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Bosen

Bo usMunature 60 rogdHM, rojieM AeJ Of Hay4yHUTE HCTPaXyBama BO
MaTeMaTUKaTa ¥ TeopUcKaTa MH(GOpPMaTHKa ce OfHEeCyBaaT Ha mpobiemu
Ha o;myquaH:e; Hajomurro, mox mpo6ieM Ha ofiydyBakbe ce Mofpa3tupa
npoGieM Ha Koj OAroBOpOT € "faa" uix "He". ['osieM fiest off OBUe HCTPaXYy-
Bamha Ce JOJIKAT Ha OCHOBHUTE PE3YJITATH Off TEOPHjaTa Ha IPECMETIHBOCT
nocrasedu off Turing, Post, Markov, Church u apyru. IIpuroa nog ogay«us
npo6ieM ce mogpa3bupa "ma-He" MPOGIEM 3a KOj IOCTOM AIrOPHTaM CO
KOj ce moafa 0 OTOBOPOT, JOfEeKa HEOMIYYMB € OHOj "Ha-He" mpobiem
3a XOj He [OCTOM TakoB anroputaM. Ho, ce mocrasyBa mpamameTo: WTOo
¢ anropuram? I[louMOT anropuraM MoXe6u € HHTYHTHBHO jaceH, HO e
[anexky Of OHa IUTO ce O4YeKyBa of (popMaiHa IMpeuu3Ha MaTeMaTH4Ka

riaefgHa Touka. TOKMy 3aTOa ¥ IOMMOT OJUTYYHBOCT CE MOjaByBa 3a€[HO
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CO OCHOBUTE Ha TEOpHjaTa Ha MPECMETIMBOCT. 3aToa, OBJE, U ceKamie
Kora CTaHyBa 300p 3a OfJIy4MBOCT, IIOfl aIrOpHTaM Mofpa3bupaMe anro-
pHuTaM BO CMHCIa Ha Te3aTa Ha Church, ogHOCHO TjypUHroBa MaluHa uiu
pexyp3uBHA YHKUM]a MM [PaMaTHKa WM HOPMaJCH allfOPUTAM.

T'omem Opoj op MCTpaxyBamaTa BO Bpcka €O MPOGIEMHTE Ha
OfIy4yBame Ce OHECYBaaT Ha MPOOJEMH Ha OfJIydyBale BO YHUBEP3Al-
HaTa anrefpa, TakaHAPEYECHH alrOPUTAMCKH HpOONEMH 3a aireGpure,
mefy Kou € u mpobneMoT Ha 36opoBu. [Ipuroa, mocrojaT aBe HHBOA Ha
npoGieM Ha 360poBu. [IpoGneM Ha 360poBU Ha HUBO Ha MHOTyoOpasue 1
mpo6ieM Ha 360poBY 3a fjafieHa anreGpa.

Hexa V e mHoryoOpasue anreGpu o fameH Tun. I[Ipo6iemor
Ha 300pOBM 3a faficHa V-anreOpa nedHHUPaHa CO KOHEYHO MHOXKECTBO
C1060IHY F€HEPATOPU B ¥ KOHEYHO MHOXKECTBO [e(PUHMPaYKU PABEHCTBA
€ PEWEH aKO MOCTOM AIrOPMTaM 3a OfJlydyBaie fanu ABa 360pa of
alCcolyTHO cinobofHaTa anre6pa co ciaoGonHa Ga3a B Of MCTH THIL, Ce
CKBHBAJICHTHH BO flaflcHaTa ajreOpa IPU KOHIPYEHIMjaTa FeHEPUPaHa Off
HICHTUTETUTE Ha MHOTYOOPa3HETO U Ae(PUHUPAYKHTE PaBEHCTBA.

[IpoGneMOT Ha 360pOBH € PELLEH 3a MHOryoOpasue ) FOKOIKY Ioc-
TOH aJIrOPUTaM KOj MOKE J1a C€ IPUMEHH Ha ceKoja V- anreGpa neuaupana
CO KOHEYHO MHOXECTBO CIOOOAHU IEHEPATOPH U KOHEYHO MHOXECTBO
Ae(UMHUPAYKK PENAlMy 32 [ja CE OIPENENH Aalu ABa 360pa Off allCONYTHO
crnoGofiHara anrebpa co MCT ja3uK Ce EKBMBAJICHTHH BO IafilcHaTa aareopa.

OcHoBHa Tema Ha TPYROT € MPOGIEMOT Ha 360poBu. [lafeHu ce
HEKOH OIMIUTH PE3yJNTaTH BO BPCKa CO PEULIMBOCTA Ha MPOGIEMOT Ha
300pOBU Ha MPBO ¥ Ha BTOPO HHMBO, KAaKO ¥ IPUMEPU Ha anreGpu co

PELUIUB ¥ HEPELIMB POGIeM Ha 360pOBH, 1 IPUMEPH Ha MHOTyo6pa3uja

¥ ol AR 4 B ] Sl i
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CO PElLTUB U HEPEUUTHB Po6iIeM Ha 300pOBH Ha HMBO Ha MHOryoGpasue.

HHTepecHo € fa ce HalOMeHe Jeka MpB npobieMoT Ha 300pOBHU
3a MHOryoGpasuero noayrpymu ro nocrasan Axel Thue Bo 1914 ropuHa,
KOra BOOIIITO He GWI DpeUM3MpaH IOMMOT aJIFOPUTaM HHUTY IaK Hjejara
3a HEORIYYMBOCT. 3aT0a Pa3OHPIHUBO € IITO OPUIMHAIHUOT IPOGIeM Ha
Thue raacen Baka:

3a gagena KOHE4HO UpE3EHUUUPAHA UOAy2pYUa u gea 36bopa Hag
asbykawia og Zzewmepawdopuiue, oupegeau gaau 3boposuiue ce exsuea-
AEeHIURU

Cnuyen npoGiem 6un nocraeH off Dehn HEKOJKY FOAMHH IPET-
XOJHO, TO3HAT KaKo mpobieM Ha Dehn 32 KOHEYHO IPE3CHTUPAHUTE IPYIH.
U gBara mpobaemu 6uie " MO3UTHBHO 3agajgeHu”, BO CMHCNIA "HajId METOA
3a ...". I[Ipobremotr Ha Dehn Gun pewieH BO 1932 roguHa og Magnus 3a
CIy4ajoT Ha PYNH NPE3CHTHPAHU CO €IHO Ae(PUHUPAaYKO PABEHCTBO.

Co HACTAHOKOT HA TEOPHjaTa Ha IPECMETIMBOCT BO 30-TUTE FOXMHH
O OBOj BEK, CATyauujaTa ce H3MEHUNIa, Ce [ojaBwic NPBUTE NPUMEPH HA
aJIrOpUTaMCK{ HepelTBY NpobieMH, KaKo M HOBA MOXHOCT 32 IIPUOA
KOH IpoOIeMOT Ha 360pOBM M E€BEHTYalHO JOKAaXYBawe Ha HEraTHBCH
pesyirraT. Taka, 3a IONyrpynuTe, Bo 1947 roguHa € JOKaxXaHo Of Markov
1 Post eka mpo6aeMoT Ha 360pOBH 1 Ha HUBO Ha MHOIyoOpasie i Ha HUBO
Ha anreGpa e HepEULIMB, UMEHO JOKaXaHO € CIIEHOBO TBPACHE:

Iociwiou xoneuno ipesenitiupana onyzpyia S u 36op w waxeu
Wiio He TOCOU AAZOpUiuam Koj ogaytyea, 3a gagex 36op v, gaau v e
exsusaneHiler Ha W Ul He.

BeymsocT npo6iaemoT Ha Thue € IpBAOT MpobIeM Ha Oy IyBatbe

KOj ce ojaBruI BO alre6paTa i 3a KOj € J0KaKaHa alfOPUTaMCKa HEOITy -
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BOCT.

['oneM mpumoOHEC BO BPCKa CO HCTPaKyBaWmETO Ha ainrebapckuTe
YCJIOBH 33 PellIMBOCT Ha Mpo6eMoT Ha 36opoBH gan Trevor Evans BO ynu
HEKOJIKY CTaTHH Ce JafeHH OIUTH Pe3yITaTH BO BPCKa CO PEUUIMBOCT Ha
npo6ieMOT Ha 360pOBU Ha HUBO Ha MHOryoOpa3sue, 0a3MpaHi Ha HETOBUOT
rJIaBeH pe3yJTaT:

Axo V e mHoZyobpasue co ceojcitieoitio gexa cexoja geaymua V
anzebpa moxce ga ce cmeciiu 80 Y anzebpa, wozaus upobaemoiti Ha 360posu
e pewunusg 3a V.

PazpaboTyBameTo Ha OBHE Pe3yJITaTU UCTO TaKka Ke 3a3eMe rojnem
mes Off TPYHOT. BCymHOCT BTOPHOT fAes (O BOBEAOT) € NMOCBETEH Ha
nepMHUIMY Ha OCHOBHUTE moMMH: anrebpa, MHoryobpasue, crobogHa
anrebpa, anconyTHo cio6ogHa anrebpa, anrefpa Ha 300poBU (TepMu),
npe3eHTanyja Ha anrebpa, mpobieM Ha 300pOBM Ha HUBO Ha aiarebpa H
npo6ieM Ha 300poBH Ha HHBO Ha MHOryoGpa3ue, Kako U Ha OIIUTHTE
pe3ynTatd Ha Evans Kol HMaaT rojeMo TEOPETCKO 3HadEme, HO Off Apyra
CTpaHa, CaMHOT aJropuTaM Ha Evans € MHOT'Y KOMILIEKCEH.

TpeTHOT geJ off TPYROT € IOCBETeH Ha TEOPHjaTa Ha IPECME TIIMBOCT,
OIHOCHO Ha MpEeUU3Upame Ha MOMMOT ainropyraM. JafeHa e qepuHuny]ja
Ha Tjypuarosa MaliHa, Ha TjypuHr-ofyyus i TjypHHr-npugaT/IuB jasukK,
mehUHMIMja HA rpaMaTHKa, OfPEefeHH CBOJCTBA BO BPCKAa CO HABEIECHUTE
MOUMH, X [OKa3 3a MOCTOeHe Ha ja3uk KoOj He e TjypuHr-Oofly4uB, Bp3
KOj ce 6a3upa 4 JOKA30T Ha HaBe[EeHUOT pe3yiTtaT Ha Markov BO BpCka
CO HEOJIY4HBOCTA Ha NpoOJIEeMOT Ha 300POBH 3a NOJYIPYIUTE, HA ITO €
MOCBETEH 3HAa4YaceH fell.

Bo noHoBo BpEME, CO BOBCTYBAKCTO HA MOUMUTE IIPENMUIIYBAYKH

bbb o b il b e b Ak R 4
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CHCTEM H IpEeNHIIyBaiba, KaKo M [OOHBAamkETO HA OCHOBHUTE Pe3yJTaTH
BO BPCKa CO MpemMIIyBauyKuTe cucTeMu (6pojru Tpyposu Ha Huet, Klop,
Jouannaud, Knuth, Bendix, Dershovitz i pyri) 0BO3MOXEHO € pellaBame
Ha Opo6reMoT Ha 360pOBH BO OfpefeHH anreCpH u/WiM MHoryoGpasuja
CO faJeKy noMajia KOMILIEKCHOCT, a IPoGIeMOT Ce CBEfyBa Ha IU3ajH Ha
COOfBETEH MpEeNMUIYBAYKH CHCTEM CO OfPEcHH NOXeNHH cBojcTBa. Ha

NpenuIyBaykuTe CUCTEMHU € IOCBETCH YCTBPTHOT ACJI O TPYHOT.

TIpenuuryBaykuTe CUCTEMHM WM CHCTEMHTE O PEXYKIMH HMaaT
IUMpOKa OpUMEHA BO Teoperckara MHGopMatuka. CUMOOIHYKOTO Ma-
HUNYJIMPamke CO CHHTAKCHM 06jeKTH € 6a3supaHo Ha (PakTOT IUTO THE
[aBaaT MOJEIIM 32 MPECMETYBame BO OllePaTHBHA OKONHMHA. TeopHjara Ha
IIpeIHIIyBambe IOTEKHYBa Off aireGpaTa, TeOpHjaTa Ha fOKA34 U TeopujaTa
Ha IIPECMETIMBOCT, 1 € (POKyCHpaHa OKOJy IIOMMOT "HOpmaiHa ¢opMa” -
M3pa3 Koj IOHaTaMy He MOXE [ia Ce peRyudpa.

YnorpeGaTa Ha paBeHCTBa € TPAULUOHANHA BO MaTEMaTHKATa.
PaBeHCTBaTa MOXeE [ja ce ynoTpebyBaar 3a pe3oHHpame (3aMeHa Ha efi-
HAKBO CO eHAKBO) HA KPajHO HEJeTEPMUHUCTUYKM HAYyMH. 32 pa3iiuKa Off
HHB, IPENHUITyBaYKATE CUCTEMH [IPABaT HEIITO KaKo "yrnorpeba Ha paBeH-
CTBaTa BO €HA HacoKa" IPH IUTO ce IyOH eAEH H3BOP Ha HEAETCPMHUHU3aM.
Baxsara egronacoyHa ynorpe6a ce 6a3upa Ha OpeIMUIyBame CIIOpeN f0-
6po OCHOBaHO IMOApENyBabe Ha TEPMUTE U CE HapeKyBa pefykugja. [la ro
purupaMe Evans: "Pefykudja e cexoja TpaHcgopMaugja [TO HaMalysa
poinkuHa". [IpyruTe U3BOPU Ha HEJETCPMHHHU3aM KaKO [ITO € U360pOT Ha
IpaBWIO M HOATEPM Ha KOj TOa ce IPUMEHYBa MOXe [ia € EIMMHUHUPAAT

aKo CeKOj U3pa3 uMa efUHCTBEHa HopMalHa GopMa.

Kako npumep 3a ymorpeba Ha HpENHINYBaYKd CHCTEM HAMECTO
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paBEHCTBA I'd HaBegyBame rpynuTe. ONUITO € MO3HATO feKa IPYIUTE Ce

neUHUPAHH CO CIICJHHTE TPH PABEHCTBA:
(z-y)-z=z-(y-2),zz =1z 1=z,

HO, KCTO Taka 4 cO cIEeNHOBO MHOXeCTBO off 10 mpaBiIa 3a MpENUINYBatbe
KOH OIIPEefie/lyBaaT HOpManHi hOpMH:

(z-y)-z—z-(y2),zz- =Lz loz,27 " =z,2- (27 y) =
Yy, (z-y)" =y z,z7z—>1, 1. zoz, 171,27 (z-y) 2y

[TpenumyBayKuTe CHCTEMH UMAAT FOJIEMA YJIOra BO OBEKE 001aCTH,
KaKo WTO Ce cruenudUKanUyd Ha anCTPaKTHU MOJATOYHU TUIOBH, HM-
IIEMeHTanuja Ha PYHKUMOHAIHE TPOrPaMCKHM ja3HIM 4 aBTOMATCKO 3a-
Kay4dyBame. O Hall KHTEpeC OBAE € Ipef C& ynoTpeaTa Ha NpENUIIyBaYKH
CHCTEMH BO pellaBameTo Ha mpobjaeMoT Ha 300pOBH BO YHHBEp3aiHa
anrebGpa. Tue ce aTpakTUBHH IIPEJ| CE 3apajid HUBHATA E€[HOCTaBHA CUH-

TakCa U CCMaHTHKa.

KoHeuHo, HOCHENHHOT eI Off TPYAOT Ke OUfie MOCBETEH Ha pelllaBa-
IETO HA NPOGJIEMOT Ha 300pOBH BO €JHO KOHKPETHO MHOryoOpaswue,
Muoryobpasuero HltajuepoBu ayma wid crymd. KOHKpPETHOTO MHOrYO-
Opasue ¢ uHTEpEeCHO OUAEjKH MOCTOM OOPAaTHO €AHO3HAYHO COOABETCTBO
noMerly KJacaTa KOHeYHH ciIyny i knacaTa IllTajuepoBu CHCTEMH TPOjKH.
Bo Toj e € AafieH onuc Ha cirobogHuTe 00jEKTH BO OBa MHOTyoOpasue, U
TOA UPEKTEH OIKC ¥ OIKC CO KAHOHUYHM NMPETCTABHUIIM, CO [IOMOLI Ha pe-
nykuuja Ha repMu. [loroa, co moMou Ha fehHHMpaHaTa peAyKUMja € fafgeH
aJICOPUTaM 3a pellaBaime Ha MpoOJAeMOT Ha 300pOBH 3a CIIYIH, UMEHO, €

neUHMPaH COOfBETEH NPEIHUIIYBAYKM CHCTEM KO] ja KMa OCOOMHATA Ha

b b erss b b kb b P b 00 B 6 i
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eMMHCTBEHA HopManHa ¢hopMa. HaBeneHnoT anropuraM 3agpKyBa uieu of
OMUITHOT anropuraM Ha Evans, Ho € 6a3upaH HAa NPENUIIYBaYKH CHCTEM.
EnHa OuTHa pasnuka € TOa IITO BO Ae(pMHHUIMjaTa Ha MPENUIIYBAYKMOT
CHCTEM BJIEryBaaT caMo [le(pMHUpaUYKUTe PaBEHCTBA Ha JaficHa KOHEYHO
IIPE3eHTHpaHa CIylla, a [I0TOa MCTHOT MOXKE [la ce YyIoTpeOyBa 3a UCIIHTY-
Bar€ Ha €KBUBAJICHTHOCT Ha NPOU3BOJIHU 300poBu. OBOj AN € BCYIIHOCT
PE3yNTaT Ha OPUTMHANIHM MCTpaxXyBamwa Ha npog. Cmwie MapKoBCKH u

Ha aBTOPOT Ha OBOj TPYA.
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IIpo6.siem na 300poBH - nenHANMja U aNredapcKn

NpucTan BO peniaBamkEeTo

OBoj fen BornaBHO ce OfHECYBa HAa yHHBep3aiHaTta anrebpa. [JaBaMe
NehHMHAIMM Ha OCHOBHUTE [IOMMH HEOIXOIHY 3a fe(PUHHpae Ha npoGne-
MOT Ha 300pOBH, KAKO M HEKOH ITO3HATH OMIUTH PE3yNTATH O YHEBEP3a-
Harta anrebpa. I'o pepurupame nmpobreMor Ha 360pOBH Ha ABETE HABOA,
KaKo W HEKOM [pYyrd mpolleMH Ha OMJIyYHBOCT 33 aareGpHUTE M [aBaMme
BPCKY Mely HHMB, KaKO M IPETJEN Ha PEIIIUBOCT OFHOCHO HEPEILIHBOCT
Ha Mpo6ieMoT Ha 300pOBH BO OfpelcHH NO3HATH Kiack anreGpu. Hcro
TaKa JeTaJHO Ce 3afpXKyBaMe Ha OMUTHTE pe3ynTard Ha Trevor Evans Bo
BpCKa €O aireGapCKUTE YCIOBH 33 PENIMBOCT HAa HPOGIEeMOT Ha 360pOBU
Ha HMBO Ha MHOryoOpasde. Bo OBOj el He ro mpenusmpame MOMMOT
anropuraM (gako ro ynorpebysame), Toa ke Guje HanmPaBeHo BO TPETHOT

OeJ o TpyaoT.
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9.1 Bopexun NOMMH U pe3yJITaTH O] yHHBep3aHa anredpa

Bo 0BOj ieJl O3HAKHUTE H ne(hMHAUMUTE HA TOUMATE CE BOIVIABHO KaKo BO
[27]. Joxa3ure HAa TEOPEMHMTE KOH HE CE TafeHy, ce HaofaaT BO CEKOja

cTaHapAHa KHUra 332 YHUBCP3alHa anre6pa, Ha mpumep [27, 29, 30].

Hedmmamuja 1 AaZebpa e nofpefeHnap A =< A, F > xafie A e Helpa3Ho
muoxectBou F =< Fy;i € I > xane Fi e ¢puHUTapHA Omepalyja Ha A(t.e.
npecukyBame of A" Bo A 32 nekoj n € N) 3a cexoj 1 € I. A e Hocuiuen,
F, ocnosHa oliepayuja, 3a cekoj 1 € I, I e ungexcHo MHONCECTUBO HITH

MHOKCECITIB0 OlepAUUCKU CUMBONU WK CUZHALULYPA HA anrebpara. A

T'# KOpUCTHME U CIICAHABE O3HAKH. Axo () e onepalycKi CUuMO0I Ha
A, Toram co @* ja 03HaYyBaMe OCHOBHATA omepanuja Ha A MHICKCHPaHa
co (). Q* ce HapekyBa unitiepiipeiiayuja Ha () Bo A.

3a mageHa anre6pa A U MHAEKCHO MHOXecTBO I, medHHMpaHa €
(pyHKUMja p HApEdEHa PAHZ ¢ynxyuja of I BO MHOXECTBOTO HPHPO[HH
6poesu N, fedunupana co: 3a cexoj Q € 1, p(Q) = ng axo paHroT Ha Q4
e ng, T.€. QA : Ane - A. Panr (pyHKIHjaTa YIITE CE HAPEKYBa U iuii Ha
CAUMHOCIT HAa anZebpaiia Wik caMo Wiuil. 3a gBe anreOpu BEJIUME [IEKA CC

CAUYHU aKO UMaaT UCT THIL

Heduaumaja 2 Heka F' e omepaigja Of PaHr r Ha MHOXKECTBO A u Hexa
X e nmogmHOXecTBO Ha A. X e samisopero 3a F' axo u caMo axo 3a
CEKOH Gy, - . -, ar-1 € X, F(ao, - . ar-1) € X. EqHO mOgMHOXECTBO X Ha
HOCHTEJOT Ha anrebpa A e llog-Hocullien Ha A axo e 3aTBOPEHO 3a CUTE

OCHOBHH ONepanyy Ha A. A

B

e e R L e L LI I ¢ sl il
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Hexa A e anre6pa. 3a anre6para B semume [ieKa e doganzebpa Ha
A ako u camo ako A u B ce CIMYHH, HOCUTENOT B Ha B e mog-HOcuTen Ha
HOCHTEJIOT Ha A M 3a CEKOj OmmePauucKy CHMGOIT () on curHarypara, Q° e
pecTpHKugjaTa Ha Q4 Hag B.

Heduavnuja3 Heka A e anrebpa ¥ X C A. Ilog-nocuitiea na A
2enepupan og X e MHOXecTBOTO S (X) = ({B|X C B 1 B € mog-socuren
a A}. A

CeojecrBo1 Heka A e anre6pa u X C A. Hedunnpame uHIyKTHBHO
IOAMHOXKeECTBA X, of A co:

Xo=X

Xny1 = Xa U {F(ao,...,a,_1)| F ¢ ocHOBHA onepauuja Ha A co PaHr r u
g, . .., 0r—1 € Xy}

Toram S} X) = U{X.| n € N}. O

Hedumumuja 4 Anrebpara A e e Zenepupana og X C A ako A = SHX).
Enua anre6pa A e koneuro Zenepupana axo A = S;“ (Y') 3a Hekoe KOHEYHO
Y CA. A

Medumumuja 5 Heka A u B ce anre6pu ox ueru Tum, () € onepauucKu
CHMOOJI O HMBHATa CHCHATypa co paHr r. Epda byskumja h : A - B
€ coZaacHa co uuilieplipeliayujaitia Ha @ aKo, 3a CHTE ay,...,a,_; € A,
h(@%(ao, ..., ar-1) = QB(h(ag), ..., A(ar_y). A

Enua dynkumja b : A — B Benmume fexa e xomomopduzam of A Bo
B ako h e cornacHa co MHTEpIpeTaLMjaTa HA CEKO] OllepalECKH CUMOOIT
Ha A. CypjeKTHBEH XOMOMOP(HU3aM Ce HAPEKyBa etlumopgusam ¥ IpUTOA
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B ce BUKa XomMoMOpgHA CAUKA HA A. HnjexTusen xoMomop(u3aM ce
HapekyBa MOHOMODGhU3AM WITH CMeCULyBatbe, 2 GueKTUBEH XoMoMopdu3aM
ce BUKa usomopgusam. 3a xoMoMmopdu3aM Of A BO A BEIMME €K e

engomopgu3sam 1a A, GueKTHBEH eHoMopdu3am € asiiomopPuU3an.

Hedumanuja 6 Heka A =< A;,i € I > ¢ CACTEM CIM4HA anreOpH.
[upexitien ipou3sog Ha < Ajiel>e anrebpa, o3Haka IA; =1IA, on
WCT THI, co HocuTed [1rA; TakBa IITO 38 CeKOj onepatucKu cuMOO0JI O paHr
ru cexor f°,..., ft € Urd;, (QRA(F, ..., [T = QA(F0, ..., I Y,
3a ceKoj ¢ € 1. A

Nedumammja 7 Haxa A € anrebpa u § ¢ OUHAPHA penanuja Ha A. 0
e coindcHa Co OCHoeHa oilepayuja F Ha A off paHr T ako 3a CCKOH
g, ..., Grot, boy.-s br-1 € A, om afb; 3a 0 < 1 < r — 1 ciemysa
Fl(ag, -+ Gr-1)0F (boy -+ br_1)-

Kownzpyenyuja Ha A ¢ CKBUBANCHTHOCT Ha A coryiacHa co CeKoja
ocgopHa onepanuja Ha A. Co ConA ce 03HayyBa MHOXECTBOTO O CHUTC

KOHIpyeHIuK Ha A. A

HDedumanuja 8 Heka A ¢ anrebpa u 6 ¢ KOHrpyeHuuja Ha A. Paxiiop
anzebpa A/0 e anreGpa cinviHa HA A, co HocuTen A/, BO KOja MHTED-
npeTaluja Ha CEKOj ONepaliCKi cumBoi Q (co pasr r) Ha A € Q4 xage

Q{)‘(ao/ﬂ,...,ar_l/ﬁ) =(QA(a0,...,ar_1))/0. A

Teopema 1 (Teopema3a xoMoMophHu3am)

Hexa A u B ce [Be CIMYHA anreOpu 1 h ¢ emuMopdu3aM o A Ha
B, Heka 0 ¢ KOHTPycHIja Ha A ¥ g € IPUPOJHOTO NPECIUKYBALE O A Ha
A/f(g(a) =a/b,32 cexoj a € A). Toram

RN ET ] R R R



IIpobaen na 36oposu, gegpuruyuja, anzebapcku Gpuciiail 13

() Janporo kerh ma h e KoHrpyeruuja Ha A. (aker h b ako # camo axo
h(a) = h(b)).

(#¢) ITpupogHOTO IpeciuKyBae g ¢ emamopdusam og A Ha A /6.

(#47) Ako 6 = kerh, Torau OCTOH €NMHCTBEHO NPECIMKYBARKE f O Al6
BO B co cBojcTBO fog = h, u Toa ¢ u3omopduzam mefy A/0 u
B. g

Hedurmmuja 9 Heka A ¢ anre6pa u X C A x A. Konzpyenyuja Zenepu-
pana og X e CH(X) = ({8 | X C 6 u 6 e xourpyennuja Ha A}. Ao X e
KoHeuHo, C/'(X) e koneuno Zenepupana. A

PyHKUMM KOM MPECTMKYBAaT Kiaca (CIMYHH) anre6pH BO Kiaca
(cmiuHu) anreCpu ce HapeKyBaaT oidepailiopu Ha kaacu. leduHEpaMe

HCKOJIKY OIl€paTOpH Ha KJIacCH.

Hedumnmja 10 Hexa K e knaca anrebpu.

A € I(K) ako u camo ako A e u3omMop¢Ha Ha Hekoja anre6pa of K.

A € H(K) ako 4 camo ako A e u3oMopdHa Ha xoMoMop(Ha CiIMKa
Ha anrebpa o K.

A € S(K) ako u camo ako A ¢ m3omopdHa Ha moganreGpa Ha
anrebpa og K.

A € P(K) ako u camo ako A ¢ u3omopHa Ha AUPEKTEH POH3BO]

Ha cicreM anrebpu og K. A

Benume nexa K e xnaca saiisopena 3a oiepaiiop na kaacu Q ako
Q(K) C K.
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Cexoj off fehuHMpaHKTE OMEPATOPH Ha Xiiack Q, Ipy pECTpHUKIHja
Ha KIAcH CIM4HM anreGpu, ¢ pacitiewku ogrocHo Q(K) 2 K, 3atasyea
fogpegysarse, T.e. Q(Ko) C Q(K,) ako Ky C Ky, ¥ € ugemioieHiieH, T.e.

Q(Q(K)) = Q(K).

Nedurunuja 11 Ensa xiraca }C anreGpu O MCT THIL € MHOZyobpa3ue ako

e 3aTBopeHa 3a H,Su P. A

Nedunnmuja 12 Heka K e xraca cnuiHi anrebpu. V(K) ro osxHavyBa
HajMaJI0TO MHOTyoGpasse KOoe ja CORpxu K 1 ce Hapekysa MHOZyobpasue

zenepupano og K. A
Teopema2 V = HSP. O

Nedumumaja 13 Heka K e xiaca anre6pu op ucte tHO K U e anrebpa
on ucruoT THin. Heka X ¢ MOAMHOXECTBO Off U. U uMa c8ojciuso Ha
yHUBep3aaHo Hpecaukysarse 3a K Hajl X ako 1 caMo ako 3a cekoja A € K
1 cexoe npecnukypawe f : X — A nocrod xoMoMopdu3aM h : U — A KO

e mpomupyBame Ha f, T.¢. f(z) = h(z),3az € X. A

Benume neka U e ciobogra 3a K Hag X ako U e renepupana of X
1 U ¥Ma CBOjCTBO Ha YHMBEP3JIHO MPECIHKYBAbC 32 K nap X.

Benume neka U e crobogra 6o K Hag X ako U € K u U e cnobopHa
3a K Hag X. Axo U e cmobofHa BO IC Hag X, Toram X c€ HapekyBa
CA060GHO ZeHepaililOpHO MHOMCECUB0 3a U, u U ce HapeKkyBa CIO0OIHO
resepupana of X. Axo K e xyacara Off CATe anrebpu co OfpENEH TUI
Ha caxunocT u U e cnoGonra anre6pa Bo K Hag X, 3a U BenUME fieKa ¢

aficonytino ca060gHa anzebpa.

TR B L et e e R R R R L] L At e R LI
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CeojerBo 2 Ako Ky C K, 1 U e coGogna 3a K, Hag X, Toram U e
cinobopHa 3a Ky Hag X. O

Csojerso 3 Axo U e cioGopra 3a K mag X, roraw U e cno6opa 3a V(K)
Hapg X. 0]

Ceojereo 4 Heka U, u U, ce croGonau Bo K Hag X; 1 X, COOBETHO.
Axo, |X;| = | X;|, Toram U; = U,. O

Heduannmja 14 Hexa K e xnaca anre6pu u A e anre6pa, CHTe Off HCT

Ty Toram
Oa(K) =N{0 € ConA| A/6 € S(K)}. A

CsojcrBo 5 Heka U e cnoGopna 3a K mag X. Toram U = U/0y((K) e
co6opsa Bo V(K) Hag X = {z/0y(K)| z € X }. O

Hexka p e Tun Ha cmiaHOCT 4 ] € COOJBETHO MHOXECTBO OIEPAIMCKH
cum6bonu. Heka X e muOXeCTBO mucjyHTHO €0 I. 3a n € N, o3HayyBame
I, = {Q € I|p(Q) = n}, BcyuHocT I, € MHOXECTBOTO N-apHH ONEPAHCKA
cumbonu of I. Ilop Husa og X U I nompazbupaMe KOHEYHAa HU3a <
50,...,8 > YMH WICHOBM MpumafaaT Ha X U /. BaksaTa HuM3a yuIre
Ce Hapekysa H 360p Hag asbyxa X U I M ce 3amuuIyBa Kako Sp...S.
IIpoussog na nBa 360pa a = ag...an- U b = by...by_, € 360pOT ab =
Q.. Gn_1by...by_;. JacHo, xora mumyBame "3Gopor u" 3a u € X U I,

BCYHIHOCT MHUCJIMME Ha HU3aTa < U >.

Hedumumuja 1S MuoxecrBoto 7,(X) on wepmu og fauii p nag X €
HajManoTo MHOXecTBO 7 Off 360poBH Haj a36yka X U I Taka IuTo:



16 Tnaea 2.

1. XULCT,

2. AXOpg,..-,pn-1 ETHQE I,,, Toram 360poT Qpop1 -« - Pu—1 € T.
JAN

ITputoa, BOBE[yBaME JOrOBOP 38 o3HauyBame Ha TepmuTe. Hamecto
TepM Qpop1 - - - Pn—1 MMIIYBAME Q(po, D1, - - - » Pn—1), OUHADHUTE omepaLucKi
cuM6OJIM BO TEPMUTE I'M MUIIYBAME uapUKCcHO. [Ja youume fieka T(X) e

Ipa3Ho aKo U caMo aKo X U I, e mpasHo.

Nedummmuja 16 Axo T,(X ) # 0, Toram anzebpa fiepmu 0g wui p Hag X,
co o3raka T,(X), e anreGpara Off TUIl p CO HOCHTET 7,(X) 3a 44U OCHOBHH
olepal|y BaxXu

QX (py, ..., Pn-1) = QB0s - - - Pn1)
3a cexoj Q € In, i € To(X)- A

Teopema3 Heka p € TUIl HA CIMYHOCT, I € COOBETHO MHOXKECTBO OII-
epamucky cumGony, ¥ X € MHOXECTBO takso mro |X| > 1 ako Iy = O u
X NI = 0. Hexa V e MaoryoGpa3ue anreGpu off THII p.

