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141{TEITABHJIHVI HEXO.TIOHOMM4 CPICTEMI4 
HA JUIJEBVIM ITYTIAMA 

Y gmcepTaggjg ce pa3MaTpajy HexozoHomim 
CHCTeMI4 xpyTor Tent, ca HHBapgjaHTHom mepom Rao IIITO Cy CyCJIOBTLeB H LlanogrvrHoo rIpo6JIeM. KoHcTpymcaHa je 43,ammagja HHTerpa6MJIHHx noTeinntijanHgx nepTyp6ang-

ja CycooBzeBor npo6nema napameTpg3oBaHa vapor npog3BozHgx stIyH-
Rnvija. TIo3HaTn cgcTemg Xapoamona-3a6e.rigHe 14 1<o3aosa cy cneng-
janin4 czygajeBg. llooa3ehm o,z CycnoBzeBor, XapzamoBa-3a6eagHe 
KO3JIOBJLesor coy-gaja, Ao6Hjein4 cy HOSH gHTerpa6Hom4 cHCTemg goga-
Bamem rgpocRoncRe cHae. ,ao6gjeHa je 6ecRoHagHo-grameH3HoHa crpamang-
ja HHTerpa614n1114X HOJIHHOMHjaJIHHX nepTyp6aggja LlanallITIHOBOr npo6- 
oema. HcTa Roaca noTeHggjana gaje gHTerpa6HoHe nepTyp6angje 
crergHor OjilepoBor coygaja poTangje RpyTor Tena oxo HenoRpeTHe TagRe, 
Rao H HexonoHomHor npo6oema BeceooBa-Beceoose. ,L(o caga, jeggiig 
no3HaTH gHTerpa6gaHvi noTeinwjann TFIX npo6nema cy 6gon Kne61n-TH-
cepgHoB noTeHngjan H imagpaTHR noTeHnnjan BorojaBzeHcRor 3a Ojnep- 
oB czygaj. 

HpoygaBamo H yoninTema gamx xnacHtipHx reniTerpa,614.71H14X Hexono-
HOMITFIX cgcTema RpyTor Tena Ha JIHjeBHM rpynaMa. Pa3maTpamo He-
xoaoHomHe cncTeme Ha JIHjeBHM rpynaMa ca oeBo-gHBapgjaHTgm JIa-
rpaHaRgjaHmma H gecH0-141113apiajawragm (neBo-gmapgjaHTagm) HeHHTe-
rpa6HJIHHM ,uxicTpg6yggjama (T3B. LR H LL CHCTeM14). ,LfaTa je me Toga 
RoHcapyRngje npm4x gHTerpaoa LR H LL cncTema, Ropiennhemem HHBap-
HjaHTH ICO-npreiApplceHor gejCTBa. ,LI06gjeHn pe3y.oTaTII cy omorytI4J114 
RoHcTpyianfijy HOBHX gHTerpa6HoHnx LR cncTema Ha Tp0,414MeH3140H14M 
yinamogynapagm JIHjeBHM rpynaMa. IIpoHaDein4 cy 3aRoHg ogyBama 3a 
gelsopoggmeH3goHm Hex000Homin4 npo6nem BeceooBa-BecezoBe. KoH-
cTpymcaHe cy yroosHe Roopgg -HaTe 3a 0 CHOBTIVI valTerpa6goHg LL C14C-
TeM Ha rpyng SO(4). Y caygajy nocTojaH,a gHBapgjaHTHe mepe npoHa-
beHg cy HOBH gHTerpa6maxg LL C14CTeM14 Ha ,n;Bema Roacama inecTogg-
meH3HoHgx JIgjeBgx rpyna, lc* ca,gp›Re SO(4), SO(3.1), SO(2.2), E(3), SL(2, R) SL(2, R) 14T,74. 

I<JbYLIHE PEL114 

Ojnep-IloeHicapeOB e jegHatame, gHTerpa6goin4 CH C T emm, HexonoHomHe Be3e, 111.HBapHjaHnia mepa, creiCTemg RpyTor Tena, 14HBapmj ailTe gejCTBa 
JIgjeBe rpyne, HHTerpa6HJIHe nepTyp6allMje, PITA. 
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INTEGRABLE NONHOLONONIC SYSTEMS 
ON LIE GROUPS 

The dissertation deals with nonholonomic rigid body systems with an in-
variant measures such as the Suslov and the Chaplygin problem. The family 
of integrable potential perturbations parametrized by a pair of two arbitrary 
functions of the Suslov problem has been constructed. Well known systems 
of Kharlamova-Zabelina and Kozlov are special cases. Starting from the Suslov, 
Kharlamova-Zabelina and Kozlov cases, we have obtained new integrable sys-
tems by adding gyroscopic force. An infinite-dimensional family of polynomial 
perturbations of the Chaplygin problem was derived. The same class of po-
tentials serves as integrable perturbations of the classical Euler case of the 
rotations of a rigid body fixed at a point, as well for the nonholonomic Veselov- 
Veselova problem. Until now, the Klebsh-Tisserand potential and the Bogoy-
avlenski quadratic potential for the Euler case were the only known integrable 
potentials of these problems. 

We study generalizations of the Suslov and Chaplygin problem on Lie gro-
ups. We consider nonholonomic systems on Lie groups with a left-invariant 
Lagrangian and right-invariant (left-invariant) nonintegrable distributions (LR 
and LL systems). A method for the construction of the first integrals of LR 
and LL systems by using the invariants of the co-adjoint action is given. These 
results are used for the construction of new integrable LR systems on the three 
dimensional groups. We have found explicit formulae for the conservation laws 
of the four dimensional nonholonomic Veselov-Veselova problem. An example 
of the construction of angular coordinates for the basic integrable LL system 
on group SO(4) is given. In the case of the existence of an invariant measure, 
we have found new integrable LL systems on two classes of six-dimensional Lie 
groups, including groups SO(4), SO(3.1), SO(2.2), E(3), S L(2, R) ED S L(2, R) 
etc. 

KEY WORDS 

Euler-Poincare equations, integrable systems, nonholonomic constraints, in-
variant measure, rigid body systems, invariants of the Lie group action, inte-
grable perturbations, etc. 
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5 

ripexosop 

Y °soh& pany pa3maTpa,hemo HexonoHomHe cHcTeMe ca HHHapHjaHT-

HOM mepom. Ham IIHJL je HoucTpyHHHja Hoskx HHTerpa6HEHHx cHcTeMa. 

Behmia mexammmx cHcTeMa HHje HHTerpa6HJIHa. 14HTerpa6HnHH cHcTe-

MH cy 3aTO Heoma 3HatIajHH H tiecTo ce nocmaTpajy Imo HpHa ampoxcH- 

maw4ja ormana selariTerpa6ummx cHcTeMa. IIoce6au upo6nem je Reno- 
cTojaffie oranTer meTona HcHHTHHaH,a HHTerpa6HnHocTH HeX0.110HOMHHX 

MeXaMilq1CHX cHcTeMa. 

Meby Hajno3HaTHje Hnacmule HHTerpa6HnHe HexonoHomHe Hpo6neme 

HpeTama HpyTor Tena ca HHHapHjaHTHom mepom cHanajy CyCJIOBJLeB H 

IlanaHrHuos upo6nem. 

IlpenmeT Hamer paAa -cy Asa HpHponHo HocTaHmeHa upo6nema. IlpHH 

Hpo6nem jecTe na ce HpoHaby eBeHTyanue HHTerpa6HJIHe nepTyp6aHlije 

CycnoszeHor H LiamaHrHHoHor 3a,gama. )lpyrH upo6nem jecTe na ce HoH-

cTpyHmy aHanoroHH THX CHCTM Ha JIHjem4m rpynama x Aa ce Hporm 

H3HX0Ba HHTerpaoHnHocT. 

Pa,n ce cacTojH 143 Ilempn rnarte: 

1. YBO,H. fleXOHOHOMHH cHcTeMH 

2. YoumTeEbe ECJIaCHYHHX maTerpa6Hramx czyqajeHa HpeTama HpyTor 

Tena 

3. HeXOSIOHOMHH LR CHCTeMH Ha JIHjeHHm rpynama 

4. HexonoHomm4 LL cHeremx Ha JIHjeBHM rpynama. 

rnaHa 1 ce cacTojH H3 Age Heareme. Y HpHom Haparpacpy najemo MOTH-

BaHHjy upo6nema, pa3Hoj Hemx OCHOBHHX HAeja, Hao H HpaTax Hperne,g 

pe3ynTaTa. Y ocTanHm Haparpacimma H3nancemo Heonxo,aHe ne#HHHHje 

Teopeme, Koje ce HopkicTe y pany: ocHoHae -cueseHHHe o JIHjertHm rpy-

Hama, HexonoHomHHm H XaMHATOHOBHM cHcTemmma, HpHmeHH cHMeTpHja 

cHcTeMa y Hanancemy HHTerpana HpeTama H penyFamjH je,nnatuma Hpe-

Tama. 
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raaBe 2, 3 vi 4 cagpx<e opvirviHanHe pe3yETaTe. 

Y raaBH 2 RoHcTpyienny ce HHTerpa6mEHe nepTyp6arJHje Cycnonmenor 

qammruxonor 3a,naTHa, Am( ce y rnaHama 3 H 4 nocmaTpajy ogro- 

Bapajyta yonurrema i:{a,Txx cHcTema Ha ajemm rpynaMa. Y PEaBIA 3 
ce aHazn3Hpajy Hexo.aoHomHn cvicTemn Ha ajemirm rpynama ca zeso- 
14HBapliljaHTHI4M RarpaHwijaHmma H AecHo-mmapvijaHTHvim HeX0.710HOMH- 

MM ATAcTpTa6ywiljama. Y raaBH 4 npoytaaHamo HexoaoHomHe CHCTM Ha 

JInjemirm rpynama, npH laemy cy H JlarpaHacosa 4H1qHja 14 HemHTerpa-
6naHa ArricapH6ywaja zeso -HHHapnjaHTHe, 

1.opmyze ce noce6Ho Hymeppnuy y cHaRoj rnaHn. TeopeMe ce Hymeprmy 
ca gBa 6poja, npBH npegcTaama 6poj r.uaBe y xojoj ce TeopeMa Rana314, 
goR je ,pyres 6poj pegaa 6poj TeopeMe y ,rkaToj rnasm. JIHTepaTypa ce 
1.114THpa y yrnacTIAM 3arpagama. 

OBOM npvilinicom HCeneo 6nx ga ce 3axBainam ,Ekp BJIa,ziHMHpy i[paroBmhy 
Ha yxa3aHoj n3y3eTHoj 110M0hH H nogpmcgn npn mpagn paga. Iloce6 - 
Hy 3axBaJiHocT gyryjem npodOecopy ,r4p AaexcaHrEcpy Baxima H KaTeApm 3a 
mexamincy MaTemaTwaxor cf)axyaTeTa 3a cBecpgHo aHra)RoBame. IIpnjaT-

Ha MH je gpifflocT ,ria ce 3axBamam npockcopy ,qp HoBngn Ezaaft-vihy H 
CeMHHapy H3 reomeTpnje MaTemaTntmor cpaxywreTa 3a cuirgame o6pa3o-
BalLa H3 g1ri.43epemn4jarme reomeTpraje. 0,74 Bemncor je 3Ha-qaja H 3ajegHnta-
KH pag ca xo.nerom Mp BopviczaBom rajnheivi, ca rcojnm cam gncRyToBao 

o noTelmotama Hoje cy HacTajaze y Toxy aucama paga. Rpyra rzaBa 

oBe gncepTagnje je ynpaBo naog 3ajegHpon<or paga ZparoBnha, rajnha 
H ayTopa. 3axBamyjeM ce H CBHM gpyrnm Konerama H npnjaTeznma Rojn 

cy me nogp)Ramix y pa,ry. lloce6Ho aceHn Bnnum4 H cpuly raBpngy. 

Beorpag, ManHgaH 1999. 

Box-mgap JOBaHOBHh 
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F.naBa 1 

YBOJ1J. HeXOJIOHOMHH CHCTeMH 

1.1 YBOA 

1. JeAaH o,z:k 0 CHOBHPIX npo6nema y npoy-caasamy..,in4Hamxtaxrax crAcTema: 

(1) 	 =-- X(x), x E Rn 

jecTe IIHTaffie HHT erpa6vinHo CTH 0,1:1;HO CHO pellICHEB 0 CTI4 y ICB a,gpaTypama 

Avic)epemneijanHxx je,u,HaT-aura. MHTerpa6maHo CT ce maampecTyje no CTO - 

jamem npeux unmezpa ✓ta. liymaverja f(x) je npiew HHTerpan jexcHatufnia 

(1) ylconmio je oHa KoHcraHTHa ckymcnxja xr,y)tc Tpajewropxja CHCTM (1). 

reomeTpxjcxx TO 3Hauvi ,Eka axo ce Tpajewropmja x(t) Hanam Ha no,gmHo-

rocTpyRocuei oxkpeteHoj je,n;Haxamom f(x) = c 3a t = t0, j:ka je TaAa nena 

KpaBa Ha ,gaToj nogmHorocTpylcocam. AHaJWITI/ItalCH yCJI0B cpymcoxja 

f 6y,ie npm4 lenrrerpan jecTe df(X) = 0. Roson.au, anvi He Tel Heonxo,ikaH 

ycnos, 3a morerpa6mnHocT jeAHataxHa (1) je nocTojame n-1 (PyrcuaAoHan-

Ho He3aBHcHHx varrerpana fn_i. Ta,Lka Tpajewropmje cHcTeMa ne>Ke 

Ha Kim/mama 1coje cy oApeteHe je,AHataimama fl = cl, , f n_i = cn _i • CHc-

TM je napmunynapno unmezpa6u.n.an  yxonm:Ko je HHTerpaovinaH camo 3a 

ciwn<cmpaHe spe,uxocTH HeKvix HHT erpana xpeTama. 

IlomeHmmo Hexe o,g maTemaTreraapa AeseTHaecTor BeKa }coke' cy ,gonpxHe-

nH peinasamy npo6nema HHT erpa6 ',MHO CTH mexaHwacxx CHCT ema. Xamvin-

TOH H Jaxo6H cy npoHannn4 meToAy vffiTerpaguje BawHe Knace mexamennc-

FIX cmcTema, AaHac 1103HaTVIX Hao X aMHJITOHOBH crAcTemx. A6en, Jalio614 

Typeset by AmS-TIC 
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8 	 FJIABA 1 

Bajepunpac cy 3acHoHam4 TeopHjy e.aviTHumx, xvinepeavinTvrqxvix H 

0—cPyHHAHja Hoja je omoryhvma eRCHHHHHTIly HHTerparkvijy mHormx Hpo6- 

Rema. Cocpyc RH je yneo TeopHjy, AaHac Ho3Hazy xao TeopHjy JIHjeBvix 
rpylla H azre6pH. EMH HeTep je Aolia3aaa Aa um° ,gejcTBo .1114jeBe rpyrre 
lc* je y caraacHocTH ca jeAllatavmama EpeTama cHcTeMa Aaje upHe HHTe-
rpaRe cHcTeMa. 

AllpH IloeHicape, HporlaBajyhm KpeTame imaHeTa [50], Hao cPyruka- 

meHrrazaH npo6zem mexamince je HocTaHHo HHTathe 0 arrerpaaumocim 
cHcTeMa je,zwaxima ± = Xo(x) eXi  (x) yKOJIHKO 3HaMo tr;a, cy jeAualikme 

= Xo(x) HHTerpa6HJIHe. Y AaHamme BpeMe, Ha ocHoHy paAa Hoemcapea, 

A. H. KoamoropoH, B. 14. ApHoz,,a, J. Mo3ep, B. B. KO3JIOB, cy „gam,' 
oAroHope Ha npo6nem HHTerpa6mmocTH mHormx macHimxx Hpo6.nema. 

Roxa3aHo je Aa je HHTerpa6H.HHocT peTica nojaBa. BehnHa rrpo6aema 

je HeHHTerpa6HJIHa. Ilpoplariame HHTerpa6H.Hmax cHCTeMa je H3y3eTHo 

3HatIajuo. HeHHTerpa6HRHH CHCTeMH ce HocmaTpajy Imo ripe anpoxcvi-
marmje varrerpa6Hramx cHcTeMa [38], [49]. 

B. 14. ApHozA je yxa3ao Aa ce npo6.4em xpeTarba xpyTor Te.11a mwxe 
nppipoAllo yOHDITHTFI y BH,Zky reo,gemjciura .HHHHja zeHo-HHHapHjaHTHHx 

meTpHica JIHjem4x rpyna. OAroHapajyhe jeAviatIvme xpeTama cy Ojnep- 

HoemcapeoHe jeAHatame: 

(2) 	 = 	
aH(m),,i 	

ri; jk am 	 7 

zj 	
i  Du  

Ha JIHjeBvim aHre6pama. 0Txpiemem4 cy HOBH maTerpa6marm cmcremli Ha 
JIHjemilm rpyrrama H a.ure6pama [19], [22], [40]. RHHHMHgEH cHcTeMH Ha 
JIHjerivxm rpynama, peAymmja cHcTeMa ca cHmeTpHjama Cy HaHIJIH Bemmy 
upHmeny y pa3mam o6aacnama reomeTpi4je, mexammce H (PH31/1Ke [34], [44]. 

Ihirrame nocTojaffia upBxx 14HTerpana H krrerpa6HaHocTH cHcTeMa je 

Quojell upo6.nem oA cantor pemaHama upo6aema y xHaApaTypama. 70- 
THX roAima oHor Heim, pa3BHjeHe cy aare6apcxo-reomeTpHjcxe meToAe 
excHavamTHe HHTerpaHvije AHHaMMIKHX clicTema. IlperneA Hexvix oA Haj-
HaHmvrjva pe3y.uTaTa ce mo>xe HahH y im.Hrama [13], [40]. 
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YBO,L(. HEXOTIOHOMH141 CPICTEMM 	 9 

2, MN Lemo uporiaBaTH HexonoHomHe mexamoaxe cmcTeMe. Knacki- 

ciwixagmjy mexamcmix CHCTM ca Be3ama Ha xonoHomHe H HexonoHomHe 

je Aao Xepu cpexpHom ,geBeTHaecTor Berm. Mexamirtna4 CHCTM je He-

xonoHomaH yxoniinco cy Ha xpeTarbe CHCTM 3agaTe HeHHTerpa6kinHe Be3e. 

Y cyripoTHom CHCTM je xonoHomaH. Y BehHHH mexaHvitnoix ripmmepa Be3e 

cy inmeapHe no 6p3HHama. 

KpajeM ,gerierHaecTor H rim-le-mom ,43a,geceTor Beim Heim o,4 HajBehifix 

mexamirtiapa H maTemaTH-qapa 6ameinvi cy ce pa3nojem H reomeTpx3agkijom 

HexonoHommAx cvicTema. EOMeHHMO canto Heite o,rk Iloeimape H  LIH-

Tajes cy Ham/maim jeAHaqviHe xpeTaffia y a3H-Itoopx4HaTama. Anen je 

npoHainao npxmepe HexonoHommfix CHCTM y icojiama orpaavraema Hvicy 

nx.HeapHa no 6p3mHama. CxoyTeH, BpaHgeaHy, BarHep cy yBeniti TeH3op-

xpkgmHe HexonoHommx CHCTM [3], [4]. 

Capyi(Typa je,iniativma HexonoHommeix CHCTM 6HTHO oTe>HaBa HaHX0B0 

pentamaiLe y onHocy Ha o,nrosapajyhe jenHativiHe X0.110HOMHHX cHcTeMa. 

3a pa3inin(y oA xonoHommx cmcTema, mo>ice ce pehm ,ga omnTa meToAa 

riporiamaupa xifrerpa6mnHocTvi HexonoHommix CHCTM join HHje pa3Bvije-

Ha. Ilperne,g HHTerpa6kunaix xnacwakaix HeXOROHOMHHX CHCTema ce mowe 

Hades y ICH3H3H [21] . 

Beni ac Am-TB:Hoc HexonoHomHoj mexamagyi ,gao je Liannmrkm. 143mety 

ocTanor, npHMeTHo je ,ga Heim HexonoHomm4 CHCTMH noce,gyjy renisapm-

jaHTHy mepy [31], [33]. 

KaNcemo ,ga jegHauxHe (1) nyeajy utan-ocy Atepy f (x)dx 1  A • • A de yxo-

.71141C0 ce mepa cBaxor mepmmor cxyna . D C Rn He MIL no,rk AejcTsom 

noxanHe jexionapameTapcxe rpyne Axcbeomopcinioama Wt je,ricHauxHa (1): 

f (x)dx 1  A • • A de = 0. 

JaHo614 je noxa3ao ,rka nocTojame HH3apkijaHTHe mepe omoryhyje KoH- 

cTpylanrijy noxanHo join je,n;Hor HaTerpana xpeTalba. Ha Taj Haulm 3a 

kinTerpa6mnHocT jegujiaturnia (1) Aosomuo je n — 2 ripinix RHTerpana xpe- 

Tama n, • • , fn -2 • 

(3) 
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10 	 FJIABA 1 

B. B. KO3ROB je TeopeMy Jaxo6krja Aonpudo, Tax() nITO je npHMeHHo 
Teopemy Kozmoroposa o pe,rrymrkrjH AkupepeHirkijaaHkrx je,rmatmHa ca HH-
BapkijaHmom mepom Ha Topycy [18]. Hera cy Ha HHHapHjaHTHoj MHO- 

roappiocTil 	{x E Rn fi(x) = ci , i = 1,...,n — 2} cpymumje 
... 7  fn -2 He3aBHCHe. Ta,ia ce peiuema jejwagne (1) Roja nex<e Ha E, 

mory Hahm y xHaApaTypama (JaKo6HjeHa Teopema). Heim je L c  noHe3aHa 
Komi-mama KomHoHenTa Hospum 4 H Hera X(x) 0 3a x E L e . 36or 
llocTojaH)a HHHapHjaHTHe mepe L, je opjellTa6mHo H xaxo je OjRepoHa 
xapatvrepHcama L c  je,rmaxa 0, L, je Amcpeomopqma Topycy. Ho Teope-
mx Kozmoroposa mory ce Halm yrnonne RoopAHHaTe y Koji/ma 
xpeTame Ha L, Hma o6m4x: 

CrJi 	
W2  (4) 	 (pi = 	 (;02 = 

~ (w1) W2)7 	 .1°(w17W2)7 
rAe cy Lo 1  H w2 KoHcTaHTe, Iw l  l + jw21 0 H mama HO3HTHBIla CPymumja 
27r nepHozwaria no cp l  H (P2 [15], [38]. 

3. Meby Hajno3HaTHje macmnie HHTerpaomme HexamoHomHe clAcTeme 
ca HHHapHjaHTHom mepom cna,gajy CyczoszeH H tlanakirraHos Hpo6.nem. 

CycHoBzeH Hpo6aem ormcyje Hexo.noHomHo HpeTarbe xpyTor Tetra oxo 

HerroxpeTHe Tauxe [24]. LlarumrkmoH npo6.nem onncyje KoTp.marbe ,rrli-
Hamkrcum HecHmeTpkrque, 1436a.naHcHpaHe JI011Te HO xopH3oirrankroj paHHH 
[33]. 

Hpe,UMeT Hamer pa,/ra cy Asa HpHpoiscHa Hairkma youraTerba OIII4CaHHX 

npo6JreMa. flpHkr Hpo6nem, y crara,rry ca HHTaffiem lloeHHapea o HHTerpa-

6HJIHOCTH nepTyp6oHankrx cHcTema, jecTe xra, ce Hponaby esenTyazHe HH-
Terpa6Haue rrepTyp6arrHje CyczoHzeHor H LlarumrHHonor 3a,rrama. THMe 

hemo ce 6aHr4TH y ,gpyroj rnaskr. Rpyri4 npo6zem, cze,rrehr4 HAejy ApHoz-

,ga, jecTe ,rra ce KoHcTpykmay alla.aoroHH THX cHcTeMa Ha JIHjeHHm rpynaMa 
,ga ce nporm ILHX0Ba HHTerpa6krimocT. To he 6HTH ca,Erpacaj Tpehe 

geTspTe mane. 

IlpsHm ripo6iremom 6aBHJIH cy ce XapaamoBa-3a6eakma 1957. H Ko-

3.110B 1985. Xap.namorta-3a6emma 3a CyCJIOBJLeB H KO3ROB 3a CyCJIOBJI,eB 
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YBO.LI. HEXOROHOMHM CHOTEM14 	11 

H gaIIJIHrHHOB npo6nem cy xoHcTpykicann HHTerpa6HnHe noTeHnHjanHe 

nepTyp6awfje [29], [15]. 

IIpm4 xopax Ha yonmTeu)y nexonouomffor xpeTaaa KpyTor Tem, Ha RH-
jenHm rpynaMa ypaHHo je A. II. Becenon 1985, [6]. OH je HecpHHHcao 
HexonoHoMHe reoHe3Hjcxe Toxone Ha JIHjenHm rpynama ca neHo-HHHapH-

jaHTHom meTpmcom H HecHo-HHHapHjaHTom HeyiTerpa6HaHom HHcTpH6y-
HHjom. Becenon je Holm3ao Ha TaKBH HeXOTIOHOMHH CHCTeMH y cnytiajy 
yimmoHynapHka rpyna HMajy HHHapHjaHTHy mepy. JIHjena rpyna je yHH-

moHynapHa yxonkixo noceHyje ,nu3ocTpaHy HHHapHjaHTHy mepy. 

HeIIITO xacHHje, RO3HOB je npeTnocTaHHo neno-HHHapHjaHany meTpHxy 
H neno-HHHapHjaHany HeXOJIOHOMHy He3y. PIcnocTanza ce Ha TaKBH CHC-
TeMH HMajy HanapHjaHmy mepy canto y cnennjanamm cnytaajesHma H 3a 
KomnaxTHe rpyne HaT je xpHTepHjym nocTojaffia HHHapHjaHTHe mepe [16]. 

IIo eHrzecxlim pexuama left, right CHCTeMH xoje cy ynenH Becenos H Ko-
3ZOB peHom ce Ha3HHajy LR H LL CHCTeMH. JeHHauHHe xpeTaffia LL H LR 
cHcTema ce mory nocmaTpaTH xao nepTyp6anHje Ojnep-IIoerucapeormx 
jeHHaqHHa (2). 

HanomeHHmo join Ha cy npmpoHHa yoninTen,a Cycammenor H LlannHr- 
HHOBOr upo6nema Ha BHIIIeX(HMeH3HOHO xpeTame xpyTor Tena Ham y paHy 
[45]. 

4. Ha xpajy, yxpaTxo hello npma3aTH pe3ynTaTe Ho6HjeHe y OBOM 

pa,gy. Y Hpyroj maim hello pa3BHTH meToH3r HHTerpa6mumx HOTeHt(H-
jammx nepTyp6anHja Cyczonzenor H LlanaHrHnosor npo6nema. MeTo-
Ha je MOAHIPHISal[Hja one Eopinnh.eue 3a KoHcTpymnajy HHTerpa6HaHHx 
nepTyp6aHHja XOJIOHOMHHX clicTema [12], [17], [41], [43], [47]. HOMOhy 

HaTe meToHe, y naparpa$y 2, Ho6Hja ce cpamHaHja Hrrerpa6Hnullx no-

TeHnHjana CycnoszeHor 3aHaTxa, napameTpH3oHana napoM Hp0H3B0511HX 

cpymon4ja. rlo3HaTH HHTerpa6HnHH noTeHnHjanH Xapaamose-3a6ennHe H 

Ko3noHa cy cnenHjanHH cariajenH Ho6Hjeum noTennHjana. Y naparpa-

cOy 3, nona3ehH oH Cycnonzenor, Xapnamone-3a6enHHa H Ko3nonzeHor 
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12 	 FJIABA 1 

HHTerpa5HnHor cny - raja, ,go6HRH cmo Hose HsTerpa6HEHe cHcTeMe nona-

samem rHpocxoncEe cline. Y naparpa4y 5, noxa3asa je HHTerpa6HnsocT 

xoTp.mama AHHamvitum cHmeTpmme nonTe no xopH3oHTanHoj paBH14 noj 

,L(ejCTBOM noTeHnHjanne cline ca noTeHnHjanom HHBapHjaHTHHM y o,asocy 

Ha poTanHje oxo oce AHHammixe cHMeTpHje. Y osom czyqajy, 3a, pa3- 

nHxy oA JlarpaHHcesor czyqaja poTanHje xpyTor Tena oxo HenoxpeTHe 

Taxixe, zonyacKH HHTerpan je qeTspTor cTeneHa H He cze,m4 H3 cHMeTpH-

je cHcTeMa. Y naparpacPy 4, y cnytiajy AHHammixe secHmeTpHje nonTe, 

ao5HjeHa je 5ecuorlaqHo AHmeH3HoHa cpamHnHja HOEHHOMHja.IIHHX nepTyp-
6anHja 1-Taman-In:col:tor npo6nema. I4cTa xnaca noTeHrmjana ,gaje HHTe-

rpa6marie nepTyp6anHje xnacwmor Ojneposor cnyqaja poTanHje xpy-

Tor Tena oxo HenoxpeTHe Taqxe, ..xao H npo6nema Becenosa-Beceaose 

[7]. ilo ca,na, Kne6m-THcepHHos moTeHnHjan, H xsaApaTHH noTeHnHjaa 

Borojaszeucxor [2] 3a Ojnepos cayqaj, cy 61,4nH je,nHHH no3saTH HsTe- 
, 

rpa6HaHH noTeHHHjanH THX spo6nema (naparpacp 6). 

Y Tpehoj raasH aHanH3Hpahemo LR cHcTeme. 1413naHce ce meTona KoH-
cTpyxnHje upsiax HHTerpana TaKBHX cHcTema (naparpa,49 3). ffpH Tome ce 

xopHcTe HHBapHjaHTe xo-npHAppRenor .rejcTBa rpyne, xao H HHTerpanH 

Ojzep-floeHxapeosHx jenHaqHsa. Iloxa3yje ce Aa je Taxsa meToAa no- 

son,Ha ,rka o6e36eAH HHTerpa6HaHocT T.PP CHCTeMa Ha Tp0AHMe113HOHI4M 

yHHmo,synapHHm JIHjesHm rpynama (naparpacp 4). Y HCTOM naparpacpy 
ce ,go6Hjajy H HuTerpa6HnHe noTernmjanHe nepTyp6agHje LR cHcTema Ha 
Xaj3eH6eprosoj H rpym4 SL(2, R). Y naparpadH 5 xoncTpypany ce HH-
Terpa.rm qeTsoponHmeH3HoHor HeXOJIOHOMHOr xpeTarsa 1CpyTor Tena oxo 

HenoxpeTHe Taxixe, xoja npencTaszajy yoninTeffia npo6nema Becenosa-

Becenose. 

