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IIPEXIJOBOP 

CaspeMeHa ytumep3HTeTcKa HacTaHa turranor HH3a 14 HemaTemamtumx 

npeAmeTa 3axTena ynoTpe6y BHtue MaTeMaTHKe. Ha clamo30cticKom (pupa-

TeTy Taj ce 3axTes npoul14pyje Ha C1)143HKy, XemHjy, Bmonounce HayKe, JlorHKy 

H cl)Hno30cI14jy. IloTpe6a 3a BH1110M MaTeMaTHKOM npena3H H Ha Apyre 

cpaKyaTeTe, Ha KojHMa paHHje o maTemamtumm nojmomma H memAama 

HHje &AO H14 
petal. TaKo je, Ha npHmep, Ha ilpasHOM cjoaKynTeTy Hamm 

CramcmKe, Koja 614 oAroHapana caspemeHom cmsby HayKe Hemoryha 6e3 

npioneHe Slane MaTeMaTHKe. 
IloTpe6y 3a BH1110M maremamKom KoA caytuanaua HemaTemamvapa 

Ha YHHBep3HTeTy 
y HeKoj mepH noAmHpHo je AaHattubH nporpaM cpeAtbo-

unioncKe MaTeMaTHKe. ripe 50 roAHHa nojaM clpyinutHje 6140 je no3HaT camo 

maTemamtiapHma 14 OHHM cTprubaumma tillje Cy cTpyKe, Ha npHmep TexHHKa, 
TecHo Be3aHe 3a MaTeMaTHKy. ,LIaHac je mehymm nojaM cpyHxuHje opraHcKH 

yulao y ca3Hatbe Ao6por maTypaHTa. 
Ho qaK 14 

TaKo npounipekt nporpaM cpeAtboumoncKe MaTeMaTHKe Hmje 

AoHo.rball .3a nomeHyTe rpaHe ykmep3HTeTcKe HacTane. 3aTo Ha YH14sep3H-

Temma 14 Apyrnm BHILIHM unnmama nocToje cneuHjaaHH Kypcem BHute ma-

mma-mice 3a HemaTemanviape. Y Hem ca THM nojaHHo ce y JurrepaTyPH 

Lama H143 
yn6eHHKa 13Hule MaTeMaTHKe HammeHHx oHHma tuija cTpyKa HIlje 

maTemaTHKa. Y cpncKoj HayttHoj nwrepaTypH 'moor y116eHHKa HeMa. URA) 

OBe KlbHre je pa nonytn4 Ty npammy. 
CeM onurre cTpyinte awrepaType 143 o6nacm zn4cTe H npHmetbeHe 

MaTeMaTHKe caywHo cam ce 14 cneuHjamom nwrepaTypom nocHeheHom He-
maTemarmaimma• 143 Te awrepa.Type mory ce HapoqHm Hcrahn cum Aena: 

W. Nernst und A. Schoenflies — Einfiihrung in die mathematische 

Behandlung der Naturwissenschaften. Ilpso 143Aathe 1895 r., jeAaHaecTo 1931. 

j. W. Mellor -- Higher .  mathematics for students of chemistry and 

physics. flpBO 143Aame 1902, 4TIVTO 19 13.    

R. Fueter — Das mathematische Werkzeug. TIpao Haaashe 1925 r., 

Apyro 1930. 
H Geiger und K. Scheel — Handbuch der Physik. Band III. Mathe- 

matische Hilfsmittel in der Physik. 1928,. 
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MT° ce . THqe H3narma Edirne MaTeMaTHKe 3a HemaremaTHqape y 

OBOj, Imo H y CAHLIHHM xibllrama, OHO He momce 14 He Tpe6a Aa 6yAe cTporo. 

II0HeKH ce CTaBOBH H3HOCe qax H CaCBHM 6e3 Awca3a. Y meToAHAH maTe-
mwme TaKBa je npaKCa yseAeHa oAasHo. Heno3Hasaffie eTporor H3sobelha 
He cmeTa HocopHwhasalby oArosapajyher maTemaTimor anapaTa. TaKo, 
Ha npHMep, jeAaH cpeArbowxonau monce ca se.nwaim ycnexoM HcikopHwhasaTH 
norapHTamme Ta6nHue He sHajyhm KaKO Cy H34HTM 6pojesH KOjH cToje 

y THM Ta6mwama• 
IlpHmeHe Blue maTemame, Koje HaBOAHMO y OB0j KlbH3H, H3 o6nacTH 

43H3Hxe, XemHje H Apyrnx AHawnnHHa He caqinbasajy H3naralbe maTema- 

THHKOr Aena THX Anu,Hrunma. To cy camo npiimepH 'ruse npHmeHe. 
Ma Aa je wwira 'HanHcaHa 3a HemaTemamape lbome ce gory xo- 

pHCTHTH H cTprubau,H MaTeMaTH4apH, a TaKobe H nHu,a xoja crympajy 
Swig maTemaTHxy y sehem 06Hmy H npnmenljy je y ApyrHm crpyxama. 
TIpHmeHe MaTemaTNgKHX TeOpHCKHX nojmosa y pa3nH4wrnm o6namma pa3- 

• jatuHvjy H npoAy6nvjy came 're nojmose H oxuw.rbyjy ancTpaKTHe maTema- 

THqxe meToAe. 
lipocipecopft Dr Ing I4BaH ApHos.rbesH• H Ing Jaxos XawrqHjes 614AH 

Cy TOJIHKO Ao6pH Te cy nperneAanH . TeKCT Ose xibUre H yHHHHAH MH 

H143 csojllx npHmeAa6a• )1,y6ox0 u,erbeimm xo.nerama H3pa)KaBaM HajTorumjy 

6naroAapHocT. 
IIpN H3paAH TexcTa ose xibHre MHOIO M14 je nomorao moj CHH Dr 

ApceH 514a1IMOBHh 3a ILITO cam My Hr)KHO 3axsanaH. 

23 mapTa 1944 
	

AHTOH BHJIHMOBHh 
y BeorpaAy 

P. S. 

OA 3aspwem npse peAwuwje pyxonnca ose mbHre na Ao TpeHraa 
KaA ce yxasana moryhnocT 3a ibex° urramnatbe npowno je AocTa spemeHa, 
twine oA TpH roAnHe. Y Be3I4 ca TIM, npsa ibeHa peAwuwja npeTpnena je 
HasecHe HaMeHe. CaAawfbn maTepHjan whHre cacTawbeH je oi Asa Aena. 

JeAaH Aeo seam je 3a Kypc BHuie maTemame, KOjI APAHM ose imam= 

roAHHe cTyAewinima flpHpoAHo-maTemaTHqx.or clawcynTeTa HemaTemamapHma, 
Apyrm Aeo CTOJH y se3H ca xypcom „YBOA y maTemamxy clunicy" KOjH 

cats Apacao y aeTibeM cemecTpy 1946-47 HIKOJICKe roAHHe. Ho 6e3 o63Hpa 

Ha Beay Ca M0j14M yHHBep3HTeTCKHM npeAasaamma, osa mbHra yrnasHom je 

3a,Apacana OCHOBHy csojy OCO6HHy — KHz•Hre HameibeHe HemaTemamapHma 

CBHX OHHX cnyka Koje ca maTemamom IMajy AOAHria. IIHTa01.1,14 

npema CBOjOj crpywi, Tpe6a, KaK0 npH npsom tarratby TaK0 H npH Ay6lbem 

cTyAmpakby mbHre, npema maTepHjany mitre pa31114tH4TO Aa ce noHamajy, 

4H3HqapH, Ha npHmep, Tpe6a Taj maTepHjan Aa cmaTpajy Kao, Tam) pehH, 

MaTemaTincy I, C THM Aa y Apyroj roAHHH CB0j14X cTyptja npoAy6e H 

npounve osaj maTepHjan jow, H MaTemamom II, Hap01114T0 y o6nacTH 

Ancl)epepw,HjanHHx jeAHaLuma. 06pHyT0, npHpombaux HJIH CTaTHCTlitlapH 

MOry Ce 3aA0BOADVITH, 
Hapoquro npH npsom qwramy, canto jeAHHM Aenom 

wbilre, a xacmje gory csoja 3HaHA npounipHTH H y OHHM 06aaCTI4
e. 
Ma, 

Koje cy 14M Hap0,4HTO noTpe6He, y6 CTaTHCTHKe H xopenau Y 

Klb143H ce noHerAe rosopH 14 o cTsapHma xoje H 3a crprnbaxe maTema-
THqape gory H3rneAaTH xao Heo6Hqxe, Ha npHmep; o nojmy xsaTepHHoHa. 
MebyTHm, HcTopHja HayKe cseAoqH Aa je 6aw TeopHja' xsaTepHHoHa 010- 

rpana sitAHy ynory •  ripe csera y 06nacTH 4:413Hice• I103HaT0 je, HaHMe, Aa je 

reHHjanw4 mwremamap XaMHJITOH YHCTO MaTeMaTH4KHM nyTem npeAsHAeo, 

nomohy xsaTepHuoHa, spno sammy C13143W4Ky nojaBy — xoHycHy peclwaxu.Hjy•' 

IIopeJl Tora, .6e3 ysobetba nojma xsaTeptmoHa TeopHja sewropa, Harma 

Avicaluuma qfijy BaliCHOCT, HapoquTo y 43H3Hun, H14K0 AaHac mule H
o 

 e no-

ppm, ocTaje npHmummu4 HeAospLueHa, jep ocTaje oTsopeHo nnTathe Ae- 

ibeiby Asa sexTopa. 
Y seam ca caApacajem famire Hasewhy join Hexonmo npHmeAa6a. 

KHAra caApAH Asa Aena: Bmuy maTemamy, — rnase I—IX, H YBOA y 

maTemamxy cpH3Hxy — ocTane rnase X—XIV• 	npsob ygoAtioj 

cem yonurrasaiba nojMa 6poja H Hasobetba o6nma, KOjH cToje y se3H ca 

6pojesxma, AaT je nonynapHH nperneA OH14X rpaHa maTemarkme, OA KOJHX 

cy mite Hapoqwro saxwe y MoAepHoj C4143H11,H, anH 14* je H3nararbe He-

Moryhe y xpancom xypcy• Y Apyroj maim je npH pa3sHjaiby nojMa CIVHK-

itaje 
o6paheHa rnasHa naackba He Ha cpopmaJwy cTpaHy, Bah Ha npipuy 

clayww,HoHanHe se3e H oArosapajyher npouseca. AarOpHTM14Ma AHcpepeHu,H-

parba H 
Hirrerpwwje nocseheHe cy yrnasHom Tpeha, qempTa H wecTa rnasa. 

CBaKH KO xcenH Aa ce 6a6H, 4aK H y HajCKpOMHHjOj cpopmH, BHILIOM maTe-

mamom H HaeHl4M 
npHmeHama mopa Aa casnaAa Teximxy AmcpepeHu,HPakba 

HHTerpau,Hje 6ap OHHX tlyHKIX14ja, Koje yna3e y therosy o6nacT. 3a (mama- 

saffie TOr TeXHW4KOC casnabHsw 	m ba Apepemwpma oAHocHo Hwrerpaiwje 

HaseAeHe cy Ta6niwe 3a jeAaH 14 Apyrll aarOpl4TaM KaK0 y Team TaKO H 

Ha Kpajy Lowe. Y neToj maim, rue cy HaseAeHe npHmeHe H3soAa H Awke-
pemwjana, H3naratbe ce yrnasHom octu4sa Ha HenocpeAHoj reomeTpHcaoj 

meToAH; cTporocT je )KpTBOBaHa 3a IIITO .0,IHrAeAHHjy npeTcTasy. CeAma 

rnasa, rAe cy HaseAem4 xamynaTHBHH npougcm, spno je saxma 3a spuleH.e 

KOHKpeTH14X H3paqyHasalba. Pa3yme ce HI4 osAe 1-114je moryhe 143aaraTH me-

ToAe max HI4 ca OHOM uporowhy, Koja je ycsojeHa caAa y 061414HHM cne-

u,Hja.nHllm xypcesHma. OH, KOjH 614 YKeaeo . y1H 'Ay6.1be y oArosapajyhe anro-

pHTme, mopa ce nOCJIy)KI4TM, npema noTpe6H, onunipmijam xypcesHma 
14 Ha 

OCHOBy , 11.14X 101114 AO CTp0)1(14jHX, a y npH6nHauwm paqywtma H TagHNJNX 
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pesynTaTa (ca ou,eHom rpeunce). Be3 o63Hpa Ha TO 111TO npH nporfasaisy 

nplapoA,Hxx nojasa BHtha maTemaTHKa noKa3yje csoj rnasHH 3Hatiaj 6aul y 

cacTatusalsy 11 turrerpHcaisy ArupepeHuHjanmix jeAtiatuma, y OBOM Kypcy 

THM 
jeAnatuniama morna je 60TH nocseheHa penamsHo KpaTKa ocma rnasa. 

AeseTy rnasy catunbasajy npHmeHe 14414HHTB30MaJIHOr pailyHa Ha npo6neme 

03 
pa3HHx HayKa. Mmul.sersa cam Aa je camo nomohy npHmeHa moryhe 

CXBaTOTH 
yHyTpaunbH, npHpoAHH, He ctoopmanHH cMHcao nojmosa 14414- 

1114Te3HMaJIHOF pagypa. 
CaApwaj ocTanHx masa, rAe cy HaseAeHH enemeHTH Bapnjau.HOHOr 

patiyHa, Teopoje seposaTHohe, TeopHje rpemaKa, MaTemaTime CTaTI4CTHKe 

H 
TeopHje KopenanHje, Tpe6a cmaTpaTH, c jeme cTpame, Kao maTepHjan 3a 

npounveHy H pa3sHjeHy npHmeHy 14H4:111HVITB3HMaJIHOr pagyHa, c Apyre 

cTpaHe, Kao npse KopaKe y cpopmHpalby minx crieu,Hjammx maTemaTimmx 
Ancn,HnnHHa, Koje cy noTpe6Fie oArosapajyhmm cTpruipau,Hma. 

lipocti. Dr B. B. MHWKOBHh, Ka0 peAaKTop yHHBep314TeTCKHX' yu6eH0sa,. 

nasubnso je nperneAao Apyry peAaKu,Hjy ose fasHre. Dr T. AHhenHh HCTO-

TaKo je npotawrao pyKonHc H nomorao MO y LucraH,,y KopeKTypa. 1-1:4ma Haj-

cpAatumje 3axsan.yjem Ha TpyAy K0j14 cy 3a TO yaWKWIH. 

WTamnaise KisHre je mum) ca seniumm Temohama H ca npeKHAom 

oA TpH H no meceu,a. HajcasecHHjH y nocny 6HnH cy cnara ,m, Hapoin4To 

MHpKo ByneTHh, Kome H3jasJsyjem oco6HTy 3aXBaJIHOCT. 

25. maja 1948 
y BeorpaAy 
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MABA I 

BPOJ H OBJIHK 

§ 1. HH3 nimpoixtunc 6pojesa 

,aa nH 3HaTe nopeK.no peen „6poj"? Eso oArosopa jeAHor 4m.Ko.rtora. 
Peg „6poj" je cTapocaoseHcica peg; cagysaHa je y cpncicom je34Ky; 

oHa je y eTHM0110111K0j Beak! ca rnaromm - „6pri-ja-TH" (pycKo „6pnTb") - 
cehii. Peg „6poj" magma 6H, npema Tome, saceir rum 3ape3. 

fla Koja je sem 443mehy nojMa „6poj" 14 nojMa „cehri"? ERhe HaM 
jacHo, aKO ripeTcTaimmo ce6H 0By CJ1HKy 113 )KHBOTa cTapi4x CaoseHa. fla-
cTnp XCeJIH Aa npe6pojn esoje cTaAo; yamma ApBeHH ulTarn4h H, ripenasehi4 
nomeAom ca jeAHe osge Ha Apyry, npasH 3ape3e Ha mannhy: KOJIHKO 3a-
pe3a, TOJIHKO H °saga. 3ape3 Ha urrannhy TO je 6poj. 

143 noTpe6e sa 6poja4bem HacTao je HH3 ripHpoAHmx 6pojes a: 

1, 2, 3, 4, 5, 6, ... 

Kairo je najjeAHocTasmijn Hamm 6pojaba - 6pojaffie Ha npcTHma, 
ciicTem Hausa y HH3y npi4poAHHK 6pojesa se3aH je sa 6poj AeceT, KOJIHKO 
npc-rHjy 11MaMO Ha pyKaMa. TaKo je nocTao AeKaAHH (OA AeceT) 6pojHrt 
cricTem. 

KoA nojeAmmx Hap0Aa kiMa y cricTemy 6pojesa Tparosa H OA 6poja 
npcTHjy cam Ha jeAHoj pyi..414, Ha rip. pi4mcKa 1.4144)pa V. 

43paHgy314 6poj 80 Ha34sajy quatrevingt (geTHpri nyTa AsaAeceT), IIITO 

ce HCTO TaK0 mawe AosecTH y Bev ca npeTHma - cam° caAa ca npeTHma 
Ha Horama H pyKama. 

aa. .1114 ce monce npoAyncHTH HH3 npnpo,Amix 6pojesa 6ecKpajHo? ,aaHac 
HaM To miTaffie H3rJleAa HaHBHO. TOJIHKO je jacHo Aa HH3 6pojesa Hema 
Kpaja 14 Aa je yseK moryhe Hahn 6poj KojH 614 oArosapao nponso.rmio 3a-
M11111.1beHOj KOaHKOrOA, sem4Koj MHOAHHI4 npeAmeTa. Ho OBO HHje yBeK 6H.no 
TaK0 jacHo. PaHnje je Tpe6a.no TO AOK3.314BaTH. Caa131114 CHriaKyncatirm, se-
JIHKH rptIKH maTemaTHgap, ApxHmeA (287-212 ripe name epe) Hanncao je 
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o Tome IcHTasy pacnpasy: 11CaMHTHC.• OH TiwAH y moj Aa je y AeKaAHom 

cymcTemy moryhe Ha11HHHTH•6poj 
sehH op, 6poja 3pHa necKa (necalc. —11r41.1.oc 

— ncamoc) KojH 611 ciao y nonTy Tonnico seamy Aa 6H ma morna 06y-

XBaTHTH cse 3se3Ae. 
HaupTajMO npasy (c.AHKa 1) H Ha moj cTpenHu,om osHaimmo cmep. 

Mona ca o6enemcermm cmepom nose ce o C a Ham o  CO B H H a. Ha Toj OCH 

0311aLIHMO oppebeHy Tama),  ca 0 (npso cnoso naTHHcKe peqH origo — no-

tieTaK). Y H3a6paHom cmepy oAmepumo 0,11, ose•Tatute mule nyTa HcTy  Ay- 

' 	 ? 	 • 

	5 

0 
	 A 

CA. I. BpoiHa cicana 

OBy heMO Aymckwy — Ha np., jeA,aH u,efurtimeTap y3eTH 3a jeAHHiwy. 

Kpajese oAmepemix ApicHHa o3HaqHmo ca 1, 2, 3 Fru. TaKo hello 
A06HT14 

Ha CJIHI.j11 0110 WTO ce 30Be 6pojHa cxan a. Hpasy moxceivw y 03Hameaom. 

cmepy npoppicHTH KOJIHKOCOA mceaHmo. Hmamo, Awcae, 14 reomeTpHcKH AoKa3 

Aa ce H143 npHpownix 6pojesa momce npoAymcHTH y 6ecKpajHocT. 

§ 2. OcHosHe onepanuje. YOMllTaBalbe nojma „6p0j" 

3HaMo KaK0 
ce ,spucH ca6Hpame Asa npupowca 6poja. 3 6 14 p 

TaKBHX 6pojesa 6nhe yBeK oneT npHpoAHH 6poj. 

3a ca6Hpame Asa 6poja, peuHMO 5 14 2, momcemo Ha 6pojHoj cKani4 

Ha.,11,0Be3aT14 oTceicax AB = 2 Ha oTceqaK OA =5 (cn. 1). OTcetcaK OB = 7 

oArosapa 3611py Haulm 6pojesa. AKO Hmamo H Tpehm ca6HpaK, pewamo 

BC -= 4, Tpe6a Ha Kpaj B Apyror oTce4Ka HaAose3aTH Taj 
1401314, TpehM. 

OTcetwic OC = 11, KOjH cnaja notieTaK 0 ca KpajeM nocneArber crceqica, 

oArosapa Ha 6pojHOj CKaJIH 36Hpy CBHX AaTHX 6pojesa. 

3Hamo 14 3a oAy3Hma tb e, pawby o6pHyTy ca6Hpamy. 

3a op,y3Hmatbe Ha 6pojHOj CKanH, peuHmo, Asa oA, ucecT (Cu. 2) no-

Tpe6Ho je op, Tamice 0 oAmepHTH HaAecHo wecT jewwww (OA), na 
3aTI4M 

)K 
y cynpOTHom cmepy, yneso, Ase jeAHHHue (AB). Pa3J1HKy Aaje Ay 

OB = 4. 

 

I 

 

6 
I 	> 

0 

 

B A 

Cn. 2 Onymcmwbe 

Op,y3Hmamemomce AosecTH AO HOB14X 6pojesa. To hello naKo ysupeTH 

ose KoticTpyKu,Hje. AKO BpuIHMO opy3Hmaibe, peu,mmo, 4-4, KoHcTpyKu,Hja 

noKa3aTH Aa ce noHoso spahamo y Twucy 0. AKo palmy Asa jepHaKa  

15 

6poja XeJIHMO Aa cmaTpamo Ka0 6poj, Tpe6a yBeCTH HOBH 6poj — Hyny; 
merosa 03HaKa je 0. Ilpema Tome, notieTKy 6pojHe cKane, TaLIKH 0, oAro-
sapa 6poj Hyna. 

.>Kenkimo 1114 opy3eTH sehm ripmpop,HH 6poj op Mather, Ha np. 7 OA 3 
(ca. 3), npHmeHHhemo Ha reomeTpHcKoj CKaJIH HCTH nocTynaK. OA Kpaja A 

Ca. 3. 0Ayaxmarbe Beher 6poja 0A malber. HeraTmum 6poj. Panommem4 6poj 

Pymciwe OA = 3 oAmepHhemo ymeso AB = 7. TatiKa B nemcki ca cynpoTHe 
cTpaHe oA Taqice 0 H npema Tome He oArosapa iwjeAHom op, Hama AocaAa 
I103HaTHX npmpopmix 6pojesa. AKO 1KeJIHMO paiiiHKy 143mebY matter 14 seher 

6poja Aa cmaTpaMo Kao 6poj, Tpe6a ysecTH Hose 6pojese. llowiaTo je Aa 
Cy TO HeraT Hi HH 6p ojes H. CBaKH Herancsiw 6poj Hma csojy a n c o. 
nyTHy speA HOCT 14 3HaK M14H yc. 

H113 npHpowwx 6pojesa ,I1,011yHI4J111 CMO nynom 14 HeraT14BHHM 6poje-
sHma. ,1:40601111 CMO, AaKne, F1143 

— 5, — 4, — 3, —2, — 1, 0, 1, 2, 3, 4, 5, ... 

KojH momce 611TH 6ecKpajHo npopy}KeH He camo Hap,ecHo, Hero H Ha,neso. 
Hyna oAsaja no3HTHsHe op, Herm-immix 6pojesa. 

CBH 6pojenii KOjH cnaAaiY y ropeHaseAeHH HH3 cy u e JI M 6pojesH. 
HapeAHa, Hama no3HaTa pawba, M H O /K e Fb e, 6Hno 110314THBIMX, 611.10 

HeraTHwilix uenicx 6pojesa, Aosop,“ Ao pe3ynTaTa K0j14 ce yseK H3pwicasa 
uewim 6pojeM. 

3Hamo Aa ce pe3ynTaT Ae.rtiema Asa germ 6poja He momce yseK Hapa-
MTH useamm 6pojeM. TaKo/ce, Ha rip., KOJIHEIHHK 2 :3 He HapamcaBa 1114 110- 
3HTHBHHM H14 HeraTHswim u,enum 6pojeM. Ha 6pojHoj CKal114 Tpe6a „apickwy 
jeAHHHue OC (ca. 3) nopenHTH Ha TpH jeAHaKa Aena H y3eTH A,sa, TaKBa 

Aeaa. Ta4KH M oArosapa 6poj Hose npHpoAe, Koji! ce oppebyje ca Asa uena 
6poja. To je pa3nomaK 11J114 pa3nom.ibeHH 6poj. 

'len 14 14 paanommeHH 6pojesH, 614110 1-10314THBHH, HeraTHBHH 14,1114 myna,. 
catimbasajy 3aje,AHo Knacy pauHoHan }cm( 6pojesa. 

HapeAHe pawbe ca 6pojesHma cy cTeneHosame M KopeHos a- 
e. Kao IJITO aHamo, cTeneHosame je AmpeKTHa onepawija, npH qemy y3Hmamo 

y o63Hp carcaj uenor Hano)KHoua. KopeHosame je onepacwja o6pHyTa cTe-

neHosamy. Osa onepatwja Hac oneT Aosowi Ao 6pojesa Hose npmpope. 
Y3MHMO, Ha up., KBaApaTHM KopeH 113 ABa, Tj. jl2. J1aK0 je noKa3aTH ;la 
HeMa HH uenor H11 pa3nombeHor 6poja, nopHrHyT, Ha KsaApaT p,aje 
Tatum 2. AKO Ae.IIHMO H pesynTaTe ow( onepaiwja Aa yseAemo y MaTe- 

1  
B 

/0 	1/ 
>  

C 

113 

he 
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MaTHKy, Tpe6a ysecTH Hose 6pojese —Hp aRHoHan H e. Kao ILITO je no-
3HaTO, csaKH Hpau,HoHanum 6poj mom 6HTH 143paxceti 6ecKoHa4amm Ae-
II,HMaaHHM 6pojem, awl OH He mowe 6HTH nepHoAmaH, jep ce 6ecKo-
Ha4aH nepHoAmaH AewimanHH 6poj yseK 143pawasa paRHOHaaHHM paanom-
JbeHHM 6pojeM. 

AKO 1/-2 03HatIHMO ca x, moocemo HanHcaTH x2  = 2 HJIH x2  — 2 = 0. 
&Immo Aa x 3aAoson,asa anr e 6a p cKy jeAHa44Hy ca u,e.m4m IcoecInnw-
jeHTHma. 1'13 TOr je pamora 1 aar e6 a pc K H Hpau,HoHanHH 6poj. 

Mma, meliymm, H TaKBHX Hpa0110HaJIHHX 6pojesa, KOjH HHCy pewelba 
H14 jeiHe anre6apcKe jeAHatnwe ca Realm KoeclmumjeHTHma. Tam,' ce Hpa-

LO40HaaHlt 6pOjeBH 30By T p a H c Re HA e H T H H 6pojesH. Kao ripHmep TpaHc-
u,eHAeHTHor 6poja moxemo HaBeCTH 1103HaTH 6poj X, KOjH H3pamasa oAHoc 
o6Hma Kpyra npema npe4HHKy. 3a Taj je 6poj AoKa3aHo Aa He nocrojH 
wiKaKsa anre6apcKa jeAHaHHHa ca RenHm KoeclakuwjeHTHma 1414je 614 pewee 
6ano Taj 6poj — TO je, AaKne, TpaHCu.eHAeHTHH 6poj. 

liper.neAanH CMO pa3aH4HTe 6pojese: paRHoHanHe (Rene H pa3nomn,eHe) 
Hpau,HoHanHe (anre6apcKe H TparicReHAeHTHe). 

3Hamo Aa ce y MaTemaTHRH, KaA ce He rosopH o 6pojesHma oApe- 
beHe speAHocTH, ynoTpe6Jbasajy CJI0Ba Ka0 03HaKe 6pojesa: a, b, c, 	m, 

n, 	x, y, z. Bpoj o3Ha4eH CBOBOM 30Be ce 0 II W T H 6 p ci j. HpasHna one- 
pawija ca TaKBHM 6pojesHma Aaje anr e 6 p a. 011111TH 6pojesH ce ynoTpe6- 
nvjy 3a H3pawasube oco6HHa Koje npHnaAajy He camo HeKHM nojeAHHHm 
6pojesHma Hero csHma 6pojesHma yonurre. Esc, npHmepa. HaseAeHe jeArta-
KOCTH Hapawasajy: 

(a+ b)+c =a+ (b+c) 	acoumjaTHBH14 3aKOH ca6HpaH,a, 

a+ b= b + a 	 KOMyTaTHBHH 3aKOH Ca6Hpalba, 

(ab)c= a(bc) 	 acou,i4jaTHBHH 3aKOH mHoocetba, 

ab= ba 	 KOMyTaTHBHH 3aKOH MHo)Ke}ba, 

(a+ b)c=ac+bc 
	 AVICTpH6yTHBHH 3aKOH mHowetba 

H ca6Hpalba'). 

OrauTH ce 6pojew4 ynoTpe6Jbyjy TaKobe H 3a maTem aT1414K e 

1) Aconi4jaTHHHH 3aKOH ca6HpaHsa TITAN Aa, mecTo ca6HpaH3a a ca b H AoAaaatba 

C, mmemo ripe() ca6paTH b H C (HarlHHHTH acounjagHjy) na Taj 3614p AoAaTa 6poly a. 

CaH4H0 noKa3yje H acooHjaTHHHH 3aKoH mHoAcelba y oAHocy Ha cmapme Hp0H3130Xa. 

KOMyTaTHBHH 3aKOHH ca6Hparba H mmmetba noKaayjy Aa pe3ynTaTH THX paAlba 

He 3aHHce oA peAa Kojkim ce one spine. 
)HCTpH6yTHBHH 3aKOH noKa3yje Aa y caymajy mHoAceiba 36Hpa moxemo MHO/KHJIaLt 

pacnopeAnTH Ha CBaKH nojeAHHH ca6HpaK, H3pagyHaTH AemintHqHe npoHnoAe H ca6paTH 

.A0614jeHe pe3yaTaTe.  
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o6pacu, e. CBaKH TaKas o6pasau H3pancasa nocTynaK, KOjH ce nplimeibyje 
He camo Ha nojeAHHe speAHocTH 6pojesa, Hero Ha mule speAHocT14, a noHeKaA 
H Ha me 6pojese yonurre. Taj o6pa3aR oApebyje onepaLHje Koje Tpe6a Aa 
443Bp1IIHMO ca 6pojesnma Aa 6Hcmo Ao614.414 Tpawem4 peunTaT. 

HH3 onepauHja KOjH AOBOAH Ao pemetba jeAHor npo6nema 3ose ce y 
MaTemaTHRH a nro p HT am Tor npo6nema; anropwram ce 06H4wo 43pamasa 
•omohy onwTax 6pojeBa. Kao ripHmep Hasewhemo anropwram 3a oApebHsaHse 
HajBeher aajeAHHHKor AenHoRa Asa 6poja, KflaC1440H T3B. E y Kn HA os a n-
r o p 14 T a M. 

HeKa cy a H b Asa Rena 6poja 14 HeKa je a> b. „Ream° a ca b. 

AKO ce Aubefbe cHpun4 6e3 ocTaTKa, Tj. a=bq, rAe je q Re° 6poj, 6poj b 

je HajsehH 3ajeAHH4KH AenNnaR 6pojesa a H b. Y OBOM ce AaKne cnymajy 
anropwram oApebiww-ba Tor AenHou,a csoAH canto Ha jeAHo Aarbeffie. AKO 

ce ae.ibelbe spun4 ca OCTaTKOM r, rAe je r <b,. Hmamo a = bq + r. 143 ose 
jeAHaKocTH caeAyie Aa je Hajsehm 3ajeAHH4KH AenHaau, 6pojesa a Hby 
liCTO pee H HajsehH 3ajeAHH4KH Aennnau, 6pojesa b 14 T. HoAenklmo caA 

ca r; .TaAa ce Ao6Hja 6= rqi + r, H TaKO AaKne. flpema Tome HMaMO 
jeAHaKocTH 

a --- bq + r, 

b rq,+ r„ 

r =.-riq2 + r2, 

rn-2= rn-iqn + ra• 

Y3aCTOUHH OCTa014 
r, r1 , r2, . • • , rn 

yseK npercTawbajy HH3 Ream cse malimx• 6pojesa. MopaMo 03 Tor paanora 
AohH AO ocTaTKa jeAHaKOr Hy.m. AKO je 	TaAa je npeTxo,a,m4 OCTa- 

TaK tall HajBehl1 aajeaHH4KH aeamal.4 napa 6pojesa: r„..1 	3aTHm rr,_2  

HTA. H flaj3aA 6pojeBa a 14 b. 
14cTH EyKruin,o13 J11OHTM cny)KH 3a oopebmsaH)e H aj B eh e 3 a-

jeAHHHKe mepe Ase ApK14. AKO ce npoueC 3aBpinaBa, ApKH HMajy 

aajevamy mepy, oHe cy c am e p .Tb H s e; aKo je npoRec 6ecKpajaH, oHe cy 
Ai ecaMepJbHBe searitume. 

Ha jemaKocTH (1) caeayjy jeAHaKocTH 

a 	r 	1 

(1) 

2 
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b 	 r,, I __ qi. ±...--_q1 -i----. 
r 	r 

r, 

rn2  
	= qn  + 	

rr, 
. 

ra- 1. 

rixe je 	aHo cy HenHHHHe camep.rbyme, Hao ILITO je TO.  cAriaj 3a ,a,Ha 

gena 6poja. Ha OCHOBy ripeTxoAH14x jeAHaHocTH mowemo HaLIKCaTH 

a 
- 

b 

q2+ 

qn 

143pa3 KOjH CTOjH Ha AecHoj CTpaHH 	sepfixt H H pas Aosta H„ 

3aT0 ce EyKAHAOB aaropHTam sose H anropHram HepH H H X pa 3- 

A0MaK a. KpaTKO ce ropkbH sepHAHH pasnomax osHavyje H oBaHo 

a (q; q1,  q2, 	qd. 

Y Be3H ca 6pojHom cHanom Haseathemo join HeKOAHKO Ba)KHHX 

nojmosa. 
CBaK0j Ta4KH M (Ca. 4) Ha OCH oArosopa jeAaH 6poj, mepHH 6poj 

Aplowe OM (OA I) ca oArosapajyhtim 3HaKOM: 1.103HTHBHHM, atop ce Tatm, 
M Hallam y 1103HTHBHOM cmepy OA 0, 

0 HeramsHum y cynpoTHom cnymajy. Tai 
0 	A 	M 	6poj je. KoopAHHaTa Talme M Ha. 

C.11. 4. KoopAHHaTa TanKe 	 AaTOj OCH. OBy hello KoopAHHaTy 03Ha- 

HHTH ca x. 
flpema Tome CBaKOj TatIKH Ha OCH oArosapa oApebeim 6poj, u o6p-

HyTO, csasom 6pojy oArosapa oApebeHa Tatm. 
Bpoj K0j0 CTOjH y Be3H ca TaHKOM Ha 6pojHoj CKaAH 30Be ce p e aAH H, 

cTsapHH HRH cgaaapHit 6poj, KpaTKO, cAaaap. CBaKa BeAH,H1Ha. 

Kojy momemo H3pa3HTH pea.rumm 6pojeM 30He ce CKJIPHa HenHHHH a. 

IlpHmepH CKaAapHHX: BeAHMHHa Cy: ApicHHa, nospwww, 3angemmia, maca„ 
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ryc-rHHa, TeMnepaTypa, KOAHLaitia TonnoTe, KOAHHHHa enelapHRHTeTa H 

mHoro, MHOCO ApyrHx. Helm OA THX semigHHa mory, no CBOjOj CyLLITHHH 

614TH camo 1103HTHBHe, Apyre H HO3HTHBHe H HeraTHBHe. 

Bew6arsa. I. Y jeAHaminut 2x + In =0 H3a6paTH 3a m TaKas. ueo 6poj Aa x 

6yAe: a) ueo 1103HTHBBH 6poj; b) ueo HeraTHsaH 6poj; c) pa3110MibeH 1103HTHBaH H d) 

pa3nonybeH HeraTHsaH 6poj. To HCTO ypaAHTH 3a jeAHasimy 3x + in = 0. 
2. Y jeitHawHH 	b = 0 H3a6palH 3a a H b TaKBa Asa OeJla 6poja, Aa x HMa 

oco6HHe Ha3HageHe y npeTxoAHom 3aAamy noA a), b), c) o d). 

3. HarnscaTH aare6apcKy jeARagymy ca ue.mm KoectinumjeHTHma, gHje je peulethe 

1 	 1 

	

osaj HpanHonanHn 6poj: x = —
2 

(y 5 — 1). To HcTo yPaAnTH as x =— 
3 	

— 1). 

4. 3a Kojy speAHocT n 6poj An mule Huje TpaticueHAeirraH? 

5. Ha oCHOBy KOjMX 3aKOHa H3BoAamo o6pacne: (a ±b) 2 =  

(a ± b)(a — b) = a' — b 2  ? 

6. 0613CHHT14 aaropHTam KojH H3paAasajy o6pacum: 

1 	 1 	 1 
x, = —

2 
(a, ± as), x, = — 

3 
(a, + a2  a,),x,-= -

4 
(a, + as + as ± as) 

14 H3BeCTH ycnose Aa je: a) x2  < x, < xa ; b) x2  > x, > x4; c)-7C2= x, = x4. 

7. 06jacm4TH aaropwram Koji, 143pa2casajy o6pacum: 

Y2 =1111 ,72 , 	= al a2(1 3 ,  y4 = Val a.: as a4 ,  

8. flpoTymagHTH EyKmmos anropwram nomohy oApehilsansa HajBeher 3ajeAm•mor 

460 
AenHoua 6pojesa 5460 H 213. H 	

5 
3pa3HTH painomaK 	 y o6Jucy septoHnor paanohno. 
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9. nOKa3aTH Aa nepHowiam Bepli)K1114 c13.3.110MaK x= (1;2,2,2, ...) 

Hma speAHocT 1/2. [HanomeHa: eT31311T14 X — — 	  
2 + (x — 1)]• Il

omohy For sepHAHor 
1 

pa3nomKa HapaqyHaTH qempH y3acTonHe npH6JIH)KHe spemocTH 6poja 

10. HasecTH npmmepe cKanapm4x sempirma Koje no csojoj npmpo,AH mory 614TH: 

a) camo 1103HTHBHe, b) I103HTHBHe H HeraTHEme. 

§ 3. KomnneHom 6poj. ,3,eHapToBe KooplHHaTe. mime 
BeHTopH y paBHH 

Y npeTxoAHHm H3naral-mma yno3Hann cmo ce ca peamwm 6pojesHma. 
Cap, hello npehH Ha npormsaFba jow jeAHe, Hose spcTe 6pojesa. 

IlpeTnocTasHmo Aa ce Tpamm 6poj z, KojH .Tpe6a Aa 3aA0B0JbH ycnos 

z2 = — 4. 

MetjyTHM, 1103HaTO je Aa He HOCTOjH wijeAaH -micas peaAHH 6poj KojH 

6H, nocAe AsaApHpaFba, Aao Heranismi 6poj. IlpeMa Tome 3a pewaswbe • 

= 

a' 	2ab 	b2, 

rAe cy a 1, as, a,, a4  1103HTHBH14 6pojesH, H 143BeCTI4 yLnose Aa je: a) 312 < Vs < 4; b) 

Y2 >. Y.> Y4; c) 112 = Ys = Y 4.  

y paBHH. 
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TaKBHX jeAHalituta mopamo ysecTH 6pojese HOBO npHpoAe;. TaiwanHe H M a-

rHHapHe 6 pojese. 
3a jeAHHHity Hmartutapmax 6pojesa y3HMa ce 6poj i, KOjH HMa speAHocT 

Ilomohy 'ruse jeAHHHue Asa moryha HMarkmapaa pewetba HaseAeHe 
jeAHaintHe moacemo H3pa3HTH Ca 

-I- 2 i, 	z, 	— 2 i. 

AKO jeAHatunta aa oApeblisafbe z HMa, peu,Hmo, o6.runt 

z2  — 4 z + 13 = 0, 
theHa petuetba cy 	

z, = 2 + 3 i, 	Z2  = 2 — 3 i. 

..Ro6H.rut CMO 36Hp peanHor H HmartntapHor 6poja. TaKas 36Hp je 
KOMILKeKCHH 6 p oj -(Kpanco —KOMilneKC) 111111 HMarHHapHH 6poj y 
unipem cmticay ose pant. 

Y 0flLUTM 06JIHKy KOMMeKCHH 6poj H3rneAa OBaK0 

Z x y 

rAe cy x H y ABa. peanHa 6poja, a i, Kao yseK, HmarkmapHa jeAHHHua., 
HaupTajMo caA y paBHH Ase ynpasHe npase (ca. 5, a) 14 csaKy oA H314X 

npeTsopHmo y ocy. flpeceK 0 y3MHMO 3a riomeTaK Ha jeAHoj H Ha Apyroj 
OCH. Ha jeAHoj oA OBHX OAMepHMO AyacHHy 0M 1 , Koja oArosapa 3HaKOM H 

BeJIMHHOM peanHom 6pojy x, Ha Apyroj Ayauttly OM, ca speAmouthy 6poja 
y. Kpos TatiKy M, nosyultmo npasy napanenHy ca 0M 2, a Kpoa TatiKy M2  

— nPasy napaaemy ca OM,. Ta4 Ka M npeceKa OBMX napanena oArosapa 
KomnaeKcHom 6pojy Osy reomeTpHcKy npeTcyasy npsH nyT je Aao 
Aprau (1806 r.). 

Ase oce Ox H Oy ca aajeAHmKtim not-le -mom Lame AeKapTos K o-
OpAHHaTHH c H cTem y p asH H. BeaHLuaHe X H y cy ,3,eKapTose Ko-
opAHHaTe Ta4Ke M y pastut: X — an canc a, y opAHHaT a. Came oce 
3osy ce: jema — ancuttcHa oca Ham x - oca HAM, Haj3aA, Ox oca; Apyra 
— opAHHaTHa oca, y - oca max Oy oca. KoopAHHaTe TaltKe rutuiy ce Haa 
osHaKe Tamte y sarpaAH: M (x, y). Ha np., P (2, 3), Q(— 0, 4; 5, 2). 

CsaKom napy pearantx 6pojesa x, y oArosapa oApebeHa Tatuta paBHH 
H, o6pHyTo, CBaK0j TaLIKH M paBHH oArosapa nap oApebeiutx pea.rutx 6pojesa. 

flotteTaK KOOPAHHaTa, Ta4Ka 0, HMa 3a KOOpAHHaTc 0 H 0, Tj. 

O (0, 0). 'Tatute Ha . Ox OCH HMajy 3a KoopAHHaTe: M 1  (x, 0), Ha Oy oat 

CHOjHMO nageTaK KoopAHHaTa 0 ca TaLIKOM M. Ha' Ao6HjeHoj ,ityxcia 

yrspAHmo cep OA 0 npema M H 03HaMHMO ra mentutom (ca. 5, a). TaKo 
hemo AO6HTH jeAaH HapO4HTH reomeTpHout 
06AHK -- Apt( oApebeHor cmepa. 

Taj 06.THIK — Apt( oApebeHor cmepa 
— acme ce seKTop (IlaTHHCKa peg vector 
3Ha4t: OHO WTO HOCH HIM Brie). Tatum 0 
je notieT a K, a M— Kpaj seKTopa. 

BHAHMO Aa CBaKOM KOMHZeKCHOM 6po- 
jy oArosapa seKTop. 

Penutmo caA nomohy ,E[eKaprostax Ko-
op,a,HHaTa Asa saAaTKa. 	 b 

1. aaTe cy Atte TatiKe, M 1 (x1 , y1) H 
M2(x2, y2). 0ApeAHTH HAIXOBO pacTojatbe 

MiM2= d• 
AKO 143 TattKe M 1  CH)7CTHMO Hopmany 

Ha OpAHH3Ty Talute M2  (ca. 5, b), H3 npa- 
soyrior Tpoyrna M,M,N, ca KaTeTaMa 	0 
M1N = x2 -- xl  H NM, =- y, — y1 ,  Hmamo He-
nocpeAHo, Ha ocHosy FIBTaropHfie Teopeme, 

d=d-11-(x2 —  x1) 2 + (Y2 Y1)2 * 

Y cneu,HjaaHom cayfiajy, KaAa ce oApe-
Yje pacTojatbe d ma."Koje TaliKe M(x, y) oA 

nomeTKa KoopAHHaTa, Hmamo o6pa3au 

c 	-1-11 x2 	y 2. 

2. ,LIATe cy Atte Tamce, M,(x l, yi) H 

M2(x,, y2). 0ApeAHTH KoopAHHaTe TatiKe 
M(x, y) KOja AenH AaTy molt. M 1M2  y AaToj paamepH m:n X. 

AKO 03Ha4HMO ca M,', M', M," (ca. 5, c) noAHmja.,opAHHaTa oArosa-
pajyhmc TamaKa, Ha ocHosy Teopeme o nponopaHoHanHocTH oTcevaKa npasmx 
moacemo HanHcaTH 

M1M  m = 	M i'M'x x i  = 
MM2 n 	AWM2' x2 — x 

ose jeAHaLutHe H CJIH4He sa y - ocy H3BOAHMO 3a TpaaceHe o6pactte 

x 	 
mx, nx, =  x i  

m n 	1 +I. 
	 mY2 -1-  nYI  =  Yi xY2  

1+1 • 

CA. 5. a. ,II,eaapTos CHCTeM KoopAH- 
sara palm. b. PacTojawe mameby 
Mae Tagxe. c. floAena Ayata y AaToj 

paamepm 

M2(0 , 1• 
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KaA X. y3HMa cse moryhe no3HTHsHe BpeAHOCT14 OA 0 AO ± 00, 

Taglia M 3ay3Hma noaawaje Ha Aymul M,M, oA Ta4Ke M, Ao Ta4Ke M 2, npH 
gemy, 3a X = 1 n), TaLuta M nocTaje cpeAFFHa ApFu4 M,M, H HMa 3a 
xoop,AHHaTe 

x 	- 
2'  

Y= 
Yi + Y2  

2 
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AKO ynopeAo ca noaapHiim xoopAHHayama KoHcTpymemo aexapTose 

xoopAHHaTe Ta4Ke M (c.a. 6), H3 npasoyrnor Tpoyraa OMM, HMaMO 

(1) x = r cos 0, 	y r sin 0. 

JeAHatume (1) Aajy speAHocTH L1,exap-
TOBHX KoopAHHaTa Ta4Ke, axo cy no3HaTe NO-
zapHe KoopAHHaTe. 06pHyTo, jeAHatnme 

(2) r + iix2  + y2, tg 0 y:x 

omoryhyjy Aa ce oApeAe noaapHe KoopAHHaTe, 
axo cy no3HaTe ,,E1exapTose xoopAHHaTe. JeA-
Ha4H4He (1) H (2) 3osy ce jeAHaqHHe TpaHc-
cio opmagHj e x.00pAHHaT a, aexapTospix 
y noaapHe H o6pHyTo. 

13HAeaFt CMO Aa csaxom xomnnexcHom 6pojy, z = x + yi oArosapa 

jeAHa TaLuca y paBHH ca ,RexapTosHm KoopAHHaTama x N y. AKO x H y TpaHc-

ttaopmmemo y noaapHe KoopAHHaTe, KOMILTIeKCHI4 6poj Ao6Hja HOBH, n 0- 

zapHH 06.1114K 

z =r (cos() + i 0). 

Beantuma noTerar 3ose ce monya HAN ancoayTHa speAHocT 

KOMMICKCHOr 6poja. Yrao 0 je a p r y M e HT Tor 6poja. AnconyTHa speAHocT 

KomnaexcHor 6poja z o3Hatrasa ce ca 1z npema ToMe je 

Ca. 6. Iloaapue xoopassaTe 

KaA je X HeraTHsHo H y3HMa speAHocTH oA 0 Ao — 1, Tqatixa M ce 
Hanna BaH Aymo4 M,M 2  H TO ca cTpaHe Ta4Ke M 1  H, 3a 1=-1, 0Ha 

omasH y 6ecKoHa4mocT; KaA ce melba oA — 1 Ao — 00, Tatum M ce no-
jas.rbyje Bail Aymth M,M, ca cTpaHe Ta4Ke M2  H npH6,nwxyje ce H3 6ecxo-
Ha4iocTH Ta4u4 M2, 3a xojy, npema ToMe, Hmamo 1= ± 00. 

§ 4. Onepauuje ca aomnneacaam 6pojeatima. llonapne aoopaaaaTe 

xomnnexcHa 6poja, z 1 = 	y i i H Z2 = x2 +Y2 i , jeAHaxa cy, 
z, = Z2, aK0 Cy jeAHaKH H peaaHH 14 HmarimapHH AenosH Komn.nexca, Tj. 

axo je x1 = x2, y, = y 2 . Komnaexc x yi jeAHax je HyaH, axo je x = 0, y = 0. 
OcHosHe onepau,Hje ca KomnaexcHum 6pojesHma spine ce n0 OBHM 

npasmaHma — 

3a ca6Hpatbe: z1  + z 2 = (x1 + 	+ (x2 + Y2i) = (x1 + x2) + (Yi Ydi; 

3a oAy3Hmaffie: — Z2 = 	Yii) — (X2 + 	= (X 1 — x2) + (Y1 Ydi; 

3a mHoAeFbe: z1z2 = (x1 Yli) (x2 + Y2i) = (x1x2 Y1Y2) (X 1Y2 X2Y1) i; 
aa Auberbe: 

X1Y1 i 	(x1 + Yii) (x2 7 Y2i) 	xix2 YiY2 	x2Y1 —xiY2  i. z,:z 2  = 
x2 + Y2I 	x22  Y? 	X22  + Y22 	;2  + Y22  

„Lisa xomnnexca, x+ yi H -X — yi, 3osy ce KoHjyrosaH a, axo ce pa3- 
.Twxyjy canto 3HaK0M HmarimapHmx Aeaosa. 36Hp KoHjyrosaHm xomnaexca 
jeAHaK je ABOCTpyKOj speAHocTH peaaHmx Aenosa, Tj. (x— yi) 
= 2x; tblIXOB je npou3soA jeAHax 36Hpy xsaApaTa peaaHor Aeaa H Roectm-
gHjeHTa HmarkniapHor Aena, Tj. (x + yi) (x — yi) = x2  — (yi) 2  .----- x2  + y2 . 

CaAa hello ysecTH T3B. noaapHe K oopAHHaT e Ta4Ke y pasHH. 
Heim je 0 (ca. 6) cTanHa Tainca, a Ox nonynpasa ca cmepom 0A 

Ta4Ke 0 y 6ecxpajHocT. flonomj npon3so.rbHe 'Ta4Ke M y pasHH mom ce 
.0.4peAHTH pacTojaFbem r Ta4Ke M oA Ta4Ke 0 H yraom 0 Koji,' oso pacTo-
jaFbe o6pa3yje ca ocom Ox. Beamiume r H 0 3osy ce noa a pHe xoopA Ft-
H aT e Ta4Ke y pasHH; r je noT e r, —non apHH yr a o. TaLuta 0 3ose 
ce non KoopAuHaTHor cHcTema, a Ox — Fberosa noaapHa o c a. 

r=izi=ix-FYi1= -Fli x2 + y2  

34 Ha Taj Ha4n4H moacemo, Ha np., osaxo pagyHaTH 

1 5 1= 5, 1— 3 1 = 3, 1— 4 i 1 = 4, 

1 3 + 4 =__ 	+ 42 = 5 , 	4 i +02+ 4)2=  5 .  

Haseam cmo o6pacge sa HssoheHz.e 0CHOBH14X onepagHja, ca6HpaFba, 0Ay-

3Hmatba, mHowelba H Ae:beFba, ca KOMILTIeKCHNM 6pojesHma. lioxaxolmo caA 

reomeTpHme xoHcTpyia.wje KOje THM onepagHjama oArosapajy, axo cy xom-

nleKCH npeTcTawbeHH sexTopHma y pasHH. 
3a ca6Hpalbe Asa Komnaexca z, H z 2 , xojn cy Ha ApraHosy rpacpHxy 

npeTcTas.ibeHH BeKTOpHMa OZ, H OZ2  (ca. 7), Blom ce BeKTOpCK0 Ca- 

H p a lb e oArosapajyhnx sekTopa OZ, H OZ2, Tj. Ha Kpaj Z 1  npsor sewropa 

HaAose3yje ce Apyrm sexTop Z 1Z = OZ2; sexTop OZ, K0j14 cnaja notieTax 
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npBor BeKTopa, TagKy 0, ca KpajeM Apyror, Taqicom Z, npeTcTawba BeKTop 
36Hpa z = z1 + Z2. OH y HCTO spew • npeT-
cTawba H AHjaroHany napaaenorpama KoHcTpy-
Hcaua Ha seKTopHma - ca6Hpusma Kao cTpa-
Hama Tor napaaeaorpama. 

0Ay3Hmalby KomnneKca oArompa B e K-

TOpCK0 oAy3Hma }E. e, Koje ce cHoAH Ha 
Hewropow ca6HpaHse. 3ancTa, nowTo je z, -  
- z2 = Zi (- Z2), 3a KoHcTpylicarbe BeKTOpa 

CJI. 7. BeaTopcao ca6Hpatbe 	pasame moxemo ca6paTH seKTop 0Z 1  (ca. 8) 
Asa aomnaexca 	npBor KomnneKca ca HeKTopom OZ 2', KojH HMa 

HCTH npaHag H Aymuly ca BeKTopoM OZ, Apyror KomnneKca, ant,' je cy-
npoTHor cmepa. BeKTop OZ momce 6HTI4 KoHcTpyHcaH H Ka0 AHjaroHana 

napaneaorpama OZ 1 PZ2, ca cTpaHama OZ, H 
OZ2, Koja cnaja Kpaj Apyror Beicropa pa3a14Ke 
ca Kpajem npBor. BeKTop Z,Z, = OZ je Tpeha 
cTpaHa Tpoyraa OZ 1Z2  • ca cmepom oA Z a 

 npema Z1 . 
3a H3Hobeibe reomeTpHcKe xonTpracHje 

Hp0H3BOAa ABa KOMWIeKCa yt Ammo Nx y 110- 

napHom o6.racy, 

z, = r1 (cos 0, + i sin 0 1), 

z2  = r2 (cos 0 2  i sin 02). 

flocne H3Hpweicor mHoacetba Hmamo 

zrza  = r1r2[cos 0, cos 02  - sin 0, sin 02  + i (sin 01  cos 02  + cos 0, sin 02)j.. 

KaK0 je, mebyTHm, 

cos 0, cos 0,- sin 0, sin 02  = cos (0, + 02), 

sin 0, cos 02 + cos 0, sin 02  = sin (0, + 02), 

;imam° KOHaLIHO 

z,z,= r1 r2  [cos (0, + 02) + i sin (0, + 02)]. 

OBaj o6pa3ag KaNce Aa je moAyn r npoH3HoAa Asa KomnaeKca jeAftatc 
npoH3HoAy moAyaa r, H r2  THX KomnneKca, a aprymeHT 0 jeAHaK 36Hpy IfiX-
X0BUX aprymeHaTa 0 1 , 02, Tj.  

25,  

r rir2, 	0 	01'+ 02. 

CAHLIHa .oco6Hria BaXCH H 3a KOJIH4HHK KomnaeKca, 

= ft- [cos (0, - 02) + i sin (0 1  - 02)], 
Z2 	r2 

HaHme, mow KWIHEIHHKa jeAHaK je KOJIGI4HI4Ky momna, a aprymeHT - paa-
Amax aprymeHaTa. 

OBe oco6HHe np0H3HoAa H KOJIIMIHKa AHa KOMWIeKCa omoryhyjy 
KoHcTpywtHjy KomnaeKca Ilp0H3BOA,a, OAHOCHO KWIHIIHHKa. 

HaHme, aKO je OZ, BeKTop KomnneKca z 1 , OZ 2 - HCTO 3a KomnaeKc 
z2  H OE jumiwnia apiuma (ca. 9), KoHcTpyHancmo Tpoyrao OZ,Z cawcau 
Tpoyrny OEZ2 ; BeKTOp OZ TaAa ripeTcTaimba np0H3s0A 
AHa AaTa KOMMIeKCa, jep, npHo, 113 CAMHOCTH Tpo-
yrnosa Hmamo r : r,=-- r, : 1, Tj, r = r1  r2  H, Apyro, 
aprymeHT XOZ = 0 Hma HpeAHocT 36Hpa 0, + 02. 

Ca came BHAHMO Aa je mHomcerbe seKTopa OZ, 
HeKTopom OZ 2  eKHHHaneHTHo. ripe°, npomeHH Aymcwie 
npBor HeKTopa y oAHocy r2  :1 H, A,pyro, iberosom o6p-
Tatby 3a yrao aprymeHTa Apyror BeKTopa. AKo je 
MHOWN.Ilag KOMIL/leKC jeAHHINHOr moAyza, Tj. aKO NMa 

06JIHK, pewimo, cos a i sin a, mHomceibe THm jeAHH•q- 
HHM KomnneKcom oAroHapa canto o6pTaiby 3a yrao a. 

Ha CAHtlaH HatIHH ce KOHCTpyHIIIe i3eKTOp KOjH 

HapaHcaBa KW1144HFIK AH.a. AaTa Komnaeaca (C.a. 10): Ha 

cTpaini OE jeAkuume Aymckme Tpe6a KOHCTpyHC3TH 
Tpoyrao OEZ CAW4aH Tpoyrny OZ2Z 1 . TaAa. BeKTop 
OZ, WTO ce naK0 AoKa3yje, npeTcTaHn)a HeKTop KO- 

11144iiHKa Z 1  : Z2 . 

143BeAHMO jOLLI npasHao 3a cTeneHoHafbe AKO je KomnneKca. 
ueo flO3HTHBHH 6poj, HenocpeAHo H3 npawma 
3a mHoweise caeAyje °Ho npammo 3a cTene-
Hosalbe 

z• (x y =[r(cos 0 + i sin 0)11,  -- 

= ra(cos nO i sin n0). 

3a r= 1 imam° T3B. MoaHpo B 
o6pa3ag 

(cos 0 + i sin Or = cos nO i sin nO. 

AKO CTaBHMO 11=2, H3 Moaspcwor o6pacga. Hmamo 

Ca. 9. Maoacethe Asa 
aomnaeaca 

0 1 E 

CA. 10. .11e.rbeme Asa aomnneacat 
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cos 20 i sin 20 = (cos 0 i sin 0)2  = COS 20 + 2i sin 0 cos 0 - sin20 
= cost 0 - sin2  0 ± 2i sin 0 cos 0, 

o,a,aKne, nocne H3jenHa4etba peanHor PI HmarkmapHor num, H3BOAHMO noHoBo 

.no3HaTe TpHroHomeTpHcKe o6pacue, 

sin 20 = 2 sin 0 cos 0, 	cos 20 = cos2  0- sin2  0. 

Ha HCTH Ha414H sa n = 3, Hs jenHatnme 

cos 30 + i sin 30 = toss 0 + 3i cos2  0 sin° 3i2  cos 0 sin2  0 + i3  sin' 0 

,no6Hjamo o6pacue 3a TpocTpyKH yrao 

sin 30 = 3 cos 2  0 sin 0 - sin' 0, 	cos 30 = cos' 0 - 3 cos 0 sin2  0. 

Ha C1114 14ali Ha414H .iviornm 6Hcmo n06HTH o6pacge 3a TpHroHomeTpHcKe 

cpywawje aprymeHTa H KOMEIJIHKOBaHkije BHmecTpyKocTH.. 

Bew6mba. 1. 0ApeAHTH y oplocy Ha ,11,esapTos cHcTem HoopAHHaTa noncoHaj Ta-
maim Holmma oArompajy HommescHH 6pojesH: 3 + 2i, 3 -2i, -3 + 2i, -3-2i; 2 ± 5i. 

2. 0ApeAHTH KOMILITBKCHH 6poj HO( oArosapa TassH cumerpmHoj TaRKH KOM-

ttneKca a + bi y oxiocy Ha Ox ocy (0.11,HocHo Ha Oy ocy). 

143pa‘iyHaTH: 3. (a + 60+ (a, + b1i), (a + bi) - (a, + NI), (2 + 3i)  + (4 + 2i) 

5 - 2i + 3 +3i. 4. (5 - 20(1 + O. 5. (- 4-30 (2- 4i). 6. (2 -I- 3i) (2 - 

(x 	yi• (x - yi). 8. (- x 	yi) (x 	y i). 9. (x 	yi)2. 10. (3-202. 11. (1 - 03 . 

12. (cos 3a 	i sin 3a) (cos 3a - i sin 3a). 

13. (cos 
3 

 -a 	
3 

i sin -a)( 	
6 

cos 	i sin -a ). 
 6 
	14. (cos -1---r2 	i sin 	)7• 

7 	7 

15. liankicaTH onurrii H3pa3 3a m H n, aso je ini = - 1, in -= 1. 

16. PacTasitm sin2 a + cos2m Ha Asa KoinnnescHa .114HHoua.- 

1 	i 	5 -  3i 	2'+3i 
,  H3pagyHaTH: 17. --i. 47-i  • 18. T . 19. 5  + 3i 	20. i - I 

21. 	 
7 + i 	2 - 3i 	

22. ( 
 1 + i  \2 23. 
	

2i  

25 
+ 

3 - 4i 1 - i ) 	(1 + 1)2  
• 

a -I- bi 
24. Hanticani ycnose noA AojHma ce KOAHYHHA

mni 
 CBOAH: 1. Ha pearmil 

•5poj H 2. Ha gliCTO HmarHHapin4 6poj. 
HarnicaTH y HonapHom o6iuniy (pagyHajyhll moAy.3 ca Ace Aeummane H yrao ca 

Tagliollihy Ao mmyTe, as° ce pe3ynTaTH He impayKasajy TaqH0) somnnexce: 25. 1 i. 
1 

26. -2. 27. 3i. 28. -5i. 29. 12 + 7i. 30. -2  (1,- i Y. 31. -15 +191. 32. - 7 -- 3i. 
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143Bp111HTH aHanHTHmsit H rpacinunai o3HarieHe onepaumje H ynopeAHTH pe3yATaTe. 
33. (5 + 2i) + (- 2 + 3i). 34. (- 2 - 90 + (7 +Ai). 35. (2i) + (4). 36. (-2) + (30. 

37. (5 + 20- (- 2 + 3i). 38. (2i) -(5 - 20 39. (2 + 3i) (1 +0. 40. (i).(i). 41. (-1)(-0: 

42. 
2  ±  3i 	

43. 
 3- 4i 

I 	i 	i - 1 

44. Ilomohy Moasposa o6pacua H3pa3HTH cos 4a H sin 4a y 3aBHCHOCTH OA cos a 
H sin a. 

§ 5. BeKTOpH y npocTopy. ,11,enapTone noopannaTe y npocTopy. 
BenTopcxn 6poj. Ca6Hpalbe H onymmatbe nenTopa 

,L1,ocana cmo aftanH3HpanH BeKTope y paBHH; ca H,Hma cmo noBe3anu 

KomnneKcHe 6pojeBe. Mor.rm 6HCMO, mehymm, 6HpaTH noveTaK H Kpaj BeK-

Topa, Tatme 0 H M, He camo y paBHH KoopAHHaTHor cHcTema, Hero ma me 

y npocTopy. AKO CriQjHMO OBe Tatme pi Ha A06HjeHOj Ay1K14 Ha3Ha4HMO 

cmep, noHoso hemo .ILO6HTM nyw onpebeHor cmepa, a TO je oneT BeKTop. 

,Lka ce 3aycTaBHmo mano Ha nojmy BeKTopa y npocropy. Y3M14M0, ma 

me y npocTopy ;we TatiKe, A 14 B (cn. 11), 3a nogeTaK H Kpaj BeKTopa AB 

11 Kp03 oBe,  Tatme noByLwmo npaBy; oHa ce 30Be OCHOB a BeKTop a, a ca 

cmepom BeKTopa - OCa BeKTOpa. 

BeKTop Be3aH 3a npaBy 

3oBe ce BeKTop Koju mowe melbaTH no-

nowaj CBOr nogeTKa Ha OCHOBH He me-

thajyhH npli Tome HH cuojy A,y3KHHy, HR 

CMep, HR OCHOBy. 

BeKTop 414j14 nogeTaK He mowe 

MekbaTH CBOj nonowaj y npocTopy soBe 

ce BeKTop_Be3aH 3a Ta4Ky. AB H 

A,B 1  (Ca. 1 1 ) jenHalm cy, Ka0 BeKTOppi 

Be3aHH 3a npaBy, aim cy pa3aH4iTH Kao 

BeKTOpH Be3aHH 3a Ta4Ky. 

AK° cmaTpamo 3a. jenHaKe He camo BeKTope Ha jenHoj PICTOi npaBoj, 
Hero H Ha napanenmm npaBama ca np0143BoJbHHM nonowajem noneTKa y npo-
cTopy, mil non yCROBom na BeKTOpH HMajy HCTH CMep H HCTy nywHHy, oHna 
ce TaKBP1 BeKTopH 30By C n 060,aHH BeKTopH HJIH jeAHOCTaBHO Be K-

T o p H. Flojam cno6onHor BeKTopa je HajrnawinjH H 3aTO je rt Cam Ha3HB 

BeKTopa Be3aH yrnasHom 3a Taj nojaM. 

TpH BeKTopa AB, A iB„ A,B, (ca. 11), Kao cno6onHH BeKTopH, 
jenHaKH' cy. 

TpH enemeHTa KapaKTepHwy cBaKH C.I1060AHH BeKTOp: 1) npaBait 
OCHOBe, onpeheH no napanenH3ma, 2) cmep Ha TOj OCHOBH H 3) nywiwa, 
Koja ce 3oBe H, HHTeE1314TeT BeKTOpa. HHTeH3HTeT ce H3pa3KaBa 
mepHHm 6pojeM, 1103HTHBH14M cKanapom. 
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BHAenH CMO Aa BeKTop y paBHH mmemo A0BeCTH y sea) ,  ca Komnaex- 
CHHM 6pojeM. FlpHpopHo je Aa ce 110CTaBH rwrrarbe: Ha KOjH ce HaUHH mory Ao- 

pecTH y He3y 6poj 14 BeKTop y npocTopy. 3a BeKTop y paBHH y3e.rtH cmo 

KOOpAl4HaTHH CHCTeM y paBHH cacTas.rbeH H3 ABe ynpaBHe oce Ox H Oy. 

3a BeKTop y npocTopy KOHCTpyHCaheMO TpH yripasHe oce H TO Ha OBaj . 

Ha4HH. 3ammunimo Aa CTOjI4MO y c06H H raeAamo y jeAaH yrao Ha nopy. OA 
lb era nona3e ABe ynpame AyncH y paBHH nopa. Ha4HHHmo op, 11,1,1X oce 

(cn. 1 2) 14 03Ha4Hmo jeAHy ca Ox, Apyry ca Oy. Tpeha Apt( cTojH ynpamo 
Ha paBHH noA,a; H }by npeTsoptimo y ocy 14 

03Ha4Hmo je ca Oz. OBOM KoHcTpyKu,Hjom . 
Ao6H.an cmo TpH y3ajaMHo ynpasHe (opTo-
ronanHe) oce: oHe gime T3B. opToroHa A-

NN KOOpAHHaTHH TpHje)ap. 
CTaBHMO caAa nogeTaK cno6oAtfor 

BeKTopa y Taincy 0 — npeceK osHx ma". 
HeKa Kpaj, TamKa M, 3ay3me pp0H3B0JbH14 

nonontaj y npocTopy. BeKTop OM oApehyje 
nonomaj Ta4Ke M 11 3aTO ce 3oBe BeKTo p 
non() FK aja Ta4Ke My opHocy Ha TaqKy 
0. Kpo3 Tatncy M noByRnmo paBaH napa- / 
ne.nify paBHH Oyz. HeKa oHa celle ocy Ox 
y TatigH M1 . KoopAHHaTa Ta4Ke M 1  Ha ()cu • 

C. 12. OpToroKaalw KoopAHHaTHH 
Ox je jeAHa oA KoopAHHaTa T a El K e 

4lmo ca x; oHa ce H oBAe 3ose an c niF c a 
Ta4Ke M. apyry KoopAHHaTy hemo Ao6HTH aKo Kp03 TaIncy .M nosyqemo 

paBaH napanenHy paBHH Ozx. npeceK (M2) oBe paBHH ca ocom Oy oApe6yje 

A pyry KoopAHHaTy Ta4Ke M, KoopAHHaTy y, Koja ce soBe o p A H H aT a. 

Haj3aA, Tpehy KoopAHHaTy hemo Ao6HTH nomohy npeceKa (M3) oce Oz H 

paBHH napanenHe paBHH Oxy Koja nponasH Kp03 TaLlKy M. Osy heMO KO-

opoiaTy 03Ha4HTH ca z; OHa ce, noHeKaA, 30Be a nn H K a T a -mince M. 
TpH peanHa 6poja x, y, z Cy KoopAHHaTe Ta4Ke M y  npocTopy. BpeAHocnt 

OBHX KoopAHHaTa cTas.ibajy ce y 3arpaAy Hsa o3HaKe Ta4Ke: M (x, y, z). 
AKO xcenHmo Aa ynopeAHmo ca BeKTOpOM OM camo jeAaH 6poj, Bu-

,[HMO Aa Taj .6poj mopa 614TH cnoweH Ff Aa ce tberoBa speAHocT oApebyje 

ca TpH peanna RAH cKanapHa 6poja x, y, z. CBaKH OA OBHX 6pojeBa nut 

cBojy Hapoincry reomeTpHcKy npHpoAy. Florte3ahemo ca cBaKom KOOpAHHa-

THOM OCOM BeKTop jeAHHH4He Aymunie Ca cmepom oArosapajyhe oce. Hose 

6pojese, KOjH npeTcTaBJBajy OBe jeAHilH4He BeKTope, o3Ha4fflhemo ca e 1 , e2, 
TH Cy 6pojeBH pa3.111,1414TH no camoj cBojoj npHpoAH H twjeAaH oA FbHX ce 

TpHjeAap M y n p o C Top y. Osy KoopAHHaTy 03fla- 

Ca. 13. Ca6mpakbe BeKTopa 
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He mowe H3pa3HTH nomohy ocTana ABa. TaAa he BeKTopy OM oAroBapaTH 

6poj, KOjH mommo H3pa3HTH 36Hpom 

u = xe, ye, ze,. 

Taj HOBH 6poj cnonceHe npHpoAe KpCTHtheMO HmeHom: BeKTOpCK 14  

6 p o j. OH ce oApe4yje ca TpH cKanapHa 6poja x, y, z, Kojn ce 3oBy 

.11eKapTose KoopAHHaTe BeKTopa. 

jacHo je Aa■ cy ABa BeKTODCKa 6poja jeAHaKa, aKo Cy FbHXOBH cKa- 

napH jeAHaKH. 
BenwinHa Kojy moaemo npeTcTaBHTH BeKTopom 3ose ce BeK TO p-

cKa BenHqHH a. FlpHmepH seKTopowx BenN4Hma: nomepaibe, 6p3HHa, y6p-

3arbe, cHna, npHTHcaK, momewr cHae H 

AKO Tpe6a ca6paTH Asa NaH Kaye BeKTopa, npHmeHHhemo OBaj no-
cTynaK. Ma rAe y npocTopy KoHcTpyH'cahemo npBu ca6HpaK, BeKTop AB 

(ca. 13, a); Ha theroB Kpaj HAA0Beaahemo Apyru ca6Hpax, BeKTop BC. BeK-

Top AC je 36Hp Asa AaTa BeKTopa. Kao 14 y cnrialy BeKTopa KOjH oAro-

sapajy KomnneKcHHm 6pojeBHMa, H oBAe montemo 3a ca6HpaFbe Asa BeK-

Topa npHmeHHTH np a BHno n a p a n e-

no r p a M a. To je napanenorpam ABe 

cane, ABe 6p3HHe HTA. 
Y cnyxFajy ca6HpaFba smile BeKTopa 

(en. 13, b) mmeMO CBaKH HapeAHH Ca-

6HpaK HaA0Be3HBaTH HoCTyn-o Ha Kpaj 
npeTx0AHor; TaAa hello Ao614TH, Ha 1110•, 
H3nom.seHy AHHhjy ABODE. BeKTop AE 

npeTc -rawbahe 36Hp HeTHpH BeKTopa AB, 

BC, CD, DE. BHA'imo, AaKne, Aa je 

.36Hp BeKTopa nocaeAkba, aaBpwHa cTpa-
Ha no.nwoHa KoHcTpyHcaHa ca BeKTopHma Kao cTpaHama H HMa cmep OA 

no4eTKa npsor ca6HpKa Ka Kpajy nocnexber. AKo Kpaj nocneAtber ca6HpKa 

nas,He y Hove-rat( npBor, 36Hp seKTopa 6H1e jep,HaK Flynn. JacHo je Aa BeK-

TOpCKH 36Hp He 3aBHCH OA Tora KOjH hemo BeKTop y3eTH 3a npsH ca6H-

paK H Kojt4m hemo peAom HaAosealwaTH Ha lb ocTane seKTope-ca6HpKe. 

0A,y3HmaH,e BeKTopa y npocTopy Bpum ce no HCTOM reomeTpHcKom 

nocTynKy Kao H oAy3HmaFbe BeKTopa y paBHH, Koje npercTas.lbajy KOM- 

nneKcH14 6pojesH (c.a. 8). 

AKO BeK ropHma A 1 13 1  H A 2B 2  oAroBapajy ABa seKTopcKa 6poja 

u, 	x, e1 	y e 2 + z, e,, 	u2 = x, e, + y2  e 2  z 2  e,, 

3 6Hpy 0814X BeKTopa oArosapahe 6poj 



CA. 14. Maoxerbe 
seKTopa ocanapom 

a 

A 	B , 

B 
b • 

N 

A, 	B 

CA. 15. flpojeannje Beicropa Ha , • 
npaBy H Ha ocy 

CA. 16. CKaAapao kinoxeibe • 

BeKTopa 
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al  + 	x2) e1 	(y, 	(z, 	z„) e3 ,  

a IbHX0B0j pa3JIHIAH 6poj 	 • 
v 	u, - u, (x, - x,)e, (y 	y,)e,± (z,- z,) e s . 

JIaKO je noKa3aTH Aa ce BewropcKo ca6Hpafbe H y cnyvajy BeKTopa 

y npocTopy noKopaBa aCOU,HjaTHBHOM H KOMyTaTHBHOM 3aKoHy; nomohy-

BeKTOpCKHX 6pojeBa OBO ce H3paHcasa jeAHaKocnima 

(u, -F u„) 	 ± (a, ± a s), 	u, 	11 2 = 112 + a,. 

Bea(6ama. I. HaupTaTn L1,eicapToB opToroHamni TpmjeAap H notcaaarm y TOM Tim- . 
jeApy nommaj TagaKa M, (2, 3, 1), Ma (- 2, 3, 1), M,  (- 2, - 3, 1), M4 (2, - 3,  I), 
M 5  (2, 3, - 	Mg (- 2, 3, - 1), M7  (- 2. 3, - 	Mg (2, - 3, - 1). 

2. YpaAnTx HCTO as TagKe: M, (5, 3, 2) 14 Mi  (- 5,  - 3, -2); M2 (5, 3, - 2) Li 

M3,  (- 5, - 3, 2). KaKaa je penaTnaaH nono)Kaj caaKor napa Tagam? 
3. To HCTO YPUHT14  aa Tarme tiajm cy BeicTopki nonoacaja oApebenn H3pa3Hma: 

2e 1  + e2  - e,, e 1  + e2  + ea, ez - e 2  ei, 4e3  + 2e, - 3e,, rAe cy e„ es , es  jeAmoviaki 

seKTopri KOOPAHHHTH14X oca. 
4. IloKaaarpf Aa ce BeKToputo ca6npapse noKopaaa acowijaTmeHom H KomyTa-

'WHOM aaicoay. 

§ 6. Mlloweibe BeKTopa 

noA nporoBoAom seKTopa AB (cn. 14) H cKanapa k Tpe6a pa3ymeTH 

HOB BeKTop KOjH HMa: 1) OCHOBy Hc-ry HnH . napanenHy ca OCHOBOM seKTopa 

AB, 2) cmep HCTH ca cmepovt BeKTopa AB aKo-
je k HO3HTHBHO, a cynpoTaH aKc je k Hera-
THBHO, 3) Ay)Kiiy jeAHaKy 'npoH3BoAy Aptothe 
BeKTopa AB H anconyTHe BpeAHocTH 6poja. k. 
Ha C.111411,14 Hmamo Asa npoH3BoAa: CD = 2,5 AB, 
EF = - 1,5 AB. AKO BeKTopy AB oAroBapa 
seKTopcKH 6poj u = xe,± ye2  + ze„ npoH3- 
Bo,Ay k AB oAroBapahe 6poj 

ku = kxe 1  + kye 2  kze s . 

Illra je TO npoH3BoA ABajy BeKTopa? 

KaAa cmo AocaA roBopHaH 0 npoH3BoAy ABa 6oja, yBeK cmo HMaTH 
noTnyfto oApebeHy onepaunjy, Koja AoBoAH Ao oApebeHor H y3 TO jeAHH-

cTBeHor pe3y.TraTa. ./VIebyTHM TaKBO orpaHmerbe nojMa npoH3BoAa Huje 

o6aBe3Ho. Ha .np., 3a Asa BeKTopa mo)Ke 6HTH Aectannicano H Brune npo-

H3BOAa• Kojy 3ajeAHHI4Ky OCO6HHy HMajy CBH TH lip0H3B0,3,H? 

CBaKH npon3BoA BeKTopa mopa ce noKopaBaTH AmTpH6yTHBHom 3a-

KOHy 3a mmoKeibe H ca6Bparbe. AKO Ca 11 1 , .172, V3 o3Ha4aimo TpH ilp0H3BOJI,Ha.  
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BeKTopa, Ca V 1 V2  ma KOjH npoH3BoA BeKTopa V, H V2, AFICTpH6yTHBH14 

3aKOH mo}Kemo 143pa3HTH nomohy j_eAHaKoctH 

V, (V, + V3) = V1 V2 + Vi V3. 

Hakiewhe ce ynoTpe6.rbaBajy ABa npoH3BoA,a: c K a n apHH H Be K-- 

T0pCKH, HMa 11X mebyTHm H Apyrnx. 

Y Be3H ca cKanapHiim npoH3B0Aom Aeciwunicahemo npe cnera n p o-
e K uktje BeKTopa Ha npaBy H Ha ocy. 

HeKa cy JtaTH BeKTop AB H npaBa MN (cn.7.15, a). 143 Tagaxa A w 
B cnycnihemo Hopmane Ha npaBy MN. floAHomcja 
THX Hopmaaa o3Ha4athemo ca A, H B 1 . BeKrop 
A 1B 1  je npojeKuHja BeKTopa AB Ha 
npaBy MN. 

AKO npaBy MN npeTHopHmo y ocy (c.n. 15, 
6), BeKTop A,B, moace HMaTH HJIH HCTH cep ca 
cmepom oce HJIH tbemy'cynpoTaH. flog npoje K-
uHjom BeKropa AB Ha ocy MN pa3yMe-
heMo cK an ap H TO HHTeH3HTeT seKTopa A 1 B 1 

 ca 1103HTHBHIIM 3HaK0M, aKo oBaj BeKTOp HMa 
cep oce, a ca HeraTkIBHIIM 3HaKOM y cynpoTHom 
cnytiajy. 

AKO ca a ()ma'am° yrao H3me1-jy BeKTopa 
AB H oce MN, npojeKuHja BeKTopa Ha ocy HMa 
BpeAHOCT flp0H3B0,11,a AymcHne BeKTopa AB H KO-

cHtlyca yraa a, Tj. AB cosa, rAe cmo upTom 03Ha- 

1414.314 HHTeH3HTeT BeKTopa AB. 
HeKa cy AaTa ABa BeKTopa, AB H AC (c.n. 

. 16); 1b14X0Be noveme yBeK moacemo ./1,0BeCTH y HCTy TaLmy npocTopa. 

CK an a pH H npoH 3B o A OBHX BeKTopa Ca 03HaKOM (AB, AC) 6HI1e cKaAap • 

jeAHaK npoH3BoAy , MiTeH3HTeTa OBHX BeKTopa 

KocHHyca yrna. H3me1jy 1-1,14X, Tj. 

(AB, AC) = AB-AC cosa, 

rAe je a yrao H3meby BeKTopa. CKa.napHH npo-
m3BoA moxe H OBaK0 6HTH npoTyMa4eH: OH je 
jeAHaK npoH3BoAy HHTeH3HTeTa jeAHor BeKTopa H 

npojeKuHje Apyror Ha ocy npBor. 143 AecjwanntHje 
cKanapHor npoH3BoAa HenocpeAHo c.neAyje Aa OH He 3aBHCH OA peAa tIHHH-

Jiaua, Tj. (AB, (AC, AB). AKO je yrao H3meby BeKTopa ()snap, cKa t  



"CR. 17. BeKTOPCK0 MH0)Ke}be 
sesTopa 

KOMyTaTHBHH 3aKOH, jep je 
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..naprm flp0H3BOA je nosaTpisax; OH je HeraTHBaH, aao je yrao Tyn. KaAa cy 
Bel(TopH ynpaamt, 1bHXOB je caanaptm npom3BoA jeamaa Hy.11H. JeAHaKocT 

.HyJ114 caanappor riponaBoAa Aaa BeKTopa moxe ce cmaTpani Kao icpwrepx-
jym OpTOCOHallHOCTH ABa seKTopa. HHje Teunto noKa3aTH Aa 3a cKa.napHo 
mHowethe Banat AmTpm6yTinaHH 3aKOH, Tj. (AB, AC AD) = (AB, AC) + 
(AB, AD). 

Ha OCHOBy AecimmuHje cKanapHor npolissoAa 3a npom3soAe jeAHHHq-
HHX seKTopa e 1 , e2 , es  Ao6HjaMo Ta6Amuy 

(e te,) = 1, 	(e1e2) = 0, 	( e i e s) = 0, 

(e2e1) = 0, 	(e2e2) = 1, 
	(e,es) = 0, 

(ese,) = 0, 	(e se,)=-- 0, 	(e03)=1. 

143 ose Ta6J1H4e cneAYie, nocne npmm.eHe AncTpH6yTHsHor . 3aKOHa, Aa 
HpeAHocT cKanapHor npomsoAa Asa sewropa ca sewropcKmm 6pojesHma 

(1) 
	

u, =xi ei + he, ± zies , 	u2 x,e,±y2e2 z2e3 

H3HOCH 

( u,u,) = x1X 2 hy,± ziz,• 

Apyrvi OA nomeHyTmx npom3soAa je BeKTOpCKH 11p0H3B0 A. 
ibera hello o3HatiasaTH ca [AB, AC]. IloA sewropcKkum npom3soAom pa3yme-
hemo seKrop OBHX oco6aaa: 1) OCHOBa Tor seaTopa (c.q. 17) CTOJH ynpasHo 

Ha pasta! AaTmx seKTopa; 2) CMep je ynepeH y 
Aeo npocTopa oAame 6H nocmaTpaq situ° Aa 
APYrkt seKTop, HaAose3aa Ha Kpaj npsor, o6phe 
npsm seKTop y cmHcay KpeTatba Ka3a.azace Ha Liacos-
HHKy 3) I4HTe3HTeT je jeAHaK senHtnuth nospurHHe 
napane.rtorpama KolicTpywcaHa Ha AaTHm BeKTO-

pima Kao Ha cTpaHama. AKO yrao 03meby seK-
Topa noHoso 03HaL114M0 ca a, Taj HHTeH31TeT, Kao 
nospwHHa napanenorpama, HMa speAHocT 

AB. AC • sin a. 
143 HaBeAeHe AectaHnu,Hje seKTopcKor npo-

143BOAa cneAyje HenocpeAHo Aa 3a H7era He sa/KH 

[AC, AB] = — [AB, AC]. 

AKO cy seKTopH napaAeAHH HRH KonmHeapHH (HMajy 14CTy OCHOBy), 

IbMXOB BeKTOpCKH 11p0H3BOA HMa speAHocT Hyna. 

HenocpeAHo 143 reomeTpxcaor nocmaTpatba seKTopcKnx npom3soAa 
jeAHHHIMPIX seKTopa e l , e2 , es  Ao6Hjamo Ta6AHRy 

[e,ei] 	0 , 	I e tej = es , 	[eies] — e„, 

	

[e2e 1] =— es , 	fe,e,] = 0 , 	[e,es] = e„ 

	

fe sej = e2 , 	[es e21 = — e„ 	[eses] = 0 . 

Ha ocHosy Te Ta6mate H AHCTpH6yTHBHOF 3aKoHa 3a BeKTOpCKH np0-
M3BOA Asa seKTopa (1) Ao6mja .ce seKTop ca seKTopcKpum 6pojem 

[uiu,1 = a = (Yizz — 	(z,x2 — x1z2)e2 + (x1y2 — 
y,x,)es• 

flpema Tome 3a Asa seKTopa, V 1  H V2 , ca KoopAHHarama 

V1(x1, y„ z 1 ), 	V2 (x2, y2, z2) 

,BeKTOpCKH 11p0H3BOA IV „ V2], BeKTOp V, HMa KOOpAHHaTe 

	

V(y,z, 	z 1x2  — x1z2, x1y2 — hx2)• 

Bew6ama. 1. HaupTaTH itaa sexTopa: AM H 
3 

—

2 '

AM; BN H — 3BN. 2. Asa BeKTopa 

noA yrnom AA 60° HMajy HHTeH3HTeTe 5 H 10. 143pagyHaTH 113HX0B csanapHH npoHasoA• 
3. Asa opToroHanHa sesTopa HMajy HHTeH3HTeTe 3 H 4. 143paqyHaTH BHTeH314TeT HAIXOBOT 

BeKTOpCKOT TIPOH3B0,11,a. HaurraTH Ta Asa seicropa H nosaaaTH H311X0B BeKTOpCKH npo-

113BOA. To PICT')  YPs.AHTH saAa je yrao Hameby THX sesTopa 30°. 4. 143pa,;yHaTH csanapHH 
npoHasoA Asa sesTopa oApebeHa 6pojesHma u, = 3e, + 2e 2  — 3e3 , u2  = 2e, ± 5e2  + 5e,. 

5. 0ApeAHTH BeKTOPCKH 6poj sesTopcxor npoHasoAa [V I VO, alco cy sewropm V, H V2 AaTH 

soopAHHaTama: V, (I, 2, 3), V2 (3, 2, I). flosasam Ha TOM npHmepy Aa je [V,V2] [V,Vil = 0. 

§ 7. Teopnja BeKTopa 

110jMOBH nomepal-ba, 6p3HHe, y6p3ame, cHne H Apyrkix BeKTOpCKHX 

se.nmHHa oAasHo cy 11031-1aTH; 01111 Cy riporleafi 14 csecTpaHo aHanH3HpaHH. 
Mebyrum H,Hxosa aHaA143a spinefia je yrnasHom nomohy cKanapHfix paqyHa; 
TO 3HaL114 Aa ce CBaK0 nporiasafbe THX BeKTOpCKHX Be.r1H4IlHa CBOAH.TIO Ha 
nocmaTparbe sem 14,3meby cKaAapa Koji oApeljyjy Te senHqHHe. Cam seKTop-

,CKH 06J1HK HHje ce nocmaTpao y csojoj ge.1114HH, Ca CBHM CB0j14M reomeTpvicKmm 

.14 Apyrum oco6HHama. Y OCHOBH CBI4X pacybrusa ► a ca BeKTopHMa nomohy 
Te cKanapHe meToAe yseK IleMCH HeonxoAHocT Aa cse npeTBopHMo y 
•Kaaape H Aa onepmemo camo ca cKanapHma. Ta, y raasHom aHanwrmtma, 
meToAa npeTcTas.rba 'mohHo opybe MaTemaTHKe; oHa je Aana cjajHe pe3yA-
TaTe KaKO y TeopHjm TaKo H y npaKcm. A1114 oHa HMa. H jeAaH KpynaH npHH-

. 3 
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ll,HEICKH HeAocTaTaK: mecTo Aa onepHme ca camHm reomeTpHcKlim o6amcom,. 
oHa ysoAH cicanape H TO AOCTa 11p0H3B0JbH0; TaK0 mmemo Ha 11130H3BOJbait 

Ha414H 6HpaTH °Ha 'rpm rnastm, KoopAHHaTHa npasaa, npema KojHma oApe-
hyjemo TpH acanapa 3a HCTy sewropocy Bermtamy. Ta meToAa, onepHulyhH 

ca cKanapHma, AOBOAH 3r onuiTeM c.nygajy Ao HOBHX cKaaapa H Ha ocHosy 

HAM KOHCTpy14111e HOHOBO seKTope, Koji4 Aajy oArosop Ha nocTambeHa 1114- 

Tama. BRAHmo Aa yseAem4 cKanapH Hrpajy nomohHy y.nory, a npH TOMB 

ocpmsajy camy KompeTHy ripHpoAy aHanH3Hpamix seawama H npmpoAHe 

Ben H3mehy IbHX. 

HacynpoT ToMe, B eKTopcica meToAa lima 3a OA& HenocpeAHo 

onepticatbe ca cabulm reOMeTpMCKHM o6nHaHma; oHa Aaje npasHaa Koja omo-
ryhyjy Aa ce Aobe Ao pe3ynTaTa 14HcT0 reomeTpHcKom meToAom: „geome-
trica geometrice", Tj. OHO ulTO je reomeTpHcKo Tpe6a reOMeTpHCKH H Ty-

magHTH. 
,aoK cy aye KoHcTpyKumje 614.ne pellaT1113H0 jeAHocTasHe, rope Ha-

seAeHH HeAocTaTaK cKanapHe meToAe HHje 6H0 TOJIHKO ylIaAJbHB. I4naK je 

H parmje, HapotniTo Ko,n, sermon( yMOBa, nocToja.na TeHAemmja Aa ce 

3yJ1TaT Ao6Hje HenocpeAHo reomeTpmcKHm nyTeM. TaKO, 1-byTH y csojnbt 

Principia-Ma csy TeopHjy nnaHeTcKor KpeTatba H3BOAH reOMeTpHCKH, ma Aa 
A06p0 no3Haje ,LI,eKapTosy meToAy AHanwritgKe reomeTpHje. WHpOKH pa3B14TaK 

AH3J1H3e y XVIII H XIX BeKy, KaAa je oHa y pyKama gHTase nnelaAegyseHHx 
maTemaTHgapa, OA Ajnepa Ao AHpH IloeHKapea, Aana cjajHe pe3ynTaTe yKo-

11140 je HanpeAaK HenocpeAHe reomerpricKe meToAe; oHa je cryntina Ha Apyro-
mecTo; y3Hmana je memostry, cKanapHo-seKTopcKy Opmy, npeTsapajy1414 ce 
noHeKaA y cystime cpopmaaHy AHmumaHHy. IleKaao ce Ha pee KaAa he 

cKa.napHa meToAa 110CTaTH Hcysmue KOMIIJIHKOBaHa H KaAa he 6HTH ripHmo-
paHa Aa yCTy1114 mecTo HenocpeAHoj reomeTpHcKoj meToAH. Teoptija seKTopa 

nogena je Aa 3ay3Hma cse Ba)KHHje mecTo oHAe, rAe Aommmpa seKTopcKa 
npripoAa senwma, oHAe rAe HcTospemeHo ygecTsyjy mule seKTopa H TO y-

KOMI1J1HKOBaHHM Kom614Hau,Hjama — mime cy AHCLI1411J114He TeOpHCKa H Ma- 
TemaTwuca (p14314Ka; Ha np., TeopHja eneKTpiumTeTa torne,u,a. HeH3MepHO 
jeAHocTasHHja, aKO 3aKoHe 14 jeAHagyme Te TeopHje Hanmuemo y BeKTOpcKOM 

06J1HKy. 

BeKTOpCKH pagyH ce HajpaHHje oAomahHo y (13143Htu4; Ty je Ao6H0 
norormy cpopmy 3a unipoKe MaTeMaTHMKe KpyroBe. ,aaHac je TO HHcTpymeHT-

6e3 tmjer je no3Hasaba HeMoryhe npaTHTH H HajenemeHTapHHjy nwrepaTypy 

He camo TeopmcKe cfm3mce, Hero H 4413HKe yonurre, Kao H Mexamuce ca 

CB14M theHHM TeOpHCKHM H npaKTHtumm rpaHaMa. 14 MHore Apyre Aticm4- 

11JIHHe, Koje HMajy sehn HJIH MaHaH A0A14p ca OBHM HayKama, onepHuly ca 

BeKTOpCKEM Bea14414Hama.  
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§ 8. ,aenbethe seKTopa. KsaTeptmos 

OneT heMO y3eT14 ABa seKTopa AB H AC (c.a. 18) ca BeKTO 

6pojesHma 

x,e i + y,e„+ zie,, 

x,e, + y,e2 + z2e5• 

Pe3y.irraT Aelbetba Asa 6poja, Asa cKanapa 
a : b je 6poj k 3a KOjH je npoH3soA bk jeAHaK 
6pojy a. 

C.1114 14110 ToMe, y ,  capiajy AelbeHz.a Asa BeK-

TON. AB : AC, KojH y onulTeM cariajy Huey Ko-
mmeapm4, K0.11144HHK Tpe6a Aa je 6poj, pearimo q, 
3a K04 BWKII jeAHaKOCT 

C.n. 18. MEnKetbe sexTopa 
AB = AC • q... 	 KBaTepHHOHOM 

llpH ToMe 6poj q H camp mHoacetbe mory 614TH camm HOBO upHpoAe; 
HnaK mHoacethe mopa 33A0B0JbHTH AHCTpH6yTHBHH 3aKOH. Ca reomeTpHcKor 
anemulTa mHolKetbe seKTopa AC (c.n. 18) 6pojeM q oArosapa o6pTaH,y Tor 
seKTopa 3a oApehem4 yrao Ao noKnanatba iserosa npamta ca npamtem seK-
Topa AB H npomeHH tberosa HHTeH314TeTa AO 143jeAHagetba ca HHTeH3HTeTOM 

seKTopa AB. lipoygasajyhH moryhHocT KoHcTpymtHje TaKBor 6poja q, maTe-

maTHgap XaMHJITOH Ammo je Ao HOBHX Bea 14 ,4HHa y Amu 36Hpa cKa-
aapHor H seKTopcKor 6poja. I4MaMO AaK.ne 

q = a+ xe,+ ye, + 

IlowTO 3a oApehHaarbe TaKBOr 6poja Tpe6a Aa 3HaMO tleTHp•H 

napa (a, x, y, z), XaMHJITOH je Ha3Ba0 TaKsy BeJIWIHHy KsaTepHHo H. 

KaAa je x = y = z = 0, KBaTepHHOH ce npeTsapa y cKanapHH 6poj. 
C Apyre cTpaHe, KaA je a= 0, KBaTepHHOH ce jaBJba Kao seKTop. IlpeMa 
Tome H CBaKH cKanap H CBdKH seKTop gory ce cmaTpaTH Kao KsaTeptmotm, 
cabto cneitHjanifor 06.11HKa. 

KBaTepHHOH 3aBHC14 0,A 4el-14pH pa3J114 11HTe jeAmmute: OA 06H4me, 
cTsapHe jeAHHmte 1, nomohy Koje ce 143paacasa cicanaptm Aeo KBaTepuloHa, 
H OA, TpH seKTopcKe jeAHHHae e 1 , e2, e,. 

3a spume mtioacetba Asa KBaTepHHOHa XaMHJITOH je Aao osy Ta6./may 
riponsoAa csaKor napa jeAmmta. 
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1 e 1  e2  e 3  

1 1 ei  e, e3  

e, e 1  

e2  

—1 

—e 3  
es 

—1 

e2 

e 1  

e, e 3  e 2  — e 1  — 1 

Ilpema TOi Ta6IniuH 3a ap0H3BOA Asa KsaTepHHoHa 

q,= a,± V, = a, + x,e,± y,e,± zie,, 

q2 = a2 ± V2 = a, + x2e 1  y2e2 +.z2e3  
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rAe cy a H V Heno3HaTH CKaaap H seKTop KsaTepHHoHa-KonntuiKa; x, y, z 

Cy Hen03H2TH cKariapH Tor seKTopa. 
AKO seKTop Haiemnag MHO)KHMO KsaTepHHoHom 3AecHa, 3a oApehH- 

Bathe HenosHaTor xsaTepHHoHa Ao6Hjamo jeAHatimy 

Vi= V2 • (a + V), 

rAe, Kao H paHHje, TatiKa 03Hatiasa KsaTepHHoHcKo mHmethe. AKO H3BpLEIHMO 

TO mHo)KeH,e Ao6Hhemo jeAHatnmy 

V 1 = aV2 -- (VV2) [V2VI. 

hemo H3jeAHa4HTH noce6Ho cKanapHH H BeKTOpCKH Aeo y osoj 

Ao6Hhemo jeAHy cKanapHy H jeAHy seKTopcKy jeAHatniHy 

(VV2) = 0, 
V1 = aV2 -1- [V2V]. 

Cap, 
jeAHa44HH; 

(1) 
(2) 

Hmamo HOHOBO KBaTepHHOH, H TO 

41'42 = alas + a1V2 a2V1 (V1V2) 

rAe Cy HcKopHaiheHH cKanapHH H BeKTOpCKH Hp0H 3B0,11.14  

	

(V1V2) 	X 1X2 	y,y2 	z 1z 2 , 

[V ,V 2]= (hz2— z 2) e, 	x 1sz 2) e2 ±.(x1y 2 — y1x2)e3• 

3a Apyril npoH3BOA HCTYiX KBaTepHHOHa, K0j14 ce OA npsor pa31114Kyje 

peAom timiaana, Hmamo 

42 -  41= a1a2 + a1V2 a2V1 —  (V1V2) — [V 1V2]. 

KBaTepHHOHCKH npom3soA ce He noKopasa KOMyTaTHBHOM 3aKoHy: 

ca npomeHom peAa tnnmaaua np0H3soAH ce pa3Jucyjy sHaKom KOA Aena 

Tor npoH3soAa, KOjH je H3pamceu BeKTOpCKHM npoinso,Kom. 

AKO ce KBaTepHHOHH csoAe CaMO Ha seKTope, HAIXOB KBaTepHHOHCKH 

Hp0H3BOA je 

VS V2 = — (v 1v2) Ev1v21• 

HeKa caA Tpe6a oApeAHTH KornitniHk Asa seKTopa y o6.KHKy KBa-

TepHHoHa, q, 

V, 	x,e,± 	+ zi e, 

V2 	x,e,± 	z,e, 

AKO tulaHoBe seKTopcKe jeAHatnaHe MHONCHMO cKanapHo ca V 2, a npn 

Tome pmemo y o63Hp Aa je 

(V2[V2VD = 0 

36or ynpaBHOCTH tunimaga cKanapHor- npoHssoAa, TaAa 3a a HMaMO osy 

speAHocT 

a(V „V 2). V 2 
BeKTopcKo mHoKieffie Te HcTe jeAHatme (2) seKTopom V2 3AecH a A aj 

(3) [V 1 V2] = [[V2VIV2]. 

TeopHja seKTopa rue) Aa ce npoHasoA Ha AecHoj cTpaHH mowe TpaHc-

cpopmHcaTH npeMa o6pacuy 

•) 03aatielio ca A, B, C Tps sexTopa. Y TeOpHjH BexTopa H3BOAH Ce o6pa3ag 

(4) [A[BC]] = B(CA) — C(AB). 

0 serivinTocTs ose jexsagnse moncemo ce y6e)WTM Trspbssaisem HAeHTWOLOCTH 

xoopAssaTa nese H xecse maim. 36s.rsa, Ha np., 3a ocy x imam% as nesy crpasy 

[BC]lx = A y  [BC]z — Az [BC]y = Ay (Bx Cy — By Cx )— Az (Bz Cx — Bx Cz ), 

a 3a nem 

Bx (CA) — C x  (AB) = Bx (Cx Ax + Cy Ay + Cz Az ) — Cx (Ax Bx + Ay By + Az Bz ) = 
= Ay  (Bx  — By Cx ) 	(Bz Cx — Bx Cz ). 

143 jensamsse (4) ce naxo H3BOAH jensagssa 

RBCIAI = C (AB) — B(CA), 

Kola ce npshteibyje y TexcTy, — a ± V = a + xe, ± ye, + ze, , 
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[ [V2VIV2] = V22V — (V2V)V2 , 

oAame, Ha OCHOBy (1), H3BOAHMO peayaTaT 

[[V2VIV2 [ = V22V. 

Hoene °Bora H3 (3) Ao6Hjamo 

1 

22  
V = 	V [V,V2]. 

Ha Taj HatniH aa KOJIWIHHK Asa sewropa y caymajy AecHor mHowerba 
Hmamo KBaTepHHOH: 

V 	1 
—{ (Vi V2) ± [VI V21 l• 

V2 V22  

Y c.nytiajy .nesor mHoweiba 'Ao6Hhemo KBaTepHHOH 

V
1 = l  , r 	u  {M VO —  EV 1 V2] }. 

V 2 	v 22  

a13 

a33 

Y paasHjeHoj cpopmn npsH KBaTepHHOH HMa 06Jmx 

VI 	1 
x1x2 YIY2 ziz2 (Y1z2 zadei 

V2 X22  ± y22 +z22 
(z 1x2 — x 1z 2)e2 + (x1y2 — y 1x2)e 3 }. 

Ha OBOM hemo aaspwwrn aHanHay AeJbeffia Asa sexTopa: °Ha je H3- 

BeAeHa nomohy seaHinme HOBO npnpoAe XaMHJITOHOBa xsaTepHHoHa. 

Bexc5afba. 1. 14313a3HTH KBaTepHHOHOM KOJIMHHIC e 1  : e2, rAe cy e 1  H e2  jeAHHHq-

Hit BeKTOpH. 

2. 143pagyBant KBaTepHHOH 3a KOJIWIHHK Beimpa: 	
(ITY  1/5- o V

2` 
	a 

2 / 
\

, — 

\ 2 	2 	2 	. 

3. To HCTO ypaKkrm H 3a BeKTope: V 2(1, 0, 1), V2(-2, 0, 2). 	
\ 

 

§ 9. Temop 

floaaaehm oA nplipoAmix 6pojesa noxaaarm CMO KaK0 ce yonarrasa 
nojaM 6poja. 13HAeaH cmo Aa ca peanumm 6pojesHma cToje y semi caanap-
He seawnme, a onepaaHje ca H,Hma twHe p a xi y H KojH moacemo 3BaTH 

cxan a pH H M. „RaJbe CMO yBeJIH nojam sewropa; H3HeJ114 CMO yiory mojy 
caA y MaTemaTkno Hrpa B e icr opcxH pa 14 y H.  
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Y3eheM0 HeKOJIHKO npnmepa 113 o6mor MCHBOTa. KaA noaammo y 

QBapow mommo sanHcaTH ulTa 614 cse Tpe6a.no Aa xynxmo: V, kg min, 

5 kg uiehepa 10 Jurrapa slum HTA. flpH6enexauni cmo cxanape. 
KaA 61,1x xTeo Aa yny THM csora npHjaTeJba Ha Tepacy KaaemerAana, 

Imo 614x My o6jacHHo, rAe je 3eMyH, rAe Beacam4cm4 aepoApom, rAe AAa 
LtHraHanja ? Mory Ha IcomaAy xaprHje 03Ha9HTH HeK0 oApeheHo mecTo Ha 

TepacH, na nosyhm BeKTope y npasuy 3eMyHa, BexcaHHje H AAe. OsAe 
CMO Aax.ne ynoTpe6HAH sewropcxy meroAY. 

Y3eheMo HeKOJIHKO npHmepa rAe ce jasJbajy 0611HIAH cacsnm Apyre, 

Hose npupoAe. AKO wernamo Aa nom/1414mo icoA xpojaLia oAeno, 614pamo npso 

clApebei 4  moAe JI, 06AHK, K0j14 Ham ce Hajwune p,onaAa H KOjH oArosapa 

Hawo• nove614. 3aTHm xpojan yanma mepy H 6eneau4 y lubfiry 1043 6pojesa 

4C0jH NAy oApehemm peAom, Hmajy Aax.ne oApeheHy crpylcrypy. Ulm can map-
Ho nocTojH HeaasHcHo OA Tora Aa nH je oAe.no aaHcra H caumseHo HAN He? 

nocTojH jeAaH reomerpHoul moAe.n oApeljemix AHMeH314ja. 

JeAaH cxyn, jeAHa rpyna 06144HHX, manapHnx 6pojesa xojki HMajy 
Hex), Hapowny, yHanpeA TrspbeHy cTpyKTypy, npeTcTas.sa OHO, niTa ce y 
wHpoKom cmHcay Te peLm 30Be T e H 3 0 p. 

Pa3yMe ce Aa je npHmep xpojama aa6asHor KapaKTepa, a11H H y Haj-
O36HJbHHjoj TeopHjH TeHaopa cyluTHHa ocTaje HcTa: Hmamo noc.na ca rpynama, 

,ca HeKOJIHKO o6HLIHax, cxanapunx 6pojesa, nocmaTpamix y Be3H ca reo-

IderpHCKHM HAM Ma xwomm ApyrHM, Ha np. mexammwm 06.1114KOM. .- 
MaTemaTkplap KaAa npoygasa TeHaope HMa aa. aaAaTax Aa cTsopH 

-TeopHjy, HapoturrH pa4ylt, TeH3OpCKH pagyH; Taj patiyH Aaje npasma aa He-
nocpeAHo onepHcame ca camHm o6aHu,nma y neaHHH. 

KaaaheMo HeKOJIHKO pain! o TeHaopy• Kao maTemaTHincom o6nHxy, Ha 
y HaweM TpommeHaHoHanHom npocTopy. HanHcahemo Ta6army ca AeBeT 

cxanapHHx 6pojeBa 
a„ 	a, 
a„ 	a22 
a31 
	

a32 

110A H3BeCHHM ycaosnma moacemo way Ta6Junky cmaTpaTH Imo 'ra- 

diant),  KoopAHHaTa TeHaopa. Osaj TeH3op HMa Aame AeBeT xoopAHHaTa. 

110A xojnm ycnosHma Ta6.1liwa HanHcaHHx 6pojeBa aanTa oArosapa 
Hercom TeH3opy? 3a oArosop Ha OBO Rama) nuTaibe Tpe6a yaeTH y o6snp 

Aa csaKom TeH3OPY OAr0Bapa H3BeCTaH reomeTpHcio4 06JIHK, KOjH npercTasJba 

tberoBy cywTHHy. JacHo je Aa ce osa cyurrnHa He cme meffiaTH, axo ce melba 
KOOpAHHaTHI4 cm-rem 11J114 HaIIHH Ha KOjH je oApehex Halo TeHaop roplbom 

Ta6Jnwom. He3aB14CHOCT cywTHHe TeHsopa OA noaomoja KOOpAHHaTHOr TpH- 

jeApa y npocTopy H Hamm oApehlow-ba — TO je ycJiOB xojH Tpe6a Aa 
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3aAoswbasajy KOOpAHHaTe TeH3opa. Tax°, Ha , np., mit) ca TeHaopom y cne-
gHjanHom cartajy CTOJH y seam oApebeHa nospwmia H 6pojesEt Ta6Alige 
oApeljyjy Ty nospimmy, ca npomeHom KOOpAHHaTHOT cHcTema 6pojesH mory 
Aa ce npomeHe anH 06JIHK nospunme mopa OCTaTH HCTH. 

Haseuthemo HeKOJIHKO npasHx, Hamm( npHmepa TeH3opa, Kao myna 
6pojesa oApebeHe cTpyxType HapanceHe Ta6nEwom. 

Y3eheMo tispcTo Te.no H npormhemo Eberoso xpeTaEbe. Mexamata ytm 
Aa npit nportasaHz.y Tor xpeTalba HeMajy 3Ha4aja HH 6oja, HH xemHom ca-
cTas, HH Apyre mice oco6HHe Tora Tula, Hero je sa)caH pacnopeA macA 
Tena y npoeropy H TO He y csHma AeTwbHma, Beh y jeAtioj onurroj citopmEt. 

CsaIto xpeTatbe tutpcTor Tena montemo paumnaHHTH y Asa xpeTaEba: 
y xpeTatbe Te)KHLUTa Tena H y o6pTatbe TeAa OKO TemounTa. 

. 3a npoynasatbe npsor xpeTaiba A0B0JbH0 je Aa 3Hamo macy Tula. 14,  

nonontaj TencHwTa y Teay. 
3a nportasalse Apyror xpeTaEba — o6pTalba, sancaH je. pacnopeA 

maca y tionneAy oca UUTO npo.nase xpo3 TemnuTe, jep sa poTau,Hjy Tena 
Emje csejeAHo, Aa .  All .ce mace Hana3e y 6.111I3HHH oce poTatutje HJIH Cy yAa-
JbeHe oA Ebe, flportasatbe pacnopeAa maca Aosomi Ao °sot' 3atc.tbr4m. Y 
CBaKOM 14BpCTOM Teny moncemo Ha3Ha4HTH TpH y3ajaMHO ynpasHa npasua 
ca jeAHom xapaxTepHcTwmom OCb6HHOM. Hume, axo nom-tem° 06pTaTH Ten) 
OKO jeAHor OA THX npasaga H, 3aTHM, OCTaBHMO Teno camo ce6H, OHO he 
npoAyBoiTH poTagHjy OKO oce HcTor npasga. Taxi:), Ha rip., poTHpa Ao6po 
noTepaHa milrpa OKO csoje oce. Y onurrem cnyitajy an jeAaH ApyrH npasau, 
Hema Ty °co6Hi-1y: Tea° he flown' Aa ce xone6a, a THMe he 6HTH H3ry-
6.1beHa 11 Hen0M14 14HOCT oce poTauttje. Taxsa TpH npasga BOB)' ce rnasHe 
O ce HHepgHje Tena. .Kao IIITO 3a xpeTalbe 'rum y oApebeHom npasgy 
Hrpa Ynory tberosa maca, 'Tax° sa o6pTatbe Tena OKO rnasHe oce HHepuHje 
Hrpa ynory .jeAHa senimma, itoja ce 30se M Om e H T H H e p u  n j e. TpEtjeAap 
OA Tp14. rnasHe oce HHepEtHje ca MOMeHTHMa HHepgHje OKO THX oca catm-
rbasajy jeAaH 06JIHK, KOjH ce 3ose TeH3op HHepuHje. JacHo je Aa je 
TeH3op HttepgHje oA orpomHe Ban(HOCTH sa nportasatbe xpeTatba top-
cTor Tena. 

Kao ApyrH npttmep; y3eheMo pacnopeA AecpopmagHja H HanoHa y 
enaCTHIMOM Tenjr. Y TaKBOM Teny H3a6pahemo HeKy Twiny H 113 Tena H3- 

,11.Hojuhemo Aumh y 'come ce OBa Tatum Hana3H. !ipso hemo npeTnocTasHTIE 
Aa ce Taj Awmh Hana311 y cno6oA,Hom, HeAecjtopmHcaHom cTaiby; Aa sHAHmo. 
caA KaK0 moxcemo CXBaTHTH ToTanHy AectopmagHjy Tor Auntha. flose3ahemo 
H Ca 11,14M TpH ynpasHa npasga. Y CBaKOM 011, THX npasaga Monte ce Aumh 
HCTerHyTH, oAHocHo cxpaTHTH; TaKO A06Hjamo TpHAecItopmatmje HcTe3aEba. 
PICTH Aenfth Monte 6HTH AecItopmHcaH j0111 H Ha ApyrH Halm; HaHme, He 
meibajyhH 3anpemEmy AenHha, moncemo H3Bp111HTH cmHgarbe maTepHjana Tor 

Aumha H TO 'y TpH opTorolianita npasga. Ose Able Aecpopmau,Hje, cmaTpatie 
Imo jeAaH o6nHx, npeTcTawbajy TeHsop Ae (j) opmagmj e. 

JacHo je Aa axo jeAaH Awmh enacnitutor Tena OCTaBHMO camom ce6H, 
OH he ce spaTHTH y csoje npso6HTHo cTaH,e. 3a oApncasatbe AecpopMHCaHor 
cTalba Tpe6a Aa Ha Taj Aunth A ejeTsyjy cline, Etc* ra HJIH Hcrenty, oAHocHo 
ripHTHcxyjy, HJIH ra cmEmy. Te mite, xoje AejcTsyjy Ha CBaKH enaCTHLIHH 

Aenith, 3osy ce HanOHH. PacnopeA THX mita oApebyje TaKoije jeAaH 
TeH3op, T e H3 o p HanoH a. 

110111TO CBaKa cHna KOja AejcTsyje Ha enacTHLmo Tem H3a3HBa oAro-

sapajyhy AecpopmattHjy, Emmehy TeH3opa AajtopmagHje H TeH3opa HanoHa 

mopa IIOCTOjaT14 Hajnpacmtja sem. TeopHja enaCTINHOCTI4 y cTsapH ripeT-
cTawba pa3sHjapbe Te se3e H Hasobeibe oArosapajyhHx 3atobr4axa. 

CaA je TeH3opcm4 pagyx nocTao Amcgmunma, xojy y maTemaTimoj , 

 AHTepaTypH cycpehemo Ha csattom xopatcy. Osa AHammuma.  nocTana je 
spa° nonynapHa He camo meby maTemaTimapHma-cTpritbausma, seh H Meby 

OHHMa KOjH MaTeMaTHKy HcicopEunhyjy 3a npaKTEttme gwbese; Ha np., H y 
Ao6po n03HaTom Hematmom TeXHIVIKOM npHprutHxy „Hiitte", KOjH Clly1K.14 

HmKeEbepHma CBHX cTpytta, HaseAeHe cy OCHOBe TeHaopocor pagyHa. lipeA 
Haulm oqHma Hspacna je jeAHa Hosa MaTeMaTH4Ka AHC11,1111J11111a. Ca cBOjHM 

cTapHjHm 6paTOM BeKTOpCKHM fiattyHom, nocTana je oHa HeonxoAaH pattyH-- 
CKH midTpymeHt umpotmx xpyrosa, Koji HcicopHuthyjy maTemaTimxe meToAe. 

LUTa je yapox Tome? 
ExcnepHmeHTaxma CP143HKa je KpajeM npownor H nomencom 0130f CTO-

neha o6oraheHa HH3OM cjajEmx npoHaAaaaxa. OA 1+41X cy HeKH yHeAH He 

camo y Teopnjy, Hero H y npaRTHLIgH AMBOT rOTOBO cpaHTacTwme npO-
meHe. Harm pa3BHTaK ExcnepHmeHTanHe titH3Flite nocTasHo je TeopHotoj 
14)143H11,14 3aAaTax Aa KOHCTpyHIIIe cxeme, noMOhy KOjIIX 6HCM0 morn"' o6- 

jaCHHTH cse LUTO je Beh 1103HaTO, 14 npeAsHAeTH OHO ILITO TeK HMa Aa ce 

ripoHabe. Taj 3aAaTax TeopmcKa CI)H314Ka je cxsamna umpotto H 036HJbH0. 

,L1,a 6H ra ycneumo peunuta, oaa HcitopHuthaba cpeAcTsa Koja joj MaTema-- 
THKa CTaBJba. Ha pacnononceEbe. Meljy THM cpeAcTsHma TeH3OpCK1,1 panyH 

3ayaHma AaHaC span BanSHO mecTo; tberobom npHmeHom nocTajy , Hinaralba_ 

TeopHace 4MIBHKe 3HaTH0 jeAHocTasHmja H KomtpeTHaja. 

§ 10. Teopnja MHOHCHHa 

MaTeMaTHLIapH, Kao IUTO cmo EuentE, uinpehn o6nacT csojEtx HcTpa-
nmsatba, AasanH cy nojMy 6poja cse Behr' o6Hm. MebyTHm H TO je 110CTa110 

HeA0B011)H0. Tpe6ano je nportasmem 06yxaaTHTH H cxynose 06jexaTa KaA. 
HHCMO y cTarby Aa FIX npe6pojHmo. Tax° ce 110111110 AO nojMa mHoncrute. 

M H 0 )1( H H a je ocyn 'oApebeHHx npeAmeTa KOjH ce BOB)' enemeHTH 
MHONCHH e. 	MHOXHHa 6yAe noTnyHo n03HaTa Tpe6a: 1) Aa 3HaMO CBe- 
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..eaemeHTe Te MHONCHHe H 2) Aa 3a csagx npeAmeT moacemo ga3aTH Aa J114 

npLmaAa TOj MHONCHHH 1JI14 He. MHONCHHe hemo oaHagasaTIL, yraasHom, se-
alliCHM JIaTHHCKI4M CJIOBOM. Ase M H 0 NC H H e cy eKsHsaaeHTHe, ago 
CBaKOM eaemeHTy jeAHe oArosapa eaemeHaT Apyre H o6paTHo. MHOAHHa D 

je Aeo MHO AC H H e M, ago CBH eaemeHTIL MHONCHHe D npxnaAajy MHO-

/nil-1H M; aKo nocrojm ma H jeAaH eaemeHT MHONCHHe M KOill He npxnaAa 
MHONCHHH D, TaKas Aeo npeTcTas.rba npasx A e o MHO ALI H e M. AKO 

je 6poj eaemeHaTa mHownie goHaqaH, oHa ce 3ose KOHaqH a. 
,L(Be eKBHBaJIeHTHe KOHallHe MHOM4He xmajy aajeAtumy oco6HHy, Koja 

,ce kmpaxcaaa HCTHM 6pojem eaemeHaTa TUX MHONCHHa. 3ajeAHHELy oco6nHy 
IlMajy H cse Apyre eKBHBalIeHTHe MHONCHHe; OBOj 3ajeAHHIIKOj 000614HH 0A- 
,rosapa .nojam MOhHOCT MHONCHHe. AKO MHONCHHa HI* KOHallHa, Tj. xma 
.6ecgpajuo MHOPO ilaamosa, oHa ce 3ose 6ecgoHa 4 H a HJIH TpaHc Li) H- 

.11 H T H a. KOHaqHy H TpaHCCPHHHTHy MHONCHHy .moacemo H OBaKO A414HHCaT14; 

-MHONCHHa ce 30Be KOHatlHa aKO HHjeAaH Ibex npasx Aeo HHje eKB14BalIeHTaH 

LLezoj MHONCHHH. MHOIKHHa je TpaHCCIII4HHTHa aKO nocTojx TaKaB H.eH npasx 
.Aeo KOjx je eKSHBaJleHTaH LLeaoj MHONCHHH. TO je qyAHa cTBap! Moace JI14 

.Aeo 614TH eKBHBaneHTaH ugaome? .Mouce. EBO ripHmepa. Y3ehemo Ase MHO-
acme: MHONCI4Hy CRUX napxxx 1103HTHBHI4N 6pojesa 

2, 4, 6, 8, 10, ... 

14 MHO)KHHy CBHX npxpommx 6pojesa 

1, 2, 3, 4, 5, 6, ... 

_JacHo je Aa je npsa MHONCHHa npasx Aeo Apyre moxame, jep 1) magi.' e.ne-
.MeHT npse MHONCHHe ripxnaAa Apyroj MHONCHHH H 2) y Apyroj MHONCHHI4 

xma eaemeHaTa, gojx He npxnaAajy npsoj — TO Cy Henapm4 6pojesx. Meby-
THM, Te Ase MHONCHHe Cy eKBHBaJ1eHTHe, jep enemeHTe npse MHONCHHe moxemo 

-HymepHcaTil aKo 14X npeTcTasxmo y 06J114Ky 

2.1, 2.2, 2.3, 2.4, 2.5, ... 

Ha osaj Hat1H11 CBaKOM eaemeHTy ose MHONCHHe oArosapa enemeHT HH3a npx-

poAHmx 6pojesa H o6pHyTo. OBe MHONCHHe Cy eKsxsaaeHTHe. 
KoHatma mHoacmia oA n eaemeHaTa egslisaaeHTHa je MHO)KHHH HH3a 

ripxpoAtmx 6pojeBa OA 1 AO R. Bpoj n IIOTIly110 oApebyje MOhHOCT KO-

Hatme MHOHCHHe. 

lipeTnocTasxmo Aa H MOIIHOCT CBaKe 6ecgoHa4He MHONCHHe oApe-

byje jeAaH 6poj. OBaj ce 6poj 3ose gapArtHaaHIL 6poj mHoxcla He. 
.3a KOHatilly MHONCHHy gapAHHaaw4 6poj je HeKU OA npHOoAwlx 6pojeBa,  

6poj Te mHoucime. 3a 6eckoHa'uIy MHONCHHy je KapAHHaJ1HH 6poj 6ecgona q a H 
HJIH TpaHcOHOTa H. AKO je 6ecgoHa4Ha MHONCHHa eicsxsaaeHTHa 6ec-
goHa4wom Hilay npmpoAmix 6pojesa, 0Ha ce Bose 14 36pojos a. Tpauccinm-
THE 6poj )436pojwise MHOIICHHe je, TaKO pehx, HajnpocTxja TpaHaPHHI4THH 6poj, 
jep je JlaK0 AogasaTx Aa, maga 6ecgoHaLula MHONCHHa MOpa HMaTH Aeo K0j14 

npeTcTaaJba. H36pojxsy MHONCHHy. 

TpaHCCIN4HPITH14 6poj 1436poj1se MHONCHHe ouHagasahemo ca a (IOTCKO) 

max ca npsxm CJIOBOM „aaecti" jespejcge a36yKe ca HHAegcom Hyaa. flptimepH 
H36p0i11B14X MHOMCHHa: MHWICHHa CBHX 1103HTHBHHX H HeraTHBH1IX 6pojeBa, MHO- 

)KHHa CBHX paLtHOHaTIHHX 6pojesa, MHONCHHa CBHX aare6apcgxx 6pojeBa, MHO- 

NCHHa 	Koje rime Ha jeAHOM oTcelmy aJM ra He nogpilsajy y noTnyHocTx. 

„Eta J1H nocToje H MHO)KHHe Koje HOC),  H36pojxse? IlocToje. CBe Taince 
Ha jeAHoj Ay)xx goHatme Ayuckme He moacemo AosecTH y I3e3y 3a HH3OM 

ripxpoAHxx 6pojesa. MHONCHHa OBHX Tamaga HMa MOhHOCT MHONCHHe CBHX 

peaJlHHx 6pbjesa. OBa je mohHocT sepia OA MOhHOCTH H36pojHBe MHO-

NCHHe. TaKsa. ce MHONCHHa aose K O H T H H y y M, a }beim mohHocT —
M OhHOCT KOHTHHyym a. TpaHCC/JHHIITHH KapAHHaJIHH 6poj goHTHHyyma 
oaHatmmo ca c (roTcgo) ca „aaecr ca HHAegcom jeAaH. IlpeMa Tome je 
> a. TpaHc4im4THIL 6poj C KojH oArosapa 6pojy CBHX pea.rmilx 6pojesa-, 

npeTCTaBJba jeAHo yomuTasaibe nojma 6poja. OH oArosapa MHOHCHHH 11141e 

cae enemeHTe He Mo)KeMo npe6pojam y 06H,IHOM cmxcay Te pew! nomohy 
Bina npxpoAHLuc 6pojesa. 

nOjaM TpaHCCOHHFITHOF 6poja moxce 6HTH H Aa.ibe npounweH: mory 
6HTH goHcTpricam4 6pojesx Behr' oA C. 

CBHM OBHM rurratbxma 6asx ce Hapoilwra rpaHa Smile MaTeMa-roKe — 
Teopmja MHO}ICHHa HAM TeopHja cgynosa. Osom TeopojOM 6a- 
BHA0 ce upajem npowaor sega H y Hamm sexy spa° mHoro maTemaTimapa. 
Y HeKOM 3eMJbaMa nomme Cy H Hapo4n4Te Hapute Lugoae Koje cy ce 6a- 
Mae HCKJbrIHBO TOM TeOpHjOM. 

faama je 3ac.nyra ose TeopHje y Tome UITO oHa omoryhasa TagHxje 
o6pa3aoaLetbe OCHOBHHX nojmosa H npoueca y Bxwoj maTemaTmw. I4Ma 
eKCTpeMHHX miLlwbeffia no gojxma 6e3 Teopmje MHONCHHa HeMa MaTeMa-
THKe. OBaKBa miLw.ibetba He mouLemo ElpH3HaT14 3a TallHa, HapOLIHTO KaA 
ymemo y o631tp Aa H calla Teopxja MHOMCHHa HHje pacnpasnaa csa nxTarba 
KOja CToje y sem ca ocHosHma MaTemaTHge. 110CTOiH HeKOJIHKO flpOTHB-

pegHOCTH, T3B. napa,a, ogca HAN aHTHHOM M j a, Koje HHje ycneaa Aa 
OTCTpaHH HO aKCHOMaT143aglija TeopHje MHONCHHa, Ti. 143rpablisaFbe ose 
.AticLumalme Ha ocHorm noaammx HCTHHa-aKCHOMa ca CBOM moryhom J10- 

nitmom cTporowhy. 
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§ 11. Pavyn ca o6anunma. Tononornja. Teopnja rpyna 

HapotmTa oco6inia maTemaTkitme meToAe kicTpaackmarba ripmpoAtikix 
nojasa CaCTOjH ce y OH0j ynoski Kojy y Oj Hrpa 6poj. Ca CBaKHM 061114KOM, 

o6jeKToM nporianalba, mokKe ce A0BeCTH 3r ne3y jeAaH HJIH mule 6pojesa, 

14 TO TaK0 Ja ce, npema AaTom o6nincy, mory oApeAHTH 6pojenki H o6pHyT0 
— npema AaTHm 6pojesHma oApebyje ce o6nkiK. 

CsaKa rpaHa MaTemaTHKe 6aBH ce cneukijanwim spcTama, oApehewim 
KaTeropHjama o6nkiKa. Ananki3a onepknue ca nenkitumama; oHa'Aaje ripaskina 
no KojHma ce BenkitmHe ynopehyjy ca 6pojeskima. reomeTpHja nporana npo-
cTopHe o6nHKe, 6H.no TpoAkimeH3HoHantior 614110 skiweAkimeH3HoHa11nor npo-
cTopa. OHa pewasa mamba ynopeherba reomeTpkimix ankiKa ca 6pojesHma 
K0j14 Te 06JIHKe oApehyjy y nOTnyHOCTH, Tj. no 113HX0B0j 	 nono)Kajy 

H Be.11H4H1114. 	y MexaHnuH OCHOW111 . 061114K npeTcTakma KpeTakbe CH- 

cTeMa, reomeTpHcKnx y KHHeMaTHLLH H maTepHjanknix y ,Ilkmammw. Hpoy-
masatbe mHposatba maTepkijanknix maca cnaAa HCTO TaKo y MexaHHK3r, y ibeH 
Aeo, y CTaTkcy. Y MaTemamtwoj cjw3Hux 06nkkki Cy jow CJIWICeHHjH H 

3HOBpCHI4j11. Y 4:13H3ki4Koj xemkijki jow cy KOMILIIHKOBaHHj14. Y 6H0.110111KHM H 

COUH0.110111KHM HayKama je cnoweHocT o6jeKaTa Taloa` Aa 3acaaa join HHCM0 

y CTaHay H11 npeTcTanwrki Ha K0j14 614 Ha4HH H one HayKe nocTane npeAmer 

er3aKTHOr maTemaTkiikKor nporkasatba. 
Hpki onepHcarby ca o6nkk14ma moxce ce nominal' Ha  Asa Hatikka. 

Hpsa meToAa CaCTOjH ce y °some. CBaKH 061114K, Kao LUTO CMO peKnki, 

CTOjH y Be3H ca 6pojesHma: OB14 ra y AaTom cmHcny noTnyHo oApebyjy• 
3aTo csa pacybkinakba ca o6nnunma mory 614TH 3ametneHa pacyhkmarbem ca 
6pojes14ma. Ona meToAa, npHmetbeHa ma tia Kojy KaTeropHjy o6Junca, 3one 
ce meToAa C K anapHor pa torH a. CKanapHa meToAa mowe 614TH 
3B14ieHa y FeomeTpHjkl, y MexaHmw, y MaTemaTimoj Cp 143HuH HTA. Y ()lumpy 
Te meToAe HMaMO nocna camo ca o6H4nitim 6pojeskima H saKomkma Kojtima 

ce OBH 6pojeski noKopasajy. 
CKanapim pa43rH Hrpa y MaTemaTHuH AOMHHaHTHy ynory. Haerona je 

cHara orpomHa. OH HMa mehyTkim H KpynaH HeAocTaTaK. MecTo o6nHica. (mai 
pay onepkuue ca 6pojesHma. Howie npena3a Ha je3HK 6pojesa H camo 6po-

jena ry6H ce se3a ca o6nkiKom. Hui4e3anajy jacHoha, nperneAHocr 14 KOH-

KpeTHOCT. CeM Tora, aKo cy 06.n14u14 KOMMIHKOBaH14, OHH ce oApebyjy HH3OM 

6pojesa, 3aTO je npi onepkicakby ca o6nHu,Hma noTpe6Ho 113BpUIHT14 tmTas 

HH3 onepawija; axo ce 06.rmic mekba y cum CB0jHM Aenoskima, noTpe6Ho je 
na3HTH Ha npHmeny mHor06pojkikix KomrineKca 6pojena, a TO nonnatm 3a 

co6om, seh i y jeA,HocTaBHHm cnytiajenikma, nenincy cnoweHocT pacybkinatba. 

Ha Kpajy je noTpe6Ho noHoso o6yxnaTHTH cse oco6HHe 6pojesa, KOjH °Ape- 

byjy 06.1111K, 14 CTBOpHTH IlpeTCTaBy 0 pe3yJITBEITHOM 06J1HKy. 

flpH npHmeHH Ha KOMIIJIHKOBaHHje maTemaTkitme AHcwkwunie ropkbki 
HeAocTaTax cKanapHor patiyHa nocTaje cse sehm. 3aTo ce no npHinwny eico-

nomkije M14111Jbaba, 11pB0 nonaKo, a 3aTHM cae HHTeH3HBHHje y  nojaskina jeAHa. 

APyra TeHAeHunja. 0Ha ce npeTnopkina y HOB)/ meToAy, meToAy PatiyHa ca 

06JIHLLHMa. CyLUTHHa meToAe CaCTOjH ce y °some. 

Y CBaK0j maTemaTkitiKoj AHCIIH11.11HHH, Koja o6pabyje oApebeHy rpyny 
nojaBa, H3Asaja ce jeAaH 06.n14c nomohy Kojer mory nojaBe one rpyne• 614TH 

ctiopmynHcaHe HajjeA,HocTastukje. Taj 06,1114K, pa3yme ce, Tpe6a Aa 6yAe  Ma-

TemaTH4KH 06.a14K, Tj. }berry Tpe6a Aa oAronapabr oApehekw 6pojekski H o6p-

HyTO. nOWTO ce Aecpkuunne 06JIHK Tpe6a ,i1,e(43HHHCaTI4 onepatinje ca kkaime, 

onepau,Hje — ca6Hpatba, oki,y3Hmaina, mHoweina HTA. One mory 614TH aHa-

norHe onepaukkjama cKanapHor patiyHa, HO mory kimaTH HapotikiTy npupoAy 

y Be3H ca HHAHsHAyankiokuhy AaTor 06.11HKa. CacTem npaskina nomohy 1C0jHX 

ce mopajy, HaBoAHTH onepaunje ca o6aHuHMa oApebeHe KaTeropHje npeT-
cTaaiba pa43TH To!' 0611HKa. OH je HHAHnHAyanaH y Be3H ca npkipoAom 

06.T1HKa, &am o6yxnaTa cne pasHonpcHe 061114Ke kicTe ripikpoAe. 
CKanapkui pay TaKohe mokKe ce cmaTpaTH Kao patiyH ca Hajnpo- 

. CTI4j11M 06.11HK0M — ca CKaJIapHOM BeJIH1HHOM. Kao pe.IIKTHBHO jeAHocTanaH, 
aim AocTa pa3BHjeH npkimep Pa4yHa ca o6nkawma moiKe nocnyxcHTH Hoc.- 

TOpCK14 patiyH, o KojeM CMO seh ronopkinik. Kao Apyrki npkimep moxcemo 

HaBeCTH TeH30pCKH pa4yH; o rbemy je TaKohe Okino rosopa y jeAHom 0)1, 

npeTxokkinuc naparpacjaa. 
HocToje H Apyrki patiyHH ca cneiwjanimm o6.runwma. TaKo je  on- 

ulipHO pa3paheH pay ca 3aBpTHAIMa 141114 11,14X0BHM momicfmauHjama — 
moTopHma. 3anpTa. kb, oAHocHo MOTO p, je maTemaTHEIKH 06.ru4K. KOjH moxce 

614TH oApeheki nomohy Ana neKTopa. •Je,a,Ha 0,11, HajnpocTkijkix HHTepnpeTa-

kwja 3a8pTiba je e.nemeHTapHo EpeTakbe topcTor Tena KaAa ce OBO nomepa 

y oApeheHom npanuy H, npit TOM, o6phe OKO TO1-  npasua Kao OKO oce 

o6pTakba. 
TeopHja MH0)KHHa TaKohe mokKe ce cmaTpaTH Kao Pa43rH ca o6- 

nkukkima onuiTer KapaKTepa. 
Hporiasakbe o6ninca y kberomm pa3.11144HT14M cliopmama HenpeTno-

CTaB1ba. yBeK 110TIlyH0 KoHKpeTHe o6nkiKe, 0611HKe, TaK0 pekes, ca anima 

CB0jHM HHAHnHAyanimm oco6HHama. He. 06.n14K moNce Aa mei-ba cnoje HHAH- • 

skiAyanHe oco6HHe, aim Aa saAp)Kana KapaKTepHcTkituia. °HUM cnojcTsa. Ha 

nonpunnia aliepe moace, nocne jeAHe 141114 Apyre TpaHccPopmaki,Hje, Aa 

ce npeTriopki y nonpumny ennnconika Hn14 y nanny Apyry nonpunwy, anki 

Aa npn Tome ocTaHe yBeK, peunmo, y cnaKoj Tanuyi vicnyntieHa, KOHBeKCHa, 

Aa je npasa cetie camo y Ase Tatce. flpoytkasakne onwTkix oco6wia KaKO 
reomeTpkicKkix TaK0 H Apyrkix o6n14ma, se3wwx ca rbiMa, catampana caAa 

HapotffiTy 11,14C11,141111HHy Tononor 14 j y. 
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flporiaBaH,e o6nma H yonwTe ma Kojrix o6jeKaTa 	enemeHaTa — 
c-rojn y 6nHcKoj sem ca npoy iasai eM pa3AH4HTHX onepalwja-KomnomgHja. 
Y TeopLin Komn03HnHja HapolinTo samy ynory Hrpa nojaM r p y n e, Tj. 

TaKBOP cKyna enemeHaTa, 3a KOjH Komnomwja oA ABa enemeHTa AoBoAn 
noHoBo AO enemeHTa ncTor cKyna. TeopHja rpyna npecTawba jeAlly Bpno 
BascHy maTemaTHLIKy AmcnHunrwy, tinja je npHmema Beoma pa3rpaHaTa KaKo• 
y AHanH3H H feomeTpHjH, TaK0 H y MaTemaTHI4Koj 1:1)H3Hum, a HapolinTo. 
y Mexammw KBaHTa H TeopHjH aToma. 

rJIABA II 

MYHICLUIJA 

§ 12. BeJIHRHHe KOHeTHHTHe H npomeiwthe 

MaTemaTma onepHme camo ca OHHM senw44Hama K oje ce mory Me-

pkrrn, a H3mepHTH BenHEIHHy 3Hat1H ynopeARTH je ca 6pojem 1). Y Ta4H014t 

meperby Taj je 6poj noTnyHo •oApebBH, y npH6nH)KHom m'epeisy, Koje ce Haj- . 

 tiewhe npHmetbyje y npaKTHiwom MCHBOTy, 3a Taj ce 6poj nocTawbajy 0.3.-- 
pebeHe rpatawe H3Meby Kojrix ce off Hana3H. 

Mepeffie mowe, 6HTH HenocpeAno HdH nocpeAHO. OHO je HenocpeAtio,. 

KaAa ce AaTa Beama-la HenocpeAllo mepH H3a6paHOM jeAHmwom, Ha np. 
Apicmia nomohy meTpa. Mepeibe je nocpeAHo •KaAa ce mepH HeKa Apyra . 

Benwuwa, Ha np. ApKHHa BAH yrao na ce aanim, nomohy patiyHa, Ha ocHoBy 
maTemaTHLIKor o6pacga, Ao6Hja BpeAHocT TpasceHe BeJIHtIHHe. Ha np., nocne-
mepeisa yrna Ha ranBanomeny mommo pagyHom oApeAHTH jatlimy cTpyje._ 

AKO ce Ka0 pe3ynTaT mepeffia BenHt1HHe Ao6Hje yseK HCTH 6poj, Be-

aw4HHa ce 30Be cTaaH a, KOHCTaHTHa, HenpomeH .1b B a HAN, jeA,Ho-

CTaBHO, KOHCTaHT a. 

KOHCTaHTHe Bed14 1414He Rene ce Ha penaTHsHe H anconyTHe.. 

PeJlaTHBHa KOHCTaHTa 3aApscaBa csojy BpeAHocT CaMO noA 03BeCHHIA. 

ycnosHma. TaKo, Ha np., AmmeHanje npo3opa Hd oApebenoj 3rpaAH 06W4H0. 

Hmajy Hue senwnme, 3a Ty arpaAy oHe Cy KOHCTaHTHe; anti nOUITO Ha: 

Apyriim 3rpaAama npo3opn ,MOry 6HTH cacsm Apymix  AumeH3Hja, Te cy 

KOHCTaHTe penaTHBHe. PacTojapbe H3meby acTpoHomcKHx TatiaKa BeorpaAa 

H Bella je KOHCTaHTHO: H oBAe Ta KOHCTaHTHOCT Hma penaTHBHH KapaKTep, 
jep ce cse AHmen3Hje Ha 3emnAHoj nortpunmu memajy y TOKy reonounum 

nepHoAa. 

,RaHac ce y lIcHxonork•H, FIOJIHTHIKOj eKOHOMHja H comjamim Hayxama one-

pHine H ca BeAFFmnama Koje Ha ht031CeM0 noseaa•H ca 6pojem, Hero HX pamHxyjemo• 

canto npema - 0AHocy „aelm max maim". TeopHje TaKBHx Beawnnia'Tpe6a.Aa AonyHH ca-

epemeHy MaTemaTincy. 
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AIICOJIyTHe KOHCTaHTe cy Be.11111114He Koje Hmajy cram-1y BpeA-
AiOCT y CBHM npumicama, y CBaKOM nponecy pacylwatba. OAHOC o6Hma. 
Kpyra npema npetatKy, KOjH ce merm 6pojeM Jr, Hma Hely !vex-loci .  y CBHM 

.rtptintcama. Taj on,Hoc je nptimep anconyTHe KOHCTaHTe. 
BentmaHa Koja ce metba sose ce npometusHsa. MAK saptlja 6 HnHa. 
Tpe6a J114 HaBOAHT14 nptimepe npoMeHJbHBHx sentntHa? 
Cse ce metba OKO Hac! 114vsx 	(nal-1.ra pea — cse Tege) Kaxce 

'Xepaluncr (rptaut 4:1411103041, 548 — 480 ape Hawe epe). Y csaKoj npoMeaa 
,moncemo Ha14 jeAHy 14.1111 mune sentptima Koje KapaKTepliwy 0By npomeHy, 

ilpe csera ce metba — H TO HeMHHOBHO — BpeMe, osa Beim npometustma 
sentwHa. CBaKH AaH Cytwe H3lla3H, melba CBOjy BHCHHy HaA X0p1430HTOM 

H 3ana3H. 1-beroBa je BHCHHa npometusHsa BeJI14 14HHa., To HCTO BHAHMO KBA 
3se3Aa, Mecetta, nnaHeTa. Ba3Ayx melba csojy TeMnepaTypy, BlIa}KHOCT, 

IlpI4THCaK — cse Cy TO npometustise senntme. CBe 4n43HonowKe nojase 
,Haver nu4soTa se3aHe cy ca npometubitsHm senitinmama; TeMnepaTypa Tena, 
Klownt nptrticaK, Tenania H Apyre BeJIHIMHe metbajy ce He canto on, AeTittb-

CTBa AO CTapOCTH Hero H y TOKy jeAHor AaHa. Jow same npometustismi 
sentmaHa moncemo Ha6pojaTH nocmaTpajyhi4 Haw coatijanHH KHBOT. HocToje 

cnewljanlat 14HCTHTyTH H noce6He HayKe Koje nportasajy 'Tomei-L.)131413e se-
-1111414He se3aHe 3a n,pywTso. IllTo sehy o6nacT nojasa yapimamo y o63Hp, 
TO same Hmamo I-Tomei-LT[31,mm senHatma, TO je wapetnija tbmosa npmpoAa. 

Beat6ama. 1. I-IaBecTm npnmepe cramix H npomeitrbilmix Beam/Lila. 2. Hamm' 
o6pacue ns reomeTpmje 3a oApebi4Baffie 3anpemiie Tula, Kojx• mory caAroKam icoHc.rairre, 

.pe.riaTHmie H anconyme, H ripomeaaane Be.rumnie. 3. HaHeeTH nimmepe npHpommx npo-
Lteca, rAe ygec -rBy1Y ieAHa, Ase H mime npomea.rbmmix. 

§ 13. rpm-lima speAsocT 

KOHCTaHTHe speAHoc-ra Koje y3tima npometubmsa 30By ce noce6He 
speAHocTH Te npometusnse. AKO 3a npometustmy x Hanwnemo X= a H.1114 

X = X 1 , KOHCTaHTe a 11 xl  cy noce6He speAHocTH x'a. 
Pima cariajesa rAe noce6He speAaocTa npomewbrise X 4HHe HH3 KOH- 

CTaHTH14X BPeAHOCTH 

(1) Xi , x2 	  XII • • , 

KOjH Mowemo .npoApK14TH KOJIHKO roA, mce.ntimo. Ha np., 3a npu6nHAHe speA- 
1 

HOCT14 pa3nOMKa
3 
 y o6JIHKy neummanifitx pamomaKa, Hmamo HH3 

(2) 0,3.; 0,33; 0,333; . . . ; 0,33...3; . . . 

n 
.KOjH moncemo npoAynarrit KOJIHKO roA )Kentimo. 
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npeTnocTassmo Aa Cy 11.11aHOBH HH3a (1) symepscass H Aa 3a 614Ao 

soja Asa tiaasa mmsemo imam KOjH 0A I HX sperxoAs ApyroM. 

OmatIsmo ca x,, 14 XN ABe speAsocTs npometusHse X noA ycnosom Aa je 

N > n, 

Tj. Aa speAHocT XN cneAyje sa speAHowhy x n . 

03Ha4HM0 ca E (turaj encsnos) HeKH maul, 1103HTHBHH 6poj. 

CaA hemo HaBeCTH y BH1110j maTemaTsgs spa° Bamaly Ae4JHHHLLHjy 

nojMa rpatuttme speAHocTH npometubtme. 
AKO 3a CBaKH, KOJIHKO roi NeJIHMO maxi 1103HTHBHH 6poj 6, momemo 

ysex Hahn rai(By noce6ny Bpe4HOCT x 1  npomenzuse x 4a 3a cscucy spe4- 

110CT XN (N> n) nocrojii Heje,aHaKOCT 

(3)
INN — 	e , 

rge je a KoneTanra, !came ce 4a je KoncTanTa a rpaHHItHa speAHoCT 

Epomembuse x. 
HpoTymaistmo °By Ae4,4HHatijy. Benwswe x x, H XN cy noce6He 

HOCTI4 npomewstme x. 3a CBaKH 6poj 6 A0B0.1bH0 je Aa HaseAemo jeAaH 

6poj xi,. Ana HejeAHaKocT (3) Tpe6a Aa Ba)KH He cdmo 3a jeAHy speAHocT 

x'a; Hero 3a .cse speAHocTH XN HH3a 

XII, 	 ± 2, • • • 

1.1,pTe KOA pa3nliKe XN — a o3Ha4asajy, Kao yBeK, anconymay speAHocT. 
Hpame p. AKO je x npometubnsa ca speAHocTHma Hasa (2), mmemo 

1 
TBRAHTI4 Aa x Hma rpaHH4Hy speAHocT 3 — . DaHcra, HeKa je E = 0,01, TaAa 

yaHmamo x„ = 0,33 H cacTaansamo 3a XN H143 

(4) 0,33; 0,333; 0,3333; .. . 

HowTo je seh _ 

I 0,33 — 	= I 0,33 — 0,333... I < — 0,00333... I < 0,004 < 0,01, 

HejeAllaKOCT Banat H 3a CBaKH HapeAmt 6poj HarwcaHor HH3a (4). Ha MTH 

Ha4111-1 mornn 6HCMO noKa3aTH Aa oArosapajyfie HejeAHaKocTH sance H 3a 

•csaKy APYrY BpeAHocT 6, Tj. 3a E = 0,001 ; E --- 0,0001 HTA. THme CMO Trsp- 

j AMU Aa j e 3 rpatimma speAHocT npomemmsexca noce6ttm speAHocTH-

ma HH3a (2). 

4 
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AKO je rpaHnLma speAHocT npomeiumwe jeAHaKa HyJ1H, npomeHn.Hsa 
ce 3oBe 6ecKpajHo mana. 

lipomeimnsa KOja y Himy cBojkix Hoce61-mx speAHocTH nocTaHe H 
ocTaHe seha ma'OA Kojer yHanpe •  H3a6paHor 1103HTHBHOr 6poja 3ose ce 
6ecKpajHo Be.T1HK a. 

Alto 6poj n pacTe N moxce npu Tome y3HmaTH Konmo roA Aenfrimo 
semme speAHocTH, y MaTeMaTH1.114 ce TO Kpanto 6u-1mm osaKo: n oo 
LuiTa ce: n TeH(14 6eCKOHagHOCTH. 

AKO je Hpomewbmsa X AaTa HH3OM (1) 14 Hma •rpaHHu,y a, • ynoTpe6- 
Jbyje ce o3Haita. 

lim x. = a. 
n > 00 

03HaKa lim je cKpahewma,oA nannicKe peLm limes — rpaHnua. lipeT-
KoAHa jeAHaLmHa ce 44Ta: 1 i m e s (HJ1H rpw(HLma speAHocT) oA x fi ,. KaA n 
Te)KH 6ecKoHaLmocTH, jeAHaK je a. 

AKO HHje nOTpe6HO HaB0,3,HTH noA KOjIIM ce ycnosuma nporiasa 
speAHocT npomeHn.nse X, wcpateHo ce nHwe 

lira x = a. 

3a 6ecKpajHo many summit),  HMaMO osy jeAHaLmHy 

lim X n  = 0 
n 

HIM cKpaheHo 

IlpHmep: 

lim 
I 

— • 0. 
11-P. CO n 

3a 6ecKpajHo BeJ1HKy senwnwy Hmamo jeAHaLnwy 

UM X. 
tt 	oo 

Ha Hp., 
lim n2  = oo- 

co 

HejeAHaKOCT 

I xN — a I < E 

Koja je Hasea,eHa y ,3e4714HHHHjH rpaHnLme spe3HocTa, ca3p)Ks camy Ty 
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speAHocT 14, npema Tome, He mowe CJIY)KHTH H14 3a oApebnsabe Te speA- 

HOCTII, HH 3a HamTHsalbe Aa H113 (4) Hma rpaHwwy speAHocT H1114 He. 

Ca3, hello noKa3aTH Ha Liemy ce OCH14Ba OBO HCHHTHBalbe. 

AKO npomerubmsa x, oApebeHa HH3OM (1), Hma rpaHHiniy speAHocT a, 

moxemo HanHcaTH Asa ycnosa 

	

, 	e 

	

I x fi  — al <
2 	

I XN —a < 2. 

143 OBHX ycnosa cne3,yje 

I (x. — a) — (xN — a) I < 6 , 

11.11H 

I Xn — XN I < E• 

Ilpema Tome mowemo HasecTH osy TeopeMy: 
AKO npomewsnsa X, oApebeHa H1430M 

X 1 , X2, X3 , • • • , Xn, • • • 	XN 	• 

Hma rpaHnLwy speAHocT, 3a CBaKH, KOJIHKO ro3, AenHmo manH, 1103HTHBHH 

6poj 6 mmemo Hahn TaKsy noce6Hy speAHocT x fi  Aa 3a CBaKO (N > n) 

nOCTOjH HejeAHaKocT 

	

I Xn 	XN I < 6. 

Ban H spno 3HaLiajHa o6pHyTa K 0 w 14- esa Teopema (KowH, 

1789-1857): 
AKO np0MeHJBHB0J x oArosapa H143 noce6Hwc speAHocTH y Kome ma 

3a KOjH 110314THBH14 6poj e mowemo- yBeK Hahn noce6Hy spe3Hocr x fi , Aa 3a 

CBaK0 XN (N> n) Bawl HejeAHaKocT 

Ta3,a flOCTOjH KOHCTaHTaH 6poj a, KOjH je rpaww,a npomewwwe x, Tj. 

lim x.= a. 
m oo 

liehemo ynasHTH y AoKa3 ose Teopeme. 0Ha omoryhasa nporiasaffie 

HH3a H 6e3 nosHasarba came rpaHHLme speAHocTH. 
Hasewhemo jow HeKonmo Teopema o rpaHHLIHHm speAtiocTHma. 
rpammia speAHocT 36Hpa HJIH pa3nHKe jeAHaKa je 36Hpy H.KH pas - 

.111414H rpaHwunix BpeAHOCTH. 
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Ha npHmep, 

rpm-ma BpeAHocT npoli3BoAa jeAHaxa je npoH3BoAy rpm-11mila BpeA-
HOCTH, Ti. 

lim(xy)-+ liin x • lim y. 

rpaliwiHa BpeAHocT KOJIHtIHHKa jeAHana je KOJIWIHHKy rpaHHEnna BpeA 
HOCTH, Ti. 

,. 	x 
lim —= 

y 

rum ye.110130M Aa je 
lim y + O. 

Cnime Teopeme Bance H 3a Apyre onepaunje. Ha rip.: 

lim log x = log lim x, 

rpaHHima BpeAHocT Jior apiaTivla jemiana je norapHTmy rpamime 131mm-wilt. 

-Bew6arba: 1. floaaaa -rn Aa enaHoBH HH3a 6pojesa 

2 3 4 5 	n+  1 
••1 	  

1 2 3 4 

amajy rpaakmay BpeAHocT jemmy je,gfiFIHLtH. 

2. Y3eTH aa jeAkitikaty Aptume 5 cm H Ha ApHHHH AB = 10 cm oAmepnTki oA Twixe 
A Aymme jeAHaKe enatioskiMa npeTxoAHor HH3a. KaKaH je rpaH14 ,11141 noncnKaj Apyror 
Kpaja THX ApicHHa? 

3. ,a0Ka3aTH nomohy aejeAaaaocm 

xn—a+ yn — bI<Ixn — aI'+"Iy, —b I 

TeopeMy 
lim (xn yn )= Um x n  + lim yn . 

17 -0. CO 	 n-► 00 	n->00 

4. floKaaaTH Ha OCHOBy o6pacHa 

	

I/IT—VH-1— 	1  	
1/n— 1 

Aa je 
Um hin- -.-}in-11=0. 

11—,•00.  

53 

5. lloxa3aTH Ha °away oco6me sin rut <1 Aa je 

Um  sin   Act 

n 00 n 

§ 14. Ilojam cpyincallje 

Flotimimo jeAHHM npHmepom. 
143 caaBHHe Tege BOAR y CyA KOjH Hma 06JIHK BaJbKa (CJI. 19). no-

nynisetimic OCHOBe. BaJBKa 03Ha4HMO ca r, a iberoBy micHHy ca H. OBaj BaJbax 

Hanymhemo BoAom AO BHCHHe h. 143patiyHajmo saripemmiy V BOAe y cy.a.y 
Ao Te BHCHHe. JacHo je Aa je noTpe6Ho Hc-
KOpHCTHTH o6pa3au, 3a 3anpemmy BaJbKa. fe-
omeTpHja ymvi Aa Taj o6pa3mt rnacH 

V=xr2 h. 

Koje BeJIHtIHHe yaa3e y oBy jemiaxocT? 

CTantie H npomermmie. Bpoj n je cTanaH; Kao 
WTO CM0 HaBeaR, TO je anconyTHa KOHCTaHTa. 

3a Haw cyA je BeaHHHHa nanynpeLimaa 
cTanHa, aJi je oHa penanusHor icapaicrepa, 
jep y Apyrom cyAy oua monce HmaTH Apyry 
BpeAHocT. 

BeaHmmia h je npommumisa — Toj Be-

.1114114HH, moncemo no Hawoj Amu', AaTu npo- 
H3B0.1bIly BpeAHocT. Pa3yMe ce Ta BpeAHocT 	Ilyffielbe cyAa soAom 

He cme 6HTH matisa oA Hyae HH Beha oA H, 
BHCHHe cyAa, aim y HaBeAemim rpammama oHa je nocBe flp0143B0JbHa. 

rIpomemBHBy seawall-1y xoja monce HMaTH np0ki3mBHe BpeAHocTH . 

 34:memo He 3 aBHCHO npome H Jb H B a. Hpema Tome mummy h, y Ha- . 

mem npvimepy, moncemo cmaTpaTH kao He3amicHo npOMeHJbHBy. 
OcTaje join Beni-puma V. 14 oHa je npomexamBa. AJIH mkim HanyHrimo 

cyA Ao oApebeHe BHCHHe h, KOJIHLIHHa BoAe, sanpemmia V, Ao6Hja noTnyHo 

oApebeHy BpeAHocT. ilpomeHJBHBa V 3aBHCH, Aame, oA npomealuise h. 

flpomemBHBa Benimula 4Hje BpeAHOCTH 3amice oA BpeAHocTH Apyre, 

He3asHcHo npomeHaAme, 3oBe ce 3 aBHCHO npoMeHJbHBa HIM 4J3THK.. 

gkija Te He3aBHCHO npOMeHJBHBe. 

3a °waxy npomelapinna Benimula y MaTemaTmu4 ce 06144Ho yno-
Tpe6Jbyjy nocaeAffia caoBa naTmicxe a36yxe; axo npomemmay BHCHHy h 

o3Hatuimo ca x, a 3aripemHHy BoAe V ca y, Haul o6pa3au, Ao6Hja o6n1K: 

y ---= sc/-2  x. 

lim X 

limy' 

CA. 19 
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OBaj o6pa3au AoBoAH y Be3y He3aBHCHO npomewmay X, H 3aBHCHO 

npomelubtay y:3a malty speAHocT x'a montemo, Ha OCHOBy OBOr o6pacua, 
H3pa4yHaTH oAHocHy speAHocT y'a. To je HpHmep y H KIAHOHaJIHe 

B e 3 e Hameby ABe Benwume. 
Alto Hehemo 141114 He montemo HanHcaTH o6pa3au Koji ,' 6H noKasao y 

AeTaamma CBe onepagHje Koje Tpe6a H3BpWHTH Aa Ha ocHoBy BpeAHocTH 
x'a Ao6Hjemo BpeAHocT y'a, a 3KeJIHMO camo Aa Hapammo Aa H3meby THX 

Bentituma 110CTOjH cpymcuttoHanHa Be3a, ynoTpe6.1byje ce oBa maTemanma 
peqemuta: 

y = funct. (x). 

OHa ce tura: y je cl:Iymantja x'a. tlecTo ce nyTa oA ocpaheHe peqH 
funct. 3aApxcaBa canto npBO CJIOBO f, HAM ce 3aMel+yje Apyrxm HeKHM 

cnosom. TaAa ce HcTa peqemma 6enextH oBaKo: 

Y f (x)- 

Y oBoj jeAHaqHHH cy: x— He3aBlICHO npomembHBa 14AM aprymeHT 
atlymtumje, y— 3aBHCHO flp0MeRlbHBa HIM 413,14K1111ja, a f — CHM6011 
HAM 0 3HaKa cpyHicultje. 

CHm6on cpymutHje o3HaqaBa onepau,Hje soje Tpe6a H3BpWHTH ca x 
Aa 6HCMO Ao6mm oAroBapajyhy BpeArtocT y. itymatHja je AaTa Kan, cy ose 
onepalmje no3HaTe. 

Homohy jeAHor jeAtiocTaBHor npHmepa, nylbeFba cyAa BOAOM, AotunH 
CMO Ao nojma cpymumje, KOji je ocHoBa BMme maTemaTHKe. 

Bew6atba. I. HocTaHHTH ctlyinatHoHanny Heay Ha npHmepHma cHnatba roue y cyA 
o6amma a) npaHoyraor napanenenuneaa, b) nine o6pHyTe Hpxom Aone H c) 3apy6a,eHe lune. 

§ 15. fpaciniqxa npeTcTaFia oloymtunje 

3Hamo Aa TemnepaTypa Ba3Ayxa y ToKy cBaKor AaHa He ocTaje HcTa 
Hero ce melba. Hmamo, Anne, ABe npomeH./byme Benwitme: BpeMe, Koje hemo 
03Ha4HTH ca t (npBo CJIOBO AaTHHCKe pen,' tempus-Bpeme) H TeMnepaTypy 
— 6poj cTenexa no IleJ13Hjy KOjii hemo 03Ha4HTH Ca T. 110111TO CBaKOM mo-
meHTy BpemeHa t oAroBapa oApeberia TemnepaTypa Bamyxa T, moxtemo 
cmaTpaTH Aa je TemnepaTypa cpyrucitHja spemeHa. MaTemaTHqm ce ozo 
kopantasa, Kao 111TO CMO BHAeJIH, OBaKO 

T = f(t). 

EBO Ta6nHge BpeA,HocTH TemnepaType Ba3Ayxa 4. H 5. cl3e6pyapa 1939 
8-OAHHe y Beorpa,ly.  
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Cam I 0 1 2 3 4 5 6 7 
I 

8 1 9 10 11 	12 
. 

13 . 14 15 16 17 18 19 20 21 

. 

22 23 24 

cp
e6

py
ap

  4 
4 4,5 5 5 4,8 5,4 5,7 5,5 3 	I 	I. 

+ 
0,5 

I ± 
1,2 

+ 
2 

I + 
2,5 

+ 
2,5 

I 
± 
1,8 0,9 

+ 	 
0,3 1,4 2 2,5 3 3,113,7 4 

• 	 
. 	14 4,2 , 	5 5 5 5 5 4 

I 
1

,1 

I  +
-   I 

+ 1 + 
3,6 15 

+
-
 

1
-  
 I 

-I- 
 4,9 

+ 
4,5 

± ± 

V 	I 
3 	• 2,3 

+ 
2,3 

+ 
3 

+ 
2 

± 
2 

-I- 
 2 

+ 
1,7 

143 oBe Ta6nHue monce ce npo44TaTH TeMnepaTypa 3a6enexceHa cBaKor 

maca y BeorpaAy 4. H 5. clx6pyapa. 

.11,a JIM ce mcme 113 oBe Ta6nHue Ao6HTH onurra crunta npomeHe Tem- 

nepaType THX AaHa? He. 
Ysehemo caAa AeKapToB cncTem KoopAHHaTa. Ha 0CM KOjy CMO pa-

sHje o3HaqaBanH ca x oAmepHhemo, y qacomma, Bpeme t; 3a opAHHaTy 

y3ehemo TeMnepaTypy T (C.n. 20). Hama Ta6.runta omoryhyje Aa ce KoHcTpy-

nwe 48 TaqaKa. AKO AO6H- 
4/0 

jeHe Tatute cnojmuo smuljom, 
A.061themo jaCHy reomeTpx-
cKy CJIHKy 0 npomeHH TeM-
nepaType y Toity THX AaHa. 
OBa AHHHja 30Be ce r p a-
4311K, rpatt1HKoH, AH-
jarpam AaTe cpyHmtHje. Y 
HaLueM HpHmepy Hmamo rpa-
4mK TeMnepaType Ba3Ayxa 
oApebetmx AaHa. 

HaupTaTH rpatlx4K CIVHKgHie 3Ha4H ripeTcTam4TH je CJIHKOM. 

