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OBO3HAUEHUS M COKPAHIEHUS

B 0f03naueHnax ¥ COXKPAIEHHAX Mbl CTAPAJHCh GbITh BO3MOWHO Golee mocie-
JOBAaTEABHBIMH W N0 KpaHHeH Mepe B npeledax OJHOro naparpada OaHOTHIHblE
BeAUYHHB 0603HavYaay ONMHAKOBLIMH Gyksamu. OraedbHble 0603HAUEHHH, COXpa-
HAEMbIE HA MPOTAXKEHMHM ORHOro-ABYX naparpados, BBOISTCA ClELHANLHBIMH MOAC-
HennsaMu. He3aBucumo 0T 9T0ro 3HaueHHe Kauaod Gyxsbl OGBLACHAETCSt 3aHOBO
B KA [OH 3a1aye, eC/M TONLKO HET CChLIKM Ha MpeabaAymyio 3agady, Eciu 3axaua
HeMnoCPeACTBEHHO MPUMbLIKAeT X TNMPEeNIIeCTBYKILEH, TO OHA HAUYMHALTCA MOMETKOH
«HIPOLOJIKEHHE», ECAM OHa MPHUMBIKAeT K OAHOH u3 Gojee paHUMX 3a1a4, TO MO-
METXa CONPOBOMAAETCS HOMEPOM 3TOH 3ajayud, Haipumep «mporoJxeHnne 286».
B stux aByx ciyyasx o603HAUEHHs 3aHOBO HE Pa3bLACHAKTCA. :

Otnean 0603HAYAKTCS PUMCKHMK, T[JaBbl (€CAM 5TO HeoHXORUMO) — apad-
cxiuMyu nudpamu. Hymepanus samau B Kaxjaod otgete Hosasa, Howmepa 3anau
ne4aTalorca xupHo. [Ipu cepilKe Ha 3a3ayy YKa3biBASTCA TOJLKO €8 HOMep, eCau
3ajaua NPUHARJEKHUT TOMY M€ OTJeAY; eClH Xe 33Jaya NPHHALACMHT [PYIOMY
OTAeny, TO YKasblpaercd Taxxe HOMep oraena. Hamprmep, mur mumem 1V 123,
eCly He Haxoaumcs B orgede IV (3anay uam peivenui); HO Mbl NHIEM IPOCTO
123 Ha nmporsxeHuu ecero otaeaa V. :

3ameyanun B KBaJparTHHIX ckoOKax [ | B 3ajauax 0603HAYAKT BCErla yKasa-
HHfl, a4 B peIUeHHAX — uuTaTy (OCOOEHHO B Hayaje pelleHusa) MM CCLIAKY lia
IPYry:0 3ajauy, #“3 KOTOPOH MOMHO HCIOJAb30BATL M PELIeHHs OTAeNbHbIE
BAKMIOUEHVs. 3aMeuaHusi MHOTO POJA 33KMOUEHbl B NpPOCThie CKOGkH., Lntupys
HOMEp 3a4ayM, Mbl HMEeM B BMAY KaK 3apady, Tax M ee pelueHHe, 00A3aTENbHO
OTMEeYas WHBIE cayyau, Hanpumep: [pewenne 38).

HMeTounnky, - w3 KOTOPBIX 3aMMCTBOBAHA 3a71add, TIOYTH BCELAa YKa3aHbl B pe-
wernn, Ecan 3agava padee yxe my6JaMKoBanach, TO 9TO yKa3blBAETCH B LHTATe,
Ecan ykasmsaercst 1oabK0 (pamuing aBTopa 6e3 yKasaHua AHTepaTypHOro MCTOU-
HHKa, TO 3T0 3HAuuT, uYTO 3ajgaya Owiaa Ham coobuieHa B xauecrse HoBoH, Co-
KPalleHns HA3BaHMH JKYPHAJOB IPHHATH Te e, uyro u B «Jahrbuch iiber die
Fortschritte der Mathematik». HauGosnee wacrble cokpauxeHus NPUBOLHM 3IECH:

Acta Math. — Acta Mathematica. ‘

Arch. d. Math. u. Phys. — Archiv der Mathematik und Physik.

G. Batt. — Giornale di matematiche di Battaglini.

C. R.— Comptes Rendus de I’Académie des Sciences Paris. .

Deutsche Math.-Ver. — Jahresbericht der Deutschen Mathematiker-Verei-
nigung. ' '

Gott. Nachr. — Nachrichten der Gesellschaft der Wissenschaften zu Gottingen.

J. fir Math. — Journal fiir die reine und angewandte -Mathematik.

Proc. Lond. M. S.— Proceedings of the London Mathematical Society.

Math. Ann. — Mathematische Annalen.

Math. Zeitschr. — Mathematische Zeitschrift.

Nouv. Aan. — Nouvelles Annales de mathématiques.

Rom. Acc. L. Rend. — Atti della Reale Accademia dei Lincei, Roma.

Caenylwowne yueGHUKM UWTHDPY:OTCA HaubojJee 4acTO, a8 NOTOMY TOJALKO 10O
davuausam asropos (Hampumep, Cesdro, Hecke u 1. A '
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E. Cesdro, Elementares Lehrbuch der algebraischen Analysis und der
Infinitesimalrechnung, Leipzig und Berlin, B. G. Teubner, ©1904 *).

E. Hecke, Vorlesungen iiber die Theorie der algebranschen Zahlen, Le1p21g,
Akademische Verlagsbuchhandlung, 1923 %),

A.Hurwitz-R. Courant, Allgemeine Funktionentheorie und elliptische
Funktionen. Geometrische Funktionentheorle. Berlin, J. Springer, 1922 **#),

K. Knopp, Theorie und Anwendung der unendlichen Reihen, wsn. 2-e,
Berlin, J. Springer, 1924.

G. Kowalewski, Einfithrung in die Dete_rminantentheorie, Leipzig,
Veit & Co, 1909. '

Hanee 0cobo ynomsaHem caenywimue 0003nayeHus:

@, — @ 03HAYAET: @&, CTPEeMUTCs K & (OpH n —» Co),

@y~ by (4uTaTL! @, ACUMITOTMYECKH DPaBHO b,) 03Hauaer: &, == 0 mpu n0-

7

a
cTarouno OONbLIIOM A1 ¥ i -1 (npu 7 — ©O).

O (ay), Co0TB. 0 (ay), @p >0, 0O3HaUaeT BENHMUMHY, OTHOLIEHUE KOTOPOH K aj
OCTAETCA OrPAHMUYEHHBIM WJIHM COOTBETCTBEHHO CTPEMHICS K HYJI0 (OpH 72 — CO),

AHajorugHsle 06031auYeHHs YHIOTPeOAAIOTCA W B IPYIHX NPEelelbHbX MNepe-
X0nax, OTAUYHBIX OT 71— QO,

X —>=a -+ (0, COOTBEICTBEHHO X -»¢@-— 0, O3Hayaer, 4YTQ X CTPEeMHTCA K &
CHPaBa MJM COOTBETCTBEHHO CAeBa.

exp x = ¢%, rpe ¢ — OCHOBAaHWE HATYPaJbHBIX AOrapu{pMos.

Max (ay, ag, ..., ap) O3Hayaer TO (WMAM T€) W3 7 UHCEN &y, Ay ..., Ay,
KOTOPOr0 He MNPEBOCXOAAT BCe ocTaiabHble. [loxo0HOE e 3HAaYeHHE HMeer
Min (ay, as, ..., ay). Agagornuubiit cMbica uMeror Max f(x), Min f(x) nns sewe-

CTBEHHOH (YyuKLHM, ONpeNeNeHHOH B HWHTepBaJe [a@, ], €CAM OHA HMEET B HeM
MaKCHMYM MIM MUHUMYM. ECJH HX HET, TO 3TU ¥e 3HaKH IJs1 yI0OCTBA COXPAHEHHI
Ais 0003HAauUeHUS BepXHeH WaAu HuwHel rpaHelt ¢ynxuum f(x). Bce 3ro pacnpo-
CTPaHAETCA M Ila CjyyaH KOMIJEKCHOrO NEPEeMEeHHOro Z.

sgn x o3Havaer cumson Kpowuexepa:

[+1 npu x >0,
sgnx =4 0 npu x =0,
\—1 npu x <_ 0.

[x] osnavaer nambonbluee Leoe YHCIO, He npesblawmee yucna x. OnHaxo,
eCAM 3TO HEe MOXET BbI3BATL JNOWHOTO NIOHHMAaMH#, KBaiapaTHoe CKOOKH 6e3 oco-
OblX YKa3aHud YHoTpeOJsoTCA TAKME M B CBOEM OOBIYHOM CMLICHAE.

& O3HadaeT KOMINIEKCHOE YHCJHO, COIPFXKEHHOE C YUCAOM 2, €CJU TOALKO HJEeT
peyb O KOMINEKCHBLIX YuCaax.

Onpeneautesp ¢ O0IMM 3JAeMEHTOM Ay Ay =1, 2, ..., n, COKpaleuuo
0603Ha4aeTcs TaK: '

n n
| @y | wam | @ |5, o=1,2,...,m HIH @y Bygr e ey Banly-

I_IO,Z[,OCT./I,QCI’)’ILI)IO Mbl NOHHMAeM CBA3HOE MHOXeCTBO, KOTOpOE COCTOUT M3

OJIHHX BHYTPEHHHUX TOYEK; MMOH 3AMIKHYMOU 00aacmpto — O0NACTh, JONOJHEHHYIO
ee NpefenbHbIMY TOUKAMIL.

"y OpHecTto Heszapo, DreMeHtapubil yueGHuK anreGpandeckoro aHa-

IM3a 1 ucumciennsa GeckoHeuHo maanix, 4. I—II, Omecca, 1913 («Maresucy); u. I,

2-e u3n, Ji., 1936 (OHTH). B nanbneiimmem ccelaxu paworca Ha usnanwe 1913 r.

“*y 2. Texxe, Jlexuun no Teopun anreGpauueckux uuces, ['octexmsgar,
1940. '

¥y Ao T'ypeuy, Teopus aHAAMTHYECKHX M 3JJMIOTHUECKUX (QYHKIMH,

FTTI/I 1936; P. Kypawurt, Teomerpuyeckas TeopHsi OYHKUMA KOMILIEKCHOTO
nepemennoro, I'TTH, 1934.
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Mon HenpepelsHoi Kpu8od Mbl HOHHMAEM OQHO3HAUHLIH M  HEIpPEpbIBHbLIH
o0pa3 unTEpBaNd 0& t< 1, 1. e. COBOKYNHOCTb TOYEK Z = X -} iy TaKuX, Uto
x =0 (), y=4{(f), npuuem 06€ Gpynxunu ¢ () u ¥ (¢) HenpepbIBHLI B HHTEepBaJje
0Lt 1. HenpemeHaﬂ KpuBas 3amxryma, ecan ¢ (0) =9 (1), ¥ (0)=1¢(1).
Kpusas e "umeem 080UHLLX moyex, ecan n3 9 (f) = ¢ (f), ¢ (f) = (f)
(£, <#;) HeOOXONHMMO clienyer L=0 f,=1 KpHBYlO 6e3 NBOHHbLIX TOYEK Mbl
HaspiBaemM npocmod. HesamxuyTymo MPOCTYIO HENMPEePbIBHYIO KPHBYIO Mbl HA3bIBAEM
npocmoti 0yzol.

"~ Tlpocras 3aMKHYTas HenpepoiBHas KpuBas (TaK HasbIBaeMas Kpusas AKop-
dana) pa3buBaer ILUIOCKOCTh Ha JBe 0067acTH, oOued TrpaHHued KOTOPLIX OHa
SBASETCH.

Kontypsl HHTeI‘pI/IpOBaHI/IH B KDHBOJMHEHHBIX M KOMIMEKCHBIX HHTEIpPalax

Bcerja OyayT MPEANONAaraTbCs HENPEPLIBHBIMU U CHOPAMAAEMBIMH,



‘3AAYM

OTILEJI YETBEPTbI i
q)yﬂl(unu KOMHJIEKCHOFO HEPEMEHHOI‘O

CIIELIMAJIBHAS YACTDH

FJABA 1

MAKCHUMAIJIbHBIIA YJIEH U LlEHTPAJlebIﬁ WHJEKC,
MAKCUMYM MOJYJISi M YKCJIO HYJIEHA

[lycre ay, a4, ay, ..., G,, ... — KOMIJIEKCHbIE YHC/A, HE BCE PABHbIE
HYJK, W TMYCTh CTENeHHOH pan

f(2)=a,+ az+a,22 4 ... aer+ ..

uMmeer pasuyc cxoaumocty R, R > 0. Korma R = co, f(2) Ha3sbiBaercs
yenoii Pynxyguet. ng BcaKoro r u3 nonysamknyroro uutepsana 0<{r << R
MOC/AeN0BaTEbHOCTD UHCEeN .

(gl Jaghr aglr? oo fag |,

CTPEMUTCA K HYJMO. [Tostomy cpeayu uieHOB 3TOH noc/Ae108aTe/AbHOCTH
ecTh HaubOMbWHHA, TaKk HasbiBaeMbIH MaxcumasbHolii yaex, 0003naUaeMbiit
yeped w(r). Taxknm 00pasom, numeeMm:

|a’n r”/u(r)

naa n=20, 1, 2,3, ..., r>0 [l ra 3, § 3].

Lleumparsuoim urdexcom v(r) HasbiBaeTcd HHAEKC (HOMEp) MAaKCH-
MadbHOrO uneHa: u.(r)==|a,p|r'". Ecau cpeau uncen |a,|r™ umeerca
HECKOJIbKO PABHLIX 1 (r), TO 32 v(r) NpHHMMAeTCA HAUOOIbIIHH M3 KHAEKCOB
3THX ymcCed. 3aech mnpeianonaraerca r > 0; no mosony r =0 cMm. 15b.

Marcumys modyas GyHKUMH f(2) HA OKPYXKHOCTH |2|==r obo3Ha-
yaercs uepes M(r); M(r) cCAyXUT ONHOBPEMEHHO MaKCHMYMOM MOLY/f
| f(2)| ua Bcem xpyre |2|<(r [III 266]. Vmeenm

| @ | ™ M(7) (n=0, 1, 2,..., r>0)
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PaBEHCTBO [JOCTUT4eTCd TOJbKO® TOMAA, KOrAd 3a HCKIIOYEHUEM @, BCe
KO3(HLUHMEHTH ay, @, G, ... pasHet Hymo [l 122].

Yucao wyaed dynkuun f(z) B 3amknyrom kpyre |2 | < r o6o3nayaior
yepe3 N(r); Kamab# HYAb 3aCUNTHIBAETCH COOTBETCTBEHHO CBOeH KpatT-
HOCTH.

YKasaHHbie 0603HAYEHUs COXPAHSIOT CHIY HA NPOTSDKEHMM BCeRt riaBebl.

§ 1. Anagorus mexpy w(r) u M(r), v(r) u N(r)

l. BuuicauTb w(r) u v(r) oa9 CTeNeHHOro pana
z Z2 2n
,1+ﬂ'+§+ —’—F—’_
3. Bouncauts M (r) w N(r) nas
. 22 n
e"d:l—|—1—zi-—{—§»!~ AL —F—f—i—
3. Brruncauts w(r) u v(r) ang |
1 z 22 z ,
4w Boluncaute M (r) u N(r) ansa

stn V' z 1 z , 2 L (=2

— = — - . e
1/ z -« I ! . (2n _—{— I3}

BoiyucanTs v(r) a9 reoMeTpUUECKOH OpoOrpeccun

l4z—422+ ... 204 ...

6. Bouucaurts N(r) aas

| 4+z+224 .00 F2n 4 L.

7. Jns BCAKOTO MOJMHOMA n-H CTeneHu

ay+ a2 +a2 -+ ... +aet (a,+0)

HMEET MECTO MNpenejbHOe COOTHOWIEHWE

5.

. Inp () . '
lim 1ir): lim v(r) = n.

¥ > o ¥ > Co

8. [las BCAKOro noAMHOMAa n-H CTeneHun

f(&)=ay+az+a2®+ ... +a,2"  (a, + 0)
HMEET MEeCTO MpejelbHOe COOTHOWIEHHE

In M (r) _

lim
Inr

¥ o0

lim N(r)=n.

V> o
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9. g BCakoH uUe oM TPAHCUEHIEHTHOM (YHKUMM 004 yKA3aHHBIX
B 3ajsaye 7 mpepnena paBHbi 0eCKOHEYHOCTH.

10. O uenoff TpaHCUEHAEHTHOH QYHKUUM TEPBLIH M3 yKas3aHHBIX
B 3ajaye 8 mpenesoB paseH 0eCKOHEYHOCTH, BTOPOH — He 0073aTENbHO.

I). O60o3HayuM MaKCUMAJbHBIA uJeH u LEHTPpaNbHbLI WHIEKC paja

ay—+ @ 2F a2 - .. a2 4 L (k=1, 2, 3, ...)

COOTBETCTBEHHO uYepe3d i (r) H v (r). Bsipasuts p,(r) u v, (r) yepes
py{r) w0 vy (r). '

B. 0603HaudM MAKCUMYM MOAYAS W YHCJIO HyJje# q)yHKuuu‘f(z"')
B xpyre | z| < r cooTBercTBeHHO uepes My (N u Np(r) (k=1, 2, 3, ...).
Buipasute M, (r) u N, (r) uepes M, (r) u N,(r).

yir
13. Buuucauts lim ) 0A8 CTENEHHBIX PAAOB
T—;-oolnl"'(r) .

22 4 25 2n gz_l._e'-z
1+§T+gfr-}-§—l— eyt =
23 4 6 2"_’??,—12‘37%
1+ (“ + 4‘ —i—‘ 6! ‘ -i'- +W+ . e o —

. e* - e-% Qw_-i e%z_f_g——zz
=) =+

14. Tlycte teneps M, (r) u Ni{(r) 0003HaYAIOT MAKCUMYM MOAYJIA .
u aucao Hyne# B kpyre |2|<Cr mas ¢yHxumun (f(2))F (a ne f(2F), kak
Ny (r)

B sanaue 12), k=1, 2, 3, ... TlokasaTb, 4To OTHOUIEHHE —————
In My, (r)

He

34BUCHT OT K. )

I5. lns gy=a,=...==q,_ =0, a, + 0 6ynem cunrats v(0) = q.
Pyuxuns v(r) Kycmmo nomomma BO3pacraeT B TOUYKAX pa3pbliBa HA
eJble MOJOXKHUTENbHBIE 3HAYEHHS M BC 01y HenpepoBHa cnpasa ([ 120].

16.. s ay=a,= ... =a, ;=0, a,+0 Oynem cunrars
N(@©)=gq. Pynxuna N(r) xycouuo-noc*romma, BO3PAacTaeT B TOYKaX
paspuiBa HA Leable NOJI0KHTENbHbIe 3HAUYEHWA M BCIO LY HeNpephiBHA
Cnipasa.

17. dns ay=0, 0<r <r2<R HMeeM

N (rg) < r2
p(ry) > r
18. s f(0)==0, 0 <r, <ry, <R umeeM
M(ry)
Mry) = >

19. dyuxuusa v= lnp(eb) npeucmenne’rca B IPAMOYTOMLHOM cucreMme
KOOpPIMHAT £, v B BuAe KpUBOM, He yOwBaolie# M He BOrHYTOH CHHUBY.
{PaccMoTpeTh COBOKYNHOCTH NPAMBIX

11—-—1ﬂ|ao| n=E§{-+Inla|,

=2kt 1Injal, ..., n=n+Inla,|, ...,
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.npeﬂBapnTeano OTOPOCHB HE UMEIOLUHE | CMBICA unenst ¢ a, = 0. Kakyiwo
HHTEPNPETALHI0 AOMYCKAT 3aechb w(r) u v(r)? ] -

20. D yHKIM 1 = In M (€% NMPeJCTaBAALTCA - B NPAMOYIOALHOR CH-
‘creme KOOPAMHAT £, 7 BCIOAY BO3PACTAIONLEN M BLIT Y KJIOH cnnsy KPUBO#,
32 MCKJIOUEeHWEM HEKOTOPLIX NOAKHOMOB BeCbMd CIENHMAALHONO BUIA,
LIS KOTOPBIX KpuBas BLIPOX€TCA B npﬂmyxo

20. (T6kasaTb, 4TO OTHOLIEHHE ((:)) rue a—wrpnxénpoaannoe
wucao, 0 < a < 1; uurae He BospaCTaeT [PH BO3PACTAHWU .

22. TokasaTb, uTO OTHOLIEHHE M((r)«)- rae O(—*CPKKCH‘pOBaHH()e
YUCAO, 0< o < 1, nocmsmﬁo yOuiBaeT ¢ Bospacrafmem Y

23. Nycre R = co. [Tokasats, 4T0 OTHOWEHUE BAary e e - pu-

r)
\
KCHPOBarHOe uucao, 0 < a < |, npu r —»co CTpeMuTcs K HY/MO, eciH

creneHnoll pam He oOpBIBaeTcs, W CTPEeMUTCS K 4™, ecadd OH CBOIMICH
K TIOMMHOMY n-H CcTemeHH. ‘ | |

24. Nyctb f(z)—uenaﬂ ¢pynxuusa. [lokasarb, uTO OTHOLIENHE
M (ar) ' :
M(ry
MUTCA K Hymo, Korjga f(g)— TpaucueHpedrHag (QyHkuvs, H K o™, Koria
f(2)— pauvonanpnas GyHKUMS CTEMEHH 7.

rae o -— ukcupoBanHoe uxcao, 0« < 1, npu r — 0o crpe-

ByneM ofo3nauats TOUKM paspeiBa QYHKUHA v(r), PacrnoomKeHHbie
B NOpAnKe Bo3pactaHus, depes ' '

Piv B v or P v s
=y ... =0,=0, g >0, ¢>0,

rjie Kaxnas Touka TOBTOpPeHA CTOJbKO pas, CKOJbKO e,ummu conep-
WUTCA B BEJAMUMHE COOTBETCTBYWOLLEro CkKauka, B TOuke 7 = ( 3a BeaH-
upHy ~ ckauka npuiumaem v (0) [18]. Ira l'IOCJleleBélleIleOC'I‘b MOMXeT
0BpLIBATLCA HA KOHEUHOM YHCAE YJEHOB. s

Bynem o6GosnavaTh HYaM (GyHKUHM f(2), DPACHOJONKElHbEe B OPsLKeE
BO3pACTaHUsl UX MOAVJeH, & rpu paBHbIX MOAYASX — B NOPALKe BOspa-
CTaHusl apryMeHTos, uepes k&

Wy, Wy oo ooy Wy v o)

W=wy= ... =@, ~0, w, 0, ¢2>0,
rae KauabiH HyJib MOBTOPEH CTO/bKO a3, CKOJbKO EIMHHL COLEDIKHTCSH
B ero kparnocru. llyers jw,|=r, (n_l 2, 3 ) T. €.
rlq\rg{...?\{_rn o

:)Ta OCJeNOBATENLHOCTL MOKET oﬁmearbc:ﬂ Ha ‘KOHEYHOM YHCile Y/IeHOB.
Mrr OyneM TNpUAEPKUBATBCA BBELEHHBIX. TOAbKO 4FO 0foshauenuit na
NPOTAIKEHHH BCEH Iiasbl, -
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25. Ecmn p, <<ppy( 10 B NONYSAMKHYTOM. HHTEDBANE Py < 7 < Dpy,y
h (r) _-_._;:n‘

26. Ecw r, < r, ., 170 B 1I0JIy3AMKHYTOM MHTepBane r, < r < < Tt
N{(r)==n.

27. Buuncauts p, 0Jf CTENENHbIX PSIOB

€ ‘|'22 i 2"
1 oy TR T e e BT
2 22 A2
T 7 ) ER

2 s Cm
;—f—ﬁ‘ﬂ“;ﬁ“i— %*m‘lr
8. BuuncauTs 7, 419 dyHKunl
% —{— -‘»—.-—_—.—— , COs2z.

29. Lcan ukcen pﬂ HMeercs Gecxonelmoe MHOXKECTBO, 1O

lim p, ==R.

o0
30. Ecnu uucen r, nMeerca GecKoleuHOe MHOXKECTBO, TO

lim r, ==
- o0

3. IMycrs ay = 0. Toraa
uAr) =

Lag | re

P1P2 -+ Py
BAS D T8 Py

32. Mycre ay =+ 0. Toraa
M) ”‘0””” (1l 120].

, Fyfyee Ty
JLis xakux HednX O yuKuMid 8aech MOMET CTOSThL SHAK PABEHCTBA?
33. llycre ags/= 0. Flokasats, uro ToOraa
0,
lop () — I a, | = j —5 dt.
o
B I'chrb 4,5 0. Hoxaaaq*r;, 4TO. TOrJa
ln M (r) -—~1n | (0)] J

0

N (£) dt.




16 orm. 1v, ra. 1. MAKCHMAJILHBIE YJAEH M UEHTPAJBHBIA HHAEKC |35

3. s BCHKQﬂ, nenofl (hyHKiUKU
ninp (r)

}imsuplm(r)=1imsup1
r>oo DT r > oo inr

- 36. [us Bcaxkod uesof dyHKuuu

limsup NG

—~
¥ ->C0 r

: inla M(r
lim sup—-———_(_-2
7= co Inr
: «Q
87. Mokasatsb, uTO OeCKOHeuHHH pan >, p % u HecoBCTBEHHDIR
n=q+1
HUTerpan

(o]

froetinpnar (>0,
1
COOTBETCTBYIOLIME HEKOTOPOMY BCIOLY CXOIALUEMYCS CTEIHEHHOMY DALY,
O/ HOBPEMEHHO' 0028 CXOUATCA W/IM PACXOAATCS.
28. [Tokasatb, 4r0 ecJd HeCOOCTBEHHBIH MHTerpas

[rotmmemyar k>0,
1

COOTBETCTBYIOWMAA HEKOTOPOH LeNOH (GYHKUWM, CXOAWICH, TO CXOAUTCH

rakxe W OeCKOHeUHbI# psn
o0

S
n
M=i-1
(ofpaTHOe HeBepHO!).
39. [lokazaTh, 4TO AL

21( I — Pn)k +1

M HHTErpaj
1

f(l—t)k—lm v. (£) dt,
0
COOTBETCTBYIOLIME HEKOTODOMY CTENEHHOMY PALY, CXONAEMYCH BHYTpH
eNMHUYHOTO Kpyra, Jqubo oba cxomarcs, aub6o 00a pacxonstcd.
40. Tlokasarb, YTO eCIM MHTerpan .

1
f(1 —k-1ln M (f) dt,
0.
COOTBETCTBYIOLLMH  HEKOTOPOR (YHKUMH, PErynapHOl BHYTPH €IMHHYHOTO
Kpyra, CXOLHMTCH, TO CXOLHTCS Takike W DAl
(6]

DA —r )kt (k> 0)

n=1
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§ 2. Jaabuedimue csoiicTea pydkuud @ (r) u v (r)

%1. Hamernm Ha MJIOCKOCTH TOUKH C NPAMOYTOAbHLIMU KOODAHHATAMH
O, —In|al), (I, —Inja,]) (2, —lIn|ayl), ..., (n, —Inla,|), ...

(orGpacwiBast Te TOUKH, NAA KOTOPHIX @, =0) ¥ U3 KawI0# TOYKH BOC-
CTaBHM /Y4, HaNpaBJeHHbIR BepPTHKaAbHO BBepX. Haumenbwias Beinyxias
obaacte &, oxBaThBAIOLLAA BCE 9TH JAYUH, NIPOCTHPAETCS B GECKOHEUHOCTD.
IlpoBenem onopHy10 NpaMyio (T. €. NPAMYIO, HA KOTOPOH JEeKHUT no
KpakiHe#t Mepe OfHA I'PAHMYHAA TOYKA U HE COLEPHKMTCA HU OLHOH BHY-
TpeHHe# Toukd obnacty &) ¢ yriaoeiM kosdduuuentom Inr. Kak MOxHO
HHTEPNPETUPOBATh HA MOAYUEHHOM UepTexe Beauyuubl lnw (r), v(r), Inp,?

42. Tlyctb m — OIHO W3 UEJBIX TOMOKHTENbHBIX sHauenu, T PyHE-
MaeMbix Qynxumen v(r), m >~ (0). [lokasarp, uTo

E1ap

m-1
43, [las TOro urobnl Ka<Abift WieH CTENEHHOTO DAAd
e T e A R A

, * 9 l’
HTpan A/ HEKOTOPOro aHaueHusa r > 0 pOJib MAKCUMAJbHOTO Y/leHa, Heol-
X0JUMO M AOCTATOUYHO BBLINOJHEHHE YCJ0BUH

<|#<.-<|

Am—1

B = Max(

am 27

a4
% .
44. ﬂoxaaaTb, YTO ueHTpaanm‘a uHpexc v(r) CTerneHHOro psana

R MNP R L N H O <a< 1,

cxomsuerocs 3 kpyre |z| <1, npuHUMAaeT NocC/elOBATENbHO BCe 3HA-
yenua 0, 1, 2, 3, ... lloxasate nanee, yro npu r - 1 MakKCuUMaAbubLIH
yleH TOI'0 PALA VAOBAETBOPHET ACUMITOTHYECKOMY COOTHOLUEHHMIO

0. (F) ~ exp (1 : a (_ f[]l';)li(z)'

%45%. (ponomxenne.) IMoxasars, uro npu r — 1

o E,:f B SR
E e~ "~ VQM (1 ia) “ a2 E e ().

I—a

42

‘<... 31, 1 117].

Qp -t

[PaCCMOTpeTb f er L% e g I 208.]
0

46. Boiuncnuth py, pg, Py, ... AAA BCIOAY CXOXALIErOCH CTENEHHOrO
pana '

1—'—-1—&2-{—2 2a2+ +nnan+

2 3ax, 127. T, MMoma u ', Cere
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(@ > 0) ¥ noKasaTe, 4TO NpPU 7 — — CO €r0 MAKCHMaJbHBIM uled yno-
BJETBOPAET 4CUMNTOTHUECKOMY COOTHOLIEHHIO

1
w(r) ~exp (ae—irT).

4. (Ilponomxenne.) ITokasatb, 4TO mnpu GQUKCUPOBAHHOM a > 0
Wt — 00
1

17 % 275 en ™~ Kfz How(r)]2e(r) [11209].

§ 3. Crasp mexay (), v(r), M(r)? N (7)

48. Ilycrs nna HekoTOpOH uenol dysKUUH f(Z)

lim supmzl.
¥ > co r

ﬂoxasai'b, YTO BOJIIPOC O CXOIHWMMOCTH psia

FO+1 @+ @+ ... = P

n=0

pewaeTcss B TOJOXHUTENLHOM HAM B OTPULATEJIbHOM CMBLICAE WM IKe
OCTaeTCH OTKPBIThIM, CMOTPS IO TOMy, OyaeT Jn
[<1, I>1 nm [=1.

%49. llokasatb, YTO eC/IM NapasienorpamMm TMepPUOROB G YHKIMHI

Betepwrpacca o(2) npencrabnger cobolt xBaapar €O CTOPOHOH 1,
TO TNPH ¥ — OC HMEeeM

N(ry~m=r?, InM(r)~ ";"“ re,

[Hurwitz-Courant, crp. 174—175%).]
50. Onpereants N4 UeNHX GYHKUAH

. A
ﬂ_—z—, cosz, cos’z, ef+i, e, a(z)
Vaz
fipejesinl OTHOLIEHHH
rn  N() N (r) v (r) MA(r) InN(r)
bn v WmM(r) @) sy Vip @) o Inr

npy r —> ©O (COOTBETCTBEHHO 71 — CO .MJA MEePBOro); NPeiCTaBHTL pe-
ayaprar B Bune Tabauuel. [[las e? nmeppoe M ImociaenHee OTHOWIEHMs
He WUMel0T CMbICHa, Oad o (2) BLIYMCAMTL JHMLib TPeTbe M MNOCJENHEE,
cuwras [apajjienorpaMM Mepuonos KsanparoM. [lociaennee oTHOurenue

Yy Fypsuy, crp. 238—240,
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BAaeT TNOKasaTelb CXONMMOCTH [/ TMOCAenoBaTeNbHOCTH Hyne# (I 113).
Mcnomssosate 1—4, 13, 27, 28 u nnd acMMITOTHYECKOrO Bhipaxe-
Bust p(r)— popmyny Cruprnusra.]

5. as Bcex uenlX QYHKILHH

Inlnp (7)

Inln M (r)
Inr )

fmsu
limsup 7

¥ = O

== limsup
¥ >0
(Hro wumeer Mecro «,— TpusualpHo.) OOluee 3HAYeHHWE STUX INBYX
pelesioB Ha3blBAWT NOPAOKOM LENOH (yHKILUAU.
52. lNopanok uenoft GyHKUMM MOKHO TAKKe ONPENe]UTh KAK MOKA-
sarenb cxonumocty [1, ra. 3, § 2] nOC/AenOBATEALHOCTH Py, Pos v v vy Pys « o »

(e}
53. IMoparok ueaod GyHKuMM f(2) = X a,2" ¢ NONOKUTE/bHbIMH
n=0

KO3Q(UUHEHTAMU g, Gy, Qgy ..., Gy, ... MOXKHO TAKHKE ONpeNeNHTh KaK
. In[rf (r) f(r)~?
lim sup [f(l)f() ].
>0 nry

B4. [aa uenoix GyHKUME KOHeYyHOTo MopsaaKa UMeeT MecTo Gonee
CHAbHOE, yeM B b1, COOTHOWIEHHE -

InM(ry

R TCE

F=> o0
5%. Murerpan

o0

[o@yimenta,

L

rae f, >0, cxouutcd nif BCAKOW HepauuOHANbLHOH UENOH QYHKuUMY,
ecad Toabko I > 1.

‘B6. Bce ueanie @ynkuuu 00NaKAT CAEAYIOLIMM CBOHCTBOM: A
BCAKOTO 3amaHHoro & >0 CcyuecyBylT MNpOM3BOJbLHO OOJbliHe 3Haue-
HHE r TaKue, 4YTO

i
M) < (@) lnpr)? (45, T 122].

B7. lleatie dyHKLAN KOHEUHOrO NOpsOKa A OBNANAWT CleNVIOLUM
€BOMCTBOM, Oonee CHIbHBIM, ueM bBG: nna BCAKOrO 3amaHHoro e >0
CYIIECTBYIOT MPOM3BOILHO OOMblLIKMe 3HAUEHHS ¢ TakKue, UTO

M@E)< A~V eninp(r)p () (47, 1 118].
[Tycrs ¢ —mocrosunas, ¢ =+ 0, ¢ —uenoe uucao, ¢ >0, u w,, w,,
W, ... — OBCKOHEUHAs NOCAEN0BATEIbHOCTh KOMIJAEKCHLIX UMCe
W =awy= ... == 0 < |wg | | Wpel |yl .,

Takas, uTo paL
IR N
lwgryl | g+al | Wqrg |

Q*
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cxonurca. Llenas ¢yuxkuus suaa

HasblBaeTCA Pyuryued poda wysp. Kaxk nokazanl Apmasap, kKaxnas
uenas GYHKUAA MOPANKA, MeHbIIero elMHHLb, Oyaer pola HYIb.
(36, 58, 1[I 332 aBAAIOTCA BaXHBIMU ONOPHBIMH NYHKTAMHM B LOKa3aTe/bCTRE
9TOH TEOpEMBI.)

B58. IMopaaok xaxnoh nenol QYHKUMK POAA HYIbL PaBeH MOKA3ATE/IO
CXONHMOCTH MOCAeLOBATENLHOCTH ee HYyJjef.

59. [las uweao#t ¢pyHkuKu KoHeuHoro mnopsiaika A > 0, weHTpaabHLIR
MHAEKC KOTOpPOH o0nanaeT TOYKAMH DasphiBA Dy, Pgy Dgs «« oy Ppo v+ -

pacnpeieiesHuIMM peryasapuo (B cmbicae I, ra 4, § 1), lim v(r)
cywectByeT u pased A [II 159].

60. Jas uwenbix ¢Gyskuu#t KoHeuHoro nopsgka A > 0 He3aBUCHMO
OT Kakux Opl TO HM ObLIO OCOOLIX NPeANOJOKEeHHH OTHOCUTEJIbHO pery-
JEPHOCTY MMET MECTO HepaBeHCTBA

.. v (7) v ()

liminf.—~ /L\ 1i : )

¥ e-loo inp(r) = 171'11)33013 P (1) [ bl
Gl. Mycrs A, 0 <A <1, —nokasaTejb CXONWMOCTH peryaspHoH

(8 cmeicie I, rn. 4, § 1) n0cnenoBaTeSibHOCTH 7y, Iy, .
[ToxasaTb, 4TO Iid UeAOH (PyHKUWM pona HYJ/b

f(z)=(1+—§1-)(1 +7‘Z—)(1 +i). .

HMEeeT MeCcTQ Hpelebnoe COOTHOUIEHUE

Y

hm — 5~ = S

P> o0

Npu BCAKOM (urcupoBagHoM ¥, —a <4 < w [H 159].
62. Jlna uenoit dbydaxuuu sanauu 61 HE3ABUCHMO  OT MPeanono¥e-

HUS PETYJASIPHOCTH PACTIPENENeHHA MOCACOBATEABHOCTH £y, Tgy v oy Fppyoe oo

MMeeT MECTO HePABEHCTBO

N (r) sin 7th

[ 161].

63. 1a xaxpofl ueno#t pyHKUUH, NOCAENOBATENbHOCTb HYJEH KO-
Topolt 00samaer KOHEUHBIM IMOKa3aTeleM CXOAUMOCTH A,

. N
lim ind [—n-ﬁ—fl’i();)— < (32].

64. Ilycre f(2)-—uenas ¢pyuxuuna u ® (r), coorseTcTBEHHO §(f),—
reOMeTpUYeCKOe cpealiee MOLYJAs | f(2)| HA OKPYKHOCTH |2 |==r, COOT~
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BeTcTBeHHO B Kpyre |2|<{r [l 121]. Ecan moayan nyne#t ¢ynx-
unn f(2) pacmpenenennl peryaspuo [II, ra. 4, § 1], to rTorna

) L 1
lim (____g 4 )Nm —e M2
r >0 \& ()

rae A 0003HauaeT MOKa3aTeib CXOAMMOCTH MOC/AEXOBATEJIbHOCTH HY/e#H,
0 <A < oco. [Ins MOAMHOMOB MHTEDECYOIWHMA HAC Npelen TOYHO TAK Xe
1

CyLiecTBYyeT W paBeH e 2
65. (ITponomkenne.) He3aBucuMo OT mpennofoKeHUs peryaspHOCTH
pacnpeneneHus HyJeHl HWMeOT MeCTO HepaBeHCTRA
1 ’ " 1
.. PY\N ) ~ g ) g (M \N»
lim inf (&) L e "2 lim su (~— .
e\ S SELEP B0
66. llycrs f(2) — nenag ¢pyHKuua koHeuyHoro mnopsaxka A v M(r),

cooTB. 1 (r), — apudMerrueckoe cpentee | f(2) [ Ha OKpyxKHOCTH |2| =T,

cootB. B xpyre |2|<{r. Torna
1

. m(r_)~ mr
111;1‘,1-:;]: (%—(r)) == e,

§ 4. w(r) 1 M(r) upn coenMaJbHBIX NPeaNOJOKEHHAX
OpaBHJABHOCTH POCTa

67. llycre uenas QyHKLHS
f@)=ay+t a2+ a2® 4+ ... 4 a2 ...

V.AOBJETBOPAET YCIOBUIO ‘
lim r-¢ln M(r) =a,
r > o
Fie o W @ — NMOJOKHTeIbHbIE MOCTOSHABE. JIOKA34aTh, YTO
1) ecav & > @, TO NpU AOCTATOYHO OOJALIIUX A

n
o {abeNu
™~ ) H
2) KaKoBbl Obl H¥ OblaM  (QUKcHpoBaHHLIe & ¥ & (R BELLECTBEHHO,

0 <Ce < 1), Bcerna cyuiectsyer rakoe ¢ >0, uT0o, HauiHAA ¢ HEKO-
TOPOro 3HaueHus r,

|

uar?(1—¢}

> + i nkay, | rr < M(r)e= ¥,

1 wgr®{1-+e

Ecan Ouvl M 83um &2 =10 u npoussenu cymMmuposaune or O no oo,
ne pnibpacpBasg uUeurTpaibHOR uactu psina, TO cyMMa Obiia 0ol 60JL-
we wuad pasua M(r). 2DTO o03nayaer, 4TO. UEHTPa/ibHa#s 4YacTh pAla
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3HAUMTEeNbHO TepeselmnsBaeT 06a ero «duanra», [HepasencrBo 1) HyxwHO
L7l MOATOTOBKM [OKA3aTe/bCTBA YTBEDKAEHUR 2).]

68. Ecin s uvenot QyHKUMM ¥MeeT MeCTO OAHO W3 TpeX mpe-
JeNbHBIX COOTHOUIEHHH

(D In M(r)~ are, (2) I w(r) ~ ar?, (3) v(r)y~ aar”,

TO MMEIOT MEeCTO TaKWKe W ABA APYTUX (r —> 00, @ U o — TOJOKHTENb-
Hble MOCTOsIHHBIE). [(3) moayuaeTcd u3 (2) dopMmanbHLIM AUPHEpeHUHPO-
BaHueM o0eWx CTOpPOH, cM. 33.] bes mnpeanonoxedus O peryaapHocTH
pacnpenenesus umewor mecro 51, 54, 35, 60.

693. Ecrn kospduumeHTst @y, 4y, ay, ... UeAOH Qyhkuud [f(2)
3agaun 67 TONOXKMTE/NbHB W YIOBAETBOPAIOT HEPABEHCTBAM

Qo 2 0 2 Q3 2. 20y >0 . .,
TO TOTAa

ninn
Ina, ~-— —;

eCNd ¥e OHW YIOBJIETBOPSANT HEPABEHCTBAM

a a a,
LS B By L,

ay a @ ap

to Torpa, OGosnee TOTO,

1
?i’/a—' aae\ o
7 n .
70. Tpucoenunum Kk npeanonoxenusM sagauu 67, uro a, >0 anda

gcex n=0, 1, 2, ... Toraa nng BCAKOro (UKCUPOBAHHOIO Bele-
CTBEHHOTO & '

w .
Z nka,r*
n=1

lim 1.

>0 (aar«)k f(r) :

71. B npeanonoskenusx 3azay 67, 70 npejpenbHOe COOTHOLIEHHE
In f(r)y~ar®
MOXKHO <«IPORUPPePEeHLMPOBATL», T. €, 3AK/NOUYATb M3 €r0 HAJINUUA, 4TO

i ("}_ — e—1
Foy T ar
72. (O60o06wenne Teopems [ 94.) I[lycts

b+ 0,2+ b2+ ... 02" ... = f(2)
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— BCIOAY cCxondwuiics creneHHo#t psan. I[lokazatsh, yTo ecau

by >0(n=0, 1,2, ...), lim rPlnf(r)=>5 lim o =g

¥ =00 1 o0
(3, b — nonoxurensHole, £ u § — MmoOble BelleCTBEHHbIE TOCTOSHHBIE), TO

lim 2o Far a4 fag
# =>4 (BEFBYE £ (r)

=S,

73. lMokasath, Y4TO NPH 7 -» —- 0O

.. oo 1 r\n —ff . ran | e’
i =¥ -1 (-2_) ~ an e (1209,

n=70 n—
74. llycrs a,, @y ..., Gy by, by ..., b, — BeilecTBeHHbIe TIO-
CTOAHHbIe, oOTauynbie. ot 0, —1, —2, —3, ..., n p<gq, nanee

P()=(z4a,— Dz +a,—1)...(24a,—1),
Q2) = (24 b, — 1) (24 by—1).. .z b,— 1.
I—IOKﬂSaTb, UTO TipH r— 0o CyMMa BCHOLY CXOUAdIuerocd CTeflieHHoro pana

P (1) P (2) PPD..P(n)
H‘Q(l) rtomoe T Toooe . om

ACUMIITOTHYECKH PaBHA

o S2A+]-
DO T (G)...T (5)) (Qﬁ)lr e
Fap T (a)-. . (ap)

-1
el’) ,

rie
[=q—p, A:a1+a2+...—}—apm—b1~b.3—...-bq.

[VBewnaemcs, uro 73 BHITEKaeT OTCHAA TOCHE 3aMeHbl NepeMeHHBIX
KaKk dacTubift cayya#t. Ilpumedsem B KaueCTBe BCOOMOraTeNbHOrO paaa

127 lnl 1 -‘;—-
1+zv ry e T e ]

5. Toayuurs acuMnTOoTHYECKYI0 (opMyay sanaun 74 Ge3 nomouu
teopeMbl 72, onupasice Ha | 94 u Il 207.

76. Iycth Bce KOSDOUUUMEHTH @y, @y, @y, ..., Oy, ... CTENEHHOTO
paga ay -4 a2 a2®~ ... 4+ a,2% 4 ... TNOMONKWTENbHBl W YLOB/ie-
TBOPAIOT Y C/IOBHIO

af,b 1
lim n(~—————~wl)=T (0 <A < 00),

7 —»co Ap—-1%n +1
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(JroMy VYCIOBMIO YAOBIEeTBOpAeT, HanpuMmep, psan 74.) JokasaTh, 4TO
1) yxasaunbi# pag npeacTaBadeT HEAYI0 QYHKUAI MOpAnKa A;
2) v(ry~lInp(r) npu r — co;
3) HaMeuyeHHbLIe B NJOCKOCTH X, ¥ TOYKM C NPAMOYTOJbHLIMH KOOp-
IMHATAMA

v (¥)4-1
! a, (’r)—i—lr )4 /
Ve ro )

cTpeMaTcd B CBOEH cosoxynﬂocm K KpusoH pacnpeﬂeneﬂuﬂ omuboK
laycca, 7. e.

v(r), —v(n+1, ...,—1,0,1, 2,

' v {(r)-+1 @t
[ o+t Y
im = ¢ , ecmm  lim
5 =3 00 P" (r) ¥ > CO VV(F)

CpaBuuTh ¢ MNJOWAABK KpuBOH pacnpenenenus I'aycca cymmy
’ 1

= X,

naouiajel NPAMOYTOAbHUKOB C HYKHHMM OCHOBauusMu v(r) 2 Ha ocn X
M C BEPXHUMH OCHOBAHHAMY, LeJAWUMUCA [OMOJA4M TOUKAMM, YKa3aH-
HLIMU B 3).

FTABA 2

OJHOJUCTHBIE KQH®OPMHbBIE OTOBPAXEHUS

§ 1. 3agauu mOArOTOBMTENLHOrO Xapakrepa
77. Ecnn uenas paunoHanbHas ¢yHKIHA
24 a,2% Fay28 4 ..+ a2t
OLHOMMCTHA B eRMBHUHOM Xpyre |z|<C 1, To Torna
nlay,| <1

78. Ecm ¢yHxiMa @ == f(2) ONHOIMCTHO 0TOGpakaeT enuHMuHLIA
kpyr |2|<C1 na obaacte @ u 9 (w) onnomacria 5 ©, To Torna ¢ f(2)]
onHoaucTHa B |2| <1,

79. Tlycto dyukuusa f(2) ORHOIMCTHA B eduHUYHOM KpyTe |2| < 1

w f(0)=0. Torna ¢ynkuus
2@ =ViE =2y 12

(rze B3siTa Kakag-HuOy b ONpene/ieHHAA BETBb KBaAPATHOTO KOPHA) TaKxkKe

T
6ynet opHosucTHA B |2| < 1. To e camoe crnpaBenauso Is V F (™
npy A000M i(eN0OM MNOJNOXKHTEIBHOM 1.

80. Oynxuns ¢(2), onpenenennas B 3apaue 79, spaserca HanGosee
oBuield HeueTHOMU cpynkuueﬁ ODHOIMCTHOH B e AMHUYHOM Kpyre |2 |< 1.
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Tounee roBopa: kaxosa Obl- HM Oblna HeueTHas GyHKuus ¢ (2), 0ZHO-
aictHas B | 2| <1, cyuwectByeT Ttakas ¢ysKuua f(2), ONHOJHCTHAR
B |2 <1, u3 Koropo#t 9(2) moayuaercsa ykasaHdnM B 79 ofpasom.

8L. [lycte OTKpHITHI KPyr & B3aUMHO OZHO3HAYHO M KOHGMOPMHO
oro0paxaercs Ha 00nacth &, u npu 3TOM, B YUACTHOCTH, CONepPKALIMHCH
B & xonuenrpuuecku#t’ xpyr f{ oroSpaxaercs Ha HEKOTOPYIO 4acTb §
obnactn ©. 0603Haan MAOWALY COOTBETCTBYIOMMX obaacrelt uvepes
(&, 1®], ||, | g|. Torza

1G] 18]
lal =

PapeHCTBO HMeeT MeCTO TOI'ZLA M TOJBKO TOrAa, Korjna otoOpakeHue
OCyUIeCcTBJAETCA C MOMOWbIO Lenol auHeHHo#t dynkuun [III 124].

82. [lycts oTkpuiTEIR KPyr & B3aUMHO ONHO3HAYHO M KOHPOPMHO
orobpaxaercs Ha obgacte (9, npuuem ueHtp k& xpyra & mepexonur
B TOUKYy £ obaactd &. Tlycts 42 — nOBepXHOCTHOE HCKaXeHue B R
[IH, wacte I, crp. 125]. Toraa (B o6osnauennax sanauu 81)

PaBeHcTBO wuMeeT MeCTO TOFAAd W TOJMbKO TOrAa, Korja orobpaxeHue
OCYWECTBASETCA C MOMOWIbI) LEJOH JIuHeHHOH (pyHKumfl (ITpenenbubifi
cayualt teopems 81.)

83. [Mycrs otkphiTOE KPYyroBoe Kombuo M 0nHO3HAYHO U KOHGOPMHO
orobpaxcaeTcd Ha ABycBA3HYW oOaacte &. OO603HauuM HaHMeHbIUHH
OTKPHITEIT KpyT, comepxamnit R, yepes &; Touxu sroro Kpyra, He npu-
Haanexawve k N, 3amonHsiOT HeKOTODPHH 3aMKHYTw# xpyr f. Anano-
r'MuHO ueped & 00603HAUMM HAUMEHBWIYIO OLHOCBA3HYIO 06sacTb, CoAep-
HKAULYI0 ©, u uepes § — MHOXKECTBO Touek obsactu (&, He npuHaAIEKALIUX
k & (g samknyro). Ecam oxpywxuoctu xoabua R, xouuenrtpuueckue c
u &, u kpuswie obnacty &, B KOTOpble MEPexXONAT ITH OKPYKHOCTH MpU
oToGpaKeHun, OOXOAATCA B ONMHAKOBOM HANpaBieHWH, TO NJA TAOLA-

nett | &, |&| u || uMeeT MecTO COOTHOWIEHHE
(B IR
gl = I

PaBeHcTBO jpocTHraeTcds TOABKO TOrAa, Korja otobpaxenue oOCylile-
CTBASETCH € MOMOLWIBIO uwenod JuHelHOH ¢yuknud. (O6obuieHue TeO-
peMsl 81, HO He ee cnencteuel)

§ 2. Teopembl eaMHCTBEHHOCTH

84%. BsauvHo onuossHayHoe KoHQOpMHOe oToOpa)xeHue, NMPU KOTO-
poM OTKpBITHIL Kpyr npeoOpasyercs cam B ce0s ¢ COXpaHeHUeM LLEHTpa,
_npeacrapaseT coO0# MoBOpPoT OKOAO ueHTpa [82].

85. Illycr, 1Ba OTKPLITHIX KPYFOBBIX KOJblLA, OFPaHMYEHHBIX MO~
NapHO KOHUEHTPHUECKUMH OKDYXHOCTSIMHH HMeIIHX o0ulyl0 BHELWIHIW-
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TPaHHLY, B34HMHO OAHO3HAYHO W KOH(MOPMHO OTOOPANKAOTCH IPYr Ha
Jpyra Tak, 4TO NpPU DTOM OKPYIKHOCTH, KOHLUEHTPHUECKOW ¢ T'PaHHYHOK
OKPYXXHOCTbIO B OJIHOM KOJbUE, COOTBETCTBYET B APYTOM KOJbile KpH-
Basi, 00xoiuMMmass B TOM e HanpasiaeHuu. Torza ofa KPyroBHX KO/bUa
.COBNANANT W KOHcpopMHoe 0T06pa>{<eﬂne NpPeACTABISET MOBOPOT OKOJO
uenrpa [83].

86. He cywectsyer nByx pasiuyHeix (QYHKUMH @ = f(2), onHO-
JMUCTHO OTOOPAKAIOUIMX eIUHUUHBI] KpyT | 2| < | Ha sananHyo obaacts (B
TaK, uTO NpH 3TOM 2 =0 [epexoidT B 3aNAHHYI0 TOUKY W = W,
obractu & u f7(0) > 0.

87. EnudcTeendbiMi QYHKUMAMYE, ONHOJMCTHO M KOH(POPMHO OTO-
OpaxalomuMu eJuHnunbift Kpyr [z | <1 cam Ha ce0s, ABAKIOTCA NuLeH-
Hple (O YHKLUUH

TIe 2 BEUleCTBEHHO, |2y|<C I.
§ 3. CymecTsosanue oTo0paxamwuel QPyHKIAYK
88. [Ipu orobpaxeHun, OCYLWECTBIAEMOM € MOMOUILIO QOPMYIHI
a—z Va—vw \°
— = = s

1 —az 1 —V anw

TOUKE TJIOCKOCTH Z COOTBETCTBYIOT, BOOOILE TOBOpPH, IBe TOUKU IJIOCKO-

¢ty w. Kaxue Touxy 2 cocTaBagioT uckmouenue? (a=|ale*, 0 <|a|<1,

2
4 BEeUleCTBEHHO, || =1 # % Ompene/seHO TaK, YTO :—w > 0 npu w=0).

Orobpaxerre He 3aBUCHT OT BeGOpa 3Haxa npu } a.

89. Ilycrs ) — onHocsaznas 061aCTh MJAOCKOCTH 2, JNexaliasn
B Kpyre |2| <1 n conepxawaa rTouky 2z==0. Ocywecrsum oTOOpaxe-
Hue 3azaun 88, npuHuMaa 3a ¢ Ommkadyio Kk 2==0 TOUKY Ha rpaHaue
obnactn 8, 'a\ <1 (ecqiM Takux TOuYeK He OfHa, TO BhiOMpaeM M3 HHX,
CKaMXeM, TOUKy ¢ HaumeHbuwinM aprymedroM, 0 <arga < 2x). Torna
970 ortofpasenue orHocut obiractd & nse obaactn B* u &** naocko-
CTH 7, U3 KOTOPHX onua, &*, comepxur Touky w =0, a npyras, &,
ee He conepxut. ®* u G** He umeroT OOLUX TOYEK, XOTH M 00JAALAIOT TO
MeHblue Mepe ojHOHM oOWeH rpaHunyHelt Touxkoi; ofe OHM comepaTcs
BHYTPH eIMHMYHOTrO Kpyra.

Onpenenennas 8 3anave 89 obnacts &¥ B nanpuetiiem HasuiBaercd
obracmpio Kébe, coorsercrayowelt obaactd @. Obaactu & u @* yuob-
Hee PACCMATPUBATL B ORHOM M TOM ke MIOCKOCTH. Mexay HUMH Cyule-
CTBYyeT B34MMHO OJHO3HAYHOE COOTBETCTBHE C COXPAHEHHEM HYJEBOH
Touku M Hanpasienus B He#. Kak &, tax m &* npeacrasasior cobolt”
npaBuabHble YACTH €AHHHYHOrO Kpyra.
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Q0. Vccrenosare ofuacts Ké&Ge nna obnactu, nodyuaemolt u3s
eIMHMYHOr0 Kpyra |z| <{ 1 mocpencrtsoM ynanenus oTpeska a < 2z < 1,
0 < a< 1. Onpenenurb, B 4aCTHOCTH, TPAHHUHYIO TOYKY, Ommxaluiyio
K HY/neBOH.

Q1. Vccnenosare obnacth KébGe nas kpyra |2|<<a, 0<<a<1lwu
onpenetuTh Onmxakwyw K Hyheso#t W HaubOnee yialeHHVIO OT Hee
rpaHUuHble TOYKH.

Q2. Kaxnas touka obnactu Kébe pas & Gonee ynanena o uyne-
BOA TCYKM, YeM COOTBETCTByMOLAs e# Touka odnactu- (8.

03. lycts &, -—obnacre Kébe mia @, &,-—obaacte Kéde
g &, ®,—ana &, u 1. 0. Iycrs panee a, ay, a,, @4, ... — Oan-
Kaliume K HYJIeBOH rpaHuuHble TOUKH COOTBETCTBEHHO obnacrelt &, &,
®,, &, ... Torna

la|<<la ] <Jay|<lag| <. ..

@4. (lponomxenue.) [lpu nomouwn otobpaxenus Kébe & onno-
3HauHO M KoudopMHO oToOpaxkaercss Ha &, &, —mna &,, ..., &, ;-
Ba &,,. [lycte pesymrupylouee orodpaxenue obaactu ® Ha &, ocyure-
CTBASETCH NOCPeNnCTBOM auaautuyecko#t dyuxkuuu f,(2) (z npoberaer
Toukn obaactn ). Mmeewm

! . 1
2 (0)=0, 0<7,(0) < T&T
Bripasute f,, (0) uepes a, a,, aqg, ..., @y 4.
95. IlokazaTe Ha OcHOBaHWM 94, uTO AJA TOUEK &, 4;, dg, - ..
e sy, + .. 3a0aun 93 uMeeT MecTO NpejenbHOe COOTHOILEeHHE

lim |a,|=1.
N> co )

86. (ITponomxenue 3anay 93, 94.) B xamuon Touke z ofnactn

CYyLIeCTByeT
ILm fu(2) = f(2),
7 o0

mpuueM BO BCIKOW BHYTpeHHeH 00/1acTH CXOIMMOCTb paBHOMepHa. [Ipe-
nenvhas GyHkuus f(2) omHoaucTHO oToOpaxaer obnacte & wa BHy-
TpeHHow obnacTs exvHUMYHOH okpyxuocTH [III 258].

§ 4. BuyTtpeduuii U BHewHUH pagHycCHl.
HopmuposaHusasa orolOpaxaroman GyHKUUS

B mmkecnenywowux sanauax [97—163] non & nonumaercs npous-
BOJIbHAA OJHOCBSA3HAA OO0JacTh TJIOCKOCTH 2, ofnajpapoiias ©OoJee uem
OAHO# TrpaHUYHONM TOUKOH, MOJN @ — NPOU3BOJbLHAA KOHEYHAst TOYKa 00-
aactn . Beckoneuno ynasneHHas TOYKa MOxeT OblTb KaK BHYTPeHHeH,
TaK M rpaHuuHoit rToukoft obnacty @. Obnacte & OAHOMMCTHO M KOH-
¢opmMHO 0TOOpANKAETCA HA BHYTPEHHIOW 00/14CTh HEKOTOPOK OKPYKHOETH
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B MJOCKOCTH W TaK, YTO NPH 3TOM ¢ MNEPEXONUT B LUEHTD OKPYIKHOCTH
w JMHedHOe ucKaxenue B rtouxe a [IlI, wacte I, ctp. 124] paBHo enu-
Hule. Pannyc okpyKHOCTH OLHO3HAYHO onpenenseTcs 3ananueM obnactu &
M TOYKM «@. Mbl HasniBaeM ero 8HVMPEHHUM KOHEBOPMHLLM PAOUYCOM
obnactu @ oTHocHTenbHO TOUKM @ M 0003HAYAEM AJMHY €rO Yepes r,.
Cywectsyer [96] onHOsHauHO onpeneneHHas [86] hpyskuus w = f(a; 2) =
= f(2), oOCylecTBaAIOLIas YKasdaHHOe OTOOpameHWe, T. €. KOHPOPMHO
orobpaxaiomas obnacts & wa kpyr |w | < r, ¥ pa3naraiouLanca B OKpect-
HOCTH TOYKM @ B PSR BUIA

W= f(2)=(2—a)F ca(z— a3 (z—aP+ ... (*)

Syukuno (¥) Mbl HA3LIBAEM HOPMUPOBAHHOL O0mMOOpascanuieii gyiryuell,
COOTBEeTCTBYIOWEH Touke a. [lon KOH(MOPMHEIM pPaAMyCOM 3aMKHYTOH
npocTOM HenpepelBHOR KpuBOH L (OTHOCHMTENBHO HEKOTOpOH aexauied
BHYTPH Hee TOUYKM) Mbl NOHMMaeM BHYTpeHHMH pamnyc obaactu, orpa-
HUYHBaeMO#i 3TOH KpHBOR.

[Tycts tenepp & — onuocBsidaHas 00nacTh MJOCKOCTH 2, COLEpIKaias
feCKOHEUYHO VAaNeHHMyI0 TOUKY 2= 00, Torza nonoiHende k (& npexn-
cTaBigerT CoOOft 3aMKHYTVIO KOHeuHyio obOnactb B, Brewnud xoungops-
Hotli paduyc obaacth B Mbl onpelenseM clenywouuM obpasom: orobpa-
aeM obnactb & KOHQOPMHO W ONHOMMCTHO Ha BHENIHIIO 00aacTh
HEKOTOPOU OKPYXHOCTH B INJIOCKOCTH @ Takum oOpasoM, 4TO MPH ITOM
OecKOHeYHO ypafeHHas TOYKA MepexoiuT cama B cebd M MOAY/b NPOM3-
BONHOK orobpaxawouwel GyHKUMM B TOUKEe 2= CO (1uHelHOe UCKaXeHHe
B OeCKOHEUHO VIaneHHOH TOuke) paBeH enuHuue. Panuyc 9TOH OKpyx-
HOCTH ONHO3HAYHO onpeleisercid 3anaHueM obnactu &. Ero Mu u
Ha3uiBaeM BHewnuMm poouycor obnacth B u obozHayaeM ero IHHY

yeped r. CyluecTByeT OLHO3HAYHO OMNpeieteHHas QyHKuus w = f(2),
OCYUIeCTRASIOUIAA 3TO oToOpaxenue, T. e. KoHGopMHO oTobparawuias &

Ha BHEWHIOI KPYTroBy 064acTh |w| > r U ROMYCKAOWas B OKPECTHOCTH
0eCKOHEUHO ynaJeHHOH TOYKM pa3fiomeHHe BHIA

T NN

) 2

PyHkuuo (*¥#) Mbl HA3bIBAGM HOPMUPOBAHHOL 0moOpasicaloueld gPyHK-
yueli, COOTBETCTBYWOUleH OeCKOHeuHO yradeHHOM Touke. [lon BHeLiHUM
paiMycoM HenpeprlBHOH KpusoH L, KOTOPAas MOXKET YACTHYHO (MM LaXKe
LLeJHKOM) HOCUTb XapaKTep «paspe3a», Mbl MOHMMAeM BHeUIHW# paauyc
3aMKHyTOH obaacTH, orpaHuuviBaeMofl sToft kpuso#; o0o3HayeHHad BhHILLE
yepes ® obaacrs npencrasaseT cofo#fl BHeWHIOW 06aacTb KpuBOH L,
eciM 9Ta KpuBas 3aMKHYTad, WM e BCK MJIOCKOCTb, pa3pe3aHHylo Mo
KpuBO# L, ecaw oHa mpenctaBaseT cobo#t He3aMKHYTYIO BYTy ).

1) Tounee roBops, 31eCh UMeeTCcss B BUAY HeNpepbiBHASA KpuUBas L CAEAYOILETO
poAa: Ta OAHOCBA3HAs YacTb HONOJNHEeHWsS K L, KOTOpas COAepHHUT GEeCKOHEUHO
yraneduywo Touky (1. e. obaacte &), obnagaer rpaHunes, LieJHKOM COBNAAA0IIEH
¢ L. Cwm., nanpumep, 101, 105.
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[Ipu oroOpaxenun BHyTpeuHed (Manm BHewiHe#d) obnacTH 3aMKHYTOH
npocTol HenpepniBHO# KpHBOK L HA BHYTpPEHHIOKW (BHEWHIOW) 00JaCTh
OKPYKHOCTH 3aMKHYyTasg BHyTpeHHaa (BHewHad) o0aacTh Kpupod L
B3aMMHO OJHO3HAYHC M HENPepbBHO OTOOpaMmaeTcs HA 3aMKHYTYIO BHY-
TPeHHWI (BHeWH0W) Kpyropyw obnactb. (Cm. C. Carathéodory,
Math. Ann., . 73, crp. 314320, 1913.)

Q7. BuuvcuTh BHYTPEHHUHM DALRYC 7, U BHEIUHHH DALUYC F OKPYM-
Boctu |z|==0p, p >0, |a|<p.

98. Bouucaurs BHyTpeHHMH paauyc r, BHellHed KPYroBo# o6nacTu
| 2| > p (@ xoneuHo, |a|>p), a Takke lim r,.

a-> o

99. Buuncauts r, aas yraa 0 < agrz <, 0 <3, 2n.

180. [Ipu npeobpasosannax mnoaobus 2z’ = hz-} k& ¢ OTAUYHBIM OT
HYJi NHHEHHBIM WCKaKeHHueM |k | BHelHWH, COOTB. BHYTPEHHHH, paiuyc
yBeanyuaeTcs B OTHowenuu 1 :|k|. Tounee: ecan obnacth & nepe-
xoaut B &', KoHeunas tTouka ¢ —B &’ = ha-+ k, TO MexXay BHYTpEH-
HUM paauycom r, oOnactu (¥ OTHOCHTENBHO TOYKH @& M BHYTPEHHUM
panuycom ro obnacti & oTHocuTenbHO TOUKH @’ HMEeT MeCTo cle-
AYIOLee COOTHOUIEHHUE!

raf :|h|ra.

Ananoruubo n/d BHEWIHErO pagMyca.
§0§. Brewnuil pamdyc orpeska AnuHbl [ 1aeTCsi PaBEHCTBOM

y —= —

102. Bhewnu#t pamnyc samnca, OCH KOTOPOro B CyMMe cOCTa-
BAAIOT [, NAETCS PaBEHCTBOM

!

I’:-I.

103. Bruuuciuts BHYTPEHHMH paguyc OTKPHITOH MONYIJIOCKOCTH
OTHOCHTENLHO CONEpKAULEHCA B Helt TOUKM, OTCTOSMIEM OT IpaHUIB Ha
paccrognue d. :

B04. ITycts r,—BHyrpenuult paauyc obaacth & naockocru 2 u
ONHONKUCTHOE 0T06pa}}{EHHe

Z—b=y(—a)+1(2—a)y+ ...

npeo6pasyeT ® B nexoropyw obaacts &' naockoctu 2’. Tlycts, aajee,

ra—wBHyTpeHHuﬂ pasuyc obnactu &’ orTHOCuTeNLHO TOUKM 27 = b.
Torna

/
Iy = ‘ ¥ ‘ra'
AH&HOFH’{HOQ COOTHOWIEHHEe HUMEET MECTO IpH 0T06paﬁ{6HY[H BHIA

2' *—TZ‘FTO—FTI‘F T
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105, Buuncimte BHewHHWH paguyc r  KpuBOH, CcOCTaBieHHOH U3
OKPYKHOCTH |2|==1 N BeLIeCTBEHHLIX OTPE3KOB

1l <zLa, —ay<L2z]—1; a >1, ay,>1.

106. Brouncante BHyTpeHHuH panuyc GeckoHeuHOM napasielbHOR
TIONOCK HIUPUHON [) OTHOCHTeNbHO CcoAepalleiics B Hel TOUKH, KpaT-
yaliluee PacCTOSHHE KOTOPOW 10 TpaHMubl noaocsl pasHO d (24 < D).

107. [lycts a-— mobas xoHeunas Touka obaactu & nnockocru 2.

Jpobuo-nuHeHiHoe npeofpasoBanne 2’ = nepesoautr & B 06-

nacts &', comepxawyio OeckoHeuHO yaaJeHHYW TO4Ky. [lokasaTh, ur0
BHYTPeHHHH pazuyc obaacta (B orHOocuTENbHO @ paBeH 0OpaTHOM
BeJMUMHE BHELHero pasuyca obsacrtd, aonoiuuteasHod k &',

108. Paccmorpum obnacts &, mnoayyaowWywcs NHpH yAANEHUH H3
eMHUYHOr0 Kpyra |2z| <1 BellecTBeHHBIX OTpeskoB &, <z <1,
— 1<z —0b,, 0<H, <1, 0.<by, < 1. Briuncauts BHYTpeHHHH pa-
auyc obaactd (8§ OTHOCHTENbHO HYJAEBOH TOUKH.

109. Hepagencrea

I, Lag =2 (2 # 2),
0 <9, LUy < 2x

BLILENSIOT B TJOCKOCTH 2 KPYrOBOH ABYYrosbHUK K; BepLIWHL €ro
JeXaT B 2, ¥ Zp, @ CTOPOHB COCTABJAIOT Mexny cobo#t yron i, —i,.
Uemy paBed BHeluHu#i paguyc obiaactu .K? PaccMoTperb cayudanu

'jT .
§}1+f}ﬂz QT‘; ﬂl :{}2; ’8’1 = —§, 82=’E_

0. [lycts a u b — toukn obnactn &, f(2)~- HOpMUPOBAHHASK OTO~
Opaxaioimas GyHKLUMA, COOTBETCTBYoulas Touke b, Torna

i@
“ rol @l
111, BoyucauTh HOPMHUPOBAHHYIO 0OTOODPaXaOW VIO (QYHKUKKD TA0-
CKOCTH, pas3pe3aHHOH BAOJb npﬂmoﬁ‘%\g 2 < — co, OTHOCHTEILHO HY Te-
BOW TOYKA M HCCJENOBATH W3MEHEHWe BHYTPEHHErO pajuyca r,, KOraa a.
npoferaeT Bee BELLECTBEHHBIE S8HAYEHHS OT — OO 10 .

2. Ilycrs L — 3amkuyTas anaimvtuueckas kpuBasi, (CnepoBaTensHo,
HOPMUpOBaHHAs 0ToOpaxaiolas (yHKLUSE, COOTBETCTBYIOLLAS NPOM3BOJIL-
HOHM TOYKe BHYTpeHHell oOnacTu kpuso# L, mpomomxaema 3a L u B pas-
MMYHBIX TOYKax L He mnpuHMMaeT ONMHAKOBLIX 3Hauenuit.) Ilokasarto,
YTO eClM TOYKA @, 3aK/IYaKWaAcid BO BHYTpeHHel obnactu xpusod L,
npubanAAETCH K HEKOTOPOH TOYKe 3TOH KpHBoH TO BHyTpeHHnH panuyc r,
CTPEMMTCSt K HYMO.
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113. Iycts B Touxke ¢ oGiacTh & BHyTpeHHuit panuyc r, nocTuraer
OTHOCHTENLHOTO MaKcuMyMa. I[lokasaTb, UTO TOT4a Y HOPMHPOBAHHOMH
oTobpaxawilelt GyHKUUY ,

@ =z—a4-c(2— a2 4cy(z—aP+ ...,

COOTBETCTBYIOWEN TOUKE @, KOIPPUUUEHT C, PABEH HYJIO.

f14. KaxoBo reoMeTpHueckoe MeCTO TeX TOYEK & BepxHell moay-
MJOCCKOCTH $2 >0, Aa8 KOTOPBIX BHYTPeHHHH pamuyc r, sToft noay-
NJIOCKOCTH COXPAHMeT NOCTOAHHOE 3HAYEHHUe?

#5. Ilycrs & — xoneynas o6aactb MNAOCKOCTH 2, @ —— NPOM3BOJb-
Has Touka 9TOH 00JAaCTH M n — UeJOe MOJOXKHTENbHOEe uucao. [lpe-

{3
obpasosaune 2/ =V z—a comocrasiger ® nekoTopyio ofnacTs.
«N-KPATHO CUMMETPHUHYIO» OTHOCUTENbHO HYJeBOH Touku. Touxka 2’
TOTJA M TOJbKO TOrna npuHandexut obaactu &', xorna 2" -}-a ecto.
Touka obaacty . [lokasate, uTO BHYTpeHHu#l pasuyc r, obaactu &
OTHOCUTENLHO TOUKM @ M BHYTpeHmui#t paauyc r; obnactu &’ orno-
cuteNbHO TOUKH 2/ == 0 CBsI3aHBl COOTHOHIEHNEM

1

AHanorduHoe CcoOTHOIUEHHEe MMeeT MeCTO BJdg BHEIUHero pandyca Ipu

ﬂ — . .
npeoGpasosaunn 2’ =7z, ecin 2=0 ne comepwurca B ®.
6. BruicinTe BHYTpeHHHH papuyc r, IJIOCKOCTH 2, paspesanHon.
BBOAbL n Jayyed

™Y

‘ ‘ib/—-}l—-\<_'2|<+oo, argz-—_:%“ (V:-l: 2; 3)""”‘)‘

K kakomy npeneny CcTpeMuTcs r,, Koraa ¢ npubIKAeTCd K KOHLY
COOTBETCTBYIOLWLETO BhIPE3a BLOJb OTPe3Ka

Oglz(<f/‘—1—, argz::%??

17, BoluucauTh BHeWHWH pasMyC MJAOCKOCTH, Paspe3anHoH BOJb.
OTPE3KOB

—agLz<a, —B<iz<p (@3>0, f>0)

8. Ilycrs & — npoussonbHas 06aCTb NAOCKOCTH Z ¥ @ — HEKO-
Topasi KoHeuHas Touka 3To#l obOnactd. Hopmupomanhnas oTobpaxaiolias
GyHxuust f(2), COOTBETCTBYIOWAN TOYKE @, M BHYTpeHuuft pammyc r,
061213107 CAEAYIOWNM IKCTPEeManbHLIM CBOMCTBOM: CpPelH BCeX (yHKUuH
BHAA

F(2)=2-—a-+dy(z—aP+dg(z—a)*+ . . .,



32 OTA. 1V, I'M. 2. OJHOJUCTHHE KOHOGOPMHBLIE OTOBPAMEHHUS [119

peryaspueix B obnacth &, f(2) obnanaer HAUMEHbLIMM MaKCHMYMOM
monyas B ®; stor ,minimum maximorum¢ paseH r,. Toudnee rosops:
eca M — Bepxuas rpasb moayaa | F(z)| B obnactu ®&, ro

M= r,.

PaBencTBo LOCTHraeTcs TOMbKO TOrAa, Korma F (2)= f(2).

B cayuae, ecan & comepwur OeCKOHEYHO YIAMEHHYIO TOUKY, aHa-
JIOTUUHBLIM ~ cBOHCTBOM 00na12al0T oTOOpaxawlias QYHKUES, COOTBET-
cTBylowas OeCKOHeuHO yHaJleHHOH Touke, ¥ BHelUHHWH paauyc obaactu,
JOTIONHUTETbHON K &); oToOpa)ceHMe Ha KPYT BHIAEAAETCS MOCPENCTBOM
ymaximum minimorum¥.

19, [Iycrs & — obaacrtb, cuMMeTpHYHAR OTHOCHTENBLHO BeILECTBEH-
HOM OCM, @ BewecTBeHHO. Toraa B paslIMmKeHWH 0O CTENEHSM Z— a4
HOpMUPOBaHHO} oToOpaxatowe GYHKIUK, COOTBETCTBYWOIER a, BCe
koshduunenTsr BeurecTBeHnsl. Ecam & conepxur GeckoHeuno yianeH-
HYI0 TOUKY, TO aHaJOTrMyHbIM cBoficTBoM oOjanaer HOPMHPOBAHHAS OTO-
Opaxalowas GyHKUKA, COOTBeTCTBYOULas] OECKOHEUYHO yIaleHHOU TOouke,

020, Ilycte & — obunacth, CUMMETPUUHAST OTHOCHTE/LHO HYJAEBOH
Touxd., Toraa B CreneHHoM pdale AAA HOPMUDOBaHHOW oTodpararouleft
QVHKUHH, COOTBETCTBYHOWEN Hy/JIeBOH TOYKE, COAEPMHATCA TOJBKO Heder-
Hele crenend 2. Bcam & comepxur OeCKOHEYHO YIAJEHHYIO TOUKY, TO
aHANOTUYHEIM CBOHCTBOM 00JasaeT HOPMUPOBAHHAS OToOpaxatowas GyHkK-
uud, COOTBETCTBylowlaf OECKOHEYHO YHANCHHOH TOuke.

§ 5. Ceazu Mexjay OTOOpakeHHMAMM pa3JH4HBIX O0JaacTeil

121, Iycre @* — npasuibuas uacts ofnactu ©, r, v ri — sry-

TpeHHre paguychl obnacredr & u (% oTHocUTenbHO OAHOH W TOH Ke
Touku @, jaexawed B &*. Torna

E
r, < Fg.

Adanoruupoe HepPaBEeHCTBO WMEET MECTO NSl BHELUHUX PanuycoB.

iI22. lycrs & — npoussosnHas 06JaCTb, @ — HEKOTOPAST KOHEUHAS
TO4YKa 9TOH ofjacTw ¥ r, COOTBETCTBEHHO R, — pamuyc Haubo/buiei
{COOTBETCTBEHHO HAUMEHbIUeH) OKPYXHOCTH C IEHTPOM B a, COmepHa-
wedtica 8 & (coorsercrsenno conepxauel ). Vmeem r >0, R >,
R koHeudHo uiau OeckoHeuHO. [lanee

r < r, < R,

npuyeM pPAaBEHCTBO HMEET MECTO TOAbKO TOrAd, Koria & — oTkpeiTuiit
KDYT.

823. Ilycrs obnacth & comepxuT GeCKOHEUHO YIUAAEHHYI TOUKY
¥ O — TOYKa nononHuTe bHOH oOaactn B. O603HauuM yepes 7, COOTB. R,
paauyc Haubo/bilero, COOTB. HAWMEHbLIEro, 3aMKHYTOTO KPYra ¢ LEHT-
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poM B @, coaepxaweroca B B, coors: comepwaiero B. Umeem r > 0
R > r, R xoueuno. [lanee

rr <R,

MPUYEM DPABEHCTBO MMEET. MeCTO TOJBKO TOrAd, Koraa B -— samkwy-
Thift KPYT.

124. Ilycrs [ — navHa 3aMKHYTOH NPOCTOH HeNMpepLIBHOM KpuUBOH L.
[lokasaTh, YTO OM4 BCAKOM TOYKM @, JeXaWel BO BHYTpeHHeH o6aacTu
Kpuso# L,

2nr, < L.

PaBeHCTBO HMMEeT MECTO TOJbKO I OKPyXIocTed C LEeHTpoM B a.
Ananoruysoe HepaBEHCTBO MMEET MECTO AJf BHeIIHEro pajuyca.

125. Ilycts obaacte ® umeer BHyTpenHon xopuanosy mepy | ® [..
ITokasaTs, yTo maa moOOH KOHEUYHOH TOUKM @, comepxawlehcs B &,

| ® ;= mrl.

147

P4aseHCTBO HMeeT MeCTO JMWIb AN Kpyra |z-—a| <r,.
126. Ilycts nononuenne B obaactu &, conepxaiiell 6GecKoOHEUHO
yIAJIEHHYIO TOYKY, MMeeT BHEIUHIOW xoppaHoBy Mmepy |B|,. Torsa

B, L rr2

PaBedCcTBO MMEeT MECTO JHIIb B TOM ciyuae, ecau B-—Kpyr.
127. Mycrs 3dMKHYTad MNpOCTas HenpepoiBHas Kpusad L umeer

BHEWIHU{ paiuyc r H BHyTpeHHuﬁ papuyc r,, rie a-— NPOU3BONbHAA
TOYKa BHyTpeHHe#t obnactu xpuso#t L. Torna

ro <.t

PaBeHCTBO ¥MMeeT MeCTO TOrJa M TOJMbKO TOPAA, KOrda L — OKDYK-
HOCTb M @ — €& LeHTD.
i28. llycrs L —3amMxHyTad OpOCTas HENPEpPhBUAA KPHUBAA, OXBAThI-

BAWOLIAS HYJ/EBYI TOUKY, F-— ee BHEIHWH Pamuyc u ro— BHYTDEHHUH
pansMyC OTHOCHTENbHO HyaeBoH Ttouku. [lycrtb, nanee, P(2)— nonunom
C MJAAAIIHM YJIEHOM ;2% ¥ cTapluMm 4ieHom a,2™: -

P (2) = a;2% 4 ap 2"+ 4~ ... a2,
w M-— MaI{CHMyM | P (z)| Ha kpuso#t L. Torna
}(lkifo, /ian'rn'

PaBeHcTBO MMeeT MeCTO TOTAA M TOMABKO TOTAA, KOrna L —— OKPYXHOCTD
v nomiHoM P (2) uMeeT Bui c2”.

3  3ax. [127. T. MMomsa u I'. Cere



34 OTH. 1V, T. 2. OJHOMUCTHLIE KOU®OPMHBLIE OTOBPAMKEHHA [129

129. llycrs  ¢yuunua  f(2) peryaspha, “Meer OONOKUTENBIYIO
BELLECTBEHHYIO 4YdCTh BHYTPH OOJACTH, OFPAMHYERHOH 3aMKHYTOH TpOo-
CTOW HemnpepnBHOM KpuBOW L, W HenpepeBHA, BKAWYadA TPaHuly. Ecau
BelleCTBEHHAa YacTh (pyuKunu f(2) oOpawaercs B HyJb HA HEKOTODPOH
nyre L’ xpuofi L, T0 MHuMAaA 4acTb dyHKuMK f(2) MOHOTOHHO yObBaeT
npu nonoxurenpbHoM obxonze ayru L' [III 233].

#30. Orobpasum monocy 0 < Jz <D Ha kpyr |w|<1 taxum
00pasoM, 4To0bl NpPH 3TOM TOYKA 2Z ==} MNCPEXOAKHIZ B LEHTP Kpyra
w=0 (D >1). Yemy pasua AiMHa LyTH OKPYXHOCTH |w|==1, orBe-
yaloulelt npu 3TOM orofpaiceHud BewlecTBEHHOH ocu Jz=0? (Mpu
D=2 u D=co tpupnaabHo.) Kax uameHsercd ykasawuas gyra npu
Bo3pacTaHuu D?

[31. IMycrs samxuyroie npocTsle HempepbiBHbie kpuseie L, u L,
MMEIOT KOHEYHOe uHCA0 OOWMX AYTD ¥ BHYTpPeHHss 001acThb KpUBOH L,
COMEPKUTCA BO BHYTpeHHel oOnacTu kpuso#t L,. (L, COCTOMT M3 4YeTHOrO
UACAA LYT, NPOXOAAUAX [CIHeDeMenHo BHYTPH W Ha TpaHuile o0nacTu,
Or DaHHYUBAEMON KPHBOH Ls).

Otobpasum BHyTpeuHwio obnacts KPUBOH L,, a 3areMm Kpusoid L,
Ha OQHY M Ty e BHYTPEHHIOI KpyroByio obnacTb Tak, uTobbl B TOM
W JpYyrom ciaydae Hekoropad touxa (O, NpHHALJexainas BHyTpeHHeH
obnactyu kpuso#t L,, nepexoauna B uedtp xkpyra. OOa otobpawernns
COMOCTABAAIOT AyraM KpHBLIX L, W L, BUOJHE oNpeleNeHHble LYTH
PPAaHUYHON OKpyxHOCTH (CTp. 29).

JoxasarTe, UTO AJAMHA HYTH KPyra, COOTBETCTBYICLEHN Kaxof-aubo
obued nyre xpusbix L, u L, 1pu 0oToOpawmenHur MeHslief obaactu
(orpanuuennoft L) OynerT weubile, uem npu oToOpawenun Oojbiich
(orpannycHHOH Ly). [Tpumep: 130. {129.] 4

BR2. lars 37eKTPOCTATHYECKYIO MHTEpTpeTauu Teopemb 131.

f33. [lycrs 3aMiHyTHE NPOCTHIE HenmpepLBHble KpuBbie L, W L,
MMEWT JIMIb KOHEYHOEe UMCA0 O0WHX TOYEeK W OrpPaHHYMBAEMBIE UMY
obnacru — obuiyio yacrs . Ilyers nmanee O —rtouka obaactn <
I# — cpasuan vacr, obaactu T, comeprawas O. Jdyru kpuBeix L, u L,,
nexane Ha rpannue TF, HA30BEeM «BHIUMBIMH» U3 O, He nexauiue e
Ha 9TOW IpaHuie — «3AKPHTHMH». (DTH TEPMUHLI «BHIUMbBIE» U «3AKPLI-
Thie» UMeloT OOLIUHBIA CMBICA, ecan KpuBble L, u L, 3Be3noobpastul
orHocuTeasHo O.)

Orobpasum cHauala BHYTPEHHION 00JaCTb KPUBOH [, a sarteMm Kpu-
BOW L, Ha BHYTpeHuH0l 064aCTh €AUHWUHOTO KPYra TaK, uToOB B 060MX
cayyagx O mepexomuwna B UeHTP Kpyra. Torna o0pa3el «BHIHMBIX»
uacreli kpuso L, saiiMyT OO0MLIIYIHO 4YaCTh ENMHUYHOH OKDYIKHOCTH,
yeM 00pashl «3aKpBITEIX» uacTell kpusoil L,. (daa Gonsuwell parimiHo-
CT¥ rnipeactarasem cebe L, B BHAE OKpyxHOCTH C ueHTpoM B (J.)
[131.] .

§i34. Tycry B — nexoropas samxHyras od6aacTb, L — ee BHyTPeHHHA
TOo4YKa ¥ P -— COBOKYNHOCTL IPaHMYHBIX ToueKk 06gacTd B, OTCTOANINX
OT 7 Ha paccTosiHue, He Tnpepbiwaiowee p. [lycre Ay OKPYMHOCTH
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paauyca p ¢ uedrpom B L, He npudHangexawne kK B, uMeioT
obuLy nauHy pQ. '

[ycrb, panee, ¢yHrkuua f(2) perynspHa W OLHOBHAUHA BHYTPU U
HenpepolBHa Ha rpanuue obnacty B, npuueM B TOUYKAX MHOMecTBa N
nmeem | f(2)|<{a, a B OCTalbHBLIX TPAHUYHBIX TOuKax objaactu B
| f(2)| < A, a << A. Torna

by

2oyl 2
F@<ara =,

(boaee tounsas ouexka, uem B Il 276.)

§3B. Tlycte onnocessuan ofnacts (), nmiockoctd z ynosaersopser
CHENYIOWMM VCAOBHAM:

1) &, nexur B Kpyre |z| < a, a>1,

2) &, comepxur kpyr |z| <1,

3) ©,, comepKur Ayry eNHHUYHOH OKDYMHOCTH

2| =1, —ua,<argz<aq, (0 <a, <m),
4) ponmoNuMTeNbHas Oyra CAMHHYHON OKPYIKHOCTH
jzl=1, o,Largz<2n —a,

npuHalJeUT K rpaunue odaactn ©,.

flycrb, nanee, 9, B3auMwo 0ZHO3HAYHO ¥ KOHMOPMHO oOTOOpa-
KAeTcd ¢ MOMOUIbI0 QyHKUMM W= f,(2) HAa emuHMuHbLH Xpyr |w]| <1
TaK, 4to npu srtom f,(0)=0, ﬁ,’a (@) > 0.

Ecan npu BOspactamuu 7 «[OepeWieeK», COCHMHAIOLUMH enMHWYHbLIA
KpyT ¢ ocradbHo# yactbio obaacty &, gce Oonee u Gosee CTArUBaeTCs,

T. e. ecan lim a,=0, T0
71 ~» 00
lim f,(2), =2z

70

HEe3aBUCHMO OT TOro, Kak Beger cebs vactb obmacta &, newxaniag
3a mnpenenaMu ezuHWusoro xpyra. [[IpumeduTs MeTOn LOKasaTe hCTBA
reopemnt [l 335.]

§ 6. Teopema KéGe 00 ucKaxeHUM

£36. [ycto dyHxuuns
W= g &)=z by LA

peryaapHa BO BHellHeli Kpyroso# obaactd |z | > 1 M 0jfHOMCTHO OTO-
Gpaxcaer Ty oOnacTe Ha o0aacth 9, cosepmawyio OeCKOHEYHO yia-
JeHHYK Touky. Torna

16, 4-2) 0P 316, P+ .. < L
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B uactHoctH, [b,|< 1, npuyeM paBeHCTBO HWMEeT MeCTO TOTAd W
TO/LKO TOTAA, KOrAa (55 npecTannser coBof TIOCKOCTb, Pa3pPe3aHHYIO
BAOJb OTpe3Ka NauHbl 4.

. 137. (Ilponomxenne.) Bo BHewned xpyroeo# obpactu |2z|> 1

8@ <—F

PaBeHCTBO WMEET MeCTO TOrAa W TOAbKO TOrAd4, Koria ¢yHkuua g(z)
MMeeT BHI,

g@=24b—1(p—) 7z

pez — |

(le|=1, p > 1), u nocruraeTcs B TOYKe EP- Kako#t Bua nmeer B 3rom

cayuae obnacts &7

[Mpu orToOpaxeHWH, YyKasaHHOM B 3anade 136, BCe KpHBblE IIOCKO-
CTM W, COOTBETCTBYIOLUME KOHUEHTDHYECKHUM OKDYKHOCTAM panuyca
Oonblle enuHulbl ¢ leHTpoM B 2= 0,— TaK Ha3biBaeMble LUHUU
YPO8HA — UMEIOT OOWHH KOHPOPMHBIN uenTp TkecTH b, [II 129].
Mpl OyneM HaswBaTh by KoHOpMHbLM Yenmpoum msaocecmu obaactu O,

B38. [lycte onnoceasnas obgactb & comepmuT OeCKOHEUHO yaa-
JIEHHYK TOYKY M CHMMETDUYHAa OTHOCHTE/JbHO HEKOTODOH Toukn P,
Torpa P cayxuT KOHGODPMHBIM LeHTPOM TaxecTH obaactu §.

139. (IMpomomkenne sanaun 136.) Eciu obsacts & He conepxur
{1y1eBOH TOUKY, TO KOHGOPMHEIH LEHTD THKECTH 3TOR 007acTH Jewur
BHYTpPH Kpyra painuyca 2 ¢ LenTpoMm B HyJepoH Touke. MHBIMU caoBamu,

[0 < 2

PaBeHCTBO MMEET MeCTO TOTKA M TOMbKO TOTHA, Korpa (& mpencrasnser
co00#t MIOCKOCTb, Pa3pe3aHHyl0 BALOAb OTDe3Ka AJMMHbL 4, BHIXOLALUIETO

n3 nynaeso# touku. [[Ipumensem 136 x Vg(ﬁ)

0140. ([Tpopomxenue.) Paccrosuue d npousf«:onbﬂoﬁ FPadRUHOM
roukd oOnactd (& OT KOHGDOPDMHOIO UEHTPa TAKECTH HE MPEBOCXOAUT
apyx. bosee Toro, mng Beex ), sa muckmouenuem ocoBoro cayuas,
yKA3&HHOTO B KoHLe 3agaud 136, d < 2.

i4b. (ITporomxenue.) Maxcnmanbﬂoe paccTosiHMe [ Mewuy rpa-
HUuEBIMH  ToukaMu &) (auamerp rpaumdust obnactu &) sakmouaetcs
MEWNY IBYMS MW YeThbIPbMil.

2. DL A4

PakrcHCTBO B HIKHER OUeHKe HMEeT MeCT0 7T0AbKO Torjga, korpa &
npeactaBiser cCoO0OM BHEWNIO 007acTh HEKOTOPOro Kpyra paauwyca i,
a B BepxHed oueHke —Korna B ecib NAOCKOCTL € BHIPE3OM ENOJAL
orpesia IauHLL 4 (cm. samauy 136).
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§42, Cpenn Bcex HenpepbBHHX KDUBOJMHEHHBIX HYT, COEIMHSIO-
IMMX JBe HeNOABMXHbIE TOYKH, Hanmeﬂbmuﬁ BHeUIHUH panHyc'HmeeT
npaMoJuHeNHbB!t OTPe30K. '-

143, Ilycte obnacts & 3amayn 136 umeer KOHPOPMHLIM U,eHTpOM.‘
tawecty 0. Torna

@] < 2l4 737 IEE

PaBeHcTBO HMeeT MeCTO TOJMBKO NJ OTOOpaMeHus w =2 -, @ Be-

WeCTBEHHO.
144, (ITponomxenue.) ITpn yxasaHHOM OTOOpaxKeHHH HHU OLHA Toqxa
He MOXeT CMEeCTHTbCA CO CBOEro MNepBOHAYANbHOTO MNONOXKeHUs Gonblue

3
yeM Ha =1 VIHeiMu caoBaMi,
. 3 N
lg(z)“’-zl<rﬂ, lz| > 1.

845. lccrenosats cmewenue [144] npu orobGpaskeHWH - BHEHeH
KPYroeoft o6nacT# Ha TJIOCKOCTb, DPaspesaHHyi0 BIOAL MOAKOBOOODas-
HOH KPMBOH, cOCTOALEH M3 TPeX NPAMOAMHEHHBIX 0Tpe3}<03 MoC1ef0-
BATENBHO COENMHSIOIMX TOUKH

a+i8, —a-4id, —a—id, ‘a—i%;  a>0, 8>0.

Paccmotpers, B uactadctd, cayya#t, xorma a-—2, 8 — 0, u noxasars
Ha JITOM MnpuMepe, uTo KoadbduuueHT 3 B HepaBeHcTBe 3anaud 144
He MOXeT OblThb 3aMeHeH MEHbIUHM.

§146. 1Tycm (i}yﬂkum
f(2)=2-+ a,2*+ a2+ ...
pery/aspHa ¥ OQHOMMUCTHA B ennﬂmﬁom 'Kpirre |z| < L. 'Toma
|a,| <2 |

ApUYeM DaBEHCTBO MMeeT MeCTO aulb AaA (GyHKuu# B4

o BeliecTBEHHO (111).

&= g ey

[Mpumensiem 189 k (f(z=1) ™ .]
i47. [lycts dynkund
W= f(2) =2+ a,®+a28 - ...

onuoauctra B Kpyre | 2| < R. Ecmu obaacts’ ® naockoctd w, Ha xoTo-
Pyl oTo0paxaeTcs ITOT .KPYF, He COLEPKUT OeCKOHEUHO yﬂ,aneHHoH
TOYKH, TO OHA LENMKOM COLEPKUT OTKPHITHIA Kpyr || < . ViHbmn
cJ0BaMu, 0603Hauas uepes d KpaTyaliee PacCTOAHUE I'DAHUILLI 00ﬂacm ®
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| \ R
0T ToukH w=—=0, uUMeeM d>"4—' bonee Toro, d>£~, eciil 10Jb-

ko & ue npencrasager coG0H MAOCKOCTH, paspesaHHofl BLOAL Jayua
)

R .
arg w=const., — | w| <+ oco. [[lpumeusem 146 k ,

roe A — rpanuddas touka obaactu ]
148. HepasencTso zanaun 147 MOXHO yTOUHHTH CIEAYIOLMM OGpa-
30M:
R
lag|+-2 "

{Cwm. 146.) PaBenctBo mocturaercst gas o0JacTH, ykaszawuoii s 147.

- 149. (Npopomxenne 3anaun 147.) O7Tpesok, COeAMHMOWUH 1Be
rpaHuuHble TOuKM oOjacTv ) ¥ NPOXONALIMK yepe3 HYJIEBYIO TOuKy,
Mbt OyIeM HasbiBaTh 244804 xopdoi obnactu &. Beskas raasHas xopna
obnactu (& umeeT NAMHY, He MeHbWIYW ueM R. YKasauuas HWKHAA
rpaHaua R AOCTHraeTCs JUIbL B TOM clyuae, Koraa obaacts ¥ npencra-
BasieT COO0OH NMIOCKOCTb, Pa3Pe3aHnyio BAOAL O00KX aydeli w == |w| e,

dz

a BELeCTBEHHO, % L |w| <+ co. (116.)

150. (llponomkenne sanaun 146.) B enummuuom kpyre |[z]< 1
BLITIOHAETCS HEPaBEHCTBO

1—lz|°f”(z) - <
5 ) —z | L 2.

PaBeHCTBO HMeeT MeCTO TOJMbLKO TOrAa, Korza o6Jacth, B KOTOPYIO
oToOpaxaeTcs yKasaHHbIH KPYr, npeacrasiseT coO0H MAOCKOCTb € MpsAMO-
madeftnpiM Bhipe3oM. [[IpeoOpasoBare eauuuuHnit Kpyr cam B cefd Tak,
yToOBl NP¥ ITOM TNPOU3BOJbHAA (UKCHPOBAHHAA TouKa 2, (|2,]| < 1)
mepewla B UEHTP Kpyra, M 3areM npuMenuTs 146.]

158. (Teopema Ké&6e o nuHeHHOM WCKaXeHHH, TaK HA3hiBaeMbIH
Verzerrungssatz.) Ilycts dyHKuus

f(Ry=z—4 a,2* -+ a8+ ...

peryispHa W OAHOJMCTHA B eNMHHMUYHOM Kpyre [2|<(1 ¥ 7 — NOKONKH-~
renpHoe uucao, r < 1. Torpa B kpyre |z|<(r UMEOT MeCTO HepaBeH-
CTBa

] —v

A

,

Ty < @<=

PapedcTBO MOMET AOCTUIaTbCH TOJALKO NPH OTOOpaXeHUAX BHUIA
f(2)= _(_1_—-{:_%"—‘555 , O BEILECTBEHHO [150].

152, (Hpononnceﬂne.) B kpyre |zl\<r UMEET MeCTO HEPABEHCTBO

(1 i r)a lf(z)l I’)‘?'
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PaseucTBA JOCTHMAK0TCA TOABKO NPH OTOOPAXKEHMAX, YKASaHHBIX B 3a-
nave 151,
§53. Hepasenucrso samaun 152 MOKHO YTOYHWTb Cleayiounm obpa-
zou: B kpyre |z|<r
P
V-tlag|r-re

,
<H/@I<g=—7-
PapeHCTBO N0CTHraeTcd AAA TeX e oTobpaxenu#, uro u B 161, (0606-
wenne teopemsr 148.) [Cum. pewenune 148, xpome rtoro, 143.]

154. na neuernoix ¢ysxuull f(2) = — f(— 2) HepaBeHCcTBO 3a-
nayn 152 MOXKHO YTOYHUTL CHeAVIOWUM 00Dpa3oM:

r ] ¥
T < D <.
|
PaBeHCTBO NOCTUIAeTCH TOMLKO 4 f(z):——z-‘.
[ —24
§155. (IMponomxenue.) Vmeenm
2n
1 (et 12 g r
5 | 1/ (reMPad <

0

{[Tnowans obnactu, Ha xoTopyw oTobpamaercs Kpyr |2|<{p < r, He
npesocxoduT ©Max | f(2) 3, |z]<p; 1T 128.)

§588. ((Iponomxenne sapauu 152.) Ilycts n — uenoe nosoxutens-
goe uucao. CyluecTByeT TakKas (pYHKUHA w,(r), 3aBucaulias TOJLKO OT 1
mr, 0r<1, uro ana Kaxxo# dysxuun f(2) sanaum 151 B Kpyre
| 2| < r BuLINONHACTCS HEPABEHCTBO

| f2) | < 0 ()

i87. (lMponomxenue.) [lycTb n—uenoe MOJAOKHTENLHOE YHCJIO,
2> 2. CyulecTByer Takasd 34BUCALLAS TONbKO OT 7 NOCTOSHHAS ®,, YTO
Lad KOKAON ¢yHxuun f(2) sanaur 151 BeinonHAETCS HepaBeHCTBO

l a’?zi “< (”n'
Hycth ®,—HanuMeHbWI a4 U3 3TUX NOCTOAHHBIX. Torpa
n+1
< 1 (n-1+1) 1,
T4 (n—1yr!

158. ([Tposomxenue.) Mmeen

2

5 |17 e a8 <

0

’
1—r

[165].

@

1) Dvra rpanuga <% e,
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159. (Mponosxenne.) Himeer mecTo Ccaelyiomee YTOYHeHUWe Hepa-
BE€HCTBA 3anauu 157:

| _ n<Lw, < en.
160. dna dpyuxunt

J(2) =214 a,2> 4 a2 4 ... a2+ .,

B eNMHMUHOM Kpyre |z| <1 ONHOAMCTHHIX W MO MOAY/I0 MEHbIUHX,
yeM M, HepaBeHCTBO 3ajgaud 146 MOXHO YTOUHUTH CJAeLYyIIWHM 00pa-
gomM: M > 1 (paBeHcho TOMbKO 1 f(2)=2) u :

gazhgz(lffﬁﬂ.

Korna mocturaercs paBeHCTBO? [anMeHHTb 146 k

o ]
(LM f ()
161. Mycry dynkums

fR)y=z2-4 a2+ a3z 4 ... a2+ ...

peryaspua B kpyre |2} <1 u orobpamaer ero na o0nacTb, 3B €31 0-
oOpaanyio otHocuTe b0 Hyuesoft Touwu [III 109]. Toraa

la,l<<n  (n=2, 38, 4, ...).

PapencTBo umeer MecTo TOABKO Aas (yHKU#H BUAA

. z )
f(z)::m—, ¢ BellLeCTBEHHO, .

162, Mycts pymkuus
| f(z)zz+a229+a323+,,,+anzn_}_.”

peryaspsa B esuHuyHOM Kpyre [2z]| <1 u oro0paxaeT ero Ha HeKOTO-
pyio Boinmyxayio obnacts [III 108]. Torna

lanii{\l (n=2, 3, 4, ...).

PapescTBO MMeeT MecTO JHIb A/ qaylmuuﬁ BUAA
J(2) =5

NpH 3TOM KPYT MEPEXOIHT B nonynﬂocmwb‘, KOTOpad COLEPMHUT HyJe-
BYI0O TOYKY M I'paHMyHaf npgMasg KOTOpPOH OTCTOMT OT 3TOH TOUKH Ha

8”2

1
paccrosiine 3 .

163. Ecin dyuxuna f(2) perynspHa u OJHOJMCTHA B €IHHUUHOM
kpyre- |z| <1, To BCce kpyru |z|<(r npu r<2—VY3=026..
07T00paXaI0TCs ¢ ee TOMOWbK HA BuHNYKALe 001acTH. ITO uucao
2-—V3—rpasnuna BHRUYKIOCTH—He MONET OBITL 3AMEHEHO
MCHBLINN.
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FJTABA 3
CMEHIAHHBIE 3ANAYH

§ 1. Varia

064%. Ecm dynxuda f(2) 8 nonoce 0 LMz <= peryaapHa, ogHo-
3HAYHA U OTPAaHMuUeHa ¥ ofpawaeTcd B 3TOH nojsoce B Hysb B TOY-
KAX 2y, Zgs «ovs 2y oo (2, =X, -+ iy,), TO 1uBO PAL C NOJOKUTENb-
UBIMH 4JIEHAMH :

e~ ¥l sinx, e Voalsinx, 4+ ... +e_"yn'sin X, .

cxonutes, aubo f(z)=0 [III 297].
165. llycrs xosdduuuent fl(z) JMHEHHOTO OAHOpORHOrO Aubde-
PEHUNA/BHOTO YPABHEHHS

YW (@YD L () YD S (2) y =0

sBaseTcd ueAoR ¢dyskuuefl. Hng roro urobsl ¥ oO6wWMH. MHHTerparna.
5TOr0 ypaBHeHus Obui vesnoft ¢yHkuuel, HeoOXOAMMO W HOCTATOUHO,
yToOBl LeabiMi (ynxuuamyu Oblid BCe ocTaAbHble KO3GMDULMEHTH .f, (2),
32, .o Fal2).

166. [Tycrs pynkuus w == @ (2) peryaapHa (BO3MOXKHO MHOTO3HAUHA)
B koableof obnactn 0 < |z|<p, p >0, ¥ yAOBIEeTBOPAET B HEl TOX-
NEeCTBEHHO YPaBHEHMID BULA . '

Fo(2) 0t 4 F (@) Wl ... A Fy_, () 0 Fy(2) =0,

rae Fy(2), Fi(2), ..., F;-,(2), F;(2) peryaapHnl B HEKOTOPOH OKpecT-
Hoctn Touku 2= 0. Ecan cywecTByer CTeneHHo#t pan ¢+ ¢2+.. .
TakoH, 4TO GYHKUHA (@ (2)— €12 — €22 — ... —C, 2" )2

OrpaHvuyeHa B OKpecTHOCTM TOYkM 2=0 paag OecCyucaeHHOr0 MHO--
)KeCTBA 3HayeHuil 7, TO cp(z) Pery/apHa B OKPECTHOCTH TOUKN 2=0mnu
9 (2) = g+ €,z 402 . 2t
iﬁ?. [yctb q)ym{unﬂ f(z) perynﬂpua M OfHO3HauHa B 0B/aacTH
<L |z|< oo, R>0. Torma cywecrsyOT Takue uenoe uucio p >0,
uenaﬂ ¢ynxuna G (2) 1 cxonswmiica npu |2| > R creneyHOR pan

r<z>—" = = R

(@ =27G@E) e (RL]

[Ipn onnospeMedHON 3ameHe KAK B NPENNONOKEHNMH, TaK U B yTBEPXKIe-
Huu HepaBenctsa R < |2|<C oo va R<|z| < oo TeopeMa CTaHOBHTCH
yiKe HeBepHOM.

