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Abstract

The main objective of this work is the formulation and algorithmic treatment of anisotropic continuum damage
mechanics at large strains. Based on the concept of a fictitious, isotropic, undamaged configuration an additional linear
tangent map is introduced which allows the interpretation as a damage deformation gradient. Then, the corresponding
Finger tensor — denoted as damage metric — constructs a second order, internal variable. Due to the principle of strain
energy equivalence with respect to the fictitious, effective space and the standard reference configuration, the free energy
function can be computed via push-forward operations within the nominal setting. Referring to the framework of
standard dissipative materials, associated evolution equations are constructed which substantially affect the anisotropic
nature of the damage formulation. The numerical integration of these ordinary differential equations is highlighted
whereby two different schemes and higher order methods are taken into account. Finally, some numerical examples
demonstrate the applicability of the proposed framework. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

To capture the anisotropic nature of damage one has at least to introduce a second order internal
variable, see e.g. Leckie and Onat (1981). Hence the main goal of this contribution is the development of a
framework for geometrically non-linear, anisotropic, tensorial second order continuum damage. Aniso-
tropy — already within the purely elastic case — comes into the picture if the introduced second order internal
variable is not a spherical one. Additionally, depending on the corresponding rate equations, the categories
of quasi-isotropic and anisotropic damage evolution are classified.

In order to formulate tensorial second order continuum damage we make use of the concept of a fic-
titious, undamaged configuration, see e.g. Betten (1982) and Murakami (1988) or the recent publication of
Park and Voyiadjis (1998). This fictitious space corresponds to the effective space of the classical [1-D]
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damage theory. Nevertheless, this second order approach deals with a stored strain energy based on the
effective or nominal space, respectively, whereby the damage metric acts on the strain metric as developed
by Steinmann and Carol (1998). Furthermore, the proposed anisotropic framework is directly based on the
theory of standard dissipative materials. This formalism consequently leads to the introduction of an elastic
domain, the postulate of maximum dissipation and associated evolution equations. In case of anisotropy
these rate equations represent a reduced set compared to a general tensor-valued tensor function in terms of
e.g. the strain metric and internal variables; see Betten (1985). A main advantage of the proposed for-
mulation is the opportunity to use standard isotropic hyper-elastic constitutive equations in terms of the
nominal strain and damage metric to formulate anisotropic material behavior.

Concerning the numerical integration of the evolution equations with respect to higher order, Runge—
Kutta methods two different categories of algorithms are classified. Namely, within the first category only
the actual configuration is forced to stay in the elastic domain whereby the second category additionally
demands the algorithmic intermediate stages to fulfil this condition. The algorithmic treatment is
straightforward and several implicit and explicit Runge-Kutta algorithms of different order are outlined;
for a survey see e.g. Lambert (1991) or the textbook of Ascher and Petzold (1998) and references cited
therein. Both categories are applied within a staggered formulation on a local level.

Finally, as a first illustration of the developed framework and for comparison of different integration
algorithms, numerical examples with respect to homogeneous deformations conclude this contribution.

2. Continuum mechanical framework

This section summarizes some basics of non-linear continuum mechanics within the setting of a mul-
tiplicative composition with respect to the standard elastic deformation gradient and a damage mapping
following the framework given in Steinmann and Carol (1998). Due to the general anisotropic character it is
self-evident to base the formulation on a material setting in terms of an appropriate set of invariants. For a
large strain isotropic continuum damage formulation which is numerically based on the computation of
eigenvalues and generally formulated within the spatial setting see e.g. Miehe (1995). Later on, the well
established theory of standard dissipative materials is consequently applied. Appendix A additionally states
some notation used in the sequel.

2.1. Basic kinematics and metric tensors

As usual, the considered body within the standard reference configuration is denoted by £, C R* and
x = ¢(X) represents the standard non-linear elastic deformation map of material points X € 4, onto
spatial points x € 4 in the current configuration 8 C R*. The corresponding linear map — introduced as
deformation gradient — F = Ox¢@: 7 By — 7 4 with det F > 0 transforms tangent vectors of material
curves into tangent vectors of spatial curves.

Similar to F an additional linear map F: 7 %, — 7 A, is introduced, whereby det F > 0 is assumed
throughout, compare Steinmann and Carol (1998). Furthermore, the linear mapping F allows the inter-
pretation as superposed diffeomorphism. Within the light of continuum damage the corresponding space
A, represents a fictitious, undamaged reference configuration — often denoted as effective space, see Fig. 1
for a symbolic, graphical representation.

The change of length of line elements as a consequence of the deformation of the body of interest is
represented by the Almansi strain tensor e € 4 and the Green—Lagrange strain tensor E € 4,, respectively.
Their interpretation from differential geometry is given by the differences of covariant metric tensors. Thus,
these tensors will often be referred to as strain metrics in the following. Next, standard pull-back operations
with the fictitious damage mapping F applied to E yields the effective strain metric in %,
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Fig. 1. Strain metric, damage metric and conjugate stresses with respect to the fictitious, isotropic reference configuration 2, the
standard reference configuration 4, and the spatial setting 2.

ec®B, E=F".¢e FcB, E=F -E.-FcR,. (1)

In order to compute the scalar-valued free energy function ¥ a second order, contravariant metric tensor is
used, whereby again standard pull-back and push-forward operations hold

Bec#B, B=F B F'c¢®, b=F B F c, 2)

compare Fig. 1 for a graphical visualization. These symmetric, positive definite tensors B, B and b can be
interpreted initially as energy metrics; e.g. B € 4, is one to one with the inverse of the standard covariant
metric tensor G~' € 4. Nevertheless, we tend to denote the metric tensors due to Eq. (2) as damage
metrics in the sequel since they will come into the picture as internal damage variables. For a constitutive
framework to formulate anisotropic elasto-plasticity at large strains in terms of a plastic metric we refer to
Miehe (1998).

