25), 

dzet 	d 2  z „ 
	– 

dT 	dT2 



(1) ds2  = 	dxl >0, 

1E9 31. HE:p0,111TH KOORMEEElaTHA CHCTCMH y pHMafiC1COM npocTopy (188 — 192) 

z i  cosh p iz4  sinh cp, 

(1) 	 E2 = 	3 =z3 , 

lz, sinh 

moweisdo HanHcarn y oSnnKy 

nperaapa y .flopetwony TpaH4opmaintjy npomeHnoHaux 
muse x. y, z, 1. 

Paueme: TpaHcci)opmanHjy 

p, t , y  npomeH- 

je H )340130.-bH0 

183 	 111. IvIerpwixe penawije. TeH3opcKa alianina 

C o53ttpom ga (28) Haxn y CBHM ragitama yoHeHe reoje3Hjexe lc/nine, 
BaNCH H y ramat P0 , Ti. 

I a 

(29) YIP0
LP pY —0, 

(P  

5e3 o53Hpa Ha reoae3Hjcxy nrmHjy, oaHocHo 3a 5nno xoja op, nexTopa pc'. C 
o53Hpom Ha Tip0H3B051.HOCT BeKTopa I,' 14 cHmerptrwocr KpacroeDenosor CHM-

5ona gpyre spore y ogHocy Ha gcllbe mtaexce, in (29) anent' 

(30) — 0, 
t 3  Y }Po 

INTO je aHanoroH jet HwtHHH (31) y ogem,xy 31., a 3a r 	xaga je TO moryhe 
(Hen3orponna xpnBa), je Sam ra jegHautna. 

3agaraK 191. (Ogemax 31., 3agaTalc 4.). Iloxa3arti, xopitcrehn ce noicanttHm 
gexavrositm icoopgtmarama, )ra axo je merpirma (bopma g11  dxj dxj Hexor pH-
manicxor npocropa V N  1103HTHBHO Aecillimmia, ,Ilerepmmiaffra g= g u l mopa 5H-
TH  

PetileR,C: AKO je met-pH-am (1)opma pHmaHcxor npocropa 1103HTHI3H0 Aeclnimmia, 

rj. wco je 

wiga he y Hexoj Tatum TOT DpOCTOpa, y ozwocy Ha HMI Aonycrinut CHCTCM 

JI0Ka.THRIX gengromax xoop,anHara y' , 5HTH 

(2) 

rite je 

as,  = s=s dy' dyi> 0, 

{ 80= 

 

1 	0 	0 0 

0 	1 	0   0 

0 	0 	0 	1 

3agaratc 192. (0,3e.rbax. 31., 3agarax 5.). Iloxa3aTH Aa je y gernopogHmen3Ho-
nom npocropy rpaHccbopmatwja 

"i, zi  cosh cp 	sin h y, 

• 17  2 " Z2 , 	= Z 3 , 

= — iZ, sinh + z4  cosh ©, 

opror oHantta (nceygooproronanHa) xag je 9  ma xoja xoticraHra. Oaa rpaHotop-
manuja ce cmeHom 

v 
z = x, z2  =37, z3  = z, z4  = ict, tgh 	— , 

rite je marpHua xoe4nutjeHara TpaHcopopmattnje o5nHxa 

cosh p 0 0 isinh y  

0 1 0 0 

0 0 1 0 

— i sinh 0 0 cosh y 

514 TpaH4opmauttja &Ina oproroHanHa norpeoHo 
Syne Harynoeti yens 

a ik 

rite cy a.k enemenTH marptme Koja ce ,L1o5HBa TpamcnoHosaa,em marptaze 

. Jlaxo je nposepHTH ga je raj ycnon 3agoson.ell, Tj. 

14 
au ' 	1.  

Kaxo je, mehyrtrm, ge -repmwtanTa g 	penarnnna cxanapHa HHaapn- 
jaHra Texrwe 2 (BH,Eut ogettax 16., je,allauty 10.), Tj. 

ax, r  
g = g 	= g A2 , 

a x' 

y ()nom cnriajy HenocpegHo go5nnamo 

g — igo1 - 1 !A 2  = A2> 0, A _ ay'  11 
\ 	I a xi Ir 

into je rpe5ano noxa3aTH. 

Cosh 

0 

0 

—i sinh p 

0 0 i sinh p 	cosh p 0 0 — i sinh p 

1 0 	0 	 0 	1 0 	0 

0 1 	0 	 0 	0 1 	0 

0 0 cosh p 	i sinh o 0 0 	cosh y 1= 

na aaic.rbyqyjemo na je rpanc(Dopmannja oprormaJma. 

0 

0 

0 

0 

0 

0 

00 

0 

1 

j 1 
0 

I 0 
t 0 



190 	 III. Merimuce penawije. Temopma axanx3a. 	 32. clveHeont o5paego (193-196) 
	

191 

CMeHOM 	 rrpn Remy je 
v 	 go t' 41 ) =0, 	(1, j =1, 2), 

; = x, ; = y, Z 3  = Z, Z4  = ict, tgh 9 = — , 
C 

0 HOCHO 	 T. kiln:Eli-gm Berropn 0 n t g(1) cy mOyco5no opToroRailmi. 
,I(  

	

v 	 5) 3a pEmancrE npocrop on TpE namenanje Openeonn o5pacna mace 
tgh 9 	 c 

cosh cp – 	
1 	1 	

8 ti 	i sink cp – 	 

	

yi- tgh2  cp _ I 	v2  ' 	 V 	 '1 – tgh2  cp V 	v2  	= xi  t o) , 
1 – 	 8 s 1/ I  — c2 	 e 

Tpancci)opmarmja (1) nocraje 	 8 t im 	i 
8  .;- ' – xi.t i  + x2 tc2) , 

` a t a, = 	tio)  
S s 

	

= Y, 	 rue jegmiltrinn nerropn t (r)  H t i(4) aanonon,anajy ycnone 

	

= z, 	 go  t(r) ti o –ks ; 	(i, = 1, 2, 3; r, s =0, 1, 2). 

B) 3a plimancxn npocrop O,q nerEpE nnmenallje cDpeueoan o5pacnn mace t –x —
_ 	c2  

t  2 

HITO je Jlopennona TpanccDopmanEja 11p0MeHMHBHX 	 y npomex.rbuse 
x, y, z, t, IUTO je H Tpebano noxaaaTa. 

32. Openeoam o5pacim 

3anaTaR 193. (Onen.ax 32., 3w-fax 1.) 3a pEmancxe npocrope V2 , V3  a V4 , 
ca HO3HTHBHO ,13e4)HHHTHOM MeTpHKOM, HanncaTa OpeEeone o5pacne y noTny-
HOCTII. 

Pewetse: 3a plimaEcm4 npocrop oR N nnmenanja 4:Dpeisteosa o6pacnn cy ()Unica 
HPH 

8 tio )  = –x, ti + x2  ti), 
S s 

88.5  16)  = –x2 t + x3 1 (3) ,  

8.  t am= ,c3  42), 
S s 

Remy je g,J  4,94,0 =Srs  3a i, j =1, 2, 3, 4 a r, s= 0, 1, 2, 3. 

3anaTax 194. (Onerbax 32., aanaTax 2.). Hanecrn ctopeneose o5pacne 
mancRE npocrop VN Ca HE,Ite(DHHEITHOM meTroncom y Rome je 

glj t'tJ=e 

je e jenEalco + 1 HRH — 1 	aone ce minExaTop npaana TaHrenTe, a 0 
go t i(r) ti s) = STS 	 ennnERmt Berrop Tanrerre yoRene xpEne. 

aa r, s =0, 1, . . . , N-1 H X0 =0, t6=t i, xN  =O. 	 Peuteme• H3 penauEje 
a) 3a remanent npocrop on Ben nameaanje clveHeowl o6pacum mace 

a s 	 S s 0 

x x–v t 

I c
v22  

8 ti 	„ 
() ., 

S s 

i  a t(r - I) 	— - 1  (r 	Xr a s 

npn Remy je x, r-Ta rpm:1E14a, a 

PH- 

( 1 ) 	 go t' = e 
S t'_ 	,r 

x1 gm , 8 s 	 anconyinnm nmloepenunpaibem no nyxy s xplrae, no6gBamo 

S ty,) 	 –x
1 
 t' 	 t• S

t' 



oaaxne cnenn 

(8) Co) 	, 

jep je 
1 

IloMohy jen,HHHHe (8), jegHamemy (4) moncemo HallliCaT11 y o5nHxy 

Ss — X
2  t (2) — £ E( 1 ) 	ti, 

tio)  
(9) 

ynpaBaH Ha jegkmmum Hex- 
l(,)  
8s 
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ogaxne 3alchriyjemo ga je sex-Top —
8 ts 

ynpaBau Ha jeguilvignom Berropy ti Tan-
8 s 

, 
reHTe Ha xpHay. AK() HirremwreT Berropa — (36enexcHmo ca Y. 1  , a je,aHHHHHH 

as 
Berrop H.erosor npanua ca 6 ) , mmxemo nHcaTH 

ti 
(2) 	 —

s 	
t ( i )  , 

 
me je v. 1  npna. xplunaia (max canto xplumnia) yoneHe xpHne, a 6 )  jegHHHHHH 
BexTop npBe Hopmane Koji! 3agorsonaHa yawn 

,ao5HBamo 

	

ti 
 a t( 1) 	at, 

+ 	, 

	

as 	as 

onHocHo, C o63Hpom Ha jenuagHmy (2), 

atSt ( l) • at, 	a ti 
— 6 )  —as  = — t" ) , -

as
-- —x 1 1 011 4 ti 

 as 
0, 

HAIL Ha OCHOBy jegHaHmHe 

(3) 
	

g1 t (I) P( 1 ) 	e(1) , 

	 t'„, 

me je 	mignicaTop npa)31.0. npae Hopmane. 	 Cana, jeaHaHnny (7) mowemo Hanricam y obnincy 
Anconymxm nocl)epenunparbem no nyxy s, 143 (3) cnenH 

t(,), as  = 0, 
a 41 )  

3 4
s

1)  
Ha ocHony Hera 3ax.rhygyjemo na je Heirrop 

 8 
 ynpaHaH Ha je/THHHHHH newrop 

t (I)  npae Hopmane. Kaao je t(I)  ynpaHaR H Ha ti moncemo pa3.110)KIITH Berrop 
6)  

as 
y gHe xomnoHeHre — jegHy y Hpaany jegHHHHHor HexTopa r TaHreHTe 

,apyry y npaBuy HopmanHom 	Heicrope t1  14 t 1) . Axo npH Tome jegHHHHHH 
Herrop Hopmane Ha HexTopHma ti H t(1) o6e.nexcHmo ca 	, a HHTeH3HTeT xom- 

a t, 
noHeHTe Berropa 	" y npaHr(y oHor jegminaHor HexTopa ca x 2 , moxemo nrt- 

cam 

(4)
S t'(1)—  em  + 

me je u. cxanap Koji{ Tpe6a ogpe,aHTH. JenHHHHHH Herrop t  ( 2) , nopen Tora 13120 

je yupaHaH Ha jeHHHHHHHm Herroplima ti H 41 )  , Tj. 

(5) tf t(Z), = 0, 	t (,) t(,), = 0, 

3agonarbana ycnoa 

(6) g, t(2) t(2) = e(2)  

me je E(2)  HHgHxaTop npasna pyre Hopmane. 
,L1a ammo ogpenHnH cicanap a, NOMHOXIIMO cicanapHo jenHaHHHy (4) jegH-

1111.11-113M BCKTOpOM P TaHreffre Ha JcpuHy. Tana C o53Hpom Ha (1) no5HHamo  

rile je x2  npyra xplusinia (Top3Hja) yoHeHe xpriae. 
Ili jennaHnHe (6), anconyTHHm nH(1)epeHHHpaH,em no nyxy s RpHae, ,game 

go5Haamo 

(3), 

at (,) 
t 	 _ (2.), 8s 	, 

Ha ocriony Hera 3aan,yHyjemo na je HexTop 

T:Dp 	gpyre Hopmane. 143 jennaHHHe 

t i  t '(2) 

;(1)(1,cpe11tli1palbem ao5lleamo 

ti2,• 
t'c,, 	—0. 

os 	3s 

(7) 
S 4  

tt 
	S

0 
— E or„mocHo c o53xpom Ha (2), 

Mety'ililvi, 143 jenTiam_HHe 

t 	= 0, 
t i V  Ss 

S , 
 • 	
ti 

— 	

8 s 
= —1(2)(-8 s 	(1) 1 (2)i = 0, 

13 Pemerm npo5riehrtu 113 Ten3opeicux pamyria 



t(r)i 11(0 
e(r)  3a r = s 

1 0 	3a rOs, (r, s —1, 2, . . . , N), 

me je g(r , Haramarop npartna r-Te Hopmane yo'eHe KpHse, H npH qemy je 

t(p) = ti  , X0  = 0, XN  O. 

Y H3pa3y (14) canp)KaHE cy CBH rpaxceHH flapeHemm o5pacrna y N-numeH-
3110110M pHmaucKom npocropy ca HH,L(e(DEHETHOM meTprucom. 

3anaraK 195. (OnemaK 32., 3agaraK 3.). HanHcaTu OpeHeoxe o5pacne 3a Kpway 
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.1 
u (2) 

na Drumm° na je Ben 
2

8 
op 	ynpaBaH H Ha jemniilliaom nerropy ti raureHre. SS(S) 

To 3Haqa ,r(a. Berrop 
S
S S)x moemo paITION(HTII y nBe KONIHOMETe — jexay y 

npaarty 'Time Hopmane 41) H npyry y nparmy Hopmane Ha rponinvieH3HortH 
nPocrop onpeheH BercropHma ti, 41)  H 42) . AKO npH Tome jenHHH9BH Belk-Top 
Hopmane Ha Berropirma ti, 41 ) , 42)  o5enextimo ca t( 3) , a aureHurnrrer 'com- 

a t  
um:lex-re Hex-Topa 

as  y npasny onor jenaHnquor Berropa ca x 3 , moxemo 

na jenHaqHHa (10) no5Haa 05JIEK 

a ti(2)  
(13) 	 as 	X 3 t (3) -  e(1) 8(2) X2 ( 1 ) 

me je x3  Tpeha Kpiumlla, a 43) jegimmmn xerrop rpehe Hopmane Ha yoqerty 
xpHBy. 

HacraHrbajyha oBaj nocrynaK, y npocropy on N nnmeamja, AOMBH 5Hcmo 
AO onnrrer H3pa3a 

EHCATH (14) 	 a t 
s 

1) 	
S 	

#r 
Xr (r) 	(r - 2) 	- 1) X(r - I) (r -2) , „  

(10) t (I3) +(3 t' 

	

8 	s
(2)

X 3 	( 1 ) , 	 npH qemy je 

me je f3 cKanap KojH Tpe5a onpeturrH. 

JenruniqHH Berrop t ip) nopen Tore DUO je ynparsaH Ha BerropHMa t', 
1 1(1) H 42), Tj. 

# # 1 	#.1 	# i 	 i r 

	

;, .0) = S1, 	(Di (3) -= 	1(2)1 u, 	1(2)1 (3) =-- 

3anoaon.axa ycnox 

(11) gu  43) t(3)= C( 3) 

me je £( 3)  Hanmcarop nparma rpehe Hopmane. 
Aa 5Hcmo onpermaH cKanap p, nomBONcrIMO jemarmHy (10) cKanaprto jerut-

HIPIIIHM Berropom t to) apse Hopmane. Tana, c o53Hpom Ha (3), no5Hjamo 

(12) 
S t (2)  

gun 	= S(1) P. yl = a cos 	, y 2  — a sin 	 
V a 2 -1-b2 	vat-1-b2,  

b  s 
Y —  	V a2 +bz 

Meyrnm, H3 npyre on jenHaqxcaa (5) no5Haamo 

8  t (2) 	i 	twi  

	

t(,), 	s 	t (2) 8s  — 0, 

onHocHo, c o53Hpom Ha jenHatanly (9), 

1(2) 

 s 	
i 8 t(, ) , 	0 t (1) 	 i 	= 4 a s 	s 
2) 	- -

, 
(2) 	= 	X2  1(2) (2) - C(2) X2, 

jep je 

t(2)I ti(2) = 6(2)• 

Ha ocHoxy oBora jenuaarmy (12) mozemo HanficaTE y o5nHxy 

E(1) Y = 	e(2) x2 ,  

onaKne cnegn 

— 	8(2) x2 , 	= 6(1) 	1  ) 
s(1)  

aKo cy y' AeKaproxe npaBoynne Koopuntare a s nyx yotteHe space. 

C o53Hpom na je Kpmaa tram y npocropy on Tpa rmmeH3Hje, clopeue-
OBH cy o5pacnn o5nruca 

S ti 
Ts = t(t)  ' 

8  41)  _ 
+ x2 t (2) 

S s 

a e(2) 	
t(1) , 

S s 

me je x1  upxa KpHinnla Has npusuna Kprine, a x2  ;Tyra irpHstma Ban a2op3uja 
ignme. 

Aso jentnurum Berrop ranreHre Ha KpHxy o5enexolmo ca t', jenammat 
Berrop rname Hopmane ca ni H jerumniqHH BeKrop 5HHopmane ca 	E y3memo 

13. 
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, 0 + 
d mi 

X2 ni  
ds 

1 
	 cos 	 yaz 	bz 	vat b2 

Ha ()molly o5pacua 

1 
fx2 	– 	sin  , 	 

vat + b2 	V a2 b2 

{e} --I 	a  
2  a2  + b 

,ria je 

s a 
sin   	cos 	 

a2  + 62  Va2 +62 	a2  + a2 	a2 b+ 62  

TaKo (6) x2 –  I X2 !Ili 	
a2 + b2  

(7 ) 
dn' 	a 0 4. b _ 	 
ds 	a2 b2 	a2 b2 

dm' 
–x2  ni 

ds 

urro je wain illpeHeos obpa3au 3a aaTy 

OgHOCHO 

HRH 

OgHOCHO 

f i dm 	b 
 	cos 	___ , sin 	s 	01, 

ds J a2  + 62 1 	a2  + b2 	a2  + b2 	J 

11_6'1 , 
x1 	ar.s. 

(4) {n } = – cos  	, – sin 	
s
___ 0 

Va2  b2 	Va2  + b2  

113 (4), aa.Jbe, )2(o5m3amo 

(5)
f  _1 	sin 	s  1 

1.  ds j 	I a2  b2 	
Vat 

 b2 
	Vat 

 + 
b2  cos y 

a2  b2 
0 

y o53Hp aa je Kpinka 4aTa y oaHocy Ha iipaHoyme cHcrem xteicapTomix Koop-
AHHaia, OpeHeoHe o5pacue moxemo Haniscana y o5nincy 

d t' 
—= x l  n', 
ds 

d ti + 
ds 

KaKo je, mOyrilm, gpyrH OpeHeoi3 o5pa3au o5miKa. 

dn' 
= – x, +x2 m ', 

ds 
no5m3amo 

. dni 
m' =— + xi  0, 

ds 

OgHOCHO, KopBcTehH (2) H (5), 
( 1 ) 

a 	 a 	 b 
-r 	sin   	cos 	 

a2 + 
b2 

 { V 122  b2 	Va2 +  b2  Va2  + b2 	Va2 + 62  V a2  + 

. d y' 
ds 

H3 jewiamnia xpinie 

	

yl -= a cos --    , y = a sn 	 2 	
b s 

	

i 	 3 _ 	 	, y 	 
a2  + b2 	 + 62 	V a2 + 62  

3a KoopanHaTe jeanHwiHor BeKTopa TaHreirre Ha RpHiiy ao5iniamo 

idti a 	 a 
	sin 	0 COS  	 si    , 	} . 

1. cts 	f az + 	bz 	Vat b2 	a2 b2 	vaz bz 

Ha ocHosy oaora 3a KpHiinHy ao5Haamo 

	

! dt 	a 

	

x.1–  ds 	a' + b2  

na je upou (21peHeon o5pa3au 3a Awry KpsiBy 

dt' 	a  
(3) ni  

ds a2  + b2  

rae je 

HRH KoHanHo 

b2 	i 	s 
{x2 m'} 	

" 

	

– f(a2  + b2)1/ a2  + b2 	Y a z  + b2  ' 

b2 
	 cos 	

s 	 ab 

	

(a2  + 62)1/C/2  +b72 	vat + b2  ' (a2  + b2) V a 2  + b21 

Oaasae cneaii 

Taloa ,aa je gpytu cDpeHeoLt o5pa3au 34 aaTy Kpmiy 

rae je 

1 b 	s 	b 	s 	a 
(8) frni1 = zt, — {x, mi} = 

Iv a2  + b2 
sin 

Vat + 62  ' 
  cos  , 	 vaz + bz 	az + bz ' 	v at + b2 1 

113 (8), aa.a.e, ao5HHamo 

rdmsi 	b  fa2 + 62 
cos 

a2  b2  

(2) 

b 
	s in  sin a2 b2 	vaz 	bz , 



HEITeH3HTer OBOE merropa, Tj. xpmmnia 'Tyra, je 

3 ti =  1 

Ss a 
HITO je H Tpe5amo HOK333TH. 

xl = 
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3a,HaTaH 196. (Onemax 32., 3anaTax 4.). HanHcaTH jenHazrany xpyra y npocropy 
y mummnapcxmm nonapHmm KoopmHHarama H noxa3aTH ma je meroma xpaanna 
y cmaxoj Tatum 1/a, axo My je nonympmnix a. 

Petaabe: rloroximm H36opom marnuntapcxor nonapaor cncrema KoopnHuara, 
je, Hammiy xpyra y npocTopy moxemo HanHcaTH y o5nHxy (SHAH cranky) 

Ha ocuomy rrpmor OpeHeomor obpacna 

8 ti 

as 
3a xpmmusty no5Hmamo 

Kaxo je, mehyTHm, 

H 

a s 

1 0 0 
{gu) ={ 0 r2  0 

0 0 1 

Ao5Hnamo 

S tr  

x1 = r = a, 

x2  = =-- — , 
a 

s 	 Aap5yoHor Beafops H Jlantepeonor cram 311 innwancHH npocTop 
33. Pli•njea HoecInnaljenT poTannje. Tenepaanmumja nojMa 

x3  =y3  = 0, 

	

	 3anaTaH 197. (Onemax 33., 3a1[aTax 1.). Hoxa3aTH Ra ce anconyTHH H3BOA 
BexTopa moxe H3pa3HTH H nomohy Putmjemnx xoecpmulljemaTa paranuje. 

me je s pyzuma .11yxa xpyra. 
Kooppmnare jemommtmor Berm- Petueme: AnconyTHH H3mon mexTopa, penHmo xouTpamapHjamTHor, je 

pa Tamreffre Ha xpyr cy 	 Sur r  dxk 	r dxk ds ds r k 
(1)  

It  = f dX il =c  • , 1  01 
t ds j t a 	

t 	dt 	ds dt dt 

me je t je 	merrop Tamremre Ha xpmay xr = xl(s). 
Axo merrop tit H3pa3Hm0 xao nalleapHy Kom5HHamHjy jenHumzumx Herropa 

npapommor Tpajenpa, 	(r =1, 2, . . . , N) Tj. 

(2) =a(r) 1 1(,) , 

ogna je 

(3) , k = (a(r), k t '0+ a(otink), 

OHHOCHO, xopacrehH (1), 

S urds  „..., f 	,I 	, 	 , \ 
(4) —  — 2, la(r). k ' (01 (1) -1-. a(r)  ffr), k i ( Iv. 

8 t dt , 

H3 m3pa3a 3a PmqHjeme xoeciminmjeffre poTanHje (mum onemax 33., jen-
Halimmy 11.), 

(5) 'Yaw = 	too tit), 
cnenm 

(6) t(r), 	(k1) =  4 Y(al) t (s)• 

S ti 	dt 1  (t 
tk dxj -(i tk ti 

8 s ds 	j k 	ds 	j k) x ,  -a 

81' 1  = I 1 	tk ti = 1 	t, 	( ,g,\ 	1 	1 
ds tjkj xi-a 	2 2 J 	2 k ax1 	a a 

8 t 2  f 2 1 	 tk  = 

ds tj k 

-a 
1 	1 — _ 
a2 	a Ha ocHomy omora, H3 (4), maze, Hmamo 

S ut cis „ k 	 # i k t (r) c 0) a(r) 	Ttrint) 001 , 
at dt 	' 

8 t 3  = 3 	tJ tk- 0, 
8 s 	j k)xia 

0,4110CHO 

IHTO je H Tpebano noxa3aTH. 

3aHaTaH 198. (Onemax 33., 3anaTax 2.). OnpenHTH Aap5yos TeH3op 3a npo- 
CTOp ca meTpmEzom reopaje peJIaTHBHOCTH, Tj. THIjH je meTpHyucH Tem3op onpeheH 

1 
 0, 0} 	 4:opmom - 1 {1, 0, 0}. 

a 	 ds2 = (dy1)2 (dy2)2 (dy3)2 (dy4)2 
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naibe je 

dt(1)
W12 = ds 1 (2)i = X i (2) 1(2) 	C (2) X1 ,  

Pell4C7bC: Ha ocHony gore meTpx&nce ctiopme 3ax.rhygyjemo na je npocrop Teopx-
je pellaTHBHOCTil panaf 9ersopo1Unmen3noHH npocTop ca tmne(innurrHom me -rpm-
EOM (ncey,ao-eyiumnexH). Aim y TOM TipocTopy y0914M0 Hen,  xpithy y' 
onna je 

d y' 

ds 	
t (1)  

me je t( )  jennurrgam nem-op TaHreHTe Ha yonelly KpBny xojii 3anonon,ana 
yCJI0B 

tip r(1) 	e(0 ,  

rHe je E(1)  minrwaTop npanlLa TaHreHTe H mo)Ke 5HTH + 1 MTH — 1. 

OpeHeom o5pactw 3a yogeHy xpnny y OBOM npocropy cY (SHAH 3anaTax 
194., jegnaanny 14.) 

dt p)  
ds = (

o) , 

dt )io 
ds  = X2 1 (3) — C(1) C (2) X1 '10 ,  

d

ds

t io)  
	 = X3 1 (4) C(2) C(3) X2 t  (2), 

dt im — 	E(3) 6(4) X3 (3) ,  

r,ne je 1 (2) je):(1111149HH Berrop npne Hopmane Ha KpnBy, e(3 )  je,B,HHIPTHH Berrop 
;pyre Hopmane, 1(4) jeniunimm nexrop Tpehe Hopmane, a x 1 , x2 , x,, npna, 

Hpyra H Tpeha xpnrama, pecnerrHBHo. Je,11131TI9HIII nerropm (2), 1'0) , e(4) , Cy op-
ToroHannll H 3aHononzanajy ycnone 

1(2) 1(2); = S(2) , t  ( 3) t(3) i = s(3) 1 (4) 1 (4) i = e(a) ,  

rHe cy £ (2)  , £(3)  H e(4)  minExaTopn npanna npne, ;pyre n Tpehe Hopmane, pe-
ClIeKTIIBHO. 

K °ow:ulna-re 4ap5yonor Teu3opa onpeheHe cy ca Oman 0,,Te.rbalC 33., 
jegHaRHHe 19. H 21.) 

dt 
w 	t Mc 	cis, 	(k),. 

Ha ocnony jenHavnua (2) 14 (1), 3a xoop,nmiare gap5yosor Temopa 

Roan:tam° 

dt ( i) 
w11=  ds  t(1)1 x 1 1 (2) (1)i = 0; 

HCTO Taxo ie. 
6)22 = W 33 — (044 = 0; 

dt j ) 	r 	
1 (1)1 

1,  
6)21 — ds, t(i) = Lx2 & (3) — E(I) 6 (2) XI (I).1 (I) i 	6  (I) 6(2) xi 	£(2) x1 , 

dt (̀2) 	r 	 1 , 
= ds  1(3)1= 1.3(? (3) — NI) s(2) X1 (I).1 (3) i C(3) x2, 

dt ‘(3) 	r 	 2 
6) 32 1(2)1 = LX3 (4) — E (2) C (3) X2 t (3)] 1 (2) 	e (2) C(3) x2_ 	E(3) x2, dS 

dt  (3)
W34 = 	t(4) 	[X3 	1(4) — C(2) C(3) X2 1 (2)] 1 (4)i = C(4) X3 ,  

, „I 	 2 
6)43 	

dt 
ds ) 1 (3) = [ 6(3) C(4) X3 i(3).1 . (3)i 	6 (3 ) 6(4) X3 = 	6(4) X3 • 

Harnicaue y °balmy maTimnae, Koop,annaTe gapoyonor TeH3opa cy 

{co nk} = 	

0 	e(2) 	0 	0 

	

x, 0 	co) x3 	0 

0 

0 — 

6(3) X2 

E( X3 0  04) 	6(4) X3  
0  

H Tpe5ano ogpenwrn. 

34. BjaHxujena Haeirrnsmocr. PH'iiijeB H AjmulTajHos TeH3op 

3agaTaH 199. (Onemax 34., 3a,aarax 1.). Y nonapHam xoopmulaTama Ha ccpepH 
113pamiTH Pwaljes TeH3op H minapnjawry xpkinnHe. 

Perueme. Be3e H3mehy ,aexapronnx npanoyr.anx 'wow:nu:Tam n no.napnnx xoo-
waniara na nonpuni ccipepe cy (1311,1111 3anaTa1 182. no b) 

yl = R cos x1  cos x 2 , y 2  = R sin x 1  cos x 2, y3  = R sin x2 , 

xoop,ainiare meTpumcor Temopa cy 

cos 2  

R2  2 }
, g g 0 1— R 4  cos 2  x2 , 

0 

a jennna He3anHcHa xoopmmara PHMBH-KplICTO(1)OBOBOr TeH3opa je 

81212 = R2  sin2  x2. 

(1)  

(2)  

1, 
inTo je 

{g0 



g11 R1212 	2 2 R„ 	 - sin x , 
g 

R12  = R21  = 0, 

—
g22 81212  = tg2 x2,  R22   

g 

no5HHamo 

onHocHo 

R = Ru , 

1 	1 R 	Ru+  g22 R22  = —  
R2 tg

2  x2  - 
R2 

 tg2  x2, 
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KaK0 cy, mebyrHm, y ABOAHMeH3HOHOM npoc-ropy xoopnrmare PIPIEjeBOr CH me-
Tpwmor TeH3opa nponopaHoHame OAHOCHHM Koopnimarama me-Timor Tampa 

(Br, m one.lbax 34., jenHammy 13.), Tj. 

R„ = R„ = R„ 

811 	g12 	g22 
Nalco no5Haamo 

(Rif, =r  sin2  x2 	0 

li t 	0 	- tg2  x2  J 

3a rnmapHjairry rpknolHe, xoja je nectannicaHa Ha 
()Amax 34., jenHammy 15.) 

R= - —
2

2  tg2  x2, R 

inTO je H Tpe5ano onpenHTH. 

3anarax 200. (0,gezax 34., 3anaTax 2.). Hexa 5y,re/ naTa Asa pHmaHcxa npo-
cropa Vi,, H VN qujit cy merprmat TeH3opH go, H gj1 nponoprwoHanam, Tj. 

gifj = kgu , rae je k KoHcraHra. HanHcaTH He3e xoje nocroje H3m0y H.HX0BHX 

PrimaH-Kplicrottenomx TeH3opa, PHInijeallx TeH3opa H HfiaapHjanara xpiraHHe. 

peruelbe: KoopnHHare merpmumx TeH3opa gu  H gu , y npocropama VN  H 11,r Aare 
cy y onHocy Ha Ham cHcrem Koopramara x'. lipema Tome, Koopnanare KpHcro-
cPenonor cEm5ona rrpHe spare y npocropy VN cy 

uk, 13 , 1 ( 	

+ 
ogji 	g'jk\ 1 

k  k 
I  ogki + dgu  

	

2 k ()xi 	xic 	I —  2 	()xi 	xk 
OAHOCHO 

[jk, = k [jk, 1], 

rae cy [jk, 1] xoopromare Kpacroclienorsor cHm5ona npae BpcTe y upocropy VN. 
1Coopmfflare KoHrpaHapHjaHTHor OCHOBHOF TeH3opa, y npocropy Vjsr, cy 

kN-3. Gcj 

	

eij 	= 	— k-1  gu, 

	

g' 	kN g 

na cy Koopn-nHare KpHcroctenonor cHm5ona apyre apere y 

r

TOM npocropy 

tjk tj k 
= g [jk, = k-1  k [jk, 1]= gil [jk, I] 

Tj. He pa3nrucyjy ce mekc05Ho. Ha ocHoHy oBora H H3pa3a 3a menroffirre xoop-
AHHare PilmaH-Kplicrottenorsor Tampa, 

	

= a  I I I 	 i f ± ( 1  • dxf ik 	dz.* ij 	jr 	ik 	rk 	ij 

HenocpenHo no5HHamo 

R .iJk = R.jJk, 

a onanne, KoHrpaxanjom no EmnexcHma / H k, 

Ru  = R0  . 

3HanH, metuomrre xoopniniare PamaH-KpHcroci,enonor TeH3opa H xoaapHjairrae 
xoopnmiare PH‘mjenor TeH3opa Hcre cy y oba npocropa. 

3a misapHjaErry xpHrome y npocropy V;.1  no5Haamo 

	

R' = 	= k-1  gu Ru  = k--1  R, 

me je R HimapHjaHra xpkunnie y npocropy VN . 

3anaTax 201. (Onemax 34., 3anaTax 3.). Y TeopHjH penararsHocrH cycpellemo 
ce ca merpHuom 49opmom 

ds2  = ea (dx 1)2  + [(dx2)2  sin2  x2  (dx3)2J - eY (dx4)2, 

rae cy a H y (Dyinoarrje camo on xl H x4. 
rloxa3aTH na xoopraniare AjmurajHoHor TeH3opa 3a oBaj npocTop xoje 

cy pa3mrurre oa Hyne Hmajy HapeaHe HpenHocra 

1 	1 

2 
GI= (- 

4 
 - — yi ) + 

_

4 

 7.2_1y+ 4 a

'

±  4 oty+ 
4 	2 11    

+ e (

1 	1, 	1 
-
2 

ocita + —
4 	- —

4 
CC4 i4 

4 
G4 •■• e-a f - —

3 
+la) + e-x', 

4 2 

• /7_ I 	4 	1 
c 4 =-- — e I = - - CC4, 

2 

rae RIT,IVICCH y3 a H y o3Hatiaaajy napaHjanHe H3Borte no xl H x4. 

Peraeme: MenumniTH TeHsop apyror peaa (Brum onemax 34., jennatamy 17.) 

( 1 ) 	 G = - I Rei, 
2 

R1212 g  , 

Tj. 

cnenehH HaAHR (BHA"! 

agk ll 
ax' ' 

G;=Gi, 



nawana ce AjHLUTajHOB TeH30p. Ten3op 	je MelII0BATA PrIgHjeB Ten3op, a R 
FanatapnjanTa xpnaane. ripema Tome, na 5licmo onpe.annn KoopannaTe Aj11.111Taj-

Horsor Tea3opa noTpe5no je QApe,E1HTH KoopnimaTe P13‘113jeBOr Temopa H mina-
pnjairry xpaanne. KoopnimaTe Pmujenor Temopa o.apeyjemo Ha ocnony pe-
naanje 

k 	{k} a {kJ } + { irk  HrkiHiri Irk}
, Rif  = R. ijk = 7.7x  k 	a xi, • • 

a nunapnjairry xpinnme na ocaony penainlje 

(3) 	 R= Rif = 

H3 n3pa3a 3a merpnaRy cDopmy, 

(4) 	 ds2  = (dx 1 ) 2  + e [(dx2) 2  + sin2  x2  (dx 3) 2] - eY (dx 4)2, 

3aK.3,yqyjemo zza cy xoopmanaTe meTpa,ncor Ten3opa 

(5) 

ea 	0 	0 	0 

0 	exl 	0 	0 

Igii}  = 1 0 	0 el sin2  x2  0 

0 	0 	0 	- eY 

na cy KoopmulaTe Kpncrocbenoaor climbona npBe spore Koje cy pa3ipurre ox( 
nyne 

1 	„ 	1 
e [1 11]= 	

g
``,  2 o xl 2 

[44,4] = 1 d 844  _ 1 y4  ey,  

[2211= - [21,2] = - [12,2] = 	
1 a g 22  _ 	1 ex i ,  

2 a xl 	2 

(6) 	[33,11= - [31,3]= - [13,31= 	ag33  = 	1  ex' sin2  x2 , 
2 d xl 	2 

[33,2] = - [32,3] = - [23,3] = - --1 	
2 	2 

= - 1  ex' sin 2x2 , 
2 x  

[11,4]= -[14,1]= - [41,1] = 	
1 	g „ _ 	1 

cca 
2 dx4 	2 

(2) 

2 d x4 	2 
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H ,aPYre BrcTe 
1 mi ex) = I al  , 

er- m( 
1 1 	g„ 	 2 	) 2 

1 4 
4 4 I_ 

1  [44. ,4] - - e-Y ( - —21  Tye) = —2  Y4 ,  
go  

{

1  }= 1  [22,1]= e-a ( ---1- exl ) - - —1  ex' -a, 
22 g„ 	 2 	2 

(7) 	
{

122 } _ 1221} =822 [12,2]  = e-x, (1 ex,) = 1 , 

	

2 	2 

1 1 }= 1 [33,11  .= e_a (_ 
13 3 	 f  g„ 	

1  ex' sin 2 x2 ) = - - 1- sin2  x2  e''' -a, 
2 	 2 

1 
, 

f 3 1 =  i 	1 = 1 [13,3]=  ex' ( 1 	, . , 2  

	

sin2  X2 	 2 
	 2  ex sin- x )=-- 

1 1 3 f 13
3 
 if g„ 

1 2 1 =  1 [33,2]  =e_,,, (_ _ 
1  

1 3  3f g„ 	
- ex' sin 2x2 1 = - sin x2  cos x2, 

32 

{
/

3  1 = / 3  1 = —1  [32,3] - e-x' Sin -2  x2  ( 
2 

—1  ex'  sin 2 x2 ) = co tg x2 . 
2 3 	3 2 g33  

4  }=-1  [11,4] = - e -Y ( 2 
	2 

- —1  cc, em) = —1  a4 e°'-Y, 
1 1 	g44 

1 
 1 

1 
 4f 

1 =1 
4 

1 
 1 	g„ 

1= 1 [14,1] = e-cr (-1  - oc4 e')= 1  c'4 

	

2 	2 

1 
4  1  4 

 I - —1 - [44,1] = e e‘ (j- 
2  y

l  el = 2 1  Yi eY',  g„  

1 4 1 = f 4 1 = 
1  [41 4] = - e-Y ( - —21  y i eT) 

4 I 	
= -i-1  yi  . 

1 	f 11 4 	g44 	' 

Ha ocnoay (2), cata, }imam° 

Rit _a 	k 	a f 11 	a 	2 	a_f3iaf41 ,  
ax ,  ilk1 O,11,1 1 f (ix= 11 1 f ax 3  11 1) 	ox4 11 if 

	

f11k1 1 2 11 471 f 3 1,1k1 	f 
li

'
k10 11 + 11012 11 11013 el 14k }14k  1 

_{II 
	k 	 k 
1}11 -  k} - {1 2  1}{2k  - {1 3 1 11{3kk if -  

14 I II 4 

[44,1] = - [41,4] = - [14,4] = 	" 2 d

xl
2  
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d 	3 4 	1  1  1111111121111131 

dx3 {I 1} dx4 {111 + 11 1111 11 + 11 2111 11 + 11 3111 11 

I 	4  
{14111 

1 	1 2 11 1 1 	1 2 if 2 1 2 if 3 1 2 if 4 1 
11 + 11 1112 11 + 11 2112 11 + 11 3112 11 + 11 4112 11 

I 	If 	I f 	If 	1 I 	If 	f 3 11 4 1 1 1 4211 42 1 1 

+ 11
3 
 1113

1 
 1J + 11

3 
 2113

2 
 W113 31133 11 + 11 4113 11 +  

+
{

14 1 }{ 41 1 } ± { 143 }{ 43 1 } ± { 144 }{ 41
} - {

1 1 1 }({ 1 1 1 }1 122 1 +  

4.
{

1 3 3}1 144
V{

12 1 }({ 21 1 } ±
{

222 } ± { 23 3}1 244K3 1 }4 31 1 } 

1 322}1 333 } ± { 344K41 }({ 41 1 }1 422}1 43 3 } ± { 444
})

,  

grin, axo n3ocrasamo xinanone Koja cy icAnaxn 

all 

	

121 	13 
11 + 11 21 + 11 31 + 11 

1 	1 	1 1 	4 1 
11 + 11 41 11 11 + 11 

f 41\ 
41) 

2 11 2 
2112 

d111 

3 11 

d141 
R„ 

- dx1 k11 

	

1 	11 

	

1 1 	111 1 
1 

11 + 11 311:3 

ox'4 1111 

3 1 	1 4 11 1 
11 + 11 1114 

44}{ 44 1
}_{

1 1 1 }({ 1 1 1 }1 122-11 13 311 144V 

4

11(14 

1 
1  1

+ 1441) oxi  (1 122 1 + 1 13 3 1 + 1 144 D a;c4 
 {

14 1 } 

+{ 22}{21}1133}{331}+{141}{411}1144}{41}_ 

1 1 1 1 11 122 1 1 1 1 1 11 133 1 1 1 1 1 1 1 144 1 ( 14 1 ) { 444
} 

Axo y nocne,EnLem n3pa3y 3a R 11  3amenumo apeneocru Kpacroci)enosnx 
cIalbona namix ca (7), Ao5Hsamo 

a 
yi.— 

( 14  -2  cx4  em -Y) + 
4 4 

+ 	
2 

+ (- cc e"--r)-1  + 
4 	2 

I 	1 	1 	( 
2 2 -1 	2 Yi

( 
"'

\
J -2 Y4  1-2 m4 e-1 ) 

Eno, nocne mapmenor nuitepennapatha H noronanx cpebnaana, 

(8) R11= 2 2  - 	2 + 	+ -4 (Yi)
„ 
 - -4 min+ 4 

«4  Y4 —  («4)-  - -2 «44 1 	1 	1 	1 	1 	1 	1 	, 	I 

Ha c.rmgan Hamm, 3a ocrane on ny.ne pazinpune xoopnnEurre PnTinjesor 
xosapnjanTnor remopa no5aaamo 

1 	1 	1 

	

R22= — 1 + 	(- 2 - «,+ 71  hi), 

R33  = — sine x2  + sine x2  exl--"(
1 
 T - 

1 
-
4 	«I + 14 

	

1 	1 
R4,1 = —

1 

2 «
44  - -

4 ma "t4 + -4 
(0:4)] 

1 

	

R14 = R41 = 	CC4' 

na ocnotty xiera 3a Kooparmare meinoaffror Prmajesor Ten3opa, 

gik Rkj  

Ao6miamo 

Ri =2 2 - 
- cc, + 2 
	4 	4 
y„ + (y,)2  - a v

"
i+ 

	

1 	1 , 	1 

	

+ e-Y [7.  Ya — 	- -2 1x44] 

1 R2= R3=  - 	+ 	
2 4 
- -

1 

ai+- 
4 Y,) , 

	

1 	1 	1 	 1 	1 	1 (10) 	1 
+ -4 (1'1)2  + -2 II - Tia 	+ e" [-4  «4Y4 -  2 «44 -  4 (0‘4) 21 ,  

4. 	1 
4 = - 2 «4  e- ', 

2 
1 - a4  e-Y. 

Hasapnjarra. xpnanne Aestamacaria je ca 

R= R,1= , 
na je y namem cnriajy 

R=RI±A -PR3±R44, 

OAROCHO, axo nexopncrnmo H3pa3e (10), 

	

r 3 	1 	1 
R=e-a L -c 11  +Y+-2 	"" 111 	-2+  

+e-7[
-

1 
oc4 Y4— 1 («4) 2  - «44] - 2 e- x'. 

2 

(1 +1 + 1 1 
Ril=  a xl k 2 2 2

7 
1) 

+(-21  

(9) 



A-4--
2 	-4+2 

   (x i) + „4 	1  
GI= 	

,, 

1  
G4 =RI= -- 

2 

I 
C/. 4  e - ', 	GI4  = 

4 2 
= — a.4  e-r, 

3 	1 
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Ha ocEoBy (1), (10) H (11), caza, )axo llo51133amo 

Gi = Ri - — 
1 	= e _ Gc 	1 	1  

2 	 4 	2 

yi

) 

2 	2 	1 1 	1 	1 	 1 	1 

2 
= 	- —

4 
- —

2 
"Yu - —

4 
(Y1) 2  - —

4 
Yi + —

4 
4--

4 
'xi T1 

1 
+ e-Y[-

2 
 a44+

4 
(GO' - 

4 
a,,yd= G3

3  
, 

TILT° je H Tpebano noxa3aTx. 

3a.laTaK. 202. (01=m.ax 34., 3allaTax 4.). IlocMaTpajMo excTem jellnallxlla 

(R u 	gu)ui = 0, 

rlle je 	Pnlltije.B Ten3op y nexom pllmancxom npocropy VN  (N> 2), gu  ll.eroB 
meTpwuut Tem3op, X HCKH exanap a u' HUTH Kowrpariapnjawriill BCKTOP. 

HOICa3aTH LTa he oBaj clleTem jeguhllaHa 5HTH carnacax camo axo cxanapna 
"nutaptijanTa A 3agoBon.aBa ge -repmmanTny je,EtBaHnuy 

!R, i -Ag u l= 0, 

H 11a cy 0,a,110CHH BCKTOpH 	yripainua jellall Ha Apyrom. OBIT BexTopn ollpehyjy 

T3B. PIPTIljeBe rnanHe npaBue y llaTom npocTopy y AaToj TH"IKH. 

Perueme: CHCTCM 
(R u  - gu) ui = 0, 

npellcTaana cxcrem oll N exanapnxx xomorellxx nxlleaptmx jegnallxna no N 
neno3lla-rxx uj. OBaj cm-rem he "imam HeTpnBxja..nna petuelba canto axo je ge-
Tepm"maHTa excTema jennaxa. "lynx, Tj. axo je 

Rij  - g = 0, 

OBo je, ollurnenno, anrbapcfca. jennallmia. N-or crenena no A. Yobxllajeno jc 
Aa ce na3mBa KapalaTiepuctIamia jegitaquita, a "Lena pernerba A 1 , , A N , KapaK-

ffiejouctfewviu 6pojeau TeH3opa R u . 

C ob3xpom ,aa TIOCT0j14 N KapaxTepncrwuirrx 5pojeB3 (o) xojlix Hexx 

mory 614TH mehyco5Ho jegnaxll), nocroju x N xapax -repncrinumx BexTopa t4,)  
llnjn npallall ocraje ollyBan Tpanc4.)opmartnjom noMohy TeH3opa R , Tj. 

ujoc) -= X00  uw  

HpaBull iv* cy onpehexx Berropama u 1,„)  na3nBajy ce Pwmjem" rnaBnx npanux 
Mx Tpeba ga noxa7xemo Aa cy P.lillmjeBn rnarant npaaux mehyeobno ynpaBllx, 
xnx, nlTO je HCTO, lla cy xaparrepxcrallEm Berropx mehyco5Ho ripamix. 
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Yoinim0 Asa xapaxTepticrwma Berropa, tr io)  x Hip), Koji" ogrollapajy pa3- 
.ranniTxm icapaxTeplleTwamm 5pojesxma 	X(5) , (0c#3). Taga je 

R u j(co  = A(x) 	W i  u 	 („) , 

R u  431 - A (5)  g u10) . 

Alco "Tiny oll OBHX jegnallima cxanapno noivaioxllmo Beicropom 4, a i113YrY 
BexTopom 24,0 , na xi" cabepemo, go6aBamo 

(Rif  - R11) 14,0  u = 	— X(0)] gu t4,0  u (o) 

MehyTxm, xaxo je R if  = Ri, , cne,llx 

- 	 f(p)= 0, 

MTH, C o63xpom Aa je 'x(x) 7s-X(y) , 

u u jo)  = 0, 

na ocnony aera 3amy4yjemo ,na cy xapairrepncTknun" llerropll 	H tio )  
hycobno ynpaBall, RITO je H Tpe6ano noxa3aTx. 

3aAaraK 203. (Onemax 34., 3allaTax 5.). ILITa he 5llTll ca Plllllljenxm rnallullm 
npasullma y cny'iajy N= 2. 

Pemetbe: Y cayllajy llBogamea3llomix npocropa (N= 2) KaparrepRcTxllna jernia-
%ma H3 nperxonllor 3agarica mom" ce na xsagpaTny jeglianlllly. ripema Tome, 
nocToje Ara Kaparrepxcrullaa bpoja xojxma ogrosapajy Asa meljyco5Ho opToro-
Hama xaparrepxcrinnia nexTopa. Ha ocnoBy Tora 3amyllyjemo x(a y caynajy 
gBogameH3lloimx npocTopa y onurrem cnyllajy mory nocTojaTx ABa mehyco5no 
opTorona.rma npaBlla (PwiHjeBH manful npaelln) xojx ocTajy xxnap.11jaxTm" y 
ogilocy na Tpanccpopmallxje noMohy TeH3opa Ru  . 

3azurraic 204. (OgerBax 34., 3agaTax 6.). Y HexoM pumallexom npocropy VN  
Helm 6ylly yllegeHe PllmanoBe xoopgymaTe. 

