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IIPEAFOBOP 

Hpe,nMeT oBor paga, je xnaca mo4e.ria Bpemeticuin cepMja ca riparomma. To je 
je,nHa Knaca meammeapmmx mo,gema BpememcB:mx cepnja xoja je nocnexbmx geceTax ro- 
AmHa BeoMa nonynapHa, Ram) meby vicTpami:mBaumma Rojm ce 6aBe npaKTmlaHmm npm-

meHama mogefia y cHojmm o6macTmma, TaB:0 H mel)y TeopeTmuapmma Eojm HacToje ga 

oTKpmjy BepoBaTHocHy cTpyRTypy mo,rke.na H cTaTvicTmuxa cBojcTsa of eHa mmxosmx 

napaMeTapa. Mogene ca nparoBmma je npegno)Emo Howell Tong join 1978. rogmHe. 

MetjyTmm, CBC Ao 1990. roe je Bnagano pe.uaTkunto mano mHTepecoBan,e 3a TaxBe 

moge.11e H y TOM nepxogy cy go6mjeHm CIWOMH14 Teopmjcim pe3yaTaTm. YrnasHom 

Cy TO 6mm/I pe3y.aTaTm Rojm cy ce 0,4HOCIARVI Ha Mogen npBor pe,rla ca jegHmm VIJIH 

SHIITE nparoBa. A oHga, y HapegHmx nap rogyma, nojaBwilo CC FICHOJIHNO 3F-lax-N-0Iva 

pagoBa, a 6poj mcTpa)EmBatia xojm cy pa3maTpa.nm HRH eKcnepmmeHTmcaam ca Taramm 

mogeffmma ce 3HaTHo npomHpHo. HpaBa, excnaH3mja pagoBa y xojmma ce npmmerbyjy 

mogenm ca nparomama je y nocnegme gBe TpH rogvme H TO HapoumTo y npo6Remmma 

exoHommje M 4H4HaHcmjcHmx TpaHcarawja. 

Hocmojeli,u meopujcxu pe3y.4mamu npe uapade ducepmai4uje 

013,HC CC BaBoAc caw) pe3y.nTaTH Kojm cc ognoce Ha cTalAmonapnocT, eprogypanocT 

YI ogeHe napaMeTapa, HOUITO cy OHH 3Hatiajum 3a pa3maTparba y pally. 

IlmTaH,e cTain4oHapHocTm 14 Cp1"0,2114x4HOCT14 .jC noTnyHo pellICHO j€,414H0 3a npoucce 

ca ayToperpecmoHmm (AR) moge.rimma npBor pe,na m3meljy nparoBa. Ka,i cy m3mey 

nparoBa ayToperpecmoHm mogenm npBor pe,na ca noxpeTHmm cpenHHaMa (ARMA 
moge.11m), goE.a3aHo je ,na napameTpm noxpeTHmx cpegmHa (MA ge.nosm mogena) He 

yTmlay Ha cTarAmoHapHocT. 3a npoHece smiler pega 1-103HaTTA cy BIM° pecappnamBHm 

yCJI0BH KOiVI rapaHTyjy cTagmoHapHocT H eprogmtaHocT. TO ce noce6Ho OLJHOCH Ha 

cnytiaj xag cy m3mety nparoBa ARMA ge.nosm mogena, npi uemy je ayTop oBor papa 

goRa3ao ,na HM Taga MA ,LeJIOBH He yTwiy Ha cTagmoHapHocT. HocToje, Taxobe, nap-

ikmjasuHm pe3y.uTaTm o pacnogenama mogeria ca jegHmm nparoM. 

LLITo ce 'nage orleHa napaMeTapa mogeza ca nparoBmma, pa3maTpaHe cy olAeHe go-

6mjeHe meTogom Hajmaibmx Knagparra, npm tic:my ,JP, goKa3ana, Kon3mcTenTnocT ogena. 

CBHX napaMeTapa, yx.rbytiyjyhm M or nparoBa. Cm/max pe3y.wraT je go6mjeH 14 

3a c.nytlaj oHerbmBalha meTogom marccmmaime BepogocTojHocTm. 
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Hoeu pe3yAmamu 

Hopeg npernega nocTojehmx pe3ynTaTa, y pagy cy npe3eHTmpaHm HOB14 pe3yn-

TaTI4 It0j14 ce ogHoce Ha cTagmoHapHocT, eprogwaHocT ogeHe napameTapa mogena 

ca nparosmma. 

Y Tpehoj rnasm .je geTazHo pa3maTpaH ayToperpecmoHm mogen gpyror pega 

ca jegHvim nparom II go6mjeHm cy gOBOJbHH yCJI0BH 3a reomeTpmjcRy epro,nyilmocT. 

Cnegmjaimm cnyqaj T14X pc3ynTaTa cagpAcm n03HaTe pe3y.YrraTe 3a mogen npBor pega. 

Pa3MaTpaH je, TaRoe, ayToperpecmoHm mogen smiler pega ca Hmuie nparosa, ripm 

qemy je, y ogHocy Ha nocTojeh.e pe3ynTaTe, go6mjeHa 3HaTHo Beha o6maCT napame-

Tapa 3a Rojy mogen remeppnue eprogmqaH npoLiec. Y go1a3y je RopminheHa TeoprAja 

MapRoar-bona npogeca ca Heripe6pojmEimm npocTopom cTama. kICTOM TeXHHICOM cy 

143BeACH14 14 yCJIOBVI 3a epr0,4144HOCT npogeca reHepvicaHmx ARMA moge.nmma ca 

nparosmma, Rao 14 AR mogenvima ca ycnotumm xerrepocRegacTmmocTmma. Ilopeg 

Tora, pa3maTpaHa .je Id pacno,ge.na npogeca ripBor pega ca je,g,Hmm nparom rip pa-

3.TIVItIVITHM pacnogenama mHoBagmja. 

Y tieTspToj rnaBm cy pe3ynTaTm o or eHama napameTapa AR mogena Hmuier pega 

ca je,Eurim nparoM. Hajripe je gam peKyp3mgHa Bep3mja meToge Hajmammx RHagpaTa, 

ripm qemy je goRa3aHa li:OH3VICTeHTHOCT ogeHa H M 3HaTHO 6.Tia>xvim yCJIOBVIMa y ogHocy 

Ha yczose 143 gpyrmx pagoBa. 3aTMM je pexyp3mBHm anropmTam y0IIIIITBH 3a ogeHe 

Tmna cToxacTmqxe anpoRcmmagmje, rge ce npmmeHom mapTimrana goRa3yje KOH3HC-

TeHTHOCT ogeHa. Ha Rpajy je goRa3aHa H KOH314CTeHTHOCT ogeHa g06mjemix MHHH-

mm3awAjom onurrer xpifrrepmjyma. 

3axeadiuocmu 

Hgejy 3a pag Ha MOACJII4Ma ca nparoBvima, Rao 14 notiemy aprrepaTypy, gao MII je 

meHTop Hpo4) RI) JoBaH Manmuiviti. 36or Tora, anti 14 36or pa3ymeHama, nogpume 14 

nomohm y p;--tgy, ja my ce HajcpgaqHmje 3axHamyjem. 3axsa.myjem ce, Taxote, 111)4 

ftp BecHm JespemoBmti II Ilp04) ftp HaBgy MnageHomfirly, unaHonmma KoMHcHje KOjH 

cy na>i<mmo npoqkrranm pag II gamy' RopmcHe cyrecTMje. 

3axHanHocT gyryjem Er oHmma 1oji4 cy 	nocnanm Ronmje csojmx pagoBa, a 

TO cy: Prof Rabi Bhattacharya (Indiana University, Department of Mathematics), Prof 
Daren B. H. Cline (Texas A & M University, Department of Statistics), Prof Lianfen Qian 
(Florida Atlantic University, Department of Mathematical Sciences), Prof Roland Gunther 

(Friedrich Schiller University Jena, Institute of Stochastics), Prof Bruce E. Hansen (Uni-
versity of Wisconsin, Department of Economics) i Prof Mehrnet Caner (Bilkent University, 

Department of Economics), Rao 14 ftp Ay6paBKH 11<apicos (Institute of Social Studies, 

The Hague) Roja MM je nocnana mbviry o Henvmeapimm spemeticxvim cepvijama mr,4jm 

je ayTop Howell Tong. 

Beorparq, 2002. 	 LiparaH Mopmh 
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1 

HEJIMHEAPHH MO)IEJIM BPEMEHCKI4X 
CEPHJA 

BpemeHcKe cepHje ce cpehy y pa3nwn4T14m o6nacT7,4ma vicTpoitcvmaH,a (acTpo-

Hommja, meTeoponormja, xm,rkponormja, reo04314Ka, nomonpvmpe,rka, eKonormja, me-

,,r_kmqvma, Aemorpaci)Hja, exoHommja, (ilmaHcmje,...), a Teopmjcxa ocHosa 3a, 11:44X0B0 

143riasame ce Hana314 y m4me maTemammEva ,rklacruinnyma (HeposaTHoha, maTema-

TFrqxa cTaTrAcTI4Ka, CTOXaCTI4T-1(14 nponecm,...) H y TeopMjH ,,Ekmiamvpumx CHCTM 

(Ozaki, 1985; Tong, 1990). Hope,n 6pojm4x Liacomaca RojH o6jaHn,yjy pa,rkoHe se3aHe 

3a aHorn43y, mage.nmpalbe H nporHo3y apemeHcm4x cepMja, Bell Hmue rogpma nocToji4 

14 cnem4jani43oHam4 •laconmc Journal of Time Series Analysis. 

Y nocaexube Ai:se AegemAje Henvum 6poj paAoHa M3 eKoHommje ce 6am4 marken14- 

pal-Lem spemeHumx cepHja. MeTo,nkonouncy ocHoHy caspemeHe Teopr4jcxe eKoHommje 

t11411e CTOXaCTHMKP1 AHHaM14 1-11CY1 markenra ymecTo paHr4je xopmnhem4x CTaTIA•lICHX H 

rEkeTepM14HVICTI41-11(14X (Granger and Terasvirta, 1993). Mo rqenvx, Hapathio, Hajueruhe 

cny>Ke 3a nporH03mpaHie 6y rnyhmx BpCKHOCTM (oncepaarkmja) nocmaTpaHe nojaBe. 

RoK je TeopHja ni4HeapHyc maLkena KomnneTmpaHa (Brockwell and Davis, 1991), 

Teopmja HenT4HeapHmx markena je Tex y pa3sojy. MHorn npo6nempi, Kojm ce aLkHoce 

Ha HeposaTHocHy crpyKTypy moAe.na H Ha orlemmsalbe napaMeTapa, 14360p H ogeHy 

apkeKaaTHocTi4 markena, cy join yHeK Hepememi ( De Gooijer and Kumar, 1992; Tera-

svirta, Tjostheim and Granger, 1994). Hi4je jeAmicTseHa Taal< ma Ae4n4Hva4ja Henvm-

eapHor markena. 

1.1 MO,ZIEJ114 BPEMEHCKHX CEPHJA 

1_114T morLkenHpaH,a HpemeHcm cepHje {X 1 } (t E N) je Ka ce oApe,,tkr4 (Pyman4ja h 

TaKBa Ka HH3 pc3mAyana {E t } Acci)4m4caH ca 

et = h(fX t )) 	 (1.1) 

6y,ike HJIH 6e4u tuy.m. (HH3 Hexopenmcam4x c.nytlajHvix B e .71 mum a ca VICTI4M pacnarke.na- 
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1. HERHHEA11114 MOAEJ11/1 BPEMEIICHFIX CEPHJA 
	

8 

ma) HMI Crrip 0211, 6 CAU uty.A4 (HH3 He3aBVICHNX cnyuajmia BERVILINHa ca JACTIAM pacnoge-

Rama). AKo pe3vigyanm He npegcTanmajy 6enm inym, TO 3HatIVI ,ra 111/13 {X 1 ) cagp:am 

H urpyrcTypy Hoja Hvije o6yxnatieHa mogenom. flon..(en,Ho je ga mogen 6yge rno6anHo 

vmsepTvi6vinaH, ogiiocHo Taxas ,ra Ha OCHOBy HT/I3a {e t ) H noueTHe Bpe,nHOCTM mory 

,na ce ogpege oplArviHanHvi nogatn4, X t . 

Y cnyuajy nvmcapHor mogena je, Ha npHMep, 

+co 

El = 
	

ht,kXt-k, 	 (1.2) 
=- 00 

	

r,ae cy 	TC>EVIIICKC thrmilvaje Roje o,gpergjy yznimaj Henvmme Xt_k Ha pe3H,AyaR 

Et. Axe je Hporwc hay3a.naH, Taga je h t ,k = 0 3a k < 0. 

ilpeTnocTannmo ,rka je Mogen Kay3anaH, ogHocno ga je 

Et = h(Xt, Xt-1)... ) 	 (1.3) 

H ga je vamepTvi6mnaH, LUTO 3HaMH ,L(a H3 (1.3) mo>xe ga ce erco6Hje 

X( = g(Et,Et_i, • • •)• 
	 ( 1.4) 

AKo je ()yinanfija g gonon,Ho r.nama, oHga je 

00 00 
	

00 00 	00 

	

X 	 g kE t- k 	Y.,  gmet_kEt_i +Y:   gkimEt_kEt_tEt_m. + • • 	(1.5) 
k=0 	 k=0 1=0 	 k=0 1=0 m=0 

rge cy je3rpa gaTa ca 

og(0) 	a29,(0) 
g(0), gk = 	 = 

,Et_k 	aEi_kaet_i' • • 	
(1.6) 

OBO je TaIs:03BaHM BonTepoB pa3Boj Kojvi je Kopvicrvio join Wiener (1958). OH je 

nocmaTpao Mogen y cl)Opmm yActa - ualiaa, IIITO ce go6mja aho y BonTeponom pa3Bojy 

3ameHv[mo e t  ca yna3oM Ut , a Xt  TpeTvipamo Kao H3.1Ia3. AKO ce y3my canto npna Ana 

gnaHa, go6mja ce nvmeapHm Kay3anHvi visepTvi6vinHvx Mogen. 

3a nvmeapHe mogene Ba>i<vi npvniqmn cynepno3m1vije no 1(ojem je yKynaH 1,43JIa3 

jegHax 36mpy H3na3a go6HjeHmx 3a nojegvme (PpeKneHnvije yna3a. 11pm Tome, axo 

yna3 vima (PpeKnernmjy cz.), ogHocHo aKo je 

Ut  = 	 (1.7) 

Ta,rka vi3na3 mma Ty vicTy (PpeKneinky, a amnnviTyga ce mHo -.rxm ca IH(w)I  H (Pa3a 

nomepa 3a arg H(w), rge je H (bymqvija npena3a 

I1(w) =Y:gke -iwk 	 (1.8) 

k=0 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1. IIEJ11,111EAP1114 MOREJ114 DPEMEHCKI4X CEPI4JA 
	

9 

ilpema Tome, nkiHeapHvI ckicTem je 110111yHO onvicaH axo 3HaMO 0,4314Be 3a cBe noje- 

,411111aime (DpeHnealje. ilpyrum petiuma, Jim-team mo,nen vtts,ta, airrepHaTvisHo npe,g- 
cTasmaiLe y cl)peiozieHTHom AomeHy cPyinalmjom npena3a (1.8). 

3a HenvmeapHe cvicTeme HkijeAHo o irk HaBe,rkeHvix CBOjCTaBa nviHeapHvix cHcTema 

He swim. Havime, 3a yna3 ca ckpexBeHgvijom w , vona3 y OIIIL1TM cnyuajy mowe ,rka 

ca,gpxki H xomnoHeHTe ca 4)pexBeHin4jama 2w, 3w, Rao 14 Apyrvim. To je Taxo3BaHa 

Opoxeeumna Aty4m,unAuicawuja. MCTO TaRo, 3a y.ma3e ca ITermemprijama co1 H (02, 

1/13.11a3 11e ca,rkp -ixaTki xomnoHeHTe ca ckpexBeiukljama w i , w2  H w1-1-w2. To je Taxo3BaHa 
unmeRMody ✓taprta aucmop3uja. 1Thema Tome, y orimTeM cnyuajy He HOCT0j14 chunantija 

npeHoca 3a HeakiHeapHe mo,gene. MebyTHm, mo)xe ce AeclikiHkinie H143 yOr1111TeHl4X 

npena3a 

Hi(w) = H(w), H2(w,,w2) = E 
00 00 

(1.9) 
k=0 1=0 

Axo je yna3 cTannoHapan npoLiec ca cnexTpanHom penpe3ewrawajom 

	

(Le = 	e itwdZ„(w), 	 (1.10) 

TaAa je, npema Bwrreposom pa3Bojy (1.5), 

7r 

Xt = I 
7, 

e i twi ll-1( 44) 1 )dZu(W1 	I 	e it(w1+412)  H2 (W1 W2)dZu(C01  )dZu (W2 ) -I-  • • • (1.11) 
_ 	 7r - 

Raga Ut  ca,rkpfo4 canto je,rmy 4)percsemAlljy, Ut = Ac iw e , Ta,ga je dZu (w) = A, na je 

Xt  = AHI(w)eiwt A2 H2 (w,(4) ) eziwt + 	 (1.12) 

IIITO 3Haun ,rka X t  ca,qp>KYi KomnoHeHTe ca cf)pexBeHnkijama w, 2w, 3w,.... 

3a o,npeljkiBan,e (byinapije h, 3aBrAcHo 	Tora ,na ./114 pacnona)xemo ,go,gaTHvim 

HI-1(1)0pMaLUi1iaMa HRH He, nocToje Tpki pa3nkrukiTa ripkina3a: 

(1) Black box npvina3 xopkicTMi canto no,zame X t . 

(2) Gray box npyina3 xom6kmyje kmcpopmannje xoje mory Fro, ce Ao6Hjy 113 no-

,naTaxa ca vmpopmankxjama o npvipo,ni4 came nojaBe xojy cepHja npeAcTaBma, a lc* 

mory erk a ce Ao6mjy 1(13 Teopmjctanc pa3maTpatba (3aKOH14 ()143141<e, xeMHje,...) I43114 

excnepvimeHTanHkix kicTpamemama. 

(3) White box npv4na3 yonuiTe He xopkicTH CTaTI4CTWIKe meTo,ge, Beh mo,gen 

(Popmkipa vicxn,yuviso Ha 6a311 3Halba o npvipo,AHi nojaBe 'coja ce moAenvipa. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1. IIEJ11411EAPIII4 MOJJ,EJII4 DPEMEHCKI4X CEPI4JA 
	

10 

1.1.1 Heinmeapim HacynpoT inmeapimm mo,Re.imma 

OA 1980. rogyme 3HaTHO pacTe mHTepecosaH,e 3a HeavmeapHmm mo,nerimma spe-

meHcEmx cepMja N AVIHaMI41-1KMX cmcTema. HapasHo, OCHOBHVI pa3.nor je LUTO nvme-

apHvi moAe.am, R.ojm cy 6MJIVI AOMHHaHTHVI y npumeibeHoj maTemaTmqm H npmpo,s,Hmm 

HayKatvia, Hvicy oArosapajytim 3a mo rEke.nmpame ser14He peamHmx nojasa H cmcTema. 

floNa3aEo ce, name, 	peamm no,Aamm Iva/lemma/ix cepmja ca rqp>xe pa3Hmtura caoj- 

cTsa Koja JumeapHm mogeim He mory ,ga 'yxBaTe'. To je goBeno, Hajnpe, 	pa3Boja 

HeRnHeap-Iva CTOXaCTVIL11(14X mogena, a Henn° HacHHje cy ce nojamum H HemmHeapH14 

gerrepivfmmiicTwaHm mogenn xaurvilnuinc nojaBa 14 cHcrema. Y nepmogy 1980 - 1990 

pa3BmjeHa je BepoBaTuocma H crraTmcamtma Teopmja OBHX mogena 14 aHanm3npaHe cy 

npvimeHe Ha peanHmm nogagmma. MebyTmm, BeJ114103 6poj TeopmjcHmx npo6nema je 

ocTao Hep emex . To ce HapoumTo 0,4HO C14 Ha moAene ca nparosvnvia. Hopexc Tora, 

nocTynaK. vi36opa Haj6o.rber HenvaleapHor mo,Lkena je se3aH 3a cnanceHa Hymepvrcma 

mpatiyHasaH,a. Haparmo, pa3soj CM pagyHapcxe TeXIIOTIOF14.je Taj np06J1CM DVILLIC 

IIVIj C o,nnymyjyrIvi. 

C ;pyre cTpaHe, cTaTvicTmt-ma TeopMja JimHeapHmx mo,ge.na je 3a TO speme ,nana 

npaxTmuHe meTo,rke, a pa3smjcH je M ogroBapajyrim Co(1)Tsep, na je npmmella nmHeap-

Hmx monena nocTaRa seoma je,n,HocTasHa. 

Hpema Tome, Awnema: Aun,eapitu UAU nemoteaptu mode.ft H ,-tame ocTaje aKTyenHa. 

Y aHaM1431/1 peamimx no rr_kaTaRa Tpe6a, o rArosapajyhmm TecTosmma KOjN TecTrapajy He-

.nvmeapHocT (Tong, 1990), smAeTvi ,Lka JIM no,,nanm npe,rkcTaszajy nvareapHy vulm Heim-

HeapHy AmHammxy. AKO je TecTosmma noTBp l5 eHa XVIII0Te3a o HexameapHocTm, c.ne,zAe 

Hose Am.neme se3aHe 3a 1,4360p Knace mo,nena: mapa,memapcxu UAU nenapamema,pocu 

npucmyn, cmoxacmuimu UM], dernep.murotontvom .Mode./l, Op C.MC71.C7C11, ?LAU Opexecurria.• 

()omen, Eao H Apyre. Y csaxom c.nytiajy, He nocTojm yHmsep3a.nHa npone,nypa 3a 

mo,nenmpalbe spemeHcfce cepHje, HMTVI 3a v36op JimHeapHor HEM HeJIHHeapHOr mo,n-

e.na. 

1.1.2 011111TH Heynnie awn& mo,rke.am 

flpupo,nHo yoninTeH,e ayToperpecmoHor (AR) mo,,ne.na je HenvmeapHm AR mo,ne.n 

X t = f(Xt_i, X 1-2 ) • • • X I-111 E 1)1 
	 (1.13) 

r,ge je f : RP." 	R HenvmeapHa srkymaAja, a {E t } cTporm 6CJIVI mym, 0,UHOCHO HH3 

He3asmcHmx c.nytiajHmx semmqvula ca VICTVIM pacno,re.nama, npm qemy je E t  He3asmcma 

og X, 3a s < t. 0,4rosapajyhm xceTepmknmcmlni:m HenmHeapHm mo,geR ce go6mja 3a 

Et = 0. CnenmjanHm c.nytiajesm cy Ea,r{ je rpenma Et  aAmTmsna, Tj. xa,n je 

Xi 	 ,Xt_) + Et, 
	 (1.14) 
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oxiocHo Ka,zi je mynTviniumaTimBHa, Tj. Ra,4 je 

X t = f (X t_i , X t_2, . . • , X t_p) • Et. 	 (1.15) 

Mo,74envi (1.14) cny>ice 3a mo,aennpame ycnoHHor otieKnnaH,a, a moge.nn (1.15) 3a 

moileimpame ycnosHe sapnjaHce Koja je npomeHaLma (volatility models). OBa ,1B3a 

Traria mo,Ekeim mory ,rya ce rcom6vmyjy y je,gaH, Ha npnmep, Ha c.ne,aehn Haqvm: 

Xi = f .i(Xt_i,Xt-2,• • • ,Xt-p) 	f2(Xt-1 Xt-2, • • ,Xt-q) ' Et• 
	 (1.16) 

Y mo,rke.ne ca arIII4TIABHOM rpeuncom cnaraajy NAAR (Nonlinear Additive AR) mo,4- 
enn 

	

Xt  = h(xt _ i )+ f2(xi_2)+ • • + fp(xt,)+ Et) 	 (1.17) 

LIITO je yornuTeme HonnHeapHor mo,gena npuor pe,rka (Jones, 1978), Hao H FAR (Fun-
ctional coefficient AR) mo,ae.un (Chan and Tsay, 1993; Cai and Fan, 2000) 

X t = fi (X t _ d )X t _ 	f2(Xt_d)Xt_2 	• • + fp(X t-d)Xt-p +Et. 
	(1.18) 

P1 je,aHn H Apyrn cy, HapaBHo, jour ysex ,140B0J13H0 011111T14. 

Ha cangaH HaxIHH ce ,neciummuy 011111TH NMA (Nonlinear MA) H NARMA (Non-
linear ARMA) moge.mm, a morgen 

X t = f 	t-1, • • • , xt-p, Et, E t-1) • • • )et-q) 
	

(1.19) 

o6yxBaTa cne npeTxo,rHe mo,i4e.ne. 

1.1.3 Mo,ae.am ca 3amac1locTmma o,z cTama 

Y mo,neRnparby spemeHercva cepHja HennHeapHvim mo,rkenmma laecTo ce AecfoHmuly 
pa3JmunTa crama HRH pemnmn o,4 x0jHX 3am/Ice enyuajHe npomemmHsC y mo,aeny, 
oraHocHo H,HXOBH CTaTI4CT14 141(14 noxa3aTeam icao IIITO cy cperrui.a spe,n;HocT, napnjaHca 
14 ,apyrn. Ta 3aB14CHOCT o,i cTaiba (y cBarKom TpeHymy) moxce ce mo,z<emHpa 
Ha pa3.111V-IMTe HatmHe. Ha npvimep, • e,rkHocTamio Taxuo yormTeH.,e anHeapHor AR 
mo,Aena je 

	

X 1  = ao(St )--1- ai(St)Xt-i + • • • + ap(Si)Xt-p + et, 
	 (1.20) 

r,ae cy ao(St), • • • ,ap(St) ckymaAnje crama Si . Canto craibe Si  mowe 	6y,74e oxapaK- 
TeppiCaHo BeKTopom npeTxo,inmx spe,AHocim nocmaTpaHe cepnje H sexTopom Zi  Nojki 
cajkpmn Hence xkpyre (cnomaunbe) npoMeHaMSe 

St  = (X t-1, X1_2, • • • X t-p, Z t T )T  • 
	 (1.21) 

Kauo cy HoecinrawyjeHTn a 0 ,...,ap  (f)ymianAje spemena t H cTama Si , y onurrem c.nytiajy 
MOACJI HMa 6ectcoHat3R0 MHOI'O pemmma. Y 'waxen je, Haparmo, 6HTHO "la 6poj 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1. IIEJIHIlEAPIIH MO,LIEJIH BPEMEIICKIIX CEPHJA 
	

12 

pea 6y,Lke IUTO MaII,H. IlapameTpmagvijom (I)3THiqmja ai(St ) ca RoHaumm 6po-

jem napameTapa Ao6Hja ce EoHaqaH 6poj peAmma 14 3a cnaxm peiltiVIM IlOCT0iI1 jeJaH 

1(01-IITOTaH, JI0I(a./11-11/1, mogon. Y cHaKom TpeHyTHy t, 3aBLICHO cTaH,a S t , 6vipa 

ce jega,H o,rk THX noKainnax mo,tkena. TaRan mo,nkenn cy flO3HTM xao regime-switching 

mo,4e.rin. 

MoAen (1.20) mo:a(e 	ce TpeTHpa m Hao Te.j.nopoHa anpohcnmaHvija npHor pe,rka 

HEJIVIHCELpHOF 1\4w:corm 

Xi = f(Xt-1,Xt-2)- • • ,Xt-p)Zt) -1-  Et) 
	 (1.22) 

r,Lke je f I-tenni-Team-la 4)ymawja. AB:o cy ai(S t ) cnyqajnn npoIecH, ne3asmcm4 o rrk 

Et, vimamo Knacy deocmppco ernoxacmunrux (doubly stochastic) mo,ikeRa (Thstheirn , 

1986), Rao H macy mo,rkena ca cmyqajnvim Koccin4AnjenTrAma (Nicholls and Quinn, 1982) 
Aectiknincanmx ca 

Xt 	ai 	bi,t)Xt_i + et, 
i=1 

r,rke cy bit  cayuajHe ripomeHamse. 

3a S t  = Xt_d vimamo FAR mo,zkene 143 (1.18) (Chan and Tsay, 1993), a atm je 

S t  MapKoHmes npoqec mmamo Markov-switching mo,Aene. HanomeHmmo 14 TO ,rka je 

°METH cRyqaj mo,gena ca 3aBmcnournma o r4 cTan,a (state dependent mo,re.na) ,Eke4wm-

vicao Preisticy (1980). 

1.1.4 HenapameTapcue mero,nce 

YC.11 OBHO OLICRI4Ba1-36O H yCJIOBHa napnjanca, 	ce mo,r_cennpajy napameTapcx.mm 

mo,rcennma, mory Ra ce or emyjy 14 nenapameTapcKm, 6e3 moxceila (Hardie, 1990). Axo 

cy X I , X2 ) ... ,X,,, oncepsannje n arm je 

M = E (X t  I X t _ i  = 	,X t _ p  = p) , V = var(Xt  I Xt _ i  = 	X i_p = xi)) 
(1.23) 

on,rka cy oueire M 14 V ycnormor otiermsama M H yCJIOBIle Bapreljance V RaTe ca 

n — p + 1 Et=p+i  Xt nPi,, Kh(x,_, - Xi) 

n — p 	 fri.i Kh(xt-i — xi) 

n — p 1 	X?  11 1:=1  K h(X t _i — i) 
V(x 1 , . . . , x p ) =    	M 2 (xi, • • • ,xp), 

n — p 	EntIp1+ , 	Kh (xt _ i  — x i ) 

rAe je Kh(x) 	K (h -  x) H npn qemy ,je h umpnna je3rpa K . Ha cnkrqan nalnim 

CC ogemyjy 14 HC110311aTe (1)yinuAr4je y OCTZIJIIIM moAenvima, Ha npHmep, y FAR morrkony 

(Chan and Tsay, 1993). 
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Y menapameTapcimm meTo,t(ama o6muno ce Eopmcn4 yc.nos npomer_uamocrid 

.sup 8717) IP(13 11 A) — P(A)P(.13)1 	0, n -4 00, 
AE.71 BE-7r" 

( 1.24) 

rye je ca 	o3matieno a - n0Jbe rcliCpkicd110 ca Xa , Xn +j, 	, Xb. 
Ro6pa cipana OBTAX meTo,ga je TO ITITO cc eximmvannne cy6jeKTIlBHocT lc* noc-

Tojm ico,4 H36opa napameTapchor mo,Aeaa, a Roma capana cy pagyncia4 npo6nemm 
y cRytiajy Ea,rA je rieRmEa ,ammen3mja mo)Aena (p). MeyTmi1/44, y3 nomoh jaKor HH-
Tepaanumor cocirrnepa, menapameTapcge ()gene mory ,Lka nocnpice 3a Aeciwnimcame 
napameTapcxor mo rae.ga. 

1.1.5 flapaMeTapclu4 mo,rikenx4 

flapameTpmanmjom cliyinan4ja f, f 1  14 12  y moAeJimma (1.14), (1.15) m (1.16), 
Ao6mjamo pa3.7n4,-mTe napameTapcxe NAR, NAAR, FAR, NMA 14 NARMA mo,ae.ne. 
Ha npMMep, napaMeTapcKM NAR(1) mo,rken 3a yCJI0BHO oxaexviname je 

Xi = 	 et, 	 (1.25) 

r,ie je f no3maTa cliyill<qmja, a 0 newrop meno3maTmx napaMeTapa. OnnITLI napame-
Tapcm mo,gen Rojm moAenmpa H yc.normo otlexviname LI ycnonny sapmjancy je 

X i = fi(Xt-i, • • • Xi-p I el) + f2(Xt-1) • • • -X-1--p7 02) • Et, 
	f2 > 0, 	(1.26) 

rip LT tiemy cy 0 1  m 02  Beis:Topm meno3maTmx napameTapa It 

E(X t  I Xt _ 1  = x 1 ,...,Xt _ p  = x p ) = 	x i( , 01), 

var(X t  X 1 _ 1  = x1 ,... , X t _ p  = xp ) = f22 (x i ,... ,x p ,02 )var(e t ). 

Hanommmemo 	cy on,ge mane,aeme canto nem no3naTmje mace napameTapciafix 
mo,aena. 

YonurreHH AR (GAR) mo,qe.nm 

GAR (Generalized AR) moetkeam cy no.nmnommjaimm mo,rcenm, oxiocno mo rgenm Koji(' 
cartmwe ca6mpxe Tmna X i'i Xr22 • • • Xrrp . Ha npHMep, 

X t  = a i Xt _ i  + a2Xt _ 2 -Fa3 Xt2 	a4 X12  2  + a5Xt _ 1 X1 _ 2 + Et. 
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PaRNoHanxm momJ114 

To cy mo,genvi Ae4-n4Hvicalivi panvioHanHom thquanAjom, 0,4110CHO Rao ROJIHLIHHR Asa 
nonvmoma, Ha npvimep 

Emnollemcmjamm AR (EXPAR) mo,4e.im 

EXPAR (Exponential AR) moAenvi cy Aecinmvicami ca (Haggan and Ozaki, 1981) 

Xt = 	(ai bie -a"-a ) Xt-j + et) a > 0. 
i=1 

3a r/1(0B0113H0 Benvniy HJIH ,flOBOJLHO Maffy speAHocT IXt_dj, npawrvicmo ce6vija AR(k) 
mo,gen. 3a pa3nvni:y o,i mo,rkena ca nparosxma, npena3 H3 AR pe)Evima y EXPAR 
pe>limm, H O6pHyTO, je rna,gax. 

ManilHeapHH mo,Lkeara 

HvonmeapHra mo,rkenvi cy ,rket4ninn4caHvi ca 

nz k 

Xt = 
j=i 

bi g t _i biiXt_jEt_i. 

HHTepeCaHTHO je ,rkamHsepTH6vinaH, cTanvmHapaH, 6vinmHeapHvi mo,ne.n 

X t  = aXt-iet-1 + Et 

mo)F.e 	ce npe,rAcTasvi xao GAR mo,rken (Mittinik, 1991) 

00 

X t = 	Xt_k H Xt-i Et. 
k=1 
	 i=1 

ARCH mo,Ekenm 

Ko,q ARCH (AR Conditional Heteroscedastic) moAena ycnomia sapHjaHca je JIH 

HeapHa (Pymi:nvija Esa,gpaTa npeTxo rzwvix oncepsanmja 

X t  = Vac, ai X1 + • • • + ap X? p • Et, a i  > 0. 
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1.2 HEJIMEAPHI4 itETEPMJAHHCT14 11E1/1 MOREJ114 

AK° y mo,geimma spemeHcmx cepHja Hase,genvim y 1.1 1430CTaB14MO pe3HAyane et, 
"4°61/jam° ,w4epem.ie je,rmatume Koje npeAcTasmajy AeTepmHHHCTIlltliCe moAene H.T1 14 

mo,gene AeTepmvnivicTnuxvix cncTema. TaKo mo,ge.ny (1.14) oArosapa HanymeapHvi 
geTepmvincTv-mvi mo,tke.n 

x t = f( t -1 xt-2 	. , x t -P ) 	 (1.27) 

ca IlatleTHI4M speAHocamma x1, x2, 	, x p . CBOjCTBa H143a {x t ) Aegninimcatior ca (1.27) 
mory 614in4 Bp.no cno -/EeHa. Max H y c.nytiajy p = 1, moAan 

x t = fixt_i) 
	

(1.28) 

mo)xe /la reHeppnue H143 {Xi} 1(0.jH ce cxopo He pa3JIHKyje o ,l pea.amagmje c.nyuajHor 

nponeca, oAHocHo KojH npeAcTasn,a Taxo3naHm xaoc. flope,4 Tora, axo ce y mo,geR 

(1.27) yx.,Lytm y.na3Ha sanw-fma, a x t  nocmaTpa xao H3na3na Beavitu/ma, oH,Ia cmc-

TeM y./ia3 - U3.1143 mo)xe ,la I,4ma cse xapaxTepvicTllue Hen14HeapH14x cvicTema. Jejr,Ha 

THX, HenymeapHmx, xapaxTepvicTnxa je pe3onaumuu cxor. HanMe, amn.nrATy,rca 

n3na3He Benwcivme mo>xe ,la vima cxox Ha pa3.nrammTvim ci)pexBeinn4jama 3askicHo O,I 

Tora ,la n14 clweRseHnvija yna3He seimtufme (ITN HOHCTaHTHOi amminirrygr4) MOHOTOHO 

ona,ia HJIH MOHOTOHO pacTe. MCTO Taxo, ITOCT0i1/1 14 pe3oHanTHm cxox am1o4Ty,r7e 

H3JIa3He Benwarime 3a pa3n14tn14Te amrunifTy,ge yna3He Beam-lime (npm KOHCTaHTHOi 

Cl/peRsein(aj14) 3aBI4CHO OA Tora yna3Ha ammmTy,ga MOHOTOHO pacTe H.In4 ona,21a. 

Llpyre nenvmeapHe KapaxTepHcTxe Cy, Ha npmmep, amnnviTy,n;Ho-49pexseHTHa 3aBHC-

HOCT 14 nocTojaHie cy6xapmoi-nma 14 BVIIIIHX xapmoiima. Da>KHO je, Taxolje, 1-114T MIX 

CTa614.11HOCTI4 turime ce 6asvi noce6Ha AmciwinnviHa Teopvije HenpmeapHinx ,m4Hammxnailx 

cmcTema. 

OB,Ae he noce6Ho HTM vicTaxHyTa camo HeKa CBOiCTBa se3aHa 3a nepHopjerniocT 

H1,43a {x t } reHepmcaHor MO,Lkenom (1.27), xao 14 3a threshold cTpyxTypy moAena 

1.4,4ejy nparosa. 

1.2.1 rpaiurgHll w4RJ"lyCll 

YMCCTO mo,rAena (1.27) mo>xemo nocmaTpaTm OMIITI4j14 mo,gen 

xt  =F(xt-i) 
	

( 1.29) 

,rkelymvicaH (1)YHKWIJOM F : Rk 	R k  H nogeTnom BpeAHouttly Xo. 03HatIVIMO - Ty 

nTepalAnjy chrillavije F ca F F. Axo nocTojH n E N Taxan Ra je xn  = x0 , oH,rka je H143 

{Xt} nepkto,rkvmaH. Axo cy, ripvl Tome, X07 • • • Xn-1 me - yco6Ho pa3.n1-n4T14, TO 3HaLIVI 

,ika 3a npecnxxasaa,e Fn  nocToje cfmuccHe (nenoxpeTHe) Tauxe, a 3a npecnrAxasalba 
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F F2 , • • , Fn-1  He nocToje. HpeTrIOcTaBHmO ,rka je x* jeAHa TaRBa ciwns:cHa Tax-ma, 

oAHocHo Aa  je 

x* = Fj(x ), xs 	Fi(x*) (1 < j < n). 	 (1.30) 

YpeheHa Ti - TopKa 

(x*,F(x*),... ,F" -i (x*)) 

je n - qins:nyc npecnvamBarba F HRH morEkena (1.29). Tatum x* E R k  ce .jOLU 3OBC H 

nermo,rwitma Tatum ca nepwo,gom n. Taxma z E R.k  •je acvnAnToTcEvi nepmeAvitina axe 
ilOCTOjH nepkioNirma Tatma x* Taloa Aa 

Fn(z) — Fr(x*) —+ 0 (n 	oo) 	 (1.31) 

Fpaurnim 11kiNgyci4 cy II03HaT14 y TeOpHj14 nomalcapiivix ocgranalvija y Toopmji4 
HezymeapHvix AvaliepeH414.jaJIMIX .je,gHatuinia. 

1.2.2 Threshold cTpywrypa moAena 

MHore nojaBe y npmpo,rkvi KBaJurraTvisHo memajy cBoje impais:Tepvicmice Ka,Ela Hera 

BCJIHT-HAHa )  OA FOiC TO impah:TcpmcTyucc 3aBHCC, npche ojcpcheny Bpc,LknocT, ojknocno 

oApehem4 spar (threshold). Ho3HaTo je, Ha npMMep, ,ga ce penpo rzwETHBHa cBojcTBa 
Here A<HBOTHITDCKe nonymarnAje 6HTHO merbajy raga rycTkma nonynagmje npehe Rpm-

Tkrtmy BpeAHocT. Taimvi npiamepm nocToje H y pa3HVIM o6RacTmma TCXHHRe, I<a0 H 

y Apy:auBeHmm nojaBaMa. Y TCX111/1(H<HM cvicTemmma ce TO noBe3yje ca Tal(03BaHHM 

3acviheibem cmcTema (saturation). 

MoriAeinfi Rojiti onvicyjy Tal<BC nojaBe yx.rbytiyjy ciryHxuvije Eoje cy pa3HVPIHTO ,rkecpiii-
HvicaHe 3aBVICHO 0,E( Tora erca, JIM Cy aprymeHTH (l)pHIaicHje maa,vi MJII4 Berna OA threshold 
BpeHoCTM, 0,II,HOCHO OA Bpe,LIHOCTM nparosa. TmnvilaaH npvimep je MOACJI (1.28) 
(Tong and Lim, 1980), r,ge je 

f (x) = 

11 
4x, 	lxi < --, 

 
-- 	

, 	1 
x, 	Ixl> 	• 

TaRBH mo,Lkerm, ca threshold cTpyRTypoM, cy 6vrim ocHoBa 3a ,Lke(PHHVICalbe cToxac-
TIV-IISTIX moAena ca nparoBvima. 0 Tome he 6HTM Byline petal y cne,gehoj 
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2 

MO,TIEJIH BPEMEHCKHX CEPHJA 

CA HPAFOBHMA 

2.1 YBOA 

Mo,uenvi HpemeHcrmx cepHja ca nparoBvima HJIH T (Threshold) ) mo,uenvi npe,ucTas-

abajy jegHy Knacy HeinimeapHvix mo,ue.na, r,ue ce yHoterbem nparona mo,uen pa3.ua>Re 

Ha RoHatiaH 6poj .je,uHocraHm4jvix no,umo,uena. CHaRH o,,r4 no,Ekmo,gena Hamm 143mehy 

Hera Asa cyce,EIHa npara H arcrvampa ce no,u o,upehem4m ycnosHma. reHepHcarbe 

TeKyhe Bpe,LHocTM X i  cepHje {Xi ) spinvi OHaj no,umo,uen xojvi y TpeHyTRy t 6y,ie 

H3a6paH. Cam H360p no,umo,uena 3aHHcH OR HpeAHocTH HeKe, Hajtremhe cnyclajHe, 

Heim-Lame Z i  (threshold npomeH.rm4He). Arco je Z i  HeRa o,u npeTxo,uHvix Bpe,ITHOCTH cep-

Hje, oH,L1a cy TO SET (Self-Exciting Threshold) mo rikenH. ifeckmvinHja H pamHturre 

penpe3eHTauMje T mo,4e.na, Hao H yornuTeme Ha HewropcHH cnytiaj ca myRTHHapHja-

6Hameim nparosHma cy ,LkaT14 y 2.2. 

AKO cy no,Amo,Aem4 143meby nparoBa AR Tvma H aRo ce 1436op jegfror oR IbVIX 

spun,' ynopekniaH.,em Here oR npeTxo,rnmx Espe,AHocTH cepHje ca nparom4ma, oH,zAa cy 

TO SETAR (Self-Exciting Threshold AR) mo,ErenH. Pa3nmivvre penpe3eHTarrHje Tarawa 

mo,uena cy ,aaTe y 2.2.1. Y 2.2.2 je AaTa je,uHa Rnaca TAR (Threshold AR) mo,uena 

rue je threshold npomeHmvula ckymarmja Hvnue npeTxo,umeix oncepHairraja, y 2.2.3 H 

2.2.4 cy AaTH HCI<H cnymajem4 TAR mo,gena ca je,In4HwaHvim Hopei-alma, Aox je y 2.2.5 

jkaTo THpbeH.,e' o anpoxcHmaHt4jH HezHHeapHmx AR mo,uena nomohy TAR mo,Aena. 

Arco cy H3mety nparona MA Him ARMA no,umo,uenvi, oHAa cy TO SETMA (Self-

Exciting Threshold Moving Average), o,uHocHo SETARMA (Self-Exciting Threshold 

ARMA) mo,ue.Ym RojH cy onvicam4 y 2.3. H 2.4. SET mo,uenvi ca c.nymajm4m Roecin4- 

m4jeHTHma, SETRC (Self-Exciting Threshold Random Coefficient) mo,uenH cy onHcam4 

y 2.5. HajorlmTMjH cnytraj perpecHormx TAR mo,ue.na je AaT y 2.6. 

Y 2.7 cy Awry' TAR MOACJILI ca. CISCTepHHM Beamn4Hama Hoje cy yjexpo H threshold 

npomerubme, y 2.8 je ,Lkeln/mvicaH mo,uen ca rnamvim npenacRom nparona, y 2.9 cy 

AaTH SETAR. mo,uenvi Ro,u xojr4x cy mo,uenvipaHe rpemrcc, a y 2.10 je ,iaT •exkHocTaBaH 
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volatility mo,Tkea ca nparom4ma. EpaTax lacTopmjcw4 ocHpT Ha pa3Hoj TAR mo,Aena je 

AaT 2.10. 