Furthermore, the heart of the proposed formulation lies in the supposition B=1 which consequently
leads to the physical interpretation of 2, as an undamaged, isotropic, fictitious reference configuration.
Hence, in the case of damage evolution the eigenvalues 24 with respect to B are degrading, which means
B <.

2.2. Strain energy equivalence

Due to the principle of strain energy equivalence the free energy function ¥ per unit volume in %4, can be
computed within the fictitious —, the standard reference —, or the current configuration, respectively

P(E,B) = V(E,B) = y(e, b), (3)

here in terms of the internal damage variable and the corresponding strain tensor.

Generally, a tensor function defined by two symmetric, second order tensors is represented by a set of 10
invariants, see e.g. Spencer (1971). Thus, Eq. (3) is one to one with ¥Y(£2 I,) = Y(E81,) = y(*1;) for i =
1,...,10. Restriction to an isotropic configuration 2, with B=1 yields i = 1, 2, 3 and straightforward the
basic invariants

B8} — E:B, "I, =[E-B-E]:B, "L,=|E-B-E-B-E]B. (4)
Accordingly, within the standard reference configuration 4, the set of invariants reads
51, = E:B, *I,=[E-B-E):B, "*I,=[E-B-E-B-E|:B. (5)

This emphasizes that anisotropic continuum damage is formulated just by replacing the set of basic in-
variants in the free energy function which is the central idea of the proposed framework. As a main ad-
vantage, standard isotropic free energy functions can be used to model anisotropic damage. For a general
overview on the construction of constitutive equations for anisotropic materials see Smith (1994).
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Note that within the initially elastic domain isotropy is included if F is a spherical tensor. Alternative
approaches to formulate anisotropy applying an enhanced right stretch tensor U have been proposed by
Ogden (1997) and Sansour (1999). Whether the damage formulation itself is anisotropic or not only de-
pends on the chosen evolution equation of the damage metric. Since the internal damage variable is in-
troduced as a second order tensor typical classes of anisotropic materials like transverse isotropy and
orthotropy are implied in this framework which is underlined by the spectral decomposition of B € 4,

3
B= ZB)viBni ® "= o0l + o"ny @ Py + o®ny @ Py, (6)
P

as pointed out by Svendsen (2001).

Example 2.1. To show the parallelism between the considered fictitious map and structural tensors as e.g.
used by Spencer (1984) to formulate transverse isotropy and orthotropy three different types of mappings F
are outlined which compute B = F - B - F' for B=1 keeping the notation of Eq. (6) in mind:

Isotropy: For a spherical damage mapping with F = f,I the damage metric B is defined by o) = f5,
o =0 and o, = 0.

Transverse Isotropy: Enlarging this spherical mapping by a rank one term of the form F =
Bol + B2 @ Bn; renders oy = B, a1 = 2f,B, + B and o, = 0.

Orthotropy: Finally, an additional dyadic constructs F = I + ,%n @ 8n; + B,%n, ® Bn, yielding
Oy = /353 a = 2pf) + ﬁ? and o, = 2y, + ﬁ%

Remark 2.1. Without danger of confusion the general set of 10 invariants defined by two second order,
symmetric tensors — here E and B — is denoted by EB], 1o, €. g "Iy =LE,....*"I, = E:B,.

EBT ) = = [E - B - E]:B, see Appendix A. Obviously the relations EBJ — EBT. and P8, = EB[ 10 hold (compare
Eq. (5)) and furthermore, one easily verifies via the Cayley—Hamilton theorem that 281, = B[ (EB], ).
Hence, Eq. (5) represents a reduced but physically motivated set of invariants to formulate anisotropic
hyper-elasticity or anisotropic inelasticity, respectively.

2.3. Standard dissipative materials

Based on the theory of standard dissipative materials, as introduced by Halphen and Nguyen (1975), the
following outline is formulated within the standard reference configuration 4. Furthermore, an additional
internal, scalar-valued hardening variable x is introduced for completeness and an additive split of the free
energy ¥ per unit volume of the form ¥ = *#¥(E, B) + *¥(i) is assumed. In view of isothermal processes
the dissipation rate density & per unit volume in 24, reads

D=8 E-V=[S—0sP):E—0%¥:B—-0¥k>0. (7)

Following the idea that a purely elastic deformation does not produce any dissipation, which means
S — 0g W =0V E, the hyper-elastic second Piola—Kirchhoff stress tensor S, a covariant damage stress tensor
A and a scalar-valued hardening stress H are defined via

S = 8Elll, A= 763?1 and H = 8,C‘P. (8)

