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143 FIPE.UFOBOPA 1113 130M 143,11A1-bY 

OBaj yu6e1HK caap&H je,aaH Aeo npeAaHaa,a H3 pautionanue 
mexaHme, Koja cam, paHnje, ,apwao Ha yHHHep3wreTy y OaecH, a ofi, 

1920 rogHHe Ha yinoep3wrery y BeorpaAy. 

I436op H pacnopea marepHja.na yrnaHHom je H3HpLuen n0A yrw-
najem pycKe, HapotuaTo nerporpaacKe, ruKone paaHoHanHe mexaHHKe 

(J1. 911.1ep -1,, M. B. OcTporpaacKiii, R. J1. Lie 6 Eamm, 

I. COm0131,, LI. K. B o 6 bin e H -B, A. M. ,T15111yHOBI,  H Ap.), 

Kojoj je npuna enao H moj apart' yEniTe.rb K. CycaoB A.T114 HH 

KJI3CHLIHa 2(ena H no3HaTH yu6eHHuH Apyria inKona (eHrzecKe, 

cl)paHnycKe, Hemagme, wranHjaHcKe) HHcy MOrAH OCT3TH 6e3 yTHHaja 

Ha KapaKTep mojHx npeAaHaffia. 

143.uarathe npeameTa y oHoj KH)143H lima TeopHcKH KapaKTep. 
YU6eHHK je Hameibefi cryAeHTHma maremaTHKe, 3a Koje je OJ1 Belie 

Ba)KHOCTII .aorHEIKo-maTemaTHEllm cTpyKTypa mexaHme Hero 'belle 

npaKTH=the nplimeae. 

Oa notierKa cHoje HacrasHmElKe Ae.aaTHocni cTaHHo cam ce6H y 
BaB,aTaK y HBaaraiby mexamuce LUTO BHwe HCKOpHCTHM Teopojy 

HeKTopa. Moja ynopHocT y Tome je Ha uma nornyHo onpaHaatbe y 

caspemeHoj Hayinioj awrepaTypH, rte ce mexatumm HpooRemH Tymace 
HCIGbyq1480 HeKTopcim. 

Y Beorpaay, 6. V. 1939 r. 	 A. B. 
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11PE,E1rOBOP ,413Y1- 01V1 1413,11AHDY 

Y cauocy Ha rim), y OBOM 113,aalby ytunseHe cy He3Hanle npo-
meHe. Pasmixe ce cacToje yr.natmom y .aonyHama: Ha HexHm mecnima 
je maTepHja.n npsor Hsaarba npoumpeH, a ,a0AaT je cem Tora H HOB 

maTepHjaa. CmaTpao cam sa AyYKHOCT Ija seh y mexatimmTaInce 
yHecem y Hexoj mepH nojmoHe xosapHjaHTHHx H KoHTpasapajanTusx 

se.TniqHma H TELKO ce, npeMa HaCTBBHHM moryhHocTHma, Hp146.TIHNCHM 

Hosoj (DopmH caspemeHor Hapnfor Hmaraisa. 

Y Best.' ca sexTopcxxm Hsnarafsem mor xypca mexamaxe ytni-
Hmhy oHy npHme,a6y. Moj yqHre.Ts npoi:1). r. K. Cycnos y CBOJHM 

npea,asaH,Hma H yu6eHHuHma (BHAPI 2-ro H3a,albe Hperosor yu6eHfixa 

„OcHossi asanHTHLiecxoti mexamo". KHeB 1911-1912 r.) Hcxopku-

ham° je H3 caspemeHe TeopHje sexTopa camo nojmose: cno6o.aHor 
se3aHor sexTopa, HexToputor ca6p,paffia H Orky3HM31-ba, momeHTa, 

Hewropcxor H3B0,aa H cHcTema sexTopa. BHO je BpOTHB xopkunheffia 

Te TeopHje y unipem o6.4Hxy. Huje npHmeibusao gal.( HH noj-

mose caanapHor H sexTopcxor npoassoaa. CynpoTHo CBOM ylixTeJsy 

jotu o,a npse roAHHe mojHx camocrainisx npeitasatsa mexaHHKe y 

laaecH yseo cam, Ta.aa npsH y PycHja, 3r seiamoj mepH sexTopcxe 
onepauHje. Lle.noxynaa,• a HapotniTo pycxa .40TepaTypa, yx.isyqHo H 

Tpehe, nocmpTHo Hs,aaffie (1946 r.) xypc„a f. K. CycaoHa not pe,aax-

wijom npoci). 1-1. H. Byxranhu.a H B. K. Foal:4=11-a, noxasyje .aa cam 

join 1915 rOAHHe y PycHju H3a6pao npaHH.aaH nyT 3a Hs.naraffie yHH-

BepaareTcxor xypca mexaHHae. TOM nyTy cam cae,aoHao y csojam 

npe,lasaamma mexamaxe H Ha Beorpa,acxom yHmsepsHTeTy pa3paljy-

jyhH H AaJbe Taj xypc ymomixo cy Ao3so.7sasa.ne  upmaxxe HacTaBe 

Tor npe,ameTa Ha Hamem cloaxynTeTy. 

lipo(1). B. MHIBKOBldh H npo(1). T. AHhemill npogHTa.T1H Cy HOB 

pyKOnBc H nomoraH MH npH mramnaiby KHDHre. Ha Tpyay 1(04 cy 

npH Tome y.110HCHJIH HajCp,aaqHHje HM saxsaasyjem. 

Hapmasam saxsamiocT paAHom xonexTHsy „Harnie xi-141re" 

Ha senHicom sa.aaralby. 

25. XI. 1948. A. B. 
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YB 

§ 0•1. 17pegmeT pagHoganlle mexamme 

Anaari3a y Luspem cmHcay Te pe4H onepume canto ca je.allsm 

OCHOBHBM eaemewrom — ca 1C01111q11110.114, Roja je y TecHoj Be3H ca 

6pojem. AaaaH3a je ancTpaKTHa Hayxa y TOM cmHcay WTO, Haxo no-

HI4tOla H3 maTepHjaaucTatixe ocHose, oHa je aaHac Amex() onunna 

oa 6pojakba HoHxperaHx npeameTa H oneplune gem ca o6aHuHma 
6e3 Henocpealle xoHxpeTHe npspone. Pinax atianH3a H Taloa caapsaja 
CJ1)KH awsesHma ay6a)er npoytlasaHA maTepHjainicTHEixor cseTa, Ho 
oHa o6yxsaTa npHpoaHe nojase canto TroaHHo yEoauxo ;Ix mmxemo 
KapawreplicaTH nomohy jeallor Ham mune 6pojesa. 

reomeTpHja ysoaH HOB enemeHT — Elpocillop. FeomeTpHja, y 

HCTOM cmHcay Ha° H aHaaH3a, 623 o63Hpa Ha TO WTO je nomixaa 

npaxT04HHx noTpe6a, H jour ysex Hma orpomlly npaxTutniy npHmeHy, 

mowe ce y CB0j0j• Teopmcxoj (1)opmH cmaTpaTH xao ancTpaxTHa Hayxa, 
ilpeameT reomeTpHje catuusasajy csa pacyhHsaffia H cse HoHcTpyx-
sHje Koje ce oanoce oHao Ha crsapHH npocTop 6Hao Ha aorwnoi 
32MHUIJbeHI4 npocTop. 

AnapaT aHaaH3e H reomeTpHje HHje 110130Jbali 3R onHcHsaise H 

HaacHcpHxauHjy csera IIITO ce npoyqasa y npktpoau. Flojase xoje 

npoygasamo npommbrise cy H HAxosa npomeHa cTojH y se3H ca 

TpehHM eaemeHTom — ca BpeAtexam. AncrpaxTHa Hayxa, y HCTOM 

cmHcay xso H aHaaH3a H reomeTpHja, Koja TpeTHpa nirralsa npomeHe 
npocTopMHx o6auxa y 'Foxy spemeHa, 3ose ce umeniailluica (OA rplixe 

peqH Itivrip.cc — xpeTalbe). 
KOJIIMIHR, npocTop H pee HHCY jeRMHH exemeHTH KOjH ce no-

jaanpyjy y npapoam. nOpe,R IbHX y3Hmamo y o63Hp friamepujalmocifi; 

osy oco6HHy ysoaHmo nomohy mace Ha° ROJUI,IHHe Aiatilepuje. Hayxa 

xoja ce 6asH nojaBaMa ca yveinheM maca ,aeo je Hayxe o np0poas, 

C4H3HKe y umpem cmHcay Te peti. AJIH, too LUTO ce H3 npalmigHHx 

Hayxa o 6pojalby, 0 mepelby 3eMJbe HTA. nocTeneHo H3ABOjHO Teo- 
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§ 0'2 	 nonena pasHoaanHe mexasisce 	 XIV 

pHCKH lieo H pa3BHne ce ancTpaKTHe Haylie, xoje ce cnplie HitayKTHBHOM 

H .11eAyKTHBHOM meToliom, — HCTO TaK0 ce H3 npoyilanisa Kperatba H 

mHpontsa maTepHjanHHx Tens, H3,(1,130jHAa Hon lilicannaHfia, lioja ce 
3oBe gunannuca oli rptilie peLn4 8iymap.tg — cHna. OHa je lio6Haa osaj 
Hams oTylia IHTO nojam cHne, liojH ce molice HnecTH H3 HaBelietnix 
OCHOBHHX nojMoBa, Hrpa seoma natiajliy ynory y OBOj Haynn. 

KHHemaTHlia H AHHaMHKa cy lise aye pa3awnaTe no cBojoj 

JI0r11 11K0j crpyxTypH, jep nocaelifsa yHolin macy H cHay, la* He 

yna3e y KHHemaTHxy. ARM je Be3a H3MelJy oBe „Ewe HayKe TOJIHKO 

jaxa li,a 142: olla cnaja y jeliHy ,liiicuHnntffly, lioja ce 3ose mexanzaca. 
Peg „mexaHHlia" npsH nyT je HanHCaHa xoli ApHcToTena y IberoBoj 
„c13:43Hus " (p.t)xamtxec arpo3l.(ip.aTa). 

Mau° ce noli mexanincom gecTo nyTa pa3yMejy H oHe ,likicuH-
nnHHe Koje HMajy npaliTHqali liapalirep, TO ce mexaHHlia, xao 'myna 
y ropenaselieHom ancTpaliTnom cmHcny, 3oBe illeoptioca H.nH paquo-
ificunta Atexamuca. Ha3HB „palmotiadma" npHna,aa FbyTuyi). 3a yHH-

Bep3preTcxe yu6eHHlie mexaliHRe THM Ha3BBOM ce roToso cTaHliapliHo 
cnylice H Caa 11HCWI y cppaHnyclioj H sTanHjancxoj spa° 6oraToj H 

magajnoj aHTeparypH; Taj ce lia3HB napanenHo ca apyrHm Ba3HBHMa 

(TeopHclia, onuiTa, lHCTa, a HO meTolix Hmaraisa — aHaTIHTH4Ka, 

sexTopcxa) ynoTpe6Jsyje H y lipyrHm 3emJsama, tux H y Hematmoj. 
Ha Beorpalicliom yrmep3HTery TO!' Hamm cy ce npulip)lianall 
yHnsep3HTeTclis HaCTaBHHUH H ripe meHe, na H moj npeTxolimix 
npooto. M. Mxnanlionh. 

§ 0'2. ❑oliena palitsmanne mexamixe 

Mao WTO cmo HHlienH, PanHoHanHa mexamixa HMa Asa ocHona 
lie.na — likmemaTHxy H liHnamicy. KHHemaTma ce 6asH xpeTaisem 
reomeTpHclipa o6nHlia Tagaxa, aHHHja, noHpullnia H reomerpnclim 
Tena. ,LLHHamma onepHtile ca maTepHjannim o6jeliTHma. rpan lima-
mime lioja ce 6asH xpeTanaem maTeplijanHnx Tena 3oBe ce xtmellituca, 
a rpaHa lioja TperHpa nHTaisa o Tennma xoja MHpyjy 3oBe ce 

Koa 1-layrna y npearonopy flpimuannja CrOjli : Mechanicam veto duplicem 
veteres constituerunt: rationalem, quae per demonstrationes accurate procedit, et 
practleam. 

XV KHHeMaTHICa tatiKe. Tp2HCIlaTOpHO 
xpeTame senpomefumoor mama § 0'3 

IiillKa. 
Ilpema Tome noaeny pau,nolianHe mexalinlie moncemo npeTcTa-

BHTH osom cxemom: 

pautionanna stexamuca 
Nos 

..— 	 AUaaMHKS 
nutremaritto 

KiieTliKa 
	 craTittca 

§ 0.3. 
10111eMaTHKa TaKKe.TpalICAaTOpli0 gperratbe 

fienpolkiellJbl4BOr clicTema 

Mao WTO CMO 
HaBenn, lothemaTnlia ce 6asH (lipe Taisem re

cmaTpan ome-
TpHCKHX o6jeliaTa. Ilourro reomerpncxy Tagliy Tpe6a 

	t 

HajnpocTajH reomeTpHm enemeHT, Tpe6a npe csera nporianTa 

Kiatemarduicy gauge. 
3amucniimo ca'.[ jeliaH xojH 6H.no reomeTpHcxx o6je

TOK

xT — aHaHjy, 

nospintiny, Tea° HMI cxyn TaKBHX o6jeliaTa. AKO ce y y spemeHa 

pacTojaise H3meby lise Ma lioje Tatme 
TaKBOr reomeTpHclior o6nnlia 

Be melba, on ce 3oBe neripomewbus 2eomeiRpucKU CUCTIeJ11. 

e Taxnn aliP- 
cm- 

cTem monce lia mew csoj nonoacaj y npocTopy, HO OH ys a 

lion HCTH 06.110K, ucTy Ko4itrypaaHjy CBOjHX lienosa. 

lipeTnocTasHmo lia ce Taxas Henpomenli,lis cHcTem xpehe 
,11 . 14AB 

3a- 

6epHmo y tbemy lise ripousBoime Tagge A H B (calm 0). 3ox  

Cm4Ka 0 

yHeli Hma HcTy liylionly, li y ontuTem cariajy lipehe ce Ha npon3- 

B0Jban 
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§ 0 '4 	 ilojam marepHjanBe T3 ,4KC 
	

XVI 

Axo 3a cae apeme xpeTaffia cucTema Apfc AB ocraje napaneaHa 
calla ce6H, KpeTaise Henpommxtmor clicTema 3ose ce Tipananardopio. 

TpaHcaaTopHo Kperafse HMa osy sammy oco6HHy. AKO 3iamo 
!Terme jealle Tatme cHcrema, Ha np. Taqxe A, KpeTaise CBHX ocra-
amx Taqaxa, Ha np. Tatixe B, sornyHo je oapeheno. ,L(oHcra, caaKom 
no.aoscajy TaqKe A oarosapa HcTa apeaHocT aewropa no.aoscaja Tatwe 
B y oasocy Ha Taqmy A, Ti. 

AB= A' B' =---- A" B" =-- • • 

flpema Tome TpaHcaaTopHo xpeTaibe HenpoMeHJbHaor cacTema 
noTnyHo je oapeheHo KpeTathem jeaHe Tatixe. Ha Taj Ha4HH mmema-
THKa rate crojH y se3H ca TpaHcaaTopHam xperathem csaxor Henpo-
mena,Hnor cHcTema. 

§ 0' 4. nojam maTepHjaame Ta'lrce 

Y3MHM0 can liertp0.4101.7btli3 maillepujannu cuciiienz, Tj. Tans ma-
TeplijaaHH cHcTem, 'lRjH aezosH He mekbajy CHOj penaTHHHH nonoxsaj 
jeaau npema apyrom ; ca IbHM ae3aHH reomeTpHcKH cHcTem Taxohe 
je senpobseHmHa. HenpomefusHs maTepoja.aHH cacTem 3ose ce H 
lisperno Wano. Axo ce Tama() Te.ao tcpehe TpaHcaaTopHo, IbeT0B0 Kpe-
Talse mo)Kemo oapeaHTH xpeTathem camo jealle Tatixe Tor Teaa. Ty 
Taqxy moscemo cmaTpaTH Kao sacTynmixa TpaHcaaTopHo noxpeTHor 
tispcTor Teaa. Taqxa xoja sacTyna TpaHcaaTopHo noxpeTHo tiBpCTO 

Teno oapeheue mace 3ose ce marriepttjarma Watuca. To je reomerpHcKa 
Tatum ca xojom je se3aHa Heaoxyrma maca TpaHcaaTopHo noKpeTHor 
tispcTor Teas. Mica TaKBe TagKe mosce 6HTH KOHallHa, KaA tmpcTo 
Teno HMa KoHatlify macy, H 6eCKOHaqH0 maaa, Kaa je Teio 6ecKo-
HaqHo maao. MaTepHjaaHe Taqxe 6ecKoHatm manta maca HapoqHTo 
Cy sa)KHe H3 Tor pa3aora IUTO Ha Taxae Tatme mwRemo noaeaHTH 
CB2H14 maTepajaaHH cHcTem ma 37 KaKaom xpeTalby. 

flojam maTepHjaaHe Taxme aman je He camo 3a npoyqasaixe 
TpaHcaaTopHo noKpeTimx Tem. Y mexamigH cHcTema aoxa3yje•ce, 
as ce y cayqajy npoH38wxHor xpeTalsa csaxor maTepHjaaHor cicTeMa, 
6Hao Henpometusinaor 6H.710 npomeWisasor, wefiTap maca cHcTema 
xpehe Ha HCTH HaqHH Kao INTO 6H ce xpeTaaa maTepHjaafia Taqx-s, 
xoja HMa macy cHeTema, a Ha Hpy aejcmyje pe337aTauTa csHx can 
uaTo AejciTsyjy Ha cHcTem. Oeaj small CTaB Tpe6a cmaTpaTH Kao 
npaay noaaory AHHBMHKB maTepHjaaHe Tatme. 

XVII 
	

0311aKe 113 Teopaje BeKTopa 
	

§o• 

§ 0•5. 

KHHemaTHHa reomeTpHoce Tatme, Hoja je A0150.1bHa sa npoyqa-
Bathe TpaHcaaTopHor KpeTalba reomeTpHomx o6AHHa, H LtaHamma 
marepHjaaHe Tatme, Koja je ,a0BOJbHa H 3a npoyqaBaffie TpaHcaaTop-
HOC xpeTatba qapcTor Teaa H 3a npoyqaBalbe KpeTaiba uewrpa maca 
caaKor cHcrema, 3ajeatio, cammasajy mexantlicy WaLuce, Koja nper-
craarba npeameT ose xtbare. 

§ 0'6. OaRage Hs TeopHje BeKTopa 

no3HaTa tileopuja BeirEllopa. (=Mae hello HaaecTH canto o6jaunberbe 
• IlpH usaaralby y 0130j KHDH3H npeamocrawsamo as je tummy 

o3HaKa Koje ynoTpe6.7syjemo. 

BeKTop o3Haqaaamo HAM ca A B, rye je A notleTax a B Kpaj 
-9 

seKTopa, HAH jealmm CJIOBOM ca cTpenimom rope, Ha np. r, V. 

Y noc.aeamm cayqajy ce HHTBH3HTBT BeKTopa o3Hatuje HCTHM CJIOBOM 

6e3 cTpenHue Ha up. r, v. Je,aHHHEIHH BeKTOp HMI 	o3Haqaaamo 
—3 -3 —) 	 -3 

HAH HapOIIHTHM CJIOBOM, Ha np. i , j, k, HAH nmemo osaKo: ort r , 
-0 

r, HAH Hajaaa OBaKO: r0 , ,aoaaaatsem 03HaLLH LUTO 3HatIll OpT BeKTopa 
BeKTopa HHaexca Hyaa. 

AKO Ha npaBoj ma Kaxsor seKTopa 373memo OpT He3aBHCI30 oa 

 oA-cmepa Tor seKTopa, moacemo yaecTH anze6apacyspe4xocuiBeici—uopay 

HOCy Ha Taj OpT. Chia je jeaHaKa HHTBH3HTery seKTopa, axo je cmep 
H3a6paHor opTa HCTH ca cmepom Bewropa, a pa3.nuKyje ce 3HaKom Oa 
HHTeH3HTeTa, axo cy OPT H sewrop cynporHor cmepa. Tax°, Ha np., 

4 
H3pa3 vx  i 3a KOMLIOHeicry BeKTopa . v y npaawy x oce ca opTom i 
caapacH aare6apcxy speaHocT v, Te KomnoHeHTe. 

4 .4 
CKaaapHH npoHaaoa o3Ha9yjemo ca (A B), aexTopcKH ca [ZB]. 

dr 	• 
BesTopcicH H3B0,a oseagyjemo ca — RAH ca r, 8K0 ce ,a,k4e- 

dt 
peHuHpaffie apinH no no3HaTom aprymewry. 

,apyre o3HaKe, Ha np. 3a seKTopcKo ca6Hpaise, oay3amme, 3a 
rpaaHjeHT wr,a., TO.ntaK0 cy yjmageHe as HHje noTpe6Ho as " 

HaBOAHMO. 
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Ithreparypa 	 • 
 § (r 7 

R. Marcolong

▪  

o 	Meccanica razionale. Milano 1905. Hematum 
npeso,a, H. Timerding'a - Theoretische Mechanik. Leipzig 1911. 

J. Nielsen - Vorlesungen uber elementare Mechanik. flpeaoA W. 
Fenchel'a. Berlin 1935. 

P. P ainleve - Cours de mecanique. T. I. Paris 1930. 

C. r. neTpoBnql, - Kypcs TeopeznliecKoft mexannxn. 

1-1aCTb 1. KHHeMaTHKa. C. - fleTep6ypim 1912. 
1-IacTri, II. AHHaMBKB TOglal. C. - IleTep6ypr1 1913. 

K. CTOjaHOBHh - Ivlexamaxa. Beorpa,rt 1912. 

r. K. C y C JI 0 131:, - OCHOBbI aliamiTutteckon mexamixil. T. I. 

1-lacis I. KanemaTnxa. 4acm II. Annamnica TO4Ka. 143A. 2. Kielrb 

1911. 
T. K. Cy cnOB - TeopeTkplecicaa mexamma. 143,/taHHe Tpene no-

cmepTHoe. Mocima, Jlemitirpaxi. 1946. 
E. T. Wu ittaker - A treatise of the analytical dynamics of par-

ticles and rigid bodies. Cambridge 1904. Tpehe HaAaibe 1927. 

X I X 

B o 6 biA e 13 b. - Kypcb anannTngecicon mexamm. I. 1-1aCTI,   KH- 

HeMaTHgeCKBA. C. - fleTep6yprs 1885. II. Liam Kfillermgeocasi• 

Bbinycicb nepabitl: MexaftHica marepbstabHotl zotnui. C. - fle- 

Tep6yprb 1888. 
T. Lev i-Civita e U. Amaldi - Lezioni di meccanica razionale. 

V. I. Cinematica. Principi e statica. V. II. Dinamica dei sistemi 
con un numero finito di gradi di liberta. Parte prima. Bologna 
1922-27 

naTepaTypa 
	 XVIII 

§ 01. awreparypa 

OA maim xnacntunix Aena, xoja nptinimajy THopukima mexamme, 

mowemo Ha6pojHTH oBa : 

'Apxt 	b rig (287 - 212 rip. Xp.) - Ilepi entn ✓ thv tdopporrmbv, 

ylvtpa, papcov krtneo6)v (0 ypasHormeHum pasiitima H.1114 

ueivrpH TeWKHX paBBH). Hma y Hemauxom npeHoi4 E. Nizze. 1824 
G. Galilei (1564-1642) - Discorsi e dimonstracioni matematiche. 

Leiden 1638. HMa y Hematucom npeso.ay y 36Hpun Klassiker- 
Bibliothek Ostwald'a. 

I. N e w ton (1642-1726). - Philosophiae naturalis principia mathe- 
matica. London 1686. Ilpeae.rteHo je Ha smile jeanxa. 

L. E u l e r (1707-1783) - Mechanica sive motus scientia analitice 
exposita. Petropoli 1736. 
- Theoria motus corporum solidorum. Gryphiswaldiae et Ro- 

stockii 17E5. Pima Hemeco4 npeeo,ri THX kibara o.a J. Wolfers'a. 

J. D' Alembert (1717-1783) - Traits de dynamique. Paris 1743. 

J. L. Lagrange (1736-1813) - Mecanique analytique. Paris 1788, 
P. S. Laplace (1749-1827) - Mecanique celeste. Paris 1799-1825. 
L. Poinsot (1777-1859) - Elements de statique. Paris 1804. 

C. G. J. Jacobi (1804 - 1851) - Vorlesungeu uber Dynamik. 
Berlin 1866. 

W. R. Hamilton (1805-1865) - Lectures on quaternions. London 
1853. 

H. Grassmann (1809-1881) = Ausdehnungslehre. Stettin 1844. 

H. Poincare (1854-1912) - Lecons de mecanique celeste. Paris 
1905-10. 

OnmapHHjy .orrepaTypy o mexamui moryhe je Hah0 y OBHM 

KH,HraMa: 
- Encyklopadie der mathematischen Wissenschaften. B. IV. 

Mechanik. Leipzig 1901-1935. 

- Handbuch der Physik von Geiger und K. Scheel. B. V. Grund-
lagen der Mechanik. Mechanik der Punkte und starren Korper. 
Berlin 1927. 

LIHraony, KojH 614 weneo .rka ce yno3Ha H ca Apyrnm xypcesuma 
mexatiraxe y rpaHilltama mexamme Tarixe, mmemo npenopytn4TH 
()He 'mitre (pea micaua je a.7143a6eTcxH): 

P. Appell- Traits de mecanique rationnelle. T. I. Statique. Dyna-
mique du point. Paris. Biline 

14. ApHos .7b e B H h- OCHOBH TeopHme mexanuce. I. 1947. 

§ 0.7 
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OABIbAK IIPBFI 

KHHEMATIIKA TAIIKE 
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r J1ABA I1PBA 

KoHatme jeAHatame KpeTatba. IlyTama. 3aKoH nyTa 

§ 1.1 0Apebnnalbe nonowaja Tatum y npocTopy. BeRTop 
nonowaja. RoopAnnaTe Tatum 

ripe nporiasatba KpeTarba reomeTpHcKe TaInce Haseinhemo He-

KOJIHRO no3HaTHIc 1134HH3 3a upeblisaise no.no›Kaja mince y npo- 

cTopy. 
Y cHaTeTHEmoj reomeTpHjH nonowaj Tatum onpehyje ce Kao 

npeceK atnuija Ham noHpunnia tiHje ce RoucTpyHcalse splint no.a AaTfim 

ycnosHma. 
Y TeopHjH seKropa onpehHsatse nonwKaja Tagke, penHmo M, 

splllH ce nomohy swops OM IUTO cnaja oApeheHy Tarmy 0 npocTopa 

ca Tatscom M. To je seicrtiop rionmaja TagKe M y omiocy Ha Twin,  0. 

AftanHTHIma reomerpHja Aaje 3a oupe17HBatbe no.no)Kaja TatiKe 

CB0j meToA — meTo,a KoopAHHaTa. Koopz,HHaTe Tatme y npocTopy 
cy TpH 6poja, 4Hje HpeAtiocTH oapebyjy nonmaj TaLme. 14ma painH-

gHTHX amain. — KO0p2IHHUTHHX cHcTema — nomohy KOJHX ce yHo,rke 

TaKHa TpH 6poja. HaBeinhemo Hem oit THX cHcTema. 

§ 1..11 AeRapTos CIICTen nooppmaTa, opToronarum H KOCOMIN 

Y ,E1,eKapToHy cHcTemy KoopnksiaTa y3HMaMO TpH oce, peaHmo 

Ox, Oy, Oz, Koje npona3e Kpo3 HcTy Tartu 0, a He npHnair,ajy HCTOj 

passu. °He gime opuje,rtap oca Oxyz. AKo csaKa oca croju ynpaHHo 

Ha AHema °maim, TpHjeAap je opoozona.nam H tHcTem ce 3ose op- 

ToroHana.H. Y IIPOTHBEIOM cnygajy OH je KOCOYZAU. 

KapaKTep opHjeuTauHje oca moxce ua 6y,zte 11.71H oHaj, xojH je, 

Ha npHmep, 3a opTOrosanfiH TpHjenap noKa3aH Ha 'caHum a (cu. 1, a), 

HJIH oHaj noKasaH Ha cnHau b (cu. 1, b). flpBH TpHjenap ce 3oHe nesu 

jep cmeposa oca Ox, Oy; Oz pe,gom onrosapajy nanny, KaNainpcTy 

H cpemsem npcTy neHe pyKe y oArosapajyhem_ no.nox<ajy, APYra 
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CAHKa 3 

4 4 -> 
rae cy i , 

j, k octionutz opirlow, Tj. op-

TOBH OCa Ox, Oy, Oz. 
Y carlajy opToroHaaHor cHcTema 

moace ce cBaKa oa KoopaHHaTa cmaTpaTH 
Kao cKaaapHH Op0H3130,3, BeKTopa 110/10- 

Hcaja H oArosapajyher ocHoBHor opTa. 
TaKo, Ha npHMep, Hmamo 

- -p -> 
x = (OM, i). 

Ilpema Kocoyraom TpHje,apy noawKaj 
TatiKe moacemo oApea,HTH Ha Hume Ha-
%ma. JeAaH o,a Hatunia cacTojH ce y 

pacTas./baHv BeKTopa noncoKaja OM (ca.3) 

Ha TpH KomnoBeHTe OM 1i  at/1 2 ,a1/13  .apic 

Oxyz. AKO opTose THX oca o3HaqHmo 

moace Hal1HCaTH 

oca Kocoyraor TpHjeaFa 

ca e1 , e2, e3, je,aHaqHHa ce 

3  

A 

CAuKa 2 

§ 1'11 	 ileKapTos CHCTCM KoopmanTa 
	 4 

Aecuu npeMa AecHoj pyHH. MH hemo ynoTpe6apasaTH aesH TpHjeaap. 

Y TOM TpHjeapy, raeaajyhks H3 oHor Aeaa npocTopa nu!, je Hanepena 

oca Oz, BHAMMO aa ce oca Ox Kpehe y cmepy KpeTaft,a Ka3a.n,Ke Ha 

qacoarnmy, Kaa H3 caor noaoacaja npeaa3H npeKo yraa oa, 90 0  y 

noamaj oce Oy. 

z 

OM = 0741 + 0A2 + CA. 

1101.11TO cBaKa OA THX KomnoHeHaTa mo)Ke 6HTH 

npeTcTaBibeHa Kao Op0H330,11 opTa oce (BeKTopa 
je,ammtme aymame) H npojeKuHje BeKTopa Ha Ty 
ocy, nmemo ocHosHy BewropcKy jeasatumy 3a 
opToroHanim cHcTem °Balm 

--> 	-> 	-) 	-> 
0M--xi-Fyj-kzk,  

5 
	

Koirrpasapujawraf N KOSapiljaHTHe KoopzulaTe TagKe 	§ 

---> 
OM = 	0

- 

M2 	=-- x 	y e.

▪ 

 z e„ 

rae cy x, y, z TpH cKaaapa, KojH ce y3HMajy 3a Kocoyrae KoopAHHaTe. 

3a oapebHearbe noaoacaja Tatme y 
paBHH noHeKaa ce H y mexannui yno-
Tpe6a,yjy KomnaeKcHH 6pojeBH. 

AKo cy x H y ,LIeKapTose KoopaH- 
HaTe TatIKe, KOMMIeKCHH 6poj 

z=x+yi, 
0 

rue je i = V — 1, cBojom Bpexiowhy oa- 
pebyje noao)Kaj Te Tatwe, 

flocae ysohetba nonapHifx KoopaH-
HaTa p H 0 nomohy jeaHatma 

x p c05 9, 

y = p sin 0, 

KOMMTIeKCHH 6poj ce mowe H3pa3HTH 

p (cos 0 	i sin 0). 

rapHTama, KomnaeKcy moacemo aaTH cHm6oaHucy (popri

mpympommx J10- 
floMohy HmarHHapHor cTeneHa 6poja e, octrose 

z=pe0i= ea ± 0 i 

lloacoKaj ma Koje TatiKe M npocTopa npema 

OpTOCOH8JIHOM Tpujeapy Oxyz oapebeH je no-
mohy 6pojeBa x, y, z. To cy mepHH 6pojeaH, ca 
oarosapajyhHm 3HauHma, npojeKaHja seKTopa noao- 

;Raja OM Ha oce TpHjeapa. BeKTop OM mo)Ke Aa 

ce cmaTpa Kao 36Hp TpH KoMnoHeHTe: OM„ OM,, 

OM, (ca. 2) y npasuy o,aroBapajyidx ()ca. LlaKae 
Hmamo 

rae CMO CTaBHJIH 

P = ea . 

HaseaeHa cHm6oaHqxa cpopma ca,a ce HapotthTo tiecTo npHme-
thyje y npoyqaBakby painwurrxx cneumjaamix KpeTarba. 

411 

i•iii rcowrpasapiljaHTHe H RoBaplljairrffe RoommaTe Tamice 

Y oninTem cayvajy maacemo 3a oapebHBaH,e noacoKaja Tatnce y 

npocTopy nomohy OpaBOJIHHHCKMX KoopaktHaTa y3eTH TpH npoH3BOJbHa 

HeKomnaaHapHa BeKropal) 

( 1 ) 	 e1, e3, e3 

ca 3ajeamiqKHm noveTKom 0 ; OHH o6pa3yjy TpHje,aap seKTopa, KojH 

hello 03143 14HTH ca T. BeicropH (1) 3oBy ce /coop/mat/7nm Berciriopit 

Tor TpHjeapa. 

1 ) Y °soul naparpachr macuum CJIOnM e oBaavaBihemo BeKTope u pallid 
ynpoulhaBaffia urramnaffia flehemo aoaaBaTB upenuoy. 
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§ 1' '111 	KOHTpaBapHjaHTHe H KOSapHjaHTHe Keep/11mm Toque 	6 

BenTopcna jenHalsffla 

(2) OM = xl e i  + x2  + x8  ea 

 yson,H TpH csanapa 

(3) x1 , x2, x3  

KOjU ce 3ony KoitiripaBapujaHirnie Koopgnxauce -mime y oaHocy Ha 

Aani TpHjeaap T. 
AKO cy KOOpAHHaTHH senTopH (1) OpT0B11, KOHTpaBapHjaHTHe 

moopaHHaTe (3) cy anre6apcKe speAHocTH somnoHeHaTa nenTopaald 
pacTas.TseHa Ars< THX opTosa. 

AKO je ;TAT BeKTOp OM, KOHTpaBapHjaHTHe moopn,HHaTe onpe-
byjy ce 143 je;nHatiHHe (2) cx.napHHm mHwneibem oarosapajyhmm BeK-

TOpCKHM 11p0H3B0A0M, Tax°, Ha np., mHoacet-sem ca le a  e3] ao6Hjamo 

(OM, [e2  e„]) = xl (e1 [e2 e3]); 1  

a onaTne H 143 CJI14 114HX jen,HatmHa H3B0,E1HMO 

1 
(4) xl = –A  (OM, [e2  e3 ]), x2  = 

1 	 1 
(OM, [e„ e,]), x 3  = 	(OM, [e, ed), 

rAe je 
A = (e, [e2 es])• 

YseaHmo caa Hose seKTope 

el, e2 , e3  

1 

	

el = 1 [e, e;,],–A–  , e2  = 	[e, ell, e 3  = 	[e1 ed. 

BeKTopH (5) cy KoHjyzosanu ca nesTopHma (I). TpHjenap sox-
cTpyHcaH oa sexTopa (5) 03Ha9HMO ca T'. BesTopm (5) cy Konjpo-
Battu Koop,atmatiinu Beiciflopu. 

143me1y BeKTopa (1) H (5) nocToje se3e 

(e, e 7) = 

rite je 6, 7  TaK03BaHH Kp0HeKepOB CHM60.71 140jil je jeLI,Hag 1 KaA je 
=j, a HyaH Kaa je i j. 

AKO Ha senTope (5) npHmeHHmo HCTH nocTynax KOjH CMO npu-
meminH Ha seKTope (1) 3a Ao6Hjaffie sesTopa (5), no6Hhemo noHoso 
sewrope (1). 3aHcTa, npema jeaHaqHHama (6), 3a HOBH, peuHmo npsH, 
seKTop Hmamo 

(7) 
	

e' = —
1 

[e2  

7 	KOHTNI3apHjatiTHe H uouspujaome Koopman Toque 	§ 1 • 111 

rae je 

= (e' [e 2  e3]). 

3a if ..3patiyHasalbe (7) 11CKOplaCTHMO speaHocTH (6); HaJIa3HMO 

.4e2 	= 02 Rea  ell [e, ] 

LX

1  
2 

 —(e 2  [e3  ell) el = 

1 
— A e, , 

npH qemy CMO HCKOpHCT41)1H 1103HaTH 06pa3a11 143 TeopHje nexTopa 37 

136.7siny 

[ [ -A 	[ -A = 	[ -.E*? 	[B C]) D.  

Flomolty ao6Hjelle BpeAHOCTH H3 (7) H3BOAHMO 

1 	 1 
(8) 	 e.,  =  A' Le2 

„ 
=  AA' e, . 

FlpH H3pagyHasalsy npoH3so,/ka LIN HMaM0 3a A' 

A' = 	[e2  e3]) = (el, —
1 

e1) = —
1 

(e, [e2  e3]) -= 
A2 	 A 

H npema Tome moscemo Ae(1)14HIITHBHO Ha11HCaTH 

AA' 	1. 

Ha raj liallHH H3 (8) A0.71a3HMO Ao 

flpHmeHa HcTcr nocTynsa Ha semrope (5) Aonena Hac je, AaK.ne, 

110H0B0 AO seicropa (1). 14 TaK0 mconemo TBpAHTH aa C37 BeKTOpH (1) 

H (5) H H,HX0BH TpHjenpit T H T' meby c000m HOHjyr0HaHH. 

nOmOhy sewropa (5) KOHTpaBapHjaHTHe noop,aHHaTe (3) Tatuce 

M moncemo H3 (4) H3pH3HTH °Bali° 

(9) xl = (0/14, el), x2  = (OM, e2), x3  = ( OM, e3). 

One jemiatme noxa3yjy aa ce KOHTpaBapHjaHTHe KoopAHHaTe 
H3pascasajy cicanapaHm npoH3BoaHma sexTopa nonowaja Tatine 14 KO-

OpAHHaTHHX senTopa soHjyrosaHor TpHjenpa. 
C npyre cTpaHe, ago y3memo seKTope (5) if nenTop nonosaja 

npeTcTanktmo BeKTOpCKHM 36Hp0M 

(10) OM= Xi el + x2  e2  + xj  e8, 

(5)  

(6) 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1 111 	ficmpaBapujnETHe H KoBapnjawnie K ooptuniat e TayKe 	 8 

HemigHfie cy 

(11) x1, x2 , 

Kosapu jaturme Koop,mmarae Tatme y cvmocy Ha nonaaHH TpHjeAap T. 

O3HaKe KoHapHjaHTHHx KOORAHHaTa knutexcHma ,gone H HoirpaaapH- 

jaHTHHX kmaexcHma rope ycHojene cy cHy,aa y caspemeHoj nwreparypH. 
nomohy seHTopa (1) TpHje,apa T KoHapHjaHTHe HoopAHHaTe 

paxcasajy ce Bpe)HocTHMa 

(12) x1  = (OM, e1 ), x2 = 	e2), x3  = ( OM, e3). 

KoHapHjaHTHe HoopnitHaTe y onHocy Ha TpHjenap T cy y HCTO 

epeMe HoHTpasapHjaHTHe Hoop,a,HHaTe y onHocy Ha HoHjyrouaH TpH-

jeAap T'. 
Axo cy BeKTOpH (1) OpTOBH, HoHapHjaHTHe HoopAHHaTe (11) He 

npercTawbajy HHurra Apyro ,Ro npojeHuHje HexTopa no.no)Haja Ha oce 

THX ()prom. 
AKO cy BeKTOpH (1) oToroHanHH OpTOBH, KOHjyr0B111114 BeKTOpH 

(5) cy HCTO TaK0 OpT0c0HaJIH14 OpTOBH; y OBOM cariajy HoHTpasa-

pHjaHTHe HoopnHHaTe Hmajy Bpe,11110CTH onrompajyhHx HoHapHjaHmix 

HoopAHHaTa. 
06jacHHhemo 3aLUTO ce je,21He aoHy KO-, a Apyre icoHTpa-HapH-

jaHTHe KoopAHHaTe. 
OBH HaaHHH cToje y Be3H ca Hatufflom Ka co ce noHamajy °Aro-

Hapajyhe HoopnHHaTe npu TpaHccDopmauHjH KoopAHHaTa, Tj. npH npe-
:may Ha oixpehHHalbe nommaja Tatixe y o,LtHocy Ha .apyrH KoopAH-
HaTHH Tpuje,gap. 

YnenHmo nopen TpHjenpa T H fbemy KoHjyroBaHor T' HoHe 

TpHjeztpe: T* ca KOOpAHHaTHHM BeHTopHma 

(13) e,*, e„*, e,* 

H Tpuje,Tkap 	HoHjyroBaH TpHjeapy T*, ca KOORI1HHaTHHM Hex- 

TopHma 

el*, e2*, e3 *.. 

Y3MHMO 11,a ce HOBH KOOpAlitlaTHH BeKTOpH (13) Hapaamaajy 

nomohy cTapkix BeHTopothm jeAtiainixama 

e,* =-- e 1  +m1  et:  + n,  e3 , 

(14) = ei  + m2  e2 ± n2 ei 

e,* = /3  e l  + nz 3  e, ± n3  e3  

KonnaBaptijawnie H icoBapmjawnie KOOpAHHaTe Ta9Ke 	§ 1 ' 111 

03Ha4HM0 KoHapHjaHTHe KoopAHHaTe BeHropa OM nOHOBO ca 

(11) 	 x1, x2, x3 ,  

H 0,ape,a14M0 HCTO Tax° KoHapHjaHTHe KoopAHHare HCTOr BegTopa 

OM y oikHocy Ha TpHje,Rap T*; 0311a 1IHMO I-bHxoBe HpermocTH Ca 

Xi* , X2*, x3*. 

Kam) je, cm4Lnio Hao y (12), 

xi* = (OM, el"), 

ca HpenHowhy e,* 143 jenHaqHHa (14) HMaMo 

x,* ---11 (0A1, e1) m,(OM, e2) 	(01, , e3). 

I-1a Taj Ha9HH 143 orte H CJIHEIHNX jeAHaqHHa aa ,apyre HoopAHHaTe 

moxcemo HanHcaTH 

Xi * 	± MI X2 + ni X3 

(15) x,* = 12 xi  + nz, x2  ± n2  x3  , 

x3 *  = 13  x i  m 3  x2 -1- ni  x3 . 

flpH ynopebilHalby je,auatmlia (14) H (15) BHAHMO na ce y H,Hma 

nojaarbyje HcTa cxema KoecimaHjeHaTa 

11  m, 

(16) 12  n12 n2 

13  Ma  n3 0  

H TO y HCTOM pacnopeay npH Hapa›Hasansy HOBHX nomohy cTapHx 

HoopAHHaTa. Osa oco6HHa carnacHocTH npHmeHe cxeme (16), c jextHe 

cTpaue, npH:npomeHH KOORaHHaTHHX Heicropa, C npyre, firm vatic 

4)opmainajH HoopnaHaTa Hapawaaa ce JlaTHHCKHM npecimcom Ko. 

Pow ce can nocTasH aanarax na ce onpene HowrpaHapHjaHTHe 

Hoop,a,HHaTe Heicropa OM y onHocy Ha HOBH TpHjeaap T*, H 03Ha - 

4HMO HX ca 
xl*, x2*, x3*, 

Tpe6a 14CKOpHCTHTH Hewropcxe jeAHaqHHe 

OM.= xi + x2  e2 ± x3  e3  x" e,* x2s  e2* ± x3 * e3*. 

	

AKo y nocnenam 36Hp yHecemo, mecTo BeKTOpa 	e3 * 

H,Hxose BpeJI,HOCTH H3 (14) 14 Haje,,HaqHmo HoectiHnHjeHTe y3 Hewrope 

e„ e2 , e3 , no6Hhemo jenHatimie 
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KOHINIBIlpHjaHTHe /1 KOB2pHjaunie KoopAHHaTe Tawce 
	

10 

4 xt* ± 42  x2* + 4 x3*, 

x2 = m1  x1* m 2  x2* nz  x3*, 

x3 = n t  xl* 	x2 * ± n3  x3*. 

flpH ynopeblmamy OBHX jeAHatuma 3a TpaHccpopmauHjy KoHTpa-

sapHjaHTHHx KoopAHHaTa BHAHMO Aa cxema xoe4)HuHjeHaTa (16) CJI3OKH 

3a cacTaarbatbe H OBHX jermatmHa, HO y OBOM czytiajy je, npso, peA 
moe41NuHjeHaTa ApyrojatmjH — spcTe H cTynuH cy sammeHH — 11, 
APYro, cxema Aaje He HOBe KoopAHHaTe nomohy cTapHx, 

o6pamo, crape nomohy HOBHX, OBa oco6HHa CylipOTHOCTH H3paxcasa 

ce JIHTHHCKHM npecImmcom KoniTupa. 
L1,ahemo join sawHe se3e immehy xo- H KoHTpa-sapHjaHTHHx 

KoopAHHaTa seicropa, Karl je TpHjeAap T oxapaKrepHcaH nomohy cim- 

napHHx npoH3soAa CB0j14X KOOpZ,HHaTHHX seKTopa. 03Ha4HMO Te 
exa.napHe npoH3soAe cxemom 

e, , e, 

e1 

e„ 

e3 

g11  

121 

31 g31 

a 	a 
 .s 12 	b 13 

122 g23 

17 
b 32 	.s 33 / 

rAe je 
(e1 ef ) 	e,) = go = gi ,. 

hello oA seKTopcKe je/matume 

OM = xi e 1  x2  e2  + x3  e3  . 

6Hcm0 oApeAmm xosapHjaHTHe KoopAHHaTe nomHomcHhemo 
cimaapHo osy seKTopcxy jelmatmHy peAom sexTopHma e 1 , e3 , e ;1  
H Ao6Hhemo 

xi = (OM, e1) = g11 x 1  + g12 x2  g13 x3, 

(18) x2  = (OM, e2) = 121 X 1  +122 X2  + g„ X3 , 

X3 = (OM, e3) = g31 x 1  g32  .x2  + 133  x3 . 

„ILA 6Hcmo oApeAHAH molapasapHjaHTHe KoopAHHare nomohy 
KosapHjaHTHHx, mo)Kemo HOCTyllATH Ha Asa Hatuma. Mowemo, npso, 
peumTH jeAHatuiHe (18) no x 1 , x2, x3 , H Ao6Hhemo 

x1  = g1t x1  + g12  x2  + 113  x3 , 

(19)
x2 -= g21 	g22 

x2 + 
g23 x3  , 

X3  = g31 x1  -± g32  X2 ± g33 x3, 

11 
	

KOBTPaBaPHOHTIle B KosapHjainse KoopAHHaTe 1114Ke 
	

§ 1•111 

rAe cmo ca giJ 03Ha4H/111 speAHocT oArosapajyher mimopa eTepyth-

Halm 

(20) 
gll 

g21 

gal 

/12 

/22 

/32 

113 

g23 

133 

camom AeTepmimawrom; Ha lip., 

— (112 /33 — g32 g13) 
(21) g21 

Ha ApyrH Hatmm momcemo jeAHatume (19) Ao6HTH 113 jezmagime 

OM = x1  e1  + x2  e2  x3 e3  

cia.napHHm mHoscetbem peAom semTopHma e 1 , e2, e3  H, Ha np., Ao6Hhemo 

xl --- (074, e1) = (el e 1 ) + x2  (el e2) x, (e 1  e3). 

jja cy ()Ham) Ao6HjeHe jeAHaLume HAeHTHtme ca jeAllagHHama 

(19) Tpe6a noKa3aTH Aa je 

(e' e') = g". 

floKa3aheMo Aa je, Ha np., 

(e2  e1) = g21 . 

AKO CTHBHMO Bpe,ILHOCTH (6) y aesy cTpamy ose jermatmHe, oHa 

he nocTaTH 

(e2  e') = 0
2 

([e3 	[e2 e3]) ; 

oAaarr,e, Ha OCHOBy no3HaTor o6pacua H3 TeopHje setcropa 

([AB] [ CD]) = (AC) ( --E)- (AD)  (BC), 
Hmamo 

1

2 	

1 

(e2  e 1 ) = 	(e3 	 e3) — (e3 e3) (e1 e2) 1= — 	U.1'133-'1.32/13)  
Z12 

HAN, Ha ocHosy (21), 

(e2  e 1) = A2 
1 a 021 .  

OcTaje join camo Aa noxmemo Aa je 

A2 =
b
a 

§ P111 

noAmeHa 
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a TO c.nenyje HenocpeAHo H3 Teopeme o mHoncetby AeTepratiaHaTa, 

jep je 

  

(e1  el) (e1 e2) (e1 e3) 
(e2  el) (e2  e2) (e2 e3) 
(ea  e1) (es e2) (ea e3) 

(e 1  [e2 e3])2  = 

 

   

   

Canica 4 

P, lboj 

13 
	

11onapflo-uantifutpi4HH cmcTem 	 § •12 

'Dime CMO H Ha Apyrff HaqHH HOTBpAH.1111 jeatialtHHe (19). 

Haj3a.a, noKa3ahemo jou KaKo ce H3pa)KaBa pacTojatHe TagKe 

oa notteTKa KOOpAHHaTHOT TpHje)pa. KaKo je RHaapar TOT pacTojatba 

Ksa,ApaT HeKTopa nonowaja OM, Tpe6a 6Hno 110AIITHyTH Ha KsanpaT 

nesy H necHy crpaHy jeattatum 

(2) 
	

OM = xi el  ± x2  e2  ± X3  e, , 

(10) 
	

OM = x1  el + x2  e2 	e3 , 

6HJ10 413MHONCHTH cKa.napHo cTpatie OBHX jenHatma. Jo6HheMo oaa 

TpH H3pa3a sa KsaapaT sexTopa OM 

0M2  = g11 X12 +4-22  X2 2  + g33 X3 2  + 2g23  x2  x3 + 2g31  x3  xi + 2g12 x1  x2 , 

0)142 === e1A424-e2 A:22 4...g.33 .x32 +2,e3 x2 x3  + 2,1 g 	2g12  x, xa , 

0M2  = xl  x1  + X2  x2  + x3 x3 • 

143pa3 xsaapaTa pacTojatba Hrpa pa° Ha)KHy ynory y reome-

TpHja H Ha3Hsa ce merapuLura Oopma y naT0M cariajy 3a Aare .1H-

HHC1ie KoopaHHaTe. HiseaeHH o6pacnta H3pawaBajy meTptmq (1)opmy 
1) nomohy camo KOHTpaBapHiaEITHHX, 2) nomohy camo KOBapHjaHTHHX 

KoopaHHaTa H, Haj3an, 3) noMOhy KoHTpasapHjaHrtnix H Kosa-
pHjaHTHmx Ko0pJHHaTa TagKe, oaHocHo HeKTopa nonwKaja. Haj-
npocTHjH o6JIHK Lima meTpHtima ckopma Koja je H3pa)KeHa nomohy 

KoHTpa- H KO-BapHjaHTHI4X moopaHHaTa TariKe. JeAHOCTaBHOCT OBOV 

o6nHKa je rnasHu pa3nor 36or Kora ce y cayttajy Kocoyrnor cHcTema 
ysoae, Hanopeao ca KoHTpasapHjaHTHHm KoopaHHaTama, KosapHjauThe 
KoopatthaTe Taice, oattocHo seKTopa noncoKaja. 

C.rnitto meTpHemoj ctiopmH mory ce HanHcaTH H H3pa3H 3a cKa- 

napind 11p0H3BOA Asa seKTopa OM H ON KOjH cy AaTH CBOjHM KOHT133- 

BapHjaHTHHm OAHOCHO KOBapHjaHTHHM KopAHHaTama. AKO Koop,aHHaTe 

HeKTopa OM 03Ha9HM0 ca X 1 , X2, X3  OAHOCHO Xi  , X2 , X3 , a seKTopa 

ON ca y 1 , y2 , y3  o ;mom) y, y, Ya,  cKanapHH flp0H3BOA Hma jenHy 

ea OBHX speatiocTH: 

(OM, 07■ )= g„ xl  y 1  ± g22  x2  y2 + gas  x3 Y3 ± 

g„ (x2  y 3  ± X3 	+ gal (x3  yl 	f) g12 (xl 3/2  + X2  Y1); 

g" x1  y i  g22  x2  y2  +g33 x, ya  

g23  (x2  ya  xa  y2) + g31  (x3 yl ± x1 373) 	g12  (X1 Y2 + X2 Yi); 

(a, al) = yi 	 .7c 1  + 3,2 + x3  Y3. 

KpaTKo ose o6pacue mmKemo HanHcaTH osamo : 

	

(0M, 0—A1)= gij xiyj 	gij x i  y; =I' xi  yi - -I' xi y i  

11./114, Haj3aa, y o6nHKy 

(OM, ON) = gap„xct = gaI Xityp = xa ya = xa Ya, 

aKo npHmeHHmo npasHno aa ce npH ynoTpe6H rp9KHx caosa 
HaneKca, 3HaK 36Hpa 3a Te HHaeKce H3OCTaBJba. 

§ 1 • 12 lionapHo-gHlIHHA,pll'IHH cwcTem. 

HeKa je aaTa y npocropy (cn. 4) opHjeHTHcatia paHaa 

rionapita oca OL H Ha roj ocaTatIKa 0, 110.11 cHcTema. 

FlonotKaj ma xoje TatiKe moryhe 
je oapenHTH: 1. pacTojamm z Tatum 

M oa pasHH P ca oaroBapajyhmm 

3HaKOM npema opHjeHTauHjH Te pasHH, 
2. pacTojmem r npojeKuHje N Tatme 

M Ha pasaH P Oa TanKe 0 a 3. yrnom 

0, um rpaaa noTer r ca OCOM OL. 
F.neaajyhn Ha nO3HTHBHy cTpamy pasHH 

"P, yract 8 ce patiyHa 1103HTHBaH y 

cmepy KpeTaHA Ka3aJbKe Ha Liacos-
HHKy. TpH sentiquHer, Q , z npecTas-

Jbajy FialapHo-litt.nuitAptvoie KoopaH-

HaTe Tatuce y npOCTOpy. BenHErame r 

a 8 cy aonapne xoopaHHaTe Tatum 

y pasHH. 
AKO KoracTpymutemo opToroHanHH TpHjenap oca Oxyz Tax° aa. 

oce Ox H Oy Imam y pasHH P, oca Ox ce noK.nana ca OL H Oz HAe 

Ha no3HTHBHy cTpatly OA pasHH P, Hweby 110fiapH0 -11HAHHApH 4H HXH  

,aeHapTositx KopalniaTa moacemo nocTasHTH ose se3e: 

(1) 	x 	r cos°, 	y 	r sin 0, 	Z . 

3a Asa 

§ 1•111 
	

KompaeapHjaurue H KoftapHlaime KOOPAHHHTe TagKe 
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Cnoka 5 

§ l• 13 	 Ccpeptill cHaem 14 15 EAH111114Ke Kooplimare 

   

    

O6paTHo, nonapHo-winimapHtme HoopnHaaTe H3paacaaajy ce 
wax° nomohy JaexapToaHx: 

r 	x2d-y2, 	0= arctg — 	z= z. 

§ 1 • 13 Ccbecnin cncTem 

Ha31-1a9HMO y npocTopy Taqxy 0, yexulap cacrema, ocy SON 
H nonypaBaH Q qmja rpaHHaa je Ta oca (ca. 5). CX0AHO reorparbothm 
enemeaTHma, oca SON 3oae ce 
Tio.aapia oca, nonypaBaH Q ripBu 
AtepuRajan, paaaa ynpaaHa Ha ocH 
xpo3 Taqxy 0 — paBan eicsaalopa. 
flonypaBaH LUTO npona3H xpo3 
HP0H3B0JbHy TatlEy M npocTopa 
npeTcTawba Atepu,aujan Te Taqxe. 

flonoacaj Ta'lKe y TOM CHCTM 
onpebyjemo : 1, nyauthom noTera 
OM = p, 2. yrnom cp IIITO rpanil 
osaj noTer ca paBHH exsaTopa; off 
ce patlyria too flO3HTHBaH npema 
N, a Kao HeraTHaaa npema S. Taj 
yrao onrompazeozpaOcKojumpulitz. 
MecTo tbera Mo)KeMo y3eTH yrao 
0 H3meby noTera H oce ON, HojH 
ce 3oBe Tionaptio pacruojame. JacHo 

je /la je 0 = 2 — cp. 3. Yrnom 4' 

H3meby npBOr mepHAHjaHa Q n mepLaHjaHa Taqxe M. OH ce paqyHa 

y pawn,' exeaTopa 37 cmepy xpeTatha xa3a.rbxe Ha qacommxy xaa 
rnenamo Ha T37 paaaH H3 N. TpH BeiHNHHe p, cp (HJIH 0), 4' 3oBy ce 

cqbepie goopnaHaTe Taqtre y npocTopy. 
KoHCTpyintiHMo HOHOBO opToroHanHH TpHjenap ca 110geTKom y 

Ta4Kpi 0, ca ocama Ox a Oy y paBHH exaaTopa, npH qemy Ox oca 

nem4 y npaom mepHHHjaHy, a oca Oz je HanepeHa y npartuy ON oce. 
Tana jeLHagHHe 3a onpebHsalbe ,aexapTomix xopaHHaTa nomohy 
crpepaHx H3rnenajy oBaxo: 

(1) x = p cos cp cos if , y 	p cos cp sin*, z = p sin cp. 

06paTHo, ccpepHe xopnaHaTe ce iH3paacasajy nomohy ,aexap- 

TOBFIX OBaKO: 

p 	x2 -1-y2-1-z2  , 	cp = arctg  	

	

1 x2
+ y2  , 	= arctg —

x 
•  

§ 1 • 14 EJIIIIITIPIKe RooppmaTe 

3aycTaaHmo ce npao Ha cnyqajy enHnTHqxHx HoopnimaTa Tatuce 
y paBHH. 

Hexa je naTa y paBHH enanca jenHagffloM 

x2 + y2 =1,  

a2 	b2  

npH qemy npeTnocTaanDamo ,11,a je 

a> b. 

CmaTpahmo °ay errancy xao ocHormy. 

J eAllaqH H H 

	

X2 	 = 

	

a2  — 	b2  — X 

onroaapa. 3a csaxy spenHocT X HoHcpoxanaa HeaTpanaa _xpirsa, jep 

pacTojathe c (Doxyca on Hemp—a3a cae ose x-pHHe 3a.aoacQbasa ycnos 

e2 = (a2 	 ),„) = a2 b2 = const. 

Pa3/114 ,40THM apenHocTxma npomeaJbHae X oArowpajy }Time 

TO 3a: 

< b2  enanca, 

b2  — naocTpy Ha nyac H3meby Taqaxa (— c, 0) H 	c, 0), 

Koja npena3H y Ase ABOcTpyae nonympaHe BaH OBHX 

Taqaxa y npasu,y x oce, 

b2  < X< a2  — XHneptioaa, 

a2 — naocTpyxa y oca, 

— HmarHHapaa enunCa. 
_ - 

HaseaeHH ycnom, 6e3 AerefiepanBurX cayqajeaa, npfixa3aHH 

cy Ha osoj cxemH 

— cv 
	 0 	b2 

	 a2 	 c) 

eamca 
	 xiinep6ona 	 itmanniapria viatica 

Kp03 CB3Ky TatiKy paBHH ca Hoopn,HHaTa x, y nponne ,ase xpHae, 

( 1 ) 
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EAMITHMIle KOOpAHHaTe 
	 § 1'14 

n3 KOjHX Henocpexio Ao6Hjamo pewelbe 
(a2_ x1 ) (a2 

- 

 x2) 
x2  = 

a2  - b2  

y2 - 
(b2  X1)

(b2
_ X2) 

b2 -a2  

143 osor pecueiba ce }mail Aa csamom napy enHHTHtnuix moopAH-
Han oArosapajy tieTHpH Tatwe cHmerpHtme y ofisocy Ha KoopAH-
Hanle oce. Y CBaKOM KoHxpeTHom spo6.71emy ,a,onyHcKH yCJI0BH o,ape-
byjy oHy Tavxy, xoja Tpe6a Aa oArosapa npo6nemy. 

Ha CARLIN 6 HaupTaHa je ocHosHa eminca tnija je jex Hagixa 

(3) 

+9  = 1 

H tieTHpH Tatme ca eminTHtl-
KHM xoopmthaTama 

(4) X1 = - 10, X2= 16, 
Kpo3 csaxy Tatwy flp0.71a3H 

KoHcpoxanHa enunca ca no.ny-
ocama al , b1 , xoje ce upebyjy 
H3 jeAHatuma 

ai2  a2  - -- 25 + 10 = 
= 35, b1 2  = 62 - X1 = 9 + 
+ 10 = 19, 

11 HMajy HpH6.7n4xcHe spefi,HocTH 

5, 9, 

H xoucDoxanHa xxnep6o.na ca 
je,aHa2:t1HHa 2  

-= a X2 = 25 - 16 = 9, 
ca spe,ikaocTHma 

0,= 3, 

61 4,4; 

nonyocama a2 , b2 , o,apebeHmm 143 

- b22 = b2 - X2 = 9- 16 = - 7 

b2 	2, 6 . 

,L1exapTose KOOpT(1411aTe Tatialca ca BpeAHOCTHMa e/1111ITH9KHX 

xoop,aHHaTa (4) oApebyjy ce, Ha OCHOBy (3), 113 je,rwatiHHa 

x2 	= 35.9 	315 	19.7 	133 

16 	16 	
y2 	

16 	16 

H Hmajy HpH6.ardscHe spe,AHocTH 3a Tatixy y npsom xsaApallTy 

x 	4, 2; 	y 	2,9. 

3ammcmcdo cazt y npocTopy TpoocHH emincoHA tthja je jeAftatunia 

	

x2, y 2  , z 2 	, - 
a2 	& 

CJIHK2 6 

,a0.71a3HMO AO ose Ta6AHLie 
o6paTHmo naHaby Ha npomeHy 3Hama cl3yHxnHje Q (X) npH npomeHH 

	

X I - c\) b2 	a2  

§ 1'14 	 EJIHrITHqKe Koopziene 	 16 

WTO oArosapajy xopeHuma 	H 	 ,gti xsaApaTHe jet 	(1) no X. 
Axo Ty je,r4Hatisy HanHisemo y oozing 

(2) Q (x) = x2  (b2  -x) y2  (a2  - x) (a 2  - X) (b2  - X) = 0, 
u 	

Q(x)1 
•••■••• •■•■•■• 

Al 	x2 

113 ibe c.ae,ayje „la Hama jeztHatma HMa jeLkaH RopeH A,, H3Mely 
- cv H b2 , Kojem o,arosapa eminca, H ,apyrn Kopex X2 H3meby b 2  H a2 ; 
OBOM xopexy oArosapa xHnep6oza. Ha Taj Haim CBaK0j TaLIKH y 
pa BHH o,arosapaiy Asa 6poja 

(3) X2 

Koje mo)xemo cmaTpaTH xao enalitTiazuce KoopAtutaille Filature y panu. 

Am) cy Aare ,L1exaprose Roop2tHHare x, y, 3a oilpebmsafbe emir!. 
THtlICHX KO0p,a14HaTa (3) HCTe Tatwe Tpe6a penn4TH je,RHatiHHy (2) HO 

06paTHo, 3a o,apebmsakse ,aexapTosHx KOONWHaTa X, y, malt 
cy itaTe eminTH.we xoopAHHaTe (3), Tpe6a pewl.ITM CHCTeM oA Ase 
je„rmatume 

x2  

x2 y2 _ 

a2- X2

+ 

 b2- X2 

1, 

 

nexeapxe no x2  H y2. MecTo Tora mascemo H ()sax° nocTynHTH. 
CTaBHMO y jextHatwxy (2), Kojy mo)xemo HanHcaTH 

Q (X) = x2  (b2  -X) + y2  (a2  - X) - (a2 - X) (b2  - X) --- 
- (X - X1) (X - .t.2) 0, 

npso, 

a 3aTHM 
	 a2, 

• X =-- ; 

Ao6H6emo cHCTeM je,aHaqHHa y o6.aHxy 
x2 (b2 	a2) 	(a2 	X1 ) (a2_ X2),  

y2  (a2_ b2) = 	_ xi) (b2_ x2), 
2 PaumHanlia mexatnuca 

+ y2 	1,  

a2  -J.1  b2  - 
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, 	y2 + z2 = 1,  

a 2 	b2.___ (5) 
x2  

19 	feHepanHcaHe HoopaHHaTe. KoopotHatue noBpwHHe H JIIIHIlje 	§ 1'2 

3a Koji( npeTnocTawbamo 
a> b > c. 

HWIHWHMO ynope,amo ca TOM jeAHacIFIHOM H jezulaimuy KOH-

4)omanHe nospanme 

race je - 
npomeHamBH napameTap. Ca fbeiu.om npomeHom Mel-La ce 

noBptumia InTO oaroaapa jeaHatikum (5). HaupTaHa cxema 

0 	C2 
	

b2 	a2  

e:1 4111C011A 
	 jexiokpluilat 	Abokpnatiti 	 ismartmaptill 

xiincp6o:tonAti 	 eminconA 

noma3yje y Kojy apcTy cnaaa Ta noBpuunia Raa ce k melba y °ape-

betnim rpawluama. 

JeaHatikwy (5) mo)Kemo HanHcaTH y 06.1114Ky 

(6) 	Q ().) = (b2  — ).) (C2  —).± y 2  (c2  — ).) (a 2 — 

z2 (a2 ) 02 _ _02 2 	02 _ (c2 )0.  

Flommom Q (?), Kaa ce melba napameTap 	metha caoj 3Hal< 
apema cxemll 

— c.) c2 	b2 	a2  I 	Ilpema Tome OH HMa Tpx craapHa 
K op e 	),/, 2,, 2,, KojHma oaroaapajy 
eJIHIIC013,121, je.LIHOKpHAHli ximep6oaoHa 
H ABOKIDHJIHH xlinep60nowa. Ha CJIHUH 

)`2 	 cy HaupTaile KouctIoxamie noapwilHe 
apyrora peaa. 

Ha Taj HWIHH Kp03 caatcy Tatimy npocTopa npoaa3e Tim KOH-

cboxa.nse ueirrpa.aHe nospwwie Apyror pe)ia. TpH 6poja 2.,, X2, X3, 

KojH oapehyjy Te nospaunie, a y HCTO 'vole H Tatmy npeceica THX 

nospwww (o) ocaM Tagaica npecelca 6Hpa ce npema aonyHcRom ycaoay 
canto jeaHa), 3oBy ce enuiliriuqice xoop4UxauJe FuaLace y apocrilopy. 

3a oapeharialbe Koop,rmaTa x , 31, z nomohy e.IIWITHLIKHX Koop/w-
Ham 2,,, 2,2 , 	noTpe6Ho je pavan] CHCTeM jeaHatunia 

x2 ± y2 + z2 == 1, 
 

x2 	 Y 2 	z2 	= 1 , 

a2 	b2  — 	— 	a
„ 	

b2  —1.,
+ 

— 

a2_ ,L3 	 c2 

x2  + ‘.4.2 	 z2 = 1. 

°ma 7 
3a Taj WM> Kao, H y caygajy eaurrragmix Koop.awiaTa y paBHH 

mule mopamo 4)ymatHjy Q ()) npeTcTaaHTH ca 

Q (1,•) = x2  (b2  — X) (c2  — ).) + y2  (c2  — t.) (a.= — a.) + 
z2  (a2  —)) (b2  — X)—(a — k)(b 2  —).)(c 2  

H mamma pe.aom X.= a2, ). = b 2, 2. = C2 . 
Rao pe3y.aTar ao6Hhemo 

x2  — 
(a2  — 2.0 (a2  — ).2) (a2  — ).3 ) 

(a2  — b2) (a 2  — c2) 

Y2
= (62  — X i ) (b2 —)-2) (b2  — )-3)  

(b 2  — c2) (b2  — a2) 

— 
(c2  —  X) (c 2 — ).2) (c2  — X3)  

(c2  — 	b 9) 

BH,1114 ce /IA ycae,a ABOCTpyKHX 31LaRosa nocne H3riaa4elba KopeHa 

oapehetwm apeaHocTHma /.„ X3 oarompajy ocaM TallaKa, oat Kojalc, 
npema rkonyHcKom ycamay, Tpe6a as o,aa6epemo canto jeatiy• 

06paTHo, 3a oapehmaalbe e.11WITHIIKHX KoopaHHaTa 

nomohy ,TieKapTosnx x, y, z Tpe6a, xao WTO CMO 	 peUIHTM 

Ky6Hy jeaHatimiy (5) 1.1.1IH (6) no -.K. 

§ 1.2 reHepanlicatie KoopmniaTe Tatum. goopmlname 
noBpunnie H Roopmmanie JIHHHje , 

HManii CMO npHmepe pa3JIHIIIITHX Koop)uIHaTa: ,aelcapTow4x 

x, y, z, noaapHo-LwaitapHtimix — r, 0, z, al)epHilx — foi  cp, 	H 

— 	X2, X3. klma jorn mHoro H ,apyrHx BpcTa Koop- 

AHHan. 

Q 

§ 1 *14 
	

EAHFITEFIKe HoopaHHaTe 
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§ 1'2 	renepanyacalie KOOpAHHaTe. KoopaHHaTHe noapuiHHe H Juntuje 	20 

Yonme TpH 6poja, nomohy Hojux ce oApehyje nonowaj 'range 

y npocTopy, 3oBy ce zeitepanucalie icoop,ramaMe Ham, xparHo, 'coop-

/Marge mime y npocTopy. 03HaqHmo Ta TpH 6poja ca q„ q3 , q3 . 

liperflOCTaB.TbaMO Aa je 3a TaKse HoopAHHaTe moryhe HanHcara 

jeAHatthHe: 

(1) 	x =f (q1 , q3 , q , y = f2  (q3, q2 , q3), z =11 (q1, q2 , q 

Hoje oApehyjy apeAHocTH ,aeHapToEmx Hoop/1,1mm x, y, z nomohy 

reHepanHcarmx q1, q2 , q3. ilpHmeTHmo Aa ,aecHe cTpaHe npeTxo,aHmx 

jeAHaqHHa mory Aa caApwe H HeKe napaMeTpe, LiHje apeAHocTEI 

rpe6a Aa 6yAy no3HaTe. H3 jeAHaqHHa (1), o6paTilo, mowemo oApe-

AHTH reHepanHcaHe HoopAHHaTe q1 , q,, q3  y ckyinalHjH oljeHapTospix 

HoopAHHaTa x, y, z. 

AKO jeAHoj KOOpAHHaTH, peammo q1 , Aamo KOHCTaHTHy apeAHocr 

C1, a ;we ocTane HoopAHHaTe y3H0ajy Hp0113130.713He apeA,HocTEI, 

jeAHamthe 

x = f, (C1, q2, q3) , y = t2  (C1 , q3, q3) , z = f3 (C1, q2 , (1 1) 

oApehyjy nospunthy. BenHlume q2  H q3  Hrpajy TaA,a y.nory icoopAH- 

tiara (raycomix napameTapa) Tatme Ha Toj nospumHH. Flocne enkimH- 

HHcatba THX HoopAHHaTa jeeatiatmlia °Be nospunthe mowe ce Haul- 

m% orlaHo : 
F, (x, y, 	. 

Oaa noapimma, Koja .o.aroaapa yc.nosy q 1  = Const = C1  3oBe ce 

KoopAuHaigHa tioRputaxa 3a npay EcoopA,HHaTy. Ha catigam 

yenoEly q2 =- C2  oAroaapa Apyra HOOpAHHania nottpunma ca jeAHa- 

tinHom 

F3  (x, y, z)= C3 . 

flpeceic ;lee HoopAHHaTHe nospuilme, Ayw Kojer ce melba canto 
je,AHa reHepamicaHa HoopAHHaTa, pealim0 q1, npeTCTaB.713a KoopAu-

Haa7Hy Jumujy WTO oAroaapa Toj HoopAHHaTH, JeAuanmie Te .nithje 

y napameTapcHom 'pommy ruamemo oBaxo: 

x = J 1 (q1 , C2, C3), y 	(q 1 , C2, C3), z =f3 (q1, C2, C3)•  

21 	reHepaaHcaHe soopalmare. KOOp.IIHHaTHe nospunnie H AHHHie 	§ 1 . 2 

Cinuta 8 

-) -) -) 
TpHjeAap THX oca 3a Ta4Ky M mowemo 03HVIHTH ca MD 1D2D3 . AKO 

--) 

opTom D,, D2 , D3  canHibaaajy 3a caaHy TanHy npocTopa opToro- 
HaAHH TpHjeaap, cocTeM HoopAHHaTa 3oBe ce Opl17020HallaH, y Cy- 

nportiom CAyqajy OH je Kocoyena. 

Y fiesaptoay cucTemy soopasHaTHe tioapwaHe cy paBHH, soje npoaa3e Kp03 

awry ray M H napanenHe cy paaHHMa Oyz, Ozx, Oxy. KOOpAHH8THC AHHHje cy 

npaae napaneaRe soopaaHannim ocama. llonno cy HoopanHaTHe auHaje 38 may 

Tarmy npocropa npaae, Reforms cHcTem je apasolvinuacu. 

Y nonapHo-unakmapw4Hom CHCTeMy ycaoay r = const oaroaapa ILHAHH.W 144 H 2 

 HOEILMIHH21 13216Ka nonyripeqHmsa r ca OCOM Oz; ycaony. (!)-= const oaroaapa pawn' 

hoja npona3H spo3 Ty ocy; Hajaaa ycnoay z = const oaroaapa paaaH napaneaua 

pa2HR Oxy. KoopaaHaTHe ananje 3a oaaj CHCTp2 cy: 33 soopaHHaTy r - npaBa .211- 

HHja ynpamta Ha OCH Oz, 3a KoopaaHaTy 0 - spyacaa AHHHja, sa soopaHHaty Z - 

npaaa nimja napaneaaa Oz OCH. nOWTO CBe soopaHHaTHe nanHje HHcy npaae, 

cHcTeM je xptisonuunciat. 

Y ccpepHom cacTemy 3a Q = const HMaMO otepHy noBpwuHy, ca = const, 

- HoHycHy, 3a = const - pariam. KoopaaHama AHHHja 33 Q je npasa WTO npo-

J1a3H Kp03 TaqKy 0, aa p  - HpywHa JINN* rwaynpegmHaa Q y parula mepHaajasa,. 

3a 1p - spyaola AHHHia noaynpegamsa p. cos P  ca cpeaHmem H2 OCOBHHH Oz y 

palm] napaneaHoj easaTopy. 

Y cHCTCMy e.81111114KHX HoopaHHaTa ycacnay X 1  = const oarosapa noapunula 

eaancoHaa, ycaolay L2 =- const - nospunifia leanoapHaHor xHnep6onon3a, ycaosy 
= const - asospHaHor xunep6onoH3a. KoopaHHanta 8HHilla 3a k1 je npeces XH-; 

F2  (x, y, = C2 

H Haj3ark ycnoay t = C3  oAroaapa Tpeha KoopAHHaTHa noapuimia 

ca jeAHaqiiHom 

EnHmHHHcatbem napamerpa q1  jeAHaqHHe Te Hcre .nHHEije Mory ce 

HarItacaTH H oHaKO: 

F, (x, y, z) = , F3  (x, y, z) = 

Jam) je Aa Kp03 caaHy Tatmy npo-

-cTopa M (ca. 8) npona3e TpH HoopAHHaTHe 
AHHHje, Aye HojHx ce merbajy: 3a [Tay 
- canto HoopAimara q1 , 3a Apyry - q2 , 
3a Tpehy - q3 . Ha caaHoj oA THX AHHHja 

mowemo Ha3Ha4HTH cmep, y Home oAroaa-
pajyha HoopAHHaTa pacTe. AHo Hpo3 TaLiKy 

M nosynem0 AiipHe Ha re AHHHje H Ha 
caaHoj o3HanHmo cmep IIITO oaroaapa cmepy 
HoopAHHaTHe nuftHje; Ao6Hhemo TpHjeAap 
oca, KOjH ce 3oBe Fdpuje,aap oca 2enepa-
nucamax 14)10 KpaHonunaciatx Koopxmailla. 

AKO °prose THX oca o3Hanlimo ca D,, D2, D3 
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.12 A , 

Canaa 10 

• § 1•3 	KpeTarbe TagHe. PeJlaTHBHOCT KpeTaiba. KOH3HHC jeallageme 	22 

• 
nep6o.aoHaa jeatioapHaHor H ABOKpFIJIHOr HAH, KaKO je 1103143TO Ha aHcpepeHuHjanHe 

reomeTpHje, JIHHHJI HpHHHHe Ha jeanoj OA THR nospinaHa. 3a ?.2  — KO0p3HH3TH3 

3HHHja je npecek noapuntHa enuncomaa H DBOKIHMHOT XHilep6030H,33, 33 ?, — TO je 

npeceK nottputHHa eatincomaa H jeamoHpHaHor xtNep6onoHaa. 

§ 1.3 l(peTalbe Tatum. PeJlaTHBHOCT KpeTatba. Holiamffe 
jeAnamllHe KpeTatba 

Yoqumo npaBy H Ha thoj aBe Tatme A H B (ca. 9). PacTojattte 

THX Tattaxa AB = x moixe aa ce metha y -Toxy BpemeHat). Taaa ce 
Kaixe, as ce oBe aBe Tatnce }Telly jea,Ha 
y o,a,Hocy Ha apyry. r1oTnyHo oa Haute 
Boa,e 3aBitcu Kojy hemo OA THX Taqato 
cmaTpaTu xaoHenoxpeTity. KaA cmaTpamo 
TailKy A Kao HenoxpeTuy, Kpehe ce Taqxa 

B; o6paTHo, axo npernocTartimo ,rta je Taqxa B Henoxpenta, Kpehe 

ce Taqxa A. 143 npocTor claaxTa npomeHe y3ajaMHor pacTojaiba THX 

Taqaxa He moixe ce H3BeCTH Heko npBeticTso xpeTatba ma xoje Oa 

THX Taqaxa. Y OBOM cmucay cBaxo xpeTaibe uma pentiOuBalt Ka-

pcucrdep: axo ce Tatuo B Kpehe y oaHocy Ha Ta4Ky A, oitaa ce H 

Taqxa A xpehe y oatiocy Ha raqxy B. JIoK cc Hana3umo camo Ha 
Tay matemaTtaxe, He Mo)KeMo aa peammo name }come xpeTaiby Aa 

aamo npitexcTso. 
BpeMe nporexao oa, jeaHor ao 21,pyror TpeHyTKa npeTcTaB. -ba 

BentiquHy, Rob,  heMo oatiaqaBaTu ca t (tempus), 3a jeamintny Bpe-

meHa y3uma ce y Hayuu cexyHaa cpeatber Bpemetta, a TO je 

1 ago 3Be3aaHor AaHa. Ilpaxrngea npaituna 33 mepetbe Bpe- 
86 164,091 
meHa yraatmom a,aje acTpottomuja. 

AKO ce pacrojathe X melba y Toxy BpemeHa t, OHO ce jaBata 

Kao cpyinantja apemefia, Tj. 

x 	f (t). 

llITo ce Tume nplipoae otivHicuitje f, oHa mopa 6HTH Henpexuatia, 
jep nplipoaa- xpeTaffia npeTnocTaBJba Aa Taqxa HenpexuaHo npe.nalz 

113 jeaHor nonowaja y .pyres. 

Y onturem cayqajy, KaA Taqxa, peuiMO M, melba CB0j no.aaixaj 

He apt( npaBe, Beh npOH3BOJbHO y npocTopy, BexTop nommaja 

BpeMe cmaTpamo aao OCHOBHH nojaM KOjH ce He aecpaHHute. 

23 
	

firma. J1HHHj3 nyTatbe 
	

§ 1 • 4 

__,.. 
r Te Taqxe y oaHocy Ha HenoxpeTHy Taqxy 0 Tpujeapa Oxyz 

ij 

( 1 ) 

	 r 	r (t) , 

rag ca AecHe cTpalle cTojta oapeheHa isexTopcxa 

ttlyHxuuja apryMeHTa t. JeaHaqillia (1) 3oBe ce. 

Kowtow j ex -Laguna icpetriatba igatuce y Beicillop-

CK0.41 otinuKy. llomohy Te jeasaquite 3a CBaKH 

TpeHyTax t 3a Bpeme xpeTaiba moacemo oape-

XATH 110J10/Kaj noxpeTHe Taqxe M. 
BeKTopcKOj jeaHaquint (1) oaroBapajy TpH 

cxanapHe jeaHaquite 

(2) x = f 	Y = fs (0 z = f (0 , 

Koje ce 3oBy Konacctie je4Haquxe Kpet7ialba rfialiKe y AreKapal °Bum KO- 

o 	. 
Kaa je noamicaj Taqme oapehett noMOhy reHepaaitcaHux 'coop-

alma -1. a q 1 , q2 , q3 , xpeTatbe ce oapehyje jeattaquitama 

(3) = q „ (t) , q, 	q, (t) , q„ 	q (t) , 

H.114 xpaTtco 	
q =cl (t) , 	 1,2, 3. 

To cy K °Haulm je dviatitzne vegiama ucagKe y zenepanucanum 

Kqop,gunaitiama. 

§ 1.4 ElyTaiba(TpajeRTopkija). JImmjanyTalbe 

reomeTpucxo mecro Taqaxa y npocTopy, ca xojuma ce y Toxy 
xpeTatba noxpeTHa Tatma noxaana, 3oBe ce fiyiliatba HnH rapajocruo-

puja Rime. JacHo je aa je nyTalba Taince itenpexttaita auHaja. 

Axo je xpeTa ►be Tagke oapehetto BexTopcmom jeallagimom 

r = r (t1, nyTaiba je xoaorpatla re Bewrop-oloymmuje. 
Y cartajy KoxagHHX jeaHaquita y ,L1,exapToBitm moopaitaTama: 

(1) 	 x = 	(t) , 	(t), 	z 	(t) , 

oite mory 6irrit cmarpaHe Kao jeattaqinte nyTatbe y napameTapcxom 

o6auxy, npli qemy Bpeme t mrpa .  ynory napaMeTpa. 

1? 

Crania 9 

(c.a. 10) meHA y Toxy Bpemetta citojy itexTopcxy A  

Bpeattocr H npema Tome moixe ce HanucaTH 
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Cilium 12 

§ 1 	• 61 Ilcanonauncxa xpeTatbe 

§ 1 • 6 Ilpnmepn xpeTama Tawe 

CJIHK3 13 

	

§ 1'5 	 3aKoH urra. AHjarpam nyTa 	 24 

3a6eAexcHmo Aa nyTaibbi npariaaajy canto °He Tatixe, xi* oz,- 
rosapajy spe,aHocTHma napameTpa t H3me1 y, peimmo, to  H t1, am° je 

Kperatbe Holten° y TpeHyTxy to  H cspunino ce y t 1 . 

AK() eaHminthwemo napameTap t H3 jeaHatuma (1), 1[o6Hhemo 

jea,Hamme 

	

(2) 	 (x, y, z) = 0 , 	(x, y, z) = 0 

jeaHe AHHilje, Koja ce 3ose ;map iiyiriame waif immuja iripajeKllio-

puje. JacHo je Aa cse TailKe nyralbe npanaaajy osoj JIHHHJH, ana 
oopHyTH 3aluby9ax Hmje ysem TagaH: AHHHja nyTalbe mowe caapwani 
H TagKe , Roje He npitnaAajy nyTaFbH. 

Y31■01M0 ripocr ncaimep. AKO je xperaibe oapebeno jeaHaqiniama 

x R cos 04, y=0, z =0 

T3 1.1K3 ce xpehe no OX OCH H3Meby xamaxa (R, 0, 0) H (— R, 0, 0) H Ha Taj Haw' 

nyiarba mowe as 6yae HAM jeaaH aeo HUH H ueaa ayac Heaminixe 2R, y3era jeaatinyx 

BAH IMMO nyTa noHoameHa. C apyre crpaHe, axo enIMt^HHneMo H3 ropadtx jeatia-

rifina Hpeme, ao6Hhemo jealimme 

	

y = 0, 	z= 0, 

mojama oaroBapa K30 ammja nyTaise ueaa Ox oca; jacao je as oHa caapacH cent 

Apia] 2R join H !Lae noaynpase, xoje He nptinaaajy nraibm. 

§ 1 5 Saxon nyTa. JI11jarpaM nyTa 

Hexa noxpeTHa TailKa M ornicyje 3a speme xpeTaiba nyTarby L 
(co. 11). 06eoexcHmo Ha tboj oapebeHy Tatug P Rao notieTax mepeiba 

AymodHe nyma nyTaFbe, y3Hmajyhll 
npH ToMe oapebeim cep3a 1103HTH- 

,E1yacing PM ca oarosapajyhtim 
3HaKOM 03HaqHmo ca s (npno C/1080 

Gallica 11 	 zaTHHcxe petni spatium — npocTop, 
nyT, apinma). 

JacHo je as senwung s mwmemo cmaTpaTH Kao xooparaHaTy 

Tatme Ha AaToj nyTaibm. JeaHativitia 

(1) 	 s = s (t) 

oApebyje Taaa no.nowaj noxpeTHe Tatme Ha nyralbri. 

Am) ce y oapebeHom HHTepsany spemena, peimmo oa t o  ao 

noxpeTHa Taima xpehe canto y je,aHom npasuy, s ce meHA MOHOTOHO, 

peummil OA so  Ito si, ancoAyTHa speasocT pa3/IHKe s 1  — so  je ityAmtia 
nyTa KojH je npetuna Tatua. Haj3a,a, axo ce s patiyHa Qa nogerHor  

25 
	

npa1303HHHCK0 xpexarbe 
	 § 1161 

nonowaja Tatme (so  .= 0) H 1103HTHBHH cmep TOT pagylia oarompa 

cuepy xpeTatba Tatime, seninnma s upeliyje npebeHm nyr Tatme. 

143 Tor pa3aora ce jeAHaqHHa (1), xoja Ta,ria nocTawba AHpexTuy 

se3y H3meby Aymcithe nyTa H spemeHa, 3ose 3C1KON fly 
JacHo je as je xpeTatbe Tatme noTnyHo Oztfete -Fro-Raicy aaTH: 

1. 06/IHK nyTaHae ki 2. 3aKOH nyTa. 

LlecTo je y npormsalby xpe-
Talba Tatme o6.tmx nyralbe 14/114 

yHanpea yTspbell (Ha npmmep Ha 
)KeJbe3HHI.111) H/I14 He Hrpa HHKaKBy 
yoory, Taaa ce caw npormsam 
cso,ltH canto Ha npoyliasalbe 3amotia 
nyTa (pacnopea xpeTaFba). 3a urro 
KoHxpeTHHje nocmaTparbe 3axoHa 
nyTa ynoTpe6.7basa ce rpaclowmti mcToa. Y TOM meToay Ha jeaHoj 

OCH ce mepH 'verde t, Ha apyroj nyT s (ca. 12). JeaHatmHH (1) Tam 

oarosapa niumja, moja ce 3ose Attjazpani Hopi opaOta nyTa. 
- 	. 

Tatme npaaa, xpeTaibe ce 3ose Opasimutitioco. 

npasoAHHHcmor xpeTatba .3,0130.1bH0 je y•TBNI,HTH 

n000miaj npase H wipeaHTH 3aKOH nyTa. 
ilonomiaj npase (cu. 13) mom<emo oApe.aiiTH 

jeatiom Tatmom M o  Te npase H opTom D 

ibeHa npasua. 03Ha9Hmo ca r H ro  seicrope 

nonwmaja ma xi* Tatme M npase H TVIKe 

Moi 03HVIHMO aa.tbe ca s pacTojafbe M, M 

ca 3Haxom mojH oa,rosapa cmepy D 

npema ToMe, 3a sexTop /140 /14 CTaBHMO 

M 0 M S D 

Ta,aa 113 Tpoyrna 0M, M ,amamo . 

-> 
r ro  s D . 

Kaa je nyTaiba 
3a oapebHsalbe 
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Capnca 14 

§ 1$61 
	

npaBOAHHvCKO KpeTame 	 26 

AKo cmaTpamo s Kao npomewbHBH napaMeTap, HanHcaHa je,AHa-
tuiHa npeTcTawba BeKTopcxy jeAHatinHy npaBe. 3a Bpeme KpeTatba 
Tatme no npaBoj metba ce camo s H jezmatunia 3aKoHa nyTa 

s = s (t) 

oapebyje xpeTme TatiKe. rIpema Tome jeA,Hatunia 

r r0 + Ds (t) 

je KoHaLitia BeicTopcxa jeAtiamma EINBOJIHRHCKOF KpeTarba. 

Toj jeAHatIHHH oAroBapahr TpH MaapHe jeaHatmHe PICTOF 

KpeTaffia: 

x = xo  + s, y = yo  + 3 s, 

rAe cy o3HaKe ovvirneAHe. 

3a CI:18K0 nojeAHHo npaBonHHHcKo KpeTaFbe KOOpAHHaTliii  TpH- 

jeAap yBeK moAcemo CTHBHTH y cncaHjanaH nono)Kaj TaKo Aa ce 

Tatuca M0  noxnana ca notieTKom RoopAHHaTHor cHcTema H Aa nyTatba 

.1e1KH Ha Ox ocH. Tana je 

xo = yo  zo  =-- 0 7  

a = , i3 = y= 0  

H oA npeTxo.amix cmanapinix je,AHAtisa ocTaje camo je /AHa 

x 	s (t), 

Koja oApebyje cBaKo npaBonmuicKo KpeTathe no yHanpeA, yTHplie-

Hoj npaBoj. 
KaAa je cpyuKuHja s npBor cTeneHa y oAHocy Ha npoivleH- 

JbuBy t, Ti. 

s= at + b , 

KpeTaffie ce 3oBe pamonepto HRH jemiontuco; y CBaKOM Apyrom 

cnytlajy 0110 je nepasuomeptto HJIH tipometubaBo. 

flpomeHnpHso KpeTatbe tiHjH ce 3aKoH nyTa H3pa)KaBa Kga-

APBTHOM 4)yiatHjom BpemeHa 

s 	bt 	c 

3oBe ce jeitnalco iipometubuno  

27 	PaBHOMCPHO xpywzo KpeTame. XMMOHNMHO gpelarbe 
	

§ 1 . 621 

§ 1 •62 RpHBOJIHHHCRO xpeTame 

KaA uena nyTakba Tallice He na,Aa y HcTy npaBy, KpeTatbe TatiKe 

je KpUBOAUHUCKO. 
KpHBoninuicwo KpeTatbe 3oBe ce patmomepno, aKo ce 3aKoH. 

nyTa H3paHcaBa jeAHatumom 

s= at b. 

Y flpOTHBHOM cnytiajy H KpHBOJIHHHCK0 KpeTatbe je nepaBuo-

_wept°. 

§ 1 . 621 PamiomepHo Rpy>ftmo KpeTalbe. Xapmonumo 
xperatbe 

OA KpHBOJIHHHCKHX xpeTaffia HajnpocTHje je vintato xpeiRathe,. 

Tj. KpeTalbe n0 KpywHoj jIHHHiH. 0,,t( Kpy)faufx KpeTalba HajnpocTHje 

je pasHomepHo KpywHo Kperal-be. 3aKoH nyTa TaKBor KpeTafba mo}Ke 

ce HanHcaTH oBaKo 

s= at. 

flyT s pagyHamo ofi. notieTHor nono-

waja P noKpeTHe TatiKe (c.a. 14), a Bpeme 

t ort TpenyTKa, KaA je Tatuo 6Hna y no-

no)Kajy P. AKO ca a 03HBEIHMO ueHTpanHH 

yrao PDAI, a ca R nonynpet4HHK Kpyra, 

Hmamo 
a. a=-. 

R 
=— 

R 
, 

WI N 

(1) 
	 = cut, 

KaA CTBBHMO 
a 
- = W . 

R 

nOUITO yrao a LIOTtlyHO oApebyje noncoKaj TatiKe Ha. KpywHoj 

AHHHjil, OH ce moIxe cmarpaTH Kao KoopAHHaTa Tatme Ha Toj JIHHHjH. 

JeAmituma (1) npecTaB.rba TaAa xonwaiy jeAnatamy pasnomeptoz 

xpyitatoz xpeurawa, ,_ 
flomohy-padHomepHor Kpy)KHor mpeTatba oApebyjemo oco6HHe 

jeAHor -BawHor npaBonaHHcKor Kperatba. 
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wT= 2t  

27t 
T —, 

w 

°lima 15 

29 	Palm:meow xppxtio xpeTawe. XapM0111ICK0 xpenibe 	§ r 621 
§ 1.621 	PaxxoNtepHo xpyxoto xpentbe. Xttpntomicxo xperalbe 	28 

Y3MHMO Ma xojil npetimix Kpyra, Ha np. PQ (ca. 14), H yotiHmo 

Ha TOM npetunixy TallKy N, npojexuHjy rauxe M, Koja ce xpehe 
pasHomepHo no Kpyry. Tatixa N Bp11111 xperaffie, xoje ce 3ose xap-
AionUcico Kperdatbe. 

Am) no.rioxcaj Tagxe N oape.aHmo nomohy Koop2wHaTe x Ha . 

OCH Ox, xoHatniy jemiatthity xapmotuicKor xperaisa moacemo HanHcarki 

(2) 	 x = R cos wt 

JacHo je as je xapmoHncso xperaibe oconalTiopnoz Rapaxrepa: 

TaLiKa ce Kpehe y rparnivama oa + R zw — R. 3a pee T, Kt* 
ce oapehyje H3 ycaosa 

H jeaHaxo je 

nomohaa Tatum M H313pILIH nyH o6pr, je,aaH 1111KJIyC, a ratwa N — 
jeauy lieay ocuHaauHjy. To je nepuog ocutinanHje. Tatma 0 je qvaiiap 
ocuitnautije. Yaa.isethe Time oa ueirrpa je enomeapja noxperHe 
Tatme. Hajseha eaoHrauHja, ayamia R, je aiwt7ntuTiy,4a 
BeakitHma 

1 	CC 

3ose ce piecruanocffi Halt Opeicaeliquja ocumauHje. Osa seaHtuitia 
HMa ammeH3Hjy spemeHa Ha mHHyc npsH creneu, a 6pojHo je jeaHaxa 
6pojy ocuitaauHja y cexyHaH. Aso je 32 speme, pensmo, t ceicyHaaa, 
H3BpaleHO m ocumaauxja, cppexseiniiija Tor xperaiba H3HOCH 

f = — sec —1 . 

3a jeaknimly ippexseiniHje ce y3Hm8 cppexseHuHja Kperatba ca 
jeaHom ocuHaauHjom y cexyHaH. Tatum jeammtuia itipesseHuHja 3ose 
ce quicayc HJ1H xepq ca 03112KOM Hz no Hmelly cpi43H4apa Xepua 
(1857-1894). 