068. lycrs f(2) = f(x -+ iy) — mepomopdras nepnomqecxaﬂ dYHK-~
uust ¢ nepuogoM 2w, umeiowas B nosoce O« Mz < 27 avwb. KOHEUHOE

uTo
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uncnio nyaedt u nomocos, Obosuauum uyepes AM(y) MakcHMyM ¥ uepes
p(9) — muHumyM Moayaa | f(x+iy)| nas 0. x < 2=, Ecau

) oo
lim sup Inin M (y) <1 wmn  liminf n fn b (y) > — 1,
1 1> |y | 4l >c0 ly|
10 f(2) HaBepHOe sBAfETCH paUHOHANbHOR GYyHKIHefd oT &%,
169. [Iycry f(2) — anamuTuueckas GYHKUHUA, 2= X} iy, ¥ Ksal-

PAT MOAY .S
|f@)PP=p(x, y)

apiseTcqd  anrebpanuecko#t ¢yHKUMEH OT BEWECTBEHHLIX MepeMeHbIX
x 1 y. Torma f(z) cama sBigercd aiarebGpanueckolt dyuxune#t or z.

870. He cywecrByer anaanTHueckol QYHKUMH, DETYJADHOU BroJb
REUICCTBEHHON OCH ¥ TNpHHUMAaUWeHd [19 BelleCTBEHHBLIX 3HA4eHUH 1c-
peMelioro BCe 3HayeHusa BHVTPH ¢ukcupopaHxHoro xpyra. Kopoue: me
CYLIeCTBYeT «aHaauTHiyeckol kpupoit ITeawnos.

i78. Viccnenosatsh, cyuiectByer au - 1 amaanTHueCKuX Oy HKUMA
1), fs(2), oy [ (2), f(2), OTIMUAUWHMXCA ADPYT OT NJPyra He MPOCT O
Ha NOCTOSAHHBIE MHOXHUTE MU, PeTYAPHbEIX B HeKoropok obaactu B
H CBY33HHLIX B Hed COOTHOUIEHHEM

L@@ A @ =11 (2)]

172, ViccaenosaTh, CYWECTBYNT M [Be aHaJAMTHuecKHe (YBKILUY
f(2) n g(2), He TOXKAECTBEHHO MOCTONHHbLIE, DPETYSIPHBIE B HEKOTOPOH
ob6nacty B n CBA3AHHLIE B HEeH COOTHOLIEHHEM

g @) =Rf() (111 58].

073. Tosopar, uto f(2) n g(2) UMEOT ONUHAKOBLIE @-TOUKH, €CIH
QYHKUNK
J@)—a g —a
g{z)—a J(z)—a

o0e ONHOBPEMEHHO ABAAKTCH LeJbIMU.

HatiTi nBe pasinunubie wenble @QYHUKUUH, O0MaRAI0MLNE OJUHAKOBLIMA
a-, b- n c-toukamu. (I1pu srom, xoHeuuo, npennonaraercd, 410 b=c,
c/a, as=b.) -

174. Cywecrsyer au uenas ¢yuxues (G (2), yAOBIETBOPAOUIASN

Y CAOBUAM
G0)y=a, G l)=ea, C"@=a, ..., (®n)=a, ...,
TAe TOCIenOBATENbHOCTL &y, &y, &y ... 3afaHa nponssoieHo? (Ilo

MOBCAY AaHaNOrMYHOW MHTEPNOAAUHOHHOH 3ajgaun nJas [OAAHOMOB CM.
V178, VI76.)
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@

§ 2. OG og#om npueme . Jlaupay
Ecau teopemy o toM, uro ¢yHKuUA f(2), peryasaprad u OnHO3HAY-

Haa B oOnactH %, BOCTHraeT CBOECTr0 MaKCuMyma 0 MOALY/MO Ha rpa-
HULEe, MB XOTHUM BRIBECTH HeNOCDEACTBEHHO M3 HHTErpana Kowu

! 0
e =55 g .

(rme 2z 3ak/uovaerca BO BHYTDeuHeh obnactu puso# L), TO Mbi MONeM
paccyxaarh caenyouuM obpasom. Ilyers | f(O) | M ua L, roraa

Fl< (] 2~
L

= KM,

— 2

rge noctosHuas K 3aBUCUT TOJbKO OT KPUBOH L M monoXenus TOUKH 2,
HO He OT CreuuanbHoro Buidopa ¢yuxuuu f(2). Ho remeprs a1y rpybyio
OUEHKY Mbl MOXEM YJAYUIKTL, npumenss ee K [f(2)]", rane n-— uenoe
NONOKUTEALHOS UNCHG!

SR KMY, | F(2)] < KM

Beps 7 — 00, Mbl monyuum B npenede | f(2)] <M

JToT MHTEPECHHH MeTON [0Ka3aTelbCTBa noxasmeaeT, uTo Tpy6Gre
OUEHKH MOXIG HHOPAA NpeoBPa30BATH B TOYHKIE, €CHH HALJIEKALIUM
006pasoM BOCIIONL30BATHCH vx 00wHocTh0. [E. Landau; cu. M. Riesz,
Acta Math., 40, ctp. 340, cHocka 1} 1916.]

7%, l'inTb f(&)=oay+ a2+ a2+ ... +a,2"+ ... perynspua
B xpyre [z|<R. ﬂonomnm EDEU')_-I%]—Hal[r la,lr‘)—{—

L LA o Toma

M(ry M)

>0, r+8<R).

176, (ﬂpoaonmenne.) Mycts M, (r) wMeeT TO ke 3Hayenue ang
[F (), xaxoe M (r) umeer nms f(2) (n=1, 2, 3, ...). Torna

i
Hm [, (N = M (r).
n-»co
127, Tlonyunrs ¢ momowpio I 123 HOBOE NOKA3aTENLCTED TEODEMH
Apamapa o tpex xpyrax [l 304].
" 878. Moxasats crenyowee oboGuienue rteopembl 180. Ilycrte w,
AMeeT TO Xe 3HayeHue, UTO W B 3azaade 157; TOrna B NPennoNOMEHUIX
teopembl 160 MMeer MeCTO OHELHKA

'anléwn(l*_M

179. Mycrs teopema C. H..BepumTetina o TpuroHoMerpuue-
cxux noyudHomax [VI82] wussecTtHa B chepyrollel HeTouHoi dopme:

1-n
).
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cylecTsyer Takas aGcosioTHas nocrosuras K, K >0, yro nag rtpu-
TOHOMETPHYECKOTO MNOJMHOMA n-ro nopsiaka ¢ (%), me mpesocxoastero
N0 MOAYJI0 €NUHHIBI, BLIMOJHACTCA HEPABEHCTBO

o' (h| < n+K.
Kak or stofi oueHKu nepeHTH K TOYHOH OlEHKe

" ()] <L n?

§ 3. MpsamosuHeitHoe NPUBAMMKEHHE K CYLWIECTBEHHO 0c060f TouKe

180. CywectsyoT uensie GYHKUHH, BO3PACTAIOIME ¢ NPOM3BOALHG
00JblWOR CKOPOCTbIO, KOTJAa 22— CO BAOAL HEKOTOPOro Jayua, Tounee
ropopd, Kakosa Obl HH Obla QYHKUHMA ©(X), TOJNOKHTEALHAS U MOHO-
TOHHO BO3pactawowas npu x > 0, sceraa Ha#lzerca wenas gyHkuus g(2),
NMPpUHUMAKOUIAR BeUuleCTBEHHLIE 3HAUYCHUA NMpH BECILECTBEHHBIX 2 W YyDO-
BaeTBOpAomlas npu x > 0 HepaBeHCTBY. g (X) > ¢ (x). (Il 299.)

181. CyuwecTByOT uenble (QYHKUMA, KOTOPbE NOpH 2 —> CO BAOb
MOJIOXKUTENLHON BEUleCTBEHHOH OCHM CTDeMATCI K HYA0, 4 BNOAbL BCEX
OCTaJbHBIX Jyuelt, UCXOASAWMUX M3 Hauajaa, — K 6ecKkOHeuHOCTH. MoxeT an
BecTH ceOs Tak uenas pauuoHaabHast (YHKUWAP

182. CyuwecTByioT lteqble TPAHCUEHAEHTHEIE DYHKIUM, CTPEMHLLI,PIBCH’
K OeCKOHEUHOCTH BJOJb BCEX JyueH, HCXONSIMX W3 Havana. Mower au
. 9TO CTPeMJeHHe K 0eCKOHeYHOCTH OBITb PaBHOMEPHLIM P

183. Cyutecreyior nensie GyHKUUH, KOTOPHE BROJb BeleCTBEHHOM
MONIOKUTEJbHON OCH NPHHHMAIOT BelleCTBEHHblE 3HAUEHWS U CTPEMATCA
K ~}-00, a BROMb BCEeX  OCTAJbHBIX JAyueR, MCXOAAMX W3 Hauana,
STREMATCA K Hymo. MoxeT Ju BecTH cebf Tak wenas GyHKUMA KOHeu-
HOTO MOpsaKa?

184. Cyuwecrsywor nensie ¢yHKunM, KOTOPHIE CTPEMATCS K Hymo
BAOJL BCeX Jyuel, UCXOASLUMX M3 Hayana.

189. Cymecrsyor wuessle (pyHKUMHM, KOTOPHIE BAOML Jayuelt, BHIXO-
ASLMX M3 HA4yana B BEPXHIOKW (OTKPHITYIO) MOJAYMJIOCKOCTb, CTPEMATCH
K +1, a BHOMb JAyuel, BHIXOAAUIMX M3 HAYAAA B HWKHIOW (OTKDPLITYIO)
NONYIJIOCKOCTh, cTpemaTcst Kk —1. Donee Toro, cXomuMoCTh paBHOMEpP-
HA B KawaoM yrae e < arg2 < m—eg, COOTB. — m—¢& < argz < —&,
e >0,

186. lycte nuockocTs paséuta n AyuyaMu, BEIXOASIMMM W3 Hy e~
Bo# ToukH, Ha n yraos. Cywectsyer uenas OYHKUMA, KOTOpas
B KaXIOM H3 9THX YTJ/0B (C TeM e yTouHeHueM, uTo U B 185) cTpemurca
COOTBETCTBEHHO K &, @y, «.., &y, TAE &, Gy, ..., @, — NPONU3BOILHOC
3aJ]aHHbIE KOMI/IEKCHBIE YMCHA. o

887. Pasobbem xakuM-uuGyab 06pasoM ayuu, BHIXOASILME M3 HYJie-
BOM TOUYKHM, Ha nBe xarteropud. CyuwlecTByeT /M A4S KaXKAOFO TaKOTo
pasGuenys ueaas QYHKUMS, KOTOPas® BLOJAb Jyued mepBofl KaTeropwu
CTPEMHTCS K HY!0, a BLOJb aydeft BTOpoft — Kk OecKOHeUHOCTH? |
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§ 4. AcuMnTOTHYECKHE 3HAYEHHH UEAbIX QYHKUHH

Ecan uenas pyskunsa g(2), He TOXKIECTBEHHO NOCTOAHHAA, CTPEMHUTCA
BIOJIb HEKOTOPOH HeNnpe phlBHOMH, yxonduel B 6eCKOHEUHOCT KPUBOH
K npejeny @, TO 3TOT Mpeles a HASLIBAGTCA GCUMNMOMUYECKUM 3Ha-
yenuem Qyuxuun g (2). Hanpumep, O ecTb acuMNTOTHUEeCKOE 3HAaYeHHe

VHKUAY €%

188. 0 1 0O ABAMOTCA €NUHCTBEHHLIMM aCUMITOTHYECKMMU 3Haye-

HUAMH q)yﬂxunu e*.

i8e. ]/- U OO ABAAIOTCA €JUHCTBEHHBIMH ACHMITOTH-
YyeCKUMW 3HAYEHUAMH PYHKUUN fe 2 dx.
0
180. licnag QyHxkuusa nopagka n (n— wenoe nonommenbﬂoe)
21 zin+1

?—Fon T T Bdn 1)

uMeeT B TOUHOCTH 21 Pa3/MUHBIX KOHEYHBIX aCHMITOTHYECKUX SHAUeHWH.
194. [lycts nOCIENOBATENBHOCTh TMONONKHTE/bHBIX YHCEN &y, @y,
@y, ..., O, ... BHIOPAHA TAK, YTOOMI pfm

X

g(Z)wl/ Lam f.e Tax

=

PAaBHOMEPHO CXOBMJCA B XaXNO# KOHeyHOH o00/JacTH NJAOCKOCTH 2 H
npPeACTaB/A, TakdM 00pasoM, HEKOTOPYIO Weayio cpyﬂxumo g (2).

{[TonaraeM, HAOPUMED, a,, = exp (— m8™).]
[TokasaTb, 4TO MHOMECTBO ACHMNTOTHUYECKHX 3HAuUeHUH onpepe/eHHOH
TaK Ueaofl yHKuuu g (2) MMeeT MOWHOCTL KOHTHHyyMma. Tounee: Bce

3HaYeHNst BUKxa
co

Zamam Ep=-+1 wm —1)
m=90
ABNgITCA ACHUMITOTHYECKHMH,
§92. Ecau uenas dYHKOUA CTPeMUTCA BHOJAb 4 AYyueH, BLIXOASLIMX
W3 Havana, K A DA3JNUHbIM KOHCUHBLIM IIpepenam, TO €¢ nopﬂﬂ,OK-6‘0ﬂblﬂe

n
W paBeH .

193. oo sBAgeTCS ACHMITOTHYECKMM 3HAYEHHEM AJS KWKION uesoft
HE TOXAECTBEHHO NOCTOAHHON (YHKIMY. :

19 4. KoMniekcHoe YHCHO @ HAa3bBACTCHA UCKAIOUUMENAbHbIM 3HAUE=
ruesm (B cvblcse [1uxa pa) uenoft dyukuuu g(2), ecmt oyHkuud g(2)—a
MMEEeT TOJIbKO KOHEUHOe uucao Hydeh. [lokasarb, 4TO €CHd MCKIIOUM-
TeNbHOE 3HAUEHHE CYLECTBYET, TO OHO SBJAAETCS aCHMNITOTHYECKHM
3HaveuueM QYHKUUH,
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§ 5. Janvuedmue npuaoxenus merora Pparvena-/mngenéda

195, Ilycrs ¢yuxkuua f(2) deorpanudeHHo HDOLOLKAEMA B KPYro-
oM kodpue O <|z|<C1. Ecmn npu srom f(z) u sce ee npomsson-
vie Jf{2), f'(z), ... OCTAOTCA OrpaHHUEHHLIMH, TO f(2) 04HO3Ha4YHA
B yKazaHuol obsactn U perynspua B Touke -2 = 0.

fDG. MMycrs g(2) —uenaa Ppyuxuus pona 0 1 ¢ — Hamepes 3anaH-
HOE TIONOXKHTeJbHOEe uuca0. Jlokasarb, 4YTO HA BCEX OKPYMKHOCTAX
¢ n0CTaroyHo OOMbLUUMU pasuycaMu

g(a)] < e#
B Ha HEKOTOPHIX OKPYKHOCTAX C [POUBBOMLHO GOMBIIMMA PALNYCAME
1g(2)] >eelel.
8T [ycere M(r) —makeumys U m(r) — MUHAMYM MOAYAA UeNoR

GYHKUHKE HA OKpywHoctH |2|==r. Ecau
' . Inln M(r
lim sup ! Ly
» > a0 nr
o1
n A<y, TO TOTLA TaKKe
. Inlnmr .
fim sup LMD ) (166, 11 332].
P> o0 mr
i98. Ilycto A, Ag, Ayy ooy Ay oo . — TOJOKUTEABHBIE UUCHA W DAL,
1 I 1 i

pacxoaurca. Ecmm dyuxuua h(f), coOCTBEHHO WHTErpUpyeMas B UHTC)-
Bane 0 <{f< 1, yBoBneTBOpsieT yCJAOBHUIO

1
ft"n/z(z)dt:o (=1, 2, 3, ...),
0

10 h{()=0 BO BCAKOH TOUKe HenpepuzHOCTH ¢ (0BobiieHue TEO-
1

pemst 1 139). [f ?h(£)df aBnseTcAd aHanuTHYeCKOH dyriwueld or 2,

111 298.] 0
193, [lycrs g(2)-—uenas TpadHCUEHINEHTHAS QYHKIMA TOPANKE

i } -
l<~§ ¢ KO(PUUUeUTAMH, OTIMYHBIMU OT HY/IA, U MDOCTBIMH HYAAMW

Wys Wy vovy Wy, oo (W = @, ecim k==0). Ecm dysxuua k()
codcTBeHHO uuTerpupyemasn B udrepsane Ot <1, yaoBierBopsier
YELAGHAI0

1
[g@pnrmya=0 (=123 ..,
]

10 /1{{)==0 Bo Bcaxo#i Touke nenpepsnocTa ¢ [[I 139,
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800. Mycry g(z)— uenas TpaucueHseHTHas QyHKuug poga O,
¥MeIoLasl MMILb BEUeCTBEHHDBIE M TTPOCTLIE HYIH W,, Wy, Wy, «. ., W, .
Ecau dyuxuus k(£), cobcTreHuo udrerpupyemad B uatrepnsane 0<{r< 1,
YIOBAETBOPAET YCAOBHIO

1
fg(wnt)h(t)dr.—.——o (n==1, 2, 3, ...),
0

10 A({)=0 BO BCaKOH TOuKe wHenpepusyocTH f. [Mowno, Hanmpumep,
nonowuts g(2)=J,(V z) nmm cosn '}y z.]
D0, [Tonomun

Ao o | R AP
2 --,-'----1"—,2“'«4 b =(2),

|5

ay

N

¥ NyCTh CYILECTBYIOT JBE Takue NOJOKUTEJNbLHBE TNocToAnHAble p u M,
UTo
1) 1mocnenoBaTeNbHOCT &g, @074, @y ™% .., @™ ... oCTaercs
OrpaduYeHHON K -
2) 1F(2)| << M npu Bcex BeeCTBEHHH X 3HAYCHUIX 2.
Torma Anf BCeX BelECTBCHHLIX 3HAYeHMH 2 HMeeTr MeCTO TakKKe He-
PABEHCTBO :
| P2 [ < pM,
npuyeM PpaBeHCTBO [AOCTUTAETC Juwih nJaa £ (2) = Acospz—- Bsinpr,
rie A U B—nocrosudbie. (O0obuienne Teopemn VI 82.) [III 165.]
282, (Tlporomxenne.) Illycrs d— paccrosure TOUKM 2 OT Beuie-
creentoht ocu (d == |Jz|). Mokasath, 4To :

| F (2)

< Me™.

(Ananor teopemst [l 270.)

202, Tycts uvenas dyukuus G (2) YIOBIETBOPAET TeM Ke yCio-
BusiM, uTO W dyuxuua F (2) 8 201, 1, KpOMe TOrO, ABAACTCS WEUETHOM:
(G (—2z)=-—— G (z). Torna npy BeWeCTBEHHHX Z

5G] o,

PagencTBo Moer 10CTHratscst auwb aas Gyoruun G (2) = cMsinogz,
|¢|=1, u npu 2==20. (Auanor teopemut VI 81.) [l 166.]
204%. (Mposowxenne.) Buisectn 201 us 203,

; i
208. [ycre uenas ¢pyuxnua f(2) mopaska A, h>> =, orpaknuena

BJAOAL TONOMUTENLHON BellecTBeHHON ocn. Torna /i BCAKOTO MONOXKN-
TeNLHOTO & NMPU X, CTPEMSIEEMCT K - |- 00 MO MONOKHTEMLHBIM 3HaUeHHAM,
HMeeM ‘

lim x*2 s (x) = 0.
&L 00



OTIOEJ MATH N
PACTIPEJAEJIEHUE HYJEN

FTABA |1
TEOPEMA POJIJIA U NPABUJO HAEKAPTA

B Hacrosuieit riame Mbl pacCMaTpHBaeM BelleCTBEeHHEB € QYHK-
UMM BEUIECTBEHHOTO TMEePEMEHHOTO X; B 4YACTHOCTH, BEUWECTBEHHHIMHU

npennoaralnTcd ¥ KOIPOUUMEHTH &g, @[, s ... PACCMATPUBAEMEIX
MOJHHOMOB @ G X — Qpx%— ... - a,x" ¥ CcTeneHHBX pALOB ay—-
~+a,x+a,x?—+ ... [anee, B cayyae, ecau He OTOBOPEHO NPOTHBHOE,

BCe BBOAMMBEIE (VHKIHMA MNPEANONAraloTcs B YKa3aHHbLIX MHTepBanax
apanurtundeckuMu. ONHAKO yTBepXKIdeMble TeopeMbl HYXKIAITCH
aviwb B HeOOMbIIOM M3MEHEHMH MM La)Ke BOBCE HM B KAKOM [pH 3a-
MeHe STOTO Npennonokexus Oosee cirabbiM, HaupuMep npd TpeGOBABHU
CyleCcTBOBAHUA NPOM3BOAHBLIX A0 HEKOTOPOro MNOPALKA BKIIQUHATEJLHO.
Bcioay B najbHeiuieM HYJaM CUMTAOTCd MO CBOEW KPAaTHOCTH.
Jlaiee Mbl paccMaTpHBAEM TNOCAEAOBATENbHOCTH Ay, @, o, ... BE-
LIECTBEHHBIX YMCeJ, COlep:ailve KoHeuHoe miu OecKOHEeYHOe MHOKECTBO
YyjeHoB; MOPSAOK YACHOB MMeEEeT CyluecTBeHHoe 3uHadedde. HWunexc m
HA3LIBAETCH MECMOM Nepemeds. 3HAKA, €CIH '

Uy Oy < 0, m 2> 1,
1160 ecau

Ay =0y = - » = Qyp_ 3 = 0 nu Ay _ 1y << 0,

m > k> 2. B nepsom ciyyae a,_, U a,, BO BTOPOM &, ; H @, 00-
pasyioT nmepeMeny sHaka. ‘Yucno nepemen snaka (paBHOe uYHMC/Y
MeCT TepeMeHbl 3HAKa) HEKOTOPOH ROCNEAOBATENbHOCTH OCTAHETCS He-
M3MEHHBIM, €CAM YIeHb, paBHble HYMO, OYyAYT ONYLIiEHLl, 4 OCTABLIMECH
unerbl COXPAaHAT CBOE B3AUMHOE DPACNO/N0NKEHUE.

§ 1. Hyan @ysxuuii, nepemexsl 3HaKa NOC/AeA0BATENbHOCTEH

i. [TocaenoBaTesibHOCTH
Aoy Gpy Boy ooy By U Oy, Gp_yy Gp gy «vey g

001ananT OMHUM M TeM e YUC/IOM HNepeMEen 3HaKa.
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2. Ilpn BhUEDKHBAHMM YJEHOB MOCHEI0BATENLHOCTH UMCAO TIEPEMEH
3HAKA HE YBeJHUUBAETCH.

3. [1pyn BecTaBKe MeXAy UICHAMH MOCAEN0BATENLHOCTH MOOOTO KOJHYe-
CTBA WJIEHOB, pABHBIX HYAW, UYHUCAO TepeMeH 3HAKA He M3MeHSIeTCH.
ToyHO Tak e 3TO YUCAO He HUBMEHHMTCS, €CJH PSAOM C HEKOTODBIM 4je-
HOM T[OC/AEe/0BATENLHOCTH BCTABUTh HOBBIM, OAHOTO ¢ HHUM 3HAKa.

4. IlocnepoBaTebHOCTD

ao’ a0+a1’ a1+02’ MR an~1+an’ ay

o6nanaeT He OONBLIMM YHCJAOM MEpPEMeH 3HAKA, YeM MOCHeLOBATENbHOCTD
Ay, Qg Goy « ooy Oy,

B. [ycre OGecxoHeuHas NOCACNOBATENBHOCTb &y, Gy, Ggy « v oy Gy, - ..
uMeeT Ml KoueuHoe uucao W nepemen 3uaxa. Iloxasartbh, uto obpa-
30BAHHAs C ee NOMOUIbIO HOBAA MOCNENOBATEIHLHOCTD

ay g+ @y, ag+ 2a,-+ay, ..., ao—}—(’{') a1—+—(§)a2+...+an,

TaKKe 001aNaeT JMUL KOHEUHBIM, MPUTOM He OO0abwmM, uem W, uwc-
JoM mepemeH 3Haka [4].

HameTHM Ha NIOCKOCTH MPSMOYTOJBHHIX KoopAvHAT Touku (0, a,)
(1, a), (2, ay), ..., (n, @), ... ¥ COENMHUM WX B MOCIEAOBATELHOM
nopsiAKe TPIMOMHHERHBIMH OTPe3KaMH (rOPH3OHTAJbHbIE NMPOEKUHH KOTO-
pbiX, TakuM o0pasoM, BCe paBHb enuHuie). Ha noayuaiouemcs uep-
TeXe ype3BbiYyalHO SCHO BBHICTYNAOT BCE MeCTa nepeMeHwl 3Haka. Ha
KpyBOR 3 = f(x), MsoOpaxaloluel BEUIECTBEHHYIO aHANHTHUECKYIO (YHK-
uuio f(x), Hyad OSTOH (QYHKUMH He BHCTYMAIOT. TaK OTUETAHBO, HOO
JaXKe [PH CAaMOM TOUHOM 4HepTeXe He BCErAa BO3MOXHO OT/IHUHTL MEXAY
coBOH Hy M KpATHOCTH 2 W 4 WIM HYJM KDPATHOCTH 3 ¥ & # T. K.

6. B wunrepsane, B koropom Bcony @ (x) >0, dyuxunu f(x) u
f(x)e(x) umeroT oO0liHe HYJH.

T« Eciv p3 >0, p, >0, p, >0, ..., TO NOCNENOBATEILHOCTH

Qg, @y Qg -.. H  GoPos Gy, 3Py, - -

uMeroT obulMe MecTa mepeMeHhl 3HaKa.

8. llycTte sHaveHns f(x) B Toukax a ¥ & oTamysel OoT mynaqa. Torna
vaTepBan a < x < b Oyner comepxaTb YETHOE WJM HEUETHOE HHCAO
Hyne# 31O QyHKUMM, CMOTPs Mo ToMmy, OynyT m f(a) n f(b) umers
ONMHAKOBbIE WJIM e NPOTHBONOMOXHbIE 3HAKH.

9. Ilycts @; ¥ @, OT/IMUHE OT HyJs. 3aKMNOYEHHAs MEXNY HUMM
YacTb MOCNENOBATENbHOCTH &j, Gjyq, -+, Qy_y, @ OYIET MMeTb UeTHOE
MM HEUYeTHOE YMCJO NepeMeH 3HAaKa, CMOTpa MO TOMY, Oynyt /i g
H @, MMeTb OJMHAKOBbIE HJHA e pasHbie 3HAKU.

10. (Teopema Ponnsg) Ecav @ u b-—pBa cOCelHHX HYJA

dynkuun f(x) [1. e. f(@)=f(B)=0, f(x)#+0 B a<x<b], 10

4 3ax. 1127. I'. Tlooma w I'. Cere
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B MHTepBane a < X < b npousBojpnag f’_(x) MMeeT HeyeTHOE YHUCJAO
ByJneft (crenoBaTesNbHO, MO MeHbIle# Mepe OLUH).
Ml Ecm j41 w k-1 cyrs cocennue MecTa mnepeMedn 3HaKa

Nnoc/nenoBaTebHOCTH &y, €4, Gy, ..., TO PA3HOCTHAA NOCACLOBATE/Ib=-
HOCTb

Gjp1 == Qg Gjro=—Gjrgs ooy Qp— Qg _y, Qpyy—

¥MeeT HeYeTHOEe YUCAO MepeMeH 3Haka (C/len0oBaTe/bHO, MO MeHbLiel
Mepe OLHY). |

12. Ecan B8 wnHrepBane a, b ¢ynxkuus f(x) umeer N Hynel, 1o
npoussofHas ee f'(x) HMeeT B 9TOM JKe MHTEpBaje caMOe MeHblliee
N —1 nyae#t. Teopema cnpaBensuBa He3aBUCHMO OT Toro, bGyner /M
MHTEpBAN &, b OTKPHITHIM, 3AMKHYTBIM WJAH TOJYOTKPBHITHIM; OH MOXET
Daxe NpUBOJHTLCA K ONHOH TOYKe,

13. Ecan nocienobaTelnHOCTD

ao, al’ ag, "4 ey an

uMeeT W nepemer 3H4Ka, TO COCTaBAEHHass M3 Hee DAa3HOCTHas MNocne-
AOBATEJbHOCTD
Ay — Qg Qg— Qg ooy Qy— Gy

6ynet mMeTb caMoe MeHbuwlee W -—1 mepeMeny 3Haka.
#4. Ecin f(x) B xoHeuyHoM uHTepBate a < x < b umeer N Hyne#t
M YI1OBIETBOPSeT OLHOMY U3 YCAOBHH -

sgn f(a)=-sgn f'(a) # 0, sgnf(b)=—sgnf (b)) +0,

to f'(x) uMmeer B TOoM ke uurepBane (a, b) He meHee N uyae#h. Ecau
BbINOJHEHb 06a ycaosus, To f/(x) B (a, b) OGyner uMeTh WX He MeHee
ueM N 1.

5. Ecan KoHeuHan TMOC/HAEl0BATENLROCTb
Ay, Qqs Gy + .., Oy

umeer W nepemen 3Haxka, To o0pa3oBaHHafs M3 Hee [OCJAeNOBATENb-
HOCTb

Qg Ay —CQg, Qy—— 8y, -+ ., Qp— Qy_y, — 0y

O6yner uMeTb MX He MeHee W 1. (3a uckmouenueM TOrO TPHBHAJIb-
HOro cayyasl, KOTA2a BCe YJeHbl MOCAeN0BATEALHOCTH PABHBEI HYJIO.)
16. Econ lim  f(x)=0, 1o f'(x) Mexay a u —-00 uMmeer He
& oo
MeHblliee KOauuecTBO HyaeH, yem f(x). (To xe, xoneuno, Gyner cripa-
BeJJHBO, eClH BMECTO — CO B3ATb —— 0OO.)
17. Ecin  lim ag,=0, 10 GeckoHeyHas NOCAeNOBATEIbHOCTD
7 —>» 0

ao, al'——ao, az'—"“al, « e o0y an'—an_i, » 82

ofnanaer GOABLILAM YHCIOM nepeMeH 3HaKa, uyeM TnNepBOHaya/jbHas Mo-
CJeR0BATENbLHOCTD '

. ac, al, a.2, ..' o? aﬂ, LI I
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18. Mycrs f(x) umeer B unrepane 0 << x < co N nyae#. Toraa

dyHKUHA
af(x) 4 f (%),

rie @ BeleCTBeHHO, OyleT ¥MeTb B TOM HHTEpPBAaJe IO MeHbllel mepe

N —1 nyzelt; 6onee TOro, eci¥ BHIIOJAHEHO yciaoBue lim e*® f(x)==0,
& ~» 4+ oo
TO yKasaHHad QyHKUHA uMeeT MUHUMYM N HyJed.

19. [Tyctb GecKOHeuHas NMOCAENOBATENLHOCTD @y, &y, Gy eevy Gy oo
uMmeer W nepemen 3saka. Toria noc/ienoBaTe]bHOCTh

Gao, aal_'ao, 01(,12——-&1, . o owy Gan'—-an_l, 4 ey

roe « >0, nMeer no MeHbluelt Mepe W nepemed 3naka. Ecau, kpome

TOrO, BHIIOJNHEHO Yycaosde lim @,¢" =0, To yKasaHHa# nocJenoBa-
n -r co

TeNbHOCTh MMeeT aame MuHumyM W--1 mepemeHy 3uHaka.
20. Ecnu dyuxuua f(x) umeeT B uurtepsate 0 < x < co N Hyneh,
&€

TO HyHKUMA ff(x) dx uMeeT B TOM Xe HHTepBaJe He OGonee N Hylelt,
0 ‘ . .
21. EciM nocnenoBaTeNbHOCTb @y, Oy, gy «vsy Ay, ... HMeeT W
nepeMed 3HakKa, TO NMOCJELOBATEJBbHOCTD

ag, Gyt @y, Gg+a,+ay, .., Qo+ oAy, .

WMeeT He Oosee W mepeMeH 3Haxa.

§ 2. Usmenenus 3Haka QPyHKUHUH

Mpi roBopuM, uto ¢yHKUMA f(X) B HEKOTODOM HHTepBajle coXpa-
HAEeT 3HAK, B IBYX CJAyYadx, a WMeHHO: 1) ec/H OHA NOCTOAHHO HENO -
JIOKUTENbHA, 2) eCAM OHa NMOCTOAHHO HeoTpHuaTenbHa. IlycTh MHTepBan
a < x < b pasnenen Ha Z~ 1 noauHTepBaOB TaK, YTo 1) QyHKUHA f(X%)
He 0o0pailudaeTcsl TOXIECTBEHHO B HYJb HH B OJHOM M3 3THX WHTEDBAlOB;
2) B KaXQOM OTIeJbHOM HHTepBajle OHAa COXPaHfeT NOCTOSHHHIH 3HAK
M 3) B OBYX COCEIHHX HUHTepBanax f(xX) MMeeT MIPOTUBOMNOJOMHbLIE 3HAKY.
Torma rosopsit, uro B HHTepBane @ < x < b f(x) umeer Z usMme-
HeHU# 3Haka. Ilpn nepexoje yepes Hyab HEYETHOrO MOpAAKa aHa-
AATHYECKAd GVHKUMA TpeTeprneBaeT U3MEHCHHE 3HAKa, NPH TNepexone
yepe3 HyJb YeTHOIO nopsaaka — HeT. [loHaTHe U3MeHEHUS 3HAKA OKAa3bl-
BaeTCH MOJIE3HBIM W HPH H3YYEHHH MHOI'HMX HeaHaMTHUeCKHX ¢yHKuuH,

22. Ilycts ¢dyuxuus f(x) OTAMYHA OT HYJS U MUMEET TOCTOSHHBIA
3HaK KaK B HEKOTOPOH OKPECTHOCTA TOUKH @, TaK ¥ B HEKOTOPOH
okpecTHocTH Touku b. IloxasaTh, yt0 B uHTepBane a < x < b Qyuxuus
MMeeT YeTHOE WM HeueTHOe KOJMYeCTBO H3MeHEHMIt 3HaKa, cMOTpA
no toMy, Oyayr au f(a) n f(b) uMeTb OJUHAKOBLIE MK € NPOTHBO~
[OJIOXHblEe 3HAKH. |

4*
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23. Ecau ¢yuxuna f(x) umeer B unrepsate 0 < x < co Z usme-
&

fieHMit 8Haka, TO ¢yHKUUa ff(x)dx MMEeT B TOM Ke uHTepBaJje
0
He Oosee Z M3MeHeHull 3HAKA.

24. Tlycte Z-— uucno uaMeHeHu#t 3Haka u N — uucao uyset ¢pyux-
UM f(X) B ONHOM M TOM e OTKpniTOoM uutepsane, [lokasartb, uTo
torna N — Z OyneT HeoT)HUATENbHBIM UYETHBIM YHCJIOM,

25. Ecu f(a)=f(0)=0, 10 B unrepsane a < x < b NPOU3BOL-
naa f/(x) uMeer HEYeTHOE YUCJO H3MEHeHWH 3HaKa.

26. llycrs BewecTBeunsie uncaa A;, A,, ..., A, He PABHH HYMO
Ha, < a,< ...< a, B HEKOTOpPHIX CAyuasx MOXHO YTBEPXHATb, UTO
npaBuibHag 1poOGHO-paluoHanbHas QyHKUASA

A4 Ay
FO =2+t

UMEET JMIIb BCIUECTBEHHBIE HYJIH. B YaCTHOCTH, 9TO UMEEeT MecCTO
B CJAEAYIOUWHMX IBYX CaAyuanx.

1) A, >0, A4,>0, ..., 4, ,>0;

) A, >0, A>0, ..., A, >0, Ay >0, ..., 4, >0;

A Ayt A, <0, 1< k<0
7. TpuroHoMeTpuyecknf MOJHHOM
F(x)=ay+a,cos x +aycos2x ... 4~a,cos nx

C BElECTBEHHHIMH KOO(GuuneHTaMH ay, @Q,, @y, ..., @, HaBepHOe
uMeeT JUIlb BelleCTBeHHble HYJH, eC/U BHITOJHAETCS HEpPABEHCTBO

|ao|4-1a 41 a |4 ..o A-la,_ | < a,.

§ 3. lepBoz mokasaTteancTBO npasuna Jekapra

IMox nepeMeHaMu 3HAKA M MeCTaMHU fepeMeHbl 3HAKA TMOJMHOMA
2
ay+ ax +a,x 4 ... a,x"

M XKe CTCOeHHOro psdia

ay—+ @, X+ axx3+agx8 . ..

NOHUMAIOT TMEpeMeHbl 3HAKd W MeCTa TepeMeHbl 3HaKa KOHEYHOH uawu
OecKOHEeUYHOH nocnienoBaTeAbHOCTH ‘

Gy, @y, Q) o ooy @y, COOTB. Gy, Gy, &y, &y, ...
ero KO3Q PHIULHEHTOB.

28. Eciu o nonoxuTeabHo, TO NOMMHOMB P (X) H P (ax) umenT
OJUHAKOBOE KOMMYCCTBO fiepeMeH 3HaKa.
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29. O6GosnauuM uyucha nepeMeH 3HAKA AOJMHOMOB

P(x)=ay+ ax -+ a,x® 4 ... 4 a,x",

P(—x)=gay—ax+a,x>— ... +(—1)"a,x"
uepes W™, coors. W . Tlokasatb, uTO
a7

30. Iycrs @ > 0. Tlpu nmepexonde OT NMOJUHOMA

ay—+ a,x +ax® ... | a,x"

K TOJIHHOMY
(& — x) (g + a2 4 ayx®+ .. A a7 =
= aqy -+ (aa, — ay) X + (aa, —a,) x* 4~ .. . —a,x"+1

YMCJO mepeMeH 3HaKa BO3pacTaeT M IPUTOM HA HeueTHoe 4yucho. [das
cayvyag a =1 cm. 1b.]
3i. [Tycts a > 0. Tlpu nepexome OT CTemelHOTro psna

&g+ a,x 4 ayx? 4 agx® - .
K CTeMeHHOMY DALY
(1) (@ +-apx 40,27 Fagd )=
== aqy—+ (aa;— ay) X+ (aa, — a,) x* - .

YMCNO TMepeMeH 3HAKAa He yMeHbllaeTcd, DBonee TOro, OHo HasepHoe
BO3PACTaeT, €CNH TMePBOHAYANbHBIN psn @y, f-a;x -+ ax* 4 ... cxo-
AATCA TIpH X =

32. [lycts @ > 0. llpu nepexome OT CTeNEHHOro psaa

@y ax -F ayx? - agx® - ...
K CTENEHHOMY pALY | | _
(a4 x) (g a X ax® +-agx> 4 .. )=
= aay~t (a8, + ap) ¥ 4 (aay 4 a,) x* -

YUCNO TIEPEMEH 3HAKA HE MOXKET BO3PACTH.
- 33. Ilpu nepexome OT CTENEHHOrO pAna

@yt ayx - agx® - agxd-f L

K CTENeHHOMY pany

a0+a1x+a2x2-f"-.-:__2a0+(ao+a1)x+(a0+a1+a2)x?+..‘

] —x

UAC/O NepeMeH 3HAKa HE MOXeT BO3pacTH.
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34%. [yctb a > 0. [Ipn mepexone OT CTeneHHOro psna
e 2 2 1 % 3
a°+11x+2§x + g X0
K CTENeHHOMY DAy

2y a4 (1) a4 ta

x’u
n!

eam(a0+%x+%x2+...):

n=0

YUCJIO TepeMeH 3HAKA He MOXET BO3PACTH.
35. [lycts p,, poy « -y Pp— NONOKHUTENbHBIE HHCAA, [10J0WHM

apx asx3 Apx™ N
@o +Pl—x + (py—X) (Pz—x)+ o +(P1—x) (pa—%)...(Pn—x)
' = A, A x+ A,x2-+ .

(nas AOCTATOYHO MaJblX X paj cxomurcd). [lokasath, uTO uucao nepe-
MeH 3HAKA B KOHeYHOM INOC/IeNOBATENbHOCTH . &y, Gy, Qg «.., G, OyIeT
He MeHblle uHcJa MepeMeH 3HakKa B OeCKOHEYHOH NOC/JeA0BATENbHOCTH
Ay Ay, Ay, ... [Tloanas unnykuus, 31.]

36. (Mpasuao suakos Hexapra.) Iycts N —udcao noso-
KHUTEJbHBIX Hy/eRt noaunoMa ay—- a,x — a,x?-4- ... <+ a,x" u W—uucno
nepeMeH 3HAKA B IOC/AEN0BATEeJbHOCTH ero Kosgpduumenrtos, Ilokasars,
YTO _

W—N>0 [30].

7. (Ilponomxene.) W— N ectb Y4€THOE YKC/IO,

38. lycrs p-— PanHyC CXOIMMOCTH CTEMEHHOr0 PANd &y~ @;X —{-
—+a,x2—4 ..., N—uucio ero Hynae# B wuHTeppade 0 <x<p w
W ——uucno mnepeMeH 3HAKa B IOCJENOBATENbHOCTH KO3(PPHUHEHTOB
sroro p#ana. Ilokasatb, uTo ,

N W.

3unauut, B yacTHOCTH, ecau W koHeuHo, T0 N Takxke KoHeuHo. [Hapany
¢ 31 npr¥MeHUTb HEKOTOpble CBENEHUS U3 Teopnn dyHKiuh.]
39. Crenennoft psig

22—

X x3 x3
.27 237 3.4 "

He MMeeT HyJeH B coeM Kpyre cxoaumoctd. (ITocienoBaTeabHOCTh ero
ko3 PUUKeHTOB MMeeT OJHY MepeMeny 3HaKa-— reopemMa 37 Ha cTe-
fleHHble pPAlbl ABTOMATHYECKH He IepeHOCHTCal)

40. (Tlponomxenne sapaun 38.) Ecam p==co u xe p KoHEYHO,
HO psan gyt a;p+ ap*—4- ... pacxomurcs, To pasHocTs W — N npen-
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craBasgeT CoOOH HeOTpHILATENbHOE YETHOE YMCHO (34ech Mpeano/araerc,
yro W KOHe4HO).

40. O6Go3HauuM HauMenblliee M3 BellleCTBeHHBIX uucen &, &,
yepes £,, a Haubonbliee — yepes £,. Yucao nyne# mosunoma

ay+a, (x —E)+ay (x —E) (x — &)+ . ..
: Cee g, (X —E)(x—E) ... (X —E,);

nexawux B uHTepsane £, < x < oo, mbo paBHo, aub60 HA yeTHOe
YUCJO MeHblie YHCNA nepeMeH 3HAKOB B HOC/HeNOBATEJbHOCTH

oy B

Qg Qpy Qgy oo vy Oy,

4 YHCNO HYJel 9TOro MOJHHOMAE, JeXauux B uHTepBajie — 0o < X < &,
TOYHO Tak e Jaub0 pasHo, MO0 HA YeTHOE YHC/I0 MeHblue 4Yuc/ia
flepeMeH 3HAKOB B TNOCAEAOBATEABHOCTH

a-o, "‘—al, (12, ——a3, e 50y (—" I)nan-

(Ilpu &, =&y, = ... =%, paeHocuibHo 36, 37.) [3].6

§ 4. Npumenenus npasuaa [Jdexapra

42. I'pancueH]eHTHOE ypaBHEHHe
X x2 xM
—_— —— ——— T
1_1'_.1!_‘.“2!._‘__.__{_”!_)&3’

rne A — NOJOXKMTEAbHAS NpaBu/ibHas Apo0b, UMeeT eJMHCTBEHHLI NOJO-

KUTeJbHBH KOpeHb; C BO3pacTaHHeM A 3TOT KOpPeHb MOHOTOHHO BO3pa-

¢raeT A0 OeCKOHEeYHOCTH.
1

43. Oymxums x~%(e® —1)7" NONOKMTENLHOrO MNEPEMEHHOTO X
npy x—>0 ¥ X — 0O CTPEMHTCA K HYy/MO, 4 B NPOMEKYTKE MEXAy

HyneM W OeCKOHeUHOCTHLIO HMeeT OJMH MAKCHMyM H BOBCE HeE MMeeT
MHHHMYMa. ,

44. llycts paauyc CXOOMMOCTH CTeMeHHOTO psja &,—+a,x -
-+ a,x?—+ ... O6yner > 1. IlokasaTb, YTO YUC/IO HYJIeH ITOro CreiieH-

Horo pama B uHTepBase 0 < x <1 He mnpeBblIdeT UUCAA NepeMed
3HaKa B [OCJAel0BaTeNbHOCTH

Qg Go— Gy G+ a4 Qg ooy Gyt a0+ ... Hay, ...
4%5. Ypasuenue | |
(l%)x—f—(%)x?—{—(%)xs—{—...—{—Gg)xls::().

The (%) —cuMBosL Jle aH A pa*), AMEeT TONLKO OAMH NMOJOXKHTEAbHLIR

*) Tlo mosody cumsona Jlexauwuiapa cum, Han‘pmMe;, U. M, Buuorpa-
& 08, OCHOBBl Teopuu uucesd, w3y 6-e, Focrexusaar, 1952,
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KOpeHb, HMEHHO X ==1. [YpaBHeHHe — BO3BpaTHOE, TaK YTO J10CTa-
TOYHO HCCaenoBaTh Hysu B uHtepsate 0 < x <1, npumenss 44, 33.]
46. Ypapuenne 162-#t crenenyu

(]—ég)x—}—(l—;%) xg—}—({g@) x5+ . —4—(%) X162 = ()

MMEET pOBHO NATb MNOJOMKHUTEJbHEIX KODHe#, NMpuueM BCe 3TH KOPHH —
npocteie. [McchegoBats Touky x = 0,7.]

47. (Jononnenne x 36.) Ecau nomuom ag—+ ax ... a,x"
¥MeeT JMIUbL BelwlecTBeHHble Hyad, To N = W,

48. [lycts v, v, ..., v,—nembie yacaa, 0. v < v < ..o < vy
panee 0 <o, <ay</...<a, IlokasaTs, 4TO :

1 Yo n
al o . .
a1 o2 o n
2 2% e ~ 0.
a'l a2 ... an
n K T

(9Tor onpenemiTeap sBagercs o06o0weHHeM onpenearens Bannep-
M OHJIa, noaywajoowerocs npu v, =0, vp,=1, ..., v, =n—1.) [doka-
3aTh CHAyaja, YTO ONpeleHTeNb He paBeH HyMo, 36.]

49. Tycrs a,#0, 2, 0.1 2m nocaenoBaTeabHB X KOIP-
(QUIMEHTOB MOAHHOMA Gy—- Gy X — ... @,X™ PaBHB HYIO (m — Lej0e
noaoXuTeMbHOe). Torza MOJMHOM MMeeT MO MeHbled Mepe 2m MHUMBIX
HYy e},

59. [Iycrs nomunom P(x) uMeeT ullb BeulecTBEHHblE HYAM, TPU-
yem P (0)=1, P(x) =~ const. Tloaoxum

[Tgx—):1—{—b1x—{—b2x‘3+...+bnxn+...

MMoansombl 1~ b,x 4+ b,x%2—+ . o0 = by, ¥ UMEIOT  JMLIb  MHUMblE
Hy/m [49].
51, [lycrts m —uenoe uucio, 6oibluee WA PaBHOE eNUHHLE, H

L1 !
S(x, Xy oves xn)=2x11x22 ces X
FAe CYyMMa pAaCNpOCTpaHeHa Ha BCe CHCTEMbl HEOTPULATE/LHBLIX ILENbIX
unceda Iy, Iy, ..., I, YAOBJIETBOPAOWMUX COOTHOILEHHIO
11+12+ co-+ln=2mo
IMokasaTe, 4TO OAHOPOLHAA CUMMeTpuuecKas QYHKUMA S (X, X4, ..., X,)
N BELECTBEHHBIX TEPEMEHHBIX X, Xy, ..., X, ABJAETCA TOJIOKHTEJLHO
onpenesedHol, T. €. OOJblUe HYJs MPA BCEX BHAUEHHWAX Xy, Xy ..., X

KpoMe X, ==X,==...=X,==1(.
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B52. Ilycrs nomiHoM P (x)== x"— ... ¥MeeT AUIlb MOMOKUTENLHbIE
Hyd. Ilokasath, uto B pa:—momemm

1 1 B+t
p(x):}ﬁ_!_ an-1+ P -

BCe Kospduunentol By, B, (, ... NOJIOKUTEIbHHI.

§ 5. llpumeneHus Teopembi Pojns

53. [lpoussognas nonuHOMa uMeeT He OOJbLIe MHMMBIX HYJeH,
yeM CaM MNOJUHOM.

B4. Kparutie Hynu npousBonHON [ONMHOMA, UMEIOLLETO JMLIb Belie-
CTBEHHbIE HYJH, SIBAAIOTCS TAKXKe KPATHBIMM HYJIMM CAMOTO MNOJHHOMA.

58. Bce npoussondbie NOMMHOMA, MMEKOWEr0 /JHUL BEWECTBEHHBIE
M NPHTOM NPOCTHE HYJH, TAIOKe HMET JMIIb BEeLIECTBEHHbIE W NMPOCThHIE
HyaM, HOpHYeM Kamapt Hyab (v— 1)-# npOM3BOAHOR JEKUT Mexny
IBYMSl COCENHMMH HYJAMH- v-H NPOU3BOJZHOM. 1

56. [locaenoBarensuble npousBoAHbie (GynKuuu (1 —1—x) 2 pmeioT
JMILL BELUIECTBEHHbIE M MNPUTOM MPOCTble HYJH, NPHYEM KaKIbH HYIb.
v- NPOM3BOAHON JIEXUT MEXAY ABYMA COCERHUMA HyJaMu (v 1)-H.

B57. To ke, uro B 56, MMET MECTO M LI TIOCIEAOBATENblbIX

NpoMaBoAHbLIX (yHKUMM X (1 —f—x")
58. [Toaunomsl Hemaﬂﬂpa, Jareppa v DpMura MOKHO
ONpeJe/uTh MOCPEACTBOM POPMYI

1 dar 1 47 :
P (x) 2?2'12' a’x”’(x 1)11:’ e—q‘l‘n(x):'ﬁ_l" dxne—-lxn:
_.2? 1 'd” _,_‘,'Ef
¢ TH, (x) == v 2 [V 84, V199, VI 100].

[ToxazaTh, HMCXOASd H3 3TOrO onpeneJerHnd, 4YTOo YyKa3adHnbi€ IMOJAHOMbI
UMEIOT JIMUb BEWECTBEHHBLIE W IIDATOM HNPOCTHIE HYJW, PACHOJNIOKEHHBIE
COOTBETCTBEHHO B HHTEPBAAAX

("_1’ +1)’ (0’ —*——OO), (—_OO’ +OO)

(V1 97, VI 99, VI 100).
59. llycrs ¢ — uwence uncice > 2. ITonomnm

n—1 —_1
. ( - ) = %) _d_n__e__mq = ¢~ %R, (x).

1+ x4 (142" dx®

ITpoBeseM B NNOCKOCTH KOMMJEKCHOTO I€PEMEHHOro M3 Hayajla KOOpAH-
IAMHAT ¢ JyueH, pensuux MNOJHBIA yroJ 2m Ha ¢ paBHBIX uYacTel, npu-
YyeM OAHMM M3 3THX Jyded MYyCTb CAYKUT NOJOKHUTEJbHAA BelUleCTBeHHAs
oayoce. [lokasaTb, 4TO HYAu nojuHoMoB Q,(x), R,(x) nexar Ha 3TuX
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AyyaX W pacnpefeseHbl Ha HUX COBepINEHHO OJMHAKOBO, MPHUEM He
COBMAAAIOUIHE C HAYAJAOM KOODAMHAT SABJATCS OPOCTHIMU. (HacTHufl cay-
yalt ¢ ==2 paccmorped yxe B b7, 58.)

60. Ilycrs p, v—uemvie uncna, 0Ly <u4v<n. Tlokasars,
YTO HH ONUH M3 MOJAHOMOB

v v 9 | v y—1
ay (1) duerr(5) a2 ) G g
He uMeeT 6O0/bule MHHMBIX KOpDHeH, ueM MOMHHOM

ao'—-l—('ll)alx—}—(g)azx?—{— e —{—(nf_l);an_lx“*i—{—anx”.

(O606uienue Teopems £3.)

61. lycrs a4, ay, ..., @, — NOJONKUTE/bHEIE YACAA, HE BCE PABHBIE
mexny coboft. [Tonomum

(x4+a)(x+ap) ... (x+a,)=
==x"—}—(’1’)m1xn—1+(g) mixn=2 4 ... 4 mr,

T My, My « .., M, NOJOXHTEILHL. QOuesunHo, m,; ecTb cpenHee apud-
METHYECKOE, a M, -— CPelHee TeOMEeTPHUECKOe YHCeN a,, Gy, ..., &,.
Ilokaszarb, 4TO

My > Mg > Mg > oo > My > My,

62. ycrs o BemwecTsenHo, P (x)— npou3soisHbilt noaunom. [loka-
3aTh, UYTO NOJAMHOM &P (x)— P’(x) umeeT He GoJblue MHHMLIX HYJeft,
Yyem mnepBoHauaAbHell noauHoM P (x). (O0obiyenue Teopemb 53.)

63. Ecin ypasuenue

ag-+ax-+ax?4 ... 4+ a,x*=20
uMeeT JMLIb BelUleCTBEHHBE KOPHH, TO ypaBHeHHe
aP (x)+a, P (x)+ ... +-a,P™(x)=0,

rie P (x)-— npousBosbHBI MMOAMHOM, HMeeT He 0ojiee MHHUMBIX HYJeH,
yeM caMm noJjuHoM P (x).

64%. loannoMm
pr pIv) piyD
Pl — g — S

HMeeT He GOoJblle MHUMBLIX HyJe#, ueM caMm nosmdom P (x).
65. Eciu ypasueHne

ao—{—a‘lx—{—agxg—-{i— i axm=0
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¥MeeT IWllb BEUIECTBEHHbIE KOPHM, TO TeM e CBOHCTBOM obnazaer M
YpaBHeHHe

a ay ;
a0+ﬂ1x+g—%x9+...+ﬁx”=0.

66. Ilycrs P(x)-—noiuHom n-# cTenedd. Ecau BelwleCTBeHHOe
YHCJAO & JeXHT BHe MHTepBana [—n, 0], to aP (x)—+ xP’(x) umeer ne
Goablie MHUMBIX HyJef, ueM P (x). (O60o0ienne TeopeMn 63, oTau4HOe

oT 60 u 62.)
67. Eciu Bce Hyau nomuBoMa Q(X) BelleCTBEHHBlE M JeXaT BHe
untepnana [0, n], TO ypasHeHue

Q) +a,Q() x4+ 2,0 %2+ ... +a,Q(n) x”=0
uMeeT He 0O0JblIe MHHAMBIX KOpHeH, ueM ypaBHeHHe
ao'-{—alx—i—agx?—{— cow +a,x"=0,.
68. Iycte 0 < g < 1. IlokasaTh, 4yTO ypaBHEeHHe
8y 0,9% + Ao x? 4. .. a0, gV x" =0
v¥MeeT He OOJbllie MHHMBIX KOpDHe#, ueM ypaBHeHHe
Q- a,x 4 ax4- ... a,x7 =0,
69. Ilycts g > 0. TokasaTsh, 4TO ypaBHeHHE
205+ (g4 g1 ayx 4 (¢ -+ ¢ Va4 . ..
(@ g e =0
umeerT He Gosbile MHHMLIX KODHeH, yeMm ypaBHeHWe

ayt+ a,x +ayx?+ ... +a,x?=0.

70. Ecmu xpupas y==f(x) nepecexaer HEKOTOPYIO NPAMYIO B Tpex
PA3JMYHBIX TOYKAX, TO MeXNYy KpalHMMH TOUYKAMH lepeCeyeHHs HaXO-
nuTcsl mo kpafiHe#t Mepe oJHa Touxa neperuba Kpusoit.

7L. Eciv nannas QyHKUMA COBMajgaeT ¢ HEKOTOPHIM TOJMHOMOM
(n—1)-# crenenu B n— 1 Touke, TO -4 NPOM3BOAHAA 5TOH (yHKUHU
obpaujaeTcs B HYJAb NO KpailHel Mepe B ONHOU NPOMEXYTOYHOH TOuke.

72. Pasuocrs

(1+x)“-—(1+-§‘-x+ﬁ-—‘il;‘2-ﬂx‘z+...

ala—1 ... (a—n-+2)
e N TR TS xnl)’
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rre o == 0-—pBeniecTBeHHOE NOCTOSHHOE Yucao, 0Opawaercd B HYVJb
B Touxke X:==0 u OoJblie HU B OXHOH TOuke MHTeppata (— 1, co).
43. OcraTok nokasaTelbHOTO pAna

xn+l1 xh+2

xn
AT arn Tyt

He ofpawiaeTcs B HY/Ab HU MPU KAKOM BelECTBEHHOM 3HAYEHHUU X KpOMe
x =0,
74%. [lokaszaTh, uTO n-4 YaCTHuHas CYMMa MOKA3aTe/NbHOIO psaua

X X2 xn
545+ +

m1b0 COBCeM He HMMeeT BEeLLECTBEHHBIX HyJel, nM60 ¥MeeT TOMbKO OIMH,
CMOTpS N0 TOMY, OyNeT JM # YeTHHIM WJAM HeUYeTHHIM.

9. Ilycts nommnomsr P, (x), Py(x), ..., P;(x)==0 u uMeor coor-
BETCTBEHHO cTenenu m; — 1, my— 1, ..., my~—1, nanee a,, a,, ..., a; —
OTJ/JHYHbIE JIPYT OT ApPYra BewlecTBeuHble wucia. IToxasars, urto

g(x) == P, (x) 3@ 4 Py (x) €% - . . . = Py (x) ™"

umeer camoe Gosswee my —-my,—- ... 4 m;-— 1 BelieCTBEHHBIX HYNel.
16. Mycms o, <oy < ... <ay, B, <Py <C ... < By Toraa
e"’-xﬁx e“\ﬁn L e“ﬂ?'n
8%81 8“239 . e“aﬁn > 0
ea‘.ntp"l eangﬂ D eansn

O6o0iwenne Teopemsr 48.)

§ 6. Joxasateanctso npasuaa Jlekaprta, npHHamjIexaliee Jlareppy

77. Mycts a, a9 .., @y Ay, Ay, ..., A, — BellleCTBEHHblE YMCAY,
Ay <Ay <{Ag<...<A, OGosnauum uepes N UuHCIO BelECTBEHHHIX
HyJlel uenoft GyHKLHU

F (%) == a,e"® - q,e"® - . .. - a,e'n”

W uepes W ——uuC0 nepeMeH 3HAKA B MOCAEN0BATENBHOCTH @y, Loy o v vy Gy
[Tokasats, uro W— N npencTaBiaser cCOG0H HeOTPHIATENLHOE YETHOE YHCJIO.
(Ormunoe or 41 o6o6uienve Teopem 36, 37: saMeHUTL ¥ HA Xx.)
IlokasarenbcTBo. DBes HapymeHns OOGUIHOCTH MOKHO NPHHATD,
4YTO BCE YHCIA ay, Uy, ..., Gy OTAMYHE OT HYJA. Yo W — N — uerHoe,
YCMATPUBAEM H3 TOTO, UTO MPH X —> — CO I'VIABHBIM ABJAAETCS UileH @,eMe,
a npu X — - 0O — yjieH aneknm 8, 9, 37]. Hro W — N> 0, noxasnul-
BaeM MNOCPeACTBOM HNOAHOR WHAVKUMH, OoT W—1 k W, c nomoubr
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Teopemst Ponna [pewenre 75]. B camom nene, eciM HeT HU OLHOM
nepeMeHsl 3HaKa, TO, OYeBMAHO, /N TaKXe paBHO HY/MO, U Teopema,
TakuM o00pasoM, BepHa. [lpumeM, 4TO OHa BepHa AJd CAyvyasd, Koria
umeeT Mecto W-— 1 nepemeHna 3naka, [lo npeanonoxenunio, F (X) umeer
W nepemen 3naka, W > 1. Ilycte a1 Oyner 0nHO U3 MecCT nepe-
Menp 3Haka, | <{a<n, a,0,.,<0. BnbepeMm HekoTOpoe uyuciao A
B npoMexyTke A, <A <A, , M paccMOTPUM (GYHKIUIO

e =0 e, (=D -

+ypy hyyy —H) R ap(hy—4) e"n”

Q003HauMM uyucao Hyjel 3Toft pynkumu F¥ (x) uepes N*, Vmeem [6, 12]

F#(x) =M

N#* > N—1.

“Janee o0003HAYAM 4YMCAO MePeMeH B3HAKA B NOCJAEN0BATE]bHOCTH €e
kospPuuuenToB — a, (A—2X), —a,(hk—1Ly), ..., —a,(A—2%),
Byiy Py —A), ooy ay (A, — X)) uepes W#*, OueBunHo,

W* =W —1.

hu]

Ho cornacno npennonoxeHuio (crnpaseqnnBocTb Teopemsl pig W-—1)

W#* > N#*,
OTCI0a MoaydaeM
W= N,
yTo ¥ TPeOOBANOCh JOKA3aTh. ,
Brina ju HeOGXOAUMOCTS 3aDaHee NMPHHUMATb, UYTO BCE @, 4y, Ceay,
He paBHbl Hy 0P MoxHO s Obino Obl BeiOpaTh A==A, umn A==1, ?
78. Mycrs A, <A, <hg< ..., lim , = o0, Mokasats, uto DSz
7 ~» 0

Hdupuxunae '
ale—-?\‘m__l__a2e-)~9m + v + a,nE"lnm—f— IR

BHYTpP® CBOe#t oO6sacTv CXOZUMOCTH (HEKOTODO# OrpaHHYeHHOH cJ/eBa
fIONYTJIOCKOCTN) UMeeT He OOJblIe BeUleCTBEHHLIX HYJ/eH, 4eM mnocieno-

BAaTeNbHOCTb KOIPOUUMEHTOB @y, @y, ..., &y, ... UMECT NEPEMEH 3HAKA.
{O6006uienue TeopeMsl 38.)
79. Tlycts a, ay ..., @y Ay Ay o .., A, — BEILECTBEHHBIE YACIA,
YIOBJETBOPAIOLINE YCAOBHAM
n>2, a,+0 (v=1,2,..., n), A<k <...<A,

{lycts, nanee, nOJAMHOM

P(x)=a,(x —h )"ty (x — Ay -+ ... @, (x— A,
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. .

(m — uenoe NOJOKUTENbHOE YUCAO) He 00paaeTcsl TOKIeCTBEHHO B HY JIb.
[Toxasats, uto yucao N BeleCTBeHHBIX HyJe#l noaunoma P (x) He npe-
BOCX0AHT uucna W mepemen 3Haxa B MOC/e10BaTelbHOCTH

Ay, Gy Qg ooey Qpy, a., (—D™a, (77, 14].

80. llycre Z—uncno wsmedenu#t 3uaka ¢yunxuuu ¢ (A) B uuTep-
Bajse 0 < A< oo m N—uucao BelueCTBEHHBIX HyJeH HHTerpana

Fx)= | 9(A) e~ dA,
]

~TMokasarb, yto N<{Z.

B uucao N BXonst, KOHEYHO, JHHIb HYJHM, HAXOASALIUECS BHYTPU
00/1aCTH CXOAUMOCTH (HEKOTOPOH OrpaHMueHHOH cJeBa MOJYNAOCKOCTH).
[He cosepwath npenensyuift nepexon ot 77, a HaljexaluMm o0pasomM
IePeHeCTH NpOBENEHHblE TaM NOKasdaTenbCcTsal]

81. lurerpann

J‘f(x)xndsz,n (n==0,1,2 3, ...)
0

(npeanosaraeMele CXOAAMMMUCSH) HA3LIBAWOTCA MOoMeHmamu Gynkunn f(x).
PaccmoTpuM cayual, xorma He BCe MOMedTH pasHbl Hyawo ([l 139,
IIT 153). Tlpumewm, sanpumep, uro M, = 0, ¥ noaowMM

Yy a,= M, ecan M, + 0,
2) ap=—sgna,.,, ecm M,=0unn<y,
3) a,=—sgna,_,, eciu M,=0 u n>p.

(PexyppeHuTHOe oInpefesieHHe NOCAENOBATEALHOCTH @,; CHAYaAad HAO
onpeneJuTh 3HAK a,). [lokasaTb, 4yT0o 4YMCIO H3MedeHMH 3Haka (QyHK-
uuMg  f(x) He MeHblle YUCIA TiepeMeH 3HAKa B TOC/AeJ0BATEIbHOCTH
ay ay, @, ... (I 140 npeacrasnger coOolM uyacTHelld cayuatt sroro
NpenIoXeHus).

82. (IIponomxenne 3anayn 80.) YKCAO NOJOKUTENLHBIX -HYJIEH,
JeXalWux BHYTPH 00JaCTH CXOLUMOCTH, HE MPeBOCXOAMT YMCHA H3IMEHe-

)
HU# 3HAKa (PYHKUHUH @(k)::fcp(x)'dx. (Anaznor teopemn 44.)
0

83. ([Tponomkenve sanauu 78.) YuCiO0 MOJONKUTELHBLIX HY1e#,
JeKALWMX BHYTPU 0ONACTH CXONWMOCTH, HE TNpeBbilIaeT YMCAA MepeMen
3HAKA B MOCJEAOBATENbHOCTH

Gy, G+ A Gy 0y v es
(OBo6wenne Teopemnr 44.) [80.]
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84. Yucio nonomurenbHpix HyneH (akTOpUaIbHOTO paAna

Na 2a 3a
Gy~ +x(x+2ll) TrGEDGETY T

neXalux BHYTPU ero o61acTv CXONWMOCTH, He TPEBOCXOAWT uYHC/a
nepeMeH 3HaKa B MOCJeNOBATENbHOCTH

Gy G+ a, G, 4ay ..

[0HO He TPeBOCXOIUT HAXe YMCAA HyjaeH CTeneHHOro psaga
f(x¥)=ap+-a,x+ax® 4 ...,

nexauwux B unHtepsate 0 < x <1; 80, 44].

- 8B. Ilycrs ko3hpuUKEeHTE Py, py, Po - .. OeCKOHeuHOTO (HeOOpHI-

BAKOUIErocs) psaa
F(x) = py—+px—+ px*+ .
HMMEIOUEro paiMyC CXOAMMOCTH p, HeoTpuuareabHu. [lycts, nanee,

Qy, Qo - o., Oy, Oy Gy, ..., O, BEUECTBEHHB H
0L, <o, <<...<a, L 1.
Torpa yucao nyne#t GyHKuuH
0 F (0,%) 4 @, F (0,X) 4 . . .~ a,F (9,%),

aexawux B mHTepBaste 0 < x < p, He NpeBHLIAET YuCHd TepeMeH 3Haka
B NMOC/JAeI0BATENbHOCTH

Gy an+ an-li an +a-n—1 + an~—2’ Tt
o Gy t0y_ 1+ ...+ at+a, [38, 83]
86. ((Tponomxenne.) Ecim 0 < B, < 3, < LBy Mo, e

3aK/II04YEHO BHYTPH Kpyra CXORMMOCTH psia F(x) TO

F(a3) F(a,8,) ... F(a8,)
F (a,3,) F(az. 2) . F(O‘ 9n)

=+ 0.

Fap) F (a 32) . F (anﬁﬂ)
(Orciona 6e3 tpyna BbiTekaer 76.)

§ 7. Ha 4yem ocHoBmBaercsa mpaBuiao [Jexapra?

Vs 36, 41, 77, 84, 85 gBcTByeT, YTO paccMaTpHMBaeMble B HUX MO-
C/1eL0BATENBHOCTH (YHKUNHA

1, X, x2, 'xf‘, ey
1, x—E&, (x—E)x—5), ...
f,).lm’ elgm, 3)~am’ ey
| 1 1 1
’ x x(x+1)" x(x+1Hx+2)°

F (a,x), F(a,x), F(a;x), ‘e .
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006127a10T caeayowuM O0LWMM CBOMCTBOM: YHCJO JIGHAIIHX B HEKOTODPOM
OTpelleIeHHOM WHTepBane Hysed BCAKOR nuHelHOY KOMOMHauuu M3 3THUX
GVHKLMA ¢ MOCTOAHHBIMM  KOS(pULHEHTAMH He TPeBOCXOIUT uHCIa
nepeMeHd 3HaKa B MOCAeNOBATEJNLHOCTH B3ATHIX KO3 puuuenrtos. Ha uem
e OCHOBLIBAETCA 3TA NPUMEHHMOCTb NMpasuaa JlekapTa K CTOMb Das-
HOOOPA3HEIM TNOCNENOBATENLHOCTAM (DY HKUMH P

87. Tlycts nocnenoBaTebHOCTh By HKUKHA

By (x), Ry(x), ooy Ry (X)

crenyer npasuay HexapTa B OTKPHITOM MHTEpBane a < x < b, T. e.,
TOUHee roBops, obnafaeT cClAenylOUIUM CBOMCTBOM: KakoBa Obl HH Oblia
MOCAeN0BATENBHOCT &y, @y, ..., @, BELIECTBEHHHIX YHCeJ, He BCEX
DaBHBIX HY/KO, YHUCAO HyJeH JuHeHHO# KOMOMHALUU

@by (6) 4 Gyhy (1) . - aghy (%),

Jexawux B uHTepBane a < x < b, He NPeBOCXOAUT YHCIA TepeMeH
3HAaKa B TOCJeJ0OBATENLHOCTH

a, Qy ..., Q.

[lokasaTb, 4TO TOrjpa nocCaenOBaTebHOCTb A, (X), Ay (X), ..., A, (X)
noMmKHa oOnanaTh CAeAYIOWHM CBOMCTBOM: ompeneauresd BpoHckoro
Wk, (x), h,,(x), h (x), ..., hvl(x)],

06p33033HHbIe A4 BCeX CUCTEM uenblX uyucen
Vl, Vz, e ey Vl (1 \<V1<V2<...<Vl\<n),

He [OMMKHE 0Bpawathcs B HYJMb B uHTepBane @ < x < b. Kpome roro,
moOsle 1Ba M3 THX ONpejenuTeledl, MMelOIMe OIMH ¥ TOT Xe NOpH-
NOK, INOMKHB uMeTb W ofwwu#t sHak (I=1, 2, 3, ...). [[Ipuusts
BO BHUMAaHHE KPATHOCTb HyJnei.]

88. (ITponomxenne.) B uvacTHOCTH, 118 TNPHMEHUMOCTH MNpaBuia
Jexapra neoOxonumo, yrobnl B uHTepBade a < X < b OTHOLIEHHS

ho(X)  hg(x) hay (X)

Ay (x)’ he(x)’ 7777 Ay _q(x)

Oblid BCE MOJIOXKUTeNbHL U OO0 BCe TNOCTOSHHO yOwnBaaw, nubo Bce
OCTOAHHO BO3PACTaNM.

89. ([Tponomxenue.) Tlycts 1 Lan. ITlepeuncnennsiMm B 87
YCJOBUSM, HalaraeMblM Ha onpeleautend BpoHCKOro, OBHOBpeMeHHO

< hy (x), hy(x), ..., h,(X) yzoBietBopaioT Takke n— 1 QysHKUUH

Ak d hy o d Ry

Hl————ahu’ H2—"~dx"E""’ Hut—-l‘——-_‘ﬂ ho‘. y
_ 4 by _d hny \ . 4d_ hy
Ho=gx =h 0 Mhe=gr 75 v =3 By

[VIU 58].
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90. (MMponomxenne.) [pusenennoe B 87 HeOBXOZMMOE YCAOBHE
NPUMEHMMOCTH npasuna JLexapTa ABAAETC TAKKe AOCTATOUHBIM [77].
91. ”pOBCPHTb BOMOAHENHE KPHTEPHA 87 AAIS. PACCMOTISHHBIX B 77

$yHKUNH e , e e

§ 8. O6odmenun Teopemsl Pomas

92. Nycrs 0 <<a< b, Ecm f(x) obpawaercs B Hyab B 1| |
TOUKe MHTeDpBaka (@, b) U BCe HYAH MOJMHOMA @y—+ @ X~ a,x% -,

.+ a,x™——BellecTBEHHbE, TO B HEKOTODOR BHYTpeHHeH TOuKe E
HHTepBaJIa (¢, b) uMeeT MeCTO PABEHCTBO |

aof ) ta f GO+ af O+ ...+ a, f (=0 [631].

83. (O6o6uienne Teopembl PO/ Ha JMHEHHbIE OLHOPOXIIBE
AuDpepeHunanbyble Bhipaxenua.) Ilycts auddepesunasbioe ypasuenue
f-T0 MOPARKAE

PP 0 () Y gy () YD 0, () y =0, (%)
umeer n-——1 uurterpanos A,(x), hy(x), ..., h,_,(X), yLOBIETBOPHO-
WHX B uHTepBane a < x < b ycaoBusM
By (x) h7(x)

| 1) o]~

iy (x) > 0,

(%) K(%) e.. BPD(x)
. h, (x) h;. (x) v h-(n_z) (%) > 0. ()
Baci(8) By () ... K 2’(x) -

Ecim B wuutepsane a < x <b aexur n-1 Hyrel dyuxuun f(x),
TO B STOM HHTEPBAJie CYLEeCTBYeT Takas TOYKA £, yTO

J1) ) 4 2y ) FPD @) 42, ) FOD )
. A oa B fE=0 (VI 62].

B4, ([Tporomkenue.) YreepmaeHue TeopeMbl COXPaHIeT CHIY H NIDHU
3aMeHe NPeRM0AOKeHUA MeHee CHIbHBLIM, MMEHHO, 4TO f(X) coBmanzaer
B n-+ 1 TOuKe ¢ ONHUM M3 HHTETPasOB AUPPEepPeHUHANbHOrO ypasHe-
uus (*), (O6o6wende teopeMn 71, OTHOCAULEHCT K ypaBHEHUHID YW = (.)

88, (O6o6uienne audpepeHURabHON TEOPEMbI O CPeaHeM 3HayeHuu
Ha cucreMy @ynxuui,) OrHouleHue onpepeauteleh

filx) fi (xz) A (xn.) @y (x) 9 (xa) ... (xy)
fz (xl) fz (xz) fz (xn) ‘Pg (X)) Da(Xg) ... Pa(xy)

>

.fn(xo faly) - fn(xny L 00 (1) @0 (50 + v+ 00 ()

5 3Bak 1127. T. Homna u T. Cere
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raie x, < x, < X4<...< X, MONHO TMNpPHPABHATL OTHOUIEHHWI0 ONpe-
Aeanrenelt

HE) FC) o 96| [ 9,G) %G ... ¥ E,)
L) G P96 ) oI

Ja (’1) f (’32) SR TED -.n(’li) 2 2) ‘?‘” 1’("

E€CAHM YK CAdM El, 52, .' @ o &n NpUU&Th HaAACKALLIHE NPOMEXYTOUYHLIE
SHaYCHHUA!
‘Elxxl-’ i";1<E2'<"C21 E2<£3<x3* P g in-—l<£n<xn'

86. Mlycb x, < x, <. ..< x,. INokasats, uro

fi(x) fi (%) .o fi(%y)
?fz-(.-’ﬂ) Ja(%2) oo falxy)

V(X)) Ju(xs) oo fr(xy)

N R IXOWAR ---f‘"-'”(én)
() RO
(20) (a2 () 1) 116 o S0

n—1 n—1 n—1

rae k., by, ..., §,— HEKOTOpble YHCJAA, YIOBJAETBOPAIOLIHE HEpPAaBEH-
CTBaM, NpPHBEICHHLIM B KOHIE NpelbayuleHd sapaun.
97. lokasats, uToO

E f(x) Y
X O Eye) (= Xp)e Gy — ) T (=D

rae £— TOuKa, 3aK/MOYEHHad BHYTPH HAUMEHbUIETO HMHTepBaja, Cojiep-
KALIETO. OTAPHO PASIHYBBIE TOUKH Xy, Xg -« ., Xy
98. Tlokasath, uTO

fet-nm) — ()7 (x4 a— DB -+ (5) Fle 4 —2) h) —
e (— P () = g (),

rle ¢ 3aKMOYEHO MEeWNy X M X -nh (k MOXKET NPHHMMATL M OTPHUA-
TelbiLie 3HAaYeHua). B vacTHocTH, npH n==1 umeeM oOblunylo Teope-
MY O CpDelHeM 3HayeHuwW.

99, (Orauunoe o1 95 0606LIEHHE TEOPEMbI O cpeﬂHeM BHAYEHUW HA
cucrempl  gynxuni.) Tlycrs ¢yukwun Ay (x), ha(x), ..., fiy_y(x) ynoB-
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JeTBOPSAIOT HepaseHcTBaM (*¥) 3anaqu 93, dyHKuusa f(X) — NDOM3BOAbHAA
X < Xy <...< X, [loxasate, uro CyulecTByeT Takoe &, x; < § < X,
uTo

Bo(x)  hy(xy) ... k(X))
h2(x1) hz(xg) coe By (X))
Sgn . e e s —
-1 (x,_) h1 1(x2) R _i(x)
f(xl) f(xy) oo f(xn)
B @ .. B0
k) () h;.@) TS i ‘()
= §¢Nn LR .

M() h;q(%)a.. e “()
G 0 ...fm—-wca

[TTonno# mpAyKuMeH; NMDHUHATL BO BHHMAaHWe 8§9,]
100. Joxasath 76, ocHoBbiBasch Ha 91.

r'’TABA 2
TEOMETPUYECKHUE CBOCTBA HYJEH NOJIMHOMOB

§ 1. LDenTp TaKecTH CHCTEMH TOYEK
OTHOCHTEJRHO HEKOTOPOH TOYKH

100, Tlyems 2, 2o, ..., 2,— NPOW3BOMbIHLIE TOUKH KOMMNJIEKCHOMH
MJOCKOCTH, Jexaillde Ha KOHEUHOM pACCTOSHMM, M B KaXKAOH M3 HHX
COCPesOTOUeHa COOTBETCTBEHHO HEOTPHLLATe/bHAS MACCa My, Mg, . . ., M,
roe my—+m,-+ ...+ m,=1. Tloxasatb, uT0 NpH KaxaOM JTUHElHOM
npeo6pa3oBaHUM KOMOJIEKCHOW IIOCKOCTH, OCTaRadwleM OecKOHEUHo
VIAJREHHYIO  TOYKY HeMOBHMHON, HEHTD THKECTH { 3THUX Macc rakxe
nonsepraeTcd ToMy e npeobpaszoBanmio. VHbMH (CIIOBAMU: €C/H cocpe-
JOTOUHTb MACCH #2, B COOTBETCTBYIOLUMX TOUKAX Z,, B KOTOpHE NePeLin

nDH npeo()pasoaaﬂnu CTapbie TOYKH 2,, TO LLEHTP THKECTH STOFO HOBOTO
pacnpeneneHus Macc monajaeT Kak pas B Ty TOuKy L', B KOTOpyw nepe-
Xonut npu npeo0pa3oBaHuu craphiti HeHTp TaKecTH (.

B nocaeayiomem (102—156) noa «TOUKOH» KOMOMEKCHOW NAOCKOCTH
6yner noHuMaThcd J0Gasg, O0e3pa3MUYHO HAXOAAWAACA HA KOHEYHOM pac-
CTOAHNH WM Ke OeCKOHEYHO YAa/JeHHAs TOUKA; NMOJ KOKDPYKHOCTHIO» -—
OXPYIKHOCTb MAM TMpsMan; nociennas OyneT paccMaTpPUBATBCA KAK OKPYIK-
BOCTb, NPOXOifuias ueped OeCKOHEYHO YHANCHHYIO TOYKY; MOL «KpY-
roM» — 00aaCTh, OTpanyMueHHad «OKPYIHOCTHIO», T. €, 100 3aMKBYTay

55.‘

ot
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‘BHYTpPEHHAA, MO0 3aMKHYTan BHeLLHAA 00/1acTb OKPYKHOCTH, JUOO 3aMK-
HyTas TMOJNYI/IOCKOCTb, CMOTDPA MO TOMy, OyneT Jn GeCKOHEUHO yaaJieH-
Has TOYuKa JMOO COBCEM He COAepXaThCs, JubBO COMEPKATHLCH BHYTDH,
Au00 HaXOZUTbCA HA TPaHULE 3TOTO «KPyra».

102. lycrb naHbl TOYKH 2y, 25y ..., Z,, 2, MDHYEM Z OTJHYHO OT
BCEX 2y, Zg, «.+4, Z,, B TO BPEMA KaK MEXLY MOCIAELHHMH MOTYT ObiTh
¥ cosnmanaowue. Ilycts, nanee, maHul MacChl

m>0, my>0 ..., m;>0, m-4m—+...4+m,=

TpebyeTca HalTH Takylo Touky %, 4ToOHl npH mmeﬁHOM npeobpa-
30BAHUM TIJIOCKOCTH, TePeBOAsuleM 71 -2 TOulH

zl’ 22, »c 0y z”‘; z; C’

COOTBETCTBLHIIO B- TOUKH

/

24

4 T i 4
22, a ¢ 8y Zn, OO, C 1)
LEHTP TAKECTH MACT Mm,, COCPENOTOUEHHBIX B TOUKaX 2/ (v=1, 2, ..., n),

nonasn kak pas B (/.

CywecTByeT OeCuHCAeHHOE MHOXECTBO JMHEHHBIX npeodpazoBanui,
nepepoisux 2z B OeckOHe4HOCTb. ONHAKO TOUKA L He 3aBUCHT OT
Boiopa npeoOpa3osBaHus.

Touka {=1{, onHosmayHo onpenenseMas B 3agave 102 cucremntt
TOUEK 2y, Zg, +++y £y» COCPENOTOUEHHBIMH B HUX MACCAMH M, My, ..., M,
(mi+my+ ...+ m,=1) u 3ananHo# TOUKOH 2, OTAHYHOH OT BCex
Zi, 29y «v4, Z,, HABLIBAETCH LEHMPOM MAdCe(MUu CUCTEMH TOUYEK Z,,
Zoy « vy 2,4 C MACCAMH My, My, ..., M, OmMHOCUMeAbHO 2. Ecin z—0ec-
KGHEYHO YyaaJeHHas TOuKa (2 = o), TO Cz=£oo coBnagaeT ¢ OObLIKHO-
BEHHBIM IEHTPOM TSKECTH. ,

fO3. Byxem 6paTh B (UKCUPOBAHHBIX TOUKAX zl, 2oy + 0.y Zy CAMBIE
pasJrhuHbie pacipenefeHus Macc ¢ oOwel cymmol 1. ﬂoxaaaw, 4ro
LeHTPL TsKecTH (. BCeX Takux pacnpeneneHuil, B3dTble OTHOCHTE/NbLHO
HEKOTOPOH TOuUKM 2, He COBNajaloued HW ¢ OAHOW H3 2y, 29, ..., 2,
34MOAHAT HEKOTOPYI o00nacTs §,, OrpaHHYEHHYIO NOJMTOHOM U3 «KPY-
TOBHIX» AYT.

104. Ilycts &, — onpenesenubifi B npenbiayuiedl s3anaye .«Kpyro-
BOW» MOJNFOH M W,, W,— LBE €ro TOYKM. PacCMOTpUM «Kpyr», Npo-
xonswui vepes w,, w, u 2. [lokasarte, 4TO Ta W3 ABYX AYT w@,, W,
KOTOpPAas He NPOXOAUT yepe3d 2, ConepkHTCc B R],, HHLIMM ClOBaMHU, UTO
o61acTb &, «BbinyKaa» OTHOCHTEAbHO Z. (Mul Oynem HasmBath R, Hau-
MCHbUIER «BLIMYKJIOH» OTHOCUTENLHO 2 O0JACTbIO, coAepMmalled TOUKH
Zis Bos vuny Zpe) ) "

- §05. Ecan Bce TOUKH 2y, 2y, ».., 2, CONEPHKATCT B HEKOTOPOM
«kpyre» K, a TOYKa 2 JNEXAT BHE 3TOrO «KPyra», TO «KPYroBO#» no-
auron 8, [108] neankoM coaepwnrea BHYTPH K,
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- | it 1
Ecnid B TOUKaxX 2y, 2 +.., 2, COCPELOTOYEHL PaBHLIE MACCH —,
: n

TO ., Ha3bIBAETCA LUEHTPOM THKECTH CHCTEMBI CAMHX TOUEK 2y, Zay« ..y 2y
OTHOCHTENbHO TOYKM 2. B HuKecJelyIOLIMX 3ajauyax UMeioTCs B BUAY
TOJbKO TAKHE WLEHTPBHI THKECTH..

§06. [lycTts L, — ueHTp TAKECTH TO¥EK 2y, Z5, ..., Z, OTHOCHTEJLHO
tounn 2. [loka3aTh, UYTO KaXNas «OKDYIKHOCTb», NMPOXOAdAIAf yepes 2
U o, PABNENAET TOUKH 2y, 2oy +.., &, MEWAY cOOOH, T. €. mido
KaXIBH W3 ABYX <«KDYros», ONpene/fieMblX PaccMaTpUBaeMOH OKpPYyX-
HOCTbIO, COAEDKUT BHYTPU XOTA Obl OAHY U3 TOYEK Z,, Zg, + ., Zp, JAHOO.
BCE 3TH TOUKH JIeKAT Ha CaAMOH OKDPYXKHOCTH. .

107. (lMpononxenue.) TlyCTb BCE TOUKU 2y, Zy, ..., Z, COLEPKATCH
B HexkoTOpoM «kpyre» K. Tlokaszar™e, uto TOoukH 2 W L, He MOryrT
OLHOBDEMEHHO JexaTb BHe 3TOro «kpyra». Ecau oOnHa M3 HHX,
HanpuMep 2, NexuT BHe K, TO TOoraa Apyras, L,, OyaeT HaXOAUTLCH
BHY TPpH K, 33 HCKJOUCHHEM TOI'O C1yuas, KOrLa BCE TOUKH Zy, 2y, + .+, 2y
JeKaT Ha TON ke nepudepun «kpyra» K: B aTom cayuae u G, Oyner
HAXOAUTLCS Ha «OKPVIKHOCTH». ,

§08. Paccmorpum BCe BO3MOMHBIE CHCTEMbl YHCEN Zy, Zgy +v .y Zpy
MOTYIUX NPHHHMATb JMIIb 2 PA3AHYHLIX (DUKCHPOBAHHLIX 3HaueHul w,,
Wyy o+, W,. [l0Ka3aTb, UTO LEHTPH THKECTH BCEX TAKHX CHCTEM, B3f-
Tbi€ OTHOCHTEJbHO TOUKH 2, JeXaT BCHOAY I[JIOTHO B HanMeHbLICH
06/1aCTH, «BHINYKJO#» OTHOCHTEJAbHO Z, COLepKauieit TOUKH 10y,
Wy, oo oy W _—

E0B. Iycts Touxkn 2, 2, ..., Z, OUKCUDOBAHBI, a TepeMeHHad
TOUKA 2 CcTpeMuTca K 2,. K KakoMy mnpeleibHOMY MOJOXEHHIO CTpe-
MUTCS - UEeHTP TKeCTH (, CHCTeMsl TOYEK 2, Z5, ..., Z, OTHOCHTE/bLHO
TOYKN 2P _ :

§i0. enrp tmxectu 5, cucreMsl KOHeUHBIX (UKCHPOBAHHBIX TOUEK
2y, 23, .., 2, OTHOCMTENbHO MEePEeMEHHON TOUKM 2 MOXET ObliTb Pa3no-
KEH AJA A0CTaTouHo OGoAbWHX 2 no yOHBAOWHM cTeneHaM 2. Buiuu-
CAUTb MepPBble NBA Y/eHa PAa3JoKeHus.

§ 2. Uenrtp TAXKeCTH HOJHHOMA OTHOCHTEJNBHO HEKOTOPOH TOUKH,
' Teopema Jlareppa

B nocnenyiomem (111—166) nox ueno#t pauuoHanbHOH QyHKuueh
(noanHoMoOM) 72-# CTeNeHU Mbl MOHYMAEM HE DPAaBHYI0 TOXNECTBEHHO HYJIO

Py HKLHIO

7@ = + ()@ +(3) a2+ -+ (.2 1) g2 0,27

IMpu sroM Ko3(phuuneHT @, He 00A3aTENbHO oTaMuen oT Hyas. B cay-
uae, eciu.@,=0, Mu OyneM TOBODHTb, YTO 7 €CTb TOUHAH CTENEHL

nosnsoma f(2). Ecamm @, =0p_;== .. =p_py; =0, 8y_350, TO MU
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fynem roBOPUTb, 4TO f(Z) UMEET TOYKY Z==0Q HYJAeM KPaTHOCTH k1),
B sToM MOHUMAHMK Kawjiad uenas DalHOHAIbHAA QyHKuUMA n-# cTeneHu
uMeeT poobuie n HyJel, H3 KOTOPHIX HEKOTOpbie MOTYT JexXaTh B OecKo-
HeyHoCTH. Taxkum oOpasom, GyHkuue#t f(2) onpenesnsercs B KOMILJIEKC-
. HOM MJOCKOCTH HEKOTOpas CUCTEMa TOYeK 2y, 2, ..., 2, — HyJAe# 3TOH
¢pyaxuun. WM oOparHd, KaXaoH cuCTeMe TOYEK MOXKHO OTHECTH HeKO-
TOPYIO UeNYI0 PAUuMOHANBHYI0O (YHKLHIO, K03® PULMEHTH KOTODOH ompe-
AeNeHbl € TOYHOCTBIO A0 MHOMXHTEeAS MPOMOPUUOHANbHOCTH. Mul uyacto
OyneM OTBACKATHCA OT STOFO HECYLUIECTBEHHOTO MHINKUTENS H TOBOPUThH
NPOCTO O NOJMHOME, HMEIOUIEM HYJAMH 2y, 25, ..., Z,.

. Tlon uenTpom TshkecTd § uedoft pannoOHAIbHOR (YHKIMA MOHU-
MalOT LeHTp 7TskecTH ee Hyneft. Buipasuth ueHtp 1skectu f(2) oTHO-
CHTe/NbHO NepeMeHHOW Touku 2: 1) uepe3 f(2) u f' (2) u 2) uepe3 ko3 h-
duunents f(2). PaccmoTtpets ciyuan z=o00 u f(z)=2".

12, IMycts L—-uenrp txectd f(z) oruocutensuo z. i toro
y1o0bl  f(2) uMena MWL BelleCTBEHHLe HYJAM, HeoOXoauMoO M pocta-
TOYHD, UTOOH NPU BCEX 3HAYEHUSAX 2 MHUMBIE YACTH Z W - WUMEIH NDO-
TUBOMOJIOXKHbBIE 3HAKH, JUO0 00e OLHOBpEeMeHHO HcUe3anu (2 = co mpuuu-
¢jifieM K BEILECTBEHHLIM HYJIAM).

113. OrHocuTelbHO KaKOR TOUKM 2 MIOCKOCTA GECKOHEYHO yialeH-
Hasf TOYKA ABJAETCH WEHTPOM TsKeCTH GyHKuuM f(2)? Uro 03HaYawT
nast sTo#t Touku Teopems 106 u 107?

4. llycts f(2)— noauHoM cTeneHn Touno n, K-— «kpyr», coaep-

skawuih Hyayu nominoma f(2), m ¢<0. Ilokasartsh, YyT0 HYJIH NPOM3BONHON
3

OT TPAHCUEeHAeHTHON PpyHkuun e € f(2) sexwar aubo B K, nubo B K~ nc,
t. €. B Kpyre, nojaydyaemoM H3 K napaninenbHbiM CMeElUI€HHEM Ha Bek-
top nec. [Cm. III 33; paccmorperh ueHTp TsKeCTH f(2) OTHOCHTELHO
OJHOT'O W3 MHTepecCylluXx Hac uynef.]

115. Tlycts 2, — oauH 13 "yted noaunoma n-# creneuwu f(2), nanee
X (x+2,) koHeuHo U f'(x)=0. Toraa f(2) umeeT B KaXIOM Kpyre,
APOXONSIEM Hepe3 TOYKH X M X —(n-— 1)(2; — X), no MeHblue#l mepe
OJMH HYIb.

6. Tlycte f(z)-—nmomuHoM n-# cremedd, BCe HYAA KOTOPOro Mo
moaymo > 1. llycts, nanee, @, u oy, — d100bie MONOKUTENbHBIE YUCTIA,

n-g—Lq&I. Toraa Bce myam ¢ynxuuu oy2f’ (2)— a,f(2) no mMony./mo >~
2
—1
:;.:»Min(l, !1--n—°‘i )

_ 117. [lycte f(2)— NOAKMHOM n-# cTeneHu, BCe HYJH KOTOPOro JeXar
5 KpyrosoMm kxoabue r<{|z|<{R. Ilycrs, nanmee, «, u o, — nobule

1) JIpu BBegEGHUH HeCOOGCTBEHHBIX SJAEMEHTOB M YHOTPEOAEHUH ONHOPOHHLIX
KOOPJHHAT, HTO HaXOZHAOCH Obl B MOJHOH rapMOHHUM C MPOSKTUBHBIM XApPaKTepoM
pPaccMaTPHBAEMBIX 31€Ch BOTIPOCOB, BCEX 9THX CHENHANbHBIX Pa3bACHEHUH OTHO-
CUTENLHO GEeCKOHeYHO YyHafeHHOA TOYUKH H CBA3AHHBIX C 9THM OTAEABHBIX pacs
£MOTPeHNH PAa3AMYHBIX CAYHaeB MOXHO Obtao Gut uzbexarb Busce,
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a
NOJOKNTEeIbHbIE YKC/IA, OIS KOTOPHIX 7 f-#l. Torna Bce Hyau ¢yHK-
%

-y

1i8. Tlycrp 2, —ozun u3 HyJe eaoH pauuoHalbHOH & YyHKUHK
n-#t crenenn f(2) (pacnonoxedHnit B KoHeyHO# oOGaactu). [lokasats,
YTO ILeHTP THKECTH OCTanbHbXx n—1 nynael f(2), B3agTH#l OTHOCH-
TeJAbHO Z;, pPaBeH

und @, 2f’ (2)— a,f(2) nemat B KPYrosoM KOJbILe

rMin(l,.‘l—-nZ—; —l)élzléRMax(l, ‘1—!12—;

_ 2(n—1)f (2

| 7 (z) .

Kak HyXHO M3MeHHTb 3TY POpMyany, ecld &, — OeCKOHEYHO YiajieHHas

TOYKA P '
119, [TomHoM DpMuTa n-ro nopsnka yaoBleTBopser nuddepeds

1Ma/JbHOMY YPaBHEHHIO

1" (2)— 2 (&) nf(2) =0

iVl 100, pewenue x)]. [Tokasatb, ocHoBHiBagchb HA 118, uTO NOAMHOMU
JpMuTa HMMEIOT JuWb BeulecTBeHHne Hyaum [VI 100, pemenue u)i.
[PaccmoTpers runoteTHyeckunit Hyap ¢ Hauboabwefl He paBHOH HYMIO
MHAMOH 4YacTb. | .

120. TMosndom n-# crenend, yAOBJETBOPAOWNK nuddepeHnuan-
HOMY YpaBHEHHMIO

(1 =2 f"(2)—22f" (@) +n(n+1)f(2)=0

(nonuoM Jiewannpa n-ro nopaika, cm. VI90), umeer auub semue-
crBeHusie Hyau (VI 97).

&1

—_—

120, Teopema Taycca [lI31] pasHocuibHA caeaywiuel: ecnu
BCe HyJum TnoaumHoma f(z) aewar B kpyre K, TO M HyJId TPOM3BOLHOH
f'(2) raxwe sexar B K [113]. YcraHoBMTL, NpaBHJAbHA MM Henpa-
BUJIbHA CleAyioUlas TeopeMma: eC/AM BCe HYJM MoaxnHOMa [f(2) nexar
B 1By X xpyrax K,;, K,, 10 ¥ Hyau npoussoanodt nexat B K, win K,.

Iycrs Ky u Ky—nBa Kpyra mniad gpaxe aBa JoO0HX «Kpyra»
(8 paabsicHeHHOM Bbllte cMbicae). COBOKYNHOCTb TOUEK

P T
i )
ny -t ny

TAe 7, W Ny— QUKCHPOBAHHBIE IIOJOXKUTENbHBE YHCJA, 4 2, M 2, HE3d-

BUCHMO IDYr OT Apyra npoferaloT cooTBeTCTBenNHO K, U K,, yCnoBuMca

HaswiBaTh cpednel obiacmsro <kpyros» K, u Ky v cHMBOIHYeCKH 000«

3HAYATD : :
K == 11K - MoKy .

ny 4 Ny
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K Bnosne onpepenserca sananveM K, Ky, n, u n, [Cv. H. Min-
kowski, Werke, 1. 2, crp. 176, Leipzig, B. G. Teubner, 1911,]

122, Tlyets K, u K,—1Ba Kpyra G WEHTPaMu COOTBETCTBEHHO

{0; ‘a0,
21’ m Zy W pajuycaMum r, m r,. Iloxasatb, 4TO TOraa

K == nKo + 1Ky
ny -+ Ay

Oyner TOXKe KpyroM, UeHTp Kotoporo 2@ u paguyc r onpeneisiorcs
pPaBeHCTBAMH

{0 (0}
nzz ‘}—ﬂz ) n1r2+n2r1

nytay ny+ 1y

20 =

Kpyrn K, K, u K nMeior ofwuli ueHtp nonobus.
123. MMycrs K, u K,—IBe NOJYMIOCKOCTH C MNapaiiefbHbIMU
Kpaamu, copepxalune ofHa apyryw. Torma «cpenHss ofaacrb»

oKy - K
Koz ny -+ Ry

TOXKEe OYXeT NOJAYNIOCKOCTbIO, Kpa#h KOTOpPOW napanjened KpasgM MJjo-
ckoctelt Ky ¥ Ky H IeJMT DACCTOsHUE MEXAY HUMU B OTHOLUEHHH 7y : H,.

i24. Tlycrs f(2) == f,(2) fo(2), rne f,(2)— NOAMHOM n,-# CTenewx,
a f;(2z)—noauHoM n,-# cremenu. [lycTthb, Aanee, BCE HYJ/M NOAUHOMA
f1(2) nexar B kpyre K,, a BCe Hyau nonuHoMa f,(2)—B kpyre K,.
Torna nHyau npoussoanont f'(2) nexar nubo B K,;, mub6o B K,, mbo
B «cpenne#t obracTu»

n1Kg -+ 79K
K ny+ ny

(3aeck nom cTeneHAMU TNOJAHHOMOB f,(2) M f,(Z) moHUMAIOTCA MX TOU-
Hble CTEefeHH,) )

§25. Ilycre f(2)— apobuo-paunoHaibias GyHKUMA, YHCJAATE]b H
3HAMeHaTeAb KOTOPOKR — B3aUMHO npocteie. [lycrh, nanee, ee Hynu
(nosock) B uHc/ae n, JexaT B Kpyre K, a fOMOCH (HyAH) B 4uce
n,—B Kpyre K, (Msl paccvartpusdeM JMlb Hy/W M- MOJOCH!, Je€xa-
lIHe B KOHEYHOH OOﬂacm) [lycrs, HaxkoHeu, n, =+ fj. Torna HYV . 1d
npousBonHoO# f'(2) nexar wan B K, nm B Kz: W B odnactu K,
00pa3oBaHHOR TOUKAMK

FyZo — yZ
o 1<2 % 1,

ny— Hy
TAE 2; M 23 NPO0eraioT He3aBUCHMMO APYT OT APYFd COOTBETCTBEHAO
K, 1 Ky, B ¢HMBOIMYCCAOM O0O3HAYEHHH!

My — K4
Ry g

K=
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Ecam ny=n, u obnacth K, u K, He nepecekawrcs, TO BCe HyqH
npoussagoft f’(2) nexar mbo B K, 160 B K.
1286. [lycrb Bce xopuu ypaBHEHUS

f(2)=a,

rae f(z) — naHHslf MOJMHOM, JIEXAT B HeKOTopOM oBaje *) O,. Tloka-
3aTh, UTO BC€ TOYM @, B KOTODHIX 9TO OydeT HMETb MECTO, TaKke
OyayT HaxonuTbca B HexkoTOpoMm osaste O,

§27. Tlycrb f{2) — HeKOTOPHIH TOJIMHOM, NYCTh, Aadjee, ero @-TOYKH
(Hyan noausoMa f(2)— a) nexat B kpyre K, a ero f-TOUKM — B Kpyre
K,. Uycrtb, HaxoHel, .

_ nh 4 nea
ooy

rae n, 91 ‘f,— NOJOXUTEAbHbIE YHCAA. [ToxazaTb, 4TO C-TOUKH MOJH-

H Ma f(2), He Jnexaulde HM B K,, HU B K, JnexaT B «cpeiHei obia-
ClH»

¢

K — ket

ny rzz

[, ¥ ny MOXHO MDENNOJATATb LENbIMA. |

& 3. [Ipou3:0.HAA MOAMHOMA OTHOCHT2JHHO HEKOTOPOi TOUKH,
Teopema I'paca

Moa npoussoonod uenok pauvoHanbHolH QyHKuuM n-# crenenu f(2)
OMHOUMEALHD MOYLU 5, CHUMBOMMHeCkH A, f(Z2), Mbl OyleM NOHHMATb
NJoH .== OJbIKHOBEHHYI0 MNPOU3BOAHYIO, 2 NMPH KOHEUHBIX 3HAUEHHAX
G — BblpaxeHue

A J(2) = (.—2) f' (2)+ nf (2);

A.f(z) ectb uenas paunounansHas dyuxuua (n— 1)-# crenenn ¥).
B28. [lycrb KO3DPUUMEHTH ¢y HKLHHM f(z) (B sauucH ctp. 69) 6ynyr

ao, al, a.}, T 0wy an-

i Ay z } L]
Kax sanAuwyIes o K0P puunentos Ppyuxuny —“%(—)? '

i2e. ﬂo:«a;ar 4TO ofepauud Atf(z), rae o ﬁpouaBoano, ﬂnc'rpu—
OyTusHa: ecau _j1.2) M f,(2)—- DBa NOJKHOMA n-H CTENeHH H ¢4 U Cp —
M,;0U3BObHBIE MOCTOAHHBIE KO3 PUHUMEHTH!, TO

A ley [i(@) 6 f,(2) = CiAzf_1 (2)—+ ¢34, f2(2).

“y floy OoBaJdoM 34ech MOXKHO MORPasymeBath Jw0b0e BLHINYKJAOE MHOXE-
CTBO TOYEK.

) flpu yROTpeONeH!H ORHOPOAHBIX KOOPAMHAT 97O oﬁpasosanne Ha3blBAOT
neps (i noaspul, y Cragblx aBTOpuB Takke émanant; cM, Laguerre,
Oeuvres, 1. 1, ¢1p. 48. Paris, Gauthier-Villars, 1898,
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130. [lycts f(2)= g (2)h(2)— pasioxeHue mnoauHoMa f(2) n-i
cTeleHd HA JABA MHOWUTenR g£(2) u #(2) cooTBeTCTBeHHO cTenecHel &
w [, R4-l=n. TloxasaTb, 4YTO NDU BCeX 3HaYeHuax. (

A f(2) = g(2) Ah(2)+ h(2) Ag(2).

138, [Iycts f(2) — noauHom n-# creneHy, 5, u §, — ABe NPOH3BO/b~
nble nocroaunbie. Ilokasarh, 4ro onepauun Ay f(z) u A f(2) nepe-
CTAHOBOYHBNB, WHLIMH CAOBaMH,

A, [A, f(2)] = A, | Ay f(2)] = A A f(2).