Y qeTspToj raasH 6asHhemo ce LL cracTemHma. Y naparpacpy 3 14330- 
AH ce yczos nocTojaEba HHBapHjaHTHe mepe LL CHCTeMa. 3a HexonoHomile 
reo,ne3Hjcxe aHHHje rpyne SO(4), y cnyqajy KaAa je HexonoHomHa se3a 
COIICTBeHH noTnpocTop meTpprqxor TeH3opa, BECIDIHTAHTHO ce xolicTpy-
luny yraosHe HoopgaHaTe (4) (naparpa4 4). Y naparpacpy 5 143.ffaxce 
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YBOR. HEXOROHOMH14 CPICTEMM 	 13 

ce OCHOBHH pe3ynTaT one rnane: xoncTpymny ce HOBH HHTerpa6HJIHH He-

X0.710140MHH LL cHcTemm ca HHnapHjaHTHom mepom Ha JIHjemm rpyna-

ma tmje anre6pe npmnagajy gnema xnacama IlleCTO,EIHMeH31/10HHX JIHjenka 

anre6pH, xoje yx.mytayjy anre6pe: so(4), so(3.1), so(2. 2), e(3), 8/(2, R) ED 

8/(2, R). 

IlpHmeHe. Behma mexamemmx cHcTema HHje HHTerpa5HaHa. ito6H-

jenH HHTerpa6HJIHH HeXOJIOHOMHH cHcTeMH cayxce Imo ocHoBa 3a npoyna-

Baffie OIIIIITHX nerencrerpa6HaHHx HeXOJIOHOMHHX cHcTema. MeToge HHTe-

rpa6HaHmx nepTyp6anHja Hexo.noHommax cHcTeMa RopHinheHe y pagy ce 

mory HCKOpHCTHTH 3a go6Hjaffie HHTerpa6HnHHx yormiTeffia H gpyrHx  xna-
CHUHHX HHTerpa6HEHHx HeXOTIOHOMHHX cHcTema. 

Reo pe3ynTaTa paga je o6janzeH y pagosHma [42], [48] H npkixa.3aH 

Ha Komf)epeHnHjama Geometric Combinatoric, KoTop 1998, 22. Jyzoc ✓toeen-

ocu Iconzpec .mexartuxe, BpH.aqxa Baba 1997, Winter School Geometry and 

Physics, Srni 1997. 

1.2 ,llocirpri6yAllje TaHreHTHor pacaojeiba 

.TlajeMo xpaTxH nperne,n HexHx, HeOLIXOAHHX 3a gaze H3narame, nojmo-

na H3 TeopHje gHcTpH6ynkija. IloTpe6HH goxa3H ce mory HahH y RHHrama 

[46], [53]. 

,llucmpu6nuja D TaHreHTHor pacnojeffia TM n—gHmeH3HoHe mHoro-

cTpyxocTH M je xonexnHja k—AVIMe113140H14X noTupocTopa Dx  C Tx M xoja 

rnanco 3aBHCH 0,E1 x E M. 

ItHcTpH6ynHja D je uurnezpa6u.lina yxonlinco 3a cnaxy Tataxy x E M 
nocTojH uumezpa ✓ ta noamnozocmpyKocm N C M Hoja cagpm x, Tanta 

ga ce TaHreHTHo pacnojeffie TN noxnana ca pecTpmcnnjom gmcrpH6yrtvi-

je D Ha N. Y cynpoTHom xa>xemo ,ga je gHcTpH6ynHja, rietatmezpa6u✓ata. 

Axo je gacTpH6ynHja HHTerpa6HnHa Taga y OKOJIHHH cnaxe Taxixe noc-

T0jH JI0KaIIHI4 KO0p,LIFIHaTHH cHcTeM {X I , ... el Taxan ga cy HErerpanHe 

nogmHorocTpyxocTH gaTe je,gaatn4Hama xk+1 = ... ,xn = cn_k. 
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14 	 FJIABA 1 

.ilzHeapHIA npocTop rzaTxxx sexTopcxxx noma Ha M xojki Tram mo,Ay.a 

y o,aHocy Ha mHoaxeffie rzaTxvim ckymanajama Ha M Ha314)3am° du0epervi4u-

ja.m-tum cucmemom. Cxyn camx rnamix ceueffia giAcTpx6ygmje D Tavnix 

jeAaH ArexlaepeHnvijanHIA crAcTem. Hera tem() o3HatiaBaTH ca P(D), 14m4 

npocTo canto ca P. Hexa je: 

(5) co -") = [P(2), F (2) ] = 	E r(Tm), X = [Y, Z], y,z E r()}, ro) = P. 

Hanomeimmo Ra cy 1 	axo je Amckepem.H4jamm cHcTemx, anH ,na amma 

He mopa oArosapaTvi HH je,nHa AvicTpm6ywAja o,i TM. 

EpTATepvijym o HHTerpa6m.rmocm ArAcTpx6ynmje je ,nao cDpo6emajyc: 

TeopeMa 1.1. .11ompe6an u doeo ✓ban ycrioe da ducmpu6yuuja D 6yde mime- 

zpa6u.n.na  je ro) [r(D),r(D)] c P(D). 

Yxonvixo je mcnyibell yCJIOB P c r(i) c To) c 	p(s) c r(9+i) 
Ta,r1a 3a ,avicTpx6ylijy xaaxemo Aa je nomnyno riexodionomna. Cae,geha 

TeopeMa je no3HaTa xao TeopeMa Lloy-PalueBcxor: 

TeopeMa 1.2. Y7C0.111000 je ducmpu6ktyuja D nomnyno nexa✓tortomna mada ce 

npou3eomie dee manice x,y E M mazy cnojumu deo-no-deo a✓tamicam npueom 

-y(t) (-y(0) = x, -y(1) = maneom, ()a je -Y(t) E 3a cee t E [0, 1]. 

1.3 OCHOBHH IIOjMOBH 0 arlieBHM rpyllaMa 

1. Jlujeea zpyna je rpyna G ca capyxTypom rname mHorocTpyxocTm, 

npH taemy cy mHwxeme y rpyrira (a, b) ab M misep3 a a -1  rzama 

npecinaxasama [44], [54]. flujeea arzze6pa HaA nozem pea,Envfx 6pojesa 

R je BexTopcxx npocTop V HaA R ca onepagvijom [.,.] : V x V -+ V xo-

ja je 6reumHepHa, xocommeTpwma, M 3a,rcoBozaBa Jano6ujee udenmumem: 

[[A, .13],C] [[C, A], B] + [[B, C], A] = 0, A,B,C E V. 

03Hal-11,1M0 ca L a  H R a  Arabeomopciamme rpyne oApeteHe ca nemam, 

oAHocHo Aecaum mHo)xeHDem enemexTom g: Lg (a) = ga, Rg (a) = ag. 3a 
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YBOJI. HEXOROHOMH14 CMCTEMPI 	 15 

sexTopcxo r[oze X E r(G) Raxieivio Aa je 'zee° (deeno) HHBapnjallTo pco-
nHxo je (4),,Xl a  = Xi g, ((R9),X1, = )( l ag ) 3a cBaxo g E G. 

neso-vmsapHjaHTHa sexTopcxa noza ce npHpo,rmo H,geHTvicinencyjy ca 
TaHretrrnmm npocTopom y je,r(1411HAH rpyne: X E r(G) 1-4 xi, E g = Te G (e 
je jeAmmna y rpyruer). Axo cy X Tel Y neHo-HHHapHjaHTHa HexTopcxa noza, 
Ta,rta, je zeBo-kmpapHjaEran H IbHXOB xomyTaTop [X, Y]. (Q, IHHH 

Jlujefiy aure6py, xoja ce Ha3HBa flujeaa arize6pa Jlujeee vyne G. Hexa je 
(e i ,..., en ) 6a3a Rujese anre6pe (zeHo-uHHapHjaHTHux HexTopcxux Ro-

za) rpyne G. Beakrxmae C HecinemucaHe ca [ei,ei] = lk C!cek Ha3uBaMo 
cmpynmyptu.A4 noncmartma.ma anre6pe Q. 

F.namo upecauxaHaffie f : R G Ha3HBa ce jeanonapamentapoca nod-
zpyna rpyne G axo je f(a + b) = f(a)f(b) 3a cHe a,b E R, H am) je 
f (0) = e. Am) je X ReHo-yAHHaplljaHTHo HexTopcxo noze Ta,ga je EberoBa 

jeHHonapameTapcxa rpyna AH4)eomopeimnama Otx  ,gedimmcana 3a cBaxo t. 
CBe jeHHonapameTapcxe noHrpyne cy o6auxa Gtx  = Otx (e). 

2. rpyna G dertyje citeea xa Atuozoempwcocm M axo je 3aHaTo rnamo 
npecauxaHame h:GxM M Talmo Ha je: 9 192  = gl 0  g2,  91 ,92  E G, H 

= ids, r,rke je g(x) = h(g , x). YKOnHxo je M = V HexTopcm npocTop, 
H yxonuxo cy -g auHeapHa npecauxamaH.,a, TaIa xaacemo Ha je ca h HaTo 
npedanae✓bobe rpyne G [54]. 

Hexa rpyna G Heuyje Ha mHorocTpyxocT M. /lejcTrly noHrpyne Gy 
oHroHapa sexTopcxo mime: vy(x) = — 1 „,_04(x). Ilpecauxaaame Y vy dda 
je xomomop0u3am JlujeHe anre6pe g H JIHjeBe anre6pe HexTopcxux noza 
Ha M: v[y,z] = [vy,  ,vz], H Ha3HBa ce manzeumuu xamomopOu3a.m. 

Op6uma manace x E M je 0(x) = {g(x), g E G}. (Dymmuja f Ha M je 
uneapujartma uo,H HejczHom rpyne G yKOJIHKO je fog= f, 3a cHe g E G, 
°Atwell° yKOJIHKO je xoacTaHTHa Ha op6uTama HejcTsa. He011X0,71aH ycnoH 
3a f oga, 6y,ILe HHHapieljaHra HejerHa je Aa vy(f) = 0 3a use Y E Q. 

IloHrpyny Gx  = {g E G, g(x) = x} Ha3uHamo u3omponnom noavynam 
enemeHTa x E M. OHa je 3aTHopeHa (y TO110.710IIIKOM cmuczy) LEO,L(MH0- 
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16 	 FJIABA 1 

rocTpyRocT on G. rpyna G uenyje mparoumueno Ha M yKoJanso 3a cua-

1(14 Imp Taliaha x, y E M IIOCTOill g E G, film Hemy je g(x) = y. 1lejeT130 

je e0enmuerto yxonli<o H3 g = idM cze,En4 Aa  je g = e. YKOJIHKO rpy-

na G ,genyje TpaH3HTHBHO Ha M Ta,ga cy cue n3oTpouHe noArPYlle Gx 

n3omopc13He meby C060M H mHorocTpyKocT M je AmPeomopcinia upocTopy 

G/GXO  [52]. 

3. Hpuopyoseeno dejerneo rpyue G Ha anre6py g je naTo ca 

(6) Ad cxg-4g, Ad 99 = (R9 -1) * (1,9 ).9, g E G, O E G. 

.T[mPepeHnnjan y jennEinn4 e rpyne G npunpyxcellor AejcTua je npnupy›Ke-

Ho Aejcaso ad anre6pe g Ha g [26]: 

(7) ad = d(Adg ) ig=e :gxg-4g, adce = [S2, (31]. 

Ko-npuopyosceno dejemeo rpyne G Ha g* je nyanHo upnAppReHom nejcany: 

Ad* : G x g* 	g*, Ad*g _ i N = (R9 -1)*(L 9)*N, 

(N,Ad g0). (Ad9_1N,C2), 	M E g*, S2 E g, g E G. 

ilnitlepeHnnjan Ko-monnpy)ReHor nejcTua je Ko-npn,appEeHo ,nejciso ad* 

anre6pe g Ha g*, H OHO je nyanHo npnnpyn(eHom nejcTuy ad: 

(9) 
ad* = d(Ad*g _ i )I g=e : g x g* -÷ g* 

(adit1N, e) (N, adne) = (N, [fl, O]), 	N E g*, 0,0 E G. 

Op6mTe 0(m) Ko-nplanppicerior nejcasa cy xomoreHe mHorocTpyKocTn: 

0(m) = {M E G*, M = Adg*_ i m, g E G} = GIGm ,Gm = {g E G, Ad;_ l m= 

m}. TaHreETHH npocTop y M E 0(m) je: TMO(m) = {a4M,e E G}• 

BrAmeH3nja op6HTe je dim(G) — dim(Ann(m)), row je Enjesa anre6pa 

Ann(m) = Te Gm  = E g, acr6m = 0}, any✓iamop enemenTa m. Bpoj 

r = minmEg• dim(Ann(m)) Ha3nua ce undelccoht a✓toe6pe G H o3HaxaaHa ca 

r = ind(g). 3a onurre m (Tj. Ka,ga m upnna,ga oTuopeHom cuyna ryCTOM 

curry y G*) je dim(Ann(m))= 7' H aHynaTop enemeHTa m je KomyTaTiuma 

(8) 
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YBOJI. HEXOJIOHOMITH CHCTEMM • 	17 

azre6pa, KOMII0FICHTa jeAllame moTponHe nurpyne Gm  je Romramma 
rpyna. 

.1)yiumHja J : g* -+ R je uneapujanma Ha g* yxoauxo je HHHapHjawra 

xo-r[pHAppReHor ,zejcTBa. Kaxo je velm = a4M, cpyuxtmja J je HHBap-
HjaHTa axo H canto axo je 

(10) 	(ad'6M 	) = (M, [0 , 	 ]) = 0, 	E c, M E am 	am 
HOCTOjH r = ind(g) (PYHEEMOHaJIHO He3aBHCHHX HHHapHjaHTH: /1, .. • , ir • 

Onmm op6HTa xo-HpHApyHseHor AejcTHa, ce Moe HH,HeTH xao no,ronHo-

rocaTyxocT 3arkaTa jeAHaukmama: Ii  = c1, . • • , I,. = Cr • 

4. Hexa 6 o3HaRaHa HexTopcm HpocTop xojH oAroHapa JIHjeHoj  an-
re6pH g rpyne G, H Hexa je Ad HpHApymeHo Aejcamo rpyrte G Ha au-
re6py g: llonoupexman npouseod JIHjeBe rpyrre G H xomyTa,THHHe  JIH-
jese rpyHe 6 je JIHjeHa, rpyna S = G x Ad 0, ca 3ax0Hom mHoacelba: 

(gi, n1)(92, ‘22) = (902, SZ 1  + Ad9i n2 ). JeAHHH=1HH eRemeHT rpyne S je 
(e, 0), H HHHep3 je ,r(aT ca: (g,12) -1  = (g-1 , —Ad9-1S2). JIHjeHa azre6pa 
S je noayHHpexTaH m30143130,4 Q x ad  6. IlpHApy>xeHo H xo-nprelAppKeHo 
AejcTso OA S H S cy Aa,TH ca [52]: 

Ad( g ,e) (Di, 02) = (Adgit i , Ad952 2  + [6, Ad901]), 

e1), ( -22, 02)] = ([01, p21, [11, 02] + [el, f22]), 
Adik, e) _,(M,N) = (Ad*9 _ 1 M — a4(Ad9_1N),Ad9_ 1 N), 

ads4. e) (M,N) = (adAM + adV,a4N). 

5. Pa3moTpHmo upeTxoxie Aeci3HHHHHje Ha TIHjeHoj rpyrcH SO(3), rpy-

HH opToroHammx 3 x 3 maTpHua ca AeTephumairrom 1. HDeHa JIHjeBa 

aare6pa so(3) ce cacTojH o,rk CBHX 3 x 3 KococHmeTpHRHHx maTpHga. Kaxo 
HaHa4 (LB) * O = BO, (RB).8 = OB, TaHreHTHH HpocTop y TatIECH B je 
TBSO(3) {Be, O E so(3)}. 

JIHjeHa auire6pa (so(3), [.,]) je momoimpHa JIHjeHoj a.nre6pH (R 3 , x), 

rAe je x yo6HRajeHH HexTopcKH HpoHno,g. Hexa je (el, e 2 , e3) 6a3a so(3) 
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18 	 FJIABA 1 

ca cTpyliTyprnam KoncTaHTama Eijk ([ei, = Eiikek), H Hem, je (ei, 62, e3) 

opTollopmnpaua 6a3a npocTopa R 3 . 143omop4m3am maTpnnvi e = ei ej  ,rko- 

zezyje Berrop 0 = eiej . MwKemo m3a6parm Tany 6a3y ei za je momop- 

043am AaT ca: 

0 —63  
(12) 	O = 	63 	0 

_02 01 

62 
_el 	1-4 	0 = 	e2 , 83 )  

0 

11pM Tome cy picnyi-beHn ycnoHn: eCi = 0 x Cj, Ad B  = BQB -1  = 

Q E R 3 , B E SO(3). 143omop#3am je yje,aHo H H3oMeTpHja Ku ✓tunwee 

Oop.me anre6pe 80(3): (.,.)k H EymmAcxor cm.napEfor npoinBoxca (.,.): 

(el, e2)k = -2tr(8182) = (61, 62). 

HOMOhy KHJIHEIPOBB (Popme (.,.)k mo)Remo H3BpLUYITH HABLITH#Ka1114- 

jy so(3) 	so(3)* npn Kojoj onepannje ad*, Ad* npena3e y —ad, Ad: 

(01, [e2, e3])k = -([02, 0l], e3)k, 
(B-101B, 

 02)k = (01, Be2B -1 ) k . 
14Hnexc anre6pe so(3) je 1. PIHHapkijaHTa je I = (M,M)k. 3a m 0 

op6nTe npn,appReHor AejcTHa cy cl:Pepe: 0(m) = {M E so(3), M? + M2 + 

= mi + m2 + m3} = S 0(3)1 S 0 (3),,. I43oTponHa noArpyna SO(3)„, 

je rpylla poTannja oxo BeETopa SO(3),„ = exp(Ann(m)) {B E 

SO(3), BmB -1  = m (Brim = TA)} '-•:=•f SO(2). 

IlonyumpeKTaH npovi3Hou JInjese rpyne SO(3) H anre6pe so(3) je H30- 

mop#H rpynn KpeTalba y EyEnnucKom upocTopy E(3). 

1.4 ,aa.11am6ep - IlarpamEoB apHHTHU 

1. Y OBOM H cze,tkehem naparpacpy yno3Hahemo ce ca HexonoHomm4m H 

XOJIOHOMHHM mexaHwmam cvicTemmma, noce6Ho ,£(14HaMHKOM xpyTor Te.aa. 

143.7101fteHH maTepnjan ce moHce Hahn y Kunrama [21], [24], [36], [55], [37]. 

IlocmaTpajmo npupoduu mexanunicu cucme.m oA k maTepnjanHnx Taga-

Ka maca m 1 ,...,mk. I43a6epHMO nHepnmjanan cncTem Koop,anHaTa ca 

nouemom y Tatum 0. llonoHiajm maTeprajammx Tamaxa uaTH cy pannjyc-

HeKTopmma • • • , 6c • Heim Ha ILHX nenyjy clime • • • '4,4,0. 
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IlpernocTaBHmo na cy naTa orpamirgema Ha nonoacaje H 6p3HHe Taxialca 
Be3aMa: 

(i) 	.6(771,• • • ,Fk,t)= ci , j = 1, 2, ..., , 

(13) 
(ii)  	• • • )77.1c) t) 	4(71_, 	j = 1+ 	S < 3k. 

Xepg je nonenHo mexaHHtnce cHTeme Ha X01107i0htlie OAHOCHO HeX01107-Whitie 

y 3aBHCHOCTH na nH cy Be3e (ii) pnrrerpa6HnHe HRH He, onHocHo na RH cy 
eKBHBaneHTHe HeKHM Be3aMa o6nkuca (i). 

BexTopH 	ce Ha3HBajy eupmye ✓tua nomepaza yxonmo 3anoBo- 
ibaBajy ycnoBe: E i_A,4) = 0, Ei_i (c1ij ,4) = 0, j = 1, . . . , s. Hpe- 
Tame clacTema y czytIajy udea✓ nux ee3a je onpebeHO ,aa✓ a.446ep- Jlazpau-
alcoeum npuutiunom: 

,• 

(14) 
	

E(Mili 	 = 0, 

3a csa EmpTyanHa nomepama. OBaj npraunran ce moxce y3eT14 3a llocTynaT 
H norBpbeH je 6pojimm exnepHmeHTHma. 

Iloncemmo ce nedimaiinHja HexHx OCHOBHHX nojmoBa H3 imam/pule mexa-
Hknce. lleumap mace cucmema je Tagica ca panHjyc-BeKTopom i = m Ei  miri 
rne je m = Ei  mi  yicynHa maca cHcTema. Ko ✓ inuna xpemaza k , momeum 
xortunune xpemaza (3a no.4 0) in o , Atomertm curie (3a nail 0) 177  cy penom 

• ;lam ca 
 

ti = Ei 	172 = Fc , TA °  = Ei 	x , /0  = Ei  x YKORHKO 

3a non H3a6epeMo Hexy Tatucy A 0 0 Tana je Fi = FA + qi H Be3a meby 
momeHTHma ICOJIMIHHe xpeTalba je: nio  = Ei  mi  (FA  +c xTi  = iA x  rC 	A • 

143 Ranam6ep-JlarpauxcoBor npminkina gory ce H3BeCTH cneneha TBp-
bema. Tspbeffia (a) H (6) ce Ha3HBajy H OCHOBHe Teopeme AHHammse. 
TBpberbe (B) je noxa3ao LlanaHrim [28]. 

Teopema 1.3. (a) Heica je f = Ei Fi . Y1c0 ✓1U7C0 ee3e donyiumajy eupmye.nua 

nomepaza y npaelm nenoz eexmopa e, mada je: (k, e) = (f, 
. 
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20 	 FJIABA 1 

(6) Yno ✓ uno ee3e donytumajy eupmye ✓ma nomepaza xoje odweapajy poma-

wijama ono nenoxpemue oce npaeta noja npodza3u XpO3 manacy 0 (oartocno 

donytamajy npae4a e x , mada je = (ro (fle). 
(e) Yno.a,uno ee3e donytumajy eupmye ✓zna namepaza noja odweapajy poma-

4uja.ma ono noxpemue oce npaelp e = const noja nporian VO3 MAIM A(t), 

mada je (mA + 74,1x k,g). (rA (1),e-). 

143 reopeMe 1.3 Raz° ce H3Boge H OCHOBHH 3aKoHH ouyBaffia. Ha npH-

mep, yKnJIRKn Baxce yCJIOBIA (a) TeopeMe 1.3 H axo je (f ,e) = 0 Taga je 

HHrerpan xpeTaffia. HaBenaheMo H Vamau2urioe uumezpa.4 noeptauTte [28]. 

YKOJIHKO cy HcnyffieHH yCJI0BH (B) Teopeme 1.3 H jora HMG' ga je f'A(t) = 

AF,(t) To 	je (inaxcHpan BexTop) H ga je npojemwja momeHTa cHna y 

ogllocy Ha non A Ha BexTop e jegHaxa HynH, raga je (rii,A, HuTerpan 

xpeTaffia mexaHmixor cncTema (13), (14). 

2. Hexa cy Be3e 	oPyinamoHanHo He3aBHcHe 3a cBaxo t. Taga jeg- 

Haxneme fi = 0, j = 1,...,/ ogpebyjy n = 3k — 1 gmmeH3HoHy nogmHo-

rocTpyxocT M{x} upocTopa R3k{Fi, , 4}, TaxBy ga ce jeguatmHe f = 0 

mory HanHcaTH y 06JIHKy: i = Fi(x, t). MHorocTpyxocT M ce Ha3m3a KOH-

Ouzypaloortu npocmop cHcTeMa. 

Hexa cy {x', ..., xn} noxanHe xoopgHHaTe Ha M. KoopAHHare xz ce 

Ha3HBajy Jlazpanalcoee HJIH zenepaitucaue. Be3e (ii) ce mory HanHcaTH y 

o6nHxy: 

(15) (ai(x, t), ±) 	t), 	j = 1, 	, m = n — (s — 

rge cy 	Ei_i  aii (x,t)dx i  g4epeHnHjanne 1-cpopme Ha M. Hexa cy 

cpopme ai He3aBHcHe 3a cse (x,t). 

HyT x(t) je donycmue yKOJITAKO 3a cBaxo t 3a,goBozaBa Be3e (15). Yxo-

.111/1K0 je 0 Taga 3a Be3e xancemo ga cy zomozene. Y cynpoTHom Be3e 

cy nexo.mozeue. Hexa je 

(16) D = ker fai , j 	7111 = { 71 E TxM, (ai ,n) = o, x E M, j = 1,m} 
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YBOJI. HEXOTIOHOMH14 CMCTEMI4 	 21 

n —m AHmeH3HoHa ,z(HcTim6yrwja TaHreHTHor paczojeffia TM. HanomeHH-
mo ,na oHa moN<e 3aBHCH o,g Bpemena t. BHpTyemia nomepaffia cy ceqe-
ffia AreicTpH6yr(Hje D. 

Ea 6H ,Hazki RpHTepHjym HeX0.110HOMHOCTH, HocmaTpajmo (n — m) + 1 
AHMe113140HY ,L(HcrpH63aRijy D = ker{ai , j = 1,m} C T(M{x} x R{t}), 
r,ge je eii(x,t) = ai (x, t) — Qj  (x, t)dt. CHcTem je HexozoHomaH aHo H canto 
aHo ,r(HcTpH6yrwja D HHje HHTerpa6HnHa. YKOJIHKO AmTpH6ylmja D He 
3aBHCH OA BpemeHa, Ta,z1a je AOBOJbaH yciioAa cmcTem 6y,ge HexonoHomaH 
HeHHTerpa6HaHocT AHcTpH6yrmje D. 

Benvitunia T = 2 Ei  mir2 ce Ha3HBa xurtemunna enepzuja cucmema. KH-
Herkrusa eHeprHja AoHyBiTa npe,gcTaBmaffie T = T2 + To, r,ze je Ti 
ckopma cTeueHa i Ha M: T(±, x) = z(a(x , t)th, th) (b(x , th) + c(x , t) 

Helm je: Q = Qi(th,x, -t)dxi, = E7 ). geammHe Qj  ce 
Ha3HBajy zeuepcmucarte cu✓ e. CHaa Q je zupocnonoca yHoramo . 3a,g0BOJL-
ana yczoB: Ei  Qi  (th, x, Oth i  = 0. CHHa je nomentojaAna (zenepa ✓tucano 
nomenuuja✓ina) yBoaHKo HocTojH (pyHxgHja U(x, t) (U(th,x,t)) TaxBa ;Aa 
je Qi(i,x, t) , (Qi (th, x, at - E, ). 43.3rHHItHja U ce Ha3H-
Ba nomentfuja ✓ina enepzuja. (zenepaftucana nomenuujaAna enepzuja). Ha 
rIpHMep, yxo.uHHo je: airi  

av(n.,..•fk,t)
, TaAa je Qi = — au rxte je 

U(x, t) = V(f*1  (x, t), 	, Fk(x, t), t). 

HeHa je L = T — U. (I) ymamja L(th , x, t) ce Ha3HBa Hazpanacujan. 

Teopema 1.4. ,llonycmusa mpajexmopuja x(t) je xpemobe mexanunNoz cuc-

meita ca ee3ama (15), flazpanascujanom L, u< nenomentojaAnum curia) a Q 
pco✓zuxo 3adoemaea jeananune: 

(17) d aL aL 	\ 
Vcrt -E 	7.  ICJ) = °) 	6 E r(D) 

Koop,AHHaTHo je,imaxmHe (17) Hmajy o6nHH: 

d 

	

2-,  Aja; 	
i = 1, . ,n, 

(18) 
E (x, 	f3i (x,t), 	j = 1, 	m. 
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22 	 FJIABA 1 

Je,EcHatinHe (17) vi (18) ce Taxote Ha3nBajy Aariam6ep - Jlazpanmoeum jed-

nanunama. IlarpaH>RoBe mHoHmone )tj oApetyjemo H3 ycaosa Aa  xpeTaffie 

3a,goBoJLaBa Be3e. M3 npeAxogHe RoHcTpymnaje Pimamo ,tka je maTpmga 

2 

(19)
a 

L ax x9' i<i, i  <n 

1103HTHBHO gegmHPrrHa. 143 Teopeme 0 HMHJIHIWTHOi (1)3THI{gHiTA c..ue,414 ,ga 

ce MHOH.CHTeJlaH Ai mory x3pa3mTvi Imo r.naTRe 4)3/HianAje oA Hp0MeHZHBHX 

th, X 	t. 

3. YoniuTeffie npnpoAHI4x mexaHntaRmx CHCTM je AaTo cze,gehom 

,rke0impanajom. I-leTBopRa (M, L, D, Q), r,rie je M n—ernAmeH314oHa mHo-

rocTpyRocT, L (1)3THRInAja L : TM{, x} R, D C TM HevniTerpa6n.a-

Ha n — m gnmeH3HoHa AlacTpiethycHja, Q(,x) 1-4)opma Ha M ce Ha3mBa 

(JlazpanoscOeum) nexorionomnum cucmemom. M ce Ha3mBa acoa-t96uzypalduonu 

npocmop cucmema H L liazpartoscujan cucmema. L, Q H D mory . 3aBrAcx-

TM OA BpemeHa Rao o,g napaMeTpa. AHo je x(t) xprima Ha M ca L(th,x) 

o3HatiaBah.emo 3a JlarpaH>RvijaH npernocTaBmamo ,Lka je Ma-

TML (19) HecnaryHapHa. Xomozene, nexomozene ee3e u donyanuee mpa-

jenmopuje, ,Lkecklunnmemo HCTO Rao H y cnytaajy nprApoAHT4x mexamernmx 

cncTema. RonycTma RpmBa x(t) je npemaze nexo.nonomnoz cucmema yRo-

J1141{0 3a,noBozaBa ilanam6ep-IlarpaH>RoBe je rgHata-nHe (17). 