Y HauIeM cnyqajy ynoTpe6Fum cmo jeAaH Hapoimm Halm! urraFba 
cpa4u4Ka. Taj HaqHH 3oBe ce upTa rb e r p a cl) HKa no T a q K a M a: 

HpBo CMO HaupTamt Tatme, a 3HTHM CMO FIX cnojmnt atun4jom. 

rpaclum mance 6HTH HaupTaH H ApyKtmje — HenpeKH AHHM p-

T alb e M. 3a TeMnepaTypy Ba3Ayxa, Ha np. nocToje anapaTH — T e p M o-

r p a cl) H, KOjH HenpeKHAHom JIHHHjOM grrajy T e p morp a M. O6pHyTO, ca. 
HenpemFAHor rpacIntKa moxtemo npocurraTH BpeAHocT cpyincumje 3a noce6He 
BpeAHocTit apryMeHTa. Ha np., ca Tepmorpama moxcemo npo4n4TaTH TeMne-

paTypy cBaKor qaca 14 H3paAHTH Ta6JWLLy. 
Y Be3H ca upTalbeM rpacImKa HanpaBHhemo oBy nimmeA6y. 
IlocTaimmo ce6H 3aAaTaK, Ha np., Aa HattrraMo rpacfmK TeMnepaTy- 

pe 3ApaBor qoBeKa. Ilo3HaTo je Aa ce oBa meFba OKO TeMnepaType 37° C. 

IlMa J114 CMHCJIa u,pTaTH H oHaj Aeo KoopAHHaTHor cncTema KojH caApxot 

2 4 6 8 10 12 K 16 P 20Z 24 2 4 6 8 10 1214 1618202224_ 
C .YDO TA 	 HE,Itarbil 

CA. 20. rpackHK. TeMnepaType Haa,ayxa 4. 14 5. 
c4e6pyapa 1939 r. y BeorpaAY 
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TeMnepaTypy oA 0° C ? HapaBHo Aa Hema. Ha mum 21 Aajemo Taj rpa-
4:111K. QH o6yxBaTla o6nacT TemnepaType oA 36° C Ao 37°,5 C. 

IlocToje, Aamne, c.nytwjeBH KaA rpa4mi He caApsal nogeTaK KoopAH-
HaT,90C cnCTeMa, Hero camo Aeo 6Hno jeAHe, 6Hno Apyre oce, KOjH je BascaH 
3a nporiaBarbe AaTe nojaBe. 

445•••••••••••111M• n•• ■ ■■ Ill•p•ipplIMEME ■ ■ 
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Ca. 21. rpacflax TemnepaType aapasor moseaa 

Hasewhemo join jeAaH ripHmep rpacIma. B030BH H3 BeorpaAa AO 

Hmila nyTyjy no oApebeHom „peAy Bombe". WTa caApsm peA Bomabe? 
CnHcaK cTamma, pacTojwse y KHnomeTpHma 14 speme KaAa B030BH nona3e 
ca cTaHnga. OBH noAam4 HenocpeAHo He Aajy jacHy CJ1HKy KpeTaba B030Ba 

Ha npysit H3me1y BeorpaAa N HHwa. KaAa ce cacTawba peA Bombe, yno-
Tpe6Jbyje ce rpacimma meToAa. IIpH upTaby „scene3HHtmor rpacImmoHa" 
nocryna ce osaKo. Ha jeAHoj OCH (cn. 22) mepH ce Bpeme t y qacomma 14 

MHHyTHMa, Ha Apyroj d — pacTojaffie B03a OA BeorpaAa y KHnomeTpHma. 
3a CBaKH B03 je pacTojalse d 4:1yrnwHia BpemeHa t, Tj. 

d =1 (t). 

3a B03oBe KOjH nona3e H3 BeorpaAa, KaAa Bpeme t pacTe, pacTe H pacTo-
jarbe d; 3a so3oBe KOjH cTH)Ky y BeorpaA, KaAa t pacTe, d ce cmaisyje. 
,Etenom4 rpacfmKoHa napanewm ca ocom t oAroBapajy 3aAmKaBarby Bo3a Ha 
cTamnama. BHAHmo Aa ,  3fieJle3HHLIKH rpacImKoH omoryhyje He camo Aa ce 
flP0flPTM KpeTwbe cBaKor nojeAHHor Bo3a Hero H Aa ce ynopeAe KpeTaIba 
CBHX Ho3oHa Ha AaTom Aeny npyre. OBO je HapolmTo BaXCHO 3a WTO 6mbe 
HcKopmuhaBalbe npyre H Bo3Hor napKa. 

Y npeTxown4m nimmepHma H came cpyinamje H HmxoBe rpacfmtme 
npeTcrase cny}Ke 3a onHcHBabe nojaBe: npomeHe TemnepaType Ba3Ayxa H  
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Ca. 22. )Keneatirmi4 rpalimixoti 

3a cjvHitu,Hjy Koja je noHHK.na H3 noTpe6e onHca nojeAHHe KompeTHe -
nojaBe Kaxce ce Aa HMa onHcHH H1114 HAHorpacpcKH Kapavrep. 
Y npeTxownim npHmepHma Hmann CMO cpywamje HAHorpa#Kor. KapaKTepa. . 

CaAa hemo y3eTH nimmep Apyre BpcTe. 
3Hamo Aa Cy 3anpemmia V H npHTHCaK p HcTe 	rata noA 

HCTOM TeMnepaTypoM no Boja-MapHoTosy 3aKoHy Be3aHn jeAHainmom 

pv = const. = c2, 

rAe CMO ca C2  03HatIHJIH KOHCTaHTy. lipema Tome npHTHcaK Tora raca mo-
)Kemo cmaTpaTH Kao cl)yHKw4jy 3anpemHHe 14 TO 

C 2  p =  — • 
V 

AK0 Haurramo rpacImK Te CtlyHKiuije, Ao61hemo Kploy 061HKa no-

Ka3aHa Ha CJ1HW4 23. ,B,eTaamHje hemo oBy KpHBy nporniTH Aou,mije. OBa 
cpyHKRHOHanHa Beaa noKa3yje H npomeHy npHTHcKa ca npoMeHOm sanpemEme • 

37 

9 910 

KpeTaffie B030Bn, H TO y 110jeAHHHM CJIrlajeBHMa 	TemnepaType oApe- 

beimx AaHa H KpeTawa B030sa Ha oApebeHom Aeny npyre y OApebeHom 
nepHoAy BpemeHa. 

NI tkspresni 

Brzi' 



1919 1 1920 1 1921 1 1922  1923 1 1924 1 1925 1 1926 1 1927 

11,8 1 12,0 1 12,1 1 12,3 	12,5 1 12,7 '12,9 
	

13,1. 13,3 

1928 1929 1 1930 1 1931 1832 1 1933 I 

13,7 1 13,9 1 14,1 1 14, 3 1 14,5 I 

1918 

11,6 13,5 

 

'58 

14 3aKOH 're npoMeHe. Taj 3aKOH BaX(14 He Camo 3a oApebeHH AaH HJIH 
pebeHo mecTo, Befi Hma onwTH Kapax.rep, no,A yCJIOBOM Aa rac 3aApmcana 

cnojy TeMnepaTypy. 
AKO cpywawja Tymagn 614J10 xaxan 3a-

KOH, 'mice ce Aa pima 3 a K OH C K 14 HRH 

HopmorpacpcHH Hapaturep. JacHo je 
Aa cy iftyinagtje Hopmorpacpacor Kapaicrepa 

maoro Baxamje 0,R 43)41K11,14ja HAHorpacpcxor 
Kapawrepa. H 3aTo heme ce y onoj K16143H 

yrnasHom 3aycTannTH Ha njoHmepHma c133THK-

u,i4ja Koje oAronapajy 3axom4ma HajBaXCHIljHX 

npogeca. 

Beac6ama. '1. Bpoj cTaHosHusa JyrocaasHje 
npeMa „CTaTHCTIVIKOM romnuffiaicy 1923 roaknie mo-

xce m npeTcTasHTH OBOM Ta6aHuom: 

Ca. 23. rpacinix Boja-MapH- 
Ton aaKoHa 

iunima 
I 
y mnior
Bp. cTaHos. 

ToAnite 

HaupTaTH oArosapajyhm rpacima. 

2. HattpT aT 14 Ha HcToj caugH Asa rpacimsa 
.s= at2; leAas as a = 1 H ApyrH as a --- 0,1. 

4. HasecTi4 npHmepe cpymu.H4oHaaHmc Be3a 

H.apaaTepa. 

§ 16. Pannomeptm npouec 

03Ha4mo ca a geHy jeAHor Annorpama 6pauma, ca x 6poj K11/10- 

rpama Ha CTOBapHifiTy 14 ca y ysynHy speAHocT TOT 6pauma. JaCH0 je Aa 
as H3pagyHasalbe one ElpeAHocTH Tpe6a geHy jeAHor K14110TpaMa 110MHOXCHTH 

6pojem xmorpama; TO Aaje 

(1) 	 y = ax; 

Apyrkim pelmma, Bpemioc-r 6pawHa ncTe geHe yTOJIHKO je neha yKOJIHKO je 

.sehm 6poj xittiorpama Ha cTonapHniTy. 
,11,se ne.rnowHe xoje Cy Be3aHe Tamwm OAHOCOM, xao WTO 3HaM0, 30By 

‘ce AHpexTHo nponopgHoHanHe Ham, jeAHocTanHo, nponopg H 0- 

HaAH e. Be.nwmHa y je claymmnja BenwHwe x. Y c.nytiajy nponopgmoHan-
ROCTH osa je ttlywcwija H3paxceHa jeAHaLmHom (1) . 

HagpTajmo rpagmx one cpylintHje. CTaBHMO npso x = 0; He (1) 

sHAHmo Aa je TaAa H y = 0. Haw rpacjmx nponasH xpo3 notieTax KoopAH-

HaTa, Ta4Ky 0, (0,0). ,E1,a.rbe, cTannmo x = 1 = x 1 ; TaAa je, R3. (1), y 

(Ha Cn111.1,H 24 y3eTo je a = —2  ). KoHcTpyHwHmo Ta4Ky M1 (x1,  Yi).1CaAa Ao- 

Hammmo Aa Haw rpacjwx npeTcrawba npaBy p xoja npoaa3H Kpo3 Tatme 0 

14 M 1 . Y3MHMO 3a X 111)0143BalbHy speAHocT X2; TaAa, npeMa (1), y HMa 

BpeAHocT y2  ---- a x2. floicamoimo Aa TaLIKH 

M2 (x2,  Y2) npHnaAa Hawoj npasoj p. HpeTno- Yt 

cTannmo Aa He npnnaAa npasoj p; TaAa 

nocTojH Apyra TaLma, N, Ha npasoj p ca 

anawcom X2 . /betty opomaTy 03Ha4HM0 ca 

y. 143 C11144HOCTI4 Tpoymona OP, Mi  14 OP2  N 

Hmamo y : x2  = a :1. 0AaT.ne je y ax,, 

111TO 3Ha4H y = y 2. Talwe N 14 M2  ce .no- 

1 

Kaanajy. flp0H3BalbHa Tatum ca KOOpAHHa-  	X, 	- - 

Tama xoje 3aAoswbasajy jematamy (1) nem! 

Ha npasoj p; npeMa Tome (ma je npasa Ca.24.1-
pac14K nponopuHoHaaHom4 

rpackHK Haute cpyHmwje• 
HpeTnocTasHmo caA Aa npana p He Rp011a3H Kp03 KOOpAHHaTH14 

no4eTax H pewHmo mirrause xoja cPyiiKu,Hja oArosapa Hsoj Imo rpaclwxy. 

Kpo3 noueTax xoopAHHaTa (cn. 25) nonyummo npany p' napanerwy 

npanoj p. TaAa demo 3a cnaxy anawcy x HmaTy Ase Tatme: Ta4Ky M Ha 

npasoj p H Ta4Ky N Ha npasoj p'. OpAHHaTy TaLme M osHaLmmo ca y, a 

opAHHaTy Talwe N ca yN . 
JacHO je Aa je y = yN b, rAe je b = NM 

opAHHaTa -cam B npecexa npaBe p 

ca ocom y. C Apyre cTpaHe, sa Ta4Ky 

N, xao 3a 'mink),  Ha npasoj Koja npo-

za3H Kpo3 novteTax KoopAHHaTa, Hmamo 

yN ax, npeMa Tome 3a Tatmy M 

Hmamo 

P 
(7' 

C. 25. rpacpm pasHomepHor npoueca 

14 RHHeapHa 

(133HmHje s oapebeHe jeanaqHHom 

HAHorpackcaor H Hopmorpadmcor 
M 

(2) 	y = ax b. 

,LI,o6Hjefta 14) y H K U H j a je n p-

s or cT e neHa no x, a.T4 ca maaHom 

b, KOjH He 3aBl4C14 OA X. 110111TO osa 
clayww,Hja Hma 3a rpactwx npany nHHHjy, oHa ce 30Be 

clayHKu,Hj a. 
JeA,Ha4nma(2)ce 3one jeAHattHHa npaBe y peweHom o6nHxy. 

3amHuthmo caA B03 
xojH je nowao ca cTaHmu,e A (c.a. 26) Ha pa-

cTojaHsy S 0  oA not-le -me cTaHnue 0. Hexa ce Taj B03 xpehe pa sHomepH o, 

Yr 

XN 
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Tj. TaK0 Aa je nyT Koji,' OH nponasH nponopusoHanaH BpeMeHy. Bpoj KH- 

,nomeTapa KOjH OH npobe sa vac noxasyje senHismy tberose 6 p 3 11 H e; iby 
hemo 03Hal114T14 ca v(npBO C.110B0 .flaTHHCKe 

peen velocitas — 6p3HHa). AKO ca s (npso 
C.110B0 llaTHHCKe petal spatium — npocTop, 
pacTojarbe) 0311X4HMO pacrojaHDe son oA 
cramme 0, a ca t spew oA noilenca Lye-
'raffia, HMaMO 

S — So  -= Vt, 

oAaxne je 
S 	So 	V t. 

BHAHmo Aa pasHomepHom xpeTaby Tasobe oArosapa aHHeapna CIVHK-

usja, y AaTom coriajy cpymm,Hja spemeHa. 

Hs HaseAeHor pasnora ce CBaKH npouec KOjH je KapaxTepHcaH J1HHe-

apHom cpyincunjom 30Be pasHomepHa npoue c. fpacimx pasHomepHor 
npoueca je npasa npumja. 

Ilpormmo AeTanAmje Taj BaA1114 npouec. 
floaoscaj npase ca jeAHatmHom 

y az+ b 

oApebyjy Ase, 3a AaTy npasy CT3.11He sena4Lume a H b. OHe ce sosy n a p a-
meTpH n p a s e. AKO ce napameTpH Melbajy, npasa melba csoj nonwicaj y 
pasHH, ca THM y semi melba ce H xapawrep pasHomepHor npotteca. 

Hexa, npso, napameTap b 	cranHy BpeAHocT, a napameTap a 
Hexa ce melba. 

AKO je a= 0, jeAHaimHa npase nocTaje 

y = b= const. 

Osa npasa je napaaenHa ocH x (cn. 27, a). BHAHmo Aa, Imo cnewijanaH 
arab y pasHomepHH npouec cnaAa H AerellepaTHBHH cartaj cpyHmmje KaA. 

oHa HMa KOHCTaHTHy speAHocT. 

lipeTnocTasHmo caA Aa a HMa 1103HT11BHy BpeAHocT (c.a. 27, b). AKO y 
npasoyrnom Tpoyray ABC yrao ABC osHaimmo ca a (turaj ancpa), moncemo 
113 Tor Tpoyraa HanHCaTH 

tg = AC : BA = a : 1 = a. 

Yrao a je yrao HarH6a npase npema OCOBHHH X. OH ce pagyHa oA 

9  
so 
	

A s-s 

CA. 26 RpeTarbe sosa 
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oce x Ao npsor cycpeTa ca npasom. 1-beros cmep je oApebeH npenasom 

Kp03 npasH yrao oA 1103HTHBHOr npasua oce x Ao 1103HTHBH01-  npasua oce y. 
TaHreHC Tor yrna, 6poj a, 30Be ce yraoHH xoecpitttHjeHT HAH K 0- 

ecilsHHHjeHT npasua AaTe npase. 
Y3MHMO Ase speAHocTH anc-

uHca, x1  H X2  (x2  > x1 ) 14 ynopeAH-
mo oAHocHe speAHocTH opAHHaTa 
y i  14 y2 . HenocpeAtio 143 Tpoyraa 
A'B'C' imam( 

a 

b 
x 

(3) 

oAaxne je 

(4) y 2 -- = a (x, — x 1). 

110111TO je x2—xt  > 0 a > 0, 
sax.rbygyiemo Aa je y 2  > y 1 ; Apyntm 
pelmma, am, aprymeHT x cpymcitHje 
pacTe, y osom cnytrajy cpymumja y 
TaKObe pacTe. Talus pasHomeptui 
npouec sose ce nporpecHsH H. 

OAHoc (3) je mepa npoMeHe, 

y A.aTom cnytiaje M e p a nopacTa 
cp y H K u H j e., JacHo je Aa je mepa 
npoMeHe cpymutHje jeAHaxa Koecpit-
ItHjeHTy npasua rpacpmca aHHeapHe 
claymatHje. 

AKO je a Herammo, rpacpmc 
cpyrcu,Hje HMa nonoxcaj npase Ha 
camm 27, c. Axo cneAHmo npasHay Kole cmo nocTasHnH 3a pagyHaise yrna 

y osom cariajy je yrao a Tyn. 1 -beros TaHreHC je HeraissaH 14 oneT HMa 

BpeAHocT a. Hs Tpoyraa A'B'C' caeAyje jeAHaxocT (3) H salusytfax (4). 

flOWTO je caA x2 — x, > 0, a a < 0, Hmamo Kao. pesynTaT Y2 < y l ; osAe, 

npema Tome, axo apryMeHT x claymu,Hje pacTe, cppnctutja onaAa. °Balms 

pasHomepmt npouec 30Be ce p e r p e c H s H H. OAHoc (3), KOjH nOHOBO C.11pK14 

Ka° mepa npomeHe cpymusje, osAe je mepa onaAa H, a cp yincun j e. 

14 y OBOM cariajy OH je yraoHH tcoecImunjeHT Hatue npase. 
CaAa hemo npeTnocTasHTH Aa napaMeTap a HMa cTaaHy BpeAHocT, 

a Aa ce melba napaMeTap b, xojH ce son n o eTH a opAHHaTa 

npas e, jep je TO opAHHaTa 3a x = O. 

CA. 27. rpackHLAH paampnimx pamomep- 
HIM npogeca: a. CTaAHOCT ctlyalumje; b. 
nporpecnaari pamomepaH npoitec; c. pe- 

rpecmaaa pamomepaa npouec 



Cu. 28. flpomeaa nono)xaja npase 
ca npomeaom no‘eTae opartaaTe 
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Axo je b =0, npasa ca jeAHaLuarom y = ax nponasH xpo3 no4eTaK 
KOOpAHHaTHOr cHcTema (cn. 28) H npeTcTawba 3arroti AmpexTHe nponoprmo-
HaaHoctH, Imo cnenmjanaH carraj pasHomepHor nporreca. . 

Arco je b > 0, npasa cetre ocy y H3HaA noirem xoopAHHaTa; ancumca 
TaLme npecexa. M 1  npase ca ocom x je HeramsHa. 3a carraj b <0 npasa 

ceme ocy y HcnoA no4eTKa rroopAHHaTa, a 
ocy x ca no3HTHsHe cTpaHe OA Tor noirema. 

flpeTxoAHa aHanma pa3H14X nonoacaja 
npase aHHHje He o6yxsaTa jerraH noaoxaj 
canto, frarra je npasa napanenHa ca ocom y 
(ca. 29). YOBOM carrajy jeAHatrimy npase 
Tpe6a HanHcaTH °sato) 

x = p = coast., 

rAe cmo ca p 03Ha4144H ancwrcy Tatnce 

npecexa M 1  npase ca ocom x. lipeTxoma 
jematnitra He mowe ce Ao6HTH H3 jema- 

tome npase y o6nHxy (2), jep yraoHH rcoecinumjewr a 3a Taxsy npasy Hma 
6ecKoHa4ury spermocT. 

Hasemhemo jow Hexaamo jeAHa4HHa nparmx y 
Hapotrumm noaoxcajmma. 

Oca x Hma csojy jeAHaLamy y = 0; oca y jeAHa-
inmy x = 0. 

CHmeTpana I (c.a. 30) KOOpAHHaTHHX yrII0Ba HMa 
jeAHaturHy 

y=x Harr y—x=0. 

II Ha Hamoj camm oArosapa jeAHalama 

y —X H.T114 y x O. 

Ilpsa cHmeTpana rpaAH yrao on, 45° 
ca ocom x H Hma yraomi xoectmu,HjeHT + 1; 
Apyra cHmeTpana rpaAH ca x-ocom yrao 135° 
H tbeH je yraom4 xoerlmu,HjeHT jeAHax -- 1. 

Y sem ca upTaFbem npase trao rpa-
cpma pasHomepHor npouseca Hasewhemo He-
KOMIKO npumeAa6a. 

AKO ce AyamHa Kojy CMO H3a6panH 3a 

senwamy jeAmmge npomerumse x noxamte Imo 
Burma, moacemo y3eTH maFby seawnmy, moo 
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WTO ce tram, npomem4TH cpasmepy rpaclma. Kart° he ce TaAa npome-

HHTH rpacImic? 
Ha npasoj p rpacj3wca ysehemo Joe 

mince (cu. 31): Tatrxy B ca X = 0 H Taincy 

C ca x = 1. flouiTo speAHocm HOBHX an-

cHua (Infraj: xcH) oApebyjemo 113 yHanpeA 

.nocTasibeHor yCJI0Ba 

= kx, 

ca 31. 11pomeaa noamaja npase- 
npomeaom cpaamepe anCusca 

= l y, 

rAe je (urraj: eTa) Hosa opArmaTa 14 1 AaTH 6poj, xoerinnojetrr cmarberba, 

oAHocHo nosehatba opAHHaTa. 
Ha AaToj npasoj p (cu. 32) y3MHMO BeA TaLuce: 'minty A ca y 

H Taqicy D ca y = 1. OBHM Tairxama he oArosapam: FICTa Tatum A H Tati-

Ka D' ca opAHHaTom / 14 ancuncom jeAHaRom aSICILIICH Tatnce D. Ha npasoj 

p" rroja cnaja Tature A H D' norm csarca HOBa TaLura (T) Ao6HjeHa oA Tatum 

(S) npase p. npasa p" je rparpHx y HOBOM noamicajy. 
Peumhemo jow HeKonmxo saAaTaxa y semi ca npoy4asaweM npase. 
I. Hannam jeAHatumy , npase Koja nporrasH Kp03 ABe AaTe m4ce- 

M 1(x 1 , y) 11 M2(x2, y2). 
BHAerm cMo Aa jeAHaturtry npase moacemo HanHcaTH 

	

(5) 
	 y=ax+b, 

rAe cy a H b napameTpH npase.Ose hemo napaMeTpe oApeAHTH 143 ycnosa.  

Aa npasa !warrant xpos ;Ise AaTe mime. Ilourro icooponraTe Amur Tairaxa 
mopajy sarrosorbasam jeAHatumy npase, Hmamo npso 

	

- (6) 
	

"y 1 = ax, + b. 

AI /  X 

Ca. 29 npasa na- 
paaenaa 0CI4 y 

CumeTpann 

Ca. 30. CHmeTpaae 
ICOOpAHHaTHHX yraosa 

tre3ro,AHa, Ha np. cysmne 

rAe je k AaTH oApebeHH 6poj (KoecImmijeHT 
c m a Fb e Hs a, oAHocHo n e h a Hz. a a n c-
rot c a), Hose ancu,Hce Tatrarca B H C Hmajy 

BpeAHOCTH k. flpeMa Tome Tatm. 
B saApricasa csoj nonomcaj, a Ta4Ka C Ao6Hja 
no.rtomcaj C', ca ancH,Hcom k H opAHHaTom 

TaLuce C. T1pasy ILITO cnaja Taluce B H C' osHatmhemo ca p'. Hilje TeLUKO ,  

noxasam Aa he mita Tatum M npase p nocne ose npomeHe cpa3Mepe 

ancu,Hca saysem nonoaraj mince N npecexa npase -  p' ca npasom MN • 

napanenHom OCOBHHH x. [Vasa p' je rpacimic y HOBOM nonoacajy. 

C.111411Hy xoHcTpyrcturjy moacemo H 3BeCTH, arm rvierbamo cpa3Mepy opAH- 

HaTa no ycnosy 

M 



Y2 — y i =a(x,— x 1), 

oAaKae je 

a Y2 — Yi  

X2 — Xj.  

flocAe sameHe ose BpeAHOCTH a y (7) 
KOHa4Ho Ao6HjaMo 

	

— 3/1 	x X1 

	

y2 Y1 	X, — 

( 

(8) 
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AKO OBY jeAHaTuffly, oAysmemo oA (5) Ao6H1lemo jeAHatmHy 

(7) 	 y— yi  = a(x— x 1), 

caApau4 canto jeAaH napameTap a. Om jeAHatinua npeTcTaaJba npasy 
Koja nponasH Kp03 jeAlly AaTy Tatncy. 

110111TO Apyra Ta4Ka TaKobe npnnaAa 
osoj npaBoj, ynopeAo ca (7) Ao6Hjamo jeA-
Hammy 

TaKo HsraeAa jeAHatanta npase Koja npona3H Kp03 Ase AaTe TatiKe • 

 3a AaJba pacybkmatba je sanwo Aa ce o6paTH naauta Ha o6pa3au (8) 
'KojH oApebyje KoecImuHjeHT npasua AaTe npaBe 

tg cc—  Y2-311  
X2 — X I  

-aKo ca a noHono 03H34HMO yrao KojH rpaAH npaHa ca ocom x. 
2. ,EtoKasaTH Aa jeAHatmHa 

(10) 	 Ax +By C = 0, 

-rAe cy A, B, C CT3AHH 6pojesH, oApebyje flimsy (0 Hal T H -0 6.a0K je A- 

ItaLinue npase). 
AKO je B 0, npeTxoAHy jeAHataniy MaMeM0 peumn HO y H HannicaTH 

A 	C 

B 	B 

-a osa jeAHatunia ca osHaKama 
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—A = a, —
C 
 = u 

}ma 0610K jeAHaqHHe y 	H, npema Tome, oApebyje npasy. 
AKO je B = 0, jeAHammy y otlaincy 

A.x C = 0 

sa A + 0. moncemo peun4TH HO X H, y o6.incy 

C 
x — — , 

A 

oHa oApebyje npasy napaneaHy ca ocom Oy. 
AKO cy B = 0 11 A = 0, 143 jeAHaqHHe (10) cneAYie Aa je H C = 0; 

TWA OBHM ycAomma jeAHatunia mune He nocTojn. AKO Koect)HnHjeHTH A, B, C 

Texce HyAH, npaHa Koja oArosapa jeAHa4HHH yAaibyje ce y 6ecKoHa4mocT. 
3. 0ApeAHTH oTceliKe Koje npana (10) 11HHH Ha KOOpAHHaTHHM ocama. 

AKO ca p H q osHaqHmo TpaaceHe oTceinte, KoopAHHaTe TatiaKa npe-
ceKa npase ca X, oAHocHo y OCOM mopajy 614TH 

(p,0), 	(0, q). 

110111TO one KoopAHHaTe mopajy saAosoJbasaTH jeAHawHy npase (10), 
sa oApebmnalbe oTcetiaKa p H q mmamo ycAose 

Ap C = 0, 	Bq C =-- O. 

1-1-mxoso pewerbe Aaje 

P 	 q 

O6pHyTo, aico 03 HanHcalffix jeAHaqinia. oApeAnmo. A H 

C 	
B = — 

q 

ose speAHocTH cTasmno, y jeAHatomy npase (10), Aofthemo jeAHatinHy 

C 	C 

q 

(9) • 

CA. 32. flpomeaa noacxcaja npaae 
-ca npomeaom cpaamepe oparmaTa 
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Flocne Aarbetba ca — C axo je C + 0) Ao6HjaMo jeAHaLmHy 

(11) 

Kojace 3oBe jeAHa4HHa npaBe ca oTcem4ma 1411H cermeHTcKa 
jeAHataHHa npase. 

4. 0ApeAHTH pacTojaffie Twine oA npase. 
lips° hemo noKa3aTH KaKo ce moxce HanHcaTH jeAHatuma npase no-

MOhy ApKHHe Hopmane n, cnyurreHe • H3 nogeTKa. •KoopAHHaTHor CHCTeMa Ha 
npasy, H yrna 13 (tniTaj: 6eTa) oBe Hopmane ca OCOM X. 

Ca. 33. rlapameTpm Hopmaaaor o6muta jemaguae 
PacTojafbe 'mice oA npase 

110111TO H3 TpoymoBa ONM I  H ONM2  (cn. 33) Henocpemo Hmamo 

—
n 

sin p, 

nocne mamma jeAHaEmHe (11) ca n Aonammo Ao TpanceHe jemiatume. 

(12) x cos p y sin p — rz O. 

Ta ce jematuma 3oBe HopmanHH o6 HK jeAHa Hpie npase. 
AKO je npasa AaTa jeAHatmHom y Hopma.nHom 06mmy (12) 14 TaLIKa 

M, mHje pacTojathe d oA npase oApebyjemo, Hma KoopAHHaTe X 1 , y l , montemo 
3aMHCJI14TH npaBy Koja np0na3H Kp03 Taimy M H HAe napanenHo Ca AaTom 
npasoM. OHa Hma HopmanHy jeAHatumy 

xcos p+ ysin p— (n+d)=0.  
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KaKo OBa npaBa mopa npona3HTH Kp03 Ta14Ky M (x1, 	KoopAHHaTe oBe 

Taime mopajy 3aAombaBaTH npeTxoAHy jemmiumy. 	TOE' ycnoBa oApe- 

hyjemo d nomohy o6pacu,a 

d= x,cos p + y, 	— n. 

,apyrxm peLmma, 3a oApehnBaffie pacTojaffia Taime oA npase Tpe6a 

HaIIHCaTH jeAHaLumy npase y HopmanHom o6.rumy 14 KOOpAHHaTe npomeamme 

Taime npaBe 3aMeHl4TH KoopAHHaTama Tatuce Imje pacTojalbe oApehyjemo. 

AKO A06 HjeM0 110314THBHH pe3ynTaT, TaLma M 14 nogeTaK KOOpAHHaTHOr 

cncTema nexie Ha paanmHTHm cTpaHama ox, AaTe npase. AKO je peaynTaT 

HeraTHBaH, oBe TatiKe ce Hana3e Ha HCTOj cTpaHH oA AaTe npase. 
5. TpaHapopmHcaTH jeAHatumy npase y ornuTem oommy 

(13) ' 	 Ax + By + C = 0 

Ha Hopmamm 06.m14K (12). AKO ABe jeAHaLnme (13) H (12) oAroBapahr HCTOj 

npaBoj, (me mory Aa ce pa3mmyly . canto CTallHHM MHO)KHOL1,eM. 110MHOWHMO 

jeAHatumy (13) CTa.IIHHM MH0)1(140Ltem a (LmTaj: nam6Aa) H H3jema4Hmo 

Koecimu,HjeHTe Ao6HjeHe jeAHaLume ca Koecimu •HjeHTHma jeAHatume (12): 

cos p —1A, sin p =113, 	n = AC. 

143 nom ABa yCJI0Ba y  Ha OCHOBy jeAHatame cost p + sin2 p =t, AO- 

6Hjemo 3a a speAHocT 
1 

A2 + B2  

Tpehu ycnoB pernaBa nwratbe 1436opa 3HaKa. KoA KopeHa. Flourro je 

n> 0, a Tpe6a Aa 6yAe cynpoTaH 3HaKy ImaHa C. MHoxomax A ce 3oBe 
Ho pmHpajyhH mHo Hnau onurre jeAHaLmHe npaBe. Mule HopmH-

paH,a jeAtiatunia (13) Ao6Hja o6nHK 

A 	 
x + 	, 	 + 	 —0. 

± A2 	+ B2 	± A2 + B2 	± 	+ B2 

KaKo cBaKy jeAHatumy npase muiHje mommo HanHcaTH y onurrem 
o6mmy, Hopmmoatbe Tor o6nHKa pewasa nNTaFbe o HopmHpatby CB}IX ocTa-

J114X o6nmca jemialmHe npaBe. 

x y 
= q 

n 
— cos p, 
p 



C.a. 34. Yrao Hamby Joe npase 

rAe je C2  n03HTHBHa KOHCTaHTa. 3akICTa, OBaj o6pa3att noKa3yje Aa 3a KO- 

JIHKO nyTa ce x nosehasa 3a TOJIHKO HCTO nyTa ce CMaff,H y, H o6pHyTo. 

I4MaJIH CMO npumep ose Hp0110pH,HOHaJIHOCTH y Boja-MapHoToay 3aKoHy. 

KaKo ce HpTa rpacfmK cpyfficumje (1) ? flo Tatmma. Aajemo ancu,HcH 
x inn BpeAHocTH H 3a csaKy pagyHamo npema o6pacuy (1) speAHocT y; 
Ha Taj Haium no6Hjamo oArosapajyhH H113 TattaKa. Ha rip., 3a c = 1 Hmamo 
Ta6inuty. 

x  — co —10.000 — 1.000 —100 -10  — 5 —4 —2 —1 0 

y 0 —0,0004 — 0,004 —0,04 — 0,4 — 0,8 — 1 

w
 I <n 

— 2 — 4 1 	00 

0 1 	' 2 

c
,
 

4 5 10 100 1000 10 000 + 00  

co 4 2 1 0,8 0,4 0,04 0,004 0,0004 0 
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6. OApeAHTH yrao Hameby Ase npase. 
; Heim cy npase AaTe jeAHatumama 

	

y = aix b„ 	y a2x 

3HaMo Aa cy 

	

ai =tga„ 	a2 = tga2, 

rAe cy a , H Gc2  yraosH npasux ca ocom x. Marro HenocpeAHo ca catuce 
(c.n. 34) sHAHmo Aa je yrao a Hameby npasta jeAHaK pasnmum a = cc,-- a„ 

moncemo HanHcaTH 3a TaHreHc TpaxceHor 
yrna osaj Haim 

tga2  — 
tgal  tga 	tg(12 — a t)  "=---1 	 tgai•tga2 

oAaKne H3BOAHMO Ae41141114THBH0 o6pa3au 

a,—a 1  

	

tga= 	 
1 + a,a,  
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1 
g. x cos 30° y sin 30° — 3 = 0; h. x = —

2 
y + 2. 4. Rare cy KoopmbaTe TeMena Tpoyraa: 

M1(4, 3), M2(-1 , 2), M,(2, —5); HanHcaTH jemanHHe cTpaHa TOr Tpoyraa. 5. RaTe cy Bea 
TanHe Maxi, yi) H M2(x2, 372). HarnicaTH jeAHa4HHy cHmeTpaae ayam M 1M2. 6. HanHcaTH 
ycnose napaaenHocm H ynpamocTH npasnx ca jeAnammama : A ix +13,y + C 1  =0, 

1 
Aix +132y + C2 = 0. 7. HahH pacTojam TagaHa M,(10, 15), M2(I,2 M,(— 20, 10) 0,a 

npase ca jeaHaqHHom: 3x + 4y —5 = 0. 8. HahH Taw npeceita npamx ca jeaHawHama• 
5x — 3y —2 = 0, 9x + 2y — 11 = 0. 9. 3aurro npasa ca jemanHHom 

Aix + Biy Ci  + I (Aix + Bey + 	0 

aa CBORY speamocT 6poja X npoaaam K1303 TORKy npecem npaanx ca jeaHaramama: 

Aix +13,y + C 1 = 0, Aix + Bey + C2 = 0? 10. Hahn yraoHe Tpoyraa ca Temeimma: 
M1(— 7, 6), M2(2, —2), MA—  3, — 4). 11. nOTBPAHT14 as TpH TagHe ca HoopaHHaTama: 

M1(4, 2), M2(16,.10), MA-6, 8) mory 614TH TemeHa npaHoyraonma 14 oApeAHTH KoopaH-

HaTe iberoHor MeTBOTOr TemeHa. 

§ 17. IIpouec o6pHyTe nponopuomamocm 

13HAenH cmo Aa je rpacfHK npoueca AllpeKTHe nponopuHoHanHocTH 
ca jeAHaLn4Hom 

(14) 

143 osor o6pacua HenocpeAHo cneAyjy y c nosH napanenHocTH 
H HopmanHocTH n p.a s H x. IIouITO je 3a napanenHe npase a= 0, ycnos 

napanenHocTH H3rneAa osaKo 

a2  = a„ 

Tj. yraOHH KoecjmuujeHTH mopajy 611TH jeAnaKH. 
Y cnriajy HopmanHocTH yrao H3Mel)y npasux H3HOCH 90°; npema 

Tome je tga= 00, a TO monce Aa 6yAe, Ka° 1.11TO ce BI4A14 113 (14), camo 

noA ycnosom 
1 ± ai a2 = 0, 

KojH moncemo HanHcaTH H OBaK0 

1 
a2  — 

a1  

Tj. yraoHH goecimu,HjeHTH HOpMaJOIPIX npasHx Tpe6a Aa 6y, Ay peu,HtipoLum H 

cynponnix 3HaKosa. 

BeHt6atba. 1. HaBecTH npHmepe AmpeKTHo nponopusoHanamx Heaw.uia H npoTy-
magnTH Raxony nponopuHonanHocT Ha rpacjmixy. 2. HasecTH npHmepe paauoMepnor 

npoueca. 3. KoHcTpyHcaTH npase ,iHje cy jeallaqHHe: a. y = 
1

x; b. y = 2 —x + 2; 

x 

3 

 y 
c. y=— 

1 
 x — 3; d. 

2 
 + — = I; e. 5x + 3y — 15 = 0; f. xsitz 45° + y cos 45° — 2 = 0; 

y ax 

npasa Koja npona3H Kpo3 nogeTaK KoopAHHaTa. 
CaA hemo npoyEIHTH cariaj o6pHyTe nponoplAHoHanHocTH. TKO Cy 

seawall-le x H y o6pHyTo nponopuHoHanHe, Tajka moncemo, cmaTpajyhH y 
Kao cpytw,Hjy x, HanHcaTH 

( 1 ) 
	

y 
	C 2  



t2 	= 2 c2 = a2 , 

Ao6Hhemo jeAHatnmy 

(3) 
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AKO npeMa oBOj Ta6IIHII,H Haul)Tamo HH3 TatlaKa H CII0j14M0 HX J114- 

H“jom, Ao6Hhemo KpHsy (ca. 35), Koja ce cacTojn oA Ase rpaHe; 3a jeAHy 
rpaHy x 14 y cy 110314THBHH, aa Apyry cy ose Koop,AHHaTe HeraTHsHe. Osa KpHBa 

3ose ce p a sH ocTp aHa XHnep6ona. BHAHMO Ha caknua, a TO Ham . 

noTBpI,yje H Tatlakma speAHocTH x 13 y, Aa osa xvinep6o.na Hma geTHpH 

6ecKoHagHe r pan e— y jeAHom 14 Apyrom npasuy oca X H y. KaKo 

CA. 35. rpacimic o6pHyTe nponopuxoaanHOCTM. Ase paw-foe-maim KoHjyrOBaHe minep6one 

ce noHawa xHnep6oaa, Ha np. npeMa OCOBHHH x ? JeAHa rpaHa ce Hamm 
ca jeAHe cTpaHe Te oce, a Apyra ca Apyre. KaAa ce yAaJbyjeMo Apxc oce x, 
pacTojaibe ce H3Meljy TagKe xHnep6one 14 oce cse mune H smile cmatbyje. 

36or OBHX oco6HHa, oce X H y 3osy ce a cHmnT oT e X 14 nep6on e. 

AcHmnToTa je rpgKa peg H o3Hagasa OHO UITO ce He nomana. npeMa Tome 

cam Ha3HB yKa3yje Ha TO, A‘a 6e3 o63Hpa Ha TO INTO ce acHmnToTe cse 

mime H mime npii6aH)Hyjy KpHBOj, °He ce ca OBOM HHKaA He noKaanajy. 

AKO ynopeAo ca jeAHagHHom (1) y3memo je,s,HagnHy 

c2  y=— — 
X 
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CaAa hemo yBeCTH HOB cncTem KoopAHHaTa 0 t YI (nnaj: o KCH eTa); 
oca 0 t rpaAH yrao oA 45° ca OCOM x, a oca 0 71 cTojH ynpasHo Ha OCH 

O t. Hose KoopAHHaTe TaliKe M (ca. 35) 03Ha4HMO ca H HeHOCpeAHO 

ca came Hmamo 

= OP = PQ QO 71+ xf2-, 

y MR=QR+MQ=x-1-za 

Houle Tora 143 npse jeAHatniHe oApebyjemo 

x=2 .n) 
2 

a 3aTI4M H3 P,pyre H3BOAHMO 

"1/2  
Y = 	+ 1)- 

2 

AKO CaA Ao6HjeHe speAHocTH 3a cTape KoopAnHaTe x 14 y CTaBHMO y 

jemagnHy (1), Koja ce !Acme HanncaTH 

xy = c2 , 

rAe je a KOHCTaHTHa Aymnia. Osa jeAHagyia. TaKohe oArosapa pasHocTpaHoj 
xHnep6oaH camo_ y Apyrom nonomajy npeMa KoopAHHaTHHm ocama (ca. 36,a). 

a 	rj 	 b. 

Cu. 36. Xxnep6one: a. pasHoupalia, b. pamocTpaHa 

3amHcaHmo caA Aa cy cse opAHHaTe y paBHH 0 tn cmarbeHe y 

14CTOM 0A,H0Cy TaK0 Aa HOBe opAHHaTe y nmajy speAHocTH 
(2) 

Koja ce pasaincyje OA npeTxoAHe camo 3HaKOM AecHe 
TaKohe oArosapa pasHocTpaHa xymep6ona aan ca 
yraosHma KoopAHHaTHor cHcTema (Ha CJIHLI,H 35 oHa 
AaHom atmujom). Te Joe minep6o.ne 30By ce K O H j 

cTpaHe, OBOj 

noamajem 
je HaapTaHa 
yrosaHe. 

b 

rAe je b (b < a) Hon Ayama. 

jeAHagHHH 

Y APYrnm 
ncripeKH- 
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AKO y jeAHaLIHHH (3) cTammo 

X, 

Ao6uhemo 

a y, 

a2  x2 ____ -- y2  = a2  
b2  

HJIH y Ael:PHHHTHBH0j cl)opmki 

(4) 
x2 	y2  
a2 	b2  

Kpkma Koja oAronapa OBOJ jeArialum noKa3aHa je Ha CAHLW 36,b.. 

OHa ce 3oBe xkl n e p 6 oa a; aKo ce )KenH HarnacHTH Aa oHa kmje pasHo-
cTpaHa, ynoTpe6Jbyje ce Hamm p asHocTpa Ha xHnep6on a. „r_ky)KHHe 

a H b cy nonyoce xHnep6on e. Hpanoyraomix KoHcTpyHcaH Ha a H 

b, Kao LUTO ce TO BHAH Ha C.111411,H, cnojkim AHjaroHaaama Aaje acktmnToTe, 
jep oHe oAroHapajy AnjaroHanaprta KBaApaTa Ha mum 36,a, Koje anyxce Kaa 
acHMnToTe palmocTpaHe xHnep5one. 

floKa3ahemo jeAHy nano Baxmy oco6mHy xkinep6oae. 
Ca nonynpeimuKom OR = c (c.n. 36,b), jeAHaKktm nonoramm Aktjaromaae 

KoHcTpyHcaHor npanoyraomma, HagpTahemo Kpyr ca HeHTpom y no4eTKy 
KoopAHHaTHor cucTeMa. Tatme npeceKa Tor Kpyra ca x ocom omalmhemo 

ca F H F 1. One Talme sony ce xc H e HAH 4:10KyCH xHimp6one. ,a0Ka-

>KHMO Ca,n, Aa paankma pacTojal-ba csaKe Ta4Ke xkinep6oae 0A Ammo. Iola 

cTanHy BpeAHocT, Tj. Aaje 

MF, — MF 	— r = const. 

HenocpeAHo ca came Hmamo 

r12  = y 2  + (x c)2, 

r2  = y2  + (x — c) 2  

lipB0, HOCJIe oAymmatba AOJIa3HMO AO pe3yaTaTa 

(5) 
	 r12  — r2  4 c x. 

3aTHM hemo kmpagyHaTH r1  

r, 	y 2  (x c) 2  z + a , 
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rAe je z HoBa Heno3HaTa, Kojy mmemo oApeAHTH H3 jeAHalikme (4) xHnep- 
6one. 3ancTa, aKo o6e. cTpaHe npeTxoAHe jeAHatnme 

AHTHeM0 Ha KsaApaT, Ao6Hhemo 

(6). 	 y2d-x2.-1-2cx+c2=z2+2az-l-a2. 

143 jenHaLmHe (4) H3BOAHMO 

b2  3,2 	
x2 — 

b2. 
a2  

AKO oBy BpeAHocT CTaBHMO y npeTx0AHY jeAHaLmHy H yamemo y o63Hp Aa je 

113 (6) HMaMO 
	 c2  a2 	b2, 

—

c2 

x2  + 2 cx z2  + 2 az. a2  

143 one jeAHatume caeAyje Henocpe,nHo (a MONTH 6HCM0 Ao Tora AOhH H nocne peumnama npeTx0AHe jeAHaLame Kao KnaApaTHe y oAHocy Ha z),_ Aa ce monce CTaBHTH 

z — x 
a 

H npema Tome npno Hmamo 

C 
— x a, 
a 

a 3aTHM 143 (5) H3BOAHMO 

C 
r =--- — x — a. 

a 

143 one Ase jematume caeAyje pe3yaTaT 

r, 	r 	2 a =--- const., 

KOjH moxcemo cpopmyaRcaTH Teopemom: 

XHnep6oaa je reomeTpHcKo mecTo TatiaKa y paB1H 3a Koje pa3akma_ 
pacTojama oA BeA cTaaHe Ta4Ke (x04)Ke) Hma CTaJIHy npeAHocT. 

Ona oc06kma xHnep6oae omoryhana theHo upTatbe y o6amy Henpe-
KHAHe nHHHje . IleffaHp.  AB (ca. 37) ytmpcmmo 3a xapTHjy nHoAom y TaLIKH F, TaKO Aa ce OH OKO ose Ta4Ke mance ca060AHo oxpeTaTH. 3a Kpaj B ne-- H,Hpa Be3aH je HepacTera,km KOHaU; Apyrnm cnojHm Kpajem OH ce ytmpuihyje 
Ha xapTHjki y Tatum F. Ho aelbHpy ce mowe cao6oAHo KpeTaTH KyKa 



Ca. 38. CJIHKa ca 6ecHpajHo BeAHKHM 

6pojeM nenTapa 

Ca. 39. npomeHa oftiaa IcHnep6one y semi 
ca npomeHom theHor eicaleHTpHnHTeTa 

'74 

,xpos Kojy npoaasm KOHal4. 0,110BKy, KOjOM hemo 110BIla4HT14 xvinep6ony, Ap-

,wahemo TaK0 Aa ce 1-beH BpX HaaasH CTaJIHO npm.iby6.1beH y3 KyKy..IIpema 
Tome KOHall, Tpe6a Aa HMa noaomaj FMB 
H iberoH Aeo MB Tpe6a cTantio Aa ae)KH 
Ha aetbmpy. AKO netbmp oKpehemo OKO 

Ta4Ke F 1 , a KoHau, npH Tome Apaarmo 
saTerHyT, spx OJ10BKe M !ApTa xtnep6ony. 
3amcTa, pas.nHKa 

F,M — MF ri — r 
Ca. 37. L[pTaibe xHnep6oae y o6amy 

HenpeKHAHe Jimmie 	 ocTaje cTainta, jep min! npomeHm mono- 
;Raja KyKe M csaKoj AyautHH r, H r 

41.414 ce AoAaje HIM ce oAystima HcTa sentruma; y npsom caytiajy Aeo KOH14a 

MB ce cKpahyje, y Apyrom nosekasa. 
XHnep6oaa HMa e H T a p. To je Ha CJI1411,H 36 Tama 0, 
WTa je geaTap Kpme aHHHje? Aa J114 je TO MTH nojam Kao H nojam 

iteHTpa Kpyaute ammje, Ta4Ke, Op, Koje cy cse Tame Kpme noAjeAHaKo yAa-

.setie? JaCHO je Aa HHje! 
Li eHTap Kpmse J1HHHje je cpeottla csm Temsa Te Kpme WTO 

npona3e Kp03 Ty Tamy. 
„Eka 6HCMO noKasamt Aa je nojaM u,eHTpa Kpme HJ1H, yonurre, reo-

meTpticKe clmtrype unapt oA nojMa ueHTpa KpytKHe ..nHHHje HJ1H mHoroyrna, 

Haseuthemo, Kao npHmep, reomeTpHcKy cjaHrypy Koja HMa 6ecKpajHo mHoro 

,ReHTapa. To cy Ase napaneaHe npase (ca. 38). CsaKa Tama npase p papa- 
name npasama pi  H p2, Koja nponasH 
Kpos cpeAmHy A pacTojatba Hsmeby 
THX npaHmx, u,eHTap je Hanle cnme, 
jep cy cue TeTHHe, Koje npona3e Kpo3 
6Hno Kojy Tamy A, B HTA. npase p, 
npenoaos.seHe TOM Tamom. 

Xtmep6o.na HMa Ase oce 
eTpHje. CBaKa oA KOOpAHHaTHHX 

oca Ha CJIHII,H 36 je oca cHmeTpHje XH-

nep6one. JeAHa oA IbHX Koja. cege XH-

nep6o.ny, sose ce cTsapHa o c a, 

Apyra —HmarmHap H a. Tame npe-

•ceKa xmnep6one ca cTsapHom ocom cy tbeHa TemeH a. 

Lana je TO oca cHmeTpaje C.aHKe y pasHm? 

3a Atte Ta4Ke, A 14 A l , KaNce ce Aa Cy cHmeTpHgHe y OAHOCY, 

Ha npasy p, aKo neace: 1) Ha HcToj Hopmaall Ha npasoj p, 2) ca pa3nw4H-- 

'TIVC cTpana npase p H 3) Ha HCTHM pacTojatbmma oA Te npase.  
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AKO CBaK0j Ta4KH came oArosapa Apyra Tatum HCTe CJII4Ke cHme-

TpHwa ripHoj y oAHocy Ha Hen/ npasy, CJIHKa je cHmeTptigHa y o A-

HOCy Ha Ty npasy. 
y oAmocy Ha Kojy je HeKa CJIHKa cHmeTpwia, 30Be ce o C a 

cHmeTpmje Ham CHM eTpaa a. OBaKBa cmmeTpHja cama sose ce ocHa 

14.11H aKCHja.11H a CH meTpmja. 
XHnep6o.na je cama ca AsocTpyKom aKatjanHom cHmeTpHjom. 
ABe oce xitnep6oatme, cTsap-

Ha a H HmarHHapHa b, oa,pebyjy 
Ibex 06.1IHK. Beamgma 

c = Y a2 	b2, 

mmo cmo sHAeam oApebyje no.notKa- 
c 

je autaca xmnep6one. OAHoc —a 
= e 

30Be ce eKcueHTpHII,14TeT X 14- 

nep6o n e. 110111TO je c>a, excu,eH-
Tp1411,1dTeT xmnep6one je sehti op, je-
AHHHu,e• 3a pasHocTpaHy xmnep6o-
ay (a = b) emcueHTptutHTeT xmnep- 

6one je.AHaK je 1/2. AKo je e < 
xmnep6o.na je cyaceHa (ca. 39, B A C 

C 1) y oAHocy Ha pasHocTpaHy; aKo je e > 1/2, oHa je passyiteHa 

(ca. 39, D A E 14 D, A 1  E 1). AKo e TeM1 jeAHHHILH, xHnep6ona Texa4a ce 
npeTsopH y ABe nanympase A k H A l  kl . AKO e Te)KH 6ecKoHa4mocTim, 
xmnop6oaa TeAH Aa ce npeTsopH y Ase napaneatie npase p it pi  (c.a. 39). 

AKO je paaHocTpaHa xHnep6ona AaTa jeAHavamom 
x2 y2 = az,  

tbeHe acHmnToTe, Kao cHmeTpane KoopAmHaTHHx yraosa, HMajy 3a jeAHalutHe 

y — x = 0, 	y -{-x =O. 

AKO je xitnep6oaa AaTa je,K,HaLIHHOM 

x2 	y2 
= a2 	b2 

413 npeTxo,nHe came HenocpeAHo cneAyje Aa cy aCHMnToTe AaTe jeAHattmaama 

a 
l-± 

b 
3±=0, 

jep csma nponasH Kpos noiteTaK KOOpAHHaTHOr cHcTema H npsa jOW H 

Kp03 Tamicy M (a, b), a Apyra 14 Kp03 TaLlKy M 1  (— a, b). 

xY =__ 0,  
a 	b 



CA. 41. ilapa6ona Koja npona3H 
xpo3 noyeTax xoopAHHaTa ea 

OCOM y xao cHmeTpaAom H ca 
OTBOpOM y HeraTHBHOM 

cmepy Te oce 

0 
CA. 42. Ce‘i1411a H TaHreHTa 

napa6one 

• 
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BeaK6an,a. 1. HasecTH npHmep o6pHyTo nponopuHoHaAms HeAkmma 14 npoTy-

MaglITH TaKBY nponopnHonamocT Ha C11141414. 2. 1'13 ycnoaa 	r = const. 143BeCT14 JeA- 
xzy2  

ki Ha•nmy xnep6one y o6AHxy 
a, 
— — 

b, 
= — 1 . 3. TpaliccflopmHcaTH jeaHarn(Hy minep6one 

x y + 16 = 0 Ha o6Apix x2  — y2  = a,. 4. HaupTaTH Taqxy no Tamxy xHnep6o.ny •ifija je 

x 

9 	4 

2 	y2 	 1 
jeAHaqmia — — — 	I. 5. HaupTaTH [(ppm)/ qklja je jeaHamuia y = ± 	

2 
—5) (x + 1)•

H noxa3aTH Aa je TO xmnepoona. 6. Iloxa3aTH Aa, axo je Hexa 2cHnep6osa cpxella, iboj 

xoHjyroBaHa xHnep6ona je pa3Hygeaa H o6pHyTo. 7. 3a minep6one ca .  jeA,Hagmama 

4x 2 — 9y2  + 36 = 0 H 5/0— 16y2  = 64 oApeAHTH Haixosa Temena, Name, nonyoce, exc-

HeHTpHnuTeT 14 HanucaTH jeAHamme acHmnToTa. 

§ 18. KHiaparHa toymunja 

HajjemlocTasinija KB aApaTHa 	H Ku, H j a Harae,a,a OBaKO  
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IloMohy ose Ta6nnue moxcemo KoHcrpyHcaTH H143 TaTtaxa Hanle 

L(o6HjeHa xi:um ce 3ose napa6on a. Tatum 0 je T e M e nap a-
6 one, npasa Oy je oca napa6one. 

flOWTO y, xaA x 6ecxpajHo pacTe, pacTe 
Taxohe 6ecxpajHo, napa6ona HMa Ase 6ecxoHa4ie 
rpaHe. 

KaAa je a HeraTHsHo, jeAHaLmHa (1) H3pa-
)Kasa napa6o.ny cHmeTpw4Hy npeTxoAHoj y oAHo-
cy Ha ocy x (cn. 41). 

Y3MHMO CaA Ha napa6oax (ca. 42) Ase Ta-
Lce, M1(x1,  y 1) H M2(x2, Y2), H yoqHmo cetnfity 
L11TO npona3H xpo3 ose Tatme. BHAenH cmo y 
§ 16 cTp. 61 Aa yraoHH Koecjmu,HjeHT npase Kp03 

Ase Tagxe Jima speAHocT 
(1) 
	 y 	ax2 , 

r,lke je a KoHcTaHTa. Ta jeAHa4HHa H3paxcasa as je speAHocT y nponoptw-

0HaJIHB xsaApaTy speAHocTH x. 
lipormhemo rpacjmx KOjH oArosapa 

npso, Aa je a 1103HTHBHO (Ha CJIH11,14 40 je 
Tatlaxa 
npona3H 
x = 0, y = 0 3aAoso.lbasajy jeAHatimHy (1). 
)JaJbe, 143 Te jeAHaLaffle Henocpe,pio cne-

Ayje Aa KaK0 sa no3HTHBHe TaK0 14 3a 
HeraTHsHe speAHocTH x' a y HMa yBeK no-
3HTFIBHy speAHocT; npeMa Tome cse Tag-- 
1(e xpHse Hana3e ce camo ca jeAHe 
cTpaHe oce x. 143 HcTe jeAHaLuffle B14,114- 

mo Aa csaxoj Ta4K14 M (x, y) oArosapa 
APYra Tatum M' (— x, y) ca HCTOM opAH-
HaTOM, a ca ancu,Hcom cynpoTHor 3HaKa 
H HcTe ancoayme apeaHocT14. OBO no- 

	

(2) 	Y2 	Y1 	tg 
x2 — x1 

rAe je a, yrao H3mehy use npase H oce x. 
HowTo o6e Talme, H M, H M2, npnnaAajy 
napa6onH ca jeAHainiHom (1), x.00pAHHaTe 
THX TaLiaxa mopajy 3aAoswbasaTH Ty jeAHa-
4HHy,  Tome je 

y i = axi 2, 	y = ax,2 . 

AKO ca,ik H3pa4yHamo oAHOC (2), Ao-
&hem° 

	

x22 	— x 1 2 	(x2  ± x,) (x2  — x1) 
(3) 	tg cc,— a 	= a 	 — a(x2 + x1 ). 

x2 — x, 	 X2 — 

AKO Tainta. M2  melba csoj nono)caj H npH6nruxasa ce cse mime Ta9KH 

M1, ceinma. napa6one HCTO TaKO melba csoj nonoxiaj; meiba csojy spemocT 
H yrao a,. HeKa ce Haj3aA Tatum M2 nomorm ca Ta4KOM M 1 . J114 he TaAa 
yrao a 1  1431-y614TH csojy speAHocT? Hehe, jep 3a x2 = x, Hmamo H3 (3) 

	

(4) 	 tg a = 2 ax„ 

jeAHa4HHH (1). lipeTnocTasHmo, 
a = 0,5) H 3ano4mmo npTaibe 
ose xpHse. BHAHmo Aa xpusa 
Kp03 nogeTax KoopAHHaTa, jep 

CA. 40. llapa6ona Koja npona3H xp03 
noveTax xoopAHHaTa ca ocom y Ka° 

cHmeTpanom H ca oTHopom y 
no3HTHmom cmepyTe oce 	xa3yje Aa Hama xpHsa HMa ocy y 3a CH- . 

merpany. flpeMa Tome 3a nporiasame 

x.pHse A0B0JbH0 je npormTH 1-beHe Ta4Ke CaMO y jeAHom xsaApanTy. CacTa-

sHhemo Ta6nnuy 

x 0 1 2 3 I 	4 5 6 • • 	• • • • oo 

Y 0 0,5 2 4,5 f  8 12,5 18 

rAe cmo ca a 03Ha4HJIH HOBy speAHocT yrna. 
flpaBa WTO npona3H xpo3 Ta.4xy M„ a HMa a Imo yrao Haru6a npe-

Ma OCR X He npeTcTas.rba HHwTa Apyro Ao TaHreirry napa6one y 
TaLIKH 



H npema Tome Hma Bp&AHocT 
1 

XA = 
2 

Xi. 

,EI,aKne sa KoHcTpyHcaHDe TaHreHTe Ha Hawy napa6ony y AaToj Tatum 
M1  A0B0JbH0 je cpeAHHy ancu,Hce TatiKe M 1 , ray A, cnojHTH Ca TatIKOM M 1 . 

AKO xenHmo yraoHH Koe4m4u,HjeHT tg a TaHreHTe napa6one Aa cma- 

Tpamo Kao (j)yHKUHjy u ancumce x Tme Ha napa6onx, oHAa ce H3 (4) 

mon(e HanHcaTH 
u(x) = 2 ax. 

rpact)HK cpyliKuHje U y KOOpAHHaTHOM cHcTemy ca KoopAHHaTama x, U 

je npana Koja nponasH Kp03 nogeTaK KoopAHHaTa. Ha COMO 43 je 110H0B-

Jbeaa napa6ona ca oTnopom HaAone H HaneAeH rpaclm 
yraoHor KoecinwHjeHTa TaHreHTe Ha Ty napa6ony. 	

Ay 

CaAa demo y3eTH KsaApaTHy cpyHKuHjy onulTer 06JIHKa 

(5) 	y = ax2  + bx + c, 

rAe cy a, b, c TpI4 KOHCTaHTe. 

HabHmo H OBAe npe cnera yraoHH KoecimuHjeHT 
TaHreHTe KpHne JIHHHje y Ta4KH M 1  (x 1 , y ) a nomohy 
ceithue Koja nponasH H Kpos Apyry TagKy M 2(x 2, y 2). 3a 

Taj KoecimumjeHT Hmamo 

y,— y, =ax,2  +  bx2  + c — (ax 1 2  + bx,+  c) 

X2  — X 1 	 X2  — Xi  

[a(x2 + x,) + bi(x2 — x) — a(x 2 + xi) + b. 
X2  — X 1  

AKO npe1eMo Ha rpaHHT-nw nonowaj H cTasHmo x2  = Xi , AOJIa3HMO-

J1,0 pesynTaTa 

(6) 	 tg 	2 ax, + b. 

CaA lieMO noTpancHTH TatiKy Ha KPHBOi 

nenHa OCH X, Tj. tg a ==0; TaAa je 

(7) 2 axi + b = 
H npema Tome je 

(8) x, 	
• 2 a 

3a Kojy je TaHreHTa nap-• 

Ca. 43. rlapa6ona H 

rpactmc yraoHor 
cbHugjeirra }belie 

TaHreHTe 

79 ,  
78 

,aownkt cmo TaKO AO Honor nojma — nojma TaHreHTe napa6one. Taj 
nojam moncemo npountpHTH Ha amity Kpknsy OBOM Ae(PHHHII,HjOM. 

TaHreHTa KpHne AVM* y AaToj Ta4KI4 je rparnaqHH 110a0)Kal, aKo 

OH flOCTOjH, ceimu,e, Koja nponasH Kp03 AaTy H IbOj 6JIHCKy TMK KaA osa 

Te)KH AaToj Ta4KH. 

3a cnaKy Kpmsy npenas oA, ceLmue Ka TaHreHTH Tpe6a BpLIIHTH npema 

cneuHjanHoj npmpoA,H KpFine. 
Tam, y cnytiajy napa6one, 3a 031)w43/HasaFbe yraoHor KoecimuHjeHTa 

H3 oAHoca 

X2  — Xi  

HHCMO MOTAH CTaBHTH HellOCpe,3,H0 y Taj Hspas X2  = X 1 , jep 6HCMO Ao6pinH 

H3pa3
0 

 KOjH He Aaje TpanceHy BpeAHocT. IlperxoAHo CMO CKpaTHAH 6po- 

jmnau H I/mei-wan Ca X2  — X 1  H TaK0 CMO ,11,06HaH Hspas a(x2  + x1) 3a yra-

OHH  cetm,e. 3aTHM CMO CTaBHJIH X2  = X 1  H A01.11.114 AO pesynTaTa 

2ax 1  sa yraoHH Koectimu,HjeHT TaHreHTe. KoA, Apyrmx KininHx HspagyHanalbe 
rpakupuie npeAHocTH yraoHor KoecimuojeHTa ceKaHTe mije TaK0 jeAHocTamo. 

OBaj KoHKpeTHH cariaj napa6one jacHo noKa3yje, ups°, wTa Tpe6a 
pasymem noA nojmom rpaHHLIHor npou,eca npenasa oA cetniue Ka. TaHreHTH 

H, Apyro, Aa rpaHH4HH pe337./ITaT He npeTcTanaDa Heim apH6aH)KHH Hero,  

110TilyHO oApeberm, Ta4HH pesynTaT. 
PesynTaT (4) omoryhyje Aa ce 

CBaKy FbeHy TatiKy. 
3a TeMe, KaAa je x, = 0, Hmamo 

tg = 0, 

a TO 3Ha4H TaHreHTa HMa npanau, oce x, Koja npema Tome AoA,Hpyje napa-

6ony y TeMeHy. 
3a csaKy Apyry TamKy napa6one ca KoopAHHaTama X 1 , y1 Hmamo sa 

jeAHaqHHy TaHreHTe 	
Y —y, = 2 ax1(x — x 1) 

Hall, nomTo je y, = ax1 2, Hmamo 

y = ax1 (2 x — x 1 ). 

143 one jeAHamme cneA,yje Aa TaHreHTa cege ocy x (y =0) y Ta4KH A 

(c.a. 42) ca ancullcom xA , Koja saAonoJbana je,A,HaimHy 

2 XA—x 1 =0 

	

x_2 	x 1 2 • 
tg a, = a 	' 

TaHreHTa napa6one KoHcTpymue 3a 



(5), 3a npopiasatbe nommaja rpa4ma, KOjH oArosapa jeAHa4n4HH 

nocTynHhemo Ha osaj HaAHH. 
YnopeAo ca KOORIL14HaTHHM CHCTeMOM Oxy 3aMHCJIHMO CHCTeM KO-

oRriaaa-ra 	LOH ce nogeTaK HanasH y Tati114 	y i), a oce cy napa- 
nenHe cTapHm ocama (ca. 44). Comm Tatum 
M paBHH HMa TaAa Ase spcTe KoopAHHa- 
Ta: x, y y omocy Ha Oxy 14 t,n y oAHocy 

Ha O'71. 143Meby THX KoopAHHaTa nocToje 

seae 

Kao UJTO je TO flaK0 sHAeTH 

C./1•1Ke. 

YBpCTI4M0 caA ose speAHocTH y jeAHammy (5) H crasHmo 

71+ y 	a( +x1)2 b ("g + xi) c, 

yj = a 	(2ax 1 + b) 	(ax,2  + bx, c). 

flour° je 

Henocpe,a,ao ca 

14.1114 

Ca. 45. Ilapa6one aao rpa4M1LH 
KaaApaTae chratamje 
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AKO 0By speAHocT CTaBHMO y Napa 3a ctlyinumjy y, Ao6Hhemo 

1 	, 	1 	_ 6  
(9) y1=  axi2 • -F 	— c = 	vi„  ac b2) — — (or- — 4 aC). 

4a 	 4a 

X 

2ax 1  b =0, 

y 	ax,2 	c, 

npeTxoAHa jeAHaluma Ao6Hja 06.TH4K 

n= a 2 . 

OBa jeAHatuiHa He npeTcTasJba H141.11Ta 

APYr0 Hero napa6oay ca ocom n Kao cHme-
Tpanom H TeMeHOM y TatIKH O r (X j , y 1), 1114je 

cy KoopAHHaTe oApeheHe jemalmHama (8) 

14 (9). AKO je a> 0, °mop napa6one je Ha-

.rope, aKo ie a < 0, HaAoae. C.KHKa 45 Aaje Ase oArosapajyhe napa6one. 

KOHCTaHTe Q, b, C cy napameTpH KsaApaTHe cpymumje. lipormmo Bea)/ 

,nono)Kaja nap 'a6oae ca BpeAHOCTHMa OBHX napameTapa. 

3) nem) oA Te oce aa b < 0 (ca.• 46, III H 	AKO je ya To 62 — 4ac no- 
3HTHBHO, y1 je npema (9) 1103HTHBHO H napa6oaa HMa jeAan oA noao)Kaja 
(I, II, III) Ha ca. 46. AKO je b 2  — 4ac <0,  y1  < 0 H napa6oaa nexcH Hcnool 
oce x (ca. I', II', III'). 

Caygaj 11. a > 0. Hapa6ona je ca oTsopom Harope. Ha CAH1414 47 cy 
npuKaaaHH cariajesH: b = 0 : I H I', b > 0 : II H II', b < 0 : III H III'; 
,b2  — 4ac > 0 :y, II', III', b2  — 4ac < 0 : I, II, HI. 

Ca. 47. Pa3J111 ,114TH nonoacajm napa6one 
ca oTaopom Harope 

06pammo naxaby Ha npeceKe napa6one ca ocom x. Homo je 
,ose TatiKe y = 0, anatHce ripeceKa mopajy aaAosoJbasaTH ycaos 

y = ax2  bx- c 

81 

Caygaj I. a <0. Hapa6oaa HMa oTsop HaAoae. 
flpema aHaxy b Teme napa6one ne3KN , KaKo TO caeAyje H3 (8): 1) Ha 

0CM y 3a b = 0 (c.a. 46, I HI'), 2) AecHo oA Te oce 3a b> 0 (ca. 46, II H II'), 

Cn. 46. Pa3AHMHTH nonoacajm napa6one ca oTaopont Haaone 
O 

 
Y/ 

0 X1--4 
X 	 

Ca. 44. TpaaccDopmagHja KoopAHaaTa 
y cnyqajy fipomeae nonmaja canto 

noyieTica 

y 

0 
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3aHcTa, y3MHMO ma Koji Taincy M napa6one. 143 Tpoyrna MFM 1  He-

nocpepHo cnepyje 

MM , 2  = MF2  — F M , 2  . 

KaKo je 

CA. 48. napa6ona ca 
AmpeKTpHcom 

HMaMo 

MM, = y, MF MN = x FM, --- x — 
2 

— — -P )2 

 y2  = 2px, 

a TO je jemagma napa6one. 
Hpormhemo joui jepHy OCO6HHy .napa6one. Osy oc06mHy mmemo 

HapoLmTo jacHo 1431:13314TH Ha TaK03BaHOM napa60nH4Hom orneAany. IlpeTno-
cTasHmo Aa ce nipa6ona. L o6phe oKo csoje oce cHmeTpHje (cn. 49). ,LI,o6H-
hemo nospunmy Koja ce sose o6pTH H. nap a6oJI 0 HA. AKO yHyTpaus-sy , 

 cTpaHy ose nospu► He yrnatiamo, Ao6Hhemo napa-
6arnmo ornepano. ,LIoKa3ahemo Aa ce 3paw4 KojH 
nona3e H3 xunKe napa6one op6mjajy op, nospunnie 
napa6onH4mor orneAana napanenHo OCH. 

Y3eheMo 3paK FM pi • AoKa3ahemo Aa je nocne 
op6Hja ►ba Hseros npasau, napanenaH ocH x. npema 
3aKoHy op6Hjalba 3paKosa yrao ynapHor 3paKa FM 
ca TaHreHTOM AB jepHaK je yrny op,6HjeHor 3paKa 

MK ca TOM TaHITHTOM. AKO spepHocT THX yraosa 

o3Ha4HMo Ca a„ HMaMo 

LFMA=LKMB=a 1 : 

,L(oKaxthmo Aa je -raj yrao jepHaK yray a TaHreHTe ca ocom x; 

H3 Tom cnepyje Aa je 3paK MK napanenaH ca ocoit Ox, a TO . Ba)KH - it -3a 

cse ocTane 
Y3MI4M0 y pacmaTpaHse yrao MFx =13. 3a Hsera Hmamo 

MM' 
tg (3 	— 

FM' 
Y 1  

p 
2 

C Apyre cTpaHe je 

t =
MM' y 1 a  
AM' 	2x1 ' 

HJIH 

y 2  = 
2 ) 

CA. 49. Oco6HHa napa6o- 
!IMHOF' oraeAana 
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OHe cy, npema Tome, Kopem4 ose jeAHatme, Tj.: 

1 	 „2 	A  
X1,2 	

2a ( u 	v u-  — 4ac). 

AKO je b 2  — 4ac > 0, HMaMO Asa pa3nw44Ta peanHa KopeHa H, npema 

Tome, Ase Tatme npeceKa. (Ha CJIH11,H 46 Hmajy TaRKe npeceKa napa6one 
I, II, III; Ha camu,H 47 HMajy Tat-me npeceKa napa6one I', II', III'). 3a 

b2  — 4ac <0 HeMaMO TatiaKa npeceKa. Hajaap 3a b 2  — 4ac = 0 napa6ona 

A0P14pyje ocy x, 111TO oArosapa cariajy jemaKmx KopeHa ca spepHowhy 

C 2a 
AHanmosann cmo jeAHats4Hy napa6one y HajnpocTHjem o6nHKy, 

y = ax2, 

14 sHAenH cmo pa je oca cHmeTpHje Te napa6one oca y. AKO yameme jepHatnmy 

x 	ky 2, 

rpe je k cTanaH 6poj, H ynopeAmmo je ca npeTxopHom jemalmHom, Mo)KeMo 

3311.7by11HTH ,Aa nocnemsa jeAHatma TaKobe oprosapa jeAHaqium napa6one 
canto je Isom oca cHMeTpHje oca x (cn. 48). 

Y 	
M rIpeTxopHy jeAHalmHy moHtemo peWHTH no 

y2  14 HanHcaTH y o6nHKy 

y2 ==. 2px,  

rAe je p cTanHa Apiamia, npH tiemy je 2pk = 1. 

,LIy)KHHa p ce aose n a p am e T a p napa6one. 
,aoKascHmo cap, jeAlly spa° sa.wHy oco6kffly 

napa6one. 
YOLIHMO 'Ha ocH x TattKy F ca ancuncom 

1 
2 p (cjr. 48). Om TatiKa aose ce mcH Hi a mix 4 o- 

Ky C 

1 
napa6one. Ha pacTojaHsy —

2 
p ca Apyre cTpaHe oce y KoHcTpyHca- 

hemo npasy riapanenHy OCH y. Osa npasa aose ce AHp e K T p Hc a na- 

pa6one. 
,LIoKammmo TeopeMy: 
feoMeTpHcKO mecTo Tamalca y paBHH no,AjemaKo yAllbeHHX 003, CT3./IHe 

TatiKe (xKinKe) H cTanHe npase (AHpeKTpHce) je napa6ona. 
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icojoj Takobe oAroBapa napa6ona, Ha np., y nonowajy Ha CAHUH 50. OB,Ae 
Hmamo npHmep TakonaHe Asomainie cpymuni- 

je; 113pa3 ca 3HaKOM nays oApebyje Bpemocr 
ctlymuwje Y1,  ca 3HaKOM MHHyC — BpeAHocT 
Y2. jacHo je Aa napameTap C y jeAftaqHHH (10) 
HMa BpeAHocT ancw4ce Tatme M, npeceka na-
pa6one ca OCOM x. Ancu.Hca xA TeMeHa na-
pa6one oApebyje ce 113 ycnoBa jeAnwaix 'cope-
Ha. 143 noTkopeHe Benkrume TaAa Hmamo 

2  ill  
2igoe 	2x 1 	Yi 	Y1  tg 2a — 	. ___ 	= = 

1 — tg2a 1  _ y i2  xi  2 px, x 	p 
4x,2 	4x, 	I 	2 

84 

jep cmo AOKa3aKH Aa TaHreHTa MA 110JI0BH Ayac 0M1, Te je npema Tome, 

AO = M 1M = OM' = x, 	H 	AM' = AO + OM' = 2x 1 . 

TaHreHc yrna 2a HapagyHahemo oBako 

Ha oBaj HatiHH A0J1a3HMO AO peayaTaTa 

tg p - tg 2a, 

oAaxne je y Haluem cariaiY 

 

xA = -- 
1 

(b2  — 4ac), 
4a 

Ca. 50. napa6ona ca ocom 
cHmeTpHje napanenHom 

0tH X 

a ceM Tora je b  
YA — • 

2a 

 

= 2a, 

a HOIIITO je ca Apyre cTpaHe (Kao cno./baullb14 yrao Tpoyrna) 

= -1-11, 

TO, nocne ynopeljjelba, HaBoAHmo 

a TO je TpaAeHa paay.nTaT. 
HajaaA y3MI4M0 y only jow jeAHy cpopmy napa6oamtme Be3e Hameby 

npomerubwwx. 	 pax y npenaay oA pasHomepHor npoueca ica 

jeAHa4n4HH 	 npouecy komnnHkoBarmje npHpoAe. flapa6on1414- 

y = ax2  bx c 	 j 	 Ka, OAHOCHO loaApaTHa clpyww,Hja ce ilecTo 
ynoTpe6.1byje Kao HAHorpacpcica H Kao Homo- 

oAroBapa, Kao WTO CMO BHAenH, napa6ona y jeAHom oA nono)kaja noka- 	 rpacjacka cpyrawja. 
3aHHX Ha CJ1HKaMa 46 H 47. AKO npomeHmmo Ha3r4Be lip0MBHJbHBHX, mecTo 

ropffie Ao6Hhemo jeAHaLnitly 

(10) 	 x ay2 	by 	c 

PeulaBathem oBe jeAHa4n4He no y Aoaaanmo Ao tymwje 

b 	x b 2  — 4ac 
Y  = 	2a 	a 	4a2  ' 

AKO je xA = yA = 0, Teme napa6one ce Hanam y notiemy koopAH-
HaTa. jeAHaLuma (10) TaAa Hma o6nint x = ay 2. 3a a > 0 mmemo noHoso 

yBecTH 2p
1

14 jeAHa4n4Ha y 2  = 2px oApebyje TaAa napa6ony, Kojy cmo 
a 

Beh paHHje npormaH. 3a a < 0 mmemo.CTaBliTil 2p = — 1 H A0614111MO 
a 

jeAHa4HHy y2  = — 2px, Koja oAroBapa napa6onH ca HeraTHBHe cTpaHe oce 
y (cn. 51). OHa je HaupTaHa Ha CJIHRH TatwacTo. 

Ilapa6on14 Kao rpacjmy, oAroBapa na-
pa6onw4am npouec. OH npeTcTawba npBH ko- 

Belit6Euba. 1. 3a napa6ony ca jenuagimom 	Cn. 51. napa6ona ca ocom x 

y2 = 2px onpenHTH nynamy Tenme xoja nponam xp03 	Kao cHmeTpanom 

BcHncy H crojH ynpamio Ha ocH napa6one (latus rectum). 
2. Ilomohy nen,Hpa ymaputeHa Ha nHpexTpitcH napa6one, npaBoyrnor Tpoyrna, 

ABC, qHja KaTeTa AB KAH3H no TOM neH,Hpy, H xcHum nynome npyre KaTeTe BC, gHjH je 

jeAaH Kpaj rmpinheH y M(H)KH F, a npyrm Beam 3a Tanxy C Tpoyrna, noxa3aTH Lax° ce 

6e3 npemna H3BnagH napa6ona OROBKOM qmjH ce Hpx yHex Hanam Ha xaTeTH BC H 3a-

Tence KOHali• 	 • 

3. Iloxa3aTH Aa cy icon maim napa6one imanpaTH TeTHBa ynpammx Ha ocH npo-
nommonanaH pacTojarby TeTHBa on TemeHa napa6one. 

4. II apa6onHRKH oTcenax je cnma omebeHa napa6onom H TeTHBOM, pe-
uHmo, ynpasHom Ha ocH cHmeTpHje. TeTnea je ocHosa napa6onHRH or oTceqx a, 



Ca. 53. Earinca 
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pacTojaibe TeMena napa6o.ne oA ocaoKe je cTp en nu a oTcenK a. ,pare cy ApKreme: 
2a °mom H h cTpennue napa6o.nmKor oTcegKa. 0ApeAHTH pacTojame y Taue napa6oae 
oA °clime y 14)3,111=4,1H oA pacTojalba x Te TagKe oA oce napa6one. 

5. 0ApeAuTK jemawny napa6o.ne ca ocom y npaimy y oce, aKo (ma npanaall Kpoa 
Tpm Tagice (-1, 5), (I, — 3), (4, 0). 

6. 0ApeAxTH jeARagmy napa6oae ca ocom y npasny x oce, aKo °Ka nponam Kpoa 
'rpm Taql(e (0, 2), (5, 3), (-3; 1). 

7. flotohy TpaKal3opmawije KoopAimaTa AosecTx Ao najnpocmjer ofiamKa je-
Anaginie napa6oae 

y = 2x2  — 5x — 3, 	x= 5y2  8y — 12 

8. HasecTH npHMepe napa6ompnatx rpacj)inca KamorpacpcKor H aomorpacbcKor Ka-
paxT epa. 

§ 19. KpylKna nimnja H eannca 

Y3MHMO Kpymmy III1HHjy ca RenTpom y nonemy KoopAkmaTa H ca no-
.nynpenm4Kom r (en. 52). 3a amity TaLncy M one Kpymme J1141114je, ca Koop-
JLI4HTM x, y, H3 npanoyrnor Tpoyraa OPM Ao6nja ce: 
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Oanagnmo onAe nonynpenw4K Kpyra ca a, a pacTojal-be OB TanKe B, 

Kojy CMO A06HJIH 143 TanKe C Kpynuie AHHHje, ca b. CTaaHa paamepa y Kojoj 
CMO npomenvinn cne opAnnaTe HMa y TOM 

czynajy BpeAnocT b: a. AKO- OpAHHaTe 0A-
ronapajyhnx TanaKa Kpy)Kne nkumje H ennn-
ce npnnpemeno onatmmo ca ye H 

nmahemo 

ye : y e  = b :a 

14 npema Tome je 

a 
Ye

b 
Ye. 

• 

AKO cTagnmo way speAnocT y (1) 
34 r aamennmo ca a, Ao6njamo 

a2 
— ye 2  = 
b2  

(2) y = 	r2 x2.  

OBa cpywawja oAronapa Kpy)KHOM Hp0- 

g e C y. 
AKO ca 0 (LinTaj: TeTa) oatiaLmmo yrao name-

by nonynpetwviKa TaLoce M14 oce x, 143 ncTor npa-
soyrnor Tpoyrna OPM Ao6njamo 

Ca. 52. Kpyacna minnja ca 
uenTpom y nogeTRy 

KoopAnnaTa 

AKO ce yrao 0 men,a, TanKa ca KOOPLHHTM X, y onvicyje Kpyncny 
JIHHHjy. IlpeMa Tome OBe ,u,ne jeAnatinne TaKo1e npeTcTasn.ajy Kpywny 
.nminjy. Yrao 0 ce aone npome H Jb m 814 nap am eTa p, a came jeAna-
mmnesony ce napameTapcKe jeAnannne Kpymoie annnje. 

3amnc.anmo caA Aa opAmiaTe CBHX Tat-taxa Kpynale ammje cmanaimo 
y ncToj paamepn (c.a. 53). 3a CBaKy TaLiKy Kpy}Kne J1HHHje Ao6HheMo TaqKy 
HOBO Kpl4Be JIHHHie, Koja ce aone e n H n c a. 

,11,eo6om ca a 2  H ynpountanaibem oanaKe aamenom y e  •ca y Aonaammo 

.11.0 jeAnanwie 
„2 

1 
b2 	

. 
 

OBa jeAnaumna oAronapa ennnal. 	' 
AKO peummo Ty jeAnannny HO y, }Immo ckyincunjy 

y 	a2 ___ x2,  
a " 

uoja oApebyje ell 1411THt1K11 n p o u, e c. Kpymn 14 ennnTw-o4 npou,ecn 
nrpajy npno Banwy ynory y npoynananv pa3H14X nojana. 

Jemannna (5) jow jemom noTspbyje CTallHOCT oAnoca opAnnaTe 
TanKe eannce npeMa OPAHHTM Ta4Ke Kpynuie nwinje oApebene jeAnagnnom (2). 

Benkname a 11 b away CC BennKa H ma.na nonyoca ennnce. 
Tat-ma 0 je enTap en H n c e. Ennnca nma Ane oce cnmeTpnje. Kpynctia 

JIHHHja 'ma MX 6eCKpajHo mnoro. 
Y3MHMO' caA TaIncy B (c.n. 53) 3a uenTap H ca nonynpetninKom a, 

Benfruce nonyoce, nanpTajmo Kpywny nminjy. 03Ha411M0 ca F H F, npeceKe 

one Kpy)Klie JIHHHje ca Beal4KOM OCOM emace. TO Cy X< H m e HJ1H tp o Ky C 14 

enkffice. PacTojafbe OF = OF, oanannmo ca c. 

( I ) 
	 x2  + y2 = r2 . 

To je jeAnainina Kpynaie J1HHHje. OHa oApebyje cpynKunjy 

x = r cos 0, 

(3) y 	r sin 0. 

(4) 

(5) 
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AoKa3ahemo jeAny sax(Hy oco6nHy 
Entinca je reomeTpHcKo mecTo Tatiaaa y paBHH 3a Koje 36Hp pa-

cTojama oA ABe cTanHe Ta4Ke, )KH)Ke, HMa CTanHy BpeAHocT. 
AKO je N Ta1411a Ha e.IIMICH 14 NF = r, NF, r1 , Tpe6a AoKa3aTH Aa je 

(6) ri + r == const. = 2a. 

HeIl0CpeAHO H3 CJIHICe Hmamo 

r=11  y 2  + (c— x) 2, 

r1 = 1f y2  + (c x)2  
H npeMa Tome 

(7)
r12 	r2 	4cx. 

Kao 111TO CMO nocTyminn y cariajy xnnep6one, cTasHhemo H ome 

r,== y2  (c x) 2  z ± a 

H oApeAHhemo HOBy Hen03HaTy z y (1)ymawjH anatHce x, a Ha ocHoBy 
jeAHatuiHe eannce (4). 

AKO npeTxoAHy je,AHalmHy noAHrHemo Ha KBaApaT, Ao6Hhemo 

y 2  + c2  -1- 2cx x2 =--- z 2  + 2az a2 ; 

3aMeHHheMo 3aTHM y2  143 (4) ca 

y2 = _b2 (a2 x2) 
a2  

H y3eheMo y o63Hp Aa je 

a 3aTHM, 143 (7), 

r — — x, 
a 

oAaKne nocae cathiparba Aonammo Ao TpaxceHe jeAHatimie (6). 

0A.Hoc --c  3oBe ee eKcgeHTpHnHTeT eaHnce H o3HaqaBa ce 
a 

ca e. HpeTxoAHe jeAHaqHHe 3a r H r, moxcemo H OBaK0 143pa3HTH 

r = a — ex, 	r, = a ± ex. 

OBe jeAHainme HapaxcaBajy CBaKH OK aJ1HH n oT e r Tatme eaHnce 
Kao anHeapHy cpymwHjy anawce TatiKe. 

AKO ca p  (EmTaj: ci4) 03Ha4HM0 yrao Hsmeby nonynpeqHma OM 
nomohHe TaLace M Ha Kpyamoj J1HHHjH H oce x, 3a Taincy N enHnce Hmahemo 

x = a cos 	y = b sin cp, 
noffiTo je 

b  
Ye = ye —

b

. a sin cp = b slap. 
a 	a 

To cy napameTapcKe jeAHa4HHe eaHnce. 
YBewhemo job noaapHe KoopAHHaTe TaLwe N eaHnce ca noTeroM r H3- 

/11143Ke F H yrnom 0 Hameby Tor noTera H oce x. 
110111TO je 

x=--c+rcos 0, 
Hmamo 143 jeAHatmHe 

r = — — x 
a 

jeAHatnwy 

H Ao6Hhemo 

c2 = a2 — b2, 

c2 
x2  -1-2cx = z2  ±-2az. 

a2  

Koja, peweHa, Aaje 

r = a — —c (c r cos 0 
a 

  

a2  — c2  

 

     

r — 	 a  

	

1 	e cos O .  

	

AKO ca p 03Ha1411M0 Beamtamy 	 
a2  — c2 = 62.—= a — ce, Koja ce 3oBe- 

a a 
n a p am eT ap enHnc e, Aoaammo 114HHHTHBHO . AO jemaiffine eaHnce y' 
nonapHHm KoopAHHaTama, 

r= 	 

	

1 	e cos 0 

OAaBAe Henocpemo caeAyje pewerbe oBe KBaApaTHe jemaqHHe 

z = — x, 
a 

Koje Hac HHTepecyje. 
Ha Taj Ha414H Hmamo 

, c 
ri = a -1- — X, 

a 



2 x 	y 1 2  

a2 	b2 	
1 

X 2 v 
--2–+L2--2 = 1 , 

a2 	b2  

;rAe je al, yrao ce4Hge ca ocom x. 
nourro je 

91 

'90 

KaKo je 3a 0 = 900  r = p, napameTap enHnce p Hma•Ay>KHHy no.nosmie 

ctooKanHe Temse ynpasHe Ha Be.TIHKOj OCH enHnce. 
14spagyHajm0 BpeAHocT yraoHor Koecjmu,Hjewra TaHreHTe y AaToj 

TWITCH M I 	y,) Ha enHncH. AKO ysmemo Apyry Ta4Ky, ca KoopAHHaTaMa 

M2  (x2, y2), yrao Koecimanjewr ce4m4e M 1M2  HMa speAHocT 

4, 1; = Y2—  Yl  
X2 — Xi 

, nocne oAysHmatba Hmamo 

(x2  — x,) (x2 ± xi)  ± (Y2 — Yi) (Y2+ Yi)  _ 0. 

 a2 	 b2 

0AasAe je 	
y 2 — y i 	b2  x2 +  X i  

x2 - Xi . 	a2  Y2+ Y1 

AKO caA oA cet[Hge npehemo Ha TaHreHTy 14 CTaBHMO X2  = Xi H 

Y2 =  Yi, imam° AeC11114H14THBHO 

b2  x1  
tg = 

02 y 

-^rAe je a yrao TaHreHTe ca ocom x. 
Ca OBHM yraomm Koectommjewrom jema4HHy came TaHreHTe Kp03 

TallKy M1  (x 1 , y i) Tpe6a °Balm HanHcaTH: 

	

)1—  yi 	b2  x1  

	

x — x i 	a2  Y4 

AKO H3Bpunimo mHoxcerbe 14 y3MeMO y 063Hp ;Aa je 

x 12 -± 

Y12
=__ 

	

a2 	b2 

Lmomemo jeAHatumy TaHreHTe enHnce Aec1)14HHTHB41 0 HanHcaTH 

	

xx i 	yy i  1. 

	

a2 	b2  

KoppicTehn ce OBOM jema4HHom morn14 614cm0 naKo AOKa3aT14 oay 

oco6HHy enHnce. flot{Hmmo 06pTaTH enHncy OKO senme oce. ao6Hhemo no-

spumy, Koja ce 30Be 06pTHH enHncoHA. AKO calla y jeAHoj }1114/1114 TOr 

enHncomAa CMeCTHMO H3B0p CBeTaOCTH, 3pau14 tie ce, nocne oA614jaffia on. 

nospuiHHe envincoHAa, cKyr4TH y Apyroj }KHAN. 

Bex6alba. 1. 143BeCTI4 jeAHamHHy spyxme ItHHHje 3a geHTOM y TagICH C (a,;b) 

.14 nonynpeqmmom r. 
2. HarmcaTH napameTapcse jeAHamme HpywHe Jimmie nonynpeqHma r ca newrpom 

y noqemy KOOpal4HaTHOr cHcreMa, ymmajyhH 3a napamerap aymumy nyKa Te ammje. 

3. Meceqesa nyTaFba OKO 3em.rbe, cmaTpaHa Kao eminca, mma Benny ocy 

406080 KM. H Many b= 356558 KM. 0,ApeAHTH escaenTpHuATeT re emince. 

4. rionynpeqfixs a 3em.rbmm em3aTopa H3H0CH 6377397 m a nonyoca b 3BM.a.14He 

oce jemaxa je 6356079 m. 143paqyHaTH excHerrrimmrreT 3em1bHHa mepHAHjaHa. 
5. riponpaTHTH npomeHy nonozaja mama emince AaAa je a = coast., a eiccnem- 

TpramTeT e ce melba oA Hyne Ao jemimme. 
6. ilaTa je jeAHamma Axe + By' C = 0. LUTa npeTcTasnsa (ma jeAHaqHHa 3a 

pa3nHmrre speAHocam A, B, C ? 
7. rAe cy name enHnce 3a Kojy je b > a? 

8. AKO Ha pacTojaFby 2c ycspcTHmo Ha xapTHjH Joe 'Hoge, o6yxsammo 14X 

KOHYaHOM neTlboM Aymaffle 2 (a c) H spxom 0110BKB 3aTerHemo soHan, !Tx he 01114CHBaTH 

emmcy. 3aurro ? 

9. Hocopmuhasajyhn nosa3any meToAy sa vissoherbe jemamme TaHreHTe y AaToj 

Tamar Ha eJ1HEICH, 143BeCTH CJIH r1HY jeAnammy 3a TaHreHTy Ha mmep6ontr. 

10. KpajesK A H B cranHe Aymcir AB Kf1143e CIO KOOpal4HaTHIIM ocama. llosa3aTH 

xa Tamm. M Te Apra' ormcyje enuncy ca nonyocama AM = a H BM = b. 
 

11. 0ApeAHTH pacnoH H 1314CHIly enisTrwmor csoAa noA ycnosHma Aa Ha pacTojarby 

2 m OA newrpa OH HMa BHC11Hy 4 m, a Ha pacTojaffq 4 m on HeRTpa HMa BHCHHy 3 111. 

§ 20. llommomn, paiwoHame, aare6apace H TparicumteuTHe cpymawje 

IlpH nporlasaHsy ctiyHK11•HOHaaHHX Be3a Hsmeby Ase sen144HHe saAaTaK 

MaTeMaTHKe.je Aa cpopmyninue Te Ben y maTemaTmKom o6n14Ky, Tj. TaKO 

Aa 6yAy oApebeHe oHe onepau,Hje Koje Tpe6a H3B13111HT14 ca jeAHOM senw4Hom, 

HesasHcHo npomeHJbmsom, Aa. 614 oApeheHa 6HJIa Apyra sen1414HH.a, sasHcHa 

npomewbHsa. 
CaspemeHa MaTemaTma je TOaHKO npoumpHaa o6nacT pasmix cpyHK-

1414ja Aa je Hemoryhe AaTH y enemewrapHom o6nI4Ky KnacyulmKaw4jy clvim-

u,Hja 14 HasecTH FE:4X0Be oco6HHe. Y Hamem HsnaraHT o6nacT cpyma4Hja 

ce nocTeneHo 11p011114pHBaTH .Ha Hose THHOBe GIVHICI4140HaaHHX 

Y OBOM naparpacpy hello rosopHTH o clpyHKumjama H3pancem4m nonmo-

mHma, 3aTI4M 0 pal.414oHanHHm, anre6apcKHm 14 TpaHCUeHAeHTHHM cpytnankijama. 

14manH CMO cpyHm4Hjy npsor cTeneHa NnH amieapHy 

y= ax b, 



yHKuHjy 3aTHM CMO HmaAH KnaApaTHy HJ1H napa6ommy 

Y = 
ax + b  
cx 

(py H K- 
HcTor o6AHKa Kao 	no.na3Ha jeAHamHHa. 

U,e.ne H paanom.ibeHe (pyriKu,Hje nHHe Knacy paullo Ha AHH 

H j a. 

AKO caA y3MeMO jeAHanHHy Kpy)KHe JIHHHje, peummo, y o6AHKy 

(3) y=±11 r2  -- x2  , 
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y = ax2 +bx+c 

JacHo je Aa cpymu.u4ja monce 6HTH H BHuier cTeneHa. TaKo, cpyfflawja 
Tpeher cTeneHa, y ornuTem o6AHKy, 143rne,qa 

y = c 3x3  ±a,x2  ±aix±a0 , 

rAe cy a 3, a2, a1, as  CTa111-114 KoecjmuHjeHTH. OBoj jeAtIa4HHH  OAFOBapa 

napa6oAa Tpeher peAa. 
AKO ce 3aycTaBHmo camo Ha npnom nnaHy, jeAHatuma Ky6He n a-

pa6one HMa 06JIHK 

y = ax3 ; 

thoj oAronapajy KpHne AHHHje, npeTcTas.lbeHe, npeMa 3HaKy KoeclmiumjeHTa a, 

Ha carnal 54 Kpm3Hm AHHHjama a H b. 06e KpmBe npona3e Kpo3 noneTaK 
KoopAHHaTa, KojH je ueHTap KpHBHX, jep oBa Ta4Ka 110J10B14 cBe TeTHBe Koje 

Ca. 54. Ky6na napa6ona 

npona3e Kp03 Ty TaLIKy, H HMajy X OCy 3a TaHreHTy. KpHBe HeMajy oca 
cHMeTpHje. 

Hanucahemo caA nonmom npoH3Bon.Hor cTeneHa 

(1) 	y = asz° as_ 1x° -1 	...+ a2x2 ± 

rAe je n ueo no3HTHBaH 6poj H an, C10-1, • • •1 al, (10 CTaJ1HH KoecjmunjeHTH. 

OBoj jeAHantum, Kao rpacjmK, oAronapa n apa6ona n' To r p e A a. 
cIIHKurtja oApeheHa jeAHanHHom (1) 3oBe ce gen a pauHoHanHa 

Cp ynKuH j a HJ1H nonH Ho M. IIpa H3pancasarby one cpyHKumje HCKOpH- 

uthyjy ce camo onepauHje ca6Hpafba, oAy3Hmalba, mHoweHA 14 cTeneHoBaHA 

1.1,eJIHM 110314THBHHM HanowHouem. 03Ha4HM0 KpaTKo 1OJ1HHOM n' Tor cTe-

neHa no x ca P s(x); npema Tome 3a ueny pau,HoHanHy cpynKuHjy mowemo 

HanHcaTH onurrH o6pa3au, 

y = Ps(x)• 

AKO CJIHLIHO paanomKy, Kao KOJIHLIHHKy Ana Rena 6poja, Ha4NHI4M0 

KOJIH4HHK OA ABa HOJIHHOMa Ilp0113B0.1bHHX cTeneHa n H In 

P s(x)  
Y = 

P1° (x) 

Ao6ithemo (133THKunjy Koja ce 30Be p a3nomn, e H a pauki 0 H a a H a 4:)y H K-

11, 14 j a. Kao Hajnpocmjn npHmep pa3nombeHe cpyHKuHje HManH cmo cl3yHKuHjy 

c2  
Y = —x 

Koja oArosapa o6pHyroj nponopu,HoHanHocTH H HMa 3a rpaci)HK panHocTpaHy 
xHnep6ony. XHnep6ona oAronapa TaKohe painomateHoj (1)yHKu,kijn oApeheHoj 

je,a,Hatmom 

rAe cy a, b, c, d KOHCTaHTe. OBa (4)yHKu,Hja 	 a HMa Ty Banuiy oconiy, Aa 

pemeHa 1-10 x AoBop,H Ao jeAHanHHe 

x_  — dy  +1?  
cy —a 

(2) 	 x2  + y2  = r2 , 

°ea jeAliatmia HCTO TaK0 op,pehyje y Kao ctsysKu,Hjy x, am Ta cpyHKuHja 

xe npercTanJba emwe KOJIH4HHK Asa nonHHoma Hero lima o6nHK 
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y KojH plasm onepau,Hja KopeHosaiba. OBO je npHmep Hp a u HoHanHe ' 
cp y H Kumj e. JeAHataula (2) je aare6apcKa. jeAHa4HHa Apyror crenefta no y 
a ca KoecinnuijeHTHma nonHHommma no X. Y ornuTem o6amy a.nre6apcKY 
jeAHatimiy mo)Kemo HanncaTH osako 

(4) 	 + Qr--1  ± • • • +RY s = 0  , 

rAe cy P, Q, • .., R, S noakniomm npoH3sokHHx cTeneHa no x. 

AKo ce cpyruutHja y mo>Ke cmaTpaTH Kao pealeFbe jeAHaLmHe (4), olia 
ce 3ose aar e6apcK a. JacHo je Aa cy ueae H pamomkeHe pauHoHaaHe 
cpyta.mje y HCTO spew H aare6apcKe. He Tpe6a HnaK MHCJIHTH Aa cy an-
re6apcKe cpyHKumje camo oHe, Koje mo)Kemo 143pa3HTH nomohy KopeHa 6Ha0 
KaKBor crenena. Hma aare6apcKHx cpynKaHja, Koje He Mo)KeMo y koHatiHom 
o6nicy 113pa3HT14 nomohy KopeHa. Taco, Ha np., cpytiKuHjy y oApebeHy jeA-
Ha4HHom y5  y — x = 0 He moKcemo 143pa3HTH KOHa4HI4M 6pojeM HH Kope-
Hosarba, EH a.pyrkix no3HaTHx onepaukija. 

Haj3aA, atm 3a cpynKumjy He Mo)KeMO IIOCTaBHTH jeAHatmly 06JIHKa 

(4), cpyKumja ce 3ose TpaHcneHAeHTH a. TpaHcneHAeHima cpyfiKuHja y 
HCTO Bpeme je H Hpau,HoHaafta. 

Hasefimmo HeKOJIHKO npHmepa TpaHcueHAeHTHHx 43yHKuHja. 

1. ckyHKu,Hja y = xP, rAe je p HpamoHanaH 6poj, Ha np., y 
y = x't  cy TpaHcu,eHAeHTHe cpymuwje. 

2. clymumje y = 2x, y = ax, y =--- xx HCTO TaKO Cy TpaHcu,eHAeHTHe 
cpymumje. 

3. JlorapHTamcKa cpymn,Hja y = log x je TpaHcaeHAeHTHa cpyiamja. 
4. TpHroHomeTpHcKe cpyliKumje, peummo, y -= sin x, y = cos x, y = tgx 

HTA. Tam* cy TpaHcaeHAeHTHe cpymumje. 

liporiasalby HeKHX OA Ha6pojeHHx TpaHcu,eHAeHTHHx cpymumja no-
csehem cy HapexIIN naparpacim. 

Besic6ama. 1. HaupTaTH Ha HCTOJ c.rmni4 rpacfm4xe ()ski); cbynxnnja 

y = x, y = x 2, y 	y = x4, y= x5  

3a x y nirrepsany oA 1-1 Ao 	I. 

2. 3a Koje speAnocrn xoncTanaTa a, b, c, d, e ityaluoija 

Y =
ax+bill+x±esiax  

cx d 

npenTas.rba HOZHHOM; sa xi* pamowbelly pamorianay cl)ynxonjy; 3a Koje npaunonanny 
aAre6apcKy, a sa Koje npannonanny TpancnenAenTny Itylixlmjy? 

3. HaupTaTH xiinep6ony icao rpacimic (bymunrje 

x + 1  
Y x-1 ' 

peuniT14 0BY leanagnny no x H 06jaCHHTH 3allITO ce Ao6mja HCTH 06J11411. Apeman acmivi-

IITOTe Te minep6one. 
4. HaupTaTH Twilcy no 'cavity rpacimix ctlynxintje 

y2 = ax', 

Koji' npeTcTawba nonyKy6ay napa6ony. 3a KompeTan cnyvaj CTaBHTH, peunmo, a = 1. 

5. floxa3am Aa je rpacjmx y'a, xao chraxatje x oApebene jeAnawaom 

iri+ v7= 

napa6ona; HOTBIWITH Aa (ma noAupyje xoopAnnaTne oce y Taqxama (a, 0), (0, a) H Aa . 

je ciimeTpana KoopnimaTaor yrna — oca Te napa6one. 
6. Tha JIB je ckymunija 

y -= ax" 	c 

yaex noaanom? 
7. 3a xoje apennocTH k cpylIBUnja 

ax b 
Y 	x' 

ripeTcTasma noatmom; 3a xoje pamom.rbeny pannonanny cbynxunly; 3a Koje kipagnonaaHy' 
anre6apcxy, a aa xoje TpancuenAeanly cloymukkilY? 

8. Hasecrn nplimep cl)yinamje, cmagne ityinanijn naBeAeaoj y npeTxo,AHom 3aAaTBY, 

qnja npnpoAa 3aBHCH canto oA Kapawrepa jeAlle xoncTanTe. 

§ 21. Tpuronomerpgace claymiusje. OcualtaTopm npouec 

TpHroHomeTpHcKe cpymatmje nosHaTe cy 143 EaemeHTapHe maTemaTHKe. 

MI4 CMO I4X y. HeK0j Mepu seh HcKopHinhasaam. I4naK Memo HX osAe noHo-

B14TH, Ca,11, ca cpyinaimoHaaHor rimAinuTa. 

HaupTajMo Kpyr . 11p0H3BO.TbHa noaynpetwma R. Ca HAM hemo se3aTH 

KOORAHHaTHII cncTem ca nogeTKom y uewrpy (ca. 55). Homohy ToA Kpyra 

mepHhemo npe csera yrao a H TO oA oce x y cmepy cynpoTHom KpeTalby 

Ka3aJbKe Ha qacostancy. 
Kao UITO 3HaMO yrao ce mox(e mepHrH Ha Asa np0HumncKH pa3AH-

In4Ta HaMHHa. 
JeAaH je HatIHH mepeibe cTeneHHma, MHHyTaMa, ceKyHAama 

H 1-1741X013141% AenosHma. Hpas yrao y TOM cHcTemy H3HOCH 90°, 'CBaKH creneH 

60 AnkmyTa, a man' MHHyT 60 ceKyHaAa. PaHHje ce csaKH ceKyHA ;Lem() ma 
60 T e p u,Hj a, caA ce Ae.nosH ceKyHAa H3pa)Kasajy Aeummaiunim pammumma,, 



C.q. 55. TpiiroHomeTpHoui Kpyr 
sin GL =  

R 
(1) 
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Y Tom Hammy mepeiba Hma H Apyra BapHjaHTa. HaHme, npaz ce yrao Aem 
.Ha CTO AenoBa, CTO r p a A H, CBaKH rpaA Ha CTO mHHyTa (g e H T e 3 14- 

MaAHH CBaKH MHHyT Ha CTO ceicyHAH (geHTe3HmanHHx). To je 
J.k eHTesHmanHH cHcTem mepetba yrnosa.  
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06pHyTo, 3a oApebHsaffie 6poja cTenem4 yrna AaTa nomohy pa-
AHjaHa Hmamo 

180° 
	 a. 
• TC 

llomohy osor o6pacua monceino H3pa4yHaTH speAHocT paAHjaHa y 
crenemma H fbHX0BHM AenosHma. Hamm, 3a a = 1 imam 

n° 	
1800 	

57° 17' 45", 

rAe 3HaK 	KaO H yseK, Hspa)Kasa npH6.rmnmy jeAHaKocT. 

Y3MI4M0 caA flp0143B0Jb1114 yrao a, Kome oAroftapa Tatum M (c.n. 55) 
Ha Kpyry ca KOOPAHHTM X, y 14 Aecimmunemo cHHyc 14 KOCHHyC yrna CE 

:nomohy o6pacua 

x 

	

cos a 	• • 
• 

Y Apyrom HaLmHy 3a mepy yrna y3Hma ce on,Hoc nyKa s npema no-
-nynpelumKy R; 3a AaTH yrao Taj oAHoc je cTanaH; o3Hatmmo ra ca a, Tj. 
-CTa1314M0 

= a. 
R 

Ilpema Tome, npH (mom Hatumy mepefba yrna, yrao ce mepH ancTpaKT-
HUM 6pojeM, HeumeHosamm 6pojem. JeAHHHua yrna y 'nom cHcTemy je yrao 
3a KOJH je a = 1, a TO 314a1114 3a K0i14 je s = R, Tj. 4HJH je nyK jeAHaK 110- 

aynpetimiKy, paAHjycy; oTyAa H lia3HB TOT' jeAHHIINHOr yrna — p a A H j a H. 

Mepefse yrna paAHjaimma Hrpa senHxy }glory y Bmuoj maTemaTmm. 
KaA Hmamo Asa Hatunia 3a mepeibe yrnosa — cTeneimma H paAHja-

Fmma — Tpe6a 3HaT14 Kaxo ce moxce npehH oA jeAHor Ka Apyrom HalmHy. 

Hem yrao Hma n° cTeneHH. 0ApeAHmo 6poj a, KojH mepH Taj HCTH 

yrao y paAHjaHHma. nOLIITO je .11yK S OA n° jeAHaK 

2irR 	rrn° 
R , s = 	.n° = 	 

360° 	180° 

6poj a H3HOCH 

a ---,- 	 n°. 
180° 

3aTHM KoHcToymuemo TaHreHTy Ha Kpyr y TaLIKH A Om TaHreHTy) 
H TaHreHTy y Ta4KH B (Apyry TaHreHTy). ,il,y)KHHe OBHX TaHreHaTa 0A 
Tatme AoAmpa Ao npeceKa ca npoAynceimm nonynpetumKom OM ca oArosa-
pajyhmm sHau,Hma osHalmmo ca T1 = AP H T2 = BQ. TaHreHc 14 KoTaHreHc 
yrna Aeclummuemo nomohy H3pa3a 

(2) tga= 	
R  1 

 , 	cotga=  T2 

 FlopeA Tora pitoacemo yBeCTI4 cexaHc H KoceKaHc 

(3) sec cc 	
R

=  1 
	

cosec a= = 
 1 

x 	cos a 	 y 	sin a 

flpeTnocTasHmo caA Aa ce yrao a metba; sin a, cos a, tga, cotg a, 
sec a, cosec a cy (1)yHKumje Tor yrna; oHe ce 3osy TpHroHomeTpucKe 
(1) yHKulaj e. 3a csaxy oA fb14X Mo)KeMo HaupTaTH Tpa(1)14K KojH y noTnyHocTH 
.noKa3yje npomeHy TNX 4))THKII,Hja y sem ca npomeHom aprymeHTa — yrna 
.(c.n. 55 bis). 

HelteMo H3H0CHT14 TeopHjy TpHroHomeTpHcmtx (pp-walla, jep oHe y 
A0B0JbH0j Mepn seh Tpe6i Aa 6yAy no3HaTe 143 ElleMeHTapHe maTemaTHKe, 
143 TrwroHomeTpHje. OA TpHroHomeTpHcMix o6pa3au,a Hasewhemo osAe 

-7 



(5) y = R sin cot. 
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camo Asa KojH ce Nino tiecTo ynoTpe6.sasajy y BHwoj maTemaTww. To cy- 

Ca. 55 bis. rpactatuyi TpmronomeTpmcsnx cpymcgnja 

H3pa3H amyca H KocHHyca nomohy TaHreHca, HanMe 

1 
cos a 

j/ 1 + tg2  a 

Ose se3e mmemo HenocpeA,Ho npoiaaTaTH ca callKe 55; aKo cTasHmo• 
R = 1 H yamemo y o63Hp Aa je TaAa 

OP -----= V 1 + T i2  If 1 + tg2  a; 

3a cHHyc, Ha np., amahemo 

y 	AP 	tg  a 
sin a = 	= 	 

R OP 	+ tg2 	a 

TpHroHomeTpHcKe cpyHusje Cy Nino sa)KHe KaK0 y TeOpHCK0j TaK0- 

y flpHmetbeHoj maTemaTam, H TO He CaMO 360r Tora LUTO cay)Ke, HapotraTo 
npH mepeimma, Kao ocHosa 3a nocTas.salbe cpywnwoHaaHe se3e Hameby 
ApicHHa H yraosa, Hero H saTo WTO ce Ha twona ocHasa npormswbe 
csaKor ocgHaaTopHor nponeca. 

Hajnpocmja npeTcTasHHK OCHHJIaTOpHOr nponeca je T3B. x a p M 0- 

HHCKa o c u,Haagaj a. 3amnummo TaLiKy M (ca. 56) Koja ce Kpehe 
pasHomepHo no Kpy}KHoj JIHHHjkl; TaAa ce yrao a melba nponopw4oHaaHo 
spemeHy t.03Ha4Hmo KoecjWitmjeHT nponopu,HoHanHocTH ca (4FITai omera), 
TaAa je 

a = cat. 
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Yotwmo y HCTO speme, nopeA TagKe M H rbeHy npojeKunjy P Ha 
CTaJlaH npeLawK AA, Kpyra. 3a speme pasHomepHor KpeTwba  TatiKe M no  
Kpyry npojeKu,Hja P spwa 17paBOJIHHHCK0 

KpeTaFbe Hamehy Kpajesa npelmaKa A a A 1 ; 
oso xpeTarbe son ce xapmoaHcKa ocnHaa-
wija. Y TOM KpeTaFby ce no.nowaj Tagge P 
oApebyje nomohy jeAHatme 

(4) 	x = R cos wt, 

rAe je R noaynpetwHK Kpyra. Osa je,AHatm-
Ha 3ose ce jeAHatinHa xapmoHucKe 
ocnananaje. 

flpojeKu,Hja Q TagKe M Ha ,apyrx 
npe4HHK, HOpMaJIHH Ha npsom, spina TaKobe 
xapmomicKy ocnaawwjy, npema jeA,Hatimm 

JacHo je Aa KpeTaFba TagaKa P H Q Hmajy HCTH KapaKTep; pawnwa 
je camo y Tome WTO, KaA TaLIKa P nponam Kpo3 cpeAnHy 0 csoje nyTatbe, 
Tatum Q Haaam ce y jeA,Hom o,A KpajFbax csojax no.no)Kaja H o6pHyTo. 

,Lky)KaHa R 3ose ce amna HTy A, a ocn Ha aunj e. BpeMe T, 3a_ 

Koje M Haspwa neo o6Fma3aK Kpyra, je n e p H 0 A o c nn a a u,Hj e. 
llomTO je 

coT = 2ic, 
KoectainajeHT je 

AKO ca n 03HatIHMO 6poj ocumau,Hja y cexyHAH, HMaMO 

nT = 1 

H npema Tome je 

= 2an. 

Bpoj ca, nponopuHoHanall 6pojy ocumaanHja y cemyHAH, 30Be ce 
yttecTaHocT 14.11H cppeKseHnHja ocumaawije. 

Yrao a= cut 3ose ce cp a 3 a ocnHaanHj e. Aico Hmamo Ase 
ocwwwwje: jeAHy ca cpa3om a x Apyry ca cpa3om al, pa3ama a, — a je 

tg a 
sin a= 

B 

Cn. 56. Xapmonicica ocainagmja 

tg2  a' 
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sa maxy Hpe,a,HocT apryMeHTa x. IlepHoA cpyHxuHja sin x, cos x, sec x, 
cosec x H3HOCH 2n, a neptio,/x tg x H cotg x H3HOCH n, jep je, Ha np., 

sin (x 2n) = sin x, a tg (x 7)= tg x. 

Y Bent ca nporiasalbem TpHroHomeTpHclua (4)3THxu,Hja nomemmo 
jou' je,a,Hy oco6HHy claymu,Hja, 'xojv HMajy HeKe cneusja ►He cjaymanije. 

cloymm,Hja f(x) je napHa (1) y H Kum j a, aKO oHa 3aAosorbasa jeA-
Hainmy 

f(—  x) = f(x) 

3a CBaKy speaHocT apryMeHTa x, Tj. aKO Ca npomeHom 3HaKa apryMeHTa He 
metba ceojy HpeaHocT. Kao WTO je no3HaTo, cos (— x)=-- cos x H sec ( — x) = 
=-- sec x, Te cy npema Tome cpymathje cos x H sec x — napHe claymoje. 
clImul,Hja y = x° je napHa, axo je n napaH 6poj. 

(13yHxu,Hja f(x) je HenapHa (la y H K u, H j a, axo 3a Eby Haxm je,aHaluma 

FICTO TaKO 3a csaxy epe,aHocT aprymeHTa, Tj. aKO ca npomeHom 3HaKa H 

oHa meEha CBOJ 3HaK, anH HMa Hc -ry anconymy epeaHocT. 4:13yrar,Hja 
y = je HenapHa, axo je n HenapaH 6poj. Ilowro cy: sin (— x) = — sin x, 
cosec (— x)--- — cosec x, tg( — x) = — tg x, cbtg (— x) — cotg x, one cjayHx-
i.wje cy HenapHe. 

OapxcaBaibe ceoje anconyTHe epea,HocTH ca npomeHom 3HaKa aprv-
mewra je Heonxo,aaH ycnoe Kam) 3a napHe, Tax° II 3a HenapHe claymmje. 
AKO claymgmja ca npomeHom 3Haxa aprymeHTa ocTaje pel1HMO, 110114THBHa, 

TO jowl He 3Ha4H je oHa napHa. toymumja, peummo, 2 — sin x yeex je 
1103HTHBHa, aJ114 oHa He cnap,a HH y napHe HH y HenapHe cjaymunije. 

f(- )= - f(x), 

1 	i 	3 
—4  Bear6arba. 	Kojn yrao oarompa 6pojY: 7r, —2  7r, —4  7r, 	7r, 27r? 

2. Kojn 6poj oArompa 3n°, 45°, 60°, 150°, 225°, 330° ? 
3. Hahn y cTeriennma, nuinymma 14 ceuynAnma yraose nojnma oarouapajy 6pojenn: 

1 	2 	3 11 	1 
71

' 2
-

1 	
xr? 

4. Kojn 6poj oaroaapa yray rr° (9mTaj: no crenenn)? 
5. Hahn y rpaanma, uearearimaannin mrtnyTruna H ceaynxima yraoue Kojtima ()A-

4 	1 	2 
rompajy 6pojean: — —I —7r, 1 

3' 5 	2 	3 
a. 

6. 3aurro je Aerlmunn4ja Tpnronome-rpncanx chomunja 143 npuoymor Tpoyraa He-

AoBoablia? 

7. tg cc =
4 
 vApeAHTH cue ocTane TpnronomeTpncae cl)yrournje. .aa JIM je TO 0.4- 

pebnaarbe jeanoanaquo ? 
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clia3Ha pa3ama. Xapartowlexe ocuAnainaje oa,pebeile je,amatumama (4) H (5) 

paanHxyjy ce claa3om. 3aHcTa, axo ce O,u, cease ocaHnau,Hje (4) oAy3me —
1 

Ao6Hhemo ocumagHjy (5), jep je 

cos (wt — — ) = sin wt. 
2 

,Lkolmje hemo B1411,2TH Aa CBaKy oc4HaaTopHH npouec moace 6LITN 
pacTawbeH y 3614p XapM0HHCKHX oculnaumja pa3.9H4HTHx ammaHTy,aa. H 

43peloseHumja. 
BaxmocT ocu,H.naTopHor npoleca ce Hapoturro noxa3yje npH npoy-

tmearby 3ByKa, CBeTJIOCTH, enexTpo-marHeTcxHx H ,apyrkix nojaBa, 4H4ja je 
ocHoea ocglinaw4ja. 

TpHroHomeTpHcxe cjvHimkije, Ha np. y = sin x, cnaaajy — xao 111TO 

Beh pexocmo — y TpaHcReHAewre claymumje, jep He nocTojH anre6apcxa 
je,a,Ha4H4Ha ca xoetommjeHTHma y 06.aHxy nommoma no x; LiHje peweibe Aaje 
epemocT sin x 3a 11p0143801bHy epe,aHocT X. 

TpaHmetuteHTHocT claymanije sin x mowe ce, join H Ha Apyrkl HaAHH 

noxa3aTir. 
AKO je cpymumja f(x) anre6apcxa, je,aHaqHHy 

f (x) = 0 
moxcemo ,a0BeCT14 AO o6mixa 

aux° + 	. . . 	a2x 2d-a1x ao  = 0 

rp e je n Iwo 1103HTHBaH 6poj. OBa je,a,Ha4HHa, Kali° ce TO AoKaayje y B14- 

moj a.are6pH, He mme HMaTH smile OA n panwiHTHx peweFba. 
Mebyrnm je,a,HaqHHa 
(6) 	 sin x = 0 

Hma 6ecKoHa4mo mHoro pewerba y o6.1Hxy 

x 0, ± n, ± 2n, ± 3n, ... 

143 Tora 3alubpyjemo Aa je,lwaincia (6) H14je• anre6apcxa Hero TpaHc-

u,eHAeHTHa, ILITO 3Ha414 ,aa je claymumja Sill X TpaHcaeHAeHTHa. 
Kao utTO je 1103HaT0, TpuroHomeTpHcxe clayfflumje cy nepHo,RHtme. 

(1)ymanija f(x) je nepHoAH H a ca nepHoaom K, axo 3a,a0embaea 

je,itHa4n4Hy 
f(x K) = f(x) 
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8. Halm]Tam nomohy Tavaaa rpacknxe ckykumja: y = 2—sin x, y = cos 2x, 
y = sec x. 

9. 3a Koje ce BpeflH0cTM 6poja k nepnoA (J)yincanje y = sin kx nosehasa, a as 
xoje ce cmaFbyje ? 

10. Hasecrn npnmepe nojasa ocumaTopsor xapaaTepa. 
11. qa nH cPymatnja y= sin cot, rAe je co = f(t) AaTa cpyincnnja spemena t, peiwoo 

= at + b, nepnoAnnna (byntatnja Han smje ? 
12. Ulm moxemo Ka3aTM o nponssoAy H KOZWitilint Ase napse cjvaxanje, nape H 

Henapme ctlynicanje H Ase senapne itynxswje ? 

§ 22. IlpHpoAHo pamheibe. Bpoj e 
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AKO BpeMe T nofi.e.ruimo, peuxvio Ha BeT jeA,HaKI4X ,n,eaosa, H KamaTKK 
HoBaq peAoBHo OCTaBJbaMO y 6aHLIH, Haw he ce aHHap Ha Kpajy BpemeHa 
T npeTHopHTH y 

( 1 + 
5  )

5  = 2,48832 z 2,488, 

rAe CMO 3HaKOM "7-• BOHOBO 03Ha4HJIH npn6am)(Hy jefl,HaKOCT. 

AKO pee T noAennmo jow Ha Behu 6poj AenoBa, mo)cemo HaBecTm 
OBy Ta6nnuy 6pojeBa, KOja noxa3yjy y LuTa he ce npeTsopn-rn csami AnHap 
xanwrana, axo npeTnocTasnmo Aa ce HHTepec AoAaje nocne cBaxor oAro-
Bapajyher Aena BpemeHa 

AKO yn0}KHMO HOBa4 37 6aHKy, a 6WIKa rinaha p 0A CTO roAHLUI-be, 

CBaKH AHHaP AoHece roAnwfbe 100 AnHapa mHTepeca. Y3MHMO Taj HoBau 

H3 6ame H ocTaBmmo Kw, ce6e. Tax° paAnmo cBaxe roAnHe. nocne T ro-

Alma y Haw pT em opMaHy 6nhe coera   Annapa. AKO xoheMo 3HaM0, 
00 

xpo3 KOJIHKO he ce roAnHa y opmaHy HaK3MHTH OA csaxor AHHapa 37 .6aHLW 
jOW jeAaH AHHap , Tako Aa ce yxynaH HaW HMeTaK yAsocTpygn, Tpe6a cTa- 

BHTH 	
100  

WITH 	= 1, °mime maw T — 	 Tax°, Ha np., axo 6aHKa nnaha 100 	 p 
5%, Haw he ce KanHTaa 37ABOCTprIHTH Kp03 20 roAnna, noA yCJWBOM Aa 
cBaxe roAnHe HHTepeC He OCTaBJba.M0 y 6aHL4n, Hero ra HOCHMO KyhH H 
cxywbamo. 

HpeTnocTaBnmo ca,o, Aa Taj npuxoA He noAkmemo cTanno H3 6aHke. 
BpeMe T noAennmo Ha ABa jeAHaxa Aena. Ha Kpajy npBor Aena CBaKH AnHap 

1 	 , he AoHeTki npnxoAa 
2 

— AHHapa, H Haw 	 , 	1 he nmeTax H3HOCHTH 	 AH 
2 

Hapa. OBaj HOBH HMeTaK HOHOBO hello y11031CHTH y 6aHKy. Ha Kpajy ,Apyre 

nonow4He BpemeHa T caaxn he ce AmHap TOP nmema npeTBoNTH y (1 + ) 
2 

AnHapa, H HaW xannTan he H3HOCHTH • 

(1 + 	(1 + —21  )= (1 + —21  )2 = 2,25 AHHapa. 

1 

( 1  -4—  10 

20 (r 1  I + 
20 / 

v oo 
(1 —p 	 

100 ./ 

1000 

(Id- moo ) 

=2 

= 2,25 

2,488 

2,594 

2,653 

2,704 

2,717 

v0000 

( 1  + 10000 ) 	
2,718. 

BnAnmo A,a patiyH Tpe6a Bpun4TH nomohy o6pactta 

Hpema Tome nocne TaKBor pacnonaraffia HoBRem Haw xannTan he ce He camo 
yABocTpy4FITH, Hero jOLLI H noKehaTu — 3a jemly tiemprmy. 

AKO caA npeTnocTaBnmo Aa 6poj n cse Bnwe H mile pacTe, HHTep-
Bann nocne Kojux AoAajemo xannTany xamaTHn HoBaq cse ce mime cma-
tbyjy. AKO n Te)KH 6emoHa4wo BeJIHKOM 6pojy, CBaKH HHTepBaa Te)KH Hynn, 
nocTaje 6ecKoHa4mo mann. 
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Pautheibe sentsutHe, unique Hatuem HarmTany, flop npeTnocTasHomt 
Aa n oo (Ittrraj: n Te)KH 6ecHotta9tocrti) 3ose ce npRpoAHo pa whe 

Blum° Aa ca THM pauthetbem CT0j14 y se3H 6poj 

( + 1 \" 	e  

o6enencett cnosom e. Osa o3Hatta, sojy je yseo Ajnep, 14CTO Ton 	je cTaH- 
AapAHa KOJIHKO 14 03H3Ka 3a 6poj n. MecTo Aotbe o3Haxe n -4- 00 , Koja 3Ha414: 

,,110A yCJIOBOM Aa n TexcH 6ecHoHa4mocTH", ynoTpe6asyje ce, Ka0 WTO CM0 

BHAe.1111, 14 Apyrit HaRHH mtcatba, name nomohy nojma rpaHtswe spemocTH. 
TaAa nHwemo osaHo 

1 n 
e = lim (1 -) . 

cv 

Flosa3a8ervro ups° sax° ce Appostje Monte HapattyHaTH 6poj e, a 

105•,  

H1114 

	

(1+-1 ) 
/
a=1+1 

211  ( 1 __nl 	3_11 1  ( 1  _ 

n 

_1 \( i  

n 	 n 

	

1 	1 
+ an-2 + 

rAe cmo ca 2!, 3!, yonwTe k! (LtTaj: k cpawropHjena) o3Ha4unt npon3s0A 
11143a npHpoAHitx 6pojesa op, 1 Ao k, Tj. 

k! = 1.2 3 • 4. • -(k -1).k. 

AKO cTasHmo R = co, 3a CBaKH KOJTHLIMIK Ca Hmetwouem fl imam° 

Hyny 14 npema Tome Monte ce soHaltHo Hannan! 

n 	1 	1 	1 	1 

! e = lim 	
n 	1! 2! 3! 

+ 	= 1 - - - • • • ± 
k
- ± • • • 

3aTHM hemo 06jaCHHTH 

pauthethe. 
113 EnemeHTapHe'maTeMaTHKe 

(a 

(a + 

(a + b) 3 	a3  

(a 4- b) a  = a n  + nan-1 

3allITO ce npou,ec, 

1103HaTH 

	

(a ± b)2 	a2 	2ab 

+ 	a3 	3a2b 

.3 
4a3b = a4 + 	—4 

HojH 

Cy 

3ab2 

 a2b2  

5.4 — 

npoymasamo, 30Be ripHpoAH0 

Ham OBN pe3ynTaTH : 

b2, 

b3 , 

4ab3 	b4, 

a2b3 	5ab4 	b4, . 

n (n - 1)(n - 2) :_: : b  

,ItouHHje hemo 	B14,11,eTH Aa nomohy Tor 36Hpa ca 6ecHpajHo BeJINKI4M 

6pojeM 4naHoBa 3aHcTa moncemo 	HapattytiaTH 6poj e. 	Y3aCTOIIHH 14113140BH 

OBOT 36Hpa Hmajy spen,HocTH: 

1 = 1,000 000 

(11)-4  = 1,000 000 

(2 !)-1  = 0,500 000 

(31)-1  :-----. 0,166 667 

(41)-1  0,041 667 

(5!)-1 i  0,008 333 

(61)-1  z 0,001 389 

(7!)-1  z 0,000 198 

0,000 025 

	

(91) -1 	0,000 003 

1.2 

. 4 

5a4  b ± —5 	
a3 b2  

1 .2 

n(n - 1) 
b 	 b2 an-2 

1 	2 

bn. 

1 • 2 
+...+  nabn-i 

1 .2 .3 	

a  

IlpHmemthemo capa osaj 6 14HOMHH o6pa3au Ha HapaqyHasathe 
e. Ilpso, 3a CBaKO KOHaLIHO /1 Hmamo 

(1+

1 n
=  1+1+ 

1 n(n - 1) 	1 •  n (n  - 1) (n -2) 
 -1- 

, 

-n) 	 -.21 	n 2 + 1.2.3 	n 3 
 

-1.  

n n2 
± nn 

upema Tome, nocne cao'Hpatba, Hmamo e z 2,718 282. 1,13pagyHaT ca se-
hom Ta4Houihy, Taj 6poj 113110CH 

2,718 281 828 459... . 

Bpoj e je TpaHcueHAeHTaH 6poj, jep je posa3aHo Aa He nocTojH anre-
6apcHa jeAHaLnitta ca uenttm tcoetintu,HjeHTHma, LI Hill HopeH HMa BpeAHOCT-

6poja e (EpmHT, 1873 r.). 



Ca. 57. rpacjmum excnoxemmjaane clvxxxxje 

x 

Ha ocHosy A06HjeHmx BpeAHOCTH KoHcTpyHcahemo rpacjilw Haute CPyliKHHie. 
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lipoRec paluhelba je y npxpool Henpenuall npoHec. flpHpoAa He Aeam 

Bpeme, Kao WTO TO 6aHKa paam, Ha Konatme HHTepBane, 0Ha He AoAaje 
npHpauffaje y cKoKosHma, camo Ha Kpajy HHTepBaaa, Hero LiliM jeaHa BeJIH-

lama Ao614je H Hajmalbn npopainTaj, y npouec ()Amax yaaan ue.aa noBehaHa 
TaKo, Ha np., ApBo, no,a H3BeCHHM ycaomma, pacTe nponopiumo-

HanHo cBojoj 3anpemHHH; 4HM ce Ta 3anpemilHa noBeha, HOB npHpamTaj 
nocTaje nponopuHoHanaH nosehaHoj 3anpemHHH. 13HAnmo Aa nocTynaK, KojH 

cmo ynoTpeomaki y H3Bo1el-by 6poja e, 3aHCTa Hma Be3y Ca ripHpoal-wm npo-

gecom pauthelba. 

BeRc6arba. 1. nOTBREWTI4 TaYHOCT xejeaxamma 

	

5 	23 
27 < e < 2:— 32 

14 H3panyfiaTi4 npx6.mactio pairmy xameby caaae oa fiaBeaexxx rpaniga x 6poja e. 

2. Ilousam Aa je 
1 

e = urn 0 h)h 
h >0 

3. 1-lasec•H nprimepe npxpo,axor paaihma 143 o6aacTx npxpoximx xayxa. 

§ 23. EKerionemuijaatm ripouec. Xllnep6oatique 43yrmuje 

Y H3pa3y an mo>Ke 614TH Elp0MeHJI3HBa OCHOBa; Taa HMaMO cpyliKu,Hjy 

y =xn, Kojy cmo aHaaH3HpaaH paHHje. AJIH y TOM 143pa3y.,m07Ke OCHOBa 614TH 

cTaaHa, a 1,13JIOA11JIall ilp0MeHJEMB; TaAa hemo A0614TH cl3yHar,Hjy 

(1) 	 y = ax, 

.Koja ce 30Be eKcnoHeHumjaaHa. 

Y3MHMO KOHKpeTHO clayHKLIHjy 3a a= 2 

y 	2x 

H Hau,pTajmo rpact)HK OBe rh ..r ynKu,Hje (Ca. 57). Y Ty aspxy HaLIHHHhemo Ta-

6.runty BpeAHocTH Te cpylmHje:  

x — 00 • - 	• — 4 — 3 — 2 — 1 0 1 2 3 4 

y 0 • • 	• 
1 

—
16 

-I
~

  

 
-I r 

-
 I

  N
 

1 2 4 8 16 • • 	- + oo 
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Alm ce melba ocHoBa cpyHKu,Hje (1), 14 rpac14K, npona3ehm CTaJIHO 

Kpo3 TatiKy A, ca KOOpAHHaTama (0,1), melba CBOi nonmaj, KaKo je 

TO noKa3aHo Ha CJIHRH, rAe 
HMaMO rpaclme 3a BpeAHocTH 

ocHoBe a: 10, e, 2, 1 , 2 

EKCII0HeHLI,Hialffla 01337HKHYlia 

(2) 	y -= ex 

Ca OCHOBOM e Hrpa spa° Ba>KHy 

yaory y 130woj maTemaTklum. 
,LI,oHHHje hemo 3a Ty cjvHKH,Hjy 
AoKa3aTH Teopemy:, 

YraoHu Koe0HqHjeHT Tau-- 
reHTe Ha rpapix Oymamje ex 
jeimaK je Hpe,EmocTH came T e 
Oymamje. 

OBy oco6HHy Hma canto 
excnoHeHumjaaHa CPylIKW,Ija (2) H 

npema Tome ce oHa H3ABaja 143 

CBHX nocTojehmx cpyHK4Hja. 
)1pyra oco6HHa, Koja Ka-

paKTepknue oBy (1-1HKu,kijy no Fbe-

Hoj cpyHKLI,MOHaJIHOi npkipoam, cacTojH ce y Aa oHa pacTe 6p)Ke oA 
cBaKe cpyHKanje o6aHKa xn, rAe je n ma KOjH 110314THBHH 6poj. KacHHje hello 

HOTBNI,HTH 1,1 OBy oco6HHy. 

CBaKy cloyHKHHjy 06JI14Ka (1) naKo moacemo TpaHapopmHcaTH Ha 

excnoHeHuyijaaHy cpyliKumjy 06nHKa (2). 3ancTa, CTaBHMO 

(3) 
	 a x = eax , 

rAe je cc 6poj KOin oBaKO oApehyjemo. JlorapHTmyjmo aeBy H AecHy cTpafty 

oBe jeAHatimie; TaAa Hmamo 

xloga=axloge, 

npm 4eMy moatemo ynoTpe6HTH o6H14He AeKaAHe norapwrme 3a Koje je 

log e x 0,4342945. 

2 	3 
2-3-< e < 2-4' 

Tome 



X 

CA. 59. rpacjam pacTsaparba mehepa 
y Bo' 
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npeTxppma jepmatimma &the 33A0BalbeHa 33 csaxy spepHocT x, aKo 

CT313HMO 

log a  
e 	

2,3025851 log a. 
log  

AKO 33THM CTaBHMO <XX = t, mmamo H3 (3) jeamaimmy 

ax 
(Ix  = . e ax 	e , 

14 Tmme CMO H3BpllIHJ114 Tpawemy Tpamatiopmall,mjy. 
MecTo cpymumje ex, mecTo nyTa Tpe6a menocpepmo npoyturrm cpyfflo.kmje 

y = ex2x, 	y = e-k 2x, 

rpe je K2  cTapma 110314THBH3 seaminama. Kap, x pacTe (onaAa), 14 npsa 4:11)7 HK- 

unja pacTe (onapa). pox PPYra cPymKumja, manpoTms, onap,a (pacTe). .jacmo 
je Aa hemo rpa4Hice OBHX cliymauaja Ao6HTH H3 

e2x 
ei rPaciamKa cl)ymKu,mje ex,opmocmo e-x, aKo npome- 

HHMO pa3mepy u,pTafba ancamce H CTBBHMO, Kao 

H paHHje, k 2x = t. Ha C.T1H11,H 58 KoHcTpyHcaH je 
rpacjiHK cjiyHKimje y=e 2x H3 rpacjmKa cpytiKimje el 

Cuaga 0A HaBeAemax cjiyHKumja Mo)Ke ca-

ANKaTH joW 14 cTapam KoecpmgmjemT, TBKO Aa 

mmamo cpymKu,mje 

y = Aek2x, 	y = Be-k 2x, 

CA. 58. fp 	rh a,i4K .r yiuipije 
e2x 

143 clonakume xemHje je no3HaTo pa ce y y 33BHCHOCTH 0,11, X Hapa-

zatta jemaiumom 

y = A (1 — e -k 2x).  
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C.1114113. 59 Aaje rpacjim °He tjaymumje. Kao 111TO BHAHMO, Kpima ce 

aCHMTOTCKH npi46.1miKyje npassoj rtapanenHoj ca ocom x Ha pacTojauby A. 

Osoj acmmneroTm oprosapa cTalbe 3acH1i e-
HOCTH (c aTypagnj e) Hamer pacTuo-
pa. Y nimpoAH H y npaKTHimom HtimoTy 
Hma mHoro nojaBa, Koje cToje y Beni ca 
nojaHom aacHheHocTH ; Kpuee nHHHje, Koje 
rpacjiH4KH npHKa3yjy -ramie nojaHe„ aoHy ce 
KpliHe ca caTypau,Hjom. 

Y pa3HHM nwraamma TeopHcKe H 

lipHmeibeHe MaTeMaTHKe tiecTo nyTa ce 
ynoTpe6.ibyjy nony36Hp 14 rionypaaimKa cliyHK- 

grija ex 14 e-x. fluny36tip je xHnep6onH4 KH KocmHy c, ca 03H3KOM 

CA. 60. rpacinakm cpyinuAt4ja cosh x x sink x 

= 

rAe cy A, B, k2  KOHCT3HTHe semimme. 
06pammo naimby join Ha jeAaH cnen,Hja-

ltaH m3pa3 Koju 331311C11 op excnometnwjame 1:11yHK-

guje. flpoTymalmmo Taj H3pa3 Ha jeAtiom KOH-

xpemolvi npmmepy. 

CTaBHMO y cyp ca sopom KO.T1H 1114Hy we-
hepa A noTpe6Hy Aa pacTsop 6yAe aacHheH. 

pacTuapaffia inehepa nocTeneHo ce ycnopa-
Ba. Ca y oaHataihemo KO.T1144HHy mehepa, Koja je 

pacTeopeHa y TpeHyTKy HpemeHa t = x. 



cosh x 	ex e-x 

sinh x 	ex — e -x 
cotgh 
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cosh (1414Taj: Kocmyc xunep6onHKyc), cKpaheHo ch. flo.nypa3m4Ka je x 

n e p 6 0 JI 14 4 K H C H H y C, Ca o3HaKom sinh, 14.314 sh (4HTaj: cHHyc )(pimp-
6o.rmKyc). Ha Taj Ha44H Hmamo oBa ABa o6pacu,a: 

cosh x = 1(e. e—x), 
2 

111' 

Xlinep6o.n1414K14 TaHreHC H manep6o.TIHI4KH KoTaHreHc 

ce Aecineumuay jeAHalumama 

sinh xex — e -x 
tgh x 	== 	 

cosh x 	ex e-x 

sinh x = 
2 
—

1 
(ex — e -x). 

AKO cTaBHmo 

(5) 
x = a cosh cp, 

y 	b sinh cp, 

193 OBHX otipa3au,a HenocpeAmo c.aeAyje 

ex = cosh x sinh x, 

e-x = cosh x — sinh x. 

rpacimgH a 14 b clime 60 Aajy cpyH1 .1,14je y = cosh x H y-=sinhx. 
Xvinep6o.r414Ke cpyHKu,Hje Hmajy HeKe oco6HHe cm4He oco6HHama Tp14- 

roHomeTpHcKHx ri)ymawja. TaKo, Ha np., oco614Hama 

cos (— x) = cos x 

sin (— x) = — sin x 

oArosapajy HcTe oconwe ximep6om4uix cpyHmwja 

cosh (— x) = cosh x. 	sinh (— 	— sinh x, 

jep, Ha up., ',imam° 

cosh (— x) = —
1 

(e-x + ex) = 
2 

—
1 

(ex + e-x) = cosh x 
• 2  

000614HH TpHroHomeTpHcm4x cpyHKusHja 

cost x+ sin2  x = 1 
oAroBapa oBAe oco6HHa 

(4) 	 cosh2  x — sinh2  x = 1, 

jep je 

cosh2 x =
1
- (e 2x + 2 + e-2x), 
4 

sinh2  x = ( e2x — 2 + e-2x) 
4 

rAe cy a 14 b cTanxe Be.rm4u4He, a cp npomekubHBH napameTap, nom enHm14- 

imcatba Tor napaMeTpa H3 npeTxo,u,Htix jeAHatuwa Ao6Hhem0 Ha ocHoBy 

(4) jeAHa414Hy 

Koja oAroBapa mmep6o.rn4. jeAHatume (5) cy, npema Tome, nap ameTapcK e 
jeAHamHHe xHnep6o e. Ha Apyrom mecTy hemo noKa3aTH jour ,Ry6.1by 

Bev ximep6wn44wx cpymw,Hja ca minep6onom. 
3a 143pa4yHaBaibe eKcnoHeHusja.rumx cpymwja ex, e -x, ex 2, e-x 2  

ninep6o.rumaix (pyHKu,Hja noCTOjH H143 cnew4ja./wHx Ta6.11144a. Hapo4HTO cy 
Ao6pe 3a npaKTwwe wybeBe Ta6aHge F. E m d e ca eHrnecKlim H Hematumm 

TeKCTOM: Tables of elementary functions. — Tafeln elementarer Funktionen 

y H3AaIby 1940 roAnHe. 3a cjvHKuHjy y = ex mory nocay)KHTH norapwramcKe 

Ta6.rmue, Hapo44To KaAa cy y Ta6mwama AaTH H norapHTMH 3a ocHoBy e. 

BeaL6ama. 1. HaupTaTa rpactme cloymalvija: y = 2—x , y = e--x 2 , y= xe x 

y= ex sin x, y = xa e—x, y = xet—x. 3a peinasaa,e OBHX aa,aaTaxa Tpe6a. ynoTpe5aTa 

Ta6aane. 
a — — 

2. HanpTaTa n a H xi aaany 'raja je jeanagmaa y= 2 (e 	e ° ) 3a a= 1. 

3. Kpliaa qaja je jeAaamaaa 

y = a e—k 2x sin 0) 

rae cy a, k, m KOHCTaHTe, npeTcTama rpacpax amopTmaosame ocuanaumje; 

naupTam Taj rpacjam aa oapeheae BpeaHOCTH aoacTaaaTa a, k, m, Ha np., a = k = w = 1. 

4. HaupTaTa rpaclma cpymunija: y = e—xx sin x, y = e—x — 2 sin x. 

5. 143paaam sinh x H cosh x nomohy fgh x. 

6. lilapamyaaTx sinh (a + b) H cosh (a ± b) nomohy xanep5oa4 axx cl)yaatioja 

aprymeaaTa a H b (TeopeMa ca6apatha). 

7. Hapaawra tgh (a + b) nomohy xanep5oaa4Kax TaHreHca aprymenaTa a H b.. 

8. Koja xpasa ardaaja kfma jeaaammy y = a cosh ? 

X2 	
Y

2 

a2 	b2  
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§ 24. .11orapwrammoi npouec 

11413 6pojesa 

• • • —5,-4,-3,-2,-1,  0, 1, 2, 3, 4, 5, • • • 

414HH 	 np or p e c Hjy ca pa3AHKOM jeAHaKom j.e,Ammu,H, 
.jep ce CBaK14 HapeAHH EinaH HH3a ,11,0614ja 113 npeTxomor AoAaBabem cTanHe 
•Be.nmencie — jeAHHHug. 

YnopeAHmo ca OBHM HH3OM Apyrx H143 

• • • 10-5 , 10-4, 10—s , 10-2, 10-1, 1, 10, 102, 103, 104, 105 , • • • 

KOjH HHHH reomeTpHcKy nporpecHjy ca KOAHHHHKOM jeAHatuim Aece-
THL1,14, jep ce CBaKH HapeAHH 11.11aH OBOr HH3a Ao6Hja 143 npeTxo,aHorm Howetbem 
ca AeceT. AKO ma Koji,' 6poj npsor HH3a o3Ha4Hmo ca x, a oAroBapajyht4 
6poj Apyror 03Ha4HMO ca y, H3mehy FbHX HMaMo Be3y 

(1) y= 10x, 

Koja, npounweHa He camo Ha Itene, Hero Ha cse BpeAttocTH x, npeTcTawba 
eKcnoHeHn,HjanHy cpymcu,Hjy. 

Ca HCTHM npasommoncemo 6poj y H3 A pyror HH3a y3eTH 3a He3aBHCHO 

npomeHA.HBy, a 6poj x ripBor HH3a 3a cpyHtut,Hjy; ApyrHm pea H3/105KHAall 

X y jeAHaimmt (1) cmaTpaTH Kao cpymoojy cTeneHa y. 3Hamo Aa je TO 

zorapHTam 6poja y 3a OCHOBy 10, Tj. 

X = log„ y. 

AKO 110H0B0 3a cpymumjy ynoTpe6Hmo 03HaKy y, a 3a He3aBHCF10 

npomewbmBy x, mecTo npeTxoAfte jeAHaLume moncemo HanHcaTH 

(2) y = log„ x = log x. 

To je T3B. AeKaAHH 14./1H BpHroB norapnTam. OCHOBa My 

je AeceT. 
Y HayusH, a HapoLuiTo y Bnmoj maTemaTim,H, ynoTpe6.7baBajy ce, cem -

AeBammx AorapHTama, 14 AorapwrmH ca OCHOBOM e. Taj ce .rtorapHTam 3oBe 
Henepos HAH npHpoAHH n o r a pHTam (logarithmus naturalis). Bpoj 
e je npema Tome ocHoBa nplipoAHHx norapHTama. 3a o3HaKy ) ' 
npmpoAHor AorapHTma hemo ynoTpe6JbaBaTH Ig 14A14 In, TaKo A a je 

(3) y loge  x =-- Ig x ln x, 

a TaMo, rAe HeMa cymnpe, mo)Kemo CTaBHTH H log.  
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CBaKoj norapnTamcooj jemiaLunin wooapa jema eocnoneonnjanna 
jeAnatinoa; npema Tome ynopeAo ca jeAnaLinnom (2) ',imam jemaiumy 

x= 10Y, a ynopeAo ca jeunamnoom (3) jeAHaLumy x = eY• 

cloTpaommo oeoy nomeby Aeicaunor H npnpomor norapHTMa ficTor 

6poja, peunmo 6poja N. OsHa4HMo 

p= loge  N, 

(4) d = log„N , 

TaAa Hmamo 

N = eP, 	N =- 10d , 

Te npema Tome momcemo HanHCaTH jeArummy 

eP = 10d 

AKO oBy jemattHHy AOrapHTMyjemo ca OCHOBOM AeceT, AO6HjaMO 

jeAHatumy 

p log„ e d . 

YBeAHMO caA 6poj M — AeKaAHH norapitTam 6poja e, Tj. CTaBHMO 

(5) M = log„ e , 

TaAa 143 npeTxoAHe jeAHaLume Ha OCHOBy (4) 143BOAHMO jeAHatamy 

log„N =- M loge  N , 

a TaKobe jeAHatmHy 

loge  N= log„N . 

BpojM3oBece AeKaAHH mo,Ayn apHpoAHHx norapHTama• 

06pHyTo, 6poj — je npmpoAHH moAyA AeKaAHHX AorapHTama. 1 

OH Hma BpeAHocT loge  10, KaK0 TO cneAyje nocne nimpoAHor Aorapwrmo-

Bai-ba jez,HaAHHe e = 10m , 3atuby4ma 143 jeAHattme (5). 

Ta ABa moAyna, KaKo cmo Beh HaBOAHAH, nmajy ooe npn6Jupone 

BpeAHocTH.: 	
M = log1 0 e 0,4342945 

1 : M = loge  10 	2,3025851 . 
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npOr-IHMO caA rpacim ci:IyHmtnje npHpomor aorapwrma 

y= loge  x. 

60 bis. rpacjoma aorapaTamoce cl)putaje 

f ) 
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BeiK6ama. 1. HaupTaTm rpacbaae claymowja: log8  x, In(x + 2), in cos 2x, In(20—x 2). 
2. ):1aT je Aexama moAya npapoamix aorapaTama M = /ogle  e = 0,43429 x npm-

poAm4 aorapaTmn 6pojesa 2 44 5: In 2 = 0,69315, in 5 == 1,60944; oapeAwra 6e3 Ta6ami.a 
Ael4aAae aorapaTme THX 6pojesa H riposepaTm HX jeAawniaom /ogio  2 + logo  5 = I. 

Y Ty  cBpxy hem° npso y3eTH Beh nO3HaTH rpacjwis mccnoHeHu,HjaaHe 

cl:IyHxusHje 
y = ex 

H Appowje 03HaIDITH KoopAnHaTe: anCU,HCy 03Ha4HMO ca y, a opAnHaTy ca 
x (ca. 60 bis). HaupTaHa KpHBa 
ca HOBHM oaHaxama HMa jeAHa-
qHHy 

(6) 	x = eY 

3a max),  Taincy M (y, x) 
KoficTpyHummo Tatixy N ca KO-

opotHaTama (x, y). jacHo je Aa 
he oBa Ta4Ka N 6HTH CHMeTpHq-

Ha Ta4nn4 M y oAHocy Ha CH-

meTpany S KoopAHHaTHor yraa. 
Lteaoj OBOj eiccnoHeHuHjaaHoj Kim-- 
1mq he oArosapaTH cHmeTpwwa 
Kimma ca jeAHalmHom 

y= loge  x, 

xoja c.neAH 143 jeAHainme (6). OBa 
cnmeTphrima Kpwaa je rpactIHK aorapHTamcKe clarixgnje. 

1/13 EaemeHTapHe maTemaTme Cy A040 11O3HaTH OCHOBHH o6pacu4 
3a aorapirrme, T3B. npamina aa aoraphiTmoBathe, lc* BaNce aa norapHrme 
ca CB3KOM ocHoBom. HaBewhemo xpamo Te o6pacge: 

lg ab = Ig a + Ig b, lgc± = Ig a— Ig b, Ig an = n lg a, Ig am = 51 1g a . 

HcTo Taloa je y EaemeHTapHoj maTemaTmw noKaaaHa H npitmeHa 
aorapnTamcxnx Ta6anga Ha Hapatipasatbe pa3JIWILITHX npa3a. 

Hanomwhemo osAe Aa hemo y § 58, rAe TpeTHpamo HymepHinte pa-
LiyHe, npwcasaTH Hap04H4Ty cnpaBy — nor apnTamcKH JI e tb H p H .11 H 

aorapHTm a p, — 41114 ce npwigHti cacTojn y Hcxophnuhasafhy 6HTHe 
ocoame aorapHTamcKe cpywawje Ha ocnosy KOje onepagHje MHOXCelba 

AeJbeiha mowemo aamenrrn onepagmjama cathipatha H °Arnim-ha. 

• 	i 
3. RaT je npapoAam moAya Aeaamax norapaTama — = loge 10 = 2,30259 J4 Ae- 

3aAam norapaTam 6poja 
logo  0,25 = T,39794; 

0ApeAaTu 6e3 Ta6amaa npapop,tm aorapliTam Tor acTor 6poja. 
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FJIABA III 

143B0,Tt H ,RHOEPEHU,HJA.T1 

25.vflojam H3BOAHe tpymatnje 

Kao 111TO CMO 13HAenu, npm nporiaHatby paaniatiliTHX cpyinanija Hammy 
ynory Hrpa yraoHH KoecfmuHjeHT TaHreuTe Ha rpacInncy Te cpyrnoje. 

Y3MHMO cl3yHKumjy 

( 1 ) 
	

I Y = f(x) I 

ca rpacjiHKom Ha CJIHRH 61. HeKa anCuHCH x oArompa TaLIKH M Ha rpa-
4mKy. Ha HCTOM rpacjmncy y3elleMo Taw M ca ancu,Hcom x,. Paanmy 

• 
x, — x 

o3Ha4uthemo ca Ox (44Taj: Aurra x). Ax npeT- 
cTawba npHpaIuTaj He3a3HcHo npo- 
M e H Jb H B e. OpAHHaTy Taince M, o3Ha4H- 

 heMO ca y,. Pa3nmy 

Yi — Y AY 

CA. 61. Cexama H TaHreHTa apHee Tpe6a cmaTpaTH Kao npHpa lll T a j c1:1 y H K- 
um j e. 

HenocpeA,Ho ca came je otmrneAno Aa yrao 	Koeclmw4jeHT ceKaHTe 
MM,, Koja ce ocom x o6pa3yje yrao a„ Hma BpeJ1HOCT 

yi —  Y AY 
`g 	x,— x Ax 

BHAenH cmo Ha Hmne npnmepa Aa Taj KO.T114 141411K mo)Ke HMaTH rpa-
HmHy HpeAHocT KaAa ce Ta4Ka M„ ocTajyhll npH npou,ecy npena3a Ha rpa-
HH4Hy HpeAHocT Ha AaToj KpHBOj, fl0HJI0n14 ca Ta4KOM M. AKO Ca a 03Ha-

,414M0 yrao TaHreHTe ca OCOM X, Hmamo 

. Ay 
tg a = hal —. 

Ax =0 Ax 

AKO ce,  x melba, Tatum M meiba a3oj nonmKaj Ha Kpintoj, melba csojy 

BpeAHocT H yraoHH KoecInw,HjeHT TaHreHTe H Ha Taj Halum moncemo ra cma-
TpaTH Kao cpyliKuHjy x. 03a clviiKuHja, ca 03HaKOM y' (Ingraj: HnCHJ10H np314 

HJIH npHM), Kojy CMO H3BeJ1H 143 cpyHKumje y nomohy oApehellor nocTynKa, 30Be 

ce H3BOAH a cpyHKu,Hja, 11J114 jeAHOCTaBHO H 36oA AaTe (ID y H K U, H e. 

Hpema Tome mo)Ke ce nOCTaBHTH oBa ocHosHa Aecimmunija: 
H3B04 HAN H3BO4Ha 11:1yHKIZilla pare Oymaiuje je rpaaionia speorwocr, 
— 

y cnyitajy ica,a olta nocropi, oatioca itimpacuraja Oylleztaje npema_nplipa- 
turajy He3aBncHo npometybuse Ka4a raj nplipaLaraj He3aBHCHO tipoMeimAHBe 

H3BOAa moncemo AaTH jeAaH oA 

y'= litn 	= 	Y1— Y  littl f(x 	Mx)  = 
Ax 	 x, — x Ax-÷0 

=litti
f(x+h)—f(x)  

— (x)= tg a, 
h --P. 0 	h 

rAe CMO ca 11 KpaTKo 03Ha414J114 npmpawraj He3a3HcHo npomei-umme. 

OBaj o6pa3au noKa3yje, C jeafie cTpaHe, Ha414H KaKo ce HapaqyHasa 

H330A, c Apyre cTpaHe FberoBO reomeTpHcKo Tyma4efbe Kao yraoHor K004311- 

14HieHTa TaHreHTe Ha rpa(IDHKy. 

nOKa)KHMO, npe cBera, Ha jeAHom KoHKpeTHom npHmepy KaKo ce H3- 

pallyHal3a H3BOA. HeKa je 

y = f (x) -= x 2 , 

y , =iim f(x -I- h)---f(x) _ um  (x+ h)2  —x 2  _ iirn  2xh ± h2  

h -+ 0 	h 	h -4:0 	h . 	h --). 0 	h 

--.= lim (2x i- h) ---- 2x 
h -+ 0 

H Ha Taj Hainfil Imam° o6pa3au, 

(x2) = 2x, 

KojH ce gyrra: 14380A OA x2  je 2x 

3a cl3yHKuHjy y = X 3  nucTyuarno cAHLIHO 14 Athria3Hm0 AO pt . 3I ATaTa 

(X2) '  = 3-12. 

TeXCH Hy1111. 

OCHOBHOM o6pacuy 3a H3pa4yHaBal-be 

OBHX o6nHKa: 
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u(x)
±/im 

v(x+ Ax)— v(x) 
bac-0.0 	AX 

Bez6 	nOTBpAHTH Ha OCHOBy o6pacua (11) peaynTaTe: 

= 1, (x2)' = 2x, (x3)' = 3x2, (x•)' —4x3, (x2)' =5x4 . /  

(OBe peuyuTaTe HanamTH!) 
1 

7 2. HupaRyHaTH Ha OCHOBy o6pacua (H) H3BOA (1)ymuiHje y = —x  

3. nOTBpAHTH Ha OCHOBy o6pacua (11) jemammuy 

H x 2 +2=0. 
x2  

§ 26, . H3BOA KOHCTaHTe, 36Hpa H pasame 

AKO cpyiu.kkija AereHepHwe y KOHCTaHTy 

y C , 

rpacimx nocTaje npasa napa.neaHa ca ocom x, TaHreHTa ce noKaana ca Tom 
npasom, IbeH yraoHn xoecimunjeHT jeAHax je Hynes 14 npema TOMB je 
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74.11H 

(1V) 
	

(u ±v)' = u' ±v 1  . 

Pemrima osaj pesyaTaT maces: 
H3BOA 36Hpa HJIH paalume je,auaic je 36upy 11.01 paaaum U3BOACI. 

Bem6ama. 1. Hakes H3BOA chtanuije y = x 2  + x4  + x2 . 
-\ 2. nOTBpAHTH jelima.mny 

(JC — )1 — = 1. 
x2  

3. 1loTsp,m4TH jexia y (x2  + 3f)'±(x2-1/")= 4x 6e3 H3pa4yHaumba H3BOAa 

topeila. 

§ 27. Caomeila 4vinumja H ibex H3BOA 

Y3n4HIvio cpywatti4jy 	
y 	eu 3  . 

   

3a HspagyHasaibe ose cpyHKu,Hje Tpe6a Aa ce Hsspwe Ase ysacTonHe 
,onepaumje: npno Ii3paqyHaTM x3  = u, a 3ailim y = eu. 

4:typKC1Hja, 3a Emje je •HspaqyHasalbe noTpe6Ho 14313pWHTH HH3 

CTOnHHX onepau,Hja, HoHe ce c n o ace H a cp y H Ku H j a. Y onwTem o6aBKy 
moacemo sa caoaceHy cpywcu,Hjy HanHcaTH ose ycaose 

 

I (c)'= 0, I 

 

APYrnm peLmma: H3BOA KOHCTaHTe je Hyaa. Oso caeAyje H3 o6pacua 
jep je 

(C)' - linz C—C 	0 
— /im — /im 0 — O. 

Ax 	Ax Ax-0.0 Ax ax-÷0 

AKO ce cl)ymawja cacTojH 143 36Hpa HJ114 pasame, Ti. 

	

y 	u(x) v(x) u±v, 

CPYHK1414je x'a, sa H3130A HMaMO 

y, (u v)' 	u(x Ax) ± v(x Ax) — [u(x) + v(x)] 

	

Ax--0 	 Ax 

= ru(x+Ax)  
L 	[Ix 

—u(x) ±  v(xd-Ax) v(x)] 

— /im 

u(x+Ax)— 

	

Ax-).0 	Ax 

	

--= u' 	v';  

(V 1 ) 
	 y =-- f(u),, • u  = cp(x) . 

4yffinn4ja it npeTcTas.rba C.11,0)KeHH a p r y m e H T AaTe cpymovje. 
JacHo je Aa aprymeHT caomceHor aprymeHTa mowe oneT NTH cao)KeHa cpyrc-
uHja HTA,., Ha np.,  

(1) Y --= flu), 	u = p(v), 	v = ir(x). 

1/13seAHmo caA npasnao 3a oApebHsakbe H3BOAa caoaceHe cpyial,H1e. 

AKO X nopacTe 3a Ax, qpywcumja u y (V 1 ) nopawhe 3a Au, rAe je 

(2) . Au = p(x+ Ax)— p(x). 

Hoene Tora he cpyHxu,Hja y nopacTH 'sa Ay ca spe,11,Homhy 

(3) Ay = f(u+ Au) f(u). 

KaA AX TeNCH Hynes, Ha ocHosy (2) Au TaKobe Te)KH liyaH, a npema 
(3) 	T e)KH Hynes. 

rAe cy U H 



(ex)'.--- ex. 

Ilpema Tome 3a H3BOA cpyinuoje rope HaseAeHor npHmepa, 

y = eu, 	11 =-- x3 , 

Y' 	(eu)'„ • if = eu • (x 3)'= ex 8 .3.x2 = 3x2ex3 • 

Bew6atba. 1. Haim H3BOA cl)yRxwije y= ex ' . 	\-1 
'eu 	v , ev 

2. nOTBRR14T14 jeABammy 	 — 1. 
(eu 	evy 

3. Hahu R3BoAe ctlyBKwija 

Y = e (ex) 
 

Ao6Hja ce 

y = e y = e 
ex 

e 
2 

     

120 

   

121, 

 

rIpema Ae4WHIILI,Hjll, H3BOA y paqyHamo °Balm: 

y' = /im —
Ay 

••=-- /im 	• —A-11- = /im 	Au  
Ax 	Ax Ax 	AU Ax Au-1.0 Au 6,x-+0 Ax  

 

Ha np., 
= ex  

oftAa mommo, H o6pHyTO, npometubmsy X cmaTpaTH Kao .433mKnHjy y' a, Tj., 

CTaBHTH 

rAe CMO ca 	03Ha9MJI14 H3BOA c1:11- utHje y no CAO)KeHOM aprymeHTy 	 (2) - 
	

x = ply), 
KOjH CMaTpaMO KaO He3asLcHo flp0MeHJbHBY. 