132. Tlokasats, uto A, f(2)=0 TOraa u TONLKO TOrAa, KOrJa BCe
HYJH ToaMHoMa f(2) coBmazawt c L.

lon npousgoonoid cucmemol CACTEMBl 1 TOYEK 2y, Za, ++.y &, OT-

HOCUTEJNbHO (1 1)-# Toukn { nowumaior n—1 nyne#t z;, z,, ..., 2

¢yakunn A, f(2), rae f(2)— noauHoM n-# cTeneHu, HMEIOWHA HYIIMU
21, 29y« « os 2y HYJIH CUMTRIOTCH COTNACHO OOuleMy omoenenenuio (ctp. 70).
IMpoussonHas. CUCTeMa BIOJHE OMNpefeneHa, 3a EJHHCTBEHHBIM HCKJIO-
yeHdeM TOrO cJayuas, Korjga Bce n+1 TOUKH 21, Z9y ++., 2y & COBHA-
aa1 (CM. 132) |

§33. Ecan KOHEYHO, TO B HNPOU3BOAHOR CHCTEME OTHOCHTEbHO
TOUKY § CO,H,ep}KaTCH BoOOLIE TOYKM YeThlpex pONOB:

1) KodeyHtle oTnvuHble OT 2y, 25, ..., Z,, & TOUKH, OTHOCHUTENLHO
KOTOPBIX LEHTPOM TAKECTH CUCTeMBI 2y, &4, ..., Z, CAYXHT KaK pas &.

2) Otanunbie OT L KpaTHble HyAH QYHKUMH f(2), KaWABIH YMeHb-
UIEHHON HA €IWHHLY KPaTHOCTH.

3) Camo § avwb B TOM C/yuae, KOrJa OHO SIBAAETCH HyneM f(2),
H TOorpa ¢ TOH e KpaTHOCTbIO.

4) Touxa ©o, au00 ec/M OHA #BJGEeTCH MO MeHblieH Mepe NBYKpaT-
HbIM Hynem f(2), /mbo ecau OHAa COBCeM He fBaseTCH HyneM f(2), Ho
3aT0 { gBisieTCs OOBIKHOBEHHBLIM, T. €. B3ATHIM OTHOCHTEJbHO TOYKH ©O,
UEHTPOM TSKeCTH f(2).

I134. Besxui «kpyr», OrpaHHYEeHHBIH «OKPYKHOCTBIO», NDPOXOLA-
e uepe3 TOUKY 5 ¥ OOHY M3 TOUEK MPOU3BOLHON CHUCTEMBI, COLEPKHT
W TOUKH [ePBOHAYANbHON CHCTEMbI.

135. Beakuit «kpyr», comepXamwuil TOUKH 2, 25, ..., 2, H He
conepalnit TouKn G, COXepIHUT Takke BCE TOUKH NMPOM3BOLHOH CHCTEMBI
CUCTEMB TOUYEK 2y, Zq, ..., & OTHOCHTEABHO C,

138. lpoussonuas cucrema CHCPEMBI TOUEK 2y, Zq, ..., 2, OTHOCH=
TebHO TOYKM ( 8aK/IUAETCA B HAMMEHbUIEM BBIMYKAOM OTHOCHTENbHO &
NIOMMIOHE, COAepPXAUWeM 2, 2, ..., 2, (O000uweHne TeopeMbl lll31.)

1837 Ecin f(2) n-# crenenn, 10 (A)*1f(2) 6yzer nepsoi cre-
nenu. Boluuciuts eguncrsenubft Hyas dyekuud (A1 f(2).

138. lycrs

f(Z)zao+(;z)a12+(;)aaz?+ o +(nf_1)“w-1z”'1+anzw
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— [IPOH3BOABHLIA mMoAuHOM n-R crenenn u G, §,, ..., §, — NDOW3BOML-
HBble TOYKH KOMIIJIEKCHOM miockocTH. [lokasaTh, uTo Bhipa)eHue

Ay G oo W@ =15 A A, . A f(2)

noeacTasafeT Co00# CHMMETPHYECKYIO B YHKUMIO NepeMeHHbiX &y, G0, « .+, &y,
JHHEHAHYH) OTHOCHUTEJBbHO KaXXIO# U3 nepeMeHHbIX; UMEHHO!:

ACL L oo, G f(R) = ay2y+ a2, + a222+_. cea, X a5,

rae Yo 2y, g, vy Sy 2p~—3MEMEHTAPHbIE CUMMETPUYECKHE (YHK-
urn ot Gy, Gy, .. . :

R SO SRR L

n == b1k o G
Ecmu us waucen &, C,, ..., §,, ckaxem, & nocieiHux (4 TONBKO OHH)
nexat B OeCKOHEUYHOCTH, TO HYXHO MOJOXHUTH
Yy=Y=...=%_,=0 =1 L, =04-+0+4+ ... +lip

' Sk-l—? = CiC2+C1C3+ R R Cn—kv-—lcnﬁ-k’ SRR Zn = tlﬁa‘ . 'L’*‘n-wk'
139. Iycms

o=t ()t (3ot (" Yoo

. —- TIPOU3BOJILHLIN MONUHOM A-B CTENEHW C HYIAMU 2y, Z5, .+, 2, H
n nY . .2 | n R s, -
g@=b+(1)oz+ ()04 o 4 (, ) i b2
— NPOM3BOJBHLIA MOMUHOM A-¥ crenenn ¢ Hyasmu L, Gy, ..., §,. Bei-
q”anTb A(Cl, Cg; *or oy Cn)f(z) H A(Z]_) 22} LI | zn)g-(z)'

Ecan oba nomuHoma 3apgaun 139 cesizansl Apyr ¢ APYroM TaKum
obBpasoM, uTO
Ay by oo L) (=0

WM, 4TO 1O Ke [pewenue 139],

, A(zlvj 22, LI ] Zn)g(z): 0,

TO OHH HA3HBAWTCA anoagphuimi, Haspauue wMeeT CBOMM OCHOBaAHHEM
obpalieHue B HyAb 7-H MOXAPH AtlA{S...Afg?L f(2). Ycnosue anoasp-
HOCTH TaKORO:

n

'a'()b'n - (1 ) alb7zm1+(g) azbn«z o ""‘(“— ])n~1 (,l_r_l__ 1) a.-z-—1b1’+
| (1) a,b, =0
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[189]. O6e -cucreMbl 2;, Zg,-..., 2, U5}, Loy « v,y §, TAKKE HAIBIBAIOTCH
B3QUMHO GNOAAPHBIMUL. |

I40. MCTonKOBaTb PeOMETPHUECKH aMOMPHOCTS 2, M ’21, a. TaiKe
2y 2y u Gy, G o

i41. Hatitn cucremb Cl, Gy +vns G, QNONAPHBIE K CHCTEME KODHCH
nayqneHHoro ypasHeHuna 2" — 1 =0.

142. Tlycms 2, 2,, ..., 2, — NpPOU3BOIbHAA CHCTeMa Touek. Cyiue-
CTBYET N CUCTEM COBNAnalOWMX TodeK &, L, ..., §, amomipHbix R 3a4dd-
Holt cucreme, OmnpenenuTb HX.

£43. [ommnoM n-it creneHu

f(&)=1—2z2-4c2"

anoasped K JmoOOR cHCTeMe YMCEa, CYMMa KOTOPHIX PaBHA 72, @ ANOU3~
BeleHue -— HY MO. ,

044%. Tlycrs f(2) — mo6Go# monMHOM n-# CTeneHW, BCE HYJH KOTO-
poro aexar B «kpyre» K. Ilycrb, nanee, 5, %, ..., 5 (B < n) — mobale
TOukH, Jexawe BHe K. [lokasath, UTO BCe HYJAH MOJuHOMA (1 — Rj-K
crenend A; A, . .Aq;kj(z) TaKke nexar B K.

845, [Iycts nosuHOMBl n-# cTeneHu f(2) U g(2) B3AUMHO anoJsgDHH.
IToxasaTh, uTO Kaxabi#f «Kpyr», cOAepKalluit BCe HYJIH OLHOTO MOJH-
HOMAa, COLEPXNHUT No KpaflHeH Mepe OAMH HYJb APYTOro.

146. Tlycts nonvsoMul n-# cremenn f(2) M £ (2) B3aUMHO anoaapHLI,
ITokasaTh, YTO HAUMEHbIUME BLINYKALIE MOAHTOHBl, COLEPXKAIIUE COOT~
BETCTBEHHO BCce Hyan f(2) wim g(2), UMeOT MO Menblleh Mepe OAHY
o6y Touxy. Booblie: BcskMe aBa HAUMEHbIUMX BLIMYKJAbIX OTHOCH-
TeJbHO OXHOW H TOH Ke TOUKH <«KDYTOBbIX» MNOJUIOHA, COLEPKAILAX
COOTBETCTBEHHO BCe HyJH f(2) uam g(2), HMeloT no kpakiHeir Mmepe
ONHY OOWYI0 TOHKY.

i47. [Moaunom

] — 2z c2®

BCErna uMeeT Hyab B Kpyre |z| < 2

48. [ToauHom
1 —2—c2"

BCerna uMeer Hyabs B kpyre |[z2— 1|
§148. [okasarts, uro (k& + 1)- qneﬂﬂbm MOMHHOM

| — 2o o2 et (lmy <<y K )

BCEr1a HMMeeT HyJb B Kpyre

<[ =) (=) (=)

“H, 3HAUUT, B Kpyre

| 2] < .
(O6o0uwenne Teopemnl 147.)
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98, Ecau nommdom n-<# crenenm B ABYyX TOuKax @ M b (a =+ b)
NOUHAMAET OQUHAKOBHIE 3HAUEHHUs, TO ero NMPOU3BOLHAA HMMEEeT MO MeHb-
ek Mepe O1MH HYJb B K_pyre, AMEIOLEM UEHTPOM CepelnHy OTpe3ka ab

la—b]

H u’ﬂﬂHVCOM —5 ctg —. (AHanor reopembl Ponaga pas xoMniaekcuo#

obaacTtn.)
Eﬁl. Mycts

f(z;=a0+(’f)alz+( )a2z+ A, 1)) auoizt a2

— MOJUHOM n-H CcTemneHy, BCe HyJ/H KOTODOTO JiedT B «Kpyre» K,
Jddaee

g =t ()04 (2) o4 o () a2t b,

— MOJMHOM f-# CTeneHd ¢ HyJaaMu 3, By, ..., 5, Ilokasats, 4ro Kax-
ObI HY/Ab Y COCTABJAEGHHOrO MyTeM «KOMMO3MUMM» MOJHHOMA

h(z):aobo—{—(ff)alblz—f- (;)azbzzﬁ—{-— .
' n
e (n _ 1) Ayl 12" @ by2"

HMEEeT BUJ
‘Y = -_ssvk'

raze v— Hekotopeit uHmexe (1 L v<n), a k— Hexkoropas Touka B K
(npy 3TOM moJjaraeM oo »co=0co U (. Cco==HeonpereneHHOCTH),

§92. MycTb Hy M MOAMHOMOB n-H cTeneHH f(2) U g(2) nAexaT Bce
B eAMHHWYHOM Kpyre |2]| <1 ¥ nputoM no xpaHHeH Mmepe y OAHOrO —
B |z|<1. Torna u y noiuHOMa, MONY4EHHOrO M3 STHX ABYX MOCPel-
cTBoM koMnosuuun [151], Bce nyau Oyayr nexaTh BHYTpd Kpyra | 2| < 1.

§23. [lycts Bce Hyau nmoaumHoOMa n-U cTemeHH f(2) /exaT B HEKO-
TODOW BHINYK/JAOH 3aMKHYTO#H ofaacty R, copepxkaiel Havano xoop-
avuat. Ilyctb, nanee, noavHoM TOR ke cTeneHd g(2) HMeeT JHlb
BeuieCTBEHHbLIE HYJM, Jewaulue B unrtepsate |-— 1, 0]. Toraa u v noau-
HOoMa n-H cteneuyn £ (z), COCTABJEHHOrO MOCPEACTBOM KoMmo3uuuu [151]
M3 f(2) u g(z), Bce uyau OyayT comepxarbcd B oOaactu 8.

§54. Ecau Bce Hyau noauHOMAa n-# CTenexn

f@ =4 (] )az +(5) e+ o 4(, ") anorem it 0"

JMeXAaT B BELECTBEHHOM HHTEpBaje — @, @, BCe JKe HYJH NOAHHOMA
n-¢% creneHu

g\z)=b°+( )b +( )bzz T _i_(nwl) 2T 0,2"
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~—B WHTepBane — b, O (wmm 0, b), T0 HyJIW moaMHOMA A-H cTeneHu
n i
h(2) = aghy—+ ( ! )a1b1z+(g)a2b2z1+ e,

n ,
T +(n—-— l)an—-lbn--LGui‘{" anbizzn

neXaT BCe B MHTepBane -——ab, ab (a, b — nojoKUTeNbHbIE YHC/A).
185. Ilycte Bce Hyau NOJNHHOMA f-# CTEneHH

g T
ay+ a2+ a2 ... F-a,2
-~ BelleCTBEHHbIE, 3 BCE HYJIM MOAMHOM2 n-# cTeneHu
by byz =+ by2? 4 . ot b 2"
- —— BelleCTBeHHbe W ONMHAKOBOTO 3HaKa. Torga BCe HYJH NOJTHHOMAZ
d0b0+ ab,2 - a,0,22 - . . . - a,b2"

~~ TOYHO TAK Ke BeleCTBEHHBIE (2 == 0O MPUYMCINETCH K BEIIECTBEHHHIM
HYNam). |

186. IMpu coxpasennu npennonosxcenntt sagaud 155 Bce Hyam pomu-
HOMa '

aghy -+ 1 !alb;z—{— 21050, + ... +nla,b,z2"

— TdK)Ke BCuieCTBEHHELIEL,

FAABA 3
CMEIUNAHHBIE 3AJJAYH

§ 1. NpubamkeHne HyJae#i TPaHCUCHASITHHIX (GyHKUMA
ROCPEACTBOM HYyJel pauuoOHAAbHBIX (YHKIHEK

057. [ToxaszaTh, KCXOA% M3 COOTHOLIEHUS
| , 4 iz\" )
lim (1-1*',—) = (0§ 2 -+ I sin z,
T > OO n

Y0 COSZ W SiliZ He HMEIOT MHHUMBIX KODHeH.
158. [Moxaszarh, MCXOAS M3 COOTHOIIEHHS

E 22\"
fim (1 ~—~) — o,
n -F oo n

YTO HHM OIHa M3 NPOU3BONHBIX OT GYHKUAX e~% He uMeer MHHMBIX
nHynew,

159, Oyukuns Beccens |
| 1 [ 2)\? 1 [2\ 1 [2\8
h@=1—15(5) +ax (3) —m(3) + -
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HE UMeeT MHHMBIX HYyJeH. [loKa3aTb 9TO UYeThbIpbMS PasAHUHBIMM CIOCO-
O6aMy, HCXOAs M3 CAelyIOUMX YeThipeX Pa3AUYHbIX NpPercTaBJeHHWH STOM
P yHKUUHK:

‘ 2% — 4nd
2) Jo(2) = lim (— 1)”(1 + 2 2‘) (m) [VI 85],
6) Jy(2) = lim L, (43;) [VI 99, pewenne 6)],
n-¥co n ) _

B) Jy(2) = §’— f foand gy (11 148, 56],

o
<9 _coszt :

r) Jp(2) == I o LIl 205].

0

180. Lleaas ¢yukuus
F@)=1 + + (Zq)! 5 (3g) +

Fie g -— LUelnoe YUCIO > 2, ne uMeer MHUMLIX Hyae#. Onupasch Ha B9,
MOXHO /14Thb 3TOMY [B4d DPA3/JM4YHBLIX AOKA3ATEJLCTBA.

161 Nycrs ¢ >0, 0 <o, Loy Loy .. 1 pﬂll——l— o +
exonurcs. IlokasaTh, 4TO HENYI0 TPAHCLEHIEHTHYIO cpymcumo

o= ers(1=£) (1 2)(1 ~2)--

MOMHO NpENCTA&BMTb B BUHAE TNpeleia HEKOTOPOH MOC/e10BATENbHOCTH
JIOIMHOMOB, UMEIOIUX JWIILb BelleCTBeHHbIE TOJOKHATENbHBE HY U,
162. ([ponosxenne,) IycTs

(z)"_"1+ + z+318z55+
IToxasaTd, UTO IOJUHOMBDI
1 -1—( )a z—{—( )d22‘3+ s —{—(nz l)an_lzn"i —+a,"

(n==1,2,3,..)) IMeIOT NUIlb BelleCTBeHHbIe MNOJOXHUTe/IbHble Hyau [63].
163. (ITponomkenue,) B uurepsanse 0 < x < «,

g(x) <1
1 BoOOGIE
Lt E2E +(2ﬁfm__"]\,x‘3m“1<g<’x)<

<1-+%x+§%x‘3v+ g (=1, 2,3, ...)
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[Takum oOpa3om, B uurtepsate 0 <x < a; PyHkund g(x) 06BeDTHI-
BaeTCA CBOMM creneHHbM pagoM; 65, 72.|

§9 4. (lpongomxenue.) Mycts @ < 1. [Tokasath, yr0 Leaaq PYyHKLUUA
OT 2, ONpe/e/aeMas HMHTEerpajoM

o0

J' e~ lg(—t¥)cos 2t dt,

0

pMeer UL BellleCTBeHHbie Hyau [63].
EG 3. [lycts o, 3, 3,, Ba, 33 ...——BeUIeCTBEHHbIe unchaa, a_> 0,

. 1 1
B,==0, u paa ?—]——;—{— ... cxopurca. [lokasaTh, 4T0 LeAYyO TpaHC:

LeHNEHTHYIO §YHKIIMIO
z
G(z)ze-—azg—e-BZ(l____z_) eg:(l_i)ea;._.
E1. kg
MOHO TOI'A MpPeiNCcTaBUThL B BHIE Mpenesa HeKOTOPOH RnocnepoBaTe/b-

HOC M TOJMHOMOB C BELIECTBEHHLIMU JHIUb HY/IAMH.
§8B. (Iponomxenne.) Ecan

G(2)=1+41" 2 2> + 24,
1O

Wi

BAb >0 (m=1, 2, 3, ...) [49].

§687. (TMponomkenne.) Ecin G (2) He HMeeT MOJOKHTEAbHBLIX HYy/eft
W @y @, @y, ..., Gp— BCUIECTBEHHbIE YHCAA, TO MOMMHOM

a,G(0)+a,G(1)z+a,G ()2 + ... +a,G(n)2"
He MOXKET uMeTbh OOJblle MHUMBIX Hyne#l, yeM MNOAMHOM

gy + a2+ a2+ ...+ a,2"”

[68, 69 cyTb uyacTHRie cAyYad 3TOH TeopeMsl. |

1€8. MNokasars, ocHoBbiBasich Ha 167, uTo Qyukuus Becceasn J, (2)
He uMeeT MHHMMBIX Hyaek [l 31].

816 3. lloxasars, ocHOBbIBaACH HA 167, uTo uenas Pyuxuma safsauu lou
He ¥MeeT MHHMbIX HYyJeH.

170. Unurerpan

[+« N
f et cos 2t df = F,(2),
: |

roe o — lenoe YeTHOe 4ACA0 > 2, mnpenctasaser coGof ue.nyto (pyHK-
IMI0, HE MMEWWYH MHUMbIX Hyaed [167].

178. (Iponomxenue.) lpu a > 1 udrerpan Bce ewe npencraeaser
coOol Leaylo (PYHKUHIO, eC/it & He ABJASAeTCH LeAbM YeTHLIM YUCJOM,
TO 3Ta (PYHKUMS MMEET JIMllb KOHEYHOE YHMCJIO BeWECTBEHHBIX HYyJed.
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172. Ypannenue
t

€

~

z—2z2=10

v

uMeeT Juuib BellleCTBeHHLIE KOPHH [26].

173, Mycrb B unrepnase 01 dynkuns f(£) asawap nudpde-
perunpyeMa, NpHUEM NPOU3BOAHBIE €e HenpepuiBHbl, janee f(£) >» 0,
&) <0, f/(t) < 0. Toraa uenas yerHas QyHKLHs

1 )
F(2) :f F(£) cos 2t dt
: 0

umeeT GECKOHEUHOE MHOMECTBO M IPHTOM BeLLeCTBEHHHX uysel. (Jro
yreepiiaenune csazano ¢ reopeMoft I 205, onmaxko oranuHo or mee.)
[26, 11 165.]
174. Tycrs ©(f) coberpento uirerpupyema B uirepsaie 0 ¢ . 1.
Ecan
1

[lewlar <1,
g .
10 uenas PyHKuuA

1 o
F(z):sinz~f¢p(t)sinztdt
0

UMeeT JMWb BellleCTBeHHble HYJU [27].
175. Illycte dysknua f(f) BelwecTBeHHa W HMMeeT B HHTep3aie
0 <t <1 uenpepuBuyio npoussosHyo. Eciu

1
|f(1)|>/f|f’(t)]dt,
. 0 .

TO Heaan QyHKuus

1
F(z)= J' F(£) cos zt dt
0

uMeeT JAMINb BelleCTBEHHLIE HYyAd. (YCMOBHE BBITONHAETCH, B YACTHOCTH,
ecan F(0) =0 n f(t) >0 B unreppane 0.<¢<1; em. HI 206.)
176. Uenan pynxuus

F@=1+I45 404 2

dﬂ:‘"

rae o » 2, PaBHO KaK M BCe HaCTUYHblE CYMMbLl €¢ CTEHEeHHOra psid
HMeeT JHMillb BeHieCTBEHHble OTpUUaTedbtisie npocteie nyan [iil 200]

6 Zak. 1127, T. lloma u I, Cere
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177. Ilycte Qyskuna f(f) nonoxuTeabHa M HMEET HENPEDPHIBHYIO
! 1

npousBoAHy0 B uuteprane 0 <¢<C 1. Ilycrs, nanee, ff(t) dt cyuie-

. 0
creyet. lloxasatb, uTO onpeneaseMas HHTErpaaoOM

1
[ryetat=F )
0

enad GyHKUMA He uMeeT Hynef:
B noaymnaockoetd Mz >0, ecan f/(6) >0
- B Roaynaockoctd Nz <0, ecmn f/(£) < 0.
[DoxkaspBaercs He kak Il 205 npenensusiM nepexcaom ua I 22, a we-
JlecooOpasHolM MepeHeceHUeM €aMoro jokasartenscrBa Tteopembl HI 22.]
878. Ioxasars Il 189, ocuosmBasc, na 177.
179. OcraTok NoxasaTejbHOro psana

2n+1 2t +3 zn+3.

GED T HEy Twra T

kpome 2=0, He ofpawaerca B HyAb KH B OLHOH TOUKe NOJYIIOCKOCTH
Meln (n=1, 2, 3, ...); cayuat n=0 npeacrasigeT HCKIOYEHHE:
BCE HYJ/IM JeXaT HA rpaHuuHo#t npamoft moaynaockoctd MRz <0, =. e.
Ha ocn y. (Orciona Jyerko BoiTekaer 73.) |177.]

CO
: Ay v |2
180. Ecau 2 ~—Zi1 CXONMTCSH, TO CyMMa psaa ;
n
,' . S =0 ' : ‘
Gyt 2+ a2 L @ =F ()

npeicrasaser ueayww ¢yskumio. O6o3nasum Hyam F(2) uepes 2z,
Zyy « vy Zy ... [lOKa3aTh, ¥TO pAA

1

1 1
Izliz_!—izz‘zwl_ LN %“Wq'" o

CXOAUTES.

180, Ecan Bce wHyin HEKOTOPOrO MNOJHHOMA C BelIECTBEHHBIMH
KO3 PULMEHTAMK —— BelleCTBEHHbE U MPOCThie, TO MEeXLY IBYMfA COocel-
HUMHM HYJIMH -DOJMMHOMA JEeXUT  JHWDL ONMH HYJab ero HpOHSBO,{LHOH
Bepna au 913 TeopeMma Take AJA LEIbX TPAHCUEH] a,eH’I‘HoI‘( QyHKumi?

I82. Mycrs

rae H(x) nomunosm  creneuu > 3. Tlokasares, uro no xpakueft mepe
' ar d2f i

Oilf1a, M3 ABYX TEPBLIX  TPOMBBONHBIX - o W —— HMEET HE TOALKO

nummnemiuc By au. ' "
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183} § 2. TOYHOE ONPEAEJRHUE UHU7 A HYJIEH

§ 2. Toudoz onpeneseHHe 4ucaa HYyJelh NPH NOMONLH
npasugaa Jlekaprta

Kpome nonyHoMa m-# creneuu
f@) =gt @z a2+ g

C BelleCTBEHHLIMH KOS@Q)HuHeHT’awu oy Qg Oy, ooy Gy (@, 5= 0), i

CyneM 31ech - paCCMdTpMBaTb CAEVIOUHE TPH conpoaoafcamozm{x na-

AUHOMA:

P(z, ©) = ayt-a,z4+0.2 (z—o)+. . 0,2 (z—0). . Jz—(m—1) o],

Q(z, ®) == ay[14-2—(m—1) w‘] [l 42z—(m—2)w]...(0+-2—w)(142)-4-
“+a, [l4z—m—Dol{l4+2z2—(m 2] ... (I 4-2—0) 24
ay|l 4~z —(m—1)o][l 42 —(m —2)o}...(z —w)2--

oty 12— (m— 1) 0 [2— (m —2) @] . (2 — ©) 2 -
tHaylz—(m—1)e][z—(m — 2yol...(2—aw)z,
R(z, ®) = ay[1—z+(m —1) 0] [l —z-H(m—2) o]. . .(l—24-w) (| —2)}
—~{~—a1[1——z~}—-(m —hDol[l —z4+(m—2)ol...(1 —24w) 24~
gl —z (m— Dol [l — 2+ (n—2)0]...(z—0)z +
v - @ . N . . . . » s - . - s . . -7 ) v A .
Aty [ = 2 (= 1) 0] [2 — (m — 2 0] . (2 = 0) 2 4-
- am 12 (m_l)w [zm—(rnw-—fz)m].. (zw——w)ﬁ
- JTH TPY TOMMHOMA 3aBHCAT OT napaMerpa . Ilpu onHoBpomeniod
3aMeHe 2 Ha —2, @ HA —o ¥ g, Ha (—1)a, (v=0, 1, 2, ..., m)
Q (2, ®) nepexonur B R(z, o). ‘ o
183. [Monoxun

jea)

f@W#Eﬁﬁ” | - (k> 0),

n =0

1@ — z)~?» te- 2 L - 11)”’-’?1 SLBPZ (h—uenoe > m—1),

=0
Ji+ m=1 ‘
ok )il B (k= D™ k) A .
f@ (A4 2)it = AE— b m T e (k —uenoe 3z )
Co n=0 : |

)
BripasuTh KOPPUUMEHTH A BR ol qepes CONPOBOMARIOLIHE (10K~

wombl Pz, o), Q(2, o), R(z, o) nomunoMa [(z).

G*
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1B4. loxasars gopmyny

Qezwy (9_)_ T P \ e,
Lf L 1‘(-] | m+1>1 (,_ —‘—) f(l /) o f( 1)0’4
©>0, —Il-b(m—1o< Rz <0,

Hafrn ananoruunnte gopmyan aaa Pz, w) u R(2, w).
185. O603uaunM uncao Hyded MOJHLEOMOB

f(2), Pz, w), Q(, w), Rz, o)

B 0’[‘1({)!)1’%‘().\{ HHTGPB&J{Q o -a’\' pa -’/ l) COOTBETCTBEHHO ll(:[.)ﬁ(j
b ] 10
-
l§.g.’s stu’,: iﬁu’ J

n()l(ﬂfiél"i‘h, YTO HUMEIOT MECTO HEPABEHCTBA

3i = (e C".ﬂ —~ 8T (]
T %U ’ 0‘-&0 P Y ooy
e 0~ =0
OU L AU D —co & A T4 (m—1} @
00 1-+(m—1) w ~0 ~ ) =< 1N o0
%ﬂ k\ §'R ’ (\—-1 o= Wl ooy Y=o 9’1\1.;.(‘;);.—.1) Y

B NpeAnoJOkeHnH, uro o > 0; BO BTOPOH CTpOKE, KpPOME TOro0, HOMKIO
Ouith (m—1)w <1 u, nakouey, B 1OCHEHEM HepaBeHCTBe 1€ pROTO
croabua o~1—pegoe uncao [38, 80J.

186. (ITposomxeune.) Ecam eme nNpeanononurs, YTO HA KOHILAX
COOTBETCTBYIOWErO unTepnata (r. e. B Touke 2==07 wan 1, uan — 1)
Qpyuxuusa f(2) ne obpawiaercs B HVJb, TO NO NOBOAY MEPABEHCTB Mpe-
abayuleft 3agauu Momino Jo0aBuTh, Ur0o pasiocth obeux cropou mpei-
crasader coOOH uernoe uucno (BO3MOKHO pasuoe HyJio). Mouemy uer
HeOBXOAUMOCTH BBOAMTL HOBBIE TPEANOJ0IKEHUST OTHOCUTENbHO TOUKH
Z = f,~—OO?

187. Tpu cremcuupx pspa 3agaan 183 004anaior Chelyowumu
CBOHCTBAMMN:

é Ony copepiar He MeHbille IepeMeH 3HAKA, YeM NoAMHOM f(2) nMeer
nyse#t coorsercrBedno B mmreppanax (0, -+o0), (0, 1), (0, -+ o).

2. C Bo3pactanveM k 4Yic/AO [tepeMen 3HAKA He Bo3pacraer.

3. Has pocraroudo OO0ALMIOro k£ UUCHO NepeMer 3HAKa CpaR-
HaeTca C UNCHOM HYAeH f{Z) B COOTBETCTBYIOMIEM HHTEpBAaJeE.

{88. DByrem paccMarpusath - Hapaay ¢ BeWECTBEHHBLIM MOAMHOMOM
m-# crenenn f(z) B Kauecrpe YETBEPTOrO COMPOBOMAANOWENO TMOAMHOMA

J(z, W) :-:f(mw)ﬂ(';’)fl(m~ 1) o] 2+
+ (5 )/lm— w2 — . 4 (— 1" f(O) 2,

l’ ")
X UMCI0 HyAeH n[o.ad-

[

rae o » 0. OGoszdaunm ananoruuno 185 uepes
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nHoma J{z, @) B orkpuITOM muTepBane a < z < b. Ilokasarb, uro UMeloT
MECTO HepaBeHcTBa

200 oyl 0 P w0
Mo S0 0 U-co S 51 0 =~ S—co-

Ecnu, xpome toro, f(0)=~0, f(mw)==0, o pasHoCTH NBYX CTOPOH
B 9THX HepaBeHCcTBAX OyAYyT UETHBIMH UMCAAMH.

E89. Yucno 'Hyneﬁ BEeIeCTBEHHOTO MOJMHOMA M- crenenu f(2)
B unilrepBane me <7 2 <7 CO He NPEBbLILAET unCAld BYyJIeH nojsnHOMA

YO+ (1) 8O 24 (5) AT O A 02
B mrrepﬁane 0<z-71, 33ech
8f(0)=

= feo)— (| 10— Dol 4 5 ) /10— 20— .. 4 (— 1) 7(0)
(=0 1y 2, wwnenlith

§ 3. llpouune 3apgaum, OTHOCAWMECHS K HYJAM OAAHOMO3

190. 1) Kaxasl NOMMHOM MOXHO NDPEACTABHTL B BHAE OTHOLIEHHH
ABYX TaKWX TIOJAHHOMOB, 4YTO B B3HaMmeHaTelJe BOBCe He OyaeT conep-
JKAThCA NepeMeH B3HAaKOB, a B uucauTesde uX Oyaer POBHO CTONLKO,
CKOMbKO Yy 3a4aHHOTO MOJUHOMA MOJOMXHTEbHLIX HyaeH.

198, Tllycts moautnoM m-d cremenu [f(x) o6Gaanaer CAEAVIOUMM
cpolictBoM: kKakoB Obl uu Obla nomiHom P (x), npoussenenue P (x) f(x)
CONEPXUT NO MeHblueH Mepe Ha m nepeMeH 3Haka Boavie, yeM cam P {x).
ITokasaTte, uTo Aa3 3TOr0 HEOOXOAMUMO M A0CTATOUHO, YTOOB f(X) uMmen
UL BEleCTBEHHbBIE MOJOKUTE/bHBIE HYIH.

192, Illycre noauHoM f(x) o0aajaer CAEAVIOUWIHM CBOUCTBOM!
Kakos Obl HU Obin nomHoM P (x), P (x) f(x)~+ P’ (x) nmeer He Boiblue
MHUMBIX HyJe#t, yem cam P(x). [loxkasarb, uro La7 3TOr0 HeOOXOAMMO
- W OCTaTO4YHO, 4TOOBI OLIIO f(X)==a — bx, rle a npoussonbHo, &> 0.

192, TMomunonm f(x), o6aazaiownil TeM CBOHCTBOM, UTO YPaBHEHHE
f(x)+ p==0 nas BCeX MONOKUTEJbHLIX P HUMeeT JHllb BeUleCTBEHHDIE
KOpHU, MOiKeT ObiTh camoe Oonbuiee BTOPOH crenenu. Ecan Bce KOpHH
ypaBHeHUHt yKkasaHHOTO BHIa OYAYT BeuleCTBeHHble W NPUTOM OAHOIO
3paKa, TO f{x) Oyner nepBol creneHu.

[eOMeTpHYECKH 3TO OYEBUAHO; HalTH 10Ka3aTe/bCTBO, UCXOAAULEE U3
MHLIX TPUHLHMTIOB. , :

194. Tycrs g, a,, ay, by, b, b,— Bewecrsennsie uncna. [loka-
3aTh, YTO BhIpaMeHHe

asbs — agarbibs — aoaob’ — 2auasbobs —- @ibobs — aiasbebs - asb

1) B saxavax 190 —195 mMei0TCA B BHAY MONHHOMBL € BRUWECTREHHBIMH KO3~
(hrmueHTamH.
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TOPAd H TOJBKO TOT[A OTPHILATEbHO, KOrAa o0a NOMMHOMA
Jx)y=oapx*+ax—+a, g(x)=0byx?-b x4 b,

#AMEIOT BELIECTBCHHLIE ¥ [PHTOM MNPOCTHIE HYAM, pPasiejdiOulHe .pyr
Apyra, T. €. Jexalue TaK, UYTO MEXAY ABYMS HYJSMH OAHOTO NOJiH-
HOMa CONEPMUTCR ONMH M TOJNbKO OLMH HYJb [LPYTroro.

885, [Iycrs P(x)— noauHOM, UMEIOUMHA NMLIb BELleCTBEHHBIE HYJH,
Torna, soofute rosops, He CYLLECTBYET HH OLHOro MepBooOpPasHOro mno
OTHOWEHHID K P{x) noixunHoMa, KOTOPHI# uMen Obl JMillb BelleCTBEHHBLIE
uynd, TouHee ToOBOPA, NYCTb 77— TOUHAS CTeNeHb mnoauHoMa P (x);
NyCTh, Hallee, @ ~— TAKOE BELECTBEHHOE UHC/IO, A% KOTOPOr'o MO/AUHOM
{(n - 1)-# crenenu

Q)= [ P(x)dx

UMeeT MaKCHMaJbHOe UACIO BelyecTBeHHLX nyJeft. Torma moxuo yrsep-
MAATH JMWIb, YTO 3TO MAEKCHMAa/JbHOE UHCJIO

=2 npu n==1,
}3 » n:?, 4, 6, 8, ..'.,
=>4 » n=3,5 7,9 ..«
#  00JbilEe HUYEro yTBepXaaTh HENL3d, oo npH BCQX 3HAYeHHus1x

MOXHO yKasaTh Takue P (x), Anf KOTOPHX OyAeT NOCTUTaTbCS PABEHCTBO.
B96. Ilycrs L — makcuMyM wmony/iel Kosp(UUHEHTOB MOJMHOMA

F(D) = 2+ a4 a2 . -,
H 2y, Zy ..., 2p— HYJIH 3TOrO nojuHoMa. Tornxa

A+l DU F+12D. A+l L2 Ve-E1L (1 52).




OTIOENA UWIECTOW

MOJUOMbl U TPUTOHOMETPUYECKHUE
[MNoJUHOMBbI

§ 1. Hoaunomer HeGoiuiena

MMonoxum cos = x; Torma

sin(n

i ; -
Th ot ()= e Y 0 10000,

sin &

1,

o~

1

b — —
X} ==cosnw, Un(x)—"‘r i
Oynyr AOMMHOME! f1-# CTENeHH OT X (noaunomu Yebsiuesn);, HAUBHICHI

KosdPpuuneHT noanHoMa 7, (x) pasen 2"~ a nonnxoma U, (x) pasen 2%
(nh=1, 2, 3, ...).

8. Bce nyms noandomos T,(xX) n U, (x)-—BeuleCTBeHHbIe, OTAHYHES -
LPYT OT Apyra M JexaT BHYTpW uHTepmana |— 1, 1]. Onpenemuts 3tH
HYJH.

2. Noxa3aTh COOTHOWIEHUS

U,(x)=xU,_(x)- T, (x) =123 ..

2. lMokasats, utro nosudomMut T,(x) u U,(x) yioBAETBOPAIOT Cle-
AYOHM ,ampcpepeﬁuuanbﬂbm YpaBHEHUAM:

(1 --—x)T (x)——-xTn(x)~}—-rz T, (xy=0,
(1 — x?) u., (x)— 3xU;, (X)+n(n+2)U, (x)=0.

» 0Ka3aTh, j < WeHHAM
&, Tlokasats, uro 7,(x) u U, (x) yaoBAeTBOPAIOT COOTHO |
OpTOFOHaﬂbHOCTH |

1
j VTT:'f Ty, (%) Ty (%) dx = 0,

e (m, n==0, 1, 2, .,.; m-~=n).

j. Vm U, (x) (]?'L (x)dx -—0

-1 : o 4

DHIUUCIRTH 3TH HHTErpaAbl NIpH M == 1.
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5. Moxasats, uTo

1
Tnf) o (IR T R ety
VT 1+3-5...(@n—1) 4w

1
TR (e DD ek
VI 7 U”UC)——1-3-5...(on—-,'-l)a’x"&(l S

@. [okasarb, uro ecau f(x) wnmeer B nHurepate — 1 < x <1
HENPEPLIBHYIO 7110 NPOU3BOAKYIO, TO

- ! y (1) . 4 gt
= LU P e s - : - Y i 2n :
j f(cosd)cos nt) d = 35 =0 J S (cos ) sin2m) di),
0 i i3
7. Tlokasars, uwro mpu n==1, 2, 3, ..., —1 L x <1, umewr

MeCTO HepaBeHCTBa
| To ()| <1, U, () 1.

B nepsoM HM3 HHMX paBEHCTBO JocTuraercd posio B n--1 Toukax,
a nmento B n— 1 Hyasx nommnoma U, ,(x) W, KpOMe TOro, Ha KOH-
wax, T. e. A4 x=—1 4 x==1, Bo BropoM paBeHCTBO AOCTHIaCTCH
TOJBKO HA KOHUAX.

§ 2. O6mue cBegeHHss O TPUIOHOMETPHYECKHX NOJHHOMEX

IMon mpuzonomempuvecium noOAUMOMOM N-TO NOPALKE TOUUMAIOT
BLIpAXKEHHE BuMILA '

gy =/l h cosV+u, sind 44, cos 20 u, sin 20 - . .,

1 (4% i 3
oA, cosnt v, sinnd,

Ecan BCe v, paBHbl HYIO0, T0 @ (V) —— MOAHHOM 72-T0 MOPAIKA MO KOCHIY-
CaM, eC/i Ke BCe A, paBHb HYTO, T0 g (V) — moannom n-ro mopsika
O CHHYCaM. , ,

8. Bcaxult noamHoM 7-T0 MOpSAKA MO KOCHHYCAM MOMHO npeiacta-
itk B Buge P(cost), rae P (x)— nommHom n-#i cremenn. OO6parnoe
TAKIKE BEPHO.

9. Beskuit noauioM 1-ro NOPSAKA 0 CHHYCAM MOMNHO TPeiCTaBHTH
B nuae sint P(cosl), rue P(x)-— noanom (n-— 1)-# crenenu. O6par-
HOE TAKKE BEepHO.

§0. [Ipouwssemcuue HBYX TPHIOHOMETPHUECKUX MOJUHOMOB  M-TO
1 /1-T0 MOPAAKOB Dpeactasiager coboll tpuroHoMerTpHUeCKHMH MONHHOM
ML+ 1)-TO NOPNAKA.

Bl. Besxu#t rpuronHomerpuuecknft MOAMHOM 71-TO NOPAnKA

g (M) ==2rg A cos¥~u,sind 24, cos 28 H-u,sin 204 . ..

| I 2 L
coo Ay cos b -y, sin ad),
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UMEJOUIM#  JIHIIDL BeUeCTBEHHbe KOIDDUUHEHTH, MONKRO NPEACTABUTL
B (popme

g (V) == e~ 112G (%),
riae G (2) = ty~— w2 + uy2? = . .. -y, — HeKOTOPLIH NOANIOM Qn.j>i«'t
CreneHy, He M3MeHAUMiCa npu 3aMeHe 2 nHa 2~ !, yMHOXeHHH Ha 2°°

¥ OJHOBpPEMENHOH 3aMeHe BCeX KO3D(PUIUUEHTOB CONPSKEHHBIMH BEJH-
YHHAMMH: '

G (2)= E?n+ ’;2)1-12 "'i' 15_2)1—229 + .. + EOZ‘;M = zgwj'a(z_1)‘

BoluncanTh KOIPOUUHEHTE Uy, dy, Uy, .. ., Ugy.
12. O6parno, ecan G (2) -— noauHOM 272-# CTEnenu, y10BAETBOPSIO-
WHMA TOMAECTBECHNO A BCEX 3HAYEHUH 2 COOTHOLUEHHIO

200G (271 = G (2),
TO BLIpaNeIe

e~ (i) = g (%)
npescrasaser co0O! TPUIOHOMETDHUECKHH NMOMUHOM 71-TO HOpsika ot f,
UMCIOWMA JHUIL BelleCTBeHHbE KOIMPHUHEHTH.

i3. [lycts G (2)— momtoM 2x-# CcTeneHw, V/IOB/JICTBOPSIOIHHA
YCAOBHIO

22( (2= 1) = G (2).

Kak pacnpenesedsl ero HyAM B KOMAAEKCHOH MIOCKOCTH?
i4. Tpurodomerpuueckunit NMOAMHOM A-TO TOPSAKA

g(W)y==hy— A cost—-p, sind 4+ A,cos 20 Fu,sin 20 4 . ..
| oo A, cosnd -, sin al,

rie Ko3hHUHEeHTH BeulecTBeHHble, NpUYeM A, U U, He PaBHB OLHO-
BPeMEHHO HYJI0, WMeeT pPOBHO 27 HYJeH, eCAd pACCMaTPUBATL BCe
KOMIIEKCHbIE 3HAueHust ) U cuuTaTh HYJ U Mo HX KparHocTH () nm i 4 2=
He PaccMaTpUBAIOTCH KaK pasJnyHble).

15. Onpeseants BCe TPUrOHOMETpHUECKHE MOMMHOMD! 7-TO MOPSIAKA

g@)y=Ay— A, cos B u, sind— A, cos 28 4 u,sin 20 - . ..
e oo =k, cosnd - v, sin ni

C BeLIECTREHHLIMH KOQOHIMENTAMY, YAOBISTBOPAIOLIHE TOKIECTBEHHO
MpY BCEX 3HAUEHUAX & M f COOTHOLIEHHIO

n
1 T \”é r .

y Ll { — Bl =gl —"3).
}l‘g(a 1t I)g(/z -1 *) _ g (a 5)
v=0 7
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§ 3. Cnenuanbusie TPHHOTOMETPHYECKHE MOAHHOMBI

sz + 19
—512—~+cos'8-+c0528+...—'—cosm‘}z' 4 ,
2 sin —
. 2
\ : sin %H-cos_nflﬂ
cos & 4-cos 20 - cos 3V ... cosnt = — !
sin
2
2n4
cos ¥~ cos 3% -+ cos B4 .. . +cos(2n— 1)1 Zml ” y
| sin —‘?-Z_l— # sin E;)tl 8
sin & —-sin 20 - sin 3% 4 . . . 4 sina® = —— —

%
511 —-

sin® | sind% |, sindd sin (2n — 1) § sin 23 \2
7. sin§}+sil1&+sinz}+ + _“( )

sin sin ¥
Uro orciona BuiTekaer mpu o = 07?

8,
; ]L 1 'sm(n+1)%
e - Lcosn)—»r-(n—*l)cos&}—{— +f05nn)——~z- _ -
sin —
2

fQ. Onpene/muTs HyIH TPUrOHOMETPHUYECKHX MOJMHOMOB
1
5+ cos 4 -+ cos 20— ... -+ cos nv,

cos ¥ —cos 2% - ... -} cosni,
cos ¥ +cos 3+ cosdHh - ... ++cos(2n— 1) D,
sin @ - sin 2% - ... -~ sinnd,
si:n‘}+sin3{}-|— . ~+sin(2n — 1) 9,
”T +ucos‘}—+—(n~—~1)c0520+ . ~~cos nt,

. loxazath TOXKIECTBO

cos ¥ -+ cos 20—+ ... -+ Cos ny = ._—-g sin{n - 1) ¥ ctg '~ ~— c0s? nj—l .

9
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21. Noxasath, uto cymMa

sin - sin 2% - .. . ~]-sin % -

neorpuuartensHa npu 0 < H .
22. Cpenuve apudmernyecxue OTPE3KOB Pl

sin (fl —[ 1) 2

—;—»+cos ) ~-cos 20 4- ... cosnih - ...

HEOTPULATEABHA TIPY BCEX SHAYEHUSX ) M ¢ BO3PACTAHMEM 7L PABHO-
MEPHO CTPEMATCT K HYJIO BO BCAaKoM uuTepsate & < & < 2n—z (2 > U).
23. Tpurosomerpuyeckult NOAUHOM

sin 28

A, {])_ﬂ sin 9 - i‘ sln 38 e Ein n'ﬂ

=

B nutepsane 0 <‘} T UMeeT MaKCHMyMLl B TOuKax

it 7

IT:
nt1’ 3n+1' E’}H'-l’

{1 TONHKO B HWX) U MHHUMYMBl B TOUKAX
2n 2n 2r 2% _[nt
P 27, 3—_ --u(‘]“"l)';{ ( “'"—[ ) D

(1 TONBLKO B HUX).
D4. (Mpononxenue.) Makcunymsl nomroma A(n, ) B nHrTepsane
0 L3 mouoToHHO YORIBAXOT, TAK uTO a0COANTHLIA MAKCHUMYM A

r 1) (201

25. (ITIponomuenne.) C Bo3pacTanHeM 7 MAKCHMYM A(n

Bcero untepnana 0 <% <« pabeu A(n

T
_ it -1
MOHOTOHHO BO3pACTaeT, MPHYEM

kY

%

lim A(n, ) = j S b =1,8519,

n->00 o
261 TpPUroHOMETPHUECKUt TONHHOM

0

B(n, ) ==cos ¥ + c05228 - COS 34 NI cos %

B wutepsase 0. LdLm —— MaKCHMYMBI B TOUKAaX

o O O n
0, & 25 v Py (PwH)

{1 TONBPKO B HHX) H MHUHMMYMBI B TOYKAaX

2% 2 o O _n _!___‘

—_—a

{1 TONbXO B Hux).



92 OTI. VI. MOJAHHOMDBI H TPUIMOHOMETPHUYECKHE NOJHHOMbI |27

27. (NMponomueune.) Haumenbiuee snauenne mosuuos B(n, V) npu-
NUMaeT TnpH

I e
9 —*'[ 2 }11—} ] E<1]:
28. Ilpu scex suauenussx n u 9
08 29 cos 3t cos alt
{]’ —_— (_‘.()__S_,._ g PR }..._. ...._15_. L \,'.7-, e
B(r;,l) cos it 5 — T et e L

§ 4. U3 rteopun panos Pypne
TTyers f(D) -— nepuosnueckast GyHKUMS C nepuosoM 2w, cobCrREno
narerpupyemas B uutepate 0 << 2w, Uucna

2m 2n
= 2]—~ f f() cos nd) dbt, b, = 2]‘“ r F () sin nd g
0

0
(=10 l, 2. ==

MLl OyaeM  Ha3biBaTh moagﬁgﬁurgiaeummm Dypve, a PopManbio 06paso-
BaHHLI psia
a, + 2a,cost-1- 2, sin} —+ 2a, cos 2 -+- 20, sin 20 4 . ..

| ... —2a,cosnd - 2b, sinad - . ..
— pAdosn Dypse qiythi<11pxy1 f()). Ecau f(i})) obnanaer oOrpamuyeHibiy
W3MEIIeHHEM, TO 3TOT PSIL CXOANTCHA U HMEeT CyMMY

O+ +7(3—0)

2

29, Ilycts ¢yukuna f(D) — nepuoanyeckasn, f(F—--27) = /().
Karcioe 3 BeIHCAMUBIX ypaBHeHH# (Wan map ypasHeuui)

Do F—B)=F (),
2) F(— D)= — £ (),
3) FO 4 7)== - F (),
1) FO—=0) = F(0), F(O4-7) = — 7 (W),
46) S8 — (D), FO ) = — (),
5) | FO 7)== /()

XapaKTepH3yeT Kakoro-anfo poja CUMMETpPH kpuso# y= f(x). [loxa-
38Th, UTO KAMALIK M3 ITHX POLOB CHMMETPHH Bjeuer 3a co0oit ucuesno-
BeHue OeCUHCACHHOTO MHOXecTBa Ko3ddunnerros ® y pre dynxuun f (1),
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30. Kaxor Oyner pan ®ypbe Afs TPHIOHOMETPHYECCKOTO MIOJMH-
noma f(%) n-ro nopaaxa?

31. Mycrs 7 v v—ueable nOAOKUTENLbHBE uncid. [lOKa3aTh, 410

1 " F\n n n
5 | (2 COS 5) coSs (—Q~—— v)ﬂ dil ""(v)‘

32. lycrs nocienoBaTeabHOCTh
Gy, Ay, b,y by, Lo, a, b, ...
00Aajaet TeM CBOHCTBOM, UTO «TPHNOHOMETPHUECKHH Dsii»
ay—+ 2a, cos ¥ -L-2b sin it - 2a, cos 20 - 20, sin 2 -+ .
..+ 2a, cosnl 4 an sinnft - ...

DaBHOMEPHO CXONMTCA NPH BCeX 3Hadenusax i u, raxum obpasom, rnpej-
CTABJASET HEKOTOPYIO HENpephiBHYIO Nepuonnyeckyio ¢yaxuuio (1)
¢ nepuorom . Kaxos Oyner paa ®ypwne nas dynxuna f(9)?

=} . y E -
I sin 9 X —[x] ang Heuessix Xx,
33! '?2"“'“‘? ——;z_ o 1
n=1 = l 5 IS IeABbIX X,
(oY o
4 7 cos 2nd 8§ Y1 sin?nad
34. |smﬂ\ R s ol A n’ 7
o 4nd — 1 T ln—— [°
n=1 me=1
35. Yucaa
™
2 .
2 [ | sin mé|
== | - d m==1, 2,3, ...
P T ) sin ¥ @ ( ’ ’ )

0
(naxoasuuecs B TeCHOW CBSI3M C TAK Ha3bIBAEMbIMW KOHcmanmamu Jie-
Gezq pina @y poue) MOHOTOHHO BO3PACTaloT BMeCte C BO3ZPACTaHHEM Ai.
ViMeHno ux Moo npeﬂ.C'rame B BHIE

1
s o1ttt mmeT
;zz =T -
[Byecro |sinmil| noacraBuTh ero pasaokenue u3 34 w apHMe-

ute 17.]

38. [Iycro gynkuust f(9) — nepHoanueckast ¢ NMepHoOnOM T H «uer-
Has», T. €, TOWAECTBEHHO NpH BCeX 3HaueHusx { WMeeT MeCTo paseH-
¢8O f(—8) == f(). Ecan B unreppane 0 LV m f(I) BuinyKiaa csepxy,
10 ee pay Pypbe umeer BUN

Co— ¢, Co8 2% — ¢, c084) — ... —c,cos2n — ..,

Tie BCE KOBPPUUHEHTH €y, Cyy ou.y Ly o . HEOTPULATEbilbI.
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27. Ecan dyuxuna f(1) npeabiayuiefl sanaud yaoRicrscpaer ewe
yCIOBRIO f(0)==0 #, KpoMe TOro, A% HEKOTOPOrO p >0 BhipaxeHue

37 (D) orpanmueno, To NOCJENOBATENLHOCTD
T
2

P = jf(mﬁ) d == r 2ed o)

sin ¥

MOHOTOHHO BoO3pacraeT BMecre ¢ m. [O0600wenne teopemur 35.]
28. [lycre M, — abcomoTHEIH MaKCUMYM QYHKUAK

. | sin ‘H Isin 24 | | sin 38| | sin nd |
Pn, )= g B L
(r. e. no OTHOUIEHHIO KO- BceM 3HaucHuaMm ). Iloxasars, uto
2 % 2
i W 2
T AT <M< YRS L
w1l vwa=] i

§ 5. HeorpunartensHbele TPHIOHOMETPHYECKHE MOJUHOMBI

38. Mycrb xg X, Xy, ..., X, — MNPOU3BOJIbHbIE KOMIJIEKCHbIE UHCIE
(x4 5+ 0, x, #+ 0). Tloxasats, 4TO BhIpaXKeHHe

| X+ %2 4 %522 4 L 22 P (z=e")

NpeicTasnseT HeOoTPHILATENbHLIR TPUrOHOMETPHYECKUHE NOJHHOM B TOU-
HOCTH 72-TO TOPALKA. BBIUUCAHTE €r0 KO3PPULHEHTHL.
4. Beaxult TpUroHoMeTpHYECKHH MOMMHOM n-TO MNOPALKA

(‘})——}\0—-}—1\1608‘]—-}—u sin O - A2c032‘1+u sin 20 - .
. A, coan—}— » SiL A1),

NPUHUMAWKWA JHL HeOTpHUATeAbHbIE S3HAYEHHA, MOXET ObTh mpeicra-
BJAeH B Gopme

. P 40

g =@ (z=¢e"),

rne h(2) =%y x,z 4+ x,2> 4 ... x,2"— HEKOTOPBIA NOJMHOM 7n-i
‘crenend. [PasnoxuTh pdCCMOTpeHHuH B 3asaye 11 nosmnoM. G(2) na
JuHeknbie MHOXUTENN. | , _ \ \

£0. Besntt HGOTpHU.a’I‘eJ[bHLlﬂ NOJMHOM, COCTaBJIEHIibiﬂ n3 KOCHti\-
OB, MOMweT OniTb NpexcTaBieH B BHIE -

gM=r@P (=),

Phe h(2)==x,-F 4,242,274~ ... - x,2% — NOMMHOM ¢ B eugect
BeilH LMK KOSPPHIREHTAMH. - - SR S
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&2. Toxasatb, uro yxasaunoe B sagaue 40 npeaCTaBleHUEe HEOTpPH-
LATENbHOTO TPULOHOMETPUUECKOIO MOIHHOMA BOSMO)KHO, BoOOLIE IOBOPI,
HECKOMbKHMH CNOCOOaMH,

43. [loxasatb, yro B 3anaue 40 cpein BceX MOJMHHOMOR /i (2) MOMHO
BHIOPATL 00Aa4aI0WAA CleqyOWUMH CBOUCTBAMY:

1y mpu |2| <1 h(2) orimyed or Hy.s;

2) h{0)-— BewlecTBEHHOE U NOJOXUTENbHOE UHCJIO.

Ilpennonaraercs, uro g() £ 0.

§ 6. HeoTpuuatenbHble NMOJAHHOMBL

4 %a BCAKy0 1ey10 pALHOHAMBHYI0 (QYHKUMIO, MMEIOULYI MIA BCeX
BEIIECTBEHHBIX X HEOTPHLATE/NbHble 3HAUEHHS, MOXKHO TMPEICTaABUTh
B popMe [A(X)2P41B(x)|% rue A(x) u B(x)—lenble pauUOHAIbHbiE
(QYHKULHU C BEUIECTBEHHBLIMH KOIPPULHEHTAMHU.

£5. BCIKyi0 [eaAyi0 PAUMOHAMLHYIO (YHKUHIO, HEOTPHILATENbHYIO
AJs HEOTPHUATEbHBIX X, MOXHO NDPENCTaBUTb B QopMme

[A )]+ B ()PP x {[C ()1 4= [D (x)]?},

rie A(x), B(x), C(x), D{x)— uensle paunoHa/bHble QYHKIME C Belle-
CTBEHUBIMH KO3 (PHUUEHTAMH,

4B. Beakyio uweaylo pauuoHaAbnyio (yHKuMio n-# cTeneHH, UMelo-
wyio B uuTepBane — 1 < x 1 uilb HeoTpuuATeJbHbIE 3HAYEHUI,
MOXHO NpeAcTaBuTb B dopme

(AP (1 —xH) [B(x)],

roe A(x) u B(x)— uensie pauuoHaNbHbie PYHKUKHU COOTBETCTBEHHO f-i
¥ (n-—1)-# crenexell, umewUwUe BewecTBeHHbE Ko3dduuueHTnLr [41).

47. Beaxkyo ueayio pauuoHasbHyio QyHKuMio n-it cremend P (x),
npuHUMawlyo B HHTepBade — | <l x < 1 aub HeoTpHUATENbHLIE 3HA-
YeHHH, MOXHO NPEACTaBHTL B QopMme

AR+ (1 =D BEP+ (1 + 9 C P (1 — ) DO

M OPUTOM TaK, uyToOB BCE ueThlpe chaaraeMux Oblam camoe OoJbluec
nn-# CTeneHu. :

Ecau P (x)— crenenu Zm, TO MOXHO BLIOpaTh Takoe NpencTasle-
HHe, PU KOTOPOM B(x)__C(x)m-O A(x) ~~ CTEIIEHH M W D(x)—CTe-
nmend m— 1. -

48, MoxHO an xaxayio ueny&o PaMOHaNbHY 0 cpymcumo n-#t cre~
nean P (x), HOJIO}KPITGJH::H}’EO B l/lHTCpBaJIe —] < x <1, npepcrasurs
B dopme ' .

P(xy——-ZA(l — o (L),

rae A 2 {0, u+ U 35— Lnenpe HeOTleIaTeJIbele wucaa’?
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-

498. Kaxnas uenad pauuoHaibHas GyHKuug P (x), noaoikure/blias
B untepsaie — 1 < x < 1, Moxer OuiTb npeacraBieda B dopme

P(x)= X A1 — x) (1 4+ x),

rie A>0, « M 3 — ueaple HeEOTPUUATEMbHbIE YMCAA.

§ 7. MaxcdMyMH M MHHUMYMbl TPHTOHOMETPHUYECKHX INOJHHOMOB
50. lycm
g == Ay A cosd—p sind - Ay cos 20 ~~uysin 28 ..
oA, cosnd —u sin )

— HEOTPUUATE/bHLIH TPUIOHOMETPDHUCCKHH IOJUHOM 71-TO NOPALKA CO
CBOOONHBIM UJCHOM, PaBHLIM €JHHULE, T. e.

2%

A :—ZL fg( N aY =

U

g < nt1.

ParenctBo Oyaer AOCTUTATBHCS TOJBKO TPH VCJIOBHH

g(ﬂ) == _;;-il—-l— || 1 B Z‘{" 22 + . _[— z'n '.' — 1 ‘4} 2 _:I—l- cos ('& O) —!_-

Torua

—1—--2-';:%16052(1‘3—-%0)—}-—. +2 —cosn(—g) (2= ei=h)

n i =1y (uau BooOWe =i, 2]\3:\, k=0, =1, =2, ...).
Bli. (aniL()mKeHHe) ﬂoxasalb YTo
A Y 2 2 g
A~ Pp < 1
PaBeHCTBO LOCTHT3eTCs JHIUL KOI'AA
g(ﬂ) —— 1 + cosn (:‘;“ -—_— 30).
B2. (Tpoaomkenue.) IMoxasats, uTo

-
)\14{-\31 4(:05" i
n--2

_ 53. Cpeanee reomerpuyeckoe [l 48] HeorTpuuarenpHoro, He pas-

11070 TOXAECTBEHIIO HYMO noaduoma g (1) ects

2

Tzl,: [ In g () ab

e = | h{0)|* = |2 (0)]3,

rie g(ih) = |h(8‘”)19~—0npegeneﬂﬂoe B 3ajaue 43 «HOPMAUbHOE npea-
adsﬂe:me» HOAMHOMA 0( )
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54. Ilycts HeOTpHlUATeNbHBIH HE pABHLIA TOMIECTBEHHO HYJIO
HOJUHOM 7-TO NOPSAKA

g®) = )\0+ hycosd ——p sind A cos 204y, sin 280 ..
o=, cOS nﬂ + v, sinnd
UMeeT B KaueCcTBe CPeAHero reoMeTpuueckoro eaduuny. Torna
g(Mh <L 4%

PaBeHCTBO HOCTHraeTesd TOJLKO IJs NOANHOMA

g =(2cos? " )2"

u nipy yeaosuu B = N, (an soobuie H =&, - 2kw, k=0, 2= 1, =2, ...).
55. ([Tponomxkenve.) Cpeanee apudmeruieckoe noaunoma g ()

| y,H.OBJIeTBOpﬂeT HGP&BEHCTBy
)

Korna nocTUraeTcsl paBeHCTBO?
B6. ([Iponomxenne.) Tlokasats, uto

V.\f‘,—}-pfé?( 2n ) =1, 2, 3, ....0).

n-Fv
Korga amech OymeT HOCTUPATBCA PABEHCTBO?P

57. Tpuronomerpuueckuit nmoanHom 6ea cBOOOIHOTO uneHa
g () =4, cos O, sin §4-k, cos 204-p, sin 2. 4-A, cos i, sin nd,

He paBHbii TOXNECTBEHHO HY/IO, HE MOMXET COXPaHATb AAd BCEX 3Haye-
auft  nocrosHuef 3Hak. loxasaTb 3510 Oe3 MNpPUMEHEHHs UHTerpanib-
HOTO HMCUUCAeHud.

58. IMycts uepes ~—m u M 0003HayeHbl MUHHMYM H MAaKCHMYM
TPUTOHOMETPUYECKOTO NOJMHOMA #-TO TNMOpsaliKa

g (D) ==k, cosD -yp, sind - Ay cos 2% 4~ py sin 20 -,

LA, cosnd -y sina®, m>0, M,>,0 57).
I[ToxasaTth, 4TO
ML nm, m< nM.

859, Ilepsas uHTerpaibHas TeopeMa O CPelHeM 3HAYEHHH MOKeT
6EITh AJA TPUFOHOMETPHUECKHX MOJMHOMOB YTOUHEHA CeAYILIHM 00pa-
soM. Ecan g (V) — TPHrOHOMETPHYECKHH NOJUHOM 7-TO MOPAAKA C MUKH-
MyMOM m M MakcuMymoM M, TO

2m

M — 1 M—
m+~?¥?~\§2—[g({})dﬂg n—{—'T'

T[ .

7 3ax, 1127 [, MMowa u [, Cere
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60. Tycte — m ectb MuunMyM, a M — MaKCHMYM TPUTOHOMETDH-
YeCKOro IMOJMHOMA M-<I0 MOpsaKa

g(9) == Ag=- )\, c08 & =, sin® LA, cos 29 4y, sin 20 4 . ..
.o A, cos all - p, sinnf.

]/ 2 2
Torpa nubo m, mbo M Gonbwe wem V Ay, -+ uv,. Pasencrtso

A4===v[l%-+—p§

m

.

6yLeT BHITOMHATLCA ML AJS MOJMHOMA
g =-ccosn(t—79y).

@l. CroxuM n rapMOHMYECKHX NBMOIKEHHH, NMEPHOAB KOTODHIX HAXO-

1.1 1
Tt o (padbl npou3BosbHLL. Tloka-
3aTh, YTO MaKCUMaJbHasg SJOHTALMA Pe3YJbTHDPVIOLLErO ABHXKeHua Oyner
camMoe MeHblUee DaBHAa CpenHeMy apudhMeTHUeCKOMY aMIAUTYH Caaraio-
IIMX TAapMOHUYECKUX JBHMKEHUH. o

Ieno ceoputrcs B ofo3HaueHusx 3anayw B8 k nokasaTenabCTBY Hepa-

BEHCTBA

oATCA B OTHowWeHudax 1

VRVl VS E
M > . | :

(YToydenue tecpemnt £0.)

§ 8. MakcuMyMel ¥ MHHUMYMBI HOJHHOMOB

62. lycts P (x)—nosmHoM #-# cTemeHn co crapwnM kosaddu-
uuentom 1. [Toxasars, uro mMakcumyM | P (x)| B unteppane — | L x 1

He MOXeT OLITh MeHbII2 ueM

—. Ecm B nnreppane — 1 x|

1
2%#1 ’

P )

<

to P (x) oranuaercs oT onpeneieHHOro Ha ¢Tp. 87 monmHoma T, (x)
MU MOCTOSHHBIM MHOXHTesneM [60].

PaccMoTpiM COBOKYMHOCTb BCeX MOJHHOMOB R-# CTeleHH CO crap-
wuM kosduuvesToM 1, T. e, NOJMHOMORB

CP(x)=xr-taxrl Loaxn? L H-a,,

¥ KOTODPHIX KO3DDUUMEHTH @, a,, ..., @, — A100be KOMIIEKC Hble YHCAA,
O6osHauum ueped p., (@, B) MAHUMYM MakcuMyMoB Bcex | P (x)| B uHrep-
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Bane o < x < B. Teopemy 62 MoxkHO TOrAa HOPMYAHPOBATL CEAYIOLHM
oﬁpasoM' npu a == —1, B==1 970T «minimum maximorum»

1
P‘n("‘_l' l)s::: 2,3__.1 ®

83. Moxasats, aro .
e =2 (P52 2 ()

Taxkum 06pa3oM, A19 CYWIECTBOBAHWA NOJMHOMOB CO CTapwuMm kosddu-
UMEeHTOM |, MPOM3BOILHO ManblX PABHOMEDHO BO BCEM 3aNaHHOM . MHTep-
BaJie, HEODXONUMO U A0CTATOUHO, 4ToOBl AJauHa [ 9TOro uurepnana Gelna
MeHnblle uem 4.

64%. [lyctb nepeMeHHass X W3MeHseTCd B ABYX PaBHLIX MHTEpBanax,
AONYYAIOLIMXCA NyTeM YyLajeHHs M3 HHTepBana o . X < 3 HHTEpBaa

AMuHbL d C LEeHTPOM —21—5’ d<{f—a=1[. Ilycrs, nanee, u, Oyner

HMXHAS TpaHb MAKCUMYMOB BCeX IOJUHOMOB ft-f CTeMEHHW €O CTapIUuM
kosdduuvenTomM 1, B3ATHIX B 9THX ABYX uATepBaiax. Toraa

9 12— g2 %
h=2(05)

d(ﬂ;gdz) ~<P'n (13—1—6512)_2—

\

ADH R YETHOM H

npu n HeudeTHoM [63].
B5. PaccMOTpHM COBOKYMHOCTh NO/MMHOMOB fi- -# creneny

Q(2) = 2" +4-by21 b2 .. by,

rie kodpduuyents by, by, ..., b, — NPOU3BOJILHLIE KOMIIIEKCHBIE YHCAA.
Mokasate, uTo MaxkcuMyM |Q(2)| Ha eIMHUYHOM Kpyre |Z|==1 He
MoxeT ObiTh MeHblle eAWHMUB M PaBeH eJMHHLE JHWb Aai Q(2) = 27,
65. Teopemam 63 u 65 MONKHO NaTh CAEAYIOWLYIO MEOMETPUUECKYIO
HHTepRpeTauHio,
[Tycts B maockoctu paubl n QUKCMpOBaHHBIX Touek Py, P,, ..., P,
n nepemeHHas To4ka P. Toraa dyuxuus .

pp,.PP,... PP,

grofi Touku P (PP,— paccroauue Mexny Toukamm P n P)) umeer ua .

. /AP
KaXXIOM OTpe3Ke AJHHB [ MAKCUMYM He MeHblle ueM 2(1) H Ha

KAXIOM Kpyre panumyca r MaKCHMYM He MeHbuie 4eM r™, EauncTBeH-
HuIl BO3MOXHBIM mpelfenbuhifl cayuaft Oynet nag OTpe3Ka, KOTLA TOYKH
P, P, ..., P, pacnopejeieHsl Ha 8alaHHOM OTPe3Ke KaKk Hyin

7.
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nomHoma Hebowena 7,(x) (1] B unrepnane [— 1, 1], a nis'xpyra —
korpa Bce touku Py, P,, ..., P, COBNanalT C €ro LEeHTPOM.

JlokasaTh, 4TO 9Ta TeopeMa CHPABELJIMBA W A TOrO CJAyyast, Koria
Toukn Py, Py, ..., P, NPOUSBOJLHO pacmpelesieHb! B NPOCTPAHCTBE.

§ 9. Unrepnonsnuonnas cgopmysa Jlarpanxa

[TycTh Xy, Xg, -+, Xp— N00OBIE OTHMUHBIE APYT OT ApDYyra Belie-
CTBEHHBIE WM KOMIIeKCHbie yuchaa. [lonoxum

)= ag(x—x)(x—%) ... (x— %) (g 0),
£.0x) = 1 Ji{x) . (X —xq) oo (x—x,_)(x—x 10 ... (x—x,)
Y _H—f, (x\.') A X, (xv__xl) e (xv_xv—l_)(xv'—xv+1) e (xvmxn)
- (v=1, 2, ..., n).

Toroa KaXAb# mnoadHoM (n— 1)-H crerneny MOXHO OyIEeT BHIPAsuTh
yepes ero 3HAUEHHA B TOUKAX Xy, Xp ..., X, CAENYIOWMM 06pa3oM:

P)=P )0 FPE) )+ FPEN () (%)
(uareprnonsunonHas Qopmyna Jlarpanxa). Iloaunomn f,(x) Oyanem

HABLIBATD (O YHOAMENMAAbHME NOAUHOMAMY WHTEDOOALKHY,
6 7. [lycts nosutoM - crenequ

fx) = agxn - axr=i L b a, x

yMeeT OTJWYHLIe APYT OT IPyra HymH X, Xo, ..., X, loria

G {m ecti 0 < n—2,
0y, w= — ==
k I (x,) ey, ecom k=n—1.

v=1

Hanee npu k=n, n—+1, ..., 2n—2 o, He 3aBUCUT OT @,; ApH R ==

=21 — | OHO BRIPAIKAETCH JIMHEHHO Yeped @, C KOIPDUUMEHTAMU — g .
- ©8. (IIponomxenue.)

oy ExE () — R () _{ 0, ecmm 0L kL20—2,

~2
Qo <, ecnn R=2n—1.

L7 (x)]?

Y=

89. (Mporomxenne.) TIycTh X,, Xy, «+., X, OTHAuHE 0T 0 U — 1,
JlokasaTth, uToO

AL

H-‘ A N —

Zd'f’ (-X:\a) (1 +xv) =(_ l)n 1 (1 o x1x2 . .‘xn).
‘ Ve ] . - '
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70. MMycrs x, x,, X, ..., X,— IPOU3BOJbHbIE LeJHE YUCIA,
Xo < Xy < Xy < v < X, lloKasaTh, 4TO KaMAbl# MOJMHOM 7-i CTe-

MeHu BUAA
S ER T A o OF Ak PN S
NpUHUMAET B TOYKAX X, Xy, Xg, ..., X, BHAUEGHHA, H3 KOTOPHIX IO

, n!

Kpafinefl Mepe onHo Mo aGCcoMOTHOR BeauunHe OOJblIe MM PABHO R

70. BosbMeM B Ka4ecTBE TOYEK HHTEDHOSUMM HYJH TOJMHOMA
T,(x) {1], T. e. uncna ‘

T
x.,=cos(2v-ﬂ—1)§z (v=1, 2, ..., n).
Torpa dyHnaMeHTaNbHble ITOJHHOMBEL OYAYT

. — V1= T (%)
fw(x): n (V=1.s 2: ey n’)'

X — X,

Takum o6pasoM, Kaxnbift NMONMHOM (1 — 1)-#1 creneny P (x) MoweT ObITh
npencrasied B (opme

p(x)__Z(_l)v—t]/l x2P(x) Ty () .

— X

72. BosbMeM B KayecTBe TOUYEK HHTEPIHO/AUMA HYJH MOJMHOMA
Uy,(x) [1], 7. e. uncna

w
,\?v:cosvm (‘V:-":]_, 2,...,”;).
Torna ¢ydpaMeHTanbHbEIe NOJAMHOMBL OyayT
2
—x; U (x)

£, (%) = (— L1 n+1 - (ve=1, 2, ..., n).

—x

Takum obOpasom, xawab# noauHoM (n— 1)-#t crenenu P (x) MoxeT ObITh
NnpeacTaB/JeH B Qopme

P (x) = Tli;r ¥ (= 1t (1 — ) P ) 225
= . )

73. BosbMeM B KauecTBe TOYEK HMHTEPNOJAUMH HYIH [OJMHOMA

Up_ () (x%2—1), 1. e. uncna x,=.cos v% (v=1, 2,..., n—1),
a TaKie TOUYKH X,=1, x,=— 1. Torna ¢pysnaMeHTalbHse [OJHHOMB
OyLYT
' — 2 __.

f,(x)-—-( 1) U'—1‘)(Cx_)__()xc ¥ (\,:1, 2’ e, n_l)’

fo(x)w—-g—,;U () (x4 1),
o (%) == = --—-—» S U (%) (% 1)
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Taxum obpasom, kawabfl noaMHoM n-# crenesn P(x) moxmer OuTh
npenctasieH B Qopme

P (%) =5 Up_ l(x)[P(l)(x+1)+(—~1)"Pc—~1)<xw1> +

T LS E)

X — X,

vaxl

74. BosbMeM B KauecTse TOUEK MHTEPNOIMPOBAHUS KODHH n-if cTe
2riv

MeHd M3 eAMHULL 8,=¢ ® (v=1, 2, ..., n). Torna ¢yHnramenranL-
Hbie TTOJMHOMbI 6y11yT
—1
=25 (=L2..,n

Taxkum obpasoM, nas Jwboro noanHoma P(x) crenend n-— | nMeer

MeCTO pPd3J0xeHHE
)

] n—1
P(x)=1r Y8, PC)
v=1

[ ——

15. [Mycrs nomanombl P(x) u Q(x) oba n-# cremenu u x5 X,
X3y ««+y Xy—— TNPOU3BOJIbHEE A -1 OT/AMuUHBIE APYT OT ApYra Wiy 4a-
CTHUHO COBMAJAOUIYe BelleCTBeHHbIE WM KOMIMEKCHBIe uucaa. [lokasaTh,
4TO U3 n— 1 ypaBHeHuit

P () == Q(xg), P’ (%) = Q (%),
P (%) = Q" (%), + .., P™ () = Q™ (x))

P (x)=Q(x).
76. [na mobuix n— 1 uncen ¢4, ¢y, Cgy - .., €, BO3MOWKHO H MPUTOM

eNMHCTBEHHbIM 00pasoM mnoCTpoOUTb NOAMHOM P (x) crenenu < n, yRo-
B/IETBOPAIOILIHA YCIOBHAM '

PO)=¢, P (D)=c, P'@=¢y.... P"()=c, [75].
[ToxasaTh, 4TO 3TOT noauHoM P (x) Moxer OuTh mpencrasaeH B dopMe
P (x)=P (0) 4y (%) P (1) A, (x) P (2) A ($) =+ . . . +P™ (1) 4, (x),

rie

BLITEKAET TOXAECTBEHHO

Ay(x), Af(x), ov, Ay(X)

NpeAcTaBIdIOT COOOH 4YMC/NEeHHO BIOJNHE ONpejeNeHHble, He 3aBUCAUIME
OT TPOU3BOJALHO 3aNaHHBIX 3Ha4YeHWH

co=PO), ¢, =P (), ..., c,=P"(n)

NOJMMHOMB (B H3BECTHOM C(MbiChe «(YHAAMEHTAaJbHbIe MOJHHOMEY» 9TOH,
CYWeCTBEHHO OTAMYHOR OT A 4T PaHKeBOW, HHTEPNOMAALUKH),
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§ 10. Teopemmr C. Bepumreiina ¥ A, Mapkosa
77, a8 COBOKYIHOCTH HOMMHOMOB (nu—; 1)-#1 crenenu
Px)=ax"l+4agxn2+ ... 4a,_,,
YIOBJETBOPAOWNUX B HHTepBade — | <l x 1 HepaBeHCTBY
VIi=#2|Pw|<L1,

HanGonbliee 3HAYEHHE, KOTOPOE MOXKET NpPUHEMAaTh KOSPGHUUEHT gy,
pasio 2771, 1. e,

1%]\{2““1

PapeHcTBO JOCTHraeTcs TOrLd M TOJbKO Torma, xoraa P(x)=1yU,_,(x),
rae =1 [71]. |

78. Bupectu 13 73 HOBOE [OKa23aTelbCTBO TeopeMbi 62,

79. BeiBectn n3 74 HOBOe [0Ka3aTeqbCTBO TeopeMul 65.

80. Paccmorpum Bce nosuHoMmbl (n— 1)-# crenenn P (x), ynosiae-
TBOpsIoIINe B MHTepBane — 1 < x < | HepaBeHCTBY

VI=2 P <
[TokasaTb, YTO B 3TOM MHTepBane |
[P < (—1<xL ),

Pasenctso nocturaercs auub and P(x)==yU,_,(x), rne|y|=1, u npu
x === 1.

8(. Joxasar, creayouiee 06001LeHue BTOPOrO HepaBeHCTBA 3a-
naun 7. [lycrtb

S®) =y, sind 4-yysin 2% v, sin 3 4 ... v, sinnd

~

— moGoit MOJUHOM n-TO MOpANKA MO CHHYCAM ¢ BELIECTBEHHBIMH KO3(-
dUIUEHTAMH, . YI0BAETBOPAIOIIUA HePABEHCTBY

NOIESY

S ®)
sin 9

Torna

<n.

PapencTBo gocturaercss Toabko aas S (%) ==sinnd.
82. Ilyctb TpuroHoMeTpuueckn#t NOAMHOM n-TO IOPALKA C Beule-
CTBEHHLIMH KO3 (PHUHEHTAMH

g(B)y==1A, —+—A1cosd+hsmﬂ+l cos 20 1, sin 20 - .
+;\. cosn8+pﬂ51nn{}
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yOBAETBOPAET NPH BCEX BELLECTBEHHBIX 3HAUEHHAX U HepABEHCTBY

lg®IL L.
Torna

g’ (] <L n.
[Paccmo"rpe'rb S(M = £ (% +8);’g(8“~8) , B=0.

83. Iycts nommuom n-# crenesu -P(x) VIOBAETBOPAET B WHTEp:
pate — 1 < x 'l nepasenctBy |P(x)| < 1. Torna

|PI(x)| < n2.
PasencTBo nocruraercs Toabko nasg P(x)=~+T,(x), |y |=1, x==x1,

[Paccmorpets P (cos ). |

§ 11. Momnuomsl Jewanapa u 1. IL.
TToaunomer Jlexcanopa
Py(x), Pi(x), Py(x), ..., Py(x), ...

ONpefensioTCs CAeAYIOWHMYE YCIOBUAMU:
1) P,(x) —NOJMMHOM n-# CTeneHH C BELLECTBEHHBIMM KOIDULHEH-

TaMud ), 019 KOTOpOTO

1
an(x)x“dxzo (v=0,12, ..., n—1;, n>1).
-1

2)
1
5 4 2 .
7 J'[Pn(x)]"dx—‘m”l— B (n—-O, 1, 2, )
~1 .
3) Kosdppuunent npu x® B nmomuHoMme P,(x) (n==0, [, 2, ...)
NOAOKHTENEH, '

[lepsoe ycaoBue o3Hauaer, -4To, KaKoB Obl HH Obll noansHoM K (x)
(n—1)-# creneHu, uMeeT MeCTO COOTHOUIEHME

1
f P, (x) K (x)dx = 0.
~1

Orciona caeayer, uto ychaosueM 1) moauHoMm P, (x) 0nHO3HAUHO onpe-

BEeafeTCH € TOYHOCTHID A0 MNOCTOAHHOTO MHOXKUTead. [ eHCTBUTENbHO,
E 3 .

nycts Pp(X)— HeKOTOpLI! ADYrO# MOAMHOM, TaKXe YAOBJIETBOPALINHA

9TOMY YCAOBMIO;, TOTAA 3TOMY K& YCa0BMIO OyaeT YHOBAETBOPATb WU

1) Mpeanoioxenne BeutetTBHHOCTH KOYPDUUHEHTOB MOMHMO OTOPOCHT;
HagAeMAUHM O0pa3QM uIMNEHUR AeTadd onpejenenus. GM: taume 08, 99, 100,
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abP (x)——bP (x) (aq&O b 5= 0).” BuibepeM mnocrtodHHble a W & Tak,

4T006b! aP, (x)— bP (x) Orno monyHoMoM (n— 1)-# crTenenu; TOraa s
TOXECTBA

1

J16Pn(0) = bPL () Pdx =a [ Py(x)[aP, (%)~ bP}(x)1dx —

-1

1 .
—b J'P; () [aP,, (x) — bPh (x) ) dx = O

Oynet caegosaTb, uto al (x)—bP (x)_O U3 2) clenyeT, pajee,
uto |a|=|b|, a u3 3)——qTo a==0.

WHrerpansueie ycaosua 1), 2) MoxkHO oObeiuHuTh B ciaepyiouleht
(popmye:
1 J 0, ecau m == n,

me(x)Pn(x)dx_—_ 2 _mon=0,1,2,...)
J | oy ecm m=n

(yc/noBUsi ODTOrOHAMbHOCTH).
. 84%. llokasarb, 4o P,(X) ¢ TOUHOCTHIO 4O MOCTOSAHHOrO MHOXH-
Tens paBeH n-#t npoussonnHo# or (x?-— 1)

1 dan
2nnl dxn (

p'n (x) = %% — 9L
(popmyaa Poopuza).

85. (L — P, (”fj)

— +(1)“t+(2)‘¢9+(g)953+ —{—(nil)gt""l'—l—t".

86. [Tosunom P, (x) momer ObiTb NPeNCTABAEH B HHTErpaJbHOU
dopme . |

P, (x)= i—f (x -V x*—1cos o) dy
0

2]
(popmyaa Jlanraca).
87. Mexny TtpeMs noCAeHOBATENLHBIME TMONKHOMAMH JHexannpa
CYLLECTBYET pexyppeﬂmoe COOTHOLIEHHE ‘

P, (x)= "1 yp —lp (x) =234, ...).

88. CywecTsyer enuHCTBEHHHI! DOMMHOM n-# cTeneHu S,(X) ¢ Be:
UIECTBEHHBIMH KOYPPUUUEHTAMH, YIAOBACTBOPAOILUA COOTHOLIEHUR

1
jsn(x)K(x;)dochm.
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g BCeX INOJMHOMOB n-#i crenenw K (x). [lpeacrasurs S,(x) #
(1 —x)S,(x) B Buge JuHeliHON xoMOuHauuy nosuuomoB JlewaHap a.
[[Tpencrasuts Tax xe # K(x).| '

89. (Mporomxenue.) TToanHOMb

So(x),  Sy(x),  Sp(), ..., Si(x) ...

YA4OBJACTBOPAKT COOTHOIIEHUAM ODTOTIOHAJBHOCTH

. J(l e X) S (%) S, () dx ==
-1 '

0, ecnu m == n,
=

n4-1 (m, n=0, 1,2, ...).
l‘ 5 CCIH =1

90. lMoxasats, uro P, (x) yIOBAETBOPAET JUHEHHOMY OAHODOLHOMY
AudpdepeHlHaibHOMY Y PaBHEHHIO BTOPOro nopaika

(1 — %) Py, (x) — 2Py () 1 (n 1) P,y (x) = 0.

Q1. das 10CTATOUHO MAJOI0 W HMMEET MECTO DPA3JOWEeHHe B Cre-
NeRHoN pan - :

e = PO T P W Py @i Py (@t
(«npoM3BOASMIUME psm» LA TOJMHOMOB Jlex aH opa).

§2. Bruisectu 84, 86, 87, 90 menocpencrsento us 91. (91 moxHo
NpUHATh TaKKe 34 OnpejefeHue foJaMHOMOB JleaHIpa W MPUTOM
3a OnpeleneHne, IAHHMAIOLIEE «UEHTPaJbHOE NMONOMKeHHe», OO OT Hero
K OOMbIMMHCTBY CBOHCTB 3STUX MOJMHOMOB BefyT Haubojee ynoOHbIE
nyTH. )

93. lokasats, uro P, (cosi) npencrasiser coboil MOMHHOM IO
KOCHHYyCaM C HeOTpUUaTebHLIMH KO3(duuueHTamu. OnpenenTh 3TH
Ko3(pPuurenTr. BbiBeCTH OTCI0ONA HEPABEHCTBO

Pa@)] <1 (—1<xL D).

Ecim n >0, paBeHCTBO NOCTMraercd JMlib NPH 3HAUEHHAX X == 1 Wiu
r=—1."
94%. Tpu x> | nocnenoBaTe bHOCTh

PO(X)’ Pi(x), Py(x), ..., Py(x), ...

MOHOTOHHO BO3pacTaer.
95. CymmMa n nepBbiX NOJAMHOMOB Jlew aHApa HeoTpHuuareabHa
B unrepane — l Lx <L 1t

Po(x) 4P (x)4+Py(x)+ ... +Pu(x)>0.
PapeHCTBO Aocrnraeu‘gg JHLb 1S HEYETHOFO # HonpH x == — | [lIT 167].
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96. Tpn yerHom n cyMMa n nepsux noauHoMoB Jlexanapa

Po(x)-+ Pi(x)+Py(x)+ ... +Pu(x)
MOMOXUTENbHA TpM BCeX 3HaueHMax Xx. [lpn 7 HeyeTHOM B5Ta cyMmMa
WMeeT B TOYKe X == -— | eIWHCTBEHHOEe W3MeHeHHWe 3Haka [94].

Q7. lMoxasats, uro n-# noaunoM Jlexauwnpa P, (x) uMeeT Juiub
BeIECTBEHHbIE W TNPUTOM IPOCTHE HYJIM; BCE 3T HYJH /JeXaT BHYTDPH
unteprana [— 1, 1] [II 140].

98. O6o6uiuty Teopems! 84—91, 97 Ha NMOMUHOMBI HKOGH (runep-
reoMeTpUYecKre MONMHOME)

PEP ), PEP @), PEP G, L PR @) (e B> D,

Onpepe/seMble CAELYIOLIMMH YCAOBHAMU:

D, 2) Py m(x) eCTb NMOJUHOM n-# CTeneHu ¢ BeUIECTBEHHLIMH KO3(]-
(ULMEHTAMK, YIOBJIETBOPAOINAN COOTHOLICHHAM

[ (s (U2 PP () P () e =
—~1

(0, | | ecam m = 1,

:1 Pt P (m e 1)T (1 -8 1)
{7 FeFEFIT(F ) ndatp D)

€CIH M =—2n

(m, n=20, 1, 2,...)
(npr n =0 noclesHee BLIPAXKEHUE NOMKHO OBITh 3AMEHEHO C/ElYIOLIUM:

24+@+1I‘(a—i—1)1“({3—}-1))
P(a+B-+2) 77

3) Koadouunent npu x" nommnoma P ?’)(x) NOAOXKUTENEH.

tIpy HEKOTOpHIX CHeuMaNbHBIX 3HAYEHWSX ¢, 3 STH MOJAAHOMBI MPU-
BOISATCA K YK€ U3BECTHBIM NoJuHOoMaM P, (x), S (x), T,(x) n U,(x).
HMEHHQ fpu

a o 3
U= 0’ l ’ - —2- y -Q‘ s
o | I I
a —_ 0, Or _— 7 ’ | ° 5 '
_— 1-3...02n—1). ,_ L (n41)
P (=P (), 28,0, L OO0, g, 9 L8 Ot

[Cm. cTp. 104, 89, 4, : 4]

(Kospduunent npu T,(x) B cayuae n =10 3aMeHuts Ha 1.)

93. PaCHpOC’I‘paHHTb treopeMbl 84, 85, 87—91, 97 Ha 060oGuieH-
Hbie MOJHHOMbL Jlareppa

L (), LG, L), oy L), e (@3> — 1),

onpesgidemule CIEAYIOLLNMH yc:;ogsuﬁm;



108 OTA. VI, TIOJUHOMB! ¥ TPUFOHOMETPHURCKUE MONMHOMBI (100

1), 2) L(,f)(x) eCTh TOJHHOM n-# CTeHeHHW C BEULECTBEHHbLIMH K03(-
¢UilHeHTaMH, YAOBAETBOPSIOIIMA COOTHOIIEHNAM

[e o]
f a5t [ () L' (x) dx =
(1]
0, ecliy m=kn,

If(a—}—l)(n_};a), ectn m=n (m, n=0, 1, 2,...).

3) Kospduument npu x® B nosumome LY (x) nmeer snak (— 1)".
100. llokasath TeopeMmbl, aHanoruuHoie 84, 87, 88, 90, 91, 97,
1N MOJMHOMOB D pDMHUTA

H,(x), H,(x), Hy(x), ..., Hy(x), ...,

onpejenseMblX CACAYIOUUMH YCAOBUAMHU:
1), 2) H,(x)— noiuHoM n-§ creneHu ¢ BeWeCTBEHHHIMH KO3Mdu-
LHEeHTAMH, YIO0BJAETBOPAOIIUA COOTHOLIEHUAM

0 g !0, ecad m==n,
e 2 H,(x)H,(x)dx =1{ /=
.-2[ m () Hn € %?!f, ecin m=n (m, n=0, [, 2,...).

3) Kosdduuuenr npu x" B noanHoMme FH,(x) umeer sHak (— 1),

108, [lus onpenenennsix B 98 u 99 oyuxuuit Po P (x) u LY (x)
HMEET MEeCTO MpelellbHOe COOTHOLIEHHE

lim PP (1 —e) =LY (x),
3 > +oo .
rae & MpH BO3PACTaHUM 3 CTPEMHTCA K HYJIO TaKuM 0Bpa3oM, uTO

lim eﬁ::?x.
B> +oo

102. Onpeneneunsle B 99 u 100 dynkuny Ly (x) u H,(x) cpa-
8aHbl MemAy co0oH COOTHOLUEHHUSMH

1
. =br ()
Hg.g(x)f1.3.5_,,(2q—1)l’g ’ (7)’

. (— 1)q+t (L) X2 B
HQq-}-l(x)“—1_3_5.”(2q+1)x]~q2 ("2—) (g =0, 1, 2,...).

§ 12. Hpouue 3azaum Ha MaAKCUMyMBl ¥ MHUHHMYMBI NOJIHHOMOB

183. llycrs P(x)— moGo noNMHOM 7n-# CTeneHn ¢ BeLULCTBEH-
HBIMH KO3 (UUUEHTAMH, YIOBIETBOPAIOWHE YCA0BHIO

1
f [P ()12 dw = 1.

cal
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Toraa B unreprate — 1 L x <1

n--1
PWI< s

PaBeHCTBO AOCTHUTAETCA JHUIb AAA

P(x)= 1_/31 S,(x) [88] nmpu x=1

HJIK

Px)y==x VQ S( x) npu x=—1

(n>0). [Wnurerpaa ot [P(x)]? npencrasiser coGOH KBALPATHUHYIO
GopMy 0T # ~+ 1 onpenesOUIMX NOJAMHOM BEJMYHH; MOCTapaThCd BHIOPATDH
ux Tax, 4Tto6m 9Ta KBaLpaTHuHAA (GOpMA MpHBeNack K cymme n -1
KBaLpPaToB. ] '

104. lycts P(x)— mo6okt nomvuoM n-# cTeneHu ¢ BelleCTBEH-
HbIMH KO3 PHLUHEHTaMH, YAOBJIETBOPAIOWUA YCIOBHIO

1
f(l — x)[P(x)]?dx = 1.
-1

Torna | B

PRETES < L ST
P ("T7) 1PEVIS Y ().
DTU rpadHulbl HeAb3s MOHU3HTH.

1@5. [lycrs P(x)— npou3BOJbHLIR nNOJAMHOM n-#f CTeNMeHH C Be-
LLeCTBEHHLIME KOIPULUMEHTAMH, YLOBAETBOPAIOWMHE YCAOBHIO

1 |
[Q—zp 4o PPas=1,
-]

rane o ¥ B-——nocrosuapie > — 1. Onpenesurb MaKCUMyMbl BeiHUHH
|P(1)] u [P(—1)| and BCeHl COBOKYMHOCTH YKA3aHHBIX MOJMHOMOE.
Kak Beayt cels 3TU MaKCUMyMbl 043 OOnbUWIMX 3HaueHu#t n?

186. Onpenenuts Maxkcumym Beauunnnl | P(0)| 219 COBOKYNHOCTH
BCEX MOAMHOMOB n-# cTeneHu [ (x), VIOBIGTBOPFIOWMKX VCAOBHIO

e~ Ox* [P(x))2dx =1,

rae o — nocrosnnas > -1, Kaxk Bener ceba 9T0T MakCcUMyM Ans
GONbLIMUX 3HAUECHUH n?
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107. Onpenemnts MaxcumyM sHauenus |P(0)| A9 COBOKYMHOCTH
NONMHOMOB 7-R cTeneHu P (x), yAOBNeTBOPSIOLWMX YCNOBHIO

f ¢ 2 [P(x)Pdx==1l.

Kax Bener cefa sTOT MakCuMyM aias GOAbLIMX 3HAYEHHH £ ?

-—

i08. Tlycte P (x)—noamHoM n-# cTeneHd, HEOTPHILATEILHEN
B uHTepBaie — 1 L x <1 ¥ ynoBneTBOpSOIHME YCAOBHIO

X
fP(x}dx: 1.

Torna
[ Q-E{Qi-l-) MpU HEYeTHOM #, n ==2¢-—1,
P (1)<
l iq—%})—g— NpY YeTHOM A7, N == 2¢.

Ananorpunas oueHka HMeeT MecTo # M P(—1). IJrmu rpaﬂnum HeE
MOTYT OBITb ROHMKEHBI.

189, llepsas uHTEerpanbHas TeopeMa O CPENHEM 3HAYEHHH MOMNET
OuiTh cnenywouluM 00pa3oM  yTOYyHeHA A9 MOJMHOMOB A-# CTeNeHH.
Iycts P(x)-——HOJIHHOM n-# crenedHu, umeioWH# B unteppate @ < x <L b
MUHHMYM 1 ¥ MakcuMyM M. Torna

M—m

%n

3

mp 8 2 fp(x)dxgm__
a

a5

TIe npu HeueTHOM n (n =2 — 1) umeem

¢, =q(q+ 1),
4 npu yeTHOM # (n ==2¢)
a, = (g 1)
HO. [Tycre P (x)— noauHoM n-# creneHd, HeOTPHILATEALHBA B HH-

tepsane — 1 x| ¥ ynoBneTBOPSIOWKA YCIOBUHIO
1

f (1 — %) (1 4 x)PP (%) dx == |

—-1
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(a ¥ B-——nocrosuuse > — 1). Toraa
(1 Fig+e+DT(g+et+B+2)
P @ DT e+ QT (@T (@ +8+1D)
TIpH HeyeTHOM n (n == 2g— 1),

p

(1)4{ 1 I'(g+a4+-2T(g+a+842)
B+ T (a - DT a4 @4+ DT (g ++1)

npu ueTHOM n (n ==29).

OTH I'DAHUIE He MOIyT ObITb HOHWXKEHBL.

Mensg Mecramu a u B, nosyuaeM COOTBETCTBYIOIUME TPAHHULI /4
P(—1).

188, Tlycre P(x)-—noaumHoM n-# creneHyd, NpUHUMAOWHUR 419 He-
OTPHUATENbHBIX X JHLb HeOTpnuaTeanue 3HAUEHUS] M YJOBJIETBOPSIO-
WUk YCIO0BHIO

(o]

J e=®x*P (%) dx = 1,

0

rae nocroguyas o > -— 1. Torna

I'(p4-a-2) =1
P(O)\‘ép(a_fgl)I*(a—kQ)T(p—f"l) ( Wi.

2 )
ITa rpadunua He Moxer OblTb MOHHXKEHA.
A2, Tlycrs P(x)— noanHoM #n-# cTeneHy, HeorpuuaTeanbm Aas
HEOTPHLUATENbHBIX X W YLORAETBOPRIOWHA YCIOBHIO

| =

f e PP (x)dx = |,
0 .
Torna

P(0) < [g-] o1

113, ([Tpononxenue.) Boobiwe npu moBoM HEQTPUIlATENLHOM & Bbi-
MONHASTCA HEPABEHCTBO

PO ||+ L



OTIAEJN CELbLMOMN
ONPEAEJUTEIU U KBAJPATUYHbLIE ®OPMB]

§ 1. Boiuucaenne onpepeauteneil. Pemenne aunelHbIX ypaBHeHuii

I. ITepeHyMepyeM 7 BepIUMH MHOTOrPAHHHMKA B HEKOTOPOM Orfpeje-
NEHHOM TOpsiAKe ¥ 3alaliMM 3aTeM ONpeleluTe/b /-TO MOPsAKa |4y, |
CNelVIOIUMHI YCAOBHIAMU:

Ecmu A-s W p-f BepUMHB MHOTOTPAHHHMKA TNPELCTABASIOT COOOH
KOHIbl OBHOTO M TOro XKe pebpa, TO Gy, = g, = 1.

Ecnn ke OTPe3oK, COELMHAOWMHA A-10 W -10 BEDLIMHBI, HE ABAACTCS
pebpoM MHOrorpanuuka, To a,, = 0. B vactHocry, g, =0 a1 Bcex A,

[TokasaTb, YTO B3HAYEGHHE STOTO ONPele/MTENs HE BaBUCHT OT NO-
psnka HyMepauun Bepluds. COCTaBUTb M BBIUUCAMTb YKa3aHHBIE OINpE-
AelMTeNu AJS TeTpadiapa, rexcasapa (r. e. kyba) u ox’raaﬂpa

D, Buiuucaurs

I 1 1 oo ]

1 G 4y @y
b, b, a, Qg
by by by, ... a,|

8. oKasaTh TOMAECTBO
L, ..,

- (aj—ag) (05— bp)
1 n::.—.: jl>—[k ’ d
a.)\—f—-bp’ 1 1,2,...,72

H (@) + b,)
) [

4« O603HAYUM OTIpele/HTEeNb KBAAPATUYHON DOPMBEI

¥

-

xx

-HJ

X

1
[

N
ﬁMs

uepes D,. TloxasaTe, uro

1! 2. .(n— Dinl
D, — [ ]

m+Di(nF20...em"




10] § 1.

Beraycants, kpome TOro,

M

BLIYMUCJEHUE ONPEARNUTEAEH. PEWEHUE JUHEHHBIX YPABHEHRUH 113

onpeneaurend [, () KBaspaTUYHOH ¢oOpMEL

)C)\.)CU‘

—

7—1

5. [ (@ —b,)"" |?=11’<n~v)n-2v 1T @—

(@ > —2).

1,2,...,mn

a3) (b; — by).
7>k

6. [llocpencreoM mpeoOpa3oBaHUS OMNpeNeaUTes ]F(oslw)] CBECTH
J0Ka3aTebCTBO TeopeMbl V 86 k teopeme V 48,
2. Oyere f(x)=(r,— x)(ro— x)...(r, — x). Ilokasats, uto

LI ] a

a0 a

ry @ a
b ry a
b b ry
b b b

n?

..

' ry

AneMeHTaM

__aft)—b/(a)

T a—b

NePEMEHHYI0 X,

[[TpubBaButs KO BCEM HoJyyYaoumuics
rakuM o0pasoM onpefenuTesb Oyaer nMHHeUHON Qyukuuek oT X M,
C/IeIOBATENLHO, ONMPENe/UTCs 3alaHHeM JBYX YACTHHIX 3Haqeﬂnﬁ]

8. Monowum A= ad— bc. Toraa

0 (ad, bA, ¢, db)

da, b ¢ d) = 344,

roe CTosiee chaeBa BbipaXeHde 0003HauaeT (DYHKUHOHAILHBIN onpene-
arear Axko6u.

9. JloxasaTb, uTO BHIPAXKEHHeE

/ m n /
p ——7 Tt
! m m n
—_ — n — —_
—~ ; D n+m , [0, m=£0, n=0
7] I m 7
TT% a2 tm  °
neJuTCd Ha p-—-Q ()ﬂpeﬂeHHTb OCTa/IbHLIE NHK”RHTBHH.
10. Onpenenurens
: 2 n—gq-1 n—=-q+1. n—1 n| y —
\1,x“, xv,'.-": -?Cv q ) x\, a !"':x\) ’ x\)‘ (J‘_'ly 2)'- ’ n)
KAK 3HAaKONepeMeHHas 1LeJad pauuoHajbHas QYHKUMA 77 uHCen x,,
xz,..., xn AenUTCd BO BCAKOM C/yyae Ha NPOU3BEACHHE
| 1,2,...,7n
T e
i>k

8 3axk. 1127, T IToma u [, Cere
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[ToKa3aTh, YTO YACTHOE OT AEJeHNH Onpene/uTe]is Ha 3TO NpOU3BRARHUR

DABHO ¢-# 2AeMEHTAPHON CHMMETPHUHON DYHKUMU A YHCeN X, X5, . . ., X,
if. [ycry wucna ag, @, a5, ..., @, BCe OTIMYHB OT Hy.d. [loka-
3aTh, YTO NP MOGOM 2 UMEET MECTO TONIECTBO
a a Ay — a.
P2 M S R R n=1 _%n
ao a;  ay Ap-3 Ap—1
. |
— 1 z 0 0 0
20
ay @, =@y 2"+ a2 14+ ... +a,.

|
|
(S
o
<

0 0 0 ... —-2mm1 ,

Bp~3

i2. Cucrema ypasuenntt

—— QgXy = QX3 = b

Ga%, — X3 = by,

Gy Xy - 4Ky = b,
a,X; - agxy - ayx, =1,

rae @y, Gy, Gy, 0y, by, b3, ¢ — BellecTBenHbIE YxCaa, COBMECTHA B ABYX
pasauyHBIX cayuyasx. [IpH 5TOM B OILMOM CAyuae HEM3BECTHBIE X, X, X4
COBEDILEHHO HeOIpeAeNeHHR, BO BTOPOM LOJJXHE UMEeTb COBEPIUEHHO
OnpeneaeHHbe 3HAYSHHA.

£3. Tycts uenas GynHkuug

1 4124 2% 424 . ..
MMeeT JMIlb pas/HyHbie MeXay coOoh HﬁM Oy, Qoy « ooy Gy, ,
0<]a (<< on <yl < e
PaccMOTpUM CUCTEMY 7 ypaBHeHHit
I 4 a,u® +-afu® 4 .. -+ ajulP =0,
1 —-1—a u -{— azu(™ + -—|— atu™ =0,

1 + a, u’“) —{— az u(’"' —{— + auln) ==

KOTOPHMH BITOJIHE OHPBAEHﬂ}OTCH llk Hoxaaa'rb, 4TO 0OpPH CXOZHUMOCTU

psana Iﬂil -+ Iﬂzl -+ ... +W+ ... lim 4™ cywmectByer, 04HAKO
. o0
He 00sd3aTenbHO DPaBeH ¢, (4, =¢C;, Uy==Cy, ... SBNAETCA OLHUM

U3 peweHudt OeCKOHEeUYHOH cuCTeM:l

V tau +adu,~...=0 Gv=1, 2,3, ...))
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i4. Tlycts B cucreme ypabienu#t

€112 —F €192 + oo C1n2y =0,
C°1Z1 ‘+‘ Czazz + + Czn = 0’

Cni?y + Cna?a + + Cpn2n =0
KO3hPUUMEHTH W HeW3BeCTHEle MPeACTaBAFIOT COOOH KOMIIEKCHbIE YHCJ/Ia

clp. = a)\% '—‘I— I‘-blp.! ZP' == x% + lyp.’