YRoyninco Hemamo HexonoHommix Be3a H aRo je Q 0, RpeTaH,e mexaan-

uxor crAcTema Ha RoHd*rypannoHom npocTopy M, vose,geHo 143 Ranam6ep-

RarparnicoBor npnrinnna onncaHo je jeAHaunHama: 

d aL aL 
(20)  

dt ax= 	ax= 	1, 	, n. 

JeAHatnillie (20) ce Ha3mBajy Oj✓zep - Jkapartalcoee jednanune. OHe ce mory 

1/13BeCT14 H H3 eapuja4uortoz npuntiuna. Eprema x(t), t E [t 1 , t2 ] x(t i ) = a, 

x(t 2 ) = b 3aAoBozaBa je,nHatnme (20) aRo H camo aRo je eRcTpemana 

cpyinaAvioHana dejcmea: 

t2 

(21) S[7(t)] = f LUY(t), 7(i))dt) 7 : Cciti , t2] 	M, 7(t1) = a, -y(t2) = b. 
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Kaga cy npmcyTHe H HexanoHomHe Be3e, Taga 43yHxDHoHan ,nejcTBa mo>xe-

mo nocmaTpaTH xao cfpyHxr.proHan Hag cxynom gonycmsxx xprenmx. Me-

hyTHm Taga ce excTpemane I:PyHxu,HoHana He noxnanajy ca peineamma 

itaaam6ep-IlarpaHmosmx jegHaxama. 3Hatax ga ca 3agaTom TpojKom (M, 
D, L) Hmamo ,nBa pa3.71HtlaTa Hexo.noHomHa 3agaTxa: BapHjaiwoH.H H mexa-

ifielt11(14. BapHjanHom4 3a,gaTax je geTaa,Ho o6pateH y xma4rama [46], [53]. 
Earga je IlarpaimmjaH o6minca L = 	th), rge je (., .) PHmaHoBa meTpm- 

xa Taga peniema BapHjanHoHor 3agaTxa ,ziajy noxanHo Hajxpahe Tpajex- 

TopHie, gox peinema mexamirtmor 3agaTxa gaiy reoge3Hjcxe JIHHHje ne-
Mlionahthe aconoccule: 

(22) 	VD  : r(D) x r(D) r(D), v?x = 71-(vyx), x, y E r(D), 
7r x  : Tx M 	Dx  je opTbroHaima npojelan4ja H V je xoHexcHja JlesH- 
LE4B1,4Ta meTplime (.,.). B. B. BarHep je geof)HHHcao TeH3op-xpHsHHe He-

xanoHomHe KoHexcHje [3], [4], [9], [11]. 

1.5 ,EtHuammia RpyTor Te 

1. Kpymo mut() je cHcTem og n maTepHjammx Tauaxa ca Henpome-
HJEMBHM metyco6HHm pacTojaH.Hma: IF; -T,I = const. Hexa je k HenoxpeT 
HH HHepn;HjanHH cHcTem ca noueTxom y Talam 0 H Heim je K noxperin4 
xoopgremaTHH cHcTem "Be3aH 3a TeJIo", ca noxIeTKom y Tatum A. Hem je 
B(t) : K k poTagHja Koja npeBogH BeICTOpe H3 noxpeTHor y BexTope 
HenoxpeTHor cHcTema (B(t) E S0(3)). Ilo.no>xaj xpyTor TeRa je ogpeheH 
sexTopom FA(t) H maTpmgom B(t). 

YKozHxo gpyraxmje He HargadHmo, pagH jegHocTasHocTH nexTope H3 
noxpeTHor CHCTeMa nacah.emo Bermalm CJIOBHMa, a H3 HenoxpeTHor man- 

PagHjyc-sexTopH r H Q Tataxe A' npocTopa y o,n;Hocy Ha HenoxpeTHH 
H noxpeTHH CHCTeM cy noBe3aHH penanHjom: 77.  = TA(t) + 4-c = B(t)Q . 

Bp3HHa Tatme A' je: v = r = 	= BQ + BO = BB -1 17+ BQ = 
B(B -1 130 + 
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	 11.11ABA 1 

MaTpvige 52 = B -1 .13 14 CO = BB -1  = AdB52 cy KococHmeTprAtme 

ripmna,Aajy JIzjesoj anre6pH so(3). Ilomony voomokovoma (so(3)[., .1) 
(R3 , x) maTpx4ama w H 52 ce ,EcoAezyjy BeKTopm w E k 

Kojm ce pe,zoM Ha3HBajy paona 6p3una meiza y or4Hocy Ha HenoxpeTHR H 

noRpeTai RoopAvifiann4 CHCTeM. Yra.01TA, 6p3Tma He 3asmcmo,i4 1436opa 

Tauxe A. Bp3vma Tatixe A' je ,name: ..t"; = v A  x 44 + BQ, ogHocHo 

v = vA +B(Q - {- S2 xQJ. 

Teopema 1.5. (a) Momehm nofzunune xpemaia M A , E K y odnocy na mann 
A' je: mQc  x Ei  m i (2% x (12 x zde cy C padujyc-

eenmopu novioscaja 2yenmpa mace u manana npymoz me.aa y oda-tocy na mann 
A'. Cneuujartno, nada je A = A', u3pa3 3a Atakte?-17T1 je: MA = mQ, x VA  + 

zde je IA  Aurteapan cumempunan onepamop dam Oopmyizom: I A d = 
Ei  m i Q i  x 	x Cji ), 

(6) Kurtemunna enepzuja xpymoz mesa je: T = 	m(51.  x (jc, VA) + 

OnepaTop IA  ce Hamsa onepamopoM (uATI men3opom) unepuuje y o,74Hocy 
Ha HOE A. HOCTOjI4 6a3a (el ,e,,e3 ) noRpeamor RoopgmnaTnor cncTema, y 

xojoj je onepamop vinepqnje Anjaronanan IA = Oce Aii 
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Ha3visajy ce ✓ aenum ()alma a 6pojesx Iz attaerium mamenmuma unemuje 
xpyTor Te.na. 

KpyTO Ten° mowe 614T14 H Henpenvgia cpeArma T. Ta,rca Tpe6a cHe 
H3pa3e o6avuca 3ameHHTH inpamma h, f(;?, f,t)p(F)dr r,ge 
je p(7') rycTima xpyror Tena y Tatum ca paxpjyc-HexTopom 

2. KpyTo Te.ao je He3aHo 3a Taxmy A yRommo je vA = VA = 0. Ta,ga 
je Romfor ypanHoHm upocTop rpyna SO(3). Y3ehemo ,zia je A= 0, I = 
MomeHT xperaffia y oAxocy Ha Henoxpemy Tataxy je M = /6, a xxxemxuta 
eHeprxja je Esa,gpaTHa szpopma T = 

143 TeopeMe 1.3 14380,414 ce 3axoH npomeHe momeHTa }coax -grime xpeTaiba 
xpyTor Tema OHO HenoxpeTHe Take. Hexa cline ft  Ae.uyiy Ha maTepH-
jazHy Tatmy T, HpyTor Tena. Ta,r4a, xaxo cy ,go3BomeHe poTagmje oxo 

• 	-. 11p0143BOZHe oce Roja ripama314 xpo3 Tatmy 0, Bawm: Tr/ = / = 	x L. 
Kaxo je m = B(M + S2 x .114), F= BL, trko6Hjajy ce Oj4epoee jeananune: 

(23) 	 /1/=fix6 -F.E, 

Iloxa3yje ce xca yxo.nremo je noTeHnvijainia eHeprxja xpyror Tena o6ransa 
V = V(1) 	je dmxcmpaH sexTop y HenoxpeTHom cvicTemy) 	je Tana 
MOMeHT cline L = r x —av • 3a 	 n goBozaBa Ilyacooey jednanuny: 1;4  = x af  
(23) H IlyacoHoBa je,71Haxn4Ha mime 3aTsopeH CHCTM no npomeHadmama SZ 

xoje ce Hawasajy Ojitep-llyaconoee je,gHaqHHe: 

av (24) /6=/fixfid-fx 
af' 

Ha npvimep, y xomoreHom rpasviTagmoHom noaby npaana r, mum xoja 
Aeayje Ha i–Ty Tatmy KpyTor Tena je 	 = _ au 	je 
U = 	mig(0i,f5 = rrtg(Q-  c , f) yRymia rpaBvrraw4oHa noTemcujainia  ex- 
eprHja. JexiocTamirdm patayHom Ao6mjamo ,ga je L =m x Cjc  = x 

Ojaep-IlyacoHose jexcHatm:He xayBajy craH,rkapAHy mepy y R6 {SZ, f} H 
ysex HMajy mute miTerpaze: Fi  = 	Si) + VA, F2 = (a f), F3 = 
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26 	 rJIABA 1 

(f.  ,f). Ho Jaxo6mjeBoj Teopemx noTpe6ax je join jeAax HHTerpaR 3a H)m-

xoBy Harerpa6vinHoCT. 

Ho3HaTH mxTerpa6vinxvi cnytiajeBTA xpeTalba Tenixor xpyTor Tena, cy: 

Oj✓ epoe citynal (Q, = 0, F4 = 	Ill)); Jlazpanicoe c✓ ynaj 	=12, Qc 

A -6, F4 = 01); Cripiaj Kogamocace (I i 	19 n 213, Qc = ael , F4 = (Qi 

— nri ) 2  +(20 1 02 — nr2) 2 , r,zce je n = rngA113 ). lipmxoBa HHTerpawrija ce 

mo>xe HahH y [10]. Cocka KoBanescxa je noxa3ana ,rka nope etk TTAX cnyuja, 

HeMa Apyriax mxTerpa6vInxxx caytaaja y xojrama ce pemema mory vicHa3aTH 

xao mepomopci)xe cf)ymapije Bpemexa (Roje ce nocmaTpa xao xomnnexcHa 

npomexwma). 

JeAxatamHe xpeTaH)a xpyTor Tena oxo Henoxpeme mum 143BO,L1e ce H 143 

Ojnep-Ilarpax>xoBrdx jeAxatuima y noxanxmm RoopAvixamma rpyne SO(3) 

(norneggaTra [24], [37], [551). 

3. 110,4 zupocnonom hello noApa3ymeBaTTA ANHammum cmmeTpvrtmo 

xpyTo TeJ10 Roje je Be3axo 3a OCHOBHO xpyTo TeJ10 T, H y oAllocy Ha 

noxperxrd xoop,LcxxaTax CHCTM Hma KOHCTaHTHy yraoxy 6p3HHy Of, xo-

jom ce oxpehe oxo cBoje oce cMMeTpHje L. Yraoxa 6p3xxa rpipocxona y 

oAxocy Ha Henoxpempi xoopATAHaTaH CHCTM H3HOCH = OZ, r,nce je 

yracma 6p3HHa Teza T y oAxocy Ha Henoxpem.14 CHCTeM. 

Hexa cy MA H /11.7 pe,gom momeHTH rimepwaje Tena T H rxpocxona G 

y oAxocy Ha Tatixy A. Ta,Eca je momexT =Tema Teno-rmpocxon jeAxax 

MA = Yxonlemo je cpicTem Be3ax 3a Tataxy A, mo)Re ce noxa3aTz 

,na je: MA = IAS2 + 15, PA  je mo,4144)xxagmja onepaTopa limepgpije Tena T, 
P = J81,, J je rnaBH.vi momexT mieprigje rzpocxona y oAxocy Ha 4exTap 

maca rmpocxona y o,n;Hocy Ha ocy ciameTpprje L. 

1.6. CHMeTpHje H miTerpaim IleXOROHOMEMX cHcTeMa. 
XaMHJITOIIOBH CHCTMH 

1. Horo,n;Ho je 143BpITIHT14 Jle)xax,ApoBy TpaHccpopmaw4jy [37] TA je,gHa- 
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YBOJI. HEXOJIOHOMHM CMCTEMPI 	 27 

ImHe KpeTama HocmaTpaTH Kao cHcTem je,r(Haxu4Ha HpHor pe,ga. YKOJIHKO 

JlarpallaailjaH ,a0BOJLHO 6p3o Team 6ecKoHatmocTi4 (L/Iil 	oo ica,a 1±) 
00, IllTO je y cnriajy upHpoAHHx cHcTema xoje MM pa3maTpamo yHex Hcny- 

meHo), TaAa je JleacaHAposa TpaHccpopmarmja: TM{,x} 	T*M{y,x} 

AaTa ca: 

(,x) 	(y,x), 	L (e, x, t) 	H (y , x ,t), 

(25) aL 
Y = 	 H (Y , x, t) = (y — L)I c _*y  

,Heci)HHHcaHa Ha He.noj mHorocTpyKocTH. 4)3TEHmHja H(y,x,t) ce Ha3HBa 

Xamu ✓imouujau. Hexa cy {Yi, • • • 
, yn, x l , xn } HpHpoHHe KoopAHHaTe Ko-

TaHreHTHor paczojema T* M. 

TeopeMa 1.6. Jeduanune (18) (3a Q 0) cy exeuea✓temne jeartanunama: 

ax 
axz 

thi  = , 	 . 0(x, ), 
ayi  

Axe Xa.xtu ✓imonujan ne 3aeucu od epe.mena, u yno ✓ uxo cy ee3e xomozene, 

?nada je Xamu.Amonujart uumezpa ✓t npemaza. 

Y czytiajy HprapoAsHor mexamoucor cHcTeMa L = T2 + T1 + To — V = 

(a(x, t)th, ±) (b(x 	+ c(x , t) — V (x, t) , Hmamo Ha je XamHaToHosa 

cpyluomja o6aHxa: H(y,x,t) = T2 — TO + V = 1(y — b, a-1 (x, t)(Y b)) 
c(x, t) V(x, t). AKO je ai = 0, TaHa ce E(±,x) = T2 — To + V Ha3I4Ba 

Jalco6ujeeum unme2paiwA4. OH ocTaje I4HTerpaa H upyi Aejc1Hy AoHylicxe 

neipocxoncxe cHae Q. 

2. Heim rpyna G Aeayje czeHa Ha KoH43,Hryparmom4 HpocTop He-

X0HOHOMHOr cHcTema (M,D,L,Q). a:13,mm BeHTopy Y E G JIHjeHe  an-

re6pe rpyrie G oAroHapa jeAHonapameTapcKa Ho,arpyna G°1; C G, a E R, 

Kao H HeKTopcxo Hoze vy E r(M). HauomeHHmo Aa ,gejcTso rpyne mome 

3aBFICHTH OA BpemeHa t Rao OA napaMeTpa. 

(26) 
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28 	 DIABA 1 

Rejurso rpyne G Ha M ce npmpozHo nponmpyje Ha TM: "g (e,x) 

YCJIOB Aa Opymcnnja f : TM —› R 6yAe rin3apnjaHTa AejcTsa 

rpyne G je: (Oc% (6, x)) = (g,d(vy)I x (e)) + 0, 3a cBe 

Y E G. 

,Liejcmo rpyne G je coalmen° ca ae3ama yxonvixo cy HexTopcKa noza 

vy HvipTyaima nomepaffia: vy E r(D). 

Momenm cucmema y oAHocy Ha AejcTHo TInjese rpyne G je npecninca-

Halbe I: TM 	g., o,apebeHo ca /(e,x IY) 	(aL( ,x)
,vy ix ) .  

YKOJIHKO Ha CHCTM Aezyjy H Hem HenoTeHnnja.aHe clime Q, CJIH1-1110 

Aecinmunemo H momen,m elute y 0,Allocy Ha Aejmo rpyne G. To je npec-

nnxaHame : TM —> g. ,ge(piaHncaHo ca: 4)(6, x 1Y) = x), vY1x)• 

CEe,geha Teopema je jeAHa Qrk 4opmyEannja tiyHeHe Teopeme EMH 

HeTep [38], [39]. 

TeopeMa 1.7. Hexa je Hazpanascujan nexoitonomnoz cucmema uneapujan-

man nod dejemeom zpyne G noje je coalmen° ca ee3aMa. Tada umamo c ✓iedehu 

3anou npomene momenma cucmema: 

(27) 	 —
d 
dt

I(th,x) = (I)(±, x). 

Y ✓ ptajy nada je Q 0 mada je I(±, x) unmezpaA, npemmba. 

Monte ce Hoxa3aTn Aa ce Teopema 1.3 monce H3BeCTI4 H3 npeTxo,LtHe 

Teopeme [43]. 3a TBpebeibe (a) Tpe6a nocmaTpaTH jeAHonapameTapcxy 

rpyny TpaHc.mannja y npaBuy BeKTopa e, 0EIHOCHO 3a (6) Tpe6a nocma-

TpaTz poTannje oxo e. 

RejcTHo rpyne G ce Hpnpo,rtHo Hporanpyje H Ha T*M. liejcmo rpyne, 

Rao n oAroHapajyhn momeHT J : T*M —> Q* cy ,EIaTH cpopmynama: 

x) = ((9 -1 );(x )Y 	J(Y ,x, IY) = (Y VY(x) • 

YCJIOB „r_ka XaMHJITOHHjaH 6y,Ije nHHaplljaHTaH noA ,LIeiCTBOM rpyne G 

j e:  cci1.011(4(Y ' x )) (El,  vY) (d* (vY) la ,  24) 	Y E C. TaAa je, 

yxonvixo je AejcTHo rpyne G carnacHo ca Be3aMa, J FIHTerpaa jeAHatinHa 

(26). 
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YBOJI. HEXOJIOHOMH14 CPICTEMI4 	 29 

TeopeMe 1.6 H 1.7 npaicTmxmo mcmpuzyjy no3HaTe HHTerpaze mHornx 

HexonoHomamx cmcTema [21]. Hen= npyratmje meTone Haaa)xeffia npBmx 

HHTerpana, inmeapHmx no 6p3mHama ce mory Hahn Ha npmmep y [25], [27]. 

3. flap (N, w) je cumnitexmunica .mnozocmpyKocm yKonmco je N 2n—nm-

MeH3H0Ha mHorocTpyKocT H co HenereHepncana, 3amopeHa 2-4:popma Ha 

N [34], [37], [44]. HenereHepamBHocT cll)opme w omoryhyje ysoteme 

Xamu ✓ mortoeoz eexmopocoz no ✓ba H Xamuilmonoeux jeananuna ca Xammn-

ToHmjaHom f : N -9 R. To cy penom BexTopcxo note Xf onpeteHo 

yczoBom: (df,.) = co(.,X f ) H cncTem jenHaqmna x = Xf. XaMHJITOHOBe 

jennamme gyBajy cTannapnHy mepy Anw Ha N. 

JenHatmne (26), 6e3 Hexo.aoHomEmx Be3a, cy XamvurroHoBe jenHaumHe 

Ha 	y onHocy Ha icanonocy cumn.4exmtv-ocy anpronypy de = Ei  dyiAdxj . 

Ilyacorwea 3npada maTxxx cl"pyrucnmja f H g je H3BO,g d:pymalmje f y 

npaany XamreurroHoHor sexTopcKor noza d'pyHicnmje g: ff , g} = (df,  , X9) = 
w(X 9 , X 1). nname (PyHicnnje Ha N ca onepawfjoM {.,.} tInue JImjeBy  an-

re6py. Hpecnvniasaffie f —> X f  je xomomopcpm3am Te JImjeBe aare6pe, y 

JImjeBy aare6py HeicTopcicmx noza Ha N. 

cDymalmja g je kniTerpaz cHcHTeMa x= Xf axo H camo axo cy f H g y 

uneorznuju: ILO = 0. Ho Teopemm Huyeu ✓ta, axo jenHaximne ± = Xf mma-

jy n HHTerpana fi  y vniso.nynvijm fi } = 0, jenHatimHe ce mory pelEIHTH 

y icsanpaTypama. YKOJIHKO cy mmapmjaHTHe mHorocapyicocTH icomnax-

me, TaHa cy oHe Hmkomopcime n -HHmeH3HoHHm TopycHma. Y OKOHHHH 

FamapmjaHTHmx Topyca nocToje icoopnmHaTe dejcmoo-pao y HojH-

ma ce jenHwilme xpeTaffia mory HanmcaTm y o6Juncy ("pi  = wi (I), Ii  = 0, 
1,...,n. 3aHHMJI)HBO je na je cTpor noKa3 Tor BamHor THptema Tex 

nao ApHoz,zt [37]. 

3a pammy On XaMHJITOHOBHX cncTema, y OUULTM c.uriajy, 3a HH-

Terpa6llnHocT je,gaatilma (26) je noTpe6Ho 2n — 1 HHTerpana xpeTama 

(2n — 2 y czymajy nocTojaffia mmapxjaHTHe mepe). 'gamin= je npHMe-

THO Ha HocEe 3aMeHe BpemeHa, jeHHatu4He HpeTama HeHnx HexonoHommx 
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30 	 FJIABA 1 

cHcTema ,mo6Hjajy 06JIHK XaMHJITOHOBHX jeAHatuenia [31], [20]. 

1.7. 0j.nep-HoeHRapeoBe je,npatipme 

1. Hexa cy e l  (x), 	er6 (x) ne3aBncna BenopcHa Hoza xa 71,—,Hme- 

133140HOM KoHOpirypaHmoHom HpocTopy M, ei(x) = Bz (x)/g l x . KomyTa- 
Top [ei,ej] moxtemo Pa3J10)EHTH IIO IIOJLHMa ek, k = 1 ,...,n: [ei, ei] = 

Ek (X)ek 	: 	(M) -4 R. Hexa C TIM. Tana je: =e/g, = Qi ej , 

Aii (x)V, 	= Sk. HpoMeHmHBe Sti ce nanmajy xean6p3une. 

IlpencTanlimo Jlarpamicnjan y Bnny 4:iyinamje on x H 	L(C-2,x,t) = 
L(e, x , Ol e =B;c2;  . Ta,aa Baxim oneAeha Teopema [21], [38]: 

TeopeMa 1.8. :ffariam6ep-Jlazpanascoee jeariantate (I8) (3a Q 0) ce Atm 

nanucamn y o6.nury 17oeuxapeoeux jeduanuna: 

rl  ar 
C2i 	el.(L) Lizk al;  

• 	ac (cej, ±) = bj, j =1,...m, ek-(L(52, x, t)) = > Bi,(x) axi  

ClicTem (28) Hmje 3aTBopeH. HDeMy Tpe6a ,ao,gaTH pe.naHHje H3meby SZ H 

j;. CHHx10 Jlexca,HAposoj TpaHccopmalmjH (25) mo)xemo y3eTH Mk = 08cfk 
91(M, x, t) = (M01 	 liaxo je ek(7t) —ek(L), je,gHatunfe (28) y 
upomerumasama x H M HocTajy: 

Mk = ECkm.0-ek (7-I) 	 ), 

7-i• 	a (a j,±). bi , j =1,...m, 1 = 	 
ami • 

JeAnaximie (29) je .go6Ho 1-114Tajes. HanomeHmmo 	ce je,rma,mile floeuxa- 

pe-I-Ivrrajesa y xBa3H6p3HHama uecTO xopHcTe y peinaBaisy MHorHx He-

xo.noHommax upo6zema [21], [55]. 

2. Hexa je M JIHjeBa rpyria H Heim cy ei  ReBo-HHBapHjaHTHa sexTopc-
xa 	Ha G. Ta,ILa cy C cTpyxTypHe KoHcTaaTe JIHjese anre6pe g. 

(28) 

ek), 

(29) 
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YBOJI. HEXOROHOMH14 CPICTEMY1 	 31 

A: T* G fp, gl g* x G{M, 	M= (L9)* p, p E nG. 

Y TpkumjamnaHHjama A H A peso Aejcamo rpyue G Ha gxCH g* x 
Hma o6aHx: a(Rg) = (Rag), a(M, g) = (M, ag). 

Jle>xaH,gposa TpaHcei)opmarmja "Komympa" ca HpecnkmaBan,Hma A, A. 
Hexa je L(6, x) EarpammjaH, H (p, g) merosa JlexcaH,gposa TpaHc(popma-
HHja H G(C2,g) = L(6,g)k =(L9 ). n . Ta,ga je: 7-1 (M,g) -= (MO — G)11-1 , m  = 
H(p, g)Ip=(L -9-1 ) . m  , M =asc2 = (Lg)*p = (4)* S 

Ka,ga je XammiToHHjaH (flarpamxHjaH) neBo-HHHapHjaHTHa cpyincrmja 

Ta,ga H3 jexiamma Iloeuxape-4HTajeBa Ao6Hjamo TeopeMy: 

TeopeMa 1.8. Hexa je tia .Jlujeeoj zpynu dam iteeo-uneapujaumm%Xamuit- 

monujan H : T*G{p, g} -4 R. Tada ce Xammmorwee jednanune ria T*G: 
ax x (13,) = XH = 	86 ) nocrie rieeoz muoasceza pedyicyjy rca jednanunea9 , 

81-1(M)  (31) 	 = 	 = 
am 

Je,n:Hatmae (31) ce Ha3HBajy Ojytep-/Therocapeoee je,gHatume. OHe tame 
3aTBopeH cHcTem je,r(HatIHHa Ha g*. 3a HarpammjaH o6Juema. L(e,g) = 
-1(6,e) g , r,ge je (.,.) zetio-HHHapHjaHTHa meTpHxa, je,i(HauHHe (31) cy je,rt-

HagHHe reo,ge3HjcKHx JIHHHj a zeBo-HusapHjaHTHe meTpHxe rpyrie G. flpH 
Tome je XamHzToHmjaH 71(M) = AM), A = I -1  : g* g, rAe je 
meTpHxa 3a,r4aTa onepaTopom I : g g*: 

3. Ojaep-Iloeuxapeose je,gHatunie cy XaMHJITOHOBe jeAHaxmHe Ha op-

6HTama xo-HpHApymeHor Aejcuta rpyne G. 

Op6HTe xo-up14,4pyweHor Aejcama cy cHmnnexTmixe mHorocTpyxocTH 

ca cHmunexTratmom cpopmom Kupu✓ oea. Hexa cy N1 )  N2 E TMO(m), Hpe,g-
cTaszeHH ca 0 1  H 02: Ni = ad'16i M H N2 = ad®2 M. Ta,ga cpopmy RHp-
Hamm Ha 0(m) Ae(f)HHHiliemo ca [26]: wm(Ni , N2) = com(ad'16,M,ad*62 M) = 

KoopAHHaTama {n, x} H {M, x} H3 upeTx0,4He cemmje o,zroBapajy TPHBH-
j anmagmje TaHreHTHor H HoTaHreHTHor pacnojema rpyrie G: 

A : TG {6, g} -+ g x G{O, g}, f2 = (L9-1)4 	E Tg G , 
(30) 

(ei, 62) s  = 	02) =(Mi , S22). 
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32 	 FJIABA 1 

-(M, [e 1 ,02]). floica3yje ce ,Tka je ckopma KHpHnoBa Ho6po neo)pmmcalla, 

HenereHepHcaHa, 3aTHopeHa nHa-cpopma Ha 0(m). AK() cy f 14 g cpyHmu4- 

je Ha g., XaMHJITOHOBO HeKTopcxo Hoze cpyHHHHje f10( ) H IlyaCOHOBa 

3arpaHa on f 
j 10(n) 9100,) cy AaTe ca: I 

Xf(M) = ad*df(m) M, M E 0(m), 

If (M), g(M)} = -(M,[df (M), dg(M)), M E 0(m). 

BexTopcito rioze X1 H IlyacoHoHy 3arpaAy moHtemo uocMaTpaTH Ha HeRom 

HpocTopy g.. TaAa ce 3arpa,IIa (32) Ha3HBa flu-llyacmea 3azpada. 

4. Kao upHmep pa3MOTpHMO KpeTarbe xpyTor Tena oxo Henoxpeme 

TagKe. Hexa je B(t) uyT y SO(3) (B(t) : K k upecimxatta rioxpeTHH y 

HenoxpeTHH RoopA4HaTHH-cHcTem). TaAa je a(t) = (LB -1) * B(t) = 13-1B 

Houle HneHTH#RaIHje so(3) ca Eyxnvincimm HpocTopom, Ci(t) je ynpaHo 

HeKTop yraoHe 6p3HHe KpyTor Tena y noEpeTHom cHcTemy. OnepaTop 

HHeprtHje I KpyTor Tena 3a,uaje neHo-HHHapHjaHTHy meTpHxy Ha rpyrai 

SO(3), I : so(3) so(3)* so(3), ycaoHom: (IS4 = ISZ. YKOJIHKO Ha 

IcpyTo Ten() He nenyjy nonyHcite cHne, TaAa je 9-1 = 1(M, 0)k, M = /f2 

neHo-HHHapHjaHTHH XamHnToHHjaH H KpeTaffie xpyTor Tena ce oupicyje 

Ojnep-iloemcapeoHlim jenHaqHHama anre6pe so(3): M = [M, S2]. 

UpHMeTHM0 na y cnyiiajy nejcTsa rpamirraHHoHor Hoza, jenua ,IHHe 

xpeTatha RpyTor Tena (32) HeMajy mune o6JIHK Ojnep-IloeHKapeoHHx jen-

Ha,ufma anre6pe so(3). C. H. HOBHKOB, 14. LITmen,Hep, T. PaTHy cy 

noxa3anki na cy Ojnep-rlyacoHone jenHauHHe KpeTatha EpyTor Tena, Xa-

mHnToHoHe jenHatmHe Ha op6HTama xo-HpHnpy?KeHor nejcm rpyue xpe-

'raffia Eyi<EHAcicor ripocTopa E(3) onHocHo uonynHpefamor upoH3Hona 

JIHjese rpyue SO(3) H anre6pe so(3) [22], [52]. Y3HmajyhH 3a XamHn-

TOHHjaH 71(M, F) = -1(M, U(F), H3 (12) no6Hjamo na Ojnep-Hoemm-

peoHe jenHatume Ha HonyngpeKTHom HpoH3Ho,zry so(3){M} x Ad so(3){11 

rnace: (M, 1') = ([M, + [r, ar ], [F, a]). 

(32) 
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TaaBa 2 

Yountreme imacm-cumx HErrerpa6rummx 
cay-qajeBa Rperama HpyTor Tena 

2.1 YBoA 

Y oBoj raaBH nocmaTpahemo xnacHuHe HETerpa6HaHe HexonoHomHe 

upo6neme ca HHHapHjaHTHom mepom. Pe3yETaTH xojH cy oHne H3noncerm 

cy nnon 3ajenmemxor pa,ga BnanHmHpa BparosHha, BopHczaHa rajHha 
H ayTopa [42]. 

