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BaarogapHocT 

Ce 3a6rzaiogapyeam Ha mojoiri mentriop, upo4. g-p Cmufze Map KO BCKU, 

3a aomotutaa, aoggptuKaai a, iTipaeHueCao u Hajmnoiy og ce gosep6aCa a 

Luta° ja yKamyeatue 80 illeKorti Ha mourae aocaiguanamcKu cCayguu u 

u3pa6oCaKa0a Ha oeoj ucpyg. AKO Atoxce ga ce 1<o/re geKa cym Hapiu.na 

KaKo ce pa6ouTtu, co 3agoeoitcra eo ti.cepgam geKa Caoj e 3ac.aymen 3a Ca oa. 

Ha iipo0. g-p EurbaHa JaHeea a 6itaiogapam 3a iorzema aoggptuKa 

u y6aea copa6oLUKa BO iTteKoCa Ha z4elzuCtie aocaiguaizomcKu cCayguu, KaKo 

u 80 taeKoffi Ha u3pa6orayearbeiao Ha oeoj 

My 6naiogapam Ha upo4. g-p CuHutua IlpeenKoeuk, 3a mHoiy 

Kopucnu 3a6erzetuKu 60 epcKa co maiucirlepcKuotTz Capyg KOU goapuHeacoa 

uaTtuotii ga 6uge uogo6ap u zu apowupuja moulTte coaHanuja og oeaa 

o6aaaTt. 

raaKa, og ce cptie Aiy 6.4aiogapam Ha apo4 . g-p topiu rlyaona 

tuCao Ate apausyeatue goeanuo tiecCao, a HuKaKo He apemHoiy Lteciao, u e 

u3eop Ha mozT..alea4uja. 

Ha Kpaj, 6u caKarta ga ce 3a6naiogapam Ha cuu7te MOU Kane& 

(og 14HcCauCayaloCa 3a .14HOopmaaiuKa u rto6aucKy u iiogarteKy), cuCae 

apujairtenu, Ha H. W., Ha Maja, KaKo u Ha mouaie poguramu, usulo mu io 

apaeara NueoCaoirt aoy6ae, ua maxam cpekHo u eece.no ga cu pa6oLTiam. 
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Tama 1 

Boseg 

Bo H3M14HaTI4Te 60 rogHHH, ronem gen og Haytungre HcTpaxcygakba BO 

maTemanucaTa H TeopmckcaTa mict)opmaTifica ce ogHecyBaaT Ha npo6nemm 

Ha ogarrysakbe. Hajonurro, nog npoonem Ha ogarrygakbe ce nogpa36Hpa 

npo6nem Ha Koj ogrogopoT e "ga" HAM "He". rauem gen og ogHe HcTpaxcy-

gaiba ce gauxaT Ha ocHomurre pe3ynTaTH og Teopmjam Ha npecmeTamBocT 

nocTageHH og Turing, Post, Markov, Church ki gpyrH. Hpwroa nog ognyque 

npo6nem ce nogpa36Hpa "ga-He" rrpo6nem 3a Koj nocTom anropknam co 

Koj ce goafa go  ogroBopoT, gogexa Heogarum e OHOj "ga-He" npoonem 

3a Koj He nocTom TaKOB anropHTam. Ho, ce nocTaByBa wpaukakbeTo: IIITO 

e anropkrram?HmoT auropwram moxce6H e HHTyHTHBHO jacea, HO e 

ganexy og oHa urro ce ogekcysa og ctiopmanHa npeu,H3Ha maTemamtuca 

raegHa Totuca. Toxmy 3aToa H HOHMOT ognytuaocT ce nojagyBa 3aegHo 
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2 	 Eaaea 1. 

CO ocHoskiTe Ha TeopsjaTa Ha IlpeCMCTEHBOCT. 3aT0a, OBAC, H CCKage 

Kora cTaHysa 36op 3a ogarmsocT, noA aaropsTam rioApa36tipame a.mro- 

HTM BO cmi4c,lla Ha Te3aTa Ha Church, oRHocHo TjyptiHrosa mamma HIM 

peicyp3kuma ctlymunlja HAM rpamaTinca Has HopmalleH allroptuam. 

6poj OA itcTpaxcysaibaTa BO spcica co npo6nemliTe Ha 

oAnyilysaffie ce ogHecysaaT Ha apo6Remll Ha ogarrysaffie BO ymsep3a.11-

HaTa anre6pa, TaKaHapetieHH anropnTamcicli npo6nemH 3a aare6puTe, 

met)/ KOH e H spo6RemoT Ha 360p0BH. flpMTOa, nocTojaT Ase HHBOa Ha 

npoonem Ha 360p0BH. flp06aem Ha 36oposu Ha HHBO Ha MHOryo6pa3He H 

npoonem Ha 36oposx 3a AageHa anre6pa. 

Heica V e mHoryo6pa3ne aare6pu oTt AaAeH THII. Hpo6.11emoT 

Ha 36oposx 3a AageHa V-anre6pa AecpmHupaHa co KOlietiHO MHO)KeCTBO 

CJI060RHH reHepaTopu B H KoxetIHO MHO)KeCTBO gecPuHlipatucll paBeHCTBa 

e peineH alco IOCTOH aRropi4Tam 3a ogaytrysaffie Aam4 Asa 36opa oA 

ancozyTHo cao6oAHaTa anre6pa co cao6oAHa 6a3a B og HCTH Till, ce 

exsusaneHTHH so gageHaTa anre6pa npm KoHrpyeHnxjaTa rellepHpaHa oA 

nAeHnifeTkrre Ha mHoryo6pa3HeTo H AecpkiHmpatncHTe paseHcTsa. 

Hpo6aemoT Ha 360p0BH e pemeH 3a mHoryo6pa3ne V AoKarucy noc-

TOH aaropsTam Koj moxce Aa ce rrpsmeHs Ha ceicoj a V- anre6pa AecPs.HnpaHa 

CO KOHCtIHO MHO)KeCTBO C.T1060T(Hil reHepaTopm H KOHeITHO MHO)KeCTBO 

Recppmnpaincll peaansli 3a ga ce onpegean Raw Asa 360pa OA anconyTHo 

cao6oAHaTa anre6pa co HCT jam( ce eKBHBaJleHTHH BO AageHaTa anre6pa. 

OCHOBHa TM Ha TpygoT e ripo6RemoT Ha 360p0BH. gagem4 ce 

HeK014 011ILITH pe3y.riTaTs BO spoca CO peullumocTa Ha npo6RemoT Ha 

360p0BI4 Ha rrpso H Ha BT0p0 HHBO, KaK0 H npnmepu Ha aare6pn CO 

penums H Hepenums npo6aem Ha 36oposH, H nplimepff Ha mHory06pa3mja 

4 	 .44,10 i.1.4-41,F•414 
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Boeeg 

co pelIUMB H Hepeuumn npo6nem Ha 36OpOBH Ha HHBO Ha mHoryo6pa3ne. 

HHTepecHo e ;la ce HanomeHe Reza rips rrpo6nemoT Ha 36opom 

3a mHoryo6pa3neTo nonyrpynn ro nocTamta Axel Thue BO 1914 romma, 

Kora BOOHLIITO He 6ma rrpeug3npaH HOHMOT anropkrram awry nax nnejaTa 

3a He0IIJIrIHBOCT. 3aToa pa36npanno e LIITO OpHrHHa.TIHHOT npo6nem Ha 

Thue raacen Balm: 

3a gagena KoHesso ape3efaupasa tioayipyaa u gea 36opa sag 

a36yicarcia og iettepaniopuiTte, oupegeau ga.au 36opoeuu7te ce eiceuea-

Aesaisu 

CJIHLieH npo6nem 6nn nocTaBeH OA Dehn Hexonxy rOHHHH npeT-

XOT(HO, II03HaT KaK0 npo6nem Ha Dehn 3a KOHCLIHO npe3eHTnpaHnTe rpynn. 

H nnaTa rrp06nemn 6nne "1103HT1413H0 3anageme , BO crvincna "Hajnn meTog 

3a ...". lipo6nemar Ha Dehn 614n peuleH BO 1932 FOIIHHa og Magnus 3a 

cnyttajoT Ha rpyrm npe3eHTnpaHn co enHo necinumpatmo paneHcrno. 

CO HaCTaHOKOT Ha TeOpHJaTa Ha npecmeTnnnocT BO 30-THTe rOAHHH 

O) onoj nex, ckrryannjaTa ce n3meHnna, ce nojanKne npnnTe npumepn Ha 

anropnTammi Hepeurnum4 npo6nemn, xaxo H Holm MO)KHOCT 3a npnon 

KOH npo6nemoT Ha 360p0BH H eneffryanHo noxaxynaffie Ha HeraTHBeH 

pe3ynTaT. TaKa, 3a nonyrpyrnrre, BO 1947 rognHa e noxaxaHo on Markov 

H Post nexa apo6nemoT Ha 360p0BH H Ha HHBO Ha mHoryo6pa3ne H Ha HHBO 

Ha anre6pa e Hepetuann, nmeHo noxaxaHo e cnenHoBo Tnpneffie: 

17ociaou Kosesso ape3eniaupana Cioayipylia S u a6op w resaKeu 

uu-u-o He aoaTiou aaiopuiTta_41 xoj ogaysyea, 3a gages 36op v, ga✓ u v e 

e1ceuea.aesuueH Ha w tutu se. 

BcynniocT npo6nemoT Ha Thue e npsnoT npo6nem Ha onartynaffie 

xoj ce noj mut BO anre6paTa 143a xoj e noxaxaHa anropirramma Heonnyqn- 
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4 	 rnaea 1. 

BOCT. 

fonem HplinoHec BO Hpcxa co HcTpaxyHalbeTo Ha anre6apcmTe 

yCJI0Bil 3a pellIJIHBOCT Ha ripoonemoT Ha 360p0BH Ran Trevor Evans BO IIHH 

HCKORKy CTaTHH ce gageHH OIIIIITH pe3yJITaTil BO Hpcxa co peLIMILBOCT Ha 

Hpo6nemoT Ha 360p0BH Ha HHBO Ha MHOryO6pa3He, 6a3HpaHH Ha HeromoT 

rameH pe3ynTaT: 

A.K0 V e httioiyo6pa3ue co ceojeCti eortio geica ceKoja ge.ay.mkta V 

arzie6pa mome ga ce cmeciau eo V artie6pa, usoiaut apoortemotTi Ha 36opoeas 

e peumue 3a V. 

Pa3pa6oTyBalbeTo Ha ome pe3ynTaTH HCTO Taxa ke 3a3eMe FOJlets1 

gen og wynoT. BCyLLIHOCT BTOpHOT gen (no BoBenoT) e HOCBCTCH Ha 

gecinuimmH Ha OCHOBMITe nommH: anre6pa, MHoryo6pa3He, cno6onHa 

anre6pa, anconyTHo cno6oTma anre6pa, anre6pa Ha 360p0BH (Tepii), 

Hpe3eHTalmja Ha anre6pa, apoonem Ha 36opoBH Ha HHBO Ha anre6pa 14 

Hpoonem Ha 36oporm Ha HHBO Ha mHoryo6pa3He, xaxo H Ha OHILITHTe 

pe3yaTaTH Ha Evans KOH HmaaT ronemo TeopeTcxo 3Hagekbe, HO OJT Apyra 

crpaHa, camHoT anropHTam Ha Evans e MHory xomnnexceH. 

TpeTHoT Aen oA Tpygorr e IIOCBCTCH Ha TeopirjaTa Ha rrpecmeTamocT, 

ogHocHo Ha npegnmpatbe Ha nommoT anropwram. gageHa e gecimmilmja 

Ha Tjypmrosa mamma, Ha TjypHHr-onnyium H TjypHHr-upHcbaTakm ja3HK, 

gecimmumja Ha rpamaTHica, ogpeneHH csojcrna Ho BpcKa co HmegeHHTe 

HOHMH, H gOKa3 3a nocToelbe Ha jam( xoj He e Tjyp1411r-OXIIr1HB, Bpi 

KOj ce 6a3Hpa H goKa3oT Ha HanegeHnorr pC3yJITaT Ha Markov BO Hpcxa 

co HeognytinHocTa Ha Hpo6nemoT Ha 36OpOBH 3a nonyrpyrarre, Ha LUTO e 

HocHeTeH 3HatmeH gen. 

Bo HOHOBO BpeMe, co HoBegyHaffieTo Ha HOHMHTe ripenmuyHataH 

40p.40.144..,1 44 VD 4 4 pop 114,4 
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Bo8eg 

CHCTM H npertaulygaffia, KalC0 H go6Hgaffiero Ha OCHOBHHTe pe3yaraTI4 

BO gpcxa co nperunnygainurre CHCTMH (6pojHH rpygogH Ha Huet, Klop, 

Jouannaud, Knuth, Bendix, Dershovitz H 1.kpyrH) ogo3moxeHo e petuagaffie 

Ha npo6nemor Ha 36opoBH BO ogpegeint allre6pg H/HJIH mHoryo6pa3Hja 

co ganexy nomaga xomnnexcHocr, a npo6nemor ce cgegyga Ha ginajH Ha 

cooggereH upenmuygatuat cHcrem co ogpegeHH noxeRHH cgojcrga. Ha 

npernnuyga=uurre CHCTeMH e nocgereH HeTBpTHOT gen og rpygor. 

IlpenHurygatucHre CFLCTMH HRH cncremgre OA pegyHnHH !Boar 

umpoxa uplimeHa BO TeoperrucaTa Hwkopmarinca. CHM60JIHIIKOTO ma-

HHrtynktpatbe CO CHHTBICCHH o6jexTH e 6a3HpaHo Ha CbaKTOT IIITO THe 

gagaar mogenH 3a npecmerygathe BO oneparHglla °Kamm. TeopHjaTa Ha 

nperunnygaffie noTexifyga Og aure6para, Teopmjara Ha goxam 1,1 TeopkijaTa 

Ha npecmeraggocr, H e cboxycHpaHa OKORy HOHMOT "HopmanHa (1)opman - 

H3pa3 KOj noHaramy He mogce ga ce pegyugpa. 

Ynorpe6ara Ha pageHcrga e TpagitugoHanHa BO MaTeMaTHKaTa. 

PageHcrgara moxe ga ce ynorpe6ygaar 3a pe3oHlwaffie (3aMeaa Ha eg-

Haim co egHaxgo) Ha xpajHo Hegerepmmgcmtuat Hata'''. 3a paarunca og 

HHB, upenknuygatucHre cHcremg npagar Hearn) KBKO "ynorpe6a Ha pageH-

crgara BO egHa HacoKa" trpg HITO ce ry6H egeH H3B0p Ha Hegerepmmunam. 

Baxgara egHoHacottHa ynorpe6a ce 6a3Hpa Ha npensunygaH,e cnopeg go-

6po OCHOBaHO nogpegygmbe Ha repmgre H ce Hapexyga pegyiamja. ro 

uHrHpame Evans: "Pegyxugja e cexoja Tpanctopmangja IHTO Hamaaysa 

gongunta". ApyrHre H3B0pH Ha Hegerepmffinnam KalCO HITO e H360pOT Ha 

npaggno H tIOTM Ha KOj Toa ce apHmeHyga moxe ga ce enkuvuumpaar 

aKO cexoj H3pa3 Irma egmcrgeHa HopmanHa topma. 

Kaxo npHmep 3a ynorpe6a Ha apenmuygarucH cHcrem Hamecro 
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6 

paBeHma rH HaBegyBame rpyuHTe. OmuTo e no3HaTo gexa rpyrurre ce 

geclnumpaHH CO CJICTIHHTe 'IT4 paneHeTBa: 

(x • y) • z = x • (y • z), x • x -  =1, x • 1= x, 

HO, HCTO Taxa H CO CJIeAHOBO MHOXeCTBO OA 10 npaBnlla 3a npeHHLuyBafbe 

KOH orrpegenyBaaT HOpMaJIHH cbopmH: 

(x • y) • Z 	X • (y • z), x • x - 	1, x • 1 	x, x -  --* x, x • (x -  • y) —> 

y, (x • y) -  -+ y-  • x -  , x -  • x 	1, 1 • x -+ x, 1 -  -+ 1, x-  • (x • y) --> y. 

ripernunyBaincwre cHcTemm HmaaT ronema yaora Bo noBeke o6nacTH, 

KaK0 ILITO ce cneinntaxanHH Ha arICTpaKTHH ILOTIaTOILHH THIMBH, 

ruiemeinagHja Ha CbyRICHHOHaJIHH nporpamcxH ja3HHH H aBTOMaTCK0 3a-

xnrlyBatbe. OA Ham HHTepec oBge e npeg ce ynoTpe6aTa Ha apernmyBatHu4 

CHCTeMYI BO peluaBaffieTo Ha npoonemoT Ha 360p0BH BO yHHBep3anHa 

anre6pa. THe ce aTpaxTHBHH ripe ce 3apagH HHBHaTa egHocTaBHa CHH-

Taxca H cemaHTHica. 

KoHegHo, HocnegHHoT gen OA TpygoT 6Hge HocBeTeH Ha peulaBa-

ffieTo Ha HpoonemoT Ha 360p0BH BO egHo KOHKpeTHO mHoryo6pa3He, 

mHoryo6pa3HeTo 111TajHepom nynH HJIH cnynH. KOHKpeTHOTO MHoryo-

6pa3He e HHTepecHo 6HAejkl HOCTOH O6paTHO eBH03HaLIHO COOT(BeTCTBO 

Homely xnacaTa xoHetuni caynH H xnacaTa IIITajHepom CHCTMH Tpojx.H. 

BO TOj gen e gageH onHc Ha CJI060AHHTe 06jeKTH BO oBa MHOryO6pa3He, H 

TOa gHpexTeH OHHC H OIIHC CO KaHOHH1-111H npeTcTaBHHHH, CO HOMOLLI Ha pe-

gymnija Ha TepMH. IloToa, co nomom Ha gecjiHHHpaHaTa pegymu4ja e gageH 

anropliTam 3a peumBaffie Ha Hpo6nemoT Ha 36OpOBH 3a cnynH, HMeHO, e 

AecimumpaH coogBeTeH npernnuyBagm cHcTem xoj ja Hma oco6HHaTa Ha 

 .r4 -11, ■ 	 4,,,4..1..001......11144.4,14,1144,41.41 
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Boeeg 	 7 

egmHerneHa Hopmarma (Popma. HagegeHnoT aaropirram 3agp3KyHa HgeH og 

OIIIIITHOT aaropHTam Ha Evans, HO e 6a3HpaH Ha npeninnyHa=nui cHcTeM. 

ERHa 6HTHa palunca e Toa arro BO gecimmHnHjaTa Ha npenHuryHatucHoT 

cHcTem H.gerynaaT canto gecinumpatucHTe paneHcna Ha gageHa KoHegHo 

ripe3eHTHpaHa curia, a noToa HCTHOT moxce ga ce ynoTpe6yna 3a Hcrurry- 

Haffie Ha CKBHBalleHTHOCT Ha Hp0H3BOJIHI3 360p0BH. OBoj gea e BC)/IIIHOCT 

pe3yirraT Ha opHrimanHH HcTpaxynaffia Ha npoci). Cmmue MapiconcicH H 

Ha aBTOpOT Ha onoj Tpy). 
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UmHa 2 

Hpo6IeM Ha 36opom - AecilimmAmja 14 aiire6apcxn 

npncTan BO pemaHameTo 

OBoj gen BornaeHo ce ogHecyea Ha ymmep3anHaTa anre6pa. ganame 

gecinumnin Ha OCHOBHHTe IIOHMH Heorixogm 3a gecinumpaibe Ha npo6ne- 

MOT Ha 360p0BH, KaK0 H HeKOH II03HaTH OIIIIITH pe3yJITaTH OA ym4Bep3an- 

HaTa anre6pa. ro gecinumpame npo6nemoT Ha 36opoBH Ha gBeTe HnBoa, 

xaxo H Hexon gpyrn npo6nemn Ha ognytuniocr 3a anre6pnTe H gaeame 

epcxn met)/ B1113, KaK0 H nperneg Ha peILIJIHBOCT ogHocHo HepenunmocT 

Ha npo6nemoT Ha 360p0BH BO ogpegeHn HO3HaTH KJIaCH anre6pn. HCTO 

Taxa geTanHo ce 3agpxyBame Ha OIIIIITHTe pe3ynTaTH Ha Trevor Evans BO 

epcxa co anreoapcxnTe yCJI0BH 3a peLTIJIHBOCT Ha npo6nemoT Ha 360p0BH 

Ha HHBO Ha mHoryo6pa3ne. Bo oeoj gen He ro npenkmpame HOHMOT 

anropnTam (max° ro ynoTpe6yBaMe), Toa 6nge HanpaBeHo BO TpeTnoT 

gen o) TpygoT. 

9 
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Fiza6a 2. 
10 

2.1 BOBeAHH 11011MH H pe3y.TraTH oA yullBep3anilla artre6pa 

Bo OBOj gen 03HaKIITe K gecimuninnTe Ha nonmwre ce BOFJIaBHO KaK0 BO 

[27]. AoKaarre Ha TeopeMnTe icon He ce gageHn, ce HaolnaT Bo ceKoja 

cTaHgapgHa iumra 3a yHnBep3anHa anre6pa, Ha npnmep [27, 29, 30]. 

jecintinumja 1 A✓ ie6pa e nogpegeH nap A =< A, F > 'cage A e Henpa3Ho 

mHoxecTso x F =< Fz ;iEI> 'cage Fti  e cinuncrapHa onepannja Ha A (T.e. 

npecanicyBalbe og An  BO A 3a Heicoj n E 	3a ceKOj i E I. A e HocuCam, 

oatoetta ouepaquja, 3a ceicoj i E I, I e ungelcctio hataxecfaeo 14JIH 

Attiodiceciaeo ortepaquocu cum6o.au HJIH cuittaCaypa Ha anre6parra. 

KopncTnme H caegHnBe o3HaKH. AKO Q e onepanncxn cnm6on Ha 

A, Toram co QA ja o3HatlyBame OCHOBHaTa onepannja Ha A nHgexcnpaHa 

co Q. QA  ce HapeicyBa utaTtepapeiTtatiuja Ha Q BO A. 

3a gageHa anre6pa A H InnkeicCHO mHoncecTso I, gectamnpaHa e 

clpymcnnja p HapegeHa patti (?ytKifuja og I BO MHO)KCCTBOTO npirpogHn 

6poeBn N, gecimilmpaHa co: 3a ceicoj Q E I, p(Q) = nQ axo paHroT Ha QA 

e rtg, T.e. QA : AnQ —+ A. PaHr cf)puukaTa rirre ce HapeicyBa H Etiva ita 

cAutatoc• tla artie6paiTta HJIH camo CautTi. 3a gBe anre6pn BeJIMMe geica ce 

C.11111 11-114 aim nmaaT HCT THII. 

Je4Mrnrn nja 2 Heica F e onepannja og paHr r Ha mHoncecTso A H Hexa 

X e nogmlloncecTso Ha A. X e aatToopetto 3a F am) H camo aico 3a 

cexon ao, • • • , ar-i E X, F(ao, • • • , ar-i) E X • EAHO II0I(MHO)KeCTBO X Ha 

HOCHTMOT Ha anre6pa A e tiog-HocunIterz Ha A woo e 3aTBopeHo 3a cnTe 

OCHOBHH onepanlin Ha A. 	
A 

1.4.1 .0µ Jas X11 
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Ilpo6.nem Ita 36opoeu, geOwitagtja, cuzie6apcKu CipucffiaCt 	11 

Hexa A e aare6pa. 3a a.are6paTa B Beamme geica e fioga.aie6pa Ha 
A axo H canto aico A H B ce crrHqHM , HOCHTCROT B Ha B e 110,11-HOCHTejl Ha 
HOCHTCROT Ha A H 3a ceicoj oriepaimcm4 cHm6on Q oR cHrHaTypaTa, QB e 
pecTpincgmjaTa Ha QA Hag B. 

,Eketninnwja 3 Hexa A e aare6pa H X C A. Hog-HocuFae.a Ha A 
iettepupan og X e MHoxecTBoTo SgA (x).(l{Blx CBgBe nog-Hourren 
a A}. 

CBOjeTBO 1 Hexa A e aare6pa H X C A. getHHHIMMe 111-1)13/KTHBHO 

nogmHoxecTBa Xn  og A co: 

X 0  = X 

Xn+1  = Xn  U {F(ao, • • • ar--1)1 F e ocHoBHa onepagHja Ha A co pair r 
ao , 	, ar_ i  E Xn }. 

Toram SgA (X) = U{Xni n E N}. 

jetHHHAHja 4 Aare6paTa A e e iettepupatia og X C A aico A= s: (X). 
ERHa a.are6pa A e Konewto ietsepupatia ma) A = SgA (Y) 3a HeKoe KoHexmo 
Y C A. 

ilecOmmumja 5 Hexa A H B ce anre6px oA MTH ma, Q e onepagmcicH 
cHm6o.a og HHBHaTa cHrHaTypa co pair r. EgHa tymcgllja h : A 	B 
e coinactia co wiraepapeiTialgtjaiiia Ha Q alco, 3a acre ao, , 	E A, 
h(QA (ao, 	, ar-1) = Q B (h(a0), • • • , h(ar---1)• 	 A 

EgHa tymcgmja h : A -÷ B Be.allme geKa e xomomopOuacat og A BO 

B alco h e coraacHa co HHTeprrpeTaw4jaTa Ha cexoj onepagmclui cHm6o.a 

Ha A. CypjeKTHseH xomomopcfunam ce HapeKyBa eriUAL0p0/43Cat H nPHTOa 
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Faaaa 2. 
12 

B ce mica xamomopOtta critow Ha A. 14Hjexilmex xomomop4m43am ce 

HapeKyBa mottomopOuaam, HRH cmecrayeatbe, a 6HeKTHBeH xomomopcloinam 

ce Biwa uaomopOuaam. 3a xomomoptinam og A BO A Beamme gexa e 

ettgomoplivaam Ha A, 6meicrimeH exgomopcimnam e aaaiamopOu.3am• 

Jetpionlamja 6 Heim A 	e I > e clicrem c.rmtumanre6pm. 

,aupocii.tert apouaeog Ha < Ai , i E I > e agreopa, o3Haxa H rAi  = HA, og 

HCT THH, CO HOCHTWI 11 1Ai Taloa ILITO 3a cexoj orrepaimcni ci4m6on og par 

r H cexom fo ,...  fr-1 E III  Ai,  (Qrm (f 0 , 	fr-1)) i  = 	 , fir-1) ,  

A 
3a cexoj E /.  

JetParmaaja 7 Haim A e anre6pa H o e 6kmapHa penalmja Ha A. 

e coi.nacHa co octioatta oilepatwja F Ha A og par r axo 3a ceKom 

a0 ,..., ar-i, 1)0 , 	, br-i E A, opk aiObi 3a 0 < i < r — 1 caegyBa 

F(ao , 	ar _ i )OF(bo, 	br _ i ). 

Kottipyetti4uja Ha A e exBasanewrHocr Ha A cornacHa co ceKoja 

OCHOBHa onepalmja Ha A. Co ConA ce o3HatlyBa MHO)KeCTBOTO OR cwre 

A 
Koxrpyemmll Ha A. 

3e4nommaja 8 Hexa A e anreopa H 0 e Koxrpyemmja Ha A. OaKaiop 

anie6pa A10 e aure6pa caxima Ha A, co Houma A10, BO Koja 

npeTalmja Ha cexoj onepaimacn cHm6on Q (co paHr r) Ha A e Q64 , 'cage 

Cg(ao/O ,  • • • , ar - 1/9) = (QA (ao, • • • , ar - i))/0. 	 A 

TeopeMa 1 (TeopeMa 3a xomomopcinnam) 

Hexa A H B ce gse C.IIHt1HH anreopm H h e ermmopcimnam og A Ha 

B, Hexa 0 e xox•pyexmija Ha A H g e upmpogHoTo upecamcyBax,e og A Ha 

(g(a) = a/O, 3a cexoj a E A). Toram 

I It 
	 4..6140, 

	
1/4 +1,4 
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17po6.11em Ha  36opoeu, ge4 utua4uja, arzie6apocu CipuaTiaii 	 13  

(i) JapoTo kerh Ha h e KoHrpyeHuxja Ha A. (a ker h b alCO H camo axo 
h(a) = h(b)). 

(ii) IlpopogHoTo npecalugsatbe g e enxmoptinam oil A Ha A/O. 

(iii) AKO B = kerh, Toram nocroll egmicTseHo upecinucyealbe f oR A/0 
BO B CO CBOiCTBO f o g = h, H Toa e inomopcfmam may A/9 H 

B. 	 El 

41Ledmmilmja 9 Heim A e aare6pa HXCAx A. Kottipyeta4uja ietcepu- 
patia og X e C9 (X) = 	IXCOHOe KoHrpyeHgHja Ha A}. AKO X e 
KoHegHo, C9 (X) e Kotietaio ietcepupatHa. 	 A 

(DyrucLuim 'cox npecamcyBaaT ic.aaca (c.allimpi) anre6pli BO Knaca 
(c.urqHm) ameopm ce HapexyBaaT ofiepatliopu Ha Kaacu. gecinumpame 
HeKOJIKy orieparopm Ha KJIaCH. 

,Ilecinnumllja 10 Heim K e Knaca aare6pH. 

A E I(K) alCO H camo aim A e loomoixtma Ha HeKoja allre6pa og IC. 

A E H(K) am) H camo axo A e momopc1)Ha Ha xomomopolma camca 
Ha aare6pa og K. 

A E S(K) am) H camo moo A e momopcima Ha noikaareopa Ha 

aare6pa OR K. 

A E P (K) alCO H camo am) A e momopcpHa Ha Tuweicrea mpoH3BOR 

Ha cmcrem anre6pH ()Lk K. 	 A 

Be.name geica K e Kaaca 3araeopetia 3a ortepaiTtop tw ic✓zacu Q aico 

WIC) 
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14 
	 Irma 2. 

Ceicoj og gecimalipaHirre onepaTopm Ha 'clam Q, npm pecTpimugja 

Ha Kaacia CJIWIHH aare6pm, e pact:Li-et-mu ogHocHo Q(1C) IC, aarmayea 

aogpegyaw-be, T.e. Q(1C0 ) C Q(1C 1 ) axo /Co  C 1C 1 , H e ugehtuolUetaTleu, T.e. 

Q(Q(k)) = Q(k)• 

Tietimmagaja 11 E,aHa Kaaca IC anreopn og HCT Trem e hi1-ioiyo6paaue axo 

e 3aTaopeHa 3a H, S H P. 	 A 

jedianllogja 12 Heim e maca cnHgHH azre6pm. V(1C) ro o3HatryBa 

HajmanoTo mHoryo6pa3me Koe ja cogpxm 1C H ce HapexyBa h1-toiyo6paaue 

iettepupatto og AC. 	 A 

TeopeMa 2 V = HSP. 

jesimuumaja 13 Heica AC e Luaca anre6pm og HCTH THII H U e aare6pa 

og HCTHOT THII. HeKa X e noamHoxecTao og U. U HMa caojaCiao Ica 

yitueepaaAtio apecAuKyaarbe 3a IC Hag X axo H camo axo 3a ceicoja A E 

H ceicoe npecafficysaffie f : X -4 A nocTox xomomopcimnam h : U A Koj 

e rrpoumpyBaffie Ha f, T.e. f (x) = h(x), 3a x E X. 	 A 

Benxme gexa U e c4o6opia as IC Hag X am) U e reHepmpaHa og X 

H U HMa CBOJCTBO Ha yHmsep3a.aHo npecniugaaffie 3a IC Hag X. 

Beamme geica U e cao6ogHa #30 /C Hag X axo U E IC H U e cao6ogHa 

3a IC Hag X. Aico U e cao6ogHa Bo IC Hag X, Toram X ce Hapeicyaa 

cizo6ogtio ienepairtopno hataxecirwo 3a U, H U ce Hapeicyaa cao6ogHo 

reHepmpaHa og X. AKO 1C e xnacaTa OR erre aare6pn co ogpegeH THH 

Ha CJIWIHOCT H U e cao6ogHa a.are6pa BO IC Hag X, 3a U Bemime geica e 

al-icor-tyro-to c.ao6ogna 

1.0 1 4  4,40i I 
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Hpo6nem Ha 36opoeu, geOuHuguja, arzie6apocu apuaTiaii 	 15 

CBOjCTBO 2 AKO K0  C K i  H U e cao6ogHa 3a K i  Hag X, Toram U e 
cao6ogHa 3a K0  Hag X. 	 ❑ 

CBOjCTBO 3 AKO U e cuo6ogHa 3a K Hag X, Toram U e czo6ogHa 3a V(K) 
Hag X. 	 ❑ 

CBOjCTBO 4 Hem U1  H U2 ce CTI060gHH BO K Hag X 1  H X2 comemo. 
AKO, 	= IX21, Toram U 1  U2. 	 ❑ 

jetimiumllja 14 Heim K e maca aare6pH H A e anre6pa, cwre og HCT 

THH. Toram 

80c) = 	E ConAj A/O E S(K)}. 
	A 

CBOjCTBO 5 Heica U e c.uo6ogHa 3a K Hag X. Toram U = U/eu (IC) e 
cao6ogHa BO V(K) Hag = {x/eu (K)Ix E X}. 	 ❑ 

Heim p e THU Ha CHWIHOCT H I e coogHeTHo mHoxecTso onepagmcKH 

CHM60JIH. HeKa X e MHOXeCTBO )1I4CiyHTHO CO I. 3a n E N, 03HatryHame 
= {Q E n}, BcpuHocT e /VIEIOXeCTBOTO 71-ap1111 ouepagHcKH 

cHm6om4 og I. Hog Hu3a og X U I nogpa36Hpame KoHetma tuna < 

80 , , sk > 111114 gnerfolm rrpHrrafaaT Ha X U I. BaxHaTa HH3a yurre 
ce HapexyHa H 36op Hag a36yica X U I H ce 3azumuysa Kam) so... sk. 
17pouseog Ha gm 36opa a = a0 ... an _ 1  H b = b0 ...bni_ i  e 36opoT ab = 

JacHo, Kora muuyHame "36opoT u" 3a u E X U I, 
BCyIIIHOCT MIIC....TIHMe Ha HH3aTa < U >. 

