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IIPE,LtrOBOP, 

  

   

T6 Evans Ov. 
rioltseia, V. 477. B. 

PaAH KompeTH3osalba ysoAmix o6jaullbeffia nocHHmo oA Hano-
meHe o TaKO3BaHHM onuiTHm ripmnAHrimma mexamme. 

CBaKH OA Ao6po no3HaTHx OHLUTHX, AH4IepeHnHjaaHH1c H HHTe-
rpaAHHx, npinumna mexamme (SHAH, Hanp., [1]) mowe CAy)KHTH Imo 
no.nana ocHosa TeopHje mexaHHtumx nojasa oApeheHe xaTeropHje. 
JeAHH npHHuHrni cy limper o6Hma npHmeHe, Apyrki cy ywer. IlpeMa 
Tome, /La Jill cy CHCTeMH XOJIOHOMHH HJIH HeX0AOHOMHH, cx.nepoHomHH 
HJIH He, KOH3epHaTHBHH HJIH He, ca AHcxpento HJIH HenpexHAHo pac-
nopehemm macama, 3roAHo je 3a npoytiasaffie nojaHe y3HmaTH jeAaH 
HJIH Apyrm npHHuHn y oApelleHoj cDopmH. n0HeKH OA THX npHH-
mina, HapogHTo excTpemaaHH, mory ce yOHMTHTH H HOCA3TACHTH Imo 
OCHOBa TeopHje H ApyrHx, cell LIHCTO mexaHHtlxmx, CI1H3HLIKHX nojana 
H TO Max H Tammix, r,rke ce mexaHmtme 0006HHe nojaHe Tex Ha3Hpy 
no nexoj ananorHjH. 

MeToAy pemaHatba mexaHHcxxx npo6.nema nomohy onuITHx npHH-
nHna momcemo paturiaaHHTH Ha oHe Aenose. 

I. IlperzeA H onHc AaTor xoHxpeTHor maTepHjamfor cHcTema ca 
rzeAminTa therom cacrasa H craffia, Tj. ca OBHX rne,akfulTa: 1. r e o-
meTpHc Icor (pacnopeA maca, 1DHX0B cacTas H noaowaj; maTema-
THLIK14 TO 3HaMH yBObeibe, peumo, xoopAmiam cncTema y Koilaqtiom 
11.1114 6ecxoHatmom 6pojy, npx qemy ce y noczembem cAriajy roHopH 
o HexHm nospamama, oAllocHo AHHHjama xoje oApehyjy pacnopeA 
maca cHcTema). 2. xHHemaTH Lilco r (o6nacT xpeTatba maca, orpa-
1114tlefbe THX KpeTalba H npHHyAHe npomexe, LUTO ce maTemaTHtum 
H3paxasa jeAHaLn4Hama Be3a, xoHaLIHHx H •ilitepeHumjamix). 3. A 1-
H aMH g K O r (yTOAHKO Aa cacTammo nperneA CHAa, yarpainamx H 

cno.ibaunbilx, xoje Aejczsyjy Ha mace cHcTema; maTemaTHlucH TO 3Hatm 
Aa Ha6pojHmo Benatimie, penHmo, xoopAHHaTe, xoje cy noTpe6He 3a 
oApebHsathe cHaa, aKTHBH14X H peammja). 

II. 11360p ornuTer npninuma, KOjH 0,arosapa OHHM oco6HHama 
cHcTeMa la* cy Ha6pojaHe noA I., H tberoso cpopmy.imcatbe 3a AaTH 
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VIII 

maTepHjaAHH CHCTeM H 3a AaTH npo6.nem o KpeTaiby oAHocHo mHpo-

saki)),  Tor cHcTema. 
III. IlpHmeHa npiiHnuna, Tj. H3pamcasaH.e MIX OHHX rm./amnia H 

oAlloca meby 1bHMa, xoje cy noTpe6He 3a Ty npHmeHy. 
IV. IlpHmeHa nocTynxa, oAHocHo aAropHTma, KOjH Tpaxm oAro-

sapajyhH npHHaHn 3a Ao6Hjaffie AH•tepeHnHja.nHia jeAHacHHa npo-

6.nema H H3sobeffie THX jeAHatmaa. 
V. Peinasatbe, Tatum HMI npH6.nmIcHo ca noTpe6Hom Tatmouthy, 

CHCTeMa maDepeHnHjaamix jeAHaqHHa npo6.nema y3Hmajytix y o63Hp 
noneTHe, oAHocHo xoHTypHe, ycAose yogeHor npo6,nema. 

VI. AllaAH3a noTnyHor !UM ,Reill4MHLIHOr Ao6Hjenor pemeiba, 143- 

Bobetbe noTpe6m4x oco6Hila xpeTaffia HJIH mHposatha cncTema. 
I/13 osor nporpama Asa Aena cy HapotatTo xapaxTepHcnigHa 3a 

CBaKH nojeAHHH npHHumn. IlpHHuHnH ce ynpaso pa3.7thxyjy no THM 

Ae.nosHma. To cy: a. Itopmyamcaxpe npHunkina y maTemaTHLwoj cDopmH 
6H.no y 06JIHKy AH4)epetawja.rmor, 6Hao HuTerpanHor H3pa3a H Ii. Ca-

ApHcaj nocTynxa Elitja npHmeHa AosoAH Ao ne.noxynHor cHcTema AHci)e-
peHnHjammx jeAHatixa. 

MaTemaTHLIxo cDopmy.nHcaibe npHHaHna H th.erosa nocTynxa 
momce HMaTH HRH cbopmanaH, twcTo H camo maTemaTHIncH xapaxTep 

HRH HMaTH cpeHomeHonouco-xmixpeTax KapaKTep, xaA CBaKa Be./114 11HHa 

H mama H3pa3 Hmajy jacao 431H3Hqxo Tymatieffie H csaxx nocTynax 
x3paxcasa jacHe )H3Hrixe onepaaHje. JacHo je Aa atm ,' onuiTH npHH-
JAHn HMa yT0.7114K0 Baal npmpoAHH maga] yxo.rnixo jacHHjH H KOH-

Kpennijn cDeHomeHo.nouncH xapaxTep Hma cpopmynHcalbe xaxo camor 
npHHuHna Taxo H iberosa nocTynxa. 

Y osoj pacnpasH, npBO, Aajemo cpeHomeHoAounco Tymagelbe ouor 
npxramna mexamixe, Koji! cmo Ha3sam4 fIciaacDosHm npranninom H 

je caApwaj, y Apyroj cbopmx, °Am) 6Ho no3HaT. IlpHmeHe Tor npHH-
uHna cy ce noxa3ane xao scum 3roAxe, a iberosa TeopHja noHoso ce, 
Hapolurro y nocaerobe speme, 1411TeH314BHO pa3pabyje. 3aTHm y3HMaM0 
cxemy Tor npimaHna 3a cpopmynHcalbe jeAHor onarrer (DeHomello-
Aouncor AmPepeHnHjaAHor nputwana. (11eHomeHonourxo H3sobeffie Tor 
npHEAHna H cDeHomeHo.noinxo Tymagelbe Haerosa nocTynxa, oAHocHo 
aaropwrma, TO je rnasHH 1114.1b ose pacnpase. 

AxarkemHxy B. B. MmuncosHhy H npotoecopy T. II. Anbeanhy, 
K0j14 cy MH, Imo peAawropH, nomoram, Hajcp,natiHHje 3axsa.n.yjem. 143- 

pawasam 3aXBaJIHOCT TaKobe 143Aasatcoj yCraHOBH „Haytmo Aeno", 
theHom ynpasHHxy C. H. PajKoaHhy, xao H xo.nexTHsy fpaiDHLwor 

npeAy3eha „AxarkemHja". 

FJIABA rIPBA 

HCTOpMjaT 1-14l4oBa nptimutna 

1.1. rhinithos papas H meroxe jexkinpume 

Y noczerobe speme TaK03BaHH FICIMCPOB npHHunn mexaHHge, gsjM 
maTemaTnimi H3pa3 npeTcTas.npa jeAHa AHcpepeHnHja.nHa Junieapna cpop-
ma H tiHjH ce nocTynax cacTojH y cbopmaaHom nucafby TaKO3BaHHx 
npsmx fIcInacPosHx jeAHatma, nogeo je Aa npHsnagn cse Behy naxmy 
Ha ce6e. 

Ha Aa.nocT M14 He pacnonaNcemo AOBOJbHOM .nHTepaTypom Aa y 
CBHMa AeTa.n)Hma ycnocTasHmo HcTopajaT Tor ripHHaHna. To je yTo- 
.7101(0 Texce, IIITO Taj 11pHHI.11411 n0 CB0jOi cpopmx cTojkt y TeCH0j Be3H 
ca Taxo3saHHm ricpacimsHm npoonemom o pe,nymnijH oArosapajyhe 
AkaDepeHnHjanHe cPopme, a ouaj npo6.nem je ycxo se3aH ca TeopHjom 
napnHjaaHnx LuatoepeHnHjaaHHx jermatalHa 14 jermatnma ca ToTaAHHm 
AH()epeHnHjaaHma, a Taxobe H ca sapHjannoHmm pagyHom. flpema Tome 
je o6AacT, rAe moxce 6HTH cnomeHyTo II1TO ce oAHocH Ha I-44os 
npktHnun, cyskune se.nnxa H pa3rpaHaTa, a TaAa je Team nosylm up- semi xoHaa KOill 6H nose3ao camo OHO IIITO ce 0,AHOCH Ha 114)a4os 
npinawn, Te npeMa Tome je Tem° yhm H y cse cpa3e HcTopHcxor 
pa3swrxa chloarposor npHsnana oAHocHo licparpose meTo,ne y mexaHHau. 

IIHTalbe ce xommlincyje jolt 14 THme IIITO Cy ce y noc.nexbe 
speme nojasme icoA Hem( rpyna maTemaTHEiapa TeHAeHnHje Aa ce 
6p11ly CBH paooje Ao6HseHH pe3yATaTH H OA HOBHX 4:10pMaJIHI4X ocHosa, y CyLIITHHH ma.no pa3.7111 ,111T14X o,A cTapHx, nOHOBO ce 143BOAe CBH, OA 
notleTka, cTapH pe3y.nTaTH H m3Aajy ce 3a Hose, 6e3 o63Hpa Ha TO 
II1TO ce OHH LiecTo pamHxyjy OA cTapiax, H TO He3HaTHO, camo no cpopma. 0Asajaffie y TaKBHM Ha/farm-bp:ma cTapnx pe3yaTaTa oA HOBHX 
TO je sumo! nocao, Rojm, meHH H3r.ne,na, Tpe6a Aa !vale, npe csera, 
camx HosaTopH. 

1 0 43eHomermaoluicom Ambepeintlijantiom apHrituirly 
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licropmjar 114mtmaa 11pHHHHIIH 
	

1.1 	 1.1 	 rIclia4,013 H3pH3 H rberose jeltHatunie 	 3 

JIHHeapHa AHcl)epeHnHjaaHa cl)opma 
N 

= X i  dx,± X2 dX2+ . • • Xiq dX,Ni E X i  dx i  , 
i=1 

row cy X, (i =1, 2, ... , N) cpyHxuHje ITOMella•HBHX X 1 , X2, • .• , XN , a 
dx, (1= 1, 2 ..... N) IbHXOBH AmtepemnajanH, 30Be ce 174317008 u3pa3 

HAM 170a0oBa Jumeapna Oop.ma npema Hemaqxom HayqHmy J ohann-y 
Fried ric h-y Pfaf f-y (1765-1825), Koji' je ocHonao TeopHjy Ta-
'max AHcPepeHumjaaHmx H3pa3a [2]. 

CmcTem AmcpepeHumja,nHmx je oaHaqulla 

	

y a,t  dx, = o, 	(i = 1, 2 ..... N), 
j=1 

aX, ax,  
(i, j- 1, 2 . 	 N), 

ax i 	ax, 

npeTcTantsa iipsu cuctikAi 17q5a4waux je,ananutia, spaTmo, Wa,bbone je-
,atianutie. 

IlocmaTpaHe camo ca aHaawrmincor r.ne,amurra, itopma (1) H jett-
HaqHHe (2) Hmajy one Bamme oco6HHe. 

1. Je,aHaqmHe (2) ce He meisajy axo cl)opmy (1) nomHOsthMO ma 
KOj 14M KOHCTaHTHHM MHONCHTeJbeM, pa3414 ,114THM OA Hyne. 

2. AKO ctopmm (1) Ao,aamo TOTaJIHH otr,H4)epeHnHjaa lip0H3BOJE.He 

CPyHKIIHje W Hp0MeHJbl4B14X X, (1= 1,2, ..., N), je,sHaqmHe (2) ce He 
meisajy. 

Axo cPopme, qmje cy Iltiacpone jenHaqknie emamnaneHTHe, Taxohe 
cmaTpamo ma° eKBHBaJleHTHe 14 eKBHBaJleHTHOCT o6enemc1mo ca 
Hmamo 

<DI dW c. 

I/13 one oco6HHe Henocpetwo caettyje na cnaxm q.naH X, dx, cpopme 
momcemo 3aMeHHTH ca -x,dX„ jep Hmamo one eKBHBaJIeHTHOCT14 y 
onHocy Ha cl)opmy 

X,dx,-d (X, x,) - x i  d X, . 

3. AKO mecTo npomeHisHsax x,, X 2 , .. • , X p4 yne,aemo Hose npo-
mewsmne, y, , y 2 , 	, yN , H npeTcTasHmo cpopmy D y o6Jimxy 

N E dy,, 
i=i 

H cacTanHMo aa Iby 1-14)ac4ose je,r(HaqHHe 

N 

(3) 	 dyj  = 0 , 	Xi = 1, 2 , 	N), 

npH qemy je 

bit= 	- 
Y, 

, 	(i, j= 1, 2 ..... N), —   
ay, ay, 

aaxo je ,aomaaaTH (ra., Hanp., [3]) ,aa je cHcTem je,anatma (3) elm-
sanewraH ca cHcTemom jeaHatma (2). 

4. flpeta G. P rang e-y [4], E. Schering [5] je npsm nocTa-
BHO Bea)/ Hamehy lapacposor Hapaaa H ,apicpepemlajamiax jeaHaintha 
y KaHOHH ,IHOM 06JIHKy. 

CTaBHMO N=2n +1 I4 03Hatl HMO npne 2n npomewsmse ca 

(4) 	 Xi, X2, • • • Xn, 
	

Y1) Y2 ,  • • • yn 

a nocnemby (2n + 1)-y ca t. 

clepacpos Hapaa HaIIHIIIHMO OBaK0 

tz 
(5) (13= E y,dx, - Hdt, 

i=1 

rike je H cpyHmumja npoMeHJbHsHx (4) H t. fhpacpone jeaHaqHfte Ta„aa 
,ao6msajy o6amx 

OH 
dy,= - 	dt , 

dt, 
ay, 

-d H = --
a 

(H dt) 
at 

H Aonoae AO KaHOHH4HHX jeJ1Ha'1HHa 

dy, = _OH 	dx, = aH 
(6) , 	(i =1, 2 ..... n), 

dt 	ax,' 	dt 	ay, 

14 AO HaeHTHTeTa Ha OCHOBy THX jetmainma. 

5. ilomaaaxa Ben HaMehjy licpacbose (Popme (5) H 1 -149acPonmx je-
,aHatnma y KaHOHHLIHOM o6.amxy (6) aaje moryhHocT ,aa ce jet(Ho-
CTaBHO clempmyainue cyluTHHa TeopMje TaK03BaHHx KaHOHIVIHFIX TpaHC-
ci)opmanHja. Ilpenaa oa npomesibmsmx x i , y i , t Ha npomexamse qi, r 

(1)  

(2)

 ca spe,aHocTHma 
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F, 	i2 ,  • • fin 

X2,• • • , Xn 	t2 ,  • • •, tn, t, 

aF m afs 
qt .=— 1-  Li As 

a fs  
y = ------  

6.7c, 	a 

fs 0 , 	 s =1, 2, ..., 

1=1,2, 	, n , 

i=1,2,..., n , 

()mix aprymeHaTa 

H 3aTHM CTaBHMO 

4 
	

VICTOpHjaT nC133430Bil apHaicana 	 1.1 
	 1.1 

	
ntlatIOH H3pa3 H cheroBe jeaaagime 	 5 

oApeljyje icaHoHHIIHy TpaHcePopmauHjy, aKO icaHoHHime jeAHaqHHe y 
npsHm npomeHapHsHm npena3e HCTO Taxo y '<axonHtme je,a,HaLume y 
Apyrcim IIPOMekla,HBHM• Kao ILITO je II03HaTO, KaHOHHIIHe TpaHccPop- 
maumje mory 614TH HJIH cneuHja.nHor o6mnca, KOjH saxcH camo 3a }cox-
xpeTaH cHcTem ,icHcPepeHuHja.nHicx je,RHatn4Ha, HJIH onun'er THna, uoja 
ce moxce IIPHMeHHTH Ha IIPOH3B0JbHe KaHOHligHe je,zucatcHfie• 

3aycTasHmo ce Ha c.nytiajy Kaj1 t ocTaje 6e3 npomeHe. 
JacHo je ,ua je 37 c.a34ajy exsicsazeHTHocTH Ase ibtactiose cPopme 

y,dx— Hdt 	 K dt , 
i=t 

rAe cy 
H = H (x, , x2 , .. • , xa; Yl ,  Y2 ..... y„,t), 

K= K (t„ 	, 	, L ; 	, 112 ..... 11n, t), 

cHcTem icaHoHmiumx je,u,Haqiia npse otopme exmisa.neHTaH CHCTMY 
HOHH41111X je,II,HaIII4Ha ,upyre cPopme• 

Kao LIITO je no3HaTo, 3a KaHOHHIIHy TpaHccpopmanajy winner THna 
se3y H3me1)y cTaptcx H HOBHX Hp0MeHJbHBHX mowemo IIOCTaBilTH Ha 
osaj HatIPIH• YBea,14M0 IIPOH3B0a3He cPyHtunlje  

r,tke je 
aF k  K = H—— 	afs 

. 
at s=1 	at 

Ha Taj HariHH momcemo THPAPITH Aa je cmcTem je,aHatuma 

dy, = a H dx, aH  
ay, 

= aK 

(1= 

(1= 

1, 

1, 

2, 

2, 

... , n), 

..., n) . 

dt 

eKBHBaJIeHTaH cHcTemy 

_ 

ax, 

aK 

dt 

dt dt 

Y cneuHja.nHom c.7137qajy ica,a cpymcnkcje F H h (s =1, 2, ... , m) 
He 3asHce excn.nicHTHo o,a spemeHa, Tpe6a TpaHccpopmHcaTH canto 
4)yHmuijy H Ha Hose npoMeaJbHBe. 

UJTo ce THice oniuTer caygaja icatc ce melba n He3aBHcHo npo-
metubHsa, Taj cayaaj ce cso,ra Ha IIPeTXOJAHH• 

3aHcTa, 210HyHHMO crape npomerubHse join IIPOMefill314BOM h, Tacco 
/la Hmamo 2 n +2 npoMeHJbMBe 

(1') 	 , 	.. • , Xn, t, 	Y2 , • • • ye., h 
14 cacTasHmo 3a IbliX cpopmy 

• cy a s  KOHCTaHTHe BeJIH4NHe. 143 HanHcaHmx jetcHatullia Heno 
cpexio H3BOAHMO 

±yi  dx,—± dt, = 	 dC) — 1±Xs 
i=1 	i=, ax, 	at; 	s=1 i=1 ax, 

= 	 d(F + xsis). at ,, 	at 	s=1 
H3 osor wrkeHTHTeTa ito6Hjamo °By se3y H3me1y tcse cope 

y, dx,— H dt 	— Kdt , 
i=t 	 i=1 

(2') 	 E y, dx, 	h dt, 
no,n ycnosom Aa je 

(31 	 H (x,, 	• • . , x n , 	y 1 , 	• • • , Y,,)+ h 	0 • 

3aTHM yse,a,Hmo Hose npoMeHJbHBe TaKOIJe Ha 6pojy 2 n+2 
(4') 	 1, 	 • • • , 	r, 	rh , • • • I 	 „ k, 
H 33 thHX cacTasamo cpopmy 

(5') E r, d,--kkdr+ ToTa.nHH ,aticpepeHuHja,a, 

cmaTpajyhH tca nocTojH HeRa se3a o6.7mma 

(6') K 	, • • • , 	r, 111 , /12 , • • • 11 ,)+ /c = 0 . 
Flom Tora H3BPIIIHMO KaHOHH4Hy TpaHapopmaccHjy if opme (2') 

y cPopmy (5'). Ha ocHosy Te TpaHapopmaumje momcemo npomeH.Ibmse 
H3Pa3HTH y cPyinancjIl IIPOMeHJbHBPIX (4') N nomohy TOX H3pa3a 

• jeicHatume (3') A06HTH jezcHatuncy ca npoMeHJboBHM (4'). Acco Ty 
jeicHatcHicy pecuHmo no k Ao6Hhemo je,aHatcHHy o6.7unca (6'), Koja upe-
hyje cPymuHjy K, a THme ce 3aspmasa TpaHapopmanHja. 
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flpHmenimo na y c.nyqajy xaHoiniqHmx TpaHakopmaruija ynory 
npomewsimix, peLHMO, x, H y, Mo)KeMo npomeHHTH H TO Ha OCHOBy 

eKBHBajleHTHOCTH 4:10pM14 

x y, dx, - Hdt - x, dy, - H dt 

jep ce Te cl)opme pa3nHicyjy canto ToTanHkim nHcpepeHuiHja.nom d(E x, y,). 
flpeMa Tome xaHolniqHa TpaHcctiopmaumja ce moxce 143BpILIFITH KHKO 

nomohy Ilp0143B0JbHe cPyilimuje 

F(Xi , X2, • • • I Xn; tt t2 • • • r trI) ,  

THKO H nomohy npOH3BOJbHHX cpyiumpija ca OBHM pacnopenom apry-
meHaTa 

F(Yt ,  y2 	 yn ; 1 , t2 • • • 

F (xi  , x 2 , 	, x„; ni , r13 , 	 rli)• 

AKO ysenemo camo jenHy IIp0P13B0JbHy cpyHmuljy npsom cny-
qajy onrosapa TpaHcitopmaumja: 

OF 	 dF  (1') 	 ri g 	— , 	y, 	 (1=1, 2, ... , 
dx, 

Apyrom 

(2*) 	 (1=1, 2, ..., n), 

H TpeheM 

6. Haj3aJ mowemo HasecTH joui jenHy samuiy oco6HHy licIpaepo-
BOF H3pa3a H licpactiospix jenma4i4Ha y KaHOHIP4HOM 06JIHKy• 

AKO mecTo npomewsHspix (4) ysenemo Hose npometubHse 

(7) Y, X i , 	 (1=1, 2, ..., n), 

H TO TKO as 1-14)actios H3pa3 no6Hje O6JIHK 

rz 
(8) Y f dX,-dF, 

t=t 

rne je F (1)3tHmikija npomewspisHx (7) H t, xaHoHwthe jenHatume (6) 
HMajy HHTerpane 

X 1 = a, = const., 	Yt  = p, = const., 	(i = 1, 2, ... , n),  

jep Ilc1)4ose jenHatme 3a cDopmy (8) kornenajy °sax° 

dY, =0 , 0= dX„ 	(1=1, 2, ... , n). 

ItaisH panaTax maTemaTHqxxx Hneja oxo flc1)4ostix nHcpepeH-
HHjaninix H3pa3a Hisao je y pa3HHM npasumma. Hapoqwry ynory je 
Hrpao iTaK03Ball14 fIclmbos npo6nem 0 TpaHccpopmauHjI4 rliparposor 
H3pa3a Ha HopmanHe o6mixe y se3H ca HHTerpauHjOM cHcTema nmclx-
peHsHja.mix jentiatthHa ca noTnyHHm nmcDepeHuHjanHma, jenHatuma 
ca napuirjanimm H3BOAHM3 H 06H4HHX ,Racliepenujaatinx jenHaqiia, 
Hapogirro y KKHOH144HOM 06JIHKy [7]. 

1.2. 114nulmBa nivroAa y mexamtge 

Ha Hasenimm oco6HHama ce 3acHnsa Taxo3saHa liclmcDosa me-
Tona y mexaHHHH. OBa meTo,aa je yinna qax H y yti6eithice mexaHHKe 
[6], [1]. 

E. T. Whit taker je seh y npsom innaisy (1904 r.) csor 
yu6emixa AHHamme [6] H3JI0KHO 1-14)4osy meTony, anH HHje Haseo 
HIIKKKBy miTepaTypy. OH je c]) opmynHcao Ty meTony H y nocnenibem 
143,Kalby (1952 r.) He clmxcHpajytm je y o6nHxy jenHor rippiHruina. 

PeqH „Ilipackos npHHIAHn" Hawao cam npsH nyT xon G. D. B ir k-
h o f f-a [8] y cmHc.ny the general Pfaffian variational principle 

(9) 

tl  

8  f [E 
f=1 to  

AJIH osaj sapHjauHoHH npuiumn HMa canp)Haj pa3nHqHT on ca-
npmcaja onor npHHHHna mexaHince 0 xojem rosopHM y CBOM Ilnatwy 

[9], rite cam ripsH nyT ynoTpe6Ho Ha3HB „1-1(1)arpos npHiumn me-
xaHHKe". 

1-14)acposom ripminkiny H theFOBHM KOHKpeTHHM npHmeHama y me-
xamllui H C4H3HIII4 nocseheH je 4HTHB HH3 panosa Kaki) mojHx nkigHo 
[9, 10, 11, 12, 13, 14, 15, 16], Taxo H MOjHX ytIeHHKa H capanHpixa: 
T. AHbenHha [17, 18, 19], II. My3eHa [20], 'B. MyinHuxor 
[21]. flocnens,H micas je H3spunio refiepaninanHjy 1 -1(1)acpose meTone; 
o Toj reHepaninauHjH rosopHhy cneuHjanHo Ha npyrom mecTy. 

flitoacbosa cliopma H 1-14)40Be jenHatipme cToje y sem ca npyrHm 
maTemanputhm xoHnenamjama, rne cy 3ay3eze sawHo mecTo y calve- 

OF 
x i = —, 

dy, 

_OF 
- qt  

(3*) 	 .Y1 = - 	 (1=1, 2, ..., n). 
OF 	 OF 

Ox i 	 art, 
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14cTopHiaT IRI:lacooBa HpHHHHHH 
	

1.3 
	

1.3 	114:1a4333 Ham 3a maTepnjamm CHCTeM y reopapi FamarnijaHrra 
	9 

meHoj maTemaTHuH. Ha npso mecTo y HcTopmcxom peAy Tpe6a cra-
MTH TeopHjy HHTerpanHHx HHBapHjaHaTa OA H. P oincard [22], 
xojy je 3aTHM pa3sHo E. Cart an [23]. Ha HajnpocTHjem npHmepy 
noxamimo Ty Be3y. 

1.3. iikba4)0B Hapaa BR nivrepujaami CHCTeld y Teopeje HHBRpHjaHaTa 

Y3MHMO KOH3epBaTHBHH cHcTem ca He3aBHCHHM xoopAHHaTama 
q, (1=1, 2, ..., n) H 4)ymanijom cHna U. 

Taxsom C14CTMY o,nrohapa Ilckacposa cpopma, xojy moNcemo Ha-
nHcaTH H onaxo: 

(1) (013 e,= 	pi oqi —H8t, 

rAe je 

H =± q,' 	 T—U = H(pi,(1i), 
i=1 

a T je xama cHna cHcTema H pc=aTlaqi i. 

flpeTxo,rnia cpopma momce ce cmaTpaTH xao cDopma oA 2n + 1 
,n,HcpepeHnHjana Sp„ Sq l , St. Pa,RH xpancohe yao,m4 ce reomeTpHoo 
HHTepnpeTanHja cHcTema nomohy penpe3eHTaTHsHe Tagxe, peunoto M, 
y npocTopy ca 2n+1 AHmeH3Hjom. Y TOM apOCTOpy 3aMHCJIHMO 
je.rmy 3aTsopeHy xpHrty JIHHHjy, 11mje je,EkHaqaHe mcmemo HanHcaTH 
OBaK0 

qi = 	p,=pi (t), 

rae cy q, m p, (1=1, 2 ..... n) ,naTe ClOyHKUI4je WTO oArosapajy AaToj 
flp0H3B0JbH0i RouTypH y npocTopy. 03Haxa ,tuctiepeHnHjana ca 6 OA-
rosapa npomeHH senwuma qi , p, npH npe.na3y cHcTema 143 Tagme M 
y Taqxy M* Ha H3a6paHoj KOHTypH, KOjy heMO 03HaT411TH ca C. 

Y3MHMO ca,n 1111Terpan 

(2) 1=f08  = f(p i 8q,—H8t), 

C 

no LtaToj xoHTypH C H noxaxcHmo Jo. je Taj HHTerpan HHBapHjaHTaH 
H npema Tome ripeTcTah.lba je,nHy HHTerpanHy HHBapHjaHTy. Husa-
PHiaTHOCT Tpe6a pa3yMeTH y OBOM cmHcay. KoHTypa C CaCTOjH ce 143 
Taqaxa M, La* xapaxTepHuly nono)Kaj H 6p3HHe CHCTM y AaTom 
momeHTy t, a cnenHjanHo H y momeHTy t o . 3a pee moryhmx xpeTatba 
cHcTema chaxa ce Tatma M Kpehe n0 csojoj TpajexTopHjit H y 

KOM Hapexiom momeHTy Heim Tatum M 3ay3me nonom(aj M', a Reno-
xynHa xoHTypa C nonomj C' (cn. 1). 

3a HOBy xcarrypy C' noHoso mcmemo H3paqyHaTH HHTerpan 

= f (118 . 

14H9apHjaHTHocT ce H3pamcasa je,nHaqHHom 

1'= 1. 

3a Aoxa3 Te HHBapPliaHTHOCTH ,1:10B0JbH0 je 
Aoxa3aTil ita je 

(3) dl = 0, 

npH qemy ,akictlepeHnHjan d o3Haqaha npomeHy 
HHTerpa.na Aymc cTBapHHx TpajeKTOpHja cHcTema, 
Ku( chaxa npomeHapHsa ito6Hja AncpepeHnHjanHH 
npmparuTaj d H TO oHaj xojH onrosapa AHcIpepeti-
nHjanumm je,nHaqHHama xpeTaffia cHcTema. 

Iloxammo je,nHatnmy (3) 3a cpopmy (1). 
flpema (2) Hmamo: 

dl =di (138= f dc13.8= f (Edp,Sq,-E. yp i dSq,—dH•St—HdSt), 

ant4 jegaH o,n q.naHona apyre rpyne mowemo TpaHccDopmHcaTH ohaxo: 

fp,d8q,= fp,6dq,= p,dq,— fdq,Sp i . 

Ycneik 3aTBOpeHOCTH RoHType npfm 4./laH ca AecHe cTpaHe nocne 
ca6Hpatba Aaje Hyny. IrIcTy TpaHotopmanHjy hpummo H ca q.naHom 

iHd8t= fliodt= Hdt— fdt•SH. 

c 	c 
flpema Tome ,aeC11141114THBHO Hmamo 

dl= f[dp,Sq,—Idq,Sp,d-dt(E
aH  

Sq,+y—
aHaH 

8t)—dH8t],  
aq, 	i 8/31 	at 

14J114 

dl= —E(dq,— aH  dt) 6p;  — (c/H — 	dt) at] . 
aqi 	 api 	 at f[X(dPr+—aH  dt)8q, 
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143 osor H3pa3a 3a dl cneAyje: 

AKO HpHsy C H3a6epemo IIp0H3B0JbH0, a TO 311a11H Aa Cy nporm-
BOJbHe senHiume 8q,, 8p„ 8t, yCJI0B (3) 6Hhe HcnyrbeH, am) cy Hcny-
Hae1114 ycnosH 

dp, —
aH 

dt 0 , aq, 
aH 

dq, --dt= 0, 
OPt 

dH— 
aH  dt = 0. 

IlocneAtbH 	

at 

ycnos caeAyje 113 Asa npeTxoAxa, a TH ycnosit He 
npeTcTasJbajy HmuTa Apyro sett xaHoHutme jeAHaLmHe xpeTalba 
cHcTema 

dp i  = OH 
dt 

dq, = all 

 dt 	ap, 
(i= 1, 2, ... , n). 

Ilpema Tome ce speAHocT HHTerpaaa I He melba axo je Taj RH-
Terpan npoutHpex Ha RpHsy xoja ce Hanam Ha uesH o6pa3osaHoj OJI 
HHTerpanHmx KPMBHX la* cy nosygeHe xp03 cse Tatme xoHType C. 
Ta xoHTypa Mo)Ke 3ay3amaTH IIp0H3B0JbaH nommaj Ha nospun4m4 Te 
uesH, HO TaKO Aa ripH ynopehmsatby o6yxsaTa ueB IICTH 6poj nyTa, pe-
uHmo, camo jeitatinyT. Ta oco6t4Ha HHTerpana I HenocpeAHo c.neAyje 
H oTyAa IUTO nomepaibe no nospumm Te nem ysex mommmo pacTa-
BHTH 37 Ase RomnoHeHTe: jeAHy 37 ripasuy HHTerpanHe xpHse, ,rtync 
xoje je dl = 0, jep ce spum carnacHo ca AmpepeHunjantuam je,aHaqHHama 
xpeTatba Tatuce M, H Apyry xomnoHeHTy UITO oArosapa npena337 ca 
je,aHe HHTerpamie xpHse Ha Apyry, cyceAxy, a pa3nHica HHTerpana 
3a ;Ise Tatme Ha THM KpHBHM ysex je Hcra He3aBHCHO OA 11314X0BOT 
nonoxtaja Ha KpHBHM, jep 3asncH camo OA xpajiblix ycnosa xpeTalba 
KOjH Cy 3a cse Tatuce CBaKe HHTerpanHe xpHse liCTH. 

lipema Tome moxcemo TBRAHTH Aa HHTerpan 3aApwasa csojy spe-
AHocT 3a cBaKH npeceK H3a6paHe Item, 14 y Tome je therom Hima-
pHjaHTHOCT. 

TeopHja HHTerpantuax HHBapHjaHaTa nomohy CB0j14X onmTHX Teo-
pema He camo UITO momce 3ameHHTH npoyitasalbe xpeTatba maTepH-
janHor cHcrema nomohy, penHmo, XammToHosor npHtnutna Hajma-
fber AejcTsa, Bell oTsapa H sae moryhHocTH 3a Taxsa npoyttasaff,a. 
flpHmeHy TeopHje HHTerpanHitx HHBapHjaHaTa npso je HCK0p14CTHO 

tbHXOB npoHana3aq H. P oin car d [22], a 3aTHm E. Cartan [23], G. 
B irk hof f [8] H HH3 Apyrax ayTopa. 

Be3a xoja nocTojH Hamehy TeopHje HHTerpaimmx HHBapHjaHaTa, 
c je,aHe cTpalie, H ficpaclaosor Hapa3a H Ilcparbose meme, c Apyre 
cTpaHe, join jenaHnyT noAsnat4 Ba1KHOCT H, y HeKOM Cmi4C,ny, yfill-

BepaanHocT fliparbose meTue y nprimeHH Ha npo6neme AHHammce 
maTepHjanHor cHcTema. 

1.4. ,name paaBwrax Iltbatbose iteTolke y mexamige 

flpe Ho WTO H3HeceMo Aa.1bH pa3sHTax Be3e PauHoHanHe mexa- 
'nm H nCPWPOBe meToAe Hasemhemo je,axy HcTopHcxy npHmeA6y. 

Opatuayclo maTemanma LUKOJIa, npsa no CBOiHM 3Hattajtmm 
pe3ynTaTHma y o6nacTH PauHoHanHe mexamme, noA AommiaHTH0m 
yTHuajem G. Da rbou x-a (1842-1917), KpajeM npomnor 14 110ileTKOM 

OBOT cToneha, FOTOBO je HrHopHcana seHTopcHy meTorky. D a r b o u x 
HHje Hreneo fill Hajmuhe Aa oTcTyrin oA csoje ximemaTHEme meToAe 
y TJIaBH0j 06.11aCTH csor paAa, y TeopHjH nospunma. MebyTHM BeKTOP - 

oca meTo,aa, nocne csojfix TeLUKHX notteTHHx cpopmm (G ra ssmann 
a m il ton), Ao6H.na je Hose (Popme Hinaraiba (AMepHKa, 14TanHja, 

Hemagga) 14 xpo3 pe.naTHsHo xpaTax nepHoA nocTana je TOJIHKO saxma 
ro4cumnanHa, He canto y se3H ca reomeTpHjom H mexammom, 136 H 
y se3H ca OCHOBIIIIM apriTmen4Ko - anre6apormm 3aHoHrima H3naraisa 
HajancTpaxTEHjxx pacyhmsatba y maTemaTHum (TeopHja mHoacHtia, an- 
re6pa y pa3/11,1 ,114THM Epopmama, TononorHja H Ap.), Tam) Aa cy H 

HajseptmjH jjap6yoskt ygeHmum H npHjaTe.7bH sHaeini Aa ce mime 6e3 
TeopHje sexTopa He moNce (P. A p p ell). BHCOKO o6AapeHH clwaHuy- 
CKH maTemaTHnapH cy npH3Hasann csoj37 3aocTanocT y TOM norne,ay, 
anH cy TeK nocne aap6yoHe CMpTH ILOgeJIH 03611.1bH0 Aa HaAomahyjy 
nponymTeHo speme. Ha gen° HOBHX cl)paHuyoutx HcTpaxonsaga je 
ciao E. C a r t a n. AJI14 KaK0 ce TO rums° ysex Aemasa, HaponuTo xo,a 
TanexTosamix JbyAH, óoraTMx cTsapanalumm enemeHTHma, oHH Hehe 
Aa Hanomfahyjy H3ry6.iseHo c.nywehH ce cTapHm nyTesHma, Beh Tpaxe 
Hose nyTese H, npema csojoj mohri ancTpaHuHje, ysem Hplie Te nrese 
y HeK0j OTILUTHjOj H ancTpaHTHHjoj ctiopmH. Kao Hem HOBa sapHjaHTay y 
cymTHHH je,aHe rpaHe sexTopcxe meTo,ae, nojamma ce Holm Carta n- 
orm „meToAa cnwhattubla cbopmH" (la theorie des formes ext&ieures), 
iv* je caA Heo6Htmo nonynapHa H y CosjeTcxom case3y (C. 11. 
CDHHHKOB [24] H Ap.). HamcanocT 6oraTa pycxa JutTepaTypa y TOi 

o6nacTH 3a HaC HHje npricTynaLma, a HapOLIIITO HHje HaM 1103HaTO xaxse 
je nplimetie Ta meTo,aa noxa3ana y nportasuby mexatummx nojasa. 

(1=1, 2, ..., n), 
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licropHjaT Thpacporta ripmatoma 	 1.4 

Y cl)palycKoj AHreparypH HMa mune paAoBa nocBeheimx npm-
meHH cno.lbamffipix Ca r tan-oimix cl)opmH Ha npoytiaBaibe mexaHHtnoix 
nojaBa. OA THX paaosa cnomeHyhemo pa,ztoBe A. Lichne rowicz [25] 
ki F. G a hiss o t [26, 27, 28]. 06a oria nHcua y nornyHoj mepH HrHo-
pHiny JiHreparypy KOja ce 0,/kHOCH Ha oHaj npeAmer Kojki OHH TpeTH-
pajy. Harie,ammo, Hanp., oBaj WiTaT (crp. 145) H3 npearoBopa tinama 
[26] o,a F. Gallissot: „Dans ces celebres lecons*) sur les inva-
riants integraux E. Cartan a montre que toutes les proprietes des 
equations differentielles de la dynamique des systemes holonomes 
resultaient de l'existence de l'invariant integral f w

, oi=p, dqi--Hdt. 
Ainsi a tout systeme holonome dont les forces derivent d'une fonc-
tion de forces est associee une forme w, les equations du mouvement 
etant les caracteristiques de la forme exterieure dw." YnopeAmmo 
oBaj utirar ca 1114TaTOM H3 W hitt a k e r-oBor yU6eHHKa, '4Hje je rips° 
Hmaibe mramnaHo 1904 rozwie, Tj. ripe BHuie oa neaecer ro,aHHa. 

„Consider now the special differential form 

pi  dqi + p2 dp2 + . . . p„dqn  - H dt, 

in the (2 n + 1) variables (q„ q2 ,. . qn, Pi, P2 , • • • ,Pn, 	where II is any 
fonction of (q1 , q2 , . . q,,, r n i r n2)• • P., t) • Forming the corresponding 7 	•)  
quantities au , we find that the first Pfaff's system of differential equa- 

*) 141TepeCaHTHO je HaBeCTH Aa y 0130.1 1FbH3H E. Cartan HaB0314 (crp. VII) y 
Beam ca JunpepeHuHjaatiom cpopmom 	p2 8q2 + ... +pn 8qn — H8t, rue je 11 Xa- 
mHaToHcma cPymcuttja, cmaj peoyaraT y o6nHxy ,principe de la conservation de la 
quantite de mouvement et de l'energie•. 

Les mouvements d'un systeme materiel (a liaisons holonomes parfaites, soumis 
a des forces derivant d'une fonction des forces) sont regis par des equations differen-
tielles du premier ordre entre le temps, les parametres de position et les parametres 
de vitesses, et ces equations differentielles sont caracterisees par la propriete que l'in-
tegrale du tenseur „quantite de mouvement-energle, &endue a une suite continue 
linealre fertnee quelconque d'etats du systeme, ne change pas de valeur quand on 
deplace d'une maniere quelconque ces dtats le long de leurs trajectoires respectives. 

Ilpema Tome ce awl E. Carta n-a Hem AtuPepettuHjaatie tpopme H AmPepeHuHjan-
HHX jeAHaqinta xperawa, npao, H3HOCH Ka0 HellITO HOBO H TO y 1922 TO3HHH, 18 ro.AHHa 
nocae Whittake r-osa yo6eHtuca, H, Apyro, He TymagH ce jom icao npHttutin mexatunce 
Heti Imo TeopeMa o mammy ortpehene HentigHHe HimapHjaHTHe cpopme. IlpH Tome 
E. Car tan y orocasyqxy norpeumo HaBOAH (crp. VIII): 

II est important de faire remarquer que ce schema ne s'applique qu'aux systemes 
materiels dependant d'un nombre BM de parametres. 