H3Pa3HTH xoopnimare PilllmjeBor TeH3opa H nrmapiljallTy xprolllle 3a 
nexy xllnepnospin Tor npoc-Topa. 

3agazT4ax fape6a ga 	Axo xoplicTxmo .11opmanne KoopgullaTe y pllmailexom 
npocropy V N , 113pa3I4TH TeH3Op "Tinnme, 	Temop x "nmapxjallTy xpll- 
Bkme nomohy ollroBapyhux Beninn"lla 3a xunepnospul Tor npocTopa x nexxx 
Aogannax llnalloBa. 

Femme: AecimmIcahemo, npBo, nopmanne Koop,allnaTe y pllmaHcxom npocropy. 
Y cBaKom pnmaHcxom npocropy VN moncemo yollllrll amllaxjy xxnep-

nospwx Imo npocrope og N - 1 gxmermllje. Jegnallinta Te itraivinnllje mowe 5wrx 
x3panceHa y o6.3xxy 

(1) 	 F(xl, 	 C, 

npx llemy BpellHoer xolicTanre C ogpehyje nojellimalllle xllneprrosprull. 

14 PCIIICHFI npaGnemx 	relmopckor pagylia 
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210 	 III. Merpwuce penal:wk. Tor3opcica aaajm3a 

Axo ca 	o3Harmmo HH(1)HHHTO3HNIa.THIO nomepaibe no xnnepnospmama, 
Tana je 

(2)
d F de =0, 

a F 
()Aar= 3amynyjemo Aa je sexTop X"_ 	(Imo rpannjeHT cloyfnumje F) Hop- 

e) xn 
manaH Ha xiinepnospinnm'a. 

Cana momemo noTpa)nHTH cbamanHjy xpinmx ammja xoje cy HopmanHe Ha 
yoneHe xHnepnospuna. Te mm!je cy opilioloaanne itipajelaTiopuje yoneHe tDamH-
naje xHnepnosplun. go6Hjamo sx xao pemeise cacTema o6HRHar .ixwbepesAn-
janimx jenHatinHa (serropcxe saninkje nova serropa In) 

(3)
dxr X• 

dxN =/N .  

Ose jenHatnme he HMaTH pemea.a ca AOBOJBEIHM 6pojeM HHTerpan,HoHHx KoHc-
raHara xoje Aajy jenny xpssy xpo3 csaxy Tanxy npocropa. Ha °mos) ,  Tora 
3aicybynyjemo ga he ceaxa neoipamaielia Oamunuja xuaeptioeptuu y pumaxacom 
apocalopy umafau op -Worm:am:a ilipajeiczitopuje. r1pH TOMB cy pa3marpana spnieHa 
y ofinocy Ha cHarem npowsonam reHepanncamo xoopAHHaTa xk (k = 1, 2, .. . , N). 

Hopmanue xoopAnHaTe, a ca xk heMo on cana max o6enescasaTH, nednfaH-
cahemo Ha cneneha Hamm. Hona3ehH on yoneHe (Dammuje xnnepuospnm, 
nectasaHcahemo xN na 6yne napaMeTap Koji' je KoHcrafrraH Ha csasoj xfinep-
nosprall. Ha xHnepnospmHma ysenthemo xoopornaTHR cHcrem xx, a= 1, 2, ... , 

N— 1. Ysemhemo xoffseHuHjy 
na rpant HHAOKCH y3HMajy spen-
Hocra on 1 no N— 1, a naTHH-
CKH on I AO N. 

IIpema Tome, 6Hno lc* 
Tanxa M y pHmaHcKom npoc-
Topy VN onpeheHa je Hopman-
HEM KoopAHHaTama xk, k = 
— 1, 2, ... , N, apn tiemy 'coop-

AHHaTa xN aMa spexaocT xoja 
npHnana xitnepnosplica xoja 
npo.na3H xpo3 Tanxy M, a Koop- 
AnHaTe xx oApehyjy opToroHan- 

x'aconst. Hy TpajexTopiajy xoja npona3H 
KPO3 M. 

Ha CJIHHH je HxycrposaH npnmep HopmamHx KoopAHHaTa y cnynajy pa-
Maacxor npocropa on TpH namen3Hje. 

Julio je na Aym maxe oproroHanue Tpajerropaje, Tj. KoopAHHaTHe mum-
je xN, xooppAHaTe xx aMajy xoHcraHTHe spenHocrH. 

Yo=ramo cana y Hexoj Tan' pHmaHcxor npocropa VN Asa sexT0pa. Helm 
je Xk serrop TaHreHTaH Ha opToroHarmy TpajerropHjy y TOj TanxH, a Yk serrop 
TaHreuran Ha xHnepnospuni y HCTOi TagKE, llOmTO cy KOOpmmaTe xa  KOHCTaHT-

He AYX csaxe opToroHanHe TpajerropHje, Satre 

(4) = 0.  
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Ha Hem 	nourro je xN rollaraRTHo Ha csaRoj xHnepnosptaH, 6Hhe 

(5)
yN=0. 

MOyTHm, Ha °mos),  ocHosHe oco6aae oproroHaaHRx TpajelcTopaja, 3arsynyjemo 
Aa cy osa ABa serropa oproroHanHa, Tj, na je 

(6) aif X I  = O. 

AAH, Ha ocHosy (4) H (5), cae,rl 

(7) aN „XN 	O. 

11=T° XN  HHje jenHaxo Hynn H nourro je Ya npoinsasno, 3ax.syvyjemo na je 

(8) aNa 

mTO je xaparrepncima oco5HHa Hopmairam xoopAHHaTHax cHarema. MerpHnra 
cpopma y npocropy VN  je, npeMa TOMO, 05HHKa 

(9) ds2 = cla p dx"dx 0 + aNN  (dxN) 2 . 

Axo noemo on penanHje 

(10) aik afi akl,  

Tana je 

(11) aNcs aNy acc 8 ay I  aNN N aNN  aNN act fi allo.  

Mehyrnm, nano je, c o63Hpom Ha (8), nocnenEbH =nail Ha Aecuoj crpasa je,g-
HaK 
	

6mhe 

(12) aNy &AB ay8  aNN ace N aNN.  

H3 penarade 

a,,,, a^'* = af, 
axo y3memo na Hanexca y3nMaMajy spenHocrn on 1 no N— 1, go5ajamo 

a,„,„arni3  = 8 11, 

onaxne, c o63Hpom Ha (8), wren)! 

(13) accp act? = 

AKO OBO HCKOpHOTHMO, Tana (12) moncemo HanscaTH y obnEncy 

CIA 1  = aN  aNN  aNN aN 
ogaime je 

ceiN  ariNaNc` 
OAHOCHO 

(14) aN  = 0 . 

14• 



212 	 III. Merpwnce penaggje. Tefr3opcica aHanina 

Taxoe H3 penarmje (10) Zo6xjamo 

aNN = aNa aN0  a„ f., aN a  aNN a„7„,+ aNN  aN ° allo  + aNN an N 

Meyrirm, Ha ocHosy (8) 14 (14), 5Hhe 

aNN = aNN aNA, aNN  

ogaxne 3axn.yRyjemo ga je 

(15) aNN 	1  
• 

aNN 

Ha xilnepuospum, Tj. y npocropy on N —1 ottomeanije, merprmica 4)opma 
je °arm= 

(16) ds'2 = aa' r3 dx4  cLTI3  

rne cy xoeclmuHjearli cDopme cPymamje og xc', a cape H xN xao napaMeTap. 
Axo ca HPTOM 0311a111.1140 cse HenkmHHe xoje ce onHoce Ha npocrop on N— 1 
nmmeH3Hje, raga, Ha ocHosy (9) H (16), 3axn,yqyjemo ga ce Koopiumare me -rpm- 
Imor TeH3opa npocropa VN noananajy ca xoopmmarama (z ap merpmxor 
3opa npocropa VN __, ica,r4 HHHeKCII y3HMajy xpexiocTH og 1 ,710 N— 1, Tj. ,E1a je 

(17) aco =a cc p. 

Ha ocHosy oBora H penagHje (13) caenx 

(24  a'crr 
ogaxne 3aarbriyjemo ga je 

(18) act =arc4. 

H KoHrpasapRjaurne Kooprumare merpHgxor TeH3opa npocropa TI N  H V N - 1 

ce noxnanajy 	FmgexcH y3HMajy BpenHocTH on 1 go N— 1. 
Ha ocHoxy nperxonHor naxo 3axn.yqyjemo ga he 5HrH 

(19) P, yl=[°‘P, Y1',
1:y — PctY 

nor 3a °crane KpHcrocl)enoHe cHm5one npocropa 	no6ktjamo 

[cc N, [3] = [13N, a]= — 	 N]--- 
2 d xN 

1 d a 

1 da„,
N [NN, N]= 

daNN 
[aN, N]= — [NN, = 	 

2 x' 	 2 dxN 

(20)r 
	1 = ce.r d ay  p ,  rNi 	1 	a a2o  

1 Ny j 2 	axis'
, 	co f 	2 aNN  xN 

	

( Not )  2 aNN  Oxl" NN 	2 a„ N 

	
1 	 daNN  I a 	ciao daN, I N I 

INN) 2  aNN 

1  

H He H3paxasajy ce npexo KpHc-ro(DerioaHx cHm5ona npocropa VN_ l . 
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Tefoop xpliallue npocropa V N  lama cne)ehux N2 (N2 + 1)/12 He3aBHCHITX 
xoopgmxaTa 

(21) RNA 
aa 

= 	[ik, 1]— - 
d
—
a 

[u, 	}[kl, m] —{ 
i k

}[jI, m]. 
)  

AK° nagexcH T, 1 , j, k y3HMajy ape,aHocrm og 1 go N— 1, no5Hjamo cnegetnix 
N (N 3 — 4 N 2 + 5 N— 2)/12 He3amacHnx xoop/AHHaTa TeH3opa xpEnnate y VN, 

Raw--
TX17

[Pa, oc] — 	
a

a  • 

	

AY 
Pr, 	JEA 01—f 

A a 
)EmY, GP- x  

f PY1  Ea3, 	I N } [ctY, N]. 
 A8 

lipea germ-pH =mama as necHoj crpaHH, c o53Hpom Ha (19), npencrawbajy xoo-
p,anHare TeH3opa xpHaHHe npocropa V,_„ Taxo ga moxemo micaTH 

(22) .12,018= R',,oys+
AY 

 [a 8, 
N] — { 

8 [ay, N], 

arm xopHaretur (20), 

(23) &fay& 	
1  (a a„,5  dao, dacc , aap8 

4aNN  axN dxN axN axN 

— N2  — 	 He3aBHCHHX xoop)umara TeH3opa KPHB11 IlpeocranHxAT 	N+ 1 \ /6 
He npocropa VN  cy 

RN 0,5 = Ri3 N y8 = Ro N 8,=Ryg N 	Ray  N = Rho  N= 

(24) =— [ps, N] a
d 

x8 
[(3y, N] +1 

13 
 Y 1[3 N, a]+ I N  I[S N, N] 

a xY 	 R Y 

— / ;a  1 [TN, a] — { (3Na  } [yN, N], 

RivriNs= — RpNri8—RlaN8N=R8NoN= - -RN8oN—RNaNs- 

a 
(25) = 

a

a
xN 

[pa, N1-- - c-L[PN, N] +1 	I [SN, a]+ {
13 N 

1[8N, N]— 
a x8 	(3N  

—{ 
G 
	

Pa 
}[NN, a]—{ }[NN, N], 

Pa  
H He H3paxcanajy ce npexo xoopraxara TeH3opa xpllume npocTopa VN _ l . 

Pwaljes TeH30p y npocropy j V N  UMa N(N+ 1)/2 He3aaHcaox xoopnrmaan 

(26) R u = Rik  Rilik. 

AKO HaElexcH i H j y3Hmajy xpennocTH on 1 no N — 1, rp5Hjamo cnegehmx 
N(N — 1)12 He3a.B14CHI4X xoopnimara 

Ro= 

6  apm  
XN  



Elpi ekic,  glk = glk = giggpj _ gpq 

( 1 ) 

rjle je R rampHjaHra xpinurae. 

Perueme: C o63HpoM na y pHmaHmom npocropy 	'rpm numemuje PrimaH- 
-KpHcroclienou remop Ham weer mebyco5Ho He3auncimx KoopnaHara, y TOM 
npocropy yttex My ce moxe xoopniumpara IWICH cHmerpHinat remop npyror 
perm (aux onezax 30., jentialulny 18.) 

SIJ = 1 	Rkimn.  

4 

C o63HpoM na je Prrymjes wimp 

(2) 	 Rif  =g1k Riuk, 

gIk glf gig 

gPk gp3 gpq 

gik glj gig 

Ru= (giggpJ—g1j  gpq) 

R if = S 

(5) 

Cana je, Ha ocHorty (3), 

Ti. 

(6) 

214 	 III. Merpwoce peaaaktje. Tefoopcaa mamma 

AKo onne R. H3pa3Hmo nomohy (22), no5Hjamo 

Rco = aY8  wpa+ ({ 
P 

}[as, 	 }[ay, Pl])+ a"RNce5 N. pa 

Mehymm, C o53HpoM Ha (18), npsH turaH Ha Aecaoj maim npencraima 
KooppuHare PHqujenor remopa npocropa VN _,, ram AR je 

N 	 N 
(27) &a= R. ft + aY 8  ({ 	1 [CC 8, N]—{ 	1 [ay, Ar]) ÷ aNN/t 1„,„ 0N . 

P y 	 Pa 
Hpeocranux N He3asHanix xoopitHHara Pipmjesor Tampa y VN cy 

(28) RN ci = Ram = ea RyNa8, 

(29) RNN = am13  RN ic taN, 

H He H3pawaaajy ce npexo xoopramara Purinjeaor remopa npocropa V N 

HmaapHjaHra xi:annum npocropa VN je 

R= R u = a"13  R„, 13 + aNN  RNN. 

AKO awe Rap H3pa3Hmo nomohy (27), no5Hjamo 

R= cri 3  kc, + azg3 aY ({ 
P 

}[CC , N]—{ }[ay, NJ ) aNN  cep RN N aNN  R NN • 

Mehymm, ripsH ;mail Ha necHoj crpaHH, C o63HpoM Ha (18), nrpencraarba  HH- 
BapHjafTy xpHiume npocropa VN_„ na je, xopHcrehli join (29), 

(30) R =R' + a'' 13  aY 8  (I N  }[a 8, N] —{
N 

}[ay, PT]) + 2 aNN  RNN. 
P 	 P 8  

3airarax 205. (One .max 34., 3aoaTax 7.). Y Herm pumaHmom npocropy V3  
LIOCTOOI raecr pa3JIWIIITHX mown:Ina-la reH3opa Rim H mem. Boa 

Rtj = gik  RUA • 

Hoxa3am na cy peinerba °aux jenHalnina no Riuk onpeheHa jenuatimama 

R 
Riuk= 	gii 	gu  Rik— g,k Ru  ±— 

2 
(Sljgtk — gk gij),  
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Ha °cam (1) Hmamo 

(3) Ru gik  spu eqfk SPq  = Slk  Elpi Ekj g SPq. 

H3pa3 	Ekk moxemo HanHcaru y o5nHxy 

	

Elpt ckig 	Cr5t  grk gsj gig, 

0 nn 0 CHO 

(4) 6kjq = 4 ti grk grj gtq • 

Axo HHnexclima i , p, i /lam° Hexe clmxcupaHe upenHocrs, pm:undo L, P, 
Ao5vmamo 

ELF! skjq =  arfpi grk gsJ  gt, , 

onHocHo, y pa3Bujeliom 

	

+ 
	 , 

6LPIkjq t. = ° PI  gLk gPl glql- aLPI gLk gPq 1- °LPI gIkg41gPq +  

± 82;4 glk g Pj g 	agigpkgvg" -i-e2PlgPkgLiglq= 

gLkgpi gi g + gikgyigp g ±gpkgugy g - 

gLkg1,1gPq —  g Ik gPj gLI gPk gLj gig ,  

ILITO je Hero, 

gLk gLj gLq 

gPk gPI gPq 

grk gr./ gig 

C o63HpoM na 5pojeBH L, P, I mory 5LITIL ma xojH on 5pojesa 1, 2, 3, moxemo 
micaTi 

glk glj gig 

gPk g 1 gPq 

gtk glt gig 
na je 

LPI ckjq =  

1tckjq =  



sin u2, y3  = cp (u 1), 

y1 = u1  cos u 2, y2 = 0- sin u2 , Y3 = p  (u1), 

oapeAHTH raycou xplusHily H noica3arri Aa he 511TH 

K = R1212 	cP'  

g„ g„ ul (1 + cp' 2)2  

Femme: H3 napameTapcnix jenHagnHa nospam, 
y i ui cos  u2, y 2 = ul (7) 

Si 
= —1 (— R"7 „,„ 	„,) = — -1 

2 
- m„ 	

2 
„ = — 1  

4 	
R 

1 ro  
Rii ---- if — 

2 
-Ago, 

Ski =Rki — 1
2 

—
2 

R gki. 

onaxne cnenH 

(8) 

H3 (1) Taxo e cmegm 

OAHOCHO 

g„g  gp, gPk 

gig  glj  gik 

gig  gi1  gik 

RP4— 	 g/k) ,  
12 

, 

IIITO je H Tpebano noxaaaTn. LUTO je H Tpe5a _no UOKB3aTH. 
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H3 (1) cnenH 	 35. Kpumma nospffin. TaycoBa je,anamma. Ko,aamjese jezoneunte 

	

S
i  1 	 1 

CJkl °.'"n  Ric 	
1 	 1 	 3aAaTaK 206. (Onerbax 35., sanaTax 1.). 3a o5pTHy nonpui anje cy napaMeTapexe 

Eim"  Rklmn 	 ' • = 8.17 R kr = 8km; Rk• I'mn ' 	
Ta  

	

4 	 4 	 4 	 4 	 jeniimmie 

Ha ocHosy o5pacua 
a  yk 6 jA 

gii = 2 ---: 
k 	au,  

3a icoopAnHaTe meTp Amcor TeH3Opa Ho5nHamo 

{g 1 + cp' 2  

o 
0 

( °,)2j ' 

1 
0 

1 o 

p , 2  

(u 1) 2  

H Apyre apere 

' me je = 9 . 
a ul 

OA Hyne pa3nnrinTe xooprinHaTe Kpncrotlienonor cniviSona apse HpeTe cy 

[11,1] = cp' cp", 	[22,1] = — u 1 , 	[12,2] = [21,2] = ul, 

d 	 m 	 m 
81212=-- [22,1] — due --- [21,1] + / 2 I 1 [21, m] — / 2 

2
1 [I I, m] — 

du'  

d 

a ul 
( ul) { 1 22 } [12,2]-1 2 12 1[11M= 

1 	u1 	, „ 	9' p" 
	u

1
. - -i-L-ul+ 	C.P 9 — 7.,! 1 	1 ± 9'2. 	1 + cp , 2 

,K=  -Run  R1212 = 	9' 
 p' 

g 	g,1 g22 	+ 9'2)2 

Kaxo je 

g = g11: g11 g22 = (U3) 2  ( 1  ± 9' 2) ,  

Ha ocHoHy o5pacua 3a Faycoay icpHHHHy (Hum{ oae.rbax 35., jemiaquHy 49.), 
gobcfHamo 

0,L(HOCHO = 4  (a 7 a7 — sr sz) e„,„ = 
4 

(R".”.im„ — R17.70 
4  

• Ko Haan°, 

Axo OBO yneceMo y (6), Ho5HHamo 

Epti egik SPq. 

Axo y OBOM Hapav SPq 3aMeHnMo nomohy (8), Aoatharvro 

• gPj gpk 

R. 13k= cpu ;Lb, (RPq — RgPq)= g1q g 1J glk 

• gik 

(RPq —1 — R el ) = 
2 

R (g1  gik — g ik  go) — gpj  Riv (g ig  gik — g ig  gik)+ 

1? 
+gpk RPq  (g1g gij — gig g1) — —2 (gik g, 	gik) ,  

• LUTO je To, 

RliJk = gik 	 -4 - g,1  R ik  — Rik — gik R 11 +
2 

 (gi;  gik gik g 

f 	I   2 	f 
11

1 
 11 	1 +ca' 2 	1.2121 	

{ 1 22

}

= 1 221 1 171 • 

Ha ocAosy E3pa3a 3a KosapEdaATHA Plodall-KpAcro#Aos TeH30p, caAa 
Ho5HHamo 
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3aAaTax 207. (0Aen.ax 35., 3aAaTax 2.). Iloxa3aTH Aa je y ornmcy Ha opTo-
roHaAHH apHBOJIHRHiCICH CHCTeM xoopAHHaTa raycoaa xpronma nospum orme-
bells. o5pacAem 

Paueme: faycoBa xpiaBHHa nospum omehena je obpacAem (BRAS oAe.n.ax 35., 
je,AHaqHHy 49.) 

K= R 121 ` , 
a 

rAe je a AeTepmnHalcra meTpHIncor TeH3opa rico  nospinH. 
Y 3aAaTxy 186. noxa3aHo je Aa ce y oAHocy Ha opToroHanna 'Truman-

Hrijcxli CHCTeM IcoopAHHaTa y ,asonsmeH3Honom '1pm-ropy moxe ycnoaraBHTE 
penaunja 

Hopmaxaa xpinoma x, game, 3aBHCH He camo oA npBor H Apyror ocHo-
Baor TeH3opa rroapma, Beh H oA nparma dx" y Tat:ixa P nospunt. gpyrmm 
peimma, y caaxoj TaTiKH P Hosprum moxemo nocTaHHTH HeorpamigeHo mHoro 
Hopmanmoc Hpecexa. H 3a crexH OA SHX xpinma he y ornuTem cnymajy HMaTH 
AipyragHjy BpeArmar. 0„ApeAHmo, caAa, one Hopmanne npecexe (Tj. ups= dx2) 
3a xoje he xpromma x HmaTH maxcamanzy MTH mHHHmanny Bpermocr. Hoax 
hello oApeAHTH H3 ycnoBa Aa 3a Te npatole x Hma cranHoHapHy Bperwocr, Tj. 

ax 
	—0, 

(drm) 

INTO ce, C o53HpoM Ha (1), CHO= Ha 

(2) 124  dx' a.gi dxY dx 8  — b yadxY dx 8  aco dx.e. = 0, 

jep je (amp dxa dx 0)2  = ds4> O. 
Axo y Apyrom -gnaw jexiainme (2) ymecro b.,8dxl dx 8  craBrimo x 4.0 dx? dx 8, 

nrro cne,aa H3 je,E‘HansHe (1), Ao5Hjamo 

(3) bap dx0 ay8  dxY dx8  — x ay8  dxY dx 8  aap dx0  = 0. 

Kaxo je ayg dX? dx8  = c/S2  > 0, cxpahnaamem Ao5Hjamo 

bcco  dx0  — x ac,o  dxP = 0, 

K= 	lid 	da„\+  c ) 1 da,\1 

2117aLdu,k)/a 	) ou2 	auqi .  

( 1 ) 

81212 

	
1 r 	(1 dg,,\ 	c) 	1 

214 12) xl kj/g—  ax' ) Ox2 	axqj 
Ha ocHoBy Tora 14 (1), Henocperum Ao5HBamo 

1  r 	c)a22 \ + 	1 o an\-1 
2j/ au' kV a du' ) due 	au2L1' 

ILITO je H Tpe5ano noxa3aTH. 	 oxiocHo 
(4) 
	

(b,„0 — xac,o)dx0 =0. 
3aAaTax 208. (0.amax 35., 3aAarax 3.). Axo ce xBaApar JIHHaiCKOT enemeara 
Hexe noBpum moxe Hai:warn y o5nrucy 

ds2  = (dui) 2  + a„ (du2)2, 

Aa je on,aa raycosa xpHBHua re noBpum oApeherla o5pacnem 

—  1 
 62  vQ22 

Van (01'1) 2  
Femme: Arco y H3pa3 3a xpEarmy (Bun npeTxoArni 3aAaTax), 

K=  _l[dil 0a22 \ 	c 	1_ 0 a11  
2V Lau' 	du' 1 au2  1Va ao 

craBHmo all  = 1, a =a22 , nenocpexm Ao5Haamo 

1 62 — 	22  , 

Van (0 u1)2  
IIrro je a Tpe5ano noxa3aTH. 

3aAaTax 209. (0Aemax 35., 3aAaTax 4.). HanHcaTH Koran.HjeBe jeAHatome y 
oxiocy Ha Amndje xprumHe yoaeHe nospmn xao xoop,AHHaTne 

Petueme: Axo ca x obeneommo xpasHay npoH3BorbHor HopMaJxHor npecexa 
Hospum S y Heicoj TaRKH P, TaAa je (SHAH 0Aemax 35., jezulawnly 57.) 

12„0  dx”  dx8  
(1) 

a.„8  dxY dx 8  

lipema Tome, 3a oApehm3ame npaBana dxe' craaHoHapHe Hopmanne 1(pm:in-
He Hmamo CHCTeM OA Am xomoreHe jermarnme. 5a CHCTeM nmao HerpHaH-
janna pemma mopa &am AeTepmmlairra cHarema jeasaxa HynH, Tj. 

(5) 
	

6.13 — x 4 4 1= 0, 

ojraxne go5ojamo Arse cranHoHapHe apeAHoerH HopmanHe xpr3HHe x i  H x2 . 
OHe cy, Aaxne, KaparrepHcTnqHH 5pojeBH TeH3opa bp 1c . CBaxom oA SHX oAro-
Bapa n0 jeAaH npaaan dxa, Tj. no jeAaH KapaxTepHarrprHH Berrop TeH3opa b ap. 
Kaxo je TeH3op bap czmeTynaaa, lberoBH xaparrepHarmillif 5pojeBH cy peanam, 
a xapaxrepucTritum BerropH oproroHamm. flpeMa Tome, y crtaxoj Twin' um:sp-
ina S nocToje Asa opToroHanua npaBna 3a xoje Hopmanna xpm3HHa Hma Hajae-
hy, op,Hocno HajmaH.) ,  apex:mar. TH HpasHH ce Ha3Heajy inaeflu apacuu nopmanue 
xpueuue, a HopmaAHH npeceiui Icoja rim oAToBapajy oApehyjy y caaxoj TagICH 
nos/3nm ,ase opToroHan:He xpmile nurmje xoje ce Ha3HBajy .euuuje xpuoune.  JIH-
HSje xpHBHHe, Anne, gime Ha nospuni mpexy opToroHanmax xpruntx nmartja 3a 
xoje y cBaxoj Touat norm= HopmanHa xpHinnia uma Hajaehy, OgHOCF10 Hajma-
rby BpeAHocT. Te Hopmaane ICIMBHHe, xi  H x2 , Ha3nBajy ce iAaeue xpueuue, a 
H>Hxose peruxnpo'me epegHourg 

1 
2 - x2  

inasuu nonyupetmuuu xpuculle noBpraH y yOgeElOi TaILKH. 

Y pa3BHjeHom o5namy AeTepmallanTua jeAHomma (5) je 

ax2 	a22+ b22 — 2  a12 b12) x + b = 0, 

HOKa3aTH 



1 b„ 
x, - = , 

R, ail  

1 b„ 
x= - - . 2   

Rz a22 
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r.ie je a = I ag,I= a„a„- (a, 2)2  H b = I be,0 1 = b„ b22- (b12) 2 . 
Kaxo je 	 gmnaje KpHBHHC ce onpehyjy HaTerparmjom mobepemmjague jegHamme (8), og- 

an =all,  a _AL = a22 ,  an = al2, 	
Hocno (9) H jegito3Haxmo Cy ogpeheme. 

a 	a 	a 	 Y cneuHjanwom cnyxlajy, axo 3a xoopmmaTHe mamje y3MeMo J1HHHje Km"- 
male, raga cy 1-maxorte jenHamme: npoe x 2  = const. H npyre x 1 = const. rIpema 

mozemo je aarmcarn y o5nHxy 	 TOMe, gpx npoe KOOAL1k1HaTHe JIHHIlje je dx 2  --- 0 H gyoc npyre dx' = 0, HITO Cy 

gllcbepemigjanHe jermaxmHe rallmja xpruame. ) -.1(a 5H, 3aaqH, xoopallaaTHe xplloe 
x2 - (an b,1 + 2 al2 b12 + a22 b22) x + 

b _ _. 
0, 
	 5Hne nxmHje KpliBHHe norpe5Ho je H ,210B0JbH0 na 5yge 

a 
oanocrio 	 b1, an - b,2 ail - 

(6) x2 ax(3 1,4 x 	.= O . 	 InTo CAM' H3 jegHammie (9). Osa Asa- ycnosa cy HgeHTH‘ma ca ycgormtvla 

	

a 	 b12 = a12 - npu xiemy cmo H3y3en3 cnriajeoe xan je noopui paean RAH C43epa. 

Ilpema ToMe, mo)xemo pehm norpe5aH 	 ycnoo na mmHje EpHomie 

Kopeuu orte jermaxame cy x 1  H x2 , na, no BHjer000m npasllny, moxemo nllcaTH 	 Gyny xoopmmarae xpioe Ha Hexoj noopum xoja HHje paaau Hu ccpepa jecre 
na dyne 

x, • x2  -= -
b 

, 	x, + x2 = acco bc, o , 	 (10) 	 1'12 an O. 
a 

ogaocHo 	
Comm oproroHanaa mpeoca Ha paBHH HIM ccpepH 3ag000sbaoa ose ycnone. 

b 	 1 	 Kag cy namije xpumme xoopmmaTHe nimaje jenaamma (6) ce coorm aa 

	

1  K- - x2 	 
a 	R, - R 2 	 x2  (b„ +b22 ) x ± b„ b„  

(7)  

	

I 	I 	 a22 	ail a22 

ao bar, = xi  + X2  =  

	

R, 	 IeP ie 

rge je K xpauma noopum Him Fayeorta xpramHa y Hexoj TWIKH, a Km  ce Ha- 

3Hma cpegiaa xpueuxa y Tama' noopum. 	 (I I) 

rnaoHH npaalla Hopmaglle xprolme ogpebyjy ce H3 jegHavame (4), Tj. 

b, dxP - x a, dx13  = 0, 

b2  dX - X a, la  dx0  = 0. 

Axo H3 OBHX jegnmrxma enllmalimnemo x, go5Hjamo jegllammy 

b1,a2i3 dza dxo - 0, b2r3  dxa dx 0  = 0, 

Hojy mozemo nanHcaTH y o5naxy 

b ia  dxa b2 ,,dxa 
(8) = 0, 

I a, c, dxa a2 „dxa 

HJTH y pamujeHom o5nHxy 

(9) (b„ a„- b12 a„)(dx')2  + ( a22 b22 an) dx 1  dx2  (b,2 a„- b22 a,,) (dx2) 2  = 0. 

IiIHTerpanae xpHoe one g4epeaulljanHe jermaxmae jecy .ammje xpHoHae 
noopuH. 0‘mrnermo je, HaHMe, na ammje xpamile mopajy 3ag000rbaoaT14 ooy 
gll(DepemaijanHy jegliammy. Mehyrlim. H3 jegnamme (8) mummo na he ona 

514TH 3BAOBOJbella He3aoHcHo on npanaua dxa y Asa cneunjanua cnygaja: 1) Nag 

je ba p = 0, y KOM cariajy je noopm pasaa, na ban° xoje nne oprorollanae 
npase y TaNKH panHH moocemo cmarpara 3a nllallje xpurame H 2) 'mg cy Qa-

HOCHe xoopmmare npoor H ,apyror OeHOBHOr Ten3opa nponopriHoHanHe, y KOM 

cnyxlajy je noopat cepepa, na 5Hno xoje opToroaagHe xpurce mamje y TaMKH 

c(1)epe moocemo emarpaTH 3a armaje xpllollHe. Y CBHM °Gramm cnriajeoHma 

0, 	b„ an - b„ a,2 = 

H a22  = -
1

, na je 
a22 

Kogalmjeoe jermamiHe cy o5nHxa (Bunn Oge.inax 35., jegHammy 52.) 

a b„„ a/4p  ba, i a 1_, b4 f a 
x, 	

= 0. 
xa 

	

1.01 	1 c, 
Kag Cy xoopaimaTlle .THHHje nHallje mmonne, c o53Hpom Ha (10), go5Hjamo 

	

db„ -b  I 1 +,.. 	2 
= 

dx2 	"11 2j 
V22 

 11 

b, 2  
u22 

2

2

1 	1 
b 
 2  12 	

°. 
xl 

1101UTO cy RooprmaaTHe nHHHje opToroaamle, Kplicrocbegorm CHM50.BH cy 

I  1= all [12,1] = -all [11,2] = -I.  [11,2] = 1 1 
()au  

	

1 2 	
all 
	2 a„ a x2  

1 1 

	

{2 	

1 1 d a 
= a22  [11,2] - -

1
[1 1,2]= - 	- 	, 

a22 	 2 a„ x2  

1 	 d a = a22 [21 , 2} = a22 [22, 1 ]  = 	_ [22,1] 	
I 
 - 

a

1 	

x
, 

2 	' 

	

1221} 	 a22 	 22  

	

I 	

1 	1 daze  
= 	

1 
au [22,1] = - [221] = - - 

	

2 2 	
, 

a„ 	 2 a „ xl 



Ca. 1 

222 	 III. Merpirixe penagaje. Teasopcaa alumna 	 35. Kpaeama amnia. raycoaa jeariamma. Koaangjeee jerammae (206 — 210) 223 

Kaxo je (Email ogex,ax 35., jen,HanHHy 38.) 

t 

	

dU 	. y' 
(4) 	 = kg  — 

	

dxa 	a x0 

rite cy aco xoHipartapHjaHTHe xoopnnHaTe npBor OCHOBHOF TeH3opa Holman' S 
bco  xoBapHjaHTHe xoopgnHaTe EbeHOT npyror OCHOBHOF TeH3opa, no5rtjamo 

= 6Y 1  — nb COO 
ax. ax. 	' 

a  Yi 
ax 

na rle xoopnaHaTe npBor OCHOBHOT TeH3opa (2) noBpam S 5HTH 

dyi 	, 	y 	y 
acc5 = (

a x. 
— nocia c? —a 

x-r 
 ) 

ax, — 
nb

ae 
 at° 

 ax" ' 

na ce KonaunjeBe jennanaHe nocne noronHax cpehHBan.a. mory HanHcaTH y 
°an:my 

ab„ 1 tb„ _l_b„\da„ =0  

ax, 2 a„ a, / dx2  

ab„ 1lb„ b„\da„=  

ax' 2 ka„ a„f ax' 

c o530pom Ha (11), y obnexy 

a /1 \ 1 I 1 	1 \ dloga„  0,  

axe \R,/ 2 \R, R21 axe 

d11\ 1 11 	1 \aloga„ 0.  
kR 2) 2 k R2  R,) x' 

HauoMena: Y maaTay cmo peva! aa je aoapin passe aaA je busi —0 a Aa je naval czImpa 
xaA cy oaaocae aoopaarraTe upsor n APyror ocaomor Tea3o13a aponopusomme. 3a ;loam 
OMR Taphea.a swami: A. II. Ai3eExapT: Yaoa y an4)eperaTajanay reomeTpajy, apeaoa: 
T. 11. Aahenah, Oatimuc 38., 3aaatax 1. a 2., }farina mars., Eeorpaa, 1951. 

3a,aaTax 210. (Onemax 35., aanarax 5.). ITC1TOCTaBITTH Be3y xoja HOCTOiTt H3- 
mOy raycomm xpEtroma y onaocalim Tagxama icon ;Ise napanenHe nottpum. 

Petueibe: Axo ce oncetran KoHc-raHTHe nyx<HHe nocraBe ,apx Hopmana Ha Hexoj 
rump= on Taviaxa Ha nospum, &the reomeTpHjexo mecTo H.HXOBHX npyrfix 
Epaja.Hx Tanaxa nosprn ca HCTHM Hopmanama xao gaTa nova'. Arse nospinn 
y TaxBom onHocy cy iiapaneme. 

OTWOCIJO 

	

a yi a y 	 dyi oyi acco — 2   2 naY 8  b, 7_ _____+ 

	

i ax" 6.0 	i Ox'Y dx2 

+n2  ea  a" bo b,, d"Y  i  i
axY dx" 

ILITO ce csonH Ha 

	

(5) 	 acgo — 2 	nb„0 + n2  bc,p boa  a8°. 

1/13 jenHanHne (4), xopmuhemem jenaa ,linie (2), aa Kooprnmare 
OCHOBHOT TeH3Opa imp= S Ao5ojamo 

gpyror 

(2) 

rge je 

(3) 

Y0911M0 gEte napanenne nospnuf 
S H S inije hello HopmanHo pacrojame 
o5enexcHTH ca 72. Y onHocy Ha Heim 
XtexapToB npaBoyrna CHCTeM EcooprcH-
HaTa, ca nonerxom y Hexom nony 0 
(c..4. 1), jenHaqHHa nospnill S je 

(1) 	y= y1 + nUl, 

rge cy Yt  xoopnEcHaTe Tanaxa Ha nospum 
S, n KoHcratrra xoja onpe4yje Hopmanno 
pacrojaEbe Hamehy Tanaxa nospunl S H 

S H Aeicaprose npaBoyrne xoopAH-
Halt jenHHHaHor Berropa Hopmane Ha 
noBpranma. YBohesem xpHBonnaHjciaix 
'mom:Haan Xa  Ha nospLullma (raycomx 
napameTapa), xoop.anHaTe meTpaxmor 
aopa nospxng S cy 

ay,  ay'  acco  
t a x. a x0 ' 

a yi ay' ±naLl' 
ax" ax" d)ca .  

(6) axa dx13.  

3a nospni S xoopnimaTe Tor TeH3opa cy 

(7) kip= 	
axe ax13 ' 
d ui a yi 

je 	Axo mine HcxopHcrEtmo penan,Hjy (3), no5Hjamo jep 

	

d Ui(dyi 	aUl 
— n), b"p = 	

ax" ax 	
-- 

	

13 	dxr' 
OXIOCHO 

hc3 = bc,5—n1 	au' 
, a x. a x0 

riaalf Ha necHoj cTpalra, C o53Hpom Ha (4), momemo H3pa3HTH y o5nEncy 

dEE 	 „ ay' , 	,dyi 
— = kr,. crt•Y 	0138  ass , 

ax" axi" 	d xp 	d 
OAHOCHO 

dUi 
t xa 	= 	 a y1  a yi b 0, day  

a x0 ax- 

(8) 

,E(PYrn 
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Kaxo je 

5Hhe 

d yi a yi _ _ = 
0.,‘P 

a =p2  a — pq ea? Oa a„r, by8 + q2  b, 

= r2  b + rs ea'Y 	aco  by ,s  + s2  a. 

Ut d LP 
= b„ boa Ce3 Y a°8 apo , 

ax2  dxp 
0,21110C110 

Ui 
= bay  bps  aY--. 

i  a xa x(3  

Axo OBO aamermmo y (8), go5njamo 

(9) 	 b„p = k o — nb c‘s  bocr  a8a 

5HCMO HOWICH11,14 =man y orsoj penaulljn, xao H penannj14 (5), Hapa-
Ha noroxinka HaHHH, nohH hemo Qa penannje (BHAeT14 oAe.rbax 35., je,a-

Ham4He 17. it 47.) 

Axo, caga, HCKOpHCTIIMO penanHje 

eaY eRa ao -r, = aa'f8  

K = —
b 

, b = aK, 
a 

jealla ,n4ne (17) 11 (18) 4( otimjajy o5.rmx 

(1=  (p2 _ pq.k.„2 q 2 K) 

5 — (r 2  K + rsK„, s2) a, 

1111H, ELKO p, q rlTs 3amem4mo Ha ocHoHy (16), 

(10) 	 K e c,o 	b„ bo,„ — 	boy . 	 (19) 	d = [(1 —,2 2 K) 2  — (1 — n' nK, (2 — nK„,) + n2  K (2 — nK„,)9 a 

Axo oBge 113Bp11114M0 KOM110314U14jy ca ao°, ,ao5Hjamo 	 (20) 	b =[(1 — nK) 2K+ K „,(1 — nK„,) nK + n2  K 2] a, 

K e„o z yc, 	= bay  boa  ar.a — 	boy  apQ . 	 0)1HOCHO, nocne cpehHHalba, 

(21) a= (1 — nK„, + n2  K) 2  a, 

(22) = (1 — nK „, + n2  K) Ka. 

I1;eo5om, o.aasze naxo HanaaHmo 

a 1 — nK „,+ n2  K 

111T0 je penauHja Koja ycnocTawba Bea) ,  Hamehy Faycomx xpHHHHa Hapane- 
.11?-113X no -spurn S H S. Y Toj penaw4j11, xao IHTO BilAHMO, olmrypinue H cpe-

Am °Ho 3amem4mo y (5) 14 (9), nocne H3BeCHHX cpebilHaa.a go5Hjamo 	 ,a14,a xpHHHHa K„, nospum S. 
HanomeHHmo, Ha xpajy, ,/:(a ce MO)Ke ycHocTaBHTH Hem 14 Hameln/ cpextaoux 

IC/314BHFla napanemmx nospum S H S. MehyTum, TO ce Ike TpaxcHno y °Ham 
3anaTxy H mx Ty Be3y HeheMO ycnocTaHnsaTH. 

Kama je 
eop eyo  a 	a„ 

bop 	= K„,, 

rge je Km  cpegma xpHrama HoHpuni (BnaeTH npeTxonHH aanaTax), no5Hjamo 

Kaay  =bay  Km  — b ac, boy  aa", 
co,Ekaxne je 

(11) 
	

bag  boa  a8a = bap K„,— a o  K. 

(12) dop = (1 — n2  K)a„0 — n (2 — nK „,) boa  , 

(13) 1;4  = (1 — 	boo + nKaoa . 

AeTepamairre TeH3opa aap H bap Cy 

(14) a = acas = —
1 

2 e'
Y  eps  aaa ars 

(15) h = 1  5 a,0 1 = 
2 

—
1 

eaY e 58  bap b ye . 

Axo y osHm penanujama aa p H 574  HapaaHmo npexo (12) H (13) 14 HpH Tome 
yHenemo o3HaKe 

1 — )4 2 K= , n (2 — nK,) = 

(16) 1 — nK„, = r, nK = s,  

36. 1Cpinoma upoc-ropa. Pnrdanosa Krismia. Ilpocropn 
ignismie 

3anaTaK 211. (Ogemax 36., aanaTax 1.). Y pal:41'0m npoci-opy je yHeic moryhe 
HanucaTH meTpwwy 4OpMy y o5aHxy (1), 

ds 2  = e;  (dyi) 2 , 

rje e. Hmajy apesaHocTH + 1 H — 1. Axo yaeaeMo Hoge xoop.aaHaTe penaunjama 

2L = re1 yL , 

15 Peureum upo6nenut H3 reuaopcuor pamyua 
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PIHTerpartnjom oBe jenHaqHme .Ho5HBamo MT° 3Ha9H wa cy °He HmarxHapHe, icaH je OAHOCHO e, HeraTHBHo, moNce ce Ha-
ma cpopma HanBeam y o5nincy 

ds.2 =  

03axri cHcrem xoopnHaara Koji! 3anoBon.aBa osaj ycnos y parwom npocropy 
3Bahemo nopmaime KoopocHafcie. 

licnca3aTH Ha TpariccDopmatutja je or cHcrema Hopmanwm KoopAHHara y 
xtpyrit Tun aacTem mopa Sum InnleapHa. 

Peuceme: Men:army cpopmy 

ds2 = (dz1)2  

xopHmheEbem AjmorajHoBe xouBeHuraje o ca5HpaH.y, moncemo HanHcarn y o6imxy 

ds2  = dz' 

Am) inn/311mm° TpaHapopmaunjy Hopmaniam icoop.rumara penaunjama 

ii= 

mina he merpainca cPopma y owHocy Ha HOBH cHcrem Hopmanmm ICOOpAHHaTa 
&TR 

dS2  = aid di k  dil 

Mebyram, 113 3axoHa TpaHotopmartHje ocanapHe HaBapHjawre, 

ds2  = d92, 
Ao5nBamo 

ak, crik dE' = 	dzi. 
Kam je 

d2 k 	
ik 

dz' 
a zi 

Suhe 
ik  

° kl 	dz' dzl = a dzi dz- , 
z' a zi 

()Anne cm= 

(1 ) 
	

° kl 	= `'1.1 • 
dik ail 

z 1  a zi 

oBy jengamuly AluDepeEm-spamo no zr, Ao6aBamo 

a2  zk a2 1  aZk a2  
la   —0, 

az' azr az' 
+ 

azi az> az' 

°mane cnenx (yBilha ce 3a jenHaxe BpeaHocrif Haaexca I H j), c o53Hpom na 

je —a 	0, Aa, 3a cse Bpemocrli nagexca, mopa 5HTH 
az,  

(2) 	—o. 
aziazk 

d2  z 1  

ail 
—(21 , 

a zj 

Lae je 	cncrem macTaRTHra 5pojesa (pear mx H.1111 HmarnHapHfix). 
Joni jeIHoM HaTerpagojom, 113 jermaHHHe (3) no5HBamo 

(4) 	 =aj zi + 

rne je H b' cHcrem xoncrawracm 5pojeBa. 
IIpema Tome, 3aribrwjemo, 113 jenHor affc-rema Hopmanam xoopHHHara 

moxcemo ripehH y Apyrif cncrem HopmanHtm icoopmniaTa camo .nwHeapHHm 'coop-
nitHaTHHm TpaHccpopmauHjaivla (4). MraBHate, 113 jeHHatrima (1) H (3) cnena 

Sk, al; = s„, 
na 3arrbriyjemo Ha cy inmeapHe HoopgrrHaTue TpauccPopmauHje (4) H opToro-Ramie. 

3aThaTax 212. (0.4eJbax 36., 3aHaTax 2.). lioxa3aTH ,/ra H xilneppaBaH 

a,y1 ±b=0, 	(1 = 1, 2, ... , N), 

oco5Huy eyiumgace Aso,rwmeHnioHe paBHH, na cBaxa npaBa Kg* cnaja Axe Talnce Te pasut nexcx mega y moj. 

rge cy AeicapTose npaBoyrne HoorkaHHare a a i  H b 'macrame, HMa no3Hary 

Peuceme: Y jegHalReni mareppamm 

(1) 

icoequigFrjeuTH a, cy KooppyffiaTe Berropa (BapHjaHTHocr Huje 5HTHa 35or gelcap- 
ToBor upasoyrnor cricTema xoopgRaara) xojH je ynpaBau Ha Awroj xHneppaBEH. 

AKO y mirreppaarie, ca jegaagmaom (1), yonHmo HBe Tarme, A (y iA) H B (A) , oHga he iblIXOBC icoopgarztaTe 3aBoBonsaBaTH je,rmalamy mineppaBHH, Tj. 5Hhe 

a, y'A d b =0, 
(2) 

ai yB-Fb=0. 

C pyre crpaae, mehymm, npaaa Kg* cnaja Tamce A H B Hmahe jemalmay 

(3) 

rge je a cxanapHll ivrHolcznau (npomeamacaR napaMerap). 
Berrop 

• 	i 	t 
te—Yn — YA 

ogpehyje upaBag gpaBe (3). H3 jeguaginia (2), ogy3amathem apse oA Apyre, 
,/10511samo 

(4) yA)= at 's' = 0 

(3) 

15. 
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IIITO 3Hal111 as  je sesrop 	ynpasaH Ha serropy ai , Tj. napasenaH saToj xxnep- 
pasHH. C o53Hpom as My spajibe Tasse newe y xrineppasHH, 3atosysyjemo sa 
Imo mopa nexcarn y xHneppasHH, Tj. nena npasa nexcH y saroj xaneppastuf. 

Osaj 3ass,ysas moxemo H3secTH 11 Ha spyrkt Ha'mII. HaHme, as 5H npa- 
sa (3) sexcasa y xrtneppasHH (1), tbeHe rase mopajy 3asosomasaTH jesHasimy 
sHneppastm. ,D1a je Taj ycsos 3alicra HcnyiseH BH,HH ce 3aMeHoM 113 (3) y (1), 

Tj. 	
a,[yA+A(yB— y iA )] + b = 0, 

jep je, Ha ocHosy jertHasHHa (2) 14 (4), 

a,y,4+ b =0, 	X a f(Ya — YA) O. 

3aaaTaK 213. (Orte.rbas 36., 3asaras 3.). Ilosa3a -ra Aa jesHosHmeH3HoHH pasaH 
soHTHHyym mopa 5HTH npasa JIHHHia. 

Petaeme: 3a Heim npocrop VN, 0,E1 N J3HMen3Hja, sa)se ce as je pasaH, axo je 
PHmaH-Kpvicrod)enos Temop R hjk  jesHas HyJ1H. Y TaKBHM ripocTopHma nocroje 
TaxBe soopsHHaTe yi (11 TO y swrasom npocropy VN a He camo y nojertHHHm 
EberosHm Tasxama) ce meTpHssa 4:•opma npocTopa mosce HanHcaTH y o5susy 

( 1 ) 
	

ds2  = e 2 e1' (d)31)2 
i=1 

rae cy eu)  HHAHxaTopH nojestunix sooproamara H Hmajy spesHocTH + 1 117111 

—1, a e oneT mirnisaTop sHja je spesHocT +1 RAH — 1, an yses TaKO ,aa 

6ple 1103HTHBHO BAH Hysa. 