(i) Anrebpara TEpMU T,(X) e ancoxyTHO ciobopHa anrebpa Of THII
p reHepupaHa Off MHOXECTBOTO {<z>|2z € X} (um Beaume,

reHepupaHa of X).

(i) T,o(X)/Or,x)(V) € coGogsa Bo V Hajl MHOXeCTBOTO {< z >
/OV)|z e X}

(1ii) AkoVuma HETPHMBHUjaJTHA WICHOBH, TOTALl [IOCTOH cirobopHa anredpa

Bo V Haj MHOXeCTBOTO X. O

ot vl g bt R A o

it
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Aedumimja 17 Co Fi(X) o3nauyame cio6omua anre6pa Bo V(K) co
CII0GOAHO IeHePaTOPHO MHOXeECTBO X. Fi(k) o3HadyBa anre6pa Fi(X)
3a | X| = k. A

Ha 3abGenexume fexa: Fi(X), ako mocrow, e ompefesieHa [0
usomopcusam; Fr(k) e ompefencra fo msomopdusam; Fi(0) mocrom
@Ko M CaMO aKO THIOT COAPXKH HyJapHH onepauuu; Fi(1) nocrom; ako

k> 1, Fx (k) MOCTOM aKo ¥ caMo ako K UMa HeTPUBHjaIHU WICHOBH.

Ilocnemuma 1 Heka X e MHOXecTBO 4 K e Kilaca anre6pH of THI p Taka
wro Fi(X) nocrou. Toraw Fi(X) npunara ua SP(K) u
Fyv(c)(X) 2 Fr(X) = Ty(X)/O1,x)(K). O

Bo npofonxkenue naBame noomura fedunuugja Ha TepM. [IpuToa,
CMeTaMe fieKa CEKOe MHOXECTBO OIePalCKU CHMGOIH [ Off CEKOj THII g €

TakBo wito I NN = (.

Nedumumuja 18 Heka p e Tun. Ilop iepm (og wuii p) mogpasbupame
enement off anrebpara Tepmu T,(N). CraBame v, =< n > u TepMmuUTE vy,

3a n € N, ru HapeKyBame upomeHausu. A

3a cexoj n € N, nof anzebpa itiepmu T,(n) ce mogpaz6bupa noganre-
6pata off T,(N) resepupana Off vy, . . ., vn_1. [ToToa, T)(N) = (J,cy T4(n)
aT,(1)CT,(2)C....

Hedurnmpja 19 Heka A e anre6pa of T p u p € T,(n). Hedunupame
n-apHa ornepayuja p* Ha A co MHIYKUHja 0 [OXKHHATA Ha p. AKO p = vj,
craBaMe p*(ay, ...,an_1) = a;. AKo ¢ e HedUHUpAHO 3a CUTE TEPMH ¢ CO
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[OJIKMHa ToMalia Off p, 4 aKO p = Q(pi1,- - -,Pm-1), Kafie p; C€ TEPMH U Qe
/m-apeH ONepaLyCKy CUMOOIL, TOrall CTaBaMe, 3 CEKOU do, - - - an_1 € A,
A _ OA(pA A
p*(ag, .. an-1) =@ (pf (a0, - -y Gn1), - - Pt (G0, - -5 Gn1)).
A

Nedumumuja 20 Hgentuuiieul Ani pasenciliso Off THI p € 360p O 06Uk

p & ¢ Kafie p U ¢ ce p- TEPMH. A

Hexka A e anre6pa U p & ¢ € HICHTUTET (4 BETE O THI p) K HEKA
p,q € T,(n). Ako @ € A", TOraut BEJUME [IeKa a 2o 3agosonysa p = q aKO
u camo ako p* (@) = ¢*(@). O3uauyBame A, 2 = p = ¢.

BenuMe eKa UIEHTHTETOT p & ¢ € BUCIUUHULL BO A aKo ¥ caMO aKko
pA = ¢*. OznayyBaMe A = p~ .

BenuMe eKa AAEHTATETOT D =~ § € guciuuHUiU 80 kaaca K of THII p
AKO U CAMO aKO & BUCTUHHT BO cekoj wieH Ha K. O3HauyBame KEp~=q.

Axo ¥ e MHOXKECTBO HAECHTUTETH Off TUIl p ¥ K e Kiaca anre6pu off
THII p, BeUMeE JIeKa X € BUCTHHHUTO BO K, o3Haka K |= ¥, aK0 # €aMO aKko

CeKOj eNIeMeHT Ha Y. € BUCTHHHAT BO K.

Crojcreo 6 Hexa A e anre6pa 1 p = ¢ © HICHTATET (4 gBETE O THI p).

CliefHUTE YCIOBH CE EKBHBAICHTHH.
(i) AEprg
(ii) Axo p,q € T,(n), Toram A, a = p~ g3acekoja € A"
(iis) 3a cexoj xomomopduzam f ot T,(N) Bo A Baxu f(p) = f ().

(iv) Axo p,q € Tp(n) U o, ..., Tn-1 CC T PASTUHHH IIPOMEHJIMBH, TOrall

A i=p(:n0,...,a:n_1) QQ(IL‘(),...,IL‘T,'_I). O

A R PR U
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Teopema 4 Hexa K e xnaca anreGpu off THII p, HeKa p, g € T,(n), Heka X

€ MHOXECTBO U Zy, .. ., T,_; € X. CIE[HATE YCIIOBH CE €KBUBAIECHTHH'
() KEp=g.
(i) <p,¢> mpunara Bo KoHrpyeHuujara O, ) (K) Ha T ,(N).

(#41) Axko F(X) noctom, Toraw Fx(X) = p ~q.

(tv) AkoFx(X)nocrom, Toramp™*(X)(zy, ...z, 1) = ¢F*X) (g, ..., z0_y).

O

CeojctBo 7 Heka K e xiaca anreGpu of ucté Tan. MHOXecCTBaTa
MICHTUTETH BHCTHHUTH BO Kiacure K, H(K), S(K), P(K), V(K) ce
€IHAKBH. O

ITpeTxonHo feduHMpaBME KOHTPYEHUMja FeHEPHPaHa O MHOKECTBO
napoBd. [{a CIOMEHEME [IEKa IO KOHZDYeHYUja Ha anZebpa ZeHepupana og
MHOXMCECULB0 ugeHTuullieliu 3. ce Mofpa3bupa KOHIPyeHUMjaTa reHepupaHa

Off MHOXECTBOTO {<p,¢> | Z F p= q,p, q € A}.

Hedummmaja 21 Hexa K e xiaca anreGpu o TUIl p 4 ¥ € MHOXECTBO
HICHTUTETH of Tull p. OsHauyBame O(K) = {p~ ¢ K Ep =~ q} u
Mod(X) = {A| A T} A

Knacara K ce HapekyBa egraxg@ociina kaaca ako H CaMO aKoO
K = Mod(T') 3a Hekoe MHOxkecTBO uueHtuteTH I. Kora oBa Baxu
BesuMe fieka K e geqpurupara unu axcuomaiiiuauparna oy I

MHOXeCTBOTO ¥ ce HapeKyBa egHAKBOCIHA Weopuja ako U caMo
ako ¥ = ©(L) 3a Hekoja kiaca anre6pu £ o Tan p. Kora oBa Baxu ¥ ce

BUKA egHAaKeociuHa iweopuja Ha L.
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Csojcreo 8 Hexa K e xnaca anreGpu off TaIl p, A e anrebpa off HCTHOT

Tir 1 X € MHOXECTBO TaKBo mro [ X| > |A].

(i) Axo K ce cocTou Off TPUBHjaJIHK anre6pu, Toramw A = ©(K) ako 1

camo ako |A| = 1.

(i) Ako K cOUpXH HETpUBHjATHA anre6pa, Toramt A = ©(K) ako u
camo ako A € H(Fg(X)). O

Teopema 5 (G. Birkhoff)
3a cexoja Kmaca K of ciu4nyd anreOpy, HSP(K) = ModO(K).

(3Haun, K e MHOryoGpa3ue ako U CaMo ako ¢ SIHaKBOCTHA KJaca.) O

CeojcrBo 9 Axo V e MHOryoOpa3sue Koe COfpXKH HeTpUBHUjaNHa anredpa u

X e MHOXECTBO KOe € HajMaJIKy peGpouBo, Toram V = V(Fy(X)). O

3uayu, Heka V) € MHOryoOpa3sue Off THIL p KOE COlIpKH HETPUBHjaJIHH
anre6pu. V e TeHePUPaHO Off CBojaTa CloboaHa anre6pa Fy(w), Koja MOXe
1a ce KOHCTpyHpa kako ¢akrop anre6pa Ha T, (N). IBa TepMH p 1 g c€ BO
ucTa Kiiaca Bo (PakTOp CTPYKTypaTa ako M CaMo aKO MACHTHTCTOT p ~ ¢ €
prcruuT Bo V. Taka, eqHaKBoCTHATa TeopHja Ha V ja onpeneinysa Fy (w)u
caMoTO V MOXe fa ce neduHupa Kako KjacaTa off CUTe MOJIeJIH Ha cBOjaTa
eqHakBocTHA Teopyja. CIMYHO, KOHECYHO reHepUpaHa cnoGoniHa anrebpa
Fy(n),n € N, e daxrop anre6pa Ha T,(n) ¥ OBa n-apHu TEPMH p 4 g C€
unenTuduKyBaaT Bo Fy(n) ako u caMo akO TEPMOBCKHMTE ONEpanuu ptu
¢”* ce emHaksw 3a cexoja A € V.

KOHCTPYKTHBEH OMUC HAa CIOGONHUTE anre6p4a Bo MHoOryoOpasue
Y € MCTO UITO ¥ KOHCTPYKTHBEH ONHUC Ha xourpyerugjara Or,n (V) Ha

F e ] e ) RPN " y VAR b3 B A g ]
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T,(N) 3a koja Fy(w) = T,(N)/Or,(V) wix mak Ha egHaksocTHATA
Teopuja Ha V), bufiejku <p,q>€ O, (V) ako 1 camo ako p ~ ¢ € o).
EneH npucran 3a omucot Ha crnoGoguute anre6pu e onpenenyBame Ha
nopmHOKecTBO Off T,(N) cocTaBeHO TOYHO Off IO efieH eeMeHT of cexoja
KJlaca Ha EKBUBAJICHTHOCT Ha O, (y) (V). EneMeHTHTe Ol TAKBO MHOXKECTBO
4eCTO Ce HapeKyBaaT pegyyupanu iepmu Wnu Hopmannu ¢opmu. Ce
obufrysaMe fa ompefieIdMe alIropuTaM Koj 3a CeKoj TEPM IO Ompefeysa
CIMHCTBEHUOT pENyUMpaH TEpM, €KBUBAJIEHTEH HAa Hero. AKO BaKOB
aJrOpuTaM MOCTOH, TOj BEMHAII BOOY KOH neduHMIMja HAa OomepanuUTe
Ha MHOXECTBOTO PEflylPaHd TE€PMH, [IPM KOH OBa MHOXKECTBO CTaHYBa
anre6pa uzoMopcdHa Ha Fy (w).

Toa e HanpaseHO 32 MHOryoGpa3MeTO CIymd BO METTHMOT e Ha

TPYHOT.

2.2 TIpo6nem Ha360pPOBH i APYTH NPOGIEMH Ha 0Ty IHBOCT

3a anreopure

Bo oBoj pmen ro pedummpame mpoGreMoT Ha 360pOBM, faBajKu mper-
XO[IHO HEKONKY HEONXONHM [e(PUMHUIMM BO BPCKa CO IPE3CHTALMUTE Ha
anre6pute. [leuHAMUTE HA TOMMUTE i TeopeMuTe ce cropen [22]. Ipu-
TOa, CeKafle Ke ' KOPMCTHME CIEHHBE O3HAKH. AKO J € CUTHATYpa Off THIT
p, A e anre6pa off T4l p 4 G € NOMHOXECTBO Off HOCUTENOT Ha A, €0 o' ke
ro 03HavyBaMe paHror Ha I U G (mpu onrta npetnocraska I NG = (), T.e.
Ha curHaTypaTa Cce A0faBaaT KaKoO HOBM KOHCTAHTHU (HYJapHH OIEpalyH)
enemeHTTe off G. Ilotoa, co A Ke ja o3HauyBame anrebpaTa Koja
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HacTaHyBa off A, fofaBajKu caMO YIITE OCHOBHH HyJIapHHU onepauuy of G.

Hedunumuja 22 Hexka R e MHOXECTBO UJCHTUTETH O€3 IIPOMCHIIUBH Off
THI o, Bo curatypa I U G. IloppeneHuor nap (G, R) e lipeseniiayuja op
Tun o' Bo curnatypa [ UG. EnHa npesenranyja (G, R) e koHeuHa aKo Gu

R ce KOHCYHH MHOXECTBA. A

Nedurumuja 23 Hexa © e MEHOXECTBO HACHTHTCTH O THIL o, VY = Mod(©)
u Heka (G, R) e mpe3eHTanyja Off THII p'. AnreGpa A Of THII p € lpe3eHIU-

pana ox (G, R) BO V, aKo BaXaT CICHUBE yIOBH.
(i) A=SHG);
(ZZ) Ag l': OURH

(135) 3a cekoj UICHTUTET 6e3 MPOMEHJIMBH p = ¢ Off THIl p,onAgcEpP=g
cnenyBa®@ UR E=p = g¢. A

3a egua anreGpa BelUME [IeKa € KOHEUHO UPE3EHUUPAna, aKo ¢
IPE3eHTHPaHa CO KOHCUHa pe3eHTanyja.

Anre6pa mpesentupana co (G, R) BO V € eQMHCTBEHA 10 U30MOP-
(puzam.

Hexa (G, R) e npe3enTauyja of THI ', © € MHOXECTBO MACHTUTETH
o THII p ¥ V e MHOryoGpasueTo iePMHUPAHO CO © U R. Torau pefyKTOT
o Tun p (OF CMrHATYpaTa OTCTPAHETH HyJIapHUTE Oncpanid Of G) Ha
cnobonHara anrebpa Fy(0) e anreOpa npe3eHTUpaHa co (G, R) BO V.

Nedummmuja 24 Hexa © e MHOXECTBO UACHTUTCTH Ofl THIL P, Y = Mod(0)
¥ A ¢ anre6pa KOHEYHO NMPE3CHTHPaHA CO (G, R) Bo V. [Ipobaemoii Ha

HR DB bl LU R ket e <]
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300posu 3a A Bo V mNpalllyBa anu MOCTOM alCOPUTaM KOj OIy4yBa 3a

IPOU3BOJNIEH UACHTUTET 6€3 IPOMEHIMBA P & ¢ OR TUIL o', fanu Ag = p = q.
A

AXKO BaKOB &JI[OPUTaM [IOCTOU BENMME fieKa IPOGIEMOT Ha 360pOBU

3a A e pewunus, UHAKY € Hepeuaus.

Hedumnmuja 25 Heka O e MHOXECTBO HICHTHTETH Of THI p 1 V =
Mod(0).

ITpoGaem na 36opoeu 3a V Ha Gipeo nuso (WP1) e npamamero
fland MOCTOH anropuTaM Koj ro permasa OpoGaeMoT Ha 360POBH 3a CUTE
KOHEYHO Ipe3eHTUpanu anreGpu Bo V.

IIpo6aem na 36opoeu 3a V na eiwiopo nuso (W P2) e npamameTo
flaJk 33 CEKOja KOHEWHO IPe3eHTUPaHa anreGpa A Bo V, IOCTOM allrOpHTaM

KOj ro pemraBa npoGaeMoT Ha 360poBu 3a A Bo V. A

JacHo e ieka peuTMBOCTa Ha IPOGIEMOT Ha 360POBH Ha IIPBO HHUBO,
3a HEKOE MHOryo0pasue, IOBIEKYBa PEILTHBOCT M HA BTOPO HHBO,

Kaxko mro Beke cmoMeHaBMe BO BOBEQOT, Mpef Pa3BHUTOKOT Ha
TEOpHjaTa Ha IPECMETIMBOCT MIOUMOT AT OPUTAMCKH HEPELLIHB IPoGiIeM,
I1a ¥ HEPEIUIUB PobaeM Ha 360poBM He Gui nosuar. Bo 1947 Mapkos u
Post fokaxaie fexa mpo6reMoT Ha 360POBH 3a ONYTPYIHTE € HEPEIIUIUB
(Ha BTOPO HUBO, a CO TOA U Ha NPBO). [I0KA30T HA TOA TBPELEHHE € JETANHO
pa3paboTeH BO BTOPHOT Henl Ha TPyaoT. Bo 1955 Boone u HoBukos
floKaxajne UCTO 3a MHoryoOpasmeTo rpym#, a Hutchinson u Lipshitz 3a
MO[ylapHUTE MPEXHU.

3a nperneq ja naBaMe ciegHapa Tabena (coper [22]).
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Hepeuutus W P1 Peumnus W P1
rpyna AGENOoBH rpynu
KBa3UIPYyIHd
[IPCTCHH KOMYTATHBHHM [IPCTCHU

HCaCOHHj ATUBHM MPCTCHU

HOJYrpynu KOMYTATUBHH [OJIyIPYIH

MOJy/IapHH MPEXHU MpEXHU

Bo TPyHOT HeMa fia ce 3afpXKyBaMe Ha OKAXyBAmbC HA CUTC pe3yiTaTd
HaBeleHH Bo OBoj mperier. KHTepecHO € KAaKO MOaBambCTO HA KOMY-
TATUBHUOT 3aKOH BJMjae HA PELUIHBOCTA HA MPOOJIEMOT HA 300pOBH,
H O3EMAambETO HA ACOUMjATHMBHUOT HCTO TaKA. Bo mociegHHOT pef Of
TabenaTa He € COfpXAHA HUKAKBAa KOHTpajukuuja. IIoCTOM KOHEHHO
Ipe3eHTHpaHa MOlyJlapHa MpeXa BO MHOI'YOOPa3ueTo MOfyJIapHU MPEXHA
CO HepexXIIHB Ipo6ieM Ha 360pPOBH Koja HE € KOHEHHO MPE3CHTHPAHa BO
MHOTYOOpa3HETO MPEXH.

Opyr mpobneM Ha OIy4HBOCT 32 anreOpuTe € TaKaHApe4CHHOT
fipo6nem Ha egHAKBOCTIHA eopuja K0j, copef Ac(bHUHUIEjaTa, € TECHO

ITOBP3aH CO MPOGIEMOT Ha 300POBH.

Hedummmuja 26 Heka V e moryobpasue anreGpd o Tan p. ITpobreM
Ha e HAKBOCTHA TEOpHja 3a V € MpOOJEMOT Ha OfY<IUBOCT HA ja3uKoT

Eq(V) ={p~q|VEp~q, p~ qcUACHTATET Off THI p} A

Heka © e MHOXECTBO HICHTHTETH Off THIL p M V € MHOTYoOpa3HeTo

gedunupano co ©. Heka A e anre6pa Ipe3eHTHPaHa CO (G,0) BO V,

b Gt ) 0 ] 0 e

SR
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Kafie G ¢ IpeOpOMBO MHOXECTBO Off (HOBH) KOHCTaHTH. JacHo, A He e
KOHEYHO IIPE3eHTUPaHa, HO aKo MPOGNEMOT Ha 360POBH ro fedHHUpaMe
3a A aHAJOrHO KaKo 3a KOHEYHO Ipe3eHTHpaHa anrebpa of V, Toraw
npoGieMoT Ha 360poBH 32 A BO )V € cKBHBAJICHTEH Ha npobieMoT Ha
OAJTy4HMBOCT Ha €THAKBOCTHATa Teopuja 3a V. Bunejku Baka feunupanara
anre6pa A e usomopHa co Fy(w), 4ecTo npo6ieMoT Ha eHAKBOCTHA
TeopHja 3a V ce HapeKyBa U lipob.aem Ha 360poeu 3a c060gHUTTe objexitiu
60 V.

Ha ce 3anpxume Ha BpCKUTE OMely POGIEMOT Ha 360POBH 3a EJHO
MHOryoOpasue ¥ IpoGIeMOT Ha eJHAKBOCTHA Teopdja. Bo omuT clly4aj
Off HEPEULTHBOCTA Ha IPOGIEMOT Ha 300POBH Ha IPBO WM HA BTOPO HHBO
3a MHOryoOpa3sHe V He ClieflyBa HEOIITyJMBOCT Ha eJHAKBOCTHATA TEOPHja
3a V. Ilpumep 3a oBa e MHOryoGpa3ueTo rpyma Bo koe WP1 u WP2
C€ HEPECLLTMBH, HO €JHAKBOCTHATA TEOPHja € OIIyYHMBa - MPENMUIIYBAYKH
cucteM Ha Knuth u Bendix HaBeneH Bo BOBEIOT.

Hcro Taka, BO OMWT Ciy4aj, HEONIYYMBOCT HA €THAKBOCTHATA
TEOPHja Ha HEKOe MHOTyoOpa3ue He IOBJeKyBa HEO[NIyYMBOCT Ha W P2
3a MCTOTO MHOryoOpa3ue, WITO M Ce 04eKyBa off AeHHUIHjaTa, bunejku
HEOMTy4YHBa eTHAKBOCTHA TeOpHUja 3HaYH fleKa MpoOJIeMOT Ha 300pPOBH €
HepellyB 3a Fy(w), Ho oBaa anre6pa He e KOHEYHO MPe3EHTHPaHa BO V.
3a Toa HeWTO MoBeKe BO MPO[[OKEHHE.

Ona wTo Baxu e fleKa peuntuBocT Ha W P1 3a afieso MHOTyoGpasue
[IOBIEKYBa OIYYMBOCT Ha €THAKBOCTHATa TEOPHja 3a HCTOTO. [[OKa3oT
Ha OBa TBPJIEHE € [OCTa CIOXEH, HCTHOT MOXKe fa ce Hajue Bo [22]. Osfe
flaBaMe CaMo IperJe] Ha HEKOU IOMMH M CBOjCTBa Off KOM HCTOTO ClIEyBa,
a KOH Ce MHTEPECHM U CaMH 110 cede.
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Hedumaumuja 27 Heka K e K1aca MOICIH HA jasuk ox opB pen L. Bemume
MeKa eaemenifiapHaiia weopuja Ha K € Oy4uBa ako € OVIyMBO MHO-
xecrBoro Th(K) = {¢| K = ¢, ¢ e dopmya BO jasukoT L}. A

JacHO, OFIYYUBOCT HA ENEMEHTapHATa TEOPHja MOBJIEKYBa O[Ty M-
BOCT HA eIHAKBOCTHATA TEOPH]ja 38 HEKOE MHOryoOpasue.

Axo V e MHOryoGpasue, Torau , Copej TeopemMara Ha Birkhoff,
Toa e Kjaca MOJed Ha MHOXeCTBO HICHTHTETA Ha ja3suK Of IPB Pef
CO PaBEHCTBO KOj HEMa NPEeUKATHH cumb0IH, Na, CIope] Toa, MOXe fia

3GopyBaMe 3a OT4MBOCT Ha eJleMEHTapHaTa Teopuja Ha V.

Medumumuja 28 AKO p; = Gi,- -+ Pn = qn, P X 4 CC UIEHTUTETH Of THIIL p
BO curHatypa I, Toram dopmyratapy X qiA ... APn R gn = PRY e

K6a3u-ugeniuides og wiuil p (Bo curaatypa I). A

Heka V e MHOryoGpasue of Tun p. BenuMe fexa apobaemoili HA KB8A3U-
ugenimiumieiiu Ha V € OJJy4MB aKO € OUIYIMBO MHOXCCTBOTO Q) =

{q| V k= ¢, ¢ € KBa3U-UCHTUTET O THIL p}-

Teopema 6 Hexa V e muoryoGpasue. IIpoGremMoT Ha KBa3H-UICHTATETA

3a V e exBuBaneHTeH co WP13a V. O

TBpremeTO HCKaXaHO €O MPeTXOHAaTa TEOpeMa € HHTEPECHO, Oupe-
jku co Toa MpoGIeMOT Ha 300pOBU Ha IPBO HUBO 33 HEKOC MHOryobpasue
IUPEKTHO Ce CBEyBa Ha IPOGJIEM Ha OJTYIMBOCT Ha OIPENIEHO MHOXECTBO.
HcTo Taka, Off OBa TBpPACHE CIEMyBa IeKa OIIyIUBOCT Ha W P1 3a Hekoe
MHOryoOpa3ue OBJIeKyBa OfNTyYMBOCT Ha €JHAKBOCTHA TEOpHja Ha UCTOTO,
6unejku K k= p ~ g ako u caMo0 ako K Epxp = PR

D S T S e T R R R R Ty T
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Ilocnepmma 2 3a cexoe MBOryo6pasue V HEOMIYy4UBOCT Ha W P1 uMIutu-

[Hpa HEO[TyYMBOCT Ha HE[OBATa eNIEMEHTADHA TEOPHa. O

Ke ce 3afipXKUME MalKy Ha TBPACHETO AeKa peuwidB W P2 He
IIOBJICKyBa PEWLTUBOCT HA WPl HUTY OIyYdBOCT HAa €JHAKBOCTHATA
TEOpHja Ha fafeHo MHoryoOpasue. IIpB npuMep Ha MHoOryob6pasme co
pewuiuB W P2 a Hepewuin W P1 ce Haofa BO JOKTOpCKA AUCepTanuja
Ha Wells, 1982, oGjaBen nogouma BO [31]. HasenenoTto MHOryo6pa-
3ue uma okony 340000 akcuomu H mpeGpomBa cHrHaTypa. ITopmouua,
BO [28] e o6jaBen pyr mpUMep Ha TaKBO MHOryoOpasue, IIOBTOPHO €O
npe6poKBa CHrHATYpa i rojieM 6poj akcuomu. Bo [OKTOPCKA JUcepTalHja
Ha D.Deli¢ u Bo [10] HaBefen e npuMep Ha MHOryoGpasue co 6apas-
OTO CBOJCTBO CO KOHEYHA CHTHATYPAa H KOHEYHO MHOXECTBO AKCHOMH
CO Aocra cioxeH obnuk. Bo Tpymosute Ha S. Crvenkovié, D. Delié,
I. Dolinka [3, 4, 5, 6, 7, 8] ce Haofaar mocra pe3yJaTaTd o OBOj THIL.
Hmeno, pagenn ce npuMepH Ha MHOryo6pasyja co KOHEYHa CHIHATYypa
(om Tum < 2,1,1,0 >,< 2,1,0 >,<2,1>,<2,0,0 >, < 2,0>mu<2>)
H PEKYP3UBHO MHOXECTBO aKCHOMH CO PeuLtMB W P2 a Heomiy4uBa efi-
HaKBOCTHa TeopHja. Cekako, HCTUTe Ce MPHMEPH HAa MHOTyoGpasuja co
pewnmuB W P2 u wepeuwtus W P1. To HaegyBame npumepoT of [8], KOj
e oGe[IHHYBa MIeUTe IPU BO KOHCTPYHPAIETO HA CHTE OBHE IPHUMEDH U €
Haje[HOCTABEH.

Hpumep 1 ([8])
Hexa V e MHoryo6pasue co egua GuHapHa omepanmja -, Koe €

neUHEMPAHO CO CIIETHUBE HIEHTUTETH:

(¢-y)~z-(y-2), 2 ym~dd y 2*n 2,
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2
ryzzz &~ T, 2iyT & 10, Tyz’ & 2

x-y%-yg---y;(n)xxx”s, n€e€N

xage ¢ : N — N e pexyp3uBHa (PyHKIHja T.I1 MHOXeCTBOTO {§(n) | n € N}
€ HepeKyp3uBHO. Toram Y uma peuvtus W P2, a HeO[yYHBa €JHAKBOCTHA

TeopHja.

2.3  Pesyararu Ha Evans 3a O[U1y1HBOCT Ha W P1

Bo 0B0j ieJ ce 3afpKyBaMe Ha HEKOJIKY TEOpCMH Ha Evans ([13, 14, 15,16])
KOHM NABAAT GUTHM KPUTEPUYMH 32 PEITMBOCT HA IPOOIEMOT Ha 300pOBH
Ha [PBO HMBO 33 NMPOM3BOJHO MHOryoGpasue AeMHMPAHO CO KOHCHHO
MHOXKECTBO aKCUHOMH.

Hexa V e KOHEYHO fe(HHUPAHO MHOryoGpasue ainreGpu off THIl p.

Co V, ro 03HagyBaMe MHOryoGpPa3HETO Off CHTE anre6pH Off THII p.

Hedumumuja 29 Hexa P e MHOXeCTBO. [JeaymHa oiiepayuja Ha P €O paHr
r e mpeciukyBame f : D — P,xage D C P" e gomen Ha f.

Hexa I € MHIEKCHO MHOXECTBO Off THI p. [eaymHa WIH HEKOM-
fineiwina V, - anre6pa e tpojka P =< P, F,S >, xafie P € MHOXECTBO,
F e MHOXKECTBO JIEIyMHH ONEPAIUH - HHTEPIPETALMK HA ONCPALUCKHATE
cuM6omu of I, u S e hamMmiuja MHOKECTBa, MHEKCHpaHa co I, T.e. So €

OMEHOT Ha fieTyMHaTa onepanuja Q¥ € F. A

Medumumuja 30 Jeaymua WK HeKOMILIEUHRA V-anre6pa e fAelyMHa V,-
anrebpa P =< P, F, S > 3a KOja BaXu:

(1) Kora HAeHTUTETUTE HA Y ce mpuMeHIHBH Ha P, Tue ce 3al0BOJICHU

A e e e e TR A R AR U RG] T AR T U A
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BO P, OfHOCHO, 8KO0 p ~ ¢ € MACHTUTET off V, Kaje p = p(T1,. ., Zn),q =
q(z1,...,2,) ¥ ay,...,a, C& EIEMEHTH of P 3a KoH [EJIyMHHUTE OII-
€pauu 03BOJNYBaaT fia Ce MPECMETaaT BPEAHOCTHTE Ha p’(ay,...,ay,)
uq¢”(ar,. .., an), TOram pP(ay, . .., a,) = ¢%(ay, ..., an).

(2) [Henymumure onepauuu Ha P u ugeHTdTeTHTE Ha V HE H03BOJIYBaaT
3rOJIEMYBakb¢ Ha IOMEHOT Ha [IENyMHHUTE OIEPAL|H, OHOCHO, ako p & ¢

¢ MACHTHTET BO V Kafe p = p(z1,...,%n),q = ¢(21,...,Z,) H, OF Apyra
crpaHa, ¢ = Q(r1,...,mm), @ € I, r; cC TEDMU H ay,. ..a, CE EIEMEHTH Off
P 3a xou ce e uHUpany BpeHocTHTE Ha p* (a1, ..., a,) U rf(ay,. . ., a,),
3al <i<m,roramu Q(rf(ay,...,a,),...,72(ay,. .., a,)) uMa gecdbunn-
paHa BpeuocT Bo P u Baxu QF(rf(ay,...,as),...,m2(ay,...,an)) =
pFlay,...,a,). A

Hedumnmuja 31 Ennxa npenymua V-anre6pa P =< P, F,S > e cmecitiausa
BOo V-aireGpa A ako mocTod HHjeKigja f : P — A Taka mITO, 33 CEKO]
onepauucku cum6oi @ o curuatypara Ha P, f o QF = Q4|f(Sg). A

Bupejku cexoram Moxe fa paGoTHMe co MUHMMANHAaTa Hofaire6pa
op V-anreGpa A BO KOja ce cMecTyBa fielyMHa V aireGpa P, Ge3 rybeme
ONIITOCT MOXe fla CMETaMe fieKa A e reHepupana of f(P), a u feka e

resepdpasna of P.

Jlema 1 HekaP epenymua V-anre6pa. Heka A e V anre6pa npe3eHTHpana
co (P,R), xage R = {Q*(ai,,...,a,) = a] p(Q) = r,< a,...,a; >€
S¢,Q"(ai,...,a;,) = a;}. Toram ako mocrom cMecTyBame Ha P Bo V-
anrepa, MOCTOM cMecCTyBakme Ha P Bo A u cekoja V-anreGpa Bo Koja P
MOXeE [1a C& CMECTH € XOMOMop(Ha Cliuka Ha A.
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Iokaz Heka B e npoussonsa V-anreOpa BO Koja ce cMmecrysa P.
Umame B = T,(P)/8 u A = T,(P)/a xage «, ce COOIBETHA KOHIDY-
extm B0 Con7,(P), Ipd MWTO o € FeHepHpaHa Off MACHTHTETUTE Ha 1%
u necpunupaukute peranuu of R. Of HHjeKTHBHOCTA Ha CMECTYBabETO
i#j = i/ #j/83a1,j € P. Iloroa a C § on nedunupaqxure
paBeHcTa Ha A ¥ of Toa WTO P e cMecTeHa Bo B. IIpecnuxkyBameTO
¢ : T,(P)/a — T,(P)/B onpeneneno co ¢(u/a) = u/f e xomomMoppusam
ox A Bo B. ITpecnuxyBamweTo i — i/a € cMecTyBare Ha P B0 A. FIMeHO, 32

cexoja nenyMHa omepangja @F Ha P o paHT 7 ¥ ceK0j < 4y,...,% >€ S
umame QF(iy,...,i,) = s = s/a = QUi /a, ... i /a) Hij/a = j/a
noBJekyBa i/ = j/B on Xage 1 = j. O

Hedpuaumuja 32 V-anreGpa A Of TUII p H HHAEKCHO MHOXECTBO I, npeses-
tupana co (G, R),G = {ai| 1 € J}, € gedpunupana co 3atii6oper cuciiem og
peaayuu axko:

(1) Cekoja penargja ox R e o 00Uk Q4(ai, - - .,ai,) = ag, Kage @) €
orepamycKu cuMO0JI CO PaHr 7.