PAE @y,, Oy, X,, Y, BewecTseHHbl. Yr00bl 3TH ypaBHeHus AOMYyCKaau
He TOJbKO TpPHBHMAJIbHOE HYJEBOe pelLieHHE

ZI=Z2=‘|I- =zﬂzo,

xl"-‘:v’%:---=xn=)’1:)’2:~-z)'n=0:

HeOOXOMUMO W ROCTATOYHO, 4YTOOH OMNpeleNHTeNb [cmlq1 6bl1  paBeH

Hymo. 3T0 JfaeT JLBa ypaBHeHHs Mexiy 2n? BeleCcTBEHHHIMHU
BeNHUNHAME &, b,,. C Apyro#f CTOpOHB, 3anatiHble YPaBHEHUS MOMKHO
IpefCTaBUThL B BUAE CHCTEMH 271 JWHEHHBIX ONHOPOLHLIX VDPaBHeHUH
¢ 21 BeLIeCTBEHHBIMK Heu3BeCTHbIMH. Ho Torza nHeoOXONMMBIM M AOCTA-
TOUHBIM YCJIOBHMEM HAJMAYUY HETPHBUAALHOTO pELIEHHUA OVIET ABAATHCA
ofpalleHne B HYJAb HEKOTOPOTO BELECTBEHHOrO ONpele/uTe]sd, YTO AaeT
OLHO ypaBHeHUE MEXAY &, b,. Kak cornacosate Mexny coGoft
9T 11BA PE3y/bTaTa? '

15. Bce mects unenos B pasnomeHnu ONpeneauTessi TPETbErO
nopsiiKa He MOTYT ObITb OLHOBPEMEHHO IMOJOXHUTE/LHBI.

16, [lpaBuno pasnoxkenus ONpefLeanTeNs COCTOMT M3 IBYX 4dacTei:
nepBas 4acTb YKAa3blBAaeT, M3 KAKUX SAEMEHTOB COCTABJAATCA NPOU3-
BEAEHHUS, TOTAA KAK. BTOPOW 4acTblO ONpPEneNdtOTCH 3HAKM nepen MPOU3-
BelleHuaAMH, 00pa30BAHHBIMU YKa3aHHLIM OOpPa3oM. |

B cayyae onpemenurene#t BTOpPOro mnopalka BTOPYI 44aCTb MOMXKHO
MPELCTABUTL B BUile CJAENYIOWETO MPOCTOrO MPAaBUJA:

Kaxnomy w3 saeMeHTOB

Gy Qya

gy Qg9
Mbl COMOCTABJAEM COOTBETCTBEHHO 3HAK

-
— 4.

Torna xamabifi 3ieMeHT NPOU3BeleHNsd, COCTABIEHHOFO COTAACHO NepaoH
YACTH MPABHNA, HYKHO B3ATh C COOTBETCTBYIOLIHM 3HAKOM.

8‘
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[TokasatTe Ttemnepb, UTO AHANOTHUHOE MPABUAO N/ ONPeienuTelel
BHlille 4YeM BTOPOIO MOPSAKA HEBO3MOMHO, HHLIMH CJOBAMH, HEBO3-
MOXHO n% siemMeHTaMm oOnpelenurens Tak MOCTABUTb B COOTBETCTBHE 727
(DMKCHPOBAHHBIX 3HAKOB, 4TOOBl y BCEX IMPOHU3BELEHUH, COCTaBIEHHBIX
COrJaCHO TIepBOH yacTh oOWero mnpasuia pAasJOXeHHUd, HO C YyyeToM
COOTBETCTBYIOLIMX BHAKOB, MOJY4aNCA B HTOre Halnexalui suak.

§ 2. Pasaoxenue pauuodanbHbX QDYHKIHUA B CTENEHHbIe PANbI

B zanauax 1734 paccMaTpuBaloTCsl OnpenesuTend, OOLIYHO HABLI-
BaeMule onpedesumenimu [aHKens WA DEKYPPEHIMHbLMIL

bn Qpit Opgo coe Apgpg
Qyri Tpye  Onas vee Opyy

- — AY
Ao pys  Onay cre Qpprga s
Upir—1 Cpar Qugrtr -+ Opgor-2

COCTABMEHHBIE M3 KO(D(DUUYEHTOB CTENEHHOrO psna
Gy + a2+ a2, . F- a2t ..,

§7. llycrs cremeHHOR DAL @y -+ a,2~F @52% -4~ ... npencrasaser
pPalMOHAAbHYI0 (QYUKUMIO, Y KOTODOH 3HAMEHATENb MMeeT CTemeHb ¢,
a YdCIUTeNb — cTeneHdb p— 1 (NpeanonaraeTcd, 4T0 UMCIHTENL W 3Ha-

MeHaTelb — B3aUMHO TPOCTHE; CTEMeHu — Touxkle). [lycth, nanee,
d = Max (0, p— ¢). [lokasats, utoO
g+1 (q+1) (q+1)
Ad = Agt1 =Agye = ... =0,

EB. Ilycrs d, g — HeoTpullaTe/bHble Uedble yucaa. Ecau
A + 0, Ay 0, Afs + 0, Ay 0, -
APV =0, AfiN—0, AG—o,
TO creneHHOW psa Moxmer ObiThb MPENCTaBAEH B BHAE OTHOLIEHUS ABYX
NOMMHOMOB, M3 KOTODPHIX CTOALLMH B 3HaMEHaTeJle WMeeT CTEeNeHb g,

a B uucaurene-—crenesb L g—+d—1. [Hccaenorath 3aBUCHMOCTD
AMHEHRHBIX (HOpPM

Ly (X)) = apXq = Gy Xy Gy Xy - oo A0y (X0

() F+1 =1 ry |2
19. Ap Ao — Ay T AL = (Anye)
20. Ecw
(q+1) _ fg+1) __ alg+1) (g+1) (q+1)
Am — Am-i-] = AJ?H" = Am+3 = e . — Am-ﬁ—t—l == 0:

T0 { onpenemdreneH

@) q) @ . (q)
Am+1’ Afm+2: A/,%.}.g,‘ vy AT%+#
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AMG0 BCE ONHOBPEMEHHO pAaBHE HYJ0, JA400 BCe ONHOBPEMEHHO He
PaBHBl HYJIO.
21. Ecau B TpeyrosbHOH cxeme

AP AR 4D s s . . .
AP x # % ATD s %
oow Ay AR Agl, ¢

* % J4g+1) * *

MOCTPOUTH Ha NPOU3BOJLHOM 3JeMeHtTe (OmpelenuTedne), KaKk Ha Bep.-
IIMHE, OTKPBITHIA CBEPXY npaMoOf yroJj ¢ Beprukanbuok GuccekrTpucod,
TO BCe ONpeneJuTeNH, CONepKauwuvecs B 3TOM yrJae, OyLyT CAYMKHTD
MHUHOpaMU onpefenvTes]d, HAXOAAULETOCd B BeplIxHe.

22. YcnoBuMcs FOBODUTb, 4TO B cxeMe 21

A7 ow AP o0pa3ylT ropuU3OHTAaABHYIO Hapy,

Anky m AU oGpasyior BeprukaasHyo mapy,

AY uw ATYY obpasyior nmaromaibHyo mapy,

A,(,,fli i Af,?,'fj” 0o0pasyioT TOUHO TaK JKe [MaroHaJbHyK [apy,

A(r-l— 1)

HakpecT Jexawyio ¢ A, Aw’D,

[foxasaTb, 4TO .

1) npu obpaiiednu B Hy#Ab OUarOoHaAbHON mapwl ofpallaercd B HyJb
¥ HaKpecT Jexauaa ¢ HeH napa;

2) npu obpalleHun B HYJIb TOPU30HTANBHONR napel o0paliaeTca TaKxe
B HYAb pacrnonoxenuas aub0 Ham, mudo NOL Hell ropu3oHTaJbLHAS napa;

3) npu ofpallleHdn B HYJ b BEDTHKAJNbHOH naphl ofpaluaercs TaKkwKe
B HyAb Haxonduasca aubo crepa, MO0 CrnpaBa COCELHNAs BEPTUKAMbHAS
napa.

Crofictea 1), 2), 3) coxpaHfiOT CUNy TaKXe Ha HAKJIOHHOM Kpae
cxemel 21, _

23. Ecan miume  xodeyHoe uucio onpepenutedefl OeckoHeyuoft

[IOCHENOBATEILHOCTH

L]

AE)I£+1), A(!k-}-l) A(2k+1)’ s, Afk+1)

n s e
OTJHYHO OT HY /S, TO CTENEHHON PN @, + @,2 + a,2°+ ...+ a2"+ ...
npencTaBiadeT palMoOHaNbHYI (YHKUKIO, CTeleHb 3HAMEHATENs KOTOPOH
He npeBocxomut & |20, 18].

DA, Ecay aviub  KOHEUHOE 4MCJO olnpenefuTeselt  GecKOHeYHOM
MOCAe0BATENLHOCTH <

i 2 3
AL A” A9 A
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OTANYHO OT HYJd, TO CTENEHHOH pal @y -+ @2+ a2®+ ... 4-a,27 -+ . ..
npencTaB/feT PAUMOHAABHYIO QYHKUHMIO. .

25, Ecan snwb  KOHeuHoe wdca0 omnpelenurTesel  GeckoHeuHoM
CXeMHl

A(Ol)s Agz)v Agg)r Agi)i LA | (n+1)s LA
1 2 8 {
AP, AP AP L, AT,

OT/IUYHO OT HYJAS, TO CTENEHHON PaAd ay-+ ¢,2+ a,2° -+ ... @27 ...
NpPeaCcTABASET PALUUOHAABHYID (QYHKUHIO.

26. [lokazarth, yT0 ykazaHHble B 3aladax 23, 24, 25 noctaTouHbie
YCJAOBHSL DALKOHAMLHOCTH (PYHKUMM, TPeLCTaBAfieMOH CTENeHHBIM PALOM
Qo+ a2 4 0922~ ... - 0,2" - ..., ABASIOTCA TaKKe HeOOXOLMMBIMU.

[P

O feckoHeuyHOR MaTpHUe

Qoo Qo1 Qo >
Q190 @iy Gyp - -

. . - L] . . -
L4

FrOBOPAT, 4YTO OHA KOHEUYHOrO paHra r, eClH BCe COLEpPIKALIHECH
B Helt onpenemutesu (r - 1)-ro nopsanka paBHBl HYJAI0O 4 XOTs Obl ONUH
OfIpeleNuTeNb F-T0 MOPALKA He DPABEH HYIIW.

Y 6ecxoneunoft marpuus [aHkens

a; a, Qs ...
()
a, ag a;.

.

(@), == @y;,) ONMPENEJEHHLI! TOILKO YTO PAHI YCJIOBHUMCA HE3bIBATH TaKHKe
6pymmo-pareosn. O00SHaUUM Yeped r, PaHr MaTPUUbl

Ay Opir Opyg - - -
) gy Cpia Opys -
£,
Qpro Qg3 Opyq -

. . . . . . .y

noayuawuiefica ¥3 § BhYepKUBAHUEM MEPBHX 2 CTONOUOB (AU CTPOK).
HMmeem

®Om®’ ro.—‘_:-r’ ro}rj'}ra}'oo

MUHUMYM NOCNENOBATENBHOCTH UMCER 7o, Iy, Pg ..., HEOOXOANMO
JOCTHTAIOMWHUNCA Yepes KOHEYHOE WUHCJO 11aroB, YCAOBUMCS Ha3biBATb
Hemmo-panzom MaTpuub §.
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27. Panr marpuubl § KOHeueH TOria W TOJBKO TOTAa, KOrAa cTe-
neHHoR panm ay—+ @42+ a2+ ... 4+ a,2"— ... npeicTasiser pauuo-
HaJbHYIO (PYHKUMIO.

28. Bpyrro-panr MaTphAub § paBeH NOPANKY NOCAELHETr O He
oOpamalouierocs B HyJb Onpeneantesss 3 0eCKOHEUHOH MocCjenoBaTeNb-
HOCTH

AL 4B 4B 4

[TycTb TakoBbIM ABAsETCA AP, rorna HETTO-PAHT paBeH MOPALKY
nepBOrC He pPABHOTO HYMO ONpPeLe/uTelss U3 KOHEYHOH noc/enoBa-
TeJbHOCTH

-1 {p—2) 1
AP Ap-D o pleen A

(Ecan Bce aTu p onpenesurenefl paBHbl HYJO, TO M HETTO-PAHT PaBeH
HY 0. )

29. Herro-panr MaTpuubl & B cayuyae, eCiid OH KOHeueH, paBeH
CTeNeHHW 3HAMEeHaTels pPalHOHAJMbHOR (QYHKUUH, NpexcrasiseMoft panoM
Gg 4 @2 @2® 4 ... a2 ... 31a panuoHanbHad GyHKUKS OyAeT
NpaBuibHOW ApoObLIO TOrLA W TOJNBKO TOFNE, KOrla OpyTTO-paHr paBeH
HeTTo-panry. Ecam 6pyTTo-paHr Goabuie HeTTO-PAHra, TO OH NPEBOC-
XOOUT HA eIMHULY CTeneHb uucantenst. (HucauTenss M 3HaMeHaTeNb
palKOHANbHON (YHKIUYH NPENNONaraoTcsd, KOHEYHO, B3aHMHO HPOCTHIMY;
CTENEHb YHCJAUTENS — TOUHOM.)

38, Pyuxuus, npeac*rasmemaﬂ CTETeHHBIM PALOM

Gt

TOrA4 M TOJMBKO TOILA YAOBIAETBODAET JUHEHHOMY OLHOPOJHOMY IHU(D-
depeHLManbHOMY YPAaBHEHHUIO ¢ HNOCTOSAHHBLIMM KOID(UUHEHTAMH, KOTLa
BCE OMpeneUTeNH :

Qiz

AV, AP, AP, ... AR L.
33 WCK/IIOYEHUEM HECKOMbKHX, DABHL HYJIO.
3. Mycers Q, (2)—nomunom n-i crenenn, Q, (0)==1(n==0, 1,2,...).
[TonoxumM aa8 cOKpaleHus
agta2+a,2% 4. =[(2), Qp(2) f(2)=[0rae+ 110124130222+ .. .,
| Q. (2) Q1 (2) f(2) = [ [hao + a2+ [Jx[Dias2® + -

(Jx;@, ecTb MMHeRHOE OAHOPOAHOE BHIDAXEHHE, COCTABI/ICHHOE H3 Qy,

Qy_yy Bpogs e Gy 3 1)-
ITokasaTs, uTO

Qg []iay TR (dnty
Agﬂ-i): (he, Oilhey - O Dalas
Dna’n DnDlaﬂ+1 v DnDﬂaﬂﬂ
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a a a ,
32. Ilycrs ?" —}—}—} - E%-{— ... Oyler crTeneHHOe pasaoKelne

pauHOHaNbHON Q)ym'{unu cO 3HaMeHaTeJeM 24—c¢ 201 —(,2072— ., —C,
Uncnurens w 3HaMeHaTeab NPENNONATAIOTCH B3aUMHO TIPOCTLIMM. Hoxa-
3aTb, 4TO MEXAY MaTpHIAMU

(a,, Qg+ Cmagey (0000 ...07%,
Cmis  Oaprs -+ Oy 1000...0 ¢,
), — ce | @ZOIOO...Ocq_g
0010..Ocq__3
Crg—1 Fmag + -+ Fmiog—2 | 0000...1 ¢

UMEET MECTO COOTHOIUEHHE

W, = U, E™ (m=0, 1, 2, ...).

O6Go3naunM paHr OeCKOHeUHOH MaTpHilLi
Gy Gy g «-- Gyp

a a a vee O .o
(SD‘C) 20 21 22 an

amo aml amz ¢ - d,,m LR

C KOHEYHRIM UuYMCIOM (=) CTPOK Hepe3 r,; PaHF MaTpuibl, M0aY-
yatowefcs us N onyckaHueM £ nepBuix cToabLOB, — uepe3d r,. Mmeen

ro=ry>ry> ... Bynem Temepb lim r, HaswBaTb HeMMmMo-parzom
>0

matpuub M.
Martpuua M nmpuHARTE!UT CHCTEMEe /M CTEMEHHBIX PANOB
fl(Z) za«lo -{—CIHZ +a10z3+.-.+a1nzn+-..,
fz (Z) = azo ‘Jf‘ a21z -+ azzz + + aznzn + TR

fm (2) - a’mo "l— amlz + amzz + ‘+‘ amnz "]"

DTH PAibl HA3LIBAIOTCS AUHEINO 3ABUCUMBLMU, €CIE MOXHO NMoao0paTh
TAKHE TOCTOSIHHBIE Cy, Coy «vwvy Cpy, TAE |Cy ||l 4 o0 cp] >0,
YTO MMEeT MECTO TOHKAECTBO

e fi(B+cfa (R .t epfn(2)=0.
OHN  HA3LIBAIOTCA KBA3U-AUHCLHO 3QBUCUMBLMU MEXAY COOOH, ecnu

MOXHO T0400paTh TAKME TOCTOSHHBEIE Ci, Cay + v vy Cpy | €] 4|64
.+ +| ¢, >0, uTo cnpaBennBO TOXAECTBO

¢ J1 () o fo ()t oo o F S (2) = P (2),

rae P(2)— nonuHoMm,
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YrBepHLeHUs: «MeX(Ly CTeleHHbMU psamamu f(2), 2f(2), 22f(2),...
v .., 2%f(2) npw nocraToyHo OOABILOM M CYlUIEeCTBYeT KBa3u-/uHeHHas
33BUCUMOCTL» U «f(2) — palMOHANbHAS (PYHKUUA» PABHOCUJbHHI.

[oBopsiT, uro f(2) npencraBaseT airedpavuyecKy QyHKULUUIO,
ecan Mexkny (m - 1)% crenennsimu panamu 2" [f(2)] (w, v=0, 1, 2,...

., M) TPH DOCTATOYHO OOJbLIOM 1 HMeeT MecCTO JnHeHHasd 3aBUCH-
moctb, [oBopdar, uto f(2) ynoBieTBOpseT anrebpaundecKkomy
AnPpepeHUNANbHOMY YPABHEHHUIO F-TO MOPALKA, €CIAU MEXKAY

m— 1Y cremenHbIMU pALAMH
p

2@ @ @ L @)

(W, v, ¥ Yoy ovwy v==0, 1, 2, ..., m) upn nocTaTOYHO OOJBIIOM
CYywecTByeT JAMHeHHas 3aBHUCUMOCTb.. .

33. Ecam paur MaTpHuBl CHCTEMH! KOHEYHOTO YHC/Ad CTEMeHHBIX
pSULOB PABEH £, TO MeXIY STUMH pPSOAMH MMEITCS » IMHEeRHO He3aBu-
CUMBIX, BCE e OCTajbHbie JAUHEHHO 34BUCAT OT 9TUX r PALOB.

3%. Ecau HeTro-paHr MATPHUB CHCTEMB KOHEYHOTO UHC/iA CTe-
MEHHBIX PSAOB DPaBeH £, TO MEXAY STHMHU DSAAMH UMEIOTCH 7 KBasu-
NHHeHHO HE3ABUCHMBIX, BCE e OCTa/ibHble KBA3H-IMHEHHO B84aBHCAT OT
YKA3aHHLIX 7 PSLOB,

§ 3. lonoxuTenasHbie KBagpaTHUYHbBIE DOPMBI

35. Ecun kpanparuunbie GopMbl

n n T
2 Zalp,xkxp. H Z Z bl.p.x)\xp.

)\.=1 p.=1 )\:1 p.=1

HOJQKUTEINBLHE; TO KBaApaTHuHas (Qopma

n i3
Z 2 a)\p.b?\‘u.xlxp

=1 (J.:j

TOUHO Tak e MnoqaokurenpHa. Ecin, kpome TOro, onxHa M3 3THX IBYX

dopM gBigeTCs onpenenedHHod, a B mMaTpuue LPYroR jeMeHThl T/aBHOH

IMaTOHAMKH OTJMYHBL OT HYJd, TO TpeTbd TakKe OyneT onpene]eHHOMH.
36. PaccmorpuM cuMMeTpruYeCKHE MATPHUE

a a a,,
Ay Qo vev Qup et g2 .., g'n
a, a a
? -
- a a a
Qpy Qpg «- - Quy enl egm ., e nn

Ecau xpanpartuudas ¢opma, onpeneasemas MaTpuue# (a,,), MNOJOXH-

TeMbHA, TO MOJOXKUTEbHON 6yaeT U Gopma, onpenenseMas MaTpHiled (M),
Eciu, Kpome TOro, B Marpiulie (@,) HET TONAECTBEHHO COBNAAAIOLIMX

CTPOK, TO (hopMa MAaTPHILEI (eMw) Byner nawxe onpenenennont [V 76].
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37. [lycro crenennod psn
Do PiX - pox®— ... == F (x),

MMEIOWMA HeoTpULaTe N bHble KOSGDOMUMEHThl, CXOZUTCA 0UPH X = 4,
Qqy, ++o» Uyy. BEcnu xpanpaTuunas ¢opma, onpexenseMas CHMMeTpHue-
CKOH MaTpuued n-ro nopsnxa (alp,), MOJOXXUTENbHA, TO IOJOXUTEAbHON
Taoke OyLeT u ¢popMma, npuHanienawas Marpuue (F(a,,)); ecau, kpome
TOrO, MEXAY KOIQQUUMUEHTAMH pg, P Py + .. HUMEETCA [0 KpalHe#
Mepe # OTHHYHBIX OT HYJAs, a BCe CTPOKH MaTDUUb (a%p) pa3JuUHbl, TO

nocienHas popma Oyner namxe onpeneaeHHoH.

38. Ilycre BewlecTBeHHLiE uucha @y, @y, Gy, ..., (g, 00Jaldi0T
CAeYIOWMM CBORCTBOM: 144 A000ro noJauHoMa f(x) CTeneHu He BHIue 27,
HEOTPHLLATENLHOTO W He pPEBHOTO TOXAECTBEHHO HYJI0, HMEET MECTO
HepaBeHCTBO \

o/ (R) 43 F () g [ () - A g SO () >0 (oot > 0)

MpH BCeX 3HAYEHHUAX X.
[Toxaaath, uro HeoOXOAUMBIM W AOCTATOUHBIM YCJAOBHEM AJA STOro
SBJSAETCA THONOKUTEILHOCTD (COOTE. MOJOMHTENBHOCT H ONpeNeleHHOCTD)

KBAJAPATHUHOH (POPMHE
ﬁ 7
);20 P-=0 ® *

39. [lycry uucna ay @y, .., 4, (12> 1) obnanawT caenyoluM
cBOWCTBOM: mJji A000rQ nojuHoMa jf(X) CTENeHH He Bhlllle 7, HeOTpuUla-
TEJNbHOTO NJ8 HEeOTPUUATEJbHBIX 3HAUEHHH X U He PABHOTO TOXIECTBEHHO
HYJJIO, WMEeT MeCTO HepPaBEHCTBO .

Qa

aof )+ T )+ )+ . 4 ()20 (coors. > 0)

Mpy A00BIX HEOTPULATE/bHLIX 3HAYEHMHAX X.
[Toxasate, 4T0 nsf 9TOro HeOOXOLMMO M AOCTATOYHO, YTOOL KBa-
ApatTryabie (HOPMEI

6blad 00€ MONOMHTENbHB (COOTB. [0JOKUTE/LHO ONpeaeleHHbl),

4. Tlycte uyucna ag @y, Qo ..., G, (# > 1) ofnagawT caenyiwo-
LKEM CBOHCTBOM: jast BCAKOTO MOJMHOMA f(x) creneHd < #, HeoTpuua-
TeJbHOro B HHTepsane — 1 < x <[ 4 He PaBHOIO TOMAECTBEHHO HYMO,
BRITOJNHSI@TCS HepaBeHCTBRO

aof (¥) +F )+ J )+ A SR [ (x) 30
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npu moOsiXx x B HHTepBaie — 1. x <. [loxasarp, uTo TOrpga He-
NpeMeHHo
8, >0, a,=a,=...=gq,=0.

41. Mycrby ofe xBazpaTHuusie GOPMBI

n n n
2 Z al—[—p.xlxp.! E Z b)-}—pxlx
Az =0 = =0

NOAOXHUTEAbHL. [10NOXUM

cvmaobwi—(;)alb,_,+(;)agbv_2+ ce —}—avb(;,

Torna ksazpaTuHuHas dopma

n n

2 2 Cl+p.xlx

A=0 p=0

6yneT TAKXKe MOJOXKHTEJNLHOM M NPHTOM OllpeleneHHON, ecanm no xpdﬂv
Helt Mepe 0iHA W3 JAHHHIX (POPM ONpelencHHas.

42. Tlycro .
¢, == aob,-{—(; )albv'_l —;-(;)agbv_z—l— ot ap,

[TokazaTth, 4TO M3 NOJOKUTEJLHOCTH UETLIPEX KBAaNPaTHUYHLIX CbOpM

m—1 m—1
% E a)H_P‘xle', 2 2 a)\_‘__p__{_lxlxp,
m—-1 m—1
2 2 by X2 % 2 Z brppr1Xr ¥y
A=0 p=0 A=0 p=0

BLITEKAET MONOKHTEABHOCTE IBYX CJIENVIOULAX:

M m m—1 m—1
2 Ecwmp, RIEDIVE N
h=0 p=0 k=0 p=0

Ilanee H3 MOJOKUTENBHOCTH YeTHIpEX dopwm

2 Eal—{-pxlxw Z Eal+p+1xlxw

h=0 U.= A=0 p= =0

m
Z Ebl+pxkxp’ ? meuﬂxxx
A= p=0 l::rO 0=

BHTEKAET MOJNOKMUTENbHOCTh ABYX dopm

2 Ecl+p.xlxp' g Eclw.ﬂx).x

] pu=
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%3, MycTb KOMIJEKCHBIE uuCaa
c__‘n, C—ﬂ;+1’ LI ] C"’l’ CO, CI, LI ) Cﬂ"l' C'":’
c_,=¢, (v:O, 1, 2,...,&)

00/s1anal0T CcaAenyouwnuM CcBOHCTBOM: ecau MOOH TPUrOHOMETPUUECKHH
MOJMHOM NOpsAAKa He BHille 7 BHAA

g (M) = a2 (a, cos - B, sind - a, cos 20 -3, sin 20 4 ...

n
oo a,cosnt 3, sinnd) = > v =i

. V== —N
(Tv:?—v.:av+ipv! ‘Vzo, 1: 2: <oy 1 |80=0)

HEOTpHLATEJNEH KW He pdBeH TOXAECTBEHHO HYJAWD, TO HMeeT MECTO

HEPABEHCTBO
(L]

ey~ >0 (coote. > 0).

V= T

[TokasaTs, 4TO A% 3TOrOo HeoOGXOAMMO M 10CTATOYHO, UTOOLI (opma
DpMuUTa ' |

i n »
Z pITRREN"
Obisa TOJ0XKUTENbHOH (COOTB. MOJOKHUTENBHO OfpeneieHHON).

§ 4. Cvewanueie 3axavu

4%. ByneM paccmaTpuBaTh 72 3JeMEHTOB @), ONpELeMUTeNs H-TO
nopsnka Kak He3laBUCHMBlE MepeMeHHble. [lokasars, uro wexay n!
ClaraeMbiMu g oy, . - + Qpk, B PA3NONKEHUM OMDEAENATENH HMEETCHA

aub N==n%—2n -+ 2 He3aBucumbix Mexay cobo#, u yrasate N
TAKMX WYJIEHOB, Yepe3 KOTOPhie BCE OCTalbHble MOTYT ObITh BhIPareHb!
PaLUOHANBHO,

4%49. O603HaunM uepes §, UMCJIO OTJIMYHBIX APYT OT Apyra [oJo-

MUTENbHBIX CJaraeMblX B DAasJOKEHUM CUMMETPHUYECKOrO ONpeieNuTeNs
n-ro nopsaka (C NPOM3BOJLHLIMM 3/EMEHTaMM), a uepes s -— COOTBeT-

CTBYiOUIEE YHCAO OTPULATENbHBIX cnaraemsix. g s =s 4 s’ yxe
Ksnwu ykasan pexyppeHTHyw dopmyny
n
Supr =+ 1) s, """'( 9 ) Sp_g-

. — 7 » -
MNokasaty, uro Aus d, ==§, —S HMeeT MeCTO pexyppeHTHad (Qopmyna

: n
dn+1=_'(n"—l)d'n‘“(2)dﬂ—2
H 4YToO
1 3 8 -3
) 4 n-1,72 4
lim " sn=e_, lim (—=D)""n%d, e

n-»co Nl T oo nl 2V x
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48. O6o3nauuM yepes o 4YMCAO OTJMUHBIX APYT OT APYra MOJO-
JKUTEABHBIX CJAAraeMbIX B PA3JOMEHUH CUMMETPHYECKORO ONpeleuTes
[-ro TOPSAKA |ay, |, Y KOTOPOro BCE 3/EMEHTH [NABHOM NUATOHAMM Gy,
PaBHLI HYMO, a 4epes g, — COOTBeTCTBYIOUIEE UMCJO OTPHUATE/NbHBIX

cnaraeMplx. [1ogomum
o 17 8 f
,=¢,~+0,, 0, =0 ~—0,.
Toraa
= 10y 10y (o )y gy == — 110, — b 3
Oppr = 1 'n+ NGy 1 9 -2 n+1 n N0y — 9 n-2

H

1 _L 3 1
) 4 n—1_2 Y
., n-a e , -1 n-d e
lim =", lim (=1 2 = —.
n-»co Nl 1% n>co n! Qlfft
,2,...,n
4°4d. OGo3HauMM [OpOM3BELEHHE I<[k (x;— x;) uepes A, Torua,
J

KaK HM3BECTHO, BBIDAXKECHHUE BHlAd
: 1 2—1 _ |
(.[) = —A—— j.._ (P (_’C)‘l ) x)\n $ v 0y .?C)_n),

rjae CyMMa pacrnpocrpaHesa Ha Bce sl mepectaHoBok u3 1, 2, ...
M AJis UeTHLIX NepecTaHoBOK OepeTcs 3HAK [JIOC, 4 A HEYeTHHIX

y 1

MuHyc, OyJeT cuMMeTpHuecKOH ¢yHkuueH ot x,, X,, ..., Xx,. [loka-
3aTh, 4TO ec/u .
n
o=l —+—+
e l— 0y .00 X,
TO TOrna |
' 1

®

R L2,....1n ‘
Mo—xy JI (0—xpp
v=1 >k

48. Tlycrts XapakTepuCTHYECKOE YPABHEHHE CUCTEMBl 12 BeJWUHH @,

all - Z 012 ¢« v . alﬂ
a‘ a i z s 9 a
|G 22 on L
X (Z) - L] L] . . 1 » . - L] L] . L] - - — O
Dy Upg vee Opp— 2
HMeeT KOPHH &, %y, ..., &, He Bce paBasie HYyM0. OB603HAUHM

yepea v, (2) anrebpanueckue [OMNOJHEHHA 3JEMEHTOB @, OnNpenesu-
Tenas vy (z). Jloxasarb, UTO XapaKTEepPHCTHYECKOE YpaBHeHWe BeJMUUH
You (2) MMEET KODHHU
7 (2)
{ =420 =1, 2, ..., n).

P a?——-z
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49, Jlunetuie npeoGpasosanus
n
» sinn am X
S T T (p==0,1,..., n)
‘I=Osnn+1 (p—q-t+a)

rpe & ﬂpOI/IE}BOIIbHO, OﬁpaBYkOT rpyrmy B TOM CMGLICJIe, 4YTO
SaSBL"SH_a-

5. Ilycts g (V) — TpuroHoMerpuyeckul NOAUHOM C BeleCTBEHHBIMY
KO2(DQUUHEHTAMH [OPANKA He Bhlle 7. YKa3aTh, KAKUM YC/IOBUAM OH
AOJIKEH yﬂosneTBopﬂTb yroObl nuHelHBIe NpeobpasoBaHuUd

Sy Z,xqg(n+1 (p-~q~|—a)) (p==0,1,..., n),
q=0
rae « NpousBoAbHO, 00pa3oBLIBAAM IPYNNY B CMeCAe 3ajadn 49.

51. (ITponomxenne.) Onpeneaurens npeoGpasosanna S, TOKAe-
CTBEHHO DaBeH HYJI0, 34 TeM eIWHCTBEHHHIM UCK/IIOUeHUeM, KOrja

1 sln(n-1D43
n-1 sin 4

g = [49];

B 9TOM CJiyude OH TOXKLAECTBEHHO paBeH eluHMuLe.
52. (ITponomxenne sanaun 49.) [NpeoGpaszosanue S, OPTOTOHAMBHO,
T. €. TOXIECTBEHHO IJSI BCEX X, Xy, Xgy ..., X,

Vit i+t =g X

JlnneliHoe npeoGpasosauue
Yy=ayX Xyt oo X,
Yo == Qg Xy GppXy—+ o - GonX Xpt

. . - . . - - . . L]

}’ - amlxx + am2x2 + + afnmxn +’

[ . . - . -

HA3LIBACTCH OPMOZOHAALHLIM [STOT TEDMHH YacTO OTHOCAT M K COOT-
BeTCTBYIOMEH MaTpuue (a,,,)], €CAH MMeT MeCcTO COOTHOLIEHUs

a?nl +a?fn2 +am3 —+ . +amn .=l
(m=1, 2, 3, ...),

A1 @y + akz%z“{“ aksap-3+ st + Dnlun —l" ree TE
(l#'})'; ;\1 :J.s:::]_, 2’ 3; -'-)
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H OHXHOBPEMEHHO COOTHOLIeHHA
2 2 2
afn +a2‘ﬂ +'a'3n ++amn +o=
(n=1, 2, 3,...)
allalp—{" a’2)~a2@+ (Z3>\6135L+ s _‘F amkam;_{_ co.=0 ;
(As=p; A, n=1, 2, 3, ...).

AHalornuHo onpeacnaeTca OpPTOroHaNlbHOCTDL OeckoHeuHolt MO BCeM
HANOpaBJeHWaM MaTpPULbI

v @y e O B 00 G gy s s @y e

« 4 sy am‘“n, ey a'm, —~11 a7n'0, am,l, - ey am,n,

)

53. Hucna ¢udonavuu 0, 1, 1,2, 3,5, 8, 13, 21, 34, ... onpe-
AENFIOTC YCAOBUAMM Uy =0, u, =1, u, -1, ,=ua, ,,n=20,1, 2, ...
[TokasaTs, 4T0 AuHeHHOe npeoOpasoBaHHe

X dp R W s R

—
Va Vs (n=1, 2, 3, ...)
0PTOTOHANLHO.
5 4. Jluaetinoe mpeobpasoBarye
i oo
sin an Xp
= E;H—W_— (m= ..., —2 —1,0, 1,2 ...,
Nn=—Cco

rae &« — BECLUECTBEHHOE HE LUeJoe 4YMCIO, OPTOroHaNbHO.

§ 5. Onpepenuresn cucteM QyHKuUHH

Onpedesumenes Bporcrozo cuctembl GyHKUnA f (x), fo(x),. .., [, (%)
HA8BIBAIOT ONpEieJUTENDb

[ fi(®) fix) fix) ... A7

(n—1)

L) fo®) B o BTVE | w6 fy (5

Fo(X) fafX) (%) oo f2T0(x0)

§5. [lpu m00LIX HOCTOSHHBIX €y,

Wiey i+ ciafot oo e CanfitCoafot o+ Canfps oo
voos Cpfit Cpafot o ) =
= ot - W fao ooor To)
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86. [lokasath, urto

WIfi(e(x), L2 (), oo, frlo(x)] ==

7 (h-1)

=o' ()] = W), 0 s fa],

rie B NPABOA 4aCTH HAAO MOACTABUTL Y = ¢ (X).

87. W/, ¢fp s @) ="W (S, fo -o, [)

1 Y (S5 Y
n W ’ y e ay - ] o 2 3 vy 0 .
88— Wlp foeves 0 (%) () ()]
. d W(fl""7 f’n-—Z! fn) —_—
99, dx W(fy .o, fa—o fue1)
_ W ..., fasd) W(Fy oo Tnco fa—t1 Jo)
[W(f]_: sy fn‘—Z) fn-l)]z ‘ )

60. Ecu W(f, fo ..., fo_y [,) OOpainaerca B Hyab BO Bcex
TOouYKax HHTepsana (a, b), a W(f, feo ..., J,_;)— HU B OQHOH, TO
MOXHO yKasaTh #1— 1 TAKUX TNOCTOSHHBIX C;, Cp, - .., &y_y, UTOOH BO
nceM uHTepBade (@, b) cOOMORANOCH TOMAECTBO

fn(x) = clfl (x)+62f2 (JC) —"— e +rc?2~—1 te—1 (JC).

6l. Ecin f (%), fo(X), ..., [o(X) CyTb 1 JMHEHHO He3aBUCHMiIX
HHTErPaJIoB THHEHHOIO ORHOPOAHOrO NP (HEPEHUNAALHOIO YPABHEHUS 7-T0
MoOpsiAKa

YO 49 () yBN gy ()Y DA L, (1) y =0,

TO AAA KaWAOH (YHKUHM Y HMEEeT MeCTO COOTHOILEeHHE

W (1, far o vr o
YO 9 ()Y D40 () y A - o, () y = W({Jl;pfi:z, » -.ffﬁ)y :

62. (ITponomxenyve.) TMosowum
= u{/0’ fi=W,, W(fu fo) = War ooy W(fv Jor «oes fn): Wn-
Torna nas scex QYHKUMH y HMeeT MeCTO COOTHOLEHHE
YO @y (£) YD @y () YD - L -9, (X) y =

W d{_ W, 1 d‘[Wéz d(W? iy
T Wa—y dx | Wy oW, " T dx (W Wy dx \W, W,y dx Wl) }

JTo nupencTaBieHHe JNMHERHOro AWM(depeHUHalbHOr0 BRIPAMEHHS, Npes-
nonaramuiee sHaHWe 1 HE3aBUCHMBIX WHTErDAJIOB, UMEET CXOLCTBO C pas-
JOXEeHUEeM Ha MHOXUTEJM TIOJHHOMA #-H CTeneHH, MNpennoaraiouiim
3Hauue n ero HyJe#.
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B3. Tycre f,(x), fy(x), ..., f,(X)— BewecTBennbie (YHKLUH,
HENpephIBHEIE B uHTepBande @, b. [lokasath, uTo ONpeeuTeb
' b
[ o) 1, ) ax
@ 'l, p=1,2,..., n

HEOTpULATEeNeH, NpuyeM ofpauiaeTcs B HYJIb TOTJA ¥ TOMABKO TOTAA,
Koraa mewny dQyukuuamu f,(x), fo(x), ..., f,(x) cyuwecrsyer nuHefi-
Hasl 3aBHCHMOCTb.

64. (Mponomxenue.) Onpenenureris

b b
J i mae —[ffax o f fifn dix
b b _ b
—[Rhae [t 4ras. [ fifaas
b ' o | b .
— [ fufiax — [ fufedx [ FASA A fa) s

HeOTpHLATeJeH, npuyeM obpaiuaercd B HYJb TOTAAa U TOJbKO TOTJa,
korza ¢yskuye fi(x), fo(x), ..., [, (X) oTauuawTca Opyr OT Apyra
JULIb MOCTOAHHBIMH MHOMXUTE/AMH HJM, HHBIMMA CH0BAMU, BCE ABJAAIOTCA
KpaTHLHIMY OJHOH M3 HHUX.

65. ([Tponomxenne.) Onpenenurens

b
e J 7, @) 1, (@) dz
Le=1,2 .., n
HeOTpUllaTeNeH, npuueM olpatlaeTcs B HYJb TOTAA M TOJBKO TOTr a4
Korga kakue-uuOynb nBe u3 dysxuuit f(x), fo(x), ..., f,(x) TOXK-
NECTBEHHO COBIALAIOT.

66. Hwkecneaypowas TeopemMa NpeicTasaser coloi o6obieHne
OI0HOH TeopeMnbl, cayuaiiHO ynoMsaHnyTof [ayccom B ero «Theoria-
combinationis observationum» [Opera omnia, T. 4, cTp. 12, cM. nBe
nocaennre crpoxku B Art. 11).

[ycts f(x) mna x >0 npeacraBager cofolt QyHKUUHIO HEBO3pa-
CTAIOILYI0, HEOTPUUATENbHYIO ¥ BMECTE C TeM He PABHYI0 TOXIECTBEHHO
Hymo. [lyctb, nanee, BCe YUCHA @y, Go, ..., &y, PASIHYHBI MEKAY COOOH.
ITokasaTh, uTO (MU AONYLIEHWW CYLLECTBOBAHUA BCEX BXOLALIUX HHTE-
FPAJiOB) ONpeneluTeNb

(@ a, +1) f £ f (%) dx
0 A p=l 2o n

O 8ax. 1127. T. Iloma u T, Cere
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HEeOTPHLATE/EH; OH 00palLdeTcd B Hy/b TOTA4 U TOJBKO TOTAA, Korna f(x)
npencrasigeT COOOH KYCOUHO-NOCTOSHHYIO (YHKUUIO C He Oojee ueM
n— 1 Touko# paspniBa. :

Iycte ¢ynxuns f(3) cobcrBeHHo uHTerpupyemMa B HHTepBaJje
0L < 2r u umeer pan Pypoe [VI, § 4]

F® ~a,-+2 2 (a, cos nh + b, sin n9).
n=1
PopmMel DpMuUTa
T (f) - 20 Z cpv kx)xy.’
=0
00pa3oBaHHbIE HOCpE}lCTBOM yucen
Co== 0y, Cp=a, by, c_n:c_n, n==1, 2, 3, ...,

Mel Oynem HaswBaTbh giopmamu Ténauge (Toeplitz), npuHamnexawuMu
dyukumn f(3). (Cm. 43.)
7. O6pasosars dpopmel Ténawuua, NpuHALJeKAUIME OYHKLUAIM

f(®)=c=const.,, f@)=a,—+2(a;cosd4 b, sind),

1 —r
f(&)=1~—2rcosﬁ—l—r3’ 0<r <l

68. Ecoin dysxuua f(9) nonoxureasna B unteppate 0 < % < 2x,
TO BCce ¢opMbl TE€naHL A NOJNOKHTENLHO ONpeleneHHbl. boaee Tousxo:
ecsd f(%) B HH’I‘epBaﬂe 0 < % < 2n 3akmouena B rpanuuax m < f(1) < M,

" TO TOTA H
mL T, (HM

B MNPELNOJOMKEHHH, UTO TNepPEeMeHHBle X, X[, Xg «.., X, [NOL4UHEHH
ycaosuwo T, (1)=1. PaBenctso MoxeT ObITb ZOCTHIHYTO JHLIL B TOM
cnyuae, ecmu f(%)=rconst. B KaxaOK TOYKE HEMPepPHIBHOCTH.

69. Buuucaurs onpeneautens D, (f) dopmet T, (f) naa GyHxnub
3amayu 67 W mokasath, 4ro ecau f(¥) BCIOALY NOJJOXKUTEAbHA, TO

2

1
n+1 Ef]nf({})dﬁ

tim V' D,(f)—=e 0 = & ().

n—» co

70. Tycrs f(Y) — TprroHoMeTpryecKuft MONMHOM MEPBOIO MOPSAKA
u h—napamerp. I[lokaszate, uro omnpenemitenb D, (f—h) dopusl
Ténnuna T,(f—h), npunasaexawett dyukuuu f(%) — Az, npeacras-
aser coboft ueayle pauvoHanbHyio GyHkuMo (n--1)-# crenenu ot £,
UMEIOLLYIO JMiIb BEUIECTBEHHbIE HY/AU. BBHIYHCINTL 3TH HYIH.

41. (Tlpomomxenue.) Bce uymu fhy,, Ay o0, By, Onpenenurend
D, (f—£h) pacnonoxeHw MexAy MHHUMYMOM H MAaKCHMyMOM (YHK-
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nap f(8), 1. e. econ m <L f(®) KM B unrepsane [0, 2], TO TaKe
mh,<M(G=0,1, 2, ..., n). Hanee, naa mobo# ¢pyukuun F (k),
cOOCTBEHHO HHTerpHpyeMofi B uHTepBante m < k< M, uMeer MecTo
- COOTHOMUIEHMNE

n - 00 n—+1

72. Ecim dopma dpuurta
n i _ _
2‘ 2 Cl—p.xkxp. (C—-v = cv)

A=01=0

2
lim F(hOn) +F(h1n)+ s + F(hrm) — 717? J‘ F []c({})] dﬂ.
- 0

NOJIOXUTENBHO ONPENnEncHHasd, TO BCe HY/AIU NOJHHOMA

Co €y Cy cee Oy
€_4 c, o coe Cpy
C_2 C_l co LU ) Cn_z
C_nt1 Comrz Copgg -+ O
1 2 22 N1

AeXaT BHYTPpHU €IAMHHUUYHOT'Q Kpyra.

o



OTHAEJ BOCbMOM
TEOPUS YUCEJI

TJTABA 1 |
TEOPETUKO-HUCAOBBIE ¢YHKUIUHU

§ 1. 3agaun Ha DeJbleé HAacTU yuced

IMycte x — BemecTsennoe uucio. Hepes [x] 0003HAYAIOT 1weny 10
YacTh uuCAa X, T. €. llefoe YUCAO, YIAOBAETBOPSAIOLLEE HEPABEHCTBY

[x] < x <[x]4 1.

Tak, nanpumep,
(1] =3, [2]=2, [—0,73]=—1.
1. Ilycte n— uenoe, x — npoussBoibHoe. Torpa
[x +n]=[x]+n.

2. B pasnomeHnud ONpeNeNUTENs n-T0 MOPALKA NPOU3IBELEHHE Ulle-
HOB, CTOALIMX B JHATOHANAX, COCEZHHX C T'JIABHOH JMATOHAMLIO, MUMEeT

(2]
snag (— 1)t24,
3. [2x] —2[x]=0 wau 1,
CMOTpPd 10 TOMy, OyLer JH
1

I

x—[x]<—§ Wi = =,
2

4. Ecim 0 < a <1, 10

[X] —[x —a]=0 wnm I,

CMOTpPA 1O TOMY, Oylet Jiu
x—[x]za uwm <a.

B. B nupennonoxenun, yTO X He UMEET BHMa n—i—% (n — uenoe),
BRIPa3uUTh OAHUKaKHIWIee K X LEJ0Ee UYUCIO NOCPEACTBOM CUMBONA [ |.
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®. [x] MOXHO ObnO OB HA3BaTh LEJABLIM UYUCIOM, OJIHIKAHUIUM
cneBa K x. BeipasuTe mocpencTBOM cHMBOJA [ | uenoe uyucao, O nu-
wmakhwee cnpasa K x. (3aMeHa DAHHOrO uuc/aa OMMKARIIKM CrpaBa
LenbiM 4ACAOM — OOBIMHBI NpHeM MEJKMX TOPLOBBIX PacyeTos.)
T [o] - [B] mbo = [a~B], mbo = [a ] — 1,
[a] — [3] 1460 = [a — P}, mbo = [a —B] -} 1.
8. (20] 1281 > [a] + [« +B] 4 (8.

Q. llycrs n— uenoe nonoxurenstoe uucao, Toraa

el o o]+ [T [ =

H —

10. llycts 7 — Lenoe NOJOKHTENBHOE UMCAO, X NPou3BoabHO. Torma

[[nx]] — [x.

n

il. Tlycte m —uenoe nonoxureapHoe uyucio. [l0KasaTh, YTO Hau-
BHICUIEH CreneHbiO 2, colepxKaulefcs B

1 g 2m+1 ’
apasercs 2", A+V |

§ 2. Moxcder Heanix TOYeK

12. Ilycts o m n— neasle NOJAOKUTE/bHbIE uucha. Yucao Tex us
n
yucen 1, 2, 3, ..., 7, KOTODHIE LEAATCS HA @, PABHO [Z]‘

§3. Cxonbko HyneH uMeerT QyHxuus sinx B MHTepBa.rfe a < x < b?

CKONBKO B HHTEPBELHQ a<lx<b?
f4. llycrs 0 a<{wn. OBosuauum uepes V, (a) UHCNO MepeMeH

3H3aKa B MOoCAelOBATE/ABHOCTH

1, cosa, cos2a, ..., cos(n-—1)a, cosna;
TOrAa :
1m ﬁ,(a_):fﬂ_
n-> o n T

k5. Mycrs § — nppauuonansroe wicno, 0 < 0 <1 1 i, paBHO HymIO
WY eJIMHMLE, CMOTPA MO TOMY, PABHEI Meway coOOf WM Ke PA3JHUHBI
yycaa [nb] u [(n— 1)0]. [lokasars, uro

atot o tan g
n

lim

7> 00

16. Onpenemurs uucao N(r, a, a) Hylell uenoh GyHKUUM &* — ael®

B kpyre |2z|<r (r, @, @ —BewecTBeHHLIE NOCTOAHHbIE Yucaa, r > 0,
a > 0).

§7. Nycts o u b—uenste uwicaa, f(x)— PyHxuns, onpepeieHHas

¥ NOJOXHTEeNbHAA B MATEpBAJE 4 < X< b. DBunipasuTe nNOCPeACTBOM
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CAMBOJIA [ ] YMCO L eJ b X TOUYeX (Touek C LeJOUHCeHHbIMY KOOPAMHA -
tamy, [ 28), Haxomsawmxcd B o6GnacTd, onpelne/seModl HePABeHCTBAMY

aLxLh 0Ly LS.

i 8. HYCTb p ¥ ¢ — B3aUMHO MPOCTHIE Le/ble NMOJOMHUTRAbHbIE YHC/A.
JloKasaTbh NMyTeM NOACYeTa LesblX ToueK (PopMyay

[g_]+[%€]+[§g]+ +[(p—p1)q]: (p—Dig=1

P 14 P
19. Jlycts p ¥ ¢ — HeueTHble B3AUMHO NPOCTHIE LENABIE HMOJOXKH-~

P;l =p’, q—"—l = ¢’. TlokasaTe, 4TO

R R ) N SN EI R 1 B

20. [ns npocroro uucna p Buna 4n— 1 uMeer mecro dopmyaa

V2141V 2)4 1V 31+ Y 2=

renbHbple uncng, O003HaUMM

§ 3. Opna Teopema dopMaJLHOH JOTHKH M .ee NpUMEeHeHHd

21. lycrs nmano N mwobeix 06bexToB. IlycTh N, —— uuCiI0 Tex us
HUX, KOTOpble 00/2a1al0T HeKOTOPHM CBOHCTBOM @, Nj-—— UMCIO TeX,

xoropeie obnamarwT cso#ictBoM B, ..., N,, coorB. N, —uucjio Tex,
koTophie 001anal0T CBOHCTBOM %, COOTB. A. AHANOTHUHO INyCThb N,
Nygr ++ -5 Noggp ++ oy Nopy ... ODO3HAYAIOT UHCIO TeX U3 STHX OOBEK-
TOB, KOTOpDEIE ONLHOBpeMeHHO o001a1al0T CBOHCTRAMU & H 3,
COOTB. & U Y,..., COOTB. &, B u ¥,..., COOTB. &, §, 7¥,..., % H A

Toraa uncao 06bEKTOB, KOTOphle He 06/a14i0T HH OLHHM M3 CBOHCTB
¢, B, > ..., % A, paBHO

N—N, —N; —N, — ... =N, — N+
NaB+NaT+ '—I'—Nx)\"“
_NmaT—— " e “+—

- Notf.’--f Cea EAS

22. Ilycts nauo n 06bekToB (2 > 1) ¥ nycTh cBolicTeoM a@ o06Jja-
I1410T BCe KpOMe NepBOro, CBOHCTBOM [ —BCe KpOMe BTOPOro,

., CBOUCTBOM A — BCe KpoMe nocneﬂHero n-ro obvexkra. Hro naer 21
B 3TOM CJayuae?

23. Cxonmbxo u3 n! 4jIeHOB B pAa3/JOXKEHWH ONpPENeNHTENd #-T0
nopajika oOpalaercs B HyJb, €CIM TOJOXHUTb BCE 9JEMEHTHl TJaBHOH
nuaroHand passeiMH Hymo? [Cu. 21: cBofictBoM « 00AAAAIOT UJEHHI,
cojepialiye MHOMHTENEM Gy, H T. A.]
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24. Nyctb a, b, ¢, ..., k, | —B3aUMHO NPOCTHE le/ble NOJIOKHU-
- renbHble yucaa. Cxonbxo W3 uucea 1, 2, 3, ..., # He AeJAUTCAd HMU Ha
OJHO M3 STUX uucen &, b, ¢, ..., k, I? [12.]

25. Iycers p, g, r, ... OYyAYT pas/iuyHble NPOCTHIE MHOMKMTENH

ygcna n. Ydcno uucen, MeHbIIMX A ¥ B3aMMHO IPOCTHIX € HHUM, PEBHO

(1= — 40—

AT0 uucao 06osHaualoT obbuHO ©(n). Ilpm 3TOM nosaraercd, no
onpenenenuio, ¢ (l)=1;, rtakum o6GpasoM, ¢(#) NPeACTABAAET YUCIO
B3AUMHO MPOCTBIX C 7 WACET LO 7 BKJIIOYHTENDbHO; n>1, noo 1
B3aHMHO TIPOCTO camo ¢ cobofi.

26. [lycrv nano N npousBofbHBIX OOBEKTOB, MOTYIMX, Kak B 21,
o6aagath cBofictBaMH @, B, ¥, ..., % A. IlycTh KaXAOMy OTAEIbHOMY
00BEKTY NPUNMCAHO HEKOTOPOE 4YUCA0BOe 3HaueHue. OB03HauuMM uepes
W, cyMMy 4HCIIOBBIX B3HayeHHH Tex o0O0DBEKTOB, KOTOPHE ofnanaiT
cBoficTBOM ¢, uepes Wy CyMMy 4YMCAOBBIX 3HAYeHUH OOBEKTOB CO CBOMH-
ctBoM § ¥ T. A. AHanornyHo Oyiem o6o3HayaTh ueped W, W,

. e
., W“B‘{’ v vs Wagy ... 00 CYMMY UYACAOBDLIX 3HAYEHHME TeX 00 bEKTOB, KOTO-
peie OLHOBpPEeMEeHHO 00/1analoT CBOMCTBAMM & H f3, COOTB. 4 H Y, ...,
cooTB. @, 3 W y,..., cootB. @, B, ¥, ..., x ¥ A, IlycTh, HaKOHew,

W — cyMMa uyuCi0BHIX 3HadeHuBt Bcex oObexTOB. Torma cymma uucio-
BblX 3HaueHu# o0OBeKTOB, He 00/sapawWKUX HHU OLHUM U3 CBOHCTB
@ B, ¥, ..., % A, OGyZeT paBHa

W W, — Wy— W, — ... — W, — Wy
Wb W o W
_ Wd?)"(— e v . +
. afy ... %k . [21]
27- HYCTb Fio Fay oo vy fc?(n)——'-BfiaHMHO npocTeie C n 4nac/jid, MEHb-

wie, yem n(n > 1). [Toxkasarp, uro

bt A= W)( T )“W"')’

rae p, ¢, r, ... ——pasnuqﬂme MPOCThIE MHOMHTENM £, 4 V— HX YUCJIO.

§ 4. Yactu u peantean

[Tycts n—lenoe HeoTpHUATENbHOE uMcao. [lon «uacTbio» £ Mbl
6yoeM MOHMMATb BCAKOE HEOTPUNATENbHOE YHCIO, KOTOPOE MeHbue
wiu pasHo r. Yucna 0 W 7 HABLIBAIOTCA «HECOOGCTBEHHBIMH 4aCTAMH».
Uncao O comepuT B KauecTBE HaCTH, W MPATOM HECOOCTBEHHOH, JHIIDL
camMo ce0s, | :
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[Tycts n-—uenoe noaoxurtetbHoe uucao. [Jon «penutelsieM» rn Mbl
OyleM MOHMMATb BCSAKOE LleJloe MMOJIOXKUTEAbHOE YUC/I0, HA KOTOPOE A
nenuTcd Oed ocraTka. Yucna | M n Ha3bIBAWTCA «HECOOCTBEHHBIMH
demdrenaMu». Yucao 1 copepxur B KauecTBe JAeJMTeN]d, U NPUTOM .
HecOOCTBEHHOTO, JUlib CaMO cebs.

[lycts m u n— uensle HeorpuuarTebHble uyuciaa. [lon naunbonbuie#
obuiefl 4acTblO 7 W K Mbl [OHUMAaeM YHCJIO, COAep:Kallee B KAuecTBe
CBOEH 4acTH BCAKYI0 OOLLYH 4acTh uucea m U 7. ITO OyleT MeHbliee
(ve OoJbllee) ¥3 yUCEN Mm W 1 Wad, B cuMBojax, Min(m, n).

[lycth m W n—yedsie NOJOXUTEAbHBIE uwucaa. [loa HauboJbLIMM
O0WUM JequTeseM m W 1 [OHMMAalT YUCAO, COjepxailee B KauecTse
CBOETO HenuTens BCAKWM oOwu#t neaurtenp uucesa m v #, Ero cCUMBOIU-
yeckd o0o03HayaT (m, n). "

[Mog Min{, m, n, ...) noHuMaloT BoOOIle HaUMEHbiIee H3 YMCEJl
[, my, n, ..., nog (I, m, n,...)—ux HaubGoaLwufi OOWHMH ILeJUTEND.

CyluiecTByeT HaMMEHbIee UKHCJIO, CONepKallee B KaueCTBe uvacTelk
OLHOBDEMEHHO # W n, WMeHHO HauboJbliee (He MeHbLIEE) H3 3THUX
qucen. CumBoiuuecku: Max(m, n). .

CywecTsyer HaWMeHblUee YKHCJAO, COIZEpKallee B KaueCTBE JeJUTe-
e ONHOBPEMEHHO M ¥ N, UMEHHO MX HauMeHbliee o0llee KpaTHOE,

[Tycte @y @, Gy, ... — NPOU3BOJIbHBIE UHC]A. Ho;lt;at MOHUMAIOT
&

CYMMY, PpAacCOpPOCTPAHEHHYI HA BCe Y4CTH uuc/aa 7 (BKJAKHAA U HECOD-
cteeHBrle wactd 0 U n):

n
2= 2 4.
£=0

i<n
nyCTb a,, Qs a4y, ... — IPOUIBOALHLIE YUCJA. I-IO,I], zat NOoHU-
tin

MamT CYMMY, pacOpoCTPAHEHHYIO Ha BCe NEIUTENd 4YHCAa 7 (BKMouad
v HecoOcrTBeHHbie nemutenw 1 u n). Hanpumep,

Ll
%at=al+az+a3+aa-

28, [lycms a, b, ¢, ..., R, [~ NpON3BOJbHLIE HEOTPHILATE/bHbIE
Henasle yucaa. Mmeem

Max (@, b, ¢, .., by D)—a—d-bdc—d ... el
— Min(a, &) — Min(a, ¢)— ... — Min (&, ) -
+ Min(a, b, )4 ... —

. . - - . . . ° . . . ¢

—— Min{a, &, ¢, ..., &, 0.



33] § 4. yacT! ¥ LEJUTEIHA 137

29. Haumenbuwiee obinee kpaTHoe M UENBIX MONOKUTENbHBIX YHCEN
a, b, ¢, ..., k, [ MOXXHO NpeaCcTaBUTh CJAELYIOLKMM 00pa3oM:

M=abc. .. bl{a,6)  (a,0) .. (k) (a,b,0)...(a b c, ... kDT,
0.

e e T s T
—_ - O O
—_ o O O
o O OO
—_ — — —
(NI I S R
Lo W B —
= O N =
e GO DN =

111 1 ... 1 1 2 3 4 ... nt1

3nech OOwMH 37eMeHT mNepsoro onpexpenureat v, =1, Korza w
ABNSETCA YaCTbio A {cOOCTBeHHOH uaM HecoOCTBeHHOW), MU pPaBEH HYJIO
B NDOTHBHOM Cjyudae; BO BTOPOM Olipeienurene OOWME 3IEMEHT ¢,

paBeH wuwucay oOOWUX Yacrefl uucen A M v, T. €. HAUMEHbLIEMY U3
yucend A+ 1 uw p-1 (A, =0, 1, ..., n).

38, Onpenenurenn, oOWMA 2JeMEHT KOTOPOTO (¢, PaBeH HCIY
OOWIMX AEMUTE]eH UMCeN A M U WM, WHBIMUA CJOBAMH, UMCIY JenuTenctt

}

HauOosbwero ofwero aeaurens uncen h uw (A, w=1, 2, ..., n), paBed
eIMHNLLE,
32. Ilycms ay, a,, ..., @, — OPOU3BOJbHBIE UMCAA
Ay=a,  (=0,1,...,n).
fv

[Tokazare yto

Ay Ay Ay A, A,
AO Al Al Al Al
A, A A, A
o oot r A | _ Qy@,Qy « -« O
4, A, 4, A, A,
Ay, AL A, Ay ... A,
3nech OOWMA DMEMEHT ¢, OmperenurTens pasew A, rae r = Min(}, p)
(&, p=19, I, ..., n). (O600uienue TOxnecTBa 30.)
33. Ilycts a,, a,, ..., a,— OPOU3BO/bHbIE YACNA W

A“_—.;;at (v=1,2,.... n).
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Tloxaszats yro

A A A A coe A
A Ay Ay Ay con A
A A A A oo A ,
v 8 ! R N
A A, A, A, cee Ay
Ay Awoy Ay Any oo Ay
Bmecs oOwmit 9neMeHT ¢, oOnpeleiuTens pasen A,, rie r=(A, p)
(A, v=1, 2, ..., n). (OGo0bweHne TeopeMs 31.)
34%. Ecw a,, a,, @, ... NPOU3BOJBHBI U

A, = Da, (n=0, 1, 2, ...),
t<n

TO, OYeBUIHO,

QOZAO, (ll:—-_Al—-Ao, azzAz—‘_Al, * 0 vy an":An——An_l, s v s
[1py DNpPOMBBONBHEIX @y, @y, A, + .. H
A, = D a, (n=1,2,3,...)
tn ’
HMeeM

a,=A;, a,=A,—A4,, ay=A4;—A4, a,=A,—A4,,
a5:A5—A1, aGZAG—_A3—_A2+A1’ v e
A BOOOLIE
4, =2pO)An  (r=1, 2, 3,...),

tin ¥

.rae p(n)—dysxkuuas Mé€6uyca (cMm. dnpeﬂeﬂenue Ha ctp. 139).
35. [lycte ¢ (y)— mpousBoibHas QYHKLUA, ONpele/eHHas B HHTEP~
Bane 0 Ly <1, n |

g— Y4 (2).
ooov=1
fmy= ¥ ¥(%),

(7', ’n)= 1

rie NOCAelHss CyMMa pACIpPOCTpaHEHAa Ha 3HAYeHHdA 7, B3aUMHO MpPO-
CTHiE ¢ n M He npeBocxoiduwue rn. Torza

rm=Yree(F)= (%) ew.

tn tln
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36. Kak ussecrtHo,

2ndv

H(x—meT)_x”— 1,

2nir

][li (JC'__' ef?E_) - ]<;z()c)’

(ryn)=1

ITonoxum

rie npousBejeHdHe PacnpoCTPAHEHO HA 3HAYEHUs 7, B3AMMHO MNpPOCTHE
C # W He mnpepocxondwue n (n7-% NOJAMHOM AeNeHds kxpyra). Hyaamu
noiuHoMa x"-—1 CAyXaT KOPHM n-# CTeNeHH M3 eNuHUUbl, HYJIMH
noauHoMa K,(X)— IPHUMHTHBHDB € KOPHU n- B cTeneHHd W3 €JMHWLLBL
HokasaTtb qaopMyny

Koy = (" — 1)

tin
37. [lokasarts, uro
2R

2 e =p(n)

{r, n)=1

rae w(n)— ¢pyHxkuus MEOnyca.

§ 5. Teopetnko-uucaossie dhyHKLHH.
Crenenubie paabst U paabt Jlupuxae

on meopemuro-4uca080i Gyukuueft f(n) noHuMawT QYHKUMIO,
OTIPeNe/eHHY) [IJs1 UeiblX 3HaueHuh n=1, 2, 3, ... aprymenra.
B stom ofweM CMBICAe 3aJaHHE «TEOPETHKO-YHUCIOBOH (PyHKUHH» paB-
HOCH/BHO 3alaHWI0 TNPOM3BOJBHON OeCKOHeUHOH UMCI0BOH 1mocaenosa-
TeabHOCTH. Hibke MB!I MPUBOLMM HEKOTOPHIE M3 TAKMX (QYHKUMH, HMel0-
UIMe 3HAYEHHUE B TEOPHU 4YHCe/: .

o(n) (pyuxgun iisepa). yWCaAO 4uCes, HE NPEBOCXOIAUMX 7 H
B3AHMHO NPOCTHIX ¢ n [28];

t(n)= X 1: uicao nennrenedt wncna n;
tin

c(n)_——_-zt: cyMMa LeauTesed uucia n;
tln

cm(n)=2t°‘: CyMMa «-X cTeneHefl ‘neaurenelt uucaa n; o,(n)=
tin

= (1), o(n) =" (n);

v(n): yuCa0 PABAUUHBIX TMPOCTHIX MHOXHTeJeH uuciaa n;
v (n) (Pyuxyus Mébuyca). p(1)=1, p(n)=0, ecan n penurca
HA KBAAPAT KAKOro-Jubo eJ0T0  uncaa (xpome eLUHULB), 4 p(n)=

= (— 1)"(”) B OCTa/lbHBIX C/y4asx;
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h(n) (bynxyun Jduysupan) h(l)=1, A(n)=(— l)k, rge R — uucio
NPOCTHIX MHOMUTEJNEH 4YACAA 7, 3aCUATHIBAEMBIX COOTBETCTBEHHO CBOEH
KPaTHOCTH;

A(n) (Pyuryun Manzorsoma): A(n)=1Inp, eciu n— 1eyas CTeNeHb
NpocToro uucia, n=pm";, A(n)==0 B OCTanbHBIX CIyuyasX.

388. Cocrasurh Tabimubl ykasaHHbix ¢yHruni ot n=1 no n = 10.
(Oast o,(n) orpanuuurhcs 3navenusmu o =0, 1, 2.)

Hapsiny cO cTelneHHBIMH DSAaMU

oG
G+ a2+ a4 . F e = 2 a2”
70
Mbl OyzneM paccmMaTpuBaTh pAde Jupuxae
o
a1 770,27 . et = D ant.
n=1

CreneHHble PAABl CAYKAT MOLUHBIM OPYyAMeM B aXAUTHUBHOMN (cMm. [,
ra. 1), pans HQupUXAe—B MYJIbTHNAHUKATUBHONH Teopuu
yucea ). A

[IpousBeseHue (COryacHoO MNpaBuay KOUIH) ABYX CTENEHHULIX PALOB

o] o0 o0
2 akzk 2 bl'zz — Z € 2"
k=0 = I=0 n=0

)

onpenenseTca GopmyaoH

Cp == E apby = Zatbn—t [[34],
k-+l=n t<n
roe ¢ npoferaerT BCe uacTH YWCA& 7, BKAKOYas M HecoOcTBeHHble ()
u n. Ilpoussesenne (cornacHo mnpasuay Jupuxne) HBYX pAioB
vpuxne

oo oo . [w &)
2 kT 2 = e
k=1 =1 . n=1

onpenengerca popmyJion
Cp= D) ayhy == ; @b s
th T

kl=n t

roe ¢ npoberaer BCe IeJUTEeNM YMUC/IA 7, BKJIOUAA M HeCOOCTBEHHBIE
1 un.
[Tonaras Bce k03((pUUMEHTH CTeMeHHOIO pANA pPABHLIMH eIHBHILE,
NoJyuaeM reoMeTpuueckdil psas
1

142224 .., 42" ... =1

Z

1} B nactoswell riaBe Mbl COBEPIUEHHO OTBJIEKaeMCs OT BONPOCOB CXOAH-
MOCTH, B cayvae aOCOMOTHOH CXOMMMOCTHM BCE BRIKJAJKH 3aKOHHHL.
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[lonaraa Bce kosp@uuuenTh pasa MW pUXJe pPABHLIMH eNMHUUE, TO-
ayvyaeMm 03ema-ghyHKyuo

1784277 37 ... s L =),

39, Uncio uactelt n pasHo X 1=n-1. Uncio neiureneh n
t<n

paBHO 2 1 =1(n). Nueem
tin

gﬂ(ﬂ—i— 1)z" — (1_'_37)2’ ?;:411(’1) n—8 2C(S)2.

40. n-tt xoapPuuMeHT B PA3NOWKEHHUM TPOU3BENEHUs

o0
1
1—2z
n=0

oo
n : -
a,2"%, COOTB. C(S)Zann 5,
n=1

paBeH

Zat, COOTB. Zat.
t<n tln

Zf. TMokaszaTb, 4TO

| — 1

S R - R Ry B
(D174 @) 27 (@3 ... Fpn . =

1 _ 1
1754275 43754 ..+ aT L., L(s)

42, Tlycrs, kax B 32, Ma,= 4, (n=0, 1, 2, ...); rorza
t<n .

(Ag+ Az+ A+ ... A4+ )l —2)=
= 0yt a2+ 022 ... a2 ...

[Tyctb, Najee, Kak B 33, Eat::An (n==1, 2, 3, ...); Toraa
tin

AL 427 4 AT ) (DT (2270
cooFoemnTi o ) =g 17827 FanTi -

§ 6. MyJabTHNAHKATHBHBIE TEOPETHKO-YHCIOBLIE hYyHKLHY

[Mon MyAbMUNAUKGMUBHOL TEOPETHKO-UMCNOBOH (yHKuMeH f(n)
MOHAMAIOT (PYHKUUK, YILOBJIETBOPAIOWYIO AJA B3aHMHO TMPOCTHIX M H A

Y PABHEHHUIO
| fm)f(ny=f(mn)  (F(1)==1).
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43. Iloxasatb, uTO
ne, o, (n), 2®, p(n), A(n), ¢(n)

CYyTb MYJbTUMJIMKATUBHBIE TEOPETHUKO-UUCAOBRIE GYHKUUM. [[lng o (n)
WCIoAb3oBaTh 25.]

&44%. Tlyctob n__pi‘lpz’ ... p%, rae py, Py ..., Py— OTANYHBIE
APYr OT BRpyra npocthble uncna. Torma

1 ___pit {Fey +1) 1 ___pg (kqa+1) | — pg(k +1)
Ga(n): 1—-'[)‘; : 1_pm Tt 1__po: ?
2 v
B 4aCTHOCTH,
. (n) . 1 _pifl"r'i . 1 — p;i‘ o+1 1 — p? +1
l—py l—py "7 1—p,

T(m) =&+ D&, +1) (1)
45. TTokasaTb, uto mpu a > 30
¢ (n) > (n).

4%46. lycrs a, b, ¢, d, ..., k, | —1ueJbe NOJOKUTENLHBIE UKCIA,
M —ux namMenbuee oGulee kpartHoe, (@, D), {(a, ¢), ..., (a, b, ¢), .
Kak OObIYHO, — Hanbompunit oOuuil nendrTens yucend a W b, COOTB. &
U< ..., COOTB. @, b W ¢, ... Ecin f(n)—wMmynbTunaukatTupHaga QyHk-
uus, TO S

FD f(as 0) F((ar ©)) ... f(a D)F(a by ¢, d)) ... =
—F(@F®) ... FOF(@ b, ) ..

(Aprymenramu ¢yHkuud f(n) B npaBoit wacTu cayxar Haubospmne 00-
Iive JAeJUTeNH BCEBO3MOXHBIX KOMOMHALMH 43 HEUETHOrO uuciaa yYucel
a, b, ¢, ..., kB, 1) [29 npexncrasager coOo#t wacTHBIR -cayuyalt, Koraa

J(n)=n.]
%47. llycrs f(n) — MYJbTUNMKATUBHAS TEOPETHUKO-UMCAOBAS (DYHK-
uuga. Torna : '

Zf(n)n S-~H(l'3+f(p)p‘s—l—f(p‘a)p'zs-!—f(pB)p‘gs—%— D,

n=1

rge  OeCcKoHeuHOe TIpOHUSBEREHUE pACIPOCTPAHEHO HA BCe HNPOCTHE
yuciia p ¥ PaCKpHIBAETCA TakuM. 00pasoM, YTO COCTABJAIOTCH TOJBKO

MPON3BENEHHA H3 KOHEUHOTO UMC/AA MHOXKUTeNeH, OTanuHbix or 177

48- C(S) = ]:[ —1—% .
pe —P



58] § 6. MYJNbTHINMKATHBHLIE TEOPETHKO-UHCJIOBBHIE SYHKIUH 143

49. ITokasats, uto

Zioa (1) n-5 =€ (s) L (s — a), Elwm—sz%,
n= n=

N ¢ ;
Yomyn-s= c((:)) , 2‘<p(n)n s (‘z(s) ) (483, 44, 25

B0. O6osnaunmM vuyepes a(n) HaubOJLIIMN HeyeTHLIH JenuTelb
yucaa n. Ilokasats, uro

1—
a(l)l_s—’—a(Q)Q_s—}—...—{-a(n)n*3+...——-i_—z_:—C(s—l).
Bl. llokasarb, uro

\ s Y
EA(n)n § == — A0k
n=1
| 1 mpy n=1,
%Mt)_— {O npu n > 1.
, ECIM n ecTb TOUHLIR KBaipar,
. A(f) =
53 t|2n = { ec/u n -~ He KBajpar.
54. thp(t)_—_-—n.
tin
k@ _ ¢
55. ;—T_T
56. X A(H)=Inn.
tin -
L & 2 ... (04, 0
2, 1 2, 2 2,
57. | D B2 G he@) .. e,

(ﬂ, 1) (ﬂ, 2) (ﬂ, n)

B58. Paccvorpum Bce BOSMOKHblE pasioxenus n=al uerHoro
yhcna 7 TaKue, YyTO o — HeyeTHOe (BKawdyas & ==1), § —uernoe. Ilo-

Ka34Tb, YTO PA3HOCTh
2p—2a

n
paBHa CyMMe eJuTeled uuchaa 5
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B9. Ilycte f(n) u g(n) — My/JbTHIIMKATUBHBIE TEOPETHKO-YUCIOBLIE
dbynkund., Toraa TeOPEeTHKO-UKCAOBAA (PYHKILUA

ZOEWIGKIeS

: tin
TAKXe My.TIbTI/II'[JIHI{aTI/IBH&.

0. Yicio pasnuuHBIX MPABHJBHBIX 3aMKHYTBHIX A-YTOJBHUKOB PABHO

10

61. Cymma BCeX TONONKUTEJBHBIX npa:sn.nbﬂblx apobeli, HMMEONIHX
B NpUBeAeHHOK (opMe 3HaMeHaTelb 7, paBHa - <p(n) (n>2).

62. Ilycrb @, b, c—uesble nonoxureasHbe Yicaa. Ecan (@, b, ¢)=1,
TO MeXLy ¢ LpoDsamu ,

¢ a+b a2 a4 (c—1)b
¢’ ¢ c T ¢
¢ (be) . E b 1 7
MMeeTCA ~ e HecokpatunLix. Ecau (a, b, ¢) > 1, 10 Bce ykasauuwie

Jpo0H, OUeBHAHO, COKPATHMBI,
63. Cxoibko HecOKpaTHMHIX MMeeTcss cpend 72 apobei

111 L
1‘7 2’ 3’ 4) ’n:'
2. z 2 :2 2
17 27 387 4° n’
3 3 3.3 3
1°? 29! 3 4 ’71_’
1 _{2_ _rL 1 IZP
12 3 40 T

64. Ob6osnaunm qepes ® (n) 4MCIO0 HECOKPATHUMBIX Cpeld CJAelyIo-
mux n? ppobefi:

141 14 2i 1 4 ni
n ? n Yoy T Ty

2-4-1 242 24 ni
) b 7] y 0 n bJ

n-1 n—-2i n - ni
P T ey T
a1

(=1 —1; xpobs ~—-—— HAasbBAETCH COKPATUMOH, ecn (a, b, n) > 1,
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U HecoxpatTumolt, ecan (a, b, n)==1.) Pyuxkuus ®(n) obnamaer cie-
AYIOUMMA CBOHCTBAMH: =

Dm)D(n)=P (mn) naga (m, n)=1, ®(1) =1, (1)
® (pt) == p2k — p2%-2 ecnm p —npocroe uucno (B==1, 2, 3, ...);

. . 1 1 1

@(n):nﬁ(l——ﬁ)(l—«ﬁ)(lmﬁ—)..., @)

rae p, ¢, r, ...-— pasjduHble MPOCTbie MHOMHTENH uMC/Ia 7}
D (£) = n?,
% @) | 3)
- C(s—-2) ;
Z@(n)n G ®

Iokasare codcTaa (1), (2), (3) He3aBUCHMO APYr OT APYyra, HCXOAM
HENOCPeACTBEHHO H3 onpepnesennd. Iloxasath, KpoMe TOTO, 4TO

D=, @M G-,
(B —~>(1), B2 B>

§ 7. Paput JlamGepra -

B65. iz ToxzecTsa

L(s) Z Gn-s = Z An=s,

n=1
rle a;, 4y, @3 ... 0 A, A, A, ... — 10CTOAHHbIE KOPPHUHEHTH,
BHITEKAET
o0 ” [&'e]
T—x" = 2 A"
n=1 Nn=1

v o6parHo. (B neBOH yacTH BTOPOTO PABEHCTBA CTOMT TaK HasbiBae-
Mult paod Jlambepma.)
66. Toxuecrsa

L(s)(1—21-8) D] a,n-s= 2 Bn~s
n=1 =

n=1

oo n (e}

&pX 7
Z T+ x% 2 Bux
n=1

n=1

PABHOCH/IbHEL,

1) To-ectb u3 (1) caenyet (4), us (2) caepyer (4) u 1. A

10 Sax. 1127. T. Momua u I'. Cere
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B7. Mycto Mexay vuncnamu a,, @, ag ... U A, Ay Ag ...
HMEET MECTO TO Xe COOTHOLieHWe, 4TO Y B 3ajaue 65. Torna

oo - o
“fn . ox\%n - %3 \4n
T (&)™ =TT (12"
X A ‘ 71e18
nomi Nl

68. [Tycts mexay wdcnamu a;, a, a4 ... 8 By, By By ...
UMeeT MECTO TO e COOTHOWEeHHe, 4To W B 3anaue 66. Torna

(e s =TT 0 — )™

ne=l1 Nom ]

69. [Toxasats, yro

(o8] [ee]
(st g () £
Z.ﬂ ] — x™ ] — x%
n=1 n=1

ABNAOTCA PALVOHANLHBIME QYHKUMAMA OT X. K4KnMu HMEHHO?

o

70. Z —)i—(ﬁ)—;i:x—{-xh{—xg%—xw—}—vx%—l— .

n=1

78, TokazaTts, uro

x (o]
o' e ()Xt 9 e(m)x” 14 x3B
) Tpam = X2 Tz T T
n=1 n=1
o I
' X
n=1
o0
= x— 2x% - Xt 2x8 - x9 X1 QxI8f x| = D b X",
n=1
rne b, =1, ecam n —ksanpar, b, = —2, eC/ln n— YLBOCHHHIN KBal-

pat, u b,==0 BO BCcex OCTaAbHLIX CAyYAAX.

73. Z (p(n)l_x_nﬂ._ux_li";
n=1

(1 —x)8”?

l

2®(n)l+m — g AT IO [64].

(01— x93

14, zglt(n)xn::‘zg 1:{;M . 1+-x 1-+—x %_ 9]—Fx

1 — x 1—x3
nel n=1
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- = xn X x2
15. Zic(n)xnzz Zin T—x? (I —x)? -+ (1 — x2)2 -+
n= n=

X3 X2 B —TxT |,
+Tf——x3)2 T Tl— a2 B T

[Tokasatenu crenedeft B nocnepHe# apoOu cocrtasieHsl 1o dopmyie
%—(Skg“*—k) [ B4]. Bzigectd orcrona pexyppEHTHYIO dopMyny naa o (n).
76, 3nauenue BHpakenus

1 p p? p?
1-——q+ l—qx + [ —gx2 -+ 1 — qux3 +oe
He M3MeHdeTCsd NpH nepeCTaHOBKe yuceNn p M 4q.

x4
17. 1-}—x2+ 1—{—x4+ 1+x6 trEm e =

X x3 X5

x7
—x T T T T—x T

X X X3 x4 x8
78. 1—*%:: 1 — x2 "_ 1——x4+ ] — 8+1_x15+'--:

8x8

22 :
H—x+ 1 -4 2 + 1+x4 + 1 4 x8 T

=

§ 8. Janpseifimue 3apauu HA NOACYET UEJBIX TOUYEK -
79. Iloxasars, urO |
T(l)—{—?(?)—{—...—j—r(n):[—?—]—}u[%—]—{—. -1—[{:—]
[O6e wacTy MPeNCTABAAIOT YHCAO LEJbIX TOYEK, 3aKMOUEHHHX B (QUIYpe
x>0, y>0, xyLnt)] |
80, Iycrs v= [} n]. Moxasams, uto
s @ 4w =2 | P2 ] 2]
81, Iyct

(o] [oe] 0
Mgk Dbt = 2 c,nt
k=1 1=1 n=1

Torpa Mexay cyMMaMu KO3DQUUHEHTOB

‘a1+a2+-..+an=An! b+b2+ +b1z—Bﬂ’
CitCot oo e =Ty

1) Paso6pannyio B 3agauax 28—42 apanordio (4acTh, HEAUTENB) MOMHO
6B110 OBl 31€Ch- NPONOJXKUTE HECKOJbKO AaJbLIE.

10*
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HMEET MeCTO CleAylollee COOTHOLIEHNE:
L= ZarB[_n_] :stA[gz_]-
s
82. llokasats, uTO

i o (2] + 5]+ 2] )

rae CyMMHDOBAHME DPACIpPOCTPAHAETCH HA BCE MPOCTHIE YHUC/A p, He pe-
Bocxonsine #. [[1pumenure 81 k npoussejesnio Jlupuxae

—tI(s) = ElA (k)k—s; 1-8.]

83. B o6o3Hauenuax 3anaud 81 mMeeT MeCTO TaKXKe COOTHOLIEHHE

]-‘n:ZarB n +Z bslA n MA-;BV’
= ol e b

rpe r[oJOXeHO

v—=[V7l.

FTABA 2
HEJNOUUCJHAEHHDBIE TMOJMAHOMbI U HIEJO3HAYHbLIE $YHKUHUU

§ 1. HesouyucaeHHOCTh ¥ LEJO3HAYHOCThL MOJHHOMOB

[Toayuom :
P(x)=ax" 4-a, X" 1 .o ay X 4ay

HA3LIBACTCH UEAOHUCACHNbLM, €CN ero KOYPOULUMEHTL &y, &, &y, ..
vy Qm_ys Q4 NpeicTaBasioT cobolt wensle uyucaa. [lominom P (x) Ha-

3LIBAETCA #en03Haunbim, eciay 3Hauenus P(0), P(1), P(2), ..., P(n),. ..

CyTh Uesble yncaa. LlenouncneHHBE MOJMHOM BCErsa LEJN03HAUEeH,
84. Tomnom

x(x—l)(x~—.2)...(x——m—}—l)_.;(x)

1-2-3...m m

-— 1[eJIO3HAYHAINA, ONHAKO He HeJOYUCAeHHBIH, ecan m > 2.
85. Kaxaett nomiHom P{x) creneHd m MOXHO NPEICTABUTDL

B QopmMme |
P =by( 7 )40 7 )+ A b (1) 4 O

[TonunoM P (x) saBageTcd LeENO3HAUYHBIM TOrJd ¥ TOALKO TOlLA, KOIAa
BCe KO3QUUMEHTH! by, by, v, b4y, by —— LEJBIE YHCIA,
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88. Ecau nominoMm P(x) cremenu m — LEA03HAUHBIH, TO NOJIHHOM
m! P (x)— uenounucieHHLIA. :

87. Ccean nenast pauxoHan bHas (QYHKUUA CTENeHH M MPUHUMAET
LLesbie 3HauyeHus Nas m -~ | MOCHeNOBATENbHBIX LEAbIX 3HAUEHUH mepe-
MeHHOH{, TO OHa NpUHUMAeT Lejble 3HAYeHHd L9 BCeX BOOOLLE LesbiX
3HadYeHHH mepeMeHHOH.

88. Kawuett neuerun it nomunom P{x) cremedn 2m — 1 MOXHO
TIPENCTABUTL B (POpME

P(x)—_—cl(“’l‘)+c2 (““g”)—m ("JgQ)-{_...chm(";”:l).‘

[TornnoMm P (x) Torza ¥ TOJLKO TOrJA LeJO3HAYHBIH, KOIrIa BCe KOIP-
(DUUHUEHTDB! €y, Cgy v+ vy Cpy_yqs Cpy— LLEJABIE UHCIA,

‘ B89, Kawapt ueTum#t nomuoMm P(x) creneHd 2m MOXHO npel-
CTABHUTL B QopMe

P(x):do+d131‘_(f)+d2-g_(xél—l)+._._;_dm%(x;zm__ll).

IMoanuHom P (x) Torma u TOMBKO TOrAa UenO3Haunbil, KOrza BCe KO-
bunvenrol dy, dy, dy, ..., dy_y, d,,——leabE YHCTA.

DO. UenouncaeHHble TNOMMHOMB CTeneHd m, aOCOMOTHOE 3HAauYeHHe
KOTOPLIX PaBHO eNWHyUe TpH m— | uenblX 3HAYeHMsAX, CYULECTBYIOT,
ecin m < 3, U He cyulecTBywT, ecad m >4 [VI 70].

@i. Ecau uenasm paunoHanbuas QYHKUMA CTEHEHW m [PHHUMAET
pauMoHa/JbHLEE 3HaYeHWs npd m—- 1 Uensix 3HAUCHUAX X, TO BCe ee
KO3)PUUUEHTE PALMOHANbHBI.

©2. Ecau ppobhas pauvoHanbHAs GYHKUKA BO BCEX IOJNOXUTEJbLHBIX
LeJbX TOUKAX MpPWUHMMAeT PpaUMOHadbHbe 3HAUEHWd, TO OHAa [pencTa-
BifeT COOOH OTHOWEeHWe OBYX LENOUYACAEHHBLIX B32UMHO MPOCTHIX MOJH-
HOMOB. [Pemarowum o0CTOATENLCTBOM ABJAETCA PALMOHBANBHOCTDE KO-
(PULMEHTOB. |

B3. Paunonansnad. Gydkuua, TNPUHAMAIOWAA Ue/ble 3HAUEHUT NI
GECUNCAEHHOTO MHOMXECTBA UEbIX 3HaueHUH apryMedra, fBaseTcs Ll e-
Jo# paunoHanbHOH (QyHKUHEH.

§ 2. lenoznaunpie QyHKUUM U HX OPOCTHIE ALJHUTEJR

94. B uucaosolt mocaenoBaTenbHOCTH

Ol 11, 9221, 201, 92811, ..., 2241, ...

BCE Y/eHH — MOMapHo B3aumMHo mupocTsie. (Orciona, Mexay mnpounm,
BBITEKAET, YTO UHCJIO MPOCTHIX yxces] OeCKOHeyHo.)
958. B apudmernueckoit mporpeccun

a, a+d, a+424, ..., a+4nd, ...,

rie o U d—uenasle uucaa, d == 0, conepxurcad OeCKOHEUHOE MHOXECTBO
YNEHOB, MMEIOWHNX OLHH M Te e NPOCThie MHONUTENH,
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O6. Kakneifl uied NOCAeNOBATENLHOCTH
5, 11, 17, 23, 29, 35, ..., 6n—1, ...

o6nanaeT TMPOCTHIM MHOWUTENeM, KOTOphit = — 1 (mod 6).
Q7. TMycrs P(x)— Ueno3HauHsll NONMHOM. MOryT /i BCe UjeHH
NOCJ/e10BATENbHOCTH

P, P(2), P@3), ..., P(n), ...

npeacTaBaaTh co0o#t mpocteie yucaar (Kak samerun Ditnep, B caydae
nonuomMa P (x)=x%-—x -+ 41 npocthiMu oxasbBalorcs mnepseie 40
YJEHOB, )

e

Pynxuua f(x), obnapanilad TeM CBOMCTBOM, 4YTO BCe BHAYCHHS
FQO), FO, f@) ... f(n), ..

ABNAIOTCA  LENLIMK, HA3bIBAETCA 4e203xa4rod. Hanpumep, dyHxuus 22
nejosHauna. JlpoGuad paunoHanbHas (QYHKUMS HE MOMXET OBIThb LEJ0-
sraunofl [93]. [lpocToe 4uCaAO P HABLIBAETCH RPOCMbLM Oeaumenem ye-
J03HAUHOH GYHKUMH f(X), eClIH CYLWECTBYeT T4aKOe Lej0oe YUCHO A
(n>0), uto f(n)s=0 un f(n)==0 (mod p). 2% obnanaer ONHUM €IHH-
crBedHbM npocteiM geautenem 2. Cornacro 94 dyuxuus 272+ umeer
fecuncieHHOe MHOKECTBO [DOCTHIX Neautencit.

88. Mominom x2—4- ! uMeeT npocTeIMH HeauTeasMu uwcna 2, 5, 13,
17, ..., T. e. 2 ¥ HeuyeTHBIE MNpOCThle uxchaa Buna 4n-+-1. Hu oxuo
NpoCTOe YUCA0 BUMa 47 -3 He MOXKET CAYXKUTb MNPOCTHIM AENUTEeM
YKa3aHHOrO MOJHHOMA.

@9. Ornpeneauts npocThie pefuTejn noivuHoma x2-f 15,

 §00. Kaxor 6b un Obli 3a0aHHBIH HENPUBOLUMBIA MOAMHOM BTOPOY
cTenedHy, CyutecTryeT OeCunCleHHOe MHOMECTBO MPOCTBIX UHCeNd, He
ABJSIOLMXCA €r0 MPOCTHIMU LEelUTe M.

[Joxa3biraeTcs nyTeM MPUBAEUEHNS JOBOJBHO IMYBOKUX BCIOMOTATE k-
uoix cpeacts. CM. cHocky K 3anade 110.]

B8, Ecau uenosnaunbi moAHHOM, He PaBHLIM TOXIECTBEHHO HYIIO,
MMEeT pALMOHAMbHBIA HY/Ib, TO BCe TNPOCThIE YMCAA, 34 MCKAIOUEHHEM,
ObITb MOXET, HECKOJbKHX, #BJAAKTCA €r0 MNPOCTHIMM AENUTESIMHU.

§02. Bce npocthie uncaa CRYKAT NMPOCTHIMM LEMHTENSIMH [OIHHOMA

x8 — 11x*+ 36x2 — 36,
He O6MANAOILETO BOBCE DALHOHAIBHBIMH HYJISAMH.
§O3. Heuernsle npocTbie AeJUTENH M-TO TMOJIUHOMA NeJeHUs Kpyra

.Km(x) [36] mmbo meaar m, abo = 1(mod m) [104].
§i04. Ecan npocroe uucno p (p > 2) He LeNuT m #

Kp(a)=0 (mod p),

TO @ — B34WMHO NPOCTOE C P M NPUHALJACKUT (mod p) mokasarenw .
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i05. Cyuwecrsyer OGeckOHeyHOE MHOXKECTBO MNPOCTHX UHCEN BUAA
6n-—1. [Paccmorperb pasnoskeHWe HA TPOCTHIE MHOKHTENA uYucnaa
6P— 1, rne P=5.11.17.23.29.41 ... —npousBeleHue yxe u3-
BEeCTHBIX MPOCTHIX yucen Buna 67— 1.]

f@6. Cyuwecrsyer GeCKOHEYHOE MHOMECTBO NPOCTHIX YHCEN BULA
4n — 1.

B®7. Llenosnaunas ¢yukuus ab®-—+c¢, roe @, b, ¢— uensle uyucna,
a0, b > 2, ¢c+0, umeeT OeCKOHEYHOE MHO¥ECTBO NPOCTHIX AeJuTefelH.
[@b% -~ ¢ nepHoONMUHA MO HEKOTOPOMY MOLYJIO 7, B3aUMHO [POCTOMY
¢ b; abcomoTHOE 3Hauende 3TOR dyHKUMM BospacraeT K0 OeckoHey-
HOCTH. ]

{38. Lenosnaunel nonauroM P(X), He TOXLECTBEHHO MNOCTOAHHLIH,
obnanaer OeCKOHEYHBIM MHOMECTBOM MPOCTHIX IeJHTe/el.

§BD. Yreepwnenno, comepkamemycs B teopeme 108, MOxHO npu-
RaTbh TaKoM BUA: ecau P (X)— uen0o3HAYHLIK HEe TOMAECTBEHHO MOCTOSH-
HLI{ NOJMHOM, TO BCE UJeHH MOC/AeNCBATENbHOCTH

P@), P, P2, ..., P,

He/b3d COCTABUTbL U3 KOHEWUHOIO YHCAA NPOCTBIX wices. Mower au Ka-
Kas-HHOynb OGeCKOHeuHas YacTh 3TOH MOCJENOBATENbHOCTH OBITh
COCTAB/JEHA M3 KOHEUHOT'O UMC/IA [POCTHIX YMCEJ?

§8@. [lycte m — uenoe HONOXMTeJbHOE uucho., B apuq)Meanecxoﬁ

[iporpeccuu
I, 1-m, 1-4-2m, 1--3m,

conepxuTcad GeCKOHeUHOe MHOMXeCTBO MPOCTHX umcenal).

Bff. IMycrb uenosnaunble nojnHoMmMbl P (x) U Q(X) B3aUMHO MPOCTHL.
Torna CyulecTsy0T NPOM3BOJMbHO OOblUKHE Ueabie 4yucna #, obaanaio-
iye TeM CBOHCTBOM, YTO HauMeHbllee ofulee kpaTHoe uucen P(n) u
Q(n) COLEPNUT TPOCTLIE MHOMKATENM, He BXOAdWME B HUX HAUOOALIUIUH
obunit neaurens. _

A2, Tlycte P(X)—HenpHUBOLUMBIH LEJI03HAUHLI MOJMHOM
(cM. crp. 152). Torra cywecTsyoT npousBo/bHO 00JbllKe Uedble yucaa n,
obaangoline TeM CBOHCTBOM, uTO B P (n) no xpaine#t Mepe oauH npo-
cTO# MHOMXWTE/b P BXOLWUT B IepBOH cTemeHw, T. e. |

P(n)y=0 (mod p) u P(n)=z=0 (mod p?).

083, Tycts P (x)— wel03HAYHBIE MOAMHOM, HYJAM KOTOPOTO HMEIOT
caMoe MeHbImee KpaTHOCTh m. (Bce mpocrhle MHOXHMTENd, BXOASA-
wue B P(n), 3a HckIioyenueM, OBITb MOMXET, HECKOJbKUX, LOJIKHLI
TOrJa BXOJWTh IO MeHblielf Mepe B m-# crenenu, n=20, 1, 2, ...)
CyuecTByi0T IIPOM3BOJILHO Oosblide yucaa n, oO0Jadaiolue  TeM

1y Teopemul 105, 106, 110 ABNIMOTCA YACTHLIMM CAYYasMH CASLYIOUIEH BaX-
HOH TEOpeMbl, noKasagHod D upmnx e B Kawaoh apHOMeTHIECKOH NMpPOTpPeccHy,
NePBHIA UNEH ¥ PA3HOCTb KOTOPOH B3aWMHO MOPOCTH, COAEPIKHUTCA GECKOHEUHOE
MHOXECTBO [POCThIX UHCEL
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CBOUCTBOM, UTO 10 KpaliHelt Mepe oauu npocTolt nenutelb BXOAUT B P(n)
He Oonee ueM B m-# CTeneHu.

i14. Ecmv uenan pauuonasbHad GyHKuus P (X) A4S KOKIOFO 1EN0T0
MOJOMUATENBHOrO 3HAYEHHS X TPHUHMMAeT 3HAUeHWe, PABHOE KBaipaTy
esoro uucia, 170 P(x) npencrasager cofoft kBaspar uenolt pauHoHanb-
HOR dyuxuuu. (AHanorvdyHas TeopemMa HUMeeT MeCTO M IJfA BEICIIHX CTe-
neHel.)

i15. Tlycte b, by, ..., by — pasiunble LeJble MOMOKUTENbHEIE
yncra (0 < b, < by < ... b)) u Py(x), Py(x), ..., Py(x)—ueno-
YHCJIEHHBIE TTOJMHOMBI. Hoxasa'rb, YTO (pyHKum

Py () bF 4 Py (x) 0+ . .. 4P () 05

uMeeT OeCKOHEYHOE MHOMECTBO MPOCTHIX LeJuTenel.

§ 3. HenpuBopumoCThL NMOJHHOMOB

[Torunom crenenu n ¢ pauMOHANLHBIMM KO3POhHUUNEHTAMH Ha3blBaeTCs
npusoduMslM, eCIH OH MOxeT OblTb HPEeNCTaBJAEH B BUAE NPOUIBENEHUS
JBYX TOJMHOMOB CTENEHM MeHbUIeH, ueM 7, C PalMOHAJLHBLIME Xe KO3d-
duuuentamMu. Kaxaoit nosunom aunbo npusosum, aubo wuenpusodun;
B NEpPBOM CJAyuae OH TpexcTanaseT cof0o#l npomspeneHue HENPHUBOMHMBIX
MOJMHOMOB.

[16. Beaknft OpPUBOAMMBIR  LENOUHCAEHHBIH TOJMHOM MOXKeT OBITh
NPeLCTaBJIEH B BHIE NPOU3BENEHUS L EeJOUUCAEHHB X Xe MOMUHO-
MOB HH3UIUX CTerneHe.

B87. Lenouncnedust moNMHOM f(x) He MOxKeT 00pamwaThCa B HYMb
HU B oInHOW weno#t Touke, ecau f(0) m f(1) — HeueTHuie uncaa.

[i8. llesouncnennsit nosunoM P(x) n-# crenenu, NpUHAMAOWKMH
B £ Pa3JMYHHBIX LEJBIX TOUKAX 3HAYEHHUs, OTJMYHBIE OT HyJ g W 1no a6co-

n
n—\-=111
(=[5)
n
2””[?]
009, [ycts d — HauMeHbluee DPACCTOSHHE MEXLY UEALIMU TOUKAMH,

yKasauueiMi B sagaue 118. Toraa upuseneHHy10 B 9TOM 3aiaue rpa-
HALY MOXHO 3aMEHUTb CJAeLYIOUleH:

TOTHON BeJHUKHE MeHblIHe, ueM , Henpusonum [VI 70].

"

& =[5

120. Ecau venounciennuil mosunoM P (x) npu GeCKOHEYHOM MHO-
KECTBE UEJHX X NPUHUMAeT 3HAUeHHUd, ABIAIOLIHECS NMPOCTHIMK UMCAAMY,
TO. OH HOMKeH OLITb HENPUBOAUMBIM M HauboJAbIWIMA oOWHH mennTeNb
COBOKYHHOCTH ero Ko3()(PUUMeHTOB HOMKeH ObITb DaBeH eluHHUE. ITO
OueBMIHOE TOJNOXKeHUe He MOkKeT OblTb 00paileHo: MONUHOM

x(x——(n!—{—l))(x——?(n'—{— 1) ...
e X——1D@GI+D)+nl=xn 4.
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HEeNPUBOAUM W, ONHAKO, €ClM £ 3> 3, He paBeH NPOCTOMY UYHCAY HH NPH
KAKOM LEJOM 3HAUCHHH X.
126. ToaunowM
(¥ —a)(x—ay) ... (x—a,)—1,

rae @, @, ..., Q,-— PA3AAYHbIE LeJble 4WC/Ia, BCErAa HeMpHBOINM.
§22. ([Iponomxenne.) B Kakux cayuasx fOJIHHOM

(x—a)(x—ap) ... (x—a,)+ 1
ByneT NPUBOJLMMBIM P
I23. (Mpononxenue.) [Momsom

(X — 0P (x —a)? ... (x—a,)? 41
HePUBOLHM.

124. (llpononxenne.) [Monuuom

(x—a) (x—ay)t ... (¥—a,)+ 1
TAKKE HEeNpHBOIHM, |
I25. (Tponomxenne.) Ecmm F (2) == 24 4- A28 +4- B2 + Az} 1 ecto
[0/0KUTENbHO ONPEAENEHHbIH HENPUBOIMMbIY LeJOYUCIEHHbIH MOTHHOM,

TO NOJUHOM |
F(x—a)(x—a) ... (x—ay)
NPpUBOAYM Aulllb B TOM ciyuae, eciu F(2)=z*—224-1 (12-% nonu-
HOM [Ee/eHusl Kpyra) 1
(x—a)(x—ay) ... (x—a,) :(x——a)(xm—-cxf—— Nx—a—2)

C UEJBIM 0.
i28. ([Iponomxenne.) Monunowm

Alx —a)(x—ay)t ... (x—a)t -+ 1, |
rae A-—uenoe MNOJOXKHTENbHOE YUCAO, TNPUBOIAMM JHIIL B TOM CJyuyae,

A
eCJH Z-ﬂBJIﬂETCH ‘IeTBepTOH CTeneHbI0O UEJOro 4ucaa.

127. Iycrs P (x)— Uenounc/eHHsI! MOJMHOM ¥ NMYCTh CYLIeCTBYET

uenoe 4duciao 7, yROBIeTBOpAOIiEE CAEAYIOIUM TPEM YyCJIOBHAM:

1
1) nyan nonunoma P (x) nexar B noaymaockocty Jx < n—,

2) P(n— 1)=~0,

3) P(n) ectb mpocToe HUCIO.
Torna noauHoM P (x) HeNDUBOAUM.

128, ITycrs

-1
P=00y. . Q= ay10" +a 10" 4 ... J-a,
— NPOCTOE UWCHO, 3anucanHoe mo pecaruunoft cucreme, 0La, L9
(ve=0, 1, ..., m; g, > 1). llokasaTb, 4T0.TOJHHOM

apX™ 4 @ X" - Ay X O
Henpueoaum [127, 11 24].
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§29. [ycrb r ¥ $— HeyeTHbIE NPOCTHE UYHCHA, YIOBAETBOPAIOUIHE

COOTHOUICHUAM
r h

r=1 (mod 8) u (w)z(——-)zl.

S r

TaxumMy npOCTHIMU YMCHAaMM SBAAIOTCH, Hanpumep, 7 =41 u s==20.
Torza DOJUHOM :

—Vr—=Va)x—Vr+VHa+Vr—Vax-+Vr+Vs) =
=Xt —2(r+ ) x2 4+ (r—s)P=

= (X2 -1 -—§)F— 4rx% = : (1
e (68— 7 - §)2 — 4542 = (2)
== (x2—r — 82— 4rg (3)

8 OOBIYHOM CMLIC/Ie HEeNPHUBOLHWM, ONHAKO, KaK MOXHO 3JeMEeHTapHoO 1no-
KasaTb ¢ nomownbio gopmya (1), (2) u (3), «npuBciHM» (MMEHHO, MOXeT
ORITh pas3/oXeH HA [Bd MHOMUTENd BTOPOH cTeneHu) No AWWOOMY
MOLYJIO m. |

''TABA 3
TEQOPETHKO-YKCJIOBDIE CBOMCTBA CTEINEHHLIX PSJIOB

8§ 1. [ToprorosuTeabHble 3afayd 0 OMHOMUAJBHBIX KO3DPuUUMEHTAX

§38. Ilpoussesenne nOGHX M NOCAELOBATENbHBIX LENABX YHCEN
Bcerja Hednrtcs Ha ml.

i34, Ilpoussenenve m 1OCHENOBATEAbHHX LEABIX YACE]T B apudme-
THYECKOH NMPOrpeccHu lle/uTes Ha ml, eCiid PA3HOCTb MPOTPECCHH B3AUMHO
npocras ¢ ml.

§82. PasuocToe npousseseHue JKOBIX A PASAMYHBIX UEABIX UM-
cen BCEraa NEeAWTCd HAa PA3HOCTHOE NPOMSBEJEHHe MNePBHX 1 UEMBX

1L,2,...,m
nonoKuTEAbHEX unced. (PasmocTHoe npoussenenne LI (X — %)
‘ | i<k
m BeNMYMH X, Xg,..., X, COCTOMT H3 m(m—1) MHOXHTeNel.)

2
[Pemwenue V 986.]

838 Jns xaxux wennix n uueao (n— 1)l ve neaurca wa n? s
KAKUX He JNenuTcd Ha n2?

i184. Onpenenuts noxkasateab BLiCIUEld CTEMeHN NMPOCTOrO YHCAA p,
Bxodsauet B nl. '

i35. Croapkumu HyaaMu 3akanuuBaercd uucao 1000], samucaHHO?
no AEeCATHYHOM cucTeme?
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i38. Tlycts a u b~ ueanle NOAOKuTeNbHble uucaa. Toria npous-
penenne (2a)(20)! nemurca Ha al(a—- )bl
hn)!
§27. Ecin 2 u n— Ueable NONONKUTENLHLIE YUCAE, TO U (_(m_
LeJI0e UMCIO.