KOHaLIHO imam 
	 UITO y rophem npHmepy 3Ha414 

(V2 ) 

BAH peqHma: 

1431304 caomeHe Oyinawje je4HaK je 1I3B0,17y OyEncumje 170 c.nomeHom 
aprymeHTy nyra H3B0,11 Tor c.noNeHor aprymeHTa no He301311CHO 17p0MeH.11,HBOl. 

OBO demo ilpaBHJI0 KpaTKo 3BaTH npasHno HaA0Be3HBa Fb a. 
AKO Hmamo cnriaj (1), Tj. KaA je cnoacem4 aprymeHT 11 CAM cm:mum 

4)yrukHja, npasH.no HaAose3Hsatba Aaje osaj pe3ynTaT 

= Y'u -u'x • v' Y 	 . 

Kao INTO CMO paHHje HaBeJM 6e3 AoHa3a, yraOHH KOeCPHU,HjeBT TaH-

rewre Ha rpa(.niKy eKcnoHeHumjanHe cp)HhnHje y = ex jeAmax je camoj cpyHK-- 
nHjn. CaAa TO mmemo HamicaTH °saw 

• 	lg y . 

Ilse °sane cpymunije 30By ce HHsep3He HAN 06 pH)/ T e cp y 
e. Onepaumje osAe o3Ha4eue cHm6onom f cy HHi3epaHe onepaumjama o3Ha-

4eHmm cHm60n0m 
Ha nplimepy 4:13mKumja y = ex H y = ig x y § 24 PHAe.I1H CMO Aa cy 

rpacimum THX cpylualmja cHmeTpHLIHH y o.aHocy Ha cHmeTpany npsor H Tpe-

her KoopAHHaTHor KsaApauTa. Ta ocoania nplinaAa rpacjaHumma CB14X HH-

Bep3mix cpyruthja. 3aHcTa, csaKoj TaLIKH M ca KoopAHHaTama (x, y), Koje-- 

3aAoso.rbasajy jeA,HaLmHy (I), oArosapa Ha OCHOBy (2) Ta4Ka M' ca Koop-

AlmaTaMa (y, x) Ha rpacimy HHsep3He (Pyluni,Hje HanHcaHe y o6nHKy 

Y = (1) (x)• 

flowTo cy TaLiKe M(x, y) H M'(y, x) cHmeTpwnie y oAHocy Ha o3Ha4eHy 
cHmeTpany, CHMeTpH4HH Cy y oAHocy Ha HcTy crime] parry H uej1H rpacimut 
Ase HHsep3He cpymnolje 

JaCHO je Aa, aKo 
sasHcHo npomeH.rbmse H 

Hrpajy senivmHe Ay H 
AKO H3BOA nixie 

Ay 
y 'x = 	; 

AX 

3a o6pHyTy cflyHKnHjy 14330A Tpe6a 03Ha4NT14 Ca X', H oHAa 14M2M0.' 

xi y = urn --. 
oy --0•0 Ay 

y'u- a' I 

Cy 3a nona3Hy cpyHKumjy Ax H Ay npHpaluTaju He-
(1)YEllumje, 3a o6pHyTy cpyHKumjy oArosapajyby ynory• 

Ax. 

(1)),HKuje 03HaqHMO ca y'x  , TaAa je 

110WTO je 
§ 28. limatep3Ha cpymukija H ibex H3BOA 

	
Ay Ax 

AKO Hmamo cpyHK11,14jy 
	 Ax Ay 

(1) 
	

y = 
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moans npenaaa Ha rpaHisnie BpeAHOCTH Ao6Hjamo 

lim 
Ay Arc 	 Ay  

lim 	).( Hal  Ax-s0( Ay- ►0 Ay 

rIpema TOMB monce ce Aect4HHTHBHo Kann!: 
AKO je 

y'.. x'y  = I. 

31 =1(x) H X = P(y). 
-oHAa je 

HJIH 

y'.•x'y 	1 

   

(VI) 

a 
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3.11oTspAHTH TeopeMy 0 143B0,11,13Ma I1HBep3HHX cPyHitumja Ha HpHmePY: y = 
x 

41 X = 
y 

§ 29. 143so,it norapwramcKe H eKcnoueHunjaaHe cpyHKuuje 

Y3MHMO .aorapHTamcKy cf.)3/HKaHjy ca Hp0143B0.1bHOM OCHOBOM a: 

	

y 	/oga  x. 

3a Ao6Hjat-be HasoAa Te cpyHtakHje npHMeHHMo HenocpeAHo nocTynaK (II): 

	

loga  (x 	x) loga  x  
y' 	(loga x)' 	Lim 

A x 

Petnima onaj peayaTaT raacH: 

113Bo4 HHBep3He Oymcwije jet Harc je pewinpocnioj Bpe/(HOCTH H3BORa 
Aare Oymanije. 

Tao y Hatuem npHmepy cpytnutHja y = ex H X= 1g y mo}Kemo MCK0- 

pl4CTI4TH peayaTaT 

(e x)' = ex 

aa oApehHnat-be H3B0A3 npHpoAHor aorapHTma. 3314CTa, 110IIITO je y'. = ex = y 
H3 (VI) caeAyje 

, = I 
x  

y 
HJIH 

(1g y)'y=— 
1 

y
• 

AKO caAa HanHatemo cpyHtmHjy HpHpoAtior aorapHTma y o6H4Hom o6ntitty 

	

= lim 
1 

— log a  x 	lim 	loga  (1 
Ax--..0 [IX 	x 	Ax-o.0 Ax 

CaA CTaBHMO 

Ax 	1 

x 	n 

nomohy one jeAHa4HHe e.TIHMHHI41110M0  Ms Hamer Hapaaa Ax H yamHmo y 

063Hp Aa, n0A yC.TIOB0M sernsuma rt TOKH 6ecKoHaEmocTia, aKo je 

x ÷0. TpaHccpopmau,Hjy Hapaaa sputum° osaKo: 

+ 	n171 _1 tog.  ( 1  + _1 
y' =-- lim /og a ( I 

n 	x 	a 
/1—sco X 

lim loga  (1 	—
1 )n 

— log.{ lim (1 	)11 1. 

	

n 	x 	 n x 

x 

BeNc6aff.a. 1. H313eCTI1 peayAlaT cr.ZY 	1 = 	 Ha ocHoHy (VI) o6pacua. 
21/x 

2. Habil H38O,1k ctrytHuHije y=' 	Ha ocnoBy TeopeMe o H3130,0,14Ma 1411Bep3Hl4X 
cpymumja H pe3y.nTaTa (x 3)' = 3x2 . 

npeTxoAHH o6pa3ag Aaje 
y== Ig x, 

1 
(lg x)' —• 

KaKo je (§ 22) 

,AecpiiHnT1413H0, HMaMo 

(VII bis) 

I ylim ( 1 — = e, 

(loga  x)' = 	loga  e — I.  • I.  
I. 	lga 
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AKO je norapHTam npmpoAHH H npema Tome je a = e, 143 npeTxoAHor 
o6pacua HenocpeAHo cneAyje o6pa3au, 

• (VII.) 	 x)' = —1  - I 

3a AeKaAHH .rtorapHTam o6pa3alt (VII) Aaje 

1(log„x) .  -= log io e 	M 	1 	I 

x 	 x 	x Ig 10 

rAe je M AeKaAlut moAyn npupoAHmx norapwrama. 
Y3MHMO caA nimpomm J101aOHTaM 

y = x, 

H ffierou misepHy 4THIcul4 

• Hpema TeopeMu U H3BOAHMa imsep3HFix cpyrinuija maim° 

(eY)'y
= X

, 
y 	— 	 

Yx X-41  

Ha Taj HatIHH CMO H3Be.11H AoKa3..o6pacua 3a 143B0A, eKcnoHeHuHjanHe 
cpymunje, KojH nocne npomeHe 03HaKe AeCIWIHHTHBHO Ao6mja 0611HK 

( VIII) 	 I (ex)' = ex, I 

KOjn CMO AocaAa ynoTpe6.rsasanH 6e3 ,noKasa. 
Ha cnHvaH Halm' 143 o6pacua (VIlbis) monce ce 113BeCTH o6pa3au sa 

HasoA eKcnoHelnuljanfte cpymumje Ca 1100H3B0.1bHOM OCHOBOM: 

1(ax)' = ax 	I 	= axlg 0.1 
log. e 

3a AeKaAtry OCHOBy Taj o6pa3au, Aaje  
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Bem6tusa. 1. Hamm o6pa3an (VIllbis). 

2. Halim K3BORe 	 = y = 	y 10x 2 +1, y = a ex, yr-----/g(x3 +1), 

y=1ogo (x2 -3). 
3. nOTBpAHTH jeAsanHay logioe .1g 10= 1. 

4. Hahm H3BOA itymu(ije x=et2 —t+ 1, rAe je t He3aBHCHO npomembHsa, a X — 

Cmiumja. 
5. A0333314 CHMeTPHRHOCT TaHreHaTa Ha rpa4ntxe 14/113ep3HHX 1:1) ynagxja y oAro- 

napajylimm Tagaama Ha npHmepy ckyHxwaja y = ex H y = 1g x. 

§ 30. HssoA nponssoisa H KOJIWIHHKa 

3a HspatiyHasaH,e HssoAa 11p0143130,11,a 

y 	uv, 

rAe cy 11 14 V (1)3THK1414je 0,11, x, y3mHmo npmpoAHH Jiorapwram nese H 

,s,ecHe cTpaHe 
1g y Ig u 10 

H HspaqyHajmo 143BOA CBaKOr 14.naHa Kao cno)ceHe cpymu,Hje. TaAa hemo Ha 

,OCHOBy (IV), (V) 14 (VII) HMaTH 

y' 	u' 	v' .  

y 	u 	v 

AKO nomHomalmo any H p,ecuy cTpaHy ca y uv; go6Hjamo 
- 

y'= 'v 	uv' 

MI114 ACC)14H14T14BHO 

(IX) 	 I (uv)' = uv'+ uv'. I 

. PeLmma °so npasHno rnacm: 
H3BOA npon3B01(a oa 7,B171 WIHHOL(C1 	 n3.80,:4y n pBOF ranthona 

nyTa ,apyrct mate H3BOR Apyror Linnuoaa nyfa 17,0011. 

3a npoussoA sHuie 4u4HH.nau,a, 

y 	/12 11 	• • • lin, 

nocne norapwrmosaiba Ao6Hhemo osaj pesynTaT 

(VIlter ) 

ca 1,13130AOM y.' = —1 , 
x 

X 

( VIIIter ) I (109' = 10x 1  = 10x1g 1 0. 
NI 

   

(ucer ) 

VI 	Ut 	112 	U3'  	../. + LIZ . ' 
--- 

Y 	ti t  . U2 	U 3  

   



Beacoma. Hatix H3BOA cl)Ymailiia: 

1. y = 3x2/2. y = ax + b; / 3. y= X; 
1 	

4. y = 5xex  ; 5. y = --; 6. y --;.. 
ex 
5X 	 5ex. 

	

2x + 1 	+  1 	x -- 1 

x + 1
; 10. y = ax2  + bx + c_v 

	

x  1 	
x 1 ; 9. y = 	 7. y = - 	V 8. y = 

	

i 	 m - x,  . 
11. y =   	12. y = 	

m + x2
, 13. y = (1 + 2ex ) (2 - ex );/ 

ax,  + bx + c 

14. y = x2  (1 + m eax); 16. y = logo  (x ± lg x) - e-x x ; 16. y = el-X 2  

•kt2
q 

 
17. x= 

pt  + q ,  , 18. z = 10Y e  . 19. w = vi(1- v); 20. s= a + bt et,  ± dt'. 

31. Hamm cTeneHa 

Heita je AaTa ctlyHKuvija 
y = x , 

rAe je m npOH3BOJbaH 6poj. HAMM° 1433011, oHe cpymumje. 

14 oHAe hemo npHmeHHTH aorammoame 

lg y = mlg x , 

nocae sera ce Ao5Hja 	
m  1  

• 
	 Y. x ' 

oAaKae je 
y = „- 
x 

HJIH AeCIMEIHT141314 0 

( XII ) 

  

I (x`v= inx m-1 . I 
PeLmma oBaj pe3y.nTaT raacH: 
113B04 creneHa jelaum je Bp0H3B04y H3JIO7HH011a H mama ca H3.110- 

xmouem ymatbeBum 3a jemulBay. 
Pali* CMO Hmaati HeKOJTHKO npHmepa H3B0Aa cTeneHa HapatiyHaTHx• 

HenocpeAHo Ha ocHoHy AecInumunje H3BOAa, HaNMe 

-. 0 	(x)' 	1, (x2)1  = 2x, • (x3)' = 3x2,  ( 4, 1 

	

x ) 	4x3, (x2)' = 5x4 . 

CaA BHAHMO Aa CBH OBH pe3yaraTH caeAyjy H3 o6pacua (XII). Taj 

o5pa3au, Ba)KH He camb 3a gene H 1103HTHBHe HpeAHOCTH m, Hero H sa cHe 

moryhe speAHocTH Tor 6poja; TaKo, Ha np., 3a m = - 1 HMaMO 

1 
) 1  =( -

1 
)

1
7-  - 1 . x-1-1  - x-2= 

x2. 
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AKO yseAemo HOB nOjaM JI orapsTam Cs 0 H3BOAa Kao so-
1114 ,1H14Ka H3BOAa H came civssasje, npeTxoasy jeAsatissy mmemo cpopmy-
JIYICaTH Teopemom: 

flOrapHTCIMCICU H3B04 npokaBo,ua jeiuiax je 3611py .1101-apHTOMCKHX 

H38040 CBHX Layauraaa. 

TaAa ce cam 143soa oApe}jyje nomohy jemaKocTH 

( IXbis ) I (u tu, • • • u n)'= u1 ' u2 • • • u„--1-- at  u2' • • • u t, -I- • • +111 u2 • • • un ' .1 

Y3MHM0 caA KOJIHLIHHK 

y = - 
V 

H aorammyjmo ra 3a npvipoAHy ocHoHy; 

1g y lg u - lg v. 

Houle HapagyHoHatba H3BOAa Ao6Hjamo 

Yr 	u' 	V' 

of aKae AOJIa3HMO AO 11,411HHTHBH01" peay.nTaTa 

( 	

Il i V -  

1,2  

HJIH petnima: 

H3B04 KOJIHYHHIM jeimak je H3B04y 6 pojuoua nyra HMetillnau mame. 
H3B0A HMeHHOLla nyra 6 poputau, CBe TO no„ue.lbelio KBaapaTom amemioaa. 

Y cnes,mjansom carfajy, sa„1 imam° npoxasoA KoHcTaaTe H cpysluksje 

y =Cu, 

rae je C = const., u = u (x), -nocae npHmeHe o6pacua 3a H3BOA npoH3HoAa, 
a 36or jeAHaKocTH C 1 =0, Hmamo o5paaau 

(XI) 	 I (Cu)'= Cu', I 

KojH noKauje Aa, npH aspatlysasaiby H3BOAa npoH3HoAa KOHCTaHTe H 

ctlyssu,sje, KOHCTaHTa ocTaje nOHOBO HeI1130MeH1b14BH LIHHHJIag. 

( X ) 



KoHcTpyHummo 
y -= sin x ---- MP, 

y, = sin (x Ax) M,P, 

npema Aect•HHHun4jH H3BOAa cTa- 

IMMO 

y' = urn 	= Urn y i = 
Ax 

	

lim 	

 

MP — MP — MP 

	

Ex ->0 	Az 

AKO yamemo y o63Hp Aa Ax 
Te)KH HyAH, Apt Ax = vMM, moxcemo 
sameHHTH TeTHBOM MM 1 ; osa aameHa 
MO)Ke ce 06pa3.TIOAHTH noTnyHo cTpo-

ro, aAH TO 6H 3HaTHO oTemtano Haifa- 

•albe. CTasHmo Aa.rbe 

M,P, — MP = MiQ , 
Cu. 62. 0Ape1jlisaibe 143130,11.a cPytinikije 

sin x reomerpricicom meroppm 

rAe je Q npecex npase Kpo3 M, napane.rme OCH x, ca opAHHaTom M 1P 1 

 Tamme M 1 . nowTo y rpauwiHoM noAwmajy npaHan TeTHBe MM 1  npe.na3H y 

npaBau TaHreHTe, oBa noc.rteAFba cTojH yripamo Ha no.nynpeinimmy OM, Tpo-

yrao M1 QM CJ1H4aH je TpoyrAy OPM, jep MM1Q = -=::)c MOP. 143 CJIHIMOCTH 

THX Tpoyr.nosa Hmamo 
MiQ : MM, = OP : OM 

H npema Tome 3a H3BoA Ao6Hjamo 

	

Ay 	M Q OP  
y' = /im 	 = 	= cos x, 

	

Ax Ax 	MM 1  OM 
P 

HJIH A4HHHTHBHO 

(XIII) - 

PeqHma osaj pe3y.TraT r.nacH: 
1133o,a ciwyca jegnak.  je Hocnnycy. 
Ha ocHosy CJIH4HHX reomeTpmcmmx pacybxHatba momtemo 

143BOA ctlyinamje cos X, HO KOpHCHO he 6HTH Aa ce y1103HaMO H ca 

alieToAom. 
9 

Ao6HTH 
ApyrOM 

I (sin 	= cos x. I 
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Y cAriajy HopeHa imam° 

P 	_9_ 
y= i/xcl = x P 	, 

rAe je  m= 
q

. Ha OCHOBy (XII) 3a H3BoA Ao6Hjamo 

y' = MX In  -1  = q p I 
x 	- 

34.11H Ae4)11HHTHBHO 

C X-01  — 	xq — P 

CnetwjaAHo 3a HHaApaTHH KOpeH Hamm OBaj pe3yATaT 

I = 	 
2f-x-  • 

Bew6alba. Hatui 143BOA 

1. y = x"; 2. y= 	; 3.y = ; 4. y = ex  ; 5. y = x—  4  ; 6. y = ; 

xP 
7. y= — 8. y 	x ; 9. y x V 2  + 1 ; 10. y = xi"; 11. y= 	12. y =1/17F x2 ; 

+ xq 

13. y 	)1iTT-1- 1 —V x -}- ; 	14. Y=( 1 	; 	15. y = (x — 1)(x — 2)2 (x — 3)2  ; 

1 —  x2 	 17 	
T 16. y = lix(x — 1) ; 17. y — Ig 	xs  , 18. y — ± 	, 19. y 1g (x + -V + x 2) • 

§ 32. H38OA TpiiroHomeTpHcHHx itymcUHja 

Y3MHM0 TpHroHomeTpHcmy ctiyHmumjy 

y = sin x 

3a 0Ape0Batbe H3scnta Te cpymcintje ynoTpe6Amo r eomeTpHc K y M e-
T o A y. 

Ha TpHroHomeTpHcxom xpyry (c.n. 62) no.nynpeqHma R = 1 y3MHMO 
TatiKy M koja oAroaapa yr.ny X. AKO .X nopacTe 3a Az, Ao6Hhemo HOB)/ 
TatlKy M1 npH qemy je rip( MMi 
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Heim je 
y =-- cos x . 

flonrro je 

cos x := sin 
(
-
2 

yr 
—x), 

mostemo, cmaTpajyhm sin --
2 
 —x) xao csaweHy Epp-m.0y, patiyHaTH osaxo: 

	

a 	it 
. y 1  =--• (cos x)' .= [ sin ( — x)] = cos (--

2 
 — x)-(--

2 
 -- x) = 

2 	 i 

= cos(—
n —x) • (— 1) ----- — cos(-

2 
 --x)=— sin X. 

2  

KpaTKo, jeAHaxoer 

(XIIIbis ) 	I (cos x)' 	— sin x 

ce pea Hapawasa 
143B04 xockuiyca je,aHaK je neramenom cHitycy. 

- 	flpHmeHa o6pacu,a 3a H3BOA xosHtimixa omoryhyje Aa ce HapaqyHajy 

H3BOAH tg x H cotg x: 

sin 	x )' =-_ 
 (sin x)' cos x— (cos x)' sin x  

(tg y .=  
( COS X 	 COS 2  X 

COS2  X-1-- sin2  x 	1 
-- 	 _ 	, 

cos2x 	• cos2  x 

(cotg x)' = ( 
t  cos x  )' 	(cos x)' sin x — (sin x)' cos x 

— 
. sin x 	 sin2  x 

— sin 2  x — cos 2  x 	1 

sin2x 	 sin2 x 

flame 

1  
(XIV ) 1(tg x)' = 	

cos2  x 	
(cotg x)' = 

sine x 

Kao sesc6y moxcemo 113BeCTH HasoAe sec x H cosec x: 

(sec x)' = sec x tg x , 

(cosec x)' = — cosec x . cotg x .  
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Beacoakba: Halm H3805 chonovja: 
I. y= sin 2x; 2. y= cos mx; 3. y = a cos px b sin qx; 4. y= 2 sin (5x — 1); 

5. y = a e— k2ssin wx; 6. s= 2 e-2t COS 2t; 	e sin x cos x; 8. y = [ —1sinax; 

9. y = log sin x; 10. y = m sine x n cost x. 
11/11oxasani Aa 4)yinutmje sin x H COS x saAoao.rbaBajy ieafia.may y' 8  + ys  = 1 - 
f2. POTBA11,14TH TagHOCT jeaoawnie 
/ 	• 

	

I 	1 	 — 1. 
(ig xy 	(cotg 

13/11oaa3ant aa ce aorapoTamcau H3BOAH , TaHreHca H aoTaarenca paasktaYiY 
canto 31431COM. 

14. - 1j03333T14 Aa je npoossoA aorapoTamacmx H313053 cmayca 14 aocmHyca jeAaalc. 

aeraTkumfOj jeAmonw. 

§ 33. Mil:wpm TplironomerpmcKe cpyinuinje H IbHX0130 H3BOAH. 

Y jeAHatiHHH' 	
x = sin y 

x je cpyinumija y'a, cHHyc yrsa y; axo caA cmarpamo y Ica° (1)yiscu,Hjy fa, 
osa je cpyinuotja HHBep3Ha cHHyca. Kaxo ce osHamyje osa CPyHK-

u,Hja? IlpeTxoAHa jeAHatnma tixTaHa 3,a,eclia. Hanes° raacH: 

y je yrao 14HjH je cHxyc jeAHaK x. 

CaAa hello HCTy pegeHauy HanHcaTH maTemamtumm sHau,Hma, no/ 

tiemy hello, mecTo petm yrao, ynorpe6H -rm peti JlyK (JIaTHHCKH — arcus) 

KOjHM ce yrao mepH. TaAa pe4eHHua Har.neAa °saw: 

y= arc us sinus =x 

PaHHje ce TaK0 H nHcano ca MaJIHM 3HaKOM je,I1HaKOCTH HcnpeA x.-

CaAa ce TO cxpahyje H Ao6Hja 06J1HK 

(1) 	 y--- arcsin x. 

TaKo ce mune cpymu,Hja HHsepaHa 41yHKtUIJH cHtlyca (4HTaj: 'apK- 
CHHYC x). 3a ocTane vmsepaHe cpyinumje nocToje oaHaxe: 

	

arccos x, 	arctg x, 	arccotg x. 

CBaK0j TpHroHomerpHocoj 43yHKLLHJH, Ha np. cHHycy, In4jy spemocT 
oaHattasamo ca x, oArosapa snore yrsosa Koji Hmajy HCTH clmyc; cTora ya 



((arcsin =  	
1 

-V 1 — x2 1 (XV ) 

(arctg x)' 
1 + x2  

(arccotg = 

1  
(arccos x)' 

V 1— x 2  

1 

I + x2  
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csatcy O3HaKy HHHep3He TpHroHomeTpmcKe cpyillat,Hje Tpe6a HaBecTH npHmeA6y 
o HpeAHocTH yrna. Bea Te Hapaturre npmmeA6e cmaTpa ce Aa je yrao, KojH 
oAroHapa AaToj TpHroHomeTpHacoj 4:13,HK11,HjH HajmaH)H, TO je T3B. r m a B tt a 

B p e A H o c T RBI:sepal-le TpHroHomeTpHcKe cpymcucHje. 

3a HspagyHasatbe H3BOAa Itymcumje (1) HCKOpHCTHMO Teopemy 3a 

H3BOAB HHBep3H1IX cpyrcHHja: 

1 	1 	I 	1 

	

y', = (arcsin x)'= I  	-,...- 	= 	= 	; 

	

x ' y 	(stn y) fy 	COS y 	li 

;telt' 14HHTHBHO Ao6Hjamo 

Houle caHtuntx pacyhmatba momcemo itssecTH °He pe3ynTaTe: 

( XVb") 

( XVI ) 

( XVIbis ) 

06paTkimo naxaby Aa ce 14380A14, Ha np., arcsin x H arccos x pa-

amincyjy CaMO 3HaKOM H TO 143 TOE' pa3mora WTO H3MeIJy THX 4.1HKI.H4ja, 

peitHmo, rna3H0x, HpeAHocTH, nocTojH Be3a 

1 
arcsin x + arccos x = — 

2 

oicaKne ce nocme HapattyttaBatba H3BoAa Ao611ja 

(arcsin x)' + (arccos 	0, 

a TO 14 noTHphyje cynpoTHocT 3HaKOBa THX 143BOAa. 

Bemc6atba. 1. HanecTn o6pacue (XVbis), (XV/) H (XVIbts). 

Hahn n3BoA ctlynnumja: 

§ 34. 143soA eTeneHa apoMetubnse ocnose H H3noacHoua 

IlpeTxoAHa npasHma 3a oApehmsaibe H3soAa He omoryhyjy Aa ce 

oApeAH HaBoA cityHtuvje 

y 7uv , I 

r Ae ce U 14 V -4:1yHicHmje He3aBitcHo npommtbmse x. 3a impattyHaBatbe Tpa-

mceHor H3BOAa HajjeAHocTaHHHje je Aa ce HocopHcTit norapitTamclut H3H0A. 
3aTo hemo morapHTmoHaTH 3a npvipoAHy ocHoHy o6e cTpaHe Haute jema-

tmHe ( XVII ): 

1g y = v 1g u . 

Ilocme Tora H3BOA nen H AecHe cTpaHe Aaje 

YI 	
1 

=-- v' 1g u + v 	, y

oAaKne ABCPHHHTHBHO cneAyje 

	

(uv )'= uv (v"Ig u v 	). 

OBaj pe3y.11TaT futje noTpe6Ho flaMTI4TH, Hero Tpe6a 3HaTH Aa y cmy-

Liajy KaAa cy OCHOBa 14 H3J10A14.11aLt 11p0MBH.Tb14BH, cpyincuHjy Tpe6a lIorapHT- 

MOBaTH. 

3a y = xx , Ha np., Hmamo 

lg y = x lg x 

H npema Tome je 

(xx )' - - xx (1g x + 1) . 

Bens6aiba: Hahn nanop, cpyttuttja: 
1. y=  (sin x) cos x ; 2. y = (x — 1)' ; 3. y = (ax2  bx c) x  ; 

4.  y 	(eX Sill X ; 5. y = (arctg x) X2 . 

§ 35. IlojaM Amlbepeimajama 

Ha rpaclmtcy 4:13/HKaire-1=1(X713themb TatiKy M ca ancu,ncom x 

(ca. 63). AKO HesamtcHo npometubHua x Ao6Hje npHpatuTaj 0x, HOBO) HpeA-

HbcTH aprymeHTa X Ax oAro3a, a — Hosa BpeAHocT cpyrucHttje 

1 — sin 2  y 	1 — x 2  

( XVII) 

2. y = arctg 3x / 3. y = arcsin x; 4. y = arccos 	5. y = arctg 
x 

6. y = sec ex + log cost x — arcsin 

yi= f (x Lc) • 2_ x  ;. 



■■ 

N 

p 

M 	44-, 

Ca. 63. ,LItuttepeligi4jant apryhteuTa 
H ckymutHje 
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clImumja je Ao6H.na npmpaulTaj 

AY = Yi — Y = f(x+ 60c)— f (x) • 

y A 
3HaMO Aa je OAHOC — yraoHH xoeclum,HjeHT cexaHTe, xoja nponasH 

Kp03 Tatme M H M 1 , a rpaHHtma npeAHocT TOr , oAHoca je H3BOA 

= lim Dy  =tga. 
Ax 	Ax 

,LIeC1314HHIIIHMO caA Hone nojmose: 
AFIcPepeintHjan HesasHcHo npo- 
merusHse x ca O3HaKOM dx H Alit:1)e- 
peHHHjan cpyliKumje y ca 03HaKOM dy. 

,ampepempfjcui He3aBliCHO npomella.H- 
Be je npktpaturaj °Be npomaybkilie. j_kaxne 

dx=- x. 

Ha c.4144H je dx=M'Mi'=-- MP. 
AKO yamemo TaHreHTy Ha rpactirmy y Tatum M H xoHcTpyHwemo 

TaLIKy N ose TaHreHTe sa anmwcy OM,' = x + dx, pasnrma 

M,'N — Mi'P = PN 

je npHpaulTaj opArmaTe y, non, yC.1103OM Aa cmo npewn14 oA Talme M xpHse 
Ha Tatmy N TaHreHTe; xpaTxo mmxemo Ka3aTH Aa je TO npHpawTaj opAH-
HaTe Aysc TaHreHTe. Be.nwirma PN je Aricpepemmjan cpymumje. Aamne mo-
xemo HOCTaBHTH on), Aeclmarnmjy: 

AHOepemoijan Oymcwije je npupailiTaj opivmaTe Aym raHreHTe. 
143 Tpoyrna PMN HenocpeAHo cneAyje Aa je 

PN = MP • tg cc, 
14JIH 

( XVIII) 
	

I dy = y'dx I 

143seAeHa 0c0614Ha Aricpepenuijana cpyrum,Hje Mo)Ke 110CApKIITH Imo 
aHaAHTHLIKa AecimHmwja Al44PepeHu,Hjana, MOHte ce, HaHMe, Ka3aTH: 

Ampepeimuijan 4pymanije je CW01131304 m3Boi.4a H 414q5epempijasa He-
3C1BHCHO Opomelliblise.  
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143 ( XVIII ) o6pacita HenocpeAHo cneAyje Aa je 

( 	 ) 

Apyriam petwma, 143804 je K0.1111 ,111HIC fuggepeinvijaria Oymailije H. Alf- 

lopenwtjana He3amicHo npomenibm3e. 
flourro je sa oApebimarbe AHcpeperumjana cpywowje noTpe6Ho canto 

• 110MHONCHTH H3BOA Awtoepernwjanom HesasacHo npomerumme, onepaiwje oApe-

Ipmarba HssoAa H oApebrisarba AHcpepeHu,Hjana (Pyrumje, a osa ce nocneArba 
nose A H cp e p e H u H p a tb e, exsimaneHTHe cy. 	ce nyTa : peg „A H ep e- 

p e H 4HpaT 	ynoTpe6n.yje y cranny oApetwnatha HssoAa. •as pagyri, y 

tmjoj ocHosH nexce onepau,Hje ca H3BOAHMa H Arupepemmjarmma, sone ce 

AHcpeperigHjanHH patryH. 
,Ilecimxwmja Ampepemmjana He3aBHCHO npomewwwe He cTasJba • WI-

xaxso uprunwncxo orpammerbe 3a speAHocTI4 Tor Awpeperw,Hjana: OH, Imo 

npripaulTaj He3aBHCHO npomeHnowe, mom 611TH HOTIWHO 11p0H3B0JbaH, 

pasyme ce y o6nacTH npomeHe HesasHcHo npomewmise sa AaTy cpyrm,Hjy. 

AAH y sehrmH czytiajesa sroAHo je ysHmaTH dx xao spno many sem- 

14HHy. .OHa monce 6HTH H 6ecKpajHO mana. Kao LLITO 3HaMO, y MaTeMaTHII.H 

ce BOA TOM BeA14 1414HOM pasyme 111p0MeHJbHBa BeAHL1HHa, 1414jy speAHocT yBeK 

mcmemo H3a6paTH HJIH HaL114HHT14 Mal-bOM OA 614.no xoje yHanpeA AaTe se- 

J114 11HHe. 

,E114cpeperiumjan dx moxemo cmaTpaTH npomeHawsom senwirmom, Ho 

<ma He samicH oA x. 
3a Ase 6ecKpajHo mane senimHHe, e 	xamce ce Aa cy HcTor peAa, 

axo 11.14X0B OAHOC '1: e HMa wmatmy speAHocT. 

AKO je dx 6ecKpajHo maim senigHHa, dy je 6ecKpajHo mana HCTOr 

peAa, noA- ycnosom Aa je y' KOHa4HO, jep je 'dy :dx=-  y'. 

Be3 o63Hpa Ha TO IIITO dx mowe 6I4TH H KoHatma mamma, o A14- 

4Feperu.mj•anHma dx 14 dy maTemanmapH 06Htmo. amcne Kao o 6empajHo 

imaHm senritumama. Y OBOM ce cmHcny Te BeA14414fle 30By 0,14 C11 e p e1-111,14 -  

jaAHH ,  e -nemeHTH. • 

3HaMO jowl. 143 EnemeHTapHe maTemaTime Aa xpysma AHHHia monce 

614TH cmatpaHa Kao rparm4Hn4 06AHK H3A0M)beHe AHHHje iv* ce caCTOjH 143 

HH3a 6ecxpajtio mamix Tema (yru4cam4 mHoroyrao) HAH 6eCKpajHO MaJIHX 

TaHreHaTa (011HCaT4H mnoroyrao). TaKO H ca CBaKOM Apyrom KpHBOM 

moxcemo AOBCCTH y nest' ynHcaHy OAHOCHy onnaHy 143.nomn)eHy AHHHjy. Y 

TaKBOM nocmaTparby csaxa 6ecKpajHo mana TeTima, oAHocHo TaHreHTa sa-
merbyje jeAaH Aeo, jeAaH Ar4tlepeHgrijanH14 enemeHT 
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3a Taime AHcpepeHaHjanHor eaemeHTa TeTHHa t  Rpm. H TaHreHTa Hmajy HCrit 

upasau; Ha nyry Tor eaemeHTa dy npeTcTama He camo AHcpepeinuijan Hero. 

H npHpatuTaj cpyrumje. IlpeMa ,Tome dy noxa3yje aaKoH noHawalba cpyHx-
uHje Ha 6ecapajHo manom eaemewry. Y Tome je mama yaora mupepeHumjana. 

BelK6Esa. OapeAHTH Ascpepesasjaa 43yssasje:. 

1 .  y x10; 2. y  = igx; 3 .  - y esin x; 4. u =Yx F 17--;; 5. y = (tg x)e x  ; 

6. s = at2  bt c; 7. z = p (u); 8. w = 22+ z2; 9. co (k) = e-k 2 ; 

10. x = a cos cot b sin wt. 

§ 36. Ta6nHua 3a AmpepeHumpathe 

Ca,a hello y o6aHKy Ta6aHue HasecTH paHHje H3HeneHe o6pacue 3a■ 

AMCPepeHlUipaHae. 

(I) 	y=f (x) 

( II ) 	y' = lim 	= lim Y1— Y   = lim  f (x+ x  ) f (x)  
x,— X 0x-,43 	Ax 

f (x+h)—f (x)  
= lim 	 =1 (x) = tg a 

h-4-0 	h 

( III ) 	(C)' = 0 

(IV) 	(u v)' = u'± v' 

( V ) 	(u),u=cp(x); -=-Vi ti • u s  

(VI) x'y  = 1 

(VII) (1g x)' -= 1; (VIP's) (loge  x)r= —
1 

x 	 x 

1 
= —

1 	
e;  logs 

ig a x 
1 	 I 

( VIP" ) (log,, = 	— 	e 
x 1g

1 
 10 	x 

(VIII) (ex)' = e x ; ( 	) (ax)' = ax lga = ax  I  	; log. e 

vmter) oo-y = l Ox lg 10 = tox 
log,, e 

(IX) (uv)' = u'v + uv' 
( IXbis 
	

(u,u2 . • • u,,)' = u',11,- • • u. + u,u' 2 • • • 14, +... 	u, 	• - 

IXter  ) 	
(u, u2 - • u.)' 	u„' 	

• • ' 	
u.' + 

U L U2 . • • Un 	U1 	 un  

1 3 

(X) 

(XI) 	(Cu)'= Cu' 

(XII) 	(x‘')'= mxr" --1  

sin2  x 

(arcsi" 	= 	 1 
	

XV bIS  ) (arccos x)' — 
1 

11 1 — x 2 	 1 — x2  

1 	 1  (XVI) (arctg — 	(XV1bis) (arccotg -- 
1 + x2 	 1 + x2 

 (XV II ) y = ux aorapHTmoHaTH 

( XVIII ) dy y'dx, y' = 	• 
dx 

nomohy OBHX 06paaaga momtem0 mapaqpiani H3BOA HJIH amcDepeH-
uHjaa CBHX AocaA Hama HO3HaTHX cpyriKwija. 

Dessoama. 1. flomohy catixe HOTBpAHTH TaHHOCT sejeAsaxorrs 

sin ce 
1 > 	> cos ce 

2. Ha ocsosy pe3yATara npe'rxoAsor 3aAaTAa AoKa3ani jeAsammy 

sin  cc  
( 1 ) 	 1117Z 

a-s0 

3. 14 -.313eCTH aHaaHTHU14, Ha OCHOBy (I), o6pa3au (sin x)' = cos x. 
I 

4. npumeBHTH reomeTpacKy meTo3y 3a insobea.e pe3prra-ra (tg x)' = 

5. rlocAe nperneAa Ta6.rtsge 3a AkaPepesuspasse noica3aTs Aa ce osaacucAa  cos6231:ija sa7 
ocsosy OITUITEX Teopema o rpaswisam apeAsocrsma H Asa crieusjansa o6p 	rpa- 

. 

HINHe speAsocm, imam (1) H liM (1 + —I  ) 
i 	

n  = e . 
n 

6. nOKa3aTH TaHHOCT 	se 

ne7oHarm 

e02  — I  

lim 

11 	111 V — V itt 

v2  

(XIII) 	(sin x)' = cos.x; ( XIIIbis ) (cos x)' = — sin x 

(XIV ) 	(tg x)' — 	
1 	

, (XIVbis ) (cotg x)' =--- 	
1 

cost x 

(XV ) 



17- 	
lgx 

13. y = Ig 	1   	14. y= 15. y - Ig(x-1(1- 2 ) ; 16. y= 
x ' 

Cos x 
1 + x 
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7. Ha ocKoey npeTxoAHor o6pacna H3BeCTH (ex  y = ex .  
8. H3BeCTH o6pa3an (VI) Ta6aune 3a Awbepeenxpatbe nomohy rpa4rnKa AaTe H 

.neeep3He cloyincusje. 
Haim K3BoA Itywuntja: 

x - 4 	 2 
9. y = 3(x -1)(x - 2); 10. Y= 

x +1 
, 11. y= 	

' 
12. y 1 / x2 -3x + 1; 

17. y= tg xs ; 18. y = site x cos 2  x ; 19. y -
1 + cos x 
-cos x 

20. y = Ig tg 3 ; 21. y = cos 1g x; 

_22. y = Ig (Ig x); 23. y = Ig cog 2x; 24. y = (ax + b)mx  + 11  ; 25. y = m cos x  x-Fnsie x. 

26. IloTspAirrn oae o6pacne 3a H3130Ae xxnep6ommmx cDymanlja: 

1 	 1 
•(sinh x)' = cosh x, (cosh x)' = sinh x, (tgh x)' = cosh' x , (cotgh x)'= - 	 

sinh2  x 

27. AND je x= sinh y, y = arsinh x je emepmfa clvinumja xanep6oaxgKor ceeyca 
, (9rraj: ap - oA animate peen area, no3punma - cellyc xanep6onatcyc). Tpe6a AoKi-
3aTH: 1) Aa je 

arsinh x Ig(x +1/ x 2  + 1) 
.H 2) H3BeCTH o6pa3an 

	

(arsinh x)' 	
X2  ± 

28. 1,133ecTx o6pactte 

I 	1:+ x 	 1 	x-F 1 
arcosh x = Ig (x + V x2 - 1), artgh x= ig 	 , arcotgh x = Ig 	 

2 	1 - x 	 2 z- 1 

oApeAgTH H3BOAe THX cpyaKUaja. 
x2 - I 

29. ,RoKa3aTH Aa je artgh (x
2  + I

) - Ig x 

30. Haha H3B0A (1)yHICHHja: sink r77  , Ig cosh x, cosh' x.1 

31. HatiH BpeAHOCTH H3BOAa. chtameje y = 2 cosi 3a 

	

yr 	3 
- yr , 	21t 

4 	2 	4 

0ApeAtrrm speAtiocui H3BOAa ct•puumje 3a earietteay epemocT aprymewra:• 

32. y =3 cos x 3a x= , 33. y xex  3a x = 2; 34. y = 2 cos 5t +4 sin 3t 3a t = - ; 
2 	 15 

.35, x at2  + bt + c ca t = 2 , a = 0,25 ; b = 0,75 ; 36. z 17 x2  + 1 3a x=0,75. 

37. 030Ka3aTH Aa je y' + y = 1, aKo je y = 1 + Ce-x, rAe je C KOHCTaHTa. 

38. „RoKa3aTo Aa je y' + my = n, aKo je y = 
/72 
- + Ce-n"  
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dy dy 
39. ,RoKa3aTH Aa je sin x-

dx 	dt 
aKo je y= f(x)•H x == 2 arctg et  . 

40. ,Roaaaam Aa je 
1 + x2  dy 

- 
dy 

axe je y = 1(x) H x  = e2t 

x dx 	dt 
1 

sin HOTBpAHTH Ka y = sin x - 1 3aAosothaea jem 	
dy 

agney - + y cos x =- 
2 
 s AX 

dx  

§ 37. lissom it Antpepemuljaim munera peAa 

OA H3BOAH 

dy 
31' = -

dx
= , (x) q)(x) 

AaTe cloynKitHje 	
f(x) 

kumemo HOHOBO 456pa30BaT14 113130A 

dcp 	. 	• 
(1/ -

dx
= '0) 7-= • 

3a cl)ymainjy y -raj je 143BOA ApyrOr p e ,a, a. Mo)Kemo ra o6J1eKHTM 

ca y" (tuiTaj: HHCHJI0H Apyrn HAH ceKymaym). 

AKO sa AHdpepennaja.a dy cpyrucanje y oneT o6pa3yjemo Amclaeperum-

jaa, Ao6Hhemo A p yr H AHCpepeHILHjan cpyHKuHje y. 03HaAHMO ra ca 

d2y. TaAa npema Aeciinnunj14 Ancpepenu,mja.na nmamo 

d2y = d (dy) = d (y'dx) = ( y'dx)' dx = y"dx •dx = y"dx2 . 

143 oBor pesynTaTa c.ReAyje H oBaKBa o3HaKa Apyror H3BOAa 

y" 
d2y 

dx2  

AKO je dx 6ecKpajHo Alma se.rnigHHa npsora peAa, a y" je Kw-law°, 

oHAa je AHcpepeHumjan d 2y 6ecKpajHo mana HesHlutha Apyrora peAa. 

,apyrn 143BOA HOHOBO moxcemo AmpepeHu,HpaTH; TaAa hemo Ao6HTH 

T p e It H H3B0 A . 3a ,i-bera Hmamo 

j„,, = cPY 
dx3  

rAe je d 3y Anti)epenAnjan Tpehera peAa. 
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YomuTe y3e6, mome 614TH rosopa o n' T 0 M H 3 B 0 A y ma° H3B0Ay OA 	 AKO 6poj in He 3aAoso.basa ycnose Aa je Ike° H 1103HTHBaH, HHjeAaH 

npeTxoAHor, n—l'or masoAa• n-14 143BOA, cpywa.wje y o6enexcasa ce ca 	 14380A HeMa KOHCTaHTHy speiHocT; npema Tome. HHjeAaH H3BOA HHje jeAHaK 

Hynm. TaAa je H143 H3B0,11,a 6eCKOHatlaH. 

yoo  _ clr'y , 	 YaehemO join clImuimje sin x 14 COS X. 3a npsm 14380,11, Hmamo 

dx° 
(sin x)' = cos x; 

rAe je day n— TH AmcpepeHiAmjan. 
Tpe6a AM HaBOAHTH HapoLmTa npasHaa 3a oApehRsathe H3BOAa B14- 

mera peAa? He. floTpe6Ho je yrnasHom y3acTonHo AmcpepeHuHpaTm AaTy 
4ayinawjy A0B0JbaH 6poj nyTa. 

Pima, mebyTHm, cnyvajesa saAm ce sHAH npasHno no some ce cacTas-
Jsajy 143B0A14; Ha OCHOBy Tor npasmna moryhe je HanmcaTm 143130,11, TpalseHor 
peAa a Aa ce He mopajy pagyHaTH csm npeTxoAHH 143B0,/1,14. Hasemhemo npm-
mepe TaKBHX cpymawja. 

3Hamo Aa cflymuwja ex Aaje, nocne AkupepeHumpalba, Ty HcTy
. 

	,cpyHs- 
u,mjy. llpema Tome mwsemo HankicaTH 

(ex)(x)= er •  

3a clvmdwjy ax CAHL1H14 o6pa3au, H3rnen,a 

(0) (0  =ax (1g a)"• 

Y3MHMO ca,A cpywatmjy 
y xm . 

Hp1314 14380A Hma 06AHK 

y' = mxm -1 . 

APYrm 14360.1( H3rneAa 

m(m-1)xm-2 . 

Tpe1H 

y" =  m (m-1) (m-2)xm -3 . 

fIpeMa OgeBHAHOM npumny moscemo HanHcaTH n--TH H3BOA 

(xm)(°) = In (M-1) (In-2) • • [m— (n— 1)] xm- n . 

AKO je m Reo H 1-103HTHBHH 6poj, m—TH 113BO,A HMA cTanHy spen,HocT 

(xm)(m)-- m (m-1) ( —2)• • • 3•2•1 = m! 

/71+1'14 o CBH oc ['arm H3soAm jeamaxm cy HyAH. 

saAa cos x 3ameHHmo ca sin (x -I- 
2 

, Ao6Hjamo 

(sin x)' = sin (x 

Ha OCHOBy osor o6paCto nmuemo 	H3130A cHHyca 

(sin x)(0 	sin (x 	n • 
2

). 

I4CTO Tax° 3a socmHyc, saAa je (co.5x)' — sin x = cos (x 	
2 

), 

Hmamo 

• (Cos V")  CoS ( X + n • 	. 
2 

1 
1., y = 5.x2  + 3x + 4; 2. y = ax,  + bx + c; 3• y = — ; . yiL 1/7c; 

x 

5. y = xe x  ; 6,1y = x cos x; 7. y --- — . 8. )= ex  sin x ; 9./ = sin 2x + ex cos 2x. 
. 

a 
ax + b  

10. Hahn Tpehn H3BOA ChtliKaHle y 	 nanncane y o6Jnixy 
cx + d 

a be — ad 	1 
Y = — --E" 	 . 	 n npema ibemy nanncani n—TH kl3a0a• 

c 	c 	cx + d 
11. floKa3aTM Aa cPynKunja x = a cos kt 3aAono.rbaBa jeAnammny x" + k 2  x= 0. 

12. itoKa3aT0 Aa (i)YHIMPija z = Ae —k2t  sin wet, rite cy A, k, 0) KOHCTaHTe, 3aAo-

ewbana jeAnavinly 

z" + 2k2zi +(M4+ 10)z = 0. . 

1  
13. nOTBpAHTH jeAnaRnny (1 + cos x) y" = y 3a y = tg —2  x. 

14. nOTBPAHTH Aa y = e—x (axe + bx + c) 3aAono.rbaBa jeAnagnny: 

Yr"+3Y" + 3Y' Y = O. 

Bent6alba : Hahn Apyrn H3BOA cPymatnja: 
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143. 

1-11ABA IV 

clOYEK11,14JA B1411.11E IIPOMEHIM4BHX. 
14M1IJIHLIOTHA cDYHKII,HJA 

§ 38. 4)3THKuHja Aft npomemisHse. is/magma nospunwe 

flospumHa Q npaaoyraoHHKa ca AHmennjama x H y H3HOCH 

Q = xy • 

CBaKa ofi, AHmeH3Hja moace ce memaTH Ha Hp0H3B0JbaH HatIHH, npema 
Tome osAe ce H X H y mory .cmaTpaTH Kao He3aBHCHO npomeamse, a Q 
Kao cpymoja. To je npnmep cpywnwje xoja 3aBHCH'OA Ase He3aBHCHO npo-
MeH1bHBe, 0A Asa aprymeHTa. 

Y3MHMO ApyrH. npHmep. Heim cy 

(1) 	 p, v, t 

npHTHcas, sanpemHHa H TemnepaTypa oApeheHe KOAHLIHHe raca. Ha OCHOBy 

no3HaTor Bojn-MapHoT-rejskicaxosa 3 axoHa 

pv 	= const. = R, 
1 	at 

rAe je R KOHCTaHTa H a =_— 	273 (soecjmn,Hjewr unipetba raca), csaxy oA, se.rn4- • 

qmita (1) mcmemo cmaTpaTH xao cpymutHjy ocTase Ase. Tata) hemo, Ha np.,. 
aa npHTHcax AO6HTH 

1 + at . 
p R 

CaA hello y OBOM peaysTaTy 03HaIIHTH npomewbHse seawall-le nocseA,-- 
H•HM CAOBHMa AaTHHCKe a36yxe; Heim 6yAe t = X, V = y, p =-- z, TaAa HMato10 

1 	ax 
z R 	 

y 

AKO TeMnepaTypy X H 3anpeMHHy y cmaTpamo Imo He3aBHCHO npo-

meHamse, z je cliymumja THX npomeasHsHx. AecHa cTpaHa npeTxoAHe jeA-

HatIHHe noxaayje onepau.nje xoje Tpe6a H3BpLIIHTH ca X H y Aa 6HCMO Ao-

6HAH BpeAHOCT cpyrnamje z. 
AKo xohemo Aa HanHweMO y onwTem o6may Aa je z cpyrucumja npo- 

MeHJWISHX X H y, Tpe6a cTasHTH 

(2) 	 z 	f (x, y). 

VicxopHcTHhemo 3a reomeTpHow Tymatime ose jeAHatame KoopAHHar- - 

 HH CHCTeM y npocTopy (§ 5). Kao H paHHje, Ha pasHH oca Ox, Oy (cn. 64) 

noon-Immo y Tatum 0 Hopmasy H Ha Ha0j 

	

03Ha4HMO cmep y oHaj (1103HTHBHH) Aeo 	M 3  
npocTopa H3 Kora rseAaHo o6pTalbe 3a.90° 
y cmucsy xpeTatha xasabxe Ha qaCOBHHKy 

(, 

	

AOBOAH ocy Ox Ao noxsanalba ca./ ocom Oy. 	 4 

	

Ao6HjeHy ocy 03Ha4HMO ca Oz. 	 i ,,
/  

	

Heim je M npOH3BOJbHa Tatum y npo- 	 „ , 

cTopy. Cnycnamo H3 ose _Tatum Hopmasy 
MM' Ha paBaH Qxy; pacTojame MM' cma- x 
Tpamo 003HTHBHHM, war Tatum M semat y 
003HTHBHOM Aeny npocTopa, H HeraTMBHHM 

y cynpoTHom cnyaajy. OBo pacTojwbe, ca 
oArosapajyhm 3HaKOM, 03HaqHMO ca z. Ko- 
opAHHaTe Taince M', noAHolsja Hopmane, 

	

03Ha4HM0 Ca X H y. TpH seawnme X, y, Z 	Cn. 64. KOOpAliliaTHH CHCTekt 

cy, Imo IIITO 3HaMO, xoopAHHaTe mince y 
npocTopy. 

3a csaxy TagKy M npocTopa moxemo KoHcTpyiwaTH npasoyrAH na- 

pasenenHneA ca "miasma x, y, z (cn. 64). PacTojalbe d TanKe M oA no-

tiewa KoopAHHara je AHjaronasa Tor napa.nesenHneAa H npema Tome je 

d= ifx2 	± y2 + z2 

Oce Ox, Oy, Oz cy xoopAnHaTHe oce. PaBHH Oyz, Ozx, Oxy Cy xo- 

opAHHaTHe pasHH. Ose xoopAHHaTHe pasHH Aese 1114TaB npocTop Ha ocam 

Aesosa, OCaM oxTaHaTa: aeTHpH H3HaA Oxy paBH11 H tieTHpH HCROA Te pas- 

Y npsHma je z 003HTHBHO, a °crane KOOpAHHaTe HMajy 3Haxe npeMa 

Ta6sugH 

y, 	: : 	je z re:- .1THT:m0, 1 r H y mel-balv 3HaKe ripeMa HCTOJ Ta6.r1Hun. 

y npocTopy. 
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3a CBaKH nap KOOpAHHaTa x, y osa jes,Hainnia Aaje oApebeHy epeAHoc-r 
KoopAHHaTe z; npema Tome sa CBaKH noismaj Tatme M'(x, y, 0) y 0ApebeHoj 

Koja oixrosapa npHpoAH cpymanje f(x, y), y pABHH Oxy, peusmo, 
ca rpaininama 

< x < a2  , 	b, < y < b2 , 

Ao6Hjamo oApeljeHy Taw M(x, y, z) y npocTopy (ca. 66). AKO TailKa 
melba HenpexHAHo CBOj no.rtoscaj y Toj 
o6.nacTH, Tagica M onncyje y npocTo-
py nospunaly. FlpHmenimo Aa o6aacT 
npomeHe x H y MO)Ke 6HTH He CamO 
npasoyraoHm, petwmo ABCD, Hero 
H nospwHHa omebeHa KIMBOJINHIICKOM 
KOHTypOM, na Lox H germ pasaH Oxy. 

flpema Tome jeAHatmHa (2) HMa 1 ,, 
reomeTpHow TymageHse y 06aHxy no- 	 s 

NI 
spume. 	 0 

Kao ripsHnptimep, ysehemo jeA-
Hammy, rAe je z clayiw,Hja npeor cTe-
neHa no X H y, 

(3) 	ax+ by + c, 

H noxasahemo Aa TOj jeAHaliHHH OArO-
saps y npocTopy •pasaH. Ha nospunHH 
ca jeAHatimoM (3) y3MHMO Aee Taice: z i) H M2(x2,  y2, z2). Koop-
AHHaTe OBHX Tatiaxa mopajy saAosoibdsaTH jeAHatmHy (3); npema Tome mo-
pamo HM3TH Asa HAeHTHTeTa: 

(4) 	z, ax, + by, + c , 	ax2  + by, + c 

Ha npasoj xoja cnaja Taince M 1  H M2  y3MHMO npottssOJbHy Taw),  M. 
Heim oHa Aunt Aysc M1M2  y oAHocy in n TaAa KoopAHHaTe mince M 
Hmajy speAHocrH 

(5) X — X1 + XX2 	„ Y1 ± 1312 1
+.x 	 7 	± Z =

z, + 1z2  
1 + 1 

Ca npomeHom oAHoca a Tatum M , npeaasH cee moryhe noamaje 
Ha npasoj M1M2. Boxamumo Aa cse ose Tatme M aexce Ha noepunnw (3). 
3aTo hello yBpCTHTH xoopAHHaTe (5) y jeAHalnffly (3); nocae mHo?KeH,a ca 
1 1 *Hmamo 

+ 12.2  = a(x, +1x2) + b(y, +42) + c(1 + ) , 

y 
CA. 66. lloapwHHa 

y2-y1 

CA. 65. PacTojarbe Hameby 
)Be- 	Tamce. Tawca Ha npaHoj 

Apoa AHe Ta.me 

•oAax.ne je (ynopeAH § 3) 

x = 
m + n 	1 + a •  

nx,+ mx, x, 
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CaA hemo y33TH Atte Taince y npocTopy: 

M i(X1) Yif 
	H M 2(x2, y2 , z2); 

OApeAHhemo pacTojarbe Hsmeby THX Tatiaxa. Y Ty cspxy moscemo KoHcTpyH-
cam npasoyrim napaaeaernineA ca AHjaroHanom M 1 M2  H ca Haagama napa-

-11BAHHM KooRAHH3THHM ocama (c.a. 65). FloinTo cy Hskine Tor napaaeaenHneAa 

x2 —x i , y 2 — y, , Z2  — Zi , 

Tpax(eHo pacrojarbe NM3 BpCAHOCT 

d =(x2 — x1) 2  + (Y2 — Y1) 2  + (z2 — z1)2  

PeLLIHMO H Apyrit saAaTax. 0ApeAHmo Ko-
opAHHaTe Ta4Ke M xoja A,eau AyA M1M2  y AaToj 
pasmepH m n = a. 

3aTo hemo xpos Tatixe M 1 , M, M2  nosyhH 
paBHI4 napaneaHe ca paBHH Oyz. Heim Te pasHH 
cent ocy Ox y Taincama P 1, P, P2  (ca. 65). Anc-
mice OBHX Tagaxa Hmajy speAHocTH x 1, x, x2 , 
rAe je x Tpaxcefia. anciaica TagKe M. Ha ocHosy 
nosHaTe Teopeme H3 CTepeomeTpHje, Tatum P 

AeaH Apx P1P2 y HCTOj pasmepH m : rz xao IJITO 

H Tatum M Aein4 Aysc M iMo. flpema Tome Hmamo 

X — Xi  X2  — X 

m 	n 

CAHLIHO hieMo A06HTH H 33 Apyre KoopAHHaTe 

Y 
Y + 13/2 

1 + 1 
	Z 

• 	
1 	
+) 

z i  +1z2  

IloTpasamo caA Tagxe ,nije KoopAHHaTe x, y, z saAosoibasajy jeA-
, HaAHHy 

(2) 	 z = f(x, y). 
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Cn. 67. CcpepHa noBpuma 
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oAatme H3BOAHMO 

Zi  — (ax i + by, c) Moz, — (axe by 2  c)] =4 0, 

a osa ce jeAHaKocT Ha OCHOB HAeHTHTeTa (4) 14 calla npeTBapa y HAeHTH-

TeT. 
THme CMO AoKasann Aa cne Tatuce npase, Koja nponaaH Kpo3 ABe npo-

143B0JbHe Ta4Ke M 1  H M2  noHpume (3), npHnaAajy Toj nospwHHH. Taxsy 

oco6HHy Hma canto paBaH. cloymannjH z npnor cTeneHa no x H y oArosapa 

npema Tome paBaH. 
Ca c = 0 jeAHatunHa 

z ---= by c 

oArosapa paBaH napanenHa ca ocom x, Koja ceqe Oyz paBaH Apic 

z = by c. Csaxa Tatum ca KoopAHHaTama y, z, Koje saAoso.rbaBaiY 
xop,Hy jeAHaqHHy, a Hma npoH3Bonay ancumcy npHnaAa Toj pasHH. 

AK() cy sajeAHo a = 0, c = 0, "paBaH inija je jeAHa4HHa 

z = by 
upona3H Kp03 ocy Ox. 

AKO cy 3ajeAHo a =0, b = 0, paHaH 'mja je jeAHatunHa 

Z C 

CTOjH napane.nHo ca Oxy pasHH. 
Haj3aA, aim cy cif= b = c = 0, jeatiagmm 

z =-- 0 
oArosapa cama paBaH Oxy. 

Kao ApyrH npHmep y3ehemo jeAHatunHy 

.(6) 
	 x2 -1-y2  z2  = R2, 

rAe je R KOHCTaHTHa nempania. 143 one jeAHatunHe kmamo oHansy cpyrnannjy z: 

(7) 
	 z 	R2  --- x2 — y2. 

'mime ca aoopAHHarama x, y, z oA noyeTaa KoopAHHaTa, sHAHmo Aa npema 

TOj jeAHallHHH OBO pacTojarbe HMa cTanHy BpeAHOCT R. TaKBy oco6kmy HMa 

nospunma none (cckepHa nospunnia) no.nynpeinata R ca u,eHTpom y no-

meTxy *KoopAHHarra (c.n. 67). Ha Taj HatiHH mmemo TBpAHTH Aa cpymuHjin (7) 

oArosapa nospumHa ccpepe no.nynpetafica R. JacHo je Aa je o6pacT npomeHe 

He3aBHCHO npomerummix X H y xpyr y paBHH OXy HCTO TaK0 no.nynpeq-- 

HHKa R. Canto 3a Taince one 06AaCT14 cl.qHmunja z HMa peanHe apeAHocTH. 

1101.11TO Ana crpalla jeAHaqHHe (6) nma BpeAHocT xsaApaTa pacTojarba 

,a3ocTpron 3HaK KOA KopeHa noKaayje Aa Tatum ca KoopAHHaTama x, y y 
paBHH Oxy oArompajy ABe BpeAHocTH z H npema Tome Ase Taqae nosp-
unme: jeAHa H3HaA paski4 Oxy, -Apyra HcnoA the. 

Ha ocHoBy o6pacu,a 3a pacTojame 
H3MeIjy Ase 'mince moxemo Ka3aTH Aa jeA-
HaqHHH 

(x x02 + 0, — 3,02 +•(x — zo2 = R2 

oAroBapa ccpepHa nospunma nanynpeqHma 
R ca geHTpom y Tatum C(xc,1/c,zc)•.  3a oBy 
nospunmy cpytuauija z HMa speAHocT 

z =zc ±11R2— 	xcr — (3' Ye) 2 - 

Kaico 6H npaKTHIllal Ha CAHH14 ripeT-
CTaBHJIH HeKy nospwHHy? 

3a TO nocTojH Bxule Ha4HHa. HaBeWheM0 oHaj KOjH ce ynoTpe6Jbyje 
y aapTorpailmjH 3a 011HC Ae.na 3embHHe nonpunme. 

AKO nospwitHy ca jeAHaqHHom 

(2) 	 = f(x, y) 

npeceqemo HH3OM paBHH napa.neminx ca Oxy pasHH, Ha pacTojalby h jeAHe 
op, Apyre, oHAa y (2) Tpe6a cTasHTH 

z = 0, z h, z 2h, z =3h HT A.  

TaAa hello A06HTH 14143 jeAHaqHHa 

f(x, y) = 0, f(x, y) h, f(x, y) = 2h, f(x, y) = 3h„ . . 

Cam oA oBHX jeAHaqinia 06AHKa 

f(x, y)= const. = c 

3ammaHhemo petueHom no y, 

y = cp(x, c) . 

3a csaay speAHocT C Ao6Hjamo xpHsy AHHHjy; 06AHK Te xpH3e 3aBHCH 

OA BpeAHocTH napameTpa c 14 npRpoAe nospwyme. One ce apse 3osy x o-
p 11 30HTaA e. AKO h HHje, cy3Huie Beam) npema Be/114 141411H nowunme, 
xopH3ouTane Aajy y AoHo.sHoj mepH jaCHy npeTcTasy noBpurnHe. Ha UMW' 68 

z --= ax by 

npeTCTasJba paBaH Koja npanam Kpo3 KOOpAHHaTH14 noyeTax. 

Ca a = 0 jeAHaqHHH 

npase 
npeT- 
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Imam xopHaoHTane: a) c(DepHe noapunme, b) noapume Tena, Koje ce 

soay eaHncoHK H c) Asaae. 

Ca. 68. XoppoonTane nospunma: a. akepe, b. eAmnconAa, c. Mane 

nospumma ealincomita Hata jeKHammy 

x2v2 	z2 
= 

02 	62 	C2  

149 

143 oBe ce jeAmaLatHe (a> b > SHAH Aa KOOpAHHaTHe paaHH ceKy oay 

noapunmy (c.n. f9) no eaHncama ca nonyocama: b H c y paBHH Oyz (x=0), 

c H a y paBHH Ozx (y =0) H a, b y 

paaHH Oxy (z = 0). TpH .111441The a, 

b, c aoHy ce nonyoce e.ruinco-

HAa. AKO cy OBe He.awme pa314, 11H-

Te, y Ha3HBy ce noKsaagH Ka je e .n H n-

C 0 H -TOOOCHH AKO cy /Ise nonv-

oce jeAHaKe, eaHncoHA ce npeTBapa y 

O6pTHH eaHncoHA OKO TIN he oce. 

OH mome 6HTH crubowTeH ca a=-b. 

c < a HAM Hs Apice H ca b c, a> b. 

AKO cy cHe n”Ayoce jeAnake (a=b=c), 
noHpwHHa einincomAa ce npeTaapa y 

c(pepHy noBrunmy. 

Besa6aa... 1. OA Koje nee neaaenceo npomenamse 3aBHCH nnepu)Hna 'rpoyrna? 

2. 144123HTH aanpemmny Z BaJwca Kao cf)yHmwjy noaynpegwma OCHOBe X H BHCHHe y. 

3. Hamicam jennaquey noepui nee TpoocH r ennnconna y oonnay z = f (x, y). 4. KaK0 

Haraeiaiy xoppooirran ,..  paBHN Kite npeua Oxy pasola? 5. 0Kpeora no/10)mi paaHH ca 

jeAmaymnom: a. z=x+y-I-1; b z=x—y; c.z= 2x; d. z = 5; e. z = — x. 6. flpo-

raiTa noepwney Ca jeneaqueom: x 2  3/2  —z2 = I nomohy npeceka ca KoopionlaTKHM 

pammma H nomohy xopnaonTana qnje Cy IMBHH papanenee paenH Oxy. 7. To HCTO ypa-

Awn 3a noaputhay ca jemaglitiom : — y= — z2  = 1. 

§ 39. (bytualmja Hume npometta)Halix. cPyHKuuja mime 

npeTnocTasHmo Aa cl)yrikwija u 3a1314CH OA TpH npomeFamme x, y, z, Tj. 

( 1 ) 
	

y= f(x, y, z). 

lirmepa H TaKBHX cpyuKuytja Hmamo BpJ10 MHoro. 

3anpcmoHa V npaHoyrnor napane.nenHnua ca AHmeRsHjama x, y, z je 

V =xyz 

H npema Tome je ckHKumja Te TpH KumeHamje. 141cTo TaK0 je nonpunma S 

Tora Tula, ca speAmowhy 

S = 2 (yz±zx+xy), 

cpynicumia 081,1X AmmeHamja 

Kao WTO CMO BlIACJI14 TpH nemn44He X, y, z mory 6HTH cmaTpaHe 

Kao KoopAmsaTe Ta4Ke M y npocTopy rum Koop,amHaTe BeKTOpa no.nowaja 



Cs. 70. EzemeaT maTepsjansor 
Tena 

• ri 
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ose Ta4Ke y oAHocy Ha notieTax xoopAHHaTa. AKO Taj HexTop OM o3Ha4Hmo 

ca r, moNcemo mecTo (1) HanHcaTH 

u=-- f (r), 
HJIH 

= f (M). 

Iloc.nembH H3pa3 3ameibyje nojaM cpyHmtHje TpHjy npomemibmsHx ca 

nojmom cl) y H Hje Ta 9 K e: cHaxoj Ta4KH oApebeHe o6.nacTH npocTopa 

oAroHapa BpeAllocT manapa u. flpHpoAa Aaje mHoro npnmepa TaKI314X 

cpymm,Hja. 
AKO. Hmamo Hexy maTepHjamty cpeAHHy, IC* mcnyibyje oApebeHy 

o6.riacT, mcmemo y TOj 06J1aCTI4 y3eTH Tatucy M (c.a. 70) H oApebeHom no-

spumHom Hcehm H3 Tor Tem. enemeHT 3anpemHHe AV. HeKa ce y TOj 3a-

npemHHH Haza3H maca (Komuuma maTepHje) Am, TaAa ce oAHoc 

Am 

AV 

aose cpeAtba rycTHHa Tena y sanpe-
mHHH A V. CaAa heMo cmauilwaTH aanpempmy 
A V, 3aApwasajyhm cTa.rwo y H.coj Tatucy M. Moe 

ce AeCHTH Aa npeTxo,AHH oAHoc Tema,' oApebe-

Hoj rpaHHtwoj HpeAHocTH 

Am 

WI-0-0 DV 

itaAa 3anpemnHa AV TeicH HyJIH. Oua rpaHHtma HpeAHocT 3one ce rycTHHa 

Tena HnH cpeAHHe y AaToj T a ti K 14 M. 03Hati1mo osy rycTiffly 

ca a (tInTaj: cHrma). Moxce ce AecoTH Aa rycTima Term Hma licTy spes,HocT 

sa cse Ta4Ke Tem, 
TaAa je Teno xomoreu o. Arm y onwreM cnyllaiY y 

pa3HHM Tatumma Tula ryc -rima je pamntinTa, ona samicki op, noPowaja Ta4Ke 

M y Teay, oHa je cpyiumnja Ta4Ke, Tj. 

f (M)— f (r)-= f (x, y, z). 

TaKBO je Ten° xeTeporeHo HJIH HexomckreHo. 

Y3eheMo H Apyrit npHmep. 	• 

Y cHaRoj Ta4 KH Baffle aTmoccpepe npHTHcax. Ha3Ayxa (6apomeTapcim 

npHTHCaK) Hma oApebeHy HpeAHocT, xojy hello 03Ha4HT11 ca p. Taj npHTHCaK 

y onwTem cnytiajy HMa pairurwTe BpeAHocTH y pa3AHIIHTHm Tatumma 

npocTopa, Tj. 

P=  

OH ce moxce menkaTH Taxobe H ca HpemeHom t, cTora je 

p=f (x, y, z, t) 

y TOM cnymajy Hmamo npHmep ckyww,Hje Koja 3aBHCH OA tieTkippi Hesa- 

BNCHO npomen.rbn0e. 
Bess6atba. 1. Hasecni H3 reomeTpaje nowsepe cliyamisja mu ne npomemmistix. 

2. OA KOIHX aprymettaTa 'Arnica 33BHCHTH B.33AHOCT sa3Ayxa y AaToj Tagus antoccItepe ? 

3. Flamers npssiepe rbytucartje Tagse. 4. Aso rycntsa 'regiment 3aBHCH OA nosOscaja 

WPM H OA spemetta, ruTa moisesio sa3an4 o TegHOCTH ? 

§ 40. 41,e.TIMMHYHH 143BOAH iLAucpepeatwjaam. Toranim AuctepeHulija3,. 
• 

HeKa je AaTa cpymumja 

z = 5x3  y 2  

014 Ase He3aBHCHO npomewbzwe x H y. rIpeTnocTa3Hhemo, npsook Aa je y 
KoHcTaHTHa He.npmua, TaAa ce z jawba xao cpymtwija canto jeAHe npoMeH-

JbHBe X. noA THM yC.110BOM mme 614TH roHopa 0 H3BoAy cpywakHje z no x; 

Taj H3B0A HMa Hpe,AHocT 

5y2• (X3) 'x 
=__ 5y2. 3x2 = 15x2  y2, 

rAe cmo ca z'. 03Ha4HJIH 143BOA 44:1yHKHHje z no ripomeit.Thosoj x cmaTpajyhH 

y Kao KOHCTaHTy. 
AKO cai, x oatiyHamo Imo KOHCTaHTHO, a y Kao npomeruwwy BeJIH-

Lamy, kimahemo 14350A 

Z' y  = 5X3  • (y2)', = 5x3 - 2y = 10x 3  y. 

1/1330A cpymumje mime npoMeHJbHBHx no jeAHoj ❑p0MeHJ614B0j ca 

npeTnocTaaxom Aa Cy cue ocTa.ne npomewwwe xoucTa.-.1 He 30He ce Aea 14- 

 M14,1H11 HAM n a p u H j a .n H H H3BOA 110 Toj npomewbiwoj. Z' x  14 y cy 

ABa AemamHtma H3B0,3a je,san no x, Apyrn no y. 
3a AeJIHMW4He H3BOAe ityHKLI •Hje 

Z f (x, y) 
ynoTpe6.Tbyjy Ce o3Haxe

of  z'. — f'. = 	, 
ax 

af 
Bammo je o6paTHTH nawt-by Aa y 03Haxama - H 

of HeMaMo 
dx 	ay 

• 3Haxe KOJIHLIEHKa ca noce5HHm 6pojHou,em of H HmeHHuom Ox, ofim ocHo ay 

af .  —• 
ay 



aQ x 
ay 

aQ  
a 

dy xdy.  . 
y 

a AeJIHMHLIHN AHcpepernmjana 

ac) 
dx = ydx , 

ax 

TOTaJIHH Arufaepelunijan H3rneAa 

dQ = ydx xdy.  . 

Ha CAHLH4 71 BHAHMO KOHKpeTHO TymageFbe AeJoimogiotx H ToTanyor -
AlicilepeHuHjana. CBaKH AenHmHI4HH AmcpepeHHHjan dy 
Aaje npHpawTaj noHpaame no,a, npeTn Cral3KOM Aa 

je nopacna canto jeAHa cTpaHa npaBoyraoHHKa. 
TOTaJIHH Am(liepemvjan je 36Hp THX Ae.THIMHLIHNX 

npHpauuTaja. OH Hnje jeaHaK TOTa.1HOM npmpa-
majy noHpunme npaHoyraoHHKa. KaAa jeAHa 
cTpaHa nopacTe 3a dx, a Apyra 3a dy, jep npH- 1. me/I14MHg1414 H TOTaJIHII 
pauiTaJ caap)KH jOLII H noHpwrmy npaHoyraoHma juidoepepui4jan'noapuiue 
dx dy. AKO dx H dy cmaTpamo Kao 6ecKpajHo mane 	rrpgBoyramikika 

He.uHIFHHe npHora peAa, pamma H3MelJy TOTaAHOr ripHpaluTaja Hawe .kyHK-- 
H,Hje Q H FbeHor ToTanHor AFRpepeHaujana npeTcTawba 6ecKpajHo many He-
aHHHHy Apyrora peAa, jep ce Hapaxasa npollaBoAom 6ecKpajHo MaMIX He-
.1114914Ha npHora peAa. 

CAHHHo je H sa sanpemmy 

V = xyz 

ripaHoyrnor napanenernineAa. CBaKH Aenumw -IHH AFHpepemmjan 

yzdx, 	zxdy, 	xydz 

npeTCTaBJba sanpemmiy npaHoyrnor napanenentmeAa KoHcTpyHcaHa Ha npa- 
Hoyraommy cTpaHe ca flpHpamTajem Tpehe 	Kao TpehoM AnMeH3Hjom. 

dr 
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Hero jeAaH cHm6on, y Kome, cynpoTHo wiriajy 
dy 

He mmemo ropH,H Aeo 

OABOJHTH OA Amer. 3a KoHxpeTHe cluNKgHje °Ha ce (maim ynoTpe-
6.rbyje maim: 

a 
— 

 ax 
(5x8  y2) = 15x2  y2, 

,EtaHac ce FOTOBO cHyAa y nHTepaTypH oAomahlina ynoTpe6a oKpyrnor 
a 3a O3HaKy AenHmHIFHor H3HoAa H npaHor d sa o3HaKy o6w4Hor H3BOAa H 

AHstepetiumjana. 

03Ha4n4hemo npHpawTaje He3aBHCHO npomemmix x H y ca .x = dx 
ay dy H Aeci4HHcahemo dx N dy Kao AHCpepeHgHjane He3 a-

BHCHO npo M e H Jb 11BHX X H y. OHH He saHHce HH jeAaH oA Apyror 
HH OA oAroHapajyhta npomembithHx. 

, flpow3HoA 

a 	, 
oAHocHo 	

z  ay 
y  a Y. 

AeJnimmn-for H3soAa H AtupepemHijana oAroHapajyhe He3aBHCHO npometubme 
3oHe ce AeaHMHLIHH HAH napaHjanHH Am(joepeHaHjan. 

JacHo je Aa cl:IyHKaHja HMa OHOJIHKO AeKHMHEIHHX AmlaepeHuHjana, HA 
KOKHKO He3aBHCHo npOMeHJbHBHX 3aBHCH. TaK0 cpyHKumja 

y, z) 

Hma TpH AeJIrMIgHa AwfuepeHHHjana 

	

—au  dx, 	dy, 	au , — uz • 

	

. 	ay 	az 

,36Hp CBHX P,eAHMHI4HHX AFIckepeinutjana 3oHe ce T OTa n H H A H cp e-
peHHHj a n. TOTaJIHH AmcpepenaHjan o3Ha4yje ce ca dz, du irrA., Kao H y 
cnyHajy jeAHe He3aBHCHO npomeiubmse. 

flpema Tome sa cpymatHje z H u Hmamo 

dz —
az 

 dx + —
az 

 dy, 
ax 	ay 

au. 	au 	au du =,  dx — dy — dz. 
ax 	ay 	az 
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HoHpwHHa Q npaHoyraoHma ca AHmeH3Hjama X. H y Hma HpeAHogr 

Q = xy ; 

oBa je nospwima cpyinawja ABe He3aBHCHO npomeiumme X H y. ,IkenHuntmt 
Haltom HMajy Hpe,AHocTH a 

— 
 ay 
(5x3  y2) = 10 x3y. 

az —dx, 
ax 



dV xdydz + ydzdx zdxdy + dxdydz 
BHAHNO Aa pa3.rniKa AV — dV 

rips° ca,ap.:KH TpH 3aripemurie Apy-
rora peAa y o61n4Ky aimma, tiHja 
je camo jeAlia AHMeH3Hja, KoHaLtHa, 
a 3aTHm 3anpemmly .  Tpehera peAa 
dx dy dz. AaKne H y OBOM cnytiajy 
rnaHHH Aeo npxpainTaja cpyfflutHje 
je TOTa./IHH Aucinpentwjan. Y Tome 
ce cacToja sa.:KHa ynora ToTanHor 
Alicpepean,Hjana y npoyqaHaFby cpyHK-
nHja 3Hwe npomerubm3Hx. 

CBalill OA AenHmHmHmx H3B0A3 

4PyHf<1.1,14je z = f(x, y) • 

dy. 
'Ca. 72. Ilea H m 	H TOTKAHK Avrckpetiumjan 

aanpemmae npaaoyrAor napanenenHneAa 

154 	• 

(cn. 72). TOTWIHH AHcpepeHnHjan, Kao 36Hp 

dV yzdx zxdy • xydz , 

pa3atcyje ce H ome oA ToTanHor npupawTaja 3anpemiffie Tor Term, jep 
°Ha-  H3HOCH 
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a2z 	a2z  

ax ay ay ax 

Ilpema Tome 3a cpyHKumjy z Hmamo camo TpH AenHmHqHa H3B0A3 

ApyrOra peAa H TO 

AV = (x dx) (y + dy) (z + dz) xyz 

yzdx + zxdy + xydz + xdydz + ydzdx + zdxdy + dxdydz = 	 t 	 ax2  ax ay or 
a2z 	a2z 	a2z 

Y Hamem npHmepy 3a ctlyfmn,Hjy z = 5x3y2  Hmamo 

a2z 	 a2z 	a2z 
= 30xy2  , 	= 30x2y, 	= lats. 

ax2 	ax ay 	 ay2 

CBaKH oA Ae.TIHMH4HHX AvictiebeHgHjaaa 

az dx —az dy — , 
ax . 	ay 

mo:Ke nocapKHTH 3a cpopMHpax,e Hoimx Aenvimmtumx AmpepeHanjana; Ta4a 

Hmamo 

a2z 	a2z 	 62z 	a2z  
	dx2 , 	dx dy,  , 	dy dx, 	

dye 

ax2 	ax ay 	ay ax, 	ay2 

az 	az 
ax 	ay 	 36Hp CBHX ()BMX Ampepenusjana `,Raje TIOHOBO TOTa ri HH AH 

peHnmjan 14 To Apyror peAa ca 03HaKOM 

mo:Ke 14 CaM 614TH cmaTpaH Kao cpyHKnmja npometubm3mx X H y; oBe cpyHK-
nHje noHoao mo:Kemo AenHmtviHo AnctlepeHnHpaTH. Ha Taj Hamm Ao6Hjamo 
H3HoAe ca JI3K0 pa3ymbH1314m 03HaKaMa 

a2z 	a2z 	d2z 	a2z 

ax2'  ax ay 	ay ax' ay2 ' 

1'I3BOAH 

a2z 	a2z  
H 

ax ay 	, ay ax 

pawniKyjy ce peAsom AHcpepeHuHpatba. Y OBHM pa3maTpaH,Hma hello ce 3a-
Ap)KaTH camo Ha nporiaBaHv cpyHKumja 3a Koje peA AmckepeffimpaFba He yTwie 
Ha pe3ynTaT, Tj. rAe je 

a2z 
	a2z 	azz 

d2z 	dx 2  + 2 	dx dy 	dye 
ax2 	ax ay 	ay2  

HeheMo ce ynyLuTaTH y 3H3J1143y AeJ114M14,4H41X H3B0A3 H AHcpepeHuH-

jana peAa Bmwer oA Apyror. 

Bextgaiba: 1. ,RaTa je cl)THHHila z = nx 2y (aaripemmia. saibxa); 	Ae.TH414- 

=Hie H3B0,11,e, Ae..mmrpiHe Amtepetimilane m TOTHJIHH A4epermajan, CBHM OBHM BBAHMH-

Hama AaTl reomerppthKo Tymageffie. Cam -any-ix npmpaiuraj (byHKHHje H ynopeAHTH ra ca 

TOTHJIHMM AHepepeHumjanom. 2. AaTa je rtlyHKHHja S = 2 (yz•zx + xy). OitrosopHrH 

Ha iurraHaa rtocTawbeila y ripeTx0AHcim aaAarKy. 

3. Haht Aenkuopme Haeoite H TOTHABH AmcDepentHjan ckyfiKHHje: 

a. z=— 
3 

x2y; b. z = 	; c. z = xY ; d. z = ax2  -F2bxy cy 2 ; e. z=
ax b 
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f. z = sin —
x

; g. z = arctg—
y 

; h. z = Ax2  + 2Bxy +Cy2  + Dx + Ey + F ; L z = 	y; 
	 am) le 	

w.---log(tgx-Ftgy -Ftgz+ tgu). 

j. z = ex + ; k. z = (x y)x  + Y . 	
§ 41. HMHHHHHTHa cpymulaja 

4. HahH AHAHMH,IHe H3B0,/te k TOTHAHH micbepeHtHijax clginatHje: 	
I IIMaJIH CMO jeAHaLumy Kpyame nHHHje 

a. u = 2xsy,z ; b. u = AxP + Byq+Cz r ; c. 	
1 

= 
x --Ey+ z' 	

(1) x 2  + y2  —R2  =0, 

d. u (y—z)(z—x)(x— y); e. u = x . 

5. Hahti Aerimume 143BOAH H TOTHAHH motepeHuHjax APYror pea 4:IYIli1wjet 

a. z 	y n  ; b. z = sin xy + cos —
X 

; c. z (x+ yj m  ; d. z = ax  b7 ; 

e. z = 9 sin El (r H e cy He3aBHCHO npomelymme). 

6. flompmmi jemmying 
, 	az 

x — y —= 4z , 
ax 	ay 

aim je z = 2:,2y2 -3xy2 + x4 — y4 . 
7. nOTBAIWTH je,11,HaqHHy 

az az + — 
ay  — 

axo je z = log (e x  ± eY ). 
8. EloTspAHTH jemmying 

32z 	1 32z 
dye 	c2  ax2  

aim je 
z = A sin (ky)sin (ckx), 

u 

 ax 

9. nOTBA/AHTH jemmying 

dez 	1( 	- - n a2z 	az ), 
dye 	In2  3x2 	ax 

axo cy 

z = Ae 2  sin ax cos by, 

a2 = m2 b2 _ n2 .  
4 

32,„, 3211 

ax2 	c2 312 
alto je 

u f(x— ct), 

npH qemy I mome 614TH npoinowbila cbyrilutHja. 
11. nOTBABMTH jemmying 

143 Koje cmo oApeA14.1n4 opAHHaTy Kao cpyHKuHjy ancumce 

y 	V R2  — x2. 

Ilpema Tome jeAHat14Ha /9 oApehyje cpymumjy y, aJIH 3a cmapHo 

nomaaalbe OHHX onepau,Hja, Koje Tpe6a H3BpLUHTH ca x Aa 614 ce Ao6Haa 

0.4roaapajyha speAtiocT y, noTpe6Ho je 614.no peun4TH jeAHailmHy (1) no y. 

onuiTem carfajy jeAHa*iHa 

(2) f (x, y) = 0 

oApe4yje jeAHy npometubmsy y CIVHKI.tHjH Apyre, Ha np., 

(3) y= 5' (x) 

SIAM jesmaqHHa (2) calla no ce6H He noKasyje onepau,Hje noTpe6He 3a 143- 

pagyaaBatbe ose cpyHKAHje.. 
otyliKuJaja y oApeljeHa jes,HaLEHHom (2) sose ce HmnaHRHTH a 

413yHKAHja. 
tiecTo je Tatum, a noHeKaA H HemoryhHo peun4TH jeAHaT4HHy (2) no 

Ti. H3pa3HTH 11)yaxgujy y y eKCH a 14 g HTHOM o6 JIHICy (3). 3aTe 

Tpe6a 110Ka3aTH KaK0 ce mory npor4HTH 0006HHe HMILTIHIWTHe CIVHK1tHie 

Sea pewasaiba jeAftatume (2). 
Kao npHmep, nocTasHmo ce6H 3aAaTaK Aa Hahemo H3BOA y' 6es pe-

10131111941 jeAHativiHe (2). 

Y TOM. UHJby y3eheMo 41:iyHmoijy 

z = f (x, y), 

cataTpajytis x H y Kao He3aaHcHo npomembHse. TaAa ce mosce Hanticam 

TOTUUH Attcpepenusjan ose cPyHKu,Hje 

10. FloTapAHTH jemmying 

dw 	 of 
Sill2X 

aw 
- + Sill 2y aw — + sin 2z 	3w , 	G 	 dz L

t da.. 
-t- 

. 	
il 

 
Ox 	ay 

ax 	ay 	 az 	du 



(4) y' — 0 ax ay 

—2p 2yy' = 0, 

71— y 	(t — x); 

11)/ = P 	x). 

y2  — 2px = 0; 

y' 

b2 X 
— 

a2  y ; 
—
2x 

—
2y

y
, 

0, 
a2 	b2  
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Bpa'rHMo ce caA ycnosy Aa je f (x,y)==o, TaAa je z = 0 H dz =O. 

143 npeTxoa,He jeAHaimHe HMaMO 

of  dx-} off  = O. 
ax 	ay 

110,KeKHMO nH osy jeAHatmHy ca dx H HpH Tome yamemo y o63Hp omaxy* 

Of 
ax  

Y' = 
of 
ay 

Flomohy ose jeA,HaLme Moncemo 3a csaxy TaLncy M (x, y) xpHse AHHHje 
(2) oApeAHTH yraoHH xoecim ►,HjeHT npasua TaHreHTe. 

Taw, Ha np., H3 jeAHaLmHe (1) xpyscHe sHHHje imam) 

2x ± 2y y' 0, 

x 
y = 

3a oApehmsame 
hello jeAHa4HHy (4) 

(4) 

Apyror H3HOAK y"14M11J11411,14THe 4VHKIAHje HCKOPHCTH,...  

af 	af yr 
aY 

'oAax.se je 

AKO ca ey  H z oaHaimmo Koops,HHaTe IIPOH3B0JbHe Tatwe TaHreHTe Ha 
Kpyry, FbeHy jeAHa44Hy moncemo HaI1HCaTM 

HIM 
x 

 — — —( — x), 
y 

oAaxne je 
4+ yr x2  ± y2 . 

x2 + y2 = R2,  

osy jenHaimy moscemo TymatuaTH Kao pesynTaT AHcpepeuppalba cpymu,Hje - 

f (x, y) no x Ha Asa HaLma: lipB0 Henoc pe A Ho no X, xoje plasm y Ty cpyHx- 

ti,Hjy HenocpeAHo, — TO AllittepeHumarbe Aaje —; na 3KTHM, Apyro n o- 

cpeA,Ho no x yKOJIHKO x yna314 y f(x,y) nomohy y H TO HO npasHay AH- 

cpepeHu,Hpalba cnozeHe cpyiw,Hje. To Apyro Ancpeperumpalbe A,aje LinaH 

— y'. cloTnyHH pe3yJITaT Ancl)epexxxpai-ba, cacTawbemt 143 HaseAeHa Asa 

ay 
.a,ena, mopa 6HTH jeAHaK HyJIH, jep cpyHxu,Hja f (x, y) HMK cTanHy speAHocT,. 

HaHme Hyny. 
A xaxo je 

jeA,Hatnma TaHreHTe A06Hja Ae4)141-114T1413H0 06JIHK 

R2 . 

CJIHIIHO mowemo H3pa4yHaTH 3a eaHncy H xHnep6ony, 

1-2--2 	
1 = 0; 

a2 	b2  
dy 	y , ,  

dx 
Ao6Hhemo jeA,HaqHHy 

133 xoje moncemo, axo Tpe6a, oA,peAHTH y' y o6nHxy 

Q2 2 x 
— = —a2 

7, 	X); 

± Yn ---- 1. 
a2 	b2  

3a napa6ony 
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dEtHcpeperumpajmo.cap, maim 'IJIaH jemalume (4) no x, yKOJIHKO Taj 
'41AaH 3aBHCH OA - X HenocpeAno H nocpeAHo nomohy y H y'. TaAa Hmamo 

a2f 	a2f 	a2
f' 	

a2f 	of 
	 + 	 —y" =0 axe axay 	axay 	aye 	ay 

0AaKne H3BOAHMO 

yl , 	I  al +

? 

	y, 	a2f y,.  

ax2 	axay 	) • ay 

Hehemo yna.31iTH y oApehimaFbe HsBoAa Bmnera peAa, jep ce OHO 

spinH no HCTOM nocTynKy. 
4:IHKumja mime npometubiumx HCTO TaKO MO)Ke 6HTH oApeheHa y 

HMILIIHLILI4THOM 06nHKy. Taxo jeAHalama 

F x, y, z) =0 

.*Apebyje z y 4)yfflumjn X H y 

az 	az 3a oApehusakbe AeJIHMlitIMIX HaBoAa — H — monce ce npHmeHHTH 
ax 	ay 

tacTH nocTynaK, canto mecTo ToTanHor Ancl3eperfampaffia- no x Tpe6a Ampe-
- peHu,HpaTH AeJIHM1451H0 no x, oAHocHo no y. Ta AwlaepeHu,Hpatba AoBoAe Ao 
_jeAHatiHHa 

aF 	aF az 
ay

+ 
 az ay
- 

aZ 	aZ 
Ifa KOPIX moaiemo oApeAHTH H3BOAe — H 	. 

aX 	ay 
HpumeHa HCTOr nocrynKa omoryhyje Aa ce oApeAe H Ae.1114Mli4HK 1121- 

sop. Buwer peAa. 
Bez6atba. Hahn H3B0,1A y' (13yHanHje y oapeheHe jeanagHHont: 
1. 5x2 +3xy +4y2 — I2x + 16y-20=0; 2. xy= a2; 

- 3. (ax + b)(my + n) = V; 4. sin (xy)+ xy — 3 = O. 5. x'4 -1- 	 = aila; 
-G. x5 + y5  — 3a xy = 0; 7. x2/3 + ?is= a21s. 8. (a + x) x2  — (a— x) y 2  =0. 
9. f (x + y) = 0 (HCKOpRCTNTH 3alubriax :x y = coast.). 10. exY —x + y = 0. 

11. HamicaTH jemagmly TaHreHTe Ha xpyamoj ma& (x — a)2  + (Y — 601 
 --Re =0 3a Awry TaqKy M (x, y) Ha TOj xpyamoj  
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12. HarnicaTH jeAHamiHy TaHreHTe Ha eaHncH ca jemawmom x 2  + 4y2 -25 = 0 
y 'mum M (3, 2), 

13. HarmcaTH jemmy:411y TaHreHTe Ha xHnep6oatt ca jeAHammom xy — 6= 0 y 
'MICH M (2, 3). 

14: Halm nrum H APyrx H3BOA Itymumje y oapebeHe jemagHHom: 
a. x2 + r —R2  = 0; b. b2x2 + aar — a2 b2  = 0; c. xy = a2 ; d. jri" y 	Yin 

e.Ax2 +-2Bxy Cy2 + Dx + Ey + F =0;j. y2 — 2px= 0; g. a sin (x+y) + b cos (x—y) + 
+ ce22  + Y 2  -= 0. h. log (sin x + cos y2) + eX Y = const. 

-15. 143 jeanagime 

ap ap 
"napeAHTH: 	am) 

av at 
aim je t = t (p, v). 

pv 
. 	— coast. 

1 + at 

ay av 
je p p (v, 1); —

a' at 
— axo je 

P , v = v (p, t) H Haj3ax, 
at at 

av 

a 
16. OapeJHTM — 

az ' 
	a 

H 	H3 jexHamme 
axy

z 
 

x2 	y2 	e 
--F--F- a2 	62 	

c2 —1=0. 
 

au au au 
ax' a az 

17. OxpeAHTH 	 jexHa‘nme 
y  

neY+ 2 +" 

§ 42. Xomoreaa cloymultja. Ajneposa jemiaiuma 

MaTemaTimge cpowayne H jeAHaKocTH Ao6HjeHe 113 n orfasana cmap-
HHX oAlloca meby KOHKpeTHI4M HeAimmiama (y FeomeTpHjH, Mexamum, 4'H-
3111411, XeMHjH H ApyrHm AHc4Hnamiama) HapanceHe noMohy 6pojeaa mopaiY 
HMaTH Hapo44Ty oc06HHy, Koja ce 30Be xomor eHoc T. !ipso hemo oBy 
OCO6HHy o6jacHHTH Ha -npHmepHma. 

AKo ca x, y, z osHatmmo Aynume HKHaa npaBoyrnor napa.nenenHneAa, 
36Hp 1 (linea) Aynama CBIIX mmna H3HOCH 

1= 4(x+ y z); 

nospunma S (superficies) Tor napa.ne.nenHneAa Hma KpeAHocT 

S = 2(yz zx xy), 

a sappemma V (volumen) 

V 

aF, aF az n 
 ax

-r 
 az ax 

de' 	÷ 	A „. 

11 
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CBaKH Mall npsor 36Hpa je Ayaunia, seantfflHa ca jep,Hom AHmeH-

sHjom; Apyroi-  36mpa — nospwmia, BeaHtH4Ha ca ,O,Be AHmeHsHje; Tpetim H3- 

pa3 — sanpemyma, 'HMa Tim ArimeHsuje. BHAHmo Aa cy CBH Haa.HOBH y jeA-
HOM Hspasy HcTe AHMeH3Hje, 01-11.1 cy, AaKae, xomoreHH. 

KaK0 6H CMO mor.rm HCM4TaTH HeKy illymcg•jy, Ha lip. ckyHKumjy OA 

Ase npomewbHse 
ffx, y) , 

Aa aH je oHa xomoreHa Hail He, H, y cariajy aKo je xomoreHa, KaKo hello 

oppeAHTH 6poj mimeHsHja? 
AKO HBHIte ca mepHHm 6pojesHma x m, y m, z m y meTpHma HsmepHmo 

Apyrom jeAHHHH,om, Ha np., ReHTHmeTpHma, csaKH he ce 6poj nosehaTH 

HCTHM CPaKTOpOM k (y OBOM npHmepy k = 100). HOBH 6poj paHHje Ay-

}tome I Tpe6a Aa 6yAe TaKohe k-nyTa Behr!, Tj. Aa H3HOCH kl. AKO je Haui 

Hspas xomoreH, oHp,a H ca pecHe cTpaHe, Koja caA nocTaje 

4(kx + ky + kz), 

Tpe6a Aa -  Ao6Hjemo k-nyTa sehy seakyomy. 3aHcTa, 

4( kx + ky + kz) k • 4(x + y + z). 

110111TO jeAtiatama (1) BaH(H 3a max)/ speAHocT k, Kao pe3yaTaT )1,14- 

(pepetutapaiba Te jeAHatIHHe no k Tpe6a Aa ce Ao6Hje jeAHatuffla Koja Ta-

Kobe BaNU4 sa csaKy speAHocT k. 
KaKo je JIeBa cTpaHa jeAHatame (1) cacoKeHa 4)yra.tHja oA k, AHcl)e-

peHuHpakbe no k Tpe6a H3Bp1110TH osaKo. rIpHspemeHo hemo CTaBHTH 

kx = u, ky = v; TaAa ca nese cTpaHe Hmamo cpyHKu,Hjy f(u, v). 14330A 

cpyHKumje no k H3raeaa 1 ) 

of 	au Of av 
ak au ak av ak 

a KaKO je 
au 	av 

ak
x, 	Y ' 

HMamo 

at =al x-p al y . 
ak au 	ay 

PesprraT AHcpepeHumatba AecHe cTpaHe HenocpeAHo ce moze Ha-

nHcaTH y o6anKy 	' 

nkn -1  f(x, y). 

ose 

Mmamo, npema Tome, Hspas 

I' = k • 4(x y + 	kl . 

Ca AecHe ce cTpaHe cpaKTop k jas.iba y npsom cTeneHy: Bealmma 

je sealltinHa npse AlimeHamje. 
3a was nosplume HmaaH 6Hcm0 

• S' 	k2  S ,  

Ha osaj Haim Hmamo jep,Hatamy 

af xd- of y = nkn –i f(x, y), 
au 	av 

±) AKO je f = f(u ,  v), a u = u(x), v = v(x), mem me 

npema o6pacuy 

au 
	af 

df — du + dv, 
au 	av 

cnoweue cpylucugje no x 

npH liemy je cloaKTop k Ha ppyrom cTeneHy. 

BHAHmo Aa dATHIclIsmiY f(x, y) .Tpe6a 3BaTH xomoreHom, aKo saAoso- 

Jbasa yCJI0B 

(1) 	 f(kx, ky)= kof(x,y), 

rAe je n 6poj AnmetisHja, Kpamo AHmeHsHj a xomoreHe C133THK11,Hje: 

HaraacHhemo Aa npeTxopHa jeAHatnnia mopa BaNCHTH 3a max), BPeA- 

HOCT 6poja k. 
CJIHIlHa jepHatma Tpe6a. Aa MANI H 	cayllaj xomoreHe itlyinutHje 

OA mime npomeHaAsHx, HaHMe 

f(kx, ky, kz, ku,• • •)= knf(x, y, z, u,•• -).  

uma o6.rnia 
df =af du + af du 
dx au dx av dx 

CJIWIHI4 o6pacwi Baxce 3a cariaj caozeue cpymmje mule npomemmumx. AKO je 
f = f(u, v), a u = u(x, y), v = v(x, y), 3a Aenummue H3BOAe Hmamo 

of =__af_ au +01 av 
ax .  au ax av ax' 

of =01 au +01 av 
aua; av ay 



Koja Tpe6a Aa Bax04 3a agaicy npeAnocT k. AKO CTaBHMO k = 1 H aamemmo 

u = kx ca x H v = ky ca y, ae(1314HHTHBHO ce momce nankicaTn 

ax
x 	y = nf(x, y). 
 ay 

Ta ce jeAnalmna 30Be Ajneposa jeAna nu a 3a xomoreny 

cpymmujy. Y cartajy mune npomembrunix ona nma 015.11HK 

af 
x

a — +—y + af —z +• • •=nf(x,y,z,• • .) 
ax 	

af 
y 	az 

14 Kawe Aa je 3a xomoreny cpyincanjy 36np C B H X nponssoAd Aemamntinor 

vi3BoAa H oAroBapajyhe npomemibm3e jeAnax npon3BoAy 6poja. Ammensuja 14 

came cpymanije. 
Ha np., 3a cpymcanjy 

f(x, y) = ax 2  + 2bxy + cy2  

at = 
 ax 	 ay 
2(ax ± by), 	a-f- = 2(bx + cy) 

npema Tome je 

x 	y = 2[x(ax + by) + y(hx + cy)] = 2(ax2  2bxy cy 2) 
ax' 	ay 

2f(x, y) . 

BelK6an,a. 1. Koje ycnooe Tpe6a Aa saAoson,aoaly 6pojesH rtz, n, p, q Aa 6HHOM 

z = 3xm y" — 2xP yq 

65/Ac xomoreHa (kyruu.mja k - TeAkimeHamje? 
2. 3a xomoreHe cpyHowije 

x2  ± y2  
z =, u= 

-1/—X ITT
+  ri w — 

x+yFz+u  
, 

x — y 	yz 	zx 	xy 	xyzu 

HOTBpAHTH Ajnepooy Teopemy. 
3. JeAllagmy 

au
— x — 

Of y = nkn-1  f(x, y) a f 
	ay 

join jeAaHnyT AwbeperawpaTH no k, 3aTHM CTBEHTH k = I. HKOHCBTB peayaTaT, HojH 
npenTamaAjAepooy jaAHaqHfty apyror peAa aa xomdreHy (byHattHjy. 

4. AKO je y npasoyraom napanexermneAy jeana os, AHmeHanja x, y, z, Ha np. z, 
yaeaa je,AHHHqHy speAHocT, ffierooa noopuuma HMa speAHocT 

S = 2 (y x xy). 

3atuTo je Taj Hapaa H3Cy15140 cooly xomoreHocT H Haxo . je mostemo HOHOBO ycno- 
CTaBH111? 

5. HaBecTH npHMepe xomoremix chruxtuaja jeAHe H Hyxre AHMBH3Hje H noTopAHTH 
Ha H,HMa Ajaeposy Teopemy aa xomoreHy cpymulHjy. . 

nmamo 
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. HPHMEHE H3BOAA H TH4cDEPEHH,HJAJIA 

§ 43. Henpommer Omcilmje 

Y OBOj Klb113H 3aHHmahe HaC CaMO oHe 4)yrnunije KOjMMa oArooapa 

rpacl3HK. Taj rpacjnirc mosce 614TH RAH CTBapHO npeTcTas.rbeH Ha CAHL1H HAH 

rd MM mosmmo TaK0 3aMHCAHTH. 

AKo je rpaciniK ripeTcTameH HenpeKHAHom AHHHjOM (CA. 73, a), cpyic-

ujija Koja My oArosapa HenpeicHAHa j e. 
Moe ce AecHTH Aa ce opmilia-

Ta y melba HeripexHAHo Ao jeAHe oApe-
IeHe Tainie M, ca ancuHcoM x H op-
AHHaTom y i  (c.. 73, b), a 3aTHm np0- 
Apicyje Aa ce metba He oA Ta4Ke M, Hero 
oA Tatum M2  ca opAHHaTom y 2. TaAa ce 
Kamm Aa 3a opeAHocT x = a cpymaimja 
y= f-(x) 4HHH CKOK RAH mma n p e-

O K 14 A ca opexiowhy Y2 — y i ; ItyHK-

nHja je 3a Ty speAHocT aprymeHTa 
rfpeKHAHa. 

HMa 1114 TaKBPIX cpytHatHja y 
npHpoAH? Natura non facit saltus! — 

flpHpoAa He 4HHH CKOKOBe! — THpAH Jlaj6HHit. YrnaHtiom je najoHitu, y 

y ripaey cHe ce y npitpom melba HenpeKHAHo. 
KaA ce Te.no Kpehe, OHO mefba CBOj nono,Hcaj HenpefimAHo; y HCTOM 

TpeHyTKy OHO He moxie Aa npecKoHm 143 jeAHor no.noscaja y 

AKO ce Tem Aecpopmin.ne, peuHmo, melba csojy 3anpemmiy, OHO He 
mosm mcTospemeHo HmaTH Aim 3anpemHHe; 3anpem14nia ce melba HenpeKHAHo, 

ilaK 14 aKo ce Ta npoMeHa spno 6p3o opium, Ha np., excn.n03Hjom. 
IlorteKaA ce HempeKHAHa npomeHa opium Harno, y Tou KpaTKor ope-

tvieHa, 14 y sp.no KommumosaHoj tpopmu• TaAa je 3roAH14je 3a npormsaibe 
TaKse nojaBe npeTnocTasHTH Aa je imopmeH CKOK H Time ce oc.no6oAHT14 
0A aHaJt143e nojaBe y comma thefuim AeTaJsmma. HaseniheMo npmmep KojH 6H 

TO mnycTposao. 

y a . b. 

a 	 
Ca. 73. 4'yHxuHje: a. Nenpearmaa, 

b. npeKHAfia 
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EttacTirma TeulKa nonTa noc.rte sepTHKannior naAa Ha xopH3ooTanHy 
eaacTmtuty noAnory oTcKatie oeprimarnio Hafnium. JacHo je Aa ce nosmaj 
„Entre melba HenpeKHAHo. KaKo ce npii Tome meiba 6p3HHa? 

,E L0 cyAapa 6p3HHa v no anco.nyTifoj BeAW4111414 pacTe (cll. 74); aKo 
1103HTHBHH cep H3a6epemo Hafnium, 3NaK 

6p3HHe je HeraTHBali. HeKa OBa 6p3HHa y 
TpeHyTKy CyAapa t, HMa ancanyTHy opeA-
HOCT V I . HpH cyAapy 6p3tta metsa 3NaK, 

nocTaje no3HTHBHa ; 0133,  demo nO3HTHBHy 

BpeAHOCT 03Ha4DITH ca v2. HOCJIe e.nacTisi-
HOr cyAapa 6p3HHa V2  mma speAHocT 

Ca. 74. rpatim 6p3HHe np14 cyAaPV 
V = 11.V i  , 

rAe je <1 (ImiTaj MM) Koe4lHuHjeHT yClIOCTaBlbali, a-  6p3HHe. 

Taj KoeclniRtijeHT 3aBHCH\ OA. eJlaCT14 111114X OCO6HHa none 14 noAaore. BHAHMO 
Aa je y OBOM KpeTalby speAHocr 6p3HHe FlanpaBH.aa CKOK jeAHaK y, V2; 

ooy outHinifty Tpe6a AoAaTH n0Aa3H0j 6p3HHy , e--1/0 Aa 6HCMO Ao6untiKo-
Hainiy 6p3HHy v2  sa Bpeme cy,apa. 3aHemapyjyhm OHO INTO ce Aelualia 3a 
spa° KpaTKO opeme cantor cyAapa, Kai Ce JiOnTa H noA.nora HenpeKHAHo 
AetPopmmuly, Mo)KeMo TBpAHTH Aa je 6p3iniu.nonTe y 000j flOjaBH flpeKHAHa 

clnyHrumija opemeHa. 
KAKO hemo ce patiyHom yoepHTH Aa AM je cpyHtunija f(x) 3a x = a 

HempeKHAHa HAN HMa npeKHA? 
03Ha4HMO ca h nO3HT14BHy BenH4HHy H y3mHm0 Ase BpeAHOCTH 

il3yHKumje 

f (a -F /) 	f (a 	h). 

AKO ose ABC •speAHocTH, noA yCJIOBOM Aa h TeN114 Hy1111, Texce HCTOj 

NeAH4HHH f (0), Hamm je cpyHmiltja aa x = a HenpeKHAHa 1). 
AKO je 

limf (a — h) = A , 
h--*0 

Hai f (a + h) 	, 

h --0 

1) Ta44Hje, ycno8 HenpexplAxocTm (1)ymovje f(x) y AaToj Tamm, pewimo, 3a x= a, 
moxemo 0331(0 (1)OpmynnaTil: (1)ymal14ja f(x) aa x= a 3oBe ce Heripemimia, MO sa C133K14 

np0143130.1410 H3a6paHH 110314THMild 6puj g yeex momcemo Halm TaKaB 6pol yl Aa 143 BeleA- 

HaKOCTH I x —a I < cneAyje mejeAHaKocT f(x)—f(a)I < 
flocAe Tura moxemo TBI3/1.11T14 Aa je (1)yiclpija f (x) Henpemixia y rniTepsany 

p < x < q, aKo je HenpeKKAHa y cBaKoj Taqmi or miTepHana. 

1/ 

2 1  

t 
	I v  



CA. 75. Pauitieme H onaAame 
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Hpeila Tome je exalt npsor H3130,3,a Aoso.saH ea oApelpsathe noHa-
cpytunije y cmHcay painhema H onaAatba. 
3a civiumjy, soja y AaTom HHTepsany HJIH camo pacTe RAH camo 

onaAa, icasce ce Aa je y TOM HHTepaany MOH oToH a. 
Y3MHMO HeKOJIHKO npwMepa. • 
(13yHsu,Hja pasHomepHor nponeca y = ax b HMa ea H3BOA y' = a; 

npema Tome n p o Re npo rp ecHp a, HanpeAyje, aKo je a>0 H perp e-
c H p a, HaeaAyje, ea a < 0. 

KoA KBaApaTHe cpyHKuHje 

y = ax2  bx + c 
ca 

y' +2ax +6 
pautheiby OArosapa ycnos 

2ax+ b> 0, 
oAaKne je 

2ax> — b. 

AKO je a > 0 3a !vex-em. 'aprymeHTa 

x> -- 
2a 

ctlyHKuHja y pacTe. AKO je a <0, cpyriKu,Hja y pacTe 3a aprymeHTe 

b 
x <— 

2a 

crlymovija y = ex HMa H3130,3, y' = ex, KOjH je r10314THBall ea ate spell.- 
HOCTH X. npema Tome oisa cpyHKuHja CTaJIHO pacTe. 

43yftwija y = sin x HMa H3BOA y'= cos X, KOjH je y 06.11aCTH OA  0' 

AO 2gr 1103HTHBaH 3a x y rpaHmtama 

g 
— 

2 
-- 	

2 
<x< ; 

y OBHM rpaHHuama opymu,Hja 
—1 Ao + I. 

HesoA tg x HMa speAHocT 

sin x pacTe H TO, KaO LUTO 3HaMO, 0A. 

, 	• 
y 	• 

Cosa  X - 
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H A + B cpyfieuHja je npeKnAHa ca CKOKOM B — A. 14cTo TaKOr  axo je A 
arm f (a) + A, cpywcumja je npeicHAHa. 

AKO 3a X a cpymutHja f (x) Te)KH 6eCKOHatIHOCTH, cmaTpa ce Aa je-
oHa 3a ()By ispeAHocT aprymeHTa npeKHAHa. Ha np., cpyinumja 

1 
y  

sa x = 0 je npexHAHa2), jep /im — + co; a Inn 
h-►0 h 	 — h 

Bew6alba. 1. HasecTH npHmepe Henpemunix cl)yinunija Ha ocHosy o6.3Hea 1614X0— 

BHX rpOnuca. 2. 3a xojy speAHocT aprymeHTa (1)yHenHja 	2 = 	Biwa cxox? 
x—/ 

3. 3a in* cy speAHocTH aprymenTa ctoymuntja tgx H cotg x npexHAHe  ? 
• 4.  3a Koje je BPeAROCTM aprymeHTa cl)yinunija y 	

1
tgx 

npearia? 
 —.T.  

§ 44. Pamheibe H onaAaibe (pyincuBje 
AKO 3a oApellefty speAHocT aprymeHTa x cpyinamja y = f(x) pacTe, 

TaHreHTa Ha rpa4 	rpaAn ow -rap yrao ca ocom x (yrao a Ha CJIHUH 75). 
HouiTo je TaHreHc ourrpor yrna no-
3HTHBaH, a Taj je TaHreHc je4HaK 
143B0Ay 	momcemo mpAHTir Aa 
y cnytiajy KaAa cpyHKuHia pacTe, 

y' > 0.  
• 

O6pHyTo, KaAa je y' > 0, 433,11K-
umja y pacTe. 

AKO TiHreHTa rpaAH ca OCOM 
Ox Tyn yrao (yrao a, Ha c.nmun 75), 

< 0 ; 

osa HejeAHaKocT je yC./10B onaAatba ctlykuHje. 

2) Ilpema HaseAeHoj npHmeA6H o AetHHHunjH HenpexHAHe chuuarje HenpexHA-
HOCT H npexHAHocT ose cjvHxullje ce mory osaxo nporiHTH. MOLUTO je 

h) — f(41=1—  x h= 	(x: 

noTpe6Ho je 3a A0Ha3 HeripexHAHocTH cf)yuxtiaje Hatiff 3a cSaxo x Taxsy1103HTIIBHy. 	speAHocT. 
h 

h, Aa 3a, petnimo, HO3HTHBHO X 6yael 	+
( < t HAH h < e x (x 70, 0.43x.3ecseAyje.  

axe  
Aa je h < 	. M3 Tor o6Pacna SHAHmo Aa je OBO ysex moryhe H3y3eB earl*. 

+ ex 
KaAa je x = 	CJIMBH pe3yJrTaT BaXCH H 3a HeraTHEme BpeAHOCTH X. 



§ 45. EKeTpemym Elnyntawje 

Y npeTxofisHom naparpacpy npormaH CMO noHamatbe rpacImKa, KaAa 

je y' + O. 
BHAHMO KaKo 

ce noHawa rpacim, KaAa je y = 0. JacHo je Aa je 

osom c.nyttajy TaHrettra napa.nenHa OCH Ox. 

b 

N, 

MW  Ni 
y 

N,'' I N" 

isr 
} 3  ) 

X 
NL 

Nz N3 
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flpeMa Tome yc.noKy 
)/1 =0 

OAr0Bapa 	eKCTpeMyM HRH npeoojHa Tatum 

H3BeAnmo cap, ycnoKe 3a CBaKH OA eKcTpemyma H sa npeBOJHy Ta4cy.4 

Hau,pTabemo y TOMe ItH1by HCIROA rpacpaKa cpytumHje rpac1mK H3BOAa 

Y czygajy maKcHmyma sa Tatmy M', HcopeA, Tatme M, yraoHH Koe-

4mt(HjeHT TaHreHTe je II0314THBaH; oAroKapajytta Tatoca N' rpacjaHKa H3BOAa 

mopa ce Hana3HTH H3HaA oce Ox. 3a caty TaLiKy M je 0; TatiKa N 

rpaelmKa H3BOAa Jle)KH Ha OCOBHHH Ox. Haj3a,11,, sa Tatuty M" H3a TanKe 

M, HMaMO y' < 0; oAroKapajyha TallKa N" rpacjaHKa H3BOAa JIMH liCHOA 

0C0i3HHe OX. rpatinIK " cpymujije y' npe.na3H 113 o6.nacTH H3HaA y o6.nacT 

HcnoA oce Ox, cpyHKH,Hja /' onaAa. 14380A oKe clayHm.wje y Hamem carajy 4  

a TO je Apyrti H3BOA y", HeraTHKaH je. fipeMa ToMe mowemo TBpArTH Aa 

yc.nosHma 
• y,  = 0, 	yll <0 
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-OH je yBeK II03HTHBaH, npeMa TOMe cpyHKH,Hja tgx yBeK pacTe H TO y 

rpamtuama oA — oo Ao oo• Ilpe.na3 oA HeraTime Ha II03HTHBHy 6ecKo-

HaiwocT npeTCTaBJba CKOK oKe cpyHKH,Hje; cPytuamja tgx sa x = — 

2 
+krr, o 

rAe je k two 6poj, I4Ma npeKHAe. 

Bez6atba. rIpopuiTH painhelbe H onaaatbe clvificaltja: 	
4 

2. y 2x2  — 4x + 1; 3. y =- 2-3x — 4x2; 4. y= ; 

6. y e— x . 7. 	ex 
	8. y= cos x; 9. y= cotg x; 10. y := log x; 

axe + bx + c 

Ca. 76. MaKciimym, mkniiimym H npeBojHa Taqica 

AKO ce Kptaa H ca jeAHe H ca Apyre cTpaHe oA, Taluce AoA,Hpa 

tia.naaH mcnoA TaHreirre 
(c.n. 76,a), Kaace ce Aa cpywcwija Hma moKcHmym 

(m axim u. m, KpaTKO, max ). 06pa . HO, aKo ce Kpiwa Harlan! H3HaA TaH-

reHTe (c.n. 76,b), •43,yHKumja Hma mHHHmym (m inimu m, KpaTKo, min.). 

Haj3aA, aKo ce Kpima AO TaLuce AoAvrpa Ha.na3H H3HaA (CJI. 76,C,) OAHOCHO 

Hcnop, (cn. 76,d) TaHreHTe, a noc.ne oKe Tat-me Hcno,A, OAHOCHO H3H3,11, TaH-

reHTe, 3a 4:1HKH,Kjy ce Ka oce Aa oHa 11O0J1a3H Kp03 npeK oj Hy Ta 4 K y. 

Tatce, 3a Koje je 0, snby ce C T a u, KOH apHe TatiK e, a speA-

HocTH clpyHKH,Hje 3a Te Taloce — C T a 1.1 14 OH a p H e KpeAHocT H. 

3ajeAm4KH nojam maKcHmyma H mtummyma Hma Ha3HB eKCTp e- 

_m y m a (e xtre m u m) dpyHKKHje.  

oAroKapa maKcHmym. 
CJIWIHa aHarmaa (c.a. 76,b), noKa3yje Aa yc.nomma 

y' =0, 	y" > 0 

oArosapa MHHI4MyM. 

AKO Cy 	
y' = 0, 	y" = 0 

MO/KeMO canto Ha OCHOBy OBHX 143Boaa HHUITa Ka3aTH 0 KapaKTepy 

cpymw,Hje. 11,y6-rba aHa.11H3a noKa3yje Aa Taj KapaKTep 3aBHCH OA BpeAHOCTI4  

HapeAtnix BHLUHX H3BOAa. HanMe, aKo je y" + 0, KpHKa Juomja Hma npe-

Koji-1y TatiKy; 3a y'" <0 Hmamo TaqKy noKa3aHy Ha CJWILI,14 76,c, a sa. 

y''' > 0 Ha cilium 66,d. AKO je H y"' =0, Tpe6a pagyHaTH, HapeAHH i4380.11,• 

sa oRpe011y apeAtiocT aprymeara, HOT pe6Ho je H 40130.17,110 qa 3a Ty 

apeAtiocr y3aCTOHHH H3BOAH 6y,Ity jeoratai !vial H 	1431304 HOPIHNer 

pe,aa EOM arije je4Hax Hydra 6y4e 'napaor peila; way je OH 1103HTHBOH, 

MoNt.em0 HaBecTil oay TeopeMy 6e3 A,oKa3a: 
614 q5pacza4ja jexHe ae3aBlicao npomearbiase ama.na excrpemym 

61#e MHHHMy.M; alto HeraTHBOH — MCKCHMyM. 

Ilpema ToMe 3a oApebHKatbe eKcrpemyma AaTe cpyHKu,Hje f(x) Tpe6a 

nimmeHHTH oBaj nocTynaK: 
1. yieTH npim 113130,221, f'(x), 
2. H3jeAHa4ta13 ra ca HyJIOM H peuniTH Ao6HjeHy jeAHatnoty 

fr(x)-= O. 

5. y= 

1. y=2x+1: 

1  

x+ 1 ; 

11. y = aretgx; 
1 

12. y 



AM + MB ' ( 1 ) 
6yAe Hajmatbm (cJi. 78, a). 

Y" — a— 

b=-- tg a, a= g  

Vo 2 COS 2 a 
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Helm. oHa Hma ctsapHe Kopefte a 1 , a2, • • • , ak, rAe je k xoHattatt HAH (y-
cartajy TpaHcaeHAeHTHe jeAHatittHe) 6ecKoHattati 6poj. OBe BpeAHOCTH apry-
meHTa, y c.nriajy excrpemyma, noHexaA ce Bony H K p H T H Ince speA H o c T H. 

3. H3patiyHaTtt ApyrH H3BOA f"(X) H CTaBHTH y 'heron 113pa3 BpeA-
HOCTH xopeHa; TaAa heMO Ao6HTH BpeAHOCTH 

f"(a1), f"(a2), • • 	1"(ak). 

AKO cy cne one BpeAHOCTH pa3JIt4HTe OA Hyne, cpytuantja HMa k 
excTpemyma it tt,Hxony npHpoAy oApebyje 3HaK BpeAHOCTH Apyror H3BOAa. 
3a no3trpume BpeAHOCTH Hmamo mtimmym, 3a Hera-mime — NtaxcHmym. 

. 	4. Came excrpemanHe BpeAHOCTH pagyHajy ce onaxo: 

1(a1), f(a2) ,  • • ', ffak). 

A xo je Ma 3a  Kojl KopeH, peu,Hmo, 3a a1 , 

f"(a,) = 0, 

noTpe6Ho je 113BIMIIHTH Hape,aity onepauHjy: 
5. H3pattyHaTH 	H3BOA fm(X). AKO je 

f"' (cli) = 0 , 
anclutcH a 1  oAronapa npeBOjna Ta4Ka. AKO je 

fm(al) -.--- 0, 

, 6. Tpe6a HapagyHaTH HapeAHH, 4eTBpTH H3BOA f(I) (X) H CTaBHTH 
tbera x = a1 . AKO je 

f(Iv) (ai) ÷ 0  

HMaMo excipemym, maxcHmym HJIH MHHHMyM, npema 3HaKy TOP Hapa3a. 
113 nperxoAHor ce jacHo BHAH Ha xojtt 6H-

CM0 HatIHH mornH npoAptcHTH any aHantlay. 
Peuntmci caAa HeKOJIHKO 3aAaraxa. 
1. Kpe-raibe (c.n 77) Kocor 'alma (Tewxa 

Tatum 6agetia KOCO npeMa xopHaccHTy) npunt ce 
no nyTatbH tutja je jeAHaLIHHa 

1 
bx 	

2 
 axe, • 
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-ca oattaxama: g — y6p3afbe 3eNubtme Texce, V o  — noveTHa 6p3HHa Tatme, a 
yrao Harn6a one 6p3HHe npema xopH3oHTy. licape6Ho je oApeAtiTH excTpe-
mym BHCHHe. 

1. PagyHaMO H3BOA 

y' = b ax. 

2. Pemanamo jeAHalumy 

y'= b .— ax =--- 
H, Ao6Hjamo KopeH 

b 	V02  
X = — = — sin a cos a 

a g 

3. PagyHamo ApyrH H3BOA 

g  
1, 0 2 cost a 

flour° je off Hera-n/1E33.H, mama maxcHmym, Imo ILITO TO caeAyje H 
143 came notpoAe npo6.nema. 

4. 0Ape1-jyjemo speAHocT Tor maxcHmyma 
V ol. 	9  

Ymax 	
2g 	

a • 

II. /tax je nonomj Taltaxa. A H B Batt npase 1, ca HcTe cTp,aHe oA 
npase. Hahn Ha npaBoj 1 -minty M TaKO Aa 36Hp pacTojatba 

b. 

VJ  
at 

t/14 	1 

.A' X M B 

Ca. 78. 3aKoKH oA614jatba. H npenamarba cser.rtocTn 

y 

Te 

03Ha4Hmo ca h, H h2  pacTojalbe Tatiaxa A H B oA npase I H ca a 
pacTojatbe tomeby noAtiowja A' H B' Hopmana cnytuTetutx 113 Tamaxa A H B -
Ha npany 1. 

CA 77. Ilyrarba Kocor 'Gaga 

rAe cy 



dT 1 	x 	1 	a — x _0 , = 
dx 	v, V x 2  + 1112  v2V (a — x)2 h22 

S 

Ca. 79. flgeamia henllja 
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HeKa pacTojathe op Ta4Ke M po Ta4Ke A' 6yae x, a 3614p (1) HeKa 

je y.. HenocpepHo N3 CJIHKe imam() 

y -1/X2  + hi2 	 xr 	h2  

3a H3so1eibe yCJ10Ba eKcTpeMyMa 1431e01a4HMO ca HyllOM npsH 143B0,11. 

= ifx2 ±  h?  if (a x)2 h22 

AKO ca a, o3HaqHmo yrao Hopmape n H npase AM, a ca a2  yrao 
mcTe Hopmane ca npasom BM, npeTxopsy jepHaqnHy Mo)KeMo 3ameHHTH OBOM 

sin a, = sin a2  , 

opaKne Aef1H4H14T1413h0 AGJIa314M0 y Hawem cnyvajy Ao ycnosa 

cti 

sojil H3pancasa po6po nosHaTH 3aKoH op,6Hjan.a. CBeTJIOCTH. CBeTJIOCT 143J1a3H 

143 Ta4Ke A, op6Hja ce op paBHH H npana3H Kp03 -minty B, npH veiny je 

ynapHH yrao jeAHaK op6ojHom yrny. 
JacHo je 143 npHpope camor 3apama 

mymy (3aprro?). 
III. HeKa cy AaTe Ase Ta4Ke A 14 R ca pa3J1144HTHX CTpaHa op npase 1. 

CBeTJIOCT ce y cpeAHHH Ta4Ke A npocTHpe 6p3mHom v 1 , a y cpeAHHH Ta4Ke 

B 6p3HHom v 1 . HahH Ha npaBoj 1 Ta4Ky M nop yc.nosom Aa speme T sa 

Koje CBeTJIOCT npebe H3 Ta=4Ke A y TaLmy B 6yise HajKpahe e pma To s 

npriff H n). 
Ca o3HaKama C.11144HHM npeTxoptsima (ca. 78, b) speme T Hapa)BaBa ce 

T
x2 

V
+

, 
 hi2 	( a — xv)2 + h22 

 V 2  

opaK.ne 3a eKcTpemym HMaMO 

sin a, 	sin a, 

v 1 	v 2  
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OBaj ycnos oprosapa 3aKoHy npenamatba CBMIOCT14, jep TspAH aa 

oaHoc cHHyda ynaAHor H npenomHor yrna Hma 3a Ase paTe cpepme cranHy 

spepHocT, 
IV. PewHmo jow TaK03BaHl4 „3apaTaK nuena". 

HahH Ha OCOBI4H14 wecTocTpaHe npasHnHe npH3Me • (ca. 79) Talcs), 

TaLncy S pa paBHH nocTas.rbeHe Kp03 osy Tatncy 

H 'rpm maibe pHjaroHane wecToyrna, ocHose npH-
3Me, cTBapajy sajepHo ca ocTaTKom 6o4He nosp-
same npmme Hajmaiby nospimmy Tena paTe sa-
npemmHe. CTpaHa a OCHOBI4Lte wecToyrna paTa je. 

rIpHmeTHhemo ripe csera pa aa cBaKH no-
nowaj Tatme S Ha OCOBHHH 3anpemmtia Tula ocTaje 

Hc-ra, jepHaKa 3anpeMHHH npH3me. 3aHcTa, 3anpe-
mmia csaKor op TeTpae2apa, Ha rip. ABCG, Koill je 

()man.  op, 3anpemHHe npmme jepHaKaje 3anpemH-
1114 oprosapajyher TeTpaepapa ACS'S popaTor 
npH3mH. Ilpema TOme, 3appwasajyh14 Hcry 3a-
npemmuy, moncemo 6HpaTH nommaj Ta4Ke S camo 
nop yc.nosom pa nospwHHa Tena 6ype Hajmarba. 

llospwima, Koja Tpe6a pa lima mHHuman-
Hy spepHocT, cacTasn'eHa je op wecT Tpane3a 
061114Ka AA'B'G 14 TpH pom6a, jepHaKkix pom6y ASCG. 

AKO 03Ha4HMO AA' Ca h 14 BG ca x, nospunma CBHX Tpane3a 6Hhe 

(2) 	 6 (ah — 
2 

—
1 

ax) = 6ah — 3ax. 

Ilospwiffly pom6a H3pa4yHahemo nOMOhy pHjaroHana AC H SG.. 

IlowTO je 

/ x- +—
I 

02 , 
4 

3a nospunmy Tim pom6a ce po6Hja 

1 
3. 1  . AC. SG  3 a 3 	+ — x2 	a2 . 

2 	 4 

36Hp nospwkma (2) H (3) Aahe 3a TpanceHy nospnamy 

i f 	1 
Q = 6ah — 3ax + 3a Iff " x2 + —4 

a2 . 

a — x  	 — 0. 

Aa Haw ycnos oprosapa MHHH- 

AC = a ii3-  

SG=2GK.---2 BG2 + rife = 2 

(3) 



Ca. 80. a. ilpHmepit ancoamax H peaaTua - 

mix eKcTpemyma; b. Korn acTe Ta4Ke H npe- 
BojHa Ta'iKa ca TaareaTom naparte.mom y ocm 

• 
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Yc.nos 3a enTpemym ose cpymunije Aaje 

de — = — 3a + 3a 0  __ 
x 

1 —..,
i.,

, ' 
dx 

-1/x2 ± T.4  a2  

•oAaK.ne je 

x=— 
1  

4 

AKO xotiemo Aa oApeximo yrao ASC =a KOA spxa S, Hmahemo 

a 	 a i/J  342  1 
sin -

2 
=-- AK : AG — 

2 	4 
= -3-  1/6 

H npema Toj speAHocTH cHHyca no.nosHHe yr.na Ao6Hja ce 

a = 109°.28' 16". 

Taj -yrao Ha rmemmoj he.mijH H3mepHo je, jout1712 roAHHe, Mapanmi 
H Hawao je speAuocT 109° 28'. Peommp H Kethir HaWAH cy HcTy speAHocT 
yrna pagyHcKHm HTM noA ycaosom Aa nospwmia hemije 6yAe Hajmafba, 
Tj. Aa n4e.ha nOTpowii Hajmmbe BOCKa 3a mrpam-by Te nospwmie. Pe3y.nTaTH 
mepefba H pagyaa noKnornimi cy ce; rme.na ce nosa3a.na Kao .Ao6ap maTe-
manyiap, KojH je 6e3 AncpepeauijanHor patlyna H norapwramcmix Ta6miLia, 
CaMO Ha OCHOBy CBOT HHCTHHKTa, peumo KOMNJIHKOBaH maTemaTHHKH 3aAaTaK. 

Y Be3H ca eKcTpemymom cloyHKu,Hje. jemie He3aBHCHO npomeiumise Ha-
sewhemo HeKomiKo nplimeAa6a. 

1. AKO y jeAHOM HHTepsany cpyHKuHja Hma mune MaKCHMyMa, 0A-
HocHo MHHHMyMa, Hajsehn OA MaKCHMyMa 3OBe ce MaKCHMyM maKc H-
M op y M (m a xi m u m m a xi m o r u m, • Kpanco, max.—max.), a HajmaFbH 
0A MHHHMyMa INHHI4MyM mHHHmopym (minimum minimoru 
KparKo, min —min.). l436op max.—max. H3meby CBI4X MaKCHMyMa spum ce 
nomohy HenocpeAHor ynopeblisaiba speAHocni nix MaKCHMyMa. CJIH4HO ce 
paAti 3.3 min.—min. 

2. He Tpe6a meurani Asa y CyWTHHH pammarra nojMa; c jeAHe 
crpalie, nojam HajBehe (Halmaibe) speAHocTH cpyHKHHje, Koja 
ce noHeKaA 30se anconyTHH MaKCHMyM (MHHIIMyM) H , c Apyre 

•crPaHe, nojam MaKCHMyMa (m HHHmym a), K0j14 ce 3ose H peJIaTHBHH 

M aKCHMyM (M H rinmym). 
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06jacHtimo TO Ha npHmepHma. 

4:IyHKu,Hja 

y= ex 

y karrepsany, pewimo, 0,11, 0 AO 1 HMa BpeAHOCTH 0A, 1 AO e H rpm TOMB 

c-ramio pacTe. Osa cpymamja y TOM Hwrepsa.ny HeMa eKcTpemyma, HeMa 

pe.nanismix HH MaKCHMyMa HH miimimyma. AJIH cpymw,Hja HMa Hajmai-by 

speAHocT 1, Tj. anconyTHH mHHHmym H Hajsehy speAHocT e a TO je anco-

ilyTHH MaKCHMyM. 
Kao Apyni nimmep, y3MHMO opymonijy ca rpacImKom noKasamim Ha 

cmllni 80,a. <Dysnumja y HHTepsany oA, x, AO X2  Hma Asa penanisHa maK-

cHmyma, y Tat-mama A H C, H Asa penanisHa mm-mmyma (B H D), anconyTHH 

mHHHmym ca speAHowhy y, H 

afiC0113,THH MaKCHMyM ca speA-
Howhy y2 . 

06paTHmo namoby Aa MH-
HHMYM (D) mwse 614TH sehii 0A 
MaKCHMyMa (A). Itymamja Hma 
max.—max. y Ta4KH C H min.—
min. y Ta4KH B. 

Kao WTO CMO BHAeJI14, npo 
riasmbe pe.namsHor eKc -rpemyma 
CBOAH ce Ha nporiasasbe H3BOAa 

miwer peAa 3a speAHocni Kope-
Ha TIpBOr H3soAa. 3a oApelpisa-
ibe H npoyHasarbe anco.nyTHor 
eKcTpemyma He HOCTOjH CnH4aH nocTynaK, seh Tpe6a npoymiTH HenocpeAHo 

npomeHy BpeAHocTM cpyHKgHje y AaTom HHTepsany. 
3. IIpi nportasaFby noHmumba HenpeKHAHe cpyHKu,Hje y AaTom HH-

Tepaany mowe HacTymini H Taj c.nyHaj Aa TaHreHTa Ha KpHBOj y AaT0j 

Ta4KH 3ay3me sepniKa.naH no.nolKaj, Tj. no.nowaj npase napa.nerme y OCH. 

TaAa je 

(4) 	 f(x) -*. 00 . 

Osaj cApiaj Tpe6a HCTO TaKo paumamini Ha TpH c.nriaja (c.n. 80,b). 

Coraj Ta4Ke M, KaAa rpacImK ckyHKwije npeTc-ramba K o n Jb acTy T a 4 K y 

ca OWTpHII,OM Hannue. Taj c.nyHaj oArosapa Hajsehoj speAHocTH cpyliKwije• 

3aTHM c.nriaj Korubac -re 'mince N ca muTpHu,om Hamme — TO je Hajmarba 

speAHocT. Haj3aA cnyHaj, KaA ce Tatum L jamba Kao npesojHa Ta4lca Klmse. 

12 
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flourro 3a CBe oBe Taince Baam ycaos (4), ancu,Hce Kona,acTmx TaqaKa ca 
sepTHKanHom TaHreHTom Tpe6a Aa 3aAOBOJbaBajy jeAHainsiy 

1 	= O. 
f' (x) 

0Ape1JHBarbe KopeHa Te jeAHatmHe H HenoCpeAHo nporiaBarbe noHa-
mathe Kpme oKo oAroBapajyhux TaqaKa peuiaBa m4Taibe o KapaKTepy epe.11.- 

HocTH cpymuotje y THM TagKama. 
flpebHmo Ha nporfasaise eKcTpemyma ctlymumje Ase He3aBHCHO npo-

mewmise 
z = f (x, y), 

K0j0j, KaKO CMO BRAelII4, oAroBapa noBpunma. 

AKO 3a x = a, y = b cpyHKusja lama maKcHmanHy BpeAHocT C, 

Tpe6Ho je Aa ce OKO Ta4Ke Ha nospwHHH ca KOO)LHHTM (a, b, c) mosce 

noKa3aTH 06aacT rAe cy speAllocm 413anawje z mathe OA speAHocTH 

c = f (a, b). 
AKO Haiuy nospumy npece4eMO ca paBHH y= b, Ao614hemo y Toj 

paBHH Kprmy ca jeAHailHHOM 

z = f (x, b). 

3a TaqKy x = a cpyliKumja f(x, b) mopa HmaTH eKcTpemym, a TO 

3Ha414 npBH H3BOA, Te (pyHKu,Hje no x Tpe6a Aa 6yAe jeAHaK HyJIH. HOWTO 

je Taj H3BOA AeJIHM144aH, yCJI0B Tpe6a HaTIHCaTH 

of o
• ax 

CJI144H0 pacy loathe AoBoAH H AO Apyrot ycnoBa 

of 
ay 

IlpeMa ToMe 3a eKcTpemym cpyuKumje ABe He3aBHCHO npomeruBHBe 

Hmamo ycaoBe 

af 	o , 	= o . 
ax 	ay 

OBH cy yczoBH HeonxoAHH 3a eKcTpemym, aJIH HHcy A0B0.1bHH. 3a npo-

ymasam AOBOJbHHX ycam Tpe6a y3eTH y o63Hp ApyrH AmpepeHuHjaa  

cflyuKKHje z, KojH npeTcTaBJba rnaBHH Aeo npHpaulTaja criyHKRHje. Taj Apyrn 

Jimcpepenu,Hjaa HaraeAa 

a2z 2 	azz  
d2z ax dx 2  + 2 —

az dxdy+— dye= 
2 	axay 	ay2  

= At2  + 2 Btll ± CA2, 

rAe CMO, paAH KpaTKOhe, yBeJIH o3HaKe 

a2z 	azz 
	d2z  = A   	= C; 

ax2 	axay 	dy e  

dx 	 dy =--- A. 

3a AaTy Taincy ca KoopAHHaTama (a, b, c) BeJI14414He A, B, C cy KOH- 

CTaHTHe. AKO Taj Apyrkt oupepellumjan HMa, 3a ate speAHocTH H 71, y 

0611aCTI4 OICO AaTe Taqice, HeraTHsHy speAllocT, Tj. aKo je d2z < 0, 4)3THK-

11,Hja y TOj Tatum HMa maKcHmym.. 3a d2z > 0 oHa HMa MHHHMyM. 3a 

d2z = 0, ratTaffie ocTaje HepenieHo; y ToMe carrajy Tpe6a ce o6paTHTH Ha 

.1,11cPepeHuHja.ne sHatera peAa, Ha qemy ce Hehemo oBAe 3aApacaBaTH. 
3a nportaBaHDe 3HaKa KBaApaTHe cpyHKgHje' 

At 2  ± 2 Bt-n ± CA2  

mmemo oBaKo nocTyr1HTH. TpaHcctiopmHwHmo oBy cpyfiKu,Hjy Ha osaj Ha414H 

= (A2 t2  ± 2A Bz  +. B2.42) 	cA 2 1 	 B2  
± 2 BtA C-n 2  

A 	 A 

(B2 — AC) 2  . = —A  [ (At +13)02 — 

143 oBor o6aHKa cpyHKu‘Hje 3aK.1Byqyjemo Aa, y cnyqajy 

B2  — AC < 0 , 

4331HKu‘14ja HMa CTaJIaH 3HaK H TO 3HaK BeakmHe A. KaAa je 

B2  — AC > 0 , 

3HaK cPyriKtuije mosce 614TH 1103HTHBaH H HeraTHBaH. Haj3aA, aK0 je 

B2  -- AC 0 , 
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HOCTOjH npanau oApeheH jeAualumom 

A + Bn = 0, 

apic Kojer je d2z = 0; y OBOM c.nytiajy, Kao UITO CMO imam, IIHTa1-be 

ocTaje oTBopeHo. 
rlpema npeTxoAHom 3a oApehiusaine eKcTpeMyMa cpymu,Hje ABe Hen-

BI4CHO npomembHne Tpe6a ripHmeHRTH nocTynaK: 
1. HspatiyHaTH npne AenkimmHe H3B0,1{e H sa jeAHaLame 

af = 0 	
of _ 0 

 , 
ax 	ay 

oApeAHTH KopeHe. 
2. MbpamyHaTH Apyre H3BOAe H sa CBaKH nap Kopelia oApeAHTH 

npeAHocT H3pasa 

A = B2  — AC 	
a2z )2 a2z  

a2z  
aX2 > 0 MHHHMyM 

axay 	ax2  

Hoene Tora ce pyxoBommo Ta6nrw,om 

a2z  
aye • 

A < 0 IIOCT0j14 eKcTpemym H TO 
a2z  

< 0 maKcHmym 
ax2  

A > 0 HeMa eKcTpeMyMa 
A = 0 

	

IlpHmehyjemo A,a y oBoj Ta6nHum HeMa cnriaja A < 0, 
ax 
	= 0, jep 

nwratbe ocTaje HepeweHo. 	 a2z  

2  
je Taxan cnytiaj Hemoryh (saulTo?). 

Caw-ma je TeopHja eKcTpeMyMa ctlywanije BHme I1130MeHJbHBHX. AKO 

je AaTa ctlyHKu,Hja n He3aBHCHO npomeiuminix X1, X2, • • , X, 

= f 	X2) • • • Xtd, 

HeonxoAHH yCnOBH eKcTpeMyMa cy 

au 	 au 	au 
0 ; 

ax, 	ax2 	' ax„ 

Y aHannsy npmpoAe eKcTpeMyMa oBor cnytiaja Hehemo onAe ynasHTH. 
'lecTo nyTa calla npHpoAa npo6nema oApehyje KapaKTep eKcTpeMyMa. 

a2z 

6x2 

 a2z  

axay )2 

2  (--aa;)2 = C2 = 6a . 

= A2  = 6a , 

— —3a . 
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Peuthmo HeKOJIHKO npHmepa. 
I. HahH excrpemym cpyHm.wje 

z =x2  + ys — 3axy . 

PetnaBamo jeAHatme 

az 
= 3x2  — 3ay = 0, 

ax 

oz 
= 3y2  — 3ax = 0, 

ay 
oAaKne Hmamo 

x, = 0, 	y, =--- 0; 

X2 = a, 	Y2 = a. 

,Lran,e paqyHamo 

a2z  
= 	

azz 
A — 0 

axe 	
6x, 	axe 

 

62z = 3a, 

a2z  
= 6Y, ay2 

azz  
axay  ) 1  B 	—3a , 

C-2a-je2z 	C, 0, 

axay 

B 1 2 — A,C, = (— 3a) 2 — 0.0 > O. 

A2 = B22  — A2C2 	3a)2 — 36a2  <0. 

3a X2 = a , y2  = a cpyHKumja Hma eKCTpeMyM H nowTo je 
azz  
ax2  )2 = 6a > 0, 

Taj eKcTpemym je mHHHmym. 
3a nogeTaK KoopAmHaTa x = 0, y = 0, z = 0 00),HERHja HeMa eKC- 

TpeMyMa. 
III. Habit KyTHjy y o6nHxy npaBoyrnor napanenemineAa HajBehe sa-

npemmie, noA yCTIOBOM Aa theHa AyAHHa sajeAHo ca net:gime -mom nonpeq- 

Hor npeceKa H3HOCH 120 CM. 

AKO Aynamy KyTHje 03HaLIHMO ca x, a ocTane AHmeHsHje ca y H Z, 

NOCTaBlbeHH ce yCJI013 Hspancana jeAHarnmom 

x -1- 2 (y + z) 120, 



( 8 ) 
of a? _ af a? =0, 

 ax ay 	ay ax 

H 143 ( 6 ) 

momcemo H3 nocnembe jeAttatutHe oApeAHTH 

a? 
ax dy=— dx, 

• 

Houle ttera ce 3a dz Ao6Hja 

a? 	a?  axdx +— dy=--- 0 , 
 ay 

ay 

a9 
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mnm, y o6Amy AeTepmHHaHTe, 

AKO osy speAHocT CTaBHMO y (7), Ao6Hjamo ycaos, 

	

dz=(
af 	of dx --- —)dx . 

	

ax 	ay dtp 
ay 

at 	at 
ax 	ay 
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oAaKne je 
x = 120 — 2 (y z) . 

flourro je 3anpemHHa KyTHje 

V = xyz , 

Tpe6a Aa oApeAHmo enTpemym cpyHicu,Hje 

V --- yz (120 — 2y 2z) = 2yz (60 — y— z) . 

YCJ1OBH sa eiccTpemym nocTajy 

aV = 2 (60z — 2yz — = 0 , 
ay 

—
av 2 (60y — y 2  — 2yz) 0 , 
az 

Ose jeAtiattme Aajy noTpe6Ho petueffie 

y =. z = 20, X= 40, 

V = 16000 cm 8  . 

FlpeTxoAHH 3aAaTatc mace ce peuniTH H Ha ApyrH HagHH. Kaaahemo 

BeKOJIHKO petit," o TeopHjH Tora HaM14Ha. 

Y3MHMO Aa Tpe6a Hahn KCTMM cloymooje 

( 5  ) 
	 z = f (x, y), 

a noA ycaoHom Aa Hwitehy x H y 110CTOjH Be3a 

(6 ) 	 cp (x , y) 	0 . 

AKO 3aMHCJIHMO Aa CMO 143 ( 6) oApeAHAH y Kao citytHatHjy oA X H 

CTaBHJIH y ( 5 ), oHAa he z 614TH CIVHKL114ja canto jeAHe He3aBncHo npomert-

db14Be .X 11 ycaoH eKcTpemyma he 614TH ' 

dz = 0  
dx 

ap 	a? 
ax 	ay  

KOjH 3ajeAtto ca jemaintHom ( 6 ) Aaje Ase jematnime 3a oApebtthal-be OH14X 

peAtiocTH x 14 y sa Koje citytuutHja z moace HMaTH enTpemym. 

IloKa3ahemo KaKo ce HCTO peuterbe cpopmantio moace H Apytottije 

"6141.14.  r10MHO)KHMO .neHy cTpatty jeAHa.14HHe ( 6 ) 11p0H3B0JbHOM KOHCTaHTOM 

-A 14 AoAajmo cpytiKtutjH z; Ao6H1"iemo HOBy 4)3THKusjy 

z=f(x,Y)+ 1cp(x , y). ( 7  ) 

flowTo je , 

dz —
df dx ±—af  dy,  , 
ay 	ay 

Y TOj 4:15/HK1.1HjH X H y cmaTpamo Kao He3aBHCHO npomembHHe, Te 

hemo HMaTH Asa ycnorta. 3a occTpentym 
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(9) 

JeAHalme (9) ca jeAHaqHHom (6) Aoson,He cy ca oApebHsarbe TpH 
Heno3HaTe Be1114,1HHB: X, y, 

IloKamimo Aa je jeAHatiHHa 3a oApebHsaibe X 14 y, Koja ClleAyle Ha 

(9), HAeHTHI1Ha ca yCJIOBOM (8). 3aticTa, aKo enHmHHHinemo mumpinau ), 143 

jeAHatn4Ha (9), Ao6Hhemo jeAHatiHHy (8). 
TIpo6nem oApebllsatha eKcTpemyma cpyrnatHje ca AonyHcluim y -cnosom 

3ose ce npo6nem y caosH or eKcTpemym a. 3a pewasarbe TaKBHX 

npo6nema 'imam° °so Ajneposo npasHno: 
AKO Cy flpOMBH,IbHBe CtlyHKIL14je, tlHjH BKCTpeMyM TpaNCHMO, se3aHe 

jemom H,1114 mime jeAHatiftHa, Tpe6a nesy cTpaHy csaKe se3e 110MHO/KHT14 

HeoApebeHrim MHOBC1401.1,eM H AoAaTH AaToj cpyHiguijm. Hoene Tora ce OA,- 
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Ilocne Tora 113 (13) HenocpeAHo oApebyjemo 

2y + 2y -F 2y = 120, 14.414 y =-- 20, 

a saTHm AeCin1HHTHBHO 113BOAHMO 

\i ,JeHt6arba. 

	 x = 40, y = 	20 

FlporniTH excrpemyme, npeBojHe Tanxe H KowbacTe Taqxe Aanix tlytnumja H npeMa 
Ao6HjeHHm peayaTaTHma, no moryhHocTH, HanpTaTH rpaclnlKe; HCKONICTIITH 10111 H noje-
Arnie Tagxe, HapowiTo npecexe HpHse ca xoopAHHaTHHm ocama. 

1. x2 - 2x -3. 2. 3 + 2x - x 2. 3. x 2 - 3x2 - 9x -- 3. 4. -
3 

x 3  -- 
2I 

x2 - 2x+ 2., 

5. x4 -2x2. 6. x5  -5x4  +5.x5  +10x5 - 20x + 5. 7. (x - 1)213 (x - 3)2/ 2. 8. 2 -(x-l)212 . 

log x 	 , 
9. e-X2• 10. 2e 2X + 3e-2X. 	X2ekX . 12. 	 . 13. (2- 

x) 
 

x 	1-x 

14. (2x - 1) 1/2  (3x + 2) 2/3  . 

	

pebnsaHbe 	eKCTpemyMa 	ose CPyHKa14je spum no npasHay eKcTpehyMa 3a 
(pyHKgijy sfflue He3aBVICHO 11p0MeHJ1)NBaX. 

Osa meToAa pewasaisa npo6nema yCJI0BHOr enTpemyma 3ose ce 
meToAa HeoApebeHmx muoncHnaga, 

- Peummo (mom meToAom npo6nem 0 Hajselioj KyTHjm. 
3aTo cacTasHmo cpyinuojy 

u =-- xyz -F Ix + 2 (y + z) - 120] 

H npHmemmo npasHno 06Htmor enTpemyma. Ilmahemo TpH yc.noBa 

(10)
dx = y z 	X = 0 , 

(11)
au 	xz + 2), = 0, 

(12)
du 	xy + 2X 	0, 
dz 

15. Y Tpoyrao ca OCHOBOM a H BHCHHOM h ynHcaTH npasoyraoHHK HajBehe no-
Bpunme Tax° Aa my jema cTpalla next! Ha OCHOBH a, a ocTina Asa TemeHa Ha 6ovim. 
cTpanama Tpoyrna. 

• 	16. flpoaop Hma 06niax npasoyracannm ca ropamm AoAamom y o6nHxy pasHo- 

xpaxor npasoyrnor Tpoyraa. Koje senwnme Tpe6a Aa 6yAy cTpaHe Tor npoaopa ca 3a-
jeAm•mom AyncHHom p Aa npoaop nponymTa HajaHwe CBBTAOCTH. 

17. Y nonTy ynacaTH muumaap Hajsehe aanpemHHe. 

18. Y xyny yrnicaTH LucumAap Hajoehe aanpemmie. 

19. Oxo none onncaTH Kyny Hajmaffie aanpemHHe. 

20. OcHosa npasoyraomma nem,' Ha OCH x; Asa ocTana iberosa TemeHa Haaaae 
o 	 ce Ha KpHBOj ca jeAfia.mHom y= e-x2 . )1,oxa3aTH Aa ce Ta Asa Temema }mane 6am y npe- 

sojHHm Taqxama HpHse, am) npasoyrammx HMS Hajsehy nospmHHy. 

1 
21. Jenna cTparia npasoyraomixa ce Hanam Ha OCH X, Apyra Ha npasoj X =  

2 

0ApeAHTH nonommj yeTspTor Temesa Ha ximsoj ca jeAHaqHHom y = e-x', axo npasoy-
raomix Hma Hajsehy nospunmy. 

22. .E1,caa3aTH Aa OA CHM npasoyraomaxa ymicatmx y Kpyr HajBehy nospumHy 
NMa KriaapaT. 

23. ,,RoxaaaTH Aa cTpaHe npasoyraomma Hajset-e nospumHe, ynHcaHe y umncy, 

KOjH, sajexio ca yCJIOBOM 

13) 	 x + 2 (y + z) - 120 = 0, 

Aeluasajy npe6nem H TO y nrocTHjoj cpopmH Hero pant*. 3aHcTa, 143 
(11) H (12) HenocpeAHo Hmamo 

y z 
a 3aTHM 143 (1 0) H (11) Ao6Hjamo 

x =-- 2y.  

cToje y mniocy b :a, rae cy a H b noayoce mince. 
24. AOKB3aTH Aa npasa excTpemHor pacTojal-ba Tamce (a, 6) passes OA Tame 

xpHse ca jeaHavimom y =f(x) mopa cTojaTH ynpasHo Ha TaHreHTH y TOi TBSKH Ha xpHsoj._ 
25. EnexTpwuty neHTpany Ha 06=4 Hexe peKe, anipmie a m, Tpe6a cnolliTH ca 

cloa6pmcom Ha Xpyroj o6anH, Koja ce Hanam Ha oTcrojaH>y b m, mepeHom y npam.ty peKe, 

oA neHTpaae. IlpojewrosaTH HajjectITHHHjH Ha6n, am) je Heim BasAytusor xa.6.na p 
Hapa no meTpy, a noasomor q Akmapa (q > p). 

26. A<Hua Ayname / npecevelia je Ha Asa Aena 1 1  u Iv OA 1 3  je HapabeH xpyr. a 
OA 12 xsaApaT. Haha oa.Hoc /, :I, non ycaosom as 36Hp nospunma xpyra H xsaapaTa. 

6yAe HajmaH,H. 
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27. 143 Kpyra Tpe6a mcehm KPYAHH CeKTOp TaKO Aa OA OCTaTKa manpalubemm Komyc 
.mma majmehy aanpemmmy. 

Hakes enTpemyme ckymanija: 
28. z = 5x2  + 2xy + 9y2  — I2x — 20y + 17. 
29. z= x3 + y2  — 6xy — 39x + 18y + 40. 
30. z= xsy ,  (I — x — y). 
31. KojH OA npaBoyrnmx napaneaenmneAa HMa majmehy noaiummy, aKo my je 

3614p CBHX HIHILta cTanam. 
32. KojM oA npamoyramx napauenenmneaa mma majmehy aanpemmmy, aim my je 

HOBPLIIHHa cTaama. 

33.
 

Hahn enTpemym ityma 	
y 

Q b
lmje Z = X2  + y2  noA ycnoaom — + — = 1. 

34. Hakes eKcTpemym ckymKumje u =x2 + + z2  no,A ycnosom Ax +By + Cz +D=0. 
35. Hakes eKcTpemym chrmuu4je w = x 2  + y2  + z2  + u2  noA ycaomom 

	

x 	yzu 
—a

+—b +—c +—d = l• 

§ 46. 06li4He H cmirynapile TailKe 

Av • HMaMO jema4n4Hy 
f(x,y)= 0, 

pa KpHBa nwinja, 14 y3memo Ha TOj KpHBOj TatlKy M(X, y), TaAa 

a 
	 b. 	 C. 

Cu. 81. 06mme H cmmrynapme TagKe wise 

:3a nporlaBarbe KapaKTepa Kpme OKO Te Tatme moscemo 110CUIIHTH OBaKO. 

-Y3MHMO Taincy M aa. getaap H ca AocTa MUNK nonynpeqHHKom p (4riTaj 
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po) onHinemo Kpyr. Ha CJIHLLH 81,a HMaMO Taincy M 14 TaHreHTy Ha Kpl4B0j 

y 090j Tatum Hama npyadia nHHHja ceve Kpusy y rytmama M' m M"; cme 

cy AocTa 6nHcKe Taxi-un! H Harlan ce ca cynpomix cTpaHa TatiKe M. 

HCTO TO HMaMo H Ha caHKama 81,b 11 C. OBaKBe ce TaLiKe 30By 0 6 H 4 H e 

T a q K e KpHB e. Y cnylojesHma a 14 b Kplisa newt ca jeAHe cTpaHe TaH-

reuTe, a y cnynajy C je.aaH Aeo neacH ca jeAHe, a Apyrit ca Apyre crpatie. 

OBa 06H4ta Ta4Ka 30Be ce, Ka0 LUTO 3HaMO, npeBojHa Ta 4 K a. 
CBaKa Ta4Ka Kploe, Koja HeMa oco6Htty o6H4nte Ta4Ke, 30Be ce C H H-

rynapKa Ta 4 K a. og,a BHAHMO 143 HeKOJIHKO npHmepa KaKBe mory 614TH 

cHHrynapHe 
Ha C.T1HU14 81,d HMaMo npeceK ABe rpaHe KpHBe aHHHje; CBaKa OA 

tbHX 14Ma CBOjy TaHreHTy. TaKBHX rpaHa monce 614TH H Brune. OBaKBa CHH-

ry.rtapHa Ta4Ka 3oBe ce BHIHecTpyKa T a 4 K a. Ha carm,H je A B o-

cTpyKa Ta4Ka. 
Ha CJIH11,14 81,e HMaMO TaK03BaHy yraoHy TanKy: KpHBa Hma 

ABe TaHreHTe, anH 3a CBaKy TaHreHTy, nocTojH CaMO jema Ta4Ka Kpymuie 

aHHHje Koja je 6nHcKa TaHreHTH. 
CJIHKa f ripHKa3yje K p a jib y TaqKy KpuBe: KpHsa Hma TaHreHTy 

y Ta4KI4 M anH He nOCTOjH npoAy)Keibe KrniBe nocne oBe Tatme. 

AKO ce mace Na1i14 TaKBa spemoc7 nonynpetimica p Aa CBaKa Kpptula 

aHHHja maFber nonynpeqHma HeMa 3ajeAHHIIKHx TaMaKa ca KpHBom, Ta4Ka 
ce 3oBe H3 onoBaHa Ta4Ka (ca. 81,g). 

AKO KpHsa JII4HHja HMa y Ta41(14 M TaHreHTy H Kpy)KHa JIHH14ja cetle 

Kpmay y Asema Tatucama M' 14 M", . Koje cy 6JIHCKe TaHreHTH, 14 Halla3e ce 

ca. licTe crpaxe TatiKe M, Tatum ce 30Be nospaTHa HMI In 14.1b acTa 

T a 4 K a. AKO ce Kpllsa Hana3H ca pa3H14X cTpaHa TaHreHTe, HMaMo 
K o n Jb acTy Ta 4 K y (c.a. 81,h), nospamy TaLmy npse BpcTe. AKO je KpFma 

ca HcTe cTpaHe TaHreHTe, HMaMO K Jb yHacTy Tani( y, noBpaTHy TatiKy 

Apyre BpcTe (ca. 81,i) 
AKO CC y TatiKH M (cn.81,j) KpHsa rpaHa y ABe HJ114 smile rpa0a, 0Ha 

ce 3ose TaLma 6 HcpypKaumje Hari rpaHalba. 
Y nporiaBatby npHpoArnix nojaBa -necTo ny-ca 'imam HapogHTH cay-

qaj 61cflypKau,sje, KaAa CBe rpaHe Hmajy HcTy Tanrewry (cn, ann ce 

nocne 'mince M KpHBa• rpaHa y Ase rpaHe. 
CHHrynapHTeT Tatme mosce HmaTH H CaCBHM Apyrm KapaKTep. Taxo 

ce, Ha np., KpHsa mosce npH6JumasaTH TatIKH M CilHpaJIHHM 3aBOjHMa, K0j14 

camo y rpaHH4HOM nocmaTpaFby, KaAa 6poj 3aBoja Te)KH 6eCKOHa4HOCTH, 

Rona3e y TailKy M. Ta4Ka OBe npHpdAe 3oBe ce acHm n ToTcKa Ta IFK a 

xpvise. 
AHaJWITHLIKO npoytiasaffie npmpoAe 06vs4HHx H ontrynapfflix TagaKa 

yrnaBHom ce ocHHBa 	nporiaBaiby H3B0,1(a cpymarmje y AaToj TatIKH. Y 



floKa3ahemo AeTaa3Hy aHanHay Tor nporiasarba osAe He moxemo yaaaHTH. 

canto Asa. npumepa. 
1. flpormTH KpHsy inija je jeAHatuma 

ocuir.neAHo npkinaAa 14 oApeAHTH npmpoAy Tatum x = 0, y = 0, Koja 

HauIoj KPHB0j. 

AKO A14113BPBHUMPaMO jeAaHnyT, Hmahemo 

y' 2  yy" = (12 *- 6X2 . 

yy' = a 2x — 2x8 . 

ose je,a,HalkHHe He moscemo oApeAHTH y' 3a Hawy Ta4Ky, jep je 

itoe(jmu,HjenT KoA y' 3a °By TaLiKy jeAHaK Hynes. AHcpepeHumajmo jowl 

jeAaHnyT 

oAaKne 'imam° Ase speAHocTH yraoHor KoecinnwjeHra 

+ Y 2 = — a, 

ABOCTPYKa Tattla Koje oApehyjy Ase TaHreHTe. floyeTaK KoopAHHaTa je 

Hawe KpHBe. KpHBa ce 3oBe nemH H C K a T a (11111,41x% — naHubma) H Hma 

06414K noKa3aH Ha MUM 82. 
jeAHa- 11. flpoyin4TH Kpmsy Lila je 

414Ha 

TaIncy (0,0) 143 

jOlu jeAaHnyT 
SHAHmo Aa 3a 

,L1,HcpepeHumajmo 

ose jeAHa4HHe He mosiemo oApeAHTH 

y'. 
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y2 == a2x2 ____ x4 

3a Hawy Tatmy Hmamo 

= 
a2 

y2 •--- x2  (x — 2). 

floileTaK KoopAHHaTa .nexu4 Ha Kim-

soj, jep x = 0, y=0 3aAoswbasajy jeAHa4nHy 

Kpose. 3a oApebkmarbe TaHreHTe AHcpepeH-

wipajmo jeAaHnyT, 

2yy' = x (3x —4). 

