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3axBaJIHHAIIA

2Kejreo 6ux ma ce 3axBajiiM CBUM YJIAHOBHMAa KOMUCHje & 1TOCeOHO MeHTOpYy mpod. map.
Muogpary 2KuskoBuhy Ha yKaszaHoj oMohu, caBeTUMa M CMEPHHIIAMAa TOKOM M3PaJie OBOT
paga. 3axBajHOCT JyTI'yjeM W MOjoj MOPOIUIA Ha 06e3yCJIOBHO] MOAPIII TOKOM CBUX OBHX

TOJIHA.
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I'maBa 1

YBoa

A;LaMapOBaH MaTpuIia je KBaJipaTHa MaTpHIa ca ejleMeHTHMa u3 ckyna {—1,1}, duje cy
cBaKe JiBe pasamdaute BpcTe oproronaiHe. Ilpema Amamaposoj xunoresm AjmamapoBa Ma-
TPUIIA PEJia N ce MOXKe KOHCTpyucatn 3a n = 1,2 u 3a ¢Bako n Je/buBo ca detupu. Oa
XUIIOTE3a je jeJaH O HAJIIO3HATUjUX HEepelIeHuX MMPobieMa MaTeMaTHKe.

Y 0BOM paJiy NpPUKA3yjy Ce HEKe OJ BaXXHWjUX METO/a KOHCTPYKIje AmaMapoBUX Ma-
TpHUIA. YBOJIM Ce 10jaM eKBUBAJEHTHOCTH U M3JIaXKy Ce HEOIXOIHU MaTEMATUYIKU [10jMOBU
u TBphema. [lpukaszyjy ce mporpamcke peajinzalyje HaBeJIEHUX KOHCTPYKIIH]A.

AtaMapoBe MaTpPHIE Ce TPUMEY]Y U M3ydaBajy KaKO y HAyIUd TakKo U y Pas3IMIuTUM
WHIYCTPUjCKUM T'panama. VI3pasuTo cy KOpPUCHE NPUIUKOM IIPOIECYHparba CHUIHAJIA Pa-
VIMYATUX TPUPOJIa Y TEJIEKOMYHHUKAIMjaMa, KOAUPamby, KOMYHUKAIIMOHUM IIPOTOKOJINMA,
KpUNTorpaduju U craTuCcTuiim. AKIEHAT OBOI' paJia je MCKJ/bYUIMBO Ha OIUCHUBAY Pa3jiu-
YUTUX KOHCTPYKIHja ATapoBHX MaTpHUIa y IH/bY TeHepucama MTo Beher 6poja MaTpura
Pa3JIMINTUX PEJIOBA.

!Jacques Salomon Hadamard (1865-1963) - DpaHycKn MaTeMaTHIAD
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I'1aBa 2

A amapoBe MaTpHIle

3a cBaky AmaMapoBy MATpPHILy MOTPEOHO je OMMCATH KOHCTPYKIM]y MOMONY Koje je oHa
nobujena. Koncrpyxkimje ce gecto gobmujajy KopuimhemeM 3Hamba U3 PA3IUIATHX MaTeMar-
TUIKUX 00acTU. Y OBOj INTaBU HABOJE Ce OCHOBHE OIIIITE O3HAaKe, IOjMOBU M TBphema u
OCHOBHE ocobuHe AaMapoBHX MaTPHUIA KOje ce KOPHUCTe y KOHCTPYKIjaMa Koje CJIele.

2.1 Omure o3Hake, IMIOJMOBU 1 TBphema

Osznaunhemo ca:

o 1 nus (BpCTY) KOjU Ce cacToju MCK/bYIMBO OJI jeJINHUIIA.

Apla(i, j)] mau camo A KBaJapaTHy MATPHILy JUMEH3HUjE 7.

o A7 TpaHcrnoHOBaHy Marpuily MaTpuie A.

Jn MATPUILy YNjHU Cy CBU €JIEMEHTH je/IMHUIIE.

e [, jeMHUYHY MaTPUILy JTUMEH3HU]E 1.

e (x,y) omepanujy ckaJapHOr IPOU3BOja u3Mely x u y.
dedunumnuja 2.1.1.

1. 3a mampuuy A xasice ce da je cumempuuna axo je A = AT.

2. Ba mampuuy A xasce ce da je xoco cumempuurna axo je —A = AT.

Hedbununuja 2.1.2. Tpae mampuuye npedcmana 36up eaemenama Ha eaashoj oujazoHant.
n
tr(A) =an +an+- -+ am= Zan’
i=1

Hedbunnmmja 2.1.3. Mampuya Aya(i, j)lo<ij<n peda n je yuxauwna axo je:

a(i,7) = a(0,7 — ¢ mod n)

Hedununuja 2.1.4. Kponexepos npoussod dee mampuue Apxm U Bpxq je mampuya

Cnpxmq
a11B cee alnB

C=A®B= : :
amB - amnB

Koncrpykimje AnamMapoBux MaTpuiia



I'ZIABA 2. AJIAMAPOBE MATPUIIE

00HOCHO,
ai1bir  apbiz oo aitbyy -0 oo abin apbiz - aipbiy
aiibar  artba - anbyg -0 - apbar  ammbae o aipbyg
a11bpr  a1ibpe - anibpg o0 oo abpr aipbp2 -0 ainbpg
C=A®B-=
am1b11  amibiz - - amlblq e Ampbil Gmpbiz - CLmnblq
am1b21  amibae o amibag 0 o0 @mnb21 Amnboz o amnbag
| Am1 bpl Am1 bp2 Tt Aml bpq T amnbpl amnbp2 s amnbpq_

VY cnenehoj jiemu HABOJIE e HEKE 0J1 OCHOBHUX 0cobuHa orepariije KponekepoBor mponssoja
KOje ce KOPHUCTe y JaJbeM pajly MPUINKOM JI0Ka3uBama ojpeherux Tephema.

JIema 2.1.1. 3a mampuye Apxn, Brxs, Cnxp, Dsxt 6aicu:
1. (A® B)(C® D) =AC ® BD.
2. (A B)T=A"® B".

Hoxka3s.
1.
[anB -+ ap,B| [ennD --- cipD
(A® B)(C® D) = Do : P :
lam1 B - amnB] [enD o eppD
[ > h_iakcBD -+ Y7 arpcrpyBD
> he @mkck1 BD - Y00 amicrp BD
2.
annB -+ a1,B 4 annB™ - am BT
(A®B)" = Do o= Do | =A"®B".
am1 B - amnB a1, BT - amp BT

Hedbununmja 2.1.5. Axo je k = i,_12" 44, 02" 2 ... +1i12+19,; € {0,1} ounapnu
sanuc 6poja k, onda ce 6pojy k npudpyorcyje eexmop (g, i1, ... ,in—1) KOju ce 6e3 onacrocmu,
00 3a6yHe 03HAUABA UCTNOM 03HAKOM K.

Hedbununuja 2.1.6. Konauro nowe F je ckyn 0d najmare dea esemenma, ca dse onepa-
uuje + u *, 3a Koju easce caedehe arxcuome:

1. Cxyn F popmupa Abenrosy (komymamueny) epyny 3a onepauujy + u HEYMPALOM
epyne 0.

2. Cxyn F* = F — {0} je Abeaosa epyna 3a onepayujy * u neympasom epyne 1.

3. Baotcu ducmpubymuenu 3axon: 3a cearo a,b,c € F saorcu (a+b)xc = (axc)+(axb).

4 Koncrpykimje AnaMapoBux MaTpUIia



I'VIABA 2. AJAMAPOBE MATPUIIE

Hedbununuja 2.1.7. Konauno nowe F), je xonauro nowe xoje ce cacmoju 0d ckyna R, =
{0,1,...,p — 1} 2de je p npocm 6poj, ca onepayujama * mod p U + mod p, 0OHOCHO HAKOH
onepavuje cabuparba U MHONCENLE PEIYAMAM CE C600U NO MOOJYAY Npocmoez bpoja p.

Cruenujaino 3a p = 2, nosbe Fy npejicrapiba HajMambe KOHAYHO 0JbE YHjU €JIeMEHTH y3H-
Majy BpeanocTu u3 ckyna {0, 1} rie cy 0,1 pesiom aIuTUBHU U MYJITUIIMKATUBHU HEYTPAJIH
oJba

r+0=z,xxl==x

7 omepanyjamMa cabupama U MHOXKEHA 10 MOIYJIY 2.

2.2 OcHoBHEU mOjMOBHU U TBphema 0 AjaMapoBUM MaTpUIlaMa

Hedbununmja 2.2.1. Adamaposa mampuua peda n je n X n mampuuya H ca eremernmuma
us {—1,1} 3a xojy saorcu:

HH™ = nl, (2.1)
OJHOCHO IIPOMU3BO/L CBaKe JIBE Ppa3/InduTe BPCTE UJIN KOJIOHE je 0.

Y cnenehoj jemu HaBOjIe ce OCHOBHE 0COOMHE ATaMapoBHX MATPHUIIA.

1 1
Jlema 2.2.1. Hexa je H Adamaposa mampuua peda n u Hexa je M = [1 _J .

Tawna cy caedeha mepherva:

. / .
1. Axo je mampuuya H dobujena aamenom nexe epecme usu xorone mampuue H, ca uc-
. !
MOM 8PCIMOM U KONOHOM NoMHOHCEHOM ca —1, mada je H Adamaposa mampuua.

2. —H mampuuya je maxohe Adamaposa mampuua.
3. H™ mampuua je maxohe Adamaposa mampuya.

4. Axoje H Adamaposa mampuya peda m, Kponexepos npouszeod H @ H je Adamaposa
mampuya peda m - n.

5. 3a ceaxo t > 1, (®t_, M) ® H je Adamaposa mampuya peda 2'n

6. Axo je mampuua H / dobujena samerom 6un0 Koja dee epcme UAU KOAOHE MAMPUUE
H, mampuya H' je Adamaposa mampuuga.

7. Axo je H, Adamaposa mampuuya peda n > 2, n je denuso ca 4.
Hoxka3s.

1. npemnocmasumo da ce i-ma epcma mhoocyu ca —1. Cranrapru npoussod i-me epecme

ca Camom cobom je:
n

Y (—H(i,k)> => H(i,k)> =n
k=1

k=1
oK je CKAAGPHU NMPOU3BOJ i-Me 8PCME Ca J-MOM KOAOHOM:

n

> —H(i,k)H(k,j) == >  H(i,k)H(k,j) =0
k=1

k=1

Cauvno ce noxasyje u 3a KOA0HE MAMPUUG.

Koncrpykimje AnamMapoBux MaTpuiia 5



I'ZIABA 2. AJIAMAPOBE MATPUIIE

2. Henocpedno ce nposepasa npumernom 2.2.1.1 na cee epcme mampuuye H .
3. Hexa je H Adamaposa mampuua. (H') - (H)Y) = (H'- H)! = (nl,)! = nl,.
4. Hexa cy H' | H Adamapose mampuye pedom peda m,n. Ha ochosy aeme 2.1.1 caedu:

(H @H)H' @H) = (H @H)(H " ®H") = HH ™ @HH" = mI, ®nl, = mnlmy.

v

. Howmo je M Adamaposa mampuya, dokad ciedu NPUMEHOM MAYKE 4 08 MEOPEME
Konauwar 6poj nyma.

6. Bamena 6uno xoje dee 6pcme uAU KOAOHE HE YMUYE HA OPMO2OHAAHOCTL, 00HOCHO
npoussod ceaka Jd6a pazauduma peda usu Koaone ocmage 0, 6e3 0b3upa Ha 3ameHe.

7. Ba ceaxu esemenm npee epcme KOju je He2amusam, NOMpedbHo je NoMHONCUMU KO-
AOHY K0jo] maj eaemenm npunada ca —1. Ha maj nawun dobuja ce mampuuya “uju
CY CBU eACMEHMU MPEE 8PCME JeduHULUE.
Hexa nocmoju i koaona koje nowurey ca (1,1,1,...), j koaona xoje nowury ca (1,—1,1,...),
k xonona xoje nowurey ca (1,1, —1,...) u l xoaona xoje nowury ca (1,—1,—1,...).
C ob3upom na mo da cy epcme opmozonaste dobujamo 36upose:

itji+k+l=n
i—j+k—1=0
itj—k—1=0
i—j—k+1=0

Pewasarwem cucmema jednavuna dobuja ce da je i = j = k =1, us weea nenocpedno
caedu da je n = 4i, odnocro n je desnuso ca 4.

Heke on naBenenunx ocobuHa ce KOPUCTE 3a T'eHepucarbe ATaMapOBUX MATPHIA BUIINX Pe-
JIOBa MOYEB OJ1 jeITHOCTABHU)UX.

. /
Hedbununuja 2.2.2. 3a Adamapose mampuue H uw H ce xaorce da cy exsusaseHmue axo
!
ce H mooice dobumu xonanunum nu3om 3amena 6pcma, 00HOCHO KOAOHG U TLPOMEHOM 3HAKA
epcma, 00HocHo Koaona mampuue H.

Hermocpeao ce Mmoxke BepuduKoOBaTH J1a HaBeJIeHa TeOUHUII]ja TPEJICTAB/bA PEJIAIIN]Y €KBU-
BaJIEHIIT]€.

Hedbunnunuja 2.2.3. Hopmaausosana Adamaposa mampuua je Adamaposa mampuua y
K0JOj ce moMemHa 8pcma U KoAoHa cacmoje camo od +1.

IIpBy roHCTpYKIHMjy AmamapoBux marpuiia objasuo je Cussecrep E| 1867. romaune.

Teopema 2.2.1. Hexa je H,, Adamaposa mampuua peda n onoda je

(2.2)

rakohe Anamaposa marpura pena 2n [2].

! James Joseph Sylvester (1814-1897) - Enrsiecku MaTeMaTudap

6 Koncrpykimje AnaMapoBux MaTpUIia



I'TABA 2. AJIAMAPOBE MATPUIIE

Hoxka3z. Tephere je nenocpedna nocaeduya aeme 2.2.1.4.

IIpemnocmasumo da je H Adamaposa mampuya peda n. Ha ocnosy aeme 2.2.1.8, HT
je maxohe Adamaposa mampuya u 3a 00e Mampuue 8axcu u3 nosaste dedunuyuje Ada-
Mmaposux mampuya da je HH™ = nl,.