Application of these stresses to the Clausius—Duhem inequality (7) results in & = A:B — Hk > 0. More-
over, following the standard scheme, a dissipation surface @ is introduced which states an admissible elastic
domain A where no damage evolution or hardening takes place

A = {(A4,H)|® = (4, H; B) = o(4: B) — Y <0}, 9)
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with Y = ¥, + H(x) whereby Y, denotes a constant threshold and ¢ is known as equivalent stress. Next, the
postulate of maximum dissipation renders the associated evolution equations

B=70,0=790,¢0 and k= —70,® =7. (10)

Here 7y denotes the Lagrange multiplier and the Kuhn-Tucker conditions completed by the consistency
condition read

7=0, &#<0 70=0 and P =0. (11)
For convenience the Hessians of the free energy density ¥ are abbreviated by
Ty = a125E ¥, By = 81258 v, Py = 81293'Pa Y= a;%quv (12)

and [ 2], = [ &), respectively. For notational simplicity two gradients with respect to the dissipation
surface @ are introduced by 0,® = 0,0 = N and 93® = 0 = M. Furthermore, determining the Lagrange
multiplier y via the consistency condition in the case of damage evolution or hardening yields

. N:BEP.E
7= .BB . Kic : (13)
M — NBBL|N — =g

Ultimately, the material rates of the hyper-elastic second Piola—Kirchhof stress tensor S and the Green—
Lagrange strain tensor E are combined by a symmetric fourth order tensor denoted %, in detail

[BL:N) @ [NPEZ]

S=%E and £="g - :
an INFEL — M:N + =%

(14)

Remark 2.2. Note that for the general case where F and accordingly B are non-spherical tensors the in-
troduced stresses S and 4 of Eq. (8) are not coaxial with respect to their conjugate variables E and B.

Remark 2.3. Again standard pull-back and push-forward operations applied to the stress tensors render e.g.
S=F"'.-S-FTord=F"-A-F - see again Fig. 1. Moreover, the set of invariants due to Eq. (5) define
the tensorial stresses of Eq. (8) and straightforward partial differentiation yields

S=¥YB+2¥,B-E-B+3¥:;B-E-B-E-B,

15
A=-V"E-2V,E-B-E-3Y:E-B-E-B-E, (15)

in connection with the abbreviation ¥; = Ok, V.

3. Construction of the evolution equations

This section deals with the construction of rate equations for the internal variables, whereby throughout
the hardening stress H(x) and thus Y are assumed to be constant without loss of generality. In the sequel,
the existence of a damage potential ¢(4; B) within an associated formulation is premised which represents a
reduction compared to a general tensor-valued tensor function to compute the rate B in terms of the
damage stress 4 and the damage metric B, sce Appendix B.

A general survey on the construction of rate equations incorporating anisotropy has been given by
Betten (1991). For special emphasis on the formulation of plasticity including anisotropic yielding in terms
of structural tensors we refer to e.g. Boehler and Sawczuk (1976) or Boehler (1987) for an overview. An-
isotropic damage evolution within the small strain case is e.g. treated by Chaboche (1993) or Carol et al.
(2001a,b). General surveys on anisotropic damage theory are given by Murakami (1987) or Lemaitre and
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Chaboche (1998) among many others. Special emphasis on the evolution of structural tensors in the light of
continuum damage mechanics has been pointed out by Matzenmiller and Sackman (1994), Betten et al.
(1998) and Menzel and Steinmann (1999).

The general canonical form of the rate equation B = B(A; B) is denoted by

2 2
B~ Z;ﬁz:%_ﬁﬁM : A" with "M = % B'&1+ B'E™" -
%=0 =0

see Betten (1992) and Appendix B, respectively. If the existence of a damage potential is assumed, the most

general way to introduce this function ¢ = ¢(4; B) is of course based on the set of invariants “371,,”,10 in
terms of 4 and B which renders the associated evolution equation

. 10 ~ ~

B=joip=7 Y 0,700l with ¢=0(*T\ ). (17)

i=1.2.3,7

Nevertheless, this rather general potential approach represents a restricted form of the general canonical
equation (16), compare Appendix B.

On the other side, two selected representations of Eq. (17) seem to be natural, see e.g. Schreyer (1995):

The direct formulation is actually based on a second order, positive semi-definite tensor 2Z which directly
defines the evolution equation B = —j2E. This is one to one with ¢ = —25:4 and a straightforward cal-
culation using the loading conditions @ <0 and 7 > 0 yields the dissipation inequality & = yY = 0.

The formulation based on conjugate variables constitutes the damage rate via a linear map of the damage
stress, in detail B = j*Z:4 whereby *Z is some positive semi-definite, fourth order tensor. The corre-
sponding damage function reads ¢ = 1/24:*Z:4 which renders a Clausius-Duhem inequality of the form
9 =27Y =20.

As a first example the simplest case of a direct formulation is considered by >Z = B which ends up in

¢,=—B:4 and B=—jB. (18)

Although the damage metric is just scaled down in the case of damage evolution this approach differs
significantly from the standard isotropic [1-D] continuum damage formulation since B is not necessarily a
spherical tensor which renders a generally overall anisotropic material behavior. Nevertheless, in the light
that the damage rate B is throughout coaxial to the damage metric B itself, Eq. (18) will be referred to as
quasi-isotropic damage.