(2) Cucremor P =< G, Fr, St >, xape < aiy, ..., ai, >€ S aKO M €aMO
axo QA(ai,,...,a:,) ~ @ € R utoramr Q% (ai,,...,q:) = a, € AelAyMHa
V-anreGpa. (ITputoa P € geaymna anZebpa coogsedina na A.) A

Jlema2 Hexka V e MHOryo6pasde cO CBOjCTBOTO fieKa CE€KOja [elyMHa
V-anre6pa MOXe ia ce cMecTH BO V-anre6pa. AKo A e V-anreOpa Ipeses-
tpana co (G, R), xage R e 3aTBOPEH CHUCTEM [C(PUHUPAYKU pEJaluH,
TOrall HUETHH [Ba TEHEPATOPHU eJEMEHTH Off G HE ce eKBUBAJICHTHU BO
A.

T B T L s S A e e e e e TR TR R R AT R T 2 R RE o A R ]
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HMoxkas Heka A e gecunupana co 3aTBopeH CHCTEM Ne(PHHUPAYIKH PETaLyiH.
Toramr A = 7,(G)/o. Heka P e genymuara V-anreGpa coofseTHa Ha A.
Og Jlema 1 mpecmukyBameTo i — i/a,i € G, e cMecTyBake Ha P Bo A.
TBpuemeTo ciiefyBa o MHjeKTHBHOCTA. O

Teopema 7 Hexka V e KoneuHo fepuHupano MHOIyoGpasue anreGpu co
CBOJCTBOTO [ieKa ceKoja (KOHeuHa) ielyMHa V-anre6pa MoxKe [ja ce CMeCTH
BO V-anrebpa. Toram W P1 e pewuus 3a V.

Hoka3 Hexka V e mHOryoGpa3sue cO CBOJCTBOTO fieKa cexoja JenyMHa
V-anrebpa Moxe fa ce cMeCTH BO V-anreGpa 1 Heka A e KOHEYHO Mpe3eH-
TApaHa V anre6pa co npesentamgja (G4, R). JacHo, A = T,(G4)/ o xape
a € ConT,(G 4) ¥ o € reHepHpaHa OFf HACHTUTETHTE Ha ) U feDHHUpPaYKuTE
penanuu o R. Hexka u,v € 7,(G4). Ke KOHCTpyHpame V-ainre6pa B
fedUHUpaHa cO 3aTBOPEH CHCTeM Ae(pMHMpAYKH pelamuu T.. B & A,
AureGpara B ke uma npeseHtangja (Gp,Cp) Te. B & T,(Gg)/0 xane
p € ConT,(Gg),3 e renepupana of Cp. IIpuTOa NIpPH COOABETHHOT
u3oMopdusam u/a 1 v/ ke COOIBETCTBYBaAT Ha g;/ 3 g3 /3, COOBETHO,
3a HEKOH FEHEPATOPH g1, g2 € G g. Toram off Jlema 2 u off u30MOPPU3IMOT
ce lo6uBa g; = g; aKO M €aMo aKko u/a = v/a. G u Cy ' KOHCTPYHpaMe
Ha cnefHroB HayuH. Co HHIYKIMja OO CIOXKEHOCT Ha TEPMH, Ie(PHHAPaMe
npeciukyBawe P : T,(G4) — B(T,(G4)) co:

P(t) = { {t} tEGA
{tyUP(t)U...UP(t) t=Q(t,...,t)



32 [nasa 2.

Heka R={l;~nli=1,...,q} &

q q

X = P(u) U P(v) U ((JPW) U (JPr))

=1 i=1

X e KOHEYHO MHOXKECTBO M Heka |X| = n, a Gp = {bi,...,bn}
e mEOXecTBO T.oL. Gy N X = 0 ub: X — G’ e Guexuuja, mpH Koja
b, = b(u), by = b(v). CraBame
Rp = {Q(biy, ..., bi,) = by| b = B(Qtiys .- 1))y b(t,) = by, §=1,...,7}

U {by = by|bs = b(l:), b = b(r;),l; ;i € R}.

Toraw anreGpata B mpe3cHTHpaHa €O (G, Rg) e u30MOpdHa €O
A. Umero, B 2 7,(Gp)/B,3a B € ConT,(Gp), Kafe ( € reHepHpana Of
HICHTUTETHTE Ha V U AcUHUPAYKUTE peslaluu Off Rp. [IpecnukyBambeTO
z/a - b(z)/0 3a cexoj x € Tp(Ga) Kane b(z) =b(z)3az e Xub(z)=
QTCR (H(2,),...,b(t)) akoz ¢ X,z = Q64 (ty,..., ;) e u3OMOpPHU3aM
ox A Bo B. [la 3a6eexxuMe leKa MOXKe [la CMETaMe IEKa G4 C X ogacnoekT
Ha mpo6eMOT Ha 300pOBY, Gunejku A = u ~ v aKo i CaMO aKO u X v €
BUCTHHMT BO aire6para mpe3eHTHpaHa co (G, R) kafge Gy = G4 N X, a
CO TOa ¥ FOPHOTO MPECIHKYBatbe € J00PO AeHHMPAHO.

Co mocTanKara HaBeeHa BO IPONOIKeHue off G'p 1 Rp popmupame
Gp C Gz 4 3aTBOPEH CHCTEM neuHUpaYKd pesanuu Cp Taka WTO
(Gp,Cp) € NOBTOPHO npesenTanyja Ha B. [Tocrankara ce COCTOX on:

I. OrcrpanyBas-e reH€pPaTOpH 4 peIanu. AKO b, ~ b; e nepuHHpadka
penaudja opu s < ¢, HCTara ja oTCTpaHyBaMe O MHOXECTBOTO
ne(MHUPadKy PeNaly, FO OTCTPaHyBaMe b; OJf MHOXECTBOTO I'eHE-
PaTOpH ¥ BO CHTE OCTaHaTH PeJIaliu CEKOe nojaByBame Ha by ro

T T S s en 5§40 140 bt 54 RO
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3aMeHyBaMe Co b;.
I1. Nonasame penamun. [Tocrojat Tpu crygan:

1. Axomocrojar gBe penauuu Q; (b;,, . . b)) R b mQu(byy, ..., b)) &
b; Opu s # t, fopaBaMe penaugja b, = b,.

2. Axo 3a HEKOja 3aMeHa HA FEHEPaTOPH Ha MECTO Ha [IPOMEHIUBU
BO aKCHOMa p & q off V Ha fiBaTa fo6ueHu 360pa (1€Ba U KecHa
CTpaHa) MOXe fia UM Ce [OMIeNH BPERHOCT b, i b, COOXBETHO MK

s # t, fogaBaMe penaugja b, ~ b,.

3. Ako p & ¢ e akcuoma Ha V Kage ¢ = Q(q1,...,¢-) 4 aKo 3a
HEKOja 3aMEHa Ha FeHepaTOpPH Ha MECTO Ha [IPOMEHIIUBU BO p
MOXE fia c€ Jofend BPegHOCT b,, @ BO ¢p,..., ¢, MOXE [1a ce
[OieIaT COONBETHO BPERHOCTH by, ..., b; HopmaBaMe penauuja
Q(biy, ..., b,) ~ b,

IToTpeGen 1 HOBOMEH YCIIOB 3a €MHO MHOXKECTBO NePUHUPAYKH penalyy
fla IPETCTaByBa 3aTBOPEH CUCTEM € MpUMeHaTa Ha [. 4 I]. na He ro MeHysa.

I'm npumenysame I. u II. Ha resepaTopuTe u feHHHpaYKUTE
penauun Ha B. Ona mro ce goGuBa co npuMmena Ha [. unu /7. nos-
TOPHO € mpeseHTaudja Ha B. Mcro Taka B e KOHEYHO Ipe3eHTHpaHa
na 1o KoHeyeH 0poj 4eKopu ce fo6HBa KOHEYHa Mpe3eHTauuja Ha B co
3aTBOPEH CHCTeM flepuHMpayku penanud. KIMeHo, co I. ce mamanysa
Opojor Ha reHeparopd ¥ fedHHMpayKky penauu, [11 HaMalyBa [eHepa-
TOPHU U e(PUHMPAYKU PeNalyy DpH CIefHa npuMena Ha I. Bupejku V e
NEDUHUPAHO CO KOHEYHO MOXKECTBO HICHTUTETH cO 1121 113 €BEHTYalIHO
CE MofaBaaT KOHEYHO MHOT'Y HOBHU penauuu. ITo KoHe4uHa mocieqoBaTenHa
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npumeHa Ha [ i I ce gobuBa HEKOE MHOXKECTBO neUHUPAYKH pejlaiuu
BO KOM HEMa peJiauuu Off OOMHK b, = by, s # & Toraw Beke co [ u I] He
ce O6MBA HUIITO HOBO U fehMHUPAUYKUTE peanun GopMupaaT 3aTBOPEH
cuctem. OCTaHATOTO MHOXKECTBO FEHEpPATOPH ro o3HadyBaMe CO Gpg, a
MHOKECTBOTO ferHupadKky pesanuu co Cp.

Cropen NpeTXOAHO HAllpaBeHaTa MUCKycHja, Ouie]KH reHepaTopoT
b, ceKoram OCTaHyBa BO MHOXECTBOTO [EHEPATOpH, ako by ¢ Gp Torau

A E u = v, HHaKY u 4 v HE CC CKBHBAJICHTHHU BO A U

Co mpuMeHa Ha OBaa TeopeMa ce [o0HBa PEILIHBOCT Ha WP1 3a
MHOTrY MHOryoOpa3suja anreOpH, Kako WTo Ce MHOI'yoOpa3ueTo Jymd Of
an < 2,2,2 > (G.E. Bates, G. Birkhoff) u MHOryoGpasneTo Mpexy -
xako mocienuua of teopema Ha G. Birkhoff cmopen koja cexoe aeyMHO
IOAPENEHO MHOXECTBO MOXE [la C& CMECTH BO MpeXa Taka WITO CHTE
WHGUMYMH H CyIPEMyMH BO IOAPECHOTO MHOXECTBO CE 3alaseHd BO
Mpexara. Bo 4ETBPTHOT AeJ Ha TPYMOT, KOPHCTE]KH ja IIPETXOAHATA
TeopeMa Ha Evans, foKaXyBaMe fieKa IpoGIeMOT Ha 360pOBH € pELIIHB

3a MHOIyo6pa3neTo CIymd of THII < 2,0 >.

Nedumunuja 33 [Ipobaemoiti Ha cmeciiilysarse € DEILUIAB 32 MHOryoOpasue
V aKo € OfIy4HBO Ay CeKoja KOHedHa fielyMHa V-anreopa MOXe fia ce

cMecTH Bo V-anrebpa. A

Teopema 8 IIpoGaEMOT Ha CMECTYBakE € PELUIHB 32 KOHETHO neduHH-
pano MHoryo6pasue V ako i caMo ako W P1 e pellluB 3a V.

Noka3z Heka W P1 e peuutus 3a V 1 HeKa P e KOHEYHa I€lyMHa V-anrebpa.

On Jlema 1 axo mocToM cMecTyBatbe Ha P BO Hekoja V-anre0pa, MocTou
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cMecTyBamwe Ha P Bo 7,(P)/a Kage o e KoHrpyeHnujaTa Ha T,(P) reuep-
upaHa Of AeUHHUPAYKM PABEHCTBA KOM COOBETCTBYBAAT HA EJNYMHHUTE
onepauyu off P u unentuterure og V. Ilpuroa, T,(P)/a H30MOp(HO ja
CORpXH P ako u camo ako z/a # y/a3az,y € P,z # y. Suaum, bunejku
[I0 MPETMOCTBKA 3a POM3BONHM ABa 300pa u,v € T, MOXe [la YTBpHEME
famy uow, MOXE fa yTBpPUME U faiu P MoXe na ce cMecTH.

OG6patHo, Heka IPOGIEMOT HA CMECTYBAE € peuutus 3a V. Heka A
€ KOHEYHO npe3enTUpana Bo V co (G, R). Hekaw, v € 7,(G) ce mpou3soiuu
nBa 30opa. CakaMe fa yTBPIEME HaNH uqy Kafe o € KOHIPYEHIMjaTa Ha
7.(G) resepupana of UCHTHTETUTE HA V U MepUHUPAIKATE PABEHCTBA
of R. BpluumMe KOHCTPYKUHja, KOPUCTEJKH I'M MCTHTE O3HAKH, KAKO BO
nokasoT Ha Teopema 7. Taxa, KOHCTpyHpaMe KOHEYHO [IPE3EHTUpaHa
V-anre6pa B co mpeseHTanuja (Gg,Cp), xane Cp ¢ 3aTBOPEH CHCTEM
AePUHUPAYKA pENaUyd, Koja ¢ H30MOpdHA Ha A M, IIPH COOIBETHHOT
u3oMopdusaM, u/a U v/a COOmBETCTBYBaaT Ha KiIacd Ha reHepaTopH
of B. Hexa P e mgenymuata anre6pa coofBeTHa Ha B (BakBa mocTom
Gupejku B e feduHMpana co 3aTBOPEH CHCTEM fedunupayky penauun).Bo
KOHCTpyKIMjara Ha B MoXe fa ce ciy4d u/c ¥ v/a §a cOOBETCTBYBaaT
Ha €[lHa Kiaca Ha KOHIDyeHUMjaTa [ ¥ BO OBOj CIIy4aj € jacHo feKa uauv.
Hexka u/a coopeTcTByBa Ha Knacata Ha by, a v /o Ha KnacaTta Ha by, Kafe
b1,by € Gp,by # by. OnJlema 2, axo P Moxe 1a ce CMECTH BO V-anre6pa,
TOraum b, 4 b, He ce eKBUBAJEHTHY Bo B, 11a 4 U v He ce eKBHBAJICHTHYU BO
A.

OcranyBa ywre ciy4ajor kora P He MoXe 1a ce cMeCTH Bo V-
anre6pa. Toraw HeKou Off reHEpaTOPUTE Ha B ce eKBUBAICHTHH BO OfHOC
Ha (3. 3a fa yTBpAUME fanu b; ¥ by ce EKBUBANCHTHH, BO IDOIOJIKEHHUE KE
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KOHCTpyHpaMe XOMOMOp(HH ClIMKM Ha B Ha pa3nMyHU HAYMHH, HO CEKO-
raw b, ¥ by TH OCTAaBaMe PA3IMYHU. AKO FeHEPATOPUTE U Ae(DUHAPAYKHUTE
peramnuy off OBHE XOMOMOD(HH CIMKM COOBETCTBYBaaT Ha feyMHa V-
anreGpa Koja MOXE fia C& CMeCTH, Torau b, ¥ by, OMEjKHM HE CE CKBUBa-
JEHTHY BO COOBETHATa XOMOMOp(Ha ClIUKA, HE CE EKBHBAJICHTHH HU BO
B.

MMeHO, HeKa € afeHa IPOM3BOJIHA NapTHIHja Ha FEHEPATOPUTE Ha
B,Gp = G5 U...UGY%. Hexa B' e V-anre6pa co IIpe3eHTanyja

(GB, CpU {bi ~ b]](Elk € {1, ceey S}bi, b; € G’fg )

Ha ucT Ha4ydH Kako BO [OKa3oT Ha Teopema 7 3a B’ poGusame
3aTBOpeH cucTeM feunupayku papeHcTsa C'g, T.. B e npe3eHTHpaHa co
(G'g, C%). JacHo, Bo G’y ce HaOf'a HajMHOIY IO €fleH [EHEPATOP O CeKOoja
op xnacute Gj,...,G%. BcymHOCT Ke ¥Ma TOYHO HO EEH Off ceKoja
Knaca (OHOj CO HajMall HHAEKC) KOra CeKoja Kiaca off IapTHIHjaTa COfpKH
eKBUBAJICHTHM FeHEPATOPH Off B U HUE[HH [[Ba FEHEPATOPH Off Pa3IU4YHH
KJIaCH He ce eKBUBaneHTHH Bo B. (Bo 0B0j ciy4aj B i B’ ce u30MOpdHH.)

AXO 7 € e[[Ha IapTHIHja Ha reHepaTopuTe Ha B, Toraw V anre6para
B’ ce HapeKyBa w-xoMoMop¢Ha ciuka Ha B. Ilpurtoa BaxXu CIEAHOTO
TBpACHE.

Ako B e V anre6pa resepupatna og Gg = {bi,...,bn} u nedunu-
paHa CO 3aTBOpEH cucTeM fe(DMHHPAyKM pelauuy T. W. b 4 by He
ce eKBHBAJEHTHM BO B, Toram mocrod m - xomomopdHa ciuka B' Ha
B Koja r4 cogpxu b; U by Mely CBOMTE HEEKBUBAJICHTHU [CHEPATOPH U
COOfIBETHATAa ielyMHa anreGpa MOXe f1a e CMECTH.

HagucTiHa, HeKa 7 € naprauujata Ha Gp onpefeneHa co § opd

KOja [Ba reHepaTopHU €€ BO HCTa KJjacCa aKO H CaMO aKoO C¢ €KBHBAJICHTHU
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Bo B. Ilapruumjata mMa Gapem mse knacu (b; u by mo [IpEeTIOCTaBKa
ce HeeKBuBaNeHTHH). Heka B’ e 7 - xoMomopduara ciuka ma B co
npesenramyja (G, Cp). Ha Hea u ogrosapa xourpyenmyja 5/ T.ur. B &
T,(G)/ 6. Toraw HuenHU ABa reHepaTOpPH Ha B’ He ce eKBHBAJIEHTHH BO
OffHOC Ha (', 1a COOf[BETHATa JeyMHa V-anreGpa P’ mro ogrosapa Ha B/
MOXKE fia Ce CMECTH.

3Ha4y, METOJOT 3a OlpenesyBame Naju TeHepaTOpUTe b, U b, Ha
B ce eXBHBaJICHTHH € CNCJHUOT: M pa3refyBaMe CHUTE [ApTHIUH Ha
reeepatopure Ha B. Baksu uma xomeuno muory. ITo mpeTmocraska
OAJIy4HBO € fland AelyMHa V-aareGpa MOXe fla Ce CMECTH, la MOXe Jja
TH HajlEME CHTE 7 - XOMOMOP(HH CIMKK Ha B xowu COO[BETCTBYBAaT Ha
ACIYMHH alreOpu KOH MOXAT fla Ce CMECTaT. AKO BO CHTE HUB by U by ce

CKBHBAJICHTHH, TOT'alll THE CE€ EKBUBAJICHTHH U BO B, HHAaKY He ce. Od

Enes MOXEH Ha4H 3a OJTyqyBake Ha IPOONEMOT Ha CMECTYBAbe
3a MHOryoOpasue V e ja ce Jokaxe leKa aKo KOHe4Ha JelyMHa anre6pa
MOKe fja €& CMECTH, TOTalll Taa MOXKe [1a C& CMECTH BO KOHE4Ha V-anre6pa
¥ fa ce nobue HeKakBa OLCHKA 3a rofieMUHaTa Ha V-aireGparta Koja ja

COMPXH. 3a XaJ, MHOTY MHOTYoGpa3uja ro HeMaaT 0Ba CBOjCTBO.

Hedumamuja 34 Enua anre6pa A e peaugyasno KoHeuHa ako 3a CeKOH
T # y € A, nocrou xoMoMophu3aM h og A BO KOHEYHA anrebpa nopu Koj
h(z) # h(y). A

Heduanmaja 35 Epsa V-anre6pa A uma CBOJCTBO HA KOHEUHO cmeciuy-
6arbe aKO CeKOja KOHeYHa lellyMHa V-anre6pa, cofpxaHa Bo A, MOXe fa
Ce CMECTH BO KOHeYHa V-aire6pa.
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Enxo MHOryoOpasue V uMa CBOJCTBO Ha KOHEHHO CMECULy8atbe ako
cexoja KOHEYHa IeTyMHa V-anre6pa, KOja MOXE J1a CE CMECTH, MOXE [1a ce

CMECTH BO KOHeuHa V-anrebpa. JAN

Caojcrso 10 MeuoryoGpasue V uMa CBOJCTBO HA KOHEYHO CMECTYBarbC

aKO CeKOja KOHEYHO reHepHpana anrebpa of V ro uMa UCTOTO CBOJCTBO.

Ookas Hexa V e MHOryobpasue BO KO€ ceKoja KOHEYHO IEHEpHPaHa
anreGpa MMa CBOjCTBO Ha KOHEUHO cMecTyBame ¥ Heka P € KoHEHHa
nenymHa V-anre6pa KOja MOXE Jla C& CMECTH. Heka A e V-anrebparta BO
Koja ce cmectyBa P O Jlema 1. AnreGpaTa A ja CONpXU P usoMOpdHO
U ¢ KOHCYHO reHEpUpaHa, Ma [0 NpeTmocTaska P MoXe KOHEYHO fa CC

cMecTr. JoOuBaMme fieka V uMa CBOJCTBO HA KOHEYHO CMECTYBAME. O

Teopema 9 KoHEYHO IPE3CHTUPAHUTE anre6pH Off KOHEYHO nepUHUPaAHO
MHOTyoOpasue V ce pe3uyalHo KOHEUHH aKO U CAMO aKo V HMa CBOJCTBO

Ha KOHEYHO CMECTYBAC.

Noxkaz Heka KOHEYHO IIPE3CHTUPAHATE anrebpu Ha V ce pe3ufyalHo
koueuynu. Heka A € KOHCYHO pe3eHTUPaHa anre6pa Ha V. 3Ha4H Ae
pe3ufyaHO KOHECYHA. Hexa P e xoHeYHa JI€IyMHA V-anrebpa cogpxKaHa
so A. 3a cekoj nap z,y € P,z # y, HEKA gy © xomomopduzam ol A
BO KoHeuHa V-anrebpa Ay T.UL g y(T) # Czy(Y)- [TpeciuKyBameTo
h: A — TIA,, Koe ro npeciukysa cekoj a € A BO €JIEMCHT Ol A,
cO KOMIOHEHTA 0y y(a) BO Agy © xomomopdu3aM KOj € MHJCKTHBCH Ha
P. MuoXecTBOTO [1A;, € KOHEYHO, 1a 3Ha4H P e cMeCTeHa BO KOHEUHA

V-anre6pa u, of Ceojciiso 10, V uMa CBOjCTBO Ha KOHEYHO CMECTYBamEC.
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i

O6parHo, Heka V uMa CBOjCTBO Ha KOHEYHO CMECTYBambe M HeKa
T # y Ce [jBa ENEMEHTH Off KOHEYHO Mpe3eHTHpaHa anrebpa A Bo V.
Hexka B e anreGpara u3oMop¢Ha Ha A IPE3EHTHPAHA CO 3aTBOPEH CUCTEM
fedHHAPaYKH pellaluy ¥ KOHCTPYMPaHa Kako BO JOKA30T Ha Teopema
7. Ilpu coopBeTHHOT H30oMOpdU3aM Ha T U ¥ COOJIBETCTBYBAaT Pa3ju4H{
renepatophu eneMeHTd off B. Heka P e xoneysara flerymHa anre6pa
coonBeTHa Ha B. Ilo npernocraska mocrou koHeyHa anre6pa C Bo koja
ce cMectyBa P. Of Jlema I, C e xoMomopHa cimka Ha A u Opu OBOj
XoMoMopdu3aM z M y Ce IPECTUKYBaaT BO Pa3idyHd eleMeHTH of C

(Cunejku P e cMecreHa Bo C). 3Hauu, A e pe3uyaiHo KOHEYHa. O

Teopema 10 Axo KOHEYHO pe3eHTHPaHa anre6pa A O KOHEYHO nepuru-
paHO MHOryoGpasue V e pe3uiyanHO KOHEYHa (WIM MMa CBOjCTBO Ha
KOHEYHO CMECTYBakbE), TOTalll POOIeMOT Ha 3GOPOBH € PElILIMB 3a A.

Mokaz Heka A e KOHEe4HO mpe3eHTHpaHa V-anre6pa co [Ipe3eHTangja
(G, R). Ilo mpermocraBka A e pesufyanHo KoHeuHa. Heka u,v € T,(G).
AXO u 4 v He ce eKBHUBAJIEHTHY BO A, TOramI OCTOH KOHEYHa XxoMoMop¢Ha
CldKa Ha A mpu HekOj xomomopdusam £ Bo xoja h(u) # h(v). Moxeme
fia ru Habpoume CUTE KOHEYHH anre6pu B o MHOryoGpasueTo V reHep-
HpaHu co G BO KOHM Ce 3a[[OBONEHH AePUHUpAYKUTe penauud of R u ma
nposepyBame fanu u® = vP. Axo u® = v? 3a cexoja BaxBa anre6pa B,
TOTall 4 K v CE €KBUBAJECHTHA BO A, HHAKY HE Ce.

On npyra crpana, ako u 4 v Ce eKBHBaJIeHTHH BO A, Toram A R =
u X v MOXE [1a Ce [JOKaxe BO eJleMEHTapHarTa Teopuja Ha V. Moxe na ru
HaOpojyBaMe 1 CHTe MOCHeNUIH Off fe(PUHUPaYKUTE peanuy Ha A.. SHauwy,
aKko u &~ v BO A, TakBa ¢opMmyJa Ke ce [10jaBd BO HALIETO HAGPOjyBabe.
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Co HaW3MEHMYHO HAOpOjyBame Ha KOHEYHHTE V-aireOpu M BUC-
TrHUTHTE V OPMYJIH HEKOralll Ke YTBPIMME K 1 ¢ CKBUBAJICHTCH CO U

WK He, T.e. MPOOIeMOT Ha 300POBH € PELIIHB 32 A. )

Hocremma 3 Axo V ¢ KoHeYHO fedMHUpaHO MHOIyOOpasue €O CBOjCTBO
Ha KOHEYHO CMeCTyBambe, Toraut W P1 e peuwtus 3a V (T.e. mpobIEMOT Ha

CMECTYBakbe € OIIy4HB 32 V). O

[IpeTxofHATa TeOpPeMa IIOBTOPHO fjaBa YHH(OPMCEH METOJI 33 OATY-
YyBame PelLIMBOCT HA MPOGIEMOT Ha 300pOBH 3a AGenoBuTE TPYIH,
JYIHTE, MPEXHUTE, KBA3UIPYIIUTE, HO METOJIOT Ha PEIlaBabe Ha UCTHOT €

fanexky HeedUKaceH.

2.4 HepenumBoct Ha HPOGIEMOT Ha 360pOBH

Ha KpaTKo 1aBaMe OCBPT Ha [[OKaXXyBabeTO HA HEOMTY IMBOCT HA npobie-
MOT Ha 360poBH, ciopef [22]. [TocrojaT pa3Hu METOAH 32 KCTOTO, HO CHTE

THEe MOXe JJa Ce IIOJEJIAT BO ABE INIaBHHU I'PYIIH:

° HHpeKTHPI METORU, KOU 't KOPUCTAT PE3YITATUTC 3a HEOJIy4HUBOCT

OJf TEOpHjaTa Ha PECMETIUBOCT.

e VHIMpEKTHH METORH, KOM KOPUCTAT CMECTYBakbha U HHTEPIPETally

OJl HEKOKM OCHOBHH HEOJTYYHBH MHOIyoOpasuja.

Cekako, BTOPUTE Ce NOjaBUIE IO JOOUBAKETO HA PE3YNTATH Off NPBUTC,
OJHOCHO [0 GMTHUTE PE3YJITATH 32 HEOIYUHBOCT JOOHEHH BO TEOPHjaTa
3a MPEeCMETIMBOCT. BO TPETHOT [iel ce 3afpXyBame Ha TeopyjaTa Ha

e LRI L e LSRR R R R ) B S AR LS L
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IIpECMETIUBOCT U Ha AUPEKTEH [J0Ka3 3a HapeuMBocT Ha W P2, a co Toa
1 W P1 3a MEOTYOGpa3®eTo MOMYrpyIIH.

CrojcrBo 11 Axo V, u V, ce xitacu ajre6pHu Of UCT THII TAaKBH IITO:
(Z) Vl g V2’
(#1) cexoja anre6pa off V, Moxe fa ce CMECTH BO HEeKOja anrebpa of V),

TOrall TCOPDHHMTE Ha KBa3U-UICHTUTETHA Ha KJIaCUTe V1 uV,ce IIOKJIOIIyBaar.

Hoxaz Op V; C Vj, nmame Q(V,) C Q(V,). Heka ¢ € QMVL), ¢ € Q).
3Haud, nocrou anreGpa A og V; T.m. A ¥ ¢. Op (i) nocrou anre6pa B
of Vi T A Moxe fAa ce cMectd Bo B. Ho, B = ¢ 4 ¢ e yHUBep3aNHa
¢opmyia, ma Mopa A |= ¢, IITO € KOHTpamuKIHja. SHaqH, QM) = Q).

0

IHocnepuma 4 Heka V), u V), ce kiacu anrebpu TakBH To V, C Vo | CeKoja
Vp-anrebpa MOXe J1a ce CMECTH BO HeKOja V;-anrebpa. Toram W P1 3a V,
€ eKBUBaJIeHTeH co WP13a )),. O

Taxa, ako V; € MHOryo6pa3ueTo noayrpyms u V, e Hekoe MHOrYO-
6pasue TakBo WITO Ki1acaTa Off HEKOM PENYKTH Ha anrebpu of V; ru 3ago-
BOJIyBa yCIIOBUTE Off IIPETXO[HATA IOCIENMIA, TOral V), UMa HEPELLIHB
WP1.

CneiaTa TeopeMa HCKaXyBa MOjaKo TBPHEHE Off IpeTxofHaTa
IoCIeNUIA, BO CIy4aj Kora V; € MHOryoGpas3ieTo IOMyrpyIm.

Teopema 11 ([9]) Heka V e mMHoryo6pasue of TaI p, co curHarypa [
KOja CONpXM GHHapHa acOUMjaTHBHA Ollepanyja . AKO CeKoja Ioxyrpyna
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MOXE [ja CE CMECTH BO * - PEAYKT Ha Hexoja anre6pa of V, roram WP2 e

HEpeILIUB 3a V.

Hokas Heka S e MHOryoGpa3HeTO Off CATE nonyrpynd. W P2 € HepeluB
sa S. Heka S e KOHeYHO NpE3CHTHPAHA MONYIpYIma, CO mpe3eHTanyja
(G, R), co HepelUIuB npo6nem Ha 36oposu. Heka © e MHOXECTBOTO
op cuTe AepMHUPAYKH HICHTUTCTH HA Y, te. V = ModO. Heka Y
e muoryoGpasue Bo cursarypa I UG T.U. Y = Mod(© U R) u Fy(0)
e coGomuaTa V anre6pa co MPa3HO MHOXECTBO [CHEPATOPH. Hexa A
e penykr Ha F;;(0) go curuarypa I. Ke mokaxeme feka A € KOHEYHO
Ipe3eHTHPaHa BO V €O HEPCLILIUB npo6ieM Ha 300pPOBH.

Cropen Jeguruyuja 23, A € Ipe3CHTApaHa €O (G, R) Bo V. Heka
MpeTnocTaBuMe feka A MMa PCULIHB mpoGireM Ha 300poBH T.€. [CKa
[IOCTOM ANrOpHTaM KOj 32 CeKOj HACHTUTCT U &~ v 6e3 MPOMEHJIUBH BO
curnarypa ] UG ofnydyBa faid Ag = u = v. Torau 64 UMaje anropuram
¥ 3a geHTHTeTHTe Oe3 MPOMCHIIMBY BO CUTHATypa {*} UG, na npo61eMoT
Ha 360poBH 3a S Ou OWJI PELLITHB. HMeHO, TOYHO € CIIE[IHOBO:!

3a cexoj MAEHTHTET u & U BO CUTHATYpa {x} UG Baxu:

S k= u ~ v aKo i caMo ako Ag = U X V.
HapucTuHa, Heka Ag = u =~ v. Toram Fy(0) Fu~ v, ma VEurv
u OUR = u ~ v. Heka npeTnocTaBUME [cKa S¢ ¥ u =~ v. Ilpu
IPETIOCTABKUTE Off TeOpeMara S MO3Ke ia Ce CMECTH BO Hekoja anreGpa B
on V. AKO COOIBETHUTE CJIEMEHTH Ha enementdTe of G C S rd O3HA4YUMeE
ycto u Bo B mmame Bg = © U Ru Bg f#F u~ v, ITO € KOHTpaHKIHja co
© UR & u ~ v. O6parHO, ako Sg = u =~ v, TOraum u & v € NoCIefUIa
Ofi acoUHjaTUBHOCTA U Of neuHUpaYKUTE pelaluK Ha R, HO Oupejku

aCOLMjaTUBHOCTA € IOCTEea1La O @, ce pobusa O U R = u =~ v, Off Kaje
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crenyBa Ag = u & v. a

AXO ce MMa OpeBHA HOKA30T Ha IPETXONHATa TEOPEMa jacHO €
[ieKa BaXX¥ BCYIIHOCT CJIEAHOTO TBPAEHE.

Teopema 12 Heka V e MHOryoGpasue off THII p, CO curharypa I Koja co-
ApxKu OMHApHa acoUMjaTHBHA ONeEpanyja *. AKO HEKOja KOHEYHO Mpe3eH-
THPaHa MOJYrpyIa CO HEPELUUTHB MPO6IEM Ha 360POBH MOXE [a CE CMECTH
BO * - PE[IyKT Ha HEKOja anre6pa on V, Toram W P2 e Hepenutus 3a V. U

Cenak, oBa mojako TBpHEHE NMOPETKO ce ymoTpebyBa, GHACjku
HEMa MHOI'Y MO3HATH MPHMEPH Ha KOHEYHO NPE3CHTHPAHU [OMYTPYIH CO
HEPELIHB MP0G6JeM Ha 360POBH U HCTUTE TEIIKO Ce KOHCTPYHpPaaT.

