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Preface 

Many problems in science and engineering can be described by partial differ
ential equatIon!? (PDE). In most. c.ases, PDE's can not be solved exactly, so various 
approximative methods can be used instead. One of the most important and most 
widely used methods is the finite difference method. 

Recently, there has been a growing interest in problems with weak solutions, 
reduced to PDE's with un-smooth or discontinuous coefficients. Consequently, 
there is a need for the generation of convergent difference schemes for such problems. 
The most important aims for this purpose are: 

1) determination of the minimum smoothness of the input data allowing the 
convergence of the scheme; 

2) determination of the relation between the rate of convergence and the 
smoothness of the input data. 

This work is intended for the examination of those matters. 

In order to demonstrate the main difficulties which are encountered in solving 
the above mentioned problems, let us consider as a model example the Dirichlet 
boundary-value problem for the Poisson equation in the unit square !l = (0, 1)2. 
VIe approximate the problem by a "cross"-difference scheme on a regular mesh w 
with the step h in the domain!l. Then, the error z = u - v , where u is the solution 
of the original problem, and v is the solution of the difference scheme; satisfies the 
relation 

(1) 

. By estimating the right~hand,..side using the Taylor's expansion, we readily obtain 
the following convergence rate estimate', 

(2) 

By using the appropriate transformations, the right-hand-side of (1) can be 
expressed as a sum of several integrals of the fourth-order partial derivatives of the 
solution u(x), which yields the following estimate 

(3) lIu - vllw~(w) ~ C h2I1ullw;(o). 
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The estimate (3) is "finer" than the estimate (2), in the sense that it permits the 
convergence for even less smooth solutions. Expression (3) can be derived easier 
and more elegantly, by using the Bramble-Hilbert lemma [7], [8]. Thus, this lemma 
takes the role of the Taylor's formula for the functions from the Sobolev spaces. 

Further investigations yield the estimates of the following form 

(4) s ~ k. 

Estimates of type (4) are said to be consistent with the smoothness of the solution 
of the boundary value problem (see Lazarov, Makarov &. Samarskil[67]). Note that, 
if a weaker norm is used for the estimate of the convergence rate, less smoothness 
is consequently required for the solution. Estimates of the type (4) are similar to 
those of the finite elements method 

(5) s ~ k, 

which shows a relation between the finite differences and finite elements methods. 

Let us show here some of the difficulties arising in the d'erivation of the type (4) 
estimates, and in the generation of the difference schemes satisfying those estimates. 

- For s ~ 3 (or s ~ nJ2 + 2 in the n-dimensional case) the right-hand
side of the original equation becomes discontinuous. Consequently, the difference 
schemes with averaged right-hand-sides must be used. 

- For k i= 2 (i.e. k = 0, 1), "good" a priori estimates IIzllwk(w) are required. 
In particular, such" good" estimates satisfy schemes with" divergent" right-hand
sides. 

- The transition to a fractional s is based on a generalisation of the Bramble
Hilbert lemma on Sobolev spaces of fractional order (see Dupont & Scott [16]). 

- The transition to a fractional k is ba.c;ed on multiplicative ineq~alities for 
discrete Sobolev-type norms. 

- The transition to estimates in W;'-norms, for p i= 2, requires a new tech
nique for the derivation of a priori estimates, by the use of discrete Fourier multi
pliers (see Mokin [78]), 

- The transition to equations with variable coefficients (primarily the linear 
elliptic equations) is the most troublesome. It. is necessery to determine the widest 
possible classes of coefficients of the equations. (Such classes are sets of multipli
ers in Sobolev spaces, see Maz'ya & Shaposhnikova [77]). The error depends not 
only on the solution 'IL, but also on the coefficients of the equation. Thus, instead 
of the standard Bramble-Hilbert lemma, its bilinear version is used. Instead of 
the Cauchy-Schwartz inequality, the Holder's inequality is used. Finally, Sobolev 
spaces. Wg"' and Wi

9
/(Q_2) with" conjugated" lower indices are used consistently, as 

well as the imbedding theorems for Sobolev spaces. 
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- The transition to the parabolic case is based on the generalisation of the 
Bramble-IIilbert lemma to the anisotropic Sobolev-type spaces. 

This work is based on the author's papers published in the past several years, 
. and it is closely related to the results ofIvanovic, Stili, Lazarov, Samarski'i, Makarov, 
Weinelt, Gavrilyuk, VoTtsekhovski'i, and others. The theory of convergence of 
difference schemes is presented systematically for elliptic, parabolic and hyper
bolic PDE's with variable coefficients. The only existing monograph in this field 
(Samarskir, Lazarov &: IVlakarov [85]) deals with elliptic equations, mostly wit.h 
constant coefficients. 

Although most of the material presented in this work has been previously 
published as my own results, I wish to emphasize the valuable contributions of my 
colleagues Lav h"anovic and Endre Siili. Namely, we jointly started the study in 
this field, posted and solved several problems together, and published a number 
of papers together. Those results were the base for my ensuing work. I st-rongly 
believe that our collaboration will continue and be more extensive in the future. 

Belgrade, January 1992 Bosko S. Jovanovic 



I Introductory Topics 

In this chapter we shall introduce some basic terminology and results obtained in 
the theories of .distributions, function spaces and differential equations, which are used 
in this work. 

< 8. 

1. Preliminaries and Denotations 

First, we introduce terms and denotations which shall be used. 

Set 

N = the set of natural numbers, 
No = Nu {O} , and 
R = the set of real numbers. 

For 8 E R let [8J be the largest integer ~ 8, and [8]- - the largest integer 

We shall represent the elements of the set Rn as vector-columns, and denote 

. We shall denote by 7'}, r2, . " , r.n · the unit vectors. of coordinate axes in Rn, The 
elements of the set No will be called multi-indices, and will be denoted by 

a = (all 0'2, " , , O'n)T , 

We shall also adopt the following notations 

10'1 = 0'1 + 0'2 + ' '. + an , XCi = X~l X;2 , •• x:- I 

Ixl = (x~ + x~ + '" + x!)1/2 and dz = dXl dX2 ", dz n • 
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An open and connected set n c Rn will be called a domain. We assume that 
domains which are used are bounded and convex, unless it is stated otherwise. The 
boundary of n is the set r = an = n \ n. The domain n' is called a subdomaill 
of the domain n, and denoted by n' c: n, if n' en. 

In the ensuing we shall use functions of the form I : n - R, n c Rn. 
The value of the function f at the point x E n will be denoted by I(x) or 
I(xl, X2, ••• , xn). 

The support of the function I( x) 1 denoted by supp I , is the closure of the set 
of points such that I(x) * O. If supp I is a bounded set, the function I is said to 
be finite. 

The partial derivatives will be denoted by 

al 
Dd=~, 

vXi 

We also introduce the finite differences 

ll.o I(x) = I(x + a) - I(x)' a ERn, 
ll.i,h I(x) = D.hr; I(x), hER, 

Iz;(x) = h;(x + h Ti) = h;(x + O.5h ri) = (ll.i,h l(x»Jh. 

We shall use the following function spaces: 

Cm(n) - the space of functions which are continuous in n together with all 
their partial derivatives of the order $ m (m E No U too}). 

C(n) = CO(n) . 
C[f(O) - the subspace of cm (n) consisting offunctions with compa:ct support 

in n. 
Cm(n) - the space offunctions which are continuous 011 n, together with all 

their partial derivatives of order $ m 1 with the norm 

Lp(n) ~ Lebesgue space of fUllctions which are measurable in n, and which 
satisfy the condition 

or 

II/IILr(O) = (kl/(x)IP dX) IIp < 00, 1 $ p < 00, 

II/IIL.,.,(o) = supess I/(x)1 < 00. 
zeo 

Lp,loc(n) - the space of locally integrable functions, 

I(x) E Lp,loc(n) if I(x) E Lp(n') for any bounded subdomain n' c;: n. 
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Cm(n) and Lp(Q) are Banach spaceS. 

The hypersurface S C Rn t whose dimensionality is n - 1 is said to be of the 
class CIll, and denoted by S E cm, if in the neighbourhood of any point Xo E S, 
it can be represented by an equation of the form 

where ip~o E cm. The hypersurface S is said to be continuous in the Lipschitz
sense if it can be divided into a finite number of partitions Sj, each of them being 
represented by an equation of the form 

where .,pj is continuous in the Lipschitz-sense. A domain n is said to be Lipschitzian 
if its boundary is continuous in the Lipschitz-sense~ 

Finally, C and Ci denote positive generic constants which may have different 
values in various expressions. 

2. Distributions: Definitions and Basic Properties 

In the set of functions Ccf(Rn) we define the convergence in the following 
manner. 

DEFINITION 1. The sequence of functions ipjE CIf(R") is said to converge to 
ip E CIf(Rn) if the following conditions are satisfied 

1. There exists a compact set J( C Rn such that supp <Pi ~ I< for every j; 

E. For every multi-index Cl', the sequence DOlipj cont1erges uniformly to DOl<p 

on J( when j - 00 . 

The set C8"(R") equipped with this topology will be called the set of basic 
functions and denoted by V = V(Rn). For a domain D in Rn, V(n) C V(Rn) 
denotes the set of basic functions with supports in n. 

The linear bounded functionals on the set V(D) are called distributions (see 
Schwartz [861, Rudin [83]), and the set of distributions will be denoted by V'(D). 
The value of the distribution f E V'(D) on the basic function ip E V(n) will be 
denoted by 

(/, <p} = (/, <p}'Z)/(O)X'Z)(O) • 

DEFINITION 2. The sequence of distributions /j E V'(D) converges to f E 
V' (D) if 
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DEFINITION 3. Distribution I E V'(Rn) is said to vanish in the domain n, 
which can be written in the lorm 

1=0 in n or l(x)=O, xEn 

if 
U, cp) = 0, Vcp E v(n). 

Two distributions I, 9 E V' (Rn) are said to be equal in the domain n, i. e. 

if 

I(x)=g(x), xEn, 

/(x)-g(x)=O, xEn. 

If I(x) E L1,loe(Rn) then 

cp(x) ..... { I(x)cp(x)dx 
Ja" 

defines a bounded linear functonal on V(Rn). In other words, each locally inte
grable function induces a distribution. Such distributions are called regular. In the 
following every regular distribution will be identified by the corresponding locally 
integrable function, i.e. 

U, cp} = 1 I(x) <,O(X) dx . 
R" 

The distributions which are not regular are called singular. Such is, for exaple, 
the Dirack's distribution 

(c, cp) = cp(O) , Vcp E V(Rn). 

If A is a regular real matrix of the n-th order, and b is a fixed vector in Rn, 
than we can define the linear change of variables for a distribution lE V'(Rn) in 
the following manner .. 

( ) ( 
cp( A -1 (x - b» ) 

I(Ay+b),cp(y) = I(x), IdetAI ' 

. The multiplication of a distribution I E V'(n) by a smooth function a E 
COO(n) is defined by 

(a I, cp) = U, a cp) , V cp E V(n) . 

The derivation of a distribution I E V'(n) is defined by 

Note that every distribution is infinitely differentiable. 
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3. Sobolev Spaces 

Let 11 be a domain in Rn, kENo and 1 $ p $ 00. The Sobolev space Wpl:(f2) 
is defined in the following manner (see Sobolev [89], Adams [1]) 

Wpl:(f2) = {J E Lp(f2) : DO lE Lp(n) , Icrl $ k} , 

where derivatives are taken in the distribution sense. In particular, for k = 0, set 

The norm in W;(f2) is defined by 

(
A:) IIp 

II/11w:(o) = L IJI~i(n) , l$p<oo, 
i=l p 

where, 

or 

II/lIw!,(O) = o~~ I/lw.:.,(o) , 

W;(f2) is a Banach space. In particular, W;(f2) is a Hilbert space with the 
inner product . 

For 0 < (j' < 1 set 

(1 ( I/(x) - l(y)IP )l/P 
Iflw;(o) = 010 Ix _ yln+C1P dx dy I 

l$p<oo, 

or 
Iflw .. (0) = supess I/(,X) - ~(y), . 

OD reO X _ Y C1 

The Sobolev space W;(f2) with a fractional positive index s = [s] + (j', 0 < 
(j' < I, is defined as a set of functions lE WJ6](O) with the finite norm 

where, 

j 
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with the corresponding change for p = 00. 

The closure of V(O) in the norm W;(O) is a subspace of W;<O) which shall 
o 

be deJ).oted by W;(O). 

Let 5 be a positive number, 1 < 7> < 00 and IIp + IIp' = 1. The space 

Wp-'(O) is defined as the dual space of W;,(O), Wp-'(O) = (W;,(O»),. Since 
o 

V(O) C W;,(O), we have W;'(O} C V'(O), i.e. the elements of the space Wp-'(O) 
are distributions. 

Distributions of Wp-'(O) can be represented as derivatives of ordinary func
tions. First, let 5 be a positive integer. If u(x) E W;,(O) than DOu E Lp' (0) for 
every lal ~ 5. According to the Riesz's theorem (see Aljancic [2), Yosida [112)) an 
arbitrary bounded linear functional on W;, (0) can be represented in the following 
manner 

where lo(x) E Lp(O). 

Let now 1J be a distribution of W;'(O), with the same representation as above. 
Then 1J is fully determined by its values on functions I{J E V(O). Consequently, 

(1J, I{J} = 1J(I{J) = L: 1 D°I{J(x)(-I)lol lo(x)dx 
\015' n 

= L: (-1)1 0 1 (lo(x), D°I{J(x») = ( L: DO lo(x), I{J(X»). 
1015. 1015' 

We may conclude that the elements of Wp-'(O) can be represented as 

(1) 1J = I(x) = L: DO lo(x), where lo(x} E Lp(O}. 
1015' 

This representation is not unique (Lions &: Magenes [70]). 

Now, let 5 be a positive non-integer number: 8 = [81 + q, 0 < q < 1, If 
DOu(x} - DOu(y) 

u(x) E Wp',(O), then DOu E Lp' (0) for each \a\ < [5] and I I I '+ E - x_ynp a 

Lp'(O X 0) for each la\ = [5]. An arbitrary bounded linear functional on W;,(O) 
can be represented in the following form (see Wloka [111]) 
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where fo(x) E Lp(O) , lal:5 [a], ~nd Fo{:r, y) E Lp(O x 0), lal = [a1. Using 
the same argument, the elements of the space Wp-· (0) can be represented in the 
form 

(2) TJ=f(x) = L Dafo(x)+ L Da rFa(x'Y)-:~iY'X)dy, 
'0"$[') lal=[.) io Ix - y/n p (1 

where fa(x) E Lp(O) , FO'(x, y) E Lp(O x 0), and the integral is taken as the 
principal value. This representation is not unique. 

From the definition of the Sobolev spaces it follows that 

(3) If U E W;(O) , then D;u E W;-I(O) for s ~ 1. 

From (1) and (2) the same result follows for a :5 O. If p = 2, and 0 is a Lipschitzian 
domain, then (3) holds for every real s: -00 < S < -too (Triebel [96]) .. 

CONSEQUENCE. If 0 is a Lipachitzian domain in Rn I a > 0, s ¥ integer+ 1/2 , 
fa E L2(0) and ga E WJ6]+l-"(0) then the distribution 

(4) f(x) = L DO fo(x) + L Dago(x) 
101$[.] 101=[.]+1 

belongs to the space W2-· (0) . 

Let 0 be a domain in Rn and X an arbitrary Hilbert space. Sobolev spaces 
W;(Oj X) of functions f : 0 - X are definined analogously, substituting the 
absolute value by the norm of the space X. For example, 

etc. 

IIfIlLp (ojX) = (In IIf(xJII~ dx rIP. 1::; p < 00. 

Iflw;(o;x) = ( L liDO fll~p(o;x)fIP • i = 0, 1,2, ... 
101=; 

Ifl ' .' = (ii"f(x) - f(y)lI~ dXdy)I
/P 

0 < (1" < 1, 
W,. (0,'\) 0 0 Ix _ yln+(1p , 

In the following we will frequently.use the Steklov averaging operators, with 
the step h 

Ttf(x) = 11 f(x+htrddt = 11- f(x+hr;) = T;f(x+0.5hr;). 

These operators map the partial derivatives onto differences 
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The averaging increases the smoothness of the functions; if f E W;(fl) then 
Tl T2 .,. Tnf EW;+1(Oh/2), where Oh/2 is the subdomain of 0, which consists 
of points whose Euclidian distance from the boundary is exceeding h/2. 

The following result is valid. 

THEOREM 1. Let fEW; (0), 5 > 0, and let the boundary of the domain 

o be sufficiently smooth (r E C[sr +1). Then, there exists an extension of the 
function f outside of the domain 0 which also belongs to the class W; . 

o 
CONSEQUENCE. If f E W~(O) then its extension by a zero outside of the 

domain 0 belongs to the class W;. 

The fundamental role in the theory of Sobolev spaces is played by the imbed
.dingand traces theorems (see Sobolev [89], Adams [1], Triebel [96]). 

THEOREM 2. Let f E W;(O) , s > lip, s =F integer + lip, and let the 

boundary of the domain 0 be sufficiently smooth (r E C[s]- +1). Then there exists 

a trace of the function f on the boundary r, which belongs to the space W;-1/ p(r), 
and the following estimate 

holds. 