3a KapawreplicTing ytiecrailocrki xapmoithcxor xpeTaHaa mom 
as CJIy}KH H seakitimia 

w 	2rtf , 

Koja je nponopuHoliamia clyemseiniHja f ca Roeciminijewrom nponop-
IIHORSAHOCTH 2 ,1%. Osa seaHtnma ce 3ose icppirna Opeicaeliquja (Hema-
qKH — Kreisfrequenz) HAM riptcaquja (cppaHuyciai — pulsation). 
Kppiala OpexaeHuHja Hma 14CTy Ailmermujy Hao H OpemseHwija H 

pa3aHxyje. ce 0a Ise camo 6pojimm MHo2cHoueM 2r.. 

Yrao \a = wt 3ose ce Oasa ociniaauHje. Aso HMaMO same °cum-

aaweija, jeaHa oa pyre mory as ce pa3aHxyjy Oasuom pamtucom, 

Ha np. 	al  3a mince N, 
. 	

ca no- 

MOhHHM ratixama M2 H M1  (ca, 15). 
Homohy yBeaemix semituma T H f 

mo&emo KoHatuly jefi,Hatimiy (2) xapmo-
H0cxor xperaiba HanHcarH joui H 

x R cos co t =RcosT  t= R cos 2Tc ft . 

Axo, noaasehH notioso o,a Tatme M, 

y3memo npojesuHjy Ni  (ca. 14) Ha Apyru 

ynpasHH npasau Oy, TatlICH N1  Bp11114 raxobe 
xapmouticxy ocumauHjy tiHja je jemiatimia: 

(3) 	-y-----Rsinwt. 

ortse ocumaauHje (2) H (3), Kati, ce spine y HCTOi npasoj, pa3aa- 

TZ 
xyjy ce y 030 3a 	• 

2 
JacHo je as rpaclm nyra ocumauHje (3) ciillycoHaa, a ocini-

aausje (2) xocHxycoima• 
Y onurrem caytiajy mowemo xotiagHy jeariatmHy X2pMOHHCKOr 

xperatha rat:lice HanHcam 
x = R cos (wt p) , 

rae je yrao 3 iiogerdlia Oada ocumauHje. 3a 

tiHHy (2), 3a p = — -2 
  jeallatuiliy (3). 

Ilor.4ohy HomnaexcHor 6poja z y cHmoommoj ipopmm mowemo 

pasHomepHo 'Terme nomohHe Tatixe M, no xpyry noaynpetunixa R, 

ca xppicuom cppexseHutijom w H notieTHom cba3om p, npeTcrasimi 

HoHatmom jeatiatuniom 

icot 
z Ae , 

ip 
A = Re 

TaKo3saaa xoMunexdna ami,-.nuOy,aa spy)cHor xperalsa. To je sewrop, 

HHTeH3HTeTOM oapebyje no.nynpetimix xpyra xperatba H 

CHOiHM noaomjem (aprymexTom) notierHy cpa3y xpeTatba. 

p = 0 Hmamo je,aria- 

i(o)f -1- 13 ) 
z = Re 

HJ1H 

rae je 
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CJIHKa 16 

3' 
	

OcunnaTopKo KpeTafbe onwTer KapaKTepa 	 § 1'622 

JacHo je aa CBaKH ;leo, peaaaH H.1114 11HCTO HmaraHapaH, KOM-

nnexclior 6poja z oApeljyje oaroBapajyhe xapmoHacKo KpeTaFbe. 

§ 1'6211 
	 Onaaajyba xapmotuicKa ocuunawija 	 30 

clowro je 

ay+1 
	, 

§ 1.6211 OnaAajy-ha xaphionucica ociumagnja. 
Jlorapicramom Aexpahturr 

Y0 1114M0 IIOHOBO tcpyamy JIHHHjy noaynpeHHHKa R. Kpo3 TagKy P 
(ca. 16) Te KpywHe aHHHje H0ByUHMO .norapaTamcKy cmipany Hmja 

je jeaHataHHa 
—k 1 20 

r = Re 	, 

rae cy r H H noaapHe KoopaHHaTe TatiKe 
K crnipane, a 	110314T111311a KOHCTaHTa. 

ilpema Tome, KaA yrao 8 pacTe, apKHHa 
noTera r ona,aa, HeKa caa yrao 0 pacTe 
IIp0I10pRHOHaJIHO spemeHy, Tj. 

= wt, 

rae je w oneT cTaaaH KoecimmijeHT. Y Tom 
cayHajy 3a npomeH.THHHy AyAmay noTera Hmamo 

—4 24 
r = Re , 

rae je 	= wk., 2  HOBa nO3HTHBHa KOHCTaHTa. 

KoucTpyHammo caa npojeKuHjy L Ha ocy Ox Taqice K WTO ce 

Kpelie no aorapHTamcKoj cratpaam. KoopaHHaTa x Te Tatnie Hma 

BpeABOCT 

(1) 

KpeTafbe TaHKe L je K.Baea-riepuo4agno xpeivatve H TO onagajyiia 
T; 

xapmonacica ocqu.naquja. Houle nepHo,aa T = 
2 
— KpeTaffie HMa HcTy 

(1) 

cpa3y HO TatiKa HeMa HCTH noawKaj. Oa TpeHyrKa t = 0 nocae csa-
Kor noaynepHoAa amnaHTyae Hmajy y3acTonHe speaHocTH: 

ao =-- R, a1 = Re—x , 	a,— Re -2a, • • • 7 

= Re— 0- 	av+1 = Re --(v+1) 76- 

rae je 	1103HTHBHa KOHCTaHTa 
k=7: 

=  

KOHCTaHTa Hma speAHocT 

= log a„ — log a,-F1 

Tj. jefimaKa je pa3.nifui npilpoarnix JIOrapHTaMa /Lae y3acTonHe maim- 

Tyae. 1-13 Tor painora ce Ta KoHcTawra 3oBe' )Rozapairiamcicu „awe- 

xenra ona,aajyhe xapmoluicKe 
AKO 3a oapeljHaaise oBe ocamaauHje yseaemo eaemeHTe: 

1. noveTHy amnanTyay R , 
2. nepHoa T oarosapajyhe xapMoHHcKe 0C11,11.11aWije H 

3. .norapHTamcKH AetwemeHT 

jeaHatmly (1) moxcemo H OBaK0 HanHcaTH 

x 	R e 	7' cos (2rc —
t ). 

§ 1.622 OctiilnaTopEo xperatbe onnrrer Rapatcrepa 

3ammc.nlimo Ha npaaoj p aymc AB (ca. 17), Ha osoj TaHKy 0 ca 

AO = OB = p . 

Ca. 17 

flpernocTasHhemo AA noKpeTHa Tatma M 3a peeKpeTaffia He 

Hanyarra .11,37)1( AB. AKO Tatma M npoaa3H lip03 Ta4Ky O, npBo, y 

je.aHom cmepy H Kpehe ce c jeaHe mane re Tatme, na ce spaha H 

npoaa3H Kp03 TagKy 0 y cynpoTHom cmepy, Kpehe ce c Apyre cTpaHe 

Te TagKe, na ROHOBO spaha H npoza314 Kp03 Tatncy 0 y HpB06HTHOM 

cmepy, Kaxce ce ,aa TarlKa M span( iipaBommucico ocquaaraopHo tcpe-

oarke oxo TagKe 0. Kperaffie TaHKe M H3meby Asa y3acronHa npo-

aa3a Kp03 TaLIKy 0 ca HCTHM cmepom KpeTal-ba npeTCTaBJba jeaBy 

octmaaqujy TatiKe 114. Bpeme T H3Meljy °salon ,asa y3acTonua npo-

aa3a je Bpute octoptakfuje,. 
AKO npasy p npeTsopHmo y ocy, noaoHcaj Tain‹e M moxcemo 

oapeAHTH Koop,aHHaTom X, ay)KHHom OM ca oarosapajyhmm 3HaKOM. 

CBaKa ocunasHja, Kao 14 cHno Apyro npasonHHHcKo KpeTaffie, °ape-

byje ce 3aKOHOM nyTa 

x = f (t), 

— k 2  t 
x = Re 	cos w t 
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33 	 OcunaaTopuo Kperatbe onurrer KapaKTepa 
	

§ 1'622 

§ 1'622 	 OcuuaaTopno KpeTame onurrerKapaKTepa 	 32 

f (0) 	0 , f (T) 	0 . 

flopea Tora, 3a csaxy ocamaaHjy Tpe6a Aa nocTojH Taxaii TpeHyTax 

t,=kT, rue je 0 < k < 1, 3a KOjH je HCTO Taxo 

f (kT) = 0 . 

flpH Tome icoopAHHaTa x ocTaje y HHTepHany OA 0 AO t1 , PeaHMO, 

1103HTHBBa, a y HHTepriany OA 4 Ao T HeraTHHHa HAM o6payTo. 

BpeMe ocumallaje T H 3axoH nyTa mory 6HTH pa3.ali4HTH He 

camo 3a pa3Ha ocumaTopHa xpeTaiba Taqxe seh H 3a pa3He, pe1.1141V10 

H y3acTonHe, ocumaaHje HcTor ocumaTopHor xpeTaffia. 

CBaKa ocaHnamija HMa y'onurrem cayqajy axe amnakiTy,zie — TO 

cy HajBeha oTcTynaiba Tatile M oa Tatme 0 Ha jea,Hy H apyry cTpaHy. 

Cam° y cneaujaaiiHm c.nyqajeHHma Te ABe ammiiTyae mory HMaTH 

HCTe apeAHOcTH. Ha C41411,0 18 noica3aHH cy 3aKOHH nyTa 3a AHe Ha- 

Ca. 18 

peaHe ocamaaHje Koje ce pa3.racyjy lam ispemeHom ociumaaHje H 

ammakiTyaama, Tam) H 3axoHom nyTa. T je BpeMe npBe ociumaaHje, 

- Apyre; a, H a, — ammakiTy,ae npBe ocamamije, a'1  14 a', — am- 

napiTyAe Apyre. 
Y0 ,414110 je,a,Ho ocumaTopHo xpeTatbe. Axo je xpeTaibe Taqxe 

KoA CBHX ocnimaoHja Tor xpeTatha HcTo, ocuaAaTopHo KpeTaffie je 

FzepuoMPOio. flepHozumocT je oco6HHa Koja npHriaaa camo cneuH-
jaJlHHM ocamaToPHHm xpeTatiAima. OcumaTopHo xpeTatbe moxce, HO 

He mopa, 6HTH nepHOAHImo. KoA nepHoAHronix ocumnaTopHHA Kpe- 

Talba 3aK01114 nyTa cy HCTH 3a ale ocamaaHje aaTor xpeTaft,a. Bpeme 
nepHoaHqHe ocaHnamije je }bell iiepttoR. H xo,zi - nepHozwinnix 
naaHja ammuiTy,zie a, H a, mory 6HTH pamilqwre, a gory 6HTH H 

HapotaiTo je Hamcati oHaj c.nyqaj nepHoawimix ocamamija xa.a 

ce nepHoa T Ae.nH y Asa jealiaxa ama (k = 1 ) H xaa je xpeTaibe 
2 

y jeaHom ,amy ciimeTplitnio ca xpeTaiipem y Apyrom Ae.ny. cl)yinalHja 
f(0 3aKoHa nyTa 3HAOHOJba6a TaAa ycAos 

f (0= — f (T — t), 

H TO sa cse Bpeme ocamaaHje, xi* paqyHamo, Kao H palmje, OA 

t = 0 ao t = T , npH qemy 3a t = 1  T Hmamo 
2 

Y °Isom caytiajy ammwry,ae a 1  H a, cy jeaHaxe, Tj. a1  = a2 = a. 
flpHmep 3a °Haim nuiloaHtnio ocamaTopHo.xpeTaffie npinia3aH je 
rpackincom nyTa Ha c.iniun 19. 

CAKKa 19 

Axo je npH ynopebmaiby ocaH.aaaHja, 611.110 14CTHX 6mo pampa 
ocumaTopHHx xpeTatba, apeme ocumauujoHcTo, ocalcaanHje ce 3osy 
usoxpow. H3oxpoHe ocumaumje mory 6HTH nepHoAHLTHe, ca HCT141,4 

14.1114 pa3Hrim 3aKoHHma nyTa, a mory 6HTH H HenepHoatique, ca pa3- 
AWIFITHM 3aKoHHma nyTa. AmnAHTyAe H8OXp01414X OCLOVIaBtija mory 

raxobe 6HTH paliniqHTe. 

3 PEUKOHKAHK MCX31111Ka 

KOjli y noTnyHocTH xapawrepknue xpeTam Tatme 3a ispeme T. AKo 

Hpeme t paqyHamo oa TpeHyrKa npoaa3a TagKe M xpo3 0, Hmamo 

Asa ymusta 
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Calm 21 

Sh4HHI4M0 join jeAfty 
BaNaly nptimeA6y 3r se3a 
ca ocuanaTopHam xpe-
Tatbama. 

HMa captajesa, xaA 
y HH3y ocuananaja csaxe 
Ase y3acTortHe °alma-
twje He noHaaJbajy HCTO 

ocuanaTopHo Kperakbe H 

He xapatcrepauty npema 071 

030 

0"20 

071 

34 

icorxapaxTepa; xapmottacHa 
OCHHAaltHja 

npeTcTas.rba novae cneutt-

Lay a, y 1kTO Et`peme, 14 
HajjeAttocTasaajy spcTy ocusnaTopHor 

AMO, y ticTom cmepy (nporpecaBao xpeTatbe), anti Ha npou3sorbatt 
aitaH, tbeHa npojexusja sa cTanatt npegttax xpyra spwa ocuana-

:Ag le y (t) 
ysex, peuamo, npott3son,Ha ttlytualsja spemetta, xoja pacTe. 

06e amnntrryAe osor xpeTatba amajy acTy speAttocT, jeAttaxy nony-

eTatba Tatme. 

Xapmottacaa ocuanausja, xao tuTo cmo stmens4, cToja 

opt° xpeTatbe no 3axotty nyTa 

npetutaxy nomo 

se3a ca pasHomeptuot xpeTatbem nomohtte Tagxe Apt( apyame 

•622 	
Ocusnatop  

Hje. Axo ce Ta nomobsa Taitaa tipiohe no xprattoj 
JIHHHill, pe- 

xapmottacxe unanaje, Ho He o6yxsaTa octuinauale onurrer Tana. 

npeTxoAttom naparpattly, npercTatima npamep asoxpoHe Itenepaowitte 
ocuttnausje. Axo 3axott nyTa 3a npsy ocusnausjy pmemo y 

06aHICy 

pagyHaiyha speme OA t ---- 0 , 3a Apyry 
ocusnausjy, BOA ycnosom Aa 

BHI1HMO 

Aa npasonattacxe ocuananaje mory 60TH seoma pa3tto- 

speme oneT pagyxamo 
,OA 

nogeTaa Te ocusnausje, 
BOA 	Tpe6a 

HanacaTa °sax() 

rAe je T = - 	

Kaxo jen,Hattatie (2) a (3) tie Aajy acTa nonoacal 

TatiKe 3a 
HCTH NiomeHaT 

t, 
xpeTatbe Talute Haje nepaofistuto. 

onacax Apyra ocu,anaTopaa xpeTatba Ta=me /V1 caw Tagxe 
0 y pasta,' 14 y 

(1) 	
x =-- R cos cp (t), 

npocTopy. 	
eTatba y p 

beH
ecittxa p ca cpe 	

l 

np 

 

Tatb
np 

 a y npocTopy Tatua M Be
He HanytuTa oApebetty 3anpetanty, tta np., 

3aematty onTe nonynpegHaxa p. Ca npamepama ocusnausla y paring 

Ocuanau,aj hHor xpyra. 

14 y npoc Topy yno3tt 	
semi ca ahemo ce y 	

ca6apatbem Asa H saute 

npasonattacxax xpeTalba. OsAe hemo HasecTa camo jeAatt npamep 

Xapmoaticaa ocuanauaja, xoja onaAa, xoly cmo attana3oHana y 

ocu tinaTopHor xpeTatba y pastta, xpeTatbe 3em.ibana non y cenePxol 

nonapHoj 06AaCTH, 

xojy mow.emo 36or tbeHax nevaTtutx pa3mepa 

(2) x ----- Re 

y o6nacT pas Ha oxo Tatme 
0 , p

eunMO nospututty xpyra nony-

(3) 	
x = R e 	

cos co t , 

Caa a 

tituto cnyttaly npasonattacxor ocuanaTopaor xpeTatba mory 6trra 

oc a xoja oArosapa jeAttagatta (1) npeTcTapaba yonurretbe 

2 

Y cnyttajy xp
astut TatIKa M 

He Hanyurra oApe-

u.) 
1% 	

■ 

tio speTatbe onulTer xspotaepa 

asturem y Tatuot O. 
Y cartay ocusnaTopxor xpe 

— k 2  (T + t) 

— kn cos cut  ,  

35 
	 Cnarakbe H pa3aarathe speTas.a 

	
§ 1•7 

cmarpaTH 3a pasHy. CJIHKB 20 Aaje TO Kperatbe y HliTepaaaHma: 

1890-91 T. H 1900-01 r. OCTaJ1H 1103HaTH noAatta, 3a spade oa 

1890 T. Ao 1938 r., HHCy HaseAett, jep 6H mum Hcnana cystnue 

Homn.naxosatta H Henperne.rtHa. 

I 
I 

-0.-1890 .----' 

1901- 

1891 

I 
I 
I 

. 

0"30 0'20 010 0 	0.10 (Y20 0'30 
Cnitica 20 

Tome neptioAatuto xpeTatbe; rpyne ce 
H y HCTOj 

§ X •7 Cnarame H paanarame KpeTalba 

KaKo cmo tumult, (§ 1 •3), csaxo xpeTatbe Tatixe moncemo oApe- 
,71,HTH BeKTOpCKOM je,/111W1HHOM 

OM= T = r (t) , 

rAe je OM = r sexTop nononcaja noxpeTHe Ta'IKe M y oAHocy Ha 

HenoxpeTay raga),  O, a r (t) sexTopcxa ctlyttxuaja spemeHa. 

0 

Tome came no ce6a jeA- 
HO :leptio,a,Htmo xpeTatbe, 0'2 
anti Aa oHe npanaAajy 
rpyria, peummo, oA k y- 0'3 
3aCTOCIHHX pa3.11Ht1HTHX 

octutaaaaja x A a ce Taxse 
rpyne neptioAtpum no-
Has.lbajy H crsapajy npema 
noHawbajy, a y semi ca THM noHarybajy ce y HCTOM peAy 
cpopma H nojeAaHe ocnanauttje rpyne. Flepao.a Taxsor neptioAtmor 
xperatba je 36ap spemeHa CBHX ocuanauttja xoje catunbasajy rpyny. 

Ha mum 21 Aar 
je npamep raxsor ne-
pacatmor xpeTatba. 
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§ 1 .7 
	 Cnarathe a pamarathe KpeTarba 	 36 

Kao csann senTop, senTop r mo)ne 6HTH pe3y.nTaT ca6pipaffia 

Ana 0110 acme noce6ssx senTopa, OA KOjHX, y 011IIITeM cariajy, 

CBaKH mowe 6HTH elvsnusja spemesa, Tj, 

-÷ 	-4 
r = ri (t) 	ro (t)± . 	r„(t) , 

rAe je n 6poj senTopa nomnosesaTa; Taj 6poj mosce 6HTH gan 

6eCKOHaLIHO BeJIHKH, a I-10A npernocrasnom Aa je oArosapajyhn sex-

TOpCSH peA nossepresTas. CB2K0 xpeTal-be, oApelieso jeAsagssom 

ri =r1 (t) , 	i = 1,2, . . . , n 

je Kon2uoxexuixo Verrialbe TatIne M. 

AKO cy jeAan H.114 smile KOMII0HeHTHHX senTopa CTaJIHH, MO-

weld° HX HCKlbytIHTH 03 OnHCHBalba npeTatba Tatine M H TO Ida Taj 

HatIHH ILTTO hemo 3a HOBy nenompeTny Taxncy, mecTo TatIKe 0, 3TM 

TatIKy 0', xpaj reomeTpncnor 36spa CBHX CTaJIHHX KOMII0HeHTHHX 

Beicropa. 
0Ape1jssai-be pe3y.nTasTsor npeTarsa nomohy KOMII0HeHTHHX xpe-

Tatba npeTcTasisa onepaosjy, noja ce 3ose cnazatbe Aanix npeTaisa. 
06psyTo, oApebssatbe Asa HJIH smile KOMITOHeHTHFIX Bewropa, nnja pe-
3ynTanTa oApebyje AaTo npeTaffie, je pToi3nazaibe Tor AaTor nperatba.. 

Ysobeise KOMII0HeHTHHX npeTafsa HMa, yrnassom, 3a us.Ts nper-
cTatusaffie senor xoMIInoKOsaHor xpeTaisa noMOhy BHWe npeTaiba 
jeAsocTasssje npnpoAe. 

HaseAnmo senonsno npoMepa 3a c.naraffie x pa3.naraffie xpeTafba. 

Cizaeame Rsa pasnoniewia veal-alba 

Y reomeTpraja je 1103HaT tlitTaB HH3 KpHBHX assaja, xoje cy 
Be3aHe 3a npeTaffie Tatme H npeMa Tome ce cmarpajy xao npuse 
nuseisaffiutocoe rtopen.na. Y cDopmspatby OBlix npusnx massy yaory 
srpajy Asa enemesrapsa nomnosesTsa RpeTaisa: 1. npasomniscxo H 

2. npymso. Cacramrsesa oA Tansa Asa enemesTa, npeTaisa gory 6HTH 

KaK0 y paBHH, TaK0 H y npocTopy. 06o so ce ups Tome nperno-
cras.npa Aa je cam) e.nemesTapso KpeTa ripe passomepso ca 3aKOHOM 

nyTa H3paxcesam jeAsanssom 

s= at + b , 

&Is napameTps a a b 3a pamia enemesTapsa KpeTalba mory 60TH 

pa3JIHT-IHTHX Bpefi,HOCTH. 

a, ripe csera 11010UKHMO Aa caaraise Asa pasnomepna npaso-
assscna xpeTaisa yBeK Aaje Tanobe npaso.ninicno npeTaise passo- 

37 
	

Cnaraibe if pa3naraH,e HpeTalba 
	 § 1.7 

mepsor napanTepa. lipeTcrasamo clam) O1 KOMHOHeHTHHX npasons-
tifiCKHX npeTaisa jeAsaussama 

- 

r10 + m1 t , 
--) 

r =-- 1"20 	1112 t 
-) 	-+ 

rae cy rim , r20 m1, m2 CTaJIHH BeKTOpH ca II03HaTHM reomeTps-
CKHM Tymageffiem. Cloche ca6npaisa npeTxoAssx senTopa smamo 
jeAsatissy 

( 1 ) 
	

r =-- ro -F nit, 

rAe cy 
--> 
r = r1 	, 
.4 	4 	-4 

r0 = r10 4- r20 

4. 	4 	4 
in = in, + 

JeAsagsna (I) noxa3yje Aa je pe3ynTasTso npeTaise HCTO Tax() 
flpaBOJIHHHCK0 H passomepso, (c.a. 22). 

Cnima 22 

An° cy nomnosesTna npeTaisa Awra jeAsagssama 

ri  = mi  t 
-) 	 -) 

nz 2 t , 
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CnaKa 24 

§ 1 • 7 	 Caaralbe H panorasbe opeTama 38 

 

39 Cnaralbe H paanarame Kperasa §,t" 

     

      

pesynTatinsom xpeTatby oAroHapa AHjaroHana napanenorpama ca -+ 

Hpxom y Tatum 0 H crpatsama nponopuHoHanwsm nz, H m2 . To je 

napanenorpam sa ca6Hpasbe Asa npasonsmactm pastiordepna xpeTatba 

KOJH C.113/>KH 
Imo ocHosa sa ca6Hpasbe Asa xpeTatba, jep ce 3a 6ec-

xpajHo manH istsTepHan HpemeHa coax° xpeTatbe Tatme monce cmaTpans 

xao xpeTalbe npaHonsunicxo H paHHomepHo. 

b. Y3MUMO 
caA cayqaj cnaratba npassonsmcKor painsomeptsor 

xpeTatba ca pamsomeptmm xpyousHm xpeTa -tbem, npH qemy Tpe6a 

pammooans ossa Asa cnytiaj: 

b'. lipaHa nutmja npHor xpeTatba je scomnnaHapHa ca xpyrom 

Apyror xpeTasba. 
Hexa je npEso xpeTatbe A,aTo jeAHatumom 

4 
(2) 	

r, —m, t , 

rAe je m, cTanaH HexTop, a Apyro jeAtiatthisom 

r, --= Rp , 

rAe je R cranini nonynpetunsx 'Tyra H p npomessibtm opT, tusjH nono-

naj oApebyjemo yrnom a ; Taj yrao meptudo y paHon }Tyra ou 

nommaja nonynpetminm 3a t = 0. 3a paoHomepHo xpeTatbe no Kpyry 

moms° 

T je ostsaxa spemeHa. 

Pesy.nTaHTHo xpeTatbe oApebeHo je jeAHaqHHom 
--0 	-> 
r m1 t Rp . 

TpajexTopHja noxpeTHe Tatme je 'masa — reomeTpncxo mecTo 
Tatme nepHcDepHjH Kpyra, %IN je yrao o6pTatba nponopuHoHanaH 
npationnHtscxom nomepatby neaTpa Tor Kpyra. Kaxo je 1103HaTO, 

orsa Rpm ce sone rupoxou,aa• Kum 3a mum 6poj m, moncemo °A-

pe/1,11TH TaKaB nonynpetussm p, sa KOJH HMaMO 

= pw , 

3a cHaxy TpoxoHAy moncemo KOHCTpyl4CaTH Kpyr nonynpetusaxa p, 

KojH ce 3a opeme xpeTatba xoTpiba 6e3 ontssatba no npaaoj napa-

nenHoj ca npaHom (2), a Ha pacTojatby p oit Te ripase• 

Ago je R = p, Tj• ago je 3a,ROBOJbeH yCAOB 
Mi R , 

TpoxoHAa ce nperEapa y umnottAy (ca. 23, xplusa a). 

CnsKa 23 

Kau je 	 m1 > R w , 
H 3Haqu R <p , TpoxoHAa je pacTerHyTa (ca. 23, xplusa b). 

HajsaA, axo je 	m1  < Rel) 
H [Tema TOMe R> p, TpoxoHAa je cTerHyTa (cn. 23, xpinta c). 

3a cacTawbalbe jeAtiatmHa TpoxoHAe y csanapHom o6nHxy }Toe-
AHmo oce ,aelopToinsx scoopAttHaTa H TO TaK0 Rata) je noxasaHo Ha 

Hatuoj CnwuH (CA. 23). JeAssatume Tpoxotme y napameTapcxom o6.71Hxy 
HsrneAajy OBaKO 

X 	t R sin w t , 
y 	R cos (1) t 

rue Hpeme t Hrpa ynory napameTpa. 
b". YLIHHHMO caA Apyry npeTnocTaaKy Aa npaoa npaBoaRtmcgor 

xpeTasba Huje KomnnaHapHa ca pawns xpynmor xpeTatba. 

AKO je HexTop nz, ynpaHaH Ha paBHH 
Kpyra, noxpeTHa TatIKa, Imo LUTO je no3HaTo, 
onMcyje sasofintqy (cn. 24). 3a napameTpe 
sarsojHHHe othumo ce ysHmajy: nonyripeqHmc 
R HHAHHApa Ha Home ce KoHcTpyinne 3a-

Bojtlua H X0,4 3aBOPIt1I4e, KOjH "lima apex-
HOCT pacTojatba h H3Meljy Asa ysacronHa 
sanoja. Jim) je noxasans Aa ce nomohy 
napameTapa R H m, xoA saHojsune HIpa-
>Hasa 

2 TC 
h = — • 

= w t , 

role je w CT11.71Ha Hentstnixa ca AHMeH3HjOM 

[w] = T-1  ; 
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rue cy p H q CIPOMell/bHBH 
oprom y paimiutvia ypyroita. 03Hatilimo 4 4 

yroose yoje rpaom CBaKH OA THX opToBa ca nonyripexiiniyom LLITO 

ooroHapa TpeHyTyy t = 0 ca u H p. 36or paimomepHocTH jeomor is 

opyror KpeTalba imam° 
Cc 	t , 

T 

CmiKa 25 

41 
Caaratbe H pamaratbe KpeTarba 	 § 1•7 

q'•"0 BeKTope nommaja 3em./be H 

je e ou noatieTa y oxiocy Ha CyHtie 

ca rr  M rp;

- 

	To cy BeKTOPH CTaJIHHX 

HHTeH3HTeTa, yoju ce paiiiiomepHo y 

b 

§ 
	 CJISI- 211bC H pa3naraibe KpeTal-63 
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JemiamiiHe 3aHojiiime H3rne.aajy osaxo 

x R cos w t , 
y R sin w t, 

h 	4  
z=-- m it =--- L 

2 Tc 

ayo mecTo npometubline t y3memo yrao a. 

paBHH Kpyra, Tatnat onHcyje Katy 3anopitufy, yoja momce 6HTH cma-

TpaHa H Kao entsiiiiitztaca sasofituaa, jep paHati ynpasHa Ha npasoj 

npaHoomllicyor ypeTatha cetie nosputhily OHOT usinHHopa Ha yome ce 

Hana3H xpiiiia no ealincii. 

pasHomeptia xppyria KpeTaFba. BeKTOPCKy jeo,Haqiiy Taylor ypeTaiba 

AKO 
npaBa npaHoomilicyor ypeTaiba He CT0j14 ynpainio Ha 

c. ilocmaTpajmo cayi cnytiaj Rao cy o6a yomnoileHTHa KpeTatha 

moucemo HanHcaTH 	—o 	—o 

(3) 	
r 	p R, 9, 

P 	w2 t , 

rue Cy  w1 H u2 2  cTaalieyenimnie. 

KpHisa ca Bewropcyom jeo,Haqpiom (3) soHe ce eiluir.ipoxouj./a. 

IlapameTpii Te 'Time cy: 	R2 H OAHOC c = w 1 :w2. Y He3H ca 

spe.atiocTiima THX napameTapa 	moNce HmaTH paiiniturre cnenii- 

jantie clpopme. 
iloyamaimo cao, Kayo ce nomohy enirrpoxoHatior YpeTaiba npz-- 

6oHoclio o6jaiulbaHajy nplaHmalia naaHeTcYa 'Term-ha nocylaTpatia ca 

3emope. 
Kao WTO je I103HaT0, y CBOM CTBapHOM KpeTaFby, npH6olimaio 

nocmaTpaHom, 3em.lba H noaileTe ce Kpehy npil6ninicHo y iicToj 

01(0 	
Kao u.exTpa, pamcmepHo no 'Ty 	

03Ha- 

--0 
rs  =-- — 

H3 oArompajyher Tpoyroa STP (co, 

26, b) coeoyje 
.4 	-) 	4 
P 	rs 	rp • 

.4 	4 
Kayo seFcTopH rs  H rp onHcyjy 

--0 
pasHomepHo KpyMcse noHHje, HeyTop p 

onHcyje enirrpoxmay. Osa enHTpoxowzia H npeTcTawba oHy Tpajey-
TopHjy nnaHeTe, xojy onaucamo ca 3emope. Hama calixa npHoninicHo 

npeTcTawba TpajeyTopHjy Mepicypa. 

2. Cizazafbe xapmonucKux ocau.naoja 

a. Coymaj use ocalinaaHje HcTor npasua 
H HCTe 

ippeytieHuHje. 
Heya cy acre use xapmoHHcye otUlihfloNje jeariaqiiiiama 

x1 = R1  sin (wt 	P 1)' 
xz = R, sin (wt po. 

iloicaocHmo aa je pe3yoTaHTHo KpeTaibe ca je,/iiiatimaom 

x = x1 + )(2 

Tayobe xapmcauricia ocumnanHja HcTe cppeyseHumje 

X R sin (cut + 

H upeolimo joj amnaliTyay R H nogeTHy 4)a3y p 

xnx y o6nincy 	
x= R cos a , 

y =-- R sin a , 

z — a, 

../ 	
., 

/ 	 ".. 

/ 	
\ 

/
\ 

i 	
,...,-----,...., 

r 	\ 1 licToj paimmi o6phy (co. 25, a). Ago 
, HexTop nonoxcaja naaHeTe y oatiocy / 

/ 	Ha 3em./by 03HVIHMO ca p ,

- 

 H3 Tpo- ./ 

yroa STP moocemo HanacaTH 
4 	44 
p =--- — T T  -1- rp . 

AY() cao,a cTatiemo Ha reolleH -

TPIVIHO rneolanTe (co. 25, b) H 3rue-

:item° seKTop no.noucaja Cyllna npeMa 

3eMJBH 

• 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



§ 1 • 7 	 Criarathe H pa3naralbe KpeTama 
	 42 

nOLUTO jertHaltHHa 

R sin (w t p) = R, sin (cut + pi) ± R2  sin (w t p2) 

Tpe6a Aa 6yAe H)2(eHTHTeT 3a csanr spe,aHocT t, nocne pa3sHjatba 

nese H AecHe cTpaHe y 

R sin w t cos p I? cos w t sin p = (R1 cos,14 R, cos Po sin w t 
(R, sin pi  + R2  sin p2) cos wt, 

HMaMO ose Ase jeAtiatuute 

R cos p = R, cos p, R, cos , 

R sin p = R, sin 13 1  + R2  sin P2 

3a oApebmsatse amnaHTy.Ae R H ita3e p . 
AKO noAHrHemo nese H AecHe cTpaHe npeTxo,AHHx jeAttagHHa 

Ha xsa,apaT H ca6epeMo, 3a icsaapar amrintay,ae R Hmahemo 

(3) R2  R12  + R22  + 2 Ri  R2 cos 	(P2 p,) . 

Ca Apyre cTpaHe, aKo nofteaHmo Te jeAtialunie, Ao6Hhemo 
je,aHatmlly 	

R1  sin p, ± R2  sin p,  
(4) tg _--= 

R1  cos p, ± R2 COS P2 

3a oApebHsalbe nogeTHe clia3e pe3ynTaHTHe ocutinannje. 

06pacuH (3) H (4) Hapouwro cy BaHCHH y nportasatby . octutna. -- 
TopHHx npoueca, jep noKa3yjy peunTar Asa ticToripemeHa ,Hajnpo-
cmja TaKsa npoueca. 

lipoyqHmo HeKe cnenHjanHe cartajese. . 
l Amnawry,ae KomnoHeHaTa cy jeAHaKe, Tj. R1 = R2 . TaAa je 

(5) R = 2 R, cos 132 
 2 
Pi  

43 	 Caarame H panaratbe Kperama 	 § 1'7  

P. croa3e cy jeAnaxe HAM ce pailumyjy 3a 2,n Tj. p2  = p, + 2 rt n. 

TaAa mo)temo CTaBHTH 

R R, + R2  , 

P = Pi ------ 132 • 

AKO cy npH Tome H R1 = R2 on,Eka Imam() 

x 2 R, sin (w t + 	, 

Tj. HcTy ocutinatuijy Rao H csaKa YomnofieHTHa octutnanHja caMO ca 

AsocTpyKom amnnHT3rAom. 

y. Pa3.71HKa ita3a H3HOCH 1s HnH yonurre (2 n 	1) it. TaAa je 

R 	— R2 , 

npH nemy npeTnocTasibamo Aa je Ri> R2. AKO je naK H I?, 

oHna je, FMK° CMO HasenH, R = 0 H fat-IKa ocTaje Ha MHpy. 

b. C.ny qaj B if e ocnHaauttja HcTor npasua H HcTe 

cppeKseHuHje• 
AKO Tpe6a Aa ca6epemo mute xapmoHHcKux ocusaanHja HcTe 

cDpeKseHuHje co, Koje cy AaTe jeAHaLnisama 

xi 	R, sin (w t +13,) , 	 i = 1, 2,...,n 

rite cy o3HaKe ottHrneAse, pe3ynTatiTHa ocumattHja je aapebeita 

jenHatutHom : 

x 	x 	7, Ri  sin (w t 	). 

H oBaj 36Hp mowemo 3ameHHTH jeAttom ocutinauHjom 

x Rsin (0,4+ p), 

tg p tg Pi +P2 
npH gemy, cni.mo npeTxo,aitom cnyqajy, 3a oApeblisatbe 

jenHatme 

R H, 
/ 13  

Hmamo 

oAaKne 

= 2 (131+ P2) + n 

rAe je n npoH3swbaH neo 6poj. 

143 (5) cneltyje Aa Hajseha ammuiTyAa y CBHM OBHM moryhHm 
cnyitajesHma H3HOCH AsocTpyKy speAHocT amnaHTyAe KomuotieHTe. 
Hajmatba je npeituocT R = 4, ica,a je, Ha np, P2 = Pi  + IL, Tj. KaA cy 
ocultnanHje cynpoTHor cmepa. 

R cos p = Z R1 cos Pi , 
1=1 

R sinp 	EnRi sin pi . 
=1 

143 OEM jemalutHa cnenyje 

n n 
R2  == 	I?, cos 131 ) 2 

, 	
Ri sin 

1=1 	 1=1 
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Caaratbe H pa3.naratbe K peTaila 	 44 

H 

tg p =( E R;  sin pi 	: 	E R;  cos p ;  ). 
i=i 	 i=i 

KaKo csaKii KBa.lpaT HaneAemix 36Hpona moncemo HanHcaTM 

n 	rr 	77 

Ri  cos Pi 	=E E k Fej cos p ;  cos p ;  , 

( 	Ri sin p ; 	=E I R 1  Ri  sin pi  sin 13, , 
2 	n n 

peoyaTaHTHe amn.nuTyae Mo./ce ce oApeAHTH jeAliatimom KHaApaT 

n 

R) cos( Pi—Pi }( • 
1=1 j=i  

45 	 Cnaratbe a pasnarathe Kpentba 	 § 1 • 7 

Home AHnalba Ha Knaapar H ca6Hpaina 143 ripeTxoxim jeAtiaquHa 
o6Hjamo jeAHaqiiHy 

Rj. 
x2 1-

1 A 22 	R 
y2 	2 

R  
x y  

cos (po — 	= sin 2  (p, — p,), 
i  2 	- 

Koja noKanyje Aa novae ca6Hpalba Ane xapmoHHcKe ocumauHje opTo-
roHanimix npanana, a licnix clipeKnemmja, y ormiTem capiajy Ao6H-
jam° eJ114111•144HO xpeTaii.e. To eaiinTHEIKo KpeTaibe monce Aa AereHepinne 
KaKo y npaeoAHHHcKo Kperaffie, Ha np. oa myqaj p, = p„ H TO no 

npanoj 

- - — - - 0 , 
R1 R2 

x y 

H y Kpyniao KpeTaibe, KaJ je, Ha np. R1 =-- R 2  H P2 — Tamo 

c. Czyqaj use ocaii.naumje panaHqHTHx CTHJIH13X 
npanaaa. H HCTHX cl3peKtieHuHja. 

3aycTarnimo ce Ha cayqajy KaA cy Ana cTanHa npasua opToro-
HaaHa. TamKa npeceica THX npaHaua HeKa je y HCTO speme ueHTap 
jemie H Apyre ocumamije. Ynobetbem KapTomix KoopAmaTa 
momcemo Jae KomnoHeHrHe ocalinaaHje H3pH314TH jeAHaqatiama 

x= R1  sin (cot ± p„), 

y= R2 sin ( w t p, ) . 
One jeAHamEie cy y HCTO Hpeme napameTapcKe jeAHatime Tpa-

jeKTopHje. ,,Eta oapeAmmo °O./nix Te TpajeKTopHje Hcic.7by9imo speme 
H3 HPeTX0.10111X jeAliaqma. KaKo Te jeaHatime momiemo iiarnicaTH 

Ha magi (cA. 26) no-
Ka3aHe cy TpajeKTopHje 
TagKe Koja BpLnH ABe xap-
MOHHCKe ocumaaaHje HCTHX 

amnapiTyv R, = R2 °pro-
roHaamix npanaaa. 1/13HaA 
H HcnoA caliKe cy :Hose-
Aelie panakiKe (Dana THX 
ocx.m.naullja. 

Alianina cayqaja, KaA 
Ana npanaa HHcy oproro-
Hamm, aHmorHa je nperxoA,Hom 
Kocoyme KoopAHKaTe.' 

cAyllajy, canto Tpe6a Aa ce HcKoplicTe 

------ sin w t cos p 1 + cos co t sin 

Y- = sin w t cos R2  + cos w t sin 
R2 

1.13 fbax Henocpexwo cae,Ayje 

A • sin w t = -- sin p 2  — --sin p, , 
R, 

A • cos wt = — —
x 

cos ,,-3 2  + -31— cos p„ 
Re 

A = cos p, sin p, — sin p, cos R2 = sin (p, — 	. 

d. Caaraine ocuimaulija pa3,7114414THX CppeKBeHHHja. 

a. Caaraibe ocumamija HcTlix npaaaua. 

Line ocuHaaaHje ca jeAHatlithama 

x1 = R1 sin (w 1  t pi ) , 
x, 	R, sin (w., t + P2 ) 

y HCTOM npanuy x — oce HajjeAllocTaimmje moacemo ca6paTH rpactamaim 
Ha9HHOM. Ilpema Tome Aa .71H cy clveKnemiHje co l  x w2  camel:a:4113e 
HJIH He moniemo ,11,06HTH nepHo •HLTHa HJIH HenepHoAlitnia KpeTan,a, 
AKo cy w1  H w2  Ane camep.7BHHe nemitaiHe H 

(6) 	W1 	; 	 W2 =. /72 W 

P7 ; 

P2 ; 

rA,e je 
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rne cy: w — Hajcieha 3ajentm4ca mepa, n, H n 2  — ABa Reno y3a-

jaMHo npocra 6poja, mina je 36up 

x 	+ x, R, sin (w i  t + Pi) ± R2 sin (w2  t+ P2) 

nepaonatnia ckytnataja ca nepaonom 
2 

T 	=--- ni  T, n 2  T2, 

me cy T, 14 T2  nepoona npBe 0,11110CHO Apyre ocatt.naimje. 

AKO cy w, a co, HecamewbaHe rienagme, xperathe HMa ocusina-

TOpHa anepaonatiati Hapatcrep. 

p. Cnaraffie ocaanaumja paanaganix npaHana. 

Kao npamep y3MHMO Joe ocatinaaaje )1,y)K opToroHa.nmix npa-
Hato ca painagaram a.na camepamnam cppeRseHatijama H cTaHamo 

110H0B0 (6). 
Alto cy Te ocumattaje pare jenHatuniama 

x= R, sin (w, t 	p 1 ) , 
y = R2  sin (w, t + (32) , 

moncemo °He jeonatame 3ametaiTa jenHatnatama 

x= R., cos wi  t' , 

y--  R2 sin (w2  t' 	gyp) 

rne je t' Hpeme, xoje pagyHamo on momeitTa to , Tj. CTaBHMO 

t = t' 	to  , 

c THM zsa tp 3anoHoJbaHa yc.noo 

wi to + Pi = , 

= (02 to ± c32 • 

AKO H3OCTaBHMO nOHOBO apry Hon t', amamo jenHatimey o6naxy 

x 	cos wi  t , 

y= R2  sin (w, t p). 

HauprajMo can npanoyraomac ca cTpaHama 2 R1  H 2 R2 (cn. 27) 

no npernocTaincom na je R2 > R1  . Ha ocama cameTpaje Tor npaso-
yraomca HaapTajmo xpyactie nmaje npetaanca PP' = 2 R1 H 

QQ' =2 R2 . flonenamo o6e xpyathe nmuje Ha N= n, n2  jentiatmx 

47 	 Otaratbe a na3fiarame Kperarba 
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a Apyry on Ta4Ke 

Q 

,,npHoj xpyactioj AHHHjii 	 Q, 

P ceaxy n,' y, a Ha npyroj on 
Taince Q, cHaxy 11 2' y. Kpo3 nine 
Taqxe ne.rbetba noByUHMO npase 
napanenHe ca QQ', a' Kpo3 npyre 
— napanenHe ca PP'. Taince 
npecexa npamx, Koje npona3e 
Kp03 Tar-we o3HatieHe HCTHM 

6pojem Ha jeoHoj H npyroj Kpy-
ncxoj JIHH14jH, npananajy Tpajex-
Topaja Tatme, xi* Bp111H onia-
tleHe Ben xapMOHHCKe °mina-
mije. Taxo cy Ha Hamoj mum o3HatteHe Tatme 1 H 1 Ha npBOj 

. .oPyroj up),  wHoj JIHHHja. OnroHapajyhe napanenHe npaHe cetcy ce y 

Tacnoi /1/1 1 , xoja npanana Tpajearopaja cnonceHor xperaiba. 
Kao npr, _tme_pe moncemix ccminanaja Hasentimo cnaxe, iv* ce 

3oHy flucancyoBe Ouaype (c.a. 28 a H 0. 

Ji 

T _ 1 

Jr 
2 

14 

.11e)10Ba H TO npHy icpyncay J1HHHjy 0)1, TatIKe P, 

3a xojy Q, 0 P cp. AKO cy 
TH ABROBH BeJIHKH, cHaxa neo 
moweme no,oenaTa join Ha npo- 
H3B0.11DaH 6poj jenHaxax nenotia. 
3aTaM itymeptiammo Tatum Ha 
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48 

J 
3 

• 

Cmixa 29 

FAABA 21PYFA 

Bp3lma noKpenie Tatace 

§ 2.1 Flomepaibe Tain(e. EmemenTapno nomepaibe 

Heka ce Tatixa M xpehe no cmojoj nyTainm (c.n. 29). Yommmo 
RBa no.ammaja one Tatme: je,gam M y TpemyTxy 

-4. 	4 
t, ca nexTopom no.nomcaja OM = r y coAmocy xa 
HenoxpeTHy Tamxy 0, H apyrm M, y mape.amom 

TpemyTtcy t, (4> 	ca Bewropom no.aoxiaja r1. 

BexTop MM„ noxa3yje awyeparbe Taxixe H3 

nanommja M y no.no)maj M, 3a epeme t,— t—A t. 
floMepaue Tamme jeAmaxo je pa3AHRH sex- 

Topa noao}maja, Tj. 	
—,. 	4 	4 	-0 

MM, --- OM, — OM = r, — r = 2.1 r• 

Axo je mwrepBan spemema t, — t= A t 6ecxoma4mo maam, °Aro-
napajyhe nomepaffie 3one ce enemeitiliapto Tioxepatbe. 

Axo ca X, y, z oAmocmo x„, y„, z, 03118IIHMO AeKapTOBe Koop- 

amiaTe Tamaxa M H M, , BexTop nomepaffia MM, mma 3a mooparmaTe 
palrame 	

x 4 	— y = A Y , 
3a e.nemenTapBo nomepathe cy nempimme Ax, Ay, Az 6ecKo-

Ratan° maae. 

§ 2•2 cpe,a,nA 6pan11a 	Bpanna Tatum 

Koncrpylnuamo nomepatne MM„ noxpeTne Tatixe H3 riomxaja 
M y nonommj M, UITO ortrosapa HHTeUBEIJIy Bpemetia — t = At. flpm 
Tome 36or upebemocTm npeTnocTaB.-thamo Aa je t„ > t H npeMa Tome 
je A t > O. 

4 PauRoHanHa mexamma 
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nounHmo BeKTop MM 1  cxanapom At. Ilo6Hhemo BeKTop (ca. 30) 

(1) 	 At = 

KOjH lima: 1. HcTy OCHOBy ca BeKTOpOM 

MM1,  2. HCTH cmep, jep je A t > 0 H 3. HH- 

TeH314TeT y pasmepH — npeMa ApICHHH BeK- 

Topa MM, • 
	 0 

	

TaKo xoHcTpyticaHn BeKTop (1) 30Be 
	 OINKS 30 

ce cpe,rota opsuna fflatuce sa HHTepaa.n ape- 

Mena oA t Ao t 1 . Taj BeKTop HMa sa Hoop,AHHaTe: 

Ax 	Ay 	Az 
(2) 	

At 	At 	At 

JacHc je, Aa y oniuTem cayqajy ca npomeHom At, a 3a CTaJlall 

TpeHyTax t, cpedg,tha 6p3HHa melba csojy sexTopcxy epe,RHocT. flpeT-

flOCTaBHMO Aa cpezuba 6p3aHa Tewm oApebeHoj rpaHHquoj HpeztHocTH 

xa,a, At Tewil Hy.71H, Tj. KaA ce t1  6ecxona9ao ripH6aHwyje Tpetiricy 

t. OBa rpaHH4Ha BpeztHocT, xa..a TIOCTOjli, soHe ce 6pstuta 17-lattice y 

iiipeuyFutcy 1 1). „t(ame: 
Bpstum tioxpegiue iriatirce y Raillom urpexyurxy je 2pculutuut 

Bpe,guociTz KonugaiuKa BeKtTiOpa Tiomepama triaLuce u oxosapajyhee 
unifiepEarza speditena icaa Nat UtirdepBCIA rumu ;gnu. 

AKO 6p3HHy 03Ha9HM0 ca .v (vefocitas — OpsHua), mowemo 
HanHcaTH 

v = Ern 
At-> o At 

Kan je no.nowaj Taqxe o,itpeheH HexTopom no.nowaja OM = r y 

oAHocy Ha HenoxpeTHy Taqxy 0, 6p3HHa je BeKTOpCKH H3BOA Tor 

HekTopa no HpemeHy, Tj. --0 
d r 	• 

d t 
v 	r, 

me IMO Taincom 03Ha9HJIH HexTopcxo AuckpeHunpathe no Hpemeity. 

1 ) npCTIIOCT8BKa At> 0 CTOlif y Bean ca nocmarpathem 6p3nne camp 33 63/Ay/le 

Kperatbe Tagice canu=o Kao I111O moacemo aa nocmaipamo camo, peunmo, Aectiu 113801 

Oy-mmilje. 3a At< 0 }imam° 6panny HCTO Tam) y Aarn TpenyTax aim npema vow-

.71002.111. 3a Oman ipenyTaK o6aaae opaline amajy Huy BeKtopcKy apeanocT, 

mma ca: - 4ajeaa Kau ce jestna 6p3inia paaaaKyje oa apyre, Ha np., y cayvajy yaapa 

TagKe o noaptuany. 

51 
	 Cpemba 6p3naa TagKe. 5p3naa TagKe 	 § 2.2  

rparniquil npaHau TeTHHe MM1 , xazt ce M, npH6.1n11wyje M, Qapebyje 
,1. OCHOBa Opiate je TaHreHTa Ha nyTaH.y y TagKH M, jep 
Bp3Htia. xao BeKTOp HMa oHe oco6HHel: 

Ty TaHreHry. 

2. CMep 6p3HHe je Hanepeti Ha ()Hy cTpatiy,xy,4 ce Taxma xpehe, 

jep cmep nomepaffia MM, oArompa TOM cmepy, a Ae,rbethe ca At>0 

H npenas Ha rpaliwnly speAHocT He metbajy Taj cmep. 

3. Am) nyT s paqyHamo y cmepy xpeTatha Taqxe no nyTatbH, 

HHTeH3HTeT 6p3HHe V jeAttax je H3B0Ay nyTa no apemeHy, Tj. 

ds 
v 

dt 

jep je 	
MMi  „ As ds 

v „ — ion — 

	

at-->o At 	At4o At 	dt 

Flpema Tome, atm ca D osHaqHmo opT TaHreuTe Ha nyraffiy ca 

cmepom y cmepy xpeTaiba Tatme, a y TOM HCTOM cmepy paqyaamo 

S, mowemo HanHcaTH OCHOBHy BeKTOpCKy je.LtHaqiiHy sa 6p3HHy

►  ds 

	

v v 	— . 

flpiameTumo y Ben! ca OBHM o6pacueM °Ho. 3a paqyHakbe ayxa 

s Ha xpuBoj JIHHHjH nyTalbe mowemo H3a6paTH, He3aBHCHO ma o.it 

xatmor xpeTatba Taqxe, onpeijeuM notteTax H oApehent cmep y xom 

Taj .ityx pacTe. [ipeMa TOM cmepy mowemo nocraHHTH H c Aep opra 

TaareHTe D, HcTo Tax° Hesamictio oA xpeTaiba Taqxe. AKO nomohy 
ds 

TaKBa .riyxa nocTainimo 3aKOH nyTa sa xpeTatbe Taqxe, 113BOA — 
dt 

mowe 611TH f103HTHBaH H HeraTHHaH, vim o6pa3an (3) ocraje H TaAa 

Ha 
ds 

canto noA v u — Tpe6a pasymeTH anzebapcxy Bpegliocra 6pswie 
dt 

y oanocy >ta opal' D. 3aucTa, axo je —
ds 

> 0, Tama ce xpehe y cmepy 
dt 

panihetba ayica s, a TO 3Ha9H y cmepy opra D, ILITO oAronapa 

()Opacity (3). Axo je dt 	0, Tatma ce xpehe y cmepy onaAatba s 
dt 

H HMa 6p3HHy cynpoTily cmepy opra D, a TO noHoso oArosapa 

°Opacity, jep ce Taj opr MHONCH ueraTimuum cuanapom. 

MM1  , 

(3) 
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2'21 	Bp311112 FlpaBOJIHHHCHOr Kpe -ratba, ,LI.HjarpamH 6p3HHe 	32 

flowTo Koop,aHHaTe cpex-be 6p3HHe HMajy Hpe.aHocTH (2), !coop-
AHHaTe 6p3HHe y zcaTom TpeHyncy H3paxcasajy ce H3HoTuima 

dx 	dy 	dz 
dt 	dt 	dt 

ti. „aemapooBe Koop„Eumairie dpsume iriatuce jeNiaire cy cicanapuum us-
so,Ruma ,aelcapi7loBux Koop,mitTia ille Fuatuce uo Bpemeny, 

Aim KoHatthy je,itHatuffly xpeTaHA Tatnce, pernimo, 3a x 'coop-
AHHaTy Harnmemo y o6.03xy x = j1  (t), 3a oArosapajyhy 6 y 
pa3JIHRHTHM o3Haxama Hmamo 

, 	d 
dt 

, 
v cos kv, 	vx  v, —

d
XOF 	x' f (t) = —J 1  (t) . 
t  

IIHTeH3HTer 6p3HHe ce H3pa&aHa HMeH01331-HiM 6pojeM. nOLLIT0 

HapawaHarbe HHTeH3HTeTa 6p3Hue ACJIHMO ApicHtly BpeMeHOM, 
Aumen3Hja 6p3HHe je 

[ vj = LT-1 , 

1- .3e cmo, fax° je yo6H9ajetio, nomohy cpex-be 3arpaAe o3HainaaH 
3,HmeH3Hjy }bond o6yxHaheHe HenHinip.e, ca L — apicHxy, a ca T — 
Bpeme. 

Y TaK03B3HOM ariCOJZYWHOJW cncTeMy 3a je,alumuy . 6p3HHe ce 
y3HMa 6p3HHa oA je)Hor neHTHmeTpa y cexyHJAH. 

§ 2°21 BpaHHa npaBoaomocKor xpeTalba. Anjarpamn 6panme 

Kao HITO cmo HyTke.rm (§ 1 . 61), KoHaqHa HexTopcica jemiatn3Ha 
npasommHocor xpeTatba mowe ce HanucaTH 

4. 4 
(1) 	 r = r0 + sD , 

--> 
r,ice cy r, H D CT3JIHH BeIcTopH, a s cloymumja HpemeHa. 

3a oApebkmalbe 6p3HHe v Tor xpeTaisa Tpe6a micl3epeHuHpaTH 
(1) no HpemeHy: 	

-) • 	ds v =--- r 	. 
d t 

rlowTo je HexTop D cza.naH, 3ax,apy9yjemo 	opium ripaBo- 
nunuctcoo xpeFfiatba yBeK uma TipaBaq two u calla rtpaBa Ityrdatba. 
flpems Tome 3a QapehHHaibe 6p3HHe xpeTaiba no yHanpeA AaToj 

53 	 Bp3HHa npasoalitmocor xpetaw. Rvjarpamm 6p3HHe 
	

§ 2 . 21 

npaHoj Aoso.a)Ho je 	 ic 3HaMo camp canap 
ds 

= s', Tj. aare6apcxy 
dt 

spe,D,HocT 6p3Hue. °Ha je 1103HTHSH3 KaA ce 	xpehe y cmepy 

-opTa D, a HeraTHHHa je y npoTHi3Hom caytiajy. 1 -beHa ancanyTaa 
Hpe,aHocT je.aHaxa je HHTeH3HTeTY 6p3w3e. 

H y cayqajy ECPHBOAHHHCKOr xpeTaFba H3BoA s', ;Tema je ialia-
gkian (3) npeTxoAnor naparp4a, ta,apebyje HHTeH314TeT H cmep 6p343He 
npema TaHreHTH Ca yHanpeA 03aageHHA cmepom. Y MHOTHM noTatbmma, 

xa..1 'Jac HTH He narepecyje o6.in nyTai-be, tines je off ynanpea 
anaT, aa oueuy YHOJIHKO ce xpeTaffie BPILIH 6Nrce HRH cnopHje, 
cay)En canto azre5apctca speAnocT opaline, a nonexa 	canto fbeft 

•HHTeli3HTeT. 

3a wro xouxpeTHHjy npeTcTasy ae3e anr:s..6apcice spe.tinocTa 
.6p3HHe (xpaTxo — 6p3HHe) -613.no HpemeHa, 6Hao noawicaja Tatme, 
vecTo nyTa ce ynoTpeo.rbyje rpactmcno(i meToa. 

Kam° ca yaoliefsem 6p3HHe v HM3MO TPH HPODrIeHJbHBe He.m4HHe 

s, v, t 

mwxemo HaupTaTH Tim rp4axa: 

1. rpattal< Lyra Kao CP'IHKHHje ape-
Melia, s = s (t) , 

2. Fpactrax 6p3nHe mao cibytncnnje ape-
Mena, v = v (t), 

3, Fpacinnt 6p3nne mao clvincunje 
nyTa, v = v (s), 

nppi 	csann rpadpmc oapetlyje 
nepaily cpyHmumjy, Ha rip., npema noTpe6H, 
mwxemo H3 npHor rpacjmxa oapeTniTH r) Q, 
Hpeme t y Tpeny -rxy no.nomcaja Tagxe Ha 
pacrojalby S. 

Haseaumo HeRwn4Ro npHmepa rpa- 
	 t i  

cj“-ca. 
1. Ha CJIHLjH 31 nmamo: 

a. rpacjmx nyTa pasHomepHor xpe-
Taiba — oTcegaic npase aHHHje ca jeaua-
4HHOM 

s = (t — to) + so 

0/3, Tatoce Po (to, s0) Ao Taince P, (t, , s1). 

R ? 
2.........___0  

, Z' 	i 

so 	S, 	S 

CJIFIKa 31 
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s = R sin cut . 

a. rpacinaH nyTa  je cuHycomAa, b. rpaepHic 6p3HHe y cjvHkunajH 
HpemeHa — KOCHtlyCOH,II,a, C. rpacpm 6p3HHe y nyTa — 
eminca qmja je je,T.LHagima 

S2 	V2  
	= 1 . 

R2 	R2  (02  

§ 2.3 Kaaiwax 6paime 

H3 OCHOBHe je,aHainaHe 

v = ds  — 
dt 

je napa6ona; b. rpaelmH 6p3HHe imja je jemiatnnia 

v = s' 2at b 

je npasa H c. rpacjm 6p3HHe Kao cpyHkuHje nyTa s je,aHatme 

v2  = 4as + b2  — 4ac 

t 
to  

Q, 

Q471v 
,v, 	' t 
to 	t, 

Cnima 33 

U 

3,)  

OINK& 32 

R. 

1 14 	S 
IS, 

§ 2•21 	Bp3HHa 11POHOJIHHIICKOr KpeTafba. ilajarpaasu 6p3mfie 
	 54 

b. rpact•Hic 6p3HHe too ellymnHje HpemeHa — orcegaH npase 

v = const. 

0,1 Tagxe Q„, (to , v) .ao Tatum Q, (t, , v) . 

c. rpacjam 6p3mHe Hao clvinawje nyTa — mem( npase 

v = const. = v, 

OA TatiKe R1 (s0 , v) AO TagKe R2 (s1, v). 

2. C.ama 32 Aaje rpacjaHHe je,LLHaHo npomewbimor HpeTal-ba: 

a. rpaclm nyTa tmja je je,aHaqHHa 

s = at2  + bt + c 

55 
	

KBaimaT 6p3HHe 	 § 2•3 

Tamobe je napa6o.aa. flpeMa spe,aHocnima napameTapa a, b, C H 

spe,amocnima t0  14 t1  rpacpHHH HMajy pa3.7m9HTe no.noxaje y paaHH. 
Aim) je H3Bp11114TH enemewrapHy allainny npomeHe nomaaja Ase 
napa6o.ie H npase y HesH ca npomeHom THX napameTapa. Ha CJ1HUH 
je rpactum A8T jeAH8t1HHOM 

	

1 	1 	1 

	

S = 	t2 	— t  

	

3 	3 	3 

H co,apebeH y HHTepHany 
t, = 2 H 	--=--- 5 . 

3. Haj3a,a, cum 33 o,arompa xapmomicHoj ocumnauHjH je,alla- 

3a HHa,apaT 6p3HHe Hmamo, 

v2  (ds = dS 2  

\dt ) 	dt 2  

ilpema Tome ce oapebkome Kea,apaTa 6p3HHe crio,aH Ha o,ape-
b0Hafbe HHa,apaTa enemeHTa picime 2Dria — ds2, Koju ce 3ose nieruputtica 
Oopja. CBaKOM KOORAHH8THOM CHCTM o,aroHapa merpHtna 4lOpMa 
3a Te Koop.ammaTe. 

3a ReicapToEse KoopAHHaTe meTpatma 4opMa Hma o6ui< 

ds2  = 	dy2  
a ithaapaT 6p3HHe 	

V2  = .7e2  y'2 	zi 2  

3a Koje 614J10 HpHaoaHHHcHe xoopAHHaTe 91 (h, q3  BeKTop 

nono.acaja r Tatoce M Tpe6a cmaTpaTH Kao 4iyHKuHjy THX HoopAHHaTa 

dz2  , 
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57 56 2 • 3 

§ 2.3 K BaapI T 6 1`3 11 He 
Ksa,apaT 6psiiHe 

r.ae je, na 3a opToroumnu uicTem RoopAHHaTa Hmamo npHmep, q 1 ' 	, a • 	 je AevaHmHriaH BeRropcim 113- 

dt , 	aq, 

4 
Or = A3D 
0q3  

Or 	 Or 	-4 
, — A 2D, , 

aq3 	 aq, 

flpema 
je,aHatuitiy 

(2) 

Tome H3 (1) 3a 6p3HHy moHcemo HanHcaTH neRTopcxy 

— A, q1' D i  + A, q,' D, + A3  q3' D, , 

rue cy 
A_1  qi" 	A. go' 	A3 q3' 

aare6apcRe BpeztHocTH RomnoHeHaTa 6p3Hae 3a oce TpHjeapa RpHno-
J114HHCKIIX Roopaimara, a A, dq, , A, dq, , A 3  clq, — RomnoHeHre eae-

mearapHor nomepaiba. 

(6) ds3  = A 3 3  dq1 2  + A2 3  dq2 2  -I- A 3 2  dq3 2  

a oat oner, caaRy ca ce6e, Rao cpyHRuHje Hpemeria, flpema npaimny 
3a ,aH(l)epeHumpai-be c.vio)xeHHx cpyHxamja Hmamo 

• 	dr 	Or 	, Or 	, ar 
v r = = 	 , 

dt 	aq, 	aq, 	aq, 

rite je, Ha rip., 

B, = 
Or dr ) 	 4 -4 

A.,A, cos (D 2  D3) 

Ox ax  ± ay ay ± Oz az 

0q3 0q3 aq3 aq3  0q2 dq, 

(1) 

Boa neKTopa no,nox<2ja no moop,annaTu q, . KoopAHHare Tora H3no,aa cy 

Ox. 	ay 	az  
0q, 	aq, 	aq, 

CBaxH U7 THX AenHniHgHHX neRropciGix 1133o,aa Hma npaHan Taii-
renTe Ha QaroHapajyhy Roop.aHHariiy .aHHHjy, a cmep oHaj y Home 
oaronapajyha Roopz(HHara pacre. flpema Tome je 

—> 
rn,e cmo, Rao H patthje, ca D„ D2 , D3  o3HaHH.Tai uprose TpHjeapa 

RoopirmHaTa q,, q2 , q3 , a ca A 1 , A 2 , A 3  HliTeH3WITTH oaronapajy-

hm newropa; )aline, Ha np, 

Al 
	(:3) 2  ±( +( 	az  ) aqi 	aq 

FI cakiHno 3a nomepai-be 
-4 

(3) ds = A, dq, D S  ± A3 dq2 D2+ A3 dq3 , 

AKO CaA ,LI,HtHeM0 v Ha Raa,apar, H3 (2) Hmamo 

(4) Al2  q'1'2 	Al22  q212 	A,32  q3'2  

2 B, q,' q,' 	2 B9, q„' q,' 	2 B3 q,' q,' , 

jep, Ha npnmep, 3a B, ',imam°, cos (D2  D3) = 0, H Ksa,apaT 6p3mne je 

= A,` 9' 1 '3 	A :22  q3: 3  ± A 32  

oAronapajyha merpzinca cPopma 

(5) ds1 == ,4,2 4,2 A_ .4 22 0224_ _V 	. 

3a mocoymm clicTem je merputixa cpopma npema (4): 

+ 2B 1  dq, dq3 + 2B3  clq, dq, + 2B3  dq1 dq,. 

jefimagnue (5) IA (6) noRa3yjy aa ezemeHT ,ayHaaie JiyKa cis 

moi-Re 611TH cmarpaH Rao .a.HjaroHaria napaaezenHneaa, EiHie cy HaHue 

A, dq, A, dq 3  , A 3  dq3 , 3a-  "tiptoroHanall cHcrem Taj, napa ..lenenimea 

je npaHoyr.w. 
H3 HaseueHor caeayje ,aa H3patiyHaaarbe v= mowemo H3HpniHTH 

Ha Ana Hatuina: aHamiTHHRH, QapebHaaH)em x', y', z', 11.1114 Henocpemio, 

reomerpHciaim o,iipelikmaibem HBHI13 O3HageHor enemeliTaptior napa-

JieirieriHneaa H yr.Tion H3me1y 11)11X. 

Ha rip„ 3a ncoapHo-wi.nrai(ApkgHe RoopAHHare npHii Hativin, noute 
amcDepeliniipaiba je,i(HainaHa (1) § 1 • 12, .aaje : 

„ 	r' cos.° — r O' sin , 

y' = r' sin 0 	r e' cos 0 , 

oaaRze Hmamo 
+ y2 + z f2 =__ r .2 	r 2 	z , 2 .  

Ho apyroj meroAH y3Hmamo y 06301 ga npna HaHua eaemeH. 

TapHor napanenenHneAa ,apic Roop,aHHaTHe .fluithje, rue ce melba cam° • 

r, 113HOCH dr ; apyra, r,a,e ce mei-ba canto 0, npeTcrap.ma ezemeiir 
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§ 2 • 4 Komnonewce H npojexuHle 6p3HHe aa oce Kp14808HHHCKHR HoopaHHaTa 58 

Jiy Ka HpyscHe .11HHHje nonynpeinma r ca cpexuruannim yraom dO, 14 

npema ToMe 113140CH rd0; Haj3a1, Tpeha 1413141111 y npaBuy z oce H3110C14 

dz. Homo je clicTem OpT0f0Ha.118H, HMaMO 

ds 2  = dr2  r2  d82  4,,dz 2  , 

a TO ,a030,a11 Ao nperxoAHOr o6pacua. 

3a otepHe xoopAHHaTe H3 (1) § 1 • 13, nocne AmpepeHumpawa, 

zi,o6Hjamo 

2 	p'! 	p' 2  + P31/2  cos2 

Taj HCTH pe3ynT1T cAeAyje H3 nocmaTpatba npasoymor napa-
nenenHneAa ca Himinama: 

dp, 	p&p, 	p cos cp • dqr . 

• flocaeAtha HnHaa je eAemeHTapaH ayx Kpyra ca nonynpeq-

HHICOM p cos (p, WTO oArompa cpeAminHom yrny d4i ca ilex -1130m 

Ha z OCH. 

Haj38,8, 38 eatinTligHe KOopaHHaTe 113 (1) § 1•14, Hoene HapagyHaHa ►ba nora-

pHI8MCKHX 11380.88 H oapetptHatua x1,3",e, Ha npuntep, H3 npae jeaHavHfie y o6nHay 

2 
x' —" 	-I- 	

1,, 
x 	— a2  k— a- 	— a2  

asaapaparbem H ca6tipathem A0883H1110 no 

1`2r2 	(XS — 1.1) (X1 — Xi) 4 1,2  (k1 — -AO (xi — X3) 2,12+ ( ,-2 — 1'3)  (X2 —  X 	

`I(x3) T (hi) 	 l 0,2) 

rite je 	
'I' (1.) = (a2—  X) (b2  — X) (c2  — X) . 

§ 2'4 Komnoxeirre H npojeK1Hje 6pauHe aa oce xpHSonH- 
HHCKHX RoopAanaTa 

143pa3 ximApaTa 6p3inie omoryhaem oApehimaibe icomnorieHaTa 
H npojetwuja (axo ce nocAexbe pa3AHxyjy oA npsfax y caytiajy xo-
coymix KOOpAHHaTa) 6p3HHe 3a oce 4(pHBOJIHHHCKHX RoopAHHaTa. 

03HallHMO Ca v 1 , v2, v3  aare6apcxe Bpe.allOCTH KomnotieHaTa 
6p3HHe y npaHumma oca Hp14130/1HaFiCKHX HoopAHHaTa ca opTcanima 
-) 	-0 
D1, D2, D3 . TaAa ;imam° 

► 	9 
V == vl 	HI- v 2  D 	vs D .  

59 1(omnoHeme H npojeicunje 6p3HHe 38 oce KIMBOAHHHCKNX KOOpAHH8/8 2'4 

C Apyre cTpaHe liMaJIH CP4.0 y npeTxo.AHom naparpacpy (2) 

4 	 4 	 4 	 4 

(1) 	 V = Ai qii Di  ± il,q,' D2+ A 3 g3' Ds . 

lipema ToMe 3a KomnoHeHTe Hmamo 

Alv1 =  (71, v2  = A2 q21, v 3  A3 q3' 

Ha y 
2, 3. 

3aTHm, aco je 1103HaT 06J1HK xHaApaTa 6p3HHe 14/1H meTpHtme 

cpopme, nocmaTpmem LinaHosa ca noTnymam xmApaTHma moacemo oA-
peAHTH He1H4HHe HomnoHeHaTa. LIJIaHOBH ca npoH3HoAHma omoryha-

Hajy oppebttharbe xocHtlyca yr•orta HsMe1y oca ITHBOAHHHCKHX Hoop- 

AHHaTa, 

Taxo, Ha npmmep, H3 

V2  ------ p'2 	p2<p'2 	p2V2  cos2  cP 

°Amax 3mbygyjemo Aa KOMII0HeHTe 6p3HHe Hmajy Hpez,HocTH 

P', Pp' , 	cos (13  

3a oapehtmatbe npojexamja 6p3HHe v 1 , v2 , v3  Ha oce xploonm-

HHCKHA HoopAHHaTa y3HMaMO icHaApar 6p3HHe H CTEIBM,a140 

9 
v2 	2T* 	( v v), 

ra,e CMO ca T* 03Ha9HAH 110.110Willy icHaApaTa 6p3HHe. Ilocne Ail-

(DepeHuHpatba npeTxoAne jeAHaqHHe no 	"Imam° 
' 

aT* =. 1710, v 

41' 	) 

BAH 143 ocHome jeAHaqHHe 

V = Al q1' D1 + A2 q,' D2 + A3 q,' D3  

imam° 

oq,' 
v = A1D1  

re npema Tome 3mbyqyjemo 

(2) 	
oT*

-- = A l (v DO= ill y cos 
aq, ' 	 1 

4. 4 

) ' 

v DJ ,— A, v 1  . 
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§ 2'41 FeHepailHcaIle Koinpaeapiljannie H Kosapujaimie KoopAnHaie 6p3tige 60 61 	 attpebinaffie KpeTalba Ta4Ke npsi . Ratoj 6p3HHH § 2.5 

  

• 
I'13 clue a C/11,1q1114X jeAHatunia ,L(411H14T1413H0 oApebyjemo HpeA-

HocTH npojexu,Hja 6p3HHe: 

• 1 1. * 	1 OP 	1 OP 
, 	 ,  

A, oq,' 	A2 0q2' 	A„ 

	

IIITO mwHemo 	11:3111,1113eM0 11 y oranTem OOJIHKy 

1 OP' 
v i — — 

A i  aq,' 

3a ccpepae HoopAHHaTe, Ha np,, Hmamo: 

p2  ;0' 2 	p2 1V 2  cos2  , 

A ,==1, A2 -==p, A,==pcosp, 

aT"' 	r , 	O" 	OT' 
	 p 7 	= -  

	 p2 * cos 2  

	

P 	 p' 

• npeMa Tome je 

pr , 	V2 	 v:, 	p *I COS 	, 

§ 2'41 rempammane xonTpasapnjamile H KoBapnlaRTHe 

KoopiumaTe 6panme 

Y3MHMO mecTo opToBa D,, D2  , D3 TpHjeApa oca liTHBOJIHHHCKHX. 

goopAHHaTa sa ocHoBHe newrope Tor TpHjeApa nexTope 

	

4

- 	

--3 
(1) 	e, 	A, D i  , 	 , ea  == As  D, 

1.cojH ce painsixyj -y oA opTosa cHaaapHkim mHoH(Houma A„ A2 , A s , 

na 03Halnimo reaepaaHcaHe HoopAuHaTe 6p3Hae 3a Te BeKTope — HoH-

TpasapHjaame (reaepaaHcaHe KomnotieHTe) ca 

, v2  , V3  , 

a xoaapHjaHTHe (reHepa.nHcaHe npojexuBje) ca 

,■ 2 	•, 3 • 

Kato je'Auaruniy (1) npsTxoA,Hor naparp4a 
-3 3' 

v A, q,' D, 	q„' D2 + As ti,' Ds  

mowemo 3ameHHTH jeA,HaqHHom 
--3 	-3 	-3' 
v = q,' e1 + q2' 	q,' e3,  

BHAHMO Aa HoHrpaHapHjaHTHe moopAHaaTe 6p3HHe Hmajy BpeAHOCTH 

, —v 2 = 	, -133 	qa' 
HAH apaTmo 

(2) 	 = q,'. 	 i = 1, 2, 3, 

Ca Apyre cTpaxe, HaHo KoHapHjaHTHa RoopAHHaTa 6p3HHe, Ha 

np. , v, Hma HpeAHocT cHanapHor npoHno,aa 

_ 	-3 	 -3 

v1 = (V, e1) = A, ;v 

a 113 jeAHaqHHe (2) § 2.4 Hmamo Aa je A,ecHa crpaaa oHe je23,HaqHHe 

a T''' 
jeAHama---, ACIAa3HMO AO OBHX BpeAHOCTH KompHjaHTHHx KOOP- 

01: 
AHHaTa 6p3mHe y oAHocy Ha reHepaAHcaut TpHjeAap KPHBOAHHHCK HX  

OT* 	OT* — 	aT* 
v 1 = 	, V2 	, V3 

gi 0q2' 	aqa' 

— aT 
v i = 	• 

k i r 

BHAHmo Aa yHolleibe ocHom-mx He.KTopa ca HeAmin4Hama (1) 
ynpouihasa KaKO H3pa3e.(2) KoHTpaHapajaHTHRx HoopAuHaTa 6p3HHe, 

TaHo H H3paae (3) KoHapHjaHTHHx Hoop3mHaTa. 

	

§ 2.5 0,WebulHafbe RpeTatba Tatixe 	AtaToj 6p3HHH 

,E1ocaAa cmo roHopHAH o oapelimaaHDy 6p3HHe Talme KaA je 

nomaro HpeTaHDe Te Tatme. CaA nocTaBHmo o6pHyTO nHTaHDe, Aa ce 

oApeAH HpezaHDe TanHe KaA je AaTa kina calla 6psHHa H.7114 ycnosH 

HpeTarba, HojH croje y HesH ca 6p3HHom. 
4 

noun.° je 6p3HHa V np130 sexTopcxm 1,13B0)3, no HpemeHy HemTopa 
4 

nomaaja r, Tj. 

3a oApelpthathe BeKTopa nono›Haja r npema AaToj 6p3HHH Kao cl)yax-

HHjH spemella Tpe6a 143Bp11111134 BeKTopcxy HHTerpairHjy 

-3 
r = f v (t) dt C, 

= 1, 2, 3. 

aoopaxaaTa: 

HJIH xpaTHo 

(3) 
i= 1, 2, 3 •  

-3' 	•d r 
v r =-- — , 

dt 
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r 	ro d-- 	v (t) dt. 
_ --L 

t 
Toj BeKTOPCKOJ jeAHaqHHH y cariajy /1,exaprowix HoopAHHaTa 

oarosapajy 'rpm wonapHe jeAHatume, oA Kojux hello, npHmepa put', 

HanHcaTH npsy 

x = xc, 	x' (t) dt = xo 	pi (t) dt, 

•

to 	to 

r.aecy TX), cp 2 (t) , cp3 (t) --_,aexapTose HoopAHHaTe 6p3ime. 

Y 
onwTem caytiajy, 3a oapelpthathe xpeTatba Tatuce moxce 60TH 

	

AaTa se3a H3me1 y 6p3kme v, sexTopa noao›Haja r 	
spemeHa t.

cxa- 
3a . 

reHepaaficafie xoopAHHaTe Ta ce se3a oApebyje nomohy Tpa . 

zapHe jeaHatuwe: 
(q,' , q,' , q,' ; qi , q,, qa ; 

	

(9 i1  , q2I , 93 ; q,, q,, q3 ; 	0 , 

	

\91', q,' , q,' ; qi , q,, q3 ; 	0 , 

Hoje catunbasajy cHcTem Axpepeinwjaamix jeasatuma, Pemethe npo- 
6.aema ce csoAH Ha HaTerpanHjy Tor cHcTema, xoja Ham Aaje TpH 

F1  (q1, q2, q3; C1 ; C2, C3; 0=0, 

F2 (q1,  q2, q3; C1,C2 ,  C3, 	= 0 , 

F3 	q2, 	 Cl C2, C3, 	0 , 

rAe cy C„ C2, C3 
— npoposo.I.He xottcTaHTe. Te xoticTauTe mommo 

oupe,rwTH H3 yczoaa 3a BOtleTHH TpeHyTaK t0: 

Fi  (91°  , 92° , q3 ° ; C1,C2, C3; t0)=0, 

(2) 	F2 ( 	  
( 	  

t 

HOTerpaaa 

(1) 

a 

y 

CJIHKa 34 a, b, c 

§ 2.5 
	Onpetpiame apeTasa laqice apt! gm] 6p33111i 	 62 

CAe je C 
npOH3BOJbaH HoHcTaHTaH sexTop HaTerpanHje. Taj sexTop 

moacemo oApeaHTH H3 
notleTHHx yc.nosa xpeTatba noA npernocTamom 

Aa je y Tpeayncy t,) 
 Tatum 6HAa y nonowajy ca AaTHm sewropom 

noaoamja r0 . flowTo je 3a Taj TpeHyTaK 

1.0 = 	V (t) dt) 
--> 	

t to
+ 

eaHmHsHcathem C 03 
npeTxo,amix jeAtiatuma Ao6lijamo 

t  

63 	
flpo6aem riotepe 

me cup ca 	q20 , q30  03Ha9faH speA,HocTH reHepanHcamix }mom- 

Ha Ta Tatme 3a nogeTHH TpeHyTaK. 

AKO CTaBHMO BpeAHoCTH 
npoH3so.lbHHx HoHcTaHaTa oApebewix. 

H3 (2) y jeAllatume 1 11 ,.„ Ao6Hhemo Ae43HHHTHSHO KOHallHe_ jeAtlagHlie 

xpeTalba y HMILIIHUHTHOM o6aHxy 

(q 1  ; q 1  ; q3  ; (7 1 0 4720 ; 11 30 ; t, to) =___ 0 ; 

(152 
	  ) — , 

CP3 ( 	
) — 0 . 

Kao npHmep 3a oApebimaibe xpeTalba Tatme, KaA je AaTa Be3a 

H3meby nonmaja Tatme a mole 6p3HHe, pewHuo Tax() 3BaHH „npo-

6.aem noTepe". 

§ 2'51 Ilpo6nerd noTepe 

Heim je xpeTaffie noxpeT-

He Tatme M1  (39) AaTo (c.a. 34, a) 

06JIMKOM nyTatbe H 3aKOH0M 

nyTa. Hexa Apyra noxpeTHa 

Tatum M o  (nac) aoLuie aka ce xpehe 

H3 oApebetior no.nommja y oape-
eHo speme Taxo, aa HMa 6p3Hay 

oapebeHor HliTell3HTeTa ysex Ha-

nepeHy npema Tatum M 1 . Tpe6a 

oapeaHTH xpeTatbe Tatme A4 2 . 
PewHmo osaj npo6Aem canto 

3a jea,HocTaBaH caytmj, xaA je 
TpajewropHja Tatme M, npasa H 

xa,a ce oaa Kpehe panuoMepHo 
(CTIMHOM 6p3HHOM u). Cent Tora 
npernocTasHmo Aa ce Tatum M2 

xpehe 6p3HHOM CTa.atiOr HHTeH-

3}reTa V. 
Yee,aHmo y paBHH xpeTatba 

HoopAHHaTHA CHCTeM (CJI. 34, b) 

ca notlencom y 1104eTHOM 110.110- 

)Kajy Tatuce M1  H ca npasuem 
y-oce y npasuy TpajewropHje 
Tagxe M1 . KoopjuioaTe noxperHe 

§ 2'5 
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64 § 2 • 51 	 flpoonem noTepe • 

dy 
PM2  x tg cc = x , 

dx 

Ta44He M2 OsHa9uMo ca x, y. Hexa cy M, 14 Mo nonmsajH nospenuix 
TamaHa y npeHyTHy t. Cnycnimo Hopmany M2 N Ha x-ocy H nosynHmo 
M, P napanenHo TOj OCH. KaHo npasa M, M 2  Tpeoa as 6yne TaHreHTa 
Ha TpajewropHjy TamHe M 2 , H3 npasoyrnor Tpoyrna M, M 2  P Hence-
cpenHo HM8M0 

y — at = xy', 

a nourro je, ca npyre cTpalle, 

PM2  NM 2  — OM, = y — at , 

jep je OM, nyT TaEnce M, y pasHomepHom KpeTalby ca 6p3HHOM 

H3 no4eTHor nonoHcaja y TatIKH 0 Han je t = 0, oHna nOnaaHmo no 
jenHatuffle 

me je 
dy

•  dx 

,L M4 	Ty jenHaqHlly no x, cmaTpajyhti t Hao cpyHt:- 
on x, Tana nmamo 

(1) 
dt 	dy' 

— a — x- -
dx 	dx 

ds — = v = const. 
dt 

AK0 can yamemo y o63Hp pasHomepHocr KpeTaFba Tatnce M2 
npema Hojem je 

dy' 	k  dx 
-V 	y' 2 	X 

H enHmHHHInemo npso H3 jenHarnme (1) AHcl:lepeatiajan dt, 

	

ds 	dy' — — - = x - - , 
v dx 	dx 

a 3HTHM PICKOpliCTHMO oCipaaan 

ds 
cii -111+31"  

oHna Ha -  npeTxonHe jenHatume nocne pasnsajatsa npomeHapHmix no-
6Hjamo jenHatunly 

65 TIpo6nem noTepe 	 § 2.51  

HAH 

IlpHa HHTerpauMja Te jeafiamthe Aaje 

log (y' 1/ 1 y ' 2) = — k log x k log c , 

(2) 	 + 11 1  + 3/ 2  = X 

(3) 

me je C Hp0H3B0JbHa KOHCTHHTH. 

n011ITO ynopeno ca jenHatiHnom (2) Mo)KeMo HanHcaTH je,aHaqHHy 

y' — 	
k 

H 

2y' == 	\k— i X  \k  • 
\ 

Hoja ce Ao6Hja 143 ropm jeaHaqmie (2) ysnmathem peaunpotme 

HpeaHocTH JieBe H AecHe crpaue, nocne ca6Hpatba (2) H (3) ;Lona-

30M0 n0 je,aHatnthe 

(5) 
1 (c 2 

— 	= log X 	
.2 

me je 

k= • 

HHTerpaufija oBe jeaHatnnie .aaje ca HOBOM HHTerpauHoHom 

KOHCTSHTOM C : 

1. 3a k 	1 
2 (y — C) 	1 	c \lc-, 	1 	x 

(4) 1 — k x 	 k ( c ) • 

Kan je k pauHoHaano H pa3.7mturro on jeaHHHae, °Ha je HpHria 

a.are6apcHa. 

2. 3a k 	1 

Hmamo TpaHcHeHAeHTHy KpHBy. 

rip0H3B0.11,He KOHCTHHTe C H C ce otwebyjy H3 nogennix ycnorla 

,sa t = 0 : 

x 	xo , y 	Yo , yr 	yo' 	-Y-2 • 
xo 

3a pacTojaffie 
X  

Mi M2= 	= x y1 ~- y'z  
cos a 

Ha ocHoHy (2) H (3) Hmamo 

MiAl2= 2Vx)k± (c)] .  

5 PauHoHamia mexama 
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— a M1  

if 

C-dif-- 1 T. ,  

b 

 

CnuKa 35 

§ 2 • 51 	 flpoonem norepe 
	 66 

AHanH3HpajMO caJL TpH caytkaja: 

1. k > 1 RAH V < 

Y OBOM cnytiajy Bpe,aHocT /141 4, 38BHCH, xaa x TeiKH HyJIH, OA 

BpezmocTH cTeneHa 
x 1-1. 

H npema Tome BkkaHmo aa M 1  M0 Texuk 6ecgoBa4HocTu xaA 	0. 

Y Toxy BpemeHa ce pacrojame H3Meby Tagaxa noBehaBa. 

2. k= 1 HAN v = u.  

Kau[ x -+ 0 , pacrojame M 1  M., Town CT8J1H0j BpeaHocTH 	c. 

3. k < 1 MR V >il. 

Kan je x = 0 , M, M 2  = 0. I'13 (4) caenyje z(a ce Tatwa M2  110- 

'<norm ca Tatwom M, y nonmxajy 

x 0 , y=C. 

Y nporkaBatby TpajeKTopwje H Kperaiba Tatwe M. 3aycTaBkimo 
ce Ha cneukkjanHom cnytlajy xa1C je 

k 
2 

Jezmatuma (4) .aaje 

( y — C) 2  cx (1  — 
3 c 

H oapebyje TpajexTopHjy y o6nkwy xpime aHmje Tpeher pena 
(cn. 34, c) QBRASBT. OBa Kpasa 1Loz(Hpyje ocy Oy y Tatum ca 

opAHHaTom C H Hma ,z(BocTpyxy Tatwy B ca Koop,akmaTama 

x = 3 c, y = C. 

TaHreHTe y TOj Tatum Hmajy Harkk6 o„r( 30° npema npaBuy x-oce. 

KHHemaTHrwy nojaBy y Be3H ca TOM xplikkom Tpe6a oBaxo no-
cmaTpaTH. Kaa ce Tagma M1  xpehe y RO3HTHBHOM npasuy y-oce, TaLIKa 

M2 ce xpehe,'penHmo H3 noncmaja Q, no rpaikH QBRA name xpkme. 

Y TaqKH A Tatum M2 H M1  ce noxnanajy. Houle Tatum A Tatuca M 2  
mmxe na npoilyncH caoje xpeTame no rpama ASBT y cmHcny 6e-
Inaba oa Tae M1 , a noa HCTHM reomeTpocimm ycnosoM na Tax-
reHTa Ha TpajewropHjy Tatum M2  yBex nponam xp03 TatiKy M1. 

Y Be3H ca TaKBHM xpeTamem moncemo HaBecTH oBy npHmeaoy. 
flocne Tatme A noxpeTHa Tatum M, , 3alLoaoJbaBajyhH ilOCTaB1befill  

67 
	 YonarraBathe nojma 6p3ffete 	 § 2 • 6 

reomeTpHcKH yCJI0B 0 TaliTeHTH, mowe 	HacTaBH caoje xpeTame H 

TO y cmHcny eBeHTyaaHor 6e)xama Ha jeaaH oa OBHX HaqHfla: 1. Ho 

rpaHH A S B T; 2. no Oy OCH H 3. no rpaHa A S' B' T' xpime cHme-

Tpkttme ca npsom KpHBOM y ozmocy Ha Oy ocy . 
OBaj npHmep noxa3yje .aa y maTemaTmtwom Tymagerby liege 

nojase momce HacTynuTH cnytmj tau( xoiwpeTHo peinerbe mowe aa 

3aBHCH 01L .aonyuctaix ycnoBa npo6nema KOjH y notierxy HHcy 6HJIH 

npeaskiheHH H 6e3 RojHx npo6aem nocTaje Hegapehex. 

§ 2'61 Yonurranam.e nojma 6panne aa npomembnae BeKTope 

/ 	cHagape. CegTopcita 6paHHa. Yraoia 6paHHa 

k.../ Ago ma KOjH BeKTOp R 3aBHCH of Bpemetia, tberoB H3BOA no 

R 
BpemeHy 

ddt 
— - 3oBe ce 6psuna raoo veicoopa. Ilpema Tome ce nojam 

6p3kme, xao BeKTOpa, reHepaaHme y cmHcay nprimeHe He camo Ha 
BeKTop nonconaja noxpeTHe Tatum Beh H Ha cBaxn apyra BexTop. 

,EiHmeH3Hja Talme zeHepanucatte soculopcice 6p3upte mime He H3BOCH 
--> 

yBex LT-1  Beh 3aBHCH oiL nompoae BexTopa R Koji' Akimpekmpamo. 

UCTO TaKO, axo ma xojki cxanap q 3aBHCH Qa Bpemexa, 1431301t 

do 3oBe ce 6p3HHa TOT cxanapa; Taxsa 6p3HHa ce jaBiba xao ovie: 
dt 

.P0241.cfitg....C.N111.01)HgOPOPia.  
Y3MHMO npumepe. 

Csaxy pasHy, opHjekriHcaHy 
(To SHagH ca akmem H Haakigjem) 
noBpunmy (ca. 35, a) mmxemo ao- 

-> 
BeCTH y Be3y ca BeKTOpOM P, KOjH 

hemo xoHcTpylicaTH Ha osaj Hatm. 
OH Hma npaBau, ynpaBau Ha pasaH 
noapmatke, cmep on alma H 'wren- 
31,1Ter — BenagHHy noBpinHae, AKO 

ce Taj BexTop P

- 

 mema y Toxy Bpe-
kmexa, H3Bo1( 

( 1 ) 

	 dP 
dt 

Bose ce tioypuiltxpca tipsuga. 
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-= w 
dt 

npercTaHrba Taxohe Heim sewTop H acme ce BeicFu-opcicayggoitgjpgulia. 
AKO TatiKa M (Cll. 36) Bpuni KpeTalbe no xppicHoj nHHHJH, CPe- 

AHIIIHH yrao a je cpyinunija Hpemetia 
M, 

a ----- a (t) 

H npema Tome cwanapHa yraoma 6p3inia Hma 
HpenHocT 

da = w.  
dt 

nOUITO HaTeH3HTer 6p3HHe v Hma HpenHocT 

ds 
V
= dt 

CAHHa 36 

§ 2 • 6 
	 YonurraHme nojma 6paHHe 
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Y cnewijannom cnytiajy nospunifia dP, axo ce nenowynHa no. 

HpinHna P H He HaJla30 y jenHoj paBHH, monce na ce jam K20 cewrop 
-+ 

(cn. 35, b) Hameby Asa noTera r H r, H enemeuTa ds nyTatbe no-

xpenie Tatixe M. Tana ce H3BOA (1) aoHe cercuopciaJpouna. 03Ha-

9nimo je ca 

d P 
S = — • 

dt 

HOLUTO TaKBy nospuni37 moxcemo H3pa3HTH Hewropcmim npo-

H3B0nOM 
-* 	1 	• 

dP= 
2 

—[r ds], 

TO aa cexTopcxy 6psaHy HMaMO 

dP_ 1ds] — r --, 
dt 	2 	dt 

HAM 

2 
1 -÷-> 

— [ry]. 

KoopnuilaTe cexTopcxe 6p3HHe npema Tome Hmajy HpenHocTil 

1 	
2 , Sx  — 

2 
(yz' — zy') , 	— 

2 
(zx' — xz') , S z  = 	kxy' —yx') • 

Axo ce Tatm Kpehe y paBHH, peuxmo Oxy, nononcaj Tatime 

moncemo onpenHTH nomohy nonapHilx BoopniiHaTa r H 0 (cn. 35, c). 

CexTopcxa 6paHHa, xoja Tana yHex Hma npasau z oce, monce 6HTH 
onpehefia cHojom a.nre6apcxom HpenHomhy, jerunim cKanapom. flolurci 
je nospunilla 6ecKoHa9tio manor cewropa OMM„ xoj37 y npenaay Ka 

rpaillitnioj Bpe,2HOCTH mcnicemo cmaTpaTH xao noBpuHiy xppwHor 

cewropa, jennaxa 

—
1  
2 

r2  dO , 

Taj cxanap Hma HpenHocT 

dP 
	0  fq , 

dt 	2 r- 

69 
	

Yonurrasaibe nojma 6p3HHe 	 § 2 . 6 

rlre je P nospin
.
inia cekTopa omeheHor KpHBOM JIHHHjOM H ca Asa 

noTera. 
Ha calitiaH Hatani ce ysonil nojaM 6painie aa npoilaBorbaH cxa• 

nap KO* ce melba 37 Toxy HpemeHa. Jacao je A a je Taloa 6p3inia 

378ex cwanap. 
Taxo, Ha np., afro aanpemHHa V reomeTplimor o6jewra melba 

dV 
cHojy Henw9iH37 y TOKy Hpemema, H3BOA — je aaapemultaca 6pauna. 

dt 
Axo Henimithy yrna oueibyjemo cxanapom a, a OH ce melba y 

TOKy Hpemelia, H3BOA 
da - = (I) 

dt 

acme ce cicanapna  waona Opauna. 

Ca jenimm 6ecianiatnio marlie) yrnom moNcemo na BeaCeM0 H 

j'enaH BexTop da

▪ 

 (ynpaBaH Ha paHrui yrna, ca cmepom on Aiwa paBHH 
H Ca HHTeH3HTeTOM jenHainim mepH yrna y panHjainima). TaAa 143130.4 

d a 

YqHHHMO jeaRy nimmea6y. AKO BOCTaBHMO yCJI013 as BCKTOpH wiry aacty-

flan' camo BeaHuHme 904 36Hp moace 6HTH npercras.rbeH BeHropcHum 36Hpom aacryn-

Him, cam ce KoHaqHH yrao HC moke cmaxpaTH Ka0 BeKTOpCKa Heascana, jep 

npaHHao ca6Hpama aBa KOHagna o6prafba He oaronapa nparmay ca6Hparba aaa Hetc-
Topa (a. Ha npumep, mojy pacnpasy : reometpxcHe °cootie paqyHa ca liKaAama• 

I. AHaaa H aCPHHOp. Beorpaa 1930. crp. 221). To npasHao BEKH canto y rpaaHinON 

cayvajy ca6Hpatba na4 6ecaoHavHo mana o6praisa, na npema tome H Asa Taloa yrna. 
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§ 2'61 Y3JUNCHS H nonpegna 6pamila 	 70  
71 
	

17 31301(MH H nonpemia 6p3inia 	 § 2* 61 

IlpeMa Tome HMaMO 

a ds---- = r d cc, Kao nyK KpyncHe nritije, oHAa je 

d 	
(1) 

u  , r 
dt 	

flpaa KomnolleHra ce 3oHe ys4plata 0.aa pa/tufa/Ina Opariria v = =. — =-- r co  
Time, Apyra TtoFtpeyna ,frinji opancsep3anna. 