Contrary, the damage evolution is identified as truly anisotropic if B and B are generally not coaxial.
The rotation of the principle damage directions is generally guaranteed e.g. by *Z = B® B, see Appendix A
for the definition of the non-standard dyadic product ®. Now, the damage function and rate equation read

@, =14:B&B]:A and B=7[BRB| A4, (19)
which has formally the structure of a base transformation B = yB- 4 - B'.

Remark 3.1. Note again that standard isotropic damage is included in the proposed framework for F = f,I
coupled to quasi-isotropic damage.

Remark 3.2. Adopting the structure of the standard second and fourth order identity tensors within the
construction of the proposed damage functions yields
2=yB and ‘E="y B B+'n,[BRB+ BB, (20)

whereby due to the central idea of the whole formulation the second order identity tensor I =B € 2, was
replaced by the damage metric B € 4, to end up with anisotropic formulations in the standard reference
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configuration, compare Betten (1988). Moreover, for a non-spherical tensor B the second part of Eq. (20)
constitutes anisotropic damage evolution in the sense that the principle damage directions n do not stay
constant during the damage process which means B and B are not coaxial tensors. Furthermore, the
standard dyadic product renders a contribution within the category of quasi-isotropic damage and due to
the fact that both 4 and B are symmetric the two non-standard dyadic products end up in identical terms
for the damage rate B. This motivates the chosen damage function of Eq. (19).

Remark 3.3. With these two damage functions ¢, and ¢, of Egs. (18) and (19) in hand a general classifi-
cation of the coupling of hyper-elasticity and damage is possible which renders the following four categories

. isotropic hyper-elasticity (By = ayl) and quasi-isotropic damage (¢,),

. isotropic hyper-elasticity (By = ayl) and anisotropic damage (¢,),

. anisotropic hyper-elasticity (By # o) and quasi-isotropic damage (¢,),
. anisotropic hyper-elasticity (By # o) and anisotropic damage (¢,),

W =

whereby By € 4, denotes the initial damage metric. Note that formulations within category 2 become
generally anisotropic within the elastic domain in the case of unloading after damage evolution has taken
place.

4. Numerical time integration

A fundamental part of any formulation on continuum damage mechanics or elasto-plasticity is the
numerical (time-) integration of the corresponding rate equations. Usually, families of radial-return al-
gorithms are applied, see e¢.g. Simo (1998) for an overview with respect to plasticity. Based on the rate-
independent framework given in Section 2 a staggered algorithmic treatment is applied. Thus, from the
computational point of view, the classical time interval of interest T = Uf;/:o ['t,"*11] is actually discretized
into n time steps which define a strain driven algorithm. Please note that for the highlighted Algorithms 1-3
loading and unloading is exclusively checked by the trial step at "+'E.

To set the stage quasi-isotropic damage is considered first. Since the principle directions of the damage
metric B stay constant during the damage process an exponential scheme can be applied, compare Weber
and Anand (1990, Eq. (26)). Within the example of Eq. (18) the algorithm reduces to a scalar-valued it-
eration, Algorithm 1.

Algorithm 1. Exponential integration algorithm for quasi-isotropic damage, Eq. (18).

if ®(A(""'E,"B),"B) > 0

dowhile |@(A4y, A" E, "' B),""' B)| > tol
"B = exp(—A4y)"B

enddo

Several families of algorithms to solve for the roots of non-linear scalar-valued equations exist, see e.g.
Engeln-Miillges and Uhlig (1996) for a detailed outline. Within our numerical computations we prefer a
modified Regula-Falsi scheme due to Anderson and Bjorck which results in a much more stable algorithm
than interpolation or Newton’s methods.

For the general anisotropic case due to Eq. (19) several algorithms of the Runge-Kutta family can be
applied for the integration of the system of ordinary differential equations (initial value problem), see the
textbooks by Lambert (1991), Ascher and Petzold (1998) among many others for a general, mathematical
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overview and e.g. Hackl (1998), Diebels et al. (1998) and Kirchner and Kollmann (1999) with respect to the
integration of rate equations in the context of higher order Runge—Kutta schemes.

In the sequel, we restrict to implicit integrations. Obviously, explicit schemes are included in the outline
but lead again to scalar-valued iterations with respect to the Lagrange multipliers. Generally Runge-Kutta
methods are defined by the (s-stage) Butcher array

Ci|an ap - A
Cr| an axpn - dyg
Cy A ag) e [

| by by - by

whereby without loss of generality >} 5, =1 and ¢; = Z‘j a;; are assumed, see Appendix C for a small
collection of examples. Hence, for higher order methods several intermediate stages B; are implicitly defined
by

B, = "B+Ayi2aii84j¢(”+cfE, B) (21)

J=1
and the actual damage metric "' B is computed via

"B="B+4)> b0, P("E,B), (22)
i=1

1

whereby for simplicity the notation 4; = A("*“E, B;) was adopted. These non-linear equations are solved
for given Ay, by a local Newton algorithm which yields within each iteration k£ the linear system of
equations

1%" — AyanJ, — Ay and; | [ 4By R,
—Ay2a21J1 lsym — Ay2a22J2 e ABl R1

. . . ol ==1", (23)
_A’Vsasl']l _AVSaSZJZ e ABY Rs

together with the residuum R; = ,B;—"B — Ay, Z‘;:] a;; 04, P("9E, B;), the Jacobians J; = aikB,- X
&("“E, (B;) and the update ,,B; = ;B; + 4B.