Aetinunmilja 15 MHOXeCTBOTO Tp (X) og ucepMu og auuu p Hag X e 
HajmamoTo MHOXeCTBO T 0)1 360p0BI4 Hag a363/Ka X U I Taxa IIITO: 
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Triaea 2. 

1. X u I o  C T , 

2. AKO Po, • • • ,Pn-i E THQE /n , Toram 36opoT C2PoPi • • • Pn---1 E T. 
A 

16 

flpHToa, soBenyBame noroBop 3a o3HagyBalbe Ha TepmHTe. HaMecTo 

TM QPoPi • • Pn- 1 rmmysame Q(po , pi , ... ,pn _ i ), 6aHapmirre onepamcKH 

cHm6om4 BO TepmmTe rH munysame HHCI:IHKCHO. yoqHme neica Tp(X) e 

npa3Ho aKO H camo aKO X U I O  e Irpa3Ho. 

jec xamaaja 16 AKO Tp (X) 0 0, Toram cutie6pa Clieptu og 	p Hag X, 

co o3Haica p(X) e anre6paTa on THIT p CO HOCHTeJI Tp(X) 3a IIHH OCHOBHH 

o Imp au,HH Baxx 

QTP (" ) (P0, • • • Pn-i) = Q(Po, • • • Pn-i) 

3a ceicoj Q E 	pi E Tp(X)• 	
A 

TeopeMa 3 Heica p e THU Ha cawmocT, I e coonsemo mHoxcemo on-

epaimcKH cHm6arm, H X e tsmoxecTBo Talcs() urro IX I > 1 axo Io  = 0 H 

X n I == 0. Heim V e mHoryo6pa3He anre5pH on THU p. 

(i) Anre6paTa Tepmll T p (X) e anconymo cno6onHa anre6pa on THU 

p reHepHpaHa O) mHoxecTsoTo {< x> IxE X} (HJIH BenHme, 

reHepHpaHa on X). 

(ii) Tp  (X)/IBT,(x) (V) e cno6onHa BO V Han MHO>KeCTBOTO { < x > 

10(V)Ix E 

(iii) AKO V Hisla HeTpHBHjanmitmeHosH, Toram ROCTOH cao6onHa anre6pa 

BO V Han MHOXeCTBOTO X. 	 ❑ 

f4 	 If 	b I.e. Ili ,  ti ,  .qt 	 , 
1 	 ,w , 	 , w111 
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.17po6rtem tia 36opoatt, geOutactfuja, cuzie6apcKu iipuaTicza 	 17  

jeciniffilugja 17 Co Fk (X) o3HatiyHame cno6ogHa anre6pa BO V(1C) co 
cno6ogHo reHepaTopHo mHoxecTHo X. Fic (K) o3HatryBa anre6pa F K (X) 
3a 1X1 = 	 A 

3a6eneAHme geica: F K  (X), aico HOCTOH, e orrpegeneHa go 
H3omopcjmnam; F ic (n) e onpegeneHa gO H3omopitH3am; FK(0) UOCTOH 

axo H camo aim THHOT cogpx,H HynapHH onepanHH; Fic(1) nocToH; axo 

tc > 1, Fic (k) HOCTOH axo H camo axo K Hma HeTpinmjanHH qaeHoHH. 

IloczegirEga 1 Hexa X e mHoaecrso H K e Knaca anre6pH og THU p Taxa 
ILITO FK (X) HOCTOH. Toram Fic (X) nptinafa Ha SP (1C) H 

Fv(K)(X) 5=-.2  Fic(X) ti Tp(X)/eTp(x)(K). 	❑ 

Bo npogonxeHHe gaHame noornuTa gedmuninHja Ha TepM. HpHToa, 

cmeTame geica ceicoe mHoxecTso onepanHcicH CHM60JIH I og cexoj THU p e 
TaKBO LUTO I n N = 0. 

jelmmingja 18 Heica p e THU. Hog Caepiti (og Ours p) nogpa36Hpame 

enemeHT og anre6paTa TMH Tp (N). CTaBaMe v ri  =< n > H TepmHTe vn , 
3a n E N, rH HapeicyHame /7/pa/wet-La/mai. 	 A 

3a ceKoj n E N, Hog cuzie6pa Caephiu Tp  (n) ce nogpa36Hpa noganre-

OpaTa og Tp (N) reHepHpaHa og v o, , 	Hama, Tp (N) = UnEN TP(n) 

H Tp (1)CTp (2)C ....  

jetimumgmja 19 Heica A e anre6pa og Tan p H p E Tp (n). jjecpHHHpame 

n-apHa onepanHja pA Ha A co HHgymmja no goaxcHHaTa Ha p. Ala) p = vi, 

cTaHame pA (ao , , an _ i ) = ai . AKO qA e geckHHHpaHo 3a cHTe Tepmr4 q co 
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Fizaea 2. 
18 

goaxama Homarra og p, H am) p = Q(pi , , pm _ i ) , 'cage p ti  ce Tepma H Q e 

m-apeH ollepaugcm cHm6on, Toram cTaBaMe, 3a CeKOH a0 ,.. • , an-1 E A, 

PA  (ao, • • • , an-i) = QA  (136 (ao, • • • , an-i), ••• 	••• , an-i)). 

A 

,11e4mHmAllja 20 HgeniautaetTi HUH paeerwCa 6o oA THII p e 36op oA 06Junc 

pti q loge p H q ce p- TepMH. 
	 A 

Heica A e aAreopa H p q e HgeHTHTeT (H gHerre OA THII p) H Heim 

p, q E Tp (n). AK() a E An , Toram seaHme geica a io 3agoeanyea p q axo 

H camo aim pA (a) = qA  (a). 03HaqyHame A, a = p q. 

Beamme geica HACHTHTeTOT pti q e eucffiurtuia BO A axo H camo axo 

pA  = qA .  03HatiyHame A p q. 

BeaHme geica HgeHTHTeToT pti q e eucCaurturTz 80 Knaca C OA THII p 

aK0 H camo axo e BHCTHHHT BO CeKOj qaeH Ha 1C. 03HatiyHame K pti q. 

AKO e IvIHO)KeCTBO HACHTHTeTH og THII p H 1C e Kalaca aare6pH og 

THII p, Heamme Aexa E e BHCTHI-111TO BO .C, o3Haxa 1C = E, am) H camo axo 

ceKoj eRemeHT Ha E e BHCTHHHT BO X. 

Csoicrso 6 HeKa A e anreopa Hp q e HgeHTHTeT (H gHeTe og THII p). 

CriegHwre yCJIOBH ce eicsimaneHTHH. 

(i) A 	p q. 

(ii) AKO p, q E Tp (n), Toram A, a p q 3a ceicoj a E An. 

(iii) 3a ceicoj xomomopcPH3am f oR Tp (N) BO A HaxcH f (p) = f (q) • 

(iv) AKO p, q E Tp (n) H X0,, 	, 171 _1 ce n pa3JIHI11114 rrpomearmali, Toram 

A 	p(x o , 	, x n _ i) ^ q(x o , 	, 

aaawf a.aa 4 r a at ok 4 aa 
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Hpo6rzem tta a6opoeu, geOuttutfuja, cuzie6apocu apuciiian 	 19  

TeopeMa 4 Heim K e maca aure6pH og THH p, Heica p, q E Tp (n), Hem X 
e MHO)KCCTBO H X0, • • , Xn-i E X. CJIegHHTe yCJI01314 ce eKBHBaJleHTHH: 

(i) P 	q. 

(ii) <p, q> rrpHnata BO KoHrpyemwjaTa eTp (N)(K) Ha Tp (N). 

(iii) AKO FK(X) HOCTOH, Toram FK (X) p q. 

(iv) AKO FIc (X) HOCTOH, TorampFx (x) (xo , .. • , Xn-1) 
= eic(x)(xo, 	

Xn-1)• 

CBojcrBo 7 HeKa K e Knaca anre6pH oA HCTH THH. MHoxecTHaTa 

HgeHTHTeTH BHCTHHHTH BO 'mane IC, H(K), S(K), P(K), V(K) ce 
egHaKBH. 	 ❑ 

IlpeTxogHo gectHHHpaHme KoHrpyeffimja reHepHpaHa og mHoxecTHo 

Hapom. ga cnomeHeme geica Hog Kotapyonfuja tia wzie6pa iexepupatra og 

AstioNcecrti8o ugettrautTieCau E ce nogpa36Hpa KoHrpyeHugjaTa reHepHpaHa 

og MHOXeCTBOTO f<p,q>1EF p q, p, 

aetpunmaaja 21 Heica /C e x.maca aare6pH og THH p H E e mHowecnto 

HHelITHTeTH og THH p. 03Hatrysame O (1C) = {p ti ql K 	p Pe, q} H 

Mod(E) {Al A E}. 	 A 

KnacaTa K ce Hapeigna egtiaKeociTma xnaca aico H canto aim 

= Mod(r) 3a Hexoe MHOXeCTBO HgeHTHTeTH F. Kora oaa Ba)KH 

BeaHme Reim K e geOuttupatia HUH wccuomaCau3upatia og F. 

MHOWeCTBOTO E ce Hapeicysa egHaK6octIata Caeopuja alco H camo 
axo E = e(r) 3a HeKoja Knaca aure6pH £ og THH p. Kora °Ha awful E ce 
mica eguaK8ocutipta Caeopuja tw L. 
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20 	 Tnaea 2. 

CBOiCTBO 8 Heim K e xaaca aare6pH og Txn p, A e anre6pa of HCTHOT 

T141114 X e MHOXeCTBO TaKBO ILITO IXI > IA1. 

(i) AKO K ce COCTOH of TpHBHjaJIHH aare6pH, Toram A O(K) axo H 

cam° am) 1A1 = 1. 

(ii) AKO K cogpxm HeTpHHHjamia anre6pa, Toram A e(K) axo H 

canto ma) A E H(FK(X)). 	 ❑ 

TeopeMa 5 (G. Birkhoff) 

3a cexoja maca K O) CJI14111111 aare6pH, HSP(K) = Mode(K). 

(3Hatm, K e mHoryo6pa3He axo H canto am) e egHaxHocma Kaaca.) 	❑ 

Coolers° 9 AKO V e mHoryo6pa3He xoe cogpxm HeTpHmijarma anre6pa H 

X e MHOXeCTBO xoe e Hajma.axy npe6pomto, Toram V = V(Fv (X)). 	❑ 

3Hatm, Heim V e mHoryo6pa3He OR THH p 'we comma,' HeTpHHHjaaHH 

aare6pH. V e reHepHpaHo og cBojaTa cao6ogHa anre6pa F v (w), xoja moxce 

ga ce xoHcapympa Kam) itarrop anre6pa Ha T p (N). TMH p H q ce Ho 

HcTa maca Ho itaxTop crpyrrypaTa axo H canto axo HgeHTHTerroT p q e 

BlICTHHHT BO V. Taxa, egHaxHocTHaTa TeopHja Ha V j a oripegenyHa F v  (w) H 

camoTo V mome ga ce geclakmlipa Kam) KnacaTa og cwre mogem4 Ha cBojaTa 

e)HaKBocTHa TeopHja. CJIH14110, KOHet1H0 reHepapaHa c.no6ogHa a.rrre6pa 

Fv  (n), n E N, e itaxTop anre6pa Ha T p (n) H n-apHH TepmH p H q ce 

HgeHTH(tHxyHaaT BO F v  (n) axo H camo aim Tepmoscxxre onepaHHH pA H 

qA  ce egHalum 3a cexoja A E V. 

KOHCTpyKTHBeH OHM Ha c.no6ogHwre aare6pH BO MHoryo6pa3He 

V e HCTO INTO H KOHCTpyKTHBeH 01111C Ha xoHrpyemmjaTa e Tp ( 1,) (V) Ha 

I. 	, 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



17po6Aeht na 36opoeu, geOwiutfuja, arzie6apocu apuartaii 	 21 

Tp (N) 3a Koja Fv(w) 	Tp(N)/eTp  (N) (V) HUH HaK Ha eRHaKBocTHaTa 
Teopaja Ha V, 6HgejtH <p, q >E eTp(N) (V) aico H camo axo p q E e(V). 
EgeH npmcTan 3a OHHCOT Ha cno6ogmicre anre6pm e orrpegenysalbe Ha 
HORMHO)KCCTBO OR Tp (N) cocTaBeHo Twirl° og no egeH enemeHT oR ceKoja 
icnaca Ha eKBHBaReHTHOCT Ha OTp  (N) (V). EriemeHmTe oR TaKBO MHO)KeCTBO 

iiecTo ce HapeicyBaaT pegy4upattu diephtu HJIH nophtaanu Oopmu. Ce 

o6HgyBame ga onpegenBme anropnTam Koj 3a ceicoj Tepm ro orrpegenyBa 
egHHCTBeHHOT pegyrwpaH TepM, eicm4BaneHTeH Ha Hero. AKO BaKOB 

anropirram HOCTOH, TOj Be)Ham BO,IIH KOH gecImmumja Ha onepagime 
Ha MHO)KeCTBOTO pegyugpaHH Tepmm, ripi4 KOH oBa MHO)KeCTBO cTaHyBa 
anreopamomopcinia Ha Fv(w). 

Toa e Harrpaseao 3a mHoryo6pa3HeTo cnynx BO HeTTHOT gen Ha 
TpygoT. 

2.2 Ilpo6aem Ha 360p0BH H Apyrn Hpo6aemll Ha owtyllloocr 

3a anre6pwre 

Bo oBoj gen ro gecfnumpame npoonemoT Ha 36oposn, gariajbd npeT-

X0g1-10 HeKOJIKy HeonxogHB geCI)HHHHHI4 BO Bpcica co ripe3eHTawinue Ha 

anre6pwre. gecinmagimTe Ha noHmicre H Teopemirre ce cnopeg [22]. 11pm-
Toa, ceicage Ke rH KopHcnime cnegHrme o3HaicH. AKO I e cHrHaTypa og THII 

p, A e anre6pa og Tim pHGe nogmHoxecrBo og HOCHTeROT Ha A , co p' ke 
ro o3HagyBame paHroT Ha I U G (npH mum npeTnocTamca I fl G = 0), T.e. 
Ha cHrHaTypaTa ce gogasaaT KaK0 HOBH KOHCTaHTH (HynapHil onepagm4) 
enemeHmTe og G. IloToa, co AG Ke ja o3HagyBame anre6paTa Koja 
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22 
	 Taaea 2. 

HacTaHyBa og A, gogaBajkH canto yurre OCHOBHH HynapHll onepauHH og G. 

ae4mainklija 22 Heica R e MHOXeCTBO HAeHTkiTeTH 6e3 Hp0MeHRHBH og 

THH p', Ho cHrHaTypa I U G. IlogpegemoT nap (G, R) e tispe3etaat4uja og 

p' BO cHrHaTypa I U G. EgHa Hpe3eHTaucHja (G, e KoHettna alco G ki 

R ce KOHe1 IHH MHO)KeCTBa. 	
A 

jeciminnwja 23 Heica 8 e mHoxecTso HAeHTILTCTH og THH p, V = Mod (8) 

H Hexa (G, R) e npegeHTanHja oA THH p'. Agre6pa A og THn p e Cipe3erliu-

paHa og (G, R) BO V, axo HancaT c.gegHHHe yCJI0B14: 

(i) A = 4(G), 

(ii) A G  8 U 14 

(iii) 3a ceicoj HgeHTHTeT 6e3 npomennium p q oA TIM p', oA AG p q 

caegyHa 	 A 

3a egHa anre6pa HeaHme geica e 	ape3euraupana, aico e 

npe3eHTHpaHa co KOHL Ha npe3effranHja 

Anre6pa npegeHrHpaHa co (G, R) BO V e egmHeTHeHa go H3omop- 

434143am. 

Hexa (G, R) e npe3eHTaLHja og THIT p', e e MHO)KCCTBO HAeHTkiTeTH 

og THn p H V e mHoryo6pa3HeTo gecimmpaHo co O U R. Torun pegyKToT 

go THn p (og cHrHaTypaTa oTcTpaHeTn HynapHIrre onepanHH og G) Ha 

cao6ogHaTa aRre6pa F9(0) e aare6pa npe3eHTHpaHa co (G, R) BO V. 

)1e4nnnwja 24 Heica O e mHoncecTHo HAeHTliTeTH og THH p, V = Mod (8) 

H A e agre6pa KoHetnio npe3eHTHpaHa co (G, R) so V. Ilpo6✓ emoCti Ha 

pr 	1 
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17po6.nem xa 36opoeu, geOuHutpja, arzi-e6apcKu fipucCaaa 	 23 

36opoeu 3a A BO V npauryBa nanH HOCTOH anropffram Koj onarryBa 3a 
Hp0H3B0J1ell HgeHTHTeT 6e3 rrpomeanHBHp Psi q OJT THH , gam! AG p ti q. 

A 

AKO BaKOB aaropHTam HOCTOH Be.JIHMe nexa np06RemoT Ha 36opoBH 

3a A e peaudzue, HHaicy e Hepeucaue. 

Iett•HHHAHja 25 Heica 8 e mHoxecTso HgeHTHTeTH on THn p H V = 
Mod(e). 

17po6rteht Ha 36opoeu 3a V Ha apeo 1.11160 (WP1) e npaluaffieTo 
gam HOCTOH anropwram Koj ro petnaBa npo6.nemoT Ha 36opoBH 3a cHTe 

KoHeimo npe3eHTHpaHH aare6pH Bo V. 

Ilpo6neht ua 36opoeu 3a V Ha eraopo HU80 (WP2) e npaiumbeTo 
gam! 3a ceicoja KoxeHHO ripe3ewmpaHa anre6pa A Bo V, HOCTOH anropwram 
KOj ro peinaBa npo6zemoT Ha 36opoBH 3a A BO V. 

JacHo e neica penunmocra Ha npo6nemoT Ha 36opoBH Ha npso HMO, 

3a Heicoe mHoryo6pa3He, noaneicyBa peLLUMBOCT H Ha BT0p0 HHBO. 

KaK0 IHTO Beke cnomeHaBme BO BOBeT(oT, ripen pa3BHTOKOT Ha 
Teopmjam Ha npecmemoOCT HOHMOT auropnramcKH HepellumB npo6nem, 
Ha H HeperunHB rrpo6.mem Ha 36opoBH He 614n HO3HaT. Bo 1947 MapKoB H 

Post noxaxarie nexa npo6nemoT Ha 36opoBH 3a no.myrpyrn4Te e HepenumB 
(Ha BT0p0 HHBO, a co TOa H Ha npBo). AOKa3OT Ha TOa Tripeneffie e gemaHo 
pa3pa6oTeH BO BTOpHOT nen Ha TpynoT. Bo 1955 Boone H HOBHKOB 

noicaxane HCTO 3a mHoryo6pa3HeTo rpynH, a Hutchinson H Lipshitz 3a 
monynapHHTe MpexH. 

3a apemen ja naBame cnenHana Ta6e.na (cnopen [22]). 
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24 	 Tria6a 2. 

HepeuumB W .P1 Peuums W P1 

ITYrin A6en0Bm rpyri 

KBamirpyrlli 

npcTeHm KOMyTaTHBHH ripcTelill 

HeacougjaTHBH14 npereHti 

nonyrpyrill KOMyTaTHBHH riamyrpyrill 

mogyaapHm mpexcH mpexcit 

Bo TpygoT Hera ga ce 3agpxyBame Ha goicaxcysaffie Ha acre pe3ynTaTH 

HaBegeHm BO OBOj riperReg. VIHTepecHo e Kaico gogasaffieTo Ha KOMy-

TaMBHHOT 3aKOH BJIHjae Ha peuumsocTa Ha rip06AemoT Ha 36opoBH, 

H og3emakbeTo Ha acmmjaTaBH14oT HCTO Taxa. Bo nocaegHHoT peg OA 

Ta6eaaTa He e cogpxaHa Hincalcsa Kompagmcgmja. HOCTOH KoHegHo 

ripe3eHTHpaHa mogynapHa mpexca BO mHoryoopamieTo mogyaapHm mpexu4 

co Hepe)KJIHB npo6aem Ha 36OpOBH K.* He e KOHeqH0 ripe3eHTvrpaHa BO 

mHoryo6pa3meTo mpexut 

gpyr ripooaem Ha 0):VIr1HBOCT 3a anreopirre e TaKaHapegeHmoT 

apo6.aem ua egHaKeoctrata titeopuja Koj, cuopeg gestomliugjaTa, e TecHo 

noBp3aH co ripooaemoT Ha 36OpOBH. 

je4)1mmllja 26 Heim V e MHoryo6pa3He aare6pm og THH p. Ilpo6aem 

Ha egHalcBocTHa Teopmja 3a V e npooaemoT Ha ogarmsocT Ha ja3HKOT 

Eq(V) {p q1V p ti q, p q e mgeHTHTeT og TklIl 	 A 

HeKa O e mHoxecrBo HgeHTFITeTH og THn p H V e mHoryoopameTo 

geltlimpaHo co 8. Heim A e anreopa ripe3eHmpaHa co (G, 0) BO V, 

4,,..,..44.1......1-411.1-4.00144,1. 
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lipo6rzeht  xa 36opoeu, geOutiutfuja, arzie6apocu upucucau 	 25 

KaTke G e irpeopokaio MHOXeCTBO OR (HOBH) KOHCTaHTH. JacHo, A He e 

KOHetIHO npe3eHTHpaHa, HO axo npo6aemoT Ha 36op0BH ro gecbifimpame 

3a A aHanorHo 'calm 3a xoHeinto npe3eHampaHa agre6pa og V, Toram 

Hp06J1eMOT Ha 360POBH 3a A BO V e exia4BageHTeH Ha rrpoonemoT Ha 

ogar-amocT Ha ermaxBocTHaTa TeopHja 3a V. BHgejrZH Baxa gectIHHHpaHaTa 

aare6pa A e imomopcima co F v  (w), gecTo npo6.gemoT Ha egHaroocTHa 

TeopHja 3a V ce HapexyBa H Cipo6.aem tca 36opoeu 3a cao6ogttutTie o6jvcCau 
ao V. 

Aa ce 3agpxcHme Ha Bperurre nomely npo6.aemoT Ha 36opoBH 3a egHo 

mHoryo6pa3He H rrpoonemoT Ha einiarmocTHa TeopHja. Bo OHLUT CJIyLIaj 

OR HepeaumBocTa Ha npo6.iremoT Ha 360POBH Ha HBO HJIH Ha BT0p0 HHBO 

3a mHoryo6pa3He V He czegyBa HeogaramocT Ha eRHaKBOCTHaTa TeopHja 

3a V. HpHmep 3a oBa e mHoryo6pa3HeTo rpyrm BO xoe WP1 H WP2 

ce HepeIHJIHBH, HO egHaroocTHaTa TeopHja e ogarllma - npenHuryBatam 

cHcTem Ha Knuth H Bendix HaBegeH BO BOBeR0T. 

HCTO TaKa, BO °Harr carraj, HeogarmBocT Ha eRHaKBOCTHaTa 

TeOpHja Ha Hexoe mHoryo5pa3He He noarrexyBa HeO/LITYT-IHBOCT Ha WP2 
3a HCTOTO mHoryo6pa3He, IIITO H Ce otrexyBa OR gegmmarHjaTa, oHgejkir 

HeogarrHBa egHarmocrHa TeopHja 3Hatar gexa npo6nemoT Ha 360POBH e 
HeperagHB 3a F v (w), HO 'Dolma anreopa He e KOHellHO rrpe3eHTHpaHa BO V. 
3a Toa Hearro noBeke BO apogozweHHe. 

OHa urro Bawl e gexa pellIJIHBOCT Ha W Pl3a gageHo mHoryoopame 

noBnexyBa ogaramocT Ha eRHaKBOCTHaTa TeOpHja 3a HCTOTO. gOKa3OT 

Ha oBa Tspgeffie e gocTa c.11oxeH, HCTHOT moxe ga ce HajRe BO [221 OBge 

gaBame camo nperneg Ha HeKOH HOHMH H CBOjCTBa OR KOH HCTOTO cregyBa, 
a KOH ce HHTepeCHH H caw' n0 ce6e. 
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26 
	 Fizaea 2. 

je4munnwja 27 Hexa IC e Kgaca mogem4 Ha ja3xx og npB peg .C. Beanme 

geka erzemettraaptiafaa Caeopuja Ha K e ogarma axo e og.nyrumo mHo- 

XeCTBOTO Th(K) = {01 IC 0, e itopmyna BO ja3HKOT L}. 	 A 

JacHo, ogarmocT Ha eaemeHTapHaTa Teopnja noBneicyBa ogarm-

BOCT Ha egHaxBocTHaTa Teopmja 3a He'we mHoryo6pa3He. 

AKO V e mHoryo6pame, Toram , cnopeg TeopemaTa Ha Birkhoff, 

TOa e KJ-ma mogean Ha MHO)KeCTBO mgeHTTerrem Ha ja3xx og ups peg 

co paBeHcTBo KOj Hema npegnicaTHH CHM6OJIH, na, cnopeg Toa, moxe ga 

36opyBame 3a ogarlimocT Ha enemewrapHaTa Teopnja Ha V. 

aetinumilllja 28 AKO pi  qi , ,p, qn ,p q ce HgeHTHTeTH og THE p 

Bo cnrHaTypa I, Toram 4jopMynaTa p i  qiA...Apn  qn = p q e 

Kea3u-ugettOuffietT2 og Caurt p (Bo cnrHaTypa I). 

Hexa V e mHoryo6pa3ne og Tan p. BeRnme geica apo6nemotTt na icea3u-

ugataiut-aetTsu Ha V e og.arno axo e ognyin4Bo mHoxecTBoTo Q(V) = 

fql V q, q e KBa3n-ngeirrwreT og THII p}. 

TeopeMa 6 Hexa V e mHoryo6pa3me. Ilpo6nemoT Ha KBH3H-agCHTHTeTH 

3a V e exmoarieureH co WP1 3a V. 	 0 

l'Bpgeffierro ncicaxaHo co apeTxogHaTa Teopema e iniTepecHo, 6Hge-

jkl4 co Toa npo6.11emoT Ha 36opom Ha rips° HHBO 3a Heicoe mHoryo6pame 

gnpex.THo ce cBegyBa Ha npo6nem Ha OWIrIHBOCT Ha ogpegeHo MHO)KeCTBO. 

PICT() Taxa, og oBa Tspgeffie c.negyBa geica ogsyCmB0cT Ha WP1 3a Heicoe 

mHoryo6pa3ne noaneicyBa OJIJIrIHBOCT Ha egHaxBocTHa Teopmja Ha HCTOTO, 

6ngejkm. /C p q aico camo aico /C q. 

000404400d d 4P 	 • • I 	 •I 	 I.  
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17po6ftem tia 36opoett, geOuttutgtja, c ✓t2e6apocu apuct7.7aa 	 27  

MengHim 2 3a ceKoe mHoryo6pame V HeogarnmocT Ha WP1 mvirum- 

'Aiwa Heog.grumocT Ha HeroBaTa emmeHTapHa Teopmja. 	 ❑ 

Ke ce 3agpxllme manKy Ha TBpgekbeTo geKa peu1JIHB WP2 He 
nomeicyBa peIHJIHBOCT Ha WP1 HHTy ogarmocT Ha egHaKBocTHaTa 

Teopmja Ha gageHo mHoryo6pa3He. FIN rrpmmep Ha mHoryo6pa3He co 

pei.u.gliB WP2 a Hepaumo WP1 ce Haota BO goicropoca gxcepTagHja 
Ha Wells, 1982, o6jaBeH nogoncHa BO [31]. HaBegeHoTo MHOryo6pa-
3He HMa oKony 340000 aKCHOMI4 H rrpe6pomBa carHaTypa. r1011014Ha, 

BO [28] e o6jaBeH gpyr rrimmep Ha TaKBO mHoryo6pame, HOBTOpHO CO 

ripe6poxBa cHrHaTypa x ranem 6poj aKcHom.m. Bo goKTopcKa gxcepTagmja 

Ha D.Delie H BO [10] HaBegeH e npmmep Ha mHoryo6pamie co 6apaH-
OTO CBOJCTBO CO KOHe'IHa cHrHaTypa H KOHC'LHO MHOMeCTBO aKCHOMH 

co gocTa c.no)KeH o6nHK. Bo TpygoBxTe Ha S. Crvenkovi6, D. Deli6, 

I. Dolinka [3, 4, 5, 6, 7, 8] ce Haofan gocTa pevaTaTH og OBOJ THH. 

HmeHo, gagem4 ce ripHmepx Ha mHoryo6pantja co KoHemia cHrHaTypa 

(og Tim < 2,1,1,0 >, < 2,1,0 >, < 2,1 >, < 2,0,0 >,< 2,0 > H < 2 >) 
H peKyp31413H0 MHOXeCTBO aKCHOMH CO peaumB WP2 a Heomarnma eg-
HaK.Bocma Teopxja. CeKaKo, mime ce rrpHmepx Ha mHoryo6pamja co 

pellIJIHB WP2 H Hepemmo WP1. I'o HaBegyBame npmmepoT og [8], Koj 
rx o6egHHyBa Hgewre upm BO KoHCTpyxpaHheTO Ha cHTe oBHe ripmmepm H e 
HajegHocTaBeH. 

Ilimmep 1 ([8]) 

HeKa V e MHOryo6pa3He co egHa 6mHapHa onepagmja Koe e 

gectimmlpaHo co czegmffle HAeHTHTeTH: 

(x • y)• 	x • (y • z), x 3  • y 	, y • x 3 	, 
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28 	 irzaea 2. 

xyxzx ~ x 3  x 2yx x 3 xyx 2 
X

3
, 

2 
X • Y

2 
 1 • Y2 • • • YO(n)X 	X 	,nEN 

Kane : N —+ N e peicypainHa cpymcuHja T.IU. MHOXeCTBOTO 10(n) n E 

e Hepeicyp3m3Ho. Toram V Hma pawn's WP2, a Heonaruma enHaKnocma 

Teo* a. 

2.3 Pe3prraTH Ha Evans 3a OIVIr111BOCT Ha WP 1 

Bo oHoj ge.a ce 3agpxyHame Ha Heiconxy Teopemm Ha Evans ([13, 14, 15, 16]) 

KOH AaBaar 61ITHH xpknepHymH 3a peILLTHIBOCT Ha upo6.gemoT Ha 36OpOBH 

Ha rrpHo HHBO 3a Hp0H3BOJIHO MHoryo6pa3He Aecimumpatio CO KOHeLIHO 

MHOXeCTBO aKCHOMH. 

HeKa V e KoHetmo neclommpaHo mHoryo6pa3He a.gre6pH OA THII p. 

Co Vp  ro o3HatryHame mHoryo6pa3HeTo on clue a.gre6pH on THH p. 

aetintallquja 29 HeKa P e MHOXeCTBO. ,aertymtla oftepaz4uja Ha P co pair 

r e rrpecraucynaH)e f: D P, Kane D C Pr  e gomett Ha f. 

HeKa I e HHAMCHO MHOXeCTBO OR THn p. „ae.ay.mila HJIH neKoht-

Cuter:a tia V p  - anre6pa e Tpojica P =< P, F, S >, Kane P e MHOXeCTBO, 

F e mHoxecTso ge.gymim onepamm - HHTepripeTamm Ha onepamiclurre 

CHM60JIH on I, H S e cimmiumja mHoxecTsa, HHnexcHpaHa co I, T.e. SQ  e 

nomeHoT Ha neayivmaTa onepaimja QP  E F. 

aecimunnwja 30 ite.nyhata HJIH neKairtr✓zeirata V-aHre6pa e ne.11ymHa Vp

-a.greopa P =< P, F, S > 3a lc* BaxH: 

(1) Kora HneHTHTenrre Ha V ce HpHmeagHBH Ha P, THe ce 3anonaneHH 
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17po6✓ em Ha 36opoeu, geOutattfuja, a✓ ie6apocu  apuctUaCt 	29 

BO P, ORHOCHO, aico p ti q e HgeHTHTeT og V, 'cage p = p(xl, • • • ,x.),q = 
q(x i , 	, x n ) H al , ... ,an  ce enemeHTH og P 3a KoH geaymmrre on- 

epaugH go3Bo.nyBaaT ga ce HpecmeTaaT BpegHocTHTe Ha pP  (ai, • • • , an) 

P  (al, . , an), Toram pP  (ai, • • • , an) = qP  H q 	(ai, • • • , an ). 

(2) geaymmifTe onepagHH Ha P H HRCHTHTCTHTC Ha V He go3BogygaaT 

3rogemygatbe Ha gomeHoT Ha genymHHTe 	 ORHOCHO, axo p ti q 

e HgeHTHTeT BO V 'cage p = p(xi , 	, xn ),q = q(xl, • • • , xn) H,  °A Apyra 
cTpaHa, q = Q(ri ,... 	E I, ri  ce TMH H al , ...an  ce ezemeHTH OR 

P 3a KOH ce geltimumpaHH spegHocncre Ha pP(ai , 	, an ) H rr(ai, • • • , an), 
3a 1 < i < m, Toram H QP (rr(a19 • • • an), • • • , rmP  (al, • • • , an )) ',ma gect)HHH-

paHa gpegHocT BO P H swim QP(Fr(ai , .. ... , an), • • , rm,P (ai, • • • , an)) = 

PP  (al, • • • , an). A 

jedmangaja 31 ERHa ge.aymHa V-a.are6pa P =< P, F, S > e chtecanu8a 

BO V-a.are6pa A axo HOCTOH HHjeKLHja f : P --÷ A Taxa MO, 3a ceicoj 

onepagHcKH cHm6og Q og cHrHaTypaTa Ha P, f 0 Q P  = QA I f (S Q). 	A 

BHgejkll ceicorau moxe fla pa6oTHMe co miummaaHaTa Hogaare6pa 

og V-aare6pa A BO Koja ce cmecTysa ge.aymHa V aare6pa P, 6e3 ry6elbe 

OHIUTOCT moxe ga cmeTame geica A e reHepHpalla og f (P), a H Reim e 

reHepHpaHa og P. 