Tj. HHTeli3HTeT 6p3HHe Tatme Ha KpyarHoj AHH!4jH jeArlaK je nponagay • 
nonynpeglima Kpyra H cKanapHe yraofte 6p3HHe, 	M oa Taxwe 0 ; aa r' < 0 oaa oapebyje opsuny itpttantimmaama. 

3a r' > 0 y3Ayarria momnotiewra nora3yje opauny yo.rbascuta 

AK° yrie,aemo HeKTopcxy yraoHy 6p3011ST 	
, 

-4 	
AKo opT Hopmane y nparnry H cmepy H3BoAa tt oariaqHmo ca 

-4 	da 	
-) 	 -) 

w ---- — , 	 n , a Ancl]epennHjan yrna cirperaHA npasna 132KTopa u ca dO, Apyry 

dt 	 KOMII0HeliTy mo)Remo ripeTcTaaaTa 
-a 

nomohy the monremo H3paSHTH Beicropucy ape,aaocT Oparnie V, H TO 	 -> 
y r, = r is = r 0' n . 

4 

-4 
V 	Vr 	Vn • 

nOMOhy 'Ivan 

(2) 
jep nanacaaa HeicropcK0 npoH3rioA Hma riparian, cmep H HHTeH3HTeT 

-3 

6p3kme v. 

§ 2.61. Ya,apiara H nonpexala Opaana 

flpercrasHrso BeKTOp nononraja noKneTHe Tainre M y oAHocy 
4 

Ha HenoirpeTHy TairKy 0, seKrop OM = r, Kao BPOH3BOA HliTeH314-  

-> 	-> 

TeTa r H opTa, ort r = rz, Fberona npasila 

r =-- r . 

1.1,4epeaumpajmo q.nanose °He jeAriatniHe no Hpemerry 

. 

rzte upTHua o3Hagana cKanapHH H3B0,a, a TaLara etaopcx0 H3BOA, no 

Hperietry. 
Oria jeAllairmia noKa3yje Aa 6p3riy momremo pacTamiTH y ;me 

KomnoHeHTe. ilpHa KomnoHeHra Hma npasau HeRropa r ; 03HaqHmo je 

ca vr , Tj. -) 	„--> 1 
vr . 

 - 

r' orrr=--- r' r. 
r 

Apyra Rosinofiewra HMa npariau, Hopmane Ha r, jep H3BOA OA 

opTa c-rojri ynpatitio Ha cam opT; 03Ha9HMO je ca v„ , Tj. 

yr,

- 

 = r .  

0 
1/13ao,a, 0' 	— je tipsuna ever-Llama npaillia HeKTopa no.aomraja 

dt 

r, OAHOCHO rberoaa opTa u. 
flpeMa Tome o6pa3au (1) moaremo HanHcaTH 

v 	r' 

▪ 	

r 0' =-- 

r' -+ 

	

=-- - r 	r 0 n

- 

. 
r 

Mao npHmeHy or o6pacna HapairyHajmo ripeAHocT ceKTopcxe 

6p3HHe 

(3) 2 

AKO IICKOPHCTHMO (I) H y3memo y o63Hp 
-) 

KonimeapHa ca r Hmamo 

2 
[ r v„ = 	rr, r 0'n] = 	r 2  0' [ -r*r/ , rz , 

2 
1 	-4  

HJIH 

(4) S =I r2  0' IC7, 
2 • 

-3  

rue je N opT Hopmane Ha paHHH Koja caANKH Beicrope r H v. CMep 

Te Hopmane 3aBHCH 01t cmepa 6p3HHe cKperatba npailua BeKTopa no-

nomaja. 
06parrio, noMOhy ceKTopcKe 6p3Hire, Kao neKTopa, moaremo 

(2) 

aa je KomnoHeETa v r  
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§ 2 • 61 	 Y3nynola H nOnpetnia 6p3nna 72 73 
( 

Ys.apnna H nonpetffla 6p3ans 	 § 2'61 

   

-0 	 05paTHO, 6p31 ,11111 cHpeTalba npaana, Ha yraoHa 6p3itha, moace 
H3pa3HTH KOM11011eliTy Vn  Ha osaj Hatum. KaHo je 

v„ =--- r O'n , 
a 

n 	N , u 
4 [4 4] 

imam° Ha OCHOBy (4) 

vn = r [1■1'  u I = [g, it] 

HRH JleCPHHHTHBHO 
-÷ 

	

 
v 	

2 [ 	-) 
n  ---=— 0 r ]. 

r2  

Jemmying (2) moNcemo HaBHCaTH 

r' 	2 [ 
v = 	

, 	
0,r1. 

r 2  

Aim 6psHHy cxpeTaiba npercTasHmo Kao Hump (1) (yraoHa 
• .4 

	

6p3HHa) ca HHTe113HTeTOM 	H ca npasnem H cmepom opTa N, Ti. 
-) 

CTaBHMO Cu = N, nonpetnia 6p3iia mowe 6HTH npeTcTawbeHa, 
CJIHEIHO je/kHaqHHH (2) § 2.6, Ka0 BeKTOpCKH 111p0H3BOA 

-0 	[ -0 -0 
Vn 	cc) , r]; 

serrop it HMa ripm ToMe HpeAliocT 

-0 --0 

11 = [ W , 11] . 

flomohy BeHTopa yraoHe 6p3HHe o6pa3an (2) mowemo npeTcra- 
BHTH H OBaK0 

4 -3 
v = r' u 	[ co 11 i= 

T" [ 4 4  

r 
r -t- w r]. 

4 4 
•KaHo je 0' N= w, ceHropcHy 6p3Hay Mo)KeMo H3pa3HTH 

1 
— 1*-  . 

6HTH co,apeheHa H3 jeaHatnthe 

-± 	2 w = — S 
r 2  

H npema ToMe ce nomohy sexTopa no.nowaja r H iberoaor H3B010 r 

Hyman 
-> 1 r • 

. , r w — r ] 
r2 

(5) 
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TJIABA TPETIA 

y6p3arbe noKpeTHe Tatme 

§ 3•1. XolAorpacp 6panne 

Am) ce Taqxa∎M '<peke y npocropy, tea ce 6p3Hua, BexTop v, 
y onurreg cnyqajy, melba y Tofu spegeHa. 

M V 	 Yotango cTanHy Tatncy 0 (ca. 37) H 

M I 	KOHCTpyHILIHMO spen,HocTH BeHropa v xao 
CJI060.41101-  sexTopa ca noveTxog y TaqHH 0. 

\ 
Kpaj BexTopa v y (mom cayqajy ornacyje y 
npocropy xpre3y 7IHHHjy H, Koja ce 3oBe 

.xozysgsp034.He. JacHo je Aa caaxoj ooirqHoj 
Ta9KI4 M nyTaffie noxperHe Tagxe oaroaapa 

oApebeHa 6p3HHa v H Ha Taj Halm' onpebeHa 

Taqxa N Ha xonorpacj)y 6p3yHe. 

KaKas je xosorpacp 6p3Hse 3a npasonsmicKo KpeTaffie? 

A KaKas 3a Kass° 6sno passomepso KpeTaibe? A 33 npasosuliscKo n paBso- 

mepso KpeTalbe? A 33 paBeoMepHO Kpywno KpeTatbe? 

Axo je HoHatma jenHaqxHa xperatba Tatwe y BeKTOiNKOM o6aHxy 

4 4 
r = r (t), 

jeamagHaa xo,aorpacba 6p3HHe je 

p 	v = r (t) 	p 

- 

(t) , 

rAe je p

- 

 BexTop nonowaja Tatme Tor xonorpacDa. KoHatnnim jenHa-
'mama xpeTataa 3a ,ilexaprose xoopnnHare 

(t) , 	y= h(t), 	z = (t)  

75 
	 Xo,sorpacp 6p3sse nnaseTcKor Kpetaiba 	 § 3.11 

onrosapajy jenHaqHHe xonorp4a 

E =A'  (0= Pi (t), n = (0 = (P2 (0 , 	= (t) = ce3 (0 

rAe cy E, — HoopAHHaTe Tatme N Ha xoAorpacPy. Ose jenHa-

gime gory 6HTH cMarpaHe Ha° napageTapcxe jenHatllthe xonorpaepa 

6p3HRe, rzte t Hrpa yaory napameTpa. Hoene enHmvanicalaa TO 
napageTpa no6Hhemo nae se3e Hagehy HoopAHHaTa E, Koje 

onpehyjy xpHay AHHHjy xo,aorpacl)a. 

§ 3'11. Xolkorpacp 6panxe nnaneTcKor xpeTaiba_ 

3axolly mica nnaHeTa onmcyje enHncy 

r- 
1 	e cos 0 ' 

HJIH 

(1) r (1 	e cos 0) p, 

rAe cy: p napagerap mince H e 
H,eH eKCIIEHTpHIIHTOT. 

flpy rH Kennepos 3axon Tapna 
0,a ce xpeTathe nnaHeTa aputh ca 
KOHCTaHTHOM cexTopcxog 6p30Hog. 
flornTo je cewropcxa 6p3HHa y 

 nonapHHg xoopAHHaTaga --
2 r

„ 
-lor 7 

 oaaj Kennepos saxon H3pmasa ce 

(2) p 	r2  0' = A , 

rAe je A HoHcrawra. 

AKO sewrop nonoacaja r naaHeTe Hapaammo, CJIHIIHO § 2'61, 

°sax° 
r=ru 

H HCKOpHCTHMO o6pa3an (2) § 2.61 3a npenTasapatbe 6p3HHe Taqxe 

nomohy yanyxcHe H nonpetthe 6p3HHe, npH qemy ynory yrna 8 Hrpa 

N  
CnHaa 37 

Ilpega npsom Kennepo 
ca CyHnem y jenHoj HCHNCII, 

rIpega Tome 3axony jenH quHy 
!Tram  (cn. 38, a) nnaHeTe $a no-
napHe HoopnkniaTe r H 9 ca snoiOM 

y CyHuy gommo HamicaTH 
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§ 3 • 11 	 Xo,aorpacp 6psilHe nnaHeuxor Kperafba 
	

76 

nonapxa Roopainiara naalleTe (c.a. 38, b), 3a sexTop no.nowaja p 
mime xo,Rorpacba moacemo y3eTH epe.atiocr 

—> 
(3) 
	

p =-- V = r' 11 + r 0' n . 

AKO, Aube, HCKOpHCTHMO carry je.atiagatiy (1) 

- P- 1 	e cos 0 
r 

Cum 39  

H pe3yaTaT Aiptepemumpalba Te jeamatnixe no xpemexy y o6axicy 

, r2 0' 	 e sin 0 , 
p 

H3 (3) HMaMO 

.- 	T2  01  ( e sin O . u ± P  -* )= 	
r2 01 [ -o 	 -o 	-4 

p= 	 tz 	e (a sin 0 + n cos 8) + n] 
p 	, 	\ 	 r 	P 

Y3Hmajytird caa\y o63xp oco6kmy (2) 14 Beicropcky jemiammy 

	

-› 	-o 	-* 
j ----- ti sin 0 ± n cos 0 , 

-) 
xoja ortrosapa pa3.aarmy (ca. 38, c) opT,p. j oce y y Axe KoMnoHeoTe, 
momtemo Hai-mum 

-› A  
(ej+n)=Rej ±Rn, 

rice je 	
A 

p 
Osa BexTopcxa jeatiainffla noxasyje ,aa je xmrpacja xpyama 

amitija, jep je ripm4 Beicrop cTaaax, — TO je Beicrop noacoxaja uexTpa 

xpyra, a Apyrx xma maw' HHTeH3HTeT R. 

OBa pacybiii3a16a sme 3a csagy xpe„axocT excueliTpinixTeTa e, 

a TO 311aLIH mory 6HTH nplimeibexa Ha KpeTathe no csaxom KO-

HycHom npeceKy, camo noa ycacfflom Aa ce xperaibe BpuJH ca cTa.n-
HOM cexTopcxom 6p3mom. Caxxa 39 noxa3yje noawxaj Kpyra xoao-
rpaepa 6p3xxe sa eauncy (a), ninep6ony (b) H napa6oay (c). 

§ 3•2. Y6paaibe noxpenie Tagxe 

Kao urro cmo BH1[e/111, npxx 14313011, r Beicropa r noxpenie Tatixe 

M no BpemeHy Aaje 6p3HHy: 
-0 

• 	d r 
r 	= v . 

dt 

5p3H:a je ca cxoje maim, y onurrem cariajy, BeKTOp- CllyliK-

1114ja pester's. 143601[ 6p3HHe 110 spemejiy, Jinx Apyrx H3B01[ BeicFgPa 

nozowaja no xpemexy, 3cnece yamatbe max wcyenepaquia noxpenie 

Tatuce. AKo y6p3a1 e Tagge oauatnimo ca w, 'Nam() 

77 
	

Y6p3atbe noKperne TaqiCe 	 § 3.2 
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§ 3•21 	 Cgperarbe Taqice. ,aeBvsjaumja TaqKe 
	

78 

-4 	dv 	d2  r 

dt 

Homo 6p3Htly V moacemo cmaTpaTH Kao BeKTop nonowaja p 

	

 
nomohHe TatiKe N 	xoaorpactly 6p3Hile, 14380A —

d v 
y o6.1HKy  

dt 	 d
p
t 

moxce ce nporymagHTH H Kao 6p3mHa nomolme Tau ce N Ha xoAo-

rpacpy. Lame Mwtemo Ka3aTH Ra je y6p3atbe tipstma tionwhHe 

Ha xo,aozpacpy 6p3une. Flpema Tome BeHTop•y6p3aibe w Hma: 1. npa-
BaH TaHreaTe Ha xoaorp4,.2. Hanepeu je Ha cTpaily Kyza ce Kpehe 
nomohHa Taaxa Ha xo2torpacpy 6p3HHe di 3. pima 1411TeH3HTeT jeaHaK 

d a 

dt 
rAe je da enemeHT n,y)KHHe nyKa xoaorpacjm. 

AK° je KpeTalbe ortpehello Korlaamim je.aHaqHHama y AeKapTo-

BHM KoopAHHaTama 

x 	(0, 	Y 	(0 	z f :(t), 

6p3HHa uma Koop,awdaTe 

vx  = x' 	fi r (t) , 	vy = Y' 	(t), 

a y6p3aibe 

 wx  	=f1" 	 =--- (t), 	wy  y" —J o" 	wz = z" 	(t). = 

MHTeH314reT.y6p3alba ce H3pa)KaBa HmeHoBaHkim 6pojeM. Flourro 
3a H3paayHaBalbe y6p3alba AenHmo 6p3my spemeHom, AHmeH3Hja 

yop3alba je 

[w I =---[v] T-1  = LT-2  . 

Y TaK03BBHOM anconyTHom cncTeMy 3a je,ammuy y6p3afba 
y3ama y6p3albe Kai', 3a cexyKay H3pa4yHTM npapaurraj 6p3HHe H3- 

HOCH jeaHH141.1y 6p3HHe, Tj. HeHTHmeTap y CeKyHaH. KpaTKo ce Rawe 

„7.0 je,ammtmo y6p3albe H3HOCH je,aaH HeHTHmeTap y cexyanu Ha 

K13aapaT. 

§ 3'21. CKpeTathe TwiFte. Aerilijagnja iagxe. OcKyaaTopHo 
napa.6ommo Rperthe 

FlpeTnocTaBHmo ,a,a 3a CHHICH TpeHyTaK t Bpemelia y HHTepBany 

Oa to  AO tj  BeKrop nonwhaja r noKpeTHe Taatce M mo:aemo pa3BHTH, 

Kao (13yHKHHjy EspemeHa, y HoHaepreHraH BeKTOpC104 pea 

79 	 CKpeTaibe rayKe..fielmjauvija Tagge 
	

§ 3'21 

r 	ro 	ro  At 
9! 	 3! 

Gt2 	— ro 	± • • • I 

rtte je At = t — t o  H TaaKe o3HatlaBajy BeKTopcxe H3Boile, a HynTH 

HHaeKCH noKa3yjy Aa ce BpenHocTH TUX H3BOaa oiHoce Ha Tpe-

HyTax to  • 

Ynope,ao ca TatiKom M 3aMIICJIHMO Apyry noxpeTuy TaaKy Q 

ca BeKTopoM noncoKaja s 
-r 

 , K0j14 ce melba y ToKy BpemeHa npema 

jeaHaqHHH 
-r 	. 

(1) s = To  + ro  At . 

noKa3yje .aa je y TpeHyTKy to  TaaKa Q 6Hna y 

FICTOM nono)Kajy ca Tai4Kom M pi aa ce nocne Tor TpeHyTKa KpeTana 
npasonimucKH y npasuy TaHreHTe Ha TpajeKTopHjy TaaKe M ca cTanHom 

6P3HHOM je1H3KOM 1.10 ,4eTHOi 6p3HHH TaaKe M. 

3a CHUM TpeHyTam t Mo)ceMm KoHcrpyHcaTH BeKTop QM Koju 

cnaja Ta4Ky Ha TaHreHTH ca oAroBapajyhom Tat-mom Ha KpHBOj. 
Taj BeKTop noma3yje oTcTynalbe noxpeTHe Ta4Ke M oA o,groBapa-

jyher npaBoaHHHcKor Kperatba. OBo oTcTynalbe 3oBe ce cicpeifiatte 

iiiazitce 3a Ana,: TpeHyTax t y oAHocy Ha KpeTalbe 3a noaeTHH Tpe-

HyTaK to . 

CKpeTalbe TaaRe, BeKTop QM, nMa spezwocT 

-4 -4 	1 	 - 
QM — r — s — r o  At 2  — At 3  

2! 	3! 

FlpBu 	aectie cTpaHe ose jeatiaaHHe, BeKTop 

2 
1 

ro  At2 , 

npercTawba cmpeTatbe TaaKe y pKem cmHcay Tor nojMa. TaKBo cKpe- 
Taibe ce soBe TaKohe aeBajavja._ igazace. 2]eBHjaHmja TaaKe Hma 
npaBan H cmep y6p3afba TaaKe H KaA je At 6ecKpajHo ma•aa BenHtmlia 
npeora peAa, AeBHjawija je 6ecKpajtio mana BenHaHaa Apyrora peAa. 

3amlicaHmo join l9 Tpehy noKpeTHy TaaKy P ca BeKTOpOM HO- 

-0 
nowaja p , qmja je npomeHa y ToKy BpemeHa oapeheHa je,i4Haapiliom 

-4, 	-4, 	• 	1 
(2) p = 	ro  At 	ro  At2 

 2 
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3a Tagicy M (ca. 40) iconapyinummo 

§ 3;3 
	

TaHreHHHjaaHO H HopmanHo y6p3arbe 	 80 81 
	

TaHreHuajanwo H nopMaaao y6p3atbe 
	

§ 3.3 

143 oee jeflHauuHe BHAHMO aa ce TatIKH P xpeHyna 3ajeaHo ca 
TaIncom M, ;la OHa HM8 3ajeotm9xy ca thom nogeTHy 6p3HHy H HcTy 
AelmjanHjy. 

AKO npaecomuicao paeHomepHo 'Terme TatIKe Q npema je,a-
Ha91411H (1) mcmemo cmarpaTH Kao ocxy.qaTopHo xpeTathe npeor peaa 
3a xpeTathe TaLIKe M, xpeTaffie Tacixe P, cmpebeHo jeinfaqHHom (2), 
6Hhe ocxy.qaTopHo xpeTaHse apyrora pe,aa._3a oapebHeaffie xapax-
Tepa Tor xpeTaffia y3MHMO cnenHjamie y ontuTem cayqajy xocoyme 
oce RoopAHHaTa Oxy y paseu 6p3HHe ro  x y6p3affia r0. floqeTax oca 
cmecTHmo y nolleTHH noacmaj TagKe M, TaAa je re  = 0. Ocy Ox 
HanepHmo y npaeHy noqeTHe 6p3HHe, Ta,aa BexTop To  Hma 3a xoop,aHHaTe 
(v, 0), npH qemy CMO ca V 03Ha911.1111 HHTeH3HTeT noqeTHe 6p3HHe. 
OCy Oy HanepHmo y npaeny y6p3affia, xoje Ta,zta Hma 3a xoopAH-
HaTe (0, w), rx(e CMO ca w o3HaqH.qH craaaH HHTeH3HTeT TOr y6p3afba. 
Y cAyqajy Taxea H360pa oca, 113 sexTopcxe jezHa9mHe (2) Ao6Hjamo 
oee itee calnapHe je.aHainme 

x = v At , 

y= 1 2 iv At2 . 

To cy napameTapcxe je,aHaqHHe napa6one. EJIHMHHaLlifjOM ape-
meHa Ao.uammo „z(o je,aHaqHHe Te napa6o.ne y o6.aHxy 

n  v2  x2 	— y . 
w 

Ha raj Hagan CMO noxa3a.aH Aa 3a ocxyzaropHo xpeTaffie Apyror 
pe.aa moacemo y3eTH napa6o.aH4Ko xpeTaffie. 

§ 3 . 3. Tamremgmjaamo mmopmanitoy6lawbe 

flpema (3) § 2 • 2 6p3HHy noxpeTHe Tatum, eexTop V, moxcemo 
npeTCTaBHTII 

v v D , 

rAe je v azre6apcxa epe.aHocT 6p3HHe y o,aHocy Ha TaHreHTy ca 
opTom D Koji! je Hanepex y cmepy paqyHatba fly&HHe nyxa s xpHee 
otHHHje nyTalbe. 

11H(DepeHnHpajmo caj snaHose npeTxgaHe jemiaquee no epemeHy 

• 	-3 d v 	, 	d 1) 	 v =-- 	— -r v :6 
dt 

 

143eoa opTa D no epemeHy mowemo HaIIHCHTH 

(2)
dD_dD ds d v  
dt 	ds 	dt 	ds 

dD 
BexTop 

dD 
Tome H3pa3y je/(Hax je Beicropy K KpHBEIHe xpHee 

amemje nyTathe y .aaToj Ta9KH 1). OH je Hanepex y npaeny ramie 

1 
Hopmane, majm nemo OpT 03Ha9HTH ca N, HMa HHTeH3HTeT — , rike je 

R noaynpetnikx Kpmemile. {Veto Tome je 

(3) ds 
	1 II .  

 

     

     

1) To ce moame H3BeCTH Ha OBal HatIHH. 

OpT D TaHreHTe Te TagKe H OpT D1  Taereme 
cyceaHe Tamce Ml  H °swum, MM1  = AS. 

4  
a npHpaurraj opra D ca AD, Ti. CTaBHMO 

4 
AD= D1 — D. Tatra je 

—dD 
lim 

AD 
 

ds ps -pp As 

rpaiumom noaomcaly npaaau BenTopa AD 

TeBca nopmaau as D, a noun° aexcH y ocay- 
aaTopHoj paBHH, TO je npaaau rname Hop- 

-4 
mane ca OpTOM N. HHTeH3HTeT A D HeaTopa 

AD moace ce 3aMBHHTH yraom Acc mmetiy use cyceane TaHreHTe. Hajsau je As = R Act 

dD 
rue je R noaynpmunc xpyra }Timm. Ilpema Tome HHTBH3HTBT BeKTopa 

ds 
Acc 	1 

je 	— = — . Yanmsjyhu y 0630p npaaau, cmep H HHTCH3HTeT, a0aa3HMO 110  

As4ORAa R 

jealiamuie (3). 

6 PauHoHaaHa mexaHHaa 
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V2 	.4  ,"--* 
WN 

- 

— -.= (w iy), (6) 

011123 41 

§ 3.3 TaElITHIllijaJIHO H H0p212.2H0 y6p3aa.e 	 82 83 TallrelliMja.200 B. HopMaJHo y6p3atbe § 3.3 

   

AKO HCKOpHCTHM 0 Ty spezmocT 3a jeaHagimy (2), 143 je,aa a gime 
(1) uo6Hjamo 

dv ,s4  , v2  A ,.4 	d2s 	, v2  „,4  
(4) 	•-=  LI — IV = — I — IV . 

dt 	R 	dt2  

Osa jeAttagima non3yje Ha csaxo y6p3aFbe t.toscemo pacTanTH 
y Ase HomnonexTe: 

1. Tanzetaityarmo y6paanbe y npasity TaHreHre Ha nyTatby ca 
speutionthy 

WD 	g d v 	d2 s 
= — = — , 

	

dt 	dt2  

xojy Mo)KeMo H3pa3HTH H OBaK0 

-o 	dv 
WD = V — . 

ds  

— 
4  ( d 2S 

--- • 
D 	or 
+ 	(°) • 

3a 	

dt2  

v2  

oupebtisaibe aare6apcxxx ETU-
110CTH THX y 6p3a tba---M-6317EMO —a—liOdtiy-- 

 .KHTH TeA,HaqHHa Ma 

a H jetniatumom 

(7) 	 W 3  = IV D2  + W N 2  , 

xoja ottrosapa IIHTarommoj Teopem0. 

Tax° 3a ,IfexapTose xoopmniaTe H3 (5) Hmamo 

WD = (x
" 

± 31"  + z "  
V 

d 2S 	,4‘  

(5) 	WD  - d 
	

) 7 

2. Hopmaxio yopsame y npasuy mane Hopmane ca speuHouthy rim je 

  

 

v 	x' 2 	y' 2 	z' 2  . 

	

-0 	v2 RN. . 

Hopmantio y6p3atbe, not:HT° je ysex HanepeHo Ha HeHTpy  KpH-

sxne, acme ce H gentripaileirialmo _y6p3atbe. 
IIpema ToMe Hmamo seHropcxy jeAtiagHtly 

	

.4 	4 
W= WD + WN • 

06e onageHe somnoHeHTe npHna,Habr ocxynaTopHoj pasti. 
3a csaxy Tavay nyTatbe mO?xeMo xoHcTpyticaTH TaK03BaHH 

-0 	 — 	
des 

LJ 

tiptipopm rupuje4ap oca, Kojii gime ru-attzettiga (opT D), mam 	
W  dv 

a 	 dt2  
-0 

Hopmana (opT N) H 6tutop.wana, qxjm opT onagaliamo ca B (ca. 41). 	 .jep je —
1 = O. 

BKAilm0 ,Ra y TOM cnygajy y6p3atbe motxe 614TH oApeheno canto 

d2s 
nomohy cicanapa 	. 14cT0 CKaJlap H 3a KpHBOAHHHCK0 1(1)ml-be 

dt2 

3a imaspaT tiopmatmor y6p3alba Haaa3amo 

-0 -? 4  4  

	

w ,,2 	w2 	2 _1 1w2v2 	- V)2' ±-k{w v sin (w v)}2= .12  [w vj2  ; 

	

- 	 v2 	 v2  	v2  

otkaTne je 

w N2  = {(y" z' — z" y') 2  (z" x' — x" z1 2  -F (x" y' — y" x')2} . 
V 2  

Y caygajy npasomimicsor KpeTathe y6p3atbe ce csoAH canto Ha 

jemiy HomnolieHTy 

Pauli Koja ca.HpscH Taarewry H mastly Hopmany je ocKynaffopia 
pawn. Y6p3atbe nplina,aa Toj pasHH. Kano 6HHopman CTOjH ynpaso 
Ha ocxynTopHoj pasHH, y6p3atbe. Hema RomnoHeHTe y TOM npasHy. 
IlpeMa ToMe 3a oce npHputtor Tplijettpa mmemo HamicaTH 
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3 • 3 	 TaHreHuHjamio H Hopsfanuo y6p3alse 
	

84 

Taqse ospebyje 3T6p3aise, ysonHso ce MHCJIH canto Ha npomeHy HH-
TeH3HTeTa 6p3HHe. 

3a pasHomepHo speTafse TaHrentHjamio y6p3tuse jesHaxo je 

HysH (v 	const., —
dv 	

0) H, npema Tome, 3a TO KpeTathe Hmamo 
dt 

canto HopmasHo y6p3aise 

v2  w =— . 
R 

lipema Tome TailKa Koja ce spehe pasHomepHo no spyry no.ity-

npeqHllsa R ca HHTeH3HTeTOM 6p3HHe v HMa y6p3affie HanepeHo Ica 

V2 
aeHTpy senHqHHe 	 . 

Tausa Hera y6p3alsa canto KHA CTOjH HJIH Kaxt ce Kpehe pasHo- 
mepHo H HpaBOAHHHCKH. 

Csanap —
d 

des
, sac) IIITO Caw Ha-

semi, omoryhyje — sa ce nponeHH 
npomeHa HHTeH3HTeTa 6p3HHe V. 3a 

ILITO soHspenufjy npeTcrasy TOt 

csanapa, sao H y csyqajy nyTa H 

asre6apcse BPeAHOCTH 6p3HHe, y-
noTpe6Jbyje ce rpacpxqsa meTosa. 
,12(ps jesHe soopsHHaTHe 71HHHie 

mepHmo speme, sysc spyre — an-
re6apcsy BpeAHOCT TaHreHunjasHor 

2s 
y6p3atsa — H3BOA - . ripeMa 

dt 2  
0 	me 3a cam) speTaise mwsenlo Ha- 

t upTaTH y osHocy Ha speme TpH 
rpacpHxa (cu. 42 nosasyje TpH rpa- 
(pima 3a jesHaso ycnopeHo Kpe- 
Takse), H3MelJy KOjHX moscemo no- 
CTaBHTH se3e Hcsopatuhasajyhu, c.  

jeztHe cTpalie, reomeTpucso Tymaqme H3B0,Ika, c spyre — Tymaceibe 

ospebeHor HHTerpana. 

3a oueuy npomeHe y6p3alba y Be3H ca nonosojem Tatise mo-

ammo upraTH Tasobe rpacims ca s n s" Ha KOOpAHHaTHHM ocama.  

85 	 Benoumna 
	 § 3.31 

§ 3*31. Benognsa 

YaHMajyhH ospebeHe jesHHHne 3a 

H speme, sesTop nosowaja T 

nospeTHe Taqse M H 6p3Huy V moscemo 
npeTcTasHTH Ha HCTOJ CAHLUI nomohy 
ospebeHHx syscHHa, He3aBHCHO os Tora 
LUTO cy 1IHmeH3Hje THX sesTopa pa3- 
JIHYHTe. 

4 
Hanprajmo 6p3Huy v (ca. 43, a) ca 

nogencom y nospeTHoj THRKH M H 

03HatiHMO sesTop no.aoscaja spaja Te 

6p3Hse, Tayse P, ca V. Tasa Hmamo 
-0 -0 4 

(1) 	 VTr 7L-Y •• 

Kas ce THIIKH M spehe, TauKa P 
melba csoj nonoacaj y npocTopy H oral-
cyje sHHHjy lc* ce 3ose Benoau,aa.  
3HaqH, senowisa je reomeTpHcso mecTo 
xpaja sesTopa 6p3HHe sas ce IbeH no-
tfeTaic HaIla3H y noxpentoj Tat-11<H. 

Aso q.naHose jesHaqinie (1) sHcpepenaHpamo no Hpemeay so-
5Hhemo 

= 	, 

HJ1H 
. 	 -0 

V V + W , 

npH qemy sesTop V HMa npasan TaareaTe Ha I:ie./lousy, sesTop v 

TaHreHTe Ha nyTat-by H seKTop w — TaHreHTe Ha xosorpael) 6p3HHe. 

HanHcaHa sesTopcsa jesHaqHHa mosce nocay&HTH 3a ospebH-

Hafse y6p3atba, aim cy no3HaTe 6p3Hua TatIKe V, Kao seicrop, 

sorpacl) 6p3HHe wsesouHsa. 3aHcTa, aKO HaupTamo 6p3HHy v (ca. 43, b) 

Kao sesTop H H3 tbeHor notteTsa A nosyqemo npasan AC TaHreaTe 

Ha mammy, a H3 Kpaja B — npaHau BC TaHreHTe Ha xosorpacD, 

oHsa Tpoyrao ABC osrosapa jesHaqHHH (2) H sesTop BC HMa speS-
-) 

HOCT y6p3alsa w. 

CJIHK8 42 

(2) 
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87 	lipojentaje 3r6p3atha Ha oce KpHBOJIHMICKHX !coop/masa 	§ 3.4 

11OUITO H3 OCHOBHHX jesHamitha 3a 6p3HHy (1) H (2) § 2 • 3 

4 4 	 4 	 4 

- d r 	a r 	a r 	a r 
(2) v 	 42 , 	 q3f 

dt dq, 	42 	43  

= A,q,'D,-F A 2q2D2

▪  

-F A 3q,'D3  

Hmamo 
4 4 

	

v 	a r 
aq, 

jessamHHa (1) nocTaje 

rv> ±.71\_ ar. 
41 ) —  ag,'' 

21,HcPeperm,Hpaibe ose jesHaq0He no spememy saje 

(3)
( • 	ar\ 	(; d dr \ = d dT* 

	

dq,I 	dt aq1 1 	dt 

I1pBH q.naa nese crpaHe Hma spesHocT 

• a T 

▪ 	

-> 	--> 	 -> --> 

(

V --) (w, D1) = A, w cos (w D1) • 
ach 

3a TpascdiopmaHHjy spyror =masa HCKOpHCTHMO jesHatmHy 

d Or 	a v 
(5) 
	

dt 

- 

dq, 	doh! 

(4) 

§ 3.4 	Ilpojeatimje y6p3atba Ha oce KpH13011HHHCKHR NOONINHEITII 	86 

§ 3.32. Y6kaalbe naaHeircHor HpsTama 
-+ 

Y naparpaciv 3.11 H3seaki cmo sa 6p3iia v xo,s nnaHercxor 

HpeTaaa mowe 6HTH HapaNceaa ca 

-0  A -oA 4  
V — e j, — • 

Flocne sH(PepeHuHparE,a re jes,Hatume, y3HmajyhH y o63Hp ma-

HOCT OpTa j, Hmamo 

4 4 
dn dn 	A 
— = . v' — 	, 
dt 	de 	r2  

jep je H3B0,TI opTa n no yrny o6pTalba 6 jesHax HopmanHom opTy 
-0 

ca osrosapajyhHm cmepom, a To je opT — u, Tj. 

-0 
-) • A do w 

p dt 
Me1yTHM je 

do --=---11---ortr. 
de 

Cem Tors CMO H3 jesHagome r20' =-- A CTaBHJIII spesHocT 0'. 

Ha Taj Hatnth vmamo 
1 A2 

 w -- • — • ort T
-0 

p r2  

OBaj H3pa3 noxa3yjy ,rka ygpsame rinanetTarco2 vet -Llama  u.a 
iipaaazi florileza ca cmepom upeMa 3rcuNtu (aeliu.Tpuueniaimo yepa cube), 
a untRensufaerd My je o6pItyirio uporiopquoxanan imaRpaElly pacilio-
jama 04 Jicume. 

OBaj pesyaTaT Ba)KH 3a HpeTaise TamHe no csakom HoRycHom 

npecexy ca CTaJIHOM CeKTOpCKOM 6p3HHOM y osHocy Ha )1(H)Ky. 
Koja ce naxo AoKa3yje HenOcpelHam HapatlyHasalbem nese H secue 

cTpaHe. 3a nes),  cTpaHy Hmamo: 

§ 3.4. lipojeHHHje y6paatba Ha oce HpHHonHHHooix 	 9 	4 	
a2 r -0 	0,2 r -0  

= 4,2  

	

HoopAHHaTa 	
d a r 	

02r qi' 
  q3, , 

Y3MHMO BOHOBO (§ 2•4) xsaspaT 6p3HHe 	
dt aq1 	± 4, 42  (hi -4-  dq, dq3  

v2  -- (; :) ---- 2 T* 	 a 3a secHy crpally H3 (2) HCTH pe3ynT8T 

H sHcDepeHuHpajmo ra no reHepanHcaHcj 6p3HHH q'1 . Tasa Hmamo -, 	-4 	 -4 	 4 

	

-0 	
. a v _ 02  r 	, 	d2  r 	. , + 

	
02  r 

	

v —aqi, 	01.1, 	
— '412 '71 1  0q1  dq, q2 	4, 0q3 (13  

(1) 	
( -+ a v ) =0T3 	 0q1  
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89 reaepaaacaBe KOBaPHPUITHe H KOHTNEHIPHORTHe 'mow/ante y6p3aEba § 3.41 88 § 3 4 	Ilpojeicuaje y6p3afba aa oce KPHBOAHIDICKFIX KOOP1[HH3Ta 

rlomohy je,r(HammHe (5) ApyrH %Lima jeAfiamHHe (3) mmemo npeT-
CTaBHTH 

4 4 	1 d 
w cos (w, D2) = — — 

p dt 
(p2  cp')± p sin cp cos cp • V2  , 

(6) 

-o 	-0 
ov  d d r \ =__ -ov  v =  aT*  

	

dt 41 1 	k dqi i 	aq, • 

4 -* 
 w cos (w, D3) 	
1  	d

(p2  cos2  cp • *1) . 
pcoscpdt 

Ha ocHoHy (4) H (6) H3 (3) Hmamo 

w cos (w D i) =--- — 
-o -0 	1 (d 	d T*\ 

A l  dt 	dq, 

CJIHIHIO (mom o6pacuy Hsr.neilajy o6pacua H sa ocTa.ne npojex- _ 
11Hje, npema Tome momcemo 011111TH o6pa3an HanacaTH 

(7) 	w cos (w DO= 1 ( 
dt a
d OT* 	d T*) 

A i 	q,' 	qi 	
i = 1, 2, 3. 

Bammo je 06paTHTH namaby Aa .ztecHe cTpame THX jeAllatmtha 
saHHce canto OA Ksa,apara 6p3HHe, 'mime 

2 T* = v2  = Al2  q112  A22  q212 + A32  q3 12  

+ 2 B1  q2' q,' + 2 B2  q,' q,' + 2 B, q,' q2' . 

06pa3aa (7) noKa3yjy .aa cy npojeKwije yopsalba Ha oce Kpitho-
AHHHCKIIX xoopAHHaTa .ThHHeapHe cl)pllawje no q1", q2", q3" H KM-

/pante no q11 , q2, q3'. 

3a nonapHo-nHaHHApHithe KoopAHHaTe r, f1 , z ca 

2 T* = v2  
Hmamo 

--> 
w cos (w D 1) = r" — r0'2  

w cos (w

- 

 D2) = — 
r dt 

—(r20'). 

-o -0 
w cos (w 	= z" . 

3a ccDepHe moopAHHaTe p, go, tjr ca 

2T* = v2 = p'2 p2 p2  cos2  cp • .4,F2 

npojelcumje y6p3atba Hsr.ne,riajy 
4 4 

w cos (w, 	p" — p p'2 	p cos2  cp • `1,' 2 ,  

§ 3'41. reuepanucaue Rompujaume H KompauapujauTue 
KoopAHHaTe y6paatba 

CJIH IMO § 2.41  yHe.ammo H 013.Ae, 
OCHOBHe BeKTope 

-+ 

	

e1

- 

= Al  D1, 	A 2  D2, 

H 03HatiHMO KOBapHjaHTHe KoopAHHaTe y6p3affia y omiocy Ha TpH-

jeop THR OCHOBHHX HeicTopa ca 

— — 
, W2 W3 

a KoHTpaHapHjaHTHe KoopAHHaTe ca 

wl w2 w3 

KaKo KoBapHjaHTHa KoopAHHaTa, Ha np. w 1 , HM; Hpe,gHocr 

wi  = (w, ei) = A l  (w, D i) 7  
-o -o 

a npojegnaja• (w, D1 ) o.apebefta je je,AHatuthom (7) § 3. 4, sa lama-
pHjaHTHe KoopAHHaTe Jlo6Hjamo Hpe,ELHocTH 

—d aT.  dT*  
(1) = 	 - i = 1, 2, 3. 

dt aq,'  

3a pa3BHjaH.e AecHHX cTpaHa HaHHCaHHX jemiagmaa (1) yHe,itHmo 
osHaxe onwTHjer KapaxTepa. Hem ctlyincnaja T* 6yAe oApebeHa jea-

HatIHHOM 

	

3 	3 

	

2T* -= E 	gki  qkqi • 
k=1 1=1 

HOBH Koe43aLuijeuTH Be3aHH cy ca cTapum jeJtHatwHama: 

A l2  = a0i1 , A 22  = 122 , A32  = gss ; 

go = 132 , B2 ,.-_-_ 131 = gi , , B3  =_—_. 1, 2  =121 

r'2 	r20'2 	z' 2  

meczo OpT0B3 D1 i  D2, D3 , 

-) 
e3= A3 Da ,  

(2) 
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OBe jeAHatnme o.aroHapajy ycnosHma 
-) 

(e 1 , e3)=gii, 

-o 
(e, , ea) = A. A a  cos (D,, D a) =-- B1 = g23 • 

OT* 
—Egrisqs' 

dqi' 	5  

6T* 	 dgai  

aqi 	2 k 1 aqi  

jep, Ha np., 
-0 

, 	Al2  = g11 

113 (2) HaJIB3HMO 

(3) 

(4) 
qk l 

KaKo je 

agiS  chn l oh, 	again  qm l 	= 1 	F.,  agIS 

	

s m aqm 	 sm aq s 	 2 s m aqin  

H3 (1), axo MCKOpHCTHMO (5) 14, (4), Ao6Hjamo 

	

Tvi 	oris ch„ 	1 tIgi s 	dgim 	og„,\ 

s 	 s m 2 	agni 	aq, 	dqi I 

agim qm , 

dqs ) 

i=1,2,3. 

AKO ynejlemo HOBy 03HaKy 

[s m 	1 Ogis 	dg m 	dgs „,\ 

2 kj)qa, 	dq a 	dq, ) 

fa* ce 3oHe Christoffel'oB cu.mo -olt apse Bpcige, ropes e H3pa3e mowemo 

Kpahe HanHcaTH 
1= 1, 2, 3 

Tax° y AeTan,Hma H3rnezkajy xoHapHjaHTHe moopAHHaTe y6p- 
3am.a. 

3a oikpebitHarbe xouTpaHapHjaHTHux KOOpAHHaT3 y6p3alba Tpe6a 

npema o6pacnHma (19) § 1.111 y3eTH H3pa3e 

(7 ) w i 	gj i wi  1=1, 2,3. 

(6) wi = gis qs" 	15i [s im  qs' qm . 

91 reHepamicaae KoBaptijanme H Koarpasapiajaanie KOOINIHHaTe y6p3alba § 3•41 §3•41 reaepannaue Kosapajairrae H KompaBapilame icoopitHane y6p3aH,a 90 

rite cy gii milHopH ca oAHocHum 3HaaHma IkeTepmHHaHTe 

git g12 g13 

g 	g21  g22  

g31 g32 g33 

noAe.TbeHH CBMOM AeTepmunaHTom. 

Kaxo je 

gik 	= 81k 

rite je 	KpoHexepoH cHm6on ca Hpezt,HocTHma Hyne, axo je k t 1, 
H jezonivole, alto je k = 1, npHmeHa o6pacna (7) Ha H3pa3e (6) A* 

—wi = qj" 	aji 
s 

	[s 	s 4,7n. 	j= 1, 2, 3. 

3aTHM H3 (3) 14MaMO 

d  dT*  (5) 
	gis qs" 

S 
.5"' 

s 

OffiS f,  
V/71 IS • 

aqm 

AKO caA yeeAemo jaw jen,Hy o3Haxy 

m 	[s m] 

Christoffel-oB ctt.u6o.n ,B,oyee spc e, xoHTpanapHjaHrHe xoopAHHaTe 
y6p3affia mo)xemo xpaTifo 113pB3HTH 

(8) 
	 =__ 	

s 	1 
z  .m (is ' gm / 	 1— 1, 2, 3. 

npn tiemy CMO y 21,e1tHHHTHBHOM pe3ynTaTy 3ameHHau HHAexc J HH-
nexcom 1. 

	

I1pHMeTHMO 	je 3a oApelIHHathe xomnotieHaTa y6p3atha y 
-) 	--> 

npasumma KpHBOJIHHHCKHX oca, Tj. y npaauxma oprosa D 1 , D2, D3 

,3,0BanDHO ceaKy OA xonTpasapajaHTemx KoopAHHaTa y6p3affia HOMHO-

AHTH oAroHapajyhmm mHomaionem A 1 , A2 A3 Kw) TO cae,an H3 

ynopebtoaatba )Be BetcropcKe jemialuve 
--0 

	

w wl 	w2 D2  ± w3 D3  

4 	...... 	 --) 	--> 	 -1 	 4 
w = w 1  ei  w2  e2  + w3  ea  = w1  A 1 D1 +11)2  A 2 D2 + w3  A a  D3 , 

jep je, aa 

(9) 
	

wl =w1 Al. 
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=(t) yraoHa 6p3Haa, BeHrop 
d w 
dt 

Komnotiewre y 6paatba 3r He3H Ca seatopom noaoacala Tavae 
	

92 

• § 3.5, reaepanllcaHo y6paall1e as lleKTope H cxanapel  
• 

je y6p3albe senTopa R. Y Tom cmHc.ny Aonammo uo nojma aenepa-

nucaHoz Hetcruopacoo ydpsama. 

TaKO, Ha Bp, 3a opHjeHTHcaHy nospinHHy, npercTawbeHy 

TOPOM 

-0 
Hewrop 

dP je BeHropcica nonpunnicua 6p3HHa, 
dt 

-0 
2P je HexTopcHo 110Bp11111HCK0 y6p3albe. 

dt2 	 -o 
S (§ 2.6) Ao6Hjamo y HexTopcHom 06J1HKy 

6p3HHe 

BeHTopcuo ceicrfiopoco y6p3ame. 
d c

- 

t 

OCT° TaKO, RHO je H3BOA — 
dt 

je yzaoHo y6p3ame. 
Tome, aHo je cHanap, peuHmo q, ctsymanija HpemeHa, 

CnHVHO
dT ;p 

038°A 4  ------- 

oapHa 6p3HHa, a upyrH 

iaoo ocanapa• 

§ 3-6. gomnoxenTe y6paalla y Beall ca Bex•opom 
nonowaja Tatum 

y § 2.61 03 HeuTopcne jellHaqinie 

r 	t1 , 

- BeHTop 110J10)Kaja noHpeTHe Taice, r — liperOB Myren-

314TeT 14 // 
opT iberoaor npaHua Ao6H.414 cmo noc.ne Atickepetompatba 

no HpemeHy o6pa3au (5) _>, 	-__ 	_ 
-o 	--o --o 

v = r' u + r [w u]  
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§ 3 • 6 

4 4 

U=-  

H Ha OCHOB no3HaTor o6pacua H3 zeopHje B eKTop a 
-o -o 	-0 

[0./[w/s]]=(.0(t0//)—t/w 2 =—(.02 tt, 

painije HanHcaHa jermagHlia Aaje 

-0 	 . -o 
(2) 	w = (r" —rw 2)u+ 2 ri [u)u]-1-r[wu]. 

Taj o6pa3au noHa3yje Aa y6p3affie 'mime y onurrem c.nygajy 
lima one TpH HomnoHewre 

- = (r" — r w2) u , 
-0 	-0 -0 

= 2r' [a) u] , 
-o 	. 
w,, =--- r [w u]. 

pa,aujamia, HomnoHeHTa Hma ABa KommeapHa ca6HpHa: 

yo,aymaiu ca HpeAHowhy r" u 
-o 
 y cmepy r, aHo je r" > 0, H y cy-

npoTHom cmepy, au° je r" <0, H ifeutTiputieillanHu ca Hpe,rwomhy 
-o 

—rw 2  u; nocnexbH ueo je HanepeH o,n noxpeTHe Tatuce npema Tatum 0, 

nogenty Hewropa nonomoja r= OM. 

ZIpyra, 	HomnolieHTa HMa HpexulocT 

Wn 	2 r' 0' , 

r,ne je n, Rao 14 paHmje, opT Hopmme Ha opT u Ha cTpaHy cHpeTatba 
Tor opTa. OBa HomnoHetua je nponopuHoHanHa 6p3141413 cnpeTatba 0' 

• y3,upicHoj 6p3HHH T' . 
--> 

Tpeha HomnoHeHTa, aojy CMO 03Hal03.71H ca W,, , HCTO TaKO CTOjH 
-> 

HopmanHo Ha npamly HenTopa u, aJIH y HopmanHoi paHHH Ha Taj 

npaHau opT Te HomnoHenTe, Hewrop v, 3ay3Hma nonowaj npema BpeA 

Houk' BeHTopa w, yraouor y6p3al-ba, H y onurrem cnyvajy je pa3-

JIHt1HT nonwllaja BeaTopa n . 

§ 3 ' 6  

Apyr0 031:10/4 no HpemeHy CBaK01-  HeuTopa npometumn3a y ToHy 

d2R 
apemeua npercTaHma oilronapajyhe BeKTOpCK0 y6p3albe: BeKTop -- 

--o 	 dt2 

BeK- 

a HeuTop 

CHe1114jaJIHO H3 ceuTopcue 

d 
Hewrop - - gao 

dt 

Kao LUTO CMO BHAenx (§ 2.6), reHepauHcaHa cHa- 

14380,A q'
, 
= —

d2 q 
je oeHepanucano y6p3ame 

dt2  

me 

(le 	y3u3)nfie H TpaHcHep3anHe KOMII0HeHTe 6p3HHe no- 
3 a OAP 

npeTH, TnEte. BeHrop w 

• 

je yraona 6p3inia cHpeTatba npasua u . 

AKO je,uHatthy (1) joui jeaaanyr mllpepetullipamo 110 BpeMeHy, 
Ao6Hhemo 3a y6p3affie 

-> 	-> 	. 	4 4 	, 4 	4 , 

W = r" u ± ri u ± r' [w u] 71- r [w u] + r [w u] . 

Kam) je 
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§ 3•6 	KOMII0HeHTe y6p3atba y Beam ca BeKtopom nommaja Tanuce 	94 

Y c.nytiajy pamor KpeTalba BeHTop w 3anpmcama HCTH ripaHau 

Hopmane Ha MIMI HpeTatba, Ty Huy oco6HHy HMa H BeHTop w . KaHo 

ripaH BeHTop Hma anre6apcxy Bpe,a,llocr 0', a Apyris 0", o6pa3au (2) 

3a palm° !Terme H3rneAa 

w = (r" — r 0'2) u + (2 r' 0' r 0") n 

Y3HMajyhu y o6aup Aa je 
d 

2 r' 0' + r 0" =
1dt 

(r2  0') , 
r  

HCTH peaynTaT mmemo IlpeTCTaBHTH 

w (r"— r 
0'2)u±7-  elt (1.2  n 

-0 
OAE1bAK• APYFH 

AHHAMHKA TA'-IKE 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1 

1- 11ABA LIETBPTA 

AticbepeximjaRne jeNiatume KpeTama TatiKe 
11 H311X01314 Hirrerparm 

§ 4.1. Maca 

flojase npupo,ite pasinixyjy ce no CB0jHM oco6muama. Aua„Tuf-
syjyhu Te oco6uue AeJIHMO HX y nalxue rpyne• ripB0 Banawamo Aa 
moNcemo 0,14130jHTH jegHy nojasy o.rx Apyre. Ta oco6uua CT0j11 y Be3H 

ca 6pojeM H BeJHRHHOM. Teopuja oguoca nojaBa npema 6pojy H 

IIHHH je maTemaTuLnca auanusa nporymageua y unipem cmucay Tor 
nojma. 

3HTHM ,A0J133HMO AO  KOHCTaTalaill Ita nojase cToje y npocTop-
HUM OAHOCHMa. Teopuja npocTopunx otwoca yHHH reomeTPHiY• 

npumehyjemo ,sa ce cue nojaue Aemaaajy y Toxy upe-
meua. Yuometba nojma spemeua y macuclnucaunjy nojaisa omoryhana 
Hotly  Teopujy— KMH_eMaTHKy. 

21a nojaBe cToje y sem ca senutuniom, upocTopom unpemeuom, camo 
Cy OCHOBRe oco6aue y KJIHCHCIIHKaOHjH THX nojasa. ,Lama Baum oco6iia 
CaCTOjH ce y maTepujanuocTu HOWL Ha HCTH HaqHH Kao urro ca npo-
CTOPHHM 06.71HHHMH ynopehyjemo 6pojese sa Ayuckfuy, 'mummy, sanpe-
lathy um, ca uuTepna.nom upemena oneT HeKB 6poj — HCTO Taxo je H ca 
CHHKHM MaTepHji/DIHM npertmeTom moryhe ynopeAuTn 6poj, KOjH 0.g-
rosapa maTepujanuom CBOjCTBy Tor npeAmera. 3a ono ynopehusaffie 
6upa ce npe csera Heim mapoturru npeAmeT j a maTepujaithocr aa- 
rompa jeJAHHHOH. Ca CBIIKHM upeAmerom ce Tails rime BeJIH ,IHHH, 

Koja omoryhaua nocTamibalbe 6pojse nese usmeby maTepujaAuocru 
Tor npeAmeTa H npeAmeTa usa6pauor sa jeimunly. Taloa BenligH11 

sone ce maca. 

7 Panaoguaa wexamixa 
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§ 4.2 C Hfia. FbyTH O B H MORN 98 

 

99 	 CHAS. I-braosti 33KOBH § 4 . 2 

    

     

ona HMa 
reomerpoija Aaje nocrynao ripamitna KaK0 ce mepH Apmmta, 

nospmnaa, 3anpeMHHa HTA. Y totHemaTHini, KOja CTOjM y Be3H Ca 

acTpoHomHjOat, HasoAe ce ripammna 3a mepekbe mpemema. HCTO TaK0 

JI,HaamaKa Aaje npasana 3a mepeibe mace. Ta npamma ce o6jamaa-

majy y TOKy Hanaraaa came Auitamme, HO TO me Hcan,yityje moryh-

110CT Aa ce romopH o macH Kao o BeJIHIIHHH H ripe H3Howeaa ripa-

mama o mepeay Te BeJIHtHHe. 
3a jeAtiimuy mace y Hayuit ce y3Hma elm.% rpam-maca, 

Koji' je XHIbaJJIHTH Aeo mace HapogHTor ripeAmeTa, KO' ce Hana3H y 
Cespy icoA flapH3a. Taj npeAmeT ce some erfianon-Kunozpam. I-berosa 

maca je spa° 6nitcma macH soAe my6mor AetnimeTpa Ha 4° C. 

CHCTeM mepa ca OCHOBHHM jeAHHHuama .neHToimeTpom (cm), 
rpam-macom (gr) H cemytmom cpeztaer mpemeHa (sec) — some ce 
anconyaitm HAM Ou3utliaz =Nem H xpaTmo ce o3Hattyje ca CGS. 

§ 4.2. CHJIa. 1.13ymomat ttaxoxa 

KnacHqua paumotianHa mexatutica HMa sa garb Aa ynopeztH Kpe-

Tatha H mitposaaa marepHjanmix Tens jeAHHx c Apyrnma, Aa Knaca-

clmayje TS xpeTaaa H ita IIOCTaBH Hamehy lbHx Bev Taxo, Aa gosex 
6yAe y cTaay Aa ortpeAm Ta xpeTaaa y 6ygyhHOCTM HJIH npowno-

CTH npema noAatutma 
OBaj i 4Jb ce nOCTM)Ke ysoheobem nOjMa cane, Roja caymot 3a 

nocTawmaime Hese matehy xperaaa jeAHHx H ApyrHx maca. flotuTo 

CMO ymenH, Mao OCHOBlie nojmose, menittunty, npocTop, mpeme H macy, 

nojaM cHne He npeTcTas.ima Hume OCHOBHH nojam Heti noAnexce Aeclmnt-

LIHjii. OBa AecPamm.tHja y HcTopmcmom pa31314TKy mexatraxe Htije 6ana 
itlopmynHcaita Ha o6Htiait Haim' npema mojem ce spum Aeolmaituaja, 
peuktmo, pecieHHuom no3maTe norHtwe cTpymType. Jleclmoutuitja cline 
[ipso je liana HaseAeria nOMOIIy 1-byTHOBHX TaK0 3BaHHX 3aKOHa HAH 

axcHoma (axiomata sive leges motus). 
lipsH 1-byTHOB 3aKOH raacH : 
Corpus omne perseverare in statu suo quiescendi vel rnovendi 

uniformiter in directum, nisi quatenus illud a viribus impressis cogitur 

statum suum mutare. 
ammo Teno ocTaje y cTalby mHpa Him pasHomepHor 

- 

a npa-

BOAHMHCKOr xpeTatma Am( noA AejcTsom CHJIa He 6yAe npintyheito 

Aa To cmoje cTaIbe npometia 
OBaj 3amoit mowemo cmaTpaTH xao ripski Aeo AeclmtimuHje cane. 

Y imemy ce HasoAit oita oco6Hua Cane : cHna nocToja maA Teno mema  

csoje cTaae xperaaa HJIH, 3a maTepHjanHy Tagxy, maA 
y6p3atme. 

ApyrH l-byTHos 3aKOH rnacti: 
Mutationem motus proportionalem esse vi motrici impressae et 

fieri secundum lineam rectam qua vis ilia imprimitur. 
AejcTsyje Ha flpomeHa xpeTaaa nponopurtotianHa je CHJIH.Koja 

Teno H spud ce y npasuy cane. 
je pasymeo npoussoA mace H IIoA npomeHom mpeTaaa I-1)37 TH 

yopsaima. 	
npema AaHaimboj Tepmx- OBaj 3axott ortpehyje senHLuoly 

4 

HonorHja y o6nHxy sexTopa mw, rAe je m maca Tatime H w y6p3alme. 
1-byTHosa npHmeA6a y3 omaj aatcoll o Tome Aa ce cane ca6apajy 

no npamary napanenorpama y caAatuaem kisnaratmy 3Hatnt Aa cHny 
Tpe6a cmaTpaTH Mao BeKTop. 

Haj3aA Tpehit 1-byTHos 3aKOH rnacH: 
Actioni contrariam semper et aequalem esse reactionem, sive 

corporum duorum actiones in se mutuo semper esse aequales et in 
partes contrarias dirigi. 

AtatHjH ymem ortromapa jezoiaxa H cynpoTna pealantja ant AejcTita 
Amajy Tena jeAHor Ha Apyro ysem cy jeAttama H cynponto HanepeHa. 

Taj 3aKOH nocTas.ima Ba/KaH AOHylICKH yCJI0B 3a TO, Aa 
EtHje ce nocTojaibe noma3ano Mao moryhe npema npsom samouy, cTsapao 
nocToja Hattme npema TOM aamoity 3a ataxy CHny IIITO AejcTsyje Ha 
jeAtio Teno Tpe6a Aa nomaxcemo Apyro Teno, H3B0p cane, Ha Koje 

AejcTsyje cHaa HcTor npaina H 116TOF HiffeHiHTeril, liocynporaa 

cmepa AKO H3 KHHeMaTHtIKHX npaninta stutumo Aa Teno mace m HMa 

y6p3aibe W, TO join HHje AOBOJI)H0 Aa THpARPACI AS Ha aera AejcTityje 
-0 	-0 

cons F = mw. HeonxoAHo je join HahH y npasoy Te cane Apyro Teno 
-0 

Ha moje AejcTsyje calla — F.

- 

 tow Tor Tena, Hasopa acne F, Hema, 
4 

Tpe6a pacTasHTH ctiny F Ha Ase HJIH Milne KordrioaeaaTa H Tpa)muTH 

H3Hope 3a csamy OA THX momnooreHaTa. AKO H TO He Aaje Tpumeout 
pesynTaT, mowemo satobygaTH Aa Taloa cHna He rum/team nporia-
maay pausoHanue mexamme. 

KpaTKO moRcemo Ka3aTli Aa rIpBH 1-byTHOB 3aKOH oApehyje jeAam 
OA ycnosa nOCTOjaiba cane, ApyrH 3aKOH oApehyje Hempling cane 
Mao sexTopa H Tpehtt TpaxcH H3B0p cane 6e3 xojer He mow& 
nocTojH cam. 
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4•3 axcpepernaajaaHa jealiacHua aperaiba Ta4Ke y aeaTopc3ota 06aHay 100 

CH/Ia F ce plonk! jenHaqaHom 
-3 	-3 
F= mw 

143 oBe jenHatme cnenyje na je nameH3Hja cane 

MLT -2 . 

Y CGS cHcremy 3a jentammy cane y3Hma ce cHna xoja maca 
on jenHor rpaMa naje jeaaHimo y6p3albe — jenHor u,eHrHmerpa y 
cexyHAH Ha xBanpar. OBa jenHimina cum 30Be Ce AIM Ca 030aKOM 

dyn. CHna on 10 6  dyn sone ce mezaAtzte. CHna Tme jenHor rpama 

H3HOCH 981 dyn. 

CeM anconyTHor CGS cHcTeMa ynoTpeon)yje ce, Hapo9Hro 3a 

mepeffie cone H Be/IIVIHHa Be3aHHx ca CHJI0m, H npyrx, TaK03BaHH 

illeXHilLIKU HJIH caepecirtpuimu cuciaem. Y OBOM cHcTeMy ymma ce 

3a jenHHHay nyHanie merap (m). JensaBHua BpemeHa ocTaje Hcra — 

cexyuna cpenther apemen (sec). Mecro ocHosHor nojma mace puma 

ce 3a OCHOBHH nojam cHna H xao jenHHHaa cnyam cHna reace jenHor 

xanorpama, minorpam - cHna. Macy y TOM cHcremy mcmemo cmarpavi 

xao H3BeneHH nojaM. 

§ 4.3. pcmpepetigHjanna jeaHatinua xpeTafba Ta.me 
y BeicropcRom ()Galaxy 

Hexa je noncmaj Tagxe M, 3acrynima TpamcnaropHo noxper-

Hor Tena mace m, onpebeH Bexropom T. Bp3Hlly re rarme, Ha° H 

-÷ 	• 	 -3 	• 	•• 
paHHje, o3Hagyjemo ca v = r, a y6p3affie ca w = v = r 

lipema npyrom 1-byTHOBOM 3axolly Hmamo 

(1) 	 m r= F, 

rrke je F cH.ai i TO Aejc•royje Ha marepHjanHy raqxy, 

-4 

Y C/Iyqa yzs je cHna F, 4i4j14 ce H3B0p H8JIa3H y npyrHm Ma-

caw, no3HaT:,  K1 t) (1)yHKHHja nonowaja ragge M, ibeHe 6p3HHe H 

apemen, Tj 
-3 	-› --> 

F (r, v, t) ,  

101 	AtHilepemmjaafie jemiatthae 3a reHepaaHcaae icoop.maTe 	§ 4'32 

jeaftatonly (1) mowenio cmarparfi lac> RuOepewojamnriermattuny 

veil-lame Wawa y Bercoopcicom o6.7flucy. Ofia cnyncH xao HoniiHa 

jejaagaaa 3a cae cxanapHe jenualnie. 

§ 4.31. Ancpepeagujanfie jextHamatie xperaibe Tatum aa 
IleKapTose RoopminaTe 

AIM KoopAHHaTe Time M y on,Hocy Ha ,LtexaproB KO0p,aHHaTHH 

cHcrem 03HaqHMO ca x, y, z, y6p3albe ragxe pima 3a npojefaudje Ha 

Te oce pyre H3B0,ae X", jr, z" H npema Tome H3 BeKropcxe jenua-

zme (1) § 4.3 3a AexaproBe xoopAHHare Hmamo 

d2x 
m 

dt2 	
X (x', y, z'; x, y, z; t) , 

m —d2y 	Y (x', y', z'; x, y, z; t), 
dtz 

d2z m 	Z (x', y', z'; x, y, z; t), 
dt2  

4 
me cy X, Y, Z xoop,aHHare cline F. OBe xoop,akmare y onurre'i 

cayliajy mory 3aBHCHTH on KoopAHHara 6p3HHe x', y', z', KOOPZ,H -

tiara Tatum x, y, z H on BpemeHa t. 
JenHaqHHe (1) npeTcraamajy * cHcTem ntic.DepeHuHjanHux jenHatuma 

xperma marepHjanue Taxixe y ,Etexaprosam xoopniiarama. 

§ 4'32. AHCpepumilianne jeJHa'1HHe xpeTalba Tange aa 
reaepanacaae Roopplaa .re 

Alto gnat:lose ocHosHe gexTopcxe jenHaquHe 
-3 	̂ 

ntw=F 

npojHoapamo Ha _oce xpliaonHHHcxxx xoop,annara q1 , q0 , q3  ca °Fro- 

BHma D1 , D2 , D3 , mina, y3aMajvhH y o63Hp Hapa3e 3a npojelmje 

y6p3am. Ha oce xpHBoaramiclaix xoopAHHara (§ 3 . 4), moncemo Ha- 

MiCaTH 

m d 	_Or) = F cos (i!  D,) , 
kTrt q i i 	aqi  

( 1 ) 

= 1. 2. 3. 
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§ 4'321 

§ 4'32 	ibuDepeaumjanse jeatimile as reaepaanane KoopaanaTe 	102 

AKO caA yaeAemo Benutmuy 

T 	--- 
2 

mv2, 

ce 3oBe mama curia Aiardepujaime uuagxe, oHAa H3 roptbmx jeA-

aatuma HM8M0 

(1) = 1, 2, 3. 
dt q' 	dq1 
d oT OT 

rAe cy 	
Q i  = A, F cos (; 	. 

JeaHatimie (1) soHy ce AuOepenqujanne jemiagtme xperuat&a 
igaLace y zeuepanucautui xooimunailiama HAH llavansicese je,anagame 

Apyze eperde as Watacy. 
Benutume Q1 , Q,, Q, 30By ce zenepamtcane Mae. reHepanw-

caHa cHna Hma AHMeH3Hjy cane canto y TOM caygajy '<BA je oAro-

sapajyba BeAHLIMIS A, alICTpaKTHH 6poj; y cHaKom Apyrom cnyttajy 

AKMeH3Hj8 reHepanHcaHe cane 3aBHCH OA Rapaicrepa oAroaapajyhe 

KoopAmurre 

(2) Q i  dq i  = A i  F cos (F 5,)dqi 

ynex HMS Anmenamjy 11p0H3BOAS cone H JLy)KHHe, Tj. 

[Q i 	A4L2 T-2 .  

npema TOj OCO6HHH moNcemo yaex oApeAurm AHMeH3Hjy retie-

panucaae cline KaA je 1103HST8 Ammen3Hja oArosapajyhe reHepanHcaHe 
noopAHHaTe. 0 mexaHHtncom Tymagetby npoH3BoAa (2) ronopmhemo 

Aolumije (§ 6'3). 
HanomeHHmo Aa neHa maim JlarpaHnceinix jeAftatiHHa 3aBHCH 

C8140 OA Hspa3a HcHHe Cline, a TO 3Har1H OA meTpHtnce cPopme. 
dT 

HOMTO je AeAHPAHEIHH H3BOA 
aqi' 

;Dwane 6p3Hue, nem cyan narpatinceaHx jeAHavHHa je AHHeapaa y 

oAmocy Ha reHepanHcaHa y6p3atba q 1", q2", qa" . Thum je HHAeTH Aa 
je Ta aesa crpaHa naaApaTHa cpymmuja y oAHocy Ha reHepanHcaHe 

6p3HHe q 11 , q,' , q,' . FeHepanucaHe cone Q„ Q, , Q, y onurrem c.rty-
qajy mory Aa aaaace 01t reuepainicanux 6p3Hua, reuepanucauux KO-
opAmaara H Hpemena. 

103 	Jlarpaimeae jenaavitae  y pemeaom •36aincy 

§ 4.321. Ilarpamwene jeAuevinme y peuleHOM 06111KY 

natuthe Apyre epcTe 3a Tagny cy AmPeponwjanHe jeAHatnthe APyrora 

peAa y 0,II,H0cy Ha Heno3HaTe reHepanHcaHe noopAHHaTe q„ q,, q, H 

npH Tome cy nHHeapHe y oAHocy Ha reHepaamcaHa y6p3atba. Moncemo 

nocTanHTH laWralbe nako ce pecuanajy jeAHaLTHHe no THM y6p3aibmma. 

3a HenocpeAHo Ao6Hjaibe pe3y.Trrara HCKOpHCTHMO H3pa3e 3a KOHTpa- 

KaK0 cmo HaBe.4H y nperxoAHom naparpacpy, IlarpanzeHe jerk- 

BapHjamTme noopAHHaTe y6p3atba. 

H3 Hewropcne jeAsamme xpeTatba 

mw =F 

moncemo Aohn Ao CKaAapHHX AmPepeHnHjanimx jeAHaqm xpeTatba 

Tatige y o6Jncy 

(1) 	 my' =I" , 	 = 1, 2, 3. 

rAe cy 	icomnoHeHre y6p3atba, a Fi KomnoHeHre cline y 0A0ocy 

Ha oce KpHBOAHHHCKHX KOOpAHHaT8. 

floAe.namo ataxy clA je21HatIHH8 (1) ca J1tA,, na hemo Ao6Errm 

jeAHaquue 	
1 	1 

A i 	mA, 

HpeAsocT 	reHepanHcaHe KOHTpaBapHjaHTHe noopAHHare y6p3aiba. 

ItecHy cTpaHy 03HatiHMO CS Q'; OH& npeTc.rawma reHepanHcauy KOH. 

TpaHapHjaHTHy cHny. rlocne Tors npeTxoltHe jeAftanHHe 340)Kehi0 

.Tlena cTpaHa one jeAHatuthe Ha ocaoay, Ha Hp., (9) § 3.41 lima 

nanucaro 	
Q i 	 1, 2, 3. 

AKO Can HCKOpHCTHMO spe.n,HocTH (8) § 3 . 41 3a KoHTpaHapH-

jaliTHa y6p3atba, Ao6Hhemo H3 npeT2coAHHx jeAHatunia TpayiceHe 

pe3ynTaTe 

qi"  = 	nIz S r I (i s' 	+ Qi  ' 

gojH He npeTcramajy HHWTa Apyro Beh peineiba IlarpaaAcesHA je,a- 

Hallitha no reuepanHcaaHm y6p3mbHma M", (72", Mr. 
reHepanHcalle KoHTpaHapHjaHTHe cline Q 1  Hmajy AHmen3Hje OA-

HOCHHX reHepanticaHHA y6p3atba. Use cone mory 6HTH oApebeHe HnH 

nmeapaH y norneAy Ha reHepa- 
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dv 	,:t, m - =-- r COS kr 1-/) =vo, 
dt 

(1) 	 M -=V2  F cos (F 	FN 

Hmamo 

§ 
	 OCHOBliff npoftem AHHaMHKe raq8e 	 104 

4 

HenocpenHam onpebasaibem KoMnoHeHaTa 	cane F , na neJbeffiem 

ca m A1, 11,7111 a3pagyHasatbem H3 paHHje onpeheinix H3pa3a sa reue-

panacaHe npojetamje Q„ cmayamix Kao KosapHjaHTHe KoopnithaTe 
cline, a Ha ocnosy 1103HaTHX npasHaa (§ 1.111) o npena3y on Komi-
pHjaHTHHX KO0p,a14HaTa Ha KouTpasapajaHme. 

§ 4.33. flpspoime Awhepesusjsume jeusagsse xpeTama 
TagKe (Euler'ose jessamme) 

3a csaKy TatiKy Ha KpHBOj JIHHHja nyTalbe mowemo KoucTpyfi-
-> 	 -o 	 -0 

cares Tpu oce: TaHreuTy (D), rnasHy Hopmany (N) H 6aHopmany (B), 

Koje, Ka0 urro CMO sunenH (§ 3.3), npeTcTamajy npaponaH TpHjenap. 
Y3Hmajylm y 063Hp senatme npojeKuHja y6p3aiba Tatum as 

oce Tor Tpujenpa (§ 3.3), H3 OCHOHHe BexTopcKe jenHatiHHe 
-o -* 

mw =--- F 

0 = F cos (F = FB 

HanacaHe nackepetillajanue jenHatnnie cy tisupoRne AttOepoi- __ 
qujanne jeNtattune Kpetllatba irfacuce HMI Euler'ose jemtaitutie. 

Ha raj Hal4HH 3HaMO JiLa Hanamemo TpH spcTe cKanapalix jen-
HaEIHHa: y ,121,eKaprosHm KoopnimaTama, yomuTe y reHepanHcamdm 
KoopnimaTama H npraponifejaHatiaHe. Y Be3H ca npaponom KpeTalba 
TagKe non ymajem naTe cane csaga cacTem THX jenaatuma Hma 

csoje 1101'0)41:10CTH a caoje HenocTaTue. 

§ 4.4. OCHOBH0 upo6sem Ausamsge Tange. Tymageme turrerpana 
ambepexu,lijanimx jeAsamma uperama 

OCHOBHH npo6nem .nithamaxe TagKe CaCTOjH ce y OBOM. ,ELaT je 

nonoHcaj TagKe M 3a nogeTHH TpeHyTaK to , KojH 3osemo Flow/Tam 

Tionoycal BeKTop Tor nono)Kaja o3HaqHmo ca r0 . ,LtaTa je 6p3mHa 3a  

105 
	

OCHOBAA npo5nem AHHaMHKe TagKe 	 § 4 • 4 

Taj HCTH nonmaj — tiogieirma 6p3inta v0 . IlogeTHH nonowaj H no-

tieTHa 6p3aHa 3ajenHo onPebYlY ilogrerano fiune.maMitico curare Fame.. 
,TtaTa je maca m Tatum. 
,gala je cHna KOja nejCTByje Ha Tatucy, 3a CBaK0 1-beHO 

MaTHI1KO cTalbe H 3a CBaKH TpeHyTaK. 
Ha OCHOBy THX nonaTaKa Tpe6a onpenHTH nonowaj Taiuce 3a 

CBaKH TpeHyTaK y TOKy HaTepsana sa KOjH nporasamo spume 

TagKe. 
AHWIHTHIIKH TO 3Haqs: naTH cy r0 , v0 , F—F (r, v, t), 

-> 
onpenHTH r = r (t), Tj. HallHCaTH KOHagily jenHatuthy Kperma 

,LI,o pemetba Tor ocHosHor npo6nema nona3H ce Ha osaj 
HanHummo nacl)epeanajanay sexTopcKy jenHatmy KpeTaffia 

m r F , 

y cnytiajy TemKohe HenocpenHor onepHcaH,a ca TOM seKTopcKom 
jenHaTmom, Hanummo HeKa on cHcTema cKanapinix jenHatunia (1) 

(§§ 4 . 31, 4'32, 4'33). 3aycTasHmo ce Ha THM jenHammama y ,II,eKap-

TOSHM HoopnaHaTama 

mx" = X (x', y', z'; x, y, z; t), 

(1) my" = Y , y', z'; x, y, z; t), 

mz" = Z (x', y', z' ; x, y, z; t). 

AKO cmo y cTaiby na cmc rem jenHatutha (1) nocne onpebeinix 
TpaticcbopmauHja Hanamemo y o6nHxy 

d , „ , 
—dt 	

Y z ; x, y, z; t) 	0 . 

dt (p, (X', y', z' ; x, y, z; t) = 0 , 

—d
t 
 (p 3 (x' , Y, z' ; x, y, z; t 	0 , 

H3 THX jenHaima cnenyjy jenHatme 

(x', y', z'; x, y, z ; 

(2) (Pa 	y', z'; x, y, z ; t) = C,, 

p3 (x', y', z'; x, y, z ; t) = C3, 

Tpe6a 

TagKe. 

HaLIHH. 

TagKe 

1 
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§ 4 . 5. ❑po6nem ojxpeblisaiba cline Roja npoinsoAn AaTo xpeTatbe 

AKO je xperatbe TatIKe AaTo KOHa4HOM BeKTOpCKOM jeAtiagHtlOsi 

-5 
r = 

3a oApebasathe cline Hoja tame Aa npoHaseAe TO xpeTatbe rpe6a 

da r w 	
dt2  

(1) 
	

F m r (t). 

•• 
r (t) H TaA8 iniat40 38 CHAy 

0ApeJ:111TH y6p3atbe 

H3 HAIR A0Aa3111.10 Ao satcrbyqua 

	

F1  (x, y, z; 	C1, C2, Ca ; 	C4, 

(4) Fa  (x, y, z; 	Ca, Ca ; t) 

Fa (x, y, Z; C„ Ca, Ca; t) 

rAe cy C4, C5, C6 Tpi4 Hose 11p0113130.11311e KOHCTaHTe. CBaKa OA THX 

jeAliatIHHa 30Be ce appti ullt_Tjezpdfl Aintepemmijammix jeARacHHa 

HpeTaH,a. 
AKO ncxopacTiamo jemalume (3) 14 =HOBO namtmemo jeAnatuthe 

(4) 3a noneTHH TpeHyTaK, Ao6mhemo jeA,118 1111He 

	

Fi (Xo, Yo ,  Xo; 	(P20, Pa°  ; to) = C4 

	

Fa (X0, Yo, Zo; 	(1)20; Ts°  ; to) = Cs , 

	

Fa (X01 Yo, Zo; 	P20, Pa°  ; to) 	C6) 
(5) 

§ 4 • 4 	 OCROBHH npo6nem .0111816HICe ra4Ke 

rAe cy C1 f 	Cg 11p0H3BOADHe KOHCTaliTe. CBaKa OA OBHX jeAtiagaHa 

acme ce iipan unifiezpax AHcpepeHauja.mx jeAHarntha KpeTalba Tagme. 

1111014380.113He KoHcTauTe C1 , C2 , Ca moxcemo oApeAHTH 03 (2) 

KaA npHMeHHMo re jeAmaqHme Ha TIOLleTHH TpeayTaH xpeTalba 

(Pi ------ p (x0', 	Zo ; xo Yo, zo ; to) = 

(3) 	Ts°  = 	(xo, Yo, zo ; Xo, Yo, zo ; t o) = C2,  

pa (x0', yo, z0' ; xo, Yo, Zo; t o) = Ca. 

Taj nocrynax sose ce oApebmsathe 1410H3B0.1bHFIX .KOHCTaHaTa 

HHTerpauHje 03 nogennix ycxciaa xperaiba. 

AKO ce jeAHatuthe (2) mory n0110130 TpaHapopmHcaTH Ha 061IHK 

Fi  (X, y, z ; C 2, C2. Cs; 0 ------ 0, 
dt 

7 	 n 
k/4/ 	 `-'2 	; 	== 

dt 

- - Fa (x, y, z ; C1, Ca, Ca ; t) -= 0, 

dt 

107 	lipooneu onpelpHama cane Nola npoHnsonH nano HpeTaffie 
	§ 4.5 

xoje cayace 38 oApetpumbe npOH3BOJbUHX KoucTaHaTa C4, C5, Ca H3 

notiennix ycnosa. 

AKO pemxmo jeAnalume (4) no KoopAnawrama, ammo jeoatunte 

x = 	(t; C1, C2, • • • , C6), 

y = ira (t; C, , C2 • • • 	, 

Z 	irg  ; C1, C2, . . 	, 

Koje, nocxe cmeie 11130113B0JbaliX KoacTaHaTa H7HXOBHM speAHocTHma 

113 (3) H (5), nocrajy 

x =fi (t, to; x9 , yo Zo xo', 	zo') , 

31 = f2 (t, to; x0 , yo, zo; Xo', Yo, zo') ; , 

X0 , Yo, zo ; xo'• Yo', Zo') • z = A (t, to; 

Hanacane jeAnalume oApebyjy KpeTaH,e Tagxe, jep Cy TO Kouagne 

jeAaatnute xpeTaa?!t2, 

1,13 rope xaneAeaor BHAHMO Aa je TAaBlla Teuncoha y petuasatby 

npo6aema oapetinaatba xpeTatba Tatuce nomohy AH(DepefinHjammx 

jeAllatiHna xpeTaiba maTemanmor HapaHrepa. Pememe saxTesa NH-

TerpadHjy cocreMa Amcpepeftwajamna jeAsatunia oA Tim jemainnie, 

cse Apyror peAa y oAttocy Ha aenontaTe (tymootje. 

CAINHO nperxoAnom rymagetby, H3BeAeH0M 1111 jeAxammama 3a 

JlexapTone xoopAnnaTe, mo)Ke 6HTH n3BeAeno H Tymayetbe pemetba 
npo6aema n000hy jeatiacmaa y reaepanocanom KOOpAlillaTaMil HAH 

Euler'oBax jeAnatunta. 
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109 	llpo6nem oApelmana cue koja npomaewut ;um Kperame 	§ 4'5 § 4. 5 	Ilpo6nem 0ApetjHBalba CHile KOja IWOH3BOAS AaTO KpeTalte 	108 

Osaj pe3ynTaT omoryhyje na ce onpenu CHAS 3a CBaKH rpe-
HyTaK y AaTOM KOHKpeTHOM HpeTarby. 	

-o 	-0 
noun° 	HpemeHa t, serropa nonomia r H 6p3HHe 

yBeK Hmamo Ben 	
►  -4 

r 	r (t) , 	v == r (t) , 

mmemo J1ecHy cTpaHy jenuagotHe (1) H3pa3HTH He canto Ka0 43yHK-

utijy HpemeHa, seh, y onarrem cnygajy, Kao cpymaHjy BeHropa 
nonowaja, 6p3HHe H spemeHa; Tj. 

-0 	-0 -0 -o 
F = F (r, v, t) . 

JaCHO je na ce TaKBO H3paNcasafba minim H3Bp1.1114TH Ha mane 
Hagiia. KojH 06AHK Tpe6a aanpoHaTH, 3aBHCH OA Tora na AH MOHCSMO 

noKa3aTH H3B0p 38 ripottatjeHy carry. 

Taxo, Ha np., 3a xapmomicHo xpeTatbe ca jenuagHHom 

(2) x R cos wt 

HMaMO 

x' = — R w sin wt, 	x" = — RW2  COS Ca 

H npema Tome 3a cHay no6Hsamo 

F = — m Rw 2  cos cut , 

me je m maca TagHe. Taj H3pa3 capebyje cany 3a coma! TpeurraH. 
Pim cony nomohy x H moacemo npeTcTasHTH H °saw 

F = — mc02  x , 

F=—mw RE w2 e2 

HAN, Haj3an, peaHmo, OB3K0 

F = — 	(a wx [3 1/ R2  — x'2 	Rcu cos wt) , 

me cy a, [3, y Hp0H3B0Jbliti KOHCTaHTHH opOjeBH, HojH aanoswbasajy 
ycnos 

a + ± 

CsaHH on HaseneHHx H3pa3a cline naje pewee nippepeow-
janlie jenHagHae 

mx" =-- F 

y o6nomy (2) H npema Tome onrosapa AaTom KpeTatby. 

3a npasH H3p83 Tpe6a nponahu H3B0p cline. Tam, Ha np., aKO 

moscemo HOKS3aTH Macy y gearpy HJIH HojH npyrH mexamnam 
Aaje cHny (3), CHAy apHsnagma nponopaHoHanHy npsom cTeneHy 
orcTojarba, Tana on CBHX H3pa3a 6Hpamo OBaj H3pa3 1I Tame no-
CraaJbaMO nomamuggy camy nojase. 

Kan je 1-byTH npornio y6p3me nnaHeTa H HOKa3a0 H3BOp 

cane, non taijoim ce yritaajem csaxa anaHera Hpehe no KenneposHm 
3aKOHKM8, OH je mime nocTasHo noniammxy caHxy Hauler CyHgeBor 
cHcTema. 

(3)  
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FJIABA META 

Enemewraptm npo6nemli KpeTatba maTeplijame TatiKe 

§ 5•1. lipasontuancxo xpeTaibe maTepujanne Tatum 

Mao LUTO cmo 'mem" (§ 1'61), KOHatlify jesHatmay KpeTaiba 

canor npaaonaaacxor Kperatha mmemo formai% y BeicropcKom 
o6fiaxy 

4 -3 4 
r = ro  D s (t); 

6p3HHa TOT xpeTatba je 	
4 	4,  
v D s' , 

ca noqeTHom spesHoinhy 	
4 4 

( 1 ) 
	

v0 =Ds 01  , 

a y6p3ame 	
-4 	. ►  
w D s". 

flpema Tome cHna F mopa mmaTm spesHocr 
-0 

F = m s" D . 

143 nocmaTpaHA Tor mapaaa 3a cany a ynopelywasia ca 03- 

pa3om (1) aa nogeTfty 6p3Huy sawbytwjemo sa aa,npaao.amamcico 
KpeTatbe CHna mopa HmaTH cTanau npasau H TO npaaart nogeTHe 6p-
30lle, aK0 je Ta 6p3aaa paa,axqmra os ayne. 

floKaaahemo sa je Taj ycnos He canto HeonxosaH seh H A0B0Jball. 

ItoxamcHmo sa ce Talwa no ynnwjem cline 
.4 
F=mkD, 

4 
rse je D cTariaa OpT (mcTor npasua ca nogeraom 6p3HHOM 1/0, aK0 

je vo  t 0), a k — yoruuTe npomean.ms csanap, Kpehe npaHoninuicsH. 

1 11 
	

CHAS 3aBHCH CaMO oa apeuvia HIM je KOHCT8HTHa 	 § 5.11 

1-lanHinumo ,s4epeinwjanHe jesHaqHHe xpeTaffia sa ,Llesaprose 
icoop,ammyre y3Hmajyha KoopAmaaTaa TpmjeAap OBaKO: notieTax 0 
cmecTHmo y notieTHH nonomaj Tatwe (x,-----y 0==z0=0), a Ox ocy Ha-
nepHmo y cianHom npasuy cline, a TO 3Hat114 H y npasuy notieme 
6p3HHe (yo = z,' = 0). Tanta cy 1H4)epenwjanHe jesHaqHHe speram 

mx" = X = mk , 

my" = Y = 0 , 

mz" == Z 0 . 

flocnestbe sse jesHaqHme sajy HHTerpane 

Y'= 	= 0 , 	z' =-- C2  = Z0'  = 0 , 

0AaK.Be hello nocne KOHOBHe HHTerpauHje so6HTH 

y=-. C3 = y o  = 0 , 	z=--C4 --zo = 0. 

JesHaqmie y == 0 , z = 0 ,aoKaayjy cTas sa je xpeTatbe npaso-
JIHHOCKO. 

Ha Taj Hat1H0 je 3a ospelywatbe cealcor npaBoamanicor Kpe-
Tatha noTpe6ao peinllTa canto jesHy sactlepennHjanlly jesnatung 

mx" = X 
HJIH 

(2) 	 fix:411, 

jep y oninTem cnyqajy cHna biome ;la aaaacm oat nonowaja Tagice 

Ha npaBoj, os 6p3HHe H OA apemeaa. 

§ 5'11. Calla 8aBHCH CaMO OA epemeHa 	je KOHCTaMTHa 

Aim cam, y cnyqajy upasonmicsor xpeTam, mama camo 0A 
spemeHa, 3a ospebasam speTaffia Tatwe Tpe6a npema (2) § 5•1 pe-
11111TH je,aaagaay 

x" = f (t) . 

14HTerpalwja ose jesHaqHfie csoAH ce Ha Ase ssaspaType. KRA 
je HanHalemo y o6nHxy 

dx' = f (t) dt , 

Hmamo npsy xsaspaTypy 

x' = f f (t) dt C„ 
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§ 5'11 	CBaa 3/113HCH canto on Iipemen HaH je KORCTaliTlia 
	 112 	 113 

	
CHaa aaaaca canto on pacTojasa 	 § 5.12 

xoja mute ox(pebtoam 17p0H3B0Jblle KOHCTaHTe H3 nogeTHor yCA0B8 

X0' =I  f f (t) di ) to + 

Aaje 3a npsH HHTerpaa 

(1) x' = x,' 	f f (t) dt . 

to  

Osa je,allaximia o,apebyje 6p3!Hy 
xpeTam. 

AKO nperxo,ally jeuHatmly Haf111111eM0 

dx = (x,' + f f (t) dt) dt , 

°Ha AOBOAH AO Hose xsaupaType 

x= f 	+ f f (t) dt dt C,, 

to  

Koja, nocae o,apebtisam 11p0H3B0JbHe KOHCTaHTe, uaje 

t t 

(2) x x, x,' (t—t o) + f f f (t) dt 2 

 to  to 

FIOLUTO ce impute Ha3HatteHe HHTerpanHje, oBa jeuHatmHa cayam 
xao KOHa91111 jeAlia 11111111 npasonHHHcxor Kperma Time. 

Y cnenHjaaHom caygajy, KaA je f (t) = const. = g, a tuna cTaa-
Hor npasua ca sentputhom mg, r,ge je g cTaaHo y6p3affie y TOM 

npastly, npeTxouttH HHTerpaaH (1) H (2) ,gajy 

= xo g (t — to), 

1 
x x, x,' (t— to) + —2  g (t — tor • 

To cy jeallatnme Koje oapebyjy 6p3Huy H noamaj Tatme Koja 
ce xpehe IlpaBOAHHHCKH no y THuajem cane CTa./11101' npasna H HH- 

TeHurreTa. Kao npHmep TaKBor Kperaiba cayam xpeTalse 
Time, qHja je notteTHa 6p3MHa HAH BepTHKaAHa (sepTmaaHH Mall) 

HAN jeAHaxa HyaH (cao6oAaH na.a). 
Axo HMauo nocaa canto ca xpeTatbem je,alle Tagxe, momemo 

apeme patiyHaTH o.a notteTHor TpeHyma xpeTalba (to  = 0) H sa npeT-
xo.aHe jeuHaqHHe Ao6HEsamo 

X' = Xo 	.fft 

1 
X = X0 Xo t + —2 gt' • 

Haj3aA, aK0 notieTax ..00pxHHaTe X CMeCTHMO y 1109eTHH no-
aomaj Time (x, = 0), jeuHatmHe H3rae/laiy join npocTHje 

x' = x,' gt , 

1 
x 	xo' t, 

2 
— gr. 

AKO je Tatum nottena Aa ce xpehe 6e3 notter He 6p3uHe (x 0' = 0) 

143 npeTxoumix jeuHatum HMaMO 

(3) x' = gt , 

1 
(4) x 	— 

2 gt
2  . 

To cy- jeAlla9Htte,cao6o.allor 

143 OBHX jegHa9HHa HenocpeAtio H3BOAHMO se3y H3Meby pacTo-
jam x =-- h Tatum oA nogemor noamaja H 6p3mHe x,  = y Ha TOM 

pacTojalby 

(5) v2  = 2 gh 

Hcra sera 110CTOjH H H3meby BHCHlie h go xi* ce Tat1K21 nonce, 
am) je 6a9eHa y BHC ca HOtleTHOM 6p3111101d V. 

§ 5 . 12  Cmna aaamcn canto of pacTojama 

AKO cHaa, Koja Aejcuiyje Ha Tatucy, 3aBHCH CaMO OA PaCTO-

jaiba x noxpeTHe Tatme OA cTaaHe Tatum y npocTopy, npo6aem ce 
caoum Ha HuTerpauHjy jeuHatume o6aHica 

(1) 	 x"= f (x). 
tvi 

TatiKe 3a CBaKH Tpeayraic 

8 Paumomaama !Amman 
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§ 5 * 12 Coaa 	camo on paciojama 114 

  

HaTerpaHaja oae j2Aaa4ixe mcnxe oaaxo 	ce a3apuin.  plo- 

mHoxcHMO jexialthay HAeaTirreTom 

x' ert 	clx , 

na heMO ,11,05HTH 	
x" .Z.tit = x' dx' = f (x) dx . 

Flocae nirrerpaHlje oaa 	 ,aaje 

—
1

x_r 2 = f (x) dx + C i  . 
2 

Kan Hamunemo ycnos i3 Taj HilTerpail salmi n as not-le -ran 

TpeayTaK y nano)Kajy x, ca 6p3aHom xp , rj. aaA cTaammo 

1 ___ x0 , 2 --.....- 
 j 

 f (x  cix 	C7. 7 

2 	 xo 

H nomohy Tor ycaoaa enamaFamemo coacTawry C 1 , oltaa Gain npBH 

HaTerpan moa<emo HanzcaTH 

(2) 	 xr 2  = 	(x;, 

rAe je 

(i5 (x)= xo'2  + 2 if (x) dx 

xo  

H3 HHTerpana (2) Hmamo 

Taj 3Halc Ha)KH o nonoIxaja Tacme 3a Hojm je 
3xax KOA KOpeHa 

Tpe6a H3a6paTH npema 3HaKy nogeTHe 6p3r.He. 
xr = + 0(x). 

cI~ (x)=0. 

rlocne ()Bar nonoNcaja flliTalbe. 3iiama ce pemana Henocpe,rum 

H3 jeHaagaHe (1). AKO je f (x) > 0, ou,a,a je x" > 0 H 3Ha4H x' pacre 

o Hpe,ablocTH Hy.ae — npema Tome Tpe6a Aa y3memo sHax + Axo 

je f (x) < 0, cnnqHa pacybrasalba Aoso,ae ,tko HeraTlisHor 3Haxa. 

Haj3a,a, axo je f (x) = 0, H O. Y (mom cnyvajy Ha Tatimy He 

)JejcTsyje HHHaHaa cmaa H, KaA ce Tatum Hana3H y not:lei-Hy y mxpy 

(x,' = 0), oHa he OCT2.TH y TpajHom mnpy. 
JeitHatmay (3), nocze pa3Aaajaiba npommumux, moacemo Ha- 

IIHCHTH 	
dx. - — 	=dt, 

+1I 	(x)  

nocze tiera A0)1331,1,7,40 Ao HaaHpaType 

t c2 	dx  
+11 	(x) 

Hoja nocae of peilH031-ba Epon3Boialie HoacTaHTe Zaje 

x 

— (x), 

x, 

rne cmo ca cp (x) o3natilina pe3yaTaT cHrerpauHje. 

AKO cmaTpa ,,lo rope-by rpa;nuy x HanacaHor HHTerciana Ka) 
OpywalHjy ape.2.T,H;dcTH t — ca m or HaTerpaza (Haaepanja HaTerpaAa)' 

.upeTxo,rkHa je,aaaLniHa 4,aje 

x= (t — to), 

Tj. ,KOBOAH Ao KOH3 14He jeAHatunie RpeTakba Tagae. 

§ 5.121. ❑pAsaagetbe Tagice i a nenoxpeTliont geirrpy 
nponopqmoHanHo pacTojalby. Cnriaj ripaBoamuickor xpeTatba 

Kao npHH npHmep cwae Koja 3aBHCI1 canto oA pacTojaffia y3mHmo 
cnny . npHB.nagelpa Ka HenoRpeTHOm HeHTpy nponopHaoHaaHo pacTo-
ljamy. Alco KoopAHHaTHH nozieTal< cmecTHmo y HenoxpeTHH HeHTap, 
Bpe)2WOCT HoopAHHaTe came 110iKeM0 HarnicaTH 

,(1) 	 X = — k2in x, 

rze je m maca. Tatme, a k 2  moe4HHHjetrr nponopzimHaJmocTH. 3HaK 
oArompa clines npinanageffia, jep je 3a x> 0 Hemitnma X < 0, 

a 3a x <0 je Hemp-Fan X> 0, a TO 3Ka4ii p,a je cHaa ysex Hanepella 
npema nogeTHy KoopAHHaTe x. 

3a cHay (1) AHcDepeHHHjanua je,r4Hatuma HpeTataa je 

(2) x" = — k 2  x . 

Hoene mao›Hetaa ca x' dt = (ix H HHTerpanHje ,rko6Hhemo 

x'2  = 	k2 x2 + 	, 

(3)
xf 2 = k2 (72 	x2) ,  

rAe je na 110132 KOHCTKHTa yaex 1103HTHBHa, jep je npema ycnoHy 

k2  n2  = = x0 1  2  + e X02. 