2.2 AR 1\40/1E.T1 .14 CA IIPAFOBVIMA 

HeKa cy 1, d m p1,p2, 	,pi npmpo,Euivi 6pojeBH, 	3a, j = 0,1, ... , / H i 	, pi 

11p0143B0.1-13HPI peamivi 6pojeBH, a r i ,r 2 ,...,rt peamivi 6pojem TaKBYI irka je 

rl  < 7. 2  < • • • < ri_i• 	 (2.1) 

,aeicimllvawja 2.1 Cmoxa,cmunica ou0eperqua jeduanun,a 

a 1 , 0 	 + • • -Fa i ,p ,Xt _ p , + Et, 
	

Zt-d < r1, 

X t  = 
	a2 ,0 a2,iXt-1 	' 	a2,p2X1-p2 + et, 	rl < Zi_d < r2, 	(2.2) 

at,iXt-i -I-  • • • + ac,p,Xt-p, -1-  Et, 
	ri_i < Zt - d) 

zde CJ X0,X_1,• • • ,X-maz{p„p„...p,)+1 u {Zt} c.aynajne npamenabuee, a {E t } 7t7L3 un,o-
eocuja, je AR mod ✓t ca npaooeu.ma 	 .1/ 1CatilMC7bCM d. 

Mo,ne.n (2.2) je, game, Aeciminn4caH ca / no,Amo,Eke.na Tmna AR - npBH pe,qa 

Apyrm peAa p2 , 	nocnergam pe,Lka pt , IIITO mo>xe ga ce 03Hat-114 ca TAR(/; p1 , p2 , 	,pt) 

WWI camo CmytiajHa npomexamBa Z t , Kojy tiemo y Aazem Texcry 
3HaTH threshold npoMeHmHBa, oApebyje axTyeamil no,rkmo,Aen. Arco cy csm AR no,rk-
mo,rkenvi ncTor pe,qa p, E01311ICTVIMO 03HaKY TAR(/; p). 3a 1 = 1 vimamo o6vmax AR 
mo,gen. 

3a npoqec {X t } reHepncaH mo,Lkenom (2.2) KaHcemo ,rka je TAR(/;pi,p2,.. • ,p1) 
nponec. Ha npiamep, aKo je HH3 cnytiajHnx Heawnima {X t } Ac4wnacaH ca 

X t  -= (I`cat-1 + Et) Zt-1 < r 

f3X t _ i  + Et, Zt_i > r ' 
(2.3) 

r,Eke cy oe„0,r E R, oH,1a je {X t } TAR(2;1) npoqec, a (2.3) je TAR(2;1) mo rike.n. 

BenvpanHa r je npao H y 3aBHCHOCTVI OR Tora ,rca JIH je Z t _ 1  Bebe rum He oxk Tor 

npara, X t  ce reHepvnue jexcHvim 	Apa AR mo,gena npHor pe,Eka urfijm cy napameTpm 

a, °Ai-loci-10 	Rahne, mo,ge.n (2.3) ce cacTojH o,rA Asa AR mo,tke.na pa3AHojeHa je,LTHi.iM 

nparo1. AK° je 

a(Zt _ d)=aI(Zt _ i  <r)+ fl.T(Z1 _ 1 > r), 	 (2.4) 

oluka mo,qc.a (2.3) mma o6.nvix mo,gema Ca (1)yinuAvi0namumm napameTpom 

X t  = a(Zt_d)Xt_i -1- Et. (2.5) 
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Ha curtiax Hamm 14 mo,rken (2.2) mowemo rqa 3aramemo H y o6nvmy FAR mo,gena 

p(Z i _d) 

Xi = ao(Zt-d) 

rge cy ai ogroHapajyhe tiymawje c0,4 

Mogen (2.2) roe ga ce Harmue 

pi 

ai(zt_d)Xt-i + et, (2.6) 
i=1 

Zt_d. 

H y KomrlaHTHHjem o6m4Ky 

X t  = + 	
)

ai,iXt _i 	/(Zi_d E Ri)+ et , • (2.7) 
.i= 	i=1 

rge je 

Ri = 	, 

a r0  = —oo H 	= +co. 

(2.8) 

Heim je Jt cnytiajHa npomeHamsa getin4HHcaHa ca 

ji  = 
1, Zi_d E Ri, 

2, Zt-d E R2, 

1, 	Zt-d E RI. 

(2.9) 

Mogen TAR(/, pi , ... ,p1) mcoice Ra ce 3arivnue y o6.nviHy mogena ca cnytaajHvim HoeitH- 

HmjeHTHma 
P(Jt) 

Xt  = ao (Jt )+ 	ai(Jt )Xt _i +e t(Jt ), 	 (2.10) 
t.1 

rge je ai(Jt ) = 	3a 	= j (j = 1,...,/; 	= 0,1, ... ,pj ). 

AK() cy X t , 	 , at , 0  sexTopm, a aij mazpvme Avimeti3vija p X p, Hmamo 

BeHropcia4 TAR mojAen, aim ca crcanapHom threshold HpomeHmHHom H ca jegHogHmeH-

3HoHanHvim nparosHma. MebyTi4m, mo,aez (2.2) mome rga ce y0 11111T14 Ha HexTopcm4 

cnraaj ca EmmeAmmerimoHanHom threshold npomeHmmom H ca tufnue,gHmeH3HoHanm4m 

nparosHma. 

aecinemplugja 2.2 Hexa je R 1 ,R2 ,... ,R1 napmuiuja npocmopa R k  u nexa je IZ t ) 

7-61L3 k - dumen3uonaftnux, 

xo,cmunica auftpenuna, 

Xt = 

a {e t } 7-61L3 Trt - aumen3uonaAnux c ✓zynajn.ux ee ✓twq.una. 	Cmo- 

jeananufla 

	

A1,0 	+ • • 	Ai d,,Xt_p i  + Et, 	Zi-d E R1 

	

A2,0 	A2,1Xt-1 + • ' • + A2,p a Xt-p2  + et, 	Zi_d E R2 (2.11) 

1 Alm + ./11, 1 X 1 _, 	• " + Ai d„X t _ p , + e t , 	Zt_d E RI 

zde cy X 0 ,X_ 1 ,..., X_ mazIpt,p2,...p0+1 m - alLAtC7-63210HaAtte cAynajne npomenrbuee, is 
ocrmopcxu AR maul. ca npazoeuma u xaunbezem d. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



2. MO,ZIEJ114 BPEMEHCKIIX CEPI/1.1A CA IIPArOBVIMA 
	

20 

HparoBvi y moAeny (2.11) cy rpamme o6nacTM Ri H y omuTem cnymay cy 

1314ifie,TALIMEH3M0HaJIHM. ,ELI4HaMPIRa npo4eca renepmcanor OBal<BVIM mo,rkenom, 03Ha4IIMO 

ra ca VTAR(1; p i  ,p2 , 	, 1p ), je BeoMa cncm(ena. 

Arco ce y mo,rAe.hy (2.2)14.1m (2.11) 1430CTaB14 rpeama Et, Ao6vija ce o ru,roBapajyhm 

ACTepIVIVIIIVICTI/1 1-11s:14 Mogen ,ca nparomma tiILIja Avmampma Tahoe mo›Ke 6LITM Bpno 

cnox<eBa 1/1 11:0iI/1 moixe rica reHeplime xaoTvitmvi 111(13. CBojcTBa TaxBor mo rikena, no,Ek 

omebeimm ycnoBmma, geTepmkumuly cBojcisa oAroBapajytier TAR, o,gBocHo VTAR 

mogena. 

2.2.1 SETAR moraeall 

3a Z t  = X t  y mowny (2.2) maw) SETAR(lin) • • • pi) mown 

X t  = 
3= 

(a • + 
Pi 

i=1 

ai,iX i_i 1- (Xi_d E Rj ) + Et ) 	 (2.12) 

Arco je 0 BeKTop napaMeTapa y mo,zAeRy, 

T T 	T 
9  = 	,u2 7 • • • 7 U l 7 r i7 r21• • • 7 11, 6) , (2.13) 

me je 

mo,AeR Pima o6mini: 

fl 14 ucmy je 

Oi  = 	, 	, cti,p ) T , 	j = 1, 2, . . . , / 	 (2.14) 

Xi = F(Xt-1,Xt-2, • • • ,Xt-p, 0)+ et, 
	 (2.15) 

F(X i _ i ,... ,X i _ p ,0)=> 
• 

pi 

i=1 

ai,iXi_i/(Xt _d E RA ) 	 (2.16) 

3a p 1  = p2  = • • = pt = p onaj moAen mo)Ee ,rya ce npeAcTaBm vI y o6nnKy VTAR 

mo,Ae.na npnor pea 

Yt = 
	

( 

	

E Ri) wt, 	 (2.17) 

r,rke je 

Yt = (Xt Xt_i • • • Xt-p+1) T , 

wt = (E t  0 ... 0)T , 

A j , 0  = (a i3O  0 ... 0)T , 

(am ai,2 ... ai,p_i 	ai d, 
Ai = 

4_1 	0 

(2.18) 

(2.19) 

(2.20) 

(2.21) 
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Ri-,--Rx•••xRxRixRx•••x R. 	 (2.22) 

IIpogec {Y 1 ), reHepvicaH mo,genom (2.17), je MapEoHmes npogec. 

2.2.2 Je rgHa Krlaca mo,ge.na ca Hvime,agmeH3xolla.nimm nparoBrima 

3a SETAR mo,rAen ce cRyn R no,rke.rm (nparosvima) Ha HeKcon4Ko ,13VICiyHETH14X 

vffiTepBana, a Armamma mo,gena ce melba y 3aBVICHOCTI4 o,4 Tora Kojem vfirrepsany 

npvina,qa threshold npomeHmrima. Mogen SETAR(l; p) , 3anvicaH y BeKTopcKoj (4opmy.4 

(2.17), onncaH je nomohy p - cgnmeH3HoHa.nHe threshold npomemm4He Y t _ i  H Eimme,AH-

Me113140HaJIHMX 06J1aCTIKI R1. 01111.1114•011 c.nylaaj je aKo ce yse,ge p - AretmeH-

3HoHaima threshold npomemrmima, a npocTop RP xmnppammma no,Aem4 Ha raniaqaH 

6poj ,414CiyHETHI4X ,LenoBa. AKo je xnneppasaH h tgect,InHvicaHa ca 

h(c, c) = {x E RP I cTx = c}, 	 (2.23) 

r,tke je c E RP, c E R, oliga je rhom npocTop RP no,AemeH Ha ,ip3a nonynpocTopa 

H + (c,c) 14 H- (c,c), npm ,aemy je 

H+(c,c) = {x E RP I c T x > c}, H- (c,c) = {x E RP I c Tx < c). 	(2.24) 

HoMohy mune xnneppasHn npocTop RP je no,ikea.,eH Ha HCROTIVIRO nonvie,gapcKvix ,Eke-

Rosa. CHaKn „Ike() je Henpa3aH npecex nonynpocTopa o,ApeeHvzx xlemeppasHmma. 

Ha npnmep, y npocTOpy RP unje cy Roopx4HaTe Xt_1, Xt_2, 	Xt_p HeKa je 

AaTo k xHneppaHHH h 1 ,...,hk, ,rkesimuacamax ca 

hi(c i ,ci) = {Z i _i I ciZ i _i 	ci} 	 (2.25), 

r,ze je 
Zi = (Xj) Xt-17 ' ' • , Xt-p4-1)• 

	 (2.26) 

OBVIM xlineppaHHHma je npocTop RP no,gemcH Ha elkHciyHETHc o6nacTn R1, R2, • • • 7 

111. AKo je moAen ca nparoBvima AaT ca 

Xi = ao(Zt-i) -F + e t , (2.27) 

i=1 

rye je, 3a x E RP, 

ai(x) = j/(x E Ri), 	i = 0,1,...,p, 	 (2.28) 

3 =1 

Tajka Koe4nrigmjewrvi a i  mory 	ce vopa3e H Ha cne,gern4 HaT-n4H 

ai(Zt_i) = J./(Zt_i E H + (ci,ci))+ Pi. (2.29) 

:1= 1  
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AXt  = 
bo Xt _ i  bi AXt_i " • + bp AXt _ p , 

Zt_1 < r, 

z1_1 > r, 

a i  AXt _ i  + • • • + ap AXt _ p  , 
(2.31) 

AXt  = 
bo 	bt X t _ i  + • • • + bp .X 1 _ 7„ 

AXi_ i  < 0 

AXt _ i  > 0 

ao  + al Xt_i -1- - • • + apXt-p, { 
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143 3anmca (2.28) VI (2.29) BI4AVIMO Aa mo,Lken (2.27) mme ,ga ce oronne H npexo 

vm,s;mcaTop a o6nacTm H npeKo 14HAvmaTopa nonynpocTop a o,Ekpetjem(nc xvinep 

HpH TOMB, H3meljy KoequimmjenaTa axe y 3anvicy (2.28) 14 KoecimuvijenaTa y 3anmcy 

(2.29) nocToje oAroBapajyhe Be3e. 

2.2.3 Moenkenvi ca jeAmmxumm Ropeumma 

AKo y TAR mo,tkeny jkonycmmo ,Lka y HeKom peYB:vimy 6me AR mo,rken ca je-

AVIHV-IIIJAM KopeHom, Ao614jamo TUR (Threshold Unit Root) moAen. Ha npHmep, 

Xt-1 Et) 	Zt-d < 
Xt  = 	 (2.30) 

aXt _ i  + Et, Zi_d > r, 

rAe je {Z t } cTaiwonapall npogec, je TUR morgen npBor pe,ga ca jeximm uparom. 

Om uTTAjm cnymaj je mo,gen 

rAe je AX t  = Xt — Xt - i• 

OBaKBP1 mo erkenm ce KopvicTe y exoliomeTpmjm Kao anTepHaTi4Ba moAenmma ca 

Kopermma. YMeCTO 4n4KcHor jeAvnivr-mor KopeHa, mwEe Lja ce pa3maTpa 

cpnexcm6H.runrijH c.nygaj rAe je jeAmmatum Kopen cnyuajari. HeKa je 

Xt = OtXt_i +et, 
	 (2.32) 

rAe je 

fit = ail(Zt_d E R1) + • • 	ail(Zt_d E R.1 
	

(2.33) 

AK° je 

E(q5 t ) = 1, Var (cb t ) > 0, 

Tatqa j e ca (2.32) 14 (2.33) Aecinam4cali mo,gen ca nparoBiAma H cToxacTw-arim 

Kopenom, o,twocno TSTUR ( Threshold STochastic Unit Root) mo,rken. 

2.2.4 MTAR mo,ncenr4 

AKO ce 1436op no,Ekmogena Bp= 3aBvicHo o,g Tora Aa  nH Xt _ 1  pacTe (AX t _ i  > 0) 

WWI ona,ga (AX t _ i  < 0), mmamo TaKo3Balm MTAR (Momentum TAR) mo,Lken 

OBaKBvi MOACJIH ce KopkicTe 3a morgenmpame aCLIMeTp1V-IHOCTI4 E.O.j a ce gecTo jaBiba 

y pa3HVIM exonomexpim cepmjama. 
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2.2.5 Jexio CBOjCTBO TAR morRe.na 

CBaI<aI<o je 3aHMMJEMBO H HaH<Ho nviTaise.  aripoRcHmauxje HenimeapHvix npoeca 
npogecHma ca nparominvia. HoEa3ano ce Aa TAR moAenvi cEopo vosecHo anpoEcvimvi-

pajy pa3He mace HenvmeapHvix mo,Lkena Eao IUTO cy 6vinimeapHH, EAR (Exponential 

AR) Hnvi, max, SD (State Dependent) mo,genvi. 

Heim je p - grAmeH3vioHanin4 npoqec {Yi } AeckviiivicaH ca 

Yt  = .f. (Yt-i)+ et, t > 1, 
	 (2.34) 

r,ie je f : R P  -f RP HenpeEHAHa ticiyHEgidja, {e t } 11143 He3aHvicHvix p - AvimeH3HoHanHvix 
cnr.rajHvix Henvitivnia ca FICTHM pacnortkenama H HynTvim omeEvisam.em (p - AvimeH3HoH-
anvim cTporH 6envi inym). Hexa je, Raibe , fn  : RI' -4  RP  HH3 (1)yHE:Hvija Kobe yin, kopmHo 
anpoEcHmvipajy f Ha cHaEom EomnaETHom cEyny y RP. Ta.,na BaiKH cneAelrie THpljeme 
(Petruccelli, 1992). 

TeopeMa 2.1 Hexa je HU3 	deOunucan ca (2.34) u nexa je {17t , n } UU3 npoucca 
aeOun,ucan ca 

(2.35) 
Yrt,n =fn(Yt-1,n) 4-  et. 

Axo je (51,1 - ,P) oazoeapajyhu npocinop eepoeainuohe, maaa 3a cearo w E S2 u ceaxo 

t E N eaatcu 

Yt,n(w) 	Yi(w), (n 	00 ). 	 (2.36) 

AKo 3a fn  H3a6epemo nvmeapHe ckyHELHeije, oH,n‘a cy npogecvi {Y 1 Aecimiivicam4 

ca (2.35) 3anpaso TAR npogecH. Rame, HM3 TAR nporeca cE.opo cHrypHo EoHsep-
rvipa I<a npoAccy {Y1 ) reHepvicaHom HenmicapHvim mo,genom (2.34) ea HenpeEvi,guom 

cf)yHEgvijom f. IlocToji4 H ogroHapajyhvi pe3ynTaT y cnyTaajy Ea,n4 je (pyHEIHAja f y 

HenvmeapHom mo,rkeny (2.34) canto mepa,vma (Petruccelli, 1992). 

2.3 MA MOJTEJITA CA IIPATOBVIMA 

AHanorHo AR mo,rkenHma ca nparosxma mory ce ,getjwitivicaTH MA mo,genvi ca npa-

roBvima ri,r2, • • • rl-1 • 

aectucamknja 2.3 TMA(/; 	Atoaeft je cmoxacrnuima, au0epenna jeananuna 

(9i 

Xi = bj,0 + 	b j ,ie j,i- i + Ej,i 1.(Zt-d E Ri), 
i=1 

zae je 

Ej,t = vier, 0 < vi < 00. 

11-poucc {X 1 } je TMA(1; 	,D) npouec axo je zenepucan AtoaeAom (2.37). 

(2.37) 

(2.38) 

=Yo 
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Raxne, X, cne„t4 jeAaH o,rk MA no„qmo,4ena 3aBNCHO og Tora y Rom mffrepsany ce 

Hana314 Zt_d. 3a Z t  = X t  mmamo SETMA ma/Acne. De Gooijer (1998) je HoRa3ao „rka 

ce MA H SETMA He mory pa3nmi<oHaTm no arroKopenagmoHoj (byHp,awjm, anm mory 

,/ka ce pa3nmhyjy Ho ycnosHoj ayToEopenatAmoHoj c)yHisgmjm ,./A4mHmcaHoj ca 

19+(k I d) = 
COV(Xt, X t-k Xt_d > c)/var(X t _ d  I X t _d 2  c), 

COV(Xt, X j_k I X t—d ), 
< Olvar(Xt _d Xi_d < 

r„rAe oAroBapa cnyuajy Xt_d > c, a — cnytiajy Xt_d < C. 

2.4 ARMA MO,L1E.T114 CA IIPATOBVIMA 

HeKa cy Rj  kurrepsa.m gegnmumaiim ca (2.8), r fike cy r 1 ,r2 , 	,r1_ 1  nparonvr, 1,p,q 

d ripmpa/AHm 6pojesm, a aj,i 3a i = 0,1,...p H j = 1,2... ,1 I/1 bj , i 3a i = 1,2,...q 

j = 1, 2, . . . , 1 peanHm 6pojeBH. 

ilecignimmja 2.4 Cmoxacrnunica dv,Oepeurta jeonanuala 

(2. 39) 

Xt 	a• 0 	a • Xt  • -I- 

	

3, 	 - t 
j=1 	 i=1 

j , i E t _ j  /(Z t _d E Rj) + Et, 

) 	
(2.40) 

i= 1 

ode cy X0 , X_ 1 ,... ,X_ p+1  c✓ ynajue npo.menabuee, a {E t } atu3 un,oempja,, je ARMA mooe ✓?, 

peda (1, p, q) ca npazoeuma r 1 , r 2 , 	r1_ 1  U ?MU/MC .11,CM d. 

CJIuHO Kao TAR Mogen, TARMA magen ce CaCT0j14 0,41 no„qmo,zena Tmna ARMA. 
3a mancen (2.40) F.OpPICTI11M0 o3Harcy TARMA(/,p,q). HpoHec {X 1 } je TARMA(/,p,q) 
HporAcc axo je rcHcpmcaH magenom (2.40). 1103HaT1/1 ARMA(p, q) npogec ,Tkolimjamo 
3a 1 =1. 

3a Zt  = Xt  mmamo SETARMA npogec Kojm mo>Ne, Taxol)e, 	ce 3a1umne y 
MaprxHcKom o6nmEy 

Yt 	(A 0 ,i AjY t _i Bjet_O 1- (Y t_i E Rj,d + (7Et, 	(2.41) 
j=1 

r„tke je Y t  AaTo ca (2.18), Aj, 0  ca (2.20), Aj ca (2.21), Rj ,d ca (2.22), a 

Bi = (1)j,
i 	bi, q  ) 

(2.42) 
p -1 

C = (1 0 . . . 0) T 	 (2.43) 

H 

\T 
Cl = (et et-1 • • • el- q -1-1) 	 (2.44) 
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2.5 RCAR MOREJIH CA HPAFOBHMA 

Hexa cy ryt , l ,  -y1 , 2 , ..., 	t E 	meyco6no ne3asmcne c.nytlajne npomen- 
ad4se H ne3aBncne OA e t  1,4 o,74 X 3  3a s < t H Heim cy 	 nparosn, 1,p H d 
um/Toxin, a {aj,i} 3a i E {0,1,...,p} m j E 	 peamin 6pojesn. 

Regn(inkigmja 2.5 Cm,oxacmunra ottOcpcnipta jeduanuna 

X t  = 	 {aj, 0  

.i=1 i=1 

(ai,i + -yt ,i)Xt _i /(Z t _d E R) -I- E t  } 	 i 	 (2.45) 

zoc je {e t ) 1-01,3 unoeawuja,, jc AR npolicc ca, caynajumm xocOuwujcumuma a npazoemma, 
r  

03naxa 3a mo rrlen (2.45) jc RCAR(/,p). Ilpogec {X t } je RCAR(/,p) npogec axo 
je renepTacan mo,genom (2.45). 3a Z t  = X t  nmamo RCSETAR npogec. Axo je npogec 
{Y 1 } Ae(inumcan ca (2.18), maTpmge ca (2.20), npogec {w t } ca (2.19) H axo 
je 

= Ai -I-- F t , 

r,ge je Ai gaTo ca (2.21), a 

7t,1 71,2 • • • 7t,p 

rt = 
o( p_ ox p 

on,qa Mogen (2.45) isim..,xe ,ma ce 3arimme y MapxoscKom o6.imxy 

E 	w t . 
.i=1 

(2.46) 

(2.47), 

(2.48) 

Onarrnjm o6.nnx nexTopcxor SETRCAR npogeca {Y} npsor pe,rAa je ,geckpnwican 

moxkenom (2.48), r,ne je HH3 cnytiajnvix ne3aBvicmcc maTpnga Ammemvija 1 x 1 
ca VICTHM pacnorqe.nama 3a csaEo j E {1,2...,1}, a {w t } HH3 cayuajnvix 1 - Ammen-
31/10HaJII-IFIX sexTopa. 

2.6 PEITECHOH14 MO,F(E.IIH CA IIPAFOBHMA 

Axo y mo,neny (2.2) AR no,Lkmo,rke.ne 3amennmo perpecxonr4m moAenmma, Ao614- 

jamo ornuTnjvi mo tiken ca nparosxma. 

,..ElLedimnilgHja 2.6 Cm,oxacmunta ou0epeit14na jednanuna, 

Xt  = 	• t) ajYt)I(Zi-d E Ri) -E et 	 (2.49) 
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je pezpecuouu mode.n, ca npawev,Jaa, 	n pezpecopumo, Y t  E RP, npu ne.my je 

= (ai,i,ai,2,...,ai, p ). 

Y moge.ny (2.49) ondepsmpajy ce npomenibmse X t , Y t  M Z t . Y czytiajy 

Yt = (Xt-11 Xt-2 • • • Xt-p7 

Ao614ja ce TAR mo,gen. 

2.7 STAR MOREJIVI 

SETAR.(2;p) mo,Aez 

X t  = 

,ra 3ancimemo H y o6.rnimy 

a2, 0 	a2,1Xt_1 	" • +0,2,p,Xt-p + El, 

{ a Lo  + a 1 , 1 Xt A  -1-- • • • + ai, p ,Xt _ p  + E t , Xi_d < r, 
Xt d > 7' 

(2.50) 

Xt = 0,0 	> 1 aiXt_i -1- bo 	biXt_i I(Xt_d—r > 0)-1- e t , 	(2.51) 
i=1 	 i=1 

r,Lke je 

a() = al , al = a1,1,...,ap  = al,p , 	bo = a2,0 	a1,0 , b1 = a2,1 — a1,1,.. • , bp  = a2 , p  — al , p. 

A.Ko ce y (mom mo,rceny (pymiqvija / 3amerm nenpemaAnom 14 r.maTHom (f)yrnaH4jom F, 
Taga CC npomexa, C1314X napameTapa AcumBa, vicTortpcmcHo 14 rellepitcana je (1)yrnav4jom 
F. it pa3smi-cy o,4 SETAR mo,Ekeila r,Lke cy napaMeTapa cTporo cii:oHoDwre, 
0E1,1w OHO mory 614T14 Hajmnue rn aTKO CEOKOBVITO. 36or Tora ce TaB:Hvi mo,genr4 Ha3H- 
Hajy STAR (Smooth Transition Alt) moAe.Tm. 

,Ltecinimmikuja 2.7 Cmoxa,cmunxa au0cpcutvia jconaniata 

X t  = ao aiXt_i -I- • • -1- ap .Xt_ p 	biXt_i 	• • bpX t _ p )F(X t _d— r) + Et (2.52) 

je STAR(p) mode.n. 

06m-mo ce y3mma cpymoH4ja F ca cHynom Bpe,uHOCTM [0, 11, Kao  LII T 0 Cy, Ha 
npmmep, (!)ynximje pacnoAena e.nyqa.jimx npomeHmvxm4x. AKo je F (f)yrimniija AO-

PLICT1/1 1-UsIC pacno,ilene, TaIi:1314 MOACJI14 CC o3natianajy ea LSTAR, ax() je F (1)ymanAja 
nopma.rine pacno,geRe, on,ga cy TO NSTAR mo,ge.im, a axo je F(x) = 1— e -23 , on,ga je 
TO ESI'All, MO,L1CJI 

Y STAR mo,gollvima je npomena napaMeTapa ayToperpecHje yne,gena chrmapijom 
F. Ai o ce 3a cHalim napameTap yBege nosa (Fymianrija xoja Aecintmmue npomexe, 
Ao6i4ja ce FAR morgen. rIpema Tome, STAR je enenvijainn4 c.nytiaj FAR mo,rkona. 
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2.8 TARSO H TARSC mo,Lkeam 

Je,rwo yonurrerbe SETAR moAena je aIto y mo,Lken yse,gemo cnomamme, oncepBa-
6punie, ynase Yt  Knomohy tbvix ,gelimm4memo 1336op pe:amma. 

RegnnunkHja 2.8 TARSO .moacit, je emoxacm,unta d geperopta jeauaituna 

	 (a • + 3 ,o 
.i=1 

Pi 

i=1 

aj,iXt-i + 
qi 

i=1 

, 	/(Yt_d E R j) Et, (2.53) 

ZaC je {Y -t} 71,113 cAynajn,ux npomexibueux. 

Mogen mo)-Ke ,ia ce y 3anvnue y o6.1n4B:y mo,rke.na ca cnyuajmrtm Koecbmwjetrimma 

p(.h) 
Xt  = ao(Jt) + 

i=1 

q( Jt ) 

ai(Ji )X t _i 	bi(J1)Y g _i + 61 (.10, 
i=o 

(2.54) 

r,rke je cnytiajHa npomerublaBa J t  jkaTa ca 

1, 

= 2 ' 

Yt-d E RI) 
Yt_d E R2, 

(2.55) 

1, 1't-d E R I . 

 

IlpyrIIM pet-mma, y csaKom pe..a(vimy mmamo Ta1CO3Bam4 ARX Mogen. Cmcrem (Xt,1 7t) 
je 'open loop' CPICTeM, na ce mo,iken Haminala TARSO (Threshold AR Open loop System). 
Aico cy H cmcrem (X t ,Yt )1,4 cmcrem (Yt , Xi ) open loop cmcremm, Hmamo TARSC mo,ge.n 
(Threshold AR Closed loop System). 

2.9 TAR MOREJI14 CA MOXIEJIJAPAHHM TPELIIKAMA 

Je,gaH o,rk cTawkap,rkxxx mo;Ae.Tia 3a mogenmpaffie yc.nomie saprAjaHce je ARCH 
moAen 

Xt  = E t 
	

(2.56) 

rAe je, 3a ao  > 0 11 ai > 0 (i = 1,2,..., q), 

ht = ao  ai .V 	a2 X? 2 + • • • aqn_ q . 	 (2.57) 

AK() y SETAR mojke.sy rpenme mojke.umpamo ARCH (AR Conditional Heteroscedastic) 

mo,ge.nvima, Ao6rdja,mo Hosy luiacy mo,gena ca nparomMa. 

,ae(Inumwrija 2.9 TAR.CH mooed?, je emoxaemunta aufiepeutpta, je1Itanuna 

vi  
Xt = ai 3O  + > , ai,iXt_i /(rj_i < Xt -d < ri)-Fet ✓ao -F aiX? 1  + • • • -1-aq X? q . (2.58) ( 

i.1 
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(
r;,,  

ht = 	bk,o -1- >_,bk,ive_ i  Ifri_ i  
= 1 

< Xt_d r < 	 (2.63) 
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AK° rpeume y SETAR mo,rkeny mo,Aenivamo GARCH (Generalized ARCH mo,ge-
ROM Ao6xjamo join ,je,u,ny iuiacy mo,4e.ria ca nparopmma. 

Jlequenn)rkvija 2.10 TGARCH .mode ✓, je cmoxacmtvoca ou0epen,i4n,a jeduanuna 

(ai 	
Pi 

Xt = 	,0 + Yd aj, iXt_i /(ri_ i  5 Xt_d < ri) -I- v i Vhi , 
i.1 

ode je, 3a a o  > , ai > 0 (i = 1, 2, ... , q 1 ), b i  > 0 (i =1,2,..., q2  ), 

( 2. 59) 

(12 

= ao 	aiXt2 	biht_i. 	 (2.60) 
i=i 
	

i=1 

AK° ce Aeqwnivinie mo,4exi y xojem nocTojvi ,B;BocTpyrci4 CHCTM nparosa - je,ZaH 
3a mo rrkennpame ycnosnor otieEmBaFba, a riApyrm 3a mojcenvipalbe yc.nosne sapHjaxce, 
Ao6Hja ce Tax.o3nanx DTARCH (Duble Threshold ARCH) mo,zken. 

itefjnennemmja 2.11 DTARCH modedi, je cmoxacmuioca duOcpempta jeanaituna 

(

Xt = ai0 + 

i=i 

aiiXt _i /(ri_J. < Xt-d < ri) + vi, ) (2.61) 

zde je 

Vt = "VITtet) (2.62) 

as j = 1, 2, ... , / u k = 1, 2, .. . , /'. 

Rai<Re, ocnm nparoBa r i , 	, ri 3a AR rgeRoBe mo,rke.na, nocToje 14 nparosn 
3a ARCH ACJI0Be mo,ge.na. 

OCMM npmpoxior yoninTema TAR mo,ge.na, MOTVIB 3a osarme mor4ene je 6140 em-
nnpvijci-im 3aKrbytiari: 0 acmmeTpvignoi Hp0MeILIM4BOCTII sem/ru14-1a y Hela4M eKOHOMCIGIM 
H (1)14Haricmjci<mm nojasama. YMCCTO SETAR mogena mo>xe. 	ce y3MC 
Apyri4 mo,ge.ri ca nparosmma, yi,:mytiyjyhm Pi STAR mo,rkene. 

2.10 T'ARSV MO,LIEJHA 

Hpu mo,rkeimpamy npomex.rmiise napkijance ARCH, oxrpocno GARCH mo rzkeRvima, 
yczosHa sapmjanca je cliyinanAja xsa,rwaTa npeTxo,rivix oncepBagmja cepHje H npeT-

X0,4HVIX spe,zniocTm sapvijance. nprAcTyn y mo,ileampamy npomexim4Be sapvi-

jance je JIOMOhy Taxo3Bax14x SV (Stochastic Volatility) mo,rkena. Y TRIM mo,rce.imma 

,, 
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ce npeTnocTasza ,rka je Hexa r.nama chrHHgHja, Ha npnmep norapvcramcHa, cRyxlajHa 

npomemiuma reHepHcaHa HeHnm cnytiajHvim npogecom 

AK° je Xt  = atvt , r,ne je {v t } H113 He3aBHCHHX cnytiajfinx npomeHZVIBVIX ( E( ) = 
0, var(vt ) = 1) , Ta,ga je 

	

E(Al I '70 = 	 (2.64) 

LUTO 3Ha.tin 	je a? ycnoHHa HapHjaHca 3a Xt. ilpeTnocTaHnmo ,ga je norapviTam 
HapvijaHce AR(1) npogec, o,gHocHo ,ga je 

	

Yt  = log al 	 (2.65) 

je 

	

Yt  = a + bYt _ i 	+ e t . 	 (2.66) 

Ta,ga je 

	

X t  = e}112 , 	 (2.67) 

a (2.66) 14 (2.67) ,geckviHvnuy SV mo,Ecea y xojem je at  ckyHEgnja o,TA at-1. MebyTkim, 
3a ITO CTH3albe Hexmx ,gogaTHmx ecpexaTa, 3a npogec {Yt ) mox-ce Ra ce y3me TARSO 
moAen ca nparosHma. 

aetinaHHqHja 2.12 Mode.ft TARSV je 

Yt = 

npu ne.my cy v t  u e t  ne3aeucne npomenibuee. 

Axo moAen npogeca {Yt } Hanvnuemo y o6anKy 

Yt  = a(Jt) -1- 	 + Et) 	 (2.69) 

r,ie je 
{1, Xt_i < 0, 

Jt =(2.70) 
2, Xt_i > 0, 

HH,gnmo ,ga rude y nnTamy cTaH,gap,gaH mo,r4e.n ca czytaajHmm RoeckHgnjeHTHma, jep 
cy icoeckvignjeHTH a H b xopenkicami ca e t . 

2.11 VICTOPMJAT MOIIEJIA CA IIPArOBHMA 

Mo,ikene ca nparomma cy npomom4camei Tong H Lim (1980), a xao npHa pe-
ckepemAa ce cBy,na Haso,HH Tong (1978). Me 1yTHM, 3 aM4M.17314B 0 je ,rka je noTnyHo 

ncTy 14,46y mo,Lkena, y CB 0.i Oi KH,H3H (cTp.29), ,nao Hackl (1980), no3HBajyhH ce Ha 
je,zHy petpepemAy 143 1963. rox4He. Tong HaBoAvi ,ga je 1.4Hompa1nja 3a mo,gen 614.710 
emmipmj CHO 3anmcarbe ,Lca ce noHaniame nojeAnHmx cncTema (nojaBa) melba xa,ga Hexa 

npomeHamHa (y cncTemy) npebe o,rkpeeHy Hpe,nHocT. KacHHje ce noxa3ano ,rAa TaHm4 

X t  = e l;/ 2 vt , 
az  + bzYt_i 1 
al -Fbilrt- i + et - 1, Xi_1 < 0, 

Xt_i > 0, 
(2.68) 
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moAe.nvi vnvialy cRopo cBa CBOiCTBa, Hemimeapm4x cmcTema (Tong, 1983; Pemberton and 

Tong, 1983), a 14 ,uo6po aripoxcreimmpajy HenvmeapHe HpemeHem cepraje (Petruccelli, 

1992). 

Y no3naToj HILi33m O HennHeapHmm mo,uemmma (Tong, 1990) 3HauajHo MCCTO 3ay-

3nmajy TAR MOACJIH. Chen (1993) pa3maTpa H36op threshold ripomeHmmHe y enytiajy 

Rau je oHa HenvmeapHa 4)3THRI.H4ja ripeTxo,u.,Hmx oncepagni a. Y nperne ruHvim paAoumma 

O HeJIHHeapHIIM mo,ue.nnma ce TaxOte HaBoxce nocrojetim peaynTaTH o TAR mo,rceimma: 

Andel (1989), Main/1mA (1992), De Gooijer (1992), Tjostheim (1994), MArkuez TA 

Villa.z6n (1999). 

0 c-raw4mia,pHocTvi, eproAmmocilam maprwma.nlimm pacnogenama SETAR mogena 
Hma Bvrlue pauoHa, allvi y omuTem cnyliajy npo6.nem jour yneB: HHje ,uo Rpaja peinell 

(Chan, Petruccelli, Tong and Woolford, 1985; Chan and Tong, 1985; Guo and Petruccelli, 
1990; Pham, Chan and Tong, 1991; Lim, 1992; Liu and Susko, 1992; Andel, Netuka and 

Zvara, 1984; Andel and Barton, 1986; Andel and Fuchs, 1987; TopHh H Maininumh, 

1996, 1997, 1998). 

BeRma na:AuLa je nocnehena npo6JleMy ()gene napamempa, nparona H peAa SE- 
TAR mo,ueua (Tsay, 1989, 2000; Chen and Tong, 1986, 1990; Chan, 1990, 1991, 

1993; Wong and Li, 1999; Chen and Lee, 1995; Hansen, 1997, 1997a, 1999, 1999a; 

Schlittgen, 1997; Tong and Stenseth, 1997; Kapetanios, 1999, 2000; Lee and Sriram, 

1999; Flaherty, 2000; De Gooijer, 2001). 

HocToje H aHa.nme o iimaunTeTy npe,umatalba nomohy SETAR mo,ueaa ( Clements, 

Franses and Smith, 1996, 1997; De Gooijer and De Bruin, 1997; Terui and Van Dijk, 
1999; Clements and Franses, 1999), Rao H TecToHm 3a Teciwiparbe SETAR HennHeap-

HOCTVI Pctruccclli and Davies, 1986; Mocana.ddin and Tong, 1988; Chan, 1990; Chan 
and Tong, 1990; Ashley and Patterson, 1998; Clements and Smith, 1999; Berben and 

Van Dijk, 1999). Hope,u npmmepa npnmeHe TAR mo,uena Hoje je ,uao Tong (1990), 
nocToje H mHorn Apyrm, Ha npnmep, Henry, Olekalus and Summers (1998), Peel and 
Speight (1998, 1998a), Barnes (1999). 

Hexe TeopmjcRe acnexTe v1 npmmeHy TUR vf TSTUR mo,rkena cy ,ua.un Gonzales H 

Gonzalo (1998, 1999), Rao H Caner H Hansen (2000). Mo,uen TSTUR aHama3vipajy 
Gonzalo TA Montesinos (2000). Mo,ue.li MTAR cy yHenvi Enders H Granger (1996), a 
cTaHmoHapHocT vi epro,untmocT cy pa3maTpann Lee H Shin (2000). 

SETMA morue..0 je pa3maTpao De Gooijer (1998), a SETARMA Hmule ayTopa: 
Brockwell, Tweedie and Liu (1992), TopHh H Marninunh (1998), Safadi and Morettin 

(2001). 

STAR moruene cy 3Henn Chan H Tong (1986). 14,ueja je 6vola ,ua npomena pex<mma. 

y mo,ueny, vfaxo CROKOBI4Ta, 6y,ue rnama, o,u,HocHo ,ua ce npoMeHa napamempa mo-

,uena ki:313prun HenpeRn,u,Hom K ruaTRom chrmaKjom. 0,4 6pOJHFIX pa,uoHa 1,4 pe3yR-- 

Tam xojvi cy ycne,un.uvi Tpe6a noivieHyTn oHe Roje cy rrc aim Terasvirta, Tjostheim and 
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Granger (1994) H Luukkonen, Saikkonen and Terasvirta, (1988). IlerazaH onmc 
na cy y csojoj EIT314314 ,aanvi Granger 1,4 Terisvirta (1993). Ilpvimelly STAR mo,aeaa Ha 
mo,ileimpame vai,LkycTpmjcx.e npom3BoxLe cy ,rkanrei Terasvirta TA Anderson (1992). Y 
Aowropcii:oj Tem Van Disk (2000) pa3maTpa smue,Ammemmoxamie STAR mo,4e.ne, Hao 

TecTi4pame y npmcycTsy outlier-a. 

Tong (1990) je camo HaI'OBeCTMO moryliHocT Kom6vmalmje SETAR vf ARCH mo-

Aema, a Li ki Lam (1995) cy Taromm mo,4e.nom moTkeRvipanvi Hexe cinemaricmjcxe Bpe-

mericxe ceprAje, npm trebly cy acmmeTpvixmocT mmoa mo,Aeampaim SETAR mo,ikenom, a 
3aBHCHOCT BapvijaHce ARCH mo,,T4e.nom. DTARCH mo,4e.ne cy ysenvi Li n Li (1996), a 

,Lama pa3maTpatba yczosacramioHapHocrvi m eproggtmocTH Aajy Liu, Lin Li (1997). 
Wong H Li (1999) cy pa3maTpami Tecimpame xremoTe3e o DTARCH Heim-leapHocm. 
flpvimeHy osmx mo,4e.na Aajy Gospodinov (2000) H Amendola H Niglio (2000). STAR 
mo,rkene ca ARCH pe3x4,ayaamma je pa3maTpao Hagerund (1997) y csojoj raouTopcxoj 
AmcepTaqvijm. 

11eTanmy aHani43y TARSV mo rgena je Rao Breidt (2000), a mo,rAe.imma ca 

AVIMeH3140Han1114M nparomma cy ce 6asHm4 Medeiros, Veiga and Resende (1999). 
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CTALIHOHAPHOCT 14 EPI1 0,T114-11HOCT 

3.1 YBO,TJ 

Rao LTITO CMO BHAenM y maim 2, BE.TIVIRII 6poj HeEHHeapHva markena BpCMCHCBMX 

cepvija Mox<e Aa  ce npeAcTasm y o6nHEy maiikena npoueca MapKona 

Xt 	F(Xt--17et), 
	 (3.1) 

,rke(PHHHcaHor Ha cHyny R k , r,rke je led H143 B14111e,II,I4MeH3HOHaJIHTAX He3aBIACH14X CJIyLla-

jIIHX BeJ11.44JAHa 14 r,ne je e t  He3aimcHa OA X 3  3a 3 < t. OTy,rka, Ha,pogHTo nocnerrkHmx 

HeHonifixo rarkvina, y aiiaJI 113I4HeimHeapHvix ripemeHcHmx cep'ija noce6Hy ynory Hmajy 

npouecH MapEoHa ca Henpe6pojvisHm cxynom CTaILa. 

Atm je MapHoBibes naHau {X t } ca npe6pojmiim cHynom cTaH.a HeCBOAMI4B VI ane-

w/10,414 ,-mm 14 aHO Hma cTauHoHapHy pacnoxkeny, oH,rka pacnoAcena 3a X t  HoHseprzpa 

Ka Toj pacno,EicenH. To ,je cTaH rrkap,ikaH pe3ynTaT y TeopHjH MapHoBzeimx naHaga. 

MeyTiam, 3a MapHoHmes npouec ca Henpe6pojimmm cHynom cTaffia, npo6nem je 

,rkanexo HomrinHHoHaHvijx. Ha ' ,max, no,a o,rkpeljeHmm ycnosmma, 14 3a Taxas npouec 

sa)H1.4 ciimgaH pe3ynTaT, Ho* je ,LkoHa3HBaH Ha pa3JIIILIVITC Hat114HC OA CTpaHC 13 14IIIC 

ayTopa (Rosenthal, 1999). 

HpHmeHa no3HaTlix, na Tials: 14 HajHosviji4x pe3ynTaTa o npogecHma MapxoBa, 

He ,rkaje AmpeRTHo yrioTpe6mme pe3ynTaTe 0 cTalmoHapHocTH eprarkwaHocTH MO-

AenmpaHe HpemericKe cepHje. Hajueinhe ce rEko6Hjajy ,40B0J1,1114 ycriosH 3a napame-

Tpe mo,rkena Hojm reHepHine cTauHoHapaH npouec. Hoce6Ho je 3anam:exa npvimeHa 

TaHo3i3aHHx ,EkpmliT HpHTepHjyma y RojHma ce HopmeTH cToxaciTilma JbanyHoHmesa 

cpyma4ja. HpBe EpHTepHjyme Tor THna je (1)opmynHcao Tweedie (1975, 1976), anvi 

H,Hxwia npvimeHa je ycne,AHna. mHoro HacHHje. Kai<o CJII4t1H14 xpiaTepmjymm, He3aHH 

3a JbanyHoBzeBy nocToje H y TeOpHiVI CTa6VIJIHOCTH HCJIVIHeapHYIX ,rkeTcp-

MVIHVICTI41-1MIX cHcTema, npvipo,rkHo ce HaMehe nprraise He3e cTaimoHapHocTiii H ep-

FOFtHOCTM npoueca (3.1) 14 CTa6VIJIHOCTVI oxkrosapajyter AeTepMVIHVICTVII-11(01' CHC-

Tema 

X; = F(X;_ i3 O). 	 (3.2) 

Bmue ayTopa cc 6aBvino oimm npo6nemom (Chan and Tong, 1985; Chan, 1990; Gue- 

gan and Nguyen, 1999; Cline and Pu, 2000), aim "AeciwnHATHilaH arkroBop joie yscH 
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nmje no3HaT. 3a moAene Kojvf cy pa3maTpann y OBOM paAy cy ,LaTM ogroBapajytim 

pe3yJITc'i,nH HRH Kometrrapn BC3aHVI 3a OBaj npo6nem. 