HHBapHjaHTHa mepa, IIO Jaxo6HjeHoj TeopeMH, omoryhyje HaTerpann-

jy y oxonapajyhem n nHmeH3HoHom cpa3Hom npocTopy yKOJIHEO Hmamo 

n — 2 He3aBHcHa HHTerpaaa xpeTama. MH hello xoHcrpyHcaTH cpamminaje 
HHTerpa6Hnimx nepTyp6anHja nexonHxo no3HaTHx Hexo.aoHommix npo6- 

ne'ma: CyczoszeHor npo6nema, LlanaHrHHoHor npo6nema H npo6nema 
Becenosa-BecenoHe. I/IHTerpa6HnHe nepTyp6anHje xoje cy palmje HamaH 

XapnamoHa-3a6enHHa, B. B. KO3JIOB, A. II. BecenoH H TI. E. Becenosa 
cy cneweljanHH cariajerm Hama pe3ynTaTa. .11o6Ham CM0 HOBe HHTerpa- 
6HJIHe nepTyp6agHje xpeTama, xpyTor Tena oxo HenoxpeTHe Tauxe H 6e3 
HexonoHomHe Be3e. 

MeTwo, xojy hello liOpHCTHTH je monHcfmcanHja one npHmemeHe 3a 

nepTyp6anHje Jaxo6HjeHor npo6nema o reone3Hjcimm ammjama Ha eann- 
cowry [41] H 6HRHjapHHx cHcTema [12], [43], [47]. MOTHBagmja je naTa y 
pany B. B. Ko3noHa [17]. 

OcaoHHa Hneja je cne,geha: upeTnocTaBHMo 	Hmamo HHTerpa6HE- 

Typeset by AmS - '1WC 
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HH Hpvipo,gma mexaHyr(um CHCTM ca HHTerpaaHma F i (±, x), i = 1, . . . , k. 

flocTaa.ma  ce merrame ,ga AH mo)xemo Ao,gaTH rEoTeHHHjaaHy cHny ca Ho-

TeHgHja.gom V = V(x) Taxo ,ga HOBH cHcTem Hma HHTerpane 

Pi(±, x) = Fti + Ui(x), 

r,ge cy Ui(x) (pymakHje xoje 3aBHCe camo o,g upomeHJLHHe x? 0,groHop Ha 

,gaTo =Tame Aaje CHCTM Hapilmja.uHmx ,greapepeHHHjanHHx je,LHatikma 3a 

4)yiumHje V H U. 

2.2 Cycnos.meB upo6.uem 

1. Cycambes upo6nem oraicyje poTarkHjy xpyTor Te.ga oxo Henoxpe-

THe Tataxe ca yCJIOBOM ,ga je Hpojeximja yraoHe 6p3HHe Ha limaxcHpaH Hex-

Top y HoxpeTHom xoopAHHaTHom CHCTM je,LkHaxa HyJIH. Heim je Si yraoH-

a 6p3HHa H N HexTop noxpeTHor cHcTema. TaAa He3y mo)xemo HanHcaTH 

j extauxHom: 

(1) (fq,6).= 0, 

r,ge je (.,.) yo6Hgajerm EyKEHACKH cxanapHH HpoH3Ho,g. 

Tlema 2.1. Be3a (1) oapebje neuumezpa6uriny ducmpu6y4ujy manzeumnoz 

pac✓tojeza Icon5u2ypa4uono2 npocmopa Npymoz meria SO(3) 

Jlema je HoczeHHHa ,ImbeHmHe ,ga cy je,HHHe JIHjese no,ga.ure6pe 

oA so(3) TpkumjazHa a.nre6pa 0 H cam HpocTop so(3). 

Houle HAeHTHd:pkixagraje (R 3 , x) (so(3), [,]), Be3y (1) mo>xemo HanHca-

TH y o6.11Hxy: 

(2) (N, 	= O. 

(1 = B -1 13, B E SO(3) HpecmixaBa noxpeTHH y HenoxpeTHH Roop,m4HaTHTA 

cHcTem). Hexa je (e i , e2 , 63 ) cTaH,gap,gaa 6a3a JIHjeHe aRre6pe so(3). Bea 
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YOIIILITEI-bE KJIACW-11114X MHTEITABHJIHMX 	35 

ry6zeffia 011111TOCTH momemo y3eTH na je N = .e3. Tana Ham Be3a (2) 
onpebyje ,gHcTpH6ynHjy D C TSO(3): 

DB = {B(xe i  + ye2), x,y E R}. 

Hexa cy ei,e2 E r(D) neso-HHHapHjaHma HexTopcxa noza: eaI B = 

Tana je [el, E2]IB = Be g  0 DB H no (Dpo6eHHjycoHoj TeopemH czenH na je 
D HeHHTerpa6HnHa nEcTpH6ynHja. 

KpeTaise xpyTor Tena hemo pa3MaTpaTH nomohy Ojnep-llyacoHoskix 
jenHatunia. Taxo ce Ha KomnaxTHHjH HaliHn d:Ropmyranny pe3ynTaTH Hero 
xoprinnhemem Lianam6ep-EarpamxoHHx jenHaxuma y noxanaHm xoopnvi-

HaTama rpyne SO(3). 
Hexa je 	-7) opToHopmlipaHa 6a3a HenoxpeTHoi• xoopAHHamor CRC- 

Tema. Heim je xpyTo Teno He3aHo 3a TatIxy 0 = (0, 0, 0) H cmeinTeHo y 
nozy mum ca noTeHnHjanom v = v(x, y, z). Yxyrma noTeHnHjanHa,eHeprH-
ja xpyTor Teaa je: 

V = f v(( 7; 5), g), '7))dngil = V ( 6e, -7), 

r,ge je r panHjyc-HexTop Tatuce xpyTor Tena y o,gnocy Ha Henoxpemy 

Tatinr. MH hemo pa3maTpaTH noTeHnHjane xojH 3aHHce canto on 1: 
V(-51). Ha npramep y czytlajy rpaBHTaEHoHor noza je v = gz H HMaMO na 
je V(-7) = mg (F,,1), 	je panHjyc-HexTop neuTpa mace xpyTor Tana, m 
maca xpyTor eraH g rpaBHTanHoHa xoucTaHm. 

JenHaxmne xpeTama y noxpeTnom xoopnymaTHom cncTeMy cy [15], [38]: 

(3) 	 = x 

(R,Ci) = 0, 
r,ce je I onepaTop HHepnHje. JlaHrpamoH mHoacHnan A je onpebeH yCJI0B-

om na xpeTame 3anoHozaHa sexy (1): 

817  A = 	
1 	

x + 	x r). ar 
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YBex nocToje nsa3aBHcHa mnTerpana jennaimna (1), yxynna eHeprHja 

H reomeTpxjcm HaTerpan: 

F1  = + Va4), 
2 

F2 = (t7 f1). 

3a peanna xpeTama, y cxnany ca OHHCHHHM monenom, MH hemo cfm<cHp-

aTH BpenHocT HHTerpaaa F2 = (1, =-7 1. 

TaK0 3a 43H14 npocTop mox<emo y3eTH: 

(4) 	M = {(S2,f) E R304 1 x R3 {1-1}1 (N, 9) = 0, (l'4,1) = 1} r=j  R2  x S 2 . 

Kana je V = 0, jegaa ,uie (1) -gime 3aTBopeH ciacTem y R 3 01, H 3a onnrre 

N nemajy HnsapHjannly mepy. CycnoB je npBx pa3maTpao H peamo jen-

Hauvate xpeTaEba no xnepnnjH KpyTor Tena ca Hexononomnom Be3oM (1) 

[24]. 
CHCTeM (3) ilyBa cTaHnapnny mepy y M y caayqajy Rana je N C011- 

CTBBELH sexTop onepaTopa kinepwaje. 3aTo hello Hanaze npeTnocTasHTH 

na je N COLECTBBHH BeIcTop onepaTopa I. Tana je 3a HnTerpa5manocT 

noTpe6an join jenan nonyncm HnTerPa.a. Mox<emo E:3a6paTH TaKBy 6a3y 

(6, 6, 63 ) noxpeTnor xoop,EwmaTuor cHcTema, ,ma je I = 	12 , 13 ) 
N = 63. 

Ilo3HaTH HaTerpa6kinam cnytiajeBH cy: 

a) Cnygaj Xapaamosa-3a6enxime [29], me je V(t) = 	H b je TaxaB 

BexTop na je 	, b) = 0. Tana je Tpehpi HaTerpan F3 = 	b) . 

6) Jlarpan)RoB czyuaj (npHMeTHo Komos [15]), Kum je I l  = /2 . HoTea-

nmjaz je V = 	me je b = EN. RonyncKli HHTerpail je F3 = 

s) Kne6m-THceppm-KomoszeB czygaj [15], [38] ca noTeHnHjanom V(f) = 

1(114,f) H F3 = 	/d) — a (Af, 174), me je A = eir- ldet I. 

Hanomeaa 2.1. IlpHmemmo na je y 6) IlarpaHatos mHox<vinag A = 0, 

Tax° na je TO y cTsapH X0310HOMHH cHcTeM. OH ocTaje HErTerpa6rmas H 

y cnyuajy HexomoreHe Be3e = c = const. 
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HanoMexa 2.2. H3HUKO 3HaueH,e KJIe61u-THcepHHOBOr rloTeHI~HjaJla 
V(F) 	I V 	a 	, ' ecTe a OH npe,r cTas n,a IloTe 	an x ( ) 	( 	) ~ 	'~ 	 ~j 	pyTOr Tena y  uex- 
TpaJIHOM IJYTHOBOM HOJby ci is ,ió Ha O(r4 /R4), r,i~e je r THr1HUHa ,z- 
McH3Hja xpyTor TeJIa H R je pacTOjaH3e O,zi TeJIa ,Zjo IieHTpa npHBJIaueFba 
[38]. 

2. MM heMo TpaXCHTH IIOTem(HjaJle V(r) 3a KOje riocTOjH HHTerpaJI 
cLIcTelvla (3) 0 6JIHxa 

(IS, Is) + U(r), 

r,Z[e yHIgHja U 3aBHCH calvlo O,n P. 
Hexa je o, caza Il  12 . 
143 ycJrosa F3  = 0 ,t{o6HjaMo peJIaL Hjy: 

(5) 

	

9V 	OU —I1  r3 ar + 
r3 ar 

	

2 	2 

—I2  r3 
1 ar + r3 ar —  1 

Kaxo SZ 1  H SZ 2  Mory HMaTH r1p OIn3BOJbHe Bpe,L HOCTH, TO H M ,z ale ,I~Be nap- 
LjMjaJIHe Je,LlHauMHe HO HellO3HaTm 4yH}cLMjaMa U H V: 

Il 
(r2  ar - r3  ar ) = r2 8U  — r3  aU  

	

3 	2 	(113are  

	

I2(rl 
av 	r  ay  _ r  aU 	au  

- 

	

(/133 	3 arl)  - 1 (/13-  r3 arl . 

YBO,I{ehH CMeHe 

U—Il v U—I2 V 

  

  

je,z~xat iHe (5) ce pa3,t ~Bajajy Ha ,rise je,Z;HauHHe: 

(6) 	
of 

 r3 — 
of 

 r2 = 0, 	
ag  r3  - ag 

 are 	ar3 	arl 	ar3  
OIImTe pemeli~ e cHCTeMa (6) je f = f(r1, r2 +r3), g =g(r2iri+r3) 
CMO ,noKa3aJIH cne,aehy TeopeMy: 

Taxo 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



zde cy co, • • • ,cL,do, • • 

U cy: 

(6) 

U2L( 1 ) = 

(f ) = 

m+n+k=L 
m, n, k>0 

m+n+k=L 
m, n, k>0 

38 	 l'JIABA 2 

TeopeMa 2.1. Ao ✓iUNo je IN = 13 N u .1 1 	12  mada cy jednanune (3) 

Cycitoerbeeoz npo6.4e,ma unmezpa6u.arce sa nomenuujarze: 

v(f).  = f(ri , r2 + 	— g(r2 ,r 	InD , 

( 

zde cy f, g npou3eorbne 0yrocuuje a dee npo.naercfbuee. Odweapajyhu mpehu 

unmezpart je: 

P3(fi,f) = -21 (4 	+ f(r 1 ,11 + 	- /0(1' 2 ,11 +II) .  

Iloce6Ho, nommommjanHa pemema CHCTM (3) cy ormicalia y: 

flocneArma 2.1. 3a ./.1  /2, 6a3a nominoitvajamiux peuiema Ato-teapnoz cuc-

meivta napuujartuo du0epertuujamtux jednanuna (5) je dama criedehum xo-

mozenu.m, no.n,unomuma: 

m-Frid-k=L 
m, n, k>0 

( 5 ) 

v2L(f) = 

V2 L + 1 (f ) = 

In 

k 

 Ic  ) cn+k (m+k d 	.) -1-12mrt2n-n2k 

k 	m+k 	2 

m+n-i-lc=L 
m, n, k>0 

(r1(nlend-k r2
(77z k 

k  )4,44)11m1"nrr, 

. 	npou3eorme noncmanme. Odzoeapajyhe Oynnwuje 

(12  (n k) 
-r2nr12k Cn+k — /1 (rn k) dm+k) rrrli 2 I 3 7kk 

(I2r1 (n 
 k )end-k 	(rn  k)41.4-1c) 

j.-r2i mr 22n r 32k 

IIpHrurepil. 

a) 3a L = 0, Hmamo cnraaj XapnamoBe-3a6e.uvixe: Vi (11) = b1 1' 1  + b2 r2 = 
(b, I'), 14 	g) = 0. 
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6) 3a L = 1, noTemmjaa je 

V(f) = -;-(a i r? + a2 r3 + a31), 

r,ne cy a1,a2,a 3  Hp0H3BOJEdie KOHCTHRTe. TpehH HeBaBvicHH H-HTerpan 

f) = 2  (.th, is-1) - ( i2 a3 r1+ (hal  — h 2 + ./03)P3 + 

Bmpamem a1 = ell  i  a2 = €12, a3 = €13, ,no6HjaMo Kne6in-THceprem-
E03J10B.TLeB carlaj. 

B) Pemeiia y o6.riHxy nom4Homa JlopaHoBor =Ha cy Ha Hpramep: V(14) = 
— d 	m, n < O. 

2.3. Cycnow-Lep npoonem ca rvipocEoncRom .  ckprom 

HaeoAmmo joy je,rkaa HOBH HHTerpa614.11HH cay -caaj-CycaoszeBor Hpo6- 
nema. Yxzytayjyhi4 rHpocxoncxy may momeHTa x S2

, jeAHatwHe (3) 
HocTajy 

av ifi..rfixfi+fx+efxfi+AR, 
af 

(n, 	= 0, 

av A— 	(I-1ffl,fi x (Ifi Ef) — 
of 

x f). 

OHe ormcyjy, Ha nprirmep, xpeTame xpyTor Tena ca marHeTaam MoMex- 
TOM — Efi y ,gonyHcRom xomoreHom marHeTHom Homy ycMepeHor y cmepy 
BexTopa (Horae,qam Ha uppimep [49]). Kaxo je rHpocxoncxa cr,4.aa KOH3- 
epBammia Fl ocTaje nom HHTerpaz. 

TeopeMa 2.2. Ana je IN = IkN mada je CycAoe.thee npo6riem ca zupoocon- 

exam cuitom (9) unmegpa6u.tian 3a nomerquja.ae V = 0 , V(II) = (gm, 2de 

je: 

(9) 
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40 	 PJIABA 2 

je (1 Ci 	= 0 u V(r) = .1(a 1 r? a2 11 a311), zae cy a l , a2 , a3  npou3eo ✓bne 

noucmartme. Cneloja ✓ino, 3a V = 0 cee mpajenmopuje cy 3ameopene. 

A -oica3. AHo je N concTseHn Helcrop onepaTopa valepnvije I, Aa Ta,na jeAHa- 

wale (9) uyBajy cralucapxy mepy y (pa3HOM ripocropy M (ge#Hvicamor 

ckopmynom (4)). Hexa je, Ha npvimep, IN = I3 N . Je,RHauvme xpeTasa cy: 

av 	av 
— 12 51 3 r 3 3"2  

av 	av 

	

12°2 	" Jf-3- + €13 "
„  

1  
— —r3112, 

2 	113g-4 

1:1 3 = r1 s2 2  — r2Q1. 

JeA,HocTaHHo ce npoHepaHa ,rca 3a CHCTM (9') Haw': 

	

• 	(9O1 	5O2 	at' 	5112 	at3  divOi , O21 1:1 1, 1 27 r3) = ac21  + 	+ ari  + ar2  + ar3  = 0. 

Ilo Teopemm JIHyBvina [37], CHCTM (9') qyHa cTaHAap,/cHy mepy. 

a) V = 0. Tara Hmamo Alm AonyHcica He3amacHa mrrerpana xpeTama 

F3 = 	Er' = c1, 

= 1-2 f22 er2 = C2. 

Rarcne cHe Tpajewropmje 3y 3arHopeHe. Heim je 2F 1 	fi)-F2V(1) = h. 

VIHrerpawajom ,no6mjamo nepno,r{ 3aTHopeHva Tpajelcropvija: 

27r cico 

— eri  ) —b2 r3 , 

dt (i  
d„. 

2a
,  

L2 — El 2 ) = b1 r3 . 

( 9 ') 

T(h, c l , c2) ----- ✓1.112 
Z 	e2  — (c i  —Fiji cos co) 2  — (c2  — VT2Ti, sin cio ) 2  

6) V(17") = (b, r) = bl r1  + b2r2  . Ta,zia je: V
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Tam 3a apehx lie3a1314CHH HaTerpaR mwEemo y3eTH ()3unigHjy: 

F3 = 	pi — Erl ) b2 (TA — er2 ). 

Es) V(11) 
	

-1 (ai r? a211 a311). RonyHcxx He3aBHcHH HHTerpan je 

maffie oumr.ne,r(aH Hero y npeTxo,z);Hmm czyuajesxma: 

F3 =(4(a3  — al) ii€2)012 (122(a3 a2) +12E2)1122 
,c,E.L a3  — 	)52 1 r, - 

— 26/2 (a3  — a2)S12 1'2  — (a3  — a1)(a3  — a2)(/211 /irD. 

2.4. Llan.amrrtmoB ripo6.aem 

1. Y . oHom naparpad:py pa3moTpmhemo TAHTerpa614.uHe noTemnajanHe 

nepTyp6aLHje tlanavirHHoHor npo6zema [331 Llanininemos npo6.nem ones- 
. 

cyje RoTp.same 6e3 x.rnimaffia 6anaHcmpaHe Aremamkrui<n-HecHmeTpkruHe  JIO- 

lite no xopn3oHTanHoj paBHH. IleHTap mace none noKuana ce ca ffieHvim 

reomeTpvijclaim newrpom H r.naHHH momeHTH remepnvije none y o,ngocy Ha 

neHTap cy metyco6Ho pa3.1muuTH: / 1  0 /2  0 /3 . 

HeKa je pa,wrijyc neHTpa none = (x, y, z) H Helm je B E SO(3) maTpx-
na xoja npecinucasa noxpeTax xoop,rnmaTHH CHCTM (6, e2 , E*3 ) y HenoxpeT-
HI4 (a% fi, KoHcfmrypagmoHn npocTop npo6Rema je 

R3 {x,y,z} x SO(3){B}, 	z = a, 

r,ge je z = a xonoHomHa He3a (a je pa,zn4jyc none). Hexa je w HexTop 

yraoHe 6p314He none. HexoaoHomHa He3a je AaTa ycnosom ,ga je 6p3HHa 
Tauxe igoAmpa A(x, y, 0) je,n;Haxa Rpm: 

(10) 	 i) + (wx , wy , cox ) x (0, 0, —a) = 0 

(H3 (10) Taxote cne,rn4 H xo.aoHomHa He3a z = a). Kaxo cy ,go3Ho.se-

Ha EmpTyenHa nomepama zoom oxo npom3HozHe oce xoja npona3H xpo3 
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42 	 FJIABA 2 

Tat-11<y gogxpa A H xaxo je vA = 0, TeopeMa 1.3 Ham ,zaje ,ra momeHT 
xoYarcurnie xpeTama y ogHocy Ha 110JI A 3agosozaBa jegHatimHy: 

(11) 	 rr2A = FA, 

r,re je IA momeHT aura y 0,7130cy Ha 11011 A. JegHatuma (11) HarmcaHa y 
noxpeTHom KOOpArelHaTHOM cmcTemy rnacm: 

(11') 
	

11-4A = .11lA X 

Hexa je Q pagrewc-BexTop nono>xaja Talixe Ha aoriTH T y oxiocy Ha geH- 
- Tap Twine H Q' y oAHocy Ha Taqxy A. Heim je m maca aoriTe. MomeHT 

Konmqx:Ele xpeTama y ogHocy Ha Tay A je (TeopeMa 1.5 (a)): 

(12) 	117/A mat;  x 	f 	x 	x 0.1 )chn(Q). 

Haim je = VA = 0 H 01  = Q + , go6Hjamo: 

MA = f x 	x Cj)dm((j) + f af x (572.  x af)dni(Ci)-11. 
(12') 

f 	x (CI x .)dm((j) + fQ x x af)dm( . 

/calf/A I 

Kaxo je fT  dm(Q) 	= 0 gpyrx H TpehH HHTerpan y (12') cy 

je,iHaim Hynes. Ca gpyre cTpaHe ripsx NHTerpan y (12') je jegHax 	rge 
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je I onepaTop HHepLHje none y omocy Ha geHTap. Tam) mmamo ,ia je: 

(12" ) 	 MA = /S1 + ma2 f x 	xI').  

.E[axne, jegnacume xpeTan,a y noxpea-nom RoopAimaTnom cHcTeMy 3r no- 

Temejannom nomy ca noTem]iijanom V = V(f) (Kojr4 cTsapa momenT clime 

x f  ce mory nanyircaTH y 06JINKy 3amopeHor CHCTM no npomenam-a 
Bama 	ft} [38]: 

(13) 
MA =MA X fi+fX °V  

of' 
P=r xS2 , 

HoopAmnaTno, je,gnaxamne (13) Hmajy o6.11141C 

	

, 	a 
	art 

Kisi l  — ma2 1).—d  OM .----- P2n3(K2 —K3)+1 
.r„ 

2 N -_-,3 -  —1 
,_, 

3 51,2  dt 

	

K1 ) 	av ,., av K21:22 — ma r2 ;.,--it  (si, r) = o3n, (K3 — Ki) + 
113  RT — i 1  ar3  

av 	av K3 s.2 3  — ma2r3  -d-id  (fi, 17") = f21S-22(KI  - K2) + r
1
—
ar2 

- 
r2  ar, 

tl = t2P3 r3C2 2 

t2 = r3n1 - r1523 
t3  = r1s22 - r2Q1 

rge je 	= + ma2 , i = 1, 2, 3. CrAcTem (13) nocegyje knisappijammy 

mepy ca ryCTVIHOM 

V(mat)-1 - (1, (I + ma2 E) -1 f) 

rge je E jegmixtnia maTpxna. Taxote CHCTM (14) yBex nocegyje cne,zeha 

TM MITerpana Hperama: 

Fi = 
2

(V/A , Si) + V(II), 

(14) F2 	f ) 

F3 = (174 , 11)(= 1), 

(13') 

f(fi,f)= 	
1 
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F1 je eHepriaja cmcrema, F2 je Llannurinios vifiTerpan nosprupme (rnaBa 

1) H F3 je reomeTprerjcKvi vnrrerpan. 

gamin1n-14H je nocmarpao npo6nem Rperama Roje ce o,gBvija 6e3 nor'- 

yHcRe noTeHwijanHe cline. Ta,:ca MannYirmHoBa Teopema o miTerpaay 

noBpinpme Aaje H ueTBpT111 varrnerpan: (MA, MA). MeToAa HHTerpauHje 

Rojy je nprAmeHmo Llannvirrem je BeoMa knrrepecaHma. OH je ups() mare- 

rpaniao cnylaaj cinermxpaHe Bpe,gHocam HHTerpana 	= 0. 3a F2 = c 0, 

RoHcTpyvicao je 3ameHy npomeHmmva 	f} 	{(1", fll y Rojoj ce Hifre- 

rpagraja CHCTM cHo,T4 Ha npeTx0AHH czytiaj [33]. 

KO3J10B je yomirrvio LlanzkirviHoB npo6Rem AogaBaH3em noTempijana 

V = 1(ii,f) [15], [38]. Ta„rca je tieTBlyrvi MIT erpan F4 = (MA, NIA) 

—(AF, :1  1), rAe je A AvijaroHanHa maTpreiga ca AmjaroHanHum enemeHTH-

ma Al  = 4/2  ma2 )(/3 ma 2 ), A2 = 6(11  ma2 )(/3 ma 2 ), A3 = 

4/1 ma2 )(/2 ma2 ). 

2. Mx hemo Tpa)R14Tvi TaeTBpTHI4HTerpan HCTOM meToAom Rao y napa-

rpacp,y 2, y o6.04:xy 

fr4 = 2  (MA , laA) + U(1). 

Kopmnheniem (13') , Ao6rAja ce ;:ka je ycnoB F4  = 0 eRBI4BaneHTaH cae,rkehem 

CHCTMY je,4Hatania: 

avav , 	, 	au „ 	T., 
3 K1 ( 5-173-1  2  - ar2  1  3) =  	

au i 2 - -1 ar3 	a-r2  
ay , 	av T, 	au .r., 	 au T., 

(15) 	
K2 ( --' 1 1 3  - Y1- 3 i 1  ) 	ar , -.' 	

= -13 - -a-F3 1 1 

ay, av , 	au , au , 
2 K3 (1

-T-2-1 1  - -(R- ,-.  ' 2  ) = ar2 i l -at, — —i ' 

IIpBe nBe je,n;Hagpme y (15), nocne 3ameHe napamempa Ki y Ii, cy vicTe 

Rao jexcHatn4He (5) CycnoBzeBor npo6nema. 

Tpa.>Rxhemo nommompljanHa perneffia. 

IIpmmeHom noc.nexage 2.1 Ha npBe ABe je,n;HaTmHe CHCTM (15) Ao6H-

jamo ,rca cBaRo noni4HomxjanHo pemeHe CHCTM (15) mopa 6HTH napHor 
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KJIACHLIHI4X 14 HTErpABHJI1-11/1X ... 	45 

cTenena rto r3 . KoprAcTehn czmeTpxjy no r1 , r2  H r3  y (15), ,no6njamo 
ga mopa 6HTH napHor CTeneHa H no r1  14 F2. 

3ameHom H3pa3a 3a V2L, (crpopmyaa (7)) H U2L (4)0Pmyna (8)) y Tpe1y 
 jegHatmay, ,ro6HjaMo ycnose xoje Tpe6a ,tea 3 a,gosozaBajy KoHcTaHTe 

Co,. CI,' 	do , 

,za 6H cippllawje V = V2L, U = U2L 6mae penieme cHcrema (15): 
(16) 

(h — )(at + 1 ) (n + (h — /3)(m + 1) 	+ k  + 1)d. k \ 	k 

+ 4/3 - ii)(m k+  k)dm+k n(/2 - /3)(n +k  k)Cn+k = 0 
1<n<L 0<m,k<L, n+m+k=L. 

CHCTeM (10) ce cacTojH oR L(L + 1)/2 JumeapHxx je,r4HatH4Haca 2L + 2 
He11o3HaTxx npomeawnreix. 3a L > 4 cHcTeM je npeo,gpeteH. ..Hexa je 
(L 1 1)=0. ) = 0. 

Jlema 2.2. Para cucmema (16) je 2L - 1. °mime peutezbe 3aeucu ea mpu 
ne3aeucna napa.menzpa A, B, C ra cizedehu nanun: 

cL_ i  = () 	L_  i . (1- 	- .13)A 	(i1 )(.1.1  - 1.3 )B 
(17) 

di = (L ) (h — /2 )iA + 
(i 
L- 11 
 — ) (1.2 4)B  (. ) C' 

Zoica3. YKOJIHKO y3memo HH,gexce 

	

(m, n, k) = (0, L - i , i), 	(m, n, k) 	(i, L - i , 0), 	i = 0, ..., L -1. 
Ao6Hjamo noAcHcTem jegaaxnma (16): 

(13  _ 12) 0 -1 cL_I 	13) (i + 1) di+1  

	

z ) 	 ) 

(18) 	+ (L i)(13 	(L - i)(I2  - 13)(L. ) cL  = 0 
(13  — 12)(i +1)cL-i-i 	-1.3)( 1  +1)di+1.  

(L - 0(13  - I1)di (L - i)(I 2  - 	= 0 
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JIaxo ce nposepasa 	clacTem (18) xma 2L — 1 Ile3asmcHy jegliatumiy. 

CmcTem (18) mox<emo peruaBaTH Rao cmcTem pexypeirmarx je,rcHatnima. Y3- 

mmajyrivi 3a nomeme ycnoBe: 

c L  = 	— /3 )A, 	cL_ i  = 	— /3 )B, 	do  = C, 

KoplAcTehm6po no3HaTe oco6pme 6remomm4x KoecimgrajeHaTa Ao614jamo 

cpopmyze (17). ,axpexTaxm palayHom MO)( ce npoBepurm 	je TO yie4- 

HO H pemeihe CHCTM (15), 3ameHom k3pa3a (17) y ocraTax je,ncHatimia. 

Cammm THM CMO H noRa3a.um Ra je pain- 1.e.nor CHCTM 2L — 1. 

Cze,geha Teo p ema je nocnexiqa zeme 2.1 ra npeTxoxmx pa3MaTpatha. 

TeopeMa 2.3. Jednanurte (13) Van✓zuzunoeoz npo6.4e.ma  (3a Il 	12 	13 ), 

cy unmezpa6u.fine as nomertuujarte V = E L  aLV2L(f IAL,BL,CL), zde je: 

k 
(19) 	2L = E

n 
 (( 	)cn+,— ("2 + k)

dm+k) r2imr2nr2

3

k 

• m+n-Fk=L 	 2   
m, n, k>0 

Odzoeapajyhu nentepmu unmezpa.n. je 

F4 = 2 —1(fiA,fiA)+ 
	

aLF2La4  

F2L, = 

L 

(K2  (n +k  k) cn+k  _ K1 (771+ k 

min-F,nn-F,kk--;0L 	

)d.40_,.)r2m—zn 2k . m- 	1 	2 3 r r 

3aeucnocm c-oea u d-oea od AL, BL, CL lama je ca (17). 