115 	flpmenaveii3e T 9Kc nponopunouanHo paciojatby 
	 § 5 . 121 

t 	=-• 

	 dx 
c-P ix ;  
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117 	 0a6ajaEbe 'mice nponopaaoaaaao pacrojathy 
	§ 5.1211 

§ 5.121 	11pHaaavewe Tatum nponepuaoHaaao paciejasy 	 116 

1,13 (3) sa k > 0 InetaittO 

X' + k y e—xs. 

Axo ce saycTaaHmo Ha cnyttajy xo' > 0, Tpe6a ,119 ysmemo 

3118K + H Tatta 113 npeTxortHor pesynTaTa 03BOAHMO jertHatunty 

dx = k dt , 
1i n2  — x2  

Koja Baum Ao nonoaraja ca x = n .(n > 0) H X' = 0 H AoBoAH Ao 

maTerpana 

(6) x = Ai  cos kt + A o  sin kt , 

rAe cy Al  H A, npoasacobHe icoHcraHTe HuTerpaumje. Axo oApeAsmo 

Te tconTarre npema nottemoj KOOpKI1B8TH X0  H 110tleTHOj 6p3111114  X. 

3a to = 0, Hirrerpan Ao6Hja 06.11HK 

(7) x 	x, cos kt 	– Xo - sin kt . 

Yaotietbem Benfituraa n 11 a nouohy jeAtiatnout 

xo  = it sin a, 

x0 
 = n cos a 

k 
dx  

J n2  — x2  

x 
= arcsin —= kt + a, 

monce ce jeAtiattittla (7) CBeCTH Ha jeAttatuuly (4). 

rAe je a Hoaa KOFICTitHT8. 14Hzep3Hja nperxortHe Ben Hsmeby t H x Aaje 

(4) 
	 x = n sin (kt + a). 

HHje TellIKO Koma3aTH ita OBfl xoHatitta jertHatmfia xpeTatba Banat 

H nocne TpeHyrita saycTaaJbatba (x' = 0) Tatme. Oita noxa3yje Aa 

Tatum BpLUH xapmotutcxy OcILH4 UHjy. flp0H3B0J13011 KOHCTaHTa a OA-

pelvje ce 03 yczosa 

x0  = a sin (kt,, ± a). 

3aycTaaktmo ce Ha cnenHjanamm 110 1;leTBHM ycnoaama. lipeTno-

CTE1BHMO A8 ce y notteTHom TpeHyncy xpeTaba, ort KOr8 pagyusmo 

apeme (to  = 0), Tatma 118.11a311Jla y notteTxy K001)01111aTe x (X0  = 0) 

H mmana 6psity xo . Tana cy 

a = 0, 	a  xo' -- 
k 

H jeAttattHHa ocuttnanHje Ao6Hja jertHocTaaatt O6JIHK 

= n sin kt = –;x  sin kt 

JeAllataty (2), Koja ce monce HanHcaTH H 

(5) 	 x" + k2  x 0, 

110)1(em0 HHTerpa.11HTH H Ha octway 110308THE npamtna 38 HaTerpa-

mujy Junleapfitur Atirlaepettnitjanwtx jertHatma ca KOHCTBHTHHM KO4H-

1115jetITHM8. Ago ce npHmette Ta npaaHna, oninTH mitTerpan Haute jerma-

mute monte ce HanHcaTH 

§ 5.1211. 000jaifie TatiKe.....0Ailf,119.011119E-11.0111118-111/9110Pr- 

IAHOHanHO paepAliby._,Cnriaj npapo.nammcgor xpeTatha 

3a carry oA6Hjatba nponoputtottantty pacTojarby, mecTo (1) npeT-
xoAmor naparparita, Hmahemo jeAtistmy 

X = k 2mx 

H npema Tome ce jeAttatunta (5) sametbyje jeAttatutHom 

x" — k 2x = 0 , 

-tutjH je (mum HaTerpan 
x 	Biek t 	132e–r< <  , 

rAe cy B1  H B2 npoitsawbbie KOBCTEIHTe Hurerpantije. AKO vote 

nottorto pattyHamo oA notiema xpeTatba (4=0) H notteray troopAm-

HaTy a notteTay 6pstitty 031.1agHm0 ca xo  H xo, ripeTX00110 tutTerpan 

nocne oApelmatba 11p0H3Br 1biniX tronTattara moxemo HarnrcaTH 

1 	, 	

„. , 
(1) 	x=  2 [ (x, --1_ xo ___) ek t + (xo  _ ..21. 

k 
) e—la I 

k  

BAH, nomohy xanep6ontmatx cpyHmutja, 

' 
x = xo  cosh kt + 

xo — sink kt . 
k 

Haartmatio aaaamay otters apexama aa paeawncre notlexae ycaoae. 
KoopaHnaTa xe HAH je lemma sync 	111111 je 1103HTEIBMI (X0>0), Jep Y 

cartaly x°< 0 plea mcnaemo npomeawas amp Ox °COMM. 
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2 

k2 

§ 5•1211 
	

0.a6mjaffie Tamice npoaoounoHanHo pacTojalby 
	

118 

AKO je 	=-- 0 fl Xo = 0, T.'!`:Ka ocTaie y TpajHcm muy, jep je 	O. 
AKO je x0  = 0, a x01  t 0, TagKa CC xpehe npema jeanagansi 

1 x, '  
X 	-- jekt 	e —kf) = 0  sinh kt 

2 k 	 k 

Ca tee Bellom Op311110M Ta ,11.a ce yaajbyie Oa Heel- pa oa6njalba n .ofula3:4 y 
6ecKpajeocT. 

2. Ana je x, > 0, rpe0a nocmaTpaTH Tpn carygna : a. x o' = 0, 13. xo'> 0, 
y. xo < O. 

a. x,' = 0. :v OBOM cayvrjy Tagna C. yanbyje on tteHTpa npema je.lHaqmin: 

1 
= — xo  (eld + C-1z[) = x o  coch kt . 

2 

13. 	> 0. H y 030M C.Tlygajy Tagna ce yaaa,yje o,a uenTpa win x ce mca,a 
no jertHaqium (1). 

y. xo <0. Tagna ce npn6amnyje uearpy n, npema jeanagHHa 

x' — 
1 

 [ (Icx„ + x0')  ekt — 	e—kf] , 
2 

cmanqje anconyTny epeaHocT ceoje opaane CO nyoe as 

1 log (2) 	 r, ----- log 
2k - kx0 -1-x0 

xaL'. ce Haaa311 y noamnajy ea KOOpaallaTOM 

(3) 	 x, = 

Can o6pacuu 	ayjy as y c.nygajy Ket<0 Tp 6e ca paaannyjemo (ma TpH 
noTczygaja: 

X0'2  
a. x02  > 2— , Tj. x,' < kxa. Y OB(m caygaiy je xi<xo. Ttpina ce y noao-4:  

xcajy x, aayeTaema, na ce 03 For nozoNcaja yaaa,yje y 6ecmpalnocr. 

b. I xo' = kx0 , Taaa je xl  = O. 	nO ,ICTHOT noao:aaja x0  Ta,1:fa R omen y 
uenTap fa,::,6njafba PI Ty ce aaycTae.a-,a. 

c. I xo' I > Tao . 06pacHH (2) n (3) rytie cacj cmncao Tagga ce He aaycTae.rba. 
()Ha ce npn6aHacyje Henipy, ,aoza3u y ueeTap y TpeHyTny 

1 	( kxo—x,'  
t2  — 	log 

2k 	 x„' 

H Ty lima 6p3Hny 
A fl x0/2 	I, 2 xo  2 

Ca TOM 6o3mHom one opoeeaa gel:Tap H yanaLyje ce y 6ecxpajnocT y Hera-
THeflom cuepy Ox oce.  

19 	 flposaageibe Tagke no 1--byTHosy a.amoey 	 § 5'122 
1 __ 	___________________  	 _ 

§ 5122.  IlpHnnatielke  Ta'rne Na nenonpemos. Aenipy no 

113.Y.THRBY... qa:g°!IY. , C•TITI?'-i ,r1P_P. 0JUIIILile50!1_1(Pe.:1.41ba 

Peanimo cu. npo6,aem npaBoammcxer KpeTaffia Tatme noz, yni-

uajem 1-byTaose cane, Tj. npHanaque cHae o6pHyTo HponopiwoHanHe 

Rsa,apafy pacTojan?a,Amo ce noxpema Tatixa HanaaH Ha rfoaHruiloj -

crpaHH Ox ocoareme, spe,aHocr CHJie Mo)ceMo E3pa3NTH 

1 „ 1 
—
2

inn-  • -x-2  

rAe je — k2  Koeciwaujewr nponopu,HoHaaHocrx. 3a cAytiaj nozoHcaja 
2 

Tatme Ha HeraTHHHoj upaim, H3pa3 3a CHJiy Hocraje 

	

, 	1 
X------nzic 2  • -- 

x2  

3aycTasHhemo ce Aa npoytimmo Kperame Tagge Ha 1103HTHBH 0 j 

cTpaHH Ox oce. ,11H4)epeHaujaaHa je.aHat-umia KpeTai-ba je 

1 , 1 
it- • — 

x2 • 

ripsu HHTerpa.i w3e jefinacHHe je 

(1) 
	 x/2  = — h 

r,ae je k ripokinwhaa KOFICTaHT3, xoja, 0.3,pebz:-.Ha 113 nogeTmix Hpe,a- 

HOCTI1 X0  11 X0 ', H3HOCH 
k2  

= X0' 2  — — • 
X0 

113 jeAHalmHe (1) umw.no 

x ' 

HpH tiemy 3Hax rrnyc y3amamo sa xp > 0, a 3HaK MHHyC sa x o' <0 

H xo = 0, jep y noc.nealbem czyliajy x" < 0. 

AKO ce 3aycTaammo, paAH Kpaher rnicatba, Ha 3naxy nnyc, H3 

npeTxoxie je,rwatme Hmamo 

(2) 
	

dt 
	dx 

x 
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§ 5.122 	 Ilpeenageme Taqice ro 1-byTmotty 3incoay 120 121 Cuss miens cacao OA 6p3ane 	 § 5 . 13 

  

u2  — h 
Ae4noninthuor peoprrara Tpe6a pa3JIHKOMTH TpH 

YHoberbem Hose npomeHaame 

U= 
x ' 

aaa je 

dx— 2uk2  du  
(re— h) 2  

AOHOAHMO IlpeTX0AHY jeAllatIHHy AO 06JIHK3 

(3) 	 dt = 	2k2
du . 

(u2  — h)2  
KaHo HHTerpan 

f  du 
 (a2 —h)2  

moxcemo TpaticcpopmitcaTH y 

1 (  u  J. 
21z u2 - h f _ h 

H3 jeAnagthire (3) H3BOAHMO wiTerpan 

t a — k2( 	 a 	du  + 	 \ 
h u2  — h + f _ h ) 1  

rAe je a KOHCTaIiTa HHTerPIIIIHje. 

3a HopawaHatbe HHTerpana 

f
du  

H Hopagymaaalbe 
cnytiaja: 

1. h>0. 

KaHo je y (mom caytiajy 

i  du 	1 	, o  Viz— 11 
--    l 	- 	l J u2 —h 2Vh 

g 
Vh-Fu 

imam° pewelbe y o6.7ung 

k2 
t ± a --- 	

u 
 + 

1_  log  _ ), 
h 	—h 2Vh 	Vh-Fu  

2. h<0• 

HErrerpaa Hata HpeAnocT 

f du 	1 	u 
= — 	arctg 	, 

J u2  — h 	V —h 	V — h 

h ku2  — 
3. h = 0 . 

Y (mom cnytiajy HenocpeAlio 143 (2) ammo jeAliacway 

1 _ 
dt= —k  Vx dx , 

Koja AoHorm AO Hirrerpaaa 
2 2/2 

t+a--r-ik x • 

AlianHoy Hperalba moryhe je H3BpIIIHTH HJIH nouohy oBHX HE-

Terpana HJIH, 
y HeHoj me', HenocpewiHm nporiaisaibem jeAHacuthe (1). / 

§ 5 . 13: Cana 02BHCH canto oi; 6paaae 

AKO cHaa, KOja AejcTsyje Ha Tatucy, 331314CH C31110 OA 6p3HHe 

Tatce, JuuDepewwjamia jeAHatunia Talaor npaHownwocor Hperalba 
AOBOAH AO j=1/1L11.111e 

X"  f () • 

HHTerpautija ose jeAHaqHHe mowe ce H3BeCTII °OHM HatIHEIHA43  

1. HanHummo npeTxoAay jeAtiatunly y o6.inmy 

dx' = dt, 	r. 
f (x') 

TaAa hemo Ao6HTH loaAPaTYPY 

t 	
dx' 

C1 	— = pP 
f (x') 

AKO oey jeAliatuniy pennimo no x' 

x' = (t +C1) , 

k2  x — 	 
is2  — h a peweibe je 

t + a .---- k2( u 	— 1  a t 	ti  ) h v h  rc g 
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§ 5'131 
§ 5•131 
	Kperaibe Tavxe ❑ G 	 y OTI/OpliCj Cpea:311/1 	 122 

ona Aaje apyry Kaaaparypy 

x 	(t --F -  Ci ) dt 	C2  , 

Koja noc.rie oapel-Inaalba flp011320JbliNX KOHCTaHal a petuaHa npo6.Tem 
o xpeTafby TanKe. y onom magnny peulaaalba Tpeoa 
143BpID14TH Jae Knaaparype Ji je lay uHEepelljy,. 

110MIONCIIM0 jeanagiany 

—;(x') 
ca 

x'cit — dx , 
14 Aookiliemo 

x' dx'—f(x')dx, 

nocne pa35,Bajzi-ba 

C.IX' (IX . 
./(X ' ) 

Ilpema Tome no3a iczwaTy 	oB,r1,e 

x 	x' dx' 	(x . )  

j 	(x') 

ilocae nnaepenje nmamo 

IL% (x 

oaaKae aoaaaHmo Ao HBaApa:. vi e 

_ v  (x C,) . 

3a oapeilnEafEe x, 1,:ao clyynHuzje apeMeHa, Tpe6a ii3BpLL114T1-1 

j011.1 jeany nanepanjy 
x + 	(t + C„). 

Bwanmo aa cy y onoj me -roan noTpe6ae ,a8e Ksa2paType H aBe 
Eumepamje. Ann, 110111TO cy ore pa3illitildTe OA CJI14 ,1HPIX onepannja y 
YpeTXOAHOj 1413TO,A14, riaueNaz nocae,aia,n Hagan pemaaarba 

6mTm 

§ 5°131. RpeT2.1-he 	no Iineimpljll y OTHOpii0i cpermni 

3aArscammo .aa Ha Ta'aicy Mace in me AeicTsyje HnmaKaa cnna 
cem cnae oTnopa cpeanae; TO je C.1137ylaj NpeTai-ba Taime no Haepwajia 
y oTnopHoj cpeaniiR. PpeTnoc.Tarnmo aka cnna oTcopa r-mra nparyan 
6panHe Tag e, .cmep C3711p0TaH cmepy 6p3nHe iii3Te11311TeT nponop- 

123 	 Kpenthe Twine 	nHepuujn y oulopaoj cpenonn 

!Amnia/Ian /2' T011 cTeneny varrenanTeTa 6p3nne. AtiaAH3yjMO ABa cay- 

riaja:=---  1 n n = 2. 
1. ,1.1,n4epenn74jaana jeamatmana tcpe.Tatha TaTIKe y npnom cAygaly 

von o6.7li< 
MX" 	—17/1C. 2 .7e 

TO He3aBncHo oA calepa 6p3nne, jep je cnna 	k2  mx', rae je lern 

110311TH131134 Noeci)mmjear npollOpUH01121HOCTH , 
ynex cynpOTHor cmepa 

y oaHncy npema 6p3lnin 

Ha jeatntqaHe 

.7C" 	 , 

nocae paaanajatha npomena-..nnox 

dx° 
--- — k 2  dt , 

x' 

C, 

rae 5/21-1.rerpaaHoxy KoncTanTy MoNte2,10 o.apeawrn He ycnosa 

log v, C„ 

npn memy je v, HorieTHa 611-,CHHa 3a 110tleTi-iN Tpel-SyTaE-to"---= 0. 111-1Terpa.
1  

(1) nocTaje 

	

(2) 	 = v0  e— k z i 

14 ,a,000an, nocze nHTerpaIluje, AO ,apyror kraTerpaaa 

k2  

113 Kojer, npeTnecTaBa,r,jytn ika je, 3a t 	0, pi 	= 0, zo6mjamo 

	

(a) 	 x = 	— 
k 2. 

U3 nwTerpaaa (2) Ao6Hjamo aa 6panaa Tat:11<e onaaa H Texua 

Ryan, Ka, t cND . TamKa Te.)xn cBOM uajaeheM yzaibeiby 	notienior 

noamicaja Bemitunte 

	

(4) 	
vo 

a = . 

AND 3Hamo notieTny 6paHHy v, TalKe H :y70.Tbe ribe a no.acmaja, 

1%1,e ce TatINa 32yCTailTba, 11.3TO 
nacryna, npki6an)Kmo, nocae nanecHor 

a,o6njamo nuTerpaa 

( 1 ) 
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oTaorino 	
§ 5•132 

_ 
127 

kaKo je 6poigaau /she cTpa ..,-,..a_'. ripc•rxoT,LHe jee,HaLrire ,ri.H4-)epea -

ul.ija,a HypeilHou,a, floc,ne i:. HT er r*uvfj(-2 Hmalvic:; 

log i (+1 g + Ir. :::„') p H- ( -V g — ic x o ') q ± C 1 	I 	.._ _  

L 

Fioc.,-,e o4pelyiaba
oacTaHre kr-iTerpsuJije as yczoBa Aa sa 

-..' ---- 0 H.-/f.a....-.,o .\-.. r------ 0 :/. L (7, .7 i 3 -, : o x.,,,._:v.e.i.Tiisso ,a0 HuTepa,q.fi 

Ca T3M ce 6p3HiiOM aK 

y,licalbyje y 6ecHoHaqH0- c -r. 

3a cay -gaj HpeTal-ba Tez 

y ripeTxog,Ha per.7erba craB,z -fu 

33 6p3 -eEy Hmamo 

(9) 

,11, 7- Ar77.74 	cos k . 	, , 

k 	.0-  cos —  k 	k g t = 

a sa H0,-.)pesniaTy 

.:c -- 1 2 -  log ( cos k -v g t — .7-4,  sin /c 11 g i •  (10) 

 , 

Y oaoal cilycaj -y, -re.gHe ca ri5genfi'i0!2: 6psnr0r-1 x,' , Hoja je Hera-

TI3Bila, xpehe ce HEIEZ,Lde H, je3,Eor TpeLyT-I-(..a, EOja hemo 03HataiTi::1 

ca t„ oria ce 3aycTasiba (x' = 0). K.o.Ho 'j e_ Taa as (9) 

1) g sin il-.11 gi-1 + k x.; cos kAi g t,----= 0, 

apeMe ti  Ema Hpe,aHocT 

Tome C7H-1-ze 

BHCatie 1 , 
11 =-- 	( 	 2 

2 k2-log  

r , 	 k 

c 	 x) e  

i!L.2 	b ± 	 C, 

(7) cis a c y spiky HT„):.metia F4sr.lia arUMU-

flPit 	S 5 50 Hpe,a.ecCTI: 

, c• 
V 	 • 

TO HOKaSyje je,D,Hatulaa (8'; , 

y 131-ic sa 3o6H)en:e pellieFba Tpe6a 
aapa3 ki. Tess 

, 
1=  _1 ...=  arcig  

kli a 	
\ \ g I 

.S 

Kaao TO c:le;,11 V.3 jttAlistialie (10), Tat:Ha ape. 

§ 5.132 	 BepTiu.canini 	y oulopkioj 
	

126 

05pacge H3aeeH aa npHo KpeTaie mox(emo apHmeHHTH Ha 
apyro HpeTerrbe va,a y H3Hpu:1mo samelly k ca ki, r,,ae je 
= 

F:ao ti3 jeiiseturrde (4) H3B02141' ,10 jeAuagHay 

k2  

Koja ce Hir,ewar-rm Tpancey,Dpam.T.:5 y 

d (11 	kiej   	) 

	

-v g + kx" 
	 , 	, 

g 	0 

kliVIEIVJO 35 noi.t HaTerpaa. 

io (Vg ic.V) iug 	— kx') — 2k Vg t — log C. 

AKO ICOHCTairfy wiTeri3a1THe oLip --,:2,7,HLis H3 yc,,D-Jea a 31 
notieTl- -1 ope,HHa. naa Bc.:rea0CT X0 ', 	 ce Hspam-caHa 

(6) 
	 Vg kw' 	—2 lc g t 1112- 	kxe ,  

— kx 
	 • 

ripeTcT!,_syo Taj HH -ferpe,i: y c6.riau 

• • 	p 	_ 
g — kx. 0' 	iJg — 

re CMO pa,r.Fsei Hpamohe CTa3H,Tat 

kat 	 k a t  
p e 	q =e 

peammo re no 

(7) 
	

x - 	--  — • 
(A,  g 	kx-0`) P 	kx i)q.  
(11i + k x0') P — (11-7  — kx0')  

143 0:3-3 	 A961,0110 

dx — 1 orc-H-- 	dp + 	— kx 0 1) dq "s_ 
k2 	 p 	— kx 0') q 

1101 	cmc., 	 i;aulwee 

dp= Ic Vgpdt, 

t = 

q, 
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CAHICa 44 

HurerpanH 

x = x0  -j- xo (t — to) , 
1 

g (t — to  

z zo+ zo (t to). 

Am) Hpeme pagyHamo on notierKa xperalta (t o  = 0) H aCKO-

pacraMo nogerHe ycnose, TH imrerpanH nocrajy 

a LbHX0B0 

2 

§ 5 2 
	

KplABOA11110CICO xperame 

AKO je KoecpunHjeHr k2  M87IH H y pa3naramy .norapHrma y pe.14 
311,ap)KHMO CaMO Aim gnaHa, Ti. CTaBHMO 

log ( 1 4- k2  -- xo ,  2 ) 	 x014  
g 	 g 	2 g2  

nperxonma je)naqHHa naje 
Xor 2 	k2  X '2  h1 	 0 

— 

2g 	4g2  

npBH 11/IaH AecHe crpaHe ripercrawba OHy BHCHily h, no Koje 
60 ce ragKa nonena ca nogerHom 6p3HHOM x, y 6e3ornopHom npo-
cropy. .apyrH gnaH npercraa:/ba npu6aHnoy spenHocr cHmKetba re 
BHCHHe 36or (mops cpeAHHe, penilmo Haanyxa. 

3a npoyqaBaHA Kperaiba ratme nocne rpeHyma t, nosoao ce 
Tpe6a BpaTHTH Ha jenHaqHHe (7) H (8), a no ycnoriom Aa je xo' = 0. 

§ 5'2. I<PHsonHu O ImeTamt 

Kao LUTO CMO BHAVIH (§4'31), Axctepeftuujanae lemiamiae_xpe-
Taibaratme_moncemo y onmreu cnytiajy 33—AiKaproHe KoopAHHare 
HaIIHCaTH 

x" = (x, Y, z; 	Y', z' t), 

Y" = /2 (x, y, 	x', y', zi; 0 , 
z" = fa (x, y, z; x', y', .21 ; t). 

Moxce ce AoroAHTH Aa AecHa crpaHa mice on HaseneHHx je,a-
Hagana 3aBHCH camo on °He KoopAHHare H oHe 6p3ime, Koje ()Aro- 
eapajy y6p3affiy, Ha np. 

x" = fi (x, x', t), 

Y" = 12 (y, y', t), 
z" = fa  (z, z', t). 

Y OBOM cnyvajy ce HHrerpanHja nenonumor cocTeMa jenHamma 
pacrawba Ha noce6Hy mrrerpauHjy a:mice on rpH jenHaqHHe. flocne 
re HererpauHje Hmamo mrreipane 

x 	Fi  (t, C 1 , Ca) , 
y 	F2 (t, Cg, C4) , 

Z = Fa (t,  C5, C6) ,  

I7po6xem xocor num 
	

. 21 • 

Koja, nocne onpelpfealba np0H3B0JbMIX KOHCTaHaTa H3 notierHHK 

ycnosa, Aajy KoHavHe jeAHatme Kperalba ragKe. 
Kao npHmep ramor cnyciaja penmhemo npo6nem Kocor xirrua. 

§ 5.21. 11m5 e7 xocor moat  

lipo6nem Kocor xicrua je npo6nem Kperma reniKe Time y 
6e3Ba31l,ymHom npocropy tam noqerHa 6p3HHa Hma Ma KojH npasau 

npeMa xopH3oHry. 
pemeibe npoonema 6yAe InTO jenHocraHHHje yaeliemo no-

nowaj KOOpAHHaTHOT rpHjeApa OBaKO: 

nogeraK 0 CMeCTIMO y notierHH nono- 

Hatj M0  noKperHe ragKe, Oy ocy Hane- 

Immo BepTHWILLO yaHc, a Ox ocy y3M14110 

X0pn3OHTaax0  y oHoj BeprfiKanuoj pal3MI 

Kojoj npHnana nogerma 6p30fia v o  (cn. 44). 
3a 'mime oce notierHH ycnom cy 

xo = Yo zo = 0 , 

xo = vo  cos a, yo = vo  sin a, zo = 0 , 

me je a yrao KojH 6p3uHa , rpaAH ca 

X0pH3011TOM. 

Flomro Ha ray mace m Aejcrayje canto clina reze, ca 

npojeKunjom — mg Ha ocy Oy, rne je g cranuo y6p3aibe ream, 

AmcDepeHnujanHe jenHaqaHe Kperma cy 

mx" 0 , 
my/ = mg , 

mz" 0 , 

9 paIlliOliaJlBa mexarma 

1 

128 129 
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0.4333 45 

§ 5- 21 11po6nem Kocor xtirua 	 130 

 

(1) 

(2) 
	y 	t sin a — — 	, 

x 	vo  t cos a , 

2 
1 

Z 0 . (3) 
Tpeha jenHaqinia noxaayje na ce Hperatbe npwu y cranuoj 

BepTHKaJ1H0j paHHH KOj0j npHriana Elwin-Ha 6p3HHa, 

JeAllacIHHa (1) noKa3yje na ce npojelmja Tagge Ha X0p1430H-

Tamy paHau Hpehe pasHomepao. 
Hajam APYroi jeaHaqHHH oncompa: Tips°, jenHaxo ycnopefio 

xpeTaibe no TpeHyTHa t1  =V1  sin a, a aaTHm jenHaHo y6p3aHo. 
g 

3a onpehinaH,e o6nHica TpajeKTopHje emunnunllumo speme H3 

jenHaqHHa (1) H (2). 11011.1TO 1.43 (1) HM3Mo 

xI == 
vit'cos,cc . 

jenualtHHa (2) Aaje 	 - 

(4) 
	 y = x cr a 

= x tg a 	 , 

	

2 	v02  cos2  a 

4h cost a 

	

1 	x2  

	

1 	x2  

.t.
0. 	  ...7;-_.  

131 	 IlP061122I KOCOr arrua 
	

5.21 

PeumMo can nwratbe: non Hojval yrnom a rpe6a ynepHTH no-

geTuy 6p3HHy vo  cranHor HHTeH3HTeTa V0  na TpajeKTopHja Time 
npohe Kp03 yHanpen onpeherly Tagxy P ca HoopnHHarama £, r  . 

TpamceHy HpenHocT yrna a naje jenHatnoa (4), aim x H y cme-
HHMO Ca E H 

n =-- E tg a 	
I- 	

E 2 	 1 	E2  E tg a 
2 	vo2  cost a 	 4h cost a 

Ty jenHatnmy maHcemo cMaTpaTH Kao HHaaparHy no tg 

(5) tg2  a — 2p tg a q =-- 0 , 

rite cmo 03HaElHAH ca 

p= 	 ll  
gE 	E 	 g E 2 	±£ 2 

, ---=—, q= 1 	v  Vol 	2 h 0 2 11  ± 2 	= ± 4 
/i 

JenHatnma (5) Hma Asa HopeHa 

(6) tg a =p 

06.nacr mapHllx HopeHa OA o6nacrH HmaraHapHHx xopeHa 
oaHaja ycnos jennamix HopeHa 

p2 q 	0 , 

1 vo  me je h -2 2 HHcHua no Hoje crime Twin 
 g 

6ageHa y BHC ca noqemom 6p3aaom vo. 

OBa jenHaLunta npeT,cTawba napa6ony ca 
panenHom Oy OCH H ca TemeHom S y Tatum ca 

HepTHHanHor xaTua 

OCOM cHmeTpHje 1181- 

KoopAHHaTama 

vo2  xs = —sinacosa= h sin2a, 

Koji' nocne cmeHe nosonH no jeAltatialle 

_ 	11,,2 

2 ; 	 4 	h (h— , 

Alm cmaTpamo E H Rao npomeHamae, oaa jenga9Hitaonpe-
hyje je.aHy Hpusy — rpannay H3Meljy 06naCTH TagaKa Kp03 Hoje 
momce na npolje Tpajewropmja nana H °Mao% TatiaKa Hpoa Hoje He 
monce na npohe HHjenHa TpajeKropmja, aHo nogema 6p3ima HMa 

2 

	

1 vo2 	. 
y3  = 	sine 	= —

2
h (1 — cos 2a) . 

g 

143 01314X jenHatuma cne,ayje na Ka0 reomeTpucHo 
S caymi enucica iiiemeaa Taaja je jenHainfita. 

+ (212 2 -)2  = 1  
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AK° jeAttaintay (2) Hanmemo 

(9) 	 d (v cos 0) — c f (v) cos 0 dt 

uouohy (8) entimamtnemo AucPepeagajan dt, Ao6Ithemo A04epea-

4wjaaity jeAttacuoy 

d 0 
— g cos 0 v — , dt 

a ekkatIle 

(8) 
dt = — 

V  

g cos 0 
d 0 . 

(7) 

§ 5'211 Koc xaTau y olnopHoj cpeaHHH 	 132 

 

ABTH HHTeH3HTeT. 143 Tor pa3nora ce °Ha xpin3a, t* flpeTCTIIBJba 

napa6ony, 3oHeunpa6ong cuzypnocirgt (cu. 45). Kpo3 ataxy Tarmy 

F HcnoA Te napa6one npona3e /Ise moryhe TpajexTopHje xtrrna ca yrno-

BHMB  CTBapHHTA Hopetnima jeAttaqHHe (6). IlpH Tome, 81(0 

ce THEM P Haaa3H y yHyTpanntocTH enHnce Temetta, y tboj ce cexy 

ARe napa6one H TO : jeAna Ha Ae.ny netbaiba H Apyra Ha Aeny . 

caymatba. Am) ce Taqxa Hana3H Hatt °He mince a mcnoA 
napa6one carypHocTH, o6e TpajexTooHje cexy ce Ha Aenormia -cny-

11.1TaH,a. Kpo3 cHaxy Taqxy Q Ha napa6onH CHrypHOCTH biome ;Ea 
npohe canto jeAHa TpajexToptija ; napa6ona cHrypHocTH je aimenona 

CBHX THKBHX moryhmx TpajexTopHja. Haj3aA ma 3a Rojy TaLmy R H314a14 

napa6one cHrypHocTH He 110CTOj14 1114jeAlla nyTatba, Koja 6H xpo3 tby 

npana3Haa, axo HHTeH3HTeT 6p3HHe, He npena3H HpeAHocT v0 . 

§ 	Roc XHTHIlk y ornopnoj cpe,,Allaa 

IlocmaTpajmo ca.A npo6nem xpeTatba Teruxe Taqxe HaA Ha oby 
Aejmyje cem cHne Texe join H oTnopHa cHna, peummo oTnop Ha3- 

Ayxal). Heaa Ta ornopHa mita Hma npaHan 6p3HHe Taqxe, cep cy-

npoTatt cmepy 6p3HHe H HHTeH3HTeT 

M cf (v), 

rAe cy: m — maca Tatum, C CTBAHH xoectotantjeHT H 1(0 cpytnaiHja 6p3HHe. 

flpema OBHM noAanuma moNcemo AtuDepeHuHjantly jeAHaquHy 

xpeTatba TagHe y HewropcHom o6nitxy HanHcaTH 
-0 

-0 
(I) 	 m =mg — mcf(v)

—v •  

Too jemagallasia Tpe6a A0AaTH notterHe ycnose 

xo 	zo  0 

X'0 	V, cos a, yo =V0  sin a, Zr,' ----- 0 , 

rAe je a yrao Hojit cli41114 notteTHa 6p3tuta vo  ca Ox OCOM. 

Cem clicTema jeAtiaquHa (2) — (4) 3a il,exapToae HoopAHHare 

HaseAHmo H npooAtte jeAttaqHHe !gamma Taqxe. 3a TaureHTy Ha 

npatmem y6p3alba g Hmamo 

dv — c f (v) — g sin 0 , 
dt 

v2  ---gcos 0, 
p 

rAe je p nonynpeqtm xptaltHe Tpajewropuje. 

Kaxo Ha °awa AHa y jeqmte (4) 11 nottentax yeaoHa 3ax.rbyqyjemo 

Aa ce xpeTatbe Tat me aptutt y pawn' Oxy , 143 no3Hare reomeTpttcHe 

4:1 tontemaTime jeAttaqtnie 
ds = p d0 =-- v dt , 

Lae je ds enemeHT Aymunte nyia TpajexTopHje, mowemo oApeAuTH 

1 	1 d0 
p = v dt 

Ha OCHOBy Tot' H3pa3a 143 jeAttaqatte (6) H3BOAHMO 

133 
	 Koc xxrau y oTnopHoj cpeatum 

	 §5.211 

nyralby, Koja rpaAH yrao — -I- 0 ca 
2 

jematunty 

(5) 

a 3a Hopmany 

(6) 

AKO KOOM1HaTlill TptijeAap Oxyz nocTammo Ha HUH Halm' 

xao H y cayqajy Kocor AHTLIa y 6e3Ha3,nyutHom npocTopy (§ 5.21), 
-0 

H yrao KOJH 11HHH 6p3HHa v ca Ox OCOM 03Ha9aM0 ca 0, H3 HexTop- 

cxe jeAHaqHHe H3BOAHMO cionapHe jeAHaqpitie 

x" = — c f (v) cos 0, 

y" = — c f (v) sin 0—g, 

z" = 0 . 

1 ) 
Outnaprio Taj npo6nem ce auanHampa y c-etinjannoj rpauH mexamiae, y 

6anticTitum. B., Ha np., C. Cranz. Lehrbuch der Ballistik. I. B. Aussere Ballistik. 

5 Auflage. Berlin, 1925. 
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Cilium 46 

§ 5'211 	 Koc zuTau y loTnopRoj cpeaunu 	 134 
	

135 
	 Koc x.jiau y 01110PHOi CpeAaRli 

	 § 5*211 

gd(vcos0)=cvf(v)d 9 

npsora peAa ca use npometin.Hae V H 0. Osa jeAHaqHHa sose ce 
anatota 6a.nuciiitvoca leimagtma. flocne HHTerpanHje Te jeAHatuthe mo-
memo cmaTpaTH HHTeH3HTeT 6p3HHe v MHO no3Hary itymouqy yrna 
0 , Tj. 

(1') 	 v = v (0) . 

flocne Tara H3 jeAHamnie (8) moncemo pee ymecTm mmanpa-
Typom 

(11) 	 g dt = — v sec O. d 0 . 

Koop,mmmaTa X H3 (7), nocne mHom(elba ca v H HcHopHaillasaH,a 
jeAHaqHme v cos 0 = dx : dt , TaHohe ce oApehyje xsaApaTypom 

(111) 	 g dx 	— v 2  • d 0 

143 one jenmaymme, y3mmajyhm y o63mp Aa je 

dy A 
g n  

, = E top, 
dx 

mmamo HOBy HaaApaTypy 3a oApehmsaffie y y cl:IyHHHHjH 0 

(IV) g dy = — v 2  tg 0 • d 0 . 

Haj3321 113 (11) H3BOAHMO jeAHatimHy 

(V) g • ds = — v2  sec 0 • d 0 

Koja HsaApaTypom oApehyje ApHHHy nyTa s Tatum y CPyHK1114jH yrna 0. 
flpema Tome noTnyHo peuretbe npo6nema KperaH,a Teunce Tacuce 

y oTnopHoj cpeAHHH CBOAH ce Ha HuTerpaumjy ramie 68.71Hcrmtime 
jeAHamme H Ha 11H3 xsaApaTypa. 

Ho monce ce H npe aHa.nme Helm cnytiajesa moryhe muTerpa-
uHje ramie 6anHcrmcnce jeAHatunie H AO H3pagyHaBama HaseAeusx 
KaaxpaTypa H3BeCTH HHT313 41113 OCO6Hlia TpajewropHje Tamce H TO 6e3 
o63Hpa Ha 06nmx cpymaHje f (v) . Hamenmmo Te oco6mme 6e3 xmca3a; 
Aomaam mory noc.nymoam sa mem6affia. 

1. X0p1130HTaJ11111 momnomewra 6p3mme, v cos 0, 3a pee Kpe-
Taiba onaAa. To menocpexio cneAH, Ha lip., 143 jeAnattHHe (9). 

2. Oavrap yrao a TaHreHTe Ha Tpajewropmjy ca O x °cox y no-
/ qeTHy HpeTarba, y Tamed 0, mation je oA oulTpor yrna p Ha Hpahr 

xpeTsuba, y TagKH k (c.n. 46). 

3. BHCHlia ys  TemeHa S 

TpajewropHje Hana3m ce y 
rpaHHHama 

—
1 	

4 
atga<ys< —

1- atgP, 
 

rAe je a = OK. 
4. AHo cy A H A l  Asa 

nonowaja nospeTHe Taque Ha 
liCTOj BHCHHH HSA xOpH3OH- 

TOM, 8.nm jeAan Ha Aeny OS, 0 

a Apyr0 Ha Aeny SK, 6p3HHa 
Taince Ha npsom Ae.ny seha 
je oA 6p3HHe Ha ,itpyrom Aeny. 

5. 0 Si  > K, rue je 

Tatum S, npojelatHja TeMeHa 

S Ha X0pH3OHT. 

6. flpoApmeibe aena SK TpajeHTopHje Hma sepTmHanHy aCHM11. 

TOTy. Y npm6nmscasatby TOj SCHMITTOTH 6p3HHa TagHe Te/H14 rpammtmoj 

----,, v.. moja saAombama jen.malmmy 

Broj 
Ioventara 

excH Tama M ca HajMalbOM 

;Huy 

sin 0. 

Tatum Q rue mpmamma Tpajem-

311Ha >r H yrao 0 y TOi TIMM 

tpun nazi v knjlge 
sin 0 . 

3mme pacTe Hones OA TatIKe S. 

Y Tazwamam 
ancoayTHa speAHocT re Komno-

Healre y Tama' A je Beha oA ancoayTHe cspeAHocTH Te HomnoHesTe 

y TWIKH A1. 

10. Bpeue )(perms oA 0 	S m;tbe je oA spemeHa HpeTaiba 

oA SAO K. 
11. ,Ity)HHHa 

Ao K . 
BpaTmmo ce caAa npoynasatby name 68.111CTHHKe jemuttnine 

gd (v cos 0) = c v f (v) d 0 . 

nyTa o.n. 0 Ao S seha je oA Ayname nyTa ou S 

(I) 
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Koc vino y oTtiopHoj cpemuni 
	

136 

HHTerpannja °He AmPepeintHjanHe jeAsaEnnie y onunem cnytiajy, 
3a npOH3BOJbHy clquicnifjy f (v), nomohy caspemeinix cpeAcTaita Nia-
Temanuce aHanine y xonaimom o6nincy Hemoryha je. Ann nocTojm 
t114T8B BH3 cnennjaninix oft= 4137 11KIIHje f (v) 38 Koje ce TaKB21 HU-

Terpaguja moxce H3BeCTH. H3Bpalk1810, npmmepa pans, inirerpagHjy Te 
jeAHatnthe 3a cnytiaj 

	

(10) 	 f (v)= v 2. 

To je cnetwjanaH cariaj Aanam6eposa cnytiaja ca ornopHom 
CHJIOM y o6ning 

a -Fcvn, 

cy a, c, n — TpH KOHCTaHTe. 

Y cariajy (10) jeAitaginta (I) Ao6Hja 06.8HK 

	

(11) 	 gd(vcos 0)=cv3 d0. 

AKO noAenHmo °Hy jeAHactiffly ca v 3  H yHeAemo Bony npomeH- 

jj ---= v-2, 

npeTxoAHa jeAHaitHHa ce csoAH Ha ninleapHy jemialtHHy 

du d-6  + 2 tg 9 • u+2 -1- sec 0 = 0 . 

Hoene HHTerpanHje ose jeAttaInnie H Hpahatba Ha nona3Hy npo-
mei:minty v 3a HitTerpan Ao6HHamo 

1 	2c (12) 
(v cos er 	ac 

	(e) 	
2c 

 D 

me je 
1 [cost  sn 0  

P 03) — 	-I- log tg 
2 	0 	

) 
2 	4 

H D npoimo./bHa KOHCT811T8 iniTerpanHje. AKO oHy KOHCT8HTy ()Ape-
AHMO 03 ycnosa Aa je 3a 0 = a 6p3HHa v„, °Ha Ao6Hja ispeAllocr 

= D 	 P (a) • 2c (vo  cos a)2  

HHTerpa.na (12) raga C.8eakt je8118x1HH8 

v2  — -g- • 	
1 

 
2c cosy 0 (D — p (13)) 

Kojy cKpaheim mcmemo HaniicaTH 

Koc xmran y omoptioj CpCAHlikl 
	 § 5.211 

	

V2  = 	CP (0) 
2c 

1  
cP (0) — 

cos2  0 (D — p (0)) 

KOHCTEUITa D je Hp° jeAHocTastio He3aHa ca 6p3Hsom vs  'mike 

y TemeHy S ; HaHme, Imo je sa Teme 0 = 0, *imam° p (0) = 

it (12) 
D 

2c v s 2  

flomohy HHTerpana (13) moncemo jeAHatunie (I1)—(V) cpopmynacaTH 

Ha oBaj B11 14HH: 

cos 0 03 (II) 	
1165;(0) d 0 , f2gc dt — - 

03 (111) 	 2 cdx = — P(0) dO , 

03 (IV) 	 2 cdy = — (0) • tg 6 .,d0 , 

03 (V) 	 2 &Is = — cP (0) . sec 0 d 0 „ 

flocnemby KaaApaTypy moncemo sopatiyHaTH y KOHat1HOm °finig. 

3aficTa, Haim 03 (12) Ha octiony (11) cneAH Aa je 

e  dP  cdos30' 

Ty jeAHaqinly flpeTCTIM:batd0 °Ham° 

dp 	d (D — p) 
2cds — D—p D — p 

08.8BIte H3BOAHMO HHTerpan 

2 cs tog (D — p) G 

rAe je _ HoucTairra HaTerpaitHje. 

AKO Ty KOHCTaHTy on,peAmmo 
p=p (a), npeTxoAHH miTerpan Aaje 

1, 	D p (0)  

	

s = 	log 	 • 
2 c 	D — p (a) 

OcTane xsaApaTyPe He mory 6HTH aspagyKaTe y KoHaquom 
o6nHxy, flpHmeHa meToAa 3a npHonintaly HaTerpanajy omoryhyje Aa 

ce npo6nem AoHeAe Ao Hpaja H pe3ynTaT H3pagyma ca ilpH6.8H)KHOM 

TaLunnuhy. 

Jbasy 

137 

(13) 

r.a.e je 

H3 ycnoila Aa 3a s == 0 6yge 
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CAIIK11 47 

139 	lIpmenaverbe Tatum nponopanoRanao pactojatby 	§ 5 • 22 
IlpHimayetbe Taqice nponopuHoHanHo pacrojaiby 	 138 § 5 • 22 

Kam y3memo 3r o63Hp HogeTHe ycaoHe 

(2) H (3) H ompemHmo Hp0H3B0Jblie KOH-

czatue y jemHatumama (1), °He majy 

' 
x = xo  cos kt -- xo sin kt , 

§ 5' 22. Ilpmanageme TaziKQYA menoicamota geFrpy 
uponopumomanno • aCTO am. . Cn iIa K HBOJIHHHCKOr mpeTaffia 

Kao mpyru npHmep xpunomunicKor xpeTarba peummo npo6nem 
o xperalby marepHja.aue mince nom rimajem ,npionatme cHne xa 
HenoxperHom nelapy, KOp je nponopnHoHanHa pacTojalby Time o,a 
uenTpa. 

Axo newrop nonoacaja noxpezHe Tagxe M y oaHocy Ha uellTap 

npHnnagerba, Tatucy 0, oaHatnimo ca r, carry F, IBTO mejcTsyje Ha 
Tatimy, moncemo npenTaHHTH 

F = — mk2  r , 

rme je k2  KOeCDHOHleHT nponopumoHanHocTia. 

1-13 Heicropcxe n4epeHu8janHe jenHatume xperana 
4 

r — mk 2  r 

Ao6Hjamo TpH cxanapne jenHainme 

x" — k2  x , 

y" — k2  y , 

z" = — k2  z . 

lipema (6) § 5. 121 HHTerpanH OBH X jenHaLunia cy 

x = A I  cos kt A2 sin kt , 

(1) 	 y= A, cos kt ± A4 sin kt , 

z= A 5  cos kt A6 sin kt . 

Axo pee pagyHamo om notlenca xperam (to  = 0) 14 Ox ocy 
H3a6epemo Tam) ma oHa npona3H xpo3 HogeTH0 nonowaj Tatwe, 
°lima HMaMO ycnose 

y = 31—°  sin kt , 

z = 0 . 

Ose jemHatmHe noxaayjy ma je TpajeKTopHja mows y pawn' 

Oxy ca jemHaqHHom 

1 I 	y  \ 2  ± (1212  y2  
x.. 	yo' / 	Yo' / 

(2 

Cem Tora npeTnocTammo 

Yo = zo  0 . 

—9 
ma notieTHH semTop nonomaja 0M0  

H HomeTHa 6p3HH v,„ newe y pasHH Oxy (cm. 47). Y TOM cariajy 
4 4 

(3) 
	 zo 	vo COS (v0 k) = 0 . 
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(2) 
	

d k); 	dt 

Ca nese cTpaHe Hamm° AHcpepeHuHjan 
AecHe — npoHsso,n cane H AH4)epemuljana 
OBR cHna AejcTsyje. Taj npokosoA moacemo 

usjaa Heicropa J, Tj. CTaBHTH 

dt = d J 

KOJIHtiHHe HpeTatba, ca 
spemeHa, y Ton, Kojer 
cmarpaTH Kao HHcpepeu- 

141 
	 Hirrerpaan KoJII HHe KpeTalba 	 § 6.11 

3a Honaim HaTepHan spemeHa Taj seHTop upelprje ce jeAtia- 

gUHOM t 
1= f Fdt 

to  

H npema Tome HMS sa )1eKapTOBe HoopHHHaTe rJIABA LIIECTA 

ix = f X dt , 

to  

t 

lv= f Y dt , 

4 

OrlulTe Teopeme o xpeTatby maTepHjamie Tatuce =---fZdt. 

to 

§ 6•1. 3axon iconwume xpeTaiba 

flpousao/t mace m Tagice H 6p3HHe V, T.1. BeKTOp 

sose ce iconumunanperaana HJIH u,mtiync tiompeiline 
HOWTO je H3BOA Tor BeKTOpa no BpemeHy 

• 	--o 
K=---mv=m10, 

a HaHo je 	
4 

mw = F, 

Hmamo Beicropocy jmaitHaly 

(1) 
	

k 
Hoja H3puicaea Faeope.my Has 3alcon nommume !Teti -lama. OH mach,: 

Il3so4 !commune nperacmba _So ,,apeitteny jewian je. CUAll mop 
Aejciiimyje ma rdatiny. 

H3 jez,HaqsHe (1) moace ce Hanacars y AHtpepeauHjaaHma 
jeAHaqmlla 

BeKTOp J 3o se ce a/114.0 curie 3a IxaTm HHTepsan spemeHa. 

Jemia.noy (2) momemo npema Tome HanHcaTH 

dK= dJ. 

Y TOM o6aHxy oua rnacH: 4114)epemqujam no/Janne mpeirlatha 

jegman je ,r1u0epesiqujany u.m -aynca cu.ne. 
AKO npeTxmy jeaHammy HHTerpasHmo y KOHat1HOM HHTepHany 

spemeHa OA to Ao t, Ao6Hhemo 

(3) 
	

K —K o = fgdt 
to  

To je rueope.ga o tcomatimom ripupauuTzajy nomuntme nperuatba. 

OH3 rnacH: 17pupazurdaj !commune npetTialba ca nonagon_ unpeppipz 
mpemema je,nmalc je umityney cune, !cop ,zlejeigayje xa filatacy ca uculu 

unuiepaan mpemema. 
YaeHene senHtume, Komitama KpeTa}ba H Hmnync cHJIe, Hmajy 

HcTe AmmefisHje: 

[1()--= 	, 	[1].= MLT-2  T = MLT-1  . 

§ 6•11. I4HTerpamH 	 xpeTaiba 

AKO mina F, IUTO AejcTsyje Ha Ta9Ky, Hma oco6Hlly ua je 'beim 

npojeHuHja Ha jejaH cTanaH npaHau je,a,HaHa HynH, Tj. 
-o -0 

F cos (F ai)== 0 , 
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§ 6•11 	 14HTerpanH KOAHgHHe KpeTaiba 

rAe je al  opT cTaanor npaima, oHAa H3 jeAllaginie 

* 
K=F, 

-0 
nouie cnaaapaor mnoncekba ca a1 , HAMMO 

• 4 
(K al) = (F LTA == 0 , 

oAanae caeAn HHTerpaa 
-0 -0 

	

(K ai) K cos (Ka id 	 , 

rAe je C1  Hp0143B0.1bHa KOHCTaHTa. Taj HHTerpaa ce 3oHe IMPle_Vall 
1-. -4NB(1.11. 	

-0 
AKO flOCTOi0 join H Apyru Heial npaHau ca opTom a 2 , HO He-

Kommeapati ca ripsHm, moacemo HanHcaTH join H Apyra HliTerpaa 

K cos (K 	C2 . 

Haj3aA 3a Tpn pa3AIPIHTS HenomnaaHapHa npasua ca Tpehnm opTom 

as  HMaMo join H TpehM Hirrerpan KOMPIHHe Hperaiba 

K cos (K a3) =C3 . 
-> -0 -0 

Y cnenkijaatiom cariajy, HaA ce npainui a 1 , a3 , a3 , nomanajy 

ca ocama ,LtenapTosa TpHjeApa Oxyz, HHTerpaati K0.1114 ,1HHe KpeTatba 

nocTajy 	
nte == 	nue = , nu' == C3  . 

JacHo.  je Aa y caytiajy naA nocroje csa TpH cnanapHa HHTe-

rpana icoakitunie npeTatba BUM! H BeKTOpCKH HsTerpaa 

K= C, 

4 
rAe je C CTanall HenTop. Y TOM caytiajy 6p3HHa Tatine Hma craaHy 

-o 	►  
senTopcny HpeAsocT v = v0 . KpeTalbe je flpaBOAHHHCK0 H patmo- 

mew, jep H3 jeAHatnthe 

4  d r 
V 	 vc, 

dt 

-o 	-0 
T 	r 0 	v 0  t 

Kao npHmep HpeTatba naA nocroje Asa HHTerpaaa nownthe 
xpeTatba capful npeTatbe Kocor xHTua, jep cHaa Tenie, noja jeAHHa  

143 
	

3BKOHMOMeHTE'BOAH4HHe tipeTaffia 	 § 6•2 

Aejcmyje Ha Twiny, HeMa npojemHjy Ha xopH3oHTaaHy puma, na 

npeMa Tome 1111 ma Ha noja Asa [Tuna y ROpH3OHTaaH0j 

Haj3aA canto jeAaH HHTerpaa KOJIHIIHHe KpqTaff?a_ns2cT0111, _Ha np., 

y cariajy HaA npadau cane ysen ocTaje napaneaaH ,Heicoj cTaaHoj 

paBHH, jep y TOM caytiajy cma HeMa npojenuHjy Ha npaHan Hopmaae 

ma Ty paintH. 

§ 6.2. 3axox momewra K0.1111 1111He xperatba 

■10 

*Y3MHMO cTa.nuy TallKy '0 0 KOHCTpyHUMMO MOMeHT 1 KOaTAHHe 

KpeTalba BeKTopa K, ca HausAHom Tatncom y nonpemoj TWIKH M y 
--o 

oAHocy Ha Tatmy O. AKO ca r 03HatiHMO Heicrop nonmaja OM, 

MOrdeHaT 1 HMa speAHocT 

	

-o 	-o 
/ = [r K]. 

flucDepeHuHpajmo Taj BeKTop no spemeHy 

	

1 =
[;- 	 Ei'io 

• y3ommo y 063Hp jeAHatnme 
4 

	

r = V, 
	K = F ; 

4 	-) 	-o 
TaAa 360T K0.1114HeapHOCTH BeHTopa V 14 K= tt2 v, mowemo HanucaTH 

-o 	-o 
(1) 	

- 

[r F] 	4, 

rue 	
. _ _ 

je momeaT cHae, IIITO -Aeicfayje Ha nonpeTHy Tatiny M, HCTO 

Tax° y OAHOCy Ha Talucy O. 
JeAHatioma (1) ii3pamcaHa Fileope.my Ham sawn momeHtTia xonaquue 

xpeirtatba sa Heiloxperdnu non. Taj 3anoti raacH: 	momenta-a _ 

KO/Minnie Veillah5C1 y o4Hoey Ha Hello/Qat-mu 1-1011110  speMexy jeNtax 
je mo.meHruy cane, xoja 4ejerasyje Ha 	y o4Hocy Ha uciTiu 

AKO H3a6epemo Ma KOili noicpenn non, Tagity A, a HoncTpymnemo momenT 

econnanHe ispeTatha y oaHocy Ha Taj non 

la

- = 

 Le Kl• 
-, 

me je e = AM = r — rA , own 3a 113802 Hmamo 

k= K] + [11th 

142 
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onarne, nourro je . 	. 
e—r—rA =-- v—vA 

H K Konneeapso C3 V, 113130.311M0 Jealla‘MHy 

(2) 
	

4+ [VA KI LA , 

§ 6•2 3amon momenTa xons4nne xpeTama 	 144 

 

-3 

me je LA  MOMCHT cnne y onsocy sa Taimy A. Kan 6p3asy Twine A, serrop vA , 

ammo ca Taimom A, xpaj re 6psese onpelvje Tal1K3r, Koja ce sine usBoNat uon. 

Je3HaqHfla 
(2) nspancana Banos momenTa xontignse xpeTassa 3a noxpeum noa. 

Taj 33KOH men: AKO momenTe y3HMaMO y onnocy Ha HCTH noxpeTnn 1103, 11380a 

momenTa xon(Pume xpeTaiba mime momenr Konpruise xpeTafba ca nanansom TWIKOM 

y H3BOAHOM nosy jensax je momesTy acne, KOja nejcTsyje Ha Tamcy. 

Axo q.naHose jeitHatiHHe (1) npojHuHpamo ma Ha HojH cTa.mati 

npaHau ca opTom a, Hmamo 

• -+ 
(I a) ---- (L a) 

HAM 
d 

(3) 	 — 
dt 

(/ = (L a). 

Flourro je npojemmja momeHTa oxo Tatum Ha ocy xoja npona3H 

Kp03 Ty Tatucy jeimaxa momewry OKO Te oce, HanHcauy cxanapHy 

jeAllatniny momemo npoTymagHTH oBaxo: 
1413BoA no HpemeHy momeuTa xonHtme xpeTatba y oiniocy Ha 

cTanHy ocy jenHax je momeHTy cHile y oAHocy Ha HcTy ocy., 

Y carajy npomenJunsa npaaua ca opTom u HM3MO 

• 4 	d 	-4 • 
(( u) 	di (1 u) — (1 it) , 

roe je u 6pauna cxperaama ripavqa. Ilpema Tome sa spomen.rbna spasm! cxaaapua  • 

jennwanna momeaTa xontnane xpeTaffia inaje 

-it  (I u) — (1 u) 	(-1:71). d 0-> 	-> • 

Axo cy spomennamn oca H noa, y cnsocy Ha Koji( xoscrpyninemo momenTe, 

H3 (2) HMaMO 

d 4 	'4  • 	4 4 4 	-4 4 

	

dt 
VA it) — (1 A  u) 	[ V A K)) 	(L A  u).  

145 	 HaTerpaaH Homan. UN nospuluse 
	

6.21 

3a oce .litexapToaa TpajeApa aeftTopacoj jeAH89HHH (1) oAro-

sapajy Tpa ciampue je.Thatunie OA KOjHX hemo HaIlliCaTH npay 

dt 	dt 
d =  m (ye — zit') = L x  = ' yZ — zY 

38KOHy momeara ftofiatunie )(permit MONteM0 A3 ;tufo H Apyrn 

o6atift. 
AKO ynopeiunio MOMeHT KOJIHEIHHe uperana .  

4 4 	4 4 
1=ErKI—m[rvi 

-+ 
BHAHMO Aa ftewrop 

Ca anima 3a cerropcfty 6psafty S (§ 2 • 6), 
moacemo 1.31)33HTH 	

1= 2m S . 

3afton moues= HOWHOle ftpeTana (1) imam ce TaAa Hannan( 

. 	-+ 
(4) 	 2m S L , 

rAe je S ceftropcfto y6p3athe. JeAllatunia (4) Tana petunia: gps..Top: 

CKO y6p3athe nomametio ABocTpyftom MaCOM jeAHaK0 je momeary 

mute y tuulocy H3 nay aerioupeTay Tatcy, 3a xojy y3iimaido ceaTop-

cxy 6p3HHy. Y TOM 06J1HKy ce 33KOH MOMeHTa 303e eaKON cegaiop- 

ace lloguame. _ 

HnTerpann momenTa Hex TIOBpulime 

AKO cane F, ftoja Aejcrayje Ha Tatniy, 3aAoao.Thafta ycaoB 

(1) 
	 (L a,)= 0, 

-4 4 

As je theft mOMeHT y oattocy Ha CTIVIHy ocy ca oprou a, jeAH3K arm 

ouaa H3 je.aaatimue (3) npentoAtior naparpaclui caeAyje 

d -0   
dt (I 

40= 0 , 

a cowl pe3yATaT AOBOAH AO wiTerpaaa 

	

4-0 	4-0 
(1 al) = I cos (I a1) = const. = T, . 

10 PaHH01113H3 MeXaHHK3 
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Calm 48 

HaTerpaiu4 momeHTA RAH nosputHue 146 	 147 	 3aKou xclise cline § 6• 

   

Taj iniTerPan ce 3oHe uniTtezpan momentila 'commune verilatfra 

ea ,gairty ocy. 
110111TO ce Taj HHTerpan monce Haf1HCaTH 

4 4 	1 
S COS (S 	

2m
—r, —const., 

OH monce 6HTH npoTymaneu H OBaKO: AKO je momeHT cHne y onHocy 

Ha CTilAaH npaaaa, LUTO np0na3u Kp03 TallKy 0 je1HaK Hynu, nosp-
num Kojy onnyje npojelaulja BeicTopa nononiaja noxpeTHe Twine 

Ha paean ynpanHy Ha TOM npany nponopaHoHanaa je apemetly. 143 

Tor pamora Taj HHTerpan ce 3oHe toff -Liman  tCo$pa1ane. 

YCAOB (1) 'cop' Tpe6a na 3anon.ibaaa cHna monce ce Hannan ,' 

(L a1) = ([r F] a1 ) = (F [a, r]) = 0, 

a y TaKBOM 06.1IHKy OH noxa3yje na ce cons F yaex HaAa3H y paBHH 
-• 

U1TO 11p0Aa3H Kp03 OCy a1 H KOKpeTHy TatlKy M. 
-• 

Am ,  ce oca a1  nomana ca ,/leicapTonom OCOM Ox, 

cH.ny u3pancana ce 

a HHTerpaA MOMeliTa 

Ix In (yz' — zy 1) = const. rx • 

O 6pojy kniTerpana momeHTa KOAH4HHe KpeTaIba AOKa3aheM0 

Teopemy: HaTerpana 1110MeHTa KOA14 11HHe xpeTaffia Nonce 6HTH: HA14 

1 °  — HHjenaH, HnH 2° — jennll 11.1114 3°  -- TpH. ,E1axne, He _wince 

614TH C81140 Ana HHTerpa.na. 3aHCTa, aK0 HM8M0 Asa HliTerpafia 3a Asa 

CT1171Ha npaHaa a 
-• 
, 13 a3 , IIITO npona3e xp03 nTy Tanicy O, clina II1TO 

AejcTnyje Ha Tann,  M mopa na ce HaAa3H c jenHe cTpaHe y paBHH
-) 	 -) 

M H a„ ca npyre y paBHH M H a, , a TO 3Ha4H MOpa na ce HaRa311 

y HpeCeKy paBHH, y npaBOj OM. MomeHTH cline y onHocy ma Ha Kojy 

npasy IIITO npoJla3H xp03 Tatug 0 6Hhe jeAHaicH Hynky, npeMa Tome 

ysex moncemo H3a6paTH TpehH npaHau a3 , HexomnnaHapaH ca a1  H ag , 

y onHocy Ha Koji,' he MOMeHT CHAe 6HTH Hyna, na 3Ha4ii 14 3a %era 

nocTojH HHTerpan MOMeliTa. 3a OCe ,L1eKapTOBHX KOOpAldHaTa TO Ce 

BHAH OTyAa, IIITO, peKliMO, H3 yCA0Ba 

yZ — zY = 0 , zX — xZ = 0 

xY — yX = O. 

To maim, aKO Hmamo Asa infrerpana 

m (yz' — zy) = r x , 	m (zx' — xzl= r y , 

m (xy' — yx') r„ 
me cy rx , ry , rz  — TpH KOHCTaHTe. 

-• 
Am) cy npojexuHje HexTopa L Ha TpH HelcomnnaHapHa npamta 

je,a,Hatce HynH, cam je BeKTop L 

- 

jeAHaK Hyn't H 03 jeAHa4HHe /=-- L 

Hmamo HexTopcxH HHTerpan 4 4 
i=r 

K0jH noica3yje CTaAHOCT MOMeliTa KOAHIIHHe xpeTarba. 
-4 

.43exTop r onpebyje 
cranHy paHaH ynpamy Ha 
TOM BeKTOpy. 013/1 paBaH 

He llpeTCTaBTha H14111Ta Apy- 

1-0 AO pant' nyvnbe, nja 
y OBOM CArlajy MOpa 614TH 

paaaa KpHBa. 3dHCTa, a1C0 

KOHy4eM0 Kp03 TatiKy Mo 

(c.n. 48) paint' P yummy 

Ha HexTopy r, noneTHa 61)-  

31114a Vo  MOpa Aa AeNCH y 

TOj paBHH, jep 6u y KpOTHBHOM caynajy HMann MOMeHT K0/114 111111e 

xpeTaiba nHja npaHaa He cToja ynpaatio Ha psalm P. Y ABJbeM xpe-

Taby TatIKa HHKaA He MOIKO Aa no6Hje xounotieHTy 6p3Htle ynpamay 

Ha param P H npeMa Tome he Tanica OCTaTH yBeK y TOj paBHH. 

Ha Taj HanHH, y caygajy _Han nocToje TPH ocanaPHa aliTerpana 
momeHTa 'commune xpeTaffia, nocrojH cTanHa, Iteiipomelubuea paBaH 

y njoj ce Jcpehe_Tanna.-- 

§ 6:3. .,3aK011_,IKIIEte_CIVIe- 

Y3MHMO macpepeHuHjanHy jenHaquHy xpeTatba maTepHjanHe Tanxe 

BeKTOpCKOM 06.11HKy 

yCAOB 3a 

yZ — zY = 0, 

c.nenyje ycnos 

• 
Tpe6a Aa BaNSH H TpehH 

y -• 
mw = F 

H KOMHONCHMO nnaHone Te jenHanHae ocanapHo BeKTOpHMa 

v

- 

 dt ds , 
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§ 0.3 
	 3aicoa muse cane 

rue je ds

- 

 e.nemeHrapao nomepaibe ratme. 4(06;113ento 
-) 	-0 

(1)
. 

v dt) = (F, ds). 

I1pBH H3p83 mowe ce OBEKO rpaactopumcarH 

	

-o 	-0 
v 

	

(mv, v dt) = (mv, dt)= (my, dv) 	
(

2 
d — mv 2 ), 

. 

dv2  = d(v 711) 2 	, 

H ma Taj Ha91111 113 jeAxamthe (1) HM8180 

de1 --0 
-
2

mv 2)----- (F ds) 

11./111 
-) -0 

(2) dT (F ds), 

rue je T RCH88 CH/18 TIPIKe (§ 4.32). 

C Aecxe crpaHe y jeAliallHHH (2) HMIIMO 

(3) (F ds) = F.ds . cos (F,ds). 
-0 -0 	 -0 -0 

-o - 0 	
S Hanamo• CK3.718pHH npoH3BOA come F H ma Kor nomepatba 

mime re cone, Tj. 	
(;4==i7.S.cos(;,..i) 

soae ce pauuartiestme ita ,k,arqq.44. ilq4tepabby. OH ce mowe npory-

MailliTa H Kao npom3BoA cline H npojeKumje nomeptuba Ha npaaaq 
cone, a ramobe H xao npoonaoA nomepatbot H npojeKwoje come ma 
npaaan nomeparba.; Pau mowe ua 6yAe nosarmaax H aerarusaa npena 
xocmaycy yrliifilsmeby npaaana cane H nomepalba, a raKobe 14 jeAaalc 

Hynes, KRA CH/18 CTOjH ynpamoo H8 nomepalby, H TO 1183813HCHO ou 

Tors 111TO HH CH/18 1111 nomepaibe may jeAtiaxm Hynes. 
-0 	 -0 

1/13pa3 (3) Aaje paA come F Ha eaemearapHom nomeparby ds HJ111, 

T8K0311811H, eneditefiNapati pau. 03118 1114810 raj pau ca dA, Tj. CTIIBHMO 

4 4 
(F ds) dA 

Y Aexaprosum KOOpAHMIT118111 exemearapaa paA ce mapawaaa 

dA = X dx + Y dy Z dz ,  

149 
	

3aHoa acHlIC cum* 	 § 6.3 

rue cy, K10 11 yam X, Y, Z — icoopAHliaTe come, a dx, dy, dz — 

KoopAmarre nomepatba ds. 

AH0 je nonoxcaj ratme oApebea remepanacatiam KOOpAHlittraMa 
-0 

qi , q„ q1, nomepalbe ds mowemo npema (3) § 2 .3 Hapasarm 
-■ 	-4 	 -■ 

ds = A, dq, D i  + A, dq, D s  + A s  dq s  D3 

H 38 paA come amamo raAa ,  

d A =-- (F cl;) ( 	I  A i  dq, 

A i  dq, 	• 
1=t 

Aun Ha °away (2) § 4•32 

A i  dq i 	Q, dq, , 

M Ha 'raj HatIHH 3a pau AecPRIIIITHBHO 113/183HMO 

3 
dA = Q, dq i  =-- Q, dq, + Q, dq, + Q s  dq s  . 

i =1 

Taj H3pa3 311 enememrapaa paA Aaje mexanainco rymageobe npo-
133BOAa Q, dq 1 , 0 KOMt C110 Tosopuizu y § 4.32. 3HAH140 ua je raj 
npom3BoA jeAaalc paAy_come_tou_oolom exemearapaounomepubTratoKe, 
Ha Kome ce metba cam° jeAaa KoopAmaara q, . Ilpema TOM pe3yurary 
• m3pa4yaaaatbe reHepaxacaaHa CH/1a Q1  , Qs , Qs  A0B011,H0 je H3pfl- 

4rim pau Ha np0H330.15HOM enemearapaom nomepaiby m y Ao6mse-
HOM m3pa3y y3eT14 HoecImutojeare KoA dq i  , dq2 , dq 3 . 

_ }Noma coma 	HM8jy, 'wry AHmeaamjy 

[T] --= [A] = ML 2 T-3  

3a jemmuy pima y cmcremy CGS y3mma ce paA come ou jeAaor 
AHHa no ueorrmmerpy y npaauy CHJIe. Ta jcAmaHua .3oae ce epz (erg). 
Pax.„0.3_1(17_,epra aorse_Ce itgY. 11  (joule). Pau come 'mace ou 1 Kr no 
merpy, moja ce 3oae xu.nozpa.m-metriap (kgm), jeuHam je 981.10 5  epra 

9,81 'Jayne. 
Malay yaeAeHax Be.T1H 111111£1 — .11CHBe come H paua — jeA118414811 

(2) tame ua ce immune 

(4) 	 dT = dA 

jep je 
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§ 6.3 
	

3aKOH lICHBO cone 

Oaa je,oHainnia Hapawasa ffleopemy ono swam Ham cane sa 
maraepujanHytug y Au0epeHqujalmom 3aKOH moo: 
AutPepemialariJose_sune„.•watTlepujaime qattHef}RHatc je enemeHru-ap-

no.41„pa,431_01. e ,lia„sigagpajytte„H riomepatay. 

flomohy ,IlexajyrosHx KOOpAHHaTa 3aKOH )KHBe cline (4) Hspawa Bit ce 

d 	m (x' 2  y'2  z 12) X dx 	Y dy Z dz , 

a. nomohy reHepanHcaturx 

1 
d — m (A l2  (11'2  + • • • 2  Bi q2i  q31  + • • •)-= Q1 dql + Q2 42 + Q3  dq, . 

Y3MHMO caA y o6sup KOHatIHO KpeTaibe TaLce, KaA je oHa 03 

nonowaja M, y TpesTroy t, npeuina no csojoj nyTarbH y nonowaj 

/112  y TpeHyToy t2 . AKO sway cony TaLme y nonoscajy M, 03Ha4HMO 

ca T„ a y nonoHajy M2  — ca T2 , pa3noxa 
ts  

f dT 

je npapawraj  )KHBe  cone Ha TOM nyTy. 
flOWTO 3a csaxo onpeheHo xpeTaffie cne iberoae enemeHre 

(moopAHHaTe Tome, 6p3HHy ;  y6p3arbe, cony WTO nejcrayje Ha TacKy, 
HTA.) moNcemo cmarpaTH Ka° cl)yHxutije apemeHa, H3pa3 sa enemeH-
TapaH paA 

yaex ce moace npeTcrasHTH y 06JIHKy f (t) dt H, npema Tome, MO-
memo ra HHTerpanHTH y rpatunrama oA t, Ao 4, WTO oAroaapa npe-

aa3y Taime H3 nonozja M, y nonowaj M2. He 6enestehH excnno-

WiTHO He3WHICHO npomewbosy, Ty oHTerpanHjy mcmemo 03Ha9liTH 

M2 	M2 	 M2 

dA 	f (F ds) = f (X dx Y dy Z dz) . 
--) 

AKo caA o6e cTpane jeAHatuure (4) HHTerpanHmo y rpaHorrama 
oA t 1  Ao 4, HMBMO 

(5) 

&peal papa. Teopema o npomeam mane CHAO 	 § 6.31 

rAe CMO ca A 03Ha9HJIH frioillanan pa,g clue F Ha nyry TagKe 

nonomja /1/1 Y nonooroj M2 • 

JeAHaLnina (5) Oa-P.-nal:4a saHou matse cane sa mardepUjantty 

iiiatucy y wariezpamom o6.1axy. OH raacm: Ilpupaluraaj Raise cane 

mai-depujaiiirece iodit itytTay jemidic paay 
cum Ha LT10.41 rlyray, 

3axoH muse Cline y AHWe..1411,140.11HOM -,-0  

He npeTcramba HHWTH Apyro Ao jeAaH salubytiax H3 AucPepeinuijax - 

Hla jeAHatroHa xperal-ba Tatme H Ba/101 sa csaxo xpeTaffie Te Ta ,uce 

He3aaHcHo on, xapaHTepa xperaffia H cone KOja AejcTsyje Ha Taincy. 
• 

§ 6'31. EctoexT paja. TeopeMa o npomemm Rome cline 

113BoA paAa no spemeHy, Tj. 

dA E  
dt 

3oBe ce e0erciM _ppag. 

flOWTO je dA = (F, ds), 3a erDexT HMauo 

dA 	Ws) 
=-- 	

(-0 F, 	=-- E 	 (F, v) 
dt 	dt 

npeMa Tome je eckewr paAa cane jeAriax coanapHom npounoAy vine 
6p3HHe HanaAHe Tatme re cone. 

143 38KOHa IKH138 cline y AwDepenuljanHom o6nHxy 

dr =-- dA 

dT
— 	

E  
dt 	dt 

xoja Hapascaaa Teopemy o npomemn mule cone: kissoR ..1Huse_auze 
uo speAteriy jeNtax je egbexuiy paia cum. 

AHmeH3Hja ecl)exra H3HOCH 	t7 

[E] = ML2  

Y cocTemy CGS 3a jeAoHmuy ecl)exra ce y3111411 ecttexT paAa oA 

erg 
jeAHor epra y cexymno, Ti. 	. 11001TO je opaline 	 u4 H y npaKCH 

sec 

 

dA—(Pcls)=Xdx+Ydy+Zdz 

M2 

T2 T1  f d A = Al2, 

150 151 

imam° jeAHarnory 
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to 

AKO 1101.HOACHHO jeultattany (1) ckanapHo npao ca V, a 3aTitif 

ca vo  H peaynTaTe 

ca6epeMO, uo6Hhetto 

(7) T — To= 2 [(J4 -vO) 	1)1 -  (.1 	+2  v  

mv2  — M (V Vo) -= (1 1)r 
-0 -O 

-0 -0 	 -0 -0 

M (V V0) —  MV0 2 	v0) 

§ 6 ' 32 
	 c1/yalcuHja clue. noTeamajin 	 152 

ce He ynorpe6JbaHa, Herat cneumjanHor 11113HBA. &Pen' ptua jeuttor 

eta 	y ceuyauxu, KOjil H3HOCH 107 
erg 
—, 30Be ce saut-  (watt). ECIlleKT 
sec 

pima jeullor KHAOrpaill-UeTpa y ceuytuut(
sec  —

kgrin I H3HOCH 9,81 watt. Y 

npaucH ce join 3a etiteuT ynoTpe6a..yje Tauomana KOfbCKa cuaza 
g
ca 

0311aKOM HP (ou eHrnecuttx petut horse power), uoja H3HOCH 
75 k m 

sec 

max 735,75 watt.--,.... 0,736 kW (unnoaaT). 

§ 6.311.Teopema o Komaimom npapauffaly wase cane 

Y § 	HMAAH CMO Teopemy o KoHatmobt npHpawTajy tconHtunte 

upeTaoba 

(1) K — K o =mv—mv0=-J, -0 	-0 	-o 	 --O 

t 
-0  

rue je J Hmnync come, Tj. J= fF dt . 

KOla T.THICH: npmpaurraj NCHBe cHne jeuttau je cuanapHom npott3Houy 
Hmnynca cane 3a Hpeme upeTaoba H nony36Hpa nottente_ot upajm 

6p3Hote Tatixe. 	• 

§ 6.32. cbyunkaja cmne. floTemmujan. HaTerpan Nome cane 
HAH aamom onpwasama emeprmje 

Y onurrem cayitajy cHna F, InTO uejmyje Ha Tattuy, mouce ua 

3amtcH OA no.noucaja Tatte, mote 6p3HHe H Hpemeaa. 3aycTatuto ce 

Ha cartajy, Kau cum 33BHCH canto ou nonoucaja, Tj.  

153 
	 (Omuta me. floTemtwjaA 	 § 6.32 

-O 	-0 
F =-- F (r) , 

--I. 
rue je r 

4 
= OM aeuTop nonowaja Truce. Y TaKBOM cnyttajy csauoj 

npOCTOpa OATOBLpa oupeheout BeuTop — CHAa H 1111 raj HatliTh 

ueo npocTop HAH ouaj merits /Leo, Koja y3Hmatdo y nocmarpatbe, 

cmaTpamo Ka0 seta-170pm -acme, y AaTOM cnyttajy mime carte. BeK-

TopcKa nmutja y Tom non,y je Atutuja cum. ,II,Hcitepeuifujanny je,a-

tummy re /mule y BeKTOpCKOM o6nutty HOACem0 HanucaTH 

.4 4 
[F D] = 0 , 

rue je D opT TaareHTe. Toj HeuTopcuoj jeuHatunut ourompajy clot--o 

napue jeultatunte 

X Y Z 

MO)Ke ce uoroutITH ua je CHAS F rpauHjear cicanapa U, KOlH 

3115HCH OA nonoucaja mime, Tj. 

(1) F= grad U. 

KOOpAHHaTe CHM F cy TaLLS Ae.SHMHIIHH H3BOAH cuanapa U no 

xooputthaTama Tatum 
au 	a U 	a U 

(2) X = , 	y — -- , 	Z = 	. 
ax 	ay 	az 

4:∎y1Knilla U, ttHjH je rpauHjeHT tuna, 30Be ce Oracquja curie. 

3a cHny F Tautt ce tame ua lima cpytnatHjy cline. 

4)), HKIIHja 17 cynponor maim oA U, Tj. CtiyHKIIHja 

17 = — U , 

3cte ceriouytiqujanna Oynictitya HAH riOffengttiCiA HSH Haj3aitt, ito-

iiienqujamig , enepouja. 

AKO coma F, um AejcTayje na maTepHjanay Tatcy, HMS eIVISK-

Hiljy CHIle U, uoja SaBHCH camo OA nonontaja Tatuce, 3aKOH Hume.  

come y HHTerpaAHom o6nHuy uaje 

M 
au 	a U 	a U 	___ 	, 

T— To = i (— dx + — dy + — dz) i

m 
dU 

ax 	oy 	dz 

	

mo 	
M, 

d x dy dz =- =_- --- • 
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§ 6.321 
	

YCAOBH KOH3OpBATHBHOCTH CHAe 
	

154 
	 155 	 YcnosH KOHUpBEITHBHOCTH 'me 

	
§ 6'321 

()name, nocne HliTerpartHje, Hmam0 

(3) 	 T — T o  U U0  

HJIH 

(4) T= U-}-h, 

r.ae h = To  — Uc, KOHCTaHia HuTerpattuje. 

HHTerpan (3) Halt (4) soHe ce unrueaparz matse cane. 
AKO 433THKuHjy Cline CMeHHM0 ri0TeHHHiallHOM (tylitatHjom H3 (3) 

umamo 

(5) T + 17 To + Ho • 
.>KHlia tuna Tatum 3oHe ce H xtmetziwaca enepzuja Tatum. 

lipema nperxogHoj je8HVIHHH 3a pee KperaHaa Tatum 110,K mita-
jem CHJle, Koja HMa itymalujy Cone , 36Hp KHHeTHIlKe H noTeHnHjanHe 
elleprHje ocTaje cranaH. 

36Hp KHHeTHEIKe_ H HOTeHlWjanHe eHeprilje 3olie ce illoWayzna 
ezzepzaja Tacate. Aim Ty eHeprHjy 03HaqHm0 ca H, jenHattliay (5) 
sithic ek) -311MeHHTH OBOM 

(6) H Ho -- h , 
rite je H0  KoHcTaHTHa ToTanHa eHeprHja Tatwe y nottemy KpeTatba. 

JenHatimaa (6) Hapalicalia Teopemy H.T14 3aKOH onplicaliatba eHep-
rHje y npHmeHH Ha ming. 

Kperatbe Tatum non ycnosom ;0 38 Hpeme xperatha Toranita 
eHeprHja 3anplicalia minty spenHOcT 30Be ce iconeepsatattanp. CHM 
Koja Hp0H3BOAH TaKBO xperathe 30Be ce Konqepliallivaxa curia. 

§ 6•321. YCJIOBlf„KOHaepBaTHBHOCTH _mine 

KOH3epBaTHBH8 cHna HMa , cpywctotjy .  cline, Ti. 38 KOH3epBaTHBHy 

cu.ny F Immo 

grad U 
Halt 

X dU, 	= 	aU 
ax 	ay ' 	az 

KaKo je one; Kao WTO je n03H8T0 ii3 Teopoje HeliTopcKor 
noma, 

rot grad U = 0,  

ycnoli 38 may F molicemo HartHCaTH H 

(1) rot F 0 , 
Halt noMOhy AeKaprolimx KOORAHHaTa 

	

az dY 	 az 	Y _dx 0  (2) 

	

-4 — Tx 	—ax —ax 	ax dy —  • 
&intim() /La je 3a RoH3epHaTaaHy cony ycnors(1) HaH (2) aeon- 

xonali. floicalimmo can na je yCJI0B (1) HJ10, 1BTO je HCTO, na cy TpH „ -- 
ycnolia (2) A0B0113HR na cHaa Koja 33I3HCH canto on nonmaja 6yite 
KoHsepliaTHHlia, Tj. na je Tana ylieK moryhe Hat1H Taimy 

U tiajm rpanHjeHT naje CHJIy F. 

3a onpehHHatbe cpylimaje U nohitmo 0.4 

=-- X , 
az 

onamne nocne HliTerpaliHjeliiiam6, 

U= j.  X dx =7- 41) (x , y,  z).± C (y  

rite je C npoH3Hon,Ha cpyHKliHja aprymeHaTa y H z. 3a onpehimaibe 
cPyHtruHje C nHcPepeHuHpajmo (3) no y 

au_ y=  41,  ±dC 

	

dy 	dy .  dy 

flpao y3MHm0 y o63Hp na paantma 

d 
dy 

He 3aHHcH on nporaeHibliee x. 3aocra, nocne nlicPepeHnHpatba no x 
HMaMo 

aY 0 20 =ay_ a a 0 __dY 

	

x dx ay 	• ax ay dx 	ax ay 

143 (4) nocne HHTerpanHje imam° 

C=i (Y--”) d y = (y, z) + Ci  (z) , 
ay 

rite je Cl  (z) Hp0H3B0JbH8 cpytwnHja npomembine z . 

jenHattHHe 

(3) 

(4) 
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157 	 Pan xonseperrune ceae fi 6'322' 

 

Paa Konsepeitrume CH/le • 156 

 

§ 6'322 

 

rAe je AU npmpautTaj clItnutHje cane IIITO oAroaapa nomepamy An 
Ay& Hopmane Ha exaxnoTeHUHjanHy noaputmlly. AKO HaupTamo 11113 

TaKBHX noapunnta ca AU = coast., Be/IHLIHH8 owe je y npa6nmxcHom 
nocmaTpatby o6pHyTo aponoptatoHanua pacrojalby An Hsmeby 
cyceAHe noHpume. Ulro cy no-
spume 6fitace juin npyroj, Tulle 
je cam Beha. • 

AKO HspagyHamo paA A ;tow 
sepHaramte CHAe Aym nyralbe 
Koja cnaja Tatum, pewtmo, M. H 
M (cn. 49), mmamo 

A =f (X dx Y dy Z dz) =--- 

Mo  

AKO Ao6HaeHy speAHocr C yBpCTIlltiO y jeAttaimy (3), MOHLeM0 

CTaBliTti 
U = P (x, y, z) + F (y, z) C l  (z) 

3a oApebtatube cpyinatmje Ci  (z) Amcpepefintipajmo npeTxoAtty 
jeAtummy no . z 

JlaHo je II0Ka3aTH Aa Ha °away ycnosa (2) clumaaja 

d 	aF Z- --- 
dz dz 

-3aBHCH CablO OA Z H npema Tome 38 °Ape/mamba Cl  11148b10 

oF 
--r 

dz • dz 

rite je C2 apaaa KOHCTaHTa. 

Kao pesynTaT HMBMO 

cl) 	F 
- f(Y— °--(P )dy+I(Z----)dz+ CI! . 

az_ az 

0Apelptaathem 4)yHicuaje U cTaapHo Cbi0 Aoicasantt Aa je ycnoe 
A0B0Jb811 Aa cHna 6yAe tcowsepHaraaHa. 

§ 6'322. PaA icoasepreaTtuale cane 

3a HoHsepHaTHHHy cHny urTO Aejc•rayje Ha Tatmy HOCTOjH 

jeAfiatmfia 
F =-- grad U = — grad 11 

H npema Tome oHa crojH y BOSH ca cganapaHm non)eht ckyHicuaje cane 
U HAH noTentHjana 17 = — U. lipernomausamo Aa je osa cPyIlKaHja 

jeAH03HVIHa y Ream' no&y. Y TOM nozy mowemo 38MHCAHTH eKBH-

noTeHtuijanlle nospunthe, _Entje cy jeAHatunte 

U (x, y, z) = const. 

CHJI8 CTOjH HOpb18/1H0 Ha Toj nospatHHH, HanepeHa je Ha oHy cTpauy 
HyAa cpyrtxuHja cane pacre HAH 110TeHLUIja/1 onaaa H Hbea je HHTeH-

3HTeT 

lim AU, 
an o 

C.aniltil 49 

M (au  dx °U  dy+ —aU  dz). 
\ ax 	ay 	az I 

M. 

d U U (x; y, z) — U (x o , yo  , zo). 

Mo 

PeHyJ1TaT noxasyje ...Aa y noisy K0/3epBaTHBHe _CHJle ToTanaH 
cane He salami oA o&unca nyTalbe urro cnaja Ase wise npocropar 
ieh smelt cato o_ A nonoxca.la 15Paiti?Hx_ Taqua: paA s; nyry Mo PM 
je HCTH ca paAom Ha nyTy Mo  QM. Taj paA ce He melba, KII,E( CB8Ka 

OA spajtbsx Tagato }rums np0x3B0nbaH nono)Kaj B8 CH0j0j 

1111j871H0j BOBpLIIHHH: PRAOBH Ha nyTesHma — M. PM, M o  N, No  N HCTH 

cy. Taj je paA jemaH Hynm KaA Kpajthe Tatum npanaAajy HcTOj eKBH-

noTeurtujamioj nospunnut, Ha tip., Ha nyTy M. NN., HAH ce noicna-

najy H nyralba je saTHopeHa naintja, as tip., M. PMQM.. 
Oco6uHa KOH3epHaTHBHIIX CRAB Aa IbHXOB paA He 3/11311C2 

o6anKa nyra Bah camool  oA nonoxiaja xpajIbxx Tatl8Ka TOJIHKO je 

HapaKTepucTattHa 3a KOH3eMITHBHe cline Aa ce Howe CTaBHTH sac) 

Ae4MIHHUHja THX CH/18, na Aa ce cse ocTane oco6HHe gory H3BeCTH 

tato nocneAHae. 
licHopHuthaHatbe oco6HHe KOH3epHaTHBIIIIX CHA8 AR IbHX0B paA 

He 3aBHCH OA 06/IHK8 nyra mowe noHeHaA y 3HaTHOj mepa 0/1aKlUaTH 

au z 	cP _j_aF dCl  
dz 	— dz dz dz • 
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6.4 	 Kooprumara a mei! turrerpan 	 158 

AeaHMHEIHH H3BOAH re clvmatHje 
HapagyHaaathe 4:13/HHHHje U, Ka0 GIVHKI/Hje KOOpaHHaTa, 8K0 cy /MTH 

, aci 	au 	au 
A = Y ----,.. —, Z =  —. 

ax ' 	ay 	az 
Ka KO je 

dU o---- X dx ± Y dy ± Z dz ---: (it, ds) 
H 

M 	 M 

= 1 (X dx + Y dy Z dz) = f (F ds) = U (a, 0, c; x, y, z), 
Mo 	 mo 

	
-0 . 

rAe cy Taqice M, (a, b, c) H M (x, y, z) notierHa HHpajH,a Tatum nyra 
mirerpanuje, nyfliiterpanaje moncemo u3a6parH TaKo Aa infrerpa-
uHja 6yae ruro je8H0eTaBHHja. Ha np., nyr HurerpattHje uoxceuo 

H3a6parH TaKO, Ham) noHanyje cnHKa 
50. KaK0 je Ha nyry /110  M1  

-o 
(F ds) = X (x, b, c) dx , 

Ha Apyrom nyry M1 M2  

4  4 4 
(F ds) = Y (x, y, c) dy 

H Haj3HA Ha nyry M2  M HmaHO 

ds) = Z (x, y, z) dz 
y 

CJIHKa 50 
	 moncemo HanficarH  

159 	 UHKAIVIEla ICOOFAHMITO x ibex Hirrerpan 
	 § 6.4 

CHJI He ,'3aBHCH 	HoopHHHare  
AK° Ma 'Kola HoopAHHara,-  Ha np; q, , Hada ;oco6HHe': 

' 	 --- 

	 L Aa &Him 

dT =. 0  

(1) aqi 

H 2. Aa je reHepanHcalla cHna, Hoja oAronapa roj KoopAHHara, 
jenHaHa HynH 

(2) Q, — 0 

oua ce 30Be quic.nivina vopAytatria. 
3a caaHy uMKJ1HVHy HoopAHHary Banal oBa reopeMa: 
CBaKoj Lumnn‘Hoj icoopAHanTiLoAroHapa,.thrrerpan.AHHeapaa y 

oaHocy Ha reHepanHcaue 6p3HHe. 3aucra, H3 jeAllamme 

d aT 	aT 	Q ,, 

dt aq,' 	aq, 

non, ycnoninda (1) H (2), caeAyje 

d aT 	0 , 
dt aq,' 

°name Aonammo Ao 

aT =-- const. 
0q1' 

110mTo je 7' KHaApana epyHmulja y cmHocy Ha reHepanHcalle 
6p3HHe q,' , 42', , newt crpaHa one jeAHaEntHe je nHHeapHa y 
o)HOCy Ha re 6p3Hfie. 

X (x, b, c) dx + f Y (x, y, c) dy f Z (x, y, z) dz . 
a 

§ 6 •4.4,#Kilktima, Koopikpqa:TH34_H2eILH17e.,,Fp.  
AucpepeHnHjanse jeAHanHHe xperaffie ratme 38 reHepanHcaue 

HoopAHHare H3rneAajx 
d aT 	aT 
dt aq,' 

= Qi , 
aq, 

r.ixe je T — )Rasa cHaa H Q, — reHepanHcaua cm.na. 

1, 2, 3 
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r.11ABA CEAMA 

gempanHe C1131C 

§ 7 	noi1y.... IteATPa-Tille,cane . 

AKO atria Koja AejcTayje Ha mareprijaaHy TaElKy Ma y Eon 
'beam( no.nomajy ysea HP0A33M Kp03 oApebeHy rimy npocropa„ 
ona ce aolie towiiimma  carra.  013a oApeijitia Tat 

K8A ce y TOM ueHTpy HaAa3H maca, Ha icojy Aejcrayje cyriportia 
cH.na, imam je rtarrop  cane.  MaTepHjaafty rimy mace m, Ha aojy 
Aejcrayje umpaana CHAa ca newrpom y TailKH C, 03HaqHMO ca 

-0 
BeKTop 110/10)K 	 p.flja CM ca 	AKO ueirrpaaHa CHAa HMa yaex HCTH 

cep ca cmepom Berropa noaomaja p, ona ce 30Be curia ox6ujama 
HAH perriastraya. Y HpOTHBHOM caynajy (ma je cam iipasitatiema -
Nam grivatcratuma. OA CBHX iteHrpaaHaa CHA8 HajBa3KHHjy yaory 
Hrpajy oae, ilHjH HHTeH3HTer 38BHCH canto OA PaCTOjaffia p Aare 
Tatum M OA ueHrpa C. 3a Taicay CHAy HM8M0 

H npema Tome ce then sexTopcim apeaHocT Hapaman 

P= ±i" (P) ort =-±f (P) -1)-  • 

npH cremy 3HaK 	OATOBapa CHAH 0A6Hjallba, a 3HaK 	CHAN npH- 
magma. AKO ca 4  (p) 03HaqHMO afiTe6apCKy BPeAHOCT ueHrpaatie 

-• 
curie y npanuy aexTopa p, Tj. minim° 

(P) = f(P)  

161 
	 IIojam umpanae cane 	 § 7•1 

oHAa cany neHTpantly CHAy tcoja 38BHCH canto oA pacrojatha minium° 
H3pa3HTH 

I F =-- (p) or t p
-3 

(Dytitcmjati21.299amainaarcon 4ejciima flow-valuta curie. 

-) 
r H rc  y oAHocy Ha Tana), 0, HM8M0 

Max je no.nomaj Tagoca M H C oApebeft BeaTopuma nonomaja 

	

-0 -0,  -0 	
1) =-  I r — re  p = r — r c  H 

H npema Tome je speAHocT cHae 

	

F = (ID) 0 rt ( 	c) = 4(1) (r— 1e) . 

AKO ca x, y, z 03HaqHMO aoopAHHare range M, 8 Ca a, b, c — 
goopAHHaTe Tatum C, goopAHHaTa cane, peutimo, y 0AHocy Ha Ox 
ocy, Hapamaaa ce 

(P) 

rAe je 

p 	(x — 	(y — 6)2 + (z — c)2  

Max Ha Tanay M Aejcrayje mune ueitTpaatimx CHAa ca AeHTpHila 

y Tanicama C1 , C2, • • • Cn HO aaaoHtima (PO • (132) . • , (Pn), 
H,HX0Ba pesyaraHTa je 

n 	 4.  pi .+ 	sr.'. ill (PI)  -3 	-÷ 

(1) F= z 	(p,)  or 	 (r 
i=i 	 1=1 	pi 

-) 
rAe je ri  Bump noaomaja -mice C, 3r oatiocy Ha TaqKy 0. 

3noir 1-byTHose cHae_yinsepaaue,spaaaTaniije, Ka0 cHae  npx- 

Bnavemba mace m OA Apyre mace m, Ha pacrojatby p i  , Hapaman ce 

mm  
(2) (p.) = 	k2 	, 

P. 2 

Tj. oRa je nponopumoHaaHa npoHaso,ity maca :mum_ H H3Bopa x o6p-

HyTO riponopusoinaHa mia4partgacirojatba  H3Metly IBTAX. K0e431411HieHT 

riponopuHoHarthocTH k2  y CGS circTemy Hma 6pojay apeAirocr 

k2  = 6,67.10-2, 

• 	11 Pauaonanaa mexamiaa 
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162 
§ 7 - 1 

a TO 
je 6pojlia speAHocr cline npasnagetba H3tdeby Joe mace DA 1 gr . 

Ha pacrojalby 1 cm, Hapaacetia y Atoma. 