T — H H| |HT ]-{T _ nl, +nl, nl,—nl, _on I, O
H —-H||H -HT nl, —nl, nl,+nl, 0 I,

] — 9nl,,.
(2.3)

OBOM KOHCTPYKIIMJOM C€ MOT'Y JIOOUTH MaTpHUIle peja 26 k=1,2,...,n.

ITpumep 2.2.1. Adamapose mampuue peda 1,2 odnocro 4 cy:

1 1 1 1
[1} 1 1 1 -1 1 -1
1T —1]7 |1 1 -1 -1
1 -1 -1 1
I'paduuaku ce AmamapoBe MaTpHIlE MOT'Y IIPEJICTABUTH TAKO IITO HETATHBHU €JIEMEHTU Ma-

TpHUIle IPEJCTaBe MPHUM a IMO3UTUBHU ejieMeHTr OesinM KBajpaToMm. |'padutdka mpeicrasa
Marpuia n3 npuMmepa 2.2.1 npukasana je ciemehoj caumm:

Cnuka 2.1: Amamapose maTpurie u3 npumepa 2.2.1.

Koncrpykimje AnamMapoBux MaTpuiia 7






I'maBa 3

Koncrpykiiuje

Y 0OBOj TJIaBU OIUCAHE CYy Haj3HAUajHUje KOHCTPYKIHUje ATaMapoBUX MAaTpHUIA KOje reHe-
pHUIlly BeJIMKH OPOj PA3JIMYUTUX PEJIOBA. 3a CBAKy KOHCTPYKIUjy HM3JIaXKe Ce HEOIIXOJHA
MaTeMaTHIKa TeopHja W HpUMepU. 3a BeNWHY KOHCTPYKIIMja JIOKA3aHA j€ HUXOBA KO-
PEKTHOCT JOK TaMO TJE je JOKa3 M30cTao HaBomu ce pedepenta. CBaka KOHCTPYKITHAja
je mpaliera 1iceyTIOKOIoOM 1 rpadUdKoM pernpeseHTanujoM AmaMapoBe MaTpuIle Kojy KOH-
CTPYKIIja TTPOU3BOJIH.

3.1 CuaBecTrepoBa KOHCTPYKIHja

Cungecreposa (Sylvester) xoncrpykimja renepuite dbamuinjy marpuna peja 20 : ¢ > 1.
Kao mrro je pedeno, davmimja AmaMapoBux MaTpHIla Ce jeTHOCTABHO KOHCTPYHUIIE TAKO
IIITO Ce UTEPATUBHO MpuMerbyje KpoHeKepoB mpons3Bo/.

1 1 Hor—1 Hoyr1
H1 - [1] ,Hz = |:1 _1:| ,H2k = |:sz_1 _sz_1:| - H2 ®H2k—1.

Jeslan oJ1 HaUMHA NOroJIaH 3a PadyHapCcKo renepucame CHiIBeCTEPOBUX MATPHIIA CE OCIAA
Ha apUTMETHKY y KOHAYHOM I0Jby Fb.

Teopema 3.1.1. Axo ce eaemernmu Hye undexcupajy npupoonum bpojesuma 0 < i < 28 —1
2de ce i,j npedcmase y bunaproj gopmu xopucmehu deunuyugy (2.1.5), npu wemy i uc-
mospemeno npedcmasna u 6exmop 00 t bunaprur yudapa 6poja i, onda ce Modce KOHCMPY-
ucamu Cuasepcmeposa mampuya peda 20 xopucmehu:

Hy = [(*1)<i’j>]ogi,j§2t—1- (3.1)

Hoxkas. Hexa cy u,v spcme mampuue H undexcupare sexmopuma o, Ty dobujene wHa
ocrosy degpunuyuje (2.1.6):

w= () () g = (1)) (1)),

Henocpedno ce noxasyje da je

n n

(Tg, Tp) = Z(_l)(zi7$a>+<$ia$b> — Z(_l)@i’za—i-zb)-

i=1 =1

Axo je a = b caedu da je cxanrapru npousod 0 u nasedena cyma je n. YV cynpommom
Zq + Tp Je ne-nyaa epednocmu u nu3d (T1,Tq + Tp), ..., (Tn, Tq + Tp) cadpotcu nodjednaru
6poj nyaa u jedunuya na 0chosy ueaa je (xq, xp) = 0 wmo 3a0060ma6a 0cHo6HY dedunuiujy
Adamaposuxr mampuua.

Koncrpykimje AnamMapoBux MaTpuiia



I''IABA 3. KOHCTPYKIINJE

IIpumep 3.1.1. Adamaposa mampuua peda n = 4

( 1) (00,00) ( 1)(00,01) ( 1)(00,10) ( 1)(00,11)

( 1) (01,00) ( 1)(01,01) ( 1)(01,10) ( 1)(01,11)

Hy = (=1){10.00) (_1)(10.01) (_1)(10.10) (_q){10.11)
1)(11,01) 1)(11,10) 1)(11,11)

(1)<1100) (— )11,01 (— )11,10 (— )11711

I'pacduuka pempeseHTaIrja MPETXOIHO JOOUjeHe MAaTPUIlE je MPUKa3aHa Ha cauiu 3.1.

Chauka 3.1: AmamapoBa marpuria pejga 4 gooujera CHIBECTEPOBOM KOHCTPYKIIA]OM.

Crenu ajropuraM y ICEYI0KOIY KOJU OIUCYje MPUKA3aHY KOHCTPYKIIA]Y.

Agroputam 1 CuyiBecTepoBa KOHCTPYKIIIja

1: procedure SILVESTER(n)

2 > Vias: n - guMensuja AjaMapoBe MaTpPUIE KOjy T'eHEePUIIeMo.

3 Hlh(i,5)] =0

4: for i + 1ton do

5: for j + 1 ton do

6 b; = binary(i) > Bunapna penpesenrtanuja 6poja i
7 b; = binary(j) > Bumapna penpesenrtanmja 6poja j
8 H[h(i, j)] + (=1)0uba)

9: end for

10: end for

11: > Msznaz: H - Anamaposa marpura gobujena CuiBecTepoBOM KOHCTPYKITHJOM.

12: return H

13: end procedure

3.2 IlanejeBa KOHCTpPYKIIHja

[Tamnej (Paleyﬂ) je 1933. ommcao KoHCTPYKIHUjy Koja je nopejsi CuaBecTepoBe KOHCTPYKIIH]je
jenna on Haj3Havajuujux. KoHcTpyKIinja ce 3acHUBa Ha KBaJIPATHUM ocTanuMma u JlexkaH-

!'Raymond Edward Alan Christopher Paley (1907-1933) - Enrnecku mMaremarniap
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JipoBOM cuMboJTy uuje cy JeduHuImje onucaHe y HACTABKY.

Hedbunnmmja 3.2.1. Hexa je a € Z,. Ako wonepyenuuja x> = a mod n uma pewerve
onda ce 3a a wasce da je xsadpamuu ocmamar no modysy n. Axo pewere He NOCMOju
onda ce Kasice da a Huje Keadpamru 0CMamar no Mooysy n.

Hedbununmuja 3.2.2. Hexa je a npupodan 6poj u nexa je p npocm. Jlescandpos cumbon,
a

Y 03HAUU <5> ce deuwe Ha credehu HavuH:
1, axo je a xK8adpammu OCMaMaK
a
() =4 —1, ako a nuje xeadpamuu ocmamax (3.2)

p
0, axo jea =0 (mod p)

Cnenn nedpunuimja JakoOIITaIoOBe MaTPHUIIE:

Hedbununmja 3.2.3. Hexa je F xonauno nome peda p, 2de je p cmenern npocmoz bpoja
wuju cy eaemenenmu i,0 < i < p— 1 u nexa je x(a) = %) Keadpamny ocmamax Had

nomem. Hexa je mampuua Q, Jaxobwmanosa mampuya deunucana uapa3om:

x(0-0)  x(0-1) ... x(0—jp-1)
1-0 1-1) ... 1—jp
Q = [x(i,)]o<ij<p—1 = A ) A ) X 1): (3-3)
X(ip—1—0) x(ip-1—1) ... x(ip—1 — Jp-1)

Hapeana jema omucyje ocHOBHE ocobuie JakoOITaaoBe MaTpuie.
Jlema 3.2.1. Hexa je Q = [x(%, J)]o<ij<p—1 Jawobwmanrosa mampuya.
1. Axo je p = 3 mod 4, mampuya Q) je Koco cumempuyHa.
2. Ako je p =1 mod 4, mampuua Q je cumempuuna.
3. QJp—1=Jp—1Q =0
4. QQT = (p—1)Ip—1 — Jp1

5. 3a mampuyy S = {IS _22] saorcu S? = sl, 1.

Hoka3 nasejiene jieme Moxe ce BujeTu y Kibusu [4].
Teopema 3.2.1. Ilasejesa xoncmpyxuyuja Adamaposur mampuya.

e Axo je p =3 mod 4, onda je

1 -1

Adamaposa mampuya peda p + 1 noswama xao Hanej I mampuia.
e Axo je p=1mod 4, onda je

p_[SH s S—Ipm
PTS— Iy —S—1I

Adamaposa mampuua peda 2(p + 1) nosnama xao I[anej II mampuuya.

Koncrpykimje AnamMapoBux MaTpuiia 11
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Hoxka3s. /loxas ce 3achusa Ha aemu 3.2.1:

=3 (mod 4)

e Hexa je p

(p+ 1)Ly

0

0 (p+1)I,

p+1

|

.

QT+ 1,

1
1

I Q+IpH

HHT

=1 (mod 4)

e Hexa jep

2(p+1)12(p+

|

o o~
S
~
[
+
IS8
(]
~—

— O

S

~

—~

[}

+

p

[\l

—

| —

S —1Ipn
=S —Ip

S+ It
S = Ip

I

S = Ipn
=5 = Ipt1
IIpumep 3.2.1. Ilasej I xoncmpyxyuja p =7

I
S = Ipt

HHT:[

JakobiragoBa MaTpuIa:

<R )R XX

o~~~ o~~~ —~

<

-1 -1
—1

0
1

-1
-1

0
1

-1
-1
0

0
1

-1
—1

0
1

—1

-1

-1
—1

-1

Hakon 3amene nobujene marpuie y (3.4) mobuja ce Anamaposa Marpuna peja 8.

-1 -1 -1 -1 -—1]

-1
-1

-1 -1
-1

1
1

1
1

-1
-1
1

1

1
-1
-1

—1
-1

1
1

1
1

—1

1

1

-1 -1

1

I'pacduuaka pempesenTaruja gobujene MaTpUIle je MPUKa3aHa Ha, CJIUIA 3.2

Koncrpykimje AnaMapoBux MaTpuIia
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Cnuka 3.2: Amamaposa marpuiia pejga 8 nooujera Ilamnej I koncTpykIimjom.

IIpumep 3.2.2. Paley II xoncmpyxuyuja p =5

Jakobmrragosa marpuita () U MaTpuiia S:

— - O
[

—— O~ -
_ |

1
0
1
-1
-1

1 -1 -1
-1

0

0

—1

1

-1 -1
—1

1
1

0

-1

1

Hakon 3amene marpuna Q u Sy (3.5) pobuja ce marpuna pega n = 12:

1 -1 -1
-1

—1

-1

1 -1 -1
-1

1

1

—1

1

—1

1

-1
-1
-1
-1
-1
-1

—1

1

1
-1
-1
-1
-1
—1
-1

1

-1 -1
-1

1
1

—1
—1

1
-1
-1
-1

-1

1

—1

-1

1
1
-1
-1

1
-1
-1

1 -1

—1

—1

—1
-1
—1

1
-1

-1
-1
-1

1
1
-1

1

—1
-1

1
1

-1 -1
-1

1
1

1

1 -1

-1

1

I'pacduuka pernpesenTariuja godujene MaTpUIle je MpuKa3aHa Ha CJIUIHA 3.3
Cnenehu niceymokos npersienno onucyje IlanejeBy koHCTPYKITH]jy.

13
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Agropuram 2 [lasmejoBa KOHCTpyKIHTja

1: procedure PALEY(q)

2: > Ca cumbosiom 0 03HaAYaBaAMO MaTpUILy Koja ce cacToju camo o 0.
3: > Ynaz: q - [Ipoct 6poj

4 P+0

5 Q<+0

0 -1
6: S« [TT Q]
7.

> Koncrpyknuja Jakobiraigose MaTpuiie
for i < 1 to g do
for j < 1toqdo

10: Qla(i, j)] < x(@ —j)

11: end for

12: end for

13: if ¢ =3 mod 4 then

14: > T'enepucame Ilasej I maTpure

1 -1

15: P+ [TT 0 +Ip]

16: else if ¢ =1 mod 4 then

17: > Temepucame Ilajej I marpure

18: P« {S Tl 5 Ip“]
S—Ipt1 —S—1In

19: > Nznaz: P - Anamapose marpuria gobujera [lajgejoBoM KOHCTPYKITAjOM.

20: return P

21: else

22: return null

23: end if
24: end procedure
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Cnuka 3.3: Amamaposa marpuiia pega 12 modujena Ilamej II korCTpyKIHjoM.

3.3 BuimjamMcoHOBa KOHCTPYKIIUja

Koncrpykimja ce 3acHrBa Ha TPOHAJIAXKEILY MATPHIIA KOje 33/I0BOJbABA]y OJIpeheHn CKyI
ycsioBa. Buimjamcon (Williamsm]@ je objaBuo oBy KoHCTpyKImjy 1944. romuse [5], mehy-
THM IbeHa MON II0CTaje JIOCTYIIHA Ca Pa3BOjeM PadyHapCTBa, IapajeHuX U JUCTPHOyHpa-
HUX aJITOPUTAMa KOJU BPIIE MOTPAry 3a MaTpHUIlaMa Ha OCHOBY ciefelie jgeme:

Jlema 3.3.1. Hexa cy A, B,C, D cumempuune mampuuye wuju cy eaemenmu -1 uau +1
peda m 3a Koje 8axtcu:

XY"=YX" XY € {A, B,C,D}. (3.6)
U
AA"+ BB" +CC" + DD" =4nl, (3.7)
Tada je mampuya
A B C D
o b 4 p @9
-D -C B A

Adamaposa mampuua peda 4n.