Crennara TeopeMa JaBa HEKOU YCJIOBH 3a CMECTYBalhe Ha eHa

anreGpa BO HEKO] PeMyKT Ha HEKOja anre6pa off APyro MHOryoGpasue.

Teopema 13 Hexka V), u V, ce MHOTyoGpa3uja O THII p; 4 p, M CHTHATYDH
I, u I, coopBeTHO, Taka urro Iy C I, u py = po|I;. Enna anre6pa A of V,
MOXe Jla Ce CMeCTH BO (HeKOj [; PeIyKT Ha) HeKoja anre6pa of Vs, ako u
CaMo aKO A v 3a[I0BOJTyBa CHTE KBa3U-UACHTUTETH BO CHTHATYpPa I; KOH ce
nocieuuy of e HEUPaYKUTE HAEHTHTETH Ha MHOTYO6pasueTo Vs. O

Mokasz Hexka ¢ : A — B e cMectyBame Ha A of V, BO (HeKOj I, PeyKT
Ha) HeKoja anre6pa B op V,. Toram , 6ugejku CEKO] KBa3U-HICHTHTET €
YHUBep3alHa (HopMyJia, A TH 3aJOBOJIyBa CHTE KBa3H-UACHTHTETH KOU TH
3afjoBoJyBa B.

O6parHo, Heka © € MHOXECTBOTO fiePMHUPAUKY HICHTUTETH Ha V,
¥ Diag(A) e MHOXECTBOTO Of CHTe aToMapHy OPMyJIH X HUBHH Heralldn
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Ha ja3uk I} U A KoM cC BUCTHHUTH BO A (1.e. Diag(A) e puarpaMoT Ha
A). Heka B ¢V, anare0pa, npe3eHTHpaHa €O (A4, Diag(A)). Ke moxaxeme
neka npeciuKysaweto ¢ @ A — B neunnparo co ¢(a) = a,a € A ¢
cmectyBame. On Ba | Diag(A) crefysa feka ¢ e xoMoMopdH3aM.
OcraHyBa fa ce A0KaxXe eKa & HHjeKTHBHO. Heka npeTrnocTaBUMe [[eKa

nocrojar a, b € A, T.IL
AjEa#bHOBaEFamb (1)

Op nocjiegHOBO H Of nepununujaTa Ha B, uMaMe Aeka OuU
Diag(A) F a = b. 3Hayy, OCTOjaT KOHEYHO MHOIY HACHTUTETH Uy enyin
na I; U A 6e3 OpPOMEHIUBH, T.II. Diag(A) F iy ANig AL A1, 1 O [
(it A...Ai,) => a = b Cera, of yCIOBATC Ha TeopeMaTa, Ay E
(i1A...Nip) => axbmaonAs = Diag(A) u Diag(A) FiiAig A... Nin
noGuBaMme aeka A4 = a = b, TO € KOHTpaguKumja co (1). O

Hapenenarta TEOpeMa e BCYIIHOCT OOOMIUTYBAbE Ha TEOPEMa Ha A.

ManbLeB, Koja aBa YCJIOB Kora ef{Ha [oJlyrpyna MoxXe fa ce CMECTH BO

rpynua.

Teopema 14 Ilonyrpyma S =< S, - > MOXe jia CC CMECTH BO HEeKoja rpyna
AKO M CaMo aKo S I'd 3a70BOJyBa CUTE KBa3u-UICHTUTETA BO CHTHATYpa {-}

KOU Ce MOCHAeHUa Off aKCHOMMTE 3a IPYIIH. O

T LT B e e R N R A L R LA L el A
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EnemenTn of TeopujaTa Ha NPeCMETINBOCT

Bo 0Boj e ce 3appkyBaMe Ha eJIEMEHTH Off TEOPHjaTa Ha IPECMETIUBOCT
CO L€JT f1a IO NpeUd3dpaMe IOMMOT Ha OfIy4uBocT. VIMeHO, Bo HehHHHIH-
jaTa Ha TpoGJIEeMOT Ha OfJTy4yBarse, [IaBHA YJI0ra HMa IIOMMOT aJIrOpPHTaM
Ioj Koj nogpasbupame, Bo cMHcia Ha Te3ata Ha Church, Tjypunrosa
MallMHa MM PaMaTHKa W peKyp3uBHa (pyHKIMja WM HOpMAJleH ajl-
FOpUTaM. Ke 6unar u3HeceHu HEONXogHUuTe AeuHuyuy Ha TjypHHTOBH
MalUMHU 4 IPaMaTHKH, KaKO H OffpEfieHH CBOJCTBA HA HCTUTE, 32 KOHEYHO
[la Mpe3eHTHpaMe 4 MPUMED Ha HEOJIyYHB IPOGIeM Ha 300POBH Ha MIPBO
¥ Ha BTOpO HUBO. OBa e GJIHCKY NMOBP3aHO CO MPOGIEMOT Ha 3alHMparbe
Ha Tjypunropa mamuHa. [le(pMHAIMUTE HAa IOUMUTE U TEOPEMHUTE BO OBOj

geat ce cnopen [19, 20].
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3.1 TjypunroBs MalIMHK

ITocTojaT noBeke eKBUBAJICHTHHU AcPUHMIMHU Ha TjypHHIOBa MallIMHa, OBJE
ja w3HecyBame necdunuuujata kako Bo [19]. Ilpen pa papgeme ¢opmaiHa
nebuHAIHA]a, HEKOJKY 300POBH 32 HHTYMTHBHO Pa3bHpamse. Tjypusrosara
MalurHa 06paboTyBa 360pOBH HaJ HEKOja KOHEYHa a30yKa, KOja ro CORpXH
¥ Mpa3HUOT cuMGon #. [IpuToa 360pOBUTE CE 3aMMINAHM HA JICHTA - CCH
cuMBo1 Bo efHa Kenuja. JIeHTaTa uMa J1€B KPaj, a Ha {€CHa CTPaHa € MOTEH-
uujanHo OeckoHe4Ha. MamiHaTa 1Ma BHaTPEIIHA KOHTPOIa (MHOXECTBO
BHATPEILHYM COCTOjOH) U [71aBa 3a BUXEHE, YUTAHE U 3aNUUIYBAHE. Pa6-
OTaTa Ha MamKHAaTa (I0TOYHO Ha [NIaBaTa) € yIpaByBaHa off QYHKIH]ja Ha
IIPEMHUH.

TjypHUHIOBUTE MALLIMHU UMETO IO TOOUJIIE [0 aHITTUCKHOT MAaTEMATH-
gap Alan Turing ¥ 3aefHO CO rPaMATHKHUTE, PEKYP3UBHUTE (DYHKIHMH U
HOPMAJHHTE alTOPATMYU IPETCTaByBaaT HajMOKEH (focera O3HAT) BUJ Ha
aBTOMarT.

[Tonaramy nof a36yxa ke nopgpa3bupame KOHEYHO MHOKECTBO.

Hedunumuja 36 Tjypunzoea mawuna € yeTBopka (K, ¥, 4, s), Kapne:

K e KOHEYHO MHOXECTBO UMM €JIEMEHTH CE HapeKyBaaT cocToj0u,
h ¢ K (h ce HapeKyBa 3aBpLIHa COCTOj6a);

Y. e a36yka, npa3HuoT cumbon # € L, cumbonute L, R ¢ ¥;

s € K ¥ ce HapeKyBa 04ETHa COcToj0a;

§ e mpeciukyBame on K x £ Bo (KU {h}) x (XU {L, R}). A

Hedurunuja 37 Konguzypayuja ua Tjypuarosa mamuna M = (K, %, 6, s)
e enemeHT off (K U {h}) x £* x & x (I*(Z — {#}) U {e}), kane e € o3HaKa
3a pPa3HUoT 300p. A

P R T R o dnine PR AR bt 4 B BB AN ]
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Kondurypauuja uuj npB eneMeHT € h ce HapeKyBa 3a6puiHa KOH-
guzypayuja.

HHTYHTHBHO MOXE la CMETaMe fieka KOH(HUrypauyjaTa ja OnMIIyBa
MOMEHTallHaTa COCTOj0a Ha MallMHaTa, OJHOCHO IpBaTa KOMIIOHEHTa €
cocrojbaTa BO KOja MallldHaTa Ce Haof'a, a OCTaHATHTE TPH IO OMNHMIIYBaaT
300pOT KOj BO MOMEHTOT Ce 06paboTyBa, IPH LITO TEKOBHA MO3HIHja Ha
3aMHC/IeHaTa I1aBa 32 YUTahE U MMIIYBake € TPETaTa KOMIOHEHTa (6yKBa
op a3bykara).

Yecro, xora He HM € OMTHa cocToj6aTa BO efHa KOH(HUIrypauyja,
HaMeCTO 4ETBODKa (g, w,q,u) MUIIYBaMe wau WM, [YPH 4 aKO € OHTHa
cocToj6aTa, HCTaTa KOH(UIypalHja HaMECTO KaKo YETBOPKA, MOXKE [ia C&
IPETCTaBH CO Map (g, wau).

Bo npopomkenue geduHUpame penaunja -y, (dpemurysa 6o egen
YeKOp) Ha MHOXECTBOTO KOH(Urypauud Ha equa Tjypurrosa MamuHa, M.

Hedumamuja 38 Hexa M = (K,X,4,s) e TjypusroBa maluusHa u HeKa
(g1, w1, a1, u1), (ga, wa, a2, ua) ce aBe KOHUrYypauuu Ha M. Toram

(g1, w1, a1, u1) Far (ga, Wa, G, uy)

aKo # CaMo aKo, 3a Hekoj b € © U {L, R},0(q1, a;) = (go, b) ¥ BaXu exeH of
CIIE[[HUBE YCIOBH:
(VDbeX, wy=ws, u =u, az =b;
Q)b=L, w, = wsap 4
(2.1) uy = ayuy, aKO a; # F# WIH u, # e, WIA
(22) us =e,aK0a; = # Hu; = ¢
(B)b=R, wy=wa, ¥
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(31) Uy = GolUg, WIH
(32) Uy = Ug = €,02 = #

Jla BoBegeMe HEKOH noHeOpMaNHH [TOMMH, HO 9eCTO yrorpely-
BaHK BO BPCKa co TjypHHTOBATE MAIIUHY i IPEMUHITE. Bo cayuajor (1)
BeluMe feka M 3amuuryBa cuMOon 6e3 na ja moMectyBa riapara. IIpn )
BeHMe JeKa [J1aBaTa Ce [IPUIBIKYBA 32 eIHO MECTO JIEBO, PH IITO aKo
ce Gapa [BUKelbe Ha JIEBO KOra [71aBaTa € Ha JeCHUOT Kpaj Ha JIeHTaTa,
e[[HOCTABHO, IPa3HKOT CUMOOI Ha CKEHAPaHATA Keluja ucye3HyBa Off KOH-
¢urypangjata. Bo ciyyajor (3) ce MBIKHM 32 €HO MECTO Ha [IECHO, NPH
TOa aKo ce Gapa ABMXKEHE Ha KPajoT Off 360pOT EHOCTABHO Ce I10jaByBa
HOBa [pa3Ha Kelxja Ha [eCHO.

Tla yoynme feKa ako b = L,w;, = e, TOrail HUe[tHa konGurypauuja
(q1,wy,a1,u;) HE IPEMHUHYBA BO C[ICH HCKOP BO pueqHa apyra. Bo cekoj
Apyr cliydaj Off efHa KoH(Hrypalja BO €leH YeKOp ce [PEeMHUHYBa BO
TouHO efHa KoH(HUrypauyja.

3a xoudurypanujara (qi,e€, a1, 1), TPK 8(q1,01) = (go, L) BemUME

1exa e suceuka KOH@uZypayuja.

Hedumumuja 39 3a naneHa TjypurroBa MammHa €O ), C€ O3HAYYyBa
pedIeKCUBHOTO ¥ TPAH3UTUBHO POIIMPYBALE Ha . Kondurypangjara
C\ upemunysa BO xoudurypaugja C; ako € Fy C,. Ilpecmeitiyearse Ha M
co goaxcuna n(> 0) € HA32 OFF xoudurypauud Cy, . .., Cr, 32 gekoj n € N,
. Cy Far .- Fam Coe A

CnepHUTe HEKONKY e(UHHIAHA ja omuuryBaat padorara Ha Tjy-

PHHIOBUTC MaIlIvuHH.

oA sshonsho A, A b S ST SRR AL B b R A
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Hedunnmyja 40 Hexa M = (K,%,6,s),w € £*. M 3aiiupa Ha ene3 w
aKO IIOCTOH 3aBplUHa KOoH¢urypauuja C, TakBa IUTO (s, #wi) Far Ch.
AHanorHo, M sucu Ha 64€3 w aKO MOCTOH BUCEYKA KoH¢urypaumja C,
TaKBa WTO (s, Fw#) Far Co. A

Hedurumuja 41 Heka T u T, ce a36yku KOH He ro COPXAT MPa3HAOT
cuMbon # u Heka f e ¢yHKumja of Tf Bo L. Tjypurrosara MamuHa
M = (K,%,6,s) ja apecmeitiysa f ako Ty, T; C T u 3a CeKoj w € L},
(s, #w#) Fi (b, #f(w)#). Axo Baksa TjypuHroBa MawMHa NOCTOH,
Torawl f e Tjypunz-tipecmeitinusa QyHKuHja. A

ITperxopHaTa feuHUIH]a MOXKE IECHO [1a Ce IPOLUMPH Ha (PyHKIUH
o noBeke mpomenauBH. FIMeHo, 3a f : ©f — T, Benume feka e Tjypunr-
IpecMeTIUBa ako nocTod Tjypunrosa mammaa M = (K, ¥, 4, s) Taksa [ITO
3a CeKOj (wy, ..., wx) € I, (s, #wi# ... #we#) By (h,#f (wy,. .., wi)#).

IToroa, enna 6pojHa ¢yskumja f : N — N Benume gexa e Tjyp-
HHI' [IPECMETIIMBA aKO NOCTOM TjypHHroBa MalUMHa KOja ja IpecMeTyBa
dyrxugjara f': {|}* = {|}*, xage /(") = |/, 3a cexoj n € N.

Hpyr 6uTeH nouM Koj Impousierysa off fedununyjata Ha TjypHHr-
npecMeTIMBa QYHKIK]a € IOUMOT 3a TjypUHI-O/IIIyYHB ja3uK.

Hedumnmuja 42 Heka ¥, e a30yka Koja He r0 CORPKH NPa3HUOT CUMO O
# nHeKa Y u N ce fBa ¢uxkcHu cMMOOJIHM KOM HE CE BO Lg. Ja3uKOT
L C ¥y e Tjypunz-ogaywus ako HeroBaTa KapaKTepUCTHYHA (PyHKIHMja

xt : 2§ — {Y, N} e Tjypurr npecmeTuBa, Kafie

XL(w)z{Y welL

N w¢l
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A

Axo ¥z ja mpecmeryBa Tjypunrosa MaumHa M, Torail M ce Hapekysa
fipoyegypa 3a ogay1ysarse Ha L.

3uauy, TjypUHIOBUTE MAIMHK MOXKE fla C€ KOPUCTAT KaKO Of Ty y-
BauM WA Ipeno3HaBayy Ha jasuuu. OCBCH 0B, TUC MOXKaAT J1a CE KOPHUCTAT

¥ KaKo mpucakayy Ha ja3uly, COTJIACHO CIEAHATA neduHUIH]A.

Medumumuja 43 Epna TjypuHrosa MauHa M Zo ipugparka 360pOT w €
§» @KO Taa 3aIMpa Ha BIIE3 w. M Zo upucpara jasuxor L C ¥ aKO K caMO
ako L = {w € ¥ | M ro npudaka w}. Enen jasux e Tjypunz-apugpaiinus,

axo nocrou TjypUHroBa MalllMHa KOja ro npudaxa. A

ITocTojaT moBeke MpOLIKpYBamka HA OUMOT TjypuHroa MauI#Ha
KaKO Ha IpUMep: FO3BOJIyBamE JICHTaTa Aa € 6ecKkOHEYHa BO IBETE Ha-
COKH, a He CaMO Ha [IECHO; ynoTrpeba Ha noBeke JIeHTH, ynorpeba Ha HOBEKe
[J1aBH HaMeCTO ef[Ha; ynoTpe6a Ha [BOUMCH3HOHAIHA JICHTa X PA3HH KOM-
Gunamuu of oue. OB[e HeMa fla Ce 3afpXKyBaMe Ha HUBHUTC NPELU3HHA
necpuHuuME. Bo cexoj Off [ocera HanpaBeHUTE ofuy 3a MpOLIMPYBamka
ce OKaXaso ieKa BO CyIITHHA He Ce [OGHBA HUKAKBO nogobpyBame, T.C.
no6HeHaTa MallMHa MOXe fla C& CHMYJIHMpa CO CTaH[fapiHaTa Tjypusrosa
MalmHa. BCylHOCT eKBHBAJEHTHOCTA CE IOKAXYBA KOHCTPYUpajKu CTaH-
napnua Tjypurrosa MaiumHa 3a fageHa T jYPUHIOBa MAaILKHA Off IPOLIMPCH
THII 2 HOTOA CE OKAXYBa [leKa HOBOKOHCTPYHPAaHATa MAllMHA COOJBETHO
ja MMHMTHpA flaficHaTa.

JIpyro MOXHO OPOLIMPYBAkE € CO O3BONYBaLE HEICTCPMUHUIAM.
OgBpe cenak Ke ja flaficMe neduHALHjaTa Ha HElCTEPMUHUCTHIKA Tjypus-

rosa MalllMHa.

e " . . "
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Heduaumuja 44 Hegeiuepmunuciiuuka Tjypunzosa mawuna € 4€TBOPKa
(K,Z, A, s),Kage K, ¥, s TH ©MaaT UCTHTE 3Ha4YeHa KaKo Kaj CTaHgapaHarTa
TjypunroBa mamgsa, gogeka

AC (K xX)x ((KuU{h}) x (ZU{L, R})). A

Kondurypauuure u penauuure -y, u -}, ce gecpurupaaTt Boobuda-
€HO.

JacHo, Oupejku HeeTepMUHUCTHYKA TjypUHroBa MalIdHa MOXeE f1a
[aje aBa pa3IMyHU M3JIe3H 3a MCT BJie3, TpeOa HEKAKO f1a ONPEAEIMME IITO
€ M3Jie3 Off BaKBa MalliiHa, OJHOCHO IITO HE MHTEPECUPA Off ONHECYBaHETO
Ha BakpaTa MalliHa. 3aToa, HeNCTEPMHHHCTHYKY TjypUHIOBH MallldHM
pasriiefyBaMe caMo Kako mpudakayu Ha jasund. be3 gokas ja maBame

dieqHaBa TeopemMa.

Teopema 15 3a cexoja HegeTepMMHHCTHYKA TjypuHropa MamuHa M,
MOXE f1a Ce KOHCTpydpa cTaHpgapaHa TjypuHrosa mMamHa M, Taka WTo,
3a ceKoj 300p w KOj He CORPXH IIPa3eH Kapakrep, M) 3andpa Ha Blie3 w

aKo ¥ caMoO akO M, 3anydpa Ha BJIE3 w. d

3Ha4u, CeKO] ja3uk Koj ¢ mpudaTius off HeAeTePMUHUCTHIKA Tjy-

PUHIOBa MalllHa ce mpudaKa u O AeTEPMUHUCTHYKA TjypHHIOBa MalllMHA.

3.2 TI'pamaruku

Bo 0BOj fien ce 3agpXyBaMe Ha Ac(MHMIMja Ha ONIUTH [PaMaTHKU, H
eKBMBAJICHTHOCT Ha rpaMarukure u TjypHHIOBMTE MAalIMHH, KOja Ke HH
Oupe notpe6Ha 3a IPUMEPOT Ha HEOMIyYHMBOCT IUTO CaKaMe HaTaMy fia ro

Ipe3eHTHpaMe.
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Nedummuja 45 [pamauiuka € yersopka G = (V, L, R, S), xage

V e a30ykKa;

¥ C V € MHOXKECTBO {lepMUHANHU cumbonu, V — ¥ € MHOXCCTBO
Heitiep MUHAAHY CAMOOH;

S € V — T e ilowellieH HEepMUHAL,

R ¢ KOHEYHO IOMHOXKECTBO Ol (V*(V — T)V*) x V¥, HapeucHo

MHOXECTBO ipasuad. A

Hawmecro (u,v) € R, KOPUCTHME o3gaka u — v. lloToa, 3a [Ba
s6opa u,v € V', u =g v aKO # caMo axKo 3a HEKOH wy, W € v u —
u" € R,u = wiu'wz, v = wiu'wqe. Co =5 ce 03HAYYBa pedIEeKCUBHOTO H
TPAH3UTHBHO 3aTBapame HA =G-

3a ejeH 300p w € X7 BEJUME JIcKa € 3enepupan off G ako S =G W-
Co L(G) ce o3Ha4yBa MEOKECTBOTO Off CUTE 300pOBH I'€HEPUPAHH O G,u
MCTOTO CE HApEKYBa ja3uk ZeHepupar og Zpamaitiuxamia G.

[Ton u3sog cO JOMMUHA n(> 0) ce noppa3bupa HU3a Off 00HK
We =g W1 =@+ =G Wn, KAAC W1, - L, wp, €EVENE N.

CieHaTa JieMa [jaBa Ha'iH 33 cuMynuparbe Ha TjypuHroBa MalliiHa

CO rpaMaTHKa.

fema3 Heka M = (K,E,4,5)¢ Tjypusrosa Marumsa u K N ¥ = (. Toram
nocrou rpamarika G Taksa WTo, 32 cexou KOHGUryparmu (g, u, @, v),
(¢ v d',v'") Ba M,

(g,u,0,v) Py (¢, v d',0")

aKo 4 caMO aKo

lugav] =% [w'q'dv].

B L R e T T T R & P
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IIpuroa, [ 1 | ce HOBU CUMGONH KOH HE ce BO X, Hu BO K.

Hoka3

Hpejara e cexoja xoudurypanuja (g,u,a,v) fa ce mpeTCTaBu co
360p [ugav]. IIpuroa, mosuumjara Ha cocroj6aTa BO 300pOT yKaxyBa Ha
nmo3uuujaTa Ha rnasarta. CuMGoor | e GuTeH 3a §a ce pa3pely mpobIeMoT
Ha NpasHa JIEHTa Ha [eCCH Kpaj, fofeka [ e ynorpeGesa camo 3apaju
YUTIHBOCT.

Hedunupame rpamatuka G = (V,%,P,S), xage V = KU L U
{[;],h, S} u R coppsxu npaBuia oy Tpu THIIA.
(1) 3a cexoj g € K,a € T, ako §(q,a) = (p,b), xage p € K U {h},b € %,
Toram

qga = pb € P.

(2) Bacekoj g € K,a € ¥, ako 6(q,a) = (p, R), kage p € K U {h}, Toram
3acekoj b€ X,
qab — apb € P

qa] — ap#] € P.

(3)3acexojg € K,a € %, 2axk04(q,a) = (p, L), xage p € KU {h}, Toramu 3a
cexou b e L,ce LU {]}
bgac — pbac € P

KaJle a # # WIK ¢ #|; M 32 CeKoj b € T

bg#] — pb] € P.
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IlMpeKTHO ce IpoBepyBa feka (¢, u, a, v) b (¢, ', a’,0") ako n caMo
axo [ugav] =¢ [v/q'a'v], O Kajie ciefyBa TBPACHETO H 33 COONBETHATC

pedIeKCUBHH H TPaH3UTHBHY 3aTBOPaH. O

I'pamaTuxuTe I feMHAPaBME KAKC [EHEPATOPH Ha jasulM, HO,
CIIOpe;| MPETXOIHATa IeMa, HCTHTE MOXE Ja €€ TPETHPaaT U KaKO [IpecMe-

TyBa4yH Ha (PYHKIUHU.

Hedumamuja 46 Hexa To, Xy ce a30yKd KOU HE TO CONpXKaT MpPasHHOT
cumbon #, f : L5 — T} u Heka G = (V,Z,R,S) e rpamartuka T.IL
Y0, 21 € . G ja apecmeitiysa f ako mocrojar 36opos z,y,z’,y € V*

TaKBH LITO 3a CeKOj u € L, v € X
flu) =v & zuy =¢ z'vy’

dyuxumjaTa f € Zpamaifiutku Gpecmetiiauea ako NOoCTOU rpaMaThKa Koja
ja mpecMeTyBa.

Egua 6pojua dynkumja f : N — N e zpamaiiuixu apecmeitinusa
ako dyukmmjaTa f' : {|}* — {|}* e rpamMaTHIKH NPECMETIIMBA, KafI€ i =

/(™) 3a cexoj n € N. A
Cera MoXe fia ja HCKaXeMe CIIeJHaTa TeopeMma.

Teopema 16 Cecxoja Tjypusr npecMeTIHBa ¢dyuxiuja (o 300pOBH HIH

6pojHa (yHKIHja) € [PAMaTHIKHY IPECMCTIHBA.

Moka3 [Joka3oT ciefyBa off AeUHAUM]jaTa U Off IPETXOHATA JICMa, P

z=[#y=s#], 2 =[# v =h#]l O

S IR SR TRt e Lt A St a3 BB i) 1
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Ha namoMeHneMe fieka ce 3agpKaBMe Ha JOKAZMTE Ha [IpETXOTHUTE
CBOjCTBa Off IPMYMHM IITO KOHCTPYKIIMjaTa HA IPaMaTHKATA BO TOKA30T
Ha NPETXO/{HATA JIeMa HH € NoTpe6Ha noxaTamy. MHaky, BaxXu U OOMIITa
TEOpEMa KOja ja uCKaxyBaMe 6e3 gokas3, M Koja € HeJ Of [IOTKpelnara Ha
Te3ata Ha Church.

Teopema 17 Kunacara on Tjypusr mpecMeTnuBa (DYHKUMM € €IHAKBA CO
KJ1acaTa rpaMaTHYKH OPECMETIHBH (DYHKIIHH. O

3.3 Ipercrasysame na Tjyparrosn mammnnn.

YnnBep3anna Tjypunrosa mammna

Bo 0Boj pen npesentupame meduHuuMja Ha ymuBep3anHa TjypHHroBa
MalllMHa Koja, 3a pa3iMKa Of NPETXOfHaTa Ae)MHMIMja Ha MallMHA CO
ClieLyjajHa HaMEHa, ja ONMIyBa cekoja Tjypurrosa Mammsa. Mcro Taka,
e HHMpaMe IPETCTaByBakbe Ha MPOU3BOJIHA TjypHHIOBa MalHHa co 360p
o a3bykaTa {c, |}

Puxcupame fiBe NPeOPOUBH MHOXKECTBA Koy = {q1,02,...} H Xoo =
{a1,a2,...}, u cMeTame fexa 3a cexoja TjypHHroBa MaligHa MHOXECT-
BOTO COCTOjOH € KOHEYHO MOAMHOXECTBO Off K, U a36yKaTa e KOHEUHO
ITOAMHOXECTBO Off X,.

Ha cekoj cum6oi o of gedunummjata Ha egna TjypaaroBa Maumua
My npufpyxysame 360p A(o) of {|}*, Ha CIETHUOT HAYHH:

Ma) =11 Ah) =1, AL) =1, MB) = I, A(a) = [~
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TTa 3a6ei1exXuMe eKa Ha CEKOU [IBa PasIMuHK €IEeMEHTH Off Ky U {h} um
Ce NMpUIpYXeHH Pa3iudHA 360OPOBH, UCTOTO BaXH U 3a CICMEHTUTC Ha
Yoo U{L, R}.

[ToToa, nedpuHUpame IPETCTaByBabE HA cekoja TjypuHroBa MalliMHa
co 360p of a36yxa {c, |}, kane ¢ € HOB cUMOOIL.

Heka M = (K, T, 6, s) e Tjypusrosa Maiiuta, Kane KC Ky, 2 C
Y. Moxe fa cmeTaMe feka K = {gi,, Gy - - - Qi 1 <i2 <. <l B =
(@, 8z 1G5} J1 <Ja <o <JIUS = Gi zanekojm, 1 <m < k.

3acexojp € {1,...,k}usacexojr € {1,...l} nedurupame 0 eACH
360D Spr = cwi CW2CW3CW4C, KARE W1 = A(s, ), W2 = Mag,), ws = A(g'), ws =
A(b) w 8(gs,, a;,) = (¢, b). 3HATH, CO CEKOj BAKOB 360p S, € MPETCTABEH MO
efleH ipeMuH off (PYHKIMjaTa Ha IPEMHUH J.

KoHeyHo, Ipe3eHTanujaTa Ha M e 300poT
p(M) = 6506811512 v 511521522 v Sgl . .Slekg ce SMC

Kage Sy = A(s).

Ha oBoj HauuH Ha ceKoja TjypuHrOBa MallMHA K OAroBapa cil-
HO3HAYHO oIpeneneH 360p of {c, |} 1 3a fafeH TakoB 360p eHOCTABHO Ce
npoBepyBa Al € [peTCTaByBatbe Ha TjypHHroBa MalluHa, i JOKOIKY €,
Ha Koja €.

HcTo Taka ReMHHpaMe NPeTCTaByBambe Ha 360p w = biby...bn €
5% co p(w) = cA(br)cA(ba)c. . . cA(bn)-

Op yumBep3anHa TjypuHroBa MalllMHa U = (Ky,Zv,0u,su) ce
odeKyBa 3a cekoja TjypuHropa MaumHa M = (K,%,4,s) 1 3a cekoj 360p
w e X

T e RN < b b b G b b | )
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(1) axo (h,ugv) e 3aBpwma xoupurypamuja Ha M, Taksa wWTo
(s, #tw#) Fiy (b, ugv), Toram (sy, #p(M)p(w)#) Hp (b, #p(uav)#);

(2) axo (su, #p(M)p(w)#) 3 (K, u'd'v') 3a mEKoja 3aBpuHA KOH-
durypaumja (h',u'a’v') Ha U, Toram o = #,v' = e,u/ = #p(uav) 3a
HEKOHW u,a,v TaKBH WTO (h,ugv) e 3aBpuiHa KoHGHUrypauuja Ha M u
(s, #w#) Fis (h, uav).

Hema getanyo na ja necmnupame yrusepsansara Maumsa U, 6upe-
JKu Toa 61 610 mpernoMasno. HakpaTko (moBTOpHO Ge3 netanna neduHy-
umja), Ke omuieMe MaiuHa U’ CO TPH JIEHTH 32 YUTAME U IMIIyBake Koja
ja w3BpUIyBa GapaHaTa pa6oTa, a KaKo WITO IPETXOHO CIIOMHABME, TIOC-
TOH CTaHJapJHa MalllMHa Koja ja cuMyndpa paGoTarta Ha U’ u Toa 61 6mia
Gapanara mauHa U. Mamusara U’ ru KODHCTH CBOHTE TDHU JEHTH Ha
crenHuoT HavyuH. Ha npBaTa sieHTa oCcTaHyBa 3alHIIAaHO IPETCTABYBAETO
Ha w, Ha BTOpaTa Ce 3aldulyBa IPETCTAaBYBakheTO Ha M, a Ha TpeTara ce
3allMIIyBa MPETCTaByBamkE€TO Ha cocToj6aTa Ha M BO TEKOBHHOT MOMEHT
Ha cuMynupaHa o6paboTKa.

Marmunara U’ 3ariousyBa co paGoTa co 360p #p(M )p(w) Ha npsata
JIEHTa U OCTAaHATHTE JBE JICHTH Npa3Hu. Bepgnam U’ ro nperecysa 360poT
p(M) Ha BTOpaTa NeHTa, a Ha ipBata (Ol IOYETOKOT Ha JECHO) Ce 3amuIuyBa
#CcA(#), Ho Koj ce mudTHpa (Hanero) p(w) u ce mommurysa A(#)c. Taxa,
BO OBOj MOMEHT Ha IpBaTa JIEHTa ce Haofa 360por #p(#w#). Iotoa,
on p(M), U’ ja 3eMa npe3eHTalujaTa Ha IOYeTHATA cocroj6a Ha M u ja
3alMulyBa Ha TpeTaTa enTa. Cera [o4HyBa fa ce OfBHBa CUMYyJalujaTa Ha
M dexop no 4ekop. [Tomery yekopure, riasure Ha U ce O3MI[HOHUpaHU
Ha CYIE[HUOT HayKH. [1aBUTe Ha BTOpaTa U TpeTaTa JIEHTa CE Ha KpajoT Ha
300pOT a [1aBaTa Ha IPBaTa JIEHTA € Ha CUMGOOT ¢ KOj FO 03HaYyBa KpajoT
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Ha MPETCTaByBaETO HA cuMbos0T KOj M O ro ckaHMpana BO [MaiCHUOT
momenT. Kako uarieia caMmynanujaTa Ha eficH YeKop: MalllnHaTa U' gaora
Ha BTOpATa JIeHTa GJOK Off OGJHK celicicféc|ce, TakoB wro | e HU3A OF |
3aMdiiaHa Ha TpeTaTa JICHTa, a |/ e meBo Of r1aBaTa Ha IIPBaTa JICHTA, K ja
MEHyBA [IPBATa JIEHTa COONIBETHO. Axo |' e A(L) wmm A(R) HeMa noroneMu
npo6yieMH, Ce BWXKHU MO IpBaTa neHTa ofiperieH Opoj KEeAud JIEBO WA
1ecHO (IO CIEAHOTO ), aKO € MaK MPETCTABYBae Ha 6yksa NOTPeOHO €
ofjpefieHO MHUQTHPaE HA UETHOT 360p of MpBaTa JICHTA. Koneyno U’
3amuulysa |¥ Ha TpeTaTa JICHTa, IPOBCpYBa Jall HOBO3aMUIIAHAOT 300p
Ha TpEeTaTa JeHTa € A(h), ako He € HPOJOJIKYBA CO CICHUOT 4YEeKOop, aKO
e ja IpUIBIXyBA [J1aBaTa Ha PBATa JICHTA 10 NPBUOT npa3es cuMOon Ha

ecHO o 360pOT U camaTa 3aBpLIyBa CO pabora.