Remark 4.1. Voigt’s notation is used to solve the system (23) and symmetry yields AB;, R; € R® and
consequently 1%™, J; € R® x R®.

Remark 4.2. In view of Eq. (19) the Jacobians are defined by

J; = akB,([kBi®kBi]5Ai)
= [6 B,»(ka®ka)]iAf - [kBi®kBi}:BB$i~

k

(24)

Accomplishing the differentiation of the first term yields in index notation with respect to a Cartesian frame

[1?,2',?,3 jn + B,«mlj.z,f}} :A . Moreover, the Hessian 229 = —0gA in terms of invariants (see Egs. (5) and (15))

using the abbreviations ¥; = O, ¥ and ¥;; = 0%, 158 1/?’ reads
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Bp=V\EQE+4VYuE-B-E|Q[E-B-E|+9¥3[E-B-E-B-E|®[E-B-E-B-E|
—|—2‘P12[E B E|RE+E®[E -B- E]}

+3%;

—

[E-B-E-B-E|JoE+E®[E-B-E-B-E|

+6‘I/23[E B E-B. E]®[E-B~E]—|—[E-B-E]®[E-B-E-B-E]}

2 FPEE, 4 3R E (25)
with [PPPPEER] L = EinEnE,y, [1;5,;‘,21301, + B Ly | and [PPPEg],, = E;,E,; 1)), in index notation with respect

to a cartesian frame, respectively.

In view of a staggered formulation, i.e. the Newton iteration for the damage metric is embedded into scalar-
valued iterations to compute the Lagrange multiplier, two schemes are possible. Within the first algorithm
the intermediate stages B; are not forced to fulfil the damage condition and @(4;, B;) > 0 is possible. Since
solely the actual configuration has to lie in the elastic domain A, requiring ®(**'4,""!B) = 0, this scheme
ends up in only one damage multiplier, Algorithm 2.

Algorithm 2. Integration Scheme 1: Intermediate stages are not forced to fulfil the damage condition.

if ®(A(""'E,"B),"B) > 0
dowhile |®(Ay, A("'E,""'B),"*! B)| > tol
dowhile||4B;|| > tol
B, ="B+ Ay Z,;:l a;;04,P(""E, B;)
enddo
"B ="B+ Ay b0y P("E,B)
enddo

Alternatively, the second integration category forces the intermediate stages to satisfy the damage condi-
tion. Now, all stages of interest lie in the elastic domain A but from the numerical point of view seve-
ral scalar-valued iterations for different Lagrange multipliers due to each intermediate stage come into
the picture. Furthermore, if the considered interval includes damaged and purely elastic regions as well,
the rate equation is not smooth anymore which may cause numerical instabilities for large integration
intervals.

Algorithm 3. Integration Scheme 2: Intermediate stages are forced to fulfil the damage condition.

if ®(A(""'E,"B),"B) > 0

if &(A("*“E,"B),"B) >0

dowhile |®(4y;, 4;, B;)| > tol
dowhile ||4B;|| > tol

B, ="B+ Ay, Z;:

enddo

enddo

dowhile |®(A4y, A" E, "' B),"'B)| > tol
"B ="B+ Ay bOsP("E, B;)

enddo

1 404, P("E, B))

Remark 4.3. Note that both Algorithms 2 and 3 are identical in the case of an Euler backward integration.
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Remark 4.4. As usual, the intermediate strain metrics are defined by linear interpolation ""“E =
¢"™E+[1 —¢]"E. Moreover, it is useful to choose as an initial guess (ini) within diagonally implicit
Runge-Kutta schemes B} := B; for ¢; > ¢; instead of the standard initialization B;" :="B.

5. Numerical examples

To discuss overall anisotropic behavior within the proposed framework of coupling hyper-elasticity to
continuum damage the homogeneous deformation of simple shear is considered. Both types of damage
evolution due to Egs. (18) and (19) are outlined. Furthermore, we directly start with anisotropic hyper-
elasticity which yields examples within categories 3 and 4 of Remark 3.3.

The overall definition of anisotropy is given by the non-coaxiality of stress and strain which means that
the unsymmetric part of their product does not vanish. Hence, for the general case of anisotropic damage
evolution in the spirit of the proposed framework, the relations

S-E—-E-S#0 and B)-B—B-B,#0 in %, (26)

generally hold, whereby B, denotes the initial damage metric. To visualize this non-coaxiality the method of
stereo-graphic projection is applied, which is well known from crystallography representing a homomor-
phism SO(3) — SU(2), see e.g. Altmann (1986, Chapter 7). Clearly, the eigenvectors of symmetric, second
order tensors (which are themselves part of the unit sphere S?) are projected onto the equatorial plane by
viewing from the south pole, see Fig. 2(a).