MebyTHm cy, npini, T. A H hen H h [17,18], a 3aTHM H F. Gall issot y cIoptuntycicoj, 
Tex nocae aeBeT rorma, 128j, 110Ka3.311H Art ce merorta Holy 30BeM0 licpacporta meTorta, 
mowe npHmeHHTH H Ha mareplijanne cHCTeMe ca 6eCKOHaqHMM 6pojeM creneHa cao6oAe. 

1.4 	 Aaa,H pa3BHTaK IlcPacjx3He merolle y mexaHHni 
	 13 

tions of this differential form is 

all 
- dpr  - — 

0Pr 
Ut = 	 (r = 1, 2,..., n), 

dq, -
OH
—dt = 0 , 	(r = 1, 2,. . .,a), apr   

dH - 
aH dt = O. 
at 

Of these last equation is a consequence of the others: and the-
refore the system of equations can be written 

dq, = aH 	dp,  = dH 
dt 	dp, 	dt 	dq, 

but these are the equations of motion of a dynamical system whose 
Hamiltonian fonction is H is invariantively connected with the dif-
ferential form 

X i dx,±X,dx,+ .X,„dx,„+Tdr , 

which is derived from the forme 

p,dqi +p,dq2 + . . . p„dqn —H dt , 

by the transformation from the variables (q 1 ,  92•• • •• qn, pi,p2, • • • ,p„, t) 
to the variables (x j , x 2 ,..., x„, r)". 

143 oBa Asa incrara ce BHaki Aa ce pa3n H 11HTHM petimma roBopH 
o jeiitiom HCTOM maremarioncom cbaKry — o H3Bo1je1-by AHitepeHuH-
janHHx je,aHatuia Kperaiba marepHjanHor ckicrema H3 Ancpepenunjanne 
cliopme HcTor o6nHKa. KoB Whit t aker-a H3Bohme je ripkicrynalmo 
cBaKom ithraony Kojki 3Ha enemeHre mule maremarme, Ko,a Gall i s so t-a 
ce npernocrawba 3Ha1be maremaTHmKor anapaTa, KojH ao ncTHx Amcpe-
peHnkijaBHHx jeatiatikitia Aoso,ziki Bpno 3ao6Haa3Ham nyTeM. YcBajarbe 
Tor anapara 3axresa H MHoro rpyz(a, BHAHTe, Hanp., [24], 14 MHoro 
Bpemeila. Bea o63Hpa Ha TO, IUTO je Taj anapaT, moacaa, H Bpno Komi-
craH 14 KoHcrpyHcaH Ha V1 HpOKHM 14 .ay6omim ocuoBaMa, HIlaK je Apic-
Hoer nxcua Aa HaBeiie, 6ap 3a rnaBHe pe3ynTare, /La cy OHH 6H,i1H n0- 
311a114 H pa3paheHH MHoro paHmje*). 1-laK ce H Whit t ake r-y mowe 

* IlintmeA6a y party [26] F. Gal II sso t-a Ha crp. 146, Kola raacH: „Des 1946 
M. Lichnerowicz au Bulletin des Sciences Mathematiques tome LXX, p. 90 a déjà 
lntroduit les formes exterieures pour la formation des equations des systemes holono-
mes et lindairement non holonomes' noTaphyje Aa H cam pecpepewr G all isso t-oBe 
Te3e HHje 6H0 30130J6H0 ya03H5T Ca OCHOBHOM nwreparypom Teopticice mexatome. 

(r = 1, 2,..., n), 
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14cropHjar ftcpailmea npintuana 	 1.4 

3amepHTH Aa npH H3naratby Tor rillTatba HHje Ham° csoje opeTxo,a-
m4xe — E. S c h e rin g-a [5] H S. L i e-a; pa/t nocne,ather He mory 
ca,a Talmo HasecTii, jep cy oArosapajyhll no,aauH HecTanit 3a pee 
paTa y 143ropenoj 6H6JIHOTe104 MaTemaTHqxor cemHHapa Beorpa,acxor 
yHmsep3HTeTa. 

Yill4HHMO jolt! jenHy npHme,a6y. AKO Hosa meTo2ta ,aoso,itH 
6HTHPIX HOBHX pe3yaraTa, TaRBe pe3ynTaTe Tpe6a ripoTymagliTH, maxap 
xparxo, H y xnackitnioj opmH. To He 6H o,ay3eno H14 MHOI'O Tppla 
HHTH 6H 3apeno MHoro mecTa, aJIH 60 Hmano BeJIHKH 3Haqaj 3a yTsp-
hHsatbe came Hose meTwle. CBaKH in4Tanan, xojti ce HHTepecyje He 
canto 3a cDopmy, seh Ha npsom mecTy 3a ca,apHcaj pe3y.aTaTa, mHoro 
6H ce some o,ayinestto HOBOM meToziom Kan 6H sHneo Hose 6oraTe 
pe3ynTaTe. CTpyinnax mexaHmqap, (tax H Teopentqap, mime yna3HTH 
y Holm cl)opmyaHcatba, Hosa pacyhmsaiba H Hose „tincutinaHHe canto 
palm Tora ycsojki 3aricTa Hose 6HTHe pe3ynTaTe y npoyqasaffiy 
mexatikmaix nojasa, Ho He 36or Tora J>a npoqwra crape pe3ynTaTe y 
HOB0j, ancTpaxTHHjoj cpopmki, qecTo CHM60.71 111KO -BellITatIKOj, H TO CaMO 
36or Tora IIITO je Ta cluopma nocTana moiteptikija. 

Haso,amm join je,itaH nonaTax. Y Beorpa,ay, Ha ocHosy xnacHtme 
meTo,ae, xoja ce y TOj rpaHH 3ose 1-1(1)4osa memaa, a CTOjH y se3H 
ca nptitti4nom mexatikixe, KOjH CMO Ha3sanki Flitaitios 1113HHI.0411, 6H0 
je o6pahen qpiTas H03 MeXalikPIKPIX H (1)143H4KHX npoonema. Cal{ ce 
TH kicTH npo6nemm neni4mHqHo npepaljyjy y HOBO 4OpMH, nomohy 
HOBHX nojmosa H HOBHX petu4. Pa,aH npiamepa y3MHMO panose [17], 
[18] T. A HhenHh a, rue ce rosopti o FIcliacposoj meTortH y npHmetiti 
Ha Tet1HOCT 14 Ha enaCTilitHy cpeAHHy H pait E. Gall is s o t-a [28] Ha 
HcTy Telly. 06paheti je HCTH ripe,ameT — xo,rt T. AHbenHha je,aHo-
CTaBlikIM Henocpe,u,HHm Haqi4Hom H KOA F. Gallissot nomohy C a r-
t a n-osa anapaTa CnoJbaltlpbHX CI)OpMH, pant, UHjer ycsajatba Tpe6a 
npeTxo,aHo 110TpOLIIHTH AocTa apemeHa. 

Pope HasezteHy atm/1143y Haso,aHm He ca Hicibem xpaTiaxe camo 
pa,am KpHTHKe, seh pamt o6jexTHsHor csecTpaHor ouetbithatba pa3- 
JIHLIHTHX Hayqmix nyTesa H meTo,aa. 

Be3 o63Hpa Ha To IIITO je y Beorpa,ay 1-11:34osoj meTonki 6Ho 
nocsehett YHT3I3 H143 paikosa y HojHma cy 6H.1114 o6yxHaheHH npo6nema 
mexaHHHe, HaacHEme H Tanacae, cl)H3Hxe H acTpoHomtije, ja ce noHoso 
BpahaM Ha Ty meTo,ay ca utubem /La ,ay6.1be npoTymaqam 11HCTO 

meHo.noung cTpaHy KaK0 TaHomaHor FII:Pacposor ripHintHna TaKO H OHO[' 
warmer ckeHomeHonou.ixor AuctlepeHui4janHor ripHHHHna, KojH ripHpo,atio 
npoHcerkiqe 143 flipacposor npimulana H xojH ce monce npitmeHHTH 
Taxi:* H Ha nojase Koje Httcy mexatiwixe HAM 4714311 ,1Ke npiwo,ae. 

['BABA LIPYrA 

43 eHomeHonouno Tymagelbe 114)acbosa npmiglina 3r mexamigH 

2.1. Cariaj xoHaeptiaTEBHor cacTema 

Kao pion 3a npeTxo,atto o6jaullbeibe ca,uncaja ornuTer cpeHo-
meHonoluxor nHcpepeHumjanHor npHHilitna 1101(3)K14M0 (PeHOMeHOJIOILIKO 

Tymagetbe TaHonaHor ncimcDoHor npHHHana y mexaHHum H TO, rips°, 
Ha jenHocTasHom npHmepy xoH3epsainsHor X0J1OHOMHOF maTepHjanHor 
cHcTema ca xotiatullim 6pojeM cTeneHa cno6oAe. rloHexan hello 
paitH jacHHjer o6jaintbetba Hetaix nojmosa, TymatiHTH Lim( H Ha npitmepy 
je,itHe maTepHjanHe Ta4Ke, npH qemy maTepHjantly TaLocy pa3yMeMo 31 
cmHcay o6jaunbeHom y Hautem xypcy PanHoHanHe mexamute [29], 
xao 3acTyniunta Tena, mo)Kna H BpJIO BeJIHK14X ,aHmeHakija, a He camo 
xao RecTimy, „napianca" (particula). 

Y3MHMO maTepHjaaHH cHcTem o,H N maTepHjanHHx Tagaica ca 
macama Ins  (v = 1, 2, , N). Mace cmaTpamo xao ocHosHe senHqHHe 
cicanapHe npitpo,zie nomohy xoji4x ce npoymasaH.e nojase pauttinatbyje 
Ha nporiasathe ,ae.nosa H oueibyje ce sancHocT yqeinha csaxor Jena 
y nojasH. Y ,teHomeHonouncom norne,ay mace Hrpajy y mexainutH 
yaory HHepuHoHitx xoecln4HmjeHaTa, y onurrem cnyttajy yaory goe-
4)HuHjeitaTa TencitHe (CT3THCTIIK3), 0,/:(110CHO 3Hatiaja, ynntaja HT A. 
HMa Taxsitx, He mexamituctix nojasa, me yaory mace Hrpajy xoeclm-
HttjeHTH cacsHm ,apyre ottiH3Htuce npHpo,ae Hero IIITO je maca maTe-
pHjanHor Tena. 

flononcaj cHcTema ce wehyje sexTopitma nononcaja r, csaxe 
TaUKe y o,atiocy Ha oxipeheHy Taqxy, pettHmo 0, HenoxpeTHor npo- 

cTopa. AexapTose xoopakiHaTe sexTopa r t, y ckaHocy Ha HenoxpeTan 
TpHje,aap oca Oxyz 03Hatudmo ca xv, yv, ,Z1, • MecTo THX HoopaHHaTa 
moncemo Ha 1703113TH HaUHH ysecTH reHepamicaHe HoopaHHaTe CH -
crema qi  (i= 1, 2, ... , n). 3a cno6oatui CHCTeM 6poj n H3HOCH 3N, a 
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16 	cbeHOMeH0.1101111C0 Tymageme nclaacimBa npaawina y mexamm 
	

2.1 

3a Hecno6o,aHH n 	k, r,ae je k 6poj Heam:maim sem cticTema. 
IlpeTnocTaimmo ,aa KOHa'lHe se3e He 3aBHce Oa Bpemelia (cxnepo-

Howie), TaAa He 3auktce o/1 Bpemena HH OHe jeuHaLmHe xoje o,apebyjy 
,LjexapTose xoop,aHHaTe x,,, y„, z i, y 413/0ICHI4j14 Koopiumara q,. 

KpeTaibe omiocHo mHposaibe maTepHjanHor cHcTema je nojasa, 
cpeHomell. AKO npoyqasamo Taj cbeHomeH y Hexom KOHatIHOM HuTep-
may spemeaa, peummo, 0,a to  Ao t t , cmaTpamo as je y TOM HHTep-
'may ckeHomeH 1103HaT y Konagtiodu o6.nutcy, axo cy no3HaTH sexTopm 
nononcaja, onHocHo Ibiaxose xoop,aHHaTe, CB14X TatiaKa cHcTema, 14.7114 

reHepanHcaHe xoop,aHHaTe cHcTema xao 4:13/HKIIHje BpeMeHa t y Ha-
3HatieHom Hwrepsa.ny spemeHa t0 <t<t„ a Taxi:* cy no3HaTe H cue 
ocTane mexaHHInce senwume Koje cy Be3aHe 3a TpeTHpaHy nojaBy 
xoje ce Tpamce y nocTawbeHom 3a,aaTxy. 

3a Bpeme xpeTalba cHcTema maxap jeJHa xoop,aHHaTa x y , y v , z,,, 

OJI,HOCHO q„ melba ce y TOKy spemeHa. Y TaK03Ba110j aHaJIHTHEIKOj 

mexaaHum neTaJbHo ce nporiasa maTemanuma npHpona oimx cpyHx-
'Alija KOje onpehyjy Ty npomeHy. Y HOBOM maremanitumm cxemama 
npHpo,aa THX (PyilK1114ja ce 3HaTHO npouthpHaa. 

36or HapogHTe Ba)KHOCTH yaore BpemeHa npH ctieHomeHanomom 
npoytiaBalby nojaaa Haseximo jet Hy npumen6y, iv* ce oxfocH xaxo 
Ha mexamatme nojase, Tax° H Ha npyre cpeHomeHe xojH ce spine y 
Toxy spemexa, a monce ce npounipHTH H Ha Apyre cnytiajese, axo 
ce speme 3ameHH Apyrom He3asHcHo ripomeHapHsom aHanorHe ynore. 

Ho camoj CB0j0j npHponki Bpeme je HenpeKHAtio npomewbHaa 
BenHqHHa xoja ce csamim onpebeHmm Ato.menTio.m t Ae.na Ha Opoui.no 

H Ha 6yAyhe speme. flpH o3Hau0 6Hno iv* senHqHHe xoja ce gaHocH 
Ha npoluno speme ynoTpe6Jbasahemo o3Haxy Te BenHqHHe ca noAsy- 
geHom upTom, a 3a cnyqaj 6y,ayher spemeHa ca HanaygeHom upTom, 

a 3a momeHaT t 6e3 upTe. Tax° M, M, M o3Hatlyjy nonommj Tagxe 

M Her,ae y npownocTH, y momeHTy t H Her,ae y 6y,ayhHocTH. 1/IHTep- 
Ban BpeMeHa monce 60TH y npoulnocTm, Hanp. At, WIN y 6y,ayhHocTH, 

At.

- 

 Csaxm HHTepBan, xojH canpno4 momeHaT t, nem' ce Ha Aeo y 
npownocTH H ,aeo y 6y,ikyhHocTH. Hilsepsan ca KpajeM 14./114 nogeT- 
KOM y momeHTy t monce 614TH camo y nponmoCTH 0/B4 y 6y,ayhHocTH. 

AKo ce Tatum xpehe 14 y momeHTy t cTipice y nonowaj M, oHa 
je y Taj nononcaj nouina ca 6p3uHom U3 ripottulocruu, xojy moncemo 

03Hat114TH ca v; Ta 6p3HHa ce pagyHa npema o6pacuy 

r (t)— r 
4 

 (t At) 
v

- 

 = lim 	  
At-o  

2.1 
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floc.ne Tor momeHTa Tatum ce xpehe 6paultom 6y4yhuoctrtu ca 
spenHomhy 

■ 
r (t 	— (t)  

v =1im 	 • 
LXt 

-4. 	-4. 
0M-0M. 

AKO Heim BenHgalla, 611.no cxanapHa 6m10 BeKTOpCKa, lc* je 
no6H.na cuojy speAHocT y momeHTy t 113 lipOLLIJIOCT14, Hanp. 6p3HHa 

v, y3Hma y ,aaJboj npomeHH npHpainTaj, pa3yMe ce, npHpaurraj y 
6ynyhHocTH, Taj npxpaniTaj jeJI,HOCTaBHO hexo o3HatuiTa ca A 6e3 
upTe rope, peummo 3a 6p3HHy, ca Av. ,Ltaxne je 

Av = v — v v (t ± At) — v (t). 
CA14 ,1110 moxcemo HanHcaTH 

-+ 	_ 4 
Ar = r (t 	— r(t). 

FlpoTymatumi CMO noTpe6He nojmose ca ynoTpe6om pe.rlaTaBli0 
xomrunixosatthx o3Haxa. Homo he y AaJbem H3naratby nocne Han-
nem4x o6jaunbetba y sehHHH cayqajesa npHpona onrosapajyhRx He- 
JIHEIHHa 60TH jacHa H cama no ce6H, y TOM cnytiajeumma hello no-
nyHoce upTe 1430CTaBJbaTH. 

Kaxo hello BHAeTH na.rbe, npH npoytiasalby xpeTalba maTepH-
janHor cHcTema nomohy ,r4H49epeHumjanHHx je,aHaRHHa For xpeTaiba 
npeTnocTawba ce as je cHcTem Ammo y momeHTy t ca no3HaTHm 
BenHLuiama, Be3aHHM 3a TO xperabe, xao cfvfnumjama upemeHa, Tj. 
no3HaTo je xpeTalbe y npouinocTH 14 noTpe6Ho je o,apenHTH xpeTalbe 
cHcTema y 6y,ayhHocTH. flpema Tome ate senHqHHe ca upTom none 
cmaTpamo xao no3HaTe, a ca upTom rope 14)10 ca o3Haxom A — xao 
Heno3HaTe. 

2 0 OeHomemonomom Amcpepeuglijamtom npimumny 

ilpH HenpexwaHom xpeTaiby HenpexHnHom 6p3HHom liMam0 

-0 	-■ 
V = V = V, 

Tj. npH Aonacxy H onnacxy 6p3HHa Hma spe,nHocT 6p3HHe V y mo-
meHTy t. AnH TO HHje yuex cnytiaj. Bpaulta Aonacica monce HmaTH 
jenHy spe,aHocT, a 6p3UHa 04JUICKa, Hanp. ycne,a ,aejcTaa Tpellymix 
cHna 14J114 ynapa, Apyry speAHocT. 

HCTO Tax() enemeHTapHo nomepaibe oxo TatIKe M monce 60TH 
Hnx y npoLunocTH ca spenHouihy OM—OM BAH y 637,ayhHocTH 
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3a ormc H HapaxTepticTHxy xtffleTHLwor cTa}ba maTepHjanHor 
cHcTeMa oxr, N maTepHjammx TatiaKa ca macama m y  (v =1, 2,..., 
npe csera ce yBoAH 3a csaxy Tatixy tconuttuna Kpetrialta HJIH umily.ac 
ca speJtHourhy 

4 	►  
m y  v = pv , 

r,ike 6p3HHa HMa HoopAHHaTe 	y i,, z„' (upTHaa omagasa H3BO,LI no 
spemeHy) npH tiemy ce H 6p3HHa H Hmnyac oAtioce Ha one se.nwthHe 
ca HojHma je cHcTem ;Lorna° y csOje cTafbe y momeHTy t, Tj. 

-) 4 	4 4 
v,, 	vv, 	Pv = Pv• 

Flojam xoraftitiHe xpeTatba HnH Hmnynca je sp.no saxcati y me-
xaHHHH, HapogHTo ca cpeHomeHo.notuxor rae,runTa. 3a HajnpocTiaja 
c.nytiaj npaso.nHHHocor xpeTalba maTepHja.nue TaLixe Hoamuma xpe-
Taftpa ce H3pawasa, penHmo 3a X ocy, Hp0H3BO,ROM Me = mdxldt, a 
To je, onTepehetia macom Tatixe, spe,twocT H3soAa HoopAHHaTe HOJIO-

Ncaja no spemeHy, a Taj H3soir, HapaxTeptnue AHozPepeHuHjansy npo-
meHy no.no.Hcaja Tatixe y npocTopy y se3H ca spemettom. lipmportHo 
je ,Ha yxo.nHxo je maca TauKe seha, yT0.1114K0 je seha H ynora °Aro-
sapajyher Aena maTepHja.nHor CHCTeMa y ottetbmsatby taftfeTtftwor 
cTatba cHcTeMa. AWN, notuTo je (PeHomex y y xpeTathy" cHcTeMa, Tpe6a 
npH oHeibmsatby ynore mace m„ to* ce xpehe, y3eTI4 y o63Hp 
3Hatiaj y xpeTatba‘ Te mace. KaKO ce xpeTathe npe csera xapaxTeptfure 
6p3HHom, mwxemo TB131,TUITH ,zta 3Hatiaj mace m„ y 4)eHomeHy „xpe-
Tatba" 3313IICH 0,/f, 6p3HHe, 3a npasonHtmcxo xpeTatbe ca spe,rworuhy 
x', a y ornmem caygajy ca cnentRPHIncom sexTopcxom npmpo,nom Te 

seawatme, Tj. ca Espe,u,Houthy v v . Jacao je Aa je TO 6p3HHa H3 npo-

ILIJIOCTH Vv  = V v  3a momeHaT t HJIH 6p3HHa ono.nacxa. 

03HaqHmo ca Pt  no.nomcaj maTepHjanHor cHcTeMa, a ca V, cxyn 
6p3HHa Aonacxa Tatfaxa Tor cHcTeMa 3a momeHaT t. IlpeTnocTasHmo 
,rfa cy TO n03HaTH e.nemeHTH npout.nocTH Tpenvame nojase. 

3amticaHmo ca,n, ,Ha CHCTM H3 Pt  spum HeK0 IIPOH3B0JbH0 e.ne- 
meHTapHo nomepaibe, nomepatbe y 6yityhHocTH, 3aca,H Hen03HaTo. 

4 
03HaqHmo nomepatbe Taxse npmpo,ae Tatuce m y  ca Ar v . 

Houle H3.noxceHor Ha OCHOBy HHTyPITHBHO cpeHomeHoHoluxHx 
pa3mHuLfbafba, Hoja ce Ha Kpajy npoygasatba cam( ortrosapajyhtlx 
nojasa noTsphyjy cpaxTHma, moxcemo ysecTH nomohy ,neopHHHuHje 
osaj H3pa3  

rAe je csam =mall 36Hpa cfcanapHH npoH3soA xo.nimme xpeTatba Talme 

ca Hojom je Tatixa Aoruna y no.noxcaj P1  ca 6p3HHama V, H Hexor 
npoH3so.ibHor enemeHTapHor nomepatba Te TatiKe y 6yrtyhHocT14. 

Kam) je 
-0 	-0 

(my  vIr Arr)174, X y  Axv  +My Dq v +my  zy l  

Heaoxyntill ropellaserteHR 36Hp npeTcTatuba JufHeapHy AHcifepeHali-
janny cpopmy, jep cmaTpamo Aa cy npHpauiTajH ca o3Haxom A Atfcpe-
petintfjaaHe npHpo,ne, Tj. Hasp. 

limAxy =0 . 
At -o 0 

03HaqHmo osy cDopmy ca 

N 4 4 
Os= 	vv, A rv)=E (Pi" A rv)= 

v=1 	 v=1 
N 

X (111 1, X I! A Xy m y  y,' A y,-E m v zv' A zv). 
v=1 

To je ttutteamta ybop.ma 44epellgujantior cif:mita cuciTtema, Kojy 
hemo xpaTxo 3BaTH ybopma ciTiama. 

Kao OCHOBHH o6pa3an 3a cDopmy cTatba cmaTpamo osaj o6pa3an 

= 	(Pv, A rv)= 

= X (Pvx A xv+Pvy A.1,v+Pv2 A4). 

CBaKH trnaH (Dopme cTatba, a npema Tome H cama opopma Hma .11.14- 
meH3Hjy 

[Os] = ML2 T -1 . 

flpHmeTHmo ,na itopma cTafba caAp)cH y ce6m, c je,nHe cTpatte, 
4 -4 

KHHeTH4Ke enemeHTe IIPOLUJIOCTH — TO cy HmnyncH py =p, ca KOJHM 
je cHcTem ,xowao y no.noHcaj Pt , H e.nemeHre -yrtyhHocTH, Hen03H2Te 

e.nemewre nomepafba D ry , KOJH Tpe6a Aa 6y/fy oApehetfx ,na cDopma 
cTatba o,rfrosopH cTBapHOM nomepatby cHcTeMa y 6ecxpajHo 6attcHtf 
cTsapHH no.no&aj CHCTM y se3H ca npHatixama ,HaTe nojase, xpeTatba 
maTepHja.nHor cHcTeMa. N 	-* 	-) 	N 	-* 

(nlv vv, Arv) = 	(p, Ar 
v=1 	 v=1 
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20 	cDeaomenommuico Tymagelbe licOacivaa npanuana y mexaaaaa 	2.1 2.1 Carlaj KOH3epBaniBHOr cacrema 21 

      

Y c.ityLiajy reHepa.7mcaHox RoopAHHaTa cocTema q1 , 	q. 
cbopma cTaHA ce moxce Hanocaro 

(2) 

r,ice cy 
-0 

Pi= ± mv(v4v, —61 
aq,' 

reHepanocami Hmny.nco H3 npouniocTo, jep ce 14 Hemitnme v, 14 avvlaq,' 
oicHoce Ha nponmocT; nemonthe A q, cy Ampepemmjamm npopamTajo 
retiepa.nocaimx RoopimHaTa, Rojo ce o,z(Hoce Ha 6y,ayhHocT 14 noA.nexce 
oApehimarby. 

TatmocT je,t(HatioHe 

I (nip vp, 	E Aqi 

ce y3me 37 06314p Jca je, peuomo, 

a _a x„ 

	

q,' 	a qi  

a x, , 
z A q, = A x, . i a  qi   

Y onoj H czwitiom jemiagoHama nocTawba ce Be3a 143mehy Jule 
cepoje Heno3HaTox He.notimia Ax v  , 14 Aq„ nomohy aimeapHox 
je,imatuma ca 1103HaTHM RoecPouojeHnima Rojo ce cumoce Ha npoumocr 
H MOMeHT t. 

Ha Taj Hatimx Ha ocHoH37 nocTawbeHe AeC1)14HH0Hje 14 npoyileHox 
oco6ima cpopme AmPepeHumjaaHor cTaiba momcemo 3aR.TbytimTm z(a. (top-
my Os , penomo y o6Jucy (2), Tpe6a cmaTpaTo Rao (Pyincuojy OA t H 

6y,r(yhox nomepaiba Aq,. 1/1mny.acm p, cy cP3THRuoje Hpemena. 
H3Hecomo cay( max npoytiatimba nojaHe xpeTalba RoH3epHaTim-

Hor maTepojamior cocTema nomohy cpopme O s . To nporiasaibe oma 
°He ,a,e.nose. 

	

Ynopm ca (Popmom cTatba 	Tpe6a o6pa3oHaTo Hem! maTe- 
manmcm o3pa3 OA Rojer he 3aBHCHT14 Ram) npomeHa Te cpopme y ToRy 
Hpemexa, Taxo 14 cmpehosaibe Heno3HaTox nomepalba Lq 1  3a cniapHo 

RpeTatbe maTepoja.nHor cmcTema. OeHomemmounco hello Taj Haim cma- 
TpaTo Rao o3pa3 OHOr mTO u3a3118a npomeHy ,z(ocPepeimojarmor cTatipa 
cocTema, Ti. Rao o3pa3 affquje. TIormtum Taj ic3pa3 ce 110CTaB/ba ,ice- 
CPHIMLUIjOM H TO y 06m1Ky je,mior 2040Pepemmja.rmor o3pa3a, Rome ce 
Aaje Ha3HB qbopme atcquje. 03Ha4l4M0 Ty cpopmy ca Oa . 4eHomeHo- 
.7iotima pacyhonaba pa3jaunbaHajy cmocao csaxor ic.naHa Te cpopme. 

,L(a.lbe npema cPeHomeHonouncom nnany Tpe6a HOCTaBHTH Bev 
inmehy cPopme cTatba H cpopme ammje. Ta Be3a ce cPopmy.7mme no- 
mohy Asa cTasa, Rojo ce, npema ocTopmcicoj mexaHolmoj Tpa,zomojo, 
30By 3aKOHU Ha. 

a) flpHo 3aKOH, icpaTico cpopmynocaH, jecTe 3agoit unepquje. 
b) ilpyro 3aKOH hello Rpamo 3BaTH 3HICOH rpcuujeouTia. 
Hmarathe ca,apicaja THX 3axoHa 6Hhe HasetteHo y Aa>beM TeRcTy; 

orvie hello peho canto OBO. UIpBH 3aKOH ,Raje ycnose 3a weboHatbe 
Henomarnx enemeHTapHox nomepaiba, peukimo A q„ y cpopmo 
,Llpyro 3axoli otipehyje npomeHe omnynca p i , Tj. Hpoxose ,Rocpepea-
uojanHe npopamTaje Apr  3a Hapemm uremeHT HpemeHa. Ca HOBHM 
HpetmocToma omnynca pi  + A p, npena3mmo Ha cacTawbaibe cpopme 
Hape2mor ,ambepeHuojamcor cTaffia. 

Kao pe3y.TraT npomeHe THX 3aR0Ha nocTawba ce TpazeHa Be3a 
o3mehy Ase cpopme, cpopme cTarba H CDopme ammje. MaTemaTima 
cPopma Te Be3e TO cy ,z(mpepetinoja.nHe je,rmagime xpeTaffia maTepo-
ja.imor cocTema. 

Floc.ne ocTimpeiba inmoiceHor maw% cPeHomenwomicor H3Hobetha 
AmbepeHuoja.niiox jeimacoma RpeTaiba maTepojammr comma yTHp-
hyje ce H 0,aHOC o3mehy ipepiomeHonotuRor H3Ho1erba H cpopmamior 
onoheiba Ha ocHoH37 fIcpapoHe meTwm HCT14X ,amotepelialijamimx je,aHa-
Timm. Pa3yMe ce ,aa ce TO paAo canto pa,ico ynopehimatba 14 He Immo 
cacTamio ,iceo cpeHomeHo.nounce meToAe. 

Yhomo ca,a y ,rieTaJblio pammjarbe nocTawbeHor nAana cPeHome-
nozonixor onoheiba Aocpepeicumjammx je,miatmHa xpeTalba. 

IlpHo xopax y ocTHapelby Tor nnaHa TO je o6pa3oHaibe cpopme 
ammje, Tj. ,riocpepeimojanHor eaemeHTa ammje. 

Peg „anioja" oAHocHo „,icejcTso" y o6kiLmoj perm, KaK0 y cpn-
mcom Tax° H y ,apyrum jenuoma, ynoTpe6Jbyje ce ca Home 3Hametba. 
jlejcTrio neKa , Aejc -rso cone (Wirkung einer Kraft), paimoTem ,riejcrsa 
H npoTHByAejuna (Gleichgewicht der Wirkung and Gegenwirkung), 
nplimum Hajmarber Aejcnia (Prinzip der kleinsten Wirkung), Xam“.71- 
ToHos npoHuon (varying action of Hamilton), Bojcica je cTyrnma y 
am(Hjy trrA. 

CPs -=ypiAqi, 
1=1 

ce nalco noTsphyje, axo 

14 	je 
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Caymaj K0H3epBaTHBH0r CHCTeMa 
	

23 

Kao peg nornyHo onpebettor maTemaTmgxor canpncaja peg „action" 
„AeiCTBO" ce nojasona ripso nyT icon XammaToHa [53] y oozing 

raHTerpana 
t, 

f (T+ U) dt , 

to  

rite je T notsa cona cocTeMa H 1.1 ckytractoja ulna, a t je speme. To 
ztejcTso oma nomeH3ojy 

[W]=ML 2 T -1 .') 

Csaxa mcXaHHgm mamma ca TOM nomeH3ojom monce 60TH npo-
TymageHa xao nejcTso. Tax°, Hanp., Imam° ,IkeiCTBO y XaMHJITOHOBOM 

cmocny [1, cTp. 260] 14 nejcTso no Jlarpatutcy [1, cTp. 266] ca 
14CTOM „11,14MeH31410M. 

YCB0j14M0 Tepmmonorojy na je Tdt e,nemeHT AejcTsa ono atatoje 
3a speme dt on same cone, na je Udt enemeHT axraoje 3a dt on 
cpytnatoje cone onHocHo y o6noxy Ildt on noTeHnojanHe eHeproje 
Tagxe, onHocHo cocTeMa y AaTom noopy. Y ontuTem cnygajy y mexa-
opium mpa3 E (t) dt je enemeHT aratoje cpyinatoje E (t) 3a spew dt 
axo cPyHxuttja E oma nomeH3ojy 

[E] = M L2  T-2 , 

Tj. numeH3ojy eHeproje. flpm Tome Hoje HeonxonHo na 4:Iymatoja E 
6yne mpancetta eKCHJIPILUITHO Kao cl)ymatoja spemeHa. OHa monce 60To 
cpytnatoja xoopnoHaTa, omnynca H spemem. 

Basal° je o6paToTo nanaby Ha se3e xoje nocToje o3meby noj-
mom nejcTsa (W), cone (F), papa (R) onHocHo eHeproje, RoHeTogxe 
(T) HRH noTeHnojanHe (17), mmnynca cone (1) o K0.11H 1IHHe xpeTaffia 
14/114 omnynca (p). 

IlowTo HaseneHe senonose omajy ose nomeH3mje 

BenagmHe W F R, T, II r p 

1[HmeH3Hje ML 2 T— ' ML T-2  ML 2  I -2  MLT -1  MLT -1  

') O3HaKy T iii e Cline Hehemo meinam ca o3H8Hom T epemeua ripm }wawa-
Hatby AHmefinqa nojeanonx HmeHosamix Henimma.  

mmemo flOCTaBlITH ose se3e mmeby nejcTsa H HaseneHox nojmosa. 

IPan 
jlejcTso = 	14.1111 	X BpeMe, 

Etteproja 

AeiCTE10 = fpanojeHT ,LkejcisHa no nystotto = KonmgoHa xpeTatba -- 
,,t(yracttHa 

= Plmnync cone = Glum x BpeMe, 

LlejcTsoFpanojeHT nejcTsa 110 ApISPIHH 
= 	 = Cii.na, 

,EtymcoHa x BpeMe 	 BpeMe 

LtejCTBO  
r.--• fpanojeHT nejcTsa no KC:OW:1MM xpeTaffia = 

Konogom xpeTaffia 
= Ltyncom. 

Ham/tette se3e cy On KOpHCT14 npo ottetsosatby KBaJIHT3THB110 - 

 cpetiomeao.nommix of Hoca mmeby sentigotta. ripe csera ce BHAH na 

nejcTso Hoje cona, sell je pan cone y Toxy onpebeHor spemeHa, Tj. 

3:1ejcTso = Cona x Thrscotta x BpeMe. 

3aTom mon(emo 33KJbytIHTH na spmeho onpebeHe onepanoje ca 
,nejcTsom moncemo Ao6HTH, npema onepankijo, 14 omnync cone, H cimy, 
14 K0/114 11HHy xpeTafba, na gat( H nymmHy. 

Banal° je omaTo Ha ymy na cama axuoja He mpasmsa, perammo, 
cony xoja melba xpeTatse Tagxe, seh canto yKa3yje na 3a naTm momeHaT 
t HOCTOjH Tams mpa3, enemeHT atatoje, Kojo CBOjHM cacTasom H }wen-
Hominy onpebyje oHe cone, Koje merbajy oHepsootto xpeTaFse Tagam 
cocTeMa H y Toxy HHTepsana spemeHa A t= dt onpebyjy npopaalTaje, 
penomo dp, , rellepanocaHox omnynca p, naTor maTepojanHor cocTeMa 
FT TO nocne npomeHe Ha Taj o3pa3 onpelleHox onepanoja. 

JacHo je na enemeHT axumje, Kojo Banco canto y Toxy ouTepsa,na 
Bpemeaa dt, mopa na  canpraco MHOHCHTeJ13 dt. Tana RoeclnisojeHT }MR 
dt Tpe6a na oma nomeHmjy papa onHocHo eHeproje. IlotuTo ce Rime-
TWIKO cTa1-be cocTeMa xapaxTepoute rn06anHom KHHeT14 11KI4M H3pa3om, 
Xii4BOM CPIJ1OM cocTeMa, 0,1kHOCHO KI4HeTIPIKOM eHeprojoM Koja monce 
C.71pKI4T14 xao o3sop cone, a cone gory ;la PI HenocpenHo nocTaHy (Y 
Be3H ca 110Telittl4ja.HHOM eHeprojom) on TaxonaHe cpyinmoje mita, BKO 

TaKBa nocTojo, Kao LUTO je TO 113111 CJITIaj xoH3epEtaTosHor cHcTeMa, 
mina enemeHT axitoje Tpe6a na canpram nsa gnaHa Tdt o Udt. 36op 
Ta Asa gnaHa omoryhasa na  ce H3sene oHa npomeHa y xpeTatby cocTeMa 
xoja Ammo cocTem A 0 HOBO!' KHHeT14 1.1KOF CTaliDa. Ano Ta npomeHa 
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2.1 
	

Cnyval Koll3epHannor otcrema 	 25 

Tpe6a Aa ce oAHocm canto Ha npomeHy Bell nocTojeher, pauHje cTegemor 
ximeTittmor cTatba, a He Ha o6pa3osatbe HOBOT xmleTimmor cTampa H3 
HeKOT nona3Hor CTalipa mmposakba. ilpema ToMe o,A maseiteHor 36Hpa Tpe-
6a 0,ay3eTH omaj H3pa3 mojoi CTOjH y sem ca npeTxotomm KHHeTH11K1414 

cTatbem. Apyritm peEntma, aKO yamemo y o63Hp Aa npN xperatby CH-
cTema y 6yAyhHocTm, mule momemTa t , HMa csoj yeAeo H npeTxoAmo, 

-0 	-› AO momeHTa t, Taxo pehH mieputioHo xpeTathe ca 6p3HHaMa v, = v v , 3a 

xoje 6H A r, 6H.110 jeAHaxo v, dt, otma 'matt ememeHTa axLHje, mojm oAy-
3Hmamo, Tpe6a y3eTH y o6.71Hxy 

— E m y  (vv , vOdt= — EPr q,' dt . 

V 

Ha Taj HatinH npema cbeHomeHo.nouixtim pacyhtmatbmma enememT 
ammtaje 3a KOH3efThaTHBHH cticTem mojH CMO 03HaLIHJIH ca Oa Tpe6a Aa 
nma speAHocT 

0.= (—E p, qh-T+ U)dt. 

Y 11HHHMO jeAHy (j)eHomeHonommy npoimeA6y. YMeCTO Aa ynopeAo 
ca (popMom cTat4,a y 06J1Hxy 

os — E (p1,, 	E p, 

aHaJm3Hpamo cpopmy axmmje y o6./mmy 

Oa= — E (py, Aro +T+Ul dt , 
L 

yHocelim ripti Tome y orl)opmy 	H tmeputioHol Aeo, mo)cemo ynope- 
bllsant ose Ase (Dopme: jeAHy 

k = q5s — E 	, v,) dt = 	(p,,, 	— dry,), 

rite je dr, cTsapHo omepumoHo nomepathe 3a pee dt, pa3yme ce, 
noA ycaosom Aa 6p3HHa mHje npeTpneaa CKOK ycmeit AejcTsa Tpe-
myTtnix coma. cloopma je Oop.ma apohtene munerdwucor crnalba, a He 
cantor xotHeTtmxor cTatba y Hamem cmotc.ny. 

TaAa o,A cpopme ammmje ocTaje canto oma cpopma 

cbd = (T+ U) dt, 
moja seh pima tiNCT aHHaMHIIKH KapaxTep („auna.munna Oop.ma) H He 
caApmcH smme tmepunomi Aeo ezemetiTa ammje. 

1,13Hecema Asa ckHomeHonomma Tymagetba cy o6a mcmpasma H 

cTsap je camo Aorosopa Ha Remy Ile ce 3aycTasHTH. 3aycTasHmo ce 
Ha npsom Tymagetby, jep, Ramo hemo B14aeTH y AaJbem 
OHO 0:100pMaJIHO HMa npeAHocT: 3roAHmje je cnojimi y jeAam snarl 
oHy rpm tmaHosa KOjH mmajy 3aie,1111H 11K14 MHOH114Te.lb At = dt. 

IIOtIITO je y cAyliajy moH3epsantssor cticTema 

E p, q,' = 2 T, 

= (— T+ U) dt, 

= —H dt, 

H = T— U T +II = E, 

H npema ToMe HMa speAHocT ToTanHe eHeprMje cmcTema. 

Canto nocae npHmeHe cpopmm ch s  H Oa , Tj. nocTasnpatba me3a 
H3meby 14,14X, H carnacHocTii jloomBelikix pe3y.nTaTa ca pe3yaTaTtlma 
Hojti ce Aajy 06jacHHTH Bell yrspbemtm Teopticxmm cxemama, mom(emo 
TBRAHT14 Aa cy Hama ctleHomeHomounca pacybHBal-ha o cacTasy itopmm 
cTatba H aximje &ma npastunta. AKO ce TN pe3yATaTH nomanajy, 
mmemo TBpaHTH Aa je mexamoma moHcTpymcasa Ha HaseAesom cpeHo-
MeH0J10111KOM npHtumny HCTO TOJIHKO .110111 11KH HCTHHHTa xao 14, pe-
mmmo, xmacomma, I-byTHosa mexasoma. 

Yholmo caA y Tymatiethe Hexolx AeTa.iba y sem ca yseAelmm 
nojmomima H H3seAem4m pacybitsubtima. 

flpBH ezemeHT cope ammje 

-0 -o 
tn, (v„, v„) dt= —E p i  q,' dt, 

KojH CMO npoTymatiount xao ItHeplutotm Aeo aximje moomemo 3BaTH 
Taxobe H nawz4ena wcquja, jep °ma Aona3H xao pe3yEraT paHolje no-
cTojeller monteTtmor CTaH,a coicTema. 

HapeAmt LinaH aximje Tdt je Lulam OaaBHO no3saTor 143pa3a 3a 
Aejciso y XamicnToHosom cmitcay. Kam) 3asticol OA xtmeTtme emep-
rHje, 3BaheMo ra alai* muneruunice enepruje HAM, xpaTxo, watery' wuca 
anquja. PaHHjeM o6jaumbetsy cbemomeHo.nonme ynore Tor gzaHa axuHje 
A0Aajemo jom H oso. 