3.4 HenpecMeTIMBOCT H HEOLTYyIHBOCT. IIpoonem

HA 3andpame

Tlocera Beke pekosMe feka TjypuHrosaTa Malluha Tpeba fa ce cMETa
3a MaTeMaTH4dka (popManu3anyja Ha MOMMOT aJrOPUTAM. Crnopep, TOa,
Ol MHTEpeC € Haofame Ha ja3vI KOM HE C€ Tjypusr-ogyquBa T.C.
ce Heogay4usu CO KOj OWIO alIrOpUTaM, O[IHOCHO dyHKIMM KOU HE Ce
TjypHHr-IPECMETIUBH T.€. CC ANZOPUAMCKIL HEUDECMETUNUBU. Bo oBoj
men ke ce 3agpXuMe Ha TaKBH MPUMCEPH, KaKO ¥ Ha BpCKUTE IOMELy
Tjypusr-opnyausocT 1 Tjypusr - mpudaTAUBOCT Ha jA3UIATE. Epex on
HEOJTy4IMBHUTE IMPOOIEMH € TOYHO nmpo6IeMOT Ha 3amipame Ha Tjypus-

rOBa MAIIMHA HA KOj IETAJIHO Ke ce 3a/[PKUME, & KOj € ¥ KopHuceH, Oufiejku

Lo ek ) T I PURT e F J y U ST S R Y RE EATRTR Y TR T SR i ,r,zw’,,
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AIOKaXYBAKETO HA HEOITYYMBOCT Ha MHOTY POGJIEMH YECTO Ce H3BEYBa
[IPEKY CBCMlyBalbE HA KOHKPETHAOT NpobieM Ha npoGiieM Ha 3alupame.

Teopema 18 Cexoj Tjypusr-ofy4us jasux e TjypuHr-npucdartius. O

Teopema 19 Axko L e Tjypuur-opiy4uB jasuk, Toram u HEOBHOT KOM-
reMeHT € Tjypusr-onny4us. O

Kora 6u 6ume Bo MOXHOCT 3a MPOM3BOJIHA TjyputroBa Mammaa M
¥ 32 IPOK3BOJIEH BJIE3€H 360p w fia MpeBuIMME fank M Ke 3ampe Ha Bie3
w, Toraw cexoj Tjypuur-npuchatius ja3uk 61 6ui Tjypurr-omyus.

Co K ro o3HauyBame ja3ukor

Ky = {p(M)p(w)| Tjypunrosara mMamura M ro npudaka 360poT

w}.
Ceojcro 12 K, e Tjypusr-npucaTius.

Moka3 K ro npucaka Bapujanta Ha yHUBep3aIHaTa TjypuHrosa maruusa,
3a Koja cTaHa 360p IPETXOIHO. O

Heka M; u M, ce e Tjypurrosu mammau. Cocitias Ha Tjypus-
rosuTe Mammen M; u M, e Tjypurrosa Maliusa, Koja ja o3HaIyBaMe co
M, M,. 3a npoussonen Bne3z w M, M, ce OIHECYBa KaKo M; Ha Bie3 w, a
OTKako M 3aBpium co paGoTa ce OflHeCyBa Kako M, Ha BJIe3 - OHa IUTO €

OCTaHATO Ha JIEHTaTa off paboTaTa Ha M;.

Csojcrso 13 Cekoj Tjypusr-npuchaTius jasux e TjypuHT-O0/Iy4MB aKO H
caMo ako K e Tjypusr-omnyqus.
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Nokaz Hexa Ko € TjypHHT-OfJIy44B, B HEKA TO ONIY1yBd mamuHa M.
Heka L € mpoH3BOJICH Tjypusr-npadaTius jasuK A M, e Tjypunrosa
Manmua Koja ro mprdaxka L.

[IpBO KOHCTpyHpame Tjypusrosa MammHa My KOja IPOM3BOJICH
pie3eH 360p w T.€. Fw# ro TpaHchopMupa BO #p(M,)p(w)#. BeymHocT,
M} ro moMecTyBa BJIE30T 33 |p(M,)| MecTa Ha JECHO, TO IPETCTaByBa BO
a36yka {c, |} # mOTOA JIEBO Off HETO IO 3AMUIIYBA ¢uxcanot 360p p(M1).
Heka M, = M} M,, OXHOCHO € COCTaBOT Ha oBHe fiBe MamuHu. 3Ha4d Mo
ro TpascdopMupa BIE3OT #w# BO #p(M,)p(w)#, a noToa u ja mpenasa
KOHTpOJaTa Ha My Koja 10 IPETIOCTaBKa OfITyTyBa pana M, ro npudaka
w i ge. [Jobusme feka L e TjypuHr-Ofry duB.

OGpaTHaTa HACOKa € TPUBHjaJIHA MOCICHIA Of IIPETXORHOTO CBO-

jcTBO. d
Caojctso 14 K He e TjypuHr-OIy HB.

Jokaz Axo K, ¢ TjypuHr-oajiy4us, Toram 1 ja3UKOT

K, = {p(M)| Tjypusrosara Mali1Ha M ro npudaka 360poT p(M)}
6u 6mn TjypHHI-0TyIHB. HMeno, HEKa M, ro ogiyvyBa K,uHeka M, e
MallHHA KOja ro TpaHchopMHUpa CBOjOT BNIE3 #w7f BO #wp(w)#, a HoTOA
ja mpemaBa KoHTposara Ha Mo. 3gaus M, ro gaBa UCTHOT pe3yiATaT Ha
Bie3 #w#, Koj Mo TO fiaBa Ha BIE3 #wp(w)#. Cera, on pedUHALMjaTa
ua K,, M, naBa pe3yirar Y Ha Bie3 #wp(w)F aKo M CaMO aKO BaXaT
ciiegHuBE BE pabOTH:

(1) w = p(M) 3a zekoja Tjypunrosa Mamm-a M;u

(2) TjypusroBara Mamusa M ro nprcaka BIE3HHOT 300p p(M).

s i ot U k] o o RU | s
i
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3uaum, M, ro omtyuysa K. Off TaMy, [OBOJHO € 1a Ce JOKaKe feKa
K, ue e Tjypusr-ognyyus.

Ako K, € TjypuHI-O[Iy4HB, TOTAll B HEFOBHOT KOMIUIEMEHT €
ucro raka Tjypunr-omtyuus. K = {w € {¢,|} | w He e IPETCTABYBAbE
Ha HuefHa Tjypunrosa MammHa M unn w = p(M) 3a Hekoja Tjypunrosa
MatuHa M Koja He ro npucdaka 36opor p(M)}.

Ho, K, He e gypu Hu Tjypurr-npucdarius. HMMeno, ueka M’ e
Tjypurrosa MawmHa koja ro npudaka K,. Torawm M’ ro npudaka p(M')
aKo u caMo ako M’ He ro npucaka p(M’), wro e ancypy. 0

Teopema 20 He cexoj Tjypusr-npudarius jasux e Tjypurr-onyuus.
O

OBa e BoeIHO M HajIIO3HATHOT HEPELLTHB (AJICOPHTAMCKE HEOITYYHUB)
po06IeM, OTHOCHO Apo6Aemoli Ha 3aiuparse Koj €& COCTOH BO CIETHOBO:
3a mpousBonHa fafeHa Tjypurrosa mautusa M 1 360p w faa ce yTBpRH fand
M 3anupa Ha Bne3s w. Yire noseke, mocrojar KOHKPETHH T]ypHHIOBH
MAalllMHA 32 KOH HE IIOCTOH OMIUT METOJ 3a YTBPAYBAK-€ NAJTH MAIIKHATA
3aliMpa Ha [POU3BOJIEH BNIe3 w MK He. OBa Ipou3ierysa o hakToT [TO
Ko e Tjypunr-npucbarius, Ho He e Tjypurr-ogtyuus. Umeno, Taksa Tijy-
PUHIOBA MalllMHa € MamMHara My Koja ro npudaka K. HepeuumuBocra
Ha MPOOJIEMOT Ha 3aIuparke € HCKaXXaHa BO CIENHATA TEOpeMa.

Teopema 21
() He mocrou anropuram 3a opnydyBame, 3a npoussossHa Tjy-
PHMHIOBa MamIMHa M M IPOHU3BONEH BJI€3eH 360p w, fanu M ro npucaka

w.
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(1) Tlocrou TjypuHrosa MamuHa M, 3a Xoja He MOCTOH aJrOpH-

TaM 3a oIy uyBatbe, fand My npudaka MIPOU3BOICH BIC3CH 360p w. O

Bo 0CTaTOKOT Off 0BOj [iEJ], 3apajii KOMILIETHOCT, HABSyBAMC YIITE
HEKOM CBOjCTBA BO BPCKa €0 TjypHHT-OITyMBOCT U Tjypusr-npudaTiuBoCT

Ha ja3uIUTE.

Teopema 22 KoMIUIEMEHT Ha Tjypusr-npudaTius ja3uk HE MOpa fa ¢

Tjypusr-npudaTius. O

Teopema 23 Enen jasux L e Tjypusr-of1y41B ako ¥ caMo aKko U Lulce

Tjypusr-npugaTinBy. O

Hedumumuja 47 Hexa X, e asdyka Koja He 'O CONpKH NPasHUOT CUMOOI
#. Jasukor L C X} € usnedeH jasux Ha efHa Tjypunrosa Manmua M =
(K,%,8,s), 2 C X, aKo 4 caMO aKo

L = {w € §|(3u € T5)(s, #u#) Fur (b, #w#)}. A

Teopema 24 Epen jasuk e Tjypusr-npucaTius ako ¥ caMo aKo € U3Ne3eH

ja3uK off Hekoja TjypuHroBa MalluHa. O

U TjypHHroBuTe MAIIHHK MOXE []a C€ KOPUCTAT KaKO [CHCPAaTOPH

Ha ja3uly.

Nedpumumuja 48 Tjypunrosara MammHa M = (K,%,6,s) ro Habpojysa
jasuKoT L aKo 4 caMmo aKo, 3a HeKoja dukcHa cocTojba g Ha M, BaXu
L = {w| 3a Hekoj 360p u, (s, #) Fis (4, #w#u)}.
EneH jasuk e Tjypunz-Habpous aKko MOCTOH Tjypusrosa MamuHa

wTo ro Habpojysa. A

N RN R E! s e " s -k it R b AT ) Vol
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Teopema 25 Epenjasux e Tjypusr-npucarius ako u caMo ako e Tjypunr-

HaOPOMB, aKO U CAMO aKO e TeHEPUPAH Off HEKOja rpaMaTHKa. a

Ke ce sagpxume ymre Manky Ha Hexou IpUMEPH HA HEOMIYYUBU
npobiemu.

Teopema 26 Cinepaure mpo6aemu Bo Bpcka co TjypunroBure Mamuuu ce
HEONYYHUBH:

(1) 3a npoussonua Tjypuurosa maumua M u IPOH3BOJIEH BIIE3EH 360D w,
Rand M 3anupa Ha Bie3 w?

(2) 3a duxcua TjypurroBa Mammua M u IIpoK3BOJIEx Bile3eH 300p w, [anu
M 3anupa Ha Bie3 w?

(3) 3a nanena Tjypunroa Mawmua M, namu M 3alMpa Ha IpaseH Bies?
(4) 3a nagena TjypuuroBa MammmHa M, [aju BOOIMIITO IOCTOK 360p Ha KOj
M 3amupa?

(5) 3a napena Tjypunroa Mawmea M, namu M 3anupa Ha cexoj 36op?

(6) 3a mapenu e TjypurroBu Mawmeay M, u M,, nanu Tue 3anupaat Ha
UCTHUTE BJIe3HH 360poBU?

(7) 3a napena Tjypunroa Maumua M, nanu jasuxoT Xoj M ro npudaxka e
perynapen? [lanu e KoHTecTHO-C10GoneH? Hainu e Tjypunr-omiyuus?

Hokaz Teppemara (1) u (2) ce mpeTxogHO KoKaxamy. 3a WiIycTpangja Ha
HAYMHOT Ha IOKaXYBakC HEOJIYIMBOCT, Ke gafeMe foxasu Ha (3) u (5).
(3) Heka mpernocraBume feka M, € Mamusa KOja o OfIy4yBa
jasuxot {p(M)|M 3anupa Ha Bite3 e}. Ke mokaxeMe nexa Torar M, Moxe
fla ce HCKOpHUCTH 3a ofydyBame Ha K. IIpBo, 3a mpomssonna Tjypus-
roea mamuea M u 360p w, co M, ja o3HadyBaMe creqHaBa Tjypurrosa
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Mamdea. M, Ha Bie3 e, T.€. BO koH(urypaugja (s, ##) ro amuurysa
w (xoHburypaugja (s, #w7)) Ha JEHTaTa, a MOTOA €& OJIHECYBA KaKO M.
Toroa og M, ro onpeaexysame p(M,) u ro o6paboTyBame p(My) co M.
Toraw M, 3anupa co Y Ha CBOjaTa JIEHTa aKoO H CaMo aKo M,, 3anupa Ha
Bie3 e, T.e. M ro npucaka w. Axo T' e Tjypurropa malluHa KOja Ha BJIE3
#p(M)p(w)4 3anupa co #p(M,,)# Ha nenTara (a BaKBA CEKAKO TIOCTOH),

toraw T M, ro omtyqyBa Ky, LITO HE € MOXHO.

(5) Heka E e TjypusroBa MaluHa KOja ro 6pHiLe CeKoj BI€3€eH 360D,
uMeHo ro TpancdopMupa #w# Bo #. Heka T, e TjypuuroBa MamuHa
Koja 3a cexoja Tjypunrosa mawusa M ro Tpasctopmupa #p(M)# BO
#p(ERM)#. (R e Tjypurrosa MamuHa KOja caMo ja JIBIDKH [J1aBaTa 3a
eIHO MEeCTO Ha fecHo, ERM e cocTaBOT Off TPUTE Mmamgug). Toral ako
M, e MaumHa Koja ro oftydyBa jasuxot {p(M)|M 3anupa Ha CeKoj Bne3},
T, M, 6u ro opnyuyBana {p(M)|M ro npudaka e}, WTO € CIPOTUBHO Ha

(3). O

On eXBUBAJIEHTHOCTa (€[HAKBATa MPECMETYBAa4Ka MOK) Ha rpa-
MartukuTe ¥ TjypHHTOBATE MAIIMHM CIIE[(yBa HEOMUTyYMBOCT Ha HU3a po6-

JieMH# TOBp3aHHu CO rpaMaTHKH.

Teopema 27 CieguuTe MPOGIEME BO BPCKA CO TPAMATHKUTE CC HEOMUTY THBIL
(1) 3a npousBosHa rpamMaTuka G ¥ 300p w, fald w € L(G)?

(2) 3a dukcua rpamaTika G ¥ OPOU3BONIEH 360D w, famd w € L(Gy)?

(3) 3a IpOU3BOJHHU AIBE FPAMATHKH G, u Gy, namu L(G,) = L(G4)?

(4) 3a npou3BonHa rpaMatuka G, namu L(G) = 07 O

Wt b ek b g e st b o 4 y SR 1 RO O A -1 e
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3.5 Heomtyunsoct ma npoGieMoT Ba 360poEn

3a DOJIyITPynHTe

MuoryoGpasueTo noyrpynu e MEHOryo6pasue rpynouy co HIECHTUTET
z-(y-2)=(z-y) =

Bo 0Boj gen ke mokaxeMe feka mpoGaemMoT Ha 360poBH 3a HoJy-
TPyUHTE € HEePEeLUIUB (HEOAyIHB U HA [IPBO M HA BTOPO HHBO), OHOCHO
HCOMLTy4MBO € laNK 32 MPOM3BONHA KOHEYHO NMPE3CHTUPaHa Nodyrpyna S
3ajlaficHa CO KOHEYHO MHOXECTBO [€HEPATOPU B U e MHUpaYKH PaBeH-
ctBa E = {u; ® vy,...,un ~ v}, u;,v; € T¢1(B) u mamenu gBa 360pa
z,y € T(3(B), z =5 y Kafle =g € KOHIPyeHIHjaTa Ha T(3(B) renepupana
of E u on uaeHTHTETOT. YIWITE MOBEKE, MOCTOM KOHEYHO [PE3CHTH-
paHa nonyrpyna Sp u 360p wo € T;.}(B) 3a KOU € HEONIYYMBO fany, 3a
IPOHU3BOJIEH 360D u € T(}(B), wo =g, u.

Teopema 28 (A.A. Mapkog, 1947)

IIpo6GaeMoT Ha 360pOBH € HEONYYMB 33 MHOTYOGpa3HETO noJy-
IPYIH, YIITe MoBeKe MOCTOU nonyrpyna Sg i 360 2o TaKa WITO 32 IPOU3B-
OJIcH 300p 2 HE € OTYYHBO AU 2 =g, 2.

Hokas IIpBo ga younMe feka ciefHaBa BapHjaHTa Ha npobieMoT Ha
3anMpame ¢ HeomnyyuBa. 3a mafgeHa a3byka Y, mafgeHa Tjypurrosa
MammHa M ¥ fages 360p w € Xj, fand M 3a Bre3 w 3amupa co mpasHa
NeHTa T.¢. fand (s, #w#) Fi, (h, #) Kape s e noveTHata cocroj6a Ha M.

HmeHo, neka npernocraBumMe feka TjypurroBata mammsa My ro
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ORIy IyBa ja3MKOT
{p(M)p(w)|(s, #w#) Fyy (h: #)}- (1)
3uaun
(s, #p(M)p(w)#) Figy (h#Y #) & (s, #w#) Fiy (b ).

Hexa M, e MallgHa KOja UMa €[Ha JICHTa noBeke on M, u paboTH Ha
ClIeqHMOB HayWH. M, Ha IpBaTa JIEHTa CE OJHECYBa UCTO KAKO M,, a Ha
BTOpaTa JIEHTa BO CEKO] MOMEHT ¢ IMPETCTaBCHa TeKOBHATA cocToj0a Ha
npoBepyBaHara Maumua M. M, 3anupa co u3ie3 Y Ha mpBaTa JI€HTa aKo
4 camo ako M, 3ampa 1 Ha BTOpaTa JEHTa ce Haofa 300poT || T.e. A(h),
uHaKy M, 3anupa co u3ne3 N BO CEKOj Apyr ciydaj (kora M, 3anupa).
IlobuaMe mexa M; ro ogmydyBa mpo0JeMOT Ha 3amuparme, IITO HE €

MOXHO, OJHOCHO BakBa M, HE IOCTOHU.

Hexa M = (K,¥,6,s) e Tjypusrosa maumusa 1 Lo & L. Ja mpH-
MeHyBaMe KOHCTpyKumjaTa off Jlema 3 Ha M u mobuBame rpaMaTHKa
G = (V,Z, R, S;) TakBa WITO

(Vw € =) [Huws#] =>¢ [h#] & (s, #u#) Py (b E)

Hexa S e nonyrpynara co npesenTauyja (Lo, Er), kane Er = {u ~ v |u —
v € R}.

Ke moxaxkeme fiexa

(Vw € =) [#ws#] =¢ (h#] & [#Fus#] =5 [h]

O A I T S fa—- AR A R i
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IITO € HOBOIHO 3a fia e IOKaXe MPBOTO TBPACH-E Off TeopeMaTa, oupejku
TOram axko npoGJeMOT Ha 360pOBH € PELTHB 3a S 6H MMale Tjypunr-
OIIIy4HBOCT Ha ja3ukoT (1).

Jacho, ako (#ws#] =¢ [h#], Toram [#ws#] = [h#] Gupejku
CeKOe MpaBKIIO Of G MOCTOM KaKo [ePMHUPAYKO PABEHCTBO BO Ep.

Hexa [#ws#] =5 [h#]. Toram mocrou KoHeuna nu3a 360poBU

Wy, Wi,..., Wy Kage
wy = [Fws#], w, = [h#], w; =g wiyq,i € {0,...,n—-1}. 2)

Ha npeTnocrasuMe feka OBaa HH3a € HAJKPATKATA MOXKHA T.c. He OCTOM
HU32 g, . .., Uy KOJa M 33J0BONyBa ycIoBHTE (2) mpd n' < n. TBpnume
Aeka w; =g wit1,t € {0,...,n — 1} T.e. cuTe AedbHMHUpauKu paBeHCTBa
Ce ynorpeGeHd BO "BHCTHHCKA" HAcoka (KaKo BO npasunara of R). Co
AOKAXyBa-ETO Ha OBa TBPIEHE Ke GHje KOMILIETHPAH [OKA30T Ha [IPBHOT
i€ O TeopeMaTa.

ITpen ce, na younme geka wy,_; =G Wn, OUAEJKH BO CEKOE MPABUIO
on R, na u Bo CEKoe ePHHUPAavYKO PaBEHCTBO of Fy U NeBara u [ecHaTa
CTpaHa COfIpXaT COCTOj6H, HO COCTOj6aTa BO JieBaTa CTpaHa HA KOE GHIIO
paBUIO Of R He e h Gupejku M He ja Hamymwra 3aBpiuHara cocrojba.
Cera, Heka mpernocraBuMe fexa 3a HEKOj i € {0,...,n — 1} He Baxu
W; =6 Wip1. Toram w; 1 =4 w;. Heka i e HAJrOJIEMHOT CO OBa CBOjCTBO.
3HauM w;,; =g w;, HO Wit1 =G Wiz =6 - .. = Wn. Ho TOram w; = w;,,
(6upejku G e gobuena ox aerepMuHucTayka TjypuHroBa MalumHa, ia camo
CMHO MpaBuio of G € MPUMEHIHBO HA OPOM3BOJEH 360p [ugav],u,v €
X% q € K,a € L) Hwy,...,Wii1,Wita,..., Wy € MOKpaTKa Hu3a Koja I'u
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3a70BOJYBA YCIOBHUTE (2), LUTO € CIPOTHBHO Ha MHHMMAJHOCTA Ha 7.

IIITo ce OgHECYBA HAa BTOPHOT [EJ Of TBPACHETO HA TCOPEMATA, ro
umaMe cieqHoBo. Jasukot (1) e Tjypuur-npudatnus. FIMero, HEro ro
npucaka BapHjaHTa Ha OMMIIAHATA yHHBep3aJIHa MalllMHa CO TPH JICHTH, CO
clIeHABa pa3JiMKa: MAlIMHATA KMa e[iHA cocToj6a m noBeKe off ONHUIIAaHATa
manmea. OBaa cocroj6a € "MpTBa" T.e. O HEa HE CC U3/EryBa CO HUEJEeH
npemur. OTkako ke CHMyNHpa €ieH HEKOP, MalldHaTa MpOBEPYBa HA
TpeTaTa JeHTa iy € 3alkIIaHo A(h) 4 MCTOBPEMEHO [AJIH [IpBATa JICHTA
e npazsa. AKO OBa € UCIOJHETO M caMaTa 3aBpiyBa co pabora. AKO
Ha TpeTaTa JieHTa CTOU A(h), HO MpBaTa JIEHTA HE € Mpa3Ha, MpeMUHYBa
BoO cocToj6a m. FIHaKy IMPOoJKyBa CO CUMYNHparbe Ha CIIETHUOT YEKOD.
Heka craHgapfiHaTa MallldHA €KBUBAJEHTHA Ha IIOrOpe ONMIIAHATA ja
osuauume co M. Heka Gy = (Vo, Z, Ra, S;,) € rpaMaTHKaTa fOGHEHA Of
M, co npuMmeHa Ha Jlema 3 ¥ HEKa S, € mosyrpynara IMpe3eHTHpaHa Co
(S0, Er,), Kane Ep, = {u = v | u » v € Ry}. Co cocema aHANOTHH

apryMeHTH, KaKo Norope, e yTBpAyBa AcKa
#ws#]| =, [h#] & [Fws#] =5 [h#]

Cera aKo co z, [0 03HauMMe 360pOT [h#], IMaMe fieKa aKo 3a IPOU3IBOIICH
360p z € Tf € OIIY4HBO JalH 2 =5, Zg, TOTAL ja3ukoT (1) 64 Ow1 Oy HB.
a

Bo IpeTXoj(HaTa TEOPEMa HE & EKCIULMTHO [a/IcHa npe3eHTanuja
HA TONYCPYIa CO HEONIyYuB mpobneM Ha 36opoBd. Bo 1956 ropusa,
A.A MapkoB gan npuMep Ha npe3eHTanyja co 13 reaepaTopu 1 33 neuHu-
payky PaBeHCTBa CO HEOTy 1B npo6ieM Ha 360poBK. [J0Ka30T Ha MapkoB

T B TR TR IR TN s . wa T U RSN L R R L L A
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€ 10CTa CIIOXEH U € HaYenHo fafeH Bo [20, 21], oBge ro HaBefyBaMe caMo
[IPUMEPOT, KaKO M HEKOM APYrd MOZOLHEXHH IPHMEPH CO YUITE IOMA
6poj Ha reHepaToOpH U fe(DHMHUpPAYKY PABEHCTBA.

Ilpumep 2 (A.A. Mapkos, 1956, crioper [20])

ITonyrpynara co npeserranuja (A, E) kage
A={a, b, c dye f g h @b, a,b, m} 4 E coppxu 33 gepunupayxu
paBeHCTBa Of Kou 20 HM3pasyBaaT KOMYTATHBHOCT HA CHMOOJMTE of
{a,b,c,d} co onue og {f,a,b,a,b}, a ocranature 13 ce:

ea = de, eb = be, ea = ae, eb = be, am = am,

bm = bm, haa = ah, hbb = bh, agé = ga, bgh = gb,
df =dh, fd=gd, hc=cg

HMa HepeLwIuB Ipo6aeM Ha 3GOpOBH.

Ilpumep 3 (G. C. Tzeitin, 1958, cmopey [20])

CnepnaTa nonyrpyna 3agafesa co npeserTanuja (A, E), xafe A =
{a,b,c,d,e}, a E = {ac = ca,ad = da,bc = cb,bd = db, eca = ce, edb =
de, cca = ccae} MMa HepelUIUB PoGeM Ha 360POBH.

Ilpumep 4 (J. MaTtujawesud , 1967, cnopey [26])
[Tonyrpynara co npesenraumja (A, E), Kage 4 ¢ gBOeleMeHTHA
a3byka, A = {o,0} U E € TPOENEMEHTHO MHOXECTBO neduaMpadku

PaBCHCTBA, HMEHO

E = {aacao = oaa,aa00 = gaa, L = M}
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xage L u M ce creujajgHd JOJITH 360poBH, mMeHo L uma 304 Gyksu,
a M 608, uma HepeuuidB mpoGieM Ha 36opoBy. OuurIefHO LEHAaTa Ha
HaManyBameTo Ha 6pojoT Ha fe(MHUPAIKUTE PABCHCTBA € 3roJIeMyBambe
Ha 6pojoT Ha 6YKBH BO UCTUTC. IToka30T ¥ HAYMHOT Ha KOHCTPYKUHMja Ha
BAKBHOT CHCTeM ce mpeoOeMHH, 32 [1a HajgaT CBOE MECTO OBJIE. Hpeata
e Mo4HyBajku off Ipe3eHTallja Ha [OXyrpyna co HepeuUtHB npolieM Ha
360pOBH, CO COOBETHO MPETCTaBYBalbe HA GykBuTE BO JBOEJIECMECHTHA
a36yka, u TpaHchopMalgja Ha neMHEpaYKMTE PaBEHCTBA fia Ce mojae Ko

OBOj CHCTEM.

Kaxo mociequiia off IpeTXoAHaTa TeopeMa [I0CTOH 0Ka3 Ha Hepe-
IIIMBOCTa Ha mMpoOieMoT Ha 300pOBH 32 IpynH (I1.C. HosuxoB 1955,
W.W. Boone 1959, J. L. Britton 1963, G. Higman 1961). On mpyra cTpaHa,
JokasxaHo e off cTpaHa Ha W. Magnus, 1932, nexa KOHEYHO MPEe3eHTHPaH-
UTe TPYIH CO eHO Ae(hMHUPAuKO PABEHCTBO UMAAT PEILIUB npo6yieM Ha
36opoBu. Kaxo wro ce MojasyBajie IPUMEPH Ha IOTyTPYIH CO HepeUIHBY
npo6iemu Ha 360POBH, CO C& MOMAJKY necbMHApaYKy PABEHCTBA, TaKa Ce
qOGMBAHK M COONBETHH NMPUMEDHU 3a IPYIH. Taka, HajMan focera Inos-
HaT OpUMep € rpyma co mpe3eHTaldja Ha [BOCJIEMEHTHA azbyka u 12
neduHHpaYKy PaBEHCTBA, KOHCTPYUPAH Off B. B. Bopucos, 1969, Bp3 6a3a
Ha IIPETXONHO HaBeneHnoT [Ipumep 3.

CeymuTe € OTBOPEH MPOOIEMOT 3a MO YTPYIIH CO €AHO neuHUpAYKO
paBeHCTBO. HaBeyBaMe HEKOJIKY pe3ylTaTH no6HeHH BO OCIEJHO BpeMe
BO Taa HAcOKa, KAKO M HEKOM Pe3yiTaTd BO BpCKa CO anre6apcKuTe

CBOjCTBa Ha IPYIH ¥ MOJIYIPYIH CO PEIUTIUB npoGieM Ha 300pOBH *:

*
ODUrMHANHUTE TPYJOBK BO KOM C€ HaOF3aAT [JOKA3UTE HA CUTE HAGpOEHM De3yNTATH HE MM fea AOCTAIHM,

FERRER A} FRRRTR R I RTRRR TSI TS Y b POLABE Ak Grdd 6 BRI Bt s R tid 'i‘ilM("i
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o (C. Apsn, 1966) ITpo6aemMoT Ha 360pOBH € PELIEB 3a Crieuyjanes
BHl MOHOMM co npesertauyja (4, {w = e}) wiu (4, {u = v}) xapge
u M v UMAAT Pa3NAYHA NPBH OYKBH M Pa3NHIHU [OCHENHH GYKBH, € €

O3HaKa 3a [IPa3HUOT 360p.

o (C. Apan, I. Oragecsin, 1978) IIpo6aemor Ha OfIly44BOCT Ha po6-
JIeMOT Ha 300pOBH 33 MONYTPYNH CO €NHO fePUHUPAYKO PABEHCTBO
C€ CBEMYBA HA O[UIYYMBOCT Ha MPOOJIEM Ha 360POBH 3a MOIYTPYIIH CO
npesedTaugja (4, {bua = a}) u (A, {bua = ava}) xage a,b € A4,a # b.

e (I'. Oranecsn, 1982) ITpoGaeMOT Ha 360POBH € Pe LLIMB BO IOMYTPYIIH
co npesenTauyja (4, {bua = a}).

* (A. B. Kysnjenos, 1958; W.W. Boone, G. Higman, 1974) KoHe4Ho
Ipe3eHTHpaHa rpyna (moayrpynma) G MMa peuuldB mpoGJeM Ha
300pOBH aKO M CaMO aKo NocTou MoHoMopdusaM ¢ : G — S Kape
S e egHOCTaBHAa MOArpymna (MOTHONYrpyna Ge3 KOHIPYEHLHH) Ha
KOHEYHO Npe3eHTHpaHa rpyna (oayrpyma).

e (B.H. Neumann, 1973; R. McKenzie, R.J. Thompson, 1973) KoHeyHo
npe3eHTHpaHa rpyna (momyrpyna) G MMa OfJy4dB HpOGIEM Ha
300poBH aKO G MOXE ia Ce CMECTH BO alre6apcKu 3aTBOPEHa rpyna
(monyrpyna) S. (S e anre6apcku 3aTBOpeHa akO CeKOja PaBEeHKA
CO KOHCTAHTH Off S KOja € peuuyBa BO NMPOLIKPYBawke Ha S mMa

pemeHyja Bo S).

camMMTe pe3ynTaTHTE Ce npesemenu ox [26, 20, 21] Kaje Ce HAOraaT M CKMLUM HAa AOCKA3W HA Al 04 HABEACHMTE

TBDACH:A
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IlpennmyBaukn cucremMu

Bo oBoj men Ke ce 3agpxume Ha fedHHHUEATE Ha OPENHIIYBAYKHA CHC-
TEM M OCOCMHH Ha NPEMHUINYBayKHM CHCTeMH (TepMHHAIMja, KoHuyeHT-
HOCT, KOMILIETHOCT, HOpMaiHu (opMH), 3a€OHO CO CHTE HEOMXONHH
noumu. Ke 6uiat gagens ocHOBHUTE CBOJCTBa IOBP3aHU CO OCOCHHHUTE Ha
IPENUIIYBAYKUTE CHCTEMHU M HUBHU JOKA3H, KAKO M OCBPT Ha JOKaXyBamhe
Ha TePMHHAl{ja Ha NPEMHMIIYBAYKHM CHCTEM M OCBPT HA IIOCTAIIKAaTa 3a
KOMILICTHPAbE Ha IPEMHIIYBaYKU CHCTEM, OTHOCHO OfI CUCTEM PAaBEHCTBA
[OOUBaKE Ha KOMILIETEH MPENMITYBAYKH CUCTEM, O3HATA KAKO ajropu-
TaM Ha Knuth u Bendix. BcymHoct, kako pesyaTaT o Taa mocranxa
¢ JOOHMEH MpUMEpOT 3a [PyIH HABENCH BO BOBEOT. Hedurunuure Ha
[IOMMHTE M TEOPEMUTE Ce TajieHH cropen [2, 11, 18, 30].