Y 3.2 cy 143J10}1(eHll OCHOBH14 110jMOBVI TeOpHje MapKOBJE,CBLIX npogeca ca Henpe- 
6pojgsgm cxynom cralba J4 pe3ynTaTvi xojg ce npgmemyjy y aHa.111431/1 cTagvioHapHocTg 
14 epro,n;waHocTg HengHeapHgx spemeHcHva cepl4ja. 

Y 3.3 je AaT AeTazaH nper.neA nocTojehmx pe3y.nTaTa o craggoHapHocTg J4 ep-

rOgrAtIHOCTIll SETAR. npogeca npsor pe,ga. Iloce6Ha nax<H,a je nocseheHa HanwEen,y 

craggoHapHvix pacno rAena y caymajy Ka,74 je no3HaTa pacno,aena pe314,qyana. 3a exc-

noHeHggjanHy, Jlannacosy H Epna,Hrosy pacnoAeny pe3g rgyana cy Ao6gjem4 eucnng-
LWITHVI 143pa314 3a cragmoHapHe maprpmanHe pacno,Iene npogeca. 

Y 3.4 cy 3a SETAR mo,i4en Apyror pe,La, y c.nyqajy jeAgurry-mor }mum 	vi3Be- 
AeHg AOBOJLHH ycnom4 3a reomeTpmjcxy epro,rwomocT npogeca. 

Y 3.5 cy 3a SETAR, moxcen HI4mer pe,Eka ,rco6rAjefig HOBH 7  3HaTH0 6na>Em, yCJIOBLI 3a 
reomeTpgjcxy eproggquocT npogeca. Y AoRa3y cy KopgaiheHg Apviclyr ycnosg Tgna 

ocTep- Jb anyHos a. 

Y 3.6 ce Texmaxa 143 3.5 nponwpyje Ha npogece SETARCH, npvi -1eMy cy ,go614jemii 

,110BOJI,HH yCJIOBVI eproAgtmocm. 

Y 3.7 je Aor(a3aHo 	SETARMA mojAen pima cTaggonapHo pememe npg spno 
6nargm orpararqeffigma 3a npagec gHosagvija VI npg VICTI4M ycnom4ma 3a Koecimgg-

jeHTe AR Aenosa mo,rAena npg xojgma je no3HaTo ,ga nocTojg cTaggoHapHo pememe 

SETAR mo,Lke.na. Epyrvim peqgma, ,gorca3aHo je ;la y TOM cnyqajy MA Aenornei mo,ge-

ma He ynatly Ha craggoHapHocT pernema. MeTrgm, Rao 14 3a SETAR mo,Liken, Taxo 

VI 3a SETARMA moAen ocTaje oTHopeHo nvcrame noTpe6HHX 14 AOBOJI,HVIX ycnosa 3a 

cTaggoHapHocT. J4CTO Tam), ocTaje XVIIIOTC3a ;la ,14C./1 OBH moAena H3MCI)y npHor 1,4 

3axr,H,er npara He yTvray Ha crarwoHapHocT. 

3.2 IIPOIIECH MAPKOBA - 110JMOBH 14 PEJIEBAHTHH PE3YJITAT14 

KnacTirma TeopHja MapHosmeHmx naHaga noApa3ymeHa RoHattaH HRH npe6poji4H 

cxyn cTama. McljyTHm, y mHormm HpramcHama jc Hconxoxpo Aa  cx-cyn 

Henpe6pojgs HRH gal< canto MC1)&1413 cxyn. rloxa3ano ce ,rkag y TOM cnymajy mory Aa 

ce „Ikecfninunuy aHanorHvi 110jMOBVI H ,Lka TaKas MapxoszeB naHag gma c.rimmy cTpy-

ETypy Kao 14 oHaj ca npe6pojgsgm cxynom cTama. OB,ge ce yxpaTKo ifonawy OCHOBH14 

nojmosm H pe3ynTaTg ItiOjH ce EopgcTe y aHan 14314 HeRHHeapHva spemeHcBmx cepH-

ja, npg qemy ce, Imo 3a npogec ca AgcxpeTHgm BpeMCHOM, HOpHCT14 TeptAgH nponec 

ymecTo Anita,ty. 

Heim je S cxyn ca Bopenom4m o - nomem B. MapuoBzes npogec Ha (S,13) je 

AecjwmgcaH seposamohama npena3a P(x,dy) (transition probabilities, transition laws, 
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kernels), TaaBHm 	je P(x,•) HeponaTHocHa mepa Ha S 3a cHaRo E STA Aa je P(•, A) 

meprbrima ckymcgmja 3a cHarlm cxyn A E B. BeirvitHAHa P(x, A) mo>xe ,rka ce HHTepnpe-

mpa Rao HepoHaTHoha ,Eka nponec TA3 c'raH,a x npete y Hem. cTathe Koje npvina,rka 

cf(yny A. MaTpvinvi npena3a, y crirrajy MapEoHor naHua, on,qe oAroHapa cKyn 

npena3a {P(x, A), x E S, A E 13}. BepoBanwhe npena3a miler pe,Ia ce Aecimmuuny 

peHyp3HHHo 

P"4" 1  (x, A) = 	Pn(x,dy)P(y, A), n = 	 (3.3) s   

r,ne je Pl (x,dy) = P(x,dy). 

3a etcaTe Heposamolle npena3a P(x i dy) nocToje c.ariajne npomenamBe X o , X 1 , ... 

Tab:B e rga je 
P(Xn+ i  E A ( X„ = x) = P(x, A), n = 0,1,2, ... 	 (3.4) 

111)14 TOME je 

Pn(x, A) = P(X„ E AI X 0  = x), x E S, A E B. 	 (3.5) 

YMECTO P(• • • I X 0  = x) liecTo ce rnime Pi (• • •). CJIVII4H0 BaHt:14 14 3a o3Haxy Ex (• -), 

rAe ,je E 0-gels:mai-he cilygajHe npomeHmme. 3a HeHeraTHHHy (1)ymi:1ri • y f : S —4 R 

mepy Ha B ,zlecjilAHmury cc Pk  f N iiP k  Ha cneAehm natnAn: 

pk f ( x ) 	spk(x)dy)f(y), VPk(A) = is v(dx)P k (x, A). 	(3.6) 

H143 CJIYLlaiHIIX IIPOMEHJLI4M4X {Xn ) je reHepHcaH ca P 14 3OBCMO ra MapKoHmem4m 

nponecom. Hpouec Aecbmimcati ca (3.1) je npHmep MapKoHmeHor npoLeca. 

HpocTop cTarba 8, nope,rk a - noma, ma-Ace ,aa Hma 14 Tono.norvijy T. Tonononma 

cTpyri:Typa npocTopa (S, T) omorytiyje pa3na CBOiCTI3a. Ma.prconn,esor nponeca, Hao 

IIITO je Ha npvimep, HenpeRHAHocT cpyincnvija Pn  . OA 3Hagaja cy, TaKO 1)e, KOMIMETHI4 

cKyrionvi RojH mvrajy yrrory RoHatninx chynoHa y c.flygajy MapKoHmermx naHana ca 

npe6pojimnim cxynom cran,a. HCTO TaKo, OTBOPEHI4 cxynorm Aajy morytinocT jka ce 

Aecinmumne HeCBO,LVIMBOCT y og,Hocy Ha 11,14X. IlpeTnocraBHmo, crkarule, ,rka je y Aamem 

Texcay (S, T) TOTIOJIOLIIEVI npocTop H yBEATAMO cnegerie ABP. Aequinivinvije. 

,Ltecinumwda 3.1 Mapcoeibee npo4ec {X t } je cAa6o nemper,u0an 1LAU c ✓ a6o Oe.Aepoo 

axo je Ow-cmiuja x 	P(x,O) nenpocudua as cc:taxa omeopen ocyn, 0 E B. 

)1e(i)Hiniumja 3.2 MapEoe.thee Tip 07ceC 	t} je jou) um-yew:100x itatu :axo e..Aepoo 

axo jc Ownmiga x 1 -4 P(x, A) ncnpocudua 3a ceara cr,yr, A E B. 

Ho3HaTo je ,rka je MapHorizes nponec {X i } jauo (Denepos axo je (j)yinaHrija 

x
5 
 g(y)P(x,dy) 
	

(3.7) 

Henperm,rma 3a cHaKy orpamoieny mepamsy (Pyrnan4jy g : Rk  R, a cna6o (1)e.nepos 

axo je ri)3THEHHja (3.7) Henperm,rma 3a cHarcy Henperownly orpanvpreHy ch,THErAvijy g. 
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AH0 je, Ha npHMep, {X t } rgaT ca (3.1) H aHo je F Heripemxpa 4)ymigja, oH rga 

je {XL) c.na6o 4)enepoH. HanomeHmmo Aa CC y JurrepaTypH yMCCTO jaHo (I)enepos 

xopmcrrvi H TepmHH (1)emepos. 

Jame 0,4 c.na6e henpexH,rkHocTH, a cna6Hje oR Saxe je Taxo3HaHa T HenpeRHAHocT 

xoja je AaTa y cnegehoj AecIHAHHgxj14. 

ilectniiHmwja 3.3 Mapicoe ✓bee npouec {X i } je T - uen,peicudan VAIL T - npouec axo 

noemoje uenper,udua. huiciptja. npe✓taaa T(•, A) (A E 13) it. ducm,pu6yuuja N ma,xeu 

da, 3axES u AEB eaatcu 

an /) ". (x , 	T(x, A), T(x , S) > 0. 	 (3.8) 

Hoxa3yje ce ,Lka T - npouecH HMajy pa3Ha cHojcTsa Koja nose3yjy BepoHaTHocHy 

14 Tono.notuxy cTpyxTypy npoueca (Tweedie, 1998). 3a npouec {X i } ce yso,rm H 

nojaM orpaHmaeHocTH y BepoHaTHohvi K0j1.4 H3paaxasa rycTMHy HI43a Bep0BaTHOrla 

{P
.

(x
,

•) } 

)1e4n1u3n.kHja 3.4 .11pouce {X i } je ozpanuiteu y eepoeamuoliU axo 3a ceaxo x E S u 

e > 0 nocmoju xofanuicrna,u ocyn K C S maxa,e da je 

lim in f Px  (X n  E K) > 1 — 
n—■ co 

3a noTpe6e npHmeHe Ha nocmaTpaHe mogene Heinmeapin4x BpCMCIICRI4X cepHja 

,A0BOJI3H0 je 3CTM S = Rk  . Y Tom c.nymajy enemeHTH cuyna R k  he, Hajmeinhe, 614T14 

macHmm CJI0B14Ma. 

3.2.1 IleCBO,LIAFIBOCT 

Howl, je Ch HeTpHHHjaima (7 - xonauna Mepa Ha (5, B), omocno mepa 3a xojy je 

0(5) > 0. Cnergehom Ae+14m4gpijom ce yBO1H nojaM q  - HecHogamnocTH (irreducibil-

ity). 

ilecinnummja 3.5 Mapicoe✓bee npoucc {X i } je - ueceodibue axo 3a coax() x E S u 

ceuxu exyn A E 13 (4)(A) > 0) eaalcu 

03 

E Pn(x, A) > 0. 	 (3.9) 

n=1 

Axo noCTOjH Mepa Taxna {X i } je - Hecso,gibm, a Hmje 6HTHa cama mepa 0, 

mo)Re ce xpahe pehn .je {X i } HecHomms. Ka>xe ce join H ,rya je 4  mepa HecHoAnm- 

BOCTLI. Mepa 4), AaR.TIC, onmcyjc CBC CIVII0BC y xoje npogcc yJI1-1.3VI H3 111)0143BOMHOr 

cTaFba x. ARO jC TA TpcHyTax npHor ynacxa npoueca y cxyri A, Ti. 

TA = minIn Xn  E Al 	 (3.10) 
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axo je 

L(x, A) = Ps (TA < co), 	 (3.11) 

npema npe-rxo,4Hoi Aec141-IVIIAI4j14, npogec {X j ) je 0-HecHoxims ap,:o 3a cHaxo x Bam-a4 

0(A) > 0 = L(x, A) > 0. 

Regurnimnie ce H HeCBO,1JLHBOCT y oAHocy Ha oTHopeHe chynose (open-set irre-

ducibility) HRH 0 - HeCBO,L1MHBOCT. 

,LteOrmllgvija 3.6 Mapcoe ✓ ce npo74ec {Xi} je o - u,eceodibue am) je L(x, 0) > 0 3a 

cealcu x E S u cea,r,u oneopeu ocyn 0 E B. 

Cne,Aeha geciwuninwija yno rgn riojaM Aocrn>i<nor cTan,a. 

,aequenmmja 3.7 CM6,76C x E S je a 0 CMUOIC71,0 oco je 

00 

P"(y, 0) > 0 
n=1 

3a ceaxo y E S u coaxu omeopen ocyn 0 xoju caaposcu crwobe x 

Ilpema npeTxo,nEmm Aedniumgmjama, cHaxo crrame x E S je AOCTH>EHO aHo je npo- 
uec o - HeCBOA.MHB. 

C.ne,aehe Teptjeffie (Tweedie, 1998) Aaje He3y nojmorm HCCBOAJLTABOCTH H T - CBO-

jcTBa npogeca. 

Teopema 3.1 Axo je x E S aocmu3tcno crname T - npoveca, onda je maj npouec Q  - 
neceod.lbue, npu 'telly je 0(A) = T(x, A). 

143 oHor THpljema cne,a14 	je o - HCCHO,IVIMB T - npogcc HcToepemcHo H - 

HeCBOAJLHB H 	je 0(0) > 0 3a cHat4 oTsoperi crcyn 0. 

MaEccmmanHa mepa 

AEO je MaphoHmeH npogec HeCH0,4.713HB )  oH,Lka OH pima H Taxo3HaHy maxcumaAny 
mepy 771 HeCBOAMHBOCTH, 0,4HOCHO TaRBy 	je: 

(1) L(x, A) > 0 3a cHaxo x arm je m(A) > 0, 

(2) m(fx I L(x , A) > 0}) = 0 aico je m(A) = 0. 

03Hammmo ca 8+ HonegHjy CBHX cHynosa A E B 3a xoje je m(A) > 0. 3a 0- 
HecHojk.svm npogec, H3 cHojoraaa (1) H (2) maxcHmaime mepe one,74H ,r(a. je A E 8+ 
auo je 0(A) > 0. 
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Maam cxynosm 

CBOjCTBO HCCB0,115,14BOCTH omoryriana ,La CC Ae(inmvune Ro.nemn4ja cxynona y B 
Kojm vimajy cnvitma cnojcTna Ea° vni,temn,u,yainia Crama y cnytiajy npogeca ca npe-
6pojiimvnvi npocTopom cTama. 

ilecinuumwja 3.8 Cryn C C B je maim cxyn Mapicoe✓beeoz npo4eca {X t ) axo 
nocmoje npupodan 6poj n, peaitan 6poj 6 > 0 u ecpoearnnocna mcpa q  maiceu da aa 
coax° xECit ceaaco B E B eascu 

Pn(x,B) >60(4 	 (3.12) 

Csaxa Taxma H3 S je mann cvn, win TO je Tpvismjailax cnytiaj. Ilorq omeljemrtm 

ycncomma je csaum peilaTifisHo xomnaxTax cxyn maim (Feigin and Tweedie, 1985). 

Teopema 3.2 A7C0 je cb-n,eceodrbue npouec {X i } cyta6o nenpeicudan, mada jc cearu 
pe.namueno icO.A471a7Mait cxyn A (0(A) > 0) Ata.au. 

H03HaT je CJIC,Pker1H Epnerepnjym 3a mann cxyn (Chan, 1990). 

Teopema 3.3 Lope.aoe cxyn C je maim axo nocmoju A E B (0(A) > 0) maim° da, 32 

ceaacu no OCAlyn, B ciqn,a A (0(B) > 0) nocmoju npupodan 6poj in maxae da je, 

Tn 

in f 	n (x, B) > 0. 	 (3.13) 
xEC n=o 

AKO mann cxyn (,ge(pvnincan mepom 0) npnna,ga B+, ox,Eka je cb mepa Hecso,rAmm- 

BOCT14, 0,II,HOCHO {XI } je HOCE10,14.117HB. Be3y HOCBOAJLHBOCTH H Manpix cuynona ,najy 
cne,geha Tspljema (Rosenthal 1999; Tweedie 1998). 

	

Teopema 3.4 Cecocu 4  - neceodibue Mapicoeibee npoucc Caap 	.1142.271 cxyn C rnarae 

aa je 0(C) > 0. 

Teopema 3.5 Aizo jc Mapicoeibee npoucc neceodibue, onda, nocmoju npe6pojue noicpu-

ean 32 S 7C0jU ce cacmoju ucic ✓bynueo od Ataitux cicyn,oea, npu 'te.My cearu cxyn U3 8+ 

cadpatcu ma✓iu cxyn, icoju je matoe y B+. 

3.2.2 AnepvioximnocT 

anc,neria ,r_ke(1)mungnja ,gaje nojam anepno,gnmuorm npogeca. 

ae4nuan1fija 3.9 Mapcoe✓bee npolec je anepuoaunan axo ne nocmoju pa36uja7be 

S = 	U S2 U • • • U Sk, k > 2, 

mareo da je 

P(x,Si+i) = 1, x E 	(1 < i < k — 1) 
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u P(x, 1 ) =1 3a x E Sk• 

3a nposepy anepvioAml-mocm nocTojm jexmocTaBan xpwrepmjym Rojm ,naje cne rrlehe 

Tnpijerbe (Chan, 1990). 

TeopeMa 3.6 Mapxoeibee npouce {Xi } je an,epuodv.uaN axo u cam° axo noemoje 

ma..au min C u n E N maxeu da 3aceaxo x E C eamu 

Pfl (x, C) > 0, Pn+1 (x, 	> 0. 

Kaxo CBaK14 chyn A E B (O(A) > 	cajkpwa man' cKyn, TO smin c.ne,rketie 

TBpijefbe. 

TeopeMa 3.7 Mapx,00dbee npoucc {X i } je o,nepuodunan cow u camo aro nocmojy, 

A E B (q(A) > 0) m,aicae da as ceatu *ewe noacxyn B 30, icoju jc B E B u 0(B) > 0 

eaotcu 

P"(x, B) > 0, 13'4-1  (x , B) > 0 

3a ceaxo x E B. 

T - 
Helve's:x/44nm nponecm yBoge Nomnarcrne cxynone y BeponaTmocru4 KongenT 

xiemy ronopm cne,gelrie TBpt)CFLC. 

TeopeMa 3.8 Axo je npouec {X t } neeeoarbue, anepuoduno,n v,T - nenpexuaa.u, ouda 

je coar,u 7comna,xm,an ocyn itsaftu. 

3.2.3 Ilospaimocr H Hp0J1a3HOCT 

3a necno embvin Map-cow-Len nponec CC Ae(infnunuy nojmonm noBpaTnoc-rm (pcxy-

peHTHOCTVI) H 111)0J1a3HOCTH (TpaH31rICHTHOCTM) cKynona y 13+, ananorno VICTLIM noj- 

monmma 3a cTafba y c.nyuaiy MapKonmesor nponeca ca npe6pojmn1rIm cEynom cTan,a. 

He:Ka .je 17,1 6poj yna3aua nponeca Pf t } y cxyn A, 0,4nocno nexa je 

Co 

71A = )2, /(X E A). 	 (3.14) 

n=1 

ffecf)HHH4Hja 3.10 Cxyn A je npoita3an 	mpaitgueurnan axo je 

Ez (77A) < M < oo, x E A, 	 (3.15) 

a noeparnan unit pcxypeurnan axo je 

Ez (gA) = oo, x E A. 	 (3.16) 

110jMOB14 II0BpaTHOCTH H npoza3nocTm ce yBoxke H 3a cam nponec, IUTO ,Iaje 

cne,nkeha AeckvnuAnmja. 
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Itecinnimmja 3.11 ifeceoafbuo npoloe je perypenmau, amo je cow= C1Cylt U3 B+ 
petypenman, a y npomuenom je mpanauenman. 

Eaxo je 
00 

Ex( 71A) = 
	

), 

n=1 

TO 3Hal-114 Ra je npogec {X t } pexypeliTax axo 3a cBama cis:pi A E 13+ Bawvi 

00 

Pn(x, A) = oo, x E S. 
i= 1 

3a TpaH3VICHTHC nponece Bax<14 cReActie Tnpr)en,e (Mayne and Tweedie, 1993a). 
TeopeMa 3.9 Aro je npouec {X t } m,pan3uenman, mada nocmoju npe6pojue norpuean 

od mpan3uenmnux crynoea u ceara maim cryn je mpau3ueuman. 

XapHcoBcKa peRypenocuocr 

HOCTOkil 1/1 crpox-mjvi nojam peKypenamocTI4 1(0.41 je, ymecTo nomohy Ex (7m), 
vicHa3an nomoriy L(x, A). Cnexketie ,rAse Ae(PrinuAgHje yso,ge nojam Taic03sane Xa-
pucoecre peKypeHTHocTH. 

21,e4nnanwja 3.12 Cryn A je Xapucoecru pexypenman aro je L(x, A) =1 3a x E A. 
,E(ectImumplja 3.13 Heceodibue Maproeibee npouec je Xapucoecru perypenman, aro 

je count cxyn u3 13+ Xapucoecru petypeuman. 

3a T - nenpemaxie npogece HOCT0114 se3a 7,43metjy seposamocrimx K TOH0.1101IIKIAX 

nojmosa xojy ,gaje cne,rkeha TeopeMa. 

TeopeMa 3.10 Hera T - nenperudan npouec {X 1 } uma 6ap jean() docinuatcno mane 
u Hera X —> oo oananaea da npouec y cearu romnarman cryn. y.aa.3u cam° ronanno 
mnogo nyma. Tada je {X t } Xapucoecru perypenman aro u camo aro je .1),{X 00) = 0 
3a coax° x E S. 

4ocTep - JbanyHosaerm yC.110B14 

3a HeCB0,4J131/1Be MapRoszese npogece 3a pexypexTnocT je A0B0.111110 nocrojaise 

HeHeraTvisHe cpymavelje V Roja sax BOHM' manor curia mcnymasa TaK03BalIC (DocTep-

JbanyHoBzese H.1114 gpmkT (drift) ycaose (Tweedie, 1998). 

TeopeMa 3.11 Aro je Maproeibee npouec {X 1 ) neceodinue u aro nocmoju ma✓ru 

cxyn C u nenezamuena Oynruuja V mareu da je 

P(x,dy)V(y) V(x), x ¢ C 	 (3.17) 
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u axo je {y I  V(y) < n} M MAU crcyri„3a ceaxu npupodan 6poj n, ma,da je {X t } Xapucoecicu 

peacyp C7i771,G,H. 

OCTOjI4 14 ornuTvijm ycrioa, r,rke ymecTo Heje,r2(narcoCTI4 (3. 1 7) clmrypvnne nejeA- 

naKoCT 

P"( x ) (x,d,y)V(y) < V(x), x C, 	 (3.18) 

npH tiemy je n : S ---+ N mep.musa ct)yxraveija (Meyn and Tweedie, 1993a). 

3a IpaH314CHTHOCT, Tam*, nocTojm o fuosapajytim yCJI0B 0 ieMy ropopm czeAella 

TeopeMa. 

TeopeMa 3.12 Mapxoe.Thee npouec {X t } je mpan3ueurnau axo nocmoju ozpauuneua 

Ormuja V maxim, da as 74,eto r E R je 

1Y I V(Y) r) E 	 IV(y) > r} E 5+  

uda,je 

P(x,dy)V(y)> V(x), x {y I  V(y) < 	 (3.19) 

1/136op (1)ymil.n4je V 3asvicvf o,r cTpyri:Type npolAeca {X t } . 

3.2.4 GralwonapHocT 

Je,niio o,4 HajBaA<Hvijmx cBojcTaaa Mapxoszemia nporAeca je nocTojalbe cTaiwo-

Hapne pacno,4e.ue, IBTO mo)ce ce maca -nce, npexo ycnoBa 3a rmisapmjaHmy mepy 

Kojy Aaje crie,aeha ,gegwan4nvIja. 

,aecinnumiaja 3.14 a - xonanua .Mepa v je uneapujaumrta axo je 

3a cea,ro A E B. 

v(A) =P(x, A)v(dx) 
.s 

(3.20) 

IlocTojarbe Eonauxe wmapvijanTne mepe 143,aaaja macy MapRoamesvix nporwca 

3a Koje nocTojm cTarnAonapHa pacno,ge.na. 

,Tlecinenummja 3.15 Mapr,o03✓bee npouec {X t } je no3umueau axo nocmoju uneapu-

jaumua .mepa xoja, je xonanua. 

ANO je MapKos nponec {Xi } 1-10314THBaH ca misapvijanTnom mepom 71, on,rka npocTo 

nopmmpalbem Te mepe Ao6i4jamo kmaaplajanTny BeposaTuocny mepy, na. npema Tome 

nocTojvi H cTporo cTawfionapna pacnoAema. 

YcnoBH nocTojama cTaqvionapne pacno,gene, o,rcHocno vxnapvijanTHe BCp013aT- 

HocHe mepe mory 	ce mcKa>i<y npexo ycnosa 3a Pn(x, A). AKo je rn uonatma mepa 

14 axo H3 m(A) = 0 cnegx 	je P(x,A) = 0 3a 0:mho A E B, onAa noTpe6an 14 
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,E(OBOJbaH yCJI0B 3a nocTojame xonatme 	 mepe v je 	nocTojn exyn A0 

(m(A0 ) > 0) TaKaB ,ia je 

1 
lim sup — 

n--400 n 1=1 

3a cBaxo x E A0 . Ilpvi Tome je 

v(A) = lim 
n—.00 

Pi  (x , A) > 0 	 (3.21) 

1 
—
n 	 

Pi(A), (3. 22) 

r,ne je 

Pi(A) = 	Pi  (x , A)m(dx). 	 (3.23) 

Baxim cne,rkehe Tsptelbe (Meyne and Tweedie, 1993a). 

TeopeMa 3.13 Axo je npolec {X t ) Xapucoecxu pexypeumax, maaa nocmoju uneap-

uyan,mna Atepa. 

3a T-Henpercm,Ane npogece IIOCTOjM eromBanenTan yCJI0B 3a cTagmoHapnocT hoji4 

je Aarr y cne,gehem Tspljemy. 

TeopeMa 3.14 Hexa T - nenpexudau npouec {X i } u.ma. 6ap jeano docmuotcuo cma.me. 

Taaa je {X i } no3umueart u Xapucoecxu pexypeurnau axo u ea..nto axo je ozpauuneu y 

eep o e amno hu. 

Ycnonn Doeblin - a 

Ycnosvi Doeblin - a, Kojra cy oAamio nomiaTvi (Doob, 1953), cy ,LaTM cneActiom 

Aegunimgmj om. 

,aecinannAmja 3.16 Ma.pxoeibee npouec {X 1 } ca npocmopo.m mama S 3a,aoeo.n,aea. 

Doeblin - oe ycitoe axo nocmoje npupoaau 6poj n, peartau no3umueau 6poj e u eepoeam-

uocua Atepa v, aeOunucaua nta Bopeftoeum ocynoeu.ma npocmopa S, maxeu aa 3a ceaxo 

xESu coax° A E B(S) eaotcu: 

v(A) 5 e = Pn(x, A) < 1 — e. 

3Hamaj Doeblin - oBor ycnoBa je y Tome IIITO o6e36eyje nocTojame cTannonapHe 

pacnoAene (Tong, 1990). 

TeopeMa 3.15 A7C0 Mapxoefbee npotcec {X t } aaaneo.thaea Doeblin - oe ycitoe, onaa 

nocmoju cmo.2luouo.p7-ta, pacnoaerta an. {X t ). 

Doeblin - OB yCJI0B 3axTeBa 	npotlec 143 614110 icor cTama x y S ca sennuom 

Beposamohom npe.na,314, 3a cknKcnpan Konaxian 6poj Icopaxa, y 	npocTopa 
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S. (brngmja 	AecinrinvicaHa ca 

1 n  
V ° (X, A) = Lrri,o,  14 .132 (x,  A) (3.24) 

ortkpeljyje cTanmoHapHy pacno,gcny 3a csa.mo x E S. 

HH3apHjaHTHa mepa v Mox<e Aa ce npeAcTaBH riperco mepa v (i)  Be3aHvfx 3a Irma-

pmjaHTne cRynose AecinimmcaHe c.ne rrketi.vfm Asema Aecillmunprjama. 

,aelnenangmja 3.17 Cxyn A E 13 je unea,pujanman axo je P(x,A) = 1 act cea,xo 

x E A. 

ilegninunkvija 3.18 Hneapujannian cxyn A je munumaiian a.xo ate caoptcu nen 
Opygu tomapitjaninan cicyrt. 

IlpeTnocTaBvimo 	je 3a MapRoBJbeB npogec vicnyibeH ycHoB Doeblin - a 3a 
mepy an,. Tana 3a Henpa3aH vmsapnjaHTaH civil A Ba.Au.4 rn(A) > e, na pa3nHtIHTMX 

mvammaJninx NHBapvijaHTHva cxynosa npocTopa S Hema synue o,/1 m(S)16. Hexa je 

A1, A2, Ak CJ4CTM APICiYHETHVIX MIIIHMMaJIHMX imsapmjanTHmx cxynoBa npocTopa 

S. Ta,ga je 

lim P"(x,U ik=1 Ai) = 1 
n-400 

3a cBaRo x E S. Apyrvim pelmma, npoAec vf3 Tax-me x E S ca seposaTHoliom 1, nocne 

KoHatmor 6poja Hopaxa, y.aa3m y je,Aan o rgrimsapmjaHTHnx cEynosa Ai,A2,• • •) A k 1/1  

ocTaje 3aysex y memy. HpM TOMB je cTainemHapHa pacnoAeRa v ° (x, A) 3a cse Tatnce 
X Kok npmnaAajy VICTOM misapmjaHTHom curly, 0,4110CHO 

v ° (x,A) = (A), A E B 

3a csaxo x E Ai (i = 1, , k). Csaxa HHBapmjaHama mepa v npocTopa S je KoHatiHa 
npeAcTaBma JnIHeapny Kom6valannjy y3ajamHo opToroHammx seposaTHOCHVIX Mepa 

(i == 1, ... k). 

Ycaos pasnomepHe npe6pojmBe ajtHT14BHOCTI4 

Liu n Susko (1992) cy, HHcnnpI'TcaHH paAospima BeHeina (Bene§, 1967), Aann 

OIIIITH ycnop cTagnoHapHocTi.4 MapxosameBor npoqeca AecfnMH4canor Ha JI0HaJIHO 

ROMMaKTHOM ROMMJICTHO cenapa6mH0m meTpv-wom npocTopy. HaHMC, J3cHCLTI je 

Aao ycnose nocTojama KoHatme 1103VITYIBHe TAHBapmjaHTHe mepe 3a Henpem4,zr,He npo-

rAece Mapxona. BeneumBe ycnose ynHcbopmHe HenpexmAHocTm 4)ymake npefla3a 

Liu M Susko (1992) cy npnnaro,TAwY4 ,414CITCTIIOM np0LCCy, Ta.Ko IUTO cy ,Ekecf)Mn-

mann yc.nose 3a cpyrnanAjy npe.na3a Koji ," Hmrumnvipajy yru(i)opmHy npe6pojmny aAm-
THBHOCT. 

HpBH yCJI0B CC 0,/IHOCM Ha (1)3/m<gmjy npena3a. 
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YCJI0B 3.1 3a Oyaocuujy npcmisa P(x, A) eaatcu 

lint sup {P(x,A n )} = 0 	 (3.25) A„io zEK  

3a ceaxu ro.mnalcman. cicyn K .MC177,p11 , 1 ?COO npocmopa S y 7C0.114,e cy cear.0 orneopen a cearu 
3ameopen cxyn B - Atepibueu. 

AKO je, Ha npmmep, 

P(x, A) = fA p(x,y)m(dy), x E S, A E B, 

uke je m KoHaulm mepa Ha KomnaKTHmm cKynoBmma, Taxka je npeTxomH4 ycnos mc-
nyffieH aKo 3a CBaKH KomnaKTaH cxyn K Haim 

p(x, y) 5_ aK, x,y E K 

H 

sup P f =[3 <00 
xE K 

3a HeRy (kyHKgriijy f : S R+ H KOHCTaHTe CYK PI PK. 
,apyrm ycnon ce o,B;Hocm Ha HH3 BepoBaTHotia npeJia3a. 

YCJI013 3.2 llocmoju eepoeamnocua Atepa P o  marea do, je 

sup I I g(y)P t (x,dy)P0 (dx) < oo. 
t>i 	s s 

(3.26) 

Liu H Susko cy KomCHTapHcanH ,ia oBaj ycnon KouTponvauc cBc neponaTuoric 
npena3a H TO cy ynope,t(rinvi ca HI430M napin4janHvix cyma AaTor peAa. OHM cy 
Aoha3anm c.nexkehe Tspi)effie. 

Teopema 3.16 3a Maproe.mee npouec {X t ) nocmoju xona1tua noaumueua un,eapu-
janmua Acepa v axo u cam() axo nocmoju nencza,muena Oguxuuja g : S [0, oo] maxea 
da 

in .f g(x) 	oo, K,? I  S 	 (3.27) 
z€K, 

3a ucty xo ✓terqujy 7comnaxmuux ocynoea Kn  u axo cy ucnymeuu yc ✓toeu 3.1 u 3.2. 

Y ,Lkoxa3y OBe Teopeme ayTopvi cy KOpVICTVIJIH pe3ynTaT o 0MxcHoj Tata4 3a JIH-

HeapHa npecamKaBama Tn , AelnimvicaHa ca 

T„p,(-) = is Pn(x,.)p(dx) 	 (3.28) 

Ha nmHeapHom npocTopy ( BaHaxosom) cBmx B-MepThI4B14X, peanm4x, KOHatilH4X (PyHTC-

gmja Koje cy npe6pojirmo a,m4TmBHe Ha B. 
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(bocTep - jbanynoB.mema yCJI0BH 

Ilpe nojase pe3ynTaTa npeTxogne TeopeMe, nog paauTeltiVITHM ycgoirAma, Koptinn-

helm cy Kpyrrepvdymm Tvma (IocTep - ThanyHoszemirx ycnosa Rojm TecTMpajy Taxo3- 

BalIVI gprvIrr (drift) ycnon Tlrl. TCCT cicyny C. 

YCJI0B 3.3 .ifocmojc nenczam,uena Opoquja V, noaumuean, 6poj e it xonano.u. 6poj b 

triatou au. je V(x) < oo 6ap 3a jeThto x it 

P(x, dy)V(y) < V(x)— 	bI(x E C). 	 (3.29) 

TecT CETI C je Haj4emtle xomnarcram, a yMec'ro paBHomemie npe6pojMBe agm-

TMBHOCTI4 KOpffillheHM cy yCJI01314 jahe YIJI14 cube HeIlpeRNAHOCTVI riviiKumje lipena3a 
VIJIH pa3.711/14111'14 ye.110B14 HeCB0,11MHBOCTVI. Ha npnMep, Ba-/Re Tspbei-ba (Tweedie 1975, 

1988) 1/13pa>i<exa y cnegehmm Teopemama. 

TeopeMa 3.17 Aix je {X i } (,o - tteceodibue u (ix() 3a itexu .4ta✓tu ctr,yn C eaarcu ycitoe 

3.3, mada, 3a {.7( 1 ) nocmoju uneapujan,mn,a, ecpoeammocno, .mcpa. 

TeopeMa 3.18 Atco je {X,,,} c.aa,6 4se ✓ ,epoe npoucc it aro 3a nom romn,arman cryn 

C ea3tcu ycitoe 3.3, mada 3a {X,-,} nocmoju uneapujaumna eepoeam,nocua Acepa. 

3a o6pnyTo Tripeme Bmgeerm Costa and Dufour (2000). 

YCJIOB 3.3 3anpaso 3namn ,Lka nocToje II03VITHBH14 6pojenn CI 14  c2 Taimm ,rka je 

Is P(x,dy)V(y) < V(x) — c T , x C 	 (3.30) 

El 

Js P(x, dy)V(y) < c2, x E C. 	 (3.31) 

Pe.nagnja (3.30) moixe ,Eca ce 3arimme YI y o6anxy 

PV(x) < V(x) — E bI(x E C) 	 (3.32) 

MJIH y o6suni:y 

E (V(X t+i ) I X t  = x) < V(x) — 	bI(x E C). 	 (3.33) 

Ari:o je S = R k  , mo-ixe ,ra ce y3me V(x) = 	na ycnon (3.33) nocTaje 

E (11X JAI 1 X t  = x) 5- 11 1 11 — E 1)1(X E C). 	 (3.34) 

VICTO 'taro, ycEoB (3.26) 3Hat3Yl ,tea je 

sup E (g(X n ) I X 0  = x) < +oo. 	 (3.35) 
n>1 

141cTa Triptjenoa sa-pue EI axo ce ymecTo ycmoBa 3.3 li:OpVICTI4 cnegerm cTpo)Kkijm 

yCJI0B. 
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YCJIOB 3.4 llocmoje neuezamtiena. hpauvja V, tonanart 6poj b u 6poj A (0 < A < 1 ) 
maxeu da jc 

J P(x, dy)V(y) _< AV (x) bI(x E C). 	 (3.36) 

Meyn 14 Tweedie (1993) cy Awn,' yornuTetbe Api,44)T ycnoHa KojH 3aHI3ce o,rk cTama 

Pn(x) (x,dy)V(y) < V(x) — n(x) bI(x E C), 	 (3.37) 

0,L(HOCHO 

is 
Pn(x) (x,dy)V(y) < An(z) V(x)+ bI(x E C), (3.38) 

Kao H o,groHapajyha TapijeH,a. 

ReBeT roAvnia Hav:oH 1.4,4eje ,71a ce ymecTo ycnoria HeCBOA.TbI4SOCTI4 H Henpexvi,g-
HOCTI4 KOp14CTI4 yCJI0B panHomepHe ripe6pojvise aA14TH13HOCTJel (Liu and Susko, 1992), 
Fonseca vi Tweedie (2001) cy aHanvompanvi Rom6vmai.ky drift ycnoria H yc.noria 3.3. 
01E4 cy norm3a.am ,Lka yc.nors 3.3, xojvi xoHTponvaue cBe HeponaTHorie npega3a, moAce 

Aa ce 3amerm ycnonom 3a HeporiaTHohy npena3a 3a je,AaH icopax. Heim je, Ha npMMep, 

fs P(x,dy)g(y) < ,\g(x) b, 	 (3.39) 

r,rke je g HeHeramma 4)3THEgvija, 0 < A < 1 vi b < oo. Ta,ga je 

E (g(X,,,) X o  = x) = E (E (• • • E (g(X n.) I  X n _ 1 ) • .) I X o  = x) 

< E (• • • E (Ag(X„_ 1 ) b I  X_ 2 )... I X o  = x) 

< E (• • • E (A(Ag(X n _ 2 ) b) + b X72-3) • • • I Xo = x) 

< E (an-  g(X 1 ) A" -2 b + • • 	Ab b I X o  = x) 

n-1 

< An g(x) b 	A i 
 =o 

= A" g(x) b
1 — " A 

1 — A 

flpema Tome, 

sup E (g(X„) I X o  = x) < g(x) 	< +oo,
b  

n>1 	 1 — A 

INTO 3111-V-114 rika je vicnymeH yCJI0B (3.35). Fonseca H Tweedie cy AoHa3aJim ,ga ycnon 

3.3 cne,414 vi H3 ,E1p143/T ycnona Tvina (3.37) H (3.38). Ha ocHoHy Tora H ripeTxoxie 
Teopeme Hmamo 110BH yc.non 3a nocTojame cTawiloHapHe HepoHaTHocHe mepe 3a IXO. 
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Teopema 3.19 Ai o 3a TM (Xn } eaoteu woe pagnomepte npe6 p °pee aditinztexocru, 

u aro eaateu dpurlim, ycitoe (3.39), ode je g(x) > 1, a. V uempexudua, (fiyurquja, mada aa 

{X„} nocmoju uueopujo,um,na nepoeam,uocua ,m,epa. 

Fonseca 14 Tweedie cy TaKol7e noKa3a.rm, Ha npHmepHma, ga 143 ycitosa panHomepHe 

ripe6pojuHe a.,41/1T14BHOCTI4 He onejAe yCJI0B14 HCCBOAJbl4BOCTI4 II HenpeNHAHOcTH M o6p- 

HyTO. 

YC./101311 CTa6HJIIIOCTH 

AKO je S = R k , 3a MapicoHmeH npo4ec {X t } ivory rga ce ,rkeckplimmy H yCJ10B111 cra-

6HJIHOCTII KO .j1/1 y3 ,40,4aTHe npeTnocTame 0 (1)3quawijm ripe..na3a raparrryjy nocrojame 

14HBapIljaHTHC pacno,gene. To cy cae,Eketaa rrksa yc.nosa. 

YCJIOB 3.5 3a Maproefbee npotvc {Xi} ea=u 

71 \ 
Un-?, sup )  I 1)(k 11 2  < 00. 	 (3.40) 

n-,.0.3 	7/ k=.1 

YCJ1013 3.0 3a Maproefbee npove {X I } oaolcu 

linz sup 1 — 	E (iiXkii 2  I Fk-i) < 00, 	 (3.41) 

n Sao n k=1 

Zde je 	osuara 3a a - aftoe6py odpeljeny ca X1, . , Xk_i
• 

Meyn H Caines (1987) cy AoKa3aym cne,gerie THpl)en,e. 

TeopeMa 3.20 Aro Oyurunja, npe.n,asa, Maproe.rbeeoo n,poucca {X I ) u.ma (fie.n,ep000 

ceojcineo u aro je ucnymeu YcAoe 3.5 Malt YC ✓ O 3.6 sa uery nonentity pacnode.n,y, ouda 

nocm,oju uneapujan,m,ua, pacnode ✓ca v marea da. Xk u.ma pacnodedu v 3a cearo k E N 

aro X0  u.ma pacnodeicy v. 

3.2.5 EprojuumocT 

Hexa je 7r HHHapvljaHTHa mepa H HeI<a je II • II Hopma Townie HapMjagHje, Aecfm-

HvicaHa ca 

IIP"(x,•) — ril = sup iPn(x, A) — 7r(A)I. 
	 (3.42) 

AEL3 

Bam-cm cfre,rkehe Tspljerbe. 

Teoperia 3.21 ATi;0 je IX t ) ueceodibue, anepuodunau, noaumueau ca uneapujaum- 

uom .mepo.m, 7r, mada 

— 7 11 	0 , 
	77. --+ 00. 
	 (3.43) 

Y 0I1U1TM cnyliajy yCJI0B (3.43) ce y3I4Ma 3a ,nerinimvigHjy epro,m4x-mocTH npogeca. 
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Aesinuninknja 3.19 Maproc ✓bee npouee ea uneapujaumuom mepom r je epeoaunan 
coo 3a coax° x E S eaateu (3.43). 

143 npeTxorznie Teopeme cne,gvi ,na je HeCBOAJLI4B, aneprao,glium H 110314THBall Map-

ROBJ13eB npogec eproximan. Cavitmo Tspheise Bawl 14 axo nopmy TOTaJIHe Bapmjagvije 
3amexmmo Tax03Banom f - nopmom Aeciwnimcanom ca 

   

IIP"(x,•)— irllf = sup 
Ig15/ Is P"(x,dy)g(y)— .15 71-((iN)g(y) 

 

   

r,ne je f neneraTmEgia (bymcgmja. 

Teopema 3.22 Axo je {X i } necooa.ibue, anepuoaunatt u no3umuean Marco° npouec, 

mada 3a ceary n,enezamuerty Oymcwujy f 3a icojy jef(x)tr(dx) < oo Bawl:, I 

IIP"(x,.) — Wilf -, 0 (n -- oo) 

3a rceaxo x.E S. 

FeomeTpmjcKa eproximnocT 

Axo je npogec eproAmuan, mowe ce nocTasyrna ruaTame 6p3vme Honsepremg4je y 
(3.43). reomeTpmjcua 6p3mia je AaTa cneAehom ,geckgm14ng4jom. 

,aecinemlignja 3.20 Axo nocmoje xoncmanme p <1 u M x  < oo (3a x E S) maxee as 
je 3a coax() n E N 

- 7r11 	m. pn, 	 (3.44) 

maaa je {Xt } zeomempujcxu epioaunan. 

yonoBe reomeTpvijcxe epro,m4twocm vimamo y cneAehem Tspbemy. 

Teopema . 3.23 Hexa je {X i } neceoarbue, anepuoaunan u no3umuean, u nom n,ocmoju 
maim cxyn C E 8+ u xoncmanme Mc  u pc  maxec as je 3a ceaxo n E N 

1.13n(x,C)-71 - (C)1< Mcp': , x E C. 	 (3.45) 

Taaa je {X t } geomempujcxu epzoaunan. 

FeomeTpmjcxa eproAmtmocT mo)xe Ra ce mcxame K nomohy Tc  (TpenyTax npsor 
ynacKa npogeca y cxyn C). 

TeopeMa 3.24 Heceoa/bue anepuoaunan npotiec {X i ) je eeomempujcicu neceoa✓bue 
axe u camo axo nocmoju ma ✓tu cxyn C mar,a,e as fie 

step Ex 	< co 	 (3.46) 

3a nexo ,8 >1. 
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„Uplici-yr ycJI0B14 

Kao 3a cTagvioHapHocT, TaHo vi 3a eproAvr-mocT HocToje oArosapajylim Am/4T 

yc.norm. Ha ocHoHy Teopeme 3.21 H Teopeme 3.17 vimamo eneAene THpeme. 

TeopeMa 3.25 Aro jc npoucc {X i } ucceoddbue 71 ancpuodunan u ar,o 3a ner,u maim 

cryn C 00 ;ACV, Ycitoe 3.3, mada, 07i uma uueo,pujaumuy .m.cpy 7T 3a rojy ea,tcu (3.43). 