Hokas. Hexa cy A,B,C,D mampuue 3adame xao y npemzodnoj semu. Ha ocnosy jedna-

2John Williamson (1901-1949) - Enrsieckn MaTeMaTmIap
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xocmu 3.7 u depunuyuge 2.2.1 saorcu:

A B C D A B C D
. |-B 4 -p c¢||-B a4 -D c| _
HH" = —C D A —-B e D A —-B|
-D —-C B Al |-D —-C B A
1 0 0 O
(A2 2 2 2,10 1 1 1|
@B DY) o o] =
00 0 1
1 0 0 0
= (AA™+ BB +CCT+DD7) |0 o1 o] =40 (3.9)
0 0 0 1

Baxkan /1e0 KOHCTpyKIHje je MpoHAJaXKemhe MAaTPUIA U3 IPETXOIHE jJeMe. Y Pajay ce Ko-
pucte Beh mosHaTH MambU PEJOBU KOJU ce MOTY Ipey3eru u3 Beb apxube X. KoykoBuHyca
[6]. HaBenena apxusa cajp:ku 1o3uare Marpuie pega n < 63 u takole cy npejcrapbeHe
y momarky b oBor pama. Ilomenyre maTpuile mocenyjy pasHe KOPUCHE OCOOMHE W jaKO CY
BasKHe ¢ 003UPOM Ha TO JIa C€ MOT'Y KOPUCTUTHU U Y JIPYTUM KOHCTPYKIjaMa.

Ilpumep 3.3.1. Adamaposa mampuua peda 12 dobujena Buaujamcosom memodom.

Y cienehem mpumepy Kopucte ce cucremn matpuiia A,B,C,D pesa n = 3 Koje 3a/10B0/baBajy
yciose Jieme 3.3.1 u Takohe cy J1eo IPeTXOHO HaBEJIeHE apXUBe.

1 11 1 -1 -1
A=1|1 1 1{,B=C=D=|-1 1 -1
1 11 -1 -1 1

C obzupom Ha To ma cy marpure B,C, D jennake u ja cy cse cumerpuune A = A B =
BT, C=C",D = D7, 10BOJbHO je IIPOBEPUTHU A BaXKU:

AA+BB+CC+ DD =AA+3BB =121, AB=BA

Hemnocpenno ce nmposepasa 1a je:

~1 -1 -1
AB=|-1 -1 —-1| =BA
~1 -1 -1
3 3 3 3 -1 -1 12 0 0
AA=|3 3 3| ,BB=|-1 3 —1|,AA+3BB=|0 12 0| =121
3 3 3 -1 -1 3 0 0 12

Bamenom matpuna A, B,C, D y (3.8) nobuja ce Anamaposa marpuria Hig

16 Koncrpykimje AnaMapoBux MaTpuIia
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1 1 1 1 -1 -1 1 -1 -1 1 -1 —1]
1 1 1 -1 1 -1 -1 1 -1 -1 1 -1
1 1 1 -1 -1 1 -1 -1 1 -1 -1 1
-1 1 1 1 1 1 -1 1 1 1 -1 -1
1 -1 1 1 1 1 1 -1 1 -1 1 -1
Hyy = 1 1 -1 1 1 1 1 1 -1 -1 -1 1
-1 1 1 1 -1 -1 1 1 1 -1 1 1
1 -1 1 -1 1 -1 1 1 1 1 -1 1
1 1 -1 -1 -1 1 1 1 1 1 1 -1
-1 1 1 -1 1 1 1 -1 -1 1 1 1
1 -1 1 1 -1 1 -1 1 -1 1 1 1
1 1 -1 1 1 -1 -1 -1 1 1 1 1

['pacduuka pemnpesenTariuja godujene MaTpuIle je npukasaHa Ha cauiu 3.4

Crnuka 3.4: ApmamapoBa marpuna pejna 12 nobujeHa BumjaMcoBOM KOHCTPYKITHjOM.
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IIceynokon BunmjamcoBe KoHCTPYKITHj€:

Aaroputram 3 BuinjamMcoBa KOHCTPYKIITja

1: procedure WILIAMSON(A,B,C,D)

2: > Ynaz: AB,C,D marpure koje 3aj0BosbaBajy (3.6)

A B
—-B A
3: H + _C D
-D —-C
4:
5:
6: return H
7: else
8: return null

9: end if
10: end procedure

C
-D
A
B

D
C
-B
A

if AA"+BB™ +CC"™ + DD" = 4nl, then

> Msznaz: H - Anamapose marpuria jiobujena BujimjaMcoBoM KOHCTPYKITHjOM

3.4 Baymeprt/Xo0s KOHCTPYKIIHja

Teopema 3.4.1. Hexa cy A,B,C,D cumempuune mampuuye wuju cy ceu esemenmu -1 il
+1 peda n xkoje mehycobrno womymupajy. Baymepm/Xoa (Baumerﬂ /Halﬁ) Adamaposa
mampuya peda H peda 12n je mampuya caedehez obauxa.

QU=

—C

mako da 3a mampuue saotcu: AAT + BBT + CCT + DD" = tr(H).

A
—A
-B

A
B
—A
—A

B
—A
A
—A

QQ

-B

|
sy

|
QAQWQE =TT

|
QT

c
-D

—C
D
-B

A

-D
—C
B
C
C
—A
A
—A

B
-B
—C

C
—-C
-D

B
-D

A

A

A

D

c
-D
-D
-B

B

C

C

B

A
—A
-D

A

-D

—C
C
—-B
—C
B
D
-B
A

., (3.10)

Hoxkas. Henocpedho ce nposepasa da ce mnooicervem Baymepm/Xoa Adamapose mampuue
Ca HEHUM MPAHCIOHAMOM J0OUJE MAMPUYG YUJU CY CEBU EAEMEHMU OCUM EAEMEHAME HA
2aa6H0j dujazonant, 0.

H = (3A% + 3B% + 3C? + 3D?)I,

C obaupom 1a mo da cy mampuuye A,B,C,D cumempuune, cAuYHO K0 WMO je NoKa3ano y

doxasy 3.3.1 easrcu:

3A% +3B? +3C%4+3D*=3-(AA" + BB™ + CC™ + DD") = 3 -4nl, = 12nl,,.

IIpumep 3.4.1. Adamaposa mampuua peda 36 dobujena memodom.

3Leonard Daniel Baumert - AmMeprdxu maremMaTuaap
“Marshall Hall, Jr. (1910 — 1990) - AMepHYKH MaTeMaTHIAD
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36 nocmuoice ce xopuwhervem mampuua A, B,C, D

Koncmpykuyuja mampuue peda n

D Ycao8 KOMYmamueHoCImuy,

:C:

u3 npumepa (3.5.1). C obzupom na mo da sascu B
je ucnyrwen axo je AB = BA, wmo je maxohe nokazano y (3.3.1). Tpae mampuue je

AAT+ BB+ CC"™ 4+ DD™ = 36, u

HH™ = 3613

Ceu ycaosu meopeme cy ucnyrenu na ce damerom mampuya A, B,C, D y (3.10) dobuja

ce Adamaposa mampuua peda n

= 36.

1 -1 -1 -1

1 -1 -1

1 -1 -1 -1

1

1

1 -1 -1 -1

1

1 -1 -1

1 1 -1 -1 -1

-1

1

1

1 -1 -1 -1

1

1 -1 -1 1

1

1 -1 -1

1 -1 -1 -1 -1

1 -1 -1 -1 -1

1 1 -1 1 1 -1
1 -1 -1 -1 1

1
1

1 -1 -1 -1

1 -1 1

1
1 -1

1
1

1 -1 -1 -1

1 -1 -1 -1
1 -1 -1 -1
1 -1 -1 -1 -1

1 -1 -1 -1 -1 -1

1 -1

1
1 -1
1

11 -1 -1 -1

1
1
1

1
1
1

1
1
1

1

1 -1 1 -1 1 -1
1 -1 -1 -1

1 -1

1 -1 -1 -1

1 -1

1

1

1 -1 -1 1 -1 -1 1 -1 -1 1 -1 -1 -1

1 -1 -1

1 -1 -1 -1 -1 -1 -1

1
1

1

1 -1 -1 1 -1 -1 1 -1 -1

1 -1 -1

1 -1 -1 -1 -1 -1 -1 -1

1 -1

1 -1 -1 1 -1 -1 1 -1 -1 1 -1 -1
1 1 1 -1 -1 -1

1 -1 -1 -1 -1 -1 -1 -1 -1
1

1
1

1

1

1

1

1

1

1

1

1 -1 -1 1 -1 -1 1

1

1 -1 -1 -1

1 -1 -1

1

1

1 -1 -1 -1 -1 -1 -1

1 -1 -1 -1

1

1 -1 -1 1

1

1

1 -1 -1 -1

1 -1 -1 -1
1

1
1

1 -1 -1 -1
1

1 -1 -1 -1 -1 -1
1

1 1
1 1

1 -1 -1 -1 1
- 1

1
1

1
1

1 -1 -1
1

1 -1 -1

1 -1 -1

-1

1 -1 -1 -1

-1

1 -1 1 -1
-1

-1

-1

1 -1 -1 -1 1

1

1

1 -1 -1 -1 -1 -1 -1 -1

1 -1 -1 -1 -1 -1 -1
1 -1 -1 -1 -1 -1 -1

1
1
1

1
1
1

1 -1 -1

1

1 -1
1 -1 -1 -1

1 -1

1 -1

1

1 -1 1 1 -1 1 -1 1 -1
1 1

1
1

1
1

1 -1 -1 -1

1

1

1
1 -1

1 -1 -1 1 -1 -1 -1
1 1 -1 -1
1

1 -1 -1 -1

1 -1

-1
1

1

1 -1 -1 1

11 1 1 1

1

1 -1 -1

1 -1 1 1 -1 1
1 -1 -1

1 -1

1 -1 -1 -1 -1 -1

1 -1 -1 -1

1 -1 -1 -1

1 -1 -1

1 -1 -1
1 -1 -1

1 -1 -1
1 -1 -1

1 -1 -1 -1 -1

1 -1 -1 -1 -1

1 -1 -1

1 -1

1 -1 -1 -1

1 -1 -1 -1 -1 -1

1 -1 -1 -1

1
1
1
1

1
1
1
1

1 -1 -1 -1 -1 -1 -1

1

1
1
1

1 -1 -1 -1
1 -1 -1
1 -1 -1 -1 -1

-1

1

1 -1 -1

1 -1 -1 -1

1
1

1

1

1
1

1
1

1 -1 -1

1 -1 -1

1

-1 -1 -1 1]

1

1

1

1

1

1

1

1

1

-1 1 1 -

1

1

1

1

1

-1 1 1 -

1

1

Cimka 3.5: Anamaposa marpuiia pena 36 mobujena Baymepr/Xol KoHCTPYKITHjOM.

Hszs =

1
I'paduaka perpesenTanuja 100MjeHe MATPUIIE je TTPUKA3AHA HA CJIUIA 3.5.

[Iceymokon Koju onucyje HaBeaeHy KOHCTPYKIIHjY:
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Ausropuram 4 Baymepr/Xol koncrpyxkimja

1: procedure BAUMERTHALL(A,B,C,D)

2: > Vaasz: A,B,C,D marpuie xoje mehycobro KomyTupajy

[ A A B -B C -C -D B C -D -D
—-A B -A -B -D D -C -B -D -C -C
—-B —A A -D D -B B -C -D c -C

A
A
A
B A -A -A D D D ¢c ¢ -B -B -C
B -D D D A A A C -C B -C B

5 e B C -D D A -A C -A -D C B -B
D -C B -B A —-C -A A B C D -D
-C -D -C -D c A -A -A -D B -B -B
b -¢c -B -B -B C (C -D A A A D
-D -B c ¢ ¢ B B -D A -A D -A
c -B -¢c C D -B -D -B A -D -A A
-C -D -D c -¢c -B B B D A —-A A

4: > [Iposepa yciosa jeme 3a marpuie A,B,C,D

5: trace < tr(AA™ + BBT + CC™ + DD7)

6: H,«— HH™

7: if Hy(hy(i,1)) = trace, 3a ceako i then

8: return H

9: else

10: return null

11: end if

12: end procedure

3.5 HToBa KOHCTPYKIIHja

Canuno xao Bumjamcosa, I/ITOBaE] KOHCTPYIIKH]ja Ce 3aCHUBA Ha MPOHAJAXKEHY MaTPUIlA
KOje ucmymanajy oapehenu ckyn yciosa. Marpuie nobujene MtoBom meTonom ce Takobhe
y auteparypu cpehy kao marpure tumna Q.

Jlema 3.5.1. Axo nocmoje cumempuune yursuune mampuye A, B,C, D peda n wuju cy
ceu eaemenmu -1 uau +1 3a xoje eastcu:

AB"4+CD" = BA™ + DC™ (3.11)
mada je Mampuya:
A B C D
R I (e (3.12)
D™ C"™ —-BT -—-A"
Adamaposa mampuya reda 4n.

Hoxka3z. IIpemnocmasumo da je mampuua H Adamaposa mampuua. Henocpedno ce npo-
eepasa da je
HHT = (A? + B> + C? + DI,

C 063upom wa mo da cy mampuue A,B,C,D cumempuune sasrcu:
HH™ = (A4 B?>+ C? + D*)I,, = (AA" + BB™ + CC™ + DD7) = 4nl,,.

5Noboru Ito - Jamancku MaremaTugap
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Y ny6smkosanom pauy|[7] Uro kopucru marpuie jpobujene Paley II meromom. Hasomu ce
jemHocTaBHuju puMep Tie ce Kopucre A, B, C, D marpune u3 (3.4).

IIpumep 3.5.1. Adamaposa mampuya peda 12 dobujena Umosom memodom.