73
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4.1 ednaumuja Aa NPeNAMyBaIKH CHCTEMH H pejanuy

Bo 0BOj JieJl [' BOBEyBaM€ OCHOBHUTE ne(hMHMIEHE BO BPCKa CO IPEULITy-
BAYKY CHCTEMH, PABEHCTBA, IPEIHITYBa Ky NpABILIA. ITpu Toa Ce 3agpXy-
BaMe CaMO Ha TEPMOBCKH MPENHUIITYBAYKY CHCTEMH, HAKO [OroyeM Aeil Off
HABENEHATa TeopHja Ce OJHECYBa OMIUTO HA CHCTEMU Ha pefyKuuja Ha Koe
OHJIO0 MHOXKECTBO.

[TonaTamy, co 7 ro o3HavyBame MHOKECTBOTO Off CHTe TepMH (BO
Hekoja curuarypa I), co G MHOXECTBOTO Of1 cure GazudHK TEPMHU (TEPMH
6e3 mpOMEHTHBH).

Cekoe MpeCIMKyBamwe Off KOHCIHO MHOXKECTBO IMPOMEHIUBU BO
MHO3KE-CTBOTO TEPMH C€ HApEKyBa cyliciiuiyyuja. 3a CyNCTUTYLUATE CE
KOPHCTAT MaJi IPYKy GYKBH. Co ¥ ke 6uge 03Ha4YyBaHO MHOXECTBOTO
Ol CATE CyNCTHTYUuH. AKO s € TepM H 0 © CYICTHUTYLHja, CO SO C€
03Ha4yBa TEPMOT KOj €€ no6uBa Off § CO HCTOBpEMEHA 3aMCHA Ha cekoja
Off IPOMEHIIMBATE Off TOMEHOT Ha 0 BO § €O COOMIBETHA CIIMKA IPH 0. AKO
T e MHOXECTBO TEPMU U T € CYNCTHTYLHja T.1L (Vs,t € T)so = to TOra
BelnMe fieka ¢ € yHugpukaiop Ha T. YHu(PHUKATOPOT 0 HA MHOXECTBO
Tepmu T' € Hajoliwil yrupuKaiuop axko 3a cexoj apyr yHudukarop T Ha T

[IOCTOM CYNICTHTYLHja p TaKa WTO 7 = 0 © p.

Teopema 29 (Teopema 3a yHucpUKanmja)
AXO 33 MHOXeCTBO TepMu T' [IOCTOH yHU(UKATOP, TOrall NOCTOR

¥ HajOIIIT YHH(PHUKATOP. O

Heka s € TepM CO [OJXUHA (Opoj Ha OmepalHUCKH, (pYHKIHCKH
cumbonu # mpomernuBu) n. Heka off s ce #30pHIIaT CHTE 3arpaju #

RTINS r——" s
bk a4 b i Wb AP b 0 I VB e LA
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3alMpKHU H ce [obue Hu3a s'. Toramsa cuMGoIOT of s’ IITO ce Haofa Ha
P-TO MECTO BeJIMME fieKa € p - Ho3unuja Ha s. Co s|p ke ro O3HaYyBaMe
IOATEPMOT Ha s Ha MO3HIHja p (KOj IITO 3aM0YHYBa CO ONepaLKCKH CHMGOIT
Ha MO3MIMja p WK € POMEHIIHBA), a $[¢], TEPMOT LITO ce Mo6HBa CO 3aMeHa

Ha s|, BO 5 CO t.

Heduaumuja 49 Ensa GusapHa penausja — Ha MHOXECTBO Tepmu T e
upeiluwysauka peaayuja axko e 3aTBOpPEHA 3a IMPUMEHA HAa KOHTEKCT H
UHCTaHIMpame, T.€.

(Vs,t,u € T)(Vp € Pos(t))(Vo € T) s o+ t = ulsal, = uftol,. A

HMHBepsujaTa, cuMeTpu4EMOT 3aTBOpay, pedIIeKCHBEHOT 3aTBOpay
¥ TPaH3UTHBHUOT 3aTBOpaY Ha Cekoja NPEMIIyBayKa pejiandja ce UCTO
TakallpenuIlyBa4yKy pejialiy. JacHo, ceKoja eKBUBaJICHIHja Ha MHOXKECTBO
TEPMH KOja € MpelHIlyBayka pejiandja e KOHTpyeHUMja Ha aareGpaTa
TEPMH.

IlonpenyBarme Ha TepMH KO€E € IPENHIITyBaYKa pellangja ce Hapekysa

upeuuuLysayxko uogpegysearse.

Redumumuja 50 IIpasuno 3a ipeiivwiysarse e nap TEpMH K ce 3alMuryBa
Il = r,(l,r € T). IlpenumyBauxku cHcTeM e map (7,R), xage R e

MHOKECTBO IPABUIIA 3a IPEMHINYBaE. A

Heka R e MHOXeCTBO IIpaBuia 3a NpeMHMIUIyBarbe. Hedunupame
[penyuily-sayka pejiauyja Koja ce qobusa o R.

3a TepM s BesMMe [ieKa ce upeiuutysa 80 egen 4exop go TEpM t Ha
NO3UUKja p co ynorpela Ha PaBUAO | — 7 € R aKO [OCTOH CYNCTHTYLH]a

O Takea ITO S|, = lo U t = s[rol,. Bo Toj cayyaj, 3a s|, BemuMe
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neka e pegexc. O3HadyBaMe S—¥P;_,,t WIH t+F|_,.S, @ MIOHEKorall | K
MCIyIITaMe MHIEKCUTE 32 IPABUIOTO ¥ MMO3MUKjaTa, OHOCHO, HAMECTO
—P,_,, MIIyBaMe CaMO —R.

PecpieKCHBHOTO MPOLUMPYBAHE Ha peduHUpaHaTa pernaugja ce
O3Ha4yyBa CO —~R (ce dpeauuiysa 80 HyAd uau egex yexop), pediek-
CHBHOTO H TPAaH3UTHBHO MPOUIMPYBAE Ha netuHIpaHaTa IpenMiyBaika
penanyja ce HapeKyBa peaayuja Ha u3eegyearoe (ce Gipeiuutyea go) u ce
03HadyBa CO —" g, OIEKA <»" g € O3HAKA 34 KOHIpyeHlMjaTa reHepupaHa
on R. [la 3a0eexxume ieKa "= (= U +)", kaze +=—"! ¢ HHBEP3HATA
pejangja Ha —.

Hu3a off PENIALIYBaba s¢+" gt C€ HAPEKyBa Jokas (na exBHBAJICHT-

HOCT Ha § M t).

Nedumamuja 51 Bemume fexa TepMuTe 5 H t ce KoHBepiUOUAHU AKO

[IOCTOH JOKa3 s«+*g t. A

3a pa3nuynn popMH Ha IOKA3H, ynorpe6yBaMe COOBETHH UMHUIbLA.
Taka, s—*g u+*g t € HApEeKyBa JOAURA WIH fipeliuulysaixu goxas, BO
KOj cliy4aj 3a s K ¢ BeJIuME AcKa ce KOHBEPZEeHIIHU, S—"R U+ R t ce
HapeKyBa pameH WIH gujamaniticku [0Ka3; s¢<—g U—R t ce HapeKyBa 6ps;

$+*p U—*g t C€ BHKA UIAHUHA.

Nedunnmuja 52 TepM ¢ € pegyyubuaern ako CONPXH PElEKC, 2 upe-
gyuubuner (80 HOpMAHA ¢popma) HHAKY. A

TepM s uma HOpMAAHA POPMA BKO TIOCTOH upeayUHOUIEH TEpM ¢

T.IL § =5 t.

b s )b 4

Fob ot -0 S e A vt
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3a IpemuuryBaykKHOT CHCTeM R BeluMme fexa e @yHKYuoHaNeH
(Hopmaausupauru ) axo cexoj TepM ¢ uma HOpMaiHa (hopMa U MOCTOH

aJIrOPUTaM CO KOj HCTaTa ce OIpefeyBa.

4.2 CsojcTea Ha MpeNHIIYBAaYKATE CHCTEMH A pesanan

Beke pedunupasme emHO CBOJCTBO Ha MPENUINYBAYKH CHCTEM, HMEHO
GbysxiEoHaMHOCTa. PYHKIMOHANHOCTA € HajllOX€THATa KapaKTEPHCTHKA
Ha €[ICH MpenuilyBavKK CHCTEM. 3a Xal, Taa ¢ HEONIy4HBa U YECTO €
MHOT'y TEILKO fla Ce OCTBapu. 3aT0a Ce 3aPKyBaMe Ha HEKOJIKY CBOjCTBa
Ha [peMHUITyBa4KUTE CUCTEMH, H BpCKUTe oMely HUB. BeymmorT recbumu-
PaMe CBOjCTBa Ha NIPENHUILYBAYKHTE PENALHH, HO, noHaTaMy, 6e3 moce6Ho
HarJacyBare, CBOJCTBO Ha NIIPENHMUIYBAaYKa pejanuja ro MNOUCTOBETYBAME
CO CBOJCTBO Ha MPENHUILYBaYKK CUCTEM Off KOj penanygjaTa HacTaHyBa.

HAedumumuja 53 3a npemumnrysaukaTa pelanuja — BeIUME [eKa e:
Church — Rosser ako 3a cexoj oKa3 HO0CTOH MPENUIIYBAaYKH [OKA3:

Vu,veT)(ue* v = (HeT)u—=* t+* v);
KOH@1yeHilHa aKO 3a CEKOja [IAHMHA IOCTOH OJIMHA, T.¢. [IPENUIITYBAYKH
[oKas3:

Vu,v,s €T)u+* s 5" v = (HeT)u—o" t v);
AOKANHO KOHAYeHIIHA aKO 33 CEKOj BPB [I0CTOH [I0/IMHA, T.€ IPENUIIYBAYIKH
[loKa3:

(Vu, 0,5 € T)(u+ s= v = (HeT)u—o* t«* v);

Jaxo korghayenitina ako 3a CeK0j BPB OCTOM M4jaMaHTCKU JOKa3:

Vu,v,s € T)(u+ s> v = (HeT)u—=" t«= v). A



78 T'nasa 4.

s
u * v * *
H v
e} o
e
!

* *

t
Church-Rosser KOH(ITYEHTHOCT
5 5

t t
JIOKanHa KOH(IYEHTHOCT —jaka KOH(IyCHTHOCT

JacHO € feKa cexoja KOH(IYSHTHa pesalija ¢ JOKaIHO KOH(ITYEHTHA,

06GpaTHOTO BO OMIIT CITy4aj HE BaXU.

Ipumep 5 (Hindly)
IpenuuryBadka peraugja Koja € JIOKanHO KOH(IYCHTHA HO HE €

U v
Q

KOH(pIyeHTHa.

R M 40 <Al b bicka. 8 BAR R SRR 1 T
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Ceojcreo 15 IlpenuuryBayka pelanja e KOH(MIyeHTHA aKO M caMo aKo e
Church- Rosser.

Ilpen pa ro mageMe mOKas3oT Ha OBa TBPACH:E, Ke ce 3aApKuMeE Ha

B IIOMOILIHK CBOjCTBa.

Jlema 4 3a cexou fBe penauuy o u 3 Ha MHOXeCTBO A Baxu
f=A0,Ua-0 = o*CQ.

HMokas Op Ay C B, aCa-BC3,co MHIYKIHMja TDUBH]aHO ce IOKAXYBa
nexa (Vn € N)a™ C 6. O

Jlema 5 3a npoussosnu gBe peJlaliii o ¥ f Ha MHOKECTBO A BaXu:

(@UpB)*=a* (8- a*)".

Moka3 3a fa ce poxaxe "C" geor, MOBOJIHO € fa ce yTBpad (cmopen Jlema
4) nexazay=ca* (B -o*)*Bakuy = Ay U (U B) - v. Amame,

o (8-") = (8-a’)Ua-a-(5-a”)
= AqUf-a" (B -a*)Ua-a - (B-a*)* .
= ApU(aUf)-o*-(B-a*)*

OG6parHara unxysmja CiefyBa BefHaIl Off AepuHMuMaTa Ha (U B)*. O

Hoxka3s (Ceojciziéo 16) Heka — ¢ Church - Rosser. 3HauH, 3a CEKOHM [[Ba
TEpMH, IMaMe: aKO ce KOHBEPTHOWIHM, TOram ce KOHBepreHTHH. Cera
HeKa T +* u —* y. Toram z u y ce KOHBEPTHOWIHY, 1A U KOHBEPICHTHH.
OGparHo, Heka — ¢ kouuryenTna. Cropen Jema 5 uvame
o'==*-J((+ - =2*)"neN).
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Co MHAYKIMja 00 N ke moKaxeme ficka
(Yn € N)(+ - S CoT T

3an = 0 TBPJEHETO € TPUBU]ATHO JcronHeTo. AKO (¢« - =*)" C=7 «*,

TOoram
(- ")t = —* (= )"
C =2
= 2T
g_ _)* . (__# . (__*
_)* . (__*
3gaum, L*C—* - ", T.e. =€ Church-Rosser. O

HNeduanmuja 54 3a npenuigyBavkara penangja — BEIUME JICKa € wep-

MUHUpa4xa (Ctpozo HOPMAAU3UDA1KA) aKO HE IOCTOH HeCcKOHeYHa HU3a

ono6nnxt0—->t1—+...—+ti—+.... A

TepMHHUPAIKHA U KOH(ITyEHTEH MPETAITYBAIKH CHCTEM ce HapeKyBa
xomiineilien. JacHO € feKa CeKOj KOMIUIETEH CHCTEM € (yHKIMOHANICH,

ceKoe MpenuilyBatbe BOHU 0 eMHCTBEHATa HoOpMaHa GopMa.

Teopema 30 (Jlema Ha Newmann)
Heka — e TepMuHupayka. Toram — € KOH(IIyeHTHA aKO ¥ €aMo

aKo € JIOKalHO KOHGIyeHTHA.

Jokas JosomHo € fia Ce FOKaxXe jeka JoKanHaTa KOH(IYyCHTHOCT

noBJeKyBa KOH(IyeHTHOCT, IIPH TEPMUHEPAYKY IPEIHINYBAY KA CUCTEM.

[ R
it ST Sy TIR e e T T N PR T T S
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Hexa (T, R) e TepMUHUpaYKH TpeNMHMIIyBAaYKY CHCTEM KO] € JIOKAJIHO KOH-
¢ayenten. Tpeba ga gokaxeMe geka

(Vu,v,s € T)(u+* s =" v = (FHeT)u—" t+* v).
Hoxkasor Ke ro u3sefiemMe co HHAyKUmja (P LITO ce KOPHCTH TEPMHUHAIH-
jaTa Ha —). IMeHo, feunupame:
P(s) ako u camo ako(Vu,v € T)(u+* s »*v = (3t ¢ T)u —=* t +* v).
IloTpe6Ho € fa ce MpOBepH BUCTHHATOCTA HA TBPACHETO

VseT)(Vz € T)(s 2 = P(z)) = P(s)).

AKO s € T e upenyuuOHIeH UIH s = u W § = v, Toram P(s)
€ CEeKakKO TPHUBHjalHO HCHOJHETA, a CO TOa € MOKaXaH 5a3HHOT 4EeKop.
Haramy, Hexa s € 7 u Heka uw,v € 7 Ce TakBH IUTO s —* u,s —*
v, (8 # u # v # s). Toraw mocrojar ejxeMeHTH a,b € 7 TAKBH IITO
s = a—"u,s = b—*v. Cera, o Tokangara KOH(JIYEHTHOCT, ce [oOuBa
fexa nmocrou ¢ € 7, a =* ¢,b —»* ¢. Cnopey #HAyKTUBHATA OpEeTNOCTaBKa
Baxy P(a). 3Ha4uu mocTodm w € 7 TAKOB WITO ¢ —* w +* u, Off Kaje
crenryBa b —* w. Co yure efsa MpuMeHa Ha HH[{yKTHBHATA IIPETIIOCTABKA
3a b Baxu P(b), ma nocrou ¢ € 7 TAKOB LITO w —* ¢ +* v, ITO 3HAYH neka

€ UCIIOMHETO P(s).
O

Kaxo nocnepuna ce obusa GureH KpUTEPHYM 332 KOMILTETHOCT.

Ilocnemuma 5 EfeH npenuiuyBayku CHCTEM € KOMIUIETEH aKO H CaMo aKo

€ TOKaNHO KOH(IYEHTEH U Te PMHUHUPAYKH. O

Kako anrepnarusa Ha TepMUHaLujaTa ce KOPHCTH jakaTa KOH(uy-
€HTHOCT. IMEHO, ro HIMaMe CIE[HHOT Pe3yJITaT.

Teopema 31 (Jlema Ha Rosen)
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N
O
ao/\ob
AN rd
u *\ 7/ v
AN v

4 7

JIema Ha Newmann

PenauujaTa — € KOHGQIYeHTHa aK0 € jako KOH(IyeHTHA.

oxka3 [{oka30T NOBTOPHO ce U3BelyBa ENHOCTABHO CO MHIYKUH]ja, KOpHUC-
TejKku apryMEHTH Ha [oIUI0YyBamke, KMEHO, coceMa € jacHO aKo C€ MMa Ha
YM CIEHAOT LPTEX.

kage s =* u e HA3aTa § — Uy —F ..+ 7 Un-1 -y Hs —" v e HU3ATa

S—>U1—>...-)um_1—')'l) O

4.3 TepMuHanmja HAa TEPMOBCKH IpenuuyBadKa CACTEM

Ja pedunupaBmMe ocoGHHATA HA TEPMUHMPAE Ha JANCH IIpeNHIIyBa4YKQ
cucreM. VcTO Taka, jacHa © BAXHOCTA Ha oBaa ocobuHa Off JieMaTa Ha
Newmann. 3a Xal, TepMMHALM]aTa € HEOTYIUBa BO OIILIT CJIy4aj, OCBEH 32
IPENMITYBAaYKU CHCTEMH 6e3 poMeHIMBH. [IOKaXyBABETO TepMUHAIK]a
MCTO TAaKa, BO OMINT CIIy4aj, He € eJHOCTABHA pa6oTa 1 KOPUCTH [OJIEM IET

of TeopdjaTa Ha IOJpEHyBambA. Bo 0BOj fien Ke ce 3aApXuMe HAKpaTKO

IR TERETR T R IR STE R TR

# AR bk b 0 A el i
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Jlema Ha Rosen

Ha HEKOHM OCHOBHHM METOfM M IPHMEDH 32 JOKaXyBame TEPMHHalHja Ha
TEPMOBCKM [peNUIIyBauyku CucTeMd. HasemeHuTe mpuMepu ce cropen
[11,12].

Heduannuja 55 Pegyryucko logpegysare Ha MHOXECTBO TepMH T e
CeKoe [00pO OCHOBaHO MpENMUIYyBayKo Moppexysame Ha 7. (Egma
penanuja R e qo6po oCHOBaHa aKO HE IOCTOM GECKOHEe Ha HU3a a; RayR . . ..)

A

Tepmunaumjata e 06e3benena ako [ > r 3a ceKoe MpaBWwio | —
r € R, xage > e pegyKuucko noppenysame. Op apyra crpasa, ako (7, R)
TEPMHHMpA, TOTall CaMaTa pellaudja —} € PeIyKUHCKO MOApEyBaibe.
3aToa, 3a [OKaXyBale TCPMUHALMjA, OTPEOHM HM CE JOBONHO CHIIHK
PERYKUKMCKH TofpeyBamwa. Bo mreparypaTta ce cpekasaaT orpoMeH 6poj
Ha Da3iMYHH PeTyKUMCKM IOpENyBaka 3a [OKaXyBake TepMHHALM]a.
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Ospie Ke ce 3aApXKIME HAKpaTKO Ha HEKOH op #uB. Hcro Taka, YecTO
[1aTH, HAMECTO KOHKPETHO peNYKIHCKO MOApERyBare Ha TEPMU, BCYILHOCT
360pyBaMe 3a yHTEeppeTay)ja (npecnnKyBa}be) Ha TepMHTE BO HEKOE
" cTaHRAPAHO" noOpo IMOAPEACHO MHOXECTBO, Taka LITO KOHKPETHUOT
[penMIIyBaYKy CACTEM 3a70BONYBAYU —> U & |u| > |v|,3a cexou Ba TCPMA
u ¥ v, Kafie co |t| e O3HaICHA uHTepnpeTaunjaTa Ha TepM t,a ">" € [oo6po
OCHOBAHO IOf[pefyBame Ha MHOXECTBOTO BO XOC TH MHTEPIPETHPAME

TEpPMUTE.

TIpumep 6 (JLymH)
CreuMOT CucTeM Off 12 mpasuia 32 [penuuyBamhe ¢ AafieH O T.

Evans, 1951, 4 faBa nocTanka 3a ompefenyBame Ha HopMansu popMH 3a

nyma rput curmarypa {+\s /€

r\z—e T/ e e-T—>7
T-e—>T e\z =2 /e > T
z-(z\y) =y @) z2Y z\(z-y) >y
(y-z)/z >y o/\z) Y (z/y)\z =Y

CucTeMOT TepMUHHUPA fufejka MpPUMEHA HA IPOM3BOJIHO MPABHIIO
Ha MPOM3BOJIEH PEAEKC HA TepM t ja HaMmamysa roneMuHaTa (6pojoT Ha

cuM60iIK) Ha .

Ipumep 7 (dex of TeopHjaTa Ha rpyIH)
CucreMOT

o H A R ] A N
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l-z-zx 11—z
A R | T-z” =1
1= =1 (z7)" =z

- (zy) =y z-(z7y) >y

TE€PMHUHUDPA Off UCTUTE NIPUYMHH KAKO U [IPETXOJHHUOT.

Ospie 1a HanomeHeMe fieKa HE € JOBOJIHO JIeBaTa CTPAHA Ha CEKOE
IIpaBUJIO 1a € MOAONra Off ieCHaTa, OuflejKM aKO MMaMe IPABHIIO BO KOE Ha
ficCHa CTpaHa Ofipe/icHa MPOMEHIIUBA Ce [0jaByBa [IOBEKe NaTH OTKOJKY Ha
JIeBa, Ha IpuMep (z-y)-2 — Y-y, Torau puMeHa off Tunot (a-(a- (b-b)))-c —
(a-(60))-(a- (b-b)) mpemM3BHKyBa 3roNeMyBatbe HA FOIEMHHATA HA TEPMOT
(BcymHOCT OBa 6apame € CONpPKAHO BO nedbHHALHjaTa HA IPENMIIYBAYKO
nofpeNyBame).

ITpumep 8 (ynoTpe6a Ha IONMMHOMHA HHTEPIPETAH]A, CHMGOIHIKO nudep-
eHuupame, Lankford, 1979)
Tepmunauyja Ha CHCTEMOT

Dt —- 1

D(const) — 0
D(z+y) — Dz+Dy
D(zxy) — (zxDy)+ (yx Dx)
D(z-y) — Dz-Dy

D(-z) — -D(z)

D(z/y) — (Dz/y)~- (z x Dy/y?)

D(inz) — Dz/z

D(z¥) — (yxz¥ ! x Dz)+ (z¥ x (Inz) x Dy)
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ce OKaXyBa CO CIEMHATA [OJHHOMHA MHTEpOpeTalyja:

lz+yll = lall + vl lz =yl = lall+ 1yl
v = lzl+2dyll -2l = il +1

|const|| = 2 el = 2

lzxyl = lell+ il lz/vl = [zl + 2llyl
1Dzl = =’ linzll = ll=ll+1

OmnuITo uaearTa 3a NoJMHOMHA MHTEpHpeTaiMja NOTEKHYBA Off Lankford u
ce cocTol BO ciegHOBO. Ha cexoj n-apeH cuM6oi off curHaTypaTa I Ha
7; My ce IpUAPYXKyBa NO CACH [enoGpOeH MOMMHOM Off 7 MPOMCEHIIMBH.
M360poT Ha KoeuIUeHTATE MOpa i O OCUTypa YCIOBOT HAa MOHOTOHOCT
¥ TEpMUTE MOPA fia C¢ NPeCIuKyBaaT po mpuposuu Gpoesu. IToroa, Mopa
§a ce HOKaXe [eKa CeKoe MpaBuilo € peqymEpadko, OFHOCHO AcKa 3a
cexoe MPaBwio | — 7 BaXM: |i| = |r| € mO3UTHBEH 3a CUTE BPEHOCTH HA
IPOMEHIUBUTE [OrOIEMH Off MUHEAMAJTHATA BPEHOCT Ha 6a3udCH TEPM
(xape co |t| e 03HaUCHA WHTEPHpETAKjaTa Ha TEPM t). Beyusoct, co oBaa
WHTEPIpeTanyja, IPOMEHIUBUTE CC METEPIPETHPAAT BO NPOMEHINBU HATL

MHOXKECTBOTO HpI/IpOJIHI/I 6pOCBH.

I[TocrojaT 4 NOBEKE 4ECTO ynoTpeGyBaHu METOAH Ha neUHApALE
HA OCTOXEHHM MPENUIIyBAuku MOApenyBaba, Bp3 0a3a Ha CTAHNAPAHA
n0GpO OCHOBAHH nogpenyBamwa. Ha xpaTko Ke ce 3apKUME Ha HEKOH Of
uus. HajemHoCTaBeH METON € NeKcHKorpa)cKo NPOUMPYBAE. Co Hero
n [OGPO OCHOBAHH MONPEAYBalba >1,>9,... >n Ha MHOXCECTBA Ay, ..y A,
CoofBETHO, ce TpaHchopMupaaT BO 70GPO OCHOBAHO MOAPENYBAIHE (>1

...y >N)leg HA TUPEKTHAOT mpou3BoOm A; X ... X A, Ha CIIEIHAOT HAYHH:

B T RS W S USRI
! Wbl bt v R S b b S M S A b 0 R Rt BT £t |



Ipetiuwysaurxu cuciiemu 87

(a’ly ey an)(>1, ey >N)lez(b1, L) bn)
axKo a; >; b1 Ik a; = bl, ((12, ey an)(>2, ceey >N)lez(b2; Ceey bn,)
AKO > = ... =>,, THIIYBAME > .

Ilpumep 9 JapeH e npenuiIyBadyKy CUCTEM Off IBE IPABHJIA:

f(f(z)) = 9(f(z))
9(9(z)) = f(z)

HcThoT necHo ce yodyBa feka TepMHHHApPA ako Ce MMa HA yM

NeKCHKOrpad)CKOTO NOApPERyBame (>, >)i.; U HHTEpIpeTanmjaTa ||| : 7 —
Nx N onpegnenena co: ||t]| = (1, t2) , Kafe ¢; e ronemuna - 6poj Ha CUMOOITH
BO t,a ty € 6poj Ha cUMOONH f BO TEPMOT ¢.

Ilpumep 10 Bo crefHHOT CHCTEM Ce KOPHCTH [ap Of HMHTEPIPETAHH
4 JIEKCHMKOrpacKo MOfpefyBame 3a [OKaXyBalke Ha HErOBaTa TEPMH-
Hauyja.

z-(y+z) — (@-y)+(z-2)
(y+2)-z2 - (z-y)+(z-2)
) N
(z+y)+2z = z+(y+2)

ITapot unTepuperauuu (||¢||, |I¢]|), e onpenenesn co

le-yll = Tllzll- llyl
lz+yll = llall +[lyll +1

lconst|| = 2
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U
lz-ylf = 2zl + Iyl
lz+yl" = 2l +livl
||const|| = 2

VMeHO, IPBUTE [BE IpaBUia ja mamanyBaaT IpBaTa WHTEpIpeTayja, a

BTOPHUTE [BE IIpBaTa HE ja MEHyBaar, a ja HamMamyBaaT BTOpaTa.

[Ipyr MeTOJ| € NpOIMpPYBakhe Ha MYJITHMHOKECTBA. KoHe4HO MYyII-
THMHOKECTBO (WA Bpeka) € [IPECIUKYBabe Ol KOHEYHO MHOXECTBO 5 BO
MHOECTBOTO PHPONHU OPOEBH. BeylHOCT CIMKaTa Ha CEeKOj EJIEMEHT
o3@ayyBa Opoj Ha [OjaByBama Ha eJIeMEHTOT BO MYJITHMHOXKECTBOTO.
Cera, ako > € NMofpeayBame Ha S, Torali MOPERYBABETO >my; HA MYyl
THMHOXECTBATa CO E€JIEMECHTHTC HA S ce peduHEPa KAaKO TPAH3UTUBCH
3aTBOpaY Ha pelauujaTa Ha 3aMeHa Ha eleH eJEeMEeHT CO KOHCHUCH 6poj

(MOXe 4 HyJa) eIeMEHTH KO C& [IOMAaJIK O HETO BO OJIHOC Ha >.

Ipumep 11 CucTeMOT COCTaBEH O CJIEHOTO IPABUIIO (unc*rpu6ym13noc'r)

- (y+2) = (@-y)+(z-2)

ro HaBefyBaMe Kako MpHMED 3a [OKAXyBarmbe TEpMHHALHKja CO MOMOLI Ha
MyJITHMHOXecCTBa. HIMEHO, e neuHMpa PENYKIMCKO NMOApEyBame Ha
TepMUTE HA CIEJHMOT HAYMH. 3a cexoj TEPM KOHCTPYMpaMe MyJITHM-
HOKECTBO YHH EJIEMEHTH Ce 1 -TOPKH Off 6poesu. TepMOT ce IPETCTaByBa

non

CO KOPEHCKO APBO Off rope Hafoly. Ha cexoj HajioNeH cuMOOI BO
KOPEHCKOTO CTE0I0, My €€ npUApPYXKYBa [0 E[iHa n-TOpka 6poeBH Ha Clefl-
amoT Hauma. Ha cexoj cumOGon "-" Ha MaTOT Of Hajaonex cumo601 "+ IO

KOPEHOT Ha cTe6II0TO COO[BETCTBYBA MO ECH 6poj - GpOjOT Ha ja3Nu BO

b bt e o st
# A
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MOTCTEGNOTO YHj KOPEHCKH CUMOOI € pasriaefyBaHuoT cum6bon "-". Ilo-
TO4, 71 - TOPKHUTE CE COPENYBAAT IEKCHKOrPad)CKH, a My ITUMHOXECTBATA
CIIOPEN COOIBETHOTO HHAYLUHPAHO MOPEAYBaE.

Taxa, na npumep, Tepmute a- ((b-¢)- (d+(e- f))) ma- (((b-c)-d) +
((b-c) - (e- f))) ce npeTcraByBaar co KOPeHCKH CTe61a KAKO Ha CIEIHATA
CIlMKa M CO MyJTHMHOXeCTBaTa {< 3,9,11>,<3,9,11> .} u {<3,5,15>

,<3,7,156>,<3,7,15>},coonserHo. IIpuToa, BTOpOTO MyJITHMHOXKECTBO
€ riomMano, Gufiej KM CEKoj HErOB EIEMEHT € JIEKCUKOrpa)CKy CTPOro [OMA
Of <3, 9,11 > K0j ce IlojaByBa BO MPBOTO MYJITEUMHOXKECTBO.

Tper MeTop € moppenysame Ha nareku. OBoj MeTo[ TpaHCthOPMHPa
IPOHU3BOJIHO HOOPO OCHOBAHO MO[pPEAyBamwe > (IIPHOPUTET) Ha a30yka |
Off PYHKIMCKA CHMOOJM BO NPENMINYBAYKO IIOAPENYBAMHE HA MHOXECT-
BOTO Oa3uyHM TepMHU Bo curHartypa I. Wpeara e feka TEPM s Tpeba fja e
OTOJIEM Off CEKO] TEPM KOj € U3rPaficH Off TEPMH IOMAJH Off s [IOBP3aHH
CO (PYHKUMCKHM CUMOOJIH IOMAaNH (II0 IPHOPHTET) Off KOPEHOT Ha s. Ilpu
TOA, "MOMaNH Off s" ce MoApa3bupa PeKyp3UBHO, IIPU HUCTOTO IOPENRY-
Bawe. [IBa NaleHd TEPMH s U t IPBO CE CHOPEAYBAaT 10 NPUOPUTET Ha
KOPEHCKHMOT (DYHKUUCKM CHMOOJ: aKO KOPEHOT Ha s € CO MOrOJIEM MPH-
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opHTET Off KOPEHOT Ha i, { MOXKE f1a € IIOroJIEM Off s CaMO aKo HEKOj Off
HEeroBuTe MOATEPMH € IIOroyieM Off S. [IpuTOa, NOCTOjaT jBa OCHOBHH TUIA
Ha MOfpeNyBame Ha MAaTEeKH, sexcukorpad)cko mojpexyBame Ha DATCKH
¥ mojpexyBamke Ha MAaTeKd €O MYJITHMHOKECTBAa, KaKO ¥ HUBHH KoMbu-
HALKH, Off KOMIITO HAj94ecTo € KOPUCTEHO Taka Hapa4eHOTO PeKyp3uBHO
nojpexysame Ha HATEKH.

Hexa e 1afeHO MOApelyBarbe [0 IPHOPHUTET > Ha a30yka I.

Iogpegyearseiio Ha GauLeKU co MY NTUAUMHONECTUBA 2~ mul CC nedunupa

Ha CJICIHHOT Ha4YHH!
(7') f(sla---asn) > mul S,',al(OlSiSTL
(“) f(sla ce :Sn) > mul g(tly vt 7tm)’aK0f ” Q)f(sh- (S Sn) > mul 1JERRE 7tm

(1) F(81,- - 8iynvs5n) >mul g(sl,...tl,...,tk,...,sn),aKof < g,
Si ”mul tl,---,tk,kZO

(1v) f(81,..-15n) Fmul g(Sryy - -+ Sa)> AKO f ~ ¢, e IEpMyTaLKja

MNpumep 12 ([JucjyHKTHBHA HOpPMALHA dopma, Dershowitz, 1982)
3a npuMep Ha ynorpe0a Ha MO[pEAyBaime Ha IaTEKH CO MYJITHM-

HOXECTBa IIpU JOKaXyBambe Teplvmnaunja ro jaBame CIeJHuOT npenmuysa!ﬂm

CHCTEM.
~T = T
~(zVy) — "TATY
~(zAy) = "TVY
ctA(yVvz) — (zAY)V (zA2)
(yvz)Az — (zAy)V (TAz2)

bt g ekt {1 e o e bl

optibs B i HRNREE R Foaen b
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ITpuTtoa, mpropUTETOT € 3afageH co - > A > V.