IlpHmepra. 

a) 3a L = 1 penielLe je Kneoluos noTem4Hja.0 

V2 (1) = a i r? + a2 r3 + a3r3, 

(/2 — /3) a2(/3 — /1) a3(Il — /2) = 0. 
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6) 3a L = 2 1101311 Fanerpa6mum4 noTemmjaz je 

VIA 	a2i2j2krri2 ir3k , 
i+j-I-k=2 

C/400 = Co — d2 = (212 — — /OA + (1-1 — 1-2)B — C, 

ao4o = c2 — do = (/1 — /3)A — C, 

a004  = C2 d2 = + 2/2 — 3/3 )A + (h 	- C, 

a220 = C1 — d1 = 2(12 — 1.3)A + 	— 12 )B - 2C, 

a202 = cl — 2d2 = 4(12 — 13)A 	- 212  +./3 )B - 2C, 
C/022 = 2c2 — dj.  = 2(h + I2 — 213)A + (13 — 12)B - 2C. 

HanoMena 2.3. A. II. MapRejes je goRa3ao iniTerpa614.11HocT RpeTa-

ma no nHepu,nin nonTe ca -gogaTram rnpocRonom, mace mG H onepaTopom 
remepnnje y ogliocy Ha geHTap mace rnpocRona /G. Heim rnpocRon Tema 

ti 

yraoHy 6p3nHy eL y ogHocy Ha nonTy, Rojom ce oxpehe oRo csoje oce 
ti 

CHMeTpkije L. 

JegHatume RpeTama cy HcTe Rao H 3a LlanilrelrilHOB npo6nem 6e3 rHpo- 

cRona (13), camo UITO ymecTo H3pa3a 3a MA (12") Tpe6aMo y3eTI4 Ta3pa3 
3a HpyTo Tea° ca rnpocRonom. 

Heim cy MT  H ./c/2 pegom momeHTH remepgmje nonTe H rnpocRona .y 
ogHocy Ha Tataxy A. Taga je momeHT cncTema nonTa-rnpocRon jegHaR 
MA = AIX ff.2. MA je gaT (Popmynom (12"). Pap"! jegHocTaBHocm 

Hem, ce geHTap mace rnpocRona noRnana ca LjeHTpoM nonTe. Taga H oca 
rnpocRona npona314 Rpo3 geHTap none. Hem, cy .11 H J2 rnasHn momeHTH 
iniepurnje rnpocRona y ogHocy Ha geHTap none (/Go = J1(6, i)i + J2 1, x 
(6 x i)). 

Nalco yraoHa 6p3mna rnpocRona y ogHocy Ha HenoxpeTHH RoopgmHaTHH 
CHCTM H3HOCH = SZ + Of je yraoHa 6p3mHa none y ogHocy Ha 

HenoRpemn cncTem), cxwmo Rao H 3a norrry go6Hjamo: 

NIA = /GO OL) mGa2 f x ((Si eZ) x 1:1). 
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48 	 IVIABA 2 

Taxo je: 

MA = + /G)51+ 	+ mGa2 0174  x (1, xl") (mG 
	) 2 f x 	x f). 

14HHapHjaHTHa mepa ce Hormana ca HHHaprajaHTHom mepom Kojy je Hama° 

LlanzliamH. CHcrem je HHTerpa614.naH. floce,rwje xieTvIpm He3amacHa HHTe-

rpaza: (14) vs (fiA,/17/A). 

Bo6pubeB H >1<yRoBcm cy xpajem npommor sexa upBx npoymiaBarm Taj 

npo6.aem. OHH cy purrerpanium czytaaj xa,ga je nonTa AraHamxtim CH- 

meTpiatma 	/2  = /3 ) 14 HaAa ce oca rzpocxona nomana ca ocom 

AvmamPm:Re cvsmeTpraje .aonTe [21]. 

2.5. KoTpzame AHHaM14 111(14 ckimerpHEme nonTe 

1. OmuTe pealeffie CHCTM Hapgpijaimmx je,E,Haxama (15) 3a /1  I2  = 
/3  je 

u = K-3 v(r 1 ,r + rD. 

Ta tumbeHlfma jeAHocTaHHo AoKa3yje RHTerpa6pinHocT cneAeher npo6ae-

ma: cHmeTpwaHa aim He6anaHcxpaHa nonTa RoTp.ma ce no,4 yTrimajem 

j 
. 

noTem.H4jaHa, Kojvi je HHHapiajaHTaH no,4 Aejcasom poTagpija oxo oce ATA-
Hampp-me cirimeTpmje. IIpHMeTHMO Ra HexonoHomHa sera (6p3mHa Tauxe 

KoHTaxTa je Hyna) HHje HHHapHjaHTHa 110,r( AejcasHom TaltBVIX poTawelja, Ha 

HHTerpa6anHocT He c.ne,EcH ApipexTHo H3 HeXOTIOHOMHe HeTepHHe TeopeMe. 

Y oHom czygajy nepTyp6oHaHH npo6nem ce mo}f{e eRCHTIFILWITHO 14HTe-

rpazkrrx y loa,rkpaTypama. HeIca je: 

2F1  = K1 S2? + K3(54 + 523) — ma2 (D 1 r 1  + s-22r2 + si3r3)2 + 2V = 2h, 

(20) F2 = 	+ /3( .22r2 + s23r3 ) = C, 

F3 = 	+1-1 	= 1. 

3a tieTpHpTH HHTerpan mo)Remo y3eTH cj)yHicHmjy Roja He 3aHrAcH o,41436opa 

noTeHwajana: 

2F4 2K3F1 (14, 11-1A — 
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Kopmnhemem (20), mo.Hce ce noxa3am Fr(a ce xaernpam maTerpaR mo›Re 
HanHcam y exsHBan eHTHOM 06.rancy: 

2 ma2 (h — 13)  
J4 = 621 + 	 0 2-r2 

"1 1 • K1.T3 

Heim je Ha npmvlep a = II  – /3  > 0. Heim je ,82  = ma2 a/K1/3 . Ha 
NHS appij aHTHOj 110Bplarel: 

T = -(01,f) E R6 	= h, F2 = C, F3 = 1, j4 = d2 } 

MOH(MO yBecTH icoopniniaTe u H v 4)opmynama 

=--- d cos u, 

(21) 	
r1 	tan u, 

P2 = R(u) cos v, 

523 = R(u) sin v, 

me je 
1 

R(u)2.= 21.3 (2h ma2 P(u) 2  – 2V(u) – K1 d2  cost  u), 

P(u) = —
c 

– —
ad 

 sin u, 

	

/3 	/3 [3 

V(u) = 1/(,3 - 1 tan u, 1 — 0-2 tan2  u). 

143 npHe jenHaqviHe 3a f (13') no6i4jamo: 

t? = (r2 n3  - r3 c2 )2 = 	+11)013 +n3) - (Q 2r2  + 113r3 )2, 

onHocHo Koprintihemem (21), no6Rjamo jenHaxn4Hy npHor pena no Heno3- 

Hazoj npomearm/moj u: 

./.; • 2 	 )2 02 U 	cos4 uR (u ) 2 	 — tan2  u) – cos4  u d sin u – 0) 2  . 

Zaicze mo)Remo onpenKTH 7/ = u(t). OcTaio je join Jo, o,r4penpimo H v 
v(t). 143 npyre H Tpehe jenHaximile 3a k (13'): 

d  ma2r2cii (fi ,r) P3fl i  (h — ) r - 3 

OV 

" 

av 
art ar3  

	

K3 S13 — ma r3 	= 	 av
dt 

2 d  r 	n -I + r1 	 - r2 av 2( 1 	3, + 1 
 

are ar, 
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50 	 FJIABA 2 

143BOATAMO H3pa3e 3a 1' 2  H r3 : 

(22) 

rge cy 

1' 2  = K3 (MO2 — Ng23 ) 	(MC23  NC22), 

11 3  = K3 (./ln13 + NO2 ) 6 + CY% (ATS2 3  — M51 2 ), 

ma2 P 

N 
A 

A m2 a4 P2  (13 cost ua,v) 2  , 

no3HaTe cpymawije HpemeHa. 3ameHom (22) y F2 = c Ao6mjamo: 

. 	ad 	MR 	.11 d sin u 	1 
v (23) = --T.  cos u 	 

ri3 	NR 1 3 ,8K3  NR 2  13 K3  NR 2.  

0,gaTze mo)Remo o,pe,fHT4 H v = v(t). KoHatmoH3 (21), (22), (2,3) Ao6m-

jamo (t) H 11(0 Imo no3HaTe 4)3THED;vije BpemeHa. 

2. KoTpzaffie AmHammum4 ciameTpvitme Romre (h = /3 ) no,tc ymnajem 

noTerunidaria V = v(r i ,11+rD je 1,4HTerpa6mHo 14 y3 ycaoH ,ga je neHTap 

mace nonTe Ha ocH AmHamw.nce cHmeTplirje (Q c  = (p, 0,0) = pe1 0). Ta,qa 

momeHT xorueparn:He xpeTama y oAHocy Ha Tataxy A (pauyHaT no ctiopmyrua 

(12)) mma o6.yark: 

(24) NIA = 112+ ma2 1:1  x (52 x1') + pmae, x 	x f) + pmall  x (572.  x gi)• 

MwEe ce noRa3aTki ,rca H y OBOM czytaajy jeAHatapme xpeTaffia (13) Hma-

jy HHHappljaHTHy mepy H yHex noce,rryjy Tpx 1411Ter paaa xpeTaa.a (14). 
1-leTBpTH mHTerpa.n je mo,rnappncanzja, 1411T erpana J4 : 

ma2 (h. — /3 ) 	pmI1 
 F4 = S2T {1 + 	 s--4r7 + 	(a + pr i )}. 

K1/3 	 h1 I3 

M = 
A 

cost uath V 

Cneweijamio, 3a V(f) = mg(Q c ,r) = mgri Ao6rajamo mrrerpa6pumoc:r 

3a,gaTxa KOJH je Talc° e penrzo .clanammem [30]: xo-rpmame 6e3 Karioarba 
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Rolm, ca HeErpom mace Ha ocH AHHammixe cHmeTpHje, no xopH30HTaxmoj 

paBHH y3 HpHcycTBo rpaBHTaHHoHor 110Tba. 

2.6. Be3a ca ApyrHm cHcTeMHMa xpyTor Teaa 

A. II. BecenoB H E. E. BeceaoBa cy pa3maTpanH poTaIJHjy xpyTor 

Te.na oxo Heuoxpeme Tauxe ca 3a,gaTom HexaBoHomHom Be3om (St') = 0. 

BH,zr,Hmo je Eb13X0B Hpo6zem cakmail CycnoBzeBom Hpo6.4emy, canto 

BITO je ca,rja npojexHHja yraoHe 6p3HHe Ha BexTop 3r HenoxpeTHom mop-
AHHaTHom cHcTeMy je,guaxa HyJIH. OHM cy noxa3a.im HHTerpa6HaHocT y 
cariajy xa,ga HeMa ,gonyHcxe HoTeHHHjanue cline

, y cariajy xa,ga ce Teno 

xpete rum AejerBom Kae61a-THcepHHoBorTeHHHjana, y Earpamxosom 

cariajy = 12, V = ers), Rao H y cnytiajy xadla Teny Ao,gamo rHpocxon 

[71. 

J. H. (Djo,rkopori [28] je HHTerpaaHo Hpo6Rem xa,ga je V = 0 H y cnytiajy 

HexoMoreHe Be3e: 

Kam q moace HMaTH HpoH3Bozny BpexfocT, 6e3 3a6yHe, moacemo cpyHHHH- 

jy FI  HocmaTpaTH xao HaTerpan xpeTama y mecToAHmeH3HoHom 4)a3Hom 
ripocTopy R3 01 x R3 {f}. 

Je,Bola,,ume xpeTana y noxpeTHom xoopAr4HaTHom CHCTM cy: 

Id=rfixfi+fx-e—f, 

(25) 
P=fxsi, 

A = 	1 	x /Si+ aV x 

	

(1-1N, 	 of 

CHcTem Hma HHEapHjaHTHy mepy ca rycTHHom 

f (d,11) = 
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Jegnaunne (25) HMajy yBex Ana ne3aBmcna HHTer p an a xpeTaffia [28]: 

F2 = —1 
2 

(ifi, 	+ V(174 ) — (11 , 2)(1, /fi), 

F3 = r l + r2 + r3 = 1. 

Kaga je V = 0, npo6neM je Pnrrerpa6vinan H taeaspTra xe3aBrAcm4 miTerpan 

je [28]: 

BeoMa je varrepecaHmo ,ga ce meTo,g1e13 naparpadi)a 3 mox<e KOpPICTVITH 3a 

HaRa>Keibe prirrerpa6vnamx nepTyp6agraja npo6Rema BecenoBa-BecenoBe 

ca HexomoreHom Be3oM, Tpa>Remem PIHTerpa.na y o6muy: 

(26) :F40, = 	f) + U(11). 

Taxohe, meTog ce mo)xe npnmemfiTvi 14 3a na.rra>xen,,e miTerpa6vimmx nep-

Typ6agnja jegnor macvrtmor xozonomnor npo6.aema: Ojneponor czytaaja 

oxpeTama xpyTor Tena oxo kienomntme Tatnce: 

av 
(27)

x + x 
ar ,  

ti 

r = x 
211o6po no3naTH narerpann KpeTaffia jegHaxuana (27) cy: 

= 	/51), 

F2 = —1  (El, S2)
2  

F3 = + + = 1. 

Y Oiaeponom PuiTerpa6vianom cnyuajy xpeTaffia xpyTor Tena (Raga je 

V = 0) x-reTETTH vifiTerpan je [37]: 

1 
F4 = —

2
(EZ, /12). 

Y./CO.7114RO LieTBpT1,1 miTerpaz Tpaximmo y 06JIVIKy (26), TarEka hello, Rao 

3a npo6nem Becenona-Becesione, go6TATH CHCTM napgnjaannx jegnaunna 

no neno3naTiam cloyman4jama U H V. Taj CHCTM je mcm Rao H y caylaa-

jy 1-lannilmanonor npo6nema (15), canto num Tpe6aMo FOB IIIHTH 3 ameny 

napameTpa K2 pegom y Ii , i = 1,2,3. 

TaHo je goxa3ana H c.negeha Teopema: 

F4 = 1 41 	f) 2 . 2 	2 
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TeopeMa 2.4. Hena je h 0 .12 0 13. Oj✓gep-Ilyaconoee jeananune (27) u jea- 
nanune (25) npo6✓ e.ma Beceiwea-Bece ✓wee cy unme2pa6u.ane 3a norrientyuja✓ 
(19). 

Harromena 2.3 Y pa,zry [14] je noxa3aHo Aa xpeTame AreThiaMMIEH Hec-

HmeTpwaHor xpyTor Tena (II  0 12  0 /3 ) y rpamerragHoHom nozy V = 
mg (0 c ,f) Hema ,EkonyHcfail axameiTWIR14 pumerpari icpeTama. 

Rpyra xolicTpylawja HBTerpa6maux nepTyp6aguja xpeTama xpyTor 
Ten a oxo Henoxpeme T acme (27) je AaTa y [2]. BorojaBzeHcm je Aoxa3ao 
miTer p a 614J1H 0 CT 3a np OMB OZER KB a,r4p aTHH Ho TeHuxj : 

V(f) = a i r? +a2r22 + a3r32 

Taxoe, 3a dimxcrapaHy BpegHo CT HET erpaga 

= (rfi, f) = o, 

Borojaszencic4 je nose3ao ,r4aTra CHCTM ca xpeTamem maTepnjanne "Tatuce 
emanconAy. Taxo cy y [2], XammaTox-Jaxo6HjeBom meTo,gom, 'latex:a 

crie,gehm napir,Hjamio HHTerpa6Hn HH no T eligHjaam: 

N 
(28) 	V(r) = a-2  ci  E E(--i)kcN+k+,(N 0-pr—kGr ,  

N>1 k_0 	 k 

r,ge ci IIp 0143B 0 JLII e xolicTairre 

r2 r2 
= T . 	_ (/-1 + I 1 

12 	13 	1 	2 	3 

0-2  = (i1h.r3) -1(r1 r? + /2 11+ /3 1). 

Be3a n3mety name mace peznema H mace BorojaBzeucxor je AaTa y 
cne,gehoj TeopeMH: 
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TeopeMa 2.5. lipecex OaAturtuja kroquja (19) u (28) ce cacmoju od Krie6lu-

Tucepurtoeoz nomenuuja.na V = 	+ /2 11+ /3 1-3). 

,aona3. 143 (15) RoppicTehm cameo aRre6apcHe onepagmje mo›Kemo Ro 6HTH 

je,gHaT-mHy: 

(29) 	— /-2)rir2 oar  + 	—-817  + (12 — .r3)r2r,  a  or' . 	0. 
3 	 are

Halm je (29) noczegviga CHCTM (15), CBI noTeHgvija.rof (19) cy pemenea 

jegHativare (29). Ca ,rpyre cTpapie, H3 cisamiumje (28), je,EpHo Kne6m- 

TvicepviHoB noTeHweljaz (c1 	0, ci = 0, i > 1) 3agoBozasa, jejcHatamy 
(29). 
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HeX0J10}10MHH JIP ciAcTemm 
na JIHjemam rpynama 

3.1 YB o,rk 

Y osoj roasH nocmaTpahemo HexanoHomHe cHcTeme Ha JIHjeBHm rpy-
nam a ca JIeBO-HHBaplljaHTHHM IlarpaHacHj aHirma H oe CHO-HHB apHj aHTHIIIM 
HeXOJIOHOMHHM AHcTpH6yrmjama. Te cHcTeMe, KOJIHKO je ayTopy HO3HaTO, 
Aectomicao je A. H. Beceaos [6]. Ilo earnecicHm pegHma left-right Ha3BaHH 
cy LR cHeremH. 

Y naparpacfpy 2 oahemo ocHosHe ,2Lecpx4HHHHje H onpeoHTH HoTanHjy. 
MeTooa rcoHcTpyxnHje npm/ix HuTerpaaa LR cHcTeMa, KopHuthemem HH-

HapHjaHTH Ko-opHoppKeHor oejczsa je oaTa y naparpad)y 2. IlpH Tome 

cmo nocmaTpanH H °MUTH cay-gaj, xaoa cy Hex000Homne se3e Hexomo-

rene. Lo6Hjeaki pe3yoTaTH cy omoryhHoH HoHcTpymtHjy HOBHX HHTe-

rpa6puumx LR cracTema ca HasapHjaHTHom mepom Ha TpoommeH3HoEmm 

yHHmonyaapHHm rpynama y naparpacpy 3. Y naparpae:py 4 pa3maTpanH 
cmo LR cHcTeme Ha JIHjesoj rpyrm SO(4). Hapese cy eiscnoHnHTHe (Pop-

myoe 3a 3alcoHe ogyHama geTHopooHmeH3HoHor HexozoHomHor xpeTaEba 

xpyTor Teoa, lc* npeocTaama yonarreme npo6nema Beceoosa-Bece.noBe. 

lloxa3aHo je ,rca cy HmapHjaHTHe mHorocTpyicocTH neTooHmeH3Hone. 3a 
HHTerpa6HoHocT, HO Jarco6Hjersoj TeopeMH, .noTpe6Ha cy join TpH 

rpana xpeTaisa. llpoHabeHH cy napusjanHo HErrerpa6HoHH cnymajeBH. 

Typeset by AmS-TEX 
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3.2. HOXOJIOHOMHH JIP CHCTeMH 

MoTTABnalyhm npmmep LR cncTema je npo6nem BecenoBa-BecenoBe. 

Maxo cmo yno3naTia ca npo6nemom y rnaBm 2, pa ttm jegnocTaBnocm n3na-

rarba H Racriffjer yolunTeffia Ha.Bo rEmmo czeAehra npumep. 

Ilpiamep 3.1 Ilpo6nem BecenoBa-Bece.uoBe onvicyje poTainajy xpyTor 

Terra oRo HenoRpeTne TauRe ca Be3om (N, S2.) = q r,ue je SZ yraona 6p3m-

Ha RpyTor Terra, N je ROHCTaHTaH BeIcrop y nenoxpemom xoop,4PmaTnom 

CPICTeMy H (., .) yo6kr-lajen Eyium,Ecc}cn cHa.aapnx Hp01/13BOA. YROJIHRO Terry 

jko,rcamo CHMeTpl/MHH rnpocRon Ta,ga yRynny Ro.rartudny xpeTama RpyTor 

,Terra mo)Remo HanHcaTH y o6nrency M = IS2 + P. Jegnaumne Rperaffia cnc-

. Tema no HHepuHjH, y noRpernom RoopAnnaTnom CHCTM cy: 

= x r. • 

N = AT.  x 

(1) 	 = q, 

A = (Ar', Agr i  (la x A1VI , AN), 

.11/1 = 1 + , A = 1 . 

EpeTame cncTema je nepaBnomepno namoTasame no A -Boxmmen3vionmm km-

BappijanTmHM Topycnma H Ra,rka je P = 0 excniannnuo je penieno y lo3a-

ApaTypama [7], [28]. 

ilecfnuncomja 3.1. Hex ✓ionomnu LR cucmefvt je nexo.nonomma mexamati- 

crAcTem (G,L,D), r,ge je G n-Anmen3Hona JIHjesa rpyna, L rieBo-

mmapvijanTnn Ilarpan)Rnjan, D C TG je AecHo-knmapnjairrna n — k ,ina-

men3Hona nereurrerpa6mma ,g.ncTpn6yInfija. 

LtHcapn6yuyija ce moHce 3e,tkaam nomohy k ne3airacHnx ,necno-vmsaimaja-

HTH.VIX je,gan-4opmn ai E A. 1 (G): 

Dg  = fe E T9G, (agi 	= 0, (Rg )*agi  = ni  = const, i =1,...,k < n}, 
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r,ze (., .) o3HauaBa cnapHBase vomety Ayanuax BexTopcnix npocTopa T9 G 
T9 G, H R g  o3Hogasa AecHo mHoaceffie ca g: Rg (a) = ag, a E G. 
143 (Ppo6elmjycose Teo p eme "'Imam ,t'a je ,in4cTpH6ymija D HeHHTerpa-

6HaHa axo H canto axo D = De  RHje HoAanre6pa JIHjeBe anre6pe g = TO G. 
3aHcTa, c.avrqHmm aprymeHTom Imo H y nemx 2.1 Ao614jamo Aa 3a mo,"ryn 

ceuema r(D) ,w4cTpx6y1"14je D Bawl: 

[r(D),r(D)] C r(D) 	< 	> 	[7), 	c D. 

MH hemo pa3maTpaTH onuiTH cRytiaj, Ica,ga ,40113rCTI4B111 nyTesH 3a,goso-

zasajy HexonoHomHy Bev = qt  = const, r,ge q 2  mo)Re 614n4 pawn/I-

T-arm o,7" 

Ysenthemo HeRe yo6",majeHe o3Haxe (norne,r4aTH raasy 1). Axo je g(t) 
mancH nyT Ha rpyrn4 G, ,rkegn4HHinemo ca 

f.l(t) = (L 9-1) *g(t), 

N i (t) = (Lg )*aig(i)  = (Lg )*(Rg-i)*n' = 

pe,loM ogrosapajyhe rnalae nyTese Ha JIHjesoj onre6pH c = Te G H moj 

gyanHom npo CTO py C*. llpHmen4mo ,r'a TaAa N(t) 3a,Hosomasa jegHatmay 

(2) 	 N = adn N. 

3aHcTa, (2) go6rajamo ,7](4(PepeHrHpajyhm N = Adg*_ i n H HopHcTehm T-II4- 

eximgy ,tea je ad* ,s,Hc4epems4jan so-npHAppReHor ,r'ejcTsa Ad* rpyne G 
Ha g* [26]. Jegliatuema (2) je yonurreffie IlyacoHose je,r(HatmHe (masa 1, 

naparpa4 5). 

Y TaasHm o3axama, HexanoHomHe sere ce mory Hamman4 Ha cnegehr4 

HatIl4H: 

= (aig ,(L g ),,,S2)= (re, Ad 9 S2) = (N 2 ,11) = qt , 	i =1,...,k. 

3a IlarpammijaH hemo y3eTlel cymy H.14Henfruce eHeprHje (Hsa,t4paTHa no 

6p3HHaMa) H rHpocxoncicor unaHa (AHHeapaH no 6p3HHaMa). Kalco je 

.Tharpaima4jaH neso-HHsapHjaHTaH, MOHCe ce HanHcaTH y d'popmx: 

L(§, g) = 1 
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rrge je P E g* 	 cnmeTprercaHn 1-103VITHBHO ,Lke4MAIIVITH1/1 onepaTop 

xojn ,44141-11/1.111e IleB0-1/1HBapIlliaHTHy meTpxxy Ha JInjeHoj rpynx [37]. Y 

TieHoj TpnBmjaamanieljn A (rnaHa 1, (30)), JlarpamEnjaH cmcTema je: 

1 
.C(C2) = -

2
(112, fn (P, S2). 

HeKa je H : Ts {p, g} 4 R Jle)KaHAposa Tpauccipopmawikja JlarpaIDKAjana 

L. Heim je A = 	: gx 	g u M - aclao = /S-2 P XammaToHoBa 

y zeBoj TpluvijaarnawAjm A Puvia o6.ranc: 

1 
(M52(M) = (M L(Q))10=A(m-P) = -2 W — P, A(M - 

JeAHauldHe RpeTaffia Ha T*G{p,g}, voHeAeHe H3 Razam6ep-JlarpamEoHor 

nplinnwina cy: 

( 3 ) 

an- 
15. = 

aH == , 
0P  

i = 1, ... ,k. 

Kaxo ce nocze .aeBor miloHcema je,EcHatipme (3) 6e3 Hexo.aoHommuc Be3a 

pe,gylcyjy Ha Ojnep-IloeHimpeoHe jeAHatutme (rnaza 1, (31)) H Ram) je a 2 

 xcecHo-vmHaprajaHTHa cbopma, jexcHagreme xpeTaffia ce nocae .TieHor mHox.ce-

lia a pexkyxyjy Ha: 

M=a    M 
	

Ai 

gi  .acq1 N i  , 
(3') 
	

(N i  Si) = qi 	= 1,...,k, 

= A(M — p) an(m)  
am 

IlarpaHoBvi MHOH.C1401p4 Ai cy H3a6paHH Tax° ,r4a xpeTaffie 3a,zkoBo.rbaBa 

Bee (N i ,S2) = q 2 . 

CnennjanHo, 3a G = 50(3) jeAliakalime (3') Ao6reljajy o6ExIc (1) (noTpe6- 

He reixceHTvicpkncanmje ce mory Hat' y rfiaBH 1). ,apyrx Beoma Bax<all 
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npnmep LR cracTema je tlan.unrHHori npo6nem xoTp.marba zonTe no xopm- 

30HTa11110j paHHvi pa3maTpaH y rjlaBiel 2. Tag‘a je G = E(3), rpyna xpeTama 
Eyx.Tin,r4cxor npocTopa. 

Hac he noce6Ho reniTepecosaTH LR clicTemx Ha pulmogynapaum rpy-
nama, oAHocHo anre6pama 

,L1e4ummmja 3.2. TInjesa rpyna G ce Ha314sa yrcuModpapHo.4 axo 
nocegyje ABocTpaHo-HHBapMjaHTHy mepy. JIHjeria anre6pa je ynumody.4a- 
pna axo H.eHe cTpyxTypHe xoHcTairre 3aAoHozaHajy je,n;Hatume Ek 	0 
3a 	 e i.  

Mo)Re ce noxa3aTH Aa je JIHjesa rpyna ymmmogyriapHa axo 111 canto axo 
je 	.71mjesa azre6pa yHnmogynapHa. 

BaacHa xapaxTepHcITixa LR CHCTM Ha yHra:mogynapHxm rpynaMa, je 
,rca nocegyjy HHBapxjaHTHy mepy. 

Teorema 3.1. [8]. Ano je G ynumod ✓ apria Jlujeea zpyna mada jednanune 
(3) umajy uneapujaranny .'tepy y 96a37-tom npocmopy T*G. Cneuuja.mio, pe-

()wean cucmeic (3') uma uneapujaumny mepy ca zycmunom: 

p(N)dMar l  ...dN k , 	p(N) = Vdet(Ni,ANi). 

3.3. Emicappowja npm4x miTerpaza 

1. Y (mom naparpacpy nocmaTpahemo LR cmcTeme ca jegHom He- 
XOJIOHOMHOM Be3om: 

(ag ,g) = (Ad;_in,D) = (N, f) = q, 

[D,D] = g, D = {0 E (n,e) = Oh 

y3 npmcycTHo AonyHcxe cra.ne ca noTeanxjanom V = V(g) : G 	R. 
Hanomemdmo Aa Ta,z1a XamHJIToHHjaH 

1 
1-1(M , g) = 

2
—(M — P, A(M — P)) + V (g), 

(4) 

(5) 
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Hmje Hifune neso-mHBapmjaHTHa cbylnanAja (xaga 6H noTempijaz 6Ho neBo-

misapmjaHTaH OH 6H Mopao 6HTH KOHCTaHTHa 14)yHEI4Hja H cammm THM He 

yTmgao Ha RpeTame). 

Pa3moTpmmo HeLTITO OHLTITYliy CHTyaIlHjy. 

Jlema 3.1. Hena je na T*G{p,g} dam neX0.401 -10A4hU cucmem ca Xamuit- 

mortujahom H u eeaama (4). Hexa je H uneapujanman nod dejcmeom zpyne 

KCG. Tada je 

(6) 
J: A(T*G) = g* x G 

= (Ad;M)11cro 

unmezpart npemaza heZ0.1107-t0A47-102 cucmema. 

„aona3. Heim Y E 1C. Ta,na je vy(g) = 	 AecHo-HHBapmjaHTHo 

BexToperco noze Ha G: 

(Ra)*vy(g) = —
d 

a,„
(q,ga) = vy(ga)• 

da   

Tax° je vy(g) (R g ) * Y. no Aeckminniijx, momeHT CHCTM y o,r(Hocy Ha 

gejcTso rpyne K ,rJe.rryje Ha Y Ha cEexcehm HatmH: 

J(p, gl Y) = (p,vy(g)) = ((R g )* p,Y ). 