3a FbyTHoHy cony npaunagetba ca BHBie Aewrapa ituauo 

E mi 	 n m i  -0 -0 

	

F — k2nt E — ort pi 	k2nt —(r — r i). 
1=1 p12 	 pis 

liajaaA 311 
cony npmanagetba oA maca HenpenHAfto pacnope-

beim y 3anpemini V tomato H3pa3 

F=-- 	f f (r4 	
dm 

, — rv )— 
Pv $  

V 

rAe cy ry  = OC, Pv = CM, npH qemy je C npometubmaa TI MM 3a---o 

npeame V, Ha KOW je npowBpeH Tpocrpyam HHTerpan. BenTop 

-1 
r = OM je HCTH 3a 

cHe enemeHre Hwrerpana. EnemeHT mace dm 

Tena V se3an je 3a Twiny C. 
,TICHMKIIMO caA .aa AeHTpanHe cline iv* sasHce camo 0,a parro-

jaiba cna,aajy y KOH3epBaTHBHC cone, npyrfun pequala Aa Hmajy 41yEnc-

uHjy cline U. 3a H3paqyHaHatbe Te clayHKI4Hje H3plitlyfilitd0 enemes-

Twat' paA dA no o6pacuy 

dA = (F ds). 

riourro je 36or HenpometubuHocTH r, 

-0 	-0 	-0 	-0 	-0 

ds dr 	r,+ p,) dp i  , 

sa cHny (1) imam° 

dA 	 d4pi) 

	

1=1 	p i  

MK°, BA Ha OCHOBy je,alifigHtie 

	

-0 	-1 

(Pi d PO= Ps d Pi 

Aona3Hmo Ao onor H3pa3a enemewrapHor paAa 

dA = E1 (pi) dp i  
1.1 

To je TOTVIHH Aliclaepeinuijan cpylumije 

U = 	 f*i (Pi) d Pi • 
I-1  

163 	KpeTame marepujanoe 71141Ce non Trutojem uempanne cane 	§ 7.2 

3a FbyTHoHy cHny etlyHaumja cline nocne HHTerpanHje inn 

o6AHH 

U = — 	f di); 
t=1 	p i2 

HRH 
n m, 

k2M 	. 
1=1 p, 

1130CTEWHAH CMO npoli3mbHy KOHCTIIHTy HHTerpartHje, jep ce 

43yaKuHja mine HMI nojawbyje y awrerpany XCHBe Cline, rAe H 6e3 

Tora ;imam° ILAHTHEIHy Bp0H3B0lbliy KOHCTaliTy, PAH cy norpe6HH 

camo lbeHH JleAHMHtIHH H3BOAH. 

Y cnyqajy HaA ce- Tatum Hana3H not yrHuajeM camo jeAHe 

1-byTHose cline, H3eHa cpytwuHja cline H3rneAa 

U k2mml  . 
Pi 

§ 7'2. Kpeuube maTepHjanne Time noA Trugajem genTpanfie 
cHne Rola BaBHCH cam) o,q pacTojama 	= 

Heim Ha nonperHy ray Aejmyje camo jeAHa uetrrpantia CHM! 

F 	(p)ort 	11—(3) P4 . 

nom° je momeHT ramie cline y oAHocy Ha HenonperHy TalKy, 

ueHTap C, Hynarjep je- 

it(P) -0 L =[p Fj= — [p pj =-- 0 , 
P 

xa ocHony § 6'21 HM8110 BeKTOpCKH miTerpaa 

-0 
/ 	r , 

nojH oApebyje crantly partall nyratbe. Fbex nonowaj je orLpebeH no-
4eTHIlid KHHeMaTWIKHM cTatbem Taglce, jep je 

-o 	-0 	-0 
T.-----  [Po, m vol • 

-0 

AKO je Taj BeKTop jexiax HyJIH, notienia 6p3HHa vo  Hma npanau 
-o 

settropa po  H 'menthe Hma npa3o.intanic0 KapaicTep. nouno CMO 

nojam aestpantte cone 
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A 
8'=

p2 p2 

7 • 2 	KpeTaffie maTepo antic T7141Ce not rmaajesi ueurpanue cane 	164 

npasonwmcKo xpeTaH,e npormAH y neroj rAaHH, onaj cAyqaj mo- 
)Kemo H3OCTaBHTH. 

3a .  oApehHHathe KpeTalba Tatme y pamill ibeHe TpajeKTopHje 
y o H m o nonapHe KoopAHHaTe p H 0 ca 11040M y neHrpy C. 

IlowTo ce Taima Kpehe ca cTanHom ceKTopcKom 6p3HHom, a y 
nonapHHm RoopAHHaTama je cexTopoca 6p3HHa (§ 2'6) AaTa H3pa30m 

2 
1 

p2  0' , HHTerpan nospwHHe moncemo HanHcaTH 

(1) 020,  = A -_—_. ,-, 2 

JeAHatutha (1) mo)Ke ce cmaTpaTH Kao npaa jeAHaLnma 3a 
oApehloatbe KoopAHHaTa pHOy cpyrnowjH BpeMeHa. 

3a Apyry jeAHatuaHy y3mHmo HHTerpan AcHBe Cline, KOjM mopa 
nocTojaTH jep je neRrpanHa cHna KoH3epsarlisHa. 

IlowTo je KnaApar 6p3HHe y no.napHam KoopAHHaTama 
v2 P it ± p2 0'2 

HHTerpaa &Hee cHAe 6Hhe 

(2) m (p' 2 + p2  012) 2U+ 2h , 

rAe je 

U f (p)dp U (p) 

H h je npoH3Ho.lblla KOHCTaHTa. 

3a petuanathe npo6nema o KpeTaiby Tatum Ha ocHoHy (1) H (2) 
eJIHMHHHUIHMO 143 jeAHatnyme (2) Hpeme nomohy jeAHatwHe (1). nOLIITG 
je H3 (1) 

• npeMa Tome, 
d p de A dp 

	

P' 	— — 
de dt p2  de 

jeAHaqHHy (2) MOMSeM0 IlpeTCTaBHTH 

m 

p4
2  (d_e

V10/ 	 p
}2 	inp. _A4  2U (p) -4- 2h 

oAaKne je 

mA2 
 (

2 
dO 

) =-- (2U + 2h) p4  — mA 2  p2  (p)  

165 
	

Baueoa o6pa3au 	 § 7 • 3 

Ilocnemba jeAHaqHHa Aaje KHaApaTypy 

1  
(0  ± 	r  dP  

A m 	J 	(P) 

rAe je a npoH3Hoz,Ha KOHCT1 HTa. OHS oApehyje yrao 0 y chrwatkij“ 

noTera p , Tj., fonct (p). 1/1HHepsuja Te jeAHatume Aaje noTer y 

cliyinawja yrna 

(3) P = P (0) • 

14 jeaHy H Apyry He3y MOHiemo cmaTpaTH Kao jeAHatwHy ny-
Tal-be TagKe. 

3a yrsobeffie HpemeHa HOHOHO mcmemo HCKOpHCTHTH jewiagHtly (1) 

A dt p2  de. 

AKO cmeimmo mum p2  H3 (3) Hmamo jeAHalumy 

A dt = p2  (0) de , 

Koja .1A0BOAI4 Ao KaaApaType 

(4) A (t p)--f p2  (0) d 0 

rAe je p HOBS Hp0H3B0,1bHa KOHCTaBTa. JeAHatmae (3) H (4) nocne 
oApehaHama npoH3Hon,HHx KoucTaHaTa H3 notieTHHx ycnosa peinaBajy 
npo6Aem o KpeTatby Taince. 

§ 7'3. Binteort  o6paaag  

ynory Hrpa jeAaa o6pa3au (Binet) iv* ce mowe cmaTpaTH Kao AH-

cpepeKuHja.nHa jeAHatunia KpHse JIHHHje nyTaffie Tatm. 

jeAHavitme Apyre apcTe sa Ta Ky, Koje oArompajy Hamem win,y ,Aajy 
xpeTarba TagKe 3a KoopAHHaTe p H O. Ilpema § 4'32 JlarpaH}KeHe 

Y Teopajm Kperatba Tatme noJ ymuajeM neHTpanHe cline Ba)KHy 

3a H3Ho1 erbe Tor o6pacua HanHwHmo AepepenusjanHe jeAftaunie 

d OT—  OT 
Qe , 

dt Op' 	Op 

d dT OT 
dt 	 Qe ' 

2T = m (p' 2 	p2  0'2) , 

dA = dU = (p) dp 

(1) 

rAe je 

a H3 H3pa3a 3a paA 
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§ 7 . 3 
	

booeoo • o6pa3au 
	 166 

cneAyje Aa cy reHepa.3Hcame cline 

Qe = (p) , 	Qe = o. 

d0 
OT 0 110111TO je — = v H Qe 0 , HoopAHHara 9 ce jaBJba y npo-

&may xao uHKAHIllia KOOMBHaTil (§ 6' 4). Toj KOOpAHHaTH oAroBapa 

mrrerpan 

—

aT =--- mp' 0' const. 
60' 

HMI 

(3) mP" mP 912  = (P), 

a 143 (2) je 

6'= A, 
P2  

npema Tome je 

P 	
dp = dp 9 , 	A dp 	A d  ( I  
dt 	d0 	p2  d0 	d0 \--p 

p" — A c± (-!--) • 0' — 

p2  d0
c-12_ ( 

p 	 2  p 

mo)cemo mem (3) HanHcarH 

m 	A. d. 	_ mo  A. =if (p)
•  

p2  d0 2  0
\

.1 	P4  

OBa jeAHatunia, HanHcaHa y o6nHxy 

(4)
\ 	p2 (p) 

mA 2_ 

npercrawba Bumeos 

AKO je .3,21T 33K0/1 AejCT1101 cune, Ti. 4vinaulja 	(P), jeAHatuniy 
(4) moucemo calarparm K80 AH4)epeauftjanHy jeAHatuthy xpHse J1111111je 

nyrathe ragxe. O6paTHo, axo je xpuBa ammja nyraffie no3HaTa, 
BHHe013 o6pasau npyuca moryhHocr Aa ce oApeAH 33KOH CHAe, Tj. 

(1)Yanlaj a 	(I))•  

167 	 Kperoose Twine non Trouajem Fbr000e cone 
	 § 7 • 4 

§ 7 • 4. KpeTame Tatum non yvigajem ilbyniose Cline 

lipernocrammo Aa je CHAO, Koja AejcrByje Ha ratmy, 1-byrHosa 

curia, raAa je npema (2) § 7 • 1 

mm, 
(P) 	— ic s 	• 

P2  

3a. 1-byrHoey cHny BitheoB o6pa3au Aaje 

e2 k p 	p 

\ 
MA2  

p2 jk2  

HAM 
c/2  ( 1 ) + 1 	1 =_- 

c/02 	p 	p 

.42  P =-_ 
k2Mi 

,ampepenumjanHa jemiarunia (1) je JIHHelipH3 y oAHo.cy Ha npo-

menamBy 1 — 1-beao petnethe MWKCMO Hanacaru y o6nHxy 36Hpa 

naprHxynapsor petuetha jeAHaqmte (1) H onurrer mrrerpana jeAnatinne 

6e3 ./(eCHe crpaHe. flourro je napruxynapHo petueffie jeAHatume (1) 

-- = —
1 , a xomoreHa jemiaLmHa 

0, 
de2 p 	p 

npeMa § 5'121 Hma onurre pememe 

—1 = n cos (0 + a), 

rAe cy n H a npow3BolbHe KOHCT8HTe, peinetbe jemiagene (1) &twice 

ce unman' 

(2) 	—
1 	1 + n cos (8 + a). 
P 	P 

3a oApetjHBalbe Hp0H3E10.111HHX KOHCTIIHaTa n 14 a CT813H110 y 
jeAuaquHy (2) H y pe3y11rar AmcDepenizapaffia re jeAllanuHe no apemeHy 

k2m1 

(2) 	 pz 0' = A , 

KOjH He npercraima H11111T8 Apyro AO mirerpan nospume, 

110111TO jeAHatmHa 0) Aaje 	
(1) 

8K0 CTOBHMO 

P 2  A2  

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



KoHcratura a ce oApehyje H3 

P Po Po' 	A Po Po'  
A (p—p 0) A °  — k 2  mi Po 

tg (0, 	a) --- 

§ 7. 4 
	Kperame Tatum noo Trottajem 1-byTHOBe cone 	 168 

(3) P2  

1 	
± a) • 0 ' 

nogeTne HpenHocTH pp, 00 , Po',  00, Koje cy Be3aHe ca HoucTatrrama 
HHTerpana noapwaHe H mine cane jenHaqintama 

Po2 60 = A = k V Pml , 

2k2  mm  
(4) • m v02 	m (100'2 + Po2  00' 2) = 	1 	2h , 

Po 

Tana hemo imam 

1 	1 
— — —= n cos (00  a) , 
Po 

(5) 

P°'  = n sin (00  + a). 
A 

143 THX jenHatnma 3a n2  Hmamo 

_ 1 \ 2 po 2  

\ Po 	P 	A 2  

xoja nocne TpaHapopmanHja Ha ocHoHy (4) Aaje . 

(6) tz2 == 	1 _F  
p2 	mme 
1 	2h 411 22  

AKO craBHMo 

(7) n — e 

H y31,4mamo n yoex 1103HTHBHO, a TO je ynex moryhe, jep je Ao,r0- 

881-beM yrna is aprymeHTy a yHex moryhe npomeHHTH 3HaK KOA CH- 

Hyca H xocHtlyca y jenHatathama (5), 113 (6) ,iko6Hjamo 3a e HpenHocT 

(8) 
	

e= 	
± kmm1° 

2hA2  

169 	 KpeTaibe 'moo noa rouojem 1-bymose cane 
	 § 7.4 

AKO HCKOpHCTHMO jenHaqHxy (7) H ystrkemo Hosy Ilp0MeHAABy 

v == 0 + a , 

jenHaqHfly (2) moacemo Haj3aA HIMHCaTH 

( 9) 
	

P = 	  
1 ±ecosy 

OBO je je/tHatnaa KoHycHor npecexa npH qemy jtp.— 
xycHH noTer, 	yrao H3mehy clooxycHe oce cHmeTpaje, Hanepelle 
on eboxyca npema Hajonimoj Ta4l04, H Tor noTera, p — napameTap, 

Tj. nynonia noTera Hopma.nHor Ha cboxycHoj ocH cHmeTpaje, e -- 

excneHTpanaTeT., 
Ilpema Tome mmemo Ka3aTH : 

Hon yTanajem 1-byTHose cane Taqxa onucyje KOHyCHH npecex 

ca aamom y neHTpy npHanagetba. H3 (8) npema Espe,allocTH e mmemo 

3aKA,TIHTH, na HpcTa xonycHor npecexa 3aBHCH OA 3Haxa KOHCTaliTe 

2h 	m (v02 	
2k 2  m l  

Po 	JJ 
 

3a h <0 paw) enancy(e < 1) 3a h = 0 	napa6ony (e 1) 

3i-71-5-0—xunep6ony (e >1). 1-1611.1' TO je HoHcTairra h je,attaxa 

cTanHoj TOTaAHOj ellepraja Taqxe, BHAHMO Aa 06A1K TpajexTopHje 
3aaHcH camo on re exeprHje, a He 3aHHcH on nonomaja notteTHe 

-0 	 --0 
6p3HHe v0  npema nogeTHom norery o 0 . 

Yotnamo cnenHjanaH cayqaj Han enanTatuta nyTaffia AereHepinne 

Y KPYr- 
Ilouro je Tara e = 0, a 3HaqH H n = 0, H3 (5) HMaMO Po = 0, 

Tj. Taqxa He cme HmaTH notienty paAHjanHy 6p3Huy. AAH Taj yCJI0B 

uHje A0B0JbaH, 1101.11TO H 3a nogeTHa TpenyTax nexTpHneranHo y6p- 
vo2  

3aFbe ca openHomny 	Mopa 6HTH jenHaxo y6p3alby OA HDyTHOBe 

Po 
k2  mm i  

cline , 
Po 

moacemo HarnicaTH 
2 

Vo' 	k2  Mi  
- -Po 0o= 	 
Po 	 Pot  

Ica M, 

	

00'2  = 	 • 
PO3  
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CIHIK/I 51 

§ 7 • 41 
	 Oape!walla noaoacaja mince Ha Hyman 	 170 

TIOMeTHH yCJI0BH  Po' = 0 , 00 	norriyHo opetiYiY 
PO 

spysmo speTam no Kpyry nonynpeitHHHa po. HHje TellIKO npose-

pwrm Aa je y TOM caynajy 3ascTa e = 0. 

§ 7'41. 0Apebusalbe nonowaja Tamme Ha nyriubH y Toxy 
meHa. Carial enHnrimor HpeTama. Kenneposa jeAHasHma 

3aycralismo ce npHo Ha Carlajy ealillTHI1KOr Kperma Tatum 
no.A ymajem 1-byTHoHe cHne H HOCTaBHMO He3y H3me1Jy Hpemena 
nononatja _Tanse. Taj Caytlaj ;ma BeXHKH npaKTIVIKH 3Hatlaj y acrpo-
HOMHjH, jep crojH y Bent ca 
oApelmathem nonomja nnaHeTe 
Ha lbeHOj eA1111TH ,IKOj nyTaibm. 

Yogsmo noKpeTHy Tagsy M 
Ha enlincH PQRS (cn. 51). Yrao v 

je yrao H3meby npaHua FPx 
(npeMa rapuxeny H noTera 
FM. Y acTpoHomHjH Taj yrao ce 
3oHe iipaAa auo.414.nuja. 

Memo yrna v ce yesoAm 
Apyrli yrao u Ha osaj HatIHH. 

KOHCTPyHIIIHMO Hpysmy XHHHjy 

nonynpeniuma a, rAe je a He.nmsa 
nonyoca mince. Heim Hopmana 
MN H3 nosperHe TaMICe Ha Be-
ning ocy cege Ty HpywHy .1H-

aujy y TatIKH M. 3a yrao u 
y3Hmamo yrao M'OP noTera OM' 
nomohme Time M' ca senHHom ocom. Yrao u ce 3oHe_ elccuexi-uputma 

anomanuja. 
FlOCTIIEHMO nay usmeby npase H eucneHTpHnHe aftomanuje. 

AKO ca x 031111t111M0 ancuitcy Tatiama M H M', .moacemo 3a clumcycHs 

norer FM = p Tatum M Ha ealif!CH HanHcaTH 110311 11TH o6pasau 

p -- a — ex , 

rAe je e, sao H paHHje, escueHTpHuHTeT enHnce. 

YsismajybH y o63Hp jeAHaqHme 
x 

cos u — , 
a 
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§ 7.41 

rAe je c = OF = ea , Hana3Hmo 

v 
= 

 1—cos v_=  p—x+c a— ex — x ± c — 	= 
tg2 

2.   1 + cos v p+x—c a—ex+x—c 

= 	 == 1 +e—(1 +e)cosu 1+e 1 —cosu 1 +e  tg 2
it 

=  
1 — e + (1 — e) cos u 1 — e 1 + cos u 1—e 	2 

WIN Xe4)HHHTHBHO 

(1) 

rAe je 
+ e 

1 — e 

JeAttantma (1) omoryhalm Aa ce norapwrmoHau,em weAtt ElpeA-

HOCT yrna U 3a cHagy HpeAHocT yrna V H o6pHyro. 

CaA npebHmo Ha oApelpHatse Be3e H3Mel)y excuenTpHnHe aHO-

maaaje u H spemeHa t. npeTnocrammo Aa je Hama Tansa npotuna 
Hpo3 nepHxe.n y TpeurHy T 14 npeMa Tome je Aoluna 143 nonmaja 
P y 110.710/1411j M 3a pee t — v. 36or KOHCTaHTHOCT/1 CeKTOpCKe 

6p3Hme, to* H3HOCH
2 
 nospuutha entnrrsnsor cewropa nponop-

uHoHanna je HpemeHy H npema Tome je 

(2) nospw. FPM = 
2 

—

I A (t — . 

Hama enunca _ monce ce cmaTpartf Rao npojesuuja spyscse 
.1111HIlje nonynpeintimsa a Ha paHaft enktrice, ripe Remy HoCitHyc yraa 8 

H3meby PLiBHH Hpyra H ennnce H3HOCH
a 
 rAe je b Maaa nonyoca 

mince. TaAa je nospuntha enHnninsor cewropa PPM jeAHasa npo-
jeKIARIE1 noHpunthe Aena FPM' 'Tyra Ha plink' eaHnce. Ha Taj Hag MI 

momemo HanHcaTs 

(3) nosput. FPM ------- notaptu. FPM'. cos 8 = —b • nospui. FPM'. 
a 

IloaputhAa FPM', KILO pasnma middy noHputhHe spynator 
1 	 1 

cesTopa OPM' = 
2 

— a- u H nospunthe Tpoyrna OFM' — 

2 
ac sin /AAA - 

Hasa je cos
x—c  

 V 	 
P 
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§ 7 • 41 	 aapetwealbe nonowaja Taqice ea nyra•bil 	 172 

(4) nospw. FPM' = —1 
a2  (u — e sin u) . 

2 

YnopehRsamm (2), (3) H (4) Ao6Hjamo je,aHaqHHy 

(5) u — e sin u = 11 (t — t) 

r.ite je 
A 

= — • 
ab 

ARO yme,uemo mpeme T noTnyHor o6H.nacKa TagHe no eakincH, 
mowemo 3a ceHTopcHy 6p3HHy HarnicaTH H3pa3 

1 A 	nab 
= 	 

2 

r,ae je nab nospumHa enHnce. TaAa 3a n Hmamo 

2n n = — • 
T 

Howl.° je 211 mepa nymor yrna, KO./114t1SHK n jez(maK je cpeRn'oj 
yzaolioj 6p3HHH noKpeTme Talme 3a pee ne.nor o6pTalsa. FlpoH3soA  

(6) 	 n (t— r) = w 

3ose ce cpeNba anomaauja iiatpte. liomohy Te amomaamje jextmagmma 
(5) nocTaje 

(7) 	 u — e 	u •-- w.; 

Osa je,aHatma 3ose ce Keriaeposa jegnatuaia. 

Ha Taj matuni sa Qupehumatbe nonomcaja noxpeTne Tatme y  Aa- 

TOM TpenyTKy t Tpe6a: 
1. 0ApcAHTH cpe,atby aaomankijy, _iv_ kis (6); 	- 
2. 0,ape.aHTH excnewrpHqHy aHomaluijy pernasathem Kennepose 

je,allatme 	„.___ 
3. 0,ape,aHTH npasy aHomazsjy H3 (1). 

Rim H Tpeha pamba He tme Teumohe. 111To ce THge peuia-
satha TpaHcneitaeHTHe Kennepose je,aHaHHHe, 3a tbeHo 11p14611H.HCHO 

pewasaise Hma slime HaqHHa. Haseuihemo jedr.kall OA 11.14X —  IIHKSPOB  

meTo,a y3acTopHI4XallpOKCHMSOKIL- --  -- 
3a tipsy ripm6rnmmy mpeAmocT 11 ysmamo 	Tj. CTaBJ1DSMO  

173 	 Czygaj ximep6onimor xperatta 
	

§ 7 . 42 

Taj npouec (e < 1) je KoHsepreHraH. Y AOK83 HoHsepresuHje 
Hehemo yaa3HTH. 

§ 7•42. Cartaj xmnep6onntnior xpenuba. 

	

lipernocrammmo caA 	ce taxma Kpehe no xHnep6omi (e > 1) 
tufja je jeAHatn4Ha 

p == 	 
1 	e cos v 

Flomohy AeHapTostix Hoop,aHHaTa moxcemo jeAHatnilly xunep-
6o.ne H1111HCSTH y napameTapcKom 06J1H1437 

x = a cosh u , 

b sinh u , 

rAe cy a H b nonyoce xHnep6o.ne, se3aHe ca p H e je.anavaHama 

	

a =--- 	, b = — — - 
e2— 1 	Vet- 1 ' 

a U npomema,mm napameTap, Kojm HMS no3HaTo reomeTpHcHo Tyma-
oH npenTas.isa ABocTpyxy nospandlly omebeHy pasHocrpaHom 

xunep6oAom (a = 1), IkeHTpItAHHM noTeroM H CTElapROM OCOM. Ca 

sinh u H cosh u cmo 03HatIHSH, Rao H paHmje (§ 5 . 1211), xHnep6o-
Rime (h.ryinalHje 

1 
sinh u = 

2
—(e"— e —u), 

1 
cosh u —

2 
(eu e—"). 

1,13me1y yrna v — npase aHoma-
Jnije Tatme M (ca. 52) Ha xHnep6o.nu 14' 

napaMerpa u momemo SOCTSBHTH 

KOja o.grosapa MU (I) § 7'41. 

n011ITO 3a minep6o.ny HMEIMO 

p ex — a, cos v 
C— X 

• c = ea , 
p 

6Hhe 

W , 
na 3STHM mmamo 

u, = w 	e sin us , 	 e sin u2 , • • • , 
	 ut, ---w+esin 	. 
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§ 7 . 5 175 	 OttpeIpthatbe newrpanne cime 
174 § 7 • 42 

1—cos v p—c +x 
l+cos v p-Fc —x ex—a+ea—x 

+ 1 x—a e+1  cosh u-1 e+1 
 tgh= u • • 

e-1 x+a 	 • e-1 cosh u+1 a- 1 	2 

'0ABH/le Aecl3HHHTHB110 A0611j8M0 

(1) tg —
2 

yi  tgh —u , 

rite je 

e+1  
V e —1 

3a HOCTaBJ1,11tbe Be3e H3MeIjy BenHtume u H HpemeHa t BpaT11610 
ce TIOHOBO noeputHHH cexTopa FPM, xoja je nponopuHoHanHa epemeHy 

1 (2) noepin. FPM = 
2 

— A(t—t) . 

CJIHLIHO RHO K0211 entince, moacemo xHnep6ony CM8Tp1TH K110 
npojentHjy paaHocTpaHe xertep6one, npema Tome je 

(3) noapw. FPM = —b 
 noepw. PPM' . 

a 

rlocnemba noepunma jmaxa je pa3.7111101 nospalime Tpoyma 

FOM' H noepumHe POM', Hop ce mepH BeJIIii1HHOM 
2 

—
1 

a' u npema 

Tymagepay napameTpa u. Ha Taj HatIHEI HMIIMO 

(4) nowt!. FPM' =
2 

c a sinh u 
2 
 u 

Y3Hmajytuf Y.  0630p jeueanHHe (2), (3), (4), /406Hj41110 

A e sinh u— a 	 p.(t—r), 
ab 

xoja nocne ysobeiaa npomewbHae 

(5) w = w (t—t) 

no6Hja o6nex 

(6) e sinh u — u = w 
ourompa Kennepoaoj jeAHatutHa. 

Y3acronHoM ynoTpe6om jeneaqHHa (5), (6), (1) momemo 33 caaxo 
t o,apeuHTH 110/10HCaj noxpeTHe Tatme H3pagyeasmem npaae aHO-

idanHje v. 

§ 7•43. Cnyiaj napa6onwinor xperatba 

Y cJiyclajy napa6oamtme nyTme, 3a gojy je e = 1, 

2 cos' -v
v'  

•2 

apeme MOH(eM0 yeecru HenocpexHo nomohy HaTerpana noapunnie 

p' 9' = p'v' = A 

aaaT/Ie HMaMO xaanparypy 

f d v  
	 LA (t  —T 2 	 ) 

2v 	P cos4   2 
HJIH 

1 	v 	v 	2A 

	

(t 	, tga — tg — = 
3 	2 	2 	p2  

rue cmo ca Y noHoao 03HatIHAH apeme n?onasa Tatuce xpo3 nepexen. 
FlpentouHa jeuHaLtHaa nocTawaa ae;y H3me1y lipase aHOMaJIHje 

aperieHa y cnygajy napa6onermor xpeTatba. 

§ 7•5. Onpebnname genrpanne cline y cnyqajy gpeTania 
Twixe no Konycnom npecexy 

floicanondo cau na y caygajy xperaffia Tatme no KOHyCHOM 

npecexy nojt yTHnajem newrpanae cHne, xoja 3ABHCH canto o,a pacTo-
jataa, a }ben ce ueHTap Hana3H y Hama, Ta cHna moace 6HTH canto 

1-byTHosa CH/111. 

3aHcTa, axo jeaHatliffly xoltycHor apecexa Haniunemo y o6nHxy 

1= —
1 

(1 e cos v) , 
P 

t 

p  	
cos v 

Cnyqaj ximepaomignor Kperama 
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§ 7 . 5 
	 Onpebaambe uempanne cane 	 176 

	

d2 1-  = — —e 	
1 	1 

cos v =-- — 
_ . 

( 
dv2  p 	P 	P 	P 

rIpeMa Tome H3 LHHeoBa o6pacua (§ 7 . 3), HojH 3a Haut c.nytmj H3rAesa 

132  * (P)  d2 (____1 ) + _1 ,___ 
dva  p 	p 	mA 2  ' 

HMaMO 

r .1 A B A OCM A 

1 	P2  kV (P)  
mA 2  

HMaMO 

Ornum TeopHja KpeTakbe 11ecno6oAtie TauKe 
Ha OHOF ycnoBa ospebyjemo cloymotHjy %NO 

mA 2  
(P) 	

1 
— 

PZ 

a santm npema § 7 . 2 H cHAy 

	

2 	1 	'4  MA 
(p) ort p = — 	• -- ort p . 

	

p 	p2 

Taj H3c133 noHasyje sa je mina F 1-byTHoBa can. 

J. Bertrand je nocTarato npoonext o onpelpisarby nempanae CHM, Koja naje 

of.eTaase sa cse notreTae ycncare no Koitycaom npeceKy, npeTnocimbajyha y onurrem 

cariajY, 1. na 'rewrap cline mome nit ce Haaa3H y HP0H3BOA,H0j Tatum pasaa nyrathe 

H 2. na HHT2H3HT2T tune 'nonce na 3a2HCH He CaMO OA pactojau.a Q wore on nearpa, 

sell a on opajeaTaumle nparma cane, Tj. on nonapaor yrna 0. G. Darboux 

G. Halphen pemana cy npo6nem He3aBHCHO jenaa on npyror H noway no pesyn-

TaTa as nocToje nee spcTe cans Koje sanonorbaaajy nociaarbeae ycnose. Aso ca.ny 
orparragamo ycnosom na mome SIBHCHTH CaMO os pacTojams, no6Hhemo Taxobc sae 
cane: jenay nponopurroaanay npsom cTenerry pacTojarba a npyry o6pnyTo nponoo-
unonnay xaanpyry pacTojarba. 3a npsy uerrrap ce Haaa3H y Heavy xotrycsor 

npeceKa (§ 5•22), as npyry, 1i)Traoay, y HOOKH.  

§ 8•1. MON Becno6oyme maTepHjanne Tazuce 

AKO maTepHjanHa Tatwa M Biome HmaTH Hp0H3B0.1balf 11040)101j 

npoH3son,Hy 6p3Hay y ospetieHoj o6AacTH V apocTopa, 3a thy ce 

aim sa je cAogosna y TOj 06AaCTIL Y npoTHsHom cartajy je 

nec.A06o,mia. 
Tax) je, Ha np., Tatwa M, Hoja je npHmopaHa sa ce Hana3H Ha 

jessoj ccDepHoj nOBpmHHH, palm), sesaHa ca CTHAHOM TIVIKOM 0 
npocropa mranoM CTHJIHe symHe OM, Hecno6osHa, jep He mom sit 

lima nonomje BaH Te ampullae. 
Pa3nutiTa orpaHngem y Hperathy Tatwe mory 6HTH nosemita 

y sse KareropHje: 1. Tatwa He mom HMHTH npomsswhan nonomj 

y o6nacT0 V, Te npeMa Tome He mosce sa HMa y csaHom nonoscajy 
Hid npom3somy 6p3iiy. 2, Talmo mom HmaTHI1p003B0Jball noncom], 
am4.3,  THM nonomjlima He mom sa HMH npoHssomy 6p3HHy. 

Y JAHHHMHOH Talwe saycTamittemo ce camo Ha npoyttasathy orpaHH-
twtha apse npHpose. Ilpoyttasathe orpaHmetha ,pyre, THKO3BaHel 

nexononomme npHpose ocTasmmo 3a siniammy cmcTema maTepHjan-
HWY Tattaxa. 

§ 8.2. ilojam Beae 

flpeTnocTasxmo sa je Tagifa M Hecno6osHa y 06JOICTH V; ma, 
npema ycnosy, oua He mom HMHTH cse morylie nonowaje y Toj 
o6nacTH. Y (nom cnytiajy V mommo nose.AHTH Ha ABEI Aena;. Ha 

o6AacT V„ twje cy Tatuce npacrynatme 3a Tatwy M H o6AacT V2  

12 Panaornma mexamm 
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nojam aeae 	 178 179 YCJI0B 3a 6p3Hny Herao6onne ?WW2 § 8.3 

§ 8.2 

   

    

cacTasJbeHy oA HenpocTynatunix Taqaxa. Hamehy Te Ase 06.71aCTH 

mopa ;La nocTojH rpaHHua y o6AHxy nospume, penHmo S, Koja mom 

Aa ce cacTojH a H3 mime noce6mix Aenosa. 

JeAHatunia nospunme S, xoja mowe Aa melba csoj o6Inix H no-

.nowaj y Toxy spemeHa, Mo)Ke ce HanHcaTH 

(1) f(x, y, z; t) 	0 , 

rAe cy x, y, z ,II,ercapTose HoopAHHaTe ramie, a t — speme. 

3Hax itlynicuHje f Te jeAHaqHHe yElex momcemo H3a6paTH TaK0 

Aa 32 o6,nacT V1  noHcTynalumx Taqaxa imam° 

(2) f (x, y, z; t) > 0 

Ha np., axo je o6.nacT V2  npocrop BaH ccpepe no.nynpecnnixa R 
ca oenTpom y nogeTxy xoopAHHaTa, xoopAHHaTe nplicTynatosx 

TatiaKa 3aAoso.ibasajy ycnos 
x2 + y2 4_ z2 R2 ›. 0 . 

O6pnyTo, axo noicTynatule Tatuce catanbanajy ynyTpaunbocT 

HaseAeHe citepe, Tpe6a yC,7103 3a I.E.HX0Be xoopAHHaTe HanticaTH 

R2  — x2  — y2  — z2  0. 

Je,twaqinia (1) HJIH HejeivaxocT (2) seayjy xoopAHHaTe Taguce H 

npeMa Tome opraHmasajy H,elO xpeTatbe. 3aTo ce oHe 3OBy 2232. 

AKO HMaMO CaMO 3HaK jeAliaxocTH, se3a oArosapa cayqajy HaA ce 

Tarma saApacasa Ha nospulaHH H sose ce 3czapicasajy0 _sem. Y Apy-

rom cnyqajy cnia je liesaapcasajyha. 

AKO HMaMO He3aAp&asajyhy se3y (2), a xooprumare Taqxe y 
oApeheHom no.ncoxajy aaaoso,ffiasajy HejeAHaxocT 

f (x, y, z; t)> 0 , 

oliAa je Tama( y TOM no.noHcajy cao6oAlia, a 3a se3y ce Kamce Aa 

me AejciTiByje. Ona notunbe Aa ,aejcTsyje Tex xaA Taqxa Aocne Ha 

nospumy S, H ibeHe xoopAHHaTe 32A0B0JbaBajy jeAllaqing (I), 

ripeTnocTasamo caA Aa aMaMo 3aapwasajyhy se3y 

(3) (x, y, z; t) = 0 

To 3H2 1:4 as je Tatma npHmopaHa Aa ce Ha.na3H Ha nospinHHH, 

pennmo SI. Ana Hma cayqajesa KaA oHa He Mo)Ke HM2TH npoH3swbaH 

no.nowaj Ha Ha TOj 1101313MHHH, nourro je Ha Toj nospwaHH orpaHH- 

get:a o6.nacT npncrynalumx nonowaja. OHa je orpammeaa .naHHjom 
Ha TOj nospruHHH, Koja je npecex nospume (3) ca Hosom nosp-
wmom S2  

(.4) 	 f2  (x, y, z; t) 	O. 

H owle Tpe6a Aa pa3AHxyjemo Aaa cayqaja — c.nyqaj 3aApaca-
sajyhe se3e y o6.71Hxy (4) a c.nyqaj He3aApwasajyhe se3e 

f2  (x, y, Z; t),)-- 0. 

Jacao je, Aa je y c.tiyqajy Ase 3aAp)xasajyhe..se3e (3) H (4) 
Tatma npHmopaHa ,Aa_se ysex Ha.na30 sateAffoj_AluiHju, — npeceKy 

THX nospluafia. 

Y c.nyqajy Tpx 33:_apHcaaajyhe se3e 

f (x, y, z; 	0 , 	f, (x, y, z; t) = 0 , 	f 3  (x, y, z; t) = 0 

DA Kojax HHje,AHa Haje 3ax7byqax Ft3 OCTMHX, mory ce oApeAHTH 

HoopmHaTe x, y, z TatiKe Kao clvinaulje spemeHa 

x = (Pi (t) 	Y = (1,2 (0, 	z = <pa  (t), 

Apyrnm peqHma HanncaTH KoHatme jeaHaqHHe xpeTama, Koje noTnyfto 

oApehyjy TO xpeTame; 

xoja BOCTaBJba Ma KaKBO orpamnethe y xpeTatby 

Tatuce, &twice 6HTH cTBapHO H3seAeHa canto Somohy maTepHjammx 
Te.na. 3a xpeTathe Taqxe, peummo no aDepHoj HOBpILIHHH, TO mome 

Aa 6yAe RAH Te.no ca ccpepHom nospanniom, Hna LuTan cTaafte  Ay-

)KHHe KOjH se3yje noKpeTHy Taqxy ca cTa.nuom Tatcom, HT01 KaKaB 

ApyrH cx.non maTepHjamix Tena, KOjH splint HCTH 3aAaTax. MaTepH-

jaaHa Tula, Koja ocTsapajy se3e, aosy ce .mexamt3am sem.  
Axe no.nox(aj maTepHjande yc.nose iv* no-

crama Taj mexammam, OH ce 3ose ditozyhu Tionosicaj. Y npoTHsHom 

cAriajy, OH je Hemoryh 3a A2TH mexaHH3am. 

§ 8• 3, Ycaos_AEL6putly_tiecricrOopie ,Taxwe _ 

flpeTnocTasumo jla je 3a speme xpeTafba Taqxa npHmopaHa Aa 
ce Hana3H Ha nospununi jeAHatunie  

(1) 	 f (x, y, z;_t):-= 

Axo KoHatule jematme xpeTalba Hanmemo y o6nHicy 

x =-- x , 	y y 	z = z (t) 
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§ 8• 3 
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H yEspcnimo °He cDynicnuje y (1), jeAllatiKHEI (1) Tpe6a Aa ce !venom' 

y HAeHTHIIHOCT, jep Tpe6a Aa Hamm He camo 3a nojeAHHe HpeA- 

HOCTH t, Hell 3a cee BpelHocTH y Toxy xperatka. Hanfinnimo Ty 

HAeHTHrIHOCT °Ham) 

(2) ,f (x (t), y (t), z (t) , 	F (t) 	0 . 

HowTo oHa BaHCH H 3a t ± At, Tj. 

F (t + At) = 0 , 

}MEMO Taw:die HAeHTH9HOCT 

F (t At)— F (t) 0  , 
At 

xoja noc.ne npeaa3a Ha rpaanvay speAnocr, xaa dt -o 0, Aaje 

(3)
dF 
dt 

110C.Re CAHEIHEIX pacybHsalba mowemo Ao6HTH 1B3 HapeAHHX 

HAeHTH4HOCTH 
d2F 	daF " 
dt2 	dt2  

Aim ce OA liAeHTHEIHOCTH (2) nOHOBO 'Tame° Ha jeminHHy 

HAeHTH9HOCT (3) Tpe6a Aa cmeuHmo jeAHaqHHOM 

(4)
df A 

r=  V 
dt 

npH vemy x, y, z Tpe6a cmaTpaTH icao cpyfflawje spemeHa. 

Y pa3BHjeHOU 06AHKy jercHavmHy (4) moacemo HallliCaTH 

(5)
df == (2_f_ x, of y, df z , 	= 0  

dt 	dy 	az „if  at 

Y3amajyhm y 063lip Aa cy alma TpH nnaHa HpeTxome jeAHa-
gime jeAmaKa ocaaapHom npoH3sops aexTopa  

181 	 YCJI08 38 6p30Hy Hecno6o,ane Tatum 
	

§ 8•3 

Taj yCnOB noxa3yje Aa orpamiverby noaseacH camo ripojemaja 

6p3mme Ha npaHarr rpaakijeuTa se3e BAH Hopmane n Ha Hospunoy: 

(7) 	v cos (v grad f)=-- 
1 	of  

1 grad f 1 at 

Y cayvajy HenpomeHmHse se3e 

f (x, y, z)= 0 

ycaos (6) Ao6mja 06AHK 

(-1*/ grad f) = 0 , 

oltaxae HbfaMO 
►  

v cos (v n) = 0, 

Hpyram pegnima, 6p311Ha Taynce koja ce xpehe_no Henoxpemoj no-
spanum mopa ce yBeK HaAa3HTH y AormpHoj passm. 

3a cayvaj He3aApwaBajyhe se3e 

f(x,y,z;t)>O, 

AM< Hem He AejcrHyje, Tanya ce xpehe icao Cno60AHa a rbeHa 6p-
3aHa He nomeaca macaws:u orpaHunetby. OrpaHHvelbe ce nojawbyje 
camo Tsai' fax se3a novae AZ AejcTsyje, Tj. Ka? je 

1(6= 0 - 

flourro 3a HapeAHH TpellyTax t At y onmreM cayvajy mowe 6HTH 

f(t+At)>O, 
Ao6Hjamo 

f (t At)  — f (t) > 0  
At 

Ham, nom npeaa3a Ha rpammy speLHocr, 

df 
dt 
—> 0 . 

gradf (01  , 	Y), 
ax dy az 

Taj yc.vos y paasHjenom o6aHxy Jiaje 

(V grad f)+ —> 0 
v 	, y', .z.) 	 dt 

yCJI0B (5) 3a 6p3mHy xpaTxo MOHCeM0 H3pa3HTH 

(6) 	 (v grad f)d- — Of 0. 
at 

HAH 

v cos (-; grad f)> 	1 	of  
1 grad f I at 
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moxcemo, ceo yCA0Ba 
dt
—
f 

 = 0, HaMiCaTH H ycaos 

d f =0  
dt 2 	* 

§ 8•3 
	

YCA013 38 6p3HHy H:.:c.no6amie 'mice 
	 182 
	 183 	 Yeaos 3a y6p3aHe Hecao6omie Tagice 

	 § 8•4 

3a aenpommanay vie3aApmcaciajyhy Be3y 

f(x, y, z)> 0 

(f =0) HMaMO 
4 4 

V COS (V n)>0 

CBaj yCJI0B noxasyje Aa 6p3HHa monce nna_na ne)ICHir Tau-

reamoj puma 14.110 Aa 637Ae nanepella y ony o6.qacr npocTopa 
Kojoj npananajy npacTynaince Taqxe H 3a Koje (1)yincnaja f pacTe oa 
noepunnie f =0 . 

AKO Koop,anicaTe maTepnjanne Tatwe mopajy 
ABe 3anpfcaaajyhe Be3e 

f, (x , y , z; t)= 0 , 

f, (x, y, z; t)= 0 , 

AO ycnoaa 3a 6p3nny  

aft — o 
at 

(v grad f2) + ai2 = 0, 
dt 

1 	of, 
g Lad Ot 

-+ 	1  	Oh 

	

v cos (v n2) 	 , 
gradf,1 at 

rne cy n 1  H /12 OpTOBH nopmana Ha noapinme. 

Axo ce Taqma Kpehe no nenpomemaaaoj mpacioj nincmjn, xoja 
je npecex noapunma 

	

f, (x, y, z)= 0 , 	f (x, y, z) = 0 , 

yCnOBH 3a 6p3aay najy 

	

-4 -4 	-4 4 
V cos (v ni) = v cos (v n2) = 0 . 

143 OBHX jeAllaqHHa-3aKA>yHyjeM0 ..aa_6p3ana,mopa Amara npa-
eau Tanrewre. Ha -limy nnamjy, jep je_To jenktaa ,npaaan ,K0j14 CTOjH 

-4 -) 
ynpaao 	tz, 	n,. 

3a6enencamo Aa ce 6p3ana rcoja 3anosoiaaaa ycnoae 3a 6p3may 
— 6ano jenan, 60110 naa — 3OBe .4100y-ha 6p3litla maTepajanae Tatnce 
3a Ion Be3e. 

ae3y 

§ 8•4. Ycnos as y6patube secno6onse Taste 

Y npeTxonnom naparpacPy BHAUTH CMO na 3a22nca5jzty_ 

f (x, y, z; t)= 0 

Y pa3aHjeHoM o6nicy -raj yarns 143 (5) § 8. 3 moNcemo Hannan' 

cf2j=± (24' +f)— f z" + D2f = 0 , 
dt2  ax 	ay 	dz 

CMO ca D2 f 03Ha9HAH Altp 

D2 f 62f  x'2  2-g-  2f-ey+2  aaf   x' z' -1- 2 —a2f(5i x' _ 
ax2 	ax 	 Ox az 	ax 

— y'2  + 2 	y z' + 2 	y , 62f 	Of 	02f  
ay2 	ay dz 	Oy at 

dz2  

	

62 f 	 a2 

+
2 — 

az
f
-

t 
z' + 

a 
, off 

-hate • 

Je.pialumy (1) cKpaheHo OBaK0 namemo 

(2) 	 (w grad f) -F D,f = 0 , 

rAe je w y6p3ame Tagxe ca xoopirmaarama: x", y", z" . 

143 je,aaatnece (2) cnenyje 
1  

w cos (w grad f)— , 
I grad 

f I D2 f 

xoja noica3yje Aa y caynajy xperma Tatnce no noapurmam orpamm- 
qelay noAnenca canto npojenufey6palusa Hart iasarz rpaAejeHTa, Tj. 

3a6enencamo na y cnyqajy nenpomewmthe Be3e Kan je -f  0, a 
dt i43p83 D2f HHje jexiax Ilynsi Bell 0M8 ape,aaocT 

f 	, 	f 	a2 f 	02f 
D3 1 — x , 2 	y , 2 	+ 2 '- y' z' 

ax2 	dy2 	0z2 	ay az 

az ox 	-1-  2  ax ay—fay x' Y  

62 f 
+ 2 	 

Tj. npercTaaJaa xaaapaTay cpopmy y onmocy Ha x', y', z'. 

3a Taqxy ha 1101313WHHH 

caaxa oA laHX AOBOAH 

xoje mowemo HBI1HC8TM H 

-) -4  

V cos (V ni) 

zra 3a,aoso,raaaajy 	
(1) 

r.ae 

Ha npaaau aopmane Ha awry noapinany. 
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§ 8'5 	 KpeTame Hem)6oglie maTeptijamse mice 
	

184 

Y caygajy He3aHimaaajyhe Be3e 

(x, y, z; t) > 0 , 

aK0 oHa He HejcTayje (1> 0), He nomexcH °rpm-mei-ay Ha 43101a, 

no y6p3atae. Kai Hejcmyje (1 = 0), a df > 0, 6p3Infa v je Hanepena 
dt  

y o6.nacT V„ TaLIKa Hanyma nol3Punmy H Kpehe ce Kao cno6oHaa, 
na --npekia Tome y6p3affie He noHnemi orpaHHElekay. Axo je y HCTO 

2  
apeme 	df 	 d f 0 H = 0, Hmamo ycnoa 	> 0 H npema Tome ce 

dt 	 dt2  
Ho6Hja 3a y6p3akae orpaaHgeibe 

1 
w cos (w, grad f) 	, 	, 2D f 

• I grad f I 

Alto Hmamo Hae 3aomaaajyhe ae3e, yCHOBH 3a y6p3affie cy 
-0  

w cos (w, grad fi)— 	1 	
D2 A. 

I grad f,I 

1  
w cos (w, grad fe)= 	ID2f2- I gradf2  

H came je norpe6Ho HaaecTH Ha ce y6p3affie, xoje saHosoJbaea 
ycaoae 3a y6p3albe, acme mozyhe y6psame marepujanHe Tatum. 

§ 8•5. gperame aecno6owie maTepujaime_Tamae 
ca jeAnom aaApWaaajykom "mom 

1-lexa je maTepHjanua Tatma ca MacoM m npHmopaHa Aa ce Ha-
na30 Ha noaprnHHH 

( 1 ) 	 f (x, y, z; t)= O. 

Jacuo je Ha xoopHHHaTe no.na3Hor no.ao&aja Mo (x0 , y0, zo) 3a 
to  mopajy 3a,A0B0/baBaTH npeTxoHHy jetwinth ay, Tj. 

f (x0 , ye , z0 ; to) = 0. 

 

FIcTo Tam° nogeTua 6p3HHa vo  mop 3aHoao.saaaTH yclioa 33 
6p3Huy 	

vo  cos (vo  tgrad.flo) = 	
1 	af\  

gradf ! o l at lo  

rite CMO ca Hynom 03Ha4IJIH ape,u,HocT 3a 'loge -ram TpeHyTax. 

185 	 Kperame lieCA060.11Ele manintjaatie nue 
	

§8•5 

Heim Ha TaIncy Hejcmyje civia F (X, Y, Z). 

AKO Hanurnemo Hattlepeounija.auy jertHatunfy xpeTama TaEnce Ka0 

cao6oHHe npema § 4•3 y o6nHxy 
-0 	-o 

(2) mw F, 

Tana mowe Ha ce Aeof ua y6p3aibe oHpelrao H3 Te jeoatnthe 
HAeHTIVIHO 3aA0B0.11,aBa yCJIOB 3a y6p3atbe 

(3) (-W grad f)--I-• D o  f 	. 

3aTo je noTpe6Ho Ha CH/la F 3aHoawbasa ycnoa 

(4) (F grad!) ml),f = O. 

AKO can npeTnocTaaHmo Ha CH/la 3aHoaoJbasa Taj yCJI0B, OHAa 

npema jeAHal4HHaPAa (2) moNcemo TE1pAHT14 Aa y6psatbe w 3aA000/baHa 

yCAOB (3), xojH mo)xemo HanacaTH H 

d2f 
(5) =O. 

dt 2  

Ilpema Tome 3a Taxay emu 03 jeHHatme (2) caeHyje jeria-
411tha (5), xoja AOBOAH AO HaTerpana 

f = a t 13, 

cHe cy a a 3 H0TerpanHoHe KOHCTaHTe. BlIAHMO .ro  y TOM cAygajy 
jeHnaglixa (1) He npeTcTaan3a HHIUTa apyro Ao napraKyaapan HHTe-

rpa.4 jeHHatme (2), Hume, ca apeatrocTHma KOHCTaHaTa 

	

a ---- 0, i3 	0. 

Harry Twin, Tpe6a Ha cmaTpamo xao cAo6oHny. 1-beHo xperaibe 
oHpehyje ce HaTerpanajom jermatnnie (2) 3a KOjy je yHanpeH AaTO 

jemo napTHxyaapHo peruetbe. 
OcTaaJaajyhH Taj cayriaj Ha crpauy, npeTnocTaaamo Ha ulna 03 

 jezaa.me (2) He 3a1oao.rbaaa ycnoa (4) a npema Tome y6p3atae w 
H3 HcTe jeHHaLnine (2) He cnaHa y 11113 moryhitx y6p3albe 3a ae3y (1). 

Max° mox<emo HarnicaTH minpeHuHjanny jeHHatliniy xpeTaffia 
33 oaaj capap 

Haaemi cmo paHHje (§ 8 . 2) Ha caaxo orpaaragekbe y xpeTalby 
Tatnce moxce 60TH ocrnapeoo canto nomohy Mexanimma xoja je ca- 
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mx" = X + 

(6) my" = Y +1. 

of  
Ox 

of 
ay 

§ 8 • 5 Kperalbe Hecao6o,aHe marepHja.me ramme 	 186 

 

cranjben o.n maca. Te mace capegasajy c.no6oaHo Kperaffie Taince; 

oHe nocTajy H3B0pH HOBHX caiia, fa* ikejcTsyjy Ha TatiKy, H Heim 

y6p3afsa HeMoryha 3a Aare se3e npeTsapajy y y6p3affia morylia 3a 

HcTe se3e. 
lipema Tome 3a npHH3TAHo xperaffie Taqxe y car.nacHocTH ca 

se3om (1) Tpe6a ;La yseaemo Hosy awry, Koja Jlejcmyje Ha Hauly 

Taqxy. 03HaqHMO Ty cmy ca R H Ha3OBHMO je tuna peaxifuje (1). 

CH.na peaKuuje AejczEtyje Ha noxpeTHy Taqxy, a HMa H3BOp y ma-

cama mexaHH3ma se3e. 1-boj cynponta mna — agnsja — Hma Hasop 
y noxpeTHoj Tatum, a AejcTsyje Ha mace mexaHH3ma gene. 

-> 	-> 
Y nopeheisy ca cH.nom peaxwije R may F, inTo AejcTsyje Ha 

Taqxy, 3oHeMo warituma aura. AKO ce, Ha np., Tema Taqxa Kpehe 
no ccDepHoj nospinHHH, oitaa je cH.na xojom Ta not:pm-ma Aejcrsyje 
Ha Taqxy cHna Reaxnuje, H cH.na TeBce je aKTHBHa cHna. 

21,04iepetnnija.nHy jeAHatmy xperaffia Taqxe Ha Kojy AejcTByje 
-> 	 -0 

aKTHBHa cHna F H tuna peagullje R Tpe6a HanHCaTH y sexTopcxom 

o6.nHxy 

(6) mw F

- 

	R. 

Toj jextHaqHHH oArosapajy cHa.napHe jeAHaqHHe 

mx" = X + Rx  , 

(7) my" = Y+R, , 

mz" z R, , 

r.ue cy omaxe oqHrAexie. 
-0 

3a co,Apehmsatse sexTopa R Hmamo canto je,naH cHanapHH ycnos, 

Koji! ce Ao6Hja KaA y ycnos 3a y6p3afse 

(w grad f) + D2  f = 0 

cTasHmo BpeAHOCT y6p3atba H3 (6); Tua HMald0 

(1 grad f) —i (F grad f) t mD2f) 
i-,  -0 

R cos (i? grad f) — 	, 	(, { F' grad f) + mD,f)) 1  
grad f I 

143 npeTxos,Hor 3axibyqyjemo ,aa Be38 (1) oisoryhyje ,aa ce ca  
pun canto jemia HomnoHeHTa peammje — HomnoHeirra y npasfly , 

187 Alupepetuojanue jeolagime xpeTaasa fflecno6oue marepHjamle Tamce § 8' 6 

rpa,aHjewra se3e. LLITo ce THtle Apyre Kompoueue — y paBHH ynpasHoj 

Ha ipaaHjeHTy — Oita ce mowe y3eTH noTnyHo npoH3soamo.3a 
oApehusathe Te KOM110HeHTe Tpe6a ysecTH HapocHTH ycnos, Tj. Ha-

secTH npaB14/10 no 'come Tpe6a .aa HoucTpyainemo Hi.exy speaHocT y 

paBHH ynpasHoj Ha rpaztHjeuTy. 
Cse se3e npema speaHocTu KomnoHeHTe peaxnHje y paBHH 

ynpasHoj Ha rpa,aHjeuTy moacemo 110,1MIHTH y Ase HaTeropHje. 
Y npsy HaTeropHjy cnaAajy se3e 3a Koje ce UenoxynHa peax-

nuja cso,irm camo Ha xomaoHeHTy y npasuy rpa,aHjeuTa. Be3e Taxse 
npHpoRe 3osy ce twewme Be3e. 

,apyroj HaTeropHjH npuriaiajy se3e, Koje Hmajy H KOM110xeHTy 

peammje, ynpasHy Ha rpamijefiTy. Tamae cy se3e nauteanxe._, 
3aycrasHmo ce npso Ha HAeanithm sesama. 

§ 8•6. JA1443epempijanne jemialittne Kperana Hecao6omie 
mairepajanne Tatixe y cay'iajy imeanHe sere 

rpaAH- 3a HAea.nuy Be3y peaHnHja je Hanepena canto y npasuy 

jeHTa Ben H 33T0 moxKeMo CTaBHTH 

R

- 

 = k grad f . 

C.:Jul./0pH LAHOWHTe.lb ) 3o 3e ce Amomcutriem Hese. 
flpema Tome ,n4(13epeinvjaaHy jeamaqiniy xperama Taxixe y c.ny-

qajy waeanHe se3e nHinemo 
-> 	-0 

(1) mw F X grad f 

1-boj oarosapajy TpH cxanapHe jemaeme 

= z x 
o
t . 

 

Berropcxa jeAHatmaa 14.114 cacTem cga.napHifx jemaquHa (2) 

ca,apHcH ceTHps Heno3HaTe TpH Koopiman mute, peutimo, 

x, y, z H MHONCHTeJb Hese 1.. 3a imixoso OapehHsarbe c.nyze, pensmo, 

TpH cHanapHe jematunie (2) H je,auatma Be3e 

(2) f (x,y, z; t) = 0 

HAM 
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§ 8•6 /tHcpepeuunjanae jemiavatie KpeTalba mecno6omie ma -repvjamie Tatnce 188 

,Lto pentetba mamba o xpeTatby Taxne Hecno6onHe Taqxe no-
molly jeAllaqHHa (2) H (3) maacemo °sax° Aohit. HanHcahemo H3 (3) 
ycnon 3a y6p3albe 

d 	-0  

	

(4) 	— w (grad I) D2 f = 0. 
dt

2vf 
  

AKO minim° apenHocr y6p3atha H3 (1), Ao6ahemo 

(F grad f) 	(grad f) 2 -{-m f = 0, 

oaaxae Aonamtmo /to speauocTH MHOHUiTeJba X 

1 	-> X   (F grad f) 	f 
(gradf)2  

lint CTaBHMO Ty spenHocT y jeoaHaqHtly (2), Ao6uhemo cacTem 
.Qa TpH jemiaqulle ca Tpu Heno3HaTe x, y, w. HaTerpanuja Tor cucTema 
AOBOAH AO HaTerpaaa 

x 	(t,C1, C2 p • • 	C6) , 

(6) (P2 (t, C1, C2 , • 	• Co), 

z 	<P3 (t, 	, C2 • • • , C6) , 

T,/le cy C1 , C2 • • • , C6 LuecT HifTerpall:e1OHHX KOHCTaHaTa. 
nOILITO CMO 38 onpehunatbe MHONCHTeJba A HCKOpHCTHAH He camy 

jenHaquay (3) Bela H jenHaquity (4), Koja canpum canto Apyrm H3BOA 
no spemeHy IDymantje f, HHTerpaim (6) Aajy petnetbe He :camo npo-
&llama ca Be3oM f = 0, Beh H npo6.aema ca Besom 

(7) f (x, y, z; t) ----- a t 	p, 
rae cy a H p 11p0H3B0Jblie yilanpen naTe KOHCT8HTe. 

nOLUTO (Dyllyatuje (6) Tpe6a Aa 3a.aoHo.ibasajy HaeHTHtmo jeatia-
mtiHy (7), JleBa cTpaHa one mopa na ce cneae Ha AHHeapHy cPytuatujy 
spemeHa ca KOettlHOHjeHTHMa xojtt cy canto claytuatuje KOHCTaHaTa 
C1 , . , C6. Ha Taj Hac1H11 aona3Hmo jezitHatma 

jr (C1 , C2, . • • , C6) , 

p-- 4r2 (Ci, C2 , • • • , C6) P 

Roje Tpe6a ,aa 3a,aoso.lbasajy HaTerpanuoHe KoHcTarrre C1 , C9 , • • • , C6 
3a CBaKH nap AaTHX speAHocTH a H p. Y czyciajy Be3e (3), xaA je 
= p—o, HnTerpaumolle KOHCTaHTe Tpe6a AEI 3anonwbanajy ycnone 

(C„ 	, C6) = 0 , 	4,2 (CI , C2, • • • , C6) ------ 0 •  

189 'ibupepeintejanne jeaffamise iceraff,a Hecno6o.aHe maTepnjaaHe Ta4Ke § 8•6 

flpeMa Tome ocTajy canto geTnpu He3anticae HHTerpauHone KOH-
CTaHTe. Taj 3atubyqax je noTnyHo npupoAaH, jep y cityqajy xperatba 
Twine no nonpunttu HMaMO CaMO tleTHpH He3aBHCHa notteTHa nonanat 
H TO Ane KOOPAHHaTe Taruce Ha 110Bp111H1411 (Tpeha je upeheHa jeA 
HaqHHOM noapunme sa t = t0) R ase xomnoHeHTe noqeTHe 6p3uHe 
(Tpeha ce oapehyje Ha yczona 3a 6p3uHy KO* aaje AaTa Be3a). 

L(ocait cmo Hma.an carlaj 3aapwanajyhe se3e. Aim je Be3a He-
3aapacanajyh a 

f (x, y, z; t)>0 , 

canto no,a ycaonuma 

f =-- , df
=0 

dt 

moryhe je rosopHTH o orpaHmqelby xpeTatbaTaqxe, npH qemy Tana 
y6p3albe Tpe6a na saaosomana ycnoH 

d2f > 0 . 
dt2  

4 
Kaa y6p3atbe w, onpetjeHo je,aHaqintom 

4 	-0 
MW-=F, 

3a,aombana ropibu ycnon, Tj. 

-+ 
(F grad f) m D2 f > 0 , 

Taqxa ce *Tette Ka° cao6o,asa. AKO Taj ycaos unje 3aA0B0JbeH, Tj. 

(8) (F grad f) m D a  f < 0 , 

Be3a nejeTayje Ha noxpeTHy Tatucy H tbeHe mace ce jaBJbajy xao 
H3BOP je.rtHe CHne, peaxnHje He3aApacanajyhe Be3e., 3a noTnyHo °Ape-
hunalbe Te peaxuuje Tpe6a rIH—HTH male npeTnocTanxe: army 0 HAe-
V11:10CTH Be3e  HJ1H 0 npantlay no 'come ce xoncTpyinne komnottenTa 
peaxnuje ynpasHa Ya rpanujewry H Apyry o xapatctepy_np.omeue-. 
HejenitaxocTH (8). lipeTnocraauhemo as je Be3a Kaeanna  H A8 ce 
HejenHaxocT (8) npersapa y je.aHaxocT. Y TOM cAyqajy ce AraftepeH. 
wijaama jeatialumaxperall,a -ifonce citiaxo 13811KIITH 

4 	►  
(9) mw = F X grad f 

2  3a MHONCHTeJb X H3 yczona —df  --.- 0 umamo jeAttaquHy 
dt2 

(5) 
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1-boj o,arosapajy Tpa cxanapme jeirmagame 

	

afi 	af 

	

mx" = +Xi -- 	2 , 

	

ax 	ax 

aft x. af2 

	

"= Y± xi -a; 	. ay  , 

af2 mz"=z+a.,—az +k,, az  

§ £•7 
	

JeAaagmBe Bpetaiba y carlajy ;Ise Ben 	 190 

(F grad f) + (grad f)2  mD, f = 0, 

pAaHae noHoso Hao H KOA saApHaBajyhe Hese Hmamo (5) 

k=.- 
(gradf)2 

{(F grad f) + mD2  f . 

LInau ca 	y je,amatuia (9) Tpe6a ,aa ce saANKH camo oHAa, 
KeA BaHCH yCJI0B (8), a TO amaga camo 3a 1103HTHBHe BpeIIHOCTH MHO-

NCHTeJba X. 

§ 8 .7. AtuflepanuijaaHe jeBna..-nme xpeTalsa Becno6omie 
maTeplljanHe Tamite y cariajy ABe BBeaaBe Beae 

Y caymajy ,ase Kaeanme 3a,ap)xamajyhe me3e ca je,amatimmama 

(1) fi  (x, y, z; t)=-- 0 , 	f2  (x, y, z; t) = 0 

Ha OCHOB pacybmsaiba CJIHtIHRX npeTxoamama, 3a c.nygaj jeame Be3e, 

Hmahemo AtittepeHHHjanay HexTopcHy jeAHatniny KpeTalba Ca MHO.- 

MCHTeJbHMa se3a 

(2) mw = F + X, gradf, k2  grad f, 

3a mmTerpamajy Tor cHeTeMa JvcpepeHutijaainax jeAmatnima ca 
He1103HaTHM se.amiimama: x, y, z; noTpe6mo je HaIIHCaTH join 
jeAliaLame sa oApehuHaibe MHO)KHTeJlaa a l  H k2 . H3 ycaosa 

(3) 

	 d2  fi 0  d2  f2 —0
. 

dt2 	dt2  

;4 1 
	

Jeattagime xpeTaiba y cAyttly ABe Be3e 
	 § 8.7 

-4 

nocae cmene n, m3 (2), .ao6mjamo ase je,amatialle 3a k i  H k2  

+1,2 ±y1  =0, 
(4) 	

kl +fee 1.2 ± CP2 = 0 , 

r.rre cy 

f it =(gradA , grad/A, 	Apr = (F grad f1)  + mD2  f , 	1,1=1, 2. 

H3BpWHMO npe csera aH3jili3y raasme ,aeTepmismamTe 

A =-- 111 	— 1122  
.„-nimeapmmx je,amaqmma (4). lioluTo osa .aeTepmamamTa mma spe,amocT 

A — (grad fi)2  (grad /2)2  — (grad fi  , grad f2)2  = 

-- [grad ft , grad12, 

oma Mo)Ke 6.sTa je,amaxa Hynes canto y czytiajy xam cy cme Koop-

AiniaTe omagemor sexTopcxor npoausoaa jeAmaxe Hynes, Tj, noA 
ycaosama: 

ah ah 
ay az 

= 0, 
aft  aft 

 

ay az 

143 TeopHje 1:1E)YHICIIHOHaJIHHX ireTepmmmamaTa caeAyje ,aa y TOM 

cAytiajy 13meby cPymxmaja f„ f2  H spemema t, xoje Tura arpa yaory 
napameTpa, nocToja se3a 

F(h, f2, t) — 0 . 

H3 ose je.amatudme c.fie,ayje RAH Aa je 3a f2  = 0 m f1 = 0 , 
Taira cy se3e 3asacme jeAma oA Apyre, HAM 3a f, 0, 12 = f2 (t), H 
Tara Zy se3e ft  = 0 H 12 = 0 HeocrsawsHae y Hcro speme.. 

OcTas.Tbajyhm Te H3Y3eTHe caytiajese Ha cTpaHy, y3HMEIMO Aa 
je A* 0 a TaAa jeAmatimme (4) Aajy ymex noTnymo ompebema peuretha 
3a X, H k2 . 

itocne HHTerpagHje jeAliagiule (2) HJIH Quosapajyher cacTeMa. 
cganapmax je,amatiama imam° pemeae y o6.ammy 

afl aft 
	

aft aft 
az ax 
	 ax ay 

=O. 
aft ate 
	

ate aft 
az ax 
	 ax ay  

(5) 	r = r (t, C1 , C2 , . . , C6), 

Lae cy C1, C2, 	, 	amTerpanmome . KOHCTaHTe. OA Tint KOHCTa- 
moja ce mory manacaTm 

(Iv grad f1)  + D2 f1 = 0, 	(i; grad f2) + D2I2 
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§ 8 • 7 	 JeAnagime Ape'raffia y cAygajy ABe Be3e 

HaTa canto cy ;me HesamicHe. 3aucTa, 110111TO cmo 3a pee pacyhu-
Hama HCKOpHCTHJIH canto jenHatmue (3), .4060jeHo pemmbe Tpe6a na 
sanosaibaaa jenHatnme 

(6) 	(x, y, z; t) =al t + pi  , J 2 (x, y, z; t) = a2  t + p2  , 

Tog Henwome ai , (31 , a2, P2 mory 6HTH H3a6paHe noTnyHo npous-
BOA:MO. I-la ocHoHy (5) jenHatume (6) Tpe6a na ce npemapajy y 
IfAeHTHI1HOCTH H npema Tome IMMO geTHpa ycnosa 

al  (C1, C2, • • • , Cs) = ai, 
	

Pi (C1, C2, ... , 	= 

a2 (C2, C21 • • • 	 a2 
	(c1 , C2,  . . . , 	132 , 

xoje Tpe6a HHTerpaoHoHe KoHcTaHre na sanoswbasajy. Kan crammo 
at  = pi  = «2  = P2= 0, OBH yCnOBH lie onrosapaTH jenHatmHama (1). 

LUTO y AaTom npo6nemy ocTajy canto nrse He3aRHcHe HHTerpa-
LowHe KoHcTauTe, TO CT0j13 y npmponHoj Hem C THU inTo sa onpe-
biome nonomaja Taloce Ha KIMIBOj Tpe6a na 3HaMO jenny HenatmHy 
H sa oApehumobe 6p3mie Tatum Ha Toj_xpimf join jenny. 

Anannsa cnytmjetta icag ce on nse Be3e jenHa HJIH o6e jaBJbajy 
Ka° HesanpHcasajyhe Be3e cm:ma je ananH3H canto jenHe Hesancoxa-
sajyhe Be3e. Y AeraJbe Te aHanHse Hehemo na ynammo. 

r J1ABA IIEBETA 

KpeTatbe TatiKe no 110BP1111,1H14 

§ 9.1. ,ampepe}mojanne jenoalume ca moomurreJbem Heoe 
• 

Y onwToj Teopmjn necao6oanor xpeTatha Ta9Ke, Roja ce 'grebe 
no nosprumni Jinja je je,anatnnia 

(1) f (x, y, z; t)= 0 , • 

HMaJIH CMO BeicropcKy je,anatumy KpeTarba 
- 	4 

(2) mu= F X grad f 

192 

H Tpx onrosapajyhe cKanapne je,anacnille 3a Llexaprose oce 

(3) mx"— X± X 
of , 	my" = r 
ax 	 ay 

al mz" = Z X - - • 
az 

! MHONCHTeJb Hese X onpehyje ce Ha °cum ycaoHa -- 1=0 no- 
dt2  

(4) X= 	
1 	{(F grad f) + m D2  f} • 

J grad f IL2   

AKO yBpCTHMO °Hy spezulocT MHONCHTelba 	y jenHaimue (3), 
no6Hjamo cHcTeM on TpH jenHatmlle npyror pena y onHocy •Ha npo- 
MeHJbHHe x, y, z. HHTerpaunja Tor CHCTeMa mecTor pena yHonll mecT 
npOH3BOJbHHX KOHCTaHaTa, anH, Kam) CMO 1311AeJIH, On THX KOH- 

cTallaTa camo geTHpH cy HesamicHe. FloBehatbe 6poja KOHCTaliaTa 

mohy o6pactra--  

13 PauBoBamia mexamma 
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§ 9.2 narpaingene jemumne KpeTatba Tatum no nospunnin 	194 

 

nOnin0 je ycnea Tora 111TO, mecTo peutasatba Hamer npo6nema ca 

sesom (1) f 	Peutasamo swam< ca Be3OM f = at + p onurrtsjer 

trapasrepa, noutTo cy a H p npossamHe senomfie. Flom° 6poj 

Hp0H3B01bHHX KOHCT11118Ta CT0j11 y Be3H ca penom cucTeMa nHcpepeH-
uujantutx jentiatma, npnpontio je noTpamcHTH Taxas CHCTeM, tmje he 

petuetbe HMaTH canto EterHprt npOH3BOJbHe sottcrauTe, na lie npema 

Tome H cam cucTem 6HTH CHCTeM yeTspTor pena, Ha np., CHCTeM Oa 

Ase 
jenHatnthe apyror pena ca nne Heno3HaTe senHtmHe. 

§ 9.2. Jlarpanwese AH4pepergHjanxe jennatinHe 
KpeTatba Tatum no nosplumni 

Hetca je naTa jenHatnisa nospuntHe, no Rojoj ce Kpehe TaLma, 

nOHOBO y o6nHxy 
(1) f (x, y, z; t) = 0. 

YBe11,Hm0 mecTo ileNaprosnx RoopnItHaTa x, y, z, Be3aHHX jenua-

qPIHOm (1), HeaasttcHe rettep.anHcaHe KoopntittaTe q, H q2  nomohy 

o6paaaua 
(2) x 	(qi • q2; t) , Y = f2 (41, q2; t), z = (4i, q2; 0, 

H TO TaK0 na jenHaLania (1) nocTaje H.L1eHTHt1HOCT Kan y rbOj 

Tose Koop,umHare CMeHHMO Hapanima '(2). IlouITo Ta HneHTHIntocT He 

cme na 3aBHCH Hu on q i  , HH OX q2 , moncemo HanliCaTH, Ka0 aatuby- 

gas, ose ,11Ele 1411,e1ITHE1HOCTH 	 -) 

. af ax 	61az  -= ( grad f 	\=0, 

dg, ax dq, 	ay ag, oz dq, 	dq, 
(3) -0 

Of _of dx ±  at ay +af dz 

	

( grad f 	1=0. 
0q2  ax 	ay ag, az &IL 	dq, 

feotepanHcaHe KoopmHaTe q, H q2 mrpajy 
ynory raycostix napameTapa Tatme Ha nospuntHH. 
Kp03 CBaKH 110.110}Kai Tatine M (ca. 53) Ha no-

Bp1.1114HH moacemo nosyhtt ABe oce ca oprosama 

-0 
D1 H D2  , TalireHTHe Ha aooprontaTHe AHHHie. 

Jentia oca Hma npasau sesTopa —dr , a npyra —
dr . 

dg, 	0112 

195 	narpanwese le/unman Kperam Time no nonpuninn 
	

9•2 

Y3M11140 CUL senTopacy jenHatunly nperatba Tatme no nosplusHH 
y o6Juncy (2) § 	--- 

= + /s. grad f, 

na je HOMHononto csanapHo ca 

 

Or 
dq, 

Tana no6Hjamo 

(4) ( 1; --41-)=, 	-F ( grad f 	• 
\ 	/ 	\ og11 	 dq, ) 

-0 	• 

rIpumehyjemo, um:), na •je Ha ocHorty (3) xoecimulijeHT Y 3 
 

1. 

jentiax Hy.11H. 

3aTHM TpaticepopmHwHmo nesy cTpaHy OBBKO 

-o 

(5)
• di.  ' 	d 	4  di. 	d dr m 	)=—m(v 	)—m(v 

Citaq1
). 

dq, 	dt 	dg, 

AAR 113 jenHattHHe 
-0 	-o 	-0 

-' 	Or 	dr 	, 	Or v=— (h. ,  + 	(12 + 

091 	092 	at 

.naxo je, cxontto § 3•4, H3BeCTH HeaTopcne j2nHacHtte 
-> 	--> 
Or 	av =-_ 	, 
0q1 &11' 

d Or ay 
dt dq, 

Ilomohy TAX jentiatima mance ce H3 (5) HanHcaTH 

dm  (

dr ___d OT OT 
v  dq,) dt og, aqi 

me je T XCHBa CliJla TallKe, 

2T = mv2 . 
Hajaan CTaBHMO 

d r 
r 	Qi. 
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tar dr\dx dx 	ay 	+ az az 

	

q 42 1 =  dq, all, 	dq, aq, 	aq, aq, 

-- -r dr dr) 	ax dx , ay 	, 	az 

(aq, 	aq„ at 	dq, at 	aq, at 

4 4 

= 	 — 
dr dr) dx ax  ay ay, az az 

(aq, at 	aq, at 	Oq2  at 	aq, at 

dt 	at D  (at)2  (12  + 	dt  

-4 4 

§ 9•2 	Ilarpamicene jenovinne KpeTama Tatum no noepwoun 	196 

Jim> je HHAeTH Aa je TO reHepaaHcatia cH.na Koja oAroaapa Ko-

opAHHaTH q,. 3aHc -ra, 111:101431301X Q1 8q1. Aaje oArosapajyhm enemen- 

Tapall pax', 

-+ r  
rue je 	8q, e.nemeHTapHo nomeparbe Tatuce KaA ce npomeatt 

aq, 
camo xoopAHHaTa q1 sa Sq1 . 

lipema Tome H3 jeAHaqmie (4) 11 H3 cawnie jeaHatthHe 3a Ko-

opAHHaTy q2  Hmamo 214111111THHHO 

d dT a T Q1 , 
dt 

d aT dT Q  
2  dt aq, dq,  

Y onaiTeM cnyqajy, KaA jeAllatma nospanme (1) caApwll speme, 

>Rimy cHny TaqKe coApebyje H3pa3 

2T= mv 2  = m(A, 2  q,12  A 22  q2'2  + 2B q„' q2' +2C, q„' 2C2  q,' D), 

-4 
Al2 	r \2 	dx \ 2  + I oy \ 2  ± ( az 

kaq, ) 	kaq, 	kaq, 	kdqi 
\2 

 

A22 _ (ac52 )2  =(aq2 )2  ±(0dy2 )2  +(aq2 )2  

197 	Ilarpamicese jextuaqinte KpeTatba Tanice no nospinnan 	§ 9.2  

AKO je noapunitia HenompeTaa, NCHBy cHny0,ripebyjc, xqb12: 

refill Hspas 

2T = mv2  = m (A l2  q,'2  A 22  q22  + 2B q, 

renepanHcaHe cline Q 1  H Q2 Ao6Hjamo /13 Hspasa sa enemea-

TapaH paA cline F Ha npoH3Hwbuom nomepaiby 55 

Qi 691+ Q2 892 • 

JeAHaqHHe (6) sosy ce ilazpalpicese je,vattwie KpeTanDs Taq,Ke 

no nospwaHH. /la 611 CMO HX HanticaAH Tpe6a 3HaTH_N(143y_CHJIY 

Tatme H H3pa3 33 paA, Ha npolisson,Hom nomepaiby• 

ilowTo je y ontuTem czyqajy >KHaa co.na T KaaapaTua cl>yHK- 

mija reHepa.nHcalthx 6p3Haa q,' H q2', H3soAH —
OT H —

OT cy.rnmeapHe* 

d OT d dT  

(1)3THKAHje THX °pim 	1-1 a, a ,HX01111 H3BOAH no spemeHy 	H — — 
dt 	dt dq: 

cy notheapHe 4>yinawje reHepanHcamix y6p3wba q," x q 2". Flpema 

Tome je wicTem (6) naHeapaH no q," n q." H TH AHHeapHH qnallosa 

- 

A l2  q1" 	B q," , 

B q," 	A 22  q," , 

npu qemy CMO 1430CT313H1H MIIONCHTelb m. n0111TO AeTepmuHaHra THX 

nnaH6ga 

A l2  A 22  — B2 	[ 
dr 	dry =Al2  A22 [D1 D3] 2  
qi 6 .(12 - 

-o 	-0 

mcoKe 6HTH jeAtiaKa Hynes canto y czytiajy KaA cy HeKTopH D1  H D2  

Konomeapow, a To Hilje c.nyqaj, Haw .nomeapHH cHeTem Mo)KeMo yHeK 

pemHTH no q1" 14 q," 14 HanHcaTH 

q1"
= 

	(q1' 
	2F 

, q1 , 

q2  , 0 

	

(7 ) 
	

(q11 q2' q1 , 
q2  t) 

• 

Houle HuTerpauHje jeAHainnia (6) HRH (7) Ao6Hhemo Hirrerpane 

	

KpeTwba 	
q1 = q1 (t, C1 , C2 Ca , C4) 

q1 = q2 (t, 	C2 , Ca , C4). 

--) 

(

d r 	-) 
F 	= (F 6s1) 

dq, 

(6) 

rze cy 

Hsr.ne,najy 
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§ 9•3 	flpupoaae jeasynnie xpetama ramie no noeptoinne 
	

198 

HHTerp81111OHe KOHCT8HTe oApebyjy ce 143 nogeTHmx ycnosa, -  
Jam 33 1 = 	CTaBHMO no'erHe BpertnocTH KOOp2IHH8T1 glio, (720 it 

nogerHe speAnocm reHepanHcatnix 6passa 	q21°. Ite4)HHHTHBHO 

petnetbe y o6nHxy KOHIPIHHX jeaHasma xperatba je 

=_- 	(t, to,  q 10 got* gi ro ,  q2,0) ,  

q, = q.2  (t, 	q 1 0 , 	q 1 ,0  , q219 

Ta petnetba omoryhaaajy na ce Ha °away jenHatimia (2) oapeae 
AexaproBe xoopostare Tatixe Ha nospan4H0 K80 cpyouantje app,irena; 
HO np.3a xoopn,HHaTy x Ao6Hhemo 

x = x (t, t0, 	q20, thi°, Q21°). 

Y caynajy xpeTatba Hecno6onHe TaEnce cem npoonema oapebn- 
aatba xpeTatba Tatuce monce ce HOCTBBHTH 6615.nem___Araebnaatba cline 
peaxtnijeTiCcija nejcTayje Ha Taincy 3a pee xpeTakbe no noBputHHH. 

Kan ce npoonem o xperaiby T aqxe no noapunnui pemasa no- 

mohy jen,Hatma (3) § 9.1 ca mHonurren,em Be3e X, peaKumja R o,ipe- 
byje ce THM MHONCHTe.lbeM, jep je 

-0 , 
(8) 	 R = X grad f 

Tlarpaimerse jenHaintue He canpnce HH peamutjy, HH mHonarea. 
Be3e, npema _Tome 3a HDHX0B0 onpebHaatbe Tpe6a• ,aa HCKOpHCTHMO 

M3 KaKBy npyry jeaHatnthy la* canpncH MHOWHTe.lb X. 3a }berm) 
oapebitame monce aa nocny)KH, iianp., jenHatutha 

mx" X+ X —
a f 

 a x , 

notuTo cae BentigHHe y Toj jenHatutHH, cell mHonarre.iba X, moncemo 
cmaTpaTH Rao no3Hare, axo je xpeTaffie 6Hno npeTxo,ano onpebello, 
peunMo, HHTerp8HHiOM .TlarpameaHx jeattatma. Hoene oapebHearba 

-o. 
X peaxnHja R ce oxpeljyje xao BeKrop H3pa3om (8). 

§ 9°3; Ilpuponne jemiainine upeTama Tatum no II0Bp1IIHHH 

3amHcaHmo TflYKy moja ce Kpehe no HenoxpeTHoj noepwHHH S 
(ca. 54). 3a CB3KH o6H9aa nonowaj M Taqxe Ha tbeHoj nyTaH,H mo- 

ryhe je 110ByilH TpH oce : 1. TatireHTy Ha nyTarby C8 opTom D,  

199 	Elpyponne jeinatuise )(prima ?atm no noaputhan 	§ 1 ' 3 

2. Hopmany n Ha nocipuniyca catepom grad f u 3. Hopmany v H8 

npaHan TaHreure  D y TIIIITeKTHOj  paaHH. Cep Heicropa v yHeic un- 
-) 

• MOW m3a6paTH TIIKO ita TpHjenap M D v tz• 6yAe AeBH (c.a. 54). Taj 

TpHjeaap aone ce iiptspoon rupu-
jeActp . aa irticacy Koji' ce Hpehe 

no nospumm. 
Ilpojinnipajmo caa gnaHose 

oCHOBIle Beirrapcxe jeanatHme- 

(1) mw =-- F +1. grad f 

Ha oce Tor npHpoaHor TpHjeapa. 

y6p3anie TaLuce yaex moncerAo 
paCTaBHTH y ale nomnoHeHTe 

— y T8HTeHHHiaJIHO y6p3athe 

-D H y HopmanHo —N, rxe dv
v2 -0 

dt 

Y § 3.3 imam cmo xa 

CMO can, ca p 03H&IIHJIH nony- 
-o 

	

Coma 54 	
npenmix KpHBHHe, a ca N OpT 

ontuTem c.nyilajy He noxnana ca Hopmanom matte Hopma.ne, xoja ce 3r 

11 Ha noaptumay. 

BexTop — N K, xpHatuty nyTatbe y Tatum ,M montemo 1 -4 	4  

pacTaBHTH y ate Komnotiewre: nyac Hopmane n Ha nosputuffy H 1130K 

npaatta -9 v y TaHreHTHoj paBHH. ilpaa xsonolleHTa, intjy hemo apex- 

	

-) 	1 4  
HOCT 03118414TH ca Kr, =--- -- n, aaje T8K03BaHy Hopmaimy Kpaatmy 

Pn 

 

-0 	1 4  
 BAH Kpusuny_nophiannoz iipeceKa. Apyra nomnoHefiTa ic .. g  =--- — v aaje 

Pa 

zeo,,aeaucxy wining. 11pH Tome je p„ nonynpetiHHK xpHaHHe Hop-

manHor npecexa. a pi je nna;npetum reoae3Hcxe KpHBHHC. 

Y3Hmajytni y o63Hp Ao6Hjelle BpeAHOCTH Komnomenara y6p3aH3a, 

H3 jeaHamme (1) moncemo HanHcaTH oBe TpH cxanapHe jenHanmie 
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§ 9.4 	14nTerpan noapunme 3a aperame Twin no 110131311114H11 200 	 201 	14nTerpan noapninne 3a KpeTarbe Tatum no noaptunan § 9.4 

 

   

4 -> 
m — F cos (F v), 

Pg 

nt 
v2 	-3 4. 	 ,Nt 

— F cos (F n) R • FW4 Y\ I  
Prz 

rue je R anre6apoca speAllocT pealautje npema cmepy seicropa grad f, 

HanHeatie jenHatailie (2) 3osy ce ripupoime AttOepeniptja.nne 
fe,z4nalittne meirtatba taaqiceiio tioBpumna. Otte canpnce, axo ce patty-
Hathe ,aexapTosix icoopn,HHaTa, tieTHpH Heno3HaTe 

cDysicallje: y, El I?. fipple use jenHatame sajertso ca jentianHHom 
nospunme omoryhasaiy onpeblisatbe Koopn,HHaTa x, y, z. flocne 

Tora Tpeha jenitanputa caysca 3a oApebusatbe peaxattje R. 

§ 9'11. KpeTame Tatum Ha 110BpIIIHIII4 no HHepnujn 

lipeTnocTaspimo na Ha Taqxy, xoja ce , xpehe no HenoxpeTHoj 
.4 

nospaaispt He ,ziejeTsyje aKTHBHa csna F. 3a Taxso xpeTathe ce xa 

xce .aa ce spun' iio uneplittja. flppipoittie jenHa(nitie Taxsor xpeTaiba cy 

dv 	v2 	v2 	n  
In — 0, in — 0, m — = R. 

dt 	Pg 	 Pn 

143 OBHX jentlatnata cnenyje : 1. v = const., Tj. Tatum ce xpehe 

no nospiutalli pasHomeptio. 2. —1— = 0, Tj. tcppisa ntamja nyTaibe Tatsce 
Pg 

Hma reone3picxy xptanuty jennatcy Hynes, . a TO je Taxo3saHa 2eoge-

sucxa Auntijci Ha nospwHHH. Tpeha oA HanHcaspix jentiatania omory-

hasa onpebtisatbe pealcatije Be3e. 

§ 9.4.14HTerpan nonpunme as npeTame 'mime no 
nospunntg,,._ . 

flpeTnocTaspimo na ce Tatum xpehe no ttenoxpeTtioj nospu1Hm4 

tllija je jeAtiatunia 
(1) 	 f (x, y, z) 	0 

lipoytinmo ycnose no xojuma 3a TO xpeTatbe swim HHTerpan 
momesTa xonHtimie xpeTatba (Hues mcrerpan nortpunthe) oxo onpebeHe 
oce, sa Kojy y3MHMO, peaHmo, z ocy. 

3aKou momesTa iconHtunie xpeTatba 3a Tangy lc* ce xpehe no 
....- 

110BpLUIHM npeMa je,aaatthati 
--> 

MW F X. grad f, 

H3pancasa ce 
d -+ 

	

(2) 	— dt [r my] 	[r F]+),[r grad f] 

rite je r seicrop nononcaja noxpeTHe Tatace y on,Hocy Ha Koopati-

Hamm notieTax 0. AKO 3a ocy Oz Hamm HHTerpan momeHTa xonwipate 
xpeTatba,_npojexaHja 36Hpa seicropa c necHe cTpaHe y jintiatititni (2) 

Ha Ty —6-cy .Tpe6a na 6yne jentiaxa Hynx. Ha Taj natat, axo noce6Ho 

HOCTaBHMO ycnose 3a cHny H nospuitty,„ !imam° Asa ycnosa 

X Y — yX = 0 , 

- — 
Of 	Of 
- - 	y - = v. 

dy 	Ox 
4 

Ilpua yCJI0B Tpaxat ua ce aKTHBHa cHna F ysex Hana3H y pasta' 

WTO npo,naam Hpoa Oz ocy:• lbeHa npojelawja Ha Oxy pasati je No- 

.nitHeapita ca npojextuijom sexTopa r Ha Ty HCTy 

,apyrit yczos (4) monce ce cmaTpaTH Kao Jakicloepegarajaaaa 

jenuatipma ca nentimHtnuim tissonsma Kojy Tpe6a zka 3anosarbasa 

(1) 37 linulia f 
jeAtiatante nospname (1). 3a HirrerpaitHjy jentiatume (4) 

HACHIIIHMO, Kam) TO Tpance npamina tuiTerpanHje napatija.naix ni4e-
peHutijantaix jeutiatuia, jenHatunty ca 06pitaatm ApaDepelin,Hjanitma 

pceja o,arosapa jemiatiHHH (4). Ta je,HHaqHHa Harae,aa 

dy dx 
x 	--y 

HJIH osaxo 
x dx y dy = , 

Aaje illiTerpan 

x 2  + y2  = const. 

flourro Hatua nonam jentiatnisa (4) He canpacH Hit z, HH a—
z , 

Ty 

KOHCTaHTy moncemo cmaTpaTH Ka0 npoH3saibuy ctlytuatHjy Z H jen.- 

HatthHa m• 

dv 	•-►  -÷ 	— I, 
1 m — dt F cos (F D), -- , 4\ --b  

v2  
(2) 
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Cantu 55 

203 	Hnierpail nom CHM sa xpeTase Truce no nospnalna 	9 • 4 

§ 9.4 	linserpaA n04)11110 6  311 xpelailm Mire no nompuinlin 	202 

X2  4- yg 	(1)(z), 

ityllmunia, AOBOAH AO jeAHaglthe - noapnwHe 

Hamoj n0Bp11111110. HanamHatO .TlarpaHaceBy je./(Hatmay 3a KOOpati-

HaTy (5)  

rue je 	11p0H3130.713H11 

(6) f (x 2  + y2, Z) 0 , 

culja Oymaisja f 3aa0HoJbasa yCJI0B (4). Jematuma (6) HAM (5) n0- 

Kaayje ua Hallla 
noBpwoua Tpe6a Aa 6yAe• o6pTua_nooptultHa oHO 

oce Oz: 3a cHaoy onpeheuy Hpennocr z pkrojithe CBEIX Talmo 

noopnnthe OA Te oce Tpe6a na 6yne HCTO, jep je r2  = x2  + y2 . 

AKO cy ycnoom (3) H (4) sanommeHH, H3 jenHatume (2) Ao6Hjamo 

HHTerpan momeHTa Hoamtme operatba 
(xy' — yx').= r , 

rne je r HuTerpanHoHa KOHCTaHTa. Taj miTerpan moymemo HallfiCaTH 

2m Sz  = r, 
rue je S cewropcma 6p3Hila npojeonHje noopeTHe Tatme Ha Oxy 

pawl y ontiocy Ha TatlKy 0. 

Ha omaj Hamm" moyoemo (DopmynHcaTH TeopeMy: Aim ce Tatioa 

opehe no ooptHoj nonwoHyt H axo ce  
caAejc.rmyje Ha Tatioy 

yam( H3.11a3H y pommy mepHAmjaHa, 3a TO xpeTathe mom HaTerpaa 

nospimme y payany yripaymoj Ha ocy 06pTatba. 

HaBeJleHH pe3yaTaT More ce ii3BeCTH H Ha Apyru HaqHH. Axo 

ce no.lo)caj TatiKe oApenu nomohy n0J13pH0-1114/1HHApHilHaX Hoopno- 

HaTa r, e, z (§ 112), jenHatmHa o6pTHe nospume (ca. 55) 6Hhe 

z =--- z (r). 

MeTpHtucy cDopmy ds2 , xoja 3a one 

xoopAHHaTe Hma 06,7114K (§ 2.3) 

ds2 =__ dr2 r2 d62 	dz2  , 

sa Hawy noopluoHy momcemo HanHcaTH 

ds2  = A' dr2  r2  d02  , 

rue je 

A2 	1 + z'2  (r) . 

)KHBa CH.1111 Tatum je Tana 

2T = m (A2  r'2 	r2  0 2) . 

KOOpAHHaTe r H 9 mory ce cma-
TpaTH tom raycono napameTpH Tatime Ha 

d dT_OT 
dt d0' c)0 —  'e 

rzte je Qe reHepanHcafta cHna sa Ty moopAHHary. flown ce cHaa 

F yHem HaJla3H y pamm mepHaajaaa, a enemeHrapHo nomepalbe, Kan 

ce melba canto KOOpAHHaTa 9, CTOjH ynpano Ha TOj pa1311H, reHepa-

nHcaHa cmna Qe  jeAmma je HynH. 

BHAmmo Aa Mina Cana T He 3aBHCH OA KOOpAHHaTe 0 H Q® = 0. 

flpeMa Tome je KOOpAHHaTa 9 ufficinitma m 4) T „ 	 11111/1111 11110j 

KOOpAHHaTH onrooapa HHTerpan 

OT r 
d0' 

aHHeapaH y onHocy Ha 0', jep ra moommo y pa3oHjeHom 06.1IHKy 

HanucaTH 
mr2  0' = r. 

I1OLUTO je r2 0' AsocTpyoa HpeAHocT ceoTopcoe 6p3HHe y palm" 

Oxy, Hanocamy HHTerpan He ripeTcrawba HH111Ta Apyro AO HHTerpan 

noopame y p1113HH ynpasHoj Ha ocy o6pTatbs. 

§ 9'5. Hurerpgn wipe clue ea it_petalkeTatilte goAtoppulITH 

3axou )11HBe '
cone 3a maTepHjaaHy Tatioy y Ax(l)epeunojanHom 

o6nHoy raaco: 
AticDepemlitjan mousse acne noopeTHe Tatme jensao je pony acne 

Euro nejcTayje Ha Ty Tatioy Ha onromapajyhem AmtlepenumjanHom 
not Darby. 

Flom° y cnygajy operatba Talmo no 

Ty Tatioy nejc .royjy Aae cane, aKTHEIHa C11.71a 

)1(1113e cane Tpe6a na H3p113HMO (moo 

d T = (F Is) + (Rd s) , 

rAe je ds enemeurapHo nomepaybe Time. 

HaeanHoj flOBIMIHHH Ha 

F H peammja R, 3aKoH. 
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§ 9 • 5 
§ 9 • 5 	Hirrerpan woe am 3a KpeTarbe Tagae no noacanunn 	204 

	

HowTo je 	 -> 
R =X. grad f, 

	

a 3a noupwnuy 	
f (x, y, z, t) = 0, 

dx +6  dy +6-f- dz ± 6olt,  dt 	(grad f, cis) .6of  t  dt 
dx 	dy 	dz 

moNcemo 3aKOH ninue cnne 143pa3HTH 

Of 
di = (F ds)— X -

dt

1-- dt, 

cTpana npeuo,ane je.anatuie 6Hhe TOTaJIHH ,ancl)epenna-

ja,n, alco cy 3aAosofbeHa Asa ycnoria: , —61,
f 

==0, a TO 3HaqH ,aa je 

uawa nospwwia Eienoxpenia H 2. Ka.a je (F ds) To ra.nan AwDepea-

unja.n. floinTo je 
-+ 

(F ds) =X dx + Y dy Z dz , 

Be3a, Kojy 3a uenoKpeTny 

nOfTWHIly mommo uanucaTH 

	

z 	Y 

143pa3 3a eaemenTapan paa 6Hhe 

d;) =Z —
az
ox

)dx 	Z -6 )dy 
dy 

IIoA yCJIOBOM 

y
(X+ Z ) 

TX( Y  ay 

Kojid joru mo)Kemc2 nanncaTu 

OX dY, OZ dz az  az , 
— 	

., 

	

-r 	— 	= v 
ay 	dx 	 ax ay 

eaemenTapan pa.a npeTcTawba TOTaaHH Amcl)epenunja.n jemie cDynKuuje 
Kojy 03Ha9HMO Ca U. 

nO,a THM yczomma saKoH muse cane AosoAH ;to iiirrerpana 

>KHBe cane 
T=U±h,  

205 	linTerpaa acme came 3s !menthe 'mime no noapunnui 

rAe je h npoH3BOJbHa KOHCTaHTa, H KpeTatbe Tatwe HMa iton3epnaTn -

BaH KapaRTep. 
AKo ce pewasaffie npo6.nema o KpeTamy Tatuce no noupwnua 

spun.' nomolly Jlarpannceaux jes,natuma 

d OT dT ( 	 Q1 , 
dt 	dq, 

d OT d T 
— — —

= 
Q2 I 

dt 	dq, 

aa H3B0hethe 3aKOHa >K0Be CHJle mi:memo nocTynnTu omit°. nOMHO- _ 

MOHO nanncane je,anatrune — npay ca dqi , Apyry ca dq, H poynTaTe 

cifiepnmo H Ao6nhemo 

( (1) 	
OT) 	, _6T dq,— 

oT 
d OT ) • g„' -1-dH g, 	 dq2 = 

aqs, 	092 	 642 

	

Q1 dqi 	(192• 

AKo je noaptunna no Kojoj ce Kpehe Tatma nenoKpeTua, ackma 
cma jexomorefia KpaApania cpynKujija q, q, npema Tome 3a 

my math Euler ()IA. Teopema 3a xomorene cloynKunje 

OT 	OT 

aT 	OT 	OT 
2dT = d (-6T  )• q„' d(—) • q,' ±— • dq,' ± O92'  • d42

,.  