THEoREM 3. Let f E W;(O) , s > 0, and let the boundary of the domain 0 
be continuous in the Lipschitz-sense. Then the following imbedings hold 

a) if s . p < n then 

b) if 5 • P = n then 

c) if 5 • P > n then 

np 
p$q$--, 

n-sp 

THEOREM 4. Let 0 $ t $ 5 < 00, 1 < p $ q < 00 and 5 - nip ~ t - n/q . 
Then, 

In the following, we shall need the estimates of the norms in the near-boundary 
region Oh = 0 \ Oh, of width h, in the domain O. The following result hold 
(Oganesyan & Rukhovets [79]). 
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THEOREM 5. Let the boundary" r of the domain 0 belongs to the class Cl. 
Then, for every functiol1 f(x) E W~(O), 0:5 s:5 1, the following estimate holds 

where, 

IIfllL2(oA) :5 C F(h) IIfllw;(o) , 

0:5 s < 1/2 
s = 1/2 

1/2 < s :5 1 

4. Anisotropic Spaces. Weighted Spaces. 

Sometimes we encounter functions which have different smoothness in different 
variables: Spaces of such functions are called anisotropic. Here we define one class 
of anisotropic function spaces. 

Let R+ be the set of non-negative real numbers. In this paragraph elements 
of Rf. will be called multi-indices. For 0 = (01, 02 • ...• on)T E Rf. define 

[0] = ([od, [02], ... , [On])T and [at = ([Olt, [02t • ... , [On]-)T . 

Let 0 be a domain in Rn with a Lipschitz continuous boundary. For 0 E Rf. 
and 1:5 p < 00 the seminorm Ifla,p can be defined in the following manner 

111~,p = "I"~p(o) , for 01 = 02 = ... = on = 0 , 

IflP = f f IAi,h;!(X)/P dhi dx, for 0 < 0i < 1, a", = 0, V k =fi i, 
a,p io io;(s:) Ihi/l+pa; 

I I
p f Jr f IAi,hi Aj,hj f(x)/P dh d d 

I a,p = io iO;j(:II) Ihi/l+pa; Ihj p+paj ; hj x. 

for 0 < ai, OJ < 1, a", = O. V k #: i, j, 

IIIP - ( J ... f IAl,hl .. . An,h" f(x)IP dh1 ... dh
n 

dx 
a,p - io iol..:.(S:) Ihd1+PQI ••• Ihnll+pa" ' 

for 0 < 01, 02, ." .. , on < 1 , 

Ifl~.p = Inla] fl~-[a].p , if, for some k, al.: ~ 1. 

Here, 

O;(X) ={h;: x+h;riEO}, 

Oij(X) = {(hi.hjf : x+cihjrj+cjhjrjEOj Ci,cj=O,l}, 

01...n(X)={(h1 , •••• hn f: x+tcJ:hJ:rJ:EOi CJ:=O,l}. 
1.:=1 
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For p =00 the corresponding integrals are substituted by sup ess, 

etc. 

IfIO', CK) = I\fI\Loo(O) , 

IflO',oo = sup ess 
zEO, hiEOi("') 

l~i,hJ(x)l 

Ihdai 

for 0' I = 0'2 = '" = an , 

for 0 < 0'; < I, ak = 0, 'r/ k i:- i, 

The finite set of multi-indices A C R+ is called regular if 0 = (0, 0, ... , of E 
A so that for any 0' = (0'1,0'2, '" , O'n)T EA, there exist real numbers p" ;::: 
a.\: (k = 1, 2, ... ,n) such that P/r. r" EA. 

If A is a regular set of multi-indices we define the following norms 

IIfllw;,(n) = (L Ifl~,p) lip, 1 $ p < 00, 

aEA 

IIfl\w~(n) = ~t: Ifla,CK)' 

The closure of CCK)(O) in the norm 1I'lIw:<o) will be denoted by W:(O) (see 
Drazic [13)). 

EXAMPLE. Let A = Ao U Al, where. 

n 

A1 = UAli' 
i=1 

Ali = {a E R+ : 0'" E No for k i:- i; t :" = I} , 
k=1 " 

and S1, •.• ,Sn are given positive real numbers. Then W,;"(O) = W~'l"" "">(0) 
is an anisotropic Sobolev space, the top seminorm of which can be defined by 

For S1 = S2 = ... = Sn, W:(O) reduces to an ordinary, isotropic'Sobolev space 
W;(O). (More precisely, .the norm of W,;"(O) is then equivalent to the standard 
norm of w; (0»). 

Let n be, as before, a domain of Rn, I = (0, T) C Rand Q = 0 x I. If 
sand " are non-negative real numbers, we can intr9duce the space w;·r(Q) = 
Lp(I; W;(O») n W; (1; Lp(Q») , with the norm 

IIfllw;· r(Q) = (loT IIf(t)lI~v;(n) dt + IIfll~;(I; L~(n»f/P , 1 $ p < 00, 
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and with a corresponding expression for p = 00 • 

w;·r(Q) reduces to a space ohhe type WpA(Q). For example, if sE No then 

A = {(Ol,." , On, ol : 0; E No, 01 + ... + On ~ s} 
U {(O, ... ,O,,B)T: ,BENo , .B<r} U {(O, ... ,O,r)T}. 

We shall use the space W;··/2(Q) = L2(1; W2(0)) n W;/2(I; L2(0»). Here 
we can define the top seminorm by 

( rT 2 ., ) 1/2 
Iflw;· ./2(Q) = J

o 
I/(t)lw;(o) dt + 1/1;v;12(I;L

2
(O» . 

We shall also introduce the space W;··/2(Q) = W~····· .•.• /2)(Q). Obviously, 

W;··/2(Q) C W;··/2(Q). 

Anisotropic spaces also satisfy certain imbedding theorems. We shall later 
need those from Lions & Magenes [701. 

THEOREM 1. II I E w;·r(Q), s ~ 0, r > 1/2, the7110r k < r - 1/2 
. al.: I{%, 0) s ( 1 ) 

(A: E No) tltere extsts a trace atl.: E W/(O), where q =; r - k - '2 . 

THEOREM 2. Let lE W;·r(Q) , s, r > 0, and let 0 E No and kENo satisfy 

101 + ~ ~ 1. Then, D~D:f E W:'''(Q), where ~ = ~ = 1- (10
1 +~), and 

s r s r s r 
D2I and D t are partial derivatives with respect to % = (%1, %2, '" ,%n)T and t. 

CONSEQUENCE. W;··/2(Q) = W;··/2(Q), with the equivalence o/their norms. 

Finally, let us consider the weighted Sobolev spaces. Let 0 be a domain of Rn 
and let ,,(x) E COO(O) be a non-negative function on IT. For s = 0, 1,2, ... we 
shall introduce the following spaces 

W;.,1(O) = {f : ,,1 0 1 DO f E Lp(O), 0 slol :5 s} , 
with norms 

IIfllw;.,(o) = ( I: 11£>'01 D~ fll~~(oj) lip , 

lal~· 

l:5p<oo, 

and with corresponding expressions for p = 00 . 

In particular, if u(%) is of the same order as the distance d(%, r) from the 
point % E 0 to the boundary r, 

£l(%) 
0< Cl ~ d(%, r) ~ C2 , y% EO, 
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then set 2&(0) = W{ e(O). Obviously, 

20(0) = L2(0) , Wi(O) ~ 2&(0) ~ L2(0) , s ~ O. 

Using the theory of interpolation of function spaces (Bergh & Lofstrom [4]), 
spaces W;,e(O) can be defined for real s ~ O. In particular, 

o 
2'(0) = {J E V'(O) : u' J E W2(0)} , s > 0, sf; integer + 1/2. 

For s < 0 set 

Similarly, anisotropic weighted spaces in the domain Q = 0 x 1 can be intro
duced by 

2,,&/2(Q) = L2(1; 2'(0» n 2'/2(1; L2(O» , s ~ 0, 

2,,&/2(Q) = (2-·,-·/2(Q»', s < O. 

5. Besov Spaces 

Let 0 be a Lipschitzian domain in Rn, 0 < S < 00, 1 < p < 00 and 1 ~ q ~ 
00. The Besov space B;, 9(0) consists of all functions f(x) having a finite norm 

IIfIlB~ .• (O) = (lIflll
p

(O) + L 1 IYrn-('-1:)9116~ Da fllt(o~.I) dy) 1/9 , 
lal9 R" 

where le and 1 are arbitrary integers satisfying the conditions 0 ~ k < s, 1 > 
s - k, and Oy,l = ()~=o {x E Rn : X + jy EO}. (In particular, one can set 
k = [s]-, 1 = 2). For q = 00 one should"substitute in the above expression 
(J I '19Iyl-n dy) 1/9 by sup ess I . I. 

The Besov space can be normed also in various equivalent ways., (see Besov, 
Il'in & Nikol'ski'i [6], Triebel [96]). 

For q = p and for a 'non-integer s, Besov spaces reduce to Sobolev spaces 

Besov spaces satisfy various imbedding theorems. For example, for 1 < p < 
00, 1 ~ q1 ~ q2 ~ 00 and arbitrary E: > 0, the following imbeddings hold (sce 
Triebel [96]) 

B;:-:O (0) ~ B;, 1 (0) ~ B;, 9' (0) ~ B;, 92 (0) ~ B;, 00 (0) ~ B;~lC (Q) . 
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For 1 < p ::; l' < 00 I 1::; q ::; 00 It'::; sand s - nip ~ t - nil' 

B;, 9(0) ~ B;, 9 (0) . 

6. Bramble-Hilbert Lemma 
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The well known Bramble-Hilbert lemma (see Bramble & Hilbert [7, 8), Dupont 
& Scott [16)) has a fundamental role for the estimation of linear functionals in 
Sobolev spaces. 

LEMMA 1. Let 0 be a Lipschitzian domain in Rn, s - a positive real number, 
and 'P. set of polynomials (with n variables) of degree < s. Then there exists a 
constant .C = C(O, s, p) such that 

inf IIf - Pllw.(o) < C Iflw.(o) , V f E W;(O) . 
PEP. p - p 

This lemma can be easily transferred into anisotropic spaces of Sobolev's type. 
Let A C W:' be a regular set of non-negative real multi-indices. We shall denote 
by IC{A) the convex envelope of the set A in Rn. Let 8olC(A) be a part of the 
boundary IC(A) not depending on coordinate hyperpla~es and Aa = An 8olC(A). 
Let B be a subset of Aa, such that B U to} is a regular set of multi-indices, 

and 1/(B) = {p E No : D[aj- xP == 0, V Cl' E B} . With 'PB we denote the set of 
polynomials of the form 

P(x)= L Pa xa . 
aEII(B) 

The following results are valid (see Draiic [13], Jovanovic [35]). 

LEMMA 2. Let 0 be a Lipschitzian domain in Rn and let the sets of multi
indices A and B satisfy the above defined conditions. Then there exists a constant 
C = C(O, A., B, p) such that 

inf IIf - PllwA(o) < C " If la p, V f E WpA(O) . 
PEPB r - ~ , 

aEB 

The following statements are .direct. consequences of Lemma 2. 

LEMMA 3. Let 7J(f) be a bounded linear functional on wt(O) which vanishes 
for f(x) = xa, Q E I/(B). Then, there exists a constant C = C(n, A, B, p) such 
that for every f E wt(O) , the inequality 

17J(f)l :s C L Ifla,P 
aEB 

holds. 
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LEMMA 4. Let A". BI.: and 0" satisfy in Rnt (k = 1,2, ... ,m) the same 
conditions as A, Band O. Let T/(h. h. '" ,/m) be a bounded multi-linear func
tionalon Wp"!l(Od x Wp~2(02) x ... x Wt ..... (OmL which vanishes if some of its 
variables have the form f" = XO , x E O/.:. Q E II(B/.:). Then there exists a con
stant C = C(Ol. AI, B l , PI, O2, A2, B2, P2, '" , Om, Am, Bm, Pm) such that for 
every (11, h. .... fm) E W;!l(Od x Wt,2(S"h) x '" x Wt ...... (Om) the inequality 

m 

17](h, h . .... fm)1 ~ C IT L: If"la,Pt 
"=1 aEBt 

holds. 

·7. Multipliers in Sobolev Spaces 

Let V and W be real function spaces contained in 1)'(0). A function a(x) 
defined on 0 is called a point multiplier, or simply a multiplier, from V to W if, 
fo;: every f E V, the product a(x)· I(x) belongs to W. The set of such multipliers 
is denoted by M(V -+ W). In particular. if V = W we set M(V) = M(V -+ V). 

We shall now examine the multipliers in Sobolev spaces, i.e. the sets of the 
form M(W;(O) ..... W;(O») , with the natural limitation t ~ s. We shall also limit 
ourselves to the case q = P . 

To begin, we shall consider the case of Sobolev spaces on Rn. From the defini
tion of multiplication of a distribution by a smooth function 

(a· I. cp)'D'x'D = (f, a· cp)'D'x'D 

for a E M(W;(Rn) -+ W;(Rn» and 1 E Wp"7'(Rn). IIp+ lip' = 1, we shall now 
define the product a· 1 E Wp"7'(Rn) by 

This definition implies that 

and, therefore, it is sufficient to examine the properties of the sets M(W;(Rn) -+ 

W;(Rn») and M(W;(Rn) :...... Wp-'(Rn») for t ~ s ~ O. 

We present here, without proofs. some basic results on multipliers in Sobolev 
spaces (see Maz'ya & Shaposhnikova [77]). 

LEMMA 1. If a E M(W;(Rn) - W;(Rn»), t ~ s ~ 0 then 

a E M(W;-'(Rn) ..... Lp(Rn») , 
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a E M(W;-"(Rn) -+ W;-"(Rn» , 0 < u < s, 

DOa E M(W;(Rn) -+ W;-lol(Rn)) ,. lal $ s, 

DOa E M(W;-~+IQI(Rn) -+ Lp(Rn)) , lal $ s. 

LEMMA 2. For t? s? 0, M(W:(Rn) -+ W;(RR») ~ W;,uRiJ 

={f: sup 111J(x-z)·f(x)llw. <00, 'V1JE'D(Rn), 71=1 on BI}, 
zER- , 
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where Bl is the unit ball with the center O. If t· p > n: then the inverse inclusion 
M(W;(Rn) -+ W;(RR»);2 W;,uniJ also holds. 

LEMMA 3. Let t ? s ? O. If a E M(W;<Rn) - W;(RR» then a E 
M(W;(Rn+k) -+ W;(Rn+k»). Also a E M(W;·t/2(RR x R) _ W;·'/2(Rn x R») . 

LEMMA 4. For s ~ 0 the inclusion M(W;(RR» ~ Loo(Rn) holds. 

LEMMA 5. Suppose 1 < p < 00, and let sand t be non-negative integers such 
that t ~ s. If 

a = L Df)aQ 

lal$t 

and ao E M(W;(RR) -+ W;-I(Rn» n M(W;,(RR) -+ Lp,(RR» , where lip + 
lip' = 1, then a E M(W;(RR) _ Wp-'(RR») . 

LEMMA 6. Let p > I, t > s > 0, and assume that either q E [nit, 00] and 
t· p < n, or q E (p, 00) and t· P = n. 11 a E B;,p,"Ri/ 

then a E M (W;(RR) -+ W;(Rn)). This result is also valid for t = s, provided 
that a E Loo (RR) . 

LEMMA 7. If ao E M(W;-lol(RR) -+ W;-k(Rn») , s ~ k, for et1ery multi
index a, then the differential operator 

(1) £u = I: aa(x) DOu, x ERR 
lol$k 

defines a continuous mapping fromW;(RR) to w;-k(Rn). 

Analogous result is valid for s < O. If p = 2 I then this result holds for" every 
s. Under some conditions we have the inverse result. 

LEMMA 8. Let operator (1) define a continuous mapping from W; (Rn) to 

W;-k(RR), and pes - k) > n, p> 1. Then ao E M(W;-lol(Rn) -+ w;-k(Rn») 
for every multi-index a. 
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All of these results can be extended to Sobolev spaces in a domain of Rn. 
More precisely, if h is a Lipschitzian domain in Rn and the function a belongs to 
M(W~(n) -+ W;(n») , then a can be extended to a function 0, defined on Rn, such 
that 0 E M (W~(Rn) -+ W; (Rn» . The converse is also true, i.e. the restriction of 
a multiplier a E M(W;(Rn) -+ W;(Rn» on n belongs to M(W;(n) -+ W;(n» . 

For bounded domains, W:. uniJ and B:. p. uniJ can be replaced by standard 
Sobolev and Besov spaces. Using Lemmas 2, 4 and 6, imbeddillg theorems for 
Sobolev and Besov spaces and the representation of distributions from negative 
Sobolev spaces, we obtain the following results. 

LEMMA 9. Suppose that n is a bounded Lipschitzian domain in Rn, s > 0 
and p> 1. If a E w;(n) , where 

q = p , t = s , when s . p > n 1 or 
q ~ nls, t = s + c f!. N, c > 0, when s· p:5 n 1 

then a E M(W;<n» . 

LEMMA 10. Let nbea bounded Lipschitzian domain in Rn, S > 0 and p> 1. 
If a E Lq(n), where 

q = p , when s . p > n , 
q > p, when s . p = n , and 
q ~ nl s , when s . p < n, 

then a E M(W;(n) -+ Lp(n» . 

LEMMA 11. Let 0 be a bounded Lipschitzian domain in Rn and 

n 

a(x) = ao(x) + L: Di ai(x). 
i=1 

If ao E M(W~(O) -+ L 2(0» and ai E M(WHO) -+ wi-'(n» nM{W~-1(n)-+ 
L2 (n» , i = 1, 2, .,. , n, where 0 < s 5 1 5 t < 2 and s :f 1/2, then a E 
M{Wi(n) -+ W;'(n») . 