Y Tassom csysajy yses ce mory ysecra Hose T3s. xo.moieue (Hopmasue) 
KooppluctiNe (n um 3a,naTas 211.) 

(2) 	 zl =1/e(1) 3,1 , 

ce, oHsa, (1) mosce HanHcaTH y o5sHxy 

d s2  = e 

	

	(dz') 2 =eS;J dz'dz t.  
i=i 

Y osassom nceysoeysanscsom npocropy, y some cy nojesmte soopsH-
HaTe z' HMarHHapHe, &the jesHasivia reorte3Hjcse sunntje (nonrro cy Kplicro-
cl)esosH cHm5o.ux jestiam Hy7111) 

(4)

 ortasse ce so5Hsa 

(5) 

r otte cy al  11 pi KOHCTaHTe, atm KOHCTaHTe al  Huey mehyco5Ho He3asHcHe seh, 
npema (3), 3asosonesajy ycsos 

(6) e ociy = 1, osH. 2 (ce)2 = e.  
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Y eysnx,scxHm na H y nceysoeyszHscsHm npocTopilma npasa sHHHja ce 
go:immne nmeapItHm napameTapcsim jestiasHHama. Y Haulm' csysajy 5Hhe 

(7) zi = a' t + bE, 	(i =1, 3, . . , N), 

rse cy a' H b' soHcrawre, a t napameTap, napameTapcse jesHasime npame JIHHHje 
(=wets) onora urro ortrosapa nojMy npase AHHHje y o5HsHom npocTopy). 

kb (7) so5Hsamo 

d z' = dt, 

N 
ds2 =edt2  2 (602, 

osHocHo 

(10) 	 ds= 	(a')2  d1 . 

143 (8) II (10) ce, satbe, sco5om so5Hsa 

(11) const., 
dz' 	ai 

ds 	e 2 (a')2  

a Ras ce oao ynopesH ca (5) SHAH ce as cy y nceysoeyssHncsom npocTopy 
()saw secimHHcaHe lipase JIHHIlie — reose3Hjcse 71111411je. 

Y osassom npocTopy os N sHmeH3Hja jesaa sHiteapna jertHasma, 

(12) a, zi + b = 0, 

ospehyje xxneppasaH os N-1 snmeH3Hje; Bes smeapHe jesgannHe, 

all) zi +Mu = 0, 

(13) 42) z ,  +13'2) = 0, 

ospehyjy nornpocrop on N-2 sameH3Hje H cHcrem JutHeapitax jesHasmaa, 

(14) + boo = 0, 	= 1, 2, . , N; A— 1, 2, ... , M; M <N), 

ospehyje noTnpocTop os N—M sHmeH3Hja. Baxmo je Aa cy call OBH noTnpoc-
TopH (rtecimpicaHH sHneapinim jesnasHHama) H camH nceysoeystutscsH y onurrem 
csysajy, Tj. pasHH. 

AKO ce yosH je,a110)=01MeH3HOHH non-Tom-op (jesHosnmeH3Hotnt sonTHHyym), 
asH y roptsem cmticny pasaH, Tj. rt4HHHcaH ca N-1 turHeapimx jesHasma, 
oHsa Tpe5a nosa3aTH sa je TO y cmHcsy (7) npasa rantHja. H 3aFtcra, axo ce 
y clicremy (14) sHHeapmix jesHasmta, rse Hma N Heno3Harxx zl a N-1 jesHa-
SHIM. (Hapasno He3asncmax), CTaBH, Ha npnmep, 

(15) zN = t+ p, 

rae cy a H p soHcTatrre, TaiIa ce 113 (14) mory H3pasyHaTH ()crane xomoreHe 
soopsaHaTe zx, A = 1, 2, ... , N-1, 

(16) zx = a?k t pX, 

na 

(3 ) 

d2  z' 

ds2  

dz' 
= 	zi = s + 

ds 

(8)
 raw 3ameHom y (3) .traje 

(9) 
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na ce npocrnm ynopehHaalsem BItan Ba (15) If (16) o5pa3yjy cHcrem y xome 
cy cse xoopgimare z', i = 1, 2, , N, ogpehelle nlineapitHm jegnaqinFama IIo 

napa[vierpy t, a npema gedHconaljE (7) To je y raxBom npocropy npaBa numja 
(H reoge3Hjexa HapasHo). H y onurrum eyxnuncxam npocropHma TO He mopa 
5BrrH o5H4Ha npaBa; y ,IlexaprosHm je yBex o5HaHa npaBa. 

3agarax 214. (Ogen.ax 36., 3agara1 4.). lioxa3aTE Ba  je y paanom npocropy 
110311THBHO Aecimarnie mei-mum ccpepa nonynpealma Hyna jegFra jeginla Tama, 
HOK ce y pasHom npocropy ca HHAeCIBIHHTHOM merpmcom ccDepa nonynpeqmaa 
Hyna nporexe HO BeCKOHBRHOCTH. 

Peuteme: Y paarom npocropy pitex je moryhe yBeCTH KoopagHaTe y ogHocy 
Ha xoje MeTpHliKa clopma rnacH 

N 

	

d 32  = 	e, (dy) 2, 
1-1 

rge e, y3Hma apegHoc-rH + 1 Fins - 1. Y Talo3om npocropy abepa, no ge4H4HH-
nHja, HMa jegHavally 

N 
e, (xi - 	= r2, 

1-1 

rge cy 	xoopgaHare genTpa ccDepe, a r men nonyr[peqHHH. Jeguaqana cotepe 
nonynpeqHHxa Hyna ca geHrpom y Tanrui a' je 

N 
el  (xi city = 0.  

/-1 

Y paBHOM npocropy HO3HTHBHO gecinninTHe merpme, C 05311p0M BB cy raga 
csa e, jegHarol + 1, Ta jegHaqinia rnacH 

N 
(xi aly = 

i-1 

mowe 5FrrH 3a4oBorbeHa canto axo je 

xi - a' = 0, 
OBHOCHO 

xi = ai, 

Ha calmly liera aamyyjemo Ba ce TaxBa ccDepa cacao Ha jepHy jeiumy 'may. 
Hem aamylax swim H aa Herann3Ho geclonurrny merpHxy, y KOM cnyqajy cy 
caH el  jegaam - 1. 

Y cnyqajy HHAVIMHHTHe merpme e, y3HMa apegriocTH + 1 H - 1. Axo 
yamemo Ba [meg:Hoar + 1 yalima M - 1 nyma, a apegHocr - 1 pima. N - M + 1 
nyTa, npa qemy je 1 <M<N, raga, nogecHom nepmyragHjom KoopasHara, jeg-
Halm* cd)epe nonyripeluuma Hyna mozemo HanHcaTH y o5nHxy 

M-1 
2 (xi — 	- 	(xi - = 0. 

1-1 	1.5( 

Hpecex Te c[Depe H nornpocropa 

	

xi = a', 	i01, M,  
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je npaaa .raja je jermaama 

x 1  - xm - (a1 - am) 0. 

C O63HpOM Ba npaBa npencrawha cxyn Taqaxa xOjn ce uporexce y 5ecxo-
Haimocr H Ha, y OBOM cnyqajy, Emil Ha noapanntH cd)epe, jep je go5HBeHa 
Rao npecex ccDepe H nornpocropa = a', i 1, M, aax.[Byqyjemo ga ce ccDepa 
uonynpennHxa Hyna y patmom npocropy ca HHgecleinarHom meTpHxom nporeze 
go 5ecxoHatulocrH, HITO je H Tpebano noxaaama. 

3agaraH 215. (Ogemax 36., 3agarax 5.). Hoxaaaria ga je y pasHom upocropy 
yaex H xHnep-paBau Helm paBaH npocrop. 

Perame: Y paBHOM npocropy je yBex moryhe yBecTH gexaprose npaBoyrne 
KoopBHHaTe yi. XarreppaBaH TaxBor npocropa je cxyn Taqaxa xoje aagoBoma-
Bajy jeBHauHHy 

a, y1 = b, 

rge cy 	b lip0H3BOZHH SpojeaH Taxsu Ba HHCy CBH a, jegHaKH 113.7J1H. YBe- 
ABM°, calla, HoBe geicapToBe npartoyrne Koopg,HHare yi, Taxo Ba xnneppaaan 
ca roprbom jeguatnaHom 5yge jegHa xoopAHHarRa paBaH, Ha npamep f = 0. 
Tana je, oqnrnegHo, merpHqica cDopma Te xuneppaBHH o5nrixa 

N-1 
dS 2  •-= 	(d7) 2, 

1-1 
OBBOCHO 

ds2  = Sig  dji dy".1, 

rge HrolexcH ymmajy spegHocra i , j= 1, 2, ... , N - 1. 
Ha ocHoBy oaora 3axmyqyjemo na cy Hooparmare merpaaxor TeH3opa 

xHueppaBHH KoHcraHre (jeHHHHHe tura Hyne), °game cnegH Ba cy HoopruniaTe 
Kpacro(DenoaHx cHm5ona, na, npema Tome, H PHMaH-KpIcTO(benoBor TeHaopa, 
jeAliaxe Hy.aH, Tj. xaneppaBaH gaTor pasHor npocropa je Taxohe pasau npocrop. 

3agaTax 216. (Ogemax 36., 3agarax 6.). rloxa3aTH Ba ce y ccpepanm nonapanm 
Koopgattarama. (r, 0, p) merpHqica oDop[via rpogHmeH3HoHor npocropa 110311THBHO 

gecinunrerHe meTpExe, Baja je Rpm:Hama jegHaxa 
R  —

1

2 
 , yBex mowe HanHcaTH y o5nHxy 

dr2 ± R2 sin2 (_.riz.)(d e2 sin20 d92) .  

HourraTH rpammy apegHocr oBe cbopme xag R Team 5ecKoHamocro H npo-
Tymaturra peaprraT. 

aujcx-oi ogariyfiatba. 
Peuteme: Y nruby perneFba onor aagarxa noTpe5Ho je )3,a yaegemo nojaM ieoge- 

Y Hercom pamallexom npocropy V N  On N glimeH3Hja yOLIHMO HeRy norspra, 
ggo)TameH3Hom3 pamaHmal npocrop V2 . Hapamerapcxe jegHaaHHe re nor:pule 
Hem cy 

= xi (u, v), (i= 1, 2, ... , N). 

na BO:am° Ba 
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Hocmarpajmo y VN 43am11nHjy reose3Hjciatx HHHHja xoja je o5pa3osaHa Ha no-
spturt V 2  113a5paHoj Ha TO omoryhyje. Hem u 5yHe napamerap trojH ce metba 
Hysc csaxe reone3Hjcxe HHHHje, a v napamerap KOjn je Komi-air-ran nyx csaxe 
reose3Hjcxe mullije. 

Hexa C H C' 5y,ay pale cycenHe (5nHcxe) reonenjcxe HHHHje na nospunt V2  
(311)414 cHHxy) ca napamerpHma V 14 v + dv. Ilosyammo '<pray AB y V 2  xoja 
npecena oproroHanHo reose3Hjcxe situnije C H C. HapameTap u Hexa 5yae 

HyscrtHa Hyxa mepena Apt( matte reoae3Hjcxe 
HHHHje oR Tasaxa A H B. Taga, c o53Hpom 

to+chr Ha cy norm v = const, reose3Hjcxe y VN, 5H- 
he copra y V, 

a 	0  
S u 

rae cy p" jerantrprHH serropri TaHreHara Ha 
reose3Hjcxe sHHHje, 

dxr 
= 

du 
, 

KOP1 3a,aososbasajy yCJI0B 

(1') 
	 a„,„7"p"— 

Lae je e= ± 1 H 3ose ce twarticarop npasna TaHreHre Ha reone3Hjcxy muntjy. 
3a TagKe P (Ha xprisoj C) H Q (Ha xpHsoj C') xascemo sa cy oarosa-

pajyhe ramce axo Hmajy Fiery speaHocr naparvicrpa u (mepeHor oR Twin A, 

ossocuo B). Hexa ..qt 5yae BH41/11HilTe314MaBLIII serrop PQ micas sa je 

xr Tir= 	dv, 
dv 

H 

(2) 

Tj. 	cy xooparmare serropa ynpasHor Ha xpasy C. Jennastma (2) 3w:11:maybe- 
Ha je csyna y V 2 , noruTo P mosce 511TH ma xoja Taints. Ha nospum V2 . 

HpomeHa xooparmara spx xpHse C je 

(3)
8-v 	8 i-dxr\ dv  

Su au 

jep je dv xoHarastrHo 3a nap reoae3Hjcxnx HHHHja C, C'. 
Mehymm, xaxo je 

S (axr\_ pxr 	r laxm dx" 	8 ax' _Sp' 

Su \ay) dudv ltnnfdv du 	8v 	J 8v 

jesHaIntHy (3) momemo HaratcarH y o5H11xy 

8 rir apr 
dv. 

S u 8v  
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Axo orty jenHasHHy anconymo )1Hcpeperntpamo no u, Ho5Hsamo 

a2  (4) 	 = f "r   
611 2 	614 \ 6V I CI 

V 

C o53Hpom ,aa je 
S2 pr 	82p, 	

r 	
axm ax. 

.„„„ 

auSv 8v8u 	du dv 
&the 

	

__S (aPr)+R' 	
mdx" 

auSv av Su 	 dv 

na jesHasrmy (4) moscemo Harnicarm y ()Emmy 

(5) 82  lr  —1 a  (aPr  ) +R ' . s„,„ps pm axldv. 
Sue L 8 v \ S u / 	 d v 

IIpBH m.naH Ha secHoj crpaHH ose jeattagnne, C 053Hpom Ha (1), jermax je Hymn, 
na, 3amett,yjyhrt u ca s, so5Hsamo 

8 s2 

C o53Hpom sa serrop ca RooprtHHarama 	xaparreprnue reorte3trjcxo 
oacrynarse, jegHasHHa (6) ce Hamm jegriattuua ieoge3ufotot ogailyrian,a. 

YKOJIHKO je npocrop ca KOHCTaHTHOM KPHBHHOM, TaAa je on morponaH, 
na je (sH,an orte.rsax 36., jeratasrmy 36.) 

R„„,„ = K (a„„as„— am. a„„), 
OaHOCHO 

.12`..„,„,=K(K„as„— 	a,„). 

3amersyjyhH oso y jermagHHy reoae3Hjexor oacrynarsa (6), C o53Hpom Ha jea-
HasHHe ( 1') 14 (2), Ho5llsamo 

(7) 	+eKr,r=0. 
82 rir 

ae 

YosHmo, calla, norse napanernmx jeaufuNnux sexTopa X,. y V2  sysc reo-
,ne3Hjexe unje C xojrt Cy Ha rby ynpaBHH. Kaxo je rasa ays: re reose3Hjcxe 
11111113je 

S X r  
8 s 

TO, exa.napnim mnosceFbem jeanamme (7) ca X,, so5Hsamo 

(8)
d 
— e Kly 0, 
ds 2  

rse je 
= 

BHTeH3HTeT serropa 	H 3ose ce ieoge3ujcico ogciftyuatae. 

(1) 

(6) 
82 7), 

R r.,„„,prp"■ 71n = O. 
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14HrerpanHjom jewsamnie (8), Ho5Huamo 

71=A sin (s Ve +Bcos(s Vs K), 3a e K> 0, 

-r) = As + B, 3a K= 0, 

= A sinh 	+ B cosh (s - eK), 3a eK< 0. 

Y cnyaajy xana o5e reQue3Hjcxe AHHHje Hmajy 3ajeHHHIncy ravncy, o,u xoje 
hello mepHin ,ayamay nyxa s (HHHH CJIHKy), Tarta 3a s = 0 MOpa 6HTH 7) = 0, 
na, Ha ocHoHy ropamx jenHaunia, 3a auconymy HpeHHocr reoHe314jcicor QacTy-
llama Ho5Hsamo 

1= A I sin (s I/a) , 3a e K>0, 

(9) 	= As, 3a K= 0, 

ri= A I sinh(sV- K) I , 3a eK<0. 

3a npocrope ca II03FITHBHO ile(1311MiTHOM 
merpmcom 5Hhe, c O53HpOM x(a. je e = + 1, 

0 	 (10) ri = A .1 sin (s Irk) I , 

(11) )7= As, 3a K= 0, 

(12) 1= AI sinh(s1/ - 101, 3a K<0, 

rHe je A HErrerpaunoHa xoHcraffra. 
AKO ca a o5enexcHmo yrao H3Meby reoHe3sjclanc nHaxja, Sae 

a = 	= [A acos (j/K)]sa0  = AVK, 
kds .5-o 

3a K<0. 
MH Tpe5a Ha oHpeHHmo merpHqxy 4OpMy y nonapmfm icoopHnHarama 

(r, 0, cp) T-p0AHMeH3HOHOT pnmaHcaor Hpocropa ca 1103HTHBHO Aeol)nwrniom mer- 

1 
pHKOM 	

2 
H KOHCTaHTHOM KpHISHHOM K= 

R 
 . Cana pHMaHCKH npocrop je HtHins- 

 
Hure3HmanHo eyx_rinHcicH. To 3HaaH Ha y cHaxoj ramcs Tor upocropa mo)xemo 
nocrararril noxanm gexapTos npasoynaH TpHjegap H y oznocy Ha mera Hp-
mum noicanHa pa3ma-rpaffia xopHcrebli cHa npamna eyx.wacxe reomerpHje. 
HMajyhH TO y BHAy, moxemo noByhu reoHe3Hjcxy JIHHHjY OP (H3 TaNKe 0 RO-
Kamior geicaprortor rpHje,upa) Indu je npaHau, y Q4Hocy Ha Taj TpHje,Hap, 
ogpebeH nompHEm yr.nofinma 0 H cp. TaHa he yrao mmeby we cyceHHe reo-
He314jcxe AHHHje, oHpebeHe npaHHHma (0, cp) n (0 + d 0, p  + d 514TH (311.4H 
cimcy) 

(15) 

(16) ON = OP = r, NQ= dr, NP 

rAe je reoile3Hjcico oAcTyrtaH,e aoje, Ha ocHoay (10), H3HOCH 

(17) 7)=Asin(LR ), 

jep je s=r H VIC= 1  . 

Ha ocHoHy (13) je 
a 

A _a= R a, 

na HcxopHCr14sHrn jegamay (15), 3a reo,ae3Hjcico QacTynaffie (17) Ho5m3amo 

= R sin (--r 	62  + sine 0 d cp2) 2 . 11  

H3 HHclunrre3HmanzHor npaHoyrnor rpoyrna PNQ cnextli 

PQ2  = NQ2  + NP2  , 

Tj., axo ca ds 0311a.IHM0 11114141HHTe3HM14IIHO pacrojan,e PQ, 

(18) ds2  = dr2  + R2  sin2 (r (d 62  sin2 0 dcp2). 

Oso je H3pa3 3a merpHlucy clopmy y nonapHHm KoopHHHarama rpoHnmeH3HoHor 
pHamattcxor npocropa Ca 1103HTHBRO Ae4MHATROM MeTpHKOM H 1103HTHBHOM KOH- 

crarxraom xprumHom —
1

, nrro je rpe5ano noxa3arH. R2 

3a K> 0, 

(13) 

3a K>0, 

(14) a = r1-1 	= [A y _ K cosh (s jr-770]s..0  = - K, 
ds s-o 

= (d 62  + sin2 0 d cp2) 2 . 

Oao npoHcrwie 133 Ti mbemlue Ha raj H3pa3 npeAcrawba pacrojaH,e H3meby gHejy 
cyceHmsx raliaxa Ha jeHHHHaHoj ccpepH y TpD.LRMeH3aonoM eyxnnAcicom npocTopy. 

rIpH,Hpyzaimo -swum P xoopHHHare r, 0, p, rHe je r reomajcxo pacrojamse 
OP, H ra,ucH Q xoopHHHare r + dr, 0 + de, cp + d cp. TaHa je 
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Axo H3pa3 (18) Hankunemo y canHxy 

sin2  (—r  

1 
ds2  = dr2  + 	(d 02  + sin2 0 d 92) , 

R2 

Tax@ 3a rpaHaqHy HpenHocT one cloopme Kan, R TexcH 5ecxoHatraoc-rm, 

sin2 (L-.  
R 

 (d 02 + sin2 0 d rp2) , 
1  

3a1aTax 218. (Onemax 36., 3agaTaK 8.). Iloxa3aTH na ce y TponHmeH3HOHOM 
1 

npocTopy KOHcTaHTHe HeraTHHHe xpkumte – — 
R2 ca 

HO3HTHBHO ,neltoHHHTHOM me- 

TpHxom meTpxqxa Itopma mowe y ccPepHrtm nonapaHm xoopnnHaTaMa HanlicaTH 
y obnincy 

ds2  = dr2  + R2  sinh2  (r) (de + sin2 0 d cp2). 

Petueme: Kao y 3anaTxy 216. Er y OBOM cnyqajy yoallmo ,a,He cycejaHe (5ancxe) 
reone3Hjcxe nfflmje xoje nona3e 143 Taqxe 0, noqema noxanHor npaBoyrnor 
AexapTosor TpHjenpa. YBoAehli o3Haxe xao Ha CJIHHH, 5Hhe ds2  = dr2  +lim 

Rao 

R2  
no5HHamo 

(19) 
	

ds2  = dr2  + r2  (d 02  + sin2 0 dp2), 

LUTO npencTawba H3pa3 3a meTpHqxy ■topmy y Tp0414MeH3HOHOM erunincRom 
npocTopy y ccipepHEm nonapHnm xoop,HHHaTama. To camo norapbyje qinhemnly 
Aa naTH pHmaHcfm npocTop y rpaHnquom nponecy, Kan R TexcH 5ecxoHaqHocTH, 
onHocHo Kan my xpitnroma TeAu4 HynH, nocTaje paHall, Tj., c o53Hpom na je 
110313THBHO meTpHxe, nocTaje Tp0HaMeli3HOHH eyxnlincm npocTop. 

3aaaTax 217. (Onemax 36., 3anarax 7.). 143HecTH Ha je y pinviancxom npocTo-
py Viv  KoHcrairrHe xpHalme K yHex 

R;j = – (N – 1) Kg ° , 

R= –N(N-1)K. 

Perueme: IlpocTop y xome je PHmaHona xpiumHa K xoHaranTHa je HcToHpe- 
meHo y cHaxoj Taqx11 H H3oTponaH, na je (SHAH oeiax 36., jenHammy 36.) 

(1) 	ds2  = dr2  + 7]2  

me je reoneanjcxo oncTyna-
ibe onpebeHo ca (3Hnx 3aga-
Tax 216., jenHaqHmy 12.) 

1– A sinh (s – K) , 

0,HHOCHO, C 053Hp0M ,r(a je 

reone3Hjcxo pacTojaHse OP = 

=s–r H na je V –K--
1 

, 

1= A sinh (—
r

). 

Rum = K 	gik  gu)• 
aryHa je 

R 
1 ijk = gh" R„,uk = K (gfin gf„,gik  – gbn gmk  gu), 

Ha ocHorsy jennaqune 14. y 3anamy 216., cnenH 

A= 	
a

– R a. 
V – K 

Tj. 

R I. ijk = K (85 gik  – ad . 
	 Mehyrlim, xaxo je (Haan 3anaTax 216., jennaquay 15.) 

Onanne cnenx 

0,HHOCHO 

R ii  = 1 
 =K (S I; – a 110, 

H3 (2) ,40514Bam0 

a= (d 02  ± sin2  0 d 92 ) i  , 

Rrj = K(g„ – Ng,,), 

nrco mo)xemo HanHcaTH y o5nHxy 

Ru = – (N – 1) Kg u . 
OnaHne, name,  cnenn 

R = g'i = – (N 1) Kgu go = – N (N – 1)K, 

HITO je H Tpe5ano noxa3aTH. 

1 

R sinh (21 )(d0 2 + sin2 0 dy) 2 . 

flpema Tome, Ha ocHoHy jcnulaamie (1), cana, no5HHamo 

d s2  = d r2  + R2  sinh2 
(R 

 (d 02 + sin2  0 d 92), 
R  

LUTO je H rpe6ano noxa3aTH. 



[If, 1]= –[II, J]= 1 a g„  
2 a x-r 

rne 2' 
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3aikarax 219. (One.Tbax 36., 3anaTaK 9.). lion3aTH na, axo HeKH pHmalicKH 
npocrop VN  HMa 120317THBHO nectIHHHTHy meTpmy H xoucraHTHy nomrrinmy 
xpHHHHy K, y memy nocroje icoopinufaTe y Kojrara ce merpHruca 4)opma Tor 
npocTopa moxe H3pa3HTH y 05.THIKy 

(dzE) 2  
ds2  – 	  

(1+ 4 K (z 1) 2)2  

Peateme: Y onHocy na HeKH opTorolianna cHcrem KoopgmHaTa, y pHmaHcKom 
upocropy, KooprumaTe merpHuor Ten3opa 3anoHozanajy ycHone 

(1) 	 Sri= 0, 3a 

Y onsocy Ha TaKBe KoopEniaTHe cHcreme, KoopnHaaTe KpHcrolle.nonor cHm5ona 
npne Nacre Cy  (mix(  3anaTa1 138.) 

K] = 0 

(2) 

1 ag„  
[II, – 

2 a xl , 
	(IOJOK), 

n &pyre BpcTe 

	

/K./} 	1/1 	2g„ 	' 
1  d  g„  

	

I1 1 d log g 	f I 1 1 d log  g„ 

	

1I Jj 2 ax' 	11I} 2 ax' 

Ha loamy Evan 3a maapHjaHTHe KoomenaTe PHmaH-KpHcroctenonor 
Ten3opa (BxaH onemax 30., jennarnmy 10), 

R 	gm, 	„)2 go 	gu 	o2 
° 	'" 

rijk  2 ka xi a xi ()xi axk axi axk oxi dz./ 

	

+ 	a] [1k, 	a][1.1, 

upeMa (2) g (3), no5Haamo 

	

RLIJK = 0, 
	(LOIOJOK), 

R 	
r– a2  Vg7/  a 	log al  	a logir  (L/0 K), 

um= I gll kaxL d xir a xL azK 	axK 	r 

	

a  ( 	 ( 1 / gi,L  
RLIIL 	

4 

	

= Y gllY gLL a X
L  ViTL,  a XL )1 	kiliL a 	) 

1  °IT!! VSLL1, 	(L0.0, ,„ g„,„, a  xm d 

o3Hagiaaa 35Hp y Rome cy 1430CTHILIbeHH IIIHHOBH 3a m = L H m = I. 
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Y pHmaHcKom npooTOpy, ca HO3HTHHHO Ae(j)lirffiTHOM meTramom H 1103H-
THBHOM xpHakatom K, Ba)KH penaratja (lltrai °nen:arc 36., jennaway 36.). 

(7) 

rlocrammo, cana, 3anaTax Aa onpennmo manapHy 4)ymarajy U =U (zi) 
TaKo 	meTpmma (Dopma 

(8) 

byte cl)opma Tor npocropa. Y oaHocy Ha TaKne KoopaHHaTe z', Koopn0Hare 

(9) 
U  

na, Ha ocHony (7), no5HBamo 

K 
(10) RUM = —

4 	
° LK °Id = - 

Ha ocHony oBora, H3jenHatnunnH Aecay crpaHy jejwavume (5) ca Hynom, no5H-
BaMO 

1 
a21 

) a (+) a log (k—ul  ) a (1) a log (-1  )1 

U a  zr 	zL 	ZIC 	oz .- 	zL 
\  U/ 	1 / 

o2 
u/ 

 (-1 	a (---
U 1 	u
1  a log1-1

/ 
 \ a (-1u ) a log kl----ul  ) _ 0.  

dzLazK dzL 	azr 	d zK 	d zL 

Mane maprueHor nkuDepennapaH>a, °mane no5HHamo 

dU 1 02U 	1 aU dU 1 dU dU –0, 
d zz. U 2  dzz- zic U 3 	d zx U 3  zz zL 

0,11310C110 

(11) 	 a2  U 
–0, 	(L OK). 

dzLazIc 

TaKote, Kopncreilli (9), H3 (7) Aoatsamo 

kHz. = —ul, lq—u1 2 8.uk – -&-21  aLL ail = – 

na, H3jegnatinnurn ono ca AecHom crpaHom jennawHe (6), no5nHamo 

1{  a  I a ()) 	( o (ii))  2  e(-1(7)  a (16)] 
,) zz, u  d 	d 	 U2   d zin a z'n 	U4 

 K, 

(3) 

(.1.0JK). 

I?„jk = K(g„ 	gtd• 

ds2 
	(dz iy 

1=1 U2  

meTimpulor TeH3opa cy 

OAHOCHO 

2 a U 
U3  a zK  
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OgHOCHO 

a ri 'qi)  	( a  (÷i) 	,
2 

a( \ a( \ 
LI) ku) 

aif 	a z. + a zr u  d 	 u a zm 	zm — 

Hoene H3Bpmellor glitliepeinimpaina, °gas= Ao5iniamO 

1 dU dU 1 dU dU  2 OLT dU  1  d2 U 

u2 a zr- d z". U 2  d z 1  z' U2  azL azL U azL d zL 

	

2 dU dU 1  d2  U ±z  1 au  au 	K _ _ _  
u2 a z1  d z 1  U a z' d 	m U 2  d 	z'n 	U2, 

 

OHHOCHO 

U dzLazi- 

1 	d2  U 

U a d zf „, U2  aim d zm 	U2  

1 d2  U 	1 dU  au 	K 
	+ 	 _ 

rge, caga, 	npegeraB.ba cymy 3a m = 1, 2, ... , N, Tj. y isoj cy cagmicami 

H HAHHOBH 3a m = L 1 in = I. OBy je, HagiiHy moxcemo HanncarH y oallincy 

du  du 
(12) 	

U 	d2U
— K +2 	• 

(azLazL. 	dz'azi 	m azm a zm 

JegHainise (11) H (12) npegeTainnajy namixjagHe gvicliepeininjagHe jegHa-
glnie 3a ogpehimaine eicagapHe cjiyHxuxje U. H3 rxx jegtiagiia, HanMe, ogpe-
hyjemo icaican mopa 513TH oarnix re cpyrnalkije ga 5H me -Timm (1)opma (8), y 
ogHoey Ha icoopginiare z', morga 511TH mermnina c)opma garor pHmaucicor 
npoeropa. 

113 jeguagmie (11) 3alubygyjemo ga exanaplla diyincinija U M0/33 511TH 

o5infica. 

(13) 	 U— X (0 + X(2)  + • • • + Xon  , 

npvi memy je 

(14) 	X(1) = X(, )  (z 1), X(2) = X(2) (Z 2), . . . , Xon = X(N) (Z N) 

113 jegHagmHe (12), y31majyhm ymecro minima L, peniimo, HHgeicc K, 
go5HBamo 

( 	 d2  U ± d2  U  ) 	a u a  u u 	 — K + 2 	, a zfc a zIc d zf d z' 	m a zm d zm 

a ogange, ogy3Hmajyhfi ogroBapajyhe crpaHe one jegHagene 11 je,HatIatie (12), 
cgegx 

- 0, 
,),La zz, a zica zx 

ocaocno, c o53apoM Ha (13), 

(15) 

oBe jeguaginie mox:e 514-rni cliyiunnija canto og zL, a gecHa 
ga mopa 514TH 

c)2  x(L) 	o2  x(K) — 2 a, a zL a zL 	zK a zK 

rge je a npoH3Bog,Ha noncraHra. 
Hpema TOMB, Hicrerpawijom jegilagmle 

a2 y L  
— 2 a, 

d 
Ao5nBamo 

a 
X(L)  — 2 azL + 2 bw, 
dzL 

rge je b(L)  npoH3Boaala (HHTerpaiwoHa) icoHcraHra, Joni jeaHoM mirerpagnjom, 
ogaBge goansamo 

(17) X(L)= a(z) 2  + 2 bui  zL + cw  

rge je H c(L)  npoH3somHa (Hirrerpauxolia) icoricraHra. 
Ha oeHony (17) H (13), cicagapHy yam-4W U mcnicemo H3pa3HrH y 

obnyncy 

(18) U 	X w = 2 [a (z1) 2  + 2 bw zi + cw], 

a ogaBge egegH 
62  U 

	 2 a, 	 2 a, 
az/. oz.', 	dedzf 

U au  — [2 az"' + 2 b(„,)1 2  
az. '" dzm 	m 

=2 [4 a2  (zi) 2 + 8 abw  + 4 b0. 

3ameHaniainem mix H3pa3a y jegHagimy (12), go5Haamo 

4 aU = K +1‘ [4 a2 (zi) 2 + 8 abo)zi + 4 bN, 

OAHOCHO, C o53Hpom Ha (18), 

2 [4 a2  (zi) 2 + 8 abw  + 4 ac(;)] = K+ 2 [4 a2  (z') 2  8 abw z' + 4 bU, 

°game cgegH 

(19) K= 45, [acw  — b'(201. 

Osa peganHja noxa3yje xaxiiy Be3y mopajy 3a,nonogaBarki 0Hrerpaotione icoHara-
HTe C(1). game, oHe He MOry 5HTH HOTIVHO ripoinisog.He, Beth mopajy 
3agoBwhaBar1 romsby peganiijy. Arco, noce5no, H3a5epemo Aa je 

	

h(1) — 0 , 	= 1 , 

16 Peuretuf rxpo6nemx 143 rexa0P 611or P.'1Yua 

(P.  U 	d2  U 

a2  ;17(L)  _  a2 T(K)  

a zLa z.L —  o zKa zK • 

Kaxo Ana crpana 
canto OJT zK, egegH 

(16) 



dYL 	1 	
II

= 2, ... , N - 2 Ve sin xa sin xN-L+ 1 
N 
n cos xo, 

xa 

- 

VEL 	 ccol3=1 	 a = 1, 	, N - L, 

yL 1 	 N-L 

= 
	I/E' cos X N L +1 	cos xP, 	 N- 1, a xN-L+1 VEL 	 0- 1 

= 0, 	
= 2, ... , N - 1 

dxa 	a=N-L+2,... , N-1, 

(9) 

C isin2  xi[( IT cos x-) + 2 (sin2 XN-L+  n cos xa + sin 2  x21 4- cos 2  xl = 
L=N-2 	 a-2 	 a nserone HoaTpaaapnjaaTne icoopnanare cy 

3 	2 N-2 	 N-L 	2 

C 	 0 

(12) 	 {gc{gap}

=1 
A-1 

0 	C (1-1 cos VA
2 

) 
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+ sin xl sin x3  cos x2  • sin x2  sin x3  cos xl - sin x2  sin xi cos x2  cos xl1 = 

N-1 	2 N-3 	 N-L 	2 
= C sin xl sin x2  cos x1  cos x2  (II cos x2) + 2 sin XN-L+I U  cos x) + 

a=3 	 L-2 	 a=3 

N-2 	2 
COS 2  XN-1 ( H cos x. + 

ct3 

+ sin2  x3  - 1 = C sin xl cos xl sin x2  cos X2   

N-2 	2 N- 3 	 N-L 	2 
+ sin2  xN-1 

 

iN-2 
 ri cos x.) + 2 (sin XN-L+1  n cos x.) + sin2  x3  — 
a=3 	 L=3 	 a=3 

	

= C sin xi cos x 1  sin x2  cos x2 {( H cos 	+ 
a=3 

N-2 	2 

N-3 	 N-L 	2 
 (sin xN -L+ 1 	cos xct) + sin2  

--= V, GC = 2, ... , N - 1. 	 L=3 	 a=3 

axa  

Cana cy 

N ( 	 N-1 	 N--2 	 N-L 

	

g11  = 2 El 
o ut )2 

= C[sin 2  x 1  n 	
2 

cos xa) + sin 2  xi 22 
	xN-L+1 Fl cos xa 

,-1 	axi 	 a---2 	 L=2 	 a=2 

4 	 N— 	\ 2 
C sin xi cos xl sin x2  cos x2  [(n cos x.)

2 	N-3 
 (sin xN -L 4-1 n

L 
 cos x.) 

a-3 	 a1=13 

+ sin2  x3  - 11= C sin x1  cos x1  sin x2  cos x2  [cos2  x3  cos2  x4  + 

+ sin2 xt sin2 x2 + cos2 xlI =  

N-2 	2 	 N- 
= C {s in2 x1 [cos2 xN-1 ( II cos x2) + sin2 xN-1  ( n cos x") + 

2  

am2 	 a=2 	/ 	 (10) 	 gap= 0, 3a a 0 p 

2 

N-2 	 N-L 	2 
+ 1 sin2 xN-L+1 n  cos x. + sin2  x2  + cos2  xi = 	 H 

L-3 	 c=2 	 J 	 (11) 	 gAA -C n cos x.)
2 

 . 
c 

ayN-1 	1 
re sin x2  sin xi, 

xi 	EN-1 

= L  re cos xi, 
x1  Veh, 

1
1 - 

 

sin2  x4  cos2  x3 + sin2  x3 - 11=0. 

Moace ce, yonnare, noxasaTn na je 

a-1 { N-2 	2 N-2 ( 	 N-L 	\2 
= C Isin2  x' ( 

=.2 
 cos x-) + 1 (sin2  xN -L + 1  n  cos x2) + sin2  x2  + cos2  xi 

a 	 rIpema Tome, x4  cy opToronanne KoopnitnaTe. Man:0ga meTpnrixor Tampa je 

= C {sin2  x1  [cos 2  x3  cos2  x2  + sin2  x3 cos2 x2 + sin2 x2] + cos2 x1} = C, 

N  0y1  yl 	N-1 	 N-1 
g12 	 — = C sin xl n cos Xa  • sin 	cos xi cos x0+ 

ax X2 	 a-2 	 D-3 

N-3 	 N N-L 	-L (sin x1 sin x2 sin2 xN-L+1 TI cos 	n  cos x1  cos x0  + 
L-2 	 a=2 	(3=3 

   

2 1- 

 

C 
0 

(13) 	 {e} = 

 

1  

C(

A-1 
 n cos x. 

   

    

     



pa3nHgHTH on Hyne, Ha ocHony (14), cy 

[22,1] - - [12,2] = C sin xl cos x', 
(17) 

A-1 	 2 
[AA, a] = - [a A, A] = C sin xx cos .x-cc fl cos xi3) , 

A 3, ... , N -1 

l ac -1, 	, A-1. 

PHMall-KPHOTOCl/eSIOB TCH3OP je 
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(14) 

H3 (12) ,r(oarjamo 

agi. = 0
, 

' 

A-1 
g AA 

 - 2 C sin xx cos xa H cos xo , 
oxu 	 oa-t 

r A - 3, . , N -1 

ac-- 1, 2, ... , A-1, 

36. Kprronna npocropa. Pgmanona Epaszna. IThocropn . . . (211 
— 220) 	247 

H iberoHe He3aBBcHe H og Hyne pa3JIHwre KomnoHewre cy 

	

. 	, 

A-1 	2 

RAIA1=--- C (n  cos x.) , 	A - 2, .. , N - - -1 
a= I 

... , 
A-1 	 2 

(19) 	 -RA 2 A2 =  C(FI COS X'') COS 2  X 1  , A -- 3, 	N-1 
\ a=1 

g AA  = 0 	f A = 2, ... , N-1 

6 .7ca 	1 a= A, ... , N -1, 
A- 1 	2 (I3-1 	)2 

RA BAB =‘ ri C 	cos 	
(H 

cos x5  , 
a-= 	 13=1 

= 4, ... , N- 1 
8 3, 	5  A - 

ag22 = - 2 C sin xl cos 
ex' 

62 g.ri  
Ory,ia cy 	 PH3lIFFIHT33 ou Hyne, Tj. 

x1' .x.si 

a2g22 	2 C (cost x1 — sin2  x1), 
a (xy 

A-1 
 62  gAA  2 C sin xec cos xcc sin x 0 cos x0 ( n  cosxi

)
z , x.)
2 

 , 
axcidx3  

^(cc. P 

a2, 	 A-1 
(15) °A ' - 2C (cos2 x1c - sin2xa) T cos X13) 

	

	
( A = 3, ... , N -1 

2  c)(xtt)2 
a#0•=1 	 1 CC = 1, 2, ... , A-1, 

a2 0.__ 
o  33  - 4 C sin xl cos xl sin x2  cos xz. 

oxl ox2  

KpHcrocDenoisH cHmoonia npne npere 

(16)
[,p, 	1 /ago?  agy. ag.0  

2 `ax. 	Oxo 	dz.  • )  

IlpHe Be,E 	jenHawifte ce, 113 (18), (1 7) 0 (15), naxo HenocpenHo go5HjajY, Aox ce Tpeha on jenHawnia (19) ,noblija Ha cnenehti Ha'IHH. 143 (18) je 

(20) 	R ABAB - 	6  gA -f- gp- ([BA, p] [BA, a] - [BB, p] [AA, a]). 2 d(xB) .2  

KopHarehn (15) H (17), 2o5Hjamo 

( A 1 	2 
sin2 xH) n  cos xa) + gAA [BA, 12  - RABAB = C (cosz xB 

noc=t 
B -I 

- grr [BB, 1] [AA, - 
r=1 

= C (c0s 2 xB - sin2 xB)( n  cos x.,) 	A-1 

(

B *a=1 

A -1 	 B -1 

grr [BB, Ii [AA, 11- • C2  sin2  xBcosz xB 	cos x(3)
4 
 — 

i313= I 	 = 1 

A -1

1  
C (0OS2  XJ3 — sin2  xB) 

B 
H cos x.)

2 
 c sin2  xB( 

B 

A-1 
cos  xec)

2 

#cc= 

{

A --- 4, ... , N -1 

p =1, ..., A-1 , 
oc3 

A -1 	2 	 1 

c(n Cosx- 
a= / 

)2 

B-1 
- grr  [BB 

r.1 

= 
 C(

A-1 2 
jji  COS Xc!) 

A-1 	 B -1 	
. , ri [AA, 1] = C(n cos x.)

2 
 — 1 grr c-,—., 11 [AA, 1] - 

a=i 	 i 
B -1 	2 	 A-1 - — C sin x 1  cos x' (1-1 ens x2) C sin x 1  cos x1 ( n  cos xo)

2  C 	 _ 
a = 2 0-2 

B-1 
- grr [BB, [AA,1- ] = 

r - 2 

(18) 

1( 02 g,),  + 	g,to 	 gp), 
R),aDy - 

2 oxccoxo dxYdxx OxPdx' ax2 dxT 

([4, P] [y),  a] - [0tY, p] PA, a]), 

A -1 	2 	 B-1 	2 (A - 1 	2 C 	ens x.) — Csinz x 1  n ens .x.") n  cos xR) — 
a-1 	 2 	 P=1 

B -1 
- grr  [BB, 1] [AA, 11= 

r =2 



C( n cos XI 	
1 

11 — [S812  Xr  n  cos xx)
2 
 - 

A-1 	 B-1  

al"-F I 
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C 
 (
11-1  COS Xa)2 [1 

a=1 

A-1 	2 

- C( H cos x.) [ 
a=1  

B-1 	 B- 
- sin2 x1  TT cos x*

)2] 
- 

1 
 grr [BB, 1] [AA, 11 = 

a=2 	 T-2 

B-1 	2 
- sin2  ( 	cos x.) 

A-1 n 2 cos  x.) {cos2  x13-1 cost x13-2 sinz xB —3 cost xB —2 cost xB —1 

B-4 	 B-1 
— [sin2  xr n cos xx)21 

r-i 

a=1 

	

1 B-1 	2 

	C sin x2  cos x2 	) 
c cos2 	 2a=1 

A-1  
• C sin x2  cos x2( fl cos x0)

2 
 - 

B-1 
 grr [BB, 1] [AA, n= 

zoo-1 	 P=3 

	

A-1 	2 [ 	

A-1 2 	

( 	

2 

13 —1 	2 

= C n  cos x.) 1_ sin2 x' 	cos „..)

B-1 

4=2 

B-1 	(
) n cos .X4') 	grr  [BB, n [AA, 11 - fl— C sin2  x2 

( i3=3 	a..1 

- (n
1 	2 
cos x.) [1 _ sin2  (n  cos 

2 	 B-1 
_ sin2  x2 Cuos xi] — 

B-1 

B-1 
— 	grr  [BB, 1'] [AA, 11 = 

r- 3 

=c, n  cos x.)211 _ 21 151112  xr ( 
aB 

 n cos Xc)2  

a-1 	 r- ...1-1 

(A-1  

- gB-1  B-1  [BB, B -1] [AA, B -1] - 

( 	cos 	1 _ 1 [sin2  x'( n  cos X2)2  

a-1 	

2 ( 	B-2 

r-i 	a=P+1 

B-1 

_ 

A-1 	
) 

 

C2  in2  141 	
)2 ( A.-1 

	

1 	
B-2 

cos2 xB —1 ( n cos x. 	1-I  
cos x") B---113-1 ...1 

( A-1 	2 

— C sin2  XB-1  n cos x.) = 
cc- i 

( A- 1 	)2 / 	B-2 	 B-1 	2 

= C n  cos x. 1 - 1 [sin2  xr ( n  cos x.) ]_ sin2 xB -11. - 
....1 	 r.o. 	a—T-1-1 

A-1 (2 

= C n cosCOS Xc' COS2  XB-1 — is n2 xB-2 cos2 x8-1 — 

a=1 

B-3[ 	 B-1 	2 

— 2 sin2 xr ( n  cos x.)11= 
P -1  a=1"-1-1  

A-1 	2 
= C n  cos xa) {cos 2  xB-1  cos2  XB —2  COS2  X13-3  — 

a=1 

B -4 B-1 
— [sin2  xr n  cos x.)21 — 

1-' ■• 1 	 a=1"4-1 

	

= C(

1 	2 {(13-1 	 1 	 B-1 n  cos x.) n cos x.)
2 

 — [sin2 xr n  cos xcc)
21

1= 

	

a-i 	a=2 

	

B-1 	 B— 	2 
= C( 

A-1 
 n cos x.)

2 (( 
n  cos 

)2 
_ sin2 x1 ( n  cos x.) I = 

a-2 

2 

	

A-1 	(B-1 	2 

	

) 	 _sin2x1)  
a=1 

	

A — 	2 B-1 

	

= C n
1 	( 
cos x.) 	cos X0)2, 

'rnMe je noxaaaHa Tperia oq jenHamma (19). JenHatume 
y o5nHicy 

2 A-1 
RA1 Ai C (n cos x.) , 	A=2, ... , N- 1, 

	

A-1 	2 (B-1 

R BA =  C 	cos xa 	cos x0 2  

	

A D 	n 	 , 

	

IX= 1 	 p=1 

,aa 5H ccpepa (3), onH. (6), 5inina upocrop iconcrairrne xpaHHHe noTpe5Ho je 
H AOBOMI10 na Hawn 

(22) Ragiy == K(gp,5 gay  - gsy  g,g3), 

rAe je K Hem xoncrairra. ITHoljemem Ten3opa Da«0y=gpa gay -gay gap, (22) 
nocraje 

(23) /28,43,--K.Dacch.• 

TeH3op Dopy  sma ucTe oco5iffie xao H R84 y . . lberoHe HeBaBacne H oxA Hyne 
pa3nntniTe KomrioneHTe, Ha ocHony (13), cy 

( 

	

A-1 	2 

DA1 	c2 n  cos x.), 	A- 2, . . . , N- 1, 
a-1 

	

A-1 	)(B-1 

	

DABAB= C2 ( n 	
2 

cos x. n  cos x
0)2

, 
a= 1 (3= 1  

—3 

B-2 	2 

c(D  

a=1. ÷1 

(19) ce mory HarcHcarn 

(21) 

2 
cos xa 

= 3, . . . , N - 1 

A-1, 

(24) 
{ A =3, ... , N - 1 

II= 1, . . . , A - 1. 
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H3 (24) n (22) cneAn 

(25) 
1 r, 

Raapr  = 

gnme je AoKa3allo Aa je ctlepa (3), wart. (6), npocTop KoncranTne xpaninie 

(26) 
	 1 

C 

Hyna xonyc je y cnriajy minednnurrne meTpoxe cneanjanna cariaj c(j)epe, 
one 3a xojy je C=0. Pa3maTpajyhn mina xonyc xao rpanninin cnriaj ccbepe 

C—o- 0, mowemo pain na je myna xonyc npocTop xoncranTne becxonagne 
xpinnme. Y TOM cmllcny myna xonyc je ananoron mum npocTopa Aectimnime 
merpnxe. 

IV. HPHMEHE Y MEXAHHIA14 

37. Sp3HHH H y5p3ame T291Ce 

3anaTax 221. (Onerbax 37., aa,gaTax 1.). 
jatrrne H C1)1431I9Ke noopannaTe Beicropa 
CKHM, 5) cd.rerinm H b) CHMITIPHCHM KO O 

0):(pe,anTn sonTpasapnjairrne, Iconapn-
5p3rme H y5paana y: a) nunkninap-

pannaTama. 

Peuteme: KonTpasapnjarrrne KoopmmaTe 

paffiem Roopnrinara no Bpemeny, Tj. 
sex-Topa Spume Ao6HBaMo ninDepenun- 

(1)
dx' 	, 

dt 

KonapnjanTne xoop,annaTe nexTopa Spume no5nnamo H3 xonTpanapnjanrnmx 
ICOM1103HalliOM ca meTpwncnm Tenaopom, Ti. 

(2) v,— g u y/. 