Furthermore, to define the initial eigenvectors n; of the damage metric due to Eq. (6) spherical coor-
dinates with respect to a cartesian frame e; are applied, see Fig. 2(b); namely, n; = nje; with n} =
sind} sin 2, n? = cos 2, n} = cos ¥} sinv? and I = 1,2 in view of Eq. (6).

Within the hyper-elastic context coupled to continuum damage mechanics a compressible Mooney—
Rivlin material is considered, to be specific

BY(C,B) = [y — 3] + e[ — 3] +%,lp In’ <\/§) —2[e; + 2¢]In (\/C_J3> (27)

in terms of the effective right Cauchy-Green tensor C together with B=1. The anisotropic damage for-
mulation is defined by replacing the invariants ©J; by the set 2[; as given in Eq. (A.7) in Appendix A,
skipping some trivial but tedious details on differentiation due to the stresses and Hessians.

(a) (b)

-

Fig. 2. (a) Stereo-graphic projection and (b) spherical coordinates.
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v=0.1 v=0.5

Fig. 3. Simple shear, quasi-isotropic damage: stereo-graphic projection due to the principle directions of strain E(Q), stress S(e) and the
damage metric B(%).

Within the considered homogeneous deformation of simple shear (F =1 + ye; ® e; — “n; # const)
anisotropic hyper-elasticity coupled to quasi-isotropic and anisotropic damage is pointed out. Thereby, the
parameters of the compressible Mooney-Rivlin material given in Eq. (27) read ¢; = 10, ¢; = 20 and A* = 5.
A constant threshold ¥ = 10 is chosen and the initial damage metric B, is defined by oy =1, o) = 1/2,
w=1/4,9} = (2/3)r, 97 = (1/3)n, 9} = (4/3)n and 93 = (1/6)7 — see Eq. (6) and Fig. 2(b). With slight
danger of confusion the shear parameter will be denoted by y.

5.1. Quasi-isotropic damage

In the sequel quasi-isotropic damage evolution due to the potential ¢, of Eq. (18) is applied which ends
up together with the non-spherical B, in a damage formulation within category 3 of Remark 3.3. Thus,
stress § and strain E do not have identical principle directions but the eigenvectors of the damage metric B
stay constant for arbitrary deformations. Fig. 3 visualizes these effects by the method of stereo-graphic
projection for y = 0.1, 0.5, 1.0.

Concerning the numerical integration of the obtained rate equation of B (Eq. (18)) the exponential
scheme given in Algorithm 1 is applied. Finally, the corresponding degradation of the eigenvalues 22; due
to the damage metric are depicted in Fig. 4.

14 ET2 ‘
\
\

1.2

eigenvalues of B

Fig. 4. Simple shear, quasi-isotropic damage: degradation of the eigenvalues ?/;.
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Q Q

v=0.1 v=0.5 v=1.0

Fig. 5. Simple shear, anisotropic damage: stereo-graphic projection due to the principle directions of strain E(QO), stress S(e) and the
damage metric B().

5.2. Anisotropic damage

Next, anisotropic damage evolution due to the potential ¢, of Eq. (19) within the same setting as above
is applied. This together with the non-spherical initial damage metric By results in a damage formulation
within category 4 of Remark 3.3. Thus, stress § and strain E do generally not have identical principle
directions and additionally the damage metric By and B are not coaxial anymore if damage evolution takes
place. Making again use of the method of stereo-graphic projection allows to give a graphical represen-
tation of these general anisotropic characteristics, see Fig. 5 for deformations one to one with y = 0.1, 0.5,
1.0.

Due to the fact that the eigenvectors of the initial damage metric 2n; have contributions in all three
directions ¢; and that additionally the anisotropic damage function ¢, is applied all three eigenvalues of the
damage metric £/, degrade differently, see Fig. 6 (the reference solution has been computed within a fourth
order Runge—Kutta scheme for load steps #:4y = 0.02).

Now, explicit Runge-Kutta schemes of order one up to four are applied for the integration of the rate
equation of B, Eq. (19). Because of stability reasons, the load steps / — actually in terms of strains — have to
be chosen so small (here e.g. h:4y = 0.1) that the accuracy of the integration scheme is not significant

eigenvalues of B

Fig. 6. Simple shear, anisotropic damage: degradation of the eigenvalues ;.
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Fig. 7. Simple shear, anisotropic damage: degradation of the smallest and second eigenvalue 24, of the damage metric within explicit
integration algorithms due to Scheme 2.

anymore as depicted in Fig. 7 for the smallest and second eigenvalue of B. Although at y = 0.4 the con-
sidered integration algorithms render somewhat different results they end up in identical eigenvalues 24, for
increasing damage as far as the eye can catch. Furthermore, integration Scheme 2 was applied (see Al-
gorithm 3) which is not significant for such small load steps.

Next, a large integration interval starting in the elastic area and ending up in the damaged domain is
considered (h:[y = 0.1,y = 1.0]). Thereby implicit Runge-Kutta schemes within category 1 and 2 are ap-
plied (see Algorithms 2 and 3). Remember that the intermediate stages are forced to fulfil the damage
condition within category 2 and otherwise not, respectively. Again algorithms of order one up to four are
analyzed, see Appendix C for some details.