8. Boundary-Value Problems for Partial 
Differential Equations 

As a model problem in the elliptic case, let us consider the Dirichlet boundary
value problem for a linear self-adjoint partial differential equation of the second 
order 

n 

(1) 
£u::- L: Di(aijDju)+au=f, xEn 

i.;=1 

U = g, x E r = an. 
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This problem has been extensively studied (see Ladyzhenskaya &. Ural'tseva 
[60), Lions ~f.t. Magenes [70], Ladyzhenskaya [.1)9]), particularly for the case of solu
tions from spaces W2(O). Here t.he equation and the boundary condition are taken 
in sense of distributions. Solutions of this type, which in the general case represent 
distributions, are called generalised, or weak solutions. 

Let, the following conditions be satisfied (A): 

I. Q is a boullded COli vex domain in Rn, with a boundary r E Coo ; 

Il. aij, a E C<XI (n), aij = aji ; 

Ill. ne oller-ator £. is strongly elliptic, i. e. 

n n 

L aij Yi Yj ~ Co L vl. co> 0, \fxEIT, 
i,j=1 i=1 

a(x) ~ 0, 'v'x E IT. 

The following statement is true (Lions &. Magenes (70]): 

THEOREM J. Set g E W;-1/2(r) and let one 01 the lollowing C071ditions be 
satisfied 

a) 

b) 

c) 

lE W;-2(Q), 

lE =,-2.cQ ), 

lE ='-2(0), 

101' S ~ 2, 

lor 0 < s < 2, 

101' S $ 0, s::fi integer + 1/2. 
Then tile houndary-value problem (1) has the unique solution u E W:HQ) . 

One may use weaker conditions than (A). For example, it is sufficient that the 
coefficients of the equation (1) belong to the corresponding multiplier spaces (see 
Theorems 7.7 and 7.8) 

a E M (W;(O) -+ W;-2(Q)). 

If the boundary is smooth stepwise, the solution has singularities at the break
ing points. However, these sillgularities can be avoided if the input data satisfy 
certain additional consistency conditions. For example, the solution of the homo
geneous Dirir.hleL boundary-value problem for the Poisson equation in the square 
0= (0, J)2 C R2 belongs to the Sobolev space W;(O) (for 8> 3) if the right-hand 
side satisfies the following conditions 

1=0, 
DrJ-Dil = 0, 

k = [8- 3]-
2 ' 

at all four vertices of the S(luare 0 (see Yolkov [108]). 
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In the parabolic case, as a model problem we shall consider the initial
boundary-value problem 

(2) 

(3) 

ou 
at +Cu = I, 
u= 0, 

(x, t) E Q = n x (0, T] , 

(x, t) E r x [0, T], 

u(x, 0)= uo(x) , xEn. 

Let the following conditions be satisfied (B): 

I. n is a bounded convex domain in Rn, with a boundary r E Coo ; 

If. aij, a E COO(Q) , aij = lIji; 
Ill. The operator C is strongly elliptic in Q, i.e. 

n n 

L aij Yi Yi ~ Co L Y; , Co> 0, \f(x, t) E Q, 
i.i=1 i=1 

a(x, t) ~ 0, \f(x,t)EQ. 

Note also the following consistency conditions 

There exists a lunction v E W;· '/2(Q) such that 

V = 0, (x, t) E r x [0, T] , 
v(x,O)=uo(x), zEn, 

~ (ov cv) I = ()A: I(x, 0) 
otA: 8t + t=O otic' [

s - 3]-
lor 0 ~ le ~ -2-

The solution of the initial-boundary-value problem (2) belongs to the space 
W;,'/2(Q) under following conditions (see Lions &; Magenes [70], Ladyzhenskaya, 
Solonnikov &; Ural'tseva [61]) 

aJ For s ~ 2, s, s/2:f; integer + 1/2, 

il lE W;-2 .• /2-1(Q) , Uo E W;-l(n) and the consistency conditions (3) 
are satisfied. 

6) For 1 ~ s < 3/2, 

il lE (W;-··1-,/2(Q»)', Uo E W;-l(n). 

c) For 0 < s < 1 , 

if lE (W;-··l-'/2(Q»)', !la E (wi-'(n»)'. 

d) For s ~ 0, s;/: integer + 1/2, 
if I E 2,-2 .• /2-1(Q) , Uo E s·-l(n). 
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This result can be extended to the interval 3/2 < S < 2, provided that the 
input data satisfy certain special consistency conditions. 

Some of the conditions CB) can be reduced, similarly to those in the elliptic 
case. 

Finally, let us consider the following hyperbolic initial-boundary-value prob-
lem . 

{)2u 
at2 + Cu = f, (z; t) e Q = n x (0, T] , 

(4) u =0, (z, t) e r x [0, T] • 

u(z, 0) = O. au(z,O)_O n 
at -, zE. 

Let the conditions (B) be satisfied. 

Contrary to the elliptic and parabolic cases, in the hyperbolic case there arises 
a certain inconsistency between the smoothness of input data and the solution. For 
example, the following results hold true (Lions &. Magenes [70]), 

a) If f e L2(Q) , then u E Wi,l(Q); 

b) If f e W~,l(Q), then u e Wi,2(Q); 

c) If f e W;-2.,-1(Q) = {f e W;-2"-1(Q) : Oiu(~, 0) = 0, 0 $ j < 
at1 

s - ~}. s ~ 3, s:f:. integer + 1/2, then u E W;"(Q). 

Using the interpolation theory of function spaces (Bergh &. Lofstrom [4]) and 
the transposition, the result can be extended to the real values s < 3 . 
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In this chapter we provide estimates of the convergence rate in discrete Wf -norms 
for finite difference schemes approximating boundary-value problems for partial differ
ential equations of .the elliptic type. We consider equations with variable coefficients 

from Sobolev classes. 

In Paragraph 1 we introduce some necessary terms from the theory of difference 
schemes. In Paragraph 2 we obtain estimate of the convergence rate in the discrete WJ
norm for the difference scheme approximating the Dirichlet boundary-value problem 
lor the second-order eliptic equation with variable coefficients. In Paragraph 3 lor the 
same problem we obtain estimates of convergence rate in other W:r -norms (0 :$ r :$ 2). 
In Paragraph 4 lor the equation with separated variables, the L2-estimate, consistent 
with the smoothness ol data is obtained. The Paragraph 5 is devoted to the fourth
order equations. 

1. Meshes, Mesh-functions, Operators and Norms 

One-dimensional case. Let h > O. We denote by Rh the uniform mesh 
with the step h on the real axis: Rh = {x = j h : j = 0, ±1, ±2, ... }. For each 
node x E Rh we consider the neighbourhood i(x) = (x - h/2, x + h/2). The 
mesh tJ C Rh is said to be connected if the set UZ EI1 i(x) is connected. If the mesh 
tJ C Rh is bounded we denote x- = x-(t1) = min tJ--h I x+ = x+(tJ) = max t1+h 
and t?=tJU{x-,x+}. 

o 
Let H (t1) be the set of functions defined on the mesh t1 and H (t1) be the set 

of functions defined on t? and equal to zero on t? \ t1. Both of these spa.ces can be 
furnished with a inner product 

(V, W)17 = (v, W)L2(") = h L v(x) w(x), 
xE" 
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and the corresponding norm 

We also define, in H(J) , the inner product 

h _ _ h 
[v, WJ" = [v, WJL 2(") = '2 VeX ) w(x ) + '2 v(x+) w(x+) + (v, w)" , 

and the norm 
/[vll" = /[vllL2(") = I[vllw~(,,) = [v, vJ~/2 . 

In the following we shall set h = Iln, n EN, and consider the standard mesh 
. 0 = Rh n (0, I) on the unit interval. In this case x-CO) = 0, x+(O) = I. Let us 

also denote 0- = 0 U {O}, 0+ = 0 U {I}. 

We introduce the finite difference operators in the usual way 

v., = (v + - v) I h , 

where v:l: = v:l:(x) = vex ± h). 

The following expressions for the "derivation" of the product of mesh-fund ions 

(v w)., = v., w+ + vw., = v., w + v+ wo:, 

(v w)~ = Vt' W- + V Wt' = V~ W + v- w~, 

and partial summa:tion 

(v." w)o- = - (v, wt')o+ + vel) well - v(O) w(O) 

hold. 
o 

In H(O) we define the operator 

Av = { -V.,t', 
0, 

xEO 

x E 0\0 

The operator A is linear, self-adjoint and positive definite. The following 
equality is satisfied 

(Av, V), = -:- (Vd, x), = IIv.,,,~_ . 
The eigenvalues of the operator A are 

(1) 
4 . 2 kirh 

..\1; = h2 S1l1 -2-' k=I,2, ... ,n-l, 

and they satisfy the following inequalities 

(2) k = 1,2, ... , n -1. 
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The corresponding eigenfunctions are 

vI: = sin k1rx , x E 8, k = I, 2, ... , n - 1 , 

and they satisfy the orthogonality conditions 

. . 1 { 1/2, 
(sm k1rx, sm 11rx), = 2" Ok! = 

0, 

k=l 

k#-l' 
k, 1= 1, 2, ... , n - I, 

o 
thus representing the basis of the space H (0) . 

o 
A mesh-function v E H(O) can be represented in the form 

(3) 
n-1 

V = L bl: sin k1rX , 
1:=1 

x EO, 

where bl: = 2 (v, sin k1rx),. We can easilly obtain the following relations 

(4) 

(5) 

and 

(6) 

From (2) and (4-6) it follows that 

(7) IIVdll, ~ 2 V2 IIvz lIe- ~ 811vll,· 
Let us define the discrete Sobolev-like seminorms and norms 

\V\W~(8) = I\vz ll8- , Iv\ivi(8) = IIvz.flla , 
IIvll~;(8) = IIvll~;-1(8) + Ivl~v;(8)' k = 1, 2. 

From the relations (7) it follows that the semi norms \V\W~(8) and \V\Wi(8) are 
o 

equivalent with respect to the, norms IIvll\V~(,) and IIvllwi(8) on H(O). 

Let us define the operator 

X=o 
xEO 

x=l 

1 
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on the space H(O). (For evenly extended mesh-functions the values at the nodes 
% = 0 and x = 1 can also be represented as second differences). The operator 
it is self-adjoint with respect to the inner product [v, W],1. The eigenvalues of A 
are also represented by (1), for k = 0, 1, ... , n. Since ~o = 0, the operator A is 
non-negative, but not positive definite. The corresponding eigenfunctions are 

vk = cos k7rx , k = 1,2, ... ,n. 

They satisfy the conditions of orthogonality 

{

I, k = 1= 0, n 

[cos k7rx, cos 17rxJI1 = 1/2, k = I = 1,2, ... , n - 1 , 

0, ki:l 

and represent the basis of the space H(O) . 

. -A function v E H(O) can be presented in the form 

n-l 

(8) ao "'"' an v = "2 + L.J at cos k7rZ + "'2 cos n7rZ , 
1'=1 

o 
where a1' = 2 [v, cos k7rz]" k = 0, 1, ... , n. For v E H(O) the representation _ _ 0 

(3) coincides with (8) at all nodes of the mesh 0, and for v E H(O) \ H(O) - at all 
nodes of O. A simple argument shows that 

I[ 11 2 aij 1 ~ 2 a! 
v ,= "4 + 2" L.J ak + "'4 ' 

1'=1 

11 11
2 [- ] 1 ~ 2 ~n a! 

VI: ,1- = Av, v , = 2" L.J ~1' at + -4 - , 
k=1 

IrA" ]12 1 ~ \2 2 ~!a! 
lAv ,= 2" L.J Ak a1' + -4 - . 

1'=1 

Also define the following norms 

/[v1l~J(9) = I[vm + I/vzlli- , 
/[v]I~~(,) = l[v]li + I/vzlli- + l[AvJ/i . 

Finally, introduce the discrete seminorms and norms of the non-integer order 

/v/~2<') =. 

h
2 L [v(z) - v(t)] 

2 

O<r<I _ /Z - tl1+2~ I 

z,ce' 
z~c 

[vz(Z) - Vz(t)] 2 

Iz - tj1+2(r-l) , I<r<2 
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IIvll~;(II) = IIVIl~v~rl- (8) + Ivl~;(B)' 

l[v]liv;(B) = I[V]I!v~rl- (B) + Ivliv;(II) , 

0< r < 2, 

0<r<2. 

Similarly we can define the discrete Sobolev-like norms of higher order. 

o 
LEMMA 1. In the mesh-junction space H(D) the multiplicative inequality 

(9) O<r<l 

holds. 
o 

Proof Let us expand the function v E H(D) in sine series (3) and define the 
norm 

Br(v) = (~E k2r b~) 1/2. 

21:=l 

For 0 < r < 1, using the inequality 

. 2 
smx> -x, 

-11' 

a.nd the Holder's inequality, we obtain 

i.e. 

(10) 

o 
Using the expansion (3), the function v E H(O) becomes evenly extended 

outside of the mesh 0. Set e = (-1, 1) n Rh and define the norm 

"T ( ) = { 2'" ,,' [vex) - v(x - t)12}1/2 
Hr V h L- L.J Ill+2r _ _ t 

zEe tEe 
t;to 

where, 
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The extended function (also denoted by v(x» is periodical, so, using the expansion 
(3), we obtain 

where, 

N;(v) = h2 L' L'/tr l
-

2r vex) [ - vex - t) + 2 vex) - vex + t)] 
%Ee lEe 

I;tO 

n-I 
'""., '"" 11 1" 2 k-trt = ~ bi:' 8· h ~ t- -*r sin T' 
k=l IE8+ 

11 '"" h .h h L wet) = h ~ wet) + 2" w{l) = (w, 1),1 + 2" w(I). 
IE8+ IEII 

Thus we obtain 

n-l 

N;(v) = 16 (1r/2)2r . ~ L k2r b~ e(k, r), 
k=l 

where, 

C(k ) = kirh ,",," (ht)-1-2r .2 krt 
,r 2 ~ 2 Sill 2' 

IEII+ 

C(k, r) is the expansion of the integral 

and can be estimated from both sides, 

1 (2) 'lr (1 ) 1 ( 2 ) 2r o < - - < C(k, r) < 1r
2

-
2r 1 + -- + - -

8 71" - - . 2 - 2r 2r 7( 

Hence we conclude that the norms Nr(v) and Br(v) are equivalent. 

Using this, the inequality (10), equivalence of the semi norm /vlw~(,) and the 
norm II v l/wJ(II) , and the obvious inequality 

/V/W;(II) $ Nr(v) , 

one obtains the statement of the lemma. • 
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REMARK 1. The same result can be obtained from the cosine expansion (8) 
and the norm 

A ( ) _ (1 ~ k2r 2 n
2r a~ ) 1/2 

r V - 2 L...J al: + -4- . 
1:=1 

This norm is also equivalent to Nr(v), assuming that vex) is evenly extended outside 
of 8. 

o 
REMARK 2. Similarly, for v E H(O) one can prove the following multiplicative 

inequality 

(11) 1 < r < 2. 

Multidimensional case, As a two..:.dimensional case is sufficiently repre-
sentative, using a relatively simple notation, we shall consider the following case. 

The direct product R~ = Rh X Rh represents a uniform square mesh in R2. 
For each node x= (Xl. X2) E R~ we associate the neighbourhood e(z) = i(xl) x 
i(X2) = (Xl - hj2, Xl + hj2) X (X2 - hj2, X2 + hj2). The mesh w C R~ is said to 
be connected if the set Uxewe(x) is connected. 

Let w be a bounded connected mesh. In the set H(w) of the functions defined 
on w we can define the inner product 

(v, w); = (v, W)L 2 (tt» = h 2 L: vex) w(x), 
zew 

and the norm 
IIvllw = IIvIlL,(w) = IIvllw~(w) = (v, v)!f2. 

Finite differences are defined in the abo~e described manner (see Paragraph 
1.1) . 

V Xi = (v+ i - v)jh, v~ = (VXi + v~.)j2, 

where v±i = v±i(x) = vex ± h "d. 

In the ensuing we shall use the standard mesh with the step h = Ijn, in 
the unit square n = (0, 1)2. Let r = an be the boundary of the domain n 
and rik = {x Er: Xi = k, 0 < X3-i < I}, i = I, 2, k = 0, 1. Set w = 
n n R~ = 0 x 0, w = IT n R~ = 8 x 8, 'Y = r n R~ = w \ w, 1il: = r ik n R~ , 
:rH: = fil; n R~ and ~/. = 'Y \ (Ui,1: 'Yil:)' Also set Wi = W U 'YiO, i = 1,2, and 

o 
WI:I = W U 111: U 121 U {(k, I)}, k, 1 = 0, 1. Let H(w) be the set of mesh-functions 
defined on w, which are equal to zero on 'Y. 
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Define the following Sobolev-like discrete semi norms and norms 

Ivl;vJ(w) = IIvz,II!, + IIvz211!2' 

/v/rVi(w} = IIVz,.f,Il! + IIvz,z211!aa + IIvz211211!, 

IIvll~;(w) = IIvll~:-'(w) + Ivl~v;(w) , k = I, 2. 