,Etame, HCCBO,LVIDI4B vi anepvlorckvi4aH npogec .je eproxfriaH aEo je mcnytbeH YCJI0B 

3.3. 3a reomeTpujeKy eprogvp-mocT .je noTpe6aH YCJIOB 3.4. To ,zaje c.ne,i2ketia Teo-

peMa. 

TeopeMa 3.26 Iicceodibue, ancpuoduitax npoucc {X t ) jc 2comempujcru cpoduatan 

ar,o u canto ar,o nocmoju ma,.au ncyn, C rca ?come eaoscu Ycitoe 3.4. 

FICTO TBPbeibe Ba../1-(VI VI aKo ymecTo yczoBa (3.36) KOIN/ICTI4M0 yCJI0B (3.38) K0j1/1 

3aBHC14 o,q cTaa.a. 

YCJI013 reomeTpmjcxe eproAvr-mocn4 moHi:e Aa CC vicEakKe H y Apyrom o6nrimy. 

TeopeMa 3.27 Aro 3a ucceodibue u ancpuoduican Maproefbce npoucc {X t } nocmojc 

maim cryn C, nenczninuena Oyuruuja V, no3umueuu pca.n,uu 6pojceu MuE u pea.4an, 

6poj r >1 maxeu ..7c 

	

rE (V(X t ) I X t _ i  = x) < V(x) — e, x C, 	 (3.47) 

	

E (V (X t ) I X t_i = x) < M, x E C, x E C, 	 (3.48) 

mada je {X t } geomempujcru epoodunau. 

YmecTo HaBCACHI4X Epvrrepvijyma 3a reomeTpmjcis:y eproAmmocT mory ,na ce Ko-

pvIcTe aHaJIorHI4 KpviTepvijymi4 3a BIllie lc:Opals:a yHanpe,rk. OCHOBy 3a TO t314H14 pe3y.n-

TaT xojvl je ,Lkao Tjostheim (1990). 

TeopeMa 3.28 Heica je Maproe.ibee npoucc {X t } anepuodunan u k E N. Axo je 
npouec {Xk t } zeo.mernpujocu epzodunan, onda je. It {X t ) acamenzpujcru epzodunan. 

Axo Ha npolAec {Xk t } npvimem4mo Kpwrepvijyme (3.47) vi (3.48) 143 Teopeme 

3.27, oHga Ha ocHoHy npeTxo,gHe Teopeme Ao6mjamo mo rtkm(ImKoHaHe Kpvrrepvijyme 3a 

reomerpmjcxy eproAviuHocT. 

TeopeMa 3.29 Axo 3a neceodibue u a.nepuodunau Maproe npoucc {X t } nocmoje 

maim cxyn C, n,cuczamuena Oyurquja, V, no3umueuu peaftn,u 6pojceu, M u E, pca ✓tan, 

6poj r > 1 u npupodau 6poj k /flaxen da je 

	

rE (V(Xt+k) I X t  = x) < V(x) — 6, x 0  C, 	 (3.49) 

E (V(X i+k) I X t  x) < M, x E C, x E C, 	 (3.50) 

mada je {X t } zeo.mempujcru, epzodunau. 
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Hase,Aena Tapljetba cy H3 pa3Rvitu(nmx pe(Pepengrd, a BehHHa je AaTa H y no3HaToj 
KH.,143H o Mapxoa.n.,e3mm npogecvima (Mayn and Tweedie, 1993). 

3.3 SETAR 1113 011EC IIPBOF PERA 

llona3ehm o,q ycnosa cTagmoHapHocrm nmHeapHor AR(1) mo,rkena Pemberton H 

Tong (1983) cy 3axmy -tuiLuvi 	je SETAR(2;1,1) npogec renepmcan mo,rkenom 

Xt  = aXi 1  + 	+ e t 	 (3.51) 

cragmHapan axo je jal < 1 H Ip < 1. MerriAm, Petruccelli H Woolford (1984) cy 

Aor(a3a.nm ,ga je 

a < 1, /3 < 1, afi < 1 	 (3.52) 

noispe6aH H ,noHozaH yc.nos ,za  {X t } 5y,He eproAmuaH npogec. Tex ce,qam ro,Ekvia xac-
Hmje cy ce no• aHmam C3JITTM o ycnoHmma cpro,En4uHocTm SETAR, (2;1,1) npoieca 

y cnyuajy Hag je d > 1 (Chen and Tsay, 1991; Lim, 1992). 0,4roHapajytim pe3ywraT 

3a SETAR(l; 1, ... ,1) npouec, y cnyuajy d = 1 (Chan, Petruccelli, Tong and Wool-

ford, 1985), noKa3yje ga Ha eprOAHLIHOCT npogeca y'rmuy canto napameTpm HpHor 

nocnexber no rgmoAena npogeca. 

Y cnyuajy xag je npogec {X t } cTagmoHapaH, BaH<H0 je 3HaTM tberoay cTagvioxapxy 
pacno,Aeny. MeljyTvim, npo6nem o,ikpemsalba cragmoHapHe pacnoAene Ha ocHoHy 

Aocrymanc mmi)opmagmja HHje Hmma.no je,u,HocTaBaH. 3a moAene ca nparoBHMa, Ha 

max H 3a SETAR mo,gen npHor pega Hma penaTHHHo mano pe3ynTaTa. 3a )6 = —a, 

a E (0, 1) HOCT0314 eRcgramprran H3pa3 3a YCTMH cTa•moHapne pacno,riene npogeca 

{X t } y cnyuajy Ka,H jc {e t } HH3 npomerubmnmx ca Hopmaimom pacno,gcnom (Andol, 

Netuka i Zv6,na, 1984) H y cnyuajy rag je {e t } HM3 npomeHmvmmx ca Kommjesom 

pacno,4e.nom (Andel, Barton, 1986). VICTO Tax° 3a 16 = —a, a E (0,1], Ao6HjeHa je 

cTagmoHapHa pacno,Hena nporeca y cnyuajy rag je {e t } HM3 npomeHmmsmx ca excno-

HeHgmja.nHom pacno,rkenom (TDopmh. H Manmumh, 1996). Iloce6Ho je 3aHMMJIMBO ga 
ce 3a a = 1 Ao6mja cragmoHapaH npogec umja je maprkmanHa pacno,gena Jlannacosa. 

3a a = 1 H f3 < 0 Taxor)e je Ao614jena excnnvigviTHa (popmyna 3a rycTrimy cTagnoHapme 

pacno,aene. 

3.3.1 EprofwmocT 

06.nacT spegaocTvi napameTapa SETAR mo,Aena 3a Hoje je npogec reHepmcaH THM 

mo,Lkenom eprogyruaH 6HTHO 3aBmcm o ftk HperEkHocTm Kaumbeisa d. 

Cmynaj d = 1 

Hera je AaT mogen (3.51) r,Lke je {e t } HH3 He3aHrAcHHx c.nyuajmilx HenmumHa lc* 
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ax, x > 0, 
g (a) = 

—bx, < 0, Sl (3.58) 
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vnviajy IICTe pacnoAeRe ca cHy rika TIO3LITHBHOM rycmHom f Ha R LI ca oxleicvmamem 
0. HM3 {Xi} je MapRoBnaes npogec Nojvl je aneprao rqvnaaH vf it - HecBoAmns, r,ze je 
it ReE;eropa mepa Ha R, ilpocTop cTaiba Hp011eCa {X1} je (R,B). AB:o je P(x, A) 
(kymigmja Ilpena3a Ae(1)1,4HvicaHa ca 

	

P(x, A) = 	p(x,y)dy, x E R, A E 8, 	 (3.53) 
A 

r,rke je 

p(x, y) = f(Y - c'/x+ fix-), 	 (3.54) 

!Tema ycHOBY 

TaAa je {P(x, •)} cTporo Henpexvi er_ma chuavelja. 3a eprogHtmocT npoieca {X t }, 
K0 ‘114 je Aao Tweedie (1975), trtonomo je rr(a nocTojm I<oMnaKTaH ci<yn 

K, 1103HTPD3He ne6erope mepe, LI HeHerarrvmHa4)yrnapija g : R-4 R 3a Koje 

IR p(x,y)g(y)dy < g(x) —1, 

IR P(x,y)g(y)dy < C < 00, 

IlpeTHOCTaDVIMO ,ga je vicnymcH yCJIOD (3.52). 
CTaHTe a n b TaKBe ,rka, je 

a > --
b

a

' 
p > --

a 
	 (2.57) 

a 3a cf)yrnanijy g AecimeHmcaHy ca 

x K, 	 (3.55) 

x E K. 	 (3.56) 

Ta,ga nocToje HO3VITHDIIC KoH- 

nocToju 6poj M > 0 maw) ,na Ha curly K = [—M, M] 	ycnoBvi (3.55) vi (3.56). 
Hpema, TOME, ycnorm (3.52) cy AOB0ZHI/1 3a eproAvomocT SETAR ripogeca {X t ). 
M4y-rmm, PeLruccelli LI Woolford (1984) cy AoRa3ainii ,zka cy TM yCJIOBI4 H HoTpe6Hm, 
orgHocHo ,tea je {X t } HeeproximaH aEo je a > 1 HRH 	1 I,IJM a < 0 H a./3? 1. Rame, 
3a SETAR(2;1,1) Ba>furi c.ne,gehe TBpljeme. 

TeopeMa 3.30 llpouec deOunucart mode ✓tom (3.51) je epooaunart aro u cam() axo 
eaatce ye✓ 0053U (3.52). 

CJIVILIHOM TCXIIHKOM Chian, Petruccelli, Tong vl Woolford (1985) Cy NUM TIOTperMe 
H ,140BOThHe yCJI0Be 3a SETAR(l; 1, ... ,1) npogec Aegninivicau ca 

Ha ripmmep, axo je 

X t  = >
4  (ak bkXt_I et)I(Xt-1 E Rk)• 

k=1 

(3.59) 

b t  < 1, 	b1 < 1, 	bib/ < 1 	 (3.60) 
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aKo je 

a 
< b i  <1

' 
--

b 

< bi  <1, (3.61) 

TaAa 3a ckyinamjy.g AeciwumcaHy ca (3.58) nocTojH 6poj M > 0 TaxaH ,na Ha cKyny 
K Ba.pue ycnoml (3.55) H (3.56), r,ne je 

P(x, Y) = 
	

f(Y — ak — bkx)/(x E Ric). 
	

(3.62) 
k=1 

HpH TOMe, {X1 } je HeCBO,LIJLHB H anepHo,nvoaaH. Ilpema TOMe, y OBOM cnyTaajy Ha 
eprogLILioCT yTHtly camo napameTpH npHor 14 nocnegH,er no,nmonena SETAR npogeca. 
Mel-jyTHm, HCTO Ha:).KH H 3a HeKe ,Lyre Bpe,1HOCTM napameTapa. 

TeopeMa 3.31 lipoicec {X i } ocOunucan ca (3.59) jc cpzoaunan ar,o u ca.mo axo je 
ucnymeu jedan °a c.aedeliux ycrtoea: 

(1) b1 <1, b1 <1, bi bs <1; 

(2) b1  =1, b1<1, al  > 0; 

(3) b 1  < 0, b 1 = 1, ai < 0; 

(4) b 1  = 1, 1) 1 = 1, a l  > 0, a/ < 0; 

(5) bib/ = 1, bi  < 0, at + a l b/ > 0. 

Y ()lumpy ,noRa3a oBe Teopeme ayTopH cy noKa3ann ,na je npogec TpaH3HeuTaH 
aKo je b 1  .> 1 14.7114 b l  > 1 14,7114 bib/ > 1, a y ocTanHm cnytlajesHma xa,g je npogec 
Heepro,nwaaH, OHM cy 110CTaB141114 XVIIIOTC3y ,na je npogec pexypeHTan H 	HTelje n03H- 
T14BaH, aJII4 TO Hmcy morim HM noKawy 1114 ,na onoHprHy. HCROnHRO rojmna KacHvije 
noKa3ano ce na je axixosa npeTnocTarma 6Hna norpenma. Hamme, Guo H Petruccelli 
(1991) cy nanH o,aronop 3a KomnneTHy o6nacT Ha Kojoj je npogec {X i } Heepro,nwaaH. 
HpH Tome cy npeTnocTaHvinH ,ria je HapHjaHca pe3H2yana RoHatma, oAHocHo ,na Ha7ta4 
cnegehm ycnos. 

YCJIOB 3.7 3a npoucc {e t } je E(En < +00. 

HpeTxo,rma TeopeMa, Hapaimo, Ha›KH axo je oBaj ycnos HcnymeH, a cne,nehe rnHe 
Teopeme ca,gp)Ke oAroHapajytie pe3ynTaTe y cnymajy Hepro,nvomocTH nponeca {X t ). 

TeopeMa 3.32 lipolyec acOurtucau ca (3.59) 3a xoju eaascu ycitoe 3.7 je pexypea-tman, 
aim rue u no3Umuea,n, axo u cam() axo eaascu jedan oa yc ✓toea: 

(1) b1  <1, b1 = 1, al = 0; 

(2) b 1  = 1, bi < 1, a i  = 0; 

(3) b1= b1=1, a1=0, al > 0; 
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(4) b 1  = b/ =1., al < 0, a l  = 0; 

(5) b I  < 0, b i  b i  = 1, al 	= 0. 

TeopeMa 3.33. 11Pouec deOunucan ca (3.59) as xoju ea.ascu ye.aoe 3.7 je mpanauen- 
man aro u cam() aico ea:ncu jedan od ycAoea: 

(1) b l > 1; 

(2) bl> 1; 

(3) = 1, bi < 1, al < 0; 

(4) bl  <1, bi = 1, ai > 0; 

(5) b 1  < 0, b I  b1 > 1; 

(6) bI  < 0, b i bi = 1, al + al  bj < 0. 

3a cme,Aelie Tspterbe je noTpe6aH HOBTA yCJI0B. 

YCJIOB 3.8 3a npoucc {E t } je ElE t i k < +oo (k E N). 

AB:o ce ymecTo chrinunAje g Aecin4HvicaHe ca (3.58) y3me cl:tylmunja ,naTa ca 

9(x ) = 
{

a k x k + (3, 

 bk iXi k  + C, 

X > 0, 

x < 0, 
(3.63) 

r,rAe je c > 0 H rAe Ba:ai:m (3.57), Ao6vija ce, rip o fvonapajylinm ycRoBnma 3a c, 

Triper:Le 3a k - Te momeHTe nponeca {X i } (Petruccelli and Woolford, 1984). 

TeopeMa 3.34 Axo je sa now k E N ucnymeu yc.n,oe 3.8 u axo as .Mod eft (3.51) (Jaw:•t 

(3.52), onda je npouec {X i ) gcomempujocu epzodu.ican, a cmauuonapna pacnodefta 
X0 Ttanan k - mu Jvcomenam. 

Ilperrxo,rni pe3ynTaTvi CC oAHoce Ha SETAR mo,4c.ri ca 

ogrHocHo 3a cnyuaj d = 1. Y c.nymajy d > 1, ,runiamr,ins:a npoueca je 3HaTH0 c.nwEeHmja, 

a Tmme H yTmuaj napameTpa d Ha ycnoBe epro,u,vniocTn. 

Cnytiaj d >1 

3a epto,invaHocT mogena 

aX i _ i  + Et, Xt_d < 0 
Xt = 

bXi_i+ Et, Xi_d > 
(3.64) 

rAe cy X _ 	. . Xo II0T-ICTHC BI)CAHOCTI,I, a d nppipojAaH 6poj BC1-1P1 OA 1, HI/KT AO- 

BOZHVI yCJI0B14 

a < 1, b < 1, ab < 1. 	 (3.65) 
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Hamme, auo cy a ra b HcTor 3HaKa, 0B14 ycnonm cy A0E10.113'114, aim aKo cy a H b 

cynpoTHor 3Haxa, oHAa nopeA Emu Tpe6a, HMaTH H HCEC AO rgaTHC yCJI0BH. 3a a 2 0 H 

b > 0 npogec je eprogHuan axo H camo axo je a < 114 b < 1. ROBOJIIHOCT 01314X yc.nona 

cne,414 143 Tora into je csaxvi OR pexcHma {Xt_d < 0) 14 {X t _d > 0) reomeTpmjci14 

cproAmman 3a a < 1 LI b < 1, a HconxoimocT V13 Tora ILITO 3C Hp01.jeC {Xi} 3a a > 1 

vinm b >. 1 eKcnno3i4BaH. 

3a a < 0 14 b < 0 1/13 je,n,HaKocTH 

Xt+2 = aXt+i ./(Xt _d+ 2  5 0) + bX t+1 ./(X t_d+2 > 0) -F 6-t+2 

= a2 XtI(Xt-d+2 < 0).1(Xt-d+1 < 0) + abXtI(Xi-d+2 < 0)I(Xt-d+i > 0)+ 

abXJ(Xt-d+2 > 0)I(Xt-d+i 5_ 0) + b2 XtI(Xt-d+2 > 	> 0)+ 

aEt+ iI(Xt-d+2 < 0) + bEt + 11-(Xt-d+2 > 0) + et+2 

= abX t  (a2  — ab)Xt/(Xt-d+2 < 0)/(Xt-d+1 < 0)+ 

(b2  — ab)X t 1-(Xt_d+2 > 0)/(Xt-d+1 > 0)+ 

aet+ii(Xt-d+2 < 0) + bet+i/(Xt-d+2 > 0) E t+2 

ce 143B0,414 ,Eka, .je 

E {IX t+21 I X t ) < ablX t l c, 	 (3.66) 

r,ge je c KoncTanTa. 143 one neje,a,naKocTH cc .naKo AoKa3yjc ,Eka, 3a 14143 {X20.  Bawe 

yc.nonm (3.55) 14 (3.56), na Ha ocnony ycliona Koje je rEkao Tjostheim 3aKmyuyjemo yrka 

je {Xt } reomeTpmjcKTA eprogrAuan. lipm Tome, 3a ab > 1 npouec {Xt ) faije eprop,Huan. 

3a a > 0 H b < 0 Chen 14 Tsay (1991) cy noKa3a.nm ,ga Je 3a cpro rwmocT noTpc6an 

,g0EkaTH1I yCJI0B 

rAe cy a(d) 

napan 6poj. 

nocTynaK 3a 

6kmapilmx H1430Ba. 

HeRa je 

S = {a= (a i ,a2 ,..., ad) I ai  E {0,1}, 

VI Helm je npecJIHKanalbe f : S S ,gecinam4cano ca 

f (a) = (a i  + ad, al + az + ad, . . . , a1  + al (3.68) + • • + ad + ati)(mod2)• 

ace(d)&0(d) < 

14 /3(d) genki 6pojerm KojH 3anvice o„TA d, npLI uemy je a HenapaH, a 

OHM cy ,gaim 14 Rom(peTne Bpe2wocTM a 14 ig 3a d = 1,2,...,18. 0111.11T14 

nanaw.en.,e TVIX Bpc,nHocTM ce ci)opmy.amme npeKo d - Ammoen3Honannmx 

— 1, ... ,d1 	 (3.67) 

TaKo ,aka je 
Jlaxo ce BH,Erg 	je f 6Mjei<LM,ja 14 ,ga. 3a cnaKo a E S nocTojH n E N 

fn(a) = a. AKO je 
k(a) = rnin{n, I r(a) = a), 	 (3.69) 
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oxRa jc C(a) rLaT ca 

	

C(a) _ {a, f(a), ... , f 
k(a)-1

(a)} 
	

(3.70) 

L Iii JIyc KoiM nogHIBe ca a. H exa je 

A(a) = > ri(b), B(a) = > j(b), 	 (3.71) 

bEC(a) 	 bEC(a) 

r,ne n(a) H j(a) ripe ra~cTaomajy 6poj HyiIa H .jeHHHua y HH3y a. Be3y LI3Mety {Xt} H 

a -rnrn npecirni<aBax ~ e 

(Xt -d+ I, ... ,X) -+ (a 1, ... , ad), 	 (3.72) 

,L(eCJWHHCaHo ca 

ai = I (X -d+= > 0), 	i -1, 2, ... , d, 	 (3.73) 
a 6pojeB14 a(d) H ,3(d) cy ,naTH ca 

	

a(d) = A(a m ), /3(d) = B(anz), 	 (3.74) 

r,tie je in HajManH 6poj 3a I Ojzl je 

A(a m
) = ruin 	A(a=) 	

(3.75) B(am ) 	iE {1,...,n} B(a 1 ) 

np i eMy je n 6poj L u<nyca y S KojH nouHxny ca a 1, ... ,a. 

C.nW-iHO Ba>KH LI 3a cnyTIaj a < 0 II b> 0. IIpeMa ToMe, Itia,n cc y3My y O63LIp CBI4 

cJlyuajeBH, Ro6Hja cc cne,iehe TBp1jeH~ e. 

TeopeMa 3.35 Hpolyec {X t } dam ca (3.64) je zeofvtempujcxu epzoOuican ai o it caito 
a,ico je 

a<1, 	b<1, 	ab<1, aa(d) bt(d) < 1, ap(d) bald) < 1. 	 (3.76) 

Ha HPHMCp, 3a d = 2 je a = 1 H [3 = 2, Ha cy yCJIOBYI Cpr O r1 14 HOCTH 

a<1, b<1, ab<1, ab2 <1, ab2 <1, 	 (3.77) 

LIITO y OI(HOCy Ha ciiy4aj d = 1 npe, cTaBJVa ,LO,LaTHo orp aHHLIeJLC O6JIaCTH cp- 

ro,uw[HocTH. I4CTC Bpe,L]HOC TH H HCTH ycJIOBH cy H 3a d = 5, 8, 11, 14, 17. 3a d = 3 je 
a = 3 H [3= 4, aJIH, Ha np1Mep, 3a d = 15 je a = 16383 H /3 = 16384. 

3.3.2 Be3a epro ,Lr gHocTZI kI CTa6HJIHOCTH ,LkeTepMHHHCTH ~IKOF Mo,IJe.1Ta 

RO pHCTehH 6HHapHC fOJiHHOMe, Lim (1992) je ,L~o6Ho HOTpe6aH H ,L[OBOJbaH YCJIOB 
3a CTa6HJIHOCT ,flcTcpMnIIHcTH4Kor CHCTCMa 

aX~-] 
bX` 

c -d C 0 , 

Xt_d > 0, 
(3.78) 
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HojH ce Ao6Hja H3ocTaHniamem cmytiajmix HHosagnja y moAeny (3.64). Aim je 

faxo, 
f (x o , x i , 	,x d _ i ) = 

bx o , 

xd_1 < 0 

xd-i > 0, 
(3.79) 

oHrika 3a AaTo d H HexTop HOtleTHVIX yczosa 

x = (x0,x1,• • • ,xd-i) 	 (3.80) 

ArAcxycHjom xoop,nnHaTa HexTopa X mory CC npaTnTvi viTeparnifje f". (x) H yotiana.Tia 
on,roHapajyhe op6nTe 

{x, (x), f 2  (x), .) 

Ha ocHoHy Kojnx ,n06vijamo ycnone CTa6HJIHOCTH. HpH TOMC, CHCTCM (3.78) je CTa-

61inaH axo je 3a cHaHo x E R d  

If k (x)I < co (k 	oo). 

3a d = 1, 3aHncHo 0,4 Tora ,na JIM je x 0  > 0 HRH X0 < 0, op6HTe cy 

1. {anx 0 }, {bnx 0 }, 	(a > 0, b > 0); 

2. la"x 0 ), 	x 0 ) , 	(a > 0, b < 0); 

3. fa(ab)n x 0  , (ab)"4-1 x 0 }, {b(ab)n x o , (ab)"+ l x 0 }, 	(a < 0, b < 0); 

4. {abn -1  x o } , fbn x o l, 	(a < 0, b > 0). 

llpema Tome, CmcTCm (3.78) je cTa6vinaH axo H camo axo cy ncnymeHn ycnoma 

(3.66), oAHocHo axo Ha-ixe RCTH yCHOBLI xao 3a SETAR moren (3.51). Lim je noxa3ao 

,Ha ce H 3a npoH3Hoz,Ho d Ao6vijajy HCTH ycnoHN (3.76) xao H 3a SETAR mo,4e.n 
(3.64). OH je ,nao H npogc,nypy 3a o,npci)nsamc BI)C,LHOCTM  a(d) H 19(d) xoja ce 

6a3Hpa Ha gymnycmma Hvi3a 6pojeBa (Hyna H je,nkmnga) reHepreicaHor nomohy 6mHa-

pHor nonnHoma 

p(x) = x d  x 1 

Ha,n non'em Fa.noa o rn Asa enemeHTa. 

Haxo je peu o jCAHOCTaBHOM MO,Ekeny, oBaj pe3yJITaT yxa3yje Ha He3y epro,uxtmoc-

TM HenrimeapHe HpemeHcxe cepHje H CTa6HJIHOCTH odAroHapajyher ,HeTept4HHHczwitmor 

cHCTeMa. 

3.3.3 OragHoHapHa paclio rgena 

11o3HaHaFbe pacno,nene cTagnoHapHor npogeca je BrinnecTpyxo 3HataajHo. Y cny-

majy xa,n jc npogec {X 1 } cpro,gHtia.H, cTagnona.pHa AncTpn6ygnja v 3a,gonthmana je,g-

Hatn4Hy 
+00 

v(A) = f P(Alx)v(dx) (3.81) 
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r,ne je A BOpeROB cKyn y R, a P(+) yCJI0BHa BepoBaTHotia. MetyTHm, aK0 je npogec 

{X i ) renepvican HeKvim mo,rtenom, varTerpa.nHy jeAHauraHy (3.81) je Teurxo pC11IHTM. 

OCLim cnegHjammX cnyuajena, aHaTIPITY1t1R0 pemelbe je Tenuco Ao6vurvI uaK: vi 3a 

inaHeapHe mo,Etene. no3HaTo je, Ha npHmep, nvnieapaH moxte.n ca vmonagvijama 

Kobe vtmajy cHmeTpHuHy rycnenty pacnoxtene reHepvnue npouec RojH TaKoije LIMA 

CH/vICTp14 1-1He rycTvme CBT/IX 3ajeXIVII-IHPIX pacno,gena. I4CTO Tax° je n03HaT0 AR(1) 

MOLteJI ca HHonagHjaMaKoje mmajy cra6vunly pa.cno,rteny ca CECTIMICHTOM 0 (0 < 0 < 2) 

rellepHute npogec Kojvt Taxotie LIMA cTa6vunly pacno,Lteny ea V1CTVIM excnoHenTom. 

Y cnyua,jy moxtena HenmeapHe ayToperpecHje HOCT0iI4 cnHuaH pe3ynTaT. Axo 

je 

X t  = f(X t _ i ,... ,X t _ p+1 )-F Et, 	 (3.82) 

me je f HenapHa (1)y}uIvija., a, {E t ) tram cHmeTpHuHy rycTvnty pacno,rkene, ()Hip, Cy H 

ryurvme 3ajeAHHuRvix pacno,r4ena 3a Xi„... Xt k  TaKOI)e cHmeTpHuHe (Tong, 1990). 3a 

p = 1 je 3a1114M11,14B0 Ra ,je ayToperpecHoHa ckymcgHja f nvmeapHa aKo je cragHoHapHa 

pacno,Etena 3a {X t } Gauss-oBa 14 axo je {e t ) HI43 He311,13VICHLIX CJlyuajHvIX nenHuvina ca 

V1CTOM pacno„rtenomLr ca HynTom cpe,nHom spe,DHouitiy. Apyrvim peumma, axo je f 
HenmicapHa 1j)yn1<uHja 1,4 p = 1, npoiec (3.82) He mo -ixe 6HTH Gauss-on. 

Hopext OBLIX 01-111ITTAX pe3ynTaTa, TIOCT0j14 cnera RCIGOJItrIKO noKymaja trta ce 

o,,Etpexvi pacnoxtena npogeca reHepHcaHor mo,,rtenom ca nparonvrma. flope,4 

npviKa:3a Aoca,rtaumbvix pe3y.mraTa, on,rte cy ,11aTI4 LI pe3ynTaTH Be3aHH 3a cragHoHapHy 

pacno,rteny SETAR(1) npogeca y cnyuajy HeHynTor npara, Kao r3 y cnyuajy VIHO-

Barka ca Jlannaconom 14 EpnaHronom pacno,Lkenom. 

Maprvutanna pacno,ge.na. 

Ifexa, je ,,rtaT mo,Aen 

Xi _ 1  < r 
Xi  = 	 (3.83) 

et, Xi _1 > r, 

AltiO je g(x) rycmHa pacno,rtene 3a {E t }, a h(x) YCTMH ycnonHe pacno,ilene 3a X i  
npvi ycnony X i _ 1  = y, oH,ga je 

h(x)  = g(x — ay)) y < 0 
(3.84) 

g(x — fiy), y > 0. 

I'IHTerpauHjoM no y rycTvate h(x)pt-i(Y)  3ajexHLruxe pacno,gene 3a Xi  14 Xi _ 1 , rye 

je p 1 _ 1  (y) ryCTI4Ha pacnoLkene 3a Xt-1, ,406Hjamo rycnmy pt (x) pacno,gene 3a Xt. 
if am 

r 	

+cc 

P1(X) =-  f oo 	ay)pi _ i (y)dy -I- f 	g(x — fiY)Pt-1(y)dy. 	(3.85) 
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AKO npeTnocrannmo ,rca je {Xt) cTagvioHapaH, oH,qa je pt_i(x) = pi (x) = p(x), 1Ica, je 

f  r 	 +00 
p(x) = Lcog (x — ay)p(y)dy f g(x — fiy)p(y)dy• 

3a AaTy cf)yianajy g, npar r H napameTpe a H /3 Tpe6a oApexwiTki peineme p 
mHTerpanHe jeAHatnme (3.86) lc* 	,Eka 6y,ie rycTvnia pacno,nene, o,nHocHo 

00 
TaKBO ,na je p(x) > 0 3a x E R H f +. p(x)dx = 1. HocToje Hymepwnce meToAe 3a 

Hana>xeme npvt5n14:,-KHor peniema (Tong 1990), ani4 He nocTojn MCTO,fl 3a Ao6vijaH.,e 

aHannTkr-n(or peineH,a jexiauviHe (3.86). 

AKO je r = 0 H p = —a, mo r4em (3.83) nocTaje TaK03BaH14 mornen anconyTHe 

ayToperpecmje 

	

X t  = —al.X t _ i l + et , 	 (3.87) 

a HHTerpaiIHa je,nHatnima (3.86) nocTaje 

p(x) = 	g(x ay)[p(—y)-1- p(y)1 dy. 	 (3.88) 

lIpvimeTnmo join Aa  je y cnymajy cmmeTpntme pacno,nene 3a {E t } 

p(—x) p(x) = 	g(x ay)fp(—y) p(y)) dy. 	 (3.89) 

Ilpema Tome, aho je q(x) = p(—x) p(x), oH,qa q mcoice 	ce o,npe,nvi H3 jexpatame 

-F. 
q(x) = f g(x ay)q(y)dy 	 (3.90) 

uoja ogrosapa nnHeapHom AR(1) nponecy. lipyrnm pet4ma, mmEe ,na ce oApe,nvt 

rycTkma q(x) cTanvioHapHe pacno,nene npogeca la t h rAe je 

	

at  = —aat_i + et, 	 (3.91) 

na ,na ce q(x) 3ameHn y (3.88) H Ao5nje p(x). Y rgamem TexcTy ce pa3MaTpajy 

pernema je,nHatume (3.88) 3a pa3nmunTe pacno,nene Hm3a kmosagnja {e t }. 

HuoEtauvuje ca nopmaaHom pacno,Reaom 

IlpeTnocTasnmo ,rka je y mo rEkeny (3.87) 0 < a < 1, ,ga HH3 kmosagmja {Et} I4Ma 

HopmanHy pacno,ne.ny A((0, v 2 ), oAHocHo no, je 

e -x2/2 
g(x) = 	

/27 	
(3.92) 

1 --1-  

je .(x) (1)ymi:tAvija pacno,Ekene nponeca {e t }, oxiocHo Ra je 

	

(D (x) = I g(u)du. 	 (3.93) 

(3.86) 
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Jentialumia (3.88) Tana nocTaje 

	1+' 
P(x) = 1/Tr 0 	ex.13 1 — (x + ay) 2 /2 } [p( -- y) -F P(Y)1dY 

CI mozKe 0HC111114H14THO ,ria ce Ao6nje }hello peurer-Be. 

TeOpema 3.36 Oyn,r4uja p deOunucana ca 

(3.94) 

    

p(x) = /2(1 — a 2 )/7r exp{—(1— a 2 )x 2 /2}(1)(—ax) 

je gycntune pacn,odedte u jeauncmeen,o 7naxeo petame jeduanun,e (3.94). 

OBOr pe3y.irraTa cy Aounim Andel, Netuka i Zvana (1984), npm tiemy cy Awn?' 

join 1,4 eNcniimpiTan inpa3 3a cpenmy BpenHocT,,ncnep3Ijy, KoecinagnienT KopeRannje, 

B:ao 14 peitypernme Be3e 3a momewre craunonaprie pacnoAene. OBe ifi3pa3e cy xopvic-
TVIJIM 3a ynopeirmalbe ca Hymepmtn,:nm pe3ynTaTnma. 

14nosalmje ca KommjeBom pacnoAe.nom 

Alto 3a TACTI4 mogeii Rao y npeTxonnom pa3ma.Tpamy npeTnocTaBvimo ,rka HI43 14H0- 

Bannja {E t } Hma KoinvijeBy pacno,rceny C(O, 1), o,n;nocno na, je 

1  
g(x) = 

r(1A-x 2 )' 

on,na je,rinaumna (3.88) nocTaje 

1 —Fc° p(—y) -1-P(Y)  4. P(x) 	
I 	

+ + aYr 

	

Penien,e oBe je,ruiaginie Taxotje mcr)xe 	ce Ao6nje y excruinunmom o6Juen<y. 

TeopeMa 3.37 Opoquja p deffiuuucana ca 

	

B x ln{(1 + x 2 )/ A 2 } +  (A 2  — 1 + x 2 ) arctan x 	B(1 + A)7r  
P(x)= 4A 2 x 2  + (1 — A 2  x2 ) 2 	 2Ax 2  + 2A(1 A) 2  

zde je 

(3. 95) 

(3.96) 

(3.97) 

2A 
A. 	 B 

1— a' 	7r 2  ' 

je zycniuna pacnodeAc u jeourtcm,aeuo mar,eo petueme jeduanuite (3.96). 

OBaj pe3y.rrraT (Andel and Barton, 1986) je nolca3ao na je LI y cnytiajy jennoc-
TaBnor mo,ne.na ca je,Lumm nparoM T e un< o Ao6vrriZ cTagnoxapxy pacno,re.ry CI ,rka. °Ha 

Mo}Ke na Hma BpJIo RoMNJmoBaHy rycTinly pacnoncnc. 
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A 
 e 

Aria =AC Ax 	A  e"P(Y)dY +K A  ( ,a) 	 • _co 	 a +1 

x/ot 

=Ae -Ax 
• —oo 

e A "p(y)dy K(A,a)A 2 e-A x 

xlce 

C —(Aa+A)Y dy 
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HHoBauHje ca excnonemurijanHom pacnomaom 

A. Alto HI43 mosatImja {e t } y mo,tkeny (3.87) Pima excnosesgmjansy pacnoile.ny 

E(A), ca rycTmsom g(x) = AC Az/(0,-1-oo), os,rka je 3a a > 0 

AC A(z+") , 
g(x + ay)  = 	0, 

na 3a x > 0 je,aHagIma (3.88) riocTaje 

y > —x/a 
y < —x/a, 

(3.98) 

(3.99) 

(3.100) 

P(x) = AC AI 	C A" [p( — y) P(Y)] dy 

a 3a x < 0 Ao6mjamo ,je,EkHalmHy 

p(x) ACAx 
f-  C

A" [P( — y) +PM] dy 
xi" 

A.Ec, pmTerpan sa gecsoj cTpam4 jexcHamuse (3.99) 03saTmma ca K(A, a), oH,Eka . 

 je 3a x > 0 

	

p(x) = Ac -A x1V(A a), 	 (3.101) 

a 3a x < 0 

co 
p(x) =-Ac-AE 	C A"  [1)( — y) +13(0 dy f-xla 

AvickperigHpaffiem nese VI ,rkecHe cTpaHe ose jeAsaxocuri Ao6mjamo xca rycnima p(x) 

3a x < 0 3aAoson,asa ,tc4epemsrijansy jegsaumsy 

P 	 a a 
— Ap(x) + p 	K(A,a) -A-2  c A x/a 	 (3.102) 

	

Bea ymaffietha OHLUTOCTH MO)KeMO npeTnocTaswm 	je A = 1. Axo y TOM cnymajy 

3aMCHVIMO p(x), p i ( X) H p(x/a) (3a x < 0) y jc,quatimm (3.102), ,406I4jaMO DC3C 

H3mey KoeciwawjeHaTa a t  H IcoHcTaHTe IL (a). 143 ycnosa no  p(x)dx = 1 Ao6Hjamo 

je,npaRocT 

	

E aia i  -1-K(a) = 
	

(3.103) 

Ha OCHOBy sose Je,LHaI<ocTM H se3a vi3meljy KoecimgmjeHaTa ai mcoice ,/ka ce 143se,Ae 

1,43pa3 3a K(a). 
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Teopema 3.38 Ar,o y •odedly (3.87) jc a E (0, 11, onda, je, eycraun,a, p(x) maim-

rta.ndte pacnodedie cma4uonapuoz X t  dam jedwocouthy 

goe ye 

K(a)e - x, x > 0, 
p(x) = q(x), 	x < 0, 

(3.104) 

a 	a3 

K 1(a) 1+  a +1 +  (a 1)(a 2  + 1) + (a -F 1)(a 2  + 1)(a 3  + 1) + 

Ho,4 ycnonvima 14 omaKama Teopeme cneAm Ija je 

00 

EX t  = K (a) — 	a 2i 

3a a = 1 ,Tkotin jam° ,ga jc K(1) = 1/2 14 p(x) = e -171 /2 )  INTO 311;1.1-W1 ,21a j e maprima..rota. 

pacno,rkeRa Tlan.nacona. Cin4lian pe3yriTaT ce Ao6i4ja H 3a = —a = 1 IIITO je, 

TaKote, cnyllaj ca rpanvige o6EacTv3 (3.52). To, napanno, npeAcTasma ,gonoman 

pa3Hor Ra ce nocmaTpahr 14 Apyri4 cnytiajcsm ca rpaxmqe o6.TiacT14 eprojkwaHocTH 
(3.52). 

B. 	AKO HO,i.I 14=4M npeTnocTasKama 3a {E t } nocmaTpamo mo,rke.n (3.83) 3a 
c.nytiaj 0 < a < 1, ,0 < 0, Ao6mjamo 	je, 3a x > 0 

p(x) = Ae -A z 	{e -A"p(—y) e'N(y)1 dy = AC A 'K(A, a, 0), 	(3.105) 
.o 

a 3a x < 0 

sla 	 00 

p(x) = Ae -  ' I 00  e A "p(y)dy + Ae -A x f e A flYp(y)dy 
x/fi 

ix/c, 	 co 
Ac -Ax 	e A"p(y)dy -I- K(A, a„0)A 2 e -Ar 	 e (A P -A) Ydy 

• r/i3 
xpy 

Ac -Ax t oo  eA " p(y)dy + K (A, a,  ,(3) 1  A  0  e -Ax". 

LinckpemAkipan,em nese H Aecne cTpane °Be • eAnaxocTvi A06njamo 	rycTnna p(x) 
3a ac < 0 3aAonomana Avickcpenwija.rmy jeAnativiny 

2  a a 11(T) = — Ap(x) + 	( 32) 	(A , a , #) -A— e -A1/13 . (3.106) 
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PemaaaueM °Be jegHatuarie 3a a = 1 go6Hjamo Ra je p(x) = K(1,1, 1*-03  3a x < 0. 

HOInTO j e p(x) = K(1,1.00)e -2  3a x > 0, I43 yc.noBa f +.°3  p(x)dx = 1 cnegm ,ia je 
K(1,1 06'). 1/(1 — 0). Hpema Tome, nmamo ogronapajylie TBpI7eH,e. 

TeopeMa 3.39 Aro je y modeity (3.83) r = 0, a = 1, < 0 v. A = 1, onaa jc 
zycmuna p(x) mapevitadrue pacnodefte cm,aloon.a.prtoz X t  lama jeanarotahy 

-x 

> 0, 

x < 0. 

Pe3ynTaT °He Teopeme riorm3yje ,Eta je, ca excnoHemptjanimmi4HoHagmjama, {Xt} 
craw4oHapaH Ha geny rpamme o6.nacTrA (3.52) (a = 1, /3 < 0). CM/MO ce Ao6vija 
1,4 3a cstymaj a < 0 TA (3= 1. 

C. CTaiMoHapaH Hpogec Ha rpaHHuH o6JIacTM (3.52) moxi:e Ra ce Ao614jevi y 

czytlajy Ar3ejy viHoHaqmja ca excnoHemAkijanHmm pacno,genama. Hexa je npogec {X i } 
,neqn/mmcara je,g,Hatcomhy 

xt_1+ et, 
Xt = 

ft, 

Xt _ 1  < 0 
Xt-I > 0 

(3.107) 

r,tke je {e t } HH3 He3aHvicHmx HpomeHmknmx ca excHoHempijazHom pacno rzkenom E(A), 
a {ft } HI43 He3am4cHvix npomeHammenc ca eKcnoHeHgxjanHom pacno,rkenom E(p). Aim 
je p(x) rycTmHa pacno,4e.ne cTagmoHapHor {X t ), oH,ga CJI141-11114M px3Hotemem Imo y 
npeTxo,n,,Ha ABa criyuaja go6vijamo jc, 3a X > 0 

p(x) = Ae-  A r /CI  (A) + pe- Px K2(0, 	 (3.108) 

p(x) = Ae -A x 	e A lip(y)dy K1  (A) A )Irit e A x 
-co 	

+ K2
(

.1 ) i'..6 11.X (3.109) 

Atm ,tryHbepeHgvipamo mei:13TH AecHy cTpaHy jegjiaturnie (3.109) Ao6r4jamo na p(x) 3a 
x < 0 3a,4ono.lbana Antkpengnja.rmy je,nnatumy unje je peineme 

p(x).  Ait 

A 

 2 	KipoeAx 
 IA+ AK2(p)elLz. + 	k  

+co 
143 yCJI0Ba t oo p(x)dx =1 Ao6mjamo 	je 

2/1 	 -I-1) KO) + ( A  +  + 1) K2 (p) = 1, 
A + 	 2/2 

(3.110) 

a 3a x < 0 
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a H3 ycnosa J C"'"p(y)dy = K2 (p) go6i4jamo Aa je 
o 

	

A 	 1 

	

A + 
	µ K1(A) 2K2(p). (3.112) 

143pa4yHaBaH,em A 1 (A) H K2( itt) 143 (3.111) 14 (3.112) 14 3aMeHOM y p(x) go6mjamo 

cnerEkehe TBpbefbC. 

. 	. 
Teopema 3.40 Modcii (3.107) defhatuute cmazyttou,a,pa,u npoliec ' ,cup, ye mapzuna- 

Ana pacrtodeita darna gyemurtom 

P(x ) = 

p(x) goe je 

P A 	 2aµ 2 -11x  e -Ax 
7  

x > 0 

x < 0. 

A 4- 3µ(A + p)(A + 30 c  
2Ap2 	 P A eAx + 

(A + p)(A + 3i) 	A + 3i/
ex

' 

D. Y npeTxogria TM cny.laja TAR(1) mo,zkena ca excnoHemvajaimvim VIHOBaiAm-

jama je 61 31a npeTnocTasKa erka, .je r = 0. Axo je r 0, /3 = —a 14 0 < a < 1, TaAa 143 

mirrerc,, amie je,AHatame (3.86) go6vijamo Aa  je p(x) = cxK(a,r) 3a x > ar 

	

/1(x)  = —p(x) + —1/)( --x ) 	IC(a ' r) eria 

	

a \a/ 	a  (3.113) 

3a x < ar. 1-1,'al(o je osa je,rmaqvnia 

p(x) = 

vicTa Kao je rupaqvma 	(3.102) 3a A = 1, TO je 

K(a, r)c - x, 	x > ar 

h(x), 	—ar < x < ar , 	 (3.114) 

1 
q(x), 	x < —ar 

 

npm -qemy je q(x) Aecinmpicario Nao y Teopemm 3 g h( ) —_, ... ‘ x, 3aca, Her103HaTa ()3THEIA14.ja, 

a K(a , r) TaItBO ,rka je p(x) (1)3THE.gpija ryCTI4He. MCIVTI4M, 3a a = 1 je 

+°° 
h(x) = 	e -( r- Y ) q(y)dy + I e -( z - Y )  h(y)dy K e - x 	e -2 Ydy. 	(3.115) 

. 	 r 	 r 

3aMeHoM 143pa3a 3a q(x) H ,414(kpempipamem zeBe H AecHe cTpaHe ose je,rwaqvme 

Ao6vIja.mo ,ga je it/(x) = 0, 0,7ATIOCHO h(X) = C. 143 yCJI0Ba p(—r) = p(r) cfleAvi Aa je 

Eai  = K, a 143 ycHopa 

J 

r r co 	 +co  

> aiez dX 2rKe- 	e- x Kdx =1 
.,3 

oApelVjemo K . IlpeMa Tome, sa.Ao4 cne,rkehe TBpijerbe. 