Jlema 1 Heica P e ge.aymHa V-aare6pa. Heim A e V aare6pa upe3eHTHpaHa 

co (P, R), KaAe R = {Q A  (ail , 	, air ) 	at i p(Q) = r, < ai„ . , air  >E 

= at }. Toram aKo HOCTOH cmecTygmbe Ha P BO V - 

aareopa, HOCTOH cmecTygmbe Ha P BO A H ceicoja V-aare6pa BO Koja P 

moxe ga ce cmecTH e xomomopclma cam:Ka Ha A. 
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joHa3 Hexa B e ITp0143BOJIHa V-anreopa BO lc* ce cmecTyBa P. 

HMaMe B Tp (P)/0 H A 'Tp (P)/a 'cage a, ce coogBeTHH KoHrpy-

eHHHH BO COT/Tp (P), npH urro a e reHepHpaHa og HgeHTHTeTHTe Ha V 

H gecinumpalnurre penaHHH og R. Og HHieKTHBHOCTa Ha cmecTyBaffieTo 

i j ill3 # j/0 3a 2,j E P. floToa a C og gecimmparuKHTe 

paBexcTBa Ha A H og Toa urro P e cmecTeHa BO B. lipecnHxyBaH CTo 

: 'Tp (P) I ce T (P)/Q orrpegeneHo co q5(u/a) = u// 3 e xomomopcjmam 

og A Bo B. flpecsaucyBaffieTo i F-+ i/a e cmecTyBaH,e Ha P BO A. HmeHo, 3a 

ceicoja genymHa oriepaukija QP Ha P co pair r H ceicoj < , SQ 

Hmame QP(i i , 	, 	= s 	s/a = QTP(J)/a(ii /a,...,ir/a) H i/a = j/a 

nomeicyBa i/0 = j/,3 og 'cage i = j. 	 ❑ 

Jecimiumuja 32 V-anre6pa A og THIIp H H.HgexcHo mHo>xecTBo I, upe3eH-

THpaHa co (G, R), G = i E J}, e geOutaipatta co aartieopen cucaiem og 

pertai4uu aico: 

(1) CeKoja penaugja og R e og o6.rauc QA (ai„ . , air ) 	at , 'cage Q e 

onepaHmicH cHmoon co pair r. 

(2) CHCTeMOT P =< G, F1, SI >, 'cage < ai l 	, air  >E SQ aK0 H canto 

aico QA (ai„ 	, air ) 	at  E R H Toram QP  (ai l , • • • , air) = at, e AenymHa 

V-anre6pa. (11pkrroa P e genpaia a.aie6pa coogewirtha Ha A.) 	A 

.11ema 2 Heica V e mHoryo6pa3He co CBOjCTBOTO geica ceicoja genymHa 

V-aare6pa mome) B  ce cmecTH Bo V-aare6pa. AK() A e V-aiireopa ape3eii-

mpaHa co (G, R), 'cage R e 3amopeH CHCTM ge4mmpagiu4 peaaugm, 

Toram HmegHH gBa reHepaTopHH enemeHTH og G He ce elamaneHTHH BO 

A. 

1114 11 	I 
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Ilpo6Jzem Ha 36opoeu, geOuttuuuja, aitie6apcicu apuctiCaCt 	 31 

joxa3 Heica A e gecloHHHpaHa co 3aTBopeH cHcTem gectomwaxucH pe.garmil. 

Torah A ' T (G)/a. Heica P e gegymHaTa V-anre6pa coogseTHa Ha A. 
OR Reim 1 ripecaHxyBaH)eTo i 	i/a, i E G, e cmecTysalbe Ha P so A. 
TspgeffieTo caegyga og iffliCKTHBHOCTB. 	 ❑ 

TeopeMa 7 Heica V e KoHetmo gecinmHpaHo mHoryo6pa3He agre6pH co 

csojcTsoTo geica ceicoja (KoHeima) ge.gymHa V-agre6pa moxce ga ce cmecTH 

BO V-agre6pa. Toraiu WP1 e peuumB 3a V. 

41Loxa3 Heica V e mHoryo6pa3He co CBOiCTBOTO gem ceKoja geaymHa 

V-agre6pa moxe ga ce cmecTH BO V-a.gre6pa H Hem A e KoHetmo Hpe3eH-
THpaHa V anre6pa co Hpe3eHTalmja (GA, R). JacHo, A L 'Tp (GA )/a 'cage 
a E ConTp  (GA) H a e reHepHpaHa Og HgeHTHTeTHTe Ha V Hgect)HHHpatume 

pe.gamm og R. Heim u, v E Tp(GA). Ke KoHcTpyHpame V-agre6pa B 
geitHHHpaHa co 3aTsopeH CHCTM gect)HHHpatcH pegamm T.111. B A. 
Aare6paTa B Ke Hma npe3eHTalmja '(GB , CB ) T.e. B Tp (G B )I 'cage 

E COnTp (GB), 6 e reHepHpaHa og GB. Ilpwroa HpH COOTkBeTHHOT 

H3OMOIXPH3BM u/a H v/a ICe coogBeTcTBysaaT Ha 00 H g2 113, COOABeTHO, 

3a HeICOH reHepaTopH gi, 92 E GB. TOralll Og Jlehta 2 H Og H3OMOIXPH3MOT 

ce go6Hsa 91 = g2  aKo H camo aKO u/a = v/a. GB H CB rH KoHcapympame 
Ha CJIegHHOB HatIHH. CO HHUICIMia HO C.TIOACHOCT Ha TepmH, gecipHHHpame 

npecgmcyBaibe P : Tp (G A) —> B(7,,(G A)) co: 

P(t) := 
{t} 	 t E GA { 

{t} u P(t i )U 	U P(tr) t = Q(ti , 	,tr) 
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32 	 Thaw 2. 

Heim R = {1, r, i = 1, . , 

X = P(u) U P(v) U (U P(1,)) U (U P(r,))). 

X e KOHellHO MH0)1CeCTBO H Hem 1X1 = n, a G'B  = {bi, • • • bn} 

e MHOXCeCTBO TAU. G'B fl X = 0 H b : X -4 GIB  e 6HexuHja, npH xoja 

bi  = b(u), b2  = b(v). CTaBaMe 

RB = {Q(bi , , 	, bir ) 	btl bt  = b(Q(t,„ 	, tip )), b(t, j ) = kJ , j = 1, . . , r} 

U {b, ti bt I bs = b(1,), b, = b(r,), 1, Pi rt  E R}. 

Toram aare6paTa B ape3eHTHpaHa co (G'B , R B ) e H3omopcima co 

A. PimeHo, B Tp ( GB)/13, 3a 0 E ConTp ( GB), 'cage f3 e reHepHpaHa og 

HgeHTHTeTHTe Ha V H geotHHHpaqx.HTe peaanHH og RB. Ilpec.rancyHatheTo 

x /a 1-4 b' (x)/ )3 3a cexoj x E Tp (GA) 'cage b'(x) = b(x) 3a x E X H b'(x) = 

QTP (G B ) (1/(t1), . • • , (4)) axo x fl X, x = QTP (GA )  (t 1 , . . , tr.) e momopcim3am 

og A BO B. Tta 3a6eaexcHme gexa moxe ga cMeTaMe gexa GA C X og acnexT 

Ha npo6nemoT Ha 36opoBH, OHgejkx A u ti v axo H camo axo u v e 

BHCTHHHT BO agre6paTa npe3eHTHpaHa CO (GIA,R) KaTke GA = G A  n X, a 

co Toa ropHoTo apecaHxyHatbe e go6po Aecinumpatio. 

Co nocTanxaTa HaBegeHa BO npogo.gxeHHe og CB  a RB stopmHpame 

GB C G'B  H 3aTsopeH cHcTem gecinumpatncH penanm CB Taxa IUTO 

(G B , CB ) e nowropHo npe3eirranHja Ha B. flocTarmaTa ce COCTOH OA: 

I. arcrpaHynalbe rellepaTopm H pezaglig. Axe b, b, e Aecinumpaqica 

penanHja ripm s < t, HcTaTa ja oTcTpaHyBame og MHOXeCTBOTO 

gestHHHpatum pe.nanHH, ro oTcTpaHyname b t  og mHoxecTnoTo reHe-

paTopH H BO cHTe ocTaHaTH penal HH cexoe nojanynathe Ha b, ro 

II 	 - 414-44,4444.4444.444,4444. 4.* 441'4.44411441.19 	 4440 04n V4 Op 
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Ilpo6.nem xa 36opoeu, geOunutfuja, arzie6apocu upucucau 	 33 

3aMeHyBaMe co b3 . 

II. ,T(ogaBathe penal x. flocTojaT Tpu cayqau: 

1. Axo nocTojaT Twe pellagra Q i  (bi„ . . . , bir ) 	b, Q i  (bi „ . . . , bir) ti 

bt  npu s t, uogaBame penaguja b, ti bt. 

2. Axo 3a Hexoja 3ameHa Ha reHepaTopu Ha mecTo Ha npomeartura 

BO axcuoma p ti q og V Ha gBaTa go6uem4 36opa (.aeBa H gecHa 
cTpaHa) moxe ga HM ce ,qogera BpegHocT b, H bt  cooTmeTHo npu 
s t, gogaBame penaguja b, bt. 

3. Axo p q e axcuoma Ha V 'cage q = Q(qi , 	aico 3a 

Hexoja 3aMeHa Ha reHepaTopu Ha mecTo Ha npomeHram BO p 
mome Ra  ce uogeau BpeRHocT b3 , a Bo ql , . ,q,. mowe ga ce 
gogezaT coogBeTHo BpegHocTu bit, ... , bi

,. 
gogaBame pezaguja 

Q(bi„ . . . , bir ) ti bs . 

HoTpe6eH H goBarieH yCJI0B 3a egHo mHoxecTBo gecirampagxu penagra 

Ra npeTcTaByBa 3aTBopeH cucTem e npumeHaTa Ha I. H II. ga He ro meHyBa. 
I'H npumeHyBame I. H II. Ha reHepaTopuTe H getorapagraTe 

pellagra Ha B. OHa urro ce go6kma co npumeHa Ha I. HJIH II. HOB- 

TOpHO e npe3eHTaguja Ha B. HCTO Taxa B e KO/MIIHO Irpe3eHmpatia 

na no xoHetieH 6poj tiexopu ce go6HBa xoHetma npe3eHTaguja Ha B co 
3aTBopeH cucTem geckurapagra pezagra. HmeHo, co I. ce HamaayBa 
6pojoT Ha reHepaTopu H gegmHupaium peaagra, I I1 HamanyBa reHepa- 
Top{ H Aecinnuipatum panagra rrpu c.negHa npumeHa Ha I. Bugejra V e 
gecl)raupaHo CO KOIMIIHO MOXMCTBO HACHT/ITeTH CO 112 H 113 eBeHTyarao 
ce gouaBaaT xoHegHo MHOry HOBH peaanuu. Ho xoHetiHa nocaegoBaTe.aHa 
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npnmeHa Ha I H II ce go6HHa Hexoe mHoxecmo geolumnpagful penannn 

Bo icon HeMa penannn og o6:anx b, ti bt , s t. Toraiu Beke co I H II He 

ce goonsa HHIIITO HOBO H gectnumpaincnTe penannn 4DopMHpaaT 3amopeH 

cncTem. OCTHIIHTOTO MHO)KeCTBO rexepaTopn ro o3HatryBame co GB, a 

mHoxecmoTo ffe4nifinpatuu4 penannz co GB. 

Cnopeg npeTxogHo HanpaBeHaTa gncxycnja, 614gejkl4 reHepaTopoT 

b i  cexoram ocTaHyBa BO MHWICeCTBOTO reHeparopn, axe b2 GB 'roma' 

A u v, maxy u H v He ce eKBHBaJICHTHil BO A. ❑ 

Co npnmeHa Ha oBaa Teopema ce go6nBa pe1111114BOCT Ha WP1 3a 

mHory mHoryo6pa3nja aare6pn, KHICO IIITO ce MHoryo6pa3HeTo nyIIH OH 

Tarr < 2, 2, 2 > (G.E. Bates, G. Birkhoff) H mHoryo6pa3neTo mpexm - 

xaxo noczeginfa og Teopema Ha G. Birkhoff cnopeg lc* cexoe ge.ayfvfHo 

nogpegeHo mHoxecTBo moxe ga ce cmecTn BO mpexa Taxa IIITO ckrre 

HHCINIMyMil H cynpemymn BO nogpegeHoTo MHO)KeCTBO ce 3ana3eHn BO 

MpexaTa. Bo =feTBpTHOT gen Ha TpygoT, xopncTejkpf ja npeTxogHaTa 

Teopema Ha Evans, goxaxyBame gem frpooRemoT Ha 36opoBn e peaunni 

3a mHoryo6pa3neTo CJIyIIH Og THII < 2, 0 >. 

Jecimumaja 33 17po6nemotii Ha chtecCay8atbe e pelunHB 3a mHoryo6pa3ne 

V axo e ogarnmo gam4 cexoja xoHetufa genymHa V-aare6pa mome ga ce 

cmecm BO V-aare6pa. 

TeopeMa 8 Ilpo6nemoT Ha cmecTyBame e peLlIJIHB 3a xoHetufo gecknim-

paHo mHoryo6pa3ne V axo H camo axo WP1 e peumns 3a V. 

Joaa3 Helm WP1 e pellIJIHB 3a V H Hexa P e xoHetufa Ae.nymila V-aare6pa. 

Og JIehta 1 axo HOCTOH cmecTyBaffie Ha P BO Hexoja V-aare6pa, nocTon 

1, 	 i 
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17po6aem Ha a6opoeu, geOuuuta,tja, a✓ le6apocu apuct-aaa 	 35 

cmecTyBaffie Ha P BO Tp (P)I a 'cage a e xoHrpyeagHjaTa Ha Tp (P) reHep-
',Taxa on geitHHHpatuu4 paBeHcma KOH coogHeTcTsyBaaT Ha geaymHHTe 
onepaaHH og P H HgeHTHTeTHTe og V. HpHTOa, 'Tp (P)la H3omopc1)Ho ja 
cogpm P axo H camo axo x/a # y/a 3a x, y E P, x y. 3HaqH, 6HgejkH 
no npeTnocTma 3a Hp0H3BOJIHH RBa 36opa u, v E Tp  moxe ga ympgmme 
ga.TIH uav, mome ga ympgvime H gaaH P MO)Ke ga ce cmecTH. 

06paTHo, Hexa ripodnemoT Ha cmeeryBalbe e peavam 3a V. Hexa A 
e KOHer1H0 ripe3eHTHpaHa BO V co (G, R). Hexa u, v E Tp(G) ce Hp0H3BOJIHH 

gHa 36opa. Caxame ga ympgHme gam' uav 'cage a e xoHrpyeHaHjaTa Ha 

Tp  (G) reHepupaHa og HgeHTHTeTirre Ha V H gestHHHpatuurre paBeHcma 
OR R. Bpamme xoHcTpyxaHja, KOpHCTejltki nil HCTHTe 03HaKH, xaxo BO 

ROKa3OT Ha Teopema 7. Taxa, xoHcTpyHpame KOHeILHO ape3eHTHpaHa 
V-anre6pa B co ripe3eHTaaHja (GB, CB), Kage CB e 3amopeH cHcTem 

gecimumpatucH penagHH, lc* e H3omopcima Ha A H, rrpH coogHeTHHoT 
H30M014H3aM, u/a H v/a coogBeTcmyHaaT Ha KJIaCH Ha reHepaTopH 

OR B. HeKa P e ge.nymHaTa a.nre6pa coogHeTHa Ha B (HaxHa HOCTOH 

6HgejkH B e ged?HHHpaHa co 3amopeH cracTem gecinumpatacH penal HH).Bo 

xoHcippurkijaTa Ha B MO)K ga ce c.nru4 u/a H v/a ga coogHeTcTHyHaaT 

Ha egHa Knaca Ha xoHrpyeHuiHjaTa 13 H BO OBOi cariaj e jacHo ReKa uay. 
HeKa u/a COORBeTCTByBa Ha KllacaTa Ha b1 , a v/a Ha KnacaTa Ha b2, 'cage 
b 1 , b2 E GB, b1 b2. OR llama 2, axo P moxe ga ce cmecTH BO V-anre6pa, 
Toram bi  H b2  He ce elCBI4BajleliTHH BO B, Ha u H v He ce eKBHBaJIeHTHH BO 

A. 

OcTaHyBa yurre cariajoT Kora P He moxe ga ce cmecm Ho V-
aareopa. Toram Heicom og reHepaTopHTe Ha B ce exHHBaneHTHH BO ogHoc 
Ha 13. 3a ga ympTaime garm b 1  H b2  ce eximsaneHTHH, BO npogonxeHHe ke 
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KoHcTpympame XOMOMOp4M{H CJIHICH Ha B Ha pa3.111411HI4 HaIII4H11, HO ceico-

ram b 1  H b2  1"11 ocTaBaMe pa37Iwqm4. AKO reHepaTopHTe H gednumpaqicHTe 

pe.rialom OA OBHC xomomopitHH CJIHKI1 coogBeTcTByBaaT Ha ge.nymHa V - 

allreopa Koja moxce ga ce cmecTH, Toratu b1  H b2 , oHgejkH He ce eicBm3a-

JleHTHH BO coogBeTHaTa xomomopcimia cmilca, He ce eKBHBaJleHTHH HI4 BO 

B. 

HmeHo, Heica e gageHa npoH3Barma napTinka Ha reHepaTopwre Ha 

B, GB = GIB U . . . U G. HeKa B' e V-arire6pa co npe3eHTaimja 

(GB,CBU {bi 	bi l(3k E {1, ... ,s}bi, 	E GB}). 

Ha HCT HatIHH 'CHICO BO AOICH3OT Ha Teope.ma 7 3a B' go6HBame 

3aTBopeH cHcTem Ae4MfHHpatLKH paBeHCTBa CB , T.e. e npe3eHTHpaHa co 

(CB , CB ). JaCHO, BO GB  ce Haofa HajmHory HO egeH reHepaTop OA CeKOja 

og KnacHTe GB, , G. BcpuHocT ke HMH TO {HO no egeH OA ceicoja 

Kaaca (oHoj co Hajman HHgeKc) Kora ceicoja K.aaca OA HapTHugjarra cogpAH 

cKBHsaneHTHH reHepaTopH og B H HmegHH gBa reHepaTopH OA pa3JIwIHH 

imam He ce eKBHBa.aeHTHH BO B. (Bo oBoj c.nytraj B H B' ce momopcfmm.) 

AKO 7f e egHa napTHBHja Ha reHepaTopkrre Ha B, Toram V anreopaTa 

B' ce HapexyBa 7r-xomomopitHa cmuca Ha B. Hpirroa BaxcH megHoTo 

Tspgeffie. 

AKO B e V anre6pa reHepHpaHa OA GB = {b 1 , . , bra} H Hecnnim-

palm co 3aTBopeH CHCTM gectoHllpatucH peaam4H T. W. b 1  H b2  He 

ce eimmalleHTHH BO B, Toratu HOCTOH 7f - XOMOMOp4DHa cma B' Ha 

B lc* rH cogpxcH b 1  H b2 may csoirre HeeKBHBaneHTHH reHepaTopH H 

coogBeTHaTa ge.aymHa aRre6pa moxce ga ce CMCCTH. 

HamicTHHa, Hexa 7f e HapTHugjam Ha GB onpege.11eHa co i3 npH 

lc* Asa reHepaTopH ce BO HcTa maca am) H camo aico ce exBHBa.neHTHH 
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Ho B. HapTiumjam Hma 6apem JIBe Knack! 	H b2  no npemocTama 
ce HeemumaneHTHH). Heica B' e 7f - xomomopcimaTa alum Ha B co 
npe3euranHja (CB , CB ). Ha aea H ourompa KoHrpyemmja /3' T.rn. B' 

(G'B )/0'. Torah HHCRHH nEta reHepaTopH Ha B' He ce eionmaaeHTHH Ho 
onHoc Ha /3', na coonsemam nenymHa V-anre6pa P' IIITO ogrompa Ha B' 
moxe ;la ce cmecrH. 

3Hatm, meTonoT 3a onpenenyHaffie ;arm reHepaTopwre b i  H b2  Ha 
B ce exm4HaneHTHH e czemmoT: rH pa3raegyHame cHTe napTHHHH Ha 
reHepaTopirre Ha B. BaKBH HMa KoHeimo MHory. Ho npeTnocTainca 

onarmso e ganH genymHa V-anre6pa moxe Aa ce cmecm, na moxe Aa 
rH Hajneme cure it - xomomopcimm CJIHKH Ha B KOH coo) HeTcmyHaaT Ha 
neaymm4 anre6pH KOH moxaT Aa ce cmecTaT. Aim BO cure IIHB b1 H b2  ce 
exm4HaaeHTHH, Toram me ce eicHHHaneHTHH H Ho B, max)/ He ce. ❑ 

EneH moxeH Haim' 3a onnygyHaibe Ha npo6aemoT Ha cmecryHaffie 

3a mHoryo6pa3He V e Ra ce goicaxe /Iwo axo HoHegHa genymHa anre6pa 

moxe Aa ce cmecm, Toram Taa moxe Aa ce cmecTH BO KoHe,ma V-anre6pa 

H Aa ce no6He HeicaicHa onemca 3a ronemmaTa Ha V-anre6paTa lc* ja 

cogpxH. 3a mail, mHory MHoryo6pa3Hja ro HeMaaT oBa CBOiCTBO. 

jecinumugja 34 EnHa anre6pa A e peaugyarmo xoxetixa axo 3a ceicon 
xOyEA, nocroH xomomopcfmam h on A Ho KoHetma anre6pa npH Koj 
h(x) h(y)• 	 A 

jecimmiquja 35 EnHa V-anre6pa A Hma CBOJCTBO Ha KONVOJ() chteaTiy-
eame axo ceicoja KOHetIHa neaymHa V-anre6pa, cogpxaHa BO A, moxe Ra 
ce cmecTH BO HoHetma V-anre6pa. 
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EgHo MHoryo6pa3He V Hma csojcTso Ha Kottettho chtectayearbe axo 

ceicoja KoHegHa genymHa V-anre6pa, Koja mo)Ke ga ce cmecm, moxe ga ce 

cmecm BO KOHelffla V-anre6pa. 	
A 

CBOjCTBO 10 MHoryo6pa3He V lima CBOjCTBO Ha KOHellHO cmecTyBairbe 

axo ceicoja KoHegHo reHepHpaHa anre6pa op V ro Hma HCTOTO CBOjCTBO. 

Joaa3 Heica V e mHoryo6pa3Ke BO Koe ceicoja iceHetnio reHepHpaHa 

anre6pa HMa CBOjCTBO Ha KoHetnio cmecTysaffie H Heim P e Ko 

genymHa V-anre6pa Koja moxce ga ce cmecm. Heim A e V-aare6paTa so 

Koj a ce cmecTyBa P op .11e.ma 1. Aare6paTa A j a cogpxcH P H3omopc13Ho 

H 
e la)Herm° reHepHpaHa, na no npemocTamca P moxe KoHeifflo ga ce 

cmecm. Ao6HBame Aeica V Hma CBOjCTBO Ha KOHet1H0 cmecTysakbe. 	❑ 

TeopeMa 9 KoHeimo npe3eHmpaHHTe anre6pH op KOHVIHO gectwarpaHo 

MHoryo6pa3He V ce peargyanHo KoHeqHH axo H camo axo V Hma CBOjCTBO 

Ha KoHetHo cmecTysaffie. 

Joaaa Heim KoHetwo npe3eHmpaHrre anre6pa Ha V ce pemgyanHo 

KoHein4. Heim A e KoHetmo frpe3eHmpaHa anre6pa Ha V. 3HaqH A e 

pealgyanHo KoHeima. Heim P e KoHetma genymlla V-anre6pa cogpxcaHa 

so A. 3a ceicoj nap x, y E P, x # y, Heica ax y  e xomomopclmam op A 

BO KoHetufa V-anre6pa A 1.,y  T.uI. ax,y (X) # ax ,y (y). flpecnHxysaffieTo 

h : A HAs ,y  xoe ro npecakucyBa ceicoj a E A BO enemeHT op IlAx ,y  

CO KOMIIOHeHTa ax ,y (a) BO Ax ,y  e xomomopcimnam KOj e HHJeKTHBeH Ha 

P. MHOXeCTBOTO IIAx ,y  e KOHellHO, na 3HaiIH P e cmecTeHa BO Ks)Hequa 

V-anre6pa H, op C60/071280 10, V Hma CBOiCTBO Ha KoHetwo cmecTysaibe. 

fA 	 144111 ■■ ■ II ■ ∎1 
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06paTHo, Hexa V pima CBOjCTBO Ha KOHL HO cmecTyBaibe H Heica 
x y ce gBa enemeHT14 og KoHeimo rrpe3eHmpaHa aare6pa A BO V. 
Hem B e a.are6paTa momopcpHa Ha A ape3eHTBpaHa CO 3HTBOpell cmcTem 
gecinumpagiai pe.riamm H KoHewympaHa Kam) BO goica3oT Ha Teope.1ia 
7. IlpH COOI(BeTHHOT momopamam Ha x H y coogBeTcTByBaaT pa3JIHTHIH 

reHepaTopHu eaemeHm og B. Heim P e KoHetmaTa geaymHa aare6pa 

coogBeTHa Ha B. Ho ripeTriocTamca [JOCTOH xoHetllia anre6pa C BO lc* 
ce cmecTyBa P. OR .17eAta 1, C e xomomopqma c.amca Ha A H npkt oBoj 
xomomopcimam x H y ce ripeouncyBaaT BO pa3nHHHx enemeHTB og C 
(6BgejkH P e cmecTeHa BO C). 3Hatm, A e pemgyarmo lc°Heima. ❑ 

TeopeMa 10 AKO KoHetmo npe3eHmpaHa aare6pa A og KoHetmo gecimHB-

paHo mHoryo6pa3He V e pemigyanHo KoHeigHa (HRH mma CBOjCTBO Ha 
KOHel1H0 cmecTyBaffie), Toram Bpo6.aemoT Ha 360p0BH e peavuu 3a A. 

goaa3 Heim A e lc°Heim° upe3eHTHpaHa V-ame6pa co npe3eHTagBja 

(G, R). Ho rt'peTrt'DCTaHica A e pe3mgyamo xo Heim u, v E Tp (G). 
AKO U H v He ce eKB14BaJlelITHII BO A, Toram HOCTOH KoHetnia xomomopcfma 
ca mca Ha A nin4 Heicoj xomomop4m3am h BO lc* h(u) # h(v). Moxceme 

Ha6pomme clue KOHet1HH anre6pB B og mHoryo6pa3HeTo V reHep-
imam' co G BO KOH ce 3agoBonem4 gecinumpatuckne peaagim og R H ga 
uposepyBame ga.Tm uB = v B . Axo uB = vB 3a ceicoja Baxaa azreopa B, 
Toraw u H v ce eKBHBalleHTHH BO A, HHaicy He ce. 

Og gpyra cTpaHa, aico u H v ce eicm4BameHTHH BO A, Toram A R 
u ti v moxe ga ce goicaxe BO enemeHTapHaTa Teopaja Ha V. Moxe ga rH 
Ha6pojyBame H cHTe noczepwm og gecimumpatuu4Te pe.nagim Ha A. 3Haqm, 

alco u ti v Bo A, Taloa cpopmyila Ke ce nojaBB BO HameTo Ha6pojyBaffie. 
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40 	 rnaea 2. 

Co Hafomeaninfo Ha6pojyBa}be Ha KoHetufirre V-anre6pff H BHC-

THHHTHTe V ctoopmynn Hexorauf Ke yrnpgnme gann u e efonnaneHTeH co v 

FIER He, T.e. npo6nemoT Ha 360p0BH e pellIJIHB 3a A. 

Ilocaegma 3 Aico V e KoHetmo geclmumpaHo mHoryo6pa3ne co cnojcTno 

Ha KoHegHo cmecTynaffie, Torun WP1 e pellIJIKB 3a V (T.e. npoonemoT Ha 

cmecTynalbe e offnram 3a V). 

IllpeTX0AllaTa Teopema TIOBTOpHO gala yHnclpopmeH meTog 3a ogny-

tlynaffie peILLTIHBOCT Ha npo6nemoT Ha 360p0BH 3a A6enonnTe rpynn, 

nynnTe, mpexurre, xnamfrpynnTe, Ho meTogoT Ha petuanaffie Ha HCTHOT e 

ganexy HeetimcaceH. 

2.4 Hepeurnmorr Ha Hpo6aemoT Ha 360p0Bll 

Ha xpanco ganame OCBpT Ha goicaxynalbeTo Ha HeognyiumocT Ha npo6ne-

MOT Ha 360p0BH, cnopej [22]. HocTojaT pa3H14 MeT0IIH 3a HCTOTO, HO CHTe 

THe moxce ga ce nogenaT BO gne rnanfm rpyffm: 

• glipeKTHH meTogn, KOH III KopficTaT pe3ynTamTe 3a HeOIVIrGIBOCT 

og TeopHjaTa Ha npecmeTnnaocT. 

• 14Hgnperrm4 meTogn, KOH KoplicTaT cmecTynaffia H furrepripeTaugn 

OH HeKOH OCHOBHH Heognytnum mHoryo6pa3Hja. 

CeKaKO, wropnTe ce nojannne no go6nnalbeTo Ha pe3ynTaTn OA npnnTe, 

OAHOCHO HO 6HTHHTe pe3yJITaTii 3a HeognytufnocT go6neHn BO TeopnjaTa 

3a ripecmeTnnnocT. Bo TpelmoT gen ce 3agp3Kyname Ha TeopyfjaTa Ha 

140,11, 	 I «,11,41 1,1. a u $410, 	 I 	 qo I/ 	 I 
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17po6nem tia 36opoeu, geOutancuja, arzie6apocu apuciaaa 	 41  

npecmemaHnocT H Ha gHpexitH Roxa3 3a HapeuumocT Ha WP2, a co Toa 
H WP1 3a mHoryo6pa3HeTo nogyrpyrm. 

CBojcTBo 11 AKO V1 H V2 ce KJIaCH aare6pH ou HCT THE TBICBH LUTO: 

(i) V1 C V2, 

(ii) cexoja agre6pa og V2 moxe Aa ce cmecTH BO HeKoja agreopa OR 

Toram TeopHHTe Ha KBB3H-HgeHTHTeTH Ha xgacwre V1  H V2 ce nomonyuaaT. 

aoxa3 OR V1  C V2, Hmame Q(V2) C Q(V1 ). HeKa E Q(V1 ), 0 0 Q(V2 ). 
3Hatm, HOCTOH allre6pa A ou V2 T.IE. A 0. OR (ii) HOCTOH agre6pa B 
og V1  TAIL A moxe ga ce cmecTH so B. Ho, B H q  e yHHnep3ainia 
itopmyga, na mopa A 0, HITO e xoerpagium,Hja. 3HatiH, Q(V2) = Q(V1 ). 

0 

Ilocaegaga 4 Hexa V1  H V2 ce Kuck' aare6pH Talcum urro V1  C V2 H cexoja 
V2-agre6pa moxe ga ce cmecrH BO Hexoja V1-agre6pa. Toram WP1 3a V1 
e exHimazeHTeH co WP1 3a V2. 	 ❑ 

Taxa, am) V2 e mHoryo6pa3HeTo uonyrpyrui H V1  e Hexoe mHoryo-
6pa3He TaKBO EITO macarra OR HeKOH pegyxTH Ha aare6pH OR V1  rH 3ago-
uagyHa yCJI0BilTe ou upeTxogHaTa nocaegHga, Toram V 1  HMa Hepenuma 

WP1. 

CaegHaTa Teopema Hmaxyua nojaxo Tgpgefbe og upeTxogHaTa 
nocaegHga, so cariaj Kora V2 e mHoryo6pa3HeTo nogyrpyrra. 

TeopeMa 11 ([9]) Hem V e mHoryo6pa3He OR THE p, co cHrHaTypa I 
lc* coupx.H 6HHapHa acogHjamma onepanHja *. AKO cexoja nonyrpyna 
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moxe ga ce cmecTH so - pegyKr Ha Hexoja anre6pa og V, Toram WP2 e 

Hepemmo 3a V. 

joKa3 Hexa S e m.Horyo6pa3HeTo og cirre nonyrpyrm. WP2 e Hepeurms 

3a S. Hexa S e KoHetmo npeaeHTHpaHa noayrpyna, co npe3eifraimja 

(G, R), co Hepenums Hpo6nem Ha 360p0BH. Heim 8 e MHOXeCTBOTO 

Og eine gectIHHHpa ,nul HgeirrHTeTH Ha V, T.e. V = Mode. Hexa 

e mHoryo6pa3He BO cHrHaTypa I U G T.tu. V = MOd(0 U R) H Fa0) 

e cAo6ogHaTa V arire6pa co upa3Ho mHoxecTso reHepaTopH. Hexa A 

e pegyKr Ha F 1)(0) Ao cHrHaTypa I. Ke goKaxeme geica A e KoHegHo 

npe3eHTHpaHa BO V co Hepemm4B npo6.ilem Ha s6opoBH. 

Cnope) ,aeOuttuquja 23, A e Hpe3eHTHpaHa co (G, R) so V. Hexa 

npeTnocTamme geica A lima peaum Hpo&mem Ha 36opom T.e. geica 

HOCTOH aaropwram KOj 3a cexoj HAeHTHTeT U V 6e3 npomeanum4 BO 

cHrHaTypa I U G og.arryBa gallii AG u P.-% v. Toram 6H Hmane aaropHTam 

H 3a HgeHTHTeTHTe 6e3 Hpomeam4m4 BO cHrHaTypa {*} U G, na npo6aemoT 

Ha 36opoBH 3a S 6H oan peummt. 14MeHO, TOtIHO e CJICAHOBO: 

3a ceKoj HgeHTirreT u ti v BO cHrHaTypa {*} U G 

SG H./ v axo H camo axo AG 

HasHcTima, HeKa AG u v. Toram 	u v, Ha V u v 

HOUR u v. Heim ripeTnocTamme geica SG flpH 

npeTnocTasicHTe og TeopeMaTa S MO)K ga ce cmecTH BO HeKoja aareOpa B 

OA V. AKO coogBeTHirre enemeHTH Ha eRemeaTirre og G C S rH o3Hatmme 

HCTOHBOBHMame BG C U R H BG u v, urro e KoHTpagmcmja co 

CUR u v. O6paTHo, axo SG u v, Toram u v e noc.11emma 

og acatmjaTHsHocTa H oA gectuumpatucHTe penamm Ha R, Ho 6Hgejim 

acolmjaTHBHocTa e HocaegHua og e, ce go6Hsa CUR u ti v, og 'cage 

1,111,61.0.1 
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cnegyna AG u 	 ❑ 

Axo ce HMa apegimg goxa3oT Ha npeTxogHaTa TeopeMa jacHo e 
gexa Ham,' BCyLUHOCT CilegHOTO mpgme. 