Jexcukozpagcroiio dogpegysarse Ha TaGeKy e, C& Ae(bUHAPA HA

CICOIHHOT HAYHUH.
() f(s1,-..,8n) iec SiyaKO 1 <P <
(”) f(sly"-)sn) > lex g(tb"'7tm)9aKof >'q7f(317"'73n) > lex tl)"'ytm

(2i2) f(sl,...,s,-,...,sn) tes F(S1yevySicty tiyernnn. tn), aKO

S tle:z: ti’ f(sl)-'-ysn) >'le:z: ti+l:'-~,tn
() f(s1,-..,8n) =tez 9(S1,-..,8m),aKO f R g,m < n
(v) f(s1,--,8n) ez 9(S1,-..,5,),8K0 f = g

OBI{C, KaKO 4 BO MOAPEOYBAKLETO CO MYITHMHOXKECTBA, IIpHOp-
HTCTOT HHOYIHpaA NOApPEAyBam¢ Ha TECPMHTE, HO NOATEPMHUTE O HCTHU

GbyHKUHCKH cuMOOI ce TOAPEeRYBaaT Of JIEBO Ha JECHO, TEKCHKOrpathCKH.

Ilpumep 13 3a gokas Ha TepMHHAIHjA HA CHCTEMOT

ack(0,y
ack(succ(z),0) — ack(z, succ(0))
ack(succ(z), succ(y)) —  ack(z, ack(succ(z),y))

) = succ(y)

3a (pyHkumjaTa Ha Ackerman ce KOPHCTH JIEKCUKOIPad)cKo MOJPERYBarbe
Ha ATE€KH, IPU IPUOPUTET ack > succ.
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[Ipu peKyp3uBHOTO nojpefyBambe HA NATEKH, IPEf cé Ha CeKOj
enemeHT o [ My ce OfenyBa cTaTyc - nexcuxkorpadcku WY Ha MyJ-

TUMHOXKECTBO, T.€. [ c€ feJH Ha [IBe MOAMHOXKECTBA Lez u Mul. Ilotoa

nebuHMMjaTa HA HHAYIHPAHOTO nofpeyBame e CllefiHara:
S = f(sl, . -,Sm) trpo g(tl,. . ,tn) = t

AKO BAXKH €[IeH Off CIEHATE TPH YCIOBH
(i) s; = t,3a HEKO] i € {1,...,m},
(1) f=gmn
1. f € Lexus >rpo 1,18 7 rpo tns (S1y-- $n) (Zrpo)tes(t1y - - - ,tn)s

2. f€ MulK(81,---,Sn)(trpo)muz(th---,tn),
(14) f > g WS >rpo ti, 33 cexoj i € {1,...,n}.

Kora > e JEHeapHO NofpeyBaibhe Ha [, Toraul | >rp, € TMHEAPHO
noppenyBame. HIYIHPaHOTO OJPENYBABETO € CTPUKTHO aKO Mul = 0.
OBa focera ce OfHeCyBalle Ha noapenyBame Ha OasHyHM TEpPMH, a 3a
TEPMH CO [IPOMEHJIMBH MOXKHO € BaKa nehbHHEPAHOTO [OJPENYBAHE [ CE
[IPOLIKpK [0 MPENUIIYBa4IKO CO $ >rpo I QKO H CAMO 8KO SO > rpo 10, 38
cexoja 6a3u4Ha CYICTHTYIH]a 0, LI [1aK €O TpeTHpathe Ha IPOMCIIUBUTE
KAKO HOBM KOHCTAHTH HECTIOPEJIMBH CO HUCMICH dyrxipucky cumOO0I, HETY
mefy cebe BO >.

3a mpenuuIyBadKMOT CUCTEM 32 [PYIH HaBencH BO BOBENOT, TEPMU-
HalHjaTa ce JOKaxyBa Co [OoMOll Ha efieH B/ PEKYP3HBHO IOAPEAYBADHE

Ha OATeKH, I03HATO KAKO MOAPEAyBake Ha Knuth - Bendix.

o stspd b e Ui 4B v ot kbt s
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4.4 Kommiernpame Ha TepmMoBcKkn HPEenuyBAYKH CHCTEM

Beke croMHaBME fleKa MPENUINYBAYKHTE CHCTEMM HA ce Off HHTEpeC 3a
peluaBawe Ha poGiemMu Ha 360poBu. [Iputoa, npobremor ce CBej[yBa Ha
CIIEAHOBO: 3a fafieHa KOHIPYCHIU]a Ha KOHEYHO NPe3eHTHpPaHa anrebpa
(Bo ciryyajoB anreGpa Tepmu) pa ce feUHAPA KOMILIETCH IPENMLIYBaYKH
CHCTEM KO] ja reHEpHpa HCTaTa KOHIpyeHnuja. Bugejku, CEKaKo, pa3Iu4HU
IPENUUIYBAsKY CUCTEMH MOXKE fja [CHEPHPAAaT UCTa Pelauuja, NoTpeGen
HH € [IOUMOT 3a HUBHA €KBHBAJIEHTHOCT.

Heduaummja 56 [[Ba TepMOBCKH MpEMHMIITYBaYKU CHCTEMHU (T,—),(T,=)

CE€ EKBUBANCHIUHIU KO < =&, A

Cexoj KOMILIETEH IpemMITyBaYKy CHCTEM eKBUBAJIECHTEH Ha HafeH
OpEnuyBayky CHCTEM (7, —) ce HapeKyBa HErOBO Komuneiuuparse.

Ce nocraByga npalnameTo fanu cexoj mpeuIIyBauKy CHCTEM HMa
Kommnerupawe. Co ynorpeba Ha akcMomara Ha u360p ce o6GHBa mMo3-
MTHUBEH OArOBOD Ha OBa MpAllake, HO BO OMWIT CIIy4aj HEBO3MOXHO €
HCTOTO fia Ce KOHCTPYHpa anropuramcku. Mpejara 3a anroparaMcko KoM-
[IIETHPAbC Ha NafcH NPEMHIIyBayKH CHCTeM ¢ Oasupana Ha ITocieguya
5. Beymmocr, moafajke off eneH IPENUIIYBAaYKA CHCTEM Ce obugyBame
fld KOHCTpyHpaMe HEroBO KOMICTHDAHE JNOLMPAjKU [ CHTE CHTYaIUH
BO KOH € HapylIeHa JioKalHaTa KOHpayeHTHOCT. [locramkaTa 3a KOM-
IUICTHpalkC Ha MPCMUUIYBAa4KH CHCTEM moTekHyBa of Knuth u Bendix,
a IOCTOjaT ¥ MoBeke mopobpyBarma Ha MCTaTa BO CMUC/Ia Ha ecpukac-
HocT. HakpaTko, WwTo e miejaTa: moyHyBame CO flaeH TEPMHHHDAUKU
OpENUINyBaYKu CHCTEM (7, —) U TO OIpeaelyBaMe MHOKECTBOTO Of CHTE
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" KpUTHYIHM 1apoBH" Ha —, MM LITO (z,y) € T x T € KpUTHYEH Nap ako
ja HapyuIyBa JIOKaJIHaTa KOHQIIYEHTHOCT T.€. IOCTOU z € T TakoB WTO
2 — T,z — y, HO T ¥ j HE C& KOHBCPIEHTHH. JacHo, aKo 0Ba MHOXECTBO
e IIpa3Ho, Toralll CUCTEMOT € xomruieTer. Ho, aKo IOCTOM KPUTUICH [IAP
(z,y), TOram BoCIIOCTaBYBaME nokanHa KoHGIIYeHTHOCT CO IofiaBarme Ha
e[IHO Off MPaBWJIATa T — YUY — T BOJIEj KM CMETKA Jia HE Ce HapyILM T€p-
muHauujaTa. AKo M BETE OBUC IpaBuia ja HapyuyBaaT Te pMUHALKjATa
IoCTalKaTa 3aBpliyBa Co HEYCIeX, MHAKY ja moBTOpyBaMe I0CTallKara 32
BaKa MpoNIMpEeHaTa penaiuja. [IpuToa, HOBTOPHO MMA IBE MOXHOCTH -
[OCTANKaTa fia 3aBpilu CO penanuja Koja € JOKalIHO KOHQIIYeHTHA 1 TEP-
MHHUPAYKa, OfHOCHO, CO KOMILIETHPAIHE Ha CHCTEMOT, WIM HUKOTalll 1a He
3appum. MHaKy, jacHo € fieKa co CeKoe MOfaBae Ha [PABHUIIO CE nobusa
eKBUBAJICHTEH [PETHIITYBAYKH CUCTEM. [Tpu mpakTH4HA MMILIEMEHTALH] A
cexako e GuTeH ¥ M3GOPOT HA KPUTHYEH Iap BO NafCH MOMEHT, KaKo 4
MHOTY fpyru feTany. MicraTa nocrafka e ocobeHo rorofHa off anrebapcku
ACIIEKT, T.e. Off ACIEKT Ha 3aMEHA Ha CHCTEM Of paBeHCTBA (MTEHTUTETH)
CO CHCTEM MPAaBWIA 33 MPEIULIYBabE. [TouHyBajKu Off CUCTEM PaBEHCTBA,
OKOJIKY MCTUTE CE Haco4aT 1 Ce IPUMEHH IOCTaINKara, ce fo0uBa eBEHTY-
AJIHO MpEMUUIyBaYKH CUCTEM KOj € KOMIUIETEH U KOj ja TeHepupa ucTara
konrpyenugja. OBa € KOPUCHO 32 ANTOPUTAMCKO OMULIYBame Ha CIO-
GonHuUTE anre6apcki CTPYKTYPH €O [OMOII Ha KAHOHHMYHM [TPETCTABHULIH,
KaKo ¥ 3a pelliaparbe Ha MpoONIeMOT Ha 360pOBH BO IAfICHO MHoryoGpasue

anreGpH, CEKaKo JOKOJIKY MOCTAIKaTa 3aBPHIK co ycrex.

Bo mpopo/iKeHUE ke ru pgajgeMe OCHOBHHTC neuHAIMKA U CBO-
jcTBa 3a MPELU3HO OMPERENYBAbE Ha MOCTAanKarTa 3a KOMIUIETUPAE, Oe3

3apXKyBambe HA MHOLY JETANH. [Mocranka € fAeTanHo o6paboTeHa BO

otk e i b el bt ik » & ib ke TORETIOW

B0 At b R Ve '»K»MI’M
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2,18, 30].

Hedunumaja 57 Hexal — ru g — d ce ABE mpaBuiIa 3a NpeNMUIyBame (CO
UC]YHKTHYU IPOMEHIUBH - [1O MOTpe6a NPEUMEHYBaHH) U HEKA 0 € HajOIIUT
yHH(DUKATOP Ha g ¥ MOATEPM |, O | KOj He e mpoMertnBa. Toraiu BpBOT
10 i, lo =P, lo[do], € kpuihuyen, anapor <ro, lo[do], > € kpuitiuen
iap. Co C P(R) ro o3HayyBaMe MHOXECTBOTO Off CHT€ KPUTHYHU [APOBH

HacTaHaTH Off MpaBWiaTa Ha R. A

l

¢/

N\N

[o N N\

Kpprmqeﬂ BPB U KPUTHYEH 11ap

CnemHOTO CBOjCTBO IMOKaXyBa [€Ka CHTE KPHUTUYHH CUTYalMU 10
KOHM MOXe [la JojieMe IpH NpoBepKa Ha JOKalHa KOH(IYEHTHOCT ce
HHCTAHUM Of KPUTHYHHU [TAPOBH, T.€. KOHIENTOT Ha KPUTHYHH MAPOBH ja

ONHMUIYBa KPUTHYHATA CUTYyall{ja Ha HajOIIT HaYUH.

CeojctBo 16 Hexa [; — 7,ly — r2 ce [Be npaBuna Of NPENULIyBAYKH

cucreM R. Hexa p e no3uuyja Ha [; M IONTEPMOT [; |, HE € IPOMEHIKBA. AKO
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OCTOjaT CYNCTHTYUUU 01 U 03, TAKBH wto ly|,01 = lo02, TOrall NOCTOH
KpUTHYEH nap <tj,t2>€ C'P(R) ¥ CYIICTATYUMja 0, TAKA WITO ;0 = lioy 1

120 = llal[’f'gag]p. O

Teopema 32 (Tecr Ha Huet 3a jloKalHa KOH(ITYEHTHOCT)
EfeH npenuiyBayks CHCTEM € JIOKAIHO KOH(IIYeHTEH aKO U CaMo

aKO CHTe HeroBi KpUTHYHH napoBu €€ KOHBCPIrcHTHH. O

KoHeueH NpenuiryBa Ky CHCTEM HMa KOHETHO MHOXECTBO KPUTHIHHI
IapOBH, CIIOPER TOa, TOKalHaTa KOH(IYEHTHOCT € OfTy4HBO CBOjCTBO 32
KOHEYHH [PENUIIYBaYKH CHCTEMH. UcTo Taka e ¥ KOMIUIETHOCTa, CIIOpEN
nTemaTa Ha Newman 3a TEPMHHADAUKM M KOHCYHH NMPEMUUIYBA1IKM CHC-
temu. Taka, clejHaTa TeopeMa € RUPEKTHA [10CIefnna Off IPETXOMHATA

of lemaTa Ha Newman.

Teopema 33 (Knuth - Bendix)
TepMUHMPAYKK NPEIMITYBAYKU CHCTEM R € KOH(IIYEHTEH aKO H
caMo axo cexoj KpuTudeH nap <t',t">€ CP (R) e KOHBEPIreHTCH. O

Bo npopoiKeHHEe Ha KPATKO ja maBame nocrankaTa Ha Knuth i
Bendix 3a KOMILUIETHpabE, Koja ¢ 6a3upaHa Ha IPETXOAIHATA TEOpEMa.

Heka R e KOHEeuYeH TEPMHUHUPAYKH MPEMHUUIyBAYKH CHCTEM. Co
OCTANKaTa ce reHepupa Hu3a (Ra|n € N) KOHeYHH MHOXCCTBA [paBiia
3a IpENUIIyBakbe, KOU U 3a10BOJTYBaaT CICHATE 1Ba YCIOBH:

(1) R,, e TepMUHMPa4KH i CKBABAICHTCH Ha R, u

(2) Cekoj KpUTH4EH Nap Ha R € KOHBEPIEHTEH BO Roi1.

Bo mocTankaTa 3a OpecMeTyBalbe NpPEe3eHTHpaHa BO MPOAOJIKE-
HHe, CTATA BEHTYAJHO 3aBPIUyBa CO KOMILIETEH CHCTEM COOABETCH Ha

cnenuduKanyja 3afgafeHa co papeHCTBa.

L b b bbbl bbb i
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INocranka 3a kommneTupasme Ha Knuth - Bendix

Buaes:

e MHOXECTBO (DYHKUHMCKH CUMOOIH [ U MHOXKECTBO HIEHTUTETH F,

® PENYKUHUCKO MOfipefyBame Ha T

H3zaes: KOMILTETEH TEPMOBCKY [PENUIIYBAaYKH CUCTEM R
co ocobuHaTa
(Vs,teTr)(srte (ILE)Fs~t
ITounu
R:=0;
ponexa E # () mpaBu
n30epu paBeHCTBO s =t og E
penyuHpaj T s 4 t O COORBETHU HOpMaJHU opmu s’ u ¢/
.(Bo ogHOC Ha R)
ako s’ = ¢’ Toram
E:=FE—{s=t}
HHAKy

ako s’ > t' Toram

— ol e
a:=§,0:=t
HHAaKy axko t' > s’ Toram

— . — ol
a:=t,f:=s
HHAKYy Heyclex
xpaj; {ako}

CP := {p = q|(p, ¢) xpuTHICH nap Mely
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npasunaTa of Ru o — B}

R=RuU{a - B}
E=EUCP-{s~t}
Kpaj; {ako}

Kpaj; {moneka}
Kpaj.

Hajronem mpoGiieM CeKako € OIpefelyBame Ha MOAPeRyBakCTO,
HO HA TOAa BO MOMEHTOB BOOHLITO He Ce 3agpxyBaMme. [lOKa3oT Ha
KOPEKTHOCTA HA MOCTANKAaTa 3a KOMIUICTHPaihe € MPUIMIHO CIOKCH "
nps ro gain Huet, 1981. [JeTansu HaCOKH 33 TOKAXyBakC HA KOMIUIETHOCTA

ce naneHd Bo [2, 18].

P N IR = B eR g  peR r— P . b B 5 R M R

R
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Cnobognu ciynu n npo6.iemM Ha 360poBu

Bo 0BOj men ce 3ajpxyBaMe Ha MHOTYOOpasMeTo Ciynd, ogHocHO IllTta-
juepoBH nyma. [laBaMe omuc Ha COGONHUTE CIIYIH, 4 PEIUEHAE HA TPO6-
JEMOT Ha 360pOBH BO OBa MHOryo0pasme, OfHOCHO HOKa3 eKa HCTHOT
€ pelnMB KOpUCTejKd ru pe3ynratute Ha T.Evans © KOHCTpyKuMja Ha

OIpEOUIIYBAYKHM CHCTEM 3a HEI'OBO pelaBame.

5.1 Bosennn nonmn

IllTajuepoBa nyna wik ciayna e anre6pa (L;-,1), xage - € 6MHapHa OI-
epauyja 1 1 e KOHCTaHTa, KOja T'd 3aJOBOJIyBa HIECHTHTETUTE

(S1) lrz=x
(52) T Yy=y-z
(S3) z-(z-y)=y

IlITajrepoB cucTeM Tpojku € nap (L, M) xane L € KOHEYHO MHOKECTBO,

99
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M e MHOXKECTBO TPHEJIEMEHTHH [OMHOXKECTBA Off L co cBOJCTBOTO, 3a
cexou a,b € L (a # b) NOCTOM ENUHCTBEH ¢ € L Taka wTo {a,b,c} € M.
JacHo e feka cekoj llITajHEPOB CHCTEM TPOJKM Ha MHOXKECTBO L oBO3-
MOXyBa KOHCTpYKUmja Ha Clyma co HocuTesx L U {1} xame 1 ¢ L, u
o6paTHO. 3Ha4y [OCTOM OOpaTHa eHO3HAYHA KOPECIIOH/ICHIM]a OMeLy
llTajaepoBUTE CUCTEMU TPOJKU ¥ KOHEYHUTE CITYIIH.

KjiacaTa WHBONYTODHH KOMYTATHBHM JIyId € Ac(bUHMPaHa CO 3a-

xonure: 1z = z, y = yz, 2z = 1, (Vr,y)( Iz, u)(zz = y, uz = y).

Caojcro 17 MHoryo6pa3ueTo CIyIH € BUCTHHCKO nogMHOryoopasue of

KJiacaTa MHBOJYTOPHHA KOMYTaTHBHHA JYIIH.

Jokaz Axo (L;-,1) e ciyna, Toralml paBeHKaTa ar = b 3a MPOU3BOJHU
a,b € L uMa eguHCTBEHO PemieHME T = ab. BO MPOAOJIKEHME [aBaMe
npuMep Ha MHBOJYTOPHa KOMYTAaTHUBHA JIyIa Koja HE e cayna (M Taa €

MHHHMAJIHA CO TOa CBOjCTBO):

1 a b ¢c d e
1{1 a b ¢ d e
aja 1 ¢ d e b
blb ¢ 1 e a d
cle d e 1 b a
dld e a b 1 ¢
ele b d a c 1

O

[ToHaTaMy ro KOPUCTHME TEPMHHOT 6a3a 3a MUHHMAJIHO reHepa-

TOPHO MHOXKECTBO Ha efiHa anreGpa, u crobogra 6asa 3a 6a3a Ha anredpa

L T e e e . o = PPt . b ) B A

‘ mw}w
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CO CBOJCTBO Ha YHHBEP3aJIHO NPeCIuKyBambe. Taka, MEOXECTBO B BeliMe
ficka e cnobofiHa 6a3a Ha ciyna S = (S;-,1) ako B e 6asa u cekoe pec-
JUKyBame o B BO L, kKafne L = (L; -, 1) e ciynma, MOXe Ha eUHCTBEH HAYHH
Aa ce npommpu g0 xomomopduzam og S Bo L.

9.2  Croboxuu ciymn - KoHCTpyKIHja 1

Heka X e gageno MHOXeCTBO. HedurnpaMe Bepura og MHOKECTBA X;un
MHOXECTBO Fx cO:

(Bl) X, =X, Xin=XiU{{w,v} |[u#veX;, udv, v¢u},
Fx =(U(X]i21)u{l} 1¢U(X|i>1).

Crojcrso 18 EnemenTorz € X;y1\ X; ako n camo ako z = {u, v} 3a Hekon

CMHO3HAYHO ONPEefeICHN ¥ H v TAKBH ITO u € X; \ X;_; winv € X; \ X;_;.
O

Hedunupame onepanuja  Ha Fx Ha CIENHHOT HAYMH. AKO u,v €
Fx \ {1}, Toram

{u,v} v#v,uév, vé¢u
uxv:=«< 1 u=v

t v = {u,t} mm v = {v,t}
Hlxu:=u, uxl:=u, 1x1:=1.

Teopema 34 Fx = (Fx; *, 1) e c1060geH 0GjeKT BO MHOTYOGPA3HETO CIIYIIH
€O cliobonHa 6asza X.
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Hoka3s OuuIIegHO € AeKa U * U = U * U. ['o mpoBepyBaMe MCHTUTETOT
u * (u % v) = v BO CJICHUBE CIIydaH.

Du#v,ug¢gv, vEu: ux (u*v) =ux{u,v} =1,

2)v={u,t}: ux(uxv) =uxt={yt} =7,

N u={v,t}: ux(u*xv) =u*xt="v.
Bo ceKoj Apyr CIy4aj TBPAEHETO NMPEKTHO € HCHOTHETO. 3Hauy, Fx ¢
cayna.

JacHo e nexa X ¢ Oasa Ha Fx, aTaac u cnobopgua. MIMeHO, HEKa
(L;-,1)ecnymau¢: X — L e npecinukyBambe. JedHHUpaMe UHTyKTUBHO
BEpHra Off MPEeCIuKyBamwa (¢; : X; — L |i> 1) Ha ciefHUOT Ha4HH.

¢ = ¢ HaKO ¢; € neUHUpPaHo, TOTalm 3a T € Xisis

¢i(z) T € X;

¢i+l(z) = { (,bi(u) . (,bi(v) T = {u,’U} € Xi+1 \ Xi

On Csojcitiso 2, ¢; € Ro0po neduHUpano 321 2> 1.

Heka ¢* = U(¢; | ¢ > 1)U {(1,1)}. Ke gokaxeMme feKa ¢* €
xoMoMoptu3zam. ['u pasriiefyBaMe CICHUTE CITyan.

DHu#uv ugo, véu(uveX; 3aHeKOj i > 1): ¢ (uxv) =
¢*({u,v}) = dir1({u,v}) = ¢i(u) - ¢i(v) = ¢* (u) - ¢*(v).

2) u = {v,t} € X;3aHeKOj i > 1: ¢*(uxv) = ¢*(t) = i (t) =
($i-1(v) - B (1)) - Gi1(v) = il{v,t}) - dima (V) = ¢*(u) - ¢* (v).

OcCTaHATHTE CITy4YaH CE TPUBHjaTHH. O

CMeTajku feka MHOXECTBOTO X € nobpo noapefcHo (T.€. 3eMaMe
nexa Baxat akcuomute o ZFC TEeopYjaTa Ha MHOXKECTBA), [0 NPOLIKPY-

BaM€ MCTOTO MOApPENyBae 10 100pO MOAPEAYBAkE HA Fx, Ha CIEAHUOT

LU R L LR SRR T R
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HAYHH.

Enementor 1 e HajMan Bo Fy. Axo a,f € Fx u o uMa noman
6poj (mapoeu) 3arpanu ox 3, Toramr o < B. Axo {a,B} # {v,6} € Fg,
{8}, {7,6} umaar ucr 6poj (mapoBu) 3arpamy u o < 3, v < §, Toram
craBaMe

{0, B} < {7,6} ako & <vHma=7v,08<6,u

{7,0} <{e,B} akoy < o mma o = v, 6 < .

Csojcreo 19 (Fy, <) e go6po IO PENEHO MHOXECTBO.

Hokaz (Co urpykumja no 6poesu Ha sarpamu.) Heka A C Fy. Ako A
CORpH eleMeHT Ge3 3arpajiu, Toram HajManioT Bo (X U{1})nAe HajMal
BO A. Unaxky, Hexa k > ( e HajMamoT Opoj Ha 3arpapu Ha eJleMeHT of A u
A’ = {a € A|Gpojor HazarpaguBoae k}. To pasriegyBaMe MHOXKECTBOTO
A" = {u € Fx | {u,v} € A,u < v}. Cunopen uamyKTHBHA IIPETIIOCTABKA
A" uMa HajMan eneMeHT o 1 A” = {v € Fy | {a,v} € A’} uma majman .
Toram {a, 3} e najMan Bo A’ T.e. A. O

Ha younme eka ako X e peKyp3MBHO MHOXKECTBO, TaKBO € i Fy.

5.3 Cuo6oann ciymu - KOHCTpyKHOHja 2

Ogpe naBame Apyr omuc Ha CIIOGONHUTE CTyII KOPUCTEJKH ja ancoJyTHO
croGopHaTa anreGpa, T.e. anreOpaTta Gasu4yHH TepMH Gr(X) = Gx
Co cnobonra Gasa X, Bo curHaTypa {-,1}. Cekoja cio6opua cliyna co
cno6opHa 6asa X e BCymHOCT hakTop anrebpa Ha Gx. MefyTtoa, BO OBOj
OIUC KOPHCTUME ITOAMHOXKECTBO Ha Gy KaKO HOCHTEJI Ha crobofHa ciyna.
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Ha unpykTHBeH HayuH fedUHUpaMe MPECTUKyBamwe d : Gx — N,
Kafe N e MHOXECTBOTO IPUPOAHH OPOEBH, CO:

d(1):=0, d(z):=03azeX, dt - t)=d(t)+d(t2) + 1.
[Ipuroa, 3a d(t) BenuMe [ieKa € exuHa Ha TEPMOT t € Gx.

Co HHyKUKja 10 TeXUHaTa fehHIpaMe NpeciuKyBawe C : Gx —

F'x Ha cieqHUOT Ha4YKH:

(1 t=1lmmat =1t -t C(t;) =Clt)
t te X
C(t1) t=1t; -1, C(ty) =1
C(t) :=¢ C(t) t=1t ty, C(t) =1
C(t3) t=t;-t, Cta) = {C(t1),C(t3)} mnu
t=1 -ty C(t) ={C(t2), C(ts)}
| {C(t),C(ts)} t=t1,-t, 1 HUEHO OFf IPETXONHATE HE BAXH

CsojecrBo 20 IIpecnukyBameTo C € emuMopdusam. W

Cera o TeopeMara 3a xoMoMopduzaMm uMmame Gx/kerC = Fx.
[TonaTamy ompefiesryBaMe KaHOHHYEH IPETCTAaBHUK 3a CEKOja KJaca.

[IpernocraByBajku gexa X € fo6po NOApeNeHo, AeHHrpaMe npec-
nukyBawbe T : Fx — Gx KOPHCTEjKHM IO fOOpOTO MOApENyBamwe Ha Fx,

co:

T():=1, T():=z3az€X, TH{uv}) :=T(u)- T(v)kage
u > .
Ceojcrso 21 T e uHjexuyja. O

CeojetB0 22 TCT =T, CTC = C.

b i A od pbin b e s i it i fheisho Wit & QIO M2 BB 2 }

by N? i
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Hokas Hexao € Fy. Akoa=1uma € X, TBP/IEHETO € TPUBHjAIHO

ucnonsero. Hexa o = {u,v}, u,v € Fx, u < v. [IpetnocraByBame fexa
TBPACKHETO BaXXH 33 CEKOj eJIeMeHT Ha Fx noman off .. 3Hauu, TCT (u) =
T(u), TCT(v) = T(v). Toram CT(u) = u, CT(v) = v cnopen Csojciziso
22, u Oupejku o € Fx umame CT(u) # CT(v), CT(u) ¢ CT(v), CT(v) ¢
CT(u). Cuemu, TCT (o) = TC(T(u) - T(v)) = T({CT(u),CT(v)}) =
T({u,2}) = T(a).

Cera, CTC = C e nocneguua of Ceojcitieo 22 u TCT = T. O

3a eneMeHTOT ¢ € Gx BelUMeE fieka e pegyyupar ako TC(t) = t.
IIpecnukysamwero R = T'C ro HapekyBaMme pegykyuja. [a 3abenexumMe
nexa (R(t),t) € kerC u BO cekoja Kj1aca KOHIPYEHTHH €JIEMEHTH ITOCTOM
TOYHO €fIeH pefyldpaH eJeMeHT Koj Ke Oufie KaHOHUYEH NPETCTaBHUK Ha
KJiacara.

ITpecnukyBamweTo R ru UMa CIe[HUBE CBOjCTBA.

CBojcTBO 23 R™ = R, 3a CeKOj nn > 2, M 3a CEKOH t, s € Gx UMaMe:

Hoxka3z (i) u (ii) ce aupekTHH, (v) e mocnequua of (iv) u (ii).
(iii) R(t-s) =TC(t-s) = t-snosnekypa feka C(t - s) = {c, } Kane
a< B, T(a) =t, T(B) = s. Cera, TC(t) = TCT () = T(c) = t, ¥ Ha UCT

Hayud TC(s) = s.
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1 C(t) = C(s)
C(s) C(t)=1
C(R(t)s) =4 C() C(s)=1
c(l) C(t) = {C(s), C()} mm C(s) = {C(¢), C(D)}
\ {C(t),C(s)} wuHaKy

oprocro C(R(t) - s) = C(t- s).
(vi) KcTo Taka ce f00HBa pasCIie[lyBajKu [H CHTE CTy4au BO neduny-

[ujata Ha R OfHOCHO C. O

Heka Gx € MHOXeCTBOTO PeflylpaHy TCpMH T.C. Gx = R(Gx) =

T(Fx). Jedunupame onepanuja o Ha Gx €O
tos=R(t-s), (Vt,s € Gx).

Teopema 35 Gx = (Gx;0,1)¢€ clo6opHa ciyna co clrobosa 6asa X.

Mokas Ke noxaxeme Aeka Guexijara T e usomopcuzam Mer'y (Fx; *,1) 1

(Gx;o,1). 3acekont, s € Gx umame t/kerCxs/kerC = (t-s)/kerC = (R(t:
s))/kerC = R(R(t)- R(s))/kerC = (R (t) o R(s))/kerC. Op Gx /kerC = Fx
no6usame C(t) * C(s) = C(R(t) o R(s)) 1 ako u = C(t), v = C(s),
C(s)) = T(C(R(t) o R(s))) = R(R(t) o R(s)) =
) =T (u) o T(v). O

toram T'(u * v) T(C(t

) *
R(t) o R(s) =TC(t) o TC(s

IJa 3abenexuMe feka ako X e pexyp3MBHO MHOXECTBO, TOrall

, oupejku C u T ce PEeKyp3UBHO necdunupaiy ¥ Gx € PEKYP3HBHO

22 TRERTINE TR QT TST T LR vt R i
4

NIRRT T T E ]
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MHOXKECTBO, NPETXONHO fe(PMHUPAHOTO [OGPO mofpenyBame Ha Fy WH-

nyuupa [o6po nofpenyeamwe Ha G x.

5.4 TIIpodaeM Ha 360pOBH 32 MHEOTYOGPA3HETO cIIyna

5.4.1 BoBexnH MOHMH H pe3yaTATH

Bo npopomxkenue ce 3apxyBaMe Ha pewaBame W P1 3a MHOryo6pa3ueTo
crymd. Mctuot 3a MEOryo6pasieTo CIIyIH Ce CBeflyBa Ha ciregHoTto. Heka
X € KOHeUHO MHOXeCTBO ¥ (Gx; -, 1) e anconyrHo co6ofHara anreGpa co
6asa X Bo currarypa {-, 1}, T.e. Gx e anreGpara Tepmu Bo cursarypa {-, 1}.
Hau mocTou anropuTaM co Koj 3a NPOM3BOIHE u,v € Gx, H IPOU3BOIIHO
E={si~t]s;,t €Gx, 1<i<gq, q€ N} Kece yrBpau ganu u o v, Kane
o € ConGx, a € reHepUpaHa Off HACHTUTETHTE 32 CIIYIM M ic(QHHMPAYKHTE
pesauuu on E.

Cuopep; Teopema 7 ako cexoja e IyMHa CIylia MOXe [1a Ce CMECTH
BO CJIyna, Toraul npoGieMoT Ha 360POBH € PelLIHB 33 MHOTYOGpPAa3HeTo
CITYIIH.