>Koala coma T maTepmja,nHor CHCTM je y omnTem c.nygajy 
APaTHa ctlysxmolja 6p3HHa q,', a y caygajy xoH3epsaTtnmor cticTema 

mmamo 3a ctiopmy ammje 

14J1 14 aeGIMHHTHBHO 

rAe je 
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26 	43eHometionounco Tymayerbe rldlacpoBa npinumna y mexantuti 2.1 
2.1 Cayqa] KOH3epBaTHBHOr cHcTeMa 27 

   

TO je KsatkpaTHa (Dopma THX 6P3HHa. 1-10Be)KHMO ca )KHBOM CHJIOM 
ApaT enemeHTa .nyKa y PHMaHOBOM npocTopy H CTaBHMO 

(3) 	 de= 2 Tdt2. 

Y mexamnut ds2  je tkecImmiTHa II0314THBHa ctsopma. AKO ce ctiopma 
(3) momce H3pa3HTH y Eymmtkosom 06JIHKy, Tj. Kao 36Hp KsatkpaTa 
AH(l)epekumja.na 

ds  2 = 012+ 422+ +4,2, 

 CBH cy tke.nHmk4qHH 143BOAH aT/aq, , KOjH, KaK0 hello BH,L(eTH, Hrpajy 
sp.no saxcHy y.nory y npoymasathy KpeTalba cHcTeMa, jetwaKH Hymk. 
3a OIIIIITH CJITIaj Ha1114111HMO ds2  y 06.TniKy 

ds2  = gii  dqt dqi , 

rip Melly CMO npema 1103HaTHM npasHaHma came H3OCTaBHJIH 3HaKose 
ca6Hpuba H npeHommbem no.noHcaja HutkeKca Kotk AmpepeHnHja.na 
HooptkmkaTa Ha3HaqHm4 KowrpasapHjaHTHy TeH30pcKy ripHpotky THX 
KooptwHaTa. AKO cy CBH K0e(DHIIHjeHTH gii  KOHCTaHTHH, 4OpMa Ce 
TpaHaDopminue Ha Ey10114,a0B 06JIHK. 

Flpema Tome, axo je 

(4) d T 
 = 0, 	i=1, 2, ..., n, 

q i  

)1(14B0j CHAR otkrosapa cl)opma ds2  EyKAH,nosor npocTopa. Kao HITO je 
no3HaTo, TeH3Op KpHBHHe TOr npocTopa je jetkaas HyJIH. AKO KosapH-
jaHTHI4 06JIHK Tor TeH3opa y PHMaHOBOM npocTopy o3Ha9Hmo ca Rpjfc 
[31], 143 nperxotkmix jetwalmHa (4) cze,nyje jetwatmHa 

(5) Riijk = O. 

O6paTHo, 143 yc.nosa (5) je,zukaxocTH Hymi TeH3opa KPHBHIle c.ne-
tkyjy jeaHaqHHe (4). 

Y IkanDem Hmarathy hello B14,71eTH ,na 6am H3sotkm (4) ytiecTsyjy 
y cacTamsalby ,EkHcl)epeaumjanHHx jetkHatmHa cbeHomeHa, KpeTalba maTe-
pHja.nHor cHcTeMa. flpema Tome npHcycTso Lk.naHa T dt y H3pa3y 3a 
enemeHTapHy axnHjy CTOjH y Be3H ca JI0KaJIHOM reomeTpmcsom cTpyK-
Typom otkrosapajyher KoHclmrypauHoHor npocTopa, HaHme ca TeH30- 

Kprisime TOr npocTopa. To je pa3.nor 36or Kojer momcemo cma-
TpaTH ;la Taj q.naH aKIIHje CTOjH y se3H ca reomerpHcKom cTpyKTypoM 
otkrosapajyher PHmaHosor npocTopa, a TO 3Hat114 npema (3) 14 ca cTpyK-
Typom KHHeTutme elleprHje maTepHja.nHor cHcTeMa. 

AnH Tpe6a Har.nacHTH tka H y cnytiajy Eywm,nosor o6nHKa me-
TpHtme cloopme ds2  = 2 Tdt 2  tinaH aKnHje y o6.7n4Ky Tdt, KojH mune 
He y3Hma rieutha ripH cacTambarby tuuDepemmjam4Hx jetkHatma 3a 
otkpebHsaffie npomeHa dpi  reHepanHcamix Hmnynca, HnaK Tpe6a tka 
ocTaHe y H3pa3y 3a axnHjy, jep oHa 14rpa H tkpyry y.nory, name, 
nomohy Tor tukafia, KaKO hello B142(eTH tkonmaje, npHpotkHo ce nose-
3yjy npometubHse pi  H dqi • 

3aspunimo catk npoygasube mumje npoytiasubem Apyror Rena 
XaMI4JITOHOBOr AejcTSa, 0,ELHOCHO XaMHJITOHOBe aKumje. Kao THIIHITHH 

npeTcTasHHK Te aKIIHje CJIpICH tkejcTso HeKor nojba, y Hamem cay-
najy , , Hanp., no.iba KoH3epsamsmix cm.na. (DeHomeHo.nounca cm4Ka TOr 

tkejcTsa je HajjacuHja, jep je Hajo6Htkajmija H HajBHme pa3pabeHa. 
AKO je U cf)yHmmja cH.na, enemeHT Te aKnHje HMa spetmocT 

Udt=—IIdt, 

rite je II noTeHuHjainka eHeprnja cHcTeMa. Taj q.naH ammje mo&emo 
Ha3BaTH tioruenqujanna aicquja. 

110111TO je 3a KOH3epBaTHBH14 CHCTeM 

II = M (qi q2 , 	 qn), 

Tj. npeTcTamba cl)ymakHjy canto KoopAHHaTa, osa aKumja noKa3yje csoj 
yninaj Ha KpeTarbe CHCTM canto no,n npeTnocTasKom tka CHCTM 3a 
pee KpeTalba npe.na3H ca jetwe essucKa.napHe nom:aural-Le, rite je 

11(q 1 , 	 const., 
Ha tkpyry. 

lipema 143.110HCeHOM ne.noKynkia e.nemeHTapHa aKnHja HMa one 
thnaHose: 

1. I4Hepquony o,atioctio H ac e y ankHjy ca BpeIHomhy 

( — 	p, 	dt , 

2. flpsH tInaH XaMHJITOHOBOr tkejcTsa y 06,114Ky Tdt ca Ha3HBOM 

KuneiTnituca aicquja, 

3. Lipyrki q.naH XaMHJITOHOBOr tkejcTsa y o6m4Ky Udt HJIH —11dt 

ca Ha3Hsom iloiTienquja.nno aicquja. 

(Dopmy Koja o,nrosapa ne.noKynHoj aKuHjH 3BaheMO jetkHocTasHo 
ybop.ma anquje ca :o3HaKom O a . lipema Tome ',imam°, KaKo CMO Ha-
BeJ114 H paHmje, 

1) (1  = -y Pi .7, 1 +T + 	dt . 
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Y ,ItaJbem H3narakby Tpe6a nocTaBHTH Be3y H3Meby npomeHe An-
cPepeHuktjanHor cTakba maTepHjanHor cncTema, cTatba Koje ogpebyje 
cDopma su s  H attuktje Koja je ogpeheHa cDopmom 0 a . Ta Hem Tpe6a ga 
nocnyucH 3a ogpebkmatbe Heno3HaTmx: 

-0 
1. enemeffraptmx nomepaa,a Or„, OAHOCHO Ag i  H 
2. njoHpaurraja Hmnynca Am. 

nocne Tora moxtemo Hartman' Holly 430opmy crakba 3a momeHaT 

t+df. Y Hpy ire yhti Holm Heno3HaTa nomepakba (Ar v) f+di  H HOBH Hm-
nyacH KOjH ce ogHoce Ha momeHaT t+dt H KOjH cy Be3ankt 
3a y6p3akba Tamatca maTepkijanHor cucTeMa. 

TpamteHa Be3a ce nocTanma Ha ocHouy Asa cTatta, Koje hemo 
3BaTH 3aKOH14Ma: 

1. saxottom HHeptutje H 
2. 3aKOHOM rpagHjeHTa. 

Cagputaj 3aHoHa kmepultje, y kberosom cPeHomeHonountom Tyma-
metby, (ma] je. 

Akto amnaja 	3agotiwbana yczon 

Ern 0„ = 0, 
at-. 0 

a TO 3Ha9H FbeH K041111HieHT 

. 

at-oo A t 
He Te)KH 6eCKOHa9HOCTH, Tj. 

(6) 	 .
< M, 

at-oo A t 
rje je M Hetta iconatma cranHa Henkmkma, oHga maTepHjanm4 citcTem 
npoLy)Kyje caoje xpeTathe ca ontm, Taxo peha, nomeTHHm 3a momeHaT 

spemeHa t 6p3kmama v i, ca Kojktm je CHCTeM Aoulao y nonontaj y mo-
meirry t. Taga, nog TaKBHM npkinktxama HpeTakba H camo nog TaKBHM 
ycnomma Heno3HaTa nomepakba ce ogpehyjy H3 jegHaqHHa 

A ri,=v„ A t= v„ A t= v v dt, 

rHe CMO o3HaRama noguyx.nkt 3Ha9aj CBBX ogronapajyhmx nojmosa: 6p- 
3HHa 	y ()nom cnyqajy je jegHaxa 6p3HHH ognacua H TO je 6p- 

-0 
3HHa v,„ KOJa ce Be3yje sa AaTF1 momeHaT t. 

Hatte,ztett ycnou (6) 3a xoetinumjewr akatHje Timm' Aa. Ha CH-

CTeM He gejcmyjy TpeHyTHe CHne, petmmo Hkije ce geckto ygap, — 
camo Ta,ika ce npuMe}byje rope HasegeHH 3axoH kmemje. 

lipktmeTHmo ga 6H }max 614.no norpeumo Kag 6HCMO ogmax y no- 
- 	-0 

Itenty Hama pacybkmakba CTaBH/114 A ry  = VP di, jep TO 614 6HAO, C jegHe 
cTpalle, HenoTpe6Ho orpammetbe moryhHocTH nimmeHe ontuTer 4teao-
meHonouncor gitcpepemmjanHor npinumna Ha cue moryhe nojaHe me-
xattktqxe npkipoge (Ca ygapc4). Ca gpyre cTpaHe, He 6HCMO HmanH cae-
cHor tkeHomeHonouncor ocHosa 33 oHaj pe3ynTaT KOjH ce Hapaucatta 
jegHaqintom 

	

=4 	-4. —> 

	

v i, 	--= v v • 

cDopmyaktammo cag y o6nHxy tmcDepemmjanHe jegHaqnHe °Hai 
pe3yJITaT KOja CAeAyje H3 3aKOHa HHepuHje 3a Ham KOH3epBaTHBHH 

CHCTeM. 
ripe caera Hanomeimmo ga CMO HasenH gue cepHje Ilp0MeliA3HBI4X 

Benktqknia r,„ (xv, yv, 	v =1, 2. 	N, H di , 1=1, 2, ..., n, 3a ogpe- 
hkma.H:.e nonoucaja cHcTeMa. 143meby 11314X ce nocTawbajy Be3e 

-) 
ry =r, (q1 , q2 , • • • , q n) 	v = 1, 2, . . . , N, 

caMHM npottecom ynoben,a, y cnyqajy noTpe6e, reHepanHcamix Koop-
Imam qi . 

HCTO TaK0 3a ogpehkruarbe 6p3HHa Taqaxa, He pasakacyjyhn cag 
3a momeHT t, npema 3aKoHy kmepitHje, pa3JIP9HTe 6p3mte, momtemo 
ptecTH jeAHOCTaBHO canto oue ttenwume 

zv) , 	v = 1, 2, ..., N, 

14 ogronapajyhe BenkpmHe 

	

gi', 	1=1,2, 
npH qemy je 

vp= wq .„ 

	

a ry 	 v=1, 2, ..., N. 

3aTHM CMO yuenH Hatay cHny cHcTema T jetmatutHom 

	

2 T=E m y  vv2= 	
mv  (x1e2 y v r2 z v 92 
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ax,' 
6H.no reHepa.nricaHH Hmny.nc 

my xi,' = 
a T 

30 	cl3eHomenonouco Tymayeifie tlelladxma npfitfultna y mexamit 2.1 
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Kojy cmo npeTcTaHHAH H Ha OBaj HatIHH 

2 T=ds2  (dt) -2  = 

=gij  dqi dqi (dt) -2, 

r/ke cmo 3a KoHTpaHapHjaHTHe AHcf)epeHnHja.ne noHoHo ynoTpe6HAH 
crape o3HaKe. 

llomohy )K0He cline moaremo H3Pa3MTH 6H.no npanM Hmny.nc y 
01:(eKapTomm KoopirmHaTama, Hanp., 

a q,' 

iloc.ne,arbe jeAHaqkure moaremo HanHcaTH 
aKo HX peummo no q,', HaMMe 

(7 ) 
	

a T*  

a p, 
r,ae je T* TaKo3Harm KOHjyFOBaHH H3pa3 3a Nam),  crury, H3pawerly 
y cpyrncruijm Hmny.nca p,. Kao LLITO je II03HaTO, T H T* cy He3aHH 
je,griatumom 

± = Pi 

Koja ce npeTHapa y HAeHTHTeT, aKo crie HeAHT4HHe H3pa3Hmo HJIH y 
cl)yrnaiHju canto 	phini canto pi . 

143 npeTxorme jerrHatunie cne,rryje 

T* 	— T 

H, npema Tome, mecTo (7) misoKemo HanircaTH 

a 
(E p1q,'— T). 

api 
AKO cpyriKurijy y 3arpa,au ,aonyt4mo 6H.no KOjOM cflyHKuHjom Koja 

He 3aBHCH OA reHepanHcaHmx Hmnynca, Hanp. 43yHKuHjom (—U), H yHe-
;rem° o3HaKy 

H = pig/ — T— U = H (p„, q 1 ) 

3a TaKo3HaHy XRAIIIJIMOHOBy (pynnqujy, oKaa ripeTxo,aHa je,/rHaqHHa ,aaje 

= 1, 2, , 	n. 

Ose ,aricPepenwja.nHe jeAHatume ce ao6HHajy Kao pe3y.nTaT npH-
meHe 3axoria HHepumje Ha 6p3HHe TatraKa cHcTema. 

flpebHmo caa Ha npHmeHy Apyror 3aKoHa, 3aKona rpa,aHjeura, 
3a oApelwathe npHpainTaja 6 pi . 

cloeHomeHonourKa pacybkmarba noKa3yjy ,aa ce moace nocramTH 
Hem H3Meby 4 pi  H npomeHe aKuHje y Be3H ca npomeHom o,aroaapa-
jyhe KoopAHHaTe qs . KaKo ce Ta npomella, Kao H cHaKa npomeHa y Haj-
npocTHjem cayqajy, KapawrepHine H3BOAOM 

aqi  

moacemo HOCTaBHTH (my jerrHagmHy 

i =1, 2, ..., n . 

AKO 3a CTBaPHO KpeTarbe, oapebeHo npeTxogHHM yCJI0B0M, cTa-
BHMO pi = dpi , moaremo ,aeCtIHHFITHBHO HanHcaTH 

dp,= 	, 
aq, 
	1= 1,2..... ,i. 

AKO rre.nHmHimx H3BoA cmaTpamo Kao npoumpeHri nojam rpa,r4- 
jeuTa, npeTxorrHy jeallatomy 3r Hamem c.nytrajy momcemo H3pa3HTH pe-
=llama H °Haim: 

,E1HcpepeHnHja.a Hmny.nca jeaHax je rparrHjeHTy ammje no o,aro-
Hapajyhoj KoopaHHaTH. 

OBaj cTaH moaremo cmaTpaTH Kao 3atton rpcuujentila asoquje y 
npumerm Ha maTepHja.nHH cHcTeM. 

JacHo je aa owle ,ae.nrimmHo AkuDeperiumpaffie Hma rpeHomeHo-
J10111KH Kapawrep je.gHor onepaTopa Koja o,aa6Hpa OHO HITO 3aBHCH 
oa oarompajyhe KoopgHHaTe. 

AKO yHerremo sexTop Hmnynca y a ALIMell3H0HaJIHOM EyKJIHAO -
BOM npocTopy 

P (Pi ,  P2 	Pn) 
HeKTop-rpa,amjeHaT 

• • •7 
grad 4,„(  do ::  do: 22 	do ; na) 

ÔT 
Pi= 

(8) 
	 dqi  = aH 

dt 

H y Apyrom 06JIHKy, 

4p, = ()O.  
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2.1 
	

CArla) KOH3epBaTHBH01" dncTema 	 33 

2. rIpema 11031IBTOM ficloacposom nocTynicy Hmamo ose licpacpome 
jeirmaqmme: 3a npoMeHJbHBe xoecpHumjeHTe pi xo,r( AmPepennajana dqi  

jep je 

dp, — 00 0„ 	H 
= 	= — 	dt , 

0 q, 	dqi 	0 q, 

H 

r,rre je, xao H paHHje, 

°s  =0, 
a qi  

Oa = — Hdt , 

H =ypi  

3a xoecprinmjenTe x0A dpi HMaMO je,amaqrnie 

d 	d  0 — 	s 	° — 
a Pt 	a Pi 	a 19, 

dq, 	H al„ 
a Ps 

a TO cy jeirmaqHme lc* ce nomanajy ca je,rrmaqHmama (8) paHHje 
H3merterim H3 Apyrmx pamora. 

Ha Taj matimm 3a npometubmme q i  H p, ,Ro6runi cmo xamommme 
je,amaqHme 

dp, 	d H 	d qi  = d H 
dt 	a qi 	 dt 	dpi  

moje cmo ,ao6rhum H npeMa cpenomemcmourxom pacybHmarby. 

Ha OCHOBy Ao6Hjermx jeArraqHma licpacPoria je4maqHma 3a npo-
mei-1.71,1413y t y 06JIHKy 

ao  
d(— H)--= 	 =0 

at 
npeTmapa ce y HAelITHTeT 

all
d— 	dpi  = 

OH 	OH  OH 	OH  OH  ) dim°. — 	q, 	 (— 	+ aq, 	 dq, api 	dp, aq, 
Y IteHOMeHOJIOILIKOM 143BObeiby claBajani4 cm0 cloopmy CTalba oA 

cpopme ammje. Ca,a B14,i(HMO Aa npm npHmemu ybopmantior laPacpomor 
nocTynxa nema noTpe6e oirmajaTH jeAny cpopmy oA Apyre. Momcemo 
110TBRAHT14 ,zka. cy H AHmeii3mje jexie H Apyre cpopme ricTe, }mime TO 
je AHmem3Hja „AejcTma” 

ML 2  

i=1, 2, „ n, 

a n 
= — — 

a qi (9) 
d p, 
dt 

32 	cbenomeHonounio Tymagelbe licloacimma npniintina y mexatuu.tH 
	2.1 

Tarra momcemo HOCTBBHTH 3axom AmcPepeimmja.nmor npHpaluTaja H rpa-

AHjemTa y OBOj BeKTOpCK0i cPopmm 

dp = grad 0a . 

Taj 3mcom hello 3BaTH: 3arcoll iipupauffilaja u rpaAujentria Hui, xpanco, 

3cucon rpa,gujeuraci. 
lipema Tom sarcomy ca paHHje Hame,aemom mpertHourhy 3a 0,, mo- 

mcemo manHcaTH omy jerkmaqHmy 

dp i =  a (—E p, q,' -FT + 	dt 
q, 

—a (-- H) dt, 
a q, 

HJIH 

(1 =1, 2 ..... n). 

Ca paHHje H3Heikemmm jerkmalmnama (8) HMaMO 1103HaTli CHCTeM  Ka- 

HOHH9HHX jerinalthma xpeTatba xom3epnaTHmmor maTepHjaAmor cHcTema. 
flpoTymaqHari CMO cpemomemo.noluxH nyT143mobetba jemiaqHma xpe-

Tampa H3 Ame armeapme AricPepemu,Hja.nme cPopme: cPopme AimPepemmH-

jannor cTalba cHcTeMa H cPopme enemeHTa alcurtje. PaAH ynopebmmatba 

ca OBHM cpenomenonciluxHm nyTem mameAmmo H cPopmaarnomamH 1 -10:Pa-

40B nyT 3a m3mobei-be HCTHX jerwaqHma. 

1. CnojHmo epopmy cTam)a 0, H cpopmy axmHje 'Pa y jeAHy je-

rwy aHmeapHy cPopmy 

0= 0,-F 	yp, dq, + 	cil + T+ U) dt . 

To je 1-14a4oma cPopma AaTor cpemomena, rcoja 3B13HCH oA npo-

MeHJID141314X pi , qi , t H orL Hzducommx Ampepemulljana dpi , dqi , dt, npri 

qemy AppepeHullja.nn dp, y.Tia3e y o6.4mxy cpopme 

Eo . dp,, 

xojy HHCMO manHca.m, a npomem.ibmme qi' Tpe6a Aa 6y,ay H3pamcene y 

cPyincumjH Hmnyaca. 
3 0 43eHomerfonouncom Aucimpenumjamfom nplunonv 
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f1cPacPoBy cPopmy 3a Taj clicTem 4e43HHHTHBHO momtemo OBaKO 
nHCaTH 

0 = Z pi  dqi —Hdt, 

H= T—U= +n. 

Kao Apyry, ambytiHy, npHmeA6y HaseAmmo (no. 

Y cDopmanHom nocTynxy, HaHo CMO HHAeAH, 144e ce 04 eaemeHTa 
4ejcTBa n0 XaMHJITOHy H 3aTHM ce cpopmainfo 404ajy H oAyaHmajy 
CJIHHHH H3pa3H. Ham HH.113 je 6H0 HahH cpeHomeHanouncy noanory TOM 
404aBaI-by H 04373'4mm-by H Ha Taj HagmH noma3aTH npmpo4Hy, cyffiTHH-
cmy OCHOBy f1cpacpoBe meTgae npBo y npHmeHH Ha HajnpocTHjH 

mpeTaFba maTepHjaaHor cmcTema. 13144e4H CMO H Ha TOM npHmepy 
aa rliPar.PoB ripmHmkin crBapHo yotiaBa je,aaH 01ILLITkI cDeHomeHonounai 
npHHHHa seae H3mehy 4HcPepeugHjaaHor cTaffia 14 aKI114je H THMe (pop-
myamme OCHOBHI4 AHHaMPIHK14 riplaHwan HpHpoike 14 TO H3BoLui y HH-
sapajatrrtioj cPopmx He3aBHcHo 04 OHHX HH4H13144yaJIHHX oco6HHa lc* 
HMajy yBe4eHe m00p4HHaTe. 

2.2. Cariaj memommerniaTmmmor cncTema 

Kamo CMO HaBeam y HCTOpHjaTy FIcpacPoBor npHlumna, y Beo-
rpa4y je 6Ho o6paheH licpacposom meTo4om 'iHTaB H113 npo6.nema /43 
mexam4me H cPH3Hme. klexopHcToimo ca,a Taj maTepHjaa paAH 4aBaFba 
Hamem cpeHOMeHOJIOLLIKOM npHHHHny WTO cuHpe OCHOBe. 

Y MOM Pa43, [9] npoygeHa je nptimeHa Mimi:Pose meTo4e 3a 
H3Bohelbe 4HcPepeHumja1HHx je4HatiHHa mpeTaiba 

H HeKOH3ePBaTHBHOT 
maTepHja4Hor CHCTeMa ca icomaqHHm 6pojem cTeneHa cno6o4e. Ilpo-
TymatiHmo ca4 TO H3Bohekbe ca cpeHomeHonommor r.ne,amuiTa. 

Bpoj marepHia.max Tatiama CHCTeMa IC/HOBO o3Hatimmo ca N, 11, /4 -  
-) xoBe mace ca nip (v = 1, 2, ... , N), a BexTope no.nwmaja ca ry  (x„, y v , zy). 

Y onuiTem caytiajy Hecno6o4Hor CHCTeMa, no4 npeTnocTaBmom ,aa je 
CHCTeM XOJIOHOMaH, BexTopH noacmcaja H Bpeme cy Be3aHH je,amaqm-
Hama moHatmix Be3a moje niumemo y o6aolmy 

(1) 	f 	; 	= f (x„, y, , zy ; t) = 0, 	1 = 1,2, ..., ki  ; v 1,2,.., N . 

11peTnocTaBHmo ,aa cy Te Be3e aaApHcasajyhe, jep ce cariaj 
Heaa,apHaHajyhHx Be3a y CyInTHHH CBOJAH Ha cayqaj HaA Be3e Aej-
cTsyjy, a TaAa oHe nocTajy aaApacasajylie. 

r4e je 

34 	cbeHometionomito Tymigeme ilitacPosa ripgatlana y mexamiaa 2.1 2.2 Carla] Heicoinephanianor cnerema 	 35 

    

T1pema Tome ca cpopmaJmor r.ne4,HuiTa momcemo je4HocTaBHo cTa- 
BHTH 

4,=E pi  dqi — H dt = 

= Xpi  dqi + (— 	T+ U) dt. 

Y oBom 36Hpy Asa EinaHa I p1  dq1  H Zpiq'i dt Hmajy amanoraa o6- 
/114K 3a cam' KOH3epBaTI4BH14 maTepHjaaHm cHcTem 6e3 o63Hpa Ha the-
rosy HHAHBH,ayanmy npmpo,ay H npema TOME yBeic 6e3 Teancohe mory 
6HTH HanHcaHH 3a csamm KOH3ePBaTHBHH cmcTem, amo 3HaM0 Macy cm-
icor noje4HHor Aeaa TOr cHcTema. TamBe HcTe npmpo4e je H HapeaHH 
=mall T dt 3a xojoi Tpe6a 3HaTH mace Tattaxa maTepHjanHor CHCTeMa H 

cmanapHe H3pa3e 11314X0BHX 6p3HHa. Haj3a4, LIOCJIe4H,H gnaH U dt 3a-
1314CH 04 OHHX aKTHBITHX cH.na moje AejcTsyjy Ha Tatuce CHCTeMa, OA 
HOCHO 04 OHOr no.n.a y mojem ce [Timm KpeTatbe 1411H paBHOTeNGIO MH-

posatbe cHcreMa. 36Hp Asa tmaHa 

(T + U) dt = (T-11) dt = W dt 

3oBe ce, KHKO 3HaMO, 4ejciTso no XaMHJITOHy. 
Ilpema Tome 3am.upygyjemo 4a cloopma4Ho cacTaBJBalbe licPacPose 

otopme momcemo nogeTH OA H3pamcasaHA Aejcrsa no XaMHJITOHy, na 
H3pa3y 

dt=(T+U)dt 

AoAaTH H 04 Ibera o4y3eTH 36Hpose Epi dq, H (E pi  qii) dt ; Ao6HBeHa 
ozpopma 	

E pi  dqi  (— E pi q'i +T+ U)dt 

npeTcTawba TpaxceHy 11cpa4 ouy cpopmy. To 4o4aBaffie H gaymmathe 
HeMa 'IHCT anre6apcmH ca,apmcaj onepamHje ca Be.nmimmama HcTe npH-
po,ae. Kao CMO B144,e4H, (lieHomeHommuca ripHpoAa THX 36mpoBa je 
painHtmiTa. To 4o4aBalbe H o4y3Hmaffie 6HTHO, cpopmanHo H cPeHomeHo-
JIOLUKH, melba Immo cam pe3ynTaT Tam) H cpeHomeHo.nounco o6jaunbeffie 
npomeca 4o6mBaffia Tor pe3y.nTaTa. lipmmema fIcpacPosa nocTymma Ha 
4o6mBeHy IlcPacposy cpopmy 4oBo,a14 40 TpaxceHHx 4HcpepeHmmjaaHHx 
je4Hatiko mperaffia maTepHja4mor cncTeMa. 

Y'IHHHMO 4Be npmme46e. 

3a moH3epBaTHBHH cmcTem )1cHBa cmna je xomoreHa cpyHmaHja retie-
panotcaHHx 6p3HHa H npema Tome je 

mir. z  (37-  E   
— 

d q;' 
=2 T. 
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2.2 
	

Carla) HeK0113epB8THBHOr enTema 
	

37 

1,13 jeAHatthHa (1) c.neAyje Aa csaxo moryhe Am(PepeHumjanao 
4 

nomepathe A ry  TatIme my  mopa y Toxy AmcDepeHumjaamor mHTepsaaa 
spemeHa A t = dt 3a,gOBOJbaBaTH ycnose 

N 	• 	-0 
	 aft (2) 	E (gradv  f 	rv) 	t = 0, 	1= 1, 2, ... , k, , 

v=1 	 d t 

rAe je sexTop grad', ft  Aeammmtiax rpa,AmjeHT cxanapHe 4yHKunje 

se3e j, y oAHocy Ha sexTop rv , TJ. sexTop ca HoopAmHaTama 

aft 	at, 	aft 
x,' 	zv 

a oxpyrne 3arpaAe, xao H ysex KoA Hac, o3Hatiasajy cxanapilx npo- 
m3soA. flpm nporiasalby cTsapHor xpeTaH-,a cmcTema OA momeHTa t 

-0 
se.lniqmHe A ry  Tpe6a cmaTpaTm, axo xpeTalbe join Hmje no3HaTo, Kao 
Heno3HaTe senwlinie iv* ysex Tpe6a Aa 3aAosomasajy jeAHatiknie (2). 

flpeTnocTasmmo caA Aa je y momeliTy t CHCTeM Arnim y bozo-
mcaj P H Aa cy y TOM momewry xoHatme se3e ripen-me Aa ce melbajy 
y TOKy spemeHa, Ti. 

( (ill = 	/ =1, 2,—, k,. a t It  

Axo caA nocTasamo nmTalbe: iv* nomeparba momce Aa spaul c14- 
•-• 

cTem H3 no.nommja P ? Alm o3HaqHmo TaKBa nomepalba ca 8rv, mwsemo 
oArosopmTm Aa Taxsa nomepaffia MOpajy 3aAoso.rbasaTm ose jeAHatthHe 

--> 
(grad„ 	8(.0=0 , 	1=1, 2, ..., k, . 

Kao MT° je 1103HaTO, BeKTOpH 8r, ce 3osy moryhe Bapajaquje BeK-

Topa nonommja rv . 
'Houle OBHX npeTxoAmmx o6jambetba npehmmo Ha o6pa3osathe 

cl)opme cTaiba H cl)opme axnmje 3a caytiaj Hauler Hecao6oAHor cmcTema, 
Koji," y oruuTem caytiajy momce 6HTH H HeKOH3epBaTHBaH. 

HCKOpHCTHMO no3HaTo ItleHOMeHOJIOLLIKO nocmaTpaibe xpeTaiba He-
cao60AHor cHcrema. KpeTalbe Hecno6oAHor cHcTema mowe ce cmaTpaTm 
xao cao6oAHo speTalbe aam noA ycmsom Aa Ha Taxas cao6oAaH cm-
cTem 3a cse pee KpeTafba ceM TaK03BaHHX aKTHBHHX cHaa AejcTsyjy  

join H AonyHcxe Cline , cline peammje, qmje AejcTso ocTsapyje xpe-
TaH,e cmcTema y car.nacHocTm ca jeAHammHama Be3a, a ca 3aMHIUJbeHHM 
IbHX0BHM OTCyCTBOM. flpema TOM nocmaTpatby cl)opma cTaffia mum-
6oAHor cmcTema je HCTOr cacTasa xao H itopma cTatba oArosapajyher 
cim6oAHor cmcTema. 

Alto ce npso saycTasmmo Ha oApehlisatby nonwicaja TaRaHa cm-
cTema y IjeHapTosom npocTopy, cpopmy cTalba mowemo HanmcaTm 

=z 	
, A rv), 

rAe cy p, sexTopm mmnyaca, a A r„ cy oHa Heno3HaTa nomepatba Ta-
gam cHcTema xoja cmaTpamo y momeHTy t xao nomepalba cao6oAHor 
cxcrema. 

flpm o6pa3osatby cl)opme axamje Hmamo °Ha geTmpli q.naHa. 
1. FlHepuHoHm H.TI Hac.neheHH gnaw, Ho* oArosapa 6p3mHama AO-

- ►  
.nacxa ca speAHomhy vv =vv -v v , a 3a Te 6p3HHe nomepaffia Hmajy speA 

HOCTH dry  = vv  dt, H3rne,aa osaxo 

1 ►  4 
(Pv ,  v v) dt= - E — 	pv) dt. 

I. Inv 

2. ApyrH qaaH, xao H paHmje, pima o6.qmx 

Tdt, 

ripH Remy y AexapTosilm HoopAmHaTama mmamo 

-+ 	 1 ro -) 2 T= ymp(v„, v.,)= 	my  (1)., PO • 

flpema Tome Asa npsa g.naHa axwmje Aajy 

1 	1 
2, —   2 	. 	, 

(PI,  • Pv) dt • nz 

3. 3a KOH3epBaTkIBHH cmcTem ca cpylnawjom cmaa Tpehm gnat! 
ammje je H3rne,aao °Balm 

Udt . 

Homo y onurrem caytiajy HexoH3epsaTusHor cmcTema aKTHBHe 
cm.ne HeMajy cpyHxnmje cmna, a npeTxoAHH x3pa3 caAp)sm Hoecln4Hx-
jeHaT U Koji"' oArosapa paAy KOH3epBaTHBHHX cm.na Ha Hexom HoHaq- 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



38 	4'eaomeHonounco Tymagekbe 114.300Ba npHauHria y mexamm 	2.2 
	

2.2 	 CAytmj aex0H3epeaTasHor amnia 
	

39 

Mom nomepaffiy so nozoscaja P cHcTema UJTO orkroflapa momeHTy t, 
Tpe6a H oH„se 3a cayqaj HexoH3epsaTHsHax cHaa CTHBHTH park HICTHB- 

HHx cH.na Fy  IIITO flejcTsyjy Ha 'mice cHcTema H TO OA flexor noqeT-
Hor nofloscaja flo no.vmaja y momeHTy t. Marro ce Taj pas 113- 
pawasa osaxo 

(Fv Ore)  , 
v 

Po  

mHoHrethem ca dt so6Hhemo TpaxceHH Tpehn qaaH ammje. 

4. Haj3a,s 3a H3paqyHasalse nocneruser q.naHa Tpe6a axTHHfly CH-
.ny 3ameHHTH CHJIOM peammje lc* rkejcTsyje Ha V-Ty Taqxy cHcTema. 
flokuTo 3a cnyqaj Hrkea.nm4x Be3a Ha V-Ty Taqxy ,sejcTflyje osa pe-
ammja 

grad e  f t, 

rge je 1./ MHONCHTeJb orkrosapajyhe Be3e, noc.nesisH q.nau ammje Hma 
co6.nmx 

[f 	E X1  grad,, ft ,  A;„).idt. 

Po v 	1  

Ha Taj Ha4HH Arse Tpaxceae cpopme H3r.nerkajy °sax° 

= X (Pv, rv) 

1 4 4 	4 4  
43a = [— 

1  E— (pv, po+ E (F,,, rv)-1- f (EX, grad„ f Ar.„)] dt. 
2 „ 	

Po 
v 	 v 	1 

Po  

flpHmeHHmo carr Asa 3axoHa — 3aHoH knrepuHje H 3alcou rpa-
AHjenTa. 

Aim je 
lima = 0 

At -00 

nomepase 0 r„ Tpe6a sa Hma mikepuHoHy sperkHocT, Tj. 

4 -9 

(3) 	 A r„= dt = dry , 

HJIH 

(4)
dry  4 	1 4

vy 
dt 	m,, 

py 

3axoll rpa.sHjeHTa Aaje 3a x — ocy 

a 
dpvx= a—x  

HAM 

a y sexTopocom o6.qHxy osaj pe3y.nTaT 
--o 
dp  

— —F v + Ex /  grad, (5) v=1, 2, ..., N. 
dt

y 

 

Hascoljeiby flotacl)orta nocTynHa imam° ctoopmy 

4) =Os + 0„ 

-) 
H HaA ce Ta cl)opma rronym4 join H 36HpoM E 0 • dp„ HMaMO osy ce- 

pHjy fhpacpormx jesHaqHHa: jesHaqHHe (5) 3a npomewsHse sexTope 
-9 

noaomcaja r„, 3aTHM jesHatlime 

	

 
0 	

( 	1 
rv + p„) dt 

my 
--• 

OA icoecpHuHjeHaTa xork dp, 3a orwebHsathe ry  , a TO Cy jesHatume 
(4). 11 Haj3a,rk jerkHaqHxy 

cl)
a 
 dO 

—.- = 
dt 

xoja sososH so HrkeHTHTeTa 

dr 1 	1 4  4 	 4 4 
- 	-m— 	Py) + 	(F, , A ry) + f E (E x, grad, II, A4rv)1=0,2 	 V 	 V 1 

	

Po 	 Po 

Ha OCHOBy jesHatsma (4) H (5). 

3aHcTa, mule AHcPepeHruiparba HMaMO: 

—E 	(dp„,p,)+E (4 , 	+ (E Xi  grad, f , A rv )=0. y m y 	 y 

dp„x—(Fyx + Tk, fL) dt, 
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Ho npema (3) H (4) Hmamo 

	

-) 	-0  
A r 

1
,— — Pv dt, 

m, 

na ce npeTxrukHa je,ILHatu4Ha momre HarnicaTH H °sax() 

-0 	-o 	 -o 
E (—dp, {F,-F 	A t  grad, fi} dt, A r,)=0. 

IlomTo je npsH tinaH csaxor noje,rmor cm.napHor npoH3soAa Ha 
ocHosy (5) jeAHax HyAH, npeTxo,aHa jeAHatu4Ha ce 3aHcTa npeTsapa y 
14,11eHT14TeT• 

OcTaje jour Aa ce HanomeHe zka jeAHairHHama (4) H (5) Tpe6a o-
LTM je,aHaviHHe 3a Qapebmsaise mHoscHTeJsa Be3a. Te je,zoiaLlime ce 

Ao6Hsajy Ha 1103HaT14 Ha9HH H3 jemiaincia se3a nocne ,asocTpyxor )1,14 - 

 ctlepeinwpatba csaxe Be3e; Hanp. 3a h-Ty may Hmamo 

2 f 
dt2 	V 	 ni 

	 E (grad, f„ —1 p„)+D,b,=0, 
v 

r,rke je D2  f,, xsaApaTua cloyHxamja Hmny.nca no3HaTor cacTasa. 143 THX 

jeAHatuma ce Ao6Hsajy .7wHeapHe je,aHalume no A t  3a QapebHsalse mHo-
sareJba Be3a. FbHX mwxemo HanHcaTH °sax° 

El., [E —1  (grad, fh , grad, fi) + E 1  (grad, fa,  F„)-1- D2 fn = 0, 
v mv 	 v mv 

h = 1,2, ... k, . 

floicamuimo jou] Ha Koji,' HaliHH ce H3soAe ,a4epeHumjanHe  jeJ 
Hatunie xpeTafba 3a HeKOH3epBaTI4BH14 cucTem y c.nytrajy He3aBHCHHX 

moopAHHaTa 	d2  , 	, qr„ rAe je n= 3 N — k, . 

ripe csera TpaHccbopmmuemo Ha Hose xoop,aHHaTe cDopmy cTaiia 
--) 	-0 

= E (pv, Aro) • 

flomohy mcHse cline H3 jexiatunie 

	

2 T = 	111,27 

V 

noc.ne 3ameHe 
-+ 

4 	dr 	Or 
v„= 	— 

dq, 	dt  

143 xoje c.ne,Ayje Ja je 

	

dv, 	dr, 
aq ~i

=  
dqi  

yse,ammo TaK03BaHH reHepamicaHH Hmny.nc 

OT 
Pi= 

d
—• 

q'i 
 

Fbera mascemo H °sax° npeTcTaBHTH 
-9 	 -o 

„ 	Ov v ) E(-' dry  pi — z(m, v,, — = Pv7 —) • 

	

dq'i " 	qi  

-o 
3aTHM mecTo Heno3HaTHx nomeparsa 	yse,E[Hmo urosapajyhe 

spe,atiocTH Heno3HaTHx Aq i  H To nomohy je,rmatillsal) xoje sawe 3a 
CBaKH MOMeHT spemeHa 

-o 
r Ar,-= 	Aq i  . 

I a qi 
Ha ocHosy ,/{0614BeHHX pe3y.nTaTa mosremo 

TpaHabopmaunjy 

d r„ -4
►

d ry An.)  _v[v , 	  Aqi- 

	

os  = E (p v , A r,) E (pv,2,; A 	Y" ‘rf ti 	qi qi 

— E Pi A  qi • 

cJopMa amnije ce cacTas.isa o,a OB14X Eumuosa: 

1) Y Be3H ca OBHM jeammthama Tunnimo oey npHmen6y. BenHume Ary  H Aqi 
ytiecTsyjy y Ileum cl3a3ama pacyhtmaFba. flpea cpa3a — To je nocTann,atbe KOOpAHHaT-
HHX Be3a npH yvernhy Hpemena Kao cTannor napameTpa. 11 Jenne H npyre BenHqHne 

Tana CC MIN),  cmaTpaTH 1(80 napaJauaje, HeSaBECHe OK Bpemena, H 03H8qaH8TH Ca ari 
H 8qt• Y apyroJ 4)33H Te HCTe seawall-le ce metbajy y Toxy epemeua H o3HavaBamo nx 

-+ 
Ca Ary  H Aqi. YooTpe6a pa3AWMTHX o3Baxa HHje 06aBe3Ha, icalt o6e BealaHHe y HCTO 

pee memajy CBOJy yaory H BpomeNa riptipoae THX ynora He H3a3HBa HHKaKaB He-
cnopa3ym 6e3 o63Hpa Ha TO INTO y npnoj cpa3H Te BenntiHne 3aA0B0JbaBajy Jenne YC-
Mate, a y apyroJ npyre. — CmaTpajyhH nit ca aKCHOMaTHYKOr rneaHmTa IIHTafbe ynore 
y paHHOHaAHOj MeXaHHIMI HOPHOBa CTBapHHX H BapHjaHHOHRX nomepama npa n3naralby 
1(31(0 nwpepenuHjantua TaKO HHTerpanmix npnHonna mexaHHKe, 6e3 o63Hpa Ha muoro-
6pojHe panoee, jow CyLLITHHCKH HHje HOB0.1.110 pacHeTnoeHo, namepaHam na nocae-
TIM TOM niaalby HapogHTy many pacnpany ca H3narattem csora rnenHurra. 

H3BeCTH TpaweHy 
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Ilpema ToMe 
filiCaTH OBaK0 

1. HHePLIHOHOT Aena y 06.1IHKy 

q,' dt , 

2. ?Kline cHne 

Tdt , 

3. AKTHBHHX CHAa npHo y ofinHxy 

AeckHHHTHBHO cpopme cTama H amnije moxemo Ha- 

= P; 4 91 ,  

4,  (—yp, 	+ T* + fy Q.* 8q,)dt. 