Hexa je:
1 11 1 -1 -1
A=11 1 1|,B=C=D=|-1 1 -1
1 11 -1 -1 1
C o63upom Ha TO Ja cy marpune A, B, C, D nukJIMIHe 1 CHMETPUIHE YCJIOBH JIEME C& CBOJIE
HA:
AB”T = BA"”
Jlako ce moka3zyje ma:
-1 -1 -1
AB"=|-1 -1 —-1|=BA"
-1 -1 -1

Bamenom marpuna A, B,C, D y (3.12) nobuja ce Anamaposa marpuria Hig

1 1 1 1 -1 -1 1 -1 -1 1 -1 -1
1 1 1 -1 1 -1 -1 1 -1 -1 1 -1
1 1 1 -1 -1 1 -1 -1 1 -1 -1 1
1 -1 -1 -1 -1 -1 1 -1 -1 -1 1 1
-1 1 -1 -1 -1 -1 -1 1 -1 1 -1 1
-1 -1 1 -1 -1 -1 -1 -1 1 1 1 -1
1 -1 -1 -1 1 1 -1 -1 -1 1 -1 -1
-1 1 -1 1 -1 1 -1 -1 -1 -1 1 -1
-1 -1 1 1 1 -1 -1 -1 -1 -1 -1 1
1 -1 -1 1 -1 -1 -1 1 1 -1 -1 -1
-1 1 -1 -1 1 -1 1 -1 1 -1 -1 -1
-1 -1 1 -1 -1 1 1 1 -1 -1 -1 -1

I'paduuka pernpesenTanyja 1006HjeHe MaTpUIle IPUKA3aHa Ha cuiy 3.6

Cnuka 3.6: AmamapoBa MaTpuria pefa 12 modbujena MTOBOM KOHCTPYKITHjOM.
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AgropuraMm 5 VTo KOHCTpyKIHja

1. procedure ITO(A,B,C,D)
2: > Vaaz: Hukmnawe A B,C,D marpure
A B C D
B -A D -C
cT -DT —-A" BT
D" CcT —-BT -—-A"
4 if AB"4+CD™ = BA™ + DC7 then
5 return H
6: else
7 return null
8
9

3: H +

end if
: end procedure

3.6 ExamxoBa KOHCTPYKIIHja

ExyimmxoBa KOHKCTyKIMja ce 3acHUBa Ha cienehoj Teopemu:

Teopema 3.6.1. Hexa je A,, = [(a(i,j)] xoco cumempuuna mampuua dumensuja m 20e
3a esemenme 6adicu ay; = 0,a;; = 1,5 # @ u

A AT = A2 =ml, — Jn. (3.13)
Hexa je J[j(k,1)] = +1 mampuya wuju cy ceu eaemenmu jednarxu +1. Axo je G xoco
CUMEMPUYHA MAMPUYA 00AUKE TMAKO 06 6a2HCU:
. 1 I
. [_TT . G] (3.14)

u neka je K xoco cumempuuna Adamaposa mampuya peda n+1 u (n—2) =m = q
1 mod 4 2de je g cmenen npocmoe 6poja, NPy wemy BaNHCU:

K=A4,0G+1, @Iy —Jn) + Jn® I, (3.15)

mada je H Adamaposa mampuua peda (n —1)?

1T
H=|- 3.16
oK (3.16)
Ba moka3 suzetn [§].

Y cnenehem npumepy marpuie A, G cy Jakobmrrajgose marpuie kKoje ce gobujajy Paley 1

u Paley Il meromoma ca ¢ = 7 u ¢ = 5 onnocuo uaj, Fr u Fy koje ce cpehy y npumepuma
3.2.1u 3.2.2.

IIpumep 3.6.1. Adamaposa mampuua peda 36 dobujena memodom Exauza.

T0 -1 -1 1 -1 1 1]

0 1 -1 -1 1 1 0 -1 -1 1 -1 1

1 0 1 -1 -1 1 1 0 -1 -1 1 -1
A=|-1 1 0 1 -1|,G=|-1 1 1 0 -1 -1 1
-1 -1 1 0 1 1 -1 1 1 0 -1 -1

1 -1 -1 1 0 -1 1 -1 1 1 0 -1
-1 -1 1 -1 1 1 o0
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Jlako ce OpoBEpaBa Jia BazKn

-1

-1

-1

—1

4
-1

-1
-1
-1

4
-1

-1
-1

4
-1
-1

4 -1
-1 4
-1 -1
-1 -1
-1 -1

A2 =515 — J5 =

AAT =

Hasbe je

0 -1 -1

-1

-1
-1

-1

0

-1 -1

1

1 -1 -1

-1

-1

-1

0

-1 -1 -1

0

-1

-1

0

-1

-1

-1

-1 -1

0

0 -1 -1

0

-1

-1

-1 -1

0

1 -1 -1

-1

-1 -1

0

-1

-1

-1

0 -1 -1 -1

1

-1 -1

0

-1
-1

-1

0

-1

0

-1

0 -1 -1

0

-1

-1

0o 0 -1

0

-1

-1

-1

-1 -1 1 -1 -1 -1

0

-1 -1

0

1 -1 -1
-1

-1

-1

-1
-1

-1

-1

-1

1

0

0

0 -1 -1
-1

-1
-1

-1

1 -1 -1 0 -1 -

-1

0

-1

1 0 -1 -1

1

0 -1 -1

1

-1

-1

-1 -1

0

-1 -1

0

-1 0 -1 -1

-1

0

-1

-1

-1 -1

0

-1 -1

0

-1

-1

-1

-1

-1 1 -1
-1 -1

-1
0

-1 -1

0

-1

-1

-1

-1

-1

—-1

-1

-1

—-1

-1

-1

-1

-1

-1

1 -1 -1 -1 -1 -1 1 1 -1 -1

-1

-1

-1

-1 -1

1

1 -1 -1

-1

-1 -1 1 1 -1 -1

1

-1 -1 1 -1 -1 -1 -1

-1

-1

-1

-1

1 -1 -1

-1

-1 -1 -1 -1 1 -1 -1

-1

1 -1 -1
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-1

-1

-1

-1 -1 -1 -1 -1 -1 1 -1 -1
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1 -1 -1
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-1 -1 1 -1 -1 -1

1

-1 1 -1 -1 -1 1 -1 -1 -1 -1

-1

-1

-1

-1

-1 -1 -1 1 -1 -1

1

-1 -1 -1 -1 -1 -1 1 -1 -1

1

-1

-1

-1

-1

-1

-1

-1 -1 -1 -1 -1 -1

1

-1

-1

-1 -1 -1 1

-1

-1

-1

-1

-1

-1 1

-1

-1 -1

1

-1
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1
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1
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1 -1 -1

-1
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-1
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1
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-1

-1

-1
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-1

Hsg

TjOM.

3.7

Je IIpnKa3aHa Ha CJIMIA

€HE MaTpHuIe

Amamaposa MaTpuna pefa 36 qobujena EXTUXOBOM KOHCTPYKIT

I'pacduuaka pemnpesenTaruja 100u]
Cruka 3.7:

IIceymokom Koju orucyje HaBedeHy KOHCTPYKII]Y
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Asropuram 6 ExiinmxoBa KOHCTPYKIIMja

1: procedure ECHLICH(A,G)

2 > Yaa3: Marpune A, G nobujene ump. Ilamej I u Ilamej IT meTomama

3: if AA™ = A? then

4: K=A,0G+ I, ® (I, —Jp) + Jn® I,

5 > Uznaz: Amamaposa marpuria qo6ujena EXTUXoBOM KOHCTPYKITHjOM

6: return [-.1 1]
1" K

7: else

8: return null

9: end if

10: end procedure

3.7 Terasc/Cajai KOHCTPYKIIja

letasic-Cajmr (Goethalsﬁ/ Seide][]) KOHCTPYKIIAja IpeJCcTaB/ba reHepaiu3anujy Buamjam-
cOoBe KOHCTpyKIje. AjamapoBe MaTpuie J00HjeHEe OBOM METOJIOM Ce Takole Ha3uBajy
letasc/Cajan marpure.

Teopema 3.7.1. Hexa cy A, B,C, D yuxauune mampuye peda n maxo da 8axcu:

AAT + BB +CC" + DD = 4nl, (3.17)
Hexa je mampuua R, maxsa da cy joj jeduru He-nyaa esemenmu jeduruye na cnopednos
dujazonanu.
o 1, akoi+j=n+1
R =[r(i,j)] { (3.18)
0, y cynpomnom
TI'emanc-Cajon mampuya je Adamaposa mampuua caedehee obauka:
A BR CR DR
—BR A DR -C7
H= —CR —-D'R A B™R (3.19)

-DR C™R —-B"R A

Ba goka3s Buzgern [9)].

C ob3upom Ha 1O Ja cy matpure A, B, C, D muknudane 1j. onpehene cBojoM MPBOM BPCTOM
JOBOJHHO UM je crienucunuparu npBy BpcTy. [loTpara 3a modeTHrM BpcTamMa OBUX MaTPHUILA
j€ HemmocpeaHo IMOBe3aHa Ca ay TOKOPEIAIMOHIM (QyHKIHjaMa.

Hedbunnimja 3.7.1. 3a 3adam nuz A = (ag,ai,...,an—1) Oyostcune n, Henepuoou Ha
aymoxopeaauuona dynxuuja N je 3adama uspasom

n—1—s
aitits, s =0,1,....,n—1
Na(s) = &, Gt (3.20)

0, axo je s > n.

Heduuaunuja 3.7.2. Yemupu nusa A, B,C, D wuju cy ceu esemenmu -1 uau +1 pedom
dyorcure n+ p,n + p,n,n cy 6a3HU HU3OBU AKO:
(Ngo+ N+ N¢+ Np)(s) =0,s > 1. (3.21)

6J. M. Goethals - Xosancku MaTeMaTudap
"Johan Jacob Seidel (1919 - 2001) - Xoanacku MaTeMaTHIap
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Hedununuja 3.7.3. Yemupu nusa A, B, C, D wuju cy ceu eaemernmu -1 uau +1 dyosrcune
n cy maxossany T nu3zosu axo:

(NA—FNB—FNc—i-ND)(S):O,SZl. (3.22)

Hedbununuja 3.7.4. Yemupu nusza X, Y, Z, W wuju cy ceu eaemernmu -1 uau +1 pedom
dyotrcune n,n,n,n — 1 cy maxossanu Typurosu nuzosu axo:

(Nx+Ny+2Nz+2Nw)(S) =0,s > 1. (3.23)

Axko ca 0, 03HAUUMO HyJIa HU3 Jy>KHHE N, KopullhemeM cienehe TeopeMe, Koja ce HaBOIU
6e3 nmoka3za, moryhe je koHcTpyucaTu T HH30Be of 6a3HuX, n 6a3He o1 TypUHOBUX HU30BA.

Teopema 3.7.2. Hexa cy A, B,C, D 6asnu nusosu peda n—+p,n—+p,n,n mada cy Huso6u.:
1 1 1 1
(5(‘4 + B), On))a (5(‘4 - B)7On))ﬂ (0n+p7 i(c + D))? (On-i-pv 5(0 - D))

T uuzoBu nyxwune 2n + p,2n + p, 2n + p, 2n + p.

WNneja na K0joj ce KOHCTPYKIIMja 3aCHUBA je Jia Ce TeHEPUINy YCeTUPHU INUKIUIHE MATPUIE
T1,T5,T3, Ty o t Huz0BAa t1, 19,13, t4, u ga ce marunie A, B,C, D:

A=T1+Tr+T3+1Ty

B=-Ti+Th+1T3-1T

C=-T1 —Th+T5+1T,

D=-Ti+T,—-T3+Ty

samene y (3.19). Ha Taj naunn ce nobuja marpuna pejga 4n. 3a jgoka3 sugeru [9].

SaHUMJbUBA YMILEHUIA jecTe 1a je A mamaposa MaTpuia Hjog KOHCTPYHCAHA OBOM METOIOM
[1]. Typunosu HuzoBu cy renepucann kopucrehn knacrep ox mecuaecr 2.6GHz pauynapa
7 JBaHAECT CaTU padyHapcKor BpemeHa. OBaj HAIIOp je Kao pe3yJsTaT Jao M0 Taja Hemo-
suare TypuHoBe HuU30Be pena 36, 36, 36, 35.

Ilpumep 3.7.1. Adamaposa mampuua peda 28 dobujerna memodom Iemanc-Cajon.

Cnenehu 6a3uu Huzo0BH cy npeysere u3 6ase [6]. Y oBoj apxusu ce mory nahu Typunosu
HU30BU JUMeH3uja 710 36.

Hekacya=(1,1,—-1,1),b=(1,1,—-1,—-1),c=(1,1,1),d = (1, —1, 1) 6a3Hu HU30BU peOM
pena 4,4,3,3, cienn ga je n = 3 u p = 1. Kopucrehn Teopemy (3.7.2) werupu T nusa
pena 2n +p =17 cy:

t1 = (1,1,—-1,0,0,0,0)
ts = (0,0,0,—1,0,0,0)
t5 = (0,0,0,0,1,0,1)
ts = (0,0,0,0,0,1,0)

Ha ocnoy (2.1.4) dopmupajy ce unkmmane marpune 11, T, T3, Ty.

1 1 -1 0 0 0 0
0 1 1 -1 0 0 0

0o 0 1 1 -1 0 0
n=0 0o 0o 1 1 -1 o,
o 0 0 0 1 1 -1

-1 0 0 0 0 1 1

1 -1 0 0 0 0 1]
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Bamenom marpuna A, B,C, D, Ry (3.19) nobuja ce AnamapoBa MaTpuia:
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Hag =

['paduuka pernpeserTaluja ooujeHe

Cinka 3.8: Ajamaposa marpuiia peja 28 jobujena [erasic/Cajiim KOHCTPYKIMjOM.

[Tceymoxom Koju ornucyje HaBeIeHY KOHCTPYKIIH]Y:
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Ausropuram 7 lerasic/Cajim KOHCTPYKIHja

1: procedure CIRCULAR(t)

2 Ala(i,5)] =0

3 n = length(t) > Besumuuna matpure je onpehena mayxuuom TypuHOBUX HEH30Ba
4 for i < 1 ton do

5: for j < 1tondo

6 Ala(i, j)] < Ala(0,(j —i) mod n)]

7 end for

8 end for

9 > Usnasz: HupkynapHa MaTpuia
10: return A

11: end procedure

1: procedure GOETHALSEIDEL(t1,t2,t3,t4)
2: > Vnasz: Typunosu muzosu t1, 2, t3, t4
3: A + Circular(tl)

4: B <+ Circular(t2)

5 C « Clircular(t3)

6 D <« Circular(t4)

7 > I'enepucame marpure R

.. o 1, akoi+j=n+1
8  R[r(i,j)] < [r(i, )] {
0, y cympoTHOM
9: if AA"+ BB™ +CC™ + DD™ = 4nl, then

10: > M3na3: Anamaposa marpura gobujena Ietasc/Cajmr KOHCTPYKIH]OM
A BR CR DR
11: return —BR A DR -t
—CR —-D'R A B™R
—-DR C™R —B"R A
12: else
13: return null

14: end if
15: end procedure
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3.8 Arajan/CapykxaHjaH KOHCTPYKIIHja

Arajan/Capykxanjan (Agaian /Sarukhanyan) KoHCTpyKIMja IpeicTaB/ba jeJHOCTABHY KOH-
CTPYKIIUjy KOja ce 3acHuBa Ha cyienehoj Teopemu.