Y oanocy na opToronannn cnc-rem xprmosininjcxxx icoop,ansaTa, clstamme 
RoopnnnaTe serropa 5panne moxcemo ,10611TH H3 xourpasapnjanmax, 

(3) v(0 = Vg„.vs, 	(He cymnpaTE), 

Ran xonapnjanninx, 

(4) v, 	gu y./ 
vw =   , 

gii V Su 
(He cymnpaTn no i). 

Kosapnjairrne xooprninaTe Berropa y5p3ama go5mBamo ancosyrnlim gintie-
peurtupan,em no Bpemeny Kosapxjannmx xoopganaTa BeKTOpa 6p3mire, Tj. (Blinn 
oae.Tbaa 37., jeanwinny 9.) 

1 s v ;   dv, _ j 
v,vk =,g ij ii —[ij, lc] vi vk. 

a t 	dt 	i k} 

Komnoanunjom ca meTpn‘ncnm Tenaopom, H3 xonapiljanTnnx xoop,annaTa 
no5nBamo xonTpanapnjamne Roop,annaTe nexTopa y5p3aTba, Tj. 

(6) 	 gij w .  

(5) 



T= 
2 

—
1 

(02  = 
2 

—
1 

gij 

(10) 

T 
= gu  

ehti 
2  

a  g22 1 
W 2 =  g22" 

a xl 
' 	- 

Axo yaw:tem° o3Haxy 

THAH je 

OFFHOCHO 

Ha ocHany oBora H jenHalmHa (9), 3a KonapHjaHTHe xoopuniaTe Herropa 
y5p3a1ia Ao5Haamo 

•1 0g11  / i 	[Ogn  • 	a  g22  • 	ag33 
W1 glI 	 X X 

d 	2 	xi 
(x1)2 + 

a xl 
(x2)2 + 	(-*3)21, 

Tdx2 

	w)2 
 ex

• 

422  (k2)2 • a g33  (.02] 

2 	 ' 	a x2  

g33  
W 3 =  g 33 3°  + 

xf 

d 'a' '.  

Vick  axle 

Kam je, meyrHm, (Bsnli ()Amax 21., jeHHatnnry 6.) 

g, 
=[ki, 

xk 
Ao6HBamo 

1.11,3  

2 [ a x'3 

11 (i1)2 4 

 a x3
2 

▪  

2  (2)2 +  a  g33  (k3)21 9  

x3   

a oHanne, Ha ocHoHy (6) E (7), moacemo a05HTH xonrpaaapHjanTne H (pm3wuce 
xoopaHHaTe newropa y5p3affia. 

a) gimurigapcxe ;coop gutictoe. Y clicTemy HH.numaapcicHx icoopAHHaTa r, 0, 
Z, KoopHHHaTe meTpHzucor TeH3opa cy (HHHH 3araTax 115.) 

252 
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a T 	 d a T dk 
— =g3 , ±3, — (—) - 	33 1  ±3  + 8,33  V, 
a 3 	dt a X 3 	a xl 

4  T 	1  [ a  gl I (,,, 1)2 _i_ 422 0,2)2 a_  g33  (0) 2 .g. 	, 	,.. 	, 	 ev 	] 9  

a xi 2 a xl 	6 xl 	a x 

a-r 	1 [agn  (1.1)2+  agn  (±2)2 +  (433  (021, 
ax2 2 d x2 	a x2 	a x2  

. 3 C) T 	1 [agi 1  0.c1)2 + ag22  (k2)2 ± a g3, — (x (X3)21 
= 

a X3  2 d x3 	.3 x3 	a x3  

coHaocy na opTorommut cncrem icpfinonHanjcima moopanHaTa, (1)1131PIICe 
KoopasHaTe Hex-Topa y5p3aEba moxcemo A o5HTH F13 xonapHjaHTHHx, 

(7) ww= 	9 
	(He cymHpaTH), 

V gii 

HJIH KoaTpasapHjaHTEffx 

(8) W(i)°Y g i ,w1, 	(He cymapaTH). 

,Lka 5Hcmo H35ernH inpagyHaname Icoop,annaTa KplicrotpenonEx cHm5ona 
npH H3pamyHaHaffiy KoHapHjaHumx xoop,HHHaTa Herropa y5p3aEba, H3pa3H11emo 
FIX Ha npyratuljH Ha.naH. 

d (4- 

	

-d7 	= 	+ ([ij, k]+[jk, il) 

VicTo Taw je 

- 1  a 	g ik

X ,
5ck = 	k] + [ki, j]) 	= [if , k] ±j , 

	

()xi 2 Oxi 	2 

{gi,}={0 

0 

1 0 0 
O 0 

1 
r 2  0 , {gii} = 0 —2 0  

O 1 
0 0 1 

na, Ha colony (5), go5HHamo 

d (a 	(Yr 

dt 	c) xi 
(9) 	 — —7  - 	= 	- [ij, k] V./ V k  =W 

Y opToroHanHom cHere 

2 

 my xoopniniaTa je 

[gi  (.*1)2 g22  (5c2)2 g3  3 (±3)9 

na Ao5Haamo 
d 	 gn  

aXl 	di l0±2 ) = a xl 

T 	aT 

	

gn g2 ' d 	= 	 g22 2  0 ±2 	dt a 	a xl 

KonTpaaapHjaHTHe KoopAHH,aTe 5p3Hue, Ha colony (1), cy 

= {VT, vo, Vg} (r, 6, 
KonapHjairrne Koop,aHHaTe 5p3Hue, Ha ocHoHy (2), cy 

{v,} = fv„ ve  , 	r2  6, 

(13143I9ICe KoopAimaTe 5p3HHe, Ha ocnony (3), cy 

{v(+)} = {v(r)  , v(o) , vu.)}- {r.  , r 6, z}. 

Ha ocHoHy H3pa3a (10), 3a icoHapHjaHTHe xoop,HHHaTe Herropa y5p3aHA 
go5lisamo 

- r 62, 

we  = 1.2  6 + 2 rr.  6, 

wz = z. 



0 	0 

0 {g"} 
1 

r2  

1 
0 

r2  cos2  0 
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KoirrpanapnialiTHe EcoopEmHare nexTopa y5p3aEba, Ha ocHony (6), cy 

= - r 02, 

(12) 	 we=6-1--i. 6, 

= Z. 

OtH3Emxe mopmmaTe nerropa y5p3aH,a, Ha ocHony (7), cy 
.. 	• 
- r 02, 

• . 
wm=r6+ 2r 0, 

Wu) = z.  

5) COepie Koopgunal.72e• Y clicTemy ccDepEmx nonapErnx imopEtHHaTa r, 0, 
KoowEHHare meTpinicor TeH3opa cy (mum 3anaTax 115.) 

0 

KoHipasawijaHme xoopAHHaTe BelkTopa 5p3HHe cy 

{vt} = {vr, ve, o.}-{i, 6, 4)}. 

KonapHjaHTHe RoopnimaTe Belcropa bp3HHe, Ha ocHony (2), cy 

{v,} = 	, ve , 	= 	r2 0, r2 cos 2  Op 1. 

0143mixe KoopmmaTe nexTopa 5p3inie, Ha ociiony (3), cy 

{v (0) = {v(r) , v(e) , v(9)} = 	r 0, r cos 1341)}. 

Ha ocHoey penarmja (10), 3a iconapHjairrHe mow:mimic Berropa y5p3alba 
Ao5pagamo 

w, = r" .  -r6 2 -rcos2  92 , 

(14) r 2  + 2 rr + r2 sin 0 cos 0 

wG,= r2 cos2 0 + 2 rcos2 0;. p- 2 r 2  sin 0 cos 0 0 co . 

KoHTpanapHjaHTHe icoopEitmaTe nerropa y6p3aa.a, Ha ocHony (6), cy 

wr= - r0 2 - rcos 2 0 

(15) we -0 + 2  r6 +sin ()cos Ocp. 2 , 
r 

= 	- rcp -2tgOocp. . 
r  

37. Elm= B y5p3a3se Tawe (221 - 223) 

cpx3wire roopAHHaTe Berropa ybparba, Ha ocHoBy (7), cy 

- rO 2 -rcos2 0 

(16) 	 woo  = r(4+ 2 r. 6 + r sin 0 cos 69. 2, 

ww = r cos 0 cp-  + 2 cos 0 r - 2 r sin 0 ö 
B) EnuiTaTaizace KoopgunalTie. Y CHCTM eBNIITTIVICHX 'coopgHHara 

KoopEraHaTe meTpmmor TeH3opa cy (Bang 3anaTax 115.) 

2  (x2 p.2) (v2 1,2) 
C  	 0 	 0 (1 to) (1,2_ p.2) 

(x2 	0,2 1,2) 
0 	 C2 	 0 

(1 - v 2) (v2 - k2) 

0 	 0 
	 C(x2 v.2) (A2 

(A2 
_ 1) 	k2)  

KoarpanapHjaHTHe Koopmatare Berropa Spmnie, Ha ocHoBy (1), cy 

{v1} = {vP, vV , vx} = {11., 

KosaprijairrHe xoopnimaTe Belk-Topa 5p3Eme, na ocHony (2), cy 

{vi} = {vv , v„ vA} = {g11g
22 g33  

413Erixe mopnimaTe Bet:Topa 5p3HHe, Ha ocHony (3), cy 

{v(1)} = {v(0 , v(0 , vm}..-- {V„ g1.t.  , 	Vg7„ 5%}. 

Ha ocHony penal Hja (10), 3a iconapHjaHTHe KoopmmaTe newropa y5p3an.a 
no5imamo 

V.+ -671- E-L av  +
x 

•• 	(ag„ • 	ag„ • ag„ •) 

2 Oil 	op. 

	

1 (ag„ 	
v  -

2  ag22  2 4  ag33  i2) 

	

(17) ws• --  g22 V  + 
• (022 	g22 , ag22 

-- V -r 

	

OX 

	

2 

(a

ay

„  2  dg22  • , ag

dv 

 • 

	

+-- 	X 2), 

g„X+ 	+a-233 	ag33 1
J 

1 tag„ • 2 6822 2 a g33  

	

2 lOA 	
+ 	+ op. 	av 	X 

	
OA 

KoHrpaBapHjaHTHe Boop,allHaTe, Ha OCHOBY (6), cy 

+ l2  Ogo 

g \ 	ay 
• 	agl 1 • ) 	I 1  (011 1,2 a g22  2 _i  a g33  2) , -- 

OX 	2 	 p. 

;; 

▪ 	

(ag22 IL* ..t..dg22 
	

ag22  a\ 	1 1  (411  v.. 2 + a g22  2 + 	2  ) 
dA 1 2 	 g„\ av 	 v g22 OIL 	ay 

lag„ • 	d 	+ ag„ j, \ 	(agi ,  • 	g„ • 	ag - 	 2 	33 	2 , 

	

X ) 2 g„ aX 	d X 	OA g„\ al. 

(13) 

{gu}={ 0 

0  

1 	0 	0 

1 , 0 r2 cos2 0 

255 

v, X, 

{gu}= 

(18) 

wIL 

= 

NIX  = 
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a ..,..d,H3IFIKe, Ha ocHorly (7), 

• 81111. • 	 11+42g11 	g it ?)._ 

1/g7, a 1.1. 	v 	6X 

11 (agn 	ag22 2 + ag33 i , 

2 V g„ au 	aN. 	ay. 

, v (( 422 	, 	22 	(422 
W 6,)==11-g;V 	 --r - -r 

g22 	11. 	ay 	X 

tagn  Liz+  ag22 2 + ag33 	, 

2 Vg22  av 	a v 	av 

woo  = Irg;-; + „L" 	+ 	+ 
J 33  a p. 	av 	ax 

1 	1   (agit  •2 ag2..  2 ag33 

	

± 	V ± 
	2

) • 

2 Vg33  ax 	ax 	ax 

3w:11a= 222. (0,rte.malc 37., 3a,aaTax 2.). 0):(peAHTH HHTeH3HTeT BeICTOpa 5p3WHe 

y6p3aMa y: a) uHnHEnapciand, 5) c.(pepnam, a) ennnTrepumm IcoopnimaTama. 

Perume: KaanpaT HHTeH3HTera Berropa 6p3HHe onpebeH je H3pa3om (ULU 

onemax 37., je,ariammy 7.) 

(1) (v)2  = gij  ict 

a ImanpaT EHTeHurreTa nes:Topa y5p3ama je 

(2) (w)2 	wi wp 

rue cy w1  iconapHjairrae KoopnaHaTe Berropa y5p3ama. 

Y onHocy na opToroHanHa cacreM KpHnomanijcKax KoopnunaTa y Tpo-
ATIMeH3130110M epuntncKom npocTopy, KoopnimaTe merpHmKor TeH3opa Cy 

0 
g11 { g" 0 0 

o} 	 0 g22 	0 , 
0 0 g33 	 0 0 g33 

 {gu} = 0 g22  0 = 0 — 
g11 0 1 

(3) (g 

- 	
g22 

0 

n  1 
v — 

g33 

Ha KBanpaT HHTeH3HTeTa nerropa 5p3nne Nu:memo H3pa3HTH y o5nnKy 

(4) (v) 2  =g„ (±1)2  + g„(t2)2  + g„ (V)2, 

a Belcropa y5p3ama y o5.3uncy 

(w)2 __. _1 0,02 + 1 _ (w2)2 + 1 _ (w3)2 . 

 g11 	g22 	g33 

a) Ifunuigapcce KoopguxalWe. Y cHcTemy itarimulapcicrax KoopAHHaTa r, 0, z, 
KOOpAHHaTe NIeTpHLiKOr TeH3Opa cy 1 1 0 0 

1 
{go} - 0 --- i- 0 , 

r 
0 0 1 

na, Ha ocHoay (4), KnanpaT narrea3wreTa sex -Topa 5p3HHe H3HOCH 

(2))2 = 	r2 62 ± 

°am= 3a HHTeH3HreT Berropa 5p3HHe ,ao5R8amo 

v __(?2 +r2 62 4.i.2)2 .  

KonapHjaHTHe KoopxmaTe newropa y5p3ama 03Han npeTxonaH 3anaTaK) cy 

w,, = - r 0 2 , 

we = r2  + 2 rr , 

na je, Ha ocHoay (5), ima.npaT HHTeH3HTeTa Berropa y5p3ama 

(w)2 = _ r  6 2)2 ± 1 (r2  + 2 ri 6)2  + 
r 2  

04HOCHO 

(w) 2 	- r 6 2 )2  + (r + 2 r6)2 + 2, 

()num 3a HHTeH3HTeT BeKTopa y5p3ama Ao5Hsamo 

-r0 2 )2 4-(r6 +2;.6) 2 ±?] 2 . 

5) COepue icoopguriarae. Y cHcTemy ct.epaux nonapHmx KoopnnHaTa r, 0, cp, 
KoopnnHaTe Me g: 	Ten3opa cy 

	

1 	0 	0 

	

1 	0 	0 	 1 

	

{g,j} =  0 	r2 	0 	, 	
{go} = 0 

r2 	0 

	

0 	0 r2  cos2  0 	 1 

	

0 	0 	 
r2  cos2  0 

na, Ha ocuony (4), KaanpaT HEITeH3HTeTa BeICTOpa Sp3HHe H3HOCH 

(02 =  ,.2 + r 2 62 + r2 cos2 42 ,  

onaKne, 3a HHTeH3HTeT Berropa 5p3HHe, no5nnamo 

v = (?2 + r2  62 + 2  cos 2  0 cp.  2). 

ITyamenn npofinebna H3 Ten3opcxor paynna 

(19) 

1 

(5)  

I 0 0 

={ 0 r2  0 
0 0 1 
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KoaapHjabrrHe Kooparmare Berropa y6p3aEba (Brun nperxonEm 3aBaraK) cy 	 ria je iia, ocHOBy (5), imaripar inireH3Hrera Berropa y5p3ana 

wr  = r - r 6 2  - r cos2  0 cp.  2  , 	 1 	I 	I 
01.02  ± — (14Q 2 (MY, 

	

We = r2  6 + 2 r i 6 + r2  sin 2 0 so2 , 	 g11 	g22 	g33 

	

14,,, = r2  cos2  G rp + 2 r cos2  6 r p - r 2  sin 2 0 6 (i), 	 ogarne, 3a HHTeH3HTeT Berropa y5p3a.ma, rio5HBamo 
i 

na je, Ha ocHoBy (5), rBaripar inrreH3Frrera Berropa y5p3aFba 
w= i  (w0 2  ' —I  (wv) 2  + --1  (w7,) 2 2  

	

gii 	g22 	g33 

3aHarar 223. (Orterbax 37., 3ariarar 3.). Axo je v HHTe11311TeT Beicropa 6p3HHe 
norperHe ragre, noxa3arki ,na je yBeic 

dv 
w cos 0, 

dt 

rue je w furremwrer Derr opa y5p3aH,a re ramce, a 0 yrao inmeby Berropa 
5p3Fme ii y5p3aiba. 

Peuteme: Axo jegrimman Berrop ranrewre Hyratbe noxperHe -mare o5enexcHmo 
ca ti, 1111TeH3FITeT Berropa 5133ime Hoicperae ragice mo)remo H3pa311TH y o5runcy 

(1) v = gu  vi ti, 

oriarne crierm 
B) EintiaTtutme Koopgtotaiae. Y cncremy ermnrwucHr Roopromara 	v, dv a v — (g, v' ti) = go-

8 
(v1  tf), roopniinare umrputmor ren3opa cy 	 dt at St 	 8 t 

	

2 (-A2 - (0) (v2 - 1,2)
0 	 0 	

OralOCHO 

(1 - p.2) (k2  -().2) 	 dv 

0 	 c2 
 ( _A v2) (v2 _ (0) 	 (2) 	 - 	

a v 	8 ti

dt 	 ' at 

 i 
+ go  v. — . 

	

(1 ,2) (v2  k2) 	
0 	 8 t 

0 	 0 	e2 (X2  - v.2) 
(A2 

 - v2) 	
Mebyriim, '<aro je 

	

(A2  - 1) (A2  - k2) 	
guy , sr./ = vi  _a —ds 

	

S t 	S s dt 
na, Ha ocHoBy (4), rusa,Apar IIHTeH3HTeTa Berropa 5p3ime 113HOCH 

 jep cy BerropH v' H 
ri 

 oproronarrHH, 113 (2) no5HBamo 

	

(v)2 = g11  v.,. 2 + g22  ;2 + g33  3,2, 	 S s 

oriarne, 3a 1411TeH311TeT Berropa 5p3mie, rio5m3amo 

	

I 	
dv 	

avi  - gii — ti = go w: ti =w cos 0, 
di 	' 8 t 

2)-  (gii 14. 2  + 822 3   2 -1-  g33 A2 ) T. 

KoBapHja.HrHe Kooprumare Berropa y5p3aiba (Brum riperxornm 3a,narax) cy 

wp.  _..._ gi  1  ii + 11 (  °gal  v.. : ag l 1  V±  0g1 1  ,.) 	1  (  4. 1 1  Fi 2 ,. 422   S.;2 +  033  i2 ) , 
a p. 	d v 	di\ 	2 . a p. 	a p. 	a(,. 

1 v v  = g22 V + % (  a g22  (1 + a g22   ,,; + 0g22  i) 	1  (  4r11  p12 + 022  ,;2. + ag33  5.,2 ) , 
61.1. 	a V 	as 	2 	dv 	d v 	d v 

wx =g„-X +3.■ ( dg"(LH- ag33  ; + 413 -.Ai 	1  ( 411-t.t..-2  -r' 4'22  v. 2  + 433  k2  \ , 
\ 4., 	g 3 	d A ) 2 \ A 	OA 	A ) 

17• 

(w) 2  =(r - r62  - rcos 2  09.2 ) 2  ± —1  (r 2  + 2 rr.  6 4 r2  sin 2 4 2)2  + 
r 

1 	 • • 
+ 	— (r2  cos2  Op + 2 r cos2  6 r 	r 2  sin 2 00 (?) 2 , 

r2  cos 2  0 

0,1r.HOCHO 

(w 2) =(r - 02  - r cos2  Ocp + (r + 2 6 + r sin 2 Op 2) 2  + 

+ (r cos 0()-  + 2 cos 0 - 2 r sin 04) 2 . 

3a HHTeH3HTeT Berropa y5p3aH,a, oiraime 1to5m3amo 

w = [( r - r 62  — r COS2 2%  2 ) + (r + 2 r0 + r sin 2 62)2  + 

+ (r cos 0q).  + 2 cos 6 cp - 2 r sin 04) 2] 

rqe je 0 yrao H3meby Berropa y5p3aH,a H je.HHnHYHOr Berropa raHreHre nyra-
ibe norperHe TaAKe, Tj. yrao Fi3Nieby Berropa y5p3alba H BeKTOpa 5p3mie, LUTO 
je H rpe5a.lo noxa3aTH. 

38, JeHilagme KpeTan,a maTepujaalle Tawe 

3agaTaB 224. (Oriemax 38., 3aBarax 1.). Axo cy Bare KooprinHare cline y orF-
Hocy-  Ha lieKH geicapToB cricrem Koopnimara, Haimcarri Fix y OImOCy Ha HHJIIIII-
Aapace, ccpepile H ermnrmire Koop,aHHare. 



Z — -4-
V 1

c 
 k2

)/ (1 - 112) (1 — v2) (A2 — 1), 
—  

	

ay' 	c 	a y' 	c 	a yl 	c 
= ± 

k 
vA

' 	
= ±— 1.1.X, 	= ±  µv,

a xl 	 a x2 	k 	a x3 	k 

na je 
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Peuteme: Hexa cy, y opaocy as AeKapios npaaoyrna CTICTCM KOOpgaHaTa, 
Koopivinare cane 

{X} = {X „ 12 , X3}. 

Y omiocy as ma itoja npyra CHCTM xoorvalmara, icoop,nimaTe cline (peunmo 
Koaapajairrue) onpebene cy o6pacullma 

a yk 
(1) 	 Xi - A k — . 

ax 

a) ifunuugapme koopgunaairie. Be3e immepy ,L(eicagroanx npaiwyrnax 
Itanaanapcxax icoopnaaara cy 

y1 = x' cos x2, 

y2  = x1  sin x2, 

y3 = x3, 
na je 

1
a 

— { Sin x2  
a xi 	

xl cos x 2  0 

0 	0 	1 

Ha ocaoay Tora a (1) Ao6asamo 

38. 3e...nHamnie icpeTa*ba marepaja.rme Tame (224-227) 	 261 

Ha ocaoay Tora n (1) no6rinamo 

A', = X, cos x2  cos x3 - X2 x 1  sin x2  cos x3 - X3  x' cos x2  sin x3, 

X2  = X, cos x2  sin x3 - X2  x' sin x2  sin x3  + X, xl cos x2  cos x3, 

= X, sin x2  + 12  x1  cos x2 . 

Axo geicaproBe npanoyrne xoop,anaare o5nencumo ca x, y, z, a ccDeprie ca r, 
0, p, 614he 

X, = Xx  cos 0 cos cp - r sin 0 cos - Xz  r cos 0 sin p, 

Xe=Xx cos0sin cp— Xy r sin0sin p+ X2 rcos0 cos9, 

-

• 

= Xx  sin 0 + Xy  r cos O. 

a) Elul-armlike koopgimarae. Be3e mmeby geicapTonnx npaBoyrnax y 1 = x, 
y2 = y, y3 = z H e.nanTaxiicax icoopnaaaTa x' =12, x 2 - v, x3 - x, cy (mum 3ana-
Tax 61., b) 

c 	1  

k V  1 - k2 (k2 _ 
	1'2) (v2 _ k2) (x2 _ k2) 

cos x2  - x' sin x2  0 

X, = X, cos x2 -X2  xl sin x2, 

• xl  sin x2 + X2  x 1  cos x2, 

X, = x3 . 

Axo gexarrrose npaBoyrne xoopnaaare o6enexamo ca x, y, z, a umnainapace 
ca r, 0, z, 5ahe 

X r  Xx  cos 0 — Xy  r sin 0, 

Xe  - X., sin 0 + Xy  r cos 0, 
	 a x1 	k 	— k2 142 — (.L2) (10 2  — k2) (A2  — k2) 

y2 c 	I 	1, (v2 k2) 	k2) 

	

a y2 	c 	c (k2  - 1.1.2) (X 2  - k2) 
= X,. 	 - 

	

a x2 	k 1 - k 2  (k2-  11,2) (v2 	k2) (A2 k2)' 

5) COepne koopgimairie. Be3e a3m0y AexapTosnx ripanoyrnax ccbepamx 
icoopxoniala cy 	 d y2 	c 	1(k2_ to) 

 (v 2  - 
 k2) 

- 
y1 = x1  cos x2  cos x3, 	 x3 	k1 - k2 v (k2 _ 1'2) (v2 _ k2) (A2 k2) 

y2  = COS x2 sin x3, 	 a y3 	c 	u. (1 -  v2) (A 2 -  1) 
— 

y3 = x1  sin x2, 	 a xi 	I/ 1 _ k2V
( 1-(.2)(1-v2)(x2-1 ) 

na je 

{

cos x2  cos x3  - x1  sin x2  cos x3  - xl cos x2  sin x3 

 cos x2  sin x3  - xl sin x2  sin x3 	x1  cos x2  cos x3  • 

sin x2 	x1  cos x2 	 0 

	

a y3 	1 	v 	(g) (x2 —  I) 

	

O x2 	V 	1 k2 V 	( I 	2) ( I 	(X2 I ) 

	

a y3 	c 	x  (1 _ 1,2) (1 _ v2) 

	

,X3 	V1 — k2  V(1 — 11,2) (1 — v2)(x2 — 1) 
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38. JennanHHe nperarba marepHjanHe Tanice (224 — 227) 	 263 

Ha ocHosy Tors H (1) go5rthamo 

k 
± X, —

k 

c 	1 	p. (v 2  — k 2)(? 2 — k 2) 
= T Xx 

k V 1 — k 2  V (k 2  — 11 2) (v 2  — k2) (^2  —1{2) 

± X 
c 	1 	V (k 2  —14. 2) (X2  — k2) 

Y  k V 1 — k 2  V (k 2  112) (v 2  — k 2) (X 2  — k 2) 

c 	1 	a  (k 2  — 11 2)  (v 2  — k 2) 
± X 

k V 1 — k 2  (k 2  — p. 2) (v 2  — k 2) (A 2  — k 2)' 

X = X,„ 	
p.(1 — v 2) (X 2  — 1) 

x  	  
— k2  1/(1 — 11 2) (1 — v 2)(?, — 1)

c 	v 	_ 11. 2), (A2 

	

T 	 ' 	4 
V 1 — k2  f/(1 — p.2) (1 —v2) (?, 2 -1) 

(1 — p. 2) (1 — v 2) 

ri--77c2 /( 1 — 11 2)( 1  — v 2) (X2  — 1) 

Haaomella. Y onHocy Ha ,E(exapTos npaHoyrnx CFICTeM Koopnimara H3met)y RoirrpaHapHjaH-
THI1X, icosapHjauTHHx H 411434MICHX Hoop/alma:1-a HeMa pa3mme. Y OBOM 3aHancy MK CMO KO-

Bappdannie HoopaHHare cHne y muninapcHom, allepHOM If elIPIIITWIKOM cHCTeMy noopramaTa 
H3pa3ium npeKo H,emix Aexarrosax npaHoyrnux HoopaHHara. JacHo je Ha, majyhli xoHapH-
jaHrHe icoopamia-re cHne y THM cm-reb.thma KoopnyniaTa, moxemo, no noTpe5H, nomohy 
Roopniniara onroHapajytuix mexpEnncmx TeH3opa, oHpenHTH H,eHe HonrpaHapHjaHTHe Ham 41II-

3111Ke noopnimare. 

3anaTas 225. (OnesbaK 38., 3aHaTaic 2.). Heim 5yne naTa KHHeTHnsa eseprHja T 
maTepHja.rme Taime mace m y onHocy Ha npoinsorsHe reHepanHcaHe Koopmma-
Te x'. IloKa3aTH na je Iberia 5p3HHa y onHocy Ha Taj cncTem Roopn,HuaTa 
onpeeHa o5pacimma 

. 	1 	.. 	T 

	

vr = gu 	 
m d xi 

Femme: ICHHeTanKa eneprHja maTepHjanHe TanKe mace m onpebeHa je H3pa3om 

(1) T= 
2 

—
1 

mg 

Onus= cnenH (swam 3anaTaK 15.) 

(2) = mgo  ici 
d xi  

T  

AK-o y (2) H3HpLulimo somno3HuHjy nomohy meTpHnicor TeH3opa gJk , ,ao5HBarno 

gik dT 
	=m 6i xr,  

OAHOCHO 

g1k  d T MOk, 

a :xi 
onaKne cne.ttH 

= —
1 dT 

gu, 
m dxi 

urro je H Tpeoa.no noKa3aTH. 

3anaTas 226. (One.'saK 38., 3anaTaK 3.). HeKa T Syne sum calla maTepHjanHe 
Tanxe mace m Koja 3aBMcH on rellepanHcals4x KoopAHHaTa qt  H reHepanHcama 
5p3HHa q'. rloxa3aTH ,Empetcrimm pagyHom na je ieuepanzicanu umavnc 

d T =p. 
g' 

ICODapliaHT1111 seKrop. 

Pciume: Hem, je, y onHocy Ha CHCTM reHeparnicalmx Koop,aHHara q', Nam 
mum T tbyincuHja renepamicaHlix KoopAHHaTa H reHepanHcaHnx 5p3HHa, Tj. 

(1) T = T (qf , q'). 

Axo ymecTo reHepanHcaHHx KoopAHHaTa qt ysenemo Hose refiepanficalie 
IcoopAHHaTe q', KoopmulaTHom TpaH4opmatuljom 

(2) = qi (qk) ,  

oz(HocHo 

(3)
qa_ q i (4k), 

Tana he, y onHocy Ha HosoyseneHH CJ1CTM reHepanHcamix KoopamlaTa q', 5am 

Kaxo je, meyrrlm, xcHsa cHna T exanapHa misapHjatna, Tj. TpaHcctiopmmne ce 
no 3axoHy 

(4) T = T, 

5Hhe, y onHocy Ha CHCTM reHepanHcaHHx xoopauHaTa q', 

(5) 

FeHepa.rxxcaHH Hmnync, y onHocy Ha CHCTM rellepanHcaHmx soop,auHaTa q ', 
he npema Tome, 611TH 

(6)
dT __OT 	k  

a q ; a  4k a qi 

feHepasmcaHe 5p3sHe qt cy xoopAHHaTe KoHTpasapHjaHTHor serropa, Tj. 
TpaaccDopmHuiy ce no saKoHy 

(1) 
	

q' = q' 	 
,d g' 

a le 



Qi, — 	O. 
Peuiethe: Ycnon 

( 1 ) 
	

Z. = 0  

he 511TH 3aIOBOJBeH axo je 

ep je oH1r,a, 

Kaxo je 

Ho5HHamo 

(3) 

Orilinfle,gEro, 

U =O. a xi ex) ()xi ax1  

QI = U.t. 
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OHHOCHO 	 Be3e H3mehy ,2:(exaprosHx ripaHoyromx 11 reorpacDacmx KoopHHHara Ha 
a qk 

	

q' 	

c(PepH cy 
(8) 3 

onaxne no5Hjamo 	 y, =R cos 0 cos 9, 
a qk aq  

(9) as qr 	as qi

k  
(2) 	y2  = R cos 0 sin 9, 

AKO OBO 3aMeHHMo y (6), nooHjamo 	 y3 = R sin 0, 

  
(10) 	 Pi = 

d TT d  qk 	 na cy xosapHjaHTHe icoopnaHa- 
a q k q' Te cline y onHocy Ha CHCTM 

OAHOCHO 	 reorpacpcnix icoopnmara 

oqk 
(11) 	 i= Pk-  2  

qi 

Ha ocHoHy nera 3axn•yqyjemo na je reHepanacaHH nmnync KosapnjanTini Ben -op, 
urro je H rpebano noxa3ars. 

3Haaralc 227. (Onen.ax 38.. 3anaTax 4.). Hor.a3aTH .na  ycnos 3a KOH3epBaTHSHOCT 

acne, onpebeHe reaepanHcannm icoopnimarama Q„ rnacH 

X = Y. dYj  , 	(x1 = 0, x2  = cp), 
a xx 

0,1:(HOCHO 

= Xe = 	y 	y 6373 
= 

y aY 3  
ae 	ae 	ae 	ae 

+y2 —ta  +Y Y3  =Y 
Op 	119 3  cp 	3  a9 • 

40 	 6 

ay' 
= R cos 0, .1) *-1--'3  =0, 

9 

Xe = —mg R cos 0, 

Ha ocHoHy Tora moxcemo 3ax.rbyturrm ycnon (1) he 68TH 3anosonsen axo je 
reHepanHcaHa cHna rpauejeHT Hexe cicanapHe 4ymcwlje, rj. axo je CHM KoH3ep-
Harmula, na moacemo pan ,aa off npeAcTatt.rba ycnon 3a xon3epaaTnnnoc-r cline. 

39. Kpeiathe maTepajaaue Ta.me Ho nospum 11 110 HpHHoj JugunjH 

3a,HirraH 228. (0,amaic 39., 3anarax 1.). Tema maTepHjanHa ra.uca xpehe ce 
no rnaitoj HenoxperHoj aDepH nonynpetuma R. Onpen-ors xonapHjaHrHe H 
xourpaHapHjaHTHe IcooprmaTe cane xopncrehli ce reorpacPcxHm xoopnimarama 
Ha cd)epa H HanHcarH jenHatisme xperaHA. 

Pauesbe: Y onHocy Ha npaHoyrna gexagros cHcrem xoopAHHara (HHAH cnHxy) 
xoopasanare cane cy 

( 1 ) 
	

{ Y,} = {0, 0, — mg} 

= O. 

(Hopmansa NomnoHeHra, y npamAy noTera R, nomfurraHa ce ca peaxulijom 
ae3e. Yocranom, 3anaricom ce OHa H He TpancH). 

Ha ocHoHy He3a (2), 3a merpHtncH Temop nosplaH coDepe nobkoamo 

1 
0 R2 	0 	 R2 

(4) {gcca}= 

f 	1 	1,51 _1 1 , 1 0 le cos2 0 i ' 	 0 	
1 

R2 cos2 0 

na, Ha ocHony (3), xorrrpasapHjaHrHe Roopnyfflare erne H3HOCe 

1 
r=  gee re  = _ ( _ mg  R cos  0) _ _ 

R 
'.".i cos O, R2  

(5) 
rAe je m maca marepHjanue 	 = ,sn,  Arg, = 0. 
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g}upepernrojanfte jenHaume xpeTan,a. (.11arpainxese jertHauffle) cy o5naxa. 

(6)  

rue je 

(7) T = — mg„o  io 
2 

xaHeTwuca eHeprilja maTepHjanHe Taqice. 
Y osom caynajy, Ha ocHosy (7) it (4), 3a xaHeTHqxy eneprajy Ao5Hsamo 

1 mR2(02 cos2 0 9 2) ,  
2 

onaxne cnena 

T 	2  • 
e) = mR 0, 

d_  (d16) = 	6,  

• T
= — mR 2  tin 0 cos 0 cp 2 , 

0e 

T  
= mR 2  cos 2  (p, 

d id T 	mR2 cos 2 (3,'„,* _ 2 tnR 2  .,,,in 0 cos 6 0 cp.  , 
dt kd cp. ) 

d T = 0  

op 

AKO one H3pa3e, Rao a 13pa3e (3) 3a xosapajaHTHe Koop,rumaTe cane, 
HI4M0 y jer(HaHHHe (6), nocne H3secum cpehasaisa no5m3amo 

0 +sin0cp 2 + 'S—cos0=0, 
R 

-2 tgeOco.  =0, 

AUTO cy TpaHceHe nitcDeperruHjanHe jenHaHHHe xpeTarba Teunce maTepajanHe Ta=nce 
no rnaTxoj HenoxperHoj cti)epH. 

3agaTaR 229. (0,nensax 39., 3anaTax 2.). Am) ce maTepajanHa Tagica Kpehe no 
nuaxja cane xoja rtma norelmajan, noica3aTH na je isetra HopmanHa peataraja 
ysex y npaBiy rnasHe HopMane H ,E1a je jenHaxa. 2 (E — V) x, me je E milicTaH-
Ta eHeprnje a x icpasHaa yogeHe inumje cane. (ITHHaje cane amajy y cnaxoj 
TaIKa npocropa npasau cane). 
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Petuelbe: ,ancl)epeHuajanHe jenHasHHe xpeTaHA maTepajanHe Tatum no rnamoj 
HenoxpeTHoj xpasoj mory ce HarnicaTa y o5nHxy (BH,na oneJbax 39., jenHa-
rmuy 52.) 

m 
 (

d—v- + v2  x 1+11)= Xi Ri 
dt 

me je 	jemtHHHHH BeKTOp TaHrewre Ha xpany, 	jea11111441114 BeKTOp rnanHe 
HopMane xpHBe, R' peatcHaja se3e xoja npacHmasa Taixy Aa ce xpehe no 
BOj 14 lc*, no npeTnocTasua, newt( y Hopmanuoj pasta' 'Tape, Tj. HeMa 
jexuaje y ripasuy TaHrenTe Ha xpasy. 

Atm ce maTepajanHa Tanica xpehe no nHaprjH cane, Tana je aacTasHa cana 
xonaHeapHa ca jeruningiatm sexTopom TaHrenTe Ha }Tarty, 

(2) 	 = 	, 

me je X anre5apcxa spenHocT aIcTanHe cane. llpema Tome, jenHanarry 
moxemo Hal111CaTI1 y camucy 

d v T'+v 2 xN'= XTi 	. 
dt 

CitanapHtam mtloweH,em one jenHavalle jegHHHIHnm sexTopom TaHrenTe T' , 
,ao5HHamo 

d v 

dt 

UITO npencTana.a anre5apcxy spenHocr arrHsHe elute. 
CxanapHttm MHOWeIBBM jenHatniHe (3) jeaHHHT4HIIM sexTopom Hopmane N', 

,Ho5nsamo 

( 5) 
	

7n 7: 2  x = Ri 1■1,— RN, 

r ;le je RN  npojenmja cane peammje Ha npatsau rnasHe Hopmane xpase. 
CicanapHam mHoweibem je,aaa ,tHHe (3) jerrarnymam sexTopom 5Haopmane 

o5Hsamo 

B = RB = 0, 

cane peaxurrje Ha npasau 5HHopmane. Kaxo je Ta npo-
3axmynyjemo na  je cana peaxanje ynex y np:.(3ay rnasHe 

ocHony (5), 

(7) 
	

R= RN = M V 2  Y.= 2 T x. 

C o53apom na axTlisHa calla ama noTeHnajan, nocToju HHTerpan euepraje, 

E= T V — con st., 
onaxne cae,apt 

T = E -- V , 
na 14HTB14311TeT cane peatcHnje, Ha ocnosy (7), mowemo 143pa314TH y obnarcy 

R = 2 (E — V) x, 
IHTO je H Tpebano noxa3aTa. 

d LOT\ T x 

 dt )50 ) 	A-4‘ 
( 1 ) 

xpH- 
npo- 

(3 ) 

(4) 

3ame- 
(6) 

rre je RD  npojetatHja 
jeturaja je,aHaxa Hynkt, 
Hopmane H na je, Ha 
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E= T +V = const., 
dT 
— + 2 xg  Tr. 
ds 

3aAaraH 230. (0,Heffiax 39., 3a,aaTax 3.). Am ce marepHjanna ralma xpehe no 
rnarxoj Henoxpernoj KpHBCd, HOICH3HTR Aa ce RHTeH3RTCT HICTRBHe cane moxe 
H3pa3Hin y o5nHxy 

{idT\2 	., 
4 T‘x

2
} . 

Haaomena. 3aAaTax rpe5a a.% rnacn: Axo ce marepnjanna Tavca Kpetie no rnancoj nenolc-
PCTHOi KNEB0j, noica3ant Aa ce HHTe.113HTeT cane moace 143pa314TH y oartnicy 

f (ddrs  )2 +4 T2x2 }T.  

Petaeme: AmdDepeErwijamie jennalinne xperaffia marepHjanne ragxe no rnarxoj 
nenoxperHoj xplinoj Wiry ce HHHHCHTH y o5nHxy (nun oAeffiax 39., jeAHaqH-
Hy 52.) 

m 
 (

d
v Ti + v2  X Ni) = + R', 

dt 

rue je jeAHawma newrop ranrenre Ha xploy, N' jeAr.uumnn Berrop rnanHe 
Hopmane HpHse . cHna peamatje xoja npHcluxana ragxy ;la ce xpehe no 
xpaHoj. 

MehyrHm, Haim je 

jeArtalunly (1) moxemo Barmen-a y obnincy 

 

2 
mv 2 )Ti + mv2  x NI = Xi + RI, 

ds  
OAHOCHO 

dT 
—T 1 +2TxNi=X 1 +Rl. 
ds 

C o531Tom Aa cy Ha neHoj crpanH one jennawnie HomnoneHre cane y 
npaHHHma TaHreHTe H mantle nopmaze lipase, xoja cy mehyco5Ho ynpaann, 
HenocpeAno Ao5Hjamo 

Peuteme: lipmpo,nne jeAHaAnne xperaffia marepHjanale rag= no nospinH 
(BHAeTki ()Amax 39., jeAnronnly 29.) 

dv 
(1) 	 m —

ds t + v
2  xi, r)= 

Mehymm, Ham je 
dv d (1 	dT 

my — — — mv- — 

ds ds 2 	ds , 

mv 2  xg  r = 2 T xgr, 

jeAnaanny (1) moxemo Harmann y o5nHxy 

r= 
dT 
 + 2 xg  Tga, 

ds 

IIITO je n rpe5ano noxa3arH. 

no 
3aAarare 232. (0Aeffiax 39., 3aAarax 5.). Axo ce marepHjanna raxma xpehe n 
raarxoj Henoxpernoj aim* noA AejcrHom HomepnarHnne cane ca reHttnja 

no 

 V, mowe ce sena 1THHHHa 113pH3RTH y o5nHxy 

6 / 	 
x-- klog VE–V)Ni, 

axi 

a rop3Hja T je oApehena o5pacueM 

2 Twc= Xi. , Bi 

3agatTtax ope6a ga inacu: Axo ce marepHjanna Tatum xpehe noA =jell:tom 
Hon3epHarmsHe cline ca norennHjanom V, moxce ce ITHHHHa }belie rpajerropnje 
113p8.311TH y oonHxy 

x Toxi  (log V.E= Ni, 

a rop3Hja T je oApehena o5pacueM 

2 T 	Xi.  J B'Tf.  

Peuteme: Ax•ixpeRunja.rme km:famine Kperaaa cno5oAHe marepHjanHe Tatum 
MO)KCMO H3pH3RTH y 06.3RKy 

H 

( 1 ) 

dv  cis d 

dt ds  dt 2ds. v —d ds ( 2 v 
1 2 

+Ril 2 =r-L2  +4 T2  x2 , 

CY 

	

1 	 dv . 
(dT)

2 	 M (— 7" + v2  x N 1 )= Xi. 

	

+ 4 7,2  3(.2] 	 (1) 
I X i  + Ri 1=[\ds 	

dt 

arra je H rpe5ano noxa3arn. 	 C 053Hp0m Aa ammonia calla aMa norenratjaa, 5nhe 

3a,zonate 231. (0,nemax 39., 3a,Harax 4.). rloxa3ar0 Aa ce arrmina myna xoja 	
a V 

Aejcrnyje Ha marepHjanny raaxy la* ce xpehe no rnarxoj nenoxpernoj no- 	 ox' 
spun moxe H3pa3HrH y o5nHxy 	 OAHOCHO, HOLLITO nocrojH Eu-rrerpaa eneprHje, 

OAHOCHO 



S S 

ST' –link, 
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5lihe 	 Femme: ,amitepem.mjasme jenHatome xperarsa maTepHjanHe Tatum n0 rnaTxoj 

X 	
(E – V) 	 HenoxpeTHoj nolipum cy o5nlixa (mmeTH one.tbax 39., jennatomy 38.) 

, 
xi 	 ( 1 ) 	 mwi = X' 2- 

Ha ocHoay oaora, jennammry (1) movemo HanlicaTH y o5nHxy 	 rze je 	peammja Be3e xoja npxclubasa Tata)/ na ce xperte no noliplun. 
C obliTom na je no npeTnocramm turralia peamorja y nparmy Hopmane .1' Ha 

dv 	 mH, Tj. a je m 	+ 2 Tx IV, =
a (E V) 	 nolip 

Ri = RU', dt 	 xi 

Hnx, nocne cRanaplior MHo)KeH,a jemtlinmlilim Herropom rnasne Hopmane, 

	

2 Tx= 	(E –V) 
ax. 

0,HHOCHO 

d 
x 2

(E1 
 V) a xi (E – V) Ari, (T =E– V), 

–  

IUTO moxemo HanHCBTH H y 06.1IFIKy 

x— a
— (Iog E – V) Ni. 

xl 

Atm moDepetlimjanHy jeAnatomy RpeTatba (1) moltepenulipamo no ape-
meHy, Ao5Rjamo 

( dv) ± m  dv a T' ds 	 8 ds 	. dxf ds m _ 
	 + (mv2  x) + mv 2  x — — = X' • — . 

S t 	dt 	dt S s dt S s 	 8 s dt ds dt 

MebyTHm, 'caw je 

—

3 Ni 

= – x Ti + s- Bi, ss 

rre je B' jentunitlitH lierrop 5HHopmane, 5Hhe 

8 dv 
(rn 	+ m x —

dv 
vNi + —

8 
(mv2  x) N' – mv 3  x2  T1  + mv3  xT Bi = ,j  Ti v. 

8 t 	dt 	dt 	a t 

Axo oHy jenHatlimy 110M110)KIIMO exanapHo jenmilimitHm Herropom 5HHopmane, 
no5lijamo 

Ti B, v, 
0.LIHOCHO 

2 T XT = X, 1 T)B', 

urro je H Tpe5ano noxamTH. 

cxanapoilm mHowerbem jenHatome (1) jentmutomm HexTopom 	Hopmane Ha 
nottplux, noon hemo 

raw' U,- .X1  U; + R, 
OnHOCHO 

(2) m wi = FN R, 

rue je FN  npojem.litja arrHatie cline Ha npaRau Hopmane Ha nottpum. 
Y5p3aH.,e 	Tatme mowemo H3pa3Hm y o5sotRy (HlilieTH one"bax 39., 

jenHatooly 42.) 
. 	 . 

w' =
dv 

 P + v' 	V-  Ul, 
dt 

me je Ti jemmwout Herrop TaHreHTe, G' jenmormrat Herrop reonesnjcxe Hop-
Mane, xg  reone3Hjcxa xpmmna xptute H xs  HopmanHa xpinuma xpmse. 

C o53Hpom xta. jenmultum HerropH 	H Gi nexce y TaHreHTHoj paHHH 
noapwit, To je 

	

TIE i = 0, 	Gi  U1 =0, 
na je 

vvi U 1 = v2  x N  , 

Taxo na, Ha ocHoay (2), no5Hjamo 

(3) Fo-R=mv2 x,. 

Kno, Rabe, HopmanHy RpHaimy 'Time moxemo HspalliTH y o5nxxy (311- 
xterx onea,ax 39., je.anwinny 21.) 

xN  = b,5  t 13, 

me je bap npyra merpHtnot Telisop nottpum, anre5apcxy HpenHocT HopivranHe 
KomnoHeHTe cane (FN  + R), Ha ociloHy jenliatmlie (3), molicemo 113pa3PITH y 
o5nHxy 

FN±R=m bap v 2  t* to, 
OIIHOCHO, C 06311pONI na je 

	

v 1' ='1), 	tP VD, 
y o5nHxy 

FN  R ni b,pv' vo, 

IIITO je H Tpe5ano noxa3aTH. 

3anaTax 233. (Oneaax 39., 3anaTax 6.). Kau ce maTepajanna Tatixa mace m 
xpehe no anconyTHo rnaTxoj Henoxpentoj norTum, noxasaTH ua anre5apcxa 
BpeLHOcT HopmanHe xoopnaHare aerropa cline mopa 51ITH jenEtaxa 

3anarax 234. (Onemax 39., 3anaTax 7.). HocmaTpajmo xpeTatbe no tolepuHjH 
marepHjamm Taruce no rnaTxom HenoxperHom Topycy. Berotta. meTpHtlica (Impma 
mowe ce HanHcaTH y o5nHxy 

mbap vc 	 ds2  = (a – b cos 6) 2  dcp 2  + b2  d 02, 



rpe je h aoHcraHra. 