P0  

P 

f E (4, 	dt, 
v 

Homo ce npeTnocTawba Aa Ha CHCTM He Aejcmyjy Tpenyme 
ycnon 

Ern ck = 0 
At-0 

Po 

a 3aTHM nocne TpaaccloopmanHje y o6nHxy 
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f 8q;  dt, 

npH qemy je 
	 Po  

-0 
4  a  Qi  qi—E(F,,,  r„

qi )8 , 

rAe je Q. reHepanHcaHa mum. BenHqHHe S r„ H 8 qi  cy napHjannoHe npw. 
poike. OHe noxa3yjy, TaK0 pehH, npo6Ha, napHjantioHa nomepaffia, 
xoja captce canto 3a oApebkinathe BenHqmia cHna H3 HenHqHHe paAa. 

4. Haj3aA, qnaH KOjH 3aBHCH OJ'4 peamwja 
P 

--0 f X 1  [E (grad, f, ilrv)jdt 
v 

Po 

y cnyqajy He3aBHCHHX xoopAHHaTa je onHax je HyJIH , jep ce nocne 143- 
paxcasalba y 4:137Hxtu1jH He3anHcfmx xoopAHHaTa cHaxa cpymnHja f, 
npentapa y HAeHTHTeT. 

YtH4HHMO j0111 jeAHy npeTxoAay ripmmeA6y. flOLUTO KaK0 jeAHa 
TaK0 H Apyra itopma mory 3aBHCHTI4 camo oA npomexammx qi , p., 
t, npomeuzithe qi' Tpe6a Aa 6yAy enHmimcane. Arco je jeAHa cf)yHx-
nHja, Koja 3aBHCH OA npoMeHJbHBHX qi , TpaHaDopmHcaHa Ha npo-
MeHJM4Be qi, p„ t, H-leH HOB H3pa3 ce 30Be Konjyr OBaH y oAHocy Ha 
npBH. 3a o3Haxy RoHjyronaHocTH ynoTpeozanahemo 3He3AHrly nocne 
o3Haxe cpyiumje, TaKO, Hanp., 

f 	qii , t) = f* (qi , pi , t).  

je HcnytbeH H npema ToMe ce xpeTaibe spun! y carnacHocm ca 
xollom HHepumje. flpeMa TOM 3axoHy renepanHcaHa 6p3HHa OA Herm-
3HaTor nomepatha A qi , Tj. 

. 	q• 
	 = q,', 

At -0 A t 

	

Tpe6a Aa 6yAe oHa xoja oAronapa HCHBOj CHJIH T 	
a T 

mmnyncy p i =  a ql 
y AaTom momeHTy t. 11011.1TO H3 jeAHaqHHe 

T 
= 	2 

Ha ocHosy nO3HaTHX ,E(OHKHHOBRX Teopema, cneAyje Aa je 

a qi, 	(y pi  9 To) ,  
a 	i 

H3 3axoHa HHeprmje caertyjy one AmcpepeHan- 

dqi 	aK 
dt 	a pi ' 
	i=1, 2, .. ,n, 

K = 	qi1 *—T*. 

3aTHM Tpe6a npHMeHHTH 3aKOH rpaAHjeHTa: 

P 0. ( a K dpi  — = — 	+ vi )dt a di 	qi  

mowemo TBPAHTH Aa 
janHe jeAHaqHne 

(6) 

rAe je 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



44 	cDeHomeHonounco Tymagethe IlcOacpoaa npuHutina y mexamm 	2.2 2.2 Caygaj micoinepnamsnor cntrema 	 45 

xojH AoaoAH Ao Apyre cepHje .zHcfepeHuHjaJmHx je,aHaqHila 

dpi 	a K 
(7) 	 — 	+Qi*, dt 

r,ge je Q.* RoHjyronaHH H3pa3 3a reHepanHcalle cHae, arm °He 3aBHce 
om 6p3HHa. 

JeAllatlime (6) H (7) gime Xa-siuniTionos cuciileA AH(])epeHgHjaJl-
HHx 	xpeTaiba maTepHjaAHor cHcTema. 

HHje Telma) noxa3aTH ma ce H y (atom cayqajy jeAHaqHHa xoja, 
npema 11414oHoj meTo14, oarorsapa npomembHsoj t npeTsapa y HAeH-
THTeT. 

Arco ce spaTHmo Ha npomewsmse qi , q,', 1, Ao6Hhemo jeAHaqHHe 
y JlarpaHacesom o6arcy 

d a T 
—

a T 
— —  — , 
dt a q,' 	a qi =Qi  

jep je 
T 	a K 

	

Pi = q,' 
	qi  

H 	= 

npH qemy nocnerma oco6HHa clnyinalrija T H K Taxobe cnertyje H3 
1103HaTHX ,a0HK141-10BHX Teopema. 

PaAH Tymagetsa pa3nwIHTux ynora xoje Hrpajy, C jet He cTpaHe, 
nomepaisa, a, ca Apyre cTpaHe, 6p3HHe, y cayqajy Hem 3B13HCHHx OA 
BpemeHa, Hase,aHmo peureffie, TymageHo ellomeHonounm, jeAHor manor 
3arkaTica, KojH peruaHa H G. Ha mel  [54, cTp. 328]. 

3a,aaTax r.nacH: Taqxa ca macom m=1 nprmyheHa je Aa ce xpehe 
y paHHH x, y, a nom ycaosom Aa je y = x c(0. Ha Taqxy AejcTayje 

cHna ca noTeHnHjaaom 11= —1
a (t) x2. Kaxo ce xpehe Taqxa, axo je 

2 
a (t) = c21(1 +c2)? (Taim na.A CJIOBOM o3Ha9asa H3BOA no Hpemelly). 

Y3MHMO 3a He3aHricHo npomewsHsy xoopAHHaTy X. Taaa je 
H )KHBa CHna ce oApebyje H3 ose jenHaqHHe 

2 T= x2  + y 2  = (1 +c2) x 2  + 2 ccxx+c2x2. 

Ilpema Tome je 

	

aT 	• p= 
az

=(1+c2) x + ccx, 

Ca Apyre cTpaae, 3amicHo nomepaise A y ce H3paacasa Ha osaj 
Hat1H11 

dy=cAx. 

nOCJIe OBHX npeTxoasnix H3pa9yHasarsa (Popma cTalsa 6Hhe 

Os =icA x+y Ay =[(1 +c2) x+ccx] d x= 

=p A x. 

(1)opma mamje Hma Ta,aa osaj o6AHR 

I,  = (— p + T* —la (t) • x 2) dt, 
2 

r,se je 	
2 T* =__(p2 +  

AKO yspcTrimo oArompajyhe HpeaHocTH Ao6Hhemo osaj Aecl)H-
HHTHBRH pe3yaTaT 

2 pxcc — p 2  
1:sa 	2 (1 + 0)  dt. 

IlourTo je 
lira Oa  =0, 

At -* O 

Banat 3axou HHepiruje H npema Tome ce Heno3HaTo nomepam, xao 
cliyHxullja, oapehyje 143 je,aHaqHHe 

x = dt = dx. 

A xaxo ce x y ItlyHK1.11,1jH p, x 14 t oApehyje H3 jeariaqHHe 
( +) 

'imam() jeaHatirmy 

(1) 
	 dx 	p 	xcc  

dt 1 + c2  1 + c2  

xao spay ArickepeHnHjaAHy jeitHaqHHy AaTor 3aAaTio. 

Apyry jeAHaqHlly Ao6Hjamo H3 3aKoHa rpaArtjeHTa 

dp=gradx Oa = aoa —  pcc 
dt, 

dx 1 +c2  

i= 1, 2, ..., n, 

T 
a qi  

H KoHjyroBaHo 

(+) = (p — .xc)1(1+c2). 
d p 	pc  
dt 1+ c2  
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Jemiatlinie (I) H (II) cy Haempule ca jeaHatatHama iv* H3B0,14 
G. Hamel Ha ocHoBy Apyrmx pacyhmBalba. 1 -bHxoBH HHTerpaam cy 

at- F b 
X = 	 11 1 + c2  

r,ae cy a H b npoH3Boa,,He IcoHcTaHTe HHTerpauHje. 

UpHMeTHMO aa je petuaBaffie Tor 3a,aanca muoro jeaHocTamthje 
xa,a ce pagyHH Bpme He ca ,LlexapToBi4m xoopaHHaTama, Ramo TO paaH 
G. Ham e 1, Beh ca noaapithm, peuHmo, r H 0, jep Taaa, npema je,a- 

HatiHHH —
dr 

=0, HMaMO r=at+b, a yrao 0 je oapehex H3 je,allaime dt 
Be3e, HaMMe tg 0 = c (1) . 

2.3. Cariaj HexonoHomHor cecTema 

Y Hamem paay [9] npoyEmaH cmo npumeHy f1cpacposa npv1H-
umna Ha Hexo.noHomma maTepHjaaHH cHcTem. 143npummo °sae cPeHo-
meHanomico H3Bohelbe ,a4epeHuHjaamix jeaHaqHHa xpeTaffia Tor cH-
cHcTema 14, ,apyro, npoumplimo He3HaTHo aHaaH3y Ao6kijemix je,alia-
tuma npema paAosHma II. B. B op o H u a [55,56], G. H a me 1-a [54] 

T h. POschl-a [59]. 

ripe cBera nocTaeHmo je oaHaLmHe 3a ,ElexapToBe xoopaHHaTe Ta- 

qaxa cHcTema ca BexTopHma no.noacaja r, (xy, Yy, 4), v=1,2 	, N. Hexa 
je CHCTeM Hecao6o,aaH ca xoHatmHm Be3aMa 

f, (ry, t)=0, 	1= 1,2 	 k 1 , 	v=1,2, 	, N, 
14 ca ,a4epeHumjaaHHM y aHHeapxoM o6.rucy 

N 	 -. 
(ggrad, pi , v,)+ Di  = 0 , 	j =1,2, . , k2 , 

v= 1 

r,ae cy: qgrad, 	Taxo3BaHH icaa3urpaAujeH111 ,aaTe ampepetnuajaaHe 
Be3e y o,aHocy Ha V-Ty Taincy H Di  je cpymulja Hoop,zumaTa H Bpe-
meHa. Koop„aHHaTe xBa3Hrpa2HjeHTa o3HaqaBahemo ca 

qgrad, 	 v = 1,2, ... , N, 	= 1,2, ... , 

npla Liemy Cy oBe icoop,aHHaTe y OnIUTeM caytiajy cpymufje IcoopaH-
HaTa Tatiaxa 14 BpemeHa. flpeTnocTaBHmo ,aa cpyHxuHje cp.(  HHCy TO-
Tama ,amcpepemuljanH Heialx cpymanija Hoop,aHHaTa Tagaxa H Bpe-
mem, ,apyrilm petiHma ancPepeHuHja.nHe Be3e HenocpeuHo HHcy HHTe-
rpa6HaHe. 

Cnyqaj Hexonommior oacTema 
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Hexa Ha Tatnce cHcTema ca macama 	(v=1, 2, ..., N) ,aejcnyjy 

oBe cline: 1. aKTHBHe cline Fv , 2. pealcumje KOHaqHHX Be3a y o6any 

ki 

	

Ry = 	Xi grade  f i , 	v=1, 2, 	N 
l=1 

14 3. peaxtuije AmcPepeHuHjaaHmx Be3a ca Bpe,aHocTHma 

k2 

	

Rv* = 	[Li qgrad„ 	, 	v —1, 2, ..., N, 
j=1 

rte cy A l  H µi MHOXCHTeJbH o,aroBapajyhmx Be3a. 

KaKO CMO npoTymatmaH y npeTxo,aHom caytiajy, XOJIOHOMHOr ma-
TepHjaaHor cHcTema, H oB,ae, y caygajy Hexo.noHomHor CHCTeMa, npo-
}Nasal-be xpeTaffia TaxBor cHcTema ce }want Ha Taj Haulm IJITO ce 
cHcTem npeTnocTaBnpa xao cao6ouaH, a npHcycno Be3a ce 3amerbyje 
aejcTBom HapOUHTHX clam, cHaa pealcumja. Bpe,aHocTH THX cHaa ce 
o,apehyjy H3 ycaosa ,aa one CBOjHM npmcycTsom ocTBapyjy TaKBO xpe-
Tathe, Koje 3a2oBwbasa nocTaB.TbeHe Be3e. 

Homo Cline y.na3e canto y cpopmy amulje, cpopma cTuba ocraje 
HcTa xao H 3a c.no6o,aHH cucTem ca HCTHM macama. lipema Tome Hmamo 

	

N 	-0 -0 	N - 	4 

	

Os = E (rny v1. Art') 	E ( 9 v, Art') • 

	

v=1 	 v=1 

Ha ocHoBy ropeHaneaeHor cpopmy alcuHje cacTawbamo oBaxo: 

P 
-) 4 	 4 	. ►  

[ E (p.„ 1/0+ T f (Fy, Ary)+ 

v  Po  

P 	 P 
-0 

f E(f )./ grad, fi,  Or„ )+f E( p.; qgradv (PI 
v / 	 v j 

Po 	 Po 

Kao 14 paHHje (§ 2.1) 143 3alcoHa HHepuHje oapehyjemo Heno- 
9 

3HaTa nomeparba Or„ H3 jeaHatunia 

4 4 

dt. 

Y 1-IcpaitoBoj meTo,aH, 'ma ce yBo,a14 cpopma 

0 = Os+ 4). 

p =a ri+0, 

)1 dt . 
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48 	cbeHomelionousco Tymaqeme Thinicosa simmuma y means's) 	2.3 

HMaJIH 6HCMO npema q4aHosHma 36Hpa E 0 • dp, osy licliacposy je4Ha- 

qHxy 
-) 	-) 

0—grad 0=A r„— — p„ dt = 

-y 
= 	dt, 

xoja o4rosapa paHHjoj je4HaqHHH F43se4eHoj 143 3axoua HHepuje. 

3axox rpa4HjeHTa ca csoje cTpaHe Aaje: 

-4 
dPy 	d2 	-> 

— my 	— + 	k i  grad, ft + I p.;  qgrad, 	v = 1, 2 	N. 
dt 	d t2  

To cy )04cDepeHuHja4He je4HatthHe xpeTarba HexonoHomHor cH-
cTeMa ca MHOHalTeJbHMa. se3a. Tom cHcTemy Tpe6a 404aTH je4Harme 
3a o4pehnsaibe MHO)KwreJba Be3a, xoje ce Ha no3HaTH HaqHH H3so4e 
H3 yc.nosa 3a y6p3aFba Taqaxa cHcTeMa 

d2  f t   = x (grad, f w w) + D2 ft = 0, 	1=1, 2, ..., ki , 
d t 2  

-4 
d cPi 	E (qgrad, (pi , w v)+D, cpj  = 0, 
di 	y 

Oso noxa3yje 4a ce Ha caHqau Hatuni Kamp 3a cayuaj xonoHom-
Hor cHcTeMa Taxo H 3a cayqaj HexoaoHomHor cHcTeMa mo4ce npHme-
HPITH 0111.11TH cbeHomeHonou_um 4Hci)epeHuHjant4 ripHHHHH. 

floxaxthmo ca4 xaxo H3rne4a Ta npkimena 3a c.nyqaj HexonoHom-
Hor cHcTeMa xa,4 ce noncolcaj cHcTeMa o4pehyje nomohy He3asHcHHx 
moopAHHaTa H xa4 npema Tome xpeTaibe cHcTeMa mule HHje orpaHH-
Rex° KOHa'IHHM se3ama, seh camo 4Hc1)epeHHHjanHHm. 

lie3asHcHe xoop4HHaTe 03HaqHmo ca qi  (1 = 1, 	n). Iloaao 
y onarrem caycajy xoHaqiie se3e mory 3aBHCHTH H CA spemexa, mama 

cHaa mo)xe H He 6HTH xomoreHa 4)ymcnHja reHepannaHmx 6p3HHa. 
lipeTnocTasHmo 4a.lbe 4a Ha cHcTem 4ejcTsyjy rellepanHcaHe cHne 
xoje HCTO TaKO mory 3aBHCHTH, y oninTem cayqajy, 04 xoop4HHaTa, 

6p3Hua H spemeHa. Haj3a4 npeTnocTasHmo ,zta je Haw CHCTeM Hexo-
JIOHOMaH H Aa  cy HeXOJIOHOMHe se3e 4144)epetwHjanHor .7ameapHor 

oonvixa: 

cPi = XPiiq=+Pi=0, 
	j = 1,2,..., ka . (1)  

2.3 	 CnyqaJ sexonoHomtior exerenca 	 49 

Kao H y cariajy HexoH3epsaTHsHor cHcTeMa ca He3asHonim 
xoop4HHaTama npormsatbe xpeTatba cHcTeMa ce spun' Ha Taj !faux 
UITO ce npeTnocTawba 4a se3e He nocToje H 4a ce xpeTaFbe cHcTeMa 
y caraacHocTH ca THM se3ama ocTsapyje Ha Taj HaqHH INTO cy y 4aTom 
cayqajy se3e 3ameibeHe peax0Hjama 4144epeHLIHjanHHx Be3a, xoje HcTo 
Taxo npeTnocTawbamo Kao H4eanHe, Tj. ca peamliajama canto y npasuy 
xsa3Hrpa4HjeHTa. 

CacTasHmo ca4 cDopme cTaFba 1.1 aKHHie. 

cDopmy cTalba, Kao H y cayqajy § 2.2, Tpe6a HarnicaTH y 06.qHxy 

(1),—E p1i  qi , 
1=1 

rue je , a A qi , Kao H paimje, Heno3HaTH 44epenuajanHH np14- 

paLuTajH 0,i1r0BapaiyhHX He3aBHCHFIX xoop4HHaTa. 

cDopma alan4je ca4p)KH: HHepuHom4 Aeo 

(—E 	dt; 

llama 04 Name cHne Tdt, npH leMy xatsa cHna 3asHcH 04 qi , 	t H 
H3 rbeHor H3pa3a HHcy HclobygeHe 3asHcHe 6p3HHe y se3H ca 414c13e-
peHnHjaaHHm Be3aMa; q.naH 04 aKTHBHHX cHJIa y o6aHxy 

[f IQ;  gildt=.1A dt 
P. 

H qaaH 04 peaxnHja 414c1)epeHwijanHHx se3a 

P 

Po 
	(± µi Pi,) A qi idt =JR  dt. 

Ca JA H JR 03HatIIIJIH CMO pa4 aKTHBHHX cHaa, o4HocHo pa4 pe-
ax0Hja Ha nyTy 04 Hexor nono)Raja P, 40 no.ao)Kaja P. flOWTO cy OBH 
HHTerpami Ba)RHH CaMO no H3pa3y csojux no4HHTerpanHax cpyHmaija, 
jep one canto nocae 4144)epeHumpaH,a o4pehyjy o4rosapajyhy cHay 
o4HocHo peaKLHjy, 3a 414epeHumjan y3HMaMO OHy npomeimpHsy 110 
KOj0j ce sputh 6y4yhe 4HltepeHnHpaibe. 

4 0 cpenomemmoamom Ancpepeimmjamfom nplinumy 

j 1, 2 ..... 	. 
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2.3 Cnyvaj nexononomHor ClICTehlit 	 51 2.3 50 	43eHomenonothko Tymagethe nitacborta ripmlullna y meXamiutH 

(6) j= 1, 2, 
d d T 	d T 

— Qr+J+Ilt dt 	q'r  4.j 	+i 

AKO HCKOpPICTHMO )1mm-way TeopeMy, npema K0j0j je 

X p, qi' =T* + T , 

i= 1, 2, 	tz, d OT 	dT*  
+Qi+ 12 Ili Pio 

dt 	dqi 	i=i 

lipema Tome (Popme cTarba H amumje mowemo manmcaTm aa npo-
mem.ibmme q, H qi' y otInviity 

pol q„ 
i=1 

(Pa= [— E' 	+ T + JA+JR[dt. 

JeAmatimme (3) nue/Immo y ,ame rpyne: aa moop,ammaTe ca 
3aBHCHHM 6p3HHama y o6.7n4my 

d d T 	dT 	k2 
(5) 	 = Qi 	p.; aji 	=1, 2, . 	r= n —1c2 , 

dt dqt 	q, 	i=i 

a 3a noopAiniaTe ca 3anHcHnm 6p3kmama 

AKO ca,a, Bpe,RHOCT14 MHONCHTeJba 143 jemialuia. (8) yapcnimo y 
jeAnatiHne (5) ,no6Hhemo one jemiatnine 6e3 MHOHCHTe.1ba Be3a 

d aT 	T„ 	4 .2 	d  aT 	aT 
(7) — VP 	2; air) 	 Qr+t), 

dt a qp' d qp 	i=1 	dt d q'r +j 	d qr +J 

p=-- 1,2, ..., r=n—k,. 

Jeanatllme 3a nexo.noHomm4 cHcTem CJIHT1He je,anatuiama (7) ripsH 
nyT je Aao J. Hadamard, y npHaory KrbH)KHLU P. Appel 1-a [57] 

CHCTeM 	je,a,Hatuina (7) 3ajeAno ca cHcTeMoM jezwatnina 
(4), perwmo y o6.TH4ny 

jep, npema Apyroj ,,E(onximonoj TeopemH, 

a T*  d T 
+ =O. 

q, 	a qi  

LUTo ce nine 3anona Hnepunje, H3 1nera Henocpeiwo 143BOAHMO 

Aa je 	q,' dt, Tj. 	dqa =dqi =dqi . 

lipoyqHmo mano Ay6.rne je,nnalaHne (3). 3a Taj BHA:, pemHmo jeA-

natimie (1) no 3aBHCHHm 6p3HHaMa. HeKa TO 637,ay one 6p3HHe 

3a lc* je i—r+ 1, r +2, ..., r + lc,— n. Ca TanaHm o3nanama je,nnagiie 

AmpepeHnHjammx Be3a y peluenoM 06.nmcy nmuemo 

(4) 	 q'r+jr— 	aip  qp' — — 0, 	1= 1 , 2, .. .,k2 . 
P= 1  

14J114 

mowemo RanHcaTH 14 °salon 
cps _ z  aaqT A qi,  

a =[ -FJE] dt. 

3a Tax° Hanucane ckopme 3anon rpafi,Hjewra Aaje: 

caTIHrbasa cHcTem OA n je,anatuma 3a pemanarbe npoonema o npeTaby 
HeX0.110HOMHOr maTepHjamor cncTeMa. 

MaTemaTHnna upywrypa jeanatimia (7) monce ce ynpocTHTH no-
mohy (yam Tpampopmammja. 

EJIHmHilinumm0 143 CIVHK1114je T nonohy (8) 3anHcHe 6p3nne H yne-
,II,Hm0 03Hany 

T 	t)=0 (q'p , qs,  t). 

To HCTO yHi•MHMO H ca maBoAom 

aT 
—8; (q'p , qi  , 1), 

npH memy je 
p=1, 2, ..., r; i=1, 2, ..., n r + k2. 

d dT dT i--- 1, 2, (3) (8) 
k2  

Q, + 	11.1 Pi,, 
dt a q,' 	dqi 	t=1 

y ap qp , +ai , 	1=1, 2..... k2, 
P=1 

ctr+, 
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d a®_  a 	 aq'r+i 	 aqir  
dt aq'p 	aqp 	 aq'p  

d aqi, 4_ i aq' 	x, agir+1 aq'r+h)  0 
dt aq'p 	aqp 	aqr +h aq'p• 

Qp I Q r aq'p 

52 	cbeHomeno.noinKo tymagetbe fIcpacposa npainuina y mexamium 
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C.nyvaj Hexononomnor anTema 	 53 

Taaa 3a u3BoAe mmamo oBe pe3yaTaTe 

OT  a e 4; of  Nit+  j 

aq'p 	a gip 	aq'p 

aT_ao. k2 

aqi — aqi— 	aq, 

i =1, 2, . . 	n; p =1, 2, ..., r 	— k 2 . 

Ha ocaosy n3BeAemix o6pa3aua, jeaniume (7) moncemo 3aMe- 
HHTH OBHM 

r,ike cy b y v , cp Ane clvaxuaje xooptuniaTa H Bpemeaa. flpeTxonfie 
je,ailaqmie Ti)e6a Aa 6y4y pew:4113e no re14epanacamim 6p3HHaMa 

q„' 	Byy. wp. + 	v=1,2, 	n. 
p.=1 

Tax°, Hanp., y cayqajy qBpcTor Tula no.noncaj Teaa, xoje 
ce o6phe oxo HenoxpeTHe 	 OKO ueaTpa maca, nape- 
hyje ce nomohy Euler-omix yraoBa p, II, e H npema Jlarpamxy 3a npo-
yqaBaibe xpeTaiba Tor Tula yBonumo yraoHe 6p3pme 37  o6Aicy cp', 
0' a npema Euler-y yammamo, peuumo p, q, r — npojexuuje yraolie 6p-
3HHe Tem Ha oce qBpCTO Be3aHe ca TeJIOM, xoje Cy Anneaptie cpyinc-
unje n3Bo4a no Bpemeay 	0'. 

KBaamcoopAHmaTe, xoje omagyjemo ca 	(j = 1, 2..., n), ancy 
Beaaae noMolly xoxatInix je,rufaluma ca reuepanncanuM xoop,akma- 
Tama q;  (i=1, 2, ..., n), Bell camo nomohy aMCpepenunjannmx jenllalHma 

p = 1, 2, . . 	r. 
__ cop 

 dt 1 -1, 2, ..., a . 

Y TaKBOj (Dopmn jetwatume 3a Hexo.nouomun CHCTeM je Hanna° 
H npHMeHno Ha peluasalbe HH3a npo6.nema 11. B. Bopo H e u [56, 57]. 

Y CBOM pan)/ [58] npoyvmo cam jenaatume 3a KOH3ePBaTHBEIH 

CHCTeM H nocne eaammincalba Bpemena noxa3ao aa ce y cayqajy, gait 
cy mama cuna, noTeimajaana eneprnja H xoeepmunjeliTa Auckpeurf-
jaJIHHX xomoremix Be3a pawn:mime 4)yuxuaje xoopmmaTa, mory Ha-
nucaTu jeAnagane xperatba xoje He caapace HpaoHoHan14ocTM. 

Y Be3u ca TeopHjoM aHcpepe14uHjamH14x jeatiatunia xpeTatba 3a 
HeXOJIOHOMHH cncTem yqHHHMO jOLII HeKOJIHKO npumena6a. 

lipocpecop G. H a m el je y cBojnm paaosnma, qnju mama caapacaj 
y.naan y iberou yU6eBHK [54], 1,13Be0 H npormo Taxo3Batie Euler-
Lagrange-eBe jeatiatunie xpeTaffia maTepmjaanor cncTema H nocTaBno 
Be3y namehy THX jeanaLunia H jeaaaqui-ia 3a HeXOJIOHOMHH cacTem. 

Cymmaa meToae, xoja aoBoau ao Euler-Lagrange-eBHx jeaua-
tuma, y Tome je inTO ce mecTo n reuepanucamix xoop,akiaTa H }bum oa-
roBapajyhux retlepaancaunx 6p3iia (q, H yBoae Taxo3Bame ICBC1311- 

Koopnuttarue, xoje olroBapajy AHTHM renepanncamdm xoopakmaTama, 
a mecTo reaepaaucalmx 6p3mia aremeapne cl)yamuije THX 6p3inia. AKO 

Te anneapue chrmunje o3natnimo ca one ce oapehyjy jeanatuniama 

p. =E 	q,' +cu, 	p. — 1, 2, 	n, 
v=1.  

FIOIIITO 113PH3I4 W1 y ornuTem cayqajy imcy TOTHAHH 143B0,/(0 He- 
KI4X 4:13Taxumja no Bpemeily, ipymaufje 	HHCy cpyincumje KoopakHaTa 
qi H Bpemetia, Bell ce gory cmaTpaTn xao cl)ymmaje Bpemeria nocile 
onpehimatba xoopaimaTa q:  y cpymmujm Bpemerm. Aim IbHXOBH nalte-
pemuijaaa cy xonxpeme Benutunie H OHH urpajy oapeheny ynory npa 
,ancpepeinuipaFby cflymuulje xoja 3aBHCH oL qi  no KBH3HKOOpAHHHTH .0.j • 

To Alatpepernmpame Hexe cpylixunje f ce Bpwn npema 
nparmay HaaoseanBarba oBaxo 

df 
	of 

dqi  
—

af q,' 	af .  7 
dA5ii 	aqi  c1,9i 	aq, 	aqi  

)KHBa Cana cHcTeMa, lc* ce npBo jaBJba xao cl)ymunija apry- 
menaTa qi', qi , t, mon(e ce cmaTpaTu Kao cl)ynxuuja 	qi , t, na qax 
H xao 43yiamja aprymenaTa 03 1 , 	t, axo Tpaticcl)opmaunjn noanence 
camo H3B0,11,14 AmBe cmie no xBauncoopaimaTama. 03Haqumo )Kariy 
many y TOM o6auxy ca T M yBeaumo umnync 

d  T 

	

Pp._ 	• 

Ca Tam o3Haxama G. Hamel je a3pa3Ho cBoje jetuiatume oBaxo 
[54, cTp. 481] 

a T 
(9) 	+ rp." P.  Pp cor — (— ao ) 

dt 	
= Kp. , (p.=m + 1, m + 2, ..., n), p,  
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54 	(DeHomeao.nouixo Tymagerbe Iltpacposa npuHuHna y MeRaHHIIH 
	

2.3 
	

2.4 Cnynaj npoynaHama reomeTpHcKe mane KpeTtaba KomepHaTHHHor =Tema 55 

r p, 	E  bpv 	a bp o ) B or Bvp.,  

v,o 	go 	d qv 

dT  = OT 
 k bp.) 	dq, 

Kp, = EKv B 
V 

rdne je K, reHepa.niwaHa cH.na IllTO oAroraapa reHepa.nkicaHoj HoopAH-
HaTH q,, a Kp. — WTO ojrosapa KB3HKOO)1HHTM ca iwctlepewm-
janom 

Y c.nymajy Hexo.noHomHor cHcTema ca m ,rwcimpeHumja.nwix Be3a 
y o6miHy 

(10) cop. 	

• 

6), 	+ cp. — 0, 	1, 2, ..., m, 
v=1 

cHcTem jefiHaqHHa (9) 14 (10) c.nymai 3a pemarawbe npoftema o Hpe-
Tatby cHcTeMa. 

AHo je CHCTeM xo.noHomaH, m=0 14 jealia414He (10) oTna,aajy, a 
CHCTM je,ikHaqHHa (9) Taro. Ao6m3a, npema G. H a m e 1-y, o6.71HH 

oup. 
(11)

d  	
E firP' cuP 	= K11, 	p.= 1, 2, ..., n , 

	

dt 	f), 

jep y TOM c.nyqajy moracemo yraecTH nomohy je onHatmtia 

(12) q,' E B v p. wp. 

Taime rapeAHocTH 3a cu p., 3a Koje he 6HTH 

2 
T= 

1 	
wp. 

• npeMa Tome 
tOp.. 

Y (mom c.nytiajy 3a pemaranbe npo6.nema o Hpermy CHCTM 
capHe jezmaqraHe (11) H (12). 

Kam) jeAtiatimie (9) TaHo H jeimatume (11) mory ce H3HecTm 
H Ha OCHOBy (teHomeHo.nowKor Amtepewwjamior npmiwina, 0,7:WOCHO 

Ha OCHOBy lapacpoi3or ripmiumna. To H3Hobeibe . 3axTersa camo H3B0- 

belbe oapebeHmx TpaHaDopmaimja. IlowTo cy Te TpaHct•opmanHje fico-
cTa Homn.rwHoHaHe, a He yHoce HkiwTa CyWTHHCKH HOBOF, Hehemo ora,ae 
yZa314TH y Te TpaHccIpopmaraHje. 

IlpHmenimo Aa cy je ottHatrame Euler-Lagrange-erae npHpo,ae AocTa 
KOMMTIHKOBHHe nO CBOjOj BHITIHTH'IKOj cTpyrrypH H 3aXTeBajy Aocra 
pariyHcHor TpyAa. Cam G. Hamel npH H3pa,zw mackmor npHmepa 
— H3Ho1jeffia Euler-mm.1x jeAHatimia HpeTalba qrapcTor Texa, oAmax, y 
noqemy H3Hobefba ripe.na3H Ha BeKTOpCKy meToAy. 

Y Beni ca ficHopmutharaaffiem Euler-Lagrange-eBHx je/watrama Ha-
HeAHmo jow jeAlly ripHmeA6y. 

flpo4)ecop T. P o s c h 1 y paAy [59] HaBOAH n KHHOHHtlHe jeoa-
gime" Hexo.nonomuor cHcTeMa. lipema nocTojehoj HomeHmaTypH Poschl-
°He je,RHaqHHe HHCy „Haw:Hume" jemiaqmie raeh canto H3paraceHe no-
mohy Hapoqicrax Hmnynca, jep oHe mace oraaHo 

dpi 	OH OH 	(OH\ 
+ Igolv 

dt 	 pr. a w, 	d Z i  1 

H npema Tome caAprace Kam() q.naHose, Tax() H CIVHKIWie, Koje He yza3e 
y Knammile HaHoHiatwe jezwatikme o6nkram 

dqi aH  
dt 	d p. 

I-haw-by moryhHocTH (1)opmkipnba riparmx KaMOHIVIHHX jeAHalma 
3a cnewijaJme Hexo.nollomHe cHcTeme, noc.ne q.namo C. A. 1-1 a n 
F H H a, 6Ho je nociseheH H moj tinaHax [61]. PeaynTaTH Tor TIABBKB 

6HJIH cy nollowbeHH OA cTpaHe L. Marchetti [62], 0 qemy cam 
mica° y atom pa,Ay [63]. 

24. Cariaj nporzaBaffia reordeTpacRe cTpatie xpeTama 
KOH3ePBEITHBHOP cHcTeMa 

Y cnyqajy HoH3epHaTHHHor maTepHja./mor cHcTema C. G. J. J a-
c o b i [35] je Haseo ,ruratepewwjamie jeAHatume TpajeHTopHja maTe-
pHjanHor cHcTeMa y3amajyha 3a ae3aBacao ripomewbasy mecTo rape-
mesa jemly OA Hoop,wmaTa cHcTeMa. flocne HHTerpanHje Tor cHcTeMa 
pee ce yraoAra imaApaTypom. Ha Taj Haqkm ce nomohy Jacobi-m*1x 

jeAHaqima ripo6nem o HpeTalby HoH3epraaTHHHor maTepHja.Twor cHcTema 
ca n cTeneHa cno6oAe cmAH Ha HHTerpanHjy cHcTeMa ca 2 (n — 1) AH-
cpepewmjaAHHx jeAHa4HHa npsora peAa H Ha xmApaTypy. 

flpoyqaBalbe npo6nema H3Bobeiba Jacobi-mix jeAHagmla cHme 
lima 3a umb Aa noicarace Aa npHmeHa IteHomeHanountor H3Ho1jeiba Alictie-
pefluHjantimx jeAHatIHHa nojam, pa3,rwajnbem itopme cTakba OA (topme 
alcuje, mo)ce 6HTH H maibe KompeTHo H Teraw oA HenocpeAHe npm- 

rAe cy : 

H 

B vp., 

d  = d H  
dt 	d 
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2.4 C.nycaj npoyvaeaH,a reomerpHace maim Kperarba KOH3ep13311113/101' cmcrema 57 

meHe fhpacpose meTose, 6e3 paassajaFba cPopme cTalba H (popme ax-
uHje. 14 TO 6am y onim csyqajesHma rse ce npoyciasaFbe nojase spun! 
ca HCx0pHuihasalbem 4HCTO aHasHTHqKHX oco6HHa nojaBe, Hanp. y csy-
qajy nocTojaffia jesHor HAH BHW HHTerpana. Monte ce secHTH sa ce 
Tex nocse H3so1"jeiba Hose fIcpacpose cPopme, HacTase nocse HcxopH-
mhasaiba osrosapajyhmx HHTerpasa, monce noxa3aTH y HOBOj cPopmit 
ossojeHo cpopma cTatba H cliopma axnHje. JacHo je ga cacTassaaffie 
yHanpes, HHTyHTHBHO, jegHe H spyre cpopme ripH y3Hmalby y 063Hp 
noHexas qHCTO cPopma,sHHx oco6HHa npo6sema, Hanp. ysore spemeHa 
y csyqajy xoH3epsaTHsHor cHcTema, monce 6HTH MHOI'O KOMIIJIHKOBa-

mije Hero LLITO je cPopmasHo, ayTOMSTCK0 HcicopHinhasaffie THX °CO-

61,tha 3a no3HaTe TpaHccPopmanHje senoxynHe rkPacPose cpopme. He-
nocpesHa cpeHomeHosounta pacybkmarba cy HajnpHrogHHja y csyqaje-
sHma npoyqasafba cPyiticameHTasHHx nojasa os notienca, xas je HOT-

nytio jacHa ynora cTafba H axuHje. 

IIpH 143soberby Jacobi-esllx jesHaqHHa npe caeca Tpe6a y3eTH 
y o63Hp ga je 

1. num cHna xoH3epsaTHsHor cHcTema xomoreHa cpyHxnHja, 
spaTHa cpopma, reHepasHcaHHx 6p3kma, Tj. 

	

T 	q/, 

2. sa nocTojH HHTerpas scHse cHne 

T=U+h, 

rge je U cDytinuija cHaa, a h 1100H3B0JhHa KOHCTaHTa. 

AKO y3memo 3a He3aBHCHO npomeHJbmSy jesHy os KOOpJ[HHaTa, 
Hanp. q 1 , H CTaBHMO 

	

,dqj 	dqj dq, 
= 	= = qi  • qz, 

	

dt 	dq 1 	dt  

riptc qemy 3Hax Hcnpes xopeua Tpe6a sa ce H3a6epe npema noqemm 
ycnosHma. flpema Tome H3pa3 Tdt mo)I(eM0 TpaHccpopmHcaTH °sax° 

Tdt=Gq,'2  dt = Gq1' dq1=911-1  + h dqi= pdqi9  

rue je 
P G (U + h) . 

l-lpHmeHHMO cal( Ha Ham cayqaj I14pacPosy meTosy H nobHmo Ou 
sejcTsa y XaMHJITOHOBOM cmHcsy 

= (T + U) dt 
flouiTo je 

(T — U) dt = h dt 

TOTaJIHH AHcpepeHnHjas, 'imam° eKBHBaJIeHTHOCT 

413. 	hdt 	0, 
HJIH 

(T+ U) dt + (T — U) dt 2 T dt Tdt Pdg 1 . 

AKO 3a cPyHxnHjy P ysesemo osrosapajyhe Hmnynce 

j = 2, 3, ... , n , 

moncemo Z14)a4) oBy  cPopmy ILeCIpHHesTHBHO HanHcaTH 

Pdq i 	dq, — (y rt, q, P)dq, E dqi—P* dq,, 
=2 	j=2 	 i=2 

npH qemy CMO, npema ,a0HKHHOB0j Teopemn, CTaBHJII4 

ap 
ICJ 	

a 9i 

rue je P +13* = Exi qi, _ dq, 
ql 	dq, rue je P* KoHjyrosaxa BpegHOCT P. 

MoNceMo HKHBy cHsy npeTcTasHTH osaxo 	 3a npomeHibmse qi  flopacpose jesHatuffle 
T=Gq,'2  , 

• 	 ap 	a P* , 
— aq i  rue je G xsaspania cPyisamja (slime Hmje cpopma) os q, ca xoecl 	 d = ni- 	a q

a q, 	dq, 
nHjeHTHma cpymumjama OIL q,  (1= 1, 2, ..., n; j= 2, 3, ..., n). 

Ha HHTerpana name cHse csesyje 	 sosose go  Jacobi-mut jesHaqHHa 

q i , = 11U (1) 	d 

	

G 	 dt a qi 	q, 
j=2, 	n. 
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3a npomewbrine 	y3HMajyhH y o63Hp 36Hp E 	HMaMo 

a p* 
0 dq, — — 

a
dq,— 0, 

rc, 
oiiaxne npema ,E(oicHrly Hmamo  

MehyTrim panrijeHe Jac o b i-ese je,ariaLmHe 

-\1 11+h  d (VU+h  aa)  U+h  00 _ au i - 2 3 n 
G dq, G qj  G a q, a q, ' ' ' " '" 

dq, 

flptimeTHmo as ce jenHanrixe (1) H (2) mory HanHcaTH y OBOj 
KaHOHHEIHOj cj)OpMH 

dn.; 	dq, 
a p* 	a p* 	dq„j = 2,3, . , n , 

an, a qf  
jep je 

	

ap 	a P*  

	

a q, 	d q, 

Yz1HHHMO join jeaHy npHme,a6y. Y pa3HrijeHom o6nHxy Jac o b 
ese jeArianrine ca,apice HpauHoHanHocT. KaKo cam noxa3ao [33], Ta 
HpanHoHanHocT MOM ce IICKJby9HTH Ha OBaj Hat1HH. 

FIcTospemeHo ca Jac o b i-eBHM jeaHanntHama moacemo y3eTH y 

06314p H ()Hy La gr ang e-eBy jeaHanieniy Koja oarompa npomewnri-
noj q, 14 Koja ce moxce cmaTpaTH xao nocne,arina Jacob i-onrix jea-
HanHHa H miTerpa.na Hulse cHne. 

lipema Tome axo 143 jeAHanime 

d d T OT OU 

	

dtdq,' 	d q, 	dq, 

Taxohe eniimriHriuiemo speme, ao6Hhemo nocne jeanocTammx TpaHc-
ttopmaaHja oHy je,aHanHHy 

-11U+h d (A llU+h  \ U+h 6G 	dU 
V G dq,  k I 1 G 1 	G d q, 	d q,' 

rae je 

A=2 G E  dG  j. 
t=2 04,  

mory ce HarnicaTH H (max° 

	

d  00G 	(AIU+h d VU+til  dG 

	

dq, d q; 	U+h aq'j 	G dq, 	G J aq, 

G  OU 
, j=2,3, 

U+h aq, 

Homo ce jeaHanrnia 3a npomelinA4Hy q, moxie HanHcaTH H ()Halal 

	

ilL1+h  d  (11[1+h 	1 tau  + U+c 	U+ h  dA) 
G dq, 	G I A k a g, 	

h a  

	

G 	q, 	G dq,  

BH,11,HMO ,aa 113 npeTxo,amix jeaHanHHa moxcemo eJIHMHHHCaTH HpauHo-
HantiocT H HanricaTH Jac o b i-ese jeaHaqi4He imam) 

	

dq, aq.j  A dqi 	aq, dq, dq,) aq, 	aq, 

	

d 00 + 1 ac fK au + 00 dA\ —  00 = dU
---

K 	j= 2, 3, 

rue je 

U+ h 

One jeaHanHHe He ca,ripxe iipanrioHanHocT, axo cy ()yHKgHja crina 
H Nunn cri.na panHoHanHe ckyHxurije 

AKO Hama cii.aa. Pima 06.riax 

	

2 7 = 	+ A22  q'22  + 2 A „ q,' q3' ± • • • + A ,,„ qn2  , 

Tj. caaprai q; camo y o6n4xy xsa,ripaTa, A =1 , Jacob i-ese jea-
Hagrthe 6e3 mpaiuma.atiocim H3rneaajy 

dq, da :dqj 	dq, 411 aq, 	aq, ,  

d ao ± aG ( K  dU  + dG\_dG _ K ati 	
j — 2, 3, ..., n. 