(3.116) 
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TeopeMa 3.41 Axo je y modefly (3.83) a = 1, fi = — 1 u A = 1, ohaa jc zycmuna 

map2uuct.nue pacnodeAe cmauuonaptoz 

p(x) = 

X 1  dama jeduatotay 

x > r, 

—r < x < r, 

X < —1'. 

(3.117) 

2(e-r 	re-r ) '  

1 

2(1 + r) ' 

ex 

2(e - r 	re- r) )  

Ha npmmep, 3a r = 1 je 

/e' + '/4, 

p(x) = 	1/4, 

cx+ 1  / 4, 

x > 1, 

— 1 < x <1, 

x < —1. 

Vinonalumje ca Hannaconom pacno,Renom 

AKO y mo,aeny (3.87) HH3 14Hosagmja 	Pima Jlan.nacosy pacno,rie.ny, ogHoCxo 

aKo je g(x) = e -121 /2, oi,na je p(x)= K(a)e- x 3a X > 0 H 

-z/' 
e"p(—y)dy 

K(a)
e

x 

 j p(x) =
2 	

e ) Ydy 
+ 2 

—
1

e-"p(—y)dy+ 
Jo o  

e -(a+1)ydy  
(3.118 ) 

K(a) _ x  
+ 2 e  Lx/a 

AvupepernwparbeM Asa nyTa Rese VI ,aecne cTpane ()Be je,LIHaK0cTM go6mjamo AvaPe-

peinnajanny jexiatimny 

	

1 	x 
p"(x) = p(x) — 	(-T)) 

K
;  — 	 (3.119) 

PenTeme je,iniatnime (3.119) moace ,za ce o yikpegn y o6nYncy 

TeopeMa 3.42 A7C0 je y Juoae.4y (3.87) a E (0,1), el-tact je zycntutta p(x) mapeu-

744.47-te pacnoacm crn,ovuona,pu.oz X t  dam,a jcanaxotahy 

{K(a)e', x > 0, 
p(x) = 	 (3.120) 

g(x), 	x < 0, 

zde jc 

a2i -3 

x) = 	a icx 	 K ai — 	. 	 a2  = 	2
a 

q( 	 (ai 	), 
a2z- 2 	1 az-  1 	 — 1 
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a K u al cc apetjyjy 263 yc.aoea 

ai = K, 	aiat  = 1. 

Ha llpHmep, 3a a = 1/2 je 

{0.42c', 	 > 0 
p(x) = 

0.97e' — 0.89e 2 x + 	— • • • , x < 0 

VIHosalkHje ca EpnaHrosom pacnojkenom 

ilperrnocTasHmo 	H1(13 kmosam4ja {E t } Hma EpaaHroHy pacno,geny, O,flHOCHO ja 

je 
{xe-z, x > 0 

g(x) 
0, 	x < 0. 

(3.121) 

AKO je y MO, eny (3.87) a = 1, of-1,4a je 

p(x) = f (x +Y)e (x+Y) [1)( -0 +p(y)]dy 
	

(3.122) 

=xe- x K1  e- x_1(2  

3a x > 0 m 

p(x) = J (x Y)e -(z+Y) P( -Y)dY f (x y)e -(x+Y) (ye -Y Ki e - Y K2 ) dy (3.123) 
. -z 

3a x < 0. 3ameHom (3.122) y (3.123) Ao6Hjamo ,Eca je 

p(x) = Xe -j:  f 	
1 

e liP(OdY 	 Ye"P(Y)dY - -
4

Kixe x  -I- 
K 

1 	
4
- 
K 

2 e. 	(3.124) 
c„ 

,L[H4)epeHr_wipaa,em 	HyTa neHe H AecHe eTpaHe ()He jeguaHoeTvi Ao6Njamo Avicke- 

pernwjanHy jeeviatumy 

pf/ (x) + 211(x) = -K i xex ./f2 e. 	 (3.125) 

Pemetbe 013C jO,EkliatillHe, xoje HenyH,aHa ye.aoH rycrme, Aaje eTaqmoHapHy pacnoqe.ny 

npoieea {Xi ). To rosopm cne,netia TeopeMa. 

TeopeMa 3.43 Axo je y moacity (3.87) a = 1, zycmuna mapzun.a.Ane pacnodefte 

cmaiyuon.apuoz {Xi } je 

xe'/2 -1- e -313, x > 0, 

— xez /6+ ex/3, x < 0. 
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3.4 SETAR IIPOLLEC apyror PEAA 

SETAR npoHec Apyror pe,Ia je reHepncaH moAenom 

aiXt_i +biXt-2+ et, 
X1 

a2Xt_1 	b2Xt_2-4-- Et, 

Xt_d < 0, 

Xt—d > 0. 
(3.126) 

Eprorrkw-mocT npoHeca AecimmacaHor ca (3.126) 3anvicn oR spe,rmocTvi napameTapa 

al , b1, a2, b2 H d. MeyTvim, Tali1311 yCJI01314 HMV 1103HaTI11 uax HV13a, d = 1. 36or Tora 

ce osrAe AeTan-..Ho pa3maTpa cnytiaj b 1  = 0 14 d = 1. 

3.4.1 Hpouec SETAR(2; 1,2) 

Heim je AaT SETAR.(2; 1, 2) mo,Acn 

cXt-i + Et) 	 X1-1 
Xt = 

aXi_i + bX t_2 + Et )  X1-3 

< 0, 
>0 

SETAR npoHeca Apyror pe rqa. AKo je 

X ` =  
Xt  A = ( a  v- 	, 

111_1 ) 	 1 0 ) 1  B= 	g) 	C = 

mo,rken (3.127) mcoice ,rka ce 3aninue y Belcropcicom o6.nr(my 

AXt_i + Ce1, Xg_,1 C R1 , { 

r,ne je, y (mom cnytiajy, 

R. 1  = ((x,y) : x 	0). 

Xt = 
BXt—i CEt 7  X1-1 ci R1, 

(3.127) 

(3.128) 

(3.129) 

(3.130) 

IlpoHec AC(I)VIIIVICZ-1H OBVIM MOACJIOM je BeRTopcm4 MapKonmes npoHec. Y cny -qajy Ka,g 

je R1  orpaHmtieH cxyn, Tjostheim (1990) je Aao ycnose reomerpmjcHe epro,l1W.HOCTM. 

MebyTnm, Tai pe3ynTaT os,Eke He mowe ce npmmeHm yep je R I  H3 (3.130) Heorpa-

}114tIell cuyn. 

,LieTepmimmcTwaKm mo rgen 	oAroBapa mo,Lkeny (3.127) je pa3MaTpau y pay 

Chan and Tong (1985). I4MajyhM y B14,43r Te pe3ynTaTe, Imo H pe3ynTaTe 3a SETAR 

moiAen npBor pe,ga, on,ge ce m3so rrAe ycJIoaH 3a reomeTpmjcxy epro,gmtmocT npogeca 

(3.127). 

Hpema pe3ynTaTy Teopeme 3.27, 3a AoKa3 epro,nyitmocTm npoHeca {X L } Tpe6a 

110Ka3aT14 ,ia nocToje rcomnaxTaH cxyn K C R2 , HcHeraTvinHa cf)yma.mja g H npmporgaH 

6poj k Taiovi Res je 

r E(g(X t+k) X L  = X) < 	— E, X K 	 (3.131) 

H 

E (g(Xt-Fk) f Xt = X) < M, X E K, 	 (3.132) 
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rne je E > 0, M < 	r > 1. 

ARo ce 3a (bp-flaky g I43a6epe Hopma Heicropa, 

g(X t ) = 	= max {1X t 1,1X t _ 1 1) , 	 (3.133) 

Tarila jc 3a yCJIOBC (3.131) IA (3.132) AOBOJMIO AoKa3a11.4 rEca ic 

E (IIXL+kII Ft) < allXill -I- 
	

(3.134) 

r,ie je 0 < a < 1, 13 pearffla KoHcTaffra, a F t  cHrma nome reHepmcaHo ca X 1 , X2, . . . Xt. 

Hume, TaAa nocToje 6poj M 14 KomnaKTaH cxyn K = K(M), Ha nimmep, 

K = 	IIXII < M} , 	 (3.135) 

3a Koje HakHe yczosta (3.131) tit (3.132). 

flpHmeH3yjytim TexHmKy Rojy cy KopvicTvum Chen and Tsay (1991) I4MaMo, Hajnpe, 

,nca je 

aXt+t bXt 	Xt+1 > 0 

CXt+1 + Et+2, Xt+1< 0 

= (aXt+1  bX t  Et+2)I(Xt+i 0) + (cXt+11-  Et+2)I(Xt+i < o) 

= a(aXt  bXt-t Et-1-1)/(Xt+1 > 0)/(X t  > 0) 

-I- a(cX t  Et+i )/(Xt+i 	0)/(Xt  < 0) 

(bXt Et+2)/(Xt+i > 0) c(aX t  bXt_i gt+1)1(Xt_i_i < 0)I(X t > 0) 

▪ c(cX t  4-  Et4-1)/(Xt+1 < o)1(x, <o)+Et+21-(x,, <o) 

= (a 2 Xt  abX t _i aEt+i)I(Xt+i > 0)I(Xt > 0) 

• (acX t  aEt+i)I(Xt+i > 0)I(Xt  <0) 

• (caXi  cbX t _i cEt+1)/(Xt-Fi < 0)1(X 1  > 0) 

• (c2 Xt  cEt+i )/(X t+i  < 0)/(X t  < 0) 

▪ (bX t  Et+2)/(Xt+1 > 0) + Et+2/(Xt+1 < 0) 
(3.136) 

3a pa3Juipawre Kom6vmagmje Bpe I HOCTM napameTapa a, b H c Hoppnutieffiem ycHona 
(3.131) 14 (3.132) mory ce VI3BCCT14 ,740BOJE,H14 yCJIOBVI 3a epro,rkw-mocT nponeca {X i }, 
a T14ME: 14 nponeca {X t }. Y na.iLem n3.naramy ca a 1 ,a2 ,. • • St '132, • • • '71,72, • • • CY 

o3HageHe I1031/1T14BHe It:OHatlHe peanHe KOHCTaHTe. 

I) a > 0, b > 0, c> 0. 
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3.  CTAHHOHAPHOCT H EProaft-inocT  

Hem, je, Hajnpe, Xt4.1 > 0 m Xt > 0. 143 (3.136) cge,414 ,T4a je 

IX1+2 1= Ka2  b)X1  abXt _ i  + aEt-4-1 + Et+21 

< (a 2  ab b) max {Xt , X t-i} + laEt+i + Et-Ed 

< (a2  ab 011Xill +71. 

Kamp je, TaAa, 
Xt+1 = aXt bX t_i Et+i 

67 

(3. 3 37) 

< (a + 	+72) 
TO je 

11)(1+211 	max V1+21,1)(1+11) 

< rnax{a 2 	ab + b, a -I- 011Xt11+fl.t. 

flpema Tome, axo je a + b < 1, on,rka je 

a2  +ab+b=a(a+b)--I - b<a+b<1, 

na nocTojn 6poj aj Tali:as ,ra je 0 < a l  < 1 14 

E(IlXi-1-2111/-1) 	alliX til 	Th .  (3.140) 

,E(PYrI4m petinma, axo je X t  > 0, Xj+1 > 0 14 a + b < 1, npo4ec {X 1 } je reomeTpnjcxn 
eprogrer-ian. 

Hexa je, 3aTram, X j+i  > 0 vi X1  < 0. 143 (3.136) cme,n;:n Ra je 

X14.2 = acX t  hX t + aet+1 + e1+2. 

1<axo je 
Xt+i = CXt + 1+1 > 

0,EF,H0cHO Et+1 > — cX1 > 0, TO je 

IX1I < 

IXt+11 = ICXt 	et-1-11 

lEt+11 

< CX I lEi+i I 

<2 1 6 (..F1 I. 

143 (3.143) vx (3.144) C.11C,414 	je 

E (IIX1+2II I it) 5_ a2. 

(3.141) 

(3.142) 

(3.143) 

(3.144) 
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Ilpema, TOMC, aKo je X t  < 0, Xt+i > 0 LI c < 1, npogec {X t } je reomeTprajcxvi 

epro,gw4aH. 

Xt + 1  < 0 TA X t  > 0, TaTka M3 (3.136) cneAn ,ma je 

	

1X1+21= IacXt  bcX t _ i  + 	I + E t+21 

acKt 	bc1XL-111 - 	Cf+21 

< (a + b)c11X t 11 + 73 . 

IA411= laXt bXt_i 61+11 

(a -1-  b)11Xt11+ 74, 

AKo je 

Naito je 

(3.145) 

(3.146) 

TO je 

liX t+2 11< max {(a + b)c, a + b} IIXtII + /3 3 . 	 (3.147) 

3a a+b<lnc<1 nocTojn 6poj a 3  TaxaB ,rka je 0 < a3 < 1 pi 

E (11Xt+2111 .Ft) < a3IIXtII + /33 . 
	 (3.1 48) 

Hpema ToMe, axo ,je X t  > 0, Xt+1  < 0, a+ b < 1 LI c < 1, npogec {X t ) je reomeTpmjci n 
epro44,-TaH. 

Aii:o je Xt + i  < 0 n Xt  < 0, oHga M3 jeJHaKocTM 

Xt+2 = C 2 Xt CEt+1 Et+2, 	 (3.149) 

Xt+1 = CXt Et+t 	 (3.150) 

cnexp ,Eka je 

iiXt+21i< max {c2 , c}11Xt11+04. 
	 (3.151) 

To 3HatIll ,na, 3a c < 1, nocTojn 6poj a 4  Taxan 	je 0 < a4  < 1 VI 

E(Iixt+211 I Ft) _< a411 x t 1 1+134. 	 (3.152) 

Ilpema ToMe, aKo je X i  < 0, Xt + 1  < 0 LI c < 1, npogec {X t } je reomeTpmjcm4 
epro,EpqaH. 

Ha ocHony 	eTX0AHLIX 3a1ilbytlaItia VIMR.M0 CJIC,Irtle Triptrme. 

JIeMa 3.1 Aro je a > 0, b > 0, a + b < 1 u 0 < c < 1, mpovc 	deOurcucan. ca 
(3.129) je .  geo.ktempujcru epzoowitau. 

IT) a > 0, b > 0, c < 0. 

Aii:o je Xt+1 > 0 Pi Xt > 0 n 	b < 1, npogec {X i } je eproAmmaH, IIITO ce ,goxa3yje 
PICT° Kao y c.nytiajy c > 0, o63npom rga Xt+2 1/1 Xt+1 He 3aBI4Ce OA C. 
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Axo je Xt+1 < 0 H Xt > 0, Ta,Ia C.111411H0 Kao y cnytiajy c > 0, mmamo 	je 

11Xi+211 	max {icka+ b), a + b} IIX t II +75 , 	 (3.153) 

na. je nponec {X t ) eproAvolan 3a a b < 1 14 ICI < 1, 0,1IOCHO c > —1. Mc1jyTvvt, 
npogec je eproAreplau J.,1 3a CBC ,lpyre BpCAHOCTI,I C < 0. 

Axo je X t+2 < 0, Ta,,ga 143 

X1+2 = CX1+1 + 61+2 
	

(3.154) 

cnexa Ra .je 0 > —cXt+i > Ei+2, na 3aRzyuyjemo ,ica je 

E (11X/-1-211 F1+1) < 76• 
	 (3.155) 

IlpeTnocTam4mo ,rka je X1+2 > 0. 

(1) Axo je X t _i > 0, onga 143 

X t+1  = aXt bXt-i Et+i < 0 	 (3.156) 

one,n;r4 ,Eka je 

6 1+1 < —(aX1 bX1_1) < 0, 	 (3.157) 

0,4110CHO 

IXt-i-J I 5_ 	I. 
	 (3.158) 

Ha OCHOBy ose neje,g,HaxocTi4 14 jegnaKocTn 

Xt+2 = 6X1 -1- 1 + 6 1+2 
	

(3.159) 

cRe,,tkm ,Eka je 

E(I1X1+211 I Ft-El) 	 (3.160) 

(2) Axo je X1_1 < 0, Ta,ga y cRyttajy X1_2 > 0 1.1 Xt_3 > 0, Ha ocnosy npeTxo,rwor 
nmamo ,La je 

E(1Ixt 1 1 I •Ti - 2) < 78• 
	 (3.161) 

,L1aKne, jeAmno ocTaje 3aHl4MJ1314B cnytiaj 

Xt+2 > 0, Xt+i < 0, X1 > 0, Xt_1 < 0, Xt-2 > 0, X1-3 < 0, . • • 
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npvi tiemy ,je 
X t+2 = C- X t+1 E t+2 

= caX t  cbX t_i 	et+2 

< t _i 	cei+1 	Et+2 

= cb(aX t _2 + bXi-3 -FEt-i)+ cEt+1 Et+2 

= cbaXt _ 2 	cb2  X t _3 	cbEt_i 	cet+i 	E1-1-2 

< Cb2 Xt-3 CbEt- + E . c-t+i 	Et+2 

< l e l b2 1 X1 - 3 1 	I ,CbE j_11 + ICE WI 	lEt+21. 

HacTaumatheM osor nocrynKa Ao6kija2o ,La je 

Xt+2  < iclb k iXt-k-ii + 

	

143 one He)eAHaltiOCTJA m riejeAnahourm (3.161) cnexun 	je 

E (IPCH-211 I Ft-k-I) 5_ asliXt - k - ill +05, 

r,rke cy npmpoAan 6poj k rn HoncTanTa a 5  Tal<1314 Ra je 

0 < Icibk  < a5 < 1. 

florvlepaH eM I/IIIAexCa 143 (3.164) Ao6mjamo 

E (I1X t + k+311 I Ft) 5_ cv511Xill + ✓ 5, 

nub 3Hativi ,rka je y onom cHymajy npogec {X i } reomeTpmjcia4 eproAmmax. 

Aho je Xt+1  > 0 14 X1 < 0, TaAa c.nvp-mo Imo y npeTxo,z1HoM cnytiajy Ao6mjamo Ra 
je npoiec {X t } reomeTpmjcxm epro,amtiam 3aa+b<1 m cBaIco c < 0. 

Atop je X t+1  < 0 14 Xi < 0, on,4a 143 je,rgiaKocTm 

X t+2 = CX t+1 -F Et+2 

3a Xt+2 < 0 je Et+2 < — CXt4-1 < 0, na je 

	

E (11Xt+211 I Ti-1-1) < 79. 	 (3.167) 

CJII4T-1H0, 3a X t+2 > 0 VD Heje,gHaxocTVI 

Ic bk-l E t _ k+ 1 1 + • • • + I ce t + i I + lEt +2 

(3.1 62 ) 

(3.163) 

(3.164) 

(3.165) 

(3.166) 

c2X t  cEt+1 et+2 > 0 

c.riegm ,na je cEt+i +Et+2 > —c2.Xt > 0, na je 

E (11Xt+211 I Ft) < rylo• 	 (3.168) 
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143 (3.156), (3.160), (3.161), (3.165), (3.167) vi (3.168) mo>xemo ,ga 3aKzytn4mo 
,LIa H OBOM cnylaajy Hapamemp c He Trntie Ha eproAr/rmocT npogeca {Xt}. 

Bi-1)1114 cnexile mpteibe. 

Jlema 3.2 Aico je a> 0, b> 0, c<Oua+b< 1, ouaa je npoiyec {X 1 } aeOuu,ucau 
ca (3.129) je zeo.mempujocu epoaunau. 

III) a> 0, b< 0, c > 0. 

3a Xt +1 > 0 1,4 X t  > 0 1/13 (3.136) cne,g4 	je 

la2 	ab+ bl 	+ 711 	 (3.169) 

TAcToBpemeno BWICI4 

IX t+ i 15 la 	 -I- . 712. 	 (3.170) 

H3 (3.169) H (3.170) BH,En4mo ,na 3a 

la + bl < 1, Ia 2  + oh + bI < 1 	 (3.171) 

nocTojH 0 < a6  < 1 Tax° na je 

E (1lXt+2Il I .Ft) 5_ a6ll,(111+ 	 (3.172) 

HpM Tome, yCHOBVI (3.171) cy 1/1cup -beim aKo je 

a + b < 1, a2  + ab+ b + 1> 0. 	 (3.173) 

flpema Tome, yCJI0131,1 (3.172) o6e36e/jyjy reomeTpmjcKy eproAHtmocT npogeca {X i ). 
3a X/1_1 > 0 H X /  < 0, C.111(T 1-1H0 Hao y I), 3a reomeTpxjcKy epro,nwalocT ,no5Hjamo 

ycnos c < 1, a 3a X/+1 < 0 VI Xt > 0 Ao6Hjamo ycnoBe 

la + bl < 1, 	c < 1, 	 (3.174) 

Am< 3a 3a X/+1 < 0 H X /  < 0 Hmamo camo ycnos c < 1. 

Ha ocnoBy npeTxo,twor 3au.mytiyjemo 	Ba,›KH cne,nehe Tspteme. 

Jlema 3.3 3a a > 0, b < 0, 0 < c < 1 nro4ec {X t } aefiurcucau ca (3.129) je 
geomempuicxu epodunau axo cy ucnipbertu yc.aoeu (3.173) u (3.174). 

IV) a> 0, b < 0, c < 0. 

flpm Xi+ 1  > 0 H X i  > 0 3a epronwmocT npogeca {X t }, CJIVP.IHO Imo y c.nytiajy 
III), ,no6Hjamo ycnoBe (3.173). 3a X t+i  < 0 H X t  < 0 npogec {X i ) je reomeTpmjcKH 
eprogHtlan 3a cBaKo c 111TO ce ,noKa3yje HCTO Rao H 3r c.nytiajy II). 3a Xt+1 < 0 H 
X t  > 0, y cnytiajy X 1 _, > 0 ,nonon.m4 cy Den nomcnym yCJ1OBH, a y cnytiajy X 1 _ 1  < 0 
VI3 (3.156) cnc,m4 (3.157) H (3.158), na je 

E alX i ll 	< 713. 	 (3.175) 
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na>ma TA 3a Xt+1 > 0 VI Xt < 0. 

ilpema Tome, 3alubytiyjemo ,tka na>En cne,getie TEptjeme, ana.norno ()nom 143 npeT-
xo,rpor cnytiaja. 

JIema 3.4 3a a ;> 0, b <0, c < 0 npo4ec {X 1 } deOunucan ca (3.129) je zeomempit-
jocu epeodunan, axo cy UCTLy7bC7-tU yc ✓toeu (3.173) y. (3.174). 

V) a < 0, b > (), c > 0. 

3a Xt+1 < 0 m X t  < 0 mmamo, Imo H y npeTxortnn4m cRytiajemma y Roj1ma je 
c > 0, reomeTpmjcKy eproxnAtmocT npogeca {X i } 3a c < 1. AK° je 

X t-F1 > 0, Xt < 0, Xt-1 > 0, Xi-2 < 0, ... 

Ta,na je 

X t+i  = acXt  -1-bX 1  aEt +i E1-1-2 

< acXt  + aEt+i + Ei+2, 
	 (3.176) 

o,naKne, CJIHMHO xao y 	mo)xemo Aa o,npernvimo k 14 a7  Tam. 	6yAe 

0 < lalc k  < a7 < 1, 	 (3.177) 

Kao m 

E (11Xi+k+211 I .Ft) < a7IIXtII + 67. 	 (3.178) 

Roxa>f<nmo Aa je H y enyuahr Xt+1  > 0, x- t  > 0 , X4 _ 1  > 0,... 3a eproAnUHcoT 
,nonoman yenon c < 1. leZaHo je •a < 0 14 b > 0, TO 3a coneTnene Bpe,LIHOCTI4 Al VI A2 
maTpnne A Ba>E14 

A2 < 0 < Al) 	I A 11 < 
	

(3. 179) 

na HOCTOiVI k E N Taxas ,ga je n A k -v- < 0, r,ne je D HCET01) (1, 0). 143 • e,unaRocTvx 

Xt+k = A k Xt + 
	

CEt+i 	 (3.180) 
i=1 

ene,nn ,na je 
k 

D • >---NA'Ce t+i  > — DA k X t  > 0, 	 (3. 181) 
i=1 

na je 

E (IIXt-Fkil I Ti) <714. 	 (3.182) 

" HpCOCTaJILIM CJIT-la• CBVIMa CC iCAHOCTaIIHO 1101••3 •jC .J 3a eproAntmocT ,A0BOJIAH 
yCJI0B C < 1. 

Ilpema Tome, ',imam° cne,nehe Tnpljeme. 
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Jlema 3.5 3a a < 0, b > 0 v, 0 < c < 1 mpoicec {X1) acOunucot ca (3.129) je 
eeomempujexu epaodunan. 

VI) a < 0, b > 0, c < 0. 

flpemoeTamamo, Hajripe, ,na je Xt+1 < 0 vi X t  > 0. 143 (3.136) cne,1114 	je 

Xi+2 = acX t  + 	+ cEi+1+ Et+2• 	 (3.183) 

ARO je Xt_1 > 0, OH,La je, CJI1411H0 1<a0 y cnytIajy II), 

	

E (iiXt+2ii I Ft) < 715, 	 (3.184) 

	

a am) je X t _ 1  < 0, 143 jeraHaEocTvi (3.183) Ao6vijamo 	je 

Xj+2 = C(a,C b)Xt-1 	ace s 	cEt+i 	E1-1-2• 	 (3.185) 

1<axo je TaAa 

Xt-Fi = (ac b)Xt_i 	act  Et+i, 

M3 (3.185) 14 (3.186) CJIC,414 	je 

11X t+2 11 < max lac + b, IcI(ac 	b)} 	II -F 716• 

Y cnyuajy 

Xt+1 < 0, Xt > 0, Xt_1 < 0, Xt_2 > 0, Xi_3 < 0 , • • • , 

npmmeHom HejexiaxocTm (3.187) Ao6i4jamo 	je, 3a Herm k E N, 

iiXt+2il _< (max lac b, Ickac Onk  1 11Xt-k+111+ 717, 

0,L 1-10CHO 

11Xt+k+311 5_ (max{ac ± b, Icl(ac+ b)})k IIXtII +718- 

(3.186) 

(3.187) 

( 3. 1 88) 

3a 0 < ac b < 1, riocToje npvIporikaH 6poj k 14 110314T14BaH 6poj a8  Tam3x4 rEka je 

0 < (max {ac b, IcI(ac b))) k  < a8 < 1, 	 (3.189) 

B:ao 14 

E (IiXt+k+311 I .Ft) 5_ 01811Xiii + 08, 	 (3.190) 

IIITO 3Ha414 ,iia .je npogcc {X 1 ) eproAntian. 

AB:o je Xt+1 > 0 H Xt < 0, ananorno ripeTxogHom H334ea,y, Ao614ja ce 14CTH 

yCJI0B epro,nynniocTn. HCTO Tauo, axo je Xj+1 > 0 14 Xt > 0 141114 Xt+1 < 0 I4 X1 < 0, 

anainfompamem cRyuajeBa Xt_1 < 0 kl X t _ 1  > 0, xoppicTvi ce ycnom4 ac-Fb < 1 H b < 1, 
rip qemy Apyrx c.nextvi 143 npnor. HpeMa Tome, swim Tspijeme. 

Ilema 3.6 3a a < 0, b > 0, c < 0 npoqec {X 1 } aeOunucan ca (3.129) je zeomempuj-
era epoaunart aro je ac + b < 1. 
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VII) a < 0, b < 0, c > O. 

3a Xt+1  < 0 in Xt  < 0 je npoqec {X t } reomeTpnjcxvi eproAvynan, Ka() H y ocTannm 
c.riy ,najesmma, aao.je c < 1. 

- 3a Xt+1  > 0 In Xt  < 0 H3 

Xt+1 = cX1 Ei+1 > 0 	 (3.191) 

c.nexcin cX t  > —E t+j  , orAnocno IXt+i I < IE t+ i lic, na je 

E(IIX t+i ll I  .Ft) < 	 (3.192) 

Axo je Xt+i > 0 111 Xi > 0, Tam, H3 

Xt.+1 = aX t  bXt_i Et+i > 0, 	 (3.193) 

0,ripocilo 

Et+i > —(aXt bXt_i) > 0 

cnemn Ra je 

IXt+i I < I a-Xt 	bXt-I I + lEt+ t I 

< — (aX e  bX t _ i ) jE t+il (3.194) 

< 21Et+1l. 

 

/lame, 14 y ()nom csny ,najy Taaolrje Ba>fun neje,r;naaocT (3.192). 

Cnymaj Xt+1  < 0 in Xt  > 0 je 06yxsali.ex npeTxo,grnilM pa3maTpan,rnma. 

Ilpema Tome, Ba-ixin cneAelle Tspben,e. 

Jlema 3.7 3a a < 0, b < 0 u 0 < c < 1 npo-t4ec {X 1 } d eOurcucan, ca (3.129) je 
zeo.merapvjcru, epzodunan,. 

VIII) a < 0, b < 0, c < 0. 

AKD je Xt+i  < 0 H Xt  < 0, TaAa 143 je,rmarcocun 

= CXt Et+1) 

Xj+2 = C2  Xt CEt+1 + 61+2, 

c.rwitmo Kao y 	noxa3yjemo 	je npogec {X t } reomeTpvijci4 epro rwataaH 3a caaKo 
c < 0. 

AK1D je X 1+1  > 0 H .X1 > 0, Ta,ga sam:vi (3.192) TACT() Imo H y cny,najy c > 0. 

ARO je Xt+1 < 0 14 X1 > 0, Tajla je ,nonoisHo pa3maTpaTrn ca,mo cnyinaj X(+2 > 0. 
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(1) 3a Xt_1 > 0, Xt-2 < 0 vi Xt_3 > 0 je 

Xt+2  = cXt+i 4- E t+2 

= acX 1  cbXt_i cEt-1-1 	Et+2 

= (a2 c bc)X t _ i  abcXt_2 (Wet CEt+1 Et+2 

	 (3.195) 

= c(a2 c bc ab)X t _ 2  + 
r,Ece je 

a = bce t _ i 	acct cEt-Fi 	6 1+2. 	 (3.196) 

143 (3.195) 14 (3.196) caernm rr(a .je 

c(a 2 	bc ab)IX i _ 2 1 < a. 	 (3.197) 

HCTO TaICO, 143 
Xt+1  =aX1  bXt_i et+1 

=(a 2 	b)X t _ i 	abXt_2-1- act  Et-F1 

=(a2 	ab)X t _ 2  + [3, 

r,ae je 

fl = (a2 	+ act + 6 1+1 

c.ne,nn ,Eka je 

bc abliXt_21< 	 (3.198) 

143 (3.197) n (3.198) cnex4 Ra je 

E 	I .7-t-  2, < ' 120 
	

(3.199) 

3a a2  bc 	< 0. 3a 0 < a2  bc ab < 1 143 (3.195), c.nvitmo Rao y 	cnegn 
nocToje neri:o k E N 14 0 < a 9  < 1 Tannin ,na je 

E (IIXL+kII I Ft) < a9I1Xill + 
	

(3.200) 

(2) 3a Xt _ 1  > 0 14 Xt_2 > 0 HRH Xt_1 > 0, Xt_2 < 011 Xt_3 < 0 vimamo nem o,11 

npeTxo,n.m4x c.nytlajena. 

(3) Axo je Xt _ 1  < 0, Ta,na 143 je,iniaxocTn 

Xt+2 = (ac + 	act + c t+2,  

CJIVILIHO Rao y (1) 14 (2), ,40j1a314M0 	ycnona ac b > 1. 

ARo jc X f  > 0 14 Xi < 0, anaramom CBVIX CJIyLlajCBa Aona3mm0 ,A0 3atc.mytuta ,rka 

je "Pm B Cri ,Lko614 eiimm yczoBvima. nporAcc {X 1 ) reomeTpmjc}cm eproAvigaH. 

143 CBHX 11pCTX0,41-114X pa3maTpalba nmamo cne,rkehe TETI-jet-be. 
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Mem. 3.8 3a a, < 0, b < 0 u c < 0 v,pove {Xi } deOun,tteau ca (3.129) je oeomempu- 
jctu cpgodunan, a,r,o je ac b <1 y, a,2  be ab < 1. 

143 reomeTpmjcxe epro,rnirinocTm nponeca {Xi} c.nexr,m reomeTpmjcKa epro,u,kranocT 

nponeca {X i }. ripe:ma TOMB, yCJIOBT71 ,no6mjemm y goRa3ammm nemama na)Ke Tel 3a 

npolAec {X i ), oriocno na)E.m cRegehe TE3p15eibe. 

TeopeMa 3.44 llpotvc {X t } deOunucarc ca (3.127) je zeomempujcxu epodunau axo 

cy UCTLy7ben,V, ycitoeu ucicoo od c ✓iedellux cAynajeea: 

(1) a < 0 u 0 < c < 1; 

(2) 0<a-l-b<1 uc<1; 

(3) b <0,a>0,a+b<1,a2 +abd-b+1>Ouc<1; 

(4) a <0, b > 0, c<0 u ac+ b < 1; 

(5) a<0, b<0, c<0, ac+b<1 ua2 c+bc+ab<1. 

143 one TeopeMe, Rao cnenmjanan c.nytiaj 3a b = 0, Ao61.Ijamo no3maTe ycnone 

3a epro,nmtmocT SETAR npoueca npnor pega Eoje cy Ao614.7n4 Petruccelli LI Woolford 

(1984). 

3.4.2 13e3a epro,wmocTia H CTa6HJIIIOCTH AeTepmHHHcTratiEor mo,rke.na 

3a SETAR npoiAec npBor pe,zka cmo BvigeRvi y 3.3.2 ,ra cy yCJI0B14 eprogatmocTm 

noTnyno ca yCJIOBLIMa CTa611JIHOCTVI o,nronapajyher ACTCpMLIHVICTIVII<Or 

cracTema. Mo:d.(e ce HOCTaBVITTI nviTarbe ,rAa. nTI TO VICTO Ba›Km m 3a SETAR npotcc 

Apyror pe,rca. 

Hponecy ,neciwnimcanom ca (3.127) o,nrona,pa AeTeplvIVIIIPICTLIT-11G1 CI4CTCM 

aX;_i bX;_2, X;_1 > 0 

	

X; 	 (3.201) 
X;_1 < 0 

Kano nvicy no3maTm ycnonm CTa6VIJIHOCTVI cvicTema (3.201), Hyde FIX moryhe ynope-

rnmTm ca yc.nonmma eprO,Llw-lHOCTM AaTmm y npeTxognoj Teopemm. 3a d = 2 nocToje 

napmmjannm P3YJITTM 0 CTa6VIJIHOCTVI AerepmmmiicaTitmor cmcrema 

	

X 	
a.)g_ i 	 X;_ 2  > 0 

3.202 = 	 ( 

	

; 	 ) 
cX;_ 1 , 	X;_2 < 0 

(Tong, 1990). IIaI4MC, iLRO je a 2 	4b < 0, CVICTCM (3.202) jc cTarm.nan FLI«) cy 

VICIVILCHVI ycsionm je,rpor oir.k crie,gehmx c.nytiajena: 

(1) c < 0, a > 0, c(ac b) < 1; 
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(2) c < 0, a < 0, ac b < 0, c(ac + 1)) < 1; 

(3) c < 0, a < 0, ac+ b = 0; 

(4) c < 0, a < 0, 0 < ac+ b < 1; 

(5) c = 0; 

(6) 0 < c < 1, a > 0; 

(7) 0 < c < 1, a < 0, (a 2  + b)c+ ab < 0; 

(8) 0 < c < 1, a < 0, 0 < (a2  + b)c + ab < 1. 

3a npogec (3.126), y c.nytiajy b1 = 0 H d = 2, crunniom ananymom Rao y 3.4.1 

mory rrAa ce go6Hjy yCJIOBVI eproxwmocTH. Metprimm, Kam, TO nmcy noTpe6m4 H ,T40- 

B0,11,HVI yCJI0B14, ynopeljmnatbe ycnosa eprogHtmocim H CTa6HJIHOCTH cHcrema (3.202) 

He 6H 614.no jeAnocTanno. 

3.5 SETAR HPOILEC PELLA p (p > 2) 

Hexa je ,t4aT SETAR(/; p) moAen (1 > 1, p > 2) 

(3.204) 

(3.205) 

(3.206) 

(3.207) 

(3.208) 

f(x) = 	 (aj,0  + 	 /(xi_d E R,). 	 (3.209) 

j=1 	 i=1 

llpema Teopemm 3.27, 3a epro,Aw-mocT npogcca {X i } AOBOJI,110 je ,1OKa3aTM ,ga jC 

npogec {X i } necno,AJLTAB, anepHo,rw-iaH H ,tica 3a Heim Tberos mann cxyn Bawe ,rkp4T 

yCJIOBH. 

(aj ,0 

j= 1  1=1 )

.,iXi _i /(Xt_d E Rj)-F et Xi = 	 (3.203) 

B:ojyt mowemo 3anHcaTH y neKTopcxom o6.nyncy 

X i  = F (Xt - 1) + et, 

r,ne je 
X = (Xi, Xt-1, • • . X t_ p+i)T  , 

e t  = (et , 0, ... ,O) T . 

HenHneapna 43■ 3THEgHja F : RP RP je ,necin4nHcana ca 

F(x) = (f (x),x 1 ,...,x p_ i )T 

3a 
x = (x1,x2,...,x p )T  E RP, 

tiemy je 
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3.5.1 HeCB0,44,14BOCT H anepmo,nmx-mocT 

Ha HeC130,EVIDI4BOCT 14 anepno,avp-mocT nponeca {X t } yTTAT-Iy jeAnHo cBojcTaa HII3a 
{Ed. flpeTnocTasnmo, Imo H paHMje, xtaje {Et} HI43 ne3asncHnx caymajHnx npomeH-
J1,14BVIX ca MCTOM pacno,aenom 14 ,rca je g : R R. rycTnna Te pacnoAene. 

Jlema 3.9 Axo je g mepibuea u crop° ceyda noaumu,eua, Oyurquja,, made!, je npoiyec 
{X 1 } ,u p  - UCCEIOdibite 1A, 0,71,C1711.0aW10,71,. 

,L(coca3. 01-HArnergHo je ,Lca ,je civinqHja f : RP -4 R geclumicaHa ca (3.209) mep-

H,HHa 4)3THF.HHjaH ,LJa je orpaHmtieHa Ha cHaHom HomnaKrHom cxyny. Auo je p = 2 vi 

A ,--- (a i ,b i ) x (a 2 ,b2 ) oTHopeH cxyli y R2 , Tarila je, 3a Y = Y2) T , 

P2 (x, A) = fA  P(y,  , dy) 

b, 	 (3.210) 

g(y2 — f(xi,x2))P(y,A)dy 2 • 
a 1  

Kaxo je 
b, 

P(Y) A) = 	— f (Y2, x1))41, 	 (3.211) 
. al 

143 (3.210) cne,nn Aa  je 

1'2(x, 
 A) = 	

A 
g(y2  — f (xi, x2))g(YI 	f(y2,xi))dyidy2• 	(3.212) 

Je,zaiaKocT (3.212) Da -AGI na caaxom cliyny 	bi ) x (a2 ,b2 ), na Ba.>I<I4 M na csatcom 
cxyny A E 82. floarro je g cEopo cpy,aa 110314TVIBHa, TO je P2 (x, A) > 0, HITO 3naun 
Aa je npogec {Xt} /22 - necso,ipmds. CJNIUxo je 14 P3 (x, A) > 0, na je nponec {X t } 
anepnoAvitian. 

Ha VICTI4 naturni Ao6mjamo ,aa 3a p > 2 14 A E Bp  je 

PP (x, A) = fA u(x,y)li p (dy), 	 (3.213) 

rAe jc 

u(x, y) = g(y p  — f(x)) fi g (yi — 	, 
i=2 

143 neje,rmar(ocim u(x,y) > 0, xao H y cnytiajy p = 2, 3ax.myx-zyjemo Aa  je npogec 
{Xt} 	- HCCB0,4.11114B 14 anepploAmtian. ■ 

3a ,apncirr ycnoBe je noTpe6Ho ,rka je cRyn {x 114 < K1 Mann y oAnocy Ha 

npouec {X ( } . MetjyTvim, axo .je g neripeKnAna (Pymcnnja, on,ga .je csaxn Homnawran 

(3.214) 
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cxyn B many'. HaHMe, 3a x E B H y  E  B, 36or orpaHratieHocTH 4)3lligHje f Ha B 

HenpexmAHocTm 4)ymawfi e g, Ba1ta4 

ilpeMa TOMC, 

in f u(x, y) > 0. 
.,yEB 

(3.215) 

in fu(x , y)p, p (dy) > 0, 	 (3.216) 
xE /3 . A 

UITO, O63HpOM Ha je,4HallocT (3.213) H ,Lkegiiviumjy manor cEyna, 3Hat114 	je B 

mann cHyn npoueca {X 1 } . 

3aHy'mnHs0 ,je ,rka nejeAHahocrr (3.216) HaHc4 14 6C3 npernocTaHHe o HenpeHy'A-

HOCTH (1)yliKIIH.je g. B11atta.charya. H Lee (1995) cy (4)OpMynHCanr 14 HOpVICTI4J114 OHLITVIjC 

THpberbe, a Tex. KacHmje (Bhattacharya and Lee, 1999) Aanm HopexTaH Ao1a3. Pax ,' 

ce o cne,rkehem Tsphemy. 

Jlema 3.10 A 7C0 je g : R R m ep.muea it cicopo ceyaa no3umuena u mco je f : R" 

R .mepibuea Oywrqujo, xoja je ?conaitua na xo.mnarmuum ocynoeuma, ottaa 3a ceaxu cryn 

A E Bp  (/.tp(A) > 0) u ceaxu 7comnaxman cacyn B E RP ea.oscv, (3.215). 

143 orie neme cme,414 	je, lIPTM ycnosnma neme 3.9, cHaHn HomnaKTaH cHyn y R' 

maim 3a npouec {X t ) . 

3.5.2 YCJIOBI4 eproAmmocTra 

143 MapHoscHor o6Junca mo,rkena 

Xi = 	(Ai 3 O AiXt_i) /(Xt_i E Ri) + e t 	 (3.217) 

= 1 

Tong (1983) je 3alUbyt-1140 pia Hmje moryhe VICHOp14CTI4T14 ,t<oHoJbaH yCn0B 3a cra-

unoHapHoCT 
p(AT A i ) <1, j =1,... ,1 

jep, cneunjanHo 3a maTpHue A i  Aegyn4caHe ca (2.21), off Hmje vicnymeH. 3anpaso, 

3a p > 1, je p(AT A i ) > 1. 14CT14 HomeHTap je H y Brockwell, Liu and Tweedie (1992). 

Ilpmmemyjyhm (13ocrepose gm/4T KpyrTepHjyMe Chan 14 Tong (1985) cy AoHa3aJn4 rEka 

je (X 1 ) epro,riguaH aHo je vicnyibeH ycnos 

OBaj yCJI0B ce nojasn,y,je rOTOBO y CBYIM xacnvkivim paxkonvima H FiLkirama (Tong, 

1990) y Kojrama CC Kopmcn4 SETAR moAen, a Ao6HjeH je H orik crpaHe Apyrkix ayTopa 

Kao cnegvijanan cny -qaj pe3ynTaTa 3a eprop,wmocT onaurvijer mo,Lke.na (Chen and Tsay, 
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1993; Bhattacharya and Lee, 1995; Ann and Huang, 1996; Chen and Chen, 2000; Lu and 

Jiang, 2001). 

Ha npvimep, Bhattacharya 14 Lee (1995) cy pa3maTpajyhm NAR(p) npoilec 

	

X t  = f (Xt_i,• . • ,Xt-p)-I-- et 	 (3.219) 

goKa3amv1 ,ia je 3a eprogw-mocT AOBOJIIHO ga HejegHalcour 

p 

If(x)1 
	

Cti IX i I -1- c 
	

(3.220) 

i=1 

6yAe mcnymexa 3a 114 > K, npm tiemy je c > 0, K > 0, a 3a n03mTvme pear me 

6pojeBe ai 	< i < p) 130A<14 
p 

ai < 1. 
	 (3.221) 

i= 1 

OBaj je pe3ynTaT, 3a pa3.rancy o,rk npeTxogpvix pe3y.aTaTa Kojvi ce ogHoce Ha Mogen 

(3.219), 3aHHMEM3 H 3Hatiajall 3aTO IIITO 3a chq-BigHjy f 3axTeBa Jumea,prio orpaHM-

mexbe camo 3a lixil > K . AJIIa , npvimeffieH Ha SETAR(p) mogem, ycHoBla (3.220) vi 

(3.221) gajy Beh no3HaTe yciloBe (3.218). 3a MTV! nponec, (3.219), Ann 14 Huang 

(1996) cy rgorca3anvi epro,LjWIT-1HoCT npvi ycHoBy 

If(x)1 5 	 +c, 0 < A < 1 	 (3.222) 

143 ItiOjer, 3a SETAR(p) ripogec, noHoso ,go6mjamo yCJI0B (3.218). 

Mehymm, E.opvicTehm gpyre TexHmKe, moryhe je ,noia3aTM ,na je {X 1 } epro,nw1aH 

Yi no,r :3HaTHo cna6v1jvim ripeTnocTaBRama. Y 13Botemy Aoxa3a ce KopvicTm cnegehe 

no3HaTo TBpbeme 143 Teopmje maTpvina (Horn and Johnson, 1985). 

Rema 3.11 3a ceaxo e > 0 nocrrioju mampunna nopma 3a, xojy eaotcu 

P(A) 	iiAii 	P(A) + 6' 	 (3.223) 

F.naBHo TB1Aerbe gaje c.aegeha TeopeMa. 

TeopeMa 3.45 Ilpovc SETAR(/;p), 3a icojtt. jc Ele Ti l < oo, je zeomempujcxu ep-

zodunan axo ye 
p(Ai) <1, j = 1,2,... 