091' 
•

42'  

c Apyre mane nenocpe,ano AH(DepeHavipaibe manse cane .aaje 

dq,' 	dq,' —
6T dqi+ —

6T • dgz. 
0q, 	dq2 	dq, 	dq2 

0Ay3nmatbem q.nationa nocnexube jeAnatunie o.Er npeTxo,ane Ao-

6njamo 

(aT) .  , + (aT) 
72 

, 	aT 	dT  
qi --r 	T2-, — — 	• dg, — 	• q2 • 

q 	. 	uqt 	 092 

nOWTO Aectia man one je.anagune fie npercTaazba HHLnTa 

Apyro ,Ro nervy cTpany jeanagnne (1), ona Aaje 

(2) 	 dT Q, dq, 	Q, dgr. 

a inmeby HOOMeHJblIHI4X X, y, Z HOCTOjii 

2T= — q,' — q2. 
091' 	0 (12' 

,lincpepenumpaffiem Te jezwatinne Ao6Hjamo 

dT d 
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x cos a + z sin a — p = , 
H z KoopAHHaTe Tat:lice M y oAHocy Ha cHaTem oca Oxyz 

(ca. 56), oA Kojiix oca Oz 
crojH HepTHKanHo HaEutuie, 
a Oy oca je napanenHa 
paBHH P. BenHoHHy p pa-
cTojaiba paHHH oA noqema 
KOOAKHHaTHOT cHcTema cma-
Tpamo Kao Awry cpyHKAli.iY 
spemeHa: p =p (t); a je 
cTanati yrao ILITO rpaAH 
TO pacTojalbe ca Ox ocom. 

3a He3a13HCHe KoopAH-
HaTe Taglfe M y paBHH P 
mo)Kemo y3eTH KoopAHHaTe 
E H n  y oAttocy Ha cucTem 
oca AEri ca TaqKom A y 

(1) 

rite cy x 

CJIUKa 56 

§ 9'61 	KpeTatbe THUIKC Ta *MC no TpaucnaTopno nonperaoj pawn' 	206 

013a je.allatlifila H3paNcasa 3aKOH Millie cline sa Taincy Koja ce 
Kpehe no fieff0MHtIHOj nospinalm. 

AKO reHepa.nucaue cane Q1  H 02 3aAoHozbaHajy ycnoH 

OQ1 OQ2 
dq, 

AecHa crpaHa jeAtiaqHHe (2) zipeTcTaBiba TOTaJIHH 11HcPepeauajan oA U. 
CTawbajyhH 

Q, dq, + Q2  dq2  d U,.  
Ao6Hjamo H3 (2) 

dT= dU, 

LUTO flOHOBO ,ROBOAH 	Hftrerpana ›KHEle cline 

T U h . 

flpeMa Tome H oH,ae BH2I,HMO ,EW je KpeTatbe Tatum no nospuitnnt 
HoH3epHaTHHHo, aKo je nospanitia HenoickeTtia,,,H reHepanHcaHe cline 

32,a0B011:41Bajy yCJI0B (3), Tj. HMajy qoynKuHjy CHJIe. 

§ 9.6. ❑pintepo 

§ 9.61. gpeTathe Teume Tam toe no TpanenaTopno noxpeTnoj 
pamm 

1-1eKa ce Tatma M Kpehe y paBHH P Koja ce Kpehe TpaticnaTopHo. 
JeAHaquay TaKHe pastni moNcemo HaIIHCaTH  

207 	Kperatbe rennin wine no Tpancnatopao nonpeTnoj panne 	§ 9•61 

noAHoacjy Hopmane p, ca ocom 	napanenuom OCH Oy if ca AE ocom 

'Hanepettom HaH11)Ke. flomohy THX KoopAHHaTa KoopAHHaTe x, y, z 
3pawasajy ce 

x—Esina+pcosa, y=ri, z = —Ecosa+psina; 

oHe 	 3aAoHazbasajy jeAllagally (1). 

3a jeAtlaqHtie KpeTatba ca MHOiKHTeIbeD1 He3e Hmamo 

(2) nix" =). cos a, my" = 0 , mz" — mg + X sin a. , 

rite je m maca Time H g y6p3atbe cHne Te&e. 

AKO Aganyr AnCpepeHuHpamo jeAHatunly (1), Ao6ahemo 

x" cos a + z" sin a — p" = 0, 

wtaKne nocne 3ameHe x"  H z" H3 (2) oApebyjemo HpeAtiocr 

=nzg sin a + mp" 

a y HCTO Hpeme H peaKuHjy, jep je y (mom carlajy R = ti, a Iva- 

• BeKTopa R CTOJH ynpaEnio Ha paBHH P. 
3a oapebtamtbe KpeTallpa TatiKe M y patlau P HanHunamo jeA110- 

Lathe 3a He3aHHcHe KoopAHHaTe E H ri. floiuTo je 

2 T = mv 2- = m (x' 2  + 2  + z' 2) m (E' 2  ± 2  + p' 2 ) . 

a reHepanitcaHe cline sa KoopAHHare E 	Kao UITO cneAyje H3 

4 

143pa3a 3a paa, Ha nomepatby 8s, Kai ce 'verde He melba, 

X 8x + Y by + Z 8z Z Sz = mg cos a • SE , 

Hmajy HpeAtiocTH 

	

QE  = mg cos a , 	Q = 0 ,  

Jlarpaimese jeAtiatitme nocTajy 

	

E" g cos.  , 	= O. 

AKO npeTnocraimmo Aa ce TatiKa y notieTKy KpeTatba Hana3una 

y TaLIKH A, a osa nocneAtba je &Ina y TatiKH 0, nocne HuTerpauuje 

• oapebHHatba Op0113B0.71,1411X KoHcTaHaTa naKo hemo Ao6HTH peluetbe 

E 	vc, t cos p + g cos a, 
2 

rite je vo  HHTeH3HTeT nogeTHe 6p3Htle H p yrao INTO OHS rpaAH 

ca AF. ocom. 

(3) 

= V E, t Sin p , 
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209 
	

Ccpepso Immo 	 § 9'63 

2 v02  sin- p 

qujd o6.nax H no.noHcaj He 3aBHCH OA pacTojalba p. flpema Tome 
mommo 3a1C1by9HTH Aa TpaHc.naToptio xpeTatbe paBHH He yTHqe Ha 
HpeTatbe Tatme y TOj paBHH. 

§ 9'62. KpeTame Temge 'mime y oepToKanHoj paBHH Roja ce 
o6phe oft° cTanoe oce 

Cait peummo 3aAaTax o xpeTatby Teume Tae M y HepTH-
HanHoj paBHH Q (c.a. 57), Hoja ce pasHomepHo o6phe oxo cTanue 
npase Oz raKo ,aa je yrao 0 rnmeby Te pasHa H paBHH xOz 

0 = w t , 

r,ae je w cranam HoecjmunjeHT npo-
noputtotia.nnocTH — yraoHa 6p3HHa 
o6pTatb'a 

Je„atiaqHHy se3e mlluemo, xao 
Q 	jen,HaqHHy paBHH, 

(1) 	x sin 0 — y cos 0 =0: 

Axo 3a oftpebitHatbe nommaja 
Tat-me M y noHpeTtioj parmil Q yee-
Item° He3amtcHe Hoop,zumaTe E H 

Ham) je TO noHa3aHo Ha camm, Ao-
6Hjamo 3a HpeAtiocTH Hoof:am-laza X, y, z 

C/IHK3 57 

(2) 	x = E cos 0, 	 z=ri. 

,L(HcpepeHHHja.nHe jeJAHaqHHe xpeTatba ca MHOHiliTeJbeM Be3e 

Harzeitajy 

(3) 	mx"-= X sin 0, my" — X cos 0 , mz" — mg , 

rae je m Maca Tatme 14 g y6p3atbe Texce. 

AKO AB8flyT AttcpepeHuHpamo jexotaqutty (1), Ao6nhemo 

x" sin 0 — y" cos 0 + 2 (x' cos 0 y' sin 0) w 

— (x sin 0 — y cos 0) w 2  0  

0,aame Ha OCHOBy (1), (2), (3) .ao6Hjamo °Hy HpeAtiocr X 

X = — 2mw (x' cos 0 ± y' sin 0) —2mw E' . 

nOLUTO )KHBY CH/1y Taqxe mowemo H3pa9yHaTH °Ham) 

2 T = Mv 2  = m (x' 2  y'2  z'2) = m (E'2 	E 2w2), 

a e.nemeHTapaH pa,a Hma HpextocT — mg 8q, TlarpamHeHe jemia-
gime Aajy 

r — (i)E o , 	=-- — g. 

Houle HHTerpanHje OBHX jmtHaqtma Hmamo 

1 
gt2 

	, 
= 	 L. 3  -r- L.4 

2 

r,ne cy C1 , . . . , C4 11p0H3B0Jblie KOHCTaHTe HHTerpaitHje. 

Qape,attmo Te HoHcTaxTe, pammo, 3a c.nyqaj Hait je .Taqxa y 
nogeTxy KpeTatba (t, =-- 0) 6H.na y HoopmmaTHom notteTxy (E 01, IV= 0). 

Ta,aa hello 143 (4) .nai-co AO6HTH KOHatthe jeAHaqtme xpeTatba 

E 	1 i:_191 (ewt 	e_wo 	= _ 1 gt2  

• R... 
EaHmHHHcathe. Hpemella „aaje 3a jeAliaqmly nyTaibe 

wl'—?Ll  • 

2coE = o .(e 	g  — 	 ) • 

Aim y npay .0,71 je,nHaqmia (5) cramtmo wt= (4;1,  Ao6nhemo 
jeitHalmity 

1 	, 
2 w 

xoja gale nyTatby npojekttaje Taue M Ha paHall Oxy y noaaptmm 
Hoop.atmaTama E, G. 

. jy r 	.. 	!...i‘?, 

,§ 9•63. CcimpHo Kamm 
	 / 	 I V- 

Ilpo6.nem ccloepHor H.narlla je  npo6aem o xperatby Teinxe ,TalHe , 
 no HenoHpiTHoj cclaepHoj 110BpMHHH. Y Cnyqdjy 3ialicastilylie seae 

Taxwa moNce zta 6y,ae seamta manom ca u.eHT.p*c4)epe yjc.TIYOTY 
,.,-.4. 	'--  . ,- Pa'— ne3a.zkiNicasajyrie -- se3e  oak_ moHre oHTH _of Tsapella KOHHeICA CTailHe ._  

-ApHHHe HojH Hexte Taqxy 3a iteHTap. 

14 Paw-Ionian mexamo 

Ao6Hjems pe3y.nzaT noHa3yje ita ce Tatum Kpehe no napa6o.na 

a cos a 
E 	cotg p 

(4) 	E = Cl  e(ot 	C, 

(5) 

§ 9* 62 	 KpeTarbe Teunce 'mime y BePTHICIVILIOi paBHH 
	

208 
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§ 9 . 63 CcpepHo Knanto 210 211 CI:DepHO KilaTHO 	 §  9.3  

   

floaoncaj Tagne M (cA. 58) oApebfisahemo 111111HHApHrliMM KOOp-

Axaarama: z — pacTojatbe Tat-me OA X0pH30HTEIJIHe pal3HH DJTO npo-
.na3H Kpo3 neHTap ccpepe ca cmepom 
HaHH)Ke, r — pacTojaffie Taince oA oce 
Oz, 0 — yrao H3mehy sepTHKa.nue 
pasHH OzM H pasHu Oxz, Koja npo- 

	

Ra3H }CO3p 	CTILIlly xopH3oHTa.my 

npasy Ox. 
Je,n,HagHtly ccpepHe nospnume 

nmuemo OBBKO 

	

(1) 	r2  + Z2  — /2  = 0 , 	 \ 

rue je 1 nonynpenHHK ccpepe. 

CH.na Texce mg Hma cpyHRuHjy 
cH.ne 
	 C.11141(3 58 

U— mgz 

Ilourro je nosputhsa HenoxpeTHa H cHna Hma cpyiumHjy Cline, 

BOCT0j11 HHTerpaa >fame cline 

mv 2  2mgz mh , 

rue je h npoH3so.rbua moncTaHTa. Y Hamem cnytiajy raj HuTerpan 

	

ABle 
(2) 	z12 	r' 2  r2  0 '2  = 2gz + h . 

OKO oce Oz, nocTojH HHTerpa.a nospumH.e, Kojo mo)Kemo HanaCaTH 

	

(3) 	
• 

je Hama nospauma o6pTHa H mina Texce HeMa momeHTa 

r2  0' 	C, 

rAe je C KoHcTaHTa. 

Flpema Tome HMaMO TpH jeAmatme 

(1) r2  + Z2  — /2  = 0 , 

(2) z12  + r'2  i12  012  = 2gz + h , 

(3) r2  0' = C 

3a oApehmsaa,e npomeHibusH1 z, r, 0 . 

ripe HaTerpanHje H3senihemo HeKe 3ax.iby4xe o KpeTatby Tatum 

canto Ha ocHosy HH,Terpa.na nospinHHe H HcHse cline; 

143 jeataimHe (3), noun° je C KOHCTaHTa, a r2  ysex 1103HTHBHO, 

3aKapygyjemo Aa ce yrao 0 mem. ysem y HCTOM cmHc.ny. 

AKO mapepetampamo jeAHatuthy (1) H H3 Ao6Hjeue jeAHaqHHe 

rr' + zz' =0 
oApexkumo r' 

a H3 je,rmaqHHe (3) yamemo 

0' = — , 
r2  

H Te spemocTH cTasHmo y jeAHatniuy (2), HHTerpaa )KHBe cline MO-

wemo, c o63Hpom Ha (1), HanficaTH y o6.1n4Ky 

(4) 12z' 2  (2gz 1)(1 2  — z2) — C2  = f (z) 

clayatcaaja f (z) Hms TpH cTsapHa KopeHa (a, p, y) Kao 1uTO ce 

KHAN H3 ose Ta6Juine 3HaKosa Te cpyHKJAHje 

z —N zo  +1  

f (z) + w — C2  1 1 (20) 
-4-  

— C 2  

p 
	

a 

rAe je z„ nogerHa speAHocT KoopAHHaTe z. Ilona° f (z) npeMa (4) 

mopa yseK 6HTH 110311THBHO, npometumisa z He mo)Ke Aa H3abe 

113 o6.nacTH z < a„Koja npeTcTamba jeAaH ccpepHs nojac: 
BHAHmo Aa ce Ta4Ka Hana3H y jexmom nojacy H yseK ce Kpehe 

y HCTOM CMHCKy y TOM nojacy. 
rIpeliHmo caA Ha HHTerpanHjy. MecTo f (z) momemo CTaBlITH 

f (z) = — 2g (z— a) (z— p) (z — I) — 2g (a— z)(z- 13) (z—y) 

H TaAa 03 (4) catayje KsaApaTypa 

1 —
dz 	

f (z) • 
dt 

dz 
3nan Tpe6a Aa 6npamo npema many nogenie speAtioun ( 	• 

dt 0 

AK0 speme pagyHamo OA TpeHyrKa Kag je Tatma 6H.na Ha Husoy • 

z , 
r 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



• 	CltepHO WILITHO 
212 

§ 9.3 

z=--a, KO,H 
npeTxontie HaaAparyPe Tpe6a Aa yamemo MHHyC jep je 

idz.) <0, nocne gem xHaAparypa Aaje 
sdt 0  

(5) 	
115 , 	

dz  

1 	f v(ct_z)(z_m(z—,-) 
a 

ARO H3Hpa1HMO CMeHy 

a — Z = (a — c3) u2  , 

BHAHMO na ce u melba y rpaHaaama on 0 Ao 1. 

Ilourro je 

z cc — (cc — (3) u2  , 	dz — 2 (a-p) u du , 

xHanpaTypy (5) moacemo nosecTa ,/:to o6naxa 

du 
= 11(1 — 10)(1 — k 2  u2)' 

o . 	_ 

rAe cmo yeena o3Haxe 

(a— p 	Al 2g (a—y) 

a —I 
	 21 

Hanacatta 0HTerpan je nopma.nau enuaraugacu uniziezpa.n. Hpe-

roHa ropiba rpatanta cmaTpafta Rao cPytianaja calor tarrerpana Aaje 

no3HaTy e.nanntincy cpyaxaajy sn. Ilpema Tome mowemo Hanacant 

u sn 11. 

BpeAttocT Te cpyHxHaje 38 ataxy HpentiocT apryMeuTa mowemo 

a3panyttaTa fins nomohy penosa xoje Aaje TeopHja eJIHIITHLIKRX 43)THK- 

0148, BAH 
noohy HapotalTax Ta6natta a3paheaux 3a Te cPytamaje. m 

IlpeMa Tome (pylixnajy 	8 TO 31-181114 H npometubasy z, moNcemo 

cmaTpaTa K80 1103H8Te cPyHtcHaje HpemeHa. 
Ilocne onpehaHatba z yrao 0 moacemo Hahm xHanpaTypQm H3 

jeAttatame 
dO = C 
dt 12—z 2  

xoja HenotpenHo cnenyje H3 (3).  

m 	m 
(6) 	 —I  v2  = — 1 gz R • 

143 .HHTerpana Home cane (2) moacemo onpenura Heanpar 

6p3tme 
v2  2gz + h , 

nocne era a3 jenHaqtate (6) naxo Ao6Hjamo 3a HpenHocT peaxaaje 

R = —
m (3gz +1i). 

§ 9:631. KottycHo Knanio 

Kao UITO CMO BHAe.71H 
y npeTxonHom naparpacpy maTepajanaa 

Tatum ccPepHor 'mania xpehe ce yHex a3mehY use napane,nae patam 

LII1j11 110J108(aj 38IMICH 
notteniax ycnosa xpeTatba. Ala) cy HO-

IleTHH 
ycnoHa Taxsa Aa ce Te AHe patata nomanajy, Tataca he °nit-

CF1BaTH 
Kpy)KHy nyratby, a tbett ccPepHa nonynpermax nospunmy 

HpyncHor HoHyca. Tana ce Hance Aa Tataca sputa xpeTatbe 
Konycnoz 

mail-ma • 
fIpe cBera onpenamo notteTHe ycnoHe 3a moryhHocT TaKBor 

xpeTatba. IlonaHom f (x) y jenHatutaa (4) § 9 .63 

12  ,z12 = (2gz +1.) (12___z2)_._ C2  =_- f (z) 

Tpe6a Aa HMa Asa jenHatca xopexa a = {3• Taxas xopeu je H Hopea 

H3Hona f' (z), °name Ao6ajamo jentiainnty 

(2gz + h)z = g (12  — z 2) . 

213 
	 Konycia• KAM() 

	 § 9'631 

Haj3aA sa onpehttaatbe r ammo jeAttaxanty 

r 	12— z 2  . 

THM nyTem onpetjelie HoopAHHaTe z, 0, r too cPytmattje ape- 

Melia Aajy nonowaj Tamce 3a CBHICH TpellyTax. 

3a onpebfisatbe peamtaje R, Koja nejrnyje Ha Hatuy noxpeTtly 

Tatncy M, HCKOpHCTHMO 
jenHy on npapontutx jeniatanta (2) (§ 9.3), 

Haame °Hy, Koja onroHapa Hopmanii Ha nospunmy 

M—
v2 FcosIF n) + R . 

Ala) npaHaa Hopmane n Hanepamo Ha aetupy nonce, oBa jen-

Hattatia Ao6aja 06J1HK 
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AKO 3a Ty je.8118 11011y HCKOpliCTHMO HTerpan mute cHse 

v2 	2gz-1— h, 

HHaHmo pa je 
v2  z = g (/2  — z2) . 

IloinTo osa je.aHaqHHa Tpe6a 
imam° ycnos 

JO Hamm H aa nogerHe spefixocrn, 

vo2  = 	(12 — zo 2) • 
zo (1) 

.„§9•5.31 Konycao KAM° 214 

 

215 KOHYCHO KJI87110 
9.631 

     

      

110111TO Tatum Tpe6a pa ce xpehe no xpyry ca KOHCMITHOM 

cexTopacom 6p3HHom, osa ce xpehe no TOM Kpyry pasHomepHo H 

yrao 0 je nposopanoHanaH HpemeHy. To csesyje H H3 miTerpasa (3) 

§ 9'63, (mune Hmamo 

C 	V 
0 = — t = 00' t = —2  t / 

roe 	 to  

npH qemy cmo npeTnocraminc aa je aa to  = 0 H 00  = 0 . 

Taj yCAOB noxaayje pa 38 ataxy xopHaoliTanuy paHaH (z0) 14MaMO 
-.) 

o.apeljeHy . nogerily 6p3Hny vo  Hanepefty X0pH3OHT8JIHO. Ca TaKBOM 

6p3uHom TaLuca y cHom HapesHom xpeTaiby Hehe pa HanycTH Ty xopH-

30HTa.qHy paBaH H spurn npema Tome xpeTaHie KoHycHor xsaTHa. 

YCJI08 (1) mmemo 1[06HTH H Ha apyrH, Henocpeawc Hamm 

6e3 npoyqaHaiba ccpepsor mania. AKO ce TatiKa xpehe no manom 

X0pH3OHT8.71HOM xpyry, Ha Hy Tpe6a pa 
sejcTsyje xopHaoliTanua cHsa KOjil °aro- 0 
Etna neHTpHneTanHom y6paany ca Hpe,a- 

0 
Howhy ---, me je r nosynpequinc !Tyra. 	I 

	

r 	 1 
Ty cHay Tpe6a pa cmaTpamo xao Komno- 	1 

4 	 Ci 

HeHTy .cmny Te)Ke mg (ca. 59), quja spyra 	1 	1 
1 _ 	

7,3 

icomnoHeHTa CTOJH y paBHOTe)KH ca peaK- 	I 	1 

	

-> 
	1 

wijom R y npaHoy no.nynpeqHmca ccpepe. 	e)-- - 
1 	 AI 

113 C811 11140CTH TpoyrnoBa KOM H PMQ 	K ra . 	\ \ 

imam°  \ m -d \\\ \ 
PQ :MP= KM: KO  

v 2  m—o  : mg ro :zo, 
r0  

°passe sonaaHmo Ao ycnoaa 

11112 	"L.  r02  
Zo  

e xojH mcroHapa (1) ,  jep  je  r  

.CANKa 59 
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CIIABA JIECETA 

KpeTatbe mime no Kpmsoj nunnju 

§ 10'1. Aucpepeagnjanae jeAnagane ca hmosawreibinta Beaa 

Y § 8•7 BHAenH CMO Aa, aHo je xpHaa .nHHHja AaTa jeAHatuniama 

(1) 	h(x,y,z;t)= 0 , 	fs  (x, y, z; t)= 0 , 

AmPepeHumjanHe je,atiagaile HpeTaffia TanHe no Toj nHHHJH 

HanficaTH, y BeHTopeKom 06nimy , 
-4 	-4 

(2) 	mwF X grad fi  +1.2  grad f2  

a y cRanapHom 

	

v Ofi 	af2 

	

mx"=‘t --F 	 A`2 
dx 	dx 

my" = y dfi 	Of2 
(5;7 -r 

ay 

x  Of2 
MZ"  Z+ X1  az + az 

MBONCHTe.lbe Be3a 	H 	Tpe6a Aa oApeAmmo H3 ycnoBa 

	

dfi 	0 	d2f, ____ 

	

dt2 	dt2  

3a petuethe npo6nema o HpeTathy TatlKe o614414o ce He yno-
Tpe6Jbaaajy jeAHanHHe ca mmoncHTenDlima Be3a, jerk nomohy Hpux 
pemaaaMo, Hao nlT0 cmo BHAenH, npoonem onuiTHjer KapaKTepa, a To 
noaehaBa Teumohe HaTerpanHje. AAH 3a oApehuBaH.e peaHnuja Be3a  

217 	JIarpaaNcesa jennagnna npeTanat Time no npnnoj 	§ 10'2 

143 H3pa3a 3a 

peaHnHjy 
Te jeAllatmue mory 614TH OA KOpHCTH. T8KO, Ha np., 

(4) 	 R= X1 grad fi X2 grad /2  

HenocpeAtio cneAyje Aa ce peamtaja yrieH 113.8a3H y HOpManH0j paBHH 

Ha KpHBy, jep CBaKH OA rpaAHjenafa rnexcH ylTorpaBHH. 

§ 10'2. Jlarvaawaa impagana  apeiratba Tainte  no * Epaaol 

flpeTnocTaBHmo Aa je Kpw3a no Hojoj ce Hpehe Tama AaTa 
jeAHatumama 

(1) L (x, y, z; t) = 0, 	(x, y, z; t) = 0. 

YBeAmmo 3a oApehHBatbe no.nowaja Tatme y npocTopy HpHBo-

JIHHHCKe HoopAHHaTe q1 = q, q2 , q3  8A14 TaK0 Aa HoopAHHaTHa 71111414ja 

apa Hoje ce melba HoopAHHaTa q 6y1[e antinja (1). TaAa ce jeAnatuthe 

Te xpuse mory namicaTn y napameTapcHom o6nHxy 

(2) x = 	(q , t), 	y 	(p2  (q , , 	z = cps  (q, t), 

me ynory napameTpa Hrpa Hoop,aHHaTa q. 

AKO yHeceMo speAllocTH (2) ma y Hob,  oit jeAHatlima (1), oHa 

ce mopa npeTBopHTH y HAeliTHLIHOCT ,H TO 3a cBaxy BpeAHocT t . 

Apyrnm peqHma, pe3ynTaT cmeHe He cme ;14 3a131404 IlpeMa 

Tome moncemo HankiCaTH ABe HAeHT11 11HOCTH 

afi 	Ox 	afi all 	afldz 	tad  
dr 

	

— — — 	 — — 	ji  	0, 
dq 	dx dq 	dy aq 	dz dq 	 dq 

(3) 

aft 	ax ± a12 	a:2 az ( grad h ar ) 	0, 
dq 	dx 	 dz 	, 	dq 

dr 	 H X2 oTna,aajy 14 AO- 
BeicTopom

d 	
ocHosy (3) ElAaHOBH ca 

q 
6Hjamo 

(4) 

mo}xemo 

(3) 

rue je r, Hao yBeH, BeRTop nono)Kaja 

FlOMHO/KHMO caA BexTopcHy jeAualmy (2) § 10.1 cHanapHo 

.4 
; dr \ 	(-F.) dr\ 

q di?) 
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218 
§ 10 • 3 219 	Hpnpunejennwinne mpelluba Tatum no ninmoj 

§ 10'2 	Harpainnena jeAnvinna 'Telma Tagice no xpnnoi 

-0 	-0 	-) 
JenHatuma (6) 3one ce ,llavamicentz je4nartwia apeTama ratme 	 mw = F R 

no xpHnoj. 

§ 10'3. Elpllpoxie jejkHaqvate xperatba Taipte no. Xprissj 
BHAMMO ,aa. OH 3aHCT8 npeTcTann,a pan, a TO H noTspbyje 3Haverbe 

 Beamtiiime Q Rao reHepanHcaue cline inTo onronapa KoopAHHaTH q. 	 3a cnalcy_Talxy !crane (1) § 10 .2 moacemo KoacTpyucaTH TpH- 

Ha Taj HatIHH jenHatinHy (4) Jianemo_ 	
-, 	 4 	 4 

jean oca on TaHreHTe ca opTcnoi D, rnanneHopmaae N H 6HHopmane B. 
1  d aT OT  

(6) 	 , ____ ____ = Q ., 	 143 BeKTOpCKe jenHatme 
-_.d.t_dqi. __dq __ _ _ 

Y oninTem cariajy noxpeTHe xpHne aHHHje )KHBa CHAS T oape-

byje ce 113 jenHainnie 

2T mv 2  m (A 2  q'2  2Cq' + D), 

rue je npema (5) 

• = dg 
— 
	 (A)2 

4 -4 
• dr dr) — dx 	dydy 'dz .& 

dt 	
+ 

dt 	dq dt dq`dt 

D  = (dt 	dt . )2 	± dt + C=z.)2  
4 	dr 	Or 
v = 	g' , — • 

dq 	 2T = mv2  = m A 2  q'2 . 

,L1ecHy cTpaHy jenHatume (4) 110010B0 03HatIHMO ca Q 	 Jlarpaimena• jennainnia (6) je npyror pena .  y onHocy Ha Heno- 
3Hary c4yinan4jy q. 14HTerpanHja Te jenHatnme 

( -F*.1.  dq) 	=42 	
nalbe KoopnimaTe q y cl)yoanmjH spemeHa H Ilp0H3BOJTAMX KOHCTa- 

BaT8 C1 H C2 

.11aKo je noxasaTH na je Q reHepanficama CHAS. 03HaqHmo ca 

SS OHO nomepaffie Taice, Koje °Ha moNce as H3Bpinn y AaTom Tpe- 
HyTKy, Kan ce npomeHH camo aoopnaHaTa q 3a 8q, Tana je 	 go = q (to ; C1; CO, 	go' = 	(to; ci , 

5.-÷ 	or t 	
Houle Tor oapebmnatba no6Hjamo 

foS = 	(.1 q • = g (t;  go , go'). 

(5) 

AKO je xpuna BHHHja HenoKpema, zuna cnma ce cnonai Ha caMo 

je.aaH ga' 

q = q (t; C1, C2) • 

BpenHocT THX KOHCTaltaTa o.apebyje ce 113 nogeTHHx ycaona 

AKO can H3patiyHamo npoH3Bon 	 JenHaqHHe (2) najy nocne Tora orleicapTone KOOpaHHaTe y 

	

-> 	 43yHantijH spemella. 

Q 8q 	—ar 	(1; -8.)s), 

Jleny crpaHy one jenHatinue Tpauccloopmucahemo 'onaxo 
-o 	 -> 	 -0  

in t 	 d 	dr\_ liz i 	d dr
v dt 	) 	dt ag ) 

-0 	 -0 

m 	P2 )— in( -; 	ddt  aOqT, — OaTti ,  dt 	dq' 

&HIM coma Time. H on/Le CMO HCKOpHCTHJIH newropcxe 

4 	 -0 	-0 
/dr 	-dv 	d "dr = ' 

dt 

koje caenyjy H3 jenHaqHHe 

me je T 
je.zwatiaae 
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Harerpan mule cline 	 220 
221 	 Hurerpan woe tune 	 § 10•4 

§ 10'4 

 

Ha ocHosy § 3 • 3 moscemo HanHcaTH oae rpH ocanapHe jeAllaqrthe 

d2s 	-o -■ 
cm—dv m 	os (FD), 

dt 	dt 2  
4 	4 4 

(1) 	 m —
v2 = F cos (F N) R cos (R N) , 
p 

rAe je: v — HHTeH3HTeT 6p3HHe, S — Ap1CH1111 Jipm Rpm:se, p — 

nonynpeqHHH HpHsHSCI-TanucaHe jeAnaqHfie sosy ce ripupo,wie  jeRna- 

uune Hperaffia Tagge no HpHBoj. 
flpsa oA jeAHaqHHa (1) mowe ce cmarparH Ka0 AmcDepeHuHjanHa 

jeAllatma Apyror peAa 3a oApelpisarbe npomewbHse s — ApHHHe 
nyHa Aare aHHHje, jep AecHa crpaHa y onurreM cnyqajy npercrawba 

ds 
oApebefty ctlyarcuHjy npomen.l.Hsta s, s' =

d t
, t. ,ElaKne Hmamo 

d2s — = fonct (s, s', t). 
dt 2  

HirrerpaHHjom re jeAllaqHHe z,o6Hjamo 

s = (t; C1, C,), 

npa cemy 3a oApebHaatbe C1  H C2  mmamo ABe jeAHatume 

so = I" (to; C1, C2) , 
so  =4' (to ; C1, C2) • 

I'13 Ase ()crane jeAHaqHHe (1) Qapebyj37 ce HomnolleHre peaHHHje 
npasnuma mine Hopmane H 6Huopmane. 

§ 10'4. thaerpan Nome cHne 

	

- 	. 	 4 
3aKou scHse cHne 3a raqHy Ha Hojy Aejcreyje alcrasHa cHna F 

cHaa peaHnuje R H3pawasa ce °sax° 

	

-3 	►  4 

	

dT = (F, ds) 	(R, ds), 

4 
rue je ds enemearapHo nomepalbe. AKO yHecemo speAHocr pearatuje 

H3 (4) § 10' 1, nperxoAHa jeAllaqHHa Mo)Ke ce HanHcaror 

(1) 	dT =-- (F, ds) 	Xi  (grad fi , ds) + X, (grad f2 , crs). 4 4  

113 jeAHaqHHa sem 

11  (x, y, z; t) = 0, 

AHltepeHuHpaffiem Ao6Hjamo 

(2) (grad f1, d1)=--af-1  dt , ' 
jep, Ha np., AH(DepeHunpatbe npse jeAuaqHHe Aaje 

—Ox dx ±—oy dy ±- 11.6  dz+
z 	Ot

---66  dt — 0 
a 	— ' 

ax 	ah 

a npsa rpH qaaHa re jeAHatnthe He npercrawbajy Apyro Ao cHanapHH 

H sexropa ds 

ca KoopAHHarama dx, dy, dz. 

Ha 0CHOB (2) je,AHatuniy (1) munemo 

(3) dT = Xdx + Ydy Zdz — xi -La  dt — X. 2 1-?.()  dt,  , 
Ot 	Ot 

rite cmo ca X, Y, Z 03HVIHJIH Hoop,AHHare aKTHBHe 

JacHo je Aa 3a cranHy KpHBy, Ti. no,A ycnosama 

(4)
6/2  0 	aft 

 ' 	at 	' 

HaA H3p03 

(5) 	 Xdx Ydy +Zdz 

npercraa.Tba TOTa.TIHH AmDepeHHHjan cpymnirje U, jeAHaqHHa (3) Ao-

soAH Ao uHrerpana MKHBe cHne 

T=U±h 

H HpeTarbe HMa Housepsarmsan HapaHrep. 
Homo noA ycnosama (4) jeAHaqHHe HpHse He 3asHce oA spe-

mena re Hmajy o6mc 

	

h (x, y, z)= 0, 	f2  (x, y, z) = 0, 

MONCeM0 y H Z cmarparm Ka° cPyaHusje oA x 

	

Y = Y (x), 	z =-- z (x). 

Y TOM CJITIajy, axo cHne F (X, Y, Z) He 3aBHCH 0.1( 6p3HHe H 

spemella, seh canto oA nonoscaja ratme, H3pa3 (5) -ysex ce home Ha- 

-■ -0 	-o -o 
0 =-- Ecos (F B) R cos B), 

y 

f2 (x ,  y, z; = 0 

(grad f2 , dt of t 

npoH3soA grad fi , quje cy KopAHHare aft  , 
 Ox 
— 
oy 
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HHCaTH y 06JIHRy 1 (x) dx H Ha Taj HaLIOH 38 cbytnatHjy U/to0Hjamo 
H3paa 

u f [X (x) Y (x) —
dy 

+
. 
Z (x) —

dz 
dx f (x) dx 

dx 	dx 

drilo6HjeHH pe3yAraTH noxa3yjy Aa xperatbe no KpHBO.i Hma 
KOH3epB8THBaH xSpagrep, axo je xpinsa HenoxperHa H CHJIa  3843HCH  
canto out no ✓ owaja ragxe Ha _x_Rtn3ot.__ ,  

§ 10•5. flpHmepli 

§ 10'51. EAHKI1014,11110 R.110THO 

Hexa ce xpyr (reHepaTop) ca nett -1.1)0m C (ca. 60) H no-Ay-
npetnitmom R xorp.rba 6e3 RAH3atba no npasoj L. 3a Hpeme Taloa 

xperatba AoAHpHa Tataxa P npase H xpyra npoaa3H nyrese HcTe 
AyAHHe no npaHoj If no Kpyry. CHaxa Tatum xpyxthe "AHHHje 3a 
apeme Taloa xorp.lbatba onticyje xploy Affittljy xoja ce 3oHe tiutoggila. 
ripana L je tbeHa oatoBa. 

Tema Tatum Koja ce xpehe no_ sepruxaAHoi ntlx.now ca xo-
pHSOHTaAHOM OCHOBOM son ce qux.notpxo  xActiTino. 

3a CB3KH noacmaj 1  noxperHe Time M 	11HKAOHAH mo&emo 
xoticrpyucaTH npequitx MP, Kpyra reHeparopa. nOLUTO Talma M Hma 
craAaH nonomaj Ha xpyry, nonomaj Tatwe P0  je HCTO TKO man. 
Ha npaHoj L na3matuuo Taqxy 0 rAe je 6HAa TatiKa P, xpyra retie-
pampa 3a !verde Korp.lbatba. Axo ca o3HatiHmo yrao P0 CP, raj 
yrao nornytto oRebyje nonowaj xpyra refiepaTopa H TaLlKe M Ha 
IIHK.80HAH. 0,4PeAHMO HexTop nonowaja r= OM TatiKe M y'oAmocy 

22 	 LthICIOBABO KAMM 	 § 10 ' 51 

Ha TallKy 0, Kojy y3HMaM0 sa notteTax KOOpAHHaTHHX oca Oxy; ocy 
Ox y3HMaMo y npaany L, a ocy Oy HanepHmo BepTHKaJIHO HaHHIKe. 
nOLUTO je 

r = OP + PC -I-- CM , 

= R it • , PC =Rj, CM =R sin 4r • 7+ R cos if • I, 
HM8M0 

4 
(1) r=R(4'± Sin it) + R(1 + COSIlf)i• 

flocraeHmo nomohy re .....jeAttatiHe _Hesy,m3mAy_yrak At, H Ay 7  
mime s Ayxa uttx.noH,Lte.•  nOtleTaK Tor Ayxa y3Hmama y TatiKa A, 
Hajmnicem 110:710HCajy Tatuce M. 

Axo AHopepetumpamo (1), rj. Hanntuemo 
-4 	• 

(2) d r = R [(1 + cos if) • i — sin* • jjdii = 

* "+• 2R cos — cos — • — sin — • j) der 
2 	2' 	2 

H pe3yArar noAHrHemo Ha xHaApar, A06Hhemo 

	

ds2  ---= 4 R2  COS2 	C/112  
2 

0AarAe Hmamo 

ds = 2R cos 
2 
— • dif , 

LUTO nocAe HHTerpaLHje H oApe1m3atba Up0H3BOJE•He KOHCTaHT6 H3 
ycAoHa tjr = 0, S = 0 Aaje Ae43141313THBHO 

(3) s=4R sin — . 
2 

reomerpHciotQHa jeAttaquHa_noxasyje 	je. Ayx AM nuicaomge 
jeAttax AsocrpHysoLmeALELosnirerttse  QM. 

nOCTaBHMO caul AmtepennHjaally jettHattafty xperarba ragxe M. 
3a raj uoii HCKOpPICTHMO npupo,/(Hy jeAttatnnty 

Os 	-4  (4) m —dt2 F cos (F.D) . 

S 10 '51 
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1 ) 3aHCTa, H3 (2) BHAHMO Aa opr D TaHreHTe HMa 3a HoopaimaTe cos 	, 
2 

H — COS 2 , 
- 

OHAa OpT0t0HaaHOCT caenyje HenocpeaHo H3 jeAnatame 

(Z), AI) = cos - 
2 
 (— sin '11-)-1-(-- sin -!-) (-- cos 211-) == 0. 

2 	 2 	2 

V 
— sin V —

2' 
a icoopiumaTe opTa N,npainla MP HmMy iipeanocTH -- sin -

i 

§ 10t51 
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•-) 

flomro je y Hamem cariajy cHna F= mg, kbeHa npojeaumja 
Ha. npasan TaHreHTe, fa* crojH ynpasHol) Ha npaBoj PM, Aaje 

F cos (F D) = mg cos (y, QM) = — mg sin 

AKO CT8BHMO Ty speAnocT y jemiatinny (4), Tj. nanninemo 

milts =— m — = — mg sin 2 —, 
dt 2   

a 3aTHM HCKOpHCTHMO jenHatmHy (3), mina hello 3a onpebusatbe 
nporviewsHse s n06HTH jenHarnmy 

(5) s" k 2s  = 0 ,  

me je 

k2  = • 
4R 

Homo HHTerpan jenHatmfie (5) moScemo ()Amax HanHCaTH y 
oozing (ynopenH, Ha np., § 5121) 

	

s = Ci  cos kt 	C2  sin kt 
14.71H cams° 

(6) s = a sin (kt + a) 

me cy a H a HOBe KOHCTaHTe ca npeTxonmim se3aHe jentiatmama 

a sina=C1 , 	a COS = C2 , 

mina BHAHMO Aa ce npomenapnlia s melba no  3asoHy xapmoHHcse 
ocusammje. flepHon T Te ocaHaanHje HMa spenHocT 

T = — = 21% 	A 	R 

KOHCTaHTa a Aaje spe,AnocTImrinnTyne_ocludnanHje. ,  AKO ea vo 
03HaqHMO HHTeH3HTeT one 6p3nae Rolom Tatlica Bp0.71a3H Hp03 Haj- 
MINCH nonomaj A, a TO ce Amnia, Ha np., y TpeHyTsy t1 , HojH 
3anosonAsa ycnos kt1  + a = 0, mina 3a Taj TpeHyTas 143 jenHaimHe 

,=..als cos(411„,d- cc) 
HMaMo 

vo =ak 
npema Tome amnincryna HMa Bp„T.(BOCT 

 lipeTaffie umcnoHnHor unaTHa HMa ose oco6Hue: 

a= v0 = 2v0  AIL? • 
k 

I. Ploox op_josruL 
Oaa oco6Haa cacTojH ce y Tome IBTO rkepson T, saso TO nO-

Ka3yje H3pa3 (7), He 3asHcH on_ausersHx ycnosa speraffiacrlepHon 
ukt/0101trktior szaTfia aalatraiSONIQ 0i nonyaptaHmca...44cpyr..a...ceatpa-
Topa H OA HHTeH3HTeTa cline Tesce y narom mecry,, 

II. Tal/t7i0XPOHOCia 

CTaBHMO Tewse Tatise y Pa3JIH4HTe nonwsaje M1 , M2 , M3 • • • 
Ha smsnoHnH. ,flycrilmo Hx na CC 6e3 notieTHe 6p3mie spehy npema 
Hajmiscem noio)sajy A. Tayirioxponocw jLy Tome IBTO cs_e_me 
Tagse CTHXy  y  Taj  HaIHMKH nononni 3a HCTO B em 

3a noxa3 HCKOpHCTHMO nogeTHe ycnose speTa ba ma iv* on 
THX Taqasa. flpeTnocTasHmo na ce y nogeTsy .xpeTatsa (t0 = 0) 
Tatuca M 1  Hananna y nonoscajy S 1  H Hmana 6p3Huy s'1  = 0. Tana 
H3 (6) 3a TIOLleTHH TpeHyTas HM8MO 

s1  = a sin a, 	s1 1  = 0 ak COS a . 

225 
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	 § 10'51 

(7) 
113 THX jenHatnma 3axasyqyjemo ,zkä je 

Tc 

	

a=--- 
2 	

a=s1. 

Flom rora jenuaLmHy speTaisa (6) nmemo osaHo 
s = si  cos kt 

H3 ose jenHatnme caenyje na speme T 3a soje Tatma nohe y 
HajHHHCH nonoxcaj ca s =0 HMa spenHocT 

	

Tc 	
.7c 	• 

	

2k 	g 
15 PalIFIOHilaHl.MeXaHHKa 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



227 	 UHKAOHAHO KAATBO 
	

§40!51 

• nOWTO OHO He 3/1BHCIi ,O,A 31, BHAHMO Aa he OHO ,OCTaTH HCTO 

3a -ate nonmaje M2, M3, • • • , a TO H noTaphyje TayroxpoHocy 

L(HKAOHAHOr KAaTHa. 

III. BpaxuciaoxpoHocia. 
Hexa cy Aare y npocTopy Ane Tacnce A i4 B (cn. 61) y pa3m4- .--- 

14HTHM X0p1130HTaAHHM paBHHMa. flOAOZHMO Kp03 IbHX HepTHKanuy 

panaH H CHOiHMO AHHHjOM y TOj sepTH- i  

A 	 ..x__  KaAHOj panHH. CTaBHMO CaA Temy TatiHy I 
y rombH nonoscaj A li Heim ce °Ha 6e3 1 
nogeTHe 6p3HHe xpehe no Toj .numija y 1 1 
AotsH nonowaj B. 3a Taj npena3 noxyTH- i / j 
uajeM cline Teace oHa he ynoTpe6HTH H3-/ 

Y BeCHO BpeMe. Kpin3a .7_,.._..1.._H_H.KL4,,.1.,_(...9]_a pma_ry, 

6co6Ay' Aa ToTes me_ npena3a 6yAe Haj-1 

Mare 
 

malbe 3one ce Opaxuciiioxpona• JacHo je xLa .  
06.71HK 61)aXHCTOXp0He 3asucti ox no.rba 

cHne 3a Koje TpascHmo 6panicToxppHy. floHa3ahemo Aa je 6pax0- ;,, 

cToxp_ oHa s lKe LIHK.11014,3a._ ___.-------— -- 
	„. 

AHo ce nogeTaH HoopAHHaTHHx oca nox.nana ca Tatmom A li Ax a C14.74y_Te 	.__ .._ . _ _  

oca je Hanepeua xopH3ouTa.nHo, HHTerpan )Hnne mite Aaje 

( ds\2  =___ .1,,, ______ 2gy,  , 

\dt ) 

rAe upTa o3Havasa Hsno,A no X, HMaMO H3 (8) 

dt 	± Y2  dx, 
2g 	y 

oAaHne 3a npeme r npena3a H3 Tagice A y TaLitcy B ca ancilacom b 

Ao6Hjamo 

tit 2g j AI 	y 	il 2g- 
1 1 

o 	

f . dx . 
b 	 

, 	 o 

1  ± 	Y 2  dx -- = I  f 

0ApehHsaibe 6paxncToxpoHe cnoAH ce Ha oApe11i3albe Heno-

3HaTe (DyialHje y = y (x) H3 ycnona Aa npeme T 6yxe Hajmalbe. 

Onpebpreathe Hemmare ItyHKIIHje R3 ycnosa Aff HeKH onpebetm 
HHTerpan Hma extremum cnarta y_npo6neme raxonaHorHapHjanHoHor 
pagyma. Ha ocHosy npamina TOr pagyaa HeruaaHarre (bytHatHja 

• Tpe6a AA Hanoso.ibasa °Balmy nHcPepeaunjantly jenHaginy 

d df 	di = 0  
dx dy' 

rAe je f nonHararpanna 4337HKARia Hamer HaTerpana.___ 

flouno y Harlem cariajy cpymoulja f He MBHCH HenocpexHo 
ox He3aBHCHO npomewbune x, roptba AmpepeHumja.nHa jeAtiatma HMa 

aim HHTerpan o6nHxa 

rAe je C HuTerpauHoHa KOHCTaHTa. 

3a Ham cxygaj Taj HHTerpan ce Hapancana 

	 Y'2— 	y'2 	c  

1/Y ( 1  +3/2) 

()Amite Hmamo jeAHaqHHy 

(9) 	 Y (1 +y'2) = 2R , 

rAe je R HOBa KOHCTaHTa se3aHa ca npeTxoAHom KOHCTaHTOM jeAHaqHHom 

2R • C2  = 1 . 
143 jeAHaqHA (9) Hmamo 

• , 	2R 	y y 

1=0 AOBOAH AO Ksuparype • 

dx 	2RY—y dY  

3a H3paqyHanaibe Te HsaApaType yBoArdmo Hony npomewbHsy 
<p noMohy o6pacua 	

y = R (1 — cos (p), 
KOjli Aaje 

dx
' 
 2R sine 

2 
dcp 	R (1 — cos (p) 	, 

onaxne nocne HarerpanHje no6Hjamo 

x = R ((p — sin p) 

'Cum 61 

(8) 

jep je pax cane Teace npH cnyurratby TatIKe mace in no ma Kojoj 

AHHHjH je,AHaH mgy. 
Y3Hmajyhu y o63Hp ,Aa je 

ds2  dx2  dy2  = ( 1 d-y'2) dx2  , 

f
, af 

— y — 
ay' = C

, 

§10.51 
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momcemem3pa3mTm ilJiallose .aecHe cTpaHe jezmailmie (11) y clvinamjH 
apemella. 

HaBeAHMO j0111 npHmeA6y o morylmocTH npaKTHimor H3mo1-jetba 

UMW:12[HW' KJILITHa. Kao 100 je 1103HaTO, gHKJIOHAa HMa Ty OCO-
6HHy Aa je ibelia eBoAseHTa HCTO TaK0 UHMOH,1(a, IlpeMa Tome, sum 

pmemo An JIyKa HepTH-- 
1  KaJIHe umc.noKae SB H SC 

) 

(c.n. 63) ca X0pH3OHTaJIHOM 

OCHOBOM ESF H y Ta ,1KH S 
npHqapcTHmo jeAaH Kpaj 

\\ HoHna  ApHHHe SA = 4R, 
oHna Kpaj M Tor Houma 
onHcyje inlicnolay BMAC 
ga,a ce KOH= HamoTasa 
6HJio Ha JIyK SB 6Hno Ha 

\i
nyg SC. AKO ce Ha TOM ( 
pajy HaJ183H Tema Tatuca 

M, ona. he BpIIIIITH KpeTathe umcnoHAHor HaaTHa. 

§ 10•52. MaTemanmo Immo 

TeruKa Tainia moja je npmmopaHa na ce xpehe no meprilicanmoj 
xpyaiHoj J1111111jH npeTcTama maremanmo KaaTHO a npo6nem o.ape-

hHHafba xpeTatba Te Tat me je npo6nem 
maremaTHIncor KaaTHa. 

19•719)Kaj  
Ho' Jun 	omelnsahemo yrnom 0 tomeby 
noveTHor _ nounpetimmia —OM = R_ H 

HepTHHaJmor npasna HanepeHor Hatiome__. 
(cn. 64). 

IlpHpoaHa AncpepemmjanHa jefi.Hagnaa 
HpeTam 3a TaHreHTY 

m —
d2s F cos (F D), 

4 -0 

dt2  

.aaje y Hamem cayqajy 

R0" -= — g sin 0 , 

a cma Te)Ke mg Lump yrao 	-- Ca npaanem TaH- 
2 

jep je s = RO, • 
reaTe D. 

Cmuca 64 

( 1) 

M 

A . • 

CAI' Ka 63 

E 

.V 

CAOKJI 62 

§ 10'51 
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§ 16'52 

rag je C, HoHa HaTerpanuolla KOHCTABTa. AKO CTaBHMO 3a Taiwy A 
HpeAHocT cp = 0 HM3M0 Cl = 0 H npema ToMe Hmamo Ase jematume 

x 	R (cp — sin cp) 

y R (1 — cos p), 

Koje onpebyjy nincnomay sa csaHy nponawbuy HpezmocT R. AKO 

cTamHmo = -F-- n  H npeaeceMo notieTax KOORaHHaTHHX oca • y 

Tatimy Ha X OCOBHHH ca anamcom RTC npeTxume jenHaimme °Aro-

mapahe BeKTOpCKOj jukHatanth (1).. 

flonympetnnix R Kpyra reHepaTopa op,pehyje ce H3 VCJI013a Aa 
ummoHAa npo.na3H H Hpo3 Tatmy B'ca Koopa,kmaTama x, ys . Jeama-
guile (10) noxa3yjy zka cy cae umlincame, ca pa3nxturrHm mpenmo: 
CTHMa R, He CaMO CJIHLIHe Deb H 3/c.rnitmom no/Iowa1y ca newrpom 

CJIHLIHOCTH y Tatum A, lipema ToMe manpTajmo npommarbmy LiHMOKay 

(cn. 62), ca nonympetnnaxom 
mpyra reHepaTopa H cno-

jHmo Talmy B ca A. fIpaBa 
AB cege immomAy S1  y TaTIKH 

B1. China 3a onpeblimalbe no-
nympeinixa R 'Tyra reHepa-
Topa ancimmite, Hoja npo.nasH 
Kp03 Tatncy B, CJITICH npo-
nopnHja 

R 	AB : AB,. 

Ha osaj HailHH noKa3aJIH cmo ita KpeTaIbe nincnoHilmor x.naTHa 
nma Tim oco6Hile: 1.130XpOHOCT, TayToxpoHocT H 6panicToxp0mocT, 

3a onpebmmathe peammilje moncemo'HCKOpMCTHTH Apyry npapo,aay 
jeAHankiy, Koja y c.nyLlajy passe manse ca,apmai nenoHynuy 

npema (1) § 10 . 3, naje 
-) -0 

m —

v2 

= F cos (F N) R, 
p 

v2  
4 )  = m — + mg cos 

p 	2_ 
AKO y3memo y •o63Hp Aa je nonygpetumx  KpHBHlie p3a 

Kay _je,MiatLu,ctoc7pyHoj Hpe,imocna AyHothe MP = 2R cos 
2 

— naxo 

OAaune Hmamo 

(11) 
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§ 10.52 	 MatemaTHinco )(nano 

JeAHatilwa (1) Hma HHTerpan 

(2) RO'a = 2g (cos 0 + p 

Kojii ce Ao6Hja muoscetbem—(1) ca d0 H HHTerpanHjom; p je HHTe- 

rpanuona KOHCTH0TH. Taj HHTerpan je Imerpaa acme cone; moacemo 

ra HanucaTH ki OHHICO 

(3) v2  = R2 0'2  2Rg (cos 0 	+ p) . 

113 Te jermaqmie sHAHmo Aa KORCTaliTH p Hma speAHocT 

p — — cos 00. 
2Rg 

Homo AecHa cTpaHa jeAliaqHHe (2) He mos(e A -IITH Hera-mm-1a, 

KoHcTawra p Tpe6a Aa saAoswbasa yc.nos 

p> — cos 0> — 1 . 

y p + cos -0 

H HaupTamo Ty KpHBy, 
BHAHMO Aa oca 0 mosre 
HMHTH jeAaH oA mix 
no.nomja: 

I. nort yczosom 

(5) 1 >p> — 1 

'Tina (4) lama npeMa 0 
OCOBHHH nommaj noxa-
3aH Ha CAHUH 65, a1). 

Osa calm oApehyje H 

Hapawrep KpeTatba. 11o. 
gem speAHocT 00  yr.na 

- 0 moace Aa oArosapa 
CHM° OHHM Taqxama 
se Koje cy HaA 0 OCOM. 
Ilpema 3Haxy 6p3HHe 0 0' 
yrao 0 mo>xe Aa pacTe 

Ij Capiaj p = -- 1, Ica,a 0 3a cse Bpeme KpeTaiba moze .aa mma canto 

HOOT 0, mclubygylemo, jep TO onroBapa mmposalby Tagice y majnimem nonoxcajy. 

231 	 OCOHJ1aTOpHO KpeTalbe maTemanmor Kansa 	§10•521 
1. 

11.11H Aa onaAa. IlpeTnocTasHmo Aa pacTe; , TaAa ce y cmalbyje 11 Tagus 

Aona3H Ao nonomja 0,, Hojii oArosapa Timm A npeceKa HocHuy-

corme ca 0 ocom. Y TOM nonoscajy Taqsa ce 3aycTas.rba (0' =0), na 

noisTo je sin 0, >0 H3 (1) caeAyje Aa je 0" <0 H THIlKa 1109011be 

Aa ce xpehe ca HeraTHsHom 6p3HHOM; yrao 0 -ce cmathyje Ao apeA-

HOCTH 02 , ILITO oArosapa Apyroj THLIKH npeceKa B. Ty ce Qua no 

Hos() 3aycTaBJba, a nomiTo je 0" >0, yrao 0 noymbe Aa pacTe Ao 

speAHocTH 00 , .nocne qera ce nollas.rba HCTO xpeTatbe. npeMa Tome 

y (mom cayqajy xpeTatbe Hma oqiu.nawoplit yapaKTep. 

II. Axo je 

(6) 	 p 	, 

xplisa AHHHja (4) Aowyje 0 ocy (ca. 65, .b) y Asema Tatucama A H B. 

Aso norms° npeTnocTasHmo Aa ce THLIKH Kpehe 03 no.nowaja 0 0  ca 

1103HTHBHOM 6p3HH0M, oHa ce ripH6Amacyje no.noscajy 0 = ic, II1TO 

oArosapa THIIKH A. Y Tom no.nowajy je sin 0 = 0, a npeMa (1) H 
0" = 0.. Taqxa Team cTalby mHposaffia. Kao urro hello Aormaje 
Aerx °Ha ce npla6AHNcyje TOM nonmajy acHmuToTcx11 H npeMa Tome 

ce Taj cnyqaj '<puma maTemanmor maTila aose actuardordaco 

xpeTaxe. 

III. HajsaA, am) je 

(7) 	 p 	, 

KpHsa (4) He -ceqe 0 ocy (c.a. 65, c). H3 nonowaja 00 , peuliMO no- 

3HTHBHOM 6p3HHOM Talma ce Kpehe ago Aa yrao 0 ysex pacTe. 

KpeTalbe Hma ripozpecusan KapaxTep. 
Ha -raj Hatuni imamo TpH spoTe xpeTalba maTemaTimor x.naTHa 

ocusaaropHo, HCHMIITOTCKO H nporpecusHo. lipumeTHmo Aa CMO 

Ty noAe.ny H3Bp11111.11H camo Ha ocHosy HHTerpana acuse cline H 6e3 

noTnylie HHTerpauHje AlicDepeHuHjanHe jeAftatume xpeTaa,a (1). Ilpo-
yqHmo caA csaxo oA THX Kperatba noce6Ho H noxamthmo saw) ce 
0HTerpauHja AmpepesaHja.nHe jermatmse xpeTatba H3BoAH Ao 

§ 10•521. OcgmaTopHo KpeTalbe maTemwriptKor '<manta_ 

flo ycnosom (5) npeTxoAtior naparp4a mommo CraBliTH 

p = cOS y 

H TaAa HHTerpaa (2) HcTor naparpacka Ao6Hia o6AHH 

R0'2  = 2g (cos 0 — cos y) . . 

     

     

/J IB,  

AKO CTHBHMO 

(4) 

B 
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Aim Hos),  npomeit.skisy 	npeTcTasHmo xao CHHyC yrna cp, Tj. 

. CT3BHMO 
u 	sin cp , 

H3Meby yraosa 9 H cp moncemo HOCTaBHTH se3y nomohy jenHocTasHe 
reomeTpHcxe xoHcTpygnmje. 

Cam 66 

143 Hajrnmer 110J10- 

waja noxperHe Tatixe, Taq-
xe Mo  (ca. 66), Kao umpa, 
011141.1.111M0 xpyncHy IIHHHjy 

nonynpeqHma Mo  M1 , rjie 
je M1  Ta9K8 KOja-  oArosapa 
yrny y. Taj nonynpeqHHx 
HMa Bpe)HOcT 

M0  M, 	2 R sin --Y-- 

CnojHMo caA noxper-
Hy Taqxy ma y KOM 110.110- 

mcajy M ca Taqxom N, rop-
IbHM npecexom sepTHxan-
Hor npeqinixa ca xpyrom 
TpajeKTopuje Tatme, H npo-
Aynaimo AO Tatixe 114' Ha 
Kpyry ueHTpa Mo . Kano 

§ 10•821 	Ocuens2Gpao Kpentbe ?Amman:miter KaaTHa 	 232 

Ilocne cmeHe 

	

cos = 1 — 2 sin2 0 — 	cos y = 1 — 2 sin2  I 

	

2 	 2 

R EY = 4g (sin2  --1- 	
2 

— sin2 	. 
2 

0Aarne A0.7133HMO AO xsaApaType 	. 
0 	d 0 

Art • t = Alsin2 _Y_.—sin2 9  

2  

2 	2 

npH qemy speme paqyHamo oA TpeHyTKa xaAje Taqxa 6Haa y Haj-
Himem nononcajy, a max nnyc xoxr, xopelia oArosapa cnyqajy Kan 
je Ta9Ka nponamia xpos Taj rionontaj ca BO3HTHBHOM 6p3HHOM. 

3a ynpoinhasam HHTerpana jeAHaqHHe (1) ysexiiimo Hosy npo-
mewhimy u nomohy o6pacua  

233 	 OCLIHRIITOpHO !menthe NaTemannor ICAtITHa 	§ 10•521 

113 Tpoyrna Mo  M' N Ha OCHOBy cHilycHe Teopeme Hmamo 

sin — 
sin cp = 	2  
2 R 

2 

onasile AO./la3HMO Ao jeAHatniHe 

sin — 2 = sin cp • sin 

flocTas.rseHa reomeTpHcxa KoHc -rpymumje 3aHcTa oArosapa semi 
f1p0MeHJbHBHX 0 H cp. 

TaAa Hain HHTerrn no6Hja o6nHic 

du  
(2) 	 t= 

fu 

l(1 — u2 ) (1 — k2  u2)
,  

• 
rAe je 

.k 2  = sin2  
2 

HHTerpan osaicsa o6ninca HmanH cmo y § 9 . 63. To je 

eJIHCITHIIKH HuTerpan. AKO oneT cmaTpamo Hperosy ropiby rpatunly 

Kao cliymaiHjy speAHocTH cantor HaTerpana, xi,o6Hhebto enHirrHqicy 

cpyHicuiljy sn. Y Hainem .cayqajy Hmamo 

u = sn (V_•= 

npema TOMe je 

sin 0 -- 	-1- • sn 	g t) •R
2 	2 

TeOpHja enHnTHaxxx 14)3THiainja noxa3yje Aa (1)yianija sty Hma 

cmapaH H Hmarimapaii nepHo.A. BenHqtaia T cTsapHor nepHoAa wipe-

byje ce 113 jeAHaqinie 
1 

du 
T =• 4 f 	 

(1 —u 2) (1—k 2  112) 

H npema Tome je 

HpeTX0,411H HHTerp3A nocTaje 

(1) 

0 sin = u sin 
2 	2 

= u sin -1- 
2 	2 
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§ 10.521 
	OcuinaropH0 KpeTarbe matemanmor Kann 	 234 

R 	  
T=4 — 	

du  
g f v 	u2) 

0 

°Apebeim iniTerpan 

du 
11 (1-0) (1—k 2  u2) 

0 

moacemo H3parlyllaTH OBaKO. 

113npurnmo cmeny 
u = sin (i), 

rue jeep nona npomewhnna. Ta cmena AosoAa Ao iniTerpana 

TG 

2 

K 	f 11 1 - 
tik! sin2  cp 

0 

Pa3BHNO noAnnTerpanny ctlyuKujya peA no cTenetnima k 2  

1 	 1 .3 
(1 — k2  sin2  rp) 	= 1 	— 

2 
k2  sin2  cp , 

2.4 
K4 S in4  + • • • ± 

•  

1 .3 . 5 ... (2n — 1) ken sin2n cp + • 
2 . 4 . 6 . ; . 	2n 

Taj pea je KonneprenTan 3a cnaKy BpeAHOCT cp H sa k2  < 1, 

UITO oAronapa namem ycnoay k 2  = sin2  —Y  , jep caann qaan Hauler 
2 

peAa je maibm oA oAronapajyher unarm reomeTpncxe nporpecnje 

1 ± k2  sin2  (F0 ± k4  sin4  <p + • • . 

AKO H3BpIIIHMO nnTerpannjy CBILKOr gnana Hauler peAa, A,o-

6Hhemo 

2 
, 	1 .3 .5 ...(2n 	ain 2n 	th K 

—1)  k2n f 	p --t- 2 	2 4  • 	2n 
0 

a noluTo je 

235 	Ociumatopao KpeTame MaTe/AIITH9KOr ClaTHa 
	 § 10.521 

12 

f sine" cP  dcp = _ 
2 

2 4. 6 ... 2n 	2 
1.3.5... (2n-1) 	It 

0 

HMaMO 

K 	±( 1 ) k22 	(
2
1 3  )2  k 4  

2 	
+(2) 	4 

flpema Tome nepnoA Ocunnauuje HSHOCH 

T =-- 2,rc 	[1. 	k2 	(-L-3-)2  - F . . I • 
2 	2 . 4 

Taj napas nona3yje Aa xperatbe maTemarimor Kama HHje 

H3OXpOHO, jep ape,a,nocT nepnoaa 3amicn oA k2  = sin2 2 , a T031.13 ,4'3 

CTOjH y nem ca notreTnnm ycnoenma xpeTan,a. 

Canto y npH6JIrnKHoM nocmaTparby mania ocnmannja naA je 

(3) 	 y =0 , 

nmamo 
T= 27cAIL? . 

Tpanaimo JIH nepiroA ca nehom Tatinomhy cTaanhemo 

	

sin 21 = -T- 	0 

2 	2 

TaAa 34 nepno,a Ao6ujamo 

T=211T1 ( 1 
 g 	6 

3a6eneammo Aa y npnom npn6ammiom nocmaTpaiby ma, 
ycaonom (3) ennnTwrica KaaApaTypa (2) ,rxerenepnine y Tpnronome- • 
Tpncicy, a cDynnunja sn y claynxunjy sin. 3ancTa, sa y = 0 , a TO 

niacin 3a k 2  = 0, Ta xisiaApaTypa HMS 06JIHK 

f du  
VT? 	V1—u2  

0 

H Aaje 

t = arcsin u, 
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r,ae je 

1 -}-p' 
2 

lc? =  

§ 10.522 ACIIMIITOTCK0 xpeTaEbe maTemarmaaor KMITHa 236 
237 	 Ilporpecilemo xperame maTemamaot Kama § 10 . 523 

  

• 

oaame nocne HHeep3Hje Hmamo 

u = sin (}ii t) 

HAH 3a npomeanAmay 0 °Balmy jeakiaquay 

sin sin —
2 

0 
	— sin (Al_ t 
stn —

1 
 y 

2 

ILITO ,210BOAH a0 HapeAnor AeCIMHPITIIBHOF IlpH6AHHOIOr pe3ynTaTa 1): 

(4) 	 0 = y sin ( 	t 

JemtaqHHa (4) of rompa xapmoHHcHom HpeTatby. flpema Tome 
mo)Hemo Ka3aTH as y npHom npit6na)KHom nocmaTpalby HpeTaibe 
maTemaTHLucor H.naTHa y cayqajy ma.nnx ocuHaawija Hma xap.mouttexu 
HapaRTep. 

§ 10:522. ACHMIITOTCHO xpeTatbe maTemanmor 'mania 

flourro je y Tom c.ayqajy, npema (6) § 10 .52, 	1 , HuTerpa,n 
(2) HcTor naparpacDa aaje 

• R 0 '2  = 2g (1 + cos 0) = 4g cos2 
0  , 

oaame mom° ()Alm)/ Hea,apaTypy 3a o,apebtoarbe yr.na 0 y Crux-

nHjit HpemeHa 
1 

d— 0 

21 1 	R 
COS — 0 

 

axo ce noHoso 3aycTaBHMo Ha cayqajy as yrao 0 pacTe o,a nogeTHe 
speaHocTH 00. 

1) II1To cmo paBHje CT31311.4H y 	0, a cal( 3aapacaaamo flpBH cream' Te Beam- 

MUM, TO HBje y npoTmapegnocTm jeaao c apyrmm, jep yanatbathe tulaaoaa ca y y 

mapagymasamsy aaaaparype (2) noaaaam 3a co6om y Ae4:1HHFITEIBHOM peunTary (4) 

camo aaaaose KOjil cuipace Beakplimay y y BeheM cTeneey oA npaor. 

log [
1 	1 

tg 
4 

 —(Tc — 0):tg 
4 

  (Ts — 00)] --- — A 
R 
li.L. (t 	- to) 

KOjH mowemo HSEIHCEITH °MHO 

TC — 0 	___ 	(t - to) 
Lg--=-- tg — e 

4 	4 

Nig cmo ca t0  03HVIHAH pee notleTHa HpeTalba. 

AKO Hpeme t pacTe, itecHa crpaHa nperxoue • e,aHaLume ammo 
ona,aa H NBA t TexcH 6ecHoHa9tiocTH, aecHa cTpaHa Texm Hynes. 

ripema 'Awe yrao 0 cTanHo pacTe H Tc, a TO o,arompa 
Hajemem no.noacajy Talme Ha Kpyry. FlOWTO y Taj no.noacaj TaqHa 
moxce JocneTH canto noc.ne 6ecHpajHo Henmor HpemeHa, HpeTathe 
maTemaTHqxor KaaTHa y OBOM cAyqajy HMS 381ICTS SCHMIITOTCKH Ha-
pawrep. 

§ 10•523. Ilporpecnsno tcpeirathe maTemanrixor 'mama 

Kao UITO cmo HHAe.nH, y ()Rom caymajy je, npeua (7) § 10 • 52, 
p > 1 H HHTerpaa (2) HcTor naparpacpa moxcemo HanHcaTH 

(1) 	R0'2 = 2g (cos 0 +p)= 2g( 1-2 sin2  + p 
2 

1 
= 4g-- (1--2 1c12  sin2  —), 

ki2 	 2 

npH qemy je k12  < 1. 

113 (1) nOHOBO HMaMO foupaTypy 

0 1 
1 1 1 Ati t 	

d 2  

If' R 
 

• —ki2  sine I  0 
0 	 2 

Hpeme paqyHamo OA TpeHyTica Ku Talmo npoAa3H1(po3 HiljHHAnd 

no.lumaj (0 = 0). 

(2) 
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§ l0•53 	Oppe',Home peaKitHje y KpeTalby Mine?,taTHCKOr imam' 	238 

CmeHom 

sin sin —
2 

0 =-- u 

HHTerpan (2) AotioAHMo Ao 06JIHKa 

1 1 —i t 	du  

k, 	R 	J V (1-h2) (1 _ 142 	it.)  
0 

HHBep3Hja TOr eJIHIITHYKOr wpeTaffia Aaje 

= sn1c 
1 

1  /R

o- 
t) • 

KpeTathe je nepHoaHquo ca nepHoaom 

1 • 2 

 T 	
) . 1  

2i lc, -Of [ + 	
+ 
	42ft 

2 	(2 •  

§ 10'53. OlApebmstame peatcujile y xpeTatby 
MaTCMaTHq}cor KJIaTHa 

3a oapehitham peaKoHje Roja ,aejmyje Ha Tatimy maTemaTHIncor . 
mama HCKOpfiCTHMO ,apyry npHpo,u,Hy ,a4epeHouja.rafy jemaqHHy 
3a npaHao rzasHe Hopmme — y Haulm caygajy 3a npaHao no.ay-
npetnifixa upyra Hanepetior Ka oewrpy. AKO npojeuoHjy peaKuaje Ha j'' 
Taj npasau o3HaqHmo ca N, npHpo.aHy jeAHatnmy moxcemo HanHcaTa 

m —
v2 F cos (F R) N . 

Ilona° je 

F cos (F = — mg cos , 

Ab6Hjamo 3a HpeAtiocT peawoHje 

N = m —
v2 + mg cos 0 . 

AKO yBpCTHMO I/2  H3 jemaqHHe (3) § 10.52, Ao6Hhemo 3a peatc-

uHiy Ae(PHHHTHBHO 
N = mg (3 cos 0 + 2p) . 

OBaj o6pa3au noTnyHo 13,apebyje peauoHjy H omoryhan Aa ce 
unpuni auant43a 3a cBe moryhe carajese KpeTatba Tatixe 6Hao no 
3aapxosajyhoj 6H.no no He3aap)waHajyhoj Beam. 

['RABA JERAHAECTA 

KpeTatbe TatiKe ca Tpetbem 

§ 11 .1. 3aRoli Tpetba 

,LlocaA CMO npoygariami KpeTaibe Hec.no6o,a,He maTepHja.nue Taque 
ca npeTnocTamom Jta cy He3e Haeamie. AHanH3Hpaam cmo upeTatbe 
Ta4Ke no HaeanHoj noupuom, Koja Aaje peauusjy canto y npasuy 

csor rpaaHjewra, x no Kaea.0Hoj JIHHHjH ca peauoHjom canto y Hop-
maaHoj paHHH. KpeTalbe Tatuce ca Hueamnim Be3aMa Tpe6a cmaTpaTH 
Kao Hpao Haacall anti cneoHja.nao caytiaj .xpeTalba Hec.no6o,aHe Tatme. 
AKO )KeJIHMO as npoyqHmo onunH caygaj, Tpe6a yHecTH H Hewaeamie, 

He3e, woje Aajy peauuHjy He canto y npasuy rpaaHjewra Beh H y 

paHHH,yripaHHoj Ha rpa,aHjeHT. 
HOLUTO H3 ycnosa. 3a y6p3aw,e, Kao LUTO CMO BH,EkeJIH (§ 8 • 5), 

mowcemo oape,aHTH canto womnoHewry peauoHje y npasuy rpa,aujeina, 
TO 3a oapehaHatbe pyre HomnoHeHTe Tpe6a Aa yHeAemo • Hapotofra 
ripaHwaa. Y paoHoHaaHoj mexaHHuo Ta npaHH.ria mory 6HTH nornyHo 

npoa3BOJbHa H pa3HcnHua. Anti HpaKTHLIHH .a■ HBOT ce some HHTepe-

cyje canto 3a je,lou oapeheem HH3 npo6.nema KpeTalba ca HeHAeamnim 
Be3aMa. To cy npo6.nem0 upeTatba ca Tpmem. rIpamtno no Rome 
patkHoHaalla mexanno yHot4 3a Tatum gperaffia Apyry HomnoHewry 

peamoHje 3oHe ce 3alc011 operba. 

Osuatillmo ca R ue.noicynay peaKwijy HenoxpeTue aenkeamie 

nospwHae tiaja je je,aaagnaa 

y, z) = 0 . . 

Ty peaKunjy pacrammo y ,aBe uomnonewre — je,aify R, y npasay 
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§ 11 • 1 3aKoH rpessa 290 241 	1114. Jesnaqnne sperama TagKe no panasoj nospuninn 	§ 11•2 

   

4 
rpaAtijeHTa, TaK0 Aa' je R1  = X grad f , rAe je X MHOWITelb He3e, H . 

Apyry R2, Koja ce A.ecjoHHHine 3aKoHom Tpetba. . 

4 
Taj 3aKOH TBpAH Aa je 1. npaHau cane R2  

noxperHe Tamme, 2. cmep HexTopa R, je cynpoTall cmepy Te 6p3HHe 
H 3. HHTeH3HTeT Tor sewropa je nponopuHoHaaaH HHTeH3HTeTy Hop-

-) 
maalle morvinoHeHTHe peaKHHje. flpema Tome cHaa R2  , moja ce 3oHe 
atm iripetba, HMa oHy HpeAtiocT 

4 
4 	 -3 
R2 =—kR 1 orty=—kR 1  v , 

V 

rAe je k KoectunurjeHT nponoputioHaaHocim, KojH ce 3ose KoecPaiai-
jeniri Mamba. Taj KoecimujeHT H3pma3a ce ancTpaKTHHm 6pojem. 

flpema Tome 3a uenoKynny peatutajy oHe HeHAeaaHe, pariaBe 
nospuunte moncemo HanHcaTH H3pa3 

4 	 -3 
R = -I- R2

▪ 

 = grad f—kR 1  ort v = 

gradf —k Xgradfj 

rAe cmo ca a. gradf I 03fla9HAH HHTeH3HTeT oAroHapajyher BeKTopa. 
0 NoecimitHjeHTy Tpetba k Tpe6a Aa HaseAemo oHy ripHmeA6y. 

Camo y ripHom HpH6AHASHOM nocmaTpaEby KOHKpeTHHX KpeTaFba. Koe-
clunlHjeHT k HMa cTaaHy HpeAHocT. CTHapHo OH ce metba ca npoSeHom 
HHTeH3HTeTa 6p3HHe. HapQgHTO je Beaaira paanHga H3MelJy Koec131H-
uHjeHTa Tpetba 3a Hpeme KpeTaHra H Tor KoecimmajeHTa 3a cayaaj 
KaA Tatum H3 cTatba MHpottalba Tpe6a Aa ce KpeHe y oApebeHom 

4 
npaBuy. AKO Ca F o3Ha9Hmo aKTHBHy CHAy y TaliTeHTHOj paBHH, 
Koja Tpe6a Aa H3Ese,ae TaTucy H3 mHposalba, cHaa Tpetba HMa cmep 
cynpoTaH TOj CHAH; oHa je nponopuHoHaalla HopmaaHoj peaKuHjH H 
He monce 6HTH Heha oA k0  R1 , APYrum 
HMa BeKTOpCKy speAtiocT 

4 
ko R1 ort F, 

rAe je ko  HOB KOVPHHHjeHT Tpetba KojH ce 3oBe cram-a/mat Koerim- 
uHeaT Tpetba. Y nopebetby ca HaHM npencoAHH KoectuntHjeHT 3oHe ce 
tallierTIULIKU. 061.1E1E10 ce y3Hma Aa je CTaTHLIKH KOeCiThHHjeHT Tpetba 
Behu OA KHHeTHIIKOr, Tj , ko > k. 

§ 1P2. AutPepeinuijanue jemmume xperawa Twin 
no panaBoj 110Bp111HHH 

AKO 3a cayaaj xpeTatba Taame no panaHoj nospruHHH y3memo 
y o63Hp cHay Tpetba, Ha maTepHjanny TamKy y onurrem captajy 

AejcTsyjy Tim Cline: 1. aKTHBHa CHAa F (X, Y,Z), 2. CHAa HopmanHe -0 	 -3 
peaKuHje R1  H 3. aura Tpma R2. ,L1Hr4epellutijaana jeAHatma mpe-
Tatba TaKBe Tatme H3raeAa °Haw 

4 4 
mu,  = F + ltgrad f — k Xgradfl- 

HJIH Haj3a1 OBEIKO 

4 4 
(1) mw=F+Xgrad 	

-o 
 

rAe CMO CTaBHAH 

I 1 
— X grad f 

BeKTopcKoj jeAHaqHHH (1) oArompajy °He cKanapHe jeAllamme: 
3a HenoKpeTHe oce 

x"=X+X--kp.x 1 , 
ax 

(2) my" Y + X—df 
— k y , 

dy 

me Z 	df kp.z' ; 
az 

sa oce npupoAHor TpHjeapa oA TaHreHTe D 
mane v Ha TaHreHTT y TaHreHTHoj p'irsHH 
BpIBHHy — 

m --tiv  = F cos (A 1)) -T- k R 1 1, 
eft 

4 4 
in —

v2 
== F cos (F v) , 

Pg 
4, .4 

m —v2 
F cos (F n) -F 

Pn 

16 Pausonaaaa mexangsa 

npaHau 6p3mHe v 

peaHma HajBeha cHaa Tpetba 

Ha TpajeKTopHjy, Hop- 
-o 

H Hopmaae 	Ha no- 

(3) 
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r.ge CMO ca cp (S) 03HaqHJIH peaynTaT pavynat H3 Te jeAllaqHme cze,ayje 

dt — 
 ds 

(s) 

43.aaKne nom Hurerpauuje ,nana3Hmo go HHTerpa.na 

(2) 	 t — to  = fS  ds 

J 	(s) 
so 

IlHsep3Hja TOT mirerpa.aa Aaje 3aKoH nyra 

s =-- s (t) . 

Icao nronmep y3MHMO nperaffie TaLnce no nnepumjn Ha panaHoj 
ccDepH no.aynpeqHma :D o  = const. = r. Hymn's je semnal Kpyr, jep 
Taj Kpyr je reo,a,e3HcKa Ann* Ha ccimpit. 3a 6paany Hidalgo 03 (I) 

k 
-- s 

r 
v 	vo  e 

npH qemy cam npeTnocraHHTH Aa ce JlyK S paqyna OA nogeTaor no-
,nomcaja Tatme. 14HTerpan (2) mowe ce Taxi HanucaTH 

s k 
1 —s 	 —s 

t 	e r ds 	r  —1), 
vo 	 kvo  

0 

npn qemy Hpeme paqyHamo oa notterKa KpeTatba. 14HHep3Hja nper-
xogoe je,afiatunie Aaje 3aKoH nyra 

s = — log --9- t -F ) • 
k 	r 

r 	(kv 

§ 11.22. KpeTaibe Tame Titmice no cTpmoj panaBoj paBillf 

Peunimo npo6neM Kperalba reume wine no crpuoj pananj 
pannn (c./x. 67). Yrao Te plum' ca XOpH3OHTLKHOM panan oanaqamo 
ca f. KoopAHHarHH TpHjeAap Oxyz y3MHMO OBaKO. TaLncy 0 CMeCTHMO 

§ 11.21 
	KpeTathe Tagice no pananoj 11013pUltiliti no [menu* 	242  

243 	 Kperatbe Teunce Tagice no crpMoj pananoj paean 
	§ 11.22 

0Hae CM0 ca pg  H On  03HatiH4H nonynpetnunce Krunniaa — reo,ne3HcKe 

H HopmanHor npeceKa (ynopeau § 9.3), ca R1 anre6apcKy HpeaHocr 
-0 

Hopmanue peaKnHje y oaHocy Ha Hopmany /I H ca I Ri  I anconyTHy 

Hpe,aHocT Te HCTe peaKnHje. FIHTal-be ABocrpyKor 3HaKfl y npBoj jea- 
-o 

Hat1HHH pentan ce npema Tome ,aa .nu ce npaHan D noKnana ca 

6p3HHom V (3HaK MHHyC) HRH My je cynpoTaH (3HaK nnyc). 

§ 11.21. 1<peTai4e Tamge no panaBoj nortpunmn no naepanju 

Homo je y cnyqajy Kperalba no HnepuHjH aKTHHHa cana 
jeaHaKa Hy.40, npHpo,a,He jeaHatame KpeTalba (3) § 11.2 3a onaj cnyqaj 
H3r.aeaajy 

V2  n  m — , 
Pg 

143 Apyre jeaHatotHe c.neayje Aa jePg 0, a 

TpajeKTopuja, Kao H y cayqajy xpeTaffia 6e3 Tpetba 

3HCKa JIHHHia. 3a o,apehuHathe 3aKoaa KpeTaffia no TOj 

OBaK0 nocTynuTH. AKO 03 Tpehe je,aHaqHHe CTaBHMO 

Hammy, Ao6Hjamo 
dv, v 2  

m — 	— • 
dt 	Pn 

Cmarpajyht4 pn Kao cPyHK ItHjy AptcHHe .nyKa S re0ute3HcKe 

eaHmimiumato BpeMe H3 Haute je,aHaqHHe noMOhy H3pa3a ds = v dt. 

Pa3AsajaH3em npomewbin3ax y HalL10.1 jeAnar1HHH Hmamo 

dv 	ds 
v 	Pn 

flocne HHTerpartHje 
ds + log e,  

J Pn 

rAe je C npoHnoibita KOHCTaHTa, H coApehimatba KOHCTaHTe H3 yc.nosa 

aa 3a s = so  6p3Haa Hma HpeAnocT vo , Aookijamo AeCIIHHHTHBHO 

S 

(1) 
V = V 

— k f en = 
el) (s) ,  

dv 
liz •N =  

v2 

—
Pn 

R1. 

TO 3Hailli aa je 

(§ 9 . 31), reoae-
AHHHill mmemo 
R1  y npity jea- 

log V = 
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Kperame Tema Tatum no crpmoj panaaol paten 	244 § 11 .22 245 	KpeTafbe Tema 'nue no apaloj panaBoj pa BHH 	§ 1 1 • 22 

notieTini nonoacaj noKpeTne 'mace. Ocy 
Ox y3mgmo y cTpmoj paann tianime, ocy 
Oy y TOj HCTOJ paean X0pH3OHTaJIHO. Tapta 
je jemiaggna pamm, no Kojoj ce Kpehe 
Tatima, z = U. 

jincpepeaunjanne jezinaginie Rpm iba 
— 	3a TpajeAap Oxyz gory ce HaMICaTH 

MX" = mg sin f — kIXI 

my" = 

(Mal CHCTeM Aaje - 3a H3B0,ge oaamie BpeXHOCTH 

—dv b (sin a — a), 	v —da b cos. . 
dt 	 dt 

0./XaTiIe H3BOAHMO jeAtiatinay 

dv sin a — a d , 
v 	cos a 

Kojy mmemo OBaK0 HHTerpaJIHTH 

log =-- 
- 	f  sin a —  a  

(4) 	 lo v 
cos«. 

da 

(3) 

Canaa 67 	 mz" = — mg cos f X. 

nOLUTO jee z = 0 	= 0, nocaemba jeztaaginia xiaje 

= mg cos f 

H npema Tome je yBeK !m3Htual-1o. AKO yapcnimo Ty BpeX,HOCT 

y epee /Lae jemiatuie, ggamo 3a o.apehlinaibe goop.autiaTa x H y 
Aae je,anatanie 

e= b — a 

y" = — ab , 

a = k cotg f, 	b g sin f 

3a KiiTerpaaajy CHCTeMa jezinatintia (1) yneAtimo nomohny 

meiumf By — yrao a Kopf rpa.ag 6p3HHa v ca ocom Oy. flourro 3a 
Ty 11p0MelIJI)HEly mawemo HaIlliCaTH 

(2) 	 v Sin , 	y' 	v cos a , 

1,13 cacTema (1) noc.rie Tpaticci)opmaguje Ao6Hjamo clicrem 

dv da 	„ 

	

sin a — + v cos a —,=---- 	sin a), 
dt 	dt 

dv 
—cos a — v sin a

da ab cos a 
dt 	dt 

3a u3patiyaaaaibe anTerpana Aecne cTpane H AaJba pacybusatba 

31'0,3,HO je ynecra ripomen.rbany 

ic 	a 

3a Kojy je 

	

1 — u2 	 2u 	 2du  
sin a = cos a 

1 + 	 1 + U21 	 1 + 

143 (4) 6p3inia v 03pawasa ce nomohy ripomewbgae tt oaaKo 

(5) v = C(ua-1 	ua+1) , 

1'1:Le je C np0u3130.1bUS KOHCTaHTa Kiirerpangje. 

AKo caA 373memo Apyry jexiaLinny (3), na je naniunemo y 

o6aicy 
vda 	C 

	

dt— 	 (0-2 + al du  
b cos a 	b 

Ao6njamo nocae inrrerpannje 

ter-i 	(la+. , 
(6) • 	t 	= 

b a-1 a-I-1 

r,zie je C1  Rom npon3Boiblia KOHCTaHTa. 

Koopminare x H y oApehyjemo y cpynKakija napameTpa u nocae 

naTerpannje AtuDepeinnija,na 

dx v sin a • dt = — p. (t12a-3  — u2 a+ IN ) du , 

dy = v cos a • dt=— 2p, (u2a-2 ti2a) du  , 

r,ae cmo cTaaami p. = C2  : b. Ta gaTerpannja Aaje 

(I) 

rxie cy 

• 
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247 	 Hpumbe T a tme no panasoj ammo] amnia 	 § 11' 3 

— 	
u 2a-2 	u2a+2 

2a — 2 2a -1- 2 
+ A , 

y= — 2p. ( 1 12a-1 	+ 
uuil ) 
	 + B , 

2a — 1 2a + 1 

rAe cy A H B HHTerpanHoHe KOHCTaliTe. 

fla B14,1 111M0 y K aim jeAttamHne AereHepinuy jeAHainthe (7) KaA 
je Hama paHatt mama. Homo je 3a k = 0 H a = 0, H3 (7) Ao6Hjamo 

x 	
2 
 ix

k u2
/ 1 + u2  + A  , 

2p.(-1  — u)+ B . 

143 omix jeAHamHita nocne eaHmmoicalba napameTpa u Aona3Hmo 
AG jemtamme 

(y — B)2  81.1.(x — A — p.), 

moja oApelvje napa6onimy nyTatby no rnaTxoj crpMoj pawn!. 

Y cnymajy panaHe paHHH jeAtiamitHe (7) cy napameTapcme jen-
HamHHe nyTaffie Tamge. Y npoymamby Tor xpeTatba ocHosity- y.nory 
Hrpa 6poj a, 'come moncemo AaTH micas H3pa3 

a= k cot 	
tg e 

g — 
tg f 

rAe CMO CT3BHJIH k = tg E. Yrao a, ElHjH je TaHreac jeAttak Hoecjm-
uHjeHTy Tpeffia sone ce yzao 

I. IlpernocTasHmo npHo Aa je 

a> 1, Tj. e>f. 

110111TO cy y o6pacry (5) o6a H3n0wHoua kort rt 1103HTHBHH 

6pojeHH, 3a u=0 je v=0. BHJLHMO H3 (6) Aa ce 3a t= — C, TamKa 
saycrawba y nonomajy x= A, y--=.B. 

flowTo je y cnakom nonowajy Tatum Ha Toj paHHH CHAS to:* 

Kpehe Taqxy Hamance F----mgsinf • i, a CHAS ?perm' je 

— k mg cos f • 	mg tg s cos f • i H npema Tome je y Hatnem cny- 
-+ 

majy sera o,A cline F, Hauls Tamma nocne Aonacxa y nononcaj x = A, 
y = B ocTaje TMO y MHpy. 

1> a> 
1 
 , 

2 

113 (6) ambymyjemo Aa KaA 1 	Bpeue t T excH 6eCKOHSIIHOCTH; 

npema (5) 6p3HHa Hcro TaK0 TeSCH 6eCKOlia4HOCTO, arm y npema (7) 

Tenn! B, a x — 6ecKoHamHocTH. flyTatba Tatum HMa aCHMnTOTy y= B. 

111. 1-111j38,11, 3a caymaj 

CBe HeammHHe: v, t, x, y Te)Ke 6ecKoHa9HocTH 	u ►  0. TpajexTopHja 

je oAo3ro HcnynmeHa nuattja, npaHan TaHreHTe TexcH npasay Ox oce, 

ZAN KpHaa Hema acHMnroTe. 

§ 1P3. Ancinpennnjanne jeAnazunie xpeTama Twine 
no pananoj npnnoj .11HHIlj14 

AHO 3a/l,p)KHMO 3a CHAy Tpetba HCTH 3a1COH KOjH CMO HMaAli 3a 

nospunmy, AkteDepeinutjanHe jeAmaminte npeTatba Tamxe ca TpeH.eM 
no KpHBOj mHje Cy jeAnamtme 

(x, z) =-- 0 , 	f2 (x, y, = o , 

mon(emo Hal1HCaTH y 13?,KTOpCKOM o6mucy 

4 4 	 ►  
mw= F Xi  grad f 4- L2 grad /2 — k RI I 

rAe CMO ca 1R, 1 0311atIHAH HHTeH3HTeT BeKTopa 

grad 11  + ),-2 grad h . 

Y ocanapHom oontiny, penumo, 3a tipsy LI,eKapToHy goopAHHaTy 

Hmamo je,Anatnoty 
j_ 1  Oh _1_ Of2 	i. 1 D i 	

. 
X' 

MX" --- X r  ...1 	1  p.o— — .. i...Ni 1 — 

dx 	. " dx 	v 

3a npmpoAHH TpHjeAap one jeAftammte minion° oHno 
dv 	4 4 	4 

m — --- F cos (F D) -11  k I Ri I , 
dt 
v2 	-0 -o 	 -9 -9 

m — = F cos (F N) + Ri  cos (R, N), 
P 
0 = F cos (P i3))+ R, c os (A g)  . 

(7) 

11. Arco je 

1 
a <-

2  

§ 11 '22 	Hperame Tame latme no mato) panai3oj pawn! 246 
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§ 11 •31 	 Kpeiatbe maremammor KaaTea ca Tpeiblem 248 249 	 KpeTam maTemammor Kfiama ca TpeieM § 11 • 31 

  

gpeTaibe maTemaTtmor Hamm ca Tpeibem 

flpeTnocTaimmo Aa Ha Teuncy Tatncy, Koja ce Kpehe no sepTH-
KaJIHOj HpyHooj JIHHHjH, Aejcisyje j0111 H CHaa Tpelba. AKO 3a.apICHMO 
yr.namom 0311aKe H3 § 10.52, "(Be npaponHe jenHaqHfie KpeTaiba 
moacemo HanucaTH 

m —dv = — mg sineT-k1R,E, 
dt 

m 	— mg cos 0 + R, . 

AKO 143 )1pyre jenHatmue CTaBHMO R1 y nPBY iezwa(mHy H aay-
cTammo ce Ha OHOM Kperalby Tatuce Han yrao 8 pacTe (0' > 0), 
OH,11a hemo no6HTH jenHaLmHy 

—t = = — g sin 8 — k (—v2 + g cos 0) 
dt  

dt 
dtY 	g + k012  ± R — (sin 0 ± k cos 0) = 

flowTo je 
d0' 	d6' d8_ vg, n , d0' 	1 d0'2  •  
dt 	de dt 	de 	2 de 

filmy jenHatilmy moxcemo HaIHICaTH 

—dz 2kz -- '2g (sin 0 k cos 0) = 0, 
d0 

me je z = 0'2  Holm Heno3Hara - cpywawja. Ham:manta jensattHHa je 
JunieapHa y onHocy Ha z. 1-beHo peineffie (36Hp napT0HynapHor pe-
melba nem jenHatme H onuner pemeffia xomoreHe jenHatwHe) 
Hamena 

(1) 	z = 912  M sin 0 + N cos 0 + Ce-2ke = (0), 

me je: C — wiTerpanHoHa HoficraftTa, a 

de 
 t = 	
, 

I— -I- , 
il(e)  

rne je C1  Hoaa HHTerparwolia KOHCTaHTa, Ha Kpajy H3BpIIIHMO ufwep-

aHjy, Ao6ahemo HoHatmy jenHatumy HpeTalba 

8 = 0 (t). 

110111TO HHaApaTypa Hojy Tpe6a Aa 113BpW14440 moace na 6yAe 
HapagyHaTa camo nomohy pena, HeheMo ce Ha Tome aaycTasaATH 

HuTerpaaHmo 

M 
3k 	2g 

1 + 4k2  R 
1 — 2k2  2g N 
1 + 4k2  R 

AHo jennatnuy (1) Hanwnemo °Ham) 
de 
dt

=liT(0) = (0)., 

pa3,74130jHMO apomewb0He 
d  dt 

(0) '  
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251 	 Mown yaapa. Ltonana 6psHaa 
	

§121 

~ - 
(2) 	T To  = (F ds) = 	1.;:) + 	i;; ] 

r JIABA ilBAHAECTA 

YAaP 'rauKe o noBpunmy 

. TpeHyTHe cline Rom.'Hor umnynca 

-0 	-0 
Kao MITO 3HaMO, umnync J cline F 3a HHTeplitaA Bpemema on to  

ao t je Heicrop-Hirrerpan 

4  

f F dt 

to  

AKO je cHna F xonaltha, Taj HMnynC Tema' HyAH Ran t-* O. Ho 
He wenehm Aa ce orpaHiitiasamo camo Ha Komatime moxiemo 
yBeCTH y panHoHanHy mexaHHxy H Taxse come, xoje 33 iiiirepHan 

At = t— t o  najy icoHaqaH Hmnync Haw) a t -o 0, npH qemy He one-
pHinemo • HenocpeAHo ca TaKBI4M 6ecicpajHo Heninaim cHnama, Be11 cam° 
ca xonaqinim HmnyncHma cHna. HaseAeHe cline 3oHy ce rapenyruffe 
cu.ne lc-m(210.1oz izmuynca. 