Petuabe: H3 meTpnium cl'opme nospuni Topyca (sown' 3aaaTax 111.) 

ds2 = (a — b cos 0)2  dcp2  + b2  d 02 , 

3a xsaapaT 5p3sam ao5maamo 

ds  
2 	 - 

v2 = — = (a — b cos 0)2 92 b2 62. 
dt 2  

KimeTwaca eaepraja maTepajamm Tatum mace m je, npema Tome, 

• 	1 	• 
T= 

2 
—

1 
prz y2 

2 
= —

1 
m (a — b cos 0)2  Cp2  — 

2 
M b2  02 . 

Jlarparnicese je,rola4HHe xpeTaaa maTepajaaile Tagxe no nospma cy (soaeTa 
oaerbax 39 , je,a,Ha4HHy 9.) 

d aT\ T  
dt 	ici 

Y osom cariajy, c o53HpoM pa je xpeTall,e no Inleprtaja a as cy xoopamare 
14 0, flarpauxese AwDepeHnHjamie je,aHa‘nuie xpeTaHr.a cy 

didT\ - OT 
dt kap ) 	cp 

d idTLOT =0.  
dt W) a0 

H3 jeaaamme (1) ao5asamo 

a 
= m (a — b cos 0)2  cp , aT  = 0 

cp. 
 , 

na ce ripsa ou jenaatoula (2) moze 'Imam= y °barmy 

—
d 

 dt [m (a — b cos 0) 2  cp] = 0, 

(1) 

(2) 

(3) 

b2  td 0  \2 

419,  

(a — b cos 6) 2  (lc) 2 	
1, 

(a — b cos 0) 2  ( e-DF  

b2  (d e ) — 	
d 1 
 2 (a b cos 0)2  . 

dcp 	icP\ 
ds 

1 
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rae je 9 a3aMyTHH yrao a 0 yramio oacrynalbe NI exaaTopcxe paw', a a b 
RoocTaaTe. Hoxa3aTo aa he ,I['cbepeHuojax»e jeanatullie xpeTaa.a 6HTH 

o _ 
(a — b cos 0)2 

d 
 —'- = hb2, (d 

0 2  
(a — b cosy• 

1 
• -h-T  — (a — b cos 0) 2, 

ds 	̀d9/ —  

MT() noica3yje ua je reaepaancatia xoopanoaTa cp gnumunca. 143 (3) go5HHamo 

(4) 	 m (a — b cos 0) 2  = C, 

rue je C lorrerparolooa KOHCTaHTH xoja ce oapehyje H3 nowlanx yeaosa. 
Jeaoaturay (4), mehyram, moommo oanacaTa y caaaxy 

rue je h xoacraaTa. 
m (a — b cos 0)2 —  V= C, 

Haiiomena: 35or mramnapace rpemxe xao a Ha ocHoHy cyrecrHje npocp. pp TaromHpa 11. 	 ds 
Acctenitha, noenema pemeHnua ouor 3anarica rpe5a 	nue»: ri0Ka3aTH j he nom Hare- 	 oxiocHo 
rpaJTM auctepematjanHax jenHamma xperaHA bum 

(a— b cos) 2  — — h, b 2  
ds 	

(a— b cos 0) 4  
	 (a b cos 0) 2, 

d cp 
d 	h2  

dap  
(a — b cos 0) 2  — 

C 
= h = const., 

ds my 

HOUITO je y osom cariajy aare5apcxa speanocT v 5p3atie KOHCTHHTHH, jep je 
acrryisea yews qa nocToni HaTerpaa eozpraje (BH,HeTH T. A4enah a P. CTO-
jaaosah: Pauaoaanaa mexamaca, crp. 220.). 

C o53apom ua je xpeTaa,e no naeponja, naTerpaa eaeproje &he 

T = H, 

rue je H icoacTairra eoepraje. Hpema Tome, jeaaarnma (5) je ups' otacamma 
maTerpaa npobaema. 

H3pa3 3a xsaapaT 5p3aHe, oaaraeario, moommo oanacaTa y °balmy 

v2 = (a — b cos 0)2 
(4\2 	b, id 0 )2 v2

, 
kik) 	̀ds 

(6) 	 (a — b cos 0) 2  (L?  )2  + b2  (d° 12 
ds / 	\ds J 

Theobom one jeaaa=nore ca (a — b cos 0) 2  (—
cp 

 l2, ulTo je moryhe jep je (a — b oos 0) 2  = 
d 
ds 

= g11 0 0, ao5njamo 

(5) 

oaaicne caeaa 

OAHOCHO 

Axo ()sae 3ameaamo --2dds  H3 jeaaagnae (5), go6Hjamo 

(7) 	
b2  d 0 \ (a — bhCO2  S  

(a b cos 0)2  
kd p) 

	, 

INTO npeacTasza apyry Tpaxmay jeattatiway. 
game, gox je (5) MIKJIHIIKEL larrerpaa, jeaaagnaa (7) je Turrerpaa enep-

raje; na cy obe jeasatinae npsa aErrerpaaa gacl'epeaunjaaaax jeoaavaina xpe-
Taisa. 143 TOT pa3nora je a Aa-ra cyrecraja 3a anima), TexcTa 3aaaTxa. 

18 Pememz upo6nems H3 Temopcgor pasytta 
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40. KpeTambe xpyror Tena 

3aAwraK 235. (Onerbax 40., 3aaarax 1.). KaA ce y3my y o63Hp n3pa3n 3a °Ape-
hllsalbe TpaHcnaropHe 5p3HHe (4) H poraulloHe 5p3HHe (10), HanHcaTH H3pa3 
3a 6p3mHy Hp0H3B0.11,He ranxe xpyror Terra y cnymajy cnoweHor KpcTalba. 

Petaeme: 143pa3 (4), Koji{ je o5runca (lluteTH oAerbax 40., jeAHamHxy 4.) 

dy' = dt, 

oApet)yje enemeHrapHo TpaHc.naropHo nomepalbe Tanalca xpyror Tem. Koncran-
THI1 BeR-Top 

dyi 

	

a' — 	, 
dt 

npeAcraHma TpaHcnaropHy 5p3HHy ramaxa xpyror Tena H oHa je Hera 3a cse 
ranxe Tena. 

H3pa3 (10), xojH je o5runca. (3HAeTH oAerbax 40., jeAHamimy 10.) 

v, — (au  yi, 

ogpebyje 5p3mHy csaxe ranxe xpyror Tena y cnymajy porauHje oxo HenoxperHor 
KoopAHHarHor nomerm. Y TOj jenHamHHH je coif  = — Wi, TeH3op rpeHyTHe yraoHe 
5p3HHe. 

Osa. Asa cnymaja xperma xpyror Tena (Tpancnaunja, 0,3HOCHO porauHja 
oxo HenoxperHe Tatum — xoopAHHarHor notierica) jecy cneulljaABH cnymajesn 
xperakba xpyror rena. 

Axo ce xpyro Teno o5phe oxo HenoxperHe Twin A xoja ce He noxnana 
ca xoopAHHarlmm nomerwom, Tj. HMa xoopAHHare 3 ,1A , oHAa je 5p3HHa npoH3- 
son,He Tamxe xpyror Term (sHAeTH ogens4x 40., jeAHaming 15.) 

v l = 	Wif 	— .).1.4)• 

Y caymajy cnoxeHor xpeTall>a xpyror Term, cacrasmeHor oA smile xomno-
HeHTHHx xperalba, pe3yAryjyha 5p3HHa. V npoH3sonaHe Tamxe Tena Ao5aja ce 
xao Beloropcx-R 35Hp KOMHOH0HTHHX 5p3HHa Koje Hma ra. Tagxa y HCTOM Tpe-
HyTKy BpeMeHa. 

Y crrymajy osaxsor xperafba xpyror Tena 5p3HHa npoH3Bonzae Tamxc Terra 
oApeheHa je 5p3Hnom jegHe lberose ramxe, pCImmo noxperHor norm A H pora-
11,140HOM 5p3HHOM re Tamxe OKO nova A. Ha OCHOBy Tora, 3a 6p3HHy npoH3- 

sorblie ranxe M xpyror Term, ca xoopAHHarama yM, moncemo nHcarm 

vm=vA 	Cl'im — Y I ), 

rAe npBH mria.H Ha AecHoj CTpaHH npeAcrasma TpaHcnaropHy icomnonewry 

6p3HHe 64 , a ApyrH H.eHy porauHoHy xomnolleHry. 

3a.1aTaK 236. (OitemaK 40., 3aAarax 2.). HanncaTn H3pa3 33 KHHeTHHKy eHep-
rHjy xpyror Tem xoje ce o5phe oxo yrspheHe ramxe nomohy rnasmix mome-
Hara HHepullje H OjneposHx yrnosa. 

Petaeme: Y3MHMO HenoxperHy Tamxy 0 (icoja je yrspheaa ramm oxo xoje ce 
o5p•e 'Tyro Tem) 3a 3ajeAHH9KH nomerax Asa Aexaprosa rpHjeApa — Herm- 

xperHor H noxperHor Z' xpyro se3aHor ca xpyrHm WHOM, HTlie ce oce 
nomernom rpeHyrxy nomanajy. 

Bp3HHa npoH3BarbHe ratnce xpyror Tena y oAmocy Ha 'lei-lox-per' TPEt-
jegap y' je (3H.nerll mterhax 40., jeAHatiHHy 10.) 

rAe HHAexc y 3arpa,aa o3Hamasa peAHH 5poj Tamxe H rAe je tau  TeH3op rpeHyrHe 
yraolle 5p3HHe. 

Bc3e H3mehy xoopAHHara npoR3sonsne ramice rem y HenoxperHom H  no-
KpeTHOM wHjeApy cy (sHAern oAerbax 40., jeAHamlllly 40.) 

(2) yr = 

HITO cy, y crsapH, xomoreHe AHHeapne oproroHarme waHccDopmallyrje y xojxma 
cy xoecimuHjeHTH 	ckyinawie spemeHa. 

KoopAgllare 5p3HHe y OgHocy Ha 110KpeTHH TpHje,aap cy 

(3) Voo

- 

 = Oh)  Zoo , 
— j 

rAe je 	
dyk 

v(y)i Vo)k 
az' 

- ayk 
az, az., 

OXIOCHO, C o53Hpom Ha (2), 
k 

V(

- 

v) 	Vook a • i, 

k 1 
(33,

- 1

=--  k1 a a . j . 

C o63Hpom Aa je cod  aHTHcHmerpwirm TeHaop, moxce My ce y npocrOpy oA Tpx 
•HmeHaHje KOOp/THHHpaTH Heicrop TperlyTHe yraoHe 6p3mie, 

2 coi = eijk  6)—  jk ,  

oAllocHo 

(4) ijk — • 

Homohy ose penaunje, xoopAHHare 6p3at1e (3) moxcemo HanHcaTH y o5nHxy 

(5) v(v);

- 

	= ekii  W k  zi( v). 

ICHHenrnica elleprllja xpyror rena je 

— My 8"  2)(v)i V(v)1, 

0,3HOCHO, axo FICKOpHCTHMO jeAna3n4Hy (5), 

(b) 
	

T = — Z rn Or' ekj, e„,W~w z-1(v) z 
2 v 

1 

y 

18• 
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MehyTHm, ram je (sHneTH onensax 40., jenHaqHHy 48.) 

my Si! ekil estl Zi(v) Zt(v) = rks ,  

Lae cy 4, momeHTH HRepuzje xpyTor Tena y onHocy Ha oce noxpe-raor TpH- 
jenpa (rpyTo Be3aHor 3a Teno), jenHa‘unly (6) moxemo HanHcaTH y o5nHry 

1 – – 
(7) 	 T = — Ik W k

2  

Kan je HenorpeTHa Tavira rpyror Tema H,eroa ueHTap maca (Ojnepors 
caygaj o5prarsa xpyTor Tem oxo HenoxpeTHe Ta‘nce), a aro 3a oce norpemor 
TpHjenpa y3memo therose taaliHe nieHTpanHe oce HHepuxje, 5nhe Cali npoH3BoaH 
HHepuHje jennarn Hynes, na je 

I„ 0 0 

{43} = 0 /22  0 
0 0 13 , 

AKO yHenemo o3Hare 

/„ = A, 1„= B, 133=C; 	=p, Ce 2  = q, w3 = r, 

rue cy p, q H r upojexuaje Tpearme yraoHe 5p3HHe Ha oce noxperHor TpHjen-
pa, je,nHaaally (7) moxemo HanHcaTH y o5nincy 

T=  

Kaxo cy, name, npojeranje TpeHyrue yraoHe 5p3Hrte Ha oce noxpeTHor 
TpHjenpa ttlyarn,Hje Ojnepomix yr.nosa 4), 9 H •a, H H,HXOBRX H3Bona no apeMeHy, 
Tj. (saneTH T. Affhenah H P. CTojaHo)30h: PaaHoHanHa meraauxa, Beorpan 
1966., cTp. 86.) 

p = LI) sin cp sin + Cos cp, 

q = cos cp sin 0,  – b. sin p, 

r=4 COL& 

jenria‘noy (8) moxemo, roaalmo, HanHcaTH y o5nery 

T 	(S1112  cpSin 2 	+ 2 sin co cos cp sin 94 + cos 2 cp :92 ) +  

41. AHHamaxa cm-Tema (237 — 243) 	 277 

41. Ansaminca cHcTema 

3aHaTa1C 237. (0,4e.lbax 41., 3anaTaK 1.). Iloxa3TH ;Ka aro je Hera munija cline 
reone3lijcra m4HHja 3a xxnemaTH4ry meTpHlixy ctiopmy cHcTema, °Ha he TO 5HTH 
H 3a arnHoHy meTpmxy cDopmy. 

Peuleme: KHHemaTHgra H aKHHOHa MeTpaliica (Dopma cy o5mixa (Bane= o.i.ten,ar 
41., jenHaqHHe 11. a 43.) 

(1) ds2  = 2 Tdt 2 = a,. dxi dr' 

H 

(2) d a2  = (E –V) ds 2  = (E –V) au  dxi dxi = 

AKO yaenemo o3Hary 
E –V =cp, 

mammy meTpauxy 43opmy mozemo HanHcaTH y 05Haxy 

(3) d a2  =cp ds2. 

JenHarunia reone3Hjcnix AHHHja je o5nHxa (sHneTH of enax 27., jenHa-
%my 16.) 

d2  xl  {1 dxi dxk 
=0, 

ds2 	j Icl ds ds 

rne je xao npomeHnman napameTap y3eT nyx s xpm3e. OBy jenHalamy moxemo 
H3pa3HTH y o5nHxy (aangTH oneisar 27., jenHaminly 17.) 

dx4\ 

– 

/ 

) 

(r) = 0, 
s 

rne je 	jeninultu4 serTop TaHreare Ha reonemjcxy nHHHjy. 
JIHHHja cane je no nec()HHHuHjH °Ha nainija y IiHjoj je caaroj TagxH )3e-

rrop cane xonitHeapaH ca je,aHHH‘nnim Berropom lbeHe TaHreHTe. lipema Tome, 
3a naHnjy cane je y caaxoj EbeHoj Tama(' HcnymeH ycnort 

(8) 
(4) 

(5) 
0/AHOCHO y o5aHry 

(6) 

+  (COSz  cp sin2  042 — 2 sin cp cos cp sin,  4 + sinz 9 42) + 
2 (7) = 1171  = dx1, 

ds 
c (COS2  0.4)2  + 2 cos 4 cp t1) cp2), 

OAHOC110 

(8) =A Xi, 

urro npencTama Tpaxcem H3pa3 3a rilHerwrxy eHeprHjy rpyTor Tena. 

HauoMena. C arairpom Ha CMO y OBOM aaaancy K opHc-rHHH HpaHoyrne LeKapToBe cHoreMe 
KoopAHHara, TO y oaHocy Ha 11,117{, Kaxo 3E11010, HeMa palm y= Halscd)y KompasapicjaHumx, 
Kosapajaannix H (1)H3H4KH7S KoopHHHara. I43 TOT paanora cmo Koop,HHHare rpeHyme yraoHe 
5p3HHe HaaHanit upojeKuHjama. 

rue je A =Ka Hp0MeHJbHBH =nap. 
Axo je nmaija cline reone3Hjcra nHHHja 3a rHnemaTioxy meTpwrry cloopmy 

cHcTema, oHna, Ha ocHoriy (6) H (7), mopa 5HTH 

S  — Xi) = 0, 
8 s 



— 1 
oaaluie )206Hjamo 

(1 1) 
1 1 (dXi 

(16) 	 +A 
i 

}XJX 1c)= ---=. X „, XmXi  	„,Xm 
cp ds 	j 	 V 	 2 yy,-cp ' 

278 

o,aHocHo KomparsapkijaHTHe 
clicTem ,aud)epernmjainna. 

(9) 

MH Tpe6a 
3a,r(oHosbaHajy 
oxiocy Ha alCUH011y 

(10)  

rue je X Ael)HrificaHo 
oe3Hjemix IIHIllija 

IV. IlpHmene 

Koop,aaHaTe 
je,aHawma 

dX 	i + 

y mexaaatm 

BeKTopa CHBe mopajy 3a,r(oHon.anaTH 

xi xk  = 	xm  

xoopanHaTe Herropa cline 
CHCTeM gmbepemlajamulx je,aHagima y 

cHcTema, Tj. 

xi xk  = _5,,nxin xi,  

Herrop cane icommeapall ca raHreHrom reo-
(Popmy, Tj. 

TI  --= 7, X', 

cHm6o.ua ;Tyre Bpere pa' HaTe 3a 

mei-TH.11(0j 	cl)opmH. 

=1/cp ds, 

ds 	1 	dx' 	1 	1 

d 	Fp —ds 	'9 

d6 

0,EXHOCHO 

(15) 

Axo 

pemE(Hje 

ogHocHo, 

MebyrHm, 

6Hhe 
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- 

	

i 	1 	1 	( 	- ail cp 	a 	+ 

	

j 	2 cp kukcP ' i+  j 	j 	Ijkl .  

OBO 3aMeHHMo y je,z(Hawmy (10), y3limajyhH y o63Hp ,Ha je, Ha ocHoHy 

	

d _ 1 dXi 	
m Ao5Hjao 

ds 	lj k 

,aa noxamemo ,aa ycompaHapHjaHTHe 
TaKob 	oLtroHapajy1114 

meTpyrixy (topmy 

(3), 	 , 
d a V 	ds 

1 	d rA 	1 	 1 	 1 
+ _ 	 k  

Xm 	± —

2

-

9 

cp.,„ X.,  xi - 	 cp a  vxk 

	

ds cp 2 	 2p 

( 

3 

	

i 	I 1 xi xk) = 	cp—T 	, ,,..” xi  _ 1 	xm xi,  

	

+ 	
T. m A  A 

	

1 j k j 	2 	 1/7P x "n  

y31iMajyhH y 05314p /la je a.m. Xi Xk = (X) 2 , rue je X HHTeH3HTeT CH.TIC, 

1 	dr 	i 	 1 	 X 
X' Xi  

dr  +0 
!k 

 1 

d a 	l j 	f 

ycnosom aa je 
3a aximoHy merpHmy 

H r.rte cy i 
j k 

meTpwnal TeH3op 
H3 ycnosa 

cneosi 

xoopArmaTe KpHcrocinaoHor 

xojH ogroHapa axulloHoj 

T,  

,- ( 	X{ 	lr Al- - 	_)- ,„ ,rn r 	,_ cp. „, 
V y 	ds 	j k 	 VP 	2 cp V cp 

A a" (X) 2 . + 	- co I  
2 4V  y   

xaxo je 
Ti 	* 

(X)2 	aj, 	= dm -
a
- —x = —

x2 
, 

do 	ds 

MeTpHmxm TeH3op KOjFf oaroHapa ximemaTHqxoj merpffqxoj rPopmH je aii , oa- 
HOCHO, ibemy 3,apyweHH, 	MeTpliTIKH TeH3op xoja o,HroHapa an(HoHoj meTpu- 
xixoj cDopmH, Ha oCHOBy (3), je 

(12) 
04(110CHO, memy 3,apyweHH, 

(1 3) 

Koop,aHHaTe KplicToctenosor cHm6o.na nine Hpc -re, pagyHaTe npexo meTpx-
TeH3opa xojH ox(roHapa amHoHoj meTpmixoj (DopmH, Ha ocHoHy penagHje 
cy 

[jk, 1] = 
1
2 (R

.;  aki + cp, k a,J — Cp .  , Up) y[Jk, /], 

roe cy [jk, 1] xoopaHHaTe KpHcTocbenosor cHmbona HpHe spere pa ,iyHaTe y 
o,r(Hocy Ha ximemaTHxncy merpHxy. Ha ocHoHy (13) x (141 .„ 3a xoop,HHHaTe KpH- 
cTocbe.HoHor cHm6ona Hpyre BpcTe, HoSHjamo 

= 	11= 
1 

 a" [jk, 1], 
.1 k J 

1 	1 

2 	A 

Axo cy Jumuje cane reoHe3Hjcxe imHHje 3a ximemaTmmxy merpmucy 4)opmy, 
Tj. axo xoliTpasapHjaHme xoopHHHaTe exile X' 3aHoso.rbaHajy jekkHa4Huy (9), 

II3 (1 6) Ao5Hjamo 

	 y,„, X"' X' 	
1 	1 

	a
il = 0, 

29I/cp 	 2cp1Cp 
OAHOC110 

. 
(17) 	 cp, „, X' X' - p,l ail = O. 

MebyTHm, Raw je, oame, 3a KomepHaTHHHe cHcTeme 

a V 
p,„,- 	(E 	 = X „„ 

xm 

TO 3ameHom y (17), Ao5Hjamo 

XXm X'- -1
• Xail  = 0, 

A2 

MKOT 
(12), 

(14) 

b1J = y au , 

bu = au. 
9 
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on,Hocao 

(18) 	 (x)2 xi _ (x)2 xf _= 0, (
2 =(X)2) 

gaKne, jeoHanana (10) je HAeHTHIIICH aarpoonbeHa. Hpema Tome, moxcemo 
ambriara: aim je naaaja cane reoneaajcxa naHaja aa KoHemaTanxy meTpanxy 
(popmy cacrema, Tj. axo xorrrpartapajaHTHe xooposHaTe Herropa cane aanorso-
zarsajy cmcrem runDepermajannax jepoanaHa. (9), oHoa je oHa reormaajcxa naHoja 
H aa axulioHy meTpHqxy cbopmy clicTema, Tj. xoHTpaHapojaarne mow:mare 
cone aaomorbanajy cacrem ompepeHuojannax jeoHanaHa (10), niTo je H Tpe6ano 
noxamm. 

3anarax 238. (0oesbax 41., aanaTax 2.). Axo je noneTHa 6p3HHa xononeapna 
ca naHajom cane xoja ce noxnana ca Hexom reooeaajcxom nfiHajom, noxaaaTH 
oa he ce Tpajexropaja cacTema noxnanaTo ca OBOM JIHHHiOM cone. 

Peutose: 3a Hexy xpaay xi= (s) y VN , teogesujoca Kpueuxa je Berrop ca 
RoopoaHaTama 

( 1 ) 
	

= 
d2 x' 	i 1 dxi dxk 

ds2  I j k j ds ds 

a reormaajcxe .niamje cy oHe naHaje y VN aa xoje je reogeardoca xpaaoH2 
jeoaaxa opal. 

Hexa je x' = (s) TpajexTopaja Tanxe y VN Ha xojy oejcroyje cnna 
,L(HcDepeactajanHa jeoHamma xpeTaEba re Tanxe je 

(2) 	
d2 xi 	i dxJ dxk Xi 

dt 2 	j k dt dt 

dxi dxl ds 	d2 	d2  x' ds 2  dxi d 2  s 
dt ds dt 	 dr2  (dt) 	ds dt 2  

1d2 	4_ f 	ltha dxk 	dx1  = 

ds2 I./kJ ds ds 	ds 

rne je s = 
dt 	dt2 

 , s = — . CTanamo 
• ds 	d2  s 	

join s2= 1 — , na je reornaajcxa a-Flamm 

k' = p.(r — 	) —ddsx  . 

Aa 6H TpajexTopoja 6sna reoonaajcxa nanoja norpe5no je on 6yoe k' = 0, 

dx' 	1 .„.. 	

\ - 1 / 
'77) 

ds s 

a Qoapne aaxmynyjemo oa je noTpe6aH ycnort iia Tpajerropaja Tanxe y VN 6yoe 
reooemjcxa nintoja ,rta TaHreaTa Tpajerropaje cranHo 6yoe xonaHeapHa ca CHROM, 
a TO 3HaIIH ,L(a. je H noneTaa Soma xonHHeapaa ca canom y IIoneTHoM Tpe-
Hyncy. Oaaj je ycnon norpe6aH, ana Han H ;am:somas. 5acmo Hcnarana 
xana he cm* yenon Sant acnymeH, 3aMeHHMo Hapaa (5) y ompepeanajanHe  

jejaHalume xpeTarba. C obaapom oa je H3 (5) 

d2 	dxm 	d Xi 	 Xi —X „, 	r +X 	—X?, „,Xm Xi +X el  , 
d.s2 	ds 	 ds 

aameHom y (3), oo5Hjamo 

S2 

 (

r 

A  d +XX. ,„ Xm +X 2 i 	Xk)+  X Xi = Xi, 
s 	 j k 

a oaaa,ae cnemi Jya yews (5) moon 511TH HenyiseH canto axo cana 3axtosomaaa 
yCJI0B 

	

dX1 	i 
+X 	 Xk  = — X, „, X"'" X', 

	

ds 	j k 

a TO je ycnos oa je naHnja cone reortemjcxa nmaja (BooeTa npeTxooHa 3a-
=Tax). 

Aaxne, aico je normja cone reoonojcxa .naHaja H aim je noqenia 6p3aHa 
raqxe xonaHeapHa ca canom, raqxa he ce xperani no Toj reormaajcxoj JIHHHiH, 
urro je H Tpe5ano noxaaaTo. 

3artarax 239. (0oen)ax 41., aaoaTax 3.). HoxanaTH oa croapna rpajexTopaja 
OHaamanKor cacTema ca ximeninxom eueprojom T 11 noTeHnojanaom eHeprojom V 
aanorsorbana HapojanaoHy jeonanaHy 

a f (T —V) dt = 0, 

npn qemy nopoonna yoneHox moryhax TpajexTopaja lima aajeoHanxe xpaja.e 
Tanxe (Xamuntrionoe iipunguit). 

Femme: IlocmaTpajmo zusHamanxo cacrem xoja je noosprHyr cnegeham orpa-
Haqemama: 
1. CacTem je xonoHoman H Ha mera ,Rejcrayjy RomepaaTHarie cane. 
2. Oocrynaaa CBHX moryhax (3ao5ana3Hax) Tpajerropoja on en:lapin TpajexTo-
paje cy HH(pHHHTe30MaJIHa. 

3. KpeTarbe je cnoxpouo: cacTem nonand 03 nonerHe Komparypaitaje y Tpe-
Hyncy t, H cm-Ace y xpaja.y xoacparypaoHjy no craapHoj HRH 3ao6Hna3Hoj Tpa-
jeKTOWIJII y HCTO pee 

Hon OBHM ycnonama nocToja Ifarpalixena cPyinalsja, xoja je RecloHmacana ca 

L = T — V, 
Tax° oa je 

dW = Ldt 
enemeHT Aejcima, a 

( 1 ) 
1, 
f Ldt 

je HenanaHa oopeheHa yEynaam xpeTaEbem cacTema y opemeucxom paamaxy 
(t 1 , t2) H Ha3aaa ce gejciTteo y XamuinTionoeom cmucity. 

OAHOCHO, am> eranamo 

(3) 

(4) 

(5) 
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Ma Tpe5a na noxa)KeMo na nejcimo y XamHaroHosom cmHcay Irma cTa-
unonapHy spenHocT Ha cTsapHoj TpajexTopHja y nopehmy ca npenHocnima Ha 
3ao5Rna3HHm Tpajewropajama. 

Hpema sapHjauHoHom pagyHy, H3 (1) Aobrijamo 

flpH xpeTarby cacTeMa no cTsapHoj TpajeicTopHjH Daze JlarpaHncene jen-
HaJinHe pyre spore (saaeTH one.a.ax 41., jermaJamy 27.) 

d L L 

dt 

Mehyrnm, !caw je 

5Hhe 

/2 
W = 8f Ldt= faLdt. 

r l 	t, 

L=L(qi, 7i), 

TaK0 Ba ce (3) csonn Ha 
SW: 0, 

THme je noxa3aHo na npa CTBapHOM xperapby XaMHJITOHOBO AeicTs0 Hma 
craunoHapHy spenHocT. 

. 	L 	• 

qi 	dqa 

nejcTsa y XaMHJITOHOBOM CMHCJIy mozcemo 143pa314TH y 

12(aL 	. of, 	
dt qi) f 

eqi 	eq' 

C o53Hpom ,11a. je (B14HeTE T. AHbeJ111h H P. CTojaHosHh: PaurroHanHa 
mexamuca, BeorpaL, 1966., cTp. 426. jermaRHHa 9.) 

d 	. 	- 
a q' = qi, 

dt 
moxcezvio el-arm-FR 

f
12 0L 

641  6 qe dt = r 	(4 qt), 
tj, a  q 

o,aaane napuujanHom HarerpanHjom no5Hjamo 

ri2(3.L._ 
qi  8 

 4,dt 

kaqi 

 ta L qi) 

,2 q 

 id L 8.0 L\ dt  

1, 

MebyTHm, Ha ocHosy npeTnocTasxe o CHFIXpOHOCTH xpeTaa,a, y TpeHrwma t 
H t 2  KoHcInfrypanHje cacTeMa ce noxuanajy, na je 

(8 	= 	= 0. 

Ha ocaoay Tora, npeTxouia penauaja ce csonH Ha 

r2a.r, 	 . (d 	L ll dt. r 	dt - f qi — 

;)i aql 	 dt dql 1, 

3anaTak.  240. (Onefbax 41., 3anaTax 4.). 41HIMMINICH cacTeM ce cacTojH on 
Tahoe lipase rnaTice uesH xoja ce o5phe y xopH3oHTannoj pasHH OKO jenHor 
caor xpaja A. Y Toj Herm ce Hanani Teunca nonTnua B cnojeHa onpyrom ca A. 
OBaj cHcTem Hma Asa ea-enema cno5one H nonomcaj nonTHue je y csaxom Tpe- 
syncy onpeheH Foomarmarama: r = AB 14 yrnom poraumje 0 Heim oxo A y  oR-
IIOCy Ha HeicH onpeheH nogeTHH nonoNcaj. FloTeHnHjaaHa eHeprHja he 3aBEC14TH 

camo on r. 
Floica3aTH Ra cy y RomintrypaHHoHom npocTopy ate AHHHje mule reone-

3Hjcice rannlje y onHocy Ha KHtleMaTIVIKy meTpHqxy cl)opmy. 

Femme: KHHerrpuca eHeprnja maTepHjanHe Tamice (noarHue B), c o53npoM r(a 
cy He3asHcHe xoop,armaTe r a 0, 5Hhe 

2 T = m (;* 2 + r2 2), 

na je IcHHemaTrpnca me -mimica ckopma xola1)HrypannoHor npocTopa (BlineT11 One-
JbaK 41., jenHa,aucy 11.) 

tha  = 2 Tdr = m (dr2  r2 d02), 

Tj. icoopniniaTe meTpwncor Temopa icoHclawypauHoHor npocTopa cy 

{a.$}_ 0m 
 

mr2 j .  

0 

Hoxa3ahemo ca,aa ,na je osaj IcomIntrypanHoHH npocTop eymmacrx. Y 
onsocy Ha opToroHantin ClICTeM xooprurHaTa y pHMaHCKOM npocTopy on nse 
,aHmeH3Hje je,ruma He3asHcHa x000p,curHaTa PHmaH-Kpacreckenosor TeH3opa je 
(saaeTH 3anaTax 186.) 

	(1 0 all  
1212 ---

- 72 [ ad-XI  (1/1a dda:'2) ± A-2  V a dx 2 )] 

Y OBOM cnriajy go5Hjamo 

81212 	 (-1-- 2 mr)4- 	( 1-.0)1 
2-  La r mr 	00 mr 

TaK0 Ra BapHjailHjy 
o5niny 

(2) 

YHomea.em oBora y jenHaqHHy (2), no5Hjamo 
	 Tj. 	

81212 = 0,  

w _ 
‘ ql dr 64,1 	— c)  

na 3axmrtyjemo ,aa je nam KO am 	npocTop eyx.imacKH (meTpaxa je 
110311THBHO nednmarHa). 

k 
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C o53Hpom na je y xowlatryparmoaom npocTopy noTextmjanua eaepraja 
cpyHatHja canto on r, rj. V =V (r), Tana H (l)ynxuaja cline 3aBHCH camo on r, Tj. 

U= —V =U (r), 

OnaHne cnena 

dT 3 ( 1 	 8v1  
-— — a,, vi = a,, v' — . 
dt — a t 2 	J 	8 t 

na cy tcoopmmaTe aKTHBHC civic 

X,= U
d 
 — X,(r), 

dU 
A0 — =-- v. 

AHcipepemuda.naa jenHatama namtja cane je 

dr d0 

X, X0' 
Tj. 

dO O. 

VIHTerpaunjom ox[aBge no5Hjamo xoaatme jermatmae nimaja cane, 

=const. 

,Lame, nmmje cane cy lipase nmmje xoje npona3e xpo3 Taxan/ A xoja je non 
poraoHje. 

Y onen,xy 27. je noica3aHo na cy y eyxontnctcom npocTopy npaHe nrnmje 
reone3ajcxe nHanje, na 3amyttyjemo /la cy Junmje cane y na.Tom xombarYPa-
mtonom npocTopy reone3rtjcxe innatje y onaocy Ha icHaemanmxy merpirncy 
(Dopmy, IUTO je H Tpe5ano noxa3aTH. 

3anaTax 241. (Onensax 41., 3anaTax 5.). Iloica3ara na je y Romizn -yparmonom 
npocropy yHex 

dT 
= Q cos cp, 

rite je s nyx rpajexTopHje =Tema, Q HHTCH3HTeT HexTopa cane, a yrao xoja 
HexTop cline o5pa3yje ca TpajexTopHjom. 

Pewerbe: Y xotalmrypanaoHom npocTopy, ca meTplitnoitm Tea3opom a,1 , xaae-
Tama eHepraja cHcTema je (HrtneTH onenax 41., jenHatmay 7.) 

1 	• 
T = 

2
— au  qi 

rite je (sH,neTH ()Amax 41., jenaatmay 6.) 

a Y. = 2 m„  qiaqJ , j- 1, 	, N; a =1, 2, ... , 3N). 

Axo renepanHcaae xouTpanapHjaarae KoopnHaaTe 5p3H -He o5enexamo ca 
icHaerimica eaepraja cHcrema je 

T=
2

au vt vi. 

MebyTHm, xaxo je y xoadmrypattnonom npocTopy ancohYTHH H3BOJI HO Hpemelly 
ellepanlicaHe 5p3HHe jenaarc reaepanucaHom y5p3a}by (HHneTH ogexbax 41., 

jenaatmay 14.), onHocno reHepanHcamoj CHAR (HaneTH onenex 41., je4Ha'mny 34), 
Tj. 

8 vi 0 9  

no5Hjamo 
dT 

= au  vi = au  v' Qi.  
dt 

1Caxo je, 
dT dT ds _dT 

dt ds dt ds v  

me je v—(a u vi 2  HHTeH3HTeT HexTopa reHepasmcaHe 5p3Hae, no5Hjamo 

dT 
—= 
ds 

aii 	9 

dT 
= ou t' Q., 

d 

HIT° npencTaHma cicanapaa npon3Hon jenHarrtmor HexTopa TaHrenTe t' Tpajex-
TopHje H Herropa reHepazacalle cane y tcoactoryparmoHom npocTopy. C o53Hpom 
na je cxanapall nponmon Asa HexTopa jenaatc nport3Hony HAIXOBHX HHTell3H-
TeTa H icoomyca yrna H3Metjy H HX , moacemo UHCaTH 

dT 
—= Q cos cp, 
ds 

rite je Q HHTeH3HTeT cane a p  yrao xoja HexTop cane o5pa3yje ca rpajexTo-
pHjom, IUTO je H Tpe5ano noxa3aTH. 

3anaTax 242. (Onmax 41., 3a)aTax 6.). Iloxa3aTH na ce penpe3eHTaTanHa Tatixa 
y xowtHrypauxonom npocTopy xpette no Haepanja yHex no reonemjcicoj nmulja 
TOT npocTopa. 

Petuetbe: ,anclepemmjanae jenHatmae xpeTam.a. no HaepaHja penpe3eHTaTHHHe 
maTepHjanne Tatum y icomimrypalmoHom npocTopy cy 

d2 	 dqk 

dt2  lj kf dt dt 

113 3axoaa o onpxan.y eaeprlije 3a maTepHjanna cacrem (BHHeTH o,ne-
Jbax 41., jemiatially 38.), 

T +V = const., 

8 t 

OHHOOHO 

( 1 ) 
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c o5supom to je y curtajy xpeTama no usepauju V= cons-:., go5ujamo 

T= const. 

Kaxo je JIHHAjCKH egemeuT y xotaisirypanuosom npocTopy (sitgeTm ogerbax 41., 
jeguaquity 40.) 

ds =V27' dt , 

y cnriajy KpeTatia no utteintuju he 5unt 

(2) 	 ds=kdt, 

rte je k KOHCTaHTa. 

Ha ocuosy pe.aaauje (2) go5ujamo 

dq` d
di k 	d2 0,1 d2 k2,  

dt ds 	dt 2 	ds2  

na jeguatilluy (1) mcoxemo 'Tunica -1qt y o5gutcy 

Ogasae je 

,
ds 	u  dqr 

dt = 	 
 

• 1'2 T 	2 T 

AKO ce ucicopucTH miTerpan ellepraje H nocmaTpa xpeTau'e gy)K }mice nyTaibe 

	

ca napameTapexum jeattaguttama = 	5uhe 

2 	 . 	
dq; 

dt =I  clu g 	 p., 	q" ---). 
2 (E V) d 
	

d 

BpeMe norpe6Ho ga cucTem npebe H3 xotuDErypauuje A y xouclurypauu-
jy B je 

B 	 7 

t = f l a'jg qj  2 d µ.  
A 2 (E - V) 

Epaxucooxpona je tcpusa apt< Yoje CHCTCM npenam Hs jeaue xoucluirypaauje 
y gpyry 3a sajmas,e BpeMe. OTyga. ycsos 3a 5paxucToxposy: 

d2  qi k2  , f 	ldqf dqk 
k 2  - 0, 	 B 	 7 

„ , 
ds2 	1 lc .  f ds ds 	 st=afri''''' 

 „p 2
dµ=0. 

0,EwocHo 	 A 2 (E -V)}  

d2  qi + i ldqj dqk = 0. 	 Atm 3a napameTap ysmemo BpeMe, p. = t, H CTaBHIv10 

ds2 	ij k J ds ds 	 1 	 1 
•

• 1 2  Hpema Tome, satubygyjemo, Tpajerropuja penpesetrranusse maTepujanite Tamce 	 i..„  f ao q'  q1  1 _ i  T  )
T 

xi* ce xpehe no ssepuuju y xotulmrypausottom npocTopy jecre reoge314jcica 	 i  12 (E -V)f 	kE -V I ' 
mumja Tor npocTopa, IHTO je H TpeBano noxasaTu. 

Ojnep-Jlarpatoxese jegtiamute osor sapujaurionor npo6nema 5ithe 

3a,aarralc 243• (0,0eJbatt 41., 3aztaTaK 7.). Holca3a.TH qa y xotalmrypauflosom 	 d df 	d f  0. 
 upocToTy VN  of CBHX Tpajewropuja, Koje cy ogpehese gsema Kopuburypauujama 

A H B goje riope4 Tora 3agosomasajy jegitaxmay esepruje T rt V=E, °Ha Koja 	 dt d 	dry' 

MHHH Hirrerpaz 
1 	 Kaaa ce H3BpHIH trastraHetto guepepeuusparbe, go6ujamo 

i  
t  f {2 (E -V)1 d[j"

„  a,i  q 
q' 	, (pc je napatvieTap) 

dq' 

dp. 	
df 

 1 [T - 	
2-  dT 

a  = 2  
a qi 

A 

cmaHomptaim, 3aAoso.rbasa mictlepemmjamly jexiagmly 

d dT 	017 	1  dV dT 

dt dq' tag' dq' E -V dt dq' 

(Osatose Tpajerropuje sosy ce 6paxucilsoxpotte yomesor Akmammxor =Tema). 

Peueeme: 3a IcousepsaTusue cucreMa swim 3aKOH esepruje 

T = E - V, 

a y Koluburyparutosom npoc -ropy ca tomemaratncum Juumjclium esemesTom je 

T= — — — q' . 
2 dt 	2 

1 C.11 2  i  • . 

urro je H Tpe6ano noxasaru. 

d a f - 	1 	( d OT 1 dV OT  

dt dq' 2V T (E -V) `dt dq' T dt 0411' 

a f - 	i 	O
T + 
	VT 	dV 

Oq' 2V T(E -V) dq' 2 (E - V)V
, 
 E - V 0q 1  

YnorueH.eM °Bora y 0.j.aep-Jlasrpamicese jeauagutte H KopucTehu tutTerpas eue-
pruje, T = .E - V, go5ujamo 

d dT  OT OV 1 dV T 
.+ 	 = 0, 

dt 	act' 	E -V dt Oq' 
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42. Hpamena rIcbacDose meTorte y 71mHamlugH ciacrema (244 —245) 	 289 

3a x3  = pi , x4  = p2 , no5njamo ;Tyre )1ne jennatinne 

3anaTax 244. (Onerbax 42., 3anaTax 1.). 1/13pB3HTH enemenT axunje y XIIMFIJITO- 	 v — = v, v — — = V, 
n  d (11 n n  d cl) n  

HOBOM cmucny !coin oArottapa ccPepnom xnaTuy y o5nnxy nonecne 11cPacPose 	 op, 	aP2 
cpopme H onaTne Ten30pcxnm nyTem Hai:want icanoncxe jenna;ume Tor npo5nema. 	 onHocno 

Paueme: Y aPepunm nonapunm IcoopnnnaTama, 3a r = a = coast., xunernmca ene- 	 41=
z 

PI 	
P2 2 2 

dt, dq2  = 	dt. 
praja ccpepnor xnarna je 	

ma cos  q 	 ma  

42. Ilpnmena 114nupotte meTone y nnnamium encTema 

. 	. 
T —

m 
a2 (cos2  4.2  + 02), 

2 

a cpymcurtja cline (z-oca je opnjennicana BepTmcanno Ham:um) 

U= mgz = mga sin 0. 

reuepanncamit nmnyncn babe 

d TT 	 • 

	

= 	= ma 2  cos2  Op, 
de ay 
OT dT 	, 

p2= 0 2 06 ma-  U,  4  

a onaTne je 
16 	1 

CP — 	 PI , V  = —2 P2' ma2  cos' 0 	ma 

CTaBBMO cp = q', 0 = q2. KIHIBTH'ilfy eneprnjy cana moxemo n3pa3nrn y oarnucy 

1 	1 	2, 2 T– 

	

	 —P1 -t- P2) t 
2 ma2 cos2 q.2 

na je XamnnTonoaa (Pymaulja 

H = T – U –  1 	+ pi) – mqa sin q2. 
2 ma2  cos2  q2  

Onroaapajyha licPacPosa cPopma (ric ■ -=-X, dx') rnamt 

cl3=pi  dqi + 0•dp, – Hdt, 
OFIROCHO 

cl) "a.= p1 	+hdq2  + . dpi  + . dp2  – 

P1   ± p2) mga sin q'id t 
r 	 

	

L2 ma2  cos2  q2 	2 

il(PacPone jeunainme cy o5nntca 
dcro  

Of;  – 	=0. 
x' 

Axo 	crammo x1= q 1,  x2 = q2, q babe apse 2xse jennatinne 

dpi = 0, 

– 	sin  ep1  + mga cos q2) dt. 
ma2  COS3  172  

3anaTax 245. (Onerbax 42., 3anaTax 2.). MaTepnjannom cncTemy on Asa crenena 
cno5one onroaapa xutonnmen3notin tcomfarypautionn npocTop ca merpntncom 
cpopmom 

1  ds2 _ 	 4,1)2 + vey,  
a + b(q2)2 (  

a xpeTalbe ce 113Bonn no nejcutom cline lc* lima norennajaz 

b1 (q2)2, 

rue cy a, b, a,, b, II03HTHBHe xoncTanTe. 
HanHcami onnocnn enemenT axunje y o6.mxy IloPacpose cloopme y xanou-

CKIIM npomen.rbnanma H °name H3BeCT1I XaMILTITOHOBe jennamme xpeTaiba OBOT 
cncrema. 

Pezueroe: Knnermixa eneprnja nocmaTpanor cEtcrema je 

2 T – ( ds  )2 	I  	61)2 + (q.  2)2 

dt 	a + b(q2)2  

a noTennnjanna je 3anana, 

V = ai  + 1)1  (q2) 2. 
renepanacann nmrryncn cy 

T 	1 	• 
p,– 	

qi –a + b (q2)2 
q 

T = = 
4  a 	' 

na cy renepanucane 5p3HBe 

' = [a + b (q2)1 pi , 42  = p2 . 

Axo OBO 3amennmo y Fl3pa3 3a xanernuy eueprajy, no5njamo 

T= _
1 [a+  b (g2)21 (ply + 

2 
(p2)2, 

Taxo as  3a XamnaTotiony cpylnatHjy moxcemo nncaTn 

1 	 1 H=T+V=-- 
2 

[a+b022)9(p1)2+_ 
2 

(p2)2+a1+1,1(q2)2. 

19 Petuemi npo6nehat a3 Teinopocor pamyna 



(2) 

dp2 — —6,12 = 0, 

cl) 

a p2 
Kano je 

rlipaclosa otopma (enemeHT axn,Hje) je 

(13 = p,dql + p2 dq2  — Hdt, 

a 0ATosapajyhe Hcpaci)ose (xaHoncxe) jeAHamyme cy 

(13 

	

dpi  — 	 0, 

cb 
0 

d 
	= 0, 
dp, 

c13' 	aH 
—aq, 

- 

— 	dt =0,a 

d cD 	a H 
-—o 472  — 

- 

— --a q2 dt = — [be (P1 )2  + 2 b,q9dt, 

- dql — aa pH  dt = dql — [a + b (q2)2] p1 dt , i   

Cne):01 

( 1 ) 
du;  = _du; 

 d 	d 

AFstepebrnspaisem ose jeAHammie no yk Ao5Hjamo 

ui 	c) 2  u, 
ay; ayk 	ayi oyk 

Mebyrum, xaxo je, c o53Hpom Ha (1), 

	

d2 u; 	d  touj \_ 	d Iduk v_ 	tauk \ 	Idu,\ 	62 u;  

	

dyidyk 	dyk) 	 ay' `
ay'/ dylayk) dyidyk' 

jeAnammly (2) moxemo HanHcaTH y cannxy 

u.  
~aayk =- dydyk > 

 
o,gaxne cae,rat 
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62 
d cD 	• 2  d H 	

..i 
	 0. - — 

- 

aq — a p2 dt = dq2  — p2dt, 	 u a 1,2  d yi ay?' 

	

xaHoHcxe jeAnamme cy, KOHHIMO, 	 HHTerpaHH.j0M one jennarnme Ao6mjamo 

dp, = 0 	 d u  
(3) 

dp2 = —[bq2  (p 1 ) 2  ± 2 bi  ql dt, 	 d yi 	11 ' 

dql = [a + b (q2)1p1 dt, 	 rAe je nu  KOHCTHHTHH TeH30p. Ha ocHosy (1) aim= 

dq2  = p2  dt, 	 TeH3op, Ti. 

	

d u 	d u 
je a Tpe6ano HatnicaTH. 	

12 , — i — 	' 	— nu  . 
Inn) 

	

j  d y 	d yi 

Aa je arrnicamerpmnim 

Alm jeAHagrny (3) HHTerpannmo, jacZnjamo 
43. Temop ge.opmawije. J1Kneapna ,71linsTaunja. 

Hospum Aetimpmailmje. Ky6Ha ,tumaraunja 

3aLtaTaK 246. (0,AeJsax 43., 3aAaTax 1.). Hoxa3aTH Aa ce Teso xpehe Imo KPY -
TO canto xaA je TeH3op ,rxectiopmaanje 	Hyna TeH3op. 

Peuteme: KosapHjaHTHe xoopAHHaTe TeH3opa AeckopmanHje cy (3HgeTH o,ne•lbax 
43., jerwamxHy 12.) 

cru  — (ui  + ui , i )• 
2 

1 , 

AexapTomm xoopAHHaTama, Hmajyhn y sHAy Aa Taxo H3se,neH noica.3 He ry5H 
Paia jeAHOCTHBHOCTH y H3BO1elby Aoxa3a xopHcrHhemo ce npasoyrnym 

}mum OA csoje OTHIITOCTH. 

H3 jeAHamHHe 	
a

u 

 . = 1 'du;  dui\„ 

 2layj d  

(4) 	 u, 	yj ± a, 

me je KOHCTaHTHH serrop. 
BeKTop u, y jeAHammnd (4) jecTe sexTop enemearapHor nomepaiba. 1A 0 

 y Toj jeAHamHHH cTasHmo n u  .= 0, Ao5Hjamo 

U, = 

Tj. sexTop a;  (c o53Hpom Aa je xoHcranTa) oApehyje TpaHc.naTopHo nomepalbe 
Tamaxa Tena. 

Axo, nag, y jeAnamnsH (4) CT3B14M0 a,— 0, Ao5Hjamo 

ui  = 

npH memy xoecinumjenTH 	(c o53Hpom Aa cy KoHc-rairre) 0,Apebyjy e.nemeH- 
TapHy poTanfjy xpyTor Tena ono yrspt.),.elle Tamxe — xoopAHHaTHor nomeTxa 
(sHrteTH oAeibax 40., jeAHamHHe 11. H 12.). 

19• 
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g 	g 
A3  — aA 2  + —

s 
A — A = 0. 