2y' 2  2yy" = 6x — 4, 

Ca. 82. JlemmacKaTa 
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oAaKne 3a Hawy Tauxy Hmamo 

3,P2 	2 ;  

03a jeAHalswa noKa3yje Aa KpHBa y Toj Tatum HeMa 

reHaTa. 143 osor pe3ysTaTa momemo 3aK.IbrIHTH 

(ca. 83). OcTaJIM Aeo KpHse nexcH AecHo OA 

npase x = 2, npH gemy Tatum (2,0) nprma-

Aa Hawoj xpusoj. KpHBa je cHmeTpH4Ha y 

oAHocy Ha ocy x. 

Bew6arba 

1. 110Kaaam Aa nonyKy6na napa6o-

.n a ca jeAHaglnont y2  = ax' HMa KorubacTy Ta.my 

y norieTKy KoopAHHaTa. 

a +x 
4. floKa3aTn Aa c Tp o cp onAa ca jeAna9nHom y 2  — X2 

a —x 
rima y nomeTKy 

KoopAHHaTa ABoupyKy Taqicy. 

5. FloKa3am Aa je noveTaK KoopAnnaTa KpajH,a TagKa Kpkise ca jeAna ,mont 

y = x lgx. 
6. FloKa3aTn Aa je noqeTaK xoopAnnaTa mynacra Ta9Ka KpuBe ca jeAnaminom 

(y — 	= x'. 

§ 47. Thiel:so* Tasuce. KOHKaBHOCT H KOHBBKCHOCT KpHBHX 

HeKa je AaTa Kpkwa jeAHalkkwom 

= f00; 

-
rpe6a npoyiiHTH ycnose 3a npeBojHy TaLncy Ha TOj KPHB0j. 

Heim TanreHTa y Tatum M (cu. 84) 4l4H14 yrao a ca ocom x. Y3MHMO 

Ha KpHBOJ Tamice 	H 	ca jeAHe H Apyre cTpalle TaikKe M. 03HWIHMO 

ca a' H 	yracwe Koje rpaAe TaHreHTe y THM TaLumma ca ocom x. Henn- 

cpeaso ca cnHKe BHAHMO Aa je 3a npeBojHy TalkKy M 

> a , a" > a . 

AKO caA Hcnoa, rpapiKa cpywuwje y HaupTamo rpactnw cpyrwakije Y' 

sHAHmo Aa KpHBa y' = cp (x) y Ta4KH N, Koja oArosapa npesojHoj TaLum M, 

CTBapHHX Tau-

Aa je OBO H3o.nosaHa TatiKa 

2. nOKa3aTH Aa Kwise ca jeAnaginiama: x2/2 
y  2/a  = a  2/3 14  oy)2/8 

	(by)Z/ ' 

= 

= (a' — b2)2/2  nmajy no qempn Kon.rbacre Tatme. 

3. nOKa3aTH Aa je notieTaK KoopAHHaTa 3a Apnny 	eKapToB 1114 C ca jeAna- 

MPIHOM ± )2 ,  — 3a xy = 0 ABorroica • Ta.ma. 

Cn. 83. KpHBa ca H30A0BaHOM 

TaAKOM 
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. 	-- 
KaKo je y OBOM c.nytiajy y > 0, Taj HCTH yc.nos 3a KOHKaBHOCT mo- 

xemo Hannan,' 14 osaKo 

( 1  ) 	 YY" 	0  • 

3a c.nytiaj KOHKaBHOCTH, noKa3aH Ha CJIMUH 85, c rao a TaHreHTe ca 
ocom x pacTe, npema Tome je 

y" > 0 . 

aJIH je y OBOM c.nriajy y < 0, Te TaK0 H y OBOM cariajy OCTaje Ha CHa314 

yCJI0B KOHKaBHOCTI4 y o6.1n4Ky, ( 1 ) . 
AHanorHa aHann3a KOHBeKCHOCTH KpriKe y c.nymajesHma b. H d. Hai 

c.nyntH 85 AosoAH Ao ycnosa 

( 2 ) 

IlpHmepH 

t. KpHsa y =sin x, 3a Kojy je y" = 	x H yy" = — sin 2x sa nocmaTpAqa Ha 
0CM x yseH je AoHhasna. 

2. Kposa y = ex  , 3a Kojy je yy" = e2x  > 0, yHeH je HoHsexcHa. 
3. KpHsa y = ax2  bx c, sa Kojy  je y" = 2a H yy" — lay, 

KaBHa HcnoA oce x H HomBeHcHa HaA TOM ocom; 3a a < 0 je o6pHyTO. 
4. Erninca ca jeAHa4HHOM 

x2 _L  y2  
a2 	b2 	4  

nocae npsor Ambepeinutparba Aaje 

x 	y 
± bi-  Y.= O' 

a nocAe APyror 

_L.  11 2 _L 	„ 
a2 	b2 -F  b2  YY 	' 

oAaK.se je 

yy" — 	 < 0 b2  a 

H npema Tome noTHAYlemo  Aa je oHa, 
3a noAHawje opoulaTe, yBeK KOHKaBHa. 

5. KpHsa ca jeAHagmHom 

CA. 86. jeAila HpHHa Tpeher peAa 

I ± x2  
Y= I —x2  

Aaje 

4  (I + x2)(I + 3x 2) 	0 . 
(1 — a2)4 	' 

npema Tome je oHa, Kao INTO non3yje H cAHHa 86, yseH KoHseHcHa sa nocmaTpaqa Ha oat 

y" > 0 . 

sa a > 0 je KOH- 

x > 0 

y 

an. 84. ilpesojna TagHa 

M7 
M I  

C.a. 85. KOHKaBHOCT H KOHBeKCHOCT HpHse 
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Hma eKcTpemym H TO y OBOM c.nyvajy mHHHmym. lipema Tome 3a OBy Tatncy 

HMaMO yCJI0B 

y" = 0 . 

14CT14 pe3y.nTaT moKcemo AO-

614TH H 3a npesojHy Ta4Ky M 1 , 3a 

KOjy y TaLIKH N 1  Hmamo maKcw-
mym. rIpKH H3B0,11, mo)Ke npkt 
Tome y3HMaTH npoH3KoabHy KpeA- 
HOCT. 

143 Tora 3atubymyjemo Aa je 
HeonxoAaH yCJI0B sa npesojHy 
Tatucy y" = 0, Tj. Apyrm 143BOA 

mopa 6HTH jemaK Hynes. Taj je 
ycaos HeA0B0JbaH, Kao 111TO ce TO 

molKe B14AeTH 143 Ay6rber npo-
riasawa. 

lipoyinimo caAa yAyo.rbeHocT H HcnywieHocT KpHse .nkimje. 
3amHunimo nocmaTpatia, KOjH 143 noAHo)Kja opAHHaTe TatiKe M Ha 

KpHsoj nocmaTpa OKO,JI141iy ose Tat-me (c.n. 85). 
AKO ce AKe cyceAHe TaInce M' 

H M" Ha.na3e H c n pe A TaHreHTe Ha 
KpliKoj y TaqKH M, 3a KpHsy ce Ka-
)ce Aa je, sa Tor nocMaTpa4a K 0 H-

KaBHa HAM yay6 JbeHa y osoj 
TaLum (c.a. 85, a 14 C). 

AKO ce Ase cyceAme TatiKe M.1  
H. M1  '. f  Ha ..na3e H 3a TaHreHTe Ha 
Kpmsoj y Ta4K14 M 1  (c.n. 85, b H d), 
KpHsa je y Toj Ta4K14 3a nocmaTpa-
tia. Ha 0CM X KOHBeKCHa HJ1H 

HenyngeHa. 
AKO nponpammo nommaj TaH-

reHTe y c.nynajy a., sHAHmo Aa ce 
yraO a, Koji' rpaAH TaHreHTa ca OCOM X, cmawyje; npema Tome ce cmawyje H 
speAHocT cpyinumje KaKo je 3a (1)yHKumjy, Koja ce cmawyje, H3BOA He-

raTHBaH, mmemo TBpAHTH Aa je 

y" < 0. 



CA. 87. KpHBa H [beim acHmuroTa 
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§ 48. ACHMHTOTCHH npouec . 

•locmaTpajyhm xHnep6ony BHAe.1114 CMO Aa oHa HMa 6ecKpajHe rpaHe H ABe 
••ackimnToTe.. To cy ABe npaBe KojHma ce TatiKe xHnep6o.ne cHe Bkiwe 14 mune 
npH6amicyjy, a npn Tome cBaKa rpaHa ocTaje canto ca jeme cTpaHe 0.11. 

•OBHX npaBllx. 
TIOCTaBHMO cage onurrH nojaM acHmnToTcKor npotteca. 

HeKa je AaTa Kpkwa 1 (ca. 87), Koja 
HMa 6ecKpajkly rpaHy. flpHmeTklmo Aa 
TaKBa rpaHa He mopa o6aBe3kio HhH 
y 6ecKoHa4HocT Hero ce mory, KaKo he-

' mo TO BHAeTI4 Ha npHmepHma, cse werie 
TaLwe HaJla3HTH H y KoHatmoj 06nacTH 
paBHH. • 

YnopeAo ca Kpkwom l 3aM/CaHMo 
,Apyry KpHBy ); oHa moace HMaTH 6ecKoHa4Ky rpaHy HJIH 614TH KoHatma; 
Haj3aA oHa mome AereHepHcaTH H y 

Ha KpHBoj 1 (ca. 87) y3MIIMO Taing M N 113 ose Taime noByttllmo 
HajKpahe pacTojakbe MN AO Kpkise A. AKO ce nomeB oA oApebeHe (mime Ak, 

'ace Talwe KpHBe 1 HaJIa3e ca jeAHe cTpaHe KpHBe X H aKo pacTojatbe M N 
>cTaAHO onaAa H TexcH HyaH, KaAa ce Tagica M cBe mute yAaJbyje oA Tatixe 

M0 , TaAa ce 3a KpHBy X Ka)Ke Aa je a c H mnToTa xpHse 1. 
AKO 3aMHCJIHMO Aa Cy tiatue Kpkwe rpacjwitH oApebeimx upoueca, 

npouec, KojH oAroBapa ackimnToTH je acHmnToTcKH npo tt e C. 

fJIaBHH 3Ha4aj nporiaBalba ackiMnToTa JIe)K14 y Tome WTO OH omo-
ryhyje Aa ce, npki A0B01b110j yAarbeHocTH, AaTH KomnakwoBaHH npouec 3a-

meHH aCHMIITOTCKHM KojH je maxom jeAHOCTaBHHjH. 

AKO je acHMnToTa npaBa akamja, oHa ce 3OBe npaBoaHHHcKa acHmnToTa. 
TaKo, Ha np., xllnep6ona HMa ABe npaBoammcKe acHmnToTe. 3a acumnToTe 
ce y BehHHH cayvajesa MHCAH Aa cy npaBoaHHHcKe. AAH acHmnToTe mory 
614TH H Apyror oft-ma. TaKo, Ha np., aKo ynopegnmo rpaHe ;web( xHnep-
6oaa, AaTe H KoHjyroBaHe, oHAa caaKa xHnep6oJla mome 611TH cmaTpaHa 
Ka0 acHMnToTa KoHjyroBaHe H 'o6pHyTo. 

floKamHmo npHmepe HenpaBoakunicKnx acHminToTa. 

KpHBa aHHHja Intja je jeAlkatillHa 

r 	(1 — e —  , 

rAe cy r H 0 noaaplle KoopAHHaTe, a a cTaaHa Ay)Kma, HeMa 3a II0314THBHe BpeA,- 

.HOCTH 0 rpaHy, Koja HAe y 6eCKOHa4HOCT, jep KaA 0 oo, Taillta spwn 6ecKpajHo 
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mHoro 06pTall,a 01(0 nom. 0Ha ce yBeK Haaa3H y Kpyry noaynpetonaa a, a, 
pacTojawe Talwe OA Kpymile AHHHje, Koje H3HOCH 

—0 

	

a e 	, 

cmakbyje ce CTaJIHO H, KaA 0 -4- co, OHO TeXCH Hyari. OBaj aCHMIITOTCKH npo-
u,ec je KppicHH npouec. 

Haj3aA, mome ackimnToTa AereHepHcaTH H y TatIKy. TaKO, KpHBa 

akmkija ca jeAHatwHom 

r = a e—  ° , 
HMa 3a acHmnToTy Tatwy — nOJI cHcTema, jep pacTojawe Talwe - KpHse 011. 

noaa CTaJIHO onaAa K TemH HyAH KaA 0 -4- oo. AKO 3a AocTa BeJIHKy BpeAHocT 
yraa 6 npouec, oApebeH Hatuom Kpiwom, 3ametHyjemo acHmnToTcKkim npo-
uecom, Tpe6a npocTo CTaBHTH r = O. 

IloKaxcHmo caAa KaKo ce oApe1yjy npaBoaHHHcKe acHmnToTe xpHBe 
.aHHHje oApebeHe aare6apcKom jeAHaLmHom. 

Tpe6a npki TOM oApebuBallsy pa3.111-1K0BaTH Asa caraja: 

1. ACHMIITOTe napairenae KOOpAHHATHHM OCaMa 

PellIHMO jeAHatumy Kprwe 

F (x, y) =0 
110 y, 

Y = f (x) • 

AKO 3a X = oo y HMa oApebeHy BpeAHocT b, jeAHatikma 

y b 

oApe1yje npaBoaHHHcKy acHmnToTy napaae.rmy ocH 
TaKo, KoA Kpkwe (CJIHKa 86) ca jeAHatamom 

1-x2  
Y= 

1—x2
, 

3a. x = 00, HMaMO. 
1 

+ 1  

1 	, 
— 
X2 	x oo 

13 



x 
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lipema Tome Hmamo acHmnToTy napanemy ocH x Ha pacTojalby 
je,s,aH HcnoA Te oce. 

3a oApetmsaH.e acHmnToTa napanealmx OCH y Tpe6a jeAHaLumy KpHse 
peluHTH HO X,  
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CTaBHMO JIH 
y a x b , 

Ao6Hjamo 

( 1 ) 
	(1-1-a2)x8-1-3a(ab—q)x2+3b(ab—q)x +1)2 

x 	(y) 

H 110Tpa)KHTH speAHocT X aa y = oo. AKO TaKsa speAHocT x'a flOCT0j14, 

peimmo a, jeAHaluma acHmnToTe HarneAa 

x =-- a . 

Y Hcrom npHmepy, aKo peummo jeAHatumy no x, Hmamo 

Y 	1  
+ 1  

oAaK.se aa y = oo Hmamo 
x2  = 1 , 

WTO 3HB4H Aa Hama KpHsa (ca. 86) lima Ase acHmnToTe napanenHe ca 
ocom y: 

X = + 1 , X = 1 . 

II. AcmmnTore Role HNCy napcumme Icooimixamim ocama 

AKO jeAtla4HHy acHmnToTe Hanmuemo y o6.s14my 

y=a x -j- b, 

TaLme ose npase, KaA x 00 , mopajy npHnaAaTH Hamoj KpHsoj ca jeAHa44Hom. 

F (x, y)= 0 . 

Ilpema Tome y osy jeAHainmy Tpe6a-GT' a-
BOTH, mecTo y, Hapaa a X + b, 

F(x,ax-F 6)=0, 

H npeTnocTasHTH Aa je x = oo. AKO ce Hoene 
Tora Ao6Hjy oApelieHe BpeAHOCTH aa a o b, imam 
npasa Hma npasonHHHcKy acHmnToTy. 

Kao npnMep, xotopHcTH#IeMo jeAtiammy 
T3B. AeicapToBa JIHCTa (ca. 88) ca jeAHanmOm 

x3 + y 2  —3qxy =0. 

AKO noAummo osy jeAHatamy ca x 3 , • 36or yc.nosa x oo CBH quaHosH, 

ceM npsor, mopajy 614TH jeAHaKH Hynes; npema Tome Hmahemo aa npm4 YCJIOB 

1 + a3  0 , 

oAaKne Hauammo spes.HocT yraoHor KoecImmijeHTa npase 

a = — 1 . 

Ho noA TOM yCJIOBOM jeAHa4Imy (1) mmemo HanHcaTH 

3 a (a b — q) x 2  + 3 b (a b — q) x 1) 2  .= 0 . 

AKO noAeuHmo 0BY leAHaLmHy ca x 2, HOHOBO 3601' ycnosa x oo Asa 

nocnemba ImaHa mopajy 611T14 jeAHaKa Hyatt, Te ambygyjemo Aa je 

cjnamjeHT 

a oAasAe oApebyjemo 

b 	 q. 
a 

Ha Taj Ha4HH olleKapTOB JIHCT HMa acHmnToTy timja je jeAHamma 

y 	q 

06paTHmo namu-by Aa cpopmanHH nocTynaK KOjH BOAR Ao je,s,Satme 

aa oAp0Hsalbe a H b nyTem HajeAHatieffia ca Hynom Koe4musje14aTa y3 Asa 

HajsHum cTeneHa no x mowe 614TH npHmeibeH yomuTe Ha a.nre6apcKe Kpmse. 

AKO je ApyrH K0e$H11,14jeHT HAeHTH4KH jeAHaK HyJ1H, Tpe6a HajeAHatuiTH ca 

Hy.nom Tpeho KoectimmjeHT. AKO Ao6HseHe jeAHatume Hmajy peweiba, KpHsa. 

Hma jeAHy HJIH smile acHmnToTa. 

Beac6ama. 
0Aptram acmpanToTe xpiaBe ca jejsmagimom: 

1. y = e—x2  ; 	2. y = log x; 	3. y2  .=-2 
2 a — x 

(ammo) ; 	4. x' y 2  = a2  (x2  + y 2); 

5. (z — 2)2  (y — 1) = 1 ; 	6. x2I 4 a2  (2 a — y); 	7. x' ± 2 x2  y x y 2  — 2 y, 

 +4y3-1-2xy-Fy=1. 

CJI. 88. XteKajyroa JuicT 

3 a (a b q)= 0 , 



en' 

y b. M3 
Ml  

Ca. 89. Poaosa ieopeMa 

Ca. 90. .11arpaHweHa Teopema 
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§i21.pwRax_Ilarpaulaeaa Teopema 

,LkaTa je Kplina (cll. 89, a H b), Koja y Anema TanKama A H B, OA-
HOCHO Al  H B 1  cetie ocy X. HeKa 3a cnaKy Tatmy one Kpm3e nocTojit 0.3.- 
pebeHa TaHreHTa, HO HeMa TanaKa ca TaHreHTom napanenHom ocH y. TaAa 
ce HenocpeAHo Ca CJ1HKe 3a KpMBy, Koja He OAJIa3H y 6eCKOH34HOCT, monce 
B11,11,eTH TailHOCT one, P JI one, Teopeme: 

AKO Henpemma Oymamja 
jeiwe npomeHzHHe Ha rpaHHHama 
o4p4eHor HHrepHarta HMa 
HOCTH je.aHaxe HyJIH (HJIH Apyre 
mice, aim je/waKe Hpe,aHocrH) 
H CB)1,1(a y OBOM mirepHally HMa 

of pe6eHH KOHaYHH .113B0,a, Tajla 

6ap jeoriaHrtyr y OBOM HHTerMally 

H3B04 re Oymamje HMa Bpeif-

HOCT 

3aHcTa, H3me1y TattaKa A H B K1:1HBe 110CTOjH bap jema TaLIKa M 3a 
Kojy je TaHreHTa napa.nenHa OCH X, 11.1TO 3Ha4m Aa je H3BOA cpyHKu,Hje 
jeAHaK Hynit. KaK0 noKa3yje H CJ1HKa 89, b TaKBHX TanaKa monce 614TH H 

some. 
AKO je Kpkina AaTa jeAHammom 

Y = f (x) 

H f (a)= 0, f (b) = 0, oHAa UOCTOjH TaKBa ancu,Hca mmeby a H b, Aa je 

f' = 0 

Y3memo JIM TanKe npeceKa P H Q KpHBe He 
ca ocom x, Bell ca celumom PQ (cA. 90), Koja 
CT0j14 Koco npema ocH x, moncemo cpopmynHcaTH 
Teopemy cAHLffly Pononoj; ona ce 3one .I1a r p a H- 

e a TeopeMa. 
AKO HenperamHa OyHHHHja HMa 3a cHe Bpe4-

HOCTH je,aHor HirrepHana (a, b) oilpe6eHu KOH0 ,11114 H3B0,4, HOCTOjH y TOM 

HurepHaRy Gap je,rwa raKBa Bpe4HOCT Aa je 

f — f (a) 	, 
(1 ) 	 — f 	= tg . 

b — a 

reomeTpmcKH TO 3Ha414 (CJ1. 90) Ad Ha CBaKOM Aeny HenpeKHAHe Kprine 
ca oApebeHom TaHreHTom nocTojH yneK 6ap jeAHa TaKBa TanKa 3a Kojy je 
TaHreHTa napa.nema TeTHBH UITO cnaja KpajFbe Ta4Ke Tora Aena.  

197 

JacHo je Aa H3 Jlarpamese Teopeme HenocpeAHo c.neAyje Ponona Teo-
pema: CTaBHMO JIM y (1) f (a) = f (b) = 0, Hmamo M)=-- 0 . 

143 (1) Immo 

( 2 ) 
	

(11)= f (a) + (b — f 	I 
Y °nom o6nHKy ce Teopema 3one H Teopema o c p e A tb ojnpe 

HOCTH 	yHKunj e. OHa noKa3yje Aa je HOBa npeAHocT (1)3,HKuHje jeA- 
HaKa' nomsHoj speAHocTH yBehaHOj 3a npnpaurraj aprymeHTa nomHo*em 
speAHouthy 143BOAa sa HeKy cpeArby BpeAHocT aprymeHTa. 

Bamum o6pa3au (2) Hana3H ce y OCHOBH mono( maTemaTimmx patlyHa. 
O6paTHMO nanany Aa 3a npeAHocT t, Koja nencH H3MeI)y a H b, mo- 

Aemo Hal114CaTH 

= a + (b — a)3 , 

rAe je 3 (nwraj TeTa) 6poj y rpaHmu,ama 

0 < < 1 . 

AKO pasnmy b —a o3Ha4Hmo CH h, jeAHanmy (2) moncemo H OBaK0 

H3p3314TH 

( 3  ) 	 f (a+ h) f(a)± h f' (a + 3h) 

Beatfiama., 

1. llompAHTE TagHocT PoaoHe Teopeme Ha chrmawjama: a. y = (x — 1) (x — 2); 
b. y xa— x; c. y= 	X. 

2. nOTBPAHTH 12,1}10CT llarpaimeHe Teopeme sa Itymataiy y = sin x y HaTepBany 

oA x -6-- Ao x =  • 
4 

§ 50. Heoapehena imam 

flpeTnocTasHmo Aa Tpe6a H3pa4yHaTH speAHocT H3pa3a 

33 X = 2. CTaBHMO J114 HenocpeAHo y Taj 143pa3 	2, Hmamo y 6pojHouy 

11 y HmeHHouy Hy.ny Te, npema TOMe, H3pa3 Ao6Hja 06J114K 
0

— • Taj 113pa3 
0 

HeMa oApebeity npeAHocT. 3aMCTa, H3 (1) HMaMO, aKo je x — 2 + 0, 

(x — 2) y = x 2 — 4, 

(1) 

 

x2  — 4 
Y = x — 2 
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aJIH sa x = 2 H OBa jepHaKocT po6Hja o6aic 0.y = 0 H npeTcTamba HAeH-

THTeT 3a csaKy 11130143B0JbHy spepHocT y. 
KaAa na)KJbHBHje noraepamo Ha ' ,was (1), BHAHMO pa je OH He- 

sropHo HanHcaH, jep je 

x2 — 4 	(x + 2) (x — 2) 
x — 2 	x — 2 

AKO CaA CTaBHMO x = 2, Haul was po6Hja noTuyHo oppelrHy 

Molly, jemmy 4. 
Y OBOM caygajy HeoppebeHocT CTOjH y Be3H ' ca LIHHHeuem x — 2 y 

6pqjHogy H y HmeHHouy. Taj 11HHHaa11, KOjii je jepHax Hyal4 3a x = 2, cme-

Tao je oppelmarby npase BpeAHOCTH Hamer Koarmsa. 
Amass ce pa ce He MO)K jepHocTasHo Halm y 6pojHogy H y 

Hmemoity 4HHH.11a0, KOjHM 611CMO moran CKpaTHTH H A0h14 AO npase spe.ik-

HOCTH pasaomsa. Ha KOjH HaLIHH hello Tapa oppepHTH npasy spepHocT 

KOJIHIIHHICa? 

EBO npasHaa Koje omoryhasa oppebHsame npase spepHocTH mum ,- 

fao. a pa ce He mopa TpaacHTH sajepruNKH 4HHHaag y 6pojHOuy H 

Y3MHMO pa Tpe6a HahH npasy spepHocT KOJIHI1HHKa 

f(x)  
p(x) 

3a x = a no) ycaosHma pa je 

(3) f(a) = 0, 	cp(a)— 0. 

CTaBHMO npso 
x= a + h, 

na hello H3 (2) HMaTH 

(4) 

IlpeMa TeopemH o cpeAtboj spepHocTH 4)ymowje mowemo CTaBHTH 

f(a+h)=-- f(a)-+- hf(a + 0,h), 

<Ka -F h)--= p(a)+ hep'(a+ 0,h), 

rpe cy 	H 0, Asa 6poja y rpamotama op 0 AO 1. 
AKO ose BpepHocTH CTaBHMO y (4) H HckopHcTHmo yczose (3), nocae 

acpahHsafba ca h Hmahemo 

f(a ± 0,h) 
— ?'(a 0,h)  

110111TO osaj K011144HHK Tpe6a HspatiyHaTH 3a X = a, cTasHhemo h = 0 

po6Hhemo 
f(a) 
V(a) 

IlpeMa Tome pesyaTaT mowemO Aecl/HHHTHBHO 11313a3HTH 

f(x) 	0 __ I- f(x)1 

p(x) 	0 	cp yx) 1 x ----- a 

OH npHKasyje T3B. .TI o 1114Taa0B0 (L'Hospital) npaa it n 0 1), 

Koje mum: 
3a o4peO8arbe npase npe,anocrn H0.11W1HHICCI 

f(x)  
p(x) 

x = a, tag je f(a)=--0, cp(a)=0, Tpe6a. ANOepernmparn noce6no 6po- 

jn.rtacc H HMeHHAall H y HOBH Ka.11H 11HHK CTCIBHTH X= a. Arco ROM KOJIHMHIC 

mime o oripeOtry npeRnocr, atm Aczje npany BpeAriocr H 110J1a3H01 KOJIHEIHUKa; 

alCO oneT Ao6kijemo neogp4enocr, ROIIHTWIOB 1700717aK Tpe6a HOHOBHTH. 

PellIHMO HeKOJIHKO sapaTaKa. 

1. 	
x2  4 \ 	= 0 = 2x \ =4.  
x-2 ix= 2 0 	I )x=2 

1 — cos x \ ... 0 	(sin x \ 

x2 	i 	
—- - 

x ---= 	
... 

	

0 0 	 2x ) x = 

== ( cos x _.= — • 1 

2 ) x = 0 2 

—x— x- 
2  

2 ) 	= 
0 ( ex — 1 — x \ 	0 

0. 3x2 	/x=0 0  

( ex —  1 \ 	Of  ex  \ 	1 	1 

\ 2.3x )x=0 	0 • 1.2.3 ) x 0 3! 	6 

0E10 6u npaimao Tpe6aao anaTu Bepuyanjeao npaanao, jep ra je Joxan Bepnyau 

(Joh. Bernoulli), 1694 mum, caolunmo llonwra.rlY y leMont 

= — X + . 

(2) Y = 

f(a+h)  
Y= p(a+ h) 

2. 

3. 

4. 

(sin x 	0 	(cosx 

X )x=0 0 	1 ) x = 
= 1. 

0 = 
0 

x4 	x = 0 
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2. Y = 

0 
A0BeAeHe Ha 06.rtHK x+logx\  °O— ( 1  + 1x 	 1 — 	. 

xlogx x=00 oo 	logx+1 x =00 00  

000 • 	1 	; 	c‘a 
• 0 . c• ; 	0°; 

0 

0 ' 

H00 

CBaKH ce op fbccx moace TpaucciaopmHcaTH y H3pa3 

TO HCTO TaK0 CHM60JIHLIKH. 

.cv = 

0 FloKaAHmo,  
0 

Pima H. Apyrmx HeoApebeHocTH Koje mory 6HTH 

AKO Hmamo KOJIHIIHNK 

 (5) 	 ' Y = 
f(x) 
 , 	 . 1 	1 
p(x) . 	 - 	1 

KOjH Tpe6a H3panyHaTH 3a x r--- a, flpH "lemy je 	 3 	y  = (  log tg  x . 1 	= 00 • 	tgx c0s2ik 1  _ 
klog tg2x) x  =0 00 	2  

(6) 	 f (a) = oo, 	tp (a) = oo , 	 tg2xcos22x x =0 

JlaK0 je noKa3aTH Aa 3a Tar KOJIH4HHK HCTO TaKO Ba)KH J1011HTal10B0 

HMO, HaHme 

(sin 4 	 0 	(4 cos  4x x 
2 sin2x)x=o 0 	4cos2x)x= 0 

= 

Y Te HcTe 3aAance cnaAa HapanyHaearbe npaeux epep,HocTH H3pa3a 
Koje CHM60.11114KH moacemo 03HalfHTH OBaKO: 

	

) 	
C01 C0

1 
_ 00

2 
N71 (1 — 	= 	0 = 	 0 . 

	

1 	 0  

H THMe ce ceoAe Ha nperxoAHH carcaj. 

3a cee cnynajeee KOjH cToje y Be3H ca cpyruccuijom 06nHKa 

y = u" 

Tpe6a npeo °By jeAHalmicy porapprroeaTICH TO 3a njampo,amy ocHoey, 

log y v log u 

,aecna cTpaHa npeinna je cap, y HeoApebeHocT 0 . . AKO Habemo. 

Hz.eHy npaey epeAHocT A, 143 log y = A Ao5Hhemo epep,HocT y'= eA . 

llpHmepH: 

{ f oo l 	00 	f (x)-1 

	

cp(x)J x a 00 	I. p' (x) x = a 

npHmeHHTH .TIonnTaposo npasHao: 

Yx = a x  = 0a  

= I 
jx=a jx 

— 

x 	a 
y f ' 

f2  
_( 	(1x)- )_ 

2 	r 
= 

 {
1— 11 
1)2  f 

_( 	(1x) 	_x=a  

v(x)-11 y2 

L 	(x) 

1. 	y 	(x log x),, =0= . 1. 

1 \ 
(x)) 

0 
3a x = a off Ao6Hja npema (6) o6PHK — H 

0 

3aHCTa, KCOHLIHHK (5) moacemo HarnacaTH 

1  \ 

y 	fic,(x)) 

npema Tome Ha %era mo)cemo 

y o6pHicy 

0AaTlle AeCIMIHTIOHO Ao6Hjamo pesyarraT 

[f (x)] 	oo 	(f' (x)  
Yx = 	, 

(x) x = a 0Q 	1/ (X) x =a 

Jog X — 

0 

0 — 
0 

1 	1 
x = 

x=o l 

( 

x ))x = 
1  

x2  

— x) x  = 0  = 0 . 

flpHmepH: 

Y— \ 	

oo___/— 2 — 2x\ 

5x2+1 	x = 	00 k to x / x = oo  

oo —2 = 	 — 0,2 . 
00 	10 



2 	x 

-3. 	y = (xx ).„ = 0  =-- ; log y = (x log x).= 	0 (30/1.0 saAaTaic 1); 

y = eo 1 

y = [(1 x)
log x 

1 ] 

	

x=00 =-
- 000  ; log y = 		

 
log (I -1- x)] 

[log x • X = c o 

 

1— x) 
= 	log y — 	

1 . log x 	= -0— — 
x= 1 	 —x 	x=1 0 

3. 	y 

 

— 1 x=1 
1; y 

1 — 
e • 

00 	1 

1 + X) x=00 00  
= (--) 	= I .  

1 x=oo 

1  co F1  - x 
00 1 

x 	x=00 

y =-- 	e . 
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y= (1—x)tg—xl =0 
2 	x 

— 1 = 

2 
sine x 

	

1—x 	0 	 = — = 
cotg — x 	0 

	

2 	r= 1 

2 
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7. 	floKa3aTH Aa paamica OpAHHaTa TaInce minep6one 

b 	 
=

a 
11  X2  a2  

14 Tatum •berle acithinToTe 

y =—x 
a 

Te)KH Hp1H KaAa x-*00. 

mute : 

[Ya 	1,x 00 == 
b

— I/X2 -TC?) x co= op — CO • = • 

a 

b 	— V x2 	a2) (x + x2 a2) 

a 	x 	X2 — a2 	x -*co 

a b = 0 . 
x-fix 2 —a 2  x-0.00 

Taj npumep jour jeAaHnyT notcaayje Aa HeoApelleHocT Name HacTy-

fam ycneA Tora 111TO je H3pa3 HanHcaH y HearoAHom o6nHity. 

BeNc6afba. 

S—$ . )x=s • 2  (;-- 11 ) 
i.  (x2  —4x + 3

x=i • • (xx:  -- aa:)x=a 4  ( ax  — bx  \ x ix=0 

(x — sin x\ 	. ( 
 sin'

tg x — silt x\ 	. . (  5x 13  ± 2 \ 	. 8.  (x ,"\ 
5. x )x=o \ x3  ix=o 	 \ 10x" ± 1 fx=00 	k ex bt=--.. • 

1 

9.  t 	) 	'` . 10. 
(x log gin x) x=0  : 11. 

1 —  logi 
x ) x=1. 12. [0 + xii  

g 3xx=
i_o.  / tg x  \ 	 ( x  )7 -  

2 
1 

13. [0 ± rix) x l 	. 14 . {(cotg  x) x l 	. 
x=o 	 x= o. 

( log x x-1) x = 

1-1 — log x 

jlog x
x-1 

x x = 1 

rx-1--xlogx ] 	0 — = 
(x —1) log x 	0 	. 

r 	x log x 	1 

Lxlogx+x-11 x= 1 

1 

r  logx+1  

Llogx-1-1-1-1 2 
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rJIABA VI 

§ 51. HeoApOemit HHTerpan 

• Y onepaimjit Attcpepeuttipatba 3a AaTy cpytiK8Hjy F(x) oApehyjemo. 
H3BOA, KojH hello 03HaEIHTH ca f(x). flpema Tome je 

dF (x) 
 — f(x), 

dx 
HJIH 

dF (x) = f(x)dx , 

rAe je 3a AticliepeHuttpatbe: 	AaTa Tpa'KeHa cpyincutja. 

Y MaTemaTtutH csaKoj AHpeKTHoj onepauttjti oArosapa H o6pHyTa, 
titisep3Ha onepaimja. 3a onepausHjy HHBep3Hy AmpepeHutipamy Tpe6a y jeA 
HatIHHH 

d F(x) f (x)dx 

AA 6yAe: 	 Tpa)KeHa AaTa cpyHmttija. 

0Ape1JHsalbe npso6HTHe .  ctlymatHje F (x), intjH je H3BOA, AaTa cpymcuttja 
f (x), ripeTeTasa.a. 3a Hac HOBy maTemaTimy onepagHjy, Koja ce 30Be H H-
Ter pauxj a, a spwetbe Te onepaumje je HHTerp H p a H. e. 

Ha np., HeKa je f(x)= x2. Tpe6a oApeAHTH cpyHxu,Hjy F (x) ca H3B0- 
Aom jeAHaKtim x2. Jaciio je Aa y TpamteHy cpyHmtHjy Tpe6a Aa ylje x 3, jep 
hello oA AH4)epeHumpatba Tpeher cTeneHa Ao6HTH Apyrn cTeneH; aAH AH-
4)epemvpathem x8  Ao6HjaMo jom H Koectilit'HjeHT 3. Tor KoecjwitjetiTa HeMa 
y AaToj cpriKwijii x 2, npema Tome cpyimitHjy x3  Tpe6a noAentiTH ca 3. Ha 

Taj HaLIHH 3a f (x) = x2  Hmamo F (x) = 
1
3 x

3. Taj je oArosop TaltaH, jep je 

x3  

dx 3  

	

. 	1 

3 
HO HCTH pe3yaTaT Aaje H 4:03,HKKHJa — x 8  1, jep je 

ddx (31 x3  + = X2  ; 

( x8  + 7  \ 

	

dx 3 	/ 

	

(1 	 2  
dx  —3  x C — , 

rAe je ca C ow-lamer' noTnyHo 11p0H3B0JbaH, anti cTanaH 6poj. 
Ha osaj HatIHEI BHAHMO Aa mule HHTerpauttje ctlyHKH,Hje x 2 Hemamo-

noTnyHo oApebeti peayATaT, Hero cliyincutly. ca AoAaTKom y o6A HK n y pO 

113B0JbHe KOHCTaHTe. Ca TOP ce paanora pe3yATaT HHTerpawije 3ose H e-
oApebe H H HHTerpa A. 3a ,Taj ce titiTerpan. mo)Ke 110CTaBHTH Ae4"14- 

111411,14ja: 
(loyHKaHla Ca a4HTHBHOM Hp0H3B0JbH0M KOHCTaHTOM, "HIM je H3BOA 

Actra 	 30Be ce Heoapebemi iffirerpan Te Oymatrije. 
Y MaTemaTitu,H CBaKa onepagHja, Koja ce uecTo nyTa notias.n.a, a HH-

Terpau,Hia criaAa y TaKBy spcTy onepau,Hja, pima csojy HapotitiTy o3HaKy. 

143 pamora KOjH hemo sHAeTH Aoittije, 3a • HeoApebeim HHTerpan yseAeita 

je o3HaKa 

F (x) = f f (x)dx 

OHa caApnut 3 H a K H H T e r p a A a, Koji ,' je nocTao H3 pa3sy4etior 

CJI0Ba S ("ipso cnoso petm Summa), n o A 14 ti TerpaaHy ipyHKUHjy HAH 

HHTerp a H A — To je AaTH 14380)1, H Aticpepetiuttjan dx mijit noKa3yje 

'Tomei-m.1,18y no Kojoj ce 'Twit HHTerpautja. 
Ca yBeAeHHM o3HaKama pe3yAraT ripeTxoAtior nptimepa ce mowe Ha-

nticaTH 

f x 2  dx = 1 — + 
3 • 

HenocpeAHo 143 Aecimituttije HeoApeheHor HHTerpaAa cAeAyje : 
I/13soA HeoApebeHor purrerpana jeAHaK je noAHHTerpanHoj 4)3THKRHi14, Ti. 

—ddx p (x) dx f (x) 

11 

fdF(x)=F(x)+ 

HCTO TaK0 Hmamo 

HJIH yornuTe 



f cos x dx = sin x + C , 
•-• 
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AKO xohemo Aa. noicycTso 11p0H3B0JbHe KOHCTaHTe y HeoApeljeHoM 
HHTerpany npOTyMatiHmo reomeTpficxH, npumeTldwmo Aa jeAHaqHHH 

y F(x)+ C 

3a ataxy noce6Hy apeAnocT KOHCTaHTe C oApeljeHa xpHsa JIHHHja 
(en. 91). Ca npomeHom ose KOHCTaHTe xpn-
Ba ce nomepa y npasay oce y, He memajyhm 
npH Tome CB0j o6JIHK. 

Kan H maim o6pHyTa onepaumja 1411- 
Terpatwja jemHoro tenca oA Akupepenu.HpaH5a. 

kIma spno mHOro npasH.na H meToAa 
3a TaxossaHy TaLmy HHTerpau,Hjy, KaAa He- 

0 
	> oApellem kurrerpan moscemo 143pa3HTH nO- 

Mohy Hama 1103HaTHX, yrnamom enemeHTap-
...- 	 HHX cpymumja. MH heMO .HaBeCTH HeKe . 

THx meToAa. 

§ 52. Ta6.30aa 3a waTerpawijy 

CBaKH o6pa3aa AncpepeHumpatba mo- . 
sce ce o6pHyTH H TaA3 OH Aaje o6pa3au sa HHTerpau,Hjy. TaKo 143 o6pacua 

(x2)' -= 5x4  
c.neAyje o6panau 

f x'dx 
5

x2  C , 

a 143 o6pacua 
(sin x)' = cos x 

o6panatt 

rAe je C, y jeAtiom H Apyrom enygajy, n p OH3B0JbHa KOHCTaHTa 14H-
T erpau.Hje. 

HenocpeAmm HcxopHuihasamam o6pasaua AmpepeinuijanHor pamyHa 
mowemo Hanl4caTa use o6pacue sa HeoApebeHe HHTerpane. 

(I) 	
dx

F(x)= f (x), 	f f (x)dx F (x) + C . 

( II ) f A f(x)dx = A f (x) dx, A = const 
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(III) f (u ±v) dx 	f u  dx 	fv dx. 

• -Ft 

(IV) fx°  dx 	C, n+-1. 
n-I-1 

icY = log x C . 
x 

(V) feldx=--e 2 -1-e. 

( \ibis) f dx dx 	
a C

. 

log  

(VI) fsin x dx — cos x + C 

fcos xdx = sinx+C. 

(VII)  

cobis) 

dx  
j cost x 

f  dx  
(VIP" ) 

J sin2x 

(VIII)
r 

 1-1- 
dx

x2 
___ arctg x + C = — arccotg x + C, . 

J  

(IX) dx  
I—x2 

 dx = log 11 	+ C. 1 + x 
1 — x 

1  dx  	= arcsin x + C = — arccos x + C,. 
1/ 1—x 2  

IlpHmeTHmo Aa 3a Alla o6pacua (IX) H (XI) HeMa oArosapajyhHx o6pa-

3aua y Ta6J1H11,H ca AmcpepeHuspaise. OHM cy yHeTH y Ta6sHiLly HHTerpa- 

jep cy sesaHH 3a o6pa3au, (VIII), omocHo (X). CBaKH OA MIX MOxeMO• 

nposepHTH HenocpeAHHm AmpepeHu,Hpatsem. 
3a (IX) o6pa3au Hmamo 

	

x 	1 1 — x 	(1 —  x) + I (1 + x ) _  1 

	

1 — x 	2 I + x 	(I — x)2 	1—x2-  

oArosapa 

y 

CJI. 91. RpuBe JIM* neoxpebenot 
swerpana 

IVbis ) 

— cotgx + C . 

( X ) 

( XI) 
f  dx  	— log (x + 1+x2) + C. 

1/1-Fx2  
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06pa3au, (XI) npompasamo ()Balm : 

log (x + 	+ (.1 + x  
x +111+x2  

)_ 
)11+x2  

1+x2  + x 1 1 
x V1 -x2 1/1-1-x2  

06pa3au (XI) ocTaje Ha CHa3H H oftAa KaAa II0a, KopeHom cTojH mecTo 
jeAHHHue ma KOjH 1O3HTHBHH HJ1H HeraTHKHH 6poj, tlaK H Hylla. 3aHcTa je 

[ log (x + fa-71--x 2)] — --x 	 (i+  _x  \—  1  
a+x2  ) 	a+x2  

CneuHjanHo 3a a = 0 HMaMO 

r  f  dx  ll 	= dx 
L V a ± x2 	 ja=c, 	--x  =/ogx+c, 

, npH gemy Taj oArOBOp cneAyje H H3 pe3y.TraTa 3a onuITH cariaj, jep je 

[log (x +11 	+X2)+ = log 2x + C log x + log2 + C= log x + C 1 . 
0 

IlpeMa Tome Ta6nHu.y 3a HHTerpagHjy mmkemo AonyHHTH o6pacu,em 

dx (Mb") 	iv a+ X2  = 
	 log (x +11 + x2) + C. 

§ 53. MeTo,ike HirrerpauHje 

Mma HeKonmo enemeHTapHllx meToAa nomohy KOiHX moxemo noje-
AHHe HHTerpane AouecTH Ha Ta6AHLIHe HHTerpane. Oue 1eMo meToAe npH-
'Ka3aT11 y Behmui cArajeBa. Ha npumepHma. 

1. Y3MHMO HHTerpan 

(I) 
	

j x-2 
f  dx  

TaKsor HHTerpana HeMa y Ta6nHun, anH je HaBeAeH y tboj camvaH 
.14FiTerpaa 

( IVbis ) 
	

f
dx 
— = log x+ C.  
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3a apao e1-be HHTerpa.na (I) Ha npeTxoAHH 0611HK CTaBHMO 

x — 2 = z, 

rAe je z Hosa npometubloa. A noc.ne AH-cpepeHumpaffia A06HheM0 Ke3y H 

H3me1y AHcpepeHuHjana OBHX npomeHadomx 

dx = dz. 

Ilpema Tome HHTerpan (I) Ao6Hja o6mIK 

dx 	dz 
x — 2 	z • 

H nocTaje Ta6,1114 ,1HH HUTerpan 3a KOjH Hmamo 

, dz 	, — =--- Log z + C; 
• 	z 

aKp Ce spaTHmo Ha cTapy npomewbumy Hmahemo ABCPHHHTHBHO 

f  dx  
x —2 

=- log (x — 2) + C. 

3a H3pa4yHaume ouor HHTerpana ynoTpe6HAH cmo MeT0,0,y Koja ce 

soBe meToAa 3ameHe. 

Y3MHMO j0111 HeKCJIHKO npHmepa 

1. 	 f (5X--  3)4  dx. 

CTaBHMO 
5x-3=z 

TaAa je 
5dx= dz, - 

oAaKne je 
I , 

ax =---- dz. 
5 

Haw uuTerpan nocne TpaHccpoprviaaHje Aaje 

f (5x -- 3)4  dx 	z4. --5I  dz = —51  f z 4  z = -15-- • —51  z 5  + C 



-z5+ c---_(5x_3)5+ C. 
25 	25 	• 

2. f e si" cos x dx. 

CTammo 
sin x = z, 

Tap,a je 
cos x dx= dz 

H npema TOME H3BOAHMO 

fes t " cos xdx= e s  dz = e +C— r 	e sinx + c.  

3. f 5 + x2 
 dx  

llowTo oriaj HHTerpan J114'414 Ha HHTerpan • 

dx  

I +x2  

3aMeHa Tpe6a Aa. 6yAe Taloa Aa ce y HmeHHouy nojaBH 1 mecTo 5. 3aTo 
CTKBHMO 

x2 = 5 z2, 

HAM 

zirg, 

oAaKne ce nocne AH4epeHumpaffia Ao6Hja 
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AKO Hmamo HHTerpan 

J f (x)d x 
14 CTaBHMO 

X = ¢ (Z), 

oAaKne je 
d x 	(z) d z 

H 	 - 
Z 	4)(X), 

oHAa ce HHTerpan TpaHccpopmkuue 

(XII) f f (x) 'd x = f f (z)] <Az) d z = F (z) C = F (x)] C . 

Hasewhemo jou' HEKO.TIHKO npHmepa. 

1. 143patiyHaT1 HHTerpan 

x2 +d2xx + 5 

3a Aoeoheibe oBor HHTerpana Ha Ta6.4114HH HHTerpan mopamo npe 

ceera.yKROHHTH npen cTeneH x'a y HmeHHou,y. Y Tome UHJby H3ABOjHMO y 

HMeHHouy noTnyHH KoaApaT, Tj. TpaHccpopmHL1HM0 ra 

x2 ± 2x+ 5 	±2x+1 ± 4= (x + 1)2  + . 

CTaBHMO 3KT14M 
x 1 = 2 , 
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oAaKne je 	
d —2dz 

H 

dx-= -V 5 dz. 

llocne 3ameHe Ao6Hjamo 

f dx  f_fdz  11 -51  d z 11 
z2 5 

5 + x2 	5 	,z9=  5 	 arctg z 

iri arctg _s__± 
5 	V 5  

IlocTamimo oruwrH o6pa3au, 3a spuleffie 3amene npomemsHee KoA He-
oApebeHor HHTerpana. 

z = (x + 1). 

Ham HHTerpan he AaTH 

dx 	f  2 d z _\ 1 	dz 	—1 arctg z + 

f x2 } Lx 5 4 (e I) .2 J +z2 2 

1 	x 	1 
— arctg 	+ C . 
2 	2 
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2. 1/13pa4yHaTH HHTerpan 

f v3 	x — ')C2  — 

Iipuo hemo ra TpaHcci)opmHcaTH ca noubem Aa H3ABOjHMO Iowan' 

dx  
dx 

= 	2  d x  

j 115 — (2 x — 3)2  

3aTHM maacemo CTaBHTH 

2 x— 3 =1/z, 

2 dx=.11dz 

2 x — 3 z = 	 
V 5  

14HTerpan Tap,a HarneAa 

2 d x 	d z 	 arcsin z + C — arcsin 
2x — 3 
	_ 	C. 

J 	 — (2 x 3) 2 	1/1 —z2  

II. "Ipyra meToAa oApebHHaH)a HHTerpana ocHHHa. ce .Ha o6pacuy 
AkupepeHumjanHor pagyHa 

d(uv) = nth/ + vdu , 

cllaxne H3BOAHMO oaaj o6pa3au HurerpaAHor paHyHa 

(XIII) 	 Judy = tiv — f vdu 

IloxancHmo npnmeHy 'oHor o6pacua npHo Ha jemom npHmepy. 
klapagyHaTH HHTerpan 

(2) 	 ixex dx. 

Y3MHMO npeo jeAaH Aeo no,AHHTerpanHq cpymn,Hje H CTaBHMO 

ex  dx = dv , 
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oAaxne je 

(3) 	 v = f exdx = ex 

OBAe HHtMO yHenH Hp0H3B0IbHy KOHCTaHTy, jep je AoHon,Ho Aa je 

CTaBHMO y xpapbem peayaTaTy. 
Ilocne OBOE' npeTxoAHor, Aeluimwmor HHTerpHpaffia HHTerpan nocTaje 

xexdx = f xdex. 

AKO Ha fbera npHmeimmo oopaaau ( XIII) 6Hhe 

f xdex= xex —fexcix , 

0,11,aK/le AeCI)HHHTHBHO H3B0,104M0 

fxexdx = xex — ex • C = ex(x — 1) + 

NOLUTO CMO 3a HapagyHaHal-be OBOE' Hurerpana npeTxoAHo 143Bp1.9141114 

HHTerpauHjy (3),  rAe y non,HHTerpanHoj stlyHKLLHjil rlecTsyje CaMO jeAaH Aeo 

noA,HHTerpanHe cpyHH.HHje HHTerpana (2), pin ce meToAa 3OHe M e T 0,11, 

elIHMH 4 He HJIH napuHjanHe HHTerpauHje. 06paaaa (XIII) Ta-
Hobe ce aoHe o 6 paaau AenHmHHHe HHTerpaullje. 

Peummo join HeKOJIHKO npHmepa meToAom Ae.n14mHHHe HHTerpanuje. 

1. 143pagyHaTH HHTerpan 

I = fx2  sin x dx 

y3MHMO mwrerpan Aena noA,HHTerpainie cpyHKunje 

iv = sin xdx= —cas x , 

3aTHM HapamyHamo 

I =f x2  sin x dx ---- — 	-= x 2d cos x — xa cos x + f cos x dx2  = 

-= --- x2  cos x + 2f x cos x dx ; 

dx 

J 113 x — x2 — I (x2  — 3x ± —
9 

4 
) 
+ 

4 
—
9 

— 1 

ci,,axne Hmamo 

H 
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Ha nocneAHA HHTerpan HOHOBO npnmeibyjemo meToAy Aernimntme HHTerpa-
unje, na npoAyncyjemo 

1 = — x2  cos x + 2f xd sin x ----- — x2  cos x + 2x sin x -- 2.f sin x dx = 

=-. — x 2  cos x + 2x sin x +2 cos x + C , 

npeMa Tome CMO ynoTpe6H.In4 H Apyry Aeanmiumy vurrerpau,Hjy. 
2. HapatiyHaTH HHTerpan  

I =fsin2  x dx . 

I43ABOjHMO OBaK0 

fv= sin x dx =--- — cos x , 

TaA,a pagyHamo 

fI = sin2  x dx = _ sin x d cos x = — sin x cosx+J cos x d sin x = 

= — sin x cos x -1-f cos 2  x dx = — sin x cos x + (1— sin2x)dx = 

= — sin x cos x + x —1 . 

BHAumo Aa CMO nOHOBO A0614J111 HCTH HHTerpa.n. AKO onaj HHTerpan npe6a-

W4M0 Ha AeHy cTpaHy, nmahemo 

21 = x — sin x cos x , 

°Anne Ao6Hjamo ,11,414HHTHBH14 pe3yATaT 

I —f sin2  x dx = —1  (x — sin x cos x) + C . 
2 	- 

AKO noTpammmo y HCTO Bpeme nfiTerpan 

I, =f cos2  x dx , 

HojH moxtemo TpaHccl)opmncaTn y 

I, =1(1 — sin2  x) dx =J dx — f .sin2  x dx = x-1, 
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AWIK3HMO 	OAr0B0pa 

I, =i cos2 xdx = 1  (x -t sin x cos x)+ C. 
2 

III. Ca meToAom Ae.rumwtHe HHTerpagnje CTOjH y Be3H meToAa 

peAyKuHje. 
I-by hello o6jacHHTH Ha KOHKpeTHOM npHmepy. 
143pa4yHaTH HHTerpan 

=f sine x dx. 

flpHMeHHMO npBo Ae.TIHMHIIHy HHTerpauHly 

l a  =f sin° x dx = _f sine.-' x d cos x= --sine-'x cosx + cos x d sine -1  x = 

----- — sinn -1  xcos x + (n 1) 1sine -2  x cos 2  x dx = 

= — sine-1  x cos x + (n — 

= — sine-1  x cos x + — I)In-2 — (n-1 ) L. 

AKO npe6auHmo 4JtaH ca 1„ ca ACH Ha iesy cTpany, Ao6uhemo 
o6pasau, 
• 	 nI n  = (n — 1 ) p — sina-i x cos x,. 

Kojn.  ce 30Be p e.A y K IL HoHH o6pa3 a 14. OH omoryhyje Aa ce HvattyHa 
HHTerpan ca noAHHTerpanHom clayHKuHjom cnnycom Ha Ii - TH CTeneH nomohy 
nwrerpana rAe cHnye Aa314 Ha cTeneH n —2. YHacTonHom npnMeHOM oho( 
o6pacu,a mowemo /laic° H3pagyHaTH maim TaKaH HHTerpan, aKo je n u,eo 
no3HTHHin4 6poj. 

3anc-ra, aKo je n napaH 6poj, noc.rie HH3a peAyKIAHja Aonammo Ao 
liHTerpaaa 

Io  f dx = x + C. 

Y c.nytajy HenapHor 6poja n HHTerpan I ce peAyumpa Ha Ta6nntnil4 
HHTerpan 

f sin xdx= — cos x + C. 

dx — t )[ fsine -2  x 	sins x dx1---- 



(4) f(x), 

rAe je f(x) noAHHTerpanHa cpyinumja HirTerpana F(x) +C. noun .° je 

d F(x)  
= f(x), 

dx 

EpHsy Y = F.  (x) + C 
ocom X. 

AKO Ha 000BHHI4 e y3memo 
Tatucy P Ha pacTojan.y jeAaH 
nes° oA notienca KoopAHHaTa, 
a Ha OCOBHHH y oAmepirmo speA-
HOCT cpyincuilje y = f(x), Ha rip., 
OA' = f(a) 3a Tagicy A, npasa 
PA' oApebyje npasau TaHreHTe 
Ha HHTerpanHoj Kp11B0j sa x =a,, 
jep je 3a Taj npasau 

OA' „ 	,„ 
a). tg = 	= f(a) : = H 

OP 

opAHHaTa y = f(x) Irma reome- 
TpaciroTymagerbe TaHrerica yrna, 
KOjH TaHreHTa Ha HHTerpanHy 

rpaAir Ca 

<-1 	- 	 • 

Cs. 92. HHTerpanHa Kpnaa aa Aa•y 
nomaTerpann-y itynxuniy 
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OHAe hem° Ka3aTH HeKOJIHKO pew' 14 O r p a CP H 4 KOi HHTerpau H j H. 

IV. AKO je f(x) noAHHTerpanHe cpyHKurija HHTerpana 

f f(x) dx = F(x)d- C, . 

jeAHatirury 	
y=t(x), 

MoliceMO npeTcTasHTH Ha CJIHLI,H nomohy KpHse, rpacima noAHHTerpanHe 
cpyriKurrje. Cam Hirrerpan .pApebyje ce TaAa Kpirsom irrija je jen,Hatirma 

Y = F (x) + C. 

OHa ce 30Be HHTerpanHa Kp H 13 a. Ta Kinisa pima flOTIlyHO 0A-
pebeHir nonoscaj sa csaKy oApebeHy Bpe,a,HocT C. Osa KOHCTaHTa ce MoxKe 
TaKobe oApeARTH H3 yCJI0Ba Aa HHTerpanHa Kplisa riponam Kpo3 ,a, a Ty TairKy 
M. (x0, Y0). 

KaKo ce upTa HHTerpanHa xpHsa, KaA je AaT rpacturK noAHHTerpanHe 
(1)37HiruHje? 

Heim je Ha CJIHIIH 92 AaTa Kprisa nriHirja AB ca jeAHativiHom 

•2 . 17 ' 

floAe.sHmo caA ;3.ymui11y b - a, pacTojarbe H3me1-jy opAHHaTa TairaKa 
A H B, Ha 11 jeAriarcirx Aenosa; CBaKH 0,4 1-1144X 03Ha4Hmo ca Ax. Kp03 AeoHe 
TaLnce nosyuirmo opAirHaTe Koje cu.) ,  frpHey (4) y TatiKama A, A 1 , A2, • • •, A, (B). 
143 611110 Koje, 141111 143 AaTe TaLuce M. Ha opAHHaTH Ta4Ke A nosyummo 
npasau napanenaH npasuy PA' Ao npec,eKa y Ta4KH M 1  ca opAHHaTOm TatiKe 

-A,. 143 TairKe M, KOHCTpyHWHMO npaeau, napanenaH npasuy PA', sa KojH 
je OA', = f(a !Ix) HTA. TaKo hemo A0614TH 11113 TatiaKa M 1 , M 2 , • • • , M0, 

Koje oApeljyjy H3nowbeHy AHHHjy. HIT° je 143a6pa1ia senwrima OJC marba, 
TO HaupTaHa 113./10M1beHa nrnmja Tairmje npeTcTaaJba HHTerpan ,zraTe cpyHK-
uHje ca oApebeHom 11130H3B0JbHOM KOHCTaHTOM ruiTerpau,Hje. Yrnose Te 143- 

nowbeue JIHHHie mowemo yrnaAHTH upTajybir 6.rincxy Kpm3y araiHjy. -  

Bew6ama. 
MapariyaaTn nwrerpane civinunija: 

1. 5x-3. 2. x2 - 4x -1. 3. 	+ 2X-2  + X--5 . 4. 1/x + x . 5. ix- 1 . 6. ex+I • 

7. sin (x 	1). 8.e. 9. a sin t 	b cost. 10. pz'12 	qz`12 . 11. ax2 	bx 	c 12.(a - bx)Vs 
• 

13. }TT( 	. 14. xlixa - 1 . 15. sin' x . 16. i+ 
1 c 9  cp

. 17.. sin 2x 	18. cos 4x. 
s  

• 19. sinh x . 20. cosh x . 21. 	
sin x 
	 . • 22. 11 3'. • 23. xe-1/2  X2 . 24. sin,  (2x +1). 

a + b cosx x 

25. (1 	sin ex)e x  . 26. xe37  . 27. xzeT. 28., ex  sin x . 29. e -x cos x. 30. e2: sin x . 

31. HaapTaTH Sp03 Tagicy (1, 2) naTerpanny Konay aa noAnaTerpanay 
i 	• 

y = -
2 

(x - 2) H npoaepirrn pe33inTaT nocne napatiplasal-ba naTerpana. 

54. iltrrerpauuja paritioHaninix comumja 

Y paumoHanHe cpyfiKirHje, Kao ruTo 3HaMo, cnaAajy ripe cBera rionH-
HoiviH. 14HTerpaumja nonwHoma ce - Hpium 6e3 TeurKohe. 3aHcTa, momcemo He-
nocpen,Ho HarnicaTH 

f (a0  -I- a tx 	2x2 	• • + 	ciaxn)dx = 

a 
1 

= a_, dox + -
1 

a,x2  + -
1 

a,x3 	• • ± -- 	xa 	
1 
	auxa+1  , 

2 	3 	 /7 	 n+ 1 

rAe CMO ca a_, o3Ha4moriri np0H3B0Jb41y KOHeraliTy HHTerpauirje. 

Teopnjy Hirrerpauuje pa3110M.rbe1414X ci)yHKuHja npirKa3ahemo Ha 11113y 

npHmepa. 



• Pm(X) 
P.(x) 

1 (x

x + 1

— 1) (x — 3) 	
1  +  2  i dx  = I  dx  +2  f  dx  — 
1 x-3 dx.--f[x-- 	 Jx_i Jx__ 3 

— log (x — 1) + 2 log (x -- 3) + con st = 

— log  (x — 3)2 
 + coast = log C (x-3)2  • 

(x— 1) 	 x — 1 

npn qemy CMO msTerpansy KOHCTaHTy HanHcanH y o6nHxy log C. 
TpaHccpopmawija, Kojy CMO 11pHMeHHJIH Ha no,n,HHTerpanHy cpymawjy, 

3oxe ce pa3nara}be AaTe pa3nom.ibeHe clukixgHje•Ha npocTe 
pa3nomxe H TO nomohy me -roAe HeoApebeHHx,xoe0gHjeHaTa. 
Y.nory Taxmx KoeciniqnjesaTa Hrpa.Tim cy y HaweM "npHmepy 6pojew4 A H B. 

2. ,Jen,HaT4HHa 

dx dz, x z + 3, 

+Haul HHTerpan ce mopa 413pa3HT14 
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TO Tpe6a H3jeAHal4HTH 11.11aHOBe nexe 14 Aecae cTpaHe Kojit He 3aBHCe OA X 
H KoecimanjenTe ya. x. ,,Ro6mhemo Axe jeAHatume, 

1 = — 3A — B 

1=A-{-B, 

. 3a oApebnsathe A 14 B. Te jen,Hawnie Aajy 

A = — 1 B = 2 . 

HHTerpan ce, npema Tome, moxce osaKo TpasccpopmncaTs 

axe + bx -f-c = 0 

.nma Asa jeAnaKa .Kopesa (b2 4ac = 0). Y3ehemo oneT gompe -rau npHmep. 
M3pa4yHaTM HHTerpan 

f 2x — 5  

J (x — 3)2 
dx . 

AK- 0 CTaBHMO 

x-3=--z 
14 H3pagyHamo 

I  2x — 5 dx __ 12z +  
I  dz — 2 

f dz + r cr_z = 	1 2 log z — -- 
j (x — 3) 2 	j• z2 	✓ z j z 2 	 z 

=2 log (x — 	
1

+ C . 
x -3 
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flocne H3,majama genor Aena y o6nHxy nonHHoma 143 pagHoHanHe 
41::IyHicu,1je 

rAe cy P m (X) H P,(x) flOJIHHOMH, moxcemo cmaTpaTH 6poj In maffium OA n. 
Kam) cmo mmenx, HHTerpan 

dx  f 
j-x — a " 

monce ce naxo H3pagyHaTH. OH HMa Hpe,n,HocT log (x — a) + C . 
no CB0j0j CJIMeHOCTH HapeAHH HHTerpan pa3.110MJbeHe ItyHKgIfje Hma 

'06JIHK 

f  Px+  	dx 
ax2 4-bx+c 

• 
TAH. cy  a, b, 	p, 	KOHCTaHTHH 6pojeBH.,06jacwimo HHTerpawijy TaKBe 

.pa3nomibeHe cpyfficgaje Ha HeKOJIHKO KOHKpeTHHX npHmepa: 
1. Jen,HaLuma • 

+bx+c=0 

•Hma ,u,Ba cmapHa pa3.THP4HTa Kopeila (b2  — 4ac > 0). OBaj cariaj o6jacm4- 
-hemo Ha KOHKpeTHOM 3a,xamy. 

1/13patiyHaTH wrrerpan 

x +  1 dx . 

•1 (x_1)(x,_ 3) 

Kopei4 HmeHHoga cy 1 H 3. CTaBHMO 

x +1==  A 	B   
(x — 1) (x — 3) x-1 -t- x— 3 

• 
-14Ae cy A H B Asa KOHCTaHTHa HeoApebeHa Koecimu,Hjewra; Te Koecjmumjewre 
Tpe6a oApeAHTH Tax° Aa npeTxoAna jeAsaima, Ba)KH 3a CBaKy speAsocT 

x'a. AKO ce ocno6oximo HmeHHoga, Ao6Hja ce 

_x 	A(x — 3) + B(x — , . 

KaK0 oiaj HAeHTHTeT Tpe6a A a BaNCH 3a cxe Bpe,3,HodTH npomewbwie x, 

a 
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I leAHatI NHa 
- ax2 + bx + c = 0 

pima Asa HmarHHapHa Kopetia (b2  — 4ac < 0). 14 osaj cnyvaj hemo o6jacHHTH 

Ha jeAHom nplimepy. 
HapagyHaTH HHTerpan 

r  3x — 1 dx. 
j 4x2  + 8x +7 

143ABojm mo y HmeHHou,y TOTalIHH KsaApaT 

4x 2  + 8x 7 = (4)2  + 2.2x.2 + 22 + 3 =(2 + 2)2 + 3 

H CTaBHMO 

2x + 2 = v 3.z, 
oAaKne je 

2 dx 	dz 
H 

11 -  z — 2 
2 

HHTerpan ce npema Tome, osaKo TpaHccpopmnwe 

C  3x —1 dx= [ 3  (0z —2) 1 1" dz  
J 4x2  8x + 	 2 	 2 3 (z2  + 11 

	

z  dz 	21/3 	dz 
4  z2+1 
	3 	1 +z2  

= 3 f  d(z 2 + 1) 2[3  ( • .dz_ 
8.1 z2 +. 1: - 	3 	1+z2  

3 

8 	. 
log ( z 2  + 1) 
	

2  	arctg z + C 

= 
3 , o 

4x2  + 8x + 7 2 0 arctg 2 (x  + II  + C g 	 = L 

	

8 	3 	
3 	tr--3 

2 111  arctg 2  (x + 2)  + 

	

---- —
3 

log(4x 2 +8x+7) — 

8 	 3 	10 

YonwTe, aKo je Hmekikinau, paa.nomKa noAHHTerparnie clumurfje Tpeher 

HRH sinner cTeneHa, yrnasHom ce paAH nomohy meToIne paanaralba paanom-
_ 

„TbeHe cpyww,Hje Ha npocTe paanomKe ca HeoApebekuim KOecI3HwijeHTKma. 
Y3MHM0 npkiMep.143pa4yHaTH HHTerpan 

6x2 +2x=-3 dx. 
j (x 2  + l)(x - 2) 

6X2  + 2x — 3 = Px + Q
+ 

 A 

(x2  + 1) (x - 2) 	x2 + 1 	x-2 

0AaTne Hmamo H,I1,BHTHTBT 

6 + 2x — 3 = (Px + Q) (x — 2) + A (x 2  + 1). 

HajeA,HaqHmo KoecjmuHjeHTe H C.11060,alle LIJIaHOBB, 

6=P+A . , 	2=Q-2P, 	— 3 7- — 2Q + A. 

Pewasakbe OBHX jeAHatuma Aaje 

P 1, 	Q = 4, 	A = 5. 

• Haw HHTerpan ce nocne Tora HapagyHasa osaKo 

f 6(x:2  +. 02(x—x 2) =__ f xdx +4 — x2 f x2  d% + 5  f x  dx 2  
3   dx 

1 
log (x2  +- I) + 4 arctg x -F.  5 log (x — 2) + C = 

log (x --1  2) 5  0+ 1 ± 4 arctg x + C . 

Ha ()Bolsi npHmepy cmo skutenx Aa npx paanaraH.y paanowbeHe (.1)ytIK- 

• uHje Ha npocTe pamomKe Tpe6a paankmosaTH Asa c.nriaja: KaAa je Lunikulau, 

HMeHHoua npsor H KaAa Apyror cTeneHa. Y npsom cnyvajy y 6pojmou 
Hmamo camo jeAaH HeoApebeHH KoecjmumjekiT, a y Apyrom AHHeapHy cpyHK-
w4jy ca Asa HeoApebeHa Ko44nojenTa. ,E1,a sHAHmo jow KaKo Tpe6a no-
cTynHTH y c.nyvajy KaAa y HMeHHOUy Hmamo AHHeapHH LiktHkinau, BHuier ult 

npsor cTeneHa. TaKo, Ha np., aa HapatiyHasakbe HHTerpana. 

dx  

Tpe6a CTaBHTH 	

1 	 A 	, B 	C .  

1) 2 (x+ 1) 	—1) 2  x-1 x+1 

CTaBHMO 



222 

OnaTne HMaMo 

1 A(x± 1) + B(x2 — 1) -F- C(x 2  — 2x + 1) 

H nocne Tom jenHarip(He 

0 =B+C, 	O=A— 2C, 	1 =A— +C 

Aaiy peweibe 

Flocne H3panyHaHaFba HHTerpan no6Hja 06nHK 

dx 	I r  dx 	1 r  dx 	r  dx  

f (x_1 )2(x+ 1) 	2 j (x- 1)2 	4 j x- 1. 4 jx+1 

1  1  + '1 
log 

x 1  ± log C = ..= 
2 x — 1 4 x — 1 

 = log 
V  x 

 + 1 	 
1 

x — 1 2(x — 1) • 

Beacoalba. 

143pa9ymam iftrrerpane ca noAmicrerparniom chimantjom: 

1. x2m  + axm +n + bxn  + x2n . 2. x2  + x + 1 + — + — • 3. 	 

	

I 	1 	1 
. 4. 	x+  4 

	

x 	.7C 2  _ 2 — x 	x2  -1- tlX ± 8 

7x + 3 	 I. 	 1 	 I2x — 5 	 2 
5. 	 . 6. 	 . 7. . 8. -- 	— —. 9. —  

	

2x2  — x — 3 	15 + 6x — 9x2 	x2  + 4x — 2 	x(1 + x — 2x2  (x-3)2(x-2) 

	

2x — 3 	 x2 	1 	
• 12. 	

x2 
10. 	 • 11. 	 iimexHoqa cy: 

x3 — 4x2  +4x 	x (x

+ 

 — 1) 2 	x2  + 5x 2  + 8x + 4 (xoperm  

- I 41 — 2). 

§ 55. Hirrerpauffja cpyinuolja Koje BaBnce on BBaffpa -rnor Bopena 
113 mamma npBor x ,Rpyror czenefla 

AKO nonHuTerpanua cpyHKH,Hja 3aBlICH 0,11, KHanpaTHor KopeHa 143 no-
aHHoma npHor cTeneHa, Kao, Ha np., y HHTerpa.ny 

f  5 
	 

dx  
+1/x-2 

mmemo Taj KopeH y3eTH 3a HOBy 11p0MeliJbHBy; Tana non,HHTerpanna yHK- 

223; 

nocne TpaHcci)opmau,Hje, nocTaje paaHoHanHa. TaKo memo y OBOM npx-

mepy CTaB14TH 

— 2 =-- z 
°name je. 	

x = 	2, 	dx 2z dz . 

Flocne oBe 3ameHe HuTerpan no6Hja 06.(1HK 

AHHoma npyror cTeneHa, HmajyhH y 1314,11.37 Aa ce y ocnoBnoj TatInkt(H 3a HH-- 
AKO nonHHTerpanHa cpyHKELHja 3aBHCH 0,14 KHanpaTHor KopeHa 113 no-- 

TerpagHjy Hana3e °Ha nHa HHTerpana 

1 dx  

 
a+x2  

f  dx  

-11 1—x 2  

npHH 3aAaTaK he 614TH na ce Tpa)KeHH HHTerpan TpaHccpopmmwe no mo-- 

ryhcmy Ha Ta6antiffl4 HHTerpan. KaKo ce TO panH o6jacHHhemo Ha npHmepkima.. 

1. 143patiyHaTH HHTerpan 

• 	1   .= f 	 dx  
I/5 ± 4x ± x2  

Y HmeHHotty Tpe6a H3ABOJHTH TOTaIIHH KHanpaT 

5 ± 4x ± x2 = x2  ± 2 .x. 2 ± 4 ± 1 =1 ± (x +2) 2  

H 143BpWHTH 3ameHy 

x ± 2 = z; dx =dz; x=z-

2 ce H3pa4yHasa maw 

dx r  dz  log(z + 1+2.2  ) +log C 
J 1/5 + 4x + x2 	j 1/1 z2  

= log C [x + 2 ± i5±4x--Fx2  1. 

A= 	B= ±•—. C--. 	
dx 1 	 1 	 1 

4 	 j 5 4-Vx-2 = j
-2z dz 	' 	5 
5+z= 	 2f (1 z+  5 )d z--= 2 

= 2 [z — 5 log(z +5)]+C= 

= 2 br.) -2 — 5.log (5 + Iii=2)1± C. 

— 5 
dz 

J z+5 



C  dx 	C  x2dx  

j 11 1 — x2 	j I1 + X2  nomohy KOje Ce Haw HHTerpa.rt oaaKo TpaHapopmmue 

15 
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2. kbpaqyHaTH HHTerpan 

I= 	
xdx 

x (4 — x) 

143ABOjI4M0 14 oB,Ae TOT3J1H14 KHaApaT 

x (4 — x) = — (x2 — 2 .x .2 + 4) + 4= 4 7–(x-2)2  

H H3BpWHMO 3aMeHy 

.Te npema Tome 3a I, Hmamo 

= f xdv = — x 1 — 

12(z+ 1)2 dz  =7  Z+ 1 
	dz = 2 

• 1 Cd(1—z 2) 	C  dz 

 1/4(1—e) 	 - 	

{ 
• 	 2.1 1/1 —z2  j 1—z2  

= 2 [— 1 —z2 + arcsin z I+ C = —1.X(4—x) -I- 2 arcsin
2

+ C. 

3. 143pa4yHaTH HHTerpan 

1= 	x2 dx. 

110.1UTO y Ta6J1144HHM nHTerpanHma KopeH cTojH y• HmeHHouy, rpe6a 
HHTerpan TpaHccpopmHcaTH TaK0 ,11,3 xopeH 6yAe y HmeHHou.y; y TOMB wrJby 
noAHHTerpanHy cpyHKu,Hjy MHOAHMO 11 )1..e.nrimo KopeHom. nocTypa ce oBaKo: 

CJIWIHO ce H3pavyHasa HHTerpan 

f1/ 1 	+x2  dx 	[x +.x+ log(x +Ill +x2 	)1 C . 

4. H3pa4yHaTH HHTerpan 

dx  

y Ta6J114 ,1HOM HHTerpany He CTOjH HcnpeA KopeHa y HmeHH-

Ogy HHKaKaB ripomeHJbHB 414H1111314 a oHAe CTOjH, Tpe6a Taj LIHHHJIall yKJ10- 

1114T11. To ce paAH 3ameHom 

	

1= f V 1. x2 dx= f 	'  

	

J 	, vi-x. 

1—x2  

1 dx --_ 	dx = 
I' 1 - - x2  

,.., 

1 	1 1 x 	dx = 	uz, z = — , 
z 	z2  

2 

1-1pHH HHTerpan je Ta6AH4HH, a ApyrH H3pagyHaBamo °Ham) 

 2  
I 	 ii = 	_ =-- x dv , i 

1,11 x dx — x2 	
j x 1/ 1 + x 2  

I ,-- z 2  • _ I 1 	dx  

.--- — log (z + if 1 + z 2  ) + log C = 

v =
xdx 	

— 1 f (1— X 2) d (1 — x2) = — 
f V 1— x 2 	2 

rAe ce v oApehyje nocne AeAHmk4He HHTerpalmje Cx 
=-- to  	

1 + VI +x2  

x — 2 = 2z ; ,dx -= 2 dz , 

na Hmamo 

.TKO 01:337 Bpe •g,HOcT CTaBHMO y H3pa3 3a I, Ao6Hhemo 

I = arcsinx+x1/1— X2  — I , 

0AaKae Hmamo ,ii,erpHHHTHBHO 

I= 
2 

—1 (x — x2  + arc sin x) 

f il —x2  dx = — x I x2  +I . 

dx 
1 — • 11  z 

d - 
z2  

= dz 
+ z2 

- x2  
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AKO cpyHgu,Hja f(z) He caApmw mule T13,3HCKeHAeHTHHX onepauxja, 
moncemo Ha Haut HHTerpan nprimeHHTH oneparmje HHTerpauHje, xi* CMO 

H3.30AH.314 y npeTicommm naparpagnima. - 

3. tgx ix = I 	
sinx dx  = 	d cosx 

= log cos x + C , 
cosx 	J cosx 

• 
cosx dx  _ 

1 	
d sinx  — log sinx + C C.  cotg x dx = 

sinx 	sinx 

4. 3a HHTerpan 
dx 

j sinx 

Kao H aa MHore Apyre HHTerpane TpHroHomeTpmcgrix El3yHgu,Hja aroAHo je 
ynoTpe6HTH aameHy 

cukagne je 

x 
ig 

2 	
z 

dx 
	x  — dz . 
2 cos2 — 

2 

llomohy oge aameHe .HHTerpan ce TpaHapopmpune 

r dx  f 	 dx 	 — f dz — log z + C = log tg — 
j 	 sin 
	x 	z 	 2 2 sin — cos. — 

2 	2 
HHTerpan 

dx 
cos x 

moncemo TpaHccpopmricaTH Ha nperxoAHH HHTerpan, ago CT3BHMO x --= Z 
2 

TaAa je cos x= sin z H dx =- --- dz. Mule oBora ce Ao6Hja 

1'  --I dz 
cosx s inx  

( 	x 	
Jr - x 

= — log tg 	) +C . — log tg (— + — 
4 	2 	 4 	2 

5. 3a HeKe HHTerpane TpaHcReHAeHTHrax cpyrigumja npHmeHa AenHmH-
4He HHTerpausje Aaje oAmax peaynTaT. 
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Begr6asa. 

143paayaani }lineman ca rioaaaTerpanaom CI) pixwijord: 

1. Vx+1 . 2. Ii2—x . 3. 	 :11 T  

	

If 	• 4. 	x 	x2  
a• —, — • • (Iiir-1— x 	irx-1 	y x—t 

t  

	

— yr x—t) x. 7. 1 / ax-}-b. 8. xir ctx---1-b. 9. 	 . 10. 	 11 _ 	„ 
1(3x2 — 2 	Vx2 

i 
— 2x 	y 9x2+1 

12.    13. 	 14. 
y1—x2 1 	1 	

. 15. 	, 	
1  

1i9x2  -1- 6x —15 	x 1/7-----x2 	„2 x2y x2-1 .  

§ 56. 14HTerpall,Hja HeKHX TpaticuenneHTHHx cpyHgtuaja 

Y Ta6.04HH 3a HHTerpagHjy HM3 HeKOJIHKO HHTerpa.3a ca noAHHTe-
rpanHom TpaHcueHAeHTHom cj)yHgu,Hjom. To cy HHTerpanit (V), (Vb's ), (VI), 
(VIbis), (VII), (VIlbis). 

110KBXCHMO j0111 HeKOJIHKO BaXCHHX HHTerpana Tpaticu,em,a,eHTHux 
epyrigu,Hja. 

I. 3a Hirrerpan 

Inix" ez dx , 

rAe je n ueo • nommisaH 6poj, moncemo nago nomohy AenHmntiHe 00Terpa-
0.0je H3BeCTH peAygu,HoHH o6pa3au, 

In  =-- ex — n 

a 3a n u,eo HeraTHHaH 6poj CAHLIHO ce 143BOAH oBaj peAyKuirio00 06pa3a1.1 

1 
I n  -= n+i  [x2+1  ex -- 1 Q+11 .  

2. HHTerpan 

f f (en) dx 

nomohy cmeHe 
en = z , ex dx 	z 

• Aagne je 
dz 

dx =— 
z 

AOBOAH J10 'HHTerpana 

ft(z)dz. 
z 
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Ha np., 

1, 
arcsin x dx = x arcsin x 	i  xdx  

1/1— x2  
x arcsin x + 1/1-x2 ± 

If ; 

Anema opAnnaTama MoPo  14 MP: m Ae.rtom P0P oce x osnatinmo caNr(c.a. 93). 
TaKo xoncTpylicana nospunina 30Be ce no B p W Hlia r,117eKapTOBy 
Op,AHHaTHOM .  cHcTemy. 

Ancunce Ta4axa P, H P 03Ha4HMO ca 
a H x. Julio je Aa oaa noaptunna (pynKnuja 
x'a, Tj. 

Q = F (x). 

FlocTannmo ce6H saAaTaK Aa }Iva-
qynamO H3BOA nospunme Q nc ancuncn x. 
Y Tome 'why Aajemo x'y, npupaulTaj Ax P 	P P 

PP' H HoHopymuemo opAHHaTy P'M'. 
1100ptumia LIC) omeirtia je 6ecKpajHo mannm cm 93. nospuimia y ,umcapToBy 
JTKOM MM', Asema opAnnaTama MP H 	 clicTemy Koop,m4HaTa 
H OTCeMKOM PP' oce X. AKO Kp03 Taincy M, 
oAnocno M' nosyqemo npaay napaneany ca ocore:x Ao npeceKa ca Apyrom 
rpaHWIHOM OpAHHaTOM, A,060hemo AHa npaHoyraoHma#ca noHpwmHama 

. y Ax H(y + AY) Ax • 

Y -1- AY 

r,Re cy a n b cTamie Henutuie. AKO cTasHmo 

o,AaHne je 
	 a 	r cos p , 	b 	r sin co , 

r = "Va2-1-b2  , tg p— , 
a 

( 1 ) = f(x), 

57. Ovehena ,HHTe 
H013` 	Me effy KplABOM AHHHOM 

6. Haj3aA noHamthmo joui je,itHy meTo,ay 3a TpaHccpopmilcarbe no,AHH-
TerpanHe cpyHHuHje. 

1/13pa4yHaTH HnTerpa.a 

dx 
a sin x + b cos x 

r,ke cy r H cp nomohHe cranHe Hemtme, HmeHH.nau ce TpaHccpopmmue y 

a sin x + b cos x r (sin x cos? + cos x sin co) r sin (x + cp), 

a nocne 3ameHe x -+ p = z ,u,o6Hja ce (nimmep 4) 

dx 	f  dz 1 	z 
— — log t g — + C J a sin x b cos x 	j r sin z 	r 	2 

11-  a2+b2 	2 	 a 
	 log tg —

1 
(x + arctg—

b
)+ C.  

Kao 111TO ce BHAH Ha CJIHHH, noripunnia AQ 3aA0B0JbaBa yc.noBe 

y < AQ < (Y + AY) Ax. 

n0AeJIHMO Hanle HejeAHaHocTH 1103HTHBHOM BeM1414HOM Ax , H Hmahemo 

AQ 
( 2 ) 	 Y< — Y + 

Ax 
Beig6a0.a. 

143pa'(yHaTH HaTet-paae ca nommTerpanHoM cl)ymmajOnt: 

1. X3  ex . 2. x2  e2x. 3. xe— k2 x2. 4. tgh x. 5. cotgh x. 6. tg kx. -7. cotg k 2  x • 
1 	1 	 1 8. --- 9. 	. 10.  	11. arccos x. 	12. arccotg x 13. log x sin mx 	cos /2X 	, 3 sin x + 4 cos x 

14. ekx sin mx. 15. ekx cos nx. 16. ;en log x. 17. x2  sin x. 18. x'cos x. 19. 	 

I1OUHHMO caAa CMalf314BaTH ApKfilly AX; neKa OHa Testh Hynes. Y rpa-
H1411H0j Hpe,a,HcocTH Ax = 0 H Dy = O. 

AQ 
0,11,Hoc — y rpaHH4Hoj HpeAHocTH Te)1111 0300,ay, 

AQ dQ 
litn 	=- 

Ax-4.0 Ax 	dx , 

AecHa cTpama y Ay HejeAHaKOCTH ( 2 ) y314Ma speAtiocT y, Tj. nomana ce 

ca JleBOM CTpaHOM• THX HejeAHaKOCTH• n0111TO ce — pet( HallTha314 H3Meby 
AX 

01314X rpaHm4a, a rpatinge cy ce nOKnOnme, rpamma BpeAHOCT KO.K144- 
HHKa je,n,HaHa je CBaKOl OA OB1IX jeAHafaIX rpaHNua, Tj. 

dQ 
Y dx 

a+ bsinx 



239 

HJ1H 
(x) 	00.  

dx ( 3  ) 
/1. 

231 

6poj 14C110A 3HaKa HHTerpana manna A o Eb y, a H3HaA mica r op lb y 

rpaHHHy ofi,pebeHor HHTerpa.rta. 

rumba rpaHHu,a TaKotje momce 614TH maim. 03HalIHMO je ea b. TaAa 

Immo 
ripema Tome Hmamo TeopeMy: 
H3Bojz noepullme y 41eKaproby KOO pAHHC1THOM cncremy 170 am:Awn 

franca( je op4uHarla. • 
KaAa je nospwaHa Q AaTa Kao cPymu.kHja ancu,Hce, jeAHatiHHa KpHse 

( ) 0Apebyje ce nomohy onepau,Hje Ancttepeuumpatba. 

06pHyTo, KaAa je AaTa Kpnoa ( 1 ), 3a oApehHaarbe Q, KaK0 TO cue-

Ayje 143 jeAHatmue (3 ), Tpe6a 113BplI1HTH HHTerpau,Hjy. Kao pe3y.nTaT Te 

HHTerpauHje Ao6Hhemo Heo,Apehem4 HHTerpa.n 

Q (x) F (x) C , 

mehyTHm y Be.1114414H1 1 nospwHHe Q 'He mo)Ke 614TH 1141KaKBe HeoApehemocTx. 

HeoApeheHocT je HacTynnna 36or Tora WTO HHCMO y3e.ru4 y 06314p 

yc.no3 Aa je noapunma omeheHa cne3a. opAHHaTom M, P o  14 npema Tome 

Tpe6a Aa 6yAe 

11.111-I 
F (a)-1-C=0, 

CAe je a ancu,HCa TaLuce 
03a jeAHatuia. Qapehyje npoH3Boo;Hy KoHcTaHTy HHTerpauHje 

— F (a) 

H npeMa Tome 3a nospumHy Q Hmamo 03pa3 

Q 	F (x)-- F (a). 

Ca AecHe cTpaHe cTojH pasaNKa BpCiWOCTII Heo,a,pebenor HHTerpana 

3a Age HpeAmocTH aprymeHTa. 	 • 

• Painvma Hpe,AHocTH HeoApeheHor HHTerpana 3a AHe BpesHocTH apry- 

meHTa 3oHe ce oApeheHH HHTerpan. 
AKo onepau,Hjy oApeheHor HHTerpana xohemo Aa o3Ha4Hmo npe Hapa- 

gyHaHa-ba HeoApehemcir HHTerpana, ynoTpe6Hhemo o3HaKy 

Q (x) ft (x) dx =--- F (x) — F (a) ; 

a  

b 	 b 	 b 

( XIV ) Q --= • I y dx = i f (x) dx = I F (x) ----F(b)—F(a). 

a 	 a 

UpTa ca osHaKama rpatiu,a 3oHe ce s H a K 3ameH e; OH ce crawba . 

HcnpeA HAM Ina H3pagyHaTe 1313ex-roc -iv HeupebeHor iniferpaza H noKaayje 

Aa Tpe6a y3e111 pa3JlHKy epeAtiocTH cpyHKu,Hje 3a ropy H Aorby rpatatuy. 

'lloKaxthmo Ha KOHKpeTHOM npHmepy Kaxo ce HapagyHaua oApeljetar 

nHTerpan. 
HeKa je AaTa napa6ona (cn. 94) ca jeAHainaHom 

y2  -= 2px , 

Tpe6a o,a,pe,nyrrii nospunthy Koja je Ha CIlligH oceH-

geHa. 
KopHcTehu 1103HaTil 06pa3ag 6Hhe 

cj= f y cix f -C2px dx = f 1/2p x 2  dx -= 

x' 1 2 	2 	 2 	• 
— 	 y px x = — xy.  . 

31 	3 	 3 

143 5,06;ijeHor pe3y.nTaTa HenocpeAHo caeAyje ApxHmeAo3a TeopeMa . 

• a je noBinumia napa6aw4K0r oTceica (2Q) je. HaKa ABema TpehHHaMa npa-

, HoyraoHmka ca AHmeH3njama TeTHHe (2y) H Bucmie (x) oTce!-(Ka.. 

Tpe6a Jut Ha3oxiTH Hapo•-tkTa npaHmna 3a H3pagyHasaHe oApeheinax 

HuTerpa.na? 04e3HAHO He, jep BpeAHocT THX HHTerpa.na Ao6Hjamo Henocpe-

AHO nomohy Fieo,n,peheHux HHTerpana. .HapT4HTH Aeo TeopHje oApeheHmx 

14HTerpa.p oAHocH Ce canto Ha oHe HHTerpa.ne, 3a Koje He moaceMo }Iva-

myHaTH oAroBapajyti- 14 HeoApeheHH HHTerpan. 
HaaeAnmo HeKanixo oco6HHa oApeheHor HHTerpa,ria, Koje caeAyjy He- 

nocpeAHo '1 1 3 ,Kei/714HI4L1,14j. 

Q (a) = 0 

Cm. 94. novuuma 
napa6one 
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Ca npomeHom peA0 rpariu,a, oApebeHH HHTerpan metba caoj 3HaK, 

b 

f f  (X) dx = — f f  (x) dx 
a 

AKO ce rpaiinge nomnone, oApebeHH HHTerpan Hma spe,a,HocT Hyny 

a 

f (x) dx = 0 . 

a 

143soA. oApebeHor HHTerpana no npomembxsoj roptboj rparHann jeAHaK 
je noAHHTerpanHoj cpyHKHAH sa speAHocT Te rpatunke, a no npoMeHJbHBoj 
Aorboj rpaiumn noAHHTerpanHoj ftlyinatHjH ca mnnycom 3a speAHocT Te Atm-be 
rpaHHite, Tj. 

• 

dx f f (x) dx = — f (x). 

x 

AKO ce HHTepaan H3Meljy rpaHmta AenH Ha ABa HAN mune Aenosa, 
oApelleHH HHTerpan je jeAmaK 36Hpy oArosapajyhmx HHTerpana 3a nojeAHHe-
AenoHe, Ha 11 P, 

f (x) 	f  t (x)dx + J  f (x) dx 

a 	 a 

floKammmo caAa Apyro TymageHeoApe-
beHor HHTerpana, Koje ce monce nocTaHHTH 
elm) A,ecimHHumja ()nor •HHTerpana. 

Ilospunmy Q • MO)KeMO ripeTcTaBwrit 

osaKo. floAenHmo pacTojal-be P0. P 1  (c.n. 95) 
Ha•  n jeAmaKmx Aenosa H csaKH Aeo o3Ha-
411M0 ca Ax. 'KoHcTprelummo opAHHaTe 3a 

AeoHe TatiKe H onalimmonx peAom ca 

ye ,  Yl ,  Y2 • • • , Yn-1, Yn • 

Ca. 95. Oapebetim mi•erpan Kao §6Hp 
3aTHM KOHCTpyHWHIVIO Ase cTeneHacTe 

aHHHje, Ka0 wTO je TO 110Ka3aHO Ha CJIHRH, jeAHy yHyTpaun-by H Apyry cno-
JbaWl-by. floepumma omebeHa yHyTpaLuI-bOM .11HHHjOM H3HOCH  
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qn=(Y0 -PYI -1- Y2+••• --1- Yn-i)Ax, 

a noepLuHHa omebeHa CROJballtH2OM cTenefiacTom JIHHHjOM Hma speAHocT 

Q.-0,1+ Y2+ • • • + Y.—i+ Yn)Aa. 

Hama 110Bp1HHHa Q aaKombaBa HejeAmaKocTH 

qn < < Q. , 

a pa31111Ka H3mehy rpaiuma OBHX HejeAHaKOCTH H3HOCH 

gn qn (hi yo) Ax 

H mowe ce npeTcTaBHTH npaBoyraoHHKom BacHHe yn  —yo  H OCH0BHUe Ax  

(AB Ha c.Inny4 95). 
lipeTnocTaBHmo caKa Aa 6poj n 6ecKpajHo ,  pacTe, TaAa he 6,..x Te-

XCHT14 Hynes, aKo je Ye  —yo, Tj. paanHKa Kpajamx opAHHara, KOHatia, npeT-
xoma paanHKa Qa — qn Texn4 HyaH, Tj. qa H Q, Te)Ke 3ajeAHH9Koj Bean -
1419114. 3ajeAHHIlKa rpaHH4Ha BpeAHocT, Koja Aaje nospinllny Q, npeTcTaarba 
oApebeHH HHTerpan. Mowemo, AaKne, HanficaTH 

b 

== y dx = lim (y i + ya + ...± yc) boc 
a 

HJ1H petiHma: 

0,npebenn HHTerpan npeTcran.w rpamvmy ape,anocT 36upa 6ecK paj- 
HO MaJIHX IIIJOH3B04a speRnocTif 49yHKUHle H npnpaurraja He3aBHCHO HP0 -  

meHrbime, 'caw 6poj ca6npaga 6ecKpajno pacre. 
nOUITO ce 36Hp n npomBoKa mowe 03Ha9HTH KpaTKO 

(Y1 +3'2. -H • ••Yn)Ax 	S Y 

rAe S osHatiasa notiemo CJIOBO peim Summa, BHAHMO Aa je 0Aal3Ae Aoluna 
osHaKa HHTerpana 

f ydx, 

rAe npoH3BoA ydx Hma JaCHO reomeTpHcKo Tymageibe H 3ose ce • enemeHT 
o,n, pebeHor HHTerp an a. 3a HHTerpan KO.jH npeTcTas2ba nospwmiy Q 
Taj enemeHT je 6Ho 6ecKpajHo y3a1114 npasoyraoHHK BHCHHe y H ocHoBe dx. 

lipeTc-rasa oApebeHor HHTerpana Kao 36Hpa 6ecKpajHo man ox ene- 
meHaTa y 6ecKpajHo Henpucbm 6pojy je spno samma H cnynua Kao OCHOBa 

d - - f (x) dx =-- f (x) , 
dx 

a • 



2. AKO H3meby TpaHHua a H b nocTojH Tana spenHocT •c • 3a Kojy 
flOAHHT • " a • clvwcwaja f (x) npasH CKOK, onpebef4 Hiaerpan Tpe6a pa-
gyHaTH npema o6pacuy 

c--z . 

(x) dx 	f f (x) dx lim 	f (X) dx, 

a 	 e-,.0 a 

OBAe Cy 6 H 	ABa II0341TIIBHa 6poja. 
Ha 3anplueTKy ()nor naparpa4a Hanemhemo HeKOJIHKO npHmepa 3a 

HapallyHdBaH,e onpebeHor HHTerpana y cnriajenuma Kana He ynoTpe6nljemo 
HeonpebeHH HHTerpari ca TIOAHHTerpa.aHom 43yicaHjom AaTOr onpebeHor 
HHTerpana. 

1. i43pd4yHaTH HHTerpad 

1=f 

3d a > 0, b > O. 
Taj HHTerpan 3www4 on a H b, Koji Hrpajy ynory napameTapa. Ha-

41,1HI4M0 H3BOA HHTerpana no napameTpy a. no npaaHny, y tilije ce noKa-
3Hsafbe onne He ynywTamo, y cariajy CTaJIHMX rpanklita H nenpeanAHocrn 
noAkurrerpaane cpymunije, 3a ,a,HcpepeHU,Hpalbe HHTerpana no napaMeTpy 
AOBOJbHO je Anqi)epennnpaTn nomnTerpanny cpyrnw,njy 110 TOM napaMeTpy. 
Tana Hmamo 

b—i 	a-1 

di  f x  —x  ax= 
da 	aa__(  log x 

o 
• 

1 a-1 f x log x 

log x 
X 

— x dx. = 
	X 

a 	a 

3a no6Hjaibe npenHocTH cant 1r nuTerpana iniTerpvicahemo ca$.a Ao-
6njenn peayaTaT no a 

da 
--log a+ C. 

a 

xt)-1_xa-1 

log x 
dx  
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mHorm TeopHcw4x.` pacyblinal-ba H npaKTHtuffix nimmepa KOjil cToje y Be3/I 
Cd onpebeHHm HHTerpanom.. 

HapenHoj rnanu noKa3ahemo KaKo ce npH6aHmo HapagyHasa °Ape- . 
 hum wiTerpan. Onne demo HanecTH canto jeiHy Teopemy Koja mowe nocay-

AMTti Ka° OCHOBa 3a Tun° H3pagynasaibe. 
AKO yamemo IICTy 110BpWliHy Q y aeliapT0By CPICTemy KOOpAHHaTa‘ 

H IlpeTHOCTaBHMO Ad OpAHHaTa KpHBe Hsmeby 
Tagaga Mc; H M i  HMa caojy Hajmakby H HajBehy 
rpauHuy, yneK mmemo nosyhn Tama), npasy N o  N 1 , 
napanenHy ocH x, na Hawa nonpunma.6yne jen-
tiaNa 11p0143BOAY 

PoNo • PoPi.., 

OBOM pesynTaTy mowemo naTH H dHaJIH, 
06.KHK, 

f f(x)dx =-- f(;).(b — a), 
a 

rne je (Euraj: KcH) ancw4ca TaLme P Hameby TayaKa P. H P 1 . 
Pe3y.rrraT H3pa)KeH npeTxonHom jenHa•mom 3one ce Teo p e M a 

cpe-nrbe spen,HocTH y npnmeHH Ha onpebeHH HHTerpan. 
JacHo je na je TaLma M ca op,a,HHaTom f (t) TaKBa na nospwpme 

M. N. M H N, M 1  M mopajy 6HTH jenHaice. 
BpwHan cmo amanmy onpeheHor HHTerpana y npeTnocTaBuu na je 

nonaHTerpanHa cpyinw,Hja HenpeminHa, na je oHa KOHaqHd H Ad Cy rpaimue 
HHTerpana KoHatwe. flon- H3Becinim yc/nosHma onpebemi HHTerpa.n sanpKana 
CBOj CMHCaO H HM3. 0ApebeHy BpeAHOCT H y cnriajewma KoJH oTcTynajy on. 
nocTawbeffux ycnona, anH nporfasabe TaKBHX rinTaiba He yna3H y OKBHp 
OBe HaBeAHMO CaMO urra Tpe6a pa3ymeTH non onpebeHxm HHTerpa: 
J1OM: 1) KaAa. rpatiHna Te.IKH 6eCKOHa9HOCTH H 2) Ka,aa nonawrerpanHa cpyHK-
uHja noKa3yje CKOK. 

b 

1. AKO y onpeheHom HHTerpaMy i f (X) dx, peu,Hmo, rpaHHu,a b Te>K14 

a 

6ecKoHa9HocTH, HuTerpan Tpe6a pagyHaTH Kao ony rpaHHLIHy npenHocT 41  

+ 

f f (x) dx = lim I f (x) dx, 
a 

Tj. npeTxonwo 143pa9yHaTH miTerpan 3a KoHatuty BpenHocT b, a 3dTHM npehH 
Ha rpaHkrmy Hpe,a,HoCT. 

Cn. 96. TeopeMa o opeAlboj 
opemocTu HHTerpana. 



oAaKA e A0na3HMO Ael:PHHHTHBHO AO pe3yATaTa 

	

f 	 . 2 
1 

	

e 	
r- 

143 OBOE HHTerpana maAcemo naKo H3BeCTH BpeAHOCT HHTerpaAa 

1 

	

e 	x2  d x 	. 
2a 

a Taj pe3yaTaT mowenio .HanHcaTH 

f 	
1 

e —  kx2  dx =--- 2 
T 

4 ' I2 = 1 
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CaAa npomemimo pep. HHTerpagHje; He yaa3Hm0 npH Tome y nompAy 
HOUITO je 3a a ---- b no,AHHTerpama cpyimuHja HHTerpaaa jeAnaKa 

Hynes, H cam HHTerpan jeAHaK je Hynn; npema Tome ynopeAo I peTxotk- 	
Tora Aa je TaKBa onepau,Hja, 6e3 063Hpa Ha 6ecKonagme rpaHHu,e HHTerpana, 
y OBOM cnychajy 3aKOHHTa. 111)B0 HHTerpHummo -no a 

HOM jeAriaLmom Hmamo jeAHaHHHy 
 

0 — log b C , 

oAaKne je C = log b. ,,,,,n eyh HHHTHBHO Ao6Hjamo 

1 b-1 a-1 

f logx 
x — x 1-- 	 dx = — log a log b =-- log —b 

• 

Ham CMO HHTerpaa H3paHyHaAH me T oAom AH Cp epeHHHpa 1-b a 
no napameTpy H TO 6e3 o63Hpa Ha . TO UITO HHCMO mom,' HspagyHaTH 
oArosapajyhm HeoApebeHH HHTerpa.K. 

2. 143pagyHaTH HHTerpaa 

1 =-- f e—x2  

CTaBHMO JIH osAe 
x at , (a > 0) , 

rAe je t Hosa spomembHsa,, a a napameTap, Hmamo 

CV 

1-1= 	e 12 	12) a da I dt . 

KaK0 HeoApebeHH HHTerpaa Hma speAHocr 

,2 (I ± 12) 

i 

	

e  _ co (1 ± t2) cc  d ce 	1 e — 
 

	

2 	1 ± tg 

TO ce nocAe sameHe Ao6Hja 

00 	 00 

2 	1 + t2 	2 

	

— 	tgt — — . 
2 2 

1 	dt 	1 	 1 rr 

0 	 0 

Ca Apyre cTpaHe, nomTO je I K0HcTaHTa, H3 (4) cAeAyje 

H =--- lie—  22da-=-12  

0 

H npeMa Tome Ao6Hjamo je,AHatumy 

0 [0 

f e —12  j2  adt . 
0 

I4HTerpan npeTcTas..rbeH y osoj cpopmH je ctlyHKuHja napaMeTpa Ce. 
110MHONCHMO Ty cliyHKuHjy ca e—  (42  H HHTerpWummo HO a 3r rparankama cut 
0 Ao co, na hemo ,K06HTH 

( 4 ) 	H= f I — "2  = 	f e 	
12 

dt e 	dx 

HOLUTO 

u 

je npH HHTerpaw4jH no t HHHH.Kau, e-12  cTaAaH, mo)Kemo ra 
yHeTH noA 3H3K HHTerpatia H HaHHCaTH 

H=717e-22 (1 + 12)-cedt da. 
0 

• 
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A  
is. 	ux 

+ cos 4x 
19. f x2  e ax  dx 	. f log x dx 

,II,HcpepeHu,Hparbem °sop HHTerpaaa n nyTa no k Hal:swm° o6paaau. 

1 	1 . 3 .  5 ... (2n — 1) 
e -  "2  x 2 6 dx 	V It 

-9- 	 2" 	
k 	+ 71)  

0 

113 Hojer, 3a k = 1, Hmamo 

e _ x , x2. dx 	.11 ,7  1 . 3 .5 . 2.. (2n-1 

0 

MeToAa, Kojy cmo ynoTpe6Han 3a H3pal3yttasarbe HHTerpaaa 1, 300e 

ce MeToAa HHTerpagHje no napaMeTpy. BHAHmo Aa H osa 

MeToAa mcose 6HTH OA KOpHCTH 3a H3pagyHasathe OHHX HIrrerpaaa T-tHje 

bAr sapajyhe Heoapeljetie HHTerpaae He mmemo H3pa'yHaTH. 
Y HapeAmoj raasH nosasahemo H Apyre meToAe 3a 03patirtaeaifie 

ebeHHX HHTerpana. 

Beas6axa. 

	

t: 	b 

1. )3,a antje Tamta jexaamm ja f (x) dx = Jf (y) dy? 

	

a 	 a 

2. 1I0TepAaTa mai 06pa3au aa ,ReammipiHy HaTerpagajy oapetjeaor awrerpana: j 11(X) 

a 

(x) 

a 
x 
i 	

a 

3. n 	 f (z) dz + OTBpAHTH TaAHOCT jeaaammae 	 f (y) dy = 0 . 

a 	x 

4. TlaaaaaTa aa aao mem npomewbase x y awrerpaay 
b 

a 
yaeaamo may apomea.lbasy 1, semi),  ca ripeTxoanom npometubmom x jeaaawatoar 

x = (I), 

aosa apeaaocT ottpebenor,HHTerpana tubta oI5aax 

t 2  

f f { (0] (t)dt , 

apt gamy t i  H t2  aaaombasajy jeaaagatie 

= (12  (ti) , h =1. ad • 

5. FicrilwaaTa TagHOCT o6pacaa 

b 

f Af(x) dx = A ff(x) dx . 

a 

HapagyaaTH oapebeae awerpaxe; 

	

7i 	 1 

	

2 	 2 

6. t (1 + x 2  + .z 2)dx. 7. 	cos x dx . 8. 	cos x sing x d x . 
9.  f 	11.:_ 

ex —' e — 1 

	

o 	 o 	 0 

3 
3 	 x2  dx 

10. f 
lidx  

2x — x2. 	
11. 	.71/7:--1 dx . 12. 	x2  1/1 + x2  dx . 	13. 	1 — 1.2  

.,  

to T • 

16. f x y 1 T x2  dx 	17. 	sire23xdx. 

0 

0 

2 

dx 
15. X2  y 1 1+ x2.  

238 

xdx 
14. 	

-Vox' 
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NIABA VII " 
- - 	 - 

KAJIKkJIATHBH14 IIPOLLECH 

§ 58. HymepH4m pagym4 

aa 6H noAaTax Ao6HjeH K30 pe3y.TraT mepetba, onamtba MTh npo-
geHe nOcTa0 npeAmeT maTemaTmxor npormumba noTpe6Ho je Aa ce off 
H3pa3H 6pojem. TaLmmg 6pojeM mory ce H3pa30rH He CBH Beh canto noje-
AHHH oA THX peaynTaTa. To cy yrnasHom pe3ynTaTH npe6pojaBatba; OHH ce 
H3patuaBajy genitm 6pojeM. 

BehHHa pesynTaTa ,oApehyje ce npH6n14amo, Tj. Aajy ce rpaHHu,e 
H3mehy xojHx ce Hana3H imixosa BenHiuma. Ilocroje H cartajemt, rAe ce pe-
3y.TraT moxce HapatiyHaTH noTnyHo Ta4HO anH OBa TaMHOCT HeMa ripaxTHEme 
speAHocrit H 36or ynponawhasatba pagyHa 'mime ce npeAtiocTH sametbyjy 
Hp146J114>KHHM. 

a. AnconyrHa 11 pe.naTHstia rpeynfa 
lipormhemo npe ceera Hexontmo nojmosa y }gem ca ouelbl4BalbeM 

Ta4HOCTI4 pesynTaTa. 
AKO je A TaLIHa, a a npH6JuDicHa speAHocT Hem Bef114 14HHe, pa3.1MKa 

a — A = g 

3ose ce anconyTH a r pew x a np146nHu1He HpeAHocTH a. OBa rpernua ce 

Moaie CHeHNT14 H pa3JIHKOM 

A 

loja ce aoue nonpauxa BentmitHe a. Ilourro je 

a+p= A 

•.orrcemo HarnacHTH Aa je Tatma speAtiocr jeAHaxa 36Hpy npH6nmime speA-
BOCTH II noupasxe. 

Ilpgontmma upe,a,Ho'.:T a mot-fie 614TH Beha OA TaLme A, agn je g < 0 

14,1H malba, aKo je s < 0. 
3a H3paxcatialbe npuontmme speAHocTH ca Aeummaamm 6pOjeBHMa 

ycammo je npum.rbeH oBaj HaNHH: 

Y Aegitmannom 6pojy cBe Aegnmane, cem nocnembe, mopajy 60TH 

-
Tagle, a nocneAHA ce cme OA 'ramie HpeAHocTH pasamosaTH HajBHule sa 

jeAHHing, a noHeHaA H CaMO sa nona jeAmmge. 

3a Asa Tatum 6poja A i  1,23527 H A,--= 5,575831 npH6Jumule HpeA-

HOCTH ca IteTHpH Aemtmane Tpe6a HanHcaTH: a 1  = 1,235 H a8  = 5,576. 

06pHyTo, am) je AaTa npH6mmuia speAHocr a= 3,72 ca Asa TallHa 

AelAHMaJla H Tpelmm 3amcpyr.lbeHHm Aeu,Hmanom, mommo TBEIAHTH 

Tatum HpeAHocT A HaIla314 y rpatuumma 

3,715 < A < 3,725 . 

Parma. OBHX rpamm 	

jbeHo 

a H3HOCH 0,01, Tj. jeAtmmgy 	 A 

3ampyr Ara cee_ 

immana. AnconyTHa rpeuma s 6poja a y OBOM cartajy 3aAoumbasa HejeA- • 

liaKOCT 

Is < 0,005 , 

TAB CMO, Kao H yBeK, gpTama 03Hal4H.TIH anconyTHy BpeAHocT. 

3a MT° Amu oHeHy TatIHOCTH npH6.1110KHOr 6poja gem nyTa ce 

ynoTpe6Jbyje y npH6a14)icHHm pagyHHma HapO'IHTH Hamm micatba BeJIHKHX 

manHx npH6amicHHx 6pojeua. Bpoj ce mime y o6nHxy npoH3BoAa Asa 6poja: 
AummanHor pa3nogma Hanticatia npema rope HaueAeHom npammy, ca 3ane-

TOM nocne npe Haxcehe wutipe, H creneHa 6poja 10. 

TaKo, Ha np., 6poj 593 420 000 Ca qempH AegHmana Tpe5a HanHcaTH: 

5,934 . 108, a 6poj 0,000 379 21 ca TpH AenHmana: 3,79 . 10-4. Anconyme 

rpeume OBHX 6pojesa 3aAmgmbasajy HejeAHaxocrtt 

s, I < 0,0005 . 108 , 

g, l < 0,005 . 10-4  . 

06pammo naxcHz.y jom Ha jeAHy oco6HHy nHcatba IlpH6.1IH)1(14HX 6p0-

jeua. AKO 21 m npeTCrasJba AytimHy ca Tatmouthy AO jeAHor getrrnMeTpa, 

agy npH6Jummy apenHocr Tpe6a HanHcaTH: 2,100. 10 m, Tj. CTaBl4T11 Hyae 

ca AecHe cTpaHe 0.3, saneTe Aa 6H ce HCTaKna Tat1HOCT BeAHRHHe. 

110KaXCHMO caA Ha npHmepy Aa ancoHyTHa rpeuma He moxe CllyNCHTS 

Kao mepHno 3a TagHOCT pesynTaTa. flpeTnocTasHmo Aa anconma rpeunta 

H3HOCH 1 mm. Ha oCHOBy canto TOT noAaTxa joux HHLUTa He moxcemo pehii 

o TailHOCTH mepetba. AKO ce (ma rpeuma oAHocH Ha mepeHy Aptomy OA 

10 km, xa3ann 6HcMO Aa je mepeme H3BpuIeHO ca HeO6W1HOM TaqH01.11hy, gait 

joui HeAocTHrHyTom Tax114011Ihy. AKO je, mebyTHm, HCTa rpeuma yumbetia 

ripH meperby mike Ae6JbHHe OA 2 mm, jacHo je Aa TaKBO mepetbe HHILITA 

tie HpeAH. 
16 



— 0,02  
 5 = — 0,004 14 npogewryanHe: 0,6°/. H 0,4%. 

AKO rpeumy pagyHamo nomohy Ao6Hjenix 11p146J114/K1114X spenHocTH, 
y (2) Tpe6a CTaBHT14 6 = 5,03 — 4,98 = 0,05 H a = 4,98; npH6affnma BpeA-
HOCT penaTHHHe rpeunce 113HOCH 

0,05  
0,01, 

4,98 
HJIH ripoReHTyanHo 1 0/ o . 

1 
= 1.10-7, a 3a Apyro p = 1  = 5.10-1 . P 

10 000 000 

242, 

3a npolleffiftsafbe Tatmocm peSvaTaTa yBoAH ce nojaM penaTHBHe 
p e wit e, oAlloca anconyme rpeume npema TagHoj BpenHocm came Benwfwie. 

AKO penal-1mq rpeuiy 03Ha4lIMO Ca p, Hmamo 

(1) 
	

P  = A 

PenamBHa rpewica je ancTpaxTaH 6poj. 
Y ropawm npHmepHma sa npso mepetbe mann 6Hcmo 

AKO Tamna BpeAHocT HHje nosHaTa, 3a mpallyHasalbe penamme.rpe-
uce moncemo ynoTpe6HTH 113pa3 

(2) 	 p  , = 8 

a 

rAe y 6pojHoHy cTojH a pasnma rpamwa, H3Meljy Kojfix ce Harlan Hawa.  
Bel114414Ha, a y nmeHHouy npH6Juinma BpeAHocT came BenHtame. Hi* mum> 
noxasam na ce y caygajy mane penamme rpeume osa Asa Hspasa calla 
He3HaTHO pasmficyjy jeAaH oA Apyror; npH Tome he, axo ynoTpe6Hmo mafby 
npH6nfinmy BpenHocT a, HspatiyHaTa penamBHa rpeawa (2) 614TH Beha o, 
on npasor Hspasa (1). 

AKO penal-rimy rpewxy 110MHOWHMO ca 100, Ao6Hhemo Hspas rpeunce 
y npou,eHmma 14J1H npoge HT yanHy rpeIuKy. , 

,rtaxne, Ha np., axo cmo nocne meperba Hexe Aymnie on, 5 cm Ao6Hnif 
ABe npH6nHnthe spe,RHocTH 5,03 cm 14 4,98 cm, anconyme rpeume OBHX Be-
414414Ha HsHoce; El 0,03 cm H e2 = — 0,02 cm, a nonpasKe p1 = — 0,03 cm 

0,03 p2 = ± 0,02 cm. PenamBHe rpeunte cy: p i  = 5 
	

0,006 ft  
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AKO je npfl6nimaH 6poj HanlicaH .y o6nHxy npomsBona newimanHor 
6poja. H cTeneHa 6poja 10, JlaK0 je ()Amax Kann! nplitInamy BpenHocT 
penamme rpemKe. O6jacHHMo 050 Ha npHmepy. 

3a 6poj 5,934.108  HMaJ111 CMO BpenHocT anconyme rpeunte 

lei  I < 0,0005.108, 
a npema Tome H 	

s1 1‹ 0,001.108, 

alto nonasHy rpewxy He patiyHamo sa nona wuppe. 

3a penammy rpewxy Tana imam 

	

(3= I s i t 	0,0005 .108 	0,0005  
< 	< 0,0005 < 0,001.  — < 

	

A 	5,934.108 	1 

OBaj pesynTaT noxasyje ;La je penaTHBua rpewx.a. npaBanHo Hal114- 

catfor IlpH6JIHAHOr 6poja mafba on newimanHor 6poja ca jeAHHHu,om Ha 
mecTy HeTaime H,Hcl3pe H.ruf Ifax ca nemgom Ha mecTy HapeAHom nocne 
HeTatme wicppe. 

OBa oco6fia Henocpemor oApebfustatba penaTHsHe rpemice npH6afpx-
nor 6poja camo no o6nHxy haw Kao o6jawfbeffie sainTo je yBeAeH 
noxasafm Halm imcatba npH6nHAHHx 6pojeBa. 

fib. 	npH OCHOBHHM onepaqHjama 

floxasahemo Kaxo rpeuma y pesynTaTy Ao6HjeHom nocne HaBpmerba 
OCHOBHHX pamyHCKHX onepau,Hja 3aBHCH OA 1103HaTHX rpemaxa 6pojeBa ca 
xojHma onepumemo. 

6.mme BpeAHocH al , a2  , • • • , a0  ca anconyTHHm rpetuxama s , 5,, ... , s., )

a. Ca6Hpathe 

AKO mecTo TatIHMX 6pojeBa A 1 , A2 , ...., A, ca6Hpamo HallX0Be npH-

anconyma rpeuma e 36Hpa 

a -- a, + a, k ... + a. 
H3HOCH 

e = ei + 62+ • • • • -{- go , 

Ti. jeAHaxa je 36Hpy rpewaxa CB11X ca6Hpaxa. 

PenaTHBHa rpenwa p s6Hpa Hma BpenHocT 

21+ 82 + • • • -I-8n  0 _ 
A, + A2 + + 
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dlaxo je nofta3aTH Aa je osa rpeunta maffia oA Hajsehe H seha oA 
Hajmaibe oA peAaTHBIHIX rpetnalta ca6HpaKa. 

3aHcTa, Helm je 
A 

 Hajseha rpeunca, TaAa Hmamo aa malty Apyry 
, 

penammy rpeuncy HejeAHaKOCT 

oAax.ne je 

e, _ 	si  

A, 	Ai 
i=2, 	n, 

Ai  
gi < el  — . 

A, 

AKO HCKOpHCTHMO oBe HejeXHaKOCTH, momemo HanHcaTH 

A,As i_ 	A, 
61+ el —

A, 7" 
„ 
'1 	- _r • • • -1-6t --„— 

A, + A, + +A. 
°Amite HenocpeAHo cAeAyje Aa je 	e  

Ai  

HCTO TaK0 momemo noica3aTH Aa je 

B, 
P 

A, 
axo cmo ca s, 03Haq14.11H Hajmamy rpeulKy. 

IIpli ca6Hpalby np146.nuncHHx 6pojesa Tpe6a Ase lafibeHntle y3HMaTH 
y o63Hp. 

HpB0. AKO cy 6pojeaH H3panteHH ca Taintouthy pa31114*-1HTWX jeAHHHua, 
Tpe6a ca6HpaTH canto oHe Aenose 6pojesa, xoje oArosapajy uttcppama Haj-
seher 6poja. 

Ha np., not ca6Hpatby 

sole je 6cube Boutin! osaito 

8,302 10 , 
Tpe6a ca6paTH canto 6pojese ca nese cTpaae 

P 

73,25 
9,72 1 
0,05 32 
0,00 0131  

83,02 , 

	

7,325 	-10 

	

0,972 	-10 

	

0,005 	.10 

	

0,000 	• 10 
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Apyro. AKO ca6HpaMo smite 6pojesa, Ha np., geTpAecer, a y csaltom 
imam anco.nyTny rpettuty jeAHaKy 110.110BHHH jeAHHHue HeTa'lHe umppe, y 
36Hpy mome 6HTH rpeunca jeAHalca 0,5 X 40 = 20 THX jeAHHHna, Tj. ABe 

Ta'iHe jeAHHinte. flpema Tome y 36Hpy Tpe6a H30CTaBHTH He camo HeTatmy 
seti H jemy Twuly umppy. 

OBa npHmeA6a ce OAHOCH Ha cnynaj, icaA je mica oA IteTpAeceT 
rpetuaxa Hajseha H cse rpeunce HCTOr cmHcna, Tj. cse cy 110314THBHe H.1114 

Herammte. AKO 3a Taxsy oco6nHy rpeutaxa HeMa Hapoturrnx HHAmtauxja, 
TaKO Aa rpeume mory 6HTH H 1103HTHBHe H HeraTHsHe, H TO pasnwncre 
anconyTHe speAHocTH, Ha ocHosy TeopHje seposaTHohe monce ce 3aKATIHT14 

Aa je y cnynajy BeaHKOr 6poja ca6Hpaxa X0B0.113H0 y3HMaTH y o63Hp OTIlpH-

mixe camo 100/0  0,3, rope H3pagyHaTe maxcHmanHe rpeunce. 

[3. 04y3umathe 
0Ay3Hmathe moncemo cmaTpaTH icao anre6apaco callapaffie Asa 6poja. 

Hpema Tome OHO 1110 CMO Haseam o ca6Hparby Ba1il4 H 3a oAysHmathe. 
Tpe6a, mebyTHm, HanomeHyTH Aa npH oAy3Hmarby Asa 6poja HcTe 

TallHOCTH momemo AO6HTH pe3ynTaT ca mwhom Twitiouthy, a noHeicaA H 

cacsHm HeoApeIeH. 
Ha np., npH oAyaHmatby Asa 6poja oA no neT untpapa, Ha np., 

2,7593 —2,7541 = 0,0052 

Ao6HAH CMO pe3yATaT ca Ase wive, jeAHom TamHom a Apyrom HeTanHom 
a npH 0o,y3Hmarby 

5,3294 — 5,3293 = 0,0001 

pe3y.nTaT caApxcH canto HeTamHy uxcppy. 
Y sem ca H3panyHasaibem paankme Asa 6poja pntHHhemo 14 osy 

npHmeA6y. 
tlecTo nyTa, Hap0,111TO y 10HOBHHM Meperbilma HCTe Be.1114 1114He, Tpe6a 

H3panyHaTH paantncy Asa 6poja 6aHCKHX TpeheM 6pojy. Ha np., Tpe6a Hahn 
'mmg 6pojesa 	

A+r, H A+r,. 

JacHo je Aa je 3a H3panyHasarbe TaKBHX 6pojesa AOBOJbHO H3panyHaTH 
camo pa3Jncy 

— r2  

6e3 Hatopinnhasatba rAasHor Aena A AaTHx 6pojesa. 
Ha np., mecTo H3panyHasatba paamme 

53 792 531 — 53 792 517 

pagyHamo canto pasnHxy 	
31 — 17 =14. 
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080 je HapO4H4TO BaH(HO, KaAa HMaMO HH3 TaKBHX pasnica. 

y. Maomelba 
AoKasahemo Teopemy : 
PenaTHsHa rpeunca npoRssoAa Asa npH6nHnuca 6poja je.aHaica je anre-

6apcKom 36Hpy penaTnsmx rpecuatca EIHHHnaga. 
Hetca cy a l  = Al  + s i  H a2 = A2 + 62 , Taxa peaaTHEma rpewKa 

nponsBoAa IlpH6JIHM(HMX 6pojesa a1  H a2  Hma Bpe,11,3oc-r 

P
a, a2 — A, A2  

Al  A, 
noun.° je 

a, a2  = (A, -I-- 6,) (A 2  +62) -= A, A, -I- s i  A2  + 62 A, -1- E, 6, 

Al  A2  -4-- e. A2 	6, A, , 

jep ttnaH e i  E2  moncemo 3aHeMapHTH 36or iberose pe.TIBTHBHO mane Henwunce 
npema ApyrHm linaHosHma, sa p 'imam 

6
1 	

A2  e2 Al = 
P 	 El  + —le  =P1+9. , Al  A, 	Al  A2 

a °Ho H noKasyje Ta4HOCT Hanle Teopeme. TeopeMa je Tatum 14 sa mune 
immulau,a. 

HaBeaeHa Teopema npeTnocTasaa Aa cy no3HaTe anconyTHe speA-
HOCTI4 H sHaLw peaanismix rpemaKa inn-maau,a. AKO 3HaL04 Huey nosHaTH, 
a rpeume mory 6HTH no3HTHEme H HeraTmme, mecTo rope Teopeme Tpe6a 
ce pyKosoaHTH Teopemom 

AncoayTHa BpeAHocT peaaTH3He rpeinKe npoH3Boaa HHje Beha BA 
36Hpa arICOIlyTHHX spemocTH peJlaTMBHHX rpemaKa tmmau,a; Ha lip., 3a 
ABa 4HHHoga HMaMO ycnos 

flpH mHonceiby HpH6J1HM(HHX 6pojeBa Tpe6a ce °Bora npHapacasaTH• 
1. MHo)Kmbe Tpe6a nolmfbaTH He nocaeAHDom Hero npsom nmppom 

mHommotta. 
2. flpB14 AeJIHMH4H14 npoH3BoA Tpe6a HanHcaTH y noTnyHocTH• OA 

ocTanHx ,Ke.TIHMINHI4X npoH3BoAa, Tpe6a nHcaTH OHOJIHKO camo nmpapa Aa 
HajHH)Ka ofixosapa HajH14)1(0j tunigni npsor Ael114M144HOr npoH3BoAa. 

floicancHmo Ha npHmepy KaK0 ce npaKTHLIKH Bp= TaKBO C K p a h e Ho 
mHonceibe. 

P 

MecTo Aa MHO/1(MM° 
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MHomhemo 

5.324 5,324 
1,732 1,732 
5324 5324 
3726 8 3727 

159'72 160 
10 648 11 

9,2211168 9,222 

npBH ReJIHMIVIHM 11p0M3B0/1 HaratcaaH CMO y HOTIVHOCTH 

5324 . X 1 = 5324 

11pyri4 nenHmincHic npomsson, K06HaH CMO mHo›Keffiem MHONteHilKa 6e3 
cnocnejme upappe 

532. 
- 7 - • 

3724 

,na CMO 3aTHM riocmeAHDY R1443py nonpasH.nH y3HmajyhH y 06314p npoH3BOA 

.4 X 7 = 28 kmocTambeHe nocme,a,tbe uticppe 4 14 Ao,itanti cmo 3; npema Tome 
•CT3B14.314 CMO cHera 3727. 

TpehH AenHMHVHH npoH3BoA, A06HJIH CMO OBaKO 

53 . . 
. . 3 . 

159 

aaH H oBae CMO AoaaaH jenminnly ynmajyhll y o63Hp 17p0H3B0.11, 2 X 3 = 6, 
,1(0jH je BehH oA 5, na cmo CTaBHJ1H 160 

Hajsan 	 npollsso,IL 14Ma BpeAHOCT 

5 . . . 

10 

.ca noAaTKom jeounicke 03, npeTioxior npoH3BoAa 3 X 2 = 6, CTaB141114 CMO 11. 
BHAHmo jia y Hamem cKpaheHom npoH3BoAy momcemo 3a,r(pmcaTti cue 

wicppe, jep ce camo nocmemba tutcppa paantucyje 3a jeAutu.ty OA TatIllOr 

IlpopiaBaaa. 

YontuTe, 6poj Tx-mix gticitHpa y npoH3Boyty momce 6HTH Hajmue 
jeAHaK 6pojy w4apa 14HHHoga ca HajMafboM Taquowhy. 
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8. Aeibethe 
AKO xohemo Aa 03pa4yHamo peJlaTHBHy rpelusy p KOJIHt1HHK3 Asa. 

npH6JansHa 6poja a 1  H a2 f  ca penaTHBHHm rpeuisama 

P = Al  

e l H 
P2 = A, 

rAe cy, Kao H paHHje, A, H A2 Talme speAHocm, a e H e2  anconyTHe rpe-

luKe, Tpe6a 143pa4yHaTH 

a1  _A, 
a, 

A2 
P  = A, 

A2  
nOWTO cy 

A, + e„ 	a,----- A, e, , 

Hmamo 
A, + €1  A, 

	

— A, e2  A2  	e 1  A2  —e2 A l 

	

 

Al 	A, (A2 + e2) • 

A2  

Kako caA senntamy e2  moscemo 3asemapHTH y sopeherby ca A2, 

CIMMITHBHO ce monce HanticaTH 

	

ei .A2 —s2 A, 	e, 	c2  
p= 	 = Pi P2 

Al A2 	A, 	A2  

OBOM pe3ysTaTy oArosapa TeopeMa: 
PesamsHa rpetusa sonHqHma jeAHasa je paajwu pellaTHBHI4X rpeula-

Ka 	H HmeHHoga. 
Y °sold o6sHKy Teopema npeTnocTaarba ance6apcse speAsocTH rpeina-

Ka. AKO 3HagH rpetuaKa }my 1103HaTH, npeTxoAsy Teopemy Tpe6a 3ameHHTm 

Teopemom: 
AncosyTHa speAHocT penaTHsHe rpeunce KOJIWIHHK3 HI* seha oA 36H 

pa anconyTHHx speAllocTH pe.KaTHBHHX rpewasa 6pojHous H mamma. 

flosamaimo Ha npnmepy KaK0 ce scum' cspaheHo Aeneibe, y some Tpe-
6a H36erasaTH onepagnje ca cysHunsim u4pama. 

Y3mHm0 Aa Tpe6a H3BpllIHTH Aeneffie Asa npH6nmsHa 6poja 

5,927: 2,135  
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mecTo o6H4Hor Aeseiba 

5,927 2,135 
4270 2,7761 
1657 0 
1494 5 

162 50 
149 45 

13 050 
12 810 

240, 
Tpe6a osako AeJIHTH 	

5,927 2,135  
4270 2,776 
1657 
1495 

162 
149 

13 
13 
0. 

Y Apyrom Aubeiby: 

2. Y cpopmHparby CBaKOF HapeAsor AenHmHinfor npoH3soAa Tpe6a 0A, 
1. He Tpe6a y3HMaTH wicppe Kojnx HeMa KO,K AaTHX 6pojesa. 

AesHoua y3HMaT14 jeAHy 11.11(1)py matbe, spit Tome nonparabaTH noc.neAlby 
wicppy C o63HpOM Ha flp0113BOA ca spsom H3OCT3B./beHOM useppom. 

Ha spHmep, AeJIHMHIIHH Hp0H3BOA 1495 cacTasibeH je oA npoHaBoAa 
213 X 7 --- 1491 H AoAaTsa. 4 oA pe3y.sTaTa ycmeHor mHoscelba 1430CTaBJbe-

He uScppe 5 ca 7, Tj. 5 X 7 = 35. 
HCTO TKO 3a HapeAHH Hp0H3BOA Hmamo 21 X 7 = 147 ca sonpassom 

3a npon3soA npBe H3OCTaalbeHe 11,1443pe 3 X 7 = 21, Tj. 147 + 2 = 149 HT,K. 

06pa3noncelbe esemeHTapisix npH6sHmasix pa■qua. H nocTynas ca tbHma 

Jieno cy o6jaunbeHH y KHaH314 npoct). J. Xnwrnajesa H 	•ia3apeBHha:. spy 

OBH TexHince patiyHama", 1946. „0 

c. T peanca OyHtruHje 
KaAa 3a oApehusatbe serums-le y Tpe6a. lips° H3MepHTH BeJIWIHHY 

a 3aTHM H3BpILIIHTH osepau,Hje o3HaxieHe oApeheHom 4)yiavjom 

y=f(x), 

rpeinsa ranbeHa. y BpeAHOCTH aprymeHTa x ROBJ139H aa CO6OM rpeuncy 

speAHocTH cpyma.sije. 

Ae- 
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03Ha9HMO .11H, rpeuncy y aprymeHTy x ca Ax, a rpeung y cpyHKgHjH 
ca Ay , Hmamo osy Besy Hsmehy rpelnaKa 

Ay f (x Ax) — f (x) , 

KaKo TO cnenyje H3 Aect1HHHuHje anconyTHe rpeunce: f (x) je Tatum ape,AHocT 
cpyinatHje, a f (x Ax) npu6aHxma. 

AKO rpeun<y Ax cmaTpamo manom H osHatnimo je ca dx, AecHa cTpaHa 
npeTxoAHe jenHalume moxe ce sameHHTH 11p116.111411CHHM Hspasom 

(x) dx , 

dy f'( x) dx , 

moxtemo TBpARTH na je rpetuKa cpyHKgHje jeAHaKa ,R,Hcpepeffivjany Te 
cpyHKunje, npH 'fenny je AHcpepeHu,Hjan He3aBHCHO npomembrise jaAHaK rpetugH 
aprymeHTa. 

JaCHO je A a penaTHsHa rpeuma cpyfflatuje Hma upemocT 

' = Y  dx, 
Y 

"Tj. jeAHaKa je npoHmoAy norapHTamcKor H3BOAa H rpetuKe He3aBHCHO 
npomeHamse. 

11pHmep. 
0ApeAnTH rpewKy KOjy heMO yitHHHTH y sanpemHHH nonTe nony-

npegama r = 10 cm, aKo sa nonynpenHHK yamemo 10,1 cm. 
IlowTo je sanpemma nonTe jeAHaKa 

V = -
4

- wr
3, 

3 

sa anconyTHy rpeung Tpe6a HanHcaTH 

e=civ=  d ( 4 xr, ) 
dr ,  = 4 nr2dr, 

dr 3  
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Y HauleM HymepHincom npHmepy Ao6Hjamo sa ancomymy rpeuncy 

dV 	4 - -102 • 0, i cms ::.-._.- 1,257.102  ems, 

:a 3a peAaTHBHy 

p--= 	
0

'
0

1 
 3 	= 0,03. 

1 

AKO fjolymvgHja z 3aBNCH OA imam flp0MeH.11:441314X, pegHmo OA X H 
Ha OCHOBH o6pacga 3a .TOTaJIHH Alupepeintnjaft, KojH npeTcTasna anconyTtly, 
rpeuncy, Hmamo 

PeJlaTHBHa rpetuKa Hma Hpen.HocT 

dz 	az dx 	az dy 
P =  

z 	ax z 	ay z • 

11 p.I4 m e p. 

0ApeAHTH penaTHaHy rpeuncy y sanpemHHH V KoHyca BHCHHe h = 12 cm 
'H nonynpeqHHKa OCHOBe r = 5 cm, aKo rpeuma y BHCHHH H3HOCH 0,02 cm, 
a y nonynpetnaKy ocHoBe 0,01 cm. 

IlOWTO je 
1 

V 	
3 
 -rush, 

nocne norapHTmoHatba Hmamo 

log V = log iv +2 log r log 
3 

'onaKne, nocne AncpepeffitHpafba, H3BOAHMO 

dV 	drdh = z — — . 
V 	r , h 

3a Haine HymepHtme upeAHocTH Ao6Hjamo 

.Y 

az 	az – — I'Ae je Kao 14 0611 11H0, r(X) H3BOA (tyillatmje f(x) no x. Hal114Cafil4 Hapaa 	
s= dz =-- 

-ox 
 dx + 

ay 
 dy. 
 

npeTcTas.tba rnasHH LinaH y Hspasy npnpatuTaja cpyinutHje Ay FbeH Alupe 
peugHjan dy. KaKo je 

a penantsHy 

	

0,01 	0,02 
p=-- 2 	+ 	z0,004 ± 0,0017 :----- 0,006 dV 	4 nr2dr 	dr 	 5 	2 

	

P=V= V 4 	r 

	

,ors
-3 	 HRH npogeHTyarnto 0,60/x. 
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Ca. 97. Jloraptrramaut ambnp 
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d. l'pezum a JorapiiTma 

HeKa je y AeKaAHH aorapHTam 6poja x, Tj. 

y logio x . 

Toj aorafframcKoj jeAHamHHH oArosapa eKcnoHeHusjamia jeAHaqknia 

10Y  = x . 

norapHTmosaibe ose jeAHatniee no npHpoAHoj OCHOBH ikaje 

y log10 = log x , 

oAaK.ne je 
1  

Y 	log x = M log x, 
log 10 

rAe je M AeKaAHH moAyo npupoAHHx aorapHTama ca epeAHoinhy (§ 24)‘:: 

M = 	
1 
 — log e x 0,434 294 5. 

log 10 

143 npeAxoAHe jeAHain4He HenocpeAHo caeAyje 

d 
dy 	

x 
 

HAN, IlpH6JIHMCHO, 

dyx 0,434 cx  . 

Hpema ToMe moacemo (1)opmynkicaTH °By TeopeMy: 
Anconyma rpeluKa AeKaAHor AorapHTma jeAHaKa je npoH3BoAy moAyaa 

M 0,434) H penameHe rpeume 6poja. 

Osa Teopema omoryhyje Aa ce peum npo6Aem o 6pojy grupapa, Koje 
Tpe6a 3aApetaTH y Jiorapinlay HeKOT 6poja, IiHja je pe.naTHena rpeunca 
no3HaTa. 

Ha np.. aKo pe.naTHsHa rpeunca Heaor 6poja HaHocH nova npogenTa, 
Tj. 0,005, y tberos AeKaAHH AorapHTam THMe ce Bell yHOCH rpeunca 

dyx 0,434 . 0,005 0,002. 

Te npema ToMe, y aorapwrmy HeMa cmHcaa 3aApmcaeaTH nocae eaneTe m-
ule oA TpH gtappe. 
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e. Sorapmrmap 
''--3a-g3TMVIararrillamohy Aorapwrama ynoTpe6lbyjy ce 6HAo aora-

;pgramcKe Ta6aHge ca oApelieHHm 6pojeM wimps, npeMa cTenesy TaMHOCTH 

KOjH ce Tpaaca, 6Hao Hapotma cnpasa Koja ce 3ose nor apHT a mcK 
..nea.Hp RAH aorapHTmap. 

YnoTpe6a AorapHTamcKHx Ta6aHga je Ao6po no3HaTa H3 ErtemeTapHe 
MaTeMaTHKe. 

.florapHTmap ce caAa mHoro npHmemrje, Hapotarro y penaTHsHo rpy-
-6am npaKTwawm pagymma. OBa cnpasa omoryhyje Aa ce 6pojeBH mHoace 
H Aeae camo nomepamem jeAHor Aena aen,Hpa H IlaTalbem pe3yATaTa. 
-06jacHHhemo canto npinigHn cnpaee, a ca AeTaamma o ynoTpe6H mate ce 
tIHTanag yr103HaTH H3 ynyTcTea Koje ce o6HqHo npHame AmbHpy. 

Cripasa (Ca. 97) ce cacTojH oA Asa AmbHpa — jeAHor HenoKpemor 
<AB) H Apyror noKpeTHor (MN). Ha csaKom .rteH,Hpy ce mepe AorapHTmH, 
• omageHe upTe noAeae He noKa3yjy A  
speAHocm THX Jiorapwrama Hero speA-
HOCTH 6pojeea KOjH THM aorapwrmHma 
.0Arompajy. KaA ca6Hpamo ApKHHe jeA-
*for H Apyror Aeampa, Immehy nApeljemx 
upTa, ca6Hpamo aorapHTme, anH Hamm- 

6pojeem noKa3yjy epeAHocT jeAHor 6poja, speAHocT Apyror 6poja H Ha 
Kpajy 36Hpa — speAHocT npolosoAa THX 6pojeBa, = jep 35Hpy norapHTama 
oArosapa norapHTam npoH3soAa. HpeMa Tome, 3a impamyHaeathe npokmeoAa 
ab moncemo y3eTH Ay KHHy LM= Toga Ha npeom Aeampy, Ha Kpaj M Te 
ApKHHe HaAoee3aTH Aymmy MP = log b Apyror AmbHpa; Ay KHHa LP Ha 
npeom Jtemaipy oArosapa log ab 14 Ha Toj gpm cKane AB mozemo 
Tam 6poj jeAHaK npomseoAy ab. 

CA14,1110 ce nocTyna, nyrem oAy3Hmama 
KOAHYHHKa Asa 6poja. 

Bemc6asa. 

1. Mepelba*  Ayaume,pA 10 cm Aaaa cy Atte npx6inutate spexaocTx: 10,05 cm it 9,97 cm. 
OxpeAnm: ancoarrae rpeute, nonpanxe, pesamake rpeunce n uponetrrymme rpeunte. 

2. HapagyaaTx penammay rpeumy 6poja 27153 m, axo je therotta anconyma rpem-
tta 1,5 m. 

3. nOCTaBHTH H peunrrx HOICOAHKO aaxaratta as npa6xnauto cathipmbe, oAymmtatbe, 
Ittioatelbe H mememe. HepamysaTs spm Tome peaammty rpeuncy peaynraTa. 

4. OxpeAmTx peaaTimay rpeuncy aanpehume V = xyz, axo Ty aanpemany pagyanto 
no o6pacuy VI  = x1  y1 z1, rAc cy V1 , x1 , y1 , z, norpeame apexnocm mtroaapajyluur 
13e.IHRHHH. 

5. Penamaaa rpeauca 6poja H3HOCH 0,0075. OAPe.1114TH aucanyTay rpeuncy rmep0A-
mor Aoraparma Tor 6poja. 

8 

Ay)KHHa, npm H3pa9yHaeatey 
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OA KOHaLIHHX peAoHa n03HaTH Cy HaM H3 EJleMeHTapHe maTemaTme 
36Hp0BH KoHaaHor 6poja anaHoBa apHTmeTHaKe H reomeTpHcKe-
nporpecHje. 

1-1AaHOBH apHrMeTlitiKe nporpecHje Ao6HBajy ce no OBOM npamay: 

ut  = 	d = ui + (i —1)d, 	 i = 1, 2, ... , n 

rAe je d CTaJIHa paanma ABa yaacTorma anaHa. Ca n CMO 03HallHAH 6poj 
CBHX tinatma nporpecHje. 

36Hp S n  CBHX n anaHoBa, Kao LUTO 3HaM0, HMa speAHocT 

S.=  + u. — a [.2 u1  + (a — 1)d ]. 2  

flpaBHno no Kome ce ninny anaHoBH reomeTpucKe nporpecHje H3rAell.a,t 

Ui 	ui 	 i = 1, 2, ... , n 

rAe je q CTaAaH OAHOC Hameby Ana y3acTonHa tulaHa. 
36Hp S. gaarma mora peAa H3rAeAa 

sa 	Iraq — i 	ui(qn — 1) 
q — 1 	q — 1 

Y Aan,Hm Hanaraffitima roBopHhemo canto o 6ecicoHa4mim peAosHma;. 
aaTO H Hehemo _yBeK noHaB./BaTH pea 6ecKoHaaaH. 

AKO 36Hp a anaHoBa peAa 

Sn  =-- Ui  ± U2 + ... Un  

TeXCH 0Ape1jeHoj KOHat1H0j rpaHMHOj speAHocT11. KaAa n Tema! 6eCKOHatiH0-- 
CTH p e A ce 30Be K o H B e p r e H T a H. Y caymajy KOHBepreHTHOCTH, AaKne,. 
Hmamo 

lim S. = S. 
n co 

rpaHHEnta speAHocT S 30Be ce 3 6 H p 6ecKoHainior peAa. 
AKO je 

lim Sn =±oo, 
n->00 

HAH 36Hp yonarre HeMa rpaltware BpeAHocTH, peA 
HaBewhemo nprimep AHBepreHTHor peAa 1114jH 36Hp He TeACH 6eCKO-

Ha4HOCTH. 

je.AH8epreHTaH.. 
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6. MajcTopy je HaprieHa  Rolm ca HEHUOM OA 12 cm. 143pavnaTH penannuty -
rpeuncy aanpemnne Te mune, aim mapabeno Term npeTcraaJba npasoyran napannennneA. 
ca Ammeimjama 12,1 cm, 12,3 cm, 11,98 cm. 

7. KUM TagHOCT Tpe6a Aa 6yAe y Aoraptrrmy 6poja 7,4321, atto penanunta rpeunca. 
cantor Tor 6poja H3HOCH OKO 0,25%? 

4,73  X 9,15  x 2,425 X 5,56 
8. 143pagynaTH nontohy norapHTmapa 

3,21 X  2,325  X  1,915 X 5,51 

AKo Tpe6a npeTBopHTH 06HaaH pa3n0MaK — 3 y Aeu,HmanaH 6poj, Tpe-

6a 6pojmnau AenHTH HmemoRem; y peaynTaTy Tor Ae.seiba Ao6Hhemo Ae-
aHmanaH nepHomaaH pa3J10MaK 

1  = 0,333... = 0,(3). 
3 

Taj nepitoi4H4Hi pa3A0MaK moncemo HanHcaTH y o6Jancy 36Hpa 

3 	10 	100 	1000 	10 	102 	103   	10° 

3 
KOjH caApAtH 6ecKpajHo mHoro ca6HpaKa. Ca6HpaK — noKa3yje =Lary - 

10° 
4)opmyny npema Kojoj cy cacTaBJbeHH CBH 14.11aHOBH TOr 6eCKOHatiHOr 36Hpa;. 

OH je no peAy n'TH 
Kao LUTO 3HaMO, 14.11aHOBH npetx0AHor 36Hpa HAy no oApeheHom 

npamay. To cy tillaHOBH i-e0MeTpl4CKe nporpecHje: CBaKH HapeAHH tUlaH 

Ao6Hja ce 143 npeTxoAHor mHoncemem HCTHM 6pojem, y HaineM cayaajr 

6pojeM 
10 

Bpojem, ti3pa3H HAH ityliKaHje 

111,112,U3 	• • • 

cacraHapettH no oApeheHom npaminy H nopeham y oApeheHom peAy 06pa-
3yjy maTemaTBaKH HH3. Ma KojH meroB anaH un  son ce on um{ 

n a H HH3 a. 

36Hp yaacTonmx mnaHoBa ram cataabasa p e A. 

AKO je 6poj anaHoBa peAa KOHatiaH, p e A je KoHaaa H. AKO je-
Taj 6poj 6ecKoHa4aH H peA je 	cKoHaaa H. 
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S.. 1 — 1 + 1 — 1 ... (-1) a±i  

je AHBepreHTaH, jep !berm 36Hp He TOKH oApebeHoj rpamigHoj spemocTli 

Hero occutnyje, yailmajytui HaH3MMIHt1H0 speAHocTH + 1 H 0. 

paw je Aa je peA 6ecHoiime apHTmeTHHHe nporpecHje yBeK AK- 

sepreHTaH, jep je 

jim S. =-- lim [ u, + —12  n (n — 1)dl. . 
11-4-00 	n-r-oo 

1 ± q 	q2  -j-..., 

oHa je HousepreHma, KaAa je I q I < 1, H Amteprewma, KaAa je I q I> 1, 

.rae I q I o3HatcaBa anconymy BpeAHocT Te BenHtimie. 3a I q I <1 36Hp reo-

.meTpHcHe nporpecHje ca npincm mnaHom a HMa BpeAHocT 

S= =-- 
1— q 

PeA, KOjHM CMO npeivrasHnic —
1 , je 6ecicoHainca nporpecHja ca up-
3 

tIgaHOM 
3 

H KOJIWIEIHKOM q = — < 1. lipema Tome 36Hp TOr peAa 
10 	 10 

.3aHcTa Hma oApebefty BpeAHocT. 
Canto y criyHajy KOHBepfeHTHOCTH peAa jematama 

S = us  + u, + u, + + u. + 

mma chuiC.na. AKO y HoHBepreHTHom peAy 83Aaokimo 360p nom n 4J1aHOBa 

g 03HIVIHMO ra ca S., 36Hp OCTaJIHX ilgaHOBa npeTcTaBJba oCTaTaK p e A a, 

KojH omagaBamo ca R 0. Aax.ne, moxemo HanHcaTH 

S 

Ut ± U2 ± ••• Us, 

Ra = unit —I-- 	 •••• 

Kao ILITO 3a 11pH6.1111/1CHy speAHocT 6eocoHa4Hor AeuHmanHor pa3nokuca 

3314/KaMO oApebetai 6poj Aeuxmana, TaK0 HCTO, MeCTO yHynHe BpeAHocTH  

aomepreHTHor peAa,' moncemo y3eTH oApebeHH 6poj tucaHosa, IcojH he npH-

6JIMICHO HapaxcaBam IseroBy BpeAHocT. AKO mecTo Tainte BpeAHocTH S 

mamo npH6JHDHHy BpeAHocT S a , 1111HHMO rpeuncy, jeAHaKy R0. Ho OBO swot 

camo 3a aomepreHTHe peAoBe. 
3aTo je y TeopHjH peAoBa OCHOBHO curraise Aa AH je peA HoHaep-

reHTaH HMI AmBepreHTaH. 
FlocTamhemo npe cBera HeonxoAaH yCJI0B as KoHoepreHTHoCT peAa. 

AKO je pea goaseprearan, theroa omuni mall TOACH 

,apyrnm petmma, aim je 

lim S. = S, 

Tpe6a Aa. 6yAe 
(1) 	 lim u„=0. 

LI-4•00 

3aHCTa, 011WTH ,Inam /In moncemo npeTcTaBHTH Kai) pa3nHay 

u n == S.— S n_i . 

noTpascHmo caA rpatunmy BpeAtiocr nese H AecHe cTpaHe oae jen.- 

Hatunce icaA n oo. TaAa nmamo 

u, = lim (S0  — S0_1) = lirn S, —11111 S n_i  = S — S = 0, 

n-100 	n-► 00 	 fl-100 

a TO je H Tpe6ano AoKa3aTH.. 

YCJ1OB (I) je HeonxoAaH anM Hmje 
-hem° y3eTH, peA 

1 	
3 
1 	I 	 1 

• • • + —n ± • • 
4 

KOPI ce aose xapmoifflerai pe:at). °mum tmaH oHor peAa uMa HpeAHocT 

1) Ha3HB osor peAa cToja y Be3H ca My314 11ICHM xapmoaacxam HaTepaaaama. Oatioca Asa 

yaacTonaa qaana Tor peAa jeAaani cy oaaocama 6pojena ocumnagaja TOHOBB TAX mrrepsana, 

	

1 	 1 	1 	3, 	1 	1 	4 	 5 

	

I : — 
2 	 2 - — 2 oAroaapa OKTaBH, — : 3 

— --= 
2 

— — KBHI1TH, 3 
— : 

4 3 
— = — — min x, 4 

 x, — Be- 
• 

6 	 7 	8 
JIHKOj Tepull, 5— ivianoj Tema, — 

6 
H 
 7 
— y myamia ce He ynoTpe6a.yjy (6poj 7 je Remyaa- 

- 

9 	- 	 10 	 16' H  25 
xaaaa1), na naJbe eneayjy — — Beaaaa ceayaaa, — — mala ceayaaa; o'aaoca 

8 	• 	 9 	 15 	24 

Cy BeJIHKH H maaa noJIyTOH. 

17 

PeA 

LLITO ce THme 6ecicoHatcHe reoMeTpHCKe nporpeCHje, ilHjH 36Hp 3aBHCII 

•c1A BpeAtiocTH peAa 

rtAe cy 

A0B0JbaH. A0KaMiliMO TO. 3aT0 

H = 

Bauble: 



H jipema Tome je 

Up+1 <k,Up+2<k,... 
Up 	Up 

Up +1 < kup ,Up-1-2<k2tip , Up±3 < ka Up ,... (2) 111. , 	,U3 • • • fin 	• • 
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Un = — H npema Tome je 
n 

lira un  = O. 

Metn,THm, nako je AOK333TH Teopemy: 

Xapmoimani peA je ,AmBeprenTam. 

3ancTa, am) cmatbumo HeKe linaHoHe oBora peAa 14 Hanmemo 36Hp 

1 	1 
= I ± 

2 	4 

KOjH moHremo 33111eHHTH 36HpOM 

=-- 1 

1 

4 

1 

'-2±  

1 

8 

1 
—
2

+ 

1 

8 

1 

1 

8 
1 

8 

1311,K14M0 ,/ka je osaj, maH,H, 36Hp jeAtiak 6eckoHagHocm, 

H 1  -----, co; 

npema Tome je 36Hp kapmomckor peAa, 

H > H„ 

Takohe 6eckoHanaH; xapmoHHckm peA je, Anne, AHHepreHTaH. 

Hasemmo caAa jeAaH AombaH ycnos (Aanam6epaH KpHTepHjyM) 
komepreHTHocTH peAa ca 1103HTHBHHM traanomma. 

Y3MHM0 H143 1103HTHBHHX "laaaosa 

H ynopeAHmo ra ca 6eckpajHom reomeTpHckom nporpecHjom 

11 1 ,V2 ,V 3 , ...,Vn, 

3a Kojy KOJIWIHHK 

Vn 	k  
vn  

Hma cTanHy HpeAHocT, HeMBHCHY OA ti• 
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Hataummo H 33 H143 (2) HCTH KOJIMHHK 

Lin+1  

UP 

Y3eheMo cnytiaj Aa Taj KO/1 H'IMIK Hma rpaHHqHy HpeAHocT kaA n Te-
mat 6eckoHaqHocTH, 

lim o" + 1 
 

/2 —).00 Up 

no,li, -TaKBHM ycnomma peA 

un  T u n +i  
WM Ha 6ecirpajHy reomeTpHcky nporpecHj3r. YnopehHHarbe ca reomeTpuckom 

nporpecHjom AosoAH Ao .oHe Teopeme: 
AKO go4 peAa ea 1703HTH13111,1M tmauosirma oxioc Hape4Hor q.nalia npe-

ma nperxoxiom HMa oApe0By rpammy Bpe4Bocr H OBa je Bpeiwocr mama 
04 jemoulue, peA je goBBepreBrao. AKO je ona Beha o4 je4Hum4e, peA je 
4mBepreuraB. Arco je raj KOJIHHHHK je4HaK je4HHHUH, peA M011fe 611TH HMI 
KoHBepreHTaH HJ1H 4mBepreBran 1). 

Kao npHmep 3a npHmeHy ,aanam6eporla KpHTepnjyMa y3MHM0 peA 

I 	1 	1 	 1 
1  — 4-- -F + • • • -F --+ 1 -I-.  • •, 1! 	2! 	3! 	(n - 1)! 	n! 

1) ,LoKa3 one TeopeMe moace ce H3BeCTH Ha onaj Haqxn. 	
Up + 

lirn 	— q HMa 
71-* co lin 

BpeAHocT marby oA 1, mcimemo ynen H3meby q H I Hahn micas 6poj k Aa noqen oA HeKor q.rtaxa Up 6yAe 

(4) 

TaAa qaaHone peAa 

(3) 	 ui  + U2 + • • • + Up- 1 -F 	 ... 

nocen oA p-TOr qaaHa MO/KeM0 3ameHHTH yneAeHlim nelum BenHqHHama H ,q06HTH 36Hp 

+ + 	+ Up—i + Up (I k k 2  ...), 
a onaj 36Hp xma 3a k < I noHarmy epeAllocT 

41 + u2  + + up_i + up . 1  
1 — k 

Homo je 36Hp Hamer peAa (3) mausx oA one aoHagne BeamHHe, noHnepreaTHocT 
Tor peAa je Aona3atia. 

Ha can an Ha4H4H ce Aona3yje AHBepreHTHOCT peAa 3a cayqaj q > 1. 
Cayqaj q = 1 3axTena Ay6.rby aHann3y 3a maim cnexHjanaH peg. 
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rAe je, xao H yaex, n! cPaxTopitjexa ca apeAHowhy 

n!r--- 1. 2 . 3 . 4 . . . (n 	1)n. 

3a Taj peA npema ,aaxam6epoay xpHTepHjymy Ao6Hjamo 

	

lim 	= lim 
(n —1)! , 2 	1 u0-1-1 

—JIM 	0 < 

	

ti . .).00 	n—t.00 	n ! 	n , 

H oAame 3aluay4yjemo Aa  je Haut peA KoHBepreHTaH. 
• Haaeuthemo 143 TeopHje peAorla HeKOJIIIKO BaNCHFIX nojmosa H TeopeMa 

HO HeheMo ylla3HTH y A OKa3e THX Teopema. 
P e A ce 30Be I1 0 3 H T H B a H, aKO cy CBH tberomt 4.11aHOBH 1103HTHBH14. 

TeopeMa. 1-103HTHBaH peA je KoHaepreHTaH, aKO 3a ataxy apeAllocT 
36Hp n tinaHoaa S. 3a.Aoao.4basa ycxos 

S. < A, 
rAe je A xoHallaH 6poj. 

Ha np., peA 

(5) 
	

1 +  + — 	—I— 
22 	32

+ • • 
42  

1 	1 	1 

KoHBepreHTaH je, jep je 

1 	i 4.  s 
	1

+ 1 4. 1 4.  4  4. 	1 

<2. 

- 	< 2.2 	3.3 	n.n 

1+(1-1)-f-(1—i)+C---1)-F- 
2 	2 	3 	3 	4 

1.2 2.3 

I  

(n —1)n 

1)=2—± 
n 

( 
n-1 

thita. Teopema je Aaxa. moryhHocT Aa ce HC1111Ta KOHBepTeHTHOCT Hauler 
peAa 6e3 o63Hpa Ha TO WTO y OBOM cxyllajy HmaMo 

— 

1 	)2 

14, npema Tome, „Ranam6epos KpHTepHjyM He Aaje moryhHocTH Aa ce Hancra 
xotwepreHTHocT Tor peAa. 

P e A ce 30Be H a 14 3 M e H H 4 H H, alto My y3aCT011H14 1 1.11aHOBH meibaiY 
matte. 3a TaKaB peA imam Jlaj6Htw,osa Teopema: 

AKO 01111ITH 411aH Hermmetnmor peAa TeXCH HyJ1H, peA je xottaepreHTaH. 

flpema Tome je 3a HaH3Me1114411H peA ycnos lim u n  -= 0 He canto aeon-
xoAaH Hero H JA0B0.11,311. Ha np., peA 	 ri-Y■ oo  

je twasepreHTaH, jep My 0111.11TH 44.nau Tem Hynes. 

PeA ce 30Be a n c o,r4 yTHo KoHBepreHTaH, alto • je KoHBepreHTaH . 

14 peA cacTaataeH oA anconyTHHx apemocTH kberoakix LinaHosa. 

1 	1 	1 
1 — 1 + — + -41  

anconyTHo KoHBepreHTaH, jep je peA (4) oA moApa 4J1aHOBa Tor peAa KOH-

BepreHTaH. 

TeopeMa. AncoxyTHo KOHBepTeHTali peA yaele je KoHaepreHTaH, Tj., 

axo je peA 	
114 I + 1 112.1 + I us I+ • • • 

aousepreHTaH, KoHBepreHTaH je H peA 

u, 	u, 	-I- • • 

6e3 o63Hpa Ha TO LUTO 3Hau.H 411aHOBa nocneAFber peAa mory'614TH noTnyHo 

11p0H3B0J6HH. 
TaKo, Ha rip.. nowTo je peA (4) KoHBepreHTaH, xotwepreHTaH je H peA 

	

1+ 
 1 
	I 

	

1! 	2! 
	

3! 	4!
-I- 5! 

1 	11 
6! 	7! 	8! 	9! 
1 	1 	1 	

1 + • • 

AFICOJIyTHO 
KoHaepreHTHH peAoart Hmajy oco6HHe cyma cacTaaJaewdx OA 

aoHatmor 6poja 4AaHOBa• Tam Ha np., y anconyTHo KoHaepreHTHom peAy 
moace ce peA ca6Hparba methaTH; mebyTHm .xoA HeanconyTHo xoHaepreHTHor 

peAa npomeHa peAa moNce ,11,0BeCTH Ao norpewHor pe3y.TraTa. 

AfICORyTHO tcotwepreHTHH peAoax mory ce ca6HpaTH, oAy 3HMaTH 

MHOHCI4TH. 

AKO cy 411aHOBH peAa cpyincu,Hje, Ha np., aprymeHTa x, peA ce 3oBe 

413 y H K L414 0 H a 11 H 14 peA.  AKO Cy 411aH01314 clumu.woHantior peAa cTenerat x, 

peA ce pa3aHja no • cTenetuima x. 

CBe apeAHocTH apryMeHaTa,. 3a Koje je peA xoHaepreHTaH, calwa,aaajy 

o6.nacT KoHeepreHuHje Tor peAa. 

3a cpyttxu,HoHanHe .  PeAoBe apxo BaxcHy yxory Hrpa nojaM paaH o-

mepHe KoHs e"p reHTHocTH peA a, xa.Aa Cy ycnoart KoHsepreHTHocTH 

peAa HcTH 3a cse speAHocTH apryMeHTa y 06J1aCTH aoHsepreHTHcCT14. 

lin+i  
lim 	 — 1 

n–o-ao an 	n–,..00 (n + 1)2  n–►co I  , 	1 

n2 , 

Taxo je peA 



, 

, — 

y3 	1/ 	V7 

3 	4 	5 	6 

2 	3.2 	4.3 '5.4 

§ 60. Tajnopoe o6pa3att 

Y3MHMO 

M 06pa3yjm0 spemocT 

f (x) x 

f(x+h)=x+h. 
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J1ecuy cTpamy OBOr wan moncemo ripeTcTasHTH 

x±h = f (x) + hf' (x), 

jep 11380A (x)' HMa spemocT jeAHHInte. 

flpema Tome 3a Hawy cpyinatHjy HMaMO o6pa3au 

f (x + h) = f (x) + hf' (x). 
Y3MHMO cap, 

(x) = x2  

o6pa3yjMo 	
f (x + h) (x + h)2  = x2  + 2hx + h2. 

aecHy cTpaHy M0IKeM0 143pa3HTH 

X2  ± 2hx + h2  f(x) + (x) + 	(x), 

fi (x) = 2x, 	f" (x) = 2 

f (x + h) =1 (x)+ hf' (x)+ 2i  h2  f" (x) 

Ha caHltau HaqHH 3a Ky6 moKcemo HanHcaTH 
 

ha h2 
f(x + h) f (x) + hf' (x) + 	(x) + -3-! f"'(x) . 