Ham) je (Rg )*p = (Rg )*(L 9 -1)*M = Adg* M, y nesoj Tpviszjanmanzjm 

A(T* GAM , momeHT je ,gaT ca: 

J(M , g) = (Ad; M)I K  

Heim je K' C K no,nrpyna, -qmje je AejcTso carnacHo ca Be3aMa. Ta,rka 3a 

Y E mmamo je 

(a(g),vy (g)) = (a(g),(R9 ),,Y) = (n,Y) = 0, 

0,73;HOCHO /C I  = 1C fl V. 143 HeTeprime Teo peme czega ,rka je (6) HHTerpan 

KpeTaH.a. 
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Jlema 3.2. Heim je na T*G{p, g} dam G. uneapulanman Xa.mu.amonujan H, 
zde je: 

G. = {g E G, Ad g_ i n = n}, n = (Rg )*a = const. 

Tada ce janaitune npeinaba nexanonamuo2 euemema ca eesama (4) peapcyjy 
na jednanune aya.tinoz npocmopa .ffujeee an2e6pe no ✓ yaupexmnoz npouseoda 
S = G XAd 

11.4.  = adL7L M + ad:1, 7L N + AN, 

AT = ad;m7L , 

(N, Q) = q, 

57-1 	a?-t 
all

Q = dm71 = 	dAT7-1= 
aN 

zde jel-1(M,N) Op-m.414a na g.{m} x 0(n){N} C S* oapeena ca: 

71(M, N) = H(p, g), M = (L g )*p, N = Adg*_ i n. 

,aoxa3. Kam) je H Gn-HHHapmjaHTHa cpyinandja H Haim je GIG. = 0(n), 
cpymanaja fl je ,go5po ,r4ecf4HHcaHa. 

JeAHaTn4He (7), 6e3 HexonoHomHe Be3e, cy nocneAnga pe,tryxu,nje CHM-
HileKTHT-Me mHorocTpyxocam T*G ca ItaBOHCKOM crammiexTurmom cTpyx-
Typom dB no rpyrua cnmeTpHje Gn  xojy je pa3MaTpao T. PaTHy [52]. 
Kaxo Hac He 3aHHMa calla cnmn.nexTnTaxa CTpyKTypa, je,uHa•4He (7) hemo 
H3BeCTH Ampexmo H3 Zanam6ep-J1arpaHwoHor nprennigna H npeTxo,n;Hmx 
3anaaxaffia. 

,apyra jep;Hatnnia je y CTBapH je,LkHatuma (2). Zoxamxmo npHy 

Hexa je (e 1 , ..., en ) 6a3a anre6pe G ca cTpyxTypHrenn KoHcTaHTama 
Ct: [ei,ei] = qxk. Heim je (N,ek). Nk. JeAHacume xperam.a mo>xemo 

HanncaTH y o5nrency Iloeaxape-LinTajesa.espix je,n;HaunHa (raaHa 1, (29)): 

Mk = 	c-.7.k m;  °71(m'g )  eki g (7-1(M, g)) A(a g  , ekl g ) = 0Mi  

= (ad:1 m7L M , ek) — ekj g (N(M , g)) 	k 

( 7) 
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(N ,SZ) = q, 

al-t(m, g ) 
= 	= 

am 
rge je 7-1(M, g) = H(p, 	m H ekl g 	(lig)* ek • 

Kaxo je N = Ad g* _ i n, N mox<emo nocmainpaTm Rao cl:THIcgvijy N : G 
g*. IlpH Tome je dNi 9 (6) = adp , E Tg G , 0 = 	 43THKgvijy 

g) mo>xemo nocmaTpaam Rao Romno3Tenwjy: 1-1(M,N(g)). Taga je: 

ekl g (W) = 	
N)   

divig(eklg) 

07-1 =(ad:, N , 	(N,[ek, -E--v ]) = -(ad*dNw N, ek). 

THMe cmo goRa3amm Remy. 

Y cmagy ca npeTxogHom Teopemom, orpamer-mhemo ce pa3maTpamem 

noTeligmjana V, JlarpaHAaajaHa (5), limpapt-ijaHTvfx nog gejcTsom nog-

rpyrie Gn rpyne G: V (g) = V (ag), 3a cHe a E G, g E G. Ta"ga V (g) 
viHgyRyje 4ymaHjy U(N) Ha g*: 

U(N) = V (g), 	N = Ad* _ i n. 

XamwaToHosa ctlymawja (5) y mopga4HaTama {M, N} prma o6Rvix: 

1 
( 5 ') 	 I-1(M, N) = -

2

(M - P, S2) U(N). 

Ho Remy' 3.2, itanam6ep - JlarpaHxceoHe jegHatakme ce pegyRyjy Ha s*: 

M = adt-2 M acrdu  N AN , 

N= ads N, 

(N , S2) = q, 

A = -(N, AN) -1 (a4M + acrduN, AN), 

= A(M - P) = am . 

(8) 

LogaBame HoTeHuxjaRa HeMa ynemaja Ha nocTojame HHBapHjaHTHe mepe. 
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Je,gHatame (8) xame 3alsopex CI4CTM je,nHatama 3a o,r4petzBaffie Heno3- 
HaTVIX M 14 N. ilpH Tome He mopamo yHanpe,n ff,xxciiipaTn Bpe,r(HocT 7/ Tel 
cpyinanajy U mo)Eemo nocmaTpaTpi Ka° c4yman4jy Ha g*{N}. 

HanomeHmmo ,na H3 neme 3.1 reimamo c.ne,nehm HHTerpaJI Ha dpa3HOM npoc-
Topy A(T*G): 

j (M.  , g) = (Ad*  g M)1Ann(n)nl, 

2. Hac die HHTepecoBaTH PraTerpa6HnHoCT je,nHaxuema (8), nocmaTpa-
Hor Ea° 3aTBopeHor cmcTema Ha S*{M, N}. 

CTpyRTypa je,n;Hatunia Ham ,LJaje moryhHocT 3a xoHcTpyimmjy Hemx 

npm4x vaiTerpana. Cemivio ce je cpymanilja J : G* R renrsaprajaH-
Ta Ko-npx,ruiyafieHor ,nejcTsa rpyne G Ha G* yxonximo je y 14HBonyivajm y 
o,nHocy Ha J114-11yacoHoBy -3arpa,ny ca CBHM Apyrxm cpyHxurvijama Ha G*: 

( 9) (M, [V(M),6]) = 0 za sve M E g*, 6 E G. 

(Dynauwje f : G* 	R mo>i<emo nocmaTpam Kao d'pyinan4je Ha S* Ha Asa 
moryha Hauxua: 

(M, N) = f (M), 	f" (M, N) = f (N). 

C.ne,nehe .neme ,ziajy noHainaffie HH.BapvijaHm Ha g* H XampulToHxjaHa CHC-
Tema ,ny>1( TpajexTopnja CHCTM (8). 

Jlema 3.3. (a) Hera je J : g* -÷ R uneapujaHma rca g*. Tada je J" unme- . 
zpaic xpemaza jedannuna (8). 

(6): Xa.mu ✓lmortujan ce onyeaea came y c✓zynajy nada je ee3a xamozena: 

—71= A(N,S2) = Aq. dt 

,I(ora3. (a) Henocpexpom npoBepom ,goomjamo: 

d
7) J 	OJ" • ap • 	 0J" 	af" 

dt 
= 	M 	N = (adiK2 N, aTv)= 	o.  aM 
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Mk = Cijk M,C2j 
i j 

-Ark E Nig 

ENiSii = q 

Sl i  = 	 Pi). 

au  
+ ANk, aNj  

(8') 
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lIpm Tome cmo FicxopvicTium (4) H -gmbem4Hy Aa  jeE (g*)* G. aN I N   
(6) Apyrli Aeo zeme c.neAH H3 Teopeme 1.6. Y oHom cny -qajy mox<e ce 

IlaK0 H AHpeKTHO H3BeCTH: 

d 	• 	• au 
dt =(M' S2) (1\r ' .E-v )  

=(a4M, + (aerduN, C2) + (AN, Q) (a4N, 	) 

[II, 	+ (N,[
au
5w., + 	

au 
+ /k(N, 0) = Aq. 

IlpHmeTHmo Aa  y OUfflTM cnyllajy J' Huje HllTerpan jeAHatuma (8) um< 

H xa,Ha Hemamo HexonoHomay Be3y. 

jlema 3.4. (a) Hexa je J : g* 	R tateapujarima ata g* °6r-mica J(M) = 

.I.(M,M), the je cumempunnu 2-mer3op. Tada opfc mpajexmopuja cuc-

mema (8) eaoscu criedeha pertauuja: 

dt 	
, N) = ACN , N) 

(6) Axo je J o6.ituxa J(M) = (M,71), a7 E g mada je 

—
dt

( /1, 77) = A(N,n)• 

,llonaa. Hera je (e l ,..., e,) 6a3a JIHjeHe anre6pe g ca cTpyKTypHHm KOH-

cTaHTaMa [ei,ei] = qek. YHo,Ekenvi KoopAHHaTe Mk = (M, ek), 
Nk  = (N,ek), S2 = leek , jeHHaqHHe (8) HocTajy: 
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M3B OA (N M) 	NiM j gpic TpajeRToprirja cracTema (8') je: 
(10) 

• au 
dt

43(N M) 	k Adia eg Ng  + 	. -----(1) k g N i kN I  ON 	9 
+ANk4)kgN g + CikNa '0 M g  

au •  (Cikeg {MiNg  NiMg}) -- 
aN (CM)

k 
 g NiNg ) AJ(N). 

Kaxo je J(M) mmapxjaara, jegnatume (4) Ham gajy: 

( 9 ') 

Ag  Eu.kivii— =0, 
amk ik 

M3 (9') go6Hjamo: 

3k e I  gm.mg =0 
ikg 

..n. 

Tex3op MiMg  je- cHmerproaax no Hm,r4exclerma i,g. Raxne H3 ( 11) cyma 
Ecik iIkg mopa 6HTH aarvicvimeTpprama no i,g 3a cBe j =1,...n. 11pBa 
H ,npyra cyma y (10) cy jegnaxe ny.rua Imo npovaBogH cHmeTputmor 

axamcvxmeTpkvaxor Tex3opa no vnigexcHma i, g. 

Y ,zpyroM  Cayuajy, Raga je J(M) = (M, 77) = Mkq k  vimamo: 

• • iii (m,77)= C.1707
k  {Mist/ + 

au 
 + ANok. 

JegEiaTaxxe (4') ,ziajy Cjok = 0 3a cBe i,j. To goRa3yje H gpyrx geo neme. 

IlpremeHom nema 3.3 H 3.4 moncemo go6HTH TeopeMy: 

Teopema 3.2. (a) Heica je J : g* 	R uneapujanma na G* d.ttuna J = 
4)(M, M), zde je cumempunnu 2-me7. 3op. Tada jednanune (3) umajy npee 
unmezpa ✓te: 

Ji = 41, (N, N), 
1 J2 = (11(N, N)( 2 (M — P,P)+U(N))— (D(M,N)(N,Q). 
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Y cityitajy nada je U(N) = 0 umamo u noiturtomujamtu unmezpa.4 itemepmoz 

cmenena: 

J3 = ( M, )1. ( N, N) — cl)(M , N) 2  

(6) Ano je J o6auna J = (Mm), E g mada cy uairnezpadiu: 

Jr = (N, 71), 

J2 = (N,77)(-
2

(M — P, S2) U(N)) — (M,q)(N, 52). 

C7cu7.4a dona3a. (a) itoxax<mmo, Ha ripmmep, ,na je J3 HHTerpan xpeTaffia 

Ra,rka Hemamo AoHyHcRy noTeHwajanHy may. Ewa) ce noKa3yje ,iia je Ta,la 

14)(M,M). 2A43.(M, N). Tax° je 

—
dt 

= 2A(1.(M,NA(N,N) — 2A(1.(M, N)cb(N , N) = 0. 

Tarcohe 143 Rema 3.3 is 3.4 ',ammo 14 cnegehe TBpteme: 

flocJie,ag4a 3.1. Hena je J : g. 	R uneapujarana aca g. o6Auna J(M) = 

CM, M) zde je cumempuitnu 2-men3op, U.1111 obriuna J(M) = (M, 77), 77 E g 
mac; cy Oyroquje (I)(M,N) u J", odnocno J' u J", uneapujanme 7-6a <S*. 

HanoMeHa 3.1. Y OBOM naparpa4 1114CM0 KOpl4CTI4J114 npeamocTasEy o 

nocTojamy var.sapvijaHTe mepe. 

MHTerpaa J2 je mograimEagmja Jalco6rerjeBor HHTerpana (TeopeMa 1.3) 

3a c.nytiaj Raga se3e Racy xomoreHe. 

3.4. JIP cmcTemH Ha Tp0AVIMeH31,10HHM rppiama 

Ilpoyuasanemo LR CHCTM ca remapHjaHTHom mepom Ha TpogmmeH-

3vioarAm rpyriama. Pa,i Tora, uo,gceammo ce xnacvid*Ragnje TpogiiimeH-

31/10HIIX yHumogynapHax JIHjesPix aare6pm. OHa ce, Ha nplamep, moAce 

HahH y it-HA/mama [44], [53]. 
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Knacvalwacawrijy hello k13.1101EXTX y Tepmramma uppiTypwia Ii011CM11-  

TH. Heim je (e l , e2, e 3 ) 6a3a anre6pe. Tama, go Ha momopcimemam, nocToje 

cnegehe TpogmmemmoHanHe Ilmjese anre6pe: 

(a) IcomyTaTiersHa anre6pa t(3): [ei,ei] = 0, 

(6) anre6pa 3 x 3 KOcO-CraMeTpHUmx maTpxga so(3,R): 	621 = e3, 

[e2, 	= el, [e3, el] = e2, 

(B) anre6pa 2 x 2 maTpraqa ca HynTMM Tparom 81(2, R): [el, 	= — e3, 

[e i ,e3]=2e1, [e2 , e3] = —2e2, 

(r) Xaj3eH6eprosa anre6pa h: [el, 	= e3, [el, 	= [e2,e3 ] = 0, 

(,z) Pa3peuii.me anre6pe ra : [el, ed 	an e1 -Fai2e3 [el, e3] = 0, [e2, 

an  el -I--a 22 e3
, 

(an a12 a = 	 E SL(2, R). 
a21 a22 

Pa3pename anre6pe Hvicy ym4mogynapHe. 

Ha HomyTaTTraHHM rpynama (uxja je anre6pa V130M0p4ma, anre6pm t (3)) 

xema HeraxTerpa6viamax AecHo (nes()) HHBappijaHTHI4x AvicTpx6y1.1vija. Ta-

KO ce xexo.noxomm4 LR CHCTMH ca remBappijaHTHom mepom jaBmajy Ha 

TpogmmeH3HoHid:m rpynama G y capaajeszma Kaga je anre6pa g rpyne 

jegHa og o6nraxa (6), (B) HRH (r). 

Y pally [8] je goKa3aHo ,rya ce xpeTame no HHepgMjM, ca xomoreHom 

Be3OM (N,Q) = 0, y meCTO,LHMeH3MOHOM dim3Hom npocTopy T*G ogEn4ja 

no AB0,1414MeH3140H14M 1411Bapredainaram 110Bpraxma. Ho Jaxo6Hjesoj Teope-

MM, 36or nocTojama rmsapkijaHTHe mepe, npo6nem ce mowe pe1IIHTM y 

I<BagpaTypama,. 

MIA hello pa3maTparm onurrvijra caraaj, Raga je Be3a xexomorexa 14 

Raga je npleicyTHo AejCTBO gonyHcxe noTeauxjanHe mule (jeg;HaTazHe (8)). 

Y MeCT0,1414MeH3140HOM npocTopy S*{M,N} ramamo HHBapHJaHTHy mepy H 

Be3y (N, f) = q. "lame, noTpe6xa cy }lam TI314 raHTerpana xpeTalLa 3a 

KomnneTHy vi-HTerpa6maHoCT CHCTM (8). 

IlpHmep 3.2. Hexa je g = 50(3,R) PI U(N) = 0. H3 TeopeMe 3.2, 

nocne yo6vmajexe FI,gelmicl'preixaguje anre6pe so(3, R) ca Tpo,rcumex31oimm 
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EyxanAcxkim npocTopom, go6mjamo Ao6po no3naTe kruTerpane [7], [28]: 

Ji  = 	g), 

J2  = 
2 
- (n, n)(k4  - P , f2. ) - (g, ith(N4 , 

J3 = or, Aiwa, ii/r) - (M, 1V) 2 . 

14ffrerpa6vome noTemuijanne nepTyp6ankije je,gnazuma (1) cy AaTe y pa-

goskima [7], [42] (norne,gam rnaBy 2). 

IlpHmep 3.3. Axo je g = sl(2, R) Ta,ga y 6a3ki (3) jeAnacume xpeTau,a 

111Majy o6akrx: 

M1 =M352 2  - 2M1 + N3 5-"\-Tau2  - 

( 12) 	k2 = 2 M25-23  M3S-1 1 +2N2:7-v3 

 M3 =2M1 S2 1  — 2M2 52 2  + 2N1 aaNui  

au  
2N, 

aN 
+ 

au  
N3 	+ 8Ni 

OU  
2N2 

aN2 

aNl  , 

)N2, 

AN3, 

N1  = N3 22  — 2N152 3 , 

N2 = 2N2 c2 3  - N3S2 1 , 

(12 ' ) 	 N3 = 2N1 5-2 1  — 2N2 52 2 , 

N1 52 1  + N2  S2 2  N152 1  = q, 
S2 i  = Aii(Mj 

14aBapkijanTa Ko-npki,uppEenor A ejcTSa je J(M) = 4M1  M2  
pee 3.2 yBex Hmamo ;pa kniTerpana je,Epaukma (12): 

(13) 
= 4Ni  N2 + 

J2 	
1 

= N 2 (M — P, 52) U(N)) 
— (N,S2)(2M2N i  + 2N2 M1  + M3 N3) 

Ka,ia je U(N) = 0 npo6nem je kurrerpa6nnau. 143 TeopeMe 3.2 Ao6Hjamo 

H TpehH He3askicaki kurrerpan: 

(14) J3 = (4N1 N2 + N3) (4M1 M2 + 	- (2M2 N1 + 2N2 M1 + M3 N3 ) 2  . 

Te0- 
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Plirrerpa6rAnHe noTenngjainie nepTyp6agnje ce mory Hahn meToxkom nplei-

memenoj y Apyroj nuaBn: Tpaammo noTemn4jane U(N) 3a xoje nocTojH 

kurrerpan o6minca ,i3  = J3 + V ( N ) JIaxo ce noRa3yje Ray TOM czyuajy 

mopa 61,4114 P = 0. 

TeopeMa 3.3. Jeartanune (12) cy unmezpa6u.ftne 3a nomenuujaA: 

e N 2 	N2 N2 
+ 4 1  + 

2 a2 	al 	a3  

zde je A = diag(ai ,a2 ,a3 ) u P = 0. Tpehu unmezpatt je: 

N2  N2  N2  
J3 = ./3 4€(4N1 N2 + N3 )( 	1  + 2—  + 3  )) a2  a3 	al ai 	al a2 

J3 je damn ca (14J: 
pp 	N2 

<Dynkcgmja 1(4-ct + 	+ (.4N  ) je ananoron Kne6m-THcepremoBor 

Texo;njana x0,4 xpeTama xpyTor Tena. Phrrepecairrna tuenienvn;a je je 

npo6neM (12) rinuerpa6vinan ca THM noTempljanom gal( H xa,rka nemamo 

HeX0.110HOMHy 13 e3y. 

IlpHmep 3.4. Ha Kpajy, Heim je g Xaj3en6eprosa anre6pa h. Y 6a314 

(r) je,gnaxnme (8) 14 rAnTerpann J1  H J2 cy: 

(15) 

au —m 3 s12  — N3 n 	ANi 
WV 2 

M2 = m3  + N3 	+ AN2, 

M3 AN 3 , 

= —N3s2 2 , N2 = N3521 , N3 = 0, 

+ N2 SP 	SI 1  = q, 

= Aii(Mi — Pi), 

Jl  = N3 , 
( 16) 

J2 = N3 ( "(M—P,S2))+U(N))— M3 (N,S2). 
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Hexa je U(N) = 0. 3a pa3JIHH oR npeTxo,inixx npxmepa Teop em a 3.2 

Ham He gaje Tpehm TAHTerpaz. Mnax, mmice ce noxa3aTx ,zia same cneAehe 

penagmje: 

(17) dt
—(N , AN) = 2N 3 (52 1  A 2i  N – 52 2  A li  Ni), 

(18) dt 
—(N , S2) = A(N , AN) M3(S21 A2i Nj — 12 2 AliNi) = 0. 

143 (17) H (18), xopmcrehm M3 = AN3 Aokjamo: 

d 
(19) (N, ANY - (7-it (N , AN) + 2m31 

dt  M
3  = ln{MRN, AN)} = 0. 

Taxo H3 penanxje (19) xmamo H Tpehx HHTerpaJI: 

(20) J3 = M: (N, AN). 

Jlaxne jeAHatmHe (15) 3a U(N) = 0 ce mory penixTx y KHagpaTypama. 

MH hello ,gaTx many peinaHama caytaaja xa,ga je He3a xomoreHa, P = 0 
14 A = diag(a1 ,a2 ,a3 ). Tana jeAcHaa.vme (15) ,rio6Hjajy .06.1114K: 

—a2 M3 M2  ANi  

M2  = a1M3Mi AN2 

(15') 	M3 = A N3 
• 

—a2  N3 M2, N2 = a1N3 	N3 = 0, 

a1N1M1 a2 N2 M2 + a3 N3 M3 = 0 

Moore ce noxa3aTx ,ga cy HHHapxjaHTHe nospinx 3a,rAaTe ca 

a 1 M12  a214 a3 /4 = h, 

N3 = n, 

M32  (a i  Ni2  a2N2 +a3N3) = g, 

a1 N1 M1 a2  N2 M2 + a3  N3 M3 = 0. 

( 2 1) 
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Avicbeomopolme gmui4HAprama S 1  x Rl . YHeAmmo HomohHe 'TomeHaame u H 
v cl)opmynama: 

u = ai  NI2  a2  N2 a3 	v = Mi  N2 — NI M2. 

MoHce ce noxa3am ,ga oHe 3a,noHozaHajy je,zwaxnme: 

= 2a1a2v, 	= nh, 

xoje ce mory naxo HHTerpaamm. /lame u(t) H v(t) cy no3HaTe cdppumPrje 
BpeMeHa. M3 je,nHaumie 3a M3 nocne o,npetvretama mHoaxmoga Hmamo: 

al  a2nv(t)M3  

Ha Taj Hatum moacemo o,npe,nHTH H M3(t). OcTane upomemm,n3e or(pey- 
jemo H3 ycnosa (21). 

Taco e, I4Mamo cae,nehe yoaraTeme. 

TeopeMa 3.4. Ano noinenuujadi U(N) 3adoelorbaea jednanurty 

A 2i  NiaUIONi  = A1iNiau/aN2, 

mada cy jednanune (15) urtmezpa6u ✓ te. Tpehu unmezpa ✓i je dam ca (20). 

IlpHmep HHTerpa6HaHor noTem.mjana je U(N) = e(N, AN). 

3.5. Hexo.nonomao EpeTame 
meTsopo,wmemmonor xpyTor Tena 

Y OB OM nornaazy HahH hello 3axoHe soup:tall:a HexonoHomHor xpeTa- 
Fba 	xpyTor Tena. EpeTame n ,ra4meH3HoHor xpyTor 
Term oxo Herioxpeme Tauxe ce onvicyje Ha csmtaaH HaA3:14H xao H xpeTaH-
je peanHor xpyTor Tena (,neTan.H ce mdry HahH Ha HpHmep y [45], [51]. 

KomlwirypauilloHH npocTop je SO(n): B E SO(n) npecnxxama Hoop,rpmaT-
1114 CHCTM He3aH 3a Tea() (noxpeTHH ICOOMI4HaTHH CHcTeM): 

(e1  = 	0, 	, 0) t , 	, 	= (0, 	, 0, 1)i) 

M3 — 
u (t) 	• 
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y HenoHpeTHH RO0p,1414HaTHIll cmcTem: 

\ t (v 1  = (vn. 7 • • • 7 V1n) • • Vn = (vril). • • )vnn) t ) 

(vij je npojemqvsja HexTopa vi Ha ej). Hprermeammo ,ga je y HaBegeHrrim 

o3Haxama B = (vi ,... , v„) t  H v1 = B t ei. MaTpmge 

Qc = 	B -1 .& 1  

52 3  = 	BSZB -1  

pe,gom ce Ha3HBajy yraoHa 6p3HHa HpyTor Tena y oAHocy Ha noxpeTHH 

cmcTem H yraoHa 6p3HHa Teza y ogHocy Ha HenoxpeTHH RoopgmHaTHR 
cNcTeM. 

OpToHopmvipaHy 6a3y y o,r(Hocy Ha Kpun4HroHy 4opMy JIvijese aare6pe 

so(n) 

(cu1A)----tr(SZ1s12) 

-came maTpreme: 

{eiAej,1<i<j<n}, 	xAy=x0y-y0x=xyt-yxt. 

KieunaHrosa q'oopma omoryhyje14,4eHTI4m(atn4jy so(n)* so(n) (norze,gaTid 
Ha npvimep [44]). Y crcilaxky ca TOM vigeHT1/414Hawajom onepanmja ad* 
nocTaje xomyTaTop JIHjese azre6pe, y3eT ca HeraTumulm 3HaKom. 

Cne,nehH [45] MH heMO pa3MaTpaTH tieTHopogkimeH3m0Hy reHepaina3a-

nmjy npo6nema Becezosa-BecenoHe (1). Y Tpo,z;HMeH3HOHOm cayuajy 

poTanpijama no 4B0,414:MeH3140H.14M parmxma oAroHapa je,gvaicTseHa oca po-

Tagmje, Aox y sHmegmmeH3moHom xpeTamy xpyTor Tema oxo HenoxpeTHe 

Tauxe mox<emo nocmaTpaTH canto poTainAje EpyTor Tena no AB0,414MeH31(1011- 

mq pasHreima a He H oce poTawelje. Hanomemlmo ,na maTpvige vi A E so(n) 
mo)icemo nocmaTpaTvi H Kao ycmepeHe AHo,n;c4meH3HoHaaHe paBHH y R n  

oApeheHe HexTopPnvra vi H vj. 

Y npo6zemy (1) npojexgprja yraoHe 6p3vme SZ (Roja oAroHapa 14Hcfm-

HmTe3mmaJmoj poTanHjN 0E0 oce oApeteHe HeicTopom d) Ha cpmccmpaH Hex- 
Top y He1101<peTHOMICOOMMliaTHOM CFICTeMy N je KOHCTaHTaH. To noBriaT-i 
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Aa cy HH4HHHTe3HMaJIHe poTanHje xpyTor Terra y (ycmepeHoj) pamm N 1  
KOHCTaHTe. 

AHaJI0rHO ca Hpo6Hemom (1), MH hemo upernocTaBHTH ,ga cy m4m-

HHTe3Hmaime poTagHje -geTBopo,grAmeH3Honor KpyTor Testa y paBHHMa vi A 

vi (PHHcHpaHe, r,ne vi A vi (i < j) HpHrta,gajy k AHmeH3HoHanHom HoTnpoc-

Topy V C so(4). 

V = Span{vi A vi, (i, j) E V}, V C {1,2,3,4}x {1,2,3,4}, 'VI = k. 

0,groBapajyhe ,gecHo-HHBapHjaHTHe HexanoHomHe Be3e cy: 

D:j  =(ei A 	= (ei A ej, BS -2.13 -1 ) 
(22) 

.(B -  ei A eiB, C2) (vi A vi, 	= qij , 	(i, j) E V, 

r,ge cmo HCHOpHCTHJIH: 

vi A vi = Btei(Btei) t  — Bteipteot = (eietj  - ejeDB = B-1  ei A eiB. 

Ra 6H nojacHHHH upeTxo,Hay moTHBaHHjy, Hao H reomeTpHjcHo 3Hageme 

Be3a (22) nocnyamhemo ce cJIe,iehHM upHMepoM. 

Ihnermep 3.5. flocmaTpajmo n-AHmeH3HoHH cariaj H Be3y 521 2  = O. 

Heim je rA BeRTop Hono)Haja Tatuce A HpyTor Testa y HoHpeTHom Hoop,AH-

FlaTHOM CHCTMY (mum 1). Ta,ga je rA = B(t)rA BexTop HoHoHmja HcTe 

Tatme y HerampeTHom cHcTeMy. Bp3HHa Tauxe A je: 

trA = rA = B(t)rA = BB -1  Br A = lerA. 

Heim Tatum A Hplenia,ga pawn' v i  A v2. Ta,ga je rA = (71,4 0, , 0) 14 36or 

Be3e 012 = 0 ,go6Hjamo ,ga je vA = 0. 3i:faux ,ga He HocToje HH4)HHHTe3H-

manHe poTarmje HpyTor Testa y paBHH VIA v2. 

Je,gHauHHe HpeTaffia (3'), yomaTema upo6nema BecenoBa-Becenose, 

Houle KiterrrH4)HEaHHje so(4) so(4)* ,go6xjajy o6HHH: 

, 	 , 

= [NI ,1 
„

1.1 + E Aiivi A vi, 

, 

(7u  (vi A vi) = [vi A 	n], 
(23) 
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(vi A vj,11) = qii , 	(i, j) E V, 

M = /S-2 je xonntania xpeTma xpyTor Tena y noxpemom icoopganamom 

cvicTemy. OnepaTop xnepgmje,/ xma o6nprx If2 = J52+ S1J rje je J = 
diag(Ji , J2, J3, J4) TeH3Op Mace [51], [45]. 

Y cnygajy xaga je 'Tyro Teno gimamvrq:KH cnmeTpx -tmo, nenocpegno 

go6mjamo vniTerpa6vinnocT CHCTM (23). 3aTo, og caga hemo npeT-

110CTUFITY1 ,ia je Z # cid„(4) (c = const). 

/cAct Ka I 

Ha JInjenoj anre6pH so(4) nocToje ABe cpyinawionanno ne3aspicHe PM-
BappijaHTe, H TO [26]: 

.11 (M) = (M, M), 	I2(M) (R(M), M). 