Teopema 3.8.1. Hexa cy Hi u Hy Adamapose mampuue pedom peda 4h, 4k. Tada nocmoju
Adamaposa mampuya peda Shk.

Hoxka3z. Ilompebro je sanucamu mampuue Hy, Ho na caedehu Havum:

e g s 5

C obzupom na mo da je HiH] = 4hl uw HoHJ = 4kI, nenocpedro ce noxasyje da easrcu:

PPT+QQT:RRT+SST:2}LI’ PRT+QST:RPT+SQT:O

KK+ LL"=MM"™+ NNT =2kl, KM" + LN" = MK"™+ NL" =0

Tada je mampuua H Adamaposa mampuya peda 8hk obauka:

. IP+QRK+iP-Q oM LP+Q)eL+i(P-Q &N 20
IR+ @0K+4R-S) oM LR+S)®L+3i(R-S)®N '

IIImo ce nenocpedno nposepasa uapauyrasarsem npouseoda HH .

IIpumep 3.8.1. Koncmpywe ce Adamaposa mampuya peda Hog, (8 - 4 - 3), xopuwhervem

Cuasecmepose mampuue Hig(4-4) u mampuye Hio(4 -3) dobujene Ianej 11 xoncmpyruu-

JoM.

Cunsecmeposa mampuia:

i 1 1 1 1 1 1 1
-1 1 -1 1 -1 1 -1

1 1 1 1 1 1 1
-1 1 -1 1 -1 1 -1

Hig =

-1 1 -1 -1 1 -1 1 -1 1 -1 1 1 -1 1 -1
1 -1 -1 -1 -1 1 1 -1 -1 1 1 1 1 -1 -1
-1 -1 1 -1 1 1 -1 -1 1 1 -1 1 -1 -1 1

S g S S G e Y gy
|
—_
|
—_
—_
|
—_
—_
—_
|
—_
—_
|
—_
[
—_
—_
|
—_
—_
—_
|
—_

Lanej 1T mampuya:
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1 -1 -1
-1

—1

-1

1 -1 -1
-1

1

1

-1

1

—1

1

-1
-1
-1
-1
-1
-1

1

1

-1

1

1
-1
-1
-1
-1
-1
-1

1

-1
—1

1 -1

1
-1

-1 -1

-1
-1

1
-1
-1
-1

1
1
-1
-1

1
-1
-1

—1

1

1 -1

-1

—1

-1
-1
-1

1
-1

—1
-1
-1

1
1
-1

1

-1
-1

-1 -1
-1

1
1

1

1 -1

—1

1

Hyp =

Hapmuyuonucarwem mampuye Hig na mampuye P, Q, R, S dobuja ce:

—1

—1
-1
-1

1
-1
-1

1
1
-1
-1
-1

1 -1 -1
-1 -1

1

1
1
-1
-1

—1

1
1
-1
-1

1
-1

-1

1
-1

1
1

—1

-1
-1
-1

1
-1
-1

1
1
-1
-1
-1

1 -1 -1
-1 -1

1

1
1
-1
-1

—1

1
1
-1
-1

1
-1

—1

1
-1

1
1

-1 -1 -1 -1 -1 -1 -1 1

—1

—1

-1
-1

1
-1
-1

1
1
-1

-1

1
-1

—1
-1

1 -1 -1
-1

—1

1
1

—1

1

-1

—1
—1
-1

1
-1
-1

1
1
-1
-1
-1

1 -1 -1
-1 -1

1
1

1
1
-1
-1

-1

1
1
-1
-1

1
-1

-1

1
-1

1
1

Hapmuyuorucarvem mampuye His na mampuue K, L, M, N dobuja ce:

1 -1 -1
-1

-1

—1

-1

1

-1 -1
-1

1
1

—1

1

1 -1 -1
-1

1

1

-1

1

-1
-1

-1

1

1
1

-1

-1 -1 =1 ]

-1
-1
-1
-1

-1
-1
-1

-1
-1
-1
-1
-1

-1
-1
—1

—1
—1
-1

1
1
-1

—1
—1

1
1

1

1 -1 -1
-1

-1

-1

-1

1

-1 -1
—1

1
1

-1

1

Zlobujenu denosu cy:
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1
1
-1

1
1
-1

o

-

1111

-1

-1

-1

-1

-1

-1

B T T e e I B G i e S A

)

-1

IR

-1

-1
1
1
1
1
1

-1

1
-1
-1
-1

-1

1

-1

1
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Haxon samene dobujeruzr napmuyuja y (3.24), dobuja ce Adamaposa mampuua peda 96.

Ha cienehoj ciaumu npukasana je rpadutvka pernpeseHTalmja 1o00njeHe MaTpuIe.

T N T it
" Ty o o,
By ) =
e e
=t =
5 2P
i k - e ek
. i o
e
oy
- s
: " ‘ e 1
= L5
ot o ‘ J
i e o'
:-___ oo ﬂ i, ¥ ' L

Cimka 3.9: Anamaposa marpura peja 96 nobujena Arajan/CapykxaHjaH KOHCTPYKIAJOM.

[Tceynokonm KOHCTpYKITHj€.
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Ausropuram 8 Arajan/CapykxaHjaH KOHCTPYKIIHja

1:
2
3
4:
5:
6
7
8
9

10:

11:
12:

procedure AGAYANSARUKHANYAN(H1, Ha)

> Ynas: Hi, Hs - Anjamapose marpuiie peja pejgom 4h, 4k.
P,Q, R, S < partition(H) > Oxpebyjy ce naprumuje marpuie Hi.
K,L,M,N <« partition(Hs) > Ounpebyjy ce maprunuje marpune Ho.
> OnpehuBarbe rpagnBuanX MaTpuna (puHagHe ATaMapoBe MATPUIIE.
T+ 3P+Q)@K+3(P-Q) oM
T+ 3(P+Q)®L+4(P-Q)®N
T3+ 2(R+S)®@K+3(R-S)®@M
Ty« 2(R+S)®@L+i(R-S)®N
I Ty
Heh3n]
> Uszmaz: AmamapoBa matpurna pena 8hk
return H

13: end procedure

3.9 Kymnep/Boauc koHcTpyKIuja

Kynep/Bosuc (Cooper/Wallis) koncTpyKIimja npe/crasiba KoMouHaImjy Buimjamcorose
u leranc/Cajan KoHCTpYKITje.

Teopema 3.9.1. Hexa cy X,Y,Z, W mampuue peda n dobujene Buaujomconosom kon-
cmpyxyujom, w11, To, T3, Ty yursuvne mampuuye peda m dobujere 0d wemupu T cexsenuye

dyorcure m. 3aMeHOM MAMPUYG

A= X+THRY+T3Z4+T, W (3.25)
B=Te@-Y+hHheoX+TeW+Ty® -2 (3.26)
C=T1@-Z+Tho-W+T3X+TiRY (3.27)
D=T® W+ThHhoZ+T30-Y +T)®-X (3.28)

y T'emaac/Cajon mampuyy (3.19) mj. xonwkpemmo:

A BR CR DR
g_ |-BR A DR —CT
~|-CR -D'R A B'R

-DR C™R —-B"R A

dobuja ce Adamaposa mampuua peda dnm.

3a mokas suzgern [10].

IIpumep 3.9.1. Adamaposa mampuya peda 336 dobujerna memodom Kynep/Boauc. Kopu-
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cmu ce mampuua peda 12 dobujena Buaujamcornosom xoncmpyryujom us npumepa (3.5.1)

1 1 1 1 -1 -1 1 -1 -1 1 -1 -1
1 1 1 -1 1 -1 -1 1 -1 -1 1 -1

1 1 1 -1 -1 1 -1 -1 1 -1 -1 1

1 1 1 1 1 1 -1 1 1 1 -1 -1

1 -1 1 1 1 1 1 -1 1 -1 1 -1

1 1 -1 1 1 1 1 1 -1 -1 -1 1

Ho=X=Y=2=W=\ 1 1 1 1 9 .1 1 1 1 -1 1 1
1 -1 1 -1 1 -1 1 1 1 1 -1 1

1 1 -1 -1 -1 1 1 1 1 1 1 -1

-1 1 1 -1 1 1 1 -1 -1 1 1 1

1 -1 1 1 -1 1 -1 1 -1 1 1 1

1 1 -1 1 1 -1 -1 -1 1 1 1 1

u 4 T mampuye dobujene us npumepa (3.7.1) F'emanc/Cajon xoncmpyruuge:

1 1 -1 0 0 0 0

0 1 1 -1 0 0 0

0 0 1 1 -1 0 0

Tv=0 0o 0o 1 1 -1 o0,

O 0 0 0 1 1 -1

-1 0 0 0 0 1 1

1 -1 0 0 0 0 1]

"0 0 0 -1 0 0 0]

0O 0 0 0 -1 0 0

O 0 0 0 0 -1 0

o= 0 0 0 0 0 0 -1

-1 0 0 0 0 0 0

0 -1 0 0 0 0 0

L0 0 -1 0 0 0 o0
0 0 0 0 1 0 1 0 0 0 0 0 1 0
10000710 0000O0TO0 1
0100001 1000000
T3=1101000 0/, 743=]0 1 00 0 0 0
0101000 0010000
0010100 0001000
000101 0 000010 0

Bamenom marpuna X, Y, Z, W, Ty, T, T3, Ty y jennakocru (3.25-3.28) mobujajy ce Marpuiie
A B,C,D, nakon uera ce 3amenom marpunia A,B,C,D y Terasc/Cajm marpuiyy nobuja Aa-
mapoBa Matpuna peja 336. Ha cienehoj cauru npukazana je rpadudka pernpeseHTarmja
nobujene matpuiie. MehypauyH u KoHaUYHA MATPHUIA Cy U30CTaB/beHE 300T MPEBEJUKUIX
JIMEH3H]a.
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Cumka 3.10: Anamaposa marpura peja 336 mobujena Kymep /Bosne KOHCTPYKIIjOM.

Augropuram 9 Kynep/Bosmc koncrpyknuja

1

10:

11:

12:
: end procedure

13

: procedure COOPERWALLIS(X,Y, Z, W, T1,T>, T5,T})
2:

> Viaz: X,Y,Z,W- Anamapose Mmarpuliie nobujena BuamjaMcOHOBOM KOHCTPYKIIH-
joM.

> Vmaz: T ...7T4 - T marpure.

AT X+ DY +T30 Z+Ti®

B+Ti-Y+TLhoX+T3W+T),®—2

C+N-2+ThHe-W+TeaX+TyeY

DT o-W+THheZ+T3-Y+T1T,® -X

n + dim(A)

> I'enepucame marpuie R

R[r(i, 5)] < [r(i, 5)] {0 ¥ CylpoTHOM

A BR CR DR

1, akot+j=n-+1

7 —BR A DR —-C7
—-CR —-D™R A B™R
—DR C™ R —B"R A
return H

36
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3.10 JanroBa koHcTpyKIMuja - AgamapoBe Korike

Janrosa ( Yang ) koHCTpyKIMja je Be3aHa 3a TAaKO3BaHEe BUIIEMMEH3MOHe AaMapoBe Ma-
TpUIE KOje MPeICTaB/bajy PEJATUBHO HOBO MPOIUpEIhe Teoprje AaMapoBUX MaTpHUIla U
TPEHYTHO TIOCTOjU BeoMa MaJju Opoj ayTopa Koju ce uctuM 6apu. C 003MPOM Ha KOMILIEK-
HOCT MMILJIEMEHTAIlja U caMe Teopuje v pajy ce IpUKa3yjy caMo KOHCTPYKIHje AmamMapo-
BHUX KOIlaKa, OJTHOCHO PaJi C& TPOJIMMEH3MOHUM HU30BHMA.

Hedununuja 3.10.1. Tpodumensuonu Adamapos Hus ce nazusa Adamaposom xourxom
aKo ce Hu3 m X m X n cacmoju 00 eaemenama u3 ckyna {—1,1} 2de je ceaxu naanapar
npecex Adamaposa mampuua dumensuja n X n. Ilaanapar npecex ce dobuja maxo wmo ce
Purcupa jedna 00 dumensuja.

Teopema 3.10.1. Hexa je H Adamaposa mampuua peda n. Tpodumenduony, Hu3

C = [ciji] = [hij - hik - hji)o 4, 5,k € {1,2,--- ,n} (3.29)
je Adamaposa xoura peda n.
3a joka3 suzeru [11].

ITpumep 3.10.1. Adamaposa xouxa peda n = 4 dobujena xoncmpyruyujom Yang.

1

1 -1
puwherem npemrodno dedunucarne meopme aaxko ce dobujajy ceu esemenmu Adamapose
Kouke:

Hexa je Hy = [ ] Adamaposa mampuya dobujena xonempyruyujom Cuasecmep. Ko-

cii1 =hi1-hip-hpp=1-1-1=1
c112 =h11-hi2-hi2=1-1-1=1
c121 = h12-h11-hay=1-1-1=1
c122 =hizg-hi2-hpe=1-1.--1=-1
c211 =hoy-ho1-hpp=1-1-1=1

c212 =ho1-hog-hig=1--1-1=-1
c221 = hog-ho1 -hoy =—-1-1-1=-1
€222 = hog - hag - hgg=—-1-—-1-—-1=-1

¢(1,1.2) c(1,2.2)

e(2,1,1)

[
O=-1 @-=-

Cnuka 3.11: Anamapoa korka peja 4 100ujeHa JaHIOBOM KOHCTPYKITA]OM.

[Iceynmokom Koju onucyje mpuKazaHy KOHCTPYKIIH]Y:
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Agropuram 10 JanroBa KOHCTPYKIIH]ja

> Viaz: H - Anamaposa matpuria qooujena CuaiBecTepoOBOM KOHCTPYKITHJOM.