TeopeMa 12 Heim V e mHoryo6pa3He THH p, co cHrHaTypa I lc* co-

gpxcH 6HHapHa acogHjaTHBHa onepanHja *. Am) Hexoja xoHetum npe3eH-

THpaHa nonyrpyna co Hepernam npo6Bem Ha 36opom moxe Ra  ce cmecm 
BO * - pegyxT Ha Hexoja anre6pa og V, Toraui WP2 e Hepenum 3a V. ❑ 

Cenax, oBa nojaxo TBpgeibe nopemo ce ynoTpe6yBa, 6H)ejfi 

HeMa MHOry 1103HaTH npHmepH Ha KOHeITHO npe3eHTHpaHH limp-prat co 
Hepeullum npo6nem Ha 36opoBH H Hcrffre Team) ce xoHcTpyHpaaT. 

CaegHaTa TeopeMa gaBa HexoH ycaoBH 3a cmecTyBaffie Ha e)Ha 

anre6pa BO Hexoj pegyxT Ha Hexoja anre6pa og gpyro mHoryo6pa3He. 

TeopeMa 13 HeKa V1  H V2 ce mHoryo6pa3Hja O) THri Pi H p2  H cHrHaTypH 
Il  H /2 , cooRBeTHo, Taxa urro I l  C /2 H P = 	E)Ha anre6pa A og 
moxe ga ce cmecm BO (Hexoj Il  pegyxT Ha) Hexoja anre6pa og V2 BK.C. H 

canto axo A rH 3agoBoayBa CHTe KB33H-HACHTHTeTH BO cHrHaTypa /1  KOH ce 
nocaeganH og )etl)Hampatnurre HgeHTHTeTH Ha mHoryo6pa3HeTo V2. 	❑ 

LoKa3 Heim (1) : A B e cmecTyBalbe Ha A og V1  BO (Hexoj Il pegyxT 
Ha) Hexoja anre6pa B og V2. Toraru , 6HgejkH cexoj xBa3H-HgeHTHTeT e 

yHHBep3a.aHa ctiopmyna, A rH 3agoBonyBa cHTe KBH3H-HgeHTHTeTH KOH TM 

3agoBozyBa B. 

06paTHo, Heica e e MHOKeCTBOTO gectaHlipatuul HHeHTHTeTH Ha V2 
H Diag(A) e MHO)KCCTBOTO og cHTe aTomapHH ctlopmyini H HHBHH Herankm 
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44 
	 rnaea 2. 

Ha ja3HK. I1 U A KOH ce BHCTHHHTH BO A (T.e. Diag(A) e gHarpamoT Ha 

A). HeKa B e V2 allre6pa, npe3eHTHpaHa co (A, Diag(A)). to goKaxceme 

geKa npecm4KyBaH,eTo : A 	B gectsHHHpaHo co 0(a) = a, a E A e 

cmecTyBaffie. Og BA 	Diag(A) caegyBa geKa e xoMoMOpcPH3aM. 

OcTaHysa ga ce goKaxe geKa e HHjeKTHBHO. HeKa npeTnocTasHme geKa 

HOCTOiaT a, b E A, 

AA a b, HO BA a b. 	 (1) 

Og nocnegHoBo H og ged)HHHHHjaTa Ha BA Hmame geKa O U 

Diag(A) I- a c-:-; b. 3HHILH, HOCTOiaT KOHetIH0 MHOI'y HgeHTHTeTH 21 , • • • , in 

Ha Il  U A 6e3 irp0MeHJIHBH, T.IU. Diag(A) 	A i2 A ... Ain  H 8 1- 

(i 1  A ... A in) = a 	b. Cera, og ycaoskue Ha TeopeMaTa, AA 

A ... A in ) 	a N b na oA AA Diag(A)HDiag(A)  H 	H i 1  A i2 A ... A in 

go6HBame geKa AA a b, LIITO e KoHTpagHKHHja co (1). 	 ❑ 

HasegeHaTa Teopema e scruHocT o6omuTysatbe Ha Teopema Ha A. 

MagbgeB, Koja gam yaws Kora e)Ha nonyrpyna moxe ga ce cmecTH so 

rpria. 

TeopeMa 14 Ilanyrpyna S =< S, • > mo>Ke ga ce CMeCTH BO HeKoja rpyna 

aKo H camo aKO S rH 3agoso.11ysa arm KBH3H-HgeHTHTeTH BO cHrHaTypa 1.1 

KOH ce nocaegHga og aKcHomHTe 3a rpyrill. 	 ❑ 

, I, II .117 	 sif 44111U44 	 1. ∎ I,  
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EriaBa 3 

EJIeMCHTH OA TeopHjaTa Ha npecmeTansocT 

Bo oBoj /lea ce 3agpxyBame Ha enemeIrrH og TeopHjaTa Ha ripecMeTmazoCT 

co gen ga ro rrpegH3Hpame HOHMOT Ha og.grumocT. HMeHO, Bo AectMmmgH-

jaTa Ha rlpo6neMoT Ha ogarlyBaffie, rimBHa yaora 14ma HOHMOT agropHrram 

nog Koj nogpa36Hpame, BO cmmcga Ha Te3aTa Ha Church, TjypHHroBa 

mamma HJIH rpamaTaxa HJIH peicyp3HBHa tymcnaja HJIH HopmageH ag-

ropHTam. Ke 6HgaT H3HeCCHH HCOIDCOT(HHTe gettHHHI4111 Ha TjypHEiroBH 

mainHHH H rpaMaTHKH, 'calm H ogpegeHH CBOjCTBa Ha HCTHTe, 3a 'coHexmo 

ga npe3eHTHpame H npHmep Ha Heog.11y-qHB npo6gem Ha 36opoBH Ha nprio 

H Ha BT0p0 HHBO. OBa e 6JIHCKy noBp3aHo CO npo6aemoT Ha 3anHpaibe 

Ha TjypHHroBa mamma. gCCIM4HilgilliTe Ha HOHMHTe H TeopemHTe BO oBoj 

ge.a ce cnopeg [19, 20]. 

45 
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46 	 F.Tiaea 3. 

3.1 Tjypuirosll mamma 

HOCTOjaT noneke eKBHBaJIeHTHH ACCPHHHII,HH Ha Tjypinfrona mamma, orige 

ja H3Hecyname ge1:13HHHnHjaTa Ka'co BO [19]. Hpe) ga gageme otopmanHa 

gedpHHHnHja, HeICORKy 360p0BH 3a HHTyHTHBHO pa36Hpaffie. TjypnHroBaTa 

manwHa o6pa6oTyna 36opoBH }MA Heicoja icoHegHa a36yica, Koj a ro coTUDICH 

H npa3HHoT ckfm6on #. IIpHToa 36opoime ce 3aIMILIaHH Ha negTa - egeH 

CHM6011 BO egHa KenHja. JleHTaTa Hma Tien Kpaj, a Ha gecHa cTpaHa e noTeH-

nHjaaHo 6ecKoHetma. MaunniaTa Hma nHaTpeama Koffrpona (vnioxecTso 

nHaTpeunili cocToj6H) H r.nana 3a gmixeffie, turraffie H 3anHinynathe. Pa6- 

oTaTa Ha maunmaTa (HOTOITHO Ha rnaBaTa) e ynpanynaHa og elmucnHja Ha 

npemHH 

l'jypIIHronirre maiuHHH HmeTo ro gooHne no aHUIFICICHOT maTemaTH-

qap Alan Turing H 3aegHo co rpamaTmarre, peicypnumwre stymcnHH H 

HopmaaHHTe aJI'opHTMR npeTcTanynaaT HajmokeH (gocera HO3HaT) BHA Ha 

aBTOMaT. 

HoHaTaMy nog a36yica Ke nogpa36Hpame KOHeqH0 MHOXeCTBO. 

aetimumgllja 36 Tjyputtioea mawuna e geTnopica (K, E, 8, s), 'cage: 

K e KOHeLIHO MHOXeCTBO 11H14 enemeHTH ce HapexyBaaT cocToj6H, 

h K (h ce Hapexyna 3aBpIUKa cocToj6a); 

E e a36yica, npa3HHoT cHmoan # E E, cHmoonirre L, R E; 

E K H ce Hapeigsa nogeTHa cocToj6a; 

e npecruncynaffie og K x E BO (K U {h}) x (E U {L, R}). 	A 

aeciniffinuija 37 KonOulypatiuja Ha TjypMHroBa mamma M = (K, E, 6, s) 

e eaemeHT og (K U {h}) x E* x E x (E*(E — {#}) U {e}), 'cage e e o3Haxa 

3a irpa3HHOT 360p. 	 A 
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KoHcimryparmja =114j ripe enemeHT e h ce Hapeicysa mainly -la KOH-

Oulypaz4uja. 

HirryHTHBHo moxe ga cMeTaMe geica KoHctarypaugjaTa ja on:Him/ea 

momenranHaTa COCTOJ6a Ha maimmaTa, ogHocHo npeaTa KomnoHeffra e 

cocTojoaTa BO KOja maimmaTa ce Hada, a ocTaHaTHTe TpH ro ormurysaaT 

36opoT KOj BO MOMeHTOT ce o6pa6oTyBa, LIPH LUTO TeKOBHa LIO3HIIHja Ha 

3amHczeHaTa raaea 3a =flambe H nmuyeaffie e TpeTaTa HomnoHeirra (6yHea 

og a363ricaTa). 

TiecTo, Kora He HH e 6HTHa cocToj6aTa BO egHa icointorypamija, 

HamecTo treTeopica (q, w, a, u) nmuyeame w au HJIH, gypn H aKo e 6HTHa 

cocToj6aTa, HcTaTa KoHcfmrypanHja Hameero Ham zreTBopica, mO}Ke ga ce 

ripeTcTaBH co nap (q, watt). 

Bo irpogonxeHHe gecimmwame penanHja F M  (Ctpehtutiyaa ao egett 

tteicop) Ha mHoxecTsoTo HoHcimrypamm ea e)Ha TjypinfroBa mamma, M. 

aecimunillja 38 Hexa M = (K, E, (5, s) e TjypiniroBa mamma H Heica 

(q1, w1, a l , u 1 ), (q2, w 2 , a2 , u2 ) ce gee KoHcimrypanmi Ha M. Toram 

(qi,wi,ai, /it) FM (q2, w27 a2, u2) 

axo H camo axo, 3a Heicoj b E E U {L, R}, 6(q1 , al ) = (q2 , b) H BaxcH egeH og 

c.iiemmse yczoBH: 

(1) b E E, wi  = w, ui  = u2 , a2  = b; 

(2) b = L, w i  = w2a2  H 

(2.1) u2  = ai u i , axo a l  # HJIH U1 e, HJIH 

(2.2) u2 = e, axo a l  = # H U1 = e; 

(3) b = R, W2 =w1a1 H 
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48 
	 FAczea 3. 

(3.1) u1 = a2U2, HRH 

(3.2) Ul = U2 = 6, a2 = #. 

sosegeme mexox nomecbopmantut nosout, Ha xtecro yricape6y-

BaH14 BO npcxa co TjypitHronnTe MaIIIHHH H rrpeMHHHTe. Bo cariajoT (1) 

Benvime geica M 3aninuyna camoon 6e3 ga ja nomecTyna rnanaTa. 1 .1pn (2) 

ne.anme geKa rnanaTa ce npngnnxyBa 3a egHo mecTo neno, npn IIITO aico 

ce 6apa gm.xethe Ha Reno Kora rnanaTa e Ha geCHHOT Kpaj Ha ReffraTa, 

egHocTanHo, npa3HnoT cirm6on Ha ocellnpaHaTa Keanja nctie3Hyna OA KOH-

clnirypalmjaTa. Bo cariajoT (3) ce gimum 3a e)HO mecTo Ha gecHo, nix{ 

Toa axo ce 6apa gmixeffie Ha KpajoT OR 36opoT egHocTanHo ce nojanyna 

Holm npa3Ha xennja Ha gecHo. 

yognme gexa axo b = L, w i  = e, Toram HnegHa KoHdpnrypannja 

(q 1 , w1, a1, u i ) He npemmyna BO e)eH gelcop BO HHe)Ha gpyra. Bo ceicoj 

gpyr czytiaj og egHa KoHelmrypagnja no egeH gelcop ce npemmlyna no 

TO IHO egHa KoHcluirypau,nja. 

3a KoHclanrypannjaTa 	e, al, u1), rrpm (5(q1, al) = (q2, L) ne.anme 

gexa e 6ucetca iconOuiypaguja. 

ae4mmagmja 39 3a gageHa TjypkiHrona mannma co 1-Tvf  ce o3Hatryna 

pecliaexcnnHoTo H TpaH3HTHBHO rrpounipynatbe Ha FM. KOHCI)HrypagHjaTa 

Cl  apemuttyea no KoH4fm4rypannja C2 axo C2. 17pechteCayeatbe Ha M 

co gal-vicuna n(> 0) e Hn3a og KoHcl)nrypawn4 Co , , Cn , 3a Heicoj n E N, 

T.III. Co 1-Nr 	C. 

'CnegHnTe Heicorucy gecimmunfn ja onnurynaaT pa6oTaTa Ha Tjy-

pHHF01314Te MaIIIHHH. 

I 	 1, ■■ .f It 4 ,A 	 ■ 14; ∎f 
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jecintamatja 40 Hexa M = (K, E, 6, s), w E E*. M 3afiupa Ha e✓zed w 
aKO 110CTOH 3aBpunia KoHcfmrypanHja Ch  Taloa IIITO (S, #w#) FM C h• 
AHamorHo, M &tat Ha euze3 w axo IIOCTOH BHCCIIKB KoHcfmrypaglija CV 
Taloa IIITO (s, #7.4) Cv . 

Avimmumja 41 Heica Eo  H E1 ce a36y1(14 KOH He ro cogpxaT npammoT 

cHm6on # H HeKa f e cpyrnumja OJT E; Bo E. TjypHHroBaTa marnHHa 

M = (K, E, 6, s) ja apecastetTly6a f axo Eo , E i  C E H 3a ceicoj w E E;, 

(s, #w#) 11,1  (h, # f (w)#). AKO Balm TjypliHroBa mamma flOCTOH, 

Toram f e TjypuHi-tipechteiTunzea cPymun4ja. 

flpeTxogHaTa AecpMCHKIHja mo)Ke necHo ga ce npounipH Ha cpymcnkm 

og noBete npomeHRHBH. HmeHo, 3a f : Et)  --+ E 1  BeaHme gem e TjypHHr-

npecmeTAHBa axo nocTokt TjypinfroBa mamma M = (K, E, 6, s) TaKBa IIITO 

3a ceicoj (w i , 	, wk) E Et) , (s, #w1# • • • #11-4#) FM (h, #f (wi, • • • , wk)#)• 
HoToa, egHa 6pojHa dpyincu,Hja f : N 	N BegHme geica e Tjyp- 

HHr 	axo nocrou TjypHHroBa maum.Ha lc* ja npecmeTyBa 

cl)ymcnHjaTa f' : {1}* 	{1}*, 'cage f(In) = 1/ (n) , 3a ceicoj n E N. 

gpyr 5HTeH BOHM Koj apoHameryBa og ges:PHHHHHjaTa Ha Tjypmr-

npecmeTaHBa cpyincuyija e IIOHMOT 3a TjypH.Hr-og.gyqHB ja3Hx. 

olletimminwja 42 Heica Eo  e a36yica lc* He ro cogpxcH npa3HHoT cHm5ag 

# H Heica Y H N ce RBa CPHKCHH CHM60JIH KOH He ce BO Eo . Ja3HKOT 

L C E'16 e Tjypuui -ognyqus aKo HeroBaTa icapaicTepHcmtma cpyincnHja 

XL E46 {Y, N} e TjypHHr npecmeumBa, 'cage 

XL(w) = {Y 
w E L 

N wVL 
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50 

 

AKO XL ja npecMeTyBa TjypmroBa mamma M, Toram M ce HapexyBa 

iipoz4egypa 3a ogrzytiyeapbe Ha L. 

3Hatm, TjypHHroBHTe mammn moxe ga ce KONCTaT KaK0 ognyx-ry-

swat HRH npeno3HaBatm Ha jamum. OCBCH oBa, THe MO>KaT ga ce KONCTaT 

H Kam) npmcpakatm Ha ja3mm, cornacHo c.negHaTa Rec)HHHUHja. 

ecfmningja 43 EgHa TjypinfroBa mamma M I() aptuibaka 36opoT w E 

axo ma 3arnipa Ha arie3 w. M io CipucPaka ja3mcoT L C E'10̀  axo H canto 

axo L = {w E Eo I M ro ripmcfmka w}. EgeH jamx e Tjyputii - CtpuOaranue, 

axo HOCTOM TjypmroBa mamma lc* ro npnclJaka. A 

IlocTojaT noBeke npoumpyBaffia Ha IIOHMOT TjypymroBa mamma 

KaK0 Ha npnmep: go3BonyBaffie aeHTaTa Tka e 6eCKOHellHa BO ABerre Ha-

com, a He camo Ha gecHo; ynoTpe6a Ha noBeke ReHTH, ynoTpe6a Ha noBeKe 

r.maBn HamecTo egHa; ynoTpe6a Ha gBognmeH3noHarma geHTa H pa3HH Kom-

6nHaum og mine. OBge Hema ga ce 3agpxyBame Ha HHBHHTC npemom 

geepmamm. Bo ceicoj og gocera Haripasemcre o6ngn 3a nponmpyBaffia 

ce goicaxano geica BO crunma He ce go6nBa mimics() nogo6pyBaH,e, T.e. 

go6neHaTa mamma moxe ga ce climy.ampa co cTaHgapgHaTa TjypmroBa 

mannma. BCyIIIHOCT eKBHBaJICHTHOCTa ce goicaxyBa KoHcapynpajkli CTaH-

gama TjypHHroBa maamaa 3a gageHa TjypuHroBa mamma og nponmpeH 

THII a rroToa ce goxaxyBa geica HoBoicoHcipympaHaTa mamma COOI(BeTHO 

ja msfirrnpa gageHaTa. 
gpyro MO)KHO npoumpyBaffie e co go3BaayBaibe HegeTepmmn3am. 

OBge cenax Ke ja gageme getmumnjaTa Ha HegeTepmmllicTninca Tjypm- 

roBa mamma. 

1401' ,4!' 	•41,4 ••9 
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,ELetimaaaaja 44 HegeffiephtuttucOutitca Tjyputtioea maiuutia e qemopica 

(K, E, A, s), 'cage K ,E , s1-14HmaaT HCTHTe 3Hatien,a KalCO Kaj cTaHgapgHaTa 

TjypinfroBa mamma, gogexa 

A C (K x E) x ((K U {h}) x (E u {L, R})). 

KoHckHrypammTe H pe.naIHwre F- A,f  H F-*m  ce gecjmunwaaT Boo6kpia- 

eHo. 

JacHo, 6HgejKH HegeTepmiumcmtuca TjypimroBa mamma moxe ga 

gage gBa pa3aM11114 H3Jle3H 3a HCT Bne3, Tpe6a Heicalco ga orrpegemme IUTo 

e H3J1e3 og Bama mamma, ogHocHo IHTO He HHTepecmpa og omecysaffieTo 

Ha BaxBaTa mamma. 3aToa, HegeTepmlimcmtim Tjypmrom maiumm 

pa3raegyBame canto Kam) nporteka=m Ha jamm. Be3 noica3 ja gaBame 

cnegHaBa TeopeMa. 

TeopeMa 15 3a ceKoja HegeTepmamwmtuca TjypmfroBa mamma M 1 

 moxe ga ce KoHcTpympa crangapgHa TjypmroBa mamma M2 Taxa urro, 

3a ceKoj 36op w Koj He cogpxll npa3eH KapaxTep, M 1  3anmpa Ha BJ1e3 w 

aK0 H camo am) M2 3anripa Ha Bae3 w. ❑ 

3Hatm, ceicoj ja3HK Koj e rrpo*arram og HegeTepmaimcrwuca Tjy-

pHHroBa mamma ce ripHtlata Hog geTepmHHHcamtuca TjypluiroBa maruHHa. 

3.2 Tpamailuill 

Bo oBoj gen ce 3agpxyBame Ha gecimummja Ha OHIUTH rpaMaTHKH, H 

eicBHBaneHTHocT Ha rpamammTe H TjypimroBHTe maumHH, Koja 

6Hge noTpe6Ha 3a npHmepoT Ha HeogarnmocT urro calcame HaTamy ga ro 

ape3eHTHpame. 
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52 

Jecimmaaaja 45 Tpa.maaiwca e geTHopica G = (V, E, R, S), 'cage 

✓ e a36pca, 

E C V e mHoxcecTso Caep.Atunarmu cHm6oam, V— E e mHox(ecTHo 

HeiitepAturtaywu CHM60.1114, 

S E — E e aoLietueht Hera ephfuna.a; 

R e KoHetwo noAmHox(ecTHo Og (V* (V — E)V*) x V*, HapegeHo 

A 
mHoxecTHo apaemaa. 

HaMecTO (u, v) E R, KoplicTHme o3Haica u 	v. IloToa, 3a g(Ha 

36opa u, v E V* , u G V aK0 H camo axo 3a HeKOH WI, W2 E V*, ui  

u" E R, u = tv lui w 2 , v = wiu" w 2 . Co = 'ÌG  ce o3Ha{yBa pectmexcHHHoTo H 

TpaH3HTHBHO 3aTHapaffie Ha G• 

3a egeH 36op w E E* HeaHme Aeica e ienepupau og G axo S 	W. 

Co L(G) ce o3HagyHa MHOXeCTBOTO Og CHTe 360p0BH reHepHpaHH Og G, H 

HCTOTO ce Hapeicysa ja3uK ieuepupat og ipamai-awcairta G. 

IIog uaeog co gamicuna n(> 0) ce Hogpa36Hpa HH3a Og o6nHic 

Wo 	 wn , 'cage 	, wn  E V*, n E N. 

CaegHaTa .11ema gasa HaqHH 3a cHmymipaape Ha TjypH.Hrosa maumHa 

co rpamaTHKa. 

jlema 3 Heim M = (K, E, 6, s) e TjypitHroBa mamma kiKnE = 0. Toram 

HOCTOH rpamaTHica G TaKBa MO, 3a ceicom KoHcbitrypagmH (q, u, a, v), 

(q', u', a', v') Ha M, 

axo H camo axo 
[uqavi 	[u' q' a' 

(q, u , a , 	H 	(q' , 	, a' , v') 

ft 	I 
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lipwroa, [ H ] ce HOBH CHM60JIH KOH He ce BO E, HH BO K. 

,EltoHa3 

Mgejam e ceKoja KoHltHrypanHja (q, u, a, v) ga ce npeTcTaBH co 
360p [uqav]. flpirma, nommjam Ha cocrojOaTa BO 36opoT yxaxyna Ha 

no3mmjam Ha raanam. CHm6onoT j e 6wreH 3a ga ce pa3penm upo6nemoT 

Ha npa3Ha aeirra Ha geceH 'Tab gogeica [ e ynoTpe6eHa camo 3apa)H 
IIHTJIHBOCT. 

Accinumpame rpamamica G = (V, E, P, S), 'cage V = K U E U 
{[, ], h, S} H R cogpxcH npannaa og TpH mna. 

(1) 3a ceicoj q E K, a E E, axo (5(q, a) = (p, b), 'cage p E KU 01, b E E, 
Toram 

qa -- pb E P. 

(2) 3a ceicoj q E K, a E E, axo 8(q, a) = (p, R), gage p E KU {h}, Toram 
3a ceicoj b E E, 

qab ---+ apb E P 

H 

qa] -----> ap#] E P. 

(3) 3a ceicoj q E K, a E E, axo 8(q, a) = (p, L), 'cage p e KU {h}, Toralu 3a 

ceicoHbEE,cEEUM 

bqac —+ pbac E P 

'cage a 0 # HJIH C 01; H 3a ceicoj b E E 

bq#] -+ pb] E P. 
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lipeicTHo ce npoHepyHa geKa (q, u, a, v) - (q', u', a', v') aico H canto 

alco [ttgaV] =a [u'q' a' v1], og 'cage caegyHa rapgeffieTo H 3a coogHeTHHTe 

pecimexcHHHH H TpaH3HTHBHH 3aTHopatm. ❑ 

rpamaTHxzre rH gegmumpaHme icaxo reHepaTopH Ha ja3HLH, Ho, 

cHopeg rrpeTxogHaTa nema, HCTHTC moxe ga ce TpunipaaT H Kam) npecme- 

TyHagH Ha (13),HKAHH. 

Jetimanwja 46 Heica E 0 , E l  ce a36yicH KoH He ro cogroKaT npammoT 

cHm6o.n #, f : EO -f E1 H Heica G = (V, E, R, S) e rpaMaTHKa TAB. 

E0 , E i  C E. G ja Cipechte0yea f aim nocrojaT 36oposH x, y, x', y' E V* 

TaKBH HITO 3a ceicoj u E Ep, v E ET 

f (u) = v 	xuy 	x'vy' 

cDpucumjaTa f e ipamaratitucu upecmetruutea alco HOCTOH rpamaTmca K.* 

ja HpecmeTyHa. 

EgHa 6pojHa itymogja f : N 	N e ipamatautacu apechtealyzuea 

axo cl3yrucimjaTa f' : Ill* —> {1}* e rpamanPum ripecmeT.rama, Kage f ' (I n ) = 

If (n)  3a ceicoj n E N. 	 A 

Cera moxce ga ja Hocaxceme caegHaTa TeopeMa. 

TeopeMa 16 CeKoja TjypaHr HpecmeTaima cpyffluAkija (og 36opom HJIH 

6pojHa cloyfflumja) e rpamanpucH npecmeTaHHa. 

JoKa3 goKa3oT caegyBa og gectaHHHHjaTa Hog HpeTxogHaTa .nema, IIpH 

X = [1# y = s#], x' [#, y' = h#]. 	 ❑ 

*4.4, 	iNf4 ,4.4 , 11 	 f 	1141). 	I 1 ■ 
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;la HanomeHeme gem ce 3agpxagme Ha goica3nTe Ha npemogHnTe 
cnojcuta on IIIMPITIHH LIITO KoHcTpyxgnjaTa Ha rpamaTmcaTa BO gOKB3OT 

Ha npeTxogHaTa Jiema H} e noTpe6Ha noHaTamy. HHaKy, smut H noonnfra 
Teopema Koja ja mcKaxyname 6e3 goica3, H KOja e gen og nompenaTa Ha 
Te3aTa Ha Church. 

TeopeMa 17 KaacaTa og TjypitHr npecmemum stymunn4 e el:maim co 

	

KnacaTa rpamaTipan npecmeumnx 4)3/maw. 	 ❑ 

3.3 IlpeircTaByBame Ha Tjypnatromt minium 

YllnBep3aalla TjypimroBa mamma 

Bo ogoj ReJI npe3eHTnpame necinninu,nja Ha yinuep3a.ma TjypAHrona 

mainnHa KOja, 3a pa3J114Ka og apeTxogHaTa gectoHnuyija Ha mamma co 

cnennjanHa HameHa, ja onninyBa ceKoja TjypHHroBa mamma. HcTo Taxa, 

gecimumpame npeTcTanysalbe Ha npon3BanHa Tjypinfrona mamma co 36op 

og a36yicaTa {c, I}. 

	

Okaccnpame nBe npe6ponBA mHoxecTga 	{ql , q2 , . .} x Ec,c, = 
{a l , a2 , ...}, H cmeTame geica 3a ceKoja TjypitHrona mamma MHOXeCT- 
BOTO COCT0i6H e KOHCLIHO II0gMHO)KeCTBO Og Koo  H a36yxaTa e KOHe 11130 

HOgMHOXeCTBO OA E 00 . 

Ha ceicoj cum6o.11 a on neciminmAjarra Ha enHa TjypnKroBa mamma 

My npilnpyxyBame 36op (a) on {1}*, Ha CJIegHHOT Ha=uni: 

(qi ) = 	(h) 	\(L) =1, A(R) =IL (ai) = r+2. 
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3a6enexcHme gexa Ha cexoH Asa pa3smum enemeHTH og Koc, U 	HM 

ce npHgpyxceam panww.H 36oposH, HcroTo swim H 3a esemeHTHTe Ha 

E cc, U {L, R}. 
noToa, gecinnmpame npeTcTasysatbe Ha cexoja Tjypinfrosa mamma 

co 36op og a36yxa fc,11, 'cage c e Hos cHm6os. 

Hexa M = (K ,E, 6 , s) e Tjypkwrosa mamma, 'cage K C K ao ,E C 

E00 . Moxe ga cMeTaMe gexa K = • • • , qikb i1 < i2 < • • • < ik, E = 

fai„ aj, , 	, ajj, ji  < j2  < 	< jl H s = qirn  3a 'cexoj m, 1 < m < k. 

3a cexoj p E {1, , k} H 3a cexoj r E {1, ...1} geckHHHpame no egeH 

36op Sr,. = cw i cw2cw3cw4c, 'cage w 1  = A(qip ), w2 = )(air ), w3 = A(qi ), w4 = 

A(b) H (gip , = (q', b). 3Haim, co cexoj BaKOB 36op Sp• e npenTaseH HO 

egeH ripemHH og cl)yHxuHjaTa Ha npemkui 6. 

KoHegHo, ape3eHTanHjaTa Ha M e 360poT 

p(M) = cS0cSiiSi2 • • • S115'215'22 • • • S21 • • • SkiSk2 • • • Sk1C 

'cage So  = A(s). 

Ha OBOi Hatum Ha cexoja TjypH.Hrosa mannma H ogrosapa eg-

H03HallHO onpegeseH 36op Og {c, H 3a )1BACH TaKOB 360p egHocTasHo ce 

nposepysa gasH e npenTasysanie Ha TjypiiHrosa mamma, H goxonxy e, 

Ha xoja e. 

14cTo Taxa gectllm4pame npenTasysalbe Ha 36op w = 1)11)2... bn  E 

E*0,0  co p(w) = cA(b i )cA(b2)c... cA(bn)• 

Og yHlisep3asHa Tjypvairosa mamma U = (Ku , u  , 6u , su ) ce 

ogexysa 3a cexoja TjypHHrosa mamma M = (K, E, 6, s) H 3a cexoj 36op 

w E E* 

Iff ,004 • pN ! 	41.4 ∎  141f 	 41,1 
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(1) axo (h, uav) e 3aBpuma xoHclmrypamja Ha M, Taloa IIITO 

(s, #w#) f-k  (h, uav), Toram (sr, #p(M)p(w)#) Fa (h, #p(uav)#); 

(2) am) (su , #p(M)p(w)#) 	(h', u' a' v') 3a Hexoja 3aBpuma xoH- 
simrypamja (h', u' a' v') Ha U, Toram a' = #, v' = e, = #p(uav) 3a 
HeKOH u, a, v TaKBH LUTO (h, uav) e 3aBpuma xoHcimrypalmja Ha M H 

(s, #w#) 1--M (h, uav). 

HeMa geTanHo ga ja geolmmHpame ymBep3aimarra mamma U, 6Hge-
jgH Toa 6H 6Hao nperaoma3Ho. HaxpaTico (IIOBTOpHO 6e3 geTanHa gecfmHH- 

onmueme mamma U' co TpH JIHTM 3a zurralbe H rumryBalbe xoja 

ja H3BpuryBa 6apaHaTa pa6oTa, a xaxo HIT° IiperrxoTmo cnomHaBme, noc-

T014 crammpgHa mamma xoja ja cHmysimpa pa6oTaTa Ha U' H Toa 6H 6H.ma 
oapaHaTa mamma U. MaamHaTa U' FH KOpHCTH cBoure TpH JIHTM Ha 
CJIegHHOT Hatum. Ha npBaTa aeirra ocTaHyBa 3arnmaHo frpenTaByBafbeTo 

Ha w, Ha BTopaTa ce 3anamyaa npeTcTaByBalbeTo Ha M, a Ha TpeTaTa ce 

3anmuyBa irpeTcTaByBalbeTo Ha cocTojoaTa Ha M BO TeKOBHHOT MOMeHT 

Ha cHmympaHa o6pa6oma. 

MaumHaTa U' 3anotmysa co pa6oTa co 360p #p(M)p(w) Ha npBaTa 
Heim H ocTaHaTwre gBe neHTH npa3HH. Belmar" U' ro npeHecyBa 36OpOT 
p(M) Ha BTopaTa .neHTa, a Ha npBaTa (og nogeToxoT Ha gecHo) ce 3armalyBa 

#c)(#), go xoj ce minlympa (Harlem)) p(w) H ce gonzuryBa A(#)c. Taxa, 
BO OBOj MOMeHT Ha npBaTa =Ina ce Haot a 36opoT #p(#w#). Hama, 

og p(M), ja 3eMa npe3eHTanHjaTa Ha nogemaTa cocTofia Ha M H ja 

3aninnyBa Ha TpeTaTa neHTa. Cera nolmyBa ga ce ogBHBa cHmynau,Hjarra Ha 

M gexop no gexop. Homefy tiexopHTe, r.maBwre Ha U ce II03HIIHOHHpaHH 

Ha ClleglIHOT HaHHH. DiaBHTe Ha BTopaTa H TpeTaTa aeHTa ce Ha xpajoT Ha 

36opoT a raaBaTa Ha Hp:3am =Him e Ha CHM60JIOT C KOj FO o3HagyBa. xpajOT 
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Ha npeTcTaByBalbeTo Ha cnm6amoT Koj M 614 ro cKaHnpana BO gageRHOT 

momeHT. Kam) n3r.nega cnmy.riannjarra Ha egeH geKop: maumHaTa U' Haota 

Ha BTopaTa .newra 6JIOK OA 06JIHK COCI j OCI I CC, TaKOB IHTO e HH3a OA 

3annuiaHa Ha TpeTaTa neura, a lj e .TieBo O) raaBaTa Ha npBaTa aetrra, H ja 

meHyBa npBaTa aurra coogBeTHo. AKO 1 /  e A(L) HRH A(R) HeMa norallemn 

npo6nemn, ce gBYDICH uo npBaTa newra ogpegeH opoj ice.rum neBo HRH 

gecHo CaegHOTO axo e flax ripeTcTaByBalbe Ha 63/Km rloTpe6Ho e 

ogpegeHo anulyrnpathe Ha ge.anoT 36op og npBaTa newra. KoHegHo U' 

3armuryBa 1k Ha TpeTaTa neHTa, nposepyBa RanH HOB03aHHIllaHHOT 36op 

Ha TpeTaTa .ilekrra e A (h), axo He e npogonxyBa co cnegHnoT geKop, axo 

e ja npngsmicyBa r.naBaTa Ha npBaTa neHrra RO npBaorr rrpa3eH cnm6o.a Ha 

gecHo og 36opoT H camaTa 3aBpLayBa co pa6oTa. 