A 
V--aX2  + s 	0, 

g 

Hailamena: ropwa jemastKa 

44. YCZOBH KOMEIHTUGHHHOCTH 
rpc5a 3a rnacR 

s 	A 
g g 

RIM y o5nHxy 

euk al  , a2j a3k —efik a„ 6 2J X g, k — ejjk cr, a3  k gv - 
rag cy :11 , 1  (rpaAnjeHTH BeKTopa nomepama), na, npema Tome, H a 1J  maci1um-
Te3HmanBe BeJ111MHHe. 

Ilpema ToMe, moxemo 3aKsbr4HTH, BeKTop enemeHTapHor nomepana (4) 
jecTe BeKTop enemelrrapHor nomepana xpyror Tena. To 3Harm. ,L(a he ce Teno 
xperara Kao Kpyro canto on,Aa icaxt je TeH3op Ae(popmansje Hyaa TeH3op, mTo 
je H Tpe5ano noKa3aTH. 

3aAaTax 247. (0Aeibax 43., 3aAaTaK 2.). lloxa3aTH Aa ce AerepmsuraHTHa jeA-
Hamma 

I au — x gu I = 0, 

rAe je aU  TeH3op Aectopmausje a gu  meTpritucH TeH3op, mc)xe 'roue pa3aHjarba 
Hanscam y o5aHxy 

X3  — (A' + sX — —0, 
g 

rAe je i = I au I AeTepmEHarrra maTprirte Terpopa 1440Pmattgje,  a Ky5Ha Arm- 
Tanaja, g =Igo ', a s 35Hp THHBEBX MHHOpa y AeTepmmlaHTH I glk  aki I = la/ I • 

rAe je su Ko4axTop enemeKra aji  y AeTepmHHaHTH I au I,  Gu EocloaKTop este-
melna g1,  y AeTepmmainz g= Ig u  Tj. Gu = g gu. 

rlpema Tome, AeTepmHHaHTHy jeAnatirmy caAa momemo HanHcaTH y o5nHxy 

—A3 g+A2  g (al -I- cd+ aD 	si+ 4)=0, 
K 	 s rAe je sK KocpaKrop eaemeHTa aK y ,r(e'reparaairra I an, eAllocno rnaHHH  MH- 

Hop y AeTepmHHaHTH I si I = I e akil . 

Kaxo je, Aant.e, 
1 	2 	3 ai + a2+ a3 ai =g au = a, 

rAe je a Ky6Ha AHnaTattHja, 

s: + A+ S3  = s = gu su = gu su = 

rAe je s 35Hp rnaranix mHHopa y AeTepmmaHTH I  a) I = I eakil, Ao5Hjamo 

3aAaTaK 248. (0,ge.lbax 44., 3aAaTaK 1.). H3BeCTH reomeTpgjelcHm nyTem yenoae 
KomnaTH6H.nHocTH y reHepanHcaimm xoopAHHaTama. 

Femme: 1,1HcpHHHTe3HmanHa pked)opmamija Tena je onpebeHa T3B. TeH3opoM 
penaTHarie Hu4HHHTe3HmanHe AectlopmanHje 

(1)  

Perueme: ,EkerepmHHaErrHy jemiamnly 

I — Ago  I= 0, 

moxemo FiallyiCaTH y o5inucy (1311,4eTK oAemax 7., jemmy-Hi-1y 10.) 

el' (a) i 	Sid (cr, i —xg, J) (a3 k X g3k) = °,  

AKO je y HeAeotopmHcaHoj Kowlmrypau,HjH Tena meTpumicH TeH3OP gu, 
TaAa je, y oAHocy Ha HcTe npomerubme, y AecDopmricalioj KoHclaarypaurrjH o5arlica 
(BHAeTH oAemaK 44., jeAHagmHy 11.) 

(2) SiJ = gij  + 2 air  

KpHc-rocknosH CHM50.11H nine apcTe y oAllocy Ha mats merpHqKH TeH-
30p gU  cy 

(3) [if, 	= [ij, k] + 

rAe CMO year o3Harcy 
a clik Oak: a au (4) 
dxi 	dz./ dxk 

KpncTote.noBH ciimboaa Apyre apcTe y omocy Ha AeckopmHcany me-
Ipmcy cy 

(5) 

rAe je g' KoirrpaaapHjaHTHR ocHomul TeH3op AecpopmacaHe meTpaKe. 

	

eijk a2i ,3  k  gi  A2 ek 	gv g3  k 	elfk a2i g3  k  

+x2 el.* 0.3 k 	g2i  — X3  eilk 	g2i g, k = 0. 

MebyTam, xaxo je 

cr2/ a, k = crul = 	a , 	euk g1 1 g2; g3k =I 

eUk a„a"g3 k = sk 3  g3 k  = Si, 

2 
eijk air a3kg2j= 5.12 g2J --- S2, 

eijk  Cr2J Cr3k 	Sil  gli = S I ,  

effk 0.2j 	g3  k  GJ 2 (12  ge 0.2i= g  ,22  

euk all g2ig3k — Gil  alt=ggt1 
ali=gah 

eiJk 0.3kgli g2i= Gk3 cr3k  = g gk3 a3k=  g  a33  

= g' ink  [ij, k]' = g"nk 	k]+g'mk BikJ, {7,1 
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lipeTnocTaammo na je 

(6)
mk = gmk + am k 

rje cy amk HH4)HHHTe3Hmanne HenHnHae xoje Tpe5a onpenriTn. 	5HCMO Ex 
onpenHnH, noun hello on penaullje 

g mk = 

onnocno 

(gmk  + a"'k) (gra + 2  akd = a 7. 
IIocne isrmowewa, onanne no5Hjamo 

	

a  + 2 gmk tyki gkl 
 amk 2 amk 	a7, 

OAHOcHo, aKO H30CTaBHMO noCnenna nnaH Ha nenoj CTpaHH xao many BCH/VI/SHY 

sHiner pena, 
2 gmk 	gkl 

 amk =0 .  

Onanne cne,n• 
cenk = — 2 Gmk, 

Taxo Aa (6) ,Ho5aja 05mm 

(7)
mk = gmk 2 amk .  

KopncTehH (7), jenHamHuy (5) HEHHCM0 y o5.nHxy 

im.i 
= (gmk — 2 amk) [i, k] + (gmk 2 cmk) B,Jk, 

OnHOCHO 

(8) t}  ={i./} — 2 
amk  [if, 1c] + gmk  Bijk 

i./  

rite CMO nnaH 2 amk  Brjk H30CTaBILHH Imo many Beannkuly miner pena, Jep, y 
nHHeapHoj TeopHjH mexamaxe xoHTHHyyma, Kan cy necDopmansje HH431110Te3H-

mantle, npeTnocTaarbamo cy H H3B0,411 TeH3opa necpopmannje HIHIMIIHTe3H-

mane licTor pena Kao H TeH3op ned3opmannje. 

Y mexaumw xoHTHHyyma ce npeTnocTanssa ,r(a ce nponec Aectiopmanuije 

onmja y TPOAHMeH3HOHOM eyxannexom npocTopy. lIpema Tome, HenaPopmHcaHa 
xoHcinirypanaja Tem je eyloHnexa, Tj. PHmaH-KpacToisDenon TeH3op Rilik, panyHaT 
y onHocy Ha meTpFpncH TeH3op g 11  , je HACHTHNECI4 jenHax HynH, 

. 
(9) BHA = 	,Uk, 	 1] 	.}[kl, m] m] U 

x-I 	d xk 	 k 

Ha MTH HanHH, c o53HpoM Aa  Teno npouecoM AvDopmaivaje He mome „Harry- 
craTH" eYKJIHACKH npocTop, mopa 5HTH H PHmaH-KpucToclienon TeH3op Rilik, 
panyHaT y onsocy Ha meTpHlual TeH3op 	necbopmEcaRe meTpEnce, Taxohe jermax 
Fly 	Tj. 

(10) RjUk =O.  

,D(ax.rxe, TeH3op ,itedclopmalmje He monce 5HTH ma xaxas TeH3op, 	canto Taxan 
KOjil he necl)opmHcasy meTpHxy (2) IMITHTH meTpkwom eyxnrincxor npocTopa. 
lIpema Tome, LuecT ycnona xomnaTH5HnHocTH neitopmarmje no5Hhemo axo ca 
HyJIOM H3jenHannmo inecT He3aBHCHHX xoopnHHaTa PHmau-KpficTocDenonor 
3opa Rirjk, panyHaTor y onHocy Ha necDopmHeauy merpHxy g . 

tZa SHcMo onpenium xoopnkmare 

d 	

d xk 	

Temopa 	nohH hello 	penauHje 

d 	 m ' 
(11) .kijk = 	[ik,   [ij, 1]' +1 	[ki, 	—( 	j[j1, m]'. 

i j 	 i k 

Aim y onoj penaHrrjH HCKOINICTHMO (3) H (8), no5Hjamo 

	

Rluk =([1k, 1] Bud) 	WI, + 	j- 
d 	 a xk 

+ 	1+ enr Bur  — 2 am" [if,rl) ([kl, in] + Bki„,)— 
i j 

— 
 (f

rn 
 i k }— gm' B ar — 2 ern' [ik, r])([.11, m] + 

OnHOCHO 

Rnik = Rrok + 	 B + 	B lam — 	} Bfini+ 
d 	xk 	 i k 

(12) 
I m 	m 	 m 1 i r 	m 	r 

„„,— a 	,„ 
± ik 11

B 
	1j /1

B 
 ...'n

— 2 a ..
-lk in ii} ± 2 a 

"W U illi k}.
Am cana, nohemo on penagHje 

	

1 r 1 	i r I , a ajk 	 — CS p. GA. : — 	. 	ark 
d x' 	.1 1 	1 k i f 

Tana je, onanne, 

(13)
(Tilr  

d x' 	afkle -4-  ark{ 	}+Crjr{ k  

Ha je, HHKHIPHCHM nepmyrauHjama, 

ak; ,
ki. j 

„. 1 r 1 + a k, { r 
(14) - 	

1 , 
`-' 	̀-'1.1 	

k d 	
= 

xj 	 j 	z .1 

u 	 r 	r 
(15) 	— G 

d xk 
I  ii. k + crrf 

i k 
{ 	1+ air 	

k 
• 

1j } 

Axe (13) H (14) caSepeMo A on Tora ony3memo (15), Tana, Ha oc,,...lny (4), 
no5Hjamo 

r 
(16) Bilk = Crik, 	Crki, — au, k+ 2 ark  

ij 



+2"."1 m  + 2 a 	m 
a 	k 	an  a xJ k i 
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cvlax.rie je 

r 
(17) aJk. t+ 	Crij, k =  Bilk —  2  ark 	. • 

z 

Ha ocHoay (16) je 

(18)

B iki 	d 
= — 	+ k Crik + 2  ar/ dx.i 	 {i rk}) —  

Oak/ •  6  art, k  c) aik I 	136/1 r + _ 	, 	, 	• + 2 	+ a 
6 xi 	d 	d 	 k 	 k} 

H3 pe.Tian.Hje 

6  akr.1  
akt. 	

dx J 	
art, 	

K 
}— akr, ti

1
n  1 —  kt. r{ 
1.  

,Elo5ktjamo 

cr/a. / 
— '-'

,. 
kl. 1J+ arl. il

k
r
j

1 (19) c))ci + akr, 'I
/ j 1+ aid. rI

i j
r  1 • 

Ha ACTH Hagan je, amr.rurucam nepmyTaraljama mmexca k, 1 H i, 

(20) 6  CY li. k  „. 
— "qt. kJ+ CY ri, k 	

r 
r 	+ Cr Ir. k 	4-  au. r  6 x 	

1 
.1 	 1 j 	11 	k j ' 

6  rk, I  ,. 	r 

j 
— (21) 6 xl 	`-'ik. 1J+ Crrk.1{ i j } ± air

' 
I{

k 
 } + aik ' r 1 I j 1 • 

YHomeu,eM (19), (20) H (21) y (18), ,ao5Hjamo 

6  Bud  ., 	 M 1, 
= 	

((
ak:, m+ Ulm. k — 6mk, l) + 'kl. if+ a11, kJ aik, 1J+ . . l 

a Xi 	 I f 

(22) + m  (Cronl. i+ Cr  m atm. 	
j 

1) + m  k j 	 (akm. + mi. k 0.1k. tn.) 

+2(22 , 1 	m 1. 
axi t k 	bxi i k ij 

Pa3meHom mecTa HB,gexcHma k a j, o,aaaae naxo Ao6ajamo 

y, 

	

6B— Cr  JI. ik+ kJ —  Cri1, M+ iMk } 	m + 	amb +  

44. Venom( xoNmam6limioctist (248 — 249) 
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KopacTeha peaaulijy (17), (22) H (23) moNcemo HarmcaTH y oaramy 

	

a Bad 	 M 

	

xi 	 i j 
kJ+ all, kJ —  atk, u + 	nmk/ — 2 0;4

ij lim kl+ 

r 	 r (24)
+{ki}Bimi-2 	

m 

 

±2of„,1 	 M  mi 	
k ij' Lk i 

H 

	

 
6 
B

x" 
ill 	 rn —ail.ik+azi,ki—aii,m 	z +{. k B mJI —  2  arr 	ki >1 

(25) +{ k "1 
 j

}  Barn/  — 2 ari 	
j m 

r 
 i 	l 

+ m 
k  B

um  — 2 armlir
i H 1 "7  k 	 k 

 m  a —6 m  . 
d xk j 	la Xk  

l'Homeihem (24) a (25) y (12), AcISHaamo 

-kirk 	if+ all, kJ — Crik.1)±{ 
i
M  1 13  mkl —  2  Cr  rIlm j m k  

{km j} 1-2 arl ikmillm 1 1 + 1 1  

j 

i lBik. — 2  CrrinIk
r 	

01 

r 
— ik 614 kJ+ a U. lk—{M k }Any+' 	" 

2 Cc, { 
i k}tm A 

k

- m

j} Buni+  2 ari  kmj} ,H,mk}
B+ 2 a 

—{ I kzi
1_ 

2 ° aml  I 	2 cr 	I ml 
I 	j+ axi,  L i; 	maxk 

M  	k -1-{ m 	}B 	m  (23) 	 k  (and, + azz,m — aim,z) + 1 
77? 

 k 	 + 	 k 
}B. 

 um
—{ 	 kim — { k

}
B .11,n — 

+2 6n1 { m  }+2a a  f 1. 
xk j i 	 xk j i 

m r — 2 cr 
mr {k 1}{ i A

+ 2 ann. 
517/ li r  kl +RlUk,  
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Cjui 61j, „ 0, 

er1 Or 1 	0 ,  

it 1 sjs 2 	= 0 ,  

eir 1 Os 3 ccif 	= 

eir 2 c.f., 2 	= 

efr 2  el'. 3  (Su ,  , = 0, 

Efr 3  Eis  3  au.  „= 0. 

3aaaTaK 249. (0,4e.rbax 44., 3aRaTaic 2.). 143paurrll ycnoae xomnaTH5HaHocTH y 
c(1)epHi4m nonapiatm Koop,aHHaTama. 

Paueme: YcnosH KomnaTH6romocTH y reHepanHcallam icoopaHHaTama cy (am-
,aeTH npeTxo,aaH 3agaTaK) 

OAHOCHO 

(1) 

+ a,, 
({i rk}{i s 1 } ± {i rdlis 1 1) .  

Aa je 
Y3MIIMO ga cy cAtepne nonapne icoopannaTe xl = p, 	x3 =0, THKO 

oanocno, nocne nompan,a oxtronapajytmx nnanoea 

Rlijk = Rlijk 	if+ a,j , kl ark,lj crjl, ik+ 

(B„,ki — 2 -d--1--ni6  )1 M  }— (A nil 2 a  am i ){ 
(26) xk 	i j 	 d xj 1k i 

	f m 1 	m 	r 
2 am/ 	a 	

1+ 
xk i dz./ lk 	2 ari l/ k}{j m} 

m 1 
i kf 

Kaxo je, MeyTHM, 

Brno 
a  2 	 -r 

e  am! a 6ki  , a tm 	amk 2 a  amt  _ 

x"  dxm d xk d xi 	d xk 

H Taicobe 

Bmjl
d a 

— 2 	— Bii„„ 

5Hhe, nocne AaJber noTHpaffia, 

= RUM+ akl, ij+ aij. kl ark,j1 — ajl, ik+ 

+ 2 a ri fd J' 	d  Ir 1 + 1 	r 	m 	r  1\ 
kdxlik

r 	
dxklj 	limkflmjnijnk mil' 

0,4HOCHO 

-RUA = Riuk + 2 arikijk+ Crkl,ij+ 	kl cik, ft —  all, ik • 

lipema. Tome, c o53Hpom Ha (9) H (10), yCJI0B11 KOMIIBT145HJIHOOTH cy 

(27) am. u CU, kl aik, 11 — 5)1. ik = 0,  

lc* Mo)KeMo H3pa3HTH 14 y oanincy 
Eisq 	= 0. 

.. 
Y OBHM jegnagnnama, C os3npom ,r(a. je euk — euk , moxcemo PHqHjes 

Jg 
CHMeTp141111H Ten3op sti" 3ameHHTH e-cHcTemom eijk , Taxo ,aa y pa3aHjeHom o6- 
.11Hxy H3rae,aajy 

a22.33 2 a23,23 + G33.22 = 0,  

CV 12,33 a23,13 a13.23 a33,12 = 0,  

G 12.23 — a22.13 a13,22 a23,12 = 0,  
(2) 

a11,33 -2  '71303+ a33.11 = 0,  

a11,23 — G12,13 a13.12+ a23,11 = 0,  

— 2 a l2,12 a22.11 	0,  

rAc cy gpyrx Koi3appijaHnut 143BOAll TeH3opa ,notopmannje 

ki  = o2  au_  dad  f 1.1 	a,, r 1 d a, fr 1 da„f  r 1 

(3) 

÷ {irs}{ks1 }) + 4{s ras1 Hirs}{ 1:1}) ±  

+2 amt 

_ oxkox' dx/likj oxiljkf axkli I J axklpf 

	

ci;  f r 1 	dirt (y. 	fri ±cy  arils 1 +  

	

ax'lk 11 	doctlikj 	" ax1 1 j kf 	ri q. S kfli 

xl cos x2  cos x3 , 

y2  = x' sin x 2  COS X3 , 

y3 = xl sin x3. 



[12,2] = [21,2] = x' cos 2  x3, [22,1] = - x1  cos2  x3, 

[32,2] = [23,2] = - (x1)2  sin x3  cos x3, [22,3] = (x1)2  sin x3  cos x3, 

[13,3] = [31,3] = xl, [33,1] = - xl, 
AOK cy cne ocra.ne KoopatnaTe jemiaice Flynn. 

3a KoopArniaTe Kpwrogienonor clim5o.na ,pyre spcTe, no o5pacuy 

i 	
= gil [jk, 1], 

,no5Hjamo 

121
= - xl cos2  x3, 	

/ 3 
1
3 
 = - x', 

1 1 2j 

12 

2 1 - 12  21J 
1  - 1 

' 

{322)=12231= -tgx3, 

3  = sin x3  cos x3, 
2 2 J 

,ox Cy 
11 

 f 3
3j 

 1 
13 

 3 11 
-x1 

 1 
- 1' 

ate °crane Koop,risHaTe jextHaKe Hymn. 

j k 
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KopHc-rehn one H3pa3e 3a RoopnimaTe KpHcTo4)e.iionor crtmbona Apyre 
Ha ocHony °Bora Aobnjamo 	 spcTe, 3a Apyre iconapHjaHTHe 113B0)/e xoopaaHaTa Ten3opa Aect•opmagfije, Ha 

dyl a vi 	 ayi 	 ocHony (3), Ao5Hjamo 
= cos x2  cos x3, .-.-' - = - xl sin x 2  cos x3, 	= - x' cos x2  sin x3 , 

d xi 	 a x2 	 a X3  
a22.33 

a2 622  + xi a 122 + 4 tg x3  a  '23 + 6 tg2  a (x3)2 	d x1 	a x3 	x3  • '722 , dye 	 d y2 	 a y2 	. 	3 = sin x2  cos x3 , 	= xl cos x2  cos x3, 	= - x 1  sin x 2  sin x 3, 
a xi 	 d x2 	 12 X3 02  .-2,  .4_ xi  a an + xl cost x3 

d  a'3 4_ tg x3 a 622  + 
dy3 

=sin x3 , 	- 
a y3 

= 0, 	 - 
a 

y3 = x1  cos x3. 	
123.23 - a x2  a  x3  , 	6  x2  

a x3 	a x3  
a xi 	 d x2 	 d x3  

Ho TpancoDopmaimoriom o6pacny 
a yk a yk 

g _____ 	9  
d xi a xf 

3a imp/mare meTplagicor TeH3opa zio5njamo 

+ 2 tg x3 
0 
dx2 

a23  sin x3  cos x3  :x33 + (x1)2 cos2 x3 all  

- xl sin x3  cos x3  an  + 3 tg2  X3  6 

a2 12
33 

	
22 - Cr33 ,  

a 33.22  - a (x2)2+ 4 tg x3 
a a22 ± xi cost x3 a a33  
a x2 	a xl 

- sin x3  cos x3 
a 633  + 2 tg2  x3 a22 - 2 a33 ,  a x3  

02  a, 2 	2 d 
0'22 ± 2 tg x3 d  a12 x1 6  a12  

C712.33 - a (x3)2  xi d x 3 	a x3 	a xi 
+ 

 

+ (2 tg2  x3  - 1) a,2  - -
2 

tg x3  a23 , 
xi 

02 
- 	a2,  + X a a

12 + tg x3 a ,723 	3  a c 7
3 '''' '-' 

, 2 	1 	3 a 
23.13 	 12 - ,,7 tg X3 (123 , a xi a x3 	a xi 	d xi xi a x 3  

4713.23 
02  cr.,  _,_ xi a 6 11  tg x3 a 612  ± tg x3 a a13  _ 1  a (323  

axe 
a x3  , a x2 	d x3 	d x2  x1  d x3  

1 d a33   
- 	+ (tg2 

3 
- 

x12 tg X3  azi x1  a x2  
02 x33 
	± 2 tg x3 

a a
23 

3 a a33  -
6 

tg x3  a23  , a33.12= a X1  a x2 	a xi. x1 d x2  x1  

- 	
62,12 

 +xicos2 x3 a au  +2tgx3 
d a12  sin x3  cos x3 

a a
1 3 a12.23 aX 2  oX3 	d x3 	d x2 	 d x3  

1 a a 22 __ 1 d a23 
- (1 + cos2  x3) an -

2 
tg x3 a22 + -

1 
sin x3  cos x3  a33  , x1  d x3  x1  d x2 	 x1 	x1 

A2 a 	a a _  .-- 	22 
1222.13 - a xi 	a x3  + 2 tg x3  --la 

3 d 622 _ 6 tg x3  a22 P 
d x1  xi d x 3  x1  

a13.22 62 Cr"  -I- 2 tg x3 a a12 2 a  '723  + xl cos2  x3  ° 1213
a x2 xl a x2 a (x 2)2 	 a xl. 

- sin x3  cos x3 
a a

13 
2 

tg x3  an  - 613, d x3  x1 

0 	0 
1 	0 	0 	 1  

{gii) = 1 0 (x1)2  cos x3  0 1 , 	{gu} = 	(x 1)2  cos2  x3  
0 	0 (x1)2 	 0 

() 
3a KoopmstuaTe KpncrotDenotior cmw6ona npne spere, no o5pacuy 

[1.i, k] = 	
gik 	gk , agi  A 

2 
( 
 xi 

+ 	
a xi 	xk )' 

noaijamo 



2)

02 ,pt„  a2 a,pe a2 apo  + 
d2 

a00 p  a app  2 p  a 
app

02  a33 	4 d a „ 4.  6 
62  dpd0 dcpd0 dpdcp 	d —

P
ap 

a33.11 a (X
1
)2  X' d 	(x1)2  

+ tg 0 em tg 0 —a  + tg 9 - 	 + 2 a a° 2  a   —o, _ 

	

02 a11 	 2 6 612 	2 	'3'13 	 d 	d 	 p 	p 	0 	p 	cp 
'11,23 a x2 a x3 + tg x3 	 

a x2  x' d x3  x' d x2  

3)
a2 a.:,  d2 ao a2,99  az a n  

2 	 dcpd0 	092  apd0  dpacp 
	" + p cos2  9 a  a" 	6 a  - tg :pc.  + if- a:P0' - 

d 0 - —
.)2c1 

 tg x3 a/2 + -(x1)2 6z3• 

- 2  a  a'e  sin 0 cos 0 a  aee  - 3 cos2  0 . ao + —4  tg 0cs„ -r 
+ tg 

x3 
6 ,3.12 2  a '512 	I  a  	I  tg x3  cr„ + 	3  a23 , 62 	 P op 	 d p 	 P 

a12, i3 - 	
a12 	 a23 

 6 xi  a  x3 	a  xl 
x' 

a  x3 	x' a x i. 	xl 	 (xi)
2 

+ —4 
sin 0 cos 0 . cree  = 0, 

2 a a12  2 a 613 _ 1  a a23  12- tg x3  a„ + 	a23, 	
P 

13' 	 a ' 3   ± tg x3  a3,12 - 	 (x')2 d xl d x2 	a xi xi d x2  xi a xi xi 

623.11 — 
6 (x') 2  X1  ox" 	(X') 2  

5) 	

d2 am,  a2 ar,9 02 ao  + 02 ao  ± tg 0  a apo  
	 2 tg 0 a  am  - —2  a  a° + 

	

dcpd0 dpd0 dpacp 	dp 2 	d cp 	op 	p a p 626 11  ± xi cos2 x3 a all  sin x3  cos x3 6 611  - 4± 
a 

al2  — 
a11.22 = — 1 	3 d (x2) 2 	 6x' 	 d x3  xi ax2  

+ — tg 0 ap, •+ — 2 ao = 0, 

4 . 	 2 
- 2 cost x 3  all  + — sin x3  cos x3  a„ + 	c 22 ,  

P 	
p 

X 1 	 (X1)2 	
6) 	

0 2 aop  ...... 2  p2 cp
bowF 

 a 2 a,,,,,,  

dy2 	ap aq) 	api 	
p co5 2  0 aaag:: 	

a 0 
:  sin 0 cos 0 a a" - 

4:32 a 12 	 1 d a12  sin x3  cos x3  a  a13 — 
612.12 	 ± Xi  COS2  X3 

a a
11 

d xi d x2 	 d xi x' ax 2 	 0 xl 
- 2 p cost 0 a  "cc 2  a  a" 2 sin 0 cos 0 -a aP2 + 

a P 	P a 9 	 d 0 
- I 

d aze  + X1  cos2  X3 
6 6 1 2  sin x3  cos x 3  -a  a ' 2  — cos2  X3  a„ + 

x1  d xl 	 d x1 	 d x3  
+ 2 sin 0 cos 0 a 

 a" 2 0 5,9 4 
+ - a„ - —

2 
sin 0 cos 0 ag,e  = O. 

	

op 	p o p 	P 2 	p 

	

a2  a„ 4 d 6„ 	6 a  

	

a22, 11 - (x1)2 x i. a xi. 	(x')2 a22 . 

 
+ — sin x3  cos x3  a„ + 	a22 + — sin x3  cos x3  a23, 

X' 	 (X1) 2 	X 1  

4) 	a2  app 	2  62  ao 62 (See p  app 	2 a aeo 	2 (300 0,  
002 	4.00 	dp2 	 p 	P 	P 2  62 a23 	4 a 0.23  + 6 623,  

Hatiomena. Y OBOM 3a,Baricy CMO mpamuni ycnoBe kicorornaTH5anaocni y aDepizatm uonaprinm 
BoopzaulaTama, upi4 •femy y B,HMa dThrypHary KoRapHjairme IcoopARHaTe reimpa necl)opma- 
mkjc. Motiymm, MB moAcemo, no noToe5n, xoBapitja.ame icoopunnaTe reB3opa necpopmaulkie 
R3pa3RTH apex° ICOHTpaBapffjawrialx RaH 44113wilanc. 
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a2 
623  + xi cos2 x3 

a a
13  tg x3 

a a22 
 — 	a 	

a23 

'723.12 — xi  x2 	 d 	 d 	x' ax2  

AKO, caaa, one R3pa3e plecemo y jeztnagrthe (2), H npn TOMB unmemo 
x1 = p, x2  = p H x3  = 0, ,Lkoblljamo cnextehnx wecT ycnona xoivmaTH5FinnocTn: 

d  a3 3 	 2 	, 	3 . , 	, 	 1) 	a2 a"' 2 aZ  ace  ÷ 02  a"2 p a  a" 2 p cost 0 a  a°  + p a a" + - sin x3  cos X3 
d 

33  — 2 cos 2  x3  a„ xi 
	 x' 

- — tg x-• 622  + — sin x.' COS x -' 633  , 	 002 	dcp00 	42 	a cp 	 d 0 	d p xl  

, 

	

z C711  + 	 (733/ 	
+4tg0 aa"+2tgO aa" 4tgO aa°8 +p cos 6 —"

p
:8-6-+ 

d cp 	d 0 	d cp 	 d 
(x1 ) 2  (Y11,33 — 

o (X3)2

+ xi 

d x'

„ 

 xi d x3  
a (Toe 

+sinecos0 	 2p2 cos2 0a,p +2psinficosOap8 +2tg2 0a-„ =0, 3 
0 0 02  a/3  + xi  d a„ 2 d a„ 1 d an  

a33 , a „ — 	 — ail ± 
(x1)2  1-1” dx1  dx3 	d xi xi a x3  x' d xi 
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45. Teu3op Hamm. Haaajeose jemagaise. Hospital animas 

3a,aarax 250. (OHenaic 45., 3anarax 1.). Y npaBoyrnEtm gexapromm Kopp_ 

HHHarama y' HanoHcico crane je of pebeHo ca 6,, = const., a ate °crane Koop-
A14Hare TeH3opa HaHOHa jemraxe cy HyJIH. 0,HpeHHTH CBRX mem' xoopHHHara 
TeH3opa HanoHa y el:Peplum nonapintm Ecoopmmarama r, 0, p. 

Paueme: Y npaBoyrnom gexaprosom cHcremy EcoopnaHara, KoopHHHare TeH3opa 
Hanoila cy 

a 0 0 
{0u} = 0 0 0 , a = const. 

0 0 0 

Y cHaremy abepumx nonapHrtx EcoopnEmara, xoopnitHare TeH3opa HanoHa 
he 50TH 
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Peraelse: Y cnynajy o.ncycraa cnon,aunam 3anpeminicxax mina Hatutjeone jeHtia-
9HHe pasHorexce Euviajy oarunc 

( I) 	 0,i,i  = 0, 

rHe ce apund cymHparbe no HOHOBH.eHHM EffutexcHma (,E(exapron cHcrem xoop-
HHHara). 

C o53Hpom Ha je 

ea, 3 = 0, 	(a =1,  2), 	033  = 0, 

je,nuagrmy (1) moacemo HanHcaTH y o5nEncy 

(2) 
	

6„0, = 0, 	(,3=i,2). 
AKO y3memo Ha je 

( 1 ) 

C o63Hpom Ha 
Hmamo (aHHeTH 

na je, Ha OCHOBy 

3anaTax 

a YI  = 

d yk  d 
(7)1.1= (3) eaR = e„, co , 41, pa , 	(0c, f3-- 1, 2), 

rHe je 	npottmon,Ha cicanapHa cpyinctlaja, H TO 3ameHamo y je.aHammy (2), 
xoopHHHara, 	 Ho5Hjamo 

(4) c„, coo  1P, 90/3 = 0. 

Mehymm, K aKo je soc, = — e„gt HY . oaR = 4/ . 0o , jeHHamEnta (4) je HHeHTEMICH 3a-, 	 Hoao.raena, Tj. 

(5) Cc„,eRo 4) , 	0,  PoR 

INTO 3Ha9n Ha cy Hasajeose jemia9me pamoreace aanoaarbefie axo TeH3op Ha-
noHa Hma obi= (3). 

H3 jeHHaqmie (3) Henocpexto cnega 

en 	el P el 	Pa = £12 £12 4). 22 = +.22 ,  

0 12 = E1P eta gja a = £12 621 +.12 = 	+.12; 

022 =  e2 P e2 Cr gj a Pa = 621 em 41.11 

Ben Emmehy 

uk17 — • 
xf 

gexagroanx npaEcoyrnHx H cctoepHfix 
224.) 

cos 0 cos p — r sin 0 cos 9 	— r cos 0 sin 9 

 cos 6 sin co 	— r sin 0 sin q) 	r cos 0 cos 9 
sin0 	 r cos 0 	 0 

A 	ay' 	yi 
0 

{ 	
xk 

) 

(1), 

011 

012 

.613 

=0
11 — — 

xl a xi = 
a cos2  coS2  cp, 

a yi a vi 
U21 	11 	 = — ar sin 	cos 	cos2  9, e„ 	 0 	() 

O XI  aX2  

1 ayi  
031 = 011 dY = 	 — ar cos2 6 sin pcos 9, 

axi ax3 

022 
-= On  — — ax2 dx2 

	

y 1 	
= ar2 sin2 6 cos2  9, 

623 = -632 = e„ -±a 	= ar2  sin 6 cos 0 sin cp cos 9, 
a x2  ax3  

033 	
y 1 3,1 

	

= 61 , — 	= ar2  cos2  0 sin2  p. 
x3  ax3  

3aHaTax 251. (0,l amax 45., 3aHaTax 2.). Hexa y gelcaproaHm npattoyrnilm 
icoopnaHarama HanoHcao crarbe y Hexom Teny 5yHe oHpebeHo ca 6„ 3 = 
(a = 1, 2), 033 = 0. Hoxa3aTH ,na he HasHjeose jeHualillae pasHorexce 50TH 3a,no-
Bomese y cnyliajy ojtcycraa CHOJTAIIMBHX 3aripemmactox atria, axo ce crawl 

Occp — ccp Cpa 4, pa , 	(c ,P = 1 2) ,  

rHe je 4, nponnon,Ha cl)ymcnnja. lloicanaTH ,Ha TO .1aje 

	

e —  +.22; 	012= - 4ç 12; 	622 = +11' n  

jep je  ell® e22 --- 0 31  £12 = £21 — 1. 

46. XyK0B 3BK011. 113071:1011H0 retoop BBSICTWIHOCTH 

3aAaTaic 252. (Ogesbax 46., 3a,gaTax 1.). Am apeHHocra Z./  H3 jemicamma (34) 
yHecemo y yc.nose xomnant5HnHocrEt (§ 44, 16) y gexaproaom o5nHxy, Ho5H-
hemo na y xomoreHom H30Tp0HHOM reny xoje je y paaHoreacs non Hejc-raom 
cnonaunaHx cHna Y1 , HHaapHjaHra 0 3atkoawaaaa HapeItHy napimjanity mule-
peHrinjanay jenHaInnty 

(1 — x)216 = (1 + x) p 

Femme: JegaanmEca (34), lc* H3paxcaaa Be3y H3m0y remopa HecpopmartHje H 
TeH3opa HanoHa (Xylcoa 3BKOH), Hma o6nmc (alumni ogemax 46., jeHHaREnty 34.) 

( 1 ) 	 = 	[( 1  + x) 	Xaij (3]. 

20 Pemezz rapt:4=w' 83 Ternopec®c pagyaa 
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Ycnomn K0MHaTH5HJIH0CTH y ,aexapromHm Icoopnnuarama cy (HunerH onemax 44., 
jenna4mHy 16.) 

1k — 11j, kz 2ki,JI 	 • 

Ancl)epeHilHpubem H onromapajytiom H3MeHOM Hanexca Et3 

— 	+ eij, kl 4.1 0,  

na 3a (4) no6Hjarvio 
(1 + p Y i,,—(1 +x)A0+2xA0=0, 

man 
(1 +x) p 	AO + xAO= O. 

Osy je,HHatamy moxemo nHcarki n y o6nHxy 

(1 + p Yi. I  — (1 — x) A0 = 0, 
OAHOCHO 

( 1 ) jo5HjaMo 

(2)  

(3) 

 11). ki 	
iv.,

+ 0k,, ki Xa 1/ 0, kik 

1 
fl = 	+ x) Oki, JI X8  ki O ,JI],  

r.,

E 
ij 	+ x,/ 	I/ 	X11‘ 13 . 

3aMenoM jenHarmafia (3) y (2) no5Hiamo 

(1 + X) 	— 	0 , ki — (1 + x) 	ki + 	ki — (1 + 

4-  X41 6 ./1+ ( I  + 61k. — x8ik 9. iJ  = 0. 

Axo, cam, y omoj jenHammHH H3BpIIIHMO xorrrpaxnmjy no HrinexcHma j H 1, ona 
nocraje 

(1 + eudk  — 	0, jk — (1 + X) On k , + XS ji  0 ,  k i  — (1 + X) Oki, jj 

+ x8ki  6, 11  + (1 + x) Om. u  — XajkO ,  = 0, 
0,11H0C110 

(1 + x)Otbik  — X0 ik —  (I +x)0, ik ± 3 xe, ik — (1 + x) Oik, jj 

Xaik AO + (1 + x) Ojk , u  — X0 ,  0 = 0, 

DITO ce cHonFt Ba 

	

(1 + x) ik + X0 ,,k — (1 + X) 0, ik —  ( 1  + )0 0 	+ xaik AO + (1 + Oik ,  = 0. 

Axo, name, H3BpIHHMO xoHrpaimmjy no HHACKCHMa i H k, no6Hjamo 

(1 + x) 0,; , 11  + xA0 — (1 + x) AO — (1 + x) AO + 3 xA0 + (1 + x) 0 ;11  = 0, 

onHocHo 
(4) 
	

(1 + 	— (1 + x) AO + 2 xAO = 0. 

Mebyram, 113 jenHaunme pasHoreme 

if. i 	P 
cnenm 

= P Yt.  

(1 — x) AO = (1 + x) p YI, i . 

38,718T8K 253. (Onmax 46., sanarax 2.). HanHcarH HaHrtjeome jensa=mne y 
citepimm nonapHHm KoopAHHarama r, 0, cp. 

Petueme: Y npomsan,HHm reHepanHcalmm icoopAHHarama HanajeoBe jenHatimHe 
(jennaaHHe pasHorme) cy o5nHica (3Knerm o,Henax 45., jemHan.HHy 16.) 

(1) p Xi + 4u, 0 

rge ey X1 xorrrpaHapHjaHrHe xoopnkniaTe cHozauirbe 3anpeNamexe cline (pany-
HaTe no jegrounw mace) H 6jj KoHrpamapHjaHrHe xoopnmHare TeH3opa nanoma. 

Y ccDepHilm nonapimm KOOflHHTM r, 0, cp, 

1 {X1 } = {X' X9X T}, 01 = O-'9 " O.00 .0•09 , 

,aap r 040 ,9,cpp 

na rcH3opcxoj jenHatunim (1) onromapajy cmenehe rpm cxanapne 

p Xr-1-3",,.+0-' 1),o+ ,&"9,,— 0, 

(2) p Xe + ,D..e r ,  + 0.00 0.  4. a0c ,  =...= 0, 

 pr'-H39 ',,-1-49°,8±399 , 4 =0. 

H3 H3pa3a 3a xosapmjaHrHH 113B03 IcompaHapHjaHrma goopwaHaTa TeH-
3opa HanoHa, 

it 

+6.13 {si  kH4i {s i  k}, 
3a HHHepreHimiy Temopa HanoHa go5Hjamo 

.. 	 . 	j 	i 

Ox' 	
. 

s j 	s j 

C o53lipom ,Ha je (HHnerm onenzax 2 1 ., jeAnaqiiny 10.) 

S j 	a z' 
	 (log 

Himepreinukiy Temopa HanoHa NIC610e1■40 H3pa3HTH y o6maxy 
5.7 

,a41, j :—± 	°  (log VD + o4{ 	. 
(3) dxj 	dxs 	 s j 

0 	0..r 

20• 
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Y aDepnom nonapHom cncremy xoopmtnaTa je (BH,IleTH 3azraTaK 138.) 

0 	1;) 

r2 	0 	, 	= r2  cos 0, 

0 r2 cos2 0 

1r el — { e r} — {r99 1 - 19r1 T 

1;01= 	
— r cos 2 0, 

iota, Ha =may (3), no5Hjamo 

,a'r 	9Pr° a 879 	d 
rr 	e 	60' 9  

 - 6.7r  — [log (r 2  cos e)i+ • • + 
r 	ae 	0 	d r 

4- ars  [log (r 2  cos0)] + 	
69 
—

43 
[log (r 2  cos 0)] + 	

r r 
+ 2 8/01 

r 
0 1+ 

00  

+2.8-r 9 1 r  1.-Fe8 { r  1+2e491 r  1+0.991 r  1, 
r 	t00) 	109J 	19 91 

Hnn, axo 3amennmo KooponnaTe Kpnc-rotbenoanx cnm5ona pyre spore i3,Hxo-
HHIA spennocnima, 

dO'r a 8r° ogre 2 .4_ .9. r 6.  e 	8. r cp. 	
asr 

d r 	d 	 r 

— tg 0We — r f100 — r cos 2 0.9.99. 

Ha ennui! Balm Ao6ajamo 

8er, r 4ee.e 8.04, _ se • + a oee ± 	+ 4 

d r 	a0 	d cp 	r 

tge £1" + sin e cos 0 ,949, 

bac • a .0-0 a 8-vP 4 
r, r  + 	+ 	 + 	+ 	+ 84".  — 3 tg 890. 

d r 	ae 	ac 	r 

Aso, cana, Ei3pa3e (4), (5) H (6) 3amennmo y jennarmne 

9" d 9" a W9 
p X' + 	+ 	+ 	+ 2 ,Orr — tg 	r (808 + cost 8 844) = 0, 

d r 	a0 	d 	r 

der d 	.0.04' 	4 
p X° + 
	+ d

8 	+ 	r  — tg 0.9,00 + sin 0 cos 08." = 0, 

r 	a0 	ap 	r 

0.9 ' a 94Pe 	.9.99 	4 
prP+ 	+ 	+ 	+-04"-3tg080 =0. 

d r 	a0 	dp 	r  

Oa° cy Haratjeose je,HHaturHe y 
AceHe npexo xonTpanapttjaurmix xoopmulara cnomaume 3anpemnacxe ante 
Ten3opa nanona. 

Axo y jenHaannama (7) xonTpaaapnjannie xoopannaTe n3pa3nMo npexo 
inownc.nx, Tj. minim° 

1 
Xr = 	X° = — X(6) , 

	

1 	 1 	c„ 

	

W es  =
r 	 r cos 0 

47  9) ,  

r2 	 r2  cos 0 
'&09) , 	64'.°   rzeos2 0 

no6njamo 

P 	
a'&6.0  + 1  a a(ro) + 	 64 + 

d r 	r d0 	rcos0 ap 

1  
+ — [2 v(r,) — tg 080e, — 8(08)  — 	0, 

r 

8. 	 (96)  r)  p X(e)  + 	+ 
1 d 

ad r 	r d0 
+ 

1  d
+ 

r cos@ dep 

1 [
3  + — ...T(re)  — tg 0.0 (e0)  — tg 08( ,,,,)] — 0, 

r 

	

1 	d3(,,,)  

P  j4P)+ 
ea(

r
cpt.) 	

r
1 a '8'0(T

06)  + rcos 0 d p 

+ —
1 

[3 ,&(„) — 2 tg 0 9,(03)] = 0.r  

Ono cy Tpawene Hannjeose jenHalinne y c(Depnom nonapnom clicremy Koopan-
naTa H3pamene npexo cllimpnaix KoopnaHara. 

3anazaH 254. (Onea.ax 46., 3anaTax 3.). HanHcaTH w3pa3 3a noTemutjan enac-
TIFLKOCTH y 3-en3opcxoj cpopmn. 

Pe:time: Axo jegnagnuy xperana (an,neTH °Amax 45., jeAsaaimy 33.) 

+ p = 

nomnownmo cxanapHo 5p3HHOM v;  , xto5Hjamo 

+ p v, = v„ 

inTo, Hirrerpagnjom no nexoj xonagnoj 3anpemEnn xonnutyyma, Aaje 

f p v, dV= f 4 1,j v, dV — f p Xi v, dV, 

0  9  1 	0  } —tg13'  9 	9  

° = sin 0 cos 0, 
99 

(4) 

(5)  

(6)  

(7)  

(2), ,405gjamo 

ectlepHom nonapnom cncTemy xoopturnala H3pa- 

X9 	
1 

r cos() 

arr = 6(rr) , 

0.ee = 1 e9 	1 	 1 
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OHHOC HO 

f p oi  dV = f 	i dV — f 	dV — fp X' zi t  dV. 

AKO npatt 3aupexvirificatt HHTerpan Ha necHoj cTpaltH TpaHotopmutuemo y 
HOBpLUHHCICH, Hmahemo 

f p v dV = f v, ds, — f v„ dV f p v i dV. 

PacTaaHmo, cana, rpanHjeur 6p3Hne, y npaom 3allpeMPICICOM Harerpany Ha 
llecuoj crpaHH, Ha et/met-Num H aHTHcHmerprrHina /leo, Tj. CTaBHM0 

	

1 	 1 	 - 

Vs . 	+ 	J) = —
2

(vr . i) — 
2 

(vr. — 01, 1) = G,J -1- cou ,J 

rue je 	Teroop 6p3HHe aecpopmannje, a cou  TeH3op BpTJIONCHOCTH, H y3MIIMO 
y o53Hp /la je 	= 0 jep je 	Tana Ao6Hjamo 

( 1 ) 
	

f vi  dV = — f 	dV + f 	f p vi dV. 

H3pa3 Ha nesoj cipaaH oae jermaHHHe npencTaarba 5p3Hrry npomeHe xii-
HeTHHKe eHeprHje, a nocnena.a nHa Hnalla Ha necHoj crpaaH cymy ecl/exara 
panoaa noapnmacHrtx H 3anpemmiclutx cHna. ripe/via Tome, moacemo jenHaHHHy (1) 
rutoara y o5nHxy 

(2) 

Yrropebyjytatt jeaHamirty (2) ca onturom jenHaHHHom 5anaHca eHeprnje, 

E+0=-A, 
aHnamo na H3pa3 

(3) 
	 = f 0.1.1  au  dV 

npencraan'a 6p3HHy npomeHe yHyTpaurEbe eHeprHje. Yao.ae•H ryCTIRly yHyTparn-
H.e eHeprHje u, yxynny yHyrpannby eHeprHjy MONCeM0 H3pa3HTH y o6maxy 

U= f p udV, 

a 5p3HHy FbeHe npomene y o6nHxy 

= f p dV, 	(p dV= 0). 

Ha ocHoay oaora jenHaHt4Hy (3) moacemo nlicaTH y o6nutcy 

f — 	dV =0, 
V 

onaane, 350r HpoH3Bon,HocTH 3anpemHacxor enemeHra, ao6Hjamo  

47. Jenaa'nme palm -ream xperarba enacrwmax rem.. Ben - . (255 — 258) 	3114„ 

KaHo je, mebyTHm, y ntmeapHoj TeopHja mexatance aoHTT/Hyyma 

du 	— • d 
u = — , 

dt 	 di 
cif  = Gs • = — 

H3 (4) Ao6mjamo 

1  nt. u — aii  , 
p 

rne je u crteutatosHa yHyrpannba eneprHja Koja ce join Ha3Haa eHeprHja Aeltop-
maT/Hje HJIH enacOuvuu anfueuuujan. 

Haaomena: Hama elm-mann noreaulijan nonage oryna nrro ce y nalleapeoj reopmjn enac-
TH91rOCIII ren3op Eranoaa x3paacaaa xao 

du p 
d 

na Esimumo 	u Hrpa ymory norem(Hjana 3a onpel)asalbe ren3opa nanoaa. 

47. JetwaHrtNe paaaoreme H KpeTalba enacTimmx Tem. 
BearpamH-MH9enoae jeilaamme 

3aaaraa 255. (Onesbax 47., 3anaTax 1.). H3 HowrpaaapHjaHTHor o5ninca oCHO-
BHe  jeaHaHHHe paaHoreze (6 a) HaeanHo enacrwnatx Tena 
H3Hecrn ,aa /can paaHoTexca nocrojn a He nejerayjy cnonAtuEbe 3anpemancxe 
cane Hy5Ha nllnaratulja a je xapmoutijcxa cpyinautja, Tj. 3a,acombaaa napuH-
janHy nkuDepetnutjanHy jentiannHy Zia = 0. 

Pewene: JenHaHHHa parsHoTexce (6 a) Hneamto enaCu'Htx Tena HMa xoarpaaa-
pHjaHTHH o6nitx (ataeTH onen.a.K 47., jenHaHHHy (6 a)) 

p X' (X + p.) gu a, + 	= 0. 

Y c.nriajy xaa He gejcznyjy cnorbaunbe 3anpeminicxe cane, ona je o5ninca 

	

(), + p.)gu 	ti.Aul =0, 
nnn 

(I) 	 (X + p.),u 	 uf ,„- O. 

KosapHjaHTHrim glicpepeauFfpau,em jewia ,Iime (1) ao5Hjamo 

(2) 	 + p.)gu c, is  + 	gkl 	0. 

TpHrtaH H aHTHcHMerpHnaH /leo, Tj. CTBBHMO 

Axo y osoj je,aHamHHH rpangjeHT serropa nomepan.a. ui,s. pacraammo Ha cHme- 

Uj, s  = 

(x t,) 	cy . 	p.  g" 	 gkl 2
js.