§ 2. K teopeme Iiizenmreiina

Crenennott psn

ag+azta22 4. a2

HasbIBACTCS PAUUOHAADHO-HLCASH LM, €CNH BCe ero KOIDDULHEHTH a,,

@y, Ggy. -+ Qpy... DAUVOHAJBHDBL, H LeAOUUCACHHBM, €CIH BCE KO-
GUUMEHTB Gy, Qqy Qgy o v oy Oy, .. — UEALIE UYKCAA, PauUOHANLHO-UMCIEH -
HHIl CTEeNeHHOM pSn MOXHO NMPeiacTaBuTb B (opMe

A Tt SRR S LA

rae S, tn“ueﬂue an,HOHaJIbeIe yucaa, (sn,' ty=1, ¢,>1,
S, — UNCNHTENb, f, — 3HAMEHATeJb 7-T0 Ko3(duuuenra.

138, Ilycte §— uesoe 4YuCIO, f— HENIOE MNONOIUTENLHOE YUCIO,
(s, £y=1. Tlokasatb, uyTO 3HAMEeHaTeld KOIPPUUUEHTOB PaLUOHAILHO-
UHCNEHHOIO CTEEeHHOTO pALa

g e
i S[8 F4
Lot o= VS8 ) (S £
e S ()2
n=0
CONepXaT JMIUL NMPOCTHE MHOXHTENH, BXOLfWHE B £,
138, Ilycth p— mpoCcTOH MHONKHTEAbL wuCAa £ U p% p*, po,..

..,p"'n, .+ .= BBICIIME CTENeH! p, BXOAAUIKE COOTBETCTBEHHO B £, £y, £;,...
8
veuylyy ..., Te t,—3HaMeHaTenb OnHOMa (1-}-2)%, (s, £)==1. Bouucmurs
. .
lim 2.
B o—> 0O n

dyukipg f(2) HasblBAETCA arzefpauteckol, ecmi OHa TOXIECTBEHHO
YIOBAETBOPAET YPABHEHHIO BHAA

Po@Uf @V P @) [f@F 7+ .. +P () f(2)+ P (2) =0,

rie Py(2), P, (2),..., Py(z)— nonunomei, P,(z)==0.
TIpaBunbHYIO TOUKY 8pEeHMs [Jd OLEHKM UYaCTHHIX pe3yabTaToB 34a-
nay 138, 139 naer caepylowas obulag Teopema DH3eHwTelHa:
«Ec pauuoHasbHO-YHCIEHHBR CTeneHHo! pan,

]
a2+ a2 a3 4. .. 40,2+
npencrapaser anrefpanueckylo QYHKUMIO OT 2, TO CYuleCTBYeT Takoe
ue/aoe yucao 7, uTto pan .

a; Tz 4 a;T%% 4-agTP28 - . .. 4, T"2" . ..

ABAAeTCA LeJouncieHBbM» [183].
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i40. Hatity HauMmenbinee uesnoe uncno T, obnanawliee TeM CBOMH-
S

CTBOM, 4TO BCe KOS(duumenth paga Aaa (1 4 T2)? 4BATOTCA LebIMM
UHC/IAMH.

§4l. doxasars teopemy 8ﬂseﬂm1‘eﬁﬂa AAs upocrefiiiero cay-
yasi, KOTZa DSl UPEACTABASET PAUMOHALHYIO (BYHKUHIO.

e

Fosopar, u4ro pan
So St S2 49 Sn n
=22 z oo F2 ce
7 -+ 2 + . - -+ 7 -+

C PAUMOHAMbHBIMU KOSDPHIHEHTAMN (S, £, — ueaste, £, > 1, (s, {,)=1)
YIOBAETBOPAET YCA08UI0 FUCHUMEIING, €CNH cyLu.eCTByeT TaKoe leJsoe
cuydeao 7, yro T7 peautcs Ha £, npu n=1, 2, 3,...

142. Eciu nBa pauMoHaibHO-YHCAEHHLIX CTeNeHHBIX prga f(2) #
g (2) VIOBNETBOPSAIOT YCAOBHI DH3enuiTelina, TO 5VOMYy Ke yCjao-
BUIO YIOB/AETBOPSIOT TaKke PALB

J@)+g2), f(&)—g@), f(2g®)

28 TaKXKe

f( ) (e(:Jm g(0)=£0) u f(g(2) (ecm g(0)=0).

143. Ecin pauyvoHanbHO-YUCIEHHBIE PSLIBI
ag+ a2+ a,2? 4+ .. a2 oL, Dyto 020 0,2

YIOBJAETBOPSIOT YCNOBMIO DH3eHWw Telna, TO eMy e YAOBIETBO-
pseT TaKxe psai '

agho+ @bz =+ aghy2®+ ..+ a,b,2" -+ ..

044%. [lokasats, urTo yciosue ODH3enwTelHAa PABHOCHIBHO
ONHOBPEMEHHOMY BHIIOJHEHHIO ABYX CJAELYIOLMX YCAOBUHA:

1) uamenarena £, ty, fg,0.., fy ... CONEPXAT JHIIb KOHEUHOE
YHCJI0 MPOCTHIX MHOXHUTeNel.

2) OTHouleHue oty

orpanHuveno (n==1, 2, 3,...)
145. Pasnoxuts no crenenam z QyHKUHY

1

—1-2 -+ 2—1—-2 -+ 4=z + +'25ii-z+ T
2—3_{_24——22 I_QT-’——23+ + akEE

zn

YnoBneTBOPAIT M MOJAYUYEHHbLIE CTeleHHble pAnbl ycaoBuam 1), 2) 3a-
nadu 144? fsasiores am anre6panuecKUMH  QYHKUMH, DpPELCTaBIAEMEblE
STHMH DALAMH?P
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§48. [unepzeomempuneckiis HA3LIBACTCS DAL

o N e@E D eb D) BEED. BEa—]) a
CEAN Z)MZ 1.2...n4(G4-FD...(yF+n—1) e

7=

Eenm « w [ paudoHanbHbl, OAHAKO He ONHOBDEMEHHO leable, o
¥ — Uel0e NONOXKNTENbHOE UHCAO, TO MOXHO HAHTH Takoe LEea0e M0JOo-
KUTeabHOe uncio 7, 4ro0bl Bee KO3QQUUHEHTHl THilePreOMeTPHYECKOro
pana 6oau ueasiMu, (Hanmpumep,

) f ” 2(%(%+1)...(%+n—1)>gzﬂ

E V(l%xﬁ)(lézxz)z 1-2...n

G n=0

He aBasieTcs anarefpadueckoR dyukumeRr [I 90]: ycnosue D #3zen-
wrTeltHa HeoOXOnMMO, OZHAKO He AOCTATOUYHO AAS TOrO, 4TOOLI
dyHrxuus Owa aarebpanueckol.)

i147. Tycrs asy, Bs7 4 «, B, y He BCe ONHOBPEMEHHO paLO-
HaNbHEL, ONHAKO BCE KOYDPHUMEHTH  TUIEPreOMeTPHUYECKOro peaa
F (¢, B, 1; 2) paunoHanbuel. Torga o u B ABAKIOTCI KOPHSMM HEKOTO-
POTO HEeNPHUBOAMMOrO KBaJAPAaTHOrO YPABHEHUA C PALUOHANbHBIMH KO3(-
(DHLUHEeHTAMHA.

§148. B yxazaunom B zamaue 147 cayuae F(a, B, 7; Z) He npen-
crapasieT aarefpanueckofl ¢yhHxuuu oT 2. [okasaTb 3TO, OCHOBLIBASCH
Ha TeopeMe DH3eHW TelHa,

§ 3. K poxkazateabcTBy TeopeMbl JfizeHmTerdHa

149. Paunonansuas QyHkung, BCe KO3(QQUUMEHTH PA3NOKEHHUSA KO-
TOPOH N0 BO3DACTAWILKM CTeleHAM 2 DAlBOHAabHbI, M[peNCTaBAsier
cofoil oTHOWEHHE ABYX NOJMHOMOB C PALMOHAJBbHBIMH KOS(PPHUUACHTAMYU.

i50. [lycrs pauuonanbHo-uucnenHuit pan f(2) yLoBAeTBOpAET
YPaBHEHHIO BHIA '

Po@) [f('+ P @U@+ ...+ P (&) f(&)+ Py (2) =0,

rie Py(2), P, (2),..., P;(z)— nomnomr, Py(2)==0. [lokasars, uro
f(z) ynosneTBOpAeT TAaKXKe HEKOTOPOMY YPABHEHUK TOTO JXe BHIA,
B KOTOPOM VKAa3aHHbIE I[OJHHOMBI HMEIOT KOIPOMHUMEHTAMH L eJble
pauuoOHalbHBE YUCJA,

151, Ilycrs pauvoHanbHO-UMCIAEHHBIH PAn

yv=gay+az+a2+ ... +a,2"+ ...

yAOBAeTBODPSeT airebpanyeckoMy InddepeHUnatbHOMY YPaBHEHUKO, T. €,
ypaBHEHHUIO BHJA

R yv ¥y Yoo, Y)=0,
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rie R—uenas pauyoHalbHas (QYHKUUA OT CBOMX r -2 4pryMeHTOB.
[ToxasaTb, 4TO TOrZd V YIOBJAETBODAET TAKKE YPABHEHUIO

R (z, v, v/, ¥',..., y) =0,

rae R*— yenas paumoHalbHasd GYHKUMA € UL e T MU Koa(QPUUHEHTAMY.

iB2. Ilycrs dyukuwmn f(2) =c¢,+ 2 F-c22 ..., Fo(2), Fi(2),
Fo(2),..., Fi(2) (Fy(2)5=0) peryndpHsl B HeKOTOPOH OKDPeCTHOCTH
ToYkM 2 ==0 W cBA3aHEl MexkAy co0Of ypaBHeHHEM

Fo@f @14 FL @ f @11 ... = Fy_ (2) f(2) =+ F; (2) == 0.

Torna npu HEKOTOPOM m CTeleHHOR Pax

(@)= cCp+ 12—+ Cpya?® . ..
YIOBAETBOPSET ypaBHEHHIO BHIA
Go @ @)+ G (@) @V =4 o+ Oy (2) T () + Gy (2) =0,

rae B 1L Gy(0) =G, (0)=...=0;_3(0)==0, G;,_,(0)50, G;(2)==0n
G, (2) npeacraeaser coGoif pPalMOHANLHOE BEIPAXKEHHE C LEeNbIMH KO9(-
GuireHTaMd OTHOCHTENbHO Fy(2), Fi(2),..., F1(2), 2, €5 Cso v vy Cpp_ys
JelleHHOe, BO3MOXHO, Ha HeKOTOpyw cTenews 2; x=0, 1, 2,..., k.
(TeopeTuko-GyHKUMOHANBHAS TeopeMa, MOATOTOBRIAIUIAS K 3ajayaM
153, 154.)

153. Ecan and pauuoHanbHO-UMCHEHHBIX CTENeHHBIX panoB P (2),
P.(2),..., P,(2) Bumnosnuserca ycaosue DfizeHwTeitda, a pauxo-
Ha/AbLHO-YUC/AEHHLIH CTeneHHOR pan f(2) TOXLECTBEHHO YIOBIETBOPHET
YPaBHEHHIO

Po@) [V 4Py (@[ f(@V 1 4. .. P (&) f(2) + P (2) =0,

TO IAa pana f(2) Tai:Ke BBHIONHEHO YycCJOBMe DH3eHW TelHa.
54. lycts s, £, —uenne, (8, t,)=1, {,>1 u P, — HauGo/b-

HWIHA DPOCTON MHOXMTENb, BXOAAWMH B f,. [0BOpPAT, UTO CTeNEHHOH PAX

8_0 S_L f?ﬁ_? fﬁn
fo+t12+t2z+"°+fnz -+ ...

P
yAOBJIRTBOPAET ycaoBuO HeObmesd, ecid OTHOmEHMEe -2 OrpaHH-

n P,
Inn
(n=2, 3, 4,...). Kax nas ycnosus YeObimera, TaK U MIs yCAOBHA

I'ypeuua ¥MeOT MecTO TeopeMbl, aHaJAOIMuHble TeopeMam 142, 143,
1563 pas ycnoBus DH3eHmwTeHA,

YyeHo, M YCAOBHW ['ypBuIa, eCcid OTHOUeHHE OTPaHNUYEHO
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§ 4. LeaouuncieHHsie cTeneHHble pAAb palMOHAJBHBIX (YHKUUH

155, Llesouncnesnutt cTeneHHOH pan
g+ a2+ a2 .. a2+

HAasHIBACTCA NPUMUMUBHbLM, eCN €ro KOIDODUUHUEHRTH dag, &, Qg ...
y @py+ . . HE UMEIOT MHBIX OOIUX deauTenet KpoMe eAMHHULUBI. [JLOKa3aTh,
YTO IpPOM3BeNEHHEe JBYX MNDUMUTHBHBIX CTENEeHHBLIX PALOB CHOBA MNpen-
crapaseT COOOM NMPUMHUTHUBHLIR CTeneHHOH pAL.
I56. Ecaun creneuno#t psn

Qg+ a2 a2+ ... Fa, 2"+ ...

C LEeJBIMM KO3 (PULHeHTaMH NpPelCcTaBAsSeT PAUMOHAJILHYIO (PYHKUUI, TO

P(z)
0 rae P(z) u

Q(2) — noaunomsl ¢ ueasiMu kosdduuuerTamu 1 Q(0)=1 [1565].
157. [ycms

a—oaa’ZQB a"‘ +103+105+ +10n+

9Ta TOC/elHsAA MO¥eT OBITh NpelcTaBieHa B (opMme

— NOJIOXKHUTENBHOE UHUCIO, HE MMPEBOCXOAdAUlEee €IMHHLUBI, 3dNHCAHHOE IO

pecarnanoft cucreme, 0<Ca, <9 (v=1, 2, 3,...). UeaouncieHsnit
CTENEeHHON DAL

a2 4 a2 ;284 .. a2 L

MPEACTABANET PAUMOHANBHYID (QYHKUMIO TOrAA M TONBKO TOMA4, KOTIE
0 — pauroHa/MLHOE YHCIO,

i58. [lycTb GeckOHeYBAA IOCAEIOBATEALHOCTD Gy, Gy, (g v - oy Gy - -
COCT4BJEHA JMLIb W3 KOHEYHOrO UYMCAa pasiuunblXx ducen. CreneHHoOf

psi
Ay + a2 + a2+ ... a2+ .

6yner npeacTaBasTh PAUMOHAALHYI0 (YHKUMIO TOrAa M TOJALKO TOrna,
KOra MOCNeLOBATENHHOCTh er0 KO3M®MUUMUEHTOB, HAYHHAA C HEKOTODPOro
yneHa, OyleT NepuOLHYecKOH.

199, [lycrs | — uenoe uncno ([ > 0) u P (2) — LeJOUuCaeHHBIR no-
audoM. Toraa B creneHHoM pasnoxkenun P (2)(1 — 2)~1~1 xospduumeHTs
SBJASIOTCS LEMBIMH 4YUCAaMM U 00pas3yloT Me pPUHOLHYECKY K nocaeno-
BATENLHOCTb 1O JI06OMY MPOCTOMY MOAYMIO p; ILJHHA MMepHoia PaBHa
HEKOTOPOH CTeneHH p. : |

16B. llycre D — nenoe uucno, He nendlieecs HA 3aiaHHOE HeYeT-

HOE npocroe uucao p: Torsa xKo3pPUUHEHTH B PA3JMOKEHHH BpOOH
(D—1)z

— NepUONHYECKHEe [0 MOLYIO W JJMHa Tnepuona

d—D2)(l—2) puoi AYyMO - p pHoL

siBngercd (COOCTBEHHBIM WAM HecOOCTBEHHBIM) HejdTelieM uucnaa p— 1.
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1818, llycrs D u p—re we uncna, uro ¥ e sasade 160. B cre-
MeHHOM pasnioxenuu BhipaxeHus (1 — Dz?)~! KOSPPUUMEHTH — NePHo-
IMyeCkue N0 MOAyMO p. [smHa nepuosa BO BCeX Caydanx sBIAETCH
AeauteneM 2(p— 1), oHa sBjaseTcd peadTes]eM p— 1 Uiy HeT, CMOTPA

no tomy, Oyaer s (%)m—}—l uag — 1,

i62. [Mocnenosarensuocts uucen PudoHayvun (VI 63) — nepuo-
auueckas 0o MoGOMYy MOLYJIO. BRHUMCIWTL ANMHY Depuosa s BCex
MPOCTHX uuces, Medbwux, deMm 30. .

§63. Ecin paunonansHan QyHKUMA UPeACTABAAETCA LEJOUACAEHHBIM
CTENEHHbIM PALOM, TO KO3((PHUUEHTH STOr0 PAid, HAUMHAS C HEKOTO-
poro, —nepuoArdYecKHe N0 A000My MOLYMO M.

i184. Crenennolt pan, npencrasigwomuil anrebpauyeckyio byHK-

1
A0 V1—4z ’
ABASIOTCA NEPUOLUUECKHMH HH MO KAKOMY HEUYETHOMY MPOCTOMY MOARYII.
(Teopema 163 He wMmoxeT OLITb pacnpocTpaHeHa Ha anreOpanyeckue
(P YHKUHH.) ‘ |

UMeeT uedble KOIPhOUUMEHTH. ITH KOI(POIUUHEHTH He

§ 5. TeopeTuko-hyHKUMOHANLHBE CBOWCTBA HENOYHCIEHHBIX
CTeNEeHHbIX PA0B

165%. Pangnyc CXOLHMOCTH HeOODLIBAUIErOCH LEAOUUCIEHHOTO CTe-
MeHHOro pana scerna < 1. '

§66. HeoOpuBawluuiics ULeNOUMCAEHHBIH CTENEHHOR paa, CXOns-
WMHCS BHYTPU ENdHUYHOIO KPYra, He MOXET MPeiCcTaBidTh OrPaHAYEH-
HYI0 B 9TOM Kpyre (yHKLUHIO.

§67. Eciu uenouncneHHbl CTeneHHON pan Npencrasager aareGpan-
4eCKYI0 HPPALHOHANILHYIO (PYHKUHMI, T0 €r0 PALUYC CXONMMOCTH MEeHbLIe
e IUHHLLI.

#68. Bepxuww rpanuny 1 B Teopeme 167 Heab3s 3aMEHUTb MEHb-
weh., MHpiMu cioBam¥, xakoo Obl HH Oblio ¢ > (0, BCerja CylUecTBYeT
LeIOYHCAEHHBIH CTenennolt pal, npelcTaBfommui anrebpandeckyo Hppa-
LMOHANBHYI0 (PYHKUMIO ¥ MMelOWHH pajnyc CXOAUMOCTH, OOMbILKH, yem
[ —e. |

169. Ilycts ko3hPUUUEHTB MOAKMHOMA

P(x)=aux" -+ ax" 1+ ... 4 a,-, x4 a, (g0, r = 1)

BelleCTBEHHL., AHanuTHUecKas (PYHKUUA, ONpeRenseMas pHLOM

[PON+IP(Dlz+ PN+ ...+ [Pm)]2"+ ...,

GyAeT pauMOHaNbHOM TOPAA ¥ TOMBKO TOFLA, KOTKA HepBhie r KOI(du-
UMEHTOB @y, @,..., (.-, pawdoHapHel. (Cm. II 168.) [I 85.]

§7@. Ecan nocneloBaTebHOCTh UEJBIX HEOTPHUATE/NbHKX UYHACeT &,
Uy, Ogy.++; Gpio . OPPAHUYEHA U COBEPMHT OCKOHEYHOE MHONKECTBO
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YIEHOB, OTMMUHBIX OT HYJS, TO Pak

-
22‘1’ C Ay mﬁ‘{— ce

He MOXeT HpeﬂCTaBJIﬂTb PALMOHALHYIO Y HKLMIO.
178. Pan

a_z_+a __zi_...__l_ _I_a 2" +
Tz T T2 o e

KO3(PPUUHEHTE KOTOPOTO TMOAYMHEHBl TEM Ke YC/JIOBHAM, 4TO U B 3a-
naye 170, TaxXKe He MOXKET MPELCTaBJATh DPAUHOHANLHYI0 QYHKLHIO.

§72. OGosnauum uepes Q, cymmy uudp unmcaa n. Hanpumep,
Qg =1-+3-47=11. Tlokasars, uTo CcTenenHo# psan

Q2+ Q2+ Que® 4 .. - Q...

UMeeT eNUMHHYHYIO OKPVYXKHOCTb CBOEH HaTypafibHOH TpaHuued.

§73. Ilvcrs Jorapudmbl BCeX LeaLIX TOMMKHTENbEbIX yueen 1, 2, 3,
3aMUCaHbl OLMH MNOA ILPYTHM B MOpsiKe BO3pacTauud Tak, uToOsl npw
3TOM eAMHHMLUEl ONMHAKCBHIX PA3pANOB CTOANH B OLHOM W TOM e cTonble.
[Tokasate, 4TO CTeneHHCOW pdal, UMewUWMH B KauyecTBe KOSPOUUUEHTOB
nupps aweboro cronbua, uMeeT eNMHUHUHBIN KPyr CBOEH HATypabHOMN
rpaHuLes. “

VIHbIMH CJIOBAMH, NYCTb B JECATHYHOM pasioxedun uucena Inl, In2,
In3, ..., Inn, ... j-9 uudpa cnpasa or 3andTol OyAeT COOTBETCTBEHHO
d,, dy, dg, ..., dy, ... Torna ananuTnueckas ¢GyHKuHd, ONpelejeHHas
CTeNEeHHbIM PALOM

diz—+dy2®+dg2® 4 ... Fdyen+ .

HMeeT CBOeM HATYpaibHOH rpaHHUeH OKPYMXHOCTb | 2| == 1
§ 6. Crenednble pAAbI, UeNOYHC/AEHHbIE B CMbIcjae ['ypBuiua
CreneHHOH pon
a
ao+ z+ 22 L —{—ﬁz”—f—

HA3KIBACTCHA HeAOUUCACHHBIM 8 CMbLICAE prsuua, KDATKO: «UeA0UUCACH -

netnw (H)», ecin @y, @y, @ ..., @y, ...— LeJble PALKOHANbHBIE 4ACAA
[A. Hurwitz, Math. Ann., v. 51, crp. 196—226, 1899].
§74. Econ @yuxkuva f(2) uenouncaenna (H), To Taxwke

df(z) f F(2)dz

neJovucaeHur! (f1).
#175. Ecau f(2) u g(2) uenouncaennst (H), T0 Tawke H

f@)+g@), f&)—gla), f (z>g({)

11 3ax, 1127, T. IToaua u TI. Cere
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nesounciaeddsl (H), a npu g(0)=""1 ewe u oTHOUIEHHS

7(2)
g (2)

nenouncnesto (H).
176. Ecmv dyukuus f(2) uenouncienna () u f(0)==0, 1o Takxe u

[F( ™

~ml

wegouncaento (M) (m=1, 2, 3, ...) [174].

177. Ecu f(2) u g(2) uenouncaennn (H) u f(0)=0, T0 PpyHk-
uua g[f(2)] taxxe uenouncnenda (H). .

178. dyuxuus ¢ (2), onHO3HAYHO onpenenseMas guddepeHLHaNbHEIM
ypaBHEHUEM

(22 =1—1p (e

o

M HavanbHeiME  yciaousmMu © (0) =0, ¢"(0) > 0, pasnaraercs B cTemex-
HOH pdn, uegouucaenHslt ().

['oBOPAT, YTO NBA CTeNMeHHLIX PALA
a0+ﬁz+?ﬁz‘2+ +‘1’%zn+
PR R TR DR
nenouncaeHHsX (H'), CpaBHUMBI IO MOAYJIO M:
a0~{— + 222 . —{—%z”+ L=
Eb0+ z—}— 29+ —|— zn+- ... (mod m),

eClii MX KO3(h(PUUNEHTH YAOBAETBOPAT CPABHEHUAM

ay=10b, (modm), a,=0b; (modm), ..., a,=0, (modm).

179. (ez_1)352( _]-‘;1 {-ﬂ 1 ) (mod 4).
180. Ilpn scaxom npoctom p

o1 S2(p—1) Sp-1
((p—l)! T 2p — ) T (3p — 31 + ) (mod p).

I81. [lpu xaxnom cocrasHOM m, NpeBOCXOAAWEM 4, MonydaeM

(2 — 1) 1=—

(e — 1Y" =0 (mod m).
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I182. Lepuyaauesst wucna B, onpefessioTci Kax KO3QOHUIUEHTH
B pa3NOMeHHH

o0 .
i _Z (=" 'By
93_1—1—"2"!"2 a2 (L 154).
n=1
HuMeem
I 1 1 1 1 1 1
Bi=g=l—35—3  B=g =—ltzt3t+3m
1 1 1 1 1 1 1
Bi=g=l—g—5—7 B=g =—ltytgty,
5 1 1 1 691 1 1 l 1 1
Bi=ge=l—v—3—1m B=gm——"tytztstvm
7o 11 3617 1,1, 1,1
Bi=fg=2—%—3, Bs= 310 6+§+§+5+17
Boobiue _
By== Gyt (— (55 o oh ot
7 7 ) 3 o g v O X
rne (f,— uwenoe uuciao, a 2, 3, «, B, vy, ... — IPOCTHE YUCId, HA € I H-

HUNY NpPeBOCXONAINEe KAKOR-HUOYy Ab nenuTenb uucia 2.

k4
[PaziomuTh CHavana 2z, 3aTeM g

110 BO3PACTAIOUIMM CTeneHsM e? — 1

¥ npuMeHuTh 179—181.]
i83. Kosdpduuuenrst C, pana

-~
in
2& 4rz)! 5

rie ©(2)— ¢yHxkuua safayd 178, pauvoHaubHBE, IPUYEM BHAMEHATEJH
WX He AelNTCd HW HA ONMH KBaJdpaT, KPOME eNHHWLL, ¥ COAEPKAT UL
npocTeie MHOWuTead, koTopele =1 (mod4). [Pasnoxurs cHavana 2z,

Z
347eM oy MO BO3PACTAIOILMM CTEMEHAM 9 (2).]

184. Jupdepenuuanbioe ypasHeHue
(E2Y =410 @p—40 @)

oBJanaeT BIIOJHE onpeaesieHHBIM HHTErpasoM BHIA

P (2)= 22+Z (4n)l g3

(§ (2) ectb yacTHad FNAUNTHYECKAS, TAK Ha3bIBAeMad <NEMHHCKATHUECKAA»
(YHKUNA; NapanielorpaMMoM IEPHOAOB CHYXUT KBaapaT). Kosddu-
uueHtsl D, paudoHaAbHbl, NpHUeM 3HAMEHATENM HMX He LeNdATCd HM Ha

11*
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OIMH KBAAPAT, KPOME EIMHHLEBl, W COAEPMKAT JHUIb NPOCThHE MHOKUTEM,
koropole =1 (mod4). ([[Toxasate, uro §(2)=o (z)]’"2 (183). PasJo-

. -9 .
KUTb CHauasda 22, sateM 22(9(2)] ~ Mo BO3pACTAOUINM CTeneHsM @ (2); 27,
KaK QYHKUUS OT ¢(Z), yLOBJETBODAET HEKOTOPOMY nMHelHOMY nudde-
PEHUHAJBLHOMY VPABHEHUIO BTOPOTO MOPALKA.]
[ee]

iI85. Eciu crenednolt psan 2 %”;—z”, LeJouucaenHsilt (H), yanosae-
n=10 )
TBOPAET OIHOPOJHOMY JHMHefiHOMY suddepeHUHasbHOMY  YPaBHEHUIO
C TMOCTOSHHBIMM KO(POHUMEHTAMH, TO TMOC/JAEN0BATENLHOCTE & 4y,
Ay, -+ .y Ay, ... KOIDOUUUEHTOB STOrO PsAa — NEPHOLHIECKas 110 J0oMy
MONYJ0, HauuHad ¢ uHekoroporo Mecra, (Tlpumepamy 3TOMY caymxar
yxe 179, 180.)
i86. CTeneHHoﬁ AL
Ox3 n
y= 142 B e
noKasbiBaeT, uTo Teopema 185 He MOKeT ObITh HENOCPENCTBEHHO PAcipo-
¢CrpaHeHa Ha OLHODPOAHbIe JMHeHHBle nudPepeHUnalbHbIE ypaBHEHHS,
KO3(PhUUHERTAME KOTOPLIX CIYXKAT TTOJIHHOMBI.
187. Ecan creneHuoft psn uesoH TPAHCUEHAEHTHOM (yHKuun g (2)
uesouucaeH (H), To MakcuMyMm Moayas dyskuuu g(2) (IV, ra. 1) yaosie-
TBOPSET HEPABEHCTBY -

— 1
limsupM@)e-*V r > ——.
r—}cop ( ) V = V?fﬂ:

§ 7. 3HaueHHs CTEMEHHBIX PAAOB, CXONAMMUXCA B OXPECTHOCTH
TOYKH 2 ==00, B UEJO4HCICHHLIX TOIKAX

188. Ilycts crenenHo# pan
bbbz b, o 1+ +

PaCNONOKEHHBI! MO yObIBAIOMM CTEHNEHAM 2, CXOJUTCS BHE HEKOTODOro
Kpyra, W uucna b, by, ..., b, paunoHaNbHbl. EC/IU 3TOT DAI NpUHAMAET
LeJble 3Ha4YeHUA L7 OeCKOHEYHOTO MHOMXKECTBA LEJBbIX 3HAYEHUH 2, TO. b,
PaUHOHANbHO H '

b =b y=b 4= ... =0.

(O6061tenne Teopembl 93.) [Hurwitz-Courant, crp. 30 %).]
|89- Pan

VIEFT—Y 2%t Y2 V2L V2 SV,

[IPUHUMAET LeJkle BHA4YeHUs Ans OECKOHEYHOr0 MHOXeCTBa LeJbIX 3H4-
yeHU# 2.

#y 'ypeuLu, crp. 46,
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190. loxasats 114, ocHosuBagch, Ha 188.
191. Ecmu me Bciony pacxonswubics cTeneHHOH psn

" b b_ b._
F(2) = by b2 o b S S L

TIPMHUMAET lieJble SHAUeHUd TPH BCe X JOCTATOYHO OOMbUIMX UENbIX
3HaueHUaX 2, To F (2) sBJFeTCS UEJO03HAUHBIM HOJAHOMOM.

192. Eciu 1Ba [OAHHOMA MPUHMMAIOT Lejble 3HAaYeHus B OAHUX H
TeX Ke TOYKaX KOMIJIEKCHOM uHCI0BOH TIOCKOCTH, TO Ju00 HX CyMMa,
nM00 pasHOCTb #ABJSETCS MOCTOAHHOM. (IJTa TNOCTOsHHAS, pasyMeercd,
npejpcTasiger COOOH 1enoe YHUCI0.)

193. Ecin nosmHoM g(X) OPUHMMAeT BelLeCTBEHHbIE 3HAYeHUs BO
BCeX TOUYKAX X, B KOTOPBHIX NPYroHl NOJMHOM f(X) NPUHUMAET 3HAYEHHs
13 HEKOTOPOTO NBYCTOPOHHE-HEOrPAHNYEHHOTO MHOXECTBA BelleCTBEHHBIX
uyces, TO TOJMHOM g (x) BoOOLE BCIOAY BEIUECTBEHHbI!, pas TOJLKO
BellleCTBEHHBIM OKasbiBaeTcst NoauHom f(x). (Ecau f(x) HeueTHOM CTe-
MeHH, TO AOCTATOYHO NMPeLNONONKUTh JNLb, YTO MHOXECTBO OJHOCTOPOHHE -
HeorpaHudueHHo.) VIMeHHO, TOraa MMeeT MECTO TOXLECTBEHHOE COOTHO-
leHHE

g=9(/)

rae ¢ (y)— NOJMHOM OTHOCHTENBHO Y C BelUeCTBEHHLIMU KO3DPULUeH-
tTaMd. (Orciona, Mexny npoyum, Ge3 Tpyna BroiTexaer 192.)

FTABA 4
OB AJIFEBPAMYECKHUX UEJBIX YUCAAX

§ 1. AareOpanueckie uedable YHCIA

BeulecTseHHOE UMY KOMIIEKCHOE YHC/O & HA3LIBAETCS aA2edpantecku,
eC/I¥ OHO CYKHUT HYJIeM HEKOTOPOTrO L EJOUHCIEHHOro noanHoma [ctp. 148],
T. €. ECAM TPH¥ HEKOTOPBIX LEAbIX PAaUMOHANBHBIX &y @y, Qg +v.y Gy
(ay #= 0) umeer MeCTO paBeHCTBO

age® a8t a0 24 ... 4a,_a+a,=0.

Ecin ay=1, T0 o daswiBaercd. gesbtm anredpamyecKuM UHCAOM HJHM,
KOpoue, «LleJbiM YUCAOM», Kak Mbl Oynem rosoputb B 194—237. Cyule-
CTBYIOT, C/ejlOBaTeJbHO, UPPALUOHANbHBIE U KOMIJIEKCHBIE IleJble YUCIa;
PAUUOHANBHLIMM LEJNLIMH YHCAAMU ABASIOTCS OOLIKHOBEHHDBIE LlE/ble UUC/

e, —3, —2, —1,0, 1, 2, 3, ...

Ecan o M B — aareOpanueckue uucna, To0 aare6paudeckuMu OynyT Takxe
¥ uncna

a+B a—p B T
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anrebpanyeckue uucia obpasylorT ofaacms payuonassnocmu. Ecrn npu
9TOM ¢ ¥ § — ueJple anrefpavdeckue uyucaa, TO ueabiMu OyAyT

a+B, a—B, aB.

Henble uncna oBpasyior ofaacms yerOCMU.
184, Ecmt @ — uenoe, 0 ¥ & — Takxe 1enoe.

i85. Eciu r u s— pauuodansuele uucna 1 r-+-s})/ —1 — nednoe,
TO ¥ U § NO/OKHBI ObITb LleJbIMH PALUOHAALHBIMHU,

i96. Eciv r n s — paunonansuele wncaa u r—-s) —5 — ueioe,
TO 7 M § JOMKHb OBITh LEJbIMH PalLHOHaNbHbIMHU,

§97. Ecau 7 u s— panuonanbusie uncaa ¥ r——s) — 3 — uenoe,
TO 2r ¥ 28 NOMKHB ObITh LeJBIMM PALMOHAJIbHEIMH M 2r = 25 (mod 2);
OLHAKO CAMU 7 M S MOTYT W He OBITb LeAbIMH.

Anrefpanyeckue vucna, ABJAAIOWIMECT HYJASIMA ONLHOIO M TOTO Xe He-
npugoouM0O20 NOAMHOMA [cTp. 152], HaswbBawTCH conpsoicesnsimy. Anre-
fpavueckue uUWUCTa, SBJSIOUIMECST HYAIMM  HENPUBOAUMOrO  TOJWHOMA
n-# cTeNneHH, Ha3bLBAIOTCA CaMM anreOpanyecKUMU HUCAGMU N~0 cmeneru.
PaunoHambHbIE 4MCAd CYTb YMCA4 TEPBOH CTenmeHW M COTPSKEHB JHLIB
camu ¢ cofofi. ,

198. Cyutectsyer JMimib OrpaHMYEHHOE KOMMUECTBO LEJBIX UHUCe/l
3aNaHHON CTeneHW 7, CONEePKALUXCA BMECTe CO BCEMH CBOMMM COMNpH-
KEHHLIMH B (MKCHDOBAHHOM Kpyre |2|< Ak KOMIIEKCHO#l 4uC/OBOH MO~
CKOCTH. _

199. EIuHCTBEHHBIM L EbIM YHCAOM, COLEPKAILMMCH BMECTE CO BCEMM
CBOMMY COMNPYKEHHBIMM B OTKPBLITOM CIMHHMUHOM Kpyre, SBASETCA HyJb.

DQQ. IlycTs BCe HYJM TONMHOMA C LEABIMH PALMOHATLHBIMH KO3(-
(pMUHEeHTAMH M CTApWMM KO3hduuueHTOM 1 1exarT B 3aMKHYTOM e.u-
HHuHoM Kpyre. OIuWH M3 9TUX HyJXe#l NOMKeH JewaThb JUGO B LEHTe,
60 Ha Nepudepun eAMHHYHOrO KpPyra; B FOC/eLHeM Clyyae OH ABJfeTCH
KOpHEM M3 €INUWHMUEl {T. €. ONUH H3 HyJeH NLOJ/KEeH yNOBJETBOPSTb ypas-
HeHH0 Bula X" = x% K, k— uwenble paunmonaneusie, 0 << A< k; 198].

208. Ecau uenoe yucno o €O BCEMM CBOMMU COMPSDKEHHBIMU Belle-

o
CTBEHHO ¥ [I0 MOAY/I MeHbule 2, TO g =2 cos—qp, rie p u ¢ — Leble

pauHoHanbHBIE 4YHCAA,

-

CoOBOKYNHOCTh uMCen, NMPEeNCcTABUMbLIX B BUAE PalMOHANBHBIX (yHKUUHR
C DPAUMOHAJbHLIMM KO3 ) pUllMeHTaMu OT HEKOTOporo anredpauyeckoro
uypcna 1}, HasbiBaeTCqd a.2elpaudecKum noseM, WIH MNPOCTO «IONEM»,
M TPHTOM [OJEM, NOPOMCOeHHbLM HUCAOM 1) CTENEHb MPOUSBOMILIETO
yucaa 4 HA3BIBAETCA TaAKKe cmenenyro noss. Hanpumep, none, nmopo-
KIEHHOEe YHUCJIOM BTODOM CTENeHH, Ha3biBAETCH KBALDPATHUHLIM U NMPHTOM
BEIeCTBEHHO-KBAAPATHYHEIM HJM IKe MHUMO-KBALPaTHYHLIM, CMOTPS NQ
ToMy, Gyder id NPOH3BOASALLEE YKHCAO BEULECTBEHHLIM MJM HET,
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202. Vppauvonaishbie Leasie yucaa
V—1, V-3, V—5

MOPOMIAAT TPU PaA3JIHYHBLIX MHHMO-KB&Bp&TH‘IHbIX noJjd, B‘ KOTOPBIX
Hesgble 4ypclid UMET COOTBETCTBEHHO BHI

a1 1, a+bl—+‘2/j, a5V —3,

rpe @, b—ueable pAUUOHAAbHBEE YHCIa.

203. Muoxecrso M KoMMneKCHHX (B YAaCTHOCTH, BELIECTBEHHBIX)
ynuces HasblBaeTCsd «IUCKPeTHOH 006/1aCThbi0 LeJOCTU», €Cad OHO oOjanaer
CAeAVIOWUMH INBYMS CBOWCTBAMH:

1) Econ ¢ w7 npunaniexar muoxecrsy I, to u ' 4-¢7, ' —7,
C'C” nmpuHaniexaT STOMY MHOMXECTBY.

2) Touka O He gBjsercss npelenbHoit Touko#t MHOMecTBa I (cornacHo
cBofictBy 1) cama touka 0 =0 — U npunasnexur muoxecrsy IN).

JuckpeTHas o6AacTb eNocTH cocTouT anbo U3 BCex, nubo U3 yacTu
LEeJblX YHCeJl HEKOTOPOr0 MHUMOTO KBaAPATHUYHOLO UHUCJIOBOTO  MOJSA
(Hanpumep, Juwb U3 yicea 0, #=6, == 12, #= 18§, ... uan pnaxe u3 ogHOrO
eAMHCTBeHHOro uucnaa 0).

§ 2. Hanbonpwnii ofwui aeantennb

CoBopsar, uTo uejoe uuCIo o KeaMTCd Ha neaoe uucao 9, ecmau
CYUIECTBYET Takoe Uedoe uucao » (yacTHoe), uyro a ==xV. [osopsr
TAKXKe, YTO «%} eCTh JeJUTeNdb YHCAZ a» WM Ke «Uf BXOAWT B &» W T. J.
llenvle yyucaa, 9BadOlIMecd AeJUTeNsSMU uucaa 1, HAa3BBAWT e0uruyamu.
Yucno € Ha3LBAOT HAuboabuium o0ujum Oesumesesm m LENbX UYUCEN

Ayy Oogy +evy Opy, ECIH CYLIECTBYIOT TAKME 271 LEMBIX YHCEH Xyy gy + o oy Yo
A, kg, vu oy kg UTO
— —r— A L ) (
oy ==, dy =%, L, g, =Y,

ah ok o Fah, =1

Isa wvesiblx yucaa a«, 3, Hauboabwu# ofwiHil HejuTenb KOTOPHIX
paBeH €JUHHLE, HA3bIBAIOT B3QUMHO NPOCHbLMUL.

D04%. Ecau 66l MB COrIaCUIMCh HA3LIBATH <ULENBbIMH YHCAAMU» He
noOsle nennle aareOpaudyeckue 4ucaa, a Jullib Te, KOTOpbie MpuHanie-
KaT MO0, nopoxkiaeMomy uucaom ¥ — 5, 1o uncaa 3 n 1 4+2) —5
CoBCeM He uMenau Obl B CMBICJE MPHBEAEHHOTO BHIUE ONpefeJeHus Hau-
Ooqbluero ofulero genuress, T. €. B MOJE, MTOPOKIAEMOM UYUCIOM V—— 5

(u comepwamenm 3 u 1--21—5), HeBOMOKHO HAHTH TaKME NATH
ueablx uucen «, 8, v, 8, #, koTopsle yn0BAETBOPAAM Obl ypaBHEHHAM

S=al, 142} —5=30, 3y--(14+2)—=5)3=1,
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[MccnenosaTh HauMeHblliee 3HAYyeHWe, MPUHHMAEMOE IPOH3BEAECHUEM
(a—i—b]/— 5) (a—-b]/——~5), rae @, b—uenple paunoHaiabHble; 202.]

205. ([Iponomwenne.) Ksanparn 32=9 n (1421 —5)° obna-
12T Haubo/blUMM OOWMM LenuTeseM Aaxe Npu orpaﬂmermn NOHATHUA
LLeNIOTO 4Yucaa, NPUHATOM B 3anaue 204.

206. (Tponomxenne.) Haltu (He Jexalluit B n0/ie, NOPOKIEHHOM

yucaon Y — 5) HanGonbiuit O0WIKH NenuTenb uucesn 3 H 1—}-2V~ 5
[194].

Huxecnenyomue sanaun He 1peOylOT AN CBOEIO peLIeHHs TNpUME-
HeHus rayOoKOH TeopeMbl O TOM, 4YTO J0OkE ABA WeAbIX uucaa 061 a-
I a0 T HEKOTOpbiM HanbosbluuM o0wnM feautenem [(Hecke, ctp. 121 #)).

207. Haubonbwuit o6umit geinreis ¥ uncesn o, dy, . .., &, LeIUTcs
Ha Aw0b6o# OOWUR JendTesb 3THX UMCEN.

208. Ecau ¢ u & — npa pasiuunnix nanboasuinx 0B6WHX JLEAUTEI

{}l

YACeN &y, Uy, ..., Gy, TO UYACTHOE — HABJSETCH eldHUUEl.
)

209. Ecin  — Hanbonsuuil o6WKA DeIUTENb YHCER O], Gy, - . -, Gy,
T0 % ABAACTCS HAMOOBIIMM OOLMM NENUTENEM UACEIH Yo, Yy, - - «, Yop,

210. Ecin « BsaumHO npocroe ¢ 8y, TO OHO B3aUMHO npocme
KaK ¢ 3, Tak u C 7.

211. Ecan o B3auMHO npocToe Kak ¢ 3, TAK U C ¥, TO OHO B3AUMHO
npocroe u ¢ 3.

212. Eciw o u 3 —B3auMHO nOpPOCTLHE, TO HaMOOABIUMH OOUIMH
LesuTenb yucean o u oy Oyner Takke HauOOIbUIMM OOLUM AejuTeneM
yucesN @ H '

213, Ecan & — Haubonpiunil ofumH nesurens uucen ¢ u B, 1o "

aBageTcss Hamboabium o0wuM aeautenem «” u 8" npu mo60M n =
=1, 2,3, ...

no_
204. Ecnu 5 — Haubonbwut o6umit memuTeas uucen ¢ u B, 1o Y &

K
(n=1, 2, 3, ...) aBaseTcqs HAUGOJbIIUM OOMIUM LEeIHTEeNeM UUCenN ]/oc
T

n ) 8.
205. Ecou m uncen oy, @y, ..., o, — NONAPHO BI3AUMHO NPOCThHIE
M U=0a,dy...0,, TO TOrMa | gBagercd Haubo/JbWHUM OGLIUM NEANTE-

JeM M uucel i,-*i, o2
al sz Of?

216. Besxoe unenoe uncio o (¢ 5= 0) B3aMMHO NPOCTO CO BCEMM

palHOHA/JbHbLIMY MPOCTLIMKM  YMC/IAMH, 34 HCKJIOYEeHHEeM KOHeYHOro Hux
YHCaa.

217. ycrb o, oy, ..., &, —HyIW NOJHHOMA
Xt 4gxtllaux it Ha, x4 a,

*) Fexke, crp. 125,
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rie @y, Qo «.., Q,_y, Q,— Lenble paundoHaibhsle uucna. Torma o,
Og, .., &, OONaAalOT HaubOJbWHM OOWMM JReduTesJeM & W MNPUTOM

N__
B::]/d, rae N=n!n d-—Hanbompuinit oOWHA NeJUTENb UMCEJ
N N N
1 2 . L
al, ar, ..., al.

[Ton xopmod HEKOTOPOro uucia «, NPUHALJAEKAWEro nono n-# cre-
nenu K, cuMBOJMuecku: N(a), TIOHHMAKT NMPOU3BEAEHHUE /2 COTIPAKEHHBIX
¢ HuM umcen [Hecke, crp. 81 #)]. CnoBo «COnpmKeHHbIE» UMEET 3MeCh
IpYroft cMbIC/a, uYeM B HOSCHEHHWM, T[penllecTByOleM 3anadye 198
[Hecke, crp. 70 *¥)].

218, Eciw o u 3 npusamnexar K U o— geadreas 8, 1o N(a)
ecTh peaurets N(P).

219. lNycts note K obnasaer teM CBOHCTBOM, 4TO BMeCTE € JiO-
ObIMM OBYMS LLeJbIMA UYHCHEMH « W 8 OHO COZEPXUT W MX HauOOJbLINH
oOuwuit neadrtesib B TOM CMbICAe, YTo B K MMEIOTCH TATb [enblX uHCell

a’, B/, v, 6, ¥, KOTODBIE YAOBJETBOPSKT PABEHCTBAM

a=a'll, B=0" ay-B8=10

(910 umeer Mecto He Bcerna! Cum. 204.) lloxasate, uTO 141 3TOro
HeoOXOUMMO ¥ NOCTATOYHO BLINOJHEHUE CJenyloutero TpeOoBaHus: ec/au
« ® B— 1Ba Ueawnlx uucaa noas K, He DeAfiIuxcd OfHO HA APYTroe, TO B

.

9TOM IOJE CYLIECTBYIOT ABd TAKHX UEAbIX YUCJIa § H 1), YTO OLZHOBPEMEHHO
O < [N 4B | < [N, 0[N Bn) | <[ N@)|.

(Eciu @ ¥ b— ueable paudoHanbHble uucaa, |a| > |b|, u b He sBagercs
nLeauteneM a, 1o TpebyeMbiM 34¢Ch CBOHCTBOM BhIpaeHus ai—- Py obna-

a
naeT OCTATOK OT JefleHHs @ Ha b, T. e. F=a - lﬁb[-b—].)

220. Jlobbie 18a He/LX YACHA 048, TOPONKAEHHOro uncnom ¥ — 1,
061ana0T HanbOMbIUMM OOWMM LEAHTENeM, MPUHALIEKALHM 3TOMY e
Moo,

§ 3. CpasHeHus

Mycts «, B, w-—ueasle yucaa. [leaumocth padHocTH ¢ — 3 Ha ©
BbIDAMKEOT, KaK M B TEOPDUK LeJbIX pPduKMoHaAbHBIX 4HCEJ, B BHAC

CpaBHEHHUS Q EQ (mod P‘)'

2210. OrHowenue CPABHUMOCTH MEM(AY IABYMS UeabiMd anreOpanye-
CKMMH YHCJAMH MO HEKOTOPOMY LeNOMY adreOpPaHuecKoMy MOLYJIO K O M-
MYTaTHBHO M TPAH3HUTHBHO, T. €.

3 a==§ (mody) crenyer f==a (mody),

s a=3, B==v (mody) caenyer a=17 (mod y).

“Tex i{re, cTp. 89,
“*yFexke, crp. 74
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222, s
«=3, y=0 (modu)
CReAyeT

a+1=8-+8, a—y=p—0, ay=0808 (modyp).

223. Eciy o # p—B3AUMHO NPOCTHIE W U He HBASETCH eNWHH-

ne#, TO ‘
a == 0 (mod p).

224. Myces o, B, ... —uease yucaa, f(x, ¥, ...)— NOJMHOM
C LeJbIMK paLLHOHaJIbeIMH KoatpcpnuueHTaMu u p—paIJ,I/IOHaJIbHOB npo-
croe uucao. Torna

(f(a, B, .. N =f(" B, ...) (modp).
225. ycm

Oy, Qg, vvuy G Oy, Wy, v, ®

m? "

(a7 20, 0,0, wop =0, npn Rs=1, k, [=1,2 3,..., m)
— ueJasle yucsaa. Toraa He BCe uucaa

0 : n
oclm1 Foyoy o e

n

MOryT ObiTb LeJbiMU. [BrifepeM Hapaexawum ob6pa3oM HpOCTOE YHCIO p
¥ MONOXUM B=p, 2p, 3p, ..., rp; 216, 224.]

226. Hym nosmnoma nenenus kpyra K,,(x) [36] seamorca Tarxe

HyJMH noauMHoOMa Xx™—1, T. e. ueseiMu uyucaamu. OHU paBHBl o'y,
2ng

«®, ..., @b, Toe NOJNOKEHO e™ ==a, @(m)=hwur,, ry, ..., r, o0pa-
3YIOT NPUBENEHHYIO CHCTEMY BEIYETOB 1O MOLYJIO M, T. €. Fy, Fo, ..., Iy —
Lesible palMOHaJbHbIE YHC/A, B3aMMHO NMPOCTHIE € 7 M TONAPHO Hecpas-
HUMBbIE TIO MOLYJIO 7.

slenagercs au noaMHOM K, (X) NPUBOLMMBIM WJH K€ HENPUBOIUMBIM ?

Pemenue. Paccmorpum cpein HENPUBOAUMBIX 1IEJOUUCIEHHRIX
MHOXUTeselt noanHoMa K, (x) [116] MpoxuTenp f(x), UMeOWMUH HYIeM a.
Hymu nomvuoma f(x), T. e. LeJple YHCHAA, CONMPSMKEHHBIE C &, MMEKT

Bce BUA oY, rae g — uenoe, W MX YMCAO He NPeBOCXOLUT A [ecid K, (x)
NPUBOAYMM, TO MeHblle Z]. Bo BCex cayyasax n/d moboro uenoro pauuo-
HAJLHOTO &

| f(@®)] < 2", NG

TaK KaK MOOYJd OTIEJbHBIX MHOXHUTENeH MOMMHOMA f(a9), kax naunmbl
XOPI €AMHUYHOTO Kpyra, He NpeBocxoasT aByxX. IlycTh Tenepb p— npo-
croe yucao. Tak kak f(e)==0, T0 Mul noayuyaem [224]

J@")=(/\@)" =0 (mod p).
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ecThb iesoe uncao. Ero conpakennsie 6yayT TOYHO TaK xKe

f(29%)

h
LLeJIbIMH YuCJaMd BHIA — Ecau, crano ObiTh, p > 27, TO BCE yHCaa,

f @)

CONMpPKEHHBIE C 5 OyLyT B CuIy HepaBeHCTBa (*) no MOLYJIO

Y
3H QUUT, _Ji(___)_.
J7

MeHbLle eIMHHUE, ¥ crenoBateabHo [199], f(a¥)==0, uro u noxasu-

BaeT, yTo af sBAZETCA HyJeM noaunoma f(x).
Ilo reopeme Hupuxnae [crp. 151, cnocka] xawpas ua o(m)=~h

nporpeccuit
ro, ri+m, ri4+2m, ...,
oo Fa—f-m, ry—2m, ...,

B e = & e a4 s & 8oy

Fu Fn—+m, r,—-2m, ...

CONePXHUT OeCKOHEYHOE MHOMECTBO NPOCTBIX YHUCE, CJIG,Z[OBaTeJ]bHO,
‘MOXXHO YKa34aTb NPHUBEINEHHYW CHCTEMY BBIYETOB IO MOAVJIX #1, COCTOM-

LLVIO MCKJIOUUTENbHO H3 NPOCTHIX unces, OOIbILMX 9®. Ho Toraa cormacho
JIOKA3aHHOMY Bbille MHOXUTedb f(X) noiuHoMa K, (x) uMen Obl CBOMMH

HYJMU BCe HyMM a*, @'’ ..., ¢'h 9TOr0 MOAMHOME, T. e. Obl1 Ol
TO# ke cTeneHu, 4ro U K, (x), ¥, caenosatenbHo, BooOuie cosnana Owl
TOXAecTBeHHO ¢ K, (¥). Takum obGpasom, noxas3aHo, yTo noauHom K, (x)
HENPUBOLKM.

227. loxasaTs HENPUBOAMMOCTL noJMHOMa K, (X), He OmMpasnch
Ha TeopeMy JlMpuXJe O NPOCTHX 4YACHAX B apudmeTHueckol rnpo-
rpeccud. 3Ty TeopeMy MOXHO OOOHTHM mnpHM mNOMoluM, mnpasna, Ooiee
rpoOMO3IKOT0, HO 3aTO M 00Jee 9IeMEHTAPHOrO HOCTPOEHUS MNPHUBENEH-
HOW CHCTEMBl BLIYETOB NO MOLYNO #1. '

§ 4. TeopeTuxo-unciOBbHIE CBOWCTBA CTEMEHHBIX PSALOB

22%8. Ecnu pasnoxesns pauMoHajpbHod (YHKUMM KaK 0O BO3pa-
CTAIOWMM, TaK ¥ no yOuBawuM cTeneHaM 004 PalMOHANbLHO-YUCIEHHBI,
TO NOJIOCH 3TOH GYHKUMM, OFau4Hble OT O U 0O, ABJIAIOTCA eNUHULAMM
(8 cMbicne Teopuu anrefpauyeckKux uuces).

229. llycrs crenedHofl paf, PACHONONKEHHEI MO BO3PACTAIOUINM
CTeTleHsIM apTryMeHTa, CXOIUTCSd B eNVHHYHOM Kpyre ¥ MPEeACTaBAAET
npoOHYI0 pauMoHaNbHYK GYHKOWIO. Ecad ero KoaQQuUHeHTH ABAIOTCH
LeNbIMH  PAUUOHAMLHBIMA UUC/JAaMM, TO TOJIOCH €ro pPaBHbl KOPHAM H3
enuauusl [1566, 200].

230. Eciu crenesnolt psa

e S s &
T B TEE - T e
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C LeNbIMH aareGpavyecKuMu KOSQOUUMEHTAMH @, Gy, Uy, ..., O, - ..
NPeACTdBAAET PAUMOHAMLHYI0O (QYHKUHMIO, TO MNONCH 3TOH (dyHKUUH
Taloke OyARyT UeAbIMU adrebpanueckKuMu UHUCAAMU.

231. Ecmu

Uy, Gy, vouy O Wy, Wy, vvo, ®©

7

(25,50, w,+0, ow,sw, npn kI c!?,,l::I, 2, ..., m)
— LLefible am‘e6pamecrme YUCAA, TO KOIPPUUUEHTH B  PE3JIOKEHUH
BLIDAKEHHS

m

! “am
1~uz+l——u>z+ +1——wmz
MO CTENEeHAM 2 TOUHO TaK Me SBAFITCT LelbiMd anredpauuecKiMu 4uc-
naMu. IJTO, ONHAKO, HE UMeeT MecCTa JJd DAasSA0XKEHHs, MOJAyuaeMoro
OTCH02 NMOYNEHHBLIM HHTErPUPOBAHWEM.

232. Tlycrs ¢ynxumna f(2) npeicrasisercds pauUOHa/JbHO-UHCIEH-
HbIM CTEMeHHbIM pPAJOM M Npou3BosHas ee [ (2) — pauuoHanbHas QyHK-
uud. Ilokasars, uro cama f(2) paudoHaAbHa, eCAM ee CTeneHHOH psi
VAOBAETBOPAET YCJAOBMIO D#zeHliTelHa, H TpaHCLLEHILeII[‘Ha B NIpO-
THBHOM Cilyuae.

233. ycro anrebpauueckas GYHKUMA f(Z) OnpeneieHa ypaBHeHUEM

Po@ (NP @ f@N .+ P (&) f(2)+ P (2) =0,

rie Py(2), P, (2), ..., P;(2)~— nomuHoMbl ¢ aarebpandeckumy Kospdu-
uventamu. Ecian o — aareGpanueckoe 4YuC/a0, TO KO3PDUUUEHTH B pags-
Jo¥eHuu f(2) no creneHsM 2-— o OYLyT TOYHO Tak xe aarebpauue-
CKUMH 4ucaaMu. [B yacTnoctd, eciu 2 ==a — peryaspHas Touxa QyHK-
urd f(z), to f(a) ectb anrebpauueckoe 4YHCIO. ]

234 . Lenas paunonansuas gyuxuns F (2, y) ABYX NepeMeHHBIX 2, Y
C DPAUMOHAMLHBIMH .KOIPGUUHEHTAMM HABbIBACTCA HEAPUBOOUMOL, €CIH
oHa He MoOxeT OblTh TpeAcTaBlieHA B BUAE MNPOHU3BEAEHUS ABYX LLEJBIX
GYyHKUMH ¢ DALUUMOHANLHLIMU KOSPHMULUEHTAMY, UMEIOIUX HUBWYK CTe-
Melb OTHOCUTENbHO .

Ecm F(z, y) nenpuBoauma, T0 a460 Hu 0gHO, aub0 BCe pelueHus
Y paBHEHUS

F(z, y)=0

SBASIOTCH PALUMOHAJBHBIMH (PYHKUHUAMH OT 2.

[Bonee toro: mubo HU onHO, AMOO BCe peleHus CyTh Ledse
paudoHatbHble ¢yHKUMM 0T 2. Caenyer npuHATL BO BHuUMaHue 233 u
IABHYIO XAPAKTEPHYI0O OCCOEHHOCTb HenPUBOLUMBLIX YDPABHEHH: uX
KODHHM HMEIOT CKBEDHYIO NDUBLIUKY XONUTb B roCTH LeJoH cembef. Cwm.
Hecke, ctp. 64, Tteopema 49 *).]

235. Ecau crenentoe pasaoxenne anrebpandeckolt GyHKUMK MMeeT
anrebpanueckie KOIPPUUMEHTB, TO 9TH NOCAEAHME BCE COLEPKATCS

e

¥ exke cup HQ



240] § 1. NAOCKAA KBAAPATHAA 1{RJAS PEUIETKA 173

B HEKOTOPOM KOHEYHOM nonae (1. e. 1oJe, FOPOMIEHHOM OIHHM
eIMHCTBEHHLIM anrebpanyeckum uuciaom, cm. crp. 166) [161, 152].
236. (ITporomxense.) Tlycrb paccmMaTpvBaeMbil CTeNeHHOH pan

Oyaner
3]
to 0z 02 L
Torpa cyulecTByeT TaKOe LeJoe UMCAO T, UTO BCE uucCaa &7, &y72,
a,ts, ... aBamored neabMu (ofo0uienwe Teopembl JH3eHIUTe #Ha).

237. Tlycts pacnofiomeHHbl A0  yOBBAWIUUM CTENEHAM 2 DAl

a,,2" ’+‘ am—i”'zm‘l -+ alz+ a0—+"

a

—1 a..q a_.

CXOLUTCS BHE HEKOTOPOrO KpPyra M NPHHUMAEeT leJbe pauuoHaAbHble
3HaueHwst s GeCKOHEYHOTO MHOKECTBA [efbiX PALUOHANbLHbLX 3HAUE-
HAR 2. Ecad Bce KOSQPUUUEHTB Quyy Quy_yr ooy Qps Gy G_yqy G_ogy v oo
pauMOHaNbHDBl, TO pAL MNPEACTaBJAdeT LENVI0 PALUHOHAILHYID (YHKUHIO
(on ob6priBacrcd, 188); ecan Ko»pHUUMEHT: BCe NPHHALIENKAT OLHOMY
¥ TOMY €& KOHEYHOMY TNoJo, TO pal npeicrasiasger anreGpanieckylo
gynximo (npusmep: 189).

FJTABA b
CMELUAHHBIE 3AJAYH

§ 1. Naockaa keajgpaTHas LeJjad pemeTka

838. TpeyronbHuK, BePUIMHL KOTOPOrO SBASIOTCH LEJNBIMU TOYKAMHU
MIOCKON KBALPATHOU DeEleTKH, He MOXeT OblTh PABHOCTOPOHHUM.

D239. 1o Kako# TOMUMHEL AOKHBI “BBIPACTH CTBOJLI B MPABHILHO
3aCHKEHHOM Jece, umeowem (opMy Kpyra, 4Tobbl OHM NOJHOCTHIO 34-
CIOHUAM BUI M3 LEHTpar

[lycTb §-—3alaHHOe LeJoe NOAOKHTeAbHOe uucao. OnuineM Bosje
KaxuoH Iesofi TOUKH p, ¢, yhoBaerBopswoulel HepasencTBy 1| < p?-
—+q¢? < 8% xax u3 UeHTpa, OKPYKHOCTL panuyca r. Ecnm r pocra-
TOYHO MAaJ0, TO MMEIOTCS BBIXOIAUIHE M3 HYJeBOK TOUKYM /Nyud, He mepe-
CeKalilde HU ONHOrO U3 OMHCAHHLIX KPYTOB (N&C UMEET «IPOCBETH»);
Takux Jyueit yxe Oofbile He CYUECTBYeT, KOUAA r LOCTATOUHO BEJHKO

(npn r = %2— KpYTH conpnxaca}onﬁ). MyeTh r = p-— 3HayeHHe, pas-

LEensdollee 3TH JBa Chayuas (rpaddua «npocpednBaeMocTu»). Torna
1
Vs24-1

D40, TposeneM B mMIOCKOR KBAaADATHOW TOUEUHOR pelleTKe M a-
KCHMANALHO WHPOKYII NpAMYyI0 OeCKOHEUHYH «HOPOTY»,. COCTA-

1
\<P<*S"-
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BAAIOUIYI0O € OCbl0 opauHaTr yroa arctgx. O003nauas IWMPHHY STOH
10pory vepes ¢ (x), onpepennts f(x)==o (x)} 14 x*.

40 Mlge ueanie ToukM X, y M X', Y’ HASHIBAWOTCA CPABHAMBIMH
no MOAYJIIO 7, €CJH '

x=x" (modn), y=y (modn).

Cpenn mobwix kn?-}-1 pasnmupbix LeablX TOUYEK BCerAa CYIUECTBYeT
k-1 cpaBHUMBIX Mexny cobo#t mo Moayao #.

242, Tlyctb B MIOCKOCTH, HAa KOTOPYI0 HaHECeHAa TJOCKAs KBaj-
paTHas pelleTKa CO CTOPOHAMH KBAAPATOB, DABHLIMM eNHHHIE, JEWKHUT
obnactk ¢ (koplaHosof) niaowansio F. Ecam paxe ofnacTe sTa He
CONEPXHT HM ONHOH LeJOH TOUKH, TO TEM He MeHee ee BCerlia MOXHO
TaK TePelBUHYTh MNapanjelbHO caMod cebe, yroObl Ha Helt 0Kasanock
[F]-+ 1 uenslx Touex.

243. Uenble Touky, Jexamive B SAMKHYTOM IIE€PBOM KBAIpaHTe,
o0pa3yioT cueTHOE MHOXECTBO, T. €. CyulecTByeT ¢dyHKuusa f(x, y),
onpelejeHHas AJf LeJblX HEeOTPULATeNbHbIX 3HA4eHHH X W y MU obaa-
Jawwaag CJIelyIOUWIMI IByMS CBOMCTBaMU:

1) f(x, y) npunumaer suauenus 1, 2, 3, 4, 5,

2) f(_x, y) — pasHo3HayHas, T. €. ecau X, y, x', ' —1ensle uucna,
x>0, y2>0, 20,y 20, (x—xP-(y—3)P2 >0 10 f(%, y)
+ (%), 9).

CyulecTByeT nake menas pauMoHanabHas oyaxuus f(x, y),
NepPEeHyYMepOBLIBAOLLAA 1leqbie TOUKH, T. e. ofgajailowas cBoicTBamu 1),
2), a uMeHHO PYHKUHS

f6 3) = 520y by 3x 2 = (TS T fxp 1,

a Takxe (QYHKLUUM, MOJy4alowasca U3 Hee, eCnu [OMeHATh MecTaMu X
W y [ykasanHas QYHKUUA [10C/AeN0BATELHO IEPEHYMEPOBLIBAET l&J/He
TOYKH HA MPAMONMHEHHBIX OTpe3Kax

x+y=0 x+y=1, x+y=2,..., x=0, y>0l.
Hycrs f(x, y)— uenas PAUMOHAMbHAS (DYHKUMA CTEMEHU 7,

Jx, »)=19,(x, W~ (x, W1 ...+ 9px, V)

rae ¢, (x, y) 060sHa4aeT OAHOPOIHYIO PAUMOHAIBHYIO (YHKUHMWO CTe-
neny p. Ecau f(x, y) nepenymeposbiBaeT ueJble TOYKH, TO, OYEBUOHO,
©n(x, >0 npu x>0, y>>0. Ecm ¢, y) >0 npu x>0,
v >0, x4+ vy >0 u f(x, y) nepeHyMepoBHIBAET li€Jbie TOUKH, TO PYHK-
uua f(x, v) umeer cremeHb m = 2. [HUHCA0 uHeJBHIX TOYEK, 3aK/IH0Yalo-
wuxcs B obracTu, orpaHdyuBaeMol muHue#t yposHa f(x, y)=const,,
CBA34HO C NJ0UIAlbK TOH 00aacTu.]

D44, Bynew paccMaTpuBath KBAIPAT % LKL n—{—% , —% Ly

1
<n+-2— KaK UIaXMaTHYI0 JROCKY C n? nonaMu, T. €. PasfeNuM ero
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NpAMBIMH, MapanijeJbHbIMA OCAM, Ha A% paBHBIX KBanpartoB. (moneit)
KaXAbH naowanblo, paBHOH emuHuue. «[Ipobiema n KoposeB» COCTOUT
B crelyiouleM: M3 22 ueiex TOYek, 00pasyliIMX UeHTpsl n? monei,
tpebGyercs BHIOpPATh 72 wedslx ToueK (X, ¥y), (X3, Vo). .., (X, V), YLO-
BAETBOPAIOWMNX 27 (7 — 1) HepaBeHCTBAM
xp. = Xy yp. #‘—y-}’ xp.——xv e yu—yw xiu.'—x-a ca —(ypu—_yv)’
: sy o vy=1, 2, ..., n.

3aMenda HepaBeHcTBa O0Jee OrpPaHHUYUTENBHBIMU YCAOBUAMMU -— «HE-
CpaBHEHHUAMN» :

xp.$xv’ ypt.#yv’ xp.'_‘xv$.yp‘_—yv’ xp-_—x\;—li—""(yy."—_yv)(m()dn)v

I0OKa34Thb, 4TO ST MOCAeIHHE TOTAA H TOJBKO TOrAAa HUMEIT peuleHHe,
KOrja # — B3aMMHO MpocToe C 6.

§ 2. CMemanHbe 3a5a4u

245. Ilycts 7y, £y, ..., Iy W Sy, Sy, ..., Sg— JIBE TONHBE CUCTEMEI
BolueTOB mod g, rne ¢ — HedeTHOe mpocroe uucho. Torma ¢ wuucen
Y8y, TSy, «..y FyS, HE MOryT 0ODA30BHIBATH TOJNHOM CHCTEMBI BhHIYe-
ToB mod g. |

246. Ilycte p*, rae a > 1,— HauBhClIad CTENEHb, B KOTOPOK
HedeTHOe TNPOCTOe YHCAO p BXONMT B uhcno n. [lokasaTh, UTO

Dop- 2 B b= — 2w 0 (mod p),

CMOTPA MO TOMY, ZeauTca au A Ha p— 1 wm "Her (A=1, 2, 3, ...).
247. llycts p — HauMeHbuIee MPOCTOE UMCAO, BXOAdAulee B 1. Toraa
CYLIECTBYIOT [Be TaKue MOJHbIe CUCTeMbl BhiueToB mod 7

Fiy Toy o« vey Ty,
31) 52, LI ] S.n,

YTO KaXpad M3 p—2 CTPOK

ry—+ Sy ry 1 So, N T
r1+281, r2+2327 ey rn+2sn’
r (P —2)s;, At (@—28 ..., ra,H(p—2)s,

TAKKe TpeNcTaBiseT Cco0OH MOAHYKX CUCTeMY BbIYeTOB. Hro Kacaercs
CUCTEMBI

ri-Ep—10s, roF(p—18 ...y rpt(p—1s,

TO OHA HUKAK He MOXKeT ObITh NOoJHOH cuctemMo# BuiyetroB mod 7.
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248. Kaxnaa crenedb MoxeT OblTb NpPeACTABAEHA B BHIE CYMMbl
CTOMLKUX MOCHELOBATENLHBIX HEYETHBIX YHCEN, CKOJbKO ENMHHML, COAEp-
JKHTCS B ee OCHOBaHHMH.

249. Yucno us pana 2, 3, 4, ..., n (n>2) rtorma M TONBKO
TOT1A — B3AUMHO MPOCTOE CO BCEMH OCTANbHBIMM, KOT4AZ OHO TPEACTa-

n
BAgeT CcOOOH mnpocToOe UWCAO, MPeBOCXOAfilee 5 - (Hro rtakoe 4uca0

BCerga Cywecrsyer npu rn >2, Ob0 1oka3aHo YeOnweBb M,
Cum. Cobp. cou., 1. I, crp. 63, CIl6, 1899).
250. YacTuynnie cyMMbl TapMOHMYECKOTO pAaa

1,1 1 1

Ttgtgzt- Ty
He MOryT ObIThb UeABIMM TIpH 7 > 1. DTO cpasdy Ke NOJAyyaeTcs U3 Ten-
peMel HeOruimena [249], HO MoxkeT OBITb HOKazaHo H Oe3 Hee.

251, Cymma 18yx Wim GOJbINErO YHCAA MOCNENOBATENbHEIX
YJEHOB TaPMOHMUYECKOTO PAAA, T. €. CyMMa BuAa

_i__ﬁ_[, 4 =1, 2, 3, .. n<m),
1
HE MOMET ObITb L(ENbIM YHACIOM; €C/M NPEeACTABATL €€ B BHie HeCOoKpa-
THMOM Ipobu, TO BHaMeHaTedb Oyaer UYeTHHH, YHCIUTENb —— HEUYeTHHIH.
D52, Ecmv uenoe noaokKuTelbHOE YHUCAO # NeJUTCAd Ha BCe uucha,

MeHblIHe WM paBubie Vi, 10 n ecTh aubo 24, G0 LeMdTeNb TOTO
unucaa.

JokazaTh 3/eMeHTAPHBIMM cpencTBaMu Ooree oflylo TeopeMmy: Ka-
1080 Obl HU Oniio @, 0 < a < 1, HMeeTCs JMIIL KOHEYHOE YHCIO LEeJbIX
MOJIOXKUTENbHBLIX uKucer 1, fAeaduluxcs Ha Bce uucna 1, 2, 3, ..., [#9).

253. Iycts Q-— npocToe yucno, He sBasiOLleecs NeuteneMm 10P.
Cpennee apudmernueckoe uudp B nepuonse LeCATHYHOH 1pobu, B KOTO-
_Q"":
IJVHA TIepHOAd MpelcTaBiasgeT COOOH YeTHOe UUCIO.

B54%. Yucio n=2"41 (23> 2) B TOM u TOALKO B TOM cayuae
| 6BJAETCA NPOCTHIM, €CJHH

PYI0 pasnaraercs OyneT TOrza W TOJbBKO TOrJa paBHO 4,5, xoria

n—1

3 2 =—1(mod n).

855, lokasaTh CHPaBeIJHBOCTb CAEAVIOULER TEOPeMsl, BHCKA3aHHOM
- DHaepoOM B KauecTBe NPeNNOJOXKEHUS:
JlnohaHTOBO ypaBHeHHE

dxyz—x—y—1t*=70
He UMeeT pelleHuH B [OJOXKUTEMbHBIX LedblX uucaax x, y, 2, £

2586. Ecim ¢ — npocroe uncao (g > 11), To CyLecTBYIOT MOMOMKH-
Te/bHbIE HEUETHBIE MPOCTHIE YHUCHAA Py, Ps, Pg» P, BCE MEHbIUKME, YEM g,
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HO He 0043aTeNbHO pas/uuHbie, VI0BJETBOPAIOLINE COOTBETCTBEHHO yClI0-
BHAM
_E_L) =1 (P2)~ —1,
(q + 1L q
1, (-‘7_) — 1.
(Ps ) + Py

[(%—) H T, A.-— CUMBOTH! Jlemaﬂﬂpa.]

257. ecstaudaa apods
0,235711 13171923. .

(BCe MPOCTHIE UKC/IA BHIMUCAHD OJHO 32 ﬂpymm) vppaunonansua {249, 1101,

258. Yucao
| l 1 1
e=ltqrgtgtyt
UPPAUMOHANBHO,
258, Uncio ¢ He TOJLKO MPPALMOHAJBHO, HO W He ABAAGTCA KBA-

ApaTHYeCKOH HPPAUMOHALHOCTBIO, T. €. HE MOXET YJOBIeTBOPATH HHUKA-
KOMY yPaBHEHHIO BHIA '

ae -4 be-l—A4-c==0,

rae a, b, ¢-—uenble 4UC/IA, HE BCE PABHBIE HYJIO. |

26O. Ecom 661 nocmosnnan Adaepa-Mackeponu C=—T"(1)
Gbiia  paunoHanbHeiM  uucaoM, 1o [V(n--1) nomxuo O6b10 6b ObITh
UEJbIM YHCAOM MPHU BCEX AOCTATOYHO OOJLIUMX LedblX A.

261. HeussecTHo, 06JafaeT /i UHCIO T TEM CBOHCTBOM, 4TO Cpel-
Hee apudMeTHyecKoe MNepBRIX M ero NeCATHYHBIX 3HAKOB CTpeMuTCa K 4,5.
QOnnako, ecad © o6aanaeT 3TUM CBOHCTBOM, TO UM o0/aapaeT Takxe 4 — .

2862. lycty ¢, o603HAY4ET 3HaMeHaTe b ~-10 udcaa bepHyannu
B, [182]. Ilokasatb, uTO

719293 - _l_
lim / (2/1)[ 2°

n —> oo

263. [lycrb reoperrko-yucaoBas GyHKUMS f(7) My bTUNINKATUBHA
[cTp. 141] m cTpeMMTCS K HYAIO, KOTAa 72 CTPEMUTCA K OECKOHEUYHOCTH
Mo NPOCTHM YUCAAM M MX cTenenam. B rakom cayuae

lim f(n)==0,

N ~> co

ecad n CTPEMUTC K OECKOHEUHOCTH MO BCe M BOOOULE LEAbIM MOJOKH~
TEABHLIM UMCJHAM.
DB 4. [1px BCAKOM MONOKHTELHOM &

1-3
lim T =0, lim ——1(?) —
: n

n—)oo(?(n) 1 -> o

12 Bax. 1127. T. HNoma u I'. Cere
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265. [lycre wenouncnedHb# kBagpaTHL# Tpexuwien ax? +-bx |-¢
npencrasjied ueno#t TouxkoH @, b, ¢ B TpexMepHON KyOHUECKOHN yuCa0-
BOW pewerke. O003HAYMM YUCJIO ULEABIX TOYEK, CONEPHAUUXCH B KyOle

—nLaln —nLbLn —nLeLn

M npeACTaBJAOWMX MPKYBOAUMB | TpexuneH, ueped r,. Joxasars, 4ro

) v
lim —=——%_— =0.
n - oo (21 -F1)3

(HenpuBomauMOCTh KBAAPATHOrO TpeXW/eHa MNPEACTABASET B HEKOTOPOM
CMBICE «HODMAJAbHEIA CaAyuyai».) A

266. «Bepoarnocts» TOro, 4TO LENOUUCAEHHBLIR MONMHOM 3a4dH-
HOW CTEMeHW MPHBOJMM, DPaBHa Hymo. TouHee roBOPA: NyCTb k — LEJ0E
ynucao, k> 2, u r, obosHayaer 4MUCAO UeAbIX ToueK (A~} 1)-MepHOTO
NpOCTPAHCTBA, JeKaWUX B Kybe |

LAy, — Rl Ky e, =R Gy,

¥ NPEeNCTaBAAOWAX MNPUBOLMMBIE MOMMHOMBL agx" - axh b | .
.. —ta;. Torna
r,==0 (nkIn*n).

(O6obutenne u yrouneHue teopemn 265.) [l 46.]



OTNEJ NEBSITH I
TIPHJIO JKEHHE

HEKOTOPBIE TEOMETPUYECKUE 3A1IAYU

f. Ecau OpocuTh Tsieapit BBIIYKJBIA [OJAMSAP C NPOU3BOJABLHBIM
BHYTPEHHNM pacrpesefeHHeM MacChl HA TOPH3OHTaNbHYIO IJIOCKOCTH, TO
OH OCTaHeTca JewaTh HAa ONHOM M3 CBOHMX rpaHelt. MuwmMu cnosamu,
paa naoboh touxku P, copepxaulefics BHYTPH BHIIYKJOrO NOJANdApPA, Hal-
nercs (N0 Medbulet Mepe) oOZHa rpaHb [~ Takas, yTO OCHOBaHHe fep-
IeHRUKYAAPA, ONYWeHHOro U3 P Ha naockocTe rpanu F, Oyner nexarth
RHYTDH 5TOH rpanu. daThb uuCTO reOMeTpPHYECKOEe [OKa3aTe/bCTBO,
HE3aBUCUMOE OT BCAKMX MeXaHUUECKMX TpencTaBsieHuit.

2. Eciu Ha Xpyrnofl nmiouazke CChNAaHO AAHHOE KOJHYECTBO 3epPHA,
TO MAaKCHMMaJbHBH «HAKJI0OH» noayuawoulehca kyyn OyneT Toraa HauMeHb-
I¥M, Korja sTofl Kydye npuuaHa @opma MpsAMOro KPyrosoro KoHyca.
[okasath CAEAYIOULYIO TEOPEMY, ABASIOLLYIOCH AHAMHTHUECKOH nepedpa-
3MPOBKOHN ykazaHHoro daxra:

Ilycrs ¢dyuruus f(x, y) obnapaer 00eUMHM HaCTHLIMH [POU3BOJHEIMH

0 ! a 4
=L D 5= )

X

Ecmu f(x, y)==0 Ha rpanuue enumunudoro kpyra x?- 321, To
B EJMHMYHOM KDyre uMeeTcs Touka £, 7, B KOTOpoOH

V& PG> 2 [ [ 16 yaxay

npuueM 1BOMHOM WHTerpan pacnpoCTPaHeH HO eJMHHUHOMY KDYry.

3. Eciu MatepuanbHas TOUKA, NPOXOAA B eNMHULY BPEMEHH €JMHULY
NJUHBI, TIEPEeXOJMT OT COCTOfHUA MOKOA K COCTOSHMIO NOKO04, TO The-
HUOYIb MeXDy HBYMS STUMYU COCTOSHMAMYM OHA NOJ/XHA HCMBITATh YCKO-
penne, no abconoTHo#t BenuyuHe npesnlwaoitee 4. [lars anaauTudeckoe
HCTONKOBAHKE 3TOMY (aKTy.

4. Eciu xpuBas BCIOLY BLITYKJIA OTHOCHTensHo Todku O, TO OHA
3auuMaeT yronm 3peuns, MeHswuit 180°, ecau e ona orHocuTenpHO O

#) DT0 M eCTh CHAKIOHD.

12%
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BCIOAY BOTHYTA W NPOCTHPAeTCd B OECKOHOUHOCTB, TO YION BpeHud,
3anHpMaeMbii ew, Oyner Goabwe 180°

[lycts O — nonioc NOAgpHON CUCTeMBl KOODIMHAT 7, @ W F =
ypaBHenue KpWBOH, mpuueM [f(X) uMeeT HeNpepeBHbIe NEPBYIO H BTOPYIO
NPOY3BOLHLIE, DBbluncieHMe DajnyCcd KPUBH3HBI NPUBOAUT K CAEAYIOLLKM
LIBYyM TeopeMam: ‘

l. Ecmu f(x)>0 B unreprate a x<La-%, TO CYUIECTBYET
takasn touka § (¢ < §{<{a-+ ), uro

FO+/®>0.

2.Ecmm f(x) >0, f(x)+ f(x) > 0nmpna < x <bufla)=f(b)==
T¢ b—a > =,
JlokazaTh 9TU TeOPeMEl YUCTO aHAIUTHYECKY.

[TycTb napa MI0CKAas 3aMKHYTAad BHIIYKIAA KpuBad & ¢ HenpepLiBHOH
kpuBu3HoR. Ilycth, nasnee, 2(%) ecTb ONOpHAR (QyHKUMA KpuBoft £ (co-
OTBETCTBEHHO OrpaHuueHHoft xpueow & Buinykao# obnactu &, cm. u. |,
crp. 134), r{9)— paiuyc KpUBH3HBl 3TOH KPHUBOH B TOUKe, I'le YriAOBGH

ﬂ .
KO3 OUUNEHT KacaTelbHOH paBeH .cp+—2-. Gyuxuua (@) umeer Hempe-
PLIBHbie NEPBYIO W BTOPYIO NPOUSBOLHble, r (%) HenpephisHa. Vmeewm

r(g) =h(®)+ A" ().

Ias nnowanu f obaacty, orpannvensoft kpusow £ (1. e. obnacru K),
M AJ AJdHBbL [ KPUBOH & MMET MecTO (HOPMY bl

2n 2w
f*——-%'fh(@)r(?)d?, l=fh(<?)a’<?.
0 . 0

5. Ha zamunyroit Buinyxao# KpHBOH ¢ HenpepolBHOR KPUBU3HON
CYWecTBYIOT BCerpa Mo Menblueldl Mepe TPU pas3jM4HLIe naps TOuek, obja-
laiie TeMm CBOHCTBOM, UTO KacaTelbHble B O0eUX TOUYUKAX OLHON H
TO# e napel napajjenbHsbl, a KPrMBH3HA KPHUBOW ONMHAKOBA.

G. Ecan Bmnyknas kpuBas LAnHbL [, OXBAThIBAIOWAS MJAOWANLL [,
MOXeT CBOOOKHO KaTWTLCS MO BHYTDeHHeM CTOpOHE HEKOTOPOH Apyro#
KpUBOR AaMHBI L, OXBATHIBAKWIEH nAOLWALDL F, to

IL < 2n (f- F).

[lyeTs B npocTpancTse X, y, 2 LdHA 3aMKHYTad BBIMYKJaf MMOBepX-
HOCTb §§ C HenpepbLBHOA KpPHBH3HOW. Bripameune xcosa -+ ycosi -
—~-zcosy, rae cos’a—+cos?f—cos?y==1, uMeeT B BHIYKAOH ofja-
ctn &, orpaHuueHHOH nNOBEPXHOCTBIO {, HeKOTOpLI oOnpeneseHHbH
MakcuMyM A (@, B, 7). Beinmuyuna A(a, §, 7) aBagercs QyHKuHeH Ha-
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npasaenus «, 3, y u HaspiBaercA onoprod dyuxumett ofmactu §. [Tno-

CKOCTh
xcosa~+ycos3 4 zcosy —h(a, 5, 7)=0

eCTb. KacaTenbHasds TMNOCKOCTb (0nOpHas RAOCKOCMSb) TOBEDXHOCTH § #
' IPUTOM  TaKas®, HODMalb K KOTOPOH#, HAMpaBieHHAd B CTOPOHY OT ,
vMeeT HANpaBAsOUINe KOCUHYCH cos ¢, cos3, cosy. Mycts r w r'—raas-
Hble DPalnychl KPHUBM3HBLI B TOUKe Kacauus. Benvuuuul A, r, 7’ MOXHO
NPencTaBiaTh ceffe Kak (QYHKUUM TOYKM ®, ABWKYUIEHCS 110 TIOBEPXHOCTH
envHnunoft chepsl, OHU SBAAIOTCA HETPEDLIBHLIMH  (DYHKUMAME OT o,
Ins ofbema v, naowaly 0 W HHTErpaia m OT CpeiHell KPUBW3HBI [0-
BEDXHOCTH § HMEWT MecTo GOpMYJIbl

't ]

rhrr’dw,

v

vl
-1

"
0 == rrr’dwm-é- r [h(r—{—r’)dm,

] v
m= -z J.(r‘"i—{-— FYrr do = r (lzdw,

1Y

roe MHTEIPHPOBAHME PACNPOCTPAHACTCA HA a&mmqﬂyxo ccpepy n dm
o6o3uauaeT dNeMEHT €€ MOBEPXHOCTH. \

Za Tlycts oObeM, NOBEPXHOCTb W WHTErpan OT CpeiHel KpUBM3HLI
IS ABYX BBHINVK/ALIX TIOBepXHOCTEH OHyayT COOTBETCTBEHHO ¥, 0, M
u V, O, M. Ecan nepsas u3 3TUX nosepxrocrTed MomeT cBofooHO
KaTUThCA 110 BHYTpeHHel CTOpOHe BTOPOH, TO MMEOT MEecTO HeDaBeHCTBRA

mO oM <L 12=(V+v),
mQ — oM < 4= (V —a).

8. 3amxHyTas NOBEPXHOCTh, IONBEPTHYTAR BCECTOPOHHEMY DAaBHO-
MEePHOMY JaBJEHHI, ocTaeTcs B pasHosecun. [as o0oCHOBaHug 3TOTO

(hakTa IoOKazaTh Cheldywilixe QOPMYAb, CNpaBesauBbie NS BCEX 3aM-
KHYTLIX MOBEPXHOCTeH:

ercosadS::O, ffcosf}dé’::(), fjvcosdezf),
ff(ycosy—~;zc033)d8=0, ff(zcosamxcosx)d8=0,
ff(xcos@~-—ycosa)d$:-=0.

3necy cosa, cos3, cosy 0003HaUAT HANPABASICUINE KOCHHYCH BHE-

D. Ecan Ha kawanft snement dS 3aMxHyTOR TBepao#H MIOBEPXHOCTH
C HenpepuiBHOW KpUBH3HOA JeHCTBYeT HANPABJAEHHAA IO BHYTpPeHHeH
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HOPMaAy CUa BeJHUYKHOH B —I—(L—k )dS roe R,, R,—raaBHble
2 \Rl Rg

paidychl KPHBHSHEI, TO NOBEPXHOCTh OCTAETCHA B PABHOBECHM.
i@. (IIponomxenne.) Ecmu BenuuuHa cuibl, neﬁcmyfomeﬁ HA 9Je-

RiR; R dsS (r. e,
NPOnopuMoOHaNbHa rayCccoBoi KpWBU3HE, 4 He, KaK Bbllle, cpemaeﬁ KpH-
BU3HE), TO MOBEPXHOCTb TaKXKe OCTAeTCAd B PaBHOBECHU.

if. Ha xawnoe pebpo k Teepporo mnosusapa ne#cteyer cuwia K,
npunoKeHHas K udenTpy peOpa, TNepneHiuxkyispHas K 9rtomy pebpy
¥ Jexalas B IJIOCKOCTH, Henduwlefl BHYTPEeHHUH YroJ MexXAy TpaHsMu,

MenT dS B HaNpaBleHMW BHyTpPeHHe# HOpManH, paBHa

ol
*BCTpeyaowmMucs B pebpe k&, nononam. Bemuunda cunsl K pasHa l}cos 5

rne [— nnuHa pebpa kR M o — ynoMaHyThi TOABKO YTO BHYTpEHHHUH
yroj. Haxoseu, cuna K HanpasieHa BHYTPb MK BOBHE, CMOTPS 1O
TOMY, ABAAeTCA /¥ pelpo & BHAYKALIM WAX e BAABJICHHBIM, T. €. CO-

¢4
00pa3HO 3HaKy cos = .
Cucrema cua K ocCTapiiset TORMIAP B PABHOBECHH.
12, Ecnu na wawawht snement ds saMkuyToH TBeprofl mpocTpaH-

CTBEHHOH KDUBOH, uMeiowledl HeupepoiBHYK KpuBM3Hy, nelcTsyer cwna,
ds
paBHag 1O BeJMYWHEe ——, TAE I - PauMyC KDWBU3HBI, W HanpaBAeHHAA

B TONOXUTEJIBHYIO CTOPOHY TJAaBHOM HOpMamM, TO KpHBAY OCTAETCA
B PaBHOBECHM. :

§3. [lycrs M3 nayana KOOPAMHAT APOBENEHHl eNMHWUUYHblE BEKTOPHI,
napajie/ibHbie HAafpaBJeHMI0 XacaTeJbHOH B PasiMYHLIX TCUKAX Hempe-
pEBHEO IudpPpepeHurpyeMmolt npoctpaHcTBeHHOR KpuBo#., Kouue 9THX
eAWHHUYHLIX BEXTOPOB OMNHCHBAKNT CPEepPHUYECKYID MHOUKATPUCY
npocTpa”cTBenHOl kpuBof. Ecanm sra kpusas saMKRyTa, TO ee cdepu-
yeckas HHAMKATPUCA [MEepeCeKaeT BCE [IJIaBHbIE OKDYKHOCTH eIMHHUHOU
ceprr.

i4. Ilycts dyHkuus f(x) omnpeleicHa B KOHEYHOM MHTepBane
a < x< b u yiosneTBOpaeT B HeM CJAENYIOLIMM YCJIOBHAM:
1) f(x) noaoxurensbHa BHYTPU MU paBHa Hyruo Ha KOHUAX UHTEp-
panta a, b;
2) f(x)Bunrepsane a < x < b NMeeT HenpepLiBHbie NEPBYIO W BTO-
y1o MPOH3BONHbIE;
3) f(x)— o0 npn x—>a, f(x)—>—o00 npu x->b,
Hpn 3TUX [PELNONOKEHUAX (PYHKINS
4
J7(x) _— F (%)
F I+ [ (x)]3?
He MOXET OCTaBaThCS MOHOTOHHOH BO BCeM HHTepBade @ < x < b, 3a
UCKI0YEHUEM Ccayydas

[=Vx—a@—mn FE=—(3="

b—a
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13, Ha samxuyTo#l NMOBEPXHOCTH BpAUIEHUA C HEMPEPHIBHON KPUBM3-
HOM BCEra CyHIeCTBYIOT NBE DasfiMuHble napamieni ¢ OLMHAKOBOH Kpu-
Bu3HON l'aycca.

16. yctb a, b, ¢— cropons, «, B, Y— yras (B pamuaHnax) HeKo-

TOPOr0 TPEYFOJbHHKA; & JIEWUT NPOTHB &, H — npoTus f§, ¢ — NpPOTHB .
Toraa

T <aa—{—bﬁ—f—c'{< 7
3N"gFfbFe ™2
PaBeHCTBO C/1€Bd MMeEeT MECTO TOrAd M TOJbKO TOTAA, KOTLA TPEYroh-
HUK PABHOCTODOHHMH, a CIpaBa— KOrJAa TPeyrofbHUK BHIPOXKIAETCA
B CJOXKEHHBLII BABOE OTPE3OK.

07. Mycre ky, ky, ..., kg— MnHH wecTH pebep TeTpasnpa u
&y, Oy, - .., Og— COOTBETCTBYIOWME YUkl MEXAY TPAHAMH, BbPaMEH-
Hele B panuaHax. Torma

T k1a1+k2a9 T s —{—kﬁag . s

e N A

YKasaHHbie TPaHUULl HEe MOTYT OblTb CONMMEHBI.

§8. T[lyctes PyP,P,— npsaMOyTOlbHbIE TPEYIOABHHK € OPAMBIM
yraom B P, P,Py— nepneHiMkynsp u3 P, Ha PyP,, TOYHO Tak Ke
PP, | PPy, PPy | P,Pyw 1. A Halttn mpenenabnyio touky lim P,.

n —> oo

19. [lycte B mpocTpancTBe naHbl ABe oxpyskHoctd K u K’ Kaxnas

B BHIEC rnepeceueHHd I.U&pOBOﬁ NOBECPXHOCTH C NIOCKOCTBLIOL

(K) 2+ y*4 22~ ax +by +-cz.+d =
Ax 4+ By +Cz +D =0,
(K" 24y 224 a'x-+0'yt-c'2+4+d =0,
Ax+By-4Cz+D =0.

Ha#ity uenyw pauuoHabHylO (QYHKUMO OT 16 BelleCTBeHHLIX KO3(hdu-
uMeHros a, ..., d, A, ..., D, a',...,d, A", ..., D, xoropas Gbina Gl
OTpUIIATENbHA TOFAd W TOJbKO TOTLa, KOrAa 00e OKPYKHOCTH U e-
MaeHB, T. €. HAXOAATCA B TAKOM B3AUMHOM [OJOXEHWH, Y4TO XOTA U
He MMeloT OOLIMX TOueK, OxHAKo, OyLyyd MarepHanusoBaubl (CKaxem,
M3rOTOBJEHBl U3 MPOBOJOKH), He MOryT OBTb yualeHbl APYyr OT Apyra
Ha JNOCTATOUHOE paccTogHue Oe3 pas3puiBa.

20. Ilycts X, X,, X;— NPOEKTUBHLIE KOOPAUHATH TOUKH Ha MJO-
CKOCTM M X, OmpeleneHO CcoOTHOWeHMeM Xy— X, X, X;=0.
B TpexnapaMeTpuyeckoM ceMeHCTBe KOHMUECKMX CeqeHHMH

MoXf— M XT - Do Xs - M Xo =0

CYWEeCTBYeT IOBYXMapaMeTpHuecKOoe TONCeMeRCTBO KOHHUECKHWX Ceue-
HUH, BRIPOMABIOUIMXCA B Naphl NPAMBIX, NPUYEM KaAKBEAATOYKA NJOCKOCTH
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CAy®uT ocoOoi Touxolft (BepwuHO#) Tako# napel. HaliTd uHTerpanuubie
KpvBble 3THUX nap npambix. (Bo Bcakoft Touke P HMCKOMOH KpuBOR Kaca-
TeJbHAA NOJ/KHA COBNANaTh ¢ OAHOM M3 MNPAMLIX Mapbl, HMEWOUieH Bep-
wuroh P.)

21. Tycts Touka P onuchiBaeT MIOCKYI0 KpuByl. IlycTs, nadaee,
p— PAAMYC KPWBU3HB B TOuYKe P, U OTPe30K HOpPMaJd B P, 3aK/I0ua-
WHMRCA MEKAY OCAMM MPAMOYTONbHOA CUCTEMBI KOOPIAMHAT, HMEET IJHHY V.
OnpeneanTs Te KpuBble, AJIH KOTOPBIX P H ¥ (HAXOAATCH B JAHHOM OTHO-
IIEeHHH:

p = 2nv,
[TocToaHHas 7 MOXET CcudTATLCA IOAQKHTENbHOHN, Tak Kak n nepeu-
1eT B — 1, €CJAd MOMEHsTh POJSIMH X M .

IIpu uenoM n 0AHO M3 pelleHuH MoayuyaeTcs B BHIE PAULHMOHA Ib-
HOHW KpUBOR nopsanka 2n, uMmenuwe# ¢ OGeCKOHEUHO VyAajeHHOR OpsMofl
2n-KPATHY TOYKY mepeceyenus. [BBecTH B KauecTBe mapaMerpa yroa <
MEXY OCbiD X M KacaTelbHol B P.]

22. CemellcTso nosepxHocTell BTOPOrO NOPANKA

2 2 2

x5 X X
Fx,, X4 Xy )= —"— -} "2 +a3_’*~t—~t:0 (0 < o, < ay < ay)

uz—-t‘

C napameTpoMm ! wumeer orufamulyio nosepxHocts ff nopsanxa 10w
kiracca 4. OnpenenuTb JauHAM KpuUBM3HbLL mnoepxuocTu . [CocraBurh
AndpepenHiasbHoe ypaBHeHue, CBA3bIBAKWIIES ONMH M3 DanMycOB KpPi-
BU3HB! MOBEPXHOCTH H ¢ nmapamerpoM £.]

23. ([Mponomxenue.) BboiBeCTH napaMerpuyeckoe NpPeNCTaRICHUS
MOBEPXHOCTH H, B KOTOPOM NapaMeTPUYeCKHMH JUHUAMKM Obliv Obl AMHMU
KPHBHM3HbLI. JTH NOCJAefHHE MPELCTaBAAOT cobo#t anrefpaunueckre Kpu-
Bole 12-ro nopsaxa.

24, (lponomxkerue,) oBePXHOCT UENTPOB KPUBMBHB W [APAJIEI-
Haa MOBEPXHOCTh, COOTBETCTBYHOWHE F1, caywar Takke oOrubamouiuMu
NOBEPXHOCTAMNW HEKOTCPOro cemMeHCTBAa MOBePXHOCTeH BTOPOro nopaika.

28, [lycts F{x, y)— HenpepbiBHas QYHKiLUA, NEPHOAMYECKAS OTHO-
CUTENbHO 00eHX FAepeMeHHbIX X, Y, ¢ nepuonoMm l:

Fla-+1, y)=F(x, y+1)=F(x y).

[Tycre, KkpoMe Toro, ¢yuxuus F (x, y) obaaraer TeMm cBoicreom (mocra-
TOYHO MPeANOJNONKHTb, HAmpUMep, UTO OHA YLOBJAETBOPSET YCAOBHIO
Jdunwwuua), 4To 4yeped KaKAYI0 TOYKY [MJIOCKOCTH MNPOXOLMT OAHA U
TOMLKO OlHa HEOrDAHUYEHHO NPOAC/IKAEMAnA MHTErPaJbHAs KpuUBafg AMP-
(e peHLHanbHOro ypaBHeHma :

= F (x, Y).

Torna cyiecTByer Taxoe uMC/IO ‘®, CBA33aHHOE C quHkuueﬁ Fx, y),
YTO RJIS K2XAOH HHTErpasbHoft KpuBOR y=— f(X) Pa3HOCTb f(x)— wx
ocTaercd OrpaHuYeHHOH NpH BCeX 3HAUYEHMAX X.



PEWIEHUS

OTOEJ YETBEPTHM
GYHKIINN KOMITJIEKCHOT'O MEPEMEHHCTIO
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{ Lorrorrr ror r
rt12*1r237 127
roor r

MuoxuTeny TG o ybuiBatoT. llpu
f-}l}.——{——, T. e. nr<n+1,
n i1 =0

. rn
MAKCUMATbHLIM YIEHOM CAYKUT z-# unen — . [losTomy

fdl
' Al .
M(f)ﬂl";—}l: v(r)==[rl].

2, Tax xax BCe XKOYPPUUMEHTH MONOKHUTENbHB, TO
M(r)mef,_N(r)-:O.
2. p,(r):@%-)-l apu 21 (21— 1) < r < (2n--2) (20 - 3),

— P
o) 2.[1/1 —}—4&/‘ 1]~ 12r‘

4. Tak xax xo3hdDUUHEHTH HMEIOT Uepeldyiouluecs 3HaKH, TO MaKCU-
MYM MOLY/s AOCTHUTaeTcs AAA OTPHUATENLHOrO . Z.

Vr V7 — —
_ N(r)m[ﬂ,] ¥Vr.

€ — &

M=
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5- \»(I’) == (.
6. N(r) = (.
Tu |@,|r™ cayxur MakcUMANbHEIM HICHOM LN SHaueHwi r, mpe-

BOCXONAWIHUX BCE 4YHCHA

1 1
foff | |@ T |my
an Ay T An

?

8. [To ocHoBHOW TeopeMe aareOpsi M BCJAENCTBHE TOrO, YTO TPH
| 2| — co Moaynb nomnHoMa ~|a,||z|".

8. Uro sropo#t npenes paseH OecxoHeuHoCTH, BheiTexaeT u3 [ 119,
I 120. Vs pepasencrsa p(r) > | a, | 7" BuiTexaeT, nanee, eciu a, =0, 4r0

lim infm“(r)‘}/ n, T. e. lim np(r)

r> oo T oo MF

iG. Ilepsyio mnonoBHHY VyTBepKIeHHA J10KAa3bIBAEM TaK JKe, Kak
NepByK MOJNOBMHY Teopembl 9. [lo noBosy BTopol mososuHbl CM., Ha-
npumep, 2.

e (1) =y (), % () == v, (7).

Mpnekcom uneHa a,2™ cyuraercs, eCTECTBEHHO, nk.

82, M, (r)= M, (r*), N, (r)==kN, (rF).

13, 1. Tlpn 2n— D2 L2 < 2n-4- 1) (2n 4 2)

ran
v(r)==2n~r, p(r)= oo
o 2 ! Cates ”“1 :
np () r 1( 1 im2 2 .
= Inr 8 lﬂr + .o -ln r) flnxdx

2. Tipw (Qn*- 1)2n < 2 - @n+41) (2n+2)
oy __1enpm
v (l') - Qn 2f, P (r) 2 (21‘2)! H
v (r) 2n o 1_ - {
Inp (f‘) T 2r 1 2n\ , In2 T .
2r ( -+ ln or T cor i _27’) o f inxdx
0

Kasanocb Obl eCTeCTBEHHBIM CTapaThCsl NOKA3aTh TEOPEMY, COJepxKa-
WY 9TOT NpuMep M no asajoruud ¢ 14 38Byuvaumiyio NpPUMepHO Tax:
«Bcnu f(z)— nenas QYHKUMA M pg(r), COOTB. vy (r), — MAKCUMAALHBIA
UleH, COOTB. UEHTPalbHBIR MWHIREKC, pasiowernus (f(2))* (a He [f(zF),
kak B 11) no BoapacralowuM crenensam 2z, k=1, 2, 3, ..., To

Ve (r)
,l_l,moo In g (r)

He 3aBucuT or k». OnHaxko B Takoff obwe# GopMyaupoBke 3Ta Teo-
peMa He BepHa [mMpeAes MQKeT BOBCE He CYLUECTBOBATh), XOTH H BepHA
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NPH HEKOTODbLIX CHEUWadbHLIX MPEANONOKEHHUIX, HANPHMED B HPEANONo-
wenuax teopeMnl 67 [68]. Cm. Taxxe 59, 60.

Wde My (r)= (M (r))k, Ny(r)= kN, (r).

5. [19.]

EG. N(r) ectb uucioBas dynxuus, cm. II, ra. 4, § 1.

§7. Tycrs v(r))=12>1, Toraa

v (r) = lal rh | a) i = pl(ri),i-j.

£8. [11] 280.]

§9. Tax xak MaKCUMAJbHEIA YICH CYLLEeCTBYET, TO CYLLECTBYIOT
TOYKYM, BaK/O4alolinecs OJHOBPEMEHHO BO BCeX  NOJAYTMNOCKOCTAX
M>ni-+1nla,l (n=0,1, 2, ...). Muowxecrso & o1ux Touex mnpo-
crupaercs B OeCKOHEYHOCTh M Kak ofwag yacte OeCKOHeYHOro MHOMNe-
CTB4A BHINYKJBIX ofOsacrell (MMEHHO NOJAYNAOCKOCTeR) CaMO TMpeACTaBASAET
cobo#t BeINyKAYID 00nacTb. Ity 06MacTs OFPAHWUMBAET CHW3Y NOJKTOH

£ . dlnp(eE)
¢ ypasuenneM = lnu(e). [fponssonnas cnpana ——E  Cyulecrsyer
TaKwe B BepWMHAX M BCoLy pasna v(e®). [Ipoussouuas — KycouHo-
MOCTOAHHAA (DYHKUUS M BCIENCTBUE BLINYKAOCTH Hurae He yOwnBaer.

Orciona cnenyet 16.
20. [l 304.]
D, Tycte 0 <7< r’. OGe mapu TOYex

(Inar, Inu(ar)), (nr’, lnu(r)
154
(nr, Inu(r), Onar, Iny(ar’)

nexkaT Ha rpauuile obnacty & [pewrenne 19] ¥ npuTOM mepBas OXBATHI-

BaeT BTOPYI0. LIeHTpH COENMHAIOIIMX MX OTPE3KOB (CeKYUWMX) HUMeioT
ofwyw abcuuccy

lnar4-Ins __ Inr 4 Inar’
2 _—- 2 !

a 0Jis OpOWHAT BCAGNCTBHE BEINYKAOCTH [19] nMeeM

I (or) FInp (1) g (r) + In p (ar')
2 ~ 2 |

29 U3 20, xaxk 21 us 19,
2£3. [ln7 noMMHOMOB yTBEPXKAEHHE OUeBHAHO [pelnenue 7). Ilng cte-
MEHHBIX PLOB € OCCKOHEUHBIM PALUyCOM CXODUMOCTH v(r) AOJIKHO (e3-
IPaHNYHO BO3PAcTaTb, TakK Kak NpU m < A 4ieH |a,, |r™ Oyner npesaof-
JeH TIO BeJUYHHE UJNEHOM |a,|r®, Kak TOAbKO r cTaHeT Oonblue YeM
1
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[Mycts w(ar)==|a,,|(ar)®, torma w(r)>|a,|r™ W, crenosaTeisHo,

Ho m — co npu GesrpannyHoM BO3pacTaHmu r.