Also introduce the discrete Laplacean on R~ 

a a a 
The operator Ah : H(w) --+ H(w) defined by 

Aa { AhV , 
h V = 

0, 

33 

is self-adjoint and negative definite, with respect to the inner product (v, w)w. 
o 

For v E H(w) the following relations 

o 
- (Ah v, v)w = - (AhV, v)w = Ivl~Hw) , 

IIAhvlI~ = IIvzl11111~ + 2l1vzlz211!oa + IIvZ2.f211! ~ Ivl~i(w)' 
IIAhvlI~ ~ 16 (-AhV, v)w ~ 16211vlI~ 

hold. Hense, 

o 
Consequently, in the space H(w), the seminorms /v/wJ(w) and /vIWi(w) are respec-
tively equivalent to norms IIvllw;(w) and IIvllwi(w)' 

Define the discrete Sobolev-like norms of the fractional order 

2 

Ivl~;(w)= I: hS I: L: 
i=l Zi. tieS Z3_ie09 

Zi~ti 

[V(z) - V(ti ri + Z3-i rS-i)]
2 

IZi - tiP+2,. 

O<r<2. 

O<r<l, 

1<r<2, 
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The multiplicative inequalities 

(12) 

(13) 

IIvIlWHw) ~ G(r) IIvlll:[w) IIvll~~(w) , 
IIvllw;(w) ~ G(r) IIvll;V[(w) IIvll~;l(w) , 

0<r<1, 

1<r<2, 

are direct consequences of (9) and (11). 

Finally, define the following inner product.s and norms 

112 h2 

[v, W]w = h2 L vex) w{x) +"2 L vex) w(x) +"4 L vex) w(x), 
zEw zE-y\-r. zE-y. 

h2 

[v, wkw = h2 L vex) w(x) + "2 I: vex) w(x), i = 1, 2, 
. zEw;· . ZE7\(-Y;ou'fil ) 

I[vllw = Hv]IL 2(W) = l[vJ.lw~(w) = [v, v]~'2 , 

I[vll; = I[vll;,w = [v, v]:,'; , 
[v]~:(W) = l[vzJI~ + l[vz211~ , ci 

[vl~~(w)= I[VZ1~1 11! + IIvzlz211!oo + HVz2s2JI! , 
I[v]I~;(w) = l[v]I~:-l(w) + [v]~;( ... ) , le = 1, 2. 

o 
If the function v E H(w) is oddly extended outside w, then 

l[v]lw;(w) = IIvllw;(w) , le = 0, 1,2. 

Analogously, we can define discrete Sobolev-like norms of higher order. 

2. Difference Scheme for Se~.ond-Order Equations. 
Convergence in the W~-norm. 

As a model problem let us consider the Dirichlet boundary-value problem for 
the second-ordet linear elliptic ·equation with variable coefficient.s in the square 
n = (0,1)2 

(1) 
2 

- L Di(aijD;u)+au=! m n, 
;,;=1 

u = 0 on r = on. 

Assume that the generalised solution of the problem (1) belongs to the Sobolev 
space W2(O) , s> 0, and !(x) E W;-2(O). Consequently, the coefficients of the 
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equation (1) must belong £.0 the corresponding spac~s of multipliers (see Paragraph 
1.7) 

According to Lemmas 7.9-7.11, the sufficient conditions are 

aii E r,vJ'-II(f2), a E WJ'-II-I(S1), for Is - 11> 1, 

a" E WI.- 11+6(f2) Y P , 

2 

a = ao + LDiai, 
;=1 

ao E L2+£ (n) , 

where, E: > 0, 

Q; E WJ·-1 1+6(n), 

6 > 0, p ~ 2/ls - 11 for 0 < Is - 11 :5 1 , and 

6 = 0 , p = 00 for s = 1 . 
The consecutive estimates do not depend on 6, so one can set 6 = O. 

Also assume that the following conditions hold 

2 2 

L aii Yi Yi ~ Co I: Y? , Co> 0, \:Ix E n, 
i,i=1 ;=1 

a(x) ~ 0 in the sense of distributions, i.e. 

(a . lP, IP)V'xV ~ 0, \:I IP E 1J(n) , 
as well as the possible consistency conditions at the vertices of the domain n (see 
Paragraph 1.8) . 

. We approximate the problem (1) 011 the mesh w with the following finite dif
ference scheme 

(2) v = 0 on r, 
where, 

:! 

ChV = - 0.5 I: [(aii Vi)r; + (aii V.,;):ri] + (T12Tia) v, 
i,i=1 

and where T; are the St.cklov smoot.hing operators with the step h. Note that (2) is 
a standard symmetric difference scheme (Samarskii [84]) with both the right-hand
side and the lowest.·order coefficient being averaged. For s :5 3, a(x) and f(x) may 
not be' continuous, and, consequently, thediffel'cnce scheme'with non-averaged data 
would not be well defined. . 

. Let u be the solution of the boundary-value problem (1) and v be the solution 
of the difference scheme (2). For s> 1, u(x) is a continuous function and the error 
: = u - v is defined at the nodes of the mesh w. It is easy to see that the conditions 

(3) 
2 

Ch: = 2: 77ij,E, + I} III W, 

i,i=J 
z = 0 on r, 



36 11 ELLIPTIC EQUATIONS 

are satisfied, where, 

" .. - r+T.2 (a" D·u) - 0 5 (a·· u + a+i u+i) and ·"1 - i 3-i '1 1 . IJ rj ij Zj , 

TJ = (TfTia)u-TfTi(au). 

Using the energy method (Samarski'i [84]), it is easy to prove the following 
result. 

LEMMA 1. The finite difference scheme (3) is stable in the sense of the a priori 
estimate 

., 
(4) IIzllw~(w) ~ c ( t IlTJijllw, + IlTJIL) . 

i,i=1 

The problem of deriving the estimate of convergence rate for the finite differ
ence scheme (2) is now reduced to the estimation of the right-hand-side terms in 
(4). First, we represent 71ij in the following manner (see Jovanovic, Ivanovic &; Suli 
[54]) 

1'/ij = 7};j1 + 1'/ij2 + 1'/ij3 + TJij4, where, 

1'/ij1 = 1i+T§-i(a;j Dju) - (T/Ti-;aij) (1i+T§-i Dju), 

TJij2 = [T;+T;_iaij - 0.5 (aij + a~i)] (Ti+TLiDju), 

7];j3 = 0.5 (aij + a~i) [1i+Tl_iDju - 0.5 (urj + ut)] , and 

TJij4 = - 0.25 (aij - a~i) (U;Cj - ut). 

For 1 < s ~ 2 we set 7] = 7]0 + 1}1 + 1}2, where, 

7]0 = (TfTiao) u - TfTi(ao u), .·and 

TJi = (T12Ti Di a;) u - TlTi(u Diad, i = 1, 2. 

For 2 < s ~ 3 we set 11 = T/3 + TJ1, where, 

TJ3 == (T{Tia) (u - TfTiu), and 

114 = (TfTia) (T{Tiu) - T?Ti(a u). 

Introduce now the elementary rectangles eo = eo(x) = {y : IYj -Xj 1< h, j = 
1, 2} and ei = ei(x) = {y : Xi < Yi < Xi + It, IY3-i - x3-d < h}, i = 1, 2. The 
linear transformation y = x + h x· maps the rectangles eo, ej onto standa.rd 
rectangles Eo = {x' : Ix; I < 1, j = 1, 2} and, respectively, Ei = {x· : 0 < 
xi < 1, Ixa_d < 1}. Set aij(x") = aii (x + h x·), u' (x") = u(x + h x') etc. 
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The value TJijl at the node x E Wj can be represented as 

One can readily conclude that '1;j l( x) is a bounded bilinear functional of (aij' u·) E 

W;(Ei ) x W:q/(q_2)(Ej ) , where .;\ ~ O. IJ ~ 1 and q > 2. Moreover, TJijl = 0, 
if atj is a constant, or u· is a first-degree polynomial. Using Lemma 1.6.4 one 
obtains 

l'1ijl(x)1 < Ch laiJ·lwA(E·) lu·lw~ (B), 
- " 2,/(,-2)' 

Switching back to the original variables, 

Consequently, 

Summating over the nodes of the mesh Wj, and using Holder's inequality, one obtains 

(5) IITJijlllwi 5 C h>.+p-l la;j Iw;(o) lulw:,/(,_2)(O)' 0 5 .;\ ~ 1. 1 ~ IJ ~ 2. 

Set A = s - 1. p. = 1 and q = p. From the imbedding Theorem 1.3.4, W2 ~ 
Wi'/(P_2) for 1 < s ~ 2. Therefore, from (5), 

(6) 

Similar estimates hold for '1i;2. '1ij4, '11 and '12. 

Let now q > 2 be a constant. The following imbeddings are satisfied 

W;+P-l ~ W; for IJ> 2 - 2/q and w.>.+p C w,p l' \ > 2/ . 2 _ 2q/(q-2) lor A q. 

Setting A + P. = s one obtains from (5), 

(7) 2<s53. 

In the same manner one can estimates lJij4 . 

For s > 2, '1ij2(X) is a bounded biIinear functional of (a;j, u) E W;-I(ei) x 
Wc!, (ej) which vanishes if either ai; is a first-degree polynomial or if u is a constant. 



38 11 ELLIPTIC EQUATIONS 

Using Lemma 1.6.4 and the imbedding W~ S; Wc!, , one obtains for 7Jij2 all estimate 
of the form (7). . 

Similarly, 7Jij3(X) is a bounded bilinearfunctiollal of (aij, u) E C(ed x W:i(e;), 
s > 1. which vanishes if u is a second-degree polynomial. In the same manner, 
using imbeddings W;-l S; C (for 1 < s :5 2) and W;-l S; C (for 5 > 2), one 
obtains again the estimates of the forms (6) and (7), for 7Jij3. 

Let 2 < q < 2/(3-5). For 2 < s :5 3, 7J3(X) is a bounded bilinear functional of 
(a, u) E Lg(eo)xW;;j~g_2)(eo). Moreover, '13 = 0 ifu is a first-degree polynomial. 

Using the Bramble-Hilbert lemma 1.6.1 and the imbeddings W;-2 S; Lq and 
W:i S; W;;j~9_2) one obtains the estimate 

(8) 2<s:53. 

For 2 < 5 :5 3, 7J4(X) is a bounded bilinear functional of (a, u) E W;-2(eo) x 
Wc!,(eo) which vanishes if either a or u are constant. Using the same formality and 
the imbedding W:i S; W~ , one obtains for '14 an estimate of the form (8). 

Finally. set 2 < q < min{2+t, 2/(2-s)}. For 1 < 5:5 2, 7Jo(x) is a bounded 
bilinear functional of (ao, u) E Lg(eo) x W;;t~9_2)(eo), which vanishes if u is a 

constant. Using imbeddings L2+& S; Lq and W:i S; W;q/(q_2)' one obtains the 
following estimate 

(9) 

Combining (4) with (6)-(9) we obtain the following result: 

THEOREM 1. The finite difference scheme (2) converges in the norm W~(w) 
and the following e5timates 

(10) 

and 

(11) 

hold. 

lIu - vllwJ(w) :5 C h
3

-
1 (I?,~x lIaijllw;'-l(fl) + lIallw;-'(fl») lIullw;(fl) 

for 2 < 5:5 3, 

lIu - VIlWl(w) :5 C h3
-

1 
(Il).8;X lIaijlhv.- 1(fl) + miU lladlw s - 1 (fl) 

, I,} PIP 

+lIaoIlL2+c(fl») lIullw;(fl), for 1 < 5 :5 2 

The obtained estimates of the convergence rate are consistent with the smooth
ness of data. 
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3. Convergence in other Discrete NonTIs 

From estimate of the convergence rate (2.10) of the difference scheme (2.2), 
obtained in the previolls paragraph, and the self-evident inequality 

(1) 

one immediatly obtains the estimate 

(2) lIu - vllwJ(w) ~ C 11.
1

-
2 (IY,X I/aijl/w;-'(O) + lIallw;-'(o») /lu/lw;(O) , 

for 2 < s:S: 3. 

In order to derive the analogous estimate for 3 < s ~ 4 one needs the differ
ence analogue to the so called" second fundamental inequality" (Ladyzhenskaya & 
Ural'tseva (60], Ladyzhenskaya (59], D'yakonov (17]) 

(3) 

Here, 

where 2 < q ~ 00 j 11· IILq(w) and /I. IIw:(w) are the discrete analogues of the 
corresponding Sobolev norms 

'" C 11;', and 

2 

I/vllrv~(w) = IIvlll.(w) + I: I/vzi lll.(wi)· 
;=1 

(As usual, the case q = 00 is obtained by taking the proper limit). Using the 
Bramble-Hilbert lemma 1.6.3 one can easiIly show that 

I/ajjlhv:(w) ~ Cl I/aiil/w:(o) , and 

IITfTia/lLq(w) ~ C2 I/aI/L.(O) . 

So, one can set in (3), 

C = C( all, a12, an, a) = C3 (1 + I/al/L.(O») (1 +JJ?a;x lIaii"i£~9(~~»), 2 < q ~ 00 . 
',J • 

It is worth noting that in the terminology used by Ladyzhenskaya "the first 
fundamental inequality" (in the discrete case) corresponds to the following inequal
ity 

(4) 
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which can easily be derived by using partial summation. 

One can now derive the desired convergence rate estimate in the norm Wj(w) 
for the finite difference scheme (2.2). From (2.3) and (3) it follows that 

:I 

(5) IIzllwi(w) $ C ( L: 1\71ii,il,lIw + I\TJllw) . 
i,i=1 

Estimating TJij,il, and TJ by the method described in the previous paragraph, one 
obtains again the estimate (2), for 2 < s $ 4 (see also Berikelashvili [5]). 

The convergence rate estimate in the norm L2(W) is also based on "the second 
fundamental ineq~ality" (2). For the sake of simplicity, let us consider an equation 
with a(x) = 0 

(6) 
2 

- L Di(ai;Dju)=f In n, 
i,;=1 

U=O on f=an, 

and the corresponding difference scheme 

(7) 

:I 

.chv:-0.5 L [(aiiVZj)Zi+(aiivz;)~i) = TrTif 111 w, 
i,;=1 

v = 0 on r. 

The error z = U - v satisfies the conditions 

(8) 
2 

.chz = L: TJij,ili in w, 
i,i=1 

z = 0 on r. 

The right-hand-side can be rewritten in the form 

(9) 

where, 

2:l 2 

L '/ii,ili = L (lii~ii+~iXi+ L: Vii,ili)' 
i,j=1 i=1 j=1 

liiV = -[(T;+TLiaii)VZ;]il" 
• 

Ki V = {(17Ti-i ai, 3-i) VZ3 _ i ] ili ' 

Xi = Ui - 0.5 ({i,3-i + {t~ __ /3-i») J 

{ii = U - 0.5 (T3-_ iTi- j u + Ti-iT3-_jU) , 

Ui = 0.25 {(T:,-_;T/u - TLiTj-U) - (T3_iT;+u - Ti:. iT;-u)+i,-(3-i)}, 

Vij = 1i+TL;(aij Dju) - (T/Ti_ i aij) (T;+Tl_jDju) 

[ +:1 ( +j). +i +i1 + 0.5 (7i T3 _ i ajj) UXj + UXj - aij U Zj - aij UXj • 
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One can assume that the solution u(x) is extended, preserving the class, in the 
domain (-ho, l+ho)2, ho =const >0, h<ho. 

LEMMA 1. If aij E W
t
1(n), q > 2, tllen the finite diJJereuce sclLeme (8) 

satisfies the a priori estimate 
., ., 

(10) Uz/lw $C t (lIeiillw + lIei.3..:i/Iw-+ /ludl"'i-I .• _. + t I1vijllwi) . 
i=1 i=1 

Proof. Introduce an auxiliary function w satisfying the conditions 

w == 0 on ,. 

From (8) and (9) follows that 

IIzlI! = (z, .chW)w = (.ch Z , w)w 
2 2 

= L [(.cUeii , w).., + (~i Xi, W).., + L (Vij.~iI wt] 
i=1 j=1 

2 2 

= ""'" [(eii, Cii w) + (Xi, ~iw). " - ""'" (Vij, w.,J ""] L..." W "'._1.2_. L...J '-", 
i=1 j=l 

2 2 

$ 2: (lIeullw /lCii wllw + IIXill"'i-1.2-i /I~;WIl"'i_l. 2-i + L IIViill"'i IIw.till"'i) . 
;=1 i=1 

From "the second fundamentaIinequality" (3) it follows that 

Hence, one immediatly obtains the inequality (to). • 

The "second fundamental inequality" is valid for aij E Wi(n) , q > 2, so a 
"good" convergence rate estimate can be expected only for s = 2. In this case, 
eii (x) and l1i( x) are bounded linear functionals on wi, vanishing on the first-degree 
polynomials. Using the Bramble-Hilbert lemma 1.6.3 one obtains 

(11) 

The term Vi}, as in the previous case, can be split 'into three terms, and 
estimated using biIinear version of the Dramble-Hilberta lemma 1.6.4 

(12) IIVjillwi $ C h2 (IIaijllw!.(n) /lullw~(n) + lIaij/lw!.(n) lIullwJ(n») . 

From (10 - 12) one obtains the following convergence rate estimate for the 
finite difference scheme (7) 

(13) 
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The estimate (13) is not consistent with the smoothness of data since it re
quires that the coefficients are twice differentiable, rather than only once. This is 
a consequence of the rough estimate of the term vij'~iin (10). A better estimate 
can be obtained for the scheme with averaged coefficients 

(14) v = 0 on 1 

where, 
CijV = - 0.5 [(T;+Tl_i aij)( v + v+i

, -j)2:;} ~i • 

In this case, the error z = u - v satisfies the conditions 

2 2 

ChZ = L (CH ~ii + K-; Xi + L lIijl.%i) in w, z = 0 Oil 1, 
i=1 j=l 

where eii, Xi and lIijl are defined above. 