Yiy(i,j, k)] < H[h(i, j)] * H[h(i, k)]« H[h(j, k)]

1: procedure YANG(H)

2

3 Yy(i,j,k)] =0

4 n = dim(H)

5: > 'enepanmja AmamapoBe KoOIKe.
6 for i <+ 1 ton do

7 for j «+ 1tondo

8 for k< 1 ton do
9
10: end for
11: end for
12: end for
13: return Y

14: end procedure

38
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I's1aBa 4

IIporpamMmcka peajmmzainuja u
pe3yJaTaTu

Ba morpebe oBor paja, y nporpamckoM jesuky Ilajron (Python) manucana je 6ubiamorka
o1 HasuBoM hm koja cajipku Bejiuku 6poj moMohHIX MeTo/[a 3a reHepucarme A TaMapoBuX
MaTpHIIA U caMe UMIIJIEMeHTallje KOHCTPYKIIja Koje Cy OlucaHe y pajy. VMIiuiemeHTalmje
aJIropuTaMa MOMONy KOjuX ce KOHCTPYHUIIY pas3judure AgamMapoBe MaTpHIlE OIUCAHE Cy V
Jonarky A.

Behuna koHCTpyKIMja Koje cy OIHMCaHe y paJy 3axXTeBajy IMOoCTojare oapeheHux ymasHux
rapamMeTapa Kao IITO Cy HU30BH U MaTPUIIE KOje 33/[0BOJbaBajy OCOOMHE OIUCAaHE KOHCTPYK-
mujom. [Torpebama oBor paja nociyzxkuia je 6asa marpura X. Koykosunyca [6].

4.1 HWMucrajgammja MOTPEeOHUX ITaKeTa

Mucramanuja 3axTeBa HEKOJIMKO MMaKeTa y 3aBUCHOCTH OJ ONIEPATUBHOI CHCTEMa KOjU Ce
kopuctu. IlompasymeBa ce mocesoBame Bep3uje IlajTon mHTEpHperepa Koja je Beha wian
jennaka 2.7. Ilperopyuyje ce ne onrepehuBame jokasine nncrananuje [lajrona uncraim-
pameM JIOJIATHUX MaKeTa oJ1 Kojux 6ubjmoreka hm 3aBucu Hero jia ce KOPUCTH BUPTYETHO
[TajTor okpyKeme.

Jla 6ucre Ha onteparuBHOM cucteMy Linux mim OSX nncrasupasu [lajron BupryesHo okpy-
JKeIbe U JIoJAaTHE MaKeTe ojf Kojux oubnoreka hm 3aBucu morpedbno je usspinutu cieaehe
KOpakKe.

o Nucrammpame IlajronoBor menanepa naxkera: apt-get install python-pip

o UMucrammpame cucTeMcKe OubIMOTEKE 3a Kpenparbe BupTyeanor 1lajTon okpykema:
apt-get install python-virtualenv

o Kpeupame BuptryesHor IlajTon okpy»kema y KOPUCHHYKOM home IUpeKTOpHjyMy
virtualenv /home/user/hm

e AkruBanuja BupryesHor I1ajTon oKpyrKema ce HOCTHXKE KOMaHOM
source /home/user/hm/bin/activate

e ITorpebHo je mHCcTaNIMpaTH IakeTe 0J1 Kojux 6ubsmoreka hm 3asucu. To ce mocruzke
KOMaHIOM pip install -r requirements.txt w3 hm mupexkropujyma.

Koncrpykimje AnamMapoBux MaTpuiia

39



I''TABA 4. IIPOI'PAMCKA PEAJIN3AIINJA 1 PESYJITATU

4.2 Ilpumepu reHepucama MaTpUIA

Bubnnoreka Huje nucaHa Kao AIUIMKAIja KOja MPOM3BOIU AjjaMapoBe MATpPHIE IIPOU-
3BOJPHO 3a/IaTOT PEJia, HEro Kao MOMONHU CKYIl ajiaTa M KOHCTPYKIHja Koje omoryhaBajy
KOPHUCHUKY J1a KOPUCTA Beh MMILIEMEHTHUPaHE KOHCTPYKIIMje U KOMOWHYje HUCTE y IUAJbY
rerepucama Beher 6poja AaMapoBUX MATpUIA PA3IUIUTAX peoBa. ¥ ciaeaehnM mpume-
puUMa CBaKa JMHUja O3HAUeHa ca In mpeJjcTaB/ba JUHU]Y HAIIUCAHY OJl CTPaHe KOPUCHUKA
OJIHOCHO yJIa3He HapeJsde JIOK cy JnHuje o3HadeHa ca (Qut JjinHuje ca pe3ysTaTuma Koje
mrramia [lajron unrepuperep. NuTeprperep mramna ckpaheHy Bep3ujy MaTpUiia BeJu-
KUX JIUMEH3Hja U KOPUCTU TadKe /& O3HAYM U30CTABJHEHU CAJIPIKA)].

IIpumep 4.2.1. Cuasecmeposa mampuua peda 16 ce mooce 2enepucamu wa caedehu Ha-
YUH.

In [2]: from methods.sylvester import sylvester
In [3]: s16 = sylvester(16)

In [4]: s16
Out [4]:
array([[ 1, 1, 1, 1, , 1, 1, 1, 1, 1, 1, 1, , 1, 1, 11,

1
>, -1, 1, -1, 1, -1, 1, -1,
, 1, -1, -1, 1

1 1
1, -1, 1, -1, 1, -1, 1, -1],
1 1

, -1, -1, 1, 1, -1, -1, 1, 1, -1, -1, 1, 1, -1, -1, 1],
1
1
1

» 1, -1, -1],

1

1

1

1

1 , 1, 1, 1, -1, -1, -1, -11,
1 , -1, 1, -1, -1, 1, -1, 11,
1 , 1, -1, -1, -1, -1, 1, 11,
1, -1, -1, 1, -1, 1, 1, -1, 1, -1, -1, 1, -1, 1, 1, -11,
1, t, 1, 1, 1, 1, 1, 1, -1, -1, -1, -1, -1, -1, -1, -1],
1, -1, 1, -1, 1, -1, 1, -1, -1, 1, -1, 1, -1, 1, -1, 11,
1, 1, -1, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, -1, 1, 1],
1, -1, -1, 1, 1, -1, -1, 1, -1, 1, 1, -1, -1, 1, 1, -11,
1, 1, 1, 1, -1, -1, -1, -1, -1, -1, -1, -1, 1, 1, 1, 1],
1, -1, 1, -1, -1, 1, -1, 1, -1, 1, -1, 1, 1, -1, 1, -11,
1, 1, -1, -1, -1, -1, 1, 1, -1, -1, 1, 1, 1, 1, -1, -11,
1 1, -1, -1, 111)

L B B M W e W e T e B e B e B e B e W e W e B W |

> -1, -1, 1, -1, 1, 1, -1, -1, 1, 1, -1,

Ilpumep 4.2.2. Ilanej I u Hanej I mampuua peda pedom 8 u 12.

In [24]: from methods.paley import Paley

In [25]: pl = Paley(7)

In [26]: p2 = Paley(5)

In [27]: # Ca ._type ce mpoBepaBa THI MaTpHIE.
In [28]: pl._type

Out[28]: ’PaleyI’

In [29]: p2._type

Out[29]: ’PaleyII’

In [30]: pl.matrix

Out [30]:

array([[ 1, -1, -1, -1, -1, -1, -1, -1],
[1, 1, -1, -1, 1, -1, 1, 11,
(1, 1, 1, -1, -1, 1, -1, 1],
[1, 1, 1, 1, -1, -1, 1, -1],
[, -1, 1, 1, 1, -1, -1, 17,
[1, 1, -1, 1, 1, 1, -1, -1],
(1, -1, 1, -1, 1, 1, 1, -1],
[1, -1, -1, 1, -1, 1, 1, 11D

In [31]: p2.matrix

Out[31]:

array([[ 1, 1, 1, 1, 1, 1, -1, 1, 1, 1, 1, 1],
(1, 1, 1, -1, -1, 1, 1, -1, 1, -1, -1, 1],
[1, 1, 1, 1, -1, -1, 1, 1, -1, 1, -1, -1],
(1, -1, 1, 1, 1, -1, 1, -1, 1, -1, 1, -11,
[1, -4, -1, 1, 1, 1, 1, -1, -1, 1, -1, 1],
[+, 1, -1, -1, 1, 1, 1, 1, -1, -1, 1, -11,
(-1, 1, 1, 1, 1, 1, -1, -1, -1, -1, -1, -1,
[1, -1, 1, -1, -1, 1, -1, -1, -1, 1, 1, -1],
[, 1, -1, 1, -1, -1, -1, -1, -1, -1, 1, 1],
[1, -1, 1, -1, 1, -1, -1, 1, -1, -1, -1, 1],
[, -1, -1, 1, -1, 1, -1, 1, 1, -1, -1, -1],
[1, 1, -1, -1, 1, -1, -1, -1, 1, 1, -1, -111)

40
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ITpumep 4.2.3. Buaujamconosa mampuua peda 76.

In [4]: from methods.williams import williams

In [5]: from utils import read_abcd_files_with_specified_order

# umTaMo MaTpule perma 19 ma 6mcMo reHepucanu BummjamMcorHoBy MaTpuiy peza 76.

In [7]: A,B,C,D = read_abcd_files_with_specified_order (19, ’data/good_matrices’)
In [8]: w = williams(A,B,C,D)

In [9]: w

Out[9]:

matrix([[ 1, 1, -1, ..., -1, 1, 11,
L1, 1, 1, ..., -1, -1, 11,
-1, 1, 1, ..., -1, -1, -11,

[+, 1, 1, ..., 1, 1, -1],
-1, 1, 1, ..., 1, 1, 11,
[-1, -1, 1, ..., -1, 1, 11D
In [10]: # AKO XeiWTe Oa TeHEpUIIETE CIHKY
In [11]: from image.image import save

In [12]: save(w, ’out/w76’)

IIpumep 4.2.4. Baymepm/Xol mampuya peda 156.

In [4]: from methods import baumert_hall

In [5]: from utils import read_abcd_files_with_specified_order

# umTaMo maTpmie peza 13 ma 6umcmMo remepucamm Baymepr/Xol MaTpumy peza 156.

In [7]: A,B,C,D = read_abcd_files_with_specified_order(13, ’data/good_matrices’)
In [8]: bh = baumert_hall(A,B,C,D)

In [9]: bh
Out[9]:
matrix([[ 1, 1, 1, ..., 1, 1, 11,

[, 1, 1, ..., -1, 1, 11,
r, 1, 1, ..., -1, -1, 1],
[ 1, _19 1: IR ) _19 _1) _119
[, 1, -1, ..., -1, -1, -1],
(-1, 1, 1, ..., -1, -1, -11D)

ITpumep 4.2.5. Hmosa mampuuya peda 68.

In [4]: from methods import ito

In [5]: from utils import read_abcd_files_with_specified_order

# umTaMo MaTpulle perma 17 ma 6mcMo reHepucanu MToBy MaTpuuy peza 68.

In [7]: A,B,C,D = read_abcd_files_with_specified_order (17, ’data/good_matrices’)
In [8]: it = ito(A,B,C,D)

In [9]: it

Out[9]:
matrix([[ 1, -1, -1, ..., -1, -1, -1],
[-1, 1, -1, ..., 1, -1, -1],
[-1, -1, 1, ..., 1, 1, -1],

-1, 1, 1, ..., -1, 1, 1],
[_1, _19 1: IR ) 19 _1) 1]9
(-1, -1, -1, ..., 1, 1, 11D

Ilpumep 4.2.6. Ezauzosa mampuua peda 36.

In [2]: from methods import echlich

In [3]: from methods.paley import Paley
In [4]: p5 = Paley(5)

In [5]: j5 = pb.jacobstal

In [6]: p7 = Paley(7)

In [7]: j7 = p7.jacobstal

In [8]: ech = echlich(j5,j7)

In [9]: from utils import is_hadamard

# ca is_hadamard(H) yBek MoxeTe IpOBEpPHTH fa IH je mobujeHa MaTpHIla 3aucTa AfaMapoBa MaTpHIa.
In [10]: is_hadamard(ech)

Out[10]: True

In [11]: ech

Out[11]:

array([[ 1, 1, 1, ..., 1, 1, 1],
L1, -1, -1, ..., 1, 1, 11,
[-1, 1, -1, ..., -1, 1, 11,
[1, -1, 1, ..., -1, -1, 11,
-1, 1, -1, ..., 1, -1, 11,
[-1, -1, 1, ..., -1, 1, 11D
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IIpumep 4.2.7. emanc/Cajor mampuua peda 28.

In [1]: from methods import goethal_seidel

In [2]: from utils import read_t_files

In [3]: t1,t2,t3,t4 = read_t_files(’data/t-arrays/’)
In [4]: gs = goethal_seidel(t1,t2,t3,t4)

In [5]: gs

Out [6] :

matrix([[ 1, 1, -1, , 1, -1, -11,
[1, 1, 1, ..., -1, -1, -11,
L1, 1, 1, ..., -1, -1, 11,
L1, 1, 1, ..., -1, 1, -1],
[-1, 1, 1, ..., 1, 1, -1],
[1, 1, 1, ..., 1, 1, 11,
[, 1, -1, ..., 1, 1, 11D

IIpumep 4.2.8. Azajan/Capyxranjarn mampuya peda 40.

In [1]: from methods import ito, sylvester, agayan_sarukhanyan

In [2]: from utils import read_abcd_files_with_specified_order

In [3]: A,B,C,D = read_abcd_files_with_specified_order(5, ’data/good_matrices’)
In [4]: it = ito(A,B,C,D)

In [5]: s = sylvester(4)

In [6]: ags = agayan_sarukhanyan(it,s)

In [7]: ags

Out [8]:

matrix([[ 1., 1., -1., ., 1., -1., -1.1,
[1., 1., 1., ..., =1., -1., 1.1,
[-1., -1., 1., ..., , 1., 1.1,
[1., -1., 1., ..., 1., 1., -1.1,
[-1., -1., 1., ..., 1., -1., -1.1,
1., 1., 1., ..., 1., 1., 1.1D

IIpumep 4.2.9. Kynep/Boauc mampuya peda 560.