He 6H Tell1K0 6Hno noKasaTH Aa sa CBaKH 110/114HOM Banal HCTH 

o6pa3au, • Tj. aKo je 
f (x) = Pa (x), 

jep cy 

H TaAa HMaMo 
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PasHomepHo KoHsepreHTHH peAosH Cy HapoluiTo BaXCHH 3601-  'Fora 111TO ca 
TaKBHM penosHma MO)KCMO BpLIIHTH, 110A H3BeCHHM ycnosama, onepauje 
AtickpeHumatba H HHTerpticalba (sHAH § 62). 

BelK5asa. 

1. Ynopebssaibem ca reomeTpscsom nporpecHjoM NOICBUTH Aa je peA 

1 	1 	1 	 1 
1 ++++•••+— 

22 	3, 	44 	
no+••• 

 
sossepresTas. 

2. Ynopelpsalbem ca xapm0RMcxsM peAOM nosaaaTs Aa je peA 

1 t
-+ . . .+'/ 
 . 

+ 	+ + • ± 	" • 
AHBBINTHTAH. 

3. ,E1,a AH je peA 
1 	1 	1 	1 

2 	3 	4 	5 

. ancoayrsO sosepresTas HAN ssje? HanscaTs' My °MUTH qaas.. 

4. 3aurro cy CIVIIKIAHOHAAHH peAoss 

xa 	x ,  
3! 	5! 	7! 

x2 	x4 	x4  
2! 	41 	6! 

KossepresTss? HAIIHCATH HM onarre qAAHOBB H yrspAsTx 0611aCTH Konneprenumje. • 

5. ,r.toicaaairn nomohy Aaxam6epona xp,wreptilynta xoneeprenmocT OBHX peAosa: 

1.3 	1.3.5  + 	+ + 
3 	3.6 	3.6.9 

3+ 4 1+ 5 .. 
1 +.. • + n-1-2 1 

2 	3 	3 	4 	32 	n F I 3^ —,  

6. 14cnnTaTn KonneprenTnocr peAoea 

11 	1 
-F+ 	+•• 

3.5 	5.7 	7.9 

	

1 	1 	3 4_ 1 	32 	1 	32  4.  

	

2 	5 • 22 	52  • 32 	53  42 n  

4—+ 
3 2 	52  
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- rAe je P. (x) nommom n'Tor cTenetia, Hmamo 

2 

(x + h)= f(x)--1- h r(x)± f"(x)-F • • 

• • • 	
(n

he- 1 

—1)1 
f(a.-1) (x) 	

—tzn 
f (n)(x). 

n! 

( 1 ) 

265'. 

oA BpeAHocTH aprymeHTa X + Oh speAHocT 4:•yHKu,Hje f(s)(x + Oh) mowe 611TH, 

 orpaHmefia, Tj. kbeHa ancoAyTHa speAHocT He Mo)Ke 6I4TH Bella oA oApebeHe.-  

1103HTHBHe senHIFHHe M. TaAa moAcemo CTaBHTH 

• 

IRni< —n M. 
n! 

Ha AecHoj cTparni Hmamo KoHavaH peA oA n -{-1 LiAaHa. tlAaHosn 
cy ypebeHH no cTenemma npiapauiTaja h aprymenTa x. lipsH %nail peAa 
je speAnocr 4ayiutHje 3a noAa3Hy speAHocT aprymetiTa; KOe(pmu,HjewP4 0C-

TaJIHX IF.naHosa sasHce oA, yaacTonHHx H3B0,aa• Y Hmemogy csaKora 14.118Ha 

CT0jI4 oArosapajyha cpaKTopHjeAa. 

AKO ce cpyrumaja f(x) He jas.sa y o6AHKy ROJIHHOMa, Ha H3pa3 f(x h) 
momcemo npHmeHHTH HCTH o6pa3au, (1), canto ce He moxemo 3aycTasHTH Ha 
KOHallHOM 6pojy maHosa Aa Tatum H3pa3HMO speAHocT f(x h), Hero Tpe6a 
npoAyacHTH HCTH nocTynaK y 6eCKOHa4HOCT H npema Tome HanEcaTH jeAati 
6ecKoHa4ail peA• JacHo je Aa TaKBa npeTcTasaspeAHocTH f(x+h) 6ecKoHa4- 

peAom Hma cmHcna camo y OHOM cnyqajy KaAa je oArosapajyhm pe.a. 
KoHaepreHTaH. 

AKo Hehemo Aa y3memo cae 6ecKoHagaH peA . Hero canto n Fberomix 
mAaHosa, TaAa Tpe6a HanHcaTH 

2! 

h 0-1) 
f(x+h) f(x) hf' (x)d- —

h2 
f"(x)-1- • • • ± 

(n- 1)! f(n
-i) (x) 

rAe je R a  OCTaTaK' peaa, pa3.anKa H3melly f(x+h) H CBHX npeTxOAtnix 
HOBa peAa. 

lipeTxoAHH o6pa3au, aose ce T a j A o p o B o6pasag HIM T a j A o-
p o s pe Aa  

OCTaTaK 	moace ce Ha BHLUC Ha4HHa 143pa3HTH nomohy cpywigNje 
f(x). HaBeuhemo 6e3 ,A0Ka3a T3B. JlaHrpaMKeBy (430pMy TOr OCTaTKa 

R. = 	(x + Oh), 
n! 

rAe je 0 npasH pa3nomaK, Tj. 

0 < 0 < 1 . 

KaKo ce mo)Ke H3pa4yHaTH speAtiocr f(x h), nomohy Tajnoposor 
o6pacga, KaAa je y Fbemy Heno3HaTa seawniHa 0 ? tlecTo nyTa He3asHcHo  

• 

Time ce 110CTaBala rpm-Irma oA Koje He moxe 611TH sehH OCTaTaK.. 

AKO je h A0B0.1bH0 mano, a n ,11,0B0.1bH0 BeJIHKO, Tj. aKo je y3eT Aosoa,Ho 

BeJIHKH 6 oj mAaHosa y Tajnoposy peAy, pa3AHKa Hameby npase speAHocTH 

f (x h) H oHe Koja cneAyje 113 TajAoposor o6pacga rviowe 614TH matba 

yHan e nocTas.rbeHe semtmHe. 

• § 61. MaHaopeHos o6pa3au 

AKO y Tajnoposy o6pacu,y CTaBHMO 

HanHcaTH o6paaag 

--2i 
x2 	xs 

If (x)=---- (0) -1- 	(0)+ NO) -I-  V"' (0)+ 

rAe je npema flarpaHwesoj cpopmm ocTaTKa 

R. = .1±-t  PO (0 x), 
n! 

ca <0 <1. 

HanHcaHH o6paaag 3ose ce MaxaopeHos o6pa3ag an M a-

KAopeHos peA, a R a  je ocTaTaK TOr peAa. ,  

BaHcaH je cAriaj 6ecKoHa4tior MaKAopeHosa peAa ca ocTaTKoM R. 
KOjH Te)KH HyAll Ka.Aa n Te/KH 6eCKOHa4HOCTH. AKO je Taj paA KoHsepreHTaH, 
nomohy Hera ce Mo)Ke H3pa4yHaTH speAHocT 4?yHKumje 3a np0H3soamy 
speAnocT aprymeHTa y 0611aCTH KOHBectreHTHOCTH. Y TOM cArFajy mmemo. 

HanHcaTH 

x2 	x3 
(x) =1(0) + ! 	

+ — — f' (0) 	1" (0) 	f"' (0) + • • • + 
2! 

(n 

	

Xn— 

 1)! 	 n!
1 	Xn 

i(a—t)  (0) 	f(n)  (°) + • 
—  

x = 0, a 33THM h = X, mozeme 

— 1) !
f(a--*(0)+R .,1 xs-1  



‘,34mam o 
pky (

x
) 	ex ; f00(0) = 1 , 	k = 1, 2, 3,- 

a-1-1.  

un  
q lirn 

n—+oo 

x2  
= aim 	 

n-)-. 2n (2n + 1)
= , 
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FlpHmeHHmo osaj 06pa3at( Ha HeKOJIHKO BaNCHHX (1)3THKI.LHja. 

2 

3a x=1 Hmamo peA 3a HspagyHasaibe ocHoBe nimpoAHHx noropwrama 

-r • • • + 	 • - • 2! 	3! 

143 TOr peAa, paHHje Appv4Hje HsseAeHor, HspagyHasH CMO npH6nmsHy 
nspeAHocT TOr TpaHcaeHAeHTHor 6poja, 

e z 2,718281828459. 

f (x) = sin x , 	(x) = sin (x 	, 

,MasnopeHoB peA Aaje 	 2. sin x 

flourro je 
(I) 

X 	x2 	x' X6-1  J._  X °  e
x 
= 1 
	 2! 	3!

4_ 
 I 	 ••• 1- (n-1)! 	n! 	••• 

3a Han4THBa16e KOHBepreHTHOCTH °Bora peAa no ,aanam6eposy spa-
-TepHjymy Ao6Hja ce 

q 	— lim  xn (n 1)!  —/im X  — 0 
tz—>co Un-i 	n! x3-1 	n 

7,0Aalcne 3atubriyjemo A,a je peA soHseprewraH, H TO alICOJIyTHO soHsepreHTaH, 
aa. CBaKy speAHoc -r x; 06AaCT KOHBepreHTHOCTH TOr peAa je 

— < 

HMaMO 
f (0) = 0 , f' (0) = 1 , r 	 , f " (0) —1 

If Aarbe BpeAHocTH HssoAa ce noHamisajy. 
3a °By cpymumiy MaKAOpeHOB peA Aaje 

xx 	x5 	- 	 x2n-1 	 x22+1  
(2) sin x x — — — — . (— 1) 0+1 	 (- 1)0+2 	+ . • . 

3! 	5! 	 (2n-1)! 	s 	(2n-i-1)1 

3a HCIDITHBalhe iseroBe KOHBepreHTHOCTH moscemo flpHMBHHTH ilanam-

6epos spkt-repHjym 

• pti tiemy sa x = — oo cpyrunwja ex 'MICH HyaH, a sa x = 00 II oHa Te/ICH 

4ecicoHa4iocTH. 
AKO ce saycrammo Ha 36Hpy S. npsnx n 11J1aHOBa, 4HHHMO rpewsy 

oAasne sambrlyjemo o alIC011yTHOJ KOHBepreHTHOCTH peAa 3a ataxy speAHocT 
aprymeHTa x. ,L1,o sasibytisa o KOHBepreHTHOCTH peAa (2) mwsemo AOhH H 

413 HenocpeAHor ynopebmatba peAa (2) ca peAom (I). 3aHc -ra, anconyme 
BpeAHOCTH maHosa peAa (2) cagmbaBajy canto jeAaH Aeo tinaHosa peAa (1) 

aziamrbeifflx no HCTOM sasoHy. 

PeA sa sin x A aje oBe npH6nmsHe speAHocm Te cpyiawje: 

.sin x 	x , 

x 3  
sin x x — 

4 6 

• X3 x5 
Sin X X —  -1— -- • 

6 120 

1. ex 

110111TO 3a cpylisu,sjy 
f (x) =-- ex 

xn 
— e - x, 
rz 

as sob/ moxemo HanHcaTH ose rpaHnue 

xn 
0 < R. < — 3x sa x > 0, 

n! 

jep je 0<0<1 H e<3, H 

O<IR.I<— sa x< 0, 
n! 

jep je ex < 1, aso je x HeranisHo. 
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I " 3: cos x 
• 

nOCTyrIKOM C,J114(1HHM „npeTxoAHom mowemo Hannant OBaj peA 3a 

KOCHHYC 

X2 	X4 X2n-2 	 2n 

cos X = — — 
2! —4! 	• +:(— 1)n+1  (2n-2)1 +(— "n+21c--2/11 +:  • 

Taj je pe,n, HCTO Taloa KoHBepreHTaH 3a csaxy HpemocT x H' Aaje-
ose npm6.runsHe speAllocTH 3a KocHHyc: 

cos x: 1,  
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To cy Taxobe ApieposH o6pacu,H 33 H3pamcasathe TpHroHOMeTpHouix 
icpyral,Hja peanHor aprymeHTa nomohy escnoHeEigHjanHe ctlymcgmje smarm-

gapHor aprymeHTa. 

4. BuHo.4iHll pe,i 

YSMHMO cpyHKI414jy 

f(x)= (1 ± x) m , 

rAe je m peanaH 6poj, H cacTammo °He Ta6.rmae: 

PejioBH ex , Sin X, COS X gory noc.nygHTH 33 H3pa4yHasaHbe THx 
gHja He camo 3a peame Hero H sa. HmarmiapHe BPAHOCTM aprymeHTa. 

IlpHmeHHmo Te peAose 3a H3Ho1elbe Ben. Hamby TpHroHomeTpkiciam 
H BKCI1OHBHI4HjaJ11141X 1:1)yHKI4Hja. 

• CTaBHMO y pen, 33. ex, mecTo x, HmarHHapHH aprymeHT xi, rAe je, 

1430 H yHex, i = 1/— 1 ; TaAa hello, noc.ne oAsajarba peamix Linanosa 
HmarHHapHHx, Ao6HTH 	• - 

X2  X4 	 X 2 	X5  
= 1 — ± — • 	i

/ 

— + 5, • • j • 

AKO caAa norneAamo Ha peA peamiwx 14.1aHosa H Ha peA sojH je 
xoe(pHusjeHT y3 i, H yrtopeAHmo Hx ca peAmmma 3a cos X H sin x, Ao6Hhemo-

ex' = cos x i sin x. 

To je T3B. A ja epos o6pa3ag. AKO ynopeAo ca 11:4M HanHulemo 

o6pa3ag 	
e--21  = cos x— i sin x, 

KOjH ce Ao6Hja 143 npeTxoAHor 3ameHom 'x ca —x, H3 Ta AHa o6pacu.a 
mo)Kemo H3BeCT14 

cos x = 2 —
I 

(ex' + ex') 
• 

sin x 	7.)—i  (ex' — e — x') •  

f2)(x)= m (m-1) • • • [m—(n-1)](I+x)m - n 

Flocne Tora npHmeHa MaKnopeHosa o6pacu,a Aaje 

xyn = 1 -F ( T ) x 	2 ) x2  + ( 3  ) 3+—+(in)Xn+( 	)Xn+1..., 

rAe CMO 3a TaK03Bal-le 6HHomHe so e (1)H u  H jeHT e ynoTpe6H.nH o3Haice 

ni 	m(m - 1)(m - 2)••• [m—(n — I)]  

n ) 	r 	1-2-3- • • n 

AKO je m ueo H 1103HTH1331-1 6poj, ripeTxoAHH peA je KoHavaH; y CBHM 

ApyrHm criyilajesHma OH je 6ecHoHaHaH. 

3a nporlaBaibe KOHBeprcHTHOCTH 6ecHoHa4mor 614HomHor peAa Hmamo 

x (m —n) 

n 	1 

Ha ocHosy Aa.nam6eposa xpriTepHjyma TspAHmo; 

AKO je x ! < 1, pe.a. je. KoHBepreHTaH 3a cHaxy HpeAHocT m. Alm 

je I x j > 1, peA je AHHeprewraH. 

3a I xj = 1 ,E1,a.nam6epoH xpwrepHjym He Aaje oAroHop a HoHsepreHT-
HOCTI4 peAa. Ay6.1ba amanH3a. AoHoAH Ao °Hof -  pe3yaTaTa: alto je m.> — 1, 

peA je KoHBepreHTaH, 3a m < — 1 OH je AHHepreHTaH. 

x2  
cos X I — 

2 
x2 	x4

•  
cosltz I

-2 	24 

f(x).---- (1 

f (x)= m (1 + x)In 

f'(x)= m (m —1) (1 ± x)m —2  

f (0) = I, 

f (0) = m 

f' (0) m (m —1) 

PO (0) m (m —1). • • [In — (n —1)]. 

    

g = lim 
-4. 00 

n-1- 1 

un 

 

lim 
n-).00 

    

= I x I 
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HaBelliheM0 HeK0J1HKO Hap0MHTO BaNCHHX cariajeaa: 

1 

1 
	== 1—x + 	xs -I- • • • 
 + x 

1 
(1 +x)2 

1 x = 1 	— 
1.1 xs+  1.1-3 xs 	1.1.3.5 

2
x — 2.4 
	2.4.6 	2.4.6.8 x4  

	

V + 	+  

	

1 	1 	1.3 2 	1 •3.5 . — 2  x , 2.4x --,2.4.6 x0 ,  + 2.4.6.8 x4 —• • - 

	

1 	1 
1/1—x2  == I  + —2 X2+ 2-1:43 X4+  21 :43 :65 X811-  i71.43-1 651 87X8+  • 
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06a cy peAa aa. I xj < 1 KoHBepreHTHH. CeM Tora, 111)BH je peK xotwep-
rewraK H aa x=---+ I, a KriyrK 3a 'x = —1. 

AKO OA npaora peAa oKyamento ApyrK, Ko6uhemo peA 

tog 	— z x 
, 1 +x_ 	+ _x 5  + .), 

1 — x 	3 5 

KOjH je KoHaeprenTam aa j x < 1. 

flocniembm peA oMoryhyje KapavyKaaarbe nimpommx Aorapwrama Mat 
Kojer 1103HTHBHOr 6poja N. 3axcTa, CTaBHMO 

-FX 
I 

TaAa hemo sa'x Ao6nTn apeAnocT 

— 1 2x + 3x2  — 4x3  + • • • 

5. log (1 + x) 

CTaBHMO 

H Hat1HHHMO Ta6.tume 

—x  

-1 x 

f =-= log (1 + x) 

f (x) = log (1 + x), 

f (x) = (I + x)—  , 

f '(x) = — (1 + x) —  2 2  

f"'(x)= 1 .2 (1 + X)— 3  , 

/iv 	— 1.2.3 (1 +x)-4 , 

N + 1 

Ta je apeAnocT maiba oA 1; aa tby je, npema Tome, Haul peA KoimepreHTall., 

BelK6affia. f (0) =0, 

f (0) = 1, 

f ' (0) = — 1, 
f"(0) = 2! 
/Iv (0) = 3! 

(x— a) 0 - 
1. Koji je To peA ca OHLUTHM %imam an 	 (n) (a) ? 

n! 

2. 143pagyBaTif nomohy TajnopoBa o6pacna sin 31°. 

3. 143pagynaTm nomohy PeA0Ba OBe BpeAHOCTH 

e0, 1 , e1.1 , sin 150  , cos 470  

H ynopeAHTB ABe nocaeAtbe BpeAtiocTa Ca Ta61114,41IHM BpeABocTHma. 
• t(n) (X) = (— 	+ 1 (n — 1) ! (I X)-  

YnopeAo ca OBHM norapnTamcnim peAom momcemo cpopmxpaTm 
.pyres AorapmTamm peA 

• Houle Tbra nomohy Max.nopeHoaa o6pacua, HaBOAHMO 

• X 	X2 	X$ 	X4 	 X n log (1 + x) = — 
1 	—3 —74 	+(-1)n+l—n ±•••  

sin 1 0  =1 - -
3!
- 	

5! - 	 • • 

HHje TagaB? 3ameBirra ra TagIHIM H H3Bp111HTH npil6mnimo 143pavBaB3rbe; pe3y.nTar Y-
nopeAHTH ca Ta6AHMIHM pe3yATaTom. 

5. nOTBpAHTH HpH6aMaCHH o6pa3an 

sin (a ± x) z. sin a ± x cos a. 

6. 143paRyBant cos 760  ca 4 Aewmana. 
7. 143pa9yBaTm log 10 ca 4 Aeimmaaa. 

f(n ) (0) = (-- 1)a -1-  (n — 1) r 4. 3aulTo o6pa3an 

log (1 — 4 

8. Flomohy 6HHOMHOr peAa mpavyBaT14: 	26' 	j630 e1 -  + ± 	-x2n 



1/ 1 — x2  

y pee, npema MaKnopeHosy o6pacay. 

Kao WTO cmo Hasenll y npeTxoAHom naparpacpy, Taj peA H3reAa ()saw: 

1 	1.3 	1.3.5 	1.3.5.7 
	— + 

2 
 x2 

 +2.4x . 4 
x4 

 2 . 4 . 6 
xe 

 +2.4.6.8x3 . 4 . 6 .8
xs  

— x2  
 + 

TlpHmeHilmo caAa Ha HapaliyHasatbe Hauler HHTerpana o6pa3au, (1). 

To moscemo ypaAHTH TIOUITO je HartHCaHH peA pasHomepHo KOH-

oepr efiTaHt). 

1 
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9. 143pagyaaTm TpH vaaaa MaKnopeaosa peAa 33 itymaumje: 

ex _e-x 
eslo x 	 

2 

10: Haruicam pea 3a 'VT H mapavymaTm pe3yaTaT ca Tim aelAmmaae. 

1 I. Pa3BHTH y pea chalausiy  ex  
+ x 

_ ..,--,,,,-,ohe..gatosearaeotopamer -
§ 62. Ilwrerpannja nomohy pextona 

BHAHAH CMO Aa ce 3a H3pagyHasatbe oApebeHor miTerpana, cm* ce 
meoApelieHH HHTerpan He mosce Halm, noHeKaA ynoTpe6.Tbasajy meToAe AH-
4epemmpalba oAHocHo miTerpHcalba no napaMeTpy. floicascHmo caAa join 
jeAHy meToAy Kola omoryhasa ImpatiyHaBatbe onpelpHor HHTerpana 6es no- 
3Hasalba HeoApebeHor HHTerpana. 

Heim je AaT KoHsepreHTaH peA, 	(1.113HOBH samice oA x, 60.no y 

o6.nicy 6ecKoHatmor peAa  

273, 

4)ymumje mosce 614TH 143pagyHar HHTerpa4Hjom Tora peAa; Ao6Hjemi peA 
1514he TaKobe KoHsepreaTaH. 

3a osaj peA Ba)KH o6pa3aa 
.b 

,1) 	f f (x) cbc = f u o  dx 	u 1 dx 	u2 dx ... f u n  dx 

a 	 a 	 a 	 a 	 a 

He moscemo ce 3aycrasHTH Ha AoKamsaHv cme Teopeme, Hero hemo 
,pewHTH jeAaH sascaH 3aAaTaK. 

143pa4yHaTH HHTerp ani  

2 
H:==. 	dp 	

k2< 1 
1

t

1 — k2  sin cp 

Tome 4141by, crambajyhm k2  sin2 p = x2 , pa3sHheMo 

1 

tio + 	± • • • -I-  a ± • 

-614110 y o6nmcy koHalmor o6pacua 

no  + + U2 - • • + 	 n 

je R. ocTaTaK peAa, Tj. 

Rn = Un + 	 Un+2 + • • • 

AKO je , peA KOHBepreHTaH 3a speAHocT x, Koja cc Halla3H y AaTom 

imiTepsany (a, b), yBeK MoNceM0 3a cBaKy npou3sonaly BeAH4HHy 

TaKBO N, Aa 3a n > N ocTaTaK R.- no ancanyTHoj speAHocTS 6yAe matbm 
PasHomepaa aomaepreamocT Hamer peaa caeayje H3 Teopeme: 

OA g, Ti. 	 AKO cy 3a cae apeatiocm x y aaTom furrepaany ancoarae BpeAHOCT14 9naHosa jeA- 
Hora peaa mame Oa apemocm gamma KoasepreaTacir peaa cal103HTIMHM KOHCT3HTHIIM 

wraaromma, 11pH je pea pastiomepao•icoithepreaTan. - 

Y icamem carlajy je 

f (x)= u„ al + u2 + 	u o  

H3 Te KOHBepfeHTHOCTH caeayje pamomepHa aomilepreimocT Kamera peaa. ;pasHomeptao KoHsepreHTaH peA y AaTom HHTepsany (a, b), HHTerpan AaTe 
1$3 

Bpoj N, KOjH yna3H y Taj yCA0B, mosce 3aBHCHTH He camo oA a, Hero 

'H OA X. AKO je N HCTO 3a cse speAHocTH x y HHTepsa.ny (a, b) H 33BHCH 

.canto oA e, 3a peA ce Kasce Aa Kouseprupa pasuomeguo. 
flpHmemmo Aa peA mome 6HTH KousepreHTaH a Aa HnaK He 6ys,e 

tpasHomepHo KOHBepreHT3H. 

3a pasHomepHo KoHsepreHTaH peA Bawl osa Teopema. 
Aim je 

I Ra I < g • 

x2 	sin , 	k2  

npeMa Tome cy gnatioam Hauler peaa marbil oa qaaaoaa peaa 

	

1 + 
2 

1c2 	k. 	 . . 
2 . 4 	2 . 4 . 6 

Taj pea je aouaepreBTaa, jep je 

	

q tim Un+1 	lirn ( 2n  — 1c2 ) = k2  < 
2/1 



14apagynam nomohy pe,wea HuTerpane: 

1. f cos -11x dx 	2. f e-x2  dx. 

f 1"  (1  +  dx . 

o,t 

r  cos x dx 
f er 

j Y4 — x 

cos x 
5. I--  

X 
0,1 

1 12 	 0 r  dx  f  dx  
x 

t
ycos 

T 
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BH •Hmo Aa' Haul HHTerpan 3asHcm oA strrerpanaL : 	 § 63. TIMITOHOMeTpliCKII peAoss. Xapmonmcsa assail= 

pa3HHm rurraHAma Mexame; 	py m '-'4"4"1"4""4"w1161realwale"4"  sr 	
rkix HayKa B.0 .r10 Ba)KHy 

I sin" y = 1 3 .5 	(2n  — 1)  3T 	
yAory Hrpajy nepnofininie Oymcanje, Koje, Kao LuTo CMO snAenn (§ 21), 3a- 

Aoso.lsasajy ycnos 
f (x K) =-- f (x) 

AKO HCKOpHCTHMO Ao6HjenH peaynTaT, .11a.K0 hemo Ao6nern °sal o6pa3au: 

sin (x + 2n) == sin x , 	tg + 	tgx 

sa)Ke 3a c. saKy speAHocT x'a. 

npomembHse x 14 lima nepHoA K, yBeK moAcemo Hahn TaKBy HOBy npomeH- 

JbHBy Z Aa OHa Hma nepHoA 2g, nepHoA OCHOBHHX TpHroHomeTpHcKmx 

JlaKo je noKa3aTH Aa 3a cBaKy nepHomtiHy cpyHKu ‘Hjy, Koja 3asscH 0A 

cl3yHtutHja sin x H cos X. 

3aHcTa, cyasHmo 	z =-- px 
Bew6alba. 

Oea 
11 0ApeAmmo p• 113 ycnosa Aa z nopacTe 3a 2A, KaA x nopacTe 3a K. 

ycnos AosoAn Ao jelHatmuse 	
2;t pK , 

oAaKne je • 

' 2x   p 	
K . 

Holm npomeHrbmsa je, AaKne, se3aHa ca cTapom jeAHatumom 

2n 
z= X. 

2 .4.6 ... 2n 	2 • 

K  = f 

3a ataxy speAHocT X. Bpoj K je CTaTlaH; OH ce 3ose neon°, a nepHoAstme 

iliymoutje. 
If 

2 	
14MB.1114 cmo npmepe nepHowomx cpywol,Hja. TpHrOHOMeTplICKB 44HK- 

wije cy nepHownie. cl/HKu,Hje sin x H cos x 14majy nepHoA 2n; cpymotHje 

tg x 14 cotg x nepHomPote cy ca nepHOAOM A. Flpema Tome, Ha np., jeAHainme dp  
	— [1 -f-( 1 	Ik2 -1-( 1.3  10+ 
sin 2  y 	2 	2 	, 2 .4 

0 
1 . 3 ... (2n — 1)  ) 2 

t 2 . 4 ... 2n 	
k" 	. 

BHAehemo Aa Taj HHTerpan cTojH y Bean ca H3patiyHasaibem neptioAa 
ocumnagHje maTemaTHincor maTHa; TeOpHja Tatum HHTerpana cnaAa y Te- 
• psjy expinTionmx Oyinuntja. 

HanHcann knfrerpan pagyHa ce no OBOM IlOCTyllKy 

= f sin2" p dp = f sin 	= "-1? d cos? 	sin2n-1p cos? + 

± (2n — 1)f cos, sin2o-2 	= 	
(I) cos ? + (2n — 1)1, 1 — (2n-1) i t  

oAaKne aa onpebaaarbe kncrerpana 10 ==fsien p dcp }imam° oBaj peApanioinq ot5pa3aH. 

2n 17, = (2n — 1) 	. 

Y KaCHHiliM HanaraH)Hma hemo, y HHTepecy jeAHOCTaBHOCTH, npeT-

nocTas.ibaTH Aa nepnoAwnia cpyHKII,Hja f (x) Hma nepHoA 

nOWTO je nepnoAHEIHy (1)yrnotHjy f (x) A0B0JbH0 nporiHTH CaMO y 

pHTepsany jeAHor nepnoAa, H3a6pahemo 3a Taj Hwrepsan pa3maK OA, —
zt  

.+ n.  
Hajr.nasHsja 'npnmeHa nepHoAwiHHx cpyHKuHja je y npoyttasaby OCU,H-

naToptmx npoueca. HajnpocTHjH OP, THX ocannaTOpmiX npotteca je xapMO-

HBCKO KpeTaffie Koje cmo paHsje npoytnum y . § 21. 
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Avo Hmamo cariaj Aa (1)YHKu•Hia 	(x), KaA n Temi 6ecKoHati- 

HOCTH, npeTcTaiNua 6ecKoHatiaH KoHsepreHTaH peA KOjH KoHseprHpa y HH- 

TepBaJly OA 	31 AO + n oApebeHoj 4:1yHKuJiju f (x), TaAa mo.memo Hal1HCaTH 

oo 
1 

(2) . 	(x) = -2 ao 4- E (a., cos k x bk sin k x). 

k =1 

TaKaB TpHroHomeTE)HcKH peA 30Be ce 43 y p H j e ou p e A 3a  cpyHK- 

UHiY I (x) 
KOeC131411,HjeHTH ao, ak , bk (k = 1, 2, 3, • • .) mopajy ce Haaa3HTH y 

oApeljem4m Be3ama ca RX). OH14. ce 30By ypujeose Ko H-

c T a HTe 14.1114 Koecptin,HjeHTH 3a cjvHK1.1,Hjy f (x): 

FloKaammo Aa TH KoecpHu,HjeHTH HMajy speamocTH 

—1 
f f  (x) dx, 

— 

± A 	 +21 

ak — —

1 

f f (x) cos if x dx , bk = —
1 f f (x) sin k x dx 

- 1T 
(k 1, 2, 3, ...) .  =  

rlpsH o6pa3aa H3BOAH ce Ha Taj Ha11HH, alTO ce peA 410MHO/KH ca dx 

14 HirrerpanH oA — n Ao 	npH tiemy ce yaHma y o63Hp Aa cy 

(3) 

Co. 98. rpaftl,HHH OCHOHHOr TOHa H TpH 

yaarronua WHIM •TOHa 

276 

XapmoHHcKoj ocumaumjn nepHoAa 2a oArompa jeAHa OA jematiHria 

	

( 1 ) 
	y= a, cos x, 

y = b, Sin x , 
HMI jeAlialmHa 

y -= a sin (x + cc) , 
OAHOCHO 

y= a cos (x cc) , 
rAe cy a 1 , b1 , a H'01 KOHCTaHTe. 

AKO ynoTpe6Hmo TepminicoorHjy AKy-
CTHKe, ilex-min-lama (1) oArosapa rnaKHH 
T 0 H asyxa. IlepHoA raasHor TOHa 30Be ce 
apHMHTHBHH nepHolk• 

AKO yamemo jeAHatatHe 

y =-- ak cos k x , 

y 	bk sin k x , 
rAe cy ak H bk KOHCTaHTe H k npHpoAHH 
6poj, CBaK0i OA TI4X jeAtialuma oArosapa 
TaKobe xapmoluicKa ocum.Katuija. IlepHOA 
THX octumagHja 3a k = 2, 3, 4, ... peAoM 
HMa speAHocT 

	

27r 	2rr 	2x 	2x 

	

2 	3 	4 	7' • • ' 

CBaKa OA THX ocuJulan,Hja oArcusapa s H HI em Ton y. Ha C./1MM 98 
ripeTCTaBJbeH14 cy rpa4)HHH OCHOBHOr TOHa H BHII1HX ToHosa. aa 4".1yHK1.414iy 

xocHnyca. 
CacTammo caAa 3614p 

1 
1•„(x)=---  —

2 
ao  + a, cos x b sin x a2 cos 2x + b2 sin 2x ± 

±...+anco.snx±bri sinnx, 
HAN, KpaTKo, 

(1)„ (x) =-- —
1 

ao 	(ak os k x b k  sin k x) , 

2 
k =1 

oaHatiasa 36Hp. Y TOM o6pacuHma cy a0 , a , bk (k = rAe 	(tulTaj cnrMa) 
1 ,  2, 	, n) KOHCTaHTe.  

fCOS k x dx 0 , 
	 fsin k x dx 0 . 

— 
	 -X_ 

3a oApebHsaibe KoecimusHjeHTa ak Tpe6a jeAHatumy (2) 

ca cos k xdx 	HHTerpannTH y HCTOM HHTepnany. AKO npH rimli°  TOme.H)17TKom- 

pHcTHmo o6pacu,e 

f cos k zcos k' dx =-7 0 

aa k' + k 

— .1c • 	
sa k' ---= k 

+ A  

fcos k x sin k'x dx =0 , 

—YE 



Ca. 99, b. AllpOKCIIMaTHBHe xpuse jeAllor 
chypHjeosorpeAa. Apyrm HpHmep 
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Aaje soup Koje je Hau.pTao clmmanap MajKeacoa nomohy Hapointror aria- 
•paTa — xipmotis cx or aH a.n HsaTop a. tbypHjeos pep, sa mai cAriaj 

lona 0630AK 

0-1 IF ;371  

cilypHjeoa peA HMa orpomaH 
I IV 	 3Ha'Jaj sa npoynasatse nepHoAH1I- 

HHX 	OH omoryhyje Aa 
311-1 	 ce H3ABOje 143 nepHownimc npO- 
5 q 	 geca npao raasHe ocus.nawije, a 

3aTHM nocTeneHo H ocuAnan.Hje 
maimix nepHoAa. Takao pa3na-

21 
raise nepHoAmmix npogeca no-
mohy clIpHjema peAa swim ce 
xapmousicKa aHaAHsa. 

Crt. 99 a. AnpoacHmaTime KpHae jeAaor itypH- 
jeosor peAa. flpsH npuntep 

npeKHAHe. Ha Callan 99 a- 14 b ripuKasam cy npHmepH npeKHAHHx cpyHKaHja 
H,HX0Ba npeTcTaaa nomohy 36Hposa %nation cbypHjeosa peAa. CA. 99 a, 

[cos x 
— 3 

1 	1 
—cos 3x — cos 5x — — 

7 
cos 7x + 

5  

(— On  
2n +1 

cos (2n 	1)x 	... 1. 

(IIHKaHja y, npeTcTawbeHa y KOOpAHHaTHOM cHcTemy, HMa speAHocT 

TC 	 3x 

8  

	

— y HHTepBa.ny oA 	 —2  2 AO + H— 
8 

— 3r HHTepaany oA 2 — AO 
2 

. 
 

Y ApyroM npHmepy (cA. 99,b) HmamO peA 

y 2 [si n x 	
2 	3 

sin 2x 	
1 sin 3x 	— 

1 
sin nx 

Osaj pe,g, web)* KpHsy, Koja ce npH6AHscyje synimma TecTepe. 

.£1,ocaA CMO HsAaram TeopHjy 
xapmwmcKe maniac ca npeTnocTas-

!COM *Aa je c1)3THKR1ja f (x) AaTa y aHa-

AHTHMKOM 06ARKy H pa HspanyHamme 
oArosapajytutx HHTerpana sa oApelr-
same daypHjeowtx xoticTaHaTa He npeT-
cTasiba TewKohe. MebyTHm y nporia-
satby npoueca, Kolu ce oApetjyjy H3 

onazalba H excnepHmeHaTa, y SehHHH 
cAriajesa cy nosHaTe canto BpeAHOCTH 

-cpyinuoija 3a oApetjeae speAHocTH ap-
rymewra. floKaummo caAa KaKo ce 
splint xapmowicKa aHamisa y cAymajy KaAa je cpyHKaHja AaTa nomohy Him 

cooPix speAHocTH y HHTepsany jeAHOr nepHoAa. 
ilpeTcTasHmo Aa je nepHoA oA 360° no,awseH Ha 12 jeAllamix Ae-

Aosa, KaKo ce TO Hajgewhe pima, H Aa cy apeAHocTii blyntatHje oApelgeHe 

cxemom 

x ? 	0° 30° 600  90° 120° 150° 180° 210° 240° 270° 300° 330(  

y I y,(Yia) Yi Ya YS Y4 Y5 Yo Yi )'8 Y9 31 ,0 Yit 
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.aKo hemo' Ao6HTH speAftocni al • CAHLIHO ce paAH se oApetjHsame Koe-
4MuiHjeHTa bk • 

JacHo je 	y cAriajy napHe clqww,Hje, Tj. noA ycaosom 

f (— x) f (x) 

41pHjeos peA mosce caApxoTH tumHose canto ca KoHcTaHTama a o , a 1 , a2 , . • • , 
a y caytiajy HenapHe cpypicatije Taj peA caAp)KH canto tiAaHose ca b 1  , b1  , • • - 

'la/iambi,' OA TjaHrotiomeTpnacor peAa A0111AH CMO Ao 4)ypHjeosa 
peAa, ca cbypHjeosHm Koe4mo.u4jeHTHma nomohy KojHx CMO oApeAHAH cpyHK-
H,Hjy f  (x). 

BaucaH je o6pHyTH saAaTaK: npeTCTaBHTH AaTy cpyfiKusjy f (x) no-
mohy cbypHjeosa peAa, Tj. oApeAriTH dIpmjeose KoecjmwjeHTe H yTBpAHTH 

KOHBepreHTHOCT Tor peAa. 
0Apeirawbe.4yptijeosfix KoeitmuwjeHaTa ce spun ,' Ha OCHOBy 06pa-

3aRa (3), a pewasaibe npo6Aema o KoHsepreHTHocTH ce ocHitsa Ha osoj 
sammoj TeopemH: 

AKO je Oyinualija f (x) Ha aymnim 2 Jc npermazena Konawaim 
Spojem HenpenHainix ayKoaa, Kopf amajy y caaKoj Tatnai oapeOffy ran-
rem, (bypmjeos pea iconsepriipa y caanoj Tatum nenpennanocrn Ka OyHK-

LiffiH f (x), a y csanaj TOLIKH npenliaa HMQ speanocr 

f + + 1 (t -0) 
'2 

791st. o --- 

IloMohy tbypHjeosa peAa 
mory ce npeTcTasHTH He canto 
HenpeKHAHe 433/HKuHje Hero H 
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nOMOhy THX 12 speAuocm, moacemo oApeAHTH 12 43ypHjeouttx KOH-. 

CTaHaTa y ripH6Ju3KH0m o6pacay, golH y3HMaMO y OBOM o6nuxy: 

(4) f (x) z 43 (x) =-- a0  a i  cos x a2  cos 2x + as  cos 3x -I-- a, cos 4x + 

+ a5  cos 5x + a, co$ 6x + b 1  sin x b2  sin 2x + b, sin 3x + 

b, sin 4x ± b, sin 5x . 

3a• TaKBO oApelpHarbe Tpe6a yBpCTHTH BpeAHOCTH x y jemainmy 
(4) H HanHcaTH 12 jeAHaLmHa. KOeCIMII,HieHTH THX 12 jefixar-uma npeTCTas-
JbeHH Cy cxemom ua cTp. 281. 

,Eto6mjemix 12 jeAHaqHHa Tpe6a peun4TH y oxiocy Ha KOeC4YILIACHTL-

a 0, a6 , 43 1 , b2 , b5 . Y CyLIITHHH peweibe TOT CHCTM AHHeapH0x 
jemaqHHa He npeTcTawba Teunwhe, anH, nourro OHO mowe Aa 6yAe rao-
ma3Ho, noxa3ahemo cxemy jeAuor nocTynKa, KojH je npeA.nowHo PyHre, 
H KOlI4 Aaje peutetbe nomohy je,a,HocTasHmx onepauja, yr.naHHom ca6Hpafba 

wiyammaHr.a. 
HCHHIMIMO opAHHaTe noxa3aHHm peAom H CaCTaBHMO cyme H paaJuiKe, 

u a O. A H.I4X HOHOBO cacTasHmo cyme H pammice 

Y1 Y2 Y9 Y4 Y5 Y6 

Y12 yi, 	}Pio Y9 Ys: Y7 • 

CyMe 	s0  s1  s2  s3 	s5  S6  

Pa3JIHKe 	 d 1  d9  d3  d4  d5  

So  S1  S2 • $3 
	 d1  d2  d3 

S6 S5 S4 
	 d5  d4  

CyMe 	S 0  S1  S2 S3 
	

0 1. l  (32 °a 

Pamme D0  D1  D2 	 8 1 82 

floc.rie Tora 3a oApelmaffie xoecplamjeHaTa a 0, a„ a2, 	a6  caymcx 
cxema npema Kojoj Tpe6a oBaKo nocTynHTH. CsaKH noKasaHH %nail Te cxeMe 
Tpe6a. npeTxoAHo HOMHO)KHTH OHHIM 6pojeM KejH CTOJH ca nese cTpaHe 

V-3 
cxeme, Tj. 14J114 ca sin 30° = 2 , max ca sin 60° =-- 	1 —0, 114n (MHOM(14TH 

TOM pa3.11HICOM je sroAHHje) HJIH Ca sin 900  = 1, Ti. OCTaBHTH 6e3 npomeHe 
CJI14,4H14 nocrynaK Tpe6a npHmeHHTH H 3a oApebH3albe xoectmuijeHaTa 
cHHyca. Te cxeme H3r.ne,Aajy max°. 

b5
  s

in
  5

x  4 	-4' 	4* 	-8* 	 4* 	, .8* 	...8" 	4' 	-.4" 
- IN Cl" + tIN  -IN 	- IN lal' 	I TIN -H. 
+ 	I 	I. 	I 	I 	1 	-F • 	I 

b4
  s

in
  4

x  Z, 	..r.; 	-a' 	-c 	-ci 	Z. 	• 	..1::" 	...c3" 
locl  Inc., 	hit-4  Iv,  IN 	Lc2 I N  IL) IN 	iL)1 c.., ito i csi . 

+ 	I 	+ 	I 	+ 	I 	+ 	1 

b,
  s

in
  3

x  47 	47 	47 	47 
± 	I 	± 	i 

b2
  s

in
  2

x1
  

. 	Z 	47 	Z 	4-.)' 	4)' 	Z 	-r:7 	47 
IN t I- 	I- I 	al- SIN 	r,- ri- 

-+ 	+ 	I 	1 	+ 	+ 	1 	i 

x
 u!s Tq 

.6. 	..ts- 	.6.. 	4E' 	.6" 	•rS 	Z 	.6 	E••• 	. 	Z 

	

'-'1c1  'S IN -Fi- 	-IN 	IN CI- 	1 	'.1- 	-1,,  
± 	+ 	+ 	•+ 	1 	1 	I 	i x

g
 sod 9 v 

. 6° 	8* 	4' 	4' 	4* 	c8T 	4' 	er 	 4 
+ 	1 	+ 	I 	+ 	1 	+ 	I 	+ 	1 	+ 

a5
  c

os
  5

x  8° 	8° 	- tr 	8* 	4 	4 	4' 	8' 	;s' 	4' 
+ Clc.1 	- IN 	- IN r 1' 	1 	ic -I N 	- IN 	- IN ',1•_̀ 'H 

I 	+ 	I 	+' 	+ 	I 	+ 	I 

a,
  c
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  4
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I 	I 	1 	I 	I 	1 	1 xc
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d
 8v 
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XZ
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0
3
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linaHosH ca KociwycHma 

1 
sin 30°= 

2 
- S, 	S 1  

sin 60°_ 2 	
1 - 0,1340 D i  

sin 90°==1 

cyMe , 

cyMe I + II 

paantwe 1 - 11 

S 1 ! 

1 s 2  s, j Do  

I 	II 	I 	II 	1 	II 

	

12a0 	6a, 	6a2  

	

. 12a6 	6a5 	6a4  

So  - S 

	

1 
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lipema HaseikeHom cpopmy.napy HapatiyHaHatbe ce spurn oBaHo: 

	

15,0 	17,4 	23,0 	37,0 	31,0 	15,3 
9,3 - 6,0 -14,2 -13,2 - 8,0 	4,0 

9,3 	9,0 	3,2 	9,8 	29,0 35,0 	15,3 
'D0  D2 	 21,0 	31,6 	36,2 	45,0 27,0 

9,3 	9,0 	3,2 9,8 

1503 	35,0 	29,0 

24,6 	44,0 	32,2 9,8 	 48,0 : 76,6 36,2 
- 6,0 - 26,0 - 25,8 	 -;-• 6,0 - 13,4 

	

21,0 	31,6 36,2 

	

27,0 	45,0 

603  

LIAaHow4 ca wwycHma 

sin 30° = 
1 	 a1  
2 

sin 30° =-- 
1 
2  

sin 60° =-- 1 - 0,1340 

24,6 44,0 

- 12,9 	- 16,1 . 22,0 

- 22,52 

sin 90° = 1 - 6,0 	24,6 - 9,8 - 6,0 - 25,8 32,2 9,8 

56,8 53,8 - 18,9 - 22,5 8,5 12,2 - 6,0 - 25,8 
11  sin 60° 	 8, 

•
-= 

2 '---- 
1 -0,1340 

sin 90° = 1 	 a a 	 al 03 

cyMe 	 '1 	II 	I 	11 	I ' II. 

cyme I + II 	 6b, 	6b2 

pas.rme I - II - 	 6b 3  . 	- 6b4 	6b 3  

1 
x 1 0°  30° I .600  90° 120° 150° 180° 210° 240° 270° 300° 330° 

_Y 
1 	1 
19,3 i.  15,01 	17,41 23,0 37,0 31,0 15,3 4,0 -8,0 -13,2 -14,2 -6,0 

Kau npumep pewHmo suaTax: 

OApeAHTM 43)plije0Be K.0e431111,HjekiTe Ha ocHoHy 0}314X BpeAHOCTH ne- 

pHoxome cpyww,Hje: 

' sin 30° = 1 
2 

sin 60° = 1 - 0,1340 

sin 90° 	1 

cyMe 

cyMe 

1+ II 110,6 
a,=-- 9,22 

3,0 
a6  = 0,25 

-6,14 
b 5 =-1,92 

36,2 	 48,0 36,2 
60,2 66,34 	- 5,20 - 11,62 	48,0 36,2 

126,54 	- 16,82 
b,=--21,09. 	b2=-2,80 

24,0 

66,34 	- 5,20 -11,62 

-41,4 
- 6;90 

3,6 
=0,60 

6,42 
b4  = 1,07 

-3,7 	19,8 
a4 = - 0,62 a, = 3,30 . 

• 

20,7 
a,== 3,45 



CHCTeM oA Ase jeAsalisse npsor cTenesa ca 
mma 06.I1HK 

a, x b, y =- m„ 

Ase Heno3li aTe x H y 
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PeBynTaT xapmosseKe asanine clzysirtutje oApebese AaTom Ta6ntwom 
speAnocTm opArmaTa Jose° je. AO osor o6pacga 

y = 9,22 - 6,90 cos x 3,45 cos 2x + 3,30 cos 3x - 0,62 cos 4x + 

+ 0,60 cos 5x + 0,25 cos 6x + 21,09 sin x - 2,80 sin 2x + 

+ 1,97 sin 3x + 1,07 sin 4x - 1,02 sin 5x 

Besc6arba. 

1 1. HaupTaTu rpa(Pme chruxumja: y= sin x -9 sin 2x; y= sin x- 
2 
 sin 2x; 

1 
y = sin x + -

1 
cos 2x; y = sin x - -

2 
cos 2x . 

2. 1,13BecTm o6pacue 3a clDypkijeoxe xolicTairre 113 ycnosa Aa xuTerpan 

+ A 

I = f [ f ( x) -41,(x)p dx 

-1 
mma excipeAtanuy xpeArlocT, axo je 

43,(x)= -2- ao  E (ak  cos kx b k  sin kx). 

k  

a2  x + b, y nz, . 

Pewerbe °Brix jeAnainnia naKo moxemo H3BeCTH 14 sanscant 

a, m2 - a2  m„ 
y 	  

a, b2  - a2  b, 

PaBrneAajmo Ao6po ; oft& peweibe. ripe esera swum° Aa je smesmnati, 

Kozi, X H y HCT11; OH je CaCTaBJbeH CaMO 0/1, Koe4nlwijeHaTa y3 xmyy cs-

cTemy jeAsatissa; TN Koecpsusjelint y CHCTeMy (I) cToje OBaK0 

a, b, 

a, - b, 

AKO 143 TaKse Ta6nriu,e, Koja sma Asa cTynt.ta H Age speTe, o6pa3y-

jemo Asa ripos3soAa ysaKpettrix itnatiosa, a, ca b 2  H a2  ca b npri izemy 

Apyrki npos3soA memo ca 3HaKOM mmiye, Ao6mjamo Napa 

&l i b, - a, b„ 

KOjH Aaje Haw zumessnau.• AKO sehemo Aa H3Bp1IIHMO impattyriasatbe Te pa.3- 

41HKe ripott3Sorta HO camo Aa tramaimmo Aa oA, nnatiosa Tailarwe Tpe6a 
o6pa3osant osy paBnincy, mozKemo yrioTpe6sTm 3a sac HOB MaTeMaTHLIKH 

H3pa3 y .o6arricy 

(1) 

(2) x 
ni, b2  -  m, b, 

a.„ b2 	a2  6, 

t?1. 

3. °Ape:AH.11f 4)ypxjecoxe xo4muHjexTe, axo je 1103HaTO 12 speAmocTil (Pyxxuffie 
3a aprymeirre 0°, 30°, 60° wr.A., HauAte: 38,2; 12,2; 4,4; 14,4; 4,1; - 18,6; - 23,3; - 27,1; 
-24,2; 8,1; 32,3; 33,4. Flo mon BPHOCTMM xaupTaTa rpacf)xx ckyinco,Bje. , 

§ 64. Peuranalbe jerwatuma 

a. Peznasaihe cHcreMa ai-iHeaplinx jeAnaquiia. 1-  I pH-
metia Aerepmmnanara • 

JeAsainsty ripsor cTeneHa ca menomaTom x, Kao IIITO je nomaTo, 
y onwTem o6mury monremo samteant 

0,AaKAe H3BOAHMO pewel-be 
b 

x =-- - . 
a  

a2  b2  

Taj mapa3 Bose ce AeTepmm H a H T a. HOWTO oHa Irma Ase EipcTe 

11 Asa cTyrwa,, 0Ha ripeTcTama AeTepmssa ti Ty Ap yr or a peA a. 

Bpojess a1 , a2, b 1 , b2  cy enemenTs AeTepmssaHTe. 
HaseAsmo jou' jeAHO npasmno no Kome mostemo Manly oasaKy Ae-

TepmintasTe Bametnrrs 06W4HHM anre6apciatm 03HaKaMa. Y3MHMO, Ha rip., 

npss cTy6au 11 peAom csatcm enemertaT Tor cTynua, rips° a„ a Banam a2 ; no-

MHOAHMO CBaKH Taj Lutaft OHHM itnanom AeTephumasre, KOJH ocTaje KaAa 143- 

6pHiuemo spcTy N cTy6an, enemesTa a1 , OAHOCHO a2. floc-rynsmo, AaKne, osaKo') 

u, bil 	 b, 

a2 	 a2  b2 	

, 17, l b,  I 

1) nOWTO je y wrapAnn 3a onagasalbe npeurramba slam °Ammo cTynua no-

Tpefto H3paAHTH Hap0 ,114TH KAHUle, lamexmam CMO TO o3uagaaathe mamatbem ose epcTe 

cTynua y mow. 



a, 

b2 

ai 

az 

b 1  

P1.1 

a, b1 

 a„ b, 
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TaAa hello 3a npsH tinaH AO6HTH Hp0H3130,11, 	b2, a 3a Apyrm a2 b,. npH 
Tome Tpe6a BOAHTH pagyHa Aa, npH npeaa3y OA jeAHor enemeHTa Ha cy-
ceAHH, Tpe6a KoA npoH3soAa metbaTH 3HaK, nocTynHTH, Aax.ne, canimo 

Imo LUTO npH xgay merbamo Hory. Ha Taj HallHH 3a 4pyrH npoH3soA Hmame 
— a2  b, • 

Osaj nocTynax acne ce pa3sHjatba AeTe pmHHaHT e. Pa3sH-
jathe AeTepmffliaHTe mmemo BpIMITH He camo no eaemeHTHma npsor cTynu,a 
Hero H no e.nemeHTHma ma xojer cTynu,a HAH no eaemeHTHma ma xoje spcTe, 
camo npH Tome Tpe6a s ila3HTH Ha 3HaK H )131,1MaTH y o63Hp Aa csaHom 
enemeHTy AeTepmHHanTe npHnaAa .o•ape4eHH 3HaK. Taj 3HaK hello Ao6HTH 
aim oA npsor eaemenTa a, (ca naycom) Aoirmo Ao Hauler eaemeHTa xpe-
TaFbem camo no BpCTH HAH no crynay (He xoco), mekbajyhm 3HaK ca csaxtum 
npeaa3om oA jeAHor enemeHTa Ha Apyr0. Pa3sumo, Ha np., Haul), AeTepmm-
HaHTy no enemeHTHma Apyre spcTe; Hmahemo 

flouiTo enemeHTy a 2  oArosapa mimyc, Hmamo — a2  b, + b2  a1 , a TO 

je HcTa mamma a1 b2 — a2  b„ camo ca Apyrxm peAom tinaHosa. 
Ha Taj Hatual momcemo HaraacHTH Aa je Hmemaaa pewma (2) Ae-

TepmHHaHTa o6pa3osaHa 0;1, xoeclonu,HjeHaTa jeAftatnia. Osa AeTepmf4HaHTa 
Bose ce raasHa AeTepmHHaHTa cHcTema amHeapHrix jeA-
HatiHHa. , 

Csani 6pojHnau, y TOM pewerby je Taxobe AeTepmvmaHTa, H TO 

a, m, 
• 

a2 m2  

• 
3ameHom KoeopmuljeHaTa icoA oHe npomem,Hse, xojy oApe4jemo, He3a-
BHCHHM naaHosHma. 3a oApebvisathe x Tpe6a cTy6au, ca enemeHTHma a1 , a, 

3am eHHT11 cTynu,em oa, eaemeHaTa m, u m2; 3a oApel)Hsakbe y'a cTy6au, ca 

b, H 62 ' 3aMeibyjeMo HCTHM cTynu,em He3aBHCHIIX IlAaHOBa 171 1  H m 2 . 
Ilpema Tome nomohy AeTephumaHaTa pemeHDe cHcTema (1) mme ce 

HanHcaTH  

27 

X — 

al b 1 

a2  b, 

Hasewhemo jean)/ nimme,a6y, Koja je fipaKTINKH mama, jep cnpevasa 
eseHTyanHo moryhy rpeuncy. Y AeTepmmialiTe 6pojkotau,a cTasHaH CMO CAO-

. 6oAHe tiaaHose rn, y3nMajyhH HX ca oHe cTpaHe jeAttagHtia, rAe Hema 
Heno3HaTmx. Axo cy jemay-me HanHcaHe y 06AHKy 

A, x 	y + C, 0 , 

A2 X ± B2 y 	= 0 ; 

3a oApebmsame, Ha np. x , rnasHoj AeTepmHHaHTH, 

A, B, 1 

A, B, 

Tpe6a A, H AL2 .3WACHHTH ca — C, H — C2 . 

Helm je caA AaT cHcTem Oa TpH , anHeapHe jeAHaL1HHe 

a, x b, y c z m „ 

a2  x 	b, y 	C2 	2 2   , 

a, x 	133  y 	c, z 	m, . 

Hilje TeLLIKO noxa3aTH Aa ce peweffie Tor cHcTema mo)xe liCTO Taxo 

npeTcTasHTH nomohy AeTeprvumaHaTa, am! AeTepmonaHaT a T p e h e r a 

p e A a. 
ripe csera' Ha'nHummo raasHy AeTepMHHaHTy cHcTema 

a, 	b, 	c, 

a, ' b2 	c 2 

 as b3 

o6paaosaHy oA, xoecimu,HjeHaTa cHcTema. 06jacHHhemo Ha Toj AeTepmHHaHTu 

LuTa osa. 03HaKa 3Ha4 rIpliMeHHMO paHHje 110Ka3aHH nocTynaK pa33ujaiba 
A eTepmxHaHTe no eaemeHTHma jeAme spcTe HAH jepicir cTynHa.' Y3MHMO, 

m1 b, 

b, 

Ose 	AeTepmkmaHTe cpopmupaHe 

a1 . 

a„ b2  

H3 ramie AeTepMHHaHTe 

bi  

nit b2 

C2 
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Ha np, npsy spcTy: a, bp  c 1 . CBaKH OA THX enemeHaTa Tpe6a,110MHONCHTH 
• OHOM AeTepmfumfuom Apyrora peAa Koja npeocTaje nowTo npeupTamo 

spay H cTy5au yaeTor eaemeHTa. Ys TO ce H onAe npHANKaHamo npamma 
o mamma. 

Ha Taj HaNHH imam° 

a, 	b, 
b2 	C2 a2 	c2 a2 

a, 172 C2 

b3 	c7 
! 	b, 	c, 

I — b, 
a3 	C9 

+ci 

AKO caA CE3aKy OA AeTepMHHaHaTa Apyrora peAa Aalbe paspdjemo npema 
Beh o6jawFbeHom npamday, ABCPHHHTHBHO hemo A06HTH 36Hp 

cr i b°  c, — a, b, c, — a2 b, c, + a, c, + a, b, c, — a, b, c„ 

KojH Aaje speAHocT Hawe rAasHe AeTepmHHaHTe. 

inasHa AeTepmHHaHTa je HmeHH.nau, pewefba 3a ate TpH Heno3HaTe. 
Csamd ee 6pojHAau, Ao6Hja y 06J114Ky AeTepmHHaHTe H3 rAasHe AeTepmH-
lialiTe cTy6au, oArosapajyhmx KoecpwwjefraTa 3amemimo ca06oAHHm 
-twaHofwma m„ mo, m s . 

TaKO 3a x Ao5Hjamo pewelbe 

CAH4H3 peulema ',imam 33 y H z: y = D2 
	D. 

, z 	rAe cy o3HaKe 

otdr.leAffe. 

TaLIHOCT oBaKsa pewefba, y o5AHKy AeTepMHHaHaTa, moxte ce Heno-
cpeAfto nposepHTH, 3K0 HabeHe speAHocTH yspcTitmo y cncTem jeAHatwHa. 

H3JumeHo miasma° sa pewasan,e cHcTema mweapHax jeAHatnwa Bawd 
. He cam° 3a cariaj TpH Heno3HaTe Hero, yonwre H 3a C.rlytlaj lift0H3130.11,HO1 

6poja Heno3HaTHx.  
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JloMOliy AeTepMHHaHaTa naKo mowemo (l)opmy.KHcaTH H pe3yAraTe 

AHcKycHje peumfba jeAnor cncTema am-leap-um jeAHatunia, HO y Ty AmcKycHjy 

Hehemo oBAe ylla3HT14. 

 

roBopHhemo camo o anre6apcKHm jematumama 
b. 0 K o pellkima a ,fire5apc-Ke je,gnaLikitie 

Y aaadim HmarafbHma 
ea 6pojHrtm Koectudu,HjeHTHma .  

sem 
AA:oilec jiyvor 6eptujeuBhaje;  H3Taki eA pi cj 

jeAHa4HHH 
TaHa ie atfKion cy ya oHaAmd mo piw xemo 14X yBeK Ao- 

Koecl)Hu,HjeHTH pa3aomibeind, 

I (x) = an  xn 4- an — i x" -1  + . . . 4 al  x + ao  -=--- 0 

Hmemdou,em 
(3) 

pooacehll jeAmmildHy 33jBAHFFIKHM  

THX paartomaKa moammo FIX ce ocAo6oAHTH. 

CBaKH 6poj a Kojil, Kaaa ra cTasumo y jeAHa4HHy mecT,o x, npeTsapa 

jeAHaKwHy y NABIITHTeT, 
aose ce K o p e H j e A H a 14 H H e. KopeH jeAHatuifie 

f (x), y Hauem carfajy 

f (x) --- 0 
Hyaa nomwoma. aoBe ce 14 H y ,n a (1::y H K u H j e 

Hasewhemo 6e3 AoKa3a HeKommo spa° namundx cTasosa o KopeHHma 

aAre6aperudx jeAffaLunia. 

 

(3), nomwom, f (x) je Ae1b1413 ca x — a. AKO je a KopeH je,AHaium e  

AKO nomilfom f (x) caAP Nad camo jeAaH indfuwau x — a, KopeH a acme 
numwom Ae &Ha c a (x — ar, rAe je k ueo ce npocT KopeH. AKO je Tia 

1103HTHBHH 6poj, KopeH a ce Bose B H w e c T p y K H K o p e H jeAHatuffm; 6poj 

fberose BHIlleCTpYKOCTH je k • 
peamwm KoecfmudjeHTHma 

AKO jemiaxuwa ca 	 HMa 

2,  + RE, 

oHa mopa HMaTH H KopeH y 06AHKY KoHjyrosaHor KOMMIeKca 

a—pi. 

TIOWTO je ❑onHHom f (x) ;Len:m, ca x — (a p i) H ca x — (a — pi), 

OH MOpa 619TH AelbHB 14 ca 11130143BOAOM OBNX Hapa3a, Tj.- Ca 

= X2—  2a x a2 p2: 
1(x 	 f(x— + = (x — co. + p2 

Laic/. HMarHHapHH KopeH p (.1 = o), oHa HM3 Ta- Axe; ctlynKLuija HMa 

H KopeH —pi H Aufddsa Kobe 	 je ca x2  p. 

 as 

b, 

b, 

KOMfIneKCHN KopeH 
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Ha OCHOB OBOF ambyqyjemo: aK0 nabemo najeehn 3ajeAma9u4 Ae-
an.nau P (x) ctlymanja (4) H I-tame noAennmo cpyio.knjy f (x), KOMP4HHK 

f  
(1) (x) = 

 (x) 
 

P (x) = 0 

caApKahe camo one KopeHe KOjH cy sa lex-w9N-1y f (x) = 0 60.1114 enwecTppoi. 

rIpemepn. 

1. Heica je AaTa jeAnatinna 

f (x) --= XS  — 3x + 2 = . 

Hspaqynajmo H3BOA 

fi (x) = 3x 2  — 3 = 3-(x2  — 1) . 

P (x) 

nehe HMaTH nnjeAan BHWeCTpyKH KOpeH. 

06pHyTO, jeAHalliTha 

290 

CBaKa anre6apcKa jeAnatoma n'Tor cTenena HMa n KopeHa. flpn Tome 
ce maim k-cTpyKH Hopei' paqyna sa k Kopena. ,11,anne, aKo jeAnatoma (3) 
lama canto npocTe Kopene a„ a 2, , a r,, cpyliKunjy f (x) moncemo npeTcTa- 

BHT"! 
y otInmy f (x) =-- a. (x — at) (x — a2) (x aa) = 0 

Axo cy ai  H a2  enwecTpyiu4 Kopenn cTenena k 1  H k2, jeAnaqnna 

HarneAa 
f (x) = (x — a i)ki (x — a2)ka 11 (x) = 0 , 

rAe je ft  (x) nonnnom cTenena n — k 1  — k2. 

c. Ilmajathe jeanalcux Kopena 

AKO jeAllaqnna 
f (x) 0 

}ma eninecTpm impel a cTenena k, cpyinutrijy f (x) momemo npeTcTaenTn 

f (x) = (x — ac)k 9  (x) , 

npn qemy jeAnatama 

fume Hems Kopen a. 
I4apa4yHajmo cap, 143BOA tpyHKgRje f (x); 

(x) = 0 	 I 	 YsacTonnnm Amerbem (EyKanAoe anropnTam) oApebyjemo najeehn 
sajeAnntnm Aem ►au, 

x 	x +1 
x' — 3x + 2 x2  — 1 x — 1 . 

fr (x) =-- k (x cc)k–i cp (x) + (x — a)k 91(x) = 

(x — a)"– 	(x) , 

rAe je 
(x) 	k cp (x) 	(x — a) cp'(x) . 

143 nanncanor o6nnKa nseoAa cneAyje Aa 4)ynKanja (x) nma 6poi 

Kao ennuecTpyxy nyny, H TO cTeneHa k — 1. 

rlpema Tome cpynKunje 

(4) 	 f (x) 	 (x)  

—x 

— 2x + 2 

BHAHMO Aa je Taj Aennnau 

P (x) = x — 1 . 

flpema Tome Roper' jeAnatume x — 1 = 0, Tj... x =1, MOpa 611TH Aso-
crpro4 Kopen nonasne jeAnaqnne. AKO osy nonasny jeAnam Tiny noAennmo 
ca x —1, Ao6nliemo jeAnaqnny 

: 	
x.2 _E x  2 ,__ 0,  

mopajy 14mani 3aJeAHHIIKH Aennnau, 
Koja pima camo npocTe Kopene. KaKo je jeAan Kopen x = 1, Aen,etbem ca 
x — 1 Ao6njamo 

(x 

OHO WTO CMO imam 3a jeAan OA enulecTproix Kopena BaNCH H sa 

cee °crane.  

x' + x — 2 = (x — 1) (x + 2) = 0 , 

oAaKne nanasnmo Apyrn Kopek! x — 2. 
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2. ,E(ara je jeAHatama 

f (x) = x4  — 6x2  8x — 3 = 

1/13pa4yHajmo H3BOA: 

f' (x)=-- 4x 2  — 12x + 8 = 4 (x5  — 3x + 2). 

EyKaHa0BHM aarOpHrmoM oApebyjemo HajBehH sajeAtuNKH AenHaag 

x4 — 6x2  + 8x — 3 

x4  — 3x2  + 2x 

— 3x2  + 6x — 3 

KojH Hma 06.T1 14K 

x2  —3x +2 

x3  — 2x 2  - x 

2x2 — 4x + 2 

  

x2  — 2x + 1 x2  —2x + 1 

  

  

P (x) 	— 2X + I = (X 1 )2 . 

flpema Tome ce x = 1 jaBJba Kao TpocTpyKH KopeH Name jemalume. 
AKO noAe ►mmo f (x) ca P (x), KOJIHIIHHK Aaje jeAHa4HHy 

x2 +2x-3 =0, 

Koja Hma CaMO npocTe KopeHe. 1101.1►TO je jeAaH olt 1-bHX x = 1, BpeAHOCT 
Apyrora je x = — 3 . 

Hama no.na3Ha jeAtialama Hma TpocTpyKH KopeH x = 1 H npocTH 
KopeH x = — 3 . toymatHjy f (x) moatemo pacTaruiTH Ha inamoge: 

f (x) = x 4  — 6x2  + 8x — 3 (x — 1)3  (x + 3) . 

d. 17pE6R14)ictio o4peOisatbe peaaHax xopena 

FloKaaahemo npe csera rpacj)HtiKo o,Apebnaarbe pea.nnHx 
KopeHa jeAHatnme 

f (x) --= 0 . 

AKO Magri-am° KpHsy al4HHjy ca jeAHatumom 

= f (x) , 
TatiKe npeceKa oae KpHae (ca. 100) ca ocom x, flOWTO je '3a tbkIX y = f (x)— 0, 
HMajy ancgHce jeAHaKe Kopemima AaTe jeAHatame. 

CA. 100 rpaclanao oapellaialbe pe- 
amoix aopeBa. Regula falsi 
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AKO Ki4Ba AoAmpyje ocy x, Tatum A0A.Hpa (fV) 0) oArosapa Haj-

mame AsocTpyKH KopeH, a mowe Aa 6yAe H BmwecTpyKH KopeH Behar cTeneHa. 

IlpeTnocTasHmo Aa rpacfmK cpyrucuHje 

f (x) He mmemo AeTaJbHO HaapTaTH OKO 

TpazeHor KopeHa, arm Aa je moryhe oApe- 
AHTH xoopAHHaTe a, H 	f (x i) TatiKe M, 

H KoopAHHaTe a2 H (32 	(a2) Twin M2 ca 

pa3aH4HTHx cTpaHa oce x y 611 143HHH Tpa-

KeHor KopeHa a. Beal4t1HHe a l  H a2  mowemo 
cmaTpaTH Kao norpeuiHe speAHocTH KopeHa. 
lipasHno, Ha ocHosy Kojera ce 143 Ase no-
rpeume apeAHocTH moace Hahn 6wsa  npH-

6naacaa spemocT KopeHa, aose ce regula 

falsi. 
05pa3yjmo jeAHalmfty npase, Koja npoaasH Kpos Tatum 

y 	x 

132 — 13 1 a2 — ai 

H CTaBHMO 
3a oApebrmaibe 6oJbe npH6aH)KHe speAHocTH x = a' BpeAHocT 

y = 0; TaAa hemo .11.06HTH 

at N — Pi  al f (a2) —  ct2 f ( GO 

132 — 11 	f (et2) — f (al) 

OBaj o6pa3au, impawasa regula falsi. 

AKO je AHHHja Hameln/ TaqaKa MI  14 M2 npasa, npeTxoAllo npasmo 

Aaje Tatmy speAHocT KopeHa. 
Y npoTvaHom Caytiajy OHO, yornuTe He Aaje Ta4Hy, Bell camo flpH-

6AHAHI4jy BpeAHocT KopeHa. AKO Ao5HjeHa BpeAHocT a' He Aaje spemocT 

KopeHa ca A0B0JbHOM TanHomhy, moacemo H3Beaeli0 npastmo nimmeHHTH 

join jeAaHnyT. 3aTo heMO f (cc') 03Ha4HTH ca (31 . Y3M14M0 3aTi4M TatiKy 	0') 

H oHy oA, TagaKa (a„ 130 H (a2, 	Koja ce Hanam ca cynpoTHe cTpaHe 

oce x OA Ta4Ke (a', p'). AKO H HOB pe3yJiTaT He 6yAe AOBOJbaH, Tpe6a HCTI1 

nocTynaK nOHOBHTH HTA. 

MeroAa noHasibaffia HapatiyHasaH ,a, npH KOjOj caaKo AaJbe 
Hasam HcKopinu•asa pe3yaTaT npeTxoAHor, 3oae ce y MaTemaTHim M e-

ToAa y3acTontmx anpoKcHmaumja 14.1141 meToAa HTepagHje 

y carajy noHaa.rbaisa HcTor nocTynKa. 3a Ta4H0 06pa3.1101Kelbe caaKor HTe-

pau,HoHor npogeca Tpe6a noKa3aTH: 1. Aa y3acTonHe npH5aH)KHe BpeA-

HOCTH saHcTa Hmajy 3a csojy rpaHHEmy speAHocT TpaaceHy aeawamy, 

Mi H M2 
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Hawem csymajy KOpeH jemaqHHe, H 2. AKO OBa rpaHHInia speAHocT nocTojm, 
OLIgHHTH rpewxy, KOjy IIHHHMO, axo ce saycTaHnmo Ha oApebenoj npH6smscHoj 
speAHoCTH. 

Y npHmeHama LiecTo nyTa HenocpeAHo H3 rpacimmor nocmaTpama 

cseA),je Aa ce H3Meljy Taqaxa, oA KojHx jeAHa nesu4 ca jeme, a Apyra ca 
Apyre cTpaHe oce x, Hanase Tpaweim4 xopeHm jeAHatinue. AKO He mmemo 
HCKOpHCTHTH arreA, Tpe6a Hall4THBaTH cpymouijy f (x) Anal-hem aprymeHTy 
X passion ma speAnocTH, noties OA HeraTHsHe na AO 1103HTHBHe 6eacoHam-.  
HOCTH. 3aTHm moscemo cse 1111111e cywasaTH HHTepsas npomeHe X H THme 
OABajaTH jeAaH KOpeH OA Apyror. 

3a oApebiwalbe 6poja peasim4x Kopetia AaTe jeAHaLame ca 6pojimm 
KoecimajeHTHma, sa msAsajatbe THX Hopena, Tj. oApebtisathe HHTepsasa y 
!come ce HaJla3H camo jeAaH xopeH H 3a AeC1:114HFITHBHO 11p146J1HAHO }Iva-
LiyHasarbe Kopena nocTojH y Aare6pn Blume spa° Ao6pmx meToAa. likrrasau 
HX mosce n0 noTpe6n Halal y xypcesmma Anre6apcxe aHasnse. OsAe hello 
noxasaTH Ha KOHKpeTHOM npHMepy, cell regula falsi, jow jeAHy meToAy, 
Koja nplinaAa 1-byruy. 

Y3MHMO Aa Tpe6a peWHTI4 jeAHatamy 

y= f (x) x3  — 5x + 3 	. 

flajemo aprymeHTy X HH3 speAHocTm 14 HspagyHaHamo BpBAHOCTH y'a: 

x —4 —3 —2 —1 0 1 2 3 

y —41 —9 +5 +7 3 —1 +1 15 

110111TO y mel-ba 3HaK y HHTepsasHma 3a x: 

— 3, — 2 

	

0, 	1 

	

1, 	2 

mosce ce TBpAHTH Aa Hawa jeAHa4HHa Hrna Tpm peasHa xopeHa. KopeHH cy 
H3AB0jeHH, nowTo ce y CBaKOM oA Hanucanmx mwrepeasa HanasH cam no 
jeAaH KopeH. 

1/13pa4yHajmo TatwHje KopeH HojH ce Ha.11a3H mmeby 1 H 2. Taj HH-

Tepsa.ri moscemo noAeskrrn Ha Ma/1,e Aesose N mspavyHaTH BpBAHOCTH f(x).  
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Y Hawem csrajy Hmamo 

f (1,8) = — 0,168 

f (1,9) = + 0,359 . 

0AasAe sawbriyjemo Aa je KopeH jeAnax 1,8 ca AoAaTicom HeKOJIHKO 

CTOTHX. 3a HspagyHasalbe THX CTOTHX ynoTpe6Hmo lipyTHosy Me'roAy. 

CTaBHMO y Hawy jeAHatuniy 

x=-- 1,8 +h, 
-raga Tpe6a Aa 6yAe 

f (1,8 + h) 0. 

Pammmo .neBy crpaHy ose jeAHatuwe y Tajnopos peA H saycTasmmo 
ce Ha Asa twaHa; TaAa hemo HMaTH 

f (1,8 + h) 

0AasAe je 

(1,8) + h f'(1,8) 0 . 

f (1,8) 
f'(1,8) • 

KaKo je H3BOA OA f (x) 

f'(x) = 3x 2  — 5 

nmamb .3a 

f'(1,8) = 4,72 , 

h= — 0 168 
' 0,0356 . 

lipema Tome 3a xopeH Tpe6a y3eTH HAH 1,83 BAH 1,84. )1a. ce H3- 

!welly Ta Asa 6poja Hamm Haul xopeH BHAHMO 143 OBHX pesysTaTa 

f (1,83) :-... —0,0215 , 

f (1,84) z + 0,0295 . 

)loHass,ame .
HCTe meToAe AosoAm Ao Tora Aa ce xopeH Hamm ,' 143- 

imeby 6pojesa 

jep je 

4,72 

1,8342 	n 	1,8343 , 

f (1,8342) — 0,00022 , 

f (1,8343) 	+ 0,00029 . 



f (x)— f +AO fi(t,70 if2(t,7) =o , 

rAe ce cpysKusje f 1  H 12  HapagyHasajy Ha ocHosy AaTe cpynsunije f(x). 143 
npeTxos,He jeAHammie HenocpeAno cneAyjy Ase jeAHatnme 

, 

A 4)141-11114BHO momemo HanHCaTH ose speAtiocm sopeHa Hawe 
V 2 . 

nona3He jeAHalume: 

if 2 
=2 (1 + 0, xa  = ( I — i), xs =

if 
2 I + 0, x4  = —2- (-1 — i) 

rAe cy . 5 H q X13a peanHa 6poja. AKO (my BpeAHOCT yspcnuso y Hawy jeA-
natniny H. OXBOjHMO pearnin Aeo ox HmarmapHor, Ao6Hhemo 

e. 04peOlBathe Hmamapnux KopeHa 

lipeTROCTaBHMO AajeAnagssa 

f(x)-= 0 

nema swine peammx KopeHa H Aacy CBH H.CHH KOpeHM nmarsnapss. CTaBHMO 

Ha HCTH Ha4HH 6HCMO mormt TIOCTylIHTH H 3a Hapagynasame Asa 	 143 ripe jeAtiatmHe Hmamo sa j = 0, 
Apyra sopeHa Halite jematnme. 

212  + 1 = 0 , 

a OBO je HeMoryhe, jep H >7 Mopajy 6HTH peanHe se/mime. arnaAa Ta-
Kobe H peweibe r ='0. 

Tpehe peweFbe 

H3 npse jeAHaqHHe Aaje: 
—4t4 +1=0, 

1 	 1  
(maxim je 	

4 
= — , t2 = — 

2 	
= ±— , jep Tpe6a Aa ce saycm - 

12 
BHMO camo Ha pealIHHM sopeHHma. 1101.11TO 3a 11 Hmamo HcTe BpeAHOCTH 
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f 2 (ty A) = 0 

icoje Tpe6a Aa 3aAosoisasajy n %1. AKO H 7I cmaTpamo icao ,LI,esapTose 
KoopAHHaTe TatiKe y paBHH, CBaK0j 0,11, npeTxoAlisx jeASatinna oArosapa .1114- 
HHja y pasnn YI. KoopAnnaTe npeceKa THX Ammja Aajy peaJnin 14 imam-
HapHH Aeo sopeHa Halve nona3He jeAHatmHe. 

flocTynaK pewasaffia objacHHhemo Ha jeAHom "kolispemom npHmepy . 

Hahn KopeH je,sHaLIHHe 

x4  + 1 = , 

Koja otiesHAHo HeMa .c.rsapHllx sopeHa, jep qempTH cTeneH twjeAHor peaJtHor 
-6poja He mowe 6HTH jexHaK HeramsHoj jeAm-umH. 

JIaKo ce H3pa4yHasa Aa je y Hawem cnytiajy 

Y AaTOM, KOHKpeTHOM cnyvajy HCTH pesynTaT Ao6Hja ce paanarwbem 
Ha Asa AsaApaTsa MHHHOIJA: 

x4  + 1 = x4  + 2x2  + 1 7  2x2  = (x2  + 1)2  — (V2x)2  = 

= (X2  + r2X ± 1) (X2  — .0X ± 1) 

H pemasaisem oArosapajylwx ssaApaTHHx jeAnammia. 

AKO HHCMO y cralby Aa peLIIHMO CHCTeM (5), Kw) HIT° CMO TO Ypa-

MUM y HameM npnMepy, moscemo ynoTpe6HTH -rpaciming meToAy. Tpe6a 
HanpTaTH y paBHH t7:1 CBaKy 0,/{ KpHBHX ca jeAHatnmama f; = 0  f2 = 0 H 
oApeAHTH npeceKe: 

f. 1pa0BLIKo peataBathe jeAnagitHe nomohy 1Be 

Y3MHMO Aa Tpe6a peuniTH Ky6Hy jeAHaimHy 

z 3  az2  +.bz c =0 . 

Ysobetbem Hose Heno3HaTe x riles ce mom AaTa jeAnaqHHa wane-
42opmlicaTH y 06J1HK 6e3 xsaApamor gnaHa, Tj. 

(t, z) =(S — 71 2)2  — 4 2.42  + 1  = 0  , 

12(t, A) =4t n (t2 	71 2) r__ 0 

Apyra jeAHatmtia Aaje peweiba: 

= 0 , 	= 0 , 	=__ 21 2 .  
(6) 	 x9+Ax+B=0. 



Ca. 101. rpacp144K0 pewasarbe 
Ky6He jematume y, 	e sin u , 	u — w . 

4,3; — 2 3, 2 

• 6, 5 9, 	7 

cc, 	§ 

1 	1 

1 + x, x 

— X, 1 —x 

Ilpsa jeo,Haqtnia npeTcTatuba cHtlycomAy (ca. 102) ca amnAHTyAom e; 
()Ha. je Kpm3a cTaAHa 3a cHaKH no.no)Kaj .111  Ny2  

AaTe nAaHeTe. Apyra.  jeAHaLuma oApe-
hyje npasat ca CTa.TIHHM. yraomm Ko-
ecimuHjeliTom jeAHaKHM jeAHHHuti tbe-
Ha je noveTHa opAHHaTa (— w) npo-
nopuHoHaAHa BpeMeHy. Tatum npeCeKa 
M cHtlycotme H npaBe. Aaja speAltocT 
eKci.teHTpHEIHe aHomanHje. 

1. 143pagyHan4 AeTepmmianTe: 

BesK6alba. 

sin GE, — cos a 

cos; 	sin a 

jeAtiagtiHe 
Cn. 102. Tpacinmo peumaaffie Kennepose 
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,ocHome Ky6He napa6ane 14 npaBe ca jeAnatnaHom y 2  = 19x — 30. Pa3mepa 
Ha OCOBHHH y je AeceT nyTa matba oA pa3mepe Ha ()COBH 1414 X. 

03a meToAa moace nocApKwrx H 3a 
npH6AHActio pewaHatbe TpaHcu,eHAeHTInix 
jeAHatnitia. 

Y3MHMO, Kao npHmep, T3B. Kenn e-
poBy jeAtiammtly 

u — e sin u w , 

rAe cy: w— no3HaTa cpeA lb a aHom a-
n H ja naaHeT e, nponopu,HoHantia ape-
Melly, e— eKcueHTpttunTeT nyTa-
I-be nAaHeTHHe 14 U Her103HaTa eKc-
u,eHTpHIFHa amomaaHja, nomohy Koje 
ce oApe}iyje no.nowaj naaHeTe Ha eaHncH 
nyTatbe. 

KenaepoHy jeAHatmHy moxemo paw- 
4llaHl4T11 y 

esinu=u—w 

cTaBHTH 

.298 

3aHcTa, am) cTammo 
1 

z =-- x — —a 
3 

HMaMO 
1 

2'3  4- az2  + bz + c =-- (x— 1  ay + a (x— lay 4 b (x— 
3 
— a) + c + 

3 	 3  

	

1 	2 	 1

7  
= x3 -1- (a — 

1 
. 3a) x2  + (-3  a — — e ±b)x-1-(---

2
a3+ 

3  

1 	1 
+ —

9 	3
a3 — — a b + c) = 

x3  + Ax + B , 

rAe je 

A = b — 
1  a2 

—3 

B c — 
1 a b + 

2 
 —a'. 

3 	27 

CTaBHMO cap, y jeA,Hatuum (6) 

Y1= x3 , 	y, = — (Ax + B), 

oHa he ce npeTHopHTH y jeAHatnnty 

Y1 = Y2 • 

IlpeMa Tome pewaHatbe jeAHatume (6) C30,11,H ce Ha oApehrmaHse npe-
ceKa Ase xpt3e: npae ca je,a,Ha4HHom 

y, = x3 , 

Koja je craatia 14 moace ce HaupTaTH jeAaHnyT 3a cae Ky6He jeAHatume, 
TO je TaK03BaHa OCHOBHa Ky6Ha napa6ona, H Apyre Ca jeAHaqHHOM 

y2 = — Ax — B 

Koja npeTcTawba npaBy AHHHjy. Tatlice npeceKa Aajy, CBOjHM ancu,Hcama, 
peaAHe Kopette Ky6He jeAHaLmHe. 

Ha cAHum 101 npuKa3aHo je' peumbe jeAliaLnme 

x3 — 19x + 30 = 0 , 

LiHjH cy KopeHH: x, = — 5, x2  = 2, X 3  = 3. KopeHH cy oApehet4 npeceKom 
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2. HapagynaTH AeTepMHHaHTe: 

O r —q 

—r 0 	P 1, 

q — P 01 

3. PeLLIIITH cncTeme jeAnamnia nomoliy AeTepmnnanaTa: 

5x• 2y = 30, 	7x + 3y –= 100. 

x+ y—z=3, 2x+3y-7z=7; x Y + 5z 

x+y—z-Fa=4; 

4. AoKa3aTti Aa je AeTepmplualma 

ma, mb, me 

na, nb, nc 

q, r 

yElek. jeAilaxa Hyatt. 

5. Hai-imam jeAnagnny ca AB ocTp3iitim XCfeliCM 	I H ipco- ppoilm Kopepem 

6. 143,11,80iliTH BnazecTpyice impale jeAnauma: 

x 2 — 3x2  + 6x —4 0 . 

xs — xs — 4x4  + 2xs + 5x2 — x — 2 = 0 . 

7. 1431;avynaTn Write H.1114,rtiamt5mDKne BPAHOCTM Bopella jeAnaqkma: 

2x 3  — 4x2 — x + 1 = 0 . 

xs + 3x2  — 11 x — 5 = 0 . 

8. 0ApeAnTH nmarunapne Bopene jeABaNaina: 

xs + x= + 4x + 4 -= 0 , 

x4  — 6.xs + 19x= — 30x +25 = 0 . 

9. PealHTH rpaC4INKI4 Ky6He jeABawnie 

xs — 6x2 — 13x + 12 = 0. 

• 
xs + 2x2  — 13x + 10 = O. 

10. Roica3aT14 Aa Boecknnmjewrn a, b, c, d jemagruie 

x4  az,  bx 2  cx d = 0 

a ==, — (x, + x, + x, + x,), . 

b= x1 x2 + xi x,± xi x,± x2  X3 + X, X, + X, x4, 

C = — (X2X8 X4 + X2X4 + X4 X8 X2 + X1 X2 X3) y 

d = xi x2 x 2 x 4 . 

rue cy x1,x2,x2,x4, Koperm Te jeAtiagHtle. 

§ 65. Homorpacpuja 

Y nocnembe pee jaxo cy ce passH.ne rpacpwnce meToAe pewasakba 

pasanx spoonema MaTemaTHxe, Hap044To OHHX y xojnma Hrpajy ynory cpyHx-

u,HoHaaHe Be3e. Cse Te meToAe catunbasajy AaHac cnetuijanHy AHCRwrimillY 
xoja ce son Ho mo r p a cf) H j a. C.rnixa ca xoje mommo npoto4TaTH oxiosop 
Ha nocTas.ibeHo nHTaHse son ce Hom or pa M. . 

Alto je cloyHxu,mja y = f(x) speTcrawbeHa rpacjmom y JleKapToBy 

cHeTemy, H Tai rpagmx je, y CyllITHHH, Taxobe HoMorpaM. 3aMCTa, ca 

Te CJ1FiKe 
mommo npolniTaTH spex,HocTH ctlymo.tHje f (x), alto cy AaTe 

speAHocTH aprymeHTa X H o6pHyTO. 

HaseAmmo Hexonnxo spHmepa HoMorpaMa. 

I'I3HaA jeAHe Aymo4 (c.x. 103) cTasHmo 6pojese: 0,0; 0,1; 0,2; ... , 

0,9; 1,0 H cmaTpajmo HX Imo speAHocTH AexaAHHx xorapwrama 6pojesa, 

0,1 	0.2 	0,3 	0.4 	0.5 	0.6 	0.7 	0,8 	0.9 	1,0 

7 8 9 10 

Ca. 103. HoMorpaM AeBaAnnx aorapwrama 

03itagennx 
HcnoA Te Ayx(H. Ta Apt( ca osuageHHm 6pojemma je HoMorpaM 

AeKaAHHX 
aorapHTama, jep ca Tor upTenca mommo npotoaTaTH BpeAHOCTH 

norapHTama 3a 6pojese, H o6pHyTO. OBaj HoMorpaM 
Hma A cxan 

jeAHy pasHomepH.o noAense"Hy (romba) 14 Apyry — 
HepasHo-

mepHo noAe.rbeHy (Aorba). 
Hasemmo spHmep HoMorpaMa ca jeAHom nomohnom pam

• 

omepHo no-

Aex.eHom cxanom H ca Ase HepaBHOMepHO noAenz.eHe. 

3aKoHy npenamama CBMIOCT14  sa cTaxxo, ca 14HAeKCOM npeAamalba 

n =-- 1,5, oArosapa jematnma 

1 2 3 

4 2 3 

1 	1 	1 

 

0,1; 0,5; 1 

20; 10; 15 

0; 2; 3 

     

  

k, k 2  

1, 	1, 	/2 

 

1 	1 	1 

Xi X, X, 

Y1 Y2 Y8 

 

    

  

I, In, m I 

 

    

     

        

nmajy apeAnocrn 



• 

Hmamo 

a ± b ‘= 2m . • 

HpeTnocrasHmo caA Aa je 

a = log A, b =log B, 2m ---= log P, 

TAe cy A, B, P oAroHapajyhn 6po-
jeBH. TaAa 143 jeAmalume 

log A + log B = log P 

4 

- 3 

-2 

z oo a2 	0.4 	as 	0.8 	1.0 	12 	1.4 

50 60 706090 Y 0 	l0 	20 	30 

jep je 

moNcemo samemiTH npaHom .3HHHjom, aKo yHeAemo HOBy npomewwwy 

yi  = log y , 

log a 
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sin x = 1,5 sin y = z , 

TAe cy x 14 y yrnow4 Hamby 3paKa H Hopmane, npisH y Ha3Ayxy, a Apyrif 
y cTaKny. Ca z CMO 03Ha4Hal4 nomohHy npomewmay. Ha Ca1411,H 104 npo- 
MeHJI,HBOj z oAroBapa patmomepHo no,Ae.rbeHa cKana, a npomeHnAumma x H y 

X 0 , /0 20 	30 	40 50 60 708090 

Ca. 104. Homorpam npeaamalba CBeVIOCTH y many 

HepasHomepHo noAeJbeHe cKane. 3a emu HpeAHocT z roptba cKana Aaje 
BpeAHocT x'a, a Aousa y. Hopmana Ha mane cnaja oAroHapajyhe HpeAHocTH 
x H y. CKana 3a x je Kpaha oA clone 3a y, jep y He momce imam BPeA-
HOCT Behy oA 41°,8; Taj yrao oAroBapa 110jaBH TOT a J1 HOT oA6Hja H, a. 

MeToAe Homorpacimje Aajy Hapoturro Ao6pe pesyn-raTe, aKo ce npit-
memyjy norapwramcKe HJIH Apyre clornwHoHanHe mpoKe. 

TaKO, Ha np., rpacimK mcnoHem.wjanue cpyinuiHje 

y=«el3x 

40 	 

3C 	  

20 	 

10 

1 ;7, 	 
2 

Ca. 105. rpacI)HH eacnorfewojanHe ctryillawje Ha nonyaorapHTamcxoj mpeaus 
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Ha cnnw4 105 HaBeAeaa je norapirramcKa mpe)Ka ca npomewhiwom, 
y, HaHme, Aymunie cy nponopuHoHanHe npomeH.rmmoj y,, a 6pojeBH o3Ha-
9aBajy HpeAHocT y. Hau,pTaHa 'yam je rpacpm cloyHKu,Hje 

1 
— 

y 60 e 	. 
a 

3a x = 1,5 rpacim HenocpeAHo Aaje 28, a Hapa- 

gyHaTa HpeAHocT H3HOCH 28,34. 

FlOWTO je osa cKana .norapirramcKa canto sa npo-
metommy y, a 3a npomewwwy x paiwomepHo noAelbeHa, 
cKanace 303e nonynorapn -ramcKa. 

3a 111TO jacHwje npnKa3HHaft,e ynore norapyrramcKe cKa.ne y HomorpaelmjH 

HaBewhemo jour jeAaH npnmep. 
PICKOpHCTHMO reomeTpncKy !may romehy ocHoskma an b H cpeAFbe 

JIHH1lje m Tpaneaa (cn. 106), 

Ca. 106. OcHoisma 
H cpearba. amnaja 

Tpaneaa • 

AB = P . 

(1) 	 Pi 

7 - 

6- 

5 

- 20 

-15 

-TO 
-g 

to 

• 

	100 
-80 
-70 
-60 
- 50 

-40 

Hau,Frajmo Ha npasHma 
(1), (2), (3) norapHTamcKe cKane 
(ca. 107). CKane npawix (I) H (2) 
noKasyjy norapHTme, a cKana 
npaHe (3) nonommy norapwrma. 
,LI,ecoHe Tatum Hehemo 03Ha4HT14 

speAHocTHma THX norapHTama, 
oAHocno nonomme noramma 
Hero HpeA,Hocnima oArosapajyhnx 

Ca. 107. Homorpam 3a I7pOH3BOA H KOAH4HHX 

6pojesa A, B, P. 
AKO CaA Ha npaBoj (1) yamemo TaLuty osHageHy 6pojem A, Ha npasoj 

(2) TaqKy o3Ha4eHy 6pojeM B H cnojHMO ofte ABe Ta4Ke npaHom, Ta he npasa 

4 

3 

1 

i t  
t 7  



p 

b 

p(1—z) 
1+z '(3) 

z2  
1 	z • 

--to 
z. 

CA 109. Homorpam as pewaaatbe KBaApaTHe 
jeattagage 
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cehm npazy (3) y TatIKH ca omaKom P. Ha TaK0 Ao6HjeHom Homorpamy 
moccemo jeAHOCTaBHO, nomohy aerbilpa, npocHTaTH npou3s0A ABa AaTa 6poja. 
06pHyro, HCTH Homorpam npyaca moryhHocT Aa ce npocaTa KOJIH41114K :413a 

AaTa 6poja. 
IloKa3aheMo jolt HomorpacpcKy meToAy 3a pemacafbe KBaApaTHe H 

Ky6He jeAHackme. 
Y3MHMO Aa Tpe6a pewHTH jeAHatnmy 

Za  + az + b = 0 , 

rAe cy a, b, n CTaJIHH 6pojecu. 3a KaaApaTHy jeAHatmuy n= 2, . 3a 
Ky6Hy n = 3. 

3a KoHc-rpyKaHjy Homorpama yuccamo 
ABe npase (1) 14 (2) napaaeaHe OCOBHHH y Ha 

1;2) pacTojarby p oA Te oce (ca. 108). Ha npaBoj 
(1) y3mHm0 TatiKy M 1  ca opAHHaTom a, a Ha 

npasoj (2) Tatuty M2  ca opAHHaTom b. 
HoTpaccHmo caAa TaKsy Kpvisy PQ, ca 

Ha Isoj osHaLleHom cKanom napameTpa z — 

K p 14 B 011H HHCK y cK any — Aa npeceK M 
x [(pm 14 npase M 1  M2  oApebyje speAHocT na- 

pameTpa z jes,HaKy KopeHy Hawe KBaApaTHe, 
OAHOCHO Ky6He jeAHatme. 

Cu. 108. Homorpant ca Kp1M30- 
	 Y Ty ccpxy o6pa3yjmo, npe ccera, 

ITHHHCK OM CKaa0M 
	

jeAHSHHHy npase KOja npoaa3H Kpo3 TatiKe 
M i  H NI, . 

1103HaTO npacHao Aaje 

y —  a X +p 
b — a p+p 

oaaKae je 
2py —(p x) a —(p + x)b = 0 , 

• 1411H 

(1)
i_2py  +(p—x) 

p+xl kp+x 	• 
a+b =O. 

CMaTpajylm caAa X N y Kao cpyinakuje z, oApeAumo Te cpywumje Taw' 
ita ce nperxopma jeAHatuma TpauccpopmHwe y Hawy jeAmackmy 

(2) zn 

3a cse 131)ex-focal a H b. 3aTo Tpe6a H3jeAfta4HTH Koe4martjeHTe jeAtia ,414 Ha 

41) 14 (2). Hoene Tom Ao6Hjamo 
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z" =-- 	2PY , 	z 	—p x 
p+x 

Pewasube ocHx jeAHacHua no x 14 y Aaje 

zu 
Y = 	 

1 	z 
• 

,II,0614.413 cmo napameTapcKe jeAHatimie KpHse, Koja y npeceKy ca 
npaeom M 1  M2 Aaje Ta'iKy M; BpeAHOCT napameTpa z 3a Ty Taincy oAPB-
byje KopeH Hawe jeAnacime. 

Y3MHMO p = 4. 3a gea.ApaTHy jeAHa44Hy jeAHatunie (3) Aajy 

4 (1—z) 
x= 

1+z 

(5) 
	

z 2 —z— 2 

JeAaH KopeH, z = 2, Ao6H- 
1114 CMO, KaAa cmo 110ByKJI4 npacy 
ca a — 1 H b=— 2 . 

3a Apyro pewelbe npso CMO y jeAHaHHHH (5) H3Bp111HJIH 3ameHy z ca 

—Z H AO6HJIH CMO jeAHatnilly 

— 2 = 0 . 

L 

• 

To cy napameTapcKe jeAfia-
tame nmep6o.ne, jep nocae elni-
mkunicarba napameTpa z Ao6Hjamo 
jeasativniy 

2  + 8 xy — x + 32 y + 16 = . 

Ha CJIHU,H 109 Ha4pTaHa 
je Ta xHnep6oaa H. Ha iboj cy 
noKaaaHe cpea,HocTH napameTpa z. 

lipHmep 
TaInte npace Aajy pearefba 

KBaApaTHe jemiammHe 

(4) 

2A 



107 ' 

06paC11,14 TajnopoB H MaK.110peHOB 

x 2  
f (a x) f (a) x f'(a) -2T  f"(a) + • • • 

f(x)=f(0) -Exf 	E -  (0) - 12 f"(0)-F• -.,  

y czyliajy icoHeepreHTHocTH peAma, capKe KaO npHmepH HHTepriOnaHHOHOr 

nocrynisa. OHH 'omoryhaBajy oApebHeaffie epeA,HocTH clayHmiHje sa npoH3- 

BoA,Hy .epeAHocT aprymeHTa X y 0611aCTH KoHeepreHTHocTH, aK0 cy 1103HaTe 

spes,HocTH ctlymtu,Hje H H,eHHX Hseo,aa sa jeAHy oxipebeHy speAHocT 

apryMenTa. 
MebyTkim 4eCTO tiny no3HaTe epeAkiocTki clayHK11,Hje 14 1-bemix 1433011,a 

3a jemy OApetieHy epeAHocT aprymeHTa; AaTe Cy CalVIO epeAHocTH cpyic-

joije f (x) ama sa mune BpeA,HOCTH aprymeHaTa, Ha np., nomohy Ta6Ainie 
• 

x, 

f(x) Yo Yi Y2 Yn 

Homohy oee Ta6.rnnie Tpe6a oApeAHTH epeAHocT cpyxxu,Hje f (x) - 3a 

epeAHOcT aprymenTa x, Koja ce HaJ1a314 y AaTom HHTepeany HO He 110KIlaila 

ce H14 ca jeAHom oA epeAHocTH Ta6ninie. 

4 ‘, 	 HapowTo je eawaH cariaj KaA epeAirocTH 

Xe, Xi, X29 ' • 	Xn 

1414He apHTmeTwaty nporpecHjy, Tj. KaA, je pasniiKa h kismeby Aise cyce,AHe. 

epeAHocTH x HcTa. To je cnywaf Ta6ange jeAHaK H 14 HTepBaJi a: 

MH Memo nporiaisaTH canto TaKae c.nriaj. 

Y .c.nytiajy HH3a AaTiix TaliaKa 

Mc, (x0 , 	M1 (xi, )7 0! M2 (x2, Y2) I • • • Mn 	ye) , 

Koje npeTcTawbajy noAaTKe Ta6.inute, ocHoeHa meToAa Hirrepnonamije Ca-
cTojii ce y. oiipebinsaiby Kpinse Animje ca sjerwatirmom 

Y = c1)(x) 

Koja mopa lip0J1a3HTH Kp03 cee AaTe Tainte. 110111TO je y TaKBOM o6AtiKy 

saAaTaK HeoApebeH, jep TaKBHX KpHBHX moxe 614TH eHwe, Tpe6a a s 63/-14Y 

.11.a•TH join 14 AonyHcKii ycnoevi. 
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Ysmemo.  .11H samm a = + 1, b = — 2, npasa. Aaje y npeceicy ca X14- 

nep6o.nom TamKy ca epeAeouthy napameTpa 1, oAame savbriyjemo Aa je 
ApyrH KopeR jeiealnitie (5) — 1. 

3a Ky6Hy jeAHatamy 

Z3  ± az + b= 0 

imam°, mecTo xnnep6one, Kpinsy Tpeher 
cTeneHa tHije cy napameTapcKejuHa4Hne 
(3a p = 4): 

X  	y = 	• 

	

1 + z 	 1+2 

Oey KpHB0J1111411CKy cica.ny mo:Kems 
HatipTaTH no TatiKama ca osiiagetu-in 
epeAHocnima napameTpa z OKO 14.HX. 

Ha canna 110 noKasaH je HOM{i) 

rpazvi 3a peniasaki,e Ky6He jeAHaqiHe. 

flpHmep, 

	

TaliKacTe 	Aajy peteeFe 
jeA,Hatimie z

3  — 13z ---- 1,2 = 0 , 
Ca. 110. Homorpam 3a pealasalbe 	npH gemy cmo tipeo cTaemaii a = — 13, 

xy6He jerwagxae b = — 12 H ,a06H1114 •riO314THBHO pentei-be 

2 1  = 4. 3aTHM cmo Hsepum.rud sameHy z ca — z H ,A0614J11,1 jeAHaiiiiHy 

e — 13z 12 =0 ; 

HCKOpHCTHJIH cmo npaey ca a = — 13, b =± 12. flpeceu,H use npase ea 

KpHeom Aajy-  Aea Peumba: 3 14 1; 01314M peuietbiima AeclumHTHeHo oAroea-

pajy Asa peuielba: 3, 2,-- 1 Hanle no.nasHe Ky6He je. Hatume. 

Beac6atha. 

1. jja ax aorapHrmap HMa HoMorpaMe? 
2. IlpeapraTH Ha Ao6py xapTHjy Homorpame 3a peamakbe HHaApaTHe Yi Ny5me 

leAHamme H Hew6aTH ce y peulaamby TaxBax jermarania. 

66. 11HTepnanalwja 
o cpyHKgHjH f (x) y HHTepea.ay a < x < p, 

• HO HHje no3HaT MaTeMaT141-1K14 H3pas came ctlyNKinlje y TOM iiTepeaAy, no-
cTynaK Kojkim ce oApehyjy,Tj. HspatiyHaeajy epeA,HocTH oee cpyHKgHje sa 
rip0H3B0JbHy apex-mu aprymeHTa x y TOM iinTepeaay soee ce H H T e p-- 

noaag ja. 
AKO speAHocT aprymeHTa X 143Jia314.  143 . 14a3HalleHOr 14HTepea.aa, no-

eTynaK ce soee eKcTpanonaumja. 



AKO caA . o6pa3yjemo pa3JIHKy ye  y, Hsmety Hapeoix BPQ,AHOCTII 

cpyHnumje, moxemo CTaBHTH 

Y2 	A Y• 

Pasmua A yi  — Ay, Hsmeby Ase ysacTonHe nine pasamue IIHHH 

Apyry pasamHy H omatiaaa ce ca A2  yo  Tj. 

A2  YO A Yi — Yo • 

AKO CTaBHMO y oHy jeAHatiHny HpeAHocTH npstix pasnma, Ao6Hhemo 
jeAHaNkmy 

	

6,2  Yo = (3' — Y — — y e) = 	2y 1  + Yo . 

AKO 3aTHM yHeAemo Tpehy pas.rtHxy 

A3 y0==  p2 yi 	212 
0, 

oHa ce nomohy opAHHaTa OBaK0 Hspaxcasa 

As  YO = (Y3 2Y2 yl) — (Y2 — 23'2 Yo) = Yo 3Y2+ 3Y1 Yo • 

3a meTHpTy paswy 6es Teuwohe 6HCmo Ao6Haa o6pa3au 

A4  YO = Y4 — 4Y3 6Y2 4Yi Yo 

Stumm° Aa CBaKa pasakwa mowe 6HTH H3pa)KeHa nomohy OCHOBHHX 

opAHHaTa H Aa cy Koe4HLHjeaTM jeAHanH HoecimunjeHTHma 1 -byTHosa 6H-
HoMHor o6pacua. 

-11pauTHLm ce ysacTonHe p‘amiwe HapatiyHaBajy no t xemH 

xo  Yo 

x, y, 

x9  y2  

X3 Ya 

X4 y4 

X3 y 5  

X6 Y o 

A Yo 
A2 yo  

A Yi 
A2 y i  

A  Y2 
A2 y2  

A Y3 
1S2 Ys 

Y4 • 

A2  Y 4 

A  Ye 

Yo 

A8 Y. 

A' Y2 

AS  Y9 

Yo 

A" Yi 
6,6  yo 

1) 
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HajnpocTHjH je carfaj HaA je cpymumja p  (x) nommom 

( 1 ) 	(x) = P (x) =-- u e 	x ue  x2  + • • • +ua- 1 xn-1  —F 
ca 	I HeoApebeHHx KoecinumjeaaTa U 0 , u„ u2  • - • , un_„ tin ; ose Hoeclm- 
uHjeHTe Tpe6a oApeAHTH 113 yCJIOBa Aa [(pima ca je,/I,HatIHHOM 

Y 	(x) 

mopa npohla twos cue AaTe Tatum, a Aa npH Tome 6yAe HajHHwer cTeneHa. - 
 °Ha upma sone ce r e itep a.nH caHa napa6 on a; 3a  n=2 oHa ce 

npe•sapa y o6Htuly napa6any. 1/IHTepnon -a unja noMohy Tam HpHHe 
sose ce napa6o J1 H 9 lc a. 3a nOJIHHOM npHor creneHa aHT epno a a um j a . 
je artHeapHa. 

3a oApebHsarbe Hoecjwar,HjeHaTa ue, up • 	U,,, KOJI, riCulaaoma 
(1) moxeM0 Ce noC.Iyaarki Ca n aknieapai4x jealiatunia 

ye  = 	u l .te  u2  + • • • ± 	xr1  ua  , 

no + U1 x, 	± • • • + un_i  x2-1  + Ua  X1, 

y, t ± a, 	a, 4 + • • • ± ua_, 	ur, Xz , 

Ye 	U0 Ul Xn 	± • • • + Un—i 	Up . 

TaKaB nyT HspagyHasaba uoeclniunjeHaTa Hma Asa HeAocTama. OH 

je Ayr. CeM Tora, OH He npywa MOryl"iHOcTR as ce ouem rpeuwa. H Aa ce 
saycTasH CaMO Ha noTpe6Hom 6pojy Tagaua, auo ce TpawH rIpH6J114XCHO 

Hapagyirasatbe. 

flOCTOjH Apyru HatINH HHTepno.naumje, o6pacumma H3palKeHHM. He 
nomohy camHx chniuu,Hja Hero nomohy yanossaHHx p a 3 JI H K a. 

03Hat114M0 ca A f (d) pa3.1IHKy 

f (a + h) — f (a) -= f (a), 

- rAe je nimpauiT aj, yet HCTH, apryMeHTa chranumje f (x), H Ha30BHMO je 
npHa pasaHu a. AKO, yHanpeA 3HaMO Ha KOjy Ce chrmat 14jy 01-14 °Afloat, 
moacemo KpaTKO !imam A. AKO je f (a) = ye , f (a + h) = y „ , sa pas.rwmy 
Hmamo y, — Ye = A ye  • 143 °He jeAHatume caeAyje 

Yi. = Yo 	Yo: 



rAe cy 
ycaona 

3' (x) 	(I)  (x) 	c, (x — xe) 	c2 (x — xo) (x — xi) + 

(2) 	 c3 (x 	(x — x,) (x — x2) + 

+ • • • + c„_, (x — x0) (x — x 1) • • (x — x„_,) , 

c0 , c1 , C2, • • • Crt-1 CT3J11414 K0e431411,14jeHTH Koje Tpe6a oApeAHTH 143 

Aa npHria. y •—• p(x) npona314 Kp03 n 	1. AaTy Tatucy. 

AKO y jeAHaLIHHy (2) cTanHmo je,two 3a Apyriim x = x 0, x = 
X = X2 HTA•, A,o6Hhemo cHcTem jematunia • 

Kp03 n +1 Tan° H3r•ReAa 1-byTHon 110JIHHOM, inija HpHna Ilp0J13314 
AaTy . TatlKy. 

X — (M — 2)h , • • x — 	= [m — (n —2)] h • 
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HanHcaHH k-byTHon HwreprionagHoHH o 6 paaau, nottena,u,ce 
Hapawana H y Apyrom o6aincy. 

Mec-ro npeAmocTH x yBe,HMO 6poj m nomohy o6pacna 

h 
oAatcrie je 

• 	 x'— xo  m h , 

Te TaK0 mowemo cne ocTane pa3Juce H3pa3HTH °nano 

x — x, = x — x, — (x, x 0) = m h — h = (m — 1)1i , 

Ca OBP1M npejmocTHma pamma FbyTHOB WiTeprIOAWAHOHH o6pa3au, 
rrocTaje 

x 	log x 	D ' 	 6,3  

24 1,38021 

0,01773 

25 1,39794 — 0,00070 

0,01703 0,00006 

26 1,41497 — 0,00064 

0,01639 

27 1;43136 
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1-byTH je npeAnommo HHTepnwmcalbe cpyHicu,Hje nomohy nommoma 
one cpopme 

Yo = CO3 " 

c0 + c, (x, — x,), 

y,= co  ± tt (x,— x„)+ 	— x 0) (x, x1) ,  

Y2 = c0 	 x0) C2  (x3 x0) (x3  — x 1 ) 	C, (x,— x0) (x,— xi) (x3 — x 2) 

143 AaTHx jematcHHa M3130,11,14M0 

Co  = yo  , 

— Yo  6■ Yo  c,-=
h 	h 

c2 	
2112  2112 	2!h2 ' 

c3= y3 -3Y2+ 3Y1 Yo 
3! /0 	3! h' 

Ca H3pa4yHaTHm noecimumjeHTH.ma nomfflom cp (x) moncemo HanucaTH 

Y 	;"=--.' 	 X1) + 
2! h2  

v  
+ • • • + An _ " (x — x0) (X — X i) • • • (X — X0_ 1) . 

n! 

y(x)r-L--i)(x) --y.--E-nlAY0+ 172(n7--1)  

2!  	+ m (n1 — 1) • • •[m 	(n 	I  it  
Yo- n! 

pnmep 

Y3MHMO Aa Tpe6a li3pa4yHaTH log 24,5 Ha ocHony norapwrama 6po-
jena 24, 25, 26 14 27, Koje y3Hmamq 143 norapirrammx Ta6.3Hua. 

06pa3yjmo Ta6.7nmy 

(3) 



y=y0+x —a 
	(Y1 Yo 	(Y2 — 2Y1+ Yo) • 

h . 	2i h2 

(x -- a) (x — a — h) 

Y Hatuem cnyLlajy je h = 1 Te, npema Tome, 3a 24,5 Hmamo Jn = — 
2 

flpema o6pacuy (3) &the 

f (a). y,-= log 24 == 1,38021 

1 
in A yo  — 2 • 0,01773 = 0,008865 

m (m — 1) 
A2  yo  = — —

1 
• —0,00070 = 0,000087 

2 ! 	 8 

m (m —1)  (m  — 1) 1 
A3  yo  =  	0,00006 =-- 0,000004 

3! 	 16 

log 24,5 	= 1,389166 	1,38917 

Taj 6poj hemo Halu4 y norapnTammm neTouwppetutm Ta6 -1111034a. 

Y 1-byTHosy o6pacity HcitopHutheHe pa3Juine cacTasibeHe cy os, y3a-
CTOCIHNX Hapenratx speAHocTH cpymatHje. MebyTHM MOry ce- H3pa4yHaTH 
spen,HocT ctlynKuHje N nomohy y3acTonmix npeTxoAHHx speAHocTH 4)yHmutje, 
a it nomohy CHMeTpli4H14X BpeAHOCTH, Ti. jeAfle HapeAne 14 oArosapajyhe 
npeTxop,He. Hpema Tome lc* ce palmist, ysHmajy, .7106Hsajy ce H oArosa-
pajytte HHTepnonauHoHH o6pactui (Gauss'oa, Stirling'oB, Bessel'oB, H Ap.). 
iletirmo yna3HTH y pa3maTpathe THX o6pa3aua. 

3aycTasHmo nit ce camo Ha npsoj pammui, 1-byTHos o6pa3au Aaie-

a): 
• xf (a+mh)=f (a)± m 6,1(a) 

11J1 14 

Y Yo +mAYo• 

To je o6pa3au, 3a JutHeapHy HHTepnona-
UHjy; OH ce o6H4io npHmerbyje y n7o6piim no-
rapHTamcitHm H ApyrHm Tanktuama, rAe cy 

a+nh a+h X , AaTe, 06H4H0 ca cTpaHe, 14 nomohHe Ta6nHue 

CA. I 11. OlkineapHa miTepnonalvja ca o3HaKoM P. P. (partes proportionales) ca 
113pa9yHamm spenmocTlima npoHssoAa m A yo 

 rpacIANKO TyMagel-be ose cpopmyne npHna3aHo je Ha UMIAK 111, rA,e je 11? 
03Ha4eHo ca n. 

AKO y3memo y 1363Hp 14 Apyry pasnktny Hmamo o6pa3au, napa6onH4uce 
14J1 14 xsaApaTHe miTepnonaumje 

f (a + 
in  h)= f (a) + m A f (a) + 	

2! 

m(m —1) 6
,2  f (a),  

HAM 
m (m —1) 

Yo m A Yo 	21 	
6,2 yo •

Kim.= HHTepnonanHje npona3H Kp03 TpH Ta4Ke 

a, yo 	(a) , 

a + h, yi  = I (a + h), 

a + 2h, y2  =_- f (a ± 2h) . 

Pasnme Hmajy speA,HocTH 

Yo = (a ± 	(a)=- Yt Yo 

A 2 	 = Y2 — 41+ Yo 

flpeMa Tome jeAHatima napa6one .  HHTepnonauHje H3rnen,a 

nalco je nposepHTH Aa 0Ha 3aFicTa ripona.311 Kp03 03HalleHe TpH Tatme... 

AKO notteTatc K00130ia.THOr .c.Herema nocTasHmo y Taqxy a, Yo 14 K0 

0pAmHaTe_ Tatum y oAHocy Ha HOBH cHcTem_xoopAHHaTa 03Ha4HMO ca 	-. 

npH YeMy 3a.,jeAranny Aptame y3Hmam0 h, napa6ona IlliTepnOltaLtHie 

6Hja o6nHIC 

(4) .11=tAy0+ 2 
	

1)A2Y0- 
1 

Kopitcuo je 3113111 nonowaj ose napa6one 3a pa3.111411HTe BpeAHOCTE 

A2  yo no 3HaKy, jep ce TaAa Mo)Ke npH6nHamo OgeHMTH npasHnHocT Ham- • 

AeHHX pa4yHa. 

AKO ca A Yi  03Ha4HMO pa3.1IHKy Hamehy pe3yaraTa napa6onk4Ke 
JunteapHe HHTepnonau,Hje, Tj. cTalatmo 

A --=7)--tAy o , 

H3 jeA,HaltHHe (4) Hmamo 

(5) A = k2  6■2  yo  , 
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3. II,aTe cy HpeAHoeTH civfnutHje e-x2  3a ose aprymeHTe: 

x 0,25 0,26 0,27 0,28 

e-xz  0,9394 	j 0,9346 0,9297 0,9246 

0ApenuT11 Hpen,HocT ckYmo..ofje 3a x = 0,256 H npornitH Ha TOM npHmepy nH 

HeapHy, KaaApaTHy H Hy611y miTepno.laukiiy• 

4. TpaacepopmHcaHa IlnamKosa jenHagnHa, Koja nocTas.rba Be3y HaMe1}y eueprHje 
spagetba 14 TaaacHe nyacHtle, Hma 062HK 

1 ) 	y = 1 . 

Ilomohy Ta6aHne 

x 0,080 0,081 0,082 

y 1,1373 1,2471 1,3635 

on,penHTH HpenHocr y 3a x = 0,0805 nomohy IcHanpaTHe HwreprionauHje. 

5. EIHrITH ,ECH HuTerpaa 

Irma HpenHocTH npeMa Ta6nHuyi 

It 

dx  

f - szn2  a sine x 

' a 750 76° 77° 78° 79° 80° 

y 2,76806 2,83267 2,90256 2,97857 3,06173 3,15339 

0,Apefi, NTH y 3a 760300  ea HCTOM Ta4H0111hy. 

§ 67. IlpH6.3HHCHO aticiltpenutipatbe H maerpitcalbe 

H3 OCHOBHe Ae(PHHHItHje H3BOAa y t  ctlymanije y =--- f (x) , 
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rAe .  CNIO ca k-2  oatiatiman Be.rmvimy 
1 
2 

	

' k2 	t (1 -t), 

Koja je 110314THBHa y HnTepnany 

0< <i. 

JeAtiatuma (5) noKa3yje Aa 	H 

	

.n. 2<0 	
O2 y 0  nmajy . _cynpoTne 3HaKe. CnHKa 

112 (A., = 6,2 y0) noita3yje Kapatcrep 
napa6one nnTepnonagnje 3a 6, 2  yo  
H 6,2  yo  < 0. 

3a mirrepnonannjy ca nejeAnamm 
HHTepBa.AHMa npnmetlayje ce narpa H-
)KeB HHTep110.11all,HOHH o6pa- 

amje Ha pe3ynTar muteapHe HHTepnonauHje 3 a u, K0i14 n3rneAa OBaK0 

(X - Xi)  (X -  X2) • • • (X - X.) 
f (x) = = Ye 

(x, - xi) (x, 7-- x2) • • -• (x, - x,) 

(x  - xo) (x - x2) • • • (x - x„) 
yi 

(x, - x0)-(x1 - x2) • • • (x1 - x0) 

+Yn 	
- x„) (x.- x 1 ) • • • (x - X._1 ),  

• 	+. • •  
(X. -7 x0) 	- 	" • (x0 - Xn-1) 

:TKO yspcTrimo X = X0 , Ao6ntlemo y = yo  H CJIW4H0 3a Apyre spelt-
HOCT14 aprymewra; npema Tome BktAnmo Aa jlarpatincesa cpyinclutja 3aticTa 
clAroBapa KpHBOi Koja rigo.nant Kpo3 cse (n + 1) are TaInce H iipeTcTas.rba 
FLOAHHOM n'Tor cTenelia. 

Bew6arba. 

1. Ilomohy .mneapne HHTepnonaumje HahH spemocT 1ogi0 6,9443, an° cy: logio  6,9 A .= 
= 0,84161 H 10g10 6,945 =0,84167 H 06j2CHMTH norrynaH rpacfmnui. 

2. JeAH0 Teao ce pacnaapa y Hoax. HaseaeHa Ta6aHua noKa3yje Roam) npoue-
HaTa For Tena ocraje mule H3HecHor Bpemeaa HspasHeHor y huthyTHma. OnPenwrn 

je npoueHaTa or Teaa ocTano nocae 20 mwHyTa. 

I 
t 	I 	7 12 	- 17 22 27 	I 	32 37 

°A, 	1 	83,7 72,9 	63,2 54,7 47,5 	41,4 36,3 
t 

y, 	f + h) f (x) 	urn.  

h-s0 	11 	 X1-*X 

nenocpeAno caeAyje Aa, npm6ntoKno, 3a itaBOA moxcemo ySeTH omoc 

Yi - y  

x,-x 

Kopt oAroBapa Tanrency yrna ceKanTe ca ocom x. 

Ca. 112. YTHuaj napa6onime HHTepnona- 

Y   
- x 



Q' Q 

x>  
Cul. 113. Caa6mjesa merojp,a rpadnigKor 

o,weblnarba H3so1a 
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Axo je cpyinumja AaTa rpacImLum, c -ramrbaHaem neampa y npasuy 
TaHreHTe mosce ce Ao6HTH AocTa Tatma speAHocT HssoAa. 

HajsaA, aK0 je cflymuHja AaTa nomohy CBC/j/iX HpeAHocTH 3a HH3 ap-
rymeHaTa, Mostemo ynoTpe6HTH Hirrepno.naunony 4opmyny. 

AKO y 1--byTHosol cpopmyAn (3) § 66 CTaBHMO /11 = X mcoKemo Ha-

micaTH 

x(x — h) x (x — h) (x — 2/i)  
Y 	(x) = Yo —h 	2110 

A yo 	 A2Yo 	
3! /0 	

As  Yo 

x (x — h)  (x — 2h ) (x — 3/i)  A4 

	

4! h4 	
yo 

,L1,14epermparbem nese H AecHe cTpaHe no x Ao6Hjamo 3a speAHocT 
H3BOAa 

p'(x) 	 (x 	h)  A 	° 	( 1
2 

 X2  —xh+ 1  112)  hs YO  
 \  

+ ( 1  xs — —3
6 	4 

X2 	h 
12  —
11  x 	

1 hs \ .t14 

/ 

4 / hs 
	+ • • • • 

3a x = 0 Hmamo 

	

. 	. 2y 	. 	1 . 3  

	

AO) 1),  (0) = 
h ( A Yo — 2 a 0 ± 3 a Y 	

4 

1 ___ 46,4 yo 	..) 

Peummo jeAaH npHMep. 

HahM sa a = 5,0•HssoA 1:byrui,Hje AaTe Ta6/1141.10M  

a x y p 	A2 As 6,4 A5 

5,0 0,0 148,413 • 
15,609 

5,1 0,1 164,022 1,641 
17,250 0,174 • 

5,2 0,2 181,272 1,815 0,015 
19,065 0,189 0,009 

5,3 0,3 200,337 2,004 0,024 
21,069 0,213 

5,4 0,4 221,406 2,217 
23,286 

5,5 0,5 244,692 
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IlpeMa rope o6pacuy Tpe6a HspatiyHaTH 

1 
f' (a),---:-.-- 	

1 
p'(0) = — (15,609 — 1.1,641    + 

1 
 -- 0,174 — 1 —.0,015 + — • 0,009) -= 

0,1 	 2 	3 	4 	5 

= 10 (15,609 — 0,8205 0,058 — 0,00375 + 0,0018) 

10. 14,84 ai 148,4 . 

CaA moscemo AaTH OArOBOP Ha saroxemy: 3au1TO je Ao6Hjema speA-

HOCT 143BOAa 11P1f6.1114)KHO jeAHaKa spes,HocTH cpytumje, Tj. 

f (a) = 148,413 	148,4 	f` (a)? 

Hausa Ta6miu,a Aaje speAHocTH (1)ymamje ex, noties oA es•°, 14 npeMa 

Taste BPBAHOCT14 HsHoAa Tpe6a Aa 6yAy jeAHaKe IspeAHocTma came (133,HKu,Hje. 

Haseuthemo join jeAHy. Hp.no ourrpoymHy rpacjnitucy meToAy sa oApe-
bHearbe HssoAa AaTe cpymumje. Ty je meroAy Aao C.ria6H (Slaby). 

Ha miummerapcKoj xapTH;H Ha,- 
upramo rpacimK AaTe cpymw,Hje (c.n. 
113). CIIHKY 110KPHBaMO 11P0311PHOM 

xapTHjoM. Ha Toj xapTHjH Kompamo 
AaTy KpHBy. 3aTHM nomamemo npo-
sup},  xapTHjy y npaBuy oce x 3a 
0Ape1 eHy ApKHHy h. Ca nposHpHe 
xapTHje hpeHocHmo Kptisy HOHOBO Ha 
mkummeTapcKy xamjy. Ao6Hhemo 
.s,se Kpllne: nee)/ if AecHy. AKO nosy-
qemo opAHHaTy, Koja celie one KpH-
He y TamKama M' 14 N, OAHOC M'N : h 
Aaje HpeAHocT lisHoAa y' 3a Tatucy M oA Koje -cmo Ao6HAH Taincy M'. AKO 

je h = 1, Aymma M' N npeTCTaBJba 6pOjHO HaBoA. AKO ApKHHe M' N ysmemo 

sa opAHHaTe, Ao6HheMo Kpmay ommjy P Q Koja Aaje H3BOA. HaupTaHy icrnmy 

P Q mowemo noMaKHyTH yam.) 3a h TaK0 Aa ce HcnoA csaKe Tat4Ke, Koja 

oApebyje y, Halla3H speAHocT j/ Ha rpacjmKy P' Q'. 

ElpebHmo caA Ha npH6.runKHo HspattyHasatbe oApebeHor kurrerpana 

•  = f (x) d x , 

a 



An-i An 

Yn r,-I 

b  

 114. IlpasHao Tpanesa 

A 
Ar  

Ca. 115. llospumsa 
•mebesa napa5oaom 

y as  -Jr  a, x + a, X2  . 

3a o.a.pebosaH,e Koecjmu,HjeHaTa napa6one Kpos-
ripse TpH Tatme mmamo ose je,a,Hammie 

I 	

=-- as , 

y1.= a

s + a, h + h2, 

Yz= as + 2a,,h+ 4a2  h2  
( 1) 

   

31 .8 
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3a KOjH sHamo Jo. my oArosapa nospunnia omebeHa KpHsom n HHHjOM, 4Hja 	 flospumHa omebeHa TOM napa6onom H3patiyHasa ce Tatum, 

je jeAHatuma 
y = f (x) , 

,asema opAHHaTama 11 OTCe4KOM OCC x 

(cn. 114). 

AKO paanitKy b — a noAenHmo Ha 
jemiaKnx Aea0Ba H. 3a csaKy ,aeoHy 

TatiKy nospiemo op,a,HHaTy H Tatum Ha 

KpHsoj CnOjHMO TeTHBaMa .ko6uhemo HW3 

Tpane3a. 36Hp nospunala THX Tpane3a apH-
6JunKHo oArosapa Tpa)KeHoj nospumm. 

llospaufHe Tpane3a HMajy pe,tem 
Bpe,H,HOCTH 

2h 	211 	 211 

q,= 1 ydx=1(as +a,x+a,x2. )dx= 1  (a e  x+—a l x 2  + - 
3 
--. a2 x 3)--- 

9  
. 	4 

,E1,06HjeH14 H3pa3 mowemo npeTcTasHTH osaKs 

1 
q, 	

3 
 h (6a, + 6a,11 + 8a,h2) . 

RaKo je sHAeTH 143 (1 ) as H3p53 y 3arpapi HMa spe,amocT 3611pa 

Yo + 43, 1 + y2 

1 

• 0 
 

---= 211(as + a, n 	— a2  lc 2 
 

3 

2 
1 (Yo+Yi)h, 2 (Y1 + Y2) h • • , — 	Y 	h 	

9 (11  a- 	ya) h 
9  

1 

r.a,e je 

h=
b  

it 

Ca614paHseM OBHX nospumfa 143B0,414M0 o6pa3au, 

fy dx ---:-..:.-1-(b—a)ly e, d-yri+2(y,d-y± • . • + y„- 1 )1 
2n 

a 

OH H3pawasa npasH 	Tp a n e3a sa 3pat-iynasaH.e Qapel -jeHo!-  

HHTerpana. 
3ameHa Kpuse AHHHje npasom, Ma H Ha manom 

HHTepsany, je npso, - Hajrpy6.rbe npeTcTasibatbe KpHse, 
 nfflmje. flpH ,ay6.11,9j anann3H KpHse Tpe6a Kpos TpH 

y3acTonHe Tainte nosyhm napa6ony (c.a.' I f 5) ca jeA-
HaqHnom  

npema Tome mowemo HanHcarn 

q, = 
3 

(y o + 4y, + y2) . 

AKO HHTepsan b — a no,a,,enHMo Ha napHH 6poj 2n A senosa, Kpo3 TIOn 

y3acTonHe TailKe mo)temo KoHcTpyHcaTH napa6ony H HapagyHaTH nospuunly 
smebeHy Toth napa6onom. FlpeTX0AH14 o6pasan, mo.1Kemo ynoTpe6HTH 3a caaKy 

*A nix napa6ona. AKO ca6epemo cse Te nospumHe, 4o6HheMo npH6a11)iuly 

spe,KHOCT Hauler HHTerpana 

Ydx b 	—a  [11 0 + Y211 + 2  (1'2 + Y4 + • • + J'20-2.) + 
6n 

a 

+ 4  (.Ve + 3'3 + • + Y2n-- 1)1 • 

HanHcaHm o6pa3au Hapaxasa C - 14 mncoHoso npaBHno 3a ripH-
6nkuKHo HapagyHasaise o,apebeHor HHTerpana.  

110KaAHMO join rpacjny-ncy meTo,a,y KOjOy. Mo)KCM0 EoficTpylicarig 1444- 

Terpanny KpHsy 

Y == Y (x) 	f (x) dx , 

a 

aKo je ,a,aTa no,a,HHTerpanHa KpHsa 

(2) 
	

= f (x) 
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OBa rpa44Luca meToAa CTOJH y Be3H ca rpacjumom meToAom, KoiY 

cr 0 113.110)K11J114 y § 53. 
3a o6jaani;eme nocTynxa npHmeTHhemo, npBo, Aa y cnymajy 

y = const.= c 

HHTepBally OA x 1  AO x HaW,HHTerpaz moscemo HapagynaTH 

,Y=Iydx.--- ydx- F ctix—Y,±c(x—x 1), 

a 	 ; 	 x t  

rAe CMO Ca Y 1  03HagnAn speAHocT HnTerpana y HHTepany OA a AO X1 . 

Ilpema Tome A,eo HHTerpanHe xpnBe y HHTepBany oA, x, Ao x npeTcTaB.rba npaBy 

Y c x (Y, — c xi) 

ca yraOHHM xoecin11$jeHTom C; oBa npa-
Ba npona3H Kp03 Tatncy ca KOOpOtHa-

Tama X 1 , Y 1 . 

0 	 Ha. C111411,11 116 AaTa je oAroBa- 
pajyha KoHcTpyKaHja npH qemy je y-
raoHH Koeclm,HjeHT npaBe xoHcTpyHcaH 

nomohy xaTeTa: c n OA = 1 
Ha npon3Bomay noAHHTerpanHy cpylnutHjy (2) ca rpa-
cncTemy xoopAHHaTa (cn. 117). 

Cn. 117. rpacimma ttaTerpaumja 

n0AeSIHM0 Haw),  xpnBy Ha Ae.nose ca moHoToHum noHawaisem noA-
f1HTerpanHe cpymu,Hje. CeM Tora cTasHmo AeoHe TaLme y npeBojue  

y excTpemanHe Tatme H y Taince npecexa ca ocom x, jep OBHM TaMKaMa oAro-

Bap* excTpemymH HHTerpanHe xpHBe. Heim TO 6yAy Tatme A l , A2, • • • A6. 

143a6epHmo Ha CBaKOM Aeny name Tatum B 1 , B2, • • • , B6 TaKo Aa no MO-

ryhcTBy opAHHaTe csaxe Ta4Ke Aajy BHcHHy npaBoyraoHma jeAHaRa oAro-
Bapajyhem Aeny Hanle noBpume. BpaBa, xoja npona3H xpos csaxy oA Ta-
Lima B H napanenHa je ca ocom x, HsjeAHavyje Hamy noBpunmy ca noBp-

11.1HHOM npaBoyraomca; Ha C111111,H cy wpacImpaHe oHe nospwHHe xoje AoAajemo 

H oAy3Hmamo 3a OBO HajeAHatiewe. OpAHHaTe Tagaxa B Aajy . BpeAHOCTH 

yraoHHx Koecjmu,HjeHaTa OHM npasmx iv* Ha cBaxom Aeny Aajy oArosapa-
jyhy nospummy. KoHcTpytakHja npaBaua BpLuH ce cum nomohy Ay)KHHe 

A 0 = 1. .11(o6HjeHy H3.110MJbeHy nrunijy moncemo HspaBHaTH H 3aMeHHTH KpLiBOM 

Hmajyhm y way oBe oco6HHe Tatiaxa: Tatum C 1  nencH Ha OCOBHHH X, jep je 

3a Ta4Ky A l  nospiunHa jeAHaxa Hynkt; Tatum C, je npeaojHa Tatum Hanle 

xpkiBe Y = Y (x), jep je y oBOj TaLIKH Y" = y' = 0 . Y Taq1(14 C4 cpylls.gHja Y 

Hma excTpemym, jep je 3a oBy Taincy Y' = y = 0 . 

Bext6ama. 

1. 143 Ta6J114.1HHX apemocm ckyinutaje 
4 

x 	31 	32 	33 	34 	35 

f (x) 	3,43399 	3,46574 	3,49651 	3,52636 	3,55535 

mahm apeaaocT H3soAa f(x) 3a x = 31 II flOTBpAHTE jeAHagttay-nx). x] = 1 
x=31 

• 
2. MeT0A0m apTaiba rpackma H iberomm nomepaffiem (Slaby) noTapAmTm jeAna- 

mmny (sin x)' = cos x. 

3. 1/13pagyaam npa6ninKm nomohy npasnaa Tpaneaa H Ciumnconoaor, npasnaa 

110BIIIHHy gen:11)mm Kpyra nanynpegama 10 cm. OpmmaTe napavynaTm nomohy speA-

HOCTI4 cHayca. Ty am noBpmHHy aspagyaam rpa4m4KH. 

4. Hapagyaam mairerpan 

V1— 1 sine x d x 

o 
Ha ocaoey Ta6naae cmyca: 

12
R 
	"6-g  T n  

1 	1 	1 
	

I 	5 	1 
 

12 71 	2 
rt 

sin x 	0 	0,25882 	
2 	2 	2 
I 	VT 	1. 
	

0,96593 	1 

ca qempa aeu,amane. 5 

5.  flomohy H3pa4y3a2a3a Harerpana j 
dx 
—x  npameaom Camncoaoaa npasaaa no-

t 
nspAprra jen,RagRay in 5 = 1,609. 

21 

Crt. -116. HaTerpainia npasa 3a y = c 

c. nese cTpaHe oce y 
lipebHmo caA 

*MOM y aexapTosy 

0 
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§ 68. Me•oAa Hajmathsx KsaApaTa 

Y-MaTemaTtutH jeAaH npo6nem cmaTpamo 3a o Ap e he H, alto je 

6poj jeAHaluma 3a oApehtmatbe Heno3HaTtlx jeAHaK 6pojy camtm He1103HaTHX 

H alto AoKancemo Aa saHcTa ose jeAHammte Aajy oApeheHo peutetbe Tor 

npo6nema (TeopeMa er3HcTeHu,Hje). 

AKO je 6poj jeAHaLauta ma.tbH oA 6poja He1103HaTHX, npo6nem je, y 

onwTem cartajy, HeoApehe H, OH moxte 'man' stmepewetba. ,LI,a nit osa 

petuaba oArosapajy npo6nemy HAM He H, alto oArosapajy, Koja pewetba 

Tpe6a HCKOpHCTHTH, — TO Cy maw-Ea, Ha Koja MO/KeM0 oArosopHTH 

camo alto HMaMO Hose AonyHcKe ycnose. IloHeKaA ce TpascH oApehtmatbe 

CBHX moryhtlx pauetha y noTnyHocTH. 

Haj3aA, 6poj jeAttatnitta momce 6HTH sehtt OA 6poja He1103HaTHX. AKO 

HeKe jetotaltHHe HHCy satuhrtu,H 143 Apyritx H aK0 AaTH CHCTeM jeAHat-auta y-

onarre He moxtemo 3ameHHTH eKBHBaJleHTHI4M cHcremom HcTor 6poja jeAHa- 

• HHeno3HaTHx,npo6nem je npeoApeheH (npesHwe oApeheft). 

HpHmeHa MaTemaTtuce Ha pa3Ha npaKTHEma. nitTalba gecTo Aos0A14 

6aw Ao cart* npeoApeheHHx npotInema. 

Y3MHMO HajnpocTHjH npHmep. 

flpeTnocTasnMo Aa cy mepetha Hen03HaTe Aynthtte x nana -rpm pe-

3ynTaTa 
1 1 , 12  , I, . 

TaAa. He1103HaTa x Tpe6a Aa 3aAoso.Thasa TpH jettHatutHe 

1 1 — x = 0 , 12 — X = 0 , 13 — X = 0 . 

3a jeAHy Hen03HaTy Hmamo Tpit jeAHatutHe. llpoonem je npesm.ue OA-

peheH. Ca maTemanmor rneAvauTa oso je Hemoryhe. JeAHaLwHe cy npo-

THspeTme. OTKyA A0Aa3H osa. npoTHspelittocT? JacHo je Aa oHa noTme 0A. 

HecaspweHoc•TH HatuHx mepetha; y CBaKOM mepet.gy mo)Kemo 3P414H14TH rpemy. 

3a mepy rpeulKe, Kao WTO CMO sHAerm, yallmamo pa3mmy H3mehy pe3ynTaTa 

mepetha H Heno3HaTa npase Aptuthe. Alto ca s„ E2 , £3 03Ha4HMO rpewKe 

Hamm mepeiba, imam 

( 1  ) 
	 = , 	X  = 	 X = 69 • 

To cy Tim jeAHaitHtle ca meTtipH Heno3HaTe; e i  , , es  H x . npe0A-

peheHH npo6nem je nocTao HeoApeheH. (13opmynHcaH Kao HeoApeheH ox sHwe 

oftrosapa CTBapHOCTH, jep aaliCTa y CBaKOM Mepetby mmemo y4111-111TH rpewKy, 

a osa rpautta ocTaje Heno3HaTa AOK He oApeAmmo npasy speAHocT Apianie x.  
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3a npersapatbe Hauler npo6nema y oApeheHH noTpe6Ha je join jeAHa 

jeAHawtHa; oHa 611 H3pa3Hna A0I13/HCK14 yCJI0B, HaHMe Ha KOjH Haqwf 3r 113- 

pagyHasatby x'a Tpe6a y3eTH y 06314p AonyureHe rpeame E 1 , e2 , E3 . To 

ce MOM y4111114T11 Ha sHwe HattHHa. MH hemo ce 3aycTastrH Ha up a sHay 

• KaKO ce TO Ka)Ke, npitHattny Hajmatbmx KsaApaTa; Taj nptut- 

win je cpopmymtcao 1" a y C (0 a u s s). flpHHAtin nocTas.rha Kao ycnos Aa 

36Hp KsaApaTa rpetuaKa 6yAe HajmalbH. Y Hawem cnyitajy Tpe6a Aa 6yAe 

El 	 = Min . 

AKO CTaBHMO BpeAHOCTH rpewaKa H3 (1), Ao6mhemo 

(I,— x) 2  (12  — x)2  + (13  — x)2  = Min . 

3a oApehtmatbe eKcTpemyma Hawe cpyHKuttje Tpe6a y3eTH H3BOA no x 

H H3jeAHa4liTH ra ca HylIOM. KaK0 H3BOA, xma speAtiocT 

— 2 (1, — x) — 2 (1,— x) -- 2 (I, — x) , 

3a oApehmsathe x'a Hmamo jeAHatwHy 

— X ± — X -1-• /3 — X = 0 , 

oAaKne je 

X = 11 ± 12 + 13 

3 

Tj. npema npmumny Hajmatm4X KsaApaTa 3a npasy speAHocT Aymoute Tpe6a 

y3eTH apHTmenttmy cpeAHHy CBHX Mepetwima Ao6HjeHttx speAHocTH 3a Ty 

AY"HY,Eio6Hjett peaynTaT je TOAHKO sawati Aa ce meToAa Hajmattmx KBa-

paTa mecTo 3ose meToAa apHTmeTtitmttx cpeAttHa. 

OCHOBHH npo6JleM MaTeMaTHKe, Kojtt ce patina nomohy meToAe Haj-

mathitx KsaApaTa, cacTojH ce y OBOM. 

AaTO je n jeAnammia 

fi (x, y, z, 	.) = 0 	 i = 1, 2, ... , n 

ca m Heno3HaTtm, npK Tome je n > m . 

Hahn speAHocTH He1103HaTHX X, y, z, 	TaK0 Aa speAHocTH cpyrucuttja 

fi (x, 	z, • • .) = 	 i = 1, 3, . , n 

Hajmatbe oTcrynajy oA Hyne, Tj. ntiema npiwu,sfny HaNaibpix KsaApaTa Aa je 

s2  s2 	 = Min . 1 	2 
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PalutlaaHHmo Haw npo6nem y Asa c.nymaja. 

I. Cxygaj .anneapnitx je,anaynna 

3a IIITO Kpahe Ha.riaraH,e 3aycTawimo ce Ha cariajy AHHeapHnx jeAHa-

4HHa ca Ase Heno3HaTe. 

HeKa je PAT HH3 jeAHammia 

a, + b,y + c, 0 , 

a,x + 19,y + c, =0 , 

an x + bn y + cn  =0: 

3Ham° Aa He momemo HahH Talmo peweibe Koje 3aAoawbaaa cBe oae 
jeAHaLmHe, Hero noTpaammo cBe oHe ape,a,HocTH x H y Koje 3a jes,Hawnie 

a, x + b, y + c, = e, 

a, x + b,y + C2 = e, 

(2) 

an x + b.)) + = tn 

Aajy 

(3) Ei +E2+    +En= Min . 

AKO yBpCTHMO apeAHocTH (2) y 3614p (3) Ao6Hhemo cpymw,Hjy 

F (x, y) (ai x + b,y + c,)2  + (a,x + b., y + c,)2  + ...+(anx + bn y + c.) 2 , 

Koja Tpe6a Aa Hma mHHHma.aHy apeAHocT. Kao IIITO Ham je 1103HaTO (§ 45), 

ycaom4 3a eKcTpemym 4)yHKuHje F (x, y) H3rneAajy 

aF _0 
' 	

aF =0  
ax 	y 

Y Hawem caytiajy OHH Aajy (cKpaTHan cmo ca 2): 

a,(aix b ly c i)± 02 (a2x h2y c2)+ • + an (anx bny 

(4) 
bi(aix+bl y+ci)+ b2(a2x + b2y + c2) + + bdanx bnY + cn)=0. 

Yno3Hahemo ce caA ca Hapoturrnm o3HaKaMa, Koje ce ynorpe6.1byjy 

y meTom HajMalb14X KBaApaTa: 

[a a] = a;.  + a2 + + as , 

[a b] = a, b, + a2 b2 + + an  bn  , 

[a cl 	ci 	a2 	+ an , 

HTA• 

Ca THM o3HaKama jeAHatnme (4) Ao6Hjajy 06.11HK 

[a a] x + [a b] y + [a c] = , 

[ba]x+ibbly+[bc] = . 

,Ro6HjeHe jeAHatthHe 3oBy ce HopmaaHe jeAHa w H H e npo6aema. 

PellIelba OBHX jeAriagmFa Aajy Tpa)KeHe apeAHocTH x H y. 

IL OJJJJJTH cilyvaj 

AKO AaTe jeAHatimie HHcy JnHeapHe Hero cy H3paateHe np0H3BOJbHHM 

cpyFunuijama 

(5) 
	 f,(x, y)--- 0 , 	 i=--1,2,...,n 

npo6nem ce ci3oAH Ha npeTxoAHH C.arlaj 14 TO OBaKBHM nOCTynKOM. 

1. Tpaammo npso np ,46.ruiFKHo pewelbe Koje hemo 03HaLIHT14 ca x,, y o . 

To peweFbe noHeKaA mace 614TH olthraeAHo. KaAa TO HHje cariaj, mowemo 

ra Ao6HTH pewaBajyhtt, no H36opy, camo p,Be jes,HaLnme. 

Ilocne Tom Ta4HHje peweibe npeTcTawbamo y 06nHKy 

x = -1- h , y = ye + k
• 



326 

YBpCTHMO TaKBO petuelbe y Hattie jeA,HatcHHe (5),' na hemo Ao6HTH 

fi (xo  + h , yo  + k) 	0 	i = 1,2, ..., n. 

11pHmeHamo TainopoBy Teopemy H saycTaammo ce camo Ha maHomma 
npBor cTeneHa. TaAa hemo Ao6HTH jeAHaLume JumeapHe y oAHocy Ha h H k 

(a x 	a y 
A) h + (—La  o k fi(xo, Yo) 	0 , 	i 1, 2, ... , n . 

rAe cy 

(L

a 

 (ax ) o 	ay)o 

BpeAHocTH AeJIHMHt1HRX H3BOAa cpyiumHje f i  (x, y) sa x = x, , y = y o  . 

' 2. 143 HanHcamx jeAHatunia moxemo npema npeTxoAHom c.nytiajy 0-
6pa3oBaTH HOpMa.11He jeAHatume y o6/114Ky 

[a a] h + [a b] k + [a c] = 0 , 

[6 a] h + [b b] k + [b e] =0 , 
rAe cy 

11p14 tiemy cy 

a x 
H (- 

a y 

ispeAHocTH Aenumwanix H3BOAa cpymui,Hje fi (x, y) 3a X = x, , y = y, 

Box6atba. 

Hahw nomohy meTcae Hajntamix KBaxcpaTa pemetba OBHx jelwayma: 

1. 500 x — 721 = 0 , 501 x — 720 = 0 , 502 x — 722 = 0 . 

2. 15,0 x + 12,2 y = 30; 18,2 x — 6,4 y = 13; 5,0 x + 9,0 y = 15,4. 

3. 12 sin x —10 sin y 1,02; sin x . cos y -= 0,45; tg2  x 	cos2 y = 1,09 . 

	

cij='  ec)0 +  (a1,2-c)0 + 
	

ax 0 

HTA. 

	 ate l bi 	oe 0 +  (t) oe 0 + 	ec) °ail) o 

Peinetba Hopmainmx jeAHatuma Aajy np116.RH)KHe BpeAH0cTH Heno-
3HaTHX h H k. AKO je TailHOCT Ao6HjeHor peweffia HeA0B0JbHa, Tpe6a HCTHM 
nocTynKom noTpaxcHTH HOBO peineme, nonasehn oA perneffia 

x = x + h , y, = yo  + k 

Alto HOBO pemetbe ysmemo y 06.amy 

X 1  h 1 	-1 , 	Yi 	ki 
3a Bel114414He h i  H ki  o6pasyjemo HOHOBO Hopmamie jeAHatume ca HOBHM 
KoectommjeHTHma, rAe je, Ha np., 

\axii 	■ axii 



CA. 118. TymaRelbeA.Hcpepentti4janHe 
jeAsatwae xpyra 

dy +0, 
 dx y 

xdx +y dy 	, 

2x dx +2y dy = , 

d (x 2  + y2)=0 , 

dx
(x2 + y2) 0 • 

Swim) je Aa KOHCTaTyjeM0 Aa cy jeAHatnnia 

(3) 
	

dx
(x2+y2)= 0  

H AaTa jeAHatunia (2) y cmapH jeAtia Te HcTa jeAHatinHa canto 
o6nHxy. MebyTHm, H3 jeAHatimie (3) Henocpep.Ho c.neAyje Aa je 

y Apyrom 
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FJIABA VIII 

J114(DEPEH1114JAJIHE JEAHAIIHHE 

§ 69. IIocTaHax Ampepemoljame je,AHatnme 

HaM4WHMO jeAHatmHy Kpyra Ca neHTpom y notiemy xoopAHHaTa 

( 1 ) 
	

x2  + y2  = R2 , 

rAe je R nanynpetsmx Tora xpyra. AKO ce R meiba, osa jeAHatma }Iva-
Aaha paanwmTe xpyrose. Kojy aajeAHHincy oc06Hxy HMajy CBH TH xpyrosH? 
JacHo je Aa y HapaacasaHl Te oco6HHe He cme riecTsosam R. FIpema Tome 
3a oApelpsaffie TpaweHe oco6HHe noTpe6Ho je H3 jeAHatme (1) eJIHMHHH-
CaTH BeJIHIIHHy R2, KOHCTaHTHy as CBaKH nOjeAHHH Kpyr. Y Tome UHJby AH- 
ttepew.wpajmo jeAHatiwly (1) no x, 

— — == #1 1  

yraom KoeclumgjeHT m 1  Hopma.ne aa Taj noTer. C Apyre cTpaHe, y' je y-
raoHH xoecisomjeHT TaHreHTe Ha apHsoj. Hanna AmpepeHu,Hjama jeAHat4Ha, 
Kojy caAa mommo HaI1HCaTH y o6nHxy 

= mi  

TBpAH Aa TaHreHTa y csaxoj TaLIKH 'wee CT0j14 yrtpasHo Ha noTery. 110111TO 
ce osa oco6HHa Hapaxcasa nomohy Ampepemwja.na, oHa npeTcTasza A H-
cj) epe H u H j a n H y 0CO6HHy CBHX KpyroBa Ca LteHTpom y notiemy 1(0-
opAT4HaTa. 

flOCTaBHMO caA O6pHyTH npo6.nem. 3a KpHBy JIHHHjy AaTa je Huse
AeHa OCO6HHa, xoja ce HapaAasa AmpepeHumjaaHom jeAHatimom 

(2) 	 y,_ — 
 

HJIH 

Tpe6a HahH cse xpHse JIHHHje Koje Hmajy HcTy oco6RHy, HapaweHy 
y AexapTosHm KoopAHHaTama. 3aTo hemo Halnoj jeAHatuum AaTH peAom_ 
ose o6pHice 

2x +2yy' =0, 

oAax.ne H3BOAHMO 

y1  X
•  — 

Y • 

HanHcaHa jeAHatnma ca.ApAH, no- 
d y peA X H y, j011.1 H y' = dx Tj. Ancpe- 

pewmjane Hp0MeliJbHBHX dx H dy. 0Ha 
ce H3 Tor paa.nora aose A H4) e p e 
gHja.nHa jeAHa4HHa. 110111TO Ha-
micaHa jeAHa'lHHa cupful camo ulna 

H3BOA, oHa je AHcpepeHuHja.nHa jeAHatimHa npsora peAa. 
LIITa Hapa)Kasa Haum jematimra? Y3MHMO y o63Hp (c.a. 118) Aa je 

m yrawm KoecjmuljeHT noTera npoHno.rbile Tatsce M Hawe xpHse H X 

npema Tome je 
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(4) x2  + y2  = C , 

rAe je C 11p0H3B0JbHa KOHCTaHTa. Y jeAtiaqiimm (4) HeMa mime H3BOAa, anH 

ce jaBJba npoimsmmia aoHcTarma C. JeAHatuma (4) je peweibe Hawe Amin-
peitHjanHe jeAHatimie. 0Ha ce 3ose HHTerpan AaTe AHCpepeHn.HjanHe 
j e AH a ti H H e. AKO pewerbe caApimi np0H3BOJI.Hy KOHCTaHTy, OHO ce 30Be 

H H Ter p an Hanle AiiiiiepetwHjanHe jeAHatiiine npsora peAa. 

AKO, ymecTo C, CTaBHMO, Ha rip., 4, Ao6Hjamo jeaHatiing 

x2  -I- y 2  -= 4 , 

Koja je HCTO TaKo peweibe Hawe AinlaepeHRHjamie jeAHayime, anR y welly 
singe HeMa Ilp0H3B0JbHe xoticTaHTe. TaKBO ce peweibe 30Be n a pTH 

napHH HHTerp an  Hcre AmpepeHRHjallHe jeAHaHHHe. JacHo je Aa 
orauTer HHTerpana moixemo 0,06HTH 6eclipajHo mHoro napTHignapHHx HH- 

Terpa.na. 

Y onuiTem o6ning AmpepeHumjanig jeAHa4HHy npsora peAa moixemo 

Hal1HCaTH 

(p i dy 	.r ) =0  

dx 

BascaH je cariaj xaA OBy jemiaLmHy moixemo peillliTH no H3B0Ay H 

ripeTcTasHTH y 06nHxy 
dy 
d x

— f (x, y). 

OnwTH HHTerpan Te jeAHaymie je cpyimusja He3aBHCHO npomemsHse 

X H 11p0H3BOJWie KOHCTaHTe HHTerpagHje C 

(5) y = F (x, C) , 

xoja Aaje HAeHTHTeT 

dF  (x,  C)  
f (x, F (x, C)) 

dx 

He camo 3a may speAHocT x Hero H 3a csaxy speAHocT C. 

Y jeAHayiimi (5) flp0H3B0JbHy KOHCTaliTy C moscemo oApeAHTH H3 

Aonyiicaor ycnosa, Ha rip., 113 yCJI0Ba Aa Hawa KIMBa Tpe6a Aa npobe Kp03 

aTy Taing X0 , y o  y pasim xpime. TaA Hmamo H jemmying 

yo 	F (x, , C) , 

,0,3axne ce oikpebyje Koricrawra C. Jacno je Aa csaxa KpHBa, Hilja je jemia- 
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°Lima Ao6HjeHa 143 onwTer miTerpana, a Koja 111130JIa3H Kp03 AaTy oApelieliy 
TaLucy y paBHH, oArosapa napTrugnapHom pewerby Haine micpepeHumjanHe 
jeAHatiHHe. 

AKO y jeAHatimiH (5) KOHCTaHTH C 
He .aajemo oApeheHy cneunjanHy speAHocT, 
Hero ocTambamo Ty BeninwHy 11p0H3B0JbHy, 

oima iboj sHwe He oArosapa jeAHa oApe- 
hHHa xpHsa ninnija Hero HII3 KpHBHX JIH- 

	

Hrija. Taj ce HH3 30Be n op oAH u,,a.  Kp H- 
	4 4 4 4 	1 t t 

 

B11X JIHHHj a. 

Ca reomeTplicaor rneAmnTa Amin-
peHRHjanHa jemiaHHHa y' =f (x, y) oApe-
hyje nomohy yraoHor KommuHjeHTa y' npa- 
sag TaHreHTe Ha HHTerpanHy apHsy 3a may 

	

, 	119. licube npasana TaHreHaTa 
TaHxy paBHH yAaToj 061IaCTH cpyinaulje f(x,y). 

CKyR CBHX THX npasaga, iv* moixemo Ha CJII4U,H 

noxa3aTH sexTopiima jemiiiHyHe Aymie, oApe-
hyje none TaKBHX sexTopa — se xTopc K 0 
n 0 Jb e. Ha MIRK 119 noxa3aHo je no.rbe TaH-
reHaTa 3a AmipepeHwijanHy jemiatiimy (2). 

Y CBaKOM non)),  TaHreHaTa KpHBa nHHHja 
napTingnapHor HHTerpana, xoja ripona3H Kp03 
Tatocy M 0  (x 0 , y o), gpTa ce Ha Taj Hatil4H RITO ce 

npena314 oA jeAHe Tatme Ka Apyroj, 6.1114CK0j 
KH, Apx sexTopa nonm 
TaHreHaTa (cn. 120). 

ORLIITH HHTerpan 
AliciaepeHumjamie jeA 
Hatiime npsora peAa 
oArosapa nopomigH 
KINIBHX JIHHHja. Y Ha- 

l( aapnor wem npHmepy HHTe-
rpana (4) Hmamo no- 

poAHRy KOHReHTpHYFIHX xpyrosa ca geHTpom y RO-  C.n. 121. Ilopoanu,a KOH- 

itermna ,11111X Kpyrosa K ao LIETKy xoopAnHaTa (m. 121). 

	

YqHHHMO jOW jea,Hy saHug 	 OfILLITI4 HHTerpannpHmeA6y 	o npx- 
poAH peweiba AmpepeinnijanHe jeAHayiiHe. Y3MHMO AHcpe pemisjanHy jeAHaynHy 

(6) 

4— 

11—■ 

• 

HH 

20. flpHmep na 

dy 
Y—x-c/Z—Fa  
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umia./me jeAHaLmHe (6). HHje TeU1K0 110Ka3aTH Aa y OBOM cariajy nopoAmity 
napTHKy.napm4x peuletba ca44H)asajy npase Koje cse AoAtapyjy Kpyr (9), jep 
pacTojalbe csaKe npase aHHHje (7) oA, notleTKa KOOpAHHaTa Hma cram-1y 
speAHocT a. 3aHcTa, aKo jeAHalswy (7) Hanknuemo y onurrem o6.amy 

C x—Y-FaVl+C2=0 

H oApeAmmo HopmHpajyh14 MHOAHJIal1 X y 06JIHKy 

1 

V C2  + 1' 

BHAHMO Aa Tpa)KeHo oTcTojaH)e d H3HOCH 

d =
al I 1 +C2  	 =a . 
K 2  +1 

Bext6arba. 

1. EJIHMHHHCaTH KOHCT3HTy a H3 jeattagHHe y = ax; o6pHyTo, HHTerpanHTH no-
6Hjelly APKI)epemixjanKy l'el4HaqHHy; npoTymagHTH Ha TOM HpHmepy MUTH H 11313THKY-

naprui HHTerpan; HagpTaTH none HpaHaga TaHreHaTa. 

2. EJIHMHHHCaTH KOHCT2HTy a 113 jenHagme y = xe ± a H onrosopHTH Ha cHa 
ocrana II14Tafba ripeTxoaHor . 3aaaTxa. 

3. CAPPIHO npeTxoaHum aanaqHma nociynHTH ca jenHatthHom y = axe. 

4. licaaaaTH Aa cy 3a nkuDepeHHHjanHy 1c,RHa4mHy )1' 2  — x y' y = 0 jenHagHHe 
1 

y C(x— 	y = x —1, y = -71 
 x

2  011LUTH, napTHaynapHH H cHHrynapHH HHTerpan. 

§ 70. Mero,ae Hirrerpauuje 

flpo6nem HHTerpauHje AwpepeHuHjammx jeAHa44Ha sp.no je TexaK. 
,L1kupepewoja.my jeAHatmHy 

dy 
—= (x, dx 

as ma Kojy cpyHKuHjy f (x, y) He moscemo yBeK HHTerpHcaTH nomohy CPyHK-

guja Koje CMO A,ocaA nporlasam4. HHTerpagHjy ma/Kemo 143BPWlliki cam° 3a 
.HeKe cnew4janHe cpyHKuHje f y). lipopmmo HeKo.TH4Ko oA THX cnew4janHHx 
cloyHmwja H noKawHmo KaK0 ce y THM c.nytiajesHma HHTerpa.rm AvutepeHun-
ja.rma jeAHatuwa nomohy 1103HaTI4X onepawija. 
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01111ITH HHTerpan ose jeAHatame HMa 06./114K 

(7) y=Cx+a1/1+C2, 

rAe je C 11p0H3BOA,Ha KOHCTaHTa. 3aHCTa, OBO pewetbe caApsu4 11p0143B0JbHy 

KOHCTaHTy C H saAosalbasa Haw),  AwtlepeHu,Hjamy jeAHa44Hy (6), jep noc.ge. 
.11114/epeHumpatba (7) no x imam 

(8) y' = C . 

AKO CaAa y (6) CTaBHMO speAHocT (7) 14 (8) Ao6Hjam0 HAeHTHTeT 

Cx+41 +C2  =xC+aV1 +C2 . 

flpHmemmo Aa HHTerpaJly (7) oArosapa nopoAmsa npamix AHHilja" • 

ca yraow4m Koecinuwjewrom C H ca noLieTHom opA,HHaTom 

ARK AwpepeHu,HjanHa jeAHatuwa (6) Hma H peuleFbe y o6AHKy 

(9) 	 x2  + y2  = a2  ; 

OBO peweibe He caApsa4 11p0143B0JbHy KOHCTaHTy. KaK0 H3 (9) 14MaMO 

x y y' =0 
14 

Oita speAHocr H3BOAa AOBOAH jeAHa4HHy (6) Ao peayaTaTa' 

x2 	 x2  
y=— — + a 1 + -- 

Y 	Y 2 ' 
143 Kojer cAeAyje 

x2  + y2  =a V x2  +y2  
14.1114 

X2  + y2  = a2, 

a TO je HAeHTHTeT Ha OCHOBy jeAHatume (9). 

JeAHa44HH (9) oArosapa KpyscHa Jumwja. KaKo je csaKo napTHKy-
napHo pauelbe npasa, peuleffie y o6Ju4Ky Kpymme .Tu4m4je He mosce ce cma-
TpaTH Kao napTHKynapHo, OHO ce He ma/ice A0614TH H3 onwTer pewel-ba. 
Peweffie Ascpepernwja.rme jeAHa44He, Koje He caApscH lip0H3130.1bHy KOHCTaHTy, 

a He mowe ce A06HTH 143 ornuTer HHTerpana Kao napTHKynapHo pernecbe, 
aose ce 14 Hr na HO • ewe 	1 C H. 	a S 

.11. 114)epewwjanktr feA,HalmHe. PeweFbe (9) —re cHHry.napw4 miTerpan AkutepeH- 
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1. AKO cpymatuja f (x, y) 3a1314CH CaMO OA jeAHe npomefumme, HHTe-
rputHja ce csoAH Ha H3pa4yHasaube otilltmor HeoApe4eHor kiTerpa.na. • 

3aHcTa, aKo je 
d y 

 
d x

= f (x) , 

HIITerpan HAMM° y o6.amy 

y= ff(x)dx+C --F(x)+C. 