For aij E Wi(O), p> 2, 

2 2 

IIzllw :::; c L: (lIeiillw + 1!e;,3-illw + lIedlwi-l. 2-i + L 111Iijl/1wi) . 
i=1 j=l 

Using the previously derived estimates (11) and (2.5), one obtains 

(15) 

The estimate (15) is " almost consistent" with the data smoothness: here aij E 
W~(O) instead of Wi(O) . If one allows the inconsistency between the smoothness 
of the solution and the coefficients, assuming that instead (see Paragraph 2), 

U E W;(O) , 

the following conditions hold, 

u E W; (0) , 1 < s :::; 2 ; 

then, instead of (15) one obtains 

1<sS2. 

This estimate is not consistent with the smoothness of data, except for s = 2, 
when it reduces to (15). 

From the derived convergence rate estimates and the multiplicative inequalities 
(1.12) and (1.13) one can easily obtains the new estimates in the fractional order 
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Sobolev norms. For example, for the nnite difference scheme (2.2) from (2.10), (2) 
and (1.13) one obtain 

I/u - vl/w;Cw) $ C h$-r (n~1I:X I/aijl/w2C-1(0) + I/a/lw2C-2(0» lIullw;(o) , 
I,) 

for 1 $ r $ 2 < s $ 3 . 

From (2.11)' (1) and (1.13), 

lIu - vl/w;Cw) $ C h·-
r (1l).1I:X /laiillw"c-1CO) + m~ /lai/lw,'-ICO) 

I,) I 

+ lIao/lL2+<CO» /lu/lw;(O) , for 1 $ r < s $ 2. 

Similarly, from (15), (1.12), (1.13), the self-evident inequality 

2V2 
/z/wHw) $ -h- I/ZI/L2(W) 

and (1) one obtains the following convergence rate estimate for the difference scheme 
(14) 

O$r$2. 

4. Convergence in L 2 (w): 

The Case of Separated Variables 

In the previous paragraph we have seen that the derivation of the convergence 
rate estimates in L'l(w)-norm is met with significant difficulties. A satisfactory 
estimate is obtained only for s = 2 , while for s < 2 only the estimates inconsistent 
with the data smoothness are obtained. 

A more precise result can be obtained for the equation with separated variables 

(1) 

where, 

and 

'l 
- L Dj (a; DiU) = f in n, 

i=l 

aj = aj(zj)" 

o < Co $ aj $ Cl , ziE(O,l), 

u =0 on r = an, 

i = 1,2 

i = I, 2, Co, Cl = const. 

The following conditions ensure that aj belong to the space of multipliers 
M(W;-l(n» (see Paragraph 1.7) 

aj E WJ·-11+6(O, 1) 

I 



44 

where, 
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p=2, 6=0 

p = p(s) ;::: 1/15 - 11, 6 > 0 
p=oo, 6=0 

for Is - 11 > 0.5, 

for 0 < Is-ll ~ 0.5, a.nd 

for s = 1. 

Similarly to the results of Pa.ragraph 2, the estimates derived below do not depend 
on 6 in any way so one can set 6 = 0 . 

Introduce now the solving operators of one-dimensional exact difference 
schemes (see Lazarov, Makarov & Samarskil [67]) 

11:1:;+h 
Sd(x) = -, K:i(t) f(x + (t - Xi) ri) dt, 

1 x;-h 
i = 1, 2 

where, 

,,(t) = { i
t dr 11x

; dr 
x;-h ai(r) :l:i- h ai(r) , 

l :1: i +h dr /l:1: i +h dr 
t . ai(r) Xi ai(r) , 

t E (Xi - h, Xi) 

These operators satisfy the following conditions 

Si (Di (ai DiU» = (cl; ur;)~; , 

where, 

(11x
;+h dr)-l 

t1i(Xi) = -h --:--()' 
. Xi aa T 

i = I, 2. 

For ai(xi) == I, 
Si = Tl = 7t7';- . 

We approximate the problem (1) by the following finite difference scheme 

(2) 
:I 

- L b3-i (ai vX;):f; = SlSd in w, 
;=1 

where hi = Si(I). 

v = 0 on r, 

Since the solution u(x) of the problem (1) is not necessarily a continuous 
function, we define the error 

z=u-v, 

The error thus defined satisfies the conditions 

2 2 

- L b3-i (a; Z'r.)x; = L (ai 1/;;,r;)f; In W, 

;=1 ;=1 

O<s~1 

1<s~2 

z = 0 011 r, 
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where f/Ji=S3_i(U)-b3_i U, i=1,2. 

The following a priori estimate holds 

(3) 

The problem of deriving the convergence rate estimate for the finite difference 
scheme (2) is now reduced to the estimation of the right-hand-side terms in (3). 

The value 'I/;j at the node x E w is a bounded linear functional of U E 
W:i(eo), s > 0.5. Moreover, 'I/;j = 0 if u(x) is a constant. Using the Bramble
Hilbert lemma one obtains 

/'1/;;/ $ C(h) /u/W;(eo)' 0.5 < s $ 1, 

where C(h) = C h&-l . A summation over the mesh w yields 

(4) 0.5 < s $ 1. 

The main difficulty in the derivation of estimates for s > 1 lies in the fact 
that 'I/;3-j is a non linear functional of aj. However, 'I/;3-i may be conveniently 
decomposed so to allow a direct estimate of the nonlillear terms. Set 

'I/;3-i = 'I/;3-i, 1 + 'I/;3-i, 2 + 'I/;3-i,3, where 

'I/;3-i,1 = 11 [u(x + h T ri) - 2 u(x) + u(x _ h Tri)] (l ri

-

hT 

~(U») 
o r;-h a, U 

x (lr

; ~)-1 dT 
rj-h ai(u) , 

11 (lr;+hT du l r
; du )-1 

'I/;3-i,2= (u(x + hTri)-U(X)] -:--( ) -:--( ) 
o :&; a, u :T:;-h a, U 

l

:T:;+h du) l:&i l:T:;+h a·(t) - a.(t') 
x ( -- h- 1 

" dtdt'dT 
:T:i+hT ai(U) :T:i- h ri ai(t) ai(t') , 

t/13_j,3=1
1 

[u(x + hTrj)-~I(X)] (1:&; ~(U»)-1 
o :&j-h a, U 

xh-1(I_T)-1 ai -ai dtdl'dT. l :&i- hT l:&j+h (t) (t') 

:&j-h :T:i+hT ai(t) aiel') 

The value 'I/;3-i,1 at the node .1;. E w is a bounded linear functional of 
U E WHeo) , s > I, which vanishes on the first-degree polynomials. Using the 
Bramble-Uilbert lemma one obtains 

(5) I/"3-i, 1 1/ ... $ C h6 Iu/w;(o) , 1<s$2. 

For 1.5 < s $ 2, 'I/;3-i,2 is a bounded linear functional of u E W:i(eo), i.e. 

/'I/;3-i,2/ $ C hA- O.S (h- 1 I/ul/L2(eo)+/u/WJ(eo)+h6
-

1 /u/w;(eo») /a i /w2'(io) ' A> 0, 
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where io = iO(Xi) = (Xi - h, xi + h). Moreover, tP3-i.2 = 0 ifu(x1. is a constant, 
so one can eliminate the term h-1IluIlL,(eo) at the right-han& ... side. Using a 
summation one obtains 

where OM)= Ohi(X) = {y E R2 : Xi - h < Yi < Xi + h, 0 < Y3-i < l} . Setting 
oX = s -1 and using the i"nequality 

s> 1.5, 

which is a consequence of the Theorem 1.3.5, one obtains 

(6) 1.5 < s $ 2. 

Similarly, 

(7) 1 < s $ 1.5" 

The same kind of e$timates holds for 1/;3-i.3. '.' 

Combining (3) and (4)-(7) one obtains the fono~fig result 

THEOREM 1. The finite difference scheme (2) c;;V;~'and the estimate .. ' ...... ,., ' . ; : 
., 

(8) 
. . .- ,~::·/~i;:· J~'.,; 

lIu - VIlL 2 (w) $ Ch' mF lIaillwJ .... ll(O.l) lIullw;(nj,?i;~\P':5 < s $ 2 
". .' ~ ... 

holds. 

The obtained convergence rate estimate is consistent with data smoothness. 

REMARK. For 0 < s $ 0.5 the function SlS2! can be discontinuous, and, 
consequently, the difference scheme (2) is not applicable. In this case, instead of 
(2), one should use a scheme with a more strongly averaged right-hand-side. In the 
case of equation with constant coefficients, such schemes were studied by Jovanovic 
[34] and Ivanovic, Jovanovic & Siili [30). 

.. ....., 
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5. Fourth-Order Equation 

In this paragraph we shall consider some boundary-value problems for the 
fourth-order symmetric elliptic equation with variable coefficients 

(1) 

where the following notation is used 

Ml(U) = al DIu + ao D~u .. 
M3(U) = a3Dl D2u, 

Let the following conditions be satisfied 

ai~Co>O, i=l,2,3, ala2-a~~cl>O, xEn, 

U E w;(n)", f E w;-4(n) , 2 < 5 $ 4 . 
(2) 

Thus the coefficients ai must belong to the space of multipliers M(W;-2(n)). The 
following conditions are sufficient (see Lemma 1.7.9) 

(3) 

where, 

ai E W;-2+< (n) , i = 0, 1,2,3, 

p=2, g=O 

p>2, g=O 

p.~ 2/(5-2), g > 0 -arbitrary 

for 3 < 5 $ 4, 

for 5 = 3, 

for 2 < 5 < 3. 

First consider the problem with boundary conditions of the second kind 

(4) U = 0 on f; Dru=O on r;o Uril , i = 1,2. 

We approximate the problem (1),(4) by the following finite difference scheme 

(5) 

(6) 

where, 

v = O,x E 1; Vr;r; = 0, x E 1iO U 1il , i = I, 2, 

ml (v) = al Vr1i'1 + ao Vr2.t'1 , m2( v) = ao Vr1z1 + a2 Vr,Zl , 

m3( v) = a3 Vr1r1 and a3(x) = a3(xl+O.5h,x2+0.5h). 

Note that the discrete solutions are defined at the external nodes, belonging 
to the domain [-h, 1 + h]2. Consequently, we assume that the solution u, and the 
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coefficients ai are extended, preserving the class, to the domain (-ho, 1 + ho)2 , 
where ho = const > 0 and h < ho . 

The error z = u - v satisfies the conditions 

(7) 

(8) 

where, 

x Ew, 

z = 0, x E 1; z;/;jXj = u;/;jXj' x E 'YiO U 1il, i = 1, 2, 

Note that (4), (6) and (8) yields 

mi(Z) = <Pi, x E 1iO U 'Yil , i = 1, 2. 

Multiplying equation (7) by z, and using the partial summation and the 
Cauchy-Schwartz's inequality, one readily obtains the following a priori estimate 

(9) 

THEOREM 1. If the solution and the coefficients of the boundary-value problem 
(1), (4) satisfy conditions (2) and (3), tI&en the finite difference scheme (5), (6) 
converges and the estimate 

(10) 2.5 < s $ 4 

holds. 

Proof. In order to obtain the convergence rate estimate for the difference 
scheme (5-6), it is sufficient to estimate the terms in the sum on the right-hand
side of the inequality (9). First, we represent <PI in the following manner 

8 

<PI = L <PI,;, where, 
;=1 

'Pi, I.: = a2_1.: (U;/;kX. - T?T? Diu) , 
'Pi,J.:+2 = (a2_1.: - TlTia2-1.:) (T12Ti Dfu) , 

. <Pi,l.:+4 = (T;Tia2-1.:) (T;Ti D~u) - T;Ti (a2-1.: Diu) , 
<,Oi,l.:+6 = T;Ti(a2-1.: Diu) - Ti (a2-1.: Dfu) I k = 1, 2. 

Analogously we can represent <,02. Also, set 

<,03 = <,03,1 + <P3,2 , where 

<,03,1 = (a3 - TtT2+ a3) U;/;I;/;~' and 

<,03,2 = (TtTta3) U;/;I;/;2 - TtTt(a3 Dl D2 U ). 
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For s ~ 2, the value 'PI, \ at the node x E IN, is a bounded linear functional 
of u E W;(eo) , 

l'Pl, 11 ::; C(h) lIa dlC(i'i) lI uIIW;(eo)' 

Moreover, 'Pl,l = 0 if u is a third-degree polynomial. Using Lemma 1.6.3 one 
obtains 

Hence, using imbedding (see Theorem 1.3.3) W;-2+c ~ C, s > 2, and summing 
over the mesh IN, 

(11) 

We can estimate 'PI,:! in the same manner. 

The value of 'Pl,3(X) , x E IN, is a bounded bilinear functional of (aI, u) E 
W;(eo) x Wi(eo) , where ,\. p :> 2, q = 00 for p = 2 and q = 2p/(p - 2) for 
p > 2. Moreover, 'Pt,3 = 0 if either al or u is a first-degree polynomial. Using 
Lemma 1.6.4, 

l'Pl,31 ::; C h>.-1Ila1Ilw;(eo) luIW;(eo)' 

and, consequently, 

ll'Pt,311", ::; C h>'lIatllw;(o) lI ullw;(o) . 

Setting ,\ = s - 2 + ~ and using the imbeddings 

W; ~ W! , for s > 3 and W; ~ Wip/(p_2) , for 2 < s ::; 3, 

one obtains 

(12) 

In the same manner we can estimate 'Pt, 4 and 'P3, \ . 

For ,\ ~ 0, J.l ~ 2 and q > 2 the value of 'P\,s(x) , x E IN, is a bounded 
bilinear functional of (a\, u) E Wq>'(eo) x W:Q/(Q_2)(eo). Moreover, <p\,S = 0 if 
either a\ is a constant or if u is a second-degree polynomial. Using Lemma 1.6.4, 
one obtains 

!I'Pl 511", ::; C 1/+/'-2I1adllV~(0) lIullw.. (0) , 
, 9 29/(9-2) 

where 0 ~ ,\ ::; 1 and 2::; J.l ::; 3. Set, ,\ + It = s. If ,\ + J.l > 3 one can find a 
q = q('\, J.l) such that ,\ ~ 2/q ~ 3 -11 . Then, 

and UT> - W>'+" C W:" 
YY 2 - 2 - 29/('1-2) • 

Analogously, if 2 < ,\ + J.l :5 3 one can find a q such that ,\ ~ 2/q ~ 2/p- (J.l- 2) . 
In that case, 

and W• - w>'+" C W:" :I - :! - 2q/('1- 2) • 
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From theese imbeddings it follows that 

(13) 2<s$4. 

In the same manner we can estimate <Pl,6 and <P3,2 • 

For .A > 0.5, the value <PI,7(X) at the node x E w is a bounded linear 
functional of at DIu E W;(eo), vanishing on the first-degree polynomials. Using 
Lemma 1.6.3 one obtains 

11 SOl , 711w $ C h).lal D~ulw:(n) , 

From the inequality 

0.5 <.,\ $ 2. 

lal D~ulw:(o) $ Clldlllw;+c(o) IID~ullw;,(n), 

setting .,\ = s - 2 , it follows that 

(14) 2.5 < s $ 4. 

In the same manner one can estimate <Pl,8' 

Finally, from (11-14) and (9) one can obtain the desired estimate (10). • 

REMARK 1. Similarly to the case studied in the preceeding paragraph, the 
finite difference scheme (5-6) is not defined for 2 < s $ 2.5 , since in that case the 
right-hand-side TlT? f is not continuous. Consequently, a scheme with a more 
strongly averaged right-hand-side must be used (see Ivanovic, Jovanovic &. Siili 
[31], for the case of equation with constant coefficients). 

Consider now the problem with Dirichlet boundary conditions 

(15) u = 0 on r; i = I, 2. 

Same as before, we approximate the equation (1) by (5), while the boundary 
conditions (15) are approximated by 

(16) v=O, xEr; V;i = 0, x E 'riO U ril , i = I, 2. 

The error z = u - v satisfies the equation (7) and the boundary conditions 

(17) z=O, xEr; 

Using the notation 

<i = (u;; - Diu)/h, 

the second boundary condition in (17) can be written as 

x E riO U Alii , i = 1,2. 
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The a priori estimate 

IIzll~?(w) $ C (lIc,odl~lu"Y1l + IIc,0211~2u"Y21 + //c,03//!oo 

(18) 2 

+ Lh2 L (1) 
i=1 .1:E"YiOU"Yil 

holds. The first three terms in the sum on the right-hand-side can be estimated 
in the same manner as in the previous case. For s > 2, (i is a bounded linear 
functional of u E Wi(eo) , which vanishes on the second-degree polynomials. Using 
Lemma 1.6.3 one obtains the estimate 

where OiO = Ohi(O) = {x : -h < Xi < h, 0 < X3-i < l}. Using Theorem 1.3.5 
one obtains 

(h2 L <l) 1/2 $ C hmin {6-2.1.5} Iln hI1-/ sgn(6-3.5)/ l/ul/w;(O) , 
.1:E"i'io (19) 

By analogy, one can estimate (i on I'il . 

From (18) and (19), and the previously derived estimates for c,ol, c,02 and c,03 I 

one obtains the following convergence rate estimate for the finite difference scheme 
(5), (16), 

(20) 
IIU - vllw~(w) $ C hmin {6-2.1.5} Iln hI1-/ sgn(6-3.5)/ 

x mF lIai/lw;-2+'(O) lIul/w;(o) , 2.5 < s $ 4. 