In [1]: from methods import williams, cooper_wallis

In [2]: from utils import read_t_files, read_abcd_files_with_specified_order
In [3]: t1,t2,t3,t4 = read_t_files(’data/t-arrays/’)

In [4]: A,B,C,D = read_abcd_files_with_specified_order(5, ’data/good_matrices’)
In [5]: X=Y=Z=W=williams(A,B,C,D)

In [7]: cw = cooper_wallis(X,Y,Z,W, t1,t2,t3,t4)

In [8]: cw

Out [9]:
matrix([[ 1, -1, -1, ..., 1, 1, -1],
[-1, 1, -1, ..., 1, -1, 11,
-1, -1, 1, ..., -1, 1, 11,

-1, -1, 1, ..., 1, -1, -1,
-1, 1, -1, ..., -1, 1, -1]1,
(1, -1, -1, ..., -1, -1, 11D

4.3 Pesynaratn

Kopumihemem 6ubnoreke hm rerepucano je 249 pazamauTux MaTpUIia peoBa MambUux O]l
1000. [lobujenu peoBU IpeACTAB/bEHU Cy y TabeslaMa MPUKA3aHUM Ha CTPAHUIAMA KOje
cieme. U3 Tabena ce jacHO BUIM Ja KOHCTPYKIMje OIHMCAHE y OBOM Pajy He HMOKPHUBA]Y
cBe pesose. TpenyHo AnmamapoBa XWIIOTE3a je U J1aJbe OTBOPEHA U 3a CaJia He IMOCTOjU
KOHCTPYKIIAja 3a pegose 668, 716, 892.
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4k  Arajan/Capykxanjan  Baymepr/Xosn Kymep/Bomme Wro Tlanej I Ilanej II  Cunsecrep Buunjamc

4 4 4
8 8 8 8
12 12 12 12 12
16 16 16
20 20 20 20
24 24 24
28 28 28 28
32 32 32 32
36 36 36 36 36
40 40
44 44 44 44
48 48 48
52 52 52
56 56
60 60 60 60 60 60
64 64 64
68 68 68 68
72 72 72
76 76 76 76
80 80 80
84 84 84 84 84 84
88 88
92 92 92
96 96
100 100 100
104 104 104
108 108 108 108 108 108
112 112
116 116 116
120 120
124 124 124 124
128 128 128 128
132 132 132 132 132
136 136
140 140
144 144
148 148 148 148
152 152 152
156 156
160 160
164 164 164 164
168 168 168
172 172 172
176 176
180 180 180 180 180 180
184 184
188
192 192 192
196 196 196 196
200 200 200
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4k  Arajan/Capykxanjan  Baymepr/Xon Kynep/Bomme Wro Tlanej I Ilanej II  Cunsecrep Bumjamc
204 204 204 204 204
208 208

212 212

216 216

220 220 220 220
224 224 224

228 228 228 228 228 228
232 232

236

240 240 240

244 244 244
248 248

252 252 252 252 252
256 256 256

260

264 264 264

268

272 272 272

276 276 276

280 280

284 284

288 288

292

296 296

300 300 300

304 304

308 308

312 312 312

316 316

320 320

324 324

328 328

332 332

336 336 336

340

344 344

348 348 348 348

352 352

356

360 360 360

364 364

368 368 368

372 372

376

380 380

384 384 384

388 388

392 392

396 396 396

400 400
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4k  Arajan/Capykxanjan  Baymepr/Xosn Kymep/Bomme Wro Tlanej I Ilanej II  Cunsecrep Buunjamc

404

408 408

412

416 416

420 420

424

428

432 432 432

436

440 440 440

444 444 444

448 448

452

456 456

460 460
464 464 464

468 468 468
472

476

480 480 480

484 484
488 488 488

492 492 492

496 496

500 500

504 504 504

508

512 512 512
516 516 516
520 520

524 524

528 528

532

536

540 540 540
544 544

548 548

552 552

556 556
560 560

564 564 564
568

572 572

576 576

580

584

588 588 588 588
592 592

596

600 600 600
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I''TABA 4. IIPOI'PAMCKA PEAJIN3AIINJA 1 PESYJITATU

4k  Arajan/Capykxanjan

Baymepr/Xon Kymep/Bomme Wro Tlanej I Ilanej II  Cunsecrep Bmmjamc

604
608
612
616
620
624
628
632
636
640
644
648
652
656
660
664
668
672
676
680
684
688
692
696
700
704
708
712
716
720
724
728
732
736
740
744
748
752
756
760
764
768
772
776
780
784
788
792
796
800

608

616

624

640

648

656

672

680

688

696

704

720

728

736

744

760

768

784

792

800

608
612
620
628
632
636
644
648
660 660
676
684 684
692
700
708
720
728
732
740
744
748
752
756
780
784
788
796
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4k  Arajan/Capykxanjan  Baymepr/Xosn Kymep/Bomme Wro Tlanej I Ilanej II  Cunsecrep Buunjamc

804 804
808

812 812

816 816

820 820
824 824

828 828

832 832

836

840 840 840

844 844
848

852

856

860 860

864 864 864

868 868
872

876

880 880

884 884

888 888 888

892

896 896

900 900
904

908 908

912 912 912

916 916
920 920 920

924 924
928 928

932

936 936

940

944

948 948

952 952

956

960 960

964

968 968 968

972 972

976 976

980

984 984 984

988

992 992 992

996
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I'maBa 5

3aKJby4aK

Y oBOM pajiy puUKa3aHe Cy HeKe OJT MO3HATHjUX KOHCTPYKITHja ATaMapoBUX MaTPHIIA KOje
3aXTeBajy HO3HABaE pasindauTux objactu MareMaruke. HaBesene cy cBe OuTHe Teopeme
KOje ce KOPUCTe ¥ KOHCTPYKIIFjaMa a HeKe O] jeITHOCTaBHUjUX Cy U JoKasaHe. Ha KOHCTPYK-
nujaMa re je J0Ka3 M30CTao, JojaTe ¢y pedepeHie Ka paJoBuMa U YIIOSHUIINMa KOje WX
canpke. (CBaka KOHCTPYKIIHja je JieTasbHO ODjalllibeHa Ca jaCHUM IPUMEPOM. 3a CBaKy
KOHCTPYKIMjy MPUCYTAH je W TICEYI0KO, KOHCTPYKIIMje Kao W rpadudka pernpe3eHTalmja
MaTpHUIle Koja ce KOHCTPYKIIjoM j1obuja. Y momarky A ce Hajiaze IpOrpaMcKe UMILJIEMEH-
Talnje MPUKa3aHuX KOHCTPYKIIMja y HporpaMcKoM jesumky llajrom, mox ce y momarky B
Mory nponahu Tako3BaHe JI0Ope MATPHUIE KOje ce KOPUCTE Y IPUMEPUMa OBOT PaJia.

C o63upom Ha TO fa ce AmamMapoBe MATPHUIE 3aCHUBA]Y HA PA3JIMIATHM 00JACTAMA MaTe-
MaTUKe 3a ayTopa je OMo IpaBu U3a30B KAKO OIPAHUYUTH OPOj IPUKA3AHUX KOHCTPYKITHja
7 33JIpXKaTH jeIHOCTABHOCT W jacHOCT paja. Jlapu mpasall oBor paja Ou J0BEO 0 KOH-
CTPYKIIMja KOMILJIEKCHUX ATaMapoBUX MaTpHIla U MaTPHUIla pasBUjeHUM HaJ AGesoBuM
rpynama.

AyTop cMaTpa 1a je paji KOpucHa pedepeHlia 3a J1a/be UCTPAXKUBamke Kako ATaMapoBUX
MAaTPHUIA TAKO U CBUX JIPYTUX I'PAJUBHUX OJIOKOBA KOMOMHATOPHE TEOPHUje IU3ajHA.
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JlomaTak A

miiemenTaliija

CBu aJIrOpUTMU HABEJIEHU Y PAJILy CY UMILJIEMEHTAPAHN KOPUITNEHEM ITPOIPAMCKOT je3UKa
[Tajror. Kopumtheme nporpamckor jesuka Ilajron omoryhmio je jeHOCTaABHOCT W UNTIHU-
BOCT KOJIa CAMUX KOHCTPYKIIHja, 1 y BehnHM ciryuajeBa UMIJIEMEHTAI]a je He MHOTO JIy2Ka
0J1 caMOT TICEYIOKOIa KOHCTPyKImje. [lorpebama oBOr pajia MOCIyXKUJIE CYy U CIOJbHE Ou-
6smoreke (numpy, scipy, matplotlib) koje omoryhasajy jeiHOCTaBHUjU paJj| ca MaTpUIiaMa, 1
ciimkama. Jlomarae madopmanuje o camom jesuky Ilajron n 6ubiimorekama Koje ce KOpucre
ce mory nponahu y [12],[13], [14], [15].

"""Sylvester construction"""

import numpy
def toBinary (i):
nnn
:param i: Integer
:return: Binary form of the provided integer
mnn
if 1 = 0:
return 0’
numeral = 7’
while i != 0:
digit = 1 % 2
numeral = str(digit) + numeral
i=1i // 2

return numeral

def scalar product(first , second, length):
nnn
:param first: First operand
:param second: Second operand
:param length: Maximum binary length
:return: Scalar product of the first and second operand
mnn
first = toBinary(first).zfill (length)
second = toBinary (second). zfill (length)
digits f = [int(d) for d in first |
digits s = [int(d) for d in second]
if len(digits f) > len(digits s):
digits s.extend ([0 for i in range (0, len(digits f) — len(digits s))])
if len(digits s) > len(digits f):
digits f.extend ([0 for i in range (0, len(digits s) — len(digits f))])
and list = list (numpy.logical and (digits f, digits s))

xor = False
for i in range (0, len(and list)):
xor = xor ~ and list[i]

return xor
def sylvester (order):
mnn

:param order: Order to be generated

:return: Sylvester Hadamard matrix of order :order
mnn

H = numpy. zeros (shape=(order, order), dtype=int)
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length = len(str(toBinary (order)))
for i in range (0, order):

for j in range (0, order):
power = scalar product(i, j, length)
H[(i, j)] = (=1)xxpower

return H

NwmmmemenTarnuja A.1: CuiBecTepoBa KOHCTPYKITHja

nnn

Paleyl and PaleylIl
import numpy

co

if prime[n]:
for
prime[i]

i in range(n * n,

nstrucion """

def is prime (number, limit):
nmn
:param number: Number to be tested
:param limit: Max limit to check
:return: True if number is prime else False
nmnn
prime = [False] * 2 + [True|] * (limit — 1)

for n in range(int (limit *x 0.5 + 1.5)):

limit + 1, n):
False

return number in [i for i, prime in enumerate(prime)

if prime]

def

def

legendre jacobi symbol(n, m):
nnn

rreturn:
nmn

Legendre symbol for (n/m)

=0

while not int(n) & 1:
n /= 2
t +=1

if t &1 and m% 8 in (3, 5):
j =-

if n %4 —m%4 — 3:

b =-]

n, m=m%n, n

return j if m = 1 else 0

ints_modulo prime(p):
nmn
for

Helper class

nmnn

representing x mod p

class IntegeruloPrime (object):

def _ init  (self, n):
self .n = int(n) % IntegerModuloPrime.p
self.field = IntegerModuloPrime
def  sub  (self, other):
return IntegerModuloPrime(self.n — other.n)
def  int (self):
return self.n

IntegerModuloPrime.p = p
return IntegerModuloPrime

class Paley(object):

self . matrix
else:
raise BadPaleyOrder ()

self.construct paley i

def _ init  (self , order=None):

if order is None:
self .matrix = matrix ([], dtype=int)

ellislcl
self.order = order

if order % 4 =— 3 and is_ prime(order, order+1):
self. type = ’Paleyl’
self .matrix = self.construct paley i(order)

elif order % 4 =— 1 and is_prime(order, order+1):
self. type = ’Paleyll’

i(order)

92
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def  str (self):

return str(self.matrix)

def construct paley i(self, order):

zp = ints modulo prime (order)
unit = numpy.identity (order)
mj = numpy.array ([1]*order)
mj t = mj.transpose ()
q = numpy. zeros (shape=(order, order), dtype=int)
s = numpy. zeros (shape=(order+1, order+1), dtype=int)
p = numpy. zeros (shape=(order+1, order+1), dtype=int)
for i in range (0, order):

for j in range (0, order):

q[(i, j)] = legendre jacobi symbol((zp(i) — zp(j)).n, order)

self.jacobstal = q
p[(0, 0)] =1
for i in range(l, order+1):

p[(0, )] = — mj[i—1]
for i in range(l, order+1):

pl(i, 0)] — mj_t]i—1]
for i in range(l, order+1):

for j in range(1l, order+1):

pl(i, )] = al(i—1, j=1)] + unit[(i—1, j—1)]

return p

def construct paley ii(self, order):
zp = ints _modulo prime (order)
I = numpy.identity (order+1)
mj = numpy.array ([1]*order)
mj t = mj.transpose()
q = numpy. zeros (shape=(order, order), dtype=int)
s = numpy. zeros (shape=(order+1, order+1), dtype=int)
p = numpy. zeros (shape=(2*x(order+1), 2*(order+1)), dtype=int)
for i in range(0, order):
for j in range(0, order):
q[(i, j)] = legendre jacobi symbol((zp(i) — zp(j)).n, order)
# Jacobstal matrix
self.jacobstal = q
s[(0, 0)] =0
for i in range(l, order+1):
S[(0, i)] = mjli—1]
for i in range(l, order+1):
S[(i, 0)] = mi_t[i—1]
for i in range(l, order+1):
for j in range(1l, order+1):
s[(i, )] = al(i=1, j=1)]
self.
Gl =
tr
bl =
br = —s — 1
for i in range (0, tl.shape[0]):
for j in range (0, tl.shape[l]):
pI(i, )] = t1[(i, §)]
for i in range (0, tr.shape[0]):
for j in range(0, tr.shape[l]):
p[(i, j + tr.shape[1l])] = tr[(i, j)]
for i in range (0, bl.shape[0]):
for j in range (0, bl.shape[l]):
p[(i+bl.shape[0], )] = bI[(i, )]
for i in range (0, br.shape[0]):
for j in range (0, br.shape[l]):
p[(i+br.shape[0], j+br.shape[1])] = br[(i, j)]
return p

I+
— = - ®

I
n n n wn

NwmmremenTarumja A.2: Paleyl u Paleyll xonctpyxkimje

"o Williams construction """

import numpy

def williams (A,B,C,D):
mnn
:param A,B,C,D: Input matrices
:return: William Hadamard matrix
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nnn

n = A.shape|[0]

In = numpy.identity (n, dtype=int)

AAT = A.dot (A.transpose())

BBT = B.dot(B.transpose())

CCT = C.dot (C. transpose())

DDT = D.dot (D. transpose ())

if not numpy.array equal (AATHBBTH+CCTHDDT, 4#n*In):
return None

H = numpy.brnat ([[AvB»CyD] ,[*B,A,*D,C] 7[7C:D7A77B] 7[7D770»B7A] ] )

return H

Nmnnemenrtanuja A.3: BunujamcoBa KOHCTpyKIHja

"""Baumert/Hall construction"""

import numpy

def baumert hall(A, B, C, D):
nmnn
:param A,B,C,D: Input matrices
:return: Baumert/Hall Hadamard matrix
nnn