24. VickoMbil npenen cyuiecTBYeT ¥ MeHbIe eNHHWUL IS KaXKA0H
uenofl gpyuxuMu, He cpoisiefics K nocrossHoit [22]. Ecam on nonoxu-
Tenen W paseH ¥, rme R -— Hannexawnm o0pa3oM BHIGPAHHOE UYHCIO,
M (a-—n-H)

k> 0, To Torma —W

> ak u, 3HauwT,

M(a=—m) <l a=m M(1) (n=1, 2, 3, ...}

Ho 3T0 mnoxkaswiBaer, 4T0 UeJas QYHKUUS npencrarnseT coBOR noAHHOM
crerieHt < & (8, 10]. a9 nondHOMOB yTBep:KIEHHE OUERMIHO.

25. Cpemn uncen py, Py, ... Oyner pasuo Hymo v(0), T. e. uu
oaHo, ecad v(0)=0. |

[Mycre £, ects alcuucca BepIIMHH TOMUIOHA, OrpaHuuuBawlero ©
[pemenne 19}, B KOTOpOH CXONATCA CTOPOHBI C YTJOBHLIMH KO3QDULMEH-
TaMd m w1, m<n. TOrLa Ppppy ==Ppyo == - .. =0, =20, = €%, U
la,|r® cHy™uT MAKCHMAJLHBIM WYJEHOM MeXIY paccMarpusaeMoil Bep-
wrnoft u Omxafimelt cocennedt crpasa.

2. Cpean umcen ry, 7, ... Gyner passo uvymo N(0), 1. e. HH
orHo, ecit N(0)==0. Cm. 16,

21. Pp=n, P7z:2n(2n+ I)s 92n~1=92n:V(2n~1)2ft-

28. wlz__%l., wg:‘%{, 1413":-*%5{, veey rp==(20-—1) %!

; w
wnmrﬂmn?ﬁg; ran,_lzrznw(Qn—"“ 1)"?‘-

29. Mmeem 0, <R (n=1,2, 3, ...). B uurepsane [0, r], r <R,
JEWUT JHMILL KOHEUYHOS unuC/0, 4 MMEHHO v(F) 4ieHOB NOCAeN0BaTEJb-
HOCTH Py, Par Pgs « .. 1OUKOH CTYUIEHUS DTOH MOCAEROBATENALHOCTH MOMKET
ObITh TOMBKO Tpasnilt kodwew wuurepsana (0, R).

S8, TlocnenosatesbHOCTh HYJIEH He MOKET HMeThb TOYKM CryuleHus
BHYTDH KDYra CXOAMMOCTH,

34. loxasatenhCT80 NPOBONMM METOLOM MATEMATHYECKGH WHIYKLMH,
paccMaTpHUBas NOCNENOBATENLHO MHTEPBanbl, Ha KOTODbie pPasbuBawT
UHCOBYIO NPAMYIO TOUKH Dy, Doy « .. L O r <p, umeem u(r) =|a,l.
Tyete 0 m < n 1 ponb HauOOMBINErO Y/ieHA NEePeXOIUT OT |a,,|r™
K |a,|r® HonycruM, uto B MHTEPBaNE P K 7 < Ponps

&l
k() PiP2 « .- fm

mlamlfm,

a "
%1 Tax xax |a, | r™ BcTynaer B ponb HaM-

BHAYUT a = ————
" 1] P10g -+~ Pom
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OOJBILETNO YAEHA B TOUKE [ =s2fly, . ==(, =3 ,,, ==p . ==p  [2B], TO,
CIeliloBaTeNbHO, .
m n e
v Py = | G | b1 5= @y | P = | @y, | Om+1Pmr1Pmre + + + Pao
i a —_ | am_l - » ‘ g I
n Pm+1Pm+a - Pun PiPa -+ PP+t +v Pa

“U(r)—]anlrﬂ Aad Poz<r<9n+1’q 1 TD. A '
@2. Hepasencmso Hencena (111 120]. PaBeHCTBo He MOXEeT AN0CTH-
raTbCd HH NS KaKOd He TOXAECTBEHHO NOCTOAHHOA wneno# (yHKUMR.
B3: IT0 NOCTUraeTCs HHTErPUPOBAHUEM (C HEKOTOPbLIMH apenoCcTo-
POXHOCTIMH) COOTHOWIEHUS

r E—l%%—(f)' = (),

JOKa3aHHOrO B peulerun 19,
&4« PaBHoculbHO Teopeme 32, tak kax BcaeacrTsue II 147

7 r
C N (¢ ’
J -—~f( ) df == N(r)yinr-— | InrdN().
0 0
35. OGosuaunm npenen cleBa yepes @, Npeien cnpasa-—yepes 3
¥ TpuUMeM CcHayana, 4To o KoHeuHo. [lycts e > 0. Ilpu nocratouno
Goabuux r umeeM v(r) < re*¢, nanee |a,(m | <1, caenosaTenbHo,

w(r)y < g T
lnlnpu(r) <ate __[_lnlnr

Orciona B a. Ho, ¢ apyro#t croponn [33],

2r

j LDt =1np@r)—In p ().

pe

Jlng pocraTouyno Sonpmux r w(r) > 1, claenoBaTenbHo,
y(r)In2 < Inw(2r),

1. e. a < B. Ecmu ¢ Geckodeyno, TO neppas NOMOBMHA JOKdA34TEJbCTBA

M3JIULITHS, _ ,
36. CM. BTOpPYIO NOJIOBHHY IOKa3aTelbCTBA Teopemsl 36 [34].
37. lycts ay==1. Vmeen [33, Il 147]

—rn()+ X =k [t cht)dt—-kftkdlnu(ﬂz
0

0(9\'-{?

hr=klnyp. (r) - A2 f ¢-k-11n . (¢) 4.
0
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o ]

Ecay unrerpan f (~k-linu (f)dt cxomarcg, 1o lm r-klnu(r)=0
1 ¥-¥c0

n .
[II 113], u, 3HauuT, cymma Z (p;"k——p,;k) OrpaHHiera [[ 78]. Ecan pan

2 pn CX0IUTCA, TO A0Ka3aTeAbCTBO npom.e
n=1

38. [G. Valiron, Bull. d. Sciences Math., cepus 2, . 45,
cTp. 2568—270, 1921.] B npennonoxenuu f(O)ml U 0003HAUEHUHX
sapauu [l 121 noayuaem, kak B 37,

N () S r,'k:kr—'kln@(r)-+k‘3ft‘"k'**lln@(t)dz‘.
S

9 7, <7

M3 uepasencrea ® (r) << M (r) saxnwouaem, xax B 37.

3@‘
(L X ) =

b

o= (k4 1) f(l-——t)"v(t)dt (1l 147],

(1 —nrflnu(r)-+k f (1 — 8" Linp (£) dt:
0
= f (L—& 7% () dt [83].
0

[Iycth ay==1. WMurerpans B npaBbIX 4acTdX OAMHAKOBO BelyT cebd
npn r— 1. Ecau uHTerpan so BTopoﬁ CTPOKE CXOLMTCH, TO

tim (1 —r)" lnp(r)——O

r->1-0

[II 112] u cymMa 21 [(l—p\,)kﬂ—-(l—p,n) "1 orpanuuena [I 78).

40. [F. n R. Nevanlinna, Acta Soc. Sc. Fennicae, 7. 50,
Ne 5, 1922.] Tak xe oruocurca k 39, kak 38 x 37.

40. [J. Hadamard, Journ. de Math., cepua 4, 1. 9, crp. 174,
1893.] Tlpamas, npoxoaduwas uepes Touky (n,—In|a,|) ¢ YraoBbM
Kosbduuuenrtom Inr, uMeer ypasHenue

m=—In|a,ll4+ E—n)lnr
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M OTCeKaeT Ha OCH 7 oTpesok — lna,|r®. Cpein BCex 9STUX NPAMBIX
ONOpHAs MpsMas nepeceKaercd ¢ BEPTHKANBLHONR 0Cbi0 B Haubo/ee HM3KOH
Touke. CrnenosaTenbHO, OTPe30K JTOH MPAMONH HA BepPTUKAJNbHOH OCH
paBeH —Iny (r), albcuucca BepuiMHB, B KOTODPOH OnOpHas npsMasn
kacaercd obmactu & (wiu camofi mpa-

BOW M3 9TUX BEDIUMH, eC/d KX UMEeTCH
HEeCKOJBbKO), pasHa ~v(r), yraQBOH
KO3(pPUIMEHT TPAHUYHOTO OTpe3Ka
obnacti &, 3aKMOYAIOLIETOCE MEXAY 7
abcuuccamMmu n— 1 u n, pasen lnp,.

Vs geprema sBCTByeT, 4TO Ing,,., >

> Inp, v uro npu ay==0

//.
—In|a,|=—In|a,| 4 Inp, -+ \ | | e

+lapy o Ainp,, 7V
L7
ecin touka (n, —In|a,|) AexAr Ha -
rpadnue obnactu & [31]; ecan onop- «
Had npaMasi MOBOPAUMBAETCA BOKPYr -
~ BepMHB ¢ a0CLUCCOd 1 Tak, 4to ee
yraosoft  xospduuueHT wn3Mmeustercst or Inp, Ao Ilap,,,, TO TOrsa
I, ) —Inp(p)=n(np,,  —Ing,) u 1. 1

s | @, | ™ BCTYMaeT B po/ib HAUGOMBILETO Y/ieHa, HAUMHARN € Hawu-
MEHbUIEr0 3HAUeHUS r, YILOBJETBOPAIOLETO HEPABEHCTBAM

[aol lam|rm, laglr <lag|rm, o |apoy [ rm ™t L ay | rm.

9To 3HAuYeHHe r PABHO, CJENOBATENbHO, §,,. Ha ueprexe pewenus 41
yIrioshie KO3 PULUHEHTH!

—Inja,|+Inlay| —Inla,|-1In|al —in| @y |+ In] ay—q|
n—0 ’ n—1 T (n—0)

BCe He TpPeBOCXOAST yrioBo# koadduuuedt Inp,.
4%3. Pa3 gy cAyKUT MAKCUMATBLHBIM WIEHOM: 1L HEKOTOPOTro r (£ > 0),
10 a,#0. Torna, kak OblO NOKa3aHo B pemweHnn 31,

ap

: tny
a, | = i Py = ‘ (n=1, 2, 3,....).
2] pipa e P’ l@nay Pt " an A
Ha ueprexe pemenus 41 Bce Touku (n,—Inla,|) nexarT Ha rpaHule,
HePABEHCTBO
. —-—1n|an_1|—lnlan+1]
D) .>/~ln‘a'n|

BLIPAXKAET BBIMYKIOCTb.
%%. KpuBas y=a~1x* x>0, Boinykia cBepxy, TdK Kax
V' =(a—1)x*"2<0; orcoaa suTexaer [43] yTBepKAcHHE OTHO-
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cuteqsuo v(r). Beipaxenue a~ix¢—+ xinr, rue x — nepemennaqa, x >0
M r (UKCHDPOBAHO, AOCTUraeT CBOEr0 MAKCHMYMA IpH

1
X =={(—Inr) 1-¢ ™
H B 9TOH TOUYKE pPAaBHO

(@7t — 1D x*==(at—1)(—In r)—i_;&'

Ecau, crano OuiTh, (M) NDUHUMACT LeJ0e 3HAUYEHHE 72, TO n-H 4/IEH paBeH

ple”t=n® 1 apngerTcd MAKCHMAJbHBIM [BTODOE JAOKA3aTeNbCTBO yTBED -
*ILeHUS OTHOCHTEAbHO v(r)], U NpHUBEAeHHOEe IJA U (r) aCHMITOTHUYECKOE
3yaueHue SBAAETCH TOUHLIM (B MPOTHBHOM CAy4Yae OHO HECKOAbKG 60ablue
TOYHOTO 3HaueHust w(r)). HYT0O aCHMOTOTHYECKOE DABEHCTBO HUMEET MECTO,
CllefyeT U3 COOTHOLIEHMS

o110 (e 1)®
Hm =1 - == 1
N> 0 e(‘z ~1)n

45. [lonaraem ——Inr==1 W CpasHUBAeM pACCMATpPUBAEMBLIH psiA
¢ HHTErpajoMm

(&3]

. 0 e A —g i
J em“lm“f1xdx,w'M%1 20-9) " exp (L-;—ET 1"“) (Il 268].

0 .
[Tepexon oT pstna K MHTerpany AaeT OWHOKY NOPAAKA MAKCHMAaJbHOLO
yjtena psaa [cM. I[8]; orHoweHMe STOro MNOCAEAHETO K HHTErpasy
[/

1
uMeeT MOPAROK t2¢—% [44]: aT1uM ¥ o0OCHOBHIBAETCH YKa3aHHBIM Me-
pexon.

o
48. Kpusas y==ocxlnx semykia camsy, Taxk kak y’=—>0.

Brpamerue —oxlnx--xlnr, rie x-—nepemennas, ¥ >0, nr du-
KCHPOBAHO, AocTuraeT makcumyma npu a{l-Inx)=lnr. Ecm x rnpu
5TOM MPHHMMAET LUeJoe 3HaueHue, pABHOE 7, TO A-U WieH sABJAeTCH
MakcuMaabHbiM, Ecan we x =n—£, 02 L1, 1O

r=(e(n+HY,
“ 1
popN = en” (1 + tn—-l)'n?.,\,ec’. (n41) — exp (ae"—lr?))
anu «
Pn == h(ﬂ-—*- 1)(n_1)¢w(n8) [43].

47. (46, 45, 11 209.]
' i
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48. [locTaTouyHo MccaenoBaTs paccma’rpnaaemmﬁ psia B OLHOH JRLIb

TOUKe, HanpuMep z--=0 (Il 2B61]). Tlycre g(2) = 2{&1 ; TOT A HYXKHO

a =

o0

MCCAENOBATh DAL X, a,. Mmeen

o] <10

a) ﬁyc'rb [<1, 1. e. M(r)<Aeld+sdr, A>0, >0, 4+ 1.

HOaq r == —— noayuaem

e
@] < AnN () o,

W, cnenopatensho [I69], pan E @, CXOLMTCR. 3HayeHWe r cAenyeT Mo-
7= 0

noGpath Takum 00pasoM, 4ro0nl (PyHKUMA An!r"‘”e(“'-)'? o0paulaiach

B MHHYMY M,
‘ (% o]

e
6) Ecam > 1, To pan D, @, HE MOKET CXOIMTLCA. B TNPOTHBHOM
n=0

ciyuae Mbt uMean Ol |a,| <K, cnepoBarensHo, |f(2)| < Kel?l, uto
MPOTUBOPEYUT IpeAnonowenuno [ > 1.

B) Ecam [=1, 1O pan 2 @, MOXeT KaK CXONUTbCH, TAK W pacxo-
n=0

noo
auTbes. Boibepem, Hanpumep, a, Tak, yrolnt a, > 0, lim ],/aﬂ=l U
' 7 => 00

pAL L a, cxomuaca. Torpa [ <1 [6)], najee M(r)> r 07 BCex

n=0
n. llpn n==[r] noayuaeM, yro [ > 1, 1. e. l*-I Bribepeu, ¢ apyro#t

. %1
CTOPOHbBI, @, Tak, u4Tobwm lim a,=0 n paxn 2, a, pacxopunca. Torpa
7 = 00 n=0

{1 [6)], nanee 12> 1 [a)], cnenosaTenbHo, [ ==1,

49. N(r) paBHo uucny wneaslx rtouek B xpyre |z|<{r. HmeeM
w, =1, w,=1{; TaKk Kak [w npoferaer OLHOBPEMEHHO C W BCE MEPHOIbI,
TO

o(iu) =io(u); - (*)

1 1.
st 1)e=—e" (++2), (@),  o(u—i)=— ARGV ().

13 3ag. 1127. I'. Tloma u I'. Cere
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3ameHss B NePBOM ypABHEHWM 2 Ha [u-—1 U yMHOKAA NOAYUEliHOE
TakuM 00pa3oM ypaBHeHHe Ha BTODOe, TOAyHAEM

. 1 .
Talt0a) 10+ 5 (= Ny + 47)

o (i) o (u—i) = ¢

o [ (u— )] o(a).

Otciona BciedcTBHe paBeHCTB (*) M 1w, — Yy, == 27/ NONyUaeM [0~
CHelOBATENLHO

M=M=,

MoAnA MOOLIX Ie/IbX YUCeN My, /i,

(Mg — i) U -1—-E (m?—!— mg)

s(u—t-m,~+imy)==""c(u)e 2 .

OrpannunMcd 3HaueHuaMM u (4 +~ 0), nexawuMd B napajjienorpaMme

NepHOLOB, OXBaThHBawuWeM Touky u==0. [Jonaran z=uwu-m —-im,
2 g - .

W Oeps mj—+ mi—> oo, Oynem umers

uwwq+w,1mqm~§mﬁ

R sin ¥z ‘ '
50. Yro6ul BoudcaAnTb W (r) A #, 3aMeyaeM, UTo ecad r u

N CBA3aHb HEPABEHCTBAMH

: 2n1/1+§5\<1/?<2n]/(1+5)(1+%) (*)

M NOJOKEHO ]_/F:Qn—{—t, TO Opu Oe3rpaHUYHOM BOZPACTAHHM 72
{ ocraercs orpaHudeHHbiM. B untepsane (*) B cuiy 3

N Vrom - Ve
p(r) = (2n 4-1) - @2n)!

: 1
. an+ -
on. Yir(2n) e~

———
—

3
1 — — £ \2n
(2 2,V 1 l ~t.
VQT‘C( n) “e ( Qn) ¢

3
p(r)~1—[2_—_~—r‘4ey7, lnlu(f)w]/r.

2n
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S,__“_‘ 1_/_5._ cosz | (cos 2)% e~ e? 5 (2)
z
In = i il
Pn 4 2 2 T o o
- . @
N () 2 2 2 L o] =
v (r) ! T i e T |
. | —— P SN— e e — I camad
N (r) 1 2 || 4 B {
In M (r ) = T ' Y = | 0 | e
e — S — l-__l S ! — e iy e —_—
v (r) '. . ;
EYVeY 5 1 ' . b — |
Mo 1 1 | o
Ve Oweo) | 2 2 7
In N (r) ' L = ..
‘ Inr i 2 | \ 1 : B ¢

Brictynaowue B 3ToH Tabauue 3aBHCHMOCTH YaCTHUUHO Pa3dbiCHAECH

MOCAEAYIOUIUMH TeopeMaMy. _ o
Bl. p(r) < M(r) [onpenenenue), Ecan lim SUPM =\, A xo-
> co nr

Heuno, A <8, TO LA LOCTAaTOYHO Gonpmux p | a,|p" < p(p) < e,
1

clenoBaTenbHo [petrenne 48, a)}, Geps ():—-'(—g—)a, 6yneM HMeTb  AJs
. |

= ) 3 =
A0OCTATOYHO Boabwvx | a, | < (%B)B , la, |l <L (fﬁ%)ﬁ . [onoxum

2e3 = k; rorpal)

1

: krB [o'e) - _17,_
M < Eoianlrwr X ] " < (kPP e () 2ﬁ2 5.
n= : n=kr

n= k?‘B-f— 1

]
1) B nacroauwe#t raaee mnoj Ec'n npu mobsix @ u b, a < b, KaK ueablx, Tax
n=a
161

U, HElLLeAbiX, MOHUMAaeTcs 2 Cp = C g
n=la]

T+t e F e -1 O

13*
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52. (61, 35, 11 149, 1 113.]
83. Ecim nmopszox paBeH A, TO coriacHo pewenuwd 51 npw no-
CTATOYHO OONbWHX + H & > 0

kyh e
7 0=(% + 3 Jnas<
= k?l T =—+.]
IM';\ +& o0 n
< krite Z a,r" -+ :;__: n-2 % L krite f(r)y - £,
n=0 =Rt T

rae kR, &' -— IoCTOSHHBIE, OTKYha

8 (rf (7Y 7 ()Y

inr

N

ke,

. }
limsup

Ll o]

rae e cKoiab yroauo Mano. Ecam, ¢ apyro#i cropouul, Tmpu r > ry
-—1 s
rf'(r)f(r)”" < r®, TO mnHTerpupoBaHMeM HOJyYaeEM, UTO INPH £ - ry

In f a
ﬂf(f)<‘B—+C,

rae C-— HeKoTOpasi MOCTOSHHAL.
B54. llpu noctatoudo GOJbIIHX r UMeeM

w(r) < M(r) < kRri+ep(r),

raoe A — nopanok u e > 0 [pewenue 51].
55. Iycts ¢ BuBpano Ttak, uto o(l-—1) > 1. Tlpu. mocratoyuo
fOonpiux £ umeeMm M(£) > f° [10], CeJ0BaTeNBHO,

p@OMETTL MO T <Y,

INo nosopy I!==1 cp. dacTtuult cayuaht f(z)=e? B sTOoM ciayuge un-

terpan B IIl 156 pacxoantes.
B6. [A. Wiman, 1. ¢. 1.] Kax 661 Mano Hu Obl10o & >0, cymwe-

STBYIOT TaKWe CTeNeHHble Palbl
V4 br— b4 o0 4+0,r"+ ...

C KOHEYHBIM PalduyCOM CXOAMMOCTH M TMOJOXHUTEJNbHBIMU KOIPPUUMEHTAMH
by, 4TO, 0003HAUAA Yepe3 7 LEHTPAJbHLIH MHIEKC, HMEeeM

Sy 72 < []n (bﬂy”)]l

v=0
Hp}‘! BCeX MNOJOXWHUTENBbHBIX 3HAUYEHMNAX ), JlOCTaTO‘IHO OJM3KUX K rpa-

?’b

Hule kpyra cxogumoctu (4b]. Haa uenolt ¢pyHkuuu 2 a,2" (npenno-

n=0
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naraetcd, 4to @y=1) B TOuKe r, C KOTOPOH CONPSIKEHO Yy B CMHICJE
[ 122, Bpimosndsercs HepaBeHCTBO

layir - by

lan|r 7 bpy™

nna Bcex v=20, 1, 2, ...; 3HauuT, B Y4ACTHOCTH, Jasg v=0
bpy" Ll a, | 1™ |
B TaKOW TO4YKe r W BHINOJHAeTCd Tpebyemoe HepaBeHCTBO. [Ipennono-
’KeHHe ag,==1 He HapywaeT OOLLHOCTH.
[A. Wiman, 1, ¢c. 1.] Oyets A3 < A+4e= 'olT Torza [62],
L8 JOCTATO4YHO OOMBLIHX 7

Inn < Blnp,

CaAen0BaTeNIbHO,
1

- =
Pt~ (n— 1)V p e=in=* > n?  e~*— co.

YTBepKieHnue BoiTekaerT Tenepbh u3 [ 118 u 47 takum ke o6pasom,
Kak 86 nu3 [ 122 u 45.

53. Iycrms

N _
ln

lim sup - n s mr. = A (11 149);

¥ > Co

n-rco

tToraa A< 1. Wa B1, 36 sascreyer, uto nopanok > A, Uro oH BMecTte
¢ TeM < A, NMOKasbieaeM chenviowum obpasoM. HMmeem

o2

M) < || r H(1+ L.

n=g+1

Ecau A==1, 1o no sanauuy NOAOKHUTENbHOTO & BhiOHpAaeM LEJ0e HUCNO

N rag, 4robsl N > ¢, 2 Fl-<e. Torna
n

n=N+1
| T | [ M
/W(I")<|Cfrq ﬂ (1+;_).eer, lim s pﬂ]?lr(!‘)él.
n=q-+1 n ¥ >0

Ecmm A <1, To0 BuifupaeM cTOIb -Majoe ﬂOJTO)KHTeﬂbHOE , ‘-ITO
A—+n<1; rorma [I 113}, nas mocratouno Go/ibwOro 7 —-<

l+'q

K norapudmy ¢yuxuny H(l +——«-) npumenseM [ 37,

=1 ’,_-,]



198 | PRIUEHUA | [59
88, ([lo nosony 598683 cm. taxxe G. PG1ya, Math. Ann., 7. 88,
crp. 177—183, 1923.] Mul MO¥eM, HHUCKOJbKO He Hapywad oOLLHOCTH,

MPUHATH Kak 31ech, TaKk ¥ B 3anavax 60—65, uro f(0)=1. Torua
umeem [31, 11 1569]

Inp(ry By
7 v(r) 2 In —~jlnx dx.
[Tpumepn B 13.

©0. Kak 59; smecto 1l 159 npumensem Il 160.

o0

6l. Nl(r) iln(l -[—%S)N f 1n(1—1—x_% eiﬂ)dx.'
n=1 0

62. Kax 61; npumensem I 161 smecro II 159:

ln M (r) ] _ ’
o N () <N(r)211”(1+;;)-_
63. Cornacuo 32

1
; _
lim sup%lj} lim supjv—l—;j E In r%> [ Inx *dx [T 160].
. roLr 'J

¥ 0o ¥ >0

‘64.; Cornacuo 111 121

Ho s cuay Il 169

2
: l ra\? N A
Jm s X (7 = |+ 40 =g

JIis MONMHOMOB CyMMa Z r ocraercs oxpaumeunoﬁ
ooy

5. Kax 64; Bmeub 1 159 npumensem 1 160,
65. [ycrs f(2) = Z a,2" rtoria |l 122, Il 130]

n=>0

Qo

R= 30, moy Sl
n=0

n=0

[onoxum: g(z %, g(2) Oyner TOro Ke nopagka A, 4ro
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u f(2), TaKk Kak

r2 [ (r)]?
v(r) 41

[35, B1]; npumensem b3 x

g < rMOnPE

M) _rg’(r)
m(r)  2g(r)°

87. V) |a,| < r—2M(r) <r-meb® ecmm T0abKO r>r0, TAe r, He

T

abe\w

3aBMCMT OT n. JlpaBas 4YacTh NOCTUrAeT CBOETO MHHMMYMA (T)

1

T AT
2) llpuBoarM [MOK33aTeNbCTBO ANA CAyYash TNPOU3BOJLHOI'O MOJOXKHU-

TEJbHOTO K W NpH HOCTATOYHO MAanoM e. (DTOrO BMOJAHE AOCTATOYHO!)
[lo npennonoxeHuno, -

e (1=e7r% M (r) < ex@+a)r™ (*)
OTciona ¥ 43 HepaBeHCTBA
| ao2- @y B | @y rt L K TM )R
[l 122] sritekaer [lI 80] .

" 9 " - :
<2|an]rn> <2 1 Z]a” |‘3r-’-ﬂ < meza(1+54)
n=

ki

1
2 ‘ a, ‘ nk]’n < m +.—2_ea(1+ﬁ‘)?"a_ (**)

IlosowuM [ng COKpauieHus

011 a 4
o™ ( Jaay 0 co m
2 =3, XY =3 3=3"
actr®(14¢) © Begr®

M3 storo oupeneneHust ¥ U3 (**) BuiTEKAaeT, YTO MIPH AOCTATOYHO BGOJb-

E+—
wux 7, kornpa (6aar®) 2 < expla(s®—et)ro,
E[ \ an‘ nk’aﬂ, < ea (1""‘53)7-0’-, 2“ | an I nk’wﬂ, < ea (1+88J ,',a’

rie CYMMbi B JIeBBIX 4aCTAX MOXHO OblIO Obl B3ATH OT JI0OGOTO HEOTPH-
LATeJLHOrO HUM(HEro npelnesa 10 MOO0ro . BepXHEro, He MpesocXolid-
uiero 6aar*. TlosTomy Mbl MOXKeM (UTO WMeeT peElaloOLlee 3HayeHue)
3aMeHuTh r B 00eHX 4acCTAX HepPaBeHCTB — B IepBoM Ha r (1l —X), Bo
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BropoM —Ha r(l-+Ai) (A — dukcuposandoe uuciro, 0<r < 1), He
MeHsAd npeleloB CYMMUDOBaHUs., IDTO [1AET

(1— }\)“W“(lms)zll a,, | nFre < ea(Lte)1-1tr®
ear®{1+ ) ol . 1468 (12 Ny 40
(1) DU |, | nFrn < g0 S AN

Orciofa, MpUBIEKas NepBylo (10 CHX nop He HCHOJIbSOBaHHny) MONOBUHY
HepaBeHcTBa (¥F), nonyqaem

M@ X gy | nbrn <
<Lexp[—a(l —a)rida(l 431 — ) re —aars(l —2e)ln(l — 1),

M 0, |t <
< exp[—a(1—ed) rr--a (1 e (LA re—aar® (1 42) In (1-+-4)].

Ho pas3noieHne no BO3pacTadiOWnM CTEﬂ.eHﬂM & 1 A naer
— (1 — &%) 4 (1 + =) (1 ;?\)a-—n a(lzme)In(l 5z A) ==
o3 g2
. e s el
=5 A ahe - . .. 2—}..

eCJIM TOMBKO GA==2 W & CTOJb MaJao, 49TO pPd3a0XeHnHe CXO4AUTCA H
3HAK CYMMEBEl pAla onpejendeTcd 3HAKOM 4JieHa HAU¥HU3WIEeN CTeneHH .

i i1
TeM caMbiM 10K43aTEAbCTBO, TMOCKOALKY peds HieT o O H >,

I
3aBepLIEHO. Y,  He WrpaeT Hukakoff poau. JleficTeuTenbHo, ecau
e < 3h < 3, 3ah = be, uMeeM Ha OCHOBaHUu 1)

~ 11l abert . O 3aar®  \" ~ 11
2‘ nkla, | r”<2d ( ) :Z nk( — h) <}_4 nkh,

YTO MPH F—> CO KAaK OCTATOYHBIH ujeH CXOJAerocs pajsa CTpeMUTCH
K HyJIO.

68. Ilycrs umeer mecro coornowenue (1). Toraa ¢yskuns Byaner
KOHe4yHOro nopsika [51), orkyna BeitekaeT (2) [B64). CoorHowenue (3)
TAKKe JO/MKHO BbINOJHATHCS; NefiCTRUTENbHO, eciv Obl v(r) Ias rpous-

BOJBHO 6OMbIUMX 3H&YEHUM .7 BHIXOAWIO 3a npedeist aar (1—e) u

aar®(1 --¢€), TO AA9 STUX BHaueHUH HOMKHO OO Obl BLINOJHATHCS
TaKKe HepaBeHCTBO Inw (r) < In M (r) — or* [67], B npoTuBopeure ¢ (2).
Ecan nmeer mecrto (2), To ¢pyHKUMA Oyner KoHeyHoro nopsika [61],
OTKyZa BoiTexaeT (1) [B4].
Eciu, naxkoneuw, umeer MecTo (3), TO, npeamoaaras, 4To gy =+ 0
(9TO HUCKOABKO He HapyiuaeT OOLUHOCTH), BHIBOAMM (2) ¢ rnomouibio 33.
69. 1) g, y6oiaer. [lycrs

m— 1 Laar'(l —e)<m < n < aar*(l 4-2) 1,
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rae 0 <e< 1, Torza coriacHo 67 2) npu R0OCTATOYHO GOJBLIIMX 7

0 < f(r)— 2 ar < ef(r),

=N

Ayt - 2eaart > f(r) (1 —e), a,™ 2zaar* < f(r)(1 --2).

| 1 m n
3aMeuasq eule, uro Inr~—=Inm~ =lInn u ~ , Tonyvaem
a a l —e -
OTCI0a
. . cIna 1 14+¢ . a I I —e¢
11m111‘f——1—"”~>—-——-1~i_—~, lim supIﬂ P Pt
msco MM a l-—e nsoo NN a S

(42 a [22 ,
2) Ecau ﬁ}f}f} ..., TO BCAKUH uNeH @,r® KA HaL’exa-
0 1 2

UYErO 3HaueHWs £ CTAHOBHTCH MaKCUMAaJdbHbLM uneHoMm [43].
11
— l 1
- . . ‘ AP N B il
Orcrona  caeayer, 4TO B BbipaXeHuu In (rz”a,;z)u_ - lnn+n lna,,
nosneKalien MCCAeJOBAHMIO, YHCIO 7 MOXHO 3aMeHuTh Ha v(r). Tak
KaK @, ) == p(r), TO cornacHo 68 umeem

v (1) + Inp{r)

1, I
Ao B et

1 ! !
—Inv(r)+ G ln aygy.==—1In

o

o0
’
0. Kak s }dn’ﬂanr'*, TAK W B Zoanr” LeHTpadbHAS 4aCThb, T. €.
=1 7=
CyMMa uleHOB C WHIEKCAMHM, 3aKMIYEeHHBIMU Mexnay aar*(l—e) u
aar*(l —-¢), rnaBeHCTBYeT Hajl BCe#t OCTalbHOW YacThio pasa [67].
78, Yacrusit cayuadt Tteopemm 70 k=1, DBez npennonomeHus
peryiapHOCTH noayyaem 03.

2. V3 194 u 70:

0

oo )
E Ayt 2 a,rh kb,
n=0 . m=1 N N=1
h oo T w . 0o ’
(ﬁbrﬁ)k 2 byt Z nka,ri (ﬁb"ﬁ)k Z byt
n=0 =1 1= (
78. 3avenss r uwa Vr, npuxomum K 72:
Vr
| 1 ] .
Un == i o by = (2n) "’ J(r) = cos LV’ T
l 1 1
0::—~ b::l k:::"w”_' § == — .
s 9 ) 5 }fﬁ

B camom aene, cornacuo dopmyae Crupnuura [II 200, rawxe 1l 202]

L 70 N
b, n22m Vo
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’r
74%. Monowum w=e¢!, Torna npu x _,,+OO

8t ' e—l—e‘”m—l—e“"’”—{- —f—e 1
1‘*‘11 +(21)!+(3z)1 I ""7""

l .
Bepem x=1Ir!. Umeem [II81]

a(e+1@+2) ... (a4+n—1)~

) ’la 1n|’

C/eA0BATENbHO, ¢ TNOMOUWbLH GopMyant CTUPAUHT A HAXONAUM

! ) -1
PMDHPE) ... P(n)(ni) ['(69) I (bg) ... T (by) (2“‘)1_‘.2_ l%nmkb;—l.

QMQE@ .. Qm M L@l (@) ... T (@)
[Tpumensem Terneph 72.

T7%. Ha OCHOBAHMHM RLIYUC/NEHMH, TIPOBENEHHLIX B pemenun 74,
a taxke dopmyast Ctupaunara u [ 94 noayuaem

P(l)P(z) P,
1+ Jo@...0m"

1
In

I (by) I (by) ... T (b)) P2 A
N-P(aﬂl“(az)...lf‘(ap) (27:) 2: ( )

3amMeHaa nocaefHUN PAL HHTErpanom

. INlx éo I\
Ab i3 erT - sy i+A+1 eer dx
x 2\ dx =1 * X2 V |
AL x s x x
{ i

a sTorT uHTerpaJ Ha ocHoBanud I 207 BoiparceHuem

[uwry

I+1
]/27: (lr ) e elr’,

Mbi u nosnyvaeM TpeOyemylo dopmyay. [lepexos or psma « wunre-
rpally NPUBOAMT K OLIMOKEe MOPsAKa MAaKCUMaJbHOTO ujieHa psna [l 8]

1 lx
BbipaXKeHue (erlx ) UMeeT  NpU (PUKCHPOBAHHOM I MAaKCHUMYM e“’l,

2a+7 1

ST
MaKcuMaabHbil uneH Gyaer nopsika r 2 e¥", W, 3HAYAT, OTHOLIERUE
. 1

ero K WHTEerpaly — nopsaxa 7 2¢; TeM caMbiM YKa3aHHbIH mepexon,
obocHosaH [4b, 47]. _

TH. Mb MOKeM NpUHATH, M3MeHAs OJ8 3TOro, ecqau 3TO BOOOLLE
HEOOXOAMMO, JMIb KOHEUHOE HHCIO KO3(PPHUHEHTOB, HYTO gg==],
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Q5> Gy sy, (n=1, 2, 3, ...). Torza [43, 31 p,="2"1 4
T
2

- a
lim nlnf2% — lim nln [14—(————”’—-———4)]:—}\—.

n-»co Pn n=> oo Ay —18n 41

no 4+ f2 4 | Jnfr
F1 Pa

| Inpp Py 1
1) o~ H_Ta_:_ +i - [170, 52].
e R |
2) Bems p, <7 < ppyys TO
rn
= =
(25, 31} u | ‘
— P _ Pn-1 11 P2
mp iy r, OTDNG R e, S IR
v(r) Pn t A
[l 671.

3) Hycrb p, <7 < puypp L >0 (ananorvuno nocrynaem u ans [ < Q).
Torna

ln M —_— n e ———— r_l___.,.___ ——
Apt™ Pr+1Pn+2 - Pnsl .
—=ln-" —(—Dnfnxa__ g Pnxl
Pr+1 Prn+1 Pn+1-1
O e X (et B o U X2

n A o
Cymma naowaie#l nNpaAMOyroJbHUKOB PaBHa |
M (r) - Mir)
V0 e Ve
niowans Kpusoh ['aycca pasna J 2mA; cm. B7.
T7. Tak kax npousBoAHas (GYHKUMM, OLHOJHCTHOH B HEKOTOPOH

obnacty, B 91oft obOnacTy BCIOAY OT/AMYHA OT HY#As, TO BCe HYJH
HOMMHOMa '

1 2a,2 -+ 3ag22—- . .. +naﬂzn—1

JeXaT BHE €AMHMYHOrO Kpyra. [10a10My MOLYIbL WX [POU3BENEHHS
foJblile UAM PABEH EIMHHLE. , |
78. llycts 2, # 2,— NPON3BO/bHbIE TOYKH EIMHWUYHOTO Kpyra
|2} < 1. TonoxuMm w, = f(2), Wy=[(2y). Ecmm o[f(2))}=0[f(2,)],
T. e. o(w,)=0v(w,), TO LOMKHO ObITb W, == W, H, 3HAUUT, 2, = Z,.
798. o (z) BO BCAKOM Cllyyae peryjspHa B eXMHUUHOM Kpyre |z} < 1,
f(2%)

22

néo B 9TOM Kpyre peryispHa W otiuuna ot nyas. Kpome toro,
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©(z)-—neueTHad QyHKUUA, ©(—2)= — ¢ (2). [lycTb Teneps co{@l)—-
== (2;) AN HEKOTOPhIX TO4eK 2, W 2, eNMHMYHOro kpyra |z|<l.
Torna f(22)= f(22) w, sHaunt, 2°>=2%. DBO3MOMHOCTL 2, = — 2, +
oTnagaer, Tak KaK TOrAa Mbl uMmedd Ob @ (2,)—= — @ (zy) =+ 0.

8Q. [¢(2)]2—uernan ¢ynxuma, T. e. yHxuug or 22="0, nycre
[¢ (2))2 = f(C). Tlycrb Tenepb ans HexoTophix &, n &y, |1, |15, | <
umeeM f(4;) = f(C,). Bmbepem 2, u 2z, 7ak, uyToOul Obmio 2%==C,
2;="1,. Toraa Oynem umeThb

[0 (20 =10 (2% @(2) = =0 (2) =9 (= 2,),

W, sHauut, 2,= £ 2,, { =0,

al. Hpumem, yTo oMM HeHTpoM Kpyros & u f caywur Touka
z==0. TIlycrb pamuyc xpyra & paseH R, paauyc Kpyra [ pased
r{r < R) n orobpaxeHue OCyLeCTBAIETCS NMOCPENCTBOM (PYHKLAY

w :f(Z): a0+ CELZ‘i" a2zg+ s *’—CL”Z”-—F .
Mmeem {1 124

OQ 0
&= m n]a,PR™, |g|==xnla,Pr* |[R]=xzR2 |t ==
n=1 n=1
co
rszzn | a2, |8 (R2n—2 — pin—2)
I .
Ll M =
ana [2,2?@ 2
=1
PaBeHCTBO MOXXET UMEeTb MECTO TONLKO TOrhA, KOraa Ay, == ==, ., = 0.

Ynorpebiaennoe nas | @ | Beipaxenne we comepxutcs B I 124, Tak kax
TaM TNPeinoadranoch, 4to orobpamatomas (YHKUUA PEryasapHa Ha rpa-
e . OZHAKO MOXKHO TOKA43aTh NyTeM NPEAeJbHOTO HEPexond, UTo
sra (popMyna cnpaselnusa B OoJsiee OOWIMX MNPEANOAOKEHHAX, MPENCTa-
BASIT TAK HaBBIBAEMYIO BHYMPEHHIOO oicOpOaro8y wmepy obractn ¢.
[Tpy BCAKOM ZpyroM MepoonpeleieHud TeopeMa Oblia OBl MOLABHO
CnpaBelnnBa.

82. l@lr——ﬂ([al|3R2—+2[92\9R"-+3!a 2RO ..

cnla, PR ) >, l’ R? == ma®R2.

O6o3nauenusa U naﬁbﬂeﬁmne paccywaenus, kak B 81,

83. llycts paccMarpuBaeMoe KPYroBoe KOJbLO ONpenesseTcd He-
pasencrBamu 0 < r < |2z| < R u otobpaxeHne oCyUIeCTBAACTCS NOCPe-
CTBOM (YHKILUM

)y
w= 2 a,2
7= —00

OGpaspl Bcex OxpyxHocted |z|==const. 00X044TCA ORHOBPEMEHHO
¢ 9THUMH OKDYXXHOCTAMM B nonowurensbnom Hanpasnesun (I 190]
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coaepxar ¢ B csoeH sHyrpenHed obnacty [pewmienue I 188]. Ms II1 127
3aKnuaeM (MoLAaNd NOJOKHTENLHEL]) ‘

HS)I:T Zn’an'ak)‘)n |g,_uﬂ Z ﬂlalezl*?”

il=—0C0

, | El =m=r?,

rie non || nonuMaT BHYTPEHHIOW M MOL |{|-— BHEWHIOW XOpAa-
noBy Mepy [peuiende E1; npu apyrux MepoonpeneneHusx tpebyemoe
HEPABEHCTBO BHIMONHAETCS Tem Ooaeel.

Ocrasasia B cTOpoHe cayuaht || =0, umeem

(8]
FER4 Z ~2 e p2n-2)
l@ lRl . M= — OO
I >0
' Z 1 ‘ ay ,2 rén—2
1= —C0

N0 NpPW LEbIX 3HAUeHNAX 12, 3 uckaouenueM Oun 1, n (Rn-2.—pon- 2)>()
B4%&. [Tyctb LEHTPOM PACCMATPUBAEMOrO KPYTa CJAYIHT TOUKA 2 == ()
M OTOBpaXKeHHe OCYWECTBAAETCA [OCPENCTBOM (MYHKUUM w = f(2) ==
=024 a2 . et
1) Ipumem, dro f(2) uHenpepriBHa HA TIpaHULle KPyra, TaxK Kak

(z
Gy HKUHA f\T) BHYTPH KPyra peryaspHa M (BCAENCTBME B3AWMHOHK OXHO-

3HAYHOCTH OTOOPANKEHHA) OTAMYHA OT HYJMSl, 4 HA €ro TpaHulle NoCTOSHHA
no MONYJ0, TO oHa sBasercs nocrosnxoft [III 142, III 274).

2) Bes orpanuumsaoulero 0OUWHOCTL NMPEANONOKEHNS HEPEPHIBHOCTH
Ha rpaHuLe paccyxaaeM Tak: cornacHo 82 B ueHTpe Kpyra

(), =1ror<t

B TaK K4dK COOTHOLIEHHWE MEXLY 2 W W B33dKWMHO, TO Takxe

(@)l = o<t

suaunt, |f (0)2==1 n, caenoparempno [82], f(2)= S (0)z.

85. 3apucuMocTs Mexay OOOMMM KPYTOBHIMH KOJbLAMU B3auMHA.
[MosToMy B HepaBeHCTBe 3azaud 83 B MpUMeHEHWM K HAlIEMY CaAyualo
HYXHO B3sTb 3HaKk paseHctBa. (CnenoBaTenbHo, OTOOpa)eHMe NpencTa-
BJMET I[I0BOPOT BOKDPYT UeHTpa M _npeobpasoBaHue nonoOus MM, BCAE]-
CTBME COBMANEHUA TPAHMIL, NPOCTOH moBopoT. Hanpasienue o6xoza

l
CYLECTBEHHO: 0To6pa>KeHMe KPYylroBOro Kosblla — < | 2| <2 Ha kpy-

ropoe KOJbLO 7 < |w| <2 nocpencrBom cOOTHOWEHHd 2w =1 ue

Abii0 Obl yHe NPOCTHIM [OBOPOTOM.
86. Ecan 6w cywecTBoBano 1Ba 0T06pa}xeﬂuﬂ TO Mbl MOPJU Obl
cRayana nepefiTH NOCPescTBOM OJHONO M3 HMX OT eIMHWUYHOrO Kpyra
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K obGnacty @, 3areM nocpenctsoM ofpauledus APYroro — odpaTho
or obnacty & x enunuyHOMY Kpyry. B COBOKYMHOCTH 3T0 Hafo Obl
0TODOpAXEHUEe ENMHMYHOTO Kpyra Ha camoro cebs ¢ CoXpaHeHueMm
ueHrpa, 1. e. mosopor ([84] u mnpurom nosopor Ha yroa 0, rak Kak
J7(0)>0.

JloKa3sanHoe yTBepKIeHHE COXPaHAET CHJAY M B TOM CJAyyae, ecnu
BMecto ycaosus f(0) >0 mnpunucats apr‘ymeHTy f/(0) npomsBo/bHOE
(PMKCUPOBAHHOE 3HAaueHHe,

87. dyukuna w = f(2) B3aUMHO OAHO3HAYHO OTOOpAXNAET ENMHMY-
neilt kpyr 2| <1 cam na ceba, f(0)=w, argf (0)==a. Ho 1o i
camoe jaer JauHefnas QyHKUHS

W, + etz o
— =y | —|wy|?)erz—+ ...
S = wt (L w Pt
cienosatenpHo [86], ona roxnpecrsenna ¢ f(2z). [lonaraewm
— Wye = 2.

88. ([To nosony 88—-96 cm. P. Koebe, J. fir Math., ©. 145,
crp. 177—225, 1915; cm. raxke E. Lindel6f, Quatriéme congrés
des math. scandinaves & Stockholm, 1916, crp. 59—75, Upsala, Alm-
qvist & Wicksells, 1920.] Mcknwouenne cocraBasior TOUKM Z2==a H

1
Z2==-= (TOYKH PA3BETBJAEHNA), KOTOPLIM COOTBETCTBYET JHIUb MO OJHOH
a

- 1
TOUKE TMIOCKOCTH w, MMeHHo w=} an ' u w=-—=—. Paspemasn
. Z
OTHOCHTENBHO 2, MOAydaeM

22 Y a—(1+la)w .

2 == W —
l14lal—29V aw
TaKuM 06pasoM, ¥ HYXHO BLIOPATH Tak, YTOOBI Va > 0. Ho onuo-
BpeMeHHas 3aMmeHa Vaunua —Vau —n ocTasisier COOTHOUIEHUE

B CHJie.

89. [lo npeanonoxenuo, |a| <1, 1. e. & ne coBmanaer ¢ kpy-
rovm |2|<1. Ecim 2z /JekuT B EIMHMYHOM KPyre, TO B 3TOM e Kpyre
nexxat oba obpasa 3sTolt TOukM 2z, ompeneseHHble B 3axade 88 ([l 5];
OHM OT/MYHBI IPYr OT Apyra, eciu 2z #+ a. Ho obpas Touxku 2= g,
t. e. w=V an-! [88], ve npuxantenur sy &%, up ©** Gynyum ux
obiieft TpaHU4YHOH TOYKOM.

90.. B nacrosuenm cayuae BuGpano g > 0; crano Gutb, Va > 0,
n=1. O6pasu w* u w** TOUKU 2 CIYXKAT KOPHAMH YpPABHEHHH

(1+a)w?—2Va(l +2)w+ (1 +a)z=0.

Ecau 2 newuT Ha paspese, T. €. 2 BellecTBeHHO, a < 2z < 1,
(1 4+a)2z—(l+42)2%a >0, crano Oeltb, w¥ U W** UMEIOT COMPIKEH-
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Hbl€ KOMIIJIEKCHBle 3HAYeHHA, U TaK Kak w*w** =2, T0 |w*|=]/z .
3haunr, Onvxalimiel X HyMO TOUKOW HA JIMHWH, B KOTOPYH 0TOOpa-
KAETCHA paspes, CAYKAT Va. 310 u ectb nckomas Gunkatimad rpanud-
Had TOuKa, 6O rpaHWYHbe TOUKH, Jewaillue Ha OKPYXHOCTH [2|==1,
OTOOpAKAIOTCH HAa TOUKM OKPYWHOCTH |w|==1. O6nacrb, B KOTOPYIO
nepexoaur npu orodpaxernun KéOe eAMHHUHBIA KPyT, paspe3aHHbf
BIOMAb VKa34HHONO OTpe3Ka, MMeeT BWL JYHHOro cepma; yray B 360°
BOKPYT KOHLA BbIpe3a COOTBeTCTByeT B obgactu KébGe yroa B 180°

O1. Ecim ofpassl w, u w, T04eK 2z, ¥ 2, OKPYKHOCTH |2|=a
paBHOYIANeHb OT HYyJeBOH TOuKM, T. e. oba jexar HA ONHOW u TOM XKe
OKPY®HOCTH | @ |==const., TO W3 COOTHOMIEHHUS

w_ 1te—2Vaw
2 2Va —(14+a)w

BLITeKaeT, UYTO 3TH TOUYKH w; H W, JeXaT TaxKe Ha OKPYIKHOCTH

I~ g2 V aw

2V a—(-+aw

T. e. CHAy)KaT TOUKAMWU IlepecedyeHHdst THX IBYX OKpyxiocteh. Toraa
TOUKH W, U W, a4 TAKKe 2, U 2, PaClOJOKeHL CUMMETPHUUHO OTHO-
CUTEJNLHO BewecrredHod ocu. CneloBarTenbHo, Koraa Touka oO0XoaMr
MONYyOKPYKHOCTL |2|=a, [z >0 no HanpaBierui® OT 2==-a
K. 2==—a, TO paccrosinue ee obpasa w Or Toukd w=—1{0 u3MeHseTCH
MOHOTOHHO M TMPUTOM, KaK 9TO BBITEKAeT W3 NOCAENHEr0 ypaBHEHHUd,

MOHOTOHHO yObIBaeT. w=1Va, o6pa3s TOuUKH 2 = -, Oyner Haubosee
yBaJeHHOH, a

— const.,

w=12 (1 —a— V2T + ),

ofpas TOuKM 2= —@a, — OmiKaliwelk rpaHuuHOH TOuKOH 0OJaCTH
Kébe, '

z
92. Ilo ¢popmyne, npuseseHHolt B pewenun 88, o BAAETCH by HK-

uuelt or <, orobpawaloueft kpyr |w|<1 cam nHa cebs [l 5]; 310
<1, |z < w].

93. Kpyr |z|<|@|, uemkom conepwawubics B obaactu &, npe-
obpasyercs B 00MaCTh, COdEPIKAULYI0 KPYT paauyca, Oo/bliero, uem |a|

{92}, nosromy |a,|>|a|. MoxHO Takke M HenocpeacTBeHHO [91]
OKa3aTh, 4TO

Vel a4+ VITFTaP) > al.

| 2
ozHauaer, uto npu |w|<{ 1 Oyuer (5

Q4. Bsenem BCIOMOTaTeNbHbie NEepPeMEHHBIE 2, Z, Zg - .., 2,
npoferawoiue coorBercTBeHHo obnacty @, ®,, ®,, ..., ®,. Coraacno
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pewenvio 88 wuMmelor Mecto pasaokenua Tefnopa  (BhMUChBaeM
TOJbKQ INEDBHIE ‘HIeHBL)

A--]a
z + — 1z
=aryart
144y
zz_fg———[, Vgl_lzl—i~...,
l—f—lao
oA ——
f 2“/42( s
- Hc_l?__llz. -
QIV‘Zn tl v
Orciofa cnepyer
/ l4Jal 14 [ L A1 a1 ]
(R e e
2( Va | 21V a,| 2| YV,
Tax xax f,(2) peryaspua s xpyre |[z|-<{|a| u |f,(2) <!,
(O] a] < 1.

85, B cuny 94 Geckoreunoe NpousBeleHHe

(1+(1—|VE|)9)(1+(1-—H@|)'9) 4 |V%U«;)

2| Val 21V | 21V ap]|
CXOAUTCA U \QT&T. [Tosromy
lim (I—H/a ’)
7N > 0o

98. Tax xak orobpaweHue B3aUMHO ONHO3HAUBO M TOUKa 2z =
OCTAETCS HENOABMNHON, TO (YHKUMH ‘
f1(2) Ja(2) In (2)

, ’ vt 7 , «- s »
Z Z <

B obmactd & peryaspHel 1 OT/AMuHbL OT Hyad., MOAYAM MX B Kaxi0H
TOUKE Z BO3pACTalOT C BOSpaCTaHHeM nugexca [92|. CnenosatesnHo,

by HKUNH
/1{(2) In (2)
b (2)=1In - ho(2) = In =1 n==2 3, 4, ...
(‘fl( ) =z b Lfn( ) fn—l(z) ( )
B obnacti & peryaspHbl ¥ MX BeiECTBEHHbBIE YACTH NMOJOXKHUTE Ab H bl

Mpur stom aorapudmer Oepyrcs Tak, urodsl &, (0) ObIO BEUECTBEHHO.
Hanee, BO Bcell obmactu

In (Z) 1
1252 <o
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[HI 278] u, spauur,
R, ()R ()4 ... R, (2) < —Inlal.
Orciona HemoCpPeACTBEHHO 3aKJOYaeM, YTO BeHIECTBEHHAs YacTh paAna

o2
D14, (2) cxonurest, u, npumenss Il 257, I 268 (yunreBas npu stom,
n=1
yro 2z ==10), 3akm0yaeM TaKxe, UYTO CXOMUTCA W MHHMasg 4actb. PyHK-
uus f,(2) npunuMaer 3HaueHme w, |w|<{1, ecmn |a,|>|w|. Ha

ocHoBanuu 95 orcwona ciaenyet, uro f(z)== lim f,(2) Taxxe npunuMaer
n-r 00

spayenune w (Il 201]. Yro f(2) omHomucTHa, BHITEKaeT U3 OAHOJHCT-
HocTH Qysruui f,(2) [l 202).
97. HopMuposanuo#t orobpaxawuleid ¢ynxkuuelt cayxur (Il 76]

f@ 2)=(— o) — .
p?—az
veenm
pr—laP =
- Fo==t——p, I=p,
98.
al?_.Pz

, lm r,==oco0.

ran:::
p @ - o

®

99. ITocpeicTBOM BCIOMOraTebHOrO 0TOOpaweHns & ==2% 3anan-
Hbil yros npeofpasyeTcd B BEPXHIOO INOAYNAOCKOCTH L > 0, Touka
T

a—8 TOUKy (,==ad%. HampHefimee oroOpareHua

W=y -——Jﬂg—_c
aC*—Co

npeo6pasyeT BePXHIOIO NOJYNJOCKOCTb B Kpyr |w| < r, rie r, onpe-
IeIeTCH U3 yDPaBHEHHUS

744

£

dw

7F 4

=m ],
&=

| 29
i

lﬂ(d‘

e= @

Monaran a==|a|e¥, 0 <a < %, nMeem

8 :

, ranz—:z-;-.tﬁ]ﬂsm%?.

100. Iycrs f(z) — HopMupoBaHHas oTobpaaiouias QyHKuua obaa-

ctu ®, coorTsercTByIOIA® TOuKe @, ¥ ¢ (2')—rTo ke naa obnactd @

v Touku a’. Torma A-l¢(he—R) oOnanaeT BCEMH XapaKTeDHLIMH

cBolicTBaMu ¢yHKuMM f(g), caenoBatesbHo, Al (hz-+ k) == f(2). Ana-
JIOTMYHO AJA BHELWIHETO pajuyca.

§01. Mul MoxeM TPMHATH, YTO DeYb HMUET O BELIECTBEHHOM OT-

peske — 2 < z < 2 [100]. Hopmuposanno#t orobpaxawiel ¢yHxumes,

14 Jak. 1127. I, Ilomia u I'. Core
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cooTBeTCTBylOMeR GeckoHeuHo ynaneHHofl Ttouke, 6yner torxa [III 79]

z 24 1 1 2

Mpu z==2cos? nmeeMm w=¢"®, 0LILom, 1. e |w|=1,r=1
i02. llpu orobpaweunn, ykasannom 8 101, smmnc ¢ §o-
KycaMud—2, 2 u cymmo#t oceft 4R =/ mnepexoiuT B OKPYHKHOCTb

|w| =R =+ [I80],

§63. r,=—=2d. [l 6 wm uacTHEY ciyualt Teopemb 99.]
1G4. (100.]

185. Orobpaxcnuue Cm:&{—é— npeofpa3yeT BHEWHIOO 00/14CTh

paccMaTpuBaeMOR KPHBOM B MJIOCKOCTb, PA3PEe3aHHYIO BLOJb BEILECTBEH-
Horo otpeska — (a,+ a; 1) < 2 < a, a7, Tlpu srom BHEWHUH panuyc’
octaercs HemsMmeHubiM [104], T. e. [101]

:al—f—al—l—{—az—{—a?jl: (ay + a,) (1 4 a;a,)

4 da,ay

7

2D . md
106. r, =~ —sin—. llpu nokasaTenbCTBe Mbl MOXEM NPHHSATS,

[ ,f T ’
uyto peds uier o nonoce |Jz| <5, D= u a:z(—z————d). Oro-

Opaxenne z’ = ¢? npeobpasyeT 3Ty NOJAOCY B MOJNYIIOGCKOCTb R’ >0,
a TOUKY a-—B TOuky ie~% [103, 104].
1@7. Onpenenenne.

f0B. IIpeobpasosasnue Czé— BCIAeNCTBUE TeopeMbl 107 NPUBOLMT
sajauy k 1058; nonaras ai-——:bfl, a2=b§1, noJayuaem
457 0,1 4b,b,
To= "1 -1 11, :
(b " b ) (A 46770,7) (b b) (14 6,6y)

Z— &

109. [Ipn orobpakenun § =

S, BHEWHAA 00621aCTh IBYYIO/b-
T <2
Huka K npeobpasyercs B yroa

gy — 27 < arg { < By,

M TOYKa 2==0C0—B GL==1. [l19 BHYTpeHHEro paiuyca r, 5TOr0 yria
OTHOCUTeNbHO { == 1 noayuaem [100, 107]

Zy—2
rlr__lz-__ 1l
r

Kpome Toro, scaencrsue 99

231428y &y
r, == . it 5, 5,




113 ' OTHERA 1V g1t
CrneloBaTenbLHO,
[ &g — 2y]

%
2@ —?¥sin 53

rae md==t,—%,. Ecm o, %, = 2=, To mByyronpumk K «cummerpu-

—
y —

¥

YeH», 7.—:=|z2_—zllz-1;—; cM. cayuyau o, == [101], '312% 1971.
1

Mpu Hy==0, K npusomuTcs K Ayre OKPYKHOCTH, r = |22_§11;
4sin—§1-

BBONS PANUyC KDPABM3HH D M LEHTPAJbHBHIA yrol ¢ ayrd K, 3anmdcCh-
BaeM r Taiie B (opMe r==p sin —%. ITpu {}Izz-%, ¥y = m nonyuaercs
2d
3V3’

E80. Hopmuposauuoi orobpaxaiouied GpyHKUMeH, COOTBETCTBYIOWEH
touke a, cayxur [III 76)

BHEIIHUA pajuyc MOAYKPYra ¢ AMaMeTpoM d, r ==

f@) _ f@
Ty ' f(@) —f(a)
a; z)y=2¢ e == cr — ,
Jie 2 @ e R —F@ @
s Iy

rpe nNOCTOIHHAA ¢ OlIPpeNe/geTCa U3 YypPaBHEHUA

(ggz__z)) _ e f (@
g

dz R f@p

Umeem r,==|c|.
I#1. Orobpawenne {==—-—2 mnepeBomut ykasauuyi o00aacTb

B TJOCKOCTb (, Pa3pesaHHYI0 BJO/b WHTepBasa — 2,2, [loatoMy Hcko-
MOl oroOpaxatouielt pynxunelt ssiagercs

C—-—VCZ——AL__I——?z-—V"l—-é}z W —
2 h—— 2z > (14 w)? —
Coraacao 110 asd BeuwleCTBEeHHRHX a4

B wacrtnoctn, ro==1. Korza a npoGeraer uarepBan — oo,

w = f(2) =

TO 7,

4 ?
MOHOTOHHO yObIBa€T OT 00 no 0.

112. Ha ocuosanun 110. Korma o npulmikaercd M3HYTpH K He-
KOTOpo# Touke kpuso#t L, 1o |f'(a)| ocraerca orpanuyenHsiM. Ilpu
atoM | f(a)| crpemurca K ry.

ii8. 3amensem B 110 b Ha a ¥ @ Ha a-+=, rae 2— NPOU3BOIb-
HEIl BEKTOP € MOAYyJeM, cTpemsiiuMcs K Hya0. Ofo3Hauas yepes ((s2))

BEJHUMHY, CTPEMJULYIOCS K HYJI0 He MelneHHee, ueM &2, uMeeMm
| (a+48)|=={ 14 2cee 4 ((8®)) | = 1| 4 2Rc,z -+ ((P)).
e
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CaenopaTelbHO,

Fgie = ra(l _ chz‘s) +( (89) )'

T. €. BAf NOCTaTOYHO ManblX |e| MMeeT MeCTO HepaBeHCTBO Meye > 0
nesaBucuMo ot arge. OTciona saxjuaeM, YTo ¢, = 0.
0184, Vurepecyioume Hac TOUKY Jexkat Ha npsMoit §a = const. [103].
i1l5. V3 supaxenus (*), crp. 28, nns HOPMHpOBaHHOR OoTOOpaMalo-
mefl GyHKUMH noayyaem (pewias OTHOCHUTEJBHO 22— &)

z—a=@(w)#w+c;w2+ e’ ...,

rre ¢ (w) opHonuctHa B kpyre |w|<r, u orobpaxaer ero ua 06-
nacty &. Torma ¢ynxuus

n
Vo (@) = w+ cjwi+r 4 clw+n 4 ..
1
onHonMcTHA B Kpyre |w|<r% [79] wu npeoGpasyeT ero TOUYHO

B obaacte &.
I16. Umeeym [pewenne 115]

- 1 7
1—22" — V1—4dz"\7 ————— =2,
w=f2)=( - )’u+wn

oTkyna nerko BuTexaer [110]

2
n

fl@ " 1= @]
fam(1—|f(a)la)\—a—! 'll_l_[f(a)]n|3.

B uacrnoctH, ry==1. Korma a npoGeraer oTpesok argz:gm

7 b

"/
0L a|< ]/-~4~, TO f(a) onuChIBaeT paIuyc elUHHMYHOTO Kpyra, cocra-

Ay
BAAIOUIME C MMOJOXKUTE/JBEHOH BEIIECTBEHHOR OChIO YFOJ . VickoMpiit

npefes paBeH HYJ/IO AJg BCeX 3HAYEHUH v,
117. Tlpumensiem Hanaexauwum ofpasom 116 k nuockocTH, paspe-
BaHHOH BHOJbL BeLIECTBEHHOro orpeska — B2, «2. Ilocaennuft umeer

3| g2
BHEIIHUHl panuyc f-—_jli [101], cnenoBaTenbHO,

- _ VEIE

r == 5

8. dyuxuna ¢ (2)= f(()) peryaspaa B ofaacty ®, a Taxxe

B Touke 2z==a; @(a)==1. Ilycte O <{e <r,. Bosne xaxno#t rpa-
HAYHOM Touku o6Gaacté & cyuiecTByeT CTOJAb Malas OKPeCTHOCTH,
yTO AN BCeX cofepxawuxcad B Helt Touyek oOsacTu @ uMeer Mecro
HEPaBEHCTBO

lf(‘z)l>ra__3!
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Tem cameiMm B & [III 278] [cp-(z)| 4?, B YAaCTHOCTH, 1=']<p(a)|\<;ﬂg~.
a - a

PaBeHCTBO HMEET MeCTO TOJbKO LA ¢ (2)=1, 7. e. F(2)=f(=2).
i119. Mycts

fRy=z—a+tcy(z—a)®+4...+c,(z—a)"+ ...

— HOPMHUPOBaHHAA OTo0paXkaioulas (byHK'U,I/IH. Toraa ¢dynkuuga

f)=z—a+tcy(z—a)+ ... fec,(z—a)y"+ ...

C CONPSKEHHBIMU Koaq)(pnunemaun TaKxue perynaspHa Bobaactn &. [lycts
B CaMOM Jleie ZO——HpOHBBOJIbHaH Touka obnactd & u F,(z—a)=f(2),
Fi(z—ay), ..., Fi(z—a;_y), Fiiz—ay, tie a,, ay...,0,_ —

HaJJIeXKALLUM 06pa30M BeiOpanHeie Toukn &, @, =2, — oTneibHbIE
3/IeMeHTB], OCYLMECTBIAOLHE NPOAOIKeHHe f(2Z) L0 TOUKM Zp. Torna f(2)
TiPH TOMOLLHK S/IeMEHTOB Fo (z—a) == f(2), F 1(2—a 1) FZ (z2— al_l)
F;(z — a,l) OynerT MnpopoO/MKEHa OO TOUKH @) == 2. TaKHM o0pasou,

f(z) peryngpHa B 00/JaCTH, NOJy4YeHHOH 3epKa/NbHEIM OTOOpaKEeHUEM
o6aactn & orHOCHTeaLHO BewleCTBEHHOH ocH, T. €. B camoit obnactu §.

Kpowme Toro, ?(;)—}F_(?) cnenoraTensHo, | f(2)| << r, B ®. Cornacro 118

uMeeM Toraa f(2)= f(2).

120. — f(—=2) perynspua B (35 n|—f(—2)| <r, [osromy
cornacHo 118 umeem — f(—2) = f(2).

124. Ilycte f(2), cooTB. f*(2)— HOpMHMpoOBaHHAs oOTOGpaxamwLLasd
byuxuns obnactu ®, coors., B*, coorsetcTBytowas Touke a. Toraa [118]

ro= Max | f(2)| > Max[f(z)l Maxlf*(z)l—-fa
(®) (&* (&%)

B o6oMx HepaBeHCTB2ZX MOXET JOCTUTAThCA paBeHCTBO, OJHAKO HE QIHO-
BPEMEHHO.

122, Vs 121, npuuumas Bo BHMMaHue 97.

123. (118, 121, 122.]

124. [111 309.)

125. (82.]

126. Il 126; cM. Takke peuwenue 83.

127. [G. P6lya, Deutsche Math.-Ver., . 31, crp. 111, cHocka,
1922.] OG6Go3nauuM BHEIWIHIOI XKODAAHOBY Mepy BHyTpeHHell obnactu
xpusoit L uepes |L|, u BHyTpenuiolo —uepe3 |L|;. Torna [125, 126]

i L|Ll <L), << mr
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£28. Iycrs f(2) — HOPMUPOBAHHAT OTOBPAKAOLIAS byHKLIMS, COOT-

BeTCTBYIOL1As HyNeBON Touke. Torpa ¢pyHKuus [f—(('%c PEryspHa BO BHY -
2

TpepHelt obmactu kxpusof L M pasHa ap npu 2==0. AHanoruuHo n.s
BTOPOTO HePABEHCTBA.

i29. Oycrs z= ¢ () — dynxuns, orobpamawcwas xpyr |[{| <1
Ha BHYTpPeHHI0I0 o0nacTb Kpuso#t L. OrTofparceHHe B3aWMHO OJLHO3HAYHO
n wenpepoiHo A (L[ <1 [erp. 29]. Tlpumensem Il 233 x flo (%)).

"5 i
D P
) e -— &
Igo- w: " —1‘:1: .
e D — ¢ D

Jnnsa wmHTepecyowe HAc ayr¥ pasHa Qﬁ(l_D“i) W MOHOTOHHO
BoapacraeT ¢ BOspacTanuem D. :

3. (K. Lowner,] Mo moxeM NpPHHATH, uTo Kak O, Tak H UeHTP
0TOOpAXKAWILETO KPYTra JexaT B HyneBol Touke; mycTb paauyc nocnep-
Hero 6yner r. OGozHaunm uyepes f;(2) oToOpaxcalowiyo GyHKUMIO KpH-
Bo#t L, u uvepes f,(2)—xpuso#t L,. Torna ¢pyHkuus

F(2) =2

(2) = f2(2)

pery/ispHa M OTJHYHA OT HYJAd BO BHyTpeHHelt o6aacta KpusoH L.
Kpome Ttoro, Ha o6wux nyrax kpusbix L, u L,

[fi@=f,(@)|=r. |F(2)

TOTAd K4aK Ha IOIOJHHUTRJLHOH 4acTd kpusofl L,

fi@l=r @< [F@I>1

Otcwona cnenyer, yro |F (2)| > 1 Bo BHyTpeHHe# oOaactd kpupolt L,.
Perynapraa BeTBb (pyukuuu In F (2), BewwecTsesHas aaa 2 =0, ynosae-
TRODseT Npennonoxenusm Teopemsr 129. [ToaroMy npy NONOKHTEILHOM
oOxone kaxo#-puOynb obwel nyrv KpusbiX L, ¥ L, uaMeHeHue BhIpaxe-
g S1n F (2) =SIn f,(2) — S In f, (2) oTpuuaTessHo.

- §323. ycte wsonMpoOBAaHHBIE UMIMHEAPHUECKAR KOHLEHCATODP HMEET
IPOBOJIOUHYKD BHYTpeHHIOW O0O0knManky. JledbopMupyeM BHEUHIOO 00-
KJAaAKY, He Hapywasg H30J40uM, Tak, uyToObl HOBOE WOIlepevHoe ceue-
HHUE COLEPHKANO CTAPOE B BHIE 4YaCTH, B HEKOTOPHIX MECT&X BHIIABAACH
34 ero mpepedssl, B JPYIUX — HeT. TOraa B 9THX NOCHEHHMX MecTax,
rne, CJAeNoBaTeNbHO, CTEHKa KOHAEHCATOPAa OCTalach HeCUBUHYTOH,
MJOTHOCTL DJEKTDUYECTBA BO3pacTaeT; STOT (PaKT MOXKHO CHENaThb
HATJISOHLIM M [IOCPeNCTBOM cooOpareHH#t (PU3HMUeCKOT0 XapakTepa.

i33. OGnacts T* onHOCBA3na (3AMKHYTHE NPOCTHIE KPUBBIE, COMEpP-
)Kawmecss BHYTpH &%, nexaT ONHOBPeMEHHO BHYTDH L, W BHYTPHU L,).
OroOpasum taxke T* Ha eauMHUUHbLI Kpyr Tak, uToOM npu stom O
nepeuwisia CHOBA B HEHTP Kpyra. B nukecsenywoulet tadiuue ykasans

= 1,
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ofwas IMMHA Ayr, napalowux npd ortobpaxenun I, coors. I, coots. Il
(euyTpeHuss obaacTb KpuBo# L., COOTB. KpuBOH L,, COOTB. 2*) Ha rpa-
HUILY eNWHHYHOro Kpyra.

Javast ayr enMHAYHOU OKDPYXKHOCTH, COOTBETCTBYIOLUMUX

I I1 [1I

BUAMMBIM OyraMm Kpuso#t L, | o, —  of
BAKPHITHIM  » » Lyl — —
BUIMMBIM  » » Ly — ¢, o
BAKPBITBIM ~ » » Lyl — v, —

OuesnaHo,

o, 41, =2n, o,+41,=2%, o—-0,=2n.

Coranacuo 131
[ ] 3
0,9, 0, 0.
(CnenoBaTenbHO,

2

"

| *®

T _~2ﬁ——02\<21t——-02__—-01<01,
*
17 %% %

'ti=21t———01<2‘n:———c

Ecan L, — OKpyxHOCTb ¢ ueHTpoM B O, TO pe3yabTaT MOXHO Bbpa-
3UTb HECKOJLKO HEeTOYHO, HO 3aTO HATJASAHO CJAeAYIOUWHMM o6pas3om:
npH oToOpaKeHud Ha XPyr Te YacT¥ TPAaHUUYHOH KDuBOH, KOTOpHIE
Gonee OGJAM3KO paCMmoONONKeHbl K TOYKe, nepexonsilefl B UeHTP, CH/bHEe
PACTATUBAKTCA, YeM 4acTH, Oosee NaNeKO OTCTOALLMeE.

B34, [puMem, uto rpanmuua obnactu B npencrasiser coboit 3am-
KHYTYIO NPOCTYIO KPUBYW, MNEPeCeKaloWyd OKPYMKHOCTh |2z-—{(|=p
JUIlb B KOHEYHOM 4Yucjae ToueK. Yaandd u3 B rpaHuly, Ml Mojayyaem
ONHOCBA3HYO 06/]acTh, MepeceYeHHe KOTOPOH ¢ kpyroM |z —0G|<p
“MeeT ONHOCBSI3HYI0 4acTh &, codepxawyi O B KaueCTBe BHYTDeHHed
Touky [peutenue 133). IlycTh py— coBOkynHad nauHa oOure# yactu
rpaudusl obnacta T u kpyra |z2— 00| <p. Toraa

¥+ QL 2r.

[Ipu oroGpaxenuu obnactn T Ha eavHuunni#t xpyr |w|<C1 touka O
NyCTh NEPEXOIWT B LEHTP KpPyra M COBOKYMHOCTb AYT, 32CYUTAHHBLIX
B pY, —B COBOKYMHOCTbH JNyT Ha OKPYXHOCTH C 0OWeH npoTsmeH-
noctelo 8. CornacHo 131

‘ ¢ < q-

Onpenensem ¢yuxumio @ (w), perynspHyto B xpyre |w| <1 » ynosne-
TBOPAIOULYI0 B TOYKAX LYT, 3aCYUTAHHBIX B O, YCJOBHIO

No (w) = 1n A4,
4 BO BHYTDEHHHX TOYKax MNPOYHX AYT oxpymnocm-—ycnosmd

Re(wy=1Ina
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[ 231]. Mmeem
2nRo (@) =8ln A+ 2r—d)Ina
[III 118]. Iloaoxum )
e? W) = & (w),
Torna noayyaem

| (0) |2r = a?* (_g)?’ < o (_2_)7 < a¥ (_g._)%—g.l

Ecau orobpawenue obaacty T Ha kpyr |w| < 1 ocywecTsagercas dyHK-
Iuel _

(@) =w, $(&)=0,
10 ®[b(2)] BHyTpH ¥ OTJMYHA OT HYJA M HA BCEX TPAHUUHBIX TOYKAX
obnactd T, 3a WCKIIOUEHHEM KOHEUHOrO YHUC/I4, MO MOAYI0 He MEeHble
yem f(2). Orciona caenyer [III 335, uto

fOIL2 O] =]2(0)].
Obpawas sTu paccyxnenuda, nonaydaeM u3 I 276 uyacte Teopem 131,
133. Cm. Taxxke pewmenue [II 177.
135. f,(2) obpauiaercs B HyJb TOJbKO B TOuke 2z=0 (B3auMHO
onHosHayHoe ortoOpawenue). [lpumensas I 278 k ¢ymxuusm z-1if, (2)
u 2f,(2)"!, peryaspubiM B &,, Haxonmum, uro B ®,

1 F4 oa
T< m’<T.

[IycTb TONOXHTEILHOE YHC/IO e, ONpeldelieHO YPaBHEHHEM

1.
I::E’

torpa lim e, = 0. [loaaras

f1->Co
z (z—1\"n
o) =ne
B kpyre [z| <1 umeem |@,(2)| <1 [IIl 278]. Vs nepaBencrs
1 . |
2|3 c—D[" <@ <]z

nonrydyaeM CHavana, 4To B Kpyre |Z| <1 apu A — Co
|fn(Z)|—>IZI

[Mpunnmaem Bo sumManne Hepasenctso f, (0) > 0 u npumensem Il 258

ik In(f, (2) 271,

136. (L. Bieberbach, Berl. Ber. 1916, crp. 940—955;
G. Faber, Miinch. Ber. 1916, crp. 39—42.] Ha Il 126 ssitTexaer,
YyTO I Kaxzoro R > 1

%ﬁl”_{_?l}gilz_l_ﬂbal 1<,
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CAeLOBATENBHO, TaKue M-H OTPE30K 3TOro psafa MeHblle EeXUHUIHL.
[Tonaras R — 1, BuauM, 4rto

B P4-21 8, Bt n b < L

Tak KaK 9TO HEPABEHCTBO HMEET MECTO IPY BCAKOM f, TO anb 12
n=1
Ecnn]b[:::l by==1¢®, To TOrna by=1ty;=...=0, 1. e. g(2)=

=z 0,5 I 79).

137. [K. Lowner, Math. Zeitschr., 7. 3, crp. 69—72, 1919.]
[Npumensis HepaBeHcTBo Kowmwu [II 80], naxopum [136]

|g’(z)|=|1~— zn—H( 1+Z, TrValbl<

Ecu g’ (p°)_“1——p-2’ o0 >1, |e|=1, To —b,e"*1 nomkHO OHITH

Y

BelleCTBEHHO M HeOTpHUATe/bHO, Aajee, ]/n[b,n| n+1’ rae MHO-

KUTedb A, He 3aBUCAIUUMM OT 7, onpenendeTcsa U3 yPaBHEeHHUS 2, n|b,2==1.
n=1 ’

Hmeem
— 02— N ek — _l( _d_l_) I
A=p2—1, b, RS g(@)=2z+4b, —\P 7)1
BDra (yHKUMA ONHOJMCTHA B obnactu |z| > 1, rtak Kak mpu |z]| >
] —pH
1 <

¥ NOSTOMY

1 — p3
i 1pez, g(2)—g@)#0 (2> 1 (5]>1, 2+ 2,

pezy — 1

IIpeoGpasosanue
. 1 _ pe2(e2—p)
e [g(2) bol—(P—?)——W
NOKa3bIBAET, Najlee, UTO eIMHUYHAS OKPYKHOCTb OTOOpaMaeTcd Ha He-
KOTOPYIO KPYTOBYIO AYTY C LEHTpOM b,—-e (p —%) W pajMycoM p.
138. IIpunumaem Bo BHuManwe 120,

139. (G. Faber, L. c. 136.] Cornacao 79 byHxuus

i 1 1,
St  wb—g %

Ve@ =242+ "+
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peryndpHa M ONHOJMCTHa B obnactn |z|>1, cnenosarenshio [138],

'é—bolg 1. Tonebko B TOM cayuae ";Tb@‘ =1, ecmn V g (2?) =Az—[—f3;,
; eHB
5 BelleCTBEHHO, T. e. Koraa g(2)==z-f Qe’*?—}—}—.

f40. [L. Bieberbach, 1. c. 136.] Ilpumensem 189 x g(2)— 4,
rje A — NPOU3BONLHAA -FpanuyHas Touka obnacru &. Toraa Hyxenas
TOYKA JIEXUT Ha TrpaHdue oOpa3a. KOHQODMHLIM LEHTDOM THKeCTH
spaseTcs by—- h, cienosarenpHo, |b,— k| 2.

E4l. [Cum. L. Bieberbach, Math. Aan., t. 77, crp. 1563 -172,
1916.] Hwxnaa ouenxa ana [D noaydaetrca kak B I 239, Bepxuas
oueyka —u3 140 cuenyowuMm obpasom. Ecaum £, u h, — rpaHnuHble
Toykn ofnactu @, ToO ‘

|0g— Ry | <2, [by— hy| <2, cenosarensuo, |h— hy| < 4.

142. llycrb d— paccrosnve Mexay IBYMS HENOABKHBIMH TOY-
KaMu ¥ [ — ouameTp coepuHsiomedt ayru. Torma [141]

d< D 4r.
§43. [K. Loswner, 1. ¢. 137, ctp. 74—75.] JocTatouso noka-

3aTh, 4YTO |g(p)|<p+%, o 2> 1. Yaanas us & npa xpuBoAnHHEHHBIX

oTpesKa, B KOTOphie mnepexolsT orpeskn 1 <z<Lp, —pLz<{—1
npu oto0pamenun g (2)=—w, moaydaeM HekoTopyio obaacte &*. Ecau
MBI Dadpe)keM BHEIUHIOIO KPyrosyio o6aacts |z|>1 or 1 no p u or

—1 no —p, TO nosaydeHHas oONACTH CMOXKeT OLBITL OTOOpAMEHA Ha
1 ‘

—_—

P
BHEIUHIOIO Kpyrosylo obunacre |[&| > 5 d [1056] u Oyner wumets [138]

KoH(opMHBIH ueHTp TspxecTd 0. K nmoayyaemMomy npu sTom orobpaxe-

P+ w
' HHIO BHewHel kpyroso#t obnactu [C]| > 5 © wa ®* npumensem 140.

§&4. [G._Faber, Minch. Ber. 1920, crp. 49—564.] Tax Kax
g(2)—z B obnactu |2|>1 perynapHa ¥ BCE TpaHUYHLIE 3HAYEHMA
g(z)—z no wmonymo 3 [140], To |g(2)—=2|<3 Ttaxke Bo Bcelt

obaactu |z|>1; 11280 naer Ttorza (g(z)——zlgl—g—,. Pasencrno

et
Morao. 66l JOCTUTaThCH BOOOULE TOMLKO 1A g(z)-—z::-z—, @ Bele-
. 1
CTBEHHO, HO TOrZa |g(2)— 2| =1z ¥, CNeLOBATENbHO, DaBEHCTBO HHU-

Koraxa He HOoCTHraercd.

:%45. [K. Lowner.] Baewnult panuyc r yxasaunoft s 3anaue xpu-
BOM npeBbillaeT BHelIHHMH painyc orpeska AauHbl 2a [121] ¥ MeHblie,
YyeM BHELIHMH paluyc COnepxalllero STOT OTPE3OK BANMINCA, CyMMa oceft
KoTopore erpeMurcs Kk 4, xorga a—2, 8§—0. Orciona sHTexaer
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[101, 102], yto r— 1 npu a—>2, §—0. Ma 119 Bureraer, Laiee,
YTO NPH paccMaTpuBaeMoM OTOODaKeHMH [Be IPAHHYHBIE TOUYKH, HAXO-
JAUMECS HA TNDPOTUBOMOJOMHLIX Kpadx Bhipe3a B 2= -—a, NEPEXOIAT
B Z=-+1 1 2=—-1, Taxk 4TO OAHAa M3 TPAHUYHBEIX TOUEK NpeTepIe-
BaeT cMmewenne 1 —+q. Ilpn a — 2 0HO CTAHOBUTCA CKOJib YTOAHO GNu3-
KAM K 3.

4B, [L.. Bieberbach, 1. ¢c. 136.] lonaras Czé—, vMeeM

gQ=1fEHI~ mC*ag—l— .50

npu l”\>1 (189). |a,| =2 torna u TobKO ToOrAa, Koraa g(G)=={-4

—}—Qe"“—}— - f(z)—H—jl_%U—_z—)—z, o BelleCTBeHHO.

§147. [G. Faber, 1, c. 136, 144; L. Bieberbach, 1. c. 136.
TeopeMa conepxurcy, npama, 0e3 npuBedeHHs TOYHLIX BHAYEHUH MO-
crosuHbx, yxe y P. Koebe, GOtt. Nachr. 1907, crp. 197—210.]
[lycts R=1. ®yHkuus '

() 1
1~_h_lf(z):z+(a2+z)zg+..
OLHOMHCTHA B Kpyre |2z|<{ 1, ClelOBaTesbHO,
1 1
Gt 1| <2 |Fl<lal+2<e 1146

[Dror BapuaHT AOKasaTeAbLCTBa NMpuHainexurT . Xaycropgy.] Pa-
BEHCTBO MMeeT MeCTO TOJbKO MM (QYHKUMH

@ BEUECTBEHHO.

f(z):ﬁz—)g,

148. [ycrs C—_-::];, g =[fC"YH]"! [pewenne 146]. pumenss
140 x g(0), Haxonum, uto IJs JioOo#t rpaHuyHOM TOYKMU A

atgl<a |3]<lal+2

(cM. Tarke pewmenue 147].

149. [Cu. G. Szegd. Deutsche Math.-Ver,, 1. 31, crp.” 42,
1922; v. 32, crp. 45, 1923.] llyers Ay v hy— nBe rpaHHquIe TOYKH
obnactu & u arg hy — arg h, = =. Ilpnmensas 147,K 1—:%5,
XOLHM, YTO 1 R o1 e

’ -7 S =1i|=7 T ¢
byt — by’ 4

2 R
T T 2T
._..._+_.__..
bk | Aal
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Tem cambiM 1O TeopeMe 00 apu(MeTHYECKOM W FAPMOHHUECKOM Cpel-
uux (gactb I, crp. 75) wm nomaswo |A,|-|ky| > R. Korma umeer

MECTO 3HAK PABEHCTBA, TO NOMKHO ObITh Npexne BCero |A|=|hk,|=
R _ _R fley _ R
=k =g o Ranee, T S = R e T P

wecrBenHbl. dta ¢GyHkums B kpyre |z|<{R nocTaraer MO,Z],YJIH-—?-

amb 1ad 2= Re~%, Orciola 3akjaiouyaeM, 4To

o= W J)=
[3ameuanue, yro |k, |—Hh2 > R, npunanzexur T. Rada.)

150. [Cv. G. Pick, 1. ¢c. 161; nanee L. Bieberbach, Math.
Zeitschr., T. 4, crp. 295— 305, 1919; R. Nevanlinna, Oversikt
av Finska Vetenskaps-Soc. Forh., 1. 62 (A), N 7, 1919—1920.]
Mycts |2,] < 1. [lpumensem 146 x ¢dynxuau

— 220
¢(&)=A+Bf (=),
TaKXe OJHOJUCTHOM B enunnynom kpyre |z|<Cl. IlocrosuHsie A u B
onpenenseM us ycaosuit ¢ (0)=0, ¢’ (0)==1.

151. [[To nosoay 161, 162, 166, 157 cm. P. Koebe, I. ¢c. 147;
G. Plemelj, Verhandl. d. deutschen Naturforsch., T. 85, Ill, crp. 163,
1913; G. Pick, Leipz. Ber., 1. 68, crp. 58—64, 1916; G. Faber,
L. Bieberbach, l. c. 136; cm., xpome Toro, T. H. Gron-

11, C. R., 1. 162, crp. 249—252, 1916.] ViMeewm

0/ @)+ In (1 —| 2) = f (8 — e

FIe WHTeIDHPOBaHHME MPOH3BOLUTCS BAOJMb NPAMOJUHEHHOrO OTpe3Ka
or 0 mo 2, |z|=r < 1. Orciona [150]

¥

nf @+ —]zP|< fi—éﬁdh:mn“”.

1—vr
0

Otrnenenne BELECTBEHHON 4acT Haer

—2iEL Cin|f @)+ In(1 —rH < 2 L
4. ¥ Tp. A. OTHefeHHe MHHMOM YacTH H3eT, KPOMe TOrO,
-
|inf @) < 2in 1L

(TeopeMa 06 McKaxXeHMH yrjia nosopoTa npu orobpamennn).
Pasencrso ne pocruraercd. [L. Bieberbach, 1. ¢c. 150.]
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152, Us j(z)z——ff’ (2)dz Buirekaer, yto [1561]
0

£ < “” dr = —~

T—=rp ™ =

HukHas oueHka MOLyJs |f(z)| nosnyuaercss ABOSKUM OoOpasom:
1) llyerh w — G6mmkalimag K Hy1eBO# TOYKe TOYKa 06pasa OKPYKHOCTH
|2| =r u L—KpuBas nmaockocty 2z, 0ToOpaxcanoulascs Ha OTPE3OK, CO-

equasiowuit 0 u w. Torna us |w]=f|f’ (2)||dz| Bcaencrsue Hepa-

BEHCTBA |dz| > dr BhITEKaer

- L
|w|h>J|f(Z)|d’>J'(T_—{_—:’)§dr=ﬁqr:;j§-

0

2) OrobpaxaeM kpyr |z|<( 1, paspe3aHHbl BAOAb BEUIECTBEHHOTO
oTpesxa, COeIMHsIoUlero r v I, mocpeAcTsoM QyHKuMH 2 ==g (L) =+
—+ 5,24 b8+ ... Ha kpyr |L| < 1_?_ PE [108] u npuMeHseM Torna

147 x rpasuudo#t Touke f(r) omépamennﬂ w = f[g)].
153. [T. H. Gronwall, Nat. Acad. Proc., 1. 6, ctp. 300—302,
1920; R. Nevanlinna, 1. c. 161, crp. 17, cuHocka.] Ilonaraem

i:-}; u npumensieM 143 x [f(E~H]-1 4 a,.
I54. [T. Rado, sanaya; Deutsche Math.-Ver,, 1. 32, crp. /5,

’- 1923.] Coraacuo 80 f(z)=]/g(22), rie g(z) peryiaspHa M OJHOJHCTHA
8 emuHiuHoM kpyre |2|< 1. Taxum ofGpasoM, npu |z|=r [152]

rﬂ

(T;T' b g(zg) l rz)-g, .

155. B ofosHauennsx sanaud Il 128 umeen

p 2
A ORS (~1—_—§g) (164],
caefoBareabHo, Tak xak f(0) = (),
2n 7
Jllf(rew)ﬁd&é‘lﬁ Jq(l__—-%a—)édp.
0 0

156. [To Teopeme Kowwn

n 1€
7 ()_Q-ni§ (C-—z)"+1 &
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rie MHTErPUPOBAHME IHPOM3BOIHTCH BLOJMb OKPYMHOCTH |[—2|==p,
0<p<l—|2|=1—r. [lonuMas Mok w,(r) RAUMEHbBII VIO OYHK-
M0 YKA3aHHOrO pOAa, MMeeM

157. [L. Bieberbach, Math. Zeifschr., T. 2, crp. 161—162,
cHocka O, 1918.] MmeeMm
o = 20 11561,

CJIEA0BATEAbHO,

l
m’n<lon_1(1___P)21 O<P<1.

I _on—1
O7laraeM 8AeCh = . )
i58. Samensna B 185 f(2) na V f(2%) [80] u r ua }'r, nonyuaen

21 o

1 1

x [17eemy av =L [ | rere)|ap < 2
0 0

i5%. [J. E. Littlewood. Cm. Proc. Lond. M. Soc. (2), 1. 22,
Ne 4, 1923.] L1’1‘0 ®, > 1, BHTEKdeT H3 PACCMOTPEHUs (QYHKIUH

f(2)= —I———ﬁﬁ Z nz". BepxHad oueHKa NS ®, MONYYaeTCs W3 He-

n=l
paBeHCTRa
1 ) 1
|2a] < WI | F(re®)|db < a5 [158]
§
npu r == =1 Yneen

nil)ndln<en [ 170].

|l < =y =

160. [G. Pick, Wien. Ber., 7. 126, crp. 247—263, 1917.] Yep-
XKJeHHe OTHOCHTenbHO AM soiTekaer u3 122 wm w3 III 280. M3 pas-
JOXKeHusd

1+ e“fﬁfdzzif(z)]z = e (G 2eM A

saKaouaeM, nanee, 4To |ay,— 2e*M-1| 2 [146]. Bubupas anech
@ == T arg a,, nojydaeM TpeOyeMoe HepaBeHCTBO. PaBeHCTBO HMeer
MeCTO TOrja M TOJAbKO TOrjha, Koria

ez
[14eM @] (4 e%2)*%]
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B Beujecrsenno. Torza 3Havenns w==e¢®M~-1f(2) sanomusoT TY
YacTb EIWHHUHOIO KpYra, KOTOPHIH COOTBETCTBYeT Mnpu OTOOpaeHHH

w )
Tawyf = W [111] nnockocTd, paspesanHolt Booap ayua arg W=
o= — 3, 4}14 | W] <oo. Tlostomy a nomxxo ObTb paBHO §3; 4acTH
4;4 LW < 7 bripesa coorBeTCTBYET 0Tpedok 2M — 1 — 2V M(M—1)K

L w1 PaBeHCTBo LocTHraeTcs, Koraa f(z) ocyuiecrTBageT OLHO-
MHCTHOe oToOpameHnne eNMBHYHOrO Kpyra Ha Xpyr pamuyca M, pas-
pesaHHbift BLOJL -OTPE3Kd, HAYUWEro OT NPOU3BOJLHON rpanuyHOW TOUKH
MepneHaMKyISPHO BHYTPbL HA PACCTOIHUE |

oMY =T T—V =)

I60. [R. Nevanlinna, Oversikt av Finska Vetenskaps-Soc.
Forh., t. 63 (A), Ne 6, 1920—1921.] Cornacuo Il 109 ¢yuxuus

f’()___ 2
f() 1+T13+T22 +

peryispua B kpyre |z| <1 K UMEET B HEM MOJOXKUTEAbHYX) BeleCTBeH-
Hylo 4acTh. CneposarensHo [HI 235],

fm 142
e Si=z

Orciona saknouaeM [ 63], uto
la, | < n (n=2, 3, 4,...).

|a,|==n Moxer ObTL Juub TOrAa (M MPUTOM TOTAA YXKe LI BCeX ),

f2) _1-+ev

Koraga z — , & BEUIEeCTBEHHO.
M EFD T T ez H

i82. [T. H. Gronwall, L. c. 1561; K. Lowner, Leipz. Ber,,
T. 69, crp. 89—106, 1917.}] Ecam f(z) ocywectBiser orobpaxeHHe
Ha BRIyKayw obnactb, TO ob6pa3 npu orobpawednn = zf (2) Oyuner
spesnoobpasen [II1 110]. Mmeem rtem cambim [161]

zf (z)<(1 0 T e la, ] <1 (n==2, 3, 4,...).

ja,|==1 roraa ® TOMLKO TOrAa (M NMPHUTOM TOTRA yKe IJIA BCEX f),

z z
xoraa zf (z):m, f(&)= iz @ BELECTBEHHO.

863. [Cu. E. Study, Vorlesungen iiber ausgewidhlte Gegenstinde
der Geometrie, Heft 2, Leipzig, B. G. Teubner, 1913; R. Nevaun-
linna, 1. c. 181.] Y3 150 sakmouaem, uro npu |2|<r

PN . — dr - 27
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Ins  sHaueHuR r, He TNPEBOCXOUALIMX MEHBIIEr0 KOPHS ypPaBHEHMs
r2—4r—1==0, npasas uacrtb > — 1 [III 108].

ez — |

g

164. [locpencrBoM oTobparenms it

k 111 297. Ecmu f(2)5=0, 10 pan

51

n=1

BONPOC TNPHBORHTCH

RICH SN I

|

AO/DKeH cxomurhbcd. Jlanee BO BcakoM cayuae y, —co. Ho aas nono-
HUTENbHBIX Y, CTPeMALIMXCH K 0O,

1

gte+iy) )—2 901
-~ 2Ze~Ysinx.

I— efi(w-i-’iy)_l_l

1 _' 14+e"% —2 ¥sinx
1 e~ L2 ¥sin x

ABanornyHeiM o0pasoM MU OTPHUATENbHBIX J 8aMeHdeM OOwWMH unex
BhITUCAHHOTO BHILe psifia yepesd 2% sin x.

165. /locraTouHocTh YCJIOBUS BhITEKAeT M3 0OLiel Teopembl cylie-
CTBOBaHMSl JJIA JIMHeHHbIX IH(pQepeHUHaNbHEIX ypaBHeHu#. Ho ycaosue
takke HeoOxomuMmo. [efcTBUTENbHO, NYCTb #y, Us,..., U, OYAYyT n
JUHEeHHO HEe3aBHCHUMBIX LEJBIX (YHKUUH, yIOBAETBODSIOLIMX 3aAaHHOMY
ypaBHeHuw. Toraa kosdgduuuedTs f, (2) onpenensi0Tcs M3 ypaBHeHHH

— P =@ @ @y (=1, 2..., )

KaK ApoOM, B UACAATENSIX KOTOPHIX CTOAT Uedble (QYHKIUM; OOLWINM 3HA-
MeHaTeJeM BCeX 9STHX [Ipolelt cayxuT onpeseautels BpoHCKoOT o

~-| @ a:
(«<BpOHCKHKAH») PyHKUUR u,, ty,..., 4, T. e. e f ’ [VIL, § 5],

SHAUNT — leJasi QYHKUHMA, He MMeiollan HyJeH.
166. [na 1[OCTaTOYHO MaibIX OT/AMYHBIX OT HyJd SHaueHuh 2z
HMeeM '

k k-1 1 2
¢(2) =2 4+ g2 ¢ Yo FHVRI T2+,
| ES
rne ¢ >0, g—uenoe u waa 29 Boi6paHa onpeneneHHas BeTBL, Ms
NpennoNOKeHUs BhiTeKaeT CHayasna, uro npH 2— 0 dysxuus ¢ (2)
OCTaETC OrPAHUYEHHOM, CNeNOBATENBHO, Y _z="_pi4=...=7_,== 0.
Kpome Toro, vo==¢, Ecau 0wl ¢ Oniao Oonabiue eJMHMUBI H He Bee
KOIDDUUMEHTBl Yy, Yg»+-+» Tg_y OBUIM DABHBL HYJNO, CKAXKEM 7, ==
e=yy=..,.=7,_,=0, 7,0, | {sLg—1, ro npn z - 0 dhysxnus

8
z 1(9(2)—¢p)
ocrasanach Obl Mo MoAyaw Gojiblie HEKOTOPOro (PMKCHMPOBAHHOIO NOJO-
JUTELHOrO YHC/Ia, OTKyZAa caenoBano Owl, 4TO

lim 2= (¢ (2) — ¢g) = 0o,
t>0 '
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a 9TO TNPOTHBOPeudT mnpeanonoxeHuo. CrepoBaTenbho, Y, =17, =...
...:Tq_,1=0. Hanee vy,==¢;, 3aTeM CHOBA Yq,{="Ygyp==...
e =Yg =0 Hn 1. L

167. Ecnu Gyuxuus f(2) perynaspHa M ONHO3HAYHA B MONYOTKPhI-
ToM Kpyrosom komble R < |z|< oo, TO ee HyaH, HAXOAAWMECT B 3TOH
06NaCTH, MOTYT CTYWIATHCH TOJLKO B GeCKOHeyHOCTH. [103TOMY MOXHO
NMOCTPONTL LNy GYHKUMIO g(2), KOTOpas B YKasaHHOH o0nacTu umeer

f(2)

Te ke Hymd, yto u f(2). Torna cpyﬂxunﬂ lng Gyner B obJIacCTH

< |2| < co perynapHa, OINHAKO He HeOOXOLMMO omosnaqna; Belle -
CTeHHHAs ee 4aCTh OJHO3HAUHA, MHUMAas M3MEHAETCH NPH MOJOKHUTENb-
HOM 00X0ze OKPYXHOCTH [2|==r, r >R Ha 2uim, rie m — Hexo-

TOpOe uesioe uucao, He 3asucamee o1 r [lI[ 190, a =0]. TMosromy
Pa3HOCTh

f(z) —mlinz

g(Z)

Gyner B o6macti R« |2[<[CO ONHO3HAYHA W PEryNfpHA M Pa3Naraercs
B 3TON 00KacTH B DAl JlopaHa

(=]

—1
1D —minz= Y =1+ Y =71+,

g(2)

= --00 o= —00

rie y(2)—uenas GyHxuua, ¥ pal &(z) cxonured npu | 2| > R. Moxuo
NOJNOXKUTL 2Mg (2) el & = 2-PG (2). Ecmu oTHOoCcHTenbHO QYHKUMH f(2)
NpPEeANoNOMEHO JIMIIb, 4YTO OHA peryagpHa B OTKDHTOM KDYTOBOM
konple R < [z[ < co, TO €e HYJU MOTyT CryularthCs TAKKE HA OKPYK= .
HoctH |2|=R.

168. [Tonoxkum e~*=w, crenoBaTebro, e¥ = |w|. Benencrsue
nepuoIMUHOCTH dysKuun f(2)

flnw)=F (w)
ABASETCH  ONHO3HauHOM  ¢GyHkuumelr oT w, uMmewoweHt B odaactH

0 < | w| < co nMuubp KOHe4yHOe YuCao Hyaed u nomocos. CrenosarenbHo,
MOXHO TaK ONpele/uTh nBa nomuuHoma P(w), Q(w) H cxonaumitcs

B yKazaHHO o0JaacTyu CTENeHHON P > ¢ w™ =4 (w) [pewenune 167],
N = —CO
yro B 3Tol oOaacTu
P(t@)
(@) =570 ¢

O6osnaunm uepes A(r) maxcumys R (w) HA OKPYyKHOCTH =r U
Jepe3d W, TOYKY, B KOTODOH 3TOT MakcuMyMm A (r) nocturaerca. Vmees

In M(y) —In| P (wo) |+ In[Qwp) | > A(r).

15 3ax. 1127, T. [Toma u I. Cere
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s npelanofomeHus crefyeT, KPOMe TOTO, 4TO CYUIECTBYET Taxoe
yeao 6, 0 <6 < 1, uro '

|wl®  npu|w|>1,

In M(y) < eyl :{ _ -
) |w (™% wmpn |w|L L
OTciofa  saK/a0uaeM, 410 A(r)r—% orpannueso ana r>1 un A(r)r®
orpanyueno pag 7 < 1. CornacHo peuwenuio [[I 237 orciona crenver,
410 ¢ (w) == const.
f©B. [H. A. Schwarz; no ycrHot nepexave.] Ilycts QyHKUMS

fy=qay+az-+a,2>+ ... +a,2".

PEryadpHa M He TOMXIAECTBEHHO MOCTOAHHA B HEKOTOPOM Kpyre [2|<(op
¢ ueHTpoM B HyJeBoft Touxke. Torma B 9TOM KDyre TaKie (yHKILUS

F(2)=uay-az4-0,22~4 ... +a,2"+ ..

peryidpHa M He TOXAECTBEHHO TIOCTOAHHAZ, KpOMe TOrO, AA7 Belle-
CTBEHHBIX X M ¥, x4 y* < p?,

o6, D)= FflrtD)F(x—ly) = 2 Daa(x i)k (x — iy}

ITOT PAL CXOOUTCS TAKWE IJ9 KOMMOAEKCHBIX X M Y C LOCTATOYHO
MapIMH MONYAsiMH. Tak Kak OH npencTasiser anrebpanueckyw QyHk-
LMIO OT X M Y, TO MMEeT MeCTO, TO/IeCTBEHHO OTHOCHTENBHO X W Y,
DABEHCTBO |

T

Z@(x e (x, yI'= E L M 4-iy) F(x—Ly)“P—

rie D (x, y)— HEeKOTODPble NONMHOMEI OTHOCHTEJABHO X U y
&, (x, y)==0. Mp moxem npuuare, uro ®,(0, 0)#0, ubo B upoTus-
HOM cJhyyae MOwHO Owiio Our BMmecTo f(z) sapaHee paccMaTp#BaTh
f(z—a) ¢ Hanmexawe BLIOPAaHHBIM a.

[lycre nepemeHHas [ OrpaHuyena eNWHMYHBIM KDYTOM M TMOCTOSH-
Haa ¢ BoiOpaHa caenyoHUM oOpasom:
1) 0,

2) paccmaTpuBaeMbl¥ cTeneHHOW DAl ¢yHKUMH @ (X, y) CXOAuTCH
ans | x| <LJt], (w1 <],

3) F(1)=0, )

4) noNMHOM @n((c+21)t, (‘—;Zl)t

g Bcex {. DTOMY YCAOBHMIO MCIKHO BCerjga yILOBIETBODPHUTH, MGO CRO-
GofHbI ufeH 3TOrO NOJMHOMA OTHOCHTEJNbHO (§ M [ COBMajgaer co CBO-
GouHblM 4ieHOM noiuroma P, (x, y) W, 3HAUAT, OT/AMYEH OT Hy.I4.