Hajaa,a, axo je 
, 

2 T=E q; 2, 

jep je 

(2) 

— = 0, 
dq, 

a P* 	• 
= qt • 
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Jacob i-ese je,aHatitme HMajy cacsnm jeAftocTasall o6ntis 

d2qi 	dU 

aqj
,  dqi 	dql 

ca 

K= — 
U + h 

H 

G=1+.71+41+•••+. 

2.5. 	qapCTOF TeJla 

flpHmeHHmo ca,a Hanle claeHomeHonounco Tymagetbe 11cPaPose me-
To,ae Ha nportasatbe speTatba gspcTor Tena. Flocny)cHmo ce, ca ma-
nom H3meHom, OHHM H3so1jetbem mapepeHuHjanumx jeLcHaqHHa speTatba 
gspcTor Tena no flepaPosoj meToitH lc* je „Ica° T. Atib e n H h y 
csom paay [19]. 

CacrasHmo ripe csera cbopmy cTaHA 

--) 	4 
Os = (mi  pi , A ri), 

r,ae 3a gspcTo Ten° 36Hp npena3H Ha 1103HaTH HaAHH y HHTerpan. 

Kao LUTO je no3HaTo, e.nemeHTapHo nomepatbe Ar i  Tatum gspcTor 
Tena moscemo H3pa3HTH nomohy Asa gnatia, TpaHcnaTopHor H 06pTHOr, 

4 -4 	►  4 
Ar,=ArA +[Aa, pi], 

-4 
r,ae je ArA enemeHTapHo nomepatbe 3a ynopebusatbe H3a6paHe Tagse 

LispcTor Tena, Aa — BeKTOpCKH IlpeTCTBBHHK AticpepeHuHjantior yrna 

o6pTafba Tena OKO oce sesTopa U, TpeHyTHe yraoHe 6p3HHe Tem., 
4,  4, 	4 	-) 

Tj. Acc =OW, 14 pi =ri -rA . Ca HanticaHom spe,aHouthy enemeHTapHor 
nomepatba Hmamo osaj H3pa3 3a cpopmy cTatba 

-4 4 	 4 4 4 
•..(E mr vc, rA)+ E (m, 	[Aa, p,]) = 

4 4 	4 4 4 
Vi, ArA ) + (E [pi , mi  v i] , Act) 

I 

HRH AeLDHHHTHBHO 

rue cy: K — aonagaaa speTatba gspcTor Tena, 1(A) — momeHaT KOJIH-

qHHa speTatba CBHX enemeHaTa mace LispcTor Tula OKO mime A Tena. 
3arpa,ae omagasajy, Kao yses, — ospyrne — csanapHH npoH3so,a, a 
yrnacTe — BeKTOpCKH. 

flpH cacTawbalby cpopme assmje HtlepsHoHH Aeo Tpe6a y3eTH 
npema (1) y o6nincy 

( - (K, v A ) - (t(A), U)) dt, 

a Asa linaHa XamtinTotiosor ,aejcTsa HRH y oontncy 

(T + U)dt , 

aso flOCTOjH Cl)yHKILHja ctina, HAM y 06JIHKy 

P 
-) -3 	-4 	-0 

IT + 	[(F, drA) + (L (A), da)]ldt 

Pa  
.3 

3a CJITlaj IIPOH3BOJbHHX cHna ca rJlaBHHM BeKTOpOM F THX CHJI3 H 

rnasmam momeHTom L (A) °so H3a6paHe Tatuce A Tena. 

lipema Tome Hmamo Ha pacnonarmy ose icse cpopme: 

-3 -3 

(K, Ar A ) + (1(A), Aa), 

P 

Oa = [ (K> VA) (((A), 0)+ T+ f [(F., drA) + (L (A), da)11 dt. 

Po  

liptimeTHmo ,aa y H3pa3y 3a cPopmy asszje moisy may T Tpe6a 

cmaTpaTH Imo CkyHKUHjy Lip0MeHJbHBFIX VA

▪ 

 H U 

• 

H )114H3MHLIKHX KOH- 

cTaaaTa Tem. 

Flpebtimo ca,a Ha H3so1e1be maPepeHnHjantuix je,aHatusta npo-
6.nema. 

FIOLUTO y Hase,aeHom H3pa3y assfije TpeHyTHe CHJle He yttecTsyjy, 
3a cHcreme Hamm 3asoH tHiepattje npema sojem oApehyjemo Ase Heno-

4 —4 
3HaTe sentigHHe A rA  H Act, HaHme je,aHaqHHama 

=2, 3, ..., n, 

( 1 ) 
4 4 .3 	4 

= (K, Ar A )+(1(A), Aa), 
4 4 

A rA  = VA dt, 
— 3 -9 
Act = dt. 
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2.5 CnynaJ qapaor Tem 	 63 

Taj HCTH pe3yaTaT ce Ao6tema H HenocpeAHo npema FhPactiosoj 
meToAH, nocAe ysobeffia senoxynHe cpopme = + H y3Hmatba 

y 063Hp qaaHosa 0 • d K

▪ 

 H 0 • d/

- (

A)  Te (Popme. 3aHcTa, Hmamo ose Ase 
jeAHatme: 

0 = gradl 1 = grad .; 49+ grad -K) = 

4 	-o• 
= ArA  - V A  dt, 

-o 
0 = Acc - dt, 

xoje noTspbyjy Ham 3musyqax. 

Ca caoje cTpaHe, 3alcoH rpaAujewra Aaje: 

Ynopebitsam Asa Ao6HseHa peunTaTa H noTspbyje ropefians-
catut o6pa3as 3a AmPepemmja.ne. 

lipema TOM o6pacuy jeAHaqHHe xpeTaisa Tena moscemo H3pa3HTH 
osmco: 

d 4 4  
—  dtK = F, 

(2) 
d 4  

dt 
1 (A )  + [v A, K]=L(A). 

AKO caA y3memo y o63Hp, C jeAtie matte, H3pa3 3a Amy am),  
nspcTor Tena 143 jeAHalume 

62 	(1)eHomelionounco Tymayeibe tIcpacbosa ninunama y mexammit 	2.4 

4 -4 4 	 -0 -0 -0 -0 

	

2 T=mol -m v 3A  +2 az (v A [0,  Pc]) + I mi ([Q, Pr] [0, d K = grad -) 	F 

▪  

dt, rA  
4,  4 

	

d/(")  = grad 	L (A* )  dt, 	 a, ca pyre CTpaHe, BpeAHOCT BeKTOpa K H gA)  y o6AHxy 

4 4 	4 4,  
K = mv A +m[0, Pa] ,  

4 4 

[p., vA + [0, p.]] ,  

rAe CMO ca A* 03Ha9HJIH HenoxpeTHy Taqxy, xoja ce y AaTom mo- 
mewry nomana ca AaTom noxpeTHom Taqicom A Tena. FIORITO speArtocT 
momeHTa coma He Melba csojy spe,sHocT y se30 ca xpeTathem 'mince A, 
Hmamo npe csera 

L (A*) = (A) . 

alTo ce THUG AHcPepetmja.na momeHTa xonomma xpeTaffia, Off 

3aBHCH OA KpeTafba mina H TO Ha osaj HaqHH 

-) 	-0 	-9 
d 1(A* )  = d 	[VA, K] d t. 

3aHcTa, nourro je 
4 4 

/(A*)  = 	[Pi, m. v.] 

4 4 -) 	-0 

rAe je 	--- ri — 	H A* = const., HMaMO 3a 143130,11 no spemeHy, KOjH 

o3Hatmsamo Tatucom, osy speA,HocT 

a 3a 
4 4 

git) = I (pi , ms  vd, 
4 -0 -) 	4 

rAe je 	- rA  H TA npometubuso, osy speAHocT 
4 4 

1 (A)= E [pi, mi - [A, K].  

4 4 
rAe je m maca Tena 14 pc , H3 je,rtHaqHHeE m ;  pi=m p„ sexTop nom- 
scaja seuTpa maca, mince C, y oAHocy Ha Tatucy A, oHAa 6e3 Teuncohe 
A0J1a3HMO ,110 jeAllatuma 

-0 
K = grad 4  T, 

A 

(3) 

1

- 

(A )  = grado  T , 

Koje H3pascasajy osy Teopemy AHHamince qspcTor Tem: Ae.1114M14 ,114H 
rpaAHjewr &HEW CHJle tispcTor Tena no TpaHcAaTopHoj 6p3HHH Tena 
jeAttax je KOJIHt1HH14 xpeTuba TOr Tem, a AeaHmHqHm rpaAHjewr no 
TpeHyTHoj yraoHoj 6p3HHH Hma speAHocT momeHTa K0JIH ,1HHa xpeTatsa 
OKO oHe Taqxe Tena xoja oApebyje TpaHcaaTopHy 6p3HHy TOr Tula. 

Ha OCHOBy (3) jeAHaqHHe (2) AeC111411HTHBHO y3Hmajy cPopmy 
-) 

—
d 

 dt 	V A 
 grad-) T= F, 

(4) 
-0 

 dt 	 v grad-) T+[vA , grad -) A  T] = L(A). 
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To cy seHTopcHe jemfatnaHe [30], 113 KOjHX 6e3 Temohe MO-
K mo HanHcaTH painfigHTe Atic13epeHnHjanHe jeAHaqHHe HpeTafba qsp-

cTor Tena y cxanapHom o6ninKy. 

2.6. Cariaj cTaTage 

IlposepHmo aa nH ce y cnyqajy TpajHor milposafba maTepi4jan-
Hor cHcTeMa, Tj. y cnyqajy cTaTHHe, Hama (keHomeffonowHa nocma-
Tpafba H 1:,14X0B0 (DopmynficaH,e He Ha.na3e y npoTHsypetniocTH ca no-
3HaTHM 3aHoHnma cTaTHHe. 

floHaxcHmo na H H3 cl)eHomeHonotuxor ,1044)epeHnHjanHor npHH-
ufina mory 61ITH 6Hmem! HeonxoAHH H ,I(OBOJbHH yCJI0BH pasHoTe)He 
maTepHja.nHor cHcTeMa. 

ilpso H3Be,1114510 Heonxoaffe ycnose. AKO maTepHjanHH CHCTeM 
Tpe6a Aa MHpyje TpajHo y TOKy H3secHor spemeHa, otLaa He camo 
(1)opma cTalba y notleTxy Tor HHTepsana Tpe6a ,aa 6yike je,affaHa Hyn“, 
seh Tpe6a ,aa 6y,ae jeimaxa Hynx H tbeHa npoMena, Kojy H3a3Hsajy 
rpa,aHjeHTH axnfije. 11=T° cy y cnyqajy mHposafba cHcTeMa Hacne-
beHH Aeo aHHHje H mama cHaa je,aHafth HynH, Tpe6a ,aa 6y,rky jeaHaHH 

	

P 	— 

C1311 rpaaHjeHTH cpymanije U HJIH HuTerpana f I (F v  , dsy) 11 TO Ha 
Po 

csHma moryhmm nomepafbHma Taqa.Ha cHcTeMa, cno6oaHmx BAH se3a-
HHX. A TO ,aosoin4 ,no 1103113THX He011110,11HHX ycnosa 3a pasHoTmy 
cHcTeMa y o6nicy 6H.no 

1.1 = 0 	1, 2, ..., n, 
qi  

611 no 

2, ..., N, 

npH qemy y cnyqajy Hecno6oaHor cHcTeMa y paqyu Tpe6a /fa yhy 
H cHne peaxunja. 

/lam) je HaBecTH pacyhHsatba na cy 11 o6paTHo: HanHcaHH yCJI0BH 
3aje,n,Ho ca yCJI0BHMa 3a nogeTHo cTaFbe cHcTeMa H A0B0JbHII yCJI0BH 

3a pasHoTexcy cHcTeMa. 
IlpeMa Tome moNcemo 3alubruiTH aa ce Hama cfleHomeHonounca 

nocmaTpatba y HOTIVHOCTH nomanajy ca Apyrina npoyqasaffillma (Pe-
HomeHa TpajHor mnposatba maTepHjanHor cHcTeMa. Hehemo ce 3ay-
CTaBJbaTH Ha aera.ibuom pa3sHjafby Haumx nocmaTpafba H Ha H3soheiby 
143 THX nocmaTpaiba apyrfix meTo,aa. cTaTHHe, Hanp. meTo,ae moryhHx 
nomepafba. 

FloaHaTo je na MoreHayaHe JuicuRnAHHe aa noneamnaa,e (I)aKam 
csoje o6nacTH ynoTpe6Jbyjy cxeme H Tepmmonorkfjy mexamme cra-
THICe. OHLUTH (teHomeHonoutxa ,a4epeffiaHjanHH npaHnan CBOjOM cra-
TIVIKOM rpauoM, c jeme cTpaHe, Aaje TaqHHjy no,anory npametni eTa-
Taaae cxeme H Ha Apyre nacnamnaHe ceM mexamme, a ca ;gyre, ya0 - 

beffiem oArosapajyhHx, 3a Te xicuHnnaHe HOBHX nojmosa, no./ba, rpa-
najenTa, imepnaje H Ap., oTsapa moryhnocT ,aa ce Ay6./be wile Ben 
aameby cpaaaTa onHoctio cTama H y3pOKa, KOjH, y Be3H ca axuajom, 
metbajy 4)aKTe H cTafba. 

2.7. Cnytiaj TpeHyTHex 	Yap 

3a cpeHomeHonowito Tymagetbe cyurnme npo6.nema 3aycTaBHMo 
ce Ha cnyqajy xpeTalba canto je,aHe maTepHjanHe TaqHe Ka; Ha fby 
AejcTsyje TpeHyTHa cHna. 

Hem je y momeHTy to  — 0 marepHjanHa Tatum Aouina y nono-

)Kaj M0  ca 6p3aHom V0 . IlpeTnocTasHmo Aa y TOM momeHry Ha Taqxy 

mace m AejcTsyje cHna F TaHse npHpo,ae aa Ibex Hmnync 3a 6ecHpajHo 

manH 1111TepBaJ1 BpemeHa t TeXCH KOHatIHOj BeKTOpCK0j spenHocTa I, 
KaA Taj HHTepsan BpemeHa TeNCH HyJ1H, Tj. 

liM f Fdt —J. 
r00 

0 

3a cHny F ce Tana Hamce Aa je TO 6ecxpajtio Beruma tapenyilliia 
CUM. YBObelbe TaKBHX TpeHyTHHx CHJIa je AO3B0JbeHa maTemanma 
ancTpaHnHja cxemaTH3osaHe (1)H3H4nce nojase. Onepaunje ca TaHsHm 
cHnama ce npasAajy 3a,aoso.ibasajyhmm HoHxpeTHHm pe3ynTaTHma npH 
o6jatumfby CTBapHHX npaponHax nojana. 

flpoTymaaamo can naTaH)e: aaxo ce c)eHomeHonouno4 Tymaaa 
aperaffie Ta'4Ke nocne momeHra t0 , noaeTaa nejma TpeHyTHe cane 
ca KoHaaHam amnyncom, npH aemy ce Ta nojaHa onarpana y miTep- 
may BpemeHa KOjH TeNCH HynH ? 

Him npeTnocTaHamo na je spew r mano aJIH 'max K0/13,1110. 

0311HEIHMO ca t HeKH MOMeHT TOT awrepnana a ca dt fberos AkuPe-
permajaAHH enemeHaT. 3a csafth momeHT Tor HHTepsana mowe ce Ha- 

5 0 •peisohierionouncom AutpepeHutijanimu npHinulny 
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66 	cbeHomeHonouHco Tymageffie r143a430Ha npmnaHria y mexaHHum 
	

2.7 

nHcaTH (Dopma cTaiba H 4opMa aKnHje 

Os = (my, AO , 

t 
--)-■ 

[- (MV, 	T f 	+I, A-;)1dt, 

-3 
rAe je f cHna KoHaque BenHtliffle y nopeberby ca cHnom F }cop Team 
6ecaoHaaHocTH Han T Tema( HyJIH. 

Homo y (mom cnytiajy, 36or ycnom (1), (Dopma aKILHje 1 Q  npH 
npena3y Ha rpaHHtnly BpeAHocT, KaA je He 3a,nosoibasa 
ycnos 

6.140 
4 

Ha nporlasaibe KpeTaffia Taince H3 nononcaja ro  He moxcemo 

HHTH 3aKOH HHepIIHie. floaeTua 6p3HHa i' 0  ce He npeHocH ca HCTOM 

spenHourhy Ha xpaj HuTepsana T, 6e3 o63Hpa Ha TO LUTO Taj HHTepsan 
TeNCH HyAli. 3a oApebithaibe Te 6p3HHe npuMeHHMo 3aKOH rpanHjellTa, 
xojH naje 

d (4) = grad -ro0a =(F+7) dt . 

Axo can H3spummo HHTerpanHjy y rparmnama on 0 AO T H 03Ha-

Immo ca v, 6p3mHy sa xpajam momeHT, moncemo HanHcaTH 

-0 -) 
m (y,— y o)= (F + f) dt 

0 

rIpebHmo caA Ha rpaHHtme speAmocTH KaA T 0. Tana hemo no 

ycnosy (1) Ao6HTH ca AecHe cTpaHe 3a TpeHyTHy carry F

-  • 

KOHatIHH 

4 	 -0 
Hmnync J, 3a HoHaaHy cHay f Hyny, a ca nese cTparre 6p3HHa vr  no- 

6Hja rpanHtmy speAHocT Kojy heMO 03HatIHTH ca v 1  H xi* ce 0Ape- 

Ijyje 113 jenHaamie 	
4 4 4 

(2) 
	

in (v 1 — v o)=J 

To je jenHaarnia 3axoHa xonHarme xpeTaspa y npHmeHH aa cny-
maj AejcTsa TpeHyTakix cHna. ,E1a/be xpeTarbe Taaxe ce spurH H3 HCTOr  

2.7 	 Cfiruki rpeaymnx CHna. Ynap 	 67 

no.rtomaja ca 6p3HHOM V 1 , Imo HOBOM nogeTHom 6p3HHOM, non 
HajeM xoHaaHe cane, jep 3a Bpeme Aejcma TpeHyTHe cane Taaxa HHje 
npomeHma csoj nononcaj. 

LL1To ce THge Hulse cHne, oHa TpnH npomeHy ca speAHouthy 

	

1 	1 	..2 
- To — 2 - — M vo 

	

2 	2 

	

1 	-* 	-9 	1 2 2 	 4 4 4 4 4 -) 

= — M (Vi - V0)=— M ((Vi  - o,0) -1-(v 	v1 )) -- 

	

2 	 2 

1 -+ 

	

=— 
2 	

vo + vi)—(J, v.), 

. 
me je V s  cpeAFba sexTopcxa 6p3HHa noaeTHe H 3a3punie 6p3inie. 

TeopHja yAapa, penHmo, maTepHjanHe Taince o Bev HJIH cyAapa 
Asa impcTa Tula CiCleHOMeHOJIOLUKH ce HenocpeAHo Tymaim Ha OCHOBy 
ropeHaseneHor ctseHomeaonourxor Tymageffia nejcna TpenyTHe cane 
Ha maTepHjanHy TaqKy OAHOCHO Ha aBpCTO Teno. 

3aycTasHmo ce Ha xpancom nperneny ynapa TailKe o nospinHfiy. 
Ty nosplurniy cmaTpahemo xao HenpomeHamsy, jep cayaaj npomeH- 
JbHBe nospumHe He yHOCH HHLLITa 6HTHO HOBO, sell camo .140JIa3H y 
paayHe jeAaH .110IIyHCKH LIJIaH (SHAH, Hanp., [29, I, cTp. 251]). 

I-Iexa je nospunma AaTa jenHaqHHom He3anpacasajyhe se3e 

(x, y, z)> 0 

H Hera je Taaxa 3a pee xpeTatba npema HoHaamim jenHaaHHama ape-
Tatba 

x= x (t), y—y (t), z =z (t) 

AoLuna Ha Ty nospunmy y momeHTy to, npH aemy je 4 HajmaHDH KO-
peH  

(x (t), y (0, z (t) )=0 

Beim on momenTa tp xojH onroBapa noaemy xpeTatba Taaxe. 
143 II03HaTHX ycnosa 3a 6p3HHy Taaxe 3HaMO Aa ynap HacTyna 

Han je 3a momeHaT 4 

" --(V4o, grad 0) < 0. 
dt 1, 
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68. , 	
ckeHomeHonomaco Tymagobe fickactma npiimitma y meaamWUN ... 

	2.7 . 

Tana ce nojasa patugnalbyje Ha npsH 4HH Topa, on momma to  

nO momeHTa t, xan je 

d 	(-; grad 0) 	x (
dt 	

1 / 

H Ha JI.PYrK 91411 ' 
o,rc momewra t, n0 momeHTa t2  ca 

(d 
(V2, grad (P) >0, 

-dt ) — 2 

nocne tiera y onurrem caytiajy Talwa Hanyarra Bev H npoAymcyje 

cHoje xpeTalbe Kao cao6o,icHa Tatum 

3a speme [Tsar H Apyror quHa Ha Tatucy AejcrHyjy TpeHyTHe 
cHae — peaHnHje Be3e; y cicygajy imeanHe Hen Te peaxnuje HMajy 
npanau rpa,aHjetrra AaTe Be3e y Tama! y,ztapa, yHex HanepeHor y cmepy 
HyA cpyiumptja P pacTe, jep je Tam) HarnicaHa jeAHaquHa He3aApxca- 

-4 	4 

jyhe Be3e. 03Hatmmo ca J, H J, Hmnynce THX TpellyTHHx cHna peaK 

uHja. 3a csaxll Y HH mcoHemo HanucaTH cpopmy crarba H ctiopmy aK1114je 

H TIOCTyl1HTH Ha HCTH Hainui KaK0 CMO nocTynHall npH nocmaTpatby 

nejcTsa TpeHyTHe Cline Ha Tagxy. Kao pe3yaTaT Tor npoygasaiba no-
6Hhemo, c jenme cTpaHe, nse jetwatume 

m v1 — mV0 = J„  

m V2 — m V1 = J2 , 

xao pe3ynTaT TpeHyTuaix axuHja 3a npsH H npyrH 4HH, a, ca npyre 

cTpaxe, jenHaqHHe 	
I d (P\ 

dt )0  —

./ 1  'grad 01, 

	

m ( dt
)) 	J2 I grad 	I. 

2 

Ha Tai Batumi CMO no6HnH geTHpit jenmagHHe ca neT HenO3HaTHx: 

dO\ 
J2, 	dt );  

2.8 	 Carla) mexamixe HerlpeKHAHe cpenuHe 	 69 

Kao IIITO je TIO3HaTO, nonyHom yCJI0B ce ysonn nomohy TaK0- 
3BaHor moecbuqujetaria ycilocruas.rbarba xojH o3Hagasamo ca c H KOJH 
y.na3H y je. watumy 

'12 	6 .11 

Apyrnm pegrima, onpehyje spetwocT J, npema spenHocTH Jl . Houle 
Tora ce npo6nem peamsa no Kpaja. 

BHAHmo na ce 4)eH0meHonouncH n4epeHnHjanHH npliHnim moxe 
ca ycnexo npHmeHHTH H y cnygajesHma OHHX npo6nema xojH ce 
TpeTHpajy nomohy TpeHyTHllx cum 14 me ce 3aKOH Htteptwje y cy-
IIITHHH 3ameLbyje 3aKOHOM KOJIH411He xpeTaiba 3a TpeHyTHe cane. 

ilpHmerHmo na 143 nocmaTpaHor HenocpenHo cnenyje moryhHocT 
npmmeHe H flePacbose meTone ca 36Hpom )Be cDopme, craffia H axuHje. 

2.8. Carfaj mexanege Henpexme cpeme 

Y csojkim panosHma [17, 18] T. A ti 1Jj e Jul je noicaaao lox° 
ce moxce nocnptcHTH rIcpacDosom meTonom 3a H3so1-jeibe OCHOBHHX AH-
4)ePeHUHia.71HHX jetwatuma xHnponHHamHxe 14 mexaHnue enacnigHHx 
Tena. One, y Be314 ca Hasenem4m panosHma T. AHhenHha, HCKOpH-
Lutiasajyhm orauTa pacyhnsawa H3 mexatffixe HenpexHnHe cpetome, 
yxpanco noxa3yjemo KaK0 ce 3a HCT14 1114Jb, 3a H3soheffie OCHOBHHX 
twcpepetumijanHHx jeimatuia, momce ynorpe6HTH ornuTH cpeHoMeHo- 
JIOnIKH 	ripinum. 

3a npHmeHy ontuTer cpeHomeHonouncor niapepemwjanHor 17pHH-
ukina Ha mexaHHxy HenpexHnHe cpentnie cmaTpamo Ty cpetwHy Kao 
cxyn Hecno6o1wx, mehy co6om nose3aHHx maTepHjanHHx Tagaxa. 
Y3MHMO y 063Hp jetwy on TaKBHX Tatiatca H 03HW-114M° H-,eHy macy 
ca Am, a 3anpem14wy ca A V. Csaxy jenmaging, Hapoqwro jenHaqHfly 
xpeTaLba oAHOCHo pasHoTme Taxse maTepHjanHe Tagxe, neaHmo ca 
AV H npena3Hm0 Ha rpaHM1He spenHocTH Ran AV TeNCH HynH. rip14 
TOMe 

. 	d 
hrn  m  

A V- 01 V 

naje rycTHHy p maTepHjanHe cpetome 3a onrosapajyhy maTepHjanHy 
Tagxy, a 3a jetwagrmy rosopHmo na je H3pagyHaTa 3a maTepHjanHy 
Tagxy y onHocy Ha jetwHHoy 3anpemmie. 

Kao IBTO je paHHje 6Hno H3seneHo 3a npHmeHy onutTer ckHo-
meHo.nouwor nial)epeHnHjanHor npknumma Ha mexammg Tagxe Tpe6a 
cacTasHTH nse nHcl)epeHnajanHe f4)opme epopmy cTatba Os  H cpopmy 

-+ 
11 1 , 	IN. 
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70 	cbenomeHonounco Tymayekbe 114)actiosa npnnumna y MeXaH111111 	 2.8 
	

2.8 	 Cnyvaj mexamuce HenpenutHe cpetuthe 	 71 

HICHIlje Oa  H nprimeHHTH 3axoH rpaAHjeHTa Ha npomeHy Hmnynca 
H 3axoH Hlleprwje 3a oApebomaibe cTsapHor nomepatba Tatwe. 3a Haul 
cnytmj, nocAe Ametba ca AV H npena3a Ha rpaHHtnry HpeAHocT, 4lopMa 
CTalba Ao6oma osaj o6Asx 

4 4 
r), 

4 	-■ 

rAe je p=p v, 
4 

  a v je 6p3HHa Tagxe y oAHocy Ha HenoxpeTHH npocTop; 
TO je 6p3HHa Koja cmapHo oAronapa AH4epeHuHjanHom nomepaiby 
Tatwe H3 jeAHor nonowaja y 6ecxpajHo 6.nirour nonomaj H HMB 3a 
xoopAHHaTe 

c1opMa ammje 4/9, caApmar one trnaHose: 
1. 14Heprwoow Aeo ca speAHourhy 

4 4 	4 4 
—(p, ) dt= — —

1 
(p, p) dt. 

p 

2. rIpBH Aeo XamHAToHosa"AejcTsa, Hamy csay ca MHOMLHTeJbeld 

'4  
11111 1  Tdt=---

I 
 (p v, v) dt= 

1 
— (p, dt. 

AV -.0 LW 	2 	 2 p 

3. dr_tpyrx Aeo XaMHJITOHOBB AejcTsa. To je ca dt nomHoweH pan 
CBHX ulna, Koje AejcTsyjy Ha Taiwy, ompagyHaTHx 3a jeAHHHny 3a-
npemome, Ha nyTy OA Hexor no.na3Hor nonowaja Tatwe Ao nonowaja 
3a KOjH ce spun,' H3patryHasatbe npomeHe cTafba no 3axoxy rpaAHjeHTa. 
Kao LUTO JO nO3HaTO, noTnyHo H3patryHanarbe Tor paAa HHje noTpe6Ho, 
BAH je noTpe6Ha moryhHocT H3pawasalba rpaAHjeHTa Tor paAa. 

Ha6pojHMo caA oHe cHae Koje AejcTsyjy Ha Tatcy. 

a. Pe3ynTaHTa, y oAHocy Ha jeAHHHny 3anpemHHe, 3anpemommix 
-0 

cHna. Ty pe3ynTaHTy omatmmo ca p G. BexTop G Irma AHmeH3Hjy come 
H3patryHaTe Ha jeAHHHny mace, Tj. AHmeH3Hjy y6p3arba. Hanp., 3a corny 

► 	►  
Temce imam° G =g, y6p3albe Texce. 

b. flospunmcxe cline HCTO y oAHocy Ha jeAmmuy 3anpemime. 

OcTawbajyhH no maim oHe nonputhHcxe CHJle Koje AejcTsyjy 
Ha rpauawi AaTe o6nacTH HenpexHAHe cpeAome H xoje yna3e y rano-
3BaHe rpamitme ycnose, 3aycTasHmo ce camo Ha OHHM 110Bp111HHCKHM 

cHnama, xoje AejcTnyjy Ha nospumHy S Hamer enemeHTa ca 3anpe-
mnHom AV H KOJe ripeTcTas./bajy yHyTpaunbe HanoHe y HenpexHAHoj  

maTepHjanHoj cpeAHHH oApebeHe 4H43HLIKe cTpyHType cnoco6He 3a 
ocTsapeibe oArosapajyhm yllyTpaunbow Hanotta. Oniura TeopHja Tow 
Hanona Ao6po je pa3pabeHa H npema Tome Hema noTpe6e Aa ce osAe 
yna3H y H3naraibe Te TeopHje. Y3eheMo H3 Te TeopHje camo OHO ruTo 
je noTpe6Ho 3a Haul ILHJb. ILITo ce Tine cAygajesa cnerwjammx cpe-
Alma, 3aycTasHmo ce, paAH KOHKpeTHOCTH, Ha nporrasatby Asa cay-
=raja: Ha cnytrajy (§ 2.81) BHCKO3He TellHOCTH H Ha cnytiajy (§ 2.82) 
enacTiftwe cpeAHHe Koja ce noxopasa Xyxosy 3axoxy. 

-0 
03113 11HMO ca pn  nospunnicxy may HanoHa Koja AejcTsyje Ha 

-o 
e.nemeHaT dS nospunwe S ca opTom n cno.ibaunbe Hopmane. 110111TO je 

-0 
Pn=(13 , 

rAe je P TeH3Op Hamma y 06JIHKy 

p__,{

Pxx Pxy 

PyX Pyy 

Pzx Pzy 

a o6ne 3arpaAe o3Hatrasajy cxanapHH npoH3soA TeH3opa H sexTopa, 3a 
pe3ynTaHTy 110BplITHHCKFIX czna npoinHpexy Ha nenoxyruly nosputhxy S 
enemeHTa LV, H3pagyHaTy 3a jeAHHHuy 3anpemiwe, Hmamo nocne ripe-
na3a Ha rpaHwiny speAHocT H3pa3 

liraf (P, n-*) dS. 
pv -► o AV 

	

.s-oo 	s  

Houle 3ameHe no n03HaToj Teopemm 110Bp111HHCKOT HHTerpana 3a-
ripemmicimm, Ha ocHosy Hoje HMaMO 

f (P, n) ds= f (V, P) dV, 

AV 

rAe je v XamHnToHos onepaTop ca speAHoinhy 

. a . 	a v= 	1+ 	1+—k, 

	

ax 	ay 	
dz 

dx dy dz 
dt dt dt

, 
 

dt, Tj. 

Px2 

Py2}, 

P22 
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dvy  

dl 

dvZ =G
: + 1  n$ . 

dl 	p 

1 
=Gy + —ny, 

p 

72 	cI'exoMeHonowKo TyM89eH,e flcpaf,oea nplHuHna y McXaRHUH 
	

2.8 

H npena3a xa rpaHHLIHY BpeuxOCT Ao6H11eMo osy BpeAHOCT 3a Tpa-

)HeHy pe3ynTaHTy (V, P) Ca KOOp]fNH3T8Ma 

__ dPxx aPYx  d Pzx  
~Y 

ox +  dY + Oz 

__  aPYY aPYY d P=Y 

ay dX + dy + Oz 

7<z
=aPxz  + d pyz  + dpzz  

aX 	ay 	Oz 

Ha OCHOBy H2BeAeHHX pe3yJiTaTa ApyrH Aeo XaMHnToxoBa Jjej- 
CTBa MO )KeMO H3pa3HTH 36Hp0M 

1 	 -4 
r 	 r 

ff  (p G, dr) 
+f 

 ((V, P) , dr)} dl. 

ro 	 ro  

IlpeMa TOMe y onurreM CJIyLIajy 3a Henpei< i y CpeAHxy HM aMO 

ose Aae 4 opr e: 
-4-) 

q, = (R ter), 

r 

(Pa _ (— 1 	(P, P) 
p 	+ f (P G + (v, P) , dr)} dt. 

t 2 p 
-►  
ra  

3axoH rpa)jljeHTa 3a HM nynC p Aaje osy B2KTOPCKy jeljHaziHHy 

(I) 	 - = p G + (o, P) , 

Kojy y CKaJI HOM 06JIHKy MO )KeMO HanHC3TH OB3KO 

dvx  

dl 	
G 	

, 
x+ p 

ter  

2.81 	 Cnyvaj BHcKo3He Te9HocTH 
	

73 

II1T0 ce TH4e Apyre cepHje citanapxHx jeaHa itiia, oaa ce Ao-
6HBa 113 BeKTOPCKe je4Ha4HHe 

0=fir— 1  pdt, 
p 

Koja 3a CTBapHO noMepaibe Aaje 

-►  
d r 	1- 	-►  

=—p= v , 
dl 	p 

a TO OArosapa OHOj Be3H, KOja Tpe6a iLa nOCTOJH Ha CTBapxoM nyTy 
H3Me11y noMepaia H 6p31111e. 

2.81. CJiygaj BHCKOBHe TegHOCTH 

fIpeMa TeopHjH B3JiO Kexoj y IlpeTxOAHOM naparpa4iy 3a H3BO-
1-jeibe AH4)epexuxjaJIHHx jeAHagnHa KpeTarba 6Hno Kaxse C neuxjanHe 
CpeAHHe Tpe6a oApeAHTH caMo c[Ieuxjanax O JH ll 0110 1' TEH3Op3 
HanOHa KOjH oArosapa 0006HHaMa TflKBe MaTepxjaJIHe cpeAxxe x 
THMe fOCTaBHTH ;Be3y H3Meljy T2H30pa HafOHa H OHHX Jjelj)OpMauHja 
KOje Cy CBOJCTBeHe TOj CpeAHHH. 

3aycTaBHMO ce npsO Ha BHCKO3HOj, y onuITeM CnyiIajy CTHffiJbH-
BOj TegHOCTH. O6JIHK Teu3opa xalioxa P 3a TaKBY TeiIHOCT Ao6po 
je npoyYex H ca q yna3H rorOBO y cse oxe yp6exxxe xHApoAHHaMxxe, 
y KOIBMa ce TpeTxpa KpeTaibe BHcKo3He TegHOCTH. 

AKo npeTnocTaBHMo Ija je Tpeibe y TegHOCTH, KO]HM ce o6ja-
WH,aBa BHCKO3HOCT , penBTHBHO MaJIO H nOjaBJbyje ce y Te9HOCTH caMO 
yKOJIHKO ce McH~ajy paCTOjaI-ba H3MelJy TagaKa TegHOCTH, T2H30p P, 
KO]H CJ )KH H gnaH KojH He 3aBHCH o z Tpeiba, Tj . oArosapa cnyvajy 
HAeanxe Te9HOCTH, MOHie ce H3p33HTH y OBOM 06JIHKy 

P=(—p+Xdivv)!+2}xD, 
rAe cy 

H 11 — KOecj)HljxjeHTH BHCKO3HOCTH, 

p — .npHTHcaK, 
I — J LHHHLIHH TeH3Op, Tj. 

1 0 0 

/=010 

001 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



74 	clleHomeHonounco Tymatiethe 	npHinuma y bleXaHMIN 	2.81 

ca 

D — Tem3op Aecbopmammje, Tj, 

	

EI 	
2 	

1 —1 03 	—2 02 

D- 1 0, 8, 	
-2- 

2 A, 
 

	

1 „ 	1 A 

	

2 v2 	-.v1 

dvx 	a vy 	a vz 
ax' 

ei =  
dx, 	62 = ay , 	ea =  

v 

	

y 	a v 	a v 

	

ez -
dy 

+
dz 	d z 

, 	62 = x 
 a x 
+ 	z  I 

AKO car( omy mpeAmocT Tem30pa P CTaBHMO y jeAmaiLmmy 
npeTxoAmor naparpacim, Ao6mliemo 

-0 
d v 	4 	 4 

, p — p G - grad p + X grad div v + p. [A v + grad div v] 
dt 

(I) 

dv 
P 

at  = p G - grad p + (X + 2 p.) grad div v - p. rot rot v, 

jep je 

A v = grad div v - rot rot v. 

Hanucaue je,anatute npunartajy S. D. P oisson-y [64], !taxa 
TO HaBOAH H C. Truesdell y CB0i0j KH2H3H [65], y xojoj je mame-
Aema mp.ao onumpma 6m6.nmorpacimija xmApoximammxe. 

Y3nMajyha y o63mp Aa je 
-0 	-0 

dv av 	4  
  
dt 

	at 	
(v, V) v, 

113 roptbe, ripe Hall Apyre, mexTopcxe je,amal-thme moxcemo Ao6mTm 
cxanapme je,axagmme ofi, xojmx mamoAmmo canto jeAmy 3a x-ocy: 

d vx 
 + vx 

a vx 
+ vy

dv x 
+ v, 	

vx  

	

a t 	a x 	y 	a z 

1 ap 	1 
= 	- — — + — (X + 1.1) —a  div + p. (.62  v. + 62  vY + a2  vz) . 

P dx 	p 	x 	p 	x . 	a  y2 	z2  

2.82 	 Cariaj enacmtme cpeonie 	 75 

3a CArlaj HeCTHEILIbHBe TetIHOCTH imam° 

div v = 0, 

%nail ca KoecimuHjewrom (X + p.) oTnaAa H npema Tome aa Taxsy Tett-
HOCT Immo jeAttatnfity 

dv  
G- —grad p + Mt

- , 

 , 
dt 

rzte je v-µ/p, HJIH 

 dt 
(V, V) V = 0- —grad p + vAv — 

av 

- 	

► 	► 	
.9 	1 

OBoj jertnagnitu oAroBapajy ocanapne jeAltagiute 

a v. +v  a v. +v  di,. 	a vx  , 	1 Op 	A  
at 	x  ax 	Y  d +

v2  	= tlx — — — + Vatlx , 
y a Z 	 p dx 

dvy a vy 	d vy 	a vy 	1 dp 
at 

+vx 
 dx 

 ±vy 

a y + a z 	P a Y 
v, 	=Gy - — — ±vAvy, 

a v
z -,- 

, 	a vz  , 	a v, 
+v2 

 a vz 
= Gz - 

1 a p 
± vt‘v2. v x 	v — -t-v 

a t 	dx 	' dy 	a 	z 	p d z 

Tom cucTemy jertuatma Tpe6a .1toAaTu je,attaquity 

dive=  . + avy  + dv, =0
. 

dx 	a y 	a z 

Haj3a) 3a nAeantly TegnocT imam° °By BexTopcxy je,zwatuttly 
(v..0): 

d4v 4  1 
 =G - grad p , 

dt 
unit 

dv 4 	4 4  1 	 • 
— 

 at (v, v = G - — grad p . 

2.82. Cariaj enacTninte cpeABile 

IlowTo TeopHja enacTmtimocTm npeTcTam.iba cneumjanam cAyliaj 
mexammxe xenpexmAme cpeAmme onmTer THna, xojy cmo y § 2.8 no-
CTaBIL7114 y me3y ca 011L1THM cpetiometionoancllm Am(Depenuijantim npkm-
gitnom, jactic• je ,Eka ce H TeopHja enacTmqmocTm y npmmm cmojmm xo- 

a v, 	a vx  
ea = 	• 

d y 
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76 	(DeHomeHonomxo Tymayerbe rIclubtosa npintunna y mexamiun 	2.82 2.82 Caputi enacTipme cpetuute 	 77 

paumma monce TymagHTH cxemom Tor npmnunia..11pema Tome' Hema 
noTpe6e II0HaalbaTH OHO LUTO je 6Hao Hase,aeHo y TOM 2.8 naparpacpy. 
Roson,Ho je y3eTH y 06314p camo OHO LUTO je cneu•Himulo y TeopHjM 
enacTHqHocTH H TO y raasHoj IbeHOj (1)opmH, y . THKO3BaH0j .  aHHeaplroj 
TeopMju manmx nomepaiba aa Kojy Banal Xygos 3aKoH. 