Fig. 8(a)—(d) visualize the numerical results again for the smallest and second eigenvalue of the damage
metric with respect to integration Scheme 1. Now, within this large interval of loading, the numerical results
for different integration algorithms differ significantly, especially for the smallest eigenvalue of the damage
metric. Within Scheme 1 (Algorithm 2 diagonally implicit Runge-Kutta schemes (DIRK) — Fig. 8(c) and
(d) — show similar upshots as standard Runge-Kutta schemes — Fig. 8(a) and (b). On the other hand,
integration Scheme 2 due to Algorithm 3 forces the intermediate stages to satisfy the damage condition. As
depicted in Fig. 8(e) and (f) the numerical results obtained by DIRK methods become more accurate.

Next, an integration interval is considered which lies completely in the damage domain
(h:[y = 0.25,y = 1.0]). Similar to Fig. 8 the corresponding numerical results are depicted in Fig. 9. Since the
integration interval is now smaller compared to the above example and in addition the corresponding
function is smooth, all numerical results become more accurate. Nevertheless, especially the standard
implicit Runge—Kutta algorithms within Scheme 1 (Fig. 9(a) and (b)) render different eigenvalues and again
DIRK methods within Scheme 2 (Fig. 9(e) and (f)) end up with the most accurate computations.

Remark 5.1. Obviously, integration algorithms within Scheme 2 require several scalar-valued iterations to
compute all Lagrange multipliers. Nevertheless, the overall numerical costs are in general not necessarily
higher than applying category 1 since each iteration reaches faster convergence compared to the single one
within integration Scheme 1. Apparently, category 2 behaves numerically more stable than category 1 as far
as large integration intervals for a sufficiently smooth function are considered.

6. Summary and conclusions

The main goal of this contribution has been the formulation of a large strain continuum damage
framework taking overall anisotropy based on second order metrics into account. Thereby, the developed
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Fig. 8. Simple shear, anisotropic damage: degradation of the smallest and second eigenvalue 4, of the damage metric within implicit
integration algorithms due to an elastic-damage interval.

theory is straightforwardly based on the concept of strain energy equivalence between a fictitious, un-

damaged, isotropic and a damaged, anisotropic reference configuration as proposed in Steinmann and
Carol (1998).
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Fig. 9. Simple shear, anisotropic damage: degradation of the smallest and second eigenvalue 4, of the damage metric within implicit
integration algorithms due to an damage-damage interval.

A general, second order, large strain continuum damage formulation in terms of two second order,
symmetric tensors ends up with a set of 10 invariants which define the free energy function. It is believed
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that from the computational point of view such a general approach is not practicable since it completely
blows up the numerical treatment. Contrary, the proposed framework deals with a reduced but physically
motivated set of three invariants leading to manageable numerics. As a main advantage standard isotropic
free energy functions are sufficient to model overall anisotropic continuum damage without any further
modelling.

Moreover, the well established concept of standard dissipative materials has been applied, in connection
with a dissipation potential and associated flow rules. Later on, two types of damage evolution have been
introduced, namely quasi-isotropic damage with constant principle damage directions and generally an-
isotropic damage incorporating evolution of the principle damage directions. Both categories can be
coupled with isotropic or anisotropic hyper-elasticity, respectively. Nevertheless, the modelling of specific
materials taking into account effects like different behavior for tension and compression and the coupling to
anisotropic, large strain plasticity are important areas constituting future research.

Referring to time integration within the proposed rate-independent, staggered formulation different
higher order methods have been applied. Since to the knowledge of the authors no exponential scheme
concerning the general anisotropic case is conveniently available, Runge—Kutta algorithms have been used
for the computation. Thereby, two different schemes were outlined forcing intermediate stages to satisfy the
damage condition (2) or not (1), respectively. Within the subsequent numerical examples especially diago-
nally implicit Runge—Kutta algorithms within integration Scheme 2 render results of satisfying accuracy
for large integration intervals. Nevertheless, for the case of coupling hyper-elasticity, continuum damage
and plasticity in the light of overall anisotropy at large strains one has additionally eigenvalues due to
internal variables which are increasing during the deformation. Thus, it is believed that by taking plasticity
into account the accuracy of the applied integration algorithm is of even greater importance than within the
given formulation due to continuum damage.

Summarizing, this work gave a framework and an outline of the corresponding numerical treatment of
the modelling of overall anisotropic material at large strains incorporating second order internal variables
in a thermodynamically consistent way. The identification of material parameters — e.g. for the initialization
of the damage metric tensor — is of outstanding importance for future investigations.