0. 

1/13apan3mo JIll ca)a Koffrpaxiatjy no HHaexcHma i H s, Ao5Hjamo 

(4) 
	

(X + 	cr..t+ 	el  att. '= 0 , 
jep je 

oHa nocraje 
( 3 ) 

(4) 
	

p = air 	 gu = O. 



1 o 
1 	0 	0 

{g o} 	(x 1) 2 	0 	, 	-- 

0 	0 (xl)' cos' x2 

(x1)2 

1 
0 

(x1)2  cost 

{1221 = 12211%11 	{133} = 13 	{:3} – 13321 
= — tg x2, 

0 
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JextHammy (4) mozcemo, Ame, Hanncara y 06mq 	 na je Ha ocHony (3), 

+ gij 	a.k1 =  

onHocno 
(X + Aa + pAcc = 0, 

H.n2 y °Smug 
(X+ 2 p.) 63= 0, 

onaKne cnenH 
Acr = 0, (X + 2 p.00), 

nrro je H rpe6ano noica3ara. 

3anaTax 256. (OnenAK 47., 3anaTaic 2.). HanHcara ocnoime jenHalume pasHo-
Tom (6) y *maid nonapHam xooptumarama. 

Peuterbe: OcHomie jewHamHe pasHorme (6) HneanHo enacrintwx rena cy o5JmKa 
(stneTH onemaK 47., jeAllatHilly 6 6) 

(1) 	 pri+("A+1.1.)a,i+pAul-0. 

Y onHocy Ha cncrem c43epHrtx nonaptinx xoop,rmHaTa HeKa cy KoHapHjaHTHe 
KoopAHHare cane 	

{Xi} = {X, X, X,} 

H NottapHjairrue itoopnsHare HeKropa nomepatba 

{ui} = {u, u 2  u3}. 

JlaimacHjaa Belk-Topa u, je (sages one.m.ax 24., jenHawHy 48.) 

(2) 
	

A ui  = gJtr  ur.Ik ,  

rje je 	
u 	u, 	r la 	r tau,. 	r 	au, 

axfox* 	f faxk 	kfaxi 
f 
 kjaxr 

(3) 	
isi_rsi 
ij f lr j

f
f 	lirflikJJ 

Y CHCTMY abepEnix nonapHax icoopnaHaTa je (Hllnerri IsinaTaK 138.) 

 

12 2 I 
1 	

xi,  13 

 1 

3

1 
cos2  x2, 	323  = sin x2  cos x2 ,  

a2 ul 

U1.11— 
(a x') 2 ' 

u1,22= (o  x2)2 x i o  x2 	xi 

au, 	 u, a2 u, 2 du, + xi cos x2  — – sin x2 cos x2 	— u, cos x2 + U1,33 — 
(ax3)2  xi a x 3 	()xi 	 x2  

. 
+u, sin x2  cos x2, 

xl 

	

d2 u2 	2 0u, 	2 
U2•11 (a x1)2 xl ()xi, + ocy u2 , 

	

adxu; 	dx1  

4)2 u2  
U2,22 = x2—)2  + 	•  + xl a U2 

	

022,_ 	d u + xl 	' cos x2 a U 2 	2  sin x cos x2 
a u

2 U2 g  

	

2 	+ 2 tg X2 3  

	

U2.33 = (0 x3)2 	a x3 	a xi 	 a x2  

	

62  u, 	2 au, 	2 
u3,11 	+ 	it 

= (O xy xi axi (x1)2 113>  

	

u3.22 —  a2 u3 	+ 2 tg x2 d 
u
1 	

du 
+ xl 1  + 2 u, tg2  x2, 

	

(d x2) 2 	a x2 	&xi 

62  u, u,,„ = 	+ 2 x' cos' x2 d ul  2 sin x2  cos x2 
a u

2 	+ xl  COS2  X2 C)11  – 

	

(a X3) 2 	a x3 	 d x3 	a xl 

du 
– sin x2  cosx2 s

– 2 u3 . 
x 2  

Ha ocHoHy (2), cana no6Hjamo 

A 	= 	,41,11+  g22 u3.22  g33 
111.

33 „ 

1  

	

a2  U 	1 	a2  U1  + 	1 	02 u, + 2 au, 	1 
tg x2 

u 
(a x1)2 

+ 
(x1)2 	x2)2 (x')' c,cg,2 x2 	x 3) 2 x i 	xi (x1)' 

tg  

	

2 	d u, 	2  d u2  2 u, +  2 u2 tg x2,  
(x1)3 cos2 x2 a  x3 (x1)3 o  x2 (x1)2 (x1)3 

A 112 = 	U2•11 gn 112•22 g33 U2•33 = 

	

a2  U2 	 a2  U2 	+ 	1 	02 u, 	2 0121 	1 	e a u, 

	

2  ±  	 2 --1 (4) 

	

xl)' ((xl)'xx2)2(x(xi)' cos' x2 	x ,)2. x i a x2 (x1)2 
tg x 

a X2 + 

	

2 	(3u3 	u, 
(x1)2 01:43 x2 a  x3 (x1)2 cos'  x2 

d2 u, 	2 6112 xl  ut 

2' 



X, = X(, ) , 	Xe r X (e ) , 

u, = U(r ) , 	=-- r 

Ao5Hjamo jemiamme paaHoTexce y o5nincy 

r cos° 4,) , 

u,p = r COS 0 u(, ) , 

0 a 	(a2  u( ,, 1 a2  u(,)  1 	o2  U(r) + 2 a u(r)  
P x(o+ + 	+ 	

d r2 	r2  602 	r2  cos2  e 	r or 
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A  1,3_811 u3.11 + g22 u3.22  4_ g.33 ,„,„ = 	 Y oaxim je.aHamituama, Imo HITO WIM°, clutrypituty xosapajaHTHe Koop- 
=Hare cane H BexTopa nomepatba. Atm HX, MebYTHM, H3Pa3HMO 'vex° CIAMPI- 

- 	a2  u3 
+   + 	+ 	 

1 	62  u, 	1 	62  :I, 	2 a u, _ 	 ICHX, Ti. cTattllmo 
 (a  x1)2 (x1)2 (a x2)2 ( xl) 2 cost  x2  (a x3)2 x1 49 x3 

2   tg x2 a u2  +  1   tg x2 a u3  . (x1) 2 	a  x3 (x1) 2 	a x2 

Axo *pm HonapHe xoop,HHHaTe xl, x 2, x3, o5enexoamo ca r, 0 H fp, 
TaAa cy xosapHjaHTHe xoop,a0HaTe aanpemHHcxe cane, rpamajeeTa xy5He ;Tana-
TauHje H Herropa noMepai.a 

{X1} {x, Xe X9}, 	 au, 	2 	a 14(9)  2 a  u(0)  2 	2 
- — tg 6  ") 	 uo. )  + — tg 0 u(e) ) =- 0, 

ac da dal 	 r2 	de 	r2 cos0 dy 	r2 	r2 	r2  

{6.  " - 1dr de dyj' 

{ 1 {u = {u, 	u0}, 	 P X(e) ++ 	0 -h V. 	
r2 

+ 
1 a a 	(  02  U(9) 	1 62  u(e)  

	

1 	02  u(e) 	2 au(e)  
r 2 	02 	r 2 cos2 	a 92 r ar 

2 a U(r ) 	1 u(e) 	2 	a .(,) 
tg 0   - 0, 

r 2  a0 	r2 	00 	r2 cos2 0 a p 

a jenHaHHHe patatoTexe, Ha ochoBy (1), 

px,--F (x+ a
r

+1-1-6"4", 
ac 

d 
pxo +0,+i).)

a 0
+p.Aue =0, (5) 

pX,+(X+ p.)—
d  

±p.Aup = O. 

KopncTehH, join, H3pa3e (4), Ao5Hjamo jenHagHHe paaHoTexce y o5nHxy 

	

ac 	02 14 	1 02 u 	1 	62  u 	2 	u 	1 	du, 
pX,+(X+1..t) 	.+ 	

, 	 , 	,. 	tg 0  

	

d r 	are 	r2  0 e2  r2  cos2  0 a cp2 	r ar 	r2 	a 0 

2 	ou,,, 	2 due 	2 
u+ -

2
- tg 0 u0)= 0, 

	

r3 cos2 0 	r3  00 	r2 	r3  

	

ac 	(ague  
dr2   
	1 02  ue 	1 	d2 u0 	2 d u, 	1 	tie  

P Xo 	- - 1) 
6
-

0 	
+

r 2  O02  r2  cos2  0 d 9 2 	r d0 r2 
tg 0  d0  + 

2 	a u, 	1 

r2  cos3  0 0 y 	1- 2  cos2  0  

r2 cos2 0 

P 
x 

	
1 (9)  + + 

r cos 0 O

a 

;

: (02  um  + 1 02  um  ± 	1 	a2 	+ 
are 	r2  0 02 	r2  cos2  0 6512  

2 a  um 	2 	a u(,) 	2 
tg6 au(e)  

r d r 	r2  cos 0 a y 	r2  cos e 	a cp  

1 	a u(„)  
tg   	u(„) )--- O. 

r 2 	a e 	r2 cos 2 0 

3anaTax 257. (0.rie.rbax 47., 3aAarax 3). HarmicaTH BenTpaisnijeBe jeaHannHe y 
wintutgapcmtm H c(Deptaim Koop,umwrama. 

Pewen'e: Y KosapHjaHTHom o5mucy BenTpamHjese jexianime cy (BH,leTH. oRe-
max 47., jemialumy 17.) 

(1) 
	

P(X;, k X k,i)± 
1 + 

°,ik÷ &O, +I 	pc X,J  --- 0, 
 - x 

rge cy X, xoaapHjaHTHe xoopAHHaTe cno:batuabe 3aupemmicxe cline, 0 npaa. HHaa- 
pHjawra TeH3opa HanoHa 	p ryc-rmia H x floacollosa icoix -ralaa enaci-mmocim. 

KOBapiljaHTHH H3BOAH xosapHjaHTHmx xoopgaHaTa BexTopa 3aripemfflicxe 
cane cy 

U0) — 0, 

(02  u, 	 1 	d 2 u 	2 du 
r- 
	due  

	

pX,+(A+1.0
as

+p, 	+ 
1 02  u, 

+ 	9  + 	r 	tg 0 	+ 
dy 	dr2 	r2  602  r2 cos2 0 a y2 	r ay 	r2 	dy 

	

1 	_ a u„ \
= O. + — tg u ---,- 1 

	

r2 	a 0 J 

(2) 

C o53upom qa je 

a X, 	(k 
X,, i  = 	 Xk 

axe 	i 

00 
(1, 1 = 	, 

x' 
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Me4yram, Kam) je 

6ahe 

r 	r 
ik v  rk 	1 a x, 	— Jr 

i s 	k s} 

{Xi} = {X, X, Ix}, 

a) Ilurzuttgapace tcoopgunazite. Y ratnartnapcxom cacTemy tcoopramaTa 
r, p. z, Sahe 

0 , r 

e. VP 6 . 'Pr , 

0 , z W °. zz 

0,r  

{0 , ik} = 0, p 

0, zr  

0,11HOCHO 

XJ,j=" +Xif 	 OX, 	 aoX, X:  , 
.x.1 	1 j 	 Xr. q, = 	X, 

	

cp 	cp j 	tr cp 	tr Cd 

(5) 
()Xi 	a 

i  - - \_og VD X = 	 . 
oz./ 	ax.f 

X, x  r 	1,.9 1 cp 1 Ic I rz z }_ oaXz, 

Xr ' z—  az 	r lr Zj 	IT 2,1 

acasapajairraa Berrop, Aosiliamo 

_ a ( a0\ eel j1 .  

. 1k  ()XI' k Xi ) ()Xi li kJ 

o2 0 	(30 	1 

e ' ik 	axk 	 k 

.Tiannacrtjaa reaaopa aanorta 

Folk = 6 ik,st • 

a a lk.s 	 n 1_ „9.,  In 1_  
o h 

axt 	nk's  i 	 k t 	I si 	 s t 

A.&„ Aa'r 

{6,0'1/} = L‘'Nr 05%9 AN, , 
09'2, 00'z cp 

raxo na Tea3opcxoj jenitaxtrunt (1) onroaapajy cnenettax utecT caanapnax: 

2 p X,, r  + 	
1 

0, rr ± AO'', + px 
1 — x 

grr (Xr, r + X', , + r,:) = 0, 
1 + x 

p(X„,„+X„,„)+ 
1 

— , 8,,+ 6,8-„ Px  + 	g„(Xr,r+ r„+ X:, ).= 0, 
1+x 	 1 — x 

 P 	Xz,r) ± 
1 + x 

0, „ A.a„ 
1

px 

— 	
X9,, + Xr, z) = o, 

s _ t 	— ark  ax‘ 	s 	 s 	n 1 r  rik 	a  1 r 	a  1kr  1 +4fr  r s k t} 

+1k  nr lisnt}) 
k  nr s in t i rn sit t 

 fl  

+8.nr({krs} lint} + {irs} 

Ha ocaoay oaora no5ajamo 

Ab 'k  —gst  [:x,2  a1kx, 2  irs ad: :tie  2  kr  sr Oa.; 	srt aaa; — 

rn 
4rk—:xtlir .5, 1 —°.ir- cla  {ks} +ir ({nr  s} {k t}

+{k n } I s t }) ± 

 

+ 2 8.41 krs} int 	8.rk  ({nrs} 	t} 1- {i rn}{sri  t})] 

Arntepretataja Berropa mon:anise aanpematicKe cane je 

 X„,,) + 
1+x 

 0,„,+ 6..a„z+ 
1 	

g„(Xr,r+r,+ Px
x  

1 	 px 	P 	 Q) 

2 pX,,,+ 	0 „+ 	+ 	g„ (X,r+ X ,,p+X,X  
2) = 0. 

1+X 	 1 — x 

Kooprumare meTpaincor TeH3opa rt O1 ayne paanwnrre KoopruntaTe Kpric-
1.°cl:caw:tor cam5ona ,pyre apc .re cy (Bane= aanaTax 138.) 

1 0 0 
{g,1}={0 r 2  01, 

0 0 1 

r —r, 
cP cP 	 r 	cp r 	r I P 	{ 	= 

(2), no5ajamo 

	

_ xr {r 	}_ xz f z 1 = 0X, ,  
(7) Or 	rr 	r r 	trrj 	r 

(4) 

1 0 0 
1 0 I , r2 

0 o 1 

na, Ha ocaoay 

O aHOCHO 

(3) 

OJAHOCHO 

0.1k.  62  &ik = r  
I i sj 

Ifrk r r 'dark r 	a 
ax,  ax,  ax' tkd axt ti tj 	ax' tk tj 	ars 

1   
2 p X,,,, 	

+x 
± 	0, „, + 	

1
P + 	g, 	X9,,+ Xi, z) = 0, 

1—
x

x 

(6) 

— 
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(7) 

(8) 

a Xr X,,,— 	
dr —x' 

_xr
r 
 { 1_,41

cp r 
9 1_ Ac  1 z 1_aXj,....._x 

rv 

 , 
o 	 ,:p r J 	or . 

X _ ()X;   _ z 	x° cp 1 .yz  f 	1 ___O X, _, rxr,  

19 ( P i 	t (P (P 1 	tyy1 	ay 

X°.:= aX ` 	 xr f r 	C° 	z1=P---x(P, 
az 	(yzj 	1pzJ 	lyzi 	az 

X,,,-- dx; — X, 1 2  r 
rf 	( 

1— , 1 
9z rj 	( 

1— , f 
z 

 z 
ri dr 

1 = o lc  , 
1  

X,,,--=r  —X, r  1 A-,/ P 1 Aci z 1=O-Y, , 
dy 	tz (pi 	tz y J 	lz yJ 	a y 

xz,  , _., d , x.r i r 1 x„  j y 1 _ xi z La X, . 
Oz 	zzf 	izzj 	izzf dz 

Ha ocuoay peiraw4je (3) je 

0 	d2 0 der r 1 00191 001z1_02 0 
. rr 

dr 2  dr irrf d9lr r J dzir rj dr2,  

0 —0 	
02 0 de r r 	00 p 1 ao z 	02 0 	1 de 

. Pr — 

	

drop dr {r9} dcptryf dzIryf dray 	r ay 

62 0 	of/1r' der op Lae z 1 	62 0  
0 , rz °, zr draz 	rtr z 	acpirzi azir z 	ardz 

=
ate _ael r Lae r 9 	I....de z 1_021 +r  de 

or  

	

tpcpf dcplcpcpf az lcpcpj ay2 	ar
,  

A,o.rz Aoaz  d2 .0-„ +  1 62 0, + a2  &rz 	2 a„,_ 	d e„ 	1 
r2  r2  d 92 	a z2 	r3  dy 	r dr 	r2  

(9) 
az 	1 O2 a°° o2 0.„ 4 d 	3 60„ 2 + 	_ 

+ 2 D.„, 'acP9 .- 	r 2  0 9 2 	dz2 	r dy 	r dr 	r2  

20;2 	
r2 

0  ,, + 1 a 2 ::2  , z  + a  02  z  d   

A0 = 	 + 
O2 	162 .azz  a2 	+ 	a&,,  z   
dr2 	r 2  092 	az2 	r dr 

3a ,rorsepreauMjy Berropa cHo.rbaume 3aIrpemaacxe cane, Fla ()away jewia-
=lane (5), go5ajamo 

X'  din° a X' X' xi J =(X',,+ X9, 
dr d 	dz 	r 

HRH, axo xompaBapMjaHrae xooprwHaTe H3pamMo npexo xoaapajaHmax, 

(10) xi . _dX„ ±  1 a X,  ±dx, +x, 

	

dr r2 	az 	r 

3aMerbyjytlll 'Ivan (7), (8), (9) H (10) y je,aaaxrane (6), Ao6Ejamo 

2, 01r+  1 d2 0 	 az,kr+  a2o,„ 4 a 0„ ± 1 OSr, 2 

	

r o r  1 +x o r2 	a r2 r2 a92 	az2 	r3 d p 	r dr 	r2  Fr  
2 	px  (0.1' 1 dX dX X -F—
r4 „ 0+ 

1 — X or r2  d9 dz r 

	

lax ()X, 2 	1  (  c) 2  0 	1 de \ + 02 0.,,, +  1 02 .kcp +  
Pl .7; ± dr 7j1"P

) 
1H-xdydr r acp) ar2 r2  dy2 

"cp:  . 2  "rz  
Or T  r dy 

, d 2 a,,,, 2 a4„ ±  2 dO.r, 	I a ar , _ 5 ar  9  = 0,  
0z2 	r3  c) cp 	r dy 	r dr 	r2  

	

d X
1: (-- 

a X,) 	1 	a2  0 	a2 0-„ 1 462  arz  a20,., + 	± 	+ 	+ 	+ 	 p  

	

dz dr 	1-Fx ardz 	ar2  r2  42 	dz 2  

2 (3.0.'„ 	1 60, 	1 
r3  op 	r ar 	r2  

2 p t d---TX  + rXr ) +  1  ( c)2 e  + 
ay 	

r- 	± 	-4- 
ae) d2  6 

 ar2 
„ 1 d2  0„ + 

 

	

/ 	1±y.k0cp2 	ar 	r2  dcp2  

± 02  0-9,, + 4 d 14.„ 3 a .9-„ 2 
	+ 	.&„ + 2 O'n, + 

az2 	r a cp 	r Or 	r2  

2 01'7„ 	 r . / A X A X  
± 	_ 1 a  ar V  5 _ .0,r,p  , 	 + r''' 	Ir2 =—'+'  ' +r 2 -= E+rX,)=0 

r dy 	r or 	r2 	
, 

1 —x \ dr a 9 	dz 

a2 0 der r1 de p 1_ de z 1_ 02 0 

	

e 'P z —° ' 29— dcpaz dr ly z 	d tcp zf oz j cpzi ayaz' 

	

0  _62 0 _a Orr' d0r 	dOrz 1_02 0 
"1  az2  arlz zf 0c)1zzi azlz zf 0.72  

3a xoopomaTe nannacajana TeH3opa Hanona, Ha ocHoBy jemiatimie (4), 
Ao5Hjamo 

d2 ~rr , 1 a2 0.„ d2 0„ 4 	0„, 	1 O Jrr 	2 .arr  2 
d r 2 	r2  092 	z2 	r3 	r 	r2 	r4  

	

a2 0„ 1 a2  O'r 	62  „ 2 a 0„ 
r° — = Aa„— 	+ 	+ 	 r2 	r 2 	92 	, z2 	r3 	+ 
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p 	+ x, ±  1 	620 + a2 	+ 	d2..av z  

ka9 aZ) 1+X dcpoz 	dr 2 	r2 
	d42 

+
62  04, 1 604 z+  2 a&rr =0,  

dz2 	r Or 	r Op 

2 p
O X, 

+  1 
	02  0 

± 
c)2 0- 	1 '320',z  + 62  O' z  

+ 	+ 
d.z 	1+x d z2 	d r 2 	r 2  acp2 	d z 2  

1 6 ,9- 	px ()X 1 0X, + d X,  + lc\ _ 0,  
+-  _F_ r + 

r Or 	1-x dr .r 2  acp 	a z 	r 

HITO cy TpaweHe EenTpahnijeBe je,nHamtme y winannapcxom clicTemy xoopAHHaTa. 

6) Cggepne fionapie Koopgunaizie. Y cHcTeMy citepHsx nonaimmx ICOOALIB- 

MTH r, tp, c,, je 	
{X} = {X,. X, X4,}, 

e.F1 
{e ,ik} = { 6,9 F 

0 , ,p r  

°,99 

0 ,4,v 

°,r4+ 

0 , 44 

■"rr 
{A6'd,}={ 

Aeyr  

■6■ ra, 

A .a,P9 
Aao  

na TeHaopcxoj jenHa‘num (1) onroaapajy cnenehm mecT cxanapHnx: 

2 p X,.,, - 
1 + x 	 - X 

0, „ 	+ 
1 	

gr, 	.,+ x.,„) + 	, 4,) = 0, 

1  
P(Xr.9 4  X,P.d+ 	6,„++6,0r p+ 	Px  

1+x 	 1-x 

1 
p(X,,,y +X4,,,)+ 	 Px  

1+x 	 1-x 

1   
2 p X0, 

+ 1 + X

,,, 
,00 + /1500 + 

1

px 
 gq,q,

r 	
+ 	+ X4 , 0) =, 0, 

1 	 px  
P 	4, + 	+ 	0, + ,6,944,+ 	g„, (X'„. + 	+ 	4,) = 0, 

1 + x 	 1 - x 

px 	 1 
2 p X4,„ + 	0, 	

„ 
+ 	- IX% r  X`P, + X4. op) = Ow 

1 + X 	 1 - X 

KoopanHaTe meTpwncor TeHaopa B OB Hyne paanwinre xoopnnHaTe KpHc-
TocpenoHor cHm6o.ria npyre Bpere • cy (HnneTH 3aAaraic 138.) 

{gib} = 

1 

0 

0 

0 

r2  
0 

0 

0 
r 2  cos 2  cp 

{$ u} = 

1 

0 

0 

0 
1 

r2 

0 

0 

0 
1 

r2  cos cp  

4' J 	cos 9, 
r 	cp 	qdr 	r 

-r
' Ir P  } = {opp  1 = 1r 4'  1 = 1 41  1 =1'  

{LPtP 

= • cp COs cp, 	 4, 
?I- 

-tgp,  

na, Ha ocHoHy jeftHatinne (2), Ao6Hjamo 

r 	xpi 	dXr X 
r r 	ir r J 	1r r 	dr 

Xr, „ = 	- X, 	- Arq, 9  - X4,1 4' 
i_ax, _x_Lp d X 

cp 	r 9 	r 	r tpj 	 r 

Xr , 4,= ax4  X r i rrell - X, { r9tp  -X,p{ r4, 1= ,pr 	, 

X„,,=--- 	r  I- Arg,f 1- 	4' 1 = 	 x9, 
9 rJ 	19 r 	cprj 	dr 	r 

X„„,,=
dX„ xrf1 	4' 1= a-2x  +rX,., 

l9 91
1-x9 

LA) 	19 91 

9 

(12) 

X„,„p=c)X`P-X,{ r
tP 
 41 9 	X4, 

{ 9 
4)

4' 	a 4, 
=a4+tgcpXy, 

al/ 	 (1) 4'  

zp. 	
dr xr

{ r
r 
 1_ x.9  9 

r 
x.4, iptPr  }_ aX:,  

=- xr  f r  -41P
4J 9 

 1- x,, I `F 	+ tgpx,„ 
ap 	(40  91 	t1 	pl 

-x,f r 	X,T P  1- Xj 41  1 = 
a 	14,  4, 1 	1 ,P 4, 1 	14) IP) 

014, =_± r cos2 9 xr  - sin cos px„, 
a 4, 

H, Ha ocHoHy (3), 

O . 

"= 020 oe r r 100 	p 1_00 f 4102  , 

ar2  dr { r r } acp r 1.1 at!, lr rj dr 2  

02 0 	00 	r de r p
(pi 

 1 d e r 	1 	02 0 	1 de 
0 , re? = 0. 	= 

or by Or lr 9j Op lr 	04, ir cp 	drop r 

0, r,p=0,4,, _ 02e 	00 	r 1 de 	pp 1 de f (P1 .=  02 0 	1 00 

drat]) Or tr 4,1 09 jr 44 04, lr 	drat!, 	r dtp' 

, 

21 PC1110111( npo6nems 03 TCH3OPCICOr panylia 
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(13) 

a= e dOirl _a 0 r cp Lao 	t = a213 _Er a° ,  

" = a 92 or 19 (Pf 0 9 19 9/ 419 9f 0 92 	or 
02 0a0 	r 1 _ d 	cp l_a0 I 	1 =  

u ''PP  acp4 ar 19 gif 69 19 	1? 
2 0 0 	d 

cp 
dcpaep+ 

tg 
 64? 

0 	.= 0 2  _ 0 	r 1 _a 	cp 1 d r 4.) 

'" 0 ,P2 	r l4ap 1,-P 	O4 1 ,1)0 

0 2  	+rcos2cp 0 
— sin 9 cos cp — . 

a0 	 0 
d r 	a 9 

3a IcoopuntaTe narmacxjana Ten3opa narrona, ha ocnony (4), „tlobnjamo 

A0r, 	1 az  0„ 	1 	d= .9.„ 4 a Orr 4 	d 9r  

r= 	r2  a y2 	r= cos= cp d 4,2  

02  4, 	1 62,9.44 	1 	a=0„,4, 	2 a 0.„, q, 	2 d 0; 1, 

	

210.„„1, = 	+ 	+ 	 + 	+ 
Or r2  d2 9 	r 2 c0,2 fp 0 4, 2 	r dr 	r a cp 

	

'7 	a , ',1„1, 	1  tg 9 a 0.„„2, + 
	 t 

2 a 0,, 2 	a 0.„ 

	

+ 	tg 9 
r=cos2 9 	d9 	r 2 	d 9 	r d9 	r2 

g 9 	
d9,  +  

1 	3 3 
+ r= cos= 9 

v.",„1, + 
r 

tg cp..
r, 
 i, , —  r2 tg-, 90,0q,, 

	

,, 4 62 0,4 	1 62 01 	1 	a2 a„, 	2 d 0.4,4, 	3 	a 4,„,,, 

	

.6, 4. _  	+ tg p--1” + 

	

dr= + r2  d 9= 
+

r=cos2 9 a t1,2 	r a r 	r2 	a y 

4 d 0., 4, 4 	0,, 	2 

	

+ — — — — tg 9
0 
	 + 	,&,4,4, + 2 cos= 9.0.,., + 

r= 0 9 	r= 	0 9 	r= cos= cp 

2

r  
4 

+ — sin 2 99.„ — — sin 9 cos 9a„. 
r=  

r3  d cp 	r3  cos= p  a 4, 

2 a 4 	1 	d4 	4 	4 	2 	2 
+ 	' 	tg y " 	„ + „ + 	 

r a r 	rz 	d 	r2 0 	r3tg 90.„ + 
r4

0. 	
r4 cos2 cp

0-0, 
 

A ,o,„ 9  02 &,, c  ± I a2 6.,,p+ 	I 	a2 4,, 	2 d 0,„ 	2 	d 0,,,I, 
	+ a r2 	r 2  0 92 	r= cos= cp d 412 	r3  d 9 	r3 cos=cp 04, 

+? 0 &,,. 	2 
	+ 	tg y a &reo  5 	1 	a a„  2 

t 	— a„ 	tg 9 	+ 	g 9-0. ,„„, 	 • a X 	1 a X, 	1 	a .14 , X„ 1 
r a y r= cos= cp 	a9 	r= 	r2 	ay 	r3 	 (15) 	X -'., — 	'+ 	+ 	+ 2 — — — tg cp X„, . 

' 	d r 	r= 0 9 	r=cos 2 9 a 4) 	r 	r2  
2 	 1  

r3 cos= cp 	
, 

	tg 90-44  — — 
r2 

tg- 	 3amerhyjyhn Ft3pa3e (12), (13), (14) 11 (15) y jemarnme (11), Ro5mjamo 

3a zasepreauajy nexTopa cnarbaume 3anpemuncxe cline, xa ocnoBy jemia-
%mile (5), go5Hjamo 

X;i --  X', r  X9. 9  ± Al = aairr+ oax;+ 	 2 —xr  — tg 9 1g', 

Tutu, axo xonTpanapnjanTne xoopkomaTe n3pa3nmo npexo xonapnjawrnnx, 

04 
— d2.0. , 	1 e2.0.,4,  + 	1 	4) 2,0,4, 	2 a 0,94, 	2 	d &q,q,  + 

,,„.  
d r 2 	r2  a cp= 	r= cos= cp d 4) 2 	r3  d 9 	r3 cos2 p a9 

1 	2 	6 9.,., 	5 , 	1 	
V,A, + + —tgcp ----tg 9 	v.,..,1,+  ,  2  

r 2 	a 9 	r= 	0 Yr= 	r-cos cp 

2, 	1 	, „ 	2 Oar, ± --- tg 90.9q, — — tg- cp,,',. 4, +    , 
r 3 	r= 	r 09  

a X 	1 a2 0 + .0977 4. 1 02  0', . ± 	1 	a= 0.„ 4 a 0, „ 2p ---f 
dr

+ 
 1+x dr2 	dr2 	r2  0 9= 	r= cos= cp 04)2 	r3  a 9 

4 	a 0, 4, ± 2 a 0„ _ 1 tg c  d 4„ _ 4 0,,  + 4 tg 90r,p  ± 
r 3  cos= op 4)9 	r dr 	r2 	ay 	r= 	r3  

2 	2 	px  (a X 	1 a X, 	1 	a Xyq, + 0 , + 	44, ± 	 ' + 	+ 	± r4 9 	r4 cosz 9 	1 —x dr r 2  d 9 	r=cos 2 9 a 9 

	

62  '8.„ 1 a= 0-„, 	1 	a= 0„ 2 d 0,„ 4 d ay , 	 2 	1 A0- — 	 : 	
+ 	 + 	

+ 	 + --- X, — — tg 9 X) —O, 

	

ar2 	r 2  a pe 	rzcos=cp o 4, 2 	r Or 	r ay 	 r 	rz 

	

4 	d 9. ., 	1 	a 0 	2 , 	 a X „ d X, 	2 A, \ +  1 
 1 	

az0 	1 00) 4_ a,  a,  I .02 &rq 

	

+ 
rz cos= cp 	

+ 	tg 9 - a 
■./r) 	r2 

— —_ tg 9 
 0 9 	rz 

'Pc — ----: tg- pa„, + 	 P t a p ± 
  dr 	r 	1 1 +xkar acp 	r ay) 	dr2 	r= 092  

	

2 	 1 	az 0.„ 2 a 0.97., 	2 	0444+  2 a f:)„ + 
r cos 

	

'4.,  ' 	'I. , 	 + 	== 	
5 Y ', 

	

cp 	 r=cos2,9 6 4)2 	r3  a cp 	r3 cos2 9 0 9 	r 0 9 

21 • 

_1_ 



f „.. cos2 	d  

	

(dr, .4 .  dX4, 	2 zo +  1  t  02 0 	I 	\ + 62 .9,,. 4, +  1 62  0.r 4, 

1

px r2 cos2 p  _a dr 
	a cp 

4) 	Or 	r 	1 + xkd r tid r 	r2 	r 2 	92 

1 	a2  0',4, 2 d 9,4, 	2 	d 9.4, + 2 d 	
a 

+ 	+ 2 r cos2  9 X, — sin cos 9 X„,) =0, 
d + 

r 2 c,os2  9 d 	r3  d cp r3  cos2 	r   
IIITO cy -Tamale Berapamajeae jenRamme y aDepHom nonapaom clicremy icoop- 

I 	d 9, 4, 2 	aar, 5 	1 
—tg tp 	 

r2 
tg cp 	 `̀)r + 	

A smara. 

r2 	d 	r2 	a 4, 	r2 	r2  cos2  9 

+ — 
r3 

2 	I 
tg 	—  

r2  tg
2 	= 0, 

Hauomelia, Hanncaue Bempamirjene jezurannne y ganannapcnom H ccpepnom cacTemy xoopax-
xa-ra a3pa7Keine Cy ripen() nonapajanTanx KooparmaTa reH3opa kianoaa H cnonsaralbe 3anpemancne 
cane. Jacno je .cta, no nove5a, nonapajaante icoopianiare Koje timrypamy y TIM je2121a‘nma-
ma moxcemo H3P2.31(TH UpeK0 KonTpanapajanmunc, MeJTIOBHTI1X kuna 

giq grs gPJgrq g ps g1.1 gpq gis gri 

y pamajenom o5.1aKy ycnoali icomnant6anaocTll (1) cy 

airP EJsq cr,i. 	g ij 	gpq 	rs + 	grg gP.1 au, 	giq 	gPS
if, rs 

gig grs ei au, „— grq gPS  gu ay, „ — gP2 grs  gr.,  cry, „ s 0, 
onnocao 

(2) Acs + grq aPs, + gPS  arg, 	grs  aqP,„— grq es a, — g" a" = 0.  sr 

Ha OCHOBY Be3e H3meby TeH3opa necDopmangje H Tenaopa nanoaa 
aaxon, mute= ()Amax 46., jemitaximmy 37.) 

(3) = —El  [(1 + x) 	x 0], 

no5lijamo 
_ski 	r, 

Act g u  gkl  ati = gu  g — 11,1 	'NT% — xgiJ  0, m] = 

(XYK0B 
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5 8 	t 	+ 2 tg 54,p,p  2 	 d 9.44, 	tg  d 94 , ± 4 d 9, 4, 4 tvp  9.0  + 

r2  d 	r2 	a 4J • zcos2 
	tg 

04, 	r2 g 	d cp 	r3 	 r dr 	r2  

2 2 	 + r2c0s2cp 	+ 2 cos2  cp9,„ + —
2 

sin2  99.„ — —
4r
- sin 9 cos cp9„ + 

r2  	tg 99.4,4, — — tg2  99., = 0, 

	

r3 cos2 	r2  

2 
 p (

dX„+rX,.
)1_  1  02 0 +ra0\ + a2  „ + 1 d2 .9',,,, 4. 	1 	d2,8,,,,,, 

d 9 	I + x k dcp 2 	64 	dr2 	r2  692 	r2 cos2 9 d 4,2 

 2 d 9..,+  4 6,9.,,, i. 	4 	d 9..4, 	1 	d 9„ 

r dr 	r a cp 	r2cos2cptg 

cp 

 a ti, 	r2
t8 tp 

 a cp 

2 	 2 	 px 	 (r2 
 d X, + d X„ . 

— tg2  Ow  + 2  _ tg2  99.4, + 2 9.„ + 	+ 
r2 	r cos 9 	 1 — x 	Or 	d 9 

3anaTatc 258. (0,acibax 47., 3aaaTaic 4.). I43BecTH Benipama-Mmenotie jeana-
=mite nonaaehm on ycnosa ICOMEMTH6HBHOCTH. 

Femme: YCJIOBH KomnaTn5Knaocro, lc* aanoaallsaaajy moopnwHare a, 1  Temopa 
necpopmaitaje, y Tensopcicom o5Juncy rnace (ax,neTri °Amax 44., jenaalnuty 6.) 

(1) 
	

efrP shy au, „ = 0. 

C o53npom ma je (artnent 3maTax 205.) 

g iq 

efrP eisq = gr.) grs grq =gU g” g" ± g" grq gpJ +grq gri gPs — 

gPJ gPS gPq 

	

1 	
a X4' + 2 r 	tgcp 	= , 

co

• 

s2  p  d t[t 

p 
 (

ax„, ax,, 	I  I 	020 	d ) (32  9.4, 
---++2tg9X4) )+ 	+ tg — 

at!, 	ap 	1+.kapati, 	a 	r2  

1 d2  4,4, 	1 	62  9.4, 2 a 9,„1, +  2 ar  + 

+ r2  del
+

r2cos2 04,2 	r Or 	r 	9 

2 	d .4  , 1 	2 d 9„ 2 , aa.„ 
	tgy 	+ ---tg9—+---7-2 18T 	1- + 
r2 cos2 cp 	d ti) 	r2 	d 	r 	4, 

1, 	0 avv 3 	3 
— tr 0940 = 
r2  

+ 
r2  OCIS2 	r 

tg 	4, 
— 

2 p X4' + r cos2  9 X, — sin cp cos 9 X„) + 	(-02  + r cos2  —ae  — 
i+x a+2 	r 

a 	29) 	a 8.4,4, 	1 a2  8.4,4, 	1 	d2  3.44, 
— Sin (p cos CI> 	+ p 	a re 

▪  

r2 ace 	+ r  2 cos2 c, 04,2 



326 	 IV. Ilplimexe y mexarmux 	 48. Kperaa4 Tvinocra. Jezna•ima KonTaxyirreTa (259 — 261) 	 327 

nnx y o5nHxy 

gPq AO — 2 x gPq AO — (1 + x) p grq XP., — x grqgP'O.  „ — (1 -4- X) p gPs 

gPs grg 0 . 
„ (1 + A,Pq + X gqP AO — eqgPs 0, „ — 2 xeqgPs 0 . 

„ + 

+(1 + x)pgPqX r,,+ xgPa AO = 

INTO ce CBOHJI Ha 

gPq A0 — grq gPs 0, — (I ± 6417a — (1 + pg/3 4Y 4 .rs 

— (I x) p ea 	+ (1 + x) p gPq 	= 0. 

Y xortapHjaHrHom o5nmxy °Ha jenHanHHa je 

gi 	— 0, j  — (1 + x) 	— (1 + x.) (Xj . 1 	+ (1 + x) p X k. k = 0 . 

Mebyrnm, H3 jemtatinHe pamorexce (B111:(eTH oilen,ax 47., je. Hamrtny 1.) 

p X1  + j  = 0, 
matjamo 	 Axo y oHoj jeaHaTIFIHH 113BpIIIHMO 3ammy (BI1eTH onen,ax 47., je,aHamitfy 16., 

'GPs, sr = — P XP, r , 	 ILIA 3araarax 252.) 
na je

1 	
Ao _ p  1 -Fsc xk,k,  

 „ 

grq 	sr — — R1 + x) p grq XP.  + X grq gPs 0.„]. 	 1 —x 

143 jenHamHHe (3), Aarbe go5xjamo 

gPs  CS ",, 	
r 

 = — — 1(1 - X) p gi'' X g  , + x gPs 	0 . „1, 

g"  a qP, rs = —
1 

[(1 x) 6.04P — x gPq 6.0], 
E 

48. KpeTame TemlocTu. Jemiagitna KonTimysiTeTa 
grqgPs a

. 
„ = —

1 
[(1 + x),grq gPs 0, „ — 3 x g'q 	= 

E 
3agaraH 259. (0,nen,ax 48., aa,naTax 1.). noxaaaTH na oneparop —

c) 
He mea.a. 

t 
= — - (1 — 2 x) g"? gPs  0, 	 Tenaopcxx xaparrep Henw mHe Ha xojy ce nplimem.yje. 

1 [(I 	g glet 	3 x  gla . ;a] 

1 
= [(1 x) 	3x 6,01= (1— 2 x) 

Tj. 

gPq As = 1 — (1 — 2 x)gPq AO. 

14cro Taxo je 

grq GP S = —
1 

[(1 + grq .9•Ps  „ — X grq gPs  0, sr ]. 

no5Hjamo, nocne H3Hecmix cpebusaffia, 

1 
p (Xi , j  Xj, i) + 	0, + A.0if  + 	Px  

1 + X 	 1 	
, k 

HITO cy TpaxceHe BenTpamH-Mmenose jenHa‘nme. 

= — [(1 + x)p gPq Xr „ + xgPq AO]. 

Alm HcxopHcrxmo nperxorme penawije, je1Ha4HHy (2) moxemo HamicaTH 
y oanxxy 

gPq  " 	1 = — + gPg 	gPq xAO] — 
E 

E 
— 	

I 
(1 — 2 x) AO — — L(1 + x) p eq XP, r + x eq gPs 0 ,„.1— 

1 

— E 
[(1 + x) pgPs X q  + x gPs grq 0, 	

1 
— ---[(1 + x)6,S'qP — xgrgPAO] — 

Pezuerbe: YOTTHMO Hexy TeH3opcxy BeHTITHIHy, peuHmo KoHrpaHapHjaHTHH Hex-
TOp 	qpije cy xoop,romare ckyrnawje H Hpemema r. Crammo 

ul 

a t 

Tpe6a noxaaarn na je v' KoHTpanaprijatiTHH Herrop. 
Arco yHenemo cmeHy npomearunnix 

(xj), 
Tam je 

ai = uk
a .V 

xk 

na no5Hjamo 

	

d( k er  ) 	uk  - (1— 2 x)grq 	rs  ± —1  [( 1+ x p gPq 	+ x gPq AO] = 0, 	= 	u 	 , 
ot at 	xk 	t a x-k 
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(1) 
—dt +P.  kljc  -Fp  k  

1 
V' =VG.), ye = —1 v(e) , 	ow , 

r r cos0 

143 xonaplajaHmor H3HoHa 

i 	ay, 	i v 
axf of' 

3a AHHepreinntjy 6p334He Ao6Hjamo 

(4) 	
d v6.) 	1 a 0‘,. v  = 	

1 a v 	2 
(c)  + vo.)- —

1 
tg 0 v(e) . 

	

a r 	r de rcos0 Op 	r 

(EFigeTH C o53}ipom pa je 

vk 
Vk = 	

k
1. 

xk  

ogemax 21., jewtalumy 10.) 

f

krd 

 

(1" ri) ! 

P 	
ap ap 

P (r, 0, p, t), {P.k} {Tr 0-0  —Opp 

jeHHamknia KOHTHHyHTeTa ( 1 ), KopacTehEt (3), Ao6Hja 0631141( 

	

p 	r d p 	e dp vp d p p  idvr ± avo + dvq) ..... 2 z,r_ tge 00 ) =0,  

	

at 	Or 	at 	al) 	dr 	a0 	r 

jep napv,HjanHH H3BOBH 	 He 3aance excnnaturrHo o.a HpemeHa, oilHocno 

ik  
= 	9 

xl 

a 
Ha °mos), .riera 3axzriyjemo Aa onepaTop —

t 
 He mea,a TemopeKH KapaxTep 

HearmeHe Ha xojy ce npHmelbyje, IHTO je H Tpe6ano noxa3aTH. 

AmseprexaHjy 6p3HHe moxemo 113pB3HTH y o6.inucy 

(2) v = div v = o
f 
 + vk — (log y$)• 

	

()xi 	dxk 

Y cHcTeMy c1:1)epHHx nonapknix xoopzutHaTa r, 0, q , je 

	

1 	0 	0 

r 2 	0 	g gu  I r  4 cos2 0,  

	

t o 	0 r 2  cos 2  0 

3a,rtaTax 260. (Onezax 48., saAaTax 2.). HanHcaTH AapepreauHjy HexTopa 6p-
3HHe v' crpyjan,a TegHOCTH H jeaHatn3Hy KOHTHHyHTera y c4epHHM nogaprmm 
xoopn0HaTama. 

Petuerbe: Je,t(Hwaina xoHTHHyHTera (jejmagmta xoH3epHataije mace), y ogHocy Ha 
npoH3Hon-,Hit atcTem xpHao.ummjenix KoopxmaTa, je 05JMKB (BH,BeTH ()Amax 48., 
jenHatumy 21.) 

me je p rycrma (cnettH(pwnia maca — maca jeinnorge 3anpemmie) ra vi KOH-

Tpasapnjawnie Koop,tuniaTe 6p3HHe. 

C o63Hpom Aa je (BH,BeTR oile.m.ax 48., jeAnalunly 6.) 

d p 	p +p kyk,  

dt 	t 

jeAHavaHy KOHTHHYErreTa moxemo Hartman' y oGruncy 

na 3a AHHepreHu,Hjy 6p3HHe, Ha ocHoHy (2), no6Hjamo 

• 	a vr ae a v9 = 	+ 	-+ 	+ yr [log (r2  cos + 
Or 	a0 	app 	dr 

+ve— 
0 	 ay 

[log (r 2  cos 0)] + vc -- [log (r2  cos 0)], 

Lux, axo H3Hplinsmo Ha3HatieHa maDepeHnlipaH,a, 

av° d vc 2 
v — + — + — + — vr - tg ve. 

vr d0 Op r 

Y OBOM H3pa3y 3a nrasepreHuHjy 4HrypHmy xourpaHapHjaHTHe Koop,us-
Hare 6p3HHe. AR° KoHTpaHapHjaHTHe xoopnEHare H3pa3Hmo npexo CIHI3HtIKHX, 
Ti. CTBBHMO 

d p 
—+pv , i =v 
dt 

(3) 

3a nursepreHnHjy 6p3HHe no5Hjamo 	 C o63Hpom Aa je y cctlepHom nonapHoM cHcTeMy xoopAHHaTa 

{v1= {z, ve v91, 	
dr 

 
de -e = — , 
dt 

vv = thP  
dt dt 



(1) 
1 

W~
1=^ 

2 dx' Ox' )' 

Wre 

W00 

Wz e 

W rz 	1 

(ile z 	' 

WzZ 	y  
dv, dv,, 	dv e  dv, 

Oz 	Or 	Oz 00 

(U,e=rW(r e), Wrz = W(rz), Woz = r 
) o6HjaMo 

d v(e>  

Or 

I d v(,) 
	+ 	

v(e) 

r a0 	r 
0 

H 

V(o)  

r 
0 

Ô V(e) 	1 a v( z)  

dz 	r 00 

2 d r-  — 00J ' 

1 ((d ve  d v, 

2 `dr 	dp ~ ' 

i a v 	d ve  

rlpBoM o ,q OBHX MaTpima ,gaTe Cy 4IH31viIxe KoopiiHHaTe TeH3opa BIJTJTO)K-
FOCTH H3pa)KeHe FIpeKO KOBapHjaHTHHX KOOp11HHaTa 6p3HHe, a ApyF'OM Te HCTe 
KOOpAHHaTe H3p1XCeHC Ilpexo (~)113H'I1(HX KOOpJ.(HHaTa 6p3HHe. 

6) Coepxe uonap)re xoorgunazue. Y cxcreMy c4)epllnx Ilonapihlx Koop1[H-
HaTa r, 0, , xOsapE[jeNTRc xoop,T MHaTe 6p3HHe cy v„ v6, vy  , Ha Cy, Ha OCHOBy 
(1), ICOBapHjaHTHe KOOpJ(HHaTe TCH30pa B1)Tn0)KH0CTH 

1 dve  dv, 
Wre =  —C) 	l 

Wrr = ° ee = 'ee =0 , 

Wei = 

330 	 IV. IIpm ue y MexauHue 

11H, KopncTehl (4), H3pa)iC Ra npexo 413H'IKHx Koop,ua}IaTa 6p3HHe, 

a P v  d P+  v e l aP 	v(w)  a P T  p ( d 	v(r) 	l d V(e )  T 	
r 

at 	dr 	() r 00 rcos0 dm 	̀ Or 	r 00 

1 	a v(r) 	2 v(,, — -~ t~ a v(e,l = 0. 
rcos0 d 	r 	r 	J 
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d v(e) 	d v( , )  
r 	

d r 	00 
 

0 

	

r  a v( B) 	d v( z ) 

	

Oz 	00 
3aAaTaK 261. (Olieiax 48., 3agaTax 3.). Fbpa3HTH Koop / HHare TeH3Opa BpT- 

no)KHOCTH y r nHH,QapcxHM H c4 epHHM nonapHHM KoopJ HHaraMa. 