H3 3axolla .KOAH414He KpeTaffia (§ 6 . 1) y o6nHxy 
-0 	-0 	-0 

(1) 	 my—mv o =J  

cne,ayje Aa OA AejcTiaa TpeHyrimx cHna HoHaqHor Hmnynca Honimitia 
xperaiba, 8 TO 3HW:1H H 6p3HHa, 8061.1j8 KOHatlaH npoipaurraj. 

H3 3aicoHa KHBe cane y iiHrerpanHom o6nHxy (§ 6 . 3) H Teopeme 
0 KOHatiHOM npnpaulrajy A0413e cane (§ 6.311) 

to  

cnenyje na npupawraj )KHBe cHne H paA TpeHrinix cHna Hma xo-
Haqiiy BeAHEIHtly 3a 6ecxpajoio MaJIH IIHTepBaA apemena. 

IloMepatbe Time 3a Taj HHTepHan 6ecicpajHo je mano H TeNCH, 

npema TOMB, Hynes. 3aHcTa, aKO HaTerpaniimo (1) mcoxemo HarnicaTH 

-o 
(3) in (r — ro) — mv o  (t— t o) = 	-o dt = f,„ — to) , 

to 
-o 

rne je Jm  oApebefia cpentba BpeAHOCT Hmnynca y HHTepHany (t—t„). 
H3 jeA,Hatimie (3), Han t-o to , Hmamo 

• -o 	-o 
r — ro  = 0, 

H TO noTapbyje HerioxpeTtiocT Tatme 3a pee Jlejcrria TpeHyrouix cHna. 

AKO Ha Tatiy, ceM TpeHyTHHx ulna, AejcTilyjy join H xoHatirie 
cline, °He He yTHqy Ha npomeHy 6p3HHe Tatme, jep je FbHXOB Hmnync 

-0 
jeltiax Hynes.. 3aiicTa, npernocraimmo Aa je CHna F goeagna y HHTep-
!may At, iimnync TaxHe cline mcoxemo npercTasHTH °Haw 

=. j dt gni  (t — to) , 

to 
-o 

me je F„, ofi.pebena cpentba apeaHocT cHne F. noun.° je ra cpentba 
-o 

BpejHOCT HoHatma, Hui t-o t„, Hmnync J Tuxes Hynes. 

-\ / 
§ 12C2. MOMeHT map& AonaaHa 6pauHa 

flpeTnocTasiimo Aa ce Tatnia xpehe, npeMa KOHatIHIIM jenHaqii-
Hama xpeTaiba 

(1) x = (t), y= (t) , z = f3 (t) , 

y npocTopy me ce Hana3H jenua nospuiora, icojy rpe6a cmaTpaTH 
Kao He3aApHiaBajytiy He3y 3a Ty Taqicy. HanHammo Ty He3y (max° 

(2) (x, 	z; 	0. 
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(1) 

t 1  ca. yCJIOBOM 

(2) 

id(1) \ 	0  
dt 	 H"  " 0 

(dck 
= 0 HMI 

dt)1 

§ 12* 3 	Tpeitynia peatautja. Koecpuumjefir ycnocTamma 252 253 	TpenyTHa peaKuNja. KoecInuthjein ycnovrammatba § 12.3 

  

    

3a peumBatbe mamba ,aa AH he Hama Tatum ,aohn Ha nospawHy 
(2) norpe6Ho je yBpCTHTH BpeAHOCTH (1) y cpywawjy P H H8HHCaTH 

je,a,Hatnwy 

(3) )fl (t), 12  (t), A (t); t]  

AKQ je,atiatuia (3) Hma 1103HTHBHHX KopeHa, 03HatiHMO HajmatbH 
o,a than( ca to  . To je moment -1i y,aapa Hame Tatme o nospanmy. 03Ha-

qHmo 6p3mly Tatme.y TOM TpeHyrxy ca vo ; ow' ce 30Be ,4011O3Ha 
6p31auz Tatme Ha nospanthy H Qapebyje H3 (1) RoopAHHaTama 

Yo =./2' (to) Z0 = to' (to) • 
. 4 

Marro je 3a to  HcnytbeH ycnos cP =0, 6p3HHa vo  mopa 3a1to- 
B0.7baBaTH ycnos (§ 8 - 3) 

(do\ >0  • 
dt 

r,ae CMO ca Hyaom 03HaLIHJIH pe3yJITBT 3a t=to . Y pa3sHjeHom 
o6,Twxy HCTH yc.aos mowemo HanHcaTH 

(4) (
-)
vo grad 0) —

a(P
> 0 , 

at 

role CMO KOJI, rpaa,Hjetaa H ,ae.TIHMHEIHOT H3B0,aa — H3ocTasHRH 36or 
at 

ynpowhetba o3Haxe Hy.ne. 

AKO 6p3HHa Vc,

- 

 3a20B0JbaBa ycnoe (4), Tama xa,a Cryl1H Ha HO- 

Bpuimay HJ1H ocraje Ha tboj HAM, Ackalipaysum je, nOHOBO Hanyurra 
nospunmy H xpehe ce xao cao6o,zwa, 

§ 12•3. TpeHyTna peaxn,Hja. 0,anasHa 6patma. 
Koeci3li1 njeirr ycnocTaarbama 

- ° 
AKO 6p3HHa V He 3a,a0130.1baBa yC.TIOB (4) npencoasor naparpacpa, 

mace lc* ocTsapyjy nospwatty (2) H, Taw) pehH, He Aonyurrajy 

TatIKH Ae  wae cBojHm npasHem, jecy H3sop iupenyucne pectic-oft, Roja 
-3 

CBOJHM KOH84HHM Hmnyncom melba Hemoryhy ,A0.7183Hy 6P3HHY Vo y 
Apyry, moryhy 6p3may, aoja 3a,aoawbaaa yCJI0B (4).  

ITOLUTO je ca,a y TpeHyTxy to 

(JO\ 
dt 

<0, 

a ,aejcTso TpeHyTHe peatawje Aoso.ati .AO xoryhe 6p3HHe, xoja Tpe6a 
aa 3a,a0B0JbaBa y onwTem c.nytiajy yCJI0B 

dct)  

 dt 	
0 

otuaa je 36or HeflpeKHAHOCTH npomeHe noTpe6Ho y ornuTem cayllajy 
yOtIHTH TpH mometrra: to  ca ycaoHom 

(30 
(vo  grad 0) 	<0,

dt 

a(P 
(vi  grad (P) 	=---- 0, 

at 

t2  ca yCJIOBOM 

(3) 	(
d4c) ) > 0 HJ1H (V2  grad 19)± — > 0 . 

, dt 	 at 
al) 

Y CBHM TAM yCAOBHMa grad 1 H H3B0,14 — 
at 

Hmajy HCTe ape,g- 
 

HOCTH, jep npeTnocTaarbilmo aa 3a pee t2—to  CBH reomeTpHow 
eaemeHTH, Be3atm ca HOBpIHHHOM, ocTajy HenoxpeTHH. 

 

Lte.noxynHa nojaBa npomeHe Ao.namie 6p3HHe no.a yrt.lajem Tpe-
HyTHe peaxwaje maca nospanwe 3oBe ce 31,4ap idatuce o iiospuluny. 
BpeMe to  ce 3ose tipsu Kun yAapa; a pee t2  — t1  — 4pyzu =um. 

Bp3ana v2  Ha Kpajy y,aapa 3ose ce waalta 6patma, ca Tom 6p3HHoM 

TatiKa aanyuira. noapumay. Y.aap ce 3oBe uRearzali, axo as cae speme 
yAapa TpeHyTHa peaKtLHja, a TO 3HVIH H ibex HoHatiall Hmny.ac, HmajY 
npasau rpa,aHjewra nospume. 

4 -3 	.4 4 	-3 
AKO ca 11 ,12  H = + jg  0311VMM° KOHHUHe amnynce 3a 

npsH uNH yAapa, 3a APYCH H 3a cae pee yAapa, oa,aa mommo 
Hannan! Tim Beappoce jemiatme 

4 4 

(4) m vi  — my° =11. =11 ort grad 4, 
-) 	--) 

(5) mv2  — mvi  =12 = 12  ort grad cf,  , 
-4 	-9 

(6) mv2  — mv„ 	ort grad (P 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



CaliKa 68 

§ 12 . 3 
§ 12 • 3 	TpeHyrHa peafauija. Koe4) tunjewr yc toctarmatba 254 	 j 	 255 	 Tpellynia peatuulja. Koecinuutjeat ycnocTawbalba 

AKO cHatcy o,a OBHX je danaqHHa nommozcHmo mantic) ca grad 

H ysmemo y o63Hp Hspase 33 H3B0ILe 
(d:). 	ddOt 	dam )2, mo.  

›xemo HanHcaTH je/tHatnilie 

(7) -.— nz (— 
dam)  —
c1c1)) = j, I grad 0 I , 

o  

(8) nz (—d(P) — j, I grad cP I , 
dt 2  

	

m  [( ddt ), — ( 
dam . 

 y
o.] 	i I grad cio I . (9) 

,cP 
FlowTo j 

cl 
( e —

dt o 
II03HaTO, a TaKobe je nosHaT H HliTe113HTeT .  

rpa,aHjeHTa I grad cr) I , H3 jedaHatnthe (7) moNcemo oape,aHTH HliTeti3H-

TeT A npaor Hmnyaca 
m  1 d4)\ 

(10) Ji= —  I grad (f,  I 	dt )„, ' 
-9 

a 3aTHM H3 je,roalme (4) 6p3ally v 1  Ha Kpajy npaor 41113a papa, 

LLITo ce Time odapebusalba Hmny.aca 12 sa Apyrid IIHII mapa RAH 

ne.noKynHor Hmnpica J H 6p3aHe v2 OAJIaCKa, sa TO mory HOCAVKHTH 

je,rotaqinie (5) H (8) Mil (6) H (9). AnH y Te je,attagmHe pant join 

jexia HenosHaTa Humana
( (1) 
—dt 

. Ilpema Tome HanHcaHe je,aHaumae 2  

Hacy Aorto.ibue sa pernme npo6nema xpeTaiba Taince !Joule papa. 
IloTpe6Ho je pacnonaraTH jOILI jertHom clamp:tom je,aHaErHHom K30 

,II0IIpICKHM ycnosom. 3a Taj yCJI0B yammamo npeTnocTamy Aa cultioc 

12 :11 = 6  . 
HMa cTanay apercHocT 3a CBaKy BPHAHOCT Hmny.aca A H 3aBHCH CaMO 

OA marepHjana oi4 Kora je HspabeHo Tea% InfjH je sacrynaHg Hama 
maTepHja.nHa Tatum, H nospruHHa o Kojy yAapa Ta mica. Koerinui-
jeHT e son ce zweOuqujenca ycilocirtavbama. IloicamcHmo ffieroHo KH-

HeMaTH ,IKO Tymageffie. 36or jeJAHOCTaBHOCTH npeTnocTammo ,aa je HO- 

	

, 	 .-- 
BpIIIHHa HenoxpeTHa, Tj. 

Of
l, = V  . 110111T0 je TaAll 

(ddt)0=-- (v
0  grad cP), 	(c1-4)) ---= (-;, grad (P) 

dt 2 "  

H3 (7) H (8) . 11M8M0 
4 -9 

JZ= vocos lv e 	 2 n)  

Vo cos (vo  n) 

rA je n opT Hopmane Ha HOBpLIIHHH y 
cmepy grad 1. 

AKO ca a H p 03Ha4HMO yrnorie IIITO 

rpadae rrpaBIH AonasHe H o,a.aasne 6p3HHe 
ca Hopma.nom Ha noeptuHHH, lam) je TO n0-
Ka3aHO Ha CJIHLIII 68, oitzxa mcmemo HanHcaTH 

-0 -0 
(12) cos (vo  n) = — cos a, 

OCHM Tora HMaMO 

(13) = vo  sin a, 	V1  = v, sin 13, 

-0 
jep 6p3HHa V1 cTojH ynpaitio Ha npauty TPaAHjellTa, Kao ILITO TO sa 

4 4 -0 
HenoxpeTHy noHpanffly nomasyje ycnots (2), H xpajeaw6p3uHa V0, V 1 , V2 

..nexce Ha HCTOj HpaBOj LUTO caexLyie 413 jeAliaglilia (4) H (5). 

AKO HCKOpHCTHMO (12) H (13), II3 (11) Ao6HjamO 

(14) J2 E = 
 cotg (3  • 
cotg 

Jeramma (14) Aaje Tymagetbe xoecjmnujeHTa ycnocTarvsatba e 
H omoryhyje oApelwaibe Tor KOeCPIIIIHjeHTa J13 nocmaTpalba KOH-

KPernor Kperaffia Taince• TaKBa nocmaTpaffia AoBena cy AO pe3yJITaTa 
Ica ce sa pasindtmT maTepHjan Taj xoecloHuHjeHT men;a y rpaHmarda 

0 	e <, 1 . 

AKO je E = 0 , nospuma He %OHO Tatixy yonurre; aaspartia 

6p3Hria je 6p3HHa V1 . Iloapumaa je HeenacTritna H pap ce Hoae 

neenacruulzan. O6paruo, aHo je E = 1, yrao a =13 H 3aspruHa.6p3HHa 

V2 Hma HCTH IIHTell3HTer Rao H 6p3HHa 1)0. 110BPIIIHHa je noTnyHo 
e.aacTatia H map je Floral-quo enaciravian. Y anima Apyrnm cayqa-
jersHma je KOeCIIIIIIHjeHT a npakni pasnomaK. 

4 -9 
cos (v, ) = cos R. 
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256 Ilpomeaa walla cane 3a epee yaapa 	 § 12'4 257 
§ 12'4 	 npomiaa name cane 3a pee yoapa 

Kan je Koe4niuHjeHT E no3HaT, H3 jenHainnie (14) ce onpebyje 

HMny.nC 12 	a 3aTHM jenHaquaa (5) onpehyje 0.88(13Hy 6p3HHy 

Ca TOM 6p3HHOM Taqxa Hanyurra noepunnly M Kpehe ce Ka0 cno6ontra 
/lox noHoHo He nocue Ha noripunilly, aKO Hon nyTatba HMa 38jeA-

HH9Ky Taqxy ca nor:113E11HHm. 

§ 12'4. ilpomeaa >Kase cane sa pee ylkapa 

03HaqHMO ca 	T2 )K H B y cHay Time y notiericy ynapa, 

Ha xpajy npeor =lima H Ha 3aHpureTicy ynapa. flpema TeopemH § 6 .311 
o npomeHH ixinte cHne H3paixeHe nomohy amnynca Hmamo 3a Ham 
cayiraj 

1 4 4 	4 4 	1 
T1  — T o  = 

2 
— [(.11vo) + 	—2 = 	[ (v. n) + (v, n)] , 

1  
T2  — T1= 

1 
[ (12 v1) + (12 v2)1= -F  I2[(vin) + (vo n)] 

-3 	 -3 
jep mica on iimnynca Jl H J2  HMa npasau HopMaJIe n Ha nospunm. 

AKO can H3 jenHaqnHa 

(TA (170  grad 0) + 75„, 

(
dt 	 at,±)=(z grad  0) -I- '2212  0 

(-2 (
->

2 
v grad 0) + 

at 
—

d0 , 
dt  

-0 
onpenHmo npojeramje 6p3inia Ha npasau Hopmane n, KojH ce nomana 
ca npaimem rpanirjeHTa, 14 yapcTHmo y npeTxonHe jenHaqHHe, oHna 
moIxemo Harn4caTH oBaj pe3ynTaT 

1 	11ridO\ 	2 	, 
Ti — To  — 

2 I grad 01 L\ dt 	at 

T2 — T1
. 

 

1 	h 	/do\ _ 2  ay21 .  
2 I grad 01 I_ 	)2 	at  

Axo ce 3flyCTaBHMO Ha 118110KPeTHOj 110HPLUHHH 38 ixojy je 

— o ; 
at 

HanHcarre jenHaqinie Ha ocHosy jenHaqiiHa (7) H (8) npeTxonHor na-
parpactla /lab' 

1 
2m ji  

1 To — = 
2
—

m
122  • 

One jentiaqHHe noroayiY na 3a npHir z1HH ynapa Tatum cmarbyje 
CBOiY KHHeTHIlKy eueprHjy, a 3a ApyrH qHH nosehaBa. Ltenorcynny 
npomeHy Te eireprirje Aaje o6pa3au 

T2 — To
•2m

ji2 (1_ e2) 

KojH noxa3yje na ce 3a a< 1 ircHaa cHna Tatme cmaibyje H camo sa 
noTigHo eJIacTHquH ynap, Han je e = 1, Taqxa nocze ynapa HMa 
HcTy xinientqxy eneprHjy Ica° H y noveng ynapa. 

flpHmeTHivio join jenalmyT Aa osa p'acyhHHarba swore camo 3a 

car:raj HerioxpeC.He nospunme. 3a noxpeiny rimming, Kan je —
at 
 0, 

npomeHa }ruse cHae, xao II1TO noxa3yjy o6pacrui (1), 3aBHCH H OA 
ri) 

H3pa3a — na mance HaCTylIHTH H ragas cnyqaj na MCI1Ba crina Ha 
at 

3aHpmeng Topa 637 ,ae He maffia, Hero Beha on xcHse, cline y no-
geTicy Topa. 

( 1 ) 

17 Paumomanua mexaaana 
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259 
	 )1aaast6ppos upsiputq 	 13'2 

FJIABA TPHHAECTA 

OTHLITH nountlinn mexamoce y npHmem4 Ha Tatncy. 
KaHoHnime jeAHatame 

§ 13'1. Moryhe 6panne, moryha nomepaiba H moryhe 
sapnjamije Tagme 

Y041113/10 Tat1Ky M, Koja ?Acme 611TH cao6oAHa RAH Hecao6oAtia 

ca jeAHom BAH ca Ase saApHcasajyhe sese 

(1) 	 (x, y, z; t) = 0 , 

rAe HHAexc I Hbla 11.11H CaMO jeAay speaHocr i = 1 14/111 Ase 1=1, 2. 

Aico cy jeAua 11nH Ase Hese Hesaapacasajyhe, npernocrawbamo 

Jia sese Aejcrsyjy H Ha raj Hal1HH 110110130 ce spahamo Ha ycaos (1). 

Bpsufia v 'mime mopa saAoscabasarH ycnose (§ 8.3) 

 df, = (vgrad 	11-1  --- 0 . 
dt 	 at 

CsaKa 6p3HHa Koja saAoso.lbasa re ycnose 30Be ce mozyha 6p- 

atma. 3a cao6oAHy ratimy csaKa 6p3HHa je moryha 6p3HHa. flourro 
-0 	 -0 	--> 

csaxoj 6p3H0H v oArosapa eaemeHrapHo nomepathe As = vat, H3 (2) 

Hmamo sa nomepaibe ycnose 

(3) 	 (Al grad f,)-1-- -o0f.i.At = 0 . 

Csaxo domepaibe Koje saAoso.ibalia raj yCJI0B sole ce mozyhe 

iioniepathe Taqice. 

YOtIHMO Asa moryha nomepatha — seKTope As H A'S sa HCTH 

1411Tepl3a.11 speueoa Lit, H y3MHMO 11311X0By palmy 
-0 

A's — As = 8s. 

110111TO H Apyro moryhe nomepalbe A's saAoso.Tbasa ycnose 

' 	(A's grad 	
at 

At = 0, 

-o 
semrop 8s mopa 3S,110B0.1baBaTH ycnose 

(4) (8s grad f,)--- 0 . 

CBaxH 	
-o 

sewrop Ss Koji! saAoscubasa ycnose (4) nose ce mozyha 

sapujavja TaLme. JacHo je Aa cHaxy moryhy sapHjalmjy mowemo 
cmarparif Imo moryhe nomepalbe Ha nospuima BAH .71111111jH Koje cy 

saymisHne cBoje Kperaibe 
at 

= o). IICTO Tama je jacuo ,aa je 
•  

sa HenoKpenie Hese alma) moryhe nomepaibe y Hczo Bpeme H mo-
ryha sapHjanHja. 

3a c.nyqaj Hesanpscasajyhe Ben, aKo ynopeAmmo nomeplube 

sa Koje je 

(.67; grad fi)±
at 

 At> 0, 

ca nomepathem As 3a Koje aunt ycnoB (3), Ao6Hhemo 311 moryhy 

sapHjanajy ycnos 

(5) (Ss grad 	. 

§ 13 • 2. Aanaht6epoB nptffigun 

3ammunimo maTepHjamiy TailKy mace m Koja moxce 60TH cao-
Somia HaH Hecao6oAlla ca jeAttom BAH ,gae sanpKaBajyhe nAeanHe 
sese. Moryhe sapHjanHje Te Ta=me mopajy saHoswbasaTH ycnose 
(5) § 13.1 

(1) 	 (8-s)  grad f,),>, 0 . 

,ELHitepeHHHjanHa jes,Hatunia KpeTaiba -mime Tatwe je (§§ 4 . 3, 

8 .6, 8.7) 
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261 	 11anam6epos nimmulin § 13•2 

§ 13•2 	 Ausw6epos muumuu 
	 260 

-÷ 	--> 
(2). 	nzw = F +11  gradfi  + X, grad f, , 

me je w y6p3athe Taince, F — 
Hem ,Y carrajy !Terms Taqice 

cnenrbH gnaH ;Leese cTpaHe, a y 

Aajy o6a nocnentna Llama, 
AKO HexTopcxy jenHatuffly 

-0 	-0 
F— mw = — Xi  grad fi  — X2  grad f, , • 

-0 	-0 -0 
(F — mw, Ss) = 0 . 

Axo je ma jenHa Be3a He3anpwanajyha, Clam' on exanapHHx 
npomanona ea =vie cTpaHe npeMa (I) HnH je no3HTHBaH HnH HyJIa. 

Cent Tora 3Hamo na je cnairm on MHOHCHTeJba H )■.2  (BHJ1H Kpaj 

§ 8.6), axo Be3a nejeTayje, I103HTHBaH. Ha Taj HailHH necHa eTpaHa 

y jennagaHa (3) mowe 611TH HJIH HeraTanHa HJIH Hyna, npeMa Tome 
Hmamo ne41HHHTHHHo 3a cm moryha xpeTaina maTepHjanHe TaLme 

-) 

(4) 	 (F — mw, 8s) < 0 . 

Y pa3HajeHom 06JIHKy oriaj ycnos mowemo HanHcaTH 

(4') 	(X — mx") 8x (Y — my") Sy + (Z — nzz") 8z < 

me cy X, Y, Z HoopAHHaTe aKTHBHe cline, a Sx, 8y, az xoopnHHaTe 
moryhe napmjau,Hje HnH, Kano ce }mace, HapHjauje ,LIexapTonia 

HoopnimaTa. 

Yenos (4) HMI (4') 3one ce ,aa.nam6epon riptumun as iilanxy. 
Taj npHunan mowemo (max° cjlopMynxcaTH: Pan paunixe aKTHBHe 

cline H npoH3Bona mace H y6p3aina Ha CBHM moryham napHjaujama 

Tatme He mowe 60TH II03HTHBaH. 
4 

BeicTop —MN), KOjH Htda nHmen3Hjy cline, 30Be ce 

ca.na unepzfuje; ona je cin<THHHa H3 pa3nora InTo ce 3a Hpy He mowe 

U0Ka3aTH H3sop.  

36HP aKTHBHe cone F x come HllepuHje —MU) 3oBe ce /13- 
-3 

zy6.1bena tuna. AKO Hary6.7befty cHny 03HatIHMO ca P imam° 

-0 	4 	-0 
P F — mw.  

IloMohy Te cone „aanam6epon npHinwin mowemo (popmynHcaTH 
-+ 

(P 8s) < 0 , 

Tj. sa Hpeme HpeTatba Tatme pan H3ry6rbeHe come Ha enaxoj moryhoj 

napHjawijH He mome 60TH II03HTHBaH. 

H3nenH cm° ,LIanam6epon npinrunn (4 HJIH 4') 143 ai(1)epeHuH -

janxe jeaHaqHHe xpeTalba Tagice (2), a 3a H3Hoheffie one nocnywHaH 
CMO ce EbyTHOBHM 3axotima o yHohetny Cline H J40IlyHCKHM ycaoHom 

peaHuHjH HaeaaHe Hen. 

lloHmHmo can na cam ,L(anam6epon npuknurn mowe nocnywHTH 
3a Hanoherbe axcpepexuxjanHe jenHatme Hpleitiba 60.no eno6onHe 

6Hno Hecno6onHe Tatum, Tj. JI0I13 ,1KH mowe na 3ameHH yCJI0B 0 pe-

axnHj0 HneanHe Hem Ta therom oco6HHa onpannana ineron Ha3HB 

Damian rzpunzincia• mexanzce. 

1. ITheTnocTammo [Ipso ;la je TaLuca eno6onua, Tana je sexTop 

noTnyHo npoH3rxman. ,Ltanam6epos npHHuHri aa oBaj cayHaj naje 

(5) ' 	mw, 81)=0 . 

OBaj CKaJIapHH npou3BO.g Mo)Ke 60TH jennax Hyatt 3a cnaxy 
►  

Bpe)I,HOCT BeKTopa 8s canto y enytrajy, an je ItpBH MHOHCHTen, yneK 
jenHax Hyatt Ilpema Tome Hmamo 

4 4 
F — mw 0 , 

-0 
Ti. mw=F, a TO je nexTopcxa nHtlepetrujanHa jenHatunra xpeTaina 
cao6onHe Tagxe, 

2. lipeTnocTanumo can, na je Tagma Hecno6onHa ca jenHom 3a-
npwaHajyhom He3om 

(6) 	 (grad f1 i  Ss) ------ 0 . 

ai(TMBHa 	 , X2 	MBOXIITeJbli 

canto ca jenHom He3om oTnana no-
enktiajy cno6onHe Tatme — (Ma- 

(2) Harannemo 

na exanapHo noMHOwHMO nesy H ;Lem, eTpally moryhom HapHjaux-

jom 8s, 

- 

no6Hhemo cHanapHy jenHatmay 
-0 	-0 -4 	 -0 	 -4 

(3) 	(F — mw, Ss) — Os grad f — X2 (8s gradf2). 

Kan cy o6e Be3e 3anpacaeajyhe 11.71I4 je TaLma eno6onHa, npeTxontia 

jenHagHHa naje 

f (x, y, z; t)--- 0 • 

itanam6epon npuHulla notion() nHuiemo y o6nHxy (5), a Moryha Ha-
pHjaumja 3anorswbana ycnon 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



1  263 	 Xamairmos npummu 6 13•3 	.Tlarpauwes npunium moiyhin nomepatba 262 

CsaKa moryha sapajaumja, qaja je speAHocT 

(7) 8s

- 

 = [gradf, , 8k

- 

), 

rAe je 8k nornyso npOH3BOJbaH seKrop, 3a,a0BO.TbaBa yCJI0B (6), jep je 

(grad f, [grad f1 f  8k]) - 0 . 

AKO CTaBlIMO apeAttocT (7) y ,Ltanam6epos npantan (5), Ao6ahemo 

4 	-) 
(F— mw, [grad f, , 81d) = 0 

HJIH 
4- -4 	►  

(8) (8k [F — mw, grad f,J) = 0 . 

1101)TO je caA BeKrop 8k noTnyHo flp0H3B0Jball, ycnos (8) moxe 

611TH 3a,a0B0JbeH canto y cayttajy, xaA je 
4 	-4 

[F— mw, grad/I ] =0 , 

a TO moxce 614TH, 3a seKrope pa3J111 ,IHTe 04, Hyne, CaMO y city qajy 
KaA cy MHOACHTeJbH troninteapHa, Tj. KaA je 

F — mw

- 

 — X, grad f„ 

rAe cmo ca 	03H24HJ111 HeKH cHanap. AKO A,o6ajeHy jeattattaHy 
Hanamemo y o6naxy 	

-4 4 
mw =F X, grad f,, 

sanamo Aa CMO 113 ,aaJlaM6ep0Ba npattuana 113BeAH rummy sexTop- 
cxy 2114tepeanajanHy jeAHatlithy xpeTatba Tatme Ca MHO)KHTeJbeM Be3e. 

Ha CAH4UIE1 HatIHH momemo H3BeCTH 113 aaJlaM6ep0Ba flpith1111113 

je,rwatwxy xperatba Hecno6o.rwe Taqxe H ca roe se3e. Catma pacy-
basaH.a ce noHasibajy 14 3a cnyqaj He3aApHcasajyhax se3a KW; oHe 

noquy Aa AejcTsyjy. 

§ 13•3. JlarpamKeB nplumim morytHx nomepalba 

KaA ce TaLIKa, 6HAO cno6oma 614no Hecno6oAtta, jemor MOMeHT3 

H8Aa3H y MHpy, a pe3ynraHTa awrasHe CHAe H pearawje, ALTO Aej-

crsyjy Ha Tatwy, je,rwaKa je Hynes, Talma ocTaje y TpajHom miip0Baiby. 

3a TaKsy Tatmy ce xaxce Aa ce Hana3a y Tionosicajy pastioirance, a 

32 cane 111TO nejcTsyjy Ha tby Aa cy ymumorametie. 

nOLUTO 6pssna 	y Tp80014 bnipy you; mopa 60 
	

Mina 

Hynes, 113 ycnosa 32 6p3HHy 

df 
dt 	 a (v 

- 

grad f) 	)ft  

Koji] nocrama 3aApscasajyha se3a 

f (x, y, z ; t) = 0 , 

HenocpeAtto caeAYie Aa je
a se3a-- = 0, a TO 3Ha4H Aa se 	mopa Aa 
at 

6y.ae Her:mama. 3a Taxsy se3y csaxo moryhe noidepatbe um 
►  

BpeMe je H moryha Bapajaauja H o6paruo, Tj. As = 8s . 

110111TO 38 Taqxy y paBHOTeNCH y6p3albe W HCTO TaKO mops 

614TH jealiamo Hynes, flanam6epos nplottan (4) § 13'2 3a cnyttaj Tatum 
y pasHoTeacti Aaje 	

( -A 4) < 0  (1) 
HJIH 

(1') 	 X8x Y8y Z8z < 0, 

rAe cy 8x, 8y, 8z KoopAmHaTe moryher nomepaHA, a y HCTO BpeMe 

moryhe sapajanaje Tatwe. 
YCJI0B (1) HAM (1') a3paxasa Jlarpatmes npaHuan, morylua no-

mepatba. OH rnaca: Y cnyttajy pasHoTewe Tatwe paA pe3ynTawre 
CBHX aKTHBHHX CHJI2, UITO Aejcrsyjy Ha Tatmy, Ha CBHM moryhum 
nomepatbama He moHre 614rit no3wrnsaa. OH je je,rwax Hynes 3a cnyttaj 
3aApacasajyhax se3a. 

143,  Jlaurpatmesa npaHnana, Kao IUTO hello saAeTa y wityhoj 
masa, momcemo H3BeCTH ycnoBe 3a pasHoTewy 614no cno6oAtte 6uno 
Hecno6oAlle mance. 

flomohy Jlarpatuxesa npintuand (1) mmemo 21anam6epos 
npitHatin, KaK0 TO noxasyje ycnos 

4 
(P 8s) < 0, 

--) 
rue je P = F — mw 143ry6Jbetta curia, °sax° (tiopmynacaTa: 3a speme 
xpeTatba 'mime tury6.Thetta aura croja y paBliarearH ca CHJIOM peaxwije, 

§ 13•4. XaMHJITOBOB nplimuin 

Hexa ce marepajanaa Tatum, cno6oAna HAH Hecno6oAHa, xpehe 
-4 

no.a yTasajem cane F H3 nonmaja Alo ca notterHom 6p3aHom Vp y 
nonowaj M, . TpeHy'rxe nottenca H Kpaia KpeTatba 03Ha4HMO ca t, H t„. 
?Kasy cany Tatum, Kao yam 03Ha9HMO ca T. 
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§ 13 '4 	 X2mtwoliots npnimin 	• 	 264 265 X11641111T01108 npnnunn 	 §13'4 

  

• 	-) 
lipernocTasHmo pa CHJIa F lima cpymanijy CHJIe U, Koja mome 

Ae 3aBHCH He canto op KooppHHaTa sett H 0):( spemeHa.' 
Y3MHMO y pa3marpatbe HHTerpaJI 

tl 

W=f (T U) dt 

to  

KOJH ce 3oBe 4ejecTwo y Xamuntriollosy cAtucny. I-berosa nopHHTerpanHa 
opyHKuHja mcme ce cmaTpaTH 14 Rao pa3nHica KHHeTHEIHe 14 noTeH-
HHjanHe eHeprHje Tacnce. 

3a cTBapHH nyT TanKe, Koja demo 3BaTH H 4upeica7Hu Feyrn illaince, 
pejcTso y XaMHJITOHOBy cmacny mo)Kemo HspaqyHaTH, Kap 3HaM0 

KpeTaH,e Taqxe, jep je Ta„ga nopHHTerpanHa cpyHKaHja Tor HfiTerpapa 
no3HaTa (1)3THKuja spemeHa. 

Ynopepo ca KpeTalBem Talwe no ,1114peKTHOM nyTy 3aMHCJIHMO 

ppyro Kperaffie Tatme, Koje ce spun!: 
1. 3a HCTO Hpeme op to  po t1 , 
2. 1,13mehy HCTHX TatiaBa M, H M1 , 
3. Ca 3aposwbasatbem se3a, aKo je TagKa Hecao6opna. 

Koja 3aposcibasa re yc.nose, a He npeTcTawba ,E1HpeKTHH 

nyT Tatme, 3ose ce aao6tmasuu rzyra nue. 
Hem Aeicrao y XaMHJITOHOBy cmac.ny Ha je,g,Hom op 3ao6H-

.11331114X nyTesa Hma spepHocT W1 . Pa3nHKa 

npeTcTas.Tba npHpainTaj pejcTsa y XamunToHosy cmHc.ny, *Kap ce 
npelje op pupeKTHor nyTa Ha jepau op, 3a0611/1a31111X. 

IlpeTnocTasHmo cap Aa cy nyTesH Taqice TaKBH ,zta ce pejcTso 

y XamHaToHosy cmHcay melba HenpeimpHo Kap ce npena30 op pH-
peKTHor Ha 6ecKpajuo 6JIH3aK 3a06H.11a3HH nyT. Tapa HCTO xao LUTO 

npHpatuTaj cpyHKHHje mowemo pa3B11TH y pep, tnijH npsH gnat nper-

CTaBJba npsH pmPepeanHjan itymalHje, TaK0 HCTO nplipainTaj OW 

mo)Kemo pa3BHTH y pep. rIpsH 9J1811 Tor pepa 30Be ce tipsa aapu-
jaquja gailloz tirdezpana. Y H3paqyHasalby npse sapHjanHje, C.1114t1H0 

npsom pmpepeHnujany, Tpe6a ce 3aycTasaTH camo Ha 6ecKpajHo 
manHm se.nHqHHama npsora pepa. 

1/13paqyHajmo cap npsy sapHjannjy SW pejcTsa y XammToHosy 
cmucny npeTnocTasibajyhH pa npena3Hm0 Ha 6ecKpajHo 6J1H3aK 3ao-

6H53311i nyT H Aa Kperaffie no TOM nyTy 3aposon)aaa TpH Ha6po-

jeua ycnosa. 

AKO nonowaj Tacnte oppehyjemo He3asHcHnm KooppHHaTama q ;  , 

rite i HM8 13peABoom op 1 pc) /I, H TO t t=---3 3a cno6opHy TaqKy, 

2 TaqKy Ha nospinHHH H n=-- 1 3a TaqKy Ha JIHHHili, oHpa 

paqyHaffie ca THM KooppHHaTama o6e36ehyje 3aposwbasatbe se3a, 

jep, Kap meffiamo camo Te KooppuHaTe, TatiKa Hehe HanyinTaTH Be3e. 

110LUTO je speme KpeTaffia no CBHM nyTesHma HCTO, rpaHnu,e 

HHTerpapa (1) He noppme sapHjanmj“. 
Haj3a2 yc.noB pa CBH nyTesH npona3e Kp03 HCTH 110tleTHH H 

saspwHH noacmaj 110CTII/KeM0 Ha Taj Ha91411 IIITO H3jepHaqyjem0 C8 

Hy,nom sapHjanaje KooppHHaTa 3a Te nommaje, Tj. 

(2) 	(800  ------ 0 , 	= 0 , 	i 	1, . . . n . 

Y3Hmajyhu cue TO y 063Hp, npsy sapHjauHjy H3paqyHasamo 013_110 

11 	 tl 

SW=81 (T U) dt f (8T +8U) dt = 

to 	 to  

= f
=1 aq i ' 	 1=1 

-- 	dt f 	CT +au) An cif 
i 	 aqi 	aqi  — — _ 7;  • aT 

to 	 to 

3a TpasccDopmHcatbe csaKor tipaHa npsor HHTerpana npe csera 

y3MHMO y o63Hp pa je y AaTom cnyqajy 

8q1'
dt 

 89 ;  , 

jep cy onepauje sapHpaiba H pH(Pepequfipaiba no spemeHy He3a- 

sHcHe jepHa op /pyre. llocae Tora CBaKH LIJIaH nom Aenumumie 

HHTerpagHje Aaje 

ti 	 ti  

f aT  S9,' dt - - - - fAr d g, —(1(11; , 	(. 1.. 89,) — 
j aq,' 	' 	j aq,' 	 h \aq! 	10 

to 	 to 
it 	 ti  

_ C cl( T ).., q,  

	

, 	o dt = — f d 
	aT . 8q, dt 

	

q 	
, 

J dt \a,' 	. 	dt ag, 1  
to 	 to 

npu qemy CMO y3enH y o63Hp jepHaqHHe (2). Ha ocuosy H3spweHe 

TpaHabopmaumje npsa sapHjausja po6Hja o6.IHK 

(1) 
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§ 13'5 	 Kaaomnae Jekaattaar . 14111018148 Tagice 	 266 

- aT aT , au 
(3) 	SW=— I 	 )81i  dt . 

t=i 	aqi ' 	dqt 	aq, 

AKO caA ysmemo y o63Hp JiarpanweHe jenHalothe xpennba Tatme 

d aT _OT — OU
P dqi' dt aq,'  

BHAHMO Aa je nonHHTerpanua clvEncumja Hamer HHTerpana jenHaHa 
Hynes H npema ToMe je 

(5) 	 SW=0, 

• npHa HapHjauHja Aeicraa y XamHnToHoHy cmHc.ny jennaHa je Hynes. 

Yuma (5) mO)Kep.40 cmarpaTu Hao Heonxonaft yCJI0B sa extremum 
Ilejma 3a nmpeHTall nyr. ,Ely6.Tba aHanHsa noKa3yje na, cent Hsyser-
HHX cnygajesa, aejcTuo y XaMHJITOHOBy CMHCAy, KaA Hese He samice 
on Hpemella, saHcra Hma extremum H TO minimum. 

CTaB Aa je npHa HapHjauHja nejczea y XaMtiXTOHOBy CbRICJiy sa 
AHpeKTaH nyT ram jenHaica Hynes 30Be ce X21111:111WOHOB 

143BeJIH CMO XamHJITOHOB npHHuHri Ha OCHOHy JlarpaH)Hemix 
jenHainffla KpeTaH3a (4). 06paTHO, H3 XaMHJITOHOBa npHHUHna (5) 
mowemo H3BeCTH JlarpaimeHe jenHaqHHe. 3aocra, npriol HapHjaumja 
SW moxemo naTH ot3.7nifc (3). flowro muerpan y TOM o6pacuy sa 
np0H3B0JbHe HpenHocim HapHjauHja He3aBHCHHX KoopAHHara Sq, moNce 
6HTH je2Hak Hynes canto no ycaoHom aa je CBaKH Hoect)HuHjewr 
Hon Te BapHjauHje jenHafc Hynes, HenocpenHo aO.Tia311M0 AO jenHa- 
qiia (4), 

MOTyliHOCT H3BObe1ba „nlictlepeHuHjanHHx jenHavHila KpeTaH7a 113 

Xammarollosa liptimuma onpaimasa Ha3HB TOT CTaBa Ka0 ortutifin 
ripunquaa Atexattuxe. HanoMeHHMo na Taj npaHuHn moncemo npHme-
HHTH CSMO Ha oHa KpeTatba raince, Han cHne Hmajy cpyincuHjy cane 
H Hese HeMajy HexonoHomaii (§ 8 . 1) KapaRTep. 

267 	 Kanosatine itiniatunie rpelalbS Truce 
	 § 13•5 

ti  
SW = 8 (T U) cit 0 

H H3pa3HMO nonsHrerpanHy 4:13,Hicumjy, Koja 3aBHCH OA q,, qr 
(i =1,... 	H Hpemeaa, Koje ce He sapopa, y .2,37HHumjm KOOpAHHaTa 

qi H HOBHX ilp0MeHJbH1314X p,, Hoje cy sesaHe Ca CTapHM ripOmeHJbH- 

 aT  
(2) 	 p i 	--- • 

dqi' 

11p0MeHJbHBa pi  30He ce zettepanucantt umitync. 3a fleicapTosy 

HoopAHHaTy, peuHmo x, reHepanHcaHH Hmnync je mx' H npeMa ToMe 

jenHax je onrosapajyhoj KOOpAHHaTH KOJIHIIHHe HpeTatba. 

FlpehHmo Ha HspagyHarialbe HapHjaunje Hume CHne. C jenHe 

Crpaue uenoCpemo HMaMO 

n  (OT 	, 	T 
ST = 	— Sq, -t- — 8 q,' 

aq, 

HJIH Ha ocHosy (2) 

ST =i ( aT  41 + p, 8q/) • 

CBaKH npou3Boa p, 8qi' moHcemo HarnicaTH 

pi  Sq i' = 8 (p, q i') — q,' 8p,, 

uncle vera 3a ST Hmamo 

(3) 
	

8T =i [8 (pi  qi1) —
dT 

 8q;— q i' 8p,i• 

AKO can yHenemo 4)yfixuHjy K HesaHy Ca' T o6pacueM 

T 	pi  qi' — K , 

(4) i =1,2 ... it 

( 1 ) 

BHM q i' jenHainniama 

1=1 

§ 13•5. KamominHe jeAmamHHe xpeTatba Tazilte 

flpHMeHHMO XaMHJITOHOB npkiHumn sa Hsaoheffie HOBHX jenHatuffla 
apeTatba Tatum, Tam) amnia xanontvatux jeNtaitutta. 

Y3MHMO XaMHJITOHOB npinmun  

03 Tor wpm, cmaTpajyhH K Kao cpyincuHjy npomeHibmmix p i  , q„ t, 

momcemo HailliCaTH 

 (4) 	ST =6 pi  q i ' — (OK Sqi 	
dK Sp i) • 

1=1 	aqi 	oPi 
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§ 13* 5 	 K8HOHH4He jenifitmee KpeTaEba Tatum 	 268 

Ynopeunmo JIH necHe cTpaHe H3pa3a (3) H (4) A0A8311M0 AO 
ofiphana 

OT = OK 
dq,' 

dK 
= opt  

AKO crasHMo H3pa3 3a HapHjaulijy (4) y (1) H y3memo y 0630p 
na je 

8 (Pt 	gli 6P` 	P' 6g1' 	g 613, +131 dt 6g1  

269 	 KRHOHH ,Ille JeAustme Kperafba Tatum 
	

§ 13.5 

n0111TO y H3pa3y (7) cee eapejaneje Sp; H 8q, mory 6HTH HOT- 

ByHO Bp0H3B0Jblle, KOOHLWieHTH y3 HAIR Mopajy 6HTH jemame Rpm 
H npema TOMe !imams Itee cepeje jeivatmea 

dH 	dp, dH = 	0 , 
op. 	dt 	dq, 

lc* ce o6HI1Ho ninny 

dH dq, = OH 
dt 	dq,' 	dt 	dp, 

(5) 

(6) 

(9) 

no6Hjamo 	 One jenHatunie 3amice canto on jeulle cPyHmuHje H, Koja ce ue- 
CDHHHIlle jeAHHI1HHOM (8) H 38BHCe canto 0,T1( BPOMeHJbHBHX p,, q i , t. 

OK„ 	OK 	OU 	 H je XaAttutraonoBa Oytuctfuja. 
—, ogt otq 

JenHainufe (9) 3oHy ce Kanontme jextaittme npeTaffia maTepH-
jamie Tatme no Trfituijem cHze noja HMa cpyiumajy cane. Bp.no 
'Hamm oco6HHa. THX jenHaluma je y Tome IBTO one canpnce canto 
apse H3B0,r(e Heno3HaTHx ne.71HEIHHa H ripe Tome cy perneee no THM 

H3BOAHMa. 

ti  

	

SW=f
; q.' Sp• 	Pt  - d Sq• 

	

11:1 1 ” 	dt . 
 to  

AKO can y3memo y o63Hp na je Ha OCHOBy neJ114MH ,1He HHTerpa-
nHje H jenHatma (2) § 13.4 

	

t, 	 ti  

	

f d
t 	 d 

Sgt • dt = (Pt 	— (p, 80 0 — 1 —11  Sq, 	dt = 

	

to 	 to 

t 

to 
p 

J Sq, 
d 
  dt, 
dt

, 
  

to  
(mina npHoj HapajauHjH moncemo naTH n e4MHHHTHBBH 06JIHK 

dH\ c  jdp, 	011\ 6  

OA) 	dt 	dq, q1 1 

me CMO CTaBHJIH 

(8) 	H=K—U=-EVA—T—U 

H HCKOpHCTHJIH oc06HHy 

dU 0 
 Op, 	• 

O6pac!H (5) H (6), no6m3eHH npu H3BO1jeilay KaHOHH4HHX jenHa-
tiHa, omoryhyjy ;la ce naHoHatnie jenHarnine Ao6ajy HenocpenHo H3 

Ilarpamnemix jennaimHa. 3aHcTa, au() yueuemo 4)yexonjy H je,11Ha414- 

HOM (8), jenHaLume (6) najy 

dq, 
dt 	opi  

a narpamiceee jezmageee 

d
i 

OT 	OU — 
dt dq,' 	dq, 

Ha OCHOBy (2) H (5) moxiemo HaBHCHTH 

dp, aT dU 	dK dU _ _ aH  
dt 	dq, 	dq, 	dq, 	dq, 

lipema Tome n06Hau CMO jemy H upyry cepHjy KHHOHH4HHX 

jenHatmHa (9). 

t
lr  

(7) SW = 
i
E

1 
to  
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§ 13'511 KIIHOHHWIC jeAHeYase HneaercKor aperama 	 270 

 

• 

§ 13•51 Ranosaque jegaaqsae sa Kossepsantsao 
xpeTame Tatum 

km° je xperame moH3epHaTHHHo, B e3e He caHpace Hpeme m tuna 

HAla cl3yuxuHjy tune KOja Tamobe He 3aBHCH oa spemesa. }K.HB8 tuna 

T je Taxi xomoreHa . msa,npaTHa 43yHianaja (KBa,8paTHa (Dopma) retie 

panHcamix 6p30Ha q,' H npeMa Tome aa kby BaNCH Ojneposa Teopeoa 

xoja aaje 

E dT 	n  

i 

XammnroHosa 4:137HHHHja 3a Taj C.TIrlaj Ao6Hja °Ha] jemiocrasH0 

o6.rnix 

KaHouHtnie je,aHaqHHe 3a osaj caygaj 

(1) 
	dp i 	off 	dq i 	OH 

dt 	 dpi 

Hmajy HHTerpaa Hume cHne y o6.nHxy 
H h 

rue je h HwrerpauHolia KOHCIIIHTa. 

nOWTO y jeAllatIHHe (1) speme yna3H y cHygajy KOH3epBaTHB ." 

Hor xpeTaiba canto y .o6nHxy AmPepeHmHjana dt, moacemo ra eaHma-

HHCaTH H3 CHCTM (1) y3Hmajyti0 sa Horsy He3aBHCHO npommbHay, 

peummo, ma Kojy HoopaHHary, na np. q 1 . Chia canto He cme 6HTH 

KOLICT8HTHH. 

§ 13.511 Kasostpme jeAsagsse nnaseTexor xpeTatba 

HanHummo maHomme jeallatume xpeTatha nnaftere y EbeHoj 

PaBHH. 
flonoacaj Tauxe o,npebintahemo nonapimm HoopAHHarama q 1  = r 

H q 2  = 0 . Macy mnaHere y3nMaMo 3a jeAHHHuy• Kao urro je no3Haro 
(§ 2.3), Ta,aa je HcHsa cHna 

2 T = r' 2 	r2 0'2 

ii,npema Tome je  

271 	 Kaaomme jeammune rtnaaercaor aperama 
	

§ 13'511 

OT 	, 
— r , 
Or' 

Pa =
T 

de' 
= r2  0'. 

11=T° je )1thrta cHaa 38 Hose npomemnpuse 

2 T =__pi 2  + —
1 
 pa2  , 

T2  
a cpymmuja mile 3a 1-byTHoHy cony (§ 7 • 1) 

k2  mi  

rAe je k2  xoecinumjeHT nponopuHoHanHocTH, a m 1  HearpanHa maca 
moja npHanatm, onaa 3a XHHHATOHOBy cliyHmajy AO6HjaMO 

2 
(P/2  — P22  ) — 

k2Mi 
• 

1 	 1 

r2  

KaHoHime jeaHaunie Ao6Hjijy 06.8HK 

	

dr OH 	de OH p2  ==---, 
dt 	Op, 	dt 	61;2  r2  

dp 1  __OH _p. 2 _k2 m, 	dp2 ==._ OH =.0.  
dt 	Or 	r9 	r2 	dt 

To cy tierHpH jezwatme .npHor pea 3a oixpebnHatbe veimpm 
npomewbHse pi , q 1 , P2,  q2  y cpyfixuHin spemella. 

143 nocaeutbe jeaHatinHe Hmamo HHTerpan 

P2 = C • 

OH oarompa CraJIHOCTH CeKTOpCKe 6p3HHe, jep je p, = r2  0' . Je,a- 

HaLuma 
de 

 =a omoryhasa oApebmHathe yrna 0 y cpymutijH ape-- 
dt 	2  

meHa, xaa 3Hamo r y cpyinaufjH spemeHa. 3a oApeljEsathe p i  H r 
capxe je.rtHaqHHe 

dr _ 	p 2 k2m1 	... = pi  , _,____ 2 	,   
dt 	dt . 	r3 	'r2  

He yna3elmi Henocpexio y kurrerpauHjy TCH" CHCTM, npHme- 

	

THMO .na OH Hma HHTerpan )KHBC tune _ 	• 

1 
2 (Pi' -1-12 P22)  k2 	m, -= h, 

r 	r 

rae je h xoHcrawra. Atm H3 TOr Hkrerpana oapeAHmo pi  H CTaBHMO 

y npsy jeaHatuthy, Ao6Hhemo KBaapaTypy 3a oapebusathe r y 4)3, 111(- 

1111.1H spemeHa. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



CTaTnica 

C.TIABA tlETPHAECTA 

Canto 69 

Cum 70 

§ 14•1. PasHoTewa TamRe 

AKO ce maTepHjanHa Tatma, 6e3 o63Hpa Ha TO HIT° Ha thy 
aejcTsyjy cane, Hana3H y TpajHom MHpy, 3a thy ce xme, na ce Ha-

.7133H y TIOANKajY pamorilexe, a 3a cline na cy ypamoraexelie Hatt 

Aa cOoje y pasHordesicu. OHaj neo AHHamtme Tatum KojH ce 6aBH 
mHpyjyhom maTepujaattom Tatixom 3oHe ce ciffaiiluica Ellaince. 

Patntje je CTaTHKa 6Haa peJlaTHBHO onamptia uliCgHnJInHy H TO 

I13 Atm pamora. flpBO, Han TeopHja HexTopa HHje own 143,1tHojeHa 
y camocTanHy reomeTpHcxy Amcatirummiy, pacybmBatba, noliega,g BpJ10 

onuntplla, H3 Te Teopmje yna3una cy y cTartixy. apyro, Rem) nyTa, 

HapotutTo non yTenajem npatattqfittx N IIIKOJICKHX noTpe6a, Hanarathe 

craTtme je npeTxonHno tonarathy KHHeTHKe H 3aTO cy mHorH OCHOBHH 

nojmosH mexamice no6Hjanx cToje npHo Tymagethe H pa3mtjathe y 
CTaTHIIII, a TO je 3HaTHO nosehattano maTepHjan CT8THKe. MH ce npm-
npthasamo oHor H3naratha cTaTuxe, xoje, c jenne cTpaHe, npeTno-
cTaH.Tha 3Hathe TeopHje. HexTopa, a c npyre cnenyje nocne H3naratha 
naHamince yonatTe. 1-10ANTaKBHM ycnomma CTaTHKa ce citoatt camo 

tta penanntno xpaTax one.rhax AHHaMHKe. 

• OCHOBHH npo6nem cTaTHKe TatIKe CaCTOjii ce y nportaHathy 

ycnotta non Hojuma Taqxa mowe ocraTH y paBHOTOKH. Y Be3H ca 

THM npo6nemom CTOjH onpebtleathe CBHX moryhm nonoticaja pasHo-
Tme marepHjanHe Tatce, OHno cno6oafte 6Hno Hecno6onfte, non 
.aaTHM ycnoatima, Ha up. y ;.,TaTOM nwhy cHna. Haj3ax, y npo6nem 

cTaTtme cnana H npormathe KapaKTepa nonoxcaja pasHoTme, Tj. 

noHawalba Tazwe KaA OHS mano OTCTyfIli OA CBOr mHposatha.  

273 	 YCAOBH pamoTexce cno6otute mice 
	

§ 14'2 

-0 
mw = F , 

-o 	 .4 -4 
rue je m maca Taqice H F pe3ynTanTa CBHX aKTHBHIIX CHJI8 F1, F2, • • • Fn 

HIT° nejcTsyjy Ha Ta'Ky, HenocpenHo cnenyje Heonxonau H Aosomau 

ycno3 3a pasnoTexcy cao6o,ame maTepmjamie TatiKe 

(1) 	F = Fi+ F24-  • • • ± Fri--- 0  • 

Taj •cnoti nahemo Betcriiopctcu yaws pamoirremce anodo,zote 
illaince. OH Tpaam na pe3ynTairra CBHX aKTHEIIIIX CHJIa, LUTO nejcTityjy 
Ha Taqxy, 6yne jenHaxa HyJIH. 

143 , BeKTOpCKOI" ycnom (1) Heno-
cpentio cnenyje zeomerupucxu yaws: no-
am-m.1 ama KoHupymcax ox CBHX aKTHB-

HHX mina mopa 6HTH 3aTHopeH (cn. 69), 
jep he camo y TOM cnyqajy pe3yaTawra 
THX cuna 613TH jenHaxa 

AKo cy ate cline y ucToj paBHH, no-
JIHrOH Cana moxcemo HattpTaTH y jenHoj 
pa BHH H zpaOttziK11.41 (ipaOtituca 
CraairitIKCI) nposepHTH yCJIOB pa3HoTence. 

Y cnyqajy npocToptior no-
caaa qtitheHima na je 

npojetatHja Tor nonHroHa Ha pa-
B8H 3aTHopetta it* AOBOJbaH 

nom 3a TO na je H cam nonll- 
roll CHJIa 3anopee. TaKO, Ha up., 

4 4 
npojexunje elm F1, F2 , F,(c.n.70) 
Aajy y paBHH P 3aTeopett no-
naroH A' B' C' A', HO Te cline He 
cToje y pasHoTexcit, jep je HDH- 

§ 14•2. YCJIOBH paaHoTewe cno6oxae Tawe 

Kao IIITO y npoyquathy xpeTatha Tatum 143 /lam-  nonomaja 
non yrintajem AaTHX CHJIa Tpe6a na 3H8MO notteTHy 6patuty, Taxo 
°me, y nportasathy ycnotta TpajHor mHpoHatha, Tpe6a npe cHera 
HaBecTH na y noncmajy ptutHoTence Taqxa He cme HmaTH notteTHy 

6p3HHy, Tj. Aa je vo  =--- O. Taj yCJIOB je TOJIHKO otnirnenaH na ra BHU]e 

Hehemo HaBOAHTH. 

KaK0 3a ale pee muporiatha y6p3athe w Taince mopa 6HTH 

jeAnaKo HyJIH, 113 HexTopcxe ninDepefiumjanHe jenHaqHHe HpeTatha 
cno6onHe Taince (§ 4 .3) 

aaroaa 

18 PaumoHanea mexamma 
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§ 14'2 § 14'3 Y.CA013H pasHoTexce cao6oaae tatute 	 274  275 	 Ycawni paaHoTeme Time Ha nospwHHH 

noTpe6Ho je y3eTH join Apyry Taqxy 0', lc* He npiinaAa npasoj 

wro cnaja Tatme 0 H M. AKO je pe3y8TaHTHH MOMeHT L' H y oAHocy 
Ha TatlKy 0' jeAnax ByJIH, Tj. axo Hmamo join H yCJI0B 

-0 
(2') 
	

L' 	0 , 

moscemo TBpAHT14 /la je F = 0 H Tatixa M ce Hana3H y pasHoTesui. 
Hanomeimmo Aa oA Asa BegTopcKa ycnosa (2) H (2') moscemo Ao6HTH 
caMO Tpa He3E1BHCHa cxanapHa ycnosa. 

Hma H Tannix cnenHjanmix cnytiajesa xaA je nposepaHaibe 
ycnosa (2') cysinnuo. Tam), Ha rip., KaA ate cane ripHriaAajy HcToj 
paHHH, .OLLHOCHO HCTOj npasoj, a TailKy 0 yamemo BaH Te paBHH, 
oAtiociio npase, yCJI0B (2) He camo Aa je HeonxoAaH Bell H AOBOJbaH. 

Ha CJIlitlati Ha9HH mcmemo npoytniTH ycnose paHnorme H3pa-

xceHe noMohy momeHara OKO oca. 3a TO je A0B0.1bH0 HanHcaTH 
.napHe jeAHatthlle LUTO oArOsapajy sexTopcxoj jeAHaquini (2) omioctio (2'). 

Haj3aA, ycnose 3a pasHoTescy cao6oxie Tatme mmemo Ao6HTH 
H3 npHHinina moryhmx nomepaiba (§ 13.3). IlpeMa TOM npaiumny 3a 
cn06oAHy Taqxy HMBMO yCJI0B 

-+ 	--0 
(3) 	 (F, 8 s) = 0 , 

[vie je 8 s moryhe nomepaibe Tatixe. floinTo je 3a cao6oAHy Tatmy 

sexTop 8 s noTnyHo lip0H3B0JbaH H3 jeAHatunie (3) cneAyje ycnos 

pasHoTesce F = 0 . AKO Harnimemo (3) y pa3sHjeaom o6aHxy 

X 8x Y 8y Z 8z = 0, 

360r 11p0113B0JbHOCTH 8x, 8y, 8z AOHa314M0 AO ycnosa 

X = Y = Z = 0 . 

143 npeTxoAlior SWUM) Aa ce ycnoSHma-  pasHoTexce cno6oAHe 
Tatixe mory AaTH pa3aH9HTe cbopMe,anu Imo pe3y.aTaT CBHX pacybii-
Baba Ao6Hjamo illpu He3asHcHa cxanaptia ycnosa. 

§ 14.3. YCJIOBH pasHoTewe Tatum Ha II0Bp111111114 

Y § 13 .3 sHAeni, cmo Ail 3a moryhHocT pasHoresce Tatixe Ha 
1101301HHHH mopa nospunina 6HTH HenompeTHa. JeAnatuniy Taxse no-
spiumile Haruicahemo 

(1) 	 f (x, y, z) =0 . 

-) 
xoaa pe3y.nTaHTa,c14na F= AD,. pa3nliquTa oA Hyne. CH.na  F cTo]H 

ynpasHo Ha paBliH P H iseHa npojetaulja Ha Ty pasali naAa y Taing A'. 
lipema Tome 3a nocTawbaibe ycnosa paaHoTesce ciina y npo- 

cTopy rpaclmtumm nyTem Tpe6a HaapTaTH npojemiHje cHna Ha Am, 

peuxmo ynpasiie, paBHH H camo Imo cy o6e Taxo Ao6njeme npojex- 

3aTsopemi L1OJIHTOHH, Hmamo pasHoTescy ciina xoje AejcTsyjy 

Ha Hely Taqicy. 

AKO ,II,exapTose xoopAHHaTe acne F,

▪ 

 o3Ha9iimo ca X i , Yi , Z,, 

143 sexTopcxor ycnosa pasHoTexce moscemo HaLIHCaTI4 TpU (maxim 

cicanapna' 11.71H, }cam) ce ana.nutannica yanona pasHoTexce cno-

6oAHe Tae 

n  E X i = + X2 . . . Xn  0 , E Y, 0 , E Z+= 0 • 
i 	 i =I 

AKO je cnytiaj TaKaB Aa je 3roAHHje nporiaBaTH, mecTo ulna 

F1 , F2  . F„ , imixose momeHTe y oAHocy Ha Tay H.7IH y oAHocy 
Ha npasy, ofiAa H ycnose pasHoTme mmemo nocTasHTH nomohy 
MOMCHaTa. 

03Ha9mmo ca L i

- 

 momeHT cHne. Fi 

 - 

(i = 1, 2, ... , n) ca HanaAHom 

Tatmom y maTepHjanHoj .  Tatum M y oAHocy Ha Tatncy 0. AKO ca r 

oanatiiimo sexTop nonwicaja OM, 3a momeHT Hmamo 
4 4-4 
L i = [r Fil . 

Ka,g, ca L o3Haqiimo pe3y.11TaHTHH momear, Tj. CTaBHMO 

--> 	 --0 
L

- 

 Li  + L, ± • • • + L„, 

Hmamo 
-) 	n 	[ n 4 I 	4 -) ' 
L =X [rFd= rE 	= [r . 

1=1 

flouiTo je npema ( 1 ) F 6 i _ , Ao_H,amo yCJI0B 

4 • 4 - 
(2) 	 L 	[r F] = 0 . 

Taj ycnos je 3a paaHoTe)Ky HeonxoAaii Ho inije )1,0130.7baH. 

4 4 

3aucTa, 11p0H3BOA [r F] MOI1C 614TH jeAHax HyJIH ago H Hitije F = 0 , 
-÷ 

HaHme Kan cy seg.Topm r H F xonHHeaptm. 3a Aonyny ycnosa (2) 
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§ 14* 3 
	 Ycaoan panuoTexce Tatum Ha noninunen 	 276 

sexTopcxa AlicPepeliwijanua je,itHatioHa xpeTatba Taince no TaKB0j 

110Bp1IIHHH Hma 06.7114K (§ 8.5) 

3aycTaH11mo ce npso Ha c.nytiajy KaeanHe noHpume. 110111TO 

4 4 4 4 
mw --F+R=F+Xgradf, 

4 

3a pasHoTeocy Tataxe H3 ycnosa w = 0 HMaMOjeAllammy 

(2) + grad f =0 • 

-0 	 4 

PacTasHmo cHay F y Ane- Komnonewre: je1uIy F„ y npasuy rpa- 
4 

y AOT1HpH0j paBHH nospinaHe. Houle Tora 
,311jeHTa H .aPyrY Fa 

(2) moocemo paintinaHHTH y ;Ise je,aHalTHHe sexTopcxy jeaHaxmy 

(3) Pr, + X grad f = 0, 

(4) = O. 

IlpHa je,aHatdHa He nocTawba Haxaxas ycnos 3a cHny F„. 0Ha 
cny&H camo 3a oapehHeatbe peaxuHje, Hanle MHOHCHTeJba 

-0 ' 
„Eta cHna F„ momce 6HTH noTnyHo npoH3so.rbHa cneayje H 03 

-0 
osor pa3nora. CHna 	AejcTsyje y npasuy Hopmane ua HoBpamuy, 

a,nH y TOM npaBuy Tatma He mox{e .aa ce xpehe, nourro He cme aa 
Hanycni nospumny. Mace nospumne, xoje capegasajy xpeTatbe Tatthe, 

H3sop cy Hose cline, cline peaRunje R . Osa cHna CTOjH V paBHOTeXCH 

ca cHnom F„ : °Ha je HCTOT npasua H HHTeli3HTeTa, HO cynpoTHor 

cmepa ca cHnom Fn 
Ilpema Tome, y cnytiajy pasHoTme Tatme Ha Kaea.nHoj noep-

-) 
111HHH, axTHsHa clina F Tpe6a ,aa 3aaosonpasa camo ycnos (4), Koji ,' 
Tpa)KH .aa KOMnOHeHTa Te cone y TaHreHTHoj pasHH 6y,ae jeatfaxa 

Hynes. To 3HaqH cHaa F mooce Iman! camo npasau grad f , .apyram 

peqHma Asa HexTopa F H grad f mopajy 60TH xontmeapHH. Konimeap-

HOCT aHa sexTopa, Kao ILITO je nO3HaTO, moocemo H3pa314TH nomohy 

HexTopcoor npoH33oaa 

(5) [ F grad f] = 0 . 

Ycnos (5) mo)xemo cmaTpaTH Kao Hoctilopcicu ycnos pasHoTence 

Tatme Ha 110Bp11111HH. OH je extnisaneHTan ycnoHy (4).  

277 	 YCJI0I314 paancrreace Tagae na noap ►unna 
	 § 14. 3 

4 4 	4 

AKO Ha TailKy Aejc .rHyje mime aKTHBHHX cHna F1, F2 , 	 , 

pe3yaTaHTa THX mina F mopa HmaTH npasau rpazijeaTa, TO maim 

Hopmane Ha nospunnly. H3 Tora cneayje Aa noaHroH oa cana 
-0 4 	-0 

/-71 , 	Fk ca nogencom y TatIKH Ha nospunitut mopa HmaTo 

CaOjy 3atiptuffy Tagity Herae Ha HopmanH Ha 110Bp111HHH y TOj Tatum. 

Ta oco6HHa cny)xo xao OCHOB 3a opaOuLucy mei —uoRy nposepaHma 

ycnosa paHtio -rme Tatixe Ha 110BplUHHH. IlpojexuHje nonHroHa cHna 

Ha use pasoH mory 614TH oTsopeHH nontiroHH, a.nH 11311X0Be xpajtbe 

Tatme mopajy npHriaaaTH ourosapajyhtim npojennijama Hopmane Ha 
nosprHHHH y Tatm pasuoTme. 

AKO ca X, Y, Z 110H0B0 0311a9HMO ortexaprose KoopanuaTe cone 

F, H3 (5) Hmamo Asa axamirilizitica ycnosa pasHoTewe -0 

X : = Y: =Z: 
df 

dx 	ay 	az 

3a H3pamosalbe ycnosa paHHoTexce Tatuce M Ha noHpluHHH 

nomohy momeHTa Tpe6a y3eTH MOMCHT cone F y oatiocy Ha Tarmy, 
4 

peummo A, xoja ce Hamm! Ha Hopmanu. Taj momeHT DA) mqpa 60TH 

jeltHax Hyna H yCJI0B 	
--) 

(6) L(A) = [AM, F] = 0 
--3  

exsHsaneHTaH je ycylosy (5). 3ancTa, BeKTOp AM, Kao sexTop KOJIH-

Heapau sexTopy grad f, moosemo npeTcTasHTH 
--) 
AM = h grad f, 

rae je h oApebeH cxanap. AKO yHpCTHAIO Ao6Hjeny speaHocT sexTopa 
-3  
AM y (6), Hmamo 

h [ grad f 	= 0 

a THMe je noma3aHa HaseAeHa eKBHBaJleHTHOCT. 

Haj3a.a, yc.nose paaHoTe)Ke momcemo AO6HTH H H3 nptolutina mo- 

ryhtix nomepatba 

(7) (F 8s) = O. 

Y OBOM cnytiajy nomepatbe 8s mule Huje noTnyHo npOH3BOJbHO, 

jep oHo CTOjH ynpasHo -  Ha grad f. CHa Taloa nomepaffia mmemo 
npeTcTasHTH H3pa3om 
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§ 14 '4 	 YCAOBH plauoreme 78 11Ke Ha HpHBOj 
	

278 

(8) 
-+ 

rAe je 81 noTnyHo 11p0H3B02bH0 nomeparbe. KaA CraBHMO ripeAHocT (8) 

y (7), moxceMo HanmcaTH 

(P [grad f 81]) 8I[ g grad f]) = 0 , 

oAaxne 36or 11p0H3130/bHOCTH 81 Ao6Hjamo yCnOB (5) 
-÷ 

V' grad f = 0 . 

AKO je nononcaj Time M Ha nospuntHH (1) oApeljefi reHepanH-

calmm HoopAHHaTama q1  H q2 , paA cHne F Ha AaTom moryhem nome- 

parby Hapamcasa ce 

(; 81)=Q1 891 -1-(22 812 ,  

rAe cy Qi  14 Q2  reHepanHcaHe cane, a 8q1  H 8q2  cy npoinawbae 
BeJIWIHHe. I13 ycnoaa Aa Taj pag mopa 6HTH jeA,Hax Hy/111 Aonammo 

go jeAHatma 
Q1 = 0, Q2 = 0, 

xi* npeTcTawbajy ycnose pasHorence Tatum 3a reHepanucame Hoop-
AHHaTe. 

Am) je Etna ne3aApncaaajyha 

f (x, y, z)> , 

yCJI0B 3a parmoTenty (5) H lbemy eKBHBaJIeHTHH ocTajy Ha cHa3H, aJIH, 

cem Tora, 113 ycnosa ,Aa 3a Taxisy Bev MHONCHTe.Tb X He monce 611TH 

HeraTHHaH cneAyje 113 (3) Aa Romnolleara Fr, He moace HmaTH cmep 

HexTopa gradf; Apyrum pea cHna F„ He cme 0,11,13/1aLIHTH Tallay 

ca noispanme Beh je mopa HpHTIICKHBaTH xa nosputhHH. 

§ 14.4. YCJIOBH pasHoTewe Talige Ha HpHanj 

Kao 111TO CMO y § 13.3 ;(0111.1114 go ambygica Aa je sa paaHo-
Tency Tatum Ha noaparima He0I1X0A110 Aa noapinkma 6yAe HenoxpeTHa, 
HHje Team) BHAeTH 113 yCJI0B11 3a 6p3HHy Aa je 3a paHHoTe)xy Talme 
Ha xpHeoj Heonxo,r(Ho Aa xpima HCTO TaK0 6yge HellOMH4Ha.  

279 	 YcaoHn panoteace 'mice Ha Hpluvaj 
	 § 14'3 

FlpeTnocrammo Aa cy jeAHatume 'Tithe 

f, (x, y, z) = 0 , 	f, (x, y, z) = O. 

110111TO HexTopcxa AHcpepeunHjaama jeAfiatntha xpeTatba Time 

no Toj upfisoj HMa O6JIHK (§ 8 . 7) 

.4 	.4 
mw = F X, grad f, ± X, grad f, , 

-0 
113 ycnoHa w = Q HMaMO jeAHaLumy 

(1) • 	F+1.1gradf1+ ).2 gradfa= 0 

HeonxoAHy 3a panorency Tatum Ha xpinioj. 

AKO 110MHONCHMO ii.namme jegamme (1) ocanapao opTOM TaH- 

reuTe D, oHAa hemo 36or opToroHanHocTH TaHreHTe H rpaAHjeNTa 

,110614TH jeAHataiHy 

(2) (P = cos (P /5) = 0 

Kao yCn013 paHHoTenie Taiwe Ha KpHBOj. KaA axTHEffla calla F sago-

BOJbaBa Taj yC.TIOB H npema Tome Re/KH y paHHH HopmanHoj Ha xpHrly, 
pasHoTexa Tatum Hehe 6HTH nopemehella 6e3 o63Hpa Ha HIITeli3HTeT 

14 IlpaBaa Te CHJ1e, jep yHex moncemo oApeAHTH T8KBy peaxaHjy Koja 

CTOjH y pamoTemoi ca TOM aKTHBHOM CHJIOM. 3a oApebinathe Te pe-

axuuje capice Joe HomnoHeHTe oA HojHx je cam oApebeHa oAroBa- 

palyhHm MHONCHTeJbeM Be3e. 
Kao LUT0 cmo y nperxoAHom naparpacpy H3BOAH/114 ycnose 

parsHoTme y pa3JIHEIHTHM 06.1114aHMH, Taxo ce H mile yCJI0H pasHoTme 
(2) moace npoTymatmTH rpacpatm, aHanHTHtm, nOMOhy mome-

HaTa H kiaj3aA 03 npHHumna moryhxx nomepaa.a. TaKo, Ha np., rpa- - 

 clmma meToAa ce ocHHaa Ha Tome Aa y AaTom cnyvajy nontsua H 

3aBpulua Tatum nonmroHa calla mopajy Aa ce Hana3e y paHHH Hop-

manHoj Ha xpHsy y TaLIKH paHHoTeme. AHHAuTHLIKH ycnoe parmoTexce 

moacemo cpopmymicaTH y o6.7thxy 

Xdx Ydy 	dz 0 , 

role cy dx, dy, dz nponopaHoHankui HoopAHHaTama opTa D TaHrenTe 

Ha ximmy. H3sobeibe H cpopmyamcaae ocra.nax o6naaa ycnosa parmo-

Tme Tatum Ha KpHBOJ ocraHnsamo tHaaouuma Kao Hm6y. 

8-;= [ grad f 81] , 
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Cam 71 

Cianca 72 

§ 14'5 
	

Ycaosu paaHoTeace Tatum ca Tpetbem 	 280 

§ 14'5. Ycnomi pamoTexce Tawe ca Tpemem 

Y § 11 . 1 nocramm CMO 3aKoH Tpeiha He camo 38 nopeTify 
TaqKy Heh H sa Tatwy Koja mnpyje Ha nospunnm. AKo ce Tatua 
Hana3H Ha um:113mm y mHpy H Ha thy nejcTsyje Hopmanaa peamwja 

Rl
-4 	 -o 

H aKTHBHa CHTla F y TailTeHTHOj paBHH, Koja mome na H36ene 
TaqKy H3 cTatha mHpa, oHna ha Tatwy nejcTayje CHJIa Tpetha cynpoTHa 

-4 
CH.qH F tlinja je iiajBeha spenHocT 

-0 
(1) 	 R2 = 	k0 R1 ort F , 

me je ko  KoeOuqujeniii cOarautucoe Fiipetha. 

rlpema Tome, aK0 Ha Taqicy Ha HOBNIIHHH nejcTsyje aKTHBHa 
-0 	-0 

cHna F

▪ 

 ca KomnolleHTama F„ H Fd 

(2) 

Tj. HHTeH3HTeT TaHreHTHe KomnolleHTe aKTHBHe cline He cone 6HTH 

Ham on npoHntoola Koe4MnlajeHTa CT8TH4KOr Tpeiba H HHTeH3HTeTa 

peamwje H.414 themy jemiaxor HHTeH3HTeTa HopmanHor npkrrucKa. 

Ycnoay (2) momemo AaTH H npyrii 06.rum. YHenHmo yrao a 
-9 

(ca. 71) KOjH rpaHH cuna F ca HOpM8AOM 

Ha HOBMITHHH S, Ta,ga je tg a = Fd  : Fn 
Fd  : R1 . 143 (2) nocne Tora Hmamo 

(3) tg a < ko . 

AKO yHenemo jour yrao Tpetba ao  , 

WTO onroHapa CTaTHqKOM KoecimwjeHTy 
TpeH:,a (§ 11 . 22) , Tj. CraBHMO 

ko = tg ao 1 

H3 (3) no6Hjamo yCJIOB tg a < tg 8 0  14.414 

(4) a < eo • 

AKO xoHcTpyHulemo reomeTpHcKo me-
CTO npaHaua 3a Koje je a = 6 , oHo he 
npeTcTawbaTH HeKy KoHycHy nospunmy.  

281 	 Ycnosx paBHOTe*e TayKe ca Tpetbem 
	 § 14.5 

Ta nospluHHa soHe ce mole rapema aa filmy  na llospulintu. 

Oca My je Hopmanua Ha HOBIMMHH, a yrao H3mehy oce H npoii3B0- 

1tHlbe jenHaK je yrny Tpeffia. 

Ycnos (4) noKa3yje na he Ha HeKoj paHHoj nospunnui Tatwa 

OCTaTH y pasHoTexcH, aHo aKTHBHa CHna .11e)KH y ynyCapaWThOClall a na 

KoHycy Tpeiba 341 nosptunny. Kan je Be3a 3ancoKaHajyha, cans moace 

na nexon yHyTpa H y jenHoj 14 y npyroj rpaHH KoHyca. AKO je He3a 

jenHocTpaHa, Tatum lie OCTBTH y paHHoTenon canto y carlajy, Kan ce 

ulna Hana3H y rpaHH KoHyca Tpeffia, Koja npHnana HenpincTynatwoj 

oonacTH npocTopa. 

Y HcfniTHHaH.y ycnosa pasHoTexce Tatme Ha panasoj KpuBOj 

3aK011 Tpe}ba ocTaje incTa H ulna Tperha ce H3pawaHa noHoHo  jenxa-

4HHOM (1), me je can R1 BHTeH3HTeT nenoKynHe peaKaHje y Hop-

MaJIHOj pasta', a F je aKTHBHa ulna 31 npaBuy TaHreHTe Ha -9 	 RpuHy .  

AKO:Hp0H3B0Jbliy aKTHH-

-9 
Hy may F (ca. 72), um ej- 

crsyje Ha Tatwy, pacTammo 

y nae KomnoHeuTe — jezwy 
-o 
Fd y ripasfly TaHreHTe H Apy- 

-►  
ry F„ y HopmanHoj paHHH, 

notion° Hmamo jenHaunny 

F, -F R1 = 0 

-* 
3a onpetwHathe peamwje 

H 3aTHM yCJI0B paHHoTme 

(5) 	Fd(koRI . 

YHobeibe yr.na p Hsmehy Cline H HopmanHe palm!, 3a KOjH je 

tg p = Fd : R, , 

y npasuy Hopmane H y TaHreHT- 

Hoj paHHH, na Hopmanny peaKnHjy R 1

▪ 

 onpenHmo H3 jemiaqufte 
-4 	4 
Fn  R1 = 0, mina Kao ycnos 3a paHHoTeNcy Hmamo 

Fd ko Ri 9 
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§ 14'6 	0.apebaambe nonomaja pasaoTeme 'nue y Amu !lazy cane 	282 

omoryham Aa ce yCJI0B (5) OBaK0 H3pa31.1 

p 	Co . 

Y3MHMO can, y O63Hp reomerpmcmo mecTo npainix Koje rpaAe 
yrao Tpetba ef, ca HOpMaaHOM paBHH v Ha xpaHy. TaKHO reomeTpHcHo 
mecTo je oneT monyc; oca My je TaareHTa, a yrao Hameby oce 

npotosomme jemtaxie-- 2 --en . Taj HoHyc ce 30Be Konyc U2pema 

80 xpuny nunujy. 110M0hy TOr KoHyca yCJI0B pasHoTexce Tatum 

Ha panaHoj xputztoj • mwHemo 430pMy,aHeaTH OBILKO: AKO ce aKTHBHa 

cHna Hana3H Ban xonyca unu na HoHycy Tpewa 3a KpHBy, Tama 

he OCTaTH y paBHOTeNCH. 

§ 14•6. 0Apebusalbe nonowaja panHoTewe Tagxe y AaTora 
noiby cline 

maTepHjanHe Tagxe M y 
lipeTnocTammo Aa 

TOM 110.7by Ha wy AejcTsyje cxna nwba 
Hmamo noJbe cHne. Y cHaxo.m nonwicajy 

-3. 

xao cpyinautjy Hewropa nonomaja r OM, F, KOjy Tpe6a cmaTpaTH 

-) 
rj. F 	F (r) . 

Axo je TaLwa M cno6oAtia, oHa moace OCTaTH y passoTexcH 

canto y otHim nonwicajHma nova 3a xoje je 

(1) F (;) = o 
HJIH 

(2) X (x, y, z) = 0 , Y (x, y, z) = 0 , Z (x, y, z) 0 , 

rAe X, Y, Z o3HavaHajy liexapTone Hoopzumare cline. BexTopcxy jeA-

Jimmy (1) HMI cxanapHe jeAtiaLmne (2) Tpe6a cmaTpaTH Imo jeAHatutHe 
3a oApebrdHawe CBHX moryhax nonmaja panHoTexce cno6oAHe Tatuce 

y AaTom nonv 

283 	Oapebaaalbe nonomaja paaHoTome mince y alma nomy cane 	§ 14.6 

Y3MHMO, Ha np., cnyttaj npnimagewa Tatum M OA crpaae ABa 

newrpa C1  H C2 (ca. 73) nponopaxoxanao IbH- 

ROBHM macama m1  H m2 H npBIIM CTeileHHPAH 
-0 

pacrojawa mime M OA uenTapa. Axo ca Pl  H P2 
03HaqHMO sexTope nonowaja Tinge M y OA- 

Hocy H'a C1  H C2, pesynTairra F ABejy cana 
CI  npinmagetba je 

-3 

F = — k2  (mi Pi + m2 P2

▪  

) , 

rAe je k2  xoecimuttjetrr nponopumoHanHocTH. 3a paHnoTency 113 ycnon 
-9 
F = 0 HMaMo 

(3) m1 + m2 P2 =

- 

-- 0 
.4  

110LUTO je p2  = C2 Ci p„ 113 (3) Ao6Hjamo 

P1 — 	 C2 Ci 
4 

M1 ± M2 

M2 	
Pa = 	t--2L-1 • 

m1 ± ma 

1111 

BH,aHMO Aa nocTojH canto jen,Ha TaLma nwba, Tatum P, rAe 

Tatma M mwEe OCTaTH y paHmorencH. Tatum P Aenx Apt( C2  Cl  y 

cpa3mepu: PC,:- PC2  = m2  : nz1 . Baztehemo y reomeTAH maca, Aa je 

Tama P genraap unepuuje aaT14X maca. 

AKO cHna F Hma 4:IyHtunijy mite U, Tj. 

grad U, 

paHHoTexca je moryha canto y nonwxajHma rAe je 

grad U= 0 
HJIH 

(4)
61.1 =dU dU = 	0  
ox ay az 

Ycnose (4) moncemo cmaTpaTH Ha° HeonxoAHe ycnone sa extremum 
4:13THHuHje U. Ha raj Ha94H monce ce Ka3aTH Aa y nwby xon3epsa-

THBHe cHne Tatum monce 611TH y paBHOTenal canto Ha OtIHM mecTuma 

rzte 4:13/Hicumja Cline 3aAoHon,AHa ycione extremum'a. 

AK° je y nwby cHne F 

- 

(X, Y, Z) Tatum npHmoparia Aa ce Hanasa 

Ha nospunum 

(5) f (x, y, z) = 0 , 

M 

e2 

P 
CANK2 73 
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§ 14 •6 	Onpebtoame nonowaja paBlioTexce Tatum 3r Aaron( nozy cane 	284 

oHua y cnyqajy pauttoTeure ulna Tpe6a ua 3auoHoJbasa ycnou (§ 14 . 3) 

(6) [F grad f]=0 , 

HJIH y coanapHom 06JIHKy 

(7) X: df = Y: 	= Z: af.  • 
ax 	ay 	Of 

3ajeutitiqua peineffia Tpia jeunatume (5) H (7) oupehyjy moryhe 

no.aoucaje parmoTme. 

Kau cHna F Hma (1)ytnazujy cane U, ycnou (6) nocTaje 

[ grad U, grad!] = 0 . 

reHTHy paHaH. CneusjanHo, am) je noBpwima (5) exsHnoTeHua- 
janHa nooptum, TEILIKa mouce 611TH y pamoTexcH y CBaKOM nonowajy 

U = const. 3a nonoucaj pasHoTexce Tpe6a ua omajy 3aje,zniquy Tan- 
Line nospumme — nospwima (5) H exHocxanapHa noBpunnia 

Ha TOj noupwHHH. 

Haj3au, aK0 ce Taqua Hana3H Ha xplooj ca jeuHaqHHama, peutimo, 

y o6.auxy 
= z (x), 

(8) Y = Y (x) ,  

3a pasHoTexty, npeMa § 14 . 4, CHJ1a Tpe6a ua 3auoawbasa yCJI0B 

-+ 
(F ds) Xdx Ydy Zdz = 0 

WITH 

(9) X -I-- Yy' 	Zz' = 0 , 

rue Cy 1.13BOAH y' H 	oupebeHH 113 jeuHaqoHa (8). 

3ajeuHHqua perneffia TpH jeuHaqHme (8) H (9) oupehyiy moryhe 

nonomcaje pasHoTeme. 

Kau cHna F Hma cl)yHxuHjy cone, jeuHaqHHa (9) npeTBapa ce y 
jeuHaqHHy 

	

OU dU 	au 

	

y 	z' = O. 
ax 	ay 	az  

285 
	

CTII6HAHOCT a J1a6HAHOCT nonmaja pasHorexce 	§ 14'7 

3a Taque paHHoTexce xplisa (8) uouHpyje nospunmy U = const.. 

AKO KpHBa npanaul TOj 110Bp111HHH, TatIKa je y paBHoTewa Ha CBaKOM 

merry opine. 
AKO je nospriuma 11)10 opium panna, 06J1aCT moryhxx nono-

. 

waja pamorexce 3HaTHO ce npouthpyje y nopehelby ca cnyqajem 
HCTe Te HueanHe nospunnie ou- 

/ 
HOCHO xpHse. 110Ka)KHMO TO Ha 
npHmepy. Kau je Tewxa Taqxa npli-
mopaHa ua ce Hana3H Ha jeuHoj 
HueanHoj cctlepuoj 110BpIIIHHH, oHa 
mouce OcTaTH y paBHoTemot canto 
y Taquama A H B (c.a. 74), xpaje-
Emma BepTimanHor npequixa. AKO 

je crDepa panaBa, o6nacT paHHo-
Tewe OKO cHaxe cut THX Taqaxa 
npounvyje ce y nonpumHy cc13epHe 
xanoTe. CclaepHo nonynpetnum m-
ice Taque rpaHHHe THX xanoTarpa-
AH yrao Tpem so  ca HeprimanHHm 
npequwom. To je naxo noxa3aTH 
nocmaTplubem nonowaja xollyca 

Camca 74 	 Tpekba 3a Taqice yHyTpa H Ha rpa- 
M41.01 Ha3Haqemix xanoTa. 

3a6eneommo ua ce Ha pallaBHM Be3aMa mory 110jaIMITH H HOBe 

06./IaCTH paBHoTme cent OHIIX xoje ce uo6Hjajy y 6.11H3HHH Taqaxa 

paHHoTexce Ha HueanHHm Be3aMa. TaKO, Ha np., Ha HueanHoj cTpmoj 

pawn,' y no.iby rparnfraoHje HeMa HHjeuHor rionomcaja paHHoTexce, a 
Ha Toj ocToj canto panaHoj paBHH ca Har116Hum yrnom npema xopu- 
30HTy K0]14 je maffiu ou yrna Tpetba Team Twin he 611TH y CBaKOM 

nonmajy y parffloTeum. 

§ 14'7. CTa6annoeT 14 na6anuocT nonowaja pamoTemm. 
Ilextem-JJHpniumeoBa TeopeMa 

KapaxTep nonowaja paaHoTexce Taqxe moucemo HCIIHTaTH Ha 

oBaj HaqHH. CTaBHMO maTepHjanHy TallKy y nonomaj 6ecopajHo 6.71H-

3ax nonoucajy pasHoTexe H uajmo joj 6ecopajHo many 6p3HHy. Taira 
notnllbe ua ce xpehe a y Toxy Tor xpeTalba mouce Hari 1. ua 
ocTaHe yaei 6ecupajHo 6.aticoa nono›Kajy parnioTewe Hail 2. ua ce 
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Calixa 75 

§ 14•7 CTa6WIHOCT H J186HaHOCT nonowaja paBHOTeNCe 	 286 

 

y.i4vbx on Tor nonomaja. Y npHom cnytiajy nonommj pai3HoTewe je 

cua6u.nati y Apyrom 
Jlarpaim je Haseo, a nexceii -Thipaume Aoxaaao 3aTtim HEr.oma 

BUM.ly TeopeMy o cTa6HaHocTH pamurreHte, Koja raacH: 

AK0 y nono)Hajy paHHoTewe 43ymanija cline HMa maximum, 
pasHoTem je cTa6HnHa. AoHasahento osy TeopeMy 3a Tatucy. 

YaenHmo cnenehe HpenRom civincumje cline : Umax — maxcH- 
manHa HpenHocT U„— no4eTHa, 

Urpall. — oHa Koja onroHapa rpa- 
HHun o6nacTH maximum'a H Hojy 
nocrasibamo 3a mcnHTHHatbe cTa- 

Uzpan.6HnHOCTH, U — 38 11p0H3B0JbaH 

nonowaj Tatme sa BpeMe tbeHer.  

xpeTaiba. Ha Mali 75 Te epea- 
HOCT0 cy noxasaHe cxemaTcHH. 

AKO Ca T H T, osHaqHmo wHi3y CHJIy Tatme sal1p0143B0Jbali 088. no- 

	

tieTHH nonoHcaj, 1,13 HHTerpana Hmse cane T 	U = To — U, Hmamo 

(1) U> Uo  — To , 

jep je T yHex 110311THBHO. >1{Hay may 7'0  yHex mowemo H3a6paTH 

TaKo na 6yne maiba on pasnHxe —0 — Urpax. Tj• 

(2) Uo  — Urpao. > TO . 

Axo ca6epeMo HeienHaxocTH (1) H (2), no6Hjamo HejenHaxocT 

U— Urpax. > 0 , 

xoja noTephyje TeopeMy. 3aHcTa, U He monce 6HTH jenHaxo HaH 

matbe on Urpart. 
na 3aa9H na Taxma He moNce na HanycTH o6nacT 

Hojy cmo yTHp2LHAH HpenHouthy Urp... ,II,pyridm petmma, ma xo.nuxo 

6.4113y Bp8AHOCTH Umax MH H3a6panH HpenHocT Uroan. , yHex moNcemo 

H3a6paTH TaKaB 110 1181'8H nonmaj Tatme ca Up H TaKBy nogeTily 

6p3Hxy ca To  na Tama 3a cHe Hpeme xpeTaffia Hehe 1,1381114 1,13 

o6nacTH ca Urpao. , a Time je yCJI0B CTa611.11HOCTH pamoTexce sup- 

BOJbeH. 

1 ) YCJIOB Cla6HaHOCTH 
Tagnaje mowemo cpopmyancarn °sm. Hexa je nonowal 

Tme os.pebeH reHepamicanom xoopaiiaaTama qi (i =I,. , t), rite 6poj n monce man' 

spealloan 1, 2, 3 npeMa Tome Jo nit ce Tagxa naaask• tia NpHBOj aHHHP, HOBIHEIHR 0  

HRH je cao6oana. Pagyffajmo re hoopainiare Taro sa je sa nonmal pasHoTexe 

0 (1= 1 , . . . n). flomaj pasnoTeace je cla6naati, axo sa csaxy yHanpea 

	

seanquay e moacemo oapeawra 'rainy serupiany x 	
;la noveTnn ycnosu 

i°1<rl, lqii°1<x) 011pellyjy xpeTaibe Taqxe Tax°, Ha le I qij< e  sa speme 

xpetatba. UpTe I osnaqyjy, xao ysex, anconyTne speariocni, a q io H q i" Cy 

nogeTne spexHocirn xoopatniala H 6p3nna.  

r RABA flETHAECTA 

Mane ocipinaguje Taqice 

§ 15 . 1 Mane ocgtmagHje Tagxe Ha Hinnioj ow) nonowaja 
pamorewe 

Hexa je maTepHjanHa Tatum M ca macom m Hesaua 3a Heno-
xpeTHy JIHHHjy L H moNce na ce HanasH, no yTHuajem A aTe aimume 

y paBHOTeHCH Ha TOj JIHHHjH y nononcajy 0. floaoHcaj 'mince 
Ha KpHBOj onpehmtahemo ,a3rXcliliOM nyxa S On TatIKe 0. flpHponHy 
nHcpepemuljanHy jenHatmlly xpeTaffia y onHocy Ha TaHrenTy momemo 
HamicaTH (§ 4'33) 

—  2 
 m 	= FD, 

dS 

dt2  

me je Fp npojemmja axTm3He cane Ha npaHau TaHreHTe ca opTom D. 

flpeTnocTaimmo npHo Aa cHna 3aBHCH canto on nommaja Tatum, 
Tj. FD =1 (s) a na cl:IyHx 1111 .iY f (s) mo)xemo pa3BHTH y o6nacTH Tatme 

y Kom3epreHTax pen 

f (s) = a0 ± a1 s 	a2  s2  + • • 

ripe caeca sax.ibyuyjemo na je a, = 0, jep y nonmajy paHHo-
Texce (s = 0) Ha Tagmy He cme na LLejcTsyje TaHreHTHa cm& 
lipema Tome, axo ce saycTamilm Ha manam ocullnauHjama H cTora 
3aHemapHmo gnaHoHe smiler cTenexa no s, 14M3M0 3a may oaaj 
H3pa3: FD = a1  S. 

U max 
U 

U0  

(1) 
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§15' 1 	Mane ocuHaauje -mice Ha xpnBoj oxo noamaja paaHoTe)xe 

AKO zube npeTnocTamimo 	y nommajy 0 clvimuHja acne 

U 	
1 

(s), xoja Hma 06JIHK U (s) 	— 
2 

a1  s2 , HMS maximum, °lu ta H3 

ycaosa 3a maximum 

dLI\ 0 	d2U\ <0  

ds ) 0 	de/o 

dt2  

Rojoj, Ha° LuTo 3H8MO (§ 5.121), oArompa xapxonacica ocqu.napja. 

Pemewe HMa o6.7mx 

s = A sin kt + B cos kt , 

rue cy A H B Sp0H3B0Jblie KOHCT8HTe HHTerpaumje. PICTOM pernekby 

Mo)Ke ce AaTH H o6JIHK 

s = n sin (kt + a) , 

rue je n aurinuirly,Ra, a a je Tiogeirina Oasa ocumauHje (3a t = 0). 

Oco6HHe Tor xpeTaa,a Hase.im cmo 3r § 1 . 621. HaneAHmo Aa amnakiTyAa, 

nogeTHa cl3a3a a yqecTaHocT k (HAH nepHoA T = —2It , HAH Haj3aA 6poj 

v= —
1 = -k-) noTnyHo oApehyjy xapmoHH- 
T 	2 ,7c 

cxy ocumnauHjy. AmnmiTyAy H notieTHy cpa3y oApehyjy noceTHH 
yCJI0BH xpeTaffia, a yqecTaHocT k — xoe(immujeHT KOA aKTHBHe cane 

nponopuHoHaaHe Ay&HHH S. AKO ce 3aycTaHamo HS KOHKpeTHOM  cny-

gajy Aa je y TpeHyTKy t = 0 Taqxa 614,11a y TailKH 0 H Hmaaa no-

qeTHy 6p3kmy v0 , oHAa je a = 0 H n = — . KpeTaffie je capeheHo 

jeA,HaqHHom 
vo  

s — sin kt 

Fpactnix Taxsor xoHxpeTHor xpeTaffia noxa3aH je Ha caHuH 75, a. 