REMARK 2. For s < 3.5 I the solution of the boundary-value problem (1), (15) 
can be evenly extended outside of the boundary, preserving the class W;. In this 
case (; = 0 on l'iO Uril , and the estimate (20) is a direct consequence of (11-14) 
and (18). 

(21) 

Finally, consider the problem with natural boundary conditions 

M;(u) = 0, Di Mi(U) + 2 D3-i M3(U) = 0, 

x E riD U ri~ , 
M3(U) = 0, 

i = 1, 2; 

x E r •. 

The solution to the problem (1), (21) is determined with an accuracy of up to 
an additive first-degree polynomial. In order to obtain a unique solution of the 
problem, introduce the values at the three vertices of 0 as follows 

(22) r(7,~';~,':~.,'~(D;;l\·t:;.,.r.A. ,'lu(l, 0) = CIO. l' "a:~ ~ V~ .. " )., .. "i '.l~ ~ .. """", 

i' J'oIllWk~~\>'" '-'",'.:'"' ;,--, ·"~~¥m··t ; . ii#""~r ~':... .. -~.\ j4\;; 't J ' . .. ., 

I 
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One approximates the cOliditions (21) and (22) by 

(23) x E riO U rH' i = 1, 2, 

m3(V) + ffi3(V)-1 + ffi3(V)-2 + m3(v)-l. -2 = 0, x E 7. , . 

and 

(24) v(O, 0) = coo, V(O, 1) = COl, v(I, 0) = ClO • 

Note that in that manner a discrete solution is also defined at external nodes 
at distances 2 h from r and, consequently, the difference scheme (1), (23), (24) 
contains lewer equations than unknowns (or nodes). The missing conditions can 
be obtained from the approximation of equation (1) at boundary nodes. Introduce 
the asymmetric averaging operators in the following manner 

1i~ = 210
1 

(1- t)f(x ± t hl'i)d~, 
and set 

(25) 

i = 1,2, 

x E ,iO 

X E IH 

X = (0, 0) 

x = (0, 1), (1,0), (1, 1) 

The error z = U - v satisfies the a priori estimate 

(26) l[z]I~~(",) ::; c (\[<pl]\3 + \[<p2]1~ + 1\<P31\~oo + 1[4>d13 + 1[4>2]\3) , 

where, 

{ 

Ti_i Mi(U) -1(1-i)+ Mi(U) , 

4>i = Ti_i Mi(U) - T(1_i)_ Mi(U) , 

0, 

x Erie 

x E rit 
at other nodes 

If'l ,1f'2 and 1f'3 can be estimated in the same manner as it was done in previous 
cases. <Pi is a bounded linear functional of Mi(u) E W; , ~ > 0.5 , which vanishes 
on constants. Using Lemma 1.6.3 and Theorem 1.3.5 one obtains 

1[<Pi]\", $ C hmin {&-2.1.5} Iln hll-I sgn(.-3.5)1 

. .. x mlx I\ajl\w;-H«n) \lul\wi(n) , 2.5 < s ::; 4. 
(27) 

From (26), (27) and the previous estimates for <Pi, i = 1, 2, 3, one obtains 
the following convergence rate estimate for the finite difference scheme (1), (23), 
(25) 

I[u - v]"V~("') $ C hmin {.-2.U} \1n hll-I sgn{.-3.5)1 

X I11fx l\ail\w;-2+«n) l\ul\wi(n) , 2.5 < s ::; 4. 
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6. The Problem History and Comments 

The principal purpose of this chapter is to establish a method for the derivation 
of convergence rate estimates, which are consistent with the data smoothness, for 
the difference schemes approximating boundary value problems for elliptic partial 
differential equations. This procedure is based on the Bramble-Hilbert lemma and 
its generalizations (1.6.1-1.6.4). 

According to the definition (Lazarov, Makarov & Samarskir [67]), a convergence 
rate estimate of the form 

(1) s>r 

is said to be consistent with the smoothness of the solution to the boundary-value 
problem. Note that similar estimates, of the form 

lIu - vllw;(o) :'5 C h·- r lIul/w;(o)., s > r 

are characteristic for the finite elemenats method (see Strang & Fix [90], Ciarlet 
[9}, [10]). In the case of equations with variable coefficients, constant C depends on 
the norms of coefficients, and consequently one can obtain estimates of the form 

lIu - vllw;(w) :'5 C h,-r (n:-.~x IIa;illw;-l(o) + II all w;-2(o») lIullw;(o) . 

(compare to (2.10), (2.11), (3.2).(3.15), (4.8), (5.10) and (5.20». 

Estimates of the form (1) were, to the best of our knowledge, derived by 
Weinelt [109], for r = 1 and s = 2,3, in case of the Poisson equation. Later, 
estimates of the form (1) were obtained by Lazarov, Makarov, Samarskir, Weinelt, 
Jovanovic, Ivanovic, Siili, Gavrilyuk, Voltsekhovskir and others, using systemati
cally the Bramble-Hilbert lemma. 

For example, families of difference schemes with averaged right-hand-sides for 
Poisson and Helmholtz equation were introduced in JovanoviC's [34] and IvanoviC's, 
JovanoviC's & Siili's [30], [51] papers, yielding the spans of estimates of the form 
(1), in case of non-integer values of s. 

The procedure for the determination of the constant in the Bramble-Hilbert 
lemma, using the mappings of elementary rectangles onto the standard ones, was 
suggested by Lazarov [62]. 

In the papers of Lazarov [62], Lazarov & l\'lakarov [66} and Makarov & Ry
zhenko [74, 75], the convergence of the difference schemes was examined for the 
Poisson equation in cylindrical, polar and spherical coordinates, and estimates of 
the type (1) were obtained in the corresponding weighted Sobolev spaces. 
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A schcme with an enhanced accuracy for equations with constant coefficicnts 
was derived by Jovanovic, Stili &. Ivanovic [55], and similar results were obtained 
later by Voltsekhovski'l &. Novichenko [107]. 

Difference schemes for the biharmonic equation were considered by Lazarov 
[63], Gavrilyuk, Lazarov, Makarov &. Pirnazarov [20], Ivanovic, .Jovanovic &. Siili 
[31, 32J, and for the equations of the elasticity theory - by Makarov &: Kalinin 
[71, 57]. 

Application of the exact difference schemes was considered by Lazarov, 
Makarov &. Samarski'l [67]. 

Equations with variable coefficients were studied later. At first, the difference 
schemes for the Helmholtz equation with variable lowest coefficient were studied 
(Weinelt, Lazarov &. Makarov [97,68], Voltsekhovskil, Makarov &. Shablil [106]), 
and after that also problems with variable coefficients of the highest derivatives 
(Godev & Lazarov [26], Jovanovic, Ivanovic &. Stili [54], Jovanovic [36, 42, 43]). 
Equations with the lowest coefficients belonging to the negative Sobolev classes 
were considered by Voitsehovskii, Makarov &. Rybak [105), and Jovanovic [43]. 

The fourth-order equations with variable coefficients were studied by Gavri
lyuk, Prikazchikov &. Khimich [22], a).1d Jovanovic [45]. Quasilinear equations in 
arbitrary domains, solved by a combination of finite difference and fictitious do
mains methods were studied by VOltsekhovskil &. Gavrilyuk [100], VoHsekhovskil, 
Gavrilyuk &. Makarov [101] and Jovanovic [37, 38, 44J. 

The technique described above was also used for solution of the eigenvalue 
problems (Prikazchikov & Khimich [81]), variational inequalities (Vo'itsekhovskil, 
Gavrilyuk &. Sazhenyuk [102], Gavrilyuk &. Sazhenyuk [23]) and in the investigation 
of the superconvergence effects (Marletta [76]). 

Finally, let us also mention the papers in which the convergence rate was 
estimated in discrete W;-llorms, for P =f 2 (Lazarov & Mokin [69J, Lazarov [64], 
Godev &. Lazarov [24], Drenska [14, 15], Stili, Jovanovic &. Ivanovic [91, 92]). In 
t.his case, the determination of a priori estimates is technically more complex - the 
theory of discrete Fourier multipliers (Mokin" [78]) is used, rather than the energy 
estimates. The convergence rate estimates are obtained from the above described 
technique, using the Bramble-Hilbert lemma. 

The Paragraph 2 was written, in most part, following the Ref. [43] by Jo
vanovic. A- simpler problem, with coefficients aij E W~-l and a E W~-2 n Loo , 
was studied by Jovanovic, Ivanovic &. Siili [54] and Jovanovic [36]. Paragraphs 4 
and 5 contain results previously published by Jovanovic [46J, and [45], respectively. 



III Non-stationary Problems 

.. In this chapter the convergenc"e rate of finite difference schemes approximating 

initial-boundary-value problems for non-stationary equations is examined. In Para
graph 1 we consider the first initial-.boundary-value problem for linear second-order 

parabolic partial differential equation with variable coefficients. The convergence of 

the corresponding finite difference schemes is proved in the discrete W2
1

•
1

/
2 -norm. 

The obtained convergence rate estimates are consistent with the smoothness of data. 
In Paragraph 2 we consider an analogous problem for the second-order hyperbolic 

equation. The convergence is proved in a mixed norm 11 ·II~~~ . 

1. The Parabolic Problem 

The formulation of the problem. As a model problem we consider the first 
initial-boundary-value problem for the second-order linear symmetric parabolic 
partial differential equation with variable coefficients in the domain Q = n x 
(0. T] = (0, 1)2 X (0, T] 

(1) 

where, 

au at +.cu = /, 

u =0, 

u(x, 0) = uo(x) , 

(x, t) E Q, 

(x, t) E r x [0, T] = an x [0, T], 
x E n, 

2 

.cu=- L DdaijDiu)+au. 
i.i=l 

Assume that the generalised solution to the problem (1) belongs to the anisotropic 
Sobolev space W;·3/2(Q) , 1 < s ~ 3, /(x, t) belongs to W;-2,3/2-1(Q) and the 
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coefficients aij = aij(x) and a= a(x) satisfy the same conditiOlis as in the elliptic 
case (see Paragraph 2.2) 

a E W;-2(O) , 
2 

for s > 2, 

a = ao + L Diai , 

i=l 

aj E W;-l+6(O), where, 

e > 0, {) > 0, p~2/(s-1), for 1 < s ::; 2. 

These conditions provide that the coefficients belong to the corresponding multiplier 
spaces 

ai; E M(W;-l,(&-l)/\Q)) , 

a E M(W;"/2(Q) .... W;-2,(&-2)/\Q»). 

The consecutive convergence rate estimates do not depend on {) by no means, so 
one can set {) = O. 

Also assume that the following conditions hold 

2 2 

I:: ai; Yi Yj ~ Co L Y; , Co> 0, V.y E Rn, 
i,;=1 i=l 

a(x) ~ 0 in the sense of distributions in 0, i.e. 

(a· lP, IP}v'xv ~ 0, VIP E V(O), 

as well as the possible consistency conditions for the input data at t.he edges of the 
domain Q, enabling the existence of the solution u E W;"/2(Q) (see Paragraph 
1.8). 

Finally, suppose that the solution u(x, t) of (1) is extended on Qd = (-d, 1 + 
d)2 X (-d, T] , where d > 0, preserving the class . 

. The finite difference ·scheme. Let mEN, T = T/m and (}T be an 
uniform mesh with the step T on (0, T). Set 0; = (}T U {O}, (}i = (}T U {T} , 
OT = (}TU{O, T}, QhT = W xOT , QhT = w x(}; , QtT = w xOi and QhT = wxOT , 
where w is the previously introduced uniform mesh with the step h in the domain 
o (see Paragraph 2.1). Assume that 

Cl, C2 = const > 0 

and h, T < d. 
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For the function v defined on QhT introduce, in addition to the finite differences 
VZi and VZi , the differences relativing to the variable t, 

V, = (v+ - v)/r = vi ' 

where v±(x, t) = vex, t ± T). 

Finally, together with the Steklov operators T; , 1'/ and 1';- for the averaging 
over Xi (with the step h), introduce the operators for the averaging Over the variable 
t (with the step T) 

1',+ f(x, t) = 11 f(x, t + t' r) dt' = 1',- f(x, t + T) = 1', f(x, t + r/2). 

Approximate the initial-boundary-value problem (1) on the mesh QhT by the 
following difference scheme 

tit + £h V = TrTir.- f in QtT' 
(2) v=O on w x {O}, 

v =Puo on r x 01" 

where, 

and 

2 

£hV = -0.5 L [(aij Vzj)Zi + (aii vzjh-.] + (T{lTi a) v, 
i,j=1 

{ 
u, 

Pu = 2? 
1'11'2 u, 

The scheme (2) is a standard symmetric implicit difference scheme (see 
Samarskil [84]) with the averaged right-hand side and the lowest coefficient. The 
scheme without averaging cannot be used for s $ 4, since, in that case, f(x, t) is 
not a continuous function. (The coefficient a(x) becomes discontinuous for s $ 3). 

The convergence of the finite difference scheme. Let u be the solution 
of the initiahboundary-value .problem (1) and v - the solution of the difference 
scheme (2). For 1 < s $ 2, u(x, t) needs not be a continuous function, but it has 
the integrable traces for t = const . In the following assume that for 1 < s $ 2 , the 
solution u(x, t) is oddly extended in Xl and X2 outside Q. (For the above indicated 
values of s such an extension preserves the class W;·3/2). 

Define the error in the following manner 

z=Pu-v. 
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The error thus defined satisfies the following relations 

'2 

zT + ChZ = L: '1;;.3:; + '1 + 1/Jr III QtT' 
(3) i.i=1 

z = 0 on w x {O} , 

z = 0 011 I X UT , 

where, 

7/ii = l,/TL;7't- (aii Diu) - 0.5 [a;i (P U)"j + ati (P u)~:J ' 
7/ = (T1'2Ti a)(Pu) - T{Tir,- (a u), and 

1/.' = P tL - T?Ti u . 

Introduce the discreete inner product 

(v, w)Qhr = (v, W)L 2(Q"r) = h'2 r 2: 2: v(x, t) w(x, t), 
"Ew tEe'T 

and norms and seminorms such as 

IIvllbhr = (v, v)Q"r , 

IIt'll; = h2 
r L: L v

2
(x, t) , 

Iv lI/2 = h:! r2 L L 
.,Ew t. j'E8r 

t;tt' 

[
V(X, t) - v(x, tl)] 2 

t - t' ' 

2 

IIvll~vl' 1/2(Q"r) = 11 v 1Ii. In = L IIvdl~ + Ivlin + IIvllb"r . 
2 ;=1 

LEMl\·fA 1. The finite difference scheme . . ' 

2 

ZT + CIII = L TJii.3:; in QtT' 
i.i=1 

satisfies the a 1)riori estimate 

Z = 0 on I x OT' 

2 2 

(5) IIzll~\'I. 1/2(Q".) $ C (lIz( , , O)II! + T L IIZ.,;(. , O)II!; + I: IITJiilll)' 
2 ;=1 i.i=1 

Proof. Mult.iplying (4) by r z and summing over the mesh w one obtains 

~ OIzII~ - IIz-II~) + ~ IIz - z-II! + r(Ch z, z)w= t r(T}ii,z;, z)w. 
i,i=1 
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Hence, using the relations 

2 

(.ch Z, Z).., ~ Co L IIz:;II!; and 
;=1 

one obtains 

Finally, performing the summation over the mesh ot ,and using the discrete 
Friedrichs's inequality, 

2 2 

(6) IIzlI~ .. + L IIz:;II; ~ C (lI z ( ., O)II! + l: 11%117). 
;=1 i,j=1 

To estimate Izh/2 expand the function z in sine and cosine series oft, similarly 
as in Paragraph 2.1 

ao(z) ~ ht am(z) m7rt 
z(z, t) = -2- + L...J al;(z) cos T + -2- cos T' ··t E UT' 

1:=1 

m-I· k 
z(z, t) = E bk(Z) sin ;:, t E OT , 

1;=1 

where, 

2 [z(z, 0) ~ ht z(z, T) 1;) 
a1: = a1:[z] = TT -2-+ L...J z(z, t) cos T + 2 (-1) , 

tE'. 

2 "". . • ht 
b1: = b£:[z] = TT L...J z(z, t) sm 2· 

tE'. 

Define the norms 

m-I 1 1/2 

A(z) = (2: kllak[z]II!+ 2mllam[z]II!) , and 
1:=1 

m-I 1/2 

B(z) = (2: kllbk[zlll!) . 
1:=1 . 

Using the results of Lemma 2.1.1 it is easy to show that 

c31zh/2 5 A(z) 5 C4 Iz/1/2 ' and 

(7) c3lzh/2 5 B(z) 5 C4 (lzl~/2 + T L (~+ T ~ t) IIz(., t)II!] 1/2 . 

lE'. 
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One also readily verify that 

m-I 2 
L: IIb,,[zJII! = TT L: IIz(., t)lI! , 
"=1 IES. 

(8) 
I m-I I 
2"lIao[z]lI! + L: 11 a" [z]lI! + 2"lIam[zlll~ 

"=1 

= ~ T [~ IIz( . , O)II! + L IIz(., t)lI! + ~ IIz(. , T)II!] . 
IEII. 