,I(oxa3. 143 (3.203) cmegiii ga je 

1 

	

X t = 	 ai,o1(Xt-d E Ri)+  	
j=, 

= (1 0(X -1-d) + 7, 	+ Et) 

)

./(Xt_d E Ri) Xi-i + Et 

(3.224) 

i=1 
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rge je 

ai(Xt-d) 
	

E Ri), 	i = 0, 1, . , p. 
j=1 

mogen (3.217) mo ..a(emo ga 3ammemo y o5amcy 

Xt = Go(Xt_d)+G(Xt_d)Xt-i + et, 

rge je 

Go(Xe_d) = Aj,0/(Xt_d E R3), G(X i _d)= AjI(X t _d E 

Roxa)Kmmo ga cy 3a npogec {Xt}h H tyHEr..wjy V : RP -4 R, getinimvicarly ca 

V(x) =1130 +1, 

mcnymem4 gpvulyr yortoBvt. Hexa je 

A = max Ip(111), P(A2), • • • P(AI)} 

(3.225) 

(3.226) 

(3.227) 

(3.228) 

Heti:a je e > 0 Tax° ga je A + e < 1. Ha ocnony Tapben,a Reme 3.12 nocTojn 

maTpw-ma nopma II • IIxTaxna 	je 

A 5 p(G(Xt_d)) 5- IIG(Xt-d)II. P(G(Xt-d))+ E < A + 6 ' 

Pb (3.225) 14 (3.229) onegm 

E(V(Xn+i) I Xn x) = ElIGO Gx en+111+ 1 
▪ 11Goll 	IIG • XII + 	+ 1 

(3.230) 
• 114 	IIGOII 	+ 1  

< (A + 	+ Won + 	+ 1  

Ilourro je Ele n+11 < oo, nocTojm 6poj M Tatcas ,tea 3a 114 >MHO<S< 1 — A — e 

Ba>En 

	

IIGoII + EllEn+111+ 1 < bitx11• 	 (3.231) 

143 (3.230) H (3.231) cnegm ga je 

E(V(Xn+i) I X n  = x) < (A + e 011x11, x E B C , 

r,ge je 

B = tx I ilxil 	M}. 	 (3.232) 

(3.229) 

je A -I- e 	< 1 H Kau° je 

E (V (Xn+i) Xn = X)) < 00, X E B, 

Hcnymema cy yc.nopm Ap1443T xpwreplajyma, na je npogee {Xt} a 'name H npogec {Xt}, 

reomeTpnjcim epro,nwaan. ■ 
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I~I CTH pe3yJITaT Ba)E1r1 TA 3a Mogen 

(aj ,o 

)

• 	+ iXt _i ej,t /(X t _d E R 
i= 1 

C THM ILITO je Taga 

xt = E (Am  + 	+ ei,t)/(Xt_i E Ri), 

rge je 

= (Ej,t, 0, 	, 0) T . 

3.5.3 Be3a eprogvigHocTH H CTa6HJIHOCTH AeTepmmmcrxxus:or npoqeca 

Kao xO ,£i SETAR uponeca npsor x gpyror pega z osge ce nocTas.ma niirraffie 

o,:vcioca ycnosa eprogwaHocver nponeca {Xt} rei ogrosapahi - her geTepmnaracnirca:or 

upogeca. AEO y mo,rceny (3.224) mocTasramo CTOXaCTIelt-INI4 4eo, go6Hjamo Mogen 

	

Xi` = a o (X*t_ ) + 	a i( Xt _ )X;_ i , 	 (3.233) 

i=1 

rge je 

x*  = (X t*  , 	. 	X;_p+i ) 

xoji4 reseminne gexepmrinmcnennim nponec ca seoma camEeHom gzHaMHmolvt. Chen 

(1990) je gao se3y remmeby eprogiercasocxx npoaeca {X t } rer CTa6HJIHOCTH CHCTM 

gelmenincaaor Mogenom (3.233). OH je goxa3ao ga je nponec {X t } reomexpmjcia4 ep-

rogattas a's:0 je nponec {X;} aCHMIITOTCEPI reoivreTpmjCKI/I ceraonaasx aico je stiyaKnkija 

a gecfnmincaaa ca 

	

a(x) = ao (x) 
	

ai(x)xi 	 (3.234) 
i=1 

.11 mum; - HenpexH,nHa. 

HapasHo, ycnos (3.234) je spa() pecTprini:Tmax, na y cayuajy SETAR(p) (p > 2) 

HeMaMo rAcTe ycnose eprorawniocrra H CTa6HJIHOCTH, Eao IIITO je TO 6Ho cayttaj 3a 

SETAR nponece npsor peza. 
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3.6 HPOLIEC SETAR-ARCH(p) 

Ha emir-mil Hativm 	,aa ce ,go6vije gosomax yCJI0B 3a eprogTirmocT SETAR- 
ARCH(p) upogeca 

X t  	+ 	 I(X t _d E Ri) -I- e t AFit  

i=1 	i=1 	

(3.235) 

ht 	yd, 	/(x t _ d  E 
i=1 

rge je bit  > 0 3a j E {1,...1) H i E {0,1,...,p}. 

TeopeMa 3.46 .11polyee SETAR-ARCH(p) je zemempvjocu einoalvtax aro je 

p(A j )-F rnax{Vb i , i , 	, \A im } • Ele i l <1, j = 1,2,...,1. 	(3.236) 

,lloxa3. HocmaTpam4 mogen mo›Ke ga ce 3arimme y o6m4xy 

X t  = Go (X t _d) + G(Xt-d)Xt-i vt, 
	 (3.237) 

rge je 

v t  = (E t  Nfit t  , 0, . . , 0) T . 	 (3.238) 

Heim je ckymi:Araja V : RP 	R ,L e4 	ca 

V(x) = 114 + 1, 

HeKa je A 1 (x) maKcvimanHa concTaexa spegHocT maTpinle G(Xt_d) 1/I Heim je II • Ilz 
maTpvraxa Hopma 3a Rohr sawe penagmje axanorHe penagmjama (3.223), nprex gemy 

je e(x) > 0. 143 (3.237) caegki 

E(V (X . +1) I X n  = x) = E l lGo + Gx + v. +11 1 +1 

- IIGoII+MG•xII -I- EIIvn+1II + 1 
 

5 MGM. • 114 + liGoil + 	II + 1 

- (Al +ON + Won + EIER+Il • 1(7(4 +1. 

(3.239) 
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Ko je 

1 

la(x)l. bj, ~
i(x, E Ri ) 

.i=i 

< 1/b,,0 + 	vb,,, I(xd E Rj) 
i=1 

j=1 
I(xd E R;)+ c 

max lb•Vbi,i, Vbi,2, • • • ,-Vbi, p )/(xd E Rj)11x11 -1-  
j=1 

< A2(X)IIXII + 1, 

H3 (3.239) cne,zwi ,rya je 

E (V (X n +1 I Xit = x) < (A1(x) + A2(x)Elei I + c(x))1ixil  c2, x E BC, 

r,rke je 

B {x 1114 < 

Axo E(x) H3a6epemo TaEo ,Lka je E(x) < 1 — A i (x) — A2(x).EjEd, oH,Aa cy ripm ycHoHy 
A i  (x)+ A 2 (x)ElE i  I < 1 vicriymeHH yCJI0B111 AppukT Epyrrepvijyma. Met)yTHM, OBH yCJIOBVI 

ce ynpaso cHo,rke Ha ycnose AaTe y TeopeMH. ■ 

3.7 SETARMA FIPOITEC 

Hera je gaT SETARMA(l,p,q) mo,4e.n 

1 

X t = 	a 	+ 	 j,iEi_i 	E Ri)+ Et, (3.240) 
.i=1 

K0i14 MOM:CM0 3a1114CaTi4 y BeHTopcHom o6.IIHEy 

X t  = 	 et, 

r,re je 

(3.241) 

X = (X t,Xt_i, 	Xt-p+17Et, Et-1) • • • ,Et-q+17 (3.242) 

e t  = (E t ,O, 	,0, e t , 0, 	, 0)T . (3.243) 

HeinmeapHa (f)yHm.Hnja F : RP+q --+ RP -Fq je AelnaHHcaHa ca 

F(x) = (1(x), x i , 	, x p+ q _i) (3.244) 
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f (x) = 
i= 1 i=1 

(3.245) 

, ix r+ i /(xt_d E Ri). 	(3.246) 

x 	 RP, 

npvi gemy je 
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3a, 

OCHOBHI4X npo6neMa je na.naki<erbe • cnosa no,rk Rojvima mo,Lke.n (3.240) Ae-

cfmininue cTanvronapax SETARMA nponec. 3a SETARMA(1,1,q) je no3HaTo rga MA 

Ae.nos0 He yTvitiy Ha cragnoHapHocT (Liu and Susko, 1992), a 3a SETARMA(/,p,q), 

r,2:ke je p > 1, CIII41-1H0 Tspijen,e je rtkoKa3axo y c.nyliajy Bla,g je 

= vi, 	j = 1,2,...,1 
	

(3.247) 

(Brockwell, Liu and Tweedie, 1992). Tex neT ro,gvnia HacHnje, Ropmullemem • cnoBa 

cra6vinHocTi4 (Ycnos 3.5 ki YCHOB 3.6) vi TeopeMe 3.20, ,Ecoua3ano je vi Ma-

JIHUIH 1997) Aa nocToji4 cTarn4oHapaH SETARMA(/,p, q) nponec H 6e3 npeTnocTasKe 

(3.247) vi Aa MA AC.1101314 He yTnuy Ha CTag140HapHOCT. Ilpvi Tome je xopvnutiex AocTa• 

pecTprmalman ycnos 3a napameTpe AR ,Lenora npoueca. HaMMe, npurnocTas.n.,eHo 

je ,Eka je 

at.z i  # 0, 	Izi < 1, 	 (3.248) 

rAe je 

	

ai = max flak 	= 0,1, ... ,p. 	 (3.249) 
1<k<I 	' 

OBaj ycnos je Taga KopianheH H icao AosozaH yCJI0B 3a cTanx4onapHocT SETAR(p) 

npogeca (Chan and Tsay, 1993). 

Harc:o je 3a cTanmonapnocT npoLieca {X i } Aoso.n.,Ho je ,rkoxa3aTvi ,rka, 3a Hem n.,cros 

maim ci<yn nponeca (X t ) Ba›Ke Apvi(j)T yCJIOBLI, moryrie je zoIia3aTM 3HaTno 6o.a,14 

pe3yJITaT. OH je ricHa3aH y cne,geriem Tsptemy. 

Teopema 3.47 Aro je npoi4ec {X t } Oeftepoe on,aa moaedt (3.240) 3a roju je Eleni < 

1— 
i= 1 

00 u 

zde je 

p(Ai) <1, j = 1,2,...,1, 

/aj, 1  • • 

1 0 • 0 0 
0 1 • 0 0 

0 0 • • 	• 1 

defrunv,tue emaipono,puu SETARMA(1, p, q) npo•cc. 
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,lloica3. Mogen (3.241) mo>i<e is ce 3antmine y o6nvixy 

X i  = G(X t_ d)+ H (X t_d)- X t_ 1  + et, 
	 (3.250) 

r,rie je 

G(X t _d)= Gi/(X t _d E R3 ), H(X t_d) = .11;_1(X t _ d  c R;), 	(3.251) 

a Gj H Hi Cy BchTop ki ioaApama maTpzga (mmeromja p + q) Aujnimmcam4 ca 

/aj , 1 aj , 2 aj , 3 - 

Gj = (aj,0,0,...,0) T , 

aj,p_i 	aj,p 	b jj 	bj,2 • . 	. bj, q _ i  bj, q \ 

(3.252) 

1 0 0 • 0 0 0 0 GO* 0 0 
0 1 0 • 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 
Hj = 

0 0 0 0 0 0 0 0 
(3.253) 

0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 1 0 0 

\ 0 0 0 • 0 0 0 0 1 0/ 

	

itorcaximmo ,ria cy 3a npogec {X t } za 4)ymicgmjy V : RP +g 	R, ge(i)vmmcany ca 
(3.227) mcnya,em4 Apvlltyr ycnosm. Heica je A ,geciwnwicano ca (3.228) TA neEa je 
E > 0 Tax° 	je A + E < 1. Kaxo je 

1 H;  - all = IA ; - al l 
	

(3.254) 

mmamo ,qa je 

E(V(X,2+1) I Xrt = x) = ElIG+Hx + en+1I1+ 1 

- MGM IIH • x11+ 4E 7,41+ 1 

liGli 	EilEn-H11+ 1 

( 7-Z1fi  //WA -I-  0114 IIGII Men-Hill + 1 
	(3.255) 

( 717 .cit i P(Ai) 	6 )114 	11G11 	Ellen+111 + 1  

- (A + 	+ IIGII + Elk 	+ 1. 

HOLUTO je 	< CO, nocTojm 6poj M Taxers ,La 3a 	>Mm0<6. <1—A—E 
B aixza 

IIG II + El l En+111+ 1 < 6 11 x 1 1. 	 (3.256) 
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M3 (3.255) 1,1 (3.256) cnegvi Aa je 3a x E B c  

E (V(X n+i I  X„ = x) < (A -I- E p)1 1x11, 

r,ge je B ,ge04mmcano ca (3.232). 36or A + E 	< 1 vi 

E (V(X,2-4-1) I X. = x) < oo, x E B, 

14C11y113EHI4 Cy yCJI0B1/1 gpmcirr B:pmTepmjyma. 	je npogec {X i } (I)onepos (no npeT- 

nocTaDgm), npeMa Teopemm 3.18 Om je cTagmonapan. ■ 

Y3 AoAaTme npeTnocTasHe ga je npogec {X i } anepmogmtiam H IleCH0,4.11,14B , 143 

npeTxo,rwe Teopeme c.rie,mj4 eproAmunocT nporieca {X t ) H IX t ). MeyTT.4m, yCJI0B14 

HeCBO,IJL14BOCTM cy 1103HaT14 cam° 3a cnegmjanne cnytlajese npogeca (X 1 ) (Liu and 

Susko, 1992). 
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4 

OUEHE HAPAMETAPA SETAR MO,EILEJIA 

4.1 YBOA 

Y cmoj rnasvi ce pa3MaTpajy meToge 3a ogemvisalbe HI1O3HTMX napameTapa 

SETAR moAena. Hajnpe cy 3a HeKe meTo,rke nocTojehvi pe3yrrram yonarreux, a 3a-

TVIM je npe,rvioAcerr peKyp3vmHvi anropyrram Tvina CTOXaCTV4Re anpoKcvimagmjc Kojvi 

omoryhyje KOH3VICTeHTHe (cTa6vinHe) orreHe ITO,H 3HaTH0 6JIa/EHM yCJIOBVIMa o ,1 OHT4X 

KO.jI4 cy KopvnuheHm y gpyrvim meTwrama. 

3a orreHy napameTapa HenvmeapHva mogema ce yrnasHom Ropmcre meTojka Hajma-

1-bVIX KBaAparra H meTo,nca maxcramanHe HepogocrrojHocrvi. HperJIeJI pe3yJITaTa ce mo)-Ke 

Harm Itia,KO y nperneximm paAom4ma (Tjosthehn, 1986; Manvuumh, 1992; Tergsvirta, 

Tjostheirnand Granger, 1994), TaK0 H y KH,14rama (Hall and Heyde, 1980; Prakasa Rao, 

1987; Tong, 1990; Granger and Tergsvirta, 1993). 

Tjostheim(1986) je yonluTMO nocTojehe pe3y.rvraTe 3a ose Ase meToAe TaKO IIITO 

je I4CTy TexHvmy aHanme orreHa npvimerivro Ha OHUITVI Kprirrepxjym rd Ha Hexe HecTa-

rrvioHapHe nporrece. 

HeKa je {X,-,} CTOXaCTVILIEH npoLrec Kojvf je AeckviHvicari Ha npocTopy seposaTHohe 

(Q, T, Po ), uvija pacno,rrena 3asmcm od:r BeKropa napameTapa 8 E e C RP. Axo cy 

,rkaTe oncepsal.rmje X i , X2 ,... , X n, y cnytiajy Ka,g je 00  cTBapHa HpexiocT napame-

Tapa 0 (aim Heno3HaTa), oHga Ha ocHoHy THX oncepHairvija H Hexor KpHTepMjyMa 

Q n (X 1 ,X2 ,... ;0), HIM Kpahe Q „(0), Tpe6a oApe,13111TH OHCHy 0,1  HeII03HaTVIX HapaMe-

Tapa 00 . Arco Q, vima Henpera44He napilmjanHe voso,Ae Apyror pe,rka, oH,Lka Ha ocHoHy 

Tejnoposor pa3Hoja 

(2n(0) 

cpymurvije Q,,. y 00  vimamo ,rya je 

00 ) T 	 00 ) T °2 (2;02(9°)  8(20n  (00 ) -I- 21  (0 (0 00 ) 
(4.1) 

=Q„(00 ) 	(0 — 

00) T 	 (00)) (0 — 00) ( 5:90(22n  (0* ) 	02  eQ2n  + -2 (0 — 

3a 0 E U6(00), r,re je U6(00) oKonviHa o, 00 , a 0+ Hem, meljyrspeAHocT 143meljy 0 H  00. 

ilpH o,EkpebeHmm ycnosxma 3a {Xt} H Q, nocToje orreHe B n  Tarcse 

en  2-24 0o, n -4  0°) 
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n 

Qn(e) 
1=1 

H am-) jc gl( 09)) rima„rApa,THa (f)ym<gvija y OROJIMI14 190 , TJ. 

1 
• 	E(1t (9))= K-F -

2
(0 — 00 )T V(9 — 610+ 0(119 - °oil ), 
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npm gemy Q n  nocume .1101M.111114 mvninmym 31en  1,4 3a cBaho e > 0 nocToje n0  14 Aorabaj 

E, Imja je BepoHaTHotia Bella o,4 1 - e H Ha Home 3a n > n o  HaAcH 

Q .  (en). 0. 	 (4.2) ae 
Y3 ,IAo,ga,THe npeTnocTaBB:e 

2 Q  

a92 	n (00) 124 V, n 	oo, 	 (4.3) 

r,ne je V 1103VITVIBHO gecimmicaHa maTpHga, H ,ga 

n- q2aQn  (00 ) 	Ar(o,w), a° 
	 (4.4) 

Hai-4 H aCI4MIITOTCKa HOpMaJIHOrT 

n 1 /2 69 n  -(90 ) 	A1(0,V-t 4V -17 ). 	 (4.5) 

AN° 3a Q n, y3memo 3614p x.Ha,gpaTa pa3nmi:a oncepHagmja Xi H H.,Hxosmx npeAmc-

gHja E0(Xi 	1 ) Ha 6a3H CBTAX npcTxo,rkmAx oncepHagmja, 

n 

Qn(19) 	(Xi - 	 )) 2  , 	 (4.6) 

rEko6Hjamo y0111LITeHVI meTo,g Hajman,xx KHagpaTa, H03HaT H Kao HeJIHHeapHH meTorg 

Hajmananc E.HagpaTa (nonlinear least squares (Rao, 1987)) HRH meTo,g yc.notaHmx Haj-

mammx y.BarrkpaTa (conditional least squares (Klimko and Nelson, 1978)). rIpm Tome, 

noTpe6Ho je ,Lka Eg(Xi I .Fi_ i ) 6yete y OROJIHHT/1 U(00) cRopo ciArypHo ,Lwa nyTa ,/2414- 

4)epempija6vonia. To 3Haum ,ga ce OBH pe3ynTaTH mory npHmeHHTH camo y cnriajy 

,r_ka je perpecHoHa (1)ymcgmja rnaTxa. MeyTHm, y TAR mo,genHma (1)yma.H4ja iwja 

,Lecj)HHMme morzken Hma y r npexHA, na HHje moryhe ose pe3y.wraTe npvimeHHTvi 3a 

ogeHe CBHX napameTapa mogena. HapasHo, a's:0 ce ogemyjy canto EoecfnmHjeHTH ai 

y nojexcHm4m pesammHma, oH,Lka ce 1-10MCHyTH pe3ynTaTH mory npmmeHHTH. 

Pe3ynTaT (4.5) je ,406HjeH H3 Tejnoposor pa3Boja (4.1). AHanoraH pe3ynTaT 

mowe Ra ce ,go61,4jem 6e3 npeTnocTaHKe o ,gmcf)epeHgvija614nHocTH113yHugHje Q n , anH 

y3 Ao,EkaTHe ycnose 3a npogec {X t }, ogHocHo y3 Kopmnheme ycaosa cToxacTvitme 

pasHomepHe HenpeRHAHocTH (stochastic equicontinuity). Hal/me, alto je 

(4.7) 

(4.8) 
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pa3Boj (4.1) mmEe Aa ce 3ameHH ca 

	

n 	 n 

Qn( 0) =  	+ (0 ep) T at  R,, 	 (4.9) 

	

1=1 	 t=1 

r,He je ocTaTax R„ cToxacTvitni:vi pasHomepHo HenpeETA,HaH y 0 is rte HancH 

n 

n-1 / 2  E fi t  —4 A1(0,W), 
t= 1 

(4.10) 

(Pollard, 1984; Chan and Tsay, 1998). Y cnytiajy nenpemAnor SETAR mo,zkena, y3 
OAP4elle ACIAaTHC lipeTnocTaBEe, YCROB14 (4.8), (4.9) n (4.10) mory Aa  ce o6e36eAc 
3a 

1 , (0 ) = ( Xt — Ee( Xt 17-t -1) 2 • 
	

(4.11) 

Y 4.2 cy npe3enTvipaHm nocTojehvi pe3y.nTaTifi 3a meTogy Hajmarbvix KsagpaTa.. 

Hajnpe ce pa3maTpa caymaj Rag cy nparosm 14 Raumbeme no3HaTvi, RaRo 3a eprogvmall 

TaI<O 14 3a HccproAvniall npogcc, 3a,THm CC H3.na,miy pc3y.wraTH y c.nytiajy Rag CC 

oneH,yje RomnmeTaH Bercrop Hen03HaTgx napaMeTapa. 

Y 4.3 cy gaTH OCHOBHH pe3ynTaTH H0j14 CC OAHOCC Ha cHojcum ogcHa Ao6H-
jeHmx METOAOM maRcHmanHe sepogocTojHocm, yx.rbyqyjytim H H.HXOBy aCHMIITOTCHY 

pacnogeny. 

Pe3ynTaTiA go Roji4x cy AOHITH4 K.S. Chen (1993) PI L.Qian (1998) y cHojvim gox-

Topera4m gvicepTanvijama cy y0nurrem4 3a cnyqaj °miner RpvcreprAjyma, OAHOCHO M 
- OHEHEL. .LIO6HjCHH pe3y.rrraTm cy ,gaTvi y 4.4. 

Y 4.5 cc vi3.T1a>Ry opvirvmaynn4 pc3y3ITaTvi O pctcyp3mnimm ogenama, rgc je ,T 0f 

 KOH3VICTCHTHOCT 014eHa 6e3 npeTnocTasxm 0 eprogvmHocam H cTagvioHapHocam 

npogeca. flopc,n oicna Tvnia CTOXaCTI47-11<e anpoxcHmagyfjc, Aarr iC 14 pcxyp3HBHH O6- 
JINN meroge Hajmaa,mx RsagpaTa, npH qemy cy RopmattieHN 3HaTHO 6.ama4 ycnosm og 

oHvix Roje je RopmcTmo Tsay (1989, 2000). 

4.2 METOJLA HAJMAIbI4X KBAAPATA 

MeTogom Hajmaa,mx RsagpaTa mory ,na ce go6vijy RoH3vicTeHTHe H acvfmnToT-

CEVI HopmanHe oneHe napameTapa mogeRa y nojegvnivim pe>R14mvima ai<o je npouec 

cTanmoHapaH H cprogvmaH. AK° nponec Hvije eprox4qaH, oHga nog ogpe/jem4m 

ycnosvima mory MeT0,40M HajmaH,vix RBagpaTa rna ce go6vijy KOH314CTeHTHe oneHe. 

II1To CC T14 13C OHCHC nparosa, npo6.ncm CC cacTojH y TOMC HITO iCAHHCTHelia ogcHa 
npara HHje morylia Ha 6a3vi RoHaqHor 6poja oncepsanvija. 3a cTanvloHapaH 14 ep-

rogvmaH nponec Chen (1993) je goRa3ao ,ia cy oneHe napameTapa mogena y noje- 
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-lei 
i=1 	i=1 

= +2 
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gvninm pe:ginlvinMa LI ol4ene nparoBa aCHMIITOTCHn neBaBncne LI ,ria cy acmmffroTcKa 

csoicTBa ollena napameTapa HcTa Ka° H y c.nymajy xa,n cy nparonn no3naTvi. 

4.2.1 Ilo3naTH nparonH 

HpBPI pe3yETaT O li:OH3VICTCHTHOCTVI H aCI4MIITOTCK0i pacnogenH °gala cy gaTH 

y pagy Petruccelli and Woolford (1984) 3a SETAR(2; 1,1) Mogen ca HynT14m nparom 
(r = 0) 3a cragHoHapaH H eprogHtraH npogec. MebyTnm, C.1114 1 1H0 na)Evi H y onin-

TeM cnytrajy eprogHtmor SETAR npogeca, a Pima pe3yryraTa H 3a nexe cnytiajene 

neeprogntninx npoqeca. 

C.nynaj eprogHmHor npogeca 

Petruccelli Woolford (1984) cy pa3maTpanH mogen 

Xt — 	OX -1 - 1  e t 	 (4.12) 

cal4Hosagmjama Et xoje cy me1yco6Ho He3am4cHe H mmajy vicTe pacnogene ca cnyrqa 

n03HTHBHOM rycTirinom Ha R, 	 0 H napvtjancom a 2 . ilo,g npurnocTanuom 

E 0E 1 1 241 < co (a > 0) 

3a H143 {Et} 1/1 ye110Bom eprox41-mocTH 3a {Xt} 

a < 1, fi < 1, af3 < 1, 	 (4.13) 

(min cy AoKa3a.nn Ra cy OLjCHC a ,,, , 	H b i napamcTapa a, H a 2  ,LkaTC ca 

n 	 n 

n 

i=1 

z )rE,/ 
i=1 

 

   

n 
-2 
i -1 

i= 1 
	

1=1 

(Xi — CY,,X 1  — fiXt 1) (4.16) 

KOH3LICTenTHe H acvfmnToTcum HopmanHe. Y gorca3y Cy KOpHCTHJ114 tum,cianly ,ia 

cy, npm HaBe,Lkermm ycnosHma, npouecH {Xi +2), {Xt+ 1 6 t} H  {Xtliet} Taxote 
eproAntnat. HaHme, xari:o je 

n 
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, 	it 
1 	 
) Xt 2 

 Ti. 	1  
i=1 

124 E(X +2), (n co) 

 

14 

1 

n . 

TO 3HHT-114 Aa 

 

0, 	(n 	co), 

 

.. 	9.9. 
a n  —4 a 72 --4 00. 

CJIW-IHO Baj-I:14 H 3a v n  14 an  . 

Chen, Petruccelli, Tong and Woolford (1985) cy pa3maTpanvi SETAN/i 1, . , 1) 
MO,HEJI 

Xt = 

k=1 

fikXt-i 	Ek,t) 	E Rk), (4.17) 

r,zke je Rk = (rk_hrk] 3a —oo = 7-0 <r1 < • • • < ri = oo. Y cmytrajy Ka,t je {X 1 } 

eproAvrqaH npouec ca cragmoHapHom pacHogenom Hop, Hma RoHatiaH rrApyrm momeHaT, 
OHH cy Aorca3anm ,ga oqeHe ak i n, fik,n 1/1 er k,n, AaTe ca 

1 
Pk n, = 

T252  
(>7.,  XIXt_i — E xi 	 i /n/c ) 

	

ak,,z = 
1 

— 	x-1+1 – fik, 

	

nk 	
tEA teJk 	

Xt) 

---2 	1 	 2 

ak 	
n 	 

n = 	 - 01k,n flk,nX t) 7 k 	1  
tEakIE.

7
k 

r,ge je 

IE Jk 	 tE J,, 	tElk 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

	

k 	ft, : t E {0 1 . . . n — 1}, X1 ER k) 

a nk j e _pc), eitemeHaTa cicyna 	cy HOH314CTeHTHe 14 HCHMHTOTCHH HopmaJme. 

OBH pe3ynTaTH mory rqa ce Hpollimpe 14 Ha 01-11HT14 CJIT-laj eprox/-mor npogeca 
SETAR(k;p i ,...,pk ). Hera je, pagvi je,LIHocTaBHHjer 3anvica, k = 2, O,LHOCHO 

	

a 1 0 	a i , i Xt _ i 	" • + a i , p ,Xt _ p , +6 1 , 1 , Xt_d < r, 
)6 = 	 (4.22) 

	

a2,0 	a2,1Xt--1 + • • • + a2, 7 7 2 X1_ p, + 62,1, Xt_d > r 

H Hera je, Ha npHMep, 6 1 , t  ti  N.(0,4)14 62, 1  — Ar(0,4). Arco je 

A l  = (a1 o , ai,1 7 • • 1(114).)T) 	A2 = (a2,0,a2,17. • •7a2,p 2 ) T  

14 

(4.23) 

,,(Ai, A2) = 	,n(A1) + (22 ,n(A2), p = max {p i  , p2 , d}, 	(4.24) 
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rAe je 

n .. 
‘42,7t 

= 

= 

71 

(Xt  — 

(X 

1,0 — 	— • • • 

a2,0 — a2,1Xt-1 — 	• • 

1=p +1 

t =p+1 

— 	 /(Xi_d < r), 	(4.25) 

2 
— 	

Ty v 
i-d < r), (4 .26) 

4. OUEIIE ❑ APAMETAPA SETAR MOAEJ1A 
	

93 

on,ga ce °gene Al  i A2  Ao6i4jajy mvimninnagnjom rcpyrrepmjyma Qn , a ogene 6'1 ki 

cy AaTe ca 

rAe je 

2 Q1( A1) 	Q2CA2)  
Cr = 1 	 = 

n2 
(4.27) 

= Y-‘  /(Xt-d < r), n2  = 
t=p+1 t=p+1 

I(X t _ d  > 7'). 

,Tla 6iIcMO onncann acrami•o•rcEy pacnoAeny ogena, yne,immo join nexe BellI4LITAHe. 

Herca je 

tit = (1, Xt-1). 	Xt-p i )I(Xt-d < 	Wt = (1 )  Xt-1) • • • X t-pAXi_d > r) 

14 nexa je 

V1  = E(UTUt ), V2 = E( WT Wt )• 

C.ne,rkehe Tspbeibe ronopm o acmtnnToTcRoj pacno,ae.un 3a (2 1 ,22 )T. 

TeopeMa 4.1 A7C0 je {X t } cm,a4uonApau epzoaunau npoiyec woju je zope onucau u 

xoju u.ma cmaiiuouapuy pacnoae.ay ca ceyaa no3umuenort4, zycmuuo.m., maaa 

Vr 

 

Al 

A2 

v -1  A l 	(- 1 1 	0  1 )) 
rsj  'Ar 	

0r 
Pi+P2 	A2) 	0 a2V2-  

(4.28) 

„..2 = '1 A 72 1 -pi -1) 	'2 = '2 n2 -p2-1• 
	 (4.29) 

/loxa3 onor Tspberba ce naxo Ao6i4ja 143 pe3y.nTaTa (4.5) 1,4 cnojc•rana ogena 

Jinneapnor mo,nena. 

Caymaj Heepro,u,mtmor nponeca 

Ha OCHOBy pe3ysyraTa 110MeHyT14X y 4.1, Tjostheim(1986) je 3a necTagvionapm4 

npogec {Xi }, ,neciymucan ca 

k 

Xi = 	jXi_i Hj (X t--1 ) + Et, 
	 (4.30) 
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r,ge je Hi(Xt_)) = 	E Ri), a Ri AvicjyHKTHvi mrrepBama, xamja .je ytivija 

,goNa3ao 	cy of ene a1 , n ,  Ci2 , n , 	ak ,„, xoje miummm3mpajy KBaApaTrim ripitnermajym 

Q n  ,raT ca (4.6), KOH3VICTCHTHe ati:o cy HCII3TH3CHI4 yCJIOBIA 

laj1 < 1, 	E(4//i(X t ))> ai, 	= 1,2,...,k 

3a Hexe I<OHCTHHTe 	> 0. 

Ha npmmcpy je,rmocTamior mo,rkena Pham, Chen and Tong (1989) cy noica3a.um ,rya 

mory ce Ao6vijy KOH3VICTeHTHe (merle 3a necTam4onapan moxcen H 6e3 ,g0AaTHVIX 

ycRosa. 3a mo,4e.Ti 

X t  = aXt ./. ( Xt_i < 0)-1- 	 > 0)-1- Et, 

r,ne je EEt = 0 vi EE 2i  = a 2 , OHH cy noRa3a.rim „to, je cxopo cmrypno 

Qn(a) —  Qn(o'o)  lint inf in f 	 > 0, 6 > 0, 
n--400 a:Icr-a 0 1>I5 	Sn  

rye je 

Sn  =X2 + • • • + 

(4.31) 

H3 tiera CREAM ROH3VICTCHTHOCT ogeria a n  Kobe mvffivimvovipajy EsaApaTim KpvnepI4jyM 

Qn(a)• 

Pham, Chen and Tong (1991) cy Amyl join je,Lkan npvimep neepro rtmtmor npoteca 
ca HOH314CTeHTEIVIM onenama. 3a mo,EkeR 

Xt = 
{aX t _i -I-  7 Et, Xt-1 <0, 
 (4.32) 

fiXt_1+ y + Et, Xt-1> 

r,iie cy e t  He3aspicHTA ca VICTOM pacno,Ekegom, Ee t  = 0, EE 2  = a2 
VI rye je ayToperpe- 

cmona ckymumja Henpem4,4Ha y HyJIM, OHVI cy AoKa3a.m0 ,,tka ogeHe a vI p , ,406VIieHe 

meToAom HajmaHavix ii:BaxcpaTa, Nolisepriapajy xa cTsaplimm spexiocTvima ao H fio , 
lc* mory npvina,gaTn VI rpaHmATA o6.nacTi4 eprogvitmocTm moAe.na. 1-13mxos pe3y.irrar 
je-AaT y cne,neheM TnpbeiLy. 

Teopema 4.2 Queue a u 	cy 7COILMCMCUTTlite axo u ca.mo axo ea,atcu jedan od 
cAedehux citynajeea,: 

(/) a o  < 1, /30  < 1, 7 = 0; 

(2) ao  < 1, igo < 1, 7 <0; 

(3) ao .5 1 , /() < 1, 7 > 0. 

3a onurn4 SETAR, 111)04eC H3 pcxyp3mBuor o6.11vma meTo rrke Hajman,mx rom.,ncpaTa 

mory ,rka CC jkormjy KOH3PICTCHTHe ()Ilene 6e3 ycnosa eproAvy-mocTvi. Herta je ,raT 
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SETAR(1qp,d) PT Helm je ni 6poj oncepsagmja y j - TOM pe-immy, oxmocno OHM 3a 
Eoje je 

14 nexa BaX<P1 

r • 1 < Xt < r - 	• (4.33) 

ni  p 
--4 cj , 	n 	oo, 	= 1,2,..., k 	 (4.34) n 

npm ticmy 	 = 1. Axo CC 3a (A:mum peiraim napamerpn ogniLyjy meTo,nom 
najmaa,mx xna,gpaTa, on,ga CC Ha OCHOBy maTpnge 	rAe je Xi BCHTOp oncep- 
sagnja 3a Roje swim (4.33), Ao6mjajy ogene 9j , n . YCJIOB 3a HOH3I4CTeHTHOCT OBMX 
ogena once ,ra ce iimEa>xe npexo najBehe (Ai,max) 14 najmame concrBene 
Bpe,rioCTn MaTprege XTXj. HaHMe, HOpPICTeliVIpe3prraTe 3a HOH314CTeHTHOCT of ena 
napaMeTapa CTOXaCT14 14Ke perpecnje (Lai and Wei, 1982), Tsa,y (1989) je (1)opMpmcao 

AoRa3ao cne,gehe Tspheme. 

TeopeMa 4.3 Axe cy fe jt ) .re-ra,pmurcza.4 pa,a.Auxe aa xoje eaatcu 

E(ei, i  Tt _ i ) = 0, 	sup E (le j,(1 6  j .fit-I) < 00 S.S. 

aa nexo b > 0 1r. axe je 

	

log Ai mtar 	0(Aj ortitt) n -4 OOH 	 (4.35) 

mada 

	

79i ,„ 	Oj  (n 	co ). 

Ycnos (4.35) je HcriymeH 3a eproAnune npogece, ann TA 3a neRe neepro,rmtme. 
Hanomem4mo 	y nornaszy O peRyp3I4BHPIM mAeHama OB14 yCJIODH 	614TH join 

oc.na6zenn. 

Ceimengmjanne ogene 

IM ,r 	Kopmuherba onTHmanHor HpaHmna, 3aycraarliaaa 3a o,rkpeHHame 6poja 

noTpe6H0x oncepHaqvija 3a of eHe Heno3Hamx napameTapa y HHHeapHvim mo,,EkenHma 
mo)He ,ga ce npeHece PI Ha HemmeapHe mo,nene. 0,nroBapajytivt pe3y.nTaT 3a TAR(1) 
mo,Hen cy ,no6mn14 Lee 14 Sriram (1999). 

Heha je {X t } npoilec xce4nranicaH ca 

X t  = aX -t 1- 1 	+ et, 	t = 1,... , n 	 (4.36) 

crporo cTannonapan H epro,nnuan, r,ie je {E t ) H143 He3aBVICHPIX CJIyxlaiHVIX ripomen-
ThIlIBVIX ca HCTOM pacno,nanom, Ee l  = 0, Eel = a2  < oo H r,ge je 9 = (a, /3) Beicrop 
BC1103HaTVIX napameTapa, a H /6. Hpema pc3y.nTaTy o epropymnocm npogcca (4.36) 
(Petruccelli and Woolford, 1984) mom:emo npeTnocraHHTH ,r4a. je 9 E 0, r,i4e je 

0 = {(a, /3)T : 	< 1, 16 < 1, ai0 < 1) 
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( Fn  = dia,g Ext+2,,Ext 21  , 
1=1 	1.1 

n 	 TL 

(4.39) 
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II Aa cy oueHe B n  = (a n ,fln ) go6HjeHe me'rojkom Hajmand4x F.HaApaTa, oAHocHo an H 

pn cy AaTvi ca (4.14) 14 (4.15). Atm ce rrkeqwnimme Epkrreppijym 

L„ = An -1 G„ n, 	 (4.37) 

rAe je 

=(en — 0) T F„(8„ — 0), 	 (4.38) 

oHrga Beni/14mm Rn  geOufficaria ca 

= EL,, 	 (4.40) 

HperAcTasma p14314x 3a ogeHe go614jeHe Ha OCHOBy 97, oncepHaumja. 

illiJb ceEBemAmjammx onena jecTe ,/Aa ce 1436opom 6poja oncepnannja Taj pvi3mx, 

o,nnocno nenntama Rn  mkinnminnpa. Lee 14 Sriram (1998) cy, nog npeTnocTanKom rtka 

je 
gel  14.9 	00 , 	3 > 1, 

goxa3a.rm Aa, 3a -y < s, 

	

{Qin } je ymmi/opuio kmTerpa6n.nan. 	 (4.41) 

Kai-zo 3a oueHe 8 n  Da-.4u4 (Petruccelli and Woolford, 1984) 

_ 19)Tr n (en  ..._ 0)  __> 	n 	oo, 

TO H3 (4.41) c.ne,Ekvi ,Eka je 

R n  = 2n-1  Ao 2  n o(n-1 ), n oo. 

To omorytiana ,rka ce 3a 

	

no (A) -"Dia 	 (4.42) 

Ao6Hje MIAHHMaJIHM pi/1314x 

Rno(A) 	 (4.43) 

	

Haparmo, aRo a Hmje no3HaTo, n o (A) He mo)Ee 	ce I<OPI4CTM. Melbrrnm, Ea rEka 

a2 , xoje je rzikaTo ca (4.16), 3amem4mo ca Fi 2  MOM<CMO ,ga gc(pimunuemo npaHnno 

3aycrawbaH,a TA Ha c.negehm HaMMH: 

	

TA = in f In > nA : n > 	 (4.44) 

r,ge je //A notieTim 6poj oncepnagnja y 3aBVICHOCTI4 OA A. Y TOM cnyqajy ynory 
no (A) vusna TA, a ocHosHm 3a,EkaTax je npogeHa acHmirroTcxor noHamaffia TA, O,DHOCHO 

ETA, Rao VI RA = ELT,, xa,rka A oo. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



4. OI.EIIE IIAPAMETAPA SETAR MOJAEJIA 
	

97 

Lee vi Sriram (1998) cy ri:koRa3am4 ga je npam4no 3aycTaimama TA ,25kaTo ca (4.44) 
aCLIMIITOTCKM eqn4Ka,crio, a ,go6mnvi cy I4 H.,eroBy acvimmoTcxy pacnomny, Koja .je 
gaTa y caegehem TE314e}by. 

TeopeMa 4.4 Hexa je Ele i rs < oo 3a s > 2 u 9 E e. Ar.o jc 710iteMUIL 6poj oncep-
ea4uja nA  m,a7ca,e da je 

AI /2(1+6)  < nA = o(iA), 6 E (0, (s — 2)/2), 

ma 3a, 3a A —+ 00, 

TA/n o (A) 2L-% 1, E (TAIn o (A) — 1) 	0, RA/R no ( A ) —+ 1, 

(TA  — 2Aa) af274-a 1;4°  N(0, a2 ), a2  = Var(el/a- 2 )/4. 

4.2.2 Heno3naTH nparoBli 

Y npaKcli cy Hajtaeulhe nparoBli ri HI1O3HTM H Tpe6a Hx oucHliTli Ha ocHoBy 

oncepBaulija. Pa3MaTpajyhH npo6neM oueHe npara y mogeny 

Xt  = a()  ai Xt _ i  -I- • • • ap X t _ p  + (bo  bi Xt _ i  -I- • • • + bpX t _ p )H(X t _d — r) + E t , (4.45) 

rge je H Heaviside-oBa tiwiniglija, Chen and Tong (1986) cy yBenli vigejy rnamor 

npena3a H3 jegHor pexi:lima y gpyrli. HaMMe, ymecTo thrHxulije H yBenli cy (I)ymo.wijy 
F HopmanHe pacnogene, 

Xi  = ao  ai X t _ i  + • " apXt _ p  (bo  biXt _i -I- • • • + bpXt_p)i•, (Xt-d 
 — r ) + e t , (4.46) 

rge je z peanaH napameTap KojH Actin/li/lute mame urn slime rnagaK npar, ogHocHo 

rnagaR npena3 143 pewlima ogpeteHor napameTplima a o ,a 1 ,...,ap  y pe)EVIM ogpeteH 

napameTplima ao  bo , a l  b1 ,...,ap  + bp . Ha oBaj mogen mory ga ce nplimeHe pe3yJI-

TTM M3 4.1 3a oueHe KomnneTHor BexTopa 9 HeII03HaTMX napameTapa 

0 = (ao ,a i ,...,ap , bo ,bi ,..., bp ,r,z) T . 

MetjyTlim, TO je HoBa Enaca moge.na Roja Hlije npegmeT oBor papa. 

Tsay (1989) je npegnowlio anpoNclimaamBHy ogeHy npara Ha ocHoBy gmjarpama 

pacTypama (scatterplot) npeypeljeHlix perpecMja. CBe ,gox cy oncepBaglije y Mc-

TOM pewlimy, peRyp3vmHe oqeHe napameTapa RoHBeprlipajy xa HOHCTaHTH, a Indm 

ce goga oncepBaglija H3 gpyror pe>xlima, oueHe ce memajy. MeyTlim, 3aRmytivi-

same Ha ocHoBy xklijarpama pacTypama moace ga 6yge cy6jeKTz43Ho, a camlim THM H 

npo6nemaTlilmO. 

Alto je npouec cTaulioHapaH H epro rgvmaH moryhe cy is:OH3HCTeHTHe oueHe nparoBa 

nomohy meToge HajmaH,lix KBagpaTa. 3a cayuaj p = d = 1 Petruccelli (1986) je 
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AoRa3ao ,tea je CLSE (Conditional Least Squares Estimate) onena r„ cTporo KOH3MC-

TeHTHEL, a Chan (1993) je HCTO TO noii:a3ao 3a 11p01/13B0JbHC spenHocm napaMeTapa 
p H d. Chan je pa3maTpao c.riyuaj 1 = 2 H pi = p, oAnocno 

+ • • • + a LpXt _ p  E1 t, Xj_d < r, 
Xt  = 	 (4.47) 

a2 , 0 	 + ' • • + a2,pXt-p 	E2,t, Xt - d > r, 

r,rke je 

E6i, t  = 0, 	Ee? t  = cf?, 	i = 1,2. 	 (4.48) 

Axo je 
\' 
	i 	2 Ai = 	ao 	ai,p )

7 
 , 	z = 1, L 	 (4.49) 

H 

(p t  = (1, Xt_1, • • • , Xt-p) T 	 (4.50) 

mina je 

Xt  = ATc,o t / (X t _d < r) + 	(pd.  (X t_d > r) Et. 	 (4.51) 

IlpeTnocTasvimo na je A l  A2, d < p H na je p no3HaTo. Ha ocHosy tuna oncep-
sarmja X 0 , XJ ,... , X„ reuepmcanor OBHM mone.nom onell,yjy ce KoeclummjeuTm a • • '7, 1 ) 
npar r H Kannbetbe d. HpM Tome je ocHorma npeTnocTamca na je {X 1 } cTanmouapax 
H epronwlau nponec. 