Appendix A. Notation of invariants and identity tensors

To set the stage and for convenience of the reader some essential notations which are invoked in this
work are summarized in the following:

The characteristic equation for an arbitrary, symmetric, second order tensor 4 € R® x R* denoted by
A — A1 A% +4J,4 — 4 J5I = 0, whereby I represents the second order identity tensor, defines the principal
invariants

Ay =LA, 1 =17 —LA], "J;=det(A). (A.1)
Additionally the basic invariants are denoted by
A =LA, L =I4% "L=IA4 (A2)

and for completeness the derivatives of the principal and basic invariants with respect to their argument
read as follows:

ot =1, A = 1A4°,
Oy =4I — A, oL =24", (A.3)
O Ty =AJ,47" = cof (A), 04'L; = 34>

Next, two symmetric, second order tensors O, P € R" x R" are introduced. They define a set of 10 invari-
ants °°I, o which is denoted by
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IL=1:0, "L=1:P7°, "L=0:P,

L A / A4
L =[0-P|:0, *L=[P-0]:P, “L,=[0-P-0]:P, (A4

with i =1, 2, 3 and j =4, 5, 6. Furthermore, two non-standard dyadic products ® and ® are used. For
some arbitrary, second order tensors X, Y € R" x R" these dyadics render in index notation with respect to
a cartesian frame

[X@ Y]ijkl == Xiijl and [X@ Y]ijkl = thij (AS)

Now, besides the standard dyadic product I ® I two different fourth-order identity tensors can be for-
mulated

1" =I®I+1x1) and 1™ =1IBI-I®I], (A.6)

constructed by symmetric and skew-symmetric composition of the non-standard dyadic products with
respect to the second-order identity tensor.

Usually the free energy function within a material setting due to some non-linear elastic behavior is
computed by the principal invariants €J;_; with respect to the right Cauchy—Green tensor C. The formu-
lation proposed in this work is actually based on the basic invariants £/, 3 in terms of the Green—Lagrange
strain tensor E, whereby the one to one relation between these two sets of invariants is given by:

=342,
=34+ 450 — 28 + 2F 1, (A.7)
“Jy=1+280 — 251, + 8/3F Ly + 281} — 4F1\E 1, + 431

Moreover, the heart of the proposed framework to formulate anisotropy lies in the replacement of these
invariants, to be specific: ¥ = Y(*2L,=£1) = WY(*21,) in B, withi =1, 2, 3.

Appendix B. Tensor-valued tensor functions

Let X, X, Y, Z € R" x R" denote symmetric, second order tensors which define the tensor-valued tensor
function X = X (Y, Z). Furthermore, X and Z represent conjugate variables which would yield within the
framework of an associated setting X = 79 &(Y,Z) whereby @ is an assumed dissipation potential and }
denotes the Lagrange multiplier. Following the outline given in Betten (1985) the general canonical form of
this rate equation reads

2 2
X=X(v,2)=) "H:Z" with "H=) ¢,/M and '"M=LY'BI+Y' I, (B.1)
$=0

=0

whereby the nine scalar-valued function ¢, ; with o, =0, 1, 2 are generally defined by the corresponding
set of 10 invariants; ¢, ; = d)“,/g(yzll 10). The assumption of a dissipation potential ¢ = @(Y, Z) within an

,,,,,

associated setting and in connection with the abbreviation ®; = 0y; @ for i = 1,...,10 yields
¢0,0 = 7:@47 ¢0,1 = ?457, ¢0,2 = "):@87
b0 = %7@57 b1 =137Po,  P1y =137P, (B.2)
Cﬁz}o = %“/‘pé, ¢, =0, 22 =0.

These relations are one to one with Eq. (17) and obviously represent a restricted form of Eq. (B.1) which is
actually based on the fact that ¥/, ,; do not depend on Z~0dz"“1;,5 = 0.
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Appendix C. Runge—Kutta schemes

For completeness and convenience of the reader some Runge—Kutta schemes are given in the sequel with
respect to the Butcher array, Section 4. Without loss of generality the intermediate points are defined by
¢; = >, a; and furthermore all other not mentioned coefficients equal zero. Following standard notation
s denotes the stage and p the order of accuracy; see e.g. Lambert (1991) and Ascher and Petzold (1998).

The simplest explicit method (Euler forward, s = p = 1) is defined by b; = 1. Combining several Euler
steps ends up in Heun methods, e.g. s = p =2 for a;; = 1 and b; = b, = 1/2.

Now, three families of implicit Runge-Kutta methods are outlined, Gauss (including the midpoint rule),
Radau 2a (Euler backward) and Lobatto 3a (trapezoid method). One considered algorithm of the family of
highest possible order — Gauss — for s =2 and p =4 is given by a;y =an =1/4, ap = (3 — 2\/5)/12,
ay = (3+2v/3)/12 and b, = b, = 1/2. A two stage scheme of the Radau 2a type of order p = 3, generally
including stiff decay, reads a;; = 5/12, a;; = —(1/12), as; = by = 3/4 and ay, = b, = 1 /4. From the com-
putational point of view algorithms due to Lobatto 3a are less expensive than expressed by their stage s
since the first intermediate state #; coincides with the known one of "¢. For s =3 and p =4 one has
ay = 5/24, ay = 1/3, ayy = —1/24, as; = bl = a3z = b3 = 1/6 and aszy = bz = 2/3

Finally, diagonally implicit Runge-Kutta methods (DIRK) are numerically interesting since they do not
blow up the system of equations within the Newton iteration, see Eq. (23). A two stage Gauss DIRK
scheme with p =3 is constructed by a;; = an =ag, an =1—2ag and by = by = 1/2 with ag = (3+
\/§) /6. Similar the Radau 2a DIRK algorithm for s = 2 and order p = 2 takes the form a;; = ay» = b, = g
and ar = b1 =1- OR with AR = (2 — \/5)/2
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