3.4 HenpecmerallBocT H Heowirillsocr. Ilpo6aem 

Ha 3annpaibe 

Aocera Beke peicoBme geica TjypiniroBarra mamma Tpe6a ga ce cmeTa 

3a maTemaTwuca cbopma.runagHja Ha HOHMOT aaropwram. Cnopeg Toa, 

og HHTepec e Haotalbe Ha ja3Hln4 icon He ce Tjyrnmr-ognytuon T.e. 

ce tteogayqueu co Koj 6Ha0 amopinam, ogHocHo stymcgm KOH He ce 

Tjypimr-HpecmeTm4BH T.e. ce anioputaa ► ocu Heripecmei-u-Aueu. Bo oBoj 

gea ICe ce 3agp3KHme Ha TaKBH HpHmepH, Kam) H Ha Bpciurre Homely 

Tjypimr-ogarumocT H TjypitHr - Hp4aTIMBOCT Ha ja3HIiHTe. EgeH OA 

HeogarruBwre rrpo6.11emli e TOtLHO npo6nemoT Ha 3anHpalbe Ha TjypHH-

roBa mamma Ha Koj geTaaHo ICe ce 3agp3KHme, a Koj e H KopviceH, 6Hgejkvi 

4, 	 414,4 , 1 	 ffi 	 I 	 If rffq 	 if 	 I 	 1 
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goicaxymaibeTo Ha HeogarimmocT Ha mHory mpo6.gemm e cT o ce immegyma 

npexy cmegymaffie Ha KomicpeTHmoT upo6.gem Ha npoftem Ha 3anmpaibe. 

TeopeMa 18 Ceicoj TjypaHr-ogarnm ja3mx. e TjypmHr-npmcimumm. 	❑ 

TeopeMa 19 Aim L e TjypmHr-ogarnim ja3HK, Toram i HerommoT Kom- 
rmemeHT e TjypIIHr-oggyqmm. 	 ❑ 

Kora om 6mge BO MOXHOCT 3a 11p0H3BOJIHa TjypaHroma maumma M 
H 3a ITp0H3BOJICHBJ1e3eH36op w ga npegmmgHme gam M ICe 3aripe Ha BJ1e3 

w, Toram ceicoj Tjypimir-npotaTaHm ja3HK OH 613Ji TjypmHr-ogifygmm. 
Co K0  ro o3Hatrymame ja3HKOT 

KO = {P(M)P(W)1 TjypiffiromaTa mamma M ro npotaka 36opoT 
w}. 

CBOjerBO 12 K0  e Tjypi4Hr-np4aTimm. 

JLoKa3 K0  ro npimictata BapHjairra Ha yHmmep3a.mHaTa TjypmHroma mamma, 
3a Koja CTaHa 36op rrpeTxogHo. 	 ❑ 

Heica M1  H M2 ce gme TjypmHromm maanum. CocCiia8 Ha Tjypm-
rommTe maLumm M1  H M2 e TjypmHroma mamma, Koja ja o3Hagymame co 

MiM2. 3a Hp0143B0J1eH BJ1e3 W M1M2 ce ogHecyma KaK0 M1  Ha BJ1e3 w, a 
OTKaK0 M1 3ampaill co pa6oTa ce ogHecyma KaK0 M2 Ha 13.11e3 - oHa LIITO e 
ocTaHaTo Ha aeHTaTa og pa6oTaTa Ha M1 . 

Caojerso 13 Ceicoj Tjyptuir-upiptaTamm ja3HK e TjypitHr-oggrum aico H 

canto axo K0  e Tjypatir-ogarms. 
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Amca3 Heica K0  e Tjypimr-onnyillm, H Heim ro onnygyBa mamma M0 . 

Hexa L e npommioneH Tjyplmr-npHitaTnith jam( 14 Ml e Tjypimrosa 

mamma lc* ro npmbaka L. 

flpHo KoHcTpympame TjypIIHrosa mamma ./14 .;` lc* Hp0H3B0J1e1-1 

BJIC3eH 360p w T.e. #w# ro TpaHccbopmHpa BO #p(Mi)p(w)#. BCyIIIHOCT, 

MI* ro nomecTyHa alle3OT 3a Ip(M01 mecTa Ha necHo, ro ripeTerasyBa so 

a36yKa {c,1} H noToa JIeB0 og Hero ro 3anHuiyHa c4HKCHHOT 360p p(Mi). 

Heim M2 = Mi MO onHocHo e COCTaBOT Ha ome nHe mammal. 3Hatm M2 

ro TpaHccbopmHpa Hne3oT #1.4 BO #p(Mi )p(w)#, a noToa H ja npenaBa 

KoHTponaTa Ha M0  lc* no npeTnocTamca onnytlyBa AanH M l  ro nplutaka 

w HJIH He. Ao6Hrime nexa L e Tjypimr-onnyinm. 

06paTHaTa Hacoica e Tpll.BHjanHa nocnegmna on npeTxonHoTo CB0- 

iCTBO. 

CBOjCTBO 14 K0  He e Tjypmr-onnytms• 

,11(01(113 AKO K0  e Tjypiemr-onnywa, Toram H ja3HKOT 

Ki = {p(M)I TjypHHroBaTa mamma M ro npHc)aIa 35opoT p(M)} 

6li 6Ha Tjypmr-onarms. HivieHo, Hem M0  ro onnytiym K0  H Heim Ml  e 

mainHHa K.* ro TpaHcci)opmHpa CBOJOT BJIe3 #W# BO #wp(w)#, a noToa 

ja npenaHa KoHTponaTa Ha M0 . 3Hatm Ml  ro Rasa HcmoT pe3ynTaT Ha 

Hae3 #w#, Koj M0  ro gam Ha Hne3 #wp(w)#. Cera, on neclominmjaTa 

Ha K0 , M0  gam pe3ynTaT Y Ha Eine3 #wp(w)# axo H camo axo BaxcaT 

caegmHe nne pa5oTH: 

(1) w = p(M) 3a Heicoja TjypimroBa mamma M; H 

(2) TjypHHroHaTa mamma M ro np4aka BI1e3H.HOT 36op p(M). 

41 , 	.1 
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3Haqn, M1  ro oggyqyBa K1 .OR TaMy, ROBOJIHO e ga ce goxaxe Reim 
K 1  He e TiypI4Hr-Ogar1HB. 

AKO K1 e TjypaHr-oggyillm, Toram H HeroBiwa. xommemeHT e 
HCTO Taxa Tjypmr-ogarnm. KL  = {w E {c, w He e npeTcTaByBaffie 
Ha megHa TjypmroBa mamma M H.JIH w = p(M) 3a Hexoja TjypmroBa 
mamma M lc* He ro npncimka 36opoT p(M)}. 

Ho, K1  He e gyp HH Tjypimr-npncloaTzim. HmeHo, Heim M' e 
TjypiiHroBa mamma lc* ro npintlaka K 1 . Toraw 	ro npncl3aka p(M') 
axo H camo axo M' He ro npnclJaka p(M'), UITO e ancypR. 	 ❑ 

TeopeMa 20 He cexoj Tjypimr-npncpaTam jaanc e Tjypmr-ogarnm. 

0 

OBa e Boemo H HajnO3HaTHOT Hepenunm (agropuTamcm Heo)parnm) 
npo6gem, ogHocHo apo6ltzemo0 Ha aauupaH,e xoj ce COCTOH BO cnemoBo: 
3a IIp0113BOJIlla gageHa TjypmroBa mamma M H 360p w ga ce yrBpw4 gam 
M 3armpa Ha BRe3 W. Yurre noBeite, nocTojaT KOHKpeTHH TiypHHrOBH 

MaIIIHHH 3a KOH He HOCTOH OHUIT meTog 3a yTBpgyBalbe gam maunmaTa 
3armpa Ha Ilp0H3BOJIell Ban W HJIH He. OBa nponaneryBa oR (1)BICTOT LUTO 

K0 e Tjypfmr-npncpaTam, Ho He e TjypHHr-ogarnB. I4Mexo, Taloa TiY-
pmroBa mamma e maanmaTa Mo  lc* ro npntaka Ko . HepeaumBocTa 
Ha npo6gemoT Ha 3annpaffie e ncxaxaHa BO cgemaTa TeopeMa. 

TeopeMa 21 

(i) He HOCTOH agropnTam 3a ogarlyBaffie, 3a npon3BoaHa Tjy-
pkiHroBa mamma M H npon3BogeH RTIC3ell 36op w, gam M ro npnc)aka 
w. 
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(ii) HOCTOH TjypHHroBa mamma M0  3a la* He HOCTOH anropm-

Tam 3a ogarryBame, Awn' Mo  HpHtaka rrpoH3BoneH Bne3eH 36op w. 	111 

Bo OCTaTOKOT OA oBoj nen, 3apaga KOMIIIIeTHOCT, HaBenyBame yurre 

IWKOHCBOiCTBa BO BpcKa co TjypkiHr-ollnytamocT H Tjyrquir-npmbaumBocT 

Ha ja3141414TC. 

TeopeMa 22 KOMILTIeMeHT Ha Tjypmr-ripmbarrnm ja3HK He mopa Aa e 

Tjypmr-rrimitarrnm. 	 0 

TeopeMa 23 EAeH ja3HK L e Tjypmr-ogarmB am) H camo axo HLHL ce 

Tjypmr-rrpHtaTnium. 	 0 

Jecinammaja 47 Hem Eo  e a363/Ka Koja He ro COTIMKH Hpa3HHOT CHM60JI 

#. Ja3moT L C Eo e uane3at ja3uK Ha eAHa TjypmroBa maumHa M = 

(K, E, 6, s), E0  C E, axo H camo axo 

L = {w E EP1Pu E EP) (S, #24) F-*m  (h, #w#)}. 	A 

TeopeMa 24 EAeli ja3HK e TjypHHr-ripiataTam axe H camo axo e H3JIe3CH 

ja3HK oA HeKoja TjypHHroBa mamma. 	 ❑ 

14 TjypHHromTe maumm moxe Aa ce KopHcTaT Kaxo reHepaTopH 

Ha ja3mm. 

Jecimmaaaja 48 TjypHHroaaTa mamma M = (K, E, 6, s) ro Ha6pojyea 

ja3HKOT L aK0 H camo axe, 3a Heicoja elnuccHa cocToj6a q Ha M, swim 

L = {w1 3a Hexoj 36op u, (s, #) 	(q, #w#u)}. 

EneH ja3HK e Tjypuui-Ha6poue am) HOCTOH TjypHHroBa mamma 

IIITO ro Ha6pojyaa. 	 A 

,- ,4144....41.0. ■-■■•■■•46444.44.4.110.414.4.{4010 ,404,4 ■414 I 	dl 
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TeopeMa 25 EgeH ja3ffic e Tjypimr-rrpwpaTin4B axo H canto axo e Tjypmr- 
Ha6poHB, axo H canto axo e reHepHpaH og Heicoja rpamamica. 	❑ 

Ke ce 3agpicHme ruTe manic)/ Ha HeKoH npHMepH Ha HeogarmBH 
npoonemH. 

TeopeMa 26 C.ffegmrre npo6nemH Bo BpcKa co TjypHHroBtrre mammal ce 
Heognrunn4: 

(1) 3a Hp0H3BOJIIM TjypHHroBa mamma M H Hp0H3BOJIeH BJIe3eH 360p w, 
gam M 3anHpa Ha ane3 w? 

(2) 3a cimuccHa TjypHHroBa mamma M H npoH3BarieH B.ue3eH 36op w, gam' 
M 3anHpa Ha ane3 w? 

(3) 3a gageHa TjypHHroBa mamma M, gain' M 3anfipa Ha npaaeH ane3? 
(4) 3a gageHa TjypHHroBa mamma M, gam,' Boonurro nocTom 36op Ha Koj 
M 3anHpa? 

(5) 3a gageHa TjypHHroBa mamma M, gam M 3anHpa Ha ceicoj 36op? 
(6) 3a gageHH gBe TjypHHroBH mainHHH M1  14 M2, /aux THe 3anHpaaT Ha 
HCTHTe BJIe3HH 360p0BH? 

(7) 3a gageHa TjypHHroBa mamma M, gam4 ja3HKoT Koj M ro ripmcPaka e 
perynapeH? JaJIH e KoHTecTHo-cno6ogeH? gam,' e TjypHar-ogarnm? 

aoKa3 TspgethaTa (1) H (2) ce npeTxogHo goicaxaHH. 3a allycTpanHja Ha 

HatIHHOT Ha goKaxyBalbe HeogaramocT, Ke gageme goica3H Ha (3) H (5). 

(3) Hem frpeTnocTaBHme geKa M o  e mamma Koja ro ogarryBa 
ja3HKoT {p(M) IM 3anHpa Ha ane3 e}. ke goicaxeme Reim Torani Mo  moxe 
Aa ce HCKOpHCTH 3a ognygyBakbe Ha Ko . HpBo, 3a npoH3BonHa TjypHH-
roBa mamma M H 360p w, co Mu, ja o3HatryBame c.11egHaBa TjypHHroBa 
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mamma. Mo, Ha nne3 e, T.e. BO Koinimrypaugja (s, ##) ro 3aninuyna 

w (KoHcimirypaunja #w#)) Ha neirraTa, a noToa ce ogHecyna Kam) M. 

floToa og M,, ro onpegenyname p(Mw ) 14 ro o6pa6oTyname p(MM ) co MO. 

Toram Mo  3anlipa co Y Ha cnojaTa neffra axo 14 camo am) M,,, 3anlipa Ha 

rine3 e, T.e. M ro npinfmka w. AK° T e TjypHHroaa mamma lc* Ha nne3 

#p(M)p(w)# 3anmpa co #p(Mii,)# Ha nenraTa (a Balm ceicaKo HOCTOH), 

Toram TM0  ro ognyqyna Ko , LETO He e moxHo. 

(5) Heica E e TjypnHrona mamma Koj a ro 6pauie ceicoj arie3eH 36op, 

nmeHo ro TpaHccbopmnpa #W# BO #. Hexa T 1  e Tjypimrona mamma 

Koja 3a cexoja Tjypmrona mamma M ro TpaHccpoptama #p(M)# BO 

#p(ERM)#. (R e Tjypnarona mamma lc* canto ja ggi)m4 rnanaTa 3a 

egHo mecTo Ha gecHo, ERM e COCTaBOT OA wine maim*. Toram axo 

M1  e mamma Koja ro ognrryna ja3nicoT {p(M)IM 3amipa Ha ceicoj me* 

T1  M1  644 ro ogarrynana {p(M)IM ro npntlaka e}, HITO e cnponumo Ha 

(3 ).
LI  

eiumnaneHTHocTa (egHaxnaTa rrpecmerrynaruca mok) Ha rpa-

manuurrenTjypaHromrre maumm c.negyna HeognrinnocT Ha mna npo6- 

newt nonp3aHn co rpamanum. 

TeopeMa 27 Cnernnue npoonemn BO npoca co rpamanuurre ce Heognruum: 

(1) 3a npon3nonHa rpamanuca G 1436op W, gaJI14 w e L(G)? 

(2) 3a cimuccHa rpamanuca G o  H npon3noneH 36op w, gam' w E L(Go)? 

(3) 3a npon3Bonm4 Beg rpamanum G 1  H G2, gam L(G 1 ) = L(G2)? 

(4) 3a nponmonHa rpamanum G, Aa.rix L(G) = 0? 	 LI 

o 
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3.5 HeoppyinmocT Ha Hpo6aemoT Ha 36opoHn 

3a HoayrpyanTe 

MHoryo6pa3HeTo nonyrpym e mHoryo6pa3He rpynomm CO HgeHTHTeT 

X • (y • z) = (x • y) • z. 

Bo ogoj gen ke goicaxeme geica rrpo6nemoT Ha 36opoBH 3a nony-

rpyHHTe e HepemaHH (Heogarnm H Ha HpHo H Ha BT0p0 HHBO), OgHOCHO 

HCOXIMIHBO C Twit 3a Hp0H3BOTIHa KOHL' HO Hpe3eHTHpaHa Honyrpyria S 

3agageHa CO KOHet1H0 MHOM(eCTBO reHepaTopH B H gecinmHpaqm paseH-
CTBa E = {Th.  ti v1 , • • . n yid) 14, Vi E (B) H gagerm Tma 36opa 
x, y E T{.}(B), x 	y Kage a-s  e KoHrpyemmjaTa Ha 	(B) reHepHpaHa 
oR E H oR HgeHTHTeTOT. Yurre Hosete, HOCTOH KOHetIHO Hpe3eHTH- 
paHa nonyrpyna So  H 36op wo E T{.}(B) 3a KoH e HeognymBo gam, 3a 
Hp0H3BOJICH 36op u E T{.} (B), Wo 	u. 

TeopeMa 28 (A.A. Mapicos, 1947) 

flpo6nemoT Ha 360p0BH e Heogarum 3a mHoryo6pa3HeTo rimy-
rpyrm, yurre HoHeke HOCTOH nonyrpyria S o  H 36op zo  Taxa Lino 3a Hp0H3B-

OJICH 360p z He e ognymHo gam Z ZO• 

Joaa3 IlpHo ga yomme geica c.gegHma HapHjaHTa Ha Hpo6nemoT Ha 

3ampaffie e Heogarma. 3a gageHa a36yica E 0 , gageHa TjypmfroBa 
mamma M H gageH 36op w E E'0̀ , gam M 3a ane3 w 3anmpa co npa3Ha 
neHTa T.e. gam,' (s,#w#)1-*Ai  (h, #) 'cage s e HogeTHaTa cocTojoa Ha M. 

HmeHo, Heim npeTnocTamme gexa TjypHHroHaTa mamma Mo  ro 
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ognyilyga ja3HKOT 

{P ( m )p (w)I ( s, #w# ) 	(h,#)}. 
	(1) 

3Haqx 

(s,#P(m)p(w)#) 	(h, #Y#) a  (s,#w#) 	(h,#). 

Heim M1  e mamma lc* kgvia egHa Aetna gogeke og Mo  H pa6oTg Ha 

CHeRHHOB HaLIHH. MI Ha ripgaTa neHTa ce ogHecyga HCTO KaK0 M0 , a Ha 

wroparra neHTa BO CeKOj MOMeHT e npeTcTageHa TeKogHaTa cocTofia Ha 

npogepygaHaTa mamma M. M 1  3anmpa co g3ne3 Y Ha upgaTa neHTa am) 

H camo am) Mo  3anHpa H Ha gTopaTa neHTa ce Haota 36opoT II T.e. A(h), 

max)/ M1  3ampa co H3lle3 N BO ceicoj gpyr cnyLiaj (Kora Mo  3anstpa). 

go6mBame geica MI  ro oJIytryBa rrpoonemoT Ha 3angpaffie, LUTO He e 

mogmo, ogHocHo Balm Mo  He HOCTOH. 

Heim M = (K, E, (5, s) e TjypHHroBa mamma H Eo C E. Ja gpg-

meHygame KoHcipyKAgjarra OR Jlema 3 Ha M H go6ggame rpamaTmca 

G = (V, E, R, S t) Taxga IUTO 

(Vw E E * )[#ws#] 	[h#] 4=> (S, #W#) 	(h,#) 

Heim S e HogyrpyriaTa co r[pe3eHTaggja (E0, ER), 'cage ER={2.1',:ildtl -÷ 

v E R}. 

Ke goicaxeme geica 

(Vw E E t )[#71) $#] c [h#] <=> [#ws#] r7-5' [h#] 

444.4 	I 	 4 	■ 11.4 	di 	I 	 ■ I1 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



Element:au og Caeopujalita Ha apecmeabuteocta 	 67  

IIITO e gogonHo 3a Aa ce goicaxce rrpgoTo Tgp,geffie oA TeopeMaTa, 6ggejkg 
Toram am) apo6nemoT Ha 360p0BH e peLIDHIB 3a S 6H ',mane Tjypillir-
OWlytIHBOCT Ha ja3HKOT (1). 

JacHo, axo [#ws#] 	[h#J, Toralu [#ws#J 	[h#J 6ggejkg 
cexoe npaggno G HOCTOH KaK0 gecfnumpagxo pageHmo BO ER . 

HeKa [#ws#] E--. s [h#1. Torun HOCTOH KOHellHa HH3a 360p0BH 

wo, Wi, 	, wn  Kage 

wo = [#w s#], wn = [h#b wi =s wi+i E {0,..., n — 1}. 	(2) 

npeTnocTaggme geKa ogaa HH3a e HajKpaTicaTa moxHa T.e. He nocrog 
HH3a Uo, , 	KOja rH 3agoganyga yczoggTe (2) npg n' < n. Tgpggme 
geica wi 	Wi+i,i e {0, ,n — 1} T.e. acre gecinnuipagicg pageHma 
ce ynoTpe6eag BO "BHCTHHCKa Hacoica (Kam) BO apaggnaTa oA R). Co 
goicaxygmbeTo Ha oga TBpgeH,e Ke 6gge KomallempaH II0Ka3OT Ha HpBHOT 

gen og TeopeMaTa. 

Ilpeg ce, ga yotmme geica w n_i =G  w n , 6ggejkg go ceKoe npaggno 
oA R, na H go ceKoe gecigumpatnco pageHcrgo og ER H negaTa H gecHaTa 
capaHa cogpxaT cocroj6g, HO cocTojoaTa BO negaTa cTpaHa Ha KOe 6HJI0 

npaggno oA R He e h 6inkejkg M He ja HanymTa 3agpmHaTa cocToj6a. 
Cera, Heica npeTnocraggme geica 3a Heicoj i E {0, , n — 1} He gaga,' 

TOraIll wi+1 	tVi. HeKa i e HajronemgoT co oga cgojcno. 
3Haqg wi+1G wi , HO Wi+1 c wi+2 	• • =G wn . Ho Toram wi  = Wi+2 
(61411eik14 G e go6geHa og geTepmmigcrmuca Tjypimroga mamma, na camo 
e)Ho npagnao og G e npgmemaggo Ha npoingageH 36op [uqatd, u, v E 
E*, q E K, a E E) H 	 Wi+2, 	wn  e noicpaTica HH3a KOja rH 
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68 
Fizaea 3. 

 

3agoBonyBa ycaoroffe (2), IIITO e CIIpOTHBHO Ha MHHIIMaJIHOCTB Ha 11. 

II1To ce ogHecyBa Ha BTOpHOT gen OA TBpgetbeTo Ha TeopeMaTa, ro 

Hmame CJICAHOBO. Ja3HKOT (1) e TjypaHr-npinPaTm4B. 14meHo, Hero ro 

npmpaka BapHjaffra Ha omunaHaTa yHHBep3a.rma mamma co TN Reim, co 

caegHaBa paanuca: mann4HaTa Hma egHa cocTojoa m noBeke og orunnaHaTa 

maumHa. OBaa cocTojoa e "mpTBa" T.e. og Hea He ce inner)/Ba co HllegeH 

npemm. OTKaico ke cHmynmpa egeH geKop, maunniaTa nposepyBa Ha 

TpeTaTa Jletrra Aann e 3anamaHo A(h) H HcTospemeHo gam' npBaTa neHTa 

e npa3Ha. AKO oBa e HCIIOJIHUTO H camaTa 3aBpinyBa co pa6oTa. AKO 

Ha TpeTaTa neHTa CTOH .\(h), Ho npBaTa .geHTa He e npa3Ha, npemmyBa 

Bo cocToj6a m. HHaicy npogonxyBa co cHmy.mpatbe Ha caegamoT geKop. 

Heica cTaHgapgHaTa mamma exwmaneHTHa Ha norope ornnuaHaTa ja 

o3HaqHme co Mo . Heim Go  = (V0, E, R0, Sto ) e rpamanucaTa go6HeHa og 

Mo co npHmeHa Ha Jletga 3 H Hem So e nagyrpynaTa npe3eHTHpaHa co 

(Eo , 'cage ER0  = {u ~ v I u --> v E Ro l. Co cocema aHanorHH 

apryMeHTH, Kam) norope, ce yrBpgyBa geica 

[#W 8#] Go [h#] <=> {#WS#} =So { 11#1. 

Cera al co co z0  ro o3Hagnme 360poT [h#], Hmame geica aKO 3a npoH3BageH 

36op z E E'; e ogarnmo gam' z 7-,so  z0 , Toram ja3HKOT (1) 6H 61IJI 

Bo npeTxogHaTa Teopema He e eKCIIJIHIIHTHO gageHa npe3eHTanHja 

Ha nagyrpyna co Heog.grn4B npo6.gem Ha 36opoBH. Bo 1956 rogma, 

A.A.Mapicos gaa npHmep Ha npe3eHTannj a co 13 reHepaTopH H 33 gectllum-

paqicH paBeHCTBa CO Heogarm npo6.gem Ha 360p0BH. AOKa3OT Ha MapKoB 

Y 11 	 1, 1,4 1-0.40Yt 
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e gocTa c.rioxeH H e HageaHo gageH Bo [20, 21], oBge ro HaBegyBame canto 
HpHMepoT, KaK0 H HeKOH gpyrif no) oHHexcHH npHmepH co yam nomag 
6poj Ha reHepaTopH H ge4nmlipagiu4 paBeHcTBa. 

Himmep 2 (A.A. Maplam, 1956, cnopeg [20]) 

IlagyrpynaTa co npe3eHTauxja (A, E) Kage 
A = {a, b, c, d, e, f, g, h, a, b, a, b, m} H E comma' 33 gecinumpatucH 
paBeHcma OR KOH 20 H3pa3yBaaT KOMyTaTHBHOCT Ha CHM60JIHTe oR 

{a, b, c, d} CO OHHe og { f, a , b,a,b}, a ocTaHaTHTe 13 ce: 

ea = de, eb = be, ea = de, eb = be, am = am, 

bm = bm, had = ah, hbb = bh, aga = ga, bgb = gb, 

df = dh, f d = gd, he = cg 

HMa HepemJIHB npo6.gem Ha 36opoBH. 

Ilimmep 3 (G. C. Tzeitin, 1958, cnopej [20]) 

CJIe)HaTa no.gyrpyna 3agageHa co npe3eirragHja (A, E), 'cage A = 
fa, b, c, d, e}, a E = {ac = ca, ad = da, be = cb, bd = db, eca = ce, edb = 
de, cca = ccae} HM Hepernms npo6.gem Ha 36oporm. 

Ilpftmep 4 (J. MaTHjameBHq , 1967, cnope) [26]) 

IlagyrpynaTa co npe3eHTanHja (A, E), 'cage A e gBoe.gemeHma 
a36yKa, A = {a, H E e TpoeaemeHmo MHOXeCTBO ge4fm4HHpamicH 
paBeHma, HmeHo 

E = {aacao-  = aaa, aacrcy = oaa, L = M} 
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	 fiiaea 3. 

'cage L H M ce crrermjamm goarm 360p0BH, HM Ho L HMa 304 6yx.BH, 

a M 608, Hma Hepetumm rrpo6nem Ha 360p0BH. OgHrnegHo HeHaTa Ha 

HamagyBatbeTo Ha 6pojoT Ha gecimimpainme paBeHcTBa e 3ronemyBathe 

Ha 6pOJOT Ha 6yKBH BO HCTI4Te. AOKa3OT H HatiHHOT Ha xoHcTpyiumja Ha 

BaKBHOT CHCTeM ce apeo6etvmH, 3a ga HajgaT csoe mecTo oBge. HgeaTa 

e nogHyBajksi og Hpe3eirragHja Ha nonyrpyna co HepenumB ripo6Hem Ha 

360p0BH, CO COOpeTHO upeTcTaByBathe Ha 6paniTe BO gBoeHemeHTHa 

a36yKa, H TpaHccloopmarmja Ha ge4ympagm4Te paBeHcTBa ga ce gojge 

oBoj cHCTeM. 

Kaxo Hoczegkura og HpeTxogHaTa Teopema IIOCTOH goxa3 Ha Hepe-

MJUMOCTa Ha rrpo6HemoT Ha 36opoBH 3a rpyru4 (H.C. HOBHKOB 1955, 

W.W. Boone 1959, J. L. Britton 1963, G. Higman 1961). Og gpyra cTpaHa, 

gOKaXaHO e og cTpaHa Ha W. Magnus, 1932, gexa KOHet1H0 Hpe3eHTHpaH-

HTe rpyrur co egHo getzimmHpainco paBeHcTBo HmaaT peuuIHB apooaem Ha 

36opom4. Kaxo INTO ce HojaByBane ripHmepH Ha nonyrpyrm co Heperunkum 

npo6.11emil Ha 36oporm, co ce nomaaxy gecimmirpaincH paBeHcTBa, Taxa ce 

go6HBahm H coogBeTHH ripHmepH 3a rpynH. Taxa, Hajmag gocera run-

HaT rrpHmep e rpyria co npe3eHTaIHja Ha gBoenemeHTHa a36yxa H 12 

gecinumpatuur paBeHcTua, xoHcTpyHpaH og B. B. Boptwos, 1969, Bp3 6a3a 

Ha npeTxogHo HaBegeHHoT 17pumep 3. 

CepuTe e oTaopeH npo6HemoT 3a nonyrpyria co egHo gecimumpaqxo 

paBeHcTBo. HaBegyBame IleKOJIKy pe3y.wraTH go6Hem4 BO HocaegHo Bpeme 

BO Taa Hacoxa, KaK0 H HeK011 pe3yHTaTH BO Bpcxa co aJIre6apCKHTe 

CBOjCTBa Ha rpyrur H nagyrppm co pellITIlli3 upo6Hem Ha 360p0BH *: 

OpvwxHa.rnurre TPY,SOSS SO KOH ce Ha014 aaT AOHa3wre Ha care Ha6poetn4 peaytrra -rm He m-H 6ea AOC -ranum, * 
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• (C. A,1(51H, 1966) flpoonemar Ha 360p0BH e penunm 3a cneu,HjaneH 

BHA moHoHnli co npe3eHTatmja (A, {w = 	HRH (A, {u = v}) Kane 
U H V imam' pa3JIHITHH nom 6yKBH H pa3JIHt.IHH HOCJICAHH 6yKBH, e e 
03Haxa 3a npa3HHoT 36op. 

• (C. Amm, r. OraHecHH, 1978) Ilp06nemar Ha 0)1.113/11HBOCT Ha npo6- 

JleMOT Ha 360posH 3a nonyrpyrn4 co enHo necimmpaqico paBeHCTBO 

ce csenyHa Ha 011.11r1HBOCT Ha npo6nem Ha 360p0BH 3a nonyrpyrm co 

npe3eHTaHHja (A, {bua = a}) H (A, {bua = ava}) Kane a, b E A, a 0 b. 

• (r. OraHearn, 1982) Ilpo6nemar Ha 360p0BH e peLLIJIHB BO nonyrpynH 

co npe3eHrragHja (A, {bua = a}). 

• (A. B. Ky3HjeHoH, 1958; W.W. Boone, G. Higman, 1974) KoHegHo 

npe3eHimpaHa rpyna (nonyrpyna) G HMa peumo npoonem Ha 

36opom aim H camo axo HOCTOH moHomopcimnam q5 : 	S Kane 

S e enHocrama nonrpyna (noTnanyrpyrra 6e3 KoHrpyeHHHH) Ha 

KoHegHo IPC3CHTMH rpyna (nonyrpyna). 

• (B.H. Neumann, 1973; R. McKenzie, R.J. Thompson, 1973) KoHetmo 

npe3eHTHpaHa rpyna (nonyrpyna) G Hma on.nyms npo6Hem Ha 

360p0BH am) G moxe ga ce mem! BO agre6apcicH 3aTHopeHa rpyna 

(nonyrpyna) S. (S e a.gre6apcm 3aTHopeHa am) ceKoja paHeffica 

co KoHcraHTH on S lc* e peamma Bo npoumpyHathe Ha S Hma 

pemeHHja Ho 5). 

cam re peva .raTwre ce npe3emeHH r),E( [26, 20, 21] HaAe ce Haofaax u cHHHH Ha Aolca3m Ira Aen oA Hane,romcre 

TrIpAema 
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Vasa 4 

Ilpeninuysainui CHCT emit 

Bo oBoj Reg Ice ce 3agpxxme Ha Re4tIHHifHifHTe Ha upeumuyBatucH CHC-

TeM H OCO6HHH Ha riperunuyBaincH cHcTemm (TepMHHangja, KoHCpayeHT-

HOCT, KOMIIJIeTHOCT, Hopmamuf clpopmm), 3aegHo co acre HeOIDCOHHH 

HOHMH. Ke 6mgaT gageHil OCHOBHHTe CBOjCTBa HoBp3aHH CO OCO6HHHTe Ha 
upermmyBatucHTe CHCTeMH H HHBHH goica3H, KaK0 H OCBpT Ha goic.axyBaffie 

Ha Tepmkmaugja Ha rrpermuryBatucm CHCTeM H ocBpT Ha nocTarucaTa 3a 

Komagempaffie Ha npenmaryBatucif CHCTeM, ogHocHo OR CHCTeM paBeHCTBa 

go6HBaffie Ha KOMMIeTeH HpermgyBamcm CHCTeM, n03HaTa KaK0 aaropx-
TaM Ha Knuth H Bendix. BCyUIHOCT, KaK0 pe3yJITaT OR Taa nocTanica 

e go5lieH ripmmepoT 3a rpynu HaBeJeH BO BOBeHOT. gecImulliglliffe Ha 
Houmwre H TeopemliTe ce gageHll cnopeg [2, 11, 18, 30]. 