AKO je 
d y 
d 	

1 (y) . 

jemialmHy mmemo HamicaTH 
d 	y  

d x = 	, 
(Y) 

H TaAa je 

= 4)  (Y) 
x  = f f (y) 

C 
 

2. flpeTnocTasHmo caA Aa GIVHICallja f (x, y)- npeTcTamba npoH3soA. 
ABe cPyffluiHje. oA Kojxx jeAHa 3aBHCH camo OA x, a Apyra camo oA y, 

(x, y) = f1 (x) • f2 (Y) •  

335- 

Y oBoj jemagHHH. 'imam° ca jeAHe eTpaHe camo npomekummy y, a ca . 

Apyre camo npoMeHJbHBy x. KaA je- AkupepeHumjama jeAHatnum HanscaHa 
y TaKsom o6m4Ky, Kawe ce Aa je H3spilleH0 pa3Asajaffie npoide H-. 
JbHBHX. 

AKO H3paiyHaMo CBaK14 OA HeoApebemix HHTerpa.na 

f IP (Y) d Y = (1)  (Y), 

(2) 

f i (x) d x = F (x), 

HHTerpan Hanle AHCp epeHuHjanHe jeAHatume moxcemo Ha1114CaTII 

p(y)dy 

HJIH 

(3) (y) = F (x) + C . 

3aHcTa, nom AkupepeHuHparba npeTxoAHe jeAHainuie no x Hmamo 

d4 dy = dF(x)  

d y • d, x 	dx • 

AJIH Ha OCHOBy (2) HMaM0 

(14) 	 dF co( ,‘  
dd x I i(x), 

TaAa jeAHatipmy 

d y 
= f (x, Y)=11(x) • 12(y) 

dx npema Tome 143 npeTxoAHe jeAHaLmHe A0J1a3HMO AO pe3y.nTaTa 
mo}ceMo HanHcaTH H osaKo 

( 1 ) 
d y 	f i  (x)  

dx 	1P (Y) 

P (Y) 
dx 

 =71(x) 

oAaK.ne je 
dy 	ft (x)  _ f i (x). f, (y) 	f (x, 
dx ;  cp (y) 

TO je Hawa AmpeperuwjanHa jeAHatimia (1), Kojy, Anne, 3aAoso.lbasa 
metbe (3). 

JeAHatma. (3) je 01111ITH HHTerpaa Haute AkupepeHumja.rme jeAHa44He-
Ao6HjeHmeToAom pa3Asajaffia mart cenapaumje npomefix,HsHx. 

rAe CM0 CTaB141114 

? (3)) = 	 • 
12(Y) 

 

JeAHatumy (1) 110MHO}KHMO ca 9(y) d x H Ao6Hjamo 

(Y) d Y =11(x) d 

pe-- 
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• Ho noTpe6H moncemo jeAHatumy (3) peLLIHTH no y H HaIlliCaTH 011111TH 

.HHTerpan y petueHom 06nHxy 
y 	0(x, C). 

IlpHmep 

14HTerpanirru jeAHa44Hy 
dy =xy,  

dx 

Houle cenapaLHje npomewbmmx Ao6Hjamo 

• dy 
—=xdx. 
y 

AKO nirrerpammo .TleBy H AecHy cTpaHy 

f dy 
= fxdx, 

Y 
--Hirerpan ce Ao6Hja y o6nHay 

1 
logy=— 

2 
x2  C . 

II3BpUJHMO 3aMeHy 

• =t 	HAH 	y x t , 
x 	. 

I aoBa npomewbuaa. 110111r0 •je 

y = x ct t t 

HalliajeArra4ltrla riocae Tpaliccpopnitaumje Aaje 

d t 	 b 
x 	t = 

	

d 	in 	n t 

d t 	a 	t 

	

x—"— 	' 	t 	(t) . 
dx 	-I- n t 

Y ,g,06kijeHoj je,umaimaa ripomca.rbaBe ce 	pa3Asajajy 

dx dt 
x 	(t) 

r;(...,:.-•,9t± tier a 0,;.illasclmo AO piTerpa.na 

log x = rptt 	(t) -I- C. 
T(0 
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Taj HHTerpan moacemo H3pa3HTH 14 OBaK0 

1 
X 2 

y = A e 2  , 

atm KOHCTaHTy C npeTcTaeHmo y 06.1114Ky C = log A, a 

 loge 2 x' 
. Houle npenaaa oa. J1OfHTM Ha creneHe Ao6Hjamo Hauly cpopmy 

HHTerpana. 

3. FlocToje cnytiajenH aaA Ha A4epeHa1janHy je,rwatimy He momcemo 
HenocpeAHo npmmeHHTH meTo,gy pa3Asajatba npomemmoux, aJIH ce nocne 
ynobeiba HOBHX Hp0MeHJbHBHX Taloa moryhmocT jaBJba. floaanumo TO Ha 
npnMepy. 

Heim je AaTa jeA,Hawia  

AK() ce BpaTHMo Ha rIp8O5HTHe upoMeHJb4Be, miTerpa.a he 143rneaa -m- 

log x 	 c, 
x! 

'Ha 	 'era y moacemo cmaTpam 3a upebeHy cpyincalljy -  x'a, Ti. 

y = F (x, C). 

Ha AaTy je,pHaquHy HplimeHami cmo meTop,e 3aMeHe H pa3,r(Bajalba. 

Bext6atha_ 
v 

1, 3a Apitepexamja.my je,anaglirry. 	— x = HaI varrerpanity ipoy no,a, ycno- 
dx 

2 x2  aamemmo ca 

OFia npona3n rpoa Ta ■my M, (2, 3). 
• 

2> 0.apeAvini mwrerpaPHy Junky jepnagnne—
d y
/ x = y nop, ycnonom Al oHa nponau 

Kpo3 Tarmy M„ (0. 1). 

ax+by  
dx 

=, r,ae cy a, b,m,n KOHCTaHTe. 

Yonoj jeA,Hat4HHH HHCMO y cTarby Aa Henocpexio pa3ABojuMo npomewbnne. 
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dy 
3. 11sTerpHcaTH jeallamm dx 

y —= y 	
eapeorrn Hp0143130.3211y KOHCTallTy 143 y- 

coon ,aa je y = 2 3a x = 1. 

4. 14HTerpHcam jeaHauHe: 

a. (1 — y) dx (1+ x)dx =0; b. Ill + y 2  dx 	- x 2  dy; c. (1 + y2) d y + 

-1-(1+2y)xdx =0- 

5. /(IsTerpHcam jeasannse: 

a. (x y) dx (y—x)dy-0; b. x dy — ydx =i f  x2 + y 2  dx; c. (x 2 + y2)dx= 2xydy. 

6. lloaaaani Aa alaDepernotjaatia jeanamina 	dx + __x- i d y = 0, tem. 

Tpancnenaesnior EnTerpaaa arc sin x + arc sin y = Coast, lima K anre6apcam ssTerpaR 

xV-F-7372 x2 — Coast. 143BeCTH =cam's 143 npBor. 

d y 1 + y2  
7. 143BeCTH TpancueSaerrsH H aare6apcss mrerpan jeasagsse x 1 + x2 " 

8. Pamiojprra npomes.ibuse y jeanagnss f 2 (x) f 2 (y)dx + cp3 (x)p2 (y)dy =0 

9. HsTerpscaTs jeasarnmy 
d 7Y 	mx en Yn oApeAnTn naprimaapso peinetbe noa. 

ycnosom aa je y = 0 3a x = 0 	cy Koscrawre pa3a134u're Oa nyae). 

10. Hahn onipm marerpan jeasaRlise y'. tg y = 2x H 0,11peAHTH KOFICTaiiTy 1114— 

TerpauHje 113 ycaosa as je y = 0 3a x =0 . 

§ 71. Jilmeapna Ancbepelluujama jemaqinia npsora peo.a 

trirleAHa9HHa 06./1HKa 

dy 
+Q. 

dx 

rAe cy P H Q 1:13yHmtHje camo oA x, 30Be ce aHHeapHa An cp e p e H u,11- 
j an Ha jeAHa 4 HHa npBora peA a. npumeHrimo Ha HHTerpagHjy one 
jematimie BepHyamjeBy meToAy. 

CTaBHMO 
(2) 	 y =uv, 

rAe cy u H V HOBe Heno3HaTe 4:13rHio.kHje oa x. Taaa je 

dy 	du 	dv 
=v — -r- u — . 

dx 	dx 	dx 

33, • 

Hama jeAHaqHHa ,1106Hja 06/114K 

v—
du 

+u—
dv

=Puv+Q 
dx 	dx 

Haw 

v—du +u(—dv  —Pv)=__ Q. 
dx 	dx 

0ApeAHmo cpyiumHjy v TaKo Aa oHa saAoHolbaea jeAHa9HHy 

dv 
Pv -•=0 

dx 

dv  

dx 

OA Hanle jeAHatlime npeocTaje AaKae canto jeAHatinHa 

du Q . 
dx 

Ilpema Tome CMO sameHom (2) jeAHaLuniy (1) cseaH Ha jeAHainme 
(3) H (4). 

143 jeAHaqHHe (3), nocae pa3Asajalba HpomemsHsHx, aaKo H3BOAHMO 113 

dv
=Pdx 

• HHTerpa.a 

logy =fPdx, 

KOjH moacemo HanncaTH y 06.11HKy 

fPdx 
• v=e 	= v (x) . 

1-10Cae Tora H3 jeAHatnme (4) imam 

du 
 = 
— fPdx 

dx 

143 one jeAHalume H3BOAHMO HHTerpaa y 06J1HKy 

— fPdx 
dx 

Han 

(3) 

(4) 
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',maw 

-- cHoAH Ha J11411e- 

nocne tiera Hanammo 

,get:PHHHTHBHO HHTerpan V = u v uma HpeAHocT 

y=e rPtlx[ fQ(x)e —fPdx d. x+  

Y3MHMO npnmep: 
+x3.  

dx 	• x 

TiotuTo je 
1 

P (x) =--- — , 	(x) 

'dx 
--- log x 	1 

Y 
 

•, 	

1 
x 5  +C, 

5 

,  
y — x' C — 

5 	x 

4. ,Ela AH ce jeAHaHuna 

dx 
—
d y

= M (y) . x N (y) 

cmaTpaTH xao AHHeapHa jeAnamHHa? 

5. 3a AuckepeHHHjanHy ieAHaymny 

d y 
x d—  Y 3  

oApeAHTH knfrerpamy [(pm Kp03 Taqicy fv1 0 (1,0). 

6. floica3a-ra na ce jeAnaHHHa (SepHynHjeHa) 

d y 
—dx 

PY = 

rAe CY P H Q (1)3rHimmje oA x a a 	KoncTaHTa, sameHom z =-- 

aptly ieAHaHHHy. 

7. 14HTerpHcan4 jeAHaHme: 

d 	y dy 2y 
a 	 y.   

dx x 	 dx 	3 	-ITT, 

,IlaKo moaieNiu nompAHTH Aa je HanHcaHH HHTerpaa 3aHcTa peuime 

Hattie auct)epeHuHja,ruie je ivia ■ mHe. aoHcTa, umamc ii,MeHTHTeT 

4  dy 	- 	C 	1  ' 1 -,-.1 i  C  = 	-._--= 	1- 	) 	3 
dx 5 	x2  

y oAttocy Ha X n Ha C . 

Beyx6arba. 

1. rioxaaaTH Aa ynoberbe Koucrax -re unTerpaHHje np0 oAoel-jHBalby cl)ymutHje I' He 

Melba AeCpliiillTHE/111 peay.TraT. 

HOK33314 Aa eAHAIHHHcakbe KoHcrawre C 143 leAnaHHHe 

3; = f (•) 	C cp (x) 

A0BoAo Ao auHeapHe /1.111:13epeHumjanlle jeaHaHHHe npsora peAa. 

3. 14H-rerpHcatn jeAHanHue 

d 	_ 	d y 	y , 	 d y . 
a. -

x 	
v 	e 	b. 	+ 	x" c. 	y catg x = sin x. d. (x - 1) 	 " 

d • " d x x • 	d x ' 	 d x 

1 

Y " 	
d j: + — x") 	0. c. y +. y 	y2). cix -= 0 (aameHa 
rtx 

g. x 
y 	

— y 2  In A" (aamena = Y  

§ 72. Aucpepetukujaalia jessawata Apyrora pea 

PaBHOMepHH npou,ec Hapaacasa ce, Kao IIITO 3HaM0, jeA,HaLmom 

(1) y = a+bx. 

Floc-rai•mo can, nHTaffie: Kalov aajeAHHLucy ocoOuHy umajy CBH pas' 

HomepHH npou,ecH, KojH ce paaayncyjy jeAaH oA ,apyror apeAHocTuma KOH- 

craHaTa a 14 b? 

Y Ty cHpxy AmpepeHu,Hpamo y no x, 

dy =- 
, 

(2) d x 	
v• 

OBa AHcpepeHuffljainia jeAHatiHHa He Hapa)Hasa ocot5Hfty CBI4X panHo-

mepHHx npoHeca, jep caApxu4 K0HCTaHTy b, Koja ce melba oA je,aHor ;to 

Apyror.Avi  
cpepeuumpajmo jou] jeAaHnyT 

(dy\___d2 y y„ 	(b)  = 

dx\dx1 d x 2 	dx 



342 

Y osoj jeAHa4Hm4 sHwe HeMa KoHcTaHaTa H npema Tome ce moxe 
cmaTpaTH eao jeAHa44Ha CHIC( pasHomemix npoueca. 

JeAHatiHHa 
d2  y 	„ y ==. u  
d x 2  

je npHmep AHcpepeHuHjanHe jeAHatunie Apyrora peAa, jepca-
ApAH Apyrif H3BOA. 

06pHyTo, aK0 xoliemo A, a Habemo KOHatIHH H3pa3 pasHomepHor npo-
ueca 11 3 AH(PepeHuHjanHe jeAHatn4He (3), Tpe6a, Ty je,a,Halumy HHTerpHcaTH. 

143 ycnosa (3) cneAyje Aa je 

d y c  
dx 

ra,e je C, KOHCTaHTa. OBa jeAHatimia, y K0j0j mune Hema Apyror H3BOAa, 

aJIH IlOCTOjH, C jeAHe cTpaHe, jow npsH H3BOA, a c Apyre Hp° 143B0A3Ha KOH-

CTaHTa HHTerpauHje C, , 30Be ce -  npsH o n MTH H H T e r p an Hawe AH-
cpepeHuHjanHe jeAHain4He (3). 

143 jeAualn4He (4) y Hawem cnyliajy cneAyje 

(5) 
	

y=C 1 x C2 ,  

rAe je C2 HOBa npoH3son,,Ha KOHCTaHTa. OBa jeAHa4HHa H3pmeasa Apyr H 
on wTH H H T e r pan AncpepemmjanHe jeAHatume (3). 1 -berosHm oApebH- 
saFbem 3aBpwaBa ce HHTerpaumja AHctlepetuvjanHe jeAHatnnie Apyrora peAa. 

AK 0 KOHCTaHTII C 1  y jeAHaAHHH (4) AaMO Ma KOjy cneumjanHy speA-
H OCT, Ao6Hhemo npsH napTHxynapHH HHTerpa a. 3a cneuHjanHe 
speAHocTH C 1  H CZ  H3 (5) cneAyje ApyrH napTHKynapHH H H-

Terpaa. 

OninTy AmpepeHuHjanHy je,aHaLmHy Apyrora peAa mon(emo HanHcaTH 
y jeAHom oA OBHX o6.rwea: 

dy 
dx dx 2 i 

d2  y 	(d 
-,1, x) • 

dx2  - 	dx 

3aycTasHhemo ce Ha HuTerpaw4jH camo TpHjy THnosa. AH4aepeHRH-
janmix jeA,Hawnia Apyrora peAa.  
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d2  y =- X 
d x2  

'?rAe je X = X (x) cpyHeumja camo npomeHnAse x . 
Y3Hmaffie AsanyT HeoApebeHor miTerpana nese H AecHe cTpaHe 

nocpeAHo Aaje pewetbe 

X d x)d x + 	+ C2 

IljoHmep: y" 2 x + sin x. 

y =-- f (1(2x+ sin x)dx)d x + C i x + C2  •=- 1 (x2  — c.sx)dx + CIX + C2 = 

=— 
3 

X 3 —SinX+CIX C2* 

11. 	
y 

d x2 
 y , 

rAe je Y = Y (y) cpyrw,Hja camo npomembsse y. 
,tkaTy jematwHy moncemo HanHcaTH y 06.4HKy 

dy' -=--Y dx; 

nocne mHoxseffia nese H AecHe cTpaHe ca y' oaa Aaje 

y'dy'=Ydy 

14HTerpaumja ose jematinHe ca pa3Asojemm npomerubmsHm Aaje 

	

f Ydy + C i 	(Y) +C1, 
2 

43AaKne je 	
=± V-2  [43 (Y) ± C1j = (1)  (Y, CO • 

Y OBOj jeAHa4HHH nOHOBO momcemo H3Bp1HTH pa3Asajathe npOmeHaHma 

d x= 
 d y 

~ (Y, C1)  

14HTerpau,Hja ose jeAHatirme y o6Jacy 

f  d y  

	

J 	Ci) 

Aaje Ae43HHHTHBHH HHTerpan. 

(3) 

(4) 

j. 

X + C2 = 
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flpHmep: 	 y" = a2  y 

rae je a 110314THBH3 KOHCTaHTa. 143 AaTe jeAHatume Ao6Hjamo rips° jeAsa.m“, 

— a2 ydy; 
oAaK.ne Imam° 

y' 2 	(22  y2  + a2  C, , 

rze je C 1  ripoilaBOJsHa KoHcTairra. ,B,o6HjeHa jeAHatama, peatimb, ca TI031H 

THBHHM 3143K0M KoA KopeHa Aaje 

d y 
	=-- a d x . 

Veld- 1'2  

l4HTerpauHja ose je,AHataie AosoAH Ao jeAHatwne 

log (y +11C,± y2 ) a x - F aC, , 

Kola apeTcTawba HHTerpan Haute jeAtialme. 1/IcTH moncemo HarfficaTH Ii y 
.1,:pyroj dpopmH. CI-ammo y npemoAHoj je,n,Hatmfut 

C i = A2 	H 	aC,--aa -F log A, 

rp,e cy A H a Hose npomaso.rbHe KoHcTaHTe, Koje cy samemne cTape, 14 ripe 

Ipamo oA norapwrama Ha 6pojeBe 

(6) )1+11'1'2-H2 = A ea  

AKO cap, ynopeAHo ca OBHM 3614p0M HapagyHamo pasnmcy, Ao6Hhemc. 

y — V A2  + y2  = — A e— 
a (x — a).  

(7)   

Ca6Hpa ► e (6) H (7) , AosoAH Aect4HHTHsHo Ao HHTerparia Hague 

HatwHe y o6.rucy 
y=__ r ea(x—m)_ e— a (x 	, 

2 

rAe Cy A la a Joe npomasowne KoHcTaHTe HHTerpanHje. 

III. Y3MHM0 jeAHaLuffly 

(8) d2 -I-by=0; 
d x 2 	dx 

rAe cy a II b KoHcTaHTe. Osa jeAHatikma aose ce xomor e H a n H H e apHa 
,amcpepeHHHjanHa jeAHagitHa. Apyrora peAa ca KoHcTaHT-- 

345 

H H M Koe ci) H u,HjeHTHm a.. AKO ca ,AecHe cTpaHe, mecTo .Hype, Hmamo 

KoncTaHTy "111114 cpymw,Hjy oA x, jeA,Hatnma je Hexomoren a. 

Y HapeAHoj rnasH hemo AaTH HeKOJIIIKO aaAaTaKa 3a Lnije je pewa-
sawe noTpe6Ho HwrerpHeaTH jeAHatnmy (8). OsAe hello normaaTH jen,Hy 
ToAy HHTerpausje Twomx jeAHatuma. 

FloTpancHmo petuewe jeAHaLume (8) y 061nKy 

a 
(9) Y 

rAe‘je a KOHCTaHTHII 6poj. 

110IIITO je 

	

y 	lx  = ae =ay, 

jt"= ct2  ea = 22  y 

cpyinunija (9) je peuiewe jep,HatiHHe (8), aKo 6poj a aaAosodsasa ycnos 

+ a cc ± b= 0 , 

Tj. aKo je a KopeH osaKse KsaApaTHe jep,HaLmHe ca HenomaTom 

	

z 2 	z -1- b=-.0. 

Osa jep,Hatawa aose ce K a p aKT epkicTH 14 Ha jeAHagnHa ropes 
AmpepernmjanHe jeAHatume. Osa ce ayromaTcKH Ao6Hja 3aMeHOM /13B0A3 

oArosapajyhmm cTeneHom Hena3HaTe. 

AKO KapaKTepHCTH4Hy jep,HaLamy pellilIMO H KopeHe 03Ha4IIM0 ca 

H a, , ,I1,o6mhemo Asa napTHKynapHa peuiewa name AmpepeHumjanHe jeAHaliwie 

y, 	e91 	Y2 == ea2x - 

. n0MHONCHPAO 	CBaKO OA THX pewewa np0H3BOJbHOM KOHCTaHTOM 

catiepemo I4X, A061IneMO cpyHKH,Hjy 

(10) y= C1  Y 1  C2 y2  C 1 e91x +C2 e a2x , 

Koja je °MUTH Hwrerpan. Halle jeAHa44He -(8). 3aHcTa, Ha OCHOB ABa ycnosa. 

Y1" + a y,' 	y, 0 , 

1'2" d-  a Y2' + b Y2=0 , 



A, = + C2 ,  A2 = i (C I  — C2). 

(15) 
d y , 	d y , 

a — -ruy=--f(x). 
d x 2 	dx 

y* (x) 011111TH 

rAe cy a 14 b KOHCTaHTe, f (x) AaTa cpyinawja." 

Osa jeAHacuma HMa BpJ10 BaNcHy oco6HHy, KOja mHoro onaxwasa 1-sexy 

HHTerpatwjy• Ty °co6Hi-1y Hspaxcasa Teopema: 

AKO je Y (x) napTHxy.napHo peuletbe jeAHaL(HHe (15) H 

HHTerpaz xomoreHe je,x,HaLume 
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jeAHa'nlHa 
y" + a y' + b y =0 , 

Koja npema (10) HaraeAa °sax° 

C10/1" -Fa3'1H-17 3'1)+C202" -FaY2H- bY0= 0 . 

AosoAH AO KaeHTHTera. 

Y,114H14M0 Ase npHme,0,6e y nem ca HHTerpanom (10). 

1. AKO cy Kopekin xapaxTepHcmtwe jeAHatimie a, H as  HmarHHapHH 

o6.atlx a 
a, — + n i , 	oc, -= m 

rAe je i = 	1 , pewee Ao6Hja o6.ruc 

(11) 	 y = ernx (C, 	+ C, e—  "D. 

3a TpaHccpopmauujy 	H e— "x ' ynorpe6Hmo Aisepone o6pacue • no 
xojHma 'imam° 

enx' = cos n x + i sin n x , 

e— nxi 	cosnx-isinnx. 

AKO one npeAHocTH CTa1311M0 y (1 1 ) H cxynsmo peanHe H HmarnHapHe 

-ImaHone, Ao.riammo AID HHTerpana 3r 06IIHKy 

y = emx (A i  cos n x + A2  sin nx), 

rAe CM0 Ca A l  H A2  0311a4HAH HOBe npoHano.rbHe KOHCTaHTe. 013e KOHCTaHTe 

neaaHe Cy ca npeTxoAHHma jeAHammiama 

2. apyra nplimeA6a oAHocH ce Ha crtylaj Ka.A KapaxTepricTHIma jea-

HaqHHa HMa jeAHaxe KopeHe a, = as  — a . TaAa HHCMO y cralby Aa, npema 
rope HaneAeHom nocTymcy, HanHwemo Ana He3aBncHa napTHxyaapHa pewelba 
jeAHatu4He (8). 

floKasaheMo Aa y (mom c.nytiajy pewee HHje canto 

Y1 = e 
a

x 

,Hero 14 

(12) • 	 y 2 = x ea  x . 
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ripe cnera o6paTHmo naxuby Aa jeAHam4 'toper' na,Aono.Tbana He came 

jeI.Ha4HHy 

(13) a2 +az+b =0, 

Hero 14 jeAHatumy 

(14) 2 a+a=0, 

jep my je BpeAHOCT 

2 

YBpCTHMO caA cpyfficu,Hjy (12) y Hawy AmcpepewmjanHy jea,HatutHy (8) 

H' norAeAajmo je 1114 oHa peweibe one jeAHammie. 

FlowTo je 

y2 1  x m x  + ea  x  

Y2"  x ct2  e2  A  +2 cc e x, 

113 jexiatiraie (8) HMaMo 

x x  (a2  + a + 17) + x  (2 + a) = 0 . 

1314,114mo Aa Ha ocHony (13) H (14) ona jeAHaLwHa salicTa. nocTaje 

14,11,eHT14TeT. 

AKO caA CBaK0 0,11, pewewa y i  14 y 2  nomHoxcHmo Ilp0H3B0.113HOM KOH-

cTaHTom H ca6epeMo 14X, Ao6Hhemo O1-1111TH HHTerpan Hawe jeAHa4HHe (8) 

y o6sHxy 

= (C, 4- C2  x) e`x  x  

Tax° HarneAa onwTH wrrerpaa y cariajy jeAHamx sopena icapaxTe- 

pl4CTI44l1e jeAHatame. 

PAH hem° HeK0.71HKO pe414 o HHTerpau,HjH HexomoreHe jeAHat4He 

1 
GC = — — a . 
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d 	• , d2 :"
+a 	-v* -Fbr =0, 

d 	d x 

orauTH kniTerpart jeRHatn4He (15) je 3614p 

y =-- Y (x) + .„re(x) 

3a AoKa3 je Aoso.rbHo a Taj 3614p yspcT141Ho y jeRHa4n4Hy (15). 1311• 
A,ehemo RA OH HAeHTLILIHO 3a110130.1baBa Ty je.aHa411Hy, a.• 110111TO (.13yHmija 
mopa ca,ap›KaTH R,He npoH3Boa,He KOHCTaHTe, o3i-lageHH 36Hp 3aticTa '21,aje 
OHIHTH HHTerpa.a Name je,a,Hazilme. 

Ha np., Hexa je AaT a jeRHaEilma • 

d2 	 d y 
(16) 	

d

y - 3--+ 	2x+ 
d x 

floTpazu4mo npeo napTHKynapHo peaterbe y Mammy AHHeapHe cjaymatHje 

Y(x) A x + B , 

rie cy A 41 B HeoRpebeHH KoedpHumjeHTH Koje Tpe6a oitpeRHTH. flowTo je 

	

Y' =--- A , 	= 0 
jeaHatuma (16) Aaje 

—3A+2 (Ax+131-2x--:- 1, 

oRaK.Tie, H3jeRHa4el-bem Koecjmu,HjeHaTa, 1,138021,11M0 A,He je,aHa4HHe 

2 A = 2 , 	— 3 A + 2 B 1 , 

Koje Rajy peweEbe 

	

A = 1 , 	B = 2 . 

flpeMa Tome napTHKy.napHo pemetbe 143r.flefi,a 
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onurru HHTerpan xomoreHe jeAH3.414He Hma o6AHK 

y* (x) C, ex + C2  e x , 

onurn4 turerpa.n HexomoreHe jeRHatInHe ce f1.eCjMIHHTHBHO a3pa)KaBa 

x -+ 2 + C, ±C, ezx  

B44.ummo RA je 3a HHTerpzuwjy. HexomoreHe jeRHa4HHe Hp.qo Ba)KHo 

rurraH,e oapeblaHalba napTiwymapHor peweffia 3a RATH 06JIHK RecHe cTpaHe 

ose je7.Ha4HHe. 3a TaK30 0ape•ilBar6e nocTojH tHiTaB H143 npaHH.na, HO y 

H3.1araH;e. THX npasma (mute He .moxemo y.1a311TH. 

ReNtharba. 

	

I. not;a3a -rti,V; cy: a. y 	-- 2 t + 1 — sin 2 t; b. y =-- —sin 2 t c. y = — sin 2 t 

+ a t + 0; d. y = — sin 21 + a t 	I peuteiba ,a0epelip,ajaAtie je,a,aaquae y" = 4 sin 21 

rAe ie I Hesamcito npomea.sliaa, ii oitpeturif KapaitTep ccaKor Os TI4 X peuieffia. 

2. liwrerptIcaTi ,  jeAatu-ade: 

(12 v 	 . 	 ti 2 y 

	

-- 	ca nst); sin in 	(a a I:on:7.h 
dx' 	 • dx 2  

3. HaTerpacaTH 

d 2y 
a. -472  _= y, A 	< 0 . b. 	f 

d2  
) . C. 	— 

clx 2  

4. Ifi•rerpnca -ru 

	

„ (121' 	dy 
d-.1. 	, = 	b. 	 C. 	16 - 

	

dx' 	
y 	 dx , -7 • 1. - 0 • 

	

dzy 	dy (1 2 y 	dy 
5 - - 	. C. 	16y 	 — 4 —

dx
+13y = 0. 

	

dX2 	tlx 	dx ,  

Y (x) = x + 2 . 
g. 	— 2 	y  - 0 . 	+ 4 -t‘11- 	-La  -= 

KaKo FapaKTeplicT1414Ha jeRHa414Ha 

Z2 	3z +2 =0 	
5. PlirterpHcata jc,Ana•utHe: 

a. (-12Y  2-- d} v = A . • xomoreHe jeRHatume Hma KopeHe 	 dx 	dx • - 

Z i  .= 1 	Z2  = 2 , 

dY ) v 6o e --(12Y 	- 2 y 
dx2 	—3(  = • 	dx - dx 
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§ 73. napwidaaHa Ampepoinujaana jemiamma 

BHAgam cmo Aa ce nocae e.rn4mHHHcatsa xoucTaHTe R 2  H3 jeAHagHHe 

Eppme sHHHje Ca u,eHTpom y notiency KoopAymaTa 

x2  -IF y2  = R2, 

Ao6Hja AucpepeHu,Hja.cma jeA,Hatma TaKBHX KpyroBa . 

x yy' = O. 

Ha Taj cmo Hatuni npoTymatutrul nocTaHax Ampeperiumjame jeArcatui e.. 

Helm je caA AaTa, Ha np., jeAHatuma 

(1) z = f (x 	y), 

Koja oApehyje z Ka0 cjvHxusjy He3aBHCHO npomemiblisHx x H y; osa 431HK-

iptja je HapotiHTe npmpoAe, oHa, HaHme, 3aBHCH canto oA 36Hpa 

(2) u=x+y. 

nOCTaBHMO cap. ce6H InTraffie: ago Aa maTemaTmlui Hspaammo 3a-

jeArin4icy ocothuiy, xojy cse TaKBe (4)yrauije Hmajy? 

Aa Aohemo Au oArosopa, oupepemuipajmo cpyHxusjy z ups° no xr. 
a 3aTHM no y 

az 	• au 
— = = 	- 1(u) =1(u), 
a x 	a 

a z 	au =   
= f' (II) • 	 (u) 	= f' (u) . 

y 	ay 

143 01314X pesy.nTaTa moxcemo enHmHHHcaTH Hssop, (u) H Ao6Hhemo. 
jeAHat4Hy 

z_a z 

a x ay 

OBo je Taxohe AHcpepeHitHjanHa jeocaluma, jep 3aBHCH OA nssoAa. 
Ho oHa He caApscH o6144He Hero AenumHtme, napoljanHe vissoAe H. 

3aTO ce 30Be Ae.ammutiHa HJ114 napusjanHa AHCpepeHul+jaJiH a 

j e A H a q  H H a, y Haluem caymajy nps or a p e A a, jep y fby yriase H3BOAH • 

canto npsora peAa. Aim ce scum Aa HarsacH, LUTO paHHje HHCMO q1411H/1/(1,. 
Aa AmpepeHusjama jeAHatuma caApxo4 canto 06H4mc ussoAe, KaNcemo Aa je 
oHa o6Htilla AncpepeHumja.IHa jea.HatiHHa. 
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,Aa sHAHmo caA Kau, mmemo Hahs pewelbe jeAHatiHHe (3) N y tiemy 
ce OHO cacToju. 

Tpe6a Hahm cpymu.tHjy 

z = f (x, y), 

xoja saAoso.csasa jeAsatumy (3). MecTo x14 y yseAHmo Ase HOBe npomewbuse 

u=x+y, 

v 	x — ) 1; 
TaAa hello HmaTs 

z 	cp (u, v). 

AncpepeHunpajmo caA OBy cpyral,Hjy no x H y, cmaTpajyhH u 1c v 

xao .rthyHKU,Hje 0A, X H y. 

Kao pesprraT Auclaepemuiparba HMaMO 

a z acp aP 
ax 	au

, 
 av

,  

z a ? _ cp 

ay — au   ay' 

OsH ussoAH mopajy HAeHTH4H0 saAoso.isasaTH jeAHatuniy (3). Ah<o 
yspcTumo y (3), Ao6Hhemo 

ax —ay all 	au aj)±cfa =9a?  av 	v 
az__az_acp 	cp d 

	av 

a TO AOBOAH Ao jeAnamme 

- 	o, a v 
KOla noxaayje Aa cpymu.1,Hja cp He cme 3aBHCHTH oA pasame Hero 3aBHCH 

CaMO 0,11, 3614pa u, Ti. 

(4) 	 z = cP (u, v) = f (u) = f (x y) 

r,ke je f 03HaKa 17p0H3B0JbHe (13yHxgHje. 

CBauo pecuethe Bapuuja.nue 414epeinuija.nue jeAllaume ca npou3- 
Balmom Oputuujom, 'HjMM ce eximPfflucathem 4o6uja camo Ta au0epemoi -
jcvnia jeguaLuma 3oBe ce OnIIJTH unrerpan re je4Haqu e. 

(3) 
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je,o,Haqma (4) je onuiTH ,NHTerpa.a jep,HaLanie (3). 

Y3rAHMO ca,a, cPyliKuniy 

n,a.e cy C, 42 C npon3Bo.iblie, KoHcratrre, if eJIHMHHHILIHMO Te KOHCTaHTe H3 

•7-TarnicaHe 1e. Ha liiHe. ,aIicpepeHUupajMO cpyklicu,Hjy z npso II0 x, na aaTHM no y 

r) 
— C, +C_ ex+Y,  a x  

2 
= C, + C., ex+Y. 

y  
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3a peulasaibe Aompenmx npo6nema, Kopf Tpaxte HHTerpagHjy nap-
li,HianHe Ampepeini,HjanHe jeAHaLame, npoHnonma cpymusja oinuTer RHTe-

rpm!. 14J10 npon3Hon,He KOHCTaHTe noTnyHor HHTerpana Tpe6a Aa. 6yAy 
13ApebeHe H3 AonyHcmx ycnosa C.11144H0 °Home KaK0 Ce y cartajy o6H4He 
.141443epeHitHjanHe jenHa44He npoinaon,He KOHCTaHTe, oApetY/Y 03  ycame: Aa 
HHTerpa.nHa 3pH3a Tpe6a Aa. npolje, penHmo, Kp03 Awry Tatucy. 

floxa3ahemo 6e3 Ao3a3a jemy meTony HHTerpagnje JI H HeapHe 
napumjanue jenHaqHHe o6.3143a 

az 	az 
P — Q — R, a x 	y 

(6) 

BHAHmo iLa cy pe3y.lTaTH 	npema Tome caesyje Aa je 

6 2 6 2 0 . 
a: 

i106HZPI CMO Aah:Jie wanly Anct ■ epeHu,Hja.amy je,a,HainaHy : (3) ca 

H3BOAHMa U TO KaO - pe3y0TaT enuminnicaffia H3 AaTe jes,Hatuate (5) 

9[30H3301b1-111X KoHcTaHaTa C, H C 2 . 3a1CrbY 4YjeM0  Aa ce napunjaJlHa 

jt2A,Ha414H3, Eao,  U 06HHHa 1ex-1w4flat-fa, mo)Ke s,06HTH He camo 

Roue e514.,..tHHI,Icat-ba npoN3BoJbHe cpyliv,Lkuje .Hero ii 'noc.ne e.rniMmHCaFba 

nr,on33oo•H41x dLoHCraiiaTc.. 

ilpema Tome. 1-,F:AH-?:.‘4117-la 	HCTO TaKo os,pebyje• petuelhe je„a,HatinHe 

(3'1. 	• cc TO pewefe -pa3nnicyje os, onuirer miTerpaaa Te jeAtiatimie, jep 

npiln3Bo...b -Hy cpyHKTJ,Hjy Hero cas,p)KH Ilp0H3E0Jblie KoHc-raHTe. 

CEaKo 	napgmjaxie ,ampepenuprjarznie je4Havpuie ca npoki3.- 

0)1,11Hilf K.01-1CTai -,"Tit ,ii.a, 	THAI C.P. C.IIFfMFIHFiCatbeht Aooffja camo 	,a4epea- 

H 0 T r, HH fitirel pa a re jeatiagmtie. 

(5) je noTnYnH HHTerpan jes,HatinHe (3). 

KaKo 1.13 , Onaurer, TaKo I ff2 noTnyHor HHTerpaaa MO)KC ce ,a,06HTn 

ecKi):1/4jHo. 	-,iap-rilKyaapnitx HHTerpa.ria napunjaate Amclaepextoja.rie 

aKo y 011Il1TeN1 HHTerpany MecTO npon3BoabHe clayHKumje cTaBHMO 

5Hiio KoJy cnewijarlity timiKu,Hjy. a y noTnyHom miTerpany ivtecTo np0H3- 

50:brilfti KoncranaTa craanmo Bpes.,HocTH TUX KoHcTaHaTa. 

1 1(lutiTii y noniynocTH napunjaftHy ,1,4epenu,Hjamiy je,a,HaxinFty main! 

cc: 	peulekba 	jexia,nnie, KOIX noHeKas, aa.omce 611TH 

T;INF.I1X„II,2 Cc y cytuTHHH pa3.7nKyjy PI OA OHLUTer H OA noTnyHor HHTe-

7FaAa 	Chnry a p H H nHTerpa iij. K.nacocpHKau,Hja 013HX peuietha 

napu,Hjamie .,a,HciaepeHLI,Hja.me. jes,HaguHe M nocTaBJbarbe Be3a H3meby TIIX pe- 

PCf f 	113.1a3n 11:3 oKetipa one RI-blIfT ,  

rAe cy P, Q, R clvinumje 0,11, X 14 y. 

HanopeAo ca Hamm napqnjanHom jenHaqHHom (6) HanHummo CucTem 

4961441114X AmpepexuwjaJIHmx jeAHatH4Ha H TO y o6nHKy 

dx =dydz 
P Q 	R • 

ripeTnocTammo Aa CMO y craiby Aa peunoto oBaj cucTem Aa Ao-
4Hjemo AHa HHTerpana 

(x, y, z) 	C„ 

Pz (x, y, z) C„ 

rAe cy C 1  14 C2 Ilp0143130.11,He KOHCTaHTe. 

TaAa 0111.11TH HHTerpa.a jeAHa4HHe (6) H3rnena 

F (p, cp2) = 0 , 

rAe je F npoH3Honia cpyHKRHja HanHcaHmx aprymeHaTa. 

flpHmeHHmo oBaj nocTynax Ha jen,Hatn4HY (3) 

az_az
-

0  
ax a y 	• 

flowTo je oBAe 

P = 1, Q = — 1, R = 0 , 

liMaMo cHcTem 06144H14X Ampepeinutjanimx jenHamaHa 

(3 t  

23 
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dx dy dz = 
1 	—1 	0' 

KO.* moxemo 3aMeHHTH OBHM 
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a2 y 	 ay 	a2  y 
14eCTO H3BOA 	143Meby H3B0A3 — H 	 cama npHpoAa nojase no- 

ax2 	 at 	axe .  
CTaBJba se3y 

d z = 0 , 

dx+dy=d(x+y) 0 . 

Taj cHcTem Hma Asa (34emma HHTerpana 

cp 	z 	C 1 , 

92=x+Y="- C2 • 

Omni wiTerpan napu,HjanHe jeAHatame Tpe6a HankicaTH osaKo 

F (z, x y) = 0 , 

rAe je F o3HaKa npoH3BoJbHe (4337H1(11,I4je. PICTy jeA,HaLmHy mo.iKemo ripeTcTa-
BHTH H y o6AHKy 

z 	f (x 	y), 

rAe je f TaKobe npoH3sonstia cpymunja. 

CnomeHyhemo join jeAHy Kaacy npo6Aema, KojH ce oAHoce Ha nap-
umjanHe je,AHatthHe, a Koje HapotHiTo tiecTo nocTas.isa /VIaTemanitima cjaH3HKa. 

Je,AaH OA THX npo6Aema o6jacHHhemo Ha KompeTHom npHmepy. 
3amHcammo Aa je 33 ataxy TaLlKy je,AHe J1141111je Be3aHO HeKo 41143144K° 

cTalbe 0,(1,pebeHO BeJIH4HHOM y. ()so cTaibe 33BHCH oA HOJIONiaja. Ha JIHHI4j14, 
Ha np., 0,f( KOOpAHHaTe X. IlOWTO ce 0110 mo›Ke y ToKy spemeHa MeFiDaTH, 
npomerubrisa y 33BHCH H oA, spemeH t. Flpema Tome je 

y = f (x, t) . 

BeAwunia y 

 

a y HMa Asa npsa 143130,3,a: — — TO je, morao 614 ce pekes, 

6p3HHa npomeHe cTarba 3r JIATOj TaLIKI4 14 —a Y — TO je npomeHa ax 
cTatba y BB314 ca npomeHom nonaiKaja Toonce 3a HCTH TpeHyTaK t; OB3 npo-
meHa oArosapa TSB. rpa,A,HjeHTy EseaH4HHe y. 

Y aHaAH3H mHormx ItH3144KIIX nojasa Hrpa yaory He cam 11380.1 —a Y 

Hero therosa npomeHa, oneT y se3H ca npomeHom nonoiKaja Tamme, Tj, Apyrn  

a Y=ad2 Y 
at 	axe ' 

rqe je a2  yseK II0311THBHH ctiaKTop nponopu,HoHanHocTH. HanHcaHa jeAHaqinia 
nojasibyje ce y TeopHjH Ton.noTe (jeAHavima nposobeiba TonnoTe y TaHKOM 
inTany), y 4413144Koj xeMHjH (je,AHatiinia Ancf3y3Hje pacTsopa, je,AHatthHa no-

AapH3au,Hje e.neKTpoAa) H y ApyrHm AkicunnAHHama. 

JeAHaLunia (7) je napumjanHa je,u,HatiHHa Apyror peAa. 3a 
pewasaibe npo6nema nomohy ose jeAHatiime Tpe6a Aa 6y Ay AaTH H AonyticKH 

yCl101311 y 06JIHKy HOLleTHHX 14 rpaHH4 11 14X yCJIOB a. 

FlogeTHH yCJI0B14 oApebyjy 3a noLieTHH TpeHyTaK t0  speAHocTH cliyHK-

u,Hje y 3a csy o6AacT npomeivismse x, Tj. 

y (x, 4) ---- (x) , 

rAe je 4 ,AaTa cpyHKuiaja y 064.3.CTI4 

a <x <b . 

FpamigHH ycAosH Aajy 

y (a, t) = f (t) , 

Y (b, t) = f 2 (0 , 

rAe cy f H 12  (13yHK1(14je BpemeHa AaTe 3a cse Bpeme Tpajaiba nojase. 

KalCO ce spurn HHTerpaunja je,3,HaqHHe (7) apes AaTtim IlOtleTHHM 14 

rpaHHLIHHm ycAosHma, noKa3ahemo Ha jeAHom KOHL(peTHOM jeAHOCTaBHOM 

npkimepy y HapeAHoj rnasn. 

Beac6arba. 

1. EJIIIMIRIFICaTII KOHCTaliTe C, 1,1 C2 H3 jeAtiarame 

z = Ci  x + C2 Y • 

2. EJ11,1M41H14CaTH 11p0H3B0J6HY 433/Hiatiliy f 143 je,xarame 

z = x f (—Y—x ) 

H ) nopeAHTH peayaTar ca peayaTaTom ripeTxoArior saAam.a. 

(7) 



az , ,az a. 
ax 	ay 

b. (ax-Fai)--
az  

+(by + bi)—
az 

=cz 
ax 	 ay i• 

3. HahH onurrm xtrrerpan jeAmawille 

az 	az 
dx 	ay 

4. Hates warm HHTerpan jemiagime 

az 	az 
= . 

dx 	d Y 
(a = coast.) . 
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fJIABA IX 
5. Hahi ormiTH 14HTerpan jep,Haviirm 

HPHMEHE HA HPOBJIEME rEOMETPHJE, MEXAHHKE, 
(13H3HKE, XEMHJE, BHOJIOTHJE H CTATHCTHKE 

§ 74. ❑poonem reomerpHje 

a. Kpasa JIHfiffia y paBHH 

Kao WTO 3HaM0, jen,natinny npnBe 'ininnje y paBHH 3a ,g,enapToBe no-

oppiaTe moacemo HaMiCaTH 	

Y= (x) • 

14CTO TaK0 3HaM0 Aa je yraonn KOeC131411,HieHT Tam-enTe na oBoj npnBoj 

y Ta4K14 ca ancancom X jeAHaK H3B0,14y, Ti. 

(x) ; 

npema ToMe je,aBaLina TaHreHTe 
143r.neAa OBaK0 

— y = y' (x)( — x) , 

r,ae Cy 3a TaHreHTy x 14 y cTanme 
noop,n,nnaTe Twine AoAnpa, a H YI 

npomenamBe nooppinaTe Twine TaH- 

reHTe (c.a. 122). 
C.n. 

Hopmana na TaHrenTy y Ta4KH 

11,011,Hpa je Hopmana KpnBe JIHEIHje 

y Toj Ta4K14. Ilpema ToMe jeAnannna nopmane je 

y' (x) 

— x y' (x) (r, — y) 0 . 

122. Amcbepemoijaniim eJleMeliTH npBora 
pe,ga KpHBe amije y paBHH 
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Y ,IleKapToBy cHcTemy KoopAHHaTa ca TaHrefITOM H HOpMaJIOM Be-

3aHe cy AyncHHe: 
T =MP 	 AyAHHa TaHreHTe, 

N = M Q 	 AyncHtla Hopmane, 

ST =   cy 6TaHreHTa, 

cy 6 Hopmana. 

143 HatipTamix TpoyrnoBa, ymmajyhH y o63Hp Aa je MM' = y H Aa 

ce yrao a oApeljyje 113 jemalmHe 

tg a = 
H Aa je 

1 ± y'2 
	cos cc= 	 

+ 3/2 ' 

aaKo MO)KeM0 H3BeCTH oBe pe3yaTaTe: 

T= 
Y 
 =Y, V 1  +Y'2 ,  sin a 	y 
	y'2 
	

ST=ycotga= 	 , 

SN= y tg = y y'. N= T tg a =y1/1-Ey'2 , 

11OLLITO je aa oApebHBaibe OBHX senwowa noTpe6aH camo nom H3B0.5., 

oHe cnaAajy y enemeHTe npBora peAa. 

Y Be3H ca nporaBw-bem Kprise JIHHHje y paBHI4 CTOjH 414TaB HH3 nH-

Tama, Koje CMO Bell npormJH (o6Htme H cHHryaapHe Tar-me, • eKCTpeMyMH, 
acHmnToTe HTA.); HehemoTO oue noHaBiBaTH, Hero heMO npehH Ha npopia-
Bathe KpHBHHe KpHBe JIHHHje y AaToj Ta4KH, Koja cTojil y Be3H 

3a enemeHTHma Apyrora peAa. 

CA. 123. KpHema Kpyra 
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AKO Hmamo mune KpyroBa (ca. 123) pa3.1111414THX nonynpetwita, jaCHO 
je Aa je H)HX0Ba Kplumma paannyHTa: WTO je noaynpetwHK Belies, TO je Kpm-
mina matba. fIpmpoAHo je npema Tome y3'eTH 3a mepy KpHBHHe K xpyra pe-
umnpotniy BpeAHocr nonynpetmHKa, Tj. CTaBHTH 

1 

R 

MebyTHm AO nojMa KpHBHHe Kpyra mancemo AohH Ha ApyrH HaLIHH. 

3amHcanmo nyTHHica M (c.a. 123) KojH ce Kpehe no Kpyry no.nynpeqHHKa R. 
Y HOJIO}Kajy M OH raeAa y npawty M T TaHreHTe Ha Kpyr y Ta4KI4 M. 

Y HOBOM no.nwHajy M', Ha pacTojaHg As oA npaor nonoxaja Ha xpyry, 
HyTHHK rneAa y npasuy M' T'. OH je, Aame, expel-go ca npBor npaBua aa 
yrao HojH cmo oaHaLnvw ca Ace WTO je Taj yrao Beth! TO je sehe oTcTy-
nabe ByTHHICa OA npaBO.1IIHHCKOr KpeTwba, TO je Beha Kpwskma wroBor 
nyTa, Kpymuie JIHHHje. Ho CaM yrao Aa HHje mepa KpHBHHe, jep KpHBHHa 

3aBHCH jOW H OA TOra Ha K0j0j je Ay3KHHH IlyTHHK Hp0MeHHO CBOj riparian 
3a Act. AKO je nyT O s Ay)KH, KpABHHa je IlpeMa Tome 3a KpHBHHy 

Kpyra Tpe6a y3eTH KOJIH4HHK 

Aa  

O s 

lloKa3ahemo Aa je BpeAHocT oBor KOJIHLIIIHKa 

1 

R 

3aHcTa, H3 EnemeHTapHe reomeTpHje no3HaTo je Aa ce yrao mepH 
OAHOCOM ayKa Kpynaie AHHHje npema nonynpelmHxy. nOULTO je yr ao C K p e-
Taffia TaHreHTe .a jeaHaK HeHTpamom yrny MOM' (yr.TIOBH ca HOP-

MaJIHHM Kpaw4ma), 3a Taj yrao HMaMO 

Aa As 
R 

Ilpema Tome HenocpeAHo Aonaammo Ao peaynTaTa 

Zia 	1 

As R 

0Apel)Haafbe KpHBHHe Kpyra nomohy KOJIHIIHHKa 
cc

noroAHo je 360r 
O s 

TOra WTO ce monce npowHpHTH Ha caaKy KpHay akmBjy. 

SN =" 

sin a = 



K$HBHHa )(plate .limaije CA. 124. K 

= f (x) 
H Ha iboj Taima M (x, y). Yrao KO* 	 M M' = V(Ax)2 + y)2 

rpaAH TaHreHTa y onoj Tatm ca 
ocom x 03Ha1414M0 ca a (cn. 124), 	 AKO oBy jeAHa411Hy noAemmo ca A x H npebemo Ha rpaHmHe spes,- 

TaAa je 	 HocTH, Imam° 
As 	ds 

(1) 	tg 	y'. 
Ax d x 

a oAa3Ae je 
ds=11 1 

CTasHmo JIM p,o6ujetie HpeA,HocTH y H3pa3 3a xpH314Hy, A4141114THBHO 

Ao6Hjamo 

K d 	= 	 
ds 	(1 ± y'2)3 12 

Hexa je xplma J1HHHja ;tam jeAHatlithom 
	

3a HspagyHanatbe ds y3PAHMO Tpoyrao MM'L ca KaTeTama Ax H A y. 

1-beroBa xnnoTeHy3a, pacTojarbe M M', Hma speAHocT 

Q x=a+Aa cnokaaabH 

Y3MHMO Ha KpHBOj Apyry Tatiay 

M' &Hog Tatum M. KoopAHHaTe 
oBe Taince 6Hhe + A y + Ay. 
TaHrenTa y oHoj Ta4a4 rpa,AH ca 
ocom x yrao a + A a. ITOWTO je yrao 

3a Tpoyrao Q P P', yrao cxpeTaffia P Q P' je 

Kao WTO KpHBHHH Kpyra oArcfflapa H3pa3 — , Tam) H HpHimny csaxe 
AKO 06pa3yjemo KOJIWIHIIK 

xpme JIHHHje mo)Kemo HsjeAnaqHTH ca — . R je no.nyripeLant Kpyra, Koh l 

HMa PICTy ApHI3Hxy ca Kpl4BOM y AaToj Tatm. OH ce 30Be non yripe4HHA 

ApHHHH e. Kpyr Tor nonynpetiHHxa Ca HeHTpom Ha Hopmami 30Be ce 

xpyr KpHBHHe, a tberos HeHTap — HeHT a p KpHBHHe. 

3a noaynpetninx KpHBHHe Hmamo Hapa3 

R= (I ± Y' 2 )T  

YU  

Kao npHmep y3MI4M0 enincy ca jeAna4n4Hom 

A a  
As 

rAe je A s JIyK M1W Halle KpHBe, moxtemo my AaTH Hams c p eA lb a K p 14- 
EHHa KpHBe Ha AaTom ayxy MM'. 

Hotmemo JIH np146.nkmarsaTH Tatty M' Ta4K14 M, (ga he ce HpH3HHa 
(oHa he ociaTH cTaAHa canto 3a xpy)(Hy AHHHjy); oHa mowe Te-

)KHTH rpaHmtnioj EspeAHocTH Ka.aa Tatum 1W Texu4 TaLIKH M. Ta rpaHwala 
BpeAHocT, axo nocTojx, 3oBe ce Kpl4BHHa ,A a Te KpHBe AHHHje y 
AaToj Ta4K14. 

AKO oBaxo AecinnincaHy xp3HHy o3Ha4imo ca K, HMaMO 

A 	d a  K 	/im 
As-4.0 As 	d s 

rAe cy da n ds AmpepetutHjaAH onagemix npomeHAAmmx. 

1413pa4yHajmo oBe AHcpepenaljane. 143 (1) Hmamo 

arctg y' 
H 3aTO je 

x2 	y2 	, 
= . + — 

a2 	b2  

AKO AHcpepemnipamo ABanyT, Ao6Hjamo 

, 	, 
— — y-  = v, 
a2 	b2 

1 	 1  
d a = 	d — 	y" d x 	 1 	Y" Y ylt = 0 ,  

1 + y'2 	1 ± y'2 	 a2 	b2 	b2 



a2 yS 

HaocHolvomxiveAHocTigH3patiyHasamononynpe4HHKITHHHHeentince 

R= (1 -1-.1)'2)312 	(a4 y2 + b 4  x2) 312 
y/1 	 a4 b4 

3a Aynamy OBOT nonynpeimma 
Tpe6a y3eTH anconyTHy speAHocT Ha-

i-meal-for H3pa3a. 3HaK mHHyc KOA Tor 
Hama noKa3yje HeWTO mime oA oHor 
WTO CMO TpanainH; HaHMe, OH noKa-
3yje Aa je cmep nonynpelnima KpHHHHe 
cynpoTaH cmepy cno.rbaume Hopmane 
Ha enHncH. 

3a Temena enHnce A H B (c.n. 
125) HMaMo oHe epeAHocTH nonynpev-
HHKa 

Cj 

Cu. 125. KolicTpyKuHja HenTapa KPHE4He 
enHnce 	 HOKaH(14M0 Ha OCHOBy OBHX Hs- 

pan. jeAHy Hpno HHTepecaHTHy oco-
6HHy nonowaja aeHTapa Kpm3HHe enHnce 3a TeMeHa; ()Ha oco6HHa omory-
halm BpJ10 3roAaH Ha4l4H 3a KoHcTpykicafbe geHTapa KpHBHHe. 

KoHcTpyHummo 3a emincy ABA 1 13 1  npaHoyraoHHK KLK,L, ca AmmeH-
314jama 2a H 2b. CHOiHMO TemeHa A H B, enHnce TeTHBOM AB 1 ; H3 TagKe 

cnycTHmo Hopmany Ha oHy TeTymy H npo,ayn(Hmo je A,o npeceKa y Taq-
Kama C 1  14 C 2  ca ocama enHnce. Mo>Ke ce AoKa3aTH Aa Cy Ta41(e C 1  H 
geHTpH Kpumille enHnce 3a TatiKe A II B 1 ; HCTO TaKo npaHa napanenHa Toj 
HopmanH 143 TaliKe K, Aaje y npeceKy ca HCTHM ocama HeHTpe KpHHHHe 3a 
Tatme A l  14 B. 

b2  3a AoKa3 oBora A0B0J13H0 je Aa noKaiKemo Aa je, Ha np., AC, = -
a

- . 

b2  RA=— 7  
a 

a2  RB= — — 
b 
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•AaKne, nocne oApebuHafba y' 14 y", cneAyje 

y , 	b2  _x 

a2  y 

b4  
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nOLUTO Cy Tpoyrnom AC 1 K H KAB 1  CJIH4HH, nponopwionannocT Ka- 

-reTa Aaje 
A C 1 : AK=AK:B,K, 

HJIH 
A C, : b =b:a, 

oAame je 	
A C, =b2 

a 
, 

ce nompbjye Aa je Tatum C2 itenTap Kplonne 3a 
Ha CA1411aH Ha414H 

Teme B 1  ennnce. Ltewrpanna cnmeTpmnocT ennnce nompbyje Tatmocr 

Teopeme 3a TamKe C' 1  H C' 2. 

KoncTpyKinija noKa3amix KpyroBa KpHHHHe omoryhasa Aa ce naKo 

KpHB0.1111HHCKHM .nemnpom HaUpTaiy OCTa.11H Amu! enHnce (ca. 125). 

Y AaToj THYLCH H HapanyHaTH ayaume TaHreHTe, Hopmane, cy6TaHreHTy H cy6Hopmany, 

nonynpentnix xpHHHHe. 

2. 0,0,1"OBOPHTH 

a. xy6Hy napa6ony ca jenHammom y = ax', 

b. nonyKy6ay napa6ony ca jeAllam4Hom y2--- ax' 

1

, 

c. nawtaHmy ca jeAHammom y = 2 
—

a 

e °  e ° I , 

d. cHHycoHAy ca jemarnmom y = sin x, 

e. xpHEly ca jeAHaqmom y = e
— x2

.  

b. Hpasa H KpHBa JIHHHja y npocropy 

a. TIpana y npocTopy 

Bkmenn cmo (§ 38) Aa jeAnagnny paBHH mommo Hannan' 

AKO pmemo H APYry paBaH, ca jematuniom 

z=a2x-1- b2y c2 , 

ImoNcemo TBpAYITH Aa one jeAnatme 3ajeAno oApebYiY npuy npeceKa 

4:KIHX paBHH. 

Bew6alba. 

1. 3a enHncy, xHnep6ony H napa6ony HanucaTH jema.ame TaHrewre H Hopmane 
14 

Ha nwraffia nocTawbeHa y npHom aaaaTxy 3a Kpme niumje: 



CA. 126. IlpaBa y npocTopy 

Cir. 127. 3asojimaa 

364 

lipema Tome npaBa y npocTopy oApebyje ce ca ABe jeAHainme npBor 
cTeneHa no x, y, z. 

,LtBe jeAHatnnie, Koje oApelllgy npaBy y npocTopy, moscemo HanHCaTH 
H y Apyrom o6./nacy. 

Y3MHMO Ha npaBoj (c.n. 126) jeAHy CTaJIHy TaLlKy P, Ca KoopAHHa-
Tama p, q, r, H Apyry — npomeHamy M (x, y, 

Hpojefamja Apia! P M =s Ha 
ocy x HMa, C jeAtie cTpaHe, BpeAHocT 
x — p, a, c Apyre, s cos a, rAe je a 
yrao Haute npase ca ocom x. flpeMa 
Tome ce mosce HanwcaTH 

x—p-=scosa, 
HJIH 

x — p 
	= 1. 
S COS 

CAHLIHe jeAHatnme HMaMO H Ba 
ABe Apyre npojeKimje. Ha Taj Ha4HH 
jeArtainmy npase y npocTopy mowemo 
HanHCaTH H y o6smy 

x—p_y—q z—r 
1 	m 	n 

rAe cy p, q, r KoopAHHaTe oApebeHe 
Ta4Ke Te npase, a 1, in, n cy BenwmHe nponopaHoHasHe KocimycHma yrsoBa 
a, 17,', y Koje rpaAH oBa npaBa Ca KOOR11,14HaTHHM ocama. 

(i. KpHsa sHHHja y npocTopy 

AKO jeAsH Aeo calmjeHe same nono)Kumo y pasaH CTOJ1a, a Apyrm 
ya,n,HrHemo H3HaA Te paBHH , TaAa genoKynHa mama Hehe npeTcTaB.TbaTH 
Kpimy JIHHI4jy y paBHH, Hero he npenTawbaTH KpHBy JI HHHjy y np o-
cT op y, npocTopHy K pHB y. HpocTopHy KpriBy He mosiemo, AaKne, y 
gesmm CMeCTHTH y jeAHy paBaH. 

3 aBojHHLta 

Kao npHmep npocTopHe KpHse npormmo jeAHy y TeopHjH H npaKcH 
Emmy sminjy, Koja ce 30Be 3aB0jHH It a. OHa ce KoHcTpyHme OBaKO. 

Y3MHM0 y paBHH Oxy (cs. 127) KoopAHHaTHor TpHjeApa Kpyr nosy-
npeqHma r ca 4eHTpom y noveTKy KoopAHHaTa. AKO Ca . 0 ma'am° yrao- 
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norera Ta4Ke Tor Kpyra ca ocom x, KoopAHHaTe X H y TaLuce M' Kpyra 

moscemo HnpamTH 

	

x 	r cos u , 

y 	r sin u . 

Kao WTO 3HaMo (§ 19), HanHcane jemia-
mme cy napameTapcKe jeAHa4HHe Kpyra. 

3amHc.rnimo calf, A,a je Tatum M' npojeK-

1, Hja Ta4Ke M Ha paBaH Oxy  14 Aa je pacTojatbe 

M M' = z nponopuHoHa.rmo yrny It, Tj. 

z ku , 

rAe je k CTaJ1HH K041411,HjeHT nponopusHoHasHocm 

TpH jeAHalmHe 

x 	r Co S U , 

(1) 
	 y 	r sin u, 

k u 

on,pebyjy 3a ceaKy BpeAHOCT napaMeTpa u KoopmmaTe x, y, z Ta4Ke M. 

KaAa ce u merba, Ta4Ka. M onucyje y npocTopy 3aB0jH1111y. 143 Ha4HHa KOH-

cTpyKumje oee AHHHje SHAH ce Aa oHa .11e)KH Ha nospwHHH sakKa 14 Aa je 

pacTojahe Ta4Ke 3aBojHnue oA oApebeHor nonpetnior npeceKa Tor ea.rbKa 
nponopu,HoHanHo yrny o6pTaba. CBaKH tainHHAppmmi 3aepTab npeTcTawba 

npHMep 3aeojmme. jeAHmame (1) cy nap  a-
meTapcKe jeAHamHHe 3aBojtimae. 

6.TaIlleHTa 14 HopmanHa paBaH 

npocTopHe KpHse (enemeHTH npeora 

p e A a) 

Cn . 128. 11pmpop,m4 TpmjeAap 
npoc-ropite tcppme 

HaBeal4M0 HeKOJIHKO reomeTpxmx o6- 

Jima KojH cToje y Be3H ca nporlasabem npo-. 

cTopHe KpHee. 
rpm-HY-am nonowaj ceKaHTe Kp03 Ase 

Ta4Ke KpmBe 14 013)1e AajeTaHreHTy Ha npo-
cTopHy KpHey (c.a. 128). PaeaH ynpaima 

Ha TaHreHry y Ta4K14 ,a0aHpa je Hopmanua 

paBaH K pH B e. Y Toj paBHH J1e>K14 6ecKpaj -

HO MHoro Hopmana KpHBe. 



Ca. 129. TanreHma paBaH nospumne 

c. OcKynaTopHa paHan. fnaHHa Hopmaaa H 6HHop-
mana.Ha n Apyra KpHBHHa (enemeHTH Apyrora peA,a) 

TpH Tatuce M, M', M" npocTopHe KpHBe, y -onurrem caymajy, oApe-
byjy jeAtly paBaH. rpaHH4HH nonowaj paHHH, Koja npona3u Kpo3 TpH 6ec-
KpajHo 6nHcKe TaiiKe KpitHe, Aaje ocKynaTopHy paBaH npocTopHe 
KpHBe y AaT0j TaLIKH. 

FlpeceK ocKyaaTopHe paBHI4 ca HopmanHom pam-t Aaje HapoLzwry Hop-
many, Koja ce 303e r flan H a Hopmaa a. Hopmaaa ynpama Ha TaHreHTH 
H FJ1aBH0j HOpMaJIH 30Be ce 6 HHopmaaa. 

TpH y3ajaMHo ynpa3He npaBe — TaHrenTa, raama Hopmaaa H 6H-
Hopmana-44He TaK03BaH11 npnpoA,Hpf TpHjeAap npocTopHe KpH-

e 3 a A, aTy Ta 4 K y. 3a CBaKy TatzKy KpHBe KOHCTpyHule ce filen ripH-
pO,/,HI4 TpttjeAap. 

„Use cyceA,He TaHrewre npHnaAajy paBHH Koja y rpaHH4Hom nono›Kajy 
Aaje ocKynaTopHy paBaH. l-bnxo  yrao cKpeTatba A a non,e/beH eaemen-rom 
nyKa A s y rparuniHoj speAHocTH, Kao H 3a caytiaj Kpvise y paBHH, Aaje 
clime ripHy KpmettHy KpitHe H PI CP aexcHjy. ,E1,axae je 

K /im 
A a 

. 
A s-0.0 A s 

OcKyaaTopHa paBaH, Kao LLITO cmo peKJ1H, npe rpainnizior no.no)Kaja 
nponaau Kp03 TpH 6ecKpajHo 6nHcKe TagKe KpHBe. Y onurrem caymajy 0Ha 

He npona3u Kpo3 4eT3p-ry TarlKy M'" KpHBe. Kp03 TpH Ta ■-ixe M', M", M'" 
npoaa3u Apyra ocKy.naTopHa paeaH. Yrao nameby paenn M M' M" n paBHH 

M" M'" 03Ha4HM0 Ca 	H o6pa3yjmo KOJI1V4IIIIK A N : A s. Taj 
y rparniquoj 3peAH0cm, Aaje 

K, 	/inz
AS 

 , 
O s—>0 ° s 

rae je K, TaK03BaHa Apyra Kpin3HHa H nn T 0 p 3 nja npocTopHe 
KpHB e. 

Fipna KionsuHa je mepa o rc -rynat-ba !Time y AaToj TaLiKu OA npa3e, 
a Apyra KpitHuHa je mepa oTcTynarba Kpime y ,RaToj TazIKu o,A ramie Kpm3e,_ 
KOjy 32MHIJIJbaMO y ocKynaTopHoj paHHH. 

Morn° 6n ce Aolca3aTil Aa 3aS0jHHIJA nMa cTanHy npHy H Apyry  Kpn- 
BUHy, ann y Ta H3pavyHaBarba oe,Ae Hehemo yaa3H -rn. 

c. 17oapiumila 

BHAe.rin cmo (§ 38) Aa jeAHat4HH not3pwime moacemo AaTH o6aHK 

(2) 	 z = f (x, y). 

Y3MHMO Ha TOj nOBpWHHH TaLucy M ca KO0PAHHTM X, y, z H cy-
ceAtly TatiKy M' ca KoopAHHaTama x + A x, y A y, z A z. HOWTO OBE 
Koopp,imaTe mopajy 3a,ELOBOJbaBaTH npeTxcomy jeAtialmHy, Hmamo 

z+A.z=f(x+Ax, y±dy)• 

AKO AecHy-  cTpaHy pannjemo npema Tajnoposy npasHay, Koje smut 
H 3a cnytzaj cpyHuntje BHllIe flp0MeHJ614BHX, n 3aycTanimo ce Ha tinaHomima 
npHor cTeneHa no Ax H A y, Ao6Hhemo je,AHaLmy 

z+Az=f(x,y)+Ax • —1-6  +Ay • aj 
y
- 

ax 	a 

AKO IICKOplICTHMO nona3Hy jeAHaqH-iy (2) HaJIa3HMO 

ax

f  a 	 a 
-FAY •

ay

f 
• 

Y3MHMO caA Ha npaBoj M M' 
npOH3BOJbHy TatiKy P (ca. 129) H 

KOOpAHHaTe OBe TamKe 03Ha4HM0 

ca 71, C. HOWTO npojeKumje Ay-
xcHHe M M' Ha oce KoopAHHaTa H-
Majy BpeAHocTH 

A x, A y, Az, 

a npojentHje AyamHe M P Ha HcTe 
oce cy 

— x, — y, — X , 

Ha ocHosy 1103HaTe Teopeme H3 CTe-
peomeTpHje, ,n,a cy oTcequa npamx 
HaMeijy napaaeakmx pannH nponop-
UHOHaJIHH, Cneayje 

Ax 	Ay 	Az  MM' 
	—k. 

— y •(— z MP 

(3) Az=Ax • 
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I'13 OBHX nponopu,Hja ce mome Hssecra 

y=k(7. — y), 

AKO CaA cTasHmo ose speAnocTH y (3) H cKpaTHmo ca k, Ao6Hjamo 

Cn.130.Mepmmayno- 
naplimmicooplumaTama 

CA. 131. Kap- 
AkimAa 

368 369 

ose ce nospluktHa 3r nonapHitm KoopAHHaTama. 3a oApehHsaibe 
ose nospwHHe y3MIIMO iseH eaemeHT y o6aHKy ceKTopa omebeHa ca Asa 
cyce,s,Ha noTera H JlyKOM M M'. Iloaynpetumom P M = r 0111411114M0 143 

ugHTpa P Kpymum nyK M Mi  ; OH lie Haul)/ nospumHy 110ABIIHTH y Asa Aeaa: 
y 6ecKpajHo maim KpyacHH ceKTop Ca nOspunmoM 

(4) 	 2 r2d0, 

flOWTO je osa jeAHa,nina npsor cTeneHa 	71, r„ oHa npeTcTan.rba 
paBaH. Y osoj cy jeAHaqHHH 	npomewbllse, a y, z cTanHe 

af 
, 

af 
Bempume 	 TaKolje cy cTaaHe, jep cy cpyuKumje x, y. 

ax ay 
OBa pasaH je TaH r e H T H a pas a H nospwHHe. OHa npeTcTawsa 

reomeTimcKo mecTo npamix Koje nponase Kpoa AaTy cTaaHy Ta'4Ky M Ha 
110Bp111HHH H 6ecKpajHo 6JIHCKy npomewsmsy TagKy M' Ha HCTOj nospwHHH. 

Hopmana Ha TaHreHTny pasaH y TaLIKH AoAmpa je Hopm aa a Ha 

nospwilny y TOj Ta4K14. 

d. linTerparniu o6paculi 

a. llospwHHa y )11,eKapTOBI4M KoopAHHaTama 

Y § 57, rAe ctvto Tymatnum nojaM oApebeHor HHTerpaaa, Hssean cmo 
oopaaau 

(XIV) 
	

Q fy d x 
a 

sa oApebnsaEse nospumHe omebeHe KpHsom ammjom 
y = f(x), Asema opAHHaTama H oTcegKom b — a oce x. 
143pas ydx IlpeTCTaBJ1Da enemeHT Te nospamHe y 06- 

J1HKy npasoyraoHHKa ca OCHOBOM dx H BHCHHOM y. 

110Bp11114Ha y noaapHHm Koop ou,HHaTama 

HeKa je AaTa KpHsa aHHHja L (ca. 130) y noaapHmm KoopA,HHaTama 
r H 6 jemagniiom 

r=r(e). 

fIospwHHa Koja je omebeHa OBOM KpHsom aHnHjom 14 noTesHma 

ri = r (0) 14 r2 = r (92) , 

rAe je de ueHTpanHH yrao Tor ceKTopa, H 3r nospunmy M M, M' Kojy mo-
)Kemo cmaTpaTH sa 6ecKpajHo maim npasoyraH Tpoyrao ca KaTeTama 
M M, =rde H M 1  M' = d r, rAe je d r AHcpepemuljaa Aymume noTera. 
flouiTo nospwHHa TOr Tpoyma H3HOCH 

—
1 

rdrd 9 
2 

H caApacH 11p0143130A Ase 6ecKpajHo mane Be.111414HHe dr H de, osy seamkmy 
Tpe6a saHemapHTH y nopehmy ca Bel1144HHOM (4) Koja caApsu4 canto jeAaH 
AxpepeHHHjaa d 6. 143pa3 (4) je enemeHT Haute nosplume. Calla ce nosp-
mum Hspa)Kasa oApebeHHm Hfrrerpanom 

0 2  

(XV) 	 Q= 1f r2 d0. 

6 1  

Kao npHmep HspatiyHajmo nospummy Ka pAHOHA e 
(Ca. 131) ca je,aHa4n4Hom 

r=a(1 -1- cos 0). 

llowTo noaapHa oca P A Aerm KapAHoHAy Ha Asa 
cHmeTpwma Aeaa, a y npsom ce Aeay yrao 6 merba y rpa-
HHHama oA 0 AO 71, u,ezoKynHa nospLumia je 

1 
Q=2 • — 

2 Ir
2 de=f a2 (I ±cose)2 cle=a21(1-1-2cos0-Fcos2 0)c16-.= 

= a2  • (6 ± 2 sinS + —
6 
 + 1  sin 6 cos 9) -= 

2 	2 

I xr a 2 . 
2 

24 



143pa4yHasatbe nospanme, H TO y cmucny oApeblowba KsaApaTa jeA-
HaKa AaToj nospumwr sose ce K saAp a T y p a. nOLUTO OBO oApelpisaH)e 
cTojH y se3H ca oApebirsathem HHTerpana, necTo ce H camo oApebHawbe-
HHTerpana 3ose KsaApaTypa. Ha npHmep, 3a Aosoberbe pewasalba Ancpe-
peffiutjanHe jeAHatmHe Ha H3pa4yHasarbe HeoApebernix HHTerpana KaNce ce 
Aa je peurasaFbe cseAeHo Ha KsaApaType. 

r. ayxcHtra nyKa Kprise y AercapTosnm KoopAHHaTama 

npH H3sobekby 113pasa HprisHHe oApeAHall CMO enemeHT d S KpHse 
JIHHHie y o6nicy 

ds=V1-1-y' 2 dx. 

Ha OCHOBy OBOr pesynTaTa sa Ay3KHtiy L KpHse amije HMaMO o6pa3ali. 

12 

(XVI) 
	

L 	V I + y 12  d x . 
a 

Arco je }gnaw AaTa jeAHaLumama y napameTapcKom o6aHKy 

X X (ll), 	 Y = Y 	I 

rAe je u napameTap, 3a H3pa9yHasaH,e Apume Tpe6a HCKOpHCTHTH o6pa3ack 
b 

L —11/X 12  y' 2  d n = 
a 

Y3MHMO npHmep U,H Kn o 14,0, e (ca. 132) tthje cy jeAHaiume y napa-
meTapcKom o6anKy 

x = a (u — sin u) , 

y = a (1 — cos u) . 

1-1,111(n0HAa je reomeTpHcKo mecTo nonowaja TaliKe nempepHje Kpyra 

KOil4 ce KOTpJba 6e3 KaH3alba no npasoj nHHHjH. Y HawHm je jemainvama, 

a nonynpetunw Tor Kpyra (K pyr a r eHepaTop a). 

HowTo je 
d x = a (1— cos u) d , 

d y = a sin u d u , 

3a d s2  H3BOAHMO 

d s2  d x2 d y 2  = a2  (2 — 2 cos u) d 11 2  = 4a2  sin2 
2 
 due, 

oAaKne je 

d s = 2 a sin — d a . 
2 

nOILITO csaKu ILHKAOHAHH Tarlac momtemo noAeaHTH Ha Asa jeAHaKa 

Aura, npH tremy ce y npsom Aeny napamerap u melba oA 0 Ao sr, sa Ay-

xcHHy jeAHor Taaaca Hmamo H3pa3 

L 2f ds =4a f sin 
2  -
1-1- du =8a (— cos 2

/
=8a. 

,ELOWJII4 CM0 AO 3aHHMJbHBOr pe3y.irrara ,0,a je Apiuma wucaoHAe jeA-
HaKa IceTsopocTpyKoj spep,Hocrm npetnimica Kpyra reHepaTopa. 

8. AyncHHa Jo/Ka Kpvise y noaapHHm KoopAHHaTama 

143 caHKe 130 HenocpeAHo cneAyje Aa pacTojathe M M', Koje npeT-

cTas.rba eaemeHT d s ayKa KpHse y noaapwim KoopAHHaTaMa, Kao ninoTe-
Hy3a 6ecKpajHo manor npasoyrnor Tpoyrna M ca seh oApebewim Ka-

TeTaMa rde H dr lima speA,Hocr 

d s 	d r2 	r2 d 02 : 

flpema Tome 3a TpanceHy Arapmy 'imam° NETerpaa 

(XVII) 	 L= V T 2  r'2  d 5. 

Eh. 

lira  
CA. 132. IIHKAOHAa 
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Ca. 133. 3arlPeMITha 06PTHOr TeJla 
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, Kao npHmep H3pagyHajmo AY siffly nysa icapaHoHae. I1OWTO je 

r = a (1 + cos 0) 
H 

— a sin 6 d 9 

ApKI4Hy genosynHe sapaHoHae H3pa4yHasamo OBaK0 

L = 2f 2  r'2  
0 

211/a 2 	(1 + COS 0)2  + Q2  sin 2  0 d 6 =  

=2afil 2 --F2cos d6 2a . 2 'cos-2-e 	= 
0 	 0 

= 8 a / sin =8a . 
/ 	2 
0 

E. 3anpemmia o 6 pTHHx Teaa 

Kaaa ce nospumHa omebeHa xpHsom (ca. 133) 

= f (x) 
Hsmeby Taliaxa A H B, opaHHaTama 
OBHX Tagasa H oTcewcom oce x oa a 
act b, rae cy a 14 b ancuHce Tamaxa 
A H B, o6phe 0K0 oce x, oHa onucyje 
y npocTopy 3anpemmy 4HjH je exemeHT 
naoxia ae6nAme dx 143meby ase pasHH 
Hopmaxlle Ha ocy x. Osy nnomy mo-
xcemo cmaTpaTH Ka0 BaJbaK sHcHHe 
dx H noaynpetumka ocHose y. flpeMa 
Tome exemeHT sanpemmie osor Teaa 
d V H3r.neaa 

dV 	ny 2 dx,  

a cama sanpemma H3patiyHasa ce HHTerpanom 

V = r y2 dx. 

a 

Kao npHmep oapeammo 3anpemmiy o6pTH or nap a6onoHaa 

(ca. 134), 'FL Tula tinja ce nospwww ao6Hja 
o6pTaffiem napa6oae oso oce cHmeTpHje. 

flowTo je)Hammia napa6oae H3rneaa 

y2  -- 2 p x , 

3a sanp emmiy Hauler napa6o.nomaaHmamo HHTerpaa 

	

a 	 a 

V -=-J-  cf2pxdx=np ilx2=gpa2 . 

	

0 	 o 	 napa6coomAa 
CA. 134. 3anpermitia o6pTHor 

03HaNI4M0 .r4 ca R no.nynpew-mx Kpyra npecexa Hamer napa6oaoHaa 

Ha pacTojal-by a OA TemeHa, TaAa he ce OH 0,gpe,ILHTH 143 jeaHatume 

R2 =2 pa. 

flomohy osor n3pa3a HspatiyHaTy 3anpe-
mmiy napa6onoHaa mmemo npeTcTasHTH 

V= —
I

- a R2  a; 
2 

143 Tora moxcemo 3aKJby4 14TH Aa je oHa jea- c,. 1 3 5  . 3anpempma o6pTHor 

Hasa nozosrum 3anpemHHe sa.ibica noaynpeq- 	emincoplAa 

Hica R H sHcHne a. 

0 ApeAllmo jow 3anpemmy o6pTHor exincoHaa (ca. 135). Am jeaHa-
Lowy eaHnce npeTcTasHmo y o6aHxy 

y2 = b2 (1 ___ X2  ) 
a2  

3a 3anpemiwy o6pTHor enHncomaa Hmamo 
a 

V - 2 afy2 dx 

0 a  

= 2 af 62 (1 — —x2  ) dx 

0 	a  

	

= 2 b2  (x— 
3 a2 	2 b, (a _ 1 a 	4 \ = a  1 	' 	 a b2  

3 	3 
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:33 Tpanr.erry noapunmy Ao6mjamo 

S=47tbfV1—k2 x2 dx. 

0 

HeoApebeHH HHTerpan Hma spentrocT 

iyi- k 2  x2  dx =-- 17c2  (arc sin kx + kx I— k 2  x2) +C ; 

ctra ocHosy Te apeAtrocTH Ao6njamo 3a noapumny 

a 

S 41r17/ 2 
k

/-
1 (arc sin kx + k x111— k 2  x2 ) = 

0 

1 
• —(arcsin kad-ka1/1—k 2 a2 ) 

2 k 

= 2 yr a b (v- 	1— e2 +
arc sin e 

To je Hapas 3a nospunmy 06pTHor enpurcorma. 

AKO cTammo a= b, re je, npema Tome e = 0, e,rninca ce npeTaapa 

ry Kpyr H Haul o6pa3aR Tpe6a Aa AA nospu4Hy none. 13HAHmo, mebyTtrm, 

„Ea 113pa3 

e 

0 
0 	 n 3a e 	Ao6Hja HeoApebeH o6nHir — . Tpe6a npHMeHHTH onnTanoso npa- 

wino (§ 50) H AncpeperiumpaTH noce6Ho 6pojnaag H HmeHnnag, na Hana3Hmo 

arc sin e 

d S 

IA' 

rAe je 

Ae(1)14HIITHEMO 

S 

Kao InTO Hac rut H EnemeHTapHa reomeTpHja. 

nOWTO je 

y 12  ---- 	—k 2 x 2 , 

k= e  , 
a 

e excgeHTprigHTeT ernince ca apennowhy 

11122 — b2  e--= 
a 

arc sin e 	= 
e 	fe-*0 	0 	I 	) e -+0

I 	\ = 	== 0 	(V 1 	—  e2 	= 1 

AKO HCKOpHCTIIMO oBaj peunTaT 3a nospurnHy .1101Tre 

Ao6Hjamo 

374 

AKO je a 	o6pTHH enkincoHA ce npeTHapa y nonTy H npeTxoAHH o6pa3a14 Aaje 

V= — 
4 

xr a3 , 
3 

a TO je no3HaTH o6pa3au 3a aanpemntry nonTe. 

lionpurnira 06pTHHX 

3a napatryHaambe nosparnHe o6pTfinx Tena y3mum0 y o63Hp Aa je 
enemewr Te nospunme noapinnHa xojy onncyje nymuma d s, enemeHT nyrca, 

orro oce x (c.a. 136). EnemeriTapHa reomeTpnja yin 
Aa je  nospumna, Kojy onncyje Apic npti o6pTarby 
OKO oce, jenHarra npon38ony Te Ayarn H 06HMa 
Kpyra K0j14 ornicyje cpenkma ApicH. lipn Tome ce 
Aymc H oca Hana3e y HCTOj pasHH. 

Y Hawem he cnytrajy enemenT nospwnHe d S 

Cs.136.11ounumaao6 pTHMX 
Tena 
	

d S 2 n y 	yi 	d x 
a calla nos/mania o,npebeHa je ntrrerpanom 

(XIX) 
	

S 	 y'2 dx. 
a 

}13BOAH eminca 
Kao npinmep napatlyHapyro fI0BpIIIHHy.06pTHor ennnconna Kojy npo- 

y = — V at  
a 
b , 	 

aa rcojy je 
b x 

a2  — x 2  

o6pTHor Tena nmaTH apeAriocT 
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11. ,ay)KHHa AyKa npocTopHe AHHHje 

AKO ysmemo npocTopHy AHHHjy Koja je AaTa nomohy napameTapounc 
jeAHamma 

x = x (u), 

y 	y (a) , 

z 	z (a), 

pacTojafbe ds=MM' Hsmehy Ase 6ecKpajHo 6nHcKe Tatme ca KoopAHHaTama 

M (x, y, z), 

M'(x+d x, y d y, z d z) , 
je npema § 38 

ds 	x 2  ± d y2  d z 2  ; 

oAaBAe 143B0A14M0 sa oApebmnaite AynalHe npocTopHe minHje o6pa3an 

(XX) 	 L f V" 	I 2  y' 	d , 

up 

rAe, Ka0 0 yseK, upTHHa osHatiasa 143130A y AaTOM c.rlygajy no napameTpy 
• 0ApeAmmo, Kao nprimep, Ayxfimy jeAHor saHoja sasojimne. 143 jen,Hatnma 

x = r cos a , 	y r sin u , 	z =- k 
Hmamo 

x'=- rsinu, yr =rcosu, 

14 saTo Ham HHTerpan Aaje 

2x 

L ijir2  k2  d u 	r2  k 2 	= 2 alt r2  k2  

0 	 0 

143pagyHaTa senwinHa oAroHapa xHnoTeHysH npaHoyrnor Tpoyrna, 

Yalja je jeAHa KaTeTa jeAHaKa o6Hmy (2 1f r) Kpyra HHAHHApmHor npeceKa, 
a Apyra je KaTeTa jeAHaKa pacTojamy (2 it k) Hsmehy ABa 3aBOja 3asojm4ne. 

Bew,6ana. 

1. 143pavyHaTH nospuirmy omebeHy napa6onom y 2  = 6 x, ocom x H npasama 
x= x = 10. 

2. HapanymaTH nospunmy omebeny napa6oaom y 2  = 6 X, OCOM y H npasa ma 
y = 4, y=  10. 

3. HspanyHaTH nospunmy Hameby napa6o.oe y 2  = 6 x H npase y = 6 x.  

4. 1/13pamy Ham noHpLutmy omebeHy napa6o.nom y 2 = 6 x, ocom x H npasom y = 6x -1. 

5. HapagyHaTH nospunmy Hameby napa6ope y 2  = 6x H npase y =fix = 12. 

6. HapaqyHaTH nospnuuly epHrice ca jepHagmHom b2  x 2 a2  y2  - a2 b2 = 1. 

a (  a-  - 
7. HapagynaTH nospwnHy omebeny paHgaHHHom ca jeAuagHuom y = -7  e + e 

ocama x H y H npaHom x -= a. 

8. HapaqyHaTH noepumuy omebeHy itpuBom y = In x, ocom x H oppimarama npasnx 

x = 1 x = a. 	
3 

acHmnTorre x = 2 a. 
9. H3pagyHaTH nospwmy Hameby nHconae ca jeAnagHtiom y2 = 	H !beim 

2 a -x 

10. H3paqyHaTH nospwiniy omeheny A pxHmeposom c nHrt a p o m ca je,pHa-

TaHom r= a 9 y rpaHHHama op 9= 0 ;to 9= 2 a. 

it Flopa3aTH Aa je nospninHa H3mebY Asa noTera x H nep6onHgxe c n H-

p a n e ca jeAHmumom r0=a nponopnuoHapHa pa3AHHH THX noTera. 	

X I 
a 	a 	a 

12. H3payHaTM AyNuimy Arca paaHmue ca jeAnagmHom y 	e - e m 
op TagHe (0, a) Ao TamHe (x, y). 

13. H3pagyHaTH Aypuniy HpHse ca jepHaqHHom 9 x 2  = 4 (1 + y2)3  op, TagKe (2/ 3 , 0) 

- 2  s 	(HanoMeHa: 3a He3aBCHO npomeH.rbHsy y3eTH y). Ioy
) . 	 fI Ao Tagge 	, 

14. Hahn AyKu4Ky ApHse qmja je jepHaqHfia r = a (1 - sin 9). 

15. HapaIyHaTH Ayacmy HpHHe Ca jeAllaqHHOM r = eaG 	=0 	 = -2- x • 

16. Homohy HHTerpaHHje Hahll 3anpeminte: Kyne, sapy6.rbeHe Kyne, PonTe. 

17. ,Ekara je Ky6Ha napaoona ca iepHacHHom 2 y = x 3  H ,KBe Tagse Ha rboj A (0, 0; 

H B (2, 4). Y3MHMO y o53kip nospunmy omeheHy pysom A B, ocoM X H oppmarom Twuce B. 
OapeaIITM 3anpemme Ao5HjeHe o6pTaaeM Te nospiume: I) OKO oce X H 2) ()to oce y. 

18. HahH 3anpemmy po5HjeHy o5pTamem nospinHne omehtHe cmycompom y = sin X 

op, Ta,4Ke (0, 0) Ao Ta=me (:, 0) H ocom X oxo oce x. 

19. 143paqyHaTH 3anpemmiy Ao6HjeHy o5pTaibem nospinHHe omOeHe paHgaHHHom 

ca jepHaqHHom y = (e a  + e a  ), ocom x H oppmaTama npasmx x=0Hx=b oxo oce x. 

20. floMohy mfrerpapHor pagyHa HapagyHaTH nospumHy porrre. 

21: 143pa ,IyHaTH nospLumiy po6Hjefty o6pTarbem pena panaHHHe ca jeaHaJamom 
x - 

y = 2 (e a  + e 
a

) op Tagpe (0, a) Ao Taue ca ancnncom a oxo oce x. 

22. HahH nospumHy npcTeHa (r op y c a) po6HjeHor ofirralsem Kpyra x2 + (y - b)2  -= 

a2  ()Ho oce x (b > a). 

§ 75. flpo6aemu MexamiKe 

a. TpajeKTopnja H 3aKOH HyTa 

Y MexaHHAH ce y4n4 KaKo ce nporlaHarbe EpeTalba Term csoAll Ha 
npormsarbe KpeTalsa reomeTpHcKe Tatme. 
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3a speme KpeTatba Ta4Ka metba csoj nwio)Kaj y npocTopy H onHcyje 
TpajeKTopHjy HIIH n yT a H, y. lipema 06.1114Ky TpajeKTopHje KpeTalbe 
mo)Ke 6HTH npaBoaHHHcKo H K p HBO II HHHCK O. 03Ha4HM0 ca S Ay-
)KHHy nyTa KOjy Tatum npolje no Tpajewropttp4; ca t — spew 3a Koje oHa 
Taj nyT npelje. AKO je KpeTarbe Ta4Ke no TpajeKTopHjH 1103HaTO, y CBaKOM 
TpeHyTKy t moxemo oppeAHTH s; npema TOMB je S cpyww,Hja t, Tj. 

s=cp(t). 

Ta jeAHaLuma 3ose ce y Mexarnium 3aKOH nyTa.  3aKoH nyTa 
MO/Ke 614TH op,peheH HJIH aHaJIHTINKH, o6pacuem, 14J114 Taft HHOM, HJIH rpacfnmvi, 
Kap je AaT r p a 4) HK nyT a. 

3a noTnyHo oApeh13aH.e KpeTatba Ta4Ke Tpe6a, Aa 3HaMo o6JinK 
TpajeKTopHje H 3aKOH nyTa. 

AKO AeKapTose Koop,AHHaTe Ta4Ke 03Ha4HMO ca x, y, z, KpeTatbe 
Ta4Ke ce oApehyje jeAHatmHama 

x = x (t), 	y = y (t), 	z z (0, 

Koje ce 3oBy KoHaqHe jeAnamHHe KpeTafba Ta4Ke. OBe jeAsa-
tame mory 614TH cmaTpaHe Kao napameTapcKe jeAHaqHHe Tpa-
jeKTopHj e; }wry napameTpa Hrpa apeme t. 

flowTo je 
ds2 =--dx 2 ±d y2 + dz2  , 

3a oppehHsaibe 3aKOHa nyTa Ha ocHosy KOHa4HHX jeA,Halipma KpeTatba Tpe6a 
113BRIHTH KBaApaTypy 

s --=f1 x'2  yi 2  z'2  d t 
to  

rAe apTHua o3Hatlasa H3BOA no BpeMeHy, a t o  H t cy notieTHH H KOH.3.14Hil 
TpeHyus. 

HajnpocTHjH c.nytiaj KpeTalba no HeKoj TpajeKTopHjH Hmamo KaA je S 
mweapHa cpywawja spemeHa, Tj. 

s=at+b, 

rAe Cy a H b CTaJIHe BezHLIHHe. TaKBO xpeTarbe 30BeM0 paBHomepH o. 
PaBHomepHo KpeTatbe je pasHomepHH npouec y Mexatunw. 

AKO je s KsaApaTua (1)ymo.wja BpeMeHa, Tj. 

s=at2 d-bt+c, 

-KpeTaFbe ce 3ose jeAHaKo npoMeHJbHBo. 
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b. Bp3nHa ragnce 

3aycTaBHMO ce npBO Ha 1IpaBOJIHHHCKOM KpeTalby ilHjH je 3aKOH nyTa 

s 	s(t). 

AKO Ta4Ka 3a BpeMe A t npelje nyT A s , Ko.rummic 

O s 

A t 

ce 3ose cpep,u,a 6p3HHa Ta4Ke Ha TOM nyTy. AKO A t Texw HyJIH, 

rpamma BpeAHocT 

	

„ As ds 	, 

	

Lan — 	s 

	

At-*()At 	dt 

Aaje 6p3HHy Ta4Ke y AaTom TpeHyTKy. 143 osor pe3yaTaTa 
814; 

AHmo Aa ce 6p3HHa y cariajy npasonHHHcKor Kperaba mepH 
H3B0A0m 

nyTa no spemeH y. 06paTH0, 143soA cBaKe clayHKuHje spemeHa no spe-
meHy mo)Ke ce npoTymagHTH Kao 6parma npomeHe Te cpyinctwje. 

Y cariajy KpHBOJIHHHCKOP 
KpeTama 6p3HHy sHwe He KapaKTepuwe 

cKanap, Hero BeKTop v (c.n. 137), KojH Hma: 1) npasau, TaHreHTe Ha TpajeK-
--)- 

TopHjy, 2) cmep y OHOM cmHcay, KyAa ce Ta4Ka Kpehe 

H 3) sepHimHy (HHTeH3HTeT) jeAHaKy s'. AKO Hac He 

HHTepecyje npasau, H cmep 6p3HHe, Hero camo H.eH 

yaanpeA yTspheHoj TpajeKTopHpi, pewimo, wene3HH-
14HTeH311TeT, Kao 

y carajy, Ha npHMep, nyTosafba no 

tom, TaAa je 3a npormsarbe 6p3HHe A0B0JbH0 3aycTa-

BHTH ce Ha H3Bopy s', TatwHje Ha anconyTHoj BpeA-

HOCTH 1S'I TOP 143BOAa. 

 s'-=a; 3a jep,HaKo npomemmwo KpeTabe ca 	m nyTa 

	

a
Homa cTaJIau 

Y pasHomepHom KpeTw-by ca 	 6p3HHa 

s----at2 -1-bt±c 

HHTeH3HTeT 6p3HHe (Ta4HHje T. 3B. a.nre 6 apcKa spep,HocT 6p3HHe) 

je aHHeapHa cpyHKu,Hja spemeHa, Tj. 

ds 

dt 

AKO je Taj Hapa3 HeraTHBaH, HHTeH3HTeT 6p3HHe je jeAHaK iberosoj anco-

llyTHOj speolOcTic 

1' 

Cu.l 137. 5p314lia Ta4Ke 



y 
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C. 37 6p3aibe ratiKe 

Alto ce, leT, 3aycTaeHmo npao Ha npasoamuiceom epeTatby, „6p314Ha 
npomeHe 6p3HHe" Aaje y6p3a. rb e Tage e. Y6p3affie, 3a npasoanwiceo 

epeTarbe mepH ce, Aaeae, 
--> Apyriim 143130,40M nyTa no 

BpeMeHy, Tj. Be.11144HHOM 

d2  s 
— s" 
d t2  

OA KI4BOJIHHHCK14X 

xpeTalba H3a6epHmo Kpyx<- 
Ho epeTaube (ca. 138) H, 

ynopeAo ca. noamajem M, 
cyceAHH noawKaj 

noepeTHe Tamee M 1 , y KOjH 

Ca. 138. 376p3arbe Kpy)KHor KpeTakba 
	 je Tagea npeuma nocae spe- 

meHa A t. 03Ha4Nm0 6p3HHe 
noaweajuma M 14 M1  ca v H V 1 . FlpomeHa 6p3HHe 143 nOJmKaja M y no-

ao)eaj M 1  ii3pmeaea. ce Bewropom 

Av =-- v, — v . 

Kpy)KHH nye Ao npeceea ca 6p- Oraummo ca nonynpetnineom M 1  P 

3HHOM V, Y TaMKH Q. 143 Tpoyraa P Q P 1  imam° 

Av=PQ+QP 1 . 

floAemmo CBaKH man ose jeA,Hainme ca A t H npebHmo Ha rpaHHMHe 

Bpea,HocTH 

WTI
,. 	

11M 
A v 	P Q 

 tim 
Q P 
	. 

6,t-÷o At A t-o.o At At-4.0 At 

ileey cTpaHy oft jeAHaLmHe cmaTpamo ea° y6p3afbe noepeTHe Tatiee. 

To je seeTop. 03Ha4Hmo ra ca w . 

flpH LinaH AecHe cTpaHe je BeKTop, LinjH je npasan rpainigHH npaeau 

Te'rHBe Kpy)KHe ammje nonynpeumea v, Tj. npasag Hopmaae Ha v HRH, 

Haj3a,a,, npaeau HOnynpetuuma R Ta4Ke M ca cmepom npema ueHTpy. 3a 
HapaqyHasalse BenHLIHHe Tor BeKTopa 06paTHMO nam-by Ha TO Aa Cy eppeHH 
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CeKTOpH C) Ai PA, H M 1  P Q CAHLIHH, jep HMajy jeAHaKe ueHTpanHe yrnose; H3 

oee CT1144HOCTH, a 3a 6ecepajHo mane Tpoyraose Hmamo 

PQ  As  

R 
oAaKne ce Ao6Hja 

tim 	 
P Q = 

um 
 v A s v2  
	— — . 

t-0-0 At 6, t-)-oR 	At 	R 

Ty KomnoHeHTy, ca npamtem Hopmaae Ha Kpyr, ca cMepoM npeMa 

u,eHTpy 14 Ca HHTeH3HTeTOM — , 
V 2 

 30BeM0 Hopmantio 14.1114 ReHTpHne- 

TanHo y 6 p3aHz.e 
Apyra KomnoHeHTa 

tim   

P  

At-4-0 At 

je eeeTop: 1) ca npaeuem TaHreHTe Ha epyry, jep y rpaHHLIHom nono-

Hcajy BeKTOp v, HMa npaeau, TaHreHTe, 2) ca cmepom y cmHczy npo-

meHe HHTeH3HTeTa 6p3HHe H 3) Ca Hem-mom 
d v — n3soAa HHTeH3HTeTa 6P-
d t 

3nHe no epemeHy, jep je Q P 1  npupaulTaj Tor HHTeH3HTeTa. 

Oca eomnoHerra. 3oee ce TaHreHuujaaHo y6p3arbe. IlpeMa 

Tome, KO. Kpy)KHor KpeTalba Tauce, y6p3albe mweemo pacTaenTn y .Be 

eolvinoHenTe: TaHreau,HjanHy H HopmanHy. 

Oco 111TO cmo peeaH 3a KpyHcHo KpeTarbe mwee ce npoLuHpHT“ Ha 
ceaeo epeTarbe, jep ce ceaea. TpajeeTopHja, npn6nnecHo nocmarnasa, Ha 
6ecepajHo maaom Aeay nyTa mcoee cxsaTHTH Kao Kpy;KHa TpajeKTopHja. 

Yaory noaynpeumea. R epyra Hrpa TaAa noaynpeuine Km/mime TpajeeTo-
puje y AaToj Ta4K14. 

Ha Taj Ha4HH 14 3a CBaK0 Apyro KpHBOJIHHHCKO epeTatee sa:ren Bee-

Topcea jeAHaunia 

1•V == 	 • 
d t 	 N 

T o3Hatialia TaHfeHTy, a N Hopmany, a 3a npocTopHy Kpm3y rnamy 

Hopmaay. 
143 Ao6HjeHor pe3prraTa oiiHrneAHo je Aa cBaKo KpHBOAHHHCK0 Kpe-

Talbe HMa y6p3affie. Kp14130.1114HHCK0 epeTaiee mwee 614TH paeHomepHo, Tj. 



Cn. 139. Tpaticnaropxo KpeTax e qapcTor Tena 

ca KOHCTaHTHHM HHTeH3HTeTOM 6133HHe H, npema Tome, 6e3 TaHreHwijaaHor 
2 

y6p3an,a, anH OHO mopa HmaTH Hopmanno y6p3albe —
v

. Be3 y6p3aFba moace 

je 1 614TH camo npasonHHHcKo pasHomepHo KperaFbe, Kan, e — = 0 H Kan, je 

v==const. 

d. ,,a ► Oepenumjaane je4Hanune xpeTatba marepm-
jaatteKe 

06jacHmmo npso uiTa je TO maTepHjanHa Ta4Ka. 

3amHcaHmo topeTo Tea° (ca. 139) H y ffiemy Tatmy M 0 . 3a pee 

KpeTama oa, TpeHyTKa t0  AO TpeHyTKa t osa Ta4Ka ornicyje oApebeHy Tpa-

jeKTopHjy H Aocnesa, petwmo, y no.nomaj M. Y3MHMO ca,a, Apyry, noTnyHo 

npon3soamy Tatmy Tena P, H KoHcTpywummo seKTop Mo  Po  AKO BeKTOp 

Ail, PO  ocTaje 3a cse pee KpeTaFba Tena napaneaaH cam ce6H, Tj. 

= M7130 , 

KpeTaFbe Tufa 3ose ce TpaHcnaTopH o. 

Tatma, Koja sacTyna TpaHcaaTopHo noKpeTHo 413pCT0 Ten() on,pebeHe 
mace, 3ose ce maTepHja 
Ha Ta 4 K a. To je reomeTp14- 

/-;0  cKa Tatum ca Kojom je se3aHa 
ue.noKynHa maca TpaHeaaTopHo 
noKpeTHor tispcTor Tena. Maca 
TaKBe Tatuce monce 614TH KO-

HagHa, KaA mspcTo Teao Hma 
KOFia14Hy macy, 14 6ecKoHa4Ho 
maaa, KaAa je Tea° 6ecKoHa4mo 
maao. MaTepHjanHe Tatme 6ec-
KoHa4wo mamm maea. A e a H-

h H, 4eCTHue, HapOLIIITO Cy 

BaWHe cTora ILITO Ha TaKse 
Ta4Ke momemo noikenHTH CBaK41 

maTepHjaaHH cHcTeM npH ma 
KaKBOM KpeTarby. 

Ho sancHocT nojMa maTe- 
pHjanHe Tatme He orpaHHtiasa 

ce canto Ha nporiasarbe TpaHcaaTopHo noKpeTmcc Tena. Y MexaHHHH ce AoKa- 
3yje Aa ce TemannTe csaKor maTepHjaaHor CHCTeMa, 6H.no Henpomewbtwor 6Hao 

npomeHamsor, Kpehe HCTO oHaKo Kao UITO 614 ce KpeTaaa maTepHjanHa Tatm, 

Koja 614 Hmana macy cHcTema 14 Ha KOjy 6H AejcTsosana pe3ynTaHTa CBHX 

cHaa KOje AejcTsyjy Ha cHcTem. Y TOM cmHcay ce moace H Dena Hawa 

3em.Tba cmaTpaTH Kao maTepHjaaHa Twin, HaHme aKo nporlasamo KpeTarbe 
canto meHor TeacHwTa, 6e3 o63Hpa Ha ocTana ibeHa KpeTalba. 

flpema HDyTHOBHM 3aKotwma KpeTame csaKe maTepuja.nHe Tatuce spurn 

ce TaK0 Aa je npovmsoa, mace in Tar-lie H yopaarba w jeAHaK CHJIH F Koja . 

AejcTsyje Ha osy Tatncy. BeKTopcKa jeAHatuma 

= F 

npeTcTama ocHosHy jeAHatnwy ,L1,HHamHKe Tatuce. OHa ce sose A H e-

peHu,HjanHa jeAHatiHHa KpeTaFba maTepHjaaHe TatiKe y 

BeKTOpCKOM 06J1HK y. 

3aycTasHmo ce npso Ha npasonHHHcKom KpeTal-by. flowTo je y6p3aFbe 

d2  s 
AFIckpeHusjaaHy jeAHatawy Tor KpeTaFba 

m 

 npasonHHHcKor KpeTaba 
d t2  

moxcemo HanHcaTH 
des 	ds 

=F(s,—,t), 
dt2 	wt 

rAe cHaa y onwTem cayttajy monce 3aBHCHTH oA no.nowaja Tatme mace In, LUTO 

ds 
3Hati oA Aymmie nyTa s, oA 6p3HHe 	H o,g, spemeHa t. 

dt 
Kao npHmep npo6nema, KOjH ce pewasa nomohy HanHcane jeAHatwe, 

pewHhemo npo6nem BepTHKaJIHOr myrua. 

e. BepTHKaJIHH XliTaLl 

np06.11eM o KpeTarby maTepHjaaHe Tatuce noA AejCTBOM KOH-

cTaHTHe cline ca notieTHom 6p3HHom y npasu,y Te cHae sose ce n p o-

6aem sepTHKaaHor X H T 11,a, jep je HajBaXall4jH ripHmep TaKBOT 

KpeTalba KpeTalbe Teunce Tatme y npasuy sepTHKaae (en. 140). 
vE 

,E1,HcluepeHusjaaHa jeAHatuwa KpeTatba sepTHKanHor miTua je 

d2 s 

d t2  

npH tiemy cmo ocy s ycmepHAH sepTHKanHo HaA,one; ca g CMO CR. 140. 

03Ha4HJIH cTa.nHo y6p3aibe cline Teme. AKO cKpaTHmo ca m, Ha-  BerTxKa.His 

nHcaHa AHcluepeHuHja.nHa jeAHatwHa ,gaje 
	 xpiTau. 

d2  s 

d t2  

g 7 
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' 

ds 
=gt+C, 

dt 

y 
Ca. 142. Koc xwrau 
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WHTerpau,Hja oBe jepHalme je jepHocTaaHa; np3H HHTerpan Hma 06JIHK HyTKy 	Ta4Ka de 3aycTaaiba, nocne 14era cao6optro napa. 1314cHHa 

rpe je C npoH33o.lbHa KOHCTaHTa. AKO 3a nolieTHH TpenyTaK, Kap, je 	to  = 0, 
nogeTHy 6p3uHy 03Ha4HMO Ca V 0 , H3 npeTxopHe jepHatme HMaMO 

C 

H npema Tome HHTerpa,n H3rnepa 

ds 
dt 
	+gt. 

AKO je vo  > 0, notieTHa 6p3HHa je ycmepema Hapoae; 3a v, < 0 Ta4Ka 
je 6a4eHa Harope. 3a v, -= 0 Hmamo T. 3B. cno6opHH n a p, Kap je 

=v=gt. 

Apyra HHTerpau,Hja Aaje 

s=Ci +vo t+ —gt2 . 
2 

AKO pee patiyHamo op TpeHyTKa, Kap je Ta4Ka 6H.na y notieTKy 
Koopp,HHaTe S (s o  = 0), npeTxopHa jepHarma po6Hja o6aNK 

s =vo t + —
1 

gt2 . 

To je 3aKOH nyTa BepTHKaaHor XFITILa. AHaatmyjmo Tim caygaja: 

	

1. 	v o  = 0 . Cao6opaH nap,. 3aKoH nyTa paje 

1 
–

„ 
2 

KpeTatbe je jepHaKo y6p3aHo 6e3 notieTHe 6p3HHe Hapone. fpaclotnc 
nyTa je napa'6ona (ca. 141, a). TeMe je y notieTKy KoopptiaTa. 

	

2. 	v o  > 0. KpeTatbe je Hapoae ca 6p314Hom Koja cTaaHo pacTe. CpackHK 
nyTa je napa6ona (ca. 141, b). rpacPHK He npoaa3H Kpo3 Teme napa6one. 

	

3. 	v o  < 0 . KpeTatbe je Harope ca 6p3HHom Koja ce cmatbyje H y Tpe- 

.11.0 Koje pocTH.Kce Tat-ma Hma BpeAHOCT 

1 v o2  
h=-- 

2 g 

Fpacl)HK je napa6oaa (ca. 141, c); TeMe napa6oae nptinapa rpacI4Ky KpeTatba. 

Ca. 141. rpacinum BeFraaanaor xwrua 

f. Hoc XHTC114 

Ilpo6aem KpeTalba maTepHjanHe Ta4Ke nop pejcTsom cTanHe cHne ca 
notiemom 6p3HHom nos, HarH6oM npema cTanHom npaKay cline 3one ce 
npo6.nem KOCOr x H T a a. TaK0 ce Kpehe y 6e3Ha3pywHom npocTopy 
Tema TatiKa, Kap no4eTHa 6p3twa HMa npoHno.lban npanau, npema xo-
pH3oHTy. 

,Ra pewee npo6nema 6ype aLTO jepHo-
cTaaHHje y3eheMO oBaj HOJIO}Kaj KoopptmaTHor 
TpHjeApa: nogeTaK 0 cmecTnhemo y notieTHH 
nonmaj M, noKpeTHe Tatme, ocy 0 y Hane-
pHmo nepTHKaaHo Hapoae, a ocy 0 x y3mtimo 

y OHOj HepTHKanHoj paBHH y Kojoj je no4eTHa 

6p3HHa V o  (ca. 142). 3a Taxae oce notteTuu 

yCJI0BH 3a TpetlyTax 1 0  cy 

x o =yo -=z0 = 0 , 

x o ' = v c, cos a , y o' =— v o sin a, zo' = 0 , 

rpe je a yrao KOjH 6p3HHa rpapH 3a X0pH3OHTOM. 

110111TO Ha TatiKy mace m pejcmyje camo ulna Teace Heammtle mg 

y npasay H emepy oce 0 y, rpe je g cTanHo y6p3atbe Texce, ptupepeHu,HjanHe 

jeptiaLme KpeTatba HMajy o6a14K 

ds 
dt 

25 



x 
t =---- 

vo  cos a ' 

CA. 143. MaTeMaTW1KO KJI2THO 
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m x" 	 , 

nf yit = mg, 

m z"= 0, 

a 1-1,14X0BH HHTerpanH H3rneAajy 

x =x0 -1-x (t — t 0) , 

y = yo  y 0 1  — t o) ± g (t — t 0 )2  , 

z=z0 +z (t — t 0) 

AKO pee panyHamo OA TpeHyTKa KpeTatba (t, = 0) 14 14CK0p14CTI4M0 

notteme ycnone, HHTerpaAH A0614jajy 061114K 

X = t cos a , 
1 

y=---votsina+— 
2 

gt2, 

O. 

Tpeha jeAHaLuitta noKa3yje Aa ce KpeTatbe BpwH y cTa.nHoj BepTH-
Ka.RHOj paBHH y Kojoj je nonema 6p3HHa. 

flpna jeAHantitta 113pawana Aa ce npojentnja TanKe Ha xopH3oHTantly 
panaH Kpehe panHomepHo. 

Haj3aA, Apyroj jeAHa4HHH oAronapa: npBO, jeAHatto ycnopeHo KpeTatbe 
v o  

Ao TpeHyTKa t 1  =— sin a, a 3aTtim jeAHalco y6p3aHo KpeTal-be. 

3a oApebtfflaHDe ()oakm TpajeKToptije Tpe6a entimmittcaTH apeme 143 

nine 14 Apyre jeAHantwe. ilowTo 143 npne jeAHantaHe imam  
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g. MaTeMaTHYKO KaaTHO 

TetuKa TanKa, Koja je npHmopaHa Aa ce Kpehe no sepTHKanHoj 

KpywHoj n HHHJH, npenTaanDa maTem aT H nKo K JI a T H O. 

flonmaj noKpeTHe Tatige Ha KpywHoj nHHHJH oApebyjemo yrnom 0 
H3me1y noKpeTHor nonynpenHHKa O M = R H nepTHKa.nHor npanu,a ycmepeHa 
HaAone (Ca. 143). 3a oApebuntalbe KpeTalba TanKe ymtimo y o63Hp TaHreH- 

d2 s 
uffljantio y6p3aHDe 	, rAe je s JlyK Kpynate AHHHje OA Hajtume 'mince P, 

MHO)KHMO ra macom TanKe H H3jeAHa4anamo Taj npon3noA ca KOMROHeHTOM 

Cline Te)Ke Koja Aejcmyje y npanuy TaHreHTe. TaKo Aona3nmo ,11,0 jeAttatume 

d2 

t2 

s — m g sine . 
d  

flown.° je s = R 0, npeTxoAHa jen,Ha-

mHHa Aaje 

d20 --n2 sin0=0, 
dt2  

rAe je 
n2 = g 

R 

HHTerpauttja npeTxoAHe jeAHalume Bpw14 

ce nomohy T.3B. e H T it K H X CIUHKHHja; 

npoynanatbe THX TpaticaeHAeHTHHx cpytiKumja 
He yna3H y o6HM one KtbHre. MN hello ce cTora 3aycTaBHTH camo Ha criy-

majy T.3B. manttx ocu,Haantija maTemaTHLIKor KnaTHa. IloTpa-
)KHMO petuetbe npeTxoAHe jeAHa44He nofi, npeTnocTanKom Aa je yrao 0 manic 

Y TOM CJIrlabt moncemo, Kao npny npH6ntincHy BpeAHOCT, y3eTH, mecTo sin 9, 

cam yrao O. Hama jeAHanttna TaAa H3r.neAa 

d2 0 
H-n2 0 Apyra jeAHanima Aaje 

1 	x 2  
y=—xtga+ g 	 

2 	11, cos2  a • 
d t2  

Oeoj jeAHanHHH oAronapa napa6ona ca OCOM CHMeTpHje napanennom 
OCI4 0 y 14 ca TeMeHOM S y TanKH ca KoopmmaTama 

V2  
xs  = — sin a cos a, 

g 
1 	v',; 

Ys= 	2 g 	sin 2  a . 

To je xomoreHa nitHeapHa ArtoloepeHusjanHa jeAnantnia Apyrora peAa 

Ca KoHc-raHTHHm KoetptatmjeHTHma, Kojy cmo nporman y § 72. Peutelbe one 

jeAHatnnte moncemo HanticaTH 

0 = A cosnt B sin nt , 

rAe Cy A H B npoH3no.rbite KOHCTaHTe HHTerpanHje. 3a oApebmnatbe THX 

KoHcTaHaTa y3MHMO ma Koji,' cnetutjanaH cartaj; npeTnocTannmo, Ha np., Aa 
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je y noqeTtiom TpeHyTKy (t=--t0 =0) Tat-ma 614.na y Hajutmem nono)Kajy H 
Hmana. no'leTHy 6p3HHy 

R 0„'. 
flourro je 

0'=—An sin nt --FBn cos nt , 

3a nogeTtit, TpeHyTaK Hmamo BeA yCJI0Ba 

9, = 0 = A , 

0 = _Ko = Bn  
R 

oAaKne oApebyjemo 

B= /-±q- . 
Rn 

Ca OBHM speA,HocTuma Haul HHTerpan H3raeAa 

I4HTerpaunja oee jeA,HatwHe HaEseAeHa je y § 72. ()Bite AoAajemo me-
xaHHInco o6jawtbetbe Koecjmu,mjeHaTa an b H npoTymatinhemo paHHje Ao-
6HeeHa pewetba. 

CHaa, Koja AejcTsyje Ha TaL,Ky, npema AuciDepeHumjaaHoj je,11,Ha4HIM 

Tpe6a A,a Hma 06.11HK 

—mbs— 2 Inas'. 

flpem mat, (— mbs) RN:Imam ctiny nponopw4oHarmy npeom cTeneHy 
pacTojatba s Tatme oA oApebeHe TaLiKe Ha npasoj. OHa moace 6HTH Will 

cHaa npnenagetba, KaA, je b> 0 H TaAa moAemo cTastrria b = p2, HIM Cif aa 
oA6Hjatba, KaA je b< 0 H TaAa ce cTaeapa b=— q2 . 

apyril 14.1IaH (— m a s') 06n4mo npeTcTat3.7ba oTnopHy cHay. 3a 
TaKey cvny je KoecjmukijeHT a yeeK nO3HTHeat, H npeMa Tome cH.na je yBeK 
cynpoTHa 6p3HHH KpeTal-ba. 

Hajeaacmijt, je cnytmj cline npHenatietba (b > 0) ca oTnopHom CHJIOM 

(a > 0). JeAHatztwa TaKsor KpeTalba nma o6aHK 

A = , 

d2 s 	ds 	, 
+2a—±p-s=0. 

dt2 	dt 

IlpHpoAa KpeTatba 3aBHCH oA, Kopelia 

0,3a jeA,HaL,HHa noKa3yje Aa KpeTazbe maTemaTH4Kor K.IlaTHa fIOA
HaWHM npeTnocTal3Kama 3akicTa Hma Kapawrep ocumnaTopHor npoaeca (§ 21). 
Yrao A ce metba no 3aKoHy xapmotmcKe ocumaaunje ca nepHoAom 

T = 2 yr 1/r—R  . 

BentigHtla 6* Hrpa ynory amnaHTyAe ocumnanHje. 

h. 17 paBoalfinicKe ocan.naalije rariKe 

Bpao je tlecT carzaj, KaA cHaa, Koja AejcTeyje Ha Tatncy, akmeapHo 
ds 3aBHCH oA 6p3HHe s'=--

t 
 H oA, pacrojatba S TaLuce oA ie,AHe cTanHe Tatuce, 

peuxmo, HeHTpa npmeaametba HAM oA6Hjatba. TaAa AmcjaepeHumjanHa jeAHa-
1114Fia KpeTatba TatiKe A OBOp,H ,11,0 jeA,HalmHe 

ds  2 

dt2 

s' 
 +2a 	+bs=-0.  

z 1, 2  — a ± a2  — p2  

KapaKTepvicTiome jeAHaiwHe 

z2  + 2 az+ p2 = O. 

I. a2 p2 < 0 . KopeHH cy Hmartmapiw. Pemetbe HarneAa 

s = e–  at  (A sin nt + B cos n , 
rAe je 

n 
	p2 — 

a2 . 

Oso peuletbe noKa3yje Aa je ygecTaHocT ocu,Haaumje ca oTnopHom 
CHAOM Matta op, riecTaHocTH oArosapajyhe ocntmau,Hje 6e3 oTnopa. IlepHoA 
ocuAnau,Hje T Hma speAHocT 

2 Tr 
T =— . 

n 

AmnanTyAa ocunnawje 3aeucH oA Lawou,a e – at H, nowTo je a no-

314THBHO, °ea amnaHTyAa y ToKy spemeHa onaAa; oTnopHa cmiza epum 

-- 0* sin(11ft) ,  

rAe je 
vo  

=-
vgR 

. 



C.3. 145. 06pTame RBpCTOr 

Teaa oao cTanae oce 
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amopTHsauHjy octuinamije.JIOrapkITaMCKH AexpemeHT(npm-
poAHH norapwram KOJIIILIHVIKa Aisle ysacTonHe amnaHTyAe) H3HOCH 

1 , cur a  
2 

H. a2  — p2  > 0. KopeHH cy peanwi. Pewetbe Hma 06.311K 

S= C 1  ezit ± C2  ez2t 

rAe cy C, H C2 HwrerpaiwoHe KOHCTaHTe. 110111TO cy o6a KopeHa HeraTtma, 
KpeTarbe HMa anepHoAHtiaH KapaKTep. 

111. a2  — p2  -= 0. KopeHH cy jeAnaKH. Pewetbe HMa 0611I4K 

s = 	c, 0 e—at, 

rAe Cy C 1  H C2 11p0H3B0JbHe KOHCTaHTe. KpeTathe je one anepHo A H 4 H O. 
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1. 06pTafbe ./Hperor react OKO Cra ✓IHe oce. claxsutneo 

icaaT110. 

3aMHCJIHMO 4BpCTO TeJ10 Koje ce mowe 06pTaTH OKO HenoKpeTHe 

OCOBIThe 00' (c.a. 145). 03Ha4HMO TencHwTe TOT TeJla Ta4KOM C. Kpo3 ocy 

o6pTatba KoHcTpyHummo Ase pasum: jeAHy HenoKperHy y npocTopy H Apyry 

noKpeTtly, Koja nponasH Kp03 TaLucy C. Yrao Hsmehy THX paBHI4 03Ha4HMO ca e. 

floAenHmo Ten° Ha 6ecKpajHo ma.ne mace; 

jeA,Hy OA TaKBHX maca 03Ha4HMO ca ; pacTo-

jaH.e ose mace oA oce osHaqHmo ca ri, yrao KOJH 

rpaAH oso pacTojatbe ca HenoKpeTHom paBHH ca 
, a yrao ca pastW, Koja nponasH Kpos Ta4Ky 

C ca a;  , TaAa je e t  ------ e a t . Jam) je Aa csaKa 

Ta4Ka ca macom nit sa speme KpeTatba onHcyje 

Kpy)KHy JIHHHjy. OA cHna Koje AejcTByjy Ha ()By 

TamKy y3MI4M0 y 063Hp camo KOMII0HeHTy y 

npasu,y TaHreHTe Ha Kpy}KHy JIIIHHjy tbeHe Tpa-

jeKToptije H 03Ha4HM0 Ty KomnoHeHTy ca Ft. ,a14- 

4:tepeliu,Hjantty jeAHatnmy KpeTalba ose Ta4Ke ca 
TaHretw,Hjantwm y6p3atsem mowemo HanucaTH 

osaKo 

110111TO je 

des; 	— F. 
d t2  

Si = ri ei 

H 

CR. 144. Fpacbagll xapmomicae ocuwaailaje H occuiaauvja ca aejcTeom oTnopae cline 

Ha C.11111,14 (ca. 144) !imam° rpaclatm xapmoHHcKe ocumnawije 6e3 OT-

riopa H 3aTHM TpH rpacjmita ca oTnopHom cHnom.  

d20; 	== 
d2 

Jr  d2  a1 	d2 

d t 2 	d t2 	d t2 	d t2  

jep je at  KoHcTairrHo y TOKy spemeHa, Hrina jeAHaLmHa HsrneAa 

d2 e 
Mir; 

d t2  

HomHommo caA osy jeAHatmHy ca r t  (nesy H AecHy cTpaHy) H ca-

6epHmo jeAHagHtie, Koje ce oAHoce Ha cse mace Hamera Te.na, TaAa hemo Ao6HTH 

d2 e 
— -= L, 
d t2  

I = E mi 

L = r t  F t  . 

Fp,e je 



Cn. 146. JIHHeapHH mo- 
MeHT MaCa y oAHocy 

Ha pasaH 
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3HaK E (4HTaj cHrma) o3HallaBa 36Hp. IlpBH 36Hp, 36Hp npoH3Bo,Aa 
mace n KBap,para pacTojaffia oBe mace oA oce, 3oBe ce M ome HT 14 H e p-
amje Tena oKo o c e. To je yBeK 1103HTHBHa BenwniHa H y nporia-
Barby o6pTalba Tula OKO oce Hrpa HcTy ynory Kojy y 06H4H0m xpeTaFby 
maTepHjanHe Ta4Ke Hrpa maca Ta4Ke. To je, TaKo pehH, HHeplAHOHH 
KOeCilHaHjeHT o6pTatba Tena OKO oce. 

,E1,pyrk 36Hp, 36Hp npoH3BoAa pacTojaffia." ri Ta4Ke H KOMII0HeHTe 

cane F1 y npaBay TaHreHTe Ha Kpyr TpajeKTopHje Te Taince, sorie ce M 0- 
MeHT cHna. OKO AaTe oce. 

Calla AmpepeHaHjanHa jepHatma KpeTarba je momeHTHa je 
HatimHa o6pTaffia Tena OKO oce. 

IlpHmeHmo oBy jeAHatumy Ha npoymaBaffie KpeTaffia CPH3HLIKOr 
K n a T H a. To je TeLLIKO tiBpCTO Teno Koje ce mo)Ke 06pTaTH OKO X0pH3OH-
Ta.r1He OCOBHHe. 

113pa4yHajmo momeHT L oKo AaTe oce 3a cHne Te>Ke. flouiTo je 

F1 	— t711 g sin Oi 

3a L Hmamo H3pa3 

L 	 sin 01 , 

npm tiemy je 36Hp npounipeH Ha cBe mace Tula. 

rIpornimo 36Hp 

m1 ri sin% . 

ripon3BoA ri sin 61 jeAHaK je pacTojarby d1  mace m 1  op, BepTHKa.aHe 
paBHH; npema Tome Haw 36Hp moacemo 3aMeHHTH ca 

mi di . 

36Hp npon3BoAa maca H pacTojaH,a. CBHX TamaKa Tula op paBHH 3oBe 
Ce amHeapHH MOMeHT Tena y op,Hocy Ha paBaH. 

YnopeAo ca Hamm Tenom sammcnHmo maTepHjanHy TaLmy mace M 
Tena ca nono>Kajem y TemannTy Tor Tena. JIHHeapHH momeHT TaKBe Ta4Ke 
y oAHocy Ha HCTy BepTHKanHy paBaH Hma BpeAHocT 

M d = Mr sin , 

rAe je -d pacTojaffie Te>KHuna oA paBHH. 
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MexaHHKa y414 1 ) Aa je nnHeaptai momeHT maca. CBHX TagaKa Tula y 
opHocy Ha paBaH jeABaK JumeapHom momeHTy jeAHe maTepHjanHe Ta4Ke, 
TemaluiTa, ca aenoKynHom macom Tena, y opHocy Ha HcTy paBaH. 

Ha OCHOBy oBe oco6HHe AuFteaprui MOMeHT m1 di mo>Kemo H3jeAHa-
1414TH Ca 0HHeapfflim MOMeHTOM M d, a H3 Tora H3BeCTH jeAHa44Hy 

E In ;  ri  sin Oi = midt=-- Md = Mr sin G 

1) 3a AoKa3 oee oco6inie aHHeapHor MOMeHTa y3M11140 rips° BeA Taqice m, H m2 
(cn. 146) ca pacTojaiblima d 1  H d2  oA nexe paBHH. 36Hp mmeapmix MoMenaTa TEX Ta-

varca uma epeAHocT 

rn, d, 111 2 d, . 

Ho3HaTo je Aa Ta, (a. C', Te2KHalTe TayaKa In, 1.1 	, Aenii IblIXOBO pacTojaHoe y 

on.Hocy Koji' je o6pHyT pa3mepa maca myna, Tj. 

P2 =  M2 M1 ". 

03Ha4HMO pacTojarbe Tatme C' oa nomeHyTe paBHH ca d'. 
Ha ocHosy n03HaTe Teopeme 113 EnemewrapHe reomerpHje 
mwxemo Harnicam nponopnujy 

Pt P2 -= (d' — di) (d2 	d') ; 

nocne 3aMeHe on,Hoca p, p2  ca M2 : 171, Hmamo 

(d' — d a) : (d2  — d') 	m2  : m, . 

143 ose nponopmije HenocpeAHo cneAyje 

m d, + m2  d, = (m, m2) d' = m d', 

rAe je m = m1  + m,. Osa jeAHaqHHa noTHAY1e HaseAeHy Teopemy 3a Toe maTepHjanHe 

Tagxe. 
3ammyjy1H caAa ate Tawte m, H m2 ien,Hom Tagsom mace m y Ta4KH C', moAemo 

AoAaTH Tpehy Tauy m, ca pacTojaH2.em d3 , TaAa npema rmeTxoAHom cnyvajy HMaMo 

m 	d, = (m + m 3) d", 

oAaKne cne,ayje Ta4HOCT TeopeMe H 3a TpH Taqge; 

m, d 1  + m2  d2  ma  d, (m, + m2  + m3) d". 

AKO npoLumnimo oBaj nom-yaw( Ha me TagKe Tena, Ao6Hhemo 

m i  di = M d,  
rAe je 

M =-- E 

d je pacTojaIee TeaansTa uenor Tena oA paBHH. 
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Ca HanHcaHom speAHowhy nwleapHor momeHTa AwpepeinwjanHa jeA-
Hainwa Kpe -ratba cjw3HEIKor KaaTHa HarneAa 

d2  
1 	— MgrsinO. 

d t2  
CTaBHMO aH 

„ Mgr 

1 

osa ce jeAria4u4Ha TpaHccpopmmue y 

d2 0  
+ n2  sin 6 = 0 . 

dt2  

0Ha je, Aame, nocTana HAeHTiptha ca jeamainwom maTemaTHqmor 
KaaTHa. HOWTO CMO 3a maTemaTmKo KnaTHo Hma.nu 

n 2 --g  
R 

B14,a,HMO Aa ,n,y}KHHa R maTemaTH4Kor KJIaTHa, Koje oArosapa CPH3144KOM 

KJIaTHy, Hma speAHocT 
1 

R= 	. 
M r 

flpOrlaBalbe KpeTatba C17143144KOr KaaTHa csoAH ce, AaKae, Ha npo-
riasaH>e Kpe-rafba maTemaTimor KnaTHa, a nourro cmo pamije aHanH3osaan 
mane ocugnaultje Tor KaaTHa, Mo)KeMo cmaTpaTH peuieHHM H hp06.IleM 

TaKBHX ocumnaullja cm3H4Kor KJ1aTHa. 

§ 76. flpo6nemH 43143HKe 

(191i3Hxa. ce Ha npsHm csojHm Kopaumma 6asHna camo onHcom npHpo-
Alwx nojaBa oApebeHe BpcTe. To je 614.no, TaKo pehm, KBaJIHTaTHBHO npo-
y4asaFbe. KacHHje je y cl)H3HKy noveo cse mule Aa npoAmpe 6poj. 143pa4y-
Hasapba, Koja cy ce npHmetwwana y 4:1413ww, nocTana cy Komnamosamja. 
3aTHM je y <13113HKy ywao H nojam cpyHKumje oja4aH nenoKynw4m anapaTom 
H4HHHTe3HmanHor pagyHa ca CBHM tberosHm rpaHama. 43H314Ka je TaKo 
nocTana TaIIHHja H npoAyKTHBHHja HayKa. 0Ha je A011.IJIa y moryhHocT He 
camo Aa y anima AeTaamma ornacyje cjw3H4uce nojaBe Hero H Ad, Ha ocHosy 
H3seAefmx panyHa, npeAsHba Hose nojaBe, Koje no csome a,y6oKom 3Hanajy 
spore npeoKpeT y u,enoKynHom RynTypHom NCHBOTy mosettaHcTsa (Teaerpacp, 
reaeci3oH, MI4KpOCK01-1, paAHo, TeaesH3Hja, samyxonnoscTso HTA.  
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Y CBaKOJ KHAI3H nocseheHoj MoAepHoj 43143H1.1,14 HallJla3HM0 Ha Ta6nuue 

nocmaTpaHHx pe3yaraTa, Ha cpopmyne Koje cneAyjy 143 TI4X Ta6,1awa H Ha 

rpacjme KOJH 04HTO noKa3yjy cpymuwoHanHe se3e Hameby 44)H3144KI4X senipwHa. 

HaBeWheM0 HeKOJIIIKO npmepa (1:13/HK11,H0HaJIHHX se3a H rpacjwKa, K0j14 

ce TpeTupajy y (13143ffini. 

a. Bojn-MapHoT-Tej-JIncaKos 3aKOH 

B0j1I- /VI a pHoT-1 ej- .1 -1H caKos 3aKOH TspAH Aa Hameby 3anpe-

mime v oapebeHe KOJI14 1414He raca, tberosa npHTiacKa p H anconyTHe TeMne-

paType T 3a TaK03BaHH HAe aa H H r ac nocTojH Be3a 

(1) 	 pv= R T , 

rAe je R r a cH a KoHcTaHT 	Koja 3aBHCH oA Koawnwe raca. 3a r p a m- 

m o .n e Ky a (rpam-moaeKyn HAH Mon AaTe cyncTaHue caANKH oHonHKo 

rpaMa KOJIHKO jeAHHHHa H3HOCH aTomcK a, oa,HocHo m oneKya apHa 
ticTy speAHocT 

R = 8,313.107  erg  
grad 

HanHcaxa Be3a (1) 143paacasa j e A HanHHy cTa H, a (K ap a KT e-

p C T H H y jeAHaquHy) HAeanHor raca. OHa ce 3ose 14 Kaanej- 

poHosa jeAHatimia. 
AKO aHaninyjemo Besy 143me1)y 3anpemi4He 14 npHTHcKa raca no,A 

ycnosom cTanHe TeMnepaType (T = coast.), rpacjam (H3oTepma) je pasno-

cTpaHa xHnepoona y oAHocy Ha acumnToTe (c -a. 147) 

Kao KoopAHHaTHe oce. Ca npomeHom TeMnepaType P 

melba ce noamKaj 14 06J1HK xHnep6o.ne y KoopAH-
HaTHOM cncTemy; maw), AaKne, no.rbe pasHocTpamx 

-xHnep6ona. 

b. Ban-Rep-BaRcoBa je,anarinna 

3a HeHAeanw4 raC nocTojH smile o6ninKa 3a 

jeAHatumy cTarba. JeAaH oA 0611HKa H3paacasa ce 

BaH-Aep-Bancosom jeAHatmHom 

(p -I- a  (v — b)== RT, 
v2  

rAe cy a 14 b KoHcTaHTe, Koje 3asHce oA npHpoa,e raca. 

nimmenimo Aa je Ha cTp. 142 yseAeHa KOHCTaHTa R Behe 273 nyTa oA raCHe 

KOHCTaHTe, KOjy yaoammo oaAe ca HCTOM 03HaKOM. 

Te)KHHa Te maTepHje) CBHX racosa OBa KOHCTaHTa Hma 

O1  

CA. 147. HaoTepme HAe- 

aAHor raca 



ropmy jeAHatumy 

CA. 149. rpacInix arperaTmix 
craiba BoAe 

i-,  

40 

20 

0 	/0 	20 30 40 

Ca. 150. fpacimix EcTe3alba 
racoKba 

a A7 ---  

CA. 151. ipacpraul TanacHor K p e raffia 
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mmemo HarmcaTH H (maw 

(2) pv3 - (bp+RT)v2+av — ab=0. 

3a a = b = 0 jeA,Hatimia Aaje nonoHo Boja - 
MapHoT - rej -J1HcaKos 3aKOH. fpalmKe jeA,Ha-
time (2) A,aje CJ1HKa 148 . 

c. ArperarHa CTafba Boile 

BoAa ce mo)Ke HaJla314TH y Tetmom, 
CTOM (ABA) n racowrrom cTatby. To cy T. 3B. 
arperaTHa cTatba. (cpa3e) Tend. Osa cTa- CA. 148. 143oTepme aexAe- 
tba 3w3Hce oA TemnepaType H npHTHcKa. Tome-
paTy-py hemo mepHTH ancoarrHom TeMnepaTypoM 

T =273° t°, rAe je t° mepeHo no Lken3Hjy. 
AKO KoticTpyHwemo KOORAHHaTHH CH- 

cTem ca TemnepaTypom T Ha jeAHoj oco-
13141111 H IlpHTVICKOM p Ha Apyroj, y onwTem 
cnytiajy CBaK0j Tamm npHor KHaApaHTa (ca. 
149) oAroHapahe jeAHo arperaTHo c -raft.e. 

,Mehrrnm Tatum P Ca KoopAHHaTama 

T = 273 + 0,0077 

p= 4,6 m m 

oArompajy CBa Tpn cTatba; 113 ose Tatme, 
AaK.ne, mane cHe TpH rpaHe Koje pa3ABa-
jajy o6.AacT cpasa. 

H nape HaA, HAIM. Talmo npoytiaBatbe THX 
KpHsHx mo}Ke ce Hahn y yH6eHtw,Hma cpx3HKe. 

d. HcreaaH,e rsoacba 
floKaxHmo jow 14 npHmep ncTe3atba 

reoxcha. Ha OCOBHHH x oAmepHhemo H c T e-
3 a Fb e uninKe y npoueHTHma, Tj. HeammHy e, 
Koja je jeA,HaKa 

/ ,„ 
s = — • ivu, 

npn Limy cy: 1— Apiama umme, 0 / = nptipawTaj oHe A,y)KHHe npH vicTe- 

3w-by. Ha OCOBHHH y mepHhemo H a n p e 3 a tb e c y KHnorpamuma Ha Kim-
ApaTHH mHaHmeTap. Y notie-my, npn Hanpe3atby Mal -beM oA 20 kgInzni 2  
ri3wKhe eaeAyje XyKoHy 3aKOHy, Tj. HcTeaarbe je nponopuHoHaaHo Ha-
npe3atby (ut tensio, sic vis). Houle oApeheHe rpaHnue (Ta4Ka A) reomihe ce 
pawmatm H noA yTHu,ajem man° mwber, Kone6.rbtmor Hanpeawba. 3aTHm 
Tpe6a nommo nouehaTH Hanpe3atbe, aAH rsomcbe Fame He cae,Ayje XyKosy 
saKoHy. Tatum C oArcmapa maKcHmanuom Hanpeauby Koje rso)Khe mo>Ke 
noAHeTH. AKO HCTO Hanpe3atbe Aenyje H Awbe, recmhe ce umpH; oHo npo-
Aywyje Aa ce HcTexce H noA yrFaFajem matter Hanpe3atba. Tatum D oAro-
Hapa Hanpe3atby noA, 4HjHM yTtwajem HacTyna Ha jeA,Hom mecTy npeKHA 
mime. HaupTatm rpacinm (Ca. 150) otiFiTo noKa3yje ueaoKynHy nojaBy Here-
3atba rHo3AeHe wHnKe. 

e. Tanacuo xpeTathe 

06jacw.mo KaKo ce moace rpalmtuth npeTcTasHTH umpetbe ocumna-
umje y o,ApebeHom npaim,y HJ1H T. 3B. Ta.rlaCHO KpeTa H, e. 

03Ha4HMO Oa X Ayacnny Taaaca, Tj. ApKwHy Ha KOjy ce npo-
cTxpe TaaacHo Kpe -rai-be sa Bpeme T, nepHoAa ocunaaumje cHaKe Tatme. 
Op,AHHaTa y Ta4Ke Ha pacTojatby x 0,A Tatme A, Koja 3a t = 0 mma y = 0, 
xMa HpeAHocT 

t  
y=asin 2 a.  - — 

x 

T X 

.aecHa cTpaHa ose 
jeA,HaqHHe, Koja ce sose 
jeAHa4HHa spaKa,sa-
BHCH oA AHe npometubtme: 
OA x 11 t. AKO crammo 
x = const., mo)Kemo no-
cmaTpaTH xapmoHmcKo 
KpeTal-be ankruniTyAe a 

oA,pebetie Tatuce spaKa. AKO crammo t = const., mo)Kemo yo ,niTH noAwKaje 
MIX TatiaKa, win npvinaAajy AaTom 3paKy. Ha cam ,' 151 HaBeAeHa cy ,w3a. 
rpacimma; 01111 noKa3yjy noao}Kaj Tatiaka 3paKa: 1) KaAa ce TatiKa A Hanam 
Ha o C 14 3 p a K a H 2) KaAa oHa Hma Hajsehe yA,aa.,erbe nA, Te oce. 

f. 17phmeue 1135o4a 

nojam 1.13BoAa cloHrypiluie y 431431411,H spa° tiecTo. HaporniTo ra mo-
Aemo Hahn y pa34114VITIIM AecImmiu,Hjama H saKoHHma. HaBe1l1M0 HeKOJIHKO 

npnMepa. 

armor raca 

11pHa rpaHa npxna,Aa 01-HM Tatmama, 3a Koje BoAa mo:Ke 
Aa ce Hana3H 6Hao y c -ratby TellHOCTH 61110 y 
cTaFby aeAa. Apyra rpaHa je rpawina BoAe H 
nape 14, Haj3aA, Tpeha rpaHa je rpatmua aeAa 
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a. CB14 T3B. Temn ep a TypcKH KO e C13 HIJ,H e H TH H3pa5Kasajy ce 

nomohy H3Bona H TO napoywro nomohy n or a p H TamcKor H3BOaa, Tj. 

KOJIH4H14Ka 113B0,11,a H came ctlyHKu,Hje. 

AKO ca z o3HaqHmo Benniiimy Koja ce melba y Be3H ca npomenom 

TemnepaType t, oflAa ce Bear-lima 

1 dz 
a -- 

z dt 

3oBe TemnepaTy pc K 11 Koe H L1, HjenT BenHtuirie z 3a ,B,a-ry TeMnepa- 

Typy t. iloHeKaA ce TemnepaTypcKH goecjmu,HjenT Aectnninwe nomohy H3pa3a 

1 dz 

z, dt 

rAe je z0  BpeAnocT BenHiinne z 3a TeMnepaTypy OA myna crenenH. 

AKO je z ayiKHHa 1, TemnepaTypcKH Koecjmu,HjeHT nma BpeaHocT 

a 	
1 d 1 

— 1 d t 

a 3oBe ce H n HHeapHI1 KoeckHuHjeHT 

Cnman KoecjmuyijenT 3a 3anpemmy HarneAa 

1 d V 
a  = 

V dt 

3a rac nmamo oBe TemnepaTypcKe KoeclpHuHjewre: 

1 (aV 
— 
v 1 Or) p= coast. 

a = 
	ap\ 

P 

 

p\ atly= coast. 

je,aa. ft oAroBapa npoMeHH 3anpemmie npH KOHCTaHTHOM ripHTHcKy, 
Apyrn, o6paTno, npomerubnBom npwrncKy ripH KOHCTaHTHOJ 3anpemmin. 

IlaKo je AoKa3aTH Aa 3a rac, Kojn ce noKopaBa Boj.n-MapHoT-
rej-lIncaKoBom 3aKony Ba.)K14 jeAnatilma 

= p 

3aHcra, 143 KnanejponoBe jeAnalinHe 

P 
	 +t),  

nocne Ancpepenimpai-ba, Ao6Hjamo 

d v 
P (— 

a t) p = coast.=  R  

v(") 	= 	R , 
ai,v=const. 

143 OBHX jeAnaginia coe,nyje 

(

a v l P 
p= coast. =  V (Op  v= coast. '  

Hall 

I (ay\ 	lop\ 

vkatIp= coast. Oativ= const. '  

a TO noTspbyje nomeHyTy je,11,HaKOCT 	 . 

(3. TaKo3BaHa c n e 	H q Ka To nn 	oT a Tena Aeciminwe ce Ta- - 

Kobe noMohy H3BoAa 
dQ  

c  
dt 

rAe je d Q K0.1114 14HHa TOWIOTe noTpe6Ha Aa jeAunnu,a mace AaTor Tena no-

Beha cBojy TeMnepaTypy 3a dt.  

y. Bp3HHa V xnahe v. a Tena Aecti HHHwe ce nomohy H3BoAa 

V = —
dT 
d t 

rAe cmo ca T 03Ha4HAH TeMnepaTypy, a ca T BpeMe. 

TonnoTa Q, Kojy Teno ry6H, HapaAcasa ce o6pacHem 

Q=-11ST, 

rAe cy: S — noBpanma Tena, T spew H T1 KoecjmnijenT KOjH no fb y T-

Type 0 cpeAHHe y Kojoj ce Teno nana3H; Taj ce Koectn4u,HjenT Ij H3paacaBa 
HoBy 3 a K o H y )(nab e lb a 3aBHcH oa, Temneparype Tena T H remnepa-

o6pacueM = 
h (T — 0) , 

npH Llemy je h KOHCTaHTHH Koect)Hu,HjeHT cnoJbaulibe nposomb14-• 

BOCT H. 1-10M0hy Te BenwinHe 3a Q 14MaMO BpeAHocT 

Q = — h (T — 0) S T . 



B, 
x = klog—. 

CaA mmemo HankicaTH 

d T 	h S 

dr 

h. KoHavHa jeviaqllua xnaefba Te.na 

PaHHje cmo H3BeJ114 A14(13epel-111HjaJIHy jeAHa4HHy 

•o6Anxy 

401 
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d Q 
	= c , 
d T 

Aoga3timo Ao pe3y.rrraTa 

d  T 	hS 
(T — 0) . 

dr 	c 

To je T3B. AmclaepeHumja.nHa jeAHaqHHa xnabefba Tend 

Y TeopHjH eltemTpHuyrreTa KOJII4HI4K 

, 	de 
1--- • 

dt 

rAe je e Ko.rupiHHa e.neKTpnu,HTeTa n t speme, npeTcTasJba jammHy cTpyje. 

KOI1144F111K 

d I =_- 	, 
d f 

rAe je d f nospiuma nposoAHHKa Kpo3 Kojy npana3H cTpyja ja4HHe I, 3ose 
ce rycTHHe cTpyje. 

g. Xuncomerpmyxy o6pa3ad 

1438e,3,14M0 Kao ripHmep HHTerpauHje TaKo3saHH x 14 ncomeTpH4KH 
o6pa3a u 04os — sHcHua, mepHm). flpH H3sobel-by osor oOpacua 
Hehemo ymMaTH y o63Hp cse nonpasKe (36or TemnepaType H BIla)KHOCT14 

sa3Ayxa, reorpacticKe unHpHHe, oAHoca BHCHHe npema 3em.ibmiy no.nynpeq-
HHKy), Hero hemo y3eTH y o63Hp camp Asa OCHOBHa (Palcropa — CMa1iz.14- 

Babe cTy6a sa3Ayxa ca net-bal-bem 14 cmathmsafbe rycTHHe sa3Ayxa y TOM CTy6y. 

IlpeMa Bojnosy 3aKoHy '3a HCTy KO./114414Hy samyxa BalK14 jeAHatania 

pv--p o v,„ 

rAe cy p, H p npwrmcw4 sa3Ayxa, a v, H V 3anpemme Ha Aorbem H ropH=Rm 
HI1BOy sa3AywHor cTy6a BHCHHe x (CJ1. 152). Km° cy npwriicum nponopum-
oHaAHH sHcHHama B 0  H B 6apoMeTapcKor cTy6a, a 3anpemmHe cy o6pHyTo 
nponopuHoHaaHe ryCTHHaMa 00  H 0, H3 B0j.110Ba 3aKOHa caeAyje 

B B0  

00  

-0.11.aKae ce Ao6Hja 
= B 

Bo 
• 

3amHcammo cap. Aa.ce nethemo oA, BHCHHe X Ha BHCHHy x+dx. 

Cmaamaarbe 6apomeTapcKe micuHe o3HatiHmo ca d B. AKO rycmuy mme 

o3Hatatmo ca 8, npHTHcaK cTy6a BHCHHe d B 6Hhe nponopu,HoHaAaH 3 • dB; 

HCTH 
he npHTHCaK H3pa4yHaT nomohy 'Femme Ba3Ayxa, rycnnie a H BHCHHe 

dx, 614TH nponomionaaaH 6 d x ca HCTHM KoecimanjenTom nponopuxonan-

HOCT14. 110111TO je d B HeraTHBHO, KaAa je d x 1103HTHBHO, imam jeAHa4HHy 

3. d B = — a • dx. 

YBpCTHMO Jill BpeAHOCT rycnnie H peummo jeA-

Bainmy no dx, Ao6nhemo 

d x — k 
d B 

.rAe je k KOHCTaHTa. 

y 
npeTxoAHoj AHcpepenaHjanHoj jeAHaLuum npo- 

MeHJbW3e x H 
B oAHojeHe cy, Te moweMo HHTerpHcaTH Ca. 152. CTy6 Bamyxa 

X + C —klogB, 

rAe je C 11p0113130.1bHa KOHCTaHTa 
HHTerpauje. 3a oApebHeathe °He K aMO OH- 

.CTaHTe, y3MHMO y o63Hp ycaoHe Aa je 3a x 0 , B =--130 ; npema Tome Hm 

C — klog B, . 

AKo 6ip0meTapcKy BHCHHy aa x = h 03Ha4HMO ca Bh mowemo X14- 

mcomenima o6pa3au Ae(PHHHTHBHO HanHcaTH y o6AHKy 

130.3  tog 130  . 
Bh 

Ae.rbeFbem 

00  

B-dB 

Am) AHdpepeHumamo oBy jeAHa4n4Hy no spemeHy 

d Q 
= — h (T — 0) S , 

H pmemo y o63Hp Aa je 
d r 

xnaberba Tula y 

26 



A 	M M' 
• 	1 	I  

N' 

Ca.153. Ilpoaobeme ronaoTe 
y TaHKOM urrany 

B 
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lipKa TonnoTa, Kao TonnoTa Tena Kome ce TemnepaTypa nonena 3a 
d T, Hma speAHocT 

aT 
d Q = 1' T) x = at 

rAe cy: T— TemnepaTypa Tena, A — cTanHa TemnepaTypa cpeAHHe, T — Eye-
me, h, S, C — KOHCTaHTe. 

HanHcaHy je,a,HatwHy mOnceMO 143pa3HTH 

dT 
T — ' 

rAe KoHcTaHTa k 1,1Ma Bpe,3,HOCT 	
hS 

C 

Houle HHTerpawije Hmamo 

—1.r+C= log (T-0). 

3a notteTHe ycnose ymmamo: sa T = 0, T 
	

14 TaAa 3a C Ao6H - 
jaMo ycnos 	

C = log (To  0); 

Ha ocHosy Tora Hmamo jeAHavimy 

	

— T = log 	 
T — 0 
T — 0 
,  

,II,e(PHHIITHBHO H3 ose jeAHatame H3BOAHMO KoHaLsty jeAHatuffly 
bell:a Ten a 

	

T = + (T, — 
	hS 

T. 
C 

flposoelbe TonnoTe y TaHKOM iurariy 

Y § 73 rOBopNJIH CMO o napoHjanHHM Aticj)epeHu,HjanHHm jeAHatiHHama 
Koje tiecTo 4)HrypHwy y MaTemammoj 43143H11,H. CaA hemo Ha jeAHom KOH-

KpeTtiom npHmepy noKa3aTH KaK0 ce pew asa npo6nem nomohy TaKBHX 

jeAHammia. 
HeKa je A B (cn. 153) HeKH TaHKH uran. 

03Ha4HMO ca x pacTojaFbe nponBo&He TaLtKe Tor 
wirana oA Taince A. TeMnepaTypy y TOj TatIKH 03Ha-

4Hmo ca T; oBa TemnepaTypa je y 0flWTM cnytiajy , 
 cpyHKH,Hja nononcaja TatiKe H Bpemena t, Ti. 

T = T (x, t). 

1/13pa3Hm0 maTemaTHEIKH Aa je TonnoTa, Kojy 3a pee d t Ao6Hja 
enemeHT urrana M M', Kao Ten° cnewiclantiKe TonnoTe y, jemaKa ca Tonno-

TOM, Koja npeocTaje y TOM enemeHTy nocne npHmatba TonnoTe Kpo3 npecex 

MN x Aasama npeceKy M' N'.  

rAe je m maca enemewra. 
3a mpagyHasam Apyror o6nHKa HC -re TonnoTe mmemo ripe mera 

HarmcaTH Aa je 
dQ=-- q). — (d q)x d x 

rAe je (d q)x  KOJIWIHHa TonnoTe, Koja nponam Kpo3 npeceK M N, a (d q) x  d x 

Kpo3 npeceK M' N'. 
Konirnwia TonnoTe (d q) x  HapascaKa ce oKaKo 

(dq).=—x•s•dt•(
a  T
—ax  . ), 

rAe cy: x— Koe4)HgHjeHT riposoAnA4socTH AaTor maTepHjana, 

s—noBpiumia npeceKa, dt—speme Tpajwba nposoberba H (—
OT Temnepa- 
a x )x 

TypHa npomeHa inTana HapagyHaTa Ha jeAHHHay ApKHHe Ha npeceKy M N. 
flpeTxoAHa jeAHatania Hapa)Kasa, TaK0 pehH, 3aKOH TOKa TonnoTe 
Kp03 jeAaH npeceK y An cpepeHgHjanHom 06JIHKy. 

CJIWIHO Ao6ujamo 3a ApyrH npeceK 

aT  
(d q). 	

ax/x-f dx. 

Ha ocHoBy Ao6Hjewtx Hapa3a H3pa4yH3samo 3a d Q 

a T Fax)x+dx (aaTx).1 
dQ=xsdt 

a nowTo je 
(aT) 	(aT 	

a X, 
) = 	

a xe \ax/x + dx \axix 

Hmamo 3a d Q 

dQ=x.sdt•dx 
62  T 

axe 

AKO oBaj u3pa3 majemagumo ca paHHje H3BeAeHHM H3pa3om sa d Q, 

Ae4311HHTHBHO imam 

(3) 
	 aT 

at 	axe 
= a 2 a.T 



i 
k i  — 1, 2, ... , v aT 

=--- nT , 
at 	ax2 

a2  T 
= — k2  T , 
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rAe je 

a2 	
x s dx dt 

m y . dt 	a 
110111TO je 

m = s dx , 

npn tiemy je a rycnma wTana H s dx 3anpemtia eaemeHTa. 

BHAHMO Aa jematnma (3) crtaAa 6am y oHe jeAHatnwe uoje cmo 
HaBeall y § 73. 

KaKo cap. H3raeAa 3aAaTax 0 nposobeiby TO11.110Te y TaHKOM arany? 
HanHcaHa AkupepemwjaaHa jeAHatuwa oApebyje npomeHy TemnepaType 

y enemeHTapHom npogecy. MebyTHm 3a pewauarbe npo6aema y noTnyHocTH 
TO mije A0130./1:410. 

Tpe6a Aa Hmamo join Asa noAaTKa: 

1. 1104eTt1H p a c n o p e A TemnepaType y mTany, Tj. cpymuwjy.  

(4) 	 T = T (x, to) 
3a 110,1eTHH 1Tel-frau t o , H 

2. rpaHH (I He ycnoBe TemnepaType sa cue spew npou,eca, Tj.  

405 

4:iymuwja (7) 6Hhe peniethe jeAHanime (3) 3a me ispeAHocni k, A, B, aim je 

n  =__ a2 k2 

KaKo je jeimatmHa (3) AHHeapHa, H 36Hp cpywawja (7) je Taaotie 

pemewe °He jematmHe. npema Tome moxcemo pemewe jeAHa4n4He (3) y 

onurrem o6JIHKy HanncaTH 

(8) 
	 __ as /c a t  

(Al cos ki x +131 sin k i  x) , 
1=1 

rAe je A1, B1, ki HH3 KOHCTaHaTa, a v je npollssalbau Heo 1103HTHBaH 6poj. 

IloHyulajmo caA Aa 3aA0B0JbHM0 rpamme ycnose, Ha np., y otlinay (6). 

110111TO je 

al. P—  e 	a2kizt  (— Ai  sin kix 	13 (  cos lc( x), _ 
ax 	,=, 

npm4 rpaHI'HH ycsos Aaje 

( aT 	==y7 Biki2e —a2k i t_=,:o.  
k a x =o 

(5) T = T (0, , 	T = T (/, t), 

rAe je 1 = A B Aymoma arana. 

JaCHO je Aa HaseAeHH noAagn Tpe6a Aa 6yAy y Caf.TlaCHOCTH, Tj. 3a 
X = 0 14 3a x = 1 cpyluccmja (4) Tpe6a Aa Aa HpeAHocTH (5) sa t = to  . 

fpam4,441H ycsosic Moly 614TH AaTH H y A,pyrom 06J114Ky. Ha np., Ha 
rpaHmm tuTan mosce 614TH H30.110BaH, TaK0 pehH, oAsojeff oA TepmHtmor 
yTmtaja. TaKBH ce ycnosH Hspascasajy jeAHm4HHama 

(am = 0 . 
ax 

Floicammmo caAa nyT KojHM ce pemasa noCTaBJbeHH saAaTaK. 
flpe csera noTpascHmo panel-be jeAHatcHHe (3) y o6m4Ky 

(7) 	 T= en t   (A cos k x B sin k x) , 

rAe cy n, k, A 14 B KOHCTaHTe. 

Ilona° je 

KaKo osaj HAeHTHTeT Mopa Aa nocTojH 3a CBaKy upeAHocT t, CBI: 

KoecimusjeHTH Bi mopajy 614TH jeAHam Hyam, Apyrilm pea MaHOBH Ca. 

sin ki x He Tian y Hspas (8). 
CTora peweibe mosce HmaTH caMO 0611HK 

T = 
E A ;  e ci2 k ' 2 t 

COS /CI X . 

= 1 

Apyrid rpaHw4H0 yCJI0B 3a x = / 3a CBaKy 411aH 36Hpa Aaje 

(— Ai  /t i e— a2 k i2 t  sin kix) x  = i = 0 . 

143 ose jeAHa4HHe caeAYie Aa 6pojeBo k i  mopajy 3aAombasaTrr 

jematuwe 	
sin lc; 1 = 0 

H mory, AaKse, 14MaT14 speAHocTH 

(6) x 
	= 0 



a2 /2 7,2 

/2 	 t 	l 1C 
AIL e 	cos—x. 

1=1 
T E 

Peweibe, xoje 3aAosorbaaa o6a rpamma ycnosa, H3rAeAa 

T = E Ai  e 
1=1 

	
a2 /2 N2 
	t 

cos —x . (9) 
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Y OBOM pewerby xoe(13141(HieHTH A i  gory HMaTH join Elp0H3B0Jblie 

epeAHocTH. np0H3B0JbHOCT OBHX Koe41tuHjeHaTa moncemo HCKOpHCTHTH Aa 
3aA0B0Jbl4M0 AaTH noueTHH pacnopeA TemrtepaType y wTany, KOjH je AaT 
jen.HatiHHom (4). 

AKO cTasHmo t,== 0 y (9), Hawe petuelbe HsrneAa 

T = E A, cos x. 
i= 

C Apyre cTpaHe, CPYHKRilbr nogeTHor pacnopeAa T (x, 0) moncemo 
pa3BHTH y (DypHjeos peA 

T T (x, 0) = 	mi 	x, 
1 1=1 

rAe Koe(prundjenTe Mi Tpe6a cmaTpaTs Kao AaTe seasmase. Ynopebnsame 
Ao jeAHaLunia 

i= 1, 	, v . 

flpema Tome Ae43414HHTHBHO petume Hauler npo6nema y CBHM lberossm 
Ae.nosnma sar.neAa 

Ilpema TpanceHoj TallHOCTH petuema y TOM passmjaisy moncemo pen! 
Asa, TpH, geTHpH 14.1114 mule LinaHosa. Y MHOTHM npaKrntunim rill -mamma 
CJIH4HHX saAaTaxa sell cy H Asa tinaHa A0B01bHa As. Ao6Hjemo nOTpe6Hy 
npeTcTasy o nojaBH. 

§ 77. Ilpo6nemu Xemuje 

XeMHja je y noLieTay csora passoja Hcxopnwhasana camo jeAHo-
cTasHa HspagyHasafba 143 06nacTH ApHTmeTme H Anre6pe. 

Y npownom sexy, Hapomwro nocne ycnocTasa)ama Ben Hsmehy Xe-
mHje H Tepmomniamme, y XeMHjH je Hawao uthpoxy npHmeHy n1-14:1HHIriTe3H-

mama! pay ca npoRecHma AmcpepekumjauHje H HHTerpaaHje. 

Y OBOM sexy npoyliasaH,e aTomcKor moAena yHeno je y XemHjy, 

.TaLaije y 43}13ti9icy xemmj y, rOTOBO HCTH maTemaTHinui maTepHjan, 

acojH HcxopHuthasa caspemeHa He6ecxa mexaxxx a. 

,I1aHac MOHLeM0 TBpAHTH Aa je Hariaaaibe XeMHje y genoKynsocTs 

•Hemoryhe 6e3 o6HMHor maTemaTmor sHatba. 