OnepaTop R et A ei 	E 	A e je AecicIrenivicaH ca: 

T12,34 = r34,12 = r14,23 = r23,14 = 1 , 	r13,24 = r24,13 = 

ocTanz 	cy jeg;Haxvr Hy.7114. C.1114-E1HO xao K y nornaszy 3, mo)Eemo 
noxa3aTra H cnegehy nemy: 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



HEXOJIOHOMHI/I TIP CPICTEMI4 • 	 75 

Jlema 3.5. Hena je (I)(M,M) uneapujanma na g. ((b je cumemptotan 2- 

men3op) u nena je 9-1(M) = —13,Q) XamuAmonujan, mada ay3sc mpajen-

mopuja cucmema (3') &memo citeaehe peria4uje: 

d 	• 	• 
(a) , N3 ) = 0, 

(b) , M) = 	A(M,N 3 ), 

(v) 
dt n(M) Ai(Ni,S1). jqj , 

(g) 	Tt (I)(M , N i ) = E Jo (N j, N i ). 
j 

neme 3.5 (a) Ao6njamo reomeTpmjcxe varrerpane: 

= -(vi A vj, 	A vii), 
(24) 

= (R(vi A vi), 	A vii), 	 E V. 

3a peanna xpeTalba ymmamo BpeAnocn4: 

= 	 = 

Te spegnocrx Ao6njamo 143 ycnosa ,ga je y jeArininnyi rpyne vi A vi = ei ei. 

TeopeMa 3.5. (a) Hem je 

V = voeviED V2 V 1 ED V2 =vnR(v), V2= R (V1 ).  

Crteaehe fiynnuuje cy unmezparcu nexattonomnoz npemmoa nemeopodumen-

3U07-102 npymoz mecca ono nenonpemne manne (18): 

(25) 
Zii = (R(M), vi A vj), 	vi A vj E Vo 

(M, Q) — 2 E (vi A vi, Q)(vi A vj, M) 
v i nvi EV 

J2 = (M, M) — 	((M, Vi A vj)) 2  
vi nvi Ev 

J3 = (R(M), M) (M, M) — 	E ((R(M), vi A 	(M, vi A v3)) 2  
vinv; E Vo® Vi  
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(6) Y 61c + 6 aumerououom npocmopy 

so(4){M} x D o)  so(4){vi A vi} 

uneapujanmna noeptu damd ee3a.ma (22) u tatmezpaAuma (24), (25): 

(26) 	 = 	 Zji = zit, Ji = ji 

je nemodumen3tiona. 

,aoaca3. Roxa)ErAmo ,ga je Zia HHTerpan xpeTama. Ha ocHosy neme 3.5 (r) 

Hmamo: 
d  
dt 
	

Aki(vk A vi,R(vi A vi)). 
vhAviEv 

Kaxo je Ha ocHoHy ,gediinivaAje R(Vo)IV iel vi A vi E Vo npeTxo,gHa cyma 

je je,gHaxa 

Ha ocHosy neme 3.5 (B), (r) Bake penagmje: 

d 1 
= Li = 	Aii (vi A vi, dt 	dt 2 

vi A vi EV 

d , 

kvi A vj, M) 
at 	 Aki(vk A vi, vi A vi) = Ajj. 

vk A VI E V 

Taxo je Jl Harerpa.a xpeTama. Cm/lux° ce noxa3yje 	je H J2 HHTerpan 
xpeTaffia. 

floxax<xmo join ,ga je H cl3IymalHja J3 Harerpa.a. Amcpepem..wpaH.em ,gy)x 

TpajexTopHja cHcTema ,r4o6xjamo: 

dt
J3 2 	A k I (R(M), V k A vi) +2 	Aki(M,vk A vi)— 

vk Avi E v 	 vkAviEv 

2 	>2, 	((R(M),vi A vj) (M, vi A vj)) x 
vinv;  E voevi 

x 	E Aki(R(v k  A vi),vi A vi) 	Aki(vk A vi, vi A vi)) 
vk Av i ev 	 vk Avi Ev 

=2 	k (R(M) M, Vk A vi) — 2 	Aii (R(M) M, vi A vg)— 
vk Avi EV 	 viAvi EV0EBV I  

Aki(R(M) M, v i  n v;)(R(vk A vi), vi A vi)- 
v iAvjE VoeVI vk A vi EV 
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Pa3.avixa apse ,rise cyme 143H0C14: 

(27) 	 2 	Aii(R(M) M, vi A vi). 
viAviEV2 

Ca ,upyre CTpaHe, Kam) je Vo±R(V) go6Hjamo 	Tpeha cyma 143HOCTA: 

E 	E 	)lk(R(M) M, vi A vj)(R(vk A  vi), vi A 	= 
v i Avi Evi  vkAviEviEDv2 

E 	A,k(m+ R(M), R(v i A vj))(R(vk A vi), vi A vi). 
vinv;EvivkAviEviEB1/2 

Raze, xaHo je R(V1) = V2, VilV2, cyme (27) H (28) cy jexcHalce. Tam) je 

J3 = O. 

3a ,EkoHa3 Apyror ,Hena Teopeme noTpe6Ho je 143B1311114T14 naHuLpmy aHaH-

H3y Hoja 3aBI4C14 0,L; k = dimV H diMVO • 

Roxa3ahemo caraaj k = dimV = 1, V = {(io .i0)} Targa je WO = V. 
Hexa je vi, A vio  = N. YHegnmo HoopAnHaTe y so(4) Ha cne,Lkehrei Hamm": 

—03 02 —04 
o —0 1  —05 

0 1  0 —06 • 
05 	06 	0 

Ta,ga je I AvijaroHaima maTpaga H H)ex matep3 je Am' ca: Di = AiMi, 

i 	1, 	, 6. 

Tpe6aMo noKa3aTvi ,rka je y 12—,nxmeH3moHom npocTopy so(4){M} x 

so(4){N} no,n;mHorocTpyHocT 3anaTa jepHatE4Hama 

(29) 	X = 1, Y = 0, Z = z, 	= ji, i = 1,2,3, F = q, 

neToAmmeH3vioHa. (ITHHAvije X, Y, Z, Ji , F cy AaTe ca: 

6 

X =(N, N) = > N? , 
1=1 

3 

Y =(R(N), = 2 ENiNi+3, 

(28) 

0 = 

0 ( 023  
0 

04 

(30) 
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i=1 	 i=1 
6 

Jl  =(M, — 2(N, S2)(N, 	= 	AiM? — 
6 	 6  

AiNiMi) 	NiMi), 

78 	 IVIABA 3 

Z =(R(M), N) = 	Mi Ni+3 
	

Ni Mi+ 3 

.1= 1 

 

6 6 

/4? - 	MiNi) 2 , 
i=1 

J2 =(M, 	- ((M, N)) 2  

J3 =(R(M), M) (M, M) — ((R(M), N) (M, N)) 2  
3 	 6 	3 	 3 

=2 Mi Mi+3 	 MiNi+3 
	

NiMi+3 
	Mi Ni) 2 , 

i=1 
	

i=1 
	

i=1 	 i=1 

F .(S2, N) = 	AiMiN i . 
i=1 

(31) 
ui = 	+ Nj+3, Vi = 	— Ni+3, i = 1, 2, 3. 

Y xoop,414HaTa1u1a (31), e:pyinake (30) go6Hjajy 

(30') 
1 	 1 

X = —
2

(74 + u3 + u 2 ) + —(v 2  + v2  + V 2 ), 3 	2  1 	2 	3 

1 
Y =-

2
(74+ u3 + u3) — —

2
(? + v3 + v3), 

, 	1 , Z =-

2

(Ul u i  + U2U2 U3U3) - -
2 

(Vivi + V2v2 V3v3), 

1 	 1 
J2 =

2 
 (f? + + 	- 2 (V12  + V22  + V32 ) -  

( 1 	 \ 	 , 	2 
C".2

Au]. U2u2 U3u3) 	 V2v2 v3v3)) 2 
J3 =(J + U2 + U3 - ( 1/1 Ul U2u2 U37/3) 2 , 

1 	 1 F =
4 	C2U2u2 C3U3u3) + 

4 (Ci Vlvl + C2V2v2 
1 , \ 	

4 

1  
4 	 ( D2U2v2 D3U3v3 ) - -D1V1t1 1 D2V2u2 D3V3u3), 

 J1 =
4
— (ClUi2 C2U3 + C3U1) + 

4
— (C1  V2  + C2 V2C3V32)+ 

2(Di  Ui +D2U2V2 D3U3V3)— 

F(Ui ui  + U2u2 U3u3 + V1v1 + V2v2 V3v3), 

YseAmmo Hose Koop,EciaHaTe: 

Ui = 	Mi+3, Vi = Mi — Mi+3, 

i=1 

C3  V3  v3  )+ 
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rze je Ca = Ai + Ai+3, Di = Ai - 	i = 1, 2, 3. IlocmaTpahemo 011MTH 

cariaj , Ea,ga je D 	0, Ci 	C3. Helm cy cpyHEHHje xi = xi(u, v, U, V), 
i = 1, 	, 12 ,gedimaHcaHe ca: 

(32) 
xl = 

x3 = 

2 2 + U2 

+ 

2 + U3, 

+U3 , 

x2  = vi2 4_ v22 + v32 ,  

x4 = vi2 + v22 +v32 ,  

x 5  = cl u? + C2  U2 + c3q, x 6  = c1 vI2 + C2  V2+ c3v32 , 
X7 = U1U1 U2U2 U3U3, x8 = V1V1 V2V2 V3V3) 

X9 = C1U1U1 C2U2U2 C3U3U3, Xi9 = C1V1V1 C2V2V2 C3V3V37 

X11 = D1U1v1 D2U2v2  D3U3v3, x12 = D1V1u1 D2V2u2 D3V3u3, 

floxa3yje ce, xa,ga je D 	0, Ci 	Ha ce EHHeapHmvi Kom6HHaHHjama 
rpagHjeHaTa: 

Vx 1  = (2u1 , 2u2, 2u3, 0, 0, 0, 0, 0, 0, 0, 0, 0) 

Vx2 = (0, 0, 0, 2vi, 2v2, 2v3, 0, 0, 0, 0, 0, 0) 

Vx3 = (0, 0, 0, 0, 0, 0, 2U1, 2U2, 2U-3, 0, 0, 0) 

Vx4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 2Vi, 2V2, 2V3) 

Vx5  = (0, 0, 0, 0, 0, 0, 2C1th, 2C2U2, 2C3U3, 0, 0, 0) 

Vx6 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 2CiVi, 2C2V2, 2C3V3) 

VX7 = 	U2, U3, 0, 0, 0, 	U2, U3, 0, 0, 0) 

VX8 = (0, 0, 0, v1
, V2, V3, 0, 0, 0 )  V1, 172, 173) 

Vxg = 	C2U2, C3U3, 	0, 0, 0, ClUi, C2U2, C3U3, 0, 0, 0) 

Vx10 = (0, 0, 0, C1v1
, C2v2, C3v3, 0, 0, 0, C1V1, C2V2, C3V3) 

Vx11 = (0, 0, 0, Dol, D2V2, D3V3, D1U1, D2U2, D3U3, 0, 0, 0) 

Vx12 = (D1u1 ,D2u2, D3u3 , 0,0,0,0,0,0,D1V1
, D2V2,D3V3) 

(3a ornaTe Bpe,gHOCTH (u, v, U, V)) moNce Ho6HTH craHgap,gua 6a3a HpocTo-
pa R12 . 3Hatm ,ga jaEo6HjaH 8x/8(u, v, U, V) lima paHr 12 14 Aa ItYmamje 
xi mowemo y3eTH 3a noxanHe Hoop,armaTe upocTopa so(4) x so(4). 
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Jlaxo ce nposepaBa 	cy (13.yHxgmje (30'), xao 4:13THKEn4je o,Ek xi, 43yinan4- 

0HaJIHO He3aBncHe. CaMHM THM je H 110,4MHOrOCTpylCOCT oApetelia jeg-

HatinHama (29) neTognmeH3HoHa. 

Roxa3 ocTannx cnrrajesa je cnnuaH. HanomeHnmo canto ga 3a pa3- 

mervy o, Aoxa3anor cffyqaja k 1, y nehlim4 ocTanmx effyqajena Herm o,g 
mHTerpana (24), (25) cy 411K4140HaJIHO 3aBHCHH. 

HanomeHa 3.2. I'ICTH 6poj 14HTerpaga mo>xemo go6HTTA 14 nocne Ao-

AaBama rzpocxona xpyTom Teny (Ta,ga je xonntania xpeTama o6nnxa 

M = 152 P). Taxote, xaxo HHCMO xopmcnion4 penawzdy ZS2 = JS1 +52J, 

cBa Tsptema Ba>xe 3a 11p0143BOZHI4 011epaTOp Z R0i14 ,rcecIinanue JleB0- 

misappijaHTHy meTpHxy Ha rpyrrn 80(4). 

HanomeHa 3.3. 49pac1mja J1  je mo,m4xxainaja Jaxo6mjeBor HHTe-

rpana, erkox cy raHTerpann J2, J3 noBe3aHn ca oTayBamem Mi l  = gMv ig-1 , 

ogHocHo npojexgnje ROJIHIIHHe xpeTama y HenoxpeTHom Koop,nmHaTHom 

cmcTemy Ha opToroHanHy etkonyHy npocTopa V y so(4). 3aHc'ra, H3 1(2), A 

vj, M) = Aii c.rie,zcz je 

11.117  = [MV 1  7 nl, 
MV l =M - > (vi A vj,M)vi A vj. 

(i,DEV 

OuyBanie Mvs,, cne,r x H3 nerve 3.1, rrEce Tpe6a y3eTH ,ga je K = G = 

SO(4). 

MHTerpa6mnHocT CHCTM (18) je OTBOpeH npo6nem. Waal< nocToje 

vaiTerpa6rfunua rmAcvicTemvi, CJIVILIHI4 Tp0,414MeH3110HaJIHOM ripo6aemy (1). 

Rema 3.6. Hena cy nexo ✓ onamne ee3e (22) xamozene 71 3a now (io,i0) E V 

nonernnu ycizoett acidoeorbaeajy: 

MkI = (No  A vio )ki = 0, (k,0 = (1,4),(2,4),(3,4) 

(vi A vi)kt = 0, 	(k,l) 	(1,2),(1,3),(2,3), 	(i, j) C V -  {(i0, j0)}. 
(33) 
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Tada je nexo ✓tonomno xpemmbe nemeodumen3uonoz tcpymoz meita (23) nep-

aanomepho namomaeame no deodumennortum uneapujartmuum mopycuma u 

moxce ce peutumu y neadpamypama. 

flona3. Mo>xe ce 11oxa3am je noAmHorocapyxocT AaTa yczoBvima (26), 

(33) gso,n;nmen3nona.inia HHB apHjawma nospin je,nga -cnnia (23). 110311TO je 

noHe3aHa xomnoHeHra HHBapHjaHTHe HOB IMILH Komnaxama, H xaxo 3a J1 0 0 

je,4HaumHe (23) Hemajy cHHrynapHTeTa Ha PLEB appdairrHoj HOB purer, nema 

cae,4H H3 Teop eme o HHTerpainajH HexamoHomaux CHCTM ca vnisaprajaHT-

Hom mepom (naparpacTp 1 rnaBe 1, [38]). 

Hanomena 3.4. Mo>x,ga je jeAaH o,rk moryhmx Hatuma Aoxa3vmama 

xommueTHe HHTerpa6HRHocTH RoHcapyxuHja L — A napa, xao y c.nytaa-

jy xpeTaH,a sHrne,EmmeH3HoHor xpyTor Tena no HHeprn4jm oxo HenoxpeTHe 

Tataxe [19]. Y cmagy ca THm HaBo,lHMo pe3ynTaT B. B. Koanoila H J. H. 
r.• 

I.jo,goposa. IlocmaTpajyhm n-AvrmeH3HoHainu4 czytaaj, oHH cy Hanucaim 

j exi;Hatume ( 23) ca 

V =VKF = 	2 5i<j<n}, 

y exsHBaneTHoj HomyTaTnn HOi )0 pMI4 : 

Q =[Q,c], 
(34) .[r, sib 

rrtke je F = v1  0 v1  H Q = 	52v = (Mr + rm) + S2 — (sir + rs2). 
Je,Er,HaumHe (34) Hmajy L — A nap i, = [L,A], L = hQ -Fr, A = S2 , Rojn 

Aaje reniTerpa6vumocT canto 3a n = 3. Co,rkopos H 1.<03J10B Cy nocTaBviEH 

xlanoTe3y je npo6nem (34) vuiTerpa6vinaki 3a npoz3Bonay AHmeH3Hjy 

n. 

Y c.iiy-caajy n = 4, lurrerpa6vinnocT ca AonyncKom ne3om (V = VKF U 

{(1,4)}): 

23 = P24 	= C44 — 
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cae,ruri vi3 Eeme 3.6. Bea ry6.11,,ema OHHITOCTI4 MO>iCeM0 3a notieTHH ycnos 

y3eTH: rioxpeTHH crAcTem ce nomana ca Herioxpenimm RoopAmiaTmam cmc-

Temom (ei = vi, i = 1,2,3,4). Tana cy CBH yCJI0B14 (33) 3a,goBozema. 

HariomeHa 3.5. Kopm.uheffiem aeme 3.5 moaxemo ,740614TH aHanorHe 3a- 

xome ogyflama VI 3a ;Tyre LR cmcTeme (3') Ha nrecTo,wmeH3HOHHM &are 

6pama g ca la3aApaTimm TinmapkijaHTama Koje npvina,r{ajy ABema macama 

aure6pm A H B, TaAjm ce O1TMC mo>xe Hahy pa,ty [1] (Talcote, ca ffixma 

hem° ce cycpeawf H y cae,rcehoj rffam4). Ilpvimepz aRre6pia H3 THX x.uaca 

cy: so(4), so(3.1), so(2.2), e(3), sl(2.R)(1) sl(2.R). 
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raaBa 4 

HeXOJIOHOMMil J T CHCTMH 
Ha JIHjeHmm rpynama 

4.1 YBoAk 

Y oHoj rilaBH nporamiatemo HexonoHomHe CHCTM Hoje 3a 1(011411"- 

yp agHom4 npocTop HMajy JIHjeBy rpyny, npH xiemy cy H JIarpaHHcoHa 

cpyman4ja H HeHHTerpa6HaHa ,2n4cTpH6yHraja ReHo-FrHHapHjaHTHe. IIO ex-

raecimm petamma TaHHH HexonoHomHa CHCTeMIel Hamemajy ce LL 

cHcTemm. JIarpaH>HHjaH he ',Imam ckopmy HremeTvrtme eHeprHje Taxi° ,ga 

cy TpajeKTopmje cHcTema HexonoHomHe reo,4e3HjcHe EFLE113i e JIeHH-LIHHHTa 

nOBe 3 aH 0 CTill Iles 0 -14:HB apvij aHTH e meTpx4He. 

Ka,ga je HoHciwrrypainimau npocTop JIHjesa rpyna poTancaja EyHnH,74- 

cHor npocTopa SO(3) 'raga Amu 3a,gaTax npeAcTaHma Cycnoszes npo6- 

ReM ca Hojkim cmo ce cpenH y Apyroj raaHH. Jexiatn4He KpeTama ce cTora 

Ha3Hnajy H Ojnep-IIoeHHape-CycnoHmeHe je,n;Hatuinie. 

KO .111,11S0 je ayTopy no3HaTo, mety npsHm paxkoHrama HojH cy ce 6aminvi 

HexonoHommam reo,ZJe3HjcKHM yonaljama Ha JIHjeBram rpynama cna,zia [6] 

(norae,EcaTH npeTxo,gHy rnaHy). IIpH Tome je A. II. BecenoB npeTnocTaHmo 

,iia je Be3a AecHo-HHHapHjaHTHa. Y6p3o 3aTHm nojaHmo ce H pa,rk Ko3nosa 

[16] y Hojem ce npernocTaHza neso-HHHapHjaHTHa He3a (0j.nep-IIoeHHape-

CycnoHmeHe je,n;Hatame) H ,gajy ycnom4 nocTojaisa HHHapHjaHTHe mepe y 

c.nytiajy HomnaHTHHx rpyna. 

Hope,72( mexaHmIncor HexonoHomHor npo6nema Ho,74 Hora cy TpajeHTopHje 
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84 	 FJIABA 4 

cHcTeMa "Hajnparsze" AonycimBe TpajerropHje, HocTojm H BapHjaHHoHH 

npo6Rem xo,4 Kora cy TpajexTopmje cHcTeMa "Hajxpahe" AoHycamBe Tpa-

jercTopHje. BeoMa AeTa.g)Ha anamna BapHjauHonor 3a,gaTica Hexozonom-

1114X reo,ge3Hjmx zkamja Ha JIHjesHm rpynama ca ae-Bo-HHBapHjaHTHom 

meTpmcom H .rieBo-rmapHjaHTHom HemaTerpa6HaHom ,wacTpH6yrkom je 

AaTa y KILH3H A. M. Beppu,'Ka H B. J. FepulKoBkma [53]. 

Y Haparpa4y 2 H3a6pahemo o3Haxe H AaTH nper.ne,g OCHOBHHX ,g4HHH-

Hxja H je,aHatE4Ha. Y naparpacPy 3 6aBHhemo ce nkrramem nocTojaa.a HH-

BapHjaHme mepe Ko,Ek Ojaep-lIoeuKape-Cyczortzemx je,rmaxwma. je 

onnrTHjH xpHTepHjym Hero y pagy [53]. IlpHmep xoHcTpylawje yrTIOBHPIX 

Roop,AHHaTa HHTerpa6H.nHor Bexo.aoHomHor cHcTeMa Ha anre6pH so(4) je 

nom.3aB y naparpadj:ly 4. Y naparpaqv 5 H3zo›Kmhemo OCHOBHH pe3y.uaTaT 

oBe rzaBe: y czygajy HocTojama HHBapHjamme mepe uporiabeEin cy HOBH 

HHTerpa6H.m4 HexammaToHoBH cHcTeMH Ha ABema Knacama mecTo,ncrameH-

3HOHHX yEmmo,zkyRapHHx JIHjem4x adireopH. 

Re° pe3yETaTa oBe rzaBe je H3.110)1CeH y pa,zky [48]. 

4.2 Ojnep-TIoeuRape- CyczoBaeBe je,npacmue 

,EtecpHHHAHja 4.1. Hexodionomuu LL cucme.m je HeXOJIOHOMHH JIarpa-
IDEOB clAcTem (G, L, D), zrike je G JIHjeBa rpyna, L : TG{, g} -÷ R Rem- 
HBBapHjaHTHH JIarpaHamjaH H D C TG neBo-HBBapHjamma Hevorrerpa-
&ulna AiacTpH6yHHja. 

Heim je A,HcTpH6yrkHja D ico-AmmeH3Hje 1. Ta,ga ce mo,)Ke 3a,aaTH HO-

mohy neBo-mmapHjaHTHe 1-4)opme a E Al (G): 

Dg  = E T9 G, (a9 ,) = 0, (Lg)*ag  = N = cons* 

r,rke (.,.), Kao H Ao ca,ria, o3HagaBa cllapHsame H3meby ,u,yaaHmx npocTopa 

T9 G H T9 G a L9  neBo mHomefLe ca g: L9 (a) = ga, a E G. 
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1/13 4)po6exxjycose Teopeme xmamo ,ga je gxcTpx6y4xja D Herennerpa-

6x.rnia axo H canto axo D = De  = K er(N) HHje no,74anre6pa Jlxjese wire-

6pe g = Te G. 

Mx hem° pa3maTpaTx cnytiaj xa,ga je Jlarpamia4jax FameTrertixa exeprvi- 

ja: 

L(6, g) = 

r,rke je (., .) neso-xxsapxjaHma meTpxxa rpyne G. Oxa ce moxce 3agaTx 

nomohy onepaTopa I : g g.. Hexa cy: 

	

A : TG 	g x G, (e, g) 	g), S2 = (L9_i).6 
A : T*G g. x G, (p, g) 1—> (M, g), M = (L g )*p 

ReBe Tpvispijanmanvije TaHreHTHor H HoTaHreHTHor pacnojema. Ta,ga je 

meTpxxa AaTa ca: 

(6, 6)g = (/2, 

Heim je = 	XammaToHosa 43■3THH4Hja y ReHoj TpHHHjanHaagRjvi je: 

H(M, g) = (MS -1 — .C)1Q_ ).N1 , M = aciasi 	op;HocHo: 

1 
H(M, g) = —

2
(M, AM), 

r,Lke je A = 	: g* 	G. 

EpernocTaHvihemo ,2;a AonyCTXBX nyTeBx 3 a,goBOJI•aBajy xomorexy B e3y 

g(t) E Dg ( t ) 0,I 110CHO: 

(ag ,0)) = (ag , (L g ) * S2(t)) = 

(1) = ((Lg )* ag  , n(i)) =(N,n(t)) (N, AM(t)) = 0, 

Je,n;Haum:He HpeTaffia H3He,rkeHe M3 Ranam6ep-IlarpamEoHor nprennwna ce 

pe,rr,yHyjy Ha G*, mix Hpeng3Hkije Ha HpocTopy (N, AM) = 0 C c*: 

(2)
M = addH M-}-AN, 

(N,S2) = (N, AM) = 
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143 ycnoBa ,na xpeTame 3a,goBozaBa HexonoHomHy Be3y Ao6Hjamo .11a-

rpaH}KOB MHOH<VIE a4: 

(3 ) 

	

A = 
(N, A(ad*Am M)) (M, [AN , AM])  

(N, AN) 	(N, AN) 

Hexa je (e i ,..., en ) 6a3a JIHjeBe anre6pe g ca cTpylaypHxm xoHcraH-

Tama [ei, ei] = Ek  Cikj e k  , H Hera je (e l , ..., en) ,r(yanHa 6a3a (3,7:k g.. Tax4e, 

Heim, cy cli , Mi KoopAHHaTe 0,74 52 H M y o,n:Hocy Ha AaTe 6a3e, H He-

lm je Aij = (ei , Ae j ). Ca TaHBram o3HaRama, KoopgaHarrHo je,)HauraHe (2) 

Ao6Hjajy o6nrerx: 

/14 ---- {Mk, H} ANk = 
	

AN k, 

(2') 

it/ 
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rHe je 3arpaHa JIH-IlyacoHa Ha g* 3aHaTa ca 

{F, G} = 	 F, G E Coo (g*). 

Ka,na je g = so(3), nocne HHeHTHcfnutauHje anre6pe so(3) ca EyERHAcicHm 

upocTopom, jeHHatume (2) nocTajy jeHHatume Cyczoszeuor 3aHanca. 3a-

TO ce jeHHatume (2) Ha3HBajy H Ojrzep-.1loanxape-Cycitoe ✓beee (EPS) jeH-

Hatu4He. 

Hanomeua 4.1. HpHTeMHMO Ha cy EPS jeHHaRHHe HHTerpa6Hnue Ha 

CBHM TpoHmmen3Hoimm JIHjeumm anre6pama. TpajexTopHje cHcTeMa nexce 

Ha upeceuHma pauHH (N, AM) = 0 H rcuaApHice l(M, AM) = h. 

Hanomeua 4.2 Kaxo je JlarpamicHjaH jeHuax KmaeTwucoj eHeprHjH, 

TpaKeKTopHje cHcTeMa cy reoHemjcKe .HHHHje HexanoHomHe KoaexcHje 

(rnaua 1, (22)). llanam6ep-Tlarpamcon upHaupm ce moace HanHcaTH y 

o6nHicy 

7r(V§) = 0, 	gE D9  

rHe je 7r opToroHanHa upojeicunja 7r : T9G 	pg H V fleBH- LIHBFITa 

HOBe3aHOCT meTprence (.,.). 

4.3. Yc,norH 110 cTojarba HHB apHj arrnie mepe 

3a pamincy o,g HexonoliomEmx LR cHcTeMa, EPS jeHHatnime He noce-

Hyjy y orauTem cayuajy HHBapHjaErHy mepy. K03.710B je ,gao Heonxo,Hne 

HononHe ycnoue nocTojama HHBapHjaHTHe mepe 3a cariaj KomnaKTHFix 

rpyua [16]. Hama he 6HTH noTpe6aH CJIHRaH pe3yuTaT H 3a HeicomnaKTHe 

rpyue. 

.ilema 4.1. [161 Cucmem du0epentojartnux jednanuna: 

thi  = fi (x), 	i = 1, " ,n 

xod rojez cy Oyntquje f a  xomozenu nortunomu ucrnoz cmenena uma attamny 

uneapujanniny mepy aro u camo axo onyeaea cmandapany mepy y Rn. 
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TeopeMa 4.1. Ojitep-17oennape-Cyc ✓ oe ✓beee jeoncmune (2) umajy uneapu-
jarimny mepy ono u canto axo je ucny7bert ycJzoe: 

(4) 	 K ad*AN N T = 	E R, 

zde je K = 11(N, AN), T E g*, (T,0 = Tr(ade), E g, 	noopaunamno: 

(4') 	K 	i ckAigN g Nk + C  
i,g,k 

C k  - 	• jk - /IN) , p E R. 

,aoxa3. Ho Hem,' 4.1 =Tem (2) lima mmapHjanmy mepy canto axo ouy-

BaBa ca'aplAap rtwy mepy. Ho JlyvismnoBoj Teopemx [37], a3HI/1 TOK trysa 
cTangaprEkny mepy axo H canto axo je 

div(M) = 0 

M3 (3) zmamo ,ga je 

( 3 ') 	 = —K 	Cig MjAfiM f A ls N1  
i,j,l,g,f 

r,tke je K = 11(N, AN). Tax° je 

div(i4-) 	a(ad*Am  M)k 	aA  Nk 	ikk Ai j m cl k mi Aik 

(5) 	 amk 	amk 

- KohAfim f Aig NiN k  - Kqiig MiA k i A lgIVIN k  

Kaxo je C1k M/ anamciameaspvitaan a A ik  ciameTpvitian Ten3op no HHAexcreima 

i,k Apyra cyma y IiI3pa3y (5) je je,gnaxa nyin4. Caprcnio, KaRo je 

anTmcrilmerpprcian a A kiA lgNiNk crameTpmmax TeH3op no pnixcexcnma j, g 
LieTsvra cyma y (5) je jegHaRa nyrn4. Tax° CMO noRa3a.rm ,Lka Amsepremnilja 

EPS jegnaumna, 1113HOCH: 

div(M) = 	(Cfk  — KCikg A ig./ViNk)Si i , 

IIITO je 36or Be3e (1) jegnalco }lynx axo H canto axo Ba.w.14 (4'). Thme je 
Teopema AoKa3aHa. 
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HanomeHa 4.3 Axo je rpyna G yrnamoAynapHa TaAa je Ti = C ikk  = 0, 

na ce ycnos (4) CB0,1:(14 Ha ad*A N N = pN. Y cnraajy HomnaxTH.va rpyna 

nomohy Klinn4Hrose cpopme ce mo)xe J/13BpIHHTH 14,geHT4xxawelja Q H g* 

npH xojoj yCHOB (4) nocTaje 

[N,AN] = 12N. 