Hexa je 00  BeKrop HCI103HaTVIX napameTapa 

	

00 = (AT , A r, d)T 

	

(4.52) 

H 0 BeKTop MCTHX ,11,Hmen3Hja 

= 	, 	, ,s, c) T 
	

(4.53) 

npvi uemy je 

6 E 0, 0 C R2 P+3  X {1, 2, . ,p). 

CLS olAena O, je OFIa BpCAHOCT 6 Roja mkummkompa xpmTepirdym Q„(0), r,ne je 

Q„(0) = Y:(Xi — E0 (Xi I ~i-1)) 2 (4.54) 

i=p 

= argrnin Q„(0). 	 (4.55) 
0E0 

KaKo je 

Qn( 0 ) = (2 1, 7,( 0)+ Q2,n(0), 	 (4.56) 
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rAe je 
n 

Q1,7/( 0) = 	(Xi — BTc0i) 2  /(Xi_ c  < s ) , 	 (4.57) 

i=p 

n 

Q2,n( 6 ) = )---,  vi — BT,002 I (xi, > s ) , 	 (4.58 )  

i=r 

Qi,n(0 )  i = 1,2. 	 (4.59) 
ni 

Calla mvnimm3agrAja EpprrepHjyma Q n (0) mo:tKe ce peanmyje y Ase eTane c.ne,rkehmm 

anropJATMOM 

1. 3a...4)m<cmpaHo E R H c E {1,2, ... ,p) Heim ce mx4Hvimymm c.bymanAja. Q1 ,71  H 

C22,n nocnr.,,F.y y B1,71 H B2,n, 0,4HOCHO Heim je 

Bi,„(s, c) = argmin Qi,n,c(Bi), B 2 , n(s,c) (4 . 60 ) = argmin Qioisc(B1), 

B, 	 13. 

rge je 	
= 	 Q2 013c(B2) = 	 (4.61) 

2. IS 	,je cKyn BpeAHocTH npecnmcasana 

(s,c)i—+ Qn(B1,n(s,c),B2,n(3,c),s,c) 	 (4.62) 

NoHataaH, mom:emo 3a oneHe r„ 	,ga y3MeMO Hajmalbe oprosapajytie Bpe,flHOCTM s 

H c 3a Koje je 

Qn(B1,n(Fn.:4)7F7ran),B2,n 	) 	) 	
c), min 	Qn(Bi,n(s,c),B2,n(s; 	5 ,0. 

sER, cE{1,2,...,p) 

	

AB:o je 	

211, n  = Bl,n(Fn:an), A 2,n = B2,n(Fn:Cin), 
	 (4.63) 

	

oHrEka je 	

an = (Al,n)A2,n7 inrdn) • 
	 (4.64) 

E0113FICTeHTHOCT mikeHa 

3a AoKa3 KOH3HCTeHTHOCTH ol.wHa 8n  Chen (1993) je Hajnpe ca6Hprce chrinawje 

Q„ pa3no>rmo Ha no 12 HOBHX ca6Hpaxa TA 3a 1111,1X 143Be0 oiApetjeHa cHojcTsa. Hamme, 

aKO je 

Q46) = 	 e:( 6), 
	 (4.65) 

oneHe 3a c7 cy AaTe ca 

7 1 

1 =17 
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rr/Ae je 

e n (0) = X n. — 	Fn - i), 
	 (4.66) 

oH,Aa je 

c 27,(0) = R 1 ,„(0 ) + R2 ,„(0) + R3 , n (0) + R4 ,,(0), 	 (4.67) 

r,ne je 

R i , „(0) = 	— B1(p„) 2 1- ( Xn_c <3,Xii_d < r), 

R2 , n ( 0) = ( Xn  — B 1(o n ) 2 I(Xn - c < 3,Xn-d> r), 

n3 , n (0 ) = ( xn — B 2(on) 2 I (xn_c > 3,Xn-d < r), 

1?4 , n (e) = (x n  — B2(00 71) 2 I(xii_c > s,X n _d > r). 

3aMeHoM m3pa3a 3a X„ (4.47) 143 OBHX je,LwaxocTM Ao6vijamo 	je 

R i , n ( 0) = sbo,n ( 0 ) + 0 i ,2 ,, ( 0 ) + 00 , n (o ), 

uke je, Ha npvimep, 

	

01 ,1 ,71,( 9 ) 	E 2n  I (X c < 3  X n- d < r), 

(b1,2,n(0) = 71(A1 — B1)(PnI(Xn-c < 8,Xn_d < r), 

	

01,3,n( 0) = (( A1 	B1) (Pit) 2 /(Xn_c < S,Xn_d < 1'). 

(4.68) 

(4.69) 

(4.70) 

(4.71) 

Ho, npeTnocTam(om Ra je IX t ) cTagmoHapaH is epro,w-iaH npoucc ca KoHatumm 

momeifruma Apyror pe,ga, chimcgvije 0i,j, n  VImajy jegao 3ajeAtmx-ixo CBOjCTBO, Koje .je 

vicEa3a,Ho cne,rkehvim THpbeH,em. 

Mewl. 4.1 Axo je Ur (9) ied710, p - oxo.nuata, 3a, 0 E 

"U„(0) = {0* = (B4  B;`, s* c) : 113; — Br I </1, 1, 1B; — B21 < 	P 	< P} 

ouda 3a i = 1,2,3,4 'IL j = 1,2,3 oaalcu 

E sup 10i,j,n(r) — 	j, n (0)1 	0, p 	0. 
0* EU„ (9) 

143 osvfx cHojcTaBa, mmeby ocTanor, cne,m4 	je 

(4.72) 

( E 	in f.  (X,0_ 1  — E9. (Xn+111-n)) 2  —+ E(X, 1 4.1 — E9 (X.-F1 t-T-0) 2  , ( it —+ 0) 
e-Eu,,(6) 

(4.73) 

HITO 0M0Fy aB a. 	ce ,goBla>Ke Aa 3a CBa1011 OTB0p CH etc:yr' V HeKropa Op IlOCTOjIll 

no  E N Tax() 	je On  E V 3a n > no . HaHMe, Bawl cze,rketie THp/jeme (Chan, 1993). 

TeopeMa 4.5 Axo je {X t } cmauuouapau u epzodunan npoucc roju uma xonanne 
Atomenme dpyzoo pact u a,xo cma,uuou,a,pua pacnode ✓ta 3a (X I  X2 . . . X p ) uma ceyda, 
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no3v,m,uerny zycmulty, mada, je en  cmpozo 7conaucmeum,n,a, otyena 3a 0 0 , a, al„ u 622 „ cy 
romemeumue ovue as Q1 u cry . 

ACHMIITOTCHa pa.cnoike.na  sauena 

3a a.cramnTurcxy pacnoAany oueua e, y  cy noTpe6m4 ,goAarmei yCJI0B14, npm Liemy 
cc MOiKC y3CTVI Aa je napamurap d riO3HaT, oxiocrm Aa je 

0 = (BT, B T , 3)T . 	 (4.74) 

Heha je 
Xn = (Xn) Xn _i, • . • Xn_p+1) T . 	 (4.75) 

YBeAmmo oApebeue yc.none 3a {X„.}, {e n } vi ay'roperpeckmuy cjiymau4iY. 

YCJIQB 4.1 17pouec {X n } je cmauuonapan, zeomempujocu epzoaunan ca jeauncmee-
nom uneapujanmnom mepodu 7r. 

YCJIOB 4.2 Tycmuna pacnodefte 3a e n  je ceyda noaumuona a ynuOop.muo nenpexudna, 
npu 'te..ty je E(4) < oo. 

Yc.nos 4.3 Aymopezpecuona Oynxuuja, u.ma npexua, ONOCUO nocmoju cp*, zae je 

=(1,x p_i, X p _2, 	X0 ) 
	

(4.76) 

maxo da je 

(A 1  — A2) . 50* 	0, Xp-d = r. 	 (4.77) 

Hajnpc cc AoKa3yje ,z-ka je (Melia 'warn it - IMII314CTCTITIM, 0ATI0CITO ,11a. 11:1>KI4 

cneAehe Tspljelbe. 

Jlema 4.2 Axo cy ucnyrbenu yc ✓toeu 4.1-4.3, onda je 

In =r+Op (1.171). 	 (4.78) 

3aTHM ce Aeclimmate npouec {L n (z)} 3a z E R Tax° Aa je 

L n (z) = Qn  (.13 1 , n  1 r + 	, B2,„ 	,r 	z) — 	(13 1 , n (r),B2 , n (r),r). 	(4.79) 

3a ormc acyparroTcxor noilamama npoucca {L„(z)} ce nocmarpahr Asa He3arivicua 

crio>xerm (compound) Poisson - (ma npogeca {L (1 )(z),z > 0) vi {L( 2) (z),z > 0}, o6a ca 

6p3kmom 7r(r) 14 TaKsa Aa je L (I) (0) = L (2) (0) = 0 cxopo cHrypuo m Aa cy pacnoAeRe 

cNoKoria Aare yc.nosumm pacnoAenama 3a (1 14 (2 nprA ycnosmma Xp_d = r- H Xp-d 
rAc je 

= (A. 1  — A 2)4op ( 2ep + ( A 1 — A 2 )(Pp ), 
	 (4.80) 

= (A2 — A1)(pp(2ep + (A2 — Ai)(Pp), 
	 (4.81) 
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a r_ 14 r+  o3Hatiasajy ycnose 

r — < Xp _d <r, r < X p_d <r + 8 

npvl (5 - 4 0+ . 

Pacno,Ekene cKoKona cy anconyTno Henpexmxie ca 1103TATI4B1114M ouemsarbem, na 

HocTojH cnymajaH raffrepHaz [M_,M+ ) Ha Eojem Hpogec {L(z)}, r,z;e je 

L(z) = L (I) (—z)/(z < 0) + L (2) (z)/(z > 0) )  z E R , 	 (4.82) 

nocrwEe CBO.i r.no6a.aHH MVIHVIMyM. 

3a ripogcc {L„(z)} Baji<14 cne,rkehe Tspr)erbe. 

Jlema 4.3 Ilpv, yc.aoeuma 4.1-4.3 y npocmopy D[O,c)o) x D[O,co) (ea Atempuvom 
Cropoxoda) ea.atcv, 

({L,(—z),z > 0}, {L„(+z),z > 0)) .) (I.L (1) (—z),z > 0), (L (2) (1-z),z > 0)) (4.83) 

143 npeTxogne ,TABe zeme CJI C,11,14 

D 
71,(F„ — r) > ./1/_, (4.84) 

rge je [M_, M+) c.11ygajim HHTepHan Ha xojem npogec {L(z)}, AecinnivicaH ca (4.82), 
nocrvriEe F1106aJIIII4 myrnmmym. HpFI Tome, n(F n  — r) H V77,(2 1 ,„ — A l , ;12 ,71  — A 2 ) cy 
aCHMITTOTCEM He3aimAcHvf, o memy rosopm cne,geha Teopema (Chen, 1993). 

TeopeMa 4.6 Ilpu yc ✓toezt.ma 4.1 - 4.3 eaalcu (4.84), a npoive 

\Fri(A 1 ,,, — A i , 22 ,n  — A2)} 

uita acumnmomery pacnode.ay rao y c.aynajy read je npaz r noanam a aca.mnrnomerat je 
n.eaaeucot Od rt(F„ 	r). 

AcrAmnToTcKa pacnoAe.na ()gene npara AaTa ca (4.84) m (4.83) mAje noroAxa 

3a ox(pebvisalbe miTepsana nosepema. 36or Tora je Hansen (1999) voseo npVIx-

saT.TbmsHjy aCLIMIITOTCKy pacno,Aeny 3a rn  3a c.nytiaj perpecvionor mo,ikena ca nparoM, 

a.rn4 no,4 npeTnocTaBKom ce pa3mknca napameTapa y pe)Kmmvima cman,yje ca nose-

haffiem 6poja oncepBamilja. Hamme, aKo je 

X 	

AVP ri + en, qn 
n 	A2(Pn + En7 qn > 
— (4.85) 

r,rke cy perpecopFr p - Ammex3monanne cnyTaaixe npomerubmse co n , a qn  c.nyliajna npo- 
MCILTIMEN1, (Koji 	3i1,13I4C14 0,7A (P„), 	 je Ill)CTI1OCT;113140 An. je. 

A 1  = A (n) = A2 + (in 	 (4.86) 
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n nog ogpebennm ycnonmma goxa3ao ,na meTog najman.reix KnagpaTa gaje onene Roje 

nmajy mcra CBOiCTBa xao °gene napameTapa, y Ta1Co3nanom change-point mogeny. 

Hexa r nplanaga orpannuenom cityny r = [r', r] LL HeKa je 

Dr  = E((piyaT I  qi = r), 

Vr  = E((picpre I qi = r), 

Ur =E(IIpII 4 e~ I qi = r). 

Axo je fr  rycTima pacnogene 3a qi LI axo je 

Dro , V = Vr 0 , f — — fro, 

rake je 7' 0  Tatma spegnocT npara, upeTnocTamilmo 	Ba>i< cne,Hehm ycnoH. 

YcJI0B 4.4 I. lipoucc ((p„,q n ,s„) je ernpozo cmauuoug.pau, fl - npo.m.eutan ca xO-

eOuuujeumu.ma 0i, npu nemy je [3i = 0(pY) 3a new() 'y > 6; 

2. E(ei I Ti_ 1 ) = 0; 

3. E Ilwill 4  < oo, E led' < oo; 

4. fr , Dr, Vr  u Ur  cy nenpexudue y r = ro; 

5. S T, = cn-cv 3a c 0 u 1/7 < a < 1/2 — 1/-y; 

6. cTDc> 0, cTVc > 0, f > 0. 

Heim cy 1471(p) n W2(1) ,DHa He3aBLICFM, BpayHosa HpeTa.H.,a Ha [0, 00) 14 HeKa .iC 
W(p) Bpaynono xpeTame Ha R gecinfnincano ca 

W(p) = 

Hansen (1999) je goxa3ao ga Ba)i<m 

TeopeMa 4.7 Ato eatcu yertoe 4.4, 

n1-2 a (r„ 

zdc je  

(.0 

T = argmax 
—co<r<oo 

< 0 
WO--11')'  p, = 0 

{ W2(0, 	p > 0. 

cnegehe Tspbeme. 

ouda

D  

• 

(4.87) 

(4.88) 

(4.89) 

(4.90) 

— ro ) —4  W 

CryC 
= 

(cT D c) 2  f 

[W(r) 
	21d ] 
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AK0 ,je E(4 q 1 ) = u2 , 'raga je V = a2 D, na ce cpah:Top w (4.89) Kojm cKanmpa 

pacno,Beny T 113 (4.90) ynpoLuhaBa, ognocno Tarqa je 

o- 2 
(4.91) w= 

(cTDc)f • 

Nam,  je pacnogena 3a T no3naTa, 

2; r  x p — 	, up\  x 	( 3 	\ -; 	
2 	

x > 0 5  (I) 	\ 
2 ) 	2 ) 	) 	— 

P(T 	x) =1 -I- 	 x ) 4- 3 	( ) 1.)  

P(T x) =1 — P(7' < —4 x < 0, 

r,ne je III (kyillqmja crangapgne nopmanne pacnogene, TO je acrAmnToTcRa pacnogena 

°gene npara ynoTpe6mmna 3a CTaTIICTYPIEC TCCTOBC. 

OB14 pe3ynTaTm mory 	ce npmmene m 3a cnymaj SETAR mogena arc() ce y3me Ra 

je q„ = Xn-d, a (,on, A l  /4 A2 Accinnimaly je,n;HaRocTmma (4.50) 14 (4.23), npm liemy je 

Al = Ai (n) = (ai,o(n),(11,1(n),...,ai, r (n)) T . (4.92). 

YMecTo penagmje (4.86) Hoye ga ce geciwnivnue Beni/IT -um an  Koja oApetyje pa3nniq 
vomcl)y AI 14 A2 

= n.(A (n) — A.2) T D(Al(n) — A2)f. 	 (4.93) 

Arco ce npeTnocTarna Aa je {e t } HI113 He3aBvicHmx Beurqvina ca MCTOM pacnogenom Koja 

Ylma, HeripemgHy H csy,40, Ha K 1103HTHEIlly rycrYiny H Ra je 

E (E 2n ) = a 2 , Ei e,d2+5 < 00 	 (4.94) 

3a HeEo 6 > 0, Tarzka ycJioBJ 

< 1. 	 (4.95) 
i=1 

o6e36eyjy cTagmona,pnocT 14 reomeTpHjoxy eprogintmocr, uvime cy mcnyn,cme ripnc 
Tpm Tauxe ycnoBa 4.4. Y3 ,n0,4aTHVI yCJI0B 3a A n  143 ripeTxogrie Teopeme Ao6mjamo 
acmmrro-rcxy pacnoxceny olAene npara 3a SETAR mo,rken, oxiocHo Ba>xvi cnegetie 

TB pl)e}be. 

TeopeMa 4.8 Axo 3a SETAR mooed?, eaorcv. (4.94) u (4.95) u aro 

mada 

An —* 00 7 
A 

0 (n 	oo), 	 (4.96) 
Ti 

D 0.2T, 
An(Fn — r) 

ode je T pacmodc.na, deffiunucaua ca (4.90). 
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Henpemwan SETAR mo,rke.a 

Pe3ynTaT Kojii je ,no6Ho Chen (1993) noKa3yje ,,tka je 3a n - HOH3VICTeHTHOCT ogeHa 

npara (Ao6HjeHmx. meToAom Hajmammx Esa,rkpaTa) 624TaH npeia4,4 ayToperpecmoHe 

chTmalmje. AKo je ayi-operpeckloHa chumiwija Henpemxia, oH,qa ce y3 0,4pol-rile 

xkoAaTHe.: npeTnocTasxe Ao6vIja cTaH,gapAHa iZ KOH3HCTeHTHOCT H acmmnToTcrca Hop-

ma.nHocT °Ilona npara Koja, .je xopenxcaHa ca ogeHama ocTa.nva na,pameTa,pa. 

HenpeKviAHTA SETAR, moxken maaKe Aa co npeAcTam4 y o6nmxy 

ad_(X i _d — 	o- i E t , Xt-d < r 
Xt = a0 + 
	

ajXt- j ad,(Xt_d — r) + 0- 2Et ;  X t_d > r 
	(4.97) 

YCJIOBHO 0I-ICKHBathe 3a Xt , AaTo 

E (X t  I Ft-1; 0) = ao + 	aiXt _i + ad_(Xt_d — r)_ + ad,.(Xt-d — r)+, 	(4.98) 

j=1,j1d 

0 = (at) , al,• • • ,ad-i,ad_,ad+,ad+,„...,ap,r,d)T, 	 (4.99) 

je Henpem4,74Ho IIo Xt_1,Xt_2,...Xt_p, anm HVIiC ,414(1)CpCIIHVI.ia6kum0 IIa xvineppannvi 

Xt_d = r, na Ha osaj moJkeJI He mory CC npvimcHe pe3YJITaTI4 JA3 4.1. MCIVTIAM, 

Henpera4,4HocT C je,a;He cTpaHe Aaje morybHocT Ao61,4jama aCHM1ITOTCKe pacnoAene 

orAeHa, a c Apyre cTpaHe yTmue Ha 6p3MHy xoHsepreHAvije o4eHa npara. 

AKo cy 	 oncepsawaje 1,4 aroo je 

argmin (2„, 

n+p 

'I) 
	 (4.100) 

1=p+1 

('. t 	Fn), t-d„ 
	 (4.101) 

n-Fp 
(4.102) n i  = 	1 (X t _2 .  5 r,), n2  = 71. — n i , 

t=p+1 

Taxka 3a KOH3HCTeHTHOCT ogeHa swum VICTO TiEtpelse Ica° H y c.nytiajy SETAR momma. 

TeopeMa 4.9 Aro :lc {X t } acOunucau ca (4.97) cma,luouapau u cpzodunau ca wo 

uauumns apyzum mo.m.cumom u a,r,o cmaisuona,pna pacnode.na 3a (X J ,X 2 ,...,X 1,)" 'rata 

ceyda noaumueny zycmuuy, ouda 

-en 	es, 
9.9. 

al 	al 
9.3. 

az —4  az, (n —) 00), 

r,ae je 

npvi LieMy. je 

a 

a l = 

r„tke je V
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zae je 0* 	epednocm, na,pamema,pa. 

I~a1<o j e 	ROH3VICTEHTHa olAexa, TO je cKopo cvirypHo 2„ = d 3a ,L10130.11.110 Benvmo 

n, 11a ce y AaJbel4 d 1430CTaBJba 143 Heil:Topa 0. 063HHpoM Aa je 

act 

4)0 	(1), 

oad_ 

	

act 	
= — (Xt-d — 

aad +  

ae, 
Or =ad_ T(Xt _d < 	ad+I(Xt_d > r), 

Am( HarkanmA 1/13B0,4 e t  no r 3a Xi_d = r He IlOCT0j14 (ma,rta Hocroje JICBH H ACC1.114 

napilvijamm H3Boxii), mo›Ke ce AeciniIHMcaTvi BeKrop Ht  Kojm mma, yHory napwrijasimAx 

143B0p1 pe3mAyaria et no BeETOpy 

H t  = 	 ..,ad_I(X t _d < r).-1-ad+ I(Xi-d > r))
T 
 • 

AEO je 

	

e t  = et (0*), 	Ht  = Ht (0*), 	9 = (as, ... ,a*d_,a*d.,,r)T  , 	(4.103) 

orijka je 

e t (0) = et + E(X s t I -Ft-1; e s') — E(Xt I •Ft-i;) + E(Xt 	; 	E(Xt I .71,_00; 0) 

= e t  + Hi (0 — 0 . ) +110 — 0 + 11Rt(0) 

R t (0) = R1 1 (0)-1- R21( 0), 

r,re je, 3a r > r*, 

R11 = (a (Xt_d r * )4. — ad_(X t _d — r)_ — 	(r — r*))I(r* < Xt-d C 01110 — 011, 

R2t =((a*d _ — ad- )(r* — r)I(X t _d < r*)+ (4+  — ad+)(r* — r)I(X t _d > r)+ 

+ ((a *d — ad_)(X t _d — r)_ — (a4 — ad + )(X t _d — r*) +)I(r* < Xt _ d  r))/110 — 011 

CJIHKIHO 3a r < r*. 

143 I43pa3a 3a et caegvi ,Lka je 

4(0) = 4 -I- a t iliT (0 — 0*) (0 — 0*) T  t Hi'(0 — 0+) +10 — 0*11471 (0), 	(4.104) 

rge je 

WO) = 	O*11/4(0)+ 2e t R t (0) 2R t (0)Hr(0 — 0*). 	(4.105) 

= — 1, 
0a0 

aet 
— Xt_j, j = 1, 2, . . 

aaj 

ac t  
= — (X t _d — 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1 

t=p-1-1 

Ctn./ 	Af(0, V), 	77, -4 00, 
V.77/ 

(4.107) 
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110,4 npeTnocTaBKom ,rca je chrxmAvija pacnoAene 3a craqvioHapHo X t  orpaxprcaeHa y 

OKOJIHHH npa,ra, ,rkoKa3yje ce ,rka 

E(4(0)) je noxa.axo KaarrkpaTHa chrxmAvija y 8 	 (4.106)* 

OCHM Tora, npema ucenTpa.Tmoj rpaxwmoj Teopemm 3a mapTvirane, 

r,rke je 

V = E(411J-17). 	 (4.108) 

Y3 Aorikamy npernocTasKy ,Eka je {X i } cragvioHapaH npoqec Kojr,4 je p  - npoMemaH, 

Aoxa3yje ce ,Lka 

1 
	n 

i=p+i  

Hpema yonurretby TeopeMe 5, cTp.144 (Pollard, 1984) 3a c.nyuaj cTagmonapHor 

eproAmmor npoileca, H3 (4.106), (4.107) H (4.109) Ao6x4ja ce cne,rAehe Tepbeme 

o acmmnToTcKoj pacnoxke.nvi ()germ.. 

TeopeMa 4.10 (Chan and Tsay, 1998) Hexa je npoucc {X i }, deOunv,eart ca (4.97), 

[3 - npo.meulan u nera je EIX1 Ia < oo 3a a > 2. Arco je Opocicuja, paenoderie 3a ema-

uuoitapuo X t  ceyaa no3umueria u ozpautmena y Or0.1t1LHU /yaw, maaa 

fri.(8„, — 0* ) Ar(0, U -1 VU), 7/ 	00 

zde je 
U = E(Ht111)• 

4.3 METO,LIA MAKCHMAJIHE BEPOJLOCTOJHOCTI4 

HHCHT4pHCaH pe33r.nTaTvima xoje je Xp06H0 Chen (1993) 3a meTogy Hajmaffivix xsa-

,rkpaTa Qian (1998) je y csojoj AoKropci-coj AvicepTawfjm pa3maTpao meTom maxem-

marnie Bep0,40CTOiHOCTH, 'npvi iieMy je ,406H0 CJIHI-Ma acHmnToTaca csojcTBa oLlexa 

SETAR mo,rkena y3 o ygpebeHe npeTnocTaexe o pacno rrAenama pe3mAya.na. 

Hexa je /Am. SETAR(2;p,p) mo,rken Accinam,4can ca (4.47), Heim je 0 0  sexTop neno3- 

HaTvix napameTapa ,rkaT ca (4.52), 9 Bercrop VICTIAX AmmeH3vija ,gaT ca (4.53) H Hexa 

je 	
A = (AT , Ai  T  , B = (BIT , B'21' )7' • 	 (4.110) 

(Wt (0)— E(W1 (0)) je croxacTvitmvi pasHomepHo HenpeKviAaH y 6'. (4.109) 
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AHo je 

Xt  = (Xt_i,Xt-2,• • • ,Xt-p) T , 	 (4.111) 

mo,rkeR (4.47) mo -)Re ,ria ce npeAcTasm y o6.0.4Hy 

X t  = h(X,, 00 ) + e t , t > 1, 	 (4.112) 

npvi tiemy je, 3a 

	

x = (x 1 ,x 2 ,...,xp )E RP, 0 E R2 P+3  x 	 (4.113) 

cpyruilwja h Aelnam4catia ca 

P 	 P 
h(x ) 0) = a,1,0 -I- )

I
, ai,kxk I(xd < r) + a2,0 + Yii.  0,2,kxk I(xd > r). 

( 	
(4.114) 

HpeTn:ocTaHmmo ,a 00  npmnarEka yHyTpauni,ocn4 cxyna R2 P -1-2  x 11 x {1, 2, .. .) , rAe je 

R = R U {—oo,00}. Ta,rka nocrojm KomnaKTax HoAcKyn K cxyna R2 P+ 2  TaKaB ,Eka 00 

 npmria4a curly () =KxRx {1,2, ... ,p}. 

AEO ,je  0 E 0 I4 REO je g9(X 0 ) ryc-rmHa. pacno,gene 3a X ()  no,g ripcTnoCTam<oM 

0 = 00 , a f rycimHa pacHoAe.ne 3a Et, Tartka ,je (kyHHIAmja DepoAocTojHocTm jeAHaxa 

L„(6)g9(X 0 ), npn qemy je 

L„(9) = H f(Xi — h(Xi-1, 6 ))• 
	 (4.115) 

OgeHa maHcmmanHe Hepo,LkocTojHocTm 

an  = 	2„)7' 	 (4.116) 

je AaTa ca 

on  = argrnax L„,(9). 	 (4.117) 
0E0 

063mpom Ha cHojc-rHa HapameTpa r 14 ci]yrniAmje L„(0), 3a olAeHy 9n  MO)-He ,rka ce 
AeckmHmule cneAehm anropmTam: 

1. 3a cbmi(cmparm s E R 1,4 c E {1,2,...,p} Hexa je 

L„„(B) = Ln (B,s,c) 	 (4.118) 

m Hexa je 

B,(s, c) = argrnax L„,(B). 	 (4.119) 
BE K 

2. flocmaTpajmo npec.iimHanaH,e 

(s, c) 	L 7 (13 7,(s, c), s, c) 	 (4.120) 
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ICI nimmeTvImo Aa Ln(B n(s,c),s,c) mowe Aa, ymma canto xoHatmo mHoro pa3J11/11-114TMX 
Bpe,r(HocTm. Hexa cy rn  14 2n Hatimarbe ogronapajyhe BpegnocT14 3a ,s H c 3a Roje je 

14 Heim je 

Ta,na je 

L,(Bn(n.,2n),F.,27i) =max 	.L.(B n (s, c), c) 
sERcE{1,2,...,p} 

A n Bn(Fn)2n)• 

(4.121) 

(4.122) 

= ( 71Tn) r
n) 'any . 	 (4.123) 

Ha ocnoBy ,gecfnuilinurije A n , rn  H 2n  c.ne,gm Ra je 3a cBaxo 0 E 0 

Ln (8„) = L ii (2„,Fn ,d,z )= Ln(B„(1.„,2n ),Fn , 2n ) > L n (Bn (S, C), S, C) > L n (0) , 

na je 

Ln( 211 n)in,2n)= SUP L n (0). 
OE0 

HpCMa Tome, On  je 3ancTa ollena maxcmmanne Bepo rrocTojnocTvi 3a 00 . 
HapaBHo, 3a F-„ r,4 2n  ne mopajy ce 3CTM najman,e ogroBapajytie Bpe,,nnocTvi 3a 

s H c, Berl 6n.no Koje spegnocT1.4 3a Koje Bawl (4.121). 

4.3.1 E0113FICTeHTHOCT oikeira 

3a ,goKa3 KOH3VICTeHTHOCTH ogena 8n aeonxo,aaa je npeTnocTarma ,r4a je npo-
uec {Xi ) crannonapan 14 eproxinian. Hope,z Tora, noTpe6He Cy H o,npetene npeT-
110CTF1.BKC 0 ryclwrfur pac.no,nene. f c.nymajnux 11p0MCILT1,141314X El. Tieun, je 

(7o = 	f = 	cp 2 (x)f(x)dx 	 (4.124) 

14 Heim je Lip(1) cuyn cpyinanAja g 3a xoje Waxen JInnaingoB yc.noB 

Ig(x) — g(y)I < LIx — yl, x,y E ./Z, L > 0. 	 (4.125) 

YBe,1414M0 H ,40,4aTHVI yCJIOB. 

Ycaos 4.5 Opocuuja f je ancoitymuo nenpexudn,a, no3umuena rya R u maicea da je 

cP E Lip(1) u ./(f) < oo. 

3a npoLlec {X 1 } Ba>tcm c.ne,ikehe Tsptelbe (Qian, 1998). 

Teopema 4.11 Hera je {X i ) cmanuonapau u epoduatan npove 3a voju eamcu yerwe 
4.5. Tada 

3.8.  00  (n 	00 ) 

Y AoRa3y oBe Teopeme B:mytany y.nory vima cne,gehe nomotino Tspben,e. 
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Jlema 4.4 Aro je U9(v) jedua v oto.n,v.n,a 3a 0 E 0, 

U9(v) = {0* E O : 0* =(B*T „ c)T , IB* — BI < v, Is* — sI < v, v > 0}, 	(4.126) 

oath nod ycitoeuma Teopeme 4.11 eaotcu 

E sup 10(X07 6 1, 9* ) —  CX07 6 1, 6 )1 —4 ' 0, (v--> 0), 	(4.127) 
0-Eue 

npu nemy je 

143 Teopeme cnerui Aa.je cin  = d, TaEo ,La ce y Aubem pa3maTparby HpeTTIOCT8BJba 

rrka je napameTap d no3naT. 

flperm,g (1)yrnanAje hyx=r gaje moryhHocT rrka ce Ao6mje jauvi pe3prraT 3a 

orAeny r 1Z  Her103HaTOF npara r, 0,11,HOCHO ,rka ce Ao6vije n - KOH314CTeHTHOCT TC OIACHC. 

AMA, napasno, noTpe6nvi cy cylegenvi AO,EkaTHVI yCJI0B111. 

YcnoB 4.6 45 yroquja, cp je ou0cperoiuja6u.ana, npu nedgy je (pi E Lip(1). 

YCJIOB 4.7 3a 	je ElE 1 1 4  < oo. 

oamx ycnoBa noTpe6Ha je join H reomeTpmjcKa eprogmtmocT npoJAeca {X 1 ), 
OAHOCHO na>Em c.ne,gelia TeopeMa. 

TeopeMa 4.12 Axo cy ucnymeuu YC160e1L 4.1, 4.2, 4.5, 4.6 u 4.7, ouda je 

In(rn  — 01= Op (1). 	 (4.129) 

4.3.2 ACHMIITOTCEa pacno,vna oikena 

3a oneny An  neno3naTor Deli:Topa A mowe ,r(a ce Ao6mje acmmwroTcF.a pacno,Ekena. 

Hera je 3a (Imins:cmpano s vI no3naTo d ,rkelwan4calia ctiyman4ja 0, la oxorama UB (c.minio 

xao y Jlemm 4.4) 

8(Xo, el, B) = 7,b(Xo, 	B, 5 ), 

UB(v) = {B* E K : 113* — Bl< v} . 

Taga Ba.)Ell c.ne,ilehe nomormo Tripteme aHanorno JTeMN 4.4. 

Jlema 4.5 3a B E K, npu yutoeuma Teopeme 4.12, eatcu 

E 	sup 	1 71)9(Xo,e1,B * ) - 09(Xo, 6 1 r -8)1 	(V -4  0). 	(4.130) 
SETi, 	r3(v) 

0(x0,E1,0)= in
f(e i 	h(X1,00)— /4)(1,0)) 

	

• 	 (4.128) 
f(E1) 

flomohy OBOr Tspel-ba ce AoEa3yje ,tea /Ms) nma yHWI)OpMHO CBOiCTBO (no s) y 

kncrepaany [r — 0/n, r f3/721 3a CB aRVI 110314TI4BaH 6poj /3. 
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TeopeMa 4.13 Arco 3a {Xi} eaxu Yc.noe 4.5, m,a0a je 

sup 	Ilin (s)— Al = o p (1) 
	

(4.131) 
Is-r1513/n 

aa, 0 < < 00. 

Y3 Ao,gaTHe ycnose 4.6 vi 4.7 ce Ao6Fijajy pe3y.irraTH camtnnei pe3y.nTaTiama Hoje 

je Ao6Ho Chen (1993), &rim 6e3 npeTnocTanHe o Paycasoi pacno,4e.in4 3a en.- 

TeopeMa 4.14 Axo aa, {X i } eassce C ✓ 0Ent 4.5, 4.6 u 4.7, onda as 0 < 10 < 00 

sup 	V7-1, (iin (s) — 	±4  N(0,G -1 ), 	 (4.132) 
Is-r10/n 

zde je G Atam,puua xoja aaeucu od E l  u X o . 

M3 one Teopeme c.ne,414 Aa je 

sup 	kfii(:6„— A)I = O p (1) 
	

(4.133) 
is-r1<f3 /n 

3a acHmnToTcxy pacnoAeny ogeHa npara ce Ao6i4jajy pe3ynTaTH aHanormi pe3y,n-

TaTmma M3 TeopeMe 4.6. Y rii3Hobemy acHmaroTcxe pacnoAe.ne 3a rn  Hajnpe ce, 3a 

z E R, nocmaTpa HM3 npogeca {/ n (z)} ,rke4mmicaH ca 

ln (z) = —2n (/„ (.13„ (7- 	Tiz ) ,r 	.-r-iz ) — ln (B n (r),r)) , 	(4.134) 

r,ie je 

ln (B s) = 	
f (X i  — h i (Xj_ i , B)) 	

(4.135) 
f(Ei) 	' 

a 11 8 (x, B) = li(x,B,$). Kam). B n (r z/n) anpolccvxmvipa A pasHomepHo no z Ha 

orpaHwaenom cisyny (npema, Tcopemg 4.12), 7„ mo>Ec Ra cc anpoEcvnAvipa ca in , r,a,e 

je 

in (z) = —2n (in  (A, r 	— l n (A,r)) , 	 (4.136) 

0,II,HOCHO Bara<vi caexkelle Try 

.ilema 4.6 Aro sa {Xt} easice Yc.n.oeu 4.5, 4.6 u 4.7, onaa as 0 < A < oo easscu 

sup 17„(z) —1„(z)1 = op(1). 	 (4.137) 
Izio 

rlpeMa TOMC, aCHMIITOTCKa CBOjCTBa MpOIACCa {771 (4 z E R.) H (in (z,z E R.) cy 

Hem. 3a OHMC acmmnToTcHor noHatuama npogeca li n (z)) ce nocmaTpajy "pa He3axi-

vicHa encl ./Kelm Poisson - oria. n.pogeca (/ (1) (z), z > 0) H 11(2) (4 z > 0), o6a ca 6p3HHOM 

g(r) H Tali:Ba jC / (1) (0) = 1 (2) (0) = 0 mop° cmrypno cy pacno,Ekene ci<oHona 
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gaTe ycnommm pacno,genama 3a (i m (2 npm yc.nonmma Xp_d = r_ 14 X p _d = r+, rge 

je 

f(E1) 

(1 = —2/n
f(E1 — (A2 — A1) T(101)  

(4.139) 
f(61) 	 • 

Y c.nytiak faycoBvix pacno riAena 3a E n  °He jertcHaKocim ce cHoge Ha (4.80) m (4.81). 

Haxim cnegetie THpea,e. 

Jlema 4.7 Aro je {X L } cmaytonapan u epzoounan, rtpouec 3a coju eaateu ycitoe 4.5, 

mad(' y npocmopy D[O,00) x D[O,00) (ca mempu7com Ocopoxodo,) 

( 11 (1) ( _z), z  > 0} 11 (2) (+2), z  > 0 1) . (4.140) ({1„(—z), z > 0) , 0„(-1-z), z > 0)) --4D  

3a Hpogec 1/(z), z e r), r,re je 

1(z) = /(1) (—z)_/(z < 0) + / (2) (z)/(z > 0), 	 (4.141) 

nocTO,JH cnyuajaH mrirepnan [M_, M + ) Ha Kojem LIMA rno6anHvi mmtmmym H Kojm 

,ec4mHivnue acmmn-roTcxy pacnoge.ny 3a F„. Ta pacnogc.na jc gam cRegehom Teo-
pemmv.t. 

TeopeMa 4.15 Axo 3a {X i } 6mo:cc Yc ✓toeu 4.5, 4.6 u 4.7, ouda 

D 
n(rn  — r) 	M_, 

a npolec -1172.( A n  — A) uma nopma ✓ ny acumnmomcxy pacnodeity xao y cArta,jy ?cad je 
npaz r no37-tarn a acumnmorrtcxu jc ne3aeucan, od n(r„ — r). 

4.4 POBYCHE OUEHE 

OnmTa Knaca oncHa ce ,go6mja axo ce ymecTo KsagpaTHor xpvrrepmjyma (4.55) 
HRH RpHTepvijyma maxemmaime nepo,gocTojHocTm (4.115) y3me 011111TH KpmTcpmjym 

X„; 0). Y cnytiajy mo,aena ca nparoBvima, rge He.nimeapHa arroperpe-

cHoHa 4)3THB:H1ja Hmje gvapepemmja6H.rma, Ha gal< HH HenpeKHAHa, Tej.nopos pa3Boj 

(4.1) :3a Q„ y 01(0.111.4HH Tatme HpegHocTI4 Go  He mo)Ke ce KOpHCTH. h.ao  UITO je Beh 

petieHo y 4.1 pe3yETaTI4 Koje je (1)opmy.mcao H goxa3ao Tjostheim(1986) 3a 011111TH 

EpwrepHjym Q„ nogpa3ymeHajy ,Tka je Qn  Ana nyTa AvickpemAmja6m.nHa cj)yHIcuHja no 
napaivreTpmma, 0 14 HC mory ce npvimeHHTH 3a "206J/dame oncHa SETAR, mogena. H 

mHorm gpyrm pe3ynTarm Kojm CC ()Aimee Ha 01111ITC (pubytlyjyrim m po6ycHe) °gene 

mmajy c.rivrtme yc.none. HeKa ce, Ha npvimep, oHeHa On  go6mja nemanamem jegHauvme 

=-2ln f
+ (A2  — A.1) Tw 1 ) 

(4.138) 

Gn(0; 	X2, • • • , X n ) = 0, 
	 (4.142) 
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r,ge je G 7, Bewropcxa ckymcgmja (estimating function) Hoja ce ,go61.4ja I43 xpviTepnjyma 
Q. 110 ,4 YCJIOBOM ga ,je Gn  HeripeicHAHo AvickepeHgvija6vInHa 4)ym(gkija napameTapa 
0 Sorenson (2000) je ,iao ycnoBe npvi Rojvima cy ogeHe "On , ,no6lijeHe peinaBamem je,n-

Hatume (4.142), li!OH3VICTeHTHe TA aCVIMIITOTC}C14 HOpMaJIHe. Y nrincepaTypvi 0 H,E4eHTH-

gniacaw4j14 .nvmeapHvix CTOXaCTI4 4-IKHIC cvicTema cc, Taxol)e, nojaBmyjy pe3y.nTaTvi ca 

CJIHT-IHI4M ycnoBvima (Davis and Vinter, 1985; Caines, 1988). 

C ,pyre cTpaHc, pc3ynTaTvi Koje Cy ,no6vini4 Chen (1993) H Qian (1998) 3a muro,ny 
Hajmarmax B:Barkpara H mcTorny mat<cmmanHe Bcpo,nocTojHocTm yonurraBajy nocTojelic 

pe3ynTaTe 3a rnaTEe HenvmeapHe ayToperpecmoue mo,gene (Klimko and Nelson, 1978; 
Hall and Heyde, 1980) Ha cnyuaj HezvmeapHvix mo,nena ca npelm,BHom ayToperpe-

cvmHom (1)yins:wajom. To yKa3yje ,Lka mma cmvicza nocmaTpaTH H online °gene na-
pameTapa SETAR mo,gena H o,npeAvrrm ycnoBe 3a Qn  npn Rojvima cy ogrosapajyte 
ogeHe KOH31(ICTeHTHe. 

IlocToje pe3ynTaTvi 3a HenimeapHe mo,i4ene ca arroperpecvioHom l)yHugvi[jom Hoja, 

Hvije AvickepeHgvija6vinHa, ann je HenpeEvi,nHa y JIHnumgoBom cnncny. Liebscher 

(2000) je pa3maTpao mo,ne.n 

Xt+1  = g(Xt,. . • , X t-p+1; °O) 	Et-1-1) 	t = P,P +1 ) • • • 	 (4.143) 

r,ne je {e t } HH3 He3aBrAcHmx cnyttajmax npomembvispix ca HCTHM pacno,nenama, 00 E 

O C RP H g : RP x l? HenpelimAHa (1)yHmn4ja. OH je, HopvicTehvi Bapvija1viom4 

lipHHHHII H3 Teopvije croxacTvituce onTi4mmagvkie, I43Be0 AoKa3 cTpore KOH3FICTeHTHO-

CTI4 ogeHa 3a Hexe '<mace po6ycHifix ecTvimaTopa. Axo je 

n-1 

Qn( 6 ) = 	 P(Xt+i — g(Xs; 6)), 
	 (4.144) 

t.p 

r,ne je 

Xt = (X t, Xi-1, 	, X t_ p +1) T 	 (4.145) 

ox,na je. M - ogeHa o rnpeeHa cliymcgvijom p : I? -4 R. Liebscher (2000) je 3a p 

EopvicTvio HepasHomepHvi JIvinnivigoB yCJI0B 

IP( 1 ) P(Y)I 5- L p(Ill ° 	lyr + i)tx - yI 
	

(4.146) 

3a a > 0. OBaj pe3y.nTaT moH-ce 	ce npvimeHm Ha Henpexvi,nHvi SETAR mo,nen (4.97), 

ann He ra Ha SETAR mo,nen (4.47). 

3a perpecvmHvi mo,nen Arcones (1997) je KopvicTvio pa3nviuvrre ycnoBe 3a chrlim pijy 
p. Y cnyuajy p(x) = ixI P  3a p > 0, Ao6vzo je pacno,ne.ne 3a a n (-en  — 00), rate KoHcraffre 

an  3aBvice oat p. CnMMHe pe3ynTaTe cy ,no6vinvi Bantli and Hallin (2001) 3a AR(p) 

MOACJI. 

Y cnyuajy z<aata je xpi4Tepvijym Q n  nerunkpenumja6vinna chrimuyija napameTapa 
0, 3a ,no6vijaH.,e aCHMIITOTCHI4X cBojcTaBa ogeHa napameTapa mo,gena BpemeHcxxx 

cepvija KopvicTe cc H meTo,ne emnvipvijcxvix npogeca (Andrews, 1994; Caner, 1999). 
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Y oBom Aegy ce goKa3yje ,rya 3a mace EpraTepvijyma TIAIla (4.146) mory 	ce 

Ao6vijy Ii:OH314CTCHTHe Ogelie SETAR mo,qe.na. 

4.4.1 M - oikeile 

Po6ycHa M - or4eHa en  .je orla Bpexiour Koja mi4m4m143mpa HRH maKcHmvolipa 

EpwrepiAjym Q n(0) Ha Nomnalanom cRyny 0=KxRx 	 rrite je 

n 

Qn(0) 	pk(ek(0))0), 	 (4.147) 

a 

/lame, 

i=p 

ek(0) = Xk — E0 (Xk I  Fk-1) • 

a„ E argmin (2,(0) 
eEe 

(4.148) 

(4.149) 

1/1J11/1 

B n  E argmax (MO). 	 (4.150) 
0€40 

AK° npeTnocTarI4MO ,ga je c.nyuaj (4.149), oH,La 01ACHa ki 

mcn,:e ,ra ce Ao61Aje y Asa xopaxa. 