289 • 	 Amop/Haomme maae ocumaumje 	 § 15'11 

§ 15'11. Amorrmaosame mane ocminagmje 

Y npe.g.xo.aHom naparpaday aHanusHpami cuo mane ocun.nauHje 
Talme fOA yCJIOBOM AS SKTHBHa CHAR 38BHCH camo oA '110A0)Kaja. 

lipeTnocTaHamo caA Aa CHAS 3aBHCH H OA 6p3HHe. AKO Emma), 

 TaxHe cane flOHOBO panHjemo y peA H 3ayczamimo ce Ha 111AaHOBHMS 

upHor crenexa, cmaTpajyhH 6p3tmy 3a ma.ny .BeJ11411HHy HCTOr pea

xao H nomepame s, AHozbepemmjaaHy jemiaininy xpeTatba moHcemo 
HanHcaTH 

2s 
+ 21 —

ds + k2s = 0 . 

	

dt2 	dt 

YHeAeHa cH.qa 

n 	, — 1111
ds  
dt 

3oHe ce ordflopna ulna riporiopponalma 6pauxu. CMaTpaMO Aa je 
HoecimuHjeHT riponopuHoHanHocTH I 1103HTHBaH, Apyram peqHma, OT-
nopua cH.na yEtex HMS cep cynporaa cmepy xpeTarba Taqxe. OcuH-
ammja ca oTnopHom CHAOM 3ose ce ampaiusonana ocquilaquja. 

HHTerpauHja jemiatume (1) cHofim ce cmeHom s -•-= e t  Ha pema-
Haffie HapaxrepacTipme jeAnamme 

z2 + 2Iz k 2  0 , 

	

xoja Hma xopelie z1,2= — 	k2  . lipema HpeAHocTH 110TKO- 

pelle HenuqHHe moNcemo pa3JIHKOBaTH TpH cariaja. 

1. /2 — k2  < 0 . KBasizzeptioxiquo veiriame. 

CTaBHMO 	k 2  = — k1 2 . Kopena Hmajy HpeAllocT z 1 , 2= 
a HHTerpan AmpepemmjanHe jeAHalume H3rneAa 

(2) 	s = e-c=  (A sin kit + B cos kit) = ne_ lt  sin (kit + a), 

rAe cy A a B, oxiocHo n H a, HHTerpauHoHe KoHcTauTe. 

OH° pemeffie noxa3yje Aa xpeTatBe HMa KapaKTep onaAajyhe 
xapmoHHcxe ocumauHje (§'1.6211). IlomTo je k12 =- k2  —12  H npema 

Tome k1  < k, BHAHMO Aa je yqecTaHocT ocumaumje ca oTnopHom 

cHaom matha OA ytieCTaHOCTH o.AHocHe ocumauHje 6e3 oTnopa, 
a nepHoA je Helm AKO ce /2  maxce 3aHemapHTH y nopehemy ca k 2, 

yqecTaHocT (a nepHoA) y flpH6AHSCHOM nocmaTpaiby ocTaje um. 3a 

c.no6oAlly ocumauHjy H OCAHAaaHjy Ca OT110pHOM CHJIOM. 

19 Pamosamia mexamiga 

288 

c.neAyje Aa je (21 < . n C —TaBHMO a1 = — mk 2  H Taaa AHcpepenafijaaHa 

jeAHaq}ma (1) AosoAH /to jeAllatitme 

des 
 
±k2  s = 0, 

ocumauHja y cexyHAH 

( 1) 
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§ 15'11 APAOpTH30BaHe mane ocupumuele 290 

 

291 	 Amormoopase Mane ocuimautftje § 15•11 

     

JIorapirramcKH AeKpemeHT ocusnannje H3HOCH 

1i 	1 
— —1T 1

f 

lc, 	2 

rAe je T, nepHoA ocunauHje ca oTnopHom CHAOM. 

AKO 
ce nOHOBO 3aycTammo Ha nogeTHam ycnosama CJIHglimm 

ycnotnima nperxo,a,Hor naparpacpa, Tj. 3a t = 0 y3memo na je S = 0, 

s' = V0 , 03 (2) Ao6Hjamo 

s 	sin kit . 
k1 

tpacrnK oBe jen,Hatmtle no1a3a1 je as CAHUH 76, b. 

II. 1= — k 2  > 0. AilepuoRatuto Kperuatbe. 

Y orsom cnytiajy jaKe oTnopHe cane (1>k) BpeAHOCTH KopeHa 

KapaKTepacTime jeAHagaHe mory ce Hannan! 

z1 =--- — / p • 	Z2 — 1-- 

rAe je p 	li/2 —k2  H 38TO je p < / . HaTerpan jeAllagaue (1) Ao- 

6Hja 06.710K 

(3) 
	 s = Cie

z,t 	c.2ezat 

rAe cy C„.  H C2 0HTerpaHaoHe KOHCTaHTe. rktUITO cy o6a KopeHa 

Z2  H Z2 Heramma, s HHKaA He moxce nocTaTH 6ecKpajHo senimo. 

06paTHo, no.tt ycnosom s40 3a ale BpeAHOCTH C1 H C2. Kpe-

Taffie Hma arcepuo4uttax KapaxTep.. flpema notieTHam ycnoaama Tama 
ce anti HenocpeAHo npa6nHacyje nonowajy pasHoTeace, a He npona3H 

Kp03 Taj nonoacaj, HAH npona3a 8AH canto jeAaHnyT H, notuTo ce 

y.ELaJba .ao  oApebettor paCTOjalba 3aycTamma ce, na ce Bpaha H TeNCH 

nanomcajy pasHoTme. 

Y3MHMO cnygaj ROLIeTHHX ycnosa CAHLIHHX npeTxoAHam: HeKa 

je 3a t =0, s =-- 0 H --= V0 . TaAa H3 (3) Hmamo 

	

vo, 	—e zit 	zit 

2p 

	

dsvo 	zt 	z.t 
=-- v — (z, e — z2e ). 

di 	2p  

143 yc.nosa V = 0 oxcpelvjemo t, = -1
p 

 –log—
z2 KaA ce Tatum 3a- 

2 
ycTaaa.a H Hma aajBehe yicaJbetbe 

) z2 
r0 Z2 — 

Smax — ( 2p , 

Z1 Z1 

a 

b 

C 
	 d 

Cana 76 

na ce nocae npHonamcyje TaLIKH 0. I' pacintx TOr KpeTatba ' je noKa3aH 

Ea ca. 76, c. 

III. P — k 2  = 0. Ipatattaw c.apiaj ailepuoimatoz Kpeiriatba. 

Y TOM cartajy RopeHH KapaKTepficTlique jeAtiatmae jexcHatcH cy 

=---- Z2 = 	1 

0 HHTerpan jeAHagme (1) Ao6aja 06nHK 

s = (C, C2t) e–" . 
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b, 
B, = 

k2 	v2 co2 

§ 15•2 	IlpHIVAHe ocnunaomje Caynaj ocunsiaoHja 6e3 ornopue cum 	292 

KpeTatbe Tarme je CARqH0 npeTxoaHom apeTalby. OHO ama 

aapaaTep. flog HCTHM notieTHHm ycaoaama K80 pamije 

!AMMO 
s = vot e–" , 

v v o  (1-1 t) e–" . 

Y Tpearay t1-= —
1 Taqica ce 3aycraaJba Ha pacTojaa,y 

VO 
STOW( 

le 

apaha ce HaTpar H Tem.! mina! 0. FpacIma je Ha CARON 76, d. 

§ 15*2. flpHimpie oegimaguje. Cnriaj ocu,snagsja 
6ea oTnopHe cline 

dt2  

Kperaibe Tatme noa yrauajem Taase tine 3oae ce aptmymto 

!Tea-lame, a tuna mf(t) je uputty,mta tuna. 
HHrerpauHja jeaHaEnifie (1) mama ce Ha asema oco6HHama 

TaKBHX jeakialmia: 
1. Am) je g(t) onuiTe peuietbe jeallamme 6e3 aecHe cTpaHe, Tj. 

jeaHatunie s".+ k2s = 0, a p(t) je napTHxynapHo peweffie jeaHalthHe 
ca aecHom cTpaHom, 36Hp 

G (t) = p (t) + g (t) 

aaje onurre pewee jeiwatthHe (1). 
2. AKO f (t) cmaTpamo Kao 36Hp ase 4)yHKOHje, Tj. CT8BHMO 

f (0 = f1 (0 ± f2 (0 , 

a pi  it) H p2  (t) cy napTaigazpHa petnekba oaroaapajyhax jeaHatwHa 

canto ca f1  (t) OAHOCHO 12  (t) ca aecHe crpaHe, oHaa je 36Hp 

P (t) == P1 (t) + P2 (t) 

mapringaapHo peinetbe jeamitnthe ca uetaom cTpaHom f (t).  

flpeTnocTammo as je cpywanija f (t) nepHomma ca nepaoaoM 
t - H as je moacemo pa3BHTH y KOHBepreHT8H 4ypajeoa pelt 

0.3 
f (t) = —

1 ao + z  (a, cos vwt b, sin vwt), 
2 	v=i 

rae je w yuecTaHocr IBTO oaroaapa nepitoay T, Tj. 

cuT 	2,7c 

170111T3 3H8M0 011111TH HaTerpaa jeafiaLme s" 	k2s = 0 , 38 

oapebHaaH.,e onwTer pewetha jeaHatnthe (1) Tpe6a Habil napTincyaapHa 
peweiba jeaHamma o6aHaa 

1 
(2) x," k2  xo  = —

2 
ao, 

(3) x„" k2 	a„ cos vwt , 

(4) Yv" leYv= b, sin vwt 

Kao namaynapHo peinem jeanatuwe (2) moacemo y3eTa KOH-

crawly 
1 a, x„ = -- • 
2 k2  

3a jeaHatnthy (3) CT8BHMO 

. X, = A, cos vwt, 

rae je A, KOtICT3HT8 gHjy speaHocT oapeljyjeMo Ha 0139j HatIHH. AKO 

AHallyT AHcpepetumpamo x v  H cmakimo y (3), nocae capahmaatba ca 
cos )(cut .11o6kijamo 

— A, (vw)2  + 10 = (Iv , 
oaaicae HMaMO 

a v  
k 2  — va cu 2  

Ha caatiaH Hawn' 3a napaicyiapao peweibe jemiatume (4) y 
o6aHay 

= B y  sin vwt 

ao6ajamo 

flpeTnocTasamo can as Ha TaqKy C.eM cane, aoja 3813HCH canto 

o,a pacTojaiba H oa aoje cmo 3a.apaca.na  canto gnaH —mk2s, aejcTayje 

jow H cans Koja 3813HCH oa apemen. Ago °ay cony osHaqHmo ca 

mf (t), Aucl)epenuuja.nua jeaHalmaa apeTaHaa Tatum moace ce HanHcaTH 

(1) 	
des 	k2s = f (t). 

A, = 

293 	npuume ocnunanuje. Carla) ocunnanmja 6e3 ornopne cane 	§ 15'2 
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1 ao  s z  
2 k2  

1 [ ao  cos vwt 	b, sin vodl 
(5 ) 

v:=1 
k2  — v2  w2  

§ 15 '21 
	 npocia npaayana ocuHaauaja 	 294 

Ha ocHoey .no6Hsemix pesynTaTa onmTe petuelbe jentiaminie (1) 
moscemo HanacaTH °Balm 

C1  cos kt 	C2  sin kt, 

me cy C1  H C, HHTerpalmofte KoHcTairre. HanHcaith o6pa3au nosa-
3yje na ce speTaffie Tamse spuni Kao pe3ynTaT ca6Hpaffia (uniiiep-

Oepenguje) mute sapmonHomx ocuHnauHja. Oculinaumja soja °Aro-
saps peutelby jenHamHHe 6e3 necHe cTpaHe sone ce cno6o4na H.nn 

col-will-sena ocquizauuja mime, a ocTane cy iipunme. Amnawryna 
csame npinlynHe ocunnauHje 3aHHcH canto on je,unoz onrosapajyher 
mnaHa npFtnyitHe cline. ,L(onasaffie mice Hose ocuw.naullje He meiba 
e4)esT sojH nosasyje y speTalby csaxa npeTxonHa octuinauHja. Ilpema 
TOi OCO6HHH (eyitepiiosuoja ocquilaquja) A0B0J13110 je npoympiTH yTH-

uaj canto je,nHe npymyttne ocuHnauuje Ha Kperatbe TamKe. 

§ 15•21. IlpocTa npuHyn,Ha ocuanagHja 

Aso npFulyntia cnna 3aBHCH canto OA jeAHOT tInacia o6nHma 

ay  cos vwt HJIH b., sin val. 

ocumnaumja ce 3ose apoeiria tipunyfina ocuunauuja. He orpaimmasa-
jyha onurrocr pacybHHatba moncemo aHcbepeHuHanHy jenHamithy 
npocTe npHllynne ocuHnaullje HanHcaTH y o6nHsy 

d2s 
— k2s = a cos wt , 
dt2  

jep ymecTaHocT vw moncemo cmaTpaTH Kao Koe4)HuHjeHT. 

Peutelbe Te jenHamithe npema (5) § 15 .2 je 

s 	
a 	cos wt 	Cl  cos kt 	C, sin kt 

k 2  — w 2  

ripsa ocumnauHja Hma kicTy ymecTaHocT H cl)a3y Kao H ripifflynHa 

cHna, tbeHa amnaHTyna 
N= a 

k 2  — w 2  

295 	 'Vona nplucyana ocaHaaHoja 
	 § 15.21 

He 3aBHCH OA npOB3BOJbHHX KoHcTaHara C 1  H C2 Tj. OA flOcieTHHX 

ycnosa speTarba Tamse. 
110IIIT0 concTneHy ocumnauHjy yses mommo npeTcTasHTH 

o6nincy 

w 	k 	8, ' 
no6Hjamo 

s = (N cos 8t n cos a) cos kt — (N sin St + n sin a) sin kt , 

onasne nocne yaobelba BenHmaHa R H cp nomohy o6pa3aua 

N cos 8t 	n coscc= 	R sin cp, 

N sin St n sin a = — R cos 

nona3Hmo no peunTaTa 

(2) s = R sin (kt 	(p) . 

JenHamHHa (2) nosa3yje na pesynTaT ,ztse ocuranauuje moncemo 
cmaTpaTH Kao jenny ocuHnauHjy aJIH amnaHTyna R H cpa3a Te OCHH-

naiiHje cy 4yHKuuje spemeHa, HaHme 

(3)
R2 = N2 + n2 2Nii cos (8t — a) , 

N cos 8t  n cos a 
tg = 

N sin St + n sin a 

113 o6pacua (3) 3a R2  sHammo na ce R melba H3meby Joe rpa-

HHue: I N-1- n H IN—n 1. flpema Tome amnaiiTyna Hma csojy Haj-
Betsy H Hajmalby npenHocT H nepHon Te npomeHe je nepHon cpywaulje 
cos (St — a). 03HaEIHMO 'raj IlepHA ca Td OH H3HOCH 

27c 	 T, Tp 
Td = = 	 

8 w— k T, — p
7 

rite cmo ca T, o3Ha9Ham nepHon concTaene ocunnauje Tamse, a ca 
Tp  — nepHon npHuynHe ocumnartHje. 

llojaHa jamatba H cna6Jbeiba Hese ocumnauHje sone ce lio,upxtria-
saibe witt oujetbe, flepHon Td je uepuoz FloApxrdaBatba. CAHKa '17,a 

noKa3yje rpaclmc TaKBor xpeTalba. 

(1) 

y 

C1  cos kt 	C, sin kt 	n cos (kt + a), 

me cy n H cc Hose KOHCTaHTe, ymecTo (1) ce monce Hanticami 

s = N cos wt + n cos (kt a). 

AKO CTaBHMO 
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§ 15.21 ncocTa npaay.ana ocoaaaaaja 	 296 297 	flpocTa npmayaaa ocaaaamaja ca oTnopaom CHAOM 	§ 15•211 

 

OA npeTxoAnor peuietba Tpe6a OABOjHTH cnewljanam 
KaA je ygecTaliocT w npumyAHe acne mcra ca* ygecTaaomhy k con-

cTaeae ocumadmje mince. 

Crum 77 

114epeadmjamia jeAmaximia oBor c.nytiaja 

des 
— k2s = a cos kt 
dt2  

mema mune napTaKynapHo petume y o6my N cos kt. Y OBOM cay-

qajy napTHxynapHo peinethe Tpe6a Tpa/KHTH y o6aHxy 

s= At sin kt , 

rite je A KOHCTIIHTS Kojy oApebyjemo Ha oBaj magma. ,  AKO yBpCTHMO 

HanHcaHH H3pa3 3a S y jemiaviniy (4), aim) hemo A06HTH JI,21 je 

BpeAllocT A = 
2 
—
a
k 
 a noc.ne Tora je pealetbe jeAeatnme 

s= —
a t sin kt -}-n cos (kt 	cc) . 

• 	2k 

11 °Bo petueffie mo>xemo npeTcTaeHTH y o6.ning 

(5) 	 s = Q sin (kt +4,),  

a 	2 
(6) 	Q2  n2  cost a + n sin a — — t , 

2k 

cotg i = 
at --sec a — tg a . 

2 nk 

I43pa3 (6) 3a amnAaryAy ocumnaumje (5) noKa3yje Aa °Ha pace 
ca epemeHom H momce Aa nocraHe Bella ma oA Koje yHanpeA AaTe 

sempume. 
flojaea KaA Asa nepHoAtiqaa cliawropa aMajy nepHoAe Hue 

epeAHocTH H 36or Tors jeAaH nojaqaea Apyrit acme ce pesonanquja. 

Y Hainem cAriajy npHeyinia mina H concTE.elia ocumnanuja Tagxe ca 

HCTHM ygecTaHocTHma mapajy nojauy pe30HaHaHje Ta Aea nepH-
oAkma ctrawropa. 

Cauxa 77, b noKa3yje rpacjm KpeTaiha Tatme y caytiajy peso-
Haimmje. 

Caygaj pesoundmje mowe ce cmaTpaTm KSO rpaHHEllim caygaj 
naapxrasaffia KaA nepmoA noAprraaatba Td TVICH 6eCKOHS tIHOCT H. 

§ 15* 211. IlpocTa npaamaa ocganaaaja ca oTaopaom CHJIOM 

,L(Hcpepellumjaauy jeAHatufily npocTe npinorAHe 
OTIIOpHOM CHJIOM (§§ 15.11 H 15.21) Tpe6a HanHcaTH 

d2s 
t 2 	dt 

(1) — 21—ds k2s = a cos wt 

FlapTmKyaapHo petume Te jeitaattalle noTpamimo y o6AmKy 

(2) s = A cos cot B sin cot , 

rAe cy AHBKOHCTSIITe Koje ce oApebyjy Ha oaaj 

A KO yBpcTHMO epeAHocT (2) y jeAmatnniy (1) H cpeAHmo tma-

Hose, Ao6Hhemo 

[A (k 2  — w 2) 2B1 w — a] cos wt [B (k 2  — w 2) — 2A1 co] sin wt = 0 . 

nOILITO oea jeAnagania mopa Aa Bamai 3a ceaxy epeAHocT t, 6uhe 

A (k 2  — w 2) 2B1 w = a, 

2A1 w — B (k 2  — w 2 ) 	. 

(4) 

rue je 

ocamaaumje ca 
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§ 15•211 	npocra nimayalia ocumaaunja ca omopaom cunom 	298 

Mule petneffia OBHX jenHatotha Ao6ajamo 

A = Ma (k2  — (.02) 	B = 2M al ou , 

rite CMO ca M 03HailHAH 

	

[(k2 	+ 412 w2 —1 

Ha Taj Hatum pemetbe jenHaqHHe (1) je 	
zi t 

(3) s = M a [ (k2  — w 2) cos wt ± 2/ w sin wt] + C, e 	, 

rue cy 	
z1,2 	± 11 /2  k 2  

H C2  npoH3soJbHe KOHCT8HTe. 

AKO CraBHMO 

Ma (k2  — (0 2) = N, cos p , 	2M at w = N1  sin 1 , 

pemeffie (3) mowemo HarnacaTH 

	

zit 	z1 1 
(4) s = Ni  cos (wt — 	ci e 	C2 e , 

rae cy 

	

a 	 21a 
N, = a AM=  	 tg p = 

v (k2— Loy ± 412  w 2 	
k2 —awe 

Y § 15 . 11 BHACA4 CMO Aa (DytilcuHji4 

z i t 	z2t 
f (t) C i  e + C2 e 

onroHapa HAH onaaajyha xapmoHHcHa ocui4.nauuja HAH jenHo anepHo- .6 

Align° HpeTaibe Hoje TaHohe HMa, MAU HenocpenHo on nogerHa Hpe- 

Taiba BAH nocne H3HecHor BpeMe8a, onanajyhu HapasTep. ,ElpyrHm 

peqHma 	
[./` (t)] t-> c.)"" 

MehyTHm amnnwryna N, npHH3rnHe ocuH.nauHje HMa cranHy 
HpeaHocT. 143 Tor cneonyje na nocne H3BeCHOr BpemeHa y KpeTarby 

Taqice Hansnana npItHynua ocounaoHja H Kperathe he HM8TH Hapax-
Tep xapmonicHe ocufinaoHje ca nepHonom npHH3rn,He CHne. Camo H3- 

meby cl4a3a ocuH.aaoHje curie H Tatum nocTojH pasnima p. 

Y c.ayqajy pe3oHaHuHje, Han je w k, tg p = N H npema Tome_ 

je p =
2 	

AmnatiTyna npHHynne oculinaumje HMa HpenHocT  

299 	 Hemtheapue ociimaauHje 
	 15 . 3 § 

a 
N1 	 H KpeTatbe ce nocne A0B0JbH0 Humor Hpemeua onpehyje 

2/w 
jenHaqHHom 

a 	4  
s — 21w sin w t . 

Ago ynopenHmo (my jenHaqinly ca 38KOHOM ampule CHAe 

a cos wt, 3alubyqyjemo Aa CHA8 HMa Hajaehy HpenHocT KaA Ta9Ka 
11p0A83H Kp03 nonomj paHHoTme (s = 0). 

§ 15 . 3. HenuneapHe ocounanuje • 

Ltocan cmo aHanH3Hpann oHe ocumnaoHje Taqice ORO no.nowaja 
pasHoTexce 3r HojHma je cHna 3amicHna camo on qnaHoHa npHor cTe-
nena pacTojaHA s Tatuce on nono4aja pastiorme H 6p3HHe s'. TaHae 

ocutinauHje ce 30Hy Jameapte, 6Hno cno6ontie, 6H.no npitHynHe, Kau 

Ha TatiKy nejcmyje jinni H cHaa KOja 3813HCH OA Hpemena. Y enyqajy 

Kati ce ocounaoHje spine non yTHuajeM cHne, Koja ce He jaaJba mune 
Rao aHHeapHa chrwoutja npomeH.ibm3Hx s H s', ocuanaoHja ce '3oHe 

Kelumeapia. 
Y noisio.ibHo 0H11JTM c.nrajy niuDepeHtudjan , a jenHaqHHa Henq-

HeapHe ocunnauHje je 

d2s + 21 —
ds k 2s — e f (s, s') = F (t), 

( I) 
	

dt2 	dt 

rite cy 1 — Hoeclmouljewr nimeapHe oTnopHe cHne, k 2  — KOeC19141111 - 

 jeKT Junleaptie cHne, e m f (s, s') H3pa3 AonyacKe HenHHeapHe cHne, 

npH qemy je m maca Tatme, a e HoeclmoHjeHT nponopuHoHanHocTH, 
KOJH moNcemo cmaTpaTH Kao maim, axo cHna mano oTcryna on aHHe-
apHor 38KOH8. m F (t) je npHHynna CHAa. 

14HTerpaoHja H npoyqaBalbe jenHatuthe (1) can ce pa3BHno y 

HapotniTy rpaHy paulloHanHe mexamme H maTemaTHHe. Behnna me-
Tona TOr lipoyuasai-ba ocHHHa ce Ha npHomptcHoj HHTerpatuiju jensa-
qHHa caHqHHx (1). f•oHa3ahemo Ha HouxpeTHom ripHmepy KaKo ce 
MO)Ke IlpH6AHMCHO npoyqHTH penaTHBHO jenHocTama HeattheapHa 
jeAlla9HH8. 

3731■414M0 many ocoHnaoHjy maTemanmor KnaTHa. 1:1144epeioui-
janHa jenHatutha (Tatum) xpeTaa.a Tor KA8TH8, K20 111T0 CMO BHAeAH 

• (§ 10 .52), je 
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§15 . 3 301 	 1-1e.mHeapHe ocurmauHje 

§ 15'3 He/xreapHe ocarina* 	 300 

flpeMa Tome Tpe6a oApeAHTH geTHpH senwtHHe: TpH tcoe(PHilH- , 
2  R 
t2 

	sin0=0  

HAH 
d2s k 2R sin 0 = 0 , 
dt2  

KaA CT8BHMO 

	

R0 = s , 	k2 = 

JeAHatuma (2) peulaaa ce Naquo nomohy entinTstute cpyillut,Hje• 
Y npHom npH6nHacHom nocmaTpatby aa mane yrnose sin 0 momtemo 
CMeHHTH yTAOM H TaAa Hmamo jeAHaitimy 

d2s k 2s = 0, 
dt2  

Kojoj oArosapa xapmoHucica ocumnatwja. 

Y Apyrom npH6ntoicHom nocmaTpatby sin 0 Tpe6a CMeHHTH ca 

1 ,„ 

	

0 — — 
6 	

TaAa 03 (2) Ao6Hjamo jeAttagitHy 

d2s 

	

(3) 	 — k 2s — es3  = 0 , 
dt 2  

k 2 g  
✓ je 	= 	. 

6 R2  6 R3  

CTaBHMO ce6H aaAaTaK Aa pewHmo jeAttatmHy (3) cmaTpajyhti 

E Kao manH 6poj. Y3MHMO ose notierne ycnose: aa t o  = 0, so  = 0, 

Soy= vo  • 
rlowTo petneibe npeTcTawba Heicy ocutinaunjy, a nepHommy 

ItlywatHjy moNcemo H3pa3HTH 4:13ypHjeoakim peAom, noTputcHmo peutetbe 

jeAliagHtle (3) y o6nHxy peAa 

s = -
an- + (a, cos npt bn  sin npt) , 
2 	2=1  

rAe cy p, a, „ a,, , h KOHCTaliTe. 

143 ycnosa Aa ce y 6/1143013H paHHoTexce ca npomeHom attaHa 

KoA t melba H max nomepatba s, ambygyjemo Aa 4)yincumja Mopa 

61iTH HenapHa, npema Tome y npeTxoAttom o6pacuy Tpe6a Aa OT-

na,aay CBH KOCHHyCH H CA060AaH 4naH. AKO ce, cem Tora, asycTa-

IMMO camo Ha npHonitacHom o6pacuy, moxcemo y3eTH, penHmo, TpH 

gnaHa H TaAa Tpamcetio penietbe Tpe6a Aa Hma 06nm 

(4) 	s = b1  sin pt 	b2  sin 2pt 	b3  sin 3pt  

jenTa th, b2, bo  H yttecTaHocT p npse ocntinauje. 
jlpe atera BHAHMO Aa je npimst HOMeTHH ycaos 33A0B0.7beH, jep 

je s (0) = 0 . 
AKO AHcpepeHuHpamo (4) no Bpemetty, Ao6Hjamo 

(5) s' 	(b, cos pt 262  cos 2pt +36, cos 3pt) p , 

oAagne Hmamo aa t = 0 BpBY jeAHaqHHy 3a oApebitHatbe KOHCTaHaTa 

(6) vo  = (b, 	2b, 	3b,) p . 

,L1HcPepetwpajmo (5) join jeAaH nyT — Hmahemo 

(7) s" = — (b, sin pt 4b2  sin 2pt 9b3  sin 3pt) p2  

Hajaux HapagyHajmo S3  noA npeTnocTaskom Aa cy HoecimunjeHTH 

b2  H b3  mann y nopebetby ca b 1  . TaAa mwKemo HanHcaTH 

(8) si3 =
3  b1 3  sin pt 	

3 
 b,2  b2  sin 2pt — —

1 
b13  sin 3pt, 

4 	 4 

ripH trendy CMO HCKOptICTHAH TpHroHomeTpHcxe o6pacue 

sin3  pt = 
3 

— sin pt — —
1 

sin 3pt , 
4 	4 

H H3OCTaBHAH -  4.118110Se ca aprymeHTHma ElehHm OA 3pt . 

AKO CTaBHMO Hapaae (4), # (7) H (8) y jeanagkiny (3) H Koecpm-

ntijeHTe y3 sin pt, sin 2pt H sin apt H3jeAlia4imo ca Hynom, Ao6Hhemo 

one TpH jeAHavitHe 

b, (k 2  — p 2  — 4 b12 e1=0, 

b2  (k2  — 4p2  — 

b3 (k 2  — 9p 2)-1- 6, 3  e = 0. 

flpe csera H3 (10) cneAyje Aa je b2  = 0. KaA Aube cTarsHmo 

	

p = k (1 — x) , 	b1= vo
VO 

-r  , bo  = — z 

H cmaTpamo x, y, z Rao mane HenHtnme, ()luta H3 jemagaaa (9), (1 1) 

H (6) Ao6Hjamo jeAtimme 

(2) 

	

1 	1 
2 

	

sine pt = 
2 	

-- cos 2pt , 
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§ 15 • 4 	 Mane oculinauHje TayKe Ha nospinHHH • 
	

302 

3 L. 	vo2e 2k2  x = — e  
4 	4 k2  

1  vo2e 8k2  z — — , 
4 k2  

y + 3z = x . 

Taj •CHCTeM Aaje ,,n,e4HHHTHESHO 080 petnerbe 

x 	12h, 	y 	9h, 	h, 

, 	a2  6 	Vo 
/Z 	 , 	 — • -= 

	

32 k2 	
a 

 

HOCTie Tora Hmamo 

p=k(1-12h), 	b 1  =a(1 ±9h), 	b3 =a . 

JeAHattatia KpeTakba Tature je 

s= 1:1=1  [(1 + 9h) sin k (1-12 h) t + h sin 3k (1-12 h) tj . 

flepHo.1 T re ocumnauje HMa osy npa6AHNoty speAllocT 

2u (1 + 12h) 2u (
1  + _3 a2  

T — 	
6\ 

 
k (1-12h) 	k 	 k 	8 k 2  

ae411111HTFIBHO 

	

T=214— 1
, 	2 , 

rAe je a = —
a yrao Hajseher cKperaffia KnaTHa 

npasua. FlaseAeHa sperrHocT nepHom noKnana ce 
speAHourhy Kojy cmo 'imam.' 3r § 10.521. 

oA sepTHKaattor 

ca npH6nHacHom 

§ 15'4. Mane ocHmaguje Tax= Ha 110BpM11H11 

Helm je nonowaj TatiKe Ha nospruitHH S oApeberr reHepanHcaHrim 

KoopntraaTama q, 	q2  TaK0 Aa je nospunma AaTa jeitHatinHama 

x =fi (qi q2), 	Y =f2 (q1, q2), 	z 	q2)• 

flpeTnocTasHmo aa Ha Tactic),  Aejc.reyje cans, ca cloyHKHKjom 

cline U (q1 , q2), Kojy moxcemo rka pantHjemo y pen. HeKa 4yHKuuja  

303 	 Mane ocuHnauuje Time Ha noapiumni 
	

§ 15 . 4 

U HMa maximum. TaAa TOM nonwrcajy oArosapa cra6RnaH nonomaj 
painoTexce. 143 ycnosa 3a extremum 

	

dU n 	dU 0  
dq, 

oApebyjemo speAHocTH KoopAHHara q, H q2  3a Taj nonomcaj. Houle 
Tora moxcemo npomeHHTH pagyHatbe HoopAHHaTa g, H q2  T8KO Aa 3a 
nonoaraj pasHoTexce Hmamo q, = 0, q2  = 0. 

AKO y perry 

u= uo  (2u) q, + (w) q2 + -12- qu[(--ad2 i2)0  q12  + 
dq, 	dq, 0  

+2 	U  qich _L (d2 U) 0,22 ] ±  

	

r)qr,dq,10 	' koq22 	'1  

H3OCTaBHMO KOHCTaHTy U0 , jep, Kao LUTO 3HaM0, 0Ha KoA cpyinrusje 
cline He Hrpa ynory, H 3aycTasHmo ce camo Ha gnaHosHma Apyror 
creneHa, 3a U mowemo HanHcaTH o6pa3au 

±2bql q,d- cq22), 

r,ae CMO 03HatIllAH 

62 U 
2a — (—\ 2b = —  d2U  , 2c — (PLI) • 

\Oqi2 /0 	\Oqidq210 	aq22 0  

KsaApaTHa cloopma 

aq12  +26q,q2 + cq22  

3a cnyttaj maximum'a mopa 60TH oApebena, Tj. ysetc HCTOr 3HaKa, a 
npn Tome 1103HTHBHa (a > , b2 — ac< 0). 

..11CHsa cHaa Tatnce je 

2 T Aq,' 2  +2B q,' q,' Cq,'2, 

npH Remy KoerjmuirjeHTe A, B, C y 671H3HHI4 nonoxraja pasHoTeNce 
3a mane ocunauHje moncemo cmaTpaTH Kao cTanHe. 

3a oapebmitalbe KpeTaffia Tarnre y3Hmamo jiarpatmese jeAHatnrHe 
33 He3aBHCHB KoopAHHaTe 

dT dU — 	 = Aq," Bq," aq, bq, = 0, 
Oqi 	Oqi 

— —
OT 

— 	= Bq," Cq," bq, cq2  = . 
dq2 	6412 

rAe je 

11,11H 

d OT 
dt dq,' 

( 1) 
d dT 
dt 
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§ 15.4 
§ 15.4 	 Mane ocuunauHje TauHe sa noHpunuth 304 	 305 	 Mane ocwinauHje TacHe Ha nospwaHH 

Arco ca d o3Ha9umo maim', a ca D BehH OA KOaligliHKa 

a 	C  

A ' 

	

C ' 
 

oHAa moommo cacTasHTH osy Ta6.71m137 3a npomelly 3Haxa nonmsoma cp (X) 

I1,06HaH CMO CHCTeM OA Arse AHHeapHe jeAsatuthe ca KOHCTaHT-

HHM KOetl)HUHjeliTHMa. ripe HHTerpanHje m3spinktmo TpancctlopmauHjy 

THX jeAnagmaa. YseAmmo Hose npomeH.7bHae s, H S2  Imo AmHeapHe 

(1)37maulje nperxoAmix 

(2) 
	

SI = all q1 	a12 q2, 	S2 = a2 1 	a22 q2 

 

noA ycaosom Aa ce CHCTeM (1) TpaHcipopmmne y jeAnaLume 06/1HKa 

S2"  + X2S2 = 0  (3) s," 	0, 

rite cy X, H X2  KOHCTaHTHe searonum. 
3a oApebHsathe KOHCTaHTHHX neantunia ail  , a12 , a21 , a22, Xi X2 

mowemo nocTyrniTH maim 
CTaBHMO y (3) Bpe,aHocrH (2) 

	

all q," 	a, 2 q2" 	(a11  q1 	ai  2 q2) 	0 , 

(4) a21 g1
„ 
	a22 q2”  4-  X2 (a21 	a22 .72) = • 

3HaqH yBeK nocToje Tatum Asa 6poja, npso m 1  H m2, a 3aTHM 11 1  H n2 , 

Aa aKo ibnma noMHO)KHMO jeAnatmne (1) na Hx ca6epeMo, Tpe6a Aa 

Ao6Hjemo npso, peuHmo, npsy jeA,Hataniy oA (4), a 3aTHM Apyry. 

rlpema Tome momcemo H3meby xoeclAuujeHaTa HamacaTH ose se3e 

,110614jekin cHcTem (4) mopa 6HTH eKBHBaaeHT8H CHCTeMy (1). TO 

a1 2  = Bat, Cm 2  ; 

a12 = bm1 	c1112 

H capme, 3a n1  H n2  ca miloome.ibem 	H a21 H a22 • 

AKO H3 jeAtiatlinia (5) eJIHMHIBILIRMO Qll H a12 , Ao6Hhemo ,,Ase 

anneapne jeLwatlinie 

(Ak, — a) m, (B)., — b) m 2  = 0 , 

(BX, — b) m, (CX, — c) m 2  = 0 

H n2  ca mnoxacre.lbem A2. Zja 614 Te jeAHarnme umaze 
0,a MHONCHTe.lba, 6H.110 Al f  614.110 X2 mopa 6HTH Koper' 

OBy jeAHalmsy momemo join narnicaTm 

(X) (Ak — a) (Ck — c) — (Bk — b) 2  

(A C B 2) X2  — (Ac — 2 Bb + Ca) 	ac — b 2  0.  

0 

(X) 

npn qemy cmo HCKOpliCTHAH HejeAllaxocT0 A C— B2  > 0, ac — b 2  > 0. 

1/13 HaseAeHe Ta6nHue caeAyje Aa Hama jeAHatuma Hma Asa 
cTriapHa H TO 1103HTHBHa KopeHa — jeaao, 03HaqHMO ra ca X1 , matbH 

oA d, H Apyrm, X2  , sehH oA D. AKO crammo 

X1 = k12  

jeAHatunie (3) Ao6njajy 06AHK 	

X2 	k22  

(7) 	Si"  -I-  k12  s, = 0 , 	S2" 	k22 s2 = 0 

oapebyjy /Ise ne3aBacne xapmommIce ocusaanHje. 

KoopAHHaTe S1  H S2, Koje A,osoAe jeAHaLunie (1) Ha 06)1HK (3), 

30By ce onasne Koop,mznaifie Tae Ha II0Bp11111HH. XapM0HHCKe 

nauHje, oApebeHe jeAnagHHama (7), 3osy ce masne ocliunaquje Tatme. 

YETHHHAH CMO 37 nogency osor naparpapa npeTnocTasxy Aa 

cpymunja U HMa maximum H Aa je npema Tome nonomcaj pasHoTexce 
cTa6HAati. AKO Taj yCZOB Hlije nocranmen, ropffia pacybHsaiba ocTajy 
Ha 'Clia3H, camo ce HI,HuTa He mooce "sa3aTH sa seaHtmue a, b, C OCHM 

Aa cy cTsapHe. TaAa 3a KopeHe jeAtiaxime (6) moosemo TElp,a14TH camo 

,33 cy unpin, jep nommomy cp (X) oArosapa cxema mimosa 

X — 

'(X) I + I 

KapaKTep THX cTsapaHx Kopesa oApebyje Kapawrep pasHoTexce. 

AKO cy o6a Kopeua 1103HTHBHa, pasHoTexa je cra6HAHa. 

20 PauHonanHa mexamma 

all  = Am, -4- an2 2 

(5) 
X1 all = anz, 	bm 2  , 

H unique 3a n1  
peiume, csaiof 
jeAnaqnne 

(6) 
AX — a 

— b , 

B). — b 

Ck — c 
0, 

  

d I D ± 

- I ± 

dmAHD 
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§ 15 *41 	 Mane ocunauHje Teume Ta Ke Ha nospuuma 
	 306 

§ 15 .41. Mane ocganaaaje Teuwe Tagxe Ha 1101313111111114 

Heim je noispunnia naTa jenHatumom 

(1) z = f (x, y) , 

npa qemy je oca z HepTaaanHa H Hanepeua mntle. 01:0yHauaja cane 

Tesce annena 
U = — mgz , 

Tog je m maca Taqxe H g y6p3albe cane 'Fence. 

Ycnos parsHoTme dU = 0 naje dz = 0 HMI 

Of 	Of 
-- = 0, 	r---- 0 . (2)  
dx 	 ay 

PewaHaffiem jenHatma (1) 14 (2) onpehyjemo nonoscaje moryhax 

panHoTesca. AKO nocieTax soopnaHaTa CMeCTI4M0 y jenHy on TaKBHX 

Taqaxa (x = y = z = 0) H x, onHocHo y, ocy HanepHMO y npaauy 

JIHHHje apaime Ha nospunnia, 3a jenHaqaHy noapume y 6/1H3141111 

mate Taqxe amamo 

z 	[ (—a:2  )0  x2  (--:; )0  y2
2  

Z I ( X2  + 	, 
2 R, R2 

rue cy R3  a R, nanynpetimma Kpaaaae, ca onrompajyham 3HaUHMa, 

3a ramie HopmanHe npeceHe. CBaKH on HAVE je no3HTHBaH asA ce 

11:11Tap KpnBnHe Haaa311 Han X0pH3OHTOM Taqice pamoTexce. 

110111TO sum ulna Taqxe 3a Taane aoopnaHaTe HMa a3pa3 

2 T 	(x' 2 	y' 2  ) 

nH4)epeHuajanHe jenHaqaue apeTaiba gory ce Hannan! 

+ 	x = 0, 	y" 	- y 0 . 
2 

SWARM° aa cy a3a6paHe KoopnaHaTe x a y ramie KOOpaHHaTe 

3a Hamy Taqay. 
AKO cy R1  a R. o6a 110314THHHH, nonoscaj partHoi .me je cTa- 

&mat, cnaKa rnarma ocuanauHja je xapmoHactca ca nepaonom 

7F2 
21; -R i , OatIOCHO 27. — •  

307 	Mane ocunnauHje Tagae Ha Kojy nejcTsAy nerrpanlie cane 	§ 15* 51 

§ 15.5. Mane ocannagaje c.no6oppe Tagge 

flpernocraHamo na je nonmaj Taluce onpehea KpHBOaHHHCKHM 

aoopnaHaTama q1, q2, q3, je y nonowajy pasHoTence q1= q2  = q3  = 0 

cy sum cana T M OyHauaja cane U 

2 T Ai  q112  + A2 q31  2  + A 8  q31  2  + 2B2 3 q,' q,' 

+ 2831  q'3 q', 2B12  qi qs , 

U = — (a1 q I 2  + 122 Q22  as  q82  2423  go, 2b31  q3  q„ + 261 42  q, TO, 

all  q1 ± a12 q2 ± an 43 • 

	

S2 	a2  q, 	Ct2 2 q2 	«23  q8 , 

Ss = a31 q1 as  2 q2  -Fa2 3  q2  

na 6a jenHatume aperaffia ;Wane oaaj o6.naa 

	

s," + s, = 0 , 	s," X, s, = 0 , 	sa" 	. 

Tana hello, ion y nperxonHom naparpaoty, A06HTH sa onpeba-

saibe a l , X2 , 	ay6Hy jenHaqinfy 

	

A1  X — a, , 	B1 2 a.—b1 2, B1 3 — 61 a 

	

(1) B23 X — 623 	0 , 
B2 1 1- 	621 	A2 — •22, 

B31  X— b„ , B32 	bag 	A3 X a8  

rue je: B32 = 821, B23 23 = B32 	B3 1 , a acre jenHaqaHe Baste 

a 3a mana caws& 
3a cnyqaj Kan U ama maximum oast jenHatutHa aaa Tpa cTriapHa 

TO 1103HTHBHa aopeaa H fraliMa onrompajy Tpa ramie xapmotnicae 

ocuanauaje. Y neTame noxa3a or cTasa aeheMo yna3aTa, jep cy 

OHM CJIH4H14 § 154. 
AKO ckyinanija U Hema maximum'a, npapona Kopelia jenHaquae 

(1) onpelprje Rapawrep parmorme. 

§ 15.51 Mane ocaanagaje TamHe Ha xojy Aejc.rayjy Hempanne 
cane nponopgaoHanHe pacTojaiby 

Heaa Ha zacay mace m Aejmyjy cane npaanagetba nponoputio-
HanHe pacTojarby on cTanHax ueHTapa ca macama m i 	1, 2, ... , n), 

rue cy CBH Koeclmtuajeara 6ano name cane, 6ano cl:IyHinnije cane 

KOHCTaHTHe Henalume. 
YHenamo CnHgHO § 15.4 ramie aoopnaHaTe Tatise nomohy 

o6pa3aua 
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§ 15.51 
	Mane °amain* ramKe Ha Kojy nejanyjy uempanHe cHne 	308 

qHju je nonoxiaj onpebee BexTopHma ri  . BpenHocT pe3ynTaHTe CHHX 

THX cHaa je 
-+ 4 

F = — k2  m Em; (r — r i) , 

Lae je r BexTop nonoxaja Tatme m. 
Axo yeenemo Taqxy C, cpeguwirte mom, qmja je BexTop 110.30- 

mcala re  onpebee jenHaqHHom 
n 	-3 

M rc 	E M I  r,, 
1=1 

me je M maca CEMX ueHTapa, Hapas 3a may mcoxemo npeTcTaeHTH 

	

-4 	4 
F — k 2  m M (r — r e). 

Hajmn, axo cTaeHmo 

	

p 	rc, 

Tj. yeenemo sex-1.°p nonoAaja npema Tatum C, mina je cHna ne*H-
EiliTH13120 

-4 
F — k 2  m M p . 

1-beHa ctlyexumja cHne no6Hja epenHocT 

,_, 
U — — m M p2 ,  

309 	Mane ocuanauWe TagKe Ha Kojy nejcmyjy newrpanHe cane 	§ 15'51 

flotuTo jenHaqHHa xpeTakba, peuHmo sa KoopitHHaTy E., Hsrnena 

(1) E" 	k 2  ME 0, 

salubyqyjemo na cy *xoop/wHare E, 	rnaeHe HoopneHaTe Hanle 

cno6onHe TatiKe y nonpy naTilx Cana. floinTo jenHaquaa (1) H caHqee 

jenHaqHHe 3a nee ocTane xoopn,HHaTe onpebyjy xapmoHHcxe °alma-

uHje, Taqxa C je nonwxaj cTa6nalle paeHoTence. Oxo Tor cpenlunTa 

Taqxa m epu.H4 xpeTam pe3yaTaT TpH xapmoHHcxe ocunaullje 

(.§ 5 -22). 
Y cayqajy, Ran imam° cline on6Hjaisa nponopuHoHanlie pacTo-

jaHpy, mecTo k 2  Tpe6a CTaBHTH — k2  H niuDepeHuHjaney jeallataifty 

KpeTatba 3a HcTy Koopn,HHaTy E Tpe6a HaEHICaTH 

E" — k2  M E 0 . 

OBa jenHaqzna BHn2e He onpebyje ocumauHjy eeh xpeTatbe 

tulja je jenHatuala 

E = e
kit 

+ C2 e (2) 

rite cy Cl  H C2 nponewbee KOHCTaHTe, a k1 = k 11M. 

JenHaqinia (2) noxa3yje na sa epeme xpeTatsa Taqxe yeex no-
cTojH jenae Taxae TpeHyTax noc.ne xojera ce Tatum cee mite ynanDyje 

on nonoNcaja paep.oTme. flpema Tome, TatIKa C je 3a cHne on6ajalsa 

nono)Haj na6HnHe paeHoTe>xe. 

jep je 
-÷ 

dU 	df;)= — k 2  m M (p dp)=
1
- k 2  m M dp 2  

2 

Taqxa ce Hallam y paeHoTemi jenHeo y nonowajy 3a KOjH je 

P = 0, jep canto 3a `  Taj nonommj je F= 0. Taj nonoixaj je Tatum 
C — cpenHwTe .maca m i  

AK0 nono)Haj Tatixe onpebyjemo xoopneHaTama E, 	; npema 
TpHjenpy oca ca nolo -mom y C, mina ce miea cHna onpebyje 
jenHaqHeom 

2 T m (E' 2  11 2  + ;'2) , 
a cl)yeitumje cane 

2 U = — k 2  M (£ 2  + 112  + V) . 
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311 	 Bp311113 TagiCey peaaTumom KpeTamy 
	 § 16.2 

r JIABA WECHAECTA 

PemaTustio xpeiratbe Tataxel) 

§ 16•1. Penamnno xpeTame Tagge 

3amHcammo cpeaHHy RAH npocTop KOjH cmaTpamo too Heno-
xpeTaH. Benatmo ca THM npocTOpCM TpHjenap oca Oxyz (ca. 78, a), 

xoji4 hemo 3BaTH Herm-
xperrata HAN ariconytillat 
rupaje4ap. 

Heim ce y TOM npo-
cTopy xpehe npyra Henpo-
mewl:im cpentnia, peuHmo 
cpentaia Hexor qspcTor 
Tena. Ca TOM npyrom cpe-
AHHOM 13e/f4HMO TpHjenap 
oca AEr& TO je tioveirinu 
HAN penal-Tama iripaje4ap. 

Haj3an 3aMHCJIHMO 

Ky M, xoja monce melbaTH 
csoj nonomaj npema npsom 
H npyrom TpHjenpy. K0,21, 
Te Tatme moncemo pa3nti-
KOBATH osa TpH xpeTama: 

1. KpeTalbe mince M 

npema aenoxpemom  TpH- 
jeupy Oxyz. Ono KpeTaibe ce aose auconyurno gpea-ame TaLme. An- 
C0.71yTHOCT TOE Kperatba mma yCJIOBHH aapaicrep y Be3H ca THM Kojy 
CMO cpeaany n3a6paam aa nenonpeTay. 

1) qatalbe ese raasenpeTnocrawba 3lialbe Kaaematurce gepcTor Ten& 

2. KpeTaH3e Tatum 'M [Tema noapeTaom Tpaje,apy AEIL. OHO 

ce 3ose penaiiiusuo xpetTiame Tatum. 
3. HajaaJet momemo 3aMHCJIHTH H Tpehe xpeTame. To je npeTatbe 

one Twine cpenane noxpernor Tpnjeapa AEtt, Koja ce y num Tpe-
army nomana Ca TVIKOM M. TaKBO apeTatbe Taluce M, Ka0 Tatum 

notcperne cpenane HJIH gape or Teas, aone ce lipenocao 

§ 16*2. BpanHa Tatum y penaTmanom xpeTamy 

Hexa ce y TpeHyTxy t noKpeTMa Tatixa Hana3una y nonoxajy M 
(ca. 77, b) H Hem je mute HHTepHana Bpemeaa At npetuaa y no- 

--3 

nowaj M' y anconyTHoj cpenHHH. Bearop MM' naje artconyiraio 
parse Tatme. 

3a TO speme At Twin ce xpeTana H y cpeuinH Tena AEit, TI. 

npema nocmaTpaqy KOjH je qapcTo se3aH 3a Taj TpHjenap, H H3Bp- 

umna je nomepatbe MM,. To je penal-dam° ilomepame Tatm. 
Haj3an mut Taqxa cpenithe AEri, Koja ce y momeHTy t noxna-

nana ca Tatwom M, 3a Hpeme At npetuna je y nonmaj M2  II Ha Taj 
—.9 

HaqHH sexTop MM2  onrosapa iipeilocuom rumtepamy Taque. 
JacHo je, Aa je 3aBp1/111H nonmaj M' Tagae pe3ynTaT Asajy 

nomepatba — peaaTHsHor H npeHocHor. flpema Tome Hmamo sexTopcxy 
jenHaqmly 

--4 --4 

MM' 	MM,.. 

AKO qnaHose Te jentlaqHfie noneaHmo ca At H npebemo Ha rpa-
HH4He spenHocTH, no6Hjamo 

MM' 	MMi 	1;„, MM2  
(1) 	Ian ----== Ian -----r 

At-)0 At 	At-)0 At 	At-) o At 

flptal H3pa3 ca anconyTHHm nomepatbem MM' Aaje a-acct./41M)/ 

opatuly Tatme xojy ❑ emo 03HailliTH Ca Vane.; H3pa3 CR peaannanam 
-- 

nomepmem MM1  npeTcTawba peaanitanty 6psully xojy Memo 03HREHITH 

ca v„e„.; Haj3an H3p83 ca npeliocHtim nomepatbem Aaje iipoiocny 
-3 

6patuiy, ROW hemo 03HatIHTH ca v„,,,. Ha Taj HagHH CTRBHMO 

--3 

	

' 	 MM 	 1; MM2  4  ljm MM 
= 	, 	inn 	1 .= 'Poen. 	 , 

	

Ai-) 0 At 	 4440 at 	 At_.) Lit 
— Vnpeu. • 
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§ 16 2 Bp3HHa tagKe y peyornasem Kperalby 312 313 	 Y6p3mbe Tagxe y pezanneom KpeTaH,y § 16'3 

     

Hs je,aHarmHe (1) Ta,aa aax./bygyjemo 

(2) 	 Vadc. = Vpem 	Vnpen. • 

AnconyrHa 6p3HHa vane. je HexTopcicH H3BOA BeKTOpa noncmaja r 
THLIKe M y o,aHocy Ha Ta41<y 0, Ti. 

V anc, = r . 

011a Hma 3a xoopiumaTe x', y', z', also anconyTHe Koop,aHHaTe Ta4Ke 
M o3HaLnimo ca x, y, z. 

PeaaTHHHa 6p3HHa open.  je BeKTOpCKH H3BOA HexTopa nonoxcaja 

03143- 
timmo ca E, 	penaTHHHa 6p3HHa y oaHocy Ha ucTe oce Hma 3a 
xoop,m4HaTe E', Li% 

Ce Time npeHocHe 6p3aHe, H3 faniemaTHKe 43peror Teaa 
3HaMo Aa ce oHa H3paixasa 

-) 	-0 4 
VA + [C2  Os 

4 
ue je vA 6p3HHa Tatme A, Tj. TpaHcnaTopaa 6p3HHaTena H SL yraoaa 
6p3HHa Teaa ca HoopaHHaTama P, Q, R y o,aHocy Ha ace Oxyz H 
KoopAHHaTama p, q, r y oxiocy Ha oce 

Flpema OBHM pe3y.irraTHma je,aHaqHHy (2) mowemo join HanHcaTH 

1.1 	. 	-3-3 
(3) 	 r = p rA 	[0 p] . 

0Hoj sexTopcxoj je.aHatunia o,aroHapajy ABe cepHje cxa.napHHx 
je,aHaqHHa: sa oce TpHjeApa Oxyz npHa jeaHaqHHa HMahe 136.7mx 

x' E' + + 	+ xA 	Q (z — zA) — R (y — yA) , 
rAe cy fi x , 11x , vx  KOCHHyCH yraosa oce Ox ca ocama TpHjeApa AEr& 
3a oce TpHjeapa .4Eit alma je,aHatmia 143rne,ga 

x'/.x 	y1 X.), + el., 	xA ' )s-x + YA' 	zA l  + 	— rti 

Y Beau ca jeaHaqHHom (3) nomeimmo jeaHo y TeopHjH pe.na-
THBHOr KpeTatba Bp110 Ba.}KHO npasHao 0 Harmay HexTopcxor itHcpe-
peHnupaffia HexTopa oApebeHor y noxperHoj cpeAHHH. 

3a CBaKH TpetlyTatc apemeaa amamo 
-3 	-3 	-3 

rA+ p , 

a Ta je,aHa4HHa Houle ,aHcpepeuuHpalba Aaje 

(4) r = 	P • 

Axo ynopeaumo (4) ca (3), ,ao.na.iJamo AO one HexTopcxe jean-
cultie 	

--> -) 
(5) P= P + [-Q P]. 

BexTop p cmaTpamo Kao triorgannu us3oR sexTopa no.noscaja 
1.1 

Ta4Ke M y oikHocy Ha Taqxy A, HexTop p je pemillasnu IMO Tor 
-3-3 

HexTopa, a [0 p] je lipenoclut Re° tz6Bo,la KojH Aona3ki 36or ponumje 
ropcTor Te.na. 

0,apebaHatbe 6p3HHe anconyTHor xpeTaHoa, Imo 36Hpa penaTHHHe 
H npeHocHe 6p3HHe, gecTo mo)xe ,aa noc.apxx 3a H3Hobeffie H jacHHje 

Tymagefbe 6p3HHe Ta4Ke. TaKO, Ha np., y 
c.nygajy oApebHHarba nomacaja Tatixe y 
paBHH nomohy nonapHilx xoopAHHaTa r H 0 

(c.a. 79), npoH3B0Jb10 Kpentbe Tataxe y pas- 
HH yHex ce mowe cmaTpaTH xao anconyTHo 
xperathe Koje je pesynTaT penaTHHHor xpe- 
Taffia (aysc norera) H npeHocHor (3ajeaHo 
ca noreroM). FIOLUTO 6p3HHa npaor xpeTatba 

dr 
mma speamocT dt —ort r, a npellocHor r 

4 
opT Hopmaze Ha r, maa 3a 6p3Huy Ta4Ke Ao6Hjamo 

dr 	 --) V = 
t 

ort r
4 r 0' n . 

§ 16'3. Y6paatbe 'range y penaTnaHom tcpeTan.y 

Axo imaHoHe jeanatikule (3) § 16 .2, rcoja oapebyje ancoaymy 
6p3HHy, Aucl)epeHuHpamo join jeaaHnyT no HpemeHy, npema npasmay 

.aHepepeftuHpaH,a (5) § 16.2, Kao pe3yarraT Ao6Hjamo 

P.. I+ 	+ 7"A + E° + [ 	+ [O ;]1 

-+ 
p Ta4Ke M y oxmocy Ha TaqKy A y Komuco ce racy seicillop Memo 

.1 
y cpeRtuaz A. AKO Taj H3BOA 03HBLIMMO ca 

1
p, }imam° 

-> 	t• 
ype„, = p • 

AKO xoopAHHaTe TaLIKe M y oikHocy Ha TpHje,aaP AE 1L 

-3 
rue je n 
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315 	,awbepeinuilanne jenHamine penanunior xpentba 'me § 16•4 
§ 16 '3 	 Y6p3albe Tagice y pellaTHHHOM Kpetarby 314 

Taj peusTar moscemo jou" npercTaHHTH 

•• 	.• 	. 	►  -4 ►  
(1) r = p rA± [0  + [0  [0  Pil -f- 2  [ 0  P [ • 

flpoTymaqHmo q.naHoHe Te je.aHatunie. 

- 
Bewrop r = iva„c. Aaje alicanyirino yOpsame 

I ..1 	- 
BexTop p = 

36Hp 

rA 	[K2  P1 ± [ 0  [ 0  P 11 = 	, 
Irmo arra ce TO H3BOAH y KHHeMaTHLW tIsperor Tem, saje y6p3albe 
TaLme gspcTor Tens H npema ToMe je apetiocno y6paame. 

BexTop 2 [0 fal = 2 [0 	nojaaJbyje ce Kao .gonyHcKH 
f` OH saje Hoey KomnoHeliTy, xoja ce Ca cripoirmum 311aKalit 3oHe 

Kopuonucoso y6paatbe. 

AKO OHO y6p3afbe 03HaqHMO ca WKop., Tj. CTaBHMO 

(2) Wicop.= — 2  [ 0 Vpen. j , 
- 0 	 -0 -0 

jestiatiana (1) saje He3y H3metly y6p3arba 
- 	 . 

(3) 	want. = wpc.. -F Wnpeti. 

Osa jes,Hatuma H3pascasa Kopuomcosy rgeopehty o y6p3a}by 
Tatme y peaaTHHHom xpeTaiby. 

143 (2) ce swski 	KopHosHcoHor y6psafba Hema y OBHM cne- 
11,1ii2.711.1HM caymajesama: 

1. U = 0. KpeTaffie Tula A E n  Hma TpaHczaTopHH xapaxrep. 

2. v„„ = 0. Tatma HeMa penaTHHHor xperafba. 
4 4 

3. BexTopH 0 H v„, Hmajy HCTH npaHan. 

HaaHalaMO K001:VjaHaTe FlOje,KHHHX tViasosa je.sHainnie (3) 3a 
oHe oce, aa lc* cy Te 'wow:mare jesHocTamthje, jep yHex Mowemo 
ca jeAHor ipHjespa npelm Ha Apyrx. 

4 
BexTop want. 3a oce Oxyz HM3 Roop,AHHaTe x", y", z". Pena-

. 
THBHO y6p3affie w„,,, HMa 3a oce A E 	KoopAHHaTe E", rr, ;". 

3a npeHocHo y6p3affie HanHummo, xao npHmep, camo jesHy 

xoop,AuHaTy, pealiM0 sa A E ocy 

xA" Xx+YA" 1-y-FzA" 1-z+ 41 —  eri +p 	± qti-ErS)—(p 2-Fq2d-r2) E . 

Hajau KopHomicoso y6p3aibe urea 3a KoopAHHaTe y 000cy 

Ha TpHjeAap A E 	mime 

—2 	— 	— 2 (rE' — ,'), —2(Pn' — qE1) 

§ 16.4. Andiepemuijame jeowqmie penanunior xpeTaiba Tatum 

Ocmomm npo6nem AHHaMaKe penaTHHHor xpeTatha maTepHjanHe 

Tagxe CaCTOjH ce y OBOM. 

,L1aTo je: 
1. flogeTHH nosommj Tatuce a notieTHa penarkuma 6p3HHa, Ha np. 

y osHocy Ha 3ems.y. 
2. Kperathe noxpeTHe cpeAHHe (Tula) npema anconyTHoj cpe- 

AHHH, Ha np. xpeTathe 3emibe y 3Be3AaHOM npocTopy. 

3. Cline IHTO itejcrHyjy Ha Taqxy, Ha np. cH.na npionagetba 

3eMJbe a spyrux Tena. 
A TMH ce ospelwathe penatTimmoz verilatba TaLme. Y Hawerd 

npamepy Tpa)KH ce ospebHHatbe KpeTatba Teunce Tatme y os,Hocy Ha 

3emspy. 
3a oixpebusathe Tor '<per- alba uocTaBJbajy ce HapotniTe sticille- 

pentHjasHe jes,HaTifine H TO Ha OCHOBy OBHR pacybHHatba. 

1101aTO ce ocHoHHa Hexropcxa sHcDepeHuHja.nHa jesHaqHHa xpe-
Taffia Tatme o,nuocH Ha HenoxpeTHe oce, Tj. Ha anco.nyTHo xpeTame, 
jesHatmHy Tpe6a HanHcaTH 

-) 	-) 
(1) mivanc. = F , 

rse je m maca TaLme a F pe3yiTaHTa axTHHHHx atm H cHaa peax-

uHja, atm je Tatma HeC/106017aa• 3a cHaxy oix.cHaa Hoje tuoie Ty 

pe3ysTaHTy Tpe6a sa nommemo M3BOp, KaKO TO Tpamai Tpelm 

1-byTHOB 3aKOH H npema ToMe Ty cany mowepdo CMaTPaTH too cirmapty 

curly. Harnacramo TO H 03HaKOM FcTb. • 

AKO mecTo ancoayTHor y6p3arba Wane. CTaBHMO y (1) H,eroay 

Hpe,sHocr H3 (3) § 16'3, so6Hhemo je,rtHainimy 

4 	4 	4 
(2) mw„,„. = F.Tb. — MWnpen. MWKop. 

Wpen. je penal-it-wino yopsame Tanice. 
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§ 16- 4 	,Elkupepeuuulaarie Jeauaquite peammor uperama Taque 	316 

rIpori3H0,rrH — inWnpe4. H MWK0P. HMajy. ,ammeH3Hjy cline, Ho 
nowTo 3a TaKBe cHne He moncemo noxa3aTH If nope, 11,11X Tpe6a cma-
TpaTH K$O gbuictriusue 

HPBy ePIIKTHBIly cHay, HHja je HpenHocT — mwpp„., nahemo 

so4eAa cuna; oaaagamo je ca Ft,(70„, Tj. CTaBHMO 

— MW.peti. = 

,L1pyra rprixTHHHa ulna HMa HpenHocT MIVicop, H npema Tome 

30Be ce Kopuonucosa cuna; a<o Ty criny o3Ha4mmo ca Ficop . Imam° 

MWKop. = FKop. 

flpema Tome he je1H3HHHa (2) ,206HTH 06J1HK 

(3) 	inwp". = Fcrb. 	 FKoo.=Fcrb. 	Fft)11121% 

rne cMO ca 	03Ha40.214 36Hp BeA 	CPIIKTHBHe cline — Ho,nelle 
cline H KopHonHcoHe. 

..le..,ErHaHrma (3) Aaje npaHnno no xome ce mime nHcpepeHurijanHa 
jenHaHHHa penaTHHHor KpeTarba Tairxe. 143 Haera ce minH na je no-
HOBO noTpe6Ho H3je2tia4HTH npoH3Holt mace H y6p3atbe ca CHJI0M, 

ana Ca TOM pa3JIHKOM WTO ce crHapHoj CHJIH nonaiy nae cfruxTrunie 
cline — Hon,eha cHaa H KoptionHcosa CHaa. 

HOWTO je Ho,aeha cHna — mwpp e„., otta ce monce H3pa3HTH 

	

A  4 	4 4 4 
F50,. == — MIVA — [&Z p] -m [° [Up]]. 

FlpHrt HaaH je cynpoTaH TpaHcaaTopHom y6p3aiby Tena. ,apyrn 
HaaH je cynpoTaH y6p3arby Koje HacTaje on yraoHor y6p3atba. AKO 

ce Tea° xpehe ca KOHCTaHTHOM TpaHCJIaTOpHOM 6P3HHOM (117A= 0) H 

KOHCTalITHOM yraOHOM 6p3HHOM (o = 0) HJIH Kaxo ce Kawe ciiiaquo- 
uapuo, o6a Ta H.naHa oTnanajy. OcTaje camo TpehH HaaH. H3 tame- 

4 44 
maTime impcTor Tena 3HaMO Aa  y6p3arbe [S2 [S2 p]] HM2 tieliiiipurte- 
manna (thccurteifianKu) HapaxTep, Tj. .na je HanepeHo npema oca 

o6p-rafba S2 H ,na pima HpeAtiocr 0 2  d, rae je d pacTojatbe Tae OA 
4 4 4 

oce o6pTalba. ,z1/KTHHHa cHna — m [ S2 [U p] ] HMa cynpoTaH cmep H 

317 	Penanumio xpeTarbe Taque ca crau. npeuocuum xpeTamem 	§ 16'41 

H3 Tor pa3nora ce 3oHe geurdpuOpanna (alccuOyaanua) cuna, LteHrpH-

cpyrantra cHna He HOCTOjH je,IIHHO 3a Tatnce oce o6pTatba HAM xo,rt 
TpaticnaTopHor xpeTatba Tena. 

InTo ce THHe KopHonHcose Cline, ()Ha je 
-) -) 

F Kop.= 2m[ pen. ] 

H He noxa3yje cHoj yTHHaj canto y cneunjanHHm c.nyHajerima, KaA je 
KopHonHcoHo y6p3athe jenHaxo Evart (§ 16.3), 

BexTopcxoj jeAtIaLIHHH (3) oAroHapajy TpR oranapHe je,aHaHHHe, 
oil Koji-ix hemo HanHcaTH canto jenHy xoja o,nrompa AE OCH 

FE — mw A 	m 	— r' r1) — p (p 01-1- 

(p2 	
q2 
	r2) E 	2,72  

Ca FE  oanagtow cmo npojefarHjy crape crane Ha Ty ocy. 3a 

cno6oAHy Talmy ce Ta cHna awns Ha aKTHBHy cHny, Ha np:cHny 
Tew.e, 3a Hecno6oAlly ()Ha canpnrif H cline peaxnaje. Axo je Tatma 

nprimopaHa as ce -Hana3H Ha flOBPIIIHHH onpeheHoj jen,HaHHHom 

f, (E, 	0 , cHaa peammje Hma npojeRuHje: 	c)-L , x.
d

, xi  -O  , 
r1 	

f-1 
 

npa Hemy ce MHOTKIITelb peaxurde /\./ orrpehyje H3 ycnoaa ,aa y6p3atbe 

Tagxe wp". 3a,a0B0JbaBa je,allaHruiy. 
-3  

(grad fl , wp eA , ) D, f, = 0, 

Koja ce ,ao6Hja Ran ce jenHaHHHa nospurrnie n,HanyT ,a1443epeHuHpa. 
Ha cnrmati HaHHH yrionm ce H Apyra peaHnHja, axo ce Taqxa Hana3H 

H Ha apyroj O0BpLUHHH, Tj. Ha Hexoj 

§ 16'41. PeaaTamo xpeTaibe Tagge ca cTagHoaapania 
npemacamt KpeTalbeM 

Aim je npeaocHo xpeTaibe cTauHoHapHo, Hmamo 

WA =  0, 6=0 

H Taxi npema (3) § 16 .4 AHclaepeaugjanuy je.aliatury xpeTruba monremo 
HanHcaTH y o6nHxy 

44 
(1) 	mw".. = Fcrb. — [°->[°-* -p]] - 2m [C2 ypen. 
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llomHonaimo cxanapHo qaaHone one nexTopcxe jeaHaqHHe pena- 
4 4 

THBHHM nomepmem da = voe,, dt, na hello a06HTH 

MV 2  pen 	4 	4 	
4 	4 4 4 

(2) 	d 	 (F cTb. d) 	m (v pen. [ 0 [ 0  P ] ]) dt, 
2 

-4 	44 
— 2m 	[ v„,,. ] ) = 0 . 

,apyrH qnaH roam cTpaHe jeaHaquHe (2) TpaHccDopmknue ce onaxo 

— m (->vp e„, [ [ 	 ] ]) dt = — m ([ p4] [ v-)peu. 2 ] ) dt 

= MUQP]d[ 4 P]) ==d 2 [ O P] 2,  

na npema Tome H3 jeaHaqHHe (2) Hmamo 
4 	4 4 

d —
m 

(v2pe.. — [ P 2) = (FCTb. da) 
2 

Harnicauy je.rwaqHxy moncemo cmaTpaTH Ka° MKOH ;fuse cane 

sa penarammo xpeTathe Taqxe ca cTauHoHapH0m npeHocHum xpeTaffierd. 

AKO je y cayqajy Hecno6oaHe TaLme nonpuiHHa (HaH JIHHHja), 

no mojoj ce xpehe Tatum, HaeaaHa H HenoxpeTHa, paa peaxnuje Ha 

nomepatby da jeallax je HyaH. 
Axo, cell Tora, aKTHBlia cHaa HMa cpyHmuijy cline U (E, 

H3 jea,Hatme (3) Ao6lljamo HuTerpan 
4 4 

—m (v2pe„. — [0 p] 2  ) U + h , 
2 

rae je h HHTerpanHoHa KoucTaHTa. To je warieepan ;fame cane as 
penairittsno Kperdame y cayqajy cTanHoHapHor npellocHor xpeTatba. 

§ 16•411. PeaaTHHHo HpeTame 'name raHHe y oAHocy 
Ha &Liu 

3enciby cmaTpamo Imo aonTy Koja ce o6phe cTaaHom yraoHom 
6p3HHOM OKO cnoje oce, xobr npeTnocTaBJbaMO HenoxpeTHom. 1 -beHo 
TpaHcaaTopHo xpeTaffie, moje 3a xpaTxo pee cmarpamo xao pamo-
mepHo H npanOaHHHCKO. He yTHqe Ha peaaTimo xpeTalbe Taqxe. 

Tay A TpHjeapa Aat cmecTumo y Taqxy 3ema.HHe nonpunme 

y gojoj 6aH3HHH nocmaTpamo xpeTakbe Teume Taqxe mace m. 

Holum je SZ = 0, nexTopcxy jeallatmuy xpeTatba (3') § 16.4 
mowemo HarincaTH y 06./IHKy 

(1) MWpen, = Fct6. 	rilWA — 	[ [ 	13 ]] — 2m [
-0 

vp,,,.] • 

ripe cnera npHmeTHmo aa HaTeH3HTer yraoHe 6p3HHe 0 Hma 

spe,aHocT 

= 0,0000729 
ceK. cpe,a. [Tem. 

H nourro je TO maaa Beaty:m, moacemo H30CTaBHTH qaaHone ca 0 2 , 

anti noa ycnonom aa ce Taj xnaapaT He MHO)KH BeJIHLIHHOM pea 
3emar,HHa noaynpeqinixa. 143 onor pa3nora y jeanaqHHH (1) moacemo 

4 -04 
H3OCT3BHTH gnat! — m [0[0p]]. 

[Tomo CMO Taqxy A H3a6panH 
4 
WA Hma Bpe,nsocT — 52 2  d, 

Felt, = Mgo 

To y6p3affie, ca6paHo ca aewrpH- ., 
cl)yramnim y6p3affiem, aaje y6p3albe 

4 	-o 	-o 
g = go  + 02  d, 

xoje ce onaaza Ha 3exubHHoj 110BpIHHHH 

KIM y6p3affie cline Teme. lipanau Hex- 

Topa g oapebyje riparian aepruurcane 
aaTOL mecTa. 

Ha ocHony 11o6HjeHHx pe3ynTaTa jeaHaqnHa (1) aaje aHcpepeti-
14iii3J1Hy jeaHaqully. 

(2) 

rue cMO Taqxom rope 03HarIHRH H3BO,a no BpemeHy yxon0xo ce Hex-

Top p melba y oallocy Ha 3eMJby. 
4 	►  

IlowTo cy BeKTOpH g H 52 KOHCTaHTHH, pe3ynTaT npne HHTe- 

rpaullje jeaHaqHHe (2) Aaje 

jep je 

(3) 

1 

Ha 3ema,HHoj noripmHHH, y6p3affie 
-o 

rae je d pacTojame oa 3emapinig oce 
AO TaliKe A (cn. 80). 03HaqHMO y6p3a- 

 -o 
the cline npHHInageiba F cTr,. ca go , Tj. 

A/
/  22d 

Calla& 80 

p =e,- - 2 [0 p ], 

319 	PeaaTHBHO xpetarbe TemKe Taqice y 011H0Cy Ha 3eNoby 	§ 16411 
§ 16* 411 	Pertarounto xperaibe Teu.ce•TaKe y onHory Ha 3nory 	318 
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321 	Peawriumo HpeTame mince TagHe y onHocy Ha 3em,by § 16'411 § 16 *411 	Peaatmo Hpeiatbe Teunce Tatum y oneocy Ha 3em3by 	320 

(3)

▪  

g

- 

t — 2 [ p 	, 

rae je Ci  IWOH3B0Jbliti xoucTaarrHia sexTop. AKO TallKy A cmecTHmo 

y notieTHH noamaj noxperHe TavKe (Po  = 0) H Bpeue pauyHamo 
-0 	 • 

nogeTga Kperam.a (t o  = 0), 3a C1  ao6Hjamo EspeaHocT po  , notieTHy 

peaaTHsay 6p3afiy. Ilpema Tome mecTo (3) HMaMO 

P.o 	— 2  6 -+P1 . 
AKO Ty BpeAHOCT CTaBHMO y (2) H 3aHeMapHMO qaaHose, KOjH 

3asHce oa 0 2 , jeaHaqHHa (2) aaje 

p - g — 2 [ pc, ] — 2t 	. 

rIpsa HHTerpanHja Te jeaHaithHe aaje 
-0 

Po -F gt — 2t [0 p o] — t 2  [S2 g]. 

Ilocae apyre HHTerpauje Imam° KoHa4Hy seicTopcKy jeaHatomy 

KperaFba Ta1Ke y o6auxy 

-0 	•1 -o 	 1 	-> -0  
(4) P = Po I + —2  g t2  — t 2  po] — 3 t3 g] . 

AKO oce TpHje,apa A E 	Hanepamo 033KO: ocy 	y npasuy 

sepTHKaae mecTa A HasHuie, AE ocy y X0pH3OHTa.71H0j paBHH npema 

jyry H ocy A rt y HCTOj paBHH -npeMa 3anaay, oaaa KoopaHHaTe 

seKTopa p, Hmajy speaHocrm 0, 0, — g, a seKTopa 0:

- 

 0 cos (I) , 0 , 

- 0 sin cp, rae je cp — reorpacjnica tumpHaa AaTor mecTa.  KoopaH- 

BaTe sexTopa po  o3Hatimo ca E,', 	()". 

Ca TaKBHM o3Haxama H3 Hewropcxe jeaHaqHme (4) mox.cemo Ha-

niicaTH °He TpH cKaaapHe jeaHatmHe 

£=£at-1lot2  0 sin , 

(5) ri --= 110' t 	(Eo ' Q sin cp 	;0' cos (p) t2 	gt3  Q cos cp , 

;0't — 
2 
1 gt2  —1-1 0 12  0 cos cp . 

H3BeB,HMO 143 HanuCaHHx jeamatuaHa Hemoamo 3atubytiaKa.  

1. C.no6o4an ua,tt iiiettuce Wawa 

	

AKO Tama naaa cao6oaHo, oftaa je E0' = rlu = 	0 H npema 
Tome jeaHailHHe (5) aajy 

1 	 1 

	

E 0, 	= -- 3 = gta 0 COS cp , 

	

— 	. 
2 

H3 OBHX jeatiatma caeayje .aa ce Tatum He Kpehe 1.10 sepTH-
K8M1 seh ornicyje Kpusy -  Tpeher creneHa y paBHH ynpasHoj Ha 
paBHH mepHaHjaHa ca jeaHatomom 

	

;3 	ri2  = 0, 	k2 = 9 	g 
8 02  cost cp 

nowTo je 11 < 0, 3a speme naaa Tatwa orcTyna oa sepTHEaae 
upeMa acitioxy. 

2. Beprauicanmu xuiriaq 

IlpernocrasHmo caa ,aa je Ec,' = = 0, a 	= vo > 0. 

Y osom cariajy jea,Hatlime (5) aajy 

E= 0, 	=(vo  — —
1 

gt)t2  C2 cos (p, 	= vot — —
1 gt2  

 

143 ycaosa 
=-- vo — gt— 0 

2 
oapehyjervio t1  = —Kart ce Tatum 3aycTawba Ha BHCHHH = —

1 v0 
• 

Vo 

2 g 

Y TOM nonomcajy je 	— 	 cos cp . 110111TO je 	> 0, TaLma 3 ga 

je orcTynHaa Oa HepTHKaae iipema 3ancoy. 3aTHM oHa cmice y x0 - 

pH3oHTaaHy pant 	= 0) y t2  = 2 — = zri  ca oTcTynalbeM 112 = 
g 

4 va 3  
= — = u cos cp = 211 HCTO Tax° npema 3anaay. 

3 g2  

3. Koc xuiziaq 

Y3IIHMO caa caygaj Kaa ce nogerHa 6p3HHa Haaa3H y paBHH 
ynpasHoj Ha mini mepHaHjaHa H LIHHH yrao a ca 1703HTHBHHM npasnem 
Art oce. Taaa cy 

E 0' =0, 110' = vo  cos a, 	vo  sin a . 

21 PaLtHoHanaa H'examma 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



323 
	

ebyKooso mono 	 § 16•4111 

1/13 jenHaqmsa (5) no6Hjamo 

E 	— t2  sine!) cos a , 

(6) 	= v0  t cos a ± v, t2  0 cos q) sin a — 
1

gt3  cos 

vo t sin a — 2 —
1

gt2  — v•  t2  0 cos ail cos a . 

143 yc.nosa = 0 mo)xemo onpenHTH Bpeme t, uenoicynmor neTa 

Taqice on notienca (to = 0) no TpeHyTKa Han TaMKa HOHOBO 

Ha xopm3oHT = 0). 3a TO speme Hmamo 

24 sin a 

2v, sin a 
rite je 	- — . Bpeme T, onrosapa neTy Taqice Han He y3H- 

g 
maw) y 063Hp 3ema,HHo xpeTaibe (0:0  0). 

1/1 3paqyHajmo can npa6aHmmy spentiocr 	pacTojaffia ri 3a t, 

Axo CTaBHMO BpejHocT (7), H3 (6) no6Hjamo 

2 

  

cos q) cos a) + =--- vo  Ti  cos a (1 	 

1 
v, 7•12  0 cos cp sin a -- 

3 
 g Ti3  S2, cos cp 

Axo ca Y, 0311a4HMO HCTO pacrojame 3a cariaj HenoxpeTHe 

3emabe, no6Hhemo 
Yi  v„ T, cos a. 

Kan pa3atncy 	% 03HaqHM0 ca Aq, nocae H3paqyHasma 

no6Hjamo osy spenHocT sa Art 

—
4 —v03 (4 cos2  a — 1) sin a • 0 cos q) 
3 g2 

OBaj o6pa3au noxa3yje Kam) c,e mem ,10.7blitia, no Hoje cTime 
!coal xHTau Ha xopH3oHTy, ycnen o6pTaiba 3em./be Kan My notieTHa 
6p3Hua cTolq y paHHH ynpasHoj H8 pasau mepHnHjaHa.  

§ 16'4111. (DYKOOBO K.IIWTHO 

Ilaj3an npoyqHmo jenau npHmep genavisHor xpeTalba Hecno-
•onue Teano Taqice y onHocy ma 3ema.y. 

FlaHme npoyqHmo, y3Hodajyhm y o63Hp poTaludjy 3em,/be, maae 
ocuimauHje Teunce Tatuce Ha ccpepH se3amoj 3a 3emaq. AKO noqeTax 
KoopnimaTa, Taqicy A, CMeCTHMO y uenTap ccPepe, jenHamiliy apepe 
moHcemo HaHHCaTH 

me je I nonynpeinmic ccpepe. nOLUTO je Taqxa Hecao6onHa, y 
cpepeHumjaaHy jenHaqiniy (2) § 16.411 3a pellaTHBHO xpeTaibe TemKe 
TatiKe Tpe6a CTaBHTH join peaKuHjy, icoja je nponopuHoHaatia grad!, 

y HameM cayqajy sexTopy 20. Flpema Tome ymecTo Te jenHatume 
nothijamo 

4 . 
(1), 	 p=g— 2[0 p] +)N.p, 

me je cPaxTop nponopuHoHanHocru. 

Y cayqajy manHx ownauHja sexTop p moncemo y npsom npH-
6.1mxHom nocmaTparby ripeTcTasHTH 36mpom 

4 -0 3 
(2) 	 p = /+ r , 

me je I sepTmcaaaii nonynpetunix Hainme (ca. 81), a r xopH3oH- 
Taaaii BeKTOp II0J10)Kaja noxperfie Tatum npema TaRKH P, Kailiti)Kem 

noaowajy Taqice Ha ccpepH. 
AKO CTaBHMa spenHocr (2) y (1), Hmamo 

. 
r=g+Xl

-o 
 - 2 [Or] +kr. 

-+ 

	

PacTammo 	y .Be KOMnOlieti - 

Te — jenny S21  y npasuy sepTH- 
4 

xaae (ca. 81) H Apyry 02  y xopm3oH- 
Ta71H0j p3BHH. 113HX0BH HHTeH3HTeTH cy: 
0, = CI sin cp , 02  = 0 cos cp , rAe je ep 
reorpacPcxa ILIRpmia mecTa. 

. 
BeKTOpCKH npoH3son [ 0, r] mo- 

weld° Tana paCTaBHTH y nHe Homno- 
HeHTe 

	

[0, r] 	H 	[0 2 r]. 

flpsa je X0pH3OHT8.11148, npyra sep-

rnxama. AKO Q H t cmaTpamo Ica° mane 

= 

ti — g + 2v,, cos cp cos a 

M la npH6aHHcHo 

(7) t, = T, (1 	
2vo 0  cos COS a) , 

g 

(3 ) 

CmiKa 81 

§ 16'411 
	Penannicao xpeTalbe 'remote ra'uce y o2Kocy Ha 3em.Tby 
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g 16'4111 	 lylcociso mum) 	 324 

Beni:mum npHor pena npeMa HeaHtIHHH g, CBaKa OA THX Komnone-

Ham je mans HenaLma npyror pena. 

PaingnaHumo can Hewropacy jennaLuma (3) y cicanapHy jen,fia-

tmy 3a HepTHHanall npaHau H Ha BeHTopcHy jenHatumy y xopH3ou-

TanHoj paBHH. 

CHanapaa je,nHatunia, am) ce 3aycrammo camo Ha tinaHowfma 

pena g, naje 

••g- 	1— 0 . 

143 Te jenHatwHe no6Hjamo A = — 

Ca TOM HpenHowhy ?. Hewropacy jerwatthHy 3a xopnotiramiy 

paHaH mowemo HarnicaTH 

(4) r=- 1 —
1 
 r — 2 [ S2 1  11. 

3a onpebHHathe HpeTakba Tatnce no Toj jenHaqinm npoyEmmo 

!Terme race npeMa xopH30HTEUIHOi paBHH Koja Hema poTauoje 0 1 
 OKO BepTHKaJIe. BeKTop nonowaja Tatixe y Toj paHow o3HaLimo, ca 

-o 	 -o 
R ; cam OH lima HcTy HpenHocT ca BeKTopoM r , aJIH cy Iial4X0B11 

BOJ10, ripHH H npyrH, pa3nrigHTH. 1438o1[ R ,

- 

Haje anco.nyTHo y6p3aHDe 

TaInce. OBO anconyTHo y6p3athe npeMa (3) § 16 3, 3a Haw 

cariaj HapawaHa ce 

(5) wpen.

- 

	— 012 R-+  + 2  [ 01  /]. 

	

• 	 . 

I1OLUTO je 	r H3 (5) Ha ocHoHy (4) Hmamo 

(6) k2  R 

▪ 	

0 , 

rne je 

k2 = 	+Q 1 2  = SI d_ 02Sln2qp. 

JenHatma (6) onroHapa HpeTatby Tatme no TrHuajem npHanagae 
cane nponopuHoHanHe pacTojaiby. Kao IIITO 3Hamo (§ 5 .22), oHa on- 

stlyicooso K.RaT110 	 § 16'4111 

peijyje ABS xapmowicHa Hpe- 
Tatha, Koja y pe3ynTaTy Aajy 
Hperathe no jenHoj enHncH. 

KpeTatbe nocmaTpaHo Ha 
noHpeTHoj X0pH30HTaJIHOi put- 

Ha jecre pe3ynT3T or entin- 
THLIKOr xpeTaffia H o6pTatba 
oca mince y paBHH xopH3oHTa 

y CMHCJIy HpeTatba Ka 3aJb- 

ice Ha qacoHHHHy 3a yrao 
t sin cp (ca. 82). OTcrynatbe 

oca e.nHnce y palm xopH-
3011Ta npema Tome je 1[nKa3 
3e1.rmma o6pTatba. Taj je 
eHcnepamear 	ripm 14313e0 

HayqHHH clpyHo y 3rpana 

pHCKOr rlaHTeoHa 1851 r. ca KJIaTHOM Koje je umano nyaamy on 

67 m H Te}KHHy on 30 kg. 

N 
Casuca 82 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



327 Perncrap 

PECHCTAP 
Epojean oaspuasajy crpatty 

v„ cos2  a 	 v, cos a 

162 	— 9 	(r+ Pi) 	 d (ri d— p,) 
168 	± 1 	- sin (e + cc) 	— a sin (@ -1- et) 

Ha crpanama 50, 59. 84, 129, 131, 146, 147, 211, 212, 263, 279 nencnpabno - 
je rope ourramnana oatiatta naparpatim. 

139 	+ 12 

CTOill 

15 	+ 11 	Y3 
17 	+ 2 	(3) 

	

—6 	(3) 
27 	-1- 0 	Xdp1401111,1110 
56 	-1- 12 	HRTCH3HTeTa 
60 	— + 11 	p1, cos cit , 
61 	+ 2 	v 

___ 

lipkt 6poj ontanaba crpany, ApyrN bncry ca znauom naycom oAo3ro, 
ca 3HaKOM mitnyc oAosAo 

x2  

ERRATA 

Tpe6a 
ys 

(3* ) 
(3*) 
xapmouncso 
1111Telt3HTete 

P tr cos cp . 
1,1 

x 

Aknenepagnja 77 
AMFIJIHTyAa ocunnattuje 28 
— komnnekcita 29 
Anomannja — ekcgerrmatima 170 
— sipaba 170 

cpeAma 172 

BepTpanob npo6nem 176 
Biljetbe 295 

Bpatcncroxponocr gtilmonAnor Imarna 
226 

Bpoj XIII 
Bpstina — anconyrna 311 
— bekropa 67 
— renepanneana bekTopcka 67, .cka-

napaa 67 
- Aekaprobe koopAtinare 52 
— Aona3na 252 
— 3a 6 YAYbe hperame 50 
— 3anpemmicka 69 
— kobarmjanrne koopAntiare 60 
— komrpabapnjainne koopAnftare 60 
— moryba 182, 258 

oana3na 253 
rrobpinnncka 67 

- nonpe ■ma 71 
— noverna 105 
— upabonntinckor kperattea 52 
— npema npoinnocrn 50 
— npenoma 311 
— paAnjanna 71 

4e penarnbna 311 
— caropcka 68 
— cpeAma 50 
— ckperama npakta 71 
— ratike 50 
— rpancbep3aana 71 

yraona, bekropcka 69 n ckanapna 69 
— Y3AYllina 71  

Bapnjamtja — moryha 259 
--,npba intrerpaaa 264 
Bar 152 
Be3a 178 
— 3aApatabajyha 178 

Be3a — itAeatata 187 
— ne3alaumbalyba 178 
— nenAeantia 187 
Bekrop eonozaja 3 
Bekropn koopAnnarma 5 
— koitjyrobann 6 
BenonnAa 85 
BepTnkana 319 
BpeAtiocr aare6apcka 

bekropa XVII 
BpeMe XIII, 22 	_ 
— ocinanautne 31 

rpaAnjeirr — base 180, sisynkitnje 
cane 153 

foam 98 
cpacimk nyra 25 

,Ilebnjamtja ragke 79 
./Jejerbo y Xammiromoby cmucny 
AekpeMenr norapitraman 31 
Anjarpam 	6p3tnie 53 
— nyra 25 
— 

e611P331tra a 84  — 6p3mte 52 
—,rettepanticane cline 102 
— ecbekra 151 
— umbe cline 149 
— samnynca cline 141 
— homy-ine kperama 141 
— co:pea 11 0409 
— TI 

— y6p3ama 78 
AAHnnH lOamn(ta  

— XIV 

Entanca — octiorma 15 
— remetia 130 
Enepriaja — kniterngka 154 
— noretuntjanna 153 
— roramta 154 
EnnrpoxonAa 40 
E.-6r 149 
Eranon-knaorpam 98 
Ecfmkr papa 151 

ipauxe 51, 
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330 Perm fiTap 

Ilepnop noitpxTabatba 295 
Ileplixen 170 
llobtmumna koopAnnaTHa 20 
IloApxTabatbe 295 
Hon nonapno nunnnAptignor en-

cTema 13 
- nsboAnn 144 
llonoxal — moryhn 179 
— 170,1eTHH 104 
- pabnoTeme 262, 272 

bekropcko 153 
- - cline 153 	. 
Ilomepaibe Tatike 49 

HTICOJTyTHO' 311 

enemenTapio 49 
moryhe 258 
npenocno 311 
penaTnbno 311 

IloTer 13 
IloTennHjan 153 
Epnninin 	4Anam6epob ,2po 
— llarpaltmeb morylInx.  nomepatha 262 
- ortuiTn 261 
- ..XamnnTOnob 266 
Ilpo6nem noTepe '63 	• 
Flpojeknnje na oce hpabonnnncknx 

koopAHHaTa 6p3nne 59, -y6p7  
satta 88 

IlpocTop XIII 
flyncaunja 28 
IlyT 24 
- AHPekTnn 264 

3ao6nna3tnt 264 
flyTarba 

Paban 	ekbaropa 14 
- nenpomerobnba 147 
- cTpma panaba 243 
PabnoTeaca 262, 272. , 
Pasnarathe kpeTatba 36 ' 
Pasnnka cbasHa 29 
PaA cline 148 
- enemeaTapan 148 
- ToTanam 151 
PacToiatbe nonapno 14 
Peaknitia 186 
- TpenyTna 252 
Pe30Heit oja 297 

PenaTnbgOCT kpeTatba 22 

CekynAa cpember bpemena 22 
Cana 98  
- akentjoyranna 317 
- akTnbna 186 
- aTpakTnbna 160 
- boAeha 316 
- renepanncatta 102 
- nsry6lbena 261 
- konsepbaTnbna 154 
- Kopitonncoba 316 
- EbyTnoba 161 
- oA6Hjatba 160 
- ornopaa 289 
- npnbnametua 160 
- riptulYAna 292 
- peakugje 186 
- pertynsnbna 160 
- crbaptia 315 
- TpenyTna xonagnor HmnYnca 250,  
- Tpetba 240 
- cPnxTnbna 316 
- olontambna HnepuHle 260 
- nenTpanna 160 
- uenTpHoloyranna 
CHCTeM 98 
CHcTem xoopAnnaTa 	renepannca--  

nnX 20 
- 21,exapTobnx 3 
ClicTem xoopAnnaTntlx oca 	opTo- 

ronannn 321 
- kocoyrnta 321 
- xlmtbonnnncxnx xoopAH-

HaTa 21 
CHCTeM maTepnjannn nenpometubil b XVr 
CHCTeM TeXHHH1214 (TepeCTPtHinH) 100 

Cnaratbe xpeTaiba 3q 
cpeA.Te maca308 - 
CkpeTatue Take 79 
Ora6HnnocT nonczaja 'pabnoTexe 286• 
CTatue notteTno mittemaTnvitO 105 
C.TaTuka XIV 

CTaTHKa Tatum 272 
Cynepnostnntja octonangja 294 

TayToxponocT nincnonAnor kilaTHa 225 
Tagka — reomeTpHcka 3 

Tatum .maTeOmlanna XVI 
- necno6oAga 177 
- cnoPoAna 177 
TeopeMa Ileacen-Anpmuneoba 286 
- KopnonHcoba 314 	- 
- o konattaam npnpaurrajy xonninine 

xpeTatha 141 
Teopaja bexTopa 
TpajexTopaja 23 

Mepxypa 41 
Tpense 239 
TpnjeAap oca 3 

anconyTnn 310 
renepanncannx xoopAHnaTa 21 

Aecnn 4 
KOCOYTIM 3 
xpnbontanncxnx xoopAnuaTa 21 

- nebn 
- opToronanan 
- npnpoAnn sa Tagity nyTathe 82 

tia nobpunimn 199 
TpoxonAa 38 

Y6psatbe 77 
- anconyTtIO 314 
- axcnneTanno 316 
- renepanHcaHO na bexTope n cxa-

nape 92 
„- xobapnjanTno (xoopAHHaTe) 89 
- xonTpabapitjanTao (xpopAnnaTe) 89 
- KopHorimcobo 314 
- moryte 184 
- popmanno 82 
- nnameTcxor xperatha 86 
- nonpeno 93 

_— ripe. 
- paA' 
-- pen'. 
— 

Tani 
yrac 

— net,. 

Yrao 	xao bexTopcxa bentignlia 	69 

- Tpetha 246 
- YAap 253 

HAeagan 253 
- Heenacmam 255 

nornyno enacTwain 255 
Ycnob pabuoTexe bexTopcxn cno-

6oAge Twine 273, Tag= na nobp-
Minn 276, Tagxe na HHHHill 279 

- rpulnitnui cno6oAne Tatum 273, 
Tatum na nobpuninn 277 

- cxanapnm cno6oAne Tagxe 274, 
Tagxe Ha nobpunnu4 277 

YvecTanocT ocnnnagnje 28 

cPasa ocunnannie 29 
— —_noveTna 29 
(1)Hrype 11Hcaxyobe 47 
eDopMa meTpngxa 55 . 	_ 
clvexbenitHja ocHnnagnie 28 
-7 — Hpywna 28 
(Pytunotja — noTemuHjanna 153 
— cline 153 
— XamnnTonoba 269 

Xepu 28 
XHTan 	bepTiaxannn 113, y pena- 

TH6HOM xperarby 321 
- xoc 129, y penaTHbnom xpeTawe 321 
XoA saboinnue 39 
XoAorpacii 6psnne 75 
- nnaneTcxor xpeTayba 75 

IkenTap 	intepunje Abe mace 283 
- ocuHnannje 28 
- cnne 1  160 
,.ccbep'Uc-,r lf Tema xodpAnnaTar. 14 
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