IlpeMa Tome ce monce Henocpe,aHo HCKOpHCTHTH je,aHaHHHa (I) § 2.8 
-) 

dp 	-4  • 
--p G+ (V, P). 
dt 

3a caytiaj manlix nomepatb.  a _moncemo cTaHHTH 

-+ du au 
, 

dt Of 
-) 

rze je u nomepaffie Tatuce 113 nononcaja pasHoTence, OBHOCHO 03 no-
noncaja TaHonaHor nimpo,aHor cratha cpe,aHHe, enacTmHor Tena, Koje 
moHce 60TH H y noxpeTy anH 6e3 Aecpopmailmja H 6e3 enacTHHHHx 
yHyTpaunbmx- cHaa. flpema Tome y Hauioj je,imaInfli momcemo CTaBHTH 

-) 	-0 

dp_ du  
dt 

p 

riLe je, Imo H paHHje, p — rycTHHa Tena y AaToj Tatum 	
• 

IlpBH tizait Aectie cTpal-Ie oapncasa cBojy spe/AHocT ca G, 3aupe-
MHHCKOM CHJIOM H3pagyHaTom Ha je,a0Hmly mace. 

3a o,apebowalbe HexTopa (V, P) Tpe6a HmaTH Ha pacnonaraiby 
TeH3Op HanoHa P. 143pancasalhe Tor TeH3opa aaAaje majBehy Teuncohy 
y cacTawbatby AHcPepeHuHjanmix jeAHaEn4Ha KpeTaiba olkHocHo 
Batha enacTHHHe cpexule, jep 3a npoH3Boa.Hy amH3oTponHy cpeAHHy 
y noTeHumjan enacTHLunix cHna, a nocne H y TeH3op HanoHa, yna3H 
21 KOHCTaHTa; Te KOHCTaHTe onpebyjy cTpyKTypHy npHpo,ay maTe-
pHjana Henpetatalle cpeAHHe. Howl.° aHanHaa TOr TeH3opa He ynagil y 
Haul 3a.IaTaK, HaseAHmo, putt KOHKpeTHOCTH, 06JIHK OHOr TeH3opa Hano-
Ha KOjH oArosapa HajnpocTHjoj H3OTPOI1H0j e/IaCTHEIHOj CpeAHHI1 H KOjH 

caApnat canto Ase KOHCTaHTe. KoopAHHaTe Tor TeH3opa ce Hapancasajy 

rike je 
auy  

62 =-- ay  , 

au, au 	du du 	au du 

	

, 02 —!+ z 	 x 
dy dz 	dz ax 	dx ay 

	

Benimme a. H p. cy TaKO3BaHH 	 KOeCIMILIHjeHTH. HaBe- 
AHMO I-bHXOBy Bev ca napom Apyrnx HCTO TaK0 II03HaTHX KoHcTaHaTa, 
Hamme ca JyHrouHm mo/Aynom E N ca muynom cmHuaffia 

G = p., E p. 
3 k+ 2 /I 

X +p. 

AKO ca,a HCKOpHCTHMO HpeAHocT Tea opa HanoHa P 3a je,twa-
qHxy (1), °Km nocne jenHocTammx TpaHccDopmanHja JLO6HBaMO oay 
BexTopcxy jeJAHaLumy 

0,li 	 -0 
p 	

ate 
= p G + (I. + 1.1.) grad div u + 	. 

,o,arosapa npeTxonHoj HeicTopcKoj je,AHaqHHH 
Pa,a14 npamepa HanHummo H npHy o,rk cKanapHHx jenHatiHHa, lc* 

p 13. 2  UX  _ p Gx  (), +0  a faux ± au, + 

a u= )z at= 	 axkax 	a y  

	

a2„. 	(p ar\  

( d x 2 	aye 	d z 2  ) 

Kao INTO je n03HaT0 3a pewaHathe npo6nema o xpeTaHv ena-
cmgHor Tura, cent Haue,aeHe Tpot otanapHe jenHaLIHHe, Tpe6a y3eTH 
y el 630p join ycnose KOMIIaTH6HJIHOCTH y 06nincy luecT CeH-BeHa-
HOBHX jeAHaLIHHa , 3aTHM rpaHHulle ycnose H nogeTHe ycnose. 

( 1 ) 

dux  au, 6, = 

Pxx= X div u+ 2 p.81 , 

pyy — X div u+2 p.82 , 

Pzz 	div 	1183, 

Pyz —P2Y =- 119 1 ,  

Pzx =Px2 = 1102 ,  

Pyx 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



3.2 	Peapcumja cHcrema JuL4IepeHuHjarmnx jemiaqinfa apo6nema Tingy Ten 	79 

r JIABA TPET1A 

croenomexonoluxo Tyhumethe fhpacjxma nplummna 
y He6ecxoj mexaungx 

3.1. Heim cnenvijamie npo6neMa He6ecge mexamme 

Y cHojHm paAomma [15, 10, 14] Ham() cam Hexonimo npilmepa 
xaxo ce mosm licpacI3osa meToAa npHmeHHTH Ha npo6Aeme He6ecxe 
mexamme. Y (mom Aeny caAamtber paAa nom3yjem xaxo ce TH pe-
3y.11TaTH Mory TyMatIHTH H ca rneAinuTa (peHomeHanouncor npininHna, 
npH tiemy mano npoumpyjem o6Hm OHHX mamba xoja cam TpeTHpao. 
HcxopHinhasam Asa xnacHtnia ruiTatba He6ecxe mexaHme: noTaibe pe-
Aylamje AHcl)epetnuljammx jeAHatuma npo6Aema Tplijy Tem H miTalbe 
nnatieTcxnx nopemehaja. flpH Tome He nocTawbam ce6H 3aAaTax Aa 
Hcupnem cm:5 maTepHjaA THX nHTatba, Hell canto Aa HcxopHcrxm Ta Asa 
xnacHtma npo6nema He6ecxe mexaHHRe paAH Tymatima HpeAHocTH 
winner cl)eRomeHonouncor AH4)epetumjantior npHHufina oAHocHo the-
rose HapogHTe cl)opme — fictiacposa npiumna. 

3.2. PeApoutia cacrema Aucpepemprjamnix jelwaluma npo6aema Tpajy Tem 

Ilpo6Aem TpHjy Te.na je npo6Aem o xperatby TpH cao6oARe ma-
Teplija.me Tagxe H3 AaTor nogeTHor KHHeMaTlitIKOP cTatba (110.40Aaj H 
431111e) ROA Aejcmom y3ajaMHox cHaa 1byTHose rpaHHTanHje. IIOLIITo 
je TO, ca MaTeMaTHVKor r.ne,omTa, npo6neM o xpeTatby maTepxjatmor 
cHcTema ca 9 cTenexa cao6oAe, a cRaxom cTeneHy cAo6oAe oArompa 
jeAHa AHeitepeHnHja.ma jeAHarnma Apyrora peAa, npo6Aem Tpxjy Tem 
je npoonem ocamHaecTor peAa. 

Ha ocHoHy Teopema PanHoHanae mexamme 3a Taj npo6Aem ce 
gory HanHcaTH ol3H HHTerpaAH: mecT HHTerpana xperatba neHTpa maca 
cHcTema, TpH HHTerpana nospu4Ra 54 jeAaH HHTerpan oApwaHalba TO-

TaMie elleprHje cHcTema. OBHX AeceT KJIaCHLIHHX HHTerpana AO3BOJba-

Bajy Aa ce peA cHcTema Ancl)epeHnHjaAHHx jetmagHHa CHH3H Ha ocam. 

CeM Tora npo6Aem Hma jeAHy Hapotufry mexaHmxy oco614Hy, 
xoja ce H3paxcaHa y Tome IIITO je npo oApebwRatby no.nomja cHcTema 
nomohy xoopAHHaTa crienHja./me HpcTe jeAHa xoopAimara 
Tj. 0,E( came Te xoopAHHaTe He 3aBHCH HH &HIM CHJIa cHcTema HO (ttyHx-
IMja Cana. TaKB0j xoopAHHaTH, xao IIITO je 1103HaTO, oAroHapa jeAaa 
HHTerpan AHHeapaH y oAHocy Ha 6p3HHe. Ha ocHoHy Tor HHTerpana 
peA cHcrema AmDepeHnHjaaHHx jeAHatuma npoonema ce mowe CHH3HTH 
jOLII 3a jeAHy jeAHHHuy. Haj3aA, HOMO Taj CHCTM jeAHatma He Ca-
Apia! eKCIIJIBBFITHO pee t, Belt canto Amcpepemmja.l. dt, npeMa Teo-
mitt KOH3epBaTHBHOf cacTeMa Taj 244)epetumjaa ce momce eJIHMHHH-
CaTH 143 jemiatimaa cHcTema, H Ha Taj Hatnni ce Ao6mBa cHcreM AHcl)e-
pemmjantix jeAHalmHa mecTor peAa. ,L1a.ibe cHmicaHatbe peAa cHcTema 
Ancl)epeHnHjammx jeAHatnixa npo6Aema TpHjy Tem y onmem cAygajy 
je HeMoryhe. CBH noxymajH oApebtmatba y xoHatmom o6AHxy 6ap 
jom jeAHor HHTerpana Tor npo6Aema 3a 0111ilTB CJIyilaj npoH3B0J13x11X 
maca H Hp0H3B0JbHOr nogeTtior xHHeMaTHEmor cTatba ocTaJIH cy 6e3 
ycnexa. 1887 roAtme H. Bruns [36] je Aoxa3ao HeMoryhHocT npo-
Hanacxa HOBOr, cem xnacHtmHx, omuTer aare6apcxor HHTerpana. AHa-
J11314 HemoryhHocTH HOBHX mHTerpaAa H Apyre atiaAHTHIme nimpoAe 
6HAH cy nocHeheHH H paAoHn H. Poinca re - a 14 P. P a in1e v - a. 
CappemeHa npoytiaHatba Tor npo6nema ce spine nomohy 6ecxpajHHx 
xotmepreHTH14x allpOKCHMaTHBHHX npoueca. 

flpe npeaa3a Ha xoimpeTHe cnytiajese peApanije cHcTema AH-
cDepeHnHjammx jeAHatmHa y4HHHmo oHy npHmeA6y. CeM peAymmje 
y He314 ca HHTerpaAHma xpeTatba 1.1eHTpa maca mica oA ocranuix pe-
Aymmja, 3a xojy ce Hcxopmuhyjy HHTerpan14 nospinma, innonitma 
xoopAHHaTa H HHTerpan oApxcaHatba ToTaaHe exeprHje ca enHmHHH-
calbem HpemeHa, 3aHcTa cHH)KaRa peA cHcTema Akullepeinuijaminx je-
AHatmHa, aAH 3aTO ce xommumyje, noHexaA N BeoMa 3HaTHO, cltopma, 
HOBHX AHcl)epetnuijanHHx jeAHaluma. 143 Tor pa3nora Cy ce mHortt He-
ANKH maTemaTimapH, KOjH cy nimmeHom CB0jBX meToAa ,a06HJII4 3Ha-
qajHe pe3ynTaTe y o6nacTH or npo6.nema, 3aycTaH.lbanti Ha cHcTemy 
jeAHaLuma xojH Hilje peAymmax AO Kpaja. 

Y oHoj pacnpam4 Hmam 3a IIHJI) noxa3aTH nimmepe peAymulje 
KOjH cToje y Hem ca OIIIIITHM (DeHOMeHOJIOLIIKHM npoogoIIOM , oAHocHo 
ca 1-14)acl)omm npHHnHnom. flpH Tome Tpe6a np143HaTH Aa TMO rAe 
c1)eHomexonomxa cTpaHa nocmaTpatba nojaHe ycTyna cHojy yaory 4)op-
maAHHm TpaH4opmau11jama, cnajatbe o6e cflopme, cpopme cTalba H 
cpopme ammje, y jeAHy 11(1)4oHy 4)opmy mowe 611TH xopHcHHje 3a 
cl)opmanHy cTpaHy Ao6Hjatba pe3ynTaTa. 
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80 	ttleacnaeaonowao Tyeta'1en a I4acpoaa npaauana y He6ecaol mexamllut 
	3.3 

3.3. Pearmaja Ha cecTem ase BeHTopcxe jeampume apyrora peat' 

03HattHmo ca Ro , R, R, Bei(Tope nonowaja maTepHjanHinc TauHa 
ca macama M , m, m, y oamocy Ha Hea0MHtIny TatlKy 0 H 37seximo 
pa3m4He 	

4 4 4 
r R - R o  

r,=R1 - Ro ,  
4 4 4 4 4 

r12 = 	R =r,- r; 
npema Tome Hmamo 

-• 
( 1 ) 
	

R= R o + r 
.4 4 

(2) 
	

RI =Ro -Fri , 

-3 	-3 -3. 
(3) 
	

ri =r +1. 12 . 

KpeTalba THX Tagaaa HMajy HpeAtiocTH 

MR 0 , m k, m, k,, 

rile Tatum o3Hattasa H3Ho,a no spemeHy. 

(19opma cTatba H3rne,aa. oBaHo 

(4) 
	

(M ko , 	) + (ink, A)+ (mi k„ A L). 

(13opmy aHuHje 	cacTawbamo oA OBHX 14.71aHosa: 

1. 1/1HepuHoHor Rena 

RM ko, k.)+ (m k, k) + 	k„ ki )] dt, 

2. }Ktme cline cHcTema 

2

1 
— [M4 + m + m, dt, 

3. cl) ytuanije cHne 

U = f (— + + 
Mm Mm 
r 	r 
	mm l) dt, 

r12  

3.3 	Peamaja Ha CHCreht Jae aeleropoce jeallaquat Apyror pea* 	81 

,E1e4)HHHT1413Hy Itopmy 	apeTcTamtmo oBaHo 

(5) 
	

04 = r —
2

(MR6 +m k2  + 	+ f (A1--L7z- + 	+ mm 

	

1 	. 2  

r 	r1 	/12 
flpHmeHa 3aRoHa rpa,amjeHTa 3a cpopme 	H 	,a0B0)104 OBHX BeHTopcm4x je,aHatitma xpeTatba cacTeMa 

m -0  m -) i  - Mk o  = gradRo 	= f M (— + 	r,), 
r 

mk = grad R  = f 	— M r m 
+ 

r3 	r12 

4  M I  R, = gradRi 	 (- 	m
r„) . 

r12 

Taj cHcTem jeaHatmHa, npeMa 6pojy cRaaapHtlx je,aHaitHa, je 
cHcTem ocaMHaecTor pe,aa. 

AaJbe npoygasatbe npo6.nema y ,aaTom caygajy ca ntubem pe,a37H-
nHje mo)He 14h14 614.no ()eHomeHo.nouicHm npomaTpatbem nojase 6H.no 
EspopmaaticTHEmom aHainnom 114)a(Pone cliopme one nojase. 

OBH nyTeHH Tpe6a )2ka 6y, ay none3aHH H nomaxcy je,aaH apyror 6 H.710 y HHA37R-THBH0j 6H.no y 1e,ayKTHBH0j cPopmit. 

Ca cPeHomeHo.nowHor rae,atluiTa je jacHo 1a je noHcert,Ho, 37H0-
nHico je TO moryhe, 0,1(B0jHTH peaaTHHHo xpeTatbe /Ise TagHe y QaHocy 
Ha Tpehy o,a HpeTatba cucTeMa y ueztun4 npema HenoxpeTHom npo-
cTopy H HH,aeTH KaK0 ce TO Qatatajatbe, IIOTIVHO HAN ,aeJIHMHIMO, oApa-)HaHa Ha cDopmama cTalba H aHnHje. 

3a Taj IIHJb 143pa3Hmo nanotHaj maca m x m, y gaHocy Ha He-
noHpeTHH npocTop noMOhy no.noxcaja canto mace M y Qatiocy Ha Taj npocTop H pezaTHHHor nonotHaja Tatmaa m H //1/  37 o,atrocy Ha Tatncy M H cHcTem KOORAHHaTa Be3aHor 3a Ty TagKy. 3a TO ce noc.7137)Immo jeaHatuntama (1) H (2). Oopme cTaiba H aKUHje H3pamcasamo 

	

Os= (RM + m + 	ko+mr+mi ;I] , 6.R0)+ (m (ko + .1.) , A40+ 

+(mi (ko 	, A-4) ,  
1 	9  0„ = - —
2 (4/ +111 (Ro  +r) 2  m, (ko  ;01 + 

rte je f Hoecktn.wjeHT nponoputtoHanHocTH H r, r„ 
TeTH garompajyhmx BeKTopa. 

r12 C3' HHTeH3H- 
+ f(-A-Ln  - + A-L15--11  + 211111)] dl.  

r1 	r12 
6 0 iteitomerionouncora Ampepelcutjanuom npluipiuy 
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V - 
3 

M 1,1 (M + m)2  (M + m1 ) 

— 3 
	mm 1 

 

M 11 ( 1-071) UPI + Mir 

3.3 	Peayaiiiija Ha mum awe seaTopcHe 	apyror peaa 	83 82 	cbeHoxietioaoutao Tymatietbe II4,alposa ripmiaana y HebecHoj metaHHHH 	3.3 

Can BH,ammo na (Dopma axmlje He 3aBHCH on Herropa Ro , 3Hatm 
rpanHjenT munije no TOM Heicropy je jenHaic Hynki, na npema 3anoHy 
rpanHjewra KoectuilmjeHT icon A R o  mopa HMaTR cTanHy spenHocT• 

Ha Taj HagHH A0J13.314M0 AO HHTerpana 

(6) 	 SR.-Fm; 	ri  = const. =A 

me je S M +m- tn, nenoxynHa maca CHCTM H A je BeicropcKa npo-
ti3B0Jblla KOHCTaHTa HHTerpalmje. 

Ilaxo je mineTH na HHTerpan (6) noxa3yje CTVIHOCT 6p3HHe 

neHTpa maca cHcTema. 3aHcra, axo ca 	o3Hatmmo BexTop nonowaja 
HeHTpa y onHocy Ha Twiny 0, Hmamo 

. ► 	-4 	► 	-4 
SR,== MR 0 + mR nzi 

H HenocpenHllm 3aKJbytIKOM 143 (6) nona3Hmo no jenHatume 

ske =1. 

Taj 111)BH nemropcxol HHTerpan ,aonon,H HenocpenHo H no Hex- 

Topcnor HHTerpana 
4 4 

SR,= At + B , 

me je B npyra Heicropcna KOHCTaHTa HHTerpaUHje. 

110111TO HenoxynHa 1-14)miposa cDopma 

= 

He 3aBHCH on R o , a HHTerpan (6) ,aaje moryhHocT na ce onpenH H Ro  y 

cpyincuujii r 14 r1 , sax.rbyqyjemo na 143 naJber nporianatha nojane mo-

Aemo 14CKJIDTIHT14 H npoMeHJbHBy R0 . Ha raj HatIHH moxce 614TH noT-
nyHo Hcx.TbygeHo npoyilanathe TpaacnaTopHe KomnoHewre xpeTaffia Ha-
mer cHcrema y onHocy Ha HenoKpeTaH npocTop. Tom HOBOM nocma-

Tpatby xpeTatba cucTeMa onronapa HOB, enHomanewraH 06./1x Hclialrone 
epopme. Ca 4:lopmanHor rnensurra, Ha ocHony no3HaTe oco6HHe  exsu- 

-►  -0 
BaJIBHTHHX cDopmH, y crapoj cDopmH moxcemo 1430CTaBHT14 4.11aH (A, ARO= 

►  -0 	 4 4 
=(A, d14), jep ce can jaBJba xao ToTanHo nHcliepemmjan d (A, R 0). 

Ilocne enHmHHHcan,a k. H yaoheiba o3Haxa 

-o 	-+ 	-+ 
r1 =k1  p i , 	rig  ---ker=kl ai , 

me cy 
ks=f (M+m), 	14= f 

1-14)acPoHy cilopmy, nonefbeHy ca kk, mm,
, mwnemo HanHcaTH ca OBHM 

A2/10B14Ma 

Os  —(11  — 	A-p) 
+ p- 

-I 	- P} 6:;1.) 

1 	2 	1 	2 	• • 
Ch- 	p + — pi - 2 (, fad+(

1 	
1)r + 1"-+-Y-il dt, a=1 

13-1 	 1-1111 	P 	P1 	a 
rite cy 

molt, 

(M-1-m i )k 
mk 

= 	 
(M±mi) 

110111TO ce imax v/a moxce 3ameHHTH ca vdai najemo one Bea 
spenHocTH xoecimunjeHaTa v H 

Alto can npHmemimo Ha itopme b . H (1)„ 3aKoH rpanHjewra no-
6Hhemo )Be nexTopcice jenHatmHe 

	

1 	 1 -4 	V -4  
(7)

— p — p i = gradp Oa —
(1111 i 1 ) 	11-1-P3P  +;; 13. 

(8) —1 	 — fa = grade, 	— 1) — 4pi - 
Nil 	Pi 

npH tiemy nocnenHDH tInaH momcemo HanHcaTH H onaKo 

	

— Y1 	 V 

	

3 	3.1 	'7 	 a, 

	

a1 	 a 
 

me je q = k, : k. 

-) 
r-kp, 
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AKO npeTxonHe jenHaqHHe peummo no p 
jenHatnaHe 

( 9) 
1 4  p -0 	X ►  

P ---3- P --§Pi.+ -  
Pi 	a s 
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no6Hhemo ose 
-o-o 	-o -0 

jep ca necHe cTpaHe ceM LinaHorla ca [p p] H [p, 	Hmamo 

1 4  13. 1 4  ki4  
(10) 	 = - 3 Pi -  s P - 3 al,

at P1 	p 
rite cy 

X= m1 , 
M+m 	M +m, 

06paTHmo nanoby Ha TO 	Tpoyrao Mmm, cacTawben on Hen- 
-0 ►  -1 

Topa r, r1 , r12  nocne TpaHccPopmaquje HI4je smile c./n44aH Tpoyrny on 
-o -o 	-0 
P ,  Pi, a, jep HI-Icy HcnytheHH ycno1314 

-0 	-0 	-0 
r =  r, 	r„ 

-0 
P 	Pi 	a 

	

-0 	 -0 	-o 
np14 qemy je BeHTop a Be3aH ca HexTopHma p H p1  jenHatH4Hom 

ka=k, p i  -k p. 

JenHatume (7) H (8) onHocHo (9) H (10) HMajy HHTerpan onp-
HcaHatba eHepruje 

1 	1 p- 2+  1 r;2_ 2(p. 2(  1  

	

1) (It. 	
a 

+ 	+ 	const., 
2 	p., 	 P.P.1 	P 	Pi  

Kano TO cnenyje H3 o6n14Ha (Dopme aKni4je. Howl.° 1-1cPacposa cloopma 
0=0s -Pl'a  He 3a1314c14 eKCHAHHHTHO OA HpemeHa, xoecimumjeHT H0.1( 
dt mopa 6HTH cTanaH. 

CeM Tor cHanapHor Hwrerpana jenHatn4He (7) H (8) Hmajy join 
jenaH BeKTOpCKH HHTerpan, HHTerpan nospiumia. Taj HHTerpan mo-
ncemo jenHocTaHHo no6HTH Ha oBaj Haqpia. 

-1 
110MHOACHMO jenHatu4Hy (7) BeKTOpCKH cnesa ca p, a jenHatnmy 

-0 
(8) ca p i  H pe3ynTaTe ca6epHmo Tana no61413amo 

[-P.) 1  , — - 	+ [P+ 1  . 1 ,  — P; -0,  

	

vi_, 	
vr,airi, 

 k1 4  
13 , — Ts IP.1 -  P —

k 
a a

a - 	= 
s f JJJ 

	

fr i 	4 4 	V ,4  
= —

3 
[—

k 

 13 1 - p, 	[a, al 0. 
as 

143 jenHatunie (11) HenocpenHo caenyje HHTerpan 

1[p9,  p.  p. il [4p 1 ,1
1 	

- pi= con7t 
1.1 

-o 
rite je 	BeHTopcHa noHcTaiiTa HHTerpanHje. Taj HHTerpan je Tpafic- 
4Jopmpicam4 HHTerpan nospun4Ha. 

Ha Taj HaqHH jenHaqinie (9) 1.1 (10) penynyjy npo6nem TpHjy 
Terra Ha cucTem on nne BeHTopcHe jenHatume npyrora pena, Tj. Ha 
cHcTem nnaHaecT cxanapHi4x jenHatunia npHora pena, ca jenHi4m Hex-
TOpCKI4M H jenfaim cHanapHilm HHTerpaJIOM Koji! ce JIBKO H3B0,Ike H3 

nkitiepemnijanmix jenHatnnia. CeM Tora cHcTem Hma jou' jenall cna-
napH14 HHTerpan H nH4Pepeuni4jan HpemeHa monce 6HTH HCKJbygeH. Anr4 
HcnopHinhanafbe Tor HHTerpana H eni4m0nnicathe ,314(1)epemnijana 
meHa je H cyripnue KOMHJIHKOBBHO 3a oBaj cricTem H wince ce H3BCCTH 
Ha ApyrH HatiHH. 

YqHm4mo jou] jenHy npiimen6y o 4popm14 cHcTeMa jenHaqinia (9) 
14 (10). AKO cTannmo y npny oA °MIX jenHaqHHa m1 =0, a npi4 ToMe 
Hmamo p.=0, X=0, no6H11emo jenHa44Hy 

.1.)+ 1 4p =0, 
P S  

	

CJIHEIHO H3 apyre jenHatume 3a m=0, a TO 3Hain4 p.1 =0, 	Hmamo 
npyry jennatunly 

1 -÷ 
Pi+ 

P 

To cy Taxo3BaHe cTaHnapnHe jenHatn4He npo6nema nHajy Tula. 
OCTa.1114 LIJI3HOBH y jenHatuniama (9) H (10) onroHapajy TaHo3HaHlim 
Hopemehajlima y cmpicny oTcTynaita on npo6nema nHajy Terra. IIoR 
po6HHje o ToMe je 143.nonceHo y MOjtIM panosHma [10] H [15]. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



86 	cbeHomeHonotuico Tymageme 114)a4mea npHawina y He6eacoj mexamit 	3.4 
	

3.4 
	

KaHOH14.Tha pextylcutHja 
	

87 

3.4 Kamomemna penymmuja 

Y npo6aemy pegymumje gimPepeimmjaaHHx jegmainima npo6.nema 
TpHjy Tena HapotniTy ynory Hrpa pegymumja Ha maHonipme 

Hapoqi1To mag ce ,ao6Hje CHCTeM KaHOHIPIHNX je,a,Hatnma Hajimit-
meer, mecTor pega. Ha TOM niiTatby je paguo qHTas 11H3 maTemaTH-
qapa. Y patty [33] Hameo cam melamine° og TUX pegymilmja, anH npH 
Tome Hucam Hocopinuhanao lapapony meTogy. Cag gajem y oicsHpy 
Te meToge npilmep pegymnHje ca npHmeHom maHoHHqui,x TpauccDop-
maumja. IIpn qemy ce, ga He oTemeam H3.nararbe Tor npHmepa, a ga 
nomameem camo CylLITHHy nocTynxa, aaycTawbam canto Ha KaH0- 

1111T4H0j pegymumjm CHCTMH 18-or pega Ha KaHOHHEIHH CHCTM 12-or 
pega. noUITO H113 AaJbliX pegymuilja go CHCTM jeg,HaquHa 6-or pega 
He cagpacH HHinTa npiiHnHncmH Honor, anH je Be3aH ca cneumjanimm 
gyratneum pagyinima, cmaTpam ga y omoj pacmpamH Ta HapaqyHanaiba 
mory H3OCTaBHTH. 1-114Tanau, KOjH Hma iniTepec aa Te pegymuHje, 
momee ce ca H,Hma yno3HaTH y cnenHjanHilm pagomilma. 

Enemeirre Teopmje THX TpaHapopmanHja cam Hameo y § 1.1 nog 
5. Ta'IKOM oae moHorpaclmje. flpH Hanaraiby npHmetivjem, rge ce TO 

moace, Teopujy memTopa aa ILITO jacHiljy npeTcTany HeK14X aHaniril-
tIKI4X pacyhmilam,a. 

PagH npmmeHe aHanirrwnee meToge ca, no moryhHocTH, memTop-
CKHM Tymagethem ymegHmo HapoqHTe oatiame. 

Mace Tagatca oaHaqHmo ca ma , 1rib, mc , npH qemy 110A 03HaKOM 

rge i pima spegHocTit og 1 go 9, paaymemo one mace: 

= M2 = MS = Ma/ M4 = M5 = M6 = Mb ff17 = M8 = M9 = MC • 

BemTope nonoacaja THX Taqama H H,,Hxone moopgHHaTe y ogHocy 
Ha menompeTaH CHCTeM Koop,RnnaTa 03Ha4HMO Ha caiiqam HaNHH OBaKO 

Xa (x1,  X2, Xs) 	Xb (x4, x5,  Xs) 	Xc (X7 / X5/ x9) 

H Hmnynce OBaK0 

-) 	 -o 
Ya (Y1, Y2, Ys) 	Yb (Y4•Y5 Y6) 	Ye (Yr, Y9, Y9) 

npH qemy je, Hanp., 

Ya=maXa • 

Ca ymegeHHm (mamma gHcpepeHuHjanHy cpopmy cTan.a. moacemo 
HanHcaTH 

8 	 -) 	-0 

Os =  E yi dxi= 	(y., dx.), 
i=1 

rge HH)1,eKC a yaHma spegHocTH a, b, C. 

cDopmy amnHje npeTcTamilmo °Ham° 

0a=(– T+U)dt , 

rge je T mama cana cHcTema 

1 9  1 	1 	1 "32  

	

T =„— E yr 	 y 
a  2 1=1 mi 	2 tic  ma   

H U — ellyinawja ulna, Ti. 

U =Ma Mb Mc[ 
 1  

	

ma ra 	mb rb 

1 

1 

	

=Ma Mb x 	 
a mare, 

npH qemy CMO mootHmiljeHT nponopHiloHaaHocTil f y o6pacuy aa 
1-byTHomy rpamwraililjy yam!, 143 1103HaTHX paanora, ga je jegHam je-
ginuni. OTcTojalba ra , ro, rc  HMajy mpegHocTil 143 jegnaqinia 

2 ra  = (Xb

- 

 — Xc) 2 = (X4 — X7) 2 + (X5 — X5) 2 + (X6 X2)2, 

—) 
r2  = (x c  – Xa ) 2 = (X7  — X1) 2 + (X5 — X2)2 / + (x9 — 	X2)2 , 

2 r,----(x,,—x b )2  = (X1 — X4)2  + (X2 — X5) 2  ± (x3 — X6)2 . 

Ha Taj HaqHH cl)opmy ammilje moacemo HanHcaTH 

1 	1 	2 
E —Ycz + ma ma mef 1  ) dt. 

	

2 a ma 	 a Mara 

AKO ymegemo XamHaToHomy 4)ymeniijy ca mpegHomhy 

H=. – O a : dt , 

momeemo licpaepomy cpopmy npo6nema TpHjy Tena ,E1e4)11HHTHBHO 

niicaTH y jegmom og HapegHHx 06.11HKa_ 

9 	 -> 
y yi dx i –Hdt= y (ya, dx,z )– H dt , 
i=1 	 a 

Ha- 

▪ mere 

1 I 
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r.ge je 

1 	1 	2 	 1 H = — E— ycc -- M a  Mb 111c E 
2 a  ma 	 cc M2 ra 

1 

 

	

9 1 	2 	 1 
=  2, — Yi - ma Mb Mc 1— 

[(x4 
 - X7) 2  + (X5 - X + 6- X9) 2 1 -T  2 	 + 

	

ma  	 m, 

	

1 	
1 

+— [(^7 - X1)2 + (XS - x2)2 +(x9-X3)2] 
2 

Mb 

±-1 
[(x1 - x 4)2  + (x2  - x 5 )2 +(x3 - zor] 

me  

Kao IIITO je n03HaT0 , TOj ckopom o,aronapajy nitaitone je4Hatume 
y KHHOHHIIHOM 06oHxy. Y cxanapHom o6.nHxy oHe mr.ne,aajy °sax° 

dH 	dx f  aH  

	

dt 	dxi 	dt 	ay, 

	

xa  =grad-; H, 	a = a, b, c. .  

1-1pHmemimo ca,a Ha one Beic"ropcKe je,aHatn4He KaHOHH4He TpaHc-
cl)opmaunje Ha Hose npometubmse ca omaxama 

-) 

	

(S i ,Sa 	t2, 
	

to (t4, ts, t6), 	Lc (tf, y8r E9), 

-) 
'12' 113) , 
	

rib (r4 , 115, 1le) , 
	

(ri7 , t18 , 119)• 

HeKa cy Ben Hameby crapmx 14 HOBHX 11p0Meli.lbHB14X nocTasibeHe 
nomohy cppikumje F, KOjy H3pa3Hmo nomohy BeKTOpCKI4X onepanHja 
osaxo 

-) -9 	-) 	-) 
F= Ow, xb - x a)+(rib, x c  - x g) + (71c , x 6), 

-9 	-9 
r,ae cy Xg  14 X 0  sexropH no.no)Kaja neHTapa maca, npsH canto maca m a  
14 nib , a ,apyrn - CBHX maca cHcTema; npema Tome 3a re seKTope Hmamo 

-9 	-9 
(M a  +Mb) xx=ma X a  -I- Mb Xb, 

-6 

(m. mb -P mc ) xG = m a  x

- 

a + xb

▪  

-Fmc  xc

- 

. 

Came se3e npema TeopHjH Ha cTp. 4 y3Hmamo y sexTopcxom 
06/IHKy 

-o 
ta = grad4  F, 

Etc, 

Houle Hasolleiba noxa3aHmx onepauHja imam° OBHX aim. BeK-
ropcxHx je,aHatuma rpalaccDopmauHja 

-9 	-3 	-3 
t a =  X6 -  Xat 

.
G3 
	4 4 	1 	4 	4 

b '---- Xc - Xg = Xe 	 (Ma Xa+ Mb X6), 
. Ma+ Mb 

—0 	 1 	4 	4 	-9 
L = X0 = — 

M 
(Ma Xa ± Mb Xb + Mc Xc) ,  

4 	-6 	 Ma4 
Ya = rla — roc,

Ma+ Mb 

Mb  

	

Ma+ Mb 	
qc, 

	

-6 	m 
Lib , 

m 
11c, 

rAe je 
M 	 Mb + Mc • 

4 4 4 
AKO peummo rpyny npsmc TpHjy je,aHatn4Ha no xa , xb , Xc Ao6H-

hemo jefi,HaLume 

	

-÷ ms 	ms  
Xa 	 to + tc, 

ma +mb  

	

Ma  4 	1118 4 	4  tc, 
Ma - I- Mb 

ma +mb 

M 	
Sb sw, 

-4 9 -0 
iv* ca jei,HaLmHama 3a y a , y a, y r , nocTaaibajy RaHoHmtmy TpaHapop-
manHjy. 

Ha Hose npomewbkise Tpe6a TpaH4opmftcaTH camo cPytuuxHjy H. 
Houle Te Tpancitopmaiwje !imam° 

1 4 	1 -4 	1-4 H = — ri2a  + 	 112, 	92, - U„ 
2p. 	2p.' 	2 

1=1, 2, ..., 9, 

a y BeKTOpCKOM onaxo 

= -grad 4x,  11, 

--o ycc  = grad -* F, 	a= a, b, c. 

-9 	-9 
Yb 	lia 

Yc = 

-9 
X b  

-9 
xc = 
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r i(  Ma  4 	"4  )2 	2 

( Ma Ma ± Mb a  

me U1  can ,ao6inia o6mix 

U1  ma Mb me  

Ilocne Tora Ha °away jenHaLmie 

4 
dt =0 
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1 
1 I 	Mb 	4 	"4  )21 2 

ta 
mb R ma + mb 

1 
1 '4 2 	2 

4-  171; R 
2 ma 

4  4 
ta tb) 

M a+ Mb 

. 
ma  

tb 

_ 
2 

1 

2 + 

ma + nib k 

2 Mb 

)242 

( ma + mb 	

] 

2 .42 
Mb  ( 

ma + ma 
) 

1 
± 1 	2 1 ,  

L EaJ 

a p. 11 p.' Hmajy HpenHocTH  

H3 npyre cepHje licPactiormx jenHatmlia HMaMO join je)aH BeKTOpCKH 

HirrerpaA 
4 

tb  = At+ B 

rne je B npyra BeKTOpCKa KOHCTaHTa Hirrerpainije• 

nOLIITO ce y licpacporsoj cpopmn mory 6pHcaTH TOTaJIIIH nHcpe-
peniHjanH, AeCPHHHTHBHO, nocne TpaHccpopmannje, Ty cllopmy momiemo 
H3pa3HTH 

4 	 ► 	►  , 4 	1 42 	1 42 
4) 1 = 	dta) 	VP)) Uclb) 	 rib — Ulidt =- 

2p, 	2 p.' 
6 

di – Hi  dt, 
1=1 

ue U1  3anpxame rope HanHcaHH o6nxK H 

1 ►2 	1 .42  
H1 =— 11. — rib – Ui  • 

211 	2p' 

Toj cbopmH onrompa onaj CHCTeM 1101114X KaHOHH ,IHHX je1HalHHa 

1 [ 
Ma Mb Inci- 

ma 

T2 

Mb 

11 = 
ma+mb 

ma mb =  Mc (ma mb)  
a H, 	a H, 

dt 	a ti  ' dt 	a 
, i= 1, 2, 	, 6 

Ilourro ce 1:1)opma cTaiba naxo TpaHcci)opmHure Ha o6.71kix 

	

Os = (na, d Ea) + (rib,  dt0) + 	d tc) ,  

--> 
a H= – 	: dt He 3aBHCH oA tc Tj. gradt 	= 0, nocae npnmeHe 

3axoHa,rpannjewra Immo jenHatimiy 

-+ 
d rp= 0 , 

a 3aTHM H HHTerpan 
►  -3 	—4 
ric A = const. 

HJIH y BeKTOpCKOM 06JIHKy 

na = — grad -t%, H , a = grad 4
a 
 , a= a, b . 

?l 

Ose jenHatillHe noxa3yjy ;la je npoonem TpHjy Tena cBegeH Ha 
npo6nem nHajy Tem ca macama µ H p.', anH ca Xamiurrononom ityfix-
wijom npyror o6nHica, Hero IIITO je y npo6aemy nriajy Tena. Y TaKBOM 

o6nHxy npo6nem TpHjy Tem nocmaTpanki cy join Jacobi (1843) H 
Bertrand (1852). 

1,1313pmeHa TpaHccpopmaaHja penyxosana je cHcTem ,impepeinui-
jantix jenHatialla Ha CHCTeM KaH0104 ,1H14X jenHatimia 12-or peJa. HH3 

AaJbHX peaymmja HaBonH, Hanp., E. T. Whittaker y CBOM 

[661. 

V
ir

tu
al

 L
ib

ra
ry

 o
f 

F
ac

ul
ty

 o
f 

M
at

he
m

at
ic

s 
- 

U
ni

ve
rs

it
y 

of
 B

el
gr

ad
e

el
ib

ra
ry

.m
at

f.
bg

.a
c.

rs



92 	lieBometionounco TyMagefbe 111:0430Ba IlpHHHHIIa y He6ecxoj MeXaHHIIH 	3.5 

3.5 IIpodnem unanemux nopemehaja 

Y Hajnpocnijoj CB0j0j cl)opmH npoonem TaK03BaHHX mnaHeTcxmx 
nopemehaja cacTojH ce y OBOM. 3a TpH He6ecxa Tem, petuiMO, CyHue 
H sse mnaHeTe P, 14 P2, xoja ce Kpehy no,s yTHuajem 1-byTHosHx 
• npso oAsajamo npo6.nem xpeTatba ,usajy Tula S H P1  14 y HOT- 

nyHocTH pewasamo Taj npoonem. Pemethe noxavje Aa je nyTaoha 
eminca H ,T.La je xpeTathe noTnyHo webeHo ca Asa xoHcTaHTHa sex-
Topa HorrerpauHje RojH ce 30By BeKTOpCKH enemeHTH n.naHeTcsor xpe-
Tasoa. 1 ) 03HaImmo Te sexTope ca C H G. AKO 3aTHM y3memo y o63Hp 
H xpeTaH,e Apyre unaneTe P2 , ibex° uejcTso Ha xpeTaohe npse mna-
HeTe ce noxa3yje y Tome IIITO pemeTH CTaJIHOCT sexTopcxHx eneme-
HaTa ripe nzaHeTe. 3a,aaTax nopeMehaja je y ToMe Aa ce oApe,ue 

-o 	-0 
sexTopcxm ezemeHTH C H G Kao cpyHxuHje spemeHa. flpsa cba3a pe- 
melba Tor 3azaTxa je y H3so1-jelby OHHX sHcpepenusjaamix je,sHalmHa 
xoje oApehyjy H3soike no spemeHy C H 6 sexTopcsoix enemeHaTa 

C H G noc.ne y3Hmatba y 06314p xpeTatha "Tyre mnalleTe. To 143B0- 

beibe cmo H3spinH.nm y Hauthm paAosHma [10] 14 [14] npHmelbyjyhH 
1-14:14osy meTo,sy. He HasoAelin iteTaJbe pagyHa Koji! cy AaTH y THM 

pa,uosHma H3./10)KHMO yxpaTxo cxemy THX patiyHa. 

Kao 111TO je no3HaTo, npo6nem o xpeTaHpy use maTepoija.nHe Tagxe 
no,u ylmuajem 1-byTHose cH.ne cso,sH ce Ha npoyilasaH.,e xpeTatba canto 

1) Y awrepaTypa HOCTOje ase BpcTe BeKTOpCKFIX IlaaHeTCKHX eaemetiaTa. Jeafia 

Bpera — 03Ha4HM0 HX Ca C (KOHCTaHTa II0BpIIIHHa) H D (KOHCTaHTa BeKTopa npema 
nepuxeny)— TO Cy BeKTOpH ynpamm jeamt Ha Ilpyrom H npema ToMe IbHXOB cxaaapim 

►  ►  
Hp0H3BOII jeIlHaK Hynes: (C, D)=0. 110IIITO le 3a oapebaBalbe naaneTcKor xpeTarba no- 

- ► 	-4 
Tpe6ao IlIeCT Hp0H3B01bHHX KoucTaBaTa, BeKTOpH C H D cy He8030JbHH 3a noTnyuo 
oapelymaffie or KpeTarba, Beh je noTpeouo aoaaTm join jeasy cKanapny KOHCT3HTy, 

KOjy mowemo yseTB, peuBmo, y o6aaKy 11p0H3B0JbHe KOHCTaHTe r H3 KenaepoBor HH-

Terpana u — e sin u=n (t— r), rAe cy omaKe Ao6po nomaTe. 113 THX pasaora Hamm 

cam eaemeine C, D, r BeKTopcKo-cKanapithm enemeumma [10]. Asa BeKTopa C H D 
Ka0 BeKTOpCKH eaemeHTli nnaueTcKor xpeTaffia, oaaBHO Cy II03HaTH y JiwrepaTypH 
(G 1 b b s [67, 68j, G. J au ma n n [691) H yaase 48K y yu6eBaKe [49j. 1-brix HCKO-

pHathasa y CBOJHM paaomama H M. M A a a HKOHHh [50, 51]. Y CBOM 4J1aHKy [10] 
-4 4 

yaeo caM npaBe BeKTopcKe eaemeuTe C H G ca IlleCT I1p0H3B0113HHX KoBcTanaTa. TH 

BeKTOpH y ommTem caygajy MOry 6HTH HOTIly110 Hp0H3130.IbIlH, jep Hamelly IbHX He 

IlOCT0.111 HHKaKBa cKanapBa Beam 

3:5 
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jemie Taqxe H TO npema Am(Depemumja.nmoj jeAHatuum 

1 
- fm 

-o 
r.se cy m 14 M mace Tena, f — rpasmTauaoHa KOHCTaHTa, R sexTop 
no.nowaja noxpeTHe Tatuce y oAHocy Ha Henoxpemy Tags), 0, a R, 

-9 
xao ysex, HHTeH3HTeT BeKTOpa R. 