73 
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4.1 Jecininnunja na npennwynagxn cncTemn n peaannn 

Bo oBoj gen rx BoBegyBame OCHOBHHTe AeCPHHHII,HI4 BO Bpcxa co npermmy-

BatIKII CHCTeMH, 
paBeHcTBa, npermmyBainuf npaBm.aa. Ilex Toa ce 3agpxy-

same camo Ha Tepmoscxx ripenvimyBaqxx cmcTemx, maxo noronem gen og 

HaBegeHaTa Teopmja ce ogHecyBa OHIIITO Ha cmcTema Ha pegymmja Ha iwe 

614.1I0 MHO)KeCTBO. 

IloHaTamy, co 'T ro 03HagyBame MHO>KeCTBOTO OR cmTe Tephm (Bo 

Hexoja cHrHaTypa I), CO g MHOXeCTBOTO OR acre 6a314=m14 Tepmm (Tepmx 

6e3 IWOMCHJIHBH). 

CeK0e upecamgBalbe OA KOHeIIHO MHOXeCTBO IIp0MeHJIHBH BO 

mHoxe-cTBoTo Tepmx ce HapeKyBa cyficCauiii.muja. 3a cyncTxTymmTe ce 

xopmcTaT MaJIH rpimli 6yium. Co E Ke &me o3HagyBaHo M.HOXeCTBOTO 

Op cmTe cyucTxTymut. AKO S e Tepm H a e cyncTmTyugja, co sa ce 

o3HatryBa TepmoT xoj ce go6m3a OA S co mcToBpemeHa 3aMeHa Ha cexoja 

OA IIp0MCHJIHBHTC OA gomeHoT Ha a BO S CO coogBeTHa C.TIHKa rrpm a. AKO 

T e mHoxecTBo Tepmm H a e cyucTmTygmja T.III. (VS, t E T)sa = to Toram 

Benkrme gexa a e yttucpuical-aop Ha T. YHHcbmcaTopoT a Ha MHO)KeCTBO 

TepmH T e Hajoiguili pazOwcafflop axo 3a cexoj gpyr ymicimicaTop T Ha T 

IIOCTOH cyncTHTyLmja p Taxa LETO T= a 0 p. 

TeopeMa 29 (TeopeMa 3a yHllcimicam4ja) 

AKO 3a MHO)KeCTBO Tepmm T HOCTOM yamcinucaTop, Toram IIOCTOM 

H Haj OIIIIIT ym4cimucaTop. 	
0 

Heim s e Tepm co gonxima (6poj Ha onepau,Hcxll, ctlymumcm4 

CHM60JIH H npomearmBH) n. Hexa og s ce 1436plamaT clue 3arpam4 H 
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3annpxn H ce go6ne Hn3a s'. Torun3a CHM60.110T (NI HITO ce Haofa Ha 
p-TO mecTo Be.anme Aexa e p - no3nnnja Ha s. Co slp  ke ro o3Hagyname 
nonTepmoT Ha s Ha nommja p (K0i HITO 3anoqHyna co onepannum cnm6aa 
Ha no)amja p HJIH e npomeHansa), a s [tip  TepmoT 111TO ce goonBa co 3aMeHa 
Ha Sip  BO S CO t. 

guinunuagja 49 EgHa 6nHapHa peaannja Ha MHOXCCTBO Tepmn T e 
apeatauyeawca pe.aataija aico e 3aTnopeHa 3a rrpHMeHa Ha KOHTCKCT H 

nHcTammparbe, T.e. 

(Vs, t, u E T)(Vp E Pos(t))(Va E E) s -4 t = u[solp  -÷ u[tajp . 	A 

HHBep3HiaTa, CHMeTpHIIHHOT 3aTsopaq, peg7IeKcHsHHoT 3aTnopaq 
H TpaH3HrnBHnoT 3aTBopaLl Ha ceicoja npeninIynagica pe.11annja ce HCTO 

Taxa npennLIIysatuKH pe.aaunn. JacHo, ceicoj a eicnimanemwja Ha MHoxeCTHo 
Tepmm lc* e npennarynatuca pe.mannja e KoHrpyeaNHja Ha aare6paTa 
TepMH. 

Ilogpegysaffie Ha Tepmx Koe e npenmuyBatuca peaannja ce Hapeigaa 
apeatauyeawco aogpegyeame. 

aetimmigmja 50 Hpaatt.ao 3a iipeawayeakbe e nap TMH H ce 3arnnuyBa 
/ 	r, ( 1, r E T). HperanuyBatucn CHCTM e nap (T, R), Kage R e 
MHO)KCCTBO npannaa 3a npernnuynaffie. 	 A 

Hexa R e mHoxecTno npanama 3a npermarynalbe. gectomvame 
npernnuy-natuca penagnja lc* ce Ao6HBa og R. 

3a TM s Beanme geKa ce apeautuyea 80 egeti tteKop go Tepm t Ha 
no3nnnja p co ynoTpe6a Ha npamilo 1 r E R axo HOCTOH cynernTygnja 
a Taloa MO Sip  = 	H t = S[rGrip . Bo TOj C.Hrlai, 3a slp  BeJIHMe 
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gexa e pegeKc. 03Hatrysame 5---3Pi, rt Ham t+-/_,T s, a noHexoram H FM 

HarymTame mexcHTe 3a HpaBanoTo H no3HusjaTa, oimocHo, HamecTo 

-+PI-+T nmuyBame camo 4R. 

PeclanexenHoTo HpomHpyBaThe Ha gecimmpaHaTa peaamija ce 

o3HagyBa co -* - R (ce tiperaiwyea eo uyna unu egen tteKop), pecipaex-

C14BHOTO H TpaH3HTHBHO rrpoumpyBatbe Ha getkumpaHaTa nperannyBaqxa 

peaalmja ce HapexyBa penatfuja Ha useegyearbe (ce upeuuwyea go) H ce 

o3HagyBa co -+* R, gogexa 44 * R e o3Haxa 3a xoupyemmjaTa reHepHpaHa 

og R. Aa 3a6eaexmme gexa 44*=--  U 'cage e HHBep3HaTa 

peaamija Ha ---÷. 
HH3a oTk rrpermaryBaFba s44*Rt ce HapexyBa goKa3 (Ha exmmaaeHT-

HOCT Ha S H t). 

jetimminklija 51 BenHme gexa Tepiarre s H t ce Koueeprau6tutuu axo 

HOCTOH gOKa3 S{ } * R t. 	
A 

3a pa3aHimH cbopmH Ha gox,a3H, yrioTpe6yBame coogBeTHH Hmkaba. 

Taxa, s--->*R u+-*R t ce HapexyBa ganuna turn apeCtutuyeauKu goKaa, BO 

KOj cariaj 3a s H t Beimme gexa ce KonciepieutTluu; s -+= R R  t ce 

HapexyBa pamen HJIH gujamaullicKu Tkoxa3, s+-R u--}R t ce HapexyBa ape, 

S4—*  R 	R t ce BHICH 

Jecimnimptja 52 TepM t e pegyt4u6uneu axo cogpxm pegexc, a upe- 

gy4u6uneu (eo uopmanua Oopma) imaxy. 	 A 

TepM s uma uopmanua 43ophia axo nocTom HpeAymi6HaeH TM t 

TAM S 	t. 

4,,,e4.4.4001.04.4.44+444.444;i4C,.,41 4* lop 4 4 00114 V u ,41 
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3a upennnryBatimoT cBcTem R Bealime geica e 3yrnaquotia.aett 
(tiop1Vsarzu3upawcu ) axo ceicoj Tepm t HMa Hopmama toopma H HOCTOH 
aaropwram co KOj ncTaTa ce orrpeBeayBa. 

4.2 CHojcTsa Ha HpermayHaininTe CHCTMH H peaamm 

Beke AectitumpaBme egHo CBOJCTBO Ha npennaryBatuu4 ckicTem, nmeHo 
CtlyHKIIHOHaJIHOCTa. lop- umoHamiocra e HajnoxcenHaTa Kapaicrepncnuca 

Ha egeH npermulyBatim4 cBcTem. 3a xa.u, ma e Heogarma H gecTo e 
mHory TelLIKO Aa ce ocTBapn. 3aToa ce 3aAp3KyBame Ha HeKOJIKy CBOiCTBa 

Ha npernnuyBatuurre cBcTemn, H BpcxliTe HHB. BCTIIHOT IleCt■HHII-

pame cBojcTBa Ha npermulyBatnune peaanim, HO, rIOHaTaMy, 6e3 noce6Ho 
HaraacyBaffie, CBOJCTBO Ha npentnnyBainca penanllja ro nokicToBeTyBame 
CO CBOJCTBO Ha nperimuyBatuu4 cBcTem OA KOj penalmjarra HacTaHyBa. 

gecimffingja 53 3a npermuyBatucaTa peaanBja BeJuime gem e: 
Church — Rosser axo 3a ceicoj goxa3 HOCTOH npermalyBatucn goica3: 

(du, v E nu +** v = (3t E u 	t 	v); 
KotiO.ayetdatia aico 3a ceicoja amaHnHa HOCTOH gomma, T.e. npermulyBaxum 
Boica3: 

(Vu, v, s E T)(u ÷- * s 	v = (3t E "T) u 	t <—* v); 
Jloxarlxo Kott0.4yetaima axo 3a ceicoj BpBHOCTOHT(OJIHHa, T.e nperniaryBatncn 
Boica3: 

(du, v, s E T) (u 	s -÷ v 	E 	u 	t 	v); 
jaK0 KOH43.11yetilritia axo 3a ceicoj BpB HOCTOH BHjamaHTcmH goxa3: 

(Vu, s E 'T)(u E— s 	v 	(at E 	u -+= t4--  v). 	A 
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	 Thaea 4. 

S 

Church-Rosser 
	KOHC1)J1yeHTHOCT 

S 

JIOKBJIHB KOH4NlyeHTHOCT jam KOHCINlyeHTHOCT 

JacHo e geica ceicoja KoHcbayeHTHa penaHHja e JIOKaJIHO KoHcilayeHTHa, 

o6paTHorro BO OMIT carraj He Hax.H. 

Ilpnmep 5 (Hindly) 
Ilperikaupaqxa penau,Hja lc* e noKanHo KoHcpayeHTHa Ho He e 

KOHCl/llyeHTlia. 

c o v  

0 

1,1 
	

11 	. 

S 
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Csojrnm 15 IlperunnyBatnca penanHja e KoHstonyenrHa axo H canto aim e 
Church- Rosser. 

Hpeg ga ro gageme goKaBoT Ha oBa TBpgeibe, Ke ce BagpxHme Ha 

gBe nomounm cBojcTBa. 

Jlema 4 3a cegoH gBe pe.nawnd a H 6 Ha mHoxecTso A Bax.H 

AA U a • 	ce *  C 

O): AACO,aCa•OC /3, co knigymwja TpHBHjanHo ce noicaxyBa 
geica (Vn E Man C 

gem 5 3a Hp0H3BOAHH Beg penagm a H Ha mHoxecno A swim: 

(a U 0) *  = a*  • (0•a* ) * . 

JoKa3 3a ga ce goica)ge " C " genoT, gOBOJIHO e ga ce yrspgH (cnopeg Jlema 
4) gega 3a 7 = a* • (0 • a*)* swim 7 = AA U (a U )3) • 7. HMaMe, 

a*  • (0 a* ) *  = (0•a* ) *  U a • a*  • (f) • a* ) *  
= AA U • a* • (0 • a*)* U a • a* • (0 • a*)* . 

= AA U (a U ,3) • a* • (3 • a*)* 

06paTHaTa Hinuly3Hja caegyBa Bemiam og geclaHH.Hu,HaTa Ha (aU /3)*. 	❑ 

,Tioxa3 (Ceojciu8o 16) Heica —> e Church - Rosser. 3Haim, 3a cegoH Asa 
TepMH, HMaMe: aico ce goHBepTH6HAHH, Toram ce KoHBepreHTHH. Cera 
Hexa x ÷-* u -4* y. Toram x H y ce KOHBepTH6HJIHH, na H KoHBepreHTHH. 

06paTHo, Heim 4> e KoHcliveHTHa. Criopeg Jlema 5 HMaMe 
+4*-,---+* • U((4--- • -4 Tin E N). 
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Co nHgrunija no n Ke goKaxceme geica 

(Vn E N)(E—• -4*) n  C--* *  • E— *  . 

3a n = 0 TnpgetbeTo e TINIBIljaJIHO 11C110JIHeTO. AKO (4— • --* * ) n  C-4 *  • +—*, 

Toram 

C • -4 *  • -4 *  • +—* 

• --)* • 4--*  

C --)* • E-•- *  • +—* 

--4 *  • (--* 

3Haqn, 44*C—>* • 	T•e• —+ e Church-Rosser. 

jetpaaagaja 54 3a npeninuynatncaTa penanHja -4 sesame geica e ep- 

multupatoca (cCapoio ttopmarzu.3upa1uca) axo He HOCT014 6ecicoHeima HH3a 

og oonnic to 	tl -4 . . . 	ti 	. • •• 
 

TepMilfflipatIKIIH 
KootnyeHTeH npennulynatucn cucTem ce HapeKyBa 

Komaitetaert. 
JaCHO e geica CeKOj KomnneTeH cHcTem e cloyHnancoHaneH, 

ceicoe npernunyuaibe HogH Ao egknicTseHaTa HopManHa 4opMa. 

TeopeMa 30 (Jlema Ha Newmann) 
Heim e Tepmffimpatuca. Toraul e KoHclanyeHTHa axo 14 canto 

axo e JI0KaJIHO KOH4:01yeHTHa. 

j0Ka3 AOBOJIHO e ga ce goKaxce gexa noxanHaTa KOHCIDJIyeHTHOCT 

noBneKyBa KoHcpayeHTHocT, ripe TepmkumpaqicH npernnuynagicH cHcTem. 
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Hen (T, R) e Tepmffimpatual npermuyBarixm cHcTem KOi e JI0KaJIHO KOH-

cilayetureH. Tpe6a Ra gorcaxeme gerca 

(Vu, v, s E 'n(u 4— *  s -4 *  v 	(at E 	u -4* t 	v). 
gOKa3OT ke ro Hmegeme CO HErgymmja (rrpH ILITO ce KOIMICTH TepmHHarrir-
jaTa Ha -O. HmeHo, getHHHpame: 

P(s) axo H camo arco(Vu, v E r)(u 4— *  s -4* v 	> (at E 	-÷* t 	v). 
HOTpe6Ho e ce rrpoHepH BHCTIIIIHTOCTa Ha THpileffieTo 

(VS E 7)((9/x E T)(s 	x 	P (x)) 	P(s)). 
Arco sEre HpermrHomeH 11.1114.5=2111JIHS=1), Toram P(s) 

e cercarco TpHBHjaJIHo HcHaaHeTa, a co Toa e noxaxaH 6a3HHoT Hexop. 

HaTaMy, Hem s E T H HeKa u, v E 'T ce Taram HIT° s -÷* u, s -4* 
v,(sOuOvOs). Toraur HOCTOjaT enemeHTH a, b E T Tarm HITO 
s a --->* u, s b -4* v. Cera, oA .11orca.rmaTa koHrmyeHTHocT, ce go6HHa 
gerca HOCTOH CE T, a --+* c, b -+* c. Groper( rurgyrrHHHaTa npeTnocTarllca 

swim P(a). 3Haim HOCTOH w E T TaKOB IIITO C -÷* w 4— *  u, OR 'cage 
caegyBa b ->* w. Co yurre erma rrpHmeHa Ha HHilykTrinHaTa npeTnocTamca 
3a b Ba)ICH P(b), na HOCTOH t E T TaKOB LIITO W 	t *---* V, ILITO 	germ 
e HCHOJIHeTO P (s). 

0 

Kaxo Hocaemura ce go6HHa 6HTeH xpfiTepHym 3a kommeTHocr. 

Hoc 	5 EgeH riperulluyHatum CHCTM e komrureTeH arco H camo arco 
e JI0KaJIHO koHcirlyeHTeH H TepMHHHpatIKH. 	 ❑ 

Karco anTepHaTrina Ha TepmHHarrHjaTa ce KOpHCTH jaKaTa KOHCIlay-

eHTHOCT. HMeHO, FO Hmame CJIeBHHOT pe3yaTaT. 

TeopeMa 31 (Jlema Ha Rosen) 
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- 

t 
Jlema Ha Newmann 

PenagmjaTa -4 e xoHcbnyeHTHa axo e jaxo xoHcbayeHTHa. 

j0Ka3 AOKa3OT HOBTOpHO ce meegyea eAHOCTaBHO CO HH;VICHHia, KONC - 

TejkH aprymeHTH Ha nonnogyBaffie, HMCHO, cocema e jacHo axo ce HMa Ha 

yM CJICAHHOT wpTex. 

'cage s -4* u e Hm3aTa s 	ui 	... -4 un_i 	s -4* e Hn3aTa 

s -4 Vi 	... -4 Urn _i -4 V 

4.3 Tepmnuagllja Ha rrepmoBain npennulyBatuill cncTem 

Ja gegmwmpanme oco6kmaTa Ha Tepmwmpatbe Ha gageH npenHluyBatuKki 

cncTem. MCTO Taxa, jaCHa e naxHocTa Ha osaa oco6kma og nemaTa Ha 

Newmann. 3a xan, TeptsuwaunjaTa e Heognytmea BO °nun cJlyslaj, ocneH 3a 

ripenmuynatnui CHCTeMH 6e3 npomeHawm. AolcaxyBalbeTo TepmnHawija 

HCTO Taxa, BO onwT cariaj, He e egHocTanHa pa6oTa H xopkicTm ronem gen 

og TeopHjaTa Ha nogpegynaffia. Bo onoj gen Ke ce 3agp>xnme Haxpamo 

h 	 H . +Hay I.) 04PA ■■ 1-I 44 hil4 11 d wl d11{. 	 ,1,1111,} 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



17peaumy6aLiKu cucCa emu 	 83 

S 

...• 

n- 1 

sArf 
C n  

JIeMa Ha Rosen 

Ha Heicox OCHOBHH meTogH H npmmepm 3a goicaxyBathe Tepmmagitja Ha 

Tepmoscicll ripermaryBainat cmcremll. HaBeReawre ripmmepm ce cnopeg 

[11, 12]. 

Aecimminxja 55 PegyKiwoco Flogpegyeatbe Ha mHoxecTBo TMH 'T e 

ceicoe goopo ocHosaHo npentmaysainco nogpegysalbe Ha T. (EgHa 
penagnj a Re go6po ocHosaHa axo He HOCTOM 6ecicoHetma HH3B al  Ra2 R . ..) 

TepmliHagmjaTa e o6e36egeHa alco 1 > r 3a ceicoe rrpaBago l —> 
r E R, 'cage > e pegyicgmcico HogpegyBaH,e. OR gpyra cTpaHa, am) (T, R) 
TepmHatipa, Toram camaTa penagmja e pegyiaoicico HogpegyBaibe. 

3aToa, 3a goicaxyBathe TepmfmagHja, noTpe6H11 HH ce goBoaHo caaHm 

pegyicglicicx nogpegynalba. Bo aitTepaTypaTa ce cpekanaaT orpomeH 6poj 

Ha pa3nwm11 pegymmucH nogpegysatba 3a goKaAysaibe Tepmmagllja. 
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OBge ICe ce 3agpx(Hme HaKpaTico Ha Hexom og 
HHB. Ma° Taxa, gecTo 

Imam, HamecTo KOHKpeTHO 
pegyiulticxo nogpegyBaHDe Ha TepMH, BCyWHOCT 

36opyBaMe 3a 14HTepripeTa1kija (npecnmxyBatbe) Ha TepaiTe Bo Hexoe 

"cTaHgapgHo" go6po nogpegeHo 
MHOXeCTBO, TaKa WTO KOHKpeTHHOT 

nperalluyBaqmi clicTem 3agoBonyBa u -4 v I2lI > Iv 1, 3a ceKom gBa Tepmm 

u H v, 'cage co Itl e o3HageHa HirrepripeTaugjaTa Ha Tepm t, a ">" e go6po 

ocHoBaHo nogpegyBaH,e Ha MHOXCeCTBOTO BO Koe rH MHTeprnpempaMe 

TepmviTe. 

ilpilMep 6 (JlynM) 
CnegamoT cHCTeM og 12 ripamna 3a npenmuyBatbe e gageH og T. 

Evans, 1951, H gaBa nocTanKa 3a orrpegenyBalbe Ha HopmanHll stopmm 3a 

arm 'rpm ciirHaTypa {•, \, /, e}. 

x\x e 

x • e 	X 

X • (x y) 	y 

(y • x)/x 	y 

xlx 	e 

e\x -4 X 

(y/x) • x 	y 

x I (y\x) 	y 

CHCTeMOT TepmHHHpa 6ligejka rrplimeHa Ha tfp0143BOJIHO npaBHno 

Ha rrpom3BoneH pegeicc Ha Tepm t ja HaManyBa ronemiemaTa (6pojoT Ha 

cmm6onii) Ha t. 

lipumep 7 Pen og TeoplijaTa Ha rpyrm) 

CHCTeMOT 

4 
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1 • x 	x 	x • 1 	x 

x -  • x 	1 	x • x -  --> 1 
1 - 	1 	(x - ) - 	x 

x -  • (x • y) 	y x • (x • y) -+ y 

Tepmnanpa 0,I( HCTHTe flpHILHHH KBKO H npeTxogHnoT. 

OBge Aa HanomeHeme gem He e BOBOJIHO ReBaTa cTpaHa Ha ceicoe 

npaBano e nogoara OR BecHaTa, 6imejiim aico nmame npaBano BO Koe Ha 

gecHa cTpaHa opegeHa npomeHAnsa ce nojaByBa noBeke nark' miming Ha 

JieBa, Ha npnmep (x • y) • z --+ y y, Toram frpmmeHa THIIOT (a• (a• (b-b)))•c 
(a• (b • b)) • (a. (b. b)) npegmBincyBa 3ronemyBakbe Ha ronemnHaTa Ha TepMOT 

(BcywHocT oBa 6apalbe e cojgpxcaHo BO geci)migHjaTa Ha npennlllyBaqxo 
uonpegyBalbe). 

HpHMep 8 (ynoTpe6a Ha nommomHa HHTeprrpeTannj a, CHM60JIHMKO )nntoep-
eHugpaibe, Lankford, 1979) 

TepmnBannja Ha cncTemoT 

	

Dt 	1 

D(const) -+ 0 

D(x + y) 

- 

Dx + Dy 

D(x x y) 

- 

(x x Dy) + (y x Dx) 

	

D(x - y) 	Dx - Dy 

D(-x) 

- 

-D(x) 

	

D(x/y) 	(Dx/y) - (x x Dy/y2 ) 

D(lnx) 

- 

Dx /x 

D(xY) -+ (y x xY-1  x Dx) + (xY x (lnx) x Dy) 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



Irma 4. 
86 

ce gokax.yna co caenHaTa nonnHomHa HHTeprrperrannja: 

Ilx +yll = 114 	11Y11 	Ilx 	Yll = 11x11 +11Y11 

11xY ll 	= 11x11+ 2 11Y11 	11 	x11 	= 11x11+ 1 

11const11 = 2 	 11t11 = 2 

11x x Yll = 11x11 +11Y11 	11x/Y11 = 11'11 + 2 110 

11134 = 11x112 	11/nx11 = 11x11 + 1 

011111TO 
nnearra 3a no.rinHomHa nifrepnpeTannja noTeKHyBa on Lankford 14 

ce COCTOH BO 
cnenHono. Ha ceKoj n-apex cnm6on on cnrHaTyparra I Ha 

T my ce npligppigna no egeH geno6poeH HOJIHHOM on n npomeHannn. 

1436opoT Ha xoecinunieHTnTe mopa na FO ocnrypa yCJIOBOT Ha MOHOTOHOCT 

H TepisnTre mopa Aa ce npec.nnicynaaT BO npnpogHn 6poenn. IloToa, mopa 

na ce goicaxce neka ceKoe npannno e pegynnpagico, onHocHo neica 3a 

ceicoe npanano / --+ r Ba)1(14: IlI — Irl e 1103HTHBeH 3a CHTe BpegHocTM Ha 

Hp0MeHJIHBHTe noragemn OR MI4H11MaJlHaTa BpenHocT Ha 6a3ntieH TepM 

(Kane co 1t1 e o3HageHa nnrepriperrannjaTa Ha TM t). BcyI IIHOCT, co onaa 

increpnpeTau,nja, npomeHninurre ce nwrepnpen4paaT BO npomeHnium Hag 

MHO>KeCTBOTO npnponm4 6poenn. 

IlocTojarr H noneke gecTo ynoTpe6ynaHn meTonn Ha geciniHnpaibe 

Ha nocaoxceHn apermarynatum nonpenynalba, np3 6a3a Ha crraHnapp114 

go6po ocHonam4 nonpenynatba. Ha KpaTKO Ke ce 3agpxnme Ha Hmon on 

HHB. HajenHocTaBeH meTon e neKomorpactxKo upounwyBaibe. Co Hero 

n no6po ocHonaHn nonpenynalta >1, >2, ... Ha mHoxecTna A i , ... , An, 

COOABeTHO, ce TpaHccbopmnpaaT BO AO6p0 OCHOBaHO nonpegynalbe (>1 

	

' • • ) > N)lex Ha gHpeKTHHOT npon3Bon A l  x 	x An , Ha caeganoT Hat1HH: 
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. • • , an)(>i, • • • , > N)lex(bl, • • • bn) 

axo a l  > 1  b1 Him a l  = b1, (a2, ••• an)(>2, • • • , >Aces (b2, • • • , bn ). 

AKO >1= ... =>n , HHILlyBaMe >lex• 

Ilpumep 9 gager' e npenHuiyHaqxm cHerem OA gm npamna: 

f (f (x)) 	g(f (x)) 

g(g(x)) -4 (x) 

HCTHOT necHo ce yogyna nexa TepmHHHpa aico ce HMa Ha ym 

nexcificorpacimcoTo nogpegyHaibe (>, >)iex  H HHTepripeTanHjam 1111 : T --
N x N onpegeneHa co: IItII = (t 1 , t2 ) , Kane t 1  e ronemknia - 6poj Ha CHM6OJIH 

BO t, a t2 e opoj Ha cHm6onH f BO TepmoT t. 

Ilpumep 10 Bo cnemmoT CHCTM ce KoplicTH nap og HffrepripeTanHH 

H neicancorpacpuco nogpegyHatbe 3a noicaxyHaffie Ha HeroHaTa TepmH-

HanHja. 

x • (y + 	(x • y) + (x • z) 

+ z) • x 	(x • y) + (x • z) 

(x • y) • z 	—> x • (y • z) 

(x+y)+z —4 x+(y+z) 

IlapoT HHTepripeTaHHH (11t11, 	e onpeneneH co 

Ilx • Yll 
Ilx + Yll 
Ilconstll = 

11x1HIY11 
114 + 	+ 1 
2 
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11x • y11' 	= 211x11' + 11Y11' 

Ilx + yII' = 2 tIxtI' +11Y11' 

liconstIV = 2 

HmeHo, npincre gne npanzna ja HamanynaaT npnaTa nwrepnperrannja, a 

BToprre grie npnaTa HC ja meHynaaT, a ja HamanynaaT BTOpaTa. 

Apyr meTog e HpounipyHathe Ha mprrustHoxecrHa. KoHegHo myn-

Tith{}10>KeCTBO (HJIH 'Taw) e npecruncynaH3e oR KOHVIHO MHO)KeCTBO S BO 

MHO)KCCTBOTO npvipogHn 6poenn. BCylEHOCT canKaTa Ha ceicoj enemeHT 

o3Hatiyna 6poj Ha nojanynakba Ha enememaT BO MyJITHMHOWeCTBOTO. 

Cera, axo > e nogpegynalbe Ha S, Toram nogpegynaffieTo Ha myn-

TnmHoxecTnaTa co enemeHnerre Ha S ce gecimmnpa Kaxo TpaH3HTHBeH 

3aTnopaq Ha penal njaTa Ha 3ameHa Ha egeH enemeHT co KoHetieH 6poj 

(moxe H Hyna) enemeHTH KOH ce Hamann og Hero BO ogHoc Ha >. 

Ilpnmep 11 CHCTeMOT COCTHBCH OR CJICAHOTO npannno (AncTpn6yrnnHocT) 

x • (y + z) —+ (x • y) + (x • z) 

ro Hanegyname KaKo npHMep 3a goicaxcynatbe Tepmimannja co nomom Ha 

myamm.HoxecTna. J4MeHO, ce gecinumpa pegyiumcKo nogpegynatbe Ha 

TepMHTe Ha cnegHnoT HatIHH. 3a cexoj Tepm KoHcTpynpame MyJITHM-

Hoxecno LIHH 
enemeHm ce n -wpm OA 6poenn. TepmoT ce apeTcTanyna 

co KopeHoco gpno og rope Hagany. Ha ceicoj HajgoneH ckim6on " • " BO 

KopeHcKoTo cTe6.no, My ce npngpy)Kyna no egHa n-TOpKa 6poenn Ha cneg- 

11140T HaqHH. Ha ceicoj cHm6o.n "•" Ha HaTOT OA HajAOJICH CI4M60J1 "•" go 

KOpeHOT Ha CTe6JIOTO COOHBCTCTByBa HO egeH 6poj - 6pojOT Ha ja3JIH BO 

I b.  
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HOTCTe6JIOTO tmj xopeHcxH cHm6on e pa3r.aegyBaHHoT cHm60a " • ". Ho-
Toa, n - Topxvife ce cnopegyBaaT RexcincorpacfrxH, a mywrHmHoxecTHaTa 

cnopej coo/BeTHoTo HfigyugpaHo nogpegysaffie. 

Taxa, Ha npHmep, TepmHTe a • ((b • c) • (d+ (e • 1))) H a • (((b • c) • d) + 

((b • c) • (e • f))) ce npeTcTaByBaaT co xopeHcm4 cTe6.4a KHKO Ha caegHaTa 

caffica H co myammHoxcecTsaTa { < 3, 9, 11 >, < 3, 9,11 > .} H < 3, 5,15 > 

• 15 

 

• 3 

a • ((b • c) • (d + f))) a • ((b • c) • d + (b • c) • (e • f)) 

, <3, 7,15 >, <3, 7, 15 >},cooJBeTHo. flpHToa, BTOpOTO MyJITHMHOXeCTBO 

e nomano, 6Hgejk.H cexoj HeroB ezemeHT e nexancorpacticm4 cTporo nomaa 

og <3, 9, 11 > xoj ce nojaByBa BO HpBOTO MyJITHMHO>KeCTBO. 

TpeT meTog e nonpeayname na naTenn. OBoj meTog TpaHcctiopmxpa 
Hp0H3BOJIHO 1106p0 OCHOBHHO nogpegyBaffie (npHopHTeT) Ha a36yKa I 

og ctlymcnliciu4 cHm6aaH BO npenknuyBatuco nogpegyBame Ha mHoxecT-

BOTO 6a3krcum TepmH so cHrHaTypa I. HgeaTa e gexa TM s Tpe6a Aa e 

noronem cexoj Tepm KOj e H3rpageH OR Tepmll HOMHJIH Or( S noBp3aHH 
CO Cl)ylIKIIIICKH CHM60JIH nomarn4 (no npHopHTeT) og xopeHoT Ha S. flpH 
Toa, unomam4 og S u  cc no)pa36Hpa peKyp3HBHo, rrpi HCTOTO nogpegy-
Baffie. gBa gageHH Tepmil s H t rip° ce cnopegysaaT no npHopHTeT Ha 

KOpelICKHOT clpyinumucH cHm6on: axo xopeHoT Ha S e co noramem frpH- 
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opt4TeT OA xopeHoT Ha t, t monce ga e noronem on s camo axo Hexoj on 

HeroaxTe nonTepmkt e noronem OR s. lipmToa, 110CTOiaT ABa OCHOBHH Tilna 

Ha nogpegynathe Ha naTexx, neHoncorpatOcHo HogkpeAyaarbe Ha HaTem ,' 

H HoApepwriatbe Ha IIaTeKH CO MyJITIIMBOXeCTBa, KaK0 H HHBHH KOM6H- 

Hauffm, OA KOHILITO HaitleCTO e xopmcTeHo TaKa HapatteHoTo peHyp3HHHo 

HoppeAyumbe Ha HaTow. 
Heim e nageHo nonpegyBarbe nO npMopHTeT ›-- Ha a36yKa I. 

llogpegyearbeirio acid-Le/at co my.alTitaatoycecCaea>-- mni ce gectniumpa 

Ha C.TlegHHOT HatiHH: 

(i) f (s i , 	, sn) >-,,,a  si , axo 1 < 2 < n 

(ii) f (.9 1 , 	, sn ) 	g(t i , 	,tm), axe f 	q, f (s i , 	, sn) >-mni t i , 	, tm  

(iii) f (s i , 	, Si, . 	, sn) ›.- nna g(si, 	t 1 , 	, t, .. , sn), axo f 	9, 

Si ›- mi l ti, 	,tk, k > 0 

(iv) f (s 1 , 	, sn) 	g(3, 1 , 	 axo f q, 71 e nepMyTaLHja 

HpnMep 12 ()HCjyHKTHBHa HopmanHa (Popma, Dershowitz, 1982) 

3a npmmep Ha ynoTpeoa Ha nonpegyBaibe Ha naTexn co MyJITHM-

HoxecTsa trpm goxawyeall,e TepmHHankij a ro naeame cne)HHOT npernilnyeatum 

cmcTem. 

x 

-1(x V y) 

-7(x A y) --4 	V 

xA(yVz) --> (xAy)V(xAz) 

(yVz)Ax -4 (xAy)V(xAz) 

4.4.10. rFR N II 
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ripmopirreToT e 3agageH co >- A r V. 

netccuKoipaOcicoirso uogpegy8al-be Ha naraeKu >-- lex  ce gectompa Ha 
CJleAHHOT HaTIHH: 

(i) f (S1, • • • , Sn) >"- lex Si, alco 1 < i < 71 

(ii) f 	, sn) 	.9(t1, • • • , tm ), axo f 	q, f (s1, • • • , sn) 	ti, • 

(iii) f (si, • • • 7 Si, • • • , Sn) ilex f (si, • • • 7 Si- 17 ti, 

S i ~ 1ex ti, f (S1, • • • , Sn) >"•lex 4+12 • • • )tn 

	tn ), aim 

(iv) , • Sn) lex 017 • • • Sm), axo f g,m < n 

(v) 	• • 7 sn) 
	

g(s i , 	, sn), aim f ti g 

OBge, 'CHICO H BO riogpegyBaffieTo co MyJITHMHOXeCTBB, pimp-

HTCTOT migyumpa nogpegyBame Ha TepMHTe, Ho nogTeporre og MOTH 

cbymumcKH cmmomi ce HogpegysaaT oA .neBo Ha gecHo, RexclucorpacbcicH. 