1. 3a s E 	m c E {1,2, ... ,p} Helca je 

.13 7,(s, c) E arginin Q„,„(17), 
BE K 

rAe je 

C.11141-1II0 Ea° y 4.2 I4 4.3, 

(4.151) 

	

Q nsc(B) = 2 7,(B , s, c) = (2 7,(0). 	 (4.152) 

2. HeEa cy 	14 	°He spexiocrvi 3a .S 14 C 3a Rojc jc 

Q n (B„(1,,,?1,),Fri ,(12„.) =min 	Q n (B n (s, c), s, c) 	(4.153) 
sErz,cE{1,2,...,p) 

LI Heica je 

An = Bn(rn ,dn ). 	 (4.154) 

Ta,rka je 	

On = (ATI 7Fn:Cin) 7'  7 

	 (4.155) 

jep 3a 0 Ee Bafiim 

Q n.(0) = „(B, s, c) >f2 7,(B , z (s , c), s, 

>(2 n(B n(Fn,4),Fn, (In) 

=Q,z(ATn,F., 2n) 

=C2 n(an). 
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4.4.2 KOH3FICTCHTHOCT oiiena 

Pa3moTpxmo cnyma.i P k = p(ek). Hera je ckytuunAja h AecitHHHcatta ca (4.114) H 

HeB:a je 

h(x, 0) = 17,9C (x, B) = h(x, B, s, c). 	 (4.156) 

Aho je 
• 	a 
h„(x) = -0-76 h„(x, B) 	 (4.157) 

H 

z = (1, x T ) T 	 (4.158) 

Ta,ga je 

B) (z Ti(x, 5 s),z T 	> s))T 	 (4.159) 

H 
h(x, 6) = B T 	 (4.160) 

3a s E 	E RP H c E 	 143 (4.157), (4.158) 14 (4.159) c.rie,AH 	je 

lit8c(x)1 5- 	+ 11x112. 	 (4.161) 

143 oBe Heje,intaBocTH H (4.160) Ao6Hjamo 

Ih(x,0)1_< IIBIR/1+11x11 2 , 	 (4.162) 

na je 3a S i  E R , s 2 ERI4CE{1,2,...,p} 

l il stc( X ) 	/182c(X)1 	\/2(1 	IIX11 2 )/(Min {SI , 32 < :rc 5_ max{81,32}) 	
(4.163) 

<V2(1 -1-11x11 2 )/(Ixc — 5 21 	1•5 1. — 8 21) 

C.Ttexkehmm ycnosom ce o,Apebyje Knaca (ftyriBni4ja p 3a Boje ce mowe ,/koxa3aTH 

KOH3HCTeHTHOCT 04 exa. 

Ycnos 4.8 3a xERuyEReamu 

IP(x) P(Y)1 5. a OW IYI fl  + 1) • ix YI 7 
	

(4.164) 

311 a > 0, [3 > 10 11. -y > O. 

3a /3 H 7 H3 npeTxo,u,Hor ycnoBa Tpe6a ,ga HOCTOje oAroBapajyhm momeHTH npogeca 

{Xi }, na ce yBoAH cneAehm ycnos. 

YCJIOB 4.9 3a {X t } a:nev, EIXI I" < oo u E IXt 1 2-1  < oo. 

3a cTatipottapaH H epro,nguatt SETAR npogec H (Pyruan4jy p Koja 3a,tkosomana 

penanHjy (4.164) Bawl HCTO cBojcaTio Imo y cnytaajy meToAe Hajmatimx BBaxkpaTa 

HRH meTo,ae maxcHmatme BepoxkocTojHocTH. Rame, BaatcH cne,gehe Tspbeme. 
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Jlema 4.8 Axo je npouce 	derfiuuucan ca (4.47) cmauuonapau u ep2oounau, npu 

nervy ea3lcu Yc4oe 4.9, u aico Oyuxuuja p aadoe ✓ aea Y c.2oe 4.8, onda, 3a B E 0 aa3rcu, 

E sup  IP(e1( 9* )) 	P(ei( 19 ))1 	0  
9.Eu.(v) 

(v 	0), 	(4.165) 

zac je Uo(v) jean,a, v 01C0A71,7-14 3a 0 d cOunucana, ca (4.126). 

Hera je 

H 

Ei(0) 	— h(X 0 ,0) 

= h(x,0)— h(x,0*). 

36or (4.156) ,je Ta,La 

6(x, 6*) = 11,,,(x, B) — h s , c (x,B*). 

3a x e RP, VI3 (4.160) H (4.161), cRe,Eip 

ih„(x,B) — 	B*)I < MB — B * 110- 11x11 2 . 

Ha ocHosy penaucmja (4.159) H (4.163) vimamo 	je 

1 11 .(x, B * ) — hs. c(x B * )1 5031 V 2 ( 1  + 11:42)  ( ,I,m_n t .s, ss < s, < 777,aX {s,s*}) 

511 B 1V 2( 1  + IIXI1 2 )I (IX c 8 1 5 Is* — 

(4.168) 

(4.1 69) 

(4.170) 

(4.171) 

	

IIpeMa TOMe, 3a 0* E Uo(v) II s E R, x E 	Bai-Evi 

	

1 6 (x) 6* )1 <lh,„(x , B) — h s . c (x, B)I 	the c (x , B) — h ec (x, B*)I 

— 315 is *  — 3 D+ iiB 	B * 11) 	+ 11x11 2  

(12-11Bili(Ix c  — si 5 v) + 	+114 2 . 

Ha OCHOBy CBOiCTBa (1)3rmulvde p (YcnoB 4.8) H Heie,1AHaNOCTI4 

	

(a -I- b)fi < 2" (ali  ba), a > 0, b > 0, fl > 1 	 (4.172) 
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3aa>0 1 16>1 vi 7 > 0 13 a;A(14 

Ap(0,0*) = IP(ei( 61* )) 	P(ei( 0))1 

= IP(X1 — h(Xo, 9* )) — P(Xi. — h(X0, 9))1 

< a (IX — h(Xo, 0*  )1 fl  + iXi —  h(X0 	+ 111(X0 , 0) — h(X0 6" 1 7  

= a 	+ b(X0, 00, e*W + lei + (5(Xo, 0o, 6)1 19  + 1) 14X°, 0, 0* WY 

< a(2fl lEi I P  + 2P-1 16(X0, Co, 0*)1 13  + 2fl-1  14X°, Co 9)I P + 1 )10/(0) 0 , 0T 

< a (2 13 Ie i lfl + 213-1 11A — B*11 13  

• (1 +11Xoir)fl/2 F 2°.-1 11A — B11 0 (1 + PC011 2 )13/2  + 1 ) 
• 1 6(X0, 0 , 0* )1 7  

= a (glei + 1) 16(Xo 61 , 19*)17 + 
+ 	(HA — B s li fl  + HA — B119(1+ IXol 2 )p/2 1 6 (Xo, 19 , 19+)r 

Axo je 

	

S(x,v) = (41.1311.41x, — sl < v) 	+ Ilx112  

oliga 143 (4.171) 14 (4.173) cne yuyi ,Eca je 

Ap(0,0*) 5 Ki13(Xo, 	K2lEir13(Xo, 	+ R3(1  + I IXO I 1 2  )"2  I . (XO V )I 7 ' 

Kaxo je 

E kite  iT5 r (E E211 112  • (Eel 
112 

H 	

E (1 +11X011 2 ) /2  RF 	(E (1 +11X 0 11 2 ) 13 ) 112  • 

14 Kaxo 
E627 (X0, V) 	0, (V -4  0), 

3axmyuyjemo Ra Tspeme nee Bawvi 3a s E R. 

3a s = oo je 

16(x, e,9*)1 	 > s*) + 	+ 1142 

5 011/311/(d(x,,00) < v) + 	+1142 

=6„,(x, v) 

14 

E62007 (X0, V) -4  0, (V 	0), 

na Tnpbeme neme B a>101 I4 3a s = 00 . CHI/MHO je 3a s = — 

1/2 

(4.173) 

(4.174) 

(4.175) 

(4.176) 

(4.177) 
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fn(0) = 	
1 

n — p 	P(X  k+1 h()C0 , 0)). 

k=p 

n 

(4.18 1) 
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3a KOH314CTCHTHOCT 014eHa en  noTpe6aH je join jeerkaH yCJI0B 3a (1)3THRIAnjy p. To je 
cneActivi ycm0B. 

YCJIOB 4.10 3a a 0 a :NCIL 

Ep(Ei -I-- a) > Ep(ei). 	 (4.178) 

3a cTagmoaapaii fl eproAppiax ripogec, TBpbel-be 0 KOH3JACTCHTHOCTH ogema On  
Aaje cae,geha TeopeMa. 

TeopeMa 4.16 Aro je {X i } cmationa,pau u einounan npoi4ec aqui-mean ca (4.47) 

u axo 3a Ortiocujy p ea-dice YCJ1,06 4.8 u Jrciaoe 4.10, a 3a, {Xi} eancu YCA08 4.9, onda 

'nn 114  °0, n -4  M. 

Hexa, je (1)3THEJAH .ja f : 0 	R ,ge(fipmpicalia ca 

f(0) = E p(ei (0)). 	 (4.179) 

H3 ycsiosa 4.10 CJI0AI4 Aa je 

f(0) --=
R 
 E (Ei 	h(y,  00 ) — h(y, 0)) dFxj,(y) 
P 

> E p(ei ) 

= f(00 ), 

r,ge je Fxo  chimi:Hmja pacno,gene 3a Xo . 

Heica je, 3aTI4M 7  HI43 (1)37Huindja f„ : 	R ,Lje(1)14HI4CaHT/IX ca 

(4.1 80) 

143 ycaosa cTannoHapHocTH H eprogmlaHocTH npogeca {X 1 } mmamo (Liebscher, 2000) 

sup I fri (0) 
— f( 0 )1 	0, n 

- 

oo 
eEe 

(4. 182) 

KaKo je, no ,rkerknHinajm 4)37Hrignja f„ H oneHa ijn  

	

E ar g7nin f„(0) 	 (4.183) 
0Ee 

• 36or (4.180), 

	

00  = ar grnin f(0) 	 (4.184) 
eee 

je, Ha OCHOBy Jleme 4.8, (1)3THmwja f Heripexvirmia, vscriymem4 Cy CBH ycnom4 
o EorniepremAmjH apryMeHaTa mmi4myma civinalmja fn  (Vogel, 1994), or4aRne cae,gm 
KOH3LICTEHTHOCT orAeHa on.III 
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Hanomena. RoKa3 ose Teopeme mme ,rka ce Hmege H Tenumom Huber-a Rojy 

cy 1{0pVICT14.11111 Chen (1993) 14 Qian (1998) 3a c.nytiaj meTo,n(e Hajmaamx HHarapaTa 

meTorge maxcmmanHe nepogocTojHourm. 

4.5 PEli:YP314BHE OLIEHE 

Y Hermm npmmeHama noTpe6He cy on line oneHe napameTapa moripna, o,n;HocHo y 

cHarcom TpeHymy t, Barg ce rilo6mje Hosa mukopmaHmja X t  , Tpe6a ,zaTM HOBy oHeny 

AHo je HpemeHcHm pa3mais:143mey rz13e oncepHanmje EpaTax, meTo rip Koje cy onmcaHe 

y 4.1 - 4.4 Hmcy norortme, jep 3axTeBajy KomnnmHoHaHa ropagyHasaH)a ripmnpucom 

onammm3aHmje nocTaHmeHor xpyr-repmjyma. Y TOM cnyKaajy cy noro rrnnajm anropHTMH 

Rojm y TpeHyncy t +1 Ha OCHOBy HOBO oncepHaumje Xi+ i  spine Nopexumjy 110CTO.iCr1C 

OLICHC 

09t+1 = et + "Ytf (Xt+1, et), 
	 (4.185) 

rrqe je 1-0 HH3 110314TVIBM4X KOHCTaHTI4, a {e t } HH3 pe3m,rkyana, O,LIHOCHO pa3sirma 

143MCr)y HOBC 011CepBagl/liC H ILCHC ripe/wimp/de 	ocnony IIIICTX071111.4X oncepHanmja. 

3a mortken amHeapHe croxacTwaxe perpecmje pexyp3mBHm anropHTMH ce Kopmcre 

cEopo ripe AeneHmje (Young, 1984; Chen, 1985) ca pa3.11W-IFITTAM ycnormma 3a perpe-

cope (T3opmh 1989). Taiimm anropHTMH mory rga ce nprimeHe 14 3a Hailaweme oneHa 

perpecmoHmx napaMeTapa y nojexu4Hmm pe)liTIMIAMa SETAR morgena. 

4.5.1 MeTorrke ca npeypel)enmm perpecopmma 

Hexa je mo,Aen SETAR(1;p 1 ,...,m) AaT y o6JIHI<y npeype/jeHmx ayroperpecmja 

Pi 

X(i) +d = a j,0 
	

E(i)+d 
	 (4.186) 

3=1 

3a j = 1,...,/ 	= Mi_i + 1, 	,772,i (Tong 1990). Alco je 

NT 
Aj = (am, am,...,ai,p ) (4.187) 

H 

(Pi = ( 1 7 X(0-Ed-17 x(i)+d-2 ,  • • • 7 X(0.4-d-pi) T  7 

mo,Lken (4.186) mo)Ke 	ce 3ankune y o6nmxy 

X(i)+d = 	E 	E(i)+d. 	 (4.189) 

HOLLITO .1C (pi 	 BCKTOp 1{0k4 iC F(i) mep.ibmH, TO morn ken (4.189) nperiAcTaruba 

morEken cToxacTwn<e perpecHje (Taopmh, 1989). 3a ogeHy Heno3HaTmx mc'LTpmga Ai 

(4.188) 
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mory 	ce KopncTe poonvigHTH pexyp3HHHH ogropyrrmn. OH,ne cy raaTt4 pe3y3rraTH 

3a pexyp3vnauft ot-isnin< meToxte Hajmam= K.Ha,rtpaTa, Kojvt npeAcTaH.Tbajy no6oadua-

rbe paHnje EopnwheHnx pe3y.trraTa (Tsay 1989, 1999), yep cy go6rajem4 nog 3HaTH0 

6na,:"Kmm npeTnocTanKama. 

MeToga najmammx E.nagpaTa 

Hexa je .Z .bn  MaTpvtga n (n < nj) perpecopa j - Tor HoAmomna 

= (Pmi_1+1 (Pini_1+2 • ' 

	 T 

ma-rim/Ina n oncepsanvfja 

17j,n = (X(i)l-d X (i-F1)-Fd • • • X(i+n-1)+4 T  

3a i = mj_ i  +1, m,i_ i  2, ... , rnj. Ta,ia je °Herta Aj„ HenomaTe maTpviHe Ai meTogom 

Hajman.= KsamaTa AaTa ca 

1. 

= (ZT  Z 
.71 71  .11n 	jot j,n 

EKM4BaJleHTaH peKyp3HHHH 06J114K °germ Aj n  je 

j,n = A- j,n-1 	(' C(0-1)-1- d 	A j,n-1 (00  j,n) (PT,TIP j,n) 

rAe .je 

	

. Pi,n1  = P/,4.-1 + (Pj,n(Pl:n. 	 (4.194) 

	

YmecTo pexyp3Hje (4.194) 3a vaut)opmagHoHe maTpHHe 	mo)Ke ce y3CTVI pexyp3vija. 

3a viscp3He maTpHrte P j,n  

T 
Pj,n = P j,n- 1 	P j,nPj,n-1 (70  j,n(t° 	

p 
j,71-1 

rAe je 
1 

p 
jot-lcOj,n 

(4.196) 

ItOII3HCTeHTHOCT oAena 

IlpeTnocTaHmmo rEk a rpetuKe mo,tkena cicopo I.43BeCHO 3a,ttonon.,aBajy ycaos 

sup E (E 2n  ( Tn _ 1 ) < oo. 	 (4.197) 
n 

(4.195) 

Tana BaH<F1 CJICAelle TB14)CII3C. 
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T 
Ci = (00 j , if j,60 

HouiTo je Ci nennumia Koja je 	mepnaima, TO je (T3opkai, 1989) 

(4.200) 

(4.201) 
Co 

Ck 
	 < 00, 
f (C k) 

k=1 

4. 01.(EllE IIAPAMETAPA SETAR MO,L1EJIA 
	

121 

TeopeMa 4.17Hcica jc f : R+ R paemytia Op-cmoja maxect da je 

lim 	
dx 
	= IC < +oo 

x• +0. I f (x) 

Taa a, 3a, zpetaxy Aj n  ovue 	.A4a,mpui4e Ai e aoscu 

II AJ,.11 2  = 0 
(f (log A7,maz)) 

,a0Ra3. YOTIHMO H1,13 cnytiajHva Be.THALITAHa {CO r,ne je 

(4.198) 

(4.199) 

r,ne je 

C k 
	C i. 

i= 1 

Hexa je 
Ck 	a 	ft 	\ 	 2 

k =  	P k 	J 	 = 41PlicEk• 
f(Ck)

, 

Is.aKo Ha cxyny {w : Ei==i  ci(w) = oo}, npeMa penanHjvi (4. 201 ),  SWIM 

cc, 

E a k < 00, 
k=1 

TO Ha TOM cRyny na›Kvi H (Lai and Wei, 1982) 

Co 

E < 00 . 

k=1 

0631-Tom ,Ek a je {Pk} pacry/b4 HH3, npema KpOHeKepOBOj mcmn je 

E 71031c = 0(010- 
k=1 

143 one je,iniaKocTm H jeAHaKocn4 

7k1k = ckek 

cmega ,Lka je 

ckel = 0 	n 
Ck 

k=1 	 k=1 

(4.202) 

(4.203) 

(4.204) 

(4.205) 
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Ho Kam:,  ,je (Lai and Wei, 1982) 

(Topnri, 1989) 

TO je 

21 

ck = 0 ocg Amax ) 

k=1 

T„ = tr 	 = 0 (E ckEl) -1- 0(1), 

T„ = 0 (I.  ( log 	. 

I/13 one penaucmje H neje,rwaii:ocTm 

A rTn  
j, In in 

crie,m4 Tspetbe TeopeMe. ■ 

4.5.2 AupeETHe meroAe 

YMecTo npeyperanama oncepnagmja SETAR npogeca no pe -ixvimmma H orAelbmna-

tba napameTapa npeypetemx perpecmja, mory ce vrke(f(mmcam M pcxyp3mBHm an-
ropyrrmm Kojm Anper<THo o6paljyjy Hose oncesannje (nHcbopmannjc) H Aajy on-line 

aganTaunje OueHa napameTapa. 

1VIeTo,qa CTO X aCTVPIRe anpoRcHmaw4je 

MeTo,rka croxacTwaKe anpoKcHmannje ce o,4 cTaH,rkapnHor npo6nema HymepHuKor 

peurasalba je,nHaioHe 

f(x) = 0 

y cnyuajy Nag cy BCHOCTM cpyHKumje f AocrynHe ca rpeniKama (Robbins and Monro, 

1951), 6p3o pa3smjana 1.4 nponnwnsana o6nacTH npnmcHe (Borkar and Mcyn, 1999), 

a EopminheHa je H 3a oneHe napameTapa SETAR mo,gena (Arnold and Gunther, 1998). 

Owle je AaT je,AaH Hos anropHTam Kojn npeAcTasma yonurreme H no6on,ruan,e noc-

TO jChHX pe3y.aTaTa. 

HeKa jc ,rkaT SETAR(/,pi,p2, • • • ' pi) mo,rkez 

Pi  

arc = _ ). 	Ctoj -F) 	 E 17,j)+ et , 

3=1 	i=i 

(4.206) 
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0,1F,HOCHO 

Xi = 	 E Ri) cc, 
	 (4.207) 

j=1 

rAe je 

Ai = 
	

(4.208) 

3a j E 	 rAe je 

	

cot-1 = (1, xj _ 1 , 	 , 	 (4.209) 

	

p = max {pi , 	, pi). 	 (4.210) 

AnropMTaM Tvina CTOXaCTIT(The anpoxcHmagmje xojvi pexyp3mHo jlecfnmknue or 

An  j 

 

HIO3HTMX Heicropa Ai je gaT Ha cne,rkehm HatuAH: 

0, 	 n < max {p, 
An  = 

An-1 , j 	 jen c0 n _ i i(Xt_d E R3), n > max{p,d}, 	
(4.211) 

rAe je 

e n 	— 

.k„ = 	 E R.i), 

j=1 

1 
'mn,j = 	) 

Snj 

{1, 

Sn ' i  = Sn-1,j +11 (Pnil 2 /(X n_d E R3 ), 
n < max 1p, (1), 

n > max {p, cl}. 

(4.212) 

Roua3ahemo ,Eka °Hai anropnTam reHepknue NoH3vIcTeHTHe of eHe A„,i y3 oApeljeHe 

ycnose 3a HVI30Be {WO, {e n } H npn ueMy ce He 3axTesa HH eproxwmocT HH 

cragvioHapHocT SETAR npoJeca. 

JejrHo cBojcTBo ogeRa 

Helm je 

= Ai — A nj. 	 (4.213) 

Roxam<vimo, Hajnpe, ,qa HVI3OBVI I A,t , j = 1, 2, . . . , / KoHHeprivajy. 

TeopeMa 4.18 Axo S n  j 	oo (n 	00) )  onda nocmoje citynajne npomen.niuee A; 

maree Oa 

III.' A; (72 	oo). 	 (4.214) 
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am(a3. 143 ge(Ininumw je aRropmTma je 

e n  = X,— kn  

- An,j (Pn-1 I(Xn-d E Rj) + En — 

	

An,j (iOn-14-Kn_d E Ri) 

i= 

= En + 	71,j — An,j)(Pri-i-T(Xn_d E Rj) 

j= 1  

= En + y Anicon_ii(Xn_d E 

na 3a I/ > max{p,d}je 

A 7 ,_ 1 , 1  + 11„_1 	E„ 	An _ Li 0„_ 	„_(I E R i ) 1(X„_,/ E Ri )• 

i=1 

EaKo je 

I(Xn_d E Ri) • i(Xn-d E Ri) 

	f0 	 (4.215) 

TO je 

Anj = An - 	7n- 1,j6,607:2 _11-(Xn - d E Rj) 'Yn-LjAn-J.,j4n-icen_ii(Xn-d E R.i), 
(4.216) 

0,4E10 CHO 

A n 	 77/-1,3EncaTn_1 /(Xn_d E Ri)— 7n-1,jAn-1,3(Pn-1(P T71-1.-T(Xn_d E 

(4.217) 

143 oBe jexiaKocim go6i4 jam° ,rya je 

2 
IIA„ , j11 2 	(An,j(i)) 

i=0 

   ( - 
An - 1,j(i) 7n - 1jEncOn-

1(i).1(X n_d E Rj) 

i=0 
2 

— 771 - 1 ,1A„_ 1 ,ico„:1co n_1(i)/(Xn-d E Ri)) 

2 
= 	 (An- 1,.1( i) + (7n-1 jEnI(X„_d E Ri )) 2  

i=0 	 i=0 

(7n-1,jAn-J.,j4071-1/(Xn_d E Ri)) 

i=0 

— 27n_1jAn-1.,jcon-1i(Xn_d E Ri) 

	

	-1,i(i)Son-1(i)/(Xn.-d E Ri) 
i=0 
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—2Mnen 

= liAn_i,j11 2  + (7n-1,jen/(Xn_d E Ri))211Wn-1112 

N-1,j-An-1,4 1'n-111 2  /(Xn-d E Rj) 
2 

— 27n_ij (An-1,j (Pn-1) I(Xn - d E Rj) — 2Mne n , 

rip(' memy je Mn  ogroBapajyrivi 3614p. 143 0814X penilgrAja eJle/t14 /1a je 

E (11 21 n,j11 2  1.Fn-1) = IlAn-1,j11 2  + (f 1149 n-111 2 7,i_i,j/(Xn_d E Ri)+ M 

or7,21-1,ilkon-111 2 /(Xn_d E Rj) 
jep je 

2 
M = 771-1j (An-1,j (Pn-1) 1 (Xn - d E Rj)(7n-1,./11 (Pn-111 2 /(Xn-d E Rj) — 2) < O. 

143 npernocTaBxe S n ,j —4 oo (n 	oo) c.ne,gn ,rya je 

00 

2 
I(X n-d E Rj) < 00 ) 

n=I 
(4.218) 

na cy 111/130BH { 	AI 3a j E 	 cxopo cynepmapunirann Rojn cy KOHnep- 
renTnn. Tnme je Teopema xkoKa3ana. ■ 

Hanomene. 1. Mox(e ce noKa3aTn 	3ax.my4ax TeopeMe 	1/1 6e3 ycJiona 
s nj oo (n oo). Hanme, aKo je 

	

An , j =  I IAn,j ll 	CrE 	  71-1,ilkok-111 2 1(Xk-d E Rj), 
k=p-1-1 

onga cy HI430B14 {A, i} KOHBOprefITHVI cynepmapTnnranvi. MeljyTvim, II0MCHyTI4 yCJI0B 
je noTpe6aH y ,gamem x433o/jen,y, Imo H y 3axTeBy ,ga y csaKom pewnmy mma 6ecKo-
natian 6poj oncepBagnja ,gaTor npogeca. 

2. Arnold i Gunther (1998) cy Kop1cTI4Jm crpownje 3axTene 3a sn,j: 

(n 	oo), 

— 	.? €}) = o(n-3 +6 ). 

3. Onaj anropmTam moxce 	ce y011111T14 y noraegy 1436opa xoeclurigHjeHaTa 7n,j. 
YMCCTO jC,LkHa1OCTI/1 (4.2 1 2) Kojnma cy TVI KOC(1)14gH.iCHTI4 Actinmvicann ,710Bozno je 
,tea 6y,ze mcnyrbcH ycnos (4.218) vi ycnos 

7n-1jikon-111 2 1(Xn-d E Rj) < 2. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



4. OLIEHE HAPAMETAPA SETAR MOJAEJIA 
	 126 

E0n3mcTenTn0cT oucena 

cy, 3a = 1,2, ... , 1 nor1n1I30rm In ,,) HTiI37 npmpoximx 6p0jeBa rkeiwnw...amm 

yenomma 

	

/ 	E /7.j) = 1. 

	

143 je,apahocTm (4.217) Ao6mjamo 	je 

,T 
Allik ,; = Anik _„; 	 — 7?), ; , - „J A 

O rII,HOCII0 

Arm je 

(1- 	if An ik-fli Wn ik-t st-nik-1) 
,T 	 (4.219) 7"ik-1 Enhc‘r  n ik_1 .  

Bk,j 	 fik,j = 'YT1 Jk 	
Ok,j = (Pnik 7 

TaAa, V[3 jCATIaROCTI4 (4.2 19) cRegm Aa ,je 

ek,j = 	(4.220) 

(4.221) 7 ' 	1 A Bkj = Bk-1,j 	14-1,j0k-J, 	jj 	vk-1,jEk,j0k-t,j• 

ripeMa TOMC, rpammgma spegmocT H143a 5 A n  ,j 	Pz , 3a (f)mempamo j, je oApol)cma rpamm-

141-10M BpeAmouirly HI43a {./3 71 i}. 3a KOH3VICTeHTHOCT ogema An  j noTpe6mo je, mapaBno, 

Aa A n , j Komseprmpa Ka HyJIVI. Al<0 goi(m(emo Aa 

B 
kJ s.s. 

--> 0 ( k 	oo), 	 (4.222) 

ox,rka M3 Koxsepreinwrje Hy.1114 110,4111,43a {An k  } CJIe,414 KomsepremnAja HyJIVI 110,4IIV13a 
-, 

I I IA. n jA ii} . KaKo (npema npeTxo,Ecnoj Teopemm) H143 IllAn I I } Konseprmpa,, TO 31N-1,74I1 

Aa OH Komseprm 	14 	 1 pa xa HyJ1, na H HVI3 
{ An}, TaKoe, Komseprma p Ka mymm. R m osomo 

je, Aame, AoKa3aTm Aa ria.A{.m pertagmja (4.222). 

F13 je,rma,KocTiri (4.221) c.neru4 Aa je 

77. 71 

.13,j = B1,j 	- 	 - 	
H 

i=2 	 i=2 	 k=i+1 

(4.223) 

3a npom3Bommo B 1  j = 1,2, ... ,/ , penagmja (4.223) ,je Hemp-Bella canto am) 

n 

(1- 	
.. 

--4 Opxp , (n -4 oo) (4.224)  
i=2 

063mp0m la gpyrm 14.11aH ,LkeCHe cTpame jexkmaKocTm (4.223) He 3aBVICH al B1 j. 3aTo 

yseAmmo, majnpe, TaxaB 3aXTEB y 1314,11,y caeAerier yciloBa. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



4. OUEIIE HAPAMETAPA SETAR MO,IIERA 
	

127 

YCJIOB 4.11 Baxcu (4.224). 

Axo, Aaicae, npeTnocraminno BWEVI OBaj ycnon, npo6,nem cc (mom na na.naweme 

gogaTHllx ycnosa nog Kojxma 

IL 	 It 

Or,i) 
3.9. 

Upxp (n 	oo). 	(4.225) 
i=2 	 k=i+1 

3a TO je Aosozati czegeri14 3aXTCH. 

YCJIOB 4.12 3a ceaxo j = 1, 2, . . . , l , pea Oop.xtuparc oc .mampiraa, 	je ocopo 

cu2ypn,o roneep2euman, oanocno nocmoju xonann,a mampuip S; mocea Oa 

n 

Si (n 	oo). 	 (4.226) 
i=2 

OBaj ycnon He npegcTasza Benvme pecTpkmumje HH y norne,ry rpenna4 	H14 y 

1-101-JICAy 1(011CTaHT14 f3  3, OAHOCHO 	y cnymajy onurrer anropyrrma. Mox(emo 143,1ABO- 

jI4T14 Hexonvmo icaparcrepHcamtnmx cnymajesa y Kojvima je mcnymeH ycnon (4.226). 

1. Fpeume cy orpaHmucHe 14 BiliK14 

n 

fli)..1110i,j11 < CO. 

i=2 

2. Fpeume HHcy orpamrpieHe, Beti cy Tatime ,tea je 

116= ,; 11 < cl 10i,J11 

H Ba)-1(14 
00 

(4.227) 

< 00. 	 (4.228) 
i=1 

3. Fpeume cy Tai<He ga je 

E(I Ieijii2 1=-1) 
	—1 < < 0 

H Ba:4(14 	
00  

3,41110i,i112 < oo. 	 (4.220) 
i=1 

4. Y onurrem c.nymajy, Fie3 IllICTIIOCTaBICI4 0 11)01IIKaMF1,, ,40130.1114-10 je ,na je 

ycnoB 
00 

< 00 . 	 (4.230) 
1=1 
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Hope yc.nosa (4.226) Koji4 rapaHTyje EoHsepreligHjy pega marrpkno, fii,jEiJOTJ , 
noTpe6aH je Tn 3aXTEB 3a ogpetjeHom 6p3HHOM Te HoHBepreHL(I3,le. 3aTO yBoAmmo 
cReAetim ycnos. 

Ycnon 4.13 3a Si = S — S z  eaalcu 

CO 

< 00. 
	

(4.231) 
i=2 

OBaj ycJi0B, y 0111.1.1TeM CJIymajy, npegurasza gogaTHo orpaHmtieH3e H Ha Oi jFt Ha 

rpeu.me 14 Ha ii:oeclymmjeHTe 7i 7 j. MetyTLIM, y cnytiajy Hag cy mcnymeHri yCJI0B111 

(4.228) HRH (4.229), mcnyffieH je H osaj YCJIOB. Ha npvfmep, axo je 

1 
r 	
 a > 0 

141114 
1 

= 	 
ri,j(log 	)1-ky 	> 0, 

r,ne je 
n 

r- • = 1 + 
	

1196 i,J11 2 , 

i= 1 

oH,ga je Ficnya,ex yCJI0B (4.228), a THMe H YCJIOB 4.12 6e3 ,zAo,EkaTm4x orpaHmtierLa 
3a (kid 14 E. 

Y Aorca3y impeAtie Teop eme 4.19 ce RopncTe cze,getia, Ana. nomorma Tnpriema 
popnli, 1989). 

Jlema 4.9 Hcva je {a n ) 71.2t3 k - dumen.monux eexmopa. A7C0 je 

{k 

7r(i,k) . 	II (/ - ak+i_ t  4+ i _ i  ) , 
t=i 
I 

1 < i < k, 

i > k 

(4.232) 

m,ada 3a ceaxo n> 1 eaolcu 

71. 

(t 	1,n)at 11 2  < K < oo. 	 (4.233) 
t=1 

merda 4.10 Heya je {a n } 7111.3pea.471,11,3; 71.0 te?,a711,U0 MO; 6pojeta a Mali:01M da je 

2 < 00 

:=1 
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u itexa cy {NJ} hu3oeu pemtux neucza,muenta 6pojeea max,eux da je 

E < K < oo 

3a cearu > 1 u 

bi,j 	0, 	(i 	oo ) 

3a cearu j > 1. Tada, eaotcu 

0, 	(i 	oo). 	 (4.234) 

j=1 

Teopema 4.19 Aro cy ucnymcuu ycitoeu 4.10, 4.11 u 4.12, ouda 

B„,j  - 01, (n 	oo) 	 (4.235) 

3a j=1,2,...,/. 

aoKa.3. Hera je 

k) = t=i 

k 
1 < i < k, 

i>k 

nexa je So  = 0. Ta,ia je , 3a csaim j =1,2,...,1 

n 
	 n 

	
 Ni jE1,j~T

j H  (I — 	= 
	

f3i,jei,prir,i7ri(i +1,n) 

i=1 	 k=i+1 
	 i=1 

= 

npvi tlemy je 

n 

= 	— Si_ i j )7r i (i + 1, n) 

n 

+ 1, n) — 	 + 1,n) 
i=1 

n-1 

Si,prj(i + 1, n) S Jr i(n + 1, n) — 
i=1 
	 i=1 

n-1 
	 n 

-.1,pri(i +1,n) 

= 	jrj(i -I- 1, 	+ Sn j — 	i-1,Prj(i + 1,  n) 
i=1 
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= 	Si_ 	(i, n) Sn  — 	 + 1, n) 

i=i 	 :=1 
It 

Sn,j Y,  Si-1 , j 	 n) — rj(i -I- 1, n)) 

i=1 

= Sn,j s 	— irj(i + 1,n)) n) 	+ 1,n)) 
1=1 	 1=1 

It 

= Sn o  + S, (irj l,n) — 73 (n + 1,n)) — 	i_ 1 ,; (7;(1,n) — irj(n + 1,n)) 
i= 1 

= S„,3  + S373(1, n) — 	— (7ri(i, 1) —1-)7j)i + 1, n) 
i=1 

Sn ,j 	Sigi(1,n) (i +1,n). 
	, 	 t hi 

143 osmx je,EcHahocTH c.ne,rAvi rrka je 

n 

I 	I I + 	n)ii 	 + 1 , 01. 	(4.236) 
i=1 

KaHo 143 Ycnosa 4.10 vimamo ,Lka 

irj(1, n) —4 0, (n —4 oo), 

1.43 Hejeg,HaKocTH (4.236) Ao6Hjamo ,na .je 

lire liS a* 'i ll 5_ lim ( 4.237 )  

AR() y Rem(' 4.9, 3a ,LJaTO j, crasHmo ,qa je 

ai = 

Ta,rka je (npeMa yc.11oHy 4.12) 

II a iII < 1, 

na Ha ocHoHy Jleme 4.10 cnexm 	je 

n 

117ri(i --I- 1, n)ai I12 < K < oo. 	 (4.238) 
i=1 

I4CTO Tam), axo je (3a rgaTo j) 

bn,i = 16:,/i2 110TPri(i + 1 , n)ii, 
	 (4.239) 
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oti,Lca 3a i > 1 Da4g4 

E b2n i < Iib < oo 	 (4.240) 
:=1 

H 

b n ,i 	0 	(it 	oo). 	 (4.241) 

143 penawaja (4.238) 14 (4.239) c..nexcm Ra cy 3a (ai) (bn,i) 
	

yCJI0BY1 JICMC 

4.10, na 3a cHaxn j = 1, 2,... , / Ha..>En 

n 

ai 	0, 	(n 	oo). 	(4.242) 
i=1 
	

i=1 

Ilpema Tome, 3a cHamd j = 1,2,...,1 HH3 	 HYna HH3, a TO 3Har-114 ,rca je 
TaKaH H 11143 	 OAHOCHO H HH3 {Bn,j}, unme je TeopeMa ,r1 oxa3aHa. • 

063Np0m Ha Aectwaimgvdy HeKTopa Bi,j, H3 npeTxo,rcHe Teopeme ,m4pexTHo cnex14 
THpea,e Koje ce O,LIHOCH Ha KOH3HCTCHTHOCT OgeHa An  J. /lame, Hawm cmeAcha 

TeopeMa. 

TeopeMa 4.20 Heica je dam SETAR(1,pi,p2,...,/p ) moae✓ (4.206) u ?tom je dam 
a✓ opumam cmoxacmu ,me anpotcumauuje deOunucan ca (4.211) u (4.212), npu nutty 
cy ucnylbenu c ✓tedeliu ycAoeu: 

72 
3.3. 

(I — 7ihicoi(poi/(xn_d E Kin 	upxp, (n 
i=1 

	

Sn.,j = y;  7i,jeicoT I (X i - d E Rj) 
9.9. 

Si (n 	00) 

. 

*PT/ (Xi_d E Rj)11 2  < oo. 
i=1 

Tada cy ouene An ,j neno3namux napamemapa Ai (3a j =1,2,...,1 ) ron3ucmenmne. 

IIpHMeTHMO ,rya 3a Te o p eme 4.17 H 4.20 Hnje Heonxogua npeTnocTamm o cTa-

“1110HapHOCTI4 H eproAvitniocTvi nponeca {X t } , Rao IIITO je TO 6n0 c.rlyqaj 3a Teopemy 

4.1614.1114 o,usrosapajytie Teopeme KOJC CC oxpoce Ha KOH3FICTOHTHOCT oneHa ,A061/1.ICIII4X 

meTo,rkom Hejmaamx xHaApaTa MEM meTottkom maRcnmanHe BepoAocTojHocm. 

00) 
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5 

3AETLY-1-1AK 

Y paAy cy panmaTpanvi Hem acnetam mo,Aenmpama npemeHnux ceprida MOM-RI/Ma 

ca nparomama. ilo6mjeHe cy 'rpm rpyne HoHva TeopmjcElix pe3ynTaTa xojm ce oAHoce 

Ha cTaguoHapHocT, epro,uxtmocT 14 ogeHe napameTapa mo,gena. 

HpHa rpyna Te3ynTaTa ce oi(Hocm Ha cTagvioHapHe pacnoAene SETAR npogcca 

npHor pe,ga. 143HeAcHe cy maprmHanHe pacno rzlene 3a npogec y cnytiajy NaA pe3mAy-

anvi vimajy excnolleHmjanHy, JlannacoHy I4JIH EpnaHroHy pacnoAeny. Hpvt TOM cy 

pa3maTpaHll vl cnyuajesvx pa3.nwavrrvix NHosagvija y noAmogenmma, xao H cnytuij 

nefiyivror npara. 

Apyrarpyna pe3yRTaTa o6yxHaTa ycnoBe cTagmollapHocTvi H epr0,41,41-1HOCTI4 npo- 

geca SETAR, SETAR-ARCH H SETARMA. Hajnpe je ,geTazHo ailaninvIpail narnmy-

napnvi cRymaj - npogec SETAR(2; 1, 2). HpvimeHom mo,gv(l)v(oHam4x xpraTcpvijyma 3a 

eproAvmHocT MapxoHmeHor npogeca ca Henpe6pojvmmm cKynom cTafba, pa3maTpaHo 

je ocaM pa3JIWLIPITTAX cmymajesa y 3aBHCHOCTI4 OR Tora ria JIH cy napameTpm °Aro-

Hapajyher MOACJIa 1103HTI4BH14 143114 HeraTviftHvi. 3a cHaKvi og THX cnymajcHa cy Ao6vi-

jemel yCJI0B1/1 xojvi ogpetyjy o6nacT epro,rkwaHocTvi nocmaTpaHor npogeca. Cnv-mom 

aHanvi3om mory ga ce Ao6vijy ycnoBvi eproAmtmocTx H 3a ,pyre HpeAHocTvi npara, 

Ha npgmep 3a d = 2. Y OBOM Ae.ny je HajBax<HvijrA pe3yJITaT OjI4 ce oxmcm Ha 

onarrv[ cnymaj - SETAR mogen Bvauer pe,na ca Byline nparoBa. KopmcTetim Teopvijy 

MapKoBmeBHx npogeca ca Henpe6pojmHvim cxynom cTama, AoKa3aHo je ga je SE-

TAR npogec HecHoAndim 14 anepvioAvriaH aio je rycTHHa pacnoAene pe3H,Lyana cr(opo 

cHy,Aa II0314TVIBIla. 3aTI4M cy 143BeACHVI yCJIOBV1 eproxvirtmocam 	cy 3HaTHO 6J10>104 

Og CBHX g0 Ta,rka 1-103HaTI4X ycnosa xoje cy Ao6vijanvi mHorm ayTopvi. Y THM ycnoBvima 

4virypvnue cneKrpamai paAvijyc maTpvina u1JH cy enemenTm napamorpm noje,rwnivix 

no,AmoAcna SETAR moAcna. AHanorrIH 1)C3yJITaTI4 cy, 3aTV1M, ,no6vijcim 14 3a npogcce 

SETAR-ARCH H SETARMA, c THM HITO je 3a npogec SETARMA npeTnocTaszeHo ,ga 

jc ancpvtoAvrgaH 14 HCCBO1JI,I4B, jcp ycnoBvi 3a TO y 0111LITCM cnytiajy HHCy II03HaT14. 

Tperia rpyna pc3ynTaTa CC ojAnocm Ha orrHy napameTapa SETAR moAcma, Hvaucr 
peAa ca jeAHmm nparom. Hajnpe cy, no3HaTvi pe3y.nTaTvi o CBOjCTBHMa ogeHa Ao-

6HjeHmx meTo rEkom Hajmaamx KHaApaTa H meTo,rkom maxcvmanHe HeporEkocTojHocTvi, 
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yornuTeuu 3a cny -qaj ogeua ,no6HjeHMx M141111MInaIIVIi0M orurrer Rpwrepujyma. 3a- 
T11M ce Aelnamuly peupaYmue oueUe, hoz() aa, meToi4y Hajma,max mai4paToi, maw 11 

3a meTogy cToxacTvrtme anpoRcHmagmje, Koja y cynrunim O6yxBaTa 14 onmTm Hpm-

Tepmjym 3a ogea.mBaH,e napameTapa mo rilena. Y OBOM Aeny je xopmuheHa Teopvija, 

mapTmHrana. 

Y oxen 	npo6nema pantaTpailmx y pally OCTaJI0 je xua oTnopermx nwralla Eoja, 
Aastbe tiexajy o,grosop. EBO HeKm o,4 

(1) KaxaB je yTmgaj napameTpa F.aumbena (d) Ha o6nacT eproAmtmocTm SETAR 

npogeca Apyror peAa? 

(2) ha nm Ha eproAmuHocT SETAR npogeca Bmmer pe,ga, ca Fame nparoBa, yTmuy 

napamerpm cBmx no,rwo,tkena, vines canto napameTpm npBor H nocnexber n0A-

moHena? Y yc.nosmma Hojm cy ,Ho6mjem4 y oBom pa,I cimrypmuy, Ha VICT14 

Hal-114H, napameTpm CBMX no,amo,Hena. MetyTmm, TO Cy CaMO AOBOJIA-11,4 ycnonm, 

a noTpe6m4 yCJI0B1/1 y OHLTITCM 	 mAcy HO3HaTFI. 

(3) flpeTxo,4Ho nmTame Ba:acm m 3a npo4ece SETAR-ARCH 14 SETARMA. 

(4) Kaii:Bc cue pacno,rkeze mox<c 	vima, SETAR npogec? ha JIM 3a 3a,rAaTy pac- 

nogeny SETAR npogeca mo>xe Aa  ce oApe,LA pacno,ikena pe3m,gyana? 

(5) Karma je pacno,gena M - ogeHa napameTapa SETAR mo,Hena? 

llope,i Tora, 3a AaJBe vicrpaamBame ocTajy npo6nemm Kojm ce oxkHoce Ha TecTm-

paH,e pa3zmu14Tmx x14noTe3a Be3aHmx 3a mo,aene ca nparoBmma 14 ogeHy peAa mo,ge.na. 

Y nmTepaTyp• nocTojm ,HocTa pe3ynTaTa (Petruceelli and Davies, 1986; Moeanaddin 

and Tong, 1988; Chan and Tong 1990; Chan, 1991; Clements and Smith, 1999; Hansen 

and Sec); 2000; Tsay, 2000), anm 14 AocTa HepemeHmx npo6nema. 3aTHM, cue npo6neme 

Tpe6a noce6Ho HOYI1TM 3a BmmeA14meH3moHanHe mo,gene ca nparoBmma. 

BawHo je, HapasHo, m nmTatbe npmmeHe mo,rkena ca nparoBmma y aHan143m 14 

npexmAaH,y Hom(peTHmx BpemeHcHmx cepmja. Y nocneAmmx HeHonmKo rongHa je 

npaBa excnaH314ja paHoBa y Hojmma ce npraxa3yjy excnepmmeHTanHm (cmmy.nmpaHm) 

d3JITTM I4 pe3ynTaTm npmmeHe OB14X moxkena y exoHomeTpmjm (Clements and Smith, 

1996; Peel and Speight, 1998; Henry, Olelcalns and Summers, 1998; Barnes, 1999). 3a yc-

neuIHNjy 14,jeAHOcTaBH14jy lipmmeHy je Heonxo,gaH 14 0,23,roBapajynx cocinmepcxvi naxer. 
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