OsAe hemo HasecTH HeKOJIHKO jeAHOCTaBHHX npHmepa npHmeHe AH-

,cpepemmjanHor H HHTerpanHor patiyHa Ha npormsarbe XeMHCKHX nojasa. 

a. Bpsnua peagglije 

AKO je K01111 11HHa dx HeKe cyncTatuke cTyruina y peanut/ sa speme 

d t, TaAa ce KOJ1144HIIK 
dx 

dt 

.nose 6 psH H a peaKanje. 

b. ryx,q6epr-Bareoe 3aKOH 

KaAa CMO rosopman o Bojn-MapnoT-rej-.11scaKosy aaKony 06jaCHHJIH 

'CMO nojam marta HIM rpam-monexyna. Ysewhemo jow jeAaH xemHcKH nojaM. 

Y cmHcay rynA6epr-Bareosa 33KOHa xoHueHTpauHja AaTe au-

THBHe cyncTamke je 6poj mona y jeAHom Juvrpy. 

3amHcaHmo Aa HMaMO Ase cyncTaHu,e A, H A 1' Koja y3ajaMHo cTynaiY 

y xeMHCKy peaKtojy. HeKa cy a1  H a,' xowlewrpau,Hje OBHX cyncTaH4a y [lo-

ge-my peaxu,Hje. Ca x osHaimmo xi:Law4mq cyncTaHue A, no= spemeHa t 

Tpajaffia xemHcxe peaxwije. llocne HAyher HHTepsana spemeHa A t cTyna y 

,pealuu,Hjy y cmepy 0A A l  Ka A 1 ' Benimula 

A, x k (a, — x) A t , 

:rAe je k 1  xoeclulluijeHT nponopu,sOnans0cTs, K041411,HjeHT 6p3HHe peaxusje 

y HaseAeHom cmepy. 

3a HCTO Bpeme y peatatHjH cynpoTHor cmepa oA A,' Ka. A, y4ecTByje 

KOJIHt1HHa 

x = 1c: (a,' -I- x) O t , 

rAe je ki KoecimunjenT 6p3nse peaKusje y TOM Apyrom cmepy. 

Illpema TOMB Aecf)14HHT1413Hy mummy, xoja ce TpaHccpopmHwe sa 
pee peaxn,Hje, Tpe6a H3pa3HTH pasnmcom 

,Ax=b,,x—A2 x, 

CTaBHTH 

x = k i (a,— x) t — k,' (a,' — x) t 

nawer pewerba H AaTor nogeTHor pacnopeAa AosoAH 

= 
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nOWTO je 
r  dx 	rd(a—x)=— =-- log (a — x) , 
j a —X j a — X 

HHTerpaa Hawe jeAHammie H3raeAa OBaK0 

—log (a —x)=kt + C 

Kam je y noueTHH TpeHyTaK t = 0 14 X = 0, HMaMo 

—loga=C, 

Te, nocae emoimical-ba npoHno.lbHe KOHCTaHTe, A0.71a3HMO Ao HHTerpana 

o6nHxy 

Y cariajy AHe cyncTame jeAHatung Tpe6a 143pa3HTH °sax° 

dx 
	= k, (a, — x) (a, — x)— k,' (a,' + x) (a,' + x), 	 1 	a 

k= log 	 
t a—x 

AKO caA npebemo Ha rpamme HpeA,HocTH, Ao6Hhemo jeAHatmHy 

dx 
—  
dt 	

k 1 (a, — x) — k,' (a,' ±x). 

Alto ce peaxumja spu ,' camo y jeAHOM npaBuy, npeTxoAHa jema-- 
9HHa Aaje 

dx 
=k,(a,—x). 

dt 

3a peaKUHjy ca a moaexyna jeAHatmHy Tpe6a HanHcaTH y o6nncy 

dx = (a, — x)n . 	 a 
dt 	 log 	=kt. 

a —X 

0614,mo ce ()Ha jeAHagyma HCKOpHlilhaBa 3a oApebHHal-be KOHCTaHTe k 

rAe cy omaxe o-mr.neAHe. 

HanHcaHe AmcpepemnijanHe jeAHatinHe HapaxaBajy FyaA6epr- 
dx 

Bareos 3aKOH. KaA je 	=0, Hmamo TynA6epr-Bareosy 
dt 

jeAHaqHHy paBHoTe ace. 3a jeAHy cyncTaHuy oHa H3rneAa 

k,(a,— x)— (al' + ) =O.  

jep cBe seawnme ca AecHe cTpaHe mory 611TH oApebeHe 143 excnepHmewra_ 

d. BamosegyaapHa peaxuaja 

BumoaeicynapHoj peaKu,HjH oAroHapa jeAHaLunia 

dx 	, ( 
dt 

- K — x)(b — x). 

c. Yummo.neKy.napHa peaKumja 	 3a HHTerpatuijy oBe jeAHaLniHe pausojitmo ipso npomembHse 

YHHmoaexyaapHoj peaKuHjH oAroBapa jeAHarnma 
	 dx 

dx 

	

	 (a— x)(b — x) 

= 
k (a — x). 

dt 	 a 3aTHM TpaHccpopmHummo aeHy cTpaHy 

3a HuTerpall,Hjy °He jeAHauHHe oAHojHmo npomewbvise 1 	1 	. 	1 \ dx=kdt. 
a—bkb—x 

dx  
kdt 

a—x 	 Mule oHe TpaHccpopmatnije HHTerpaumja Aaje 

H HHTerpHunamo 
dx  

=kt+C. 
j a—x 

1   [log (b — x) — log (a — x)] =kt +C . 

a—b 

—kdt, 



1 
[log b — log al C 

a—b 

-410 411 

3a ernimmincarbe KOHCTaHTe C Hacopmnhyjemo nolieTHe ycnoBe 3a 

Koje Hmamo 

flocne Tora jeAHamHy 3a k moNcemo HaIlliCaTH 

	
to g  b(a—x) 

(a b)t 	a (b — x) 

14 oBAe HMaMo ca AecHe cTpaHe BeAHLIHHe Koje moxcemo oApeAHTH 

113 eiceneptimeHaTa. 

§ 78. IIpo6Aemn BBonormje,) ,  

HayKa o )icHBoTy, HonorHja, Tpe-rupa nirraiba )1CHBOTa 6Hibaita, NCH-

Bonitba H TioBeica. flpema Tome oHa o6yxBaTa BOTaHHKy, 3oonornjy H AH-

- TponanorHjy y HajwHpeM chuieny THX pem. 
Y csiima THM HayKama, MaTemanma ce npHmerbtaBaaa oAaBHo. lipm-

meHa maTemanpumx meToAa noica3ana ce HapomTo 3axsamia y nportaBarby 
,LIrmamaKe 6H0J10111KHX npoueca. JI,0BOJ6H0 je camo cnomeHyTH X. Xe.anixo.aua, 
aHaToma, neKapa, cfm3Hcoora, 4m3imapa H cjajHor MaTeMaTH4apa, KojH je 
licKopHeTHo meToAe maremaTme H THMe HOCTI1fa0 H3BaHpeAHe ycnexe y 
4HCTO It1143H0JI0WKHM Aomemma. 

KaA Beh rOBOpHMO o npHmeHH MaTemanute y Bito.rtorHjH Hasewhemo 
H osy, cnomeHa speAHy, „ct4THHuy". MeToAy AHanHTHme reomeTpHje, upTathe 
rpacimica, momcAa je HajBHwe nonynapH3osana nparriima rpaHa BitonorHje, 
MeAmmHa: 3alicTa, KoMe HHje 1103HaT rpacilliK TeMnepaType Ha 6o.necHHmoj 

JINCTH 6o.necHma? 
IIHTaH,a npHmeHe MaTemaTHKe Ha Bito.norHjy caA cy ii3ABojeHa y 

HapoluiTy AHcwirumHy — B H omaTemaTHK y, KOjOj cy nocseheHH LlaK 

H eneu,Hja.rmll qaconHcH. 
OHAe hello ce 3ayeramTH camo Ha ABa npiimepa npHmeHe MaTema-

THKe y EmonorHjii: Ha jeAHa4HHH Miimepatixa H Ha jeAHattHHH 

C T a. 

a. feattazutHa Mititepritixa 3a I7PHHOC .ace.rae 

03HaIIHMO Ca A maKaimantim moryhm npmoc XeTBe ca AaTe noep-

mute rip Haj110B01bHHjI4M (0nTHMaJIHHM) ycnomma KynType. 

Ca y 03Ha4HMO HpHHOC, aK0 yCJI0BH micy y csemy OFITHMaJIHH. Ilpema 

- Tome Ao6HBemi npHHoc ca HcTe rimpumHe CPaKTHLIKH 6HCMO MOCJIH nosehaTH 

:3a A — y, aK0 614 yCJI0BH Ky.aType nocTanH OIITHMaJIHH. 

IlpeTnocTammo caAa Aa nosehme npHHoca 3aBHCH CA flexor OK-

Topa (Ha np., oA KOAINHHe 11-10jHBa), 4Hje je AejcTBo Be3aHo 3a Be1111 14HHy X. 

JacHo je Aa npHpawTaj dx cpaKTopa x H3a3ma oApebetly npomeHy 
y cpaKTHmom npimocy y; omaimmo oBy npomeHy ca dy. 

JeAHa 4 HHaMii 14 epAHxa (E. Mitscherlich) TripAti Aa Ben ;mall)! 
dx H dy Hma O6JIHK 

dy--=k(A—y)dx, 

rAe je k Koe4matijeHT nponopumHa.mocTH KOjH oAroBapa cpaKTopy x. Ta 
jeAHamHa noKa3yje Aa je nptipaluTaj cpairTHmor npimoca nponopu,HoHanati 
npHpaurraly 43aKTopa, OA Kojer 3aBHCH npHHoc mcesse, H ueAoKyrmom mo-
ryhHom nosehalby Tor riptmoca. 

3a HHTerpawijy npeTxoAHe jeAHalume pa3ABojmo nponewhime 

—d  — k dx 
A—y 

IlocKe HHTerpau,Hje oBa jeAHatuma Aaje 

f  dy 	d(A—y)
log(A—y)=kx+C. 

J A — y 	j A — y 

AKO ripeTnocTaBitmo Aa 6e3 cpaKTopa x (x = 0) oflaKTHIIKOr ripithoca 
OA )KeTBe yomuTe HeMa (y = 0), oHAa KOHCTaHTy HHTerpausje momcemo 
4pApeAHTH 113 ye.nosa 

—log A = C . 

flocAe Tora Hatuy jeAliammy nmuemo 

— •log (A — y)=kx—logA, 
'HRH 

— 
log 	

A
A

x
=-- kx. 

AKO xohemo Aa H3pa3Hm0 pe3ynTaT nomohy AeKaAHmx norapwrama, 
Tpe6a HanncHTH 

rAe je 

143 npeTxoAHe jeAHamHe cneAyje 3a y 

y = A (1 — 10—cx). 

--= cx. Log„ 	 
A 

c=k Log„e =0,43429k . 
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AKO ceM jeAHor ctoaKTopa AeJIHMO nporlliTH yrtntaj mune 41aKTOpa 

x1 , x2 , • • • , Xn , 

moscemo HalIFICaTH oArosaPa.iYhY 	 y cayttajy 3ajeAHHLIKor AejcTBa 
CBHX OBHX CtlaKTOpa. AKO maKcHmaAne npHHoce H3pa3Hmo BeJ1141HHaMa 

A al , A a, , 	, A an, 

a icoectmu,HjeHTe nponopu,HoHaAHocTH 03Ha4HMO Ca 

C1 C2 , - • • CII 

jeAHairtma npHHoca stems Ao6Hja 06.11HK 

y = A a, (1 —10-c ,x, ) cc2  (1 	10--c2x2) ... a n  (1 — 

To je TeOpHCKa jeAHatuttia MittrepAHAa 3a H3pa4gHaBai-be npHHoca 
)KeTBe ram ymnajem pamtprtiTHA cpaitTopa y npsom np146AHscHom nocma-
Tpatby oBe nojase. 

3a nporrasatbe Apyre anpoKcHmannje noHoso ce BpahaMo Ha cArraj 
camo jeAHor cpaKTopa. ,II,HcpepeHutijanHy jeAHaqHHy moscemo sa oBaj cArtaj 
HanHcaTH 

1 d y 	A — y 

y d x 	_y 

Alto ca AecHe cTpaHe cTasHmo Ao6HjeHo pewetbe, Ao6Hhemo Attcpe-
peHtutjamy jeAHatutHy HCTOr caApscaja aJIH ApyK4IIje H3pasceHy 

1 d y 	k 	10-ck 

y d x 	1 —10-cx 
npit qemy je 	

c = k log„ e , 
HJIH 

k = c log10 . 

3a 'Tenn Ha Apyry allpOKCHMalAHjy OBy jeAHatumy Tpe6a AonyHHTH. 
Ca TOM AonyHom oHa 143rneAa 

1 d y 	10-cx 
2),  x , 

y d x 	1 —10-cx 

rite je 1 HOBH KOeCIMI{HieHT, TaKO3BaHH K 0 e H u  H j e H T AenpecHje. 

Hirrerpaunje oBe jeAHaintHe Ao6HheMo 

log y = 	k  log (1 — 10 -c 2) — A x 2  + C , 
c log10 

log y = log (1 — 10-c 2) — A x 2  + C . 

AKO OA npHpoAtutx AorapHTama npehemo Ha AeKaAHe, Ao6Hhemo 

jeAHalutHy 
Log„ y = Log„ (1 —1.0-c 2) — log 10 . x2  + C , 

0AalUle A0JIa3HMO AO pe3yATaTa 

y 	A (1 	10--x) 10-a1 x2,  

rAe je 11  = a log 10 KoecinnutjeHT, KojH ce pamtucyje camo intHitou,em 

log 10 = 2,302585 oA KoecintusHjeHTa AenpecHje. 11p0H3B0.1bHa KOHCTaHTa HH-

Terpauje oApeheHa je H3 yc.nosa Aa 3a = 0 jeAHatutHa oArosapa npeT-

XOAHOM cAprajy. 
IloMohy H3BeAetix jeAHatutHa moryhe je, Kao LUTO TspAH arpoHomcka 

AwrepaTypa, BpAo Ao6po 014eHHTH npomeHy nptntoca steTse y Bent ca npo-

meHom pa33H4HTHX cpaKTopa }mitt yTHtly Ha Ty sceTBy. 

b. Jeatiaqxaa cbepxklacra 3a npmpaairaj nonynauHje 

Kao IIITO CMO Beh nomeHyAH, y nocAeAthe Bpeme pa3BHAa ce jeAHa 

HapolatTa Harm. AHC11,11HAHHa M aT eM aTHq K a 6 H O n O r H j a HAM B H 0- 

maTemaTHK a. OBa AHCI.LHIVIHHa ce 6aBH yraasHom 6 H o A 0 UI KOM K H-

HeTHKO M, Tj. nHTatfatma speTai-sa 6poja CTaHOBHHIIITBa, npomeHama TaK0- 

naHe nonyaanHje. 
OHa nportaBa ceM Tora H mamba „Bop6e 3a oncTatiax" yornnTe, Tj. 

noHatual-be jeAtunce y jeAHoj 6H0J10111K0i rpyrnt HJIH y3ajamHe oAHoce Brune 
rpyna. Taxas je, Ha np., carraj, Kopi je TpeTHpao MaTeMaTH4ap BoATepa 
(V. Volterra) 6op6e H3mehy )sHBoTtusa -Aomahtta H napa3HTa. 

03Ha4tmo ca p 6poj CTaHOBHHKa HeKe TepnTOpHje. Y TOKy tutTep-

saw BpemeHa d t osaj he ce 6poj npomeHHTH 3a d p . OA itera 3aBHCH Ta 
npomeHa? OHa je y npBom, npH6AHscHom nocmaTpatby nponopuHonama 

BpemeHy d t H 6pojy CTaHOBHHKa p, 

(1) 

rAe je n KOeCIMII,HjeHT Hp0110plI,HOHaJIHOCTH, KojH ce 3ose K 0 e CP H 11,14 j e H T 

npHpaIuTaja cTaHOBHHWTBa. Taj xoeclinnutjeHT moscemo cmaTpaTH 
Kao pa3Aincy Asa troestutu,HjeHTa: n i  —K0e4)HLI,HleHTa H aTaa H TeT a 

— pahatba H /12  —KoecinigHjeHTamopTamiTeTa — cmpTHo- 

C T H, Ti. 
n = n,— n,. 

Ilpema Tome 6H jeAHaLutHa npHpaurTaja cTattostuturrsa HaraeAana 

d p (n,— n,) p d t 
HRH 

dp=npdt, 
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AKO je n i  > n2  6poj CTaHOBHHUITBa pacTe; alto je n,<n, OH onaAa; 
npH n 1 = n2  Taj 6poj ocTaje HCTH. 

14HTerpan jeAHatmHe (1), KOjy nmemo y 06.TIHKy 

d p =.ndt 

H3rneAa 

115 ,  

Koecpau,ajeaT m 3ose ce rpaHHIIHH xoecpHaHjeHT nonyna-

u, H j e, jep iberoso npHCyCTBO y npeTxoAHoj jeAHatiHHH noxa3yje Aa, no,n, , 

yCJ10BOM 

Tj. 3a 
n p — 
m 

n — m p =0, 

log p=nt+C, 
oAaxne je 	

p=ent÷c ,  
HJIH 

(2) 
	

P = Poe 

6poj cTaHosinnuTsa AOCTIOKe maxcHmanHy speAHocT H npecTaje Aa ce metba 

d p 	0) .  
\dt 

HanficaHa je,nHaluma (3) 30Be ce 	epxmacTosa JIOTHCT1i 4 Ka 

jeA,HatiHHa. 

1/13BpWHMO HHTerpau,Hjy Te jeAHamme. Houle pasAsajatba npomeH- - 

.n,HBHX A06HjaM0 

rAe je p2  6poj cTaHosHma sa enoxy t = 0 . 

ripema TOM HHTerpany 3a n 0 6poj CTaHOBHHKa HenpexHAHo pacTe 
H mo)xe nocTaTH 6eCKpajHO senkum. 

MehyTHm nocmaTpathe cTsapHor 6poja CTaHOBHHKa noxasyje Aa ce 
Taj 6poj He noxopasa excnoHeHu,HjanHom 3axony H3pasceHomjeAua4HHom (2). P (k -- P) 
OTyAa 3mby4yjemo Aa AH43epeHumjanna jeA,Hatima (1) HHje AOBOJbHa 3a 
cTBapHy oueHy npomeHe CTaHOBHHWTBa. 3aHCTa KoectmumjeHTe HaTannTeTa 
H mopTaAHTeTa He momemo cmaTpaTH CTaJIHHMa. 

AKO npeTnocTasHmo orpamtreHocT TepwropHje H H30J10BaHOCT cTa-
HOBHHILITBH, xoje ce cHa6AeBa xpaHom H ApyrHm HeonxoAHHm eKOHOMCKHM 

6.narom canto ca Te orpaHHtieHe TepHTopHje, 6poj cTaHosHma He momce 
paCTH 6ecKpajHo, Hero ce pawheibe Tor 6poja ycnopasa y sem ca H,erosHm 
nosehasatbem. 

(DepxmacT (Ferhfilst) y Apyrom, npH6AHAHom nocmaTpalby npeTno-
cTasma Aa ycnopasame nosehasaiba 6poja p 3asHcH oA nosehasalba 
clnutHjeHTa CMpTHOCTH n2 . OH Aaje TOM Koecimu,HjeHTy nmeapHy 4)opmy 

m p , 

rAe je m KOHCTaHTaH 1103HTHBHH 6poj. YKylIHH KoeclumHjeHT npHpamTaja 
CTaHOBHHILITBa TaAa H3rAeAa 

n* = n, — (n, m p)= n,— n2  —mp = n — mp. 
log P   —log P°  = n t log en' . 

Ca TaKBOM npeTnocTamom HMaheMo, ymecTo (1), jeAHa4n4Hy 	
k — p 	k— p, 

d p = n* p d t = (n — m p) p d t , 	 Pewee ose jeAuatume no p Aaje 

}cob,  momcemo HanHcaTH p — 	
k  p0  

(3) d p P (n — m P) • 	
Po + (k — p 0) a— n t 	(—p

- 	

k  0 — 1) a — n t  
d t 

k d p 

rAe CMO HCKOpHCTHAH 03HaKy 

k 	. 
m 

Km) Any cTpaHy npeTxoAHe jeAHasHHe moscemo HanHcaTH 

 + k — 
1  

d p , 

jeAHa4HHa nocne HHTerpauHje Aaje 

log  p   =nt-}-C. 
k— p 

KOHCTaHTy miTerpagHje oApeljyjeMo H3 ycaosa Aa 3a t = 0 6poj  

CTaHOBHHKa 113HOCH po  llpeMa Tome imam 



Y OBOJ jeAHa9HHH Hmamo Tint KOHCTaHTe: po  k, n. 3a oApebHsathe 
KoHcTaHaTa Tpe6a HMaTH pe3ynTaTe TpH nonuca CTaHOBH14111TBa, Tj. 

speAHocTH p 1 , pa , pa  3a BpemeHa t 1 , t2 , 

Houle oApebttsaH.a KoHcTaHaTa mo-
}ceMo H3pa4yHaTH 6poj CTaHOBHHKa y 

6yAyhHOCTH. 

143paLlyHaTH AO1IICTHEIKH 06pa3.31.1 

3a AMepHKy 14Ma 06/1HK 

197 273 000  
1+ e-0,03134 (t-1913,25) • 

1790 
	

/900 
	

1950 	 Toj jeAHatIHHH oArosapa rpacpuK 
C.a. 154. rpatim nonyna4Hje Amepme KOjH je ripeTCTaBJbeH Ha CAHM4 154. 

§ 79. npfalleMH CTaTHCTHKe 

MaTemaTHIntoj o6paAH CTaTHCTHLIKHX noAaTaKa nocsenthemo Hapo-
14HTy rnasy. OBAe hemo ce 3aycTasHTH camo Ha jeAHOM cneuttjaHHoN npo-
6nemy: Ha Tymagetby H 0ApehHBalby TaKo3saHor TpeHA a. Taj nojaM Hma 
nptimeHy y MHOrHM HaptHHM AHcuttnntmama H Aaje samCatt npHmep HCKO-
pnwhaBalba meToAe Hajmatblix KsaApaTa. 

a. TpeHR 

HpeTnocTaBnMO Aa ce jeAHa nojasa, Koja je oApeheHa BeJIHLIHHOM 

W, Ha.ria3H y Be3H ca Apyrom senwtHHom, Kojy hello 03HaLIHTH ca x. HeKa 
je Ta Bean. AaTa TatinHuom 

Xi X, X3 . 	 . . 	 . Xi . 	 . . 	 . Xa 

W 1 W2 

H.  . 	 . 1,111 . 	 . . 	 . W a 

rAe H513y speAHocTH x'a oArosapa HH3 BpeAHOCTH senttLIHHe w. 

AKO y KOOpAHHaTHOM cncTeMy, ca ocama X 14 W, KoHcTpytunemo HH3 

TattaKa (xi , w1), Te TaLiKe moncemo criojtrrn H3110M.IbeHOM JIHHHjOM. OBa he 
AHHHja y cattma AeTan22ma noKa3aTH cse oHe oco6HHe se3e tt3me1jy w H X, 

Koje Aaje Ta6nHua. 

LlecTo nptt Tome Tpe6a RAH Aeralbe, He3HaTHa Kone6atba 14 OTCTy-

naH,a H30CTaBHTH, Aa 614 Ce 01.1,eHHO 011111TH KapaKTep, OCHOBHa TeHAeHumja 
A,aTe H3A0M./beHe J1HHHje HAN rnasHH TOK nojaBe 0,ABO1HTH OA, pa311W4HTHX 
Kone6atba.  
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llpso ce nocTas.tba nlTathe: moncAa Hawn H3nowbeHa .rtHHHja y cTsapH 
.npeTcTawba HCKH pasHomepHH npottec? 3aTo Tpe6a oApeAHTH npasy, Koja 
Hajmatbe oTcTyna oA Haute 143.nom.rbette nHHHje. 1lpaBa, Koja Hajmatbe OT-

curia 0,11, TatIaKa AaTHX Ta6J1H140M speAHocTH W 14 X 30Be ce npaso- 
14HIICKH TpeHA AaTe se3e H3mehy THX npomeH.rbammx (trend 3Ha4l4 

npasau, HarH6, Tenata). 

Y C.Tirlajy npaBOJIHHHCKOr TpeHAa nocTasJba ce se3a H3me1jy W 14 X 

y o6ntty AHHeapHe cpyHtnutje 

(1) tv = a±bx, 

rAe Cy a H b ABe KOHCTaWre Koje TeK Tpe6a oApeAHTH. 

Be3a H3mehy w 14 X mme 6HTH TaKse npitpoAe Aa je npasa nittutja 
IleA0B0.1bHa Aa npeTcTasn rrittsHy TeHAeHuHjy Haute 143.110MJbeHe AHHI4je. TaAa 
moncemo noTpa>KHTH JIHHHiy ca jeAHaMHHOM 

(2) w=a+bx±c X2  

11 oApeAHTH KOepl11,14jeHTe a, b, C, TaKo Aa osa KpHsa Hajmatbe oTcTyna 
, 0,11, Haute H3noM.rbeHe aHHHje. HOHITO jeAHattHHH (2) oArosapa napa6ona, oHa 
npeTcTas.rha napa6onH tucH TpeHA, TaLuntje napa6o.ru4tut TpeHA Apyror 
peAa, jep 14 Kpitsa ca jeAttatautom 

(3) w = a, + a, x a, x2  . 	anxn 

TaKohe npeTcTawba napa6onH ittni T p e H A, y onurrem cAytiajy 

n'ora peAa.  

CTaTticTtotapti ce 061414H0 y CB0j0j npaKcH 3aAoson2asajy TpeHAom npsor 
Ia14 Apyror peAa, Tj. iipaBoAHHHCKHm 14414 napa6onwncttm. 

HoKa3ahemo KaKo ce oApehyjy Ta Asa TpeHAa. 

b. Hpanonlinckn rpen4 

HeKa je AaT HH3 TamaKa 

w1) 

Tpe6a nosylm npasy ca jeAHatutHom 

w=a+bx 

TaKO An cHa HajMalbe oTcTyna oA Aanix Tat-taxa. 

3a CBaKy nojeAHHy Tatmy oTcTynatbe HMa BpeAHOCT 

tvi — a — bx i.. 

-416 
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(5) 

(6) 

419 
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lipema npinitniny HajMaWHx KBaApaTa 36Hp KBaApaTa THX onTynan,g 
Tpe6a Aa 6yAe HajmaH.H, Tj. 

E (w,_ a — b x1) 2  = f (a, b)= Min . 
1=1 

nO3HaTH yCJI0BM eHcipemyma Aajy 

a f 
— = — 2 E(w,_ a — b x i) = 0 , 

	

a a 	—1 

a f 
= — 2 VI  (w 

	

a b 	
— a — b xi) = 0; 

i =1 

oAaH,Ae 143BOAHMO 3a oApebilsalbe a H b oHe jeAHatume 

na±b 	 0, 
=, 

(4) ❑ 

	

aEXid-bE 
	

W i X i -= 0. 

	

i=1 	i=1 
	

1=1 

YseAmmo Taxonany c p e A rb y T a 4 K y. tuije moopAHHaTe x m , 
3aAoHoopasajy ycnose 

11 X. E Xi, 

nw m  =E . „, ;, 
i=, 

Tj. HMajy 3a KoopAHHaTe cpembe apwrmenpixe speAHocTH KoopAHHaTa 

Ta6.nnue. 

Y3Hmajyhm oHy Tallay 3a nolieTaH KoopAnnaTa, yseAmmo HOBe KO-

opAHHaTe Xi, WI jeAHatmHama 

Xi = X. ± Xi , 

w;-= W m  +Wi . 

JacHo je Aa Hose KoopAHHaTe 3aAoHoJbasajy ycAoHe 

n 

.=_, 
❑ 

E w;==o. 

3a HOBC KoopAHHaTe yCJI013ll eKcispemyma (4) Ao6Hjajy 062114K 

a + b x. — =0 , 

n 

b 	x12 	.1= o . 
_ 

143 jeAHatuiHe (5) c.neAyje Aa npasa TpeHAa npana3H Hpo3 cpeAlby TaLmy. 

,apyra jeAHaLania oApebyje yraoHH xoecjokn4jewr TpeHAa y o6.nHxy 

b E Wi Xi  
X i2  

llomohy KoopAHHaTa cpembe TaLuce H speAHocTH yraoHor K0414 -  

anjewra jeAHaLumy npasomaHHcxor TpeHAa y cTapHm KoopAHHaTama moxcemo 

HanHcaTH y o6.rnixy 

(7) 	 w=w m ±b (x — x„,) . 

Ka° npHmep y3mHmo oApebllsatbe TpeFuLa jyrocaoHeucKor H3sosa 

1921-1930. 
O6jacHHMO Ta6AHny Ha Kojoj je HaseAeH nocTynaK oApebusarba npaBo-

.nHHHcxor TpeHAa. PeAom o6jau-1asamo caApKaj maw crynua Ta6aHue• 

I. HymepHcaHH cy noAau,H H yTBpIjeH je FbHXOB 6poj: n = 10. 

II. HaseAeHe cy BpeAHocTH npomewbuHe x i  . To je Bpeme o3HameHo 

roAHHama. 

III. HaBeAeHe cy HpeAHocTH npometubnee wi . To je H3B03 Jyroc.na-

Hnje paqyHaT y xwbaAama Tom.. CTynnH 11 H 111, H camo OHH, oArosapajy 

AaTHM noAauHma. 143 noAaTatca lI ympbyjemo cpeArby apHTmenmy BpeAHOcT 

Ex, 
Xm= 
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flpHmeTHmo Aa. y HeKHM czyltajesnma HHje noTpe6Ho HapaqyHasarbe 

cantor 36Hpa l

▪  

x ;  3a HapaqyHaBabe x.. HOWTO je, Ha np., y HaweM cay-
i=4 

qajy AOHOJIDHO H3pagyHaTH oTcTynaFbe, peummo, o,A 1920 roAHHe, noTpe6Ho 
je oApep,HTH cpeAFby apviTmermtnty HpeAnocT 6pojesa oA 1 Ao 10. IIo npa-
Bally apHTmeTime nporpecnje Ftmamo 

1-r 10 = 
2 

flpema Tome cpembem TpeHyTKy apemeHa oAroHapa 

xm  = 1925,5 . 

IV. Y OBOM cTynuy FmpaqyHaHamo HpeAHocTnpomemsHHe X;, Helm-
Lamy oTcTynaFba CBaKOr TpeHyTKa oA cpembe HpeA,HocTH, 

X1  = xi  — xm  = 1921 — 1925,5 = — 4,5 HT.A. 

113pa4yHaTe HpemocTI4 mo)Kemo nponepHTH ycnosom 

0 , 
1 

KOjH oHe Tpe6a Aa aaAonwbaHajy. 

143 Ta6mwe III HapaqyHaHamo cpeA,Eby HpeA,HocT 	Y Tome umby 
H3pa4yHaBaMo npso 36Hp 

S2 iv ;  = 38940 , 

a 3aTHM cpemby apHTmeTHqKy BpeAHocT 

w. — a = i 	
38940

0 = 
3894 . 

1 

Ca ,I1,06HBeHOM HpeAHowhy Wm oApebyjemo HpeA,HocTH pa3JIHKa 

Wi=tvi—tv m = w I — a . 

Pe3y./TaTe mo)Kemo nposepHTH HOHOBO Ha ocHosy ycnoHa 
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Vi. 3aTHM ce HapaqyHasajy semmule npo13soAa Xi WI , Koje ce 30By 

IIIIHeapH14 MOMeHTH senwmfie Wi y oAHocy Ha npasy napasenHy oco-

1311F111 W Rp03 cpeni-by Tamsy, H 3611p CBHX THX momeHaTa 

W, X1 = 29233 , 

Kopf je noTpe6aH 3a H3pa4yHasaube soecInnuijeHTa b. 

flpHMeTHMO AA Ty ncry speAHocT mweapHor momeHTa mmemo Ao-

6HTH H nenocpenuo 143 speA,HocTH 	3aHcTa, imam° 

Wi Xi = (Wm ± Wi) Xi = Wm Ex; -FE w;  x ;  = 52 wi 	 x ;  , 
i=i 

npn gemy CMO HCKOpHCTHAH ycnos 

OA npnpone 6pojesa WI 3.31314CH sojH je Hat114H 3roAHHje HCKOpHCTHT14 

3a napa'yHasa1sa Tor .nmeapHor momeHTa. 0614 14HO je HcsOpesnnasatbe 6po-

jesa W1 3roAHHje, jep cy OHL! Mattes on 6pojesa w1. 

VII. 21143m-be Ha KsaApaT csaKor 6poja X, 14 ca6Hpatbe CBHX THX 

KsaApaTa mo)se 614TH 3HaTHO 0J131{1113H0 y cnytiajy sana cy CBH 6pojesH 

nponopu,noHasHu 6H140 napHiIM 614140 HenapHHM 6pojesHma, Apyrnm peimma, 

xana je palrnisa 113meby nse cyce,n,He spenHocTH X, cTanHa. 

Y c.nrialy HenapHor 6poja noAaTalca (n = 2 k + 1) speAHocTil Xi npo-

nopumoHanHe cy 6pojesHma 

k, — (k — 1), 	, — 2, —1, 0, 1, 2, ... , k — 1, k. 

AKO cpawrop nponopuHoHanHocTH o3HagHMo ca 1, HMaMo 

=_.__ 2 (12 +22 + 	k2) .  
1 

KaK0 3641p H113a Ksap,paTa npuponmax 6pojesa on 1 Ao k Hma speAHocTi) 

k 
—6  (k + 1) (2 k + 

113pavyHaearbe 36npa 

S. (k) = 1m  + 2 m  + 3m  + + k m  , 

rAe cy m 14 k npnpoAHH 6pojenH, Bp11114 ce Ha ocHoHy ieAHor oA peicyp3HHHHx o6pa3ana 
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MO >Item° CTa1314TH 

Xf = kl2  (k + 1) (2 k +1) — —
12

V n (n2  — 1) . 
3 

 

Y cnyvajy napHor 6poja, Imo 10TO je y Haluem npHmepy ca n = 10 

nmamo Asa .  HH3a 6pojesa 

± 0,5; ± 1,5: ± 2,5; ... 

X0P1 cy npOnOpL1H0Ha.nHH 6pOjeB14Ma 

+1, 	± , 	f 5 , • • • 

1 
.ca cjaKTOpoM nponopaHoHanHocTH 

2 

(k 1) m+1  = I ± (fri -1 1-1 )S m  (k) + 	-24-1 )S._,(k) 	(In  at I) S i (k) + (k), 

0 =- km  +1  —( 171 I ) S. (k) ( In  j-1)S. _ 1 (k)— + (-1)k ( In  : I ) Si  (k) 

S,(k) , 
rAe cy yHeAeHe o3HaKe 6HHommx xoecjmuineHaTa 

( 	_ n (n1 —1) 	Prz —(p- 1 )] 
\ P J 	1 . 2.3 ... p 

AOICHIKHMO THTIOCT npBor o6pacua meToAoml4HAyKullie, Ti. npeanom op, k Ha k 1. 

1. O6pa3au (*) maw 3a k = 1, jep y TOM czyqajy Hmamo jemaxocT 

÷i 	(nz -11-1) 	 (rnm+1 )  ± 

aoja H3paxasa no3HaTy oco6Hily 6HHOMHHX KoeckHuHjeHaTa. 

2. LIOKH)KHMO caxa THHHOCT o6pacua (*) 3a k ±I, aim OH Hamm 3a k. Y Tome IllubY 

pannmo H3pa3 [(k +1) ± 1r +1  npema 6HHOMHOM o6paCily 

[(k +1) +1r +1  (k +1)rn  +I  (m -11-1 )(k +1)m  ± (in  1-1 )(k +1)m-1  + 

+ • • • + (m  :1 ) (k +1) +1 . 

flpBH naafi y TOM H3pa3y aameimmo Ha OCHOBy o6pacua (*) 14 ca6epHmo ca 

OCTa.:114M vnaHOaHMa 

k +1) +11 m  = 1 + (In.  -I") S. (k) 	1 )S m _t  (k) 	(In  :1) S ,(k) S o  (k) 

± (In -1E1 ) (k + 	(111 -21- 1)(k ±1)m±...±(11 ')(k+1)+1 . 

nOLI1TO je 

	

S M (k) (k + 	Sm (k + 1) , 

S  m (k) + + 1)m  = Sm-1(k + 1) PITA. 

j40J1B314M0 AO pe3yaTaTa 

((k+1)+11m+1=1+(mj1) Sm(k+1)+ (m 21) Sm—i(k + 1 ) + 

	

+ • • • + 	I ) S (k +1) S (k + 1) 

itoln nompbyje THHHOCT o6pacua (*) 3a k +1. 



y 
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KaKo 36Hp HH3a 103a,ApaTa lieflapHHX 6pojeBa oA, I Ao 2p —1 nmat 
BpeAHOCT 

3 
--p(4p2  — 1), 

Haulem cay q ajy Hmamo 

(I) .  2 (12 +32 + 52 +32 + 92) =__ 
, t 	2 

1 	1 
. 2 .

3 
 . 5 (4 . 52  — 1) 	

5 
 . 99 = 82,5 . 

4  

425, 

VIII. OBa Ta6.114114a Aaje TpenAcKe BpeAHOCTH H3BO3a HapagyHaTe 3a 

ate AaTe TpeHyTKe. 

IX. Y OBOM cTynuy HaseAeHa cy oTcTynafba AaTitx BpeAHOCTH 1431303a 

OA TpeHAciaix BpeAHOCTH. 36Hp THX oTcTynatba mopa 6HTH jeAHaK Hynu 
Osa oco6HHa cnymm 3a nposepasaibe Ao6Hjenvx 6pojesa. 

X H XI. 3a oueHy TpeHAa o6Hqmo ce patlymajy IIA14 OAHOCH 11 ) , 

W, — W, 
K0j11 ce 30By TpeHAcKH oAHOC H, HJIH 143pa314 	_ 	, KOJI4 ce 30By w,   

p e n aTHHHa oTcTy n a H. a. MHoweEbem THX oTcTynaffia ca CTO A,0611-

jamo pe.naTHHHa oTcTynaH,a. HapaxceHa y npoueHTHma. 

BpeAHociH 	NV ;  X i  14 V, X .f omoryhyjy HapatiyHaBaHe yraoHor hoe- 	 c. Ha pa6o.nxvicH rpema 

(fa Hu,Hjewra npaBoaHHHcBor Tperua 

Wi X• 
29233 

b 	=2 354,3 . 
)7 Xf 	82,5 

i 

floc.ne °Bora mwhemo jeAHaqHHy TpeHAa HanHcaTH npema (7) y oilnuKy 

w = 3894 + 354,3 X , 

F,Ae CMO Ca U' 0314a4411114 HpeAHocT jyrocnoaeHcKor H3B03a Koja o,aroBapa 
npaBoRHHHcBom TpeH,ay. 

1-la cmplap pa9m4 nicuKemo Aogainp u odpnap (**). 

113 (*) PaCT011110 H3B0,11,14M0 

m = 0 	(k + 1)' = 1 + S. (k), wixt.ne je 30  (k) = k . 

In = I 	(A-  + 1) 2  = I + 2 S 1  (k) + So (k), oAamie je S, (k) = 1  k (k +1) . 

m = 2 	(k + 1)' = 1 4- 3  S2 (0 + 3 S i  (k) + So (k), co,a.K.rie je S2 (k)= —
6
I
- k (k +1)(2 k + 1;. 

HTA. 

1/13pauypasarbe perm( cTenena canto napppx 6pojeea Ppm ,' ce npema obpacu ■ 

2 rn 	4`11 	p) m  =2 m  S m (P) • 

3a 3614p crenepa penappmx 6pojesa pmamo 

j m 4_ 3m + 5m + 	+ (2 p — 1) m  = S. (2 p) —2`" 5.(p), 

op,axae, Ha rip., 143B0)3,14M0 

1 
p — 1)= = —

3 
p (4 p 2  — I) . 

AKO npaBonHHHcKH TpetiA, Hmje A0B0JbaH 3a npeTcTaBy r.2aBHe Te/KHat 

AaTe .nHHHje, mowe ce KoHcTpyHcaTH napa6o.a H q KH T p e H A. 

3a oApebHHal-be TOP Tpeima y341Ma.M0 jeAHatcmy 

w 
npit 4eMy KoopAHHaTy X paqyHamo OA cpeAube Ta4Ke, Tax° Aa je 

(8) 

a npema Tome je 

(9)

• 

Xt=0, 

aK0 CBaKOMe 110314THBHOM X; oAroBapa HeraTHBHa Bpe,AHOCT — Xi. LICTt 

a nconyTHe BpeAHOCTH. 

H3pa4yHaHamo 36Hp KBaltpaTa oTcrynalba TpemAchHx HpeA,HocTH oA 

AaTHX BpeAHOCTH w i  . TaKo AO6HBaMO oHy cpyliKuHjy o,n, TM He4103HaTe 

Bpe,AHOCTH a, b, c 

f (a, b, c) = y 

• 

(w1— a — b X; — c X1) 2 . 
=1. 

—
af 
-- 2 E ov ;  —a —bX i —c Xf) = 0 , 

aa 	i=i 

—
of 

=— 2 E x ;  (iv ;  — a =bX i —c Xt) = 0 , 
ab 	i----1 

of=- 22 E Xf (wi — a — bX i — c XI) = 0 .. 
n 

ac 	1, 

En  X i  = 0 , 
i -=1 

143 1103HaT1IX npaBH.na 3a excTpemym (laymuje BHuie 11130MeHaD141314K 

c.neAyjy ycnom 
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AKO y3memo y 06314p jeAHa4n4He 

Ataoal1141(t 111Awf 
Sh: 

riga,  
II 

tobelichw 
38U? 

mr alauvwxm 

ZAMA= 

Aim 
tripe' 

AWN" 
,0/11fflo" 

Illr 

lig 

r 

ry 
0, 05 

1 	i ffipeng  

111.111111 
--mili 	mior

i  

Ow guama og napaatutllav capeliga 
- 	- 	- 	, 

N 

3a oA,pebuHatbe a, 17, c 

f. 00 

5000 

500 

4000 

500 

.,000 

500 

.2000 

50 

100 

0111r01001b0 00 CIDOnallIMICK0e _ 17 	., , 
- 4- 10 00 

+ 500 

- 500 

- 000 

1,1); —na—c 

2-; w i x;  — b E =o. 

n. 
EW; Xf — a i`,Xt — c EX: = 0 . 

i 

Penietbe OBHX ngmeapunx jeA-

Hatikia lisrAeAa 

n • 	n 	n 
ER); EX1— EU); Xf 
1=1 1=1 
	 i =1 a = 

y

• 

w, 

E

• 

Xf 

n E

• 

w i Xt -- 	. 
C 	 • 

n E

• 

X;— ibt1 2  
i 	Li =I 	J 

He 3aycTaalbajyhH ce Ha Ae-
Tan.Hua HapaqyHaBarba, Aahemo 
3a Haw KOHKpeTHH npnmep camo 
pe3ynTaT 

w = 4385,9 + 354,3 X — 55,9X2 . 

n E

• 

X;— [EXf 
1=1 	1=1 

b= 

Cn. 155. npaeonnencKH unapa6onevio4 TpenA jyro- 
C20BeHCKOT H3B03a. OTCTylla}ba 1.13B03a. OA THX 

TpetukoBa 

Ha cnnuA 155 HaBeAeu je rpadpHK jyrocnoBeHcKor 143803a 1921-1930 r. 

H Aim Fberosa TpeHAa — npananHHHcial H napa6aini4Ku. McnoA THX rpacima 

noKa3aHa cy oTcTynal-ba AaTnx noAaTaKa oA WpasoJ1HwIcxor H napa6o.ra4Kor 

TpeHAa. 

Be)K6albe. 

,Ltonyennt Ta6iniuy jyromeencKor H3B03a noaannma join sa 'rpm roanee 

	

1931, 	1932, 	1933, 

	

3323, 	2398, 	2930, 

11 113Bp111HTH cea nspaqynaeama naBeaena y TeKcTy sa Iwo nepno,n, 1920- 1933 r.  

MASA X 

EKCTPEMAJIHH 	 BAPHJAUHOHH 

§ 80. EKCTpeMaJ1HH 111:014MUM14 

Pewasajyhm 3aAaTKe (§ 45) o oA6Hjan,y 14 npenamarby CBeTJIOCTH, 

inme.rm CMO Aa nyT CBMIOCT14 cTojH y Be314 ca MHHHMyMOM BpemeHa 3a 

Koje CBeTJIOCT npeaa3H 143 jeAHe Ta4Ke y Apyry. 43epma (1608-1665) je oBy 

eKcTpemanHy oco6HBy CSeTJIOCTII y3eo 3a OCHOBy TeopHje CBeTaOCTH. TaKo 

je noHHKao Hapotn4TH eKcTpemanm4 npnHumn — (1) epmaToB np H H LtH n. 

TeopHjy KpeTaFba maTepHjanHe TaInce H.I114 LiwraBor cHcTema maTepH-

ja.TIM4X TagaKa mwKemo TaKo1e o6xBaTHTH °minim np141-1ItlinoM cpopmynH-

cwwm nomohy eKcrpemyma jeAHe cpyiiKuHle. To je TaKoasaHH n p 14 H lin 

Hajma e r AejcTe a. Cammaj Tor npiiu,Hna o6jacHithemo Ha jeAHom 

jeA,ll0CTaBHQM noHmepy. 
3amHcaHmo maTepHjanHy TaLlKy Koja je H3 noncoKaja A (ca. 156), 

noA yTkwajem Aamx cHna, npew.- a nonommj B. Haaommo Taj tbeit cTnapaH 

nyT AmpeKTHmm nyTeM Ta41(e Hameby A 14 B. Ca t o  14 t i  03Ha4HM0 

TpeHyTKe HpemeHa Kap,a ce Ta ■-ma Hanamaa y A 14 B. 

Ynopep,o ca OBHM AHpeKTHHm nyTeM sammunimo 

ApyrH nyT TaLiKe KOjH 3a,11,0130JbaBa ycnoHe: 

1. BpeMe KpeTaii,a je HCTO: Oa to  ,11,0 t 1 . 

3. AKO TaHICa HHje &ma c.no6oAHa, Ha np., aKo 
2. Kpajemi Tpajewropuje cy 11CT14: Ta4Ke A H B. 

je 6H.ria npmHybeHa 	ce Kpehe no HeKoj nospwww, Cu. 156. AmpeKTH 
Ta

H 

ibex° je KpeTaffie H Ha TOM HOBOM nyTy orpamigeHo sao614.nasen nyT .nce 

Ha 14CTI4 Hatm. 
flyT Tatme, KojH aa.AoHoJbasa npeTxo,n,He yc.riose, HO HHje AllpexTHH 

nyT, 3oBe ce 3a0611.11 a3HH n y T. 

(8) H (9), .11,011a314M0 AO jeAHatilma 
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Yse,Aumo caA jeAHy rh ..rytintHjy y 06JIHKy HHTerpana 

W = (T — d t , 

rAe je T T3B. 	IEB a cHaa TatiKe HJIH tbeHa KI4HeTH4K a eHep- 
ruja, a II je noTeHumjaaHa eHeprHja TaLce. >KHsacHnaTjeAHaKa 
je 110110B14H41 nponasoAa mace TaLuie 14 xsaApaTa 6p3HHe, Tj. 

/11 V 2  

2 

rAe je m maca Tatuce H v FbeHa opanHa. ifoTeHumjaAHa eHepruja, HJ1H emep-
rHja no.nawaja TagKe HMa oco6miy Aa tbeH AHcpepeHuajaaHH enemeHT d 
Ca cynpoTHHM 3HaKOM, H3paxcasa pap, CHJ1a Koje AejcTsyjy Ha TatiKy Ha 
enemeHTapHom nomepatby. 

6133/HKuHja W, HapaaceHa Hamicamim Hirerpanom, aose ce Aejc T B o. 
YnopeAttmo speAHocT AejcTsa no 3a06HJia3H14M nyTerwma Ca spe,A-

Howhy n0 •AnpeKTHom nyTy. flpHmum Hajmatber AejcTsa. WPM Pa 
BpeAH0cT AejcTsa no AHpeKTHom nyTy HMa, y nopebetby Ca speA,HocTuma 
no 3a06HJ1a3HHM nyTesHma, eKcTpemanHy speAHocT, HaMMe noA H3BeCHIIM 
ycnosHma, Hajmatby. Ilpema pegeHom npminHn Hajmatber AejcTsa cnaAa y 
excTpemaatle npliHuJine. 

flpHHuvin Hajmatber ,a,ejcTsa Hrpa He canto y Mexanwm Hero H y 
Apyrnm HayKaMa orpoMHy pory. cl3Hao3ocptt Cy CKJI0H14 Aa AoKaayjv •Aa 
osaj npuHuHn HMa ytmsepaa.rum 3Ha4aj H Pa csa 3614salba y BaCHOH14 H,3,y 
y carnacHocTH ca 0814M npuHuHnom. 

FIpmumn Hajmatber AejcTsa cpopmy.rnicaH je KaKo y MexaHmun, TaKo 
H y Apyr Hm HayKama Ha mune paanimmx Ha4HHa. Y umpoKom lipaKTINHOIY1 
cmucny Taj ce .npmiumn Hapa)Kasa Kao nptunwn Hajmattmx yTpowaKa ca 
Hajsehm4 peayaTamma. Y oBoi cpopmH OH ce jaBlba Ka0 ocHosa CBeKOJTHKe 
Hawe maTepHjanHe Ky.Trype. 

Kao ILITO CMO sHAean, npHHutm Hajmatber Aejcnia mapaxteH je nomohy 
eKcTpemyma jeAHor oApebeHor HHTerpana. AKO osaj npumum nocTasHmo 
Kao ocHosy MexaHHKe maTemijanHe Tatce, Tpe6a H3 ycaosa excTpemanHocTH 
HHTerpana H3BeCT14 AHcpepeHutljanHe jeA,Hamwe KpeTaFba Tat-We. 

lipo6nemH oApebtwatba HenoaHaTHx cloyHKuHja, Koje Aajy oApebemim 
HHTerpaimma eKcTpema.nHe speA,HocTH, cnaAajy y HapoLuiTy rpaHy MaTe-
maTHKe Koja ce sose BapHjau °Fix paqy H. 

rIpormmo HajnpocTi4jH npHmep osor paqyHa.  
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§ 81. BaptqauHja HHTerpana 

ripe csera 4:lopmyamuHmo HajjeAHocTastfujn aaAaTaK BapHjaumoHor 
pa4yHa. 

HanucaH je 0ApebeHH HHTerpan 

b 

(1) I = if (x, y, 31) d x , 

a 

rAe cy a H b KOHCTaHTHe rpatmne mrerpaaa, f je AaTa cpyHm.Hija He3a-

BHCHO npomeH.Tbtise x, cliyHKuHje y H HasoAa y' oloymmie y no x. Tple6a. 
0ApeARTH Hen03HaTy cpymnsiy y TaK0 Aa HHTerpaa I Ao6Hje enTpemanmy 

HpeAHocT. 
KpHBa Ammja ca jeAHatumom 

(2) Y = Y (x), 
Kojoj oArosapa eKcTpemaaHa' speAHocT HHTerpana I, aose ce tberosa e K C-

Tpemaaa. 
IIpB pewasatby osor aaAaTKa aaycTamthemo ce camo Ha noTpe6Hum 

ycaosHma 3a eKcTpemym HHTerpana. FIporiasatbe ,11,0B0./bHHX ycaosa H3JIa3H 

AaneKo Batt ommpa ose mbHre. 
AKO ynopeAo 3a ckytuanijom (2), KOja speAHocT Hauler HHTerpana 

_AosoAH A0 excrpemanHe speAHocTH, yamemo Apyry cpyHKu,My 

(3) Y = Y (x) 

H cTasHmo je y HaW HHTerpaa, speA,HocT mrrerpana 6Hhe Hon. Osy HOBy 

speAHocT oaHa4Hhemo ca I. flpeMa Tome Haw HHTerpan Ao6Hja npHpaiuTaj 
ca speAHowhy 

paanma aose ce HapHjaRHja HHTerpaa a; °Ha ce Ao6Hja 
KaAa oA cipyHtuoje (2) npebemo ma Ha Kojy clayHKumjy (3). 

BapHjamija FutTerpana ce paaamcyje oA o6twor nplipaluTaja ckHK-
utije Time WTO aasticH He oA npmpauTaja jefl.He HJ1H BHwe npomeHa,Funix 

Hero oA npomeHe 14)yHKuHje y, oA Koje 3aBHCH HHTerpaA, y ne.noKynHom 14H-

repRany oA a ,tto b. 

BapHjawija HHTerpana oaHatiyje ce ca S I (414Taj AeATa I). aaKne 
• 

== I --1 . 

PaaAHKa y (x) — y (x) aose ce sapHjauHja cpy H K u, Hje y H o6e-

neKasa ce ca S y, Tj. 
8 y = y(x) — y (x) 

T 
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lloKaHatmo Ha C.11141.t14 pasruncy Hamehy npHpawTaja cpymumje H FbeHe 
HapHjauHje. 3amHunimo H3mehy Ane Ta4Ke A H B (cJi. 157) A.,He Kpnse: 

y = y (x) H y = y (x). Ca M 03H31414M0 Ta4Ky Ha ripHoj KpHB0j, ca M' Ha 
Ha Apyroj. 06e Ta4Ke Hmajy HcTy ancuHcy x. 

,tlymuma M M' Aaje Hpes,HocT HapHjau,Hje cpyfficumje, jep je 

M M' P M' — P M = y (x) — y (x) -- 8 y . 

AKO caA, x Ao6nje npHpawTaj A x, y he Ao6HTH npHpawTaj A y Kome 

oAroHapa Ay}K. N M„ a y HMa npHpawTaj 0 y = Nt MI'. 
O6paTMMo namby Aa Kplwa y = i(x) 

06144H0 3a,E1,0130JbaBa yClIOB Aa 6ecKpajno Mall0 

B oTcTyna oA, Kpinae y = y (x), Tj. Aa je 8 y 
6ecKpajHo Alarm HeaHLIHHa. 

AKO yamemo Aa ynopeAmmo HpeAHocT 
mHTerpa.na I 3a eKcTpema.ny y (x) ca HpeA-

Howhy 1 3a 6ecKpajHo 6AHcKy xi:wy y (x), 

Tj. Aa npoyqHmo HapHjau,Hjy 81 =T-1, 
Tpe6a nocrynHTH C.4144140 Kao y cArtajy 0- 
6H4Hor eKcTpemyma cpyruanije. TaMo cmo 

C.1 157. Bajnijauxja H npHpauJTaj 	npHH AncpepeHumja.n, oAHocHo H3B0A, H3jeAma- 
clvmouije 	 imam! ca Hy.nom, oHAe hero npHy Hap n- 

jaufij y, Tj. rzaHHH Aeo HapHjan,Hje, Kojy hello oneT 03Ha4HTH ca 81, cTa- 

MTN Aa je jeAHaKa HyAH, Tj. 	
81 --- O. 

OH° je noTpe6aH yc.nos 3a eKcTpemym oApeheHor HHTerpana. 

Aa 1314AHMO Ca.11, KaK0 ce H3 ()nor yclioHa moxce 143B.CTH AncpepeHu,H-
ja.rwa jeA,Hainma 3a oApehHHaFbe Henoaulare cpyHKuHje y. 

§ 82. AIaepoBa jeariagma 

3a npHy HapHjauujy Hawer HHTerpana Tpeoa. E3pa4yHaTH 
b 

I = 5 	(x, y, yr)d x 

a 

flourro cy rpaHuue oaor karrerpana cTa.rwe, HHTerpan ce meH,a canto 
yTOJIHKO yK0.1111K0 ce melba camo iberoBa noAHHTerpama cpyHKunja; npema 
Tome HapHjauHja HHTerpana 6Hhe jeAHaKa HHTerpany HapHjawije, Tj. 

b 

5 I =--- 15 f(x, y, y') dx. 
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,ampepeHattjan dx He 33BHCH oA, npoMeHJbHBe cpyHKH,Hje y H 3aTO 

He nomme HapHpaffiy. 
BapHjauHja 8f (x, y, y'), Kao 6ecKpajHo maAa. He.rawHa, Koja 3.3B14C11 

camo oA npomeHe y'a, 3H3.411 H 00, y', Hma HpeAHocT 

8  f (x, 31, y') 	= 23-1 8 	--I-a 8 3' 1 . ay 	a y' 

oBy HpeAHocr y HapHjaumjy wrerpa.na, 

	

f 	af 81= 	 ay)dx= 

	

ay 	ay' 
a 

jeAaH 

=f 
a 

y Sy dx-{- 
a y'

Oy'dx. 

a 	 a 

KaKo osa AHa npoueca, Alicpepemiparbe H Bapilpaibe, He aaBlice -

op, Apyror, mmemo KannaTH 

dy = 8 dy_dt3y =  d 8 y . 

dx. dx 	dx 	dx 

TaAa he Apyrll HHTerpaa H3r.neAaTH 

illt y' dx 	—fa 	83; dx= 	d8y. 
j a y ' 	j a y'dx 	,jay ' 

a 

mfrrerpaumja °K ."' ',Japan Aaje 

f a f,d8y=-- —aa 	—16 y 

a 	 a 	 a 
ay' 
	 a f 

FRe je ynoTpe6.rbeK no3HaTH malt aameHe. 	
Ta4Ke A 14 B, 

	

cIowTo Kpusa y = y (x) TaKohe 11p033.314 Kp03 CTadlHe 	
%am BapHjawija S y 3a one Ta4Ke HMa npeAHocT Hyny, -re je cTora 

npeTxoAHe pa3AHKe je,a,HaK Hyint. 
McKopncTumo caA A06HjeHe pe3yaraTe H Hamuummo Hawy sapilja- 

uAy y o6AHKy 
b 

SI= f 
✓ \ay dxd f )

sydx. 
 Y' 

a 

CTaBHMO J114 Ao6Hhemo 
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Kao WTO CMO enAe.rni, ycaos excTpemyma 3axTesa Aa S I 6yAe jeA-
HaK0 HyJ1H 3a csaKy 5JIHCKy KpHsy y(x), Tj. 3a npoinsowy speAHocT Ba-
piljauHje S y. To molKe 6HTH canto noA ycnosom, aKo je xoeimanjewr KOA 
5 y Hyaa. TaKo AoAa3Hmo AO jeAHatnme 

d af af 
—=0. 

dx ay' ay 

HanHcaua jeAHaLmHa aose ce A ja epos a je AHa. H H a BapHja- 
u HoHor pagyH a. 14HTerpaumja ose jeAHaLimie Aaje Tpaxceity eKcTpemany. 

IIOwTO cf)yHKunja f caANKH y', a npsn ti.naH jeAHaqHHe Tpa)KH jow 
jeAHo Anej3epeH4npafbe no x, AjAeposa jeAHaLmHa je Apyrora peAa y 0A-
!Joey Ha Her103HaTy cpyfficumjy y. 

§ 83. lipamepu 

PeWHMO HeKOJIHKO npHmepa. 

a. Hap(pahe pacTojathe .83meby 48e T a in c e y pas811 

HeKa cy AaTe y pasHH Ase Tatum A H B Ca KoopAnHaTama x0 , y o  H 
y t . Tpe6a AoKa3aTH Aa je npasa HajKpahe pacTojarbe Hamehy OBnx 

Ta4aKa. 

Y3M14M0 o6pa3an (§ 74, d, 'Y) 3a Ay.>KHHy nyma Kpime y AegapTomm 
KoopAHHaTama 

I= f 1/1-1-yr2 dx. 

KaKo je osAe 

I-11 1 + Y ' 2  
Ajoeposa. jeAHatma H3rAeAa 

a' af of 	d 	y' 
	 =O. 

d x a y ' 	a y d x 111 + y' 2  

143 ose jeAHacume oAmax caeAyje 

const. 1. 1 ±y /2 
HIM 

y' = const. = a .  
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AKO HHTerpHuiemo jow jeAaHnyT, Ao6Hjamo 

(1) 	 y 	ccx+13, 

1-Ae cy CC H p ,a,Be npOH3BOJbHe KOHCTaHTe miferpaumje. OBe KOHCTaHTe naKo 

ce oApehyjy 143 ycnom Aa npasa (1) npo.nam Kp03 Ta4Ke A H B. 

Ha Taj Ha414H CMO noKa3aAH Aa je AoucTa npasa HajKpahe pacTojaffie 

Hamehy Ase Ta4Ke y pasHH. 

b. Hajmatba o6pTHa no8puintia 

Y paBHI1 cy AaTe Ase Ta4Ke A H B H oca 0 x (ca. 158). Tpe6a cno-

j14131 ose Ta4Ke KpHBOM y TOj paBHI4 TaK0 Aa ce o6pTabem Te KpHse OKO 

oce 0 x Ao6Hje Hajmafba nospwsHa. 
KaKo ce o6pTHa nospwww H3pa)Kasa (§ 74, d) o6pacnem 

b 

y1/1-1-y' 2 dx, 

a 

tpyHmoja f HMa speAtiocr 

f 	+ 

Ilpema Tome Ajaeposa jeAHatimia H3rneAa 	0 	o 	s x 

dx a y' (Y 1  ± Y 12) V 1  + y12  = 0 . d a 
	 Ca. 158. Miummamao6pTHa 

noBpwalHa 

IlOWTO yHKHHja f y OBOM cariajy He 3aBHCH OA npomewbHse x, 

Hawa jeA,HaqHHa HMa HHTerpa.n 

y r -la  —f = const=e; 
a y ' 

WTO ce HenocpeAHnm Amcpepemvpafbem momce H nposepHTH. 

Y Hawem npHmepy Taj HHTerpaa HarneAa 

YY'  
Yr 	)1111+p = a'. 

Vi +3/2  

Ilocne TpaHccpopmaumje Tor HHTerpana Ao.nammo Ao jeAHatnme 

— CX 
Vi + 3112  

rAe je a = — a'. Pemetbe ose jeAHatmHe no y' Aaje 

28 

• 



je epeAtiocT 6paHHe 

HajaaA, 143BeAHMO 143 17pHH1.414fla Hajmatber AejCTBa AftcpepeHnHja.nHy 
jeAHatimy Kperatha maTepHjarme TaLiKe. 3aycTasHmo ce Ha cariajy canto 
jeAHe npomemsHse KoopAHHaTe x, Tj. Ha IlpaB01114HPICKOM KpeTaksy. MOTET° 

dx 
—
d t 

 = x', )Knaa cHna. Tatme mace m napatunaBa ce ()Bait° 

n = n (x) , 

Atm npeTnocTaBHMO Aa noTeHu,HjanHa eHeprHja II 'mice 3aBl4CH canto 

coA no.nowaja Te Tatike, Tj. 

a oea jematma npeTcTaeisa 
Tatra maTepHjartHe Tatme. 

(3) 

	 d 

dx 
=x 

Hmamo 	
—c/11=Xdx, 

a THMe ce noTepbyje Aa AmpepeunHjan c/11, ca npometbemm 3HaKOM, HMa 

epeA,HocT paAa cane X Ha AaTom enemeHTapHom nomepatby dx. 

M3 (2) Ha ocHosy (3) A011a3HMO AO jeAnatuente 

m x" = X , 

ouPepemusjaraly jeAtiatimmy npometubnBor Kpe- 
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.3/ 	I/3/2_ 
a 

oAame nocne pausajaiba npomeHisHellx ,Ao.naaHmo Ao Kea,ApaType 

d y _ dx 
v y 2 	' 

HHTerpanHja ose je,a,HatiaHe AoeoAH Ao peay.trraTa 

log (.), 	 Yy2 	a2) = x  
a 

rAe je 	HOBa 11p0143801bHa KOHCTaHTa. lipeTxo,AHy je,AHatmuy TpaH4opmu- 
memo osaKo. lips° o,A jeAmaKocTH Aorapwrama npezammo Ha je,AHaKocT 
(5pojeea 

x + 13  
y 	y 	2 	c(2 = GC e a , 

rAe je 

= — a log a , 

a 3aTHM HapatiyHasamo paammty 

_ x + r 
y 	ify2 

143 ose Ase jeAtiaL4He oApebyjemo y 

x-H3)  
y= 	4 

2 
(e a 	-e 	a. 

HaseAeHa jeAHaqHHa oApebyje KpHey AHHHjy Koja ce acme naHq a-
H H 1{ a. 061114K naHLiamme HMa, Ha np., TewaK aaHan, ymspuilieH y TaLiKama 
A Pi B, no,a, yTkinajem cline Te.we ca npaellem Hopmane Ha ocy o6pTaba O x. 

c. 4mybepetigm ja.ana jeilHaqHHa KpeTatba maTepki-
ja.atie Taqice 

1 	, T 	m 	— m x'2 . 
2 	2 
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3a Aejmo hemo HmaTH HHTerpan 

W  f ( 1  m x12  d t . 
\ 2 

to  

HanHummo caAa AjaepoBy jep.Hatamy cTawbajyhH 

nOLUTO je 

d 	, d 11 

— 
0  

dt mx 	dx 

m x" 	
d Ii — 	 
dx 

d 
143pa3 — 	He npeTc-rawsa HHuiTa Apyro Ao cHny X, Koja Aej- 

d x 

cTByje Ha Tatitcy. 3anTa, H3 ycnosa 

Bex6affie. 
floxa3aTH nomohy BapHjanHoHor pagyHa Aa je 6 p a x H cToxpo H a y no.lby 

cline Tme HincricHma• BpaxHcToxpoHa je }wpm Hojom maTepHjanHa Tagxa 143 nogemor 

nonoakaja 6e3 nowTHe 6p3HHe Aocnesa y Apyru nonomaj 3a Hajxpahe Bpeme. 

f (t, x, x') = 1 — m x' 2 	(x) . 
2 

a f a f
= 

— dEI 
— rn xf  , —  

x' 	ax 	dx 

Ajneposa jeAnatmna Aaje 

141111 

(2) 
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§ 84. AmpeKTHa meTo,Ra 

CTOjH y sem ca HHTerpatudjom AncpepeHuAanHe, a y onwTeM cartajy AH- 
EpepeinutjanFix jeAHatitma. IlocToje mebyTHm meToAe, Koje omoryhY1Y Aa ce 

Kao LUTO cmo seh HHAenii, pewerbe npo6nema BapHjagHoHor paNyHa 

Taj npo6nem peum H AHpexTHHm nyTem, 6e3 npHmeHe AHtpepeHuyijanffitx 
je,itHaqHHa. Te ce meToAe 3osy AktpeKTHe meToAe IlaptijaaHoHor 
p a q y H a. lipsy Taiwy meToAy npeAnoxcHo je maTemaTiNap BanTep p Hu 
(Walther Ritz). Floxa3ahemo y qemy ce cacTojH PHgosa meToA a. Cy-
WTHI-la ()Be meToAe je Bp.r10 je,AHocTaBHa. 

Y3MHMO Aa.  Tpe6a oApeAHTH cpyHiatHiy y, 3a KOjy HHTerpan 

(I) 	 I = ff (X, y, y') d x 
a 

HMa excTpemanHy HpeAHocT. 43ymawja f je AaTa, a H b cy KOHCTaHTHe 
HenwiHHe. 

110TpaNCHMO 17pH6A14/KHy BpeAHocT y m  cpyHictwje y y 06nHity 

(2) 	 Ym 	4'1 + C2 ± • • • ± Cm gj al 

rAe cy 4 1 , 	, gi m  AaTe cjvincHnje x'a, a c„ c2 , . 	KOHCTaHTe, 
Koje Tpe6a oApeAHTH. Te cpyructwje mory 6H1'H HAM CTeneHH x'a, H./114 HeKH 
110.11HHOM14 no x, 141114 ma KaKBe Apyre cpyww,Hje, Ha np., TpHroHomeTpucite, 
H TaAa pewee y m  CTOjH y Beall ca t)ypHjeoBHM peAom. 

YBpCTHMO cpytintHjy y. y HaW HHTerpan (1) H H3BpWHMO HHTerpa-' 
amjy. ao6Hhemo Ham wiTerpan Kao cpyHini,Hjy KOHCTaHaTa C 1 , C2 , ..., Cm.  Tj. 

I = F (c„ c2 , 	cm) 

1113a6epHMO Cafi, KOHCTaHTe C 1 , C2 , ..., C m  TaK0 Aa HHTerpan I Ao6Hje 
eiccTpemanity speAtiocT. Kao 111TO 3HaM0 Te KOHCTaHTe mopajy 3aAoHo.rba-
BaTII ycnotie 

(3). 
	 aF 	aF 	 a F  

aC1
, ..., 	—0. = o

' ac2 
= 	

ac. 

cloyHKH14ja y m  143 (2) Ca KoHcTaHTama oApebetimm H3 jeAHa4HHa (3) Aaje 
npfi6ninicHo. peweffie Hamer npo6neMa. KaA m Te?K14 6eCKOHat1HOCT14, cpyHx-
ItHja y,,, Te)KH TaLIHOM pewerby Tor npo6nema. KonsepreHTHocT Pintosa 
nocTyritta, no,A H3BeCHHM ycnomma, npHH je AOKa3a0 aKaAemHx H. M. Kpunos. 

Y3M14M0 LLITO jeAHOCTaBH11jH KOHKpeTHF1 npMMep. 

I413meby Tagatca A (0, 0) H B (-
2 
 , 0) Tpe6a notiyhti Kploy Koja je 

excTpemana HHTerpana 

2 

_1 x 
I 	(2

Y/2 	
2 3  ± 31) dx

. 

Heno3HaTy cpyrucll,Hjy y npeTcTaaHmo TpHroHomeTpHcimm peAom 0A 

caMO TpH maim 

(5) y 	c 	c, cos x 	C 2  Sin X . 

1/13 ycnosa Aa Hama tcpw3a mopa Aa npona3H xpo3 Ta4Ke A H B 

'HMaMO 	
y (0) - 0 = c c„ 

Y  (2) 0 = C 4-  C2 

oAaKne cy 

(6) c, — c , c2  — c . 

Flpema Tome cpyaKtimja y mopa HMaTil speAHocT 

y c (1 — cos x —sin X) 

H 3a614CH camo OA jeAHor HeoApebeHor icoecloymmjeHTa C. 

CTastimo ca,a, Ty speA,HocT y Haw HHTerpan (4); nocne cHobeiba 

tinatioea Ao6Hhemo 

I= [-
1

c 2 ( — + 2 cosx --F 2 sinx —4sinx cosx)+cx(sinx—cosx)dx. 

J 2 

Flocne n3pa4yHaHatba CBHX oApebeimx HHTerpa,na, a meby H,Hma cy 

H oea 4,Ba Hiirerpana 

1 

7., 

x sin x d x ---- (sin x 	x cos x) / ----- 1 , 

O 
—2-  

2 

X COS X dx = (cos x + x sin x) 	—I, 
2 

0 

(4) 
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MOMSeM0 HpeAHocT Tor HH+erpaRa. HanHcaTH y o6n4Ky 

(2 2—r2 ) (-12 C2 ±C ) 

3a ofwe1))i4HaFbe KOHCTaHTe C, Tpe6a 143je,LIHatilITH ca Hynom 14360p 
Hamer 14HTerpa.na no Toj KOHCTaHTH 

d I 

2 	21 (c+1)=0' 

coAK.rie Ao6Hjamo c = — 1. Ha ocHoey oHor peay.riTaTa H jeAHalaHria (6), 
jematimia eitcTpemme (5) Ao6Hja ,11411HHTGIBHH 061114K 

(7 ) 	 y — 1 ± cos x + sin x 

Hpema TOMe 6e3 HHTerpa1Hje Ai4c13epeHumjanHe jeAHa44He Ao614.m4 
cmo peweibe Hamer npo6.nema BapujagnoHor pagyHa. Y OBOM cnyziajy Ao-
614jeHo pelmet-he HHje statue canto npii6.114>KHo, Hero je Talmo. 3aucTa, Aj-
Aeporia jep,HaLma 

d a f of =0 
 dray' .ay 

y Hamem criplajy, noLuTo je 

af ==y, ±x,  d of 	+ 
1 of =— 

 
ay 	d x y' 	 ay 

143r.riep,a °sax° 

Y" Y + 1 	. 

OrlinTH HHTerpan oHe J114Hearme Alicpepemisja.rme je,11,Ha4mHe ca KOH-

CTaHTHI4M KoecjmumjeHTHma, 6e3 TewKohe op,pebyjemo 

y = Ci  cos x C, sin x — 1 , 

jep je y = — 1 tbeHo napTi4KynapHo panel-be. 143 ycnosa ,bra 32 x =0, 

fc 
y = 0 11 3a x = 

2 
— y = 0, oApebyjemo npom3mbHe KOHCTaHTe: C i  = 1, 

C. = 1, nocae gera ce spahamo Ha HaTerpan y o6.rn4Ky (7), a To H noTsp-
byje cTaH ua  je Hame pemefbe (7) He canto npH6m4wHo seh 14 TaLIHO. 

ITIABA XI 

TEOPHJA BEPOBATHO'FIE 

§ 85. TeopHja seposamohe 

1414TepecaHTaH je nocTaHaK Teopuje HeposaTHohe. TeopHja neposaT-

Itc•he je nom4K.ria 143 Ilierbe ua ce pe3ynTaT14 xa3ap,ammx mrapa ou.ene, a 
eBeirrya.nHo m npopeKHy norywhy 6pojesa. flpem Har-mum, Koji4 Cy ce 6a-

611,rim onmm nwrarblima, 614.rm cy 43ep/v.a (Fermat, 1608-1665) H riacKan 
(Pascal, 1623-1662). Knacw-my cpopmy TeopHji4 HepoHaTHohe Aa.rni cy JaKo6 
BepHysin (Jacob Bernoulli, 1654-1705) H LiyeeHH cppaHuycam MaTeMaTH4ap 

Jlan.rrac (Laplace, 1749-1827). 
CaepemeHa Teopja HeponaTHohe pa3sm.ria ce y Hermity Hay4Hy ,3,14c- 

Htm.rumy; oHa ce npmeffiyje y MaTemaTH11,14, Mexamum, EnneprimeHTarmoj 
H TeopucKoj c1314314m4, AcTpoHomi4j14, reo,Re3i4j14, a cem Tora H y Bno.riorkijm, 

FIC4iX0.110CHjI4, CTaTIICT1111,11 H y pa3HHM o6nacTiota eKOHOMCKHX HayKa. Teo- 

plija HepoHaTHohe Hma 14 CBOjy 4HCTO npaKT1414Hy npmeHy, Ha np., y OC14- 

rc,Tarby, KOjkim ce Oase. Hapotwan cTpy4rtau,14 — aKTyap 14, y no.rbonp- 
Espe,g,14 npu ou,eivaHar-by pe3y.rrraTa c ea eicg H j e cemeHa 14214 mumoTmfba HTA. 

Y ,rBaAeceTom je sexy TeopHja HepoHaTHohe 3HaTHO Hampe,wea.ria 

KaKo y cmilc.rry fi.y6iber npOy4aBalba H aKcHomaTm3aumje cHojkix OCHOBa, TaKo 
y cmmcny npownperba CBOT maTepnjana. HeKe FbeHe rpaHe gal( cy ,a,o6H.ne 

camocTairau KapaKTep, Ha np., MaTemaTimKa cTaTkicTilKa, TeopHja Kope- 

;raumje H Ap. 

Fla Lie 1y ce OCHHBa ap.rio ea)KaH TeopricKH 14 npaammill 3Hagaj Teo-

pilje Heposamohe? flpn aHar4314 pa3m4414Tmx cpaKaTa, He3aHmx 3a ona}Karba 

11214 eKcneimmeHTe yeeK ce Tpa.}Km y 3 p ol4H a H e 3 a, Ha OCHOBy Koje 614cmo 

mor.rn4 upepirril npema ,RaTom KomnneKcy ycnosa a HacTynai-be op,pebeHor 

tPaKTa A H emeHTya.rmo yCTaHOBHTH oHe mepHe 6pojeee KOjH cy He3aHm ca 

THM CPaKTOM; Apyritm pet-alma, Tpaw14 ce nOCTaBlbaEbe 3aKoH a, H TO y 

MaTeMaTH4KOM o6.rniKy, Kojem ce noKopasa Taj cpaKT. Y iimalmom c.nrrajy 
y3po4ma Be3a ce Hapamcaea cpyHKU,140Har1HOM Be3OM. AJIH y npnpoAH, y Be- 

, 
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hmin cnriajesa He mo)Kemo nocTasHTH cnrypHy sesy Hsmehy KOMIIJIeKCa 
ycnosa a H (loam-a A. lima join yseK H Talosnx ycnosa 13, Koje MI4 11 He 
3HaMO a oA KOjHX TaKohe amnia' HacTynarbe cpaKTa A. TaKO, Ha np., KaA 
nyuamo y Awni wi.n , KomnneKc ycnosa a — LionoAaj Tona, Te)ama H cpopma 
by.neTa, KOJ114 11HHa BKC11.11031413a H Ap. — mcnice 6HTH Ta4H0 mcnyibm npema 
Hamm moryhHocTmma, na Aa Final( cpaKT A — noroAaK He HacTynki 11 TO 
3601' TOra, HITO cy yTnuann yCJI0B14 HenosHaTor KomnneKca p. Tyne HHje 
noroAm.no TagHo 11,14.1b, HO OHO je nano y 6JIH3HHH u,H.rba, a Apyra cy Ha 
oApebeini Ha4HH pacnopeheHa OKO 1111Jba. ckaicTa c.nninia TonoscKom noroAKy, 
KaA BOCT0j14 KOMIllleKC p HeriosHaTmx yspoKa, cagmbasajy y ripopo,An H y 
JbyACKOj AefIaTHOCTH MH01'0 sehy Knacy (l)aKaTa Hero ()aKTa ca Ta4H0M 

yspogriom sesom. TeopHja seposaTHohe npy)Ka anapaT sa npopianwbe no-
jaBa ca Heno3i-IaTMM KomnneKcom yspoKa. TaKse nojase ce sou c T ox a- 
C T H 4 K e n o j as e. Osaj Ha3HB je nocTao oA HaseAeHor KnactigHor npn-
mepa TaKse nojase — noroAKa AaTor 11,14Jba, jep rpliKa peg GTOxoc 3Ha414 104.rb, 

a GTOV. ,37r46; — oHaj KOjH sHa 1101-0AHTH. FOTOBO y cse nojase je ymemaH 
CTOXaCTIIIIK11 enemeHT H Tmme ce 06jaunbasa npoillisncKa BaXiHOCT Teo-
pHje seposaTHohe, Teopuje npoygasaiba CTOXaCT144KI4X nojasa. • 

'§ .86. MaTemaTmgKa seposaTuoha 

llojam seposarHohe npoTymagmhemo ripe csera Ha KoHKpeTHom npH-
Mepy. HeKa ce y HeKoj KyTojo Hanase neT Kyrnmu,a: Tpo 6ene 	Ase upHe. 

Te KyTmje, He rneAajyhn, saAnmo Kyrnouy. BrposaTHohy ca Kojom hello 
143BaAHTI4 6aw 6eny Kyrnmu,y Tpeoa 143pa3HTH 6pojeM. FIpeTrocTas.rbamo Aa 
je saheibe ceaKe kyranue no.ajeAHaKo moryhe, Aa He mo)Kemo y HCTO pee 
143BaAHTI1 Ase Kyrnoue H Aa jeAHa KVI- 11111.1a He mooce y HCTO BpeMe 6HT14 
11 6ena u,pHa. Cmarpamo Gene Kyrnoue Kao „noscubaH" Aoraljaj. 
CHera Hmamo neT Kyrnou,a, Koje moiKemo H3Ba)1,14TH, AaKne neT moryhnx 
)3,01 -aljaja; je noso&Hpix camo Tian. flpmpoA,Ho je Aa ce sa mepy 
Hep03aTHQ!'i flOBO.bHOP Aorabaja ;  sabeiba 6aw 6ene Kyrnmue, yame Kom4n4K 

36poj HOBOADH1IX caygajesa = 
5 	6poj CBHX moryhmx cnygajesa 

AKO, yoruuTe ca p osHagmmo 6poj 110B0/61-111X cnygajesa HeKOP ,LIora-
baja, a ca s 6poj CBHX moryhmx cnygajes a, seposaTHohy w AorAaja mon(emo 
Aecpotioca in K0.1114qHFIKOM 

w = — . 
S 

TaKo A,et.lornincaHa Heposamoha sose ce m a T em a T H 4K a sep o-
is a T Hoh a. OHa ce 30Be j0111 H seposaTmoha a priori, Tj. sepo-

, 

saTHoha Kojy mommo n3pa4yHaTi4 npe ma Kor ncrurrnsaiba 	npe Hero 

WTO ce Aorahaj cTsapHo Aecn. KaA ce y3 peg seposaTHoha He Ka)Ke HHwTa 

Bowe, MHCJI11 
ce Ha maTemaTngKy seposaToohy, Ha seposaTHohy a priori. . 

AKO ca /1 osHatimmo 6poj rienosr_vbwAx cayqajeBa Aorabaja, KORW4H 11 K 

: S ca 03HaKOM w, Tj. 

w w 1 , 

Tj. 36Hp seposaTHoha no KojuMa he ce Aorahaj AecnTn, oAHocHo Hehe Ae- 

CHT14 jeAHaK je jeAoHnun. 
AKO je Aorahaj Hemoryh (p = 0), tberosa je seposaTHoha jeAHaKa 

Hynes, Tj. w = 0. AKO je 6poj p nosoaamx cnygajesa jeAHaK 6pojy s CBHX 

moryiwx cnriajesa, Aorabaj he ce Aecirrn cmrypHo. KaKo je y osom cnygajy 

w= S,  moxcemo TBpAHTH Aa je jennHnua mepa se p o sa TH o he C H- 

rypHocTn. 
BeposaTHoha w csaKor 

saTo ycnos 

Benc6aHua. 

I. Knolixa je BeposaTHcha Aa npu 6atlawY ieAlle xouxe Ao6Hjemo Ha EeHoj rop- 

IbOj c-rpami TpH no? 

2. lionlixa je seposaTHoha Aa npH 6auatbY jeaee xouxe AO6Hjem0 Ha roplboj 

cTpalhi napHa 6poj oxa0a? 

3. Ko.nma je seposamoha Aa npx 6axatby Ha aHema Houxania HcriaAme: a) HCTH 

6poj caau.a? b) 36Hp oxaga jeaHax AeceT? c) painxxa ()foga jeAHaxa Asa? 

4. JJ, sa Hrpava A H B 6aLlajy ;Ise xouxe. A Ao6Hja Hrpy xaAa je 3614p oxaga Ha 

}cc:Iwo/0a 7, a B Kag,a je Taj 3611p jeuliax 8. ,Eta A0 je xrpa npasx4Ha? 

5. Y KyTH1H je 30 xyrAHua: 10 6eAkix H 20 o6ojeHox — 5 aenemx H 15 Hcyrrix. 

komixa je seposamoba Aa ce 143sy4e jeAHa o6ojeHa xyroxua? A KOJIHKa Aa ce Hasyge 

seneHa xyrnsw,a? 

6. liontil(a je seposaTHoha Aa ca TpH 6agene xouxe 6ap Ha jeAHoj 6yAe jeAHO oxge? 

7. Y xyTHjH je 4 Gene H 6 Ltinnix xyrAHLta. 0ApeAHTH seposaTHohy sa mas.nagerbe 

Gene xyrAHHe nocAe jeAHor Bab( wa KaA je 6v.ria HaBabelia: a) 6e.na xyrAxua H b) 
upHa 

HyrAnHa. 

— n 
w = — 

s 

nspawasa seposaTHohy ca Kojom ce Aorahaj Hehe Aearn. rIcauTo je 

p 	S, Hmamo jeAHaiuniy 

Aorahaja mopa, npema Tome, 3aAoschrba- 

0( w <1 . 

ilpHmeTHmo Aa seposaTHoha w monce 614TH He camo pauHoHanaH, Hero 

mpaumoHanaH 6poj KaKo TO C.TIBAyje 113 HCKHX, HapoLivrro reomeTplictatx, 

TeopocKnx pacybusaiba. 
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§ 87. Teopema caonpalba 

Hexa ce y KyTHjH Hana3e AHe HpcTe cHeTnmx xyramu,a — AHe 6ene 
LierHpH ›KyTe, a cem Tora foul ft Tim TamHe, Ha np., npHe xyrnHu,e. Ka1Ba 
je HeposaTiloha Aa 113BaAHMO cseTny Hyrninty? IIOn1TO CBeTJIHX xyr.rama 
nmamo 6, a xyrm iu,a je cHera 9, mox(emo TBpAHTH ,Aa Tpa)KeHa BepoBaT-
I-oha H3HOCH 

6 	2 
1,1) — — . 

9 	3 

HcTy Hepo3aTHohy moniemo HapavynaTH H Apylothje. Hapagymajmo 
L;eposaTHohy w 1 , Koja oAroHapa Hahei-by 6ene xyrnHue. JacHo je Aa oHa 

HpeA,HocT 
2 

9 

PICTO TaKO sepowaTHoha Aa H3BaAH1F10 x(yry xyrnmy H3HOCH 

4 

BHAHmo Aa seposaTHoha Aa H3Ha,n,Hmo cseTny, Gen) ,  Ham )KyTy, 
H3HOCH 

+ LU2  . 

JacHo je Aa je sepoHaTHoha Asa noBojbHa Aoraljaja xojH ce HCK.rby-

tiyjy y3ajaMHo yHex Beha oA HeposaTHohe jeAHor oA THX Aorahaja. 

TeopeMa ca6Hpaffia. Mo)Ke 614TH npounipeHa Ha smile He3a3HcHmx 

Aorahaja, K011i ce y3ajamHo Hcmbyvyjy. AKO cy HepoHaTHohe k noce6Hmx 

A,orahaja o3HazieHe ca w 1 , w2 , • • • , Wk , BepoBaTHoha w Aa ce AECH jeAaH, 

614a0 xojH oA, THX Aorahaja, H3HOCH 

W W1 ± W2 + • • • + Wk 

Taj ce 361ip noHexaA 303e TOTaJlHa He p GB aTHoha Aamx 4,o-

raaja. AKO P,epoHaTHohe w i , w 2 , , irk Hcu,prubyjy cBe moryhe Aorabaje 

jeA,Hor Komnnexca Aorahaja. Te HepoHamohe cy He3aHe jemagn - Hom 

wi w2 	• 	wk = 1 • 

YCJI0B Az jeAaH Aorabaj Hcx.rbygyje pyre ucTor Homnnexca je Hpno 
HaHcaH y TeOpeMH ca6Hpaa,a. Alto Taj ye.TIOB Hmje HcnyibeH, Teopema ry6H 

cHojy liCTAHHTOCT. Taira, Ha np., axo Bepommoha Aorahaja Aa Hostulh A 

naAHe ca rp6om Harope I13110C14 —2—, a OBO swim 14 3a Homuh B, He moy.-:emo 

THpAnTH, Aa npema TeopemH ca6mpaiba, Heposamoha Aa 61In0 npen 614n0 
1 	1 

ApyrH Honnh naAHe ca rp6oM Harope 113HOCH 2 	2 = 1 , Tj. Aa je TO 

cHrypHo. TeopeMa He moxce 611TH npHmel-beHa Ha osaj 	jep cy Aorabajn 

KOAMaT146FIJIH14, Tj. 01114 ce y3ajamHo He uclubygyjy. 

W2 B' - 
 je,omai(a 

6poj 

--Fp2; 

YonwTe, axo IIMaMO Asia Aorahaja ca HepoHaTHohama w 1  
w Aa tie ce A,oroAHTH 6Hno jeAaH 6Hno ,Apyrki Aoratjaj 

iu 36Hpy BepoHaTHoha noce6m4x Aorahaja. AKO cy 

WI Pi 	
W2 = P2 

rAe cy 6pojeBH p, 11 p2  6pojeBH HOBOJbH14X nojeAHHaqHHx Aorahaja, 
BO7bH11X Aorabaja Aa ce AecH 6Hno jeAaH 6Hno Apyrn Aoraljaj H3HOCH 
npeMa Tome Hmamo 

Be bas a. 
1. 143 umpaa 0A, 32 KapTe oTcTparbene 	?Aar. xepu, Ae.e Kape, Ipa rinKa n 

/eTupn Tpecicia. Kaiise Ase 6cje Tpe6a Aa usa6 ,:,,pe csaAn oA iirpaNa A 1,1 B Aa seposar-

noha sabeksa AapTe IbtINOGIIX 6oja 6yAe sa CB[IKOF Krpaqa ucTa? 

2. OA 50 K.nanosa Aomahe BpcTe AyRypysa 13 Kannosa cy uma.:m Aysumy maisy 

oA 19 cm, 30 KIIIIROBa — AYNCHHY H3meby 19 11 20 Cm 14 7 K1111110Ba ApAnuy sehy oA 20 ( m. 

Ca KOIRIKOIVI EeP011aT110hOM moxemo pagysaTm Aa he °Ea. upera pimaTu Annnose 1. Maybe 

-oA 19 cm, 2. oA 	cm H sehe? 

w = PI + P2  

S 
oA,ax.nd cneAyje jeA,HatwHa 

w wi w2 
xi* HapaHcasa Teopemy ca6Hpatha HepoHaTHoha. Teopemy MO>KCM0 (pop- 
My.fIliCaTH OBaKO: 

BepoBaTHoha Aa OA ,aBa Aorabaja, K0jH jeAaH Apyror 
Hcx.rbyliyjy, HaCTytt 14 6 Hno jeAaH 6Hno Apyrtt jeAHaxa je 
36Hpy BepoBaTHoha Aa HacTynH cHatcH OA 1-bHX noce6Ho. 

§ 88. TeopeMa mnozietha 

AHanH3yjmo npHo oBaj 3aAaTax: Y jeAHoj xyrvijm Hana3e ce AHe 6e1e 
TpH LtpHe xyrnHne; y Apyroj cy KyTI4j14 TpH 6ene H IlempH npHe xyrnmu,e 

KOJIIIKa je HepoBaTHoha Aa hemo H3 ripHe II 113 Apyre xyTHje H3BaAVITH no 

6eny xyr.rniu,y? 
BepoBaTHoha Aa hello 113 npse xyTHje n 3BaA14TH 6elly Kyrnmuy IlMa 

zpeAHocT 
P1 	2 w, =— _ 
s, 	5 
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CJIH4H0 Tome HMaMO noce6Ho 3a Apyry KyTHjy 

P. 	3  11, 2 = 	= 
s., 

Hspagynajmo cau, seposaTHohy w Aa hemo HssaagehH 11 113 npLe H 
113 Apyre Kyrn.je 143By1111 no 6eay myraHuy. 1,13pagyaaheivto, rips°, 6poj no-
BOJbli14X C.nriajesa p. CBakOj 0,11 6eJ114X Kyranna npse KyTHje moncemo A,oAaTH. 
jeAHy 0,11, TpH 6eae Kyrninke Apyre KyTHje, a nowTo je 6eanx KyraHna y 
npsoj KyTkijil Ase, csera noso.rbimx Aorahaja mmamo p = 2  . 3  = p1 P2 • 
C Apyre cTpane, ceiix moryhux Aorahaja Hmamo s = 5 .7 = s 1  s2 , jep csaKoj 
oA Kyrauga (5) npse KyTHje mo>Kemo AoAaTH csaKy oA KyraHna (7) Apyre 
KyTHje. Ha ocHosy HspagyHaTkix 6pojesa cnytiajesa Hmamo sa seposaTHohy 
W lisps 

Pi P2  
11/ 1 W2 • 

8 1 S2  

JacHo je Aa pesy.TraT 

W = W 1  W2 , 

Ao6iijeH y OBOM KOHKpeTHOM npHmepy, Ba1KH H 3a 011111TH cnytiaj H npeT-
cTasasa. Teopeiy mHoxerba BeposaTHoha. 0HaraacH 

BeposaTHoha Aa Asa HesasacHa Aorahaja HacTyne 
— 

sajeAHo  jeAHaKa je nponssoAy seposaTHoha csaKora 0A 
osa Asa Aorahaja noce 6Ho. 

Aorahaj, KaA HacTynajy sajeAHo Asa 14J111 mule noce6HHx Aorabaja, 
scow ce c n o e H14 Aoraha j. flpeMa Tome BeposaTHoha cawKeHor Aorabaja 
jeAHaKa je npomssoAy seposaTHoha npoc-mx Aorahaja. 3a smile Aorahaja 
Hmamo oopasau, 

W2 P.1 3 	Wk , 

rAe je k 6poj npocmx Aorahaja. KaKo 6p3o ona,aa seposaTHoha cnoaceHor 
Aorahaja sHAH ce 143 osor npHmepa. BeposaTHoha Aa he ndstmh 6atieH y 

BHC 	
1 

nacTH npsH nyT ca rp6OM rope jeAHaKa je —
2 

; Aa he nacTH ca rp6om 

rope 11 Apyrm nyT H3HOCH ( ) 2 =- — 
4 
1 
' a 

Aa HCTO TaKO naAHe AeceT nyTa 2  
( 1 io_ 	 )20 = 	1 

y3aCTOI1HO 113110CH csera 
2 ) 	10

-

24' 

AsaAeceT nyTa (  
1048576 ; 

npaKTHIIKH osy seposaTHohy Tpe6a cmaTpaTH Ka0 jeArlaKy Hyrax, Tj. Kao 
HemoryhHocT.  
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Belic6atha. 

1. KOJIHKa je BeposaTHoha as y pirpn ca KOHKOM ABanyT yaacTonno ncnanue 

inecnala ? 
2. KO/IHKa je aeposaTaoha Aa y nrpa ca Konkom npse nyT no6njemo wan 6po1, 

a Apyril nyT aenapan? 
'3. Hmamo ABe KyTnje. Y npaoj itymin ce nanaae 2 Gene, 3 senene, 

APyroj 	3 6e.ne, 6 aenennx, 7 xymx. Konma je Beposamotia Aa y Asa yaacTonna By- 

gelba Haaanamo Kyrnmue nue 6oje? 
4. KoRma je sepoBaTnoha Aa y Asa arielba H3 Kynda nperxopior 3aaanta He 

HaBannmo 6eny xyrokuly ? 

§ 89. Beposamoha npH notimbarby noxywaja 

Bum,' cmo Aa aKo HacTyname HeKor Aorahaja Hma seposaTHohy w, 

BeposaTHoha HeHacTynama HcTor Aorabaja H3HOCH W = 1 w 

3amHcaHmo Aa ce spum neT Hcm4THsas,,a oAHocHo noKywaja ca Ao-

rahajem KOjH Hma seposaTHohy w. AKO Aeal4M0 HspattynaTH seposaTHohy 

Tora Aa ce y neT noKywaja Aorahaj AecH TpH nyTa, ma y KOM, aaH y 0A-

peheHom peAy, oHAa seposaTHoha Tor camKeHor Aorahaja H3HOCH w 3, a aKo 

npH Tome nocTasHmo ycaos Aa Hclubyvyjemo cariajese KaA ce Aorahaj moace 

AecHTH H KOA. Asa ocTana noKywaja, Tj. y HCTO speme oApebyjemo seposaT-

Hohy Aa KoA THX ocTanHx noKywaja mopa HacTynHTH Aoraljaj ca seposaT- 

Hohom W, oHAa seposaTHofia. TaKBHX neT Aorahaja HMa speAHocT 

W I  W I . 

AKO Aewasaibe Aorahaja osHalwmo ca 	a HeAewasw-be ca 	ropam 

Hspas npeTcTasiba seposaTHohy Aa ce AecH, Ha npmmep, Aorahaj 

+ 

To je npHmep HcrixTHsaiba, rAe cy AorabajH pacnopebeHH y jeA,Hom 
oApebeHom peAy, Tj. Aa ce Aorahaj AecH npH Apyrom, TpeheM H neTOM no-

KyulajY, a Aa ce He AecH Kw, Asa ocTa.na noKywaja. AKO ca,aa nocTasHmo 
ce6H saAaTaK HspagyHaTH seposamohy Aa oA neT noKywaja yBeK 6yiie 3 

Aorahaja ca seposaTHohom W H 2 Aoraljaja 

ca seposaTHohom w, arses peu, THX A0raljaja 

mo)ce 614TH np0143B0.7ba11 , canto Aa 14X lima 3 

oAHocHo 2, oHAa seposaTHohy (1) csaKor no-
ce6Hor pacnopeAa Tpe6a nomHo>KHTH (npeMa 
Teopemu ca6Hpaiba) 6pojeM CBHX moryhmx 

pacnopeAa ca 3 H 2. Bpoj TaKsmx pacno-
peAa, noKa3am4x cxemom Ha camum 159, 

2.3 
11) =-- 

5.7 

5 AyTnx; y 

( 1 ) 

-F -F -- 	-- -- 
-F 	-- -F-F---F -F 
- -- Hr -F 	-F 
- -F -P 	-F -F ± 

-F -F 4- -F 
Ca. 159. Pacnopenn 5 enemenaTa 

	

no 3 14 2 	• 



6enlix 	1110HHX 

cnyliaj 
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0 

II 
	

5 
	

1 

III 
	

4 
	

2 

IV 
	

3 
	

3 

V 
	

2 
	

4 

VI y, 
	 1 
	

5 

BepoBaTHoha npsor cnygaja H3HOCH npema TeopeMHmHwKei-ba 3 ) 

VII 
	

0 
	

6 	
( 2 „e 

H TO ca Koeci)Mu,HjeHTom 1, jep kom6HHau,'Hja on, wecT 5enHx Kyrninka MO 

614TH cBera jeAria KaAa y3acTonue 143Brzemo wecT 6e.mx Kyrnmw. 

cnriaja H3HOCH npema Teopemm BepoBaTHoha Apyror 

(

2 ) 5 
 

1 	 moxce 614TH cBera 6, jep upHa Kyrnmu,a 
—
3 

—
3 

• TaKm4x cnriajeBa 

Aa ce nojaBH npe npBe KyrnHu,e H nocne npBe H CBHX OCTaJIHX Kyrnk u3 

Taj 6poj cnenyje H 143 o6pacua C s --= C ia= 6. IlpeMa Tome no TeopeMH ca- 

pax:a BepoBaTHoha Tor cnytiaja 143HOCH 6 . 	5 1  
2 

3 	3 & 
. 	2 4 	1 2  

BeposaTHoha Tpeher cnriaja H3HOCH (3 ) (
3

) • 

6! 

cBera mowe 614TH 15, jep, C jenHe cTpaHe, C 48 = 41 21
_ 

TaKBHX cnriajeb a 

15, a, c Apyre cTpa- 

TeopeMH ca6Hpakba. Tpe6a ca6paTH BepoBaTHohe na ce Aoraljaj neck m 

m + 1, • • • , n nyTa. Tana heMO Tpak(eHy BepoBaTHohy A06HTH y o6n1my . 

W = 	C 1,1  wi 
1.• m (4) 
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Kao 111TO je 1103HaTO 143 Kom6HHaTome, jenHaK je 6pojy Kom6HHaumja 0A 
5 enemeHaTa Tpehe [mace Tj. 

5 

\ 3 

\ 

/ 

5. 4.3 
i
, 

== 	v. 
1. 2. 3 

flocne Tora mmemo THpAHTH Aa Beposamoha na on neT noKyrnaja yBeK 
oyne 3 Aorahaja ca BeposaTHohom iv 14 2 norahaja ca BepoBaTHohom 1,1; 
113HOCH 

W = CS W 3  w 2  --- 1 0 w 3 W 2  . 

Y onwTeM c.nriajy: aKO ce Bpuna n nokywaja H Aorabaj Tpe6a na 
ce AecH nz nyTa, BepoBaTHoha Tor AeinaBat-ba npema TeopeMH mHomterba 
143HOCH wm; aKo y 11— m ocTanpix noKymaja norahaj HecMe Aa ce AecH, 
npema HcToj TeopeMH seposaTHoha Aa ce He AecH H3HOCH W- n–m . flpema 
Tome sepoBaTHoha Aa ce ,Aorahaj necH m nyTa, a y n — m ocTanxx noKy-
waja Aa ce He neat 143110CH npema TeopeMH mHcoKeH,a 

(2) 	 Wn– m. 

To je BpenHocT BepoBaTHohe 3a HacTynai-be HeKe on moryhmx ROM- 
o14Hauylja HOBOJI:hil4X H Hell0B0.1bH14X Aorahaja. KaKo 6poj CBHX TaKBHX KOM-
614HaHMja 143 /7 nokywaja ca m 11080.11DHHX norahaja 143H0CH 

c ;in  == (n _n  (n-1)...(n—m+1)_ 
	n! = 	   

kin 	 1. 2 ... m 	m!(n— m)!' 

npema Teopeini ca6Hpaisa BeposaTHoha W na y is HcriHTHBaFba mokce Ha-
ClyriliTti m 110B0,1bHHX Aorahaja, Ha ocHosy Hapasa. (2), Fima spenHocT 

( 3 ) 	 W = C an' Wm Wil– m 

fIpema Tome Banc,' Teopema: 

BepoBaTHoha na ce npH is noKyulaja Aorahaj BepoBaT- 
Hohe w AecH canto m nyTa H3HOCH W ca BpenHowhY (3). 

HpumeTHmo na Bemnuma (3) He npeTCTaBJba HHIJITa Apyro Hero 
on,roBapajyhH tinaH y pa3BHjeHom 6uHomy 

TN) n 	C W n-1 11+ . 	C ;In  W m  17) a—m 	170 = 1 

AKO can 33,/kaTaK Heurro npounipHmo 14 noTpaammo sepoBaTHohy ,Aa 
npil is noKymaja Hacryull Aorahaj BepoBaTHohe w 6ap m nyTa, oH,Aa npema  

1 

Holm Aa H3Ba,11,14M0 6eny Kyr.nmuy jenHaKa je w 	—
2 
3 , a u,pHy w 

- 

= 3 

IlpeTnocTawimo Aa cMO H3Bp1110.11H 6 Baheiba. KojM cnyLialeBH mory HacTy - 

man 14 KonHica. je BepoBaTHoha THX cariajesa ? 

Mory HaCT3/1114TH OB14 cariajeBm : 

OBOM M3pa3y onroBapa Teopema : 

Bep0BaTHOha Aa ce npu n noKyinaja A orabaj Bepo- 

BaTHohe w AecH 6ap m nyTa H3HOCH W ca BpenHowhy (4) 

Y3MHMO j0111 npHMep. HeKa ce y KyT14ji4 Hana3e 2 Gene H 1 alma 

KyrnHu,a. Ban,Hmo jenHy Kyrnmuy H I1OHOBO je BpahaMo y KyTHjy. BepoBaT- 
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xe moHtemo 14 HenocpeAno mapaHymaTn 6poj OBHX cnriajesa. PatiyHamo, 
peguMo, osaKo. KonHKO ma ace 614TH cnyliajesa ca npsom gpHom Kyrnmgom? 
ilowTO ppyra gpma Kyrnmu,a mme pa cTaHe npe npse op ocTane LieTmpm 
6ene 14 mule csaKe op THX 6ennx Kyrauna — csera cnymajesa ca npsom 
gpHom Kyr.nmu•om nmamo 5. Cnyvajesa ca npsom upHom Kyrnmu,om nocne 
jeAHe 6ene Kyrnmu,e mmamo 4, jep APyra upHa Kyromua mme pa ce Hanaam 
npe npse op, Tpm ocTane 6ene Kyrnmge 14 nocne csaKe op T14X Tpmjy Kyr-Am-
nia. CnyLiajesa, Kapa ce npsa gpma Kyranga Hanaam nocne Apyre 6ene Ky-
rnmge, mmamo 3, na nocne Tpehe Kyramu ie 2 PI nocne HeTspTe 6ene Kyrnmue 
— 1. 'Thema Tome y osoj Kom614mag14j14 mmamo csera 5 + 4 + 3 + 2 + 1 = 15 

cayvajesa. Ha Taj HaP m 4H seposaoha osor nyTa 143HOCH 15. (-
3) ( 

3  , 
2 4 . 
	

I ) 2 

,E1a 1436pojmmo jow HenocpeAHo 1i 6poj cAriajesa ca seposaTHohom 
(  3  23  ) ( 31 )3 

Kapa mmamo 

	

6! 	1 . 2 . 3 . 4 . 5 . 6 
=---20. Bpoj itinu,mjeaTa npeMa o6pacuy H3HOCH C: 	— 	  

	

3! 3! 	1 .2.3 .1 .2 .3 
osmx cnytiajesa mowemo maopojmTm 14 HenocpepHo nomohy cxeme, Ha Kojoj 
Tatuta osmatiasa 6eny Kyrnmgy, a gpTa — gpHy. 

TIpsa gpma Kyramua Ha I mecTy 1 11-•• 1.11.- 1-•11. 	j • .11 	4 cnriaja 

11-1.• 1.1+ 1.+1 3 

11..l• 1 •1.•'; 2 	„ 

11.••1 1 cnyHaj 

flpsa gpma Kyramga Ha 11 mecTy -111.• •1-1,• 3 cnyliaja 

•11-i• +!.•I 2 	f7 

•H•-1 cnytiaj • 

Him gpma Kyranu,a Ha III mecTy ••11i.- 1 2 cnytiaja 

1 cnytiaj 

Ilpsa gpma Kyramga Ha IV mecTy •••11ri 1 	„ 

Csera 	20 cnyLiajesa. 

OcTannm cnytmjesmma oprosapajy seposaTmohe 

6 (1) () 5' 

HapagymaTe seposaTmohe noKa3yjy pa oHe 3aucra npeTcTaalbajy 
spepHocTm Haamosa paasmjakba: 

( 23 + 13  )6=  ( 23  )6 + 6  ( 3  )5( 31 ) 	15 
 /3 ) 3 ) 

\4 	20  / \ / 

VY) 

+15 (

3 )

2 \2(
3 )
1 v+6( 3)  \ /3 )  v+/1 

• 

,EtecHa cTpama cacTojm ce 143 tinamosa ca 3ajeAHPFIKHM mmemmogem 729 
14 ca OBHM 6p0jHOIWMa: 

64, 192, 240, 160, 60, 12, 1. 

1413 osor pepa ambytiyjemo pa Hajsehy seposamohy 

614Hag14ja 4 6ene 14 2 gime Kyramge. 
npema 6pojy gpmmx 4 : 2 = 2 : 1 mma 

— 
 

noha w: w= 2 1 : = 2 :1 . 

AKO 6mcmo nomas.lbanm Haul excnepmmenT sabema He 6 Hero, peunmo, 
126720  

12 nyra, pay 614 noKaaao pa Hajsehy seposaTHony 531441 
 mma nOHOBO 

Kom614Hau,mja ca opHocom 8 6enmx Kyrnmu,a npema 4 gime, Tj. noHoso ca 

OAHOCOM W : w . 

BeaL6ama. 
1. 0ApeAmTm Heponamohe Aa nocne 10 Haberba 133 KyTHje ca jeAHom 6eAom m 

jeAHom upHom KyCJIHIAOM mcnaAne camo 1, 2, 3 mTA. 6ene xyrAmme. Vlaa6paTm HajHeposaT- 

Hmjy Kom6mHaumjy H ynopeAwrm je ca Hepomamohama Habemsa 6ene H upme Kyramue. 

126720  
2. 110TBpAriTY1 BPeAHOCT 531441 HepomaTHohe cnomeHyTe y TeKcTy. 

§ 90. MaTemanywo ogeHmsaibe 

AKO je w seposaTmoha po6mTm y Mrpa d pmmapa, 11p0H3BOA w d je 

maTemaTmliKo ogeKkisathe 14/114 maTemaTmliKa Hapa Te mrpe. 
alive ce Taj nojaM Aecimunue osaKo: MaTemaTimo omeKnsathe 0 (x) 

cnr4ajHe npomekubmse senntimme x je 3611p npomasopa nojepmme spepHocTn 
xi ose senmiimme x oprosapajyhe tboj seposaTmohe w i  , Tj. 

0 (x) 

rpe je k 6poj spepHocTm x'a. 

29 

Tpm 6ene 14 Tpm gpme Kyramge. Bpe4HocT Koe- 

15 	\ 2 1 \ 

3 k 3 

240 
 729 

Y TOj KOM6HHaa14jH OAHOC 6poja 6eAmx 
ncTy spepHocT Kao H opHoc seposaT- 

mma KOM- 
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AKO cy speAHocTH x HeripecHAHe y HHTepsany OA a AO b H coaKoj 
OA 11,14X oA,rosapa seposaTHoha w Kao cpyHicumja X, Tj. W = w (X), maTe-
MaTHYKO ce oqemsame Hapawasa HHTerpanom: 

0 (X) = 1W (X) d x. 
a 

Y3MHMO HeKOJIHKO npmmepa. 

AKO }wpm Ao6Hja TOJIHKO AHHapa KOJIHKO je (maga Ha ropmoj CTpaH1,1 

Kouxe, merosa maTemammica HaAa y TOj mrpH H3HOCH 

1 
1 . —±2 

6 

1 
6 6 

1 
6 

1 
6 

1 — (1+6) . 6 1 
6 

7 
— — = 3,5 Aim-

2 6 2 
• 

ry6HTaK je HeTaTHBHH A06HTaK. MaTeMaTlitlKa HaAa Ao6HTKa molKe 
6HTH Bella, mama HJIH jeAHaKa maTemamincoj HaAH ry6HTKa. flpema Tome 
Hrpa mcoKe 6HTH KopHcHa, IIITeTHa H 6e3 Ao6HTKa H ry6HTKa. 

0 maTemaTimoj HaAH mme ce AOKa3aTH HH3 jeAHOCTaBHHX Teo-
pema. Tauo, Ha np., 3a maTemaTmqKy HaAy sawn Teopema ca6Hpama: ma-
TemaTkiKa HaAa 36Hpa Ase seawall-le jeAHaKa je 36Hpy maTemaTtpum HaAa 

cBaKe OA THX Bel1141114Ha, Tj. 

0 (X + y) = 0 (x) 0 (y) . 

MaTeMaTH11Ka HaAa momce ClIpICHTH 3a HapatiyHasame seposaTHohe. 
Kao npHMep, pellIHMO 3aAaTaK: 

,lira Firma A H B ca KaHHTaJIHMa a H b mrpajy Hrpy 6e3 ry6HTKa 
H Ao6HTKa AO momeHTa, AoK jeAaH He 143ry614 cas csoj KaIIHTaJl. KOJIHKa 

je seposamoha Aa A H3ry6H cal; csoj Hosau. 

03Haqmmo TpaweHy seposaTHohy ca w, TaAa seposaTHoha Aa A Ao-

6Hje CaB Hosau, mrpaqa B mma speAHocT W, rip qemy je w w =1 . Ma-

TemaTHI4Ka HaAa Hrpaqa A, npema ToMe, H3HOCH: 3a Ao6HTaK W b H 3a 
ry6mTaK w a. KaK0 Hrpa Tpe6a Aa 6yAe 6e3 Ao6HTKa H ry6HTKa, Te Ase 
nenHHHHe Tpe6a Aa 6yAy jextatce, Tj. 

wb=wa, 

oAaKne rioA ycnosom w + w = 1 mmamo: 

b w 	 
, a + b  

npeMa TOMB y HrpH 6e3 Ao6HTKa H ry6HTKa, aKo Hrpa moxe Aa ce 

ripoAyacyje Ao 6eCKOHatIHOCTH, rya', H TO cas CBOj Hosau, ca sehom sepo-

saTHohom oHaj Hrpaq, Koji4 Hma mame Homo. 

Bca6ama. 

1. oApeAHTH maTemaTmay HaAy 
maga Ha Roam, a noA yCaOBOM Aa Ha maw owe Ha ropHsoj cTpaHH mince Ao6Hje 

no AHHap. 
2. HaBecTH npHmep Hrpe aapaTa 6e3 Ao6wraa H ry6HTKa H npOy'BITH Ha TOM 

npumepy moryhHocT Aa jeAaH oA wpaqa m3ry6H caa moj Hosati. 

§ 91. Bepoaamoha a posteriori. BajecoBa Teopema 

3a H3paqyHasai-be seposaTHohe a priori Tpe6a 3HaTH Asa 6poja: 6poj 

110130.1bH14X CnytlajeBa p H 6poj CBHX moryhHx cariajesa s. Mehymm 3a CBaKH 

Cariainif Aorahaj ruije moryhe yHanpeA oApeAHTH Ta Asa 6poja. KaKo, Ha nu.) 

oApeAHTH Ta Asa 6poja 3a oArosop Ha rutTame: KOJIHKa je seposaTHoha Aa 

he goseK oA 50 roAmHa ympeTH y CB0j0j neAeceTnpsoj roAHHH? YHanpeA 

O ToMe He mmemo HinnTa Moxcemo norneAaTH CTaTHCTHLIKe noAaTKe 

HeKe Amicase H H3 THX noAaTaKa ca3HaTH .11,a OA 10 000 oco6a cTapHx 50 

roAHHa y neAeceTripsoj TOAHHH ymmpe 11,11X 156. KOJIWIHHK 

10 000 
	= 0,0156 

oApellyje seposaTHohy a posteriori, Tj. nocne cspuieHor cpaKTa. 

143 osor npmmepa cneAyje Aa je seposamoha a posteriori jeAHor Ao-

rahaja jeAHaKa KOJIWIHHKy 

S 

6poja P 110B0JbMIX cariajesa, KOjH cy ce cmapHo AeCHJIH, H 6poja S CBHX 

moryhHx c.nymajesa, Kojm cy nocTojanm 
I4ma Aorahaja aa Koje je moryhe oApeAHTH H seposaTHohy a priori . 

H seposamohy a posteriori. Ha np. 3anHTajmo ce Konma je seposamoha Aa 
6auelia KouKa naAHe ca wecmuom Hamm? Mmemo oApeAHTH seposamohy 

a priori — oHa je jeAHaKa —
1 
6 " 

A mmemo oApeAwoApeAHTHseposamohy a po- 

steriori; aKo je, peutimo, nocne 1200 6auama KouKe luecmua nana 202 nyTa, 

Kao HeposaTHoha a posteriori, nocne osor Hcrcrtsaiba, caeAyje 

p 	2021 

S 	1200 .- 6 • a 
w= 	 

a + b 

olior Hrpaqa, KON Hrpa canto Ha napHe 6pojese 

156 
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HpHmeHa seposaTHohe a posteriori MOM e ROCApiCHTH 3a onpehmaaibe 
seposaTHohe y3poKa, K0111 yTimy Ha Joni norahaj. 

Y3MHMO OBaKaB 3anaTaK. 
14mamo Ha pacnono)Kekby: 

k1  KyTHja ca p1  6enkut Kyrawka on CBHX s KyrnHu,a y TOj KyTHjH 1 ) 
k2 	» 	17 P2 

„ 7, Pi 	y, 77 77 	77 

k n 	7, 
	

27 Po 	.• 	 77 	77 	97 	 77 

11 
	

77 	,, 	37 
	

,, 
	

)7 	11 	n 

453 

143 HeKe KyTHje 614.rta je H3saheHa 6ena Kyramta. KOJIHKe cy sepo-
saTHohe na je Ta 6ena KyraHu,a 6HJIa HssaheHa 143 KyTHja mice on )7 Ka- TeropHja? 

ripe csera npoTymaimmo Taj aanaTaK mano ,Appomje. ripe cspweHor 
Aorahaja, Tj. Haszatiefba 6ene Kyrawke, 6enoj xyrnHuH y csaKoj KyTHjH on-
rosapa fbeHa seposaTHoha a priori, HaHMe 

(i 	1, 2, ... , n) 

MCTO TaK0 alma speTa KyTHja H3Meby CBHX KyTHja Ha 6pojy 

	

k 	 k n  

Hma csojy anpHopHy seposaTHohy 

(i = 1, 5, ... , n). 

	

,Ltaxne seposaTHohe 	cy anpHopHe, npe Hasnage}ba 6ene 
Y AaTom capiajy oHe cy oApeheHe nomohy HenocpeAHor HapagyHa-

Barba onHoca 6poja BOBOJE)HHX cnytiajesa npeMa 6pojy CBHX moryhHx cnynajesa. 

1) noinTo cy y aa,aancy aaAcHe canto sepoeaTHohe 6mx xyr.ronta y caaKoj KyTHiH, yseic moxemo A0BeCTH 6pOjeBe s1 , S27 • • • 	CBHX Kyrakoza y caaKoj ayTkijii Ao HEM' 6poja S — HajMaff,er aajemomor caApicaoaa 6pojeaa s i , s2 , 	sn  . 

HeKe, Heno3HaTe KyTHje H3BaAHJ114 CM0 6eny KyrnHuy. Hoene osor 
Aorahaja (post factum) nocTasHmo niTarbe: mama je seposaTHoha na je 
6ena Kyrnima H3saheHa 6w.0 143 Te 14 Te KaTeropHje? 03Ha4HM0 seposaTHohe 

a posteriori ca u i  (i =1, 2, ... , n). flouITO nocTojathe onrosapajyhe KyTHje 

momce 614TH cmaTpaHo Kao je,AaH on yapoKa. Tora Aa je 6kina HasyqeHa 6ena 
KyrnHu,a, seposamohe u i  ce 3osy H seposaTHohe yap° lc a A aTor 

;torah a ja. 
MOLLITO ce Aorahaj cacTojH y sahemy 6aur 6ene xyramte, 3a 0A-

pehllsabe seposaTHohe /2 1  mmemo HapaLlyHaTH 0J1,110C 6poja 6enkix 

rnuu,a, Koje Mo)KeMO HasyhA 143 i'Te rpyne KyTHja, npeMa 6pojy CBHX 6en14x 
Kyrakata. KaKo je y csaKoj xyTHjH i'Te rpyne pi 6en14x Kyrnmo., a cmix Ky-
THja Te rpyne k i , TO je caeca 6ennx Kyrnkwa y Toj rpym4 k i  pi . Ilocne 

osor patiyHa moacemo HarmcaTH H OULUTH 6poj CB14X 6en14ur KyCJIHL4a, — off 

113HOCH 

k i 	k2  + 	ki + • • • 	kn P n • 

Ha OCHOBy Ao6HjeHHx 6pojesa moxcemo Hallman! speA,HocT TpaaceHe 

seposaTHohe 
k i  p i  

Li ;  = 	  . 	(1= 1, 2, ... , n) 
ki Pi + k2P2+ 	ki Pi + • • • + kn Pa 

AKO noneommo 6pojidnaLl 14 HmeHHnau Tor paanomRa ca ripokissonom 

k S H pmemo y o63Hp jenHaqHHe (1) 14 (2), maxcemo Ae(1)14HHTFIBHO HanHCaTH 

Hamicami o6pacum H3pax(asajy seposaTHohy csaicor OA 1-10jBAHHI4X 

yspoica AaTor Aorahaja 14 npeTcTawbajy T3B. Bajecosy (Thomas Bayes) 

TeopeMy. 
Am) ce csaKa. rpyna KyTHja cacTojH 0,A HcTOr 6poja KyTHja, Ha np., 

on jenHe KyTHje, cse seposaTHohe V i  HMajy HcTy speAHocT H Bajecos o6- 

pasau 3a Taj cariaj HarneAa 

111 	
wi +11) 2 -+. ..+wi -I-... + Wn 

	(i 	1, 2, ... , 

Y npnMeHH HapogHTy TeiuKohy ripeTcrawba oApehmsaffie seposaTHoha 

V i , V2, • • • , vn csaKor noje,AHHor y3poKa, TaK0 pehll anpHopHe seposaTHe 

jainme THX yspoKa. AKO cy oHe Heno3HaTe, oHAa ce mime npeTnocTasKe o 

1-1,14X0B0j ja,tHHH, na ce eiccriepHmeHTanHo ose 14.rm noTsphyjy HIM on6agyjy 

14 Lime Hose. 

(1) P Wi 	i  
S 

(2) = 
k 

  

V; Wi . 	(1= 1, 2, ... , n). = 
V W -I--  V 2 W 2 + • • + i Wi + • • • + V n W n 



C m  wm w

- 

"-m = 	Wm 1,0

- 

-m 
m ! (n — m)! 

AKO ynopeAmmo Taj mam ca npeTxoAtimm tinamom 

(1) 
n! 

455,  
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Bok6afba. 

I. 143 Ta6nHne cmpTHocTH °ApeAliTH y ToKy Koje romme cTapocTH myuncapga H 
scene je seposaTHoha cmpTH mywKapna oKHocHo ;Kelm Hajmaffia? 

2. Y KOiiiM roKHHama cTapocTH AO H mule 50 ropma seposaTHoha CMpTH je Hajseha? 
3. 143 cro 6auaH.a Hos=mha oKpeARTH anocTepHopHy seposaTHohy Aa 6yAe rp6 

Ha ropIboj cTpaint H ynopeKHTH Ty seposaTHohy ca anpHopHom seposaTHohom Tor Koraljaja. 
4. 120 nyTa 6aUHTH KoHxy H CBaKH nyT 3a6enescHTH 6poj oKana Ha roprboj CTpaHH. 

143 THX non,aTaKa onpeAHTH anocTepHopHy seposaTHohy csaKor 6poja oKana H ynopen,HTH 
Ty seposamohy ca anpHopHoM seposaTHohom. 

5. flocToje nse rpyne KyTHja: y npsoj rpynH neT KyTHja ca no 2 6ene H 1 upHom 
xyrnHuom; y Kpyroj rpynH 4 KyTHje ca 3 6ene if 2 npHe KyraHne. 143sabeHa je 6ena 
KyrnHna. Konima je seposaTHoha Ka je oHa insabena H3 KyTHje npse rpyne? 

6. 14mamo HCTe KyTHje IICTOr caKpAaja xao H y npeTxo)HoM saKaTKy. ,go3Hano 
ce Ka je HeKo H3BaA110 6eny Kyrnmny 6am F13 KyTHje npse rpyne H spaTHo je 110HOHO y 
Ty ',wry KyTHjy. flocne Tor eKcnepHmeHTa 6149a je noHoso HssabeHa 6ena KyrnHua 113 
Heno3HaTe KyTHje. Konma je seposaTHoha Ka je HOBa 6ena xyranna 6Hna Hasabella 113 
KyTHje npse KaTeropmje? 

§ 92. Bermy.rmjeB cTaB. 3aKoH BeJIHKI4X 6pOieBa 

Be3y inmeby mepomaTmohe a priori H mepomamohe a posteriori IIpB14 
je nocTammo JaKo6 Bepmy.rtm y 06/114Ky T3B. „3aKOHa Bel114K14X 6pojeBa", npe-
Ma xome npm POBOIbH0 menamom 6pojy mcniimmaita mepomaTmoha a posteriori 
Te}mm sepomaTmchm a priori. 

BHAe./114 CMO nporiamajyhm meposaTmohy npm nomamJbwhy mcrimmsafba 
Aa Ta mepomaTmoha cTojm y Be3H ca pa3mmjamem m3pa3a (w +11,)" no 
1-byTmomy o6pacu,y. 3HaMo Aa y pa3mmjemom o6pacuy ymem flOCT0j14 max ca 
majmehom mpeAmmuhy. 3ammcmimo Aa je TO mam ca m nomas.rbwba H ca 
mpeAmowhy mepomamohe 

CJIWIHO Tome ynopelpowbe mama (1) 14 mapeAmor mama, ca MpeAr 

mowhy n 
Cm-1 	

m+1 =-m +1 n   

AoaoAm Ao mejeAmamocm • 

w n—m+ 1  
>1 • 

w m 

KaKO mejeAmaxocm (3) 14 (4) momemo marnicam y 06JIHKy 

m (w + > w n — w , 

m (w + w) 	n 

431-0,a. 360r jeAmamocm w w =1 AeCtIHHNTHBHO imam% 

wn—w- 

- 

<m<wn+w . 

110111TO pawnima mmeby rpaHHu.a OBNX mejeAmamocm 143HOCH jeK140140.y, 

w n + w — (wn — w) w + w 1 . 

mwmemo TBRILVITH Aa je 6poj m Haj61114)KH u,eo 6poj 6pojy w n. 

AKO mejeAmamocm (5) noAeammo ca n, ,no6rihemo HejemaKocm 

M 	 W 
W — - < 	1•1' 	• 

(2) w m+1 	= 	n !  
(m + 1) (n — m — I)! 

WM+1 	7 

omna 143 yCJI0Ba Aa je OH marbm Op, imatia (1) Ao6kijamo HejemiaKocT 

wm-t wn-m+1 , • 

(m —0! (n— m +1) ! 

(4) 

(5) 

jep je 

OBe mejeAmamocm noma3yjy Aa ca noeeIiaBaiben 6poja 
n CB x 

mcnuTvimatba anocTepmopma mepomaTmoha — Te>mm anpm- n 
mepomamoha, moja je 

opmoj mepomaTmohm w, jep pa3Amma m3mehy TNx 

matba OK — , Te>K14 mymi maAa n 00 . TaKo m3r.neAa npim Aeo Bepity.rim- 

jemeTeopeme, moja m3pancama „3axom Beaman( 6pojesa". 

J1,pyrn Aeo Bepmyamjeme Teopeme, 4Nj14 Aoma3 He mowe, 36or cmoje 

KOMHANK0BaH0CTI4, yhH y OKBHp 
ome mibmre Tpempa rarraibe mepomamohe 

WE 14CTNHNTOCTI4 mejeAmamocm 

(3) 
W 
W 

m + 1 

n — m  1 
W — <

m 
< IA/  + 

    



456 457 

< g (6) 
m 

— w 
n 

(7) 

rAe je 

(8) 

WE CI)  (X) 	f e-t 2  dt, 
Vit

2 

0 

n x — 	 
11 

 
2 w w 

3a n = 10 000 Hmamo 
WE > 0,99 . 

Ilpema JlannacoHoj TeopemH, HOUITO je 

a 3a Apyrki 
WE = 4) (7,0710) = 0,9999999, 

w = w 	, 
2 

sepoHaTHoha WE 3a 

je w =. axo 

Tj. ycaosa Aa ce anocTepHopHa sepoHaTHoha He pasamtyje oA anpHopHe 
HepoHaTHohe 3a mime OA, yHanpeA AaTe Henmime e, Tj. ycaosa. Aa. je 

1 1 	 , 100
•  WE > 1 — 

2 2 
khOr 

1 
. 	1 — — ; 

3a a = 1000 TO Aaje 
1 

WE > 1 — —> 0,9 ; 
10 

3a 7 seposamohy WE Apyrn Aeo BepHynHjeHe Teopeme TBpgH Aa 
oHa 3aAoawbaHa Heje,ukHaKocT 

WE > 1 w w 
e2 n 

Tj. yTOAHKO je 6aH)Ka cHrypHocTH yKOAHKO sealigHHa 

w w 
e 2 n 

TeNCH Hym4.: 
TIanaac je a,ao y cEojoj Teopemn join TaAHHjH H3pa3 3a sepoHaTHohy , 

 WE HejeAmaKocTH (6). IlpeMa Tlanaacy Hmamo 

BpeAHocT HHTerpana <I> (x) , KojH ce 3oBe .11 a naa c o H HHT e r pa a, 
Aaly HapotmTe Ta6aw1je. TkIX Ta6onna moxcemo HspaqyHaTH BpeAHocT 
HHTerpana 3a BpeAHocT x'a H TO Ha caro.taH HaLINH KaO LLITO pagyHamo 
speAHocT aorapHTma H3 AOrapHTaMCKNX Ta6AH4a. 

JOLLI TagHitje mowe BpeAHocT WE 6HTH H3paaceHa 36HpoM 

x 

WE =
2 
 f e-t2  d t 

1/27rnww- 

ex2  

V7r 
o 

rAe x HMa HcTy HpeAHocT (81. 3a AOCTa BeJIUKe speAHocTH n ApyrH IlaaH 
y npeTxoA,Hom o6pactiy Team HyJ1H H npema Tome HOHOBO ce Hpahamo 3a 
Taxae Hpeu,HocTH Ha oopa3al. (1). 

Y3My1M0 npwMep. 3a nojafty ca 

e =— 1 
 no BepHyardeBoj Teopemw 3a,a0B0JbaBa ycaos 20 

x 
20 

	 _y 	n 
— 17, 2 .-2-1 	= 10 	2 

Ti. 3a n = 1000, x = r6 = 2,2361 H 3a n =10.000, x 	7,0710, sa 

now caytiaj Ao6Hjamo 

WE = 43(2,2361) = 0,998435, 

Tj. FOTOBO cHrypHocT. 

Bew6ama. 

1. flpoTymagHTH aaxofi sennxxx 6pojeHa nomohy BepHynujese Teopeme Ha xonxpeT-

Rom npHmepy. 

2. 0ApeARTH HepoHaTHohy IICTIIHMTOCTH HejemaHocT 

1 	1 
= 2 E = 10 ' n = 1000, oxiocno n = 10 000. 

In 
	

2,  2 , 



TEOPHJA KPE 

§ 93. Hojam rpeunce 

, C.a. 160. Hinuau ca cariajuum (a) H cucTemarcicum (b) 
rpeuncama noroaam 

if) 
CO 

C 

C) 
C 
Cx:) 

(Si 

tr) 1-

CS) 
Ci 
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flojaM rpewKe cToji4 y sem He canto ca mepubem Hero H ca Apynim npo-

AecHma; KaAa ce nporiaBajy oTcTynatba yonwTe. TaKo, Ha np., npH raharBy 

y HinuaH meTtot ce romHaajy OKO tberoBor cpeAHarra (ca. 160 a); npH Tome, 

HapaBrio, }ma. 14 MaHAX HAH Behox oTcTynatba on cpenHura — Ta OTCTy-

natba cy rpewKe noroAaKa. Apyra cal4Ka (ca. 160 b) oArosapa cayqajy CH-

CTeMaTCK14X rpeulaKa, 3a KOje mme 60TH npoHaheH H y3pOK y HenpaBHA-

HOCTI4 HanpaBe 3a ffliwaibelbe HAH y Heqemy Apyrom. 

AKO HeK0 mepetbe noHawbamo mune nyTa, HeheMo ;warm, Hap0411TO,  

npH npegH3Hom mepetby, yBeK PICTH pe3y.irraT. TaKo, Ha np., npH ynopebH-
satby, 110A 14CTOM ycnomtma, HeKe nynume 6AHCKB meTpy ca jenHam eTallOH 
meTpom moncemo no6HTH °Be pe3yATaTe: 

1,0005; 0,9994; 1,0006; 1,0003; 0,9997; 1,0001; 	1,0004; 0,9998 . 

ILITa ce mme pehH o npaBoj spenHocTH Hattie Aymome? 3HaMO Aa 
OHa Hma noTnyHo onpebeHy nynamy, jep jeAaH npenmeT non HCTHM ycno-
BHMa, He mo)Ke HmaTH nae HAH Rime ny)KHHa. OTKyA Aona3H TO Aa. H npH 
HajTa4H14jeM mepeiby A06Hjam0 3a 14cTy AyHomy Bowe speA,HocTH? JacHo je 
Aa npH csaKom mepeiby moacemo r414HOTH, H nopen HajBehe nanttbe 14 CBHX 

npenocTpo)KHocTH, H3aecHy, Behy HAH maiby r p e uI K y. rpeinKe mory 614TH 

neojaKe npHpone: c n y it a jH e H cmc Tema TcK e. CaryqajHe rpewKe HeMajy 
CTaJIHI4 y3poK, oHe noKa3yjy oTcTynatba 0.4 npaBe BpeAHocT14 614n0 Ha jeAHy 

6Hno Ha Apyry cTpaHy. Tpe-
wKe Ao6Hjajy ClICTBMaTC104 

KapaKTep, Kan ce npoHabe 
jeAaH 14.71H Bowe y3poKa KOjH 

Trwry Ha peaprraTe mepelba 
yBeK y jeAHom oapeheHom 
cmucay. 143ABajarbe cHcTe-
maTCKHX rpealaKanpeTcTas-
Jba noce6aH npo6nem. OBAe 
hello ce 6asHTH canto cay-
4ajm4m rpewKama Ha Koje ce 
npHmeffiyjy npamaa TeopHje 
seposaTHohe. 

TaK03BaHHM patlyHcKlim rpewKama nocseTHAH CMO HapotniTH naparpacp 
(§ 58); 143 tbera ce BHAeao y qemy ce cacTojH TeopHja npoyqaBatba TaKBHX 

rpeluaKa. 

§ 94. layCOB 3aKOH rpeinaKa 
11peroQcTaBRMO na ce HcTa mamma, Ha np., HeKa ny}Kmta mepH 

BH we nyTa H Aa y TOM mepetbilma mory 614TH carlajHe rpewKe pa3AHLurr0x 

BellOgHHa. nOCTaBHMO ce60 3a 3aAaTaK Aa oAroBopHmo Ha nalTalbe: KaKa.s 

he bl4T14 pacnopeA pe3yaTaTa mepelba Te Ayaume, na npema Tome 14 pac- 

nopeA rpewaKa? 
flpe csera npoTymatalmo nomohy KOHKpeTHHX 6pojesa H rpactsmo4 

Haq1414 maTemaTimor ouem4Balba Tor pacnopeAa. 

Y3MHM0 Aa je H3BpweHo 50 Mepetba jeAHe oApeheHe ApKHHe• TIOAe-

Ammo pe3yATaTe mepetba y 10 pa3n141414THK rpyna. flpeTnocTasHmo Aa Cy 
rpm-slug Aymme y npBoj rpyrs4 9,975 m — 9,980 m, y Apyroj 9,980 m —9,985 m 
HTA. Y cBaKoj HapeAHoj rpyrs4 rpaiffige cy 3a 5 mm Belie. npe-rnoCTaBnMo ,  

AaJbe, Aa je nocae 50 HaseAem4x mepelba 6poj pe3yaTaTa; Tj. 6poj no-

Hars.ibaiba, HRH cjl peKBeH u H j e y cBaKoj rpynH, 6Ho 

Lo 	0 	to 
C) C - o o o.  o 
ci 	o0".  

2 	4 I 8 I 10 I 10 	8 I 4 	2 1 1 1 

AKo npeTnocTasHmo Aa e nyncHHa op, 10,000 m, Koja ce HaAa3H y 
o6aacTH ca Hajsehtim 6pojeM mepetba, npaBa. seaw4Ha Haute ny)KHHe, OT-

crynarba oA Te Aplume cy rpeusce mepetba. BHAIAMO 03 Ta6aHae Aa ca 

Hajmamom rpewKom oA ± 0,005 Hma HajBmwe mepetta (20), a ca Hajsehom 

oA ± 0,025 Hma Hajmarbe (2). 

1-lowTo y npoyqaBaiby pacnopeAa pe3yaTaTa mepma anconyTHH 6po-
jeBH He Hrpajy yaore, noAenHmo cBaKH 6poj npeTxoAHe Ta6AHHe ca sem-

Kynimm 6pojeM (50) CBHX mepuba. )1,o6oheMo oBy Ta6.rmuy 6pojeBa no rpy- 

llama rpeulaKa 

—5 —4 — 3 —2 —1 0 1 2 3 4 

C 
C 

kr) 

C C 
C 

C 
C 

I 	I 

C csi 

I 0,02 1 0,041 0,08 1 0,16 1 0,20 1 0,20 1 0,16 1 0,08 0,04 I 0,02 



0 	 x 
Ca. 161. rpacpm sepoaaTaohe jeAtior HH3a 

mepema 

960 

Mum je cBaKH TaKaB 6poj oAHoc:6poja mepefba 1-10130.16HHX rpyrim 
npema 6pojy cmx mepefba, oBa Ta6akma je y cTBapH T a 6 JI H Et a 13 e p o-
B a THoh a 3a nojeAHHe o6.nacTH rpeina Ka. 0Ha AaKae rIOCTaBJba Be3y 143- 
meby Beak-*1e rpeume H BepoBaTHohe Te rpeunce, Tj. oA,Hoca 6poja mepefba 
Kcja cy Aana rpeinKy npema 6pojy CBHX mepefba. 

1/1c-ry Be3y mmemo npeTcTaBHTH 
H rpaclmqKH. AKO Ha OCOBHHH 0 x (ca. 
161) oAmepHmo speAHocTH rpemaKa 
r, 2 r, . . . 14 — r, — 2 r, . . . H 143 cpe-
AnHe cHaHor HHTepHana noAHrHemo op-
AHHaTy, HapalHeHy y oApebeHoj pa3- 
mepH, jeAHaKy BepoBaTHohH, Ao6Hhemo 
HH3 TatiaHa. OBa cnnHa Aaje rpacjmus 
BepoBaTHohe w =-- p : s, rAe je p 6poj 
mepefba ca oAroBapajyhom rpeumom 
14 s 6poj CBHX mepetba. 

Jactio je Aa  y csaKom caytiajy 
BepoBaTHoha w 3aBHCH OA Hemp-lime r, 
unipme o6.1acT14. AKO xohemo Aa yBe-
Aemo mammy, Koja 611 noKasaaa OA-
HOC sepoBaTHohe w npema 1.1.1HpHH14 r, 

MO)KeMo yBecTH KOJIH4H14K w : r ca 03HaKOM y, Tj. CTaBHTH 

( 1 ) 
	

Y = 
w 
r 

BeatHitnia y mule HHje calla BepoBaTHoha Hero je BepoBaTHoha 143- 
pagyHaTa Ha jep,HHHuy tuHpHHe o6.nacTH, Ha rpactIHKy Ha jeA,HHHuy AyamHe 
Ha OCOBHHI4 X. JacHo je Aa npH r = 1 opAHHaTa y Aaje camy BpeAHocT Be-
poBaTHohe 14.T114 160j nponopuHoHanHy HentHaniy, aim je 3a upTatbe H3a6paHa 
oAroBapajyha pasmepa. 

AKO gpTaHe TagKe Ha cAHHH 161 cnojHmo AHHHjOM, Ao6H1emo r p a-
ct) HK B epoBaTHohe rpeinaKa. HenocpeAHo ca came BHAHMO Aa rpa-
cfn4K BepoBaTHohe Hauler cariaja HMa: ocy cHmeTpHje — ocy 0 y; 2) o6.nacT 
maKcHmyma; 3) npeBojHe Taqice, TaqHHje, y capiajy H3J10M.l6eHe JIHHHje, npe-
BojHe enemeHTe, npema qHjHm npasama ce cyceAHH eaemeHTH Hanase ca 
pasaHqHmx crpama. 

Y3MHMO o6pa3al; 3a pasBmjakbe 6HHOMa Ha HeKH cTeneH — 1-byTHOB ' 
 6F1HOMHH o6pa3aH 

(a + b)n an d n an-1  b 
n (n —1) 

 an-2  b2
n (n —1) (n —2)

an-3  b 3  
2! 	 3! 

±...±nabn-1 -1-bn 
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H cacTaBHmo Ta6aHuy (11 a cK an oB Tpoy r a o) KoecjmusjeHaTa sa punkt-
lame BpeAHocTH Hano)KHou,a n: 

n 

0 

1 

1 

2 1 2 1 

3 1 3 3 1 

4 1 4 6 4 1 

5 1 5 10 10 5 1 

6 1 6 15 20 15 6 1 

7 1 7 21 35 35 21 7 1 

8 1 8 28 56 70 56 28 8 1 

9 1 9 36 84 126 126 84 36 9 1 

10 1 10 45 120 210 252 210 120 45 10 1 

VITA. 

3a CBaKH OA THX peAoBa moxemo H3BpWHT11 oBy KoncTpyKuffljy. no-

Aemimo yBeK HcTy avail-1y A B (Ha CJI1411,H 162 Hmamo KoHcTpynkuje 3a 

n = 6, 7, 10, 50) Ha n jeAHaKHx AenoBa, np“ qemy n oAroBapa Hano)KHogy 

6HHoma. 143 AeoHnx TaqaKa noAHrHumo Hopma.ne H Ha amma oAmepkimo 

Apunie nponopu,HoHanHe KoectmusujeHTHma 614Homa noAHrHyra Ha cTeneH n 

H TO TaK0 Aa HajBeIieM Koeclm,HjeHTy yBeK oAroBapa HcTa ApKima 0 M; 

osHattHhemo je ca k. AKO Kpajfhe TaHHe noAHrHymx Aymania cnojHmo .T1H-

HHjom, Ao6Hhemo 3a CBaKO n Hsaom.rbeHy alluijy, Koja ce y cayqajy, KaA, 

n -÷ co , npeTBapa y KpilBy aHHHjy. OBa KpuBa ce 30Be 6HHOMHa .I1 14H Hja 

Ham n H Bj a 6HHoMHor pa cnope A. a. JacHo je Aa 6HHOMHa ansHja 

nocTaje pacTerHyTHja HAM 36HjeHHja y semi ca Be1114 14HHOM Aymume A B 

npema BellHt1HHH 0 M. OHa npona3H Hpos Taime A H B. HapoLniTH, rpa-

Hwivi cariaj, npeTcTaBka oHa 6HHOMHa nHHHja, sa Kojy, cell ycaosa n oc , 

y3iiMaMO join H A B 00. ,11,y)HuHy 0 M ripti Tome ocTawbamo HenpomeH-

1bHBOM. TaKBy 6HHOMHy aHHHjy (ca. 165) mmemo Ha3BaTH OCHOBHOM 

6 14 HOMHOM J1 11 H H j 0 M, jep cBe OCTalle 611HOMHe KpHse mory 614TH Ao-

6HjeHe 143 OCHOBHe nocae cKpahHBalba OCHOBHe. 

LlyBeHH maTemaTHqap r ayc (Gauss, 1777-1855) Ha ocHoHy nocma-
Tpatba pacnopeAa rpetnaHa y KOHKpeTHHM mepetblima, a y Hem ca Tlan.nac- 



,14 

n. 10 

M 

A B 

n=50 

0 
Ca. 162. — ./1141414je 614HOMHOr 

pacnopeAa 3a n = 6, 7, 10 H 50 

0 
Cu. 163. — OCHOBHa 6HHOMHa JIHHHja 

463 7- 
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OBHM paAosHma, npeAnomato je 3a nptncammatbe pacnopeAa rpewaKa Kimsy 
JIHHHjy ca jeitHagmHom 

(2) 	y = k e-h 2 x 2, k> 0 , h> 0 , 

rAe je k Hajseha opAHHaTa, a h cTanaH napa-
meTap. faycosa KpHsa 3ose ce H Kpitsa 
Hopmannor pacnopeAa. Taycosa Kpasa 

Aaje spao Ao6py anpoKcHmattHjy 6HHOMHHX 

.1114HHja. Osa je Kin= cHmeTpwma y oAHocy Ha 
ocy y, jep ce y He melba KoA x npomeHH 
y(x) =y (—x). Oita Hma MaKCMMyM, jep H3BoA 

d y 
= — 2 k h 2  x e-h 2 x 2 

 d x 

HMa speAHocT Hyae 3a x = 0, a npH Tome 
ApyrH H3BOA 

d x 2  

	0 	sa x = 0 HMa HeraTHsHy spHAHocT — 2 k h 2 . 

M 
	 0Ha HMa Ase cHmeTpwtHe npesojHe Ta4Ke, jep 

d 

d2 

x2  y 

 
H3 ycnosa. 	 = 0 y o6.rucy 1— 2 h 2  x2  = 0 

HMaMo Ase anctuice: 
x  == 11  2 h 

Ca npeT- 
Vi  

nocTasKom k> 0, 'Lena ammja nencH HaA 0 x 
ocom; osa oca capful Kao acHmnToTa Kptise ca 
aese H AecHe cTpaHe, jep 3a x ± co, y 0. 

JeAHatuma (2) 3aBHCH OA ABe KOHCTaHTe: k H h. flowTo je 3a = 0, 

y = k, KOHCTaHTa k HMa, Kao WTO je pe4eHo, 3Ha4et-be Hajsehe opAHHaTe. 
Ca npomeHom pa3mepe came 
meita ce KoHcTatiTa k; npema 
Tome oHa tmje 6HTHa 3a onHc 
Kapawrepa pacnopeAa rpewa- 
Ka. KOHCTaHTa h CTOjH y sem 
ca nononcajem npesojtmx Ta- 
LtaKa KpHse. 1.11To je speAHocT 
h seha, npesojHa Twnca 6.1unKa 
je OCOBHHH O y (Ca. 164), a 

THme je H KpHsa cTpMHja. Ko,3, CTM KpHse, seh i4 3a man° maibet-be on, 
oce 0 y, a TO je mepa rpewKe, Hmamo spao maao pe3yaTaTa ca TOM rpewKom. 

143 Tora pa3aora KOHCTaHTa h monce 6HTH 

HOCTH HopmanHor pacnopeA7a.- 

TIpema Aecinumu,Hjta (1) opAHHaTe 
rpactnuca seposaTHohe, calla seposaTHOha 

HMa speAHocT w = y r, rAe je r, Kao 

111TO CM0 BHAeJ1H, untprata Hwrepsana. 3a 
Kploy HopmanHor pacnopeAa seposaTHoha 
Aa rpewKa nenut y rpatuntama Hameln/ 

X H X±dx untprtHa TpaKe H3HOCH d x 

H npema Tome sepoBaTHoha HMa speAHocT 

w y dx k e -h2 x 2  d x 

Osa jeAHaturna Hapancasa Taycos 3aK0H rpe in a K a . 

AKO 3aratTamo, KOJIHKa je seposamoha Aa he ce rpeunca Ha.11a3HTH y 

rpatuutama Hamehy x l  H x2
, npema Teopemll ca6upatba, oArosop je Aa je 

osa seposamoha 3614p, KOjH HMa 06J1HK miTerpana 

X2 

W=---- kfe—h2X2dX.  

,Xt 

flowTo s6Hp CHIVE seposaTHoha 3a cse moryhe rpetuKe y rpatutuama 

oA — cc Ao oArosapa cHrypHocTH, Tj. Bep0BaTH0hu 414ja. je speAHocT 

1, Hmamo jeAHatunty 

1=k fe-"x 2 dx. 

3a H3pa4yttasatbe HHTerpaaa c Agate cTparte npHMeTHMO npe csera 

Aa je 

— . 	 0 	 0 

+ 00 
ie - h2  x 2  dx— 2 f e - h2  x 2  dx — 2 e - h 2  du , 

+ 00 	 + 00 

h 

rAe je u 
Hosa npomerubloa. KaKo CMO patutje (§ 56) H3pa4yHanx Aa je 

+ 00 
1 

e -02  du= — , 
2 

moncemo Hawy jeAttatunty HanHcaTH y o6aHKy 

d2  y = — 2 k h2  e-h 2 x 2  (1 — 2 h2  x2) , 

0 
Cu. 164. — IlpomeHa Kpithe nopmannor 

pacnopeAa y Bean ca npomenom 
napameTpa h 

cmaTpatta Kao mepa 
y 

T a q- 



CA. 165. — npomeHa KpNBe HOpMH- 
paHor Hopmamor pacnopeaa y Hem 
ca npomeHom canto jemor napameTpa 

KOHCTaHTy h raycoBe Kpxse oApeAHTH Tpe6a caA 

W HMa HajBehy BpeAHocT; 3a TO Tpe6a Aa 6yAe 

dW = 0 . 
dh 

464 

2 1 _ 
1 k . h—  • —2 	, 

oAaKae je 

k= . 
11  

465 

TaKO Aa sepoBaTHotia 

(2) 

OBa Ben. H3meby k H h noKa3yje Aa jeAHy KOHCTaHTy 113 jeAHatme 
HopmaAHor pacnopeAa Tpe6a elIHMHHHCaTH 

H OCTaBHTH canto, pegnmo, h. rlo,a yCJIOBOM 
Aa Lena nospinmia H3meby Kimme JIHHHje H 
oce X H3HOCH jeAHHHu.y, KpHB Hopmamor 
pacnopeAa 3oBe ce HopmHpaHa AHHHja 
HopmaaHor pacnopeAa. Y AaJbem 143- 

Aarafby cnyAnthemo ce canto TaKKom KpHBOM. 
JeAHatunia TaKBe KpHse je 

y=—,—._e— h 2  x 2  , h > 0 . 
.fr 	 Beauxilitia h 0611,1110 ce H3paxcasa nomohy T3B. c p e A rb e K B a- 

ApaTHe rpeunce, Koja ce 3oBe H cTaHAapAHa rpeuma H A H 

06AHK ibeH 3aBHCH canto oA jeAHor napameTpa. Ha C.11141.114 165 no- 	 nep3Hja; o3Hallasa ce ca 6 H HMa BpeAHocT 
xa3aHe cy oBe Kpme 3a pa3nwinTe BpeAHOCTH napameTpa h. 

§ 95. Cpemba HHaApaTHa rpeluga 

FloKanhemo ca.A KaKo ce oApeljyje napameTap h raycoBe KpHBe no- 3a h TaAa Hmamo BpeAHocT 
mohy rpeinaKa 

AKO H3Bpammo Ampepetiumparbe 

dW 	, 	(n /0-1 e_ 2["a1-2 h [x9 h° e—hq°21 } (dx)° , 
dh 	(11 n  

Ao6HheMo H3 ycaosa (2) jeAHaYmHy 

n —2 h2  [x9=0, 

oAaKne Hmamo 

h2  = 	• 
2 [x21 

0 =11 — • [x2] 

(1) 
	

X2, • • • , Xn 

lipema FaycoBy 3aKoHy rpeinaKa, 3a Beposamohy cBaKe rpeunce xi Hmamo 

	

= yi dx == 	d x . 

BepoBaTHoha Aa cmo y n mepeffia yLIHHHJIH cBe rpeme (1), Kao Be-
poBaTHoha caoxenor Aorabaja, no Teopema MH0)Kel-ba Tpe6a Aa nma BpeAHocr 

h" 
	 —W = WilV2•••Wn — 	e " Ex9  (dx)° , 0/ 10n 

.rAe CMO, KSO H y meToAH Hajmaamx KKaApaTa, ynoTpe6HAH 433HaKy 

[x9 = [xx] 	x: 

h =--- 
a II 2 

llomohy cpeArbe KBaApaTHe rpeinKe jeAHatufily raycoBe KpHBe mo-

IKemo HanHcaTH 
x2 

1 262 . 

c1/2 

AKO HcKopHCTHMO oral H3pa3 aa y, BpeAHocT Beposamohe Aa 

cpeulKe Aexce y rpaHHgama H3meby x 1  H X2  HMa o6AHK 

Xy 	x2  

V
1
2 f e 

—262  d x . W = 

	xl 

Y — 

30 



)=1,ecHy cTpany hello °Balm TpaHccpopmHcaTH 

+ 6
-  X

2 	 + 6  x2 

42 sr f 
e 262  dx= 	 

2 	
• 

f e - 262 d ( 	\ 2 	
a 1/ -2 ) 

x    

H Ao6lljamo jeAHaqmy 
1 

Y2 
p

e- u 2 du, 
S 117( f 

0 

0 	 0 

§ 96. MoryhHocT Hocopmnhasatba raycom 3aKom 

flomohy o6pacua 

	

x2 	X2  
1•24 

	

e 	dx 
V2 A 

xl  

mmemo oAroBopHTH Ha nliTaibe: AKO cTaHAapAHa rpeuma H3HOCH C, KO-

JIHKO OA CBHX rpewalla Tpe6a Aa 6yAe rpemalla no WICOJIyTHOj speAHocTH 
mal-bHx oA c ? 

AKO Tpamcem 6poj 03Ha2IHMO ca 13, a rpemalla mwlle csera 6HTH s, 
oHAa KOJIWIHNK Aaje BepoBaTHohy rpewalla no arICOnyTHOj speAHocTH y 

rpaHHRama H3Meljy 0 H a. flpema Tome TpaNteHH 6poj Tpe6a oApeAHTH H3 
jeAHalume 

	

A-6 	x2 
P = 	f e   262  dx.  
s 	cV2yr 

—6 

npm qemy CMO CTaBHAH 

x 
u= 	 

o12 • 

Kao WTO CMO Beh HaBeJIH, HHTerpaa c AecHe cTpaHe je HaTerpaIl 
tlHje BpeAHocTH Aajy HapoiniTe Ta6Allue. 3a npH6AHAmy apeaHoc-r Hamer 
HHTerpaaa Hmamo 

2 fe-22  dur:::. 0,6826 -
2 

VII 3 
0 

H Ha OCHOBy Tora Hmamo samyllaK 

p 	2 

s 	3 

To je BpAo sallcaH pesynTaT y TeopHjH rpeuma. OH rnacH: 

Hajmaffie ABe TpehllHe CBI4X rpeulaKa Tpe6a Aa llmaiY 

anconyTHy BpeAHocT mathy oA cTaHAapiHe rpeulKe. 

AKO fills rpeuialla y HsBecHom npou,ecy He Honymatta osaj ycnoB, 

pesynTaTH Teopuje rpewalla, 3aCHOBaHH Ha salloHy HopmanHor pacnopeAa, 

He mory 6HTH npHmeibeHll Ha .  OBaj npou,ec. 

§ 97. Beposam rpeunca 

MecTo cpembe imaApaTHe, cTaHAapAHe rpeunce HJIH AncnepsHje c, 

qecTo ce yBoAH T3B. sepoBaTHa rpeunca; osHaqHmo je ca r. 

AKO je 6poj rpewalla Behllx oA r jeAHaK 6pojy rpetualla maH,Hx oA r, 

Apyrim pegma, aKo Beposamotia 3a rpewKe, Koje HHCy Bede HO anconyTHoj 

spemocTH oA r, H3HOCH 2 , r ce 30Be seposaTHa r p e mica. Ha ocHoBy 

ose Aect)HHHu,Hje Hmamo 
+ r 	x 2 

1 =  1   f —262 dx.e

2aV2 x.  
—r 

HHTerpan HspaqyHaBamo OBaK0 

r 

+ r 	x2 r 
- 

x2 	 6 irT 

I  	e - 262  dx- 
o 

VV-21, r 	
262  dx=v ir 

e- u 2 du, 
al/ 2 sI 

—r 	 0 

rAe je oneT 
X 

Mao WTO 3HaMO, Hapoqwre Ta6nHae Aajy BpeAH0cTH HHTerpana 

-43(t)=--=fe 22 du. 

o 
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CaA Tpe6a H3 THX Ta6nHaa HahH Taimyr BpeAHocT Aa 6yAe 

Be3 TetuKohe Hanammo 3a npH6nwamy BpeAHocT 

t Az. 0,477 , 

a samm H3 jeAHatnme 

a V 2
= 0

'
477 

Ao6Hjamo Be3y 
r=0,6745a 

mmeby BepoBaTHe rpeume r H cTaHAapAHe rpeame o. 0Kpyrno, Bep0BaTHa 
rpeuwa H3HOCH ABe TpehHHe oA cTaHAapAHe rpemKe. 

§ 98. Ilpocequa rpeunca 

Haj3aA ce yBOAH H nojam T3B. npocetiHe HAM cpeAH,e anco-
nyTHe rpe 111 K e; oBy rpewv o3Ha4Hhemo ca E. OHa ce Aecimminne Kao 
apuTmeTwma cpeAkma anconyTimx BpeAHocTH rpewaKa, Tj. 

— I 
Xi  I + I X2  I 	... 	I X. 

rAe apTe, Kao H paHHje, o3Ha4aBajy anconyTHe BpeAHocTH 3arpabeinix 
Benntimia. 

H3BeAHmo caAa Bev H5Me1y npocetwe E H cTaHAapAHe rpeunce C. 
Y H3pa3y 3a npocetwy rpeumy, KojH molKemo HanHcaTH 

E = 

rAe je 36Hp npoumpeH Ha CEle rpeuzKe, Tpe6a cBaKy rpemv xi HOHOBHT14, 
y onuiTem cnytiajy, 0110.11HKO nyTa, KOJIHKO nyTa oHa y4ecTByje npema no-
Hasa:al-by, npema cppeKBeHHHjH Te rpewKe. AKO ca p, 03Ha4IIM0 6poj rpe-
ulaKa BpeAHocTH X,, 3a npocetmy rpeuncy, y cTBapH, Tpe6a HanlicaTH 

E  E= 	  • n 

KaKo je KOAWHINK p i :n BepoBaTHoha w i  rpewKe xh  HcTy BenHtmHy 
mmemo H3pa3HTH 	

=E w, ix;  . 

Ha ocHoBy faycoBa 3alcoHa rpemaKa, mecTo wi, cTas.samo H3pa3 

h 
wi = yi  d x 	e—h2X1  dx, 

Vn 
a cem Tora 36Hp HapancaBamo HHTerpanom H npoulHpyjeMo ra Ha o6nacT 
CBHX moryhHHx rpewaKa, Tj. OA — 00 AO + 00 . Ha Taj HaLIHH Ao6Hjamo 

g = fy I x dx. 

N 

— 

KaKo cy y faycoBy pacnopeAy rpewaKa T10314THBHe rpeunce 
Tpwwe ca HeraTHEamm, IIHTerpan ce TpaHccpopmmue 

± co 

—2 f yx dx. 

o. 

AKO cTaBHmo BpeAHocT y, 3a HHTerpan hemo A06HTH oBy BpemocT 

+ 00 	+ 00 	 +00 
_ h2 

 
x2 	 1 	_ h2x2 

xdx=
I ( 211 
 _ 	

h 
e 	)— 

 2h
1L,._. f yxdx--------_—h  f e 

V n 	 Tr Ilit 
0 

Ha Taj Ha4HH HMaINO 3a BeJIHIIHHy npocetwe rpeume 

1 
E 

hI 
a nowTo je 

h= 

AeIPHHHTHBHO imam TpanteHy Be3y H3meby npocetwe H cTaHAapAHe rpeunce 

e = V -
2 

a = 0,798 a . 

§ 99. flpaua H ninmeraua rpeunca 

AKO je HeKO Hapagyoasaibe AoBeno Ao pesynTaTa Aa TpanceHa  Ay-
)KHHa Tpe6a Aa H3HOCH, peusmo, 125,324 cm, a Hama y npaKcH HHje 3r0AHo 

Aa yamemo TOJIHKO mane AenoBe aeHTHmeTpa, M14 y3Hmamo „3aoKpyr.seH" 
6poj ca BpeAllowhy 125,3 cm. Y3HmajyhH TaKBy Aynamy, y4HHNJIH CMO npeMa 

HapagyHaToj Be.11144HHH rpewv ca BpeAHowhy 0,024 cm. AKO BenHtwHy 
125,324 cm yamemo sa noTnyHo TagHy, oTcTynalbe 0,024 cm Tpe6a cmaTpaTH 

0 	 0 
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0 BeJlIPIHHH V 2  nOattaro HaM je camo 1) Aa oHa pacTe, KaA 6poj n 
onaAa, 2) Aa oea pacTe, KaA 1x9 pacTe H 3) Aa je wia nponopuHoHama 
6pojy v BeAWIHHa 0A, KOjHX 3aBHCH peayATaT mepetba. flpema Tome aa v 2 

 mowemo CTaBHTH osy nptt6Juniwy speAHocT 

V2— v 
[x21  

Ca TOM speAHowhy V2, H3 npencoAHe jeAHatitme, AO6HjaMO 

[X21 [Z9  == 
n n — v 

IloMohy ottor imam 3a CTaHAapAHy rpeumy 0 H3BOAHMO o6pa3at 

1z2]  
V n —v ' 

3a v = 1, KaA y mepetby yuecTsyje camo jeAHa Beattiwa, imam 

a= 
v n — 1 • 

[z2]  

3a BeposaTHy rpeumy moscemo HantwaTH, npema peaynTaTy § 97, on. 
Asa Beceaosa o6pacua 

r = 0,674517 fra  
n —v 

H 
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Kao npasy r p e iii K y. flpeMa Tome je npaza rpeuma pa3AHKa Hamel)), 
np146.AHAHe H Tatum BeJIWIHHe. 

AKO mepetbem oApehyjemo H113 speAHocTH TpazeHe semitunte, a He-
3HaMO tbeHy npasy speAHocT, jacHo je Aa HHKaA He MO)KeM0 caanaTH Ty 
npasy BpeAHOCT. Ha peaynTaTa mepetba moscemo camo Aohtt jeAHHm HIM 
APyrHm meToAom Hapagyxasafba, meToAom HajeAHa y e ib a, Ao jeAHor 
peayaTaTa, KOjH cmaTpamo Kao Haj60.11)11, Ha np., Moscemo oA A06Hsetwx se- 

pent cpeAtby apHTmensmy speAHocT. OBy Haj60Jhy speAHocT 
hemo HajeAtiageHa speAHocT. 

FAe He 3HaMO npasy speAHocT Bewswe, He MOXeM0 COB0pHTH HH 
O npasHm rpeumama. Momemo r0B0pHTH camo 0 pa3anKama Hamehy pe-
3)TATaTa nojeAHHttx mepetba H HajeAtfameHe BpeAHOCTH. OsaKsa paantwa 
aose ce npHBHAHa rpetuKa. 