) He paBeH HYJ/JO0 TOWIAECTBEHHO
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Torna B kpyre |C| <1 TOXIeCTBEHHO

Yoo, (S50 EE D0 F o reor =0,

v=0

[70. [E. Landau.] Iycts ykasanuelv B 3asaye KPyroM CAYKUT
envHUuHbIR kpyr. OH conmepwUT BeulecTBeHHbIR oTpesox — 1 < w < 1.
PaccMOTPHM  MHOXKECTBO TeX BEWECTBEHHBIX TOYEK Z, B KOTOPHIX
w == f(2) BEWIECTBEHHO ¥ MO MONYJI0 MEHbILE EeAUHWIH. ITH TOUKHK
MMEIOT [0 KpafiHefl Mepe OLHY KOHEe4YHYIO NPeLebHYIO TOUKY 2, B 1po-
THBHOM cayyae uX Obio Obl Jullb CYETHOE MHOXECTBO, W, CAefOBa-
TeAbHO, GyHKuud f(2) He wmorna Op NPUHUMATL BCeX 3HaueHMHt W3
orpeska — 1 << w <1, u”MewiIer0 MOUHOCTL KOHTHHYYMa. J3Haye-
Hue f(2,) BELIECTBEHHO, ¥ TOYHO TAK KE BEIIECTBEHHO

f(z5) =lim f(2) = =)

z—2zy

60 Bedb MbI MOXEM OFpPaHMUYUTBCH BHIOODPOM [JI 2 TeX BELIECTBEHHBIX
3HayeHult, . Ang KOTOpBHX f(2) Takxe BelwleCTBeHHO, AmnamoruyHo yobe-
XA4eMcq B TOM, UTO BCe KO3(PpUUMEHTH B Pa3JOXKeHUH f(2) MO cTeneHs M
Z— 7, BewecTseHHr. Illpogo/mxas creneHHOW DA, MbH HAXOLUM, UTO
Gyukuus f(z) BelwlecTBeHHA [ BCeX BELUECTBEHHLIX 2, UTO NPOTHBO-
PEUUT TNPELNONOKEHHUID. :
A78. Taxux (ysxuuit He cywecrsyer. [lycrb, B camom pene, Tpe-
SyeMoe COOTHOWIEHWE BhMOJHeHO. Ecau f(2) TOXLecTBeHHO PABHO HY M,
TO TOrna, odeBunHo, U f,(2), f,(2),..., f,(2) Takxe TOMKIECTBEHHO
pasael Hymo. Ecau xe f(2)==0, T0 MBI MOXeM NpWHATb, YTO f(2)
B obmacTu B Boobuwe He oOpawlaeTcs B HYNIbL HU B OQHOH Touke (3aMe-
Has% B NPOTUBHOM cayuae 9Ty obaacTh HeXOTOPOH ee wacThio). Ho torna
dynxunun f,(2) f(2)~! peryadapusl B B U (QyHKIUA
f1(z) + 13 (2) + - In (2)
f(2) f(2) o (&)
AOCTHraeT MaKkcHMyMa TakKe BHyTpu ofnacru  B;  ciaenosaTefbHO
(11T 3007,

= 1

1,(2) f(2)~! = const, (v=1, 2,..., n).

172, Taxux GyHxuu#t He cyuwecTByeT. B camom jeie, OTrpaHUYUMCH

HekoTOpOft uactbio obnacty B, B koTopolt g(2)#£0 u Vg(z)=<p(z) —
peryaapHas ¢yuxuua. Torma |g(2)| =|@(2)|2. CornacHo mpeinosoxe-~
B0 |©(2)|2 saBAfeTCA perynapHOf rapMonuuecko# ¢yHKuued, T. e.
[l 87] —

| (5 +23) e e 1) =0,

B cuny Il 58 orciona peiTexkaer, u4T0 @ (2)==const., g(2)= const.,
f(z)=counst. :

15*
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178. Tycte h(2)— uenas Qyuxuus; f(2)=eh® n g(2)=e-h@®

YIOOBJAETBOPDAIOT YKA3dHHLIM YCJOBHAM LJS @ — 1, b= — I, c= 0, HH0
h h h
€ ! :feh- € +1 :eh .ﬁ__o_,z-egh
e—h—1 " e-h ] ' e~h—(

CyTh uedbie (yHruud ©Oe3 Hyne#t. [BYX pa3iHUHBIX LeJbX (PYHKUHH
KOHEYHOTO pOJa, MMEIIUHX ONHH M Te XKe a-, b-, ¢- ¥ d-ToukH, npu-
ueM @, b, ¢ v d pasmuudb, BooOule He cywectsyer [G. Polya, Nyt
Tidsskr. for Math. (B), t. 32, crp. 21, 1921].

874%. Onupasice Ha yXe N0KA3aHHEIE NOJOKEHHS, JeTUe PElUUTh CAe-
AYOILYO, fosee CHABHYIO HHTEPIONALHOHHYIO saﬂaqy Hauna Tpeyroas-
Has 4uCIOBasg cxeMma 1

%o
@100 @1
Qapr Q21> Ay
Hafitn uenyo ¢ynkuuw G (2), YAOBIETBODPSWUIYID YPABHEHUIM
G™ (n) =a,, (v==0, 1, 2, ..., n; n=0, 1, 2,3, ...),

rae nla,,=a,. Ing peuwenus nojp3yeMmcs Leolt ¢yHKIUeH

W (2) = ZH [(1 __) ——+??_@:|n+1

[Hurwitz-Courant, crp. 123 #)]. B okpecTHOCTH TOUKM 2z=—~n
¥MeeT MECTO pasfoxeHHe

1 ]
W (2) - (2 — n)n+1 [bﬂ-0+ bpy(2—0)4+bo(z—n)?—+ ...

/AN C Ay S L S N

Dyo~0. Tlonaraem
nObrta+ a’nlbn v— 1'+" anﬁb , v— 2_|_ “h e —{— anvbno = Cp,

W HIEM MepoMopdHyo QYHKUK F (2), peryispHYIO BCIOLY, 32 MCKJIWO-
yenrem touex z=20, 1, 2, ..., ¥ TaKylo, 4TO Pa3HOCTb

F (Z) '_ (Z '_ n)—_'n,—l [Cn0+ Cn1 (Z - I’L)—l— e "l" Con (z""“ n)n]

oCTAaeTcsd peryaspHoit takke m B Touke 2=n, n =0, 1, 2, ... [Hur-
witz-Courant, crp. 108—111 *%)]. Torna uckomas uenas QyHKUUA
G (&) =F () W(2). |

#*y Ty psuu, ctp. 168,
#y ypeuu, crp. 147—151.
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§75. llepsoe HepaBencTso ouesuano. Ma uepasencrsa
e, |l <MY 0, 1,2, .. )

BHITEKAET, Lanee,

fm(r><M(r+o)i(,+o) ="M+,

176. [E. Landau.] Hveem [175]
M (P < Ry () <2 1M By,

NO3TOMY

‘ 1
M) <[, (D7 < (’*") M(r4-3)

Bepem n— co; 8 >> 0 npousBoasHO Mano, M(r) sBiseTcs HenpepsniRHOH
dyHKuMe# OT r, KaK Jerko yCMOTpPeTh M3 OlpejeseHud.

177. [E. Landau.] —l—ln‘ﬁl (r) €BAsIETCS HEBOTHYTOH (yHKuHeh

or Inr [Il 123]. Tlpenen HeBOFHyToH KPUBOH NpenCTaBJsAET c06oﬁ TaKKe
HEBOTHYTYIO KDHBYIO.
£78. (I. Schur.] Pyuxims

e M e MLf(2)] = 2 Ag2? - AP ... - A ..

B Kpyre | 2| <] 0JHOMYCTHA ¥ N0 MOAYMO Medblle M2. Kosdduuuent A,
ABAAETCA NOJAHHOMOM (72— 1)-# cTenenn OT e cO CBOOOLHBIM YJIEHOM @,
¥ cTapwuM Kospduunentom M-"*lqg, . Tloncrasiass BMecTO & MOCIAERO-
BATEJNBHO BCe KOPHU (n — 1)-f CcTenmeHu U3 eNMHMULB], CKJAaAbIBAS U TIPH-
HMMas BO BHHMaHWe HepaBeHCTBO | A, | < w,[M?], nonyuaem

5y [ M2
la,—+ M-+l | L o, [M2], T. e. mﬂ[Mlgl%;ﬁ.
3nech o, [M] 0003HayaeT BEPXHIOO FpaHuly MOLYIA |@,| B NIpeano/o-

weunax sanauu 160. TloBTopHoe npumeHeHHe 3TOr0 HepaBeHCTBA NAET,
Tak kaxk o, [M] < w,,

oul M) o ] ———
v=0

[pemensie | 14].

179. [lycib m — npoussonsHOE nonoxuTeNbHOE uncao. Torna ¢ (mh)
SBASETCS TPHTOHOMETPHYECKHM TMOJMHOMOM mAa-r0 NOPAAKa, Y.I0BAeTBO-
PAICLUAM NpelnonoKeHunio. TeM caMbiM NMPH BCeX 3HAYEHUSX ¥ BLIIOJ-
UAGTCS HEPABEHCTBO

| me’ () | K mn-K, 1 e |¢ ()] <t o

bBepem tenepn m — Co.

n+1)2" = ‘”n(l _“ M—n+1)
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I80. [H. Poincaré, American J., 7. 14, crp. 214, 1892; cwm.
H. Bohr, Nyt Tidsskr. for Math. (B), . 27, crp. 73—78, 1916.]
Onpenenum 1ieble MOJOKHTENbHbIE UHCIA Ay, Ay, oo, Ay, ... Takx,
uyTo0bl OBLITO

)
=1 >y (55) "> e@ D) (=234 ..,
D yHKUYA

g() =0 @)+ 1+ i(n_l)

apnasgercd uenoft; npn AL x <L n+1, n>>2, umeem
g(x) > g(n)>( ) > o+ 1) 2> ¢ (x).
188, pumep: sin 'z __ —1—Z 2 IIeJLIE PaloHaNbHbIe

vz 3R T
dyHKIME (He #BASIOIKECH TOXIECTBEHHO NOCTOSHHBIMH) CTPeMSATCE IO
BCEM HamnpaBieHMsM K OECKOHEeYHOCTH.

iB2. [H. von Koch, Ark. for Mat., Astron. och Fys., 7. 1, crp.
627—641, 1903.] Ilpumep: e*—+ 2. Ilpn nOKasaTenbCTBE HYKHO Das3.IH-

7 T T 3n
4aTh ABA CAYHAs: — 5 < arg 2 < —‘2— il é < arg 2 < 5. PasHomepHoCTH

wekmovena [Hurwitz-Courant, crp. 96 ).

§28. [Cm. J. Malmquist, Acta Math.,'r. 29, ¢rp. 203--2!5,
1905.1 [IIT 188, III 160.] Lleasie dyHKUMM KOHEUROTO NOPAAKA HE MOI'YT
cce0a rax Bectn [III 320].

IBA. [G. Mittag-Leffler, Verhandlungen des lil. internationa-
len Mathematiker-Kongresses in Heidelberg, 1904, crp. 258—264,
Leipzig, B. G. Teubner, 1905; Atti del IV. Congr. internaz. dei mat.,
Roma 1908, r. 1, crp. 67—85, Roma, Tip. delia Acc. dei Lincei,
1909.

| e~ E@ — - @) ymu E(2)eE®),

rae E(2) — dynxkuua zanaun 183,

185, dyuxkuus E(z) (Il 158] mubo coscem He o6aanaer, Jubo
obnanaetT camoe Oonapliee KOHEYHBIM YHCJAOM OTPHULATENLHBIX HyAel
[III 160]. TlonaraeM B nepBOM cJayuae

F(z2)=E(z),
BO BTODOM
' E(2)
F (2) =
=TT . T’
rae ——-051, —-—0.’.2, ey —GZ—BCE HUMeinnecd B HAJIUUUHA OTpHuaTEJIb-

dule Hyaun ¢yHkuvr E(2). B tom u apyrom cayuae F(2) opu Beule-

-

*y T'ypsuuy, crp. 136.
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CTBEHHBIX OTPHUATEAbHLIX 2 BELLECTBEHHA W COXPaHAeT NOCTOAHHBIY 3HAK,
CrnepoBaTesiLHO,

zf F (— 12) dt = C +0;
0

cyuiecrpoBaHde wuHTerpana BelTekaer u3 I 160. [lenas wHeuerHasn
P yHKUYA

g(z)y=C"? f F(2%ydz

¥ pocTasisier  TpefyeMmubit npuMep, Kak HeTPYLHO NO0KasaTbh NyTeM
vsMeNeHns KOHTypa uurerpuposanus [I1I 160].

i8&. [G. POlya, Interméd. des math., cepus 2, 1. 1, crp. 81—82,
1922.1 Hyere 0 < a < 2nu g(2z) — uenas HevyeTHad QyHKLMSA, TOCTPOCH-
Hag B 3anaue 185. ®ynxuus

142 (V 2) e (V e2)

2

ABASETCH UeNOd M npum AOMKHOM Beifope 3HaKOB nepel OCOMMK Dalv-
kanamu B yrae O <argz<{2m-—a CTpeMMTCd K eIMHHUUE, & B yrJje
Om—a < arg 2< 27 — 1 qymo. OcTaeTcs COCTABHTL HALMLKAILYIO THHE R -
HY1I0 KOMOWUHAUMIO TakuxX QyHKUuH,

I®7. Her, u60 MHOMECTBO BCeX pasbuenutt umeer MowmocTh (2%),
BLICIIVIO, WEM MOLIHOCTb KOHTHHyyMa (¢), TOrAa Kak MHOXKECTBO BCeX
HeJbX QYHKUUH MMeeT MOWHOCTL (Se==(, T. €. MOLIHOCTL KOHTHHYYMa.

§88. onycruM, HAnpoTHB, 4TO CYWECTBVET MPOCTHPAIOAACH
B OeCKOHEYHOCTL HempephiBHAT KPHBas L, BLOJb KOTOPOH &7 CTPeMUTCH
K npeneny, OTJMYHOMY OT HYJAA ¥ OeCKOHeHYHOCTH. Torja AJas BCAKOrO
MONOWATENBHOTO & Ha KPHBOH L MOMHO YKasaTb TAaKYl0 TOYKY Z,, UTO
|arge?-—-arge®| < e AN BCeX TOYEK 2 KPUBOH L, CHENYIOWMX 34 Z.
Ecnan e < m, TO BCIENCTBUE HENDEPLIBHOCTH apryMeHTa LOJKHO OBITh
rakke |Jz—[zy| < e M, crenoBaTenbHo, HauwHad C 2, L 3akmodaercs
BRYTPH TMOJOCH LUMPHHOH B Z2e, napajjencHoft BeutecTBenHol ocu. Ho
BHYTPH T&KOH MOJNOCH 2 MOXET CTPeMUThCH K BECKOHEYHOCTH JIHilb OBY M4
cnocobamy: AndO TaK, YTO NPU STOM €% — o0, Mubo TaK, uTo e? — (.

IBG. dyuxuus

% q 0

4]
-3 . (— 1)n 22+t
f ¢ fdx= Z Al @A)

0 =0

CTPEMUTCS K BECKOHEUHOCTH, KOTHa 2~ 0O BAOJb NONOXHTENbHOH WiH
oTpuuarteabolt Muumo#t ocu. Ownha, nanee, pPaBHOMEPHO CXOZUTCA

T 3 | n n
K ‘/"’2"' COOTB. —]/7, KOrja 2 —>00 B yrije ng argzgf,
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3= i on : _
COOTB. —4—4§ arg Z~§T. B camom nene, nanpuMep, B NepBOM Cayuae,
T w
z==re'®, r >0, — 7 <HL g, nmeen
?’eiﬂ ¥
[ e %M—ife2dx+:f “Fax,
0 0
_4:_ ’,ﬂ‘i
— = 008 28
M BTODPOH uleH 1O MOAY/I0O MeHblle YeM rfe 2 d?} [peweHnne
0

AL 161]. Ecau 6p cywecrBosaia mpocTupamuiasics B GeCKOHEYHOCTD

HelpepLiBHAA KpuUBad, BLOJb KOTOPOH paccmarpusaeMas QyHKuUMS CTpe-
™

MHJach 651 K KOHEUHOMY mnpeleny, OTAMYHOMY OT "“] %, TO Ha 10-

CTATOYHOM yﬂaﬂeﬂuu 3Ta KpHUBas He MOT/IA Gbl HMeTh TOUEK B YKABAHHBIX
yraax ¥ Ha MHuMOH ocn. Met Moran Obl, TakuM o06pasoM, NPHHATb, UTC

OHa UEJAMKOM CONAEPIHUTCA, HANPUMED, B yrie —ZT< arg z < %.Ho TOrAa
GyHKung Obniza Obl orpaHnueHHoft B 064acTH, 3aK/MOUAOWENCT MexAy
9TOH KpMBOH M JyyoMm argz:%— [onmupaeMcd HA HEKOTOpPOe paciukpe-
Hue teopembl Il 330, oTHocdweecs k artoff nocaeasedt, xax Il 324
x HI 322], u, cnenoatenbHo, AoMmkHa Oba 6n [III 340| u BROM
YK43aHHOK KPUBOH CTpPEeMHTHCA K ]/% [Cv. A. Hurwitz, C. R,

T. 143, crp. 879, 1906 u r. 144, crp. 65, 1907.]
190. PaccmarpuBaemas MyHKUMS BAOAL 27 JyueH

_ .
argz=(2k—1)—272~ (=1, 2, ..., 2n)
CTpeMUTCA K OeCKOHeYHOCTH, a4 BAOAb OMCCeKTpHC 27 yrios, obpasye-
MBIX STHMU JIY4aMH, CTPEMHTCH K KOHe4HbIM MpejefiaM M HMeHHO BAO/b
- B - n.
ayya argz——rzk.; K npeneny

o0
ik — [ sin (x7) iki ] 1\ . {n
/3 [ _ -
e J.————x,n - dx = n_ﬁlf(ﬂ)sm(
§ .

[ 152] Hanbuie paccyxjaaeM, kak B peweddd 189.

I81. [F. Iversen, Ofversikt av Finska Vetenskaps-Soc. Forh.,
t. b8 (A), Ne 3, 1915—1916.] Mycrs 8, =2 (1 —e,,), rorma d,=0
nav 4, cMoTps mo Tomy, Oyaer au g, = -1 wim — 1. Koraa 2z crpe-
MUTCHE K OO BLOAb Jy4a

Vg)(k==1,2,.“,2n)

o

o sm
arg z =2x E g+

M=
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To torna aas m=20, 1, 2, ...

‘ o )
arg 28" == 2n (—Sﬂ’i—lk '"é;” . ) .

Tax kak 0, MOXET NpUHHMAaTb JHWb 3Hauyenus O u 4, To 25 nexur
T 5m

aubo 8 yrie (O, T)’ mmbo B yrae (TE, -4—) 1 HMEHHO B NEepPBOM, KOTAa

&, ==+ 1, 1 BO BTOpOM, KoOrpa e, =— — 1, Tloaaras ana cokpauiexus

Z e
=y L[z,
G

nMeeM, rakuM obpasom [189],
lim 7y (28") = ¢,,.

Kpome toro, cyiuectsyer |[peweHue 189] takoe uuciao (U, 4to Aas
BCEX Z Ha YKa3aHHOM Jyuye H AJf BCeX 3Hauesult m

1 (z*™)| < G.

Hycte teneps € >> 0 U m CTONb BEAHKO, YTO @y —+ Goppg—+ -« o < B
Torpa dyHkuus

vm
agY (&) a1 (@) .o  (2°)
NpH YK43aHHOM BbhbillE crocobe CTpeMJieHHa 2 K OO CTPEMHTCA K IpCAeny

OcraTouHbift used no moayaio menblre (Je NPH BCex 2.

i82. Ilycrb uxrepecyowas Hac uenas GyHkuus g(2) 6yLer KoHey-
Horo nopsaka A, A >0, 1. e. |g(2)| < AeBlzME 60, A0, B>0,
e, A, B— nocroaussie. Ilycte, nanee, lim g(2) =g, xoraa 2z —» cO BIOJb
HeKoToporo ayua, u limg(z)=b=a, Koriga z — 00 BiOJb HEKOTOPOTO
apyroro nyuya (o0a BHIXoaaT U3 TOYKU 2 == (), COCTABAKIOWIEr0 € TEDPBHIM
yroa y. Ws Il 330 [y=F—«a] Buitekaer, uyro ecan (A-}&)y <,
T0 £(2) ocraerca orpaHuuyeHHol B yrie Mexay obGoumu ayuamu. Ho
rorpa corsacuo Il 340 pgomxHo 6un0 Obl OHTH @ ==, 4YTO MPOTHUBO-
peudt npeanoaoxenuto. Caenoparenvho, (A-+ )y > w. Tak kak 3TO

T
cnpaBeAsMBO NPH HIOOOM MOJOXKUTEIbHOM &, TO Ay > ®, T. €. A>7'

o
Ho B cuny npeAnonoxeHus HMeETCs no KpaHuell mepe omHo Y.< ~—.

CnenoBarelibHo, A>/%. [[To noBoay nanbHefiumx ofoOuwieHu#t cm.

T. Carleman, Ark. for Mat., Astron. och Fys., r. 15, Ne 10, 1920.]
i183. [Cu. F. Iversen, Thése, Helsingfors, 1914.] TIlycre
£(2)— sanannas uenas gyskuus, 27! [g(2)— g(0)]=h(2) He ToWAE~
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CTBEHHO NOCTOsHHO. OB03HauuM uepesd & HeKOTOPYIO CBA3HVIO 06JacTh,
B KOH@YHBIX P'PAHHUHBIX TOUKAX KOTOPO# | 2 (2)| =1, a BuyTpu | 2 (2)| > 1.
Touka z==o00 Jaexur Ha rpauuile obaactu & [III 338]. Broab auunmy,
gexauieft B wan Ha ee rpaduile M NpPOCTHPAWOLLENCS B OECKOHEUHOCTD,
HMeeM

1g(2)| = Izhfz)i—-lg(())} 2] —1g (O)].

894. IMycte m—uncno Hyle#t oyskuud g(2)—a. Onpelensem
‘ Pz
TIOMMHOM M- cTenenn P (2) Tak, 4yTOOHR OTHOLIEHUE N OBI10

g@—a

PeryasapHo BO BCeH MAOCKOCTH 2, M 3aTeM NOJMHOM caMmoe Ooablnee
m-# crenenn Q(2) Tak, uTofBl TAKXKE BLIpAWEHME

L)

OplI0 perynspro BO BCeH naockoctd 2. Torpa cywecteyer [193] npo-
CTHpawoLiascd B 6eCKOHEYHOCTh HENpepBIBHAA KPWBAas, BLOJbL KOTOpOH Ha
JOCTATOUHOM VIaJleHHH

_PE
g(2)—

—Q(z){ >z

Tak xak tam | Q(2)| < Alz]",
JKUTEBHBIE OCTOSHHBE, TO

, Tne A n B CYyTh TOJO-

1

|z — A
gzy—a '

>FB

P{2) '>|zlm+1_A‘zlm’ '

lo(2)—a

BEH. [T. Carleman.] Ilycrs 8 komsue 0<|z| <1 wMomyns
‘s l
1/(2)

1
<M. Hna |zy| = - UmeeM HepagencTso Koww

iy

Tak wxak, no npenmoioxenmio, f'(z) orpamnuuena, 1o [l 337

’ I (20)

)
! o=

1 -1
B koablte 0 < [zlg—g— W, BHAUAT, B YACTHOCTH, B TOUKe Z==—

| F™(2) | L n12"M.

CrnenosaresbHO,

o 7 ()

1@ =1(g) o=+

TIpUuYeM D) CXOBUTCH B Kpyre ’z—~—~~/< , T, € W B HEKOTOPOM

Kpyre C LeHTpPOM B Touke 2 ==0,
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196. (Iycr, w,+0 (v=1, 2, 3,...) u

o0 ' o0

eo=1101—3) eo=11{+7)

=1
M*(r)y=g*(r), m*(r)==|g%(—nr)l.
Torna npu |2|=r, oOueBHIHO,
m* (r) <L | g (@) | < M* ().
Mbl, pasyMeeTcs, HUCKONBKO He HapyIUMM OGUIHOCTH, eCM NMPEANONIOKIM,

YTO MMEeT MeCTO Ccambiff HeOnarOmpuATHRIM CAyuall, a WMEHHO Y4TO BCE
HYM QYHKUYH g (2) BeuleCTBeHHL W OTPHUATEJNbHE, T. €.

oo

g<z)=H(1+,1§.),).

v=1

Yreepxaenue raacyr rorpa: g (r) < e npu BCeX AOCTATO4YHO OOALWIUX 7
M |g{(—r)| > e~ UpH UPOUSBOILHO OOJBIIMX 7, Ile & — Jboe Hanepen
3anaHHOE TOJNOKHTENAbHOe uuc/10, C MepBblM HePaBeHCTBOM  CIIPABAREMCS
Tak e, kak B pewenun BB co cayuaem A==1, Jlna noxasaTenanbCTBa
BTOpPOTO npumeHseM K ¢ (2) g (—2) kak dyukuuu ot 22 reopemy Il 332,
Vimeem nss npowusBObHO DOALWIUX 7

g g(—nl>1 |g(—=n]> 55 > e

§97. [A. Wiman, Ark. for Mat., Astron. och Fys., 7. 2, \e [/
1905; cM. E. Lindelof, Rend. Palermo, t. 25, crp. 228, 1908.}
[TpexnonoknuM, 4To HyJAM paccmaTpuBaeMofl uenoft QyHxumu g (2), KOTO-
pas, mo Anamapy (crp. 20), no/mxkHa ObTH POJA HYJb, BellECTBEHHE

¥ oTpuuatedsHs [pemende 1968]. Paccmorpum  dysxmmio g (2)e
B yrie —xw < %< ~-n, rae oua peryiaspua. OHa HenpepbBHA LIS
— LY+ 7 ¥ npuHEMAET HA NOJOKHUTENLHOH BeLleCTBEHHON OCH
TPON3BONLHO OO0JblUKME 3HAYEHUH [NIPEeANONOXKEeHHe OoTHOCHTebHO M (r)].
Ecag Onl oHa Opiia OrpaHvuyeHa Ha BEULECTBEHHOHN OTpHLATeabHOHR ocH,
CKa)eM, He NPeBOCXONMIa enuHuubl, TO OHA Oblna Om BoOOOINE OFpaHu-
yennot [III 832], uto, kax Beilie OBIIO yKazaHo, He uMeeT Mecta. Cae-
A0BaTeNbHO, AN HEKOTOPHIX MPOU3BOALHO OOMbLIUX 3HaueHu# r

m (l") e—'r)\—EcOSTt (A—g) —_— | g(___ r) e‘_(_v.)l—el > 1,

4. # TP. A.

I98. [Ch. H. Miintz; cm. Math. Abhd., H. A. Schwarz gewidmet,
ctp. 303—312, Berlin, J. Springer, 1914; T. Carleman, Ark. for
Mat., Astron. och Fys., 7. 17, Ne 9, ctp. 15, 1923.] B noaynnockocTs
Rz > — 1 umrerpan |

1
[en@at= s

0
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cxopurcs W QyHkums f(2) peryaspra. s Rz >0 wunrerpan Oyner
‘ 1

coOCTBeHHBIM M MORYJb | f(2)| OrpannyerHbIM, | f(2) | QJ‘ | A ()| dt. Ecm
0

cyuwiecrsyeT OeckoHeuHoe MHOXeCTBO A, < 1, TO OHH HMEIOT Ha OTpe3Ke
0 2«1 npemensuyio Touky u f(2)=0; ecau Bce A,, 33 HCKIIOUEHHEM

[e0]
. al -1
KOHEUHOT0 yucaa, > 1, TO U3 paACXOAMMOCTH psia 2‘ A, TOYHO TaK XKe
n=1

caenyer, uro f(2)=0 [ll1298]. B Tom u npyrom cayuae f(n)=

1

= [en(yat=0n=0,1,2 ... [1139]

0

1
199. [T. Carleman.] ®Pyukuns fg(zt)h(t)dt—ue.naﬂ H no-
0

pAika < A, C/Ae4OBATENbHO, COTNACHO TMPEATIONOKEHUIO TaKkKe QYHKIHSA

i
f g (20) b (t) dt
1(2) ="

&(2)

— uenag u nopanka < A. ITycTe M (r) — Makcumym |g(2)] na oxpyx-
HOCTH |2|==r. MuuumyM |y (2)| Ha oxkpyxuvoctu  |2|==r He Oyner
o 1

[IPEBOCXOANTL %%’%) ﬁh(f)}dt—f— f‘!h(t)!dt, rae 0 <a <1, a cxomp
Z_],’ e

o
YTOAHO OJM3KC K eIWHHWLE, M, CJENOBATENbHO, NPU 7 —> OO CTPEMUTCS
K Hymo [24], torga xak OH A0/MKeH Obla Obl ObTh [cM. 197 Heorpanu-

YEHHbIM. 3HAUUT, 7(2) TOKIECTBEHHO MOCTOAHHA M MMEHHO PaBHA HYJIO.
1

CaenoBare/ibHO, Bce KOIDhOULUEHTH DYHKLUY fg(zt) f(t) df pasubl HYJIO,

0
1

H, CTano OblTb, COI'JACHO INPERNOA0MKEHHIO ft”h(t)dt:O, n=20, 1,
0

2, ... [11139].

200. [T. Carleman.] lycrs g(z):H(l ——-;;:—) w, #* 0 (n0-

v
v=1

CTaTOYHO  paccmoTperh TosbKO sToT cayuaft), Torma |g(iy)|? =

(o ]
’2 |
= I _3_) Ws o710t dhopmyms swrexaer, uro lim U0 — g
ll(I%ﬁw% o y>oo 18N
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~ npu moCTOosHHOM «, 0 < a < I [24]. TlostoMy ¢yHkuua

1
f g (20 A (t) at
. 0
'T(Z)-—— g(z)'

BJIO/b TIOJOMKUTEJIBHON ¥ OTPULATEILHON MHHMOH OCH CTPEMHTCA K HYJIO.
Kpome TOro, coriacHo MpeanosoXeHHl0 oHa — genas. Ha Bcex nocra-
TOYHO BONBLINX OKPYKHOCTAX |2 |==r umeeM |g(2)|< e n Ha npous-
BOMbHO Go/abiMX umeeM |g(2)| > e~ [196]. Kpome Toro, npu Bcex
JOCTAaTOYHO OOJbIIHX r

e(re)

JeRcTBUTEILHO,

8ir

>e " W lg(reT) \ > e,

<0

e@e—2r=1]]

v=1

2::[[(1 __rﬂcos.?{}_r_%)}l

2
W) W

23
l——
w\) w=]

T 3°

npu {}:T, ik
[Tpumensem II1 326 B cierka usmMeHeHHOM BUze K QYHKUMH 7 (2)

B o6eux noaymaockocTax Mz >0 u Rz < 0. TNpennonowenue 1) HyxHO
anecs pacwuputs B cMpicae [l 328; Bmecro nyua % =0 Gepem 31ech

: 3
8:%, COOTB. 8_-—_—43. [3akmounTenbHoe 3aMmeuanne B pentenun 11 325.]

[Tonyuyaem, uyTO BO BCelt miockocTH |y (2)| < const. u, 3Hauut,
1

v (2)= const., 1(2)=0. Cnenosarefipno, f t"h (£) dt = 0, ecsau B pasno-
0

o0

weHUn g(2) == Zoa,nz" Koadppuuuent a, == 0. Ho Tax xak KOpHM Beule-
' =

CTBEHHREl, TO U3 KO3(DPUUUEHTOB @,, @, , NC KpaliHeR Mepe OOWH OT/HuYEH
or "yna [V 166]. Hakonen, npumensem 198. :

20f. [S. Bernstein, C, R., 7. 176, crp. 1603—1605, 1923 #). ]
Mz |a,| < Kp™ BHITeKaeT, 4TO '

NI AT
HOIES) = Ke'*!

7!
n=0
= T
7 U -2—<8<1r VAOBIE-
TBOPAET VYCJOBHAM, KOTODPBHIE aHANOrWuHbl yKasaHueM B [l 322, udo
(x, y BewecTBeHHb, y > 0)

|F(x)e™ | <M, |Fiyye ™| < K.

dyrkuus F (2)e® B ofoux yraax 0L 8

~ * C.H. Bepuwmreitn Cobpanue counnenud, 1. I, M3n. AH CCCP, 1952,
cTp. 269--270.
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PaccuarpuBasn eule F(z)e'ipz B HWKHEN T[IONYNAOCKOCTH, HaXOAuM Ha

ocuosanun Il 322, uro BO BCeHl nNAOCKOCTH 2

F (x4 )| < Le?!Y),

roe L= Max (M, K). Tpu BeniecrBeHHbx sHadyeHuax x noayuaem ([ 165]

. o[

Fr{x) o of {x) cos px L E Ll
sin px — | 3ind pX P (px — n'l:)?. ~x
n=—co
p| Fx)cospx| 23 plf*(x)cor;pxl+pM »
< sin? px oM (px — nn:)2 sin? px (*)
N = —00

T
Orciofa 3saxjuaeM TMPeXAe BCEro, 4To ’F’ (%)’gpﬂ/l. Ho renepe
Te e PACCY)KACHUSA Mbl MOKEM [PUMEHHTh TaKkKe K (PYHKUNU

(z+ Xg— QP)

TLE X,— BeUleCTBEHHas II0CTOsHHAd, HOO

T
P 5”“"23'89!2!

7T
’F(Z+xo_§;)l\<K9
Ecian B (*) umeer Mecro 3Hak ==, T0 (— )" F(nn)= A (A He 3asucur
oq‘n)md(ﬁ(z)) oA ‘
dz \'sinpz/  sinZpz’
202. F/(2) ectp ¢yHxuus TOro xe Tmna, uro u F (2). lNocaeno-

BATE/NLHLIM INpRMeHenueM TeopeMbl 201 nosayvaeM, 4TO A9 BCeX Belje-
CTBEHHBIX BHAUEHHH X -

F ()| < Mo, |F" ()| < Mp?, ..., |F™ ()| < Mp"
W, 3HAYAT,
(e8] Tb)
|F{x+iy)| < Z Ei €Y (x)|. Me“y'.
=10

203. Ycaosua teopemnt Il 166 Buinoausiorcs [pewenue 201]. Cae-
T
BOBATENLHO, AJA BEUieCTBEHHBIX 3HAYeHu# 2z, p |Z| ‘<—§—,

cO

| G(2) ] ' M L sin p2 plz|
2plz]| cos 92<Zﬂ ((n—]—i)n)z—pzzﬁ_— M Q,OZCOsz\éM?,pIleUS pz”
2

sin pz

G (2)
9 —a(0),

(Hpﬁ z2=0 cunraem ml.) Ecan 3snecs umeer
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1
(i‘l +'§) I
p

T
3, ..., z=0). Ilpu P|Z|>"§ MHTEpecyioulee HAC HEPABEHCTBO (MaXe

MECTO 3HAK =, TO (— 1y*( :cM(icl::l,n:-?O,l,Q,.

CO 3HAKOM <) TPHUBHAALHO.
204. lpuvensiem 203 x QyHKUMK

G0 =Lt D= =2

’

2, BeuwecrBenno. (Cum. VI 82.)
288, [ycrs A <p <<2X, dyuxuus f(2) e orpanudena na nyuax

argz =10 u argz:% n, caenosarensyo [l 330], raxxe B o6pasosan-

i T
HOM HMU yLJie C PacrTBOpPOM §§.<§T\‘<~ﬂ' Haxonum, uTo dyHKUMS

. . N e T
f(2) (sin 2»)™" orpanuuena ma nyvax argz = — 5, M aIgE = “Q‘F » & TAKKE
| 1

Ha nyrax oxpywxkuocred |z|'=(n-F=)x (=1, 2, 3,...), conep-
3 D) p

KAWIMXCd B yriae — —'2% Largz <% . ClieoBaTenbHO,
. ) ( l)
LELO E L@y Ny L e
2ri Siﬂcp (C,——Z)g dz \sin z* ! 1/

I

1—=f e’
n=ly(nm) P \z— (nm)®

rLe UHTErPpUpPOBAHME INPOUSBOAHATCA B MNOJOXKHTEJNLHOM HANPABIACHHH BIONf&

rpaHuibl BECKOHEUHOTO CexTopa — % <L argz < % | 2| >p, npuuem
1 1

I .

(e9)
0<lo<m¥*. Tak xak pan 2, #  * CXOAATCH W f(X) OPPaHUuCHA NpR
=1 .
! -1
x >0, 1o na ocuosanuu I 182 maxonum, yro f(x) = O(x"""), korna x
CTpeMHuTCH K OeCKOHEYHOCTH [0 HMHTEDPBAlaM

1 1

((n—{—-}r)ﬂ);\gx\{((n—{—l—%)ﬁ)“ =1, 2, 3, ...).

C nomouwbio aHajoruyHoit dopmynsl, ¢ samenoit sin z ma cos 2", Haxo-
7 —1 .
ARM, uyTO f (x)==O(x"7") taxke ©u B NOMOJHMTEIbHBIX HHTEPBAJAX.



OTAEJ TATHH

PACIPE IEJEHUE HYJEN

1. [[lo nosoay sce#t rnasyl cM. Laguerre, Oeuvres, T. 1, Paris,
Ga: thier-Villars, 1898.] flcHo.

2. TlycTb BhluepkHyT unen a, # 0, npuyem, Hanpumep,

a, =+ 0, Gy gy == .. = QP-“i =y == =)= 0, ay i1 + 0.
TlocnenoBaTeNbHOCTb @y, Qgy -+ -) @y gy, Qyii,-.- OYIET WMETh Ha 1B
NNepeMeHsl 3HdKa MeEHblie, 4YeM nocCaelfoBaATEAbHOCTD ao, al, o ov ey ap-—l'
dpv, a?"“’ v+ 0y ECJHH ’

SgN @, _j ==—Sgna, =sgna,.,,

M OJMHAKOBOE KOJHYeCTBO I[ePeMeH 3HaKa NPU NPYTUX pacroa0MeHUsX
3HakoB. B cuyuae, ecqm @, SBIsSeTCS TNEPBBM WIH NOCNEIHUM He pas-
HBIM HYJ/O YJEHOM, TMpPU ero BoYepkuBanuu JsmbO mnponansetT olHA
nepeMeHa 3HaKa, AMO0 UKHCJAO NepeMeH 3HAKAa He H3MEHUTCH.

3. MMoc/e10BATENBHOCTH Ay, Qs « - vy Bpy Quyyy -« W 8oy gy - - -y By,
b, @ 4y, ... OymyT uMeTh OIWHAKOBOE YHC/IO MeDEMEH 3HAKA B Clle-
Aylomux Tpex cayuasx: 1) b =0, 2) sgnb=sgna,, 3) sgnb=sgna,,.
ficHo. ‘

4. TlocnenosatenbHocts Gy, Qg ay, Qy, @~y Gy, Gy ay, .
cooy By @, Qo @y, ... OYAET HMETh CTOMBKO XKe MepeMeH 3Ha-
Ka, CKOJbKO W TOCNEAOBATEALHOCT Qg, Gy, Qg ---y Gy, ..., u0O,
nojarast @, a,,, =0, BULAM, HYTO MOMeT BCTPETHTBCH ONMH M3 TpeX
cJlyuaeB, nepeydcreHHkx B peweHun 3. [IpuHaTs BO BHMMauue 2.

5. [A. Hurwitz.] Koauuecrso mnepeMeH 3HAKa He YBelMUUTCH
npu nepebupanun TabiMLbl NOCHRAOBATENLHOCTEHR

Qg Gy Gy - Gy, ce s O Qieys -
gy, Gyt 8y e -+ ay, ay - a, con Gy A oA,
ag, Qo+ @y, Qo+ 200y Q2055 o s+ 20_ 0y,
g, Aot Qys g+ 20, Gy, G+ 30, 30, + ay,

cpepxy BHu3 [pewienue 4]. Ho n-a crpoxa sro#i rabauusl coBmanaer
€ WHTEpecywlell HAC HAOCAELOBATEJbHOCTBIO N0 CBOEro 7-TO Y/IEHA
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BKJIOUMTENLHO., 3HAUWT, B 3THX 72 4ineHax ue Mouer ObiTh Houblue
yeM W nepemen 3Haka. Tak Kak 7 NPOM3BOJALHO, TO BCE LOKA3aHO,
©. flcuo, Takke W AMA CAyYan KPATHBIX KOpPHE,

7. Slcro. :

8. Tax kax f(x)— ananvrtuyeckas QyuKiHd, MHTEpPBAN (@, b) MOXer
COLEPXAThb JIMIUIb KOHeyHoe uMcao Hyaell. llpu mepexone uepes Hymb
3HaK f(x) MeHseTcqd Wi HeT, CMOTPA MO TOMY, OVAeT 14 PacCMaTpPH-
BaeMkift Hy/ b HEueTHOH HMAM ueTHOH KPaTHOCTH.

@. dcho. Cum. 8.

fCG. Mycrs & (e > 0) nocratouno Mano; umeem

flat-e)y=/f(a+e) ~ fla)y=zf(a+z2)  (0<s <T¢)
—Jo-e)= () —f(b &) =ef(b—2)  (0<ey <o)

sgn fla—+2)=sgnf(b—e)+0

sgn f'(a~z2)= —sgn f/ (b ---—--haz) = 0.

[Mpumensem 8 x f/(x) B unrepsane (a -2, b —s,). [Ipusenennaa dop-
MYMHPOBKA TeOpeMbl Ponag vMeer TO NPeHMYLIECTBO Hepel 00bIYHO
pznaraeMoit B AuddepeHIanbHOM HCUUCIECHUH, 4TO, OTHOCACH K Oosece
TECHOMY KAACCY QYHKUME, COnepxuT W Bonee TOUHLIE De3yAbTar.

§8. [To mpeanonoxeHKIO

SEN Ay == SEN (A 1 — &)), SN gy == SZN (A, — p).
M3  sgnaj,,==-—sgndg,, +0 BuTexaeT, 410 sgn{@; — a;) =
== SEN (@) — ) = 0. Tlpumensem 9 x pasHocTHOR nociaenosatTeb-
HOCTH.

12. @) Ecan f(x) B TOouKe X ==X, HMeeT Hy/lb KpaTHoCTH N,
o f'(x) uMeeT B TOH iKe TOuxke HYAbL KpatHocTH N— 1. 2710 — 1ad
cayyasi, KOT4a MHTEpBal CBeJACS K ONHOM TOuKe.

9) Mycrs remeps a<{b U Xy, Xy, ..., X;-— HYJIH QyHKUHH [ (X),
a L x; < Xy <. .. < X b. Paziiennm 3aMKHY Tt HHTEPBAN X | < X < X
Ha chaenyowre [ uyacred: 1) Touky xy # 2) [— 1 nNOAYOTKPBITHIX
MHTEPBANOB X < X & Xg, Xy < XL Xy, -+, Xy < X< X pu mepe-
xole OT f(x) x f/(X) B TOouKe X, TepaeTcqs O AWM HYJb [cayyah «)],
4 B MONYOTKPBHITHIX HHTEPBANAX X, < X < Xy ..., Xj_ ¢ < XL X — 10U
oaud [10 ¥ cayuait a)l. |

$3. OG6osnauuM WHTepeCyIOWHe HAC MecTa NepeMeHbl 3HAKA uepes
w1 o v Oy < < <y Cn—1. Torna

Kawnad us W-—1 nopnociaenoBaTe/bHOCTEN

|

s

BBITEKAET, HTO

Ay, +1—— Qy, Ay 42— 8y +1» o Qo1 —ay,
a~a,+1 Ty, Ay = Qg 1 o Gy 8y,
G+t gy _p G2 Gyt o Gyt T vy

OyzeT MMerb no Menbuiefl Mepe OLHY nepemedy suaka [11].

16 3ax. 1127. T, Tlowis w I Cere
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i14. [yctb sgn f(a)=sgn ' (a) + 0 u X, X5, ..., X; — HYIU OYHK-
unk f(x), a < x; < %,< ... < x; < b. Pasnenum uureppan a < x < X
Ha TMOAHHTEDBAbI

@< XL X, Xy << XL Xy, ey Xy < XL Xy
[Tpn mocratouno MmanoM & > 0 umeem
— f(xy—2) = f(x)) —f(xy—e)=cf (x;,—n) (0 n<e),
0TKY .4, Mo MnpennonoyKeHuio, |
sgn f'(a) = sgn f(a) = sgn f(x; — &) == —sgn f' (x; — ) + 0,

clefoBaTesbHO, f/(X) MexAy a M X;— 1 HMeeT N0 KpafiHeli Mepe
oau Hyab [8]. TIo moBoAy TOYKM X, W APYTHX MHTEDBAJIOB CM. peuie-
nue 12, TlomoOubiM ke o6pasoMm [OKashBaeM, 4To ecid sgn f(d) ==
=—=—sgn f/(0) #+ 0, 10 B uMATepmaie x; < x < b npubasnsercs euie

OIMH HYJb npoussonHo#t f(x).
15. [Ipnaepxusaemes obosnadennit sapaun 13. IocaenosarenpriocTs
ay, a, — dg, R N AT

'
ty w41 — Qy W a?W +2 -—a‘vW‘l-lr RN a’fn b= an.__p *an

npuOaBAdIOT Kaxnad ewe [0 OLHOM MepeMeHe 3HAKA K IepeMeHaM
34aka, colepxawuMcad B W — 1 MORNOCIEHOBATENBHOCTAX, paCCMOTpen—
Holx B 3anave 13. JleficTBuTenbHO, TNYyCTh @, -— MEPBHI He pan-
HBIA  HYMO  uieH .nepsolt nocieposarensHoctd, rorna  0.<Ca < v,
sgn(a, —a,_,)==8gna, = —SgNna, +1 = — Sgn{(@, 41— a, ); NpHME-
HaeM 9, AHanorvyHo paccyxiaeM OTHOCHTEIbHO BTOPOH M3 HANHUCAHHBIX
Moc/eN0BaTeNbHOCTER.

16. B cayuae OeckomeyHoro Ko/auyecTBa HyJefl yTBepKAeHUE
acHo [10]. Ilycrb Tenmepb Xx; — nocjieHu# HYJb Gyuxunn f(x). Toraa
f/(x) Gyner nMers B WnTepBate & < X < X; camoe Oosbuiee Ha OfWH

Hyab MeHbuie, yeM f(x) [12]. Tax xax lim f(x)= ff’(x) dx =0, 10

€= o l

f/(x) He MOXeT COXpaHATb B HHTePBane X; <. X < 0O NOCTOAHHAIH 3HAK,

17. B cayuae OeCcKOHEUHOrO KOJMYECTBA [epeMeH 3HAKA yTBED-
xaeHue acuo [11]. Tlycrb Tenepb mocnenoBaTenpdoOCTb 4y, @4, G,
umeeT W nepeMeH 3HAKA U vy -+ | — mocrenHee MeCTO TNEpeMeHs
sHaka. Torza nocjenoBaTe/lbHOCTD

Qo al_a(}! Ty a‘ﬂw+1,'—avw

Oyner conepmarth 1no MeHbweh wmepe W nepemen 3maka [peuwenue 13,
b]. IHanee,

SEN Ay 1 = SEN(Ayyyy 11— Qo) # 0
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Ho Ttax xax OeckoneuHnt pan
Ay +1 Qo 12 — Oy 41) T+ (@i 435 — By pry2) + .. =

TO 4YJeHbl €ro, OTJWUYHBIE OT HYJA, HE MOTYT ObITh BCE O0HOI'0 3HAakKa.
i8. Illpumensem 12, coors. 16, x dyukuMn %2 f(x) [6] pous-

BonHas ee ecThb e [af (x)~F f (x)].
19. PaccmarpupaeM noc/eloBaTeNbHOCTH

ay @y, @y, Ceey @y, . e
ay, Q@ Q.02 R N A Ce
Qg G0 — @, Qe0F — a8, ..., @ua—a, a7 L
Gy, @0 — g, Qo — Gy, ooy QpG—y_y, .

¥ rnpuMmendeM 7, 3aTeM pewenus 1b u 17, 3atem cHoBa 7.
20. llonaraem ff(x)dme(x) torga F(x) u F/(x)=f(x) B

OKPEeCTHOCTH cnpaBa oT TOYKM X =0 wumelor o,r_wmaxosbm sHaK [14].

2i. Tonaraem aq-+a,~+a,+ ... -ta, =4, (n=0,1, 2,...)n
ripyuMeHsieM NMepByIo Monosuny Teopemsl 19 (npunaB a == 1) K nocneno-
BATENBHOCTH Ay, Ay, 4y .0y Ay o

22. fco.
23. Henpeprisnas kpusas y == ff(x) dx cocTouT M3 Z - |1 MoHO-

TOHHBIX uyr. IlepBas ayra nauuddaercs B Touke x ==0, y=0, Tak uro
Ha Hell He MoxeT NPOM3OHTH mepeMeHnt 3HAaKa. Kaxnpas ns ocranipHeix Z
LY MOXeT camoe Oojbliee OIMH P43 Nepeceuyb OCb X, nepeiins c oiHoH
ee CTOPOHBI Ha Ipyryw. [Ias aHanuTuyecko ¢yHkuuu f(x) cM. ewe
20, 24,

24, Tlycrs untepan 6yner a < x < b. Ecan dpyHkuuna f(x) — ana-
JAUTRYECKas, To cyilectByeT Takoe & (e >>0), uto f(x)==0 npn a<x<a—-} s
uonpn b—e<x<0b[8, 22].

25. Cu. 10, 24,

P(x)

26. [Npusona x obuieMy 3sHaMeHaTel0, noayuaeMf(x)— TGy P

Q(x)=(x—a)(x—ay,)...(x—a,) 1 P(x)—BelwecTBeHHbIt N0JIUHOM
creneHn < n— 1.
[Tpu nocratouHo MajsoM & > 0 uMeeM

sgnf(a,+e)=-41, sgnfla,—e)= —1;
CleioBaTeJLHO, f(X), a 8vauur, U P(X) HUMEWT HyAb B HHTepBale
a, < x <a, [8]. Tax Kak 3TO paccyxieHue COXpaHseT CHUIY W A
OCTa/bHLIX WHTEPBAJIOB, TO MNOJYyYaeM, 4YTO B UHTepBanax a; < X < @y,
y < X <@g, .., Qu_o< X< a,_, NOMMHOM P (Xx) uMeeT B COBOKYIi-
noctu n-—2 wynad. Ho ocrawowufica ewe OLHH HyAb LOJKEH OBITb

16*
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TOrKA TAKXKE BEUIECTREHHBIM, MO0 TOJMHOMBL ¢ BEECTBEHHLIMH KO3(-
GULHEHTAMH HMEIOT JIHIUL MOTNAaPHO CONMPAKEeHHBl e KOMIUIEKCHbe
HY /A,

2. Kak u Bble, noxaspiBaem, 4To J(X) B KaXNOM U3 72-— 3 HH-
TepB&J’[OB (al’ az), (a2’ af&)s et (ak—Z’ ak—l)’ (ak-H’ dk+9)’ T (a'na-l’ an)
¥meeT 1O onHoMy Hymo. Ilpum nmocrarouro MasnaoM e >0 ¥ ZOCTATOUHO
GonbmioM ® > 0 uMeeM

sgn f(-—w) = —sgn f(a,-—z) == sgn f(a, ) = — sgn flw) = 1.

Orciona crelyer, 4TO W BHYTPH HHTEPBaIOB (— 00, a,) % (a,, — 00)
UMeeTCst TakKe MO Hymo [8].
27. Vimeen

FO >0, A7) <0 f(F) >0 . f(2E) >0
Caenosarennuo [8], f(x) B nonoce O < fx < 2% umeer 211 BeulecTBeH-
HeiXx HyJae#t. Ho Ooavuiero xonnvecTBa Hyaedl f(x) B 2tofl nosnoce
uwmeTh He MoxeT (VI 14].

28. Cu. 7.
29. Mycts gp=0a, = ... =a,_, =0, a,+ 0. Byiem 0603HauaTb
nepes apx* u g;x! 1Ba uneda, AaS KOTOPHIX

ap# 0, Gy =0pp=...=a_,=0, a0,
P(x)=uax" 4 ... -}Fax* ++ a;xt -+ ..

Takum o00pas3oM, « ecTb wacTHoe 3HaueHwe k. Ecan [— & HeverHo,
to napa @,x* - a;x' npusHocuT emuuuuy mbo B W+, mubo B W
Ecmu | — k ueTtHo, TO OT a,xF - a;xt mmbo obe sesnmuununr W+ u W™
noAyyamT Mo ennHuue, tubo ofe Huyero. OT¢ona  caeayer, 4to
upu a, + '

(n—a)—(W+r W)=
= 3 (k= D) J Ik — (1 — sgn (a,0)))}.

21 pACMpOCTPAHAETCA HA HeyeTHole [-— &, Z”mna YyeTHbIE, [elt-
creuteapHo, n—a= 31 —k)+ S —k). Kax B M. rak u
B 2” BCE UJIEHBl — HEOTPHILATENbHBIE.

30. 3amenseM ax Hd x [28] u npumensem 15.
28. [G. Pd6lya, Arch. d. Math. u. Phys., cepua 3, 1. 23, crp. 22,
1914.] KMa 19 BHTexaeT ewe HECKOABKO OOJblUe: AAS CHPABEIJIM-
<o
BOCTH BTOPOTO YTBEDWIEHHS BMECTO CXONMMOCTH 2, @,4" LOCTATOUHO
n=0
yxe, urobel lim a@,a" = 0.
> 0

32, lpu o ==1 purexaer us 4. Cu. 28,
33. Toxzecrsenno ¢ 21. BrirexaeT Taxxke us 31.
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34. [Laguerre, 1. c. 1, ctp. 22. B n0Ka3aTenbCTBE WMEIOTCH
npo6enst.] Ilpn a =1 BriTexaeT uz 5 [28].
38. Eciu cpemu uucen ag, 4, @y,..., @, MAb OJHO, CKAXEM 4,
OTAMYHO OT HYAS, TO BLIPAXKEHHE CJeBd MNPHUBOAMTCH K NPOM3BEXEHUIO
aG‘

e (R (s
-~@+i+§+”).

Pan, nonyvawouutics B pesyabTate TNEpPEeMHOKEHHS, OYEBHIHO, COBCEM

He OyleT colepxaTb mnepeMmeH 3Haka. [Ipumem Temepn, 4TO Teopema
NOKa3aHa [/ BCEX MOCJAeN0BATENbHOCTEH, COLEPMAlIMX ONHUM (He paB-
HBIM HYJ/I0) YJIEHOM MeHbllle, YyeM HHTepecylowas Hac NnocaeloBaTelb-
HOCTb @y, @y, Qs ..., G,. Hycth a, Oyner nepsril He DABHBIA HYJIO
ujeH 3To#t nocienosatenbHocTH, 0 <L a < 7. Tlonoxum

2 a xﬂ—o’.
0 Ay 41X Qo42X _ L _ n —
+pa+1-x (Porq— %) (pa+z-x)+ (Paat1—X). .. (Pp— X)

=0 4 Byx—+ Box®—+ . ..

O003HaYUM YHCIO NnepeMeH 3HaKa B MOCJAEAOBATENbHOCTH

Qg Qpyeovy Gy Quigr- s Oy yepes {al,
0, @i Guyor s Oy »  {b},
Ay AL Ay, A » A},
0, B, B, B; ... » {B].

CoraacHo npennonoKeHuio

(B} < [b},

[yctb a; OyneT mepsuifi He pasuwifl Hy/mO unen nocaenoparensHocTH 0,
Q1) Qotgr + - Gy TOrna
{a} = (b} +

1 —sgn (aqa3)
—==.
Ho nepsuift He pasHbiit #ymo uied mnocienosareasyocti 0, By, By,...

COBNajaeT Mo 8HaKy C a;. [1osTOMYy uMCi0 nepeMeH 3HAKAa B MOCHENO0-
BATEJBHOCTH @, B,, B,, B, ... DaBHO ‘

1 —sgn (a,az)
(B} + ——5—.

Teneps

Ay At 4 A ) (py— D (P, — %) (p,— ) =
= (a4 Byx o Byx® ),
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crenopatensuo [31],
1 —sgn (a,a,)
(4] < (B) + ——5—F.
Orciona {A} < {a}, v. w 7p. n.
36. llycrs o, @y, ..., Gy — [ONONKUTENbHBIE HY/JH MONHHOMA

P{x)=ay,+ax—+4 ...+ a,x".
P(x)=Q(x)(a, --x)(a;—x)...(ay — X),

rie Q(x)-— noaunom (n—-N)-# CTeneHd ¢ BelIECTBEHHbIMH KO3dDdiu-
uventamu. Ho Ttemepy y Q(x) xoauyecTBo nepemen 3Haka >0, y
Q(x)(a;—x) oo =1 [30], v Q(x)(a,— x)(ay— x) oHO > 2,
Hakonelu, vy Q(x)(¢;— x)(a,—x)...(ay— X} oHO >N, 4. U Tp. JI..
7-HyC'Fb a, Oyner nepBult U a,— MOCACIHHH He paBHBY HYM0
KoadduLnredT nomroma P(x), a < o (UHTepec MNpenCTaB/sgeT JHIb
cnyuahh o < w), nanee 0 <§{<<ea, Lo, L. . Lay<< X< oo, Rna &,
BOCTATOUHO OMM3KOrOo K HyMo, H X JOCTATOYHO GOMBINOr0, OYEBUAHO,

sgn P (£) == sgn _a—a; sgn P (X)=sgna, [8, 9].

Numeem

B coenunenur ¢ 86 moayvaem: ecan W==1, to Taxxe u N==1.
BrnipoueM, ®TO HeTPYAHO YCMOTpeTh M HemocpenctBenHo [III 16].

38. [Laguerre, . c. 1, crp. 5.] Ecain W KoneyHO (a TOJBKO
9TOT cAyuafl HAc 8LecCb W HHTepecyeT), TO BCe He PaBHbLIE HYJIO K03d-
(GUIHEeHTH IOMKHE COXPAHATh, HAUMHAA C HEKOTOPOTO @, MOCTOSHHLIHA
anak. OTcClofa ciAelyeT, YTO ®-s NPOU3BONHAS CTENEHHOTO psfa BOOOILIE
He ofpawmaetcd B HyJb B uMHTepBane 0 < x < p, 3HAYUT, B 3TOM HHTEp-
BaJje CTeNEeHHOM psaj MMeeT /MWL KOHEUHOE YUC/I0 TOJOKUTE/IbHBIX HY-
neft [12]; obo3nauuM UX uyepes a&,, d,, ..., &y. Toruga creneHHoH pan

ao+alx+a2xz+"' :zb0+b1x+b2xg+"

(¢, —x) (azj——x). oy — X)

6yaeT npeNCcTaBIATh (QYHKIMIO, PEry/iapHYI0 B KPyre CXOAHMOCTH pPsnd

ag—+a,x -+ a,x*—4 ..., ¥, snauur, OyleT caM CXOAMTLCS B TOM JKe
kpyre [Hurwitz-Courant, crp. 49, 266 *)]. Yucno nepemen sHaka
B pale &, b,x-+byx?-4 ... He OTpHUATENbHO, W YTBEDKIEHHE Teo-

peMbl BLIBOAMTCA TelePb M3 BTOPOro clyuas TeopeMbl 31 cOBEpIEHHO
TakuM ke ofpasom, kak 86 ua 30.

39. Pamuyc cxonumocty pased enunuile. CTeneHHo# psn npH x__.O
MMEeT BHaYeHHe 2, a npu X = | — 3HaueHHe :

2—(15-;—)—(%-—%-)——...==1.

TakuMm obpasoM, uucio nHyJaeft B uHTepBajte 0O < X < 1 -—yerBoe [8j.
Ho, ¢ mpyro# cmpouu, OHC He npeBocxoaut eaunpubl [38], Caenora-

— e —— A g e el -

*)[‘“mm: erp. 79 n Kypawnr, cp 98,
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T€JIbHO, OHO PABHO HYJ/I0. Takxe M HeNOCPeACTBEHHO BUAHO, YTO IJA
BCEX KOMILJIEKCHHIX 3HAYEHMH 2 BHYTPM eIMHHYHOTO Kkpyra |2| <1
22 NEIRERETL:

P4
2t — 22— >

I 1
R T Rt B R

40. Tlycts a, Gyner rnepBbli He pAaBHBIM HYMO KO3QQHUHEHT |
®w — NOCJeJHee MeCTO fepeMeHbl 3Haka. lorna

lim x~¢ (¢, a1x+ Qx4 ... )= a,

>0

Hm  (ay 4 ax F-a,x?+ ... )=+ co-sgna, [8, 9].

xr-—>p—-0 .

48. [C: Runge, cM, 1. ¢. 31, crp. 25.] Cayuait nyne# <&, sa-

MEHOH X Ha — X TNpPHBOAMM K Cayyalo HyJed > & , a nocieniduit same-

HOW X Ha X -} const. — K ToMmy qacmomy caydalo, xoraa &, > 0. B arom
YaCTHOM CJiyyae nojiarae

ao—i—ai(x——El)~}—a2(x~—g1)(x——g2)} —l—dn(x—ﬁi)(x*—"%) A —8n)
(x —ED(x —8)...(x—§&y)

T e N

[TonyyeHHBI# cTeneHHON D44 CXOMUTCA NpH X >, ¥ obaanaeT BCeMH

TpebyeMbIMY HYJISIMH, YMCJO HX He TPEBOCXOAMT uHucla TNepeMeH 3HAaKa

B MOCAeLOBaTe/bHOCTH A, Ay, A,, ... |38], mocreasee xe He mpeBOC-

XOIMT YHCla NepeMeH 3HaKka B [OCAENOBATENbHOCTH &y &y, Oy, - ..
vy @y _ 1 Gy [3B, 6, 7], uTo ¥ TpeboBanoch L0KasaTh. UTO PA3HOCTL MEXAY

060OUMH UMCIaMH He MOXeT ObLITb HeyeTHOW — 10Ka3biBaeM, kak B 37.
42. Jlna creneHHoOro psia

H@=FhﬁwﬁF ke =

l—x

I8
= ———e XM
T T A (n—{—l)!x

B ob6o3sayenusx 38, 40 umeem W =1, cnenosaressho, N1 [38],
Janee, TaK Kak pr==o00, T0 |-—-N-—-uerHoe [40], caenoBareabHO,
e Ne= 0, Tlycts &, §yleT Tenepsb eAMACTBEHHBIR HY b cpyﬂxmm Sa (%),
Ipy npoxompeHnd X Yepes %1 8gN fu () nepexeaut o7 ==l K -1
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[pewienne 40), cnenosateanno, npu f,(a) >0 Takxe u x,—a > 0.
Ho npu duxcuposannom a lim f,(a)=(1-—Ai)es. Taxk kak & npous-

n > o
BOJLHO, TO noaydaem lim x,==co. Hakoueu,
1T —=> 00
1 1
X X
-1 n—1
JoXu_o=Jfo_1(X,_1)+ A T >0,
T. €
X 2> Xy
43. x78(e¥-— 1) nMeeT OIMH MUHUMYM M HH OJNHOIO MAKCHMyMa,
n6o
o0
d . o—
— x-5 exr — 1 —— ..__x-*6 [ . — Ty — ___’16—6 v —_—
7 [ 75( )] (be® -5 — xe?) T X
n=1

2 9TOT Psil. MMEeT /Wb ONHO MECTO MEPCMEHhl 3HAKA, WMEHHO 71 =6
[38, 40]. (3aron usayreenun Iliania.)
%4%. PaccuarpupaeMble HyIW TPUAALAEKAT TAIOKE PALY

(1 — %) @+ a,x a5~ . . ) =
= 0y (@5t @) x -+ (@ +a, -+ ay) x* + ... [38].

45. [Cv. M. Fekete, Rend. Palermo, t. 34, crp. 89, 1912.]

MosnHoM wMeeT HyJeM x =1 u npu yMHOxeHud Ha (1 -— x)~° zaer
CTENEeHHOH pAL ¢ HEOTPHLATENbHLIMU KO3PDHUIHEHTAMY.

48. (G. Polya, Deutsche Math.-Ver., 1. 28, crp. 37, 1919.]
[Tonoxum

163
\} 9
1=
w=1
ITponssenenue
(1 __x)‘zf(x) =X X% xP—xb— L xOPL T 86 1467

- 163X - 163162 (] — x) 7!

uMeeT IBe NepeMmeHbl 3Haka. OTciomna cllelyer, YTO YUCAO Hyaeh B WH-
teppane 0 < x <1 pomxgo Guitek pauo 0 wiam 2 [38, 40]. Yro ono
pasno 2, yOlexmpaemcs caedyiowmm odpasoMm: npu O < x < 1 umeem

10
Y

x—lf(x): 2(_@) xv-—l_xlomxll_x12+x18+xll+x15+ . <

v=1
10
W W ‘ ~1
v-1_]_ +16 e
<2¢(163‘)x B Ui
\):1

nocaennee e Bupameiwe npu x =07 Byzer passo — 0,00995. . .
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47. Iycte N™ — uncno orpuuatensssix Hyae#, Nt —uyucno nono-
HMUTENbHBIX HyJe#l, 3HauuT, B 0003HauYeHMsXx pewenus 29 n=N -}
A a4 NT. Umeem [peuwrenve 29]

n— (W Fat-WH=N —W)+NW" —W")>20

u [36]

N —W L0, Nt—Wwt o,
CReOBATENBHO,

N —W =0, Nt—W"=0,
Y. W TP. I.

48. Ecan O ompenenutens ObT paBeH HYA0, TO COOTBETCTBYIO-
[ta9 OZHOPOLHAsl CuCTeMa uMena Obl HeTPUBHA/JbHbIE peleHus, T, e.
CYWLeCcTBOBaAH OBl TaKHe A BEleCTBEHHBIX UYkCen ¢,, ¢ ¢

1’
;¢4 ... ¢ >0, uto nonmHOM

e A e A R e

ob6pawancs ©Obl B HyJb RJS X ==, Oy, ..., G, IO 3TO NPOTHBOPEYHT
TeopeMe 36, MO0 MOCAENOBATENHHOCTh KO3(D(PHUNEHTOB COLEPIKUT Iie
Gojiee 7 OTJMYHBIX OT HYJSl UJACHOB, 3HAUUT, HE MOMET HMeTh 1 nepe-
MEH 3HAKa, W TEM MeHee VKA3aHHbIA NMOJHHOM MOXKET UMETh 1l MOJOKH-~
TeNbHBIX KOpHe# o, o,, ..., &, ViTax, ompeneiuTenr He DaBeH HYMO.
Ecmn n=1, on 6osbiie Hyndg. [IpesnosoxuM, uro OMpelesuTelp pac-
CM4ATPHBAEMOrO THIA, COCTaBASHHBIH M3 n-—1 crpok, Oonpwie HyJd.
byneM cuurarhs «, nepemensniM. Tak Kax NPH BO3PACTaHUM o, OT o,
0O -} co onpenendTeNh He DPaBEH HYJIO, TO OH COXPAaHdeT NOCTOAHHBIN
snak. Ho mpu a, — - co sHak onpepenureng OyneT COBNALATH CO 3Ha-
KOM €ro TJaBHOTO MHHOPA, SBJAIOWErOCT ONPeAeJUTENeM TAaKOro ke
BULa, HO (n— 1)-ro mnopsaxa. CnenoBaTenbHO, COTJIACHO MPENNOJONe-
HHIO 3TO OvieT 3HAK IUIOC.

4%. Cornacso 36 uucao BeulecTBeHHBIX HyJeH B 0603HAUEHMsX
peitenus 29 Oyner menbwe uad pasHo W~k o - W¥, cnenosatensuo,
UHCJHO MHUMBLIX HyJeH OOablie HIAH PaBHO

B (W af W= B k= D (b — [ —sgn (ga)]}.

L;C.ﬂl’l a,+0, ¢ =0y, 0= ... =0 9pn=0, T0 [— & 1100 HEULTHO ¥
> 2m -1, mbo yeTHo U > 2m— 2.
5. [Laguerre, 1. c. 1, crp. 111.] HMumeen

P (X)(l + blx—}—bzxﬂ_.l_ L + mex‘zm) - | — bz’m’+_ix97rz-+1 + .

Boipaxxenue B npaBofl yacTH He PaBHO TNOCTOAHHON, nbOO P (x) He ecTh
nocrosynad. (JenoBaresbHO, 35TO eCTh [IOJMHOM, INIPUTOM HABEPHOE
uMerownit 2m MuuMbHX HyJde# [49]; Tak kak P (x), 10 npennonoxeHuio,
HMeeT NHUIL BelleCTBEHHbIE HYJH, TO BCE 9TH MHUMble HYIM AOJIKHbI
MpUHALIEKATD NOAMHOMY 1| —8,X 4 byx® 4 ...~ by, x¥7,

Bl. [J. Grommer, J. fiir Math., 1. 144 crp. 130—131, 1914.]
Has  nomunoMa P (x)==(1 —x,x)(1 —xyx)...(l —x,x) umeen [50]

g n?
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Oom=S8(Xy, X5 ..., Xz). Eciu 6u1 by, O6LII0 HEMOMOKHUTEALHO, TO
noMHOM 1 b X 4= 0yx% - ... 4D, x¥" He mMoOr Obl UMeTh 2m MHH-
MbIX KOpHeH.

52. llepBoe nokasaTenbLCTBO. Bupasuth nomHoM P(x)
yepe3 ero By M npuMeHuTs 51,

Bropoe nokasaTtenbcrro. [IpuMeM nJs ynpouleHus

P(x)==(x-—a)(x—ay)...(x—a,),

Tie
0<a <a, <. .. <a,,
Terna [VI, § 9]
K1)
RN i P (x)
l= .;i Pa) x—a,’
¢Tano ObITh, '

12 a,k
W v
Be= 2 Fray
v=1

PaccMoTpuM NONMHOM p-# cTeneHu (p > n)

n .
p
a, P(x) -1

P ) P n
x* — =x"—Bx "4+ ...=L,(x),
ZP’(v) X —a, D | Lp(x);
!
Ly(x) obpawaerca B HyJb AIS X =&, Gy, ..., @y U, CJENOBATEI]bHO

{36], umMeeT mo MeHplieH Mmepe n nepemeH sHaka. Ho uucio ero kosd-
duurentoB < n—1. Orciona caenyer, uro B, > 0.

53. Eciu [nd NONMHOMA CTEMeHb, 4YUC/I0 BELIECTBEHHBIX HYJAeH |
UMCJIIO MHMMBIX HyJneR OyayT COOTBETCTBEHHO PaBHH 7, F, n—7F, TO.
A7 Cro NPOU3BOJAHOU Te Ke BeaWuWHbl OyayT =n-—1, >r—1 [12],
<n—1—(r—1).

54. llycro nommnom 6yner n-# cremend. Kpome n—1 nysef,
CYLIeCTBOBAHME KOTOPLIX BOKA3aHO B pelleHud 12, NpousBOLHAS He MMeeT
HUKAKHX JPYTHX.

55. [53, 54.]

B8. [loaoxum

2 1 1

() T=Qu(x) (1448 T

Torna _
Qo () =1, Qupy (%)= — (2 1) xQ, ()= (1 + 22 Q (x).

CnenoBatenbHo, Q,(X) ectb nosnHom v-it cremend. Ilpumem, uto Q,(x)
MMeeT v BeleCTBEHHBIX OTJHYHLIX APyl OT Apyra nyqae#. Torna @, . (X)
GyaeT MMeTh 1O OIHCMY HYJI0 MRMUY KOMABMEA ABYMs Hyaamu ¢, (x) [10],
MeXAY =00 ¥ HAMMEHLWHM H3 HyaeR Q. (&) ¥ Mexay HauGoAbUIUM

Ed
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n -+ co. Kpome stux (v— 1)+ 2 wynelt nubix uynefi nomunom Q. (x)
UMETL He MOXKET,

5%7. Xon noxazarenbcTBa — TOT Xe, uTO B 56. Bo3momupa Takxe
¥ HernocpeiCTBeHHAs TMpPOBepKa, TaK KaK 7n KOPHel ypapHeHHd

atl o x (— DY (n—1) 1 1 .
1T 8= ) ((x T E z)“) =0

UMeIOT Clefyloillue 3HadeHus:

bo T o 3 ot (2n —1)m
oy Egp e BT
B8. na H,(x) noxaswBaercs, kak B 56, B ABYX OCTaJbHBIX Cay-

yagx TpedyTca HekoTopeie Monuduxaumn [16].

dynxunu (1 —xH"  e—2xm e~
UMEIOT HYJM B TOuxax x= -—1, -+1; 0, 4+ co; -— o0, 4+ co,
COOTBETCTBEHHO MOPsiKa n, n, n, O] 00, 00.

59. Q,(x) umeer crenenb 7{g— 1) [RoayuaeM C NOMOUILID PEKyp-
peHTHOH QopMmyan, kak 58]. [lycrb p,, — ulCHO TIONOXKMTENbHBIX HYJeH
¥ v, -— KpaTHoCTh HyJaa x=0. Y3 coorHouwenus

an—? - - 2q -
(I 2" s 07— £ T — ) = Qu ()
onydaeM
Vlzq-—l, ‘J2-———q-—2,-.-, VQZO, VQ—H:(]_L

2Rt

M T. B. ¢ nepuolsom g¢. Tax kak, najee, NONOXHB w=—¢ 7 , UMeeM

Q, (0x) = "7Q, (X), TO KOKIOMY HYMO, JEKAUEMY Ha NOJOKHTENLHOR
BeleCTBEHHO! OCH, COOTBETCTBYET AHAJOTHUHO PAaCHOJNOKEHHBIH HYJ/Ib Ha
KOXO0M H3 ¢ — 1 oCTalbHBIX nyyell.

ITycTe Temepe Teopema BepHa A/ HEKOTOPOrO 7, TOTAA
Vn+qpn= n (Q"“ 1)-

Tax xak (n— 1)-1 npoussouuas or x¥ ' (1-xD7" npn x=-Fco
obpawaerca B Hy#b, To [16] pp., = p, ecin v, ==0; p,. > p,+ 1,
ecmt v, > 0. ¥ B ToM M B IpyromM cnyuae

Yp1 F P L (g—1)4-qg—1 —~vn+qpn+q—1
o=t g—1 _ [ Pw ecan v, =0,
Prss < Pt . {%+Lemwﬁw.
{losToMy BCIOLY 3aMeHsieM 3HAK < WM < B3HAKOM D3BEHCTBA:

Vit @iy = (M~ 1) (g —1).

Mo memoay npocroTs Hyde# cM. BB, 56. AHZJMOIHYEO NMPOBOAMTCS LOKA-
BATENbCTRO M hjn R, (X) Bpejsuuue ¢ Ayuel npejgrTarisir colol




252 PEUIEHHA [60

CMMMETPANU COCENHHX TMONOCOB QYHKUUA et TeM OT/UYAIOLINeCs

-+ 2
0T APYTHX naydeH, NpPOXONAUWIMX 4Yeped HAyaJi0 KOOPIWHAT, YTO BLOJb

niux Qysxuus e~# HauGonee GricTpo yOmsaer. (Cu. G. P Glya, Math.
Zeitschr., . 12, crp. 38, 1922.)
60. [Ipu nepexone or

ao-{——(';) a1x+(;) ax2+ ...+ a,x"

aox™ (’;) a xn-1 +(g) a,x" 2+ ...+ a,
YHCAO MHUMbIX HyJeH He u3MEHsleTCd, NMpPU nepexole K
nla, -+ { )azx—{— 9 asx? - .. - ayxt

— He yBenuuuBaercsa [B3].
&h. Yrounas teopemy 60 [cM. 54], HAXOLUM, YTO MOJAHHOMSI

2 2 2 2 3 —242 —~1
XA-2mx—-mi,  mxt - 2mix—+-mi, ..., mPTIXT4-2mlix - mh
MMEIT BELLeCTBEHHEIE M NPUTOM NpoCTele HyJu. [losTomy

2 2 4 3 2n—2 N-—2247
mi>mi,  mi> MG, ooy M > my = smn,

OTKYylIa noCAedOoBaTeJbHO MOJaAyvYaeM

4 3 2n—-2 N—2p1
My 2> My, Mg 2> MMy, ., MERTE > ma—im?.

‘ d
B2, [pupomurcs K HCCHENOBAHMIO HYIEH (yHKIUY e““f"—a,— [e*2P (x)]

X
(6, 16]. :

©3. He napywmas ofuwnOCTH, MOXKHO NPENNOIOKUTL, 4TO 4, # 0.
[Tonowum

a0+a1x+a2x?‘+ ve + a"nxn:: ara(x+ al)(x+a2) et (x—‘{'_ an);
Janava HpHBOJlHTéH TOl",ﬂ,a- K UCC/en0BAHHUIO Hyneﬁ q)yHKLLHH

oz A la —a Yy d d fag—o )@ a @,z
Qe N —e n T n=tT — ——e P (x).
n dx© dx " dx dx (%)
[loBTOopHOE nprMeneHue 62.

4. lpenenvun#t cayuya# TteopeMmbl 63; npuHUMas BO BHHMAHHe
Il 201 w nonaras n=2m, uMeem

.XZ\ m

g+ Q1% — GpxP - .o A gy X =(1 — 77)

— e~

L

an mn —r OQ,
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85. U apxm+ axn 14 ., 4 g, nMeer JMIlb BeUleCTBEHHBIE HY M,
CAeN10BaTENLHO, TAKXKe [B63]

dxn dixn

1
E‘!(anxn‘l”‘a'n—-lzx'“’_ Cn_2oa dx8 + )

xn+ (n xn 1 + (nan— ;)1 xn——2+ )
68. loauHoM

aP (x) 4 xP’(x) = x—‘“‘i x“P (¥)] = —(—x )1 * d (n— x)*P (x)]
06nafaeT He MeHLIIMM (COOTBETCTBEHHO) uHcaoM Hyael >0, =0 u
< 0, uem noqmuoM P (x). Helictenrensho, ipu a < —n lim x*P(x) =0

€T > co
[16] u npu a >0 lim x“P(x)=0.

=0

7. [Laguerre, 1. c. 1, crp. 200.] YpasHenue
a0+ o) 4a; (14 x +a, C+ @) ¥+ ... Fa,(n+a)x"=0
UMeeT He MEHblIEe MHUMBIX KOPHEH, uem ypaBHeHMe'
ay+-a, x4 ax®*+ ...~ ag,x"=0

[66]. 3nech Q(x)= x + a. [IpumeHnseM NOBTOPHO.
8. lpenenohbiit cayuait Teopemer 67. Tlonaraem

Q) =( )" 5 g

69. [Laguerre, 3anaua;, pewenue —G. Pélya, Interméd. des
math., 7. 20, crp. 127, 1913.] Ilycts o BewectseHHo. [lomrHom

— —
aV x «Vx
p=(1p V) () eV E)
QW =(1+05) +(1 -5
MMeeT MHUlb BEUIRCTBEHHLIE OTPHLATE/NbHLIE HYJIM, UMeHHO [bY]

. 2 m 3m mo,  (2m—1)w\2
x__-——(——’[g2m) _( f“‘?m)’ B _(?th—m)'

[Tpu ¢ == e* ypaBHedwe 3aKaun SBAAETCH TNpPEAE/bHBIM CAyYaeM ypas-
HEHUS

\aOQ(O)_*_a’lQ(l)x‘Jr_azQ(Q)x?—|— oo Fa,Q(n) xn =

ecad m —» o0 [67, III 201].

. 70a Nonaraem & (x) = f(x)—a—bx, ®(x) =P (x,) = D (x3)==0,
Xy <L Xy < X Torpa &' (x) uMeeT MO ONHOMY HY/IO B KaXIAOM M3 MHTeD-
BANOB X, <. X < Xy M Xy < X < X5 [10], u, caenosaremno, @ (x)=f" (x)
AMeeT OAHO H3MEHEHWe SHAKA MEXJY X, 0 xg [25].
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71. [lo npeanonoxennio,
Px)=f(X)—ay—axX— ... —a, x"!

(ag, @y, ..., @, _,— TNOCTOSHHBE KOIDGDHUMEHTH) HMeeT B HHTepBaJe
a< x< b n—+1 vyneit. Tlpumensas nocnenosarensno n pasd 10, Haxo-
I¥M, 4TO BHYTDHM YKa3aHHOTO WHTEpBaJa CYLIECTBYeT Takas TOuUKa £,
yro P (&) = (%)= 0.

72. PaccmarpuBaeMas pasHoOCTb uMeeT B Touke x =0 7 coBna-
paouvx Hyae#t., Ecan 6b oHa WMesna B uHTepBase — 1 < x < co euie
onud, (n-+ 1)-#1 Hynms, TO B 9TOM HHTepBane ROMKHA Oslia Obl obpa-

WaTeC B HYJb (QyHKUUS (14 x)""" [71], 4To He BepHO.

73. Pasnocts e® — | ——1—)‘; ___2;5;__ ceh — (nxi i)l uMeeT B TOUKE
x==0 HyJb KPATHOCTH 1, TOrJa Kaxk e% BooOuie He WMeeT HyJeH.
YTeepwaenue BpiTexkaeT U3 71 TeMm »Ke nyTteM, uto W 72; BOpoyeMm, 1o
CYWEeCTBY OHO PAaBHOCHJABHO TOMY (akTy, uto dyHKuHg e® npu x < 0
o6pepHyTa CBOMM cTeneHHuM psamom (I 141].

4. [J. J. Sylvester, Mathematical Papers, 1. 2, crp. 516,

Cambridge, University Press, 1908.] Hocrarouso noxasaTs, 4To
1+ +Q|+ +n!—"~fn(x)

He MOMET MMeTb IBYX COCEHHHX OoTpuHUAaTeNbHBIX Hyaed., HeH-
CTBUTENLHO, ecau Obl @ ¥ b ObiAW TAKOBBIMH, TO MLl uUMeau Onl

fa(@) = (@) 452 =0, f,(0) == Fa(B) + o =

n!
sgn /o (@) = sgn fi (b) # 0;

f.,,,(x) uMesa Obl B UHTEpBaje a < x < b cornacHo 8 uerHoe, a COTNACHO
10 HeveTnoe uncno uynei!

5. lIpn [ =1 scuo. Tlycrs Teopema mokasaHa pis cayuas [— |
noxasaTenbHelX GyHKuM#. Ecam g(x) umeer N u

™ m

— o I -
g ="t T =1 e Vg (x)—Pi (o)

dx dx
N¥* BewjeCTBeHHBIX HYJeH, TO
N* > N—my - [12).

Ho, c¢ npyro#t cropour, B g*(x) Bxomar auuib [— 1 noxasaTeabHbIX
¢ynxumit {c noxasareaamu (@, —ap)x, ..., {@;_{— @;) X; OTHOCATEJNbLHO
cTeneHedl BXOAAWMX DOJNMHOMOB CM. 62] OTcroaa COTAACHO MNPEAIO0-
KEHHIO TIONyuaeM

) |' . ~ H
ml-i—mg—,—...—l—nzl_]——l//N :
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78. [Cv. Q. P3lya, sanawa; Arch. d. Math. u. Phys., cepua 3,
t. 28, crp. 173, 1920.] Ecam Om onpeneautens ofpawancsd B HYJb,
TO COOTBETCTBYIOLLAS ONHODOAHAasA cucTeMa uMmena Ob HeTpuBMAJLHOE
pelleHue, T. €. CyiecTBoBanu Obl Takhe 7 BelleCTBEHHBIX WYHCEN ¢,

Cay + v vy Cpy a4+ e3 ... 2> 0, 4ro uenas QyHKUMA
™ 0, e"° 1 e,

He Oyoyuyd TOXIECTBEHHO paBHOR HyJ0, obpauianack Okl B HYJIb JJId
X =0, Oy ..., dy. HO 9TO NpPOTHBODEUYNUT AOKA3aHHOK B 7B Teopewme,
Mo KOTOPOH Tax MOCTpOeHHad (yHKUuA HMeeT camoe Oonbuoe n—- 1
BellectBeHHblx HyJseft. [lo moBoay aHaxa cM. 48.
7. [Laguerre, 1. ¢c. 1, crp. 3.]
[e.0)

-3
78 V). «Pan Hupuxaes Xa,e” 'n® MOKHO BHYTpH ero obractu

CXOIMMOCTH AM(pdEPEeHIUpOBaTh [OUWIEHHO; clenyeM 0es BCAKMX H3Me-
HeHUH XoNy 1O0KAa3aTelbCTBA TeOpeMBl 77.
79. [J. J. Sylvester, 1. ¢c. 74, crp. 360, 401; cm. 1. c. 31,

crp. 30.] _

1. Ecm a4, ay ..., @,—BCe ONHOTO 3HAKA U »L— YeTHOE, TO
W =0 u, oueBunHo, takxe N =0.

2. BEean @y, @y, ..., @,—BCe OBHOTO 3HAKA W M ~— HEUYETHOE, TO

W-=1, u Tak kak

Pl (x)=mia, (x —X\) ‘1+a2<x-_>\2>°”‘1+ +an<x A"

uurge ne obpawiaercs B HyAb (cM. cayuail 1), - 1 [10].

3. Mlyere a0, <0, Y Ca<n, u Teopema ﬂOh&SﬂIxa o cayyday
W -—1 nepemenn 3Haka. [lycts P (x)=bx™ - b xm= 14 ... - 0b,.
Boifepem A rak, utobbl A, << A < A, ., PQ)= 0w o —{—Rmbo# 0
(B MpeANONOMEHNH, UTO boqk 0). llonowum

P (x)(x— )" ==F (x),

(x— "M F (x) =
= a5 (x — )" - a4y (6 — ;‘\z)m_l—i— o (6= 0" = P (x),

rie @, ==m(h, — A)a (vwl ceey ). meno rmepeMeH 3HaK4 B I0-
¥y - Ed
CHENOBATEALHOCTH @1, g, - . ., (G (— 1™ 'a; pasHo
WH = W—1.

OGoznauas uepe3 N* UiCI0 BelleCTBEHHLIX HYJeH noiuHoMa P* (x),
O6yneM WMeTh, 10 NMPEATIONOKEHHUIO, '

° W > N*.

‘1) B pemenusax 78, 80—84 HeoOxoauMbple pacCMOTPEHHSI BOMPOCOB CXOMH-
MOCTH He NPOBOXATCHA, ORHAKO pe3ynnTaT HX ucnoabsyercs. [lo mosopy wmx pac-
cMorpenuit cm., Hanpumep, E. L andau. Miinch. Ber, 1. 36, ctp. 151, 1900.
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da. llpn by 0

Fx) b
llm - = e
@ > + oo X7 (X) b1+}\mbo# 0.
Torna nnbo sgnF(x)=sgn F'(x) B OKPeCTHOCTH TOUKH X — — 0O,
nnb0o sgn F(x)=-—sgnF’'(x) B OKPECTHOCTH TOUKH X — -+ co. Tlpn-

MeHAs b0 14 K (— oo, A) (Hagnexamum 06pasoM) M OQHOBPeMEHHO 12
K (A, --co), 160 B cayyae HeOOXOAMMOCTH HA0BOPOT, B TOM M npy-
rOM CAyyae fonydaem

N* > N-—1.
36. Ilpu by=b,= ... =0b, =0, b, # 0
, Flx) 1
mleooxF’ (xy — s

Tenepy Opu X ——0co umeeM ,sgn F (x) =sgn F’'(x), npu x —3 = 0O
nmeeM sgn F (x) = — sgn F'(x). [Tpumenss 14 k (— oo, A) u (X, —+ 00),
nojyuyaem aaxe, uto N* > N,

80. (Laguerre, L. c. 1, c7p. 29; cM. G. P6lya, C. R., 1. 156,
crp. 996, 1913.] Eciw Z =0, ro, ouemnnno, W==0. Ilycts Tenepn
Z >0 u Aj-— oOwHuit KoOHeW HBYX COCENHHWX WHTEPBAJOB, B KOTOPBIX
© (A) UMeeT MOCTOSAHHBIE, HO IIPOTHBOIOJOXKHBIE 3HAKH [cTtp. B1]. Toraa
YMCJIO M3MEHEeHHH 3HAaKa (DyHKUMM

¢* (A) = (kg —A) o (A)

Oyner £¥ =2 — 1. Yucno N* nyneft Qynxuun

(oo}
?

F* (x) = e S [00F ()] = | 0% (1) e a
;
Gyner Oosblle uan pasho N—1 [12]. Jlanbuwe npumensem paccyme-
e N0 METOAY [MONHOW WHAYKUWM, Kak B 77, 79.
Bfa [Cu. L. Fejér, C. R, 1. 158, crp. 1328—1331, 1914
Hucno N BelleCTBEHHBIX HyJ/el yHKUHH

co

F(x):ff(t)twdf= [ emrfeyewan
' 0

— o0

He MEHbUIE YHC/d MePeMeH 3HaKa B MOCAeAOBATENLHOCTH Gy, &y, Qy, . . .,
B ueM yOewmuaeMmMcs npsmeim  noacdyerom (8, 9]. B cayuae | umeem
F(ny=a,, B cayyasx 2, 3 F(n)==0. Br0op npeneios MHTErpuposa-
Hui {0, co HIM —00, ©O) He OKAa3blBAeT BJMAHHS HA AOKA3ATENLCTBO 8.
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82. [MocpencTsoM UHTErPUPOBAHMA [0 HACTAM MOJyYaeM
f @ (R) e=Mr g = xf D (Aye— = dA
0 0 A

B C/yuae, eClM MHTErpan B JeBOW dYacTu cxoautcs # x > 0 [80].
83. Cymmupys mo dactaMm, nojyuaem

co o0 .

2 e = (e tay+ ... ay) (e 7T — e Tt ),
n=1 7=1

ecay psan B neBoH wacTtu cxomuted U x > 0. Ilonoxum

oM =g,y ..., mpr A, <A<y (=1, 2, 3,...).

Torna paCCManI/IBaEMbIPI pfm NPUHUMAeT BHI

)‘n+1
~

xZ(al—{—az—[—...—l—a,n)J e“lmd)k:xfcp(k)e-mdk.'
n=l ) X
n i

Uucno u3MeHeHu#t 3HaKa KYCOYHO-TIOCTOSHHOR (DYHKUMM @ (A) paBHO uHCly
lepeMeH 3HAKa B NMOCAENOBATENLHOCTH &y, &+ @y @1 —+a5—tas, ...

[80].
84. lmeenm
- nla, _ia PP (D)
n=1x(x—{—1)...(x—{—n) _n-—= " T(x+nd+1)
0 1 - 1 co
=y anfzx—l(l — B df = ftw—lf(l — ) dt = je—mf(i — e gh
n=0 0 , 0 0

(80, 24, 44].
85. [Laguerre, 1. c. 1, crp. 28.] INonoxum
-

F=au() () a(E)

A —1
Torna Oyner cyuecTBoBath camoe Ooabluee n— 1 LedblX 4dcen &, Ans
KoTtopeix f(kR)==0 [7b, Takxe 48]. I[losToMy psn

D (x)= EiavF (a,x) ‘__—120 Pz (alaf—1— azafof—{— v anaf;') xF =
v= L=

= X pf (k) x*
k=0

He MOMET TOXIAECTBEHHO of0pamarbct B HynAb. [Ipumenas 38, 8, 83,
MoJy4aeM, YTO YHUCJIO T[IOJOXMTEJbHBIX Hyne#t @yuxuuu P (x) He mpe-

17 3ag. 1127, . Homa a P. Cers
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BOCXONUT YMC/IA HepeMeH 3HaKa B MOCAeL0BaTeNbHOCTH pof(0), p,f (1),

pof(2), ..., YACIO MONOXUTEJLHHIX HyjdeH GyHKuuMd f(x) He NpPeBOCXO-
IUT YHuCIa NepeMeH 3Haka B MOCAEeNOBATENbHOCTH @y, Qn,—+ a,_ 4, G+
FQpy_ Ay, -

86. Pyuxuua suna
¢ F (xB ) oF (xB5) 4. ..~ F (x3y)

He MOXeT uMeTh Gojee uem 7 — 1 nonoxurenbHelx HyJaeht [85], cieno-
BATEJbHO, HaBepHOe He MOXeT ofpawaThcd B HYAb [pPH BCeX 3Haye-
HAIX X =0a,, &, ..., &,. Tenepp paccyxiaem, xak B 48, 76. MoxHo
MOKasaThb, 4TO onpelenutens Hoabumie Hyad. Jad 9Toro monaraem a, == f3,
M 3aKj04yaeM, 4TO KBaapaTHuHas (popma

NN :
Z 2 Fuma,)%x, = Z Py (oc][:\c1 - oz;fxz - ocfixn)z >0

37. [lpumem, uro npasuno lexapra HMGET MECTO.
HyCTb
Loy <y vy < <v1<n;
roraa Wik, (%), ..., hy (X)] % 0 B uHreppane a < x < b. Hdekcrau-

TebHO, ecan Obl 3TOT ONpeie/uTelb BPOHCKOT 0. 00palanca B Hyas
B HEKOTOPOH TOUKE X ==X, TO MONKHO ObJIO OB HaWHTU [ MOCTOAHHBIX

2 2 2
€, Cor vvws €y Ci—Co—f .. = ¢7 >0, yIOBIETBODPAIOIINX CHCTEME
OAHOPOAHBIX Y DAaBHEHHH

1y, (%) ol (%) TG (k) =0,
clh; (xo) +c2m3 (xo) +- . "i‘czhvl (xg) =0,

R () 4 e P (%) 4= - czh““‘” (X)) =0,

¥, BHAYHT, GYHKUNWS <k, (x)«{— Coly, (X) 4. ..«{—clh\,z(x) aMena Owl
B TOUKE X, HyJb [-r0 nopsnka. Ho 3TO MPOTHBOPEYHT TOMY, YTO KO3(P-
GUUMEHTH! €, €5, ..., £; MOTYT HMeTh caMoe Oonpuiee [-— 1 nepemeny
3HAKA.

2. HoxameM, wmanpuMep, urto Bce onpeneautead BpoHcxoro
(n-—1)-ro nopsaxa umelor oOwuit 3uak. Ilyers a < xy < b, onpenenum
¢y Qg ..., @, U3 CHCTEMBl ypaBHEHUH

ahy (%)) k() A aah, (k) =0,
am(xo) +a2h2(xo> +..f+an.h:z(x0> =0,

alh‘{“ (xo>+a2 hy 2)(xo>+...+anh$;’°‘2) () =0,
a1 () + aghs TV () aghin T (%) =
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OnpeneanTe b KOTOPOH He paBed Hymo (cM. 1). Pyuxuus

@,y (X) - ashty ()4 L ayhy, ()

BHYTPH uHTepBana (a, b) umeer n— | nyne#i (uMeHHO Hyab (n— 1)-r0
NnopsAKa B TOYKe Xy). [Io3TOMy moOC/AeNOBATENBHOCTh KOB(PULUEHTOB

a,, Qg ..., @, UMEET B TOYHOCTH # — | nepemMeHy 3HaxKa. [losoxum
(— D" WA, (%), Bs(Xg)s - .s Bp(xy)] = W. Torna sce uncna
aW=W(hy, hgy ..., b)), —aW=W (), hy, ..., 1),
as W=\ (hy, hy, By .., hy),

(T. e. onpelenureny Bpouckoro (n— l)-ro nopsaaxa, B3ATBIE B TOUKE
X = X,) OyLYT UMeTb OJMHAKOBHI 3HAK, Y. W Tp. I.

88. lMpusnak 87 nas cayuaes [==1, 2 03Ha4aeT, yTO, C ORHOMK
CTOPOHBL, £, (X), hy(X), ..., h,(X) UMEIOT OJUHAKOBLIE 3HAKH, C APY-
FOH CTOPOHBI, TaKKe .

zdhg'

a hy - 2 d Ry
ldXhi’

W(hy, hy)=h 2 h,

W (he, hg)=—
MMEIOT OIMHAKOBLIE SHAKH. B 9TOM MOXHO YOERUTHCA TAKKe W HEMNO-
CPELCTBEHHO.

8. ycrs [ Cn— 1, 1y <oy <Caloyyy <. <y n
Mmeem [VII 57]

W(h‘r‘ls h\lg! LR hvj’ h‘cn:, /Zvj+1; voe e :‘ /'Z‘Vl) =
hZ“W/ _/_I_J“ f\'_z B BT S S ) B
- hg_ ) za 3 ’ ho; b} H IZU_ I ha' ‘_
h I, i A,

[ (o (Y ()

Q0. Ilycts npasuio JlekapTa npuMeHUMo K cucreMe n— 1 mo6six
¢yHKUUA, YIOBJIETBOPAIOILMX YCJAOBUAM, HAJOXEHHBIM HA COCTABJEHHBIC
M3 HMX onpelesutenu Bpouckoro. Ilycte gyHxuus

F () = ayhy ()~ aghy (1) + - . . - 2k, (x)

uMeer N Hyne#t BHyTpH uHTeDBana (@, b), a MOCIAENOBATENLHOCTL KOIP-
QUUMEHTOB @y, s, ..., &, uMeeT W nepemenu spaxka. Cayuat W= 0
sceH. [lycrs Temepp a— 1 — kakoe-HMOYAL MeCTO MNePeMeHsl 3HaKa.
B o6o3nauennsx 89 umeem

d F(x) _

dx hy (x) (x)

a hy d hy—y Pyt 1 .
1dxh +"'+a““‘1d—xTu—' d"“dx + .+ ”'dxh

= —a,H (x)—. '"—aa-—iHa~1(x)+a’a+lHu(x)+' @ (X)=F¥(X).

17+
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Ecim N* —uncno uyneft ¢ysxuua F¥(x) B uHTepBane a < x < b #u
W#* — ygcno nmepeMeH 3HaKa B MOCHEL0BATEBHOCTH

—al, _az, v 8wy '_'_aa___-l, aa+1‘, - ey a,n,
HWAd, uTo TO Xe [3], — B IOC/eNOBaTE/NLHOCTH
_al, _az) v e vy —aa-‘l, _au_, aa+1, a s ey an,

T0 [12] ,
: N¥*>N—1, W¥=W-—1.

Onpepenurenn Bponckoro, cocrapienHsie u3  @yHxuuf  H, (%),
H,(x), ..., H, ,(x), ynosnersopsaoT yciosusy 87 [89]. Ilosromy no
UPHHLMIY TMOJHOW MHIYKUUH
N*= L WH,
1. limeen |
L, 2, ..an

W (e, &, ..., dn®y= Mttt T ) > 0.
‘ F<k

Q2. B o603naueHnax pelleHds 63 umeem

- ana,- i g(“'n

dx dx ' dx dx
= aof () + @, () + - ..+ a, f (x).
[Mpumensem 12 n pas, 6 n—4 1 pas.

93. [G. PGlya, Trans. American M. S., . 24, crp. 312—324,
1924; cM. H. Poincaré, [nterméd. des math., . I, crp. 141144,
1894.] Ipumensas dopmyny VII 62, nokasniBaem, xax 92.

@%. [Ipenronoxenne PABHOCHALHO TOMY, 4YTO WMEET MECTO TOX-
JECTBO

R (%)~ ¢, (%) BV (0) == 9o () P2 () - . .. 49, () h (x) =0,

¥ Pa3sHOCTb f(X)— A(X) B yKasaHHOM uHTepBaie n-+ 1 pas obpa-
uiaercs B HyJdb. [lpuMensem 93 x ¢ynkumu f(x)— A (x).

§95. |Cu. H. A. Schwarz, Gesammelte Mathematische Abhand-
lungen, 1. 2, crp. 296, Berlin, J. Springer, 1890; T. J. Stieltjes,
Oeuvres, 1. 2, crp. 110, Groningen, P. Noordhoff, 1918.] INpuuu-
MaeM, 4TO |@ (x,)|== 0. O6osnaunm uyepes () 3HaUeHHe OTHOLIEHHS
| fi(x)] 2] o (x,)]. Pynkuus or mepemenHol X

| Fi (50) Jre (%2) + v v fro (0 ) S (20) | — QL 0 (21) @3 (30) + + + @ (S0 ) 0 (2) |

obpalnaeTcs B HYJb B TOYKAX X == X,_, U X ==x,. Ilo npasuny Ponas
OyneM HMeTb |

| (6 Fe (o) « v o fre () Jo () | —
— Q| ‘Pk (X)) 9 (Xa) o o O (Xp_y) ‘Pk’ (M) | =0,

B AL L LY

Qe
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rae o

x'?’b-—l < q]’)’& < x?’l'
3aMeHUM Temepbp B JIeBOM WACTM 9TOTO - ypaBHeHHA X, , HA X.

[Toayuwawomasgca ¢yHkums or X OyleT 00pawmarthCcd B HYJdb B TOYKAX
X=X, _o 0 X=1X,_, U T. L. 3arem 3aMeHdeM 7, 4epe3 X H T. IL..
Taxkum o6pasom, mnocre [(n— 1)+ (n—2)—+ ... 24 1]-kpaTHOro
MPUMEHEHUS TEOPEMbl P O NS MBl NPUIEM K TPeBYeMOMY COOTHOIIEHHUIO
nasa Q.

© 906. Yactuw# cayuatt Teopembl 95 npu

o, x)=1, @ x)=ux, CP3(x)=x2:'-" (P'n(x)zxnﬁ_l"

[TocpeacTBOM CIOXeHHS CTPOK NOJayuyaeM

1 1 1 1
1 Xy Xy Xq Xn | —
PoighRgn=d (- .o A
| P/ el v xpt
1 1 e 1 L2 m
(x1 (x:a (xn, I oe—=xp
_ 1 1 1 __ i<k
. ) 1,2 ....n

(. ,;ci ) . ( W ) o ) H h— i)
n—1 n—1 "'(n—l AN
Q7. YacrHuit cayuaft Teopems 96:

() =1, fi(x)=1x, f3(x)=x2 ..

) fn—l(x):xn_z'
98. Yacruwiit cayuait teopemu 97:

X=X, Xoq=x-+h x3=x-+2h ..., x,=x-F@0—1~
99. [L. c. 93.] Hepasencrsa 93 (**) npu n =2 Ra0T MUIb OLHO

ycinosue: £(x) > 0. Ilo Teopeme 0 cpelHeM 3HAYECHUU

1

k (xy)

h(xy) h (xg) | 1 (Xx9)

[Tonaraem

d hy(X)
dx hy(x)

== H1 (.?C),

h(xg) | __ Flxg)  Sflxy) _ xg— Xy

h (§)

f(xa) | h(xy)

_d_hn—1(x)___
" dx hy(x)

h(xgy — A G

Hn—a (x)’

f©)

d fx)
dx 1ty (%)

h (8)
F7 ()

== F (x).
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[locne (n— l)-xpaTtHOro HpHM&HEHHH TeOpeMbl P o as nonyqaem [pe-
megue 95]

h,(x,) hl(xg) ol (x)
| h (xl) hg (xz) s hz (xn)
B Y R L B A O A A
f(xl) flx) ... f(xn)
1 0o ... 0
ha( E o
,f (f) Hy(G) - HiG,ly)
:(xn“’xn—l)(xn-—l Xn— 2) ( "—xl)- ‘ T ’
b ;fj‘;’Hﬂ SCHIRY AN
/{1(;2) F() oo F(u_y)

rae x, < b <X, <Et, < ...<x,_,<%,_,<x, IlpeoGpasyem onpe-
geauTe]b BpOHCKOT O, CTOAUWIMI B TPaBOH 4acCTH NOKABLIBAEMOIr0O COOT-
"ouieyns, cornacHo VII 58, Vecnosus 93 (F¥) dyuxkumamu - H | (x),
Hy(x), ..., H,_,(x) ynoenersopsiorcs [89]. Ecau ™Mbl npumem, uro
TeopeMa nokazaHa uas n— 1 dyukumit H, (x), Hy (%), ..., H,_o(x), F (x),
TO M3 YKa3dHHOro npeoOpa3oBaHus OyneT BHITEKATb, YTO OHA CrpaBel-
MMBA Takke LA 2 QYHKUAR A, (x), Ay (X), ...y Ry (%), f(x).
B00. Yacrumit cayualt Teopemu 99:

h(x)=e " (v=1,2,...,n—1), f(x) = é""*, x,=a, (p=1,2, ..., 1)

CoOTBeTCTBYIOUIME OUpedenTeld B POHCKOT O MOJOXUTENbHE [91].
§OL. /Tunelintie npeoOpasopanns MIOCKOCTH Z B MOCKOCTh Z, oCTa-~
BAANOWINE OECKOHEYHO YAAJNEHHYIO TOYKY HEeNOLBH)KHOH, UMEWT BUL

, Z'—=aZ-+b.
3 cooTHOmeHut

C=mzy Tt mazo - mpzy (my-my— o m, = 1),

4

2y = az;+ b, zg=azg—|—b, e zn=azn+b,
/ 7 / 14
U =mzi+ mozo—+ ...+ myzy
Oy uaeM
U =al-+ 0.
02, Tlycry cwavana 2z, z,, Zp) +- > Zp KOHEUHSL. Tpedyemoe upe-

o0pasoBanne HUMeeT BUL
a

‘ZI: Z-—Z'+b (a#=0).
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M3 cooTHolueHu#t

’ a 7 a ’ a
1 zn zn___z+bs
4 / ! 4 .
U= mz Mmoo+ ...~ mp2, (my, 4+ Mo~ ...+ m,=1),
a
_C——-z—{—b
noayuaem
1 my .
C—z zl—z+zz—z )

HesaBUCUMO OT & ¥ b. Ecin z,= oo s HGKOTOPOI‘O v, CTano ObITb,
Z KOHeuHo, TO v-# uien B mpaBoit wactu GopMyawl (*) nponanaer. Ecau
2 == 00, CIeNOBATENbHO, 2y, Zy, ..., Z, KOHEYHb, TO NpeobpasoBaHue
NPHUBOLUTCH K MOBOPOTY M PACTSMEHMIO M [ coBmamgaeT ¢ OOGbIKHOBEHHBLIM
uenTpoM Tskectu [101].