Ilptimep 13 3a goKa3 Ha TepmffHawija Ha cmcTemoT 

ack(0, y) —÷ succ(y) 

ack(succ(x), 0) -+ ack(x, succ(0)) 

ack(succ(x), succ(y)) --> ack(x , ack(succ(x), y)) 

3a toymagjaTa Ha Ackerman ce KopicTm Reicancorpacimco Hogpegysaffie 

Ha HaTeicH, IIpH HpliopirreT ack >-  succ. 
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Rpm peHypnumoTo HoppeayHme Ha Harem, npeg ce Ha ceKoj 

ertemeHT og I My ce gogenyBa cTaTyc - nexcxxorpaclacm4 H.JIH Ha My.TI-

THMHOXeCTBO, T.e. I ce ge.gH Ha ABC IIOXIMHO)KeCTBa Lex Id Mul. floToa 

gecimammtjarra Ha mgyugpaHoTo nogpegyBaffie e caegHaTa: 

s = f (317 • • • sm) trpo 017 • • • , tn) = t 

axo Baxit egeH OA czegHirre TpH yCJI0BH 

(i) stir Sit, 3a liel(0j i E {1, ... 

(ii) f = g H 

1. f E Lex HS >-- • rpo t1, • • • , S ›- rpo tn7 (.9 17 • • • , Sn)(trpo)/ex(t17 • • 7 tn.), 

2. f E Mul H (Si, 	sn)(-rpo)mni(ti, 	tn), 

(iii) f 	g H s >- Tpo  ti, 3a ceKoj i E 

Kora >- e mmeapHo nogpegyBme Ha I, Toram x ›- rpo  e JumeapHo 

nogpegyBathe. 14HAywipaHorro nogpegyBaibeTo e CTpHKTHO aico Mul = 0. 

OBa gocera ce ogHecyBatue Ha nogpegyBaibe Ha 6a3ttium Tepmli, a 3a 

Tepmx co npomeHABBB moxHo e Baxa getaimpaHoTo nogpegyBalbe ga ce 

nponnwit go npenffluyBatmo Co s t aico H camo axo su >- rpo  ta, 3a 

ceicoja 6a3wma cyncTirryw4ja a, HRH nalc co Tpempatbe Ha npomeagliBBTe 

KaK0 HOBH KOHCTaHTH 
Hecnopegamm co HitegeH cbyincrwcxx CHM60JI, HHTy 

ce6e BO >-. 
3a apertinuyBagicHoT cMCTeM 3a rpyrill HaBegeH BO BoBegoT, Tepmx-

Haw4jaTa ce goicaxyBa co nom= Ha egeH BHA peKyp3HBHO nogpegyBaibe 

Ha naTexx, II03HaTO KaK0 nogpegyBatbe Ha Knuth - Bendix. 

47, 
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4.4 Komn.rieimpame Ha TepmoHcHn HpenmuyHatum CHCTM 

Beie cnomHanme nexa npenknurtatncHTe CHCTCMH HI3 ce oA HHTepec 3a 
petuasalbe Ha npo6nemm Ha 360p0BH. IlpHToa, npo6nemoT ce cuenyBa Ha 

czenHouo: 3a nageHa xoHrpyeHuHja Ha icoHetiHo ripe3eHTHpaHa anre6pa 
(Bo cariajou anre6pa TepMH) Aa  ce necimmpa xomnneTeH nperffluquaincH 

cHcTem xoj ja reHepHpa HcTaTa xoHrpyeHuHja. BilnejkH, cexaxo, pa3aHtum 

npenmuysatnut cHcTemH moxce ;la reHepHpaaT HcTa penauHja, noTpe6eH 
HH e HOHMOT 3a HHBHa eKBHBaJleHTHOCT. 

geOmmuaja 56 gua Tepmoucxm nperunnyuatnui cHcTemH (T, 	(T, 
ce eicou8arzetiiiittu axo 

Cexoj icomuneTea nperunuysatum cHcTem exumaneHTeH Ha nageH 

npenanurtaxnu4 cHcTem (T, 	ce Hapexyua Heroes° KomatzeCaupatbe. 

Ce nocTauyua npatuaffieTo Awn! cexoj npennurysa=nut cHcrem Hma 

xomnneTHpalbe. Co ynoTpe6a Ha axcHomaTa Ha H36op ce no6Hua 1103- 

HTHBeff o)rouop Ha °Ha npautaffie, HO BO OIIHIT cartaj HeB03M0)KHO e 
HCTOTO Aa ce xoHerpripa anropfframcxm. HnejaTa 3a anropHTamcico icor& 

nnempatbe Ha ganeH npenHurriatum cHcTem e 6a3HpaHa Ha 17oc.aegutia 
5. BcruHocT, noafajm4 on eneH npenHuryuatum cHcTem ce o6Hnyuame 

Aa KoHcapripame Heroso icomneTHpaibe nonmpajkH rif cHTe arryarom 
BO KOH e HapymeHa noxanHaTa KOHCIlayeHTHOCT. IlocTarmaTa 3a KOM-

amempaibe Ha npeninnyualum cHcTem noTemyua on Knuth H Bendix, 

a nocTojaT H noueke nono6priaffia Ha HcTaTa BO cmHcaa Ha ectaxac-
HOCT. Haxpanco, LIITO e Hnejarra: noqHyuame co naneH TepmHHHpaincH 
npenmuyuatncH cHcTem (T, -4) H ro onpenenyuame MHO)KeCTBOTO OA acre 
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"Kpl4THT-11111 napome Ha -4, pH IMO (x, y) E T x T e KpkrripIeH nap aKo 

ja HapymyBa JioKaaHaTa KOHCIIIIyeHTHOCT T.e. HOCTOIL z E T TaKOB LUTO 

Z X, Z y, HO X H y He ce KoHBepreHTHH. JacHo, aKo oria MHOXeCTBO 

e npa3HO, Toram CHCTeMOT e KOMILTIeTeH. HO, aKo IIOCTOH KpiaTHgeH nap 

(x, y), Toram BocnocTaByBame JI0KaJIHa KOH4).TIyeHTHOCT CO goAaaatbe Ha 

eTmo oB ripammaTa x y HJIH y -+ x BoBejkH cmeTKa Tka He ce HapyLLIH Tep-

mkmaimjarra. AKO H nBeTe own npamum ja HapywyBaaT TeptvmHanHjara 

nocTanKaTa 3aBpinyBa co Heycnex, imaxy ja noBTopyBame nocTanKaTa 3a 

BaKa npolulrpeHaTa peJIaUHJa. HpIITOa, noBTopHo Hma ABe MO)KHOCTH - 

nocTanKaTa Aa 3aBpum co pe.nanHja Koja e aoKaJmo KoHcilayeHTHa H Tep-

mHHHpatiKa, omiocHo, co Kommiempaffie Ha cHcTemoT, HRH HHKoram TAa He 

3aBpum. HHaKy, jacHo e BeKa co ceKoe Tkor(aBaffie Ha apaBHao ce go6HBa 

eKBHBaJIeHTeH npenHulyBatucH cHcTem. IlpH npaKTHillia Hmanemeffragaj a 

ceKaKo e 6HreH H H36opoT Ha Kpirrimea nap BO gaAeH MOMeHT, KaK0 H 

mHory ApyrH AerraJm. 14cTaTa nocTanKa e ocooeHo noromia OA a.ure6apcKH 

acneKT, T.e. or( acnerr Ha 3aMeHa Ha CHCTeM OA paBeHcTsa (HBeHTHTeTH) 

co CHCTeM ripamum 3a npermaryBaffie. IlogHyBajkH OA CHCTM paBeHcTsa, 

AoKanicy HCTHTe ce HacotiaT H ce nplimem4 nocTanKaTa, ce Ao6HBa eBeHTy- 

allHo nperIHLUyBa`IKH CHCTeM KOJ e KommieTeH H KOj ja reHepHpa HCTaTa 

KoHrpyemmja• OBa e KopHcHo 3a anropwrammo omRIllysafhe Ha cao- 

6orkmirre anre6apcKH CTpyKTypH CO HOMOILI Ha KaHOHIIIIHH npeTcTaBmilm, 

KaKo H 3a pemaBmbe Ha rrpoonemar Ha 36opom4 BO AaAeao MHoryo6pa3He 

aiire6pH, ceKaKo AoKomg nocTanKaTa 3aBpunl co yCneX. 

Bo apogonweime Ike rH rkaBeme ocHommTe Be043HHHIIHH H cso-

jcTBa 3a rrpeuH3HO onpeTke.nyBaffie Ha nocTanKaTa 3a Kommempaffie, 6e3 

3aApxyBaibe Ha mHory TkeTa.rm. IlocTanKa e geTa.nHo o6pa6oTeHa Bo 

Ink 04110. 	• 10, 
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[2, 18, 30]. 

Aupllnkingja 57 Heica 	r H g 	ce /Ise npasma 3a npeninuyBaffie (co 

RHCjyHKTHH rrpomeHamm - no noTpe6a npemmellysaHH) H Heica a e Hajornor 

yHotincaTop Ha g H nogTepm 11 p OR / KOj He e npomeHmma. Torain BpBOT 

ra 4-L. la -+Pg,d  la[cicr], e KputT4wieti, a napoT < ro-, lo- [da]p > e Kpudiuttett 

Clap. Co C P(R) r0 o3HatlyBame MHOXeCTBOTO og acre KpHTHIIHH napoBH 

HacTaHaTH og rrpaBagaTa Ha R. A 

KpurkpieH BpB H KpHTHIleH nap 

CaegHOTO CBOjCTBO noicaxyBa gem cmTe KpHTIPIHH CHTyaLT,HH AO 

KOH mome Ra  gojgeme rrpH nposepica Ha JI0KaJIHa K01-141.11yeHTHOCT ce 

HHCTaligH OR KpHTHIIHH napoBH, T.e. KOHLWIITOT Ha KpHTIVIIIH napoBH ja 

orunnyBa KpicrwmaTa cHTyanHja Ha HajOHILIT 

Csojamo 16 Hem l l  --+ r 1 , 12 	r2  ce grie npaBkma og npermaryBatum 

CHCTeM R. Hexa p e nomignja Ha 1 1  H nogTepmoT 111,  He e npomeifaHsa. Alco 
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96 
	 Timm 4. 

HOCTOjaT cyncTHTynim 0.1  H 0.2, TaKB11 IUTO 111 pal = 120.2, Torah HOCTOH 

KplITHT-ICH nap < t i , t2 >E CP(R) H cyncTHTyugja a, Taxa IIITO t1U = 110.1 H 

t27 = 1la1[r20.2]p• 

TeopeMa 32 (TecT Ha Huet 3a JI0KaJIHa KOH4layeHTHOCT) 

EgeH npenmuyaatucH cHcTem e JIOKaJIHO KOHCPJI)TCHTeH aKO H camo 

axo arre HerOBH KpHTHLLHH napoBH ce xoHHepreHTHH. 	 ❑ 

KoHetieH npenHarysatum cHcTem Hma KOHeT-IHO MHO)KeCTBO KplITHITHH 

napom, cnopej TOa, RoxanHaTa KOHCPJIyelITHOCT e OPIrli1B0 CBOJCTBO 3a 

KOHetiHH npenkfugyaaqicH CHCTeMH. HCTO TaKa e H xomnneTHocTa, cnopeg 

,llemaTa Ha Newman 3a TepmHHuipatIKH H xoHetimi npeimmyHatncH CHC-

TeMH. TaKa, c.negHaTa TeopeMa e gHpexTHa nocaegHna og npeTxogHaTa H 

og .aemaTa Ha Newman. 

TeopeMa 33 (Knuth - Bendix) 

TepmHHHpatLKH npenmuyaatnu4 CHCTeM R e xoxc1gyeHTeH axo H 

camo axo cexoj KpHTIFICH nap <t', t" >E CP(R) e xoHaepreHTeH. 	❑ 

Bo npogormeHHe Ha xpaTxo ja gasame nocTanxaTa Ha Knuth H 

Bendix 3a icomn.geTHpa}be, lc* e 6a3HpaHa Ha apeTxogHaTa TeopeMa. 

Hexa R e xoHetieH TepMHmpatIicH npenHILIyBaLIKH clacTem. Co 

nocTanxaTa ce reHepHpa HH3a (R„In E N) xoHetmH mHoxecTaa npasana 

3a npenmuyambe, xoH ra 3agoaagyHaaT c.negHHTe yczoBH: 

(1) e Tepmiampatum H examaaJIewTeH Ha R, H 

(2) CeK0j KINITIV-Iell nap Ha R e KOHBCpfeHTefl BO Ftn+1. 

Bo nocTanxaTa 3a npecmeTyambe npe3eHTHpaHa Bo npogarme-

Hile, HcTaTa eHeHTyanHo 3aajmnyaa CO KOMHJIeTeH cHcTem coogaeTeH Ha 

cnenHcinucaugja 3agageHa co paaeHcTsa. 
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Ilocirarma 3a Kommempaffie Ha Knuth - Bendix 

Brien: 

• MHOXeCTBO ClJyHKITHCICH CHM6OJIH I H MHOXeCTBO HgeHTHTeTH E, 

• pegymnicxo nonpegyHaffie Ha Tr  

Hama: 	KOMIUleTeH Tepmoacm4 npernunyHa=um cHCTeM R 

CO OCO6HHaTa 

(Vs, t E Tr)(s 44R t 	(I, E) F- s t 

Holum 

R := 0; 
nonexa E 0 npaHH 

H36epH paaeHerso s = t on E 

pe)yIHpaj rH s H t go coonseTHH Hopmanm cpopmil s' H t' 

(Bo ogHoc Ha R) 

am) s' t' Torun 

E := E — {s = t} 

max), 

axo > Toram 

a := , := t' 

Filmic)/ axo t' > s' Toram 

a := e, 
max)/ Heycuex 

Kpaj; {am)} 

C P := {p = ql(p, q) xpwripieH nap may 
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npammarra oA R H a --+ 01; 

R = R u {a 13}; 

E=EUCP—{si t} 

Kpaj; {am)} 

Kpaj; Igogeical 

Kpaj.  

Hajrallem npoo.mem ceicaxo e onpegenyBaffie Ha nogpegyBarbeTo, 

HO Ha TOa BO MOMeHTOB BOOHLHTO He ce 3agp3KyBame. JOKa3OT Ha 

KopeKTHocTa Ha nocTanKaTa 3a Komruiempaffie e EpHIMIIHO CJIOACH H 

npB ro gan Huet, 1981. Auranim Hacom 3a AolcaxyBaffie Ha KomameTHocTa 

ce gageHn BO [2, 18]. 

=14 	 4144∎  
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raaHa 5 

Cao6omm caym H Imo5aem Ha 36opmm 

Bo oHoj gen ce 3agpxygame Ha mHoryo6pa3HeTo cayrni, ogHocHo IIITa-

jHepom nynH. ganame onHc Ha cno6ogHHTe cayrm, H pemeHHe Ha npo6- 

JICMOT Ha 360p0BH BO oHa MHOryO6pa3He, OTIHOCHO goxa3 geica HCTHOT 

e penumB KOpHCTejkil rH pe3ynTaTirre Ha T.Evans H KoHcapyx.nHja Ha 

npeninnyHatum CHCTM 3a Herogo peinasaffie. 

5.1 BOBegH11 1101IM11 

ILITajHepona nyna HJIH myna e anre6pa (L; • , 1), loge e 6HHapHa on-

epanHja H 1 e KOHCTaHTa, lc* rH 3agonagyna HTICHTHTeTHTe 

(S1) 1 • X = X 

(S2) x•y=y•x 

(S3) x • (x • y) = y 

II1TajHepog cHcTem Tpojxvi e nap (L, M) Kage L e K011et1H0 MHOXeCTBO, 

99 
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M e MHOXeCTBO TpiteRemeHTH14 nogmHoxcecTBa OA L CO CBOJCTBOTO, 3a 

ceicom a, b E L (a b) nocTom egmHergeH c E L Taxa IJITO {a, b, E M. 

JacHo e gexa ceicoj IIITajHepog cmcTem Tpojicif Ha MHOXCCTBO L OB03- 

moxyBa KoHcTpylautja Ha myna co Hocirren L U {1} 'cage 1 L, H 

o6parrHo. 3HaqH HOCTOH o6paTHa egHo3Ha1ma KopecnoHgeHgnja nomety 

IIITajHepogirre ckicTemm TpOjKH H KOHeIMHTC CJIyIIH. 

KJIacaTa mgonyTopHn KOMyTaTHBHH aynu e gecimuurpaHa co 3a-

KOHHTe: ix = x, xy = yx, xx = 1, (Vx, y)(3!z, u)(xz = y, ux = y). 

CBOjerBO 17 MHoryo6pa3lleTo caynki e BHCTHHCKO HOAMHOry06pa3He 0,11 

Kilacarra HIMOJIyTOpHH KOMyTaTHBHH 

JoKa3 Ax.o (L; • ,1) e cayna, Toram paBemcaTa ax = b 3a irpoinsoaHli 

a, b E L ama egaHcTBeHo perneHme x = ab. Bo ripogoaxeHme AasaMe 

nplimep Ha imgagyropHa KomyraTligHa .gyria KOJa He e cnyna (H Taa e 

miummaima co Toa CBOjCTB0): 

la b c de 

1 1 a b c d e 

a a 1 c d e b 

b b c 1 e a d 

c c d e 1 b a 

d d e a b 1 c 

e e b d a c 1 

IloHaTamy ro Kopmcnime TepramoT 6a3a 3a mkiHkimarmo reHepa-

TopHo mHoxecTso Ha egHa allreopa, H cao6ogna 6a3a 3a 6a3a Ha anre6pa 
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CO CBOjCTBO Ha yHilBep3aJIHO ripecmixyHaffie. Taxa, MHOXeCTBO B Heimme 
gexa e cao6ogHa 6a3a Ha myna S = (S; axo B e 6a3a H cexoe npec-
mucyHalbe oR B Ho L, xage L = (L; -,1) e myna, moxe Ha egnHcTHeH Ha'IHH 

ga ce npoumpH RO xomomop4m3am og S BO L. 

5.2 Cao6oAllil carat - Koacipymillja 1 

Hexa X e gageHo mHoxecrso. gecim4HHpame BepHra og mHoxecTsa Xi  H 

MHOXeCTBO Fx  co: 

(B1 ) 	Xi  = X , Xi+i  = Xi  U { {u , v} luO v E Xi , u v , v u} , 
Fx  = (U (Xi l i > 1 )) U {1} 1 U (Xi l i > 1). 

CBOjCTBO 18 EJIeMeHTOT x E Xi+1\ Xi HKO H camo axo x = {U, v} 3a HeKOH 

egHo3Haxmo onpegeneHH U H V TBKBH LLITO u E Xi \ 	HJIH v E Xi \ Xi_1. 

0 

gecimumpame onepagHja * Ha Fx  Ha CJIeRHHOT Ha=u4H. Axo u, 'V E 
Fx {1}, Toram 

1 U * V := 

{u , v} u v, u v, v U 

1 	U = V 

t 	V = {u, t} HJIH u = {v, t} 

H 1 * U := U, U * 1 := U, 1 * 1 := 1. 

TeopeMa 34 Fx  = (Fx; *, 1) e cAo6ogeH o6jexT Ho mHoryo6pa3HeTo c.ayrn4 

co czo6ogHa 6a3a X. 
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joKa3 Oturr.11egHo e geKa u * v = v * u. 	apoBepyHame kigeHTHTeToT 

u * (u * v) = v BO caegmme cariaki. 

1) u v, u v, v u: u*(u*v) = u* {u, v} = v, 

2) v = {u, t} : 	u*(u*v) = u* t = {u, t} = v, 

3) u = {v, t} : 	u* (u* v) = u*t = v. 

Bo ceicoj gpyr cayilaj TBp)e}beTo gfiperrHo e HCITOJIHeTO. 3Hatur, Fx  e 

cayna. 

JacHo e geica X e 6a3a Ha Fx, a Taa e H cao6ogHa. HmeHo, Heica 

(L;.,1) ecaynaHO : X --+ L enpecramyBatbe. Aectikumpame HHAyKTHBHO 

sepffra oA apecniucyBaffia (0 i  : Xi  L I i > 1) Ha caegHHoT HatmH. 

0 1  = H axo 0i  e gecim4HHpaHo, Toram 3a x E Xi+ i, 

(ki+1(x)  := 	(I:kii (xu) • Oi(v) 

x E Xi  

x = Itt,v1 E Xi+i  \ Xi 

OA Ceojcaieo 2, ci e goOpo getHHHpaHo 3a i > 1. 

Heica 0* := U(0i  1 i > 1) U 1(1,1)1. ke goKaxeme geica 0* e 

xomomopcpm3am. pa3raegysame cnegHirTe 

1) u 	v, u v, v u (u, v E Xi 3a Hexoj i > 1) : 0*(u * v) = 

0*({u, v}) = 	v1) = 0 i (u) •  0i (v) = 0*(u) • 4*(11). 

2) u = {v, t} E Xi 3a HeKOj 2 > 1 : q* (u * v) = 0* (t) = 0 i _ 1 (t) = 

(0i _ i (v) • 0i-1(t)) • 0i-i(v) = 0 i (1v,t1) • 0i _ 1 (v) = 0*(u) • 0*(v). 

OcTaHaTirre czytiati ce TpHBHjaJIHH. 	 ❑ 

CmeTajkii gexa MHO)KeCTBOTO X e goOpo nogpegeHo (T.e. 3eMaMe 

geica saxaT aKcHomirre og ZFC TeopMjaTa Ha mHo)KecTsa), ro rrpounipy-

same HCTOTO nogpegysaffie go go6po nogpegyHaffie Ha Fx , Ha caegHmoT 

•11 
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EnemeHToT 1 e Hajmaa BO Fx . Axo a, E Fx  H a HMa Homan 
6poj (napoBH) 3arpagm og 0, Toram a < 0. Axo {a, 0} {7, E FB7 

{a, 0}, {-y, 8} HmaaT HCT 6poj (HapoBH) 3arpagH H a < 0, -y < 8, Toram 
cTaBame 

{a, 0} < {7, 6} axo a < -y 111114 a = 7 < 8,14 
{7, 6} < {a, 0} axo -y < a HJIH a = 7, 6 < 0. 

CBOJCTBO 19 (Fx , <) e go6po nogpegeHo MHO)K0CTBO. 

,EloKa3 (Co HHgymmja no 6poeBH Ha 3arpagH.) Hexa A C Fx . Axo A 
cogpxil enemeHT 6e3 3arpagH, Toram HajmanHoT Bo (X U {1}) n A e Hajmaa 
BO A. 14Haxy, Hexa k > 0 e HajmannoT 6poj Ha 3arpagH Ha eaemeHT og A H 
A' = {a E A I 6pojoT Ha 3arpagH BO a e co pa3rnegyBame mHoxecTBoTo 
A" = {u E Fx  v} E A', u < v}. CHopeg HligyKTHBfia HpeTnocTama 
A" Irma Hajman enemeHT a H A"' = E Fx  I {a, v} E A'} Hma Hajmaa 0. 
Toram {a, 0} e Hajman BO A' T.e. A. 0 

rE(a yoqHme gexa axo X e pexyp3HBHo MHO)KeCTBO, Two() e H F. 

5.3 C1o6omm criynu - Kollopyiamja 2 

OBge gaBame gpyr onHc Ha cno6o)HHTe cayHH xoplicTejkH ja anconymo 

cao6ogHaTa aure6pa, T.e. agre6paTa 6a3INHH TMH g{.4} (X) = Gx 
co czo6oglla 6a3a X, Bo cHrHaTypa {., 1}. Cexoja cao6ogHa c..nyna co 
cno6ogHa 6a3a X e BcyuniocT staxTop aare6pa Ha Gx . MetyToa, Bo oBoj 
OHM xopmcmme nogmHoxecTBo Ha Gx  KaK0 HOCHTeJI Ha cao6ogHa czyna. 
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Ha iffigyKTHHeH HaqHH geckHHHpame npecinncyHaibe d : gx 	N, 

'cage N e MHOXeCTBOTO ripHpogHa 6poeHH, co: 

d(1) := 0, d(x) := 0 3a x E X, d(t1 • t2) = d(ti) d(t2) + 1. 

flpHToa, 3a d(t) ne.game geica e uc exuga Ha TepmoT t E gx• 

Co knigyicHmj a no TexciniaTa gel:pinwale npecinucyBaH)e C : G x ----+ 
Fx  Ha C.,,TlegHHOT HatIHH: 

C(t) := 

1 	 t = 1 HRH t = ti • t2, C(ti) = C(t2:1 

t t E X 

C(ti) 	t = ti • t2, C(t2) = 1 

C(t2) t = tl • t2 , C(t i ) = 1 

C(t3) t = 	t2, C(t2) = {C(ti), C(t 3 )} HRH 

t = t1 • t2, C(ti) = {C(t2), C(t3)} 

{C(4), C(t2)} t = t1 • t2 H HHegHo og npeTxogairre He nax.H 

 

CBOjCTBO 20 IlpecaincyHaffieTo C e enamopcimam. 	 ❑ 

Cera og TeopemaTa 3a xomomopclunam Hmame gxlkerC Fx• 

HOHaTaMy on-pegeayHame KaHoiHrgeH npeTcTaHHHK 3a ceKoja Kaaca. 

IlpeTnocTaByHajitH geica X e /loop() nogpegeHo, gettkumpame npec-

mucyHaffie T : Fx gx KopHcTejkH ro go6poTo nogpegygaffie Ha Fx , 

co: 

T(1) := 1, T (x) := x 3a x E X, Tau,* := T(u) • T (v) gage 

u > V. 

CBOjCTBO 21 T e HHjeicu,Hja. 

CBOjCTBO 22 TCT = T, CTC = C. 

4 4,444 444414+44444*M. * 41114Y 444 	 4 	 , 	441.1 . 
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amia3 Hen a E Fx. AKO a = 1 Hall a E X, TBNeibeTo e Tpliaijaimo 

liCHOJIHeTO. HeKa a = fu, v}, u, v E Fx, u < V. IlpeTriocTasysame gen 
THpgetherro HaxcH 3a ceicoj enemeHT Ha Fx Homan og a. 3HaqH, TCT(u) = 

T(u), TCT (v) = T(v). Toraui CT(u) = u, CT (v) = v cHopeg CeojczWeo 
22, H 6Hgejk.H a E Fx  ',Blame CT (u) # CT (v), CT (u) CT (v), CT (v) 

CT(u). C.negm, TCT (a) = TC(T(u) • T(v)) = T ({CT (u), CT (v)}) = 

T ({u, v}) = T (a). 

Cera, CTC = C e Hoc.11egkma og Ceojciii8o 22 H TCT = T. 	❑ 

3a enemeHrroT t E gx  Henume geica e pegyuupatt aico TC(t) = t. 
IlpecaincyHaffieTo R = TC ro HapeicyHame pegyKuuja. 3a6enexcHme 

geica (R(t), t) E kerC H BO ceKoja Knaca KoHrpyeHTHH enemeHTH HOCTOH 

TOILHO egeH pegyrwpaH eaemeHT Koj 6Hge KaHommeH npeTcrammx Ha 

KnacaTa. 

IlpecmucysaffieTo R rH HISIB caegfame cHojma. 

Csojerso 23 Rn = R, 3a ceicoj n > 2, H 3a ceicoH t, s E cx  HMaMe: 

(i) R(1 • t) = R(t); 

(ii) R(t • s) = R(s • t); 

(iii) R(t s) = t • s 	> R(t) = t, R(s) = s; 

(iv) R(R(t) • s) = R(t • s); 

(v) R(R(t) • R(s)) = R(t • s); 

(vi) R(t • (t • s)) = R(s). 

JoKa3 (i) H (ii) ce TWeKTHH, (v) e HocaegHHa og (iv) H (ii). 

(iii) R(t • s) = TC(t • s) = t • s HoanexyHa geica C(t • s) = {a, f3} Kane 

a < 6 , T (a) = t, T((3) = s. Cera, TC(t) = TCT (a) = T (a) = t, H Ha HCT 

HatIHH TC(s) = S. 
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(iv) OA C R(t) = CTC (t) = C(t) Ao6HHame 

  

1 	C( t) = C(s) 

C(s) 	C( t) = 1 

C(t) 	C(s) = 1 

C(1) 	C(t) = {C(s), C(1)} HRH C(s) = {C(t), CM} 

{C(t), C(8)} HHalcy 

C (R(t).$) — 

 

 

 

   

gHjaTa Ha R opocHo C. 

Heica Gx e mHoxecrHoTo peAyglipaHH TeptAH T.e. Gx = R(Gx) = 

T(Fx ). gecinumpame onepaIHja o Ha Gx co 

t o s = R(t s), (Vt, E G x). 

TeopeMa 35 Gx = (Gx; o, 1) e cao6ogHa cayna co cao6ogHa 6a3a X. 

JoKa3 Ke goicaxeme geica 6HeicH,HjaTa T e momopcimam may (Fx ; *, 1) H 

(Gx ; 0,1). 3a ceicon t, s E cx  tficerC*sikerC = (t•s)/kerC = (R(t • 

s))/ kerC = R(R(t) • R(s))/kerC = (R(t) o R(s))/kerC. OA gx / kerC Fx 

go6mBame C(t) * C(s) = C(R(t) o R(s)) H am) u = C(t), v = C(s), 

Tor am T (u v) = T(C(t) * C(s)) = T(C (R(t) 0 R(s))) = R(R(t) o R(s)) = 

R(t) o R(s) = TC (t) o TC(s) = T (u) o T (v). 

3a6ene3Kvime Aeica aico X e peicyp3HaHo mHoxecTso, Toram 

, 6kmejkli C H T ce peicyp3HHHo gectJHHHpaHH H Gx  e peicypaHHHo 

OBHOCHO C(R(t) • s) = C(t • s). 

(vi) HCTO Taxa ce warm pa3raegyHajill rK acre c.ariam BO gecloHHH- 
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MHO)KeCTBO, ripemogHo gecl)HHHpaHoTo go6po nogpegyHaffie Ha Fx  HH-

gYgnPa go6po nogpegyHatbe Ha C. 

5.4 Ilpo6aem Ha 36OpOBH 3a mnoryo6pa3HeTo CayIIII 

5.4.1 BOBegitH HOHMH H pe3yJITaTil 

Bo npogoaxeme ce 3anp)Kyname Ha pemariatbe 4VP1 3a mHoryo6pa3HeTo 

czynH. HCTHOT 3a mHoryo6pa3HeTo cum' ce cHegyHa Ha caegHoTo. Hem 
X e KoHetmo mHoxecmo H (gx; • 1) e ancouyTHo cao6ogHaTa anre6pa co 
6a3a X Ho cHrHaTypa {., 1}, T.e. gx  e anre6paTa TepmH Ho cHrHaTypa {., 1}. 
gam/ HOCTOH anropffram CO Koj 3a Hp0H3BOJIHH U, V E cx, H 1Tp0H3BOJIHO 

E = {si  ti ti  si , ti E gx , 1 < i < q, q E 	ce ympgH gam,' u a v, 'cage 
a E Congx ,a e reHeplipaHa og HgeHmTeTHTe 3a cayrni H gecinnmpatncHTe 

pe.manim og E. 

Cnopeg TeopeMa 7 aico ceicoja genymHa myna moxce ga ce cmecm 
BO myna, Toram npo6aemoT Ha 360p0BH e peaunin 3a mHoryo6pa3HeTo 
cayn.H. 

HeicommeTHa HRH ge.ayraia cayna co HocHTen G e Hemopica 
(G, • , 1, D), 'cage D C G2 , 1G E G, • : D1-->G e apec.mncynaffie H caegHHTe 
yCJI0B11 HaxaT: 

(1) (x,x)ED = x•x=1G 

(2) (x, y) E D = (y,x) E D, x•y=y•x 

(3) (x,1) E D 	x•1=x 

(4) (x, y) E D 	(x,x • y) E D, x • (x • y) = y 

CBOjCTBO 24 Cexoja Heicomnllema myna moxe ga ce cmecm BO myna. 
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108 	 Faaea  5. 

joKa3 Hexa (G, •,1, D) e gegymHa curia. 

Hexa Do  = D U {(x,x)lx E 	U 1(1, x), (x, 1)Ix E G} H Hexa 

•o Do G e geclommpaHo co 

x .0 y = x • y, (x, y) E D 

x .0 x = 1, x •01=1.0 x =x, x E G 

Taxa goomBame ge.apviHa cm/Ha (G o , • 0 , 1, D0 ) 'cage Go  = G, D C D0  C 

Ala) (Gi , . i , 1, Di ) e geatifimpaHa ge.11ymHa curia, stopmxpame Holm 

Ha caegHlioT HatmH. Heim Ci = {{x, y} x, y E Gi ,(x,y) Di }, upn 

ripermocTarma Ci (1 Gi  = 0 (vmaxy 614 3eMaJIe eKBPIBB.TIeHTHO MHOXeCTBO 

Ha Ci ) H craHame Gi+1  = Gi  U Ci . 