Hexommnerna wiu femymMHa ciyma co HocuTen G e 4eTBOpKa
(G,-1,D),xage D C G?, 15 € G, - : D+ G e NpeCiuKyBatbe U CIICHATE
YCIIOBH Baxar:

(1) (z,2)eD = z-z=1g

2) (@y)eD = (y,2)€D,z-y=y-z

B) (z,1)éeD = z-1=xz

4) (z,y)eD = (z,z-y)€D,z-(z-y)=y

Csojcrso 24 Cexoja HeKOMILTIETHA CITYIIa MOXKe [1a Ce CMECTH BO CIIYIIa.
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Hoka3z Hexa (G, -, 1, D) e fiefnyMHa Ciyna.
Hexa D, = DU {(z,z)|z € G} U {(L,2),(z, )|z € G} u Hexa

.0 : Dy = G e fedpuHEpaHO CO
ToY=2"Y, (IL‘,y)ED

x-0x=1,z-01=1-0z=z,z€G

Taxa no6usame fexymua ciyna (Go, o, 1, Dy) kage Go =G, D C Do C G3.

Axo (Gj, i, 1, D;) € nepuHUpaHa ieTyMHa CIIyna, ¢hopMupaMe HOBa
Ha crenamor Haume, Hexa C; = {{z,y} | 2,y € Gi, (z,y) ¢ D;}, upu
npernoctaBka C; N G; = (@ (umaky Ou 3emMane eXBUBAJICHTHO MHOXCCTBO
ua C;) u ctaBame G = G; U Ci.

HeduHupaMe IeTyMHa omepanja «; 41 €o:

(z,y) €D; = ZT-ip Y=Y
(z,y) € P\ D; = z-iny:={z}
T E Gi+1 = ZT-41Z:= 1,241 l=14n2:=¢z

1€CGy{z,y}eC = zun{nyt={ny}inz:=y

Heka D;,; € MHOXECTBOTO Off CUTE MapOBH (z,y) € Giy, 32 KOM
T ;41 y € nedpuuuparo. 3Haun G7 € Dy u D; € Digy.

JacHo e nexa 3a (Giy1, it1; 1, Diy1) BAXaAT (1) - (3) on pedpunuuKjaTa
Ha ieJlyMHa cnyna. ['o mposepyBaMe YCIOBOT 4.

Hexa (z,y) € Diy1. MOXHY CE CNEHABE CIIyHam:

e (z,y) € D;, Bo Koj ciryaj Bax (4)

d x’-:yeGi,TOFamiﬂ'iHy:1na$'i+1(1"i+ly)=$‘i+11=$=y

ke s b Vs i e il st 5 b DA oAk B 3 BRI ) FE R L




Caobognu cayiiu u iipo6aem na 360posu 109

o (%Z/) € G?\Di,TOFamx'iHy = {xyy}nx'iﬂ(x'iﬂy) = x'iﬂ{x,y} =

y

*z € Gy = {z,2} € Gy, Toraw z -4, y = z -4y, {z,2} = 2, na

i1 (Trimy) =T pz={z,2}=y.
Ha oBoj mawun mo6usame Bepuru of MHOXectBa (Gili > 0), (Dilt >
0), (-t > 0) co cBojcrBara:

Gi CGiy, D; CGIC Dy, 4 C il

Hexka

G*:U Gi, D*=U Di, '*=U°i.

i>0 i>0 i>0
ITpuroa, 3a z,y € G*, mocrod i > 0 .. z,y € G;, o kape (z,y) € Djy,
T.e. (z,y) € D*. 3maum D* = (G*)? ogHocHO (G*,*,1) e ciyma koja e
npoumpysaswe Ha (G, -, 1, D). O

On mocrenmHOTO CBOJCTBO M Off HABE[EHHOT pe3yirar Ha Evans
JUPEKTHO Cle[[yBa CIeIHABA TEOpeMa.

Teopema 36 IIpoGieMoT Ha 360POBH € DEULTMB 33 MHOIYOGPA3HETO
CIIYIH. |

ITpuroa, omurruor anropuram Ha Evans ocBeH Herosara mo6pa
CTpaHa, ONIUTOCTA, MPHIMYHO € KOMIUIEKCEH M He MHOrY MOrOfeH 3a
ynoTpe6a. Bo npogomxenue Ke fageMe fUPEKTEH allTOPAUTAM 32 PELIABAHE
Ha npobieMoT Ha 360POBH BO MHOT'YOGPa3KeTo CITyIH, KOj CENak BO roJieMa
Mepa I'd 3a[pKyBa HACUTE Off ANrOPUTMOT Ha Evans.
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5.4.2 TepMOBCKH NPEMAUIYBATKH CHCTEM 32 pelllapare

Ha npoGIemMoT Ha 300POBH BO MHOry0Opa3HeTo CIIylnH

Hexa X ¢ KOHe4HO MHOXeCTBO, (Gx,- 1) e ancoJyTHO anobofHaTa
anreGpa Tepmu Bojasuk {-, 1} uHeKa B = {timsili=1,...,q tisi € Gx}
e KOHEYHO MHOXKECTBO Ae(pHHUAPAYKK PABCHCTBA.

Co Ax ro o3HavyyBaMe MHOXECTBOTO Ax C Gx X Gx, nepHHUPAHO
co

Ax = {(t, s)|to = so € IPUMEPOK Of AKCHOMA,
3a HEKOja CYNCTUTYIHja 0 }.

Heka o = Cggy (E U Ax).

Moxe fa cMeTaMe [ieka t; = R(t),si = R(si),i = 1,..,q oupejKu
ako o/ = Cgg, ({(R(t:), R(s:))li=1,...,q} U Ax), Toram o = o

WmeHo, (Vz € Gx) (za R(z) Az o R(z)).

Co MHOyKUHja O TEXMHATA d, neduHMpaMe OpeciuKyBawe P
Gx — B(Gx) co:

= { te XU{1}
' {t} U P(tl) U P(t2) t= tltg

Heka
q q
x' = (xu(JPw)uJPE)\ {1}
i=1 i=1
MuoxecTBoTo X' e KoHeudo, meka n = |X'| 4 B = {br,...,bn} €

MHOKECTBO TaxBo mTo BN X' =0, mn Heka b : X' — B ¢ 6uexIHja

Koja ja mpommpysame 10 Guexumja o X' U {1} Bo BU {1} co b(1) = 1.

Atz e e 1 - »*
iz ] Al e fhe ik i T Y R T T ST RS RS I

R TN
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Jaco, b|xy(1; Ha egMHCTBEH HawmH ce NPOLIMPYBa IO MOHOMOP-
dusam — : Gx — Gp (upu Koj cuKaTa Ha z € Gy ke ja o3HaYyBaMe co
Z € Gp). IlpeciuKyBameTo  BCyMIHOCT BpLIK TPAHCKPUIIIHja of a30yka X
BO a30yka b(X).

3a noTpe6HUTE HAa KOHCTPYKUMjaTa ITO CJIEQYBa BO NPOJAOIXEeHHE
feuHMpaMe [[Ba THIA Ha MPECTIUKYBama. Toa ce MPEeCIMKyBambaTa —, k,
3al,k €{1,.,q},] > k unpecnukyBamaTa —;,3a € {1, .., ¢} Ha MHOXECT-

BOTO (3, ONIpENeIeHH HHIYKTHBHO IIO d CO:

z T#b,z€B
= (2) = Q b z=b

R(=x (21) =ik (22)) z=1,- 2,

z T#b,z€B
- (Z') = 1 = bl
R(—= (z1) = (22)) =112,

Ha 3alenexuMe fexa eqeMEHTOT b, He ce II0jaByBa BO TEPMOT
=k (t) HETY BO — (t).

Beywnoct oBue npecnukyBama u3BpINYBaaT 3aMEHH. IIpecnuky-
BamaTa Off IPBUOT THUII CE CBE[YBAaT HA 3aMEHyBak¢ Ha CHTE [0jaByBambha
Ha b; co b, BO majieH TEPM M Taka HOOHEHHUOT TEPM I'0 peRyuMpaar, go-
A€Ka [PECIMKYBambaTa Off BTOPHOT THII CE CBEIYBAAT HA 3aMEHA Ha CEKOE
I0jaByBame Ha b; €O 1,  IOBTOPHO FOGHEHHOT TEPM Ce peRyIHpa.

ITpopomxysaMe co hopMUpaeETO Ha BE KOHEUHH OMHOXECTBA
DuVonGsg, DC(B-B)-B,VC BUB- Bxou ke OUaT KJIYYHH BO
IpOBEpKaTa Ha €KBUBAJICHTHOCTA HA IPOU3BOIHH 360poBU. CIHYHO KAKO
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BO anropuT™MoT Ha Evans dopMupaMe 3aTBOPEH CACTEM neuHIpaIKU
penauun. Ilpuroa, paboTHME CO CNEMEHTH Off Gg, a HE CO MapOoBH, ON
MpUYKMHA WITO BO IPOU3BOJIHA CIIyIa S r = y ako u camo ako zy = 1. Taka,
geymsocT, D UV npercraByBa 3aTBOPEH cucteM feUHUPAYKH peJlalun
(opHOCHO fieUHUPAIKH eMHMALK) CO TOA WITO HAMECTO Map (z,y) oBHe
¢ 3eMeH IIPOM3BOJl TY, @ HAMeCTO Iap (z,1) MMaMe caMoO EJIEMEHT Z. 3a
nedpunnupja Ha D,V C Gp, IPETXORHO nedunupame MHOXecTBa D, Vi.

Vi = 0 u seka Dy e yHHjaTa Off CIIC[IHUBE TPU MHOXECTBA

My = {bbe| I > K, {br, bk} = {b(t;),b(s3)}, (t;,8:) € E}

My = {bi] {bi, 1} = {b(t:), (s}, (8, 51) € E}

My = {(bibi)bj| t =itz € X', {b1, bk, b} = {b(¢),b(t1), b(ta)}, ! > k}.
Na 3afenexXxuMe fHeKa BO Dy ce 3eMEHH MO TP IPOM3BO[M 32 CEKOC
PaBEHCTBO t X 1y * ta.

Axo D, Vi, ce hopMUpaHy CTaBaMe Do = Dy Vimp = V. AKO

D, s € AepuHAPAHO U 2KO:

(1) D, NB#0ub € Dps N B € eneMEHTOT CO HajrojeM MHEKC,

Toraui geduHupame
Dm,s+1 =— (Dm,s) \ {1}, Vm,s+l = Vm,s U {bl}
(Cera by He ce M0jaByBa BO TEPMHUTE Off D si1-)

(2) DpsNB=0,DpnsNB-B + Q1 bby, € Dims N B+ B € €JIEMEHTOT CO
nekcuKorpad)cKu HajrojaeM HHICKC [k, Torau gedUHUpaMe

Dm,s+l =k (Dm,s) \ {1}7 Vm,s+l =k (Vm,s) U {blbk}

b vl e {1 i b S . !
(b el bbbt {bsos o ooty ol i i o Bl [RET [ 2RTRE S EERET S I ri«“viq‘:
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(Iax b, He ce nojaysa Bo TepmuTe of Dy si1.)

(3) DpsNB=0,Dpny,NB- B = {, Toram craBame
D;n, = Dm,a; Vm+1 = Vm,a:
H 3aBplIyBaMe CO (POPMUPAETO Ha MHOXKECTBATA Dy, ;.

Ha younme neka 1o KoxeueH 6poj HCKOpH HaCTallyBa cly4ajoT (3) Gunejku
DpsNB#QumD,,NB-B+#0 UMIUTAUEDA | Dy 41| < |Dpy o

Cera craBame D, = Dy, U {bibg| I > K, (birbiz)bis, (bj1bj2)bi3 €
Dy, {inyi0,93} = {4,4,5}, {41, 72, 3} = {k,%,7}}. (Uenta Ha BakBara
KOHCTPYKIMja e Aa GUuaT 3a4yBaHK OCHENHUIUTE Of AKCHOMMUTE T.c. aKo,
Ha npumep, umame (uwv)w, (vu)t € Dj, pa ce gobue wt € D,y,;.) Hexa
7 € HajMaJHOT MO3UTUBEH IEN 6Poj TAKOB IUTO D,y = D). IIa youume
ficka BakoB r nocrod. FIMeHo, ako ce UMa mpeABHJ] MOCTANKATa IUTO Ce
CIIPOBE/YBA, jacHO € CIefHoBO: |D), | < |Dp| 1 @Ko Dy, | = |D!| + p, 3a
HeKOj p > 0, Torait |D!, ;| < |Dpyt] — 2p = |Dy| —p < |D!|. WiMeHo,
aKo IpY KOHCTPYKUMja Ha D, 1 ce ponan byby, Toa 3Haqu mexa Bo D). cMe
umane (b;b;)b, u (b;b;)by, ON Ko co yekopure (1) u (2) ce 6puwar bb; u
(bib;)b;.

Osnauypame D = D,,, V = V,.

Kopucho e pa ce 3aGenexar oxpenesn pa6otu kKou cliegyBaar of

Ne(PHHUIMUTE Ha HOBO(OPMHUPAHATE MHOXKECTBA.

CgojcrBo 25 Crnepuure TBpAcHwa Baxar3a DuV:
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(1) DNB=DNB-B=0

(i9) (bibw)b; € D = [{bi,be, b5} =3
(411) heV, (b)bjeD = ¢ {k,i,7}
(4v) weV, bV = ¢ {3, k}

(v) bibe €V, (bmbi)bj €D = 1€ {mi,]}
(vi) bib; €V, biby €V, (1,0) # (I,k) =

G#LI#EDV G #LIF# )
O

Ila ce 3agpXuMe MajkKy Ha nojacHyBame Ha TBPACHETO JIeKa
MEOXecTBaTa D 1 V COO[IBETCTBYBaaT Ha 3aTBOPCH CACTEM IePUHHPAIKH

paBecTBa. 32 Taa lel, HHIYKTHBHO [0 d, neuHrpaMe MPECTUKyBAmbe

e Gp — Gx, Ha CIICAHAOT HAHH.

o(z) = { b1 (z) r € BU{1}

e(r))e(z2) T =122
3a cexoj ¢ € Gp. [a 3abenexume AeKa BAXA T = e(%),3a ceko] T € Ux.

Caojcro 26 3a cexoj zy € DU V Baxu (e(z),e(y)) € o, 1 32 CEKOj
z € VN B eax (e(z),1) € o

oxas Heka (bibg)b; € Do, | > k. Torait e(biby) = b= (b)b~ (bx), e(b;) =
b=1(b;) u mocrom t € X',t = til, {be, bi, by} = {b(2), b(t1), b(tz)}, mpu WTO
tity o t (on pecpnexanHoc'ra) M it a to, tty o t, Lt a iy, tot a by
(6upejku Az Caudae kourpyeruuja). [Toroa bbx € D, BCYIIHOCT 3HAYH
(e(br), e(be)) € E mmn (e(by), e(br)) € E, mpu mro E C o WpeaTyyueH Ha
0BOj ¢ u cy4ajoT b € Do MpH WTO (e(br),1) € E C o 3Hauu TBPACHETO

Baxu 3a Dy, V,. Heka Baxu 3a Dp,, V,, 4 HEKa BaXu U 38 Dpy s, Vins-

co sl bbb b e e

s s bt A WA D ) S5 B e e
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Ha ro younme cnegroBo. Ako e(b;) 1, Toram 3a cexoj z € G Baxu
e(z) o e(— (z)). MmMeno, ro KopucTHME (HaKTOT WTO ¢ € KOHIPyeHuH]a,
nat o R(t) 3acexojt € Gx, aycnoBor e(b;) o 1 ce cBexyBa Bo 0BOj Cly4yaj Ha
3aMeHa Ha b; Bo £ €o 1. 3Haum Baxu e(z) a e(y) = e(— (z)) ae(— (y)).
On ananorsn nmpuyusH, ako e(b;) o e(b;), | > k, Toram e(z) a e(— (7)),
na e(z) ae(y) = e(—y (z)) @ e(—x (v)) 3a cexort z,y € Gp. SHaum,
TBPACHETO BAXU M 38 Dy o411, Vip 541

[Totoa, aKo (b, biy )bis, (b5,05,)b55 € Dip, {01, 12,13} = {4, 5, k}, {41, J2, js} =
{1,J, 1}, Toraum cnopen mpeTxonHO foKaxaHOTO €(b;, by,) a e(by, ), e(bj,b;,) ae(bs,),
Ia cropeft fethMHKULHM]aTa Ha e d KOHTPYEHTHOCTa Ha o uMame e (b; b;) ae(by),
e(bib;) o e(by), T.€. e(bx) e(b;). 3HAUM, TBPACHETO BaXKH H 32 Dros1, Ving1.

a

HetbuHupame OPENUIIyBadKH CHCTEM Ha MHOXECTBOTO TEPMH CO
KOHCTaHTH off B Bo curHatypa {-,1} co cienuure YETHPH IIEMH IIpaBUIIA.

(WPS1) t — R() teGpt#R(®)

(WPS2) b - 1 b eVNB

(WPS3) b — b bbeVNB-B

(WPS4) b-b; — b  (b-b)-byeDN(B-B)-B

CeojcrBo 27 Penaugjata — € TEPMHHHPAYKa, OJHOCHO HE OCTOH BECKO-
HEYHA HU3A Ty — T; — .. ..

Mokaz [leduHnpame HETEPIPETALHja Ha TEPMHUTE OF G5 BO MHOXECTBOTO
N? co |t| = (ny, n2, n3), Kame ny = d(t), no € 36Mp Ha HEFECKCHTE Ha OyKBHTE
KOH Ce IojaByBaar Bo ¢, n3 € 6pojoT Ha Hepeyupany noaTepMH Ha t. Cera
JIEKCHKOrpag)cKoTo nofpenyBawe Ha N° HHYLHPAHO Off CTAHAAPAHOTO
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nofpenyeamwe Ha N e mpenuuyBayko HofpefyBame BO KOe € COLpKaHa

penanujaTta —. O

CaojcrBo 28 Penanmjata — e oKanHo KOHQIYEHTHa, T.c. (Vz,y,2 €
Ge)Fwebp)(yz 22 = y—=*w*2).

Hokaz Cnopen Csojcitieo 26, TBpIERETO € MCIOIHETO 33 z € B. Heka
T,Y,2 € Gp, T =Y, T = 2AYy # z. TBPAEHETO BaXKU BO CHTE CIy4au Kora
T = 8[T1T2lp,y = 5[z %alp, 2 = s[T174]p, 3eMajku w = s[z}z}],. Hcro ako
g = s[n1l, = s[z1[zaglp, ¥y = s[R(z1)]p, 2 = s[z1[R(22)])p, TOram 3emame
w = y. 3abenexysaMe feka, cropen Ceojciiieo 26, He € MOXKHO y U z [a
ce pnobuenu of z co (WPS2) — (W PS4), 0cBeH BO NPETXONHO HABEICHHUTE
CITy4au.

Co MHIyKIH]ja IO TeXKHA Ke JOKa)XeME IeKa BaXH 1 BO CUTE OCTa-
HaTH CITy4au KOM Ce CBEAyBAaT Ha T = T1%9,y = R(z) = R(R(z,)R(x,)), 2
e obHeHo co npuMena Ha (W PS2), (WPS3) unu (W PS4) ox nedunu-
nujata Ha —. FlMaMe gBe MOXHOCTH: y = R(z), 2z = 2,75(z; — 21) "

Y = R(z), 2 = z122(72 — 22). [IpuToa uMame:

(1 R(z1) = R(zy)
t R(z1) = tR(z,) wnk R(z;) = R(z,)t wiu
y= R(z) = < R(zy) = tR(z,) umu R(z,) = R(x))t
R(z2)R(z1) R(z1) < R(z3) 4 npeTXofHHTE He BaxaT
| R(z1)R(z2) wuHaky

On IpuyuHK Ha CAMETpHja JOBOJHO € [a Ce Pa3riIeNaaT CleqHHUTE

HEKOJKY MOACIy4yaH.

Aob . bR R I

+ kvt b g bl {§ 4 o sl

(R
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L y=12= zz, Wmame d(z,) < d(z), 21 = 2,2, = R(z,), ma op

WHI[YKTMBHaTa NPETIOCTaBKa [IOCTOM w; € Gp, 21 —=* wy, R(z;) —*

wi. Toram z = 21z, = 21 R(23) =* wiR(z2) = w1 R(z) =* wiw, —

1.

(a) z = z,2,. Cera, 7, > 2,2, — R(z,),d(z,) < d(z), na nocrou

Wy € gB,Zg —* ’LUQ,R(.’EQ) —* wy. Toram z — R(.’El)ZQ =
(tR(.'EQ))ZQ —* (tR(.’Eg))’wz —* (th)‘Z,UQ — L.

(6) 2 = z175. [IpuToa z; — 21,7, = R(zy) = tR(z3),d(z1) < d(z),
12 NocTod wy € Ggp,21 =" wi, R(z1) »* wi. OBge moBTOpHO

pasrienysaMe IB€ MOXHOCTU

i.

ii.

d(R(z1)R(z2)) < d(z):

Toraurox R(z1) R(z2) —* wiR(zs), R(z1) R(z3) = (tR(z1))R(z2) —
¢ ¥ Of HHIYKTUBHATA IIPETIOCTaBKA U JieMaTa Ha Newmann,
ciefyBa fieKa IOCTOH w € Gp, w, R(z3) —* w,t —»* w. 3a-
TOR, z = 21Ty =" W1 Ty = Wi R(z2) »* wuy =1t >* w.
d(R(z,)R(z,)) = d(z): _

Osa nacranysa kora z; = R(z1),z; = R(z,) unu pegykuy-
jaTa ce CBeqyBa Ha pa3pelyBamhe KOMyTATHBHOCT.

Hexka z; = R(z1),z2 = R(z2).Zna™iz; = txy U ; — 2, T.€.
tzy — z;. Cera, ako z; = tz} (2o — z5), TOram z = z,z, =
(tz3)zy — (tz3)zhy, = t = y. AKo maK z; = t'zy(t = '),
TOTall z = 21Ty = (t'T9)zy — R({)uy =t = t' — R(t).
Cera, Heka R(r;) = z}, R(z;) = z (upuroa d(z;) =
d(z}), d(z; = d(z}), zi = tz). [a youume feka ako
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d(R(u)) = d(u) 1 u — v, Toramt R(u) —* R(v). MIMeHo, 3a
u = R(u)u3av = R(u) cexako Baxu. Hexa u = u up, u; —
w!, v = wju,. Co mupykumja R(u;) —* R(u}). Toram R(u) =
R(u1)R(u2) =" R(u})R(u2) = R(R(u})R(u2)) = R(v) unu
R(u) = R(u)R(w) =" R(us)R(w) = R(R(up)R(})) =
R(v). 3uauu, R(z,)R(z,) — tu R(z1)R(z2) =* R(21) R(z2)-
Op npeTXOHO A0KaXaHOTO 3a R(z)R(z2) Baxu JOKajHa
KOH(IIYEHTHOCT ¥ Off JeMata Ha Newmann jo0uBaMe [leKa
nmocrod w T t —* w, R(z)R(z,) —»* w. Op fgpyra
CTpaHa, 71T, — t, T1T2 — 2122 — R(z1)z, — R(z1)R(z2)

na gfobuBaMe y =t —* w, z = 2127 =" Ww.

3. y = R(z1)R(22), 2 = 2122.
[MoBropHo uMame d(z,) < d(z),z1 — 21,21 — R(z.), na nocrou
w; € Gg, 21 =" wy, R(z,) »* wy uBaxku y —* w; R(22), 2 =* wiz2 =
wiR(z,).

]
a HamoMeHeMe JeKa, BCYLIHOCT, H3BENyBalkETO Ha MOKA30T Ha
IPETXOIHOTO CBOjCTBO Ce CBEMyBa Ha IPOBEPKA Ha YcIoOBOT off Teopema
32, HO, Baka HaBE[JEHHMOT JOKa3 CO pasriieflaHH MOMCIy4Yal IpeTCTaByBa

CKHILa Ha JOKA30T Ha HCTaTa TeOpeMa, BO OBOj KOHKPETEH CIIy4aj.
Cera off Teopema 30 u Ilocaeguya 5 rd noOMBaMe CIEJHUBE [IBE

HOCT A UUA.
INocenuma 6 Penaugjata — e KOHGJIYEHTHa. O

Hocaepuma 7 (Vr € Gp)(3lz* € Gp)(Vy € Ga)(z =* 2* A (¥ =»* y =
*=y)). O

b
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3HauM, IPEMHIIYBaYKHOT CUCTEM ja MMa 0COGHHATa Ha eJUHCTBEHa
HopMalHa (hopMa Ha cekoj TepM. Bo moHaTamolHHOT Texcr cekafe
HopManHaTa ¢opMa Ha w € Gp Ke ja 03HagyBaMe co w*.

CeojctBo 29 (i) (Vz € Gp) z* = R(z)*;
(@) (V2,y,2 € Gp)(s" =y" => (22)" = (21)" A (z2)" = (y2)");
(i11) (Vz,y € Gp) (zy)* =1 & z* = ¢*.

Hoka3s Teppemara (1) u (i1) ce jacHu.
3a (i), Heka z* = y*. Toram op (ii), 1 = (zz)* = (zy)*. O6paTHO,
Heka (zy)* = 1. Toram y* = (z(zy))* = (z1)* = z* O

Hedunupame penanyja § Ha Gy(x) co
Pyt =y

Cekako, uMajku ru IpefBUA PETXONHATE CBOJCTBA, zfy & 1° = y* &
(zy)* =1 (R(zy))* = 1.
On nocneHOTO CBOjCTBO M AehUHUIM]aTa HA pefauujaTa § BegHAL

ce qobuBa
Ilocnemma 8 (Vz € Gyx)) z B R(z). O
Hocaemuma 9 g e ConGy(x)- O

Csojcreo 30 HopManuara opMa Ha CeKOj €IEMEHT Off CEKOE Off MHOXKECT-
BaTa Dy, s, V;, ; KOM Ce N0jaByBaaT BO neduuuuujataa DuV e 1.
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HNoka3 JupexTHO OF fepHHHMIHMjaTa HA MPENHUUIYBAYKUOT CUCTEM MMaMe
(Vz € DUV)(z* = 1). Hexa Baxu 3a cute € Dppyy U Vg 1 32 cuTE
T € Dm,3+1 U Vm’3+1. Akoz € Dm,s U Vm, S U [IpUTOA T g Dm’s+1 U Vm’s+1,

Torail HacTaHal efeH Off CJIEMHUBE Clly4yan:

1. ocrou bby € Vimsit, =g (2) € Dpgpr U Vimyry.  Toram mno

npetmocTaBka b = bf u of gedMHMUMjaTa HA —;; UMaMe [eKa

= (= (2))"

2. Toctou by € Viysit, =1 (2) € D1 U Viporr. Toraw bf = 1 u

= (=1 (2))"
O

Iocnequma 10 (Vz € X')z* = b(z)*.

Dokas Co uHEyKIMja MO TexXuHa Ha TepMm. 3a z € BU {1}, T = b(z).
Hexa z = z,7,. Toram Z = 7,5, npu wto (b(z,)b(z2))b(z) € Dy uiu
(b( )b(zl))b(:c) € D,. Cera no uHIyKTHBHATA OPETIOCTaBKa £, = b(z)*

= b(z,)* u cnopen Csojciiso 30 n Ceojcitiso 31 noGuBame Z* =

( ( ) (z2))* = b(z)". U
Teopema37 (Vz,ye€Gx)zay<IfBy.

Hoka3

Heka (t;,s;) € E. Toram mMmame t; —* b(t;)*, 5 —* b(si)*, #
b(t;)* = b(s;)* € BU {1}, Oounejku wim b(t;)b(s;) € V mmm b(s;)b(t;) € V
uiH noctou b; € B,b(t;)b; € V,b(si)b; € V mmm b(s;),b(t;) € V. Crenn,
(t:, 5) € B.

Iloroa, ako (z,y) € Ax, Toram Z 8 R(z) = R(y) 8 4.

o pickel b i de ekl b b oo o ff e 4 iR Jb Mk i e cqpbptifipe [
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IloHaramy, o Toa IITO K o ¥ § Ce KOHIPYeHIHUH 1 Off HPETXOJHOTO
UmMaMez ay = 7 .

OGpatuaTa uHKITy3Mja € mocIenuua on Ceojciieo 27. Heka z,y €
Gp. Op cmoMenartoTo cBOjcTBO H of pedUHMUM]aTa HAa pelanujata —
¥ TPECTMKYBAETO € UMaMe T — y => e(z) a e(y), OQHOCHO Of
TPaH3UTUBHOCTAa HA 0, T =" y = ¢(z) v e(y). Cera, 3a s, € Gx umame:
0T = s=¢e(5) ae(s)=e(f) ae) =t. a

Ilpumep 14 Heka S e ciyna 3agageHa co MHOXKECTBO regepatopu X =
{a,b,¢,d, e} uMHOXECTBO Redunupayku penauun E = {(ab)c ~ ad, (ab)d ~

c}. Torau umame
X' ={a,b,¢,d,e,ab, (ab)c, ad, (ab)d},

u HeKa B = {b;,...b}, mpu wro b, = b(a), by, = b(b),bs = b(c),by =
b(d), bs = b(e), bg = b(ab), b7 = b((abd)c), bg = b(ad), by = b((ab)d). Toram
Dy = {bgb;, bgbs, (baby)bs, (bgbo)by, (b6by1)ba, (beb3)b7, (brbg)bs, (b7b3)bs,
(bab1)bs, (bsb1)ba, (bsbs)by, (bebs)be, (bobs)bs, (bgbs)bs},
Vi = {bgbr, bebs}
Dy = {brbs, (b2b1)bs, (beba)b1, (Beb1)ba, (Bebs)br, (brbe)bs, (brbs)be,
(b4b1)b7, (brb1)bs, (brbs)by, (Bebs)ba, (Bebs)bs, (bebs)bs}
Va = {bgby, brbs, bebs}
Dy = {b1, (bab1)bs, (beba)by, (beb1)ba, (bsbs)ba, (bbs)bs, (babs)bs}
Vs = {b1, beba, bsby, brby, bybs}
Dy = {(b3ba)bs, (bsb2)bs, (bbs)b,} u KOHEUHO
V = {b1, beba, bgbs, brbs, bobs}
D = {(bsba)bs, (bsbo)bs, (bsb3)bs}
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Cera, MPEKTHO €O IOMOIUI HA MpEIHUIyBamaTa Ce yTBPAYBa, HA
npuMep 3a u, v, w € Gx, u=ab, v= c(ad), w = ad, fexKa v o v, v/ w.
—%

MeHO, T = biby, T = b3(bibs), W = bibs © T — by, T.6. U* = by, IOTOA

7 — by - (1 by) — bsbg = babs — by, 3HAYA a* = 7%, fogeKa w* = bs.

3abenemKa: buMoxene IprKa3HaTa Ha GOPMUPAHETO Ha MHOXKECT-
Bata D ¥ V pja ja packaxeme U IIOMHAKY, MO3KeOH HHTYUTHBHO IIOjacHO,
co TocTanHo (hopMHUpae Ha eleH KOHEUeH NEeNTyMEH IPYNOMI CO HOCH-
ten B U {1} u egHa KOHEYHa JIACTA Of IapOBH Off o6muxk (b;, b) 1 (b, 1).
VMMeHO, BO HANONHO Npa3Ha IeMa Ha JeNyMEeH CPYIOHI CO HOCHTENX
BuU {1} ako t = tit, € X', b(t) = bi,b(t1) = b, b(ty) = b;, momoJHyBaMe
bzbk = bi, bzbi = bk, bkbi = b;, bibk = bz, bibl = b;c, bkbl = bi H, CEKaKO,
1-b; = b, bj-1 =b;. Iloroa, 3a cexoja nedurMpayka penauuja ox E,
tomapame Bo qucrata nap (b(t;), b(s:)) wm (b(s:), b(t;)) Taka WTO NpBaTa
KOMIIOHEHTA Off JOAAfi€HHOT [1ap MMa [OroJieM MHAEKC Off BTOpaTa.

[TonaraMy IocTamnkara e ciefHara: 3eMaMe eJeMEHT Off JIUCTaTa
(IOBTOPHO €O NOAPEAYBame Ha ENICMEHTUTE TaMy) K aKO € TOoa eJIeMeHT
(bi, 1) ja cnopepyBaMe pefduara Ha b; CO peuuara Ha 1, ceKaKo U KOIIOHUTE
(o) KOMYTATHBHOCT, [IIEMaTa € CHMCTPU4HA BO O{HOC Ha [J1aBHATA mujar-
onana). [Ipuroa, ako cMe HMaie b;by = b,, TOraUI Ha JUCTATa AOAABAME
(b, bs), 4 ja OTCTpaHyBaMe KOMILIETHO pefiuiara (konoHaTa) Ha b;, fofieKa
BO JIACTATA U BO IlIeMaTa BpLUIMME CErAe 3aMeHa Ha b; co 1. AXO nax off JIuC-
TaTa cMe 3eMaie elieMeHT (b;, b;), BpIIAME cropeada (mpekionyBame) Ha
penuuaTa Ha b; i Ha b;, OHAEjKU aKO HEINIE HEMANO neuHUpaHa BPETHOCT
b;bs, a uMano b;b,, TOraur 0Ba CTaHyBa BpeHOCT Ha b;bs (v Ha bybj, m ywrTe 4
BpE[JHOCTH Ce MONONHYBaaT KaKo ¥ MPETXONHO, aKO HE Ouiie MOMOJHETH).

AKO [aK HMaje pa3jiyHd BPENHOCTH bb, = bm, bjbs = bp, m > m, HA

B L Lt . e L R LU L [N
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JucTaTa BoBegyBaMe map (b,, b,) ¥ ¥ BO LenaTa mIeMa i BO JIMCTAaTa ce

BPIIM 3aMeHa Ha b; co b;. [locneganor fo6uen nenymen rpynouy OfroBapa
Ha MHOXECTBOTO D, a roCnegHaTa ocTaHaTa JIMCTa Ha MHOXECTBOTO V.
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