Peweme: Y O,gHOCY Ha npOH3BOJLHH CHCTeM K pHBOJIHHHjCKHX KOOpjwHaTa, KOBa- 

pHjaHTHe xOOpJwHaTe TeH3opa BpTJ10JICHOCTH Cy (BHAeTH o,r ej aK 48., je,gxa'HHy 10.) 

a) I(u~wtigapcxe IcoopguHa e. Y wui HJIapciCoM CHCTeMy KoopAHHaTa r, 0, z, 
KOBapHjaHTHe KOOp ,I[HHaTe 6p3HHe Cy v„ ve, v= , Ha Cy, Ha OCHOBY H3pa3a (1), 
xosapxjaHTHe Koopr[HHaTe TeH3opa BpTJIO )KHOCTH 

W„ =Wee= Wzz = 0, 

1d ve  d v, 
Wr e = —  Wer= 

2 ~ dr 00 

1 d vZ  a,  

2\dr 	dzl' 

1 rdv, ave l Wez 
—~;e 

2\O0 	Oz 1' 

Tj., naTe y o6nHKy MaTpIwe, 

Wrr 

{WSJ  }= Wor 

Wzr 

0 

0 	dve  av, dv= _dv, 

Or 	00 	Or Oz 

a v, _ave 	o 	avz  _ave  
00 	Or 	 00 Oz 

OBOM MaTpHL OM ,gaTe Cy KOBapHjaHTHe KOOp ,gHHaTe TeH3opa B1JTJ10 )KHOCTH 113- 

paKeHe npexO KOBapHjaHTHHX KoopAHHaTa BexTopa 6p3HHe. MH MO)xeMo, 

Me yTHM, KOBapHjaHTHe KOOp ,I[HHaTe TeH3opa BpTJ10)KHOCT11 H3pa3HTH repel o 
(~)H3H41(HX K00pL WHaTa 6p3HHe. CTaamajyhi, HaHMe, 

yr=V(,), ve=r v(e), vz = v(a), 

Wrz = —Wzr 

	

d v(.- ) 	d v(,)  

	

Or 	Oz 

0 

io8HjaMo 

0 

a v(e)  

00 —r  Or 

a v(, ) 	d v (,, )  
Oz 	ar 

OBOM MaTpH1 oM naTe cy xosapxjaHTHe Koopi[HHaTe TeH3opa BpTno )KHOCTH 
143paxCeHe HpeKo (~H3H9KHX Koop1 .1HHaTa 6p3HHe. 

1'I3 KOBapRjaHTHHX KOOp IHHaTa TeH3opa BpTJTO )xHOCTH MO)I eMO ORpe jHTH 
H,eroBe 4H3H'IKe KOOp1IHHaTe . CTaBJbajyhi, HaHMe, 

I I ' av, _ dv e  
fWu~ )}= 2 r ae ar 

d v, d vz 	1d ve  a v,, 

Oz Or 	r ~ dz ae~ 

1 

 0 

{W (v)T 
2 r ~a 0 	or 

	

d v(,, 	dv( , 

	

Oz 	Or 

ay,.  d v, 

ar — Oz 

1 ( O y,, av e  

r ~ O0 	Oz~ 

We  

1 10v e  dv, 

r `d r 	00 ~ 

0 

0 

d v(z) 	d v(r)  

Or 	Oz 

1 d v(, )  _ d v(e) 

r 00 	Oz 

0 



°coo 	0)(4)0 = 

6..)(c.c) 

r cos0 dcp 	r d 0 	r 
vo,), 

 

1  d v(0) 	1 dvo,)  tg 0 
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Tj., npmca3aHe y o5nracy maTpHue, 

0 	
d ve  _ d vr  

dr d0 

a vr  _ d ve 	
0 

d0 or 

a vr  _ d v. d v e  _0 vs, 

[ d cp 	dr d cp 	00 

Claan,ajytin  

H 

d vg, 	0 vr  1 _ 
139 

I 	
cihr 

w(r 

W(ee) = 0. 

o v(0 1 	a v(p)  0(e)  dr 	dcp 

a vs, 	ve  _a 
6)0 r) dr 

d v(so  

r 	d 0 

1 

-r 	, 
r 

d v (p)  4. 0(0)  00 	d cp 

0 
6)(4,0= Or r cos 0 d 	r 

= vo, 	ve = Iv(e) , 	vs, = r COS 0 V op  ) 

3a KoHapHjaHTHe Koop,aHHaTe TeH3opa BpTIKOICHOCTH, 113paxceHe npeKo 4:114311410X 

Koopi4HaTa 5p3HHe, ,iko5xjamo 

co„ = 0, 

1 ( 	0(e) 	a z1/4,., 
(,), 0 — 	= 	r 	 + v(8) ) , 

2 	dr 	dO 

— 
1 	 v(,)  a  

cosevm +rco.0 
2 	 dr 	p 

wee  = 0, 

1 ( 0 
oecp = — .32 = 

2 
— 

rd

(e) 
—rsin Ovm  —rco.;

dv(9)) 

a  

W,„= 0. 

AKo KoHapHjaHrHe KoopHHHaTe Temopa HprnoRcHocTH H3pa3Hmo npeico 
iberoans 4:43.3Trusx KoopagnaTa, CTaBakajyrIII 

core = r 0.1( r 0), 	CO, = r cos 0 co(,,) , 	cao, = r2  cos 06)(6,0  , 

gobajamo 

{6)(0.1 	2r 00 	r 	
0  

 

1 I dv, 	ve 

.1 	1 	!dor 	dvs, 

2r dr 	001 

1  va 	vs,\ 

2r 2 cos0 00 	Op ) 

	

2rcos0 k e 	Op) 

1 	v, dye \ 

	

(ov„, 	vr \ 1 (dye _ vr \ 	1 

2reosOkdy 	Or ) 	 2r2 cosOkdcp 0 0l 

Y npaom cariajy Awn cy CID130.11Ce Noop,AHHaTe Tampa BpT.110DEROCTH 
H3paxceHe npexo xoHapHjaHTHax Koopayfflara 6p3HHe a y npyrom Te HcTe 'coop-
AHHaTe H3paxceHe npeKo cni3Htncxx RooparmaTa 6p3HHe. 

Hatcomexa. TeH3op myrnoxamorB (Rao H cBani refr3op Apyror perm) lima me'repx spore 
Boopmotara: Bon-rpartapBjaHrue, BoBamijairrue, memomrre H c1lH3HRICe, npx ziemy H meby memo-
BRTEM KoopmmaTama pea pa3mummarn ape BpCTe, j H toi (or e  H co; e  Baxno 
je Banomellym .11a cuaxy OR oBxx Opera BoopzonfaTa -remopa Bprnonumc-rx moxemo I3pa-
3HT11 ripmco Bourpanamijaramx, ICOBaPHjaHTHILX Him 113143W9KHX Koop.namara 5p3HHe. Y OBOM 
3agancy MB CMO KoBacmjairme H 4co3a`uce KoortaHaaTe remopa Byrnoxamc-ru, y mommap-
ocom H ccinpnoM nonapHom cac-remy Koopxntara, Er3pa3Eum 'apex° KoBamijairrmix 

Koop,rntara 5p3me., 

49. Hgeanna TeRHOCT. Ojnepose ocHosne jesnagene xEmpogmaamince. 
KapalcreplicTwma je,gea•nla 

3agaraic 262. (OneJbalc 49., 3a..qaTaic 1.). HarnicaTH OjnepoBe jenHaqHHe crpy-
jaffia nneanHe TegHocTe y nHinutaapcicam B ccIpeptunA nonapHkm KoopArmaTama. 

Pememe: Ojnepose je,rulamme (nEnDepeHunjamie jemfamme KpeTana) Hneanne 
TeRHOCTH, y oxfocy Ha 11p0H3B0J61111 cHcTem ITHBOY111110.01(14X KoopHHHaTa x1, 
cy obnloca (aHneTH onefbaK 49., je,nHaanHy 5.) 

( 1 ) 	
8 t 	p 

vi xt  1 	op 

a) .104nungapacu cacti-tem Koopgwcazi2 a. Y cHcremy unnHanapacnx xop,an-
Ham r, 0, z, KoHTpaHapHjairre icoopHsHaTe eno.rbaume 3anperamexe cane 11 
5p3mwe cy 

{X'} = {X' .7(0 Xz}, 	{v} = {vr vz} = —dr Tit Tri 
dr de dz 

co„ = 

0 

0 



(2) 

0 	d v° 	 r 0 	{ 	1 	ve.  ve +v r v , 

	

r & ye  lo rf +7)z lz rf dr 	r dr 

,,, 	0 	0 	ye 
v e 	

0
-- 	+yr{

r 0 
Ifv-{ 

 0 0 
}-f-vzi

z  0 
}-- 	, 

	

00 	r 

v
0
,2 
	0 1 	0 1 d ve 

	+ vz 	e 
z 	ir z} v  {0 z 	lz zf dz 

 lz 
r
i_ovz 

,,=--f-vr{z}±0 {
z 

1+ d r 
	r r 	r 	z f dr 

na jenuannim (1) onropapajy cnenehe Tp11 cKanapae jeananline 

8 vz ,,, 	1 ..., dp .„ 	1 
—, 
a p 

— = di — g. r  — =A r -- 
8 t 	p 	dr 	p d r 

8 v9 1 	d p 	1 1 a p — xe — _ eft — __ xe _ __ 	, 
a t 	p 	00 	p r2  0 0  

sr 
‘,. 	1 	ap ,,,,. 	1 

— , 

d p 
--'---. di ' — — g-"" — =- -I'  — 

8 t 	p 	d z 	p a z 

jep cy icoop,amiare merrpgqicor Temopa (Baaent 3anaTalc 138.) 

0 

0 

1 

{el =0 

1 

0 

0 

1 
2  

0 

v z,  

v 

dvz +vr f z 	lz 1 +0  z 1 =09 
+ ye 	

4 
00 	1r 0 	00 j 	lz 0 j — d0'  

d 

zz 	dz ' 

1 	0 

{g„} ={0 r 2  

0 0 
vz 	

{z} 
z 	+v 	+v ° 

d z 	rZ 	0 Z 

V 	— - -F Vr  
dr 	1 	dO 	 dz 

= V(r ) 	, 	= — V(8) — 	= VW= 

dt 	 dt 	 dt 

= X(,), 	= —
I

- .A(E.),r  

43 0 	

;e l ±ve i 	 r 	_ , 

10 ef 	lz 	
_a 

 ar 
r 	 (r1. ,,(r1 	rl 	a vr  , 2 	+ 	

r z + t 0 z i z z 	z 
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MOymm, xaxo je 

,no5Hjamo 

8 vr 	v' 
---+v 

at 	dt 

na jennamine (3) moxemo nanncam y °Mig 

d 
	+ v° 

 yr 
+9 	 az),  Se dor 

—= 
St 	dt 	Or 	de 	az 

r (V6)2, 

8 yr dvr 

3 t 	t -Fevr„.+00',8+0271,z, v° d ye 	d v° 	d v° 	d v° 2 
— — + v• 	v° 	+v= 	+ vr v°, 
s3 t at 	dr 	00 	dz r 

(3 ) 

8 ve a v° 
	+yry, r +ye v °, 0  +yrye, z , 

t 	a t 

vr v = ,,+ v° v z ,e + vz vr, z• 

143 KOBaplijaHTHOT R3BOAa 

a v i 
v 

c o63Hpom Aa cy jeArthe oA Hy.ne pa3nwarre xoop,o,HHaTe KplicTocbe.noBor CHM-
5o.ria Apyre Bpere (BHAeTH 3aAarax 138.) 

vz avz 	ay. 	0 0 02 	avz =— + Vr 	V - 	— . 
at 	at 	ar 	de 	dz 

Axo oBe jeAllawHe HcxopHcrxmo y jeanaganama (2), Aoolljamo OjAepoBe 
jeAnaAknie y AHAHHAapcxom cHcTemy xoopArmara, 

a a 	0, 9 	 d p 
-- 4 V' 

9 	, 	, 
-- ± V"

av 
 — ± V'

av 
 r (v°) 2 -- X' — 

I 
— — , 

d t 	dr 	0 0 	a z 	 p dr 

0 v° d v° 
+ v° 

a ve _ 
+ 9 

d ve 2 	 1 1 dp + yr 	 	+ yr ve = X-
r, 
 — — — — 

dt 	d r 	00 	dz 	r 	 p r2  00 

8 0:  a V'  

a t 	at 

Ao5Hjamo 

	

f 0 11.  0 1 	f r 	r 	 d yr 	d 	d 	 1 d p 
	 v" 	v° 	+ 9 	= — 	. 

10 r_ 

	

f lr Of 	r 	10 6 J 	 t 	dr 	00 	a z 	p dz 

a r 
vr 

I rr r 1 +00{ r 1
+ 9 	

a v' 	 Y  OBHM jeAHa‘mHama (1)Hrypinuy KoHTpaBapHjaHrHe xoopAHHare cline H 5p3HHe. 

	

r 0 	it 	dr 	 :TKO y IbHMa xoHTpaBapHjaHTHe KoopzinlaTe H3pa3Hmo npeRo 41413FFIKEIX, Tj. 

craBHmo 
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Ao5njamo Ojnepose jegna .inine y munnmapczom CRCTMY tcoopAnnara, nspaxcene 
npetco (int3n.notx Koopnnturra, 

av er)  	a vo. ) 	1 	v Q. ) 	a ver) 	1 	2 	..,„ 	1 Op 

a t 

	

+ y(,)  a r + 
r 
 y(e) 

 d e
+ v(z)  d z 
	r 0 

(0) - so. )  — 
p a — , r 

d 0 (e) a vice, 	1 ,,, 	o) 	,) 	+ vo  ) 	+ 	s.,(0) a v  + v(g)  a  00 
 + 

d t 	a r 	r 	d 0 	.O z 

2 	 1 1 dp 
+ — yo) v(e)  = X(e) - —  —, 

r 	 p r a 0 

a y (r) 	a v(z) 	1 	a 0, z) 	a v(z) 	..,. 	1 d p 
	 + vo.) 	+ 0(0) 	+ Vo) 	— A 0) —  -- — • 
at 	d r 	r 	d 6 	d z 	p d z 

6) COeprie fionaptie rcoopgunairie. Y cncremy cci)epinix nonapinix zoopmt-
Ham r, 0, p, tconTpanapnjatrrne icoopmtnaze enamainffie 3anpeNrancKe cane H 
6pstnie cy 

dr de dp 1 .  

{v1=  {" v.D}  = dt 	-dt dt 

CHICTeM napunjammx nmona XII,ITOCTaTCKOr IIPHTEICKa HO npocTopkinm 
zoopannamma (toaapnjatunn Berrop) je 

dp}  Idp dp dp 
lax' 	dr de dy 

KoopAnna-re me-rpmncor TeH3opa a je,anne oA nyne pa3nnxittre zoopatnia-re 
Kpncrod)enottor citm6ona pyre spc.re cy (atutent sa,naTax 138.) 

= - r 
cp r 	r 	0 	cp 

	

"P 	(I) 	1  { 	cl)  

r  
9 	= r cos2  8, { 	= sin 6 cos O. 

q) 
Ha ocnosy °Bora H jenitattene (1), Ojnepone jennaltnne 

vr 	1 a p 
- = r  — 
at 	p dr

, 
 

a v° 	1 1 a p 
— — — — 

S t 	p r2  

a v9 1 	dp 
	— .19  
S t 	 p r 2 cos2 0 Op • 

Y (atom cartajy je 

( 5) 

—
a Yr avr 
	+yre,r +evr,e+yq'vr,„, 

at 	dt 

a y° ay° 
=+Yrve,, 0

V ,e+VP0e, ,, 
at 	dt 

C o63npom ita je 

de 

	

v,.,___ 
d r 

+vri 
r  rr  1

+zo  1 
0  r  r 

1 + to { r r 
	d r 
1 =  d yr , 

cp  

yr e= avr +yr  r ±ye  r + vc, 	de _
re', 

' 	a e 	r 0 	e e 	cp 

r 
0 

_ 
0 0 

	

v r ,  , = a  '  + vr r  + ye r  + yq' r 	- r cos2  e vq,  , 
d cp 	r cp 

1 
0 cp 	cp y 	v cp 

ye  _ v° + y, 1 0 1 + ye  f 1 + .0, f 0 1 _ d e e 
1 r  	 + a r 	t r r j 	1 0 r J 	1 9  rf d r 	r 

a v° 
v 43, 0 = 	H-V r  1 6 	0 1+ 	0  + v9 8  = a ye  + VT  , 

d 0 	r e 	0 6 	ye 0 	a 13 	r 

a v
cp 

e 	6 

cp 	0 	 09 	O p 

d e v e, , = — + Vr  1 
r 

1- F ye { 0 
cp 
 1+ v9{ 

9) 
 1 = — + sin 6 	cos 0 v9, 

d  

v c,,= 13-+v'' 9  +06 9  +v9 9  = a—VP  +-v-T , 
d r 	r r 	0 	y r 	d r 	r 

y',e= av5'  +yr { 9  I -Fe{ 9  1 + v9{ 
9e}= 
	-tgOv9, 

	

re 	ee 	pe 	ae 

a vq' 
V9. 9,  = -i-cp  + vr  rTI,  +. 0°  099  + vq' T  = 0 VP  + %Z.- - tg 0 ve, 

J 	cp p1 	d cp 	r 

jextaminte (5) nocrajy 

avr avr 	 avr = 	+ Vr  — 0-  -- 4,0 — r (0)2  - r cost e (v9) 2, 
at 	dt 	d r 	a0 	dp 

a y° 	d v° 	aye 2 a ve 
--- —

a ve 
+ vr — + ve — + vcP 	+ yr e + sin 0 cos 0 (v9) 2, 

8 t 	a t 	d r 	a 6 	o cp 	r 

8 v9  d v9 	d 70 	d to 	a vq' 2 

 8 t 4) t 	d r 
--- — + Vr  — ± 

d 0 
+v9 

 d cp 
— 

r 
+ — Vr  VT — 2 tg e ve v,,. 

{X1} = pirr xo X9), 

	

1 	0 	0 

	

{gii}={ 0 	r2 	0 

	

0 	0 r2 cos2 0 

ree  1 =  { eer 
	' {ere} 

- tg e, 

Cy 

(4) 

v9 a vv 

t 	d t 

22 Femme npoonemm H3 TCH30pCKOr pamyea 



a v(,) 	7.„  (r)  a ekr , 	v(0) a v(r) 	v(,,, a v(,)  
O r 	 r 	 rcos0 ay 

1 2 	21 	 1 a p r  
— 	(0)  + v (0j= A09 -- — 

p d r 
(4) 

a v(9) + v r  ()  	
v(<„, a 	v ( ,, ) 	a 	, 

d r 	d r 	r 	a 0 	fops() ay 	 na TpaHecl3opmllcaHa Ojneposa jenHaHHHa (4) no6Hja o6HHg 

v 	a v( 0) 	Vo) 
7, (r) 	 

d t 	r 
Ouo je TpaHccbopmHcami 05HHic Ojnepose jenHamElle. 

Aico 5apoTpomm clIrrymn (ryci -HHa je cpyincunja cam° npamicxa 113111 je 
KOHCTaHTHa) C pyjH cTaHHoHapHo non Aejc-aom icoH3epsaunnie cane, moxcemo 

1 r 	 2 -I 	 1 1 d p 	 craton-H 
+ — Iv(r) v(9)

a ) + tg (9) .1 = X (e) — 	— — , 
r 	 p r dO 	 dvi 

— =0, X' =gif U, J , 	p, k = (f 	k,
ppl a t 

a v(0)  4.  V(9) 	a 0(0) 

r cost) d cp  
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na cy, Ha ocHoHy Torn, Ojnepose jenHawme (4) oaatuca 

ay' 	avr 	de 	de 	 1 d p 
	 : v' 	+v 	 + vo, 	 r (ve) 2  — r cos 2 0 (v9) 2 = X ' — 
at 	d r 	d 0 	d cp 	 p d r 

d ye 	d ve 	d ve 	dve 2 	 1 
	+ vr 	+ ve 	+ v,P — + — vr ve + sin 0 cos 0 (VP) 2 = Xe — — i 

ap 
, 

d 1 	d r 	d0 	a cp 	r 	 p r 2  d0 

d ve 	a vc 	dvc 	d V 9  2 	 1 	1 	a y 

	

+ vr 	+v 	+ VC 	+ Vr  VT – 2 tg 0 v6 vc = X9  — --- 	. 
d t 	d r 	a 0 	d cp 	r 	 p r 2 cos2 19  o p  

Y °atm jenHaHHHab,ra (1)Hrypwary tcom-pasapHjaHTHe icooputuare mire 11 6p3HHe. 
Amp y Hama KompaHapHjaHrHe RoopnimaTe r3pa3amo npexo ItH3MUCHX, 

	

V( r) , 	V 	
1 

= — v( 9) , 	— 	vop) , 
r cos 0  

49. itneanua Temiloc-r. OplepoBe ocnome ...1CapaicrepicrwrHa ... (262 — 265) 339 

Peuteme: OcHotoia jenHaturHa nimammce HneanHe Terfflocin (Ojneposa jenHatunta) 
y reHepanncamm Koop.rumaTama je °Emma (BuneTH °Amax 49., jenHaHHHy 8.) 

- 	1 	. 
V k 7.1k  --= X' — p k . 

d t 

	

iJ 
V i  v i . 	Vk , 	i 	k, 

Vi Z k ,  = V i  Vi ,  k 8i,t VI  Vi,i  

V, k V k  gis vk Z1,, s  + e  a ski vi 0k, J . 

	

(v" 	s  = 2 vk vk , „ 

( 1 ) 

143 jeIHaxocTH 

no6Hjamo 

OAFfOCHO 

(2) 

Tax0e, 143 jeaHaKOCTH 

cHezH 

X r  X(r)  5 	X- 
—1 

	

 (e), 	X(c),
r 	 rcos 0 	 vk vk, = —1  (v k 

vk), „ 
2 

no6Hjamo Ojnepose jenHaHHHe y ccipepHom nonapHom cncremy xooptumara, B3- 	 IUTO 3ameHom y (2) Aaje 
paNceHe 'Telco C1310114KRX xoopAHHaTa, 

(3) 

KopricrehH (3), jenHammy (1) MONCeM0 HaHHCaTH y o5nExy 

vi 	 1 
d t 	2 
— + 1 — (v- v , + g iS  V i  V k ,  = 	- g.- p k• 

V
i 

k  V
k 

-= —
1 

,gis  (V k  V k) ,  $ +gsosi v 0k ,  j. 
k.i 

2 

1 	 1 	a 	 1 	 ;gas+ —[v(,) v((,) — tg 0 v( e)  v(0] = Xop)  
1 rcosu 

, 
p 

• 	
2 	

(vk 	gg" askii vt vk, 	g's u, — 	
dp 

(r _), 
p 	 cp 	 s, 

P 

gis  (v 2 	+ r  dp 	= gis 	v  
k 2 	P 

Erni y KosaptijaHmom oanificy 

0,11HOCHO 

3anaTaH 363. (Onmaic 49., 3anaTax 2.). Kan Hnea.rnia 6apoirponHa TegITOCT 

capyjH cTauHoHapHo 
ovi = 	d p 	a 	r,\ 

lot 	at' —at') 

110,4 nejeTuom KoH3epHaTHuHe CHnC, 143Becrtri LepH-yrtHjeu auTerpan OCHOBHe jen-
HaHnHe nkniamHice Hnea_nHe zeinfocm y reHepanHcaanm xooprumaTama. 

^ dp 
(5) 	 — U + --) , = sk/ v% 

2 	j p / 

22• 
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AKo je jenHammia crpyjnEate (JIBBRje =raja je jernmatratH Berrop TaHreirre 
y csaicoj FbeHOj WIER Konzneapas ca 6p3HHOM y TOj TaAKH) 

xi = (t), 

oana je 6p3HHa y TaaKama cTpyjHe ninatje onpeheHa xoarpasapsjaHTHIlm Koop-
mmaTama 

dxi .,,c =— . 
dt 

110MBONCHMO, cana, jennamaty (5) cKanapHo 6p3HHOM vi y T3,1101 cTpyjne JIH-

amje. Tana no6Hjamo 

	

(

v 2 	dp) dxs ki 

	

— 	— 	 VJ. k ,  

	

2 	J p " dt 

OXIOCHO 

	

d Iv 2 	r dp\ 

	

d—t 	u +J 
Mehymm, KaKo je lsaueTH 3anaTax 26.) 

	

8 	= vk 	vk = 0, 

rnpsa ce ien:Hawnia mono Ha 

d (v 2 	dp 
- U + —) v, 

dt 2 

onaKne cnens na Ay -Ac cBaKe cTpyjHe nanHje mopa 5HTH 

v2  u  + r  dp 

2 	p 

rite je C HaTerpaaHoHa KOHCTaHTa Koja HMa paanrigHTe BpenHocTH on jenHe 
no npyre crpyjHHne, anH HCTy BpenHocT 	jenHe cTpyjmate. 

JenHaaHHa (6) npencTam.rba EepHynajes inTerpan Ojnepose jenHaaaHe H 
o6ainto ce Ha3HBa BepaynHjesa jenHatinHa. 

AK0 je duryan HeCTITHIBAII3 (p = const.) H cTpyju y non,y 3emnAute Team 
(U = - gz) EepHymajesa jenHaqHHa je o6naKa 

V2 p 
—+— + gz = const. 
2 p 

3anarax 264. (Onemax 49., aanaraK 3.). HaBecnt JIarpatoKes HaTerpan ocHo-
BHe jePHaaBHe nTnialvauce Einem:He Telatocra y anyliajy noTeHnHjanHor crpyjana 
TeintocTH. 

Petueme: Y c.tryttajy noTetamjanHor cTpyjaaa HneanHor 5apoTponaor cilnytina 
y nomy KoHaepBaTHromx cana, moxemo CTMBHTH 

1 	 d 
= gi3  U, „ 	= gis cp, „ 	P, k 	f 

p) k,  

me cy U H cp cKanapHe 4-bytnautje (noreattnjann cline H 5p3HIle). 

TpaHectiopmHcaHa Ojneposa jenHamata (Hamm aanaTax 263., jenHagtuty 4.) 

avi 1 giS (vk v s  gis aisivl vk 	_ 1 gik p,  

O t 	2 

y oBom cnyaajy ce CHO= Ha 0611HIC 

de 1 . 	 dp 
(1)

— + — 

2 
gos (v^ v k), gis U, s - gis (f 

) 

t  

jep je, y eyvaincKolvt npocTopy, 

g's 	cp, k 	O. 

IIpBH gran jenHaunte (1), nocne cmeHe, moxemo HarnicaTH y o6nHxy 

— Tr (es  p ' s)(cP  ) is(l at 's 
	gig 	'" 

na jenHamma (1) nocTaje 

s  is  (a cP) +84: (v2 	r= gi, 	 r g 	 P), 
ka t 	k 2 r 	 P) 

OBHOCHO 

(±P + v  - + 
\,3 t 	2 	P 

HRH, y KoBapHjaHTHom 06JIHKy, 

(._LPo + v _u± 
kat 	2 	pi 

H3pa3 y aarpanH otte jenHaqHHe je HeKa cxanapHa (12.ymatHja Koja moxe 
3aBHCHTH on npocropHnx Koop.aoHara H spemeHa. C o63Hpom na cy joj napus-
jantni H3BOHH HO npocTopHilm KoopaHaTaMa jenHaxa HyJIH, aamyqyjemo na He 
saBHcH On npocTopfiRx xoopnEtHaTa, aim MOK 3aBHCHTH On BpemeHa. lipema 
Tome, 6Hhe 

(3) 

rite je C (t) cpyHtatHja canto BpemeHa t. 
JenHaaxsa (3) npencTaHma Jlarpauxes TutTerpan Ojnepose jenHaqHHe (y 

naTepaTypH ce Ha3HBH H Kount-JIarpaHmes HaTerpan Ojnepose jenHainute). 
Baawo je non:BAIN na jenHatnnta (3) aaje no6HjeHa HHTerparuljom nyx cTpyjae 
nmatje, Hero ce HHTerpamno no nenom cllytyllnHom npocTopy. 3aTo ce clvinc-
Haja C (t) He meaa on jenHe no APYre  elPyjmnte, Beh BaaKH aa nem cTpyjHq 
none. 

Hanomma. KaAa je 110TeliWijaJ1110 crpyjaEbe cTammomapmo, Tama cc Jlarpammem mmTerpaa 

caoma as 

(6) (2) 

— + -.U+ —
dp 

= C (0, 
t 	

2 cp v 

2 

V2 -u+ rf112---c 
2 J P 



 vf, j 	
dp 

— 	, 
p dt 

ace  
•

,‘„,k dp  
(n) Vj  COI V k  j — — 

t 	 p dt 

co k 
k 	k 	• — 	V --r• 	j — 	V k.  j (ilk 	j = 0. 

C ob3Hpom ga je, game, 

,„.. s i 	1 e.kl j ,,  

	

, 	,,,,,
i. kJ — V k. ij)= 0, ....,  j = — .... 	.lkh  j .-- .....— Jk l ,.... 	k .r 

2 	 4 

at 
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roe je C nom-ran-ca. BM:MAO, Aame, zta je no o5.rnmy nc-rn Lao Sepaysnijen mrrerpan. Pa3- 
nxxa je y Tome num y (nom .c.rlysajy Ithrrerpaunona xoncran -ra Tarry epennocr y nenom 
crpyjnom nomy, noic y cnriaiy n an craunonapno crpyjaffie inlje norennsja.Trao, ono je RCM-crairra nyxc eBaKe crpyjne nannje, onnocno ny -raEbe cl)nywrmx nennha (icon crattuortapnwx 
erpyjama nyrame (Inrynnanx nennha ce noicnanajy ca crpyjunm nunnjama). 

3811aTaic 265. (Ogemax 49., 3agaTax 4.). 3a Hgeanny H 5apoTponHy TeaHocT 
Kok cTpyjH nog eicTBOM xon3epnaTHBHe Clint 113BeCTI4 XeJIMKOBxoBe je,11Ha9HHe 
y TaH3DpcKom o6nxxy. 
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ropH,y jeguatamy moacemo HanHcaTH y o5HHicy 

cab ) 4 2 ski' eus  Cos, j  7,1 1- 2 Flu' e,,, (il3 	= 0, d t 
111111 y o5gHxy 

t 	
cole) + 2 nisi  0, vi + 2 agi c,.)s 	= O. 

Peusetve: TpaHccpopmHcany Ojnepony jegHatanly (BHgemH 3agaTax 263., jegHa-
HHHy 4.) 

	

.1 	. d 
+ —1

es (ev,,),, + 	vk, j = X' — — 	k d t 	2 

Kaxo je, game, 

H 

moxcemo nHcaTH 

,kji = 2 wk 
.11 

Skj~ = 	11, 

t

k
tski 	ts kj 	1 — 0 is  CO j — 0 is  (.1)1  V j 0, 

04110CHO 

oxiocHo y o5HHxy 

L-ot  + (1-22) . + vi 	— vt, = Xi — —1  P. • 1   

3a Hgea.am 5apoTpouHH cl:Inygg Koji' crpyjH y Darby icoH3epnaraBHHx cicHa 
moxcemo CTaBFITH 

rra ce jegHattana (1) atom! Ha oarmx 

moxcemo HarcHcaTH y xonapHjaHTHom o5xmcy 

vi 2• ,+ 
a t 	2 +() • 

( 1 ) 

H ga H3 jegHatunie xoHTHHykrrera 

X, U, , 	p, 	f 	, 	 dp 

dt 

v „ 	v2 ll  

t 	2 ) 

Has, C o53Hpom ,aa je 

Ha oartHic 

+ (v,, — ,) = U, 	
dp 

f 	, 
P 

v1, — 	= 2 con , 

cneaH 

go6Hjamo 

Tiourro je 

o5Hjamo 

d v. 
+ 2 vi = 

 U — 

 v2 rdp— 
 a t 	 2 J P 

Axo ony jegHagarly xonapHjaHTHo gacjaepeHuHpamo, the 

dv 
	+ 2 vi co„, + 2 vi  , J ou -- (U —

v2 
 —

J 
—
dp

) . a t 	 2 	P . u 

H3BpIIIHMO RH, game, xomrronnutjy Ca PHtmjenHm aHTHCHMeTpnYHHm TeH30p0M, 
go5Hjamo 

• 
d 

t (ekii V ,, j )-F 2 ekli 	+ 2 ski,  u.)„1.) 1 , 1  = 0. 

C o53Hpom ga  je 

WI; = £113 (as, 
	ekji 	= eft  

aC.Ok  k 
v- 	

8w le 	dp 	a  Wk 
a r 	 t 

	
p dt 

p 	) 

	

St 	 p 

a k 
k 	• p 

St 
 —) = v 

p 

je.aHarnmy mowemo HanHcaTH y °Emmy 

k  

V , J . 

	

St 	p 

Ono je Xe.amxonuona jegHaluma. 0Ha je go5Hjena, 3a Hgeamm 5apoTpornm 
clonyKa y Horby xoH3epnaTHEHntx cana, H3 Ojnepone jeguanycHe egummiauyjoW1 
xikapocTaTksixor HpHTHcica. FipeMa Tome, y jegaammut clifirypkaue jegHa Herm-
3Hara makbe, aHH je 3aTo Woaxutet,' peg jegriagHne. 



	

e= a  -v I r  1 	i 	1— a v ve   +ry 

	

r  le 0
-ve 

 J 	100J 	9 teei ae 	" 

ve.c= a ve  _ yr  r -,v  0 1_ v  f cp = dy e  1 	1 	 -1-t gOv 
op 	Op 	9  ocpj 	9 10 q) 	acp 	q" 

0 v 	 1 _a 
v„, , = - 

d r
-' - v,

y r 
 { r  } - ve 

 {y r}  0 
 - v 

9 1 cp

fp 

 rj -  dr
y v 

- r ' 

8 = 	- v„ 

• 

- ve 	- v, 	--- —`) + tg vg, , 
d 0 	(12 0 	(15.  0 	y 0 	a 0 

✓ 1 7)-qt," — v, qc. 	- vo p
e
p 	v„.{ cpTcp }---- zacp  +rcos2 Ovr -sinOcoseve. 

row 

(5) 
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50. Bnoccana TequocT. Temop nnoco3n0cTn. Haanje-Croxcose jennaqnne 
na, alto tcoarpaaapnjanTne K00p,113331aTe BCKTOpa 5p3aHe y jennammama (3) H3- 

Pa3Hmo npexo Konapnjairranx, jennaattne (3) nocTajy 

3attaTax 266. (Onemax 50., 3anaTax 1.). Hanncam Hasnje-Croxeose jennauute 	
a v, 

	

+ v „ v, r  + --. ve 	vco yr  , 0 + 	 Vr
' 
 9=Xr-- 

1 Op 	, 
+ v Ayr , 

y ccDepnum nonapimm tcoopntutaTama. 	
a t 	r 2 	r2  cos2  0 	 p 0 r 

Peweme: Hamaje-Croxcone natepetuatjanue jentfaxinne xpeTatba BHCRO3HOr durymna 	 (4) 	a Ve 
+ V, Vo ,  r  + — ve. e + 	 

	

ve 	v, 
ve  ,p = Xe  - — — + WAN, 

	

1 a p 	„ 

y KOBaraijaHTHOM 05IIHICY cy (stemone.a,ax 50., jegnaxanty 23.) 	 d t 	r 2 	r 2 cos2 0
, 	

p 00 

a t a v, 	
d v g, 	v e 	g, 	 1 

c) 

 d p 

	

+v,, k vk  = X,- 1 —p,,+v Av,, 	
+ v„ v,, , + —

r2 
v„, e A- 

r2c0s20 
v,, , = X, - — — ± vb. v, . 

at 	 P 	
P 9 

(1)  
me je 	 Y citepnom nonapnom cncTemy icoopannaTa on Byne pa3nagwre xoopnn- 

(2)
ay, 

vi , k = 	— Vr  
a x-k 	

tr 1 

	

i k 	
HaTe KpncTotPenottor cambona pyre Bp= cy (annern unaTax 138.) 

cp j  1 r 1 	j el 
= 1 

f 0 r  j el r  , 1 I 	f cp  1 
{e rg } = -r, t r 0 I 	= 	r  = - r cos 2  0, 

KOBapHjaHTEH H3B0,4 KOHaPHjaHTHHX K0013,HHEIHT 3  5P3H-He, p xagpocTaTmxii 

nparmax, .X1 KoopnintaTe cnomanabe sanpemancxe cane (paxtynaTe no jenuminn 

mace) ri v KHHeMaTHYKH xoecimunjear BFICKO3HOCTH. 	 I  (1)  1_1 (1 )  I = j- { 0  1=sinecoso, { T  14 	1= -tg0, 

	

Y aDepintm nonapanm xoopttnnaTama r, 0, p, je 	 try; tyrj r ' tyyj 	 le (P1 lc1) 0 1 

{vi} = {v' v0  vg}, 	 na, 03 jennagme (2), ,Robirjamo 

	

{X,} = {X, Xe Xj 	 a r —, 	 Vr,r =  	yr 
1

r
r .1 - ve t 0 1 

- v, 
f cp 1 = 

r 	r rj 	jr rj d r 
d v, 	 a v, 

= 	- 
d v, 	r — e 

-
ep I _ ay, .o , 

7'

6 	— V 
00 	r Ir 01 ve lr 0 1 v  

✓
c Ir 0 	de 	r ' 

	

a vr 	r e 	p 	a v v 

	

6 cp 	r {T 9} 	6  U.cp} 	cp} do r ' 
= ___ 	P _ 9 

V , . , ----- — — V 	— V 	— V
PIr 
 

1 .  1 = 	— 

	

C D 	a ve  v o  
✓ -e,„ 	- yr { _ 1 v e l o r l- v p  

0 r 	Orr '  r 

	

d r 	0 r 

	

aye 	r 	e 

t 
aye

-1- 	
1 d p -1-A  Vo.re+Vo,eV8+0%9VP=X0-- 
p 0

—W-IVe, 

dt 	
g, 	

1 a p 
v „vr + v c, e v° 	= 	

P ay 
+v Av o . 

Y mammy cckeptinx nonapfutx xoopinmaTa, xoopnmare meTpairsor Teloopa 

(BarteTn 3anaTax 138.) 

	

1 	0 	0 

	

{gii} = 0 	r 2 	0 

	

0 	0 r 2  cos' 0 

{9, = r r 60 
 2- 	-11} 

d 	ay 

{A v,} = {A v, A ve  A v„}, 

na jennarnunt (1) onronapajy cnenehe Tpn jennagnne 

v 1 d p 
+v"vr+v,ev° + 	X, 

at 	 p d r 

(3) 

cy 

{el. =10 0 

0 	

r2 

0 

0 

1 

r 1/40s20 

0 

0 

1  1 



1 
= X(e)  – — 

P 

2 a v(e)  + — 
r d r 

1 dp 62 0(o)  ±v i 
r 60 	r2  

2 d v(,) 	tg0 
r 2 	0 	r2 
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,,E1a 5Hcmo H3pa3HnH nannacHjaH xoop.atiaTa HexTopa 6p3Hae, HcxopHeTH-
hemo je1Haquae 6. y 3azaricy 256. Ha ()molly .11.11X, momemo rfficaTa 

d2 v 	1 d2 v 	1 	c)2 v, 2 dv, 	1 	a v A v – 	' + 	4-  ± 	4. + 	' 	tg0 ' — 
r  a r2  r2  d 02  r2 cos 2 6 092 	r d r 	r 2 	a e 

2 	ay,  2 a v o  2 2 
v +—tgOve , r 3 cos2 0 Op 	r 3  de r 2  r  r3  

02 08  1 dive 	1 	d2 ve  2 a vr  _ tg0 a ve  ± (6) 	Ave = 
dr2+  r 2  d 02+  r 2 cos 2  0 142  ± r 06 	r2  00 

2 	d vg, 	ve  
r 2 cos3  0 Op r 2 c0s 2  0 

A = 
d2 
	+ 

1 d2 v + 	 1 	d2  v„, 
+ 2 

a v, 
a r 2 r 2 	02 r2,0,20 d 

p2r d p 

2 tg 0  d ve  tg 0 d vm  
r 2 	O p 	r2 00 

3aMeH,yjyhH (5) H (6) y jenHatmHe (4), Ao5Hjamo Hamje-Croxcose je,ama-
mime y ccepHilm nonapHxm KoopnnHaTama 

d vr 	d v, ve  d v, 	vg, 	d v„ ve 	vo  —+ 0, — + —       --- +  	 
d t 	a r r2  a Ø r2 cos 2 0 dcp r 3  r3 cos 2 0 

I d p 	(02  v, 	1 02v, 	1 	02v, = X  — _ — + v , 	 + 
p d r 	a re  + r 2 0  02 + r2c„os2 0 a 92 

	+ 
 

2 d v, tg 0 a vr 	2 	0 v 6  2 d ve  2 + 	 v, + —
2 

tg 0 ve  , ) r dr 	 r  r2  a0 r 3 cos 2 0 d cp 	r3  deb  r2 	r3  

a vo 	a8 vo  a v, 	v9 	a v 8 	tg0 — + v, 	+ 	-?- 	: 	(v0 2  = d t 	a r  r2 a 0 r2,0,2 9  a 9 r2 c0s20 

1 d p +  (a2 vo  + I d2  vo+ 	1 	40 2  v o  
p a0 	ka r2 r2 002 T 2 c0s2 0 a 92 	+ 

	

_4_ 	 + 
2 d v,. tae dve 	2 	d v„, 	vo  ) — — 
r a0 	r 2  de r2 cos3  0 d cp r 2 cos2 0 ' 

a v 	 o 	p 	g, 	a v9 	 p 
+ v 

(d 2  v, =' 	='° v d v 	v 
+ 	= 1, 1 

a  
a t 

+v d v 

r  a r + r 2  de r2 cos2 0 Op 	p a 9 	0 r 2  

1 d2  vc, + 	1 	d2  v 	2 a v,. 	
to. A 2 	dve  tg 0 a v,p \ _  r 2 a  oz r 2 cos2 0 ape 	, a 9  r2

, ± 	

`°'' a  9 
.1_ 

r2 a0 

50. BHCK0311a Te'mocT. Temop BacKomoc-rn. HaBEje-Croiccose . . . (266 — 267) 3 4  7 

Axo y °Ham jeguallaHama xosapHjaHme RoopnaHaTe Hapammo npexo 
(1)H3HHKHX, Tj. CTaBHMO 

v r  =-- v( , ) , 	v o  r v( 0) , 	vq, = r COS 0 %), 

Xr  X(r), X0 = rX(0 ) , 	r cos() X(,) , 
Taxa HapaweHe npexo (1)H3r9x1x xoopmma -ra, HasHje-Oroxcose jenHagime 
c(j)epHom nonapHom cHcTemy xoopAHHaTa rnace 

a v(,) 
	+0 0.) 	a 

v(,) + V(0) a V(r) 	V(9 ) a v( „) 	(v(1)4_ T., (2e))  
a t 	d r 	r 	rcose Op 

	

.X(r)— 	 V 
1 4) p 	(a2  vo) 	1 02  v (,) 1 	62 v

(r)  

	

P 	r 	r2 	r2  d 82 	r2  c0s2 0 a 92  

	

2 d v(,) _ tg 	d v(r) 	2 	d vo,) 	2 a vo, 4. _..  

	

r d r 	r2  de 	r2 cos0 dp 	r 2  d0 

	

2 	2 – —  r2 v(+) + 
r- 

tg v(e)  , 

	

a 0(e) + v(,)  v(e) 	v(0)  d v(e) 	v(0)  a Re)  + 1 
kv(,)  vo)  + tg V (p2) = a t 	Or 	r 	0 	rcos 0 d 	r 

I a2 09  ,, 	1 	a2  v(e)  + 	" ± 	 "  
r2 002 	r2cos20 42 

H- 

d v( e)  + 	2 	a  0(0 	0 (0) '1 

a 8 	r 2 cos2 0 dcp 	r 2 cos2  0) ' 
a v(9) 	d 	v(e)  d 	) 	V(9) ) 	a v(9) 	1 	+ 010 — 	

r 

	

O r 	r 	0 	rcos 	dcp 	
(VO9V(0)— tg e v(e)  No) 

	

1 	I 	d p 	(d2  vo„) 	1 02  d(,) 	1 	0 2 0 , 

	

= X(,)  – 	
+`" 

	

p rcos0
-Fy 	 

or 2 	r 2  a 02 
	+ 	

 dcp-' 

	

± 2 d v(9,) 	2 	d v (,) 	2 tg 0 d v(o) 	tg 0 a 0,4,,v (4, \ 

	

r 	d r 	r 2  cos 0 dp 	r 2  cos 0 dp 	r 2 	d0 	r 2 cos2 0) 

3aaaTaH 267. (Onemax 50., aa,aaTax 2.). Koopzumare TeHaopa alicxo3Hocra Ha-
ITHCaTH y unnartaapcurm xoop,aH.Harrama. 

Femme: KoHapHjaHTHe 'coop/Jima-re TeH3opa BHCICO3HOCTH, y oaHocy Ha ripom3-
B0JbHEI cricTem rellepanlicaHHx xoop.aHHaTa, cy (BH,BeTA 0,aelbaK 50., jeaHawny 14.) 

(1) Pi/ = (vi, 
rne je 

(2) v,, 	
X.1 

 –Vki 
vi 	rL)  

• 
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xosapHjanTHH H3BO,H xorapHjaffranx xoopHHHaTa HexTopa 5p3Hne, a p. xoe(13H-
HHjeHT H.HHararue BHCKO3HOCTH. 

C obampom Aa je cksneTplrgan, TeH3op BACK03HOCTH HMa ILTeCT mebyco5Ho 

He3HBHCHHX xoopAnnaTa. Te xoopAHHaTe cy 

PH = 2 11  0 1.1 • 
1312 = P21 = 11  (01.2 + 02,1) , 

 1313 = P31 = (01.3 + v3.1) , 

 1322 = 2  IL 02,2 

1323 = 1332 = (02,3 + v3.2) ,  

1333 = 2 [1.03, 3 . 

Y cHcremy winHHHapexxx KooposHaTa r, 0, z, xoopnaHare meTpHrucor 
TeHaopa H o,a HyHe paanHlurre 'mown:mare KpHczo(Denosor cam5ona npyre 
HpcTe cy (HHHerH aanaTax 138.) 

1 
 {gii}= 	
0 

0 r2 
0 
0 	

12 1 21 = {oe} = _ r,  1 

1 
2 	 _ 

r 0} 10 r 21 - 12 2 1 } = 1"  1 =  { 	1, 
t o 0 1 

na, Ha ocHoHy (2), Ao5lljamo 

a v,1 r 	0 	z 	avr  
vr„.--- — — v r 	— v e  

Or 	r r 	r r —v2  r r = dr ' 

v 

 

_ay, _ 0  1 I • 1 _ ve  101 —vizi_ ovr  v e  

	

' a0 	r ir el 	lr 0 j 	lr Oj d0 _ r — , 

_ay, _ vz i r 1_ ve l 0 1 — vz {z 1 av, vz,z=  

	

az 	ir 4 	tr z 	r zj az  
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Ha ocHoay oBora H je,aHalutHe (1), aa xosapHjairrHe HoopaHHaTe TeHaopa 

Hnex03Hoc-r0, y HiunaHnapcxom cHaremy xooppsHaTa, no6Hjamo 

av,. 
p„ = 2 p. r  = 213, — , 

dr 

	

ay 	v0 2 
Pr e = Pe = 	e ve, = 	+ 	- 	ye) , 

a0 a r r 

Pr z = Pzr = (vr. z + vz. = ( 11. 	 ) an)' 

dy e  
(300= 2 p. v0,0— 2 p. 	+ r vr ) , 

°VI) 

Pe . 	(Ve, z  vz,)_= ( 
z 

4. vz 

av 
(3z 	2 p. vz , z  = 2 p. 

z 

AKO xonapHjaHTHe xoopHHHaTe TeH3Opa BHCKO3HOCTII H3PK3HMO npexo 

seromx (tHaHrixxx xoop,aHHaTa, Tj. CTaBHMO 

Prr = P(r) 	Pr e = r P(r e), Pr: = P(rz),  

Pee r2  Poe), Po 	r 	z) ,  

xosapHjaHTHe xoortraniaTe Herropa 6p3Hae H3pa3HMO npexo HzeTOBHX (1)1131P1- 

KHX mow :mama, Tj. CTHBERVIO 

ve,z  = a ve  _ v  1r 1 — 00 10} —z)  1 z 1 = a ve  ye  
or 	r  0 r 	0 r 	2  0 r 	a r 	r ' 	

vr =v(r), v e =rv(e), vz =v(z) , 

	

0 	z = ave 	
no5Hjamo stmairixe xoopasHaTe Tampa BHCKO3HOCTH HapaaceHe npexo (1)H311.1KFIX 

de 
V0,0= a  ve — v, / r

0 0 — ye  0 0 — 0z  0 0 	dO + 
rt,,,, 	 xoop,aHHaTa aerropa 6p3HHe, 

ave r {  r 	0 	
a v( ,)  

Z = av8  , 
Ve, z  = 	

' 
— — V 	— Ve 	— Vz  

8 Z 	a z 	

(30r) =--- 2 v. 	 

az 	0 z 	6 z 	
a r 

avz 	r 	6 	z 1 av 	 = 	
1 a V(z ) 	a v(e) 	v (e)  

P 	
) 

' 
vz.,. = 	— Or 	— Ve 	— V 	

± 	 

Or 	{z r} 	z ri 	{z rf a zr 	

(r e) Ne r) = ti. ( r 	 r r d e 	a r 

av 	 0 	z 	av 	
a v(r) 	a v(z)  

— z 	,, r 	e 	_ y 	. 
ae 	ze 

— v 
ze 	zel ae ' 	

13 (rz) = P(zr) = ii 	+ ---) 

vis e= 
	— V 

, 

a z 	a r 

av, 	 0 	z 	avz  
vz , z =- 	ye { 	d. 	— 

az 	z 	z z1
—v 

 z 	z 

( 1 a 0(e) 	v(r)  
P(ee) — 2 1L r 60 
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