Ha np., aa Ay.suute HaBeAeHe Kao peaynTaTe mepetba Ha cTp. 458 

1,0005; 0,9994; 1,0006; 1,0003; 0,9997; 1,0001; 1,0004; 0,9998 

Hmamo oBaj peA npuBHAmtx rpetuaKa 

+0,0004; —0,0007; +0,0005; +0,0002; —0,0004; 0,0000; +0,0003; —0,0003, 

axo 3a HajeAHa4eHy BpeAHocT yamemo cpeAtby arniTmenmy Aptumy ca 
BpeAHowhy 1,0001. 

Y aocaAauubem Hanaratby npeTnocTawba.rtH CMO Aa cy rpeume x 1 , 
x2 , , x npase rpeunce H Aa je cTaHAapAHa rpeuma C HapatiyHaTa no-
mohy OBHX rpewaKa Ha ocHosy o6pa 

C = V 
/ [x2] 
V n 

MOXeM0 Jill HCTH o6pa3at npHmeHHTH, aKo ammo CaMO npnsHAHe 
rpeume, Koje Memo 03HaIIHTH ca z„ z2 , . . . , zo ? 

AKO je n BeJIHKH 6poj, ttajeAHatteHa speAHocT, npema BepHymtjesy 
cTaBy, maw ce pairmxyje oA npast spemocTH .H TaAa je 

r =0,67451i n
[
—

z2] 

aKo je y nuTatby camo jeAHa senntnta. 
3a npocelmy rpetuKy Hmamo unique 06pame ca Koeclmuujetmom npo-

nOpU,HOHaAHOCTH jeAHaKHM 0,798. 

[X2] = [.z2] . 

Axo je 6poj mepetba n peaaTHsHo manes 6poj, cmapm4 pallytt noxa-
ayje Aa je  

§ 100. fpeunce apwrmenme cpemme 

HeKa je H3BputeHo n mepetba sentmute a H npH Tome ymtbeHe rpeulKe 

x1 , x2, ..., x,,. 

CTaHAapAHa rpeuiKa, AHcnepaHja C, THX peayaTaTa oApehyje ce 113 

jeAHaLatHe 
02 = [.X2i 

rt 

[x21 > [z9 

H npema Tome 3a Hapagynasatbe Tpe6a cTasaTu 

[x9 = [z9 + v2 
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floMohy a momcemo 143pa3HTH rpeunce — BepoKamy r H npocescHy 

r 0,675 , 	g = 0,798 a . 

3aratc.mcmo caA Aa cmo H3Bpll1HAH k cepHja mepecba, y cgaKoj cepHju 
no n mepecba ca pe3y.Tramma 

ail), a2  , . . . , a 11) , 	X= 1, 2, ..., k, 

npH icemy ce rpeunce csacce cepHje Hana3e y rpawntama AaTHx rpetuaKa. 
mica TaKBa aamHumeHa cepHja 11Ma CBOjy apHTMeTHLIKy cpeAmiy m(i) (I= 
= 1, 2, ... , k) ca BpeAHomhy 

e4==  kl(41  
n 
	 = 1, 2, ... , k. 

OA THX apliTIVieTIMHX cpeAHHa moxcemo HaLIHHHTH HOBy apHTme-
TINKy cpeAHHy; 03Ha9liM0 je Ca m, TaAa je 

	

m(1)...1_ m (2) ±..m(s) 	m(A) 	m(k) 	[m] 

k 	 k 

KaKo TaLma ripeAHocT Te apwrmencince cpemme Tpe6a Aa 6y,a,e calla 
BeAl49HHa a, maxcemo y3eTH y o63Hp cTaHAapAHy rpeunty cie.ructma 
m(A) = 1, 2, ... , k) npema semitucHH a. 03a cTaHAapAHa rpeunca ce oA-
pebyje 113 jeAHatcHHe 

(1) 
	

62 	[(m 	a)2 1  
c = k 

110111T0 3a cBaKy nojemmy apaTmeTatacy cpeAHHy, Ha np., 3a m(A) Hmamo 

[a(-01 	[a(A) —a] 	[x(t)] 	xiA) 	xco 	x(x) 

	

m (A ) — a — — a — 	 

	

n 	 n 	n 	 n 

KgaApaT Te Be.rumme H3HOCH 

(111 (1)  — a)2  = [x(1)21  ± 2  EE xoox(x) 
n2 	n2 	, 

rAe je 36Hp npounipeH Ha crte speAHocra 11H1LeKCa i H j cell c.nyicajeBa i 
AKO Ao6Hjeuy HpeAHocT crawimo y (t), Awcammo AO pe3maTa 

[(m 	a)2] 	[x9 

	

csT = 	 = 	--F— 
2  

EEE xoxo. 
n2 	k n 2 	j 	j 

Hour° npeTnocTaBJbaMo Aa cy rpeunce pacnopeljeHe npeMa faycogy 
3aKOHy H Ha Taj Havim CBaK0j 1103HTI1BH0j oArosapa HcTe anconyTHe  

473• 

HOCTH HeraTHEnia rpeaca, Apyr0 vnaf AecHe cTpaHe npeTxoAHe jeAccaqHHe• 
je "Tn. Hocae 'cora Ta jeAHaimica Aaje 

a2 
1 

	[x21 	e , 

HJIH Ae4311HHTHBHO 
a a = 

1  yn 

Beposama H npocetwa rpeunce cpeAHHe Hmajy BpeAHOCTH 

r, = 0,675 ; , 

H 
2 1  = 0,798 ; . 

AKO cTaHAapAHy rpeuncy a pagyHamo He Ha mm,  npamx rpewacca 

x1 , x2, • • • I y Hero Ha OCHOBy npinutAHHx rpewaKa z„ z2 , Tpe6a, 

KaK0 CMO BHAeJIH, 3a cTacticapAHy rpeuncy 6 HCKOpHCTHTH o6pa3au 

a = 
V — 1 • 

[z2]  

3a rpeunce apHTmeTwuce cpeAHHe TaAa Hmamo apeAHocTH:. 

3a. cTaHAapAHy rpeuncy apwrmeTHEnce cpeAHHe 

a,— V n(n-1)' 
[z2]  

3a sepogamy rpecuccy apHTmenme cpeAccHe 

r, = 0,675 a l 

 npocetmy rpeuncy aim -me-mute cpeAHHe 

g, = 0,798 ; . 

§ 101. 113pagyllasaibe rpeumica 

Hoga3ahemo Ha npHmepy Kam) ce oapeljyjy rpeunce. lipmmep, [co* 
HagoAxmo, clmrypkuue y HH3y Kibmra (Mellor, Fueter). 

flpH mepeiby oTnopa ramaHomeTpom AO6HBeHH cy OBH 6pojewc: 

37,0 ; 	36,8 ; 	36,8 ; 	36,9 ; 	37,1 . 

HahH apwrmeTHLncy cpeAHHy H cateHHTH rpewKe. 
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CamsHmo Ta6Juwy 

PeAHm 6poj 
mepoba 

flocmarpaHa 
HeAmmla 

ripmsHAfia 
rpeffixa (z) z2  

1 37,0 + 0,08 0,0064 

2 36,8 - 0,12 0,0144 

3 36,8 - 0,12 0,0144 

4 36,9 - 0,02 0,0004 

5 37,1 + 0,18 	I  0,0324 

Komporta [z] = 0 ; [z9 = 0,0680 

m - 
184'6 

36,92 
5 

CTaimapAHa rpeunca a = -1/  [Z21  

II - 1 == V 

 0,068  

4 	
.-?..-- 0,13 . flowTo je 

Hamehy neT Ku tteTHpH meperba ancoarrHa Hpe,zwocr rpeume Izi Maria o,.1

a, a, a 4 > -
2 

. 5, Tpe6a CmaTpaTil Aa. peaynTaTH meperba aaAoHo./baHajy Teo-
3 

pHjy y tiHjoj ocHosn num 3aKOH Hopmarmor pacnopeo,a. floc.qe Tora mo-
Immo pagyHaTH Aa.rbe. 

11a ocHoHy oHor o6pacHa Ha/1=1mo: 

CTaHAapAHa rpeunca apHTMeTHtlKe cpeAtme a, - 	
0,50.  648 

r1 = 0,675 a, ==0, 

0,003508.. 

e i  = 0,798 a 1 = 0,039 . 

raycosa Kpmsa HMa jeAHainmy 

1 
x2 	 x2  

- - 	 - 
Y 	_r 	2 62 _ 	 e -  2.0,017 	 29,41 x2 

013 

1 

 rgr 	
3,069 e 

Begic6affia. 

1. floicaaarn Aa aa geT14pH 6poja: 0,437; 0,441; 0,432; 0,434, Kao pop:rare me-

perba. He moxemo HCKOpHCTHTH meroAy HopmanHor pacnopeAa. 

2. 0ApeAming AymugHy 113 mecr mepena ca peunrarnma: 12,765; 12,760; 12,760; 
12,768; 12,765; 12,762 mm. H HapagyHarig rpm:4e. 

3. Jexia Hempugna je Hamepeaa 10 nyra ca peamarma, npmeaaamm oHom 

ra6.nnuom 
5,30 -5,35 -5,40 -5,45 - 5,50 cm. 

1 4 4 1 

0ApeAHrn cpeArby Hpemocr re Apegme H o,11y0Bapajyhe rpeunce. 

3611p 184,6 

Beposama 

rIpoceLma 

Of >2 	 /7 

Beposama rpeuma 

lipoceinia rpeuno 

igag4 HenocpeAmo 

r= 0,675 a 0,088 , 

e = 0,798 a = 0,1037, 

	

E 
z 	°'5 

2 

	

e= 
 5

' 	 5 = 0,10.4 . 

flpeTxwme rpewKe omoce ce Ha nojeAHHe peay.TraTe. 3a omehH-
Haise rpewaKa, Koje ce (mime Ha apHTmeTHEmy cpe,n,HHy, Tpe6a HapatiyHaTH 
crau,n,apAHy rpewKy nomphy o6pacRa 

al= 	[z2]  
V n(n-I) 
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f.TIABA XIII 

MATEMATIVIK A OBPAAA CTATHCTIIIIKHX 
110,RATAKA 

§ 102. MaTemanpuca CTaTHCTIllia. 

CTaTHCTHKa ce 6aBH npoplanaffiem macomillx nojana. Y npoHecy Tor 
nporlanalba moxcemo pa3.1114K0BaTH TpH cTaAH.IYma: 1. riprmyrubatbe maTe-
pHjana aHKeTa, 3anHc pe3yATaTa mepeffia, emnepHmeHaTa, nocno-
Barba HTA.) ca npeTxoAHom H3paAom n.naHa TOE' npHKyrubaiba. 2. 06paAa 
npmcymbermx noAaTaKa H 3. Tymagetbe H npHmeHa pe3y.wraTa Ha peluanaffie 
nocTaanammx TeopHouix H MpaKTHMHHX npo6nema. 

MaTemaTma ce yrAanHom npnmetbyje canto y cTaAHjymy o6paAe cTa- 
THCTH4KHX noAaTaKa. OBa o6paAa AaHac email-balm jeAHy Hapotarry Ancux- 

Koja ce 30Be MaTemaTH K a CTaTHCTHKa. MehyTHm MaTe- 
MaTH4Ka CTaTHCTHKa yTkme 3HaTH0 H Ha lipBH cTaAHjym CTaTHCTM,IKOr, 
nporianaHaa, Ha npliKyrubalbe maTepHjaaa, jep noriana y KOMe o6Aicy 
Tpe6a caKyrchaTH Taj maTepHjaa; OHa yTHMe H Ha TpehH cTaAHjym, Ha Ty- 
magmbe H npnmeHy pe3y./rraTa, jep omoryhana HAIXOBO npasHAHo pa3ymenaHae. 

MaTemaTHLIKa CTaTHCTHKa Hma umpoKy npaKTHImy npineHy, Hapo- 
IITO y AaHauu-be Ao6a, KaAa cpopme Jby,ACK01" MCHBOTa cne mime npeaa3e 
H3 HHAMBHAYal1HCTWIKHX Ha ApyrnmeHe. Y caspemeHom A.yAcKom AHBOTy 
MOCTOjH 11HTaB HH3 AomeHa y KOjHM MOCJI0BaHle HHje moryhe 6e3 umpoKe 
npHmeHe MaTemaTmiKe CTaTHCTHKe, Ha rip., y mina BCTM ocHrypana. 

MaTemaTima CTaTHCTHKa CTOJH y Haj6.11H)K0j Be3H ca TeopHjoM Be- 
poBamohe H TeopHjoM rpemaKa; npH Tome yaory rpeume Hrpa oTcTynalbe 
nojeAHHHx noAaTaKa oA HajeAHavelnix speAHocm, Ha np., oA apHTmen4Lu4x 
CpeAHHa. 

OnAe hello H 3HeTH HeK0.1111K0 OCHOBHHX TIONOBa H3 EAemeHTapHe 
MaTeMaTH4Ke CTaTHCTHKe. Y H3aarafray KopHcTHhemo ce pe3yATamma Koje 
CMO Hamar' y TeopHjH neponaTHohe H TeopHjH rpewaKa. 

§ 103. Cpembe Berumme 

AKO Hmamo HH3 'BellINHHa 

a„ a2 , . . . , 	, 

oA Kojux ce cnaKa noHamba oApeheHH 6poj nyTa, HaHme 

n„ n2 , . . . , n r, , 

BeJIH4HHa , 

M n, a, +n2  a, +  . . .  + n„ a„Fn; -= 

rAe je 
s n, + n , + + 	ni , 

30Be ce apHTMeTH4Ka cpeAHHa A, a T H X I:ie./11441.1E1a. AKO ce He 

MHCJIH HeffiTo Apyro, apHTmeTnima cpeAHHa ce 30Be je,11,HOCTaBHO cpeA H, a 

BeAH4HH a, KpaTKO cpeAHH a. CBaKH 6poj Mi npeTcTamba cppeKneml.H.IY 
oAronapajyhe BeJwqHHe ; off ce 3one noHeKaA H T e ncH H a Te numtnme. 

Cent apwrmeTwme cpeAHHe nocToje H Apyre cpeAmm. Tam) cmo Hma.rm 

Bell nojam cpeArbe KnaApaTHe BeJIHMHHe, Koja 6n 3a AaTH HH3 nennimHa 143- 

rnep,ana oBaKo 
ni al+ n2 a1+ . . . + n„a2. 

• 
n 

Y o6mmoj MaTemaTmmoj CTaTMCTHLM4 Hrpajy yiory cpemba apHTme- 

H cpemba KnaApaTHa Beamnma. OcTane cpeAffie BeIHNHHe y CTa-

THCTIMI,H ce mano ynoTpe6A.yjy• HaneAHmo impa3e, 3a ;me Beanunie a, H ao 

CBHX OHHX cpemma 0 KOjHM monce 611TH FOB0pa y CTaTHCTHU,H: 

ApHTmeTima cpeAlma 

reomeTpncKa cpeAHHa 

KnaApaTHa cpeAmm 

XapM0HH CKa Cpe,11,M H a 

KokapaxapmomicKa cpeAHHa . . 

1 
—2- (a i  a2) 

a, a2 

2 a, a2 
 ai  + a, 
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APHTMeTWIKOj CPeAHHH moxemo AaTH H Apyre 06J1HKe. nOILITO MO-• 
Acemo HanHcaTH 

nM =—Ins  ai+-1a3+•••+—
s 

n,
a , 

a CBaKH KOJIWIHHK ni : S moxcemo cmaTpaTH Kao seposamohy 	oArosapa- 
jyhe BeJ114‘111He 	Hmamo 3a apHTmeTHilicy cpeAtmy H3pa3 

M w,a, 	 a, 	w i  a;  . 

Kama je npoH3so.a Wi maTemaTHtmo oitemisatbe semv-mHe a1, mwxe 
ce pehH Aa je apPITMeTINKa cpeAHHa jeAtfaxa 36Hpy CBHX maTemaTtpumx 
°gem:taxa AaTHx mamma. 

PaAH H36erasatba onepaLmja ca seminim 6pojeBHMa H3pa4yHasabe 
apHTmeTtme cpeAHHe moncemo 06aBHTH Ha osaj HatiHH. 143 BeJIH4HHa 
a„ a,, ..., an  H3a6epeMo nposH3opHy cpeAHH y; 03Ha4Hmo je ca A. 
HeKa cy pasnHKe 

(1) 	 a, — A , a2  — A , . • . , an  — A 

a-NI-patina Haunix 3e.1114 1414H3 OA A. KaKo je HAelITHIIKH 

ai  A + (ai  — A) , 

3d apHTmeTHincy cpeAmty HM3M0 

M n,a,±n,a,±  

479,  

Tpe6a HapagyHanH 36Hp OBHX 6pojesa ca speAHouthy 202,912 H 110,//eJIHTH 
ra ca 4; Ao6HheMO M =.-. 50,728. MebyTHm, aKo y3MeMO 3a npostoopHy cpe-
AHHy, petmmo 50,730, paITIHKe he H3rneAaTH 

+2,  — 4, —5, —1, 

cse y XHJbaALITHM. AKO HX ca6epeMo H 36Hp (— 8) noAeatimo ca 4, Ao6H-
hemo cpeAHHy OBHX pa3mixa ca speAHomhy — 2, oTKyA HenocpeAHo c.aeAyje 
Aa Hama cpeAHHa Hma speAHocT 50,730 — 0,002 = 50,728. 

AKO je nposH3opHa cpeAHHa A Tagil° jeAHaKa apHTMeT1414K0j cpeAmm 
M, 36Hp paanHKa 

E (a1— M) 0 
jeAHaK je HyJ1H. 

i leCTO ce 3a H3pa4yHasatbe apHTmeTHLme cpeAHHe y3Hma T3s. m e- 
1 , AnjaH a, Tj. 	11J13H. AKO je n HenapaH 6poj, TO he 614TH —
2 

kn ,  

14.11aH; aKo je n napaH 6poj, TO he 614TH apHTmeTHLIKa cpeAHHa Asa cpeAtba 

4naHa
1 ,  

-2-- nor H 	n+ l'or, no,k yCJ1OBOM Aa Cy OHH npocTH 11.113HOBH. AKO 

Ta Asa cpeAtba tiaaHa, Koje o3Haqasamo ca a' 14 a", HHcy npocTH 4.naHosti, 
Hero itnaHosH ca Textmama tz' H n", 3a meAHjany ce yaHma apwrmeTtma 
cpeAHHa tinaHosa ca Tenumama, Tj. BeJ1144HH3 

n' a' ± n" a" 
n' 	n" 

• 

n, [A -I- (a i  — A)] + n, [A + (a2  — A)1 + • • • + nn [A + (an — A) 

=A n i  + n2  + • • • + no +  n i  (a l  — A) ± n2  (a2  — A) + • • + nn (a. — 

nOKWICHMO j011.1 KaKO ce HspaLiyHasa KsaApaTHa 
Aanix senwmtia OA 1b14X0Be apHTMeTH4Ke cpeAHHe, Tj. 

osAe Ty se.nmatty 03Ha4HM0 ca 6, npema Ae(PHHHILIIiH 

cpeAHHa oTcTynatba 
Allcnep3Hja. AKO H' 

Hmamo 

= A -Km , 

rAe je m aPHTMeTIIIIKa cpeAHHa paamma (1), Tj. 

n i (a,— A) + n2  (a,— A)  +  + n,(a„—  A) m = 

nOWTO cy pa3J114Ke (1) 06H4H0 MaJ114 6pojesH, HapatiyHasabe BeJ1H-
IIHHe m je MHOCO jeAHocTasHHje oA Henocpe,a,Hor topatiyHasaana senwmHe M. 
TaKo, Ha rap., sa HenocpeAtm HapagyHasatbe apHTmenytKe cpeAtme geTHpH 
6poja 

50,732; 50,726; 	50,725; 	50,729  

o =
if n, (a,— M) 2  n,(a,— M) 2 	n„ (a,— M)2  

rAe je, Kao H paHHje, 

s =-- +n,±...+n„. 

AKO je HapanyHaHarbe apHTmeTHTIKe cpeAHHe M H3sputeHo nomohy 
pa3m4Ka (1) Ca npomoopHom cpeAHHom A, 33 Ao6Hjatbe a HHje noTpe6Ho 
paLlyHaTH Hose pallIHKe a, — M, Hero moxemo HCKOPHCTHTH HCTe paanttKe 
14 TO Ha osaj H31411H. CBaKy OA HAX mmemo HaHme 3aMeHHTH pa3J1HKOM 

a;  — M =-- (at — A) —(M — A) = (ai — A) — m . 
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Ca OBHM Hspasom pamyHamo °sax° 

ni (a,—M) 2 =E ni (ai— A)2  — 2 m E ni(a; — A) + m2  E 
=En1 (a 1 —A)2 -2m(sM—sA) --i- m2 s -= 

E n I (ai— A)2  — m2  s 

H Ha OCHOBy Tora 3a C Hmamo o6pa3acx 

	

n,(a,— A) 2  + n,  (a, — A) 2  + 	ti n  (an  — A) 2  m2  
(3) 

§ 104. Ynora Affcnepsnje y CTaTHCTIIIIM 

KaK0 y TeopHjH rpecnaKa Tam) H y CTaTHCTH1J,H speAHocT AHcnepsHje 

omoryhyje Aa ce yCTaHOBH MOCy J114 CTaTHCTIILIK11 110AagH 6HTH oKapaKTe-

pHCaHH nomohy apHTmeTHtuuix cpeAHHa HAH He. Kpc4TepHjym 3a TO moscemo 

H3pa3HT11, Kao INTO CMO TO ypaAtucH y § 96, max° : 

AKO cy M H 0 aptiTmenctuca cpeAHHa H mcnepsHja, oH,Ka sa Hop- 

2 
ma/my CTaTHCTHKy Hajmatse — CBHX noAaTaKa mopa nescaTH y rpaHHHama 

M — 	 M 

Ilourro je HspagyHasaffie a nomohy o6pa3aaa (2) H (3) npeTxoAHor 
naparpacpa AocTa cnonceHo, Hapo4HTo y carcajy sentiKor 6poja noAaTaKa, 

HOCT0j1I aa AticnepsHjy sicuce ApyrHx o6pa3au,a. HaseAHmo Heice 0A, H,HX 

6e3 AoKasa. 
BepHynHjes o 6 pasau, rnacH 

a B = sWW, 

rAe cy : s — 6poj CBHX moryhHx HCIIHTI4BaFba (noAaTaKa.), w — seposaTHoha Aa 

he ce Aoraljaj cTsaptio AecHTH (noAaTaK je y HO3HTHBHOM cmcny) H W=1— W 

seposaTHoha Aa ce Aoraljaj Hehe AeCHTH (noAaTaK je y HeraTHsHom cmHcay). 
FlpH Tome ce npeTnocTaBJba Aa je seposaTHoha csaKor nojeAHHor 
Baba HcTa ; aKo cy seposaTHohe pasamitTe, ymma ce cpeAtba apwrmeTHLIKa 

seposaTHoha. 
AKO CBaKI4 

(5 2p == " w _E(w1- 1,02,  

i =1 

s Hma 3Hatie}be Kao H y npeTxoAtcom cnyicajy, w 1  je seposaTHoha 
KOr IlOjeAHHOF HcriHTHHatba (110)aTKa), a 

W =— (Wi W2±••• +Ws ) 

W je, Ka0 yseK, sesaHo ca w jeAHatumom w = 1 — w. 
3a w1= w (i = 1 , 2 , 	s) floacoHos o6pa3au ce npeTsapa y bepHy- 

nkijes. Mumma Op je matba 0,3, CB, HO paanma, npaKTHIcKH, HHje mama. 
HajsaA, HaseAtcmo .T1 eKcHcos o6pasa u , sa oApebtmatbe AnnepsHje 

2 r. 
CL=SWW-F-

1 
(S2 —S)E(Wi — , 

i 

rae je : s — 6poj CBHX moryhm mepetba (noAaTaKa), n —6poj rpyna Ca 
pa3.414 11HTHM seposaTHohama wi  nojeAtucHx Aoraljaja (noAaraKa) y csaKoj 

rpynx, w=-1  
 (w i  w, 	w„ ) H w = 1 — w 

§ 105. IlpHmepH 

a. Y cuecT o6nacTH Ha 500 pobeHe Aeue 6Hno je AeLiaKa 

1 2 3 4 5 6 
244 243 231 275 264 256 

H3pa4yHaTH apHTMeTH4Ky cpeAtcHy H OlIeHHTH nomohy AHcnepsHje 
.yKOJII4K0 OBa cpeAHHa npeTcTarmba AaTe CTaTIICTHLIKe no,p,aTKe. 

3a npostcsopHy cpeAHHy y3HMaMo A = 250. OTcTynatba oA ,ose se-
mmuce Hmajy speAHocTH : 

244 — 250 = —6 , 
243 —250 = — 7, 
231 — 250 = — 19, 
275 — 250 = + 25, 
264 — 250 = + 14 , 
256 — 250 = + 6 

36Hp = ± 13, m —
13 

2,17 
6 

ApHrmeTHI4Ka cpeAHHa M = A + m ---.-.-- 252,17 z 252,2 . 
31 

Aoraljaj (noAaTaK) Hma csobr noce6Hy seposaTHohy, mo-

xemo nimmeHHTH FloacoHos o6pa3as: 
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,13,ficnep3Hjy tipBo H3pa4yHasamo nomohy HapatiyHaTlix paamiKa H3 

jemia4HHe 
1 

02  - [(- 6)2+ (_ 7)2 + (_ 19)2+ (25)2 + (14)2 + (6)21_ (2,17)2, 

6 

oAame je 	
a .= 14,4 . 

KSKO 
oTcTynakba oA apHTmeTHtiKe cpemme Hmajy BpeAHocTH: 

- 8,2 ; - 9,2 ; - 21,2 ; + 22,8 ; + 11,8 ; + 3,8 , 

BHAHMO Ad cy meTHpH OTCTy natba no anconyTHoj seAHHHHH maFba OA CI. 

FIOWTO je 4 =  

BpeAHocTH CTaTIICTWIKIIX noAaTaKa, 

 2 KoHugHTpawijy OKO apwrmeTHLtKe cpeAHHe, He mmemo 

-
2 • 6 , nosHaTo npaBH.no 
3 

aaH 

Ka3aTH Aa 

3 	 mepH KapawrepHwe npeTewHocT Aevatta y 
BpeAHocT Te cpemme y nyHoj KaKo 

TO noKaayjy H npeTxoAHe BpeAHocTH 
CBaK0j OA THX w ecT 0611aCTH, 

p =mica. 
Hapatlynajmo jour BepHyaHjeBy AHcnepaHjy 

He Aaje OCHOBa 3a ocnopaBaFbe 

nowTo noAaw4 HeMajy jaKy (Behy 

_ 244 0 488 .  
wi--  500 -- 

275 
14, 4  =-_ - =-• 0,550; 

500  

	

W 2 

== 243 	0,486; 

2 	500 

264 0 528 - 
W5--  500 -- " 

231 0 , 462; 
500 

256 =0,512. we 
500 

BeponaTHOhe nojeAHHHx rpyna Hmajy BpeAHocTH 

w 3  

BHAHmo Aa cy one seposaTsohe paammTe, npeMa Tome Tpe6a y3eTH 

cpemby BeponaTHohy, KOjy mox(emo H HenocpeAHo HspaqyHaTH 

M _252,2 0,504 . 
w  ----- 500 -- 500 

BeponaTHOha W TaAa Hma speAHocT w = 1 - w = 0,496 . 

KaKo je s = 500, imam 

G B 	S W W = 1I 500.0,504.0,496.-z= 11,18 . 

BpeAtiocT AnnepaHje noKa3yje Aa CTaTHCTHI1KH noAau,H calla 

AnBoAe Ao jeAHHcTBeHor, onwTer pesynTaTa aa cBe o6.nacTH, 
OB a  

pe.naTHBHo 
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jep canto no.noBHHa o6AacTH Hma oTcTynatbe malbe no anconyTHoj BpeA- 
HOCTH OA CI Es • 

HapagyHajmo jOLII H JleKcHcoBy AnnepaHjy 

at = 500 - 0,504 • 0,496 + -1-6  (5002 - 500)1(0,016) 2 + (0,018)2 + (0,042)2  + 

(0,046)2  + (0,024) 2  + (0,008)2 1 7: 337,07 . 

Hpema Tome je 

0, 	18,3 . 

AKO ynopemamo BepHynHjeBy AHcnepaHjy Ca JleKcHcoBom, BHAHmo Aa 
ce oHe 3HaTH0 paaaHKyjy. OTKyA 170TH4e H wTa osa paaAHKa maim? OHa 
nonme oTyAa HITO 3a HapagyHasw-be yammamo y 063Hp pa 3J1H 1-114Te speA-
HOCTH Beposamohe cBaKor 6poja. flpema Tome moacemo TspAHTH Aa Haulm 
CTaTHCTWIKH noAaw4 Hncy y A0B0JbH0j MepH B3pa3HTH H Aa ce CpeAfba 
aPHTMeTHLIKa BpeAHocT jaBJba Kao BeJIH4HHa, Koja, KaK0 CMO TO H paHHje 
BHAeJ1H, He KapaKTepHwe y nyHoj mepH c.nHxy pacnopeAa 6pojeBa paharba 
AetiaKa y TEM 06IlaCTHMd. 

Ha ocHosy osor npHmepa mowe ce TBpAHTH Aa 3a npHmeHy TeopHje 
BepoBamohe (y o6AHKy raycosa 3aKOHd) Ha CTaTHCT Hue noAaTKe HHje 

AosoibHo HCKOpHCTHTH KpprrepHjym 0 - pesynTaTa, Hero Tpe6a Aa 6y.Ay 
FicnyFberm join H Apyrll ycaosH, Ha np. yCJIOB Aa c„ 6yAe no CB0j0j speA-
HOCTH &HICK° BpeAHocTH c B  . 

b. Y3MHMO caA AeceT o6.nacTH ca pacnopeAom 6pojesa AeHaKa 
cy ce pomum Ha 1000 poheHe Aell,e 

1 	2 	3 	4 	5 	6 	7 	8 	9 	10 
440 422 453 465 430 448 407 449 420 448 

H HapagyHajmo apHTmenitiKy cpeamHy H AHcnepaHjy. 

Yanmamo 3a npoBnaopHy cpemilly A = 440 H HapagynaBamo OTCTylldl-ba 

0, - 18, 13, 25, -10, 8, -33, 9, -20, 8. 

flowTo 11:41X013 36Hp 411H11 - 18 , cpembe oTcrynalbe HaHocH 
-1 

m =  108 = -1,8 . rIpema Tome 3a apwrmeTwmy cpemmy Hmamo 

=- 438,2. 

3a HapailyHasarbe a AHrimmo ropFba oTcTynalba Ha KBaApaT 

0, 324, 169, 625, 100, 64, 1089, 81, 400, 64, 

K0j14 
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Ha414H14M0 1-b14X0B 3614p 2916 14 noAummo ra ca 10 na Ao6Hjamo 291,6; 0A 

OBOI" 6poja oAymmamo m2  = 3,24 H H3pa4yHamo palmy 

02  = 291,6 —3,24=288,36 , 

0=16,98. 

ilourro oTcTynalba Haulm( noAaTaKa °A apprrmenme cpeAHHe H3HOCe 

1,8; —16,2; 14,8; 26.8; —8,2; 9,8; —31,2; 10,8; —18,2; 9,8 , 

BHAHMO Aa g 3a ceAam noAaTaKa Ta OTCTynatba matba oA a. flowTo je 

7 > — 2 • to , 3aluby4yjemo Aa aptrrmeTHI4Ka cpeAHHa y A0B0JbH0j mepH  OA- 

3 
roaapa Hamm CTaTI4CT144KHM noAaaHma. 

KaKo cpeAtba BeposaTHoha Hma BpeAmocT 

I1, =  M   =0,4382, 
1000 

3a BepHyoujeay Annep3Hjy apiummo OBO H3pagyHasaibe 

a B =1/ 1000.0,4382.0,561 8  ---- 246, 18076 z 15,69 . 

Y Kew,' ca o,a,pebusaibem 6 H a B  romMemo jeAmy TeopHcKy npHmeA6y. 

3a °gel-mom-be 3Ha4aja apeAllocTH AHcnep3Hje tiecTo ce yBoAH T3B. 

AllsepreHmoHH Koect)HumjeHT y o6.rmy JleKCHCOBa Koe4oH-

mjeHTa ca BpeAHoLuiy 

C B 

IlpeMa apeaHocTH Tor KoecpHujeHTa Avicnep3Hje pacnopeAa ce Aene Ha 

HopmanHy Aucnep3Hjy 3a Q 1 , 

cy6HopmanHy AHcnep3Hjy 3a Q<1 H 

xHnepHopmanHy AHcnep3Hjy 3a Q> 1. 

Y npaom npHmepy je oaaj K041411,11eHT lima° apeAHocT 

	

Q  _ 1 14,4 	= 1,288 , 
11,18 

y Apyrom 

	

Q =
16,98 	= 1,082. 
15,69 

• 

Bew6atha. 

lipornan one Ta6Anue CTaTHCTIVIKHX noAaTaKa: 
1. flpema noAaunma peTepcena 703 KomaAa jeAne npcTe pn6e whocnaTnne no 

6pojy spaxacTo pacnopeliennx nnnnja y peny mory 611TN noAeJbena y one rpyne: 
Bpoj anunja 	47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 
Bpoj RomaAa 	5 2 13 23 5S 96 134 127 III 74 37 16 4 2 1 
((l)peKnenunja) 

2. 1,1cTu ruicau nanox4 one noAaTKe o 6pojy npnmepaKa uneTa (Ranunculus repens) 
Kojn nmajy 0A 3 Ao 7 ancTilha 

Bpoj .nricTnha 	3 
Bpoj nrmmepaKa 	1 	2 959 IS 	2 
(q)peKneuunja) 

3. Ha6anirrn mice Ta65IINe CTaTIICTINIKI1X noAaTaKa o (HP) N npornmi 

oAaime je 

4 	5 	6 
	

7 
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MASA XIV 

TEOPI1JA KOPEJIALI,HJE 

§ 106. IIojaM aopenannoHe Be3e 

Alio Hmamo, Ha np., o6pa3att 

Y X2 , 

Y 	X ,  

nomohy Koje ce oApehyjy ABe BpeAHOCTH •Y'a 3a cHaliy speAHocT X'a, oApe-

hyje Taliohe cityHliu,lioHantty Hesy, y OBOM cnytlajy ABo3Ha4Hy. BaHuio je 110.11.- 

sytut Aa H osAe, 6e3 063mpa Ha TO UITO HMaMO ABe speAHocTH, CBaKa OA 

11.14X oApehyje y 110THyHOCTH oAroHapajyhy speAHocT Y'a. 

IlocToje H TaKBe cityuliU,HoHanue Hen K0,11. KOJHX ce X H Y He metbajy 

HenpeKHAHO Hero camo 3a oApeheme speAttocTH X i  (i 1, 2, ... , n) imam 

oApeheHe HpeAHocTtt Y i  (i =-- 1, 2, ... , n). 14 OBHM je oApeheHa cpyHlittHoHantia 

Hem H3Meljy npomewbilaHx. 
Me1yTHM gory tomehy senamma nocTojaTH Hese H Apyre npripoAe. 

floaHaTa je tItH,eHHUa Aa oco6e Beher pacTa HMajy npocetlito H seliy 

Tetlitmy. Mpema Tome paCT H TOKHHa cToje y 1438eCH0j Be3H. k13 KOji1X HO-

ABTaKa H Kam) motliemo citopmynticaTH Ty He3y? 
Kao npHmep HaBeAHMO Ta6nty TemotHe 648 perpyTa pa3nwniTe 

Ta6atme sHAH ce Aa ce 	nitu,a manora pacTa (noA Rucppom 1) 

ana3e y rpynama matbe TenutHe H II), ca Hamm pacTom y 
H  
III, ca jou' sehHm pacTom (noA 3.) y rpynH III, ca pacTom 

HajsHwe y III H IV, noA 5. y IV, a noA 6. y rpynama IV H V. 

TemaHa 
Terra y 

kg 
Pam-  y cm 

I 

51,5-56,5 

II 

56,5-61,5 

III 

61,5-66,5 

IV 

66,5-71,5 

V 

71,5-76,5 

VI 

76,5-81,5 

VII 

81,5-86,5 

I 	
dH

9E
 

1 155,5-163,5 32 41 15 3 2 93 

2 163,5-167,5 13 51 51 17 4 136 

3 167,5-171,5 4 40 72 42 10 1 169 

4 171,5-175,5 1 7 44 55 , 	21 8 3 139 

5 175,5-179,5 1 9 37 	' 18 5 1 71 
. 	• 

6 179,5-187,5 3 14 13 5 5 40 

36Hp .. 50 140 194 168 68 19 9 648 

SHAH ce Aa ce ca noBehatbem pacTa noBehasa H Te)KHHa, Ho He mo-
)Hemo Ha3aTH Aa tioseli oApehemor pacTa HMa H oApebeHy TeHamy. Mozemo 
'maim CHM° TO Aa oApeheHom pacTy oAroBapajy pa3J1HtIHTe Texume ca 
pa3JIWIHTOM sepoHaTHohom: 3a Mita manora pacTa HMa sehy HeposaTHohy 
maffia Te)KHHa, a 3a Junta seher pacTa HMa Belly BepoBaTHohy seha Te)KHHa. 

TaKBB ce se3a tumehy BeAHLIHHB 30Be HopenagHoHa B e 3 a HJIH 

K op en a U  H j a. 143 HaBeAeHe Ta6nHug cneAyje Aa H3mehy pacTa H TexHHe 
nocTojti H3secHa Kopenatutja. 

MporrattatHe Hopenatutje AaHaC npeTcTama HapoLuiTy AHcgHnnity, 
Koja ce 3oBe TeopHja KopenaUHje H Koja HMa se.nmy npHmeHy y 
Hayxama TeopHclior H npanTmlior 3Ha4aja, Hapogirro y BH0A0114j11, y TSB. 
BaomeTpaga. Y Be3H ca nocneAtHom HOHHKJIa je, Imo CMO Bd. Hazen% 
H Holm rpaHa MaTemaTHlie — BH omaT e ma TH li a. 

Y OBOj T.I1BBH Aajemo enemeHTapHy aHanHay camo Asa nliTatba, lioja 
ce oAHoce Ha Kopenamjy: nwratba liopenauHje Asa HatutcHa Aorahaja, 0.11. 
KOJHX je CBaKH se3ati ca oArosapajyttom HeposaTHohom H rurratba 'copula-
RHoHe Hese Immehy AHa Hind Aorahaja 4i4jH Cy noAaus H3pallieti Ta6nHaom. 

§ 107. BepoBaTioha ammoniac Aoraljaja 

Y aHanH3H HeposarHohe cncolieuor Aorahaja (§ 88), KOjH ce cacTojH 
y aajeAHHIscom AewaHatby, peuttmo, Asa Aorahaja ca Hoce6HHm HepoHaTHo-
hama W 1  H W2 i  stmenH CMO Aa je seposaTHoha TaliHor C.110)KeHOP Aorahaja 
jeAHalia. npoH3BoAy W 1  H W2, HO noA npeTnocTaBliom Aa Cy 0811 Aorahajtt 
noTnyno He3BBHCHH, Tj. TaKBH Aa Aewasatbe, 0,KH. HeAemasatHe jeAHor He 
3aBHCH 0,11, Tora Aa JIM ce AecHo HAH HHje Apyrli Aoral)aj. 

moncemo X cmaTpaTH sa He3aHHcHo npomembitHy, a Y sa 
3aBHCHO npomeH-

JbliBy HBH citytutHjy. Kao 111TO je Ao6po 1103HaT0, HanHcaHa jeAHa4HHa no-

cTas.rba cityHligHoHantly se3y H3mehy 
Hp0MeHJbl1BHX X H Y. 

M jeAHatutHa 

BHCHHe. 

143 oBe 
Ii3/1X Hajmne 
rpynama II H 

liaTeropHje 4. 
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flpeTnocTaBlimo ca,a Aa cy ABa Aoraljaja jeAHor cameHor Aoraljaja 

3aBHCHH. 

3a 111TO jacimaje Hanarathe nponpanahemo TeopHom pacyhHBaFba o6- 
jaunbeibem Ha jeAHom KoHKpeTHoM npHMepy. Kao npBH Aoraljaj y3MHMO 
xnHjarbe, peusmo, nuieHmHor cemeHa, a Kao ApyrH — Ap.lbaffie asse npe 

Hmualba. 
CMaTpaMo Aa ce npBH Aoraljaj AecHo xaA je ceme npoxnujano; ox ce 

HHje AecHo itaA 360f Ma KOjPIX y3poxa 6Ha(a. HHje HHKJIa. 

Ca Apyre cTpaHe, ApyrH Aoraljaj ce cacTojH y Ap.rbawy: axo je  Ap-

.rbatia npoiuna Tax() Aa je pa36H.aa Ha CHTHe Aenose 6yceme Ha) cemeHom 
— cmaTpamo Aa je Apa.aibe 6Hno ycneunio, Aa ce AecHo ApyrH • Aoraljaj; 

Taj Aoraljaj HHje ce AecHo, axo je ApaaFbe 6Hno Heycneunio, jep HHje pac-. 

Tpecno semnAnuTe. 
Y cariajy cnomHor Aoraljaja, K0j14 3aBHCH, Kao y Hamem npHmepy, 

oA ,apa 3aBHcHa 4:lax-ropa moxcemo nportaBaTH oBe BepoBaTHohe: 

w 	3a cnytiaj Aa cy ce AecHna o6a 3aBHcHa Aorahaja (ceMe je npo- 

Tuatjano, Apibarbe je 6Hno ycneunio), 

W  1i- 
3a cnygaj Aa ce npBH Aoraljaj Aecno, a ApyrH He (ceMe je npo-

mHjano, ApJbalbe je 6Hno Heycneumo), 
3a cnytiaj Aa ce npBH Aoraljaj HHje AecHo, a ApyrH jecTe (ceMe 

HHje npox,nHjano, Aphathe je 6Hno ycneufflo), 
3a cnytiaj Aa ce o6a Aorahaja Hxcy AecHna (ceMe HHje iipo-

xnHjano, Ap•/balbe je 6Hno HeycneuiHo). 
36Hp BepoBaTHoha oBa mempH cnoxteHa Aoraljaja, KojH Hcaprubyjy 

cHe moryhe cnytiajeBe y jeJHOM xomnnexcy Aoraljaja, mopa 6HTH jeAHax 

jeAHHHu,H, Tj. 

( 1 ) 	 W  i 2 ± W IT + WT2 4- 	1  

CeM Tora yBeAmmo anocTepHopHe BepoBaTHohe ca o3Haxama: 

W 1(2) 
npBor Aoraljaja noA ycnoBom Aa ce ,11,pyrn Bell AecHo, 

oneT npBor Aoraljaja noA yCJIOBOM Aa je Bel, xoHcTaToBaHo 

Aa ce ApyrH HHje AecHo. 
Caminie BeposaTHohe mommo yBecTH H 33 ApyrH Aorahaj ca o3Haxama 

W 2(1) 	
H W 2 (i3.  

jep ce BepoBaTHoha cnomHor Aorahaja 3aBricHmx Aorahaja mom cmaTpaTH 
Kao BepoBaTHoha cnoweHor Aorahaja Asa He3aBHcHa Aoraljaja, peummo, 
npBor H Apyror, HO noA npeTnocTamom 3a Taj ApyrH, Aa ce Belt AecHo 
npBH.-CJI1411He jeAHatanie Baxce H aa ocTaae BepoBaTHohe 143 OBOr HH3a 

(3) Iv t 2, Wtg, W12, W 1D 

TaKO, Ha np., 
, 

(4) w iT  = 	iv 2(1 i =--- W 2  

CeM Tora mo)gemo y3eTu y o63Hp Aa je 

Hi 1  (2) 4- W I(72) = W I ,  

jep 6poj HOBOJbH14X cnyvajesa 3a npBH Aorabaj o6yxBaTa notion.He c.nytiajeHe 
Tor Aoraljaja KaK0 rico, yCJIOBOM Aa ce ApyrH Aoraljaj ,aecao, TaKO 14 110,4 

yCJ1OBOM Aa ce OH HHje AecHo. 1'ICTO TaK0 Bamte 14 Apyre je,a,HaEme, Ha np., 

w--1 (2) + wi (-2) 	 • 

IlpHmeTHmo Aa, petwmo, 143 je,atha44He (2) cneAyje 

W 1 (2) 	W 2 (1)  

W 1 	W 2  

rAe je X 6pojwi KoellmigHjeHT KojH ce soBe K o e () H g 14 jeHT xomnaT H-
6 14.11H 0 C T H, 3ajeAHHIncor nocTojaiba, Asa Aorahaja. AKO je a = 1, Aorabajm 
Cy He3aBHCHH: BepoBaTHoha w 1  (2) = H/ 1  H W2 (1) = W 2  Tj. BeposaTHoha 
cBaxor Aoraljaja He 3aBHCH oA Tora Aa .R14 ce AecHo ApyrH 11J114 He. AKO je 
X > 1, BepoBarHoha cBaxor Aorahaja ce noBehaBa, axo ce AecH ApyrH, a 
npla X < 1, oHa ce cmaibyje. 

3a ou,eH)HBaFbe BenHtume Be3e Hamehy ABa 3aBHcHa Aoraljaja yBoAe 
ce Bnuie BeJIWIHHa, H TO: 

a. 3a mepy 3aBHCHOCTH 8 H3mehy ABa 3aBHcHa Aoraljaja prima 
ce Benntunia ca BpeA,Houthy 

6 ==lv i2 --Iv i w 2 , (5) 
Tj. pa3JIHKa BepoBaTHOhe THX Aoraljaja cmaTpaHHx Imo 3aBHCHHX H Bepo-
Bamolie Tkix Aoraljaja Imo He3aBHCHHX. 

AKO HCKOpHCTHMO o6pacge (2) mommo 3a 8 HanHcaTH 

- (5') 	 8 	w 2 (W 1 (2) 	W I) 

H oiaBAe H3BeCTH jeAHatuffly 
, 8 

wi (2) 	R./ 1 --r- — • 
W2 

143 came AecimaHHumje yBeAeHHA -  Be.T114411H1 HenocpeAHo cneAyjy, pe-

Immo, jessatisHe 
(2) 
	

W i 2 = W I W2(i) = W2 W1(2) 



—8 = wit w1 w

- 

2 ,  

— 8  = w7. 2 — w 1 4'2 , 

 8= w 1 2 —11'1 w2 ,  

OBa jeAmatuma noma3yje ynory mepe 3aBHCHOCTH 8. Beposamoha 
W I (2) npsor Aorahaja, no,a. ycJlOBOM Aa ce AecHo ApyrH, ocTaje ocTa 
(w 1 (a) = w I), Apyrmm petnima ma }by He yrmtie ApyrH Aorahaj, aco je 8 = 0. 
Pa3JIHKa H3Meby THX meposaTmoha yTO.IIHKO je meha ymonmmo je 6 setie H 

ymonmmo je meposaTHoha cantor no ce6m Apyror Aorahaja marba. 

Ramo je noma3aTH Aa senHqHHa 6, cent jeAHaqHme (5), Monte 6wrm 
onpeheHa H 143 je,a,Hawia 

(6) 

(6') 

(6") 

(7) P1 =141 1(2) "7-  Uj i) 
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Tj. no HCTOM npasmny mac) 143 jeAHatume (5) camo ca npomeHom mama se-
pomaTHohe, camo_ce cmamit nyT Tana melba H 3HaK 6. Tam:), Ha np., jeAHa-
LiHHa (6) mwme ce 143BeCT14 113 jeAHaqHHe (5) Ha ()mai Ha4t1H. Kamo je 

W 12 +w12 = w 1 

H 

w1 (w 2 ± w 	w1w2 w1 w2 w1 + 

nocne oAy3Hmarba. 11,0,11a314M0 AO peaynTaTa 

wiz wi w2 = = wi wa 	= 	 wi w2) ,  

a TO H noTsphyje jeAHalimHy (6). 

JenHa44He (5) H (6), (6'), (6") noma3yjy Aa je 1) amo cy Aorahajit 
He3aBHCHH, 6 = 0 14 2) o6pHyTo, aim je 6 = 0, AorahajH Cy He3aBHCHH. 

b. KoecpHuHjeHT perpecHje npsor Aorahaja y oAHocy Ha 
ApyrH _ ca spen,Howhy 

Tj. pammma Ame mepomaTHohe npsor Aorahaja, c jeAHe crpaHe, non, yCJIOBOM 
Aa ce ApyrH Aorahaj  AecHo H, c Apyre cTpaHe, Aa ce ApyrH Aorahaj HHje Aecmo. 

Koecimu,HjeHT perpecHje Hma Be./114KH npamTHqam 3Hauaj 3a ou,e1bH- 
maibe yTHu,aja jeAHor cpamTa Ha ApyrH. Tam°, Ha np., y HaweM npHmepy 

mnHjarba nuieumtwor cemeHa, amo je, peummo, p, = —
1

, 3113,114 Aa je mepomaT- 
10 

moha mamjalba nocne np.ibakba 3a —
1  seta OA meposamohe Krtmjarba 6e3 np-

1 0 
&alba. 

W it W 12 	W 12 W 2

- 

 — W 1 -1 W 2 

W2 W2 Wz 	W2  

H ca6mpam,a, AO- 

Kam° je, game, 143 (5) H (6) 

w12 = 8  w W 2 

W 1 7-= — 8 -Fw, w 2 , 

nocne mHwmeiba ripe jeAHatme ca w 2

- 

 H Apyre ca — w 2 

 JIa3HMO Ao pe3ynTaTa 

8 

W2 W2 

W 12 W 2

- 

 — W11 W2 = 8  (w2 	6 , 

KOjH Aaje 3a Bev ',tamely p, m 8 

(8) 

P1 —  92  

W I  WI 	W 2 W 2 

(9) P2 w 2 (1) — W  2 = 

Apyror Aorahaja y on,mocy Ha npBH. 

Hamehy 'Ama perpecHoHa moecimumjeHTa namo je Ha ocHomy (8) H (9) 

HOCTaBHTH me3y 

(10) 
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Kao pa3amma Ama 110314THBHa 6poja, on, mojHx HmjeAaH HHje mehH oA 
jeAHHHae, anconyTHa BpeAHOCT moecimumjeHTa perpecHje He mwme 6HTH 
meha OA jeAHHHu,e. 

HahHmo caAa se3y H3MeIy moe(InuajeHTa perpecHje p i  H mepe 3a- 

BHCHOCTH 6. 

n011ITO H3 (2) H (4) Hmamo 

W 12 
w 

1(2) 

Ao6Hjamo 143 (7) 3a p i  H3pa3 

W1(2)  

W1 (21 = 	' 
-2 

H 

W 2 

ome jeAmatume cneAyje na cy moecloHumjeHT perpecHje H mepa 3a-

BHCHOCTH nponopu,HoHanHH, 14cTor 3HaKa H Aa je I pi I > 4 16  I • 

Ha CJIHLIali HamHH mwmemo yBeCT1,1 Apyrit moectimumjeHT perpecHje 

6 

W W1  



6 

V  wi W1 w2 w2 

R= 
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C. Koeci)HitHjeHT Kopenau,Hje R H3mehy Asa 3aBHCHa Aora-
haja je reomerpHcKa . cpe)LHHa KoecITaHjeHaTa perpecHje ca oArosapajyhHm 
3HaKOM, Tj. 

(11) 	 R = +1/Pi P2 • 

3HaK npeA KopeHom Tpe6a y3eTH oHaj KojH Hmajy Koecjm4HjenTH p i  

H  P2, a OHH Hmajy 3HaK mepe 8. 

Ha OCHOBy (10) mmKemo Koecim(HjeHTy R AaTH jeAaH 011, OBHX 06J1HKa 

(12) 	 R = P1 V W2 	_W2 =p2 V 
W 1  w

1  
W 1 W 1 	W,, 

Koecj)HaHjeHTH perpecHje Cy Hajsa)KHHjH 3a KapaKTeplicaffie 3aBH-
CHOCTH Aorahaja; KoecfmmijeHT KopenaLmje Ao6Hja HapoLIHTy BaNCHOCT y cay-
gajy KaAa cy o6a KoegmunjeHTa perpecHje jeAHaKa, jep je TaAa 

R Pi = P2 - 

143 (12) Ha ocHosy (8) mo)Kemo HarmcaTH o6pa3att 

KojH oneT noKa3yje nponopuHoHanHocT TweirjmujeuTa Kope.nagllje H mepe 
3aBHCHOCTH. 143 osor o6pacti,a caeAyje BpJ10 Ba.KHa oco6HHa KoecjmujeHTa 
Kopenaunje: off je jeAHaK HyJIH oHAa H camo oHAa KaAa cy AorahajH He- 
3aBHCHH (8 = 0). 

KaKo csaKH Koecjmu,HjeHT perpecHje no anconyTHoj speAHocTH He 
moxe 6HTH Bel r! oA jeAHHHge, anconyTHa speAHocT Koe4musjeHTa Kopena-
itHje He mme TaKohe 6HTH seta 0,A jemonnte. HHje Teumo noKa3a.TH Aa je 
R'=1 oHAa H camo oHAa, KaA ce Asa Aorahaja noKnanajy (w 1  = w2) H Aa 

je R = — 1, KaA je jeAaH Aorahaj cynpoTaH Apyrom (w1  = w2  HJIH, WTO 

cneAyje H3 npeTxoAHor, w 1  = w2). 
d. Haj3aA sa mem,Hsarbe KapaKTepa 3aBHCHOCTH jeAHor Aorahaja oA 

Apyror ysoAm ce K o e 4311 u H je HT 3aBHCHOCTH Hamehy Asa Aorahaja 
y 06JIHKy 

8 
	

W 1 2 W-12 - — W 12 W-1 2 

w12 wi2 w1iwT2 	W 2 Wiz w  

1,13 osor o6pacua c.neAyje Aa K0e43H1WjeHT Q HMa HCTH 3HaK Ka0 H 8, 

a npema Tome H Kao Pi H p2 .  
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„ReTan,,HHja aHanH3a Tor KoecInnnijeHTa noKauje Aa je 

	

IQI>leil , 	IQI>IP21; 

1Q1>IRI ,  
•Tj. Aa je iberosa BeJIHLIHHa seta 0A senwniHe Apyrmx KoecImmHjeHara; TO 

3Ha4H Aa je OH HajoceTA,HsHjH 0,a, CBHX KoecIntunjeHaTa 3a ou,eamsame 3a-

BHCHOCTH Hamehy Asa Aorahaja. 
floKaAHmo caA Ha Hamem npHmepy KnHjaffia 3pHa H Apa,afba ynory 

mepe 3aBHCHOCTH H CBHX KoecjmunjeHaTa 3a oReamsaFbe 3aBHCHOCTH Asa 

Aorahaja. 

Heim nepoaaTHoha KnHjaiba nocne ApJbaffia 6yAe Hi 1 (2) = 0,85; Ao Tor 

6poja mowemo AohH, pell,HMO, Ha OCHOBy CTaTHCTH4KHX 'noAaTaKa: oA 

3 000 000 3pHa noc.ne Ap.rbakba je mmno 2 550 000 apHa. 

0AaTne 3ax.iby4yjemo Aa je 

	

W1(2)
= 1 	W 1(2) = 15  • 

Ca Apyre cTpaHe, HCTO TaKo CTaTHCTHLIKH no.a,a4H noKa3yjy Aa je 

oA 3 000 000 3pHa 6e3 ApJbalba HHKJIO csera oKpyrno 2 250 000 3pHa; TO 

3Haln4 
w 1(  = 0,75 H 	'via)  = 0,25. 

npeKO Koje je npowna Ail/balm, a Aa Ha ocTany —
1 
5 nospunme OHa Hmje yTH-

Rana, Tj. 

clpeTnocTasHmo, ceM Tora, Aa p,p.lbalbe yTHLie camo Ha —
4 5 nospwHHe 

	

4 	 1 
14'2= — 

	

5 
	 — . 

5 

TaAa mowemo HapagyHaTH seposaTHohy KnHjaba jeAHor 3pHa yonuiTe. 
Kao seposaTHoha cno)KeHor Aorahaja, Ha ocHosy Teopeme ca6Hparba H MHO-

x(eFba, oHa he 6HTH 

4 

	

w 	W2 W1(2) W2 W 1 (-2) 	= —5 • 0,85 + 5 
	

—
1 

• 0,75 = 0,83 , 

na npema Tome 
w, = 1 — w, = 0,17 . 

3a mepy 3aBHCHOCTH 8 H3 (5') HMaMO 

	

8 ---- 	(W i (2)  — 14/ 1) 	= -11-  (0,85 — 0,83) = 0,016 . 
5 

(13) 	Q= 



r 
w2wiwi  

w 1 v2
j = 111 1  — R 

w2 	 1112 

W2  w, W, 

Pt 

3a pi  H p2 , Ha OCHOBy (8) H (9), Ao6Hjamo 

	

_ 	6,016 • 5 — • 
5

= 0,1 , 

	

w2 w2 	4 1 

S 
-= 
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$ 
	 1 	1 	160  

P2 = 	— 0,016 	 — 	.1.-.-.. 0,113 ; 
W 1  w 1 	0,83 	0,17 	83 • 17 

3aTHM Ao6Hjamo 3a speAHocT K04141.414jeHTa KopenattHje R 

• 0,113 = V 0,0113 ---:-.-- 0,106 . R=V   Pi P2 = I/ ()) 1  

Haj3aA 3a H3patiyHasatbe KoecpligHjewra Q mmemo Ham 143 (13) H3- 

BeCTH HOB o6pa3au 3a Ty mummy y o6JHKy 

	

w l (2) w1 	Wi  (2) wl (2)  Q -= 
W1 (2) Wi (2) + W 1(2) W 1(2) 

Ha OCHOBy Kojera mmamo 

0,85 .0,25 — 0,15 . 0,75 	4 
Q 	 — 	0,308 , 

0,85 . 0,25 + 0,15 . 0,75 	13 

NnN menocpeAmo HCKOp1ICTHTH o6pa3ag (13), npu 4eMy Tpe6a 113 jeAmagmma. 

(5), (6), (6') H (6") npeTxoAHo oA,peAHTH BpeAHOCTH seposaTHoha w 12' 14)— 2 

W 1 -2 Wi ' 

HaBeAemm npmmep y A0B0JbH0j Mepn noKa3yje cmmcao H 3ma4aj CBHX 

OHHX seawall-fa, Koje Kapatcrepmmy 3aBHCH0CT je,Anor ,u,orahaja oA Apyror. 

Benc6afba. 

1. HasecTu npnmepe Ana Aorabaja 3a xoje je KoecjmutijeHT K0MIlaT14614.11140CTI1 

	

je,aHax jeAuttnutt, Behu 14 mathu ca jeApucle. 	• 

2. 113BeCT14 o6pacue 

I — ("'t (2) wi (E) 	Ivr(2) wir (2) ) • 

4. Aoxa3aTit Ha ocsoRy npeTxoAHor o6pacua Aa je ysex ICH 

5. PeAoaHo 3a.rumarbe nocejaHor cemeHa yTwie Ha lberoHo mujaise. Koje semi—
=lime Tpe6a yuecTm npu attanum one nojarte Aa nomohy oAroeapajyhax xoecjamuujettaTa 143 

TeopHje Kopenauuje 3a1311CF1HX Aorabaja 6pojHo npoueHumo 3aBucHocT xnujaffia oA 3anuuarba?  
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§ 108. 3aBHCHH HH3OBH; IbHXOB HOBItHHHOHT Kopenawile 

flpeTnocTasHmo Aa HH3y BeJIH4HHa 

xi  , X2 y  • • • , xn 

KOjH IleM0 KpaTKO 03Ha4aBaTH ca Xi  (i = 1, 2, . , n), HJIH HenpeKHAHOj 

npomemsmsoj X, Koja ce merba y HHTepsany OA a AO b, oArosapajy ABa HH3a 

seAHLH4Ha. JeAaH tiemo OA I HX 03Ha4HTH ca A, Apyrm ca B. r -BaKH OA OBliX 

HH30Ba Mowe ce CaCTOjaTH 11.1114 H3 noce6mmx BpeAHOCTH, peuHmo, 

A 1 , A2 , • • • , A., 

B 1 , B2 • • • 	B. , 

KpaTKo A1, 13 1 (i = 1, 2, .. . , n), HJIH mcoKe 611TH npeTcTasJseH c,yHianHjaMa 
A (X), oAHoCHo B (X). Haj3a.A npBm HI43 mme ce CaCTOjaTH 143 noce6rix 

BpeAHOCTH, a Apyrm mo}Ke 611TH npercTawbem cpymKumiom. 06pByTm cnyqaj 
mehemo y314MaTH y pa3maTpalbe. 

YnopeAmmo caAa nomohy pairma 

-- 13 1  

BpeAhoc -rm HH3a A ca 0,AHOCHHM BpeAH0cTHMa HH3a B npema apryMeHTy X. 

flpHpoAHo je Aa y3memo KsaApaTe pa3J114Ka KaK0 611 11 4103HTHBHa H 

meraTmBha oTc -rynai-ba 6m.na y3eTa y noAjeAmaKoj mepm. 3611p Ao6mjemmx 
KBaApaTa, npoumpem ha cBe BpeAHOCTH A, KojH hello osHagHTH ca 

(A i  — B 1 ) 2 , 

npeTcTasJsa TOTallt10 oTcTynalbe HH3 a A 0,A, HH3a B, H o6pHyTo. 

3a ynopelmBathe Benmtimme oBor oTcrynakba ca BeAmtimmom cammx 
Bpe.IHOCTH I1113a A Tpe6a H3pa4yHaTli Mepy oTcTynarba Ha jeAmmmu,y 36mpa 

M . 0130 penamsHo oTcTynaH.e HMa speA,HocT 

Y' (A i  — B i ) 2  

E Ai 	• 

JacHo je Aa je Taj oAHoc 6pojHa mepa oTcTynarba HH3a A oA HI43a 

B; OH noKa3yje y KOjOj ce mepli 11143 A mcoKe 3aMeHIITH Hli 30M B. 

Mmemo npeTnocTasHTH Aa je H113 B H3a6paH, TaK0 pax, 3r0AHo, 

Tj. Aa 3aAoso.sasa ycnos 

A 1 - 1311‹. 1 A il t 

14.TI11 6ap undpH ycAos 
E (A i  — B 1)2  < E At . 

(2) = w 1 

3. M3132CTI4 06p33314 

Q 

( 1 ) 
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Ca OBOM npeTnocrasKom KOJIH4HHK (1) mowe ce npeTcTassTs 

(A l  — B 1 ) 2  
	= I — R2 , 

X lq 

rAe je R anCTpaKTHH 6poj jeXHaK npasom paa.nomicy, HyJ1H HAN jeAHHHini. 
Bpoj R motKemo Ha3BaTH Koect)HuHjeHT ynopebHsarba HH3a A ca 
HH3OM B. 

AKO ce 3ayCTaBHMO camo Ha 110314THWIHM speAnocrtima KoecimunjesTa, 
3a R = 1 HH3 B mosce HOTIVHO 3aMeHliTH H413 A. AKO je R = 0, 1-1143 B 
He npeTcTasJba HH3 A, nowTo cy B i  = 0 (cnyuaj KaAa cy 19 CBH Ai = 0 
Nclubyvyjemo). 

AKO npu cpopmupal-by 11143a B pacno.naxcemo moryhHowhy Aa Taj HN3 

y H3BecHoj mepH melsamo. 111TO ce ca MaTeMaTH4Kor rae,amwTa orne,Aa y 
Tome WTO 11143 B CCM He3aBHCHO npomenssmse X 3aBI4C14 11 0,11, Apyrux npo-
MetilbHBHX Ct, p, T, (OHe ce aosy napameTp H), oH,Aa ce speAHocTH 
01314X napameTapa mory H3a6paTH TaK0 Aa TOTaJ11-10 oTcTynatbe HH3a A OA 

HH3a B 6yAe Hajmarbe (me -roAa sajmaamx KBaApaTa). 03Ha1414M0 ca B' speA-
HOCTI4 HH3a B, KOjH oArosapa OBOM MIIHHMyMy; Te ce speAHocTH aosy 
011THMaJlHe. 

KoecpuumjenT R 3a OfITHMaJIH14 HH3 B' NMa cneumjainty speAnocT, 
xojy hemo o3Ha4HTH ca r ; oHa ce Ael4mHkse jeAHausHom 

(A i — B 1 ') 2  

E 

KoecimukijeHT r 3a H143 B', Trina B, KOjH Haj6oJbe oArosapa 11143y A, 
aose ce KoectongkijeHT Kopenau,uje HH3a B 3a' HH3  A. 

Moxce ce noxaaaTH Aa je osaj xoecimuujeHT xopenaumje jeA,Hor HH3a 
y oAHocy Ha Apyrm HH3 KOjH hem° y napeAnsm naparpacImma npoTymaittas 
H paastrn, Tecno seaas ca 011/1M KOjH CMO ysenH y npeTxoAHom naparpacpy 
Ka° KoecimumjeHT Kopeaaloje Asa aasucHa Aorabaja; npH ToMe HOBH nojaM 
momce 611TN cmaTpas Ka0 yonwTasaFbe npeTxoAHor. 

§ 109. JIHneaptia Kopenauxja 

AKO je HH3 B, a npema ToMe H 14143 B', AHHeapHu H143, Tj. 11113 0A-

pebeH jema4l4HOM 

(1) B' = + px, 
rAe je X He3asHcHo npomeH.ThHea, Koja HMa oApebeHy speA,HocT 3a csaxy 
speAHocr HH3a A, a a 11 (3 011THMaIllie speAHocTH, KoecimumjeHT Kopenaumje 
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r acme ce xoeciniaHjeHT anHeapHe xopenagHje. I1ofTO ce aa 
KopenanHjy HHaosa yrnasHom ynoTpe6Jbyje ameapHa xopena4Hja, pen „JIM- 
HeapHa" ce HaocTaa/sa H noA Kopenau,Hjom ce noApaaymesa JumeapHa !tope- 

Tj. npeTcTasa HH3a A nuHeapHilm H1130M (1). 
fipaBa ca jeAHauuHom (1), rAe X H B' Hrpajy ynory AexapTosnx 

HoopAHHaTa Tauxe y paBfIH 30Be ce K op en auHoHa np a B a (n p or p e-
cHoHa Han per p e c HoHa npema maxy yraoHor xoecinnmjeHTa). 

O6paTHMo nasaby Aa je oApebnsaise Kope.nagnoHe npase CJIHt1110 ca 
oApebusaisem anHeapHor TpeKika (§ 79). 

AKO ca Y i  03Hal4HMO SpeAHOCTH HH3a A, 3a oApebHsal-be 011THMaJ11-114X 
speAHocTH napameTapa a H p Tpe6a yaeTH excTpemym cpymawje 1 ) 

F (a, p)— E (IT; — — px,)2. 

1103HaTH yCJI0BH 3a KCTMM Aajy 

a F (2) 	 = —2 E (Y. — a — px; )—o,da  
a F 

= —2 E [X i  (Y, — cc —13 X;)] =O. ap 

03Hal114M0 J114 MHOS() ca n 6poj CBHX BpeAHOCTH HH3a A, a ca X m  H 	• 
Ym  cpeAtse speA.HocTut X ;  H Y1, Ao6shemo Asa ycaosa 

E x;  n , 	EY; = nYm . 

AKO yamemo y o63Hp jOW H Aa je 

Ea=aX 1 

jeAHatuma (2) J40130A14 AO peunTaTa 

1) AKO je 11143 A HenpeanaaH, Tj. oapeljen cOyHanHjom 

A= f (X) 

clvincuwja F (a, p) 143paxaBa ce nurerpanom 

F (cc, p) = f [f (X) —a—px] 2  dx 

ca rpaHHHama Koje cy nocTawbeHe npoftemom. Flocne aameHe 3611pa HHTerpanom y =beim - 
113Jlaral-bY Tpe6a 143BPILIHT14 0,11,HOCHe npomeHe. 

32 

• 

(2) = 1 — r2  . 

(3) 



498 
499 

(4) Y in = a-H3X m , 

HOPI TBpAH Aa Kope.naltHoHa npasa Hp0.11a314 Kp03 cpeAl-by TaliKy ca KoopAH-

HaTama (X,„ , Y m). 

Y3MHMO caA cpemby Taincy 3a nomeTaK HOBHX KOOpAHHaTa ca ocama 
napaneAHHm cTapHm ocama; o6pacuH TpaHccpopmanHje KoopAHHaTa H3rne-

Aajy TaAa 

(5) 

rAe cy xi H yi Hose KoopAHHaTe. 

JeAHatuma (1) Kope.nau,HoHe npase y HOBHM KoopAHHaTama H3rneXa 

(6) y px • 

flOLUTO Hose spemocTH xi, yi SaAoso.ibasajy jeAHaLmHe 

• 	Exi=--0, 	E y, = o , 
jeAHatumy (3) noc.ne TpaHccpopmagHje mmemo HanHcaTH 

E [x, (y , — px,)1= o, 

oAaK.ne c.neAyje osa speAHocT yraoHor Koe(pHuHjeHTa Kope.nagHoHe npase 

E xi  y i  

Cam eicupemym cpywcu,Hje F (a, p) H3pagyHasa ce OBaK0 

F (a, p) E (Yi — — X 1) 2  

E(yi± — a — x i  — p x m )2 

= E(Yi— X1) 2  = 

E -- 2 p E x, y , 	E 4 = 

_ E y2; 2  (E xi yi)2 	(E X i  y i) 2 

E xi E 4 

H Hma npeMa Tome BpeAHocT 

yi 
F (a, p) = F ext. ----- E A — 

(E EX )2 

 

AKO caA y3memo y 063Hp jeAHaLumy (2) npeTxoAHor naparpacpa, Koja 
Aectmilinne KoecpmunjeHT armeapHe KopenauHje KOjy mo}Kemo HanHcaTH y 
o6mmy 

Feat. —' — r 2 , 
yi 

	

r2  = 	xi yi)2  
xf • E Yi •  

AKO yseAemo n03HaTe o3HaKe 3a Amnep3Hje, HaHMe CTaBHMO 

1 	 1 	, 

	

'51= 72 E xi 	c`22 = n E YI  ' 
KO4HLWjeHT KopenauHje r Ao6Hhe 06JIHK 

2: xi  y i  

HanHcaHH o6pacu,H (7) 11 8) omoryhyjy Aa ce H3patiyHa KoecpHuHjeHT 
JumeapHe KopenauHje sa AaTH HH3 Ai = Y, TpaHecpopmmaH y yi . IIHTarbe 
3HaKa KoA r pewasa ce 3HaKOM yraoHor koecpmAnjewra 13 Kope.nan,HoHe 
npase, jep je 

	

E xi  y i 	02 	=-- r — . 

	

E xi 	at  

Haj3aA momcemo yBeCTH T3B. Hopma .n He KO op AHHaT e, Koje hemo 
O3Ha'1HTH ca, tHnH Koje ce OApelJyjy jeAHatcHHama 

 

x 

 

, 

V E 1/ E ' 
flOMOhy HOpMaJIHHX KoopAHHaTa KoecpHuHjeHT JnmeapHe KopenagHje 

H3pa)Kasa ce osaKo 

r E t, . 

Hopmarme KoopAHHaTe HMajy TO npemmyhcTso WTO ce oHe yseK ii3pa-
mcasajy ancTpaKTrum 6pojesHma HelaBHCHO OA npHpoAe Benwimia X H Y. 

1) Y OBOM 06paCHY penamaHo onTynaffie panyHamo He Ha jemmy 36Hpa npao-
614THFIX Heawnma A, Tj. a6Hpa E Ai = E (yi  Ym )2  = E n Yfr, , Hero Ha jeHHHHHy 
36Hpa Ey; aa Bernpnnie y 1 , Koje npe-rcTaaJbaly HH3 A cseAes Ha HHBO Ym . 

Lillie TeLUKO BHAOTH Ha je HoecjmuHjeHT HopenanHje, HapaqyHaT nomohy 36Hpa 
BOAHHHH3 Yi , yHeH Het% oNoeclnunijetrra HapaqyHaTa nomohy BOJIWIHR3 yi. 

Ao6Hjamo 3a r 2  

(7) 

(8) r 
n a 1  a2  



AKO je HH3 Be.TMEIHHa A ripeTcTaalbeH HenpeKHAHom AHHHjom 

Y 	f (x) , 
Koecimu,HjeHT Kopenauje oApebyje ce H3 jeAHainme 

f x y dx 

rAe cy a H b rpaHHHe aHa.rmsosaHor HHTepHana. YraoH14 xoecl3Hu,HjeHT Kope- 
maHoHe lipase oApebeH je H3pa30M 

- 

J y2  dx 

a 

	

r=  b 	b 	1 
[f X2  dx • f y 2  dx  

	

a 	a 

0 = -11/ 1480• = 17,2; 
5 

147,04 = 5,42 . 
5 

- 459 
r = 	' 	- 0,985 . 

5X17,2X5,42 

5,42 
-- 0,985 . 	= - 0,31; =  

17,2 

1 	5,42 

02 = 

P2 = 	
0,985 17,2 

= - 0,32 . 

500 501 

a  

f X2  dx 
_ a  

143 rpacimincor nocmaTpaba Taqatca o,ApebeHmx KoopAHHaTama X, Y 
HenocpeAHo caeAyje Aa, mecTd He3aBHCHO ripomembHse X, moNcemo ca HCTHM 

npasom pen' sa.HesamicHy npOMeHJbHBy Y; Apyrnm pe'IHMa, TagKe moscemo 

apTaTH H CHCTeMaT1430Bant HO speA,HocTHma Y'a . FloHas.lbajyhu csa npeT-

xoxia pacybimatba sa OBO HOBO nocmaTpat-be, AonasHmo Ao- satc.rbyqsa Aa 
KoecimaHjeHT KopenaaHje r HMa HcTy speAHocT, jep je Hseros lisps cHme-

TpHqsH y oAHocy Ha X H y. 14 Taxo jeAHatama Kopertau,HoHe lipase Ao6Hja 

o6AHK 
x = y y , 

Him qemy je yraoHH Koecn1uHjeHT 
1 
- 
02  

AKO ynopeAmmo jematume Kopenau,monnx npaBnx 

02 	 1 o, 
y = r 

o  , 
	y= r 

o x, 

skixamo Aa ce one noKaanajy camo not ycnosom 

r = ±1. 

flpeMa Tome 6.1143HHa Kopenaumounx npasnx noKa3yje y Kojoj ce mepH 

HH3 A moxte 3aMeHHTH OBHM npasama. 

110KaNCHMO caA Ha jeAHocTasHom apHmepy KaKo ce paqyHa Koe(loHan-

jeHT AHHeapHe KopenaaHje. 

PeWHMO oBaj sa,AaTax: 	gap= je HapagyHao 6poj CTaHOBHHKa 
EHrnecKe 3a 50 HapeAmix fOAHHa Ca apeTnocTamom Aa he -raj 6poj H AaJbe 
noxamaTH AaHawiby TeHAeHaHjy naAatba. PesynTaTe noxasyje Ta6anga; 

roAnna 	Bpoj CTUHOBHNICa y MHJIHOHHMa 

1935 40,5 
1945 40,4 
1955 38,8 
1965 35,8 
1985 26,0 

Tpe6a co,apepyrn Koe4pHuHjeRY Kopenaumje H Kopenaunone npasel) 

Xi Y i 	. x i = X i  - X m  y i  = V ;  -Y m  xi y i  xi 2  
Yi 

C
l
 c
r) 	

Lo 

35 

45 

55 

65 

85 

40,5 

40,4 

38,8 

35,8 

26,0 

- 22 

- 12 

- 2 

+ 8 

+ 28 

+ 4,2 

± 4,1 

+ 2,5 

- 0,5 

- 10,3 

- 92,4 

- 49,2 

- 5,0 

- 4,0 

- 10,3 

484 

 144 

4 

64 

784 

17,64 

16,81 

6,25 

0,25 

106,09 

n=5 II 	
in II 

- I  

-

I 

Is: Y i  = n 
= 11.=36,3 

E X i  - 02) E y i  = 02) E x i  yi= 
= - 459 

E xi = 
= 1480 

Ey? = 
= 147,04 

Cn. 166. Kopenannone npase 6poja cTanosmsa 

Esrnecxe 

1) YcneA manor 6poja noAaTasa Taj npnmep Hyde y cralby Aa H3,11.1MICH KpliTNICy 

ca rneAllinTa Teopkije Aopenaunje; MH ra HasoAnmo C2MO 113 AriAaxTn=ncrix pa3nora. LLwji, 
}lam je npn Tome 614o Aa ce rozaratbe UITO matbe oTeaca pagyncsiim onepannjama. 

2) Osn paqysn ce spine camo 3a nposepasathe 6pojesa y oArosapajyhem crynnY. 

p= r 
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JeAHatunie KopenagHje npaBlix HMajy 06JIHK: 

y - 0 , 3 1 x , 

y = - 0,32 x . 

Came npase noica3aHe cy Ha CJIHU,H 166. 

§ 110. Cariaj HH3a oTemannx Benn.mna 

Y npeTxoAHoj TeopHjH 6Ho je aHaJIH30BaH caytiaj, KaAa cBaKoj  BpeA-
HOCTH X'a oAroBapa canto jeAHa speAHocT Y'a. Taj caygaj mowemo cmaTpaTH 
Kao cariaj Kopeaau,HoHe Be3e, KOjH je Beh noBeAeH Ha cnriaj cjinnamonanne 
Be3e, canto LUTO oHa HeMa AHHeaptin KapaKTep. H pe3yaTaTH npoynanaffia 
KopenanHje oAroBapajy Ha rarraffie y K0j0j mepH AaTa cjvHKIAHOHaaHa Be3a 
11,10)Ke 6HTH aaivietbeHa AHHeapHom C133THKELHOHaJIHOM Be30M. 

Anannayjmo ca,A capiaj, KaAa CBaKOj speAHocTH X'a, peuHmo X,, 0A-
rosapa 1413TaB HH3 speAHocTH Y'a, Ha np., 

Yi Y2 ,  • • • Yj 7 • • • I Yk 

npit Tome ce cBaKa BeJIHEIHHa patiyHa oApeheHH 6poj nyTa, Tj. oTexaHa 
je THM 6pojeM. TaKBy se3y H3Meljy seawall-La X H Y moAcemo npeTcrainfrn 
nomohy Ta6anne 

I X i 	X2 	• • Xi 	 Xi, 3 6Hpoen 

›
-
 >
-
 	

• 	
•  

>
-
 	

•
 ›t°

  

nil 	nzi 	• 

n12 	n 22 	. 

. 

. 	 . 	. 

nlJ . n2 i 

. 	 . 

. 	. 	. 

n, k 	 n2 k 	. 

• 

. 

. 

. 

. 

. 

. 

. 

. 	. nill niii 

ni2 nn 2 • ' 

. 

	

. 	.  

. 

	

12; j 	 n 	• n I 

. 	. 

	

. 	. 	. 	. 

• • ni k 	 il. k 

}ni l ---v i  

Eni 2 =1/2 

. 

En ii —v, 

. 

Eni k = lik 

I 3iipoom rz i.,--n, En2 ,=n2 	• . =n; 	• 	 . 	En,,,=n,, Eni=Evi=N 

11 oBaj cariaj Tpe6a 06paAHTH CJI114110 ripeTX0AHOM ca TOM pa3anKom 
LUTO ce Ha CJIHLW Tatum (Xi , Y,) He y3Hma jeAaHnyT, Hero ce noHaB.rba n i 	nyTa.  
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3a oApehHBalbe cpembnx BeJIWIHHa Tpe6a HCKOpHCTHTH o6pacu,e. 

NXm=EniXi , 

N Y. --- Ey;  y, . 

Hoene oBor oApeliHsarba moncemo yBeCTH HOBe KOOpAHHaTe X H y 
nomohy jeAHatiHHa (5) npeTxoAHor naparpacpa. 

flpema o6pacuy (7) HcTor naparpacpa KoecInumjeHT KopeaauHje Hma 
BpeAHocT 

r — 	 1' 
[Eni Ey, MT 

rAe je ABOcTpyKO cathwatbe npounipeHo Ha cBe BpeAHOCTH HHAeKca i H j. 

AKO yBeAemo 03HaKe 

c$ 2 =
r y; Y i Ei 

N 

npeTxoAHH o6pa3ag momemo HanHcaTH 

EEni , xl y, 
r= 

Na, a, 

AKO ce noHoso BpaTHmo Ha noaa3He npomefumBe X i  , 	cTan.lbajyhn 

x i  = X: — X., 

= Yi — Ym 
xoeclmanjenT KopenaRnje nocTaje 

1  
EEn i , (X i  — X.) (Y i  — Y.)} = 

Nc, 02  

	 iSn i , X i  Yi — X. Sn i i Y, — Y. Sni, X i 	Xm Ym Snii}, 
Na, 02  

rAe S xpaTico oanagana AsocTpyico cymnpame, nocne tiera H3BOAHMO 

Ae(13HHHTIIBHO .  

ELnij X i  Yi  X. Y. ,  

0 1 cY.2 

Flpumepa pam oApeitilheMo soecImuujeuT mmeapne nopenatuije H nocTasithemo 
jeJoiagme nopenauitollux npaaux aa Beay Hanteby AB6IbiThe cTa6.1a H Ayamie uajseher 
AncTa &mice Trientalis europaea. Osaj npumep o6pabyje mune nucaua. 

Ilomoutt cy naseAenu y OBOj Ta6IIHOH. 

EE ri ixjY1 

n i  xl 
at  4__, 

(1) 

(2) r — 
No, a, 



3a oApebuBarbe Xm noj 6pojeBHMa BepTHKannix cry6aHa ninnemo BpeAHocTH 
npoH3Boaa n 1  Xi : 4 X 0,425 = 1,700; 15 X 0,525 = 7,875 HTA. 3aTHM ce OBH 111:10H3BOAH 
ca6Hpajy: I n 1  X. = 190,350,•pe3ynTaT ce AenH 6pojeM CBHX 6H.rbaKa 234 : 

Xm = 190,350 : 234 = 0,813 mm. 

3a oApebnBame cpeAffie BpeAnocTH Y m  nocrynamo Ha HCTH HaqHH ca X0pH3OH-
'maxim peAosnma, Ao6Hjamo: Ym 	v j  Y1) : N = 8481,0: 234 = 36,2. 

3aTHm HapagyHartamo X I  H yl  Kao paannKe Xi — X m H Yi — Y m  
Jame Aaacemo xi  Ha KBaApaT, mnommmo oAroBapajyhHm 6pojeM 6HJbaKa, Tj. pagy-

Hamo , ca6Hpalso ale npoR3BoAe, AenHmo 0111LITHM 6pojeM 6141baKa 14, nocne 1431311B-
Yelba KBaApavior KopeHa, Ao6Hjamo senwamy a,. Y capiajy penaTHBHo mania 6pojeBa 
moncemo sa HapaqyHaBaFbe r HCK0p14CTLITH HenocpenHo o6pa3a1( 

EEni, yi 
r— ' [En, xl.Evi . 

oBaj o6pa3aH He Tpanal Ae.serbe 03Hamemx 36HpOBa 6pojeM N. Y HameM cariajy Hmamo 

a A pyril 

En'  xl  — 1 /8,398896 
 — 0,189 

234 
0 1  

H aHanorHo 

02  	
Yi 1/28017,06 

 = 10,94. 
234 

Flocne Tom 3a oapebuBarbe KoecjiHnHjewra KopenanHje Tpe6aTh3pa=iyHaTH (RAH 
36Hp n, i  x, y;  , aKo HcKopknuhaBamo o6pa3a4 (1), HJ114 36141•EEM5 Xi y1 , aKo 
yammamo o6pa3au (2). 

flpHmeTHmo Aa je, 6e3 o63Hpa Ha TO INTO je o6pa3aH (2) Komnamonaanjm, Impa-
myHaBaibe nocnember 36Hpa qecTo Amor° jeAHocTaBHHje on HapagyHaBaiba npaor 36Hpa 
jep ce 6pojeBH X i  14 y1  °swum Aajy y icAHocTaBHHjem 06./THKy. 

Y Hamem cnygaly npBH 36Hp Hma npH6niuKHy BpeallocT 

E n 11  x;  yi 	403, 

EEn i , x, Yj z 7292. 

MCKOINICTHMO JIM npsH 36Hp no6Hjemo 3a KoecInnuajeHT Kopenamije 

403 r 
— 234.0,189.10,94 0,83. 

AKO yamemo Apyrit 3614, pagyH Aaje HCTH peaynTaT 

7292 	0,813 36,2  
r= 	 0,83. 

234.0,189.10,94 	0,189 . 10,94 

Yramr KoeitHuHjeHTH KopenauHomix npainix aMajy BpentiocTH 

p, r 5  48, a, 
 f32 	a — - 	69. r a, 
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Pe3ynTaT je y oitrosapajyhoj pa3m elm rpacinmuu ripercTawbeu ma CJIH1.01 167. 

Ilospunma csaxor xpyznha je 
nponopuuonanna 6pojy OAroBa-
pajytitix npwMepaKa. Kpyumh ca 
upTom npercTas.rba CBe npH-
Mepxe licTor sepTimanuor peja. 
Ca cTpaue apTelua noxa3aHa je 
calla 6141bita. 

Bez6ama. 

1. Ilpopurru sopenanuouy 
may o3pebeny Ta6nnuom 're-
name 648 perpyTa (cTp. 487). 

2. Ilpoyurrn sopenaunjy 
inmeby snome 6opa H Aynome 
}berme spume mnanuue, soja 
je oApehena (mom Ta6nnuom 
(Wapnnje): 

Cn. 167. Ilpumep uopenauuje 3a 6HJEay Trientalis europaea 

or-1.flnuna 	spinue 	mnanuue 

cm 1-4 5-8 9 —12 13-16 17-20 21-24 25-28 

1-10 3 — — I I I  
I
 
I
 
I
 
'  
I
 '1 1 

8 

11-20 15 1 2 — 25 

21-30 21 17 2 — 42 

31-40 15 37 20 3 75 

N
M
=

 

a 41-50 1 1 31 26 4 1 62 

51-60 2 8 27 12 50 

61-70 — 2 9 24 41 

71-80 — I 4 7 20 

81-90 — — 1 — 4 

91-100 — — 3 

I 14 57 97 91 50 15 6 330 

CIApeAuTil KoecimuujenT uopenauuje H HafipraTH sopenaunoue npase.  

HP14.110314 
I Kom6HHaTopma 

/. CSOPOBH 

ripeTCTaBHMO Aa • y HeKOM nocmaTpaffiy, pacybrmaiby HJII4 

Hmamo no= ca HeKHM npeAmeTHma, nojmomma, cHm6oaHma, 3HanHma, 
cnosHma, peneminama HTA. Be3 o63Hpa Ha HAIXOBy npmpoAy HeKa TO 6yzor 
e.nemeirrn. EnemeHTom, npema Tome, mowe 6HTH cBe OHO, Ha qemy mowe 
Aa ce 38.37CTaBH Hanle ca3Haffie H LUTO mowe 6HTH woojeHo y TOM ca3Hatby 
oA Apyror caApHcaja ca3HaFba. 

EnemeHTe mmemo HymepHcaTH 1, 2, 3, ... KITH 03Ha1IHTH ma Ka.K0 
ApyKimje, Ha np., KaKo ce TO 06Ht1H0 palm, cnomma a, b, c,... Epoj 
.enemeHaTa y AaTom nocmaTpaiby HJIH pacybkmalby moxce 6HTH KOHBElaH 
HJIH 6ecRoHaqaH. 3aycTaaaMo ce oEnte Ha pacyljnBaibHMa caMO ca KoHaLumm 

,6pojem enemeHaTa. 
143ABOiHMO 143 CBHX Aanix enemeHaTa je,AHy oApebeHy rpyny eneme-

,HaTa H cacTammo HX y jeAaH oApebeini c.nor, caor enemeHaTa. JeAaH cnor 
.oA Apyror momce Aa ce pa3nHKyje /MO enemeHTHma, TBKO H peAom y KOM 
enemeHTH o6pa3yjy cnor. 

OBAe ce aaycTasJbaMo Ha aHaJIH3H camo OHHX c.noroma, sa inijH ce 
cpopmHparbe jeAaH HCTH enemeHT He pima Asa HIM mule nyTa. To cy T3B. 
.c.norom 6e3 nonanzanya eizemenara. 

flpema KapaKTepy oHor LiHme ce pa3nHKyje jeAaH cnor oA Apyror 
,mowe 614TH TpH HpcTe cnorosa: napmjannje, nepmyrannje H KOm6nHawije. 

2. Bapmjannje 
HeKa cy AaTa, Ha np., qeTnpn enemeHTa; 0311BEIHMO HX ca 

a, b, c, d. 

OA THX enemeHaTa moxemo CaCTBBHTH oHe caorose: 
to jeAaH enemeHT y cHaKom cnory 

( 1 ) 	 a, b, c, d; 
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no Asa enemeHTa y CBaKOM cnory 

ab, ba, ca, da; 
(2) ac, bc,. cb, db ; 

ad, bd, cd, dc ; 

no Tpu enemeHTa 

	

abc, abd ; 
	bac, bad ; 	cab, cad ; 

	
dab, dac; 

(3) acb, acd ; 
	

bca, bcd ; 	cba, cbd ; 
	

dba, dbc ; 

	

adb, adc; 
	bda, bdc ; 	cda, cdb ; 

	
dca, dcb ; 

Haj3aA no geTkipit 

	

abed, abdc ; 
	

bacd, badc ; 	cabd, cadb ; 
	

dabc, dacb ; 
(4) acbd, acdb ; 
	bcad, bcda; 	cbad, cbda; 	•dbac, dbca ; 

	

adbc, adcb ; 
	

bdac, bdca; 	cdab, cdba; 
	

dcab, dcba . 

Y CBaK0j rpyinH (1), (2), .(3), (4) THX cnorosa y4ecTByjy csa lieTtipm 
enemeHTa, arm y csaitom nojeAHHom cnory pa3nF1 14T14X rpyna 6poj eneme-
HaTa je pa3nn414T. IlpeMa Tome csaicy rpyny moacemo itapaKTepHcaTH Ka° 
cayn cnorosa cacTasnseHmx oA 4 enemeHTa ca oArosapajyhum 6pojeM 
meHaTa y csaitom miry Te rpyne. Taxo, Ha np., CJIOrOBH Tpehe rpyne 
cacTawbeHu cy oA 4 enemeHTa no 3 enemeHTa y CBaKOM cnory, KPaTKO 

oA 4 no 3. 
CnorosH csaice rpyne mory Aa ce pammityiy HnH cacTasom enemeHaTa, 

Ha np. abc H abd, H.rm pe,aom enemeHaTa y cnory, Ha np. abc 14 cab. 

CnorosH oA n enemeHaTa no k enemeHaTa y csaaom cnory, xojki ce 
pa3nuicyjy jeA,aH oA Apyror enemeHTuma Mall peAom enemeHaTa, 3osy ce 
BapHjawfje (pycKH — pa3memeiain, cppaHuycicu — arrangements). Bpoj CBHX 

moryhux sapHjaumja oA n enemeHaTa no k enemeHaTa y csaxoj o6enencH-
hemo ca 

3a oApebHsaibe Tor 6poja mon(emo Ha osaj HaLum o6jacHHTH (pop-
mHpalbe CBHX sapujaumja oA n no k. 

Ha npso mecTo mowemo CTaBlITH CBaKH oA n enemeHaTa. rpyna, 
Koje ce pa3nHicyjy npsHm enemeHTom, oLiesuAHo, mowe 614TH TOJIHKO, iconHico 
Hma cuera enemeHaTa, Tj. n. 3aTHM csaaome oA ii3a6paHnx enemeHaTa 
AoAajemo joui jeAaH enemeHT oA, ocTankix n — 1 enemeHaTa. OtiesHA,Ho je 

Aa Ha Apyro mecTo mon(eMo CTaBHTH maim oA, THX n — 1 enemeHaTa; 
npema Tome CBHX cnorosa, KoA Kojkix Asa enemeHTa Bel cToje Ha csome 
mecTy moace 614TH TOJIHKO KOJIHKO H3HOCH npou3soA 

n (n — 1).  
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oA OCTaJIHX n-2 enemeHaTa 6HpaMo jeAaH enemeHT H cra-
814M0 ra Ha Tpehe mem y csaicome c.nory oA Asa enemeHTa. AKO HCKO-
pHCTHMO CBaKH OA THX // — 2 enemeHaTa, CBaKH CJI0f OA ,n,Ba enemeHTa 
mome AaTH n-2 cnorosa ca TpH enemeriTa.• IIpema Tome 6poj CBHX 
cnorosa ca Tpin enemeHTa H3HOCH 

n (n — 1) (n — 2). 

Y orauTem cnytiajy moacemo TBPAHTH Aa 6poj CBHX CI101- 0Ba. 0,11, 
enemeHaTa no k enemeHaTa y csaKom, xojki Hmajy oco6HHe sapHjaukija, jep 
ce paa.nuicyjy 6H.n0 enemeHmma 6H.no 11,14X0BHM pe,aom, H3HOCH 

VII = n(n-1) (n — 2)... I n— (k 	1)]. 

To je o6pa3au 3a H3pattyHasaH>e 6poja Bapnjawija. OH rnacH: 6poj 
CBHX moryhitx sapHjauHja oA n enemeHaTa no k eaemeHaTa y caatcoj je.ILHaK 
je npomaBoAy k y3aCTOCIHHX npupoA,Hkix 6pojesa 0,d KOjHX je Hajsehm n. 

3. ilepmyTaLimje 

AKO mica sapHjauHja oA, n enemeHaTa caApao4 y ce6H max n •ene-
meHaTa 14 npema Tome ce csaiur Taicas cnor paanhicyje oA Apyror canto 
peAom enemeHaTa, jep y csaKom cnory rieCTBAY CBH eaemeHTH, oftzta ce 
TaKBH caorom aosy nepmyTawfje (pycKH — nepecTatiosaH, cppauayclai 
permutations). Ilpema Tome momcemo ica3aTH Aa Cy nepmyTauHje oA n ene-
meHaTa sapHjauHje oA n enemeHaTa no n enemellaTa y caaaom cnory. Csaita 
nepmyTauHja ce Ao6Hje H3 Apyre nepmyTauHje kicTor 6poja enemeHaTa camo 
npomeHom peAa (nepmyTosamem) enemeHaTa. 

AKO 6poj nepmyTamja H3 n enemeHaTa 0311a414M0 ca P„ , moacemo 
TBpAHTI4 Ad je 

P„ = 
14 npema Tome HMaMo 

n(n-1)( —2) -... 3 .2 .1 = n ! 

To je o6pa3au 3a 6poj nepmyrawija, Koji! pea rnacH: 6poj CBHX 
moryhHx nepmyTaumja OA n enemeHaTa jeAHaic je npoH3soAy iipmpoAHHx 
6pojesa 0A jemionke Ao 17 Hall, xpamo, jeAHaic je cpaxTopHjenit n! 

4. ,Kom6Hllagllje 

AKO oA CBHX sapHjaukija oA n enemeHaTa no k enemeHaTa y3memo 
y o63Hp canto oHe Koje ce pa3nHayjy canto cacTasom enemeHaTa, Tj. maicap 
jeAHHm enemeHTom, Ao6Hhemo oHe cnorose, KOjH ce paaruncyjy CaMO CBOJHM 

enemeHTHma, a He H pe,d0M THX enemeHaTa. TaKBH cnorosH ce 30sy Kong-
6HHawijama (pyCKH — cotieTaHHA, cppaintycial — combinaisons). 



C "

k = 	 
k! (n — k)! 

n! 
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Bpoj Kom6HHaumja OA ri enemeHaTa no k enemeHaTa y CBaKOj KOM-

6HHawijff 03HB9HMO ca Ck. . 
JacHo je Aa, aKo y cmaKoj Kom6HHaumjm oA, n enemeHaTa, no k ene-

meHaTa y cmaKoj, m3mpwHmo cme moryhe nepmyTaumje ca k enemeHaTa Te 
Kom6mHauHje, Tpe6a Aa Ao6Hjemo cme moryhe mapmjau,Hje. Ilpema Tome 
H3meby TpH 6poja Vicn  , Ckn  14 Pk  110CTOjH me3a 

. 	. 

KaKo je 

V 	n (n — 1) (n — 2) ... [ n — (k — 1)] 

H 	 Pk 	k (k — 1) (k — 2) ... 3 . 2 . 1 = k I 

3a 6poj Kom6HHawerja C nk mowemo HankwaTH o6pa3au 

n (n — 1) n — 2) ... [n — (k —  1)]  
(5) 	 — — 

n 	Pk 	 1 .2 . 3 .. . k 

KOjH , rnacH Aa je 6poj KOM6HHa14Hja KOA n enemeHaTa no k jeAHaK KOJI14 ,4H14Ky 

6poja mapHjau,Hja o,rk n no k 14 6poja nepmyTau,mja oA k enemeHaTa. 

3a 6poj Kom6www4ja ce ynoTpe6Jbyje H Apyra osHaKa y o6m4Ky 

= (rki ) , 

KOja ce mHTa: HaA k n ; AaKJle mmamo 

In\ n (n — 1) (n — 2) ... [ n — (k — 1)] 
kk) 	 k ! 

Bpojy 	ce Aaje H Apyra cpopma, pa3.1114414Ta OA (5). AKO 11p0H3BOA. 

n (n — 1) (n — 2) ... [n — (k — 1)] 

nomHomthmo npoH3B0Aom 

(n — k) (n — k— 1) . . . 3 . 2 . 1 = (n k) ! 

Ao6mhemo npo143BOA 

n (n — 1) (n — 2) . . . (n k + 1) (n — k) (n — k — 1) . . . 3 .2 . 1 = n ! 

[Velma Tome nocne MH0)KeFba 6pojHoua H HmeHHou,a m3pa3a 3a 0, 
cpaKTopHjenom (n — k)! momcemo HanHcaTH 

HJIH, INTO je HCTO, 
P,, 

1  C r;= o 	 • 
uk.un - k 

143 HanmcaHor . o6pacua Henocpe,a,Ho cneAyje 3aKJby4aK 

= C ri,' • 

Omaj o6pa3au Aaje moryhHocT cmecTH H3pegyHamaH:,e 6poja C kk  Ha 

cariaj KaA je k < + n. TaKo, Ha np., 

10.9.8  ,7 
LIO L10 = 	 = 120. 1 .2 .3 

PICT14 o6pa3au Aaje o6pa3nomcw-be cflopmanHor ymobeima H3pa3a Co ca 
mpeAHowhy 

= 1 , 
jep je 

C:= cr° = cg 	. 

):1,oKammmo jow jeA,Hy oco6mHy 6poja Kom6mHaumja, Koja ce H3pamcama 
jeA,HaLutHom 

(6) 
	 ckii  —1+ Ck.  == Cak +1  

H KOjy hello HCKOpHCTHT14 y HapeAHom npHnory, npu H3mo1-jeH3y 6HHomHor 
o6pacua. 

3ancTa, noinTo je 

Pr, 	 Pn 
—1 = r,   14 C nk  = 	 

rk — i• Pn—k+1 	Pk • Pn—k 
H 

Pk = k Pk —1 11  Pn — k +1 = (n — k + 1) P.— k 

any cTpaHy jeA,HaLume (6) momcemo TpaHccpopmHcaTH omaKo: 

CI,; 	
Pr, 	 PI, 

Pk - 1• Pk - n +1 rk • Pn-k 

Pk 	1 	
1\ 

P„_ k  ln —k+1 ki =  

(n +  P„ 	 Pn-1-1 	rk 
k Pk _1.  (n — k 1)P - n—k Pk • Pn+1—k —  

a OBO H noTmAyje HameAeHy oco6mHy (6). 



II. lbyTHOB 611HOMEM 06pa3aU 

HocmaTpajyhN pe3ynTaTe 

fir = x2 2 a x a2 

 (x+a)3 =x8 -1-3ax2 +3a2 x+a3  
( 1 ) 	± =__ 4 x +4axs-F6a2 x2- ±4as x-Fa4  

(x ay x 2  ± 5 a x4  -I- 10 a2  xs ± 10 a' x2  + 5 a4  x a4  
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nocTasHmo ce6H 3aAaTaK HankicaTH CAPPlaH 0111.11TH o6pa3ag 3a 

(x +a)°, 

rAe je n 11130H3B0JbaH ueo H 1103HTHBali 6poj. 

fLpe csera ropibm o6pacRH noxa3yjy Aa pesynTaT Tpe6a Aa Hma 
o6Jnc nonnHoma ypeheHor, peu,Hmo, no ,onaAajyhrim cTeneHRma x H no pa- 
cTyhHM creneHnma a H Aa 36Hp H3A0ACH011,a KOA X H KOA a y csaxom 

'gnarly Aaje ysex. 6poj leAHaz H3.110/KHOIty 6HHoma. [Vern TOMB 6e3 H3Bp-

melba mHoweffia yBeK moncemo HanHcaTH anre6apcxx Aeo csaxor tinaHa 
TpanceHor nommoma. 

Ilnall k 1  (turraj: k nnyc nom) Tor nonkmoma ca 03HaKOM Tk+1 

HMa anre6apcm Aeo y o6nHxy 
x°—k ak ; 

ocraje, npema Tome, camo 110CTaBHTH npasHno Ha OcHOBy 

KOBI:PHU,HjeHTH KOA THX anre6apcxmx Aenosa. 

AKO y3memo BOAHHOM j01.11 H 3a LuecTH cTeneH 

(x a)6  == x6  6 a x2  ± 15 a2  x4  + 20 as x 8  ± 15 a4  x2  ± 6 a' x a6  

Koji' ce Ao6Hje mHometbem (x -I-- 12) 5  ca x + a, sHAHmo Aa KOBCPHItHieHTH 

TO1' ROAHHOMa ca speAHoonma 

1, 6, 15, 20, 15, 6, 1 

He npeTcTas.Tbajy Hill= Apyro Hero 6pojese Kom6sHau,Hja 

• 

	

C6 , 	C6_, 	C6 , 	C6  . 

	

6 ' 	8 ' 	8„, 	6 ' 	6 ' 	6 ' 	8  

3aucTa, peummo, 3a cpembH gnat' Hmamo 

' 6.5.4 
C: = 	= 20 , 

1 . 2 . 3 

xora ce rimy 
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a 3a npeTxoAHH H HapeAHH 

6  . 5  C2  -= — 	-15. . 

6 	1 . 2 

. KOBC414101jeHTH H CBHX MatialiX cTenexa 6HHoma H3 (1) MOry ce 143- 
paamm nomohy 6poja xom6HHaktHja. 

,Lkoxamoimo caAa Aa HaseAeHo npasHno sa cpopmHpalbe anre6apanx 
Aenosa tulaHosa nonmoma H 3axoH cpopmHpa}ba xoecininujeHaTa Ballot 3a 
csaxn ueo H 1103HTHBHH 6poj n H Aa ce npema Tome 0111.11TH o6paaaA H3- 

pamsa °saw: 

(2) (x a)6  =-- 	x2-1  a ± Co x4-2 a2+ .. .+q xn-k ak+ 

+Crixan-id-a°. 

3a AOKa3 OBOr o6pacua ynoTpe6rimo meToAy, xoja ce 3ose „mare-
MOTHYlfa 11,1111 noTnyna nitaytanija" HAM meToAa npena3a, oA n — 1 Ha n 
HAN, 111TO je HCTO, OA /1 Ha 11 -I- 1. 

HpernocTasHmo, npema TOj meToAH, Aa o6paaa4 (2) mica sa a — I, 
Ti. Aa je Tatum jeAHaxocT 

(3) = 	xn-a a  + 	x°—k ak-1 

	

Cak_i x°-k-1 ak 	 x an-2 an-1 

	

H Aoxamnimo Aa OH 	H 3a (I. 

nOMHOACHMO ABET H AecHy crpaHy jeAHatume (3) ca x a.. Ha ABMI 

crpaHH heMO TaAa Ao6aTa Tpaxcem malt &mama - F ar a Ha AecHoj • 
36xp Asa nonnHoma pe3yaraTa mHontekba ca x H ca a. HoTnHummo jeAaH 
MOAHHOM HenoA Apyror 

x4 + 	x6-1  a + 	 a" -17. 
x2-'a±... catit xn-k ak 

+..• C:2 1,  X80-2  ± X an—i  

+Cu.:T x a2-2  +an 

na pe3y.TraTe ca6epHmo. Hpso ce HenocpeAHo BNAN Aa peaynTaT ca6Hpatba 
iipercTasana nonmom n'or cTeneHa no x H n'or cTeneHa no a ca wire- 
6apcxHm Aenom maHosa, xojki y onurrem 06AHKy mamma HaINICaTH °saw 

xn—k ak .  

33 
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KoecinnwjeHT xo,a, Tor qnaHa nocne ca6Hpatba Hma BpeAHOcT 

Ct-=.1 CL„ _ 

anH Ha ocHoBy Aoname oco6HHe 6poja xom6HHagHja Taj 36Hp Hhia speAHocT 

Ck 

H npema Tome CMO AoxaaanH Aa mum max rawer nonHHoma mommo 
sancTa Hanacam y o6nHxy 

Cka xin—k ak 

KaK0 TO H Tpamcn o6pa3an„ KOjH Aoxa3yjemo. 

,ilkoKasann CMO npema TOMB cTas Aa o6pa3au, (2) Bamcm 3a n, axo 
BaNCH 3a n 1. KaKo CMO, ca Apyre cTpaHe, BHAeAH Aa Taj o6paaan sawn 
3a 2, 3, 4, 5, 6, momcemo 3aKJby'4HTH Aa OH BaNCH 3a 7, 8, 9 nTA. — 3a 
CBaKH 11,60 110314THBHH 6poj 

o6pa3au. (2) ce 3oBe h5yTnoa 6HHOMHH o6pa3ag. Fbera momcemo Ha- 
IIHCaTH H OBaxo 

(x a)n  = xn 	x°-1a + (2) xn-2 a2 	± (ilk) xn–k ak 4_ 

n 

gnat! 
Tk+i  = Cnk x °—k a

k = 
(k) n–k a  

30Be ce OITUITH Wan 6HHOMHOT o6pacga. 

HaseAamb joui HeKe oco6HHe 6HHommor o6pacaa, xoje ce HenocpeAHo 
He sHAe H3 camor o6pacga. 

3a 6HHOM re or cTenena 6poj CBHX mnaHosa nonHHoma jeAHax je n +1. 
KOeCPH11,11jeHTH gnaHosa noAjemaxo yAaJbeHnx oA KpajeBa kimajy ncTe 

6pojne apeAtiocTn; Te speAnocTm ce npao nosehasajy, a : nocne cpeAiber 
(3a czygaj n napHor) HAH cpeAtmix (3a cariaj n HenapHor) nnaHosa xoecloH-
11.11jeHTH onaAajy. 

0ApeAHmo join oAHoc.  Asa ysacTonHa ifnaHa nonHHoma 

T
k+2 	n 

ck-H. xn—k-1 ak+1 ;  

Tk+4  Cl( x°—k ak ; 

Taj OAHOC HMaWpe)xOcY 

n —k • a Tk+2  — 	.  T 
— k+1 x k+1  • 

OBaj o6pa3au noxa3yje KaKO ce ctiopmnpa cnam napeAnn naafi no-
AHHOMa Ha ocHosy npeTromor. OBO npasHno petwma mommo 143pa3HTH 
°Balm: CBaKH Hapemai max nonHHoma 6HHOMHOr o6pacga ce Ao6Hja H3 
npeTxoAHor xaA Taj npeTxoAHH nom:Immo Ca a 11 noAenHmo ca x, H 
(flilWijeHaT lipeTX0AHOr 110MHO)CHMO ca nancnicnonem (n k)Kw; x y TOM 
npeTxOAHom Yaamy H noAennmo 6pojem (k + 1) KOJH je jeAHax peAy npeT-
xoAHor 

Haj3aA, AOKaACHMO OCO6HHy 36Hpa CBHX 6HHOMHHX KoeclamsjeHaTa InTo 
oAroaapajy cTeneny n. Axo y o6pa3ag (2) CTaBHMO X = a = 1, imam 

1 + Cin  +Cn 	 -+-1  =- 2° 

Ha npnmep, 3a n = 6 HMaMO 

1 +6 +15+20+15 +6+1 =64=26 . 

Ca Apyre cTpaHe, axo y HCTH o6pa3au CTaBHMO x = 1, a = —1, 
Ao6Hhemo 

0 = 1 — 	 1).-1 	(- 1).. 

143 ose jeAHaxocTH HenocpeAHo cneAyje Aa je 36Hp 6HHOMHHX xoe-
cfnumjeHaTa Ha HenapHHm mecTHma jeAHax 36Hpy 6HHOMHHX KoecjnamjeHaTa 
Ha napfflim mecTfima. 

111..06pacum Enemeinapue maTemanme 

fipHTMeTHICa 

IlpH npeTsapaby o6Hi1ior paanomxa y AeummanHH pa3nomax Tpe6a 
6pojRnag 110AeAHTH HmeHHonem. 

Flpft npeTsapatby KOHailHOr Aell,HMaAHOr paanomxa y o6HilaH y 6pojHaatt 
ce cTaBH 6poj nocne 3aneTe, a y HmeHmag jeAHHH4a Ca TOAHKO Hyaa KOSHKO 
1.(1143apa cTojH nocne saneTe. 

1IpH npeTsapaisy qHcTor nepHoAHtfflor paanomxa y o6HgaH paanomax 
y 6poiHnag ce CTaBH nepHoA, a y HMeHHAWA TOAHKO AeseTaxa KonHKo'je' 



m 	tn. 
--= a 0 ; 1

• 	

/1/72 =-- 	. 

1 	n 	m • 1  

	

a n == 	, a o  = v am ; a --- 	. 
am 

n  
rib=15- 

a° =--1 , 

3a a > 0 H n ueo H 1103HTHBHH 6poj: 	a)° == a°, 
ayn 	a2n, 	a)22+1 = 

(a ± b)2  a2  ± 2 ab + b 2  ; (a + b) (a — b) =-- a 2  — b 2 ; 

(a ± = as ± 3 a2  b + 3 ab 2  68 : 

as. - b 3  = (a + b) (a 2  — a b + b 2), as — bft = (a — b) (a 2  + ab + b 2). 

- T , 12  — 1, i3  = — 	1.-1, 	-
1 
---i; 

in .  

Alto je am = N, m = log. N . 

a -- log ab = 	+ log a log b; " log b — = log a log b; log aft = n log a; 
 • 

log ira = log a; log. a = I. 
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umpapa y nepHoAy. Y cAriajy metuoanTor nepuommor pa3Aomica y 6pojunau 
ce cTaBH paanalca Hamby 6poja Ao Apyror nepHoAa H 6poja Ao npaor, 
nepHoAa, a y Hmemmag Tomato Aeseratca KOJIHKO je utupapa y nepmoAy ca 
TOJIHKO Hyria. KOJIHKO je Lutcpapa uameliy saneTe H 1113BOr neptioAa. 

PV0 6poja a H3HOCH S = —a 
100 

X p. 

AKO p°/0  6poja a H3HOCH s, Taia je a= s  X 
100
— . 

p 

7z Aet3 6poja a catunbaaa — X 100°/ Tor 6poja. 
R. 

a calmtbaua —a X 100°/s 6poja b. 

Bpoj a calmbasa 100  a  0/0  36Hpa a + b. 
a + b 

143 nponopuuje 	 cneAyje jeAttaicocT: ad = bc H nponoputtje 

a:c=b:d, d:b=c:a, 

a±b_c±d a±b c±d ai-c = b±d a+b  __= c+d 
a 	c 	b 	d 	a 	b a—b c—d .  

Ha jemaicocTH omoca 

a1  a2 	a. 

b1 b 2  

cneAyje 

a, + a2 + + a.  _a, k 
 bi + 112+ ... b. b 1  

Anre6pa 

Hs a> b>0, c> d >0 c.neAyje ac> bd. 

a 	c aXc, a c 	a 	d a _X d 
X — 	' 	— X b dbXd'bd b cbXc •  

am . aft = am -F°; am : aft = am —ft; (ab)ft = a° bn; 
4, 	

c al ft 	an ; (am)l  = am . 
b 	b a  

log 1 =0, log 0 = — co , log + oo = + co. 

ApuTmeTwuca nporpectija: a.= an_, + d = a 1  + (n — 1)d ; 

a, + a. 	2at,  (n  —1)d n Sa 	 n 	 
2 	 2 

feomeTplictia nporpecuja: a. = a2_1  q = a1  qn--1 ; 

q — a, 	qft —1  ; (s.) 	a 1  aa q < 1. 	— a, 
q -1 	q —1 	n--►oo 1 — q 

3a jematmtly ax2 + bx c = 0 KopeHH cy 

—b ±1162 -4ac 
xi ,2 --= 

2a 

+ 	a' xl x2  = a 
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3a jemalumy x2  +px-Fq 0 Kopemi cy 

Xi 2 	±-1/ (ID2—  
xi+ 	p, xi x2= q. 

BHHOMHH o6pa3au, 

(a ± b)° = a° ± 1 an—! b + 11(1Z  —1) an-2 b2  

	

1 . 2 	± • • • 4-  

-H 1)„ 
n (n-1)

1 .2 . 

[n 
 . k
— (k —1)1 n—kbk+ ... +(-1)nbn .  

reomerpmja 
thrraropHHa Teopema c 2  = a2  

	

CTpaHa ynHcaHor mHoroyrna: a3 = r 	a, = r 	a, = r, 
1 ,, a = — r kir — c). " 2 

—
2
1  floapunma Tpoyrna: Q=  aha=1lP(P—a)(p—b)(p— c),  

a+b-Fc=2p. 

06HM Kpyra 2 sr r; noapunma icpyra n r2  = —
1 

a d2, d= 2 r. 
4 

,11yncHHa KpywHor Apxa ca yrnom a: s=rm; noapunma Kpy)KHor 
1. 	1 ceKTopa — 2 sr = —

2 
r2  a. 

3artpemitHe: npHame = Sh (S cayAa osHatmaa noapunmy ocHoae, h — 
1 

BHCHH3r); ruipamHAe — 3 Sh; unaHHApa = a r2  h; KoHyca = 

3 	
4 

a 	
1 —1 a r 2  h; nonTe = —

3 rs = —
6 ad'.  

cosec 
R 

T1  H 1.42  Ay)KHHe npae H Apyre TaHreHTe. 

30° 45° 60° 90° 

sin 
1 112 1 1 T 2 2 

cos 1 V y-.  1 
2 2 —2 

tg 0 11 
3 

1 0 f o0 

cotg ± co lia.  
l- 
3 

sin2 	cos2 a=1; tga-=—; cotga= s na
- tga•cotga=1; 

4 	 1 	
1 

sec a= 	

os

;

a

cosec = a 
cos a 

sin a 	co
t

s cc 

tg a 	 1  
sin a 	; cos cc — 

±"V1d-tg 2 a 	±111-1-tg 2 a 

sin (— a) = — sin a, cos (— a) = cos a, tg (— a)=-- — tg a, 
cotg (— cc) = — cotg a . 

TpHroHomerpHcKe 43yman2je AectuthHcaHe nomohy KoopAHHera x, y 
axe Ha Kpyry nonynpetmHKa R: 

T, 	 T 

	

sin a — cos a = 
x 	
— 	

y 
tg a= — =— cotg a = 

x 2 sec a= —
R 

R 	R 	x R ' 	Y 	R 	x ' 

Floapunme: upumHApa = 2 n r h (6oinia); KOHy Ca = n r l (6otia; — 
npoHarioAmaa); apepHe 30He = 2 it r h — Iberia anima); 
ccpepe = 4 it r 2 . 

TinfroHomerpxja 

	

Yrao: a = —r ' rAe je s Kpymum nyK nonynpeimHKa r, a mepa yrna 	 sin (a +(3) = sin a cos p ± cos a sin p ; 

ancTpaKTHHM 6pojem. 	 cos (a ± p) = cos a cos p sin a Sin?, . 

	

± 	• 3a yrao oA n° Hmamo a = — n°; o6pHyTo n° 180° a 
180° 	 tg (a ± 	

tga tg(3
1 

tg..to 

sin 
 (

— —cc) =-- 'cos cc HTA. 
2 

sin (a — GO= sin a, cos Os — cc) = — cos a, tg(Jr.— cc) = — tg a, 
cotg (a — a) — cotg a. 



I — cos a = 2 sin2  
2 

I + cos a = 2 cos2  —
a

. 
2 r  tg 

2 V  p (p — a) 	p — a 
• , 	— cos 	a 	±11. 1 cos cc sin— = 	

2 
	cos 

	

2 	 2 — 	r (p — a) (p — b) (p — c)  (r nonynpewm ynKcaKor Kpyra). 

sin 2 a = 2 sin a coi cc; 	cos 2 a ---- cos2  a — sin 2  a . a sin -5-4- =VP  b) 	c)  • 
be 	 2 	bc 

	

, cos 	P P 	a) , 
2  
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a 	I —cos a 	sin a 	a 	1 	cos a 	sin a 
S 

IV. 

(I) 

(II) 

(III) 

'(iv) 

(V) 

(Vi)

(VII), 

(Viii) 

(IX) 

(IXbis) 

1 —
2 
 ab siny=---2R 2'sina 

Ta6.3nua as 

y 	f (x) 

lim y' = 

tg 

	

; 	cotg 	= 
2 	sin a 	1 	cos a 	2 	sin a 	1— cos cc 

± 	a 	p 

sin 13 slay-- rp-=-11 p(p— a) p—b) (p — c). 

popepeaampame 

lim Y1-11  lim 1 (x  + 	(x)  = 	 — 

2 	 cos a cos [3' 

cl  + 1.3  

	

2 	 ". — 13 ; 

	

cos a + cos fa = 	cos 	cos 
2 	2 	 sin a sing 

a — a + P 	P cos a — cos p = —2 sin 	sin 
ax-+0 	x 

(c)' = 0 . 	. 

(u 	= u' 

y = f (u) , 	u 

1 
x 	— . —  

yx 

1 (lg x)' = — ; 
x 

(ex)' = ex ; 

(u v)' v 

(u 1 a2 u,)' 

X1— X 	ax-4.0 	A x 	• 

hat 1(x 	h)— (x) 	tg a. = 	 f' (x) = 2 	2 

npaBoymi Tpoyrao: c — ximoTeKya, a H b — KaTeTe; S— noapullma. 

	

a =csina=-ccosP• 	a-=btgct. 
2 

Kocoyrad Tpoyrao: 

a 	= 	= 2 R 	onMcaHor = —b 	 (npetam 	Kpyra); 

h--00 	h  

v' . 

= p (x) ; 	y' = y.'. U. 

	

1 	1  1  log. sin a 	sing 	sin 

b2 	c. — 2 bc cos a ; 

1 	 a — 0  
cos 	cos 

(VIlbis) (log. x)' = 	. 	= 	e; 
x 	1g a 	x 

-= 1 	1 	1 log10  e (VIlter) (log 10  x)' 	. 	= 
x 	lg 10 	x 

4 
(VIIIbis) (ax)' = ax lg a = ax 

a ± b 	2 	+ b 	2 	2  -=. 
a — b 	 c 	- 

	
1- laga a 

10' 1g 1 0 	lox 	I  (VIIPer) (10x)' = 	= 	. 
tg —2

1 
 (a— c3) 	 cos 	sin •

2  

.n
a — g 	13  si sin 

log„ e 

u v'. 

= u,' u2 	un  + a1  112'. . . 	ul u2 	- 

a — b 	2 	2 

± 13  sin ce  cos 
2 	2 

ti 
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(XI) 	(Cu)' =-- C 

.(XII)' 	(xm)' == m xm–1  . 

(XIII) 	(sin x)' = cos x; (XIIIbis) (cos x)' --= — sin x 

1 (XIV) (tg x)' 	; (XIVbis) (cot g x)'   . 
cost x 	 sin x 

1  (XV) (arcsin x)' = 	 1 	; (XVbis) (arccos x)' V I_x 2 	 V 1 — x 2  

1 	 1  (arctg x)' — 	; (XVIbis) (arccotgx)' = x2 	 1 ± X2  

y = uv AorapHTmosaT H. 

d y -= y' d x ,  
dx • 

(XIX) 

a u (XIXb's) u= f (x, y, z); 
a u àu 
ay' az •  

 (xx) 	f 	at  
x 	a y 

du— at  dx+ f dy+±f-dz. 
— ax 	ay 	az 

(XXI) d2  z = 	d x2  + 2 	dxdy+—dy 2. 
o2 z 	az 2. 

axe 	axay 	o 3,2 

(XXII) f (x, Y) =0 ; 	+ yl  =0 ,  y= _ a f at 
ax ay 	 ax ay 

1 

(x, 11) zx' – = 	z  _ af 
Y 	y 

(XXbis) 
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a2 f 	a2 f 	a2 f 	of  

ax2  + 2  axay 	aye )124: ay Yli=  

a2 f +  2 

 

a" 	f 

k x
2 	

axay 	ay2 	I ay 

(XXIV) F (x, y,z)=- 0, 	
d_aF az 	aF +aF az 

	

ax az ax 	' ay STzW .-  • 

V. Ta6aaaa 3a airrerpaulljY 

(I) --d– F (x) f (x), f f (x) dx F (x) + C, 

ft (x) dx = F (b)—F (a) = 	(x). 

a 	 a 

(II)f A f (x) dx Aff (x) dx, A const. 

(III) `, f (u ± v) dx= f udx f vdx 

xx+'  
(IV) f x° dx 

n +1
+ C, n 	1. (IV"" )f = lg x + C . 

(V) f ex dx ex + C. 	(Nib") fax dx= 	+ c. 
1ga 

1 (VI) 	f sin x dx= — cos x + C. 	(VIb's) 	cos x dx = sin x + C. 

(VII) f  dx  —tgx+ C. 	(VIP's) f  dx  _ _ cotg x + c. 
j cos2  x 	 j sin2  x 

(VIII) f 
 dx  = arctg x +C =— arccotg x +Ci . 

j 1 + x2  

f  dx 	1+x  ±c.  
j 1 	g ll 1 — x (IX) 
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dx 
(X) 111— x2 arcsin x + C = — arccos x + C1 . 

j  

(XI) f vi d+ 	1g (x + "V 1 + x2) + C 

(XII) f f (x) dx = J f cp (z)] cp' (z) dz = F (z) + C =-- F [4) (x) ] C, 

x 	(z), z = (x) . 

(XIII)f adv. uv — f vdu, 

(XIV) Q =fy dx , 
a 

e2 

2 
1 —f r2  d 0 , 

el  

(XVI) L 	y' 2  dx , 
a 

02 

(XVII) L= ffr2  -Fr' 2  de , 

el  

(XVIII) V =-- n J y 2  dx , 
a 

(XIX) S=--- 2rri 	1-F y' 2  dx, 
a 

ui  

(XX) L= f 11 x'2+y'2+z'2 du. 
uo 

VI. Bpemovni Ham HeoApehemix minTerpana 

(Pam ynpouthasatba cnora np0H3BoAdia icamTallTa je nocraarbetia) 

1. f (a + b x)2  d x — 
(a + b x)n-F,  
(n +1)6 

f 1 dx=1 1g(a+bx). 
a+ bx 

1 	dx= 1 aretg(xii—
b ), (a>0, b>0), 

j a +bx2 	Ft-b- 	a 

I  1  dx 	
1 	Ft +x 

j a — b x 2 	a b lg 
	

— x 11 -6 

.5. 
1 	1   arctg  ax+b 

	(b2  — a <0). 
J ax2 +2bx+c dx  = Vac-6 2 	Vac 

I 

ax+b' 

1 	Ig 	
--- ax+b—Vb2ac , (b2—ae>0). 

21162—ac ax+b .+Vb2 —ac 

Ad-Bx  
6. 

j ax2 +2bx+c 
dx= 

2a
-1-3-1g(ax2 +2bx+c)+ 

aA—bB 1 	dx. 
a J ax2 +2bx+c 

7. iiia+bxdx=-3 01(a+bx)2 . 

8. fx a ± bxdx 012 14a b x)3  

9.f   1   ctx— 2  fa+bx. 
Va+bx 

2. 

.3. 

4. 

(XV ) 

(a>0, b >0). 

(b2 — a c 0). 

2a 



19. itgxdx=-1gcosx. 
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10 • Jr  I  d x 1 Va+bx—ra (a" 
xVa+bx 	Va a-rTh-bx-Firci 	; 

2 
arctgV a + bx  

y-a 	y-----a 

fy 	ax2 +2bx+ c 
1 	1 11. 	 dx=—Ig (b + ax -1-1174 ax2  + 2 bx+ c), (a > 0) 

	arc si
.n (ax 	b\ 

11—a 	112 — acl 

12. A+B 
   x=—B

i/ax 2 ±2bx 	+c+ f Vax 2 -1-2bx+c
d 	

a 	' 

±  	 dx. 
a j vax2 +2bx+c 

13. 	1  J xilax2 +2bx-F c 

= 1 c+bx+filiax2 +2bx+c _1g 
V c • 

,____1 arcsin  c -F b x 
V — c 	xlib 2—ac 

f 	 a sin bx — b cos bx 16. e" sin bx dx ----- eax a2 + b2 

17. i eax cos bx dx — eax  a cos b x + b sin bx 
• a2 _F b2 

18. i Igxdx=--xlgx—x. 

20. f cotgx dx =Ig sin x . 

21. sin2  x dx = —1  (x — sin x cos x). 

22. icos2 x dx = (x + sin x cos x). 
2 

23. itg2 x dx -= tg x — x. 

24. fcotg2 x d x = — (cotg x + x). 

25. 1  i 	dx = lg tg ±2  • sin x  

26. i  1 	 dx-=Igtgr—F-9. 
cos x 	 4 	2 

27. f arcsinx dx =x arcsinx + if 1 — x2 . 

a 
28. f arccosx dx =xarccos x — li 1 — x2  . 

• 1  29: forctgxdX=xarctgx 	1g (1 + x2). 
2 

1 
30. 	arccotgx dx =xarccotg x + --- log (1 + x2) . 

2 

VII. Ppm a36yna 

A, a 	ancpa : 
B, p • 	6eTa 
F, T . 	rama 

A, 8 	AeAT a 
e 	encnjio 

Z, 	
T  H, A 	:::a 

0, 0,0 TeTa 

I, 
K, 
A, 
M, p. 
N, V 

0, 
II, 	x 

Iola 
Kam. 
aam6na 

• MH 

HH 

• KCH 

OMHKpOH 

nm 

P, 
E, 
7, 
T, 
4, 
X, 

Q, 

p 
a, 

u 

p 
X 

po 
cmrma 
T ay 
mncmnon 

X H 

ncm 
omera 

• 

(a< 0). 

(a <0). 

dx 

(c>0),. 

(c < 

14. iVax2 -1-2bx±cfix= ax
2a
±b Yax2 +2bx+c 

15. f x ex d x= ex (x —1). 

ac—b 	1  
	 dx 

2a J  Va +21,x+C 
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HCIIPABKE 

OsAe cy naseAene canto one rpeunce Koje 614 oreacasane paaymesatbe 
reKcra. flpsn 6poj (MacaH cnor) oanatiaaa many, Apyrn spery oAoaro, 
— oAosAo). 3aTMM je naseAeno KKKO CT0i14 y KEIH3H, H Haj3aA, nocne 
oanaKe 1; KKKO Tpe6a Aa 6yAe. 

7, — 3.0n, Onaj, 36, ± 3. e, 	e, 58, + 6, + 7, ± 21. nopivs3... Ho- 
mo... 69, 70, 71 (cem mice 36, b) oanaKy C Tpe6a sameffirrn ca C. 91, ± 6.3a gen- 

TOM I; ca nen-Tom. 107, — 6. e 	. 137. O3HaKa crpane: 13 I 137. 

137, — 10. Ha Kpajy aaAaTKa je waocrawseno: noA ycnosom 0 < a < . 

163, 	5. 

av dx 'dv dx 
a d 	of dv .  

167, — 3. x — a I 	 (x) f (a)1 I I x — 

— a I ....I f (x) f (a) I. 171, — 12.66 	76. 172, + 12. AKO 	,K0j11 I AKo 
je ma sa Koji'. 173, + 5. b +az 	b—ax. 175. O3HaKa crpane: 1 I; 175. 
183, + 9. il3OCT313/68H0 je: (s. cTp. 285). 184, — 5. Aewasajy II; peutasajy. 

, 
M' 	

0 
H M". 201, — 2. 0 . oo ..... — 0 . — oo  	

00 

209, — 1. z 4  z i  z4  d z. 232, + 9. f I f. 232, + 13. f I f. 234.1-1. 

x 	x 
npnmepa I npnMena. 240, + 12. npeAnocm 	BpeAHOcTM. 240, 7-- 3. 

< 0 I  g > 0. 300, — 13. Ha Kpajy spere Henan() je: I. 336, — 12. 

x2 
e 2 	III e 2  . 404, + 2. — I =--. 414. OanaKa mane: 114 414. 415. 
l4cTa: 115 Ili 415. 

37 

189, — 6. M' M' 
—00 

PEI- 14CTAP 

claYlnaInia 

Bajecosa Teopema 453 
BepHynm JaKog 439 
BepHyamjesa meTnga mirrerpagmje 338 
Bei:my/11,0es o6pa3ag 3a Amcnep3. 480 

cies 454 
BecenoHm o6pacum 471 
BecnajHo menmaa npomelubpn3a 50 

50 
77 	 maJta 

EmmoAmynapHa peaKgmja 409 
BHHOMHa ammmja 461 
BmHopmana 366 
BxomaTemannca 410, 487 
BzomeTpmKa 487 
Eop6a 3a oricTaHax 413 
BpaxpicToxpoHa 435 
Bp3mHa 60 

npomeHe emu:a 354 
peaKgmja 407 
cpegma 379 
Tarme 379 
y Aamom TpeHyrKy 379 
xnabema Tena 399 77 

Bpoj 

91 

92 

72 

92 

71 

11 

77 

77 

77 

71 

13 
a.nre6apcKm 16 
6ecKoHatiaa 43 
Hapmjanmja 509 
Herropcxm 29 
e 104 
mmarmHapfix 20 
mpagmoHanam 16 
Kawnialamut 42 
Kom6smagmja 510 
KOW1.11eKCHII 20 
mepHm 162 
HeraTmHum 15 
OrKLITLI 16 
nepmyragmja 509 

Arperamo crame Tena 396 
Aj.neposa jeynianmHa Hap. pagyma 432 

77 	 3a xomor. cp. 164 
o3HaKa e 104 

Aj.nepom o6pacii 3a excnoH. cp. 268, 269 
AKTyap 439 
Anre6apcKa jemtagmHa 16 

94 
Anre6apcKm 6poj 16 
Anre6pa 16 
AnropxTam 17 

Hepmmunix pa3nomaKa 18 
Aneck 43 
Amoply agnja odgmnagmje 390 

77 	 7 	 rpactomK 111 
Ahnummyga ocgmnagmje 99 
AHanmaTop xapmoffmcKm 279 
AnomaAmja rtnaHeTe cpeAna 299 

eKcgeErrpmnHa 299 77 	 17 

AHTI4HOMI4j a 43 
AnnmKaTa 28 
Ancoarrna HpegHocr Komn,neKca 23 ' 

71 

 

HeraTMaHor 6poja 15 
KoHseprenTHocm pea 261 

Ancgmca 20, 28 
ApraH 20 
A_IrymeHT F.omnneKca 23 

433THxgmje 54 
ApprrmeTwma nporpecxja 255 . 

71 	 cpexkima 477 
Apxmmeg 13 
Ackimnrcrra 192 

77 	 xnnep6coe 70, 75 
AcmmnrcrrcKa Ta'IKa 187, 193 
ACI4MKTOTCKH Kpyr 193 

npogec 192 
ATomcKa Temonia 395 
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Aanamdepox xprrrept ,dyM 258 
Agicrao 428 
p;exapToB JUICT 189 

/7 	 KOOPAI4HaTIM CLICTela y pasxx 20 
77 	 " y npocTopy 28 

AsKapToxe xoopApulaTe aexTopa 29 
AexpemenT norapriTamcxx 390 
,gen,eme Asa sexTopa 38 

" 	" xomnnexca 22, 25 
7/ 	 " geaa 6poja 15 

,geTepmxxamia 285 
77 	 rnarma 286 

,BM a r pa m 55 
AprsepreriniocT peAa 255 
Axmex3xja xomor. cb. 162 
,II,xpexTpxca napa6one 82 
,gxcnep3xja 465 

xopmanrta 484 
cy6xopmanma 484 
y C!TaTxcTxxx 480 
xxnepxopmanita 484 

,I(xci3epexgxjan 134 
arnuera peAa 139 
Aeammaxisx 152 
naprprjanxx 152 
ToTanax 152 

Ar443epexgrtjaniaa JeAarantma 328 - 
77 	 oco6xxa 329 

,gritepexgrijanfix enemearrx 135 
panyx 135 

xckepefigxpaibe 135 
Benocpermo 159 
nocpeAtio 159 	. 

Ayncxxa nyxa 3r AeK. xoop. 370 
" nonapX. xoop. 371 
npocTopxe xprine 376 

77 
	 xopmane 358 

77 
	 Tanaca 397 

71 
	 TaXreme 358 

e °mom npmpoAxxx norap. 104, 112 
Excrpanonagxja 306 
Excmpemana 429 
ExcTpemym tyxxgrtje 170 

71 	 YCJI0B1114 184 
ExcgexTpxgrimeT xxneptfone 75 

/7 	 enxnce 89 
71 	 n.naxemrate nyrame 299 

&lemon. 507 
oApebeecir xxTerpana 233 

EnemenTx AmephasaasTe 285 
mxosonte 41 
npaora peAa 358 

. Apyrora peAa 358 
Enxnca 86 
EnxncomA 148 

	

71 	 o6pTxx 91, 149 
" 3anpemputa 135 

	

77 	 " 	noripurrata 375 
Enmnmmnica Cipyrixtmja 274 
EmAe 111 

	

EaeprHja KMHermnica 428 	- 
noTextpdanna 428 

EpmxT 105 
Eyxarpox aaropwram 17 

214ma cxna 428 
MI4BOTHILa — Aomaliss 413 
}Kama enxnce 87 

napa6one 82 
xxnep6one72 

3axxcxo npomexa,xxa 53 
3aBojxxna 364 
3aapTasb 45 
3axoH 439 

acogxjaTxsxx maontek,a 16 

	

77 
	 ca6xparba 16 

	

71 

	 Bc*n-AdapxoT-rej-aincatcoa 395 
Beam= 6pojesa 454 
raycox ripenuaxa 463 
rynA6epr - Bareox 408 
Agcmpx6ymmaxx miioxcetsa 16 

ca6xparba 16 
KOMYTa'17,1131314 mxcaxema 16 

caftparba 18 

/7 Toxa TonnoTe y ;mix o6nxxy 403 
3axoxcxx xapaxTep tyrixgrzje 58 
3anpelonia o6pTxxx Tena 372 
3acritlexocT _109 
36xp 14 

" peAa 255 
3Erax xxTerpana 205 

„ aamexe 231 

71 

77 

7 1 

11 

ft 	 17 

11 

77 ' 

71 

79 
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Bpoj 17031THEIHK 15 
71 npxpoArix 13 
17 pa3nommettx 15 
11 pagrtoxanax .15 
17 peanax 18 
17 csanapax 18 
If crEapxx 18 
17 TPEUiCtI4HMTaH 43 
77 Tpaucgerinewrxx 16 
„ geo 15 

Bpojxa cxana 14 

Balt-Aep-Bancoaa jeAxanxita 395 
Bapxjagxja 507 

77 
	 rurrerpana 429 

77 
	 npaa 430 

ci3yEncgmje 429 
Bapxjagxoxx panyn 428 
BexTop 21 

" 	ae3axx 3a npasy 27 
„ Tanicy 27 

jeArant‘nix 28 
nonomaja Tanxe 28 
cao6onax 27 

" 	y npocTopy 27 

BexTopcxa xenmnxxa 29 
meToAa 34 

BexTopcxx pa'ya 38 
Bewropcxo ogy3xMame .24 

fume 331 
cafirrpame 23 

Benxnxxa 6empajxo rienxica 50 
mama 50 

riapxja6mula 48 
KOHCTaHTH2 47 
xenpomeptiarma 47 
UNnicalla 502 
npomelimxxa 48 
nponopxxoxanxa 58 
cranxa 47 

Bleplucxx pa3noMak 18 
" 	nepxoAxnau 19 

BepoaaTxoha a posteriori 451 

Bepoxamoha ToTantia 443 
77 	 y3poxa 453 

BonTepa 507 

rajrep X. 5 
rac xAeamxx 395 
rayc 323, 461 
raycosa xprixa 462 
reomeTpxma meToAa 128 

nporpecxja 255 
cpeAxxa 477 

Enarnia xpertriocT KliBeP3H. Tpxr. cp. 132 
" xopmana 366 

ramie oce xxepgxj e 40 
rnaxxx Aeo npripaurraja 154 
rpan (yrao) -- 96 
rpaAxjetrr 354 
rpaM-monexyn 395 
rpaxe 6ecxortanxe xxnep6. 70 
rpaxxxa xxmerpana 231 
rpaxxnxa xpeArrocT 49 
rparix•xx ycnotax 404 
rpackinx 55 

nyTa 379 
seporiaTxohe rpentaxa 460 

rpatxxon 55 . • 
rpetuxa anconyma 240 

apmmmeTmnxe cpeAxxe .471 
rieposaTima 467 
36xpa 244 
KoAmnIuma 248 
morapmTma 252 
nparsa 470 
npxxxxla 470 
npoolmoAa 246 
npocenxa 468 - 

 npogerrryanxa 242 
pa3axxe 245 
penaTxxxa 242 
cxcremaTma 458 
cnynajxa 458 
cpexxba anconyma 468 

xaanpaTiaa 465 
cTaxAapAxa 465 

' priori 	440 .  „ 	civxxgmje 249 
3atatcaxx Aorabaja 487 rpyna 46 
maTeMaTxnxa 440 cpeAma 150 

77 npx noxarusamy 445 rYCTI4Ha — y AaToj Tanxx 150 1  11 cxrypxocTx 441 erpyje 400 

77 

17 

17 

7$ 

11 

71 

71 

71 

17 

71 

77 

77 

17 

11 

77 

77 

77 

17 
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Iipmorpacbmcm KapaKTep cbythrnmje 57 

I.43sog 117 
smurera peAa 139 
,Aearsuromm 151 
eircnomemgmjanHe cbymunrje 124 
36xpa 118 
raisep3He cp. 122 

TpmroHom. cb. 131 
Koaxgrunca 125 
'collarsBre 118 
noraprrrammar 126 
gorapirrma 124 
napnxjarant 151 
npormsoga 125 
pasunce 118 
cxoxceHe cp. 120 
crenerra 127 

ITPOMeIrLIBXBe ocHose H X3- 

noarmona 133 
TP141'0E1011/. cp. 128 

113jermageHa spewaocr 470 
14marmHapmx 6poj 20 
Lingyfurmja, maremarmuca, nornyHa 513 

Ilsrerpaa gxcb. jegHa‘nrire 330 
„ ornurm 330, naptr. 

A. jegH. 351 
„ naprxrcy.naPHm 330 

„ cmHry.naprix 332 
nape• H. jemq. 352 

.71arnracos 456 
HeogpebeHm 205 
ogpeberm4 230 
nornyEur nap“. ;mit. jerma-
=rime 352 
xomoreHe rurcb. jeAB. Hpyr• perm 
ca Komar. Hoed:mg. 344 

Llorerparnia Hpxna 216 
14Hrerpaark 205 
lefirrerpanxja rpactumra 216 

IthrreHmerrer sercrope 27 
14Hrepnoxagnja 306 

arareapHa 308 
napa6onwsca 308 

LIparnroHa.nam 6poj 16 

I4cre3arse 396. 

Jagrma crpyje 400 

JeHHampura Ajneposa Bapxjan. pagyHa 430 
3a xomor. cb. 164 

Ancbeperunrjartua 328 
Heilman:Ha 350 
APyrora pea 341 
mareapHa napn. 353 
gmHeapHa npsora 
pea 338 
o6prgHa 350 
mapturjagHa 350 
npHora perm 328 
xxabetea Tena 400 

3paxa 397 
rcapaHrepirermq. Amt. jegH. 345 
Kenneposa 299 
KaanejpoHosa 395 
HoHamHa xHabema Texa 401 
Mxgepuxxosa 410 
momeirHa o6prama 392 
nospunifie 145 
npase y pasHm 59, 64, 66 
pasHm 145. 
mama rata 395 
cl>epxmgcrosa 410 
xapmcgrxcHe ocnmxammje 99 

JegsagrrHe rcperarsa ruHbepemnrja.nHe 383 
„ Koxamme 378 

HopmanHe (me
•

. Hajm. Kriarip.) 325 
napamerapcHe eamnce 89 

„ Kpyacrre axunje 86 

„ xxnep6one 111 
npase y npocropy 363 
peruasalbe 284 

ft 	
rpacbrauxo 297, 305 

KapirxHanax 6poj mHorrurHe 
Kapgmorma 369 
Ksarkparypa 370 
KsarepHmou 35 
Keramr 176 - 
Krmermita 6moxounca 413 
Knanejponosa jeHHa‘rxHa 395 
KlIaTHO maremaTxYKo 387 

CIX43XXXO 391 

Koecten mjeur 6xHomHx4 269 

77 	 rpauxrffix nonynar.rmje 

71 	 Aeripecxje 412 
HmsepremproHm Jlexcgcos 484 

17 

77 

Pt 

ft 

77 

77 

ft 

ft 

22 

77 

77 

17 

77 

72 

11 

27 

11 

211 

77 

77 

77 

77 

77 

77 

77 

71 

71 

77 

71 

27 

77 

If 

22 

77 

11 

77 

cnorsanuse nposoniskmo-
cm 399 
remneparypcxx 398 

72 
	 yracam 61 

ynopebmsaisa 496 

22 
	 ycnocrangama 6p3mHe 167 

Kom6mHaToprnra 507 
Kom6rurammja 509 
Komnxeicc 20 

„ anconyTHa spegHocr 23 
„ aprymeHT 23 
„ HoHjyrosaH 22 
„ mogys 23 
• nonapHm o6.nmx 23 

KorniegcHocr 189 
KonsepreHrHocr ancoxylma 261 

71 	
pasHomepaa 261, 272 
perm 255 

KoHjyrosaHe xxnep6oze 70 
KOHX313HOCT 189 
KoHcraHma 47 

„ ancoxyrHa 47 
rrpommscesHa murerpagmje 330 
penarmsHa 47 

Korrnmyym 43 
Koop,m4Hare X(exaprorie 20, 28 

HopMaJrne 499 
noxapme 22 
ramce Ha ocH 18 

y npocropy 28 

77 	 „ y pamix 20 
Kopexammja 487 

xrureapHa 496 

Kpmsa HophianHor pacnoperm 462 
• y npocropy 364 
„ y pasHm 357 

KpmHxHaHprm3e 358 
Hpyra (Top3r4ja) 366 
npsa (cbrremcmja) 366 
cperuLa 360 

72 

77 

Krinrwura speHHocr 172 

Kpyr reHeparop 371 
• Hprs3mHe 361 

Kpygura ArrHmja 86 

Kpbums H. M. 436 

Jlarpanxcei3 kurrepno.nanmoHm o6pa3an 314 

.TharpaHaresa Teopema 196 

7 f 	 cbopma ocrarma 264 

Jlaj6Hrerosa Teopema 260 - 

Jlamrainura 111, 434 
nospunura 377 

Jlannac 439, 456;461 
Jlannacos laHrerpaz 456 
.Thexcricos o6pa3an 3a Hmcnep3miY 481 
Jlemummcara 188 
Aimee ((imes) — 50 
Jlarrxja ,, 6mHommor pacnoperm 461 
Jlorapwram Epmros, Hercarmx 112 

Henepos, npmpormx 112 

.71orapwrammur X3BOA 126 
Jloraprirmap 114, 253 

415 .11ormerwura (cDepxxacmosa) jerma‘nura. 
.TIonxmanorto npairrgo 199 

71 

KoecbranrjeHT 3asmcimerm 492 

77 	 mHeprudoax 392 . 

71 	 KOMXIXTX6MJIXOCTX 489 
Hopegatnrje 492 

ft 	 77 	 Hx3a 496 
gpmeapHe Hopegammje 497 
xrureapHm umperha 398 

/1 	 mograamTera 413 

27 	 Hararnirera 413 

17 	 npasna 61 

77 	 npmpaurraja 	CT3H0BHX- 

urrna 413 

11 	 nposorpmmocrx 403 

77 	 perpecnje 490 

It 	 cman,ema 	orp. 	nosehana 
ancgrica 63 
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Kopegarproma se3a 487 

Kopex jegua.nme 289 

77 	 17 	 BLILLTeCTPYKX 289 

22 	 77 	 npocr 289 

KopeHortame 15 
Kollin 51 

KomM-esa Teopema 51 
Kpaj sexTopa 21 

Kperame anepxornmro 390 

77 	 jegHano npomembrrrio 378 

21 	 riPaBOAPSHXCK0 	H 	KPXBO.7114HX- 

C1C0 378 

21 	 pasHomepno 378 
ranacHo 397 

77 	 TpaHcaaropHo 382 
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Majxe.ncom 279 
MaK.nopeHos o6pa3ag 265 
MaKcmmym 170 

anconymn 176 
maKemmopym 176 
penammsHm 176 

Mapangm 176 
Maremamwma seposamHoha 440 

crammerma 476 

Mamemamwmn Hm3 254 
„ OBILITH n.naH 254 

MegnjaHa 479 
Menop J. 5, 473 
Mepa 3asmcHocrm 489 

npomerre clVincilmje 61 
Mepa manHocrm HopmanHor pacnopega 463 

Memoga apprrmermnwix cpegrma 323 
BepHynnjesa 338 
ge.nmmmnHe mrimerpagmje 213 
gmperaga Bap. paryHa 436 
gmtepeanmparha no napamempy 236 

3aMeHe 209 
m3jegHaneffia 470 
rorrerpagmje 333 

no napamempy 238 
mrepagnje 293 
Hajmammx Ksagpama 323 
HeormeheHmx mHommnana 184 

pegyxgnje 215 
Pmgosa 436 
cKa.napHor paqysa' 44 
Caa6mjesa 317 
y3acronHmx anpoxemmanmja 293 

MHHHMyM 170 
BrICOBYTHM 176 

„ hanimmoPym 176 

„ penarmsHm 176 

Mrmyc 15 
MMHyT (yrao) 95 
Mwrepamx 410 
MHomerhe 6pOjeBa 15 

seKropa 30 
Komn.neKea 22 

41 
geo 42 
ercsmsanewma 42 
m36pojrn3a 43 
KoHanHa 42 

MHonama mpanccbmturrHa 42 
Moaspos o6pa3ag 25 
Mogya gercagarr npripogrrmx noraprrra-

ma 113 
KomnneKca 23 
npmpogHm geicagHmx norapmma-
ma 113 

Mon 395 
MoneKynapHa TerEmma 395 
MoMewr rtHepqmje 40 

me= 01C0 oce 394 
EmHeapHm re.na y ogHocy Ha pa-
saH 392 

„ mute oKo oce 392 
MoHomoHa ci). 169 
Morop 45 
M0111-10CT KoHmmHyyma 43 

maonlmHe 42 

Raga maremamwma 449 
Hajseha 3ajegnwma mepa 17 
Harrokr 41 
Hanpe3arhe 397 
Herarr4sHm 6poj 15 
He3asmchro npomeruhmsa 53 
HenpeKw(Hocr 166 
HepHer B. 5. 
Hecamepnmse senwume 17 
HoMorpaM 301 
Homorpatmja 301 
HomorpatcKm Kapawrep itymcgmje 58 
Hopmana Kpr4He 357 

„ r.nasHa 366 
„ Ha nosparrnry 368 

Hopma.nHa pasaH Kpmse 365 
Hopmmpajyhm snroxmnan 67 
HopmmpaHa JIMIT4j a HopmanHor pacno- 

pega 464 
Hyna tymanije 289 

Ebymuos 614HOMITH o6pa3ag 514 
„ 3aKoH wraberha 399 
„ rarrepnanawnorrm o6pa3ag 311 

1-13ymHorca memoga 294 
ISymaosm 3aKoHr4 Kpemana 383 

06.nacm KoHsepremwje 281 
06pa3ag maremamm.nrm 17 

p o j: 

2,T y 

Ogy3mmarhe 14 
sexmopa 24 

O3HaKa 43yRKgmje 54 
Onagwhe tymcgmje 168 
Orrepagmje ca KomnneKomma 6pojesmma 22 
Oilman KapaKrep clayHKgmje 57 
°unmanHe spegHocrm 496 
Orman 6poj 16 

„ mnaH 6mHomuor o6paega 514 
„ pea 257 

Opro4Hama 20, 28 
pica (ocosmaa) 14 

sercropa 27 
3paKa 397 
napa6one 77 I f 

„ cmmempmje 15 
Oce crrmerpmje xmnepoone 74 
OcRosa seKTopa 27 
OcraraK pea 256 
Ocgmnagmja maim MaTeM. K.narHa 387 

npasoammicKa mamce 388 
xapmoHmcita 98 

arcrynan.e penammsHo 425, 495 
TOTBBHO 495 

O‘rewn3whe mamemamwmo 449 

Hapa6ona 77 
reHepanmcaxa. 308 
Ky6Ha 298 
nonyKy6Ha 95, 189 

Tpeher s n'or peAa 92 
Hapa6o.nwrxm orcenaK 85 
11apa6anomg o6prmr 83 

If 	 „ 	 3anpeisoula 373 
Hapagorre 43 
Hapa3mT 413 
Hapamerap napa6o.ne 82 

If 	 npomewhma 86 
Hapamerpm earince 89 

Kprrse 60 
llacKa.n 439 
HacKa.nos mpoyrao 461 
Ilepmog rrpmmmunnim 276 

„ ocqmnagmje 99 
HeprwArr-raa Heprinorm pa3nomaK 19 
Ileprionwma cl). 100 
Hepmyragmja 509 
HoacoHos o6pa3ag 3a jczenep3mjy 480 
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Iloson.ax gorahaj 440 
Honpunma o6pmEor mena 374 

PI 

 Hospturma y Ae
„ nonapH. 43°„P4. 326926, 367  

icapT. K 

Hon 22 
HonapHa oca 22 
HonapHe KoopgmHame 22 
HonapHn o6nmx Komnnexca 23 

• yrao 22 
Ho.nmHom 92 

Honyoce eamnce 87 
xmlep6one 72 

IlonynpennmK Kpmsrule 361 
HonpasKa 240 
Hony.nagmja 413 
Hopogrwa Kpmsmx .nmxmja 331 
Hoce6He spegHocrm 48 
Homer 22 
HoneraK sewropa 21 
HonerHa opArmama npase 61 

Hpasa 60 
„ Kope.nagmoma 497 
„ rrporpecmoma 497 
„ y npocropy 363 

Hpasmao Hagose3msana 120 
napane.norpama 29 
CramncoHoso 319 

„ mpanesa 318 
IlpesojHa ma‘nra. 170 
Hpewrn c13. 166 

lIpprmgmn Hajmamer gejerBa 427 
• Hajmarhmx xsagpara 323 
„ cl,epmamos 427 

lipmpammaj He3asmcHo npoM. 116 
tymcgmje 116 

lIpmpoggm 6poj 13 
„ 	mpmjegap npocropHe xpmse 366 

lipmpormo pautheme 104 

Hpo6nem sepmmTanHor xmmna 383 
Kocor xrrrga 385 
HeogpeheR 322 
ogpehex 322 
npeogpehea 322 

Ilporpecmja apmmmerwma 112, 255 
reomerpmelca 112, 255. 

Ilpommog seKropa — serropmn 32 

77 	 cKanapum 31 

PI 

11 

71 

77 

77 

71 

17 

77 

71 

71 

77 

77 

IP 

77 
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'rpm; 416 
„ • napa6oax.rxx 425 
„ npaBoaxamcxx 417 

Tpelancxx onnocx 425 
Tpxrofromerpxcxe clvaxnxje 97 
Trientalis europaea 503 
TpMjeAap KOOPM4HaTHK 28 

Y6P3aNae TariKe 380 
nopmaaxo (newrpxneranno) 381 
ramreanxjaano 381 

Yrao experalba ranrenre 359 
Y3po.nra ae3a 439 
Yrnuktonexyaapna peaxgxja 408 
Ycaoan rpaxx‘inx 355 

napanennocrx x Eopmannocm 
npannx 68 
nogenrx 355 

Ynecranocr oclunuranmje 99 

It 
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Ilpojerundja BeHTopa Ha npasy 31 

ocy 31 
IlpomeHmrn3a 3aancHa 53 

„ 	He3aHHcHa 53 
llponec acHmrrrarocin 192 

„ 	;pipeTonle nponopin4oHanHocTH 58 
eranTrwucH 87 
Hpynurn 86 

„ 	o6pHyTe nponopgrzoHa.nHocrm 69 
octinnaTopm 98 
napa6onm4mn 85 
nporpecHHHH 61 
pasHomepHH 60 
perpecHam 61 

Ilcammrvic 14 
IIyT AmpeKTHrit 427 

„ 3ao6xna3Ern 427 

llymama 378 

PasHomepHo Hperame 59 
PagnjaH 96 
Pa3anjame geTepsumaPrre 286 
Pa3gaajame npomeHn.Harix 335 
Paannica 308, npHa 308, Apyra xmg. 309 
Pa3.nomaH 15, aepwacHn 18, nepriogrimaH 

Heprixon4 19 
PanHoHanaH 6poj 15 
PagyH ca o6.iamma 45 
Pautherhe Cilymicoade 168 
PeanaH 6poj 18 
Perpecnona npaHa 497 
Regula falsi 293 
Peg 254 

anconyTHo HomsepreuraH 261 
6ecHoHanaH 254 
enemeHaTa 508 
Koaa.taa 254 
KoHaeprewraH 255 
HaM3MeHl4T-11-114 260 
n03HrmaaH 260 
43yrnawoHanan 261 
clpypHjeoa 277 

„ xapmoHncxx 257 
Peomnp 176 
Prig Banrep 436 
Pon°Ha Teopema 196 
PyHre 280 

Ca6Hpame 6pojesta 14 
nexTopcxo 23 

Camepamise Bearrn4He 17 
Camas enemeHara 508 
CaTypanxja 109 
CeHyHg (yrao) 95 
Ce.negnmja 439 

Cenapaguja npomeruhrusmx 335 
Crum 383, oTnopHa 389 
Cmm6o.n ckymande 54 
CmmeTpHja 74 
CmHrynapHe Twine 186 

CmHrynapHo penferhe Arab. jeg. 332 
Cgana. 6pojaa 14 

Hprnscunnumca 304 
nogemeHa paHHomepHo H HepaaHo-
mepHo 301 
nonynoramamma 303 

Cxanap 18 

CHanapHa Hearramia 18 
„ meroga 33 

CicanapHi4 6poj 18 
• ITp0143B0g 31 

CKOK Ctlyaammje 166 
Cno6ogHn nag 384 
Caor 507 
Cnegmckwirca TonnoTa 399 
Cnnpana ApxnmegoBa 377 

xrinep6onmuca 377 
Cpa3mepa rpacInnta 63 

Cpegvnia apprrmenTmca 477 
„ reomeTpxoca 477 

HisagpaTHa 477 
nompaxapmow4cHa 477 

„ npoHn3opHa 478 
„ xapmoHmexa. 477 

Cpegma Taxma 418 
„ Henwinaa 477 

CpegH,H n.naH 479 

CranHoHapHa HpegHocr 170 
Tamca 170 

OrHapHH 6poj 18 
CreneH (yrao) 95 
OreneHoHame 15 
Orpockonga 189 
Cy6Hopmana 358 
Cy6Taareura 358 

Ta6axga aeposamolie rpeinaxa 460 
3a nmckepefampame 136, 521 
„ xxxerpanxjy 206, 523 

7/ 

	 jennaxxx mrrepaaaa 307 
Tajnopoa o6pa3au 264 
TanreErra 78 

napalSone 78 
npoc.opne xpmrse 365 

Tanreirrna paBaH 368 
Tanna xpnae o6x9na 187 

npesojna 170, 187, 189 
cranyaapria (acxsurroTexa, 
6x4ypxanxje max rpanama, 
runnecrpyxa, naorrpyxa, 14- 
30J10Bane, K7bYliaCTa, KOH- 
mama, Hpaja,a, noapaTna, 
nuusacra) 187 

TagnocT pe3yaraTa 240 
Tea° xomoreno 150 

xereporeno 150 
Temena napa6oae 77 

xmnep6one 74 
Tea3op 39 

AeciloPmagmje 41 
maepgmje 40 

„ nanona 41 
Ternopcxx parzyn 39 
TeopeMa er3xcremplje 322 

„ Jlanaaca 456 
„ o cpenfboj apenmorrx cbynxnx-

je 197 
I I 
	 xxrerpana 234 

f t smontema 444 
ca6xpama 442 

If 

If 

cba3a ocumaauxje 99 
Maxropmjena 105 
43epma 427, 439 • 
Ellepmwroa -npronprn 174, 427 
cDepxxacr 410 
cDoxanax nore3x eaunce 89 

If 	 I/ 	 xxnep6oae 73 
clIoxyc eaunce 87 

. „ napa6oae 82 
„ xxnep6one 72 

43peKsetawija ocgmaannje 99 
4:13yerep P. 5, 473 

• cDyinctwja 53 
anre6apcHa 94 
mime npomernbunnx 149 
gse npoidemsanse 142 
encrunuoncHa 157 
excnoHesignjanHa 106 
enHrrnsnna 387 
m3HogRa 117 
rimmunnrrHa 157 
mmsep3Ha 121 
mmsep3He rpnronomerpkexe 131 
xpanxonanna 94 tI 

KaagparHa 78 
ammeapEra 59 

•aorapwramma 114 
monctroaa 169 

I I 

If 

11 

IF 

" Teopxja BepoaaTnohe 439 
}cope/m.1We 487 
mrionoraa 43. 

• " 	cxynosa 43 
Tepmorpam 55 
Tepmorpacj) 55 
Teptnija 95 

•Tononorxja 45 
Topyc 37.7 

Tcrra.nHo ork6HjaH.,e cHernocTH 302 
Tpajexropxja 378 
Tpaacclaopmaiptja KoopqmaaTa• 23 
Tpaargennewnix 6poj 16 
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cllymcwija Henapaa 101 
aelapexxxia 166 

o6pHyTa 121 

napHa 101 

nepnomitula 100, 275 

nowarrerpa.nHa 205 

npaor creneraa 59 

npexxxia 166 
pa3.nowseHa pagmouanna 93 

paiwoHamia 93 

cnomeaa 119 . 

Tatme 150 

TPaHCIAeHAeHTHa 94 

TpmronomerPncica 97 

xnnep6oappma 109, 110, 111 

xomoreHa 162 

uena pagmoHa.rtHa 92 

clpymamoHanma Be3a 54 

cpY13mjeos peA 277 
cl>ypmjeosn Koecinavajeurst 277 

Xammrroa 35 
XapmmixcKa alia.m3a 278 

Xapmorinciut aaammaTop 279 

XepamaiT 48 

It 

IS 

If 

Xmnep6oaa 	72 

„ • • pastiocrpalia 70 

Xvinep6ongnicx iccictiluc 109 

KoTaHrefic .111 
IS 

crinyc 110 

TaHreke 111 

Xkincomerpmqxx o6pa3a1.1 400 

Komoremorr Tem 150 

ctiymaxgje 162 

Xopinotuana 147 

getrrap maim 87 

„ 	xpkise .npumje 74 

KpynEame 361 

xxnep6o.ne 74 
IS 

Lleirre3mmaJnix carrell (yrAosa) 96 

I.Imic.nor4,74a 370 

IlmcordAa 195, 377 

Ltyralbe rpactiviKa. 55 

Illap.rode 506 

IIIen K. 5 

1.1.1eHtranc A. 5. 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262
	Page 263
	Page 264
	Page 265
	Page 266
	Page 267
	Page 268
	Page 269