Aecinumpame genymlla orlepawtja • i+i  co: 

(x, y) E Di  =l x - i+ 1 y := x • i  y 

(x, y) E Gi \ Di 	x 	y := Ix, yl 

x E Gi+1 = x •i+ix:=1,x•i+1 1 = 1 •i+l x := x 

x E Gi , {x, y} E Ci = x - i+1 {x, y}  = {x, y} •i + 1 x := y 

Heim 	e MHO)KeCTBOTO Og acre naporm (x, y) E Gi+i 3a KOH 

x . j+1  y e gestHHHpaHo. 3HaqH Ga C Di+1 H Di  C Di+1. 

JacHo e geica 3a (Gi+1 , • i+i , 1, Di+1) HaxaT (1) - (3) og getammiljaTa 

Ha Aearima cayna. I'o rlpoBepyBaMe yCJIOBOT (4). 

Heim (x, y) E Di+1. Moxim ce caegHHHe carraw 

• (x, y) E Di, BO KOi c.nyigaj Baxx (4) 

• x=yEGi , Toram x . i+1  y 1 ria x . j+1  (x . i+1  y) x •i+ 1 1 = x = y 

4,14404{1444 ,41. 	WI f 	dH1 	II{ 
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Cao6ognu cayau u apo6✓zem Ha 36opoeu 	 109  

• (x, y) E Gi \ Di , Toram x• i+l y = {x, HX•i+i (x.i+i y) = 	{x, y} = 

y 

• x E Gi , y = {x, z} E Cii , Toram x • i+1  y = x • i+i 	z} = z, na 

x .i+i (x 	y) = x 	z = {x, z} = y. 

Ha OBOi HatIHH go6HBame Beplin4 og MHOXeCTBa 	> 0), Di > 

0), 	> 0) co cBojcmaTa: 

Gi  C 	Di  C 	C Di+1 , • i  C •i+1 . 

Hem 

G*Gi , D*  U Di, 	
Ui>. 	 i>. 	i>o 

i.  

Hpwroa, 3a x, y E G*, Hocron i > 0 T.ILt. x, y E Gi, 	'cage (x, y) E Di+1, 
T.e. (x, y) E D*. 3Hatm D* 	(G*) 2  ogHocHo (G*, •*, 1) e c.11yna lc* e 
upotlIHpyBarHe Ha (G, • ,1, D). 	 ❑ 

OR rtoeaeRHOTO CBOJCTBO H OR HaBegeHHoT pe3yJITaT Ha Evans 

gllpeKTHo czegyBa czegHaBa TeopeMa. 

TeopeMa 36 flpo6aemoT Ha 360p0BH e pernaRB 3a mHoryo6pa3meTo 
CJIyHH. 	 ❑ 

npHTOB, OHIHTHOT 8JIOHTM Ha Evans ocBeH HeroBaTa go6pa 

cTpaHa, OHLUTOCTB, HpHJIHITHO e KOMMICKCCH H He mHory norogeH 3a 

ynoTpe6a. Bo upogamKeHme Ke gageme gnpexTeH JIOHTM 3a peinaBaH)e 

Ha apo6..nemoT Ha 36opom BO mHoryo6pa3HeTo CJIyHH, KO] mimic BO roaema 
mepa rH 3agp3KyBa ngemTe OR aaropirrmoT Ha Evans. 
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5.4.2 TepmoHcHH upenitinyHaqHH CHCTM 3a pemasame 

Ha upo6.3emoT Ha 36oposH BO maoryo6pa3HeTo cripm 

Hexa X e KoHe .rixo mHoxecTso, (cx, •, 1) e ancoaymo ano6ogliaTa 

anre6pa Tel414 so ja3mx {•, 1} 14 Hexa E = {ti  ti si  i = 1, . . . , q, ti, si E gx} 

e KOHL HO mHoxecTso getkumpatum paseticTBa. 

Co Ax FO onfatlyBame MH0)KeCTBOTO Ax C cx x Jcx, Aecinllimpatio 

CO 

A x  = {(t,$)Ito-  sa e nimmepoic og aKatoma, 

3a Heicoja cyncTiapmja a}. 

Hem a = Cggx (EU Ax). 

Moe ga cMeTaMe geKa ti = R(ti), si = R(s i ), i = 1, .., q 6mgejim 

alco a' = Cggx  ({(R(t i ), R(s i))Ii = 1, 	, q} U Ax), Toram a = a'. 

HmeHo, (dx E cx) (x a R(x) A x a' R(x)). 

Co imgyiumja no TexamaTa d, gecimumpame npec.ugsaibe P : 

cx B(gx) co: 

P(t) := {t} 	 tExu{i} 

{t} U P(t 1 ) U P(t2) t = t1t2 

Hexa 

X' = (X U (U P(ti)) U (U P(80)) {1}. 

MHOXeCTBOTO X' e KoHetuio, Hexa n = I X' I H B = {b 1 , . , bri } e 

mHoxecmo TaxBo mTO B n X' = 0, H Hexa b : X' B e omelumja 

Koja ja npoumpysame go 6xelawja og X' U {1} so B U {1} co b(1) = 1. 
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JacHo, blxu{i} Ha egHHCTBeH HaTIHH ce npoampyBa AO moHomop-
cillnam — : gx 	gB (npH KOj camcaTa Ha x E gX  Ke ja o3HagyBame co 

E gB). flpecsacyBaffieTo -BcynniocT BprnH TpaHcxpHnusja og a36yxa X 
BO a36yxa b(X). 

3a noTpe6HTe Ha xoHcTpyiun4jaTa IIITO caegyBa BO npogoaxeHHe 

gecinnwpame gBa THna Ha rrpecaHxyBalba. Toa ce npecaHxyBaffiaTa --+/,k, 
3a 1, k E {1, .., q}, 1 > k H npecaHxyBalbaTa -4 / , 3a 1 E {1, .., q} Ha mHoxecT-
BOTO gB, orrpegezeHH HHP(yKTHBHO n0 d co: 

-41,k (x) := 

x 	 x$bl, x E B 

bk 	 x = 

R(-+1,k (X1) . —>1,k (x2)) x = Xi • X2 

x 	 x 	x E B 
(x) := 	1 	 x=b1  

R(->1  (x1). -41 (x2)) x = xi x2 

3a6eaexHme gexa eaemeHToT b1  He ce nojaByBa BO TepmoT 

-÷1,k (t) awry BO --*/ (t). 

BCyLUHOCT ome npeCJIHKyBa}ba H3BpalyBaaT 3aMCHH. ElpecaHxy-

BaH3aTa OA npBHoT THri ce cBegyBaaT Ha 3ameHyBame Ha cHTe nojaByBafba 

Ha b1  co bk  BO gageH Tepm H TaKa gO6HeHHOT TM ro pegynHpaaT, ;lo-
gexa npecaHxyBaRaTa OA BTOpHOT THri ce cBegyBaaT Ha 3aMeHa Ha cexoe 
nojaByBalbe Ha b1  co 1, H noBTopHo go6HeHHoT Tepm ce pegynHpa. 

TIpoganAyBame co oi)opmlipaffieTo Ha Beg xoHeqHH nogmHoxecTsa 
D H V 0)1 gB, D C (B • B) •B, V C BUB•B xoH 6HgaT KThr11114 BO 

nposepicaTa Ha eKBHBaJleHTHOCTa Ha Hp0H3BOJIHH 360p0BH. CJIHTIHO KaK0 
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BO 
anropwrmoT Ha Evans cPoprvmpame 3aTsopeH cHcTem ge(In4HHpaqKH 

pegal km. npHTOa, paooTHme co enemeHTH OR gB , a He co napom4, og 

npipuma IIITO BO ITp0H3BOJIHH cnyna S x = y aKo H canto axo xy = 1. TaKa, 

BCyIHHOCT, D U V npeTCTaByBa 3aTHopeH cHcTem gecimHHpaq.KH penanH11 

(ogHocHo ge4m4HHpatiKH egmunna) co Toa MTO HamecTo nap (x, y) oHge 

e 3eMeH npoH3Bog xy, a HamecTo nap (x, 1) Hmame canto enemeHT x. 3a 

gect3HHHglija Ha D, V C GB, npeTxogHo geclaHHHpame tviHoxecTHa D i , 

Vo  = 0 H HeKa Do  e yHHjaTa og cnegHHHe TpH mHoxecTHa 

Mi  = Ibi bki 1 > k, {b 1 , bk } = {b(ti),b(si)} , (t i , si ) E E} 

M2 = {bjj {b61} 	{b(ti); b(si)}, (ti,si) E E} 

M3 = {(bibk)kil t = tit2 E X', {b1, bk,b;} = {b(t), b(t i ), b(t2 )} ,1 > k}. 

;la 3HOCJUDKHNie geKa BO Do  ce 3emeHH no TpH npoH3sogH 3a ceKoe 

paseHcaTio t ti t2. 

AKO Dm , V, ce cbopmlipaHH crasame Dno  = Dm, Vm,o = Vm • AKo 

Dm ,s  e gecimumpaHo H aKo: 

(1) Dm,,nBOOffbi E Dm,s n B e enemeHToT co Hajrogem HHgeKc, 

Toram gecimmHpame 

Dm,s+i =-41 (Dm,$) {1}, Vm , s+ i = Vrn,3 U {bd. 

(Cera b1 He ce nojanyHa no Tepmwre og Dm,s+1.) 

(2) Dm ,, 	= 0, Dm ,, nB•BOOH bibk E 	nB•Be enemeHToT co 

neKcHKorpacpcKH Hajronem HHgeKc lk, Toram gecpifimpame 

Dm , s+i =—*1,k (Dm , $)\ {1}, Vrn ,s+1 =—+1,k (Vm,$) U WO. 

11  ,di 
.1, 
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Max b1  He ce HojaHysa BO TepmHTe og Dm , s  1.) 

(3) Dm ,, n B = 0, D,,,, n B • B = 0, Toraui cTaBaMe 

Dim  = Dm,35 i/m+1 = Vm,$) 

H 3aBpLuyBame co 43opmHpalbeTo Ha mHoxecTBaTa Dm ,i . 

yoimme gem Ho KoHeHeH opoj HeicopH HacTarryBa cariajoT (3) 6Hgejkm 
Dm s  n B 0 HRH Dm , s  n B • B# 0 HmrigHuHpa 	< l Dm,s 

Cera cTaBame Dm+1  = Drn' U fbibk 1 > k, (biibi2)bi3, (bi1bj2)bi3 E 
Dm' , {ti 1 ,i2 ,i3 } = {1,i, j}, {j 1 , j2 , j3 } = {k,i,j}}. (HenTa Ha BaHBaTa 
KoHcrppar,Hja e ga &mall' 3atIyBaHH HocaegHmrre OJ aKcHomliTe T.e. axo, 

Ha HpHMep, HMaMe (uv)w, (vu)t E Dm' ga ce go6He wt E D11,+1 .) Hem 
r e HaiMaJIHOT 1103HTHBeH gen opoj TaKOB INTO Dr+1 7-= Dr. Jia yoimme 
geHa BaKoB r IIOCTOH. HmeHo, mop ce HMa rrpegmg HocTanHaTa IIITO ce 
crrpoBegyBa, jacHo e caegHoBo: 1D'm l < !Dm ' H aHo IDm+i  I = Ign,1 + p , 3a 
HeHoj p > 0, Torau IDm' +1 1 < !Dm+  I — 2p = — p < 1. FIMeHo, 
aHo upH HoHcipymmja Ha Dm+1  ce gogan blbk , Toa 3HallH geHa BO Dm' cme 
',maze (bi bj )bi  H (bi bi )bk , oA HoH co geHopHTe (1) H (2) ce opmuaT b/ bk  H 

03HagyBame D = Dr+i, V = 

KOpHCHO e ga ce 3a6elle3KaT ogpegeHH pa6oTH Hon caegyBaaT OJ 

gelimummune Ha HoBoltopmHpaHHTe mHoxecTBa. 

CBOjeTBO 25 Cllegmrre Tspgetba BaxaT 3a D H V: 
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(i) DnB=DnB•B=0 

(ii) (bi bk )b;  E D 

(iii) bi  E V, (bkbi)b; E D 

(iv) 1)1 E V, bibk E V 

(v) bibk E V, (b m bi)b; E D 

(vi) bib; E V, bibk E V, (i, j) 	(1,k)  

raaea 5. 

bk , 	= 3 

{k,i, j}  

I 	{i, k} 

(i01,i01)v(j01,i0k)• 

J=ka ce 3agpxcHme manic) ,  Ha nojacHyHathe Ha TapgetbeTo gexa 

mHoxecnarra D 14 V comennyaaaT Ha 3aTHopeH CHCTeM gegmumpatixa 

paseKTHa. 3a Taa gen, illigyKTHEHO no d, gegolimpame HpecanyHa•be 

C : 	 Ha CJIegHHOT HatIHH. 

XEBUI11 

e(x)' 
	(x) 

e(xi)e(x2) x = x112  

3a cexoj x E cB. Ra 3a6e.uexcHme geica HaxcH x = e( -±), 3a cexoj x E gx • 

CBOjCTBO 26 3a cexoj xy E DU V HaxcH (e(x), e(y)) E a, H 3a cexoj 

x EV i113 swim (e(x), 1) E a. 

joHa3 Heica (bibk)b; E Do, 1 > k. Toraui e(bibk) = 	(bi)b-1  (bk), e(bi) = 

1) -1  (b j) H nocTom t E X I , t = tit2, bk, bj} = , b(ti) , b(t.2)}, arm LUTO 

tit2 a t (og peg:Lamm:mom) H tt 1  a t2, tt2 a t 1 , t i t a t2, t2t a tl 

(6Hgejkl4 Ax C a Ha e KoHrpyeHumja). HoToa bibk E Do BCyUIHOCT 3HHILH 

(e(bi ), e(bk)) E E arm (e(bk), e(bi)) E E, HpH WTO E C a. HgeHTHgeH Ha 

OBOi e H cariajoT bi E Do  irpH LIITO (e(bi), 1) E E C a. 3HaAH TapetbeTo 

HaxcH 3a Do , Vo . Heica BaXCH 3a Dm , Vm  H Hexa Haxu4 H 3a Dmo , Vm,s. 

WO V A MI6 .1,  • • • 	 I 	• 
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Aa ro yolmme cnenHoBo. AKO e(b1 ) a 1, Toram 3a ceKoj x E g, Baxcm 
e(x) a e(—> 1  (x)). 14meHo, ro KOpHCTHMe CPaKTOT 111TO a e KoHrpyeHuillja, 
na t a R(t) 3a ceicoj t E gx , a yeA0BOT e(bi ) a 1 ce cBegyBa BO oBoj caytiaj Ha 
3ameHa Ha b1  Bo x co 1. 3Hatm MICH e(x) a e(y) e(-4 1  (x)) a e(-4 i  (y)). 
On aHanormi npx=mHH, aico e(b1 ) a e(bk ), l > k, Toraw e(x) a e(--3 1 ,k  (x)), 
na e(x) a e(y) e(-4 1 ,k  (x)) a e(—} i ,k  (y)) 3a ceicom x , y E gg. 3Haqm, 
mpneffieTo Ba>KH H 3a Dm,s+i , Vm ,s4. 1 • 

IloToa, am) (bi, bi2)bi 3 , (bii  )bi3  E Dm' , {i i , i2,  i3 } = 	k}, Di, j2, i31 = 
fi, j, l}, Toram cnopeg npeTxonHo goKamaHoTo e(bi , bit ) a e(bi3 ),e(bii bi,) a e(bj3 ), 
na cnopeg necimunn4j am Ha e H KoHrpyeHTHocTa Ha a xmame e (bi b j ) a e (bk ), 
e(bi bi ) a e(k), T.e. e(bk ) ae(bi). 3Hatm, mpgeffieTo swim 14 3a Dm+i, Vm+i. 

Aeclumxpame rrpenknuyBaxucx CHCTM Ha MHO)KCCTBOTO Tepmll co 
KOHCTaHTH Og B Bo cHrHaTypa {., 1} co caegm4Te qempx memx npaBaga. 

(W PS1) t R(t) t E gmt 	R(t) 

(WPS2) bi  1 bi  E V fl B 

(W PS3) bi  bib;  EVnB•B 

(WPS4) bi  • bi  bk  (b, • bi ) • bk  E D n (B • B) • B 

Csojamo 27 Penagmjam -+ e Tepmmxpamca, ogHocHo He nocTom oecico-

Hegma Hm3a xo  xi -4  • • 

LLOKa3 gecinmlipame HHTeprrpeTagxja Ha TepmllTe og gE  Bo mHoxecTBoTo 
N3  co = (ni, n2, n3), Kage n 1  = d(t), n2  e 3614p Ha nHnexcHTe Ha 6YKBHTe 

KOH ce nojaByBaaT BO t, n3  e opojoT Ha HepegynxpaHH nonTepmx Ha t. Cera 
.neicacorpacpcicoTo nogpegyBaffie Ha N3  mgytn4paHo Og craHgapnHoTo 
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nonpegyHaffie Ha N e npenknuyHatixo nonpenyaaffie BO Koe e conp)KaHa 

peaagHjaTa 

CBOjeTBO 28 Penagmjarra 	e JIOKHJIHO KoHcpnyeHTHa, T.e. (Vx, y, z E 

gB) (3W E gg)(y E— X -4 Z 	y —>* w 	z). 

joKa3 Cnopeg Ceojc060 26, THpReffieTo e FICHOJIHeTO 3a a; E B. Hem 
x, y, z Eg B , x 	y, x 	zlly0 z. TapneffieTo HaxcH BO cure cAytiam Kora 

s[x i x 2 ]p ,y = s[xil x2] p ,z = s[xix2]7„ 3emajkH w = s[x/I x21 p . MCTO axo 

x = s[xdp  = s[xi[x2]q]p, y = s[R(xi)]p, z = s[xl [1:1(x2 )] 9 ]p , Toram 3eMaMe 

w = y. 3a6e.aexyBame neKa, =pen Ceojciaeo 26, He e MO:4CH° y Ft z ga 

ce gooHeHH OA x CO (WPS2) — (WPS4), OCBeH BO npeTxonHo HaBegeHHTe 

cariam. 

Co migyKimja no Texama ICe noKaxeme gem BaxcH H BO clue ocTa-

HaT14 Qur'an KOH ce cHenyBaaT Ha x = x i x2 , y = R(x) = R(R(x i )R(x 2 )), z 
e no6HeHo co npHmeHa Ha (WPS2), (WPS3) HJIH (WPS4) 0):( necimum-

gHjarra Ha HMaMe Beg MO)KHOCTH: y = R(x), z = zi x2 (x i  z1 ) kt 

y = R(x), z = xiz2(x 2 	z2). Ilpwroa Hmame: 

y = R(x) := 

R (x 2 ) R(x i ) 

R(x i )R(x 2 ) 

R(x i ) = R(x2) 

R(x i ) = tR(x2 ) HJIH R(xi) = R(x2)t HJIH 

R(x2) = tR(x i ) HJIH R(x2) = R(x i )t 

R(x i ) < R(x 2 ) H npeixonfurre He BaxaT 

HHaKy 

 

OA npHtmHH Ha cHmeapHja nOBORHO e ;la ce pa3r.aenaaT caegHHTe 

HeKOJIKy 11(N:tear-tali. 

.04 ,414F401.114•-•1114 ,  Ng. 	;III 	• 	e. 	II:1. 	 I 	 . 	 IA 
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1. y = 1, z = zix2. I4mame d(x i ) < d(x), x i  -+ z i , x i 	R(x 1 ), na og 
HHAyKTHBHaTa ripeTnocTama HOCTOH W1 E g B Z1 -4*  t V1, R(x1) -4* 

w1. TOraffi z = Z1X2 	ZIR(X2) -* WiR(X2) = WiR(X1) 	WIWI -4  
1. 

2. y = t, R(3: 1 ) = tR(x 2 ). 

(a) z = x 1 z2. Cera, x2 -4 Z2, X2 -4 R(x2), d(X2) < d(x), na Hocrox 
w2 E gB, z2 -4*  W2, R(x2) -4*  w2. Toram z R(Xi)Z2 = 

(tR(x2))z2 -÷* (tR(x2))w2 -4 *  (tw2)w2 -4 t. 

(6) z = zix2. Ilpwroa x i  —4 z1 , x1 -4 R(xi) = tR(x2), d(Xi) < d(x), 
Ha HOCTOH w1 E w1, R(xi) -4* wi . °Hite HOBTOpHO 

pa3rHegyHame gHe momHocrrx 

i. d(R(xi)R(x2)) < d(x): 

Toram og R(zi)R(x2) 	wiR(x2), R(xi)R(x 2 ) = (tR(x1))R(x2) 
t H og 14HgyKrxmaTa npeTnocrama x JIeMaTa Ha Newmann, 
czegyaa geKa HOCTOH w E cB, wiR(X2) —>* w, t -4 *  w. 3a-
Toa, z = zi x2 -4 *  W1X2 --4 wiR(x2) 4* w H y = t -4* w. 

ii. d(R(xi)R(x2)) = d(x): 

Osa HacTarrysa Kora x1  = R(x 1 ), x2  = R(x2) HRH pegyia4- 
jam ce cHegyHa Ha pa3pealyHaFbe KOMyTaTHBHOCT. 

HeKa x 1  = R(x 1 ), x2  = R(x2).Zna -ix i  = tx2  x x1 	z1 , 
tx 2 	Cera, aKo z 1  = tx'2  (x2 -4 x2), Toram z = z1x2 = 
(tx 12 )x2 	(tx'2 )x'2 	t = y. AKO flax z1  = t'x2(t 

Toram z = z 1 x2  = (t'x 2 )x 2 	R(t') x y = t -4 t' 	R(t'). 
Cera, HeKa R(x i ) = xi, R(x2) = x'2  (nprerroa d(xi) = 
d(4), d(x 2  = d(x2), xi = tx'2). Aa yotmme geKa aKo 
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d(R(u)) = d(u) H u 	v, Toram R(u) -4* R(v). HmeHo, 3a 

u = R(u) H 3a v = R(u) ceicalco gaxn. Heica u = uiu2, u1 -+ 

	

v = u'i u2. Co nHgyicnnja R(u i ) —>* 	 R(u) = 

R(u i )R(u2) -4* R(ui)R(u2) —> R(R(u' l )R(u2)) = R(v) HJIH 

R(u) = R(u 2 )R(u i ) --4* R(u 2)R(ui) 	R(R(u 2)R(u 11 )) = 

R(v). 3Hatili, R(x i )R(x 2 ) 	t HR(XI)R(X2) -4 *  R(zi)R(x2). 

OA npenogHo gOKB)KBHOTO 3a R(x i )R(x 2 ) swim JIOICHJIHH 

KoHcligyeHTHocr H og nemaTa Ha Newmann go6HHame geica 

HOCTOH w TILL t -4 *  w, R(ZOR(X2) --)* W. OA gpyra 

cTpaHa, x i x2 	t, xix2 -+ zix2 	R(zi)x2 	R(z1)R(x2) 

na go6ngame y = t -4* w, z = z i x 2  --4* w. 

3. y = R(xi)R(x2),z = zix2. 

HOBTOpHO nmame d(x i ) < d(x), 	xi 	R(x 1 ), na HOCTOH 

wi E GB, zi —}* wi,R(xi) -4* wi H swim y -4 *  WIR(X2), 	w112 

wiR(x2). 

HanomeHeme gem, BCyLIIHOCT, HmegyHaffierro Ha gOKa3OT Ha 

npeTxogHoTo CBOjCTBO ce cgegyBa Ha nposepxa Ha yCJIOBOT OA TeopeMa 

32, HO, Baxa HagegeHnoT goxa3 CO pa3r.aegann no) czygan apeTcTagyea 

mama Ha gOKB3OT Ha ncTaTa TeopeMa, BO OBOi KOHKpeTeH carmj. 

Cera og TeopeMa 30 H 17ocizegutfa 5 rn gooneame caegHnee Beg 

nocaeginm. 

Ilocaemma 6 PenagmjaTa e KoHclanyeHTHa. 	 ❑ 

ilocneginka 7 (Vx E GB) (3x* E B)(Vy E GB)(x -±* x* A (z* —** y 

x* = y)) 

---164.44,4■44.4.4004.41044140,t444 ft+ lotttt tt 140 	t 
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3Hatm, npenmlysaLucHor clicTem ja KMa oco6HHaTa Ha egmcmeHa 

HopmanHa cPopma Ha CeKOJ Tepm. Bo HoHaTamommoT TexcT cexage 

HopmarmaTa cpopma Ha w E GB Ke ja o3Hatp/Hame co W. 

CBojamo 29 (i) (Vx E GB) x* = R(x)*; 

(ii) (Vx,  y, z E GB) (x *  = y* 	(zx)* = (zy)* A (xz)* = (y z)*); 

(iii) (Vx, y E GB) (xy)* = 1 a x* = y*. 

joKa3 THpgeffiaTa (i) H (ii) ce jacHm. 

3a (iii), Heica x* = y*. Torah og (ii), 1 = (xx)* = 
Heica (xy)* = 1. Toram y* = (x(xy))* = (x1)* = x* 

gecinumpaMe peaagHj a Ha G b(x) co 

*. 06paTHO, 

xfiy .=> x* = y . 

Cmcmco, 	rH npegmg ripeTxomixTe cHojma, x/3y x* = y* <=> 
(xy)* = 1 <#. (R(xy))* = 1. 

OR nocaegHoTo csojcTso H gectlimmmjaTa Ha pe.galmjaTa BegHam 

ce goolma 

Iloviegllga 8 (Vx E gb(x)) x 13 R(x). 

llocaegima 9 [3 E Congb(x)• 

CBOjCTBO 30 HopMaJuiaTa itopma Ha ceicoj e.11emeHT og ceicoe oR mHoxecT-

HaTa Dm,,, VV ,, KOH ce HojaHysaaT BO gecimmumjaTa Ha D H V e 1. 
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joaa3 gmpeicrito OR geltmiligHjaTa Ha npermmyHatucHoT cHcTem Hmame 

(ex E D U V)(x *  = 1). Heim BaxH 3a cHTe x E Dm+i  U Vm+ i H 3a cHTe 

x E U Vrn , s +I• AKO X E Dm , s  U V m, S H npHToa x¢ D rn, s+1  U Vm , s +i, 

Toram HacTaHa.a egeH og czegHHHe 

1. flOCTOH bibk E Vm0 +1, -41,k (x) E Dm,s+i U 

npeTnocTaHKa bt = bic̀ H og geltimmAHjaTa Ha 

x* = (-4/,k (x))*. 

2. HOCT011 bl E Vm,s+i, —>z (x) E Dm,s+i U Vm,s+i. 

x* = (-4 1 ,k  (x) ) *. 

Toram no 

—4 1,k Hmame geica 

Toram = 1 H 

0 

Hoc 	10 (ex E Xl)t*  = b(x) * . 

AOKR3 CO 1111UK1111ja 110 Texma Ha TepM. 3a x E B U {1}, X = b(x). 

Hexa x = x i x 2 . Toram x = x i x2  npH IHTO (b(x i )b(x 2 ))b(x) E Do HJ1H 

(b(x2)b(xi))b(x) E Do . Cera no HggyierHHHaTa npurnocTaHica 	= b(x i )* 

H X.2 *  = b(X2) *  H cnopeg CE301C17160 30 H CeojcCueo 31 go6HHame 	= 

(b(x i )b(x 2 ))* = b(x)*. 	 ❑ 

TeopeMa 37 (`ix, y E gx)x a y <=>x Y. 

,IloKa3 

Heim (t i , si ) E E. Torun Hmame 	b(ti )*, 	b(si )*, H 

b(ti )* = b(si )* E B U 	6Hgejg.11 Ham b(ti )b(si ) E V HRH b(si )b(t i ) E V 

HRH HOCTOH bj E B,b(t i )bi E V, b(si)bi E V Hall b(si ),b(ti ) E V. CaegH, 

E )3. 

HoToa, aico (x, y) E A x , Torah x 3 R(x) = R(y) Y 
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IloHaTamy, og Toa imp HaHO ce KoHrpyeHuHH H oR upeTxogHoTo 
Hmame x a y 	t- Og. 

06paTHaTa mix.gy3Hja e HocaegHua og C6Oldat30 27. Hexa x, y E 
GB. OR cnomexaToTo caojcTao H og gecimmuurjaTa Ha peaarrHjaTa 
H npecmcyBarbeTo e Hmame x -4 y 	e(x) a e(y), ogHocHo og 
TpaH3HTHBHocra Ha a, x -÷* y = e(x) a e(y). Cera, 3a s, t E gx  Hmame: 
,3. 13t = s = e(g) a e(g*) = e(e) a e() = t. 	 ❑ 

HpHMep 14 Heica S e cayna 3agagexa co mHoxceerBo reHepaTopH X = 
fa, b, c, d, e} H Anioxecmo gecinumpatucif penagmli E = {(ab)c P.1 ad, (ab)d ti 
c}. Toraai mmame 

X' = {a, b, c, d, e, ab, (ab)c, ad, (ab)d} , 

H Hexa B = 	. . . b9 1, rrpH urro bi  = b(a), b2  = b(b), b3  = b(c), b4  = 
b(d), b5  = b(e), b6  = b(ab), b7  = b((ab)c), b8  = b(ad), b9  = b((ab)d). Toraui 

Do  = {b8 b7 , 603 , (b2bi )b6 , (bob2)b i , (b6bi)b2, (b6b3)b7, (b7b6)b3 , (b7b3)b6 , 
(MON, (MON, (b8b4)bi, (b6b4)bs, (b9b6)1)4, (b9b4)b6}, 

Vi  = {b8 b7 , bo b3 } 

Di  = {b7 b4 , (b2 bi )b6 , (b6 b2 )bi , (b6bi )b2 , (b6b3 )b7 , (b7 b6 )b3 , (b7b3 )b6 , 
(b4 bi )b7 , (b7 b i )b4 , (b7 b4 )b i , (b6b3)b4, (b6b4)b3, (b4b3)b6} 

V2 = {b8b4, b7b4, b9b3} 

D2 = 	(b2b0b6, (b6b2)bi (b6bi)b2, (b6b3)b4, (b6b4)b3, (b4b3)b6} 

V3 = 	b6b2, b8b4 , b7b4, b9b3} 

D3 = {(b3b2)b4, (b4b2)b3 , (b4 b3 )b2 } H KOHeITHO 

V = {b1 , b6b2 , b8b4, b7b4, b9b3} 
D = {(b3b2 )b4 , (b4b2)b3, (b4b3)b2} 
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Cera, gHpeKTHo co HOMOLII Ha npenHaryBaffiaTa ce ynipgyBa, Ha 

npHMep 3a u, v, w E cx, u = ab, v = c(ad), w = ad, geica u a v, u w. 

HmeHo, u = b i b2, v = b3 (bib4), w = bi b4 H b2, T.e. /V' = b2, noToa 

b3 (1 • b4 ) 	b3 b4 	b4b3 -+ b2, 3HaT-IH ft *  = v*, AoTkeica 7.1) * 	b4. 

3a6eneuca: IBM moxe.ne npHica3HaTa Ha 4)OpMHpa}beTO Ha mHoxecT-

Barra D H V ga ja pacKaxeme H noHHaKy, moxe6H HHTyHTHBHO nojacHo, 

co nocTanHo cl)opmHpaibe Ha egeH KoHegeH genymeH rpy11014)1 CO HOCH-

TeJI B U {1} H egHa KoHeima JIHCTB napom 06JIHK (bi, bk) H 1). 

HmeHo, BO HanonHo npa3Ha mema Ha genymeH rpynoHg co HocHTen 

B U {1} axo t = tit2 E X' ,b(t) = b1, b(t i ) = bk , b(t2 ) = bi , nononHyBame 

blbk = bi , bibi = bk , bk bi  = b1, bi bk  = b1, bZbl = bk , bk bi  = bi H, ceicaxo, 

1 • bi = bi, bi  • 1 = bi . HoToa, 3a ceKoja gectimmpaqica penanHja og E, 

gogaBame Bo nHcTaTa nap (b(ti), b(si )) H.TIH (b(s i ),b(ti)) Taxa IIITO npBaTa 

KomnoHeffra og gogagemoT nap Hma noronem HHgeicc O wropaTa. 

HoHaTamy nocTanKaTa e cnegHaTa: 3eMaMe enemeirr og aHcTaTa 

(nowropHo co nogpegyBatbe Ha enemeHTHTe TaMy) H axo e Toa enemeHT 

(14,1) ja cnopegyBame pegmlaTa Ha bi  co pegmnaTa Ha 1, ceicalco H KaaoHkrre 

(og KOMyTaTHBHOCTa, memaTa e cHmeTpirtma Bo ogHoc Ha rnamaTa gHjar-

oHana). HpHrroa, am) cme Hmane bible = b„ Toraul Ha nHcTaTa gogaBame 

(bk, b3 ), H ja oTcTpaHyBame KOMMIeTHO pegmnaTa (KonoHaTa) Ha bi , gogeica 

Bo aHcTaTa H Bo memaTa Bpamme cerge 3ameHa Ha bi  co 1. AKO nal( OJT JIHC-

TaTa cme 3emane enemeHT (bi , b3 ), Bpumme cnopeg6a (npeKnonyBaffie) Ha 

pegmnaTa Ha bi  H Ha 6HgejkH axo Herge Hemano gecinumpaHa BpegHocT 

bi bs , a HMaTIO bi bs , Toram oBa craHyBa BpegHocT Ha bi b, (H Ha bs bi, H yurre 4 

Bpe) HOCTH ce nononHyBaaT KaK0 H apeTxogHo, axo He 6Hne nonoJiHeTH). 

AKO nal( Hmane paamtnill BpeAHOCTII bibs  = bm , bi bs  = bn , ri > m, Ha 

VI 	N4194 pipx. N 401114,1101 4 , 4 	IN 
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aHcraTa HosegyHame Hap (bri , bm ) H H BO HeaaTa 'Ham H BO zHcrarra ce 
Hpam 3amella Ha bi  co bi . IlocaegHHoT go6HeH gezymeH rpynovig ogroHapa 
Ha MHOXeCTBOTO D, a nocnegHaTa ocTaaaTa JIHCTa Ha MHO)KCCTBOTO V. 
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