Aso yse,uemo Hos sexTop r npema o6pacuy 

3 	  

R=Vf(M+m)r, 

npeTxouHa jemialuma ce csoim Ha jeAHatunly 

.• 	1 4  
- — r, 

TB 

xoja ce 3ose cTaHuapAHa jeAtiaqHHa npo6.nema ,usajy Tem. flpHmeTHmo 

,ua BeKTOp r H }becalm 143B0,a14 Hmajy one ,zlmeH3Hje 

[r] = T213, [r]= T-113, [r1= T-413, 
rAe je T speme. 

3a je,uHatmly (1) momcemo HanHcaTH one HHTerpa.ne: 

1. HHTerpan cexTopcxe 6p3Hue: 

4 	 -4 
[r, r]= C=pi k =const, 

rAe cy: C KOHCTaHTH14 sexTop HHTerpanHje, je,uax 0,1( BeKTOpCKHX 

meHaTa, k — OpT Tor ezemeHTa, p1 14HTeH314TeT sexTopa C ca ,11114MeH-

*OM [pi]= TV% 

2. ilanzacos Horrerpaa: 

. -0 	1 -o 	-3 
[r C]- — r = D = ei, 

r 

rAe je: D KOHCTaHTHH sexTop HHTerpanHje, anti He BOTIVHO npoH3- 

	

-, 	 -0 
soibaH Eta ynpasaH Ha sexTopy C, i — opT sexTopa D 14 e cxanap 
6pojHe spe,uHocTH. 

(1) 
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r,ae je e'2  = 1 — e 2 . 
3. JezmaiiHHa nyTaibe 

• 2 1 — e2  2 	e'2  r2 — 2 	 2 r pa 
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3. XaMHJITOHOB HHTerpan 

• 1 	e 
— tr 	/, 
pir 	Pi 

. 
r„ae je j cTaaaH opT ynpaBaH Ha opToBHMa k H t. 

XaMHJITOHOB HHTerpan je HenocpeAHH 3ax.ibygaa Anajy npeT-
X0,11,HHX mHTerpa.na. 

4. 14HTerpan Hume cline: 

r= 	 
1 + e cos v 

	

-) 	 -0 2 r,ae je p =p H v yrao H3Meljy BeKTopa r H opTa t. 
6. Kennepos HHTerpan 

— e sin u =n (t — v), 

r,ae je u nomohHa npomeawma Be3aHa ca yrnom v je,aHaqHHom 

tg „= 1/letg 
2 	1 + e 2 

a r je lip0143BOJbHa KOHCTaHTa HHTerpauHje• 
flpHmeTHmo ,aa H3mehy AHcpepeHHHja.na du a dt flOCTOjH Be3a 

111-- du = 1  dt. 
e' 

Cell yBeleHHx HoHcTaHaTa mo)cemo yBecTH jOILI H oBe KOHCTaHTe 

2 	 2 
„ 	„.2 	h 	P1 

	

— ui 	v = es2  

flpHmeTHmo Aa Ken.nepoBy HHTerpany ()Amapa Taaohe je,aaH 
BeKTOpCKII HHTerpan, anH je npanau CBHX linaHoBa. Tor HHTerpan HCTH, 

HaHme npanau CTaJIHOT BeKTopa C. Y BeHropcicom 06nicy KenaepoBy 
HHTerpany moacemo Aa.TH 06JIHK 

-0 	-0 
(nt—u+e sin u)k—nrk 

1 
 —

c

(nt— u + e sin u) C = 
/7 t 
—C. 

•-) 
Y Toxy npeTxoaHor Hanaratba yBeAeria cy TpH opTa: 1, j, k, 3a. 

4Hje 0,ape1Jkmarbe cy noTpe6He TpH He3aBHcHe KOHCTaHTe, H KOH- 
CTaHTHI4 CKaJiapii 

pi , e, e', p, n, r, a, b, ai  , 

0,E( KOjHX He3aBHaix moace 6HTH camo TpH, jep 'imam° oBe Ben H3- 
mehy 

e'2  + e2  = 1 , p = p?, n , a 
e'2 	

pi 
b = 	, 	

2
=a. 

CBe cy oBe KOHCTaHTe ,ao6po no3HaTe ca H3y3eTKOM e', KOjy 
hello 3BaTH ,E(0113THCKH excneHTNIIIHTeT. 

7. HOBH BeKTOpCKH HHTerpan. 
JlannacoB BeKTOpCKH HHTerpan ca Be; 	He3aBHcHe Hp0H3B0JbHe 

KOHCTaHTe H Ken.nepoB HHTerpan y BeKTOpCK0j (1210pMpi Ca je,l(HOm npo- 
143B0.apHOm KOHCTaHTOM mo)Kemo cnojHTH y je,aaH BeKTopcKH HHTerpan 
ca TpH npoH3BaibHe cxanapHe KOHCTaHTe. Hatime mowemo HanticaTH 

• 4 	 -0 -0 
[r C]— I 

— r 
4  1 

— (nt — u+e sin u) C= G, 
r 	C 

r,ae je 0 KOHCTaHTHH BexTop HHTerpanHje, KOjii 3aBHCH oA TpH npo- 
H3B0JbHa cKanapa. Taj BeKTop je Be3aH ca npeTxo,aHHm KOHCTaHTaMa 

BeKTOpCKOM jeAtlatIIIHOm 

► 	-+ 	R r 
= D — C. 

OHa Hma r103HaT0 reomeTpHoco TymatieH9e. KoHcTaHTa R Hma Bpe,aHocT 

ery 
11=(— 

/31 

HJIH 

-4 
,Be KomnoHeHTe seKTopa G ynpame cy jeaHa Ha Apyroj, 'mum 

-0 	-0 
je D 1  C. HHTeH3HTeT caaKe je ancTpaxTaH 6poj. 

r,ae je 
/71 

1 = — 
e' 
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sin u 
a, (1 - e cos u)' 

K= 
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Asa He3afsHcHa 11p0H3B0Jblia Beicropa 

4 4 
C, G 

Tpe6a cmaTpaTH Kao HexTopcxe e.nemeHTe y npo6nemy Ariajy Tena. 
flomohy THX HexTopa xperaibe npo6nema je noTnyHo ogpe1jerro, jep 

nomohy THX xoHcTaHaTa mowemo onpeANTH r H r y cilymumjH ape-
meHa. HasenHmo AB4)HHHTHBHH pe3ynTaT, npm trebly nperxonno yHe-
AHMO 03HaKy 

	

- 	(6', -4) -e.. 
Tana Hmamo 

C2 	 -0 4 
r

- 

 - 	 (cos u D) D

- 

 + 	sin u [C, G], 
D (1 - D2) 	 DV1-D 2  

• 	V 1 - D2 	1 
r 

C2  D 	1 - D cos u 

npH trebly ce u onpebyje H3 jenHatiinie 

- e sin u 	(t - t) , 

C2 	4 4  
_ D2y1/4  (G, C). 

r mowemo H3p83HTH H °Baia): 

-0 	-0 	-0 
r M + N j, 
. 	-4 
r-Mi+ L j, 

-4 	 4 	-0 	 -0 -0 	 -0 -+ 
r,Eke je: i opT BeKTopa D, a j HexTopa  [CO] onHocHo HexTopa [C DI H 

M= a? (cos u - e), 	N = a? 1 - e2  sin u, 

L — 	

1 - e2  cos u . 
0 1 (1 - e cos a) 

mmicTaiiTe a1  H e, mu() cmo HasenH, H3pamcasajy ce (maim nomohy 
HexTopmix enemetiaTa: 

al  = C:111-13, 	e = D.  

flpeTxolao H3naraffie je H3HeneHo pa,gm ynopebasaiba xnacHnHor 
pemeiba npoonema Asajy Tena ca pemeibem nomohy BeKTopcKHx ene-
meHara ca mecT npoH3Ho.ibmix cxanapa. 

flpHmeimmo caa cDeHomeHonouncH AmPepelinkijanim npHmmii oR 
HOCH° ficimposy meToAy Ha xpeTaibe same Tagxe. 

3a cpopmy cratba HMB1140 H3pa3 
. 

08 = (r dr). 

HHeplIHOHH KHHeTHVKH neo 3ajenHo ca ACHBOM CHJIOM Aaje °Ha] 
Aeo aximje 

1 • 	1 • - (r.  r.)dt +-
2  r

2  dt= 
2 

r2  dt, 

a cpyinamja cHna 1-byTHoHe cHne HMa HpenHocT 1: r. 
lipema Tome licpacposa oipopma npo6nema H3rnena 

0.= (r di)_( 1 1:2 _ 1 \
dt. 

\ 2 	r ) 

Jlaxo je nposepHTH na 1-1430acpose jennatmHe cmapHo onroHapajy 
Hamem npo6nemy. 3aHcTa Hmamo TpH jenHatmHe: 

	

dr = grad;,o 0=grad 4 -1 
dt- 	r 

-0 1 	
dt, r Ts 

4 . 
0=grad;  0=dr - r dt, 

— 

 d (

1 • 	1 
-

2 	
grad s  0=0, 

on xojHx ce npaa noxnana ca cTannapAHom jemiatuniom; Apyra no-
cTawba ne3y H3meby 6yAyher nomepaiba H 6p3HHe, a Tpeha ce npe- 
THapa y HAeHTHTBT Ha octiony iipeTxoAHHx. 

FloxamcHmo join Aa HHTerpanH (2) npoonema 3aHcTa nonone cpopmy 
(3) An ToTa.nHor AmcDepemmjaaa. 

3aHcra, axo HcxopncTHmo HHTerpane (2), Hmamo 

(r dr)=KdM+LdN=a1 (1 +e cos u) du, 

r2 K2 +1. 2 1 1+e cos u  
a? 1 -e cos u 

r -(M2  + N2) I  = ai (1-e cos a) 

7 0 tpenomeuonouncom AmdmpeNgnianuom nparnAllnY 

me je: e=D, n = 
VI 

 — D2)3 C 

KpaTxo r 

(2) 

C sin a . D + V 1 - D2  cos u 
(3) 
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H npema Tome cPopma ce Hvaxcasa 

41,  (r.  d4r) — 	;2 — 1  d t = 
2 

—al  (1+ e cos u) du 	
1 
 dt= 

2 al 

= d [[a (u e sin u) + —
1
, t]. 

2 al 

3a Ty ckopmy FIckackose je,tiHaqtie ce npeTnapajy y tuienTHTeT. 
Ilpema TOMB HaTerpankt (2) 3aticTa oArosapajy npo6nemy. 

lipebHmo ca,zi Ha npHmeHy cpeHomeHo.noluxor ,ruicPepemitijantior 
npkiHniina o,zitiocHo lickackone meTone Ha nporianatbe nojane rina-
HeTcmix nopeMehaja. 

AKO Ha maTepHjantiy Taqxy, Koja ce xpehe nog yTtinajem I -byTHo-
ne cHne nptinnageiba ca cPyinultijom cHne U, Aejcillyje join xi* Apyra 
cHna, ca cPymaiHjom cline R, cam nocnentba cHna peMeTH OCHOBHO, 

e.711411THtIKO xpeTathe maTeptijanHe Taime nog yTilliajem npse cHne. 
(1)ymaitija R ce 3one ckylimuija nopeMehaja. Y Bosom, nopemeheHom 

xpeTatby, H3 a:salmr nonowaja r

- 

 Tatixa no6Hsa enemeHTapHo nome- 
-o 

patbe dr. To nomepatbe moncemo pacTanaTH y Ase tcomnonenTe: jeAHy 
-0 

der, Kag cmaTpamo enemeirre ocHonHor entinniqxor xpeTaiba xao cTantie 

Bentimmie, H npyry, S r, Koja AOJIH314 ycne..1 npomeHe enHEITHIIKHX 

enemeHaTa. Ilpema Tome moncemo CTaBHTH 

-0 	-* 	-0 
(4) dr .  =d,r+6r . 

Ha CJIHxiall HaqHH moncemo paCTHBHTI4 H 6p3HHy Tatixe y nope-
meheHom xpeTathy 

(5)  

Ca,zi je npmpontio paupinatiHTH nporianatbe nojane nenoxynHor 
nopeMeheHor xpeTatba maTepajantie Taqice Ha Asa nporianalba: Ha 
npopianatbe ocHoaHor, HenopemeheHor, xpeTatba H Ha noce6Ho npo-
yqazatbe nojane oTcTynatba, nojane nopeMehaja H y cnaxom OA THX 

nporianatba HasecTH ApickepetinHjantio cTathe H enemeHTapHy axnHjy. 
BenHxa npe,iiHocT fIcPackose meTone je y Tome IIITO ce To painqaa-
tbanatbe npuni roTono ayTomaTexti nomohy jentiocTammx anre6apcmix 
onepantija. 

3aiicTa, y3mHmo fIckasPony ckopmy HenoxynHor nopemeheHor xpe-
Tatba maTepHjantie Tatute Ha itojy ,riejcTsyjy cline xaxo on cpytumje 
cHna U, Tang H OA ckyinuitije ctina R. Ty ckopmy cacTan,ibamo osaxo 

. 
dr)+[—(r r)+T+U + R] dt 

=(i dr)+[—T + U+R]dt 

Ilocne npHmeHe o6pa3alia (4) H (5) 14 3animicanatba q.naHona canto 
npnora pena oBa cpopma ce csoAti Ha 

. 

(1, --(r,dr,)+ (—T + U)dt + 

(r, Sr) + R dt . 
36Hp npne spcTe 

cb i  = (r, dr,) + (—T+ U)dt 

je lickackona cpopma raasHor xpeTatba ca onronapajytimm inpasiima 
3a ckopmy cTatba H ckopmy aminje. 

36tip Apyre spcTe 
. 	-0 

(re 8 r)+ Rdt 
-0 

je rIckackona ckopma oTcTynatba, cpopma nopeMehaja. 03Haxa Sr o6paha 
nanuby Ha To na ce npomeHa nputh 36or npomeHe enemeHaTa rina-
HeTcxor xpeTatba. IrIpsH tinaH xapaxTepinue ntickepeHuHjanHo cTaibe 
nojane oTcTynatba. IIptimenimo na y H3pa3y 3a enemeHTapHy axiiHjy 
He yqecTsyje HH HtiepiiHoHH ;leo HH gnat! onronapajyhm )KHBOj CHJIH 

H TO 113 pamora 11.1TO cy o6a Ta imam npsor oiiHocHo Apyror pe,zia, 
a nomHonceHH ca dt OHH Tpe6a Aa  6y,ity 3aHemapeux. 

&multi cmo y nporianatby rinaHeTcxor xpeTatba Aa ce Ampepem-
umjanna ckopma xoja onronapa themy npeTsapa y ToTanith AtickepeHnHjan. 
Ilpema Tome, axo je no3HaTo masa° nnaHeTcxo xpeTatbe, cpopma 4) 1 

 je TOTaJIHH ntickepeHuHjan. Kaxo je can 143 onuiTe reopHje I-44one 
meTme no3HaTo ,na ripHcycno TOTaJIHOr nwpepetiittijana y (popm0 He 
rim Ha lickackone jemiaqtnie cPopme, okopmy moncemo H3OCTaBHTH 

H Tana hello otio6HTH 

= 0,- (r r)+ R dt 

To je cpopma nojane rinaHeTcxor nopeMehaja. Tpe6a HMaT14 y 
ntiny na cy Heno3HaTe sentiqi4He xoje upebyjy TIcPackose jentiatunie 
one ckopme npometubtimi rinatieTcRti enemeHTH y3eTH ma y xojoj cpopmn. 
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Y Haumim pa,Komima [10] H [14] Aajemo npe osera oBaj Hapa3 3a 
cDopmy'P 2 m3paxceHy nomohy mnaHeTuaix enemeHara 

(1/2 =p, (j, 81)+a, 8 (—n .0+ Rdt, 

rue cy HcKopHinhelle pamije o3HaLieHe KeAHLunie. 
Y Taj m3pa3 ynase, ceM Tpx cxa.napa 

Pi , a,, — n 

-o -0 -3 
Tpri BeKTOpa TpHjeKpa 1, j, k, KojH ce oApebyje y oxiocy Ha Heno-
wpeTHH npocTop TaKobe ca TpH cxampa. Ha Taj Hamm Hmamo HOT-

nymi micTem o,K mecT mca.napa 3a oKpebinsaibe nopemehexxx naa-
meTcxxx enemeHaTa KaO cl)yHxmija Hpemella. 

Y pa,Ky [10] H3BOAHMO Aticloepemmjamie je,KHatume namieTcmix 
nopemehaja 3a (me enemeHTe: 

a) sa Delaunay-ose enemeHTe — KaHoHHIme jeKHarme, 

b) 3a acTpoHomme e.nemeHTe — y Ao6po no3HaTom o6AHKy peme- 
mom HO H3BOAHMa, 

C) 3a Kewropow-cKanapHe enemeHTe — y 06.1114Ky KHe HeKTopcKe 
je,KHatmixe H je,KHe manapHe, 

d) 3a Alia Bewropcxa enemeHTa — 37 O6JIHKy KBe BeKTopcxe 
jeAHatixe. Te HeKTopcKe je,KHatuie H3r.ne,Kajy oBaxo: 

kil+[6, 7?2], 	G= [G, A] + [ -A 1%], 
-o 	-o 

r,Ke cy: C H G BeKTopcKH n.naHeTcKH enemeHTH, 
-0 
R1  14 R2

-  • 

Ae.aHmlltmit rpa,mijeHTH cpyHmuije R y omfocy Ha 
-) 	-) 
CH 0, Tj. 

/21 ----gradz.* R, 	R2

- =

grads R, 

H F BeKTop ca HpeAHomhy 

1  — D 2  Z, ( C a)) 	(i_D2p2 [-t 61,  
C. 	ca D2 

c, 
 

npm cemy ce D2  oApebyje 143 je,KHatmHe 
-o 

02 — — (C, 0) 2. 
C 2  

r RABA 14 ETBPTA 

cipemomemonoluxo Tymagelbe 1143a4maa npammana 
y mexaamma npomearbamx maca 

4.1. Mexamma npoxemibmax xaca 

noc.nemmix ro,KHHa mexamixa Tula, qnja ce maca nonehaKa 
HJIH onaKa, HJIH melba cHoj pacnope,K 3a spew xpeTaiba, 6H.na je npe,K-
meT ripoplaBaHDa OA cTpaHe Bp.no He3HaTHOT 6poja Hcrinmatm. 3a °Bo 
HMa mime pamora. flpso, Tamm npoyquiatba cy HMana nornyHo Teo-
plicKH xapawrep H micy Hmana npawniqmix npHmella. Apyro, 3a TaKBa 
npoytmsatha je noTpe6mi spa° TexmK maTemaTHInai anapaT, HapoLuiTo 
3a Ba)KHe npmmepe Kao HITO je xpeTathe 3emJbe ca Hpemim npommubH-
BHM BO,ZIeHHM H Ba3,Kyunnim noxpimagem. Tpehe, HHcy 6H.Tni caanaKami 
Nino Ha)KHH npo6nemH HI4 ca CTaJIHHM macama maTepHjamnix TagaKa 

H npema ToMe rAmme Harme cHare 6aie cy ynyheHe Ha pemasaibe 
• 06p3,11y 0/114X npoonema, Kojof cy nocTaJIH macHimm. AnM, Hum 
raasmi painor, pasyme ce, 6Ho je y ToMe LUTO TaKBH npoonemil HHCy 

614.1114 Be3aHH 3a npawiligati Hil4BOT, 3a noTpe6e HiiiiycTpHje, 3a noTpe6e 
oA6paHe. CaK, y cpe,KHHH AsaAeceTor Hem, cniap cTojH cacmim 
AppoiHje. ABHOH I4 iberosa 6oM6a, KiipHroKaHH paxeTHH npojew 
• liaj33,11 caTeaHTH H BemTatixa He6ecKa Tema KoHcTpymcaria 
ca upubem Ka ce AocTHrHy MUCH 14 rinaHeTe H Ka ce spare HaTpar 
• je To OA orpomHe HaxmocTH. A xpeTame 6am OBHX o6jeKaTa 3a-
BHCH Kaxo OA npomeHe imixose mace (ropHso, 6oM6e, naAo6pamm), 
Tax° H OK npomeHe pacnopeKa IbHX0B14X maca (inipHrosatbe). 

je OBHx HexoJIHKo BpcTa (me pacnpaKe ,Ka noKme Ka ce 
H npo6.nemii o KpeTatby maTepHjamnix o6jeKaTa ca II00MeHJbHBOM Ma -

COM mory o6yxHaTwrif 011111THM 4)eHometionommim Ancl)epemnijaaHHm 
npriHnomoM. 
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4.2. Cariaj maxepmjanme Tatum npomeammae mace 

Hexa ce maca m maTepHjanHe Tatuce melba 3a apeme xpeTaa,a 
Tatnce H jawba Kao ItyHKIBlja BpemeHa m (t). 

YHenmmo, 6e3 o63Hpa Ha npOMeHJbHBOCT mace m, Hmnync TaLwe 
-0 

ca p = m v. >f<HBy cHny Tatum o3Ha4imo ca 

1 	1 
T - m 1,2   

2 	2 m 
p- 

-0 
H CHJly , xoja nejcmyje Ha Tanxy, ca F. 

(r)opmy cTaffia Os , Imo yam y3Hmamo y o6nHxy 

-0 -0 
= (p, dr), 

-• 
rae je dr enemeHTapHo nomepathe Tamme. 

4 -0 
II1To ce Time ctiopme axuHje, ceM tinaHosa: HHepuHoHor - (p, v) dt, 

nnaHa, xojm samicH on Hume acne, T dt, H ammje cnojbalnH,e mine 

f (F, d) Tpe6a yHecTH jour jena.H =max atamje, HaMMe oHaj Koji! cTojH 
y Beam ca npomeHom mace Tena. Taj nonyHom nnan y OBOM caymajy 
mo)xemo yBeCTH Ha ocHoHy OBHX lifiTylITHBHHX pacyhmHaffia. Heim ce 
y Tom)/ BpemeHa dt 6ecxpajHo mana maca dm HJIH nonaje (dm > 0) 

HJIH 0,71373HMB (dm < 0) on Tena mace m, a npema nocTawbeHoj cpyrix-
Hmja m (t). Tana dm/dt mo)xemo npoTymagHTH xao 6p3HHy (cxanapHy) 
nocHnalba (dm > 0) HAM oTcHnaffia (dm < 0) mace. Aim Ty 6p3Hrty 

BOMHONCHMO alICOJI3TTHOM 6p3HHOM u Mace dm y momeorry t, npo- 
-÷ dm 

H3BO,IE u — 
dt 

mma nmmeH3Hjy mine, xojy hello 3BaTH cHna npHmajarba 

onHocao onsajaffia: oHa AejcTsyje Ha Macy in, Kan nonyHcxa maca dm 
HJIH nona3H y nonmp ca OCHOBHOM macom m HAFT je Hanyurra. Ta cHna 

3a pee dt Hpuni Ha nomeparby dr Tanxe e.nemeHTapall pan HenHEIHHe 
(-> dm 	 4  dm 4  

U 	d 	TOM parry  onrosapa enemeuTapHa axamja (u 	d r)dt. 
dt 

Can moIxemo HanHcaTH I-441mq cpopmy npoonema 

-3 - 	 1 	 4  dm -) (p, dr) + (0, dp4.)±[- — p 2 + 	d4r)-1- (u 	dr)ldt. 
2m 	 dt  

lipema roj stopmH cacTawbamo 114)acpose ,amcpepeligmjamie je,ana- 
tame: 

-o 
dp=grad -7 	+ L+4-1- 72)dt, 

dt 
4 1 4 

0 = gradi 	dr - - p dt, 
m 

Ilpse .Be jemiatimie ,a,ajy 

(p, (1913) 	, d4r) + (u 	
t 	dt 

—dm , d4r)=—"  
el 

d_124 	u-+ dm 
(1 ) 

	

dt 	dt 
-o 
p=mv, 

a Tpeha ce Ha OCHOB nprie Ben npemapa y H,aeHTHTeT. 

flpHoj on OBHX jenHanHHa onrompa OBO npamno: 
1/13Hon no HpemeHy Hmnynca maTepHjanHe Tanxe ca npomemmoom 

macom jenHax je 36Hpy aKTHBHe cane xoja nejcmyje Ha Tanxy H no-
nyticxe cline npHaajatba ontiocHo onsajaffia OHHX maca xoje H3a3HHajy 
npomeHy mace TagKe. 

AKO y jenHanHHy (1) CTaBHMO HpenHocT Hmnynca H3 npyre jenHa-
EIHHe, no6Hhemo 

d4v dm 4 4  dm m 
dt 	dt 	dt 

HJIH 

d-°v 
m - = F+(u-v)— 

dt 	 dt 

AKO yHenemo nojaM peaxTHHHe cline R ca HpenHourhy 

--, dm 
R -p 

dt 
-0 -0 -0 

me je p=u - v penaTHHHa 6p3HHa mace dm npema macH m, oHna ce 
monce HanHcaTH 

dv 4  ►  
m- =F+R 

dt 

H osa jenHatthHa npormTam xao npamino H. B. M e epcxor [52]. 
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JegHaqinia xperafba maTepHjanHe Tatoce ca npomearmisom macom 
ce CBOAH Ha jenHaqmHy KpeTatba Taluce ca KOHCTaHTHOM macom, aKO 

canama xoje Aejcvsyjy Ha Tatncy Ao.icamo peaxTHBHy CHAy. 

4.3. Cariaj tinpcTor Tens npoxemibuse mace 

Y cHojmm paztosHma [70, 71] npoyqaBao cam xpeTaibe marepH-
janHor cHcTema xojm man° oTcTyna oA impcTor Tena. Pacybintafba THX 

parcosa cam 3aTHM npHmeHmo Ha npoyqaBatbe npo6nema o nomepatby 
3emJbmHa nona II0A 113BeCHHM MeXaHHLIKHM npexcnocTaBxama [72, 73, 
74, 75, 76, 77]. Ha TpeTmpalbe °mix npoonema ce monce HCTO TaK0 

npHmeHmTm meToAa icojoj je nocBeheHa oBa moHorpacpmja. ,aa He no-
Hawbam Tanannba pacyijUBalba, canto Ha ApyrH HaqHH HaBexcexa, no- 
xywahy Aa ripHmemim (DeHOMeHOJI0111KH OAHOCHO II(13a4)0B npmHaHn Ha 
Apyrm, caspemeHmjH npo6.nem, Ha npo6nem o xpeTalby paxeTe. Taj 
npo6nem je no cHojoj AmHammEncoj cTpyxTypH aHanoraH npo6nemHma 
xoje cam npoyqaBao y rope nomeHyTmm panormma. 3a o6pa,ay Tor 
npo6nema Hapoqmo je 3ronHo ctieHomeHonounco Tymagethe nojaBe rIte 
ce noAanaqm cneumjanHa ynora paarpaHHLiaBania npoyqaBatba cpopme 
cTalba oA cPopme axamje. IIpH npoyqaBalby cPopme cTalba cam no ce6m 
ce jaBJba npHHumn COAHAHCIMKa014je. ILITo ce Tmqe cbopme axitHje, y 
H-)oj ce nojaaJbyjy CBH OHH ElAaHOBH KOjH KapaKTepHilly TOK nojaBe 
H TO y o6nHxy A011yHCKHX CH/la. 

Teno paxeTe nocmaTpamo y Asa momemTa: y momeHTy t H y mo-
meHTy Y momeHTy t paxeTy cmaTpamo Rao 1BpCTO Teno ca 
cxynom rIO3HaTHX AHHaMH41(14X napameTapa tIBpcTor Tena. Camo TO 

Teno H ocyn napameTapa y3eTmx 3a Ty cpa3y o3HaqHmo ca n. To cTalbe 
Tpe6a cmaTpaTH xao nona3Ho cTalbe 3a MOMeHT t. 3a TO 110Aa3H0 CTalbe 

moncemo cacTaBHTH nmcpepeHumjanny cpopmy cTalba, cTalba qBpcTor 
Tena ca napameTpHma n H Heno3HaTHm BenHq0Hama !cc* onpebyjy 6y-
nyhe 2cHcpepeaumjanHo cTalbe. 

Ilpema je,RHatmm (1) § 2.5 cPopma cTalba qapcTor Tem ce H3- 

pa)Kasa oBaxo 

(K, A r4) + (1(A), AO, 

rAe cy: K 	KOAHt1HHa xpeTaiba qBpcTor TeAa n, 	MOMeHT 

KOAHI1HH2 KpeTatha CBHX enemeHaTa conaamcPincoBaHe mace EIBpCTOT 

j Tena (moo TailKe A Tula, r4  je HexTop nonomaja Taqice A Tena, pe- 
!Immo oHe Tatnce xoja je Be3aHa ca rnamom Henpomeal,HBom macom 

—9 
paxeTe, Act BeKTOpCKH npeTcTaBHInc oHor 6ecicpajHo manor yrna o6p- 

9 
Tafba Tena OKO oce BeKTopa 0, TpenyTHe yraoae 6p3mHe Tula. 

Tpe6a y3eTH y o63Hp /la 3a HapaqyHaBalbe cope P, no o6pac-
mom 3a qBpcTo Teno Tpe6a y3eTH OHe BpenHocTm napameTpa n lc* 
ortroBapajy momenTy t 6e3 o63Hpa Ha TO 111TO Cy TH napameTpu cpywc-
aHje BpemeHa. 

rIpm cacraarbaby cPopme alcuHje Tpe6a y3eTm y o63Hp oBe qna- 
HoBe: 

1. HHepl1HOHH Aeo 
4 4 4 4 

(—(K,v 4)—(1(A), 0) } dt, 

2. 1-1.naH Boise cane 
7dt, 

3. LinaHose OA CBHX CHAa xi* AejcTayjy Ha TeJ10 y TOKy ape-
meHa dt. Y caycajy npomealbmBor Tena Tpe6a y3eTH y o63Hp, xaxo 
TO noxa3yje aHanma nojaBe qax H y npa6aHncHom nocmaTpatby, oBe 
cane: 

a. Pe3y.nTaHTy F CHOJball1H314X 

9 

b. Pe3yATaliTHF1 MOMeHT 	C110Jball111,14X cana OKO Tatum A, 
9 

C. Pe3y.irraHTy peaKTHBHHX Cana R, 

d. Pe3ynTaHTHH momewr M(A) OKO Taince A peaxTHBHHx CHAa, 

9 

c. Pe3ynTaHTy KOpH0J111C01311X CH/la S, 

f. Pe3yJITaHT1111 MOMeHT N(A)  KOpHOJIFICOBFIX CHAa 01(0 TaLIKe A. 
He yna3ehm 37 AeTa.7b110 H3Bohefbe BpexcHocTH THX Cana npoTy-

maqHmo IbHXOBO 3Hagetbe. 

CmHcao CHO/bailiff:41X calla je noTnyHo jaCaH. AAH, y3HmajyhH y 
063Hp Aa ce paxeTa xpehe y npoMeHJbHBoj cpeAHHH ca npOMeHJbHBOM 
TyCTHHOM H na racom RojH l3na3e H3 ncnpena gory yTHHaTH Ha MO-

./balm-by cpeAHHy H cTBapaTm npomeHy y AejcIsy Te cpenme Ha pa-
xeTy, KOHKpeTHO HapaqyHaBatbe nejcTsa C110.Tba11115HX Cana, 3aCHOBaHO 

npH Tome Ha excnepmmeHTHma, npeTcTaalba Benmice Teucohe. 
II1To ce THqe peaKTHBHHX CHna, 11,14X0B0 o6pa3noncelbe y noT-

nyHocTH onroBapa (mom o6pa3noxcerby Te cane xoje cmo HaHenn y 
§ 4.2 3a cnyqaj canto jenHe maTepHjanHe Tatum npomeH.rbmBe mace. 
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OHAe Tpe6a y3eT14 y o63Hp caa HpOTOK raca ropHsa K0j14 npona3H 
xpo3 npecex HcApena. 

Haj3aA, urro ce THLIe KopHonticomix mita, 11)11X HHCMO imam! 
y c.nytiajy xperalba Tatme npomempime mace, jep CMO Tamo cmaTpanH 
Aa maca dm, xoja, penHmo, OAAa3H OA ocHomie mace m TaLme, ()Amax 
ry6H He3y ca TOM macom 14 npema ToMe He nocTojH penaTmEmo xpe-
Tafbe mace dm npema macH m. 013,Ae, y cnytiajy paxeTe, cmap cTojH 
Appomje. TopHa° Ao caropesaiba caLmHpasa macy qapcTor Terra H Tex 
npm H3nacgy 113 )K,Apena noxa3yje peaKTHBHy cH,ny. Mehyrkim maca 
raca 0.A noapumHe caropeHatba Ao npecexa )x,Apena Hma peaaTmmo 
KpeTalbe y oAHocy Ha rAmmo Tea() paxeTe. lipH TOM penaTHHHom 
xpeTatby cBaKH enemeHT raca HMa cHoje KopHonHcoso y6p3albe npema 
Terry. Ilpema xapaxTepy xperatba raca no xaHa.imma paxeTe cusapa ce 
KOMTIAeKC HOB14X cHna Koje AejcTayjy Ha TeA0 H Aajy cHojy pe3ya-
TaHTy H cHoj pe3y.TraHTHH MOMCHT OKO TaIlKe A. 1 eTaJbH0 npoyma-
Harbe THX cHaa je Be3aHo ca KOHCTpyKIHii Om yHyTpatutbocTH paxeTe 
H HpcTe ropHsa. 

Ha Taj Haim' cpopma cTakba H cPopma axuHje 3a oBaj c.nytiaj 
H3rne,Aajy cmaxo: 

	

-4 -4 	-4 — 
4,3 = (K, I r A ) + (1(A), a) , 

-) 	 -) 
4). = {—(K, V A ) — (1 (A ), 0) T+ 

P 

f [(++S, d rA ) + (CA) + AFA>+ MA), da)]} dt, 

Po  

a ocHomie jeAHatimie xpeTatba Ha ocHoHy 3axoHa rpa,AHjeHTa moxcemo 
npema jeAHatumama (4) § 2.5 HanHcaTH: 

-) -0 -• 
—d 

grath►  T= F + R + S, 
dt 	V A 

-) 	-) 

dt 	 v A 
—
d 	

0 grad.4  T+ [VA , grad 	= L(A )  + AlGo+ MA ). 

He yna3Hmo y AeTan)Ha npoygariatba omx HexTopcxHx H E.Hma 
oAroHapajytmx cxaaapHmx jeAHaiuma, Rata) ce TO paAH y paAomama 
cneuHja.nHo nocBeheHHM xpeTaiby paxeTe. BHAH, Hanp. [78] 14 [79].  

r JIABA flETA 

(1)eHomeHonou1Ko Tymaqem 11cpad3oBa npHmuma y 4311311414 

5.1. cbentoteHonounto Tymatielbe 114)astosa npinigana y Omega 

nOlUTO 1111.lb oHor paAa HHje y paapaAH nojeAmmx Hayinmx rpaHa 
noMOhy II•tacImHe meToAe Beh camo y ToMe Aa ce pa3jacuH clieHomeHo-
nomxa cTpaHa 1-1cpacPosa npimmina Kao onmer cl)eHomeHonouncor AH-
cpepeHunjaaHor npmuma, oHAa ce mo)xemo 3aycTaHHTH Ha manom 
6pojy npHmepa H3 pammx o6nacTH npmpo,zumx HayKa, KOjH ce Aajy 
o6paAHTH pe./MTHBHO jeAHocTasHo. A Aa TO ypaAmmo H LUTO Kpahe, 
yammmo npe cHera oHe npHmepe xojH cy Beh paHHje pa3pahem4, 6H,no 
ca moje cTpaHe [12] 6H.no ca cTpaHe TD. Myumuxor [21]. 

5.2. Cariaj reomeTpacxe mann 

Kao LUTO je no3HaTo, reomeTpHota onTmca ce moNce H3BeCTH ca 
jeAmim OA OBHX cTaBosa y3eTHM Ica.° nogeTHHm: 

I. 3axo0 Snellius-Descartes-os. 

II. Fermat-0B IlpHHHHII 0 CTaHHOHapHOCTH HHTerpana KOjli 

Hapamcasa pee npona3a CBeTAOCTI4 OA jeime Tatwe Ao Apyre. 

III. MaIUS-OB npmuum o opToroHanHocTH apawma. 

Am) ce jeAaH oA THX cTaBorsa ycHojH 3a oApeheHy okacT cHeT-
nocma nojaHa, y Bent ca oco6HHama cpe,AHHa xpo3 xoje nponam 
cseTJIocT, Apyra Asa c.ne,Ayjy 3a HcTy o6.nacT nocae H3aoherba AeztyK-

THB1114X pacylwaffia. 

Y3MHMO HajnpOCTHjM CTaB — 3aKOH Snellius Descartes oB H 03- 

seximo Antlepemmjanny je,AHatumy cHeraocHor 3paKa y cpeAHHH gHjo 
HHAexc npenammba p. 3aBHCH canto o,A nonowaja Tatme y cpeAHHH, Tj. 

-t) 
P. - 11  (0, 
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me je r =OM. Kaxo je ycHojeHo, Taima cpeni4Ha ce 3oHe H3oTponHa. 
3a Taxisty cpenHity Snellius-Descartes-os 3axoH ce ii3paxcasa jenita-
qHHama 

p sin i=µ' sin P.- const„ 

rne cy p. H p.' 14H,11eKCH npenamaiba nue cpenHtie, a i H yrnosti Koje 
3paK 9HHH ca Hopmanom Ha 110BpLIII4HH Koja onsaja je)Hy cpenHHy 
on npyre; TH yrnosH ce onmepaHajy Ha 1103HaTH Haqax H ripiananajy 
HCTOj paBHH. 

3a H3Hobeibe HexTopcxe nH4JepeHuHjanHe jenHatuille 3paxa cHeT- 
nOCTH y H3OTpOIIHOj Cpe,1113H14 y3mHmo 11p0H3B0JbHy TaLlKy M (cn. 2) 

Ha 3paxy H 3aMHC/114M0 eKBH- 

cxa.aapmy noHpuitmy KOja npo-
na3H xpo3 Ty Taqxy ,itaTy jen-
HaqHHOM 

p. (r)=11  (M) - 11. 

ilpeTnocTaimmo, putt KOH-

KpeTHOCTH, na 3pax npona3H 
113 cpenHHe ca maibtim minex-
com npe.namaiba y cpenHity ca 
BehFIM pinexcom. HeKa 143 Taq- 

M OH JtO/la3H y Taqxy M' 
Ha oTcTojaiby ,e1 S 14 He-
im oTcTojathe H3Meljy Ta'4Ke 
M H HOBO eximcicanapHe no- 

ca. 2. 	 Hpunitie, icoja npona3H Kp03 

TallKy M', H3HOCH ML =8, a 
npHpatuTaj kiHnexca npenamatba HeKa je Ay.. Y3Hmajylui y o63Hp 
claepeHuHjantie enemeHTe canto npHora pena moxcemo HanHcaTH HapenHe 
ontioce H3meby noTpe6tuc HenHqiuta, ca 03Haxama Haseneruim Ha cam!. 

Ha Snellius-Descartes-oBa 3axoHa 

p. sin i= (p.+4.) sin (i- A i), 
onaxne je 

Ap.•sin 	p.•A i• cos i= 0, 
14/114 

(1) Ap. tg i p. i. 

HenocpenHo ca cmixe je 

(2) T

- 

 cos i-f-v sin 	N,  

4 4 
(3) v= VA i, 

(4) grad p.= 4/8 = N. AMA S • cos 1). 

Tana 113 (2) nocne mHoxceiba ca Ap./cos i Ha ocHoHy (1), (3), (4) 
Ao6HHamo 

Ap.+AT•µ=O S• gradp.,  

()name nonammo no °He Heicropcxe nitcPepeunitjanHe jenHaqHHe 3paxa 
CBeT/IOCTH y 1430Tp0I1H0j cpenHHH: 

d 4  
—  ds (it T) = grad p., 

4 
me je T opT TaHreHTe Ha 3pax y TaLIKH M. 

:TKO penemo 03Haxy 
4 4 

p. T p, 
Ta HcTa jenitatuuta je 

(5) 2fl  =grad p.. 
ds 

Can Mo)KeMo Hai:semi 3a oriaj npo6nem ilcPacposy cpopmy, Hpo-
TymagHTH je cPeHometionounat, H3BeCTH 114)aCtIOBe jenHatnaHe H Holm-
3aTI4 na °He onroHapajy H3seneHoj BeKTOpCK0j nticIpepeHnHjanHoj jeA-
HaLTHHH npoonema. 

He yna3ehm y 6Hno icatalo Tymagethe npkipone cHeTnocTit, mo-
wemo TBp,1114TH na ce y HeKoj cpenitHti iumpH y HeKOM ripasHy HeKa 
nojaHa &um y Be314 ca HpemeHom, 6Hn0 qiICTO reomeTpacm, xao Imo 
ce npolnHpyje upTatbe Hexe xpmEte. Hem Hockinan Te nojaBe 3a naTy 

Taqxy M npocTopa y npasny opTa T

- 

 6y,ice HexTop µ T,

- 

 me je p. icoe-
clulnitjeHT nponopiutoHanHocTH KOjH 3aBHCH OA nonomcaja Tatme M. 

YHentimo o3H7xy 
-0 	-0 
p= p. T. 