Multiply equation (4) by ; T sin h(t; T/2) , and perform the summation 

over the mesh ot. Using the partial summation, aditive trigonometric formulae 
and the above expansions, 

sin "2"; 1f k1fT { ~ } 
- hT T I. a,,[z] = cos 2T - b,,[.ch Z] +.~ b"[l]ij,d 

2T Id=1 
. 2 

-sin ~; { - a,,[.chz] + E adlJ;j,~;]} + f sin ~; { - .chz(x, 0) 
i,;=1 

2 2 

+ L: 1J;j,~;(X, 0) + (-1)" .chZ(X, T) - (-1)" E l]ij.~;(X, T)} . 
i,j=l i,j=l 

Multiplying this relation by a,,[z] , summing over the mesh wand I., using the fact 

that si;t is bounded for 0:5 t :5 1f/2, the relations (7) and (8), realations 

{a,,[r,od, a,,[z])w = - (a,,[cp], ak[zdt; , and 

(b,,[cp~;], ak[z])w = - (bk[cp], ak[zz;])w; 

and the Cauchy-Schwartz inequality, one obtains 

2 2 

(9) Izli/2 :5 eT E ( L: 1l1Jij1l!; + IIzlI! + L IIzz;II~;) . 
tEe. i,j=l i=l 

Since the values of l]i;(X, 0) do not appear in (4), without loss of generality 
one may set them to zero. Thus, from (6) and (9) one derives inequality (5). • 

Similarly, one can prove 

LEMMA 2. The finite difference scheme 

(10) z = 0 on r x OT' 
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satisfies tI&e a priori estimate 

:2 

(11) IIzll~1.1/2(Qh'):S C [lIz(., O)II~ + T L lI=r;(., O)II~i + A2 (W) + B:2(tb)] . 
2 i=1 

From (5) and (11), using relations (7), one can conel ude that the difference 
scheme (3) satisfies the following a priori estimate 

:2 

(12) 
II z ll;v;' 1/2(QAr) :S C [L 11% II~ + 1IT}II~h' 

i=l 

+1t/lli/2+T L (~+ T~t) 111/1(·, t)1I~]. 
tee. . 

The problem of deriving the convergence rate estimate for the difference scheme 
(2) is now reduced to the estimation of the right-hand-side terms of the inequality 
(12). 

First, we represent TJij in the following manner 

TJij = TJij 1 + TJij2 + TJij3 + TJij4 + TJij5 , where, 

TJijl = T;+T;-i (aij 1'.- Dju) - (l1T§-i ajj) (T;+T;-i1',- Dju), 

TJij2 = [1i+ TLi aij - 0.5 (aii + ati)] (T;+T;-i1',- Dju), 

TJij3 = 0.5 (ajj + ati) {T;+T;-i1',.- Dju - 0.5 [(P U)rj + (P u)t;]) , 

TJij4 = - 0.25 (aii - ati) [(1',- U)rj - (Tt- u)t;J, and 

TJi;5 = -0.25 (aii - ati) [CPu - Tt-u)rj - (P u - Tt-u)tJ . 

For 1 < s :5 2 set TJ = TJo + TJ1 + TJ2 + TJ3 + 1/4 + TJ5, where, 

TJo = (T[Ti ao)(T[Ti1',-u) - T[Ti (ao Tt-u) , 
1/1 = (T'fTi ao) T'fTi (u - 1',.- u) , 

TJ2i = (TlTi Dj aj) (TlTi1',- u) - TlTi [(1',.- u) Dj aj] , 

TJ2;+1 = (riTi Diai)TiTi (u -1',-u), i = 1, 2. 

For 2 < s :S3 set TJ = T}6 + TJi + 718 + 179, where, 

176 

TJ7 

178 

179 

= (T[T:j a) rl~-u - TlTi1',.-u) , 
= (T;JTi a) (T{Ti u - T;JTir,.- u) , 

(T2r.2 ) ( '7"'2r.2 '7"'- T2r.2'T'-) = 1 2 a U-oll :lU-olt U+ 1 :lolt U, 

= (T[T:j a) (T{T:j1',-u) - T;lT:j (a Tt-u). 

and 
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Introduce now the elementary rectangles (see Paragraph 2.2) eo = eo(z) = 
{y : IYj-xjl < h, j = 1, 2}, ej = ej(z) = {y : Xi < Yi < xi+h, IY3-i-Z3-il < 
h}, i = 1, 2, and parallelepipeds go = go(z, t) = eo x (t - r, t) , ·gi = 9i(Z, t) = 
ej x (t - r, t) .. 

For 2 < s $ 3 , 7lii 1 satisfies the conditions for which the estimate of the form 
(2.2.7) is valid 

Then, performing the summation over the mesh (Jt , and using the obvious majori
sation, 

(13) 2< s $ 3. 

Analogously, for 1 < s $ 2, from (2.2.6) if follows that 

(14) 

Similarly, using estimates (2.2.7) and (2.2.6) one obtains for TJij2 and TJij4 the 
estimates of the form (13) and (14). 

For s > 1, TJij3(Z, t) is a bounded bilinear functional of (aij, u) E C(e;) x 
W;,,/2(9i) which vanishes if u is a polynomial of the second degree in Zl and X2 
and of an arbitrary degree in t (with constant coefficients). Applying Lemma 1.6.3 
one obtains the estimate 

l<s$3. 

After a summation over the mesh QtT one obtains 

Using imbeddings 

W;-l(O) ~ C(O) for 2 < s $ 3 and W;-l(O) ~ C(O) for 1 < s =:; 2, 

wherefrom one obtains estimates of the. form (13) and (14). The same holds for 
TJij5 • 

110 satisfies the conditions which allow an estimate of the form (2.2.9) 

1<s$2. 

By a summation over the mesh (Jt , after an evident majorization, one ·obtains 

(15) l<s$2. 
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Analogously, from (2.2.6), one obtains an estimate ohhe form (14) for '12 and 
'14, while from (2.2.8) for TJ6 and TJ9 one obtains 

(16) 

For 8 > 1 and q ~ 1, TJl(X, t) is a bounded bilinear functional of (a, u) E 

Lq(eo) x W;··/2(gO) which vanishes if u is a polynomial of the first degree in Xl 

and X2 (with constant coefficients). Applying Lemma 1.6.3 one arrives to 

1<8$2, 

where C(h) = C h,-2-2/, . By a further majorisation one has 

ITJll $ C h,-2-2/q lIaoIlL,,(tl) lulw;. </2(90) • 

The summation over the mesh yields 

lI'1lIlQ .. $ C h·-
2

/ 9 I1aoIlL.(tl) lulw;. </2(Q) • 

Setting q = 2 + e , after an evident majorisation, one obtains the desired estimate 

(17) 

For 8> 1, '12i+l(X, t) (i = 1, 2) is a bounded biIinear functional of (ail u) E 
Lco(eo) x W;,·/2(gO), which vanishes if u is a polynomial of the first degree in Xl 

and X2 (with constant coeficients). As in the previous case, 

1<8$2, 

and 

Using the imbedding W;-l(n) ~ Loo(n), one obtains the estimate 

(18) 1<8$2. 

For ..\ > 1/2, TJ7(X, t) is a bounded bilinear functional of (a, Trn u) E 
Lq(eo) x Wf(t - T, t), which vanishes if TlTl u is a constant. Applying Lemma 
1.6.3, 

ITJ7(X, t)l"$ C h2)·.,.1-2/q llaIlL ,,(eo) ITlTi utW2'('-T.I) , 1/2 <..\ $ 1. 

For 1/2 < ..\ < 1, 

1
T.2T.2 I = {I'l' ITlT? u(., t') - TlTl u(., ttl)12 dt'dt tl }1/2 

1 2 U W;(I-T. I)· It' _ t"11+2A 
t-T '-T 

< C h-2/ r • , • , Lr(eo) dt'dt" { l' l' Ilu( t') - u( t")112 } 1/2 

- I-T t-T It' - t"I1+2A . 
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Setting r = 2q/(q - 2), 

1 1 11 ( t') _ ( t")If! 1/2 
I" (x t)1 < C h2>.-21Iall { J J u., u ., L 29/(9-

2 )(eO) dt'dt ll } ·,7, - L.(eo) It' _ tllp+2>. 
,-,.,-,. 

The summation over the mesh, using Holder's inequality, yields 

11 
.... 11 < C h2>'llall [[ . , . , L 29 /(9_ 2 )(O) dt'dt" {

TT lIu( t') - u( t")W }1/2 

." Q". - L.(O) la la It' - t"P+2>. 

Adopt the value of q such that the following imbeddings hold 

and 

For 2 < 8 $ 3 it can be done by using 2 < q < 2/(3- 8). Then, . 

{ 
rT rT lIu( . , t') - u( . , t")II~l(O) } 1/2 

11717I1Q". $ C h
2
>'lIa ll w;-2(0) la la It' _ t"I1+2>. 2 dt'dt" 

$ C h2>'lIaIlW;-2(O) lIullw;l+1.l+1/2(Q) , 2 < 8 $ 3, 1/2 < ..\ < 1 . 

I t l' dt' dt" The same result holds for ..\ = 1 (then, the term I ' _ "j1+2>. IS 1_,. t-,. t t 

substitued by It dt', and u(., t') - u( . , tIt) by au~.; t'». Setting 8 = 
t-,. t 

2,,\ + lone finally obtains the desired estimate for '17 

(19) 

For a E L2(0) and 8 > 2, '18(X, t) is a bounded linear functional of u E 
W;·,/2(ga) which vanishes on the polynomials of the second degree in Xl and X2 

and the first degree in t (with constant coe~~ients). Applying Lemma 1.6.3, one 
obtains . 

1'181 $ C h,-3I1aiIlL2(eo) lulw; .• /2(go) 

$ C h,-3I1aiIlL2(O) lulw; .• /2('0) , 2 < 8 $ 3. 

Summating over the mesh Qt,. , and using the imbedding W;-2(0) ~ L2(0) , one 
obtains the estimate 

(20) 2<8$3. 

Next, estimate the value of w. Obviously, 

(21) za 1<8$2. 
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For 2 < s ~ 3, 

(22) 

Furthermore, for 0 < A ~ 1/2 

r[~-tI'li/2~ r 2>.-1 r2 h2 L L 

For t, t' E OT and t:f; t' , 

zEw I,I'ES. 
t;tt' 

[1',-tI'(x, t) - 1',-tI'(x, t')J2 
It - t'I1+2>. 

IT,-tI'(x, t) - 1',-'I/>(x, t')1 = Ir- 2 l~T l'~T ['I/>(x, 00) - 'I/>(x, 00')] dUdu'1 

$ {r:"2 21+2>' It _ t'11+2>.l
t 1" [w(x, 0') -:- tI'(x, 00,)]2 dUdU,}1/2 

I-T I'-T loo - 00'1'+2>. 

The last two inequalities yield 

l
T

j
T-T 

1T.-.I'1 2 , < 21+2>'r2>.-Ih2 ~ t P 1/2 _ ~, 

zEw 0 -T 

[tI'(x, 0') - tI'(x, 00,)]2 dd' 
'loo _ u'j1+2>' . 00 0' . 

Using the relation 

'I/>(x, t) = «(x, t) - rrTi «(x, t) 
zl+h :r2+h 

= h- 2 1 1 (1- IYI ~ xIi) (1- IY2 ~ x21) [«(x, t) - «(y, t)] dY2 dVI 

zl-h Z2-h 

zl+h Z2+h ZI Z2 

65 

- h-2 1 1 11 (1- ISI- XII) (1- IS2 - X21) a
2
«(y, t) d d d d - h h a a Y2 VI S2 SI 
VI V2 

zl-h Z2-h '1 '2 

h • Zl+r Z2+h 

-h-2111 J (1-x)(I-IY2~z21)a2~~it)dY2dVldrds 
o 0 Zl-r Z2-h 

zl+h h • Z2+r 

- h-2 ,J J 1 J, (1- I~l ~ xd) (1- x) a2~~ t) dV2 d7"dsdYl 
zl-h 0 0 Z2-r • -

and the Cauchy-Schwartz inequality, one obtains . 
11',-tI'it/2 ~ C h1+2>'1«lw:+n, I+~(Q)' 

Finally, setting s = 2 + 2,\ , 

(23) 

0< A ~ 1/2. 

2<s~3. 
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The second term in (22) can be estimated by 

It/J - T,- t/Jli/2 $ ~ ,..2 h2 I: 2: (t/J - T,- t/J)2 . 
zE'" tE'. 

Applying Lemma 1.6.3, 

(24) 

Using Lemma 1.6.3 and the trace Theorem 1.4.1, 

h2
T I: I: (~+T~t)t/J2(XJt) 

zEw tE9. . 

(25) $ C h
26

-
2 

T L (f + T ~ t) lu(. , t)I~;-l(O) 
tE9. 

C h2;-2 1 1 11 112 ~ 2 3 $ n h u w; .• /2(Q) , lor < s $ . 

Combining (12) with (13)-(25) the following result is obtained. 

THEOREM 1. The difference scheme (2) converges in the nonn W;·1/2(QhT), 
if Cl h2 $ T $ c2 h2 , and the following estimates hold 

(26) 
/lu - vl/w:' 1/2(Q".) $ C h,-l ( ~,f lIaij/lw;-l(O) 

+ lIa llw;-2(o) + Jln k ) lI u ll w; .• /2(Q) , for 2 < s $ 3, 

and 

(27) 
IITfTi u - VIlW" l/'(Q".) $ C h,-l (~~ lIaijllw;-'(n) 

2 I.J 

+ mia.x lIai/lw;-l(n) + l/aoIlL2+.(n») I/ullw; .• /2(Q) J for 1 < s $ 2. 

REMARK 1. The estimate (27) is consistent with the smoothness of data, while 
the estimate (26) is "almost consistent" - the consistency is disturbed by the tenn 

Vln t, which is slowly increasing for h - 0 . 

REMARK 2. If the coefficients aij and a depend of t, the similar result holds. 
ne derivation of the a priori estimate is more difficult (see Samarski( [84]). 

REMARK 3. It is possible to derive similar estimates in other discrete nonns 
(e.g. L2 and wi· l

). For equations with constant coefficients such estimates were 
obtained by Jovanovic, Ivanovic &: Silli [29], [50]. 
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The factorised scheme. The finite difference scheme (2) is not efficient, 
because a system of linear equation with a block-threediagonal matrix has to be 
solved at every time-level. Instead, consider the factorised scheme 

(28) 

with the same initial- and boundary-data as in (2). Here, U is a positive real 
parameter, Ai v = - V"'iZi (i = 1, 2) and 1 is the unit operator. The difference 
scheme (28) is stable, if the operator 

is positive definite (see Samarskii' [84], Jovanovic [41]). This condition holds, for 
example, if 

and if the step h is sufficiently small 

i.e. 

for 1 < s ~ 2. 

The error z = P U - v satisfies the conditions 

2 

(I + UT Ad (1 + UT A2) zr+ Ch Z - = I:: 7]ij'~i + 7]' + 1/lr in 
i,j=1 

z=o on w x {a} and r x UT , 

where, 

, T [ +' '] 
7]ij = 71ii + '2 aij (P u)"'i + a i/ (P u)t; i 

UT ' u2 T2 
- 2" 6ij [(PU)"'i + (Pu)t;h + -2- (1 - 6ij )(PU)"'iZ;"'it' 

'11' = 1] - T (TlTi a) (P u)" and 

6ii - the Kronecker's symbol. 

The a priori estimate (12) stilI holds with 7]ij and 7]' instead of 7]ij and 7], 

respectively. Applying the same routine as above, it is easy to prove that the 
factorised scheme (28) satisfies the error etimates (26) and (27), • 
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2. The Hyperbolic Problem 

The formulation of the problem. Let the domain Q be defined in 
the same manner as in the previous paragraph. Consider the following initial
boundary-value problem 

a2u 
at'J + Cu = f, (x, t) E Q, 

(1) U= 0, (x, t) E r x [0, T] , 

u(x, 0) = uo(x), au(x, 0) ( ) 
at = U1 x , x E 0, 

where, 
2 

Cu=- L Dda;jDju)+au. 
;,j=1 

Suppose that the generalised solution to the problem (1) belongs to the Sobolev 
space W;(Q), 2 < s $ 4, and that the coefficients aij = aij(x) and a = a(x) 
satisfy the conditions 

2 'J 

L aij Yi Yj ~ Co L yl, co> 0 , Vx E 0, Vy E Rn, 
;,j=1 ;=1 

a(x) ~ 0 in the sense of distributions in n. 
These conditions show that the coefficients belong to the corresponding multiplier 
spaces 

a;j E M(W:i- 1(Q» 1 a E M(W;(Q) - W:i- 2 (Q» . 
Also assume that the solutior:'- u(x, t) of (1) is extended on (-d, 1 + d)2 X 

(-d, T] 1 where d > 0 1 preserving the class. 

The finite difference scheme. Define the mesh Qh in Q in the same 
manner as in the previous paragraph. However 1 assume that the following condition 
holds . 

Cl h $ r $ C'J h , Cl. C'J = const > O. 
Approximate the problem (1) on the mesh Qh by the following finite difference 

scheme 
1 _ 

Vtj + 4 Ch(V+ + 2v + v ) = T1T27i f in QtT 1 

(2) 
1J = 0 ,on "'( x OT , 
V = Uo 011 W X {O} , 

r2 
v+ = Uo + rT1T2 U1 + "2 (-ChUO + T1T27i 1) on W x {O} 1 
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where, 
a 

c'hV = -0.5 L: [(aiiVr).,; + (aiiv"jh;) + (T1Taa)v. 
i,i=1 

The scheme (2) is a standard symmetric implicit difference scheme (see 
SamarskiT [84]) with the averaged right-hand-side and lowest coefficient. 