Tana je Aosomax ycaos nocrojama idxsapxjaHTHe mepe sexTop N 637,4e 

concTsem4 sewrop onepaTopa A (o,LiHocHo I). 

IlpHmep 4.1 Kao reLnycTpagrajy Teopeme Aatemo npHMep HenocTojama 

vnmaplajaHase mepe xo,rk EPS jertcHatuaxa xaRa je g = sl(2, R). Hexa je 

0 
ei = ( 0  0) ' 

0 
62 = ( 1  

00 1 
	

e3  (-01 O1 ,  
) ' 

yo6praajeHa 6a3a o,rk s/(2, R) ....TpyxTypHe KOHCTaHTe AaTe 6a3e cy: 

e21 = — 63, 	[61,63] = 2e 1 , 	[62 , 63 ] = — 2e2. 

Jexiatueme xpeTama ramajy o6Exx: 

= M3 S22  — 2/1/1 523  

M2 2M2 C2 3  M3 Q1  AN2 
(6) 	

M3 = 2M1 52 1  — 2M2 522  AN3 , 

N1 P1  N2P2  N1C21  = 0, f2i  = AiiMi. 

Ra 6H cmcrem (6) Hmao vni93apvijaHTHy mepy mopa 61,ITH mcnymeH ycnoB: 

N3A2iNi — 2N1A3iNi = 

N3 A1 iNj — 2N2A3iNi = pN2, 

2N1 A1 iNj — 2N2A2iNi = pN3 . 

Heim je Ha npiAmep N = ei  H Hexa je meTpxxa 3a,gaTa ca A = diag(a, b, c). 

TaAa je se3a Sl l  = aM1  = 0 H je,natayme (6) nocTajy: 

M2 = 2cM2M3, 
(6') 	

M3 = —21)4. 
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90 	 IVIABA 4 

CHCTeM (6') Pima 6ecxoHatmo mHoro pasHoTe>xxxx nono,›Kaja Hop ce 

ormcyjy npaBom M2 = 0. CBe ocTane TpajexTopmje M(t) cy aciamnToTcxe 

ne>xe Ha envincama b/l/f22  a/4 = h. Ilpm Tome limt_+,M(t) = M, 
.ne)xx y o6nacTH M3 > 0 14 1iMt-4 00  M(t) = Moo  nex<vi y o6nacTm M3 < 0 

(cnvixa 2). 

/C./Wiia 

Axo je 	: R2 {M2,M3 } jeAHonapameTapcxa rpyna TpaH4opmauvija 

CHCTM (6') Taga je jacHo ,tea 3a cBaxvi mep.rmlBm cxyn D C R 2  TA rnamy 

43 3THEWAiY f (m2 , M3) Bawl: 	 f, e(D)  f (M2, M3)dMi A dM2 = 0. /lax- 
ne CHCTeM (6') Hema rname TAHHapmjaHTHe mepe. 

4.4 VIHTerpaownHH Himmep Ha rpylm SO(4) 

YKOJIHKO EPS je,EkHatmHe (2) HMaj .y viHTerpanHy TAHBapprjaHTy 1.4 n — 3 

miTerpana xpeTama, no Jaxo6NjeBoj Teopemm oHe cy KomnneTHo miTerpa-

6rAnHe. Eaxo je npeTnocTaBzeHa Be3a xomorelia, XammaToHoBa 4:THxnzja 

je yBex miTerpan xpeTaHDa. /fame xo,rk mecTogmmeHmommc anre6pm, 3a 

HHTerpa6anHocT EPS je,n-,Hat-ama ca HHBapvijaHTHom mepom noTpe6Ha cy 

Ham Asa ,zkonyHcxa vixTerpana. 

Cnvix-mo Rao H xo,,rc LR czcTema, HHBapHjaHTe xo-npr,4,gpy>xeHor ,lJejcTBa 

HaM mory HOCIlyWITH 3a xoHcTpyx.ncajy HeHVIX rips= 14HTerpana. IloAce- 
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THMO ce ,ga je je,gHa xapaxTepv3ar4Hja viHsapHjahm TO ,ma cy y irmsonywajra 

y o,nHOcy Ha 3arpa,u,y Evf-IlyacoHa ca CBHM cpymapijama Ha g.. 

Cne,Echa nema je mo,u4vmaiwja go6po no3HaTor HHHonyTren3Hor ycnoHa 

3a NHTerpane XaMHJITOHOBHX cmcTema. 

Jlema 4.2. Awe 0yroquja F 3abeo.lbaea yC.408 

	

{F, 	AelF(N)1(N, Am ),.0  = 0 

je oapeeno Oopmy4o.44 (3)) maaa je F unmezpa ✓i vemcma jeananuna (2). 

Cnetpjamio, cee uneapujanme I xo-npuoppscenoz aejanea na g* icoje 3ado-

eorbaeajy yaitoe 

dI(N)I(N,AM)=0 =0 

cy unmezpartu EPS jeauanuna. 

Rena HaycTpawHja noHanaama HHTerpa6Hnor HexonoHomHor, CHCTM 

je caexcelei npmiep Ha SO(4). 

HplMep 4.2. MaTpmge fi A fi (fi  = 	 = (0,0,0,1)) xm.He 

6a3y anre6pe so(4). Heim je 

	

el = —h A f3, 	e2 = f1 A h, 	e3 = 	A f2, 

e4 = 	A /4, 	es = — f2 A /4, 	e6 = —h A ft. 

TaAa marrpHga SZ E so(4) Hma cne,getm o6nHx: 

CTpyKTypHe KOHCTaHTe y ogHocy Ha 6a3y (e 1 ,... e6) cy: 

[ei, ei] = eiikek, 

[ei+3,ei+3] = Eijkek) 

ej+3] = eijk ek+3, 

1 < i,j, k < 3, 
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92 	 FJIABA 4 

MMaMO 413e (1)yllIC17/1011aJIHO He3aHreicHe HHBapHjaHTe Ha so(4)* . Y Han erviioj 

6a31 TO cy: 
6 

Il= \ A,r2 
k 7 =-7  Mk M k+3. 

k=1 	 k=1 

3a AmjaroHanHy meTprerRy XammaToHajaH je 

H —
1 
2 

i=i 

M yRo.TIPIRo ged*HreHnemo Aii = A i  — A', jegHaTmHe (2') Ha so(4)* nocTajy: 

Ml  = M2M3A32 M5M6A65 AN1, 

1V12  = 	 4.13 M6M4A46 )N2, 

M3 = M1M2A21 M4M5A54 A.N3, 

(7)
M4 M5M3A35 M2M6A62 AN4, 

M5  = M3 M4 A43 + M6 M1 A16 + N5 

.16 = M4M2A24 M1M5 A51 +.\N6, 

6 
EAkNkmk = 0 
k=1 

OCHOBHH 14HTerpa6vn3mei npvimep je Ra,rka je N COTICTBeH14 HeRTop onepaTo-

pa A. Tana je,EkHatE4He (7) T-iyHajy craH,Ekap,n;Hy mepy y (N, St) = 0 c so(4)*. 

Bea ry6meILa 011MTOCT14, npeTriocTaHrermo ,rka je N = e6 . Taga je He3a 3a-

gaTa ycnosom M6 = 0. VIHBapHjaHTa Il  3agoHozaHa yczose neme 4.2 

na je oHa pniTerpan RpeTaffia. ffie Ty cy H ,q3a, HoHa VIIITerpana 

xpeTan,a: 

(8) F3 = A.43M1 — A354. 

F2 = A.13114 — A324, 

RaRne EPS je,rcHatmHe y oHom cnytaajy cy noTnyHo HHTerpa6Time. Moe 

ce noRa3aTI4 je XamPinToHosa di)ymaixja in1HeapHa Rom6mHawaja MHTe-

rpana Il , F2 7  F3. 
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Pann jenHocTamocTn, npeTnocTaHnmo na je FicnyibeHo: 

A13, A23, A43, A53 > 0. 

Tana ce jenHaxinHama F2 = C2 H F3 = C3 3anajy nHe emeince El H E2 Y 

paminma R2 {M1 , M2} H R2 {M4, M5}. 3a cBaKH nap TauaHa ca THX eamucH 

jenHatunia Il = c1 Ham ,uaje nHe HpenHocm 3a M3 (ceM liana je M3 = 0). 

YBe,gHMO Koop,gHHaTe 1l H V Ha cHenehn 

U = A13M? A32-14 — C2 < U < C2, 

(9 ) 	
V = A43M1 + A35 14, — C3 < V < C3. 

TauHama (±M1, ±M2) 14 (TM1, ±M2) eannce El  o,nroBapa jegaa Hpe,H;HocT 

KoopnnHaTe u (CJIWIHO MACH H 3a eanncy E2 H HoopnnHaTy v). 3Hatm na 

npn oHoj TpaHccpopmannjvi o6nnacHy eannce El: al a2 a3 -4 a4 al, 

y HoopnnHaTn u onroHapa nyT: a'1  a'2  -+ a', a'2  carenca 4a. 

Ha vamapnjaHTHoj mHorocTpyKocTn 

Tc = 	E so(4)* I T 1 -1= Cl, F2 = C2, F3 = C3}, 

npomeHzpn3e Ma ce 143pamaHajy npeHo U H V Ha cnenehn Hax1HH: 

M2  U + C2 U — C2 

1 	2A13 	"12 	2A32 
M2 V + C3 m2 V — C3 

4 	2A43 	5  — 2A35 
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U + C2 	U — C2 	V -I- C3 	v— C3 /17132 = c1  

2A13 ± 2A32 	2A43 	2A35 
	)• 
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Rame, Kaga je c1 AoHo31)Ho HenHEo T je Arackeomopcima yHmjm AHogmmeH-

3M0HaJ1111/1X Topyca re+ (M3 > 0) H Tc-  (M3 < 0), camca 3. 

HatHmo is H O ctlyHitgiajy npomeHmpawfx u H v: 

-=2A13 1til-A11 2A32M2142 =2A13M1M2M3A32+ 

2A32M2M3M1A13 = 2A13A32M1M2M3. 

ilpmemmo BAH: 

2 — ,2 C2  ‘42 =(A213./Vii + A223 /4 + 2)4.13A2344)— 

(ALMt A23M1 - 2 24.13A2344) -=- 4A13A2311112 /4• 

Ha cm/max Hat11/1H o,Hpetyjemo H v. ,E(aHne, y HpomeHzrersama u H v jeA-
Hat-ime (7) Ha 73 xxviajy 0631im: 

= IN/A A 13_23 VC3 — U 2 M3(U, V), 

73 = ± VA43 A5 3 Vci2  - v 2 M3 (u, v), 

YHeAmmo yr.noHHe Roop,HHHaTe cp l , (p2 mod(27r) cpopmynama 

dz 
(Pi 

f--c 2  ±1/43 - z2' (11)  
dz 

so2 = 
f—c 3  +Vc3 — z 2  

3Halt (110314TXBaH HnH HeraTmaH) y RHTerpaRnma 3aBHCH oA Tora Ha JIM 
U, 0,E(HOCHO v, pacTe Him ona,rka (cHHHa 4a). 

Y Roop,m4HaTama (p i 	Koop,HHHaTHa TpaHccpopmagxja ce "pa3moTa" 

jegaHnyT, o,n;HocHo ca,ua Tauxama (M1 , M2), (-M1, -M2) ogroHapa TacTa 
Koop,24nHaTa (p i  (c,rivrcaHo Hax<H H 3a E2 H W2). Hase,geHom o6H.riacIcy envince 
El 0,4r0HapanyT: a"1 	a"2 	a"1 	a"2 	a"1, c.avaca 4a. 1/1HHapHjaHTHe 
Topyce 	,go6Hjamo Renzemem ueTHpH Topyca {(p 1 , (p2}, c.niaxa 46. 

( 1 0) 
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Y yrnoBamm Roop,irymaTama cpl , p2 xpeTame Ha Topycy je onmcaHo jeg- 

HatamHama: 

(12) 

r,ne je w 1  = 2✓A13A23, 

= 
( (10 , 	2 ) , 

w2  
= 

it' Go , 2 Y 

W2 = 2VA43 A53 1 

wi 

(I) ( (10 (p 2 ) = M3  1  (( , 2 ) • 

(a) 	
K 

J exviaxame (12) mmajy o6amx 143 Teo peme Konmorop OB a o ,rkiernaM147.11{111M 

cmcTemmma Ha Topycy ca maBapmaHTHom mepom [18]. 14HTepecaHTHa 

-ImHeHm a 	axo cy TpajexTopmje 3aTBopeHe Ha jeAHom Topycy 	,r(a. 

cy Taxka oHe 3aTBopeHe Ha CBHM Topycmma, 14 TO ce AeataBa Ica,4a je 

VA13 A23 /A43 A53 pagmoHanaH 6poj. 

4.5 MHTerpa6H.IniocT Ojaep-HoeHKape-CycnowLeHmx 
je,m;Haxama Ha IlleCTOXAMeH3140HHM 

yuHmo,ay.napimm anreopama 

Y OBOM naparpacPy hello mogmCpm:KoBaTx npmcTyn H3 npeTxop;Hor, ga 6m 

muTerpa6mHocT y 3HaTHO 011111THjOi CHTyaLJHjH. Pa3moTpmhemo 
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Ape xnace A TA 13 ymismogynapiva JlHjesHx anre6pH g, y Rojvima nocToje 
6a3e et H ft i =1 7 2, 3 ca crpyliTypuzi liOlICTUITaMa {1]: 

[et
7 j et] = nkeiike k+, 1  

(13) xnaca A : 	= qnkeijk et,  

[et,en= nkfijkek  

i;1 = 

(14) Knaca B : 	[fi- , 	= ink 	, 
[ft, 	= 0, 

r,rce cy nk, Mk H q (cTpyicTypie) EOHCTaHTe. 

Y xnacm A cy JImjese anre6pe: 

so(4) 	nl  = n2  = n3  = 1, q= 1, 

so(3.1) 	nl  = n2  = 1, n3  = —1, q= — 1, 

so(2.2) 	n1  = n2  = 1, n3  = — 1, q= 1, 

e(3) 	ni = n2 = n3 = 1, q = 0, 

/(3) 	n i  = n2  = 1,- n3  = —1, q = 0, 

H Apyre. JIHjeBe anre6pe so(n,m) cy anre6pe rpyna "poTauHja" y npoc-
Topy Rn+m  ca meTplimom cHrHaType (m, n). e(3) H /(3) cy anre6pe rpyna 

E(3) H L(3), rpyna xpeTama y Tpo,LwsmeH3vioHanHom EylunisgEom H ncygo-

Eys-umAcRom npocTopy [44]. 

Y imam 8 cy JIHjeBe anre6pe: 

so(4) = so(3) ED so(3) 	nl  = n2  = n3  = 1, m 1  = m2  = m 3  = 1, 
3/(2, R) ED s/(2, 	 = n2  = ml  = m2  = 1, n3  = m3  = —1, 

H ,npyre. Ba3e e H ft , anre6pe so(4) cy nose3aHe npecnvmaBamem: 

fit = 	± 
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IlocmaTpaHe mace arire6pm reimajy no ,pe, 4)3THKgmoHanHo He3aBHCHe, 

xHaApaTHe HHHappijaffre Ho-npx,gpy›HeHor Aejcisa. Helm cy e i H f ,u,y-

arnie 6a3e Ha g., H Hexa cy i = 1,2,3 KoommHaTe 0,74 M E g* y 

oAHocy Ha AaTe 6a3e. TaAa cy HHHapHjaHTe Ha g*: 

(15) 

REaca A: 

xnaca B : 

3 

= E(grik Pin2 
+ nk (Mk )

2
)) 

k=1 
3 

= Enkmtm k , 
k=1 

3 

./1 = Enk(4)27 
k=1 

3 

= mk(c ) 2 . 
k=1 

/la 6H nojeAHocTaBrimx ruacaHDe, yHeAmmo cze,i:kehe o3Haxe. Hela je: 

Al+ = (AIP,A1:,A11- ), 

=(IT,Nc,Ac), 

(X, Y) = X1Yi X2Y2 + X3Y3. 

IZpOH3BOJLHy meTpxxy MO>Kem0 3a,gaTx XammaTOHOB OM 4)3a-napijom: 

11 
(16) H = 2 (B+M-  F ,M+) (CM+ ,M) 

2
(B_M ,M - ), 

r,ge cy B+  H B_ cHmeTprinmx onepaTopm, a C npokoHomaH onepaTop y 

R3 . Heim je 

(17)
S2+  = 

am+ = B+M+ + CM- , 

	= 	+ CM+. am- 

ax  

Tana ce HexonoHomHa Be3a (1) mowe HanzcaTH y o6iim<y: 

(18) 	 (IV+ , ft+) (N ,52_) = 0, 
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a jeHHaqHHe (2) Ha g* Ha cne,Hehll 118.11141:1 [1]: 

	

= 	x 	+ ./12/ -  x Cl_ + AN+, 

(19) 	Knaca A: .A1 -  = 	x 	+ qM+ x 	+ AN- , 

= nk 	, Mk-  = nk Mk-  , k = 1, 2, 3, 

M+ = m+ x 11 +  + AN+, 

(20) 	Knaca 5 : M = 	x52_ + AN- , 

Mk nkm:, 117c = rnic-W k = 1,2,3, 

x je yo6HqajeHH HeKToperipi HpoH3HoA HpocTopa R 3 , JlarpamKoH MHWICIA-

je oHpebeH H3 Be3e (18). JeHrtaqHHe (7) o,HroHapajy jeHHaq1,4Hama 

(18), (19) HaHa cy B +, B_ HHjaroHanHe maTpHHe H xa,Ha je C = 0. 

..11ema 4.3. Heica cy mampuue B +, B_ u C dujazoriamte, u neica je N+ = 

N -  = u_ek  , 	E R, 	+ o-2  > 0 y criynajy Kada g E A (u ✓tu 
N+ = a+ft, N -  = o-_f k  y c ✓ riajy xada g E B), mada EPS jeananune (18), 
(19), °Nom) (20), umajy uneapujaumny .mepy. 

fforca3. flocmaTpaHe anre6pe Cy yHHmoHynapHe Tax() Ha je Ti  = Cikk  = 0. 

Moe ce Hoxa3aTH ,r(a, je HoH ycnoHnma neme, ycnos (4) Teopeme 4.1 

HcHymeH, upH qemy je p = 0 

HaAaJbe hello upealcocTaHHTH Ha cy HcHyffieHH ycnorm nee 4.3. Tana 

He3a Hma o6nknc: 

(N +, 52+)+(N ,CL) = 
(21) 

=Mk (0-.03 /.1_ + o-_ Ck ) + /lc (o-+Ck  + o-_ B ) = 0. 

Mepa ce moace oqyHaTH H 3a ,gpyre Be trope N, anH ca ,gouyHcHHM yCJI0B14- 

ma Ha eneMeHTe maTpvnla B±  H C. 
IloHa3a1iemo Ha cy y OBOM cayqajy EPS jeHHaqHHe rintrerpa6HnHe. 

Ko,H xOJIOHOMHOr upo6nema, Ka,Da HeMaMo Be3y, jeHHaqHHe (19) H (20) y 

IlleCTOAHMeH3140HOM 4)3.3HOM HpocTopy yHeic HMajy TpH HHTerpaJla 'Tem-

H.a: „Tule HHHapHjaHTe H XammaToHoHy (pyHHHHjy. 3a HHTerpa6HnHocT je 
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HoTpe6aH tom jeAaH HuTerpaa. ,1(eTazii0 liCIIHTHBalbe nocrojatha menp-
Tor HHTerpana ce moxce HafiH y [11 

Kog HeXWIOHOMHOr Hpo6gema, y IlleCTOAHMeH3HOHOM 4la3Hom HpocTopy 

yBex Hmamo ABa HHTerpaza xpeTama: HexonoHomHy Be3y H XaMHJITOHH-

jaH. PIHBapHjaHTe (15) Mime HHcy (y oumTem cny ,lajy) HHTerpanH xpe-

Taisa. Plnax mo>xemo KOM6HHOBBTH ,IJBe HEBapHjaHTe AOK He 3a,40B05314M0 

ycnoBe Reme 4.2. Ta,ga Ham ocTaje, xao H BOA xo.goHomHor carlaja, 

Heno3HaT join je.naH HHTerpaa xpeTaisa. 

TeopeMa 4.2. Oj✓cep-Hoetcape-Cycitoerbeee jeduantate (19) (oartocuo (20)) 

ca Xa.muitmouujafloht (16), the cy B +, B_, C oujazonamte .mampuue, u 
X0 ✓ 07-10.MHOM eeao.A4 (21) mazy ce petuumu y iceadpamypa.ma. 

,lloicaa. Be3 ry6zema ornaTocm, moxcemo npeTnocTaBHTH 	je N± = 

o±el (NI = o-±f1). KaoBo, Hexa G E A. Ta,ga je mumHo: 

d11  (N) = 2qn1a-+Mif + 	, 

dI2(N) = nio-_11/It + 

Axo je o-_ = q = 0, Ta,ga Ho nemH 4.2, /1 je upBH HuTerpan je,gHax-nima 

(19). Y cynpoTHom, H3 (21), (22) pi Jleme 4.2 HHTerpaz je HHBapHjaffra: 

I = (2qo-?v  —25!)(a-+B_11_+ o-_C1 )(2a-_I2  — 
(23) 

+ (2c•.2._ — 2qc!v )(a-+C1  + a-_131)(2qcr+I2 — or—h)• 

CEHTIHO, ISBAB, g E B, moace ce noxa3aTH .za HHBapHjaHTa: 

(24) I = 	 + o-2  

3agoBozaBa yczoB di(N) = 0 rip Be3H (21), Ha je oHa HHTerpaz je,guatam-
Ha (20). 

/lame, HHTathe HHTerpa6HnHocTH je,aaaxaHHa (19), (20) je cB.  egeHo Ha 
Tpax<eise join je,gHor HuTerpaga, cjwaxgHoHamio He3aBHcHor o,n XamHaTo- 

HOBO cPyluatHje (16), HHBapHjaHTe (23) 3a G E A, 0,L(HOCHO (24) 3a g E B, 
HpH ycnormma Be3e (21). 

(22) 

+ni(o-+o-_B 1  +o-_24_C1 )/2 , 
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flonylicKH 1411TerpaR hello TpaACHTI4 y 1:10.7114110MI4jaJIHOj cpopmm: 

F3 =X+(Mn 2 + y+(M-31- ) 2 + 2f .Ag 

+ 2g Itg .11c + x_(M21 2  + y_(11c) 2  

Kopllcrevi Be3y, npomeimmBy Mi mox<emo 143pa3HT111 Imo (1)yrnaerjy o,g 

TaAa jeA,Batmite 3a /4 H M3 Ao6njajy o6minc 

Ma = 	 + 114r Eif, 

/1.4 = MZ Mj L2 + 11 Mi E" , 

= AI +M3Mj Ej, 

11c =M2 	+MZMj E2 . 

K0e041114jelITH LP 	, EP, E2 cy oApebenn H3 (19) 14 (20). 143 (26) 

Ao6prjamo 	je ycnos: 

eicsvina.nenTan cne,gehem cmcTemy JiHneapunx jeAnagnna no npomenninBa-

ma x±, y ±, f, g: 

x+Lif + y+L2 + fET +gE;-  = 0, 

	

x+Ei4-  + 	fLi-  +94 = 0, 

	

x_Lj7 + 	+ fEjE  + gE7 = 0, 

	

+ 	f/4-  + gL2 = 0. 

CncTem (27) ynex Hma penrelLe, H 3a onnrre speAnocTH napameTapa f H 

g, HaTerpaz F3 je ne3asHcan 0,4 Apyrnx nuTerpana, npH ycaosiiima Be3e 

(21). 

THMe je Teopema AoKa3ana. 

KopncTenn d:pH314111CH cmvicao EPS je,ura,mna, moAcemo B14,1keTH /la cy 

cllennjamm czytiajesm Teopeme 4.2 reniTerpa6HEne nepTyp6aniaje xnacn-

tmor Cyczonzesor 3a,RaTica. 

(25) 

(26) 

(27) 
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lIprimep 4.3. flocmaTpajmo jeHHalme (19) Ha e(3)*. Heim je C = 0 H 

= 0. YHeHHmo o3Haae: 

f = m — , 	= Cl+ , 	N+, 

A= I-1  B+, .117I = 	M+, B 

Tam. jeHHauHHe (19) nocTajy: 

ISZ 	
av = x + x 	+AN, 

i=fxsi, 

(g,Ci) . = 0, 
 ti 

rHe je V .1(Bf,f). To je CyCJIOBTheB 3aHaTaH, ca HejcTHom HoHyHcHor 

HoTeHmajanHor Hoza CHEa HoTeHmajana V(f) (17" je clmcmpaH BeHTop y 

HenoxpeTHom Hoop,n;HHaTHom crAcTemy). 143 Teopeme 4.2 Ho6Hjam Ho6po 

no3HaTy In/Hem/my: aHo je N CORCTBeH14 BeHTop orrepaTopa I, Ha je TaHa 

CycnoszeH upo6nem ca HHanpaTHHm HoTeHHHjanoH HuTerpaftnaH [15], 

[38], rnarla 2. 

Tlimmep 4.4. JeHHacmHe (20) Ha so(4)* ornicyjy poTagHjy HpyTo-

r Tena, ca eakincHHHom rayna,HHom HcHymeHom HHeanHHm ReCTI4BIJI3HBHM 

cpnywHom, OHO HeHoHpeTHe TaInce. Taj Hpo6nem, 6e3 HexonoHomHe Be3e, 

HporlaBaH je oH cTpaHe >EyHoHcHor, IloeHHapea H CTeHnosa HotTemom 

HHaHeceTor• Heim (HorneHaTH pecpepeHHe y [1]). 

ncynna ROJIM114Ha HpeTalba H BpTHORCHH BeHrop 4).nyHHa cy M+ H M -

pe,gom. 3a = 0 HpyTo Teno je Hog3prHyTo HCTOj Be3H Kao H KOR 

CycnonzeHor 3anaTaHa: (N+, S2 +) = 0, rHe je N+ HoHcTaHTaH BeHTop y 

HoHpeTHom HoopHHHaTHom CHCTMY a n+  je yraoHa 6p3HHa HpyTora Tena. 

3a XaMHJITOHOBy 4yHKI1Hjy Tpe6a y3eTH: 

1 
H -(G-1M+,M+)+(2d(CDG)-1M+,M-)+ 

1 M 	2 —2 —2 —1 — — 
+-

2
((-

5 	
-F4d C D G 	,M ), 
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102 	 FJIABA 4 

rAe je: 

I = diag(I1 ,12,13 ) orrepaTop intepAmje xprror Te.na, 

D = diag(Di , D2 , D3) je orrepaTop Koji(' Hpecamcasa jeAviHmtnly crkepy y 

eff1411C011,I1E0jil peAcTallza rummy y Kpyrom TeJIy, d = detD, 
m je maca (1).myleLzka, 

C = Tr(D 2 )E - D 2 , E je jeAmmoura maTpmAa 

G = I + -7751-C -1-  (C2  - 4d2D-2 ) 

(3a Aeraze norze,gan4 [1]). 

HanomeHa 4.4. reggenliCKH TO/COBH, 6e3 HeX0110HOMHHX Be3a, JIBBO- 

HEBapHj aliETHHX MTM Sa rpyrrn 80(4) cy Beoma Ao6po llpoylielm. Heo-
nxo,rm ycnorm Ha xoed:r3HrmjeErre meTpmucor TeH3opa (Tj. Ha o6RHE Xamx-

nToHvijaHa (16)) Aa 614 jeAatume (19), OAHOCHO (20), 614.1e miTerpabrume 

mory ce HaTIH y paAomma [1], [19], [35], oAHocHo [1], [5]. 

HanoMeHa 4.5. Y paAy [45] je AaTa AeTazHa allanm3a EPS jeAriaxim-

Ha Ha SO(n) ca 2(n — 1)(n — 2) HexoaoHommfix sera. Ty je AaTo yormIT-

ezbe CycnoszeHor npo6Rema, aHanorHo yonzaTezby Apoo.rzema BeceRoBa-

Becenose y HCTOM pa,zry, a lc* cmo Hen HaBenH y r.riaBH 3 y sprzry jeA-

Haturma (34). 

HanomeHa 4.6. JeAna oA OCHOBHHX noczeAkma climeTpHje HexonoHom-

1314X reoAe3mjcxrenc TOKOBa Ha G ca JleBO- HHBapHiaHTHOM Be3OM je, je pe-

Ayxzzxja je,rzHauxHa xpeTaffia Ha EPS jeAriatarme Ha Q.. To je Aeo on-
1=e peAymuirje HeX0I1OHOMEMX Jlarpamicermxa cmcTeMa (Q, G, D) npoytza-

sane y pa,zry [39]. TaMo je Aorca3aHo Aa axo je Q rnaHHo paczojeme: 
Q Q/G, ca JlarpaHamjaHom G H AzacTpx6ymajom D misapnjaHTEridm 
noA AejerBom rpyne G, Aa ce TaAa jeAllaczmie xpeTaffia gory nocmaTpam 

Ha peAyKoHarrom ripocTopy DIG. JeAHauvare Harmcarze y c.nyizajy ocHosHe 

npeTrrocTaBxe (general principal case): span{Dx ,Ts OrbG(x)} = Tx Q 3a cHe 
x E Q; ymmajyt.m 3a (Q,G,D) HexozoHomErm LL cHCTeM KOA Kora je Jla-

rpamExjaH G zumeTkrEnca efreprxja, ce Homarzajy ca EPS jeAHauxHama. 
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