AAT = numpy.dot (A, A.transpose())

BBT = numpy.dot (B, B.transpose())

CCT = numpy.dot (C, C.transpose())

DDT = numpy.dot (D, D.transpose())

H = numpy.bmat ([[A,A,A,B,-B,C,-C,-D,B,C,—D,-D],
[AABABDDC,,,CC],
[A,—B,—A,A,—D,D,—-B,B,—C,—D,C,—C] ,
[B7A7—A,—A,D,D7D,C,C B7 B_ ]7
[B7_D7D7DaA7A7A’Cv_C ¥y ]»
[B,C,—D.D.A,—A,C,—~A,-D,C,B,~B| ,
[D,—C,B,—B,A,—C,—A,A,B, C D,-DJ,
[-C,—D,—C,—D,C,A,—A,—A,— BBB]

[D,~C,—B,-B,—-B,C,C,-D,A,A,A,D],
[-D,—B,C,C,C,B,B,—D,A,—A,D,—A]

[Cv_B7_CvCva_Bz_Dv_B7A7_D A7A]7
[_Cz_D7_D’C’_Cy_B7B7B’D7A)_A A]])

trace = numpy.trace (AAT + BBT + CCT + DDT)
if numpy.array equal ((H.dot(H.transpose())).diagonal(),
[[trace|*H.shape[0]]) :
return H
else:
return None

Ummtemenranuja A.4: Baymepr/Xol koHcTpyKIimja

""" Jto construction """

import numpy
def ito(A,B,C,D):
nmnn
:param A,B,C,D: Input matrices
:return: Ito Hadamard Matrix
nmnn
n = A.shape|[0]
ABT = A.dot(B.transpose())
CDT = C.dot(D. transpose ())
BAT = B.dot (A.transpose())
DCT = D.dot (C. transpose ())
if not numpy.array equal(ABT + CDT, BAT + DCT):
return None
H = numpy.bmat ([[A,B,C,D],[B,—A,D,-C],
[C.transpose (),—D.transpose (),—A.transpose () ,B.transpose ()
[D. transpose () ,C.transpose (),—B. transpose (), —A.transpose (

return H

Nmmnnementanuja A.5: Vtoa KOHCTpYKITja
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nnn nnn

Echlich construction
import numpy
def echlich (A, G):
mnn
:param A,G: Jacobshtal matrices
:return: Echlich Hadamard matrix
mmnn
m = A.shape|[0]
n = G.shape[0]
Im = numpy.identity (m, dtype=int)
In = numpy.identity (n, dtype=int)
Jm = (numpy.zeros (shape=(m, m), dtype=int) + 1)
Jn = (numpy.zeros(shape=(n, n), dtype=int) + 1)
if not numpy.array equal(A.dot(A.transpose()), A.dot(A)):

return None
if not numpy.array equal(A.dot(A.transpose()),

(numpy . subtract (numpy. multiply (m, Im), Jm))):

return None

temp = numpy.add (numpy.add (numpy . kron (A, G),
numpy . kron (Im, numpy.subtract (In, Jn))),
numpy . kron (Jm, In))

H = numpy. zeros (shape=(temp.shape [0] + 1, temp.shape[l] + 1), dtype=int)
H[:, H.shape[l] — 1] =1
H[0] = 1
for i in range (1, H.shape[0]):

for j in range (0, H.shape[l] — 1):
return H

Nmmrementanyja A.6: ExiamxoBa KoHCTPYKIUja,

nnn nmnn

soethals/Seidel construction
import numpy

def build circular matrix (array):
nmnn

:param array: First row of the matrix
:return: Circulant matrix

nmnn

matrix = numpy.zeros (shape=(array.shape[0], array.shape[0]), dtype=int)

for i in range (0, matrix.shape[0]):
for j in range (0, matrix.shape[1l]):
matrix [(1,j)] = array[(j—i) % array.shape[O0]]

return matrix
def goethal seidel(tl,t2,t3,t4):
nnn
:param t1,t2,t3,t4: Turin arrays

:return: Goethal/Seidel Hadamard matrix
mmnn

T1 = build circular matrix(tl)

T2 = build circular matrix(t2)

T3 = build circular matrix(t3)

T4 = build circular matrix(t4)

A=T1+ T2 + T3 + T4

B=-T1 + T2 + T3 - T4

C=-T1 -T2 + T3 + T4

D=-T1 + T2 — T3 + T4

R = numpy.rot90 (numpy.identity (A.shape[0], dtype=int))

AAT = A.dot (A. transpose())
BBT = B.dot(B.transpose())
CCT = C.dot(C. transpose ())
DDT = D.dot (D. transpose ())
if numpy.array equal (AATHBBT+CCTHDDT, 4#%A.shape[0]|* numpy.identity (A.shape[0]))

H = numpy . bmat (
[[A, B.dot(R), C.dot(R), D.dot(R)],
[-B.dot(R), A, (D.transpose()).dot(R), (—C.transpose().dot(R))]
[-C.dot(R), (—D.transpose()).dot(R), A, (B.transpose().dot(R))]
[-D.dot (R), (C.transpose()).dot(R), |
return H
else:

)

(—B.transpose()).dot(R), A ]’)
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‘ return False

Nwmmremenranumja A.7: Terasc/Cajan koHcrpykimja

""" Agayan/Sarukhanyan construction """

import numpy
from wutils import is hadamard
def agayan sarukhanyan (H1,H2):
P = H1[0:H1.shape[0]/2,0:H1.shape[0]/2]
= H1[0:H1.shape[0]/2,Hl.shape[0]/2:Hl.shape[0]]
H1[H1.shape[0]/2:H1.shape[0], 0:Hl.shape[0]/2]
= H1[H1l.shape[0]/2:Hl.shape[0], Hl.shape[0]/2:Hl.shape[0]]

n IO
I

K = H2[0:H2.shape[0]/2,0:H2.shape [0]/2]

L = H2[0:H2.shape[0]/2,H2.shape[0]/2:H2.shape [0]]

M = H2[H2.shape[0]/2:H2.shape[0], 0:H2.shape[0]/2]

N = H2[H2.shape[0]/2:H2.shape[0], H2.shape[0]/2:H2.shape[O0]]

f1 = numpy.kron (0.5%(P+Q), K) + numpy.kron (0.5x(P—Q) ,M)
f2 = numpy.kron (0.5%(P4+Q), L) + numpy.kron (0.5 (P-Q), N)
f3 = numpy.kron (0.5%(R+S), K) + numpy.kron (0.5%(R-S), M)
f4 = numpy.kron (0.5%(R+S), L) + numpy.kron (0.5%(R-S), N)

H = numpy.bmat ([[f1,£2],[£3,f4]])

if is hadamard (H, 8+HI.shape[0]|/4+H2.shape[0]/4):
return H

else:
return None

Ummremenranuja A.8: Arajan/CapykxamjaH KOHCTPYKIHja

""" Cooper/Wallis construction """

import numpy
from wutils import build circular matrix
def cooper wallis(X,Y,Z,W, t1,t2,t3,t4):
T1 = build_mrcular_rnatrlx(tl)
T2 = build circular matrix (t2)
T3 = build_circular _matrix (t3)
T4 = build circular matrix (t4)

7Y)

7_X)
numpy . rot90 (numpy . identity (A.shape[0], dtype=int))
numpy . bmat (
[[A, B.dot(R), C.dot(R), D.dot(R)],
[-B.dot(R), A, (D.transpose()).dot(R), (—C.transpose().dot(R))],
[-C.dot(R), (—D.transpose()).dot(R), A, (B.transpose().dot(R))],
[-D.dot(R), (C.transpose()).dot(R), (—B.transpose()).dot(R), A]])

ZT® O Q
Il

return H

A = numpy. kron (T1,X) + numpy.kron(T2,Y) -+ numpy.kron(T3,Z) + numpy.kron (T4,W)
B = numpy. kron (T1, —Y) + numpy.kron(T2,X) + numpy.kron(T3,W) + numpy.kron (T4,—Z

= numpy . kron (T1, —Z) + numpy.kron (T2, -W) + numpy.kron (T3, X) + numpy.kron (T4

= numpy . kron (T1, -W) + numpy.kron (T2, Z) + numpy.kron(T3,—Y) + numpy.kron (T4

Unmiemenranuja A.9: Kynep/Bosme koncrpykimja
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JlonaTak B

Tabesna g1o0pux mMaTpuiia

Homarak cajapku Takospane Jobpe marpuie npeysere u3 6ase X. Koykosunyca [6]. Ma-
TpHIle Cy HUKJIMYHE, CAMETPUYHE U 33J0B0J/baBajy jeIHAKOCT:

AA” + BB" +CC" + DD" = 4nl,

Hasomu ce pen marpurie u npse Bpcre matpuna peaom A, B, C, D. C ob3upom Ha TO Jia Cy
MaTpUIle IUKJNYHE OHE Cy U ojpeheHe NpBOM BPCTOM, IIITO HAM oMoryhasa Jia jeJHOCTABHO
KOHCTpyHIeMo KomiieTHny marpuily. Ca 3Hakom 1 o3uadeH je 6poj 1, JIOK je ca 3HAKOM -
o3HadeH 6poj -1.

m=3 1---111111---

111 m=15

1-- 1-11-111111-11-

1-- 1-11--1111--11-

1-- 11-11------ 11-1

=5 1-1---1111---1-

1---- m=17

1-——- 1--1-11111111-1--

11--1 1-11-111--111-11-

1-11- 11-1---1--1---1-1
m=7 1---111----111---
111--11 m=19

111--11 11--11-111111-11--1
11-11-1 1-11--1------ 1--11-
1-1--1- 111---1-1--1-1---11
m=9 111---1-1--1-1---11
11-————- 1 m=21

1-1----1- 11-11111-1--1-11111-1
1--1--1-- 11--1-1-11--11-1-1--1
1---11--- 1111-1---1--1---1-111
m=11 1--1111---11---1111--
11 1 m=23

11-11--11-1 1-11-11--111111--11-11-
11-1-11-1-1 1---1---1-11-1---1---1
1-11----11- 111---11-1-11-1-11---11
m=13 111-111-1------1-111-11
111-11--11-11 m=25

11-1-1111-1-1 11-1111--1-1111-1--1111-1
11--1-11-1--1 1-——-1111--1--1--1111----
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1-1-11---1--11--1---11-1-
1-—-1-1--11111111--1-1-—-
m=27

1-11-1--—-—-11--——-11----1-11-
1-1-111--1-——-11-——-1--111-1-
1111-1---1--1--1--1---1-111
m=29

1111-11-1---111111---1-11-111
11--1--1-111-1111-111-1--1--1
111---11--1-1----1-1--11---11
1-1---11--1-111111-1--11---1-

m=31

11-1---11111-1-11-1-11111---1-1

m=41

11111--1114-1--1--1--1-111--1111
11-11--4-—--11----11----1--11-1
1---111-11-1-1----1-1-11-111---
m=33
111--1---1--1--------1--1---1--11
111----1-1-1--11--11--1-1-1----11
1-11--1-1---1114--1144---1-1--11-
11--1----11-1-111111-1-11----1--1

m=37
1--111-1-————- 1-——11-———-1-———- 1-111--
11111-1-———- 11-——-11-—-11-—-——- 1-1111

1---11-11--1-1-11----11-1-1--11-11---
1--1-1-1-11---1--1111--1---11-1-1-1--

1-1---111-11-1--1111111111--1-11-111---1-
1-1---111-11-1--1111111111--1-11-111---1-
11----1-111-11-11---11---11-11-111-1----1
1-1111-1---1--1--111--111--1--1---1-1111-

m=43

1---11--1111-1-111-11--11-111-1-1111--11---
1i1-11111¢----1-94--11-11-44--1-1----111111-1
111-1-11--1-1-1111-1----1-1111-1-1--11-1-11
i1---1111-1--1--11--——---- 11--1--1-1111---1

m=45
111--111-11-1-11443———————-

11111-1-11-111--11

1--11---1--1-1-----11111111--—~—-1-1--1---11--
11--1111-1-1-111--1--1--1--1--111-1-1-1111--1
11--1111-1-1-111--1--1--1--1--111-1-1-1111--1

m=49

1111-11-1---11-111---11-11-11---111-11---1-11-111
1111-11-1---11-111---11-11-11---111-11---1-11-111
1----1-1111--1-111-1-111--111-1-111-1--1111-1-——-
11111-1----11-1---1-1---11---1-1---1-11----1-1111

m=51

1---111-11-1-111--11111--11--11111--111-1-11-111---

1111---1--1-1---11-——-- 11--11 11---1-1--1---111
1-11-111¢-4-—--1-4-———--114-14-11-----1-1---1-1111-11-
1-11-111¢-4---1-0-————-11-14-11-----1-1---1-1111-11-
m=55

1-1--1-1-11--1-11111-111--1111--111-11111-1--11-1-1--1-
11-11-1-1--11-1---—- 1-—-11----11-o-l-omm 1-11--1-1-11-1
111----11-11--11----1-1-11111111-1-1----11--11-11----11
111----11-11--11----1-1-11111111-1-1----11--11-11----11

m=57
1---11-4--1111-11¢-14---1-111141-4---11-111-1111--1-11---
1111--1-11--——-1---1--111-1--———-1-111--1-—-1--—-11-1--111
11-1-1---11-11-1--111-———- YR P 111--1-11-11---1-1-1
11-1-1---11-11-1--111-———- R S 111--1-11-11---1-1-1
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m=61
11--1--11--1-1-1111--1---——- 1-————- 1-———- 1--1111-1-1--11--1--1
11--1--11--1-1-1111--1--—-—- 1-—---- 1-—-—-—- 1--1111-1-1--11--1--1
{i---1-1-1114---1¢--1-114-4---11114423---1-11-4--11---1111-1-1---
1111-1-1----111--11-1--1-111-—-——- 111-1--1-11--111----1-1-111
m=63

11114-11-1-11114-4---1---111---111111---111---1---1-1111-1-11-111
1111-11-1-1111-19---1---111---111111---111---1---1-1111-1-11-111
11-111--11-11--1--1-11-1-111-——————- 111-1-11-1--1--11-11--111-1
1-1---11--1--11-11-1--1-1---11111111---1-1--1-11-11--1--11---1-
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