The convergence of the finite difference scheme. Let u be the solution 
to the problem (1) and v - the solution of the difference scheme (2). The error 
z = u - v satisfies the conditions (see Jovanovic, Ivanovic & Stili [53]) 

(3) 

where, 

z=o 

z = 0, 

a 

on r x Or, 
z+=rv+O.5r2 (Ip-X) 

Ip = L: ~ij +~ + X + (, 
i,j=1 

on w x {O}, 

~ii = TI T2T, Di(aij Dju) - 0.5 [(a;j u.,J.f; + (at; UJlj).1:;] , 

8au 
~ = u,i - TITan at2 ' 

r2 
X = TChUti, 

( = a U - TITan (a u), and 
8u 

v =0.5(u,+ur)-TIT2 at. 

The energy method leads to the a priori estimate 

(4) IIzlI~~~ ~ c (IIv( . , 0)11.., + T L /l1p(., t)/I", ) , 
IEI1; 

where, 
2 

/lzlI~l~ = max (/lztll~ + '" 110.5 (z+ + z) .//2.) 1/2. 
'IEI1- ~ .1:, "" 

• 1=1 . 
The problem of deriving the convergence rate estimate for the difference scheme 

(2) is reduced to the estimation of the right-hand-side of inequality (4). 
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First, we represent ~ij ill the following manner 

Also set 

where, 

~ij = eij1 +eij2 + eij3 + eij4 + {ij5 + {ij6 + {ij7, where, 

~ij1 = TlT21i (aij DiDju) - (TlT2 aij) (T1T2T, DiDju) , 

<ij2 = (T1T:! aij) [T1T2T, Di Dju - 0.5 (UZj"j + U"iZj)] , 

eij3 = 0.5 (T1T2 aij - aij)(u~;"j + U";Zj) ' 
eij4 == T1T2T, (Diaij DiU) - (TlT2 Diaij) (TlT21i Dju) , 

~ij5 = [T1T2 Diaij - 0.5 (aij,,,; + aij,~J] (TlT21i Dju) , 

~ij6 = 0.5 (aij,.,,; + aij,~J [TlT21i Dju - 0.5 (u;: + ut)] , 
{ij7 = 0.25 (aij,"j - aij,~;) (u;; - utf) .. 

2 

X = L (Xij1 + Xij2) + XO 
i,j=1 

and 

1'2 ( -i +i) 
Xij1 = -8 aij U~;"jti + aij Ut:j~j'i , 

r2 
Xij2 = -8 (aij,Zj U"jti + aij,"; Uzjti) , 

r2 
XO ="4 (T1T2 a) Uti' 

(1 = (T1T2 a) (u - T1T2Tt u), and 

(2 = (T1T2 a) (TIT2T, u) - T1T21i (a u). 

The values {ijl. eij6, eij3 "and ~ij7 at the node (x, t) E Q;;T are bounded 
bilinear fundionals of (aij, u) E Wq""(eo) x W:q/(q_2)(g) , where eo is the elementary 
square introduced in the previous paragraph and 9 = eo x (t - r, t + r). Here, for 
~ij1 - .A ~ 0 , p. ~ 2 and q ~ 2, while for eij6, eij3 and eij7 - .A > 2/q , p. > 
3/2 - 3/q and q ~ 2. Moreover, eij1 and eij6 vanish if either aij is a constant or U 

is a second-degree polynomial; eij3 and eij7 vanish if either aij or U is a first-degree 
polynomial. By Lemma 1.6.4 one obtains the estimate 

where, C(h) = C h",,+/1+1/9-7/ 2 , 0 ~ .A ~ 1, 2 ~ p. ~ 3. 

A summation over the mesh Q;;T yields 

(5) 



(6) 

and 

(7) 

(8) 
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The following imbeddings are satisfied 

W;+/l-l(O) s; W;(O) for J-l ?, 2 - 2/q, 

for >.?,3/q. 

Setting >. + J-l = s, q > 3, from (5)-(7), one obtains, 

T I: /I~ijl/l", $ C h,-2/1aij/lw;-lcn) /lu/lw;CQ) ' 
tEll; 

for 2 + 3/ q $ s $ 4. 
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The estimate (8). is valid for arbitrary q > 3; setting q -+ 00 one can readily 
conclude that it holds for 2 < s $ 4 . 

In the same manner, ~ij6 satisfies an estimate of the form (5) for 2/q < >. $ 1 
and 3/2 -3/q < J-l :$ 3. Setting>. + J-l = s and taking into account the imbeddings 
(6) and (7), 

(9) tEll; 

for 2 + l/q $ s $ 4, 

or, due to the arbitrariness of q, for 2 < s $ 4. In the same manner we can 
estimate Xij2 • 

~ij3 and ~ij7 satisfy an estimate of the form (5) for 2/q < >. $ 2 and 3/2-
3/q < J-l $ 2. Hence, as in the previous cases, one obtains 

(10) T I: (IIeij3/1", + II~ij711",) :$ C h·-2I!a;jllw;-1(n) lIullw;(Q) , 
tEII;:-

for 2 + l/q :$ s :$ 4, or 2 < s :$ 4 . 

For s?, 2, ~ij2(3:, t) is a bounded bilinear functional of (aij, u) E Loo (eo) x 
W:i(g) , which vanishes if u is a third-degree polynomial. Applying Lemma 1.6.3, 

l~ij2(3:, t)1 :$ C h,-7/2 I/aijIlL.,.,(eo) lulw;(g), 

A summation over the mesh Qh.,. yields' 

T 2: II~ij2"",:$ C h·-2
/1aijllL.,.,(n) 11 ull W;(Q) , 

tEll; 

Finally, using the imbedding 

for s> 2, 
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one obtains the desired estimate 

(11) T L lI~ij2llw ~ C h·-2 Ila;jllw;-I(o) lIullw;(Q)' 
teS; 

In the same manner one can estimate Xii~ . 

2 < s ~ 4. 

{ij4(X, t) and {ij5(X, t) are bounded bilinear functionals of (aii, 11 u) E 
Wq~(eo) x W~/(f_2)(eo), for > .. ~ 1, p. ~ 1, q ~ 2. Moreover, {ij4 vanishes 
if either ai; or Tt u is a first-degree polynomial; ~ij5 vanishes if either aij is a 
second-degree polynomial or Tt u is a constant. Using Lemma 1.6.4, 

1 ~ A, P. ~ 2, 

and, by a summation over the mesh 

(12) 1 ~ '\, p. ~ 2. 

The following imbedding holds 

(13) W;+P(O) ~ W:q/(Q_2)(O) for A ~ 2jq. 

Setting ,\ + P. = s, one obtains from (12), (6) and (13) 

(14) 3-2jq~s~4. 

Switching to the limit q - 2 + 0 one can conclude that the estimate (14) holds 
for 2 < s ~ 4. Since 

from (14), summing over t E 8; , one obtains 

(15) 2 < s ~ 4. 

, 
Similarly, applying Lemma 1.6.4, one obtains, for ~ij5, an estimate of the form 

(12), where p. = 1 and 1 ~ ,\ ~ 3. Setting q = 2, ,\ = s - 1 and using the 
imbedding 

follows 

and 

(16) 

for s> 2, 

T I: ll~ii5l1w ~ C h·-2I1aiillw;-I(o) lIullw;(Q), 
le8; 

2<s~4, 

2<s~4. 

--~ 
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:\:o(x, t) and (I(X, t) are bounded bilinear functionals of (a, u) E Lq(eo) x 
W:q/(q_2)(g) , for J.J > 3/2 - 3/q, q ~ 2, which vanish if u is a first-degree poly
nomial. Applying Lemma 1.6.3, 

3/2-3/q<J.J$2. 

Hence, by a summation over the mesh QhT , one obtains 

3/2 - 3/q < /1 $ 2. 

Setting J.J = s - 2 and applying the imbeddings 

2 $ q < 2/(3 - s) for 2 < s $ 3, 2 $ q < 00 for s = 3 and q - arbitrary for 
s > 3 , one obtains the estimate 

(17) IE8; 

7/2-3/q<s$4. 

Since q > 2 is arbitrary, switching to the limit q -- 2 + 0 , one concludes that the 
estimate (17) holds for 2 < s $ 4 . 

(2(X, t) is a bounded bilinear functional of (a, u) E W;(eo) x W:,/(q_2)(g) , 
for -\ ~ 0, J.J ~ 0, q ~ 2 , which vanishes if either a or u are constant. As in the 
previous case, one obtains 

0$ -\, J.J $ 1. 

Setting -\ + Jl = S - 2 and using the imbeddings 

W;+"(O) ~ W;(O) for J.J ~ 1 - 2/q , and 

W;+P+2(Q) ~ W:Q/(Q_2)(Q) I 

one obtains 
• 

(18) 
r L 11(2/1", $ C h$-'2l1a ll w;-'(n) lI uIlW;(Q) I 

3 - 2/q $ s $ 4. 

Switching to the limit q -- 2 + 0 ,one concludes that the estimate (18) holds for 
2<8$4. 
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{(x, t) and v(x, t) are bounded linear functionals of u E W;(g) , for s > 2 (or 
rather, for s > 3/2). Moreover, e vanishes on the third-degree polynomials, and v 
- on the second-degree polynomials. Using Lemma 1.6.3, after a summation over 
the mesh, one obtains 

(19) T L lIellw $ C h,-2I1u llw;(Q) , 2<s$4, 
tE';" 

and 

(20) 2<s$3, 

where QT = n x (- T, T). Applying Theorem 1.3.5, from (20) it follows that 

(21) . 2 < s $ 4. 

Combining (4), (8)-(11), (15), (16)-(19) and (21) one obtains the following 
result. 

THEOREM 1. The finite difference scheme (2) converges in the nonn II·II~~~, 
if Cl h $ T $ C2 h, and the error estimate 

(22) 
lIu - vll~~~ $ C h,-2 (Il).3;X lIaij IIW:-l(O) 

I,] • 

+ lIallw;-'(o») lIullw;(Q) , 2 < s $ 4 

holds. 

REMARK 1. An analogous estimate can be obtained if the coefficients aij and a 
depend on t. ne derivation of the a priori estimate of the type (4) is· more difficult 
(see Samarski{ [84]). 

REMARK 2. Using the factors 1/12, 10/12 , 1/12 instead of 1/4, 1/2 , 1/4, 
T2 a2f 

and TIT211 f+ 12 TIT2T, at2 instead of T IT21i f in (2), the order of convergence 

can be increased (Jor smooth,er solutions). 

1 
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The factorised scheme. Consider the efficient factorised finite difference 
scheme 

with the same initial- and boundary-data as in (2). The scheme (23) is stable if 
the operator 

? ., T2 
(I + ur- Ad (I + (Jr A2) - 4" Ch 

is positive definite (see SamarskiT [84], Jovanovic [41]). This condition is satisfied, 
for example, if 

and 

The error z = u - v satisfies the conditions 

where, 

and 

z=o 
z =0, 

on '1 x OT , 
z+ = TV + 0.5 T2 (cp' - X') on 

2 

cp' = E {ij + { + X' + <: , 
i,j=1 

in 

w x {O}, 

The a priori estimate (4) still holds with cp' instead of cp. One can easily prove 
that 

T L /lx'l/ ... :5 C h·- 2.1lu lllV;(Q) , 
te6; 

which implies that the convergence rate estimate (22) also holds for the factorised 
difference scheme (23). 
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3. The Problem History and Comments 

In this cha.pter we have derived the convergence rate estimates for the finite 
difference method for some basic initial-boundary-value problems for parabolic and 
hyperbolic linear partial differential equations. The procedure was based on the 
Bramble-Hilbertlemma. and its generalisations (see Paragraph 1.6), and represents 
further developement of the methodology presented ~n Chapter H. 

As it was already mentioned in Paragraph 1.8, in the case of parabolic linear 
partial differential equations of the second order, a complete theory of existence 
and uniqueness of the solution of basic initial-boundary-value problems is built in 
the anisotropic Sobolev spaces W;··/2(Q). Thus, analogous difference norms were 
used for the convergence rate estimates. 

Analogously to the elliptic case, for a convergence rate estimate of a parabolic 
difference scheme of the form 

(1) s>r 

is said to be consistent with the smoothness of the solution of the initial-boundary
value problem. If steps hand T satisfy the obvious relation 

Cl h 2 5 T 5 C'J h'J , 

the estimate (1) reduces to 

(2) s > r. 

In case of equations with variable coefficients, the constant C de~nds on the norms 
of the coefficients. For example, if the coefficients are not functions of t, one obtains 
estimates of the form 

lIu - vl\w;"/2(Qh') 5 C h,-r. (T?,1xl\aiil\w;-I(O) 

+ l\allw;-2(o») lIullw;. '/2(Q) , s > r. 
(3) 

(compare (1.26) and (1.27) ). 

For equations with constant· coefficients, estimates of the form (1) were ob
tained by Lazarov [65] for r = 0, s = 2. A similar estimate in the discrete 
Lp-norm (for s = 2) was derived by Godev & Lazarov [25]. 

The case of fractional values of s was studied by Ivanovic, Jovanovic & Siili 
[29], [50]. Estimates of the form (2) were obtained for 2 5 s 5 4, r = 0, 2. For 
r = 1 the estimate was derived in the Wi·o-norm. 

In the paper [13] by Drazic, estimates of the form (l) and (2) were obtained; 
also the conditions under which steps hand T may be independent of each other. 
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In the papers by Scott &. Seward [87] and Seward, Kasibhatla &. Fairweather 
[88} the role of the averaging of the initial data on the convergence rate of the 
difference scheme was examinated. 

The problem of the optimal control with the parabolic equations was studied 
by Ivanovic & Jovanovic [28}. 

In all these publications the Bramble-Hilbert lemma was used in the derivation 
of the convergence rate estimates. Note that some convergence rate estimates of the 
difference schemes for problems with weak solutions were obtained earlier, using 
different techniques (see e.g. Juncosa & Young [56]). 

Equations with variable coefficients were studied by Weinelt, Lazarov & Streit 
[98], and Kuzik &. Makarov [58] - for. integer values of s, and by Jovanovic [39], 
[40], [42], [47] - for fractional values of s. 

Paragraph 1 is mainly following the ref. {47} by Jovanovic. A simpler problem 
was considered in refs. (391, (40] and [42], with the coefficients aij E W~-l(O) 
and a E W~-2(O) n Loo (0) . 

The variational-difference schemes also satisfy estimates of the form (1-3) 
(see Jovanovic [33]). However, more common are the estimates with a continuous, 
rather than discrete, W;' r /2 -norm on the right-hand-side (see Zlotnik [114], (115], 
Hackbusch [271, Amosov & Zlotnik [3]). 

Besides the above described estimates, parabolic problems are also charac
terised by the estimates in the norms Loo (0, T); L2(0») and Loo (0, T); W/(O» 
(see Douglas &. Dupont [11], Douglas, Dupont &. Wheeler [12], Ranacher (82], 
Thomee & Wahlbin [95], Wheeler [110], Zlamal [113]), and in the "negative" norms 
(see Thomee [93]). 

A review of the more recent results related to the variational-difference meth
ods of solving parabolic partial differential equations was given by Thomee in ref. 
[94}. 

In the hyperbolic case, the theory of existence and uniqueness of the solutions 
of the contour problems was not developed as much as for the elliptic and parabolic 
problems. As an example, consider the first initial-boundary-value problem for 
the second-order linear hyperbolic partial differential equation. The results given 
in Paragraph 1.8 imply that, if the right-hand-side of the equation belongs to 
the W;-2 space, with the corresponding smoothness of the initial and boundary 
data, then the solution belongs to the W;-I space, but need not belong to the 
W:i. Consequently, in order to obtain- the convergence rate estimates, one must 
assume a smoother solution than in the previous cases. That is why the hyperbolic 
problems are characterised by convergence rate estimates which are inconsistent 
\vith the smoothnes of the solution. 

For the estimation of the convergence rates, usualy complex norms of the form 

(4) II( 2 Ilou(.,t)11 2 )1/211 
lIu( . , t)lIw;(n) + at w;-l(n) L ... (O, T) 
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or 

(5) 
11 ( 

'I 11 aru(., t) 112 ) 1/211 
lIu( . , t)II,.y;(o) + air L2(O) L ... (O, T) 

are used. 

For the difference schemes, approximating the first initial-boundary-value 
problem for second-order linear hyperbolic partial differential equations with con
stant coefficients, with 

Cl h ~ r ~ c2h, 

the convergence rate estimates of the form 

(6) 

were obtained by Jovanovic, Ivanovic &; Stili [49], [52] for r = 0, 1,2 and r+ 1 < 
s ~ r+3. Here 1I·II~r~ is th~ discrete analogue of the norm (4). Since by transition 
from the function u(x, t) to its t = const trace in Sobolev spaces W; one loses 
1/2 order of smoothness, so we may conclude that in the estimates of the form (6) 
an additional 1/2 order of smoothness is lost. 

Estimates in discrete norms of the form (5) for r = 1 and r = -1, with the 
interpolation for -1 < r < 1, were derived by Dzhuraev &; Moskal'kov [19]. 

Equations with variable coefficients aij E W~-l(n), a E W~-2(n) were ex
amined by Jovanovic, Ivanovic &; Stili [53], and an estimate of the form (6) was 
derived for r = 1 and 2 < s ~ 4. Here the constant C depends on the norms of 
the coefficients. 

The paper by Dzhuraev, Kolesnik &. Makarov [18] also considers an equation 
with variable coefficient.s, using the m~thod of straight lines for its solution. An 
estimate of the form (6) was obtained for r = 0 and a fixed, integer value s = 2. 

The Paragraph 2 was written following refs. [53] by Jovanovic, Ivanovic &. 
Siili, and [48] by Jovanovic. 



List of Symbols 

Numbers and Operations 
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