4 4 
CicanapHit npoH3Hon (p, d r) Hapamcana mepy HpocTivatba Te no- 

-) 
jaHe Ha HapeAHom enemewry 3paxa d r. flpomeHa Te mepe 3as1 ►c1 0.R 
enemeuTa axtutje. Taj ce enemeHT cacTojs on HacnebeHor npocnipaiba 

4 4 
y o6ntixy - (p, T) ds Ha enemeHTy 3paxa T ds ca KOjHM je cHeTnocT 

A0/11.11a, H 3aTHM 143 enemenTa p. (r) ds KOjH Tpe6a cmaTpaTH Kao ene- 
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MeHT oHe cpyrarmje, gMjH rpaArrjenT, CJIHt1H0 CHAN, H3a3HBa AeBH-
jarlHjy enemeHTa 3paica y Hapermom orrpetpraarby nonomcaja enemerna 
Tor 3parca. IlpeMa Tome licPacposy cPopmy 3a °By nojaay moacemo 
HanmcaTH 

HMaMo jerwatlime 
dpx  = dp. 
dt 	dx 

HJIH 

	

-) -) 	--■ 	-) 
CP ------ (p, d r) + [- (p, T) + (r)] ds. 

licPacporte jerrHaturHe oBe cpopme rrajy jervratrktHe: 

d p

- 

 = grad p. • ds, 
-+ 

0 — dr - Tds, 
►  

d[(p, T) - p. (r)J = 0. 

IlpBa jermaluma ce nomana ca jerwaqHHom paHHje H3HerreHom 
143 Snellius-Descartes-ona 3arcoHa, Apyra H3paacarta cHojcnio TaHreHTe 
Ha xpprEgy, a Tpelia ce npeTHapa y 11,aeHTHTeT Ha ocHoHy nixie Arm 

Arco mecTo npomerubuse s yHerremo npomermiray t, peummo ape-
-) 	-• 

me, ca T ds/dt = v cPopmy moNcemo TpaHapopmircaTH Ha osy 

-) 	 -■ 	 -0 -0 
(p, d r) + [- (p, v) + p. (r). v] dt = (p, d r)- H dt, 

rxre je H ...amiraToHorla cpyrnumja 
-+ -4 

	

H 	(p, v)- p. • v. 

013oj cpyHxmljH orrrompa Fermat-cm; HHTerpan 

fp. (r) v dt = f f (x, y, z; x', y', z') dt, 
to 	 to  

Ermja cTartHoHapHocT orrrompa Fermat-osy npHiruHrry. 3aHcTa Euler-
Lagrange-eae je,arratiture rrajy 

d a f df = 0, 
dt dx' dx 

Kaxo je 
df  

= p. x7v p. Tx = px , 
dx' 	. 

df 
Ox 	dx  

dpx  =Op. 
ds 	• 

xoje H orrroaapajy BercTopacoj jerrHatimm (5). 
Y caprajy arm30TponHe cperrHHe Karr Hitaexc npenamarba 3armcH 

H cur npaana 3paxa, Tj. 3a caygaj 

(r, 
yHorur ce BeKTOp 

grad T11,  

114laoPoHoj ePopmH ce rraje o6nHx [12, cTp. 8] 

= (4p, d-)r)-[(P,T)- p.] ds (p, dr) - Hds, 
4 4 

(P  

4  H = (p,1)- p.. 

cPeHomeHonomxo Tymagethe °He cpopme je roToso HAeHTHtIHO ca 
Tymagerbem y npeTxorrHom c.nytrajy. 

(Popma Itaje jerrHatunie 

dp = - grad(  H • ds, 

0 dr —grad T  H • ds, 

xoje y ocanapHoj cPopmkr Hmajy xaHoHirtum 06.nrix 

dpx  
ds 	drx 	

; 
	drx  OH  

ds dpx  

5.3. Cariaj Teparoartaamaxe 

BehHHa nHcaua, =tax 11 caspemeHHx, rcojH H3naNcy KnacHimy Tepmo-
rwamHxy, npitapwarsajy ce HcTopHocor nyTa, a Taj nyT je, yrnamom, 
He3aH 3a npaxTHEme npHmeHe Tepmoarmamince 14 y npHom perry 3a 
Tepmmince moTope. To nompbyje H GI)OpMyJIHCalbe OCHOBHHX npHH-
mina repmorwamme orr cTpaHe mHorrix nucana y Be3H ca perpetuum 
mobile ripe, 0,aHOCHO Apyre BpcTe. AJI14 6e3 o63Hpa Ha TO IIITO ce 
Ira TOM HCTOpHCKOM nyTy ,114TaB H143 Hermicrix ymona 6aBHO TeopHjoM 

3a r 
-) 

3a p 

3a s 

rrre je 
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TonnoTe yonurre H cnenHjantio TepmotcHHammtom, lc/magma Tepmo-
Autlaminta join H can tikije no6Haa cnojy AeCPHHHTHBHy Teoplicxy 
cl)opmy, y K0j0j 614 cpaitTa excriepHmeHara H AOTIltIKH CTaBOBH 6HJIH 
none3amt y cTporH CHCTeM canto He011X01HHX nojmona H He1436eACHHX 
pacyhirnaiba. 3a cTsapaibe Taxsor cHcTeMa Hma mule npenpexa. 

flpso, Taxan CHCTeM Mopa o6yxnaTHTH orpommi excriepHmeii-
TanHH maTepiijan, itojit ce maicor naHa 3HaTHo npounipyje H Be3aH je 
He camo 3a 14)143HilKe nojane y yncem cmHcny, Bell H 3a xemHoce, a 
cat( H 3a symeapHe nojane. Join mije ymphex HH oHaj nectoHmi-
THBHH OKBHp K0j14 6H jacHo orpaaHO OHaj cxyri nojaBa itoje noanewe 
npoyqasaiby. 

Apyra rvpRHLHncxa Teuixoha y cmapatby Teopnje TepmHtuaix 
nojana je y Tome, Imo 6e3 o63Hpa Ha jaxo npounipeibe maxpociton-
CKHX ona&aiba Haopyncamim (mom y npanuy aie maibitx o6jexam, 
ocTaje join nentixa o6nacT seniaqiiHa HenplicTynaqHHx 3a HenocpenHa 
onancaba H npema Tome je HeMoryhe yhH y nporianaibe OHHX ne-
TaJba on icojHx 3asucH calla npmpona nojane. 

3atiaTax TeopeTHqapa, HaporniTo 01114X K0j11 X‘ene npHmeHHTH 
maTemaTHIwy meToay Ha npopiarlaHe TepmliqxHx nojana, y Tome je 
as ce ca UITO maimim 6pojem excnepiimeHTanmix He3amicimx cpaxaTa 
H ca mTO jacHHjHm H jeaHocTasimjiim maTemaTHqicHm anapaTom lunette 
Teoplicxki cHcTem TepmoaHHamHqxHx nojaBa. Ha ocHosy cnera OHM' 
IUTO je 6Hao paHHje ypaheHo on cTpaHe npeTxotwita, on KOjHx Tpe6a 
nomeHyTH: J. R. Mayer'a, J. P. Joule'a, H. v. Helmholtz'a, R. Clau-
sius'a, J. Fourier'a, W. Thomson'a (lorda Kelvin'a), W. Rankin'a, 
J. C. Maxwell'a, G. Kirchoff'a, N. L. Carnot'a, E. Clapeyron'a, J. Van't 
Hoff'a, J. W. Gibbs'a, M. Planck'a, H. Poincare'a H np. , no3HaTH 
maTemaTHqap C. Caratheodory [37, 38] Aao je jeAHy TeopHcHy cxemy 
Hanaraffia ocHoHa Tepmo,aHHamHxe. Caratheodory-esa cxemy HMa y 3HaT-
Hoj mepH aKcHomaTHLum KapaKTep H ca apyror acneKTa paajamnbana 
se3e Hamehy BeJ114 ,414Ha xoje yqecTsyjy y TeopHjii. Be3 o63Hpa Ha TO 
ILITO OHa, moniaa, He 3atioso.rbana noTpe6e npaxTHqapa, jep je cymitue 
TeopHata, maTemaniqxa, imam je oHa no6H.na umpomi ny6nHuHTeT [39] 
H pima je =lax H y unconcxy niiTepaTypy [40]. 

Myiumniii [21] je npHmeHHo 11cPaDosy meToay 3a Hasoheffie 
niiclgepeinuijammx jenHaqima npomeHe mexamiqxo-TepmHqxor cTaiba 
enemeHTa jenHHHEIHe mace, npH qemy ce xpanto no3Bao y TOM nervy 
csora paaa Ha H. v. Helmholtz-a [41] H Ha Hematuty eiinincnoneniijy [42]. 

Y se3H ca CaratModory-emm Haejama aajem y OBOM pay apyro 
insobeibe OCHOBUHX jeaHaminia TepmottilHamHxe, npH Remy npiimeibyjem 
cxemy ornuTer gieHommionouncor aiicloepemiiija,nHor 

He Hai:Kraal! Talmo CaratUodory-ene AeC131414141114je CBHX OHHX 

nojmona Koji! yna3e y Tepmoainiamwuca pacyhmsaiba, o6paTiimo Ha-
poluiTy nano-by Ha Caratheodory-eny tieclimiHnHjy ima3HcTaTiitie npo-
meHe mina. Koa A. Land e-a [39, cTp. 283] Ta Ae4)14H111114ja rnacH: 

Q u a s i s tat i s c h heisst eine Zustandsanderung, wenn si so lang-
sam im Grenzfall unendlich langsam gefahrt wird, dass die Zwischen-
zustande eine kontinuierliche Reihe von lauter Gleichgewichtszustanden 
bilden. 

Teopliciia moryhHocT npopianaiba Tepmtiqicitx nojana npexo HH3a 
paBHOTeniiiHX cTatba cHcTeMa 3HaTHo ynpoulhana npHmeHy Hamer (1)eao-
meno.nouncor npuHuHna Ha npoytianafbeTaKHHx cneuHjantmx Tepmmtuaix 
nojaBa. To ce ynpomhaHarbe Hapamcana y Tome LUTO ce y H3pa3y aft-
uHje monce 1430CTaBl4TH Hacnehellii, HHeptiHoim Aeo aminje. 

3a ocHomie nojmone ynetinmo °matte: 

T — anconyTHa TeMnepaTypa Tena, 

a — Helmholtz-on napameTap TemnepaType T; TaK0 Aa je 

= da 
dt 

U — yHyTpaunba exeprkija Tena. Y Ty eHeprHjy yna3e OBH ca-
6Hpuir 1. KHHeT14 ,1Ka enepriija monexyna y TpaHcnaTopHom H poTaHH-
OHOM xpeTakny, 2. xinteTima ocumnaTopHa miepriija aToma, 3. noTem-
uHjanHa eHeprHja y3ajaMHor npionatietba 14 oa6Hjaiba monexyna oti-
HocHo aToMa, 4. yHyTpaunba monexynapHa xemkicita eitepriija, 5. yHy-
Tpamtba aTOMCKa eHeprHja, eilepriija je3rpa. Ca rneamuTa cpeHomeHo-
nomicor Tymaqma swim° je npHmeTHTH aa yilyTpaunba eliepritja Tem 

U caapnth Kam) imieTwitcy exeprHjy, Tj. eHeprHjy xpeTaiba, Taxi) H 
noTemuijanHy exeprHjy, exeprHjy no.noniaja. 

pV, rae je p — npHTHcaK H V 3anpeminia, Hapancana 3anpe-
mmicxy mieprHjy raca, 

Q 	KO/114414Ra TonnoTe, 
S — eirrponHja. 

Cell Haseaeinix nojmona ynoTpe6npyjy ce j0111 H one nenimitie: 
miTxannkija ca speallowhy H= U p V, Helmholtz-oaa cno6o/wa eHep-
rHja A = U– TS 14 Gibbs-on TepmotwHamHqKH noTemuijan F= U– TS +pV, 
Koji! ce noHeicaa 3one H C/1060,11110M exeprHjom. 

8 0 cinHobiefionouncom AH4epeaqejaneoM tiputtufay 
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5.3 
	

Cnythsj repetomiKamince 	 .115 

OA HaseAem4x Hemigwua /me HenHqHme moncemo y3eTH 3a He-
3w3HcHe napaMeTpe, Tpehy 3a 3aBHCHH napameTap Hojki je Henn ca 
npeTxoAtaHm napameTpHma je,AHatumom cTwba, a ale ocTane HenHtmae 
ce 0Apebyjy TaAa nomohy TpH nomeHyTe. 

l4Ma pa3nora oA npomewbuBiX 

V, p, 7', 8, U, H, A, F 

y314MaTH camo ()He Hom6HHanHje no TpH Hentitmae: 

1) U, S, V; 	2) H, S, p; 	3) A, T, V; 	4) F, T, p 

H 0;1, 11314X jeAny y3HmaTH 3a 3aHHcHy npomerubway, a AHe ocTane 3a 
He3aBHCHe. 

Y3MHMO Gibbs-oHy Hom6HHauHjy H cmaTpajmo S H V xao He3a-
skicHe napameTpe, a HenHimHy U Imo sasHcHy. JeAHaqHify cTalba Taaa 
moncemo HanacaTH y o6nHxy 

U= f (S, V). 

KapaxTep (Pywawje f 3aHHcH oA clm3Htwe H xemacxe npHpo,ae 
Tem H ocTaje HCTH AOK ce Ta npHpoAa He npomeHH. 

flpHmemimo ca,a eDeHomeHonomxy cxemy 3a H3Hobeffie ilcbacpo-
BHX jeAHatimia TepmHtwe nojaHe. 

flowTo cmo 3a He3aHHcHe napameTpe y3enH S H V, AHcpepeu-
HHjanHH H3pa3 HapeAHor TepmHtwor cTatba Tula jeAHHHEwe mace, Tj. 
cpopma cTalba, monce ce HanHcaTH ()Ham) 

ps  dS + pv  dV, 

l',/1,e cy Ps H pv oAroHapajyhm HoecimakyjeHTH, 3aca,A flp0H3B0JbH0 

6HpaHH. HanHcalm 36Hp Hma AHMeH3Hjy axuHje H3pagyHaTe Ha jeAH-
Hwy mace, Tj. L 2  T*-1  (oHAe T, o3Hagasa Hpeme). H3 (nor cneAyjy 
AHmenHje xoecimuHjeHaTa ps H Pv• 

3ancTa, nomTo cy 

[Ps dS]= L2  T, -1, [S] = V T-2 : grad, 

Hmamo 
[As] = grad • 

CJIHLIHO, H3 
[Pv d V]— L 2  T* -1 , [V] = 

H3BOAHMO 
[p v ] = 	= LT.-2  • L -2  • T,, = [p] • Tp , 

rue je [P] AHmeH3Hja npHTHcxa. 

OBa aHanH3a AHmeH3Hja xoecInnwjeHaTa ynyhyje Ha TO Aa je 3a 
HoeciwnHjeHT ps  npmpo,AHo y3eTH Helmholtz-oB napaMeTap a ca ycno-
BOM Aa H3BOA daldt 6yAe jeAHax TemnepaTypH 7'. CJIHIMO, 3a Apyrkf 
K0e4:11.14HjeHT p v  y3MHMO Taxsy HenHEn4Hy Aa H3BOA Te HenHtwHe 
no HpemeHy oArompa HpHTHCKy H TO 6HpaMO ca HeraTHHHHm 3HaKOM. 
IlpeMa Tome Ham Haim Aaje cPopmy cTwha y OBOM 06nHxy 

adS Pv d V, 
ca ycnomma 

dpv  
=  dt 	P. 

JacHo je Aa HaseAeHa pacybkmatba o AHmeH3Hjama HMajy cam° 
nomohHH xapaxTep, a y CylUTHHH H3a6paHe HpeAHocTH xoecInnwjeHaTa 
cneAyjy H3 npeTxoAHor Ay6Jber nporiaawba TepmHimux nojaHa oA 
cTpaHe gHTaBor HI433 HcTpanamatia, npamtqapa H TeopeTHnapa. 

flpebHmo caA Ha cacTawbabe enemeHTa axuHje. floluTo Tepmittum 
npogec npoygasamo Kao HH3 pasHoTenallix crarba cucTema, HacnebeHH 
A eo, KaKO CMO HaBenH, He yna3H y amwjy. AKO, ceM Tom, npeTno-
CraBHMO Aa y TOKy cHaxor pasHoTexmor nponeca Ha Haw CHCTeM He 
AejcTsyjy cno.ibaum.e, HH TepmHtwe,1111 cline npHTHcxa y caygajy rata, 
oHAa OCTa./111 Aeo axwije 3aBHCH camo oA yHyTpaume exeprHje, Hob' 
cmaTpamo xao cpywalHjy oA S H V. 

Y cnyqajy HaseAemix orpaHHqwba 1-14Da4:0oHy (Popmy npoixeca 
moncemo HanHcaTH 

0= adS-Fp v 	Udt. 

3a npomembHHe S, V, t }maw) °He jeAllatimie 

cAl = T =( dij  
dt 	dS iv' 

dpv_ _ p jaU\ 
dt 	av)s ' 

W= 62  dS+ 13-1-j -v- dV =TdS - pdV. 
dt 	of 

AKO, ca Apyre cTpaHe, U Kao ctlyHmulja oA S H V Aaje 

du—( au) v  dS+(dU
s  

aV dV, 
aS  

da 
dt 
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BHAHmo ila je je,ztHatikma, LJJTO oAroaapa npomelubithoj t, 3ax.ibr1ax 
ripencoAHRx jeAtiacHHa. lipema ToMe je orkHatrimy 

dU=TdS—pdV 

mowemo cmaTpaTH Ka° AHorPepeuttHjaaHy jemaqHHy H3meby Henimma 

U, T. p, S, V. 

AKO ca, HOCTaBHMO jeJtHaHHHy, lc* AecImmuue Twin°Ty Teaa, 

y o6aHicy 	
A Q.--dU-I-dW, 

r,rke je A Q xo.nwthHa TonnoTe npn npeaa3y H3 je,lHOr cTaffia y Apyro, 

dU AacpepeHuHjaa yHyTpaunbe eHeprHje, dW eaemeHT cnwhaunbe 
eHeprHje, peammo, y o6amay pdV, oH,Ra npeTxo,rcHy je,zlatumy mo-

acemo cmaTpaTH Kao npfsH 3aKOH Tepmo,rwHamaxe, 3aKOH o,apacasalba 

eHeprHje. IlpHpaurTaj TonaoTe CMO 03HaHHJIH ca A Q, jep, xao IBTO je 

1103HaTO, Ta BeJIHHI4Ha He ripeTcTawba TOTaJIHH ,a,HcPepeHHHjaa. 

AKO ynopeAHmo jeitHaqHHy 

A Q dU + dW = dU + p dV 

ca je,rmatimHom 	
dU=TdS—pdV, 

H3BOAHMO 3ax.7bytrax 	
Q 

 = dS. 
T 

Kaico je dS TOTaJIHH Ampepetwujan, KOJIHH 	
A Q

HHK 	je Taxobe 

TOTaJIHH AmcpepeugHjan H npema ToMe T moacemo cmaTpaTH Ka° HH- 

TerpagHoma cPaicTop 3a eaemeHT A Q npeTcTawben, peammo, y o6.7acy 
aHHeapae ,RH(PepeHgHjaaHe cpopme OA Asa maaHa. lipema Caratheodory-y 

Taj maTemaTHInth cpaxT Aa ce —
1  jaBJba KaO HuTerpauHoHH rpaxTop 

enemexTa TonaoTe A Q H3paacaHa apyr0 3aKOH TepmoAHHamkuce HAM, 

xpaTico, 3aKOH eHTponHje. 
°Bum 3aHpuranam OBaj maim excxypc y o6nacT TeopHoce Tepmo-

AHHammxe. Hmao cam 3a awl) ,ika noxaacell nplmep cpeHomeHoaoluxor 

Tymattetba H Tepmmtumx nojaHa iv* Hmajy cBoje HapotiHTe oco-

6eHOCT14.  

5.4. Carla' eaexTpowamaxe 

Y3MHMO j0111 H npHmep H3 enexTpoAHHamHxe H npoTymatthmo ca 
cPeHomeHo.notuxor ramituTa no3HaTy nojaBy npomeHe cTpyje y roily 
y icojem ce Hanase — camoHHAyKumja, OMCKH OTHOP, KOH,II,eH3aTOP H 
reHepaTop (ca. 3). 

Ca. 3 

3a OHHC (me nojaHe yaeaHmo Hew:P.414mo HeaRtatHa, npH gemy y3 
03Haxy cHaxe BeawthHe, Kojy yHoicHmo, CTaBHMO y 3arpaa0 H tberoay 
aHmeH3Hjy y arICOJIyTHOM cHcTemy: M — maca, L — Aymallia, T — 
Hpeme. 

1 	3 

KOJIHHHIly eneKTpHuHTera o3Hat1Hmo ca Q[41 1  L 2  T -1], camo-
HHayauHjy ca L [L -1  T2], OMCKH oTnop ca R EL —1  T], xananHTeT ca 

I1 
C [L], eaeKTpoMoTOpay CHJIy ca Em[  2 . 2 	 • 

L T ], plumy cTpyje ca 
1 	3 

I 	T -9. 
143aarabe npoyqaHaFba nojaHe Moacemo 3HaTHO cxpaTHTH Ha oc-

HoHy no3HaTe aHaaorHje H3Meby npomeHe cTpyje, peuMmo y npocTom 
xo.ny H xpeTaffia jeaHe maTepHjaaHe Tatme (SHAH, Hanp., [43] 5). Y TOJ 
aHanorHjH camomaymmja L oArosapa HHepTHa maca maTepajanHe 
Taince, KOIIHHHHH eaexTpHuHTera Q— nomepathe Tax4xe, jaqHHH cTpyje 

dQ • 
— 6p3HHa Tatnce. Ilpema ToMe ca cPeHomeHoaouncor rAe- 

dt 
AHUITa y Toj aHaaormjH ,rkHcPepennHjaz dQ, AHcPepeHrxHjaa KoarigHHe 
eaexTpHHHTeTa, Hrpa HcTy OCHOBHy yaory y oneammtby eaexTpHimpix 
nojacia Kojy y mexaHHincam nojaHama nrpa ampepeHuHjaa nomepalba. 
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L P Q 	dt ) 	2 C 
Ao 

(Q2  – Cg):1E (t) d 	dt. 
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CacrasHmo can Ham 3a ninPepetutHjanHo cTatbe name enex-
TpHnHe nojane, Tj. Hapaa 3a cpopmy (Ps . 3a TO cTatbe ynonllmo npno 
BenHqinty 

pQ= L 

attanorHy Hmnyacy OATIOCHO KOJIHtIHHH xpeTatba H 3aTHM Harm 

Os= PQ dQ +0 • dpc2. 

KOJH onronapa OCHOBH0j lIp0MeHJbHBOj Q H ntxpepetuntijany tcoecinnui-
jeHTa KO,K dQ Kano TO TpancH licPa(Pos HaHHH cpopmHpatba Hapaaa aa 
nmpepetutHjaaHo cTatbe. 

YHenemi H3pa3 HMa nHmeHaHjy [Pe  dQ]– ML 2  T''. Ty HcTy n14- 
meHaHjy Tpe6a na HMajy CBH g.naHonti onronapajyhe Ilcpacpone cpopme, 
a npema Tome H cama cpopma. 

Hanncann 36Hp je KHHeTHLIKH neo lipacloone cpopme. ,E(Hcpepett-
nHjaa dQ onroBapa OHOM eaemeHTy KOJIHtIHHe enexTpHuHTeTa KOjH ce 
nojana.yje y xony 36or eaemeHTapHe atutHje aa Hpeme dt. 

CacTasHmo can (Popmy axnHje 3a name enexTpHinto nom. Roe-
cptinHjeHT icon dt y TOj otopmH lama one nenose: 

1. nacaeljeHy alcitHjy y o6atcy 

– PQ Q °—  P2c2 

2. 14.naH aHaaorau ncHHoj CHJIH, Imo lynx neo y Hamilton-onom 
nejcTny, 

11 L 
	

1 1 
— LQ 2  — • p 2  • L -2  =  — p2  
2 	2 	Q 	2 L Q  

Om Ana snana „nab, aajentio 

	

1 	1 p2 
2 L Q  

OCTaJIH TIJIallOBH y Hapaay aa atatHjy onronapajy OHHM yapo-
twma, xojH aKTHBHO H TO, TaKO pelm, cno./ba metbajy cTatbe cHcTema, 
H rtHjy y.nory y mexamtH Hrpajy cane. IlpH Tome Tpe6a na yaHmamo 
He came cline, selz 11314X0B0 ,KejcTB0 3a npomeHy y AaTom caynajy Ha 
eaemeHTy dQ. 3a one yapoxe KOjH nejcusyjy y KO/Iy H HeMajy II0TeH-

014jaAHH icapaxTep, Tj. He nocTojH aa fbnx onronapajyha cpyincnHja cHae, 
Tpe6a tcoecinnwjenT y3 dt CTaBHTH y 06JIHKy HHTerpana. llotnTo y 
Hacuem Kony IlOCTOjH OMCKH oTnop, xoHneHaaTop H reHepaTop eaexTpo- 

moropHe cline, mina npema amccamma enexTpoatmamince onronapajy 

	

THM yaponHma npomeHe cTpyje one HeaHLIHHe: 	
d Q 

R 	aa OMCKH 
dt 

 oTnop, – 	,., aa cTpyjy nomepatba a6or KonnemaTopa H Hajaan E 

aa eaexTpomoToptty CHJIy KOjy cmaTpamo xao nary cpymtHjy Hpemena. 
Ha Taj Hantin y K0414IIHjeHT 3a axnHjy Tpe6a na yby OBH tiaanoaH: 

A 	 A 	A 

f (R 
d

d

t

Q
)dQ, – —1  f QdQ, 	E (t)dQ, 

A. 	 A. 	 Ao  

me CMO ca A 03HatIHJIH Hexy KOHCTaHTHy rpatmny, a ca A rpammy 
xi* onrompa HpennocTH Q aa ono cTatbe 3a xoje npoynanamo npo-
meHy Hamer nwtepeHnHjanHor cTalba. ApyrH =max lima noTeklltHjantut 
xapaxTep H tbera 6HCMO moram Hanmcant y 06JIHKy 

2 
1 
C 

 (Q2 Q12)
• 

flomohy no6HneHttx H3pa3a ficpacpona cpopma aa npomelly cTpyje 
y Hamem utexTpHnHom xoay monce ce 143pa3FITH OBaK0 

= pQ  d Q 0 • d pc1 

113 °nor Hapaaa cPopme npema cpeHomeHonouncom npmuntny na je 
n.HcPepeHuHja.n cHatcor xoecpHnHjeHTa Ron cPopme cTaffia jenHax rpanH-
jeHTy 3a onronapajyhy npomemmtiny on axnHoHor Rena Hmamo npe 
caera (my jenHatiHxy 

	

dpQ=[
R 

dQ 	
Q + E (tddt, 

	

dt 	C 

HJIH 

L 
d2Q 

R  —
dQ 

+ —
1 

Q = E (t). 
dt2 	dt 	C 

Axo H 3a npyre tcoecPtinHjeHTe npHmeHtimo FlePacPono npasHao 
cpopmHpaiba cHcTema jennagtma, 3a xoecptinHjeHT y3 dpg  Hmamo ony 
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11cPac4osy jeA,HatutHy 

0= dQ — — Ndt, 

Koja yTspbyje yse,aeHy speAHocT pQ  y 1:1)yHxy,HjH 

1LITo ce THme Tpehe jeAHamHHe 3a npomewbHsy t y 06JI 14Ky 

	

A 	 A 

d [._ 1  1 p 	

dt 	2C 

	

2Q _ r( _  dQ 	1 	2 	2 
R )dQ—  (Q --Qo)+f 

2 L 	
E(t)dQ1 = 0, 

	

Aa 	 A0 

jep OCTHJIH IlJIHHOBH He 3asHce eKCII./11411HTHO 0,11, t, olla ,aaje 

11 
pQ  dpQ  —R—

dQ dQ-- Q dQ±E (t) dQ=O 
dt 

dpQ  , 
H nocae TpaHaDopmaumje npsor maaHa Ha 	dQ H cxpahHsaiba ca 

dt 

dQ noH.nana ce ca npsom jeAHamHHom 3a npoMeHJbHay Q. 

Ha Taj HamHH CMO 11,06HAH cHcTem OA Ase AncPepenumjaaHe je,a-

HamHHe Koje moacemo HarnicaTH 14 OBaK0 

l 

	

d 	1 
L d R1+ —

c 
Q—E, 

t 

dO =I. 
dt 

To je OCHOBHH cucTem 3a npoymasalbe mwrasor HH3ae,newipHmHmx 

nojasa y enewrpoTextunw Hapomwro se3ainix 3a eaexTpHmHe ocHH-
aumje. 

FlpH npoymasamy HaseAeHe nojase 14CKOpHCTH.11H cmo allanorHjy 

PI 3meby enewrpHmHe H mexatume nojase. O6paTHo, HenocpeAHa npw 
meHa Hamer cpeHomeHozonixor npHHumna calla no ce6H nocTawba Ty 
aHanorHjy, jep Taj nimmuHn no csojoj npmpoAH o6yxsaTa cse nojase 
c.ammae cTpywrype y cmHcay cacTasmaiba H3pa3a 3a AHckepeHuHjaaHo 
cTalbe H 3a eaemeaTapHy axuHjy•  

r JI A B A LUECTA 

°num riptimeA6e o 4)eHopoteHoriountont ninuiwiny 

6.1. 06.nacT npumeast onulTer 43enomeHonomor wupepeHusnjanHor npampina 

Y npeTxo,AHom Hmaratby noxa3aam CMO caapacaj onuiTer cbeHo-

meHoaomHor AmPepenujamior npHHuHna (xpaTxo o. (1). A. n -a) H 

rosy se3y ca Taxonatwim licpactiosHm npmHotiHoM. Ta. Mywullual 

je y csojoj Te3H [21] npounipHo npHmeHy 1-1(1340sa npHaullna Ha mHTas 

11143 npo6,nema TeopHcHe 01)03HRe. Kam() 143 H3aaratba Ta. Myuui,Hor, 

Taxo 14 143 caapacaja cantor npHHuHna B14,L114 ce Aa ce Taj npHHuHn 
moxce npHmeHHTH Ha npoOneme H mHormx ,apyritx HayHa. KaawrHa me-
xaiuma, TaaacHa mexamma, craTHcTHgKa mexalunca, y KJIacH4Hoj H pe-

AaTHSHCTHMKOj (100pMH — ale TO ce mo)He nOBe3aTH y ctieHomeHoao-

uncom 06aHxy ca o. 4). A. n - OM. 

M. IIeTposHh je y csom seamom paay [44], xao 14 y Apyrkim 

csojiim paAosHma [45, 46, 47, 48], Ham° 11HTal3 11143 HaTeropHja 

npmpoAHHx nojasa (popmanHo nose3aHHx maTemaTHmxom o6paAom. 
Y Toj o6paum ce nojas./byjy H3secHe aHaJIorHje Ham:,  03meby seaH-

Luma noMohy xojpix ce spuni onHc (AecHpHnumja) nojasa, Tam) H 

H3meby chrfumHoHammx se3a (mexami3ma) xi* nocTaBJbajy cnony 
Hameby senntuia. Y cBojl4M pauosHMa M. fleTposHh je o6yxsa-
THO spa() umpoxe o6nacTH ripHpoAHNx nojasa, upnehm 14X ysex 

H3 oHor „6ecHpajHor mapenuna npmpoAHHx nojasa", o KOjHM OH ro-

Bopp! y npsoj BpCTH Ysoaa y csoj OCHOBHH paa o cbeHomeminormjH 

[44]. OA oHor spemeHa, Ha,a cy H3aulJIH TleTposHhesH pa,aoBH, npoulao 
je mHoro spemeHa, spemeHa y ToHy Kojer je „maTemaTH3auHja" npw 
poAHHx nojasa Hama spao 6p3Hm H HanpeAHHm KopausMa. CaA maTe-
maTHmHe cxeme noHa3yjy csojy mob y mHTasom HH3y pa3HospcHuX Ha-

ymmix o6.nacTH, max H oHAe rAe ce paHHje Tex noxa3Hsaaa H3secHa 
TeHAeHumja canto xa cucTemaTH3auHjii cpaxaTa. Taxse cy MHCuanaHHe 
— xemHja, clm3H4Ha xemmja ca orpomHom Hyatho xHnepTpocimPaHom 
HymeapHom 43143HKOM, 6Hoaorktja, ncHxoaorxja, noaHTHmxa eHoHommja, 
CTaTHCTHKa, couHoaormja ca TeopHjom couHja.mmx noHpeTa 14 AP. Y 

cse Te o6aacTH 14 am) He yaa3e HenocpeaHo cTpore maTemaTHmHe 
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mynauje, Hnax cse mute npOxHpy maTemaTHque cxeme Tatnutx .no-
TIVIKHX xoHcTpyRitHja. 

M. rleTposHh je y CBOjHM Hasexelmm panosHma y3Hmao 3a (Imp-
mHpatbe csojpix maTemaTHqmx cxema xrultepemtHjanHe jexHaqHHe, xoje 
oxrosapajy nojexHHHm nojasama, H npema ItopmH THX jexHatnitta H 
yno3H OHHX citaxTopa, KOJH yna3e y Te jexHamute, KoHcTpyttcao je 
maTemaTHLucH xeo csoje ctleHomeHonorHje. 0. 4). A. n., o xojem ce ro-
sopH y osom paJy, HMB 3a UHJb „Tta HOCTBBH TaRas IlpHHUH11, .raxas 
ynyT, xojH 6H Ammo moryhHocT He camo KJIBCHCDPIKOBBTH H npoyuriTH 
sett no6HseHe xtuftepetunijanHe jexHatnnie, seh 6H, o6paTHo, ;tam° 
npasHno 3a cacTaBJba}be camnx multepeHuHjaamtx jexHatuma H TO Ta-
KBHX xoje 6H Hmane „HtisapHjaHTax" xapaRTep, Tj. Koje 6H oxpamsane 
npHpoxy nojase a He camo maTemaTmxy cDopmy. Y iteHomeHonornjH M. 
IleTposHha HMaMO: OHHC nojase ca ysobeibem oxrosapajyhHx seam-
ImHa, H3 TeopHje THX nojasa no3ajwbeHe xtupepeHnHja.nHe jexHatmHe, 
cTarybalbe THX jexHainma y oxpebeHe maTemanme KaTeroplije, pe-
3ynTaT HHTerpauHje jertHatnma H iberosa ananH3a. O. 4). A. n. y3Hma 
orptc nojase ca ysobeibem oxrosapajyhHx senHtuta, aHanH3Hpa cTatbe 
cHcTema H y3poxe KOjH H3a3Hsajy npomeHy Tor cTatba H Ha ocHosy 
Te aHaJIH3e cacTaBJba jertan maTemaTHEum p3pa3, na, Ha xpajy, Ha oc-
Hosy Hapotmor npasHna, onHocHo 3axoHa (umitepeHruijanHtt npHpa-
araj—rpaxmjeHTy), king/LH xlicItepeHuHjanHe jexHaqHHe npoonema H 

cras.Tba HX Ha pacnononceibe maTemarmapy. Bit= 6H 3a6nyxa MHCJIHTH 
xa 0. 4). A. n. naje onurre npasttno 3a npoygasatbe CBHX HauHrmay-
&mix nojasa y npHpoxH. He, off naje canto maTemaTHEmy cxemy H 

noxa3yje tuTa rpe6a ,rta 3HaMo o npHpoxll nojase H o oHtim sentmHama 
Koje Hrpajy oxpebeHy y.nory 614.40 y onHcHsatby cTatba nojase 6H.no 
y OHOj atan4j$ xoja CTOjH y se3H ca npometubmsktm TOKOM nojase. 
McHH H3rnerta xa Asa ocHosHa enemenTa xojH yna3e, Rao HeonxoxHa, 
y o. . A. n. — impepeHuHjanHo cTalbe H enemetrrapHa ant* — TO 

je, yolunTe, ()Raj mHHHmym, 6e3 qHjer 3Hatba je yonurre TellIKO 3a-

MHCJIHTH Harmy o6pagy nexe nimponHe nojase, KOjy mcentimo o6- 
jaCHFITH npema y3pottHoj se3H. 

143 npeTxonttor je jacHo xa o6nacT npHmeHa o. 4). X. n -a monce 
6HTH BpnO umpoxa. Kam) HMaM join H xpyre Hxeje, xoje 6itx nceneo 
pa3paJHTH, a moje roxHHe Cy 3HaTHo nooxmaxne, mopam ce 3aycTasHTH 
Ha HinonceHom. MebyTHm, xaxo cy npameHe Tor npmintina, y o6.7tHRy 
Taxo3saHor fhDatitosa nptunuina, seh H3sputeHe ox cTpaHe MOiHX xpa-
I- 14X capaumma, cmaTpam xa 6H cal 6Hno on KOpHCTH yqHHHTH no-
Ryinaj npnmeHe Tor npHHattna H y xpyrHm HaytIHHM o6nacTHma, a 
HapotniTo y HyRneapHoj citH3Hutt. 

Y nocnextbem 6pojy pecPepaTHsHor amemmor rtaconHca [80] 
Koji je cuirao no aasputency cnaratba ose mitre, o6jas.ibefi je pe-
cpepaT M. J. Moravczik-a (Livermore, Calif.) o AncepTaunjil 5. My-
umicor [21]. Y TOM pecitepaTy Hase,Ren je noTnyt4 caApxaj nome-
HyTor pa,zka 6e3 oxalate 3amepxe H, cam:im npaminuo, Hammen 
(popmannam licbaci]one meToAe: The purpose of this paper is to extend 
Pfaff's formalism to several dimensions and apply it on various do-
mains of theoretical physics. 

cl)opmammam ilcpacDorte meToAe yaetc je ono npeAmeT pa3b1H-
unbatba OHHX xoji4 cy ce 6asHnH THM npexmeTom. Osy riptimex6y 
Aoxajemo xaxo 6HCMO noTspxanti xa je nHTaibe rspbmsatba cbetto-
metionoume ocnone 3a Ty MeTO,Ity HOTIVHO axTyanHo. 3aTo Ham ce 

LIHHH xa Hac, c jexHe cTpaHe, HcTHaatbe cTatba H axuktje, a c xpyre 
cTpalle, npHmetbmsatbe uptipoxttor 3aKOHa rpantijeHTa, y 3HaTHOj mem,' 

npH6nH)Ryjy yTsplitisatby npase, npmpontie, cloeHomeHonoume 'wen-
HOCTH Hose meToxe 3a npoygasatba npHpoxinix nojasa. 
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128 	 Resume 

R8sum8 

Remarques historiques sur le principe de Pfaff. Interpretations 
phenomenologiques du principe de Pfaff dans la mecanique generale 
du systeme, du corps solide, des fluides et du corps elastique, puis 
dans la mecanique des masses variables et dans la physique, notamment 
dans l'optique, dans la thermodynamique et dans l'electrodynamique. 
Remarques generales sur un principe general differentiel phenomno-
logique et sur le domaine de ses applications. 

PE310ME 

B nepHoti raase HacTosnuell palfioThi 11p14BOXIHTCH KpaTicar" 
npmmoNceHHfl K mexaHHKe TeopHH auHeilHoA ,Ln4c1)4)epeHuHiablioti 

(popmbi 11 C13413alilibIX C Het," A1434)epeHusa.abribix yparieHHR. OCHOBa-

Te.nem 3TOti TeopHi4 HaAO CHHTaTb maTemaTHKa 1-14)a4)dpa. PaccmoTpe-
HHe pones, KoTopyro moxceT Hrpam B npHJIOxceHHAX TeOPHA NaK JIHHea-

HOR CPOPMbI, TaK H aJlropHTMa narlygeHHH COOTBeTCTBy101101X iiH44e-
peHuraa.indibix yparmeicl, noKa3mHaeT, HT° Ha OCHOBaHHH BTOR Teo-
ppm mo)KeT 6bITb yCTaHOBJleH npHHumil, ero Ha3bmaem npmHuHnom 
U 4) a 4) 4) a, KOTOpbIll mo)ReT CJIyWIITID He T0,71bK0 B mexam4xe Ha psmy 
c ApyrHmH oonalmH npitHurinamH mexaHHRH, HO H B pa3./114qHbIX o6.na-

CTSIX Apyrux Hayx, rae Tpe6yeTcsi yCTaHOBHTb CBH3b meKrky H3me-
HeHHem KaKOrO HH6y,Kb ABJIeHHH 14 cpaxTopamH, KOTOPb1e BbI3bIBafOT 

3TO 143meHeHHe. B cHs1314 c 9THm B pa6oTe noagepx14HaeTcH 4)eHome-
Hoaorpv4ecKoe TO.TIKOBaHile KaK ,544)cl)epeHHHaabHori ctopmbr, TaK H ee 
anropHTma; opopma pa3,/LeaReTcg Ha AHe liacTH: Ha oPopmy aminpepeH-
1.114a.716110F0 COCTOHHHH H Ha (topmy AeIICTBHA, aKui,tH, a aJIrOpHTM, B 

raasHoft IlacT14, CTaBHTC54 B CBH3b C ecTecTseHHLim 3 aK 0 HOM 

r p a,rt HeHT a. B TaKOI1 0606111RHHOg H 43eHomeHonorkr4ecith HcTonxo-
HaHHog ckopme npHHHHn licpacinpa o6pawaeTcq B o 6 IL/14t1 (1)eHOM e-
Honor HmecicHri 11 ckcpepeHumaabtibiM n pHHUHn, pa3BHTHe 
npla.noxcem411 KOT0p0F0 H COCTaBKHeT coAepicaHile HacToBrueli MOHO-

rpaclo14 14. 

BTopaH raasa nocHsuueHa npmiloxcem4m4 K mexaHHice, TpeTbsi — 
14p14.ncoiceHHHm K He6ecHofl mexaHHme, T4eTHepTasi — ,E/ByM BonpocaM 
143 mexam4x14 TOKKH H TBep,aoro Tula nepemeHHoil maccbi, IIHTaH — 
Tpem Borrpocam 14314K11: 143 reomeTprolecKoti 0 IITHKH, 143 TepMQ/1,14Ha-

MHKH 14 113 9KeKTpOKHHaM14KH. B noc.Tei"HeR marie rippme,tieHm HeKO-

Topue 3amegam441 oomero xapawrepa. 
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