{03. [ag z=co scHo. OTC0fa B pe3y/bTaTe JNHHEHHOrO orobpa-
MKEeHHA [oJydaeMm: [MpsiMble, MPOXOAAIIME ueped 2;, 2, orobparxaiorcs
B «OKDYMXHOCTW», MPOXOIUSILHME YePe3 Z;, 2 U 2; Kaw/as Takad OKpyx-
HOCTb OrPa&HWUMBAET NBA «KPYTra» (Z; # 2); BHOPACHIBAIOTCS BHYTPeHHHE
o0nacT BCEX TAKHMX «KPYroB», KOTODHIE HE COLEPXKAT HH OJHOM TOYKH
2y, 29, .-+, 2, OcTaBlIancs HeBLIOPOILEHHON 3AMKHYTAs 4ACTH MIOCKOCTH
u cocraBaseT kak pas &,. Ecad Bce rouxu 2y, 2,, ..., 2,, 2 J€XAT HA
OIHOM «OKDYXHOCTH», TO &, NPHUBOAUTCA K ILYre 3TOH «OKPYKHOCTH»,
cojepwawed z2,, 2y, ..., 2, H He colep:Kauiedl 2.

I84. Cu. 103 um e HeNMOCPeNCTBEHHO C NOMOLIBI0 OTOGpaxe-
uus GUrypH, COOTBETCTBYIOWIEH ciyyalo 2= co

105. [103.] |

106. OGobuienne cayuas z= 0O [OCPELCTBOM AHHEHHOTO oTo6pa-
WEHHUS.

B@7. Ecin 661 2 u £, obe aewamn BHe «kpyra» K, TO «Kpyr»,
NMpoxXonsuui uepes z U {, H HaXONAWHNCA BHe «xpyra» K, He pas-
jpengn Ovl TOUKA 2, 2y, ..., &, — B nporusopeure ¢ 106. Fciu z newur
BHe «kpyra» K, a {,—nHa ero rpanuue, 70 npumenseM 106 x «oxpyx:
HOCTH», TpoXxolsine# dvepes z W L, U kacawuielica ussue K.

1
@8. Tak xak Tenepb BCe MACCH PaBHLI -, TO COTJIACHO 102 wedTp
TsKecTH £, onpenenserca (Gopmyof

1 1 1 1 1
Cz—"z*?{(zl—"z_l-_ 2+".+2n_z)=
1

_ong 1 s, ny
_nwi—z+nwn—z+ +nwk 2’
TIe UePEe3 My, My, - . ., Ny OGO3HAYEHO UACHO TeX U3 TOUEK 2,, Zg, ..., Z,,

KOTOpble COBMANAKT COOTBETCTBEHHO C W,, Wi, ..., W;. TOUYKH wW,,
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Woy « .+ vy Wy, Z NPEUNONATAIOTCS KOHEUHHIMH. HO pau#OHAAbHLIMYM MAac-
1 i) n

camn =+, 2, ..., =& yoxuo annpOXCUMUPOBATL C NPOU3BOJLHOM CTe-
n f n

MEHbI0 TOWHOCTH OBk A Mace ¢ cymmoit 1. OTHOCHTENBbHO clydaes
W, == 00 WIM Z==00 CM. peuieHue 102.

189. K rouke z,, Take B TOM Ciyuae, KOrja 2, == co. CM. dop-
Myny B peutenuun 102. |

1 ' .
i1B. Tax xax Ttemepn BCe Macchl pAaBHbI —, To cornacro 102

HMEeeM
L=z — T
z—z1+z~—zg+" +z——z,n
7 n
‘24 ...42 §1v§1 (zp—z\,)ﬂl |
_ st n n g = _an E—_i_

ill. Cornacno pewenno 110

—1 —1
nf(z):__ao-|-(”1 )alz+(”2 )agzﬂ+...+an_1zn~i
@) al—l—(n_l_l)agz+(n;1)aszz+...—l—anzn—l

L=z —

C o |
eCiM 2 KOHeuHo, W (= —-"71  ecin 2z = 0o0; mnpeamoiaraercs, 4To

7
nonanHoM f(z) sanmucan, Kak Ha ctp. 69. Hag cayuvas f(2)= 2" umeem

C=0, yro u camo no cebe scuo [107]. Jlarepp HaseBaer { «npous-
BOMHOM TOuKO# Touku &» [l c. 1, cTp. 56]. |

12, [Laguerre, 1. ¢. 1, crp. 61.] Eciu Bce Hyan ¢pyHxkuuw
f(%) — BeuiecTBeHHbIe, TO UX MOXHO PACCMATPHBATH KAK Jiekalllle B 3aMK-
HYTOH HMXHeH (BEepXHEH) MONYMJIOCKOCTH, BHYTPH KOTOPO# NOMAHE CO-
LepKaThCs TaKkKe §, ecad MHHMas yacThb TOYKM 2 TIOJNOKHUTeJbHA (OT-
pulaTenbHa), 3a UCKJIIOYEHHeM TOrO cayyas, Korja Bce Hyad f(z) cosma-
nator [107]. Ecan xe f(2) umeer xommieKkcHblfl Hyab 2, TO 2 ¥ { ol--
HOBpeMEHHO mnpubamxkawrcd xk 2, [109] u, cnenoBaTesbHO, MX MHUMbIE
4aCTH B JOCTATOYHOH OAM3OCTH TOYKM 2, NPUHHMAIOT ONHMH M TOT Ke 3HAK.

113. Ha ocuopanum 111 saxmouaeM, uto npu a, = 0 {=oco toraa
¥ TOJALKO TOrBa, KOr'LA 2 ecTb HyJAb IpoM3BoRHOM [’ (2), He cosmna-
naiowul B ¢ onHEM HyJaeM camoft ¢yukumu f(2). Kaxnaa npaMad,
NpOXOAdllas uyepe3 TaKO# Hy b npoussonHod [ (2), pasnensieT HYIH
dyuxuun f(2) [106], u, 3HauuT, BCAKHH KpYyr, MOOKPLIBAIOILMI BCE HYJM
Gyukuun f(2), conepxur B cefe Taxxe Hynu nmpoussoinoit f/(2) [107].
Taxum obOpasoM, xak ua 106, tax W uz 107 noayyaercs HOBOe NOKA3a-
TenbCTBO TeopeMbl [aycca (Il 81]; B uactHocTd, ua 107 ara Teo-
peMa BBITeKaeT Ha OCHOBaHUYM TOTO 3aMeyaHus, 4TO HanOoabme# oluleH
YacTbIo (MM «mepeceyeHueM») BCeX COOCTBEHHO KPYroB (T. €. KPYTOB,
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He COLepXalluX ©O0), MOKPBIBAIOWMX TOUKH 2y, Zy, ..., Z,, ABAAETCH Hay-
MeHbIIMH BBHINYKALIH MOMMIOH, OOTATWBAIOLUME 3TH TOUKH.

184. Ecan x ecTh Hylb QYHKLUK e © (~—f+izz—}— f (z)) u f{x) =0,

a caenoBaTesbHo, W f(x) = 0, TO WeHTP TsHKkecTH f(2) OTHOCHTERHO X
[111]} 6yner paseH
| U Co
W)
Ecma O6rr Touxa x He nexana HA4 B K, uu B K-fnc, 10 x u L obe
HAXOOUAUCL Obl BHe K, YTO, OJHAaKO, corjgacHo 107 HeBO3MOXKHO.

#19. [J. v. Sz. Nagy; cm. L. Fejér, Deutsche Math.-Ver., 1. 26,
crp. 119, 1917.] Ilycrs 2; xoreuno. [lonaras f(2)=(z—2z,) g(2),
6ynem umeTs (x — 2,) g (x) 4 g(x)=0. Lenrp txecru { pynkunn g (2)
OTHOCUTENBHO X onpenenuTcs toria no dopmyne [111]

x—nc===_.

__(n—1) g(x)
g’ (x)

{=x = x —(n—1)(2; — x)
[106]. OTHocutenbHo z, == oo cm. Il 31,

6. [Laguerre, 1. c. 1, ctp. 56, 133.] [lycTs 2 — onuH U3 Hynel
dyuxuun o, z2f (2)—a,f(2) u f(2)5=0, cneposareNbHO, 2 KOHEYHO,
f(2) == 0. Uentp Tsectn f(2) OTHOCUTENBHO 2 OyAeT

a a
C=z—n—lz=(1_n—l)z.
Qg dg

Ecmn Obf nosTOMy KMMeNIO MEeCcTO HepaBeHCTBO

lz]<Min(1,

TO JOMKHO Obo 6k ObTh Takke |§| <1 B nporusopeure ¢ 107.
117. [116.)
8. [Laguerre, 1. c. 1, crp. 161.] Urobu muHTEpecylowmit Hac
IEHTP TMKeCTH BOOOGILe uMena CMBICH, HeoOXxomuMo, uTolbl 2, OBIT NpO-
croiM HyaeM. [lonaras f(2) ==(z—z,) g(2), nMeemM

fz)=g(z) ['(2)=2g8"(2p,

¥ LieHTp Taxectu [111] pasen

2 __(r—=1) g ()
! g’ (2)) )
[lpu 2, = co ocranbHble HyAu KOMKHBI OBITH KOHeuHsl, 4, =0, a,_, # 0.
1 a,._
Lenrp rsxectu torma [111] pasen ——~2—a”—3.
n—1

9. [Laguerre, 1. c. 1, crp. 142.] ITo oTHOWEHWIO K TUIOTE-
THYECKOMY Hymo 2z,==a— il (8 >0) c nauGonbuiefl MHUMOH 4acTbIO
LeHTp THMECTH OCTanbHEIX n-—1 Hyjlelt umMen Ol MHHMYI0 4YacThb,
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menpwyio, uyeM [ [107]. C npyro#t cTopoHb, M3 DU dHepeHUHanbHOTOo
ypasHenns npu 3 >0 B cayuae f(z,)=0, clenoBatensHo,

fz)+0, [f'(z)+0,

Mui uMequ Obr [118]

&y _200=DF )\ _f, _2(—=D\_4  2(a—D§
«S(Zl f”(z.‘[) )“J(zi z )""‘B+ ag_*__gg >8

120. Tpn f(z,) =0, z,=a i3, B> 0, Mbl uMean O

o TR =3 (e ) -

— B
=B+a—D{E+ ) > 8
Cum. 119. ' ,
§21. Henpasuasud. Ilycte a+b u K,, K,—IBa Kpyra ¢ UeH-
TPAMH COOTBETCTBEHHO B @ ¥ b, DaNHyChl KOTOPHIX HACTOJNLKO MAasbi,

a6
4TO 3TH KPYTH He COAEPHKAT TOYKH —; JlOCTATOUHO PacCMOTPETH
torna f(z) ==(z—a)(z—20).
22,
(0 0
2y gz M2 ' F 2 ny(a—2)) 4 ny (2 — 2 ))
ny+ ng ny 17y ny 4 g

MMeem
(z(o) —_ z(o’) : (z(o) - z(O)) =(r—r)i(ro—ry=n,:n,.

123. Mb MOXeM MPHUHATH, YTO MOAYIJIOCKOCTSMH K1 u K, cnywar
coorBeTcTBeHHO Rz > ¢; u Mz > ¢,. Toraa

1425 - No2q~_ M1l -} Mgy
N > .
ny~+ 1 ny - ng
C noMouwblo HalJjexanlero Buifopa umcen 2, M 2, MOXKHO NOOGHThCA,
n12y + N2y

1y~ Ay

yTofbl CpejHee 3JHAUYCHME Ebl10 paBHO MOOOMY UMCAY ¢ C Be-

U{ECTBEHHON YACTbIO L
nyCy RoCq
R S
‘124, [J. L. Walsh, Trans. American M. S., 7. 22, crp. 115,
1921.] Tlyers z—oauu w3 Hyne#t dynxuud f](2)f,(2) - f,(2) f,(2) n
npurom z nexut Bue K; u K,. Takum obpasom, f;(2)+#0, f(2)%0,
f2(2)#0, f(2)%0, z xoneuno. OGo3HaunM ueHTp TsHKeCTH f,(2) OTHO-

CUTEJIbHO 2 yeped (, W UeHTP THKeCTH f,(Z) OTHOCHTENLHO Z uepes L.
HmeeM

¢ xz___nifi(z), sz__z_*_’lzfz(z).
' fi(2) £ (2)
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¢, aexnr B Ky, 59— 8 K, [107]. Ho orciona crenyer

o nyl  naly
ny+ng .,
125. [J. L. Walsh, 1. c. 124.] IToraraem ananornyso 124
<
=45

Ecaw 2z ecTb Hyab npoussopuoft f/(2), aexawuit BHe «kpyros» K, u
K,, nanee, (; v (,— UEHTPBl TMKECTH COOTBETCTBEHHO fi(2) u f,(2)
" OTHOCUTEJLHO TOUKM 2, TO TNPH A;Fn, OyieM uMeTb [124]

niig — nst
gy Mrp el
fZ_ — n2
Tpn 7, ==r, Mbl GOJAYYdId Obl H3 HAILEro NPeANONOKeHHs, uTo L ==L,,

YTO HEBO3MOXHO, eCau «Xpyru» K; ¥ K, He MMEWT OOUHUX TOueK.

126. [R. Jentzsch, Arch. 4. Math. u. Phys., cepus 3, T. 25,
crp. 196, 1917; cm. M. Fekete, Deutsche Math.-Ver,, 1. 31,
crp. 42—48, 1922.] Ilyctb @ v b — 1Ba uuchaa, A KOTOPBIX BCEe HY/IH
pasHocte f(2)—a u f(2)—& anexar B O;. Hymuo noxasars, uTo
€C/M ¢ JeWWT Ha OTpesKe, COeJUHFOLIEM 4 H.b, TO BCe HYJH pas-
goctu f(2)— ¢ Takxke xexar B O,. [OnoeﬂeﬂeHHe BoinyxJiocTr!] Ho
HYJIH DYHKLHK F‘(z)—[f(z)—a]m[f(z)——b TINE M U 1l —— TOJOXKH-
TesJbHble UEJble Yicnd, HaBepHoe nexart B 0. I/ImeeM

P @)= (m ) f@)— a1 1) — 011 ([ 1(2) — 227,

m—+n
na-+mb
OTKYAa BCe HY/IH Pa3HOCTH f(z)-—m TAKKe JIOJ/UKHBL JIeWAaTh
na -t mb
B O, [III 31]. Yucna natmbh JexarT BCIOAY TJOTHO HAa OTpesKe, CO-

m-4n
eMHAIEM @ ¥ b, KOTHA m ¥ f NpoGeranT He3aBUCHMO APYT OT APYra
BCEe Lefble NOJOKHTeNbHbIE 3HAUEHUS.
127. pumensem 124 x F(2) =[f(2)—a]™[f(2)—b]"* |pewe-
aue 126].

§28. KospdyuuenTs noauHOMa ﬁfn(i) GynyT

Gt ol abadt g ol b ak

UIH
Qs Qg Ggye oy Gy,

cMOTPsl 1O ToMy, OyneT mv L KoHeyHo nau OeckoHeyHo. Taxum ofpa-
30M, BJas KOHeuHoro (

C—2)F @)+ nf@=n Z ("7 )@+ ez
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129. Crenyer us onpeneneus. |
130. [lpu = co rpusnamsuo. Ilpu zs~co nonyuaem

g@IC—2)h' @)+ Ih ()] + k() [(— 2) g’ (2)+ kg (2)] =
L =(—2)Ig@ M (D¢ @@+ k+Dg@) k(2.

13§, Ecmu {, un {, ofa pasHn 6eCKOHEUHOCTH, — HENOCPEACTBEHHO
acHo. Ecanm o6a KOHeuHpl, TO BBITEKAET W3 CUMMETPHUHOCTH BLIPAXKEHUSA

C—=)C—2) ' (@ +nf@) 4 (r— DI —2) [ (2) +nf (@) =
=& —2G—a @O+ —DEGFL—29 @) +nn—1f(2)

otHocurenbHo G, wu §,. Ecmi, nakoueu, §,=1{ xoneuHo, (,==o0, TO
BEITEKAET M3 COOTHOILIEHHS

(C—=2)f (@) nf@)) = (C—2) [ (2)+ (n—1)F (2).

[lpencrasuth Takke B TEPMHHAX CHMBOJUYECKOTO MCuMCaeHus 3anaud 137,

132, Eciu (=00, 10 3 f'(z)=0 BuTekaer, uto f(z)— KOH-
CTaHTa, T. €. BCe ee 1 HyJeH paBHel GeckoneunocTH. Eciam { xoneuwo,
TO pelieHHeM JIMHEHHOTO OJIHOPONHOrO ﬂmpcpepenunanbﬂoro yDaBHEHHA

NepBOTO TOPSAKA
C—2)f () +nf(2)=0

Oyner f(z)=c(z—U0L)", rae ¢— nocTosHHaS.
3. [Tyctb 2" — TOUKAa TPOUSBONHOK CHCTEMBL. '

1) 2’ koneuna, f(2)50, 2'£L, snauwur, takxe f'(2")#0. Hmeem
T
() [111].

2) 2 KOHeqHa f(z')=0, f(z)—a(z—z’)kco(z) 9 (2")+=0, 2'£L.
Torna (z-—-z )"k+14,f(2) npuBomurca npu 2=2" k k(L—2")¢(2")#0.

3) 2/ =1, f(z)—-(z~—C)"tp(z) ¢ ()0, k< n. Torna (z—0)~*X
X A.f (z) npusonutca npu z ==, K (n——fa)cp(C)#O

4) Eemt 0,0 1 a,_,+a,t=0 [128], 1o L= —2=1 [111].

i34. pn {==oco cm. Il 31. [Tpn xoueuHom & paccmannBaeM ciy-
“an, nepeuncaennie B 133. JluGo L ecth ueHTD TKECTH f(z) orHo-
cuteavHo 2’, kak B 1 wm 4, u rorza npumenumo 106, smuGo z' cama
aBAgeTCA HyneM f(2), W TOrna 2’ NemuT B YKa3aHHOM «Kpyre», a MMEHHO
Ha €ro rpauduie,

125. Burexaer us 107 HOCpeﬂ.CTBOM Tex e DPACCYHACHHH, Ka-
kumu 134 BriBomurca u3 106.

86. Ha ocuosanmu 135. PaccMaTpuBaeMeit KpyroBo# mNOJMIOH
npeacrapaser coboit Hanbospiiy OBUIYIO YacTb BCEX «KPYrOB», COLEp-
WAIAX 2y, Zgy ..., 2, U He comepikamnux C [pemenne 113].

137. Ecom C-—oo, To ypasuenune fi*~V(z)=0 naer 1160 OOLIKHO-
BeHHBI! LeHTp TshiecTw PyHkuud f(z), mmbo oo, b0 HUUero ornpene-
NEHHOT'O, CMOTPS 1O TOMY, OymeT Ji TouHas crenenb f(2) n, n—1

=2 2/
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wy ke < n—2. [lycre Tenepp C koHeuHo. ByneM roBoputh, uro mno-

m . o]
m A Y
JUHOM m-# CTeneHu E(V)b\,zv ¥ CTENEeHHON pn 2‘ C,1t¥ CONIPSMEHE,
v=0 ¥y= —CO0

1 CHMBOJIHYUECKH 3aMHCRIBATL:

b, +(’1") b1z+(’§) by2® 4 ... b2 N\
Neoo eyttt ...,

ec.nl’l CO _ bo’ CI - bl, 2 0 0y Cm - bm, C_l, C_2| LI Y Cm_l_l’ Cm+2, LY
mpousBoabHL., Torna umeeMm [128]

F@=ay+(]) ez +(5) a2+ .. + a2 A
A -|—'a1u a2+ ... +a,u”,
f@=nfa+("T ez +("7 a2+ 4 anent| A
A(@o -t au—~+ au?—+ ... —{—anu")%,

L

af @ =nl@+a0+("T ) @tadzt.Ae, e DA
Ny o+ ... +aua(1+2),

n—1
’

AT (@ Nyt @+ - e n(n—1)...2(1 4 )
A @) = nt(ao+("T et -+ (" e+ e

o+ ("T a4 ("5 Dt e 2).

OTCi0fla BHAMM, YTO MHTEPECYIOUIMM HAC HyJeM OyIeT LEeHTD THKEeCTH

dyaxuud f(2) orHocuTeasto C [111]. |
138. Cornacro pemenuto 137 npu KoHeuHwX Uy, Ggpenn, G,

A Ay oo A RN |
C Anl@aat A (T2 (12 (1),
B OCTA4JbHEIX X¢E cnyqaﬂx
A de. . A, ] (N

Andao oy o e (1+2) (14 2) (1 + 2 o
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139, Mycrs &, G, ., Cn Bce KoHeuwel, T. e. b,<=0. Torna [138}

b —

CJie I0BATEIBHO,
. . 1 n n
Ay, S Q)R =7 [aobn—"( ) ayby_y —+ ( ) 30, g —
5, 1 9
- n
() by (— 1 ey |
Ecan e £ M TOAbKO & MOCACAHUX W3, ;, Ca. .., 5, DaBHbl OeCKOHEY-
nocty, 1o [138]
Yo=2 = ...=%, =0,
()
S,=(—IpF Ul (v=k, k10, 0, #0),
() b
C/1eROBATENBHO,
Ay Ly s G (@)=
(—1¥ n

- [ () aduont = 08 () drbpr

(k>bl «

n

C (=1 (rz . 1) Qy_ by 4 (— D" anb0]

[fipn R==n caenyer uurTaTh: (— 1)’an]. Takum obGpasom, BO BCeX cny-
Jasnx

A (Ci_, Lose o L S(@) = A, [aobn—(;z) albn_l—-k (;) Aol o —
(=t (n i 1) A 1by 4 (— 1)"’anbo] ’

et S k(n '
rae A = (—1) (k)bn_k U b,_;— BauBbiCHIMH OTAMYHBIK OT HyxAs

KOs huuenT dyHkunK g (2). Vmeem

A A oo, W) F(2)=1;"A(2y 25 .., 20) g(2).

140. Anonsprocts Touexk 2, n {, o3mauaer, yro 2, ==(,;. Anoaap-
HOCTL Map 2,, 2, ¥ C;, C, o3HauaeT (32 HEKOTOPHIMU ZIeTKO BblIEJIAE-
MBIMH HCKJIOUEHUAMH), YTO

(21 —%p) (2 — &)
(2, — L) (2, —C 2, — ) (2, — () =0, 2 —_1,

1 1) \<2 o)+ (2 2) (22 1) (z,— &) (75— L))

T. €. o0e mapel pacnonoxeHs! HA ONHOH M TOH ’Ke OKPYXKHOCTH H
TPHTOM T3aPMOHHYECKH OJHA MO OTHOLUEHWIO K NpYTro#.
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141. Cornacho 139 X,— X, =0, b Gave oy Cn BCE KOHEUHDI 1
1C2 Gn==1. |

142, (=2, 2z, ..., Zn.

143.

Ay Zee e r G F(2) = Bgom 2 cE, =

£
Tk

844, TTosropHo npumenuth 135.

145. [J. H. Grace, Proc. Cambr. Phil. Soc., r.11, crp. 352—357,
1900—1902; cM. G. Szego, Math. Zeitschr,, 1. 13, crp. 31, 1922;
J. Egervéry, Acta Univ. Hung. Francisco-Josephinae, 7. 1, c1p.
39-—4b; Math. és phys. lapok, 1. 29, crp. 21—43, 1922.] Hycte
Zi, Zgy «.-» Zyn A€KAT BHYTPH, a Gy, G, ..., §,—BHE «xpyra» K, nanee
AgAe, ... A f(2)== 0, torna kaxk ywme Agdr, ... A:kAciHlf(z)EO,.
k< n-—1. Cornacio 144 nym AgA, ... A{;kf(Z) TAKXe JexaT BHY-

rpu K, a mo 132 BCe OHM JO/MKHE COBNANATH C TOYKOH (p..; cremo-
BATENbHO, NMOCJELHSS JEeKUT BHYTPU K.

§46. [145.] Ecru 1Ba BLIIYKJBIX NOJAUIOHA He HUMET OBWHMX TO-
yeK, TO CYLIECTBYeT Ipamas, pasjendionias 9TH LBa nomuroda. Takof
npsaMoi GyLeT, HATIPUMED, CAYNKUTb NEPNEHINKYAID K CepeluHe JHHUK
KpaTyafyiero paccTOAHHA MEXAY MOJNHUTOHAMY.

§47. [E. Landau, Ann. de 'Ec. Norm., 7. 24, crp. 180, 1907.}
[148.]

148. [A. Hurwitz; em. E. Landau, 1. ¢. 147.] Coraacuo 143
paccMaTpHBAaeMblfl MOMMHOM aNoJAPeH MONMHOMY C HyJASMH

dmiv

L=le—en (=12, )

nocaeanue nexar B kpyre |z— 1| <1 [145]. _

149. [L. Fejér, C. R., 1. 145, crp. 459, 1907; Math. Ann.,
t. 65, crp. 413—423, 1908; Deutsche Math.-Ver., 7. 26, crp. 114—
128, 1917; cM. Taxxke S. Sarantopoulos, C. R., 1. 174, crp. 592,
1922; P. Montel, C. R.,, 7. 174, crp. 851, 1220, 1922; Ann. de
PEc. Norm., cepus 3, 1. 40, crp. 1—34, 1923.) Mpn k=2 npume-
ngem 135, rie noaoweno L=0. Mueem :

Al —z4- ) =v—,— 1)z,

i
OTKyAa TNPOM3BOAHAS  CHCTEMA COCTOMT M3  TOUKH ‘31 ¥ u3
a— L.

(v — 2)-KpaTHOW OeckOHeuyno ynajleHHo# touxu. llosTOomMy BHe kpyra

V2
Izl>v2——1

HE MOTYT COJepKaTbCA BCe HYyMn dyHKumn 1 — 2 ¢z,
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ITpu k& >2 HeoOXoauMO TOBTOPHOE MpHMeHeHHe TeopeMbl 135,
T. e, NojHas uHAyxuus. OOO3HAYUM paccMaTpUBaeMBIl MOJMHOM Yepes

J(2). Torna
Af (@)= —(p— D2 (g — V) & ... - (g — v y) 2751,
[To kpainel Mepe OAH& TOYKA TPOW3BONHOH CUCTEMBI JIEXUT B Kpyre
V3 Vs Vi—1 Vi
< (et )R
i
—1

JYYawIeMycsl YPaBHEHHIO OTHOCHTE/bHO # MPeANOJOKEHHe HHIYKLHH.
HNmeem

(=202 (-] "<
R R et

3aMeruM, uto (k- 1)-uneHHBEIl NMONTHHOM
k
(1-—%) I

o0nafaeT eNMHCTBEHHBIM HyJeM K.
150. [J. H. Grace, 1. ¢. 14B, ctp. 356; cMm. Takxke P, J. Hea-
wood, Quart. J., 1. 38, crp. 84107, 1907.] Iycts

f(z)zao—'“(n—l-l)aﬂ—l—(n;1)a222+ o Fa,_2rt

-— YIPOK3BO/JHAA PACCMATPHBAEMOTO MOMMHOMa. Torna

YroBbr yOemuThes B 9TOM, 3aMEHAeM Z HA - 4 W TPHMEHSieM K I0-

j f(&)dz=ayb,_, — (n—{ 1)a1bnr2+(n ; 1) Upbyz—+ o
T (=D ta, =0,

roe by, by, ..., Dyp_y COXPAHAIOT TMOCTOSHHLIE 3HAUEHMA I BCEX [OJIHA-
HOMOB f(2), T. €. HE3ABUCHMO OT U3MEHEHUS KO3(DMUUMEHTOB &y, &y, ...
ey @y_y. TeM caMbiM nOTUHOME (n— 1)-1 cTemenn f(2) u

g@="bo+("T oz ("7 o+ . 0t

AnONAPHEL, $iBHOE BuIpaXkenue N g (X) MojyuyaeM, HoJaras, B YaCTHO-
cty, a,=(— 1pxn-1-v, 1, e, f(2)=(x—2)»~ 1. M3 pasencrsa

g(x)= f (x_z)n—l dz = (x-——a)”—;(x_‘_.b)ae
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noAyyaeMm HYIHU CI)YHKLLH‘I/I glx)

- - N
=20 it g™ =1, 2, ),

[Tpumensiem Tenepn 145.

151, [Cm. G. Szego, 1. c. 145, crp. 35.) Ecom v =10, 10 mmbo
MEXNY HYyMaMd f(2), aub0o Mexay ayasmd g (2) LOMKHO COLEPKAThCHA
z=0., Torma yreepxaenve sqcuo. (Iaa 3, =f= ... =8, =00
Hy®HO TnoNokHT, kR =0: 0.co HeonpeneneHno.) AHAJOTMYHO pac-
cykIaemM M npu y=o00. llyctb Tenepb ¥ 0, co. Torna nosuaomsi
f(z) n 2"g(-—~vz~') Oyayr anonapusl. CnenosarenbHo, Ccpelu

Hyledl TocaenHero, uMeHHo —7v3; 0 (v=1, 2, ..., n) (npuHuMdem
— 40 =00, —y-00"} =O) cornacso 145 no Kpaﬁﬂeﬁ Mepe OAuH
nexur B8 K, T. e. — By =

152. [151]

153. (I. Schur, cm. G. Szego, 1. ¢. 145, crp. 37.] Iycrs
! — nepeceyenne BCeX 3aAMKHYTBIX KPYTrOB, COLEPMALIMX HAYaI0 KOOP-
nuHaT U Bce Hyan dynkuuu f(2). CornacHo 161 Kamawih Hyab ¥ KOM-
MOHUPOBAHHOTO MoOJHHOMA MMeeT ¢opmy Uk, roe 0.8 1, a & aexur
8 K. Ho rorpma ¢ nomxso nexartb BO BCeX K, CIeLOBATENbHO, TaKKe
B &. |

iB4%. [[To nosomy moctaHoBku Bompoca cM. Laguerre, 1. c. 1,
crp. 199—200, 1898; G. PGlya, Interméd. des math.,, r. 20,
cTp. 145~146, 1913, G. Szego, 1. c. 145, crp. 38 u J. Eger-
viry, 1. c. 14b.] 3amenseM g(2) nHa g(b2) wm g(— b2), cMOTpA
no tomy, OyayT mu Hyau g(z) nexars 8 —5b, 0 nav B 0, b, sarem
npuMernseM 153.

i55. [E. Malo, Journ. de math. spéc., cepus 4, 1. 4, crp. 7,
1895.]1 Cornacno VI 85

n

an(z)=1+(’;)zz+(g)zz?+ +(n-—-1)2znm1+z”=
== 2P (1),

F4

rnie P, (x) obosHauder noaunoMm Jlexaunnpa rn-ro nopaika. [Hostomy
Q,(2) umeer mmmb oTpuuatesbHeie Hyau [VI 97]. ‘Komnonupyem cha-
uana nepBeifl momMHOM ¢ Q,(cz), a 3areM noAy4aAWUWHHCA [OJAMHOM

ao+(?)alz’+(g)a22‘3+ cen a2

CO BTOpPBIM, B KOTOPOM HeOOXOLZMMO 3aMeHHTb Z Ha dz, npudyeMm ¢ u d
BLIOUDAIOTCS TaK, YTOOBl BCe HYJM COOTBETCTBYIOWHX TOJAHMHOMOB JI€XaNH
B uartepsane — 1, 0. [lpu stom B ofoux cayuasx npuMensem 153,
feps 3a & B NepBOM Cayuae BEPXHIOW, BO BTOPOM — HHXKHIOWO (3a-
MKHYTYI0) MOAYIAOCKOCTb. TOra NOAyyaeTcs, 4TO HY/AH PACCMATPUBAEMbIX

18 3ax, 1127, T. MMoma u Iy Cere
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MOMMHOMOB JI&XAT BCE OLHOBDEMEHHO B BeDXHeH M B HINKHeH 3aMKHyTOR
MONAynJAOCKOCTH. Beirexaer Taike w3 154 ¢ IBYKpPaTHLIM NDHUMEHEHHEM
TeopeMbl 65.

i28. [I. Schur, J fir Math., 7. 144, ctp. 7588, 1914.] Jloxa-

34TeNbCTBO BENETCH aHaJOTMUYHO 155, npryeM onupaeMcn Ha TO, 4YTO
nosunoMul [VI 99]

2h—1

+(1)5+(5)5+ - +(n_1)(n_m+m

¥MeIOT JIHIbL OTPULATENbHEE BelleCTBEHHbIE HY/H.
12\n
157. Tak xak Hyau BeIpakeHus (1 —}—72-) JeXAT B NOAYHAOCKO-
cti 32 >0, TO HyAM TONMHOMOB

n\ z? n\z4
1““(2)}?3‘1‘(4)7174_ co. —>COS2

~ getecTennsie [l 25]. HannMaeM Bo Buumanue I1I 203.

dzy
JUIL  BewlecTBeHHbie Hyau (B8] w opy (pHKCHPOBaH‘-IOM v A A= 0O
e
dz"

dv 22\n
152, YTBepneuue BhITEKaeT U3 TOr'O, YTO (1 -—-7{) © AMeer

B KaOXLOH KOHEuHOR O0GnacTH CTPEMHTCR K

Courant, c¢rp. 63 ) [l 203]

£59. a) [A. Hurvmtz Math. Ges. Hamburg, Festschriit, crp. 25,
1890.] |

22\n 23— 4n2
(Ml)n(l_*“m) Pn(zz+4n2)m

n\e f z\4 n\d [ z\4 <n2"zG_
=1—(7) (&) +(3) &) —(5) &)+
P, (2) uMmeeT nuiub BELIeCTBEHHLIE HY/M, JleKallue B WHTepBase — 1, -1
[VI 97].

O Lo(5) =1 —sTgHgrma(! __;1_),
T 2~11-.6.z.52.4.6 (1 "“”,17)(1 —“721-)%— ey

L,(2) wmeeT JgMwb BelleCTBeHHbIE TNOJOKHTeNbHbBEe Hyau [V] 99, pe-
weHue u)j.

B) CieayeT u3 cOOTHOUWeHHUS

Hurwitz-

™

f an . 2nl
J sin$—iz VI1+ 22

-1

) Fypsuu, crp. 9L
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[HI 148]; nocpeAcTBOM n-KpaTHOrO AU(pdepeHUUPOBAHUA U 3aMeHb Me-
PeMeHHEIX NoJayYaeM

™

1 i1z sin 9\~ "1
o (1+ n) 4% —

-1

k14

~h(—ET Q)T [

-—TC

npu #—00; Q,(2) ectb pacCMOTPeHHBI B pelleHUH 56 [OTHHOM,
0012 NaI0IMHA JKHIIb BelleCTBEHHBIMU HYJISMH.

r) [oayuaem us I 205, nonaras f(£) = (1 — £2) 2.. a), 6), B) omun-
palTCs HenocpelCTBEHHO, ') He HenmocpeacrtBenHo na i 208.

i160. [G. PS6lya, Toéhoku Math. J., 1. 19, crp. 241, 1921
TMonowum \ \ '

n=1, ya~1\ A e
d ( z ): Qn(2) e R, (2) o

Az \z0 — 1 (22— 1"’ "

Torza Hy M NOAMHOMOB @, (2) M R, (2) pacnonaraioTcad Ha g ACXOAALLMX
W3 Hayala KOODAMHAT Jyuax, HAEJAMWMX BCIO TJIOCKOCTb Ha ¢  PABHBIX
yrA0B, M3 KOTODHIX OIMH NENHTCH NOJOKHTEJbHON BelleCTBEHHOR noay-

ocbio nonoiaM [69]. Ho nyan dyuxumn F(2%) nexar na Tex xe Ayuax,
27:1

w80, nojaraa e 7 = W, WMeeM

5 ey el Ln«{»qk)\ PAL
Rya(2) e " (R (RN
nl _ - 2= q —q+1
_ N gntl g2 gk P PR,
§q<n+1> orn o rers ) )

g_k.) zqk 2 zqk g
(144 (qk)r";o(qk)r-’“(z)
npn n->oo (Il 203]. Bropoe noxasareibCTBO ONEPUPYET AHANOTUYHO

¢ Q,(2).
§60. [G. PGlya und 1. Schur, J. fiir Math., 1. 144, crp. 89—
113, 1914.] Tonoxum

O L (B Y (B B

Mmeem ]1im P, {2) = g(2) passoMepHO BO BCAKOH KOHEYHOU 00NACTH.
i~ 00

18*
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162. [J. L. W. V., Jensen, Acta Math., r. 36, crp. 181, 1912.]
[lycTb pacCMOTPEHHBI B NpeawiiyuleM pelueHHH MOJWHOM

k(z)—%k—l—am —l—a% 4. —i—a'”" A S
Torma [Hurwitz-Courant, crp. 61—64 *)]

im a,;, = ay,,
k—=>oo

M NOJHHOM
Ak dz azk dzz"
a2 ~§— + <7 4 .

n 'n
— aOkzn +( 1 ) alkzn—l + ( 9 ) dzkzn—g+ veoe + ay

¥MeeT JWWb BelwlectBeHHEle Hyqau [63]. [locpeacTBoM mepexoma K mpe-

neay npu kB — oo [II1 203] u 3ameHE z Ha —  ToayuaeM, 4TO Hyaw

paccMaTpuBaeMBIX TOJHHOMOB BeulecTaeHHB. Yro oHH, KpOMe TOrO,
[MOMOXKHUTEJbHE, BHITEKAET M3 TOTO, YTO B Pa3NOXEeHHW

gl—)=1—2 422 .

BCE KO3(DGMHUHEHTH, OUEBUIHO, TONOKHTENbHL, CTAAO OBITH,
a, <0, a,>0, a;<0,... [47].

163. 11z 161, 55 (c HexkoropeiM usmenenuneM) u [l 201 Burexaer,
4TO HWH OIHA INpOU3BOJAHAA 0T g(X) He olOpawaercd B HYJb B HHTep-

Bane — oo < X < «,. Orciona, Kak ¥ B 72, 3akauyaem, 4TO PasHOCTL
g(x)—a T O L I
& ST (n— 1N

B WHTepBane — 00 < X< @,;, KpoMe Toukn x =0, Hurze He oOpa-

waercs B Hyab. CnelosaTesbHO, 3HAK ee COBNMajaeT B MHTepBage ( <
< x < @, €O BHaKoM g, [I 144].
164. Brpaxenne ,

oo

g=% = —2: f e~ % cos 2zt dt
V= §

MOXHO pAacCMaTpPHBaTL K4K Tpeles] [AOCAeNOBATENbHOCTH TMOJHHOMOB
J¥illb ¢ BeluecTBeHHbiMM Hynamu [168]. Otciona caenyer [63], ecau
p >0, uro

d2e=%
dz2

g% — p

— Q_Ie"t“(IQI—t}pt?)costtdt
V= g

* Typsuu, crp. 88—92.
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uMeeT JUINbL BeliecTBeHHble Hyau. [loropsas sTo paccykienue, npu-
XONMM TOL 3HAKOM MHTerpana K TNOJKWHOMAaM, 3aTeM, [ePeXold K rpe-
neny [161], x g(2).

i65. [L. c. 161] OnpenenHM UeJioe YHCI0 /1, rax, uToGw, mo-

naras B+Bf1+{3 . —’qu = B, Mbl umenu B Kpyre |z{<k&
[T S
Toraa

k m
L 22 Bpa\"k zZ 4
llm(l——-a——) (1———i‘») (l—w)...(l———_)::(}(z)
k> co k M B1 Br
PABHOMEDHO B KAXAOH KOHeuHOH oB6aacTy.
166. llokasuipaeM, kKak B 162, uTo NOJMHOM

1+(?)b1z+(g)b2z I

JIMeeT /ML BelLleCTBEHHblE HYJH, ﬂOSTOMy,_eCﬂH OH B TOYHOCTH CTe-
MeHu H, y Hero He MOTyT o0pallaThCd B HYJAb ABA COCeAHHX KO-
duurenra [49); (G (z) rTpaHcueHleHTHa; onpelenieM n > m-F1 rak,
yrobsl b, # 0.

167. Tlo npennonoxenmo, B,<<0(v=1,2, 3, ...). Tlycm

]/k >n ]/cz TIONOMHM

(=) (=)t =5) - (1 —F)=ac.

B=B—487"+8"+ ... 48"

Ilpn nepexone OT ypasHeHUs

ay+ a2+ a2+ ... +0a,2"=0

K ypaBHEHHIQ

ay+ a8z age®B22 - ..+ aenBan =0
YUCJIO MHMMBIX KOpDHeH He U3MeHAeTCs, -4 INpH IdajbHeHIHeM nepexone
K YDPaBHEHHIO

3QO)+ a,Q(1) B2 4 2,Q(2) 4522 |- .. -+ 4, Q(n) eV 2P =0

0HO He BO3pactaet [67). Tenepr Gepem & — co [l 201].
168. dyuxnus

W;—Fl—):em(l —l—%)e—%.(l +—';—)e—% (1 —{—%)e_g

uMeeT ¢opMmy 165, ¥ Hymu ee OTPUUATENbHBI, TaK KaK MOJAHHOM:

(==~ 3 ()
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-1
<
MMeeT JNMIb BEUIECTBEHHbIE HYJH, TO [167, G(z)——-[l" (§"+ ])] ]
TO XKe OyReT CnpaBelqyBO M IS TNMOJHHOMA

1"il) T I‘(Ql) 11( ) + 11(3)2!(2)4 (1—“;1;)——...—-)4,(3)

npu a—co [l 203]. Kax BUAMM, 65 eCThb TaKXKe uacTHbY ciyuait
Teopemul 167. : :

169. [L. c. 160.] Ecan ¢-—uenoe NONOWUTENBHOE YKCAO, TO
OTHOLIEHHE

'z+1 =G (2)

Lgz+1)
npencrasaseT cobofi ueay ¢GyHxuuio, u60 NOMOCH YUCHUTENS — ~g~,
2 ] 2
—7[], ... COLEPXKATCA MEXAY NONOCAMH BHAMEHATENAS — —, — —,. ..,

apuueM (GyHKUMA MMeeT (opMmy 165 [pemenne 168]. 'Hpnmel-mem 167
Kk 9To#t dynkuuu G (2) ¥ K MNOJHHOMY
1

(1+%)n=1+%+§(1—;)+...

3atem Hepem n— co [III 203].
170. [G. PGlya, Messenger, . 52, ctp. 185—188, 1923.] Vmeen

o) ok ot ]
aF (2= Y, (—1)¥ 2 o5 Je—t £k gt =
k=0 0

e T (k1)1 (2]
“2(_"1)” 1‘(2k—£1) )

k=0

IIpumensiem 167 k nosnuHoMmy

(1—%)= Z( D (t—1) - (15
H K LeoH GyHKUuuU
"z +)r(557)
I'(z4-1)

(¢ =2q, g—uenoe). 3arem nepexoaum k npeneny |[III 203]. Pyux-
LK G(z)—-uenaﬂ. 100 NOJOCH

—2, —4, —06, ...; —1, -—(1+2q), —(1+4g), ...

UHCAUTENS CONepXarcd MewAy nojwcamu — 1, —2, —3, ... 3Ha-

MeHatens; Kpome Toro, (i(z) mmeer dopmy 165 [pewenue 168]. PyHx-
— Pl

= G (2)

, Ly o~
uus Fg (z)==—1—/2—-e ¢, BooOWIE HE MMERT HyneM.
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f70. Ecoim a#2, 4, 6,... u x crpemurcs K —oo, npoberas

Belie CTBeHHB &€ 3HaueHus, to lim x*+1F (x)==0 [l 1564]. Tloyuyu-
T >0

TeabHo, 4ro Qyukuus F,(X) npu o == 2 uMeeT GeCYMCIEHHOE MHOXEeCTBO
Hyae#t [I. ¢. 170]; Takum oGpasoM, npu a=:4, 6, 8, ... OHa uMeerT
fecuyciieHHoe MHOMECTBO BEUIECTBEHHLIX HYJeH ¥ HU OBRHOTO MHUMOTO,
B IPYIHX e Clyyasx — KOHeYHOe YMCJIO BelleCTBEHHBIX H GeCUUCAeHHOE
MHOKecTBO MHUMBIX. Cm. III 201.

172. [(Cauchy, Exercices de mathématiques (anciens exercices),
1826, Oeuvres, cepus 2, T. 6, crp. 354—400, Paris, Gauthier-
Villars, 1887.] ‘

a) JA. Hurwitz, 1. ¢. 169.] 3a uckmoueHueM kopHa z=— 0 peusb
MIeT O HyJAX MeDOMOpQHON (yHKLHUU

1 . 1 I 1 1
ctgz— = iim (St o F ettt

n—>0co
L1 1
Tt

[Ton sHakOM Mpenea CTOUT IPaBU/bHAS NDOOHO-PALMOHAILHAS (BYHKIUS,
YUCAUTEJNb KOTODOH HMMeeT CTeleHb, MEHbIIYH WIH PaBHYW 21— |,
Mexny 2n HyIaMU 3HAMEHATeJ JEXUT 2n— | MHTEpBAaJOB, W B Kax-
IOM Y3 HUX COIEepXUTCA MO OLHOMY Hyaw uucaureas [26]. Crenosa-
TeJIbHO, UMCIWTENb B TOYHOCTH CTeneHd 2n-—1 U He UMEET MHHUMBIX
Hyne#t. Tlepexoaum x npeneay [III 203].

6) Mmeem

1
2~2c0s 2 (tg 2 — 2) == f ¢ sin 2t dt.
0

Teopema Il 185, oTHOCAIMasgcd K MOJWHOMAaM MO KOCHHYCaM, MOXeT
GuITb pACIPOCTPAHEHA W Ha TOJMHOMBl IO CHHYCaM (LOKa3aTeabCTBO
tTo xe). OTciona MOCPeACTBOM NpPeAeNbHOTO IEepexola nojaydaeM aHajor
teopeMul [l 205, xoTophil M npuMeHnsaeM K HMHTErpany B NpaBof 4acTH.

B) Mmeewm
1

22-%cosz(lgz—2) = f(l—-—t’l)cosztdt.
0

Teopema 173 nossonsfeT yTBEPXKNAThb, KPOME BELIECTBEHHOCTH, TaKXke
CyllecTBOBaHMEe OECKOHEYHOrO MHOMXECTBA HYyJeH, |
173. /IByKkpaTHOe HHTErpMPOBAHKHE MO YacCTAM AdeT

1
22F ()= zf(D)sinz— f (0) (1 —cos 2) 4+ f f7 (&) (cos z —cos ) df,
OTKY/d BHTEKaeT

Fl@m—18>0, F@mm <0 (m==1,2,3,...)



280  PELIEHUA | [174

CNeLOBATEIbHO,  CYLIeCTBOBAHWEe  OECUMCAEHHOTO  MHOXecTBa HyfeH.
Mimeem F(O)> 0. TMostromy npaBuabHas APOOHO-PALHOHANBHAR YHKLUS

n I (—nw) F(—2m) F(=m) F(O) F (m)
=) z+nn Zopam T 297 zd= + z—wm—}_

+ 28 LD

UMeeT 2#-— 2 BELIECTBEHHMX U caMoe Oojbliee 184 MHHMbLIX HY s

FA2) e, 111 165), To [ 201}
sin 2

F(2) aub6o wHe umeeT HM 04HOTO, JubO wMeeT BBa MHUMLIX Hyad. Ho
F(2) ectb ueTHas ¢yHxuug, ecnd Obl OHAa HMENd POBHO JABa MHHUMbIX
HyJs, TO OHH OblaM Obl YHCTO MHHUMBIMHM, ONHAKO AJA BEILECTBEHHOrO ¥
UMeeM

fcM. 26]. Tax KaK OHa CTPEMMTCS K

yt -yt
Fap= | 1S5 ar>0
0

174. Jocratouno paccMoTpeTh cayuah f‘cp(t‘)]dt<l [11T 203].
4]

o (7)<,

Torza nng nocrarouHo GOJLILIOTO geJjaore n

o) 2o (E)+ -

CJleloBaTeNbHO, (yHKUUS

. -——I—-QP(n:l—l)Sln (n—;l)z

n

He HMeeT MHUMBbIX HyJe#. [JJOKasmiBaeTcs TeM XKe PACCYMIEHHEM, uTO
u 5 27.] Teneps n— oo [III 203).
§79. Ocrasasa B cropone Tpanan_be(ﬁ cayuait f(1)=0, nmeem
; |

z
f(l)

ff(t) cos 2t df = sin 2z — IJ,:((I)) sin 2t d¢ [174].
0

176. Monyan unenos pasa HenmpeprlBHO BO3PACTAIOT OT HAYAJLHOTO
yleHa 1 10 MaxKCUMaJ/JbHOrO 4YjeHa M 3aTEM OT MaKCUMAaJbHOrO ujeHa
3O OeCKOHEYHOCTH HenpemeHo yowator [I 117]. IlycTb 7 — nenrpans-

e
Hblfl HHAEKC, T. (—x)"a™™ o6osHauaeT MAaKCHMAIBHBIE YAeH A
2=—x, x> 0. Torﬂ;a Ha OCHOBAHMY BHIIECKA3aHHOTO

(-—H 1) F(—— )'_' xna#n --———xn—la—(ln—l)ﬂ_}_xn—-?.a-(n—z)a__
N ——‘xn-{-ia‘(n+l)3+xn+2a_\x (R2)? .. -

~ XPa 1 e xh-lg~(B-1)7 o i 1a-(n+z)=?
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Ecin x = a*?, to n—uenrpanvurntt unnexc [III 200]. Tlonyuaem
(— D' F(—a™>a" —2d4"" 2 0.

Te e coobpaxcennsi C COOTBETCTBYIOIUMMH H3MeHEeHHIMH pacnpo-
CTPAHAIOTCS TAaKXe Ha UYaCTHUHBIE CYMMBI

9 7
Fal—x)=1— 24— (= D'
HAXOMANM
Fo(0)>0, F,(—a?) <0, F,(—a9)>0, ..., (—)*"Fp(—a®) >0

(BO BTODOM HEpaBeHCTBE NPU n=—= 2, ¢ ==2 3HaK < CJAelyeT 3aMeHWTDL
3HAKOM ==), OTKYZLa BHIT€KaeT, uTo F,(x) uMeeT JMllb BelleCTBEHHbIEC
M TPOCThle HYMA W TNPUTOM DOBHO NO ONHOMY BHYTPH KaXAOro Wu3
uHrepsanos (— a2, 0), (— a*, —a?), (— a8, —a?), ..., (—a®**, —a¥-?),
[Mepexoas x npeneay [l 201], nonyuaeMm TpeOyeMnlit peay/abTaT OTHO-
curensHo F(2). (Cm. 111 200.)

177. [Cu. G. PGlya, Math. Zeitschr., 1. 2, crp. 355—358, 1918.]

Ilpeobpasosanne noauwnoma p,—+ p,2—+ ...+ p,2™ B IOKasaTesbCTBe
teopemn! Il 22 mnpencrasagser coOOK B CYLLECTBEHHOH U4aCTH CYMMHPO-
BaHWe NO yvactaM. <PyHxuug F (2) He uMeeT BeUIECTBEHHBIX Hyned.
IMycts f/(£) >0, 2=x-+iy, x>0, y >0, e¥f(f)==f, (¢), crenopa-
TeJbHO, Takxe fy(f) >0, f;(t)>0; nycth, najtee, 0 <t < 1. Hnre-
TPHpPOBAHME MO YacTaM naeT

1 ]
WF (@) —iy [ fiye* at=f@e” — O — [ fiye™ a,
K 0
OTKY A4

1 T
yIF@ |+ | [ @O at|> no—n0)—| [ fiEe" al.
T 0

[TpaBasm uacT, paBHa "f; (t)dt-«)ff; (t)eiytdt' U NpH BO3pPacTa-
0 0

HUM T BO3pacTaeT [111114]. Bropo#t uien B neBo#t uactu npu T —> ]
crpeMurcs K Hyao. [ostomy y|F(2)| > 0.
178. Umeen.

z 1 1
4 fe-“’du == LJ‘ e—2tt 2 (df,
2, 2
0 0
1

Tak xak £ ¢ y6usaer, To [177] B 06aacTH R(— 2L 0 He consp-
WUTCR HYJIER, .
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579. Vnmeenm

_)

T ey (u+1)(u+2)(r»+3>+

N A LD ) N 2
E T(ndp+2) Z f’f“"—f)d’f

ﬂ 0

— [g"’(l B t——j CWE - dt; w1
0 |

Ho 8 wunreppane O <¢ <1 d¢yukunsg ef(l -—¢) Bospacraer (npozug-
pepeHuuposath). [losromy [177| Hynu psana

npa w >0 JexaT BCe B MOAymJIOCKocTH Rz > u,
npu — 1 < p < 0 nexart Bce B noaynnockoctn Rz < o,
npd p.=10 nexar Bce Ha npsmolt Nz = 0.

B nawe# sanauye u==rn eCTb LEJOE YHCIO.
i80. a) (G. Pdlya, Ens. math., 7. 21, crp. 217, 1920.] Onu-
paemca Ha CleAyiowyio Baxhywo teopeMmy [l Schur, Math. Ann,
. 66, crp. 489—501, 1909): xopuu w,, ®,, ..., ®, YDPaBHeHUs

z—'—all ‘_“alz . e _aln
""_a21 Z—a22 " 0 _azn _ 0
—Qp T lpy e Ay

YAOBAETBOPSIOT HEPABEHCTRY o
n n
|0 P o 2. “I‘lwnP 2 giakp(g

Orciona, o0603Hauas HyJAU MOJMHOMA

o+ 0,2+ @22+ . ..+ a,2"

uepes Zyn, Zapr « - o» Zpp NOAydaem [VII 11]
1 1 | |
Izln[2+lzznla+“.+lz |2\<
< 2( ‘7'1 ‘32 : Bp—1 ) an |2
< &g + + Sy An—3g + Ap—1,

[Tepexonum k npeneny [l 201].
6) |G. Vallron Bull. Darboux, cepus 2, T. 45, ctp. 269, 1921.]

lonaraem |a, ,a-t|==1[, n=1, 2, 3, ... Tax kak lim [, =co, 10
_ 7> oo
aoapacmxomyxo HOCHE,H.OBaTEJIbHOCTb s Ly lm, lnp, coad

by Sl S g S 100 Ky G ove
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Umeem

% | | 4 —1 92 3 ..
‘a' I 1112'--1p<lnllnz---lnp (p ’ ’ ,-f-).
Ofosuaunm  deped M (r) MakcHMyM |F(z)| npu |z|<r u uepes
W (r) — MaKCHMaJbHBIA wien BCIOLY cxolsuwerocs psia [IV 29)

|0;0|——1— 1%l 0, z~+—‘,m§n|2 Pt =D (2).

W3 npeanonoxenud, coorpercrsenno us 1V 37, IV 54, IV 38, suirexaer
NMOCAENOBATENBHO CXOAMMOCTb BbipaKeHHH -

p=1

fp(r)r'3dr, J'@(r)r'adr, J'M(r)r"aa'r, Elapi"z.
1 1 1

3ror cnoco® [oKazaTeNbCtBa, B NPOTUBOMONOKHOCTH HM3NOKEHHOMY
B 1. 4), MOXeT OblTb PACIPOCTPAHEH HA NOKA34TENH, OTJHUHBIE OT ﬂByx

188, Her. Ilpumep: f(z)_(zd—~4)el”, f’(z)m-—z(z%—-—l)e“.

H. M. Macdonald (Proc. Lond., M. Soc. t. 29, crp. 578, 1898)
YTBEPKLAA MPOTHBONOJOIKHOE *),

i82. {G. Polya, Arch. der Math. u. Phys., cepus 3, T. 25,
crp. 337, 1917. Pewenue—H. Priifer, Tam we, cepus 3, 1. 27,
ctp. 92—94, 1918.] Ilycrs H'(x)= g(x). VYrsepmlienue sanauy -
CONEP:KUTC B caelyoollelt, ©Gonee TOUHOH, TeopeMe €CAH TOJIHHOM
n-# cremend g(x) MMeeT JIMWbL BeIECTBEHHbie Hyad, TO G (X)=

= [g(x)]?~} g’ (x¥) nmeer camoe Goabumiece n—+ 1 BelleCTBEHHBIX HyJeH
(2n >n~-1 nna n>2). Iycts X, X, ..., X; — DasJHuHblE HYJIU
noJMHOMa g (x),

g(x) = a(x—"'xﬁml (6 —2)"™ o (x— )"k

a) Hyneft G(x), aBia0uxcs ONHOBPEMEHHO HyasMu g(x), 6yler
n—~k.

6) BewecTBeHHE! HYJb G(x) He sABASIOLIMHACA HyJaeM g(X), yLO-
BJETBOPSET YDaBHEHHIO

I a 2 4
Eo=—1 nm (——) £ — ..
g g a

Ecaun, craenoBateJbHO, uUMeercs NO KpaiHeh Mepe OOMH TaxkoH Hyab,
TO a-—BewlecTBeHHoe. Ho Temneps

¢ (5 -5 (4 -

o my _ my o my g’.)'d
T w;wm txmﬁﬂ:°f(w—mﬂ_(g,<o°

e ———

*) BTuM BONPOCOM 2aHRNAACA yKe Jlar epp oM Qeuvres, T da
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Hymn g(x) pasGusaioT BGLU.&CTBE:HHYIO ocb Ha k-1 HHTepBa.ﬂOB.

B xaxiloM W3 9THX WHTEpBAJOB KPUBAA V== g (x)[g(x)} MOHOTOHHA
W rnepecexkaeT npIMyw y=—=—1 camoe Ooabwee oxud pas. Takum
o6pasoMm, oOfliee KOJAMYECTBO NepeYHCHeHHBIX B N1. a) ¥ 6) HyxedH
nomiHoMa G (x) Oyser L (n— k) k-4 1.

I83. Mmeem

Ag)"‘p(k’ ;) B ’”Q(k’ }z) Cn = R(k’ 11)

BripaxeHne s B ocraercs B cune Taxke NpH HeleblX 3HAYEHHSX
k>m—1.
184. Umeem

Q (2, 0) 1 ¢

o T =) (-2
[0} )

1

X Xe=1e, IR

®
T —(;+1 o ve e
) F(lizfm_‘))r(“a);)(*l)a Ja—n=T =
Hanee, “ L
I Y R = B

npu o > 0, Rr < 0;

. I wjz | : g;_; 1
f_(z‘:))m):T((lwm)g)_#z_)})pﬁ(ijof 1 ]‘_)dl‘

w

npu o >0, Re > 1+ (m— Do;
Pz, &)= fe*tt"‘_”——jf(—— ot) dt

H=5)s
npu ® >0, Rz < 0. _
iI85. [Cu. Laguerre, 1. ¢c. 1, crp. 23; G. PGolya, sanaua,
Arch. der Math, u. Phys., cepus 3, r. 24, crp. 84, 1916.] Tpu
HepaBeHcTBa nepBoro croabua mnoayuawores us 183, 38, 8, uetnipe
‘oeTaNbHLEX - 1n3 184, 80 (samena nepemennux!l), 24.

4
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_ 186. Mo yxe npenmonoxuiu, wro @,,=0. [lycrs 3andch o3
03HayaeT, YTO BEU[ECTBEHHbIE YHCNA o« H 3 WMElOT OJMHAKOBBIH 3HAK.

Torna

f(— 00) || P (— o0), F(O)|IR (0),
f(— o) |Q(— 14 (m— 1) w), F(c0)[| P (co),

f(—1) ||R(—o0), F()[Q(+o0),

f(—o) (— DR+ (m—Dw),  JHF)RA A (m— 1) w),
F(0)]| P (0), J(— DI (—1)"R (4 o).
F(0)[1Q(0),

i87. [Laguerre, 1. ¢. 1, crp. 13—25; M. Fekete und
G. P6lya, Rend. Palermo, 1. 34, crp. 89—120, 1912; E. Balint,
Diss., Budapest, 1916; D. R. Curtiss, Annals of Math. (2), . 19,
crp. 251—278, 1918.] 1 cnenyer us 38, 2-—u3 34, 33, 32, 3—u3
183, 24, NI 201, npruyem npuHkmMaeM BO BHUMaHUe, uto P (2, w), Q(2, w),
R (2, ®) HeNpPEPLIBHEl OTHOCHTE/bHO ® M HYTO

Pz, 0)=7@. Qe O=(142"7 (=), Rz 0=1—2"7(;%).

BTopasa U3 JOKa3aHHBIX TEOpEM TEOPETHUECKH ITO3BOJSMET TOYHO oOMnpe-

lenuTh uucao Hyne#t f(2) B unrepBase 0 < x < 1. Yrto sror Meron
nacTo ObiBaeT NMpakTUYECKH TOJe3eH, TOKasbBaloT 3afauu 46, 46.

i88. (G. Pdlya, 1. c. 80.] iz dopmyau

w

T E Rl
w\ W w - o

— [ J(e“)'“’, m)e'l (2—muw) dk,
0

cnpaseqmBoft nas Mz > mo [VI, § 9, surexaer Q%Sﬁ,,gi‘;(‘) (80, 24];
U3 aHaJOTUUHON (POPMYJIbI

(__l)mm!f("—?!) :mjf‘o Mo e —\z
£(£;1) | (i-m) emmes e wemdl,
o\e ! T\ e 0
00

N ‘ 0
cnpasenauBofl nas Pz > 0, BorrekaeT TakuM ke 00pasoM Fooo L Ji

0
HAKOHel, W3 onpejenenus J(z, w) caenyer [36], uto J_. He mpesoc-
XOLUT YUCAA NlepeMeH 3Haka B mocaenopateabHocT! f(0), f(w), ..., f(aw).
3aMeyaeM, HaKOHel, uTo (cM. pemeHue 186)

f(—o0)[(— D™ (L, ), FO)(— D" (400, @)[|J(—0c0, w),
fim )| 7O, «), J(Hoo)[[/(1, ).
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I89. Haxonum [188] .
J(1, ©)=A"f(0), J'(1, &)=—mA"F(0), ...

Orciona paccMarpuBaeMuifi monuHoM pased J(1 —z, o).
190. [H. Poincaré, C. R., 1. 97, crp. 1418, 1883; E. Meiss-
ner, Math. Ann., t. 70, crp. 223—235, 1911.]

_J@ 0+ 2"
J@ ==

Bribupaem k& mocrarouno Goabmium [187, 3].
191. Vciosue nocrarouno [30]; s mOKa3aTenbCTBA HEOOXOIMMOCTH

BblOHpaeM P (x)= (I +x)k, rie R ﬂOCTaTquo Beqvko [187, 3).

| L

(P (x) T2 bx) UMeeT
He Oojee MHUMBIX Hynel, ueM P (x) (ﬂoxasaTeanTBo, kak 8 B58). Hua
JIOKa3aTebCTBa HeoOX0MMMOCTH BEiOupaeM cHavana P (x) == 1 - ex, noay-
yaeM, 4to (1 4-ex)f(x)+=2 u f(x) [e-—> 0] uMeIOT MUIIL BellleCTBEHHLIE
Hynu. 3ateM BeiGupaem P (x)== f(x); TOrza NPHXOLMM K BaKIIOUEHWIO,
yro creneHb f(x) pasna aubo wymo, nubo enmmuue. B nocnensem cny-
Hae, KOrLa, cTano OwiTh, f(x)==a-—bx, nojaraeMm cHosa P (x)== f(x),
Toraa Beerna (@-—bx)(a-—bx)—b >0 npu <0,

193. (G. P6lya, sanaua; Arch. d. Math. u. Phys, cepm 3, T. 21,
ctp. 289, 1913, Pemenne —G. Szegd, Tam ke, .cepus 3, 1. 23,
crp. 81—82, 1915.] |

i194. Vurepecyiowee nac suipaxieHue npeicrasaser coGod peayit.-

TAHT NONMHOMOB f(X) w g(x), T. e. pasuo b f(3,)f(8,), rae B, B,—
HyJu TonMHOoMa g {x). Ecan B, ~— ne BewectseHuoe, crano 6uTh, 8, =,
10 pe3ynbTaHT Oyler HeoTpuuarened. Ecmu B, B, — BeuiecTBeHHLe W
PE3YAbTAHT MeHbIIE HYJH, TO sgnf(ﬁl)_—-—sgnf(ﬁz)#o 8]

195. Cayuatt n=1 scen. [ycrts n=2. O6o3sauas HyId NOMH-

HoMa P (x) depes x,, X, X, X,, ONpenessieM @ Tax, MTOOH OblJIO
&+ .
2

a << Xy, f P(x)dx=20. Taxum 06pa3oM, NOCTATOYHO PaCCMOTPEThH

. ‘ a,aH— bw"
192, Yciaosue nocratouno, ubo e

a .
cnyuait n > 3. IlpuMeM cHayasa, 4To nepBule TPH U3 HyAeH X, Xy, ..., X,
nomuHoMa P (x), x, LX< ... L X, OTMMudsl Ipyr oTr Japyra,
X, < Xo < X3. Onpenenum Taxoe 8, utobul Gbiio x; < Xy — & < X%, <
' Zy+8 ,
< X+ 06 < x5 ¥ f P(x)dx =0, sateM a Tax, 4yTobur Oeio a < Xy ¥
L g~ B '
b
f P(x)dx =0. Torna nomuHoM @(X) ¥Me€eT BO BCIKOM CAy4ae HYIH

a
X=q, X==ix,—0, X==x,-+ 0. Ecr4, kpome TOro, n -— HeueTHoe, TO
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CYLLeCTBOBAHHE YeTBEPTOrO BEUeCTBEHHOI'O HyJs nonuHoMa Q(x) obec-
MeYMBAETCH TeM, UYTO MHMMbIe HYAM BXOAST B Q(x) nonapuo. Ecau
tenepb P(X) uMeeT Hy/b KDATHOCTH M > 2, TO NOCTAaTOYHO BHIOPATh
9TOT HYJb 33 @, utolrl Q(Xx) uMen no meHbpuie#t mepe m—+ 1 > 3 Hyae#,
3Hak paBeHCTRa OyZeT MMeTh MeCTO, HampuMmep, IAJ

Py=x(x— 12 (x—22(x—3)% ... (x ~~—n; 1)2, 1 — HeYeTHOE,

Px)==(x—1)2(x—2)2(x—3)2 ... (x———g—)z, 1 — YEeTHOE.

£96. [I. Schur; cu. C. Siegel, Math, Zeifschr., 7. 10, c¢tp. 175,
1921.] TlocpencTBoM nepeMHOMeHHsI HEPABEHCTB

2

1 s
Eﬁ—f}nle ~z, | @

14z, | < 2Max(l, |2, <2 ¢ =1, 2, ...; n)
[l B2] monyuaem '

on : ‘ * g
Ba+zpgome o <L 2[ | f(e®) [ db =
v=1 0

=2V T4 e, P+ 6P+ .. F[aaP

(11 69, 111 122).



OTAEN WECTOMN

NMOJIMHOMbBI U TPUTOHOMETPUYE CKUE
NOJIMHOMbBI

B. 7, (x) umeer dayan cos (2v——1) 5 2 , U, (x) nmeer HyH €08 Y ~—

=1, 2, ..., n).
D, BriTexaeT M3 COOTHOUIEHHH

+1

cos(n -+ 1 = cos & cosnit — sin & sin ni),
sin (7 4 Dt = sin & cos nit 4 cos ¥ sin nih.
3. Beoaum B AuddepeHunaibHEIX Y paBHEHUAX

’ d2 cos nd 2 cosnd d? sin n{)‘
ags. 7 >, Aa9e

x. (Yacruml cayualt rteo-

—n%sin nd

HOBYIO HE3aBHCHMYIO TMepeMeHHyl cosi —
pemel 98; cM. peuieHHe X.)

4. Tlonoxnm x == cost. Tornma paccmarpusaembie WHTerpaibl npe-
obpasyworcq B

™

ton = f cosmbcosnd dd, u,, = f sin (m — 1)0 sin(n - 1)% @9,
0 0
Orcrona

bon=Ulmn==0 T1pu m=£n,

% upu  n > 0.

tnn = lpy

T

tooz'ﬁ, u00=2.

YxazaHHoe B 3414a4e YC/OBHE OPTOTOHAJBHOCTH ONpelenseT foJu-
Hombl T,(x) u U, (X) C TOYUHOCTBI L0 AOCTOSHHOrO MHOwuTeas. Ouo
PaBHOCUJBHO YCJOBHIO

1 ' 1

7y (x) R
[ T/l—v— K (x)dx =0, cooTs. f V1I—xU,(x) K(xydx =0
—1 —1

A48 BCeX MOJAHHOMOB K (X) (n— 1)-# crenenn (cM. crp. 104).
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5. Yactueit cayuait Teopemn 98; cM. peiuenue a).
6. [Jacobi, J. fur Math.,, n. 15, crp. 3, 1836.] Tax xar sce

o T
npousBoansle oT (1 —x%) 2 Hibke 7-ro nopsAnka 06PALIAIOTCS B HYJb
B TOUKAX X==—1 u x==1, T0 43 5, vHTerpupys no yacTaM, Noayuaem

1
2

f F0) i dx = g £ () (1 — )" % ax
R 1 3.5...@n—1 . '
' ~1
Tu |cosnd | L1 (n=1, 2, 3, ...). Pasencrso nocturaercs Juulb

i nd, xpatHeix = [1]. [lance, BTOPOe HEDPABEHCTBO BHIBOAUM [1OCPE] -
CTBOM TMNOJHOH MHAVKUMKM K3 COOTHOWIEHUA

sin(n 1) 8 sin n{}
— cOs At
6 cOs 7t —(—cosf} —5
31ecb PaBEHCTBO [AOCTHIaeTCs AHLIb A4 |cos 9 | == .

@. cosvl} ecrtb mosMHOM v-#i crenmeHd oT cos¥; cos’  ecTh MOAU-
HOM v-TO MOpfAIKa MO KOCHHYyCaM.

9 sin(v4 D&

* sin &
eCcTb MOJHUHOM (v— 1)-ro nopagka no CHHycaM. ' .

80. cospd cosgd, cosplsingd, sinpbsingd, rae p u g— venve
HEOTDHUATENbHbIE UMCId, TNPeNcTaBasioT CcoOo# TPUTOHOMETPHUECKHE
nosHoMEl (p—+ ¢)-ro nopasxa. -

Bl. Vmeem

ecTh MOJHMHOM v-# cTeneHd oT cost; sind cos’

2+ 2l —27" -
coswz——%——,smvﬂz—"—gf——,z=e“’ (v=0, 1, 2, ..., n).

Moacrasaga 51 BHpaxenus B g (V) u ymuoxas na e™¥, noayuaem

G(z)zzimz“—+-25[ A, () o v(z”+*——z”'*ﬂ.

va ]

HNmeem

— A=y 1 P -
= gy, == 2z T o (v=0, 1, 2, ..., n—1)
nanee u,=hr,. Ecm g(¥) Touno n-ro nopsanxa, 1o G (2) Gyner TOUuHO
2n-#t c'renesm (H He OyaerT ofpaiwiaThCs B Hynb npu z=0). ObparHoe
TAKX{Ee CIPaBelJIMBO.

12, Tlycts G(2) = uy—+ w2+ w22 -+ . .. - 1y,2*». Torua
0, ==ty _, (v=0,1, 2, ..., 2n),

TaK 4TO #, — BeUIECTBEHHOE, H

n—1 n-1

g(f}) —u, = p—inb 20 (u\)eiv& + uzn—vei (2n—v) -x‘)) — 9N 26 u,e"'(“ -n) b
Y= ¥ =

19 3ak. 1127. [.:llomia u I'. Cers
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npeacTaBaseT Co60# TPUrOHOMETPHYCCKHUN TTOJIMHOM A-TO MOPSLKA ¢ Belle-
CTBEHHBIMU KO3(PPULUMEHTAMH.

i3. ﬂyCTb zo-——omuqﬂbm o1 2=0 Hy b TOMIKOMA G (2). Torna

G (25 )——0 T. e. G(2 )_,0 TaK 4TO Z5 = (4 9TO — He YTO MHOE,
Kal{ pesyJsbTaT OTPAXKEHUd TOUKM 2, B €AMHUUHOM KDPyre) TAKKe fABJAETCH
HyseMm nomuHoMa G (2). C nomomwbio AuddepeHuupoBaHAa NOJyUYaeM
aHAJOTHUYHO, UYTO €CAU 2, eCTb HyJ/b KPATHOCTH R, TO TAKOBLIM e Oyner
w25 . Hanee, ecau (i1(2) umeer z==0 HyaeM KpaTHOCTH &, TO npH
nepexoje kK 2z*(3(z~1) cremeHb MOHWUSATCS pPOBHO Ha & ejuHuL [T. e.
2¥ (} (z~1), paccmaTpuBaeMbIl KAK MOJUHOM 2n-% cTerneHd, 6yaeT UMeTh &
Hyse# B GeckoHeuHOCTH].

Taxkum oOpasom,” Byau nonuHoma G (2) pasBuBAWOTCS HA Maphl, Takue,
YTO HYyJb, BXOASWHWH B ORHY W3 HUX, SIBAAETGHA Pe3yJbTATOM OTPAIKEHUS
APYyroro B €IMHUYHOM KpyTe. :

14. Ofosnaunm wuyau. noausoma ((2), onpelenseHdoro 8 3a-
naue 11, uepes 2z, 2,, ..., 25, (2,%#0; v==1, 2, ..., 2n). Toraa nym
TpHPOHomeTpuquKoro nosudoma g (%) Gyayr

3, = lnz 0N, < 2w (v=1, 2, ..., n).

15. B ofosuauennax sagaun 11 LODKHO MMETb MECTO TOMAECTBEHHO
AAd BCEX & M 3 COOTHOLIEHHE

Z ukulg p ik—n) (OL-- :_1)+'i {

_ 5) 2n
= 2 ukgi(k—ﬂ) (@8,
k=0

k=0
“Ho
‘ " [ n41 npu k =/,
E_oe :!1 oy
h MR == Y;; IpH R + L.
,1 n+1
CrnenoBaTtearnHo,

on
(n~{— 1) 2 u2 AU B)_{_ 2 Tklukule" (k—m)otim—0 6
=0
¢

2n

= 3 et k- @=f)

k=0

OueBnnHo, Y =0 nasg yeTHOro u y,;0 Nna weuerHoro [ — k. Tak
Kan CyMMa
2n i
S gty et Eem )

¥, 1=0
k£l
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NOJKHA §IBAATLCS TOJHHOMOM oTHocuTeasHo e'(—B To oTciona sax/mo-
uaeM, 4T0 4y, =0 0n9 HewyeTHHIX [— R M, KpOME TOT0, 4TO

2
(n— 1) uy = uy,

OTKY a4
1
u, =0 wmm =-—-,
r n+1

Takum oOpaszoM, HHTepecylOlUMe HAC [OJMHOMEl XapaKTepPUaywrTce
CNEAVIOIUMY Y CJOBUAMMU:

1. Osu npezncTaBasT coOOR MONMHOMBI MO KOCHHyCaM M cOnepkKar
YjeHB JUOO JHIIb C HEYETHBLIMM, JuOO0 JNHlUb C YeTHHIMM KDATHBIMM U,

2. JleficTBuTeNbHO cojepxalidecs B HHUX WieHs HMEKT BCe OLUH U

TOT Ke KO3pPUUUEHT 34 UCKJOYeHUMEM CBOOOJHOI'O u/leHa, KO-

1
n-+1°
TakuX TPUrOHOMETPHUECKHX MOJHHOMOB Gyier

2
n-1’
TOprﬁ, B cayuae, €CJ/H OH UMEETCH, PaBeH

n41 n
Gl I b o Y
[Tpumep.
oy 1 sin(n-1)d
g({})—n—f—l sin &

[16].

§€. [Nonoxum 2z — e®; toraa nepsas cymma Oyner paBsHa

1 ; w1+ 2z—2zn+1
m(-2—+z+zﬁ+---+zn)=5ﬁ *‘2"(’1 =
id 19 . 1

me'2+e'2'_281(”+'2’)‘(}

B |
2(9 2—82)

AHanoryyHO BBHUMCAAEM TPYU Apyrue cyMmbl. MoxHO npoBectd NOKasa-
TeJbCTBO TaKXKe nyTeM MNOJHOH HUHAYKUWH.

§7. V3 nocnennett dopmynsl npeablayluiefl 3agauw rnonydaeM, 4To
paccMaTpHBaeMOe BHIPAXEHWE PABHO

2n 41 _
p f Sinndsin =9 _ sinmdsin(n--1)8
sin & ) sin ¢ )

sin —
2

(/lubo nenocpencrsenHbiM BoiuuciaenueM.) [1pu & = 0 orciona nonyuaercd,
YTO CYMMa A MEPBbIX HEUETHBIX YUCe] paBHa A2,

19*
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18. Kombuuupys 16 u 17, noayuaem

§+Z( +-cosd +-cos 280 - .. —1—cosv8)=

n 2v4-1 &
_...ESm 5 ¥ 1 sin(n—}-l)?
"’ L.y T2 5
| | y——r 251n§ sln§
lgl HS 16‘—18:
P
1).“2”_{_1’ V"“la 2:' 12”')
2n
2) v-;,v:l,?, n——lu(?v——l) _,_1, v=1,2,...,n-+1;
3) Vgin, ve=1, 2, ..., 2n—1, 2n41, ..., 40— 1;
4) v%ﬁ,vn?:l,v:l,z , 1
5) v%, v=1, 2, ..., 2n, Bce 1BOHHBE, 84 HCKNIOUEHHEM v ==11
U v=2n; |
6) v %7;1, =1, 2, ..., n, Bce ABOHHHE.
20- K3 16 2 UK 1.
21. Paccmatpusaemas cyMMa paBHa
n+1
Zsinv{}—f- Zsinv%
5 == sin2 (n - 1')-3'— ctg—g— [16].

22, [L. Fejér, Math. Ann., r. 58, crp. 53, 1903.] Ms 18.
23. [Cm. T. H, Gronwall, Math. Ann., r. 72, crp. 229—230,
1912.] Cornacuo 16 '

n n-41
-dA(rz,%)_Sm_Q—&COS 3 )
a8 - sin—a—

2

Jro Bepawenue obpawiaercs B Hyab B uHTepBaie 0L O <= auumb
B YKa3aHHLIX B 3a4aye TOUKAX, NpUYeM MNepeXOAUT B TUX TOYKAX I0-
IepeMeHHO OT MOJNOXHUTEbHBIX K OTPULATEJbHBIM M OT OTPHLaTelIbHBIX
K NOJOXHTeNbHbM 3HauexusaM. Ono oOpamiaercs B HYJAb TaKie [PH
§ ==, eciu n—uyerHoe. OpHako Touka x =—m, y=0 aBasercs weH-
TPOM CHMMETDHUM I KpuBOH y=A(#n, X), caenoBaTeNbHO, B Hed Her
Hd MUHMMYyMa, HM MaKcuMyma.

24. [D. Jackson, Rend. Palermo, 1. 32, crp. 257—258, 1911;
T. H. Gronwall, 1. c. 23, crp, 231; paBeHctBo MaxA(n, ¥)==
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= A (n, n—:_—l) Obino Hattneno L. Fejér' oM, cu. D. Jackson, L c.].
Cornacro cdopmyne 20

Aln, (2v+1)£1)-—,4 (2, (2\4_—1)——:-_—1)3

(29+1) —— (2v41) ——

n-+1 +1
- [ dA(;ﬁ {})d{}<] ‘ r an(n—F_l)ﬂctg%d%:
{2y — i)m {2y - l)m
2v
n+ 8+ s
1 ' 1
= r sm(n—}—l){}(ctg#-—ctﬁ—;—_lh)d%
(2v— 1)17ﬁ
(v=1, 2, ..., ¢g—1; n>3).

B nocnennem wunrterpane sin(n— 1)% <0, a Bopaxkenve B CcKOOKaX
I
MOJNIOWHUTENbHO, Tak Kak cigx B murepsane 0 << x < 5 MOHOTOHHO

yOLIBaET.

25. [L. Fejér; em. D. Jackson, 1. c. 24, ctp. 2569; T. H. Gron-
wall, 1. c. 23, crp. 233.] CornacHo 24

T ™ ™
A(n, m>>A(ﬂ, ?l-)=A(n—~l, g).
lTo nosony lim A (n

™
S, , m) cm. 11 6.

26. (W. H. Young, Proc. Lond. M. S. (2), 7. 11, crp. 359,
1913.] CornacHo 16
—}—1
Tgsin T
dB(n, %) _ S" gt
Bind . . (19, 23].

sin —

2
27. (W. H. Young, 1. c. 26.] Ilycte n3>3, x, A—ueinse,
1gx<xg[’ﬁ2—1] Torza [21]

\ 2

n+1
n On dB (n, 9)
B(n, )\n+])—B(n, Xﬂ.+1)= J4 qu
2%
*

n+1

el

— J (sin%)—{—sin%—}—...—}—sinn{)—;— Sm(n;_l)%)df} < 0.
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28. (W. H. Young, 1. ¢c. 26.] Cornacso 27

[B (n, m), eC/TH 1 — HEYEeTHOe,

Min B (n, %)= n
iB (n, n— ), eClid 7 — UYETHOE.
n~+1

¥ mepBOM ciyyae uMeeM

11 L 1
B(n, ﬂ):’_1+§—"§+..+fl-——'1—}l—>_l
[pu 7> 5 HeUeTHOM HMeeM laxe

Bn, 9> —14g>—1-+.

Bo BropoM cayuae

B(n n i) =Blet 1 nids) =

T. €, IOPH YETHOM 72 > 4 uMeeM

T 1
Bln ns)>— 1+ — = — 1
Mpu n=2

2 L 2m 1 dm 1 1 3
B(Q, —g)ZCOa'g"‘-‘——QﬂCOSg—-————E——'—I———-47>—-~1.

29, B mmxecnenywmeM #=0, =1, 2, =3 .5 Mp oTMeuaeM
0co00 Te 3AeMEHTH! CHUMMETPHHM, KOTOpPhle He MOTYT ObiTh NPHUBEILEHbI
B COBMajeHye BPALIEHUAMH TJNOCKOCTH KpuBo# y = f(x).

- 1) Tlpamue x=2n% u x = (2n — 1) 7 9BAAIOTCA OCIAMH CHMMETPHHU;
by="b,=by;= ... =0.

2) Touxn x =2nm 1 x=(2n—1)= ocu abcuucc y=0 ssasgiorcs
LEHTPAMA CHMMETDPHH; @y == G, = Gy = Gy == ... = 0.

3) Kpupag y = f(x) npuBoAuTCA B COBMaleHdHe caMa ¢ coboit ropu-
30HTANMbLHEIM CMellleHHeM Ha T W TOCHAeAYIOUIHM OTPAaXEHUEM OT OCH

:a4:b4:a’6:bﬁ: . e :0_
4a) BeprukanbHble TNpPAMbBIE X = AT SHBJSIOTCH OCIMH CHMMETpPUH;

1
TOUKH X == (n —+ -5) w, y=10 4BJAIOTCA LEHTPaMi CUMMeTpuy; b, =
:b2:b3: s e :0’ a0:a2:a4= te '1=0'
40) BeprukanbBsle NpaMee .x:-—(n—}——é-)ﬁ ABJISIOTCA OCAMH CUMME-

TPUM, TOUKM X =nmn, y=0— UEHTPAMH CHMMETPHH; Q= Q; = G, ==
—ag=...=0, by=5b,=bg=...=0. (C uyncro reomerpudeckoft
TOYKM 3DeHMs HUYero HOBOFO IO CpaBHEeHHIO ¢ 4a.)

5) TepuonoM sBAAETCA yiKE NOJOBHHA OT 2%; @, =, =
—=@ay=0y,=...=0. CummeTpus CcOCTOMT J/HIUb B HHBADHAHTHOCTH
np¥ TOPHU3OHTAJbHBIX CMEUIeHHAX Ha uesisle KpaTHeie oT w. (C uucro
reOMeTPHYeCKOl TOURM 3DeHNd — HMKAKOr0 HOBOTO BHAA CHMMETPHM MO
cpaBHeHuio ¢ ofwwum paioM Pypbe.)
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(KpoMe mATH nepeunc/eHHbIX, CYLEeCTBYIOT eule Asa (IOJY4a0UHXCA
OTPaXKEHUEM OT OCH X), CHEeIOBATENbHO, BCErO CeMb TUIOB CHMMETPHH
1751 TepUOIMYeCKOro «OOpIIOPHOro y30pa», T. €. CeMb PA3JHUHBIX TPYII
NBMKEHUH, MepeBOAAUIMX HEOrpaHWYeHHHSH Psill PaBHOOTCTOAUIMX TOYEK
¥ MPOXOASUIYIO Yepe3 HUX IJIOCKOCTh B CaMux cebd.)

30. 2n+ 1 nepseix xKosdpduuuentos ® y pre noaunoma f(B) cos-
nanaioT ¢ COOTBETCTBYOUWHMH KOSHPULHKEHTAMHA 3TOrO I’IOJIHHOMa (B 060-

sHauenuax sajaun 11 gy=A, 2a,==A, 2b,==yp,, v=1, ey 1),
BCe OCTAa/bHBIE PAaBHBl HY.JIO.
31. limeem

B LA R
~—{R2d() (G _ Z(V)cos(—;———v){} (111 117].

v=_0
32. Ymuoxan na cosntt, coors. sinn® (n=0, 1, 2, ...) u uHTe-
rpupys B npelenax or 0 no 2=, nonydaeM, uto Ko3dduuneHTH Py pbe
dynxund () coBnanat ¢ ag @y, by, @y, by, ..., T.e uTo pill Pyphe

¢dynxunn f (%) coBnamaeT ¢ 3aNaHHLIM TPUTOHOMETPUYECKHM PALOM.
33. PackianpipaeM QyHKUMO, 3a04HHYIO PABEHCTBAMH

f({})—{[ﬁg{} npu 0 < % < 2,
| 0 npu ¥ =0,

B pan Pypbe.

34%. [leppuft pan mnoayuaercs B pe3yAbTATE HENOCPEACTBEHHOTO
BolyucaeHust Ko3dduuvenror Pypoe. I[loaaras B HeM # =0 u BuuuTas
nojyueHHolt Takum o0pasom psan, HnoaydaeM BTOpoOH.

35. [G. Szegd, Math. Zeitschr.,, 7. 9, crp. 163, 1921.] Co-

riaacHo 34
sin? nmd ,
24;‘12—1 j sin ¢ db [17].

38. Uro uneHbl ¢ CHHYCAMH, a TAKXKe YJIeHB C KOCHHYCAMHU, CTOSLIHUMH -
Ha HeueTHLIX MecTax, OTCYTCTBYIOT, BhiTekaeT u3 29, 1), 5). lanee, umeem

M5!

2w T
Y J F(9)cos 2n dh = —J F(H) cos 208 dY =
0 G
47,{

i J )—f(zr;+2 )_

(7{“*"2% N+ r(F+5— )] cos 2nd db,

Sk
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Ho B uHTepBane (0, fg) oueBnaHo, cos2at > 0. C npyro#t cropons,
s nobo#t GyHxkuuy f(X), BRINYKIOH CBEPXY B NPOW3BOALHOM HHTED-
Bane (a, b)), npu a < x—v < x—u x4+ u<x-+v<b umeeu

f(x-u)> (U—l—u)f(x~0) ;l’(('}(v'_u).f(x“F“U) ,

Flx 40> (v — M)f(x—*v);tj(tl%—u)fu—%v) (11 74];

CAen0BaTENbHO, UYTO FeOMETPHUYECKH TAKXe HACHO,
Fs— ) — f(x — u)— F (x4 0) (5 +0) 0.

37. [loxasarenbcrBo, Kak AJf YaCTHOrO ciyuad 35 ¢ npuMeHendeM
TeopeMbl 36.
38. B ofosnavennsix sanay 26—28 umeem [34]

211 ANBL 2N 21, 4

) & NV L4 2 oin, <w) 2 a4
P (n, (}) N T 4y — ] \<E v U om
ve=] v=1]1 v=1 v=1

i
=zt

,1[1\:\
le_

Ilanee,
v na “%ZJ
0 v=1

M;z B

ﬂ]*—‘

3Q. Monoxum z=¢# u |
| X+ %2222 .. xend= )k, A cos NV u, sind -

—+ )y c08 20+ p,sin28 - ... + A, cosnd oy, sinnd.
Toraa

A0:|x0|?+(x1|2—}— le‘z—f" v ""F*'xn lgv
1 ] —_ — — .
T(Rv‘—{_l:"'u) — xoxv+ xlx‘H-l + v +xn—vxn (V == 1’ 2’ R ﬂ’)!

Ay~ i, =2xx, #+ 0. (Ilpn Xy, = x, = X, = ... = Xx,, NOAYyYaeM HOBOE
10Ka3aTeabCcTBo gopmynr 18.)

48. [F. Riesz, cu. L. Fejér, J. fiir Math., t. 146, crp. 53 —82,
1916.] Onpeneneunwit B 3anave 11 noauHoMm G (2) COCTOUT M3 CleNYIO-
LIMX TpexX MHOXUTeneH, U3 KOTOPHIX OLWH WJIM IBa MOTYT U OTCYTCTBO-

BaTh [13]:
H(z—-—?i H(z—z\,)(z——-ﬁ-—) 2",

p.,lll y=1
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rae & +24-r=2n; k, [, r —uenvle Heo*rpnua'remmble aucaa, |G, | =1,
0<|zl<1 lu:l,Q,...,la,\w——l 2, , | ¥ ¢— npousBonbHOe

KoMIieKcHoe uncao. Hyusu Ly == ™™ nonunoma G(z), aexalluM Ha rpa-
HULlE eNUHWYHOTO Kpyra, COOTBeTCTBy}OT Hyan ¥, nomuroma g (%) B Beute-
creenHoM unTepBane O <O < 2n. U npurom, kak MOKHO yOeauThes
ﬂucpq)epel-mnpOBaHHeM coomomeﬂm g (1) == e~ (), KamaOMy HYIO

G = ¢ nonvsoma G (2) coorercTByer Hyab ¥, moaunoma g (%) ¢ TOH xKe

KPATHOCTBIO, Tak xax g(V) >0, To kaxnmi HyJIb (. IOJDKEH BXOIHMTb
¢ ueTHOM KpaTHOCTBW. IlycTh TOrna

k

% El
He—r)=Ilec—n

=1 p«:l

Orcona caenyer

IZI

g @) =|g®)|=|G ()] Zlclﬂlem—ip.
g.=1

%f. [40.] B sToM cayuae momiHoM (F (2) UMEET BeUieCTBEHHbIE KO-
(PULMEHTB!, TAK YTO KOMIVIEKCHbIE HYIU {, U 2, ABASIOTCA NOTMAPHO CONps-
KEHHbBIMHA.

42. Jlio6olt /uHeHHBIE MHOMHMTENL 22— 2, MOJUHOMA /(2) MOXHO
3aMeHUTb Ha 1 — 2,2, u0O HA OKPYKHOCTH €IMHHYHOTO KDPYTa |2 — 2| =

= [ 1l — 22| [III 5]. TIpu atom 2, B 4aCTHOCTH, MOKeET OBITh PABHO HY IO,

43. Crnocofom, ykasaHHeiM B pewleHud 42, MO%HO M30aBUTLCA OT
BCeX HyJael A (2), MeHbIMX Mo abCOMOTHOM Benuuude, yem 1. Ycaosuio 2
MOX(HO YILOB/AETBODHTL YMHOXEHHEM HA HEKOTOPYIO MOCTOSHHYIO ¥, |7 |=1.
M rorma wus IIl 274 BuiTekaeTr, uTo 3TOT NOAKHOM £ (2) ORHO3HAYHO
onpejeneH.

A4, PaccmarpuBaeMas liesas pauMOHajbHas (YHKUMS pasaaraercs
2 2 al T o
HA MHOXHUTENH BUIA (X — X,)° -}~ y5, I'le X, y, — BelleCTBEHHbE uuCaa.

Tenepb NpHHUMACM BO BHHMAHHE TOXILECTBO
(P24 6% (P2 g2 = (p,p,+ 9,9, +(p.9,— P,q,)%

459. PaccmarpuBaeMas wefnas pauluoHalbHas (QYHKUMA pasjaraetcs
Ha MHOMHTeJH BUILA

(x — x,2 42 (%, y,— Bewecrsennsie), X~ x, (x, > 0).
[TpuHUMaeM BO BHUMAHUE TOXAECTBO
[T+ x ()] [t a+x(n+s)]=
= [(P}+a)) (P +45)+ %> (r1+ ) (r5+53) | +
5 (P4 a) (3 + )+ (i) (B a) ]

HNanee npuMeHseMm IBaxab Tteopemy 44,
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48. [M. Fekete.] Obo3nauuMm paccmaTpuBaeMbiff NOJHHOM depes

D (x). Tlpumensiem k P (cos¥) reopemy 41 ¥ npuHUMaeM BO BHEMaHue 8, 9,
HmeeM

P (cos) = | A(cos ) +isin 3B (cos N 2,

rie A(x) u B(x)-— NOJAMHOMBL C BELLECTBEHHLIMU KO3(DPULHEHTAMH.
4F. [F. Lukédcs.] [Iycrs P (x)—nuonuHom crenenu 2m. Cornacho 41

P(cos®)=|h(e®) ]2 =|e-tmip (&%) ]2,
e~ mdp (o) = A (cos ) -~ i sin D (cos V),

rae A (2)— NOAHHOM 2#1-% CTeneHd ¢ BELLeCTBEHHLIMU KO3MOPULHEHTAMH,
A(x) crenenn m, D(x) crenenn m— 1. Ecm P(x) crenenu 2m - 1,
TO HMeeM

Px)=x—)P ()= (x4 DP %)+ (—a—1)P(x),
P)=0F—x0)P (x)=B—DP (x)+ (1 —x)P (x),

rie o< —1, coorB. 3> 1, sartem K P,(X) npuMeHseM NpexblAYLUIHE
paccyieHus. '

48. [Ch. Hermite, sanava; Interméd. des math., 1. 1, crp. 65,
1894, Pewenve-—J. Franel, E. Goursat, J. Sadier, tam xe,
T. 1, crp. 251, 1894.] Her. eicTBUTebHO, B NPOTHBHOM CJAYUae MOXKHO
Ob10 OBl HANUcaTh :

MU

de= 2 AR (1 — 2 (1 4+ %),

roe e >0, A(e)>>0, a u B npoberaloT Bce UeNble HEOTPHLATENbHLIE
yncaa, Aas KoTopeix o -3 < 2. Takum oGpasom, npu niobom & B 3TOH
cymme OYAeT CONEPKaTbCA POBHO WeCTb yjieHoB. [lonaras smecy x =0,
nonyuaeMm, uro A(e) orpannueno aags 0 <z 1. DByzem Ttemeppr Tax
npubavxaTh = K Hymo, uToOnl cywecrBoBad lim A(e)=A u npu ToM
BO BCeX IWIECTH YjJeHaX; TOPAa B Mpelese MONAYuuMm

=AU — (1 4+ x).

Ho npr x =10 3T0 TO¥ILeCTBO HEBO3IMOXKHO.
49. [F. Hausdorff, Math. Zeitschr., T. 9, crp. 98—99, 1921.]

[TepBoe, pewenne. HoCcTaTOUHO PaccMOTpPeTL CJAEAYIOLUME [Ba
YaCTHBIX CJyyas:

1. P(x)— nunetiHag @yHKUHI:

Peo=200 20y,

2. P(x)— noadHOM BTOPOH CTerneHu:

P(x)==a+ 20(l — x) (1 — x)?, cv>0,. ac—0% > 0,
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WNmeem npu nwoboM ueiom p > 2
P

2PP (x)=a Z([j)(l — x)'(1 —{—-x)ﬁ-"_;_

y=90

+2b(1~—x)2i( )(1—«—.:\:)"'1(1 P L

N =

c(l—x)4 i( ) (1 — 27 (1 0P =

= ,‘ —2 O — 2 (L 0

v=10)
fO)=ap(p— 1)+ 4b(p— v+ dev(v—1)=
== 402 -2 (2bp — 2b — 2¢) v+ (ap® — ap)

KaK TOJAMHOM BTOPOH CTerneHW OTHOCUTEJIbHO v OyAeT MOJOKHTENbHO
onpeleneHHbIM NPH NOCTATOYHO OOABLIMX p2, WMEHHO NMPU P, YAOBAETBO-
pPAIWYX HEPaBeHCTBY

de(ap? — ap)y — (26p — 2b — 202 = 4 (ac —bH p*+ ... >0
BTopoe pewreHune. BeeneM HOBOe epeMeHHOE 2 MOCPENCTBOM
ypaBHeHHﬂ (1+x)(1 _+_ z) =.2. '

Hycre P(x) — noaunoM n-# cremenu, Torga u

P(12)(+2r=1@)

Taioke OYAeT NoJUHOMOM n-H cTeneHyd, npudem npu 2 > 0 6yaer f(2) > 0.

CnenosaTesbHo, AJs LOCTATOYHO GOJBLIIOrO Henoro p GYNeT UMEeTh MeCTo
pasNoXeHUe

Ho

»
F@ 2 "= Az,

a=10)

rie Bce A, >0 (a=0, 1, 2, ..., p) [pewenue V 187]. A orcwna
BynemM UMETH \

P(J‘)‘——f(ilfc)(lng)”z?”f’gfla(l—x)“(1+x>f"“.

50. [Tepsoe noxasarteabcrBo. [L. Fejér, C. R., 7. 157,
cTp. 506—509, 1913; Bompoc 06 yciaoBUAX NAOCTHMEHHS DABEHCTBA He
pas3bupaetcd.] [Tonoxum

n 9,
Q@ =n+41— Y122 g o T =1, 2, ..., n).

%
‘i"‘l 1'—‘23 v
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Torna [cm, lII6] npu |z| <1
RQ(2) < n 41,
Janee [CM. BTOpPOE HOKA34TenLCTBO],
Q2)=1+22+422%+ ... 22" @ 2" ¢, 2" L
Taxum obpasoM, npu O r < 1 nmeem |

Ao A —=Apr2 4 L. Rt =

2n

=5 | M) (I +2rcost—+ ... 4 2rrcosnd)dd =
0

2 A%

= [ £ ®) Qe 1D < (4 1) [ g @ a0 =n 41,
0

0

Ina nonyuenus rpebyemo#t ouenxu g(0) ycrpemaseM r x 1. Paccmarpu-
BaeM, nanee, g(%—-9,), roe U, duxcuposaHo.

Bropoe nokasareanscrtso. [L. Fejér, C. R, 1. 157,
crp. B71—572, 1913.] Hocrarouno pokasars, utro g(0) < n 1. [Tono-

2

MUM U, =¥ =0, 1, 2, ..., a)h
MO, . (v=0, 1, 2 n). Torna
7 n
> cos kY, = X sinkd, =0 (k=1, 2, ..., n),
v=0 v=0
TaK Kak
2r
7 im+DE——
n+1
Ze’i’kﬂ"’ == 1—e 3 =0
ik ——
v=0 1 — n+1

Hueem, crenoBaTesbHoO,
gO)+g@)+g@)+ ... +gd)=n-+1,

T. e. g(0)Ln-41. Idag toro urolsl ¥MMeNO MeCTO PaBeHCTBO, HeoOXO-

LuMo, utobnl g(d)=g@,)= ... = g{,)=0. Tak xax g(¥) >0, 1o
2
{}vz\a-n—_—}_n—l (V:],Q,...,ﬂ)

OyAyT ABOMHBIMM HyJAaMH. JTO YC/IOBME BMECTE C HAUYd/bHBIM YCIOBUEM
Ay ==1 Bromse onnosHayHo onpeneasger g(i#) [18],

Tperbve nokasateancrso. [L.Fejér, 1. c. 40, crp. 656—66.]
Cornacro teopeme 40 Beskull TPUTOHOMETPUUECKHR TOJMHOM g (U) pac-
CMaTpHBaeMOro THMA MoxeT ObThb NpeicTaBieH B (opme

g =|x,-Fx2+x,224+ ... + x,2"° (z = e,

ho=| %P1, Pl x, P4 o0 2, P=1 (39].

rae
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[Ipumenss nepasenctso Il 80, nonyuaem, 4To L KaXAOrO 3HAUCHUA T == f}g
gl <A DX P12 P41 %P4 o |2, P)y=n+1.
PaBeHCTBO MOCTHraeTCs JHIIL HpPH x,,—-=1'e-“30 (v=0,1, 2,..., a)

_ 1

5. [L. Fejér, 1. c. 40, crp. 73.] Mmeem

An + inu‘n = on:;:n

n
2| 2ok | | 2o P | 20 P o P[0 P o [, =
PapenctBo OyleT uMeTb MeCTo IMWDL S CAYYAR Xy == Xy = ... ==
= X,_,=0, |x0|-—]xﬂ]-_-1—/-:, T. €. KOrla
g(O) =5 |1 el p
rae |y|=1.

52. [L. Fejér, 1. c. 40, crp. 79.] Cornacuo 39, 40 sanaya npu-
'BOAHTCH K OTHICKAHHIO MAKCHMYMd BBHIPaX{EHHS

4 | XoXq —+ X1Xg _l'_ vt _i"xﬂ—lx'n |.3

MpH AOMOJHHTENLHOM YCNOBHH | Xy 24| X P+ [ %, P 4. .. 4| %, 2= 1.
Mbl MOXEM OTPaHHUATBLCA BEULECTBEHHBIMH X4, X, Xy ..., X,. Makcu-
MYM BHIpaXKeHus

2| xgX, = XX oo Xy Xy

6yner pased [cM. Kowalewski, crp. 275] naubosbwemy no abco-
JMIOTHOM BeaWYWHe HyMO onpegenurens D, (f #) sanaau VII 70 npu

f(@)=2cos?, . e. pasen £k, n== 2008 ——5 e
53. Ilycrp h(z)—c(1+zlz)(1+zzz) (I 42,2), 2,1 <1

ve=1, 2, ..., #, ¢ BeuwiecTBenHo # OoJsbuie Hy.ﬂﬂ. Cornacuo Il b2

1 o |
-‘-?E—Jq In| 1+ 2,e%|2d} =0,
0

cne0BaTeNbHO,
1
“Q?c'j Ing (®) dd =In 2
0

B4. Bce TpuronoMerpuueckne ToanHOMH g (1) HHTepecyuUEero Hac
THNA MMEIT BUL

gU)=[h{e")P
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e 1(2) = (1 4 2,2) (1 4 2,2). (1 F2,2) == g 42,2 + 2P Ao, 27

U 2y, 2y, ..., 2, HE3ABUCHMO LAPYT OT Apyra mpoferaioT ece KOMIJeEKC-

Hble 3HAUEHHd, MO MOAYJIO He NPEBOCXOAAUIHe enuHHUbl. [losToMy npH
| 2| <1 umeem

h@)| <A+ 1 =2n

PaBeHcTBO HOCTHraeTcs JMIbL B TOM C/Aydae, KOrla BCe 2, PABHbI MeXALY

cobolt, |2,|=1 u, kpome Toro, z=2,.
595. Vmeem
h(z) << (14 2)",
C/IE10BATENBHO,

ho= %P1, P [P - P <
<)+ ()

([ 32]. OrHocuTenbHO MOCTHIKEHHWST PABEHCTBA paccyxiaeM, Kax B b4,
58. Kax B 55:

Aoy | = 2] XX, X e A x| <

<2[§) ()40 20+ +62) (=202,

5¥. llepsoe noxasareancrno. Ha ocHopawun 40 u 39 us
g(1) >0 n Ay=0 BuTekaer

g () = | x, - x,0% - x,0%0 | |x enit 2
| %P2 Pl x P o 12y P=0,

T. €. Xg=X;=Xo= ... =X, =0.

Bropoe noxkasareancrpo. [L. Fejér, 1. ¢c. 60, sropoe noxa-
3aTesbcTBO.] Kak M BO BTODOM NOKa3aTenbcTBe B peweHun 50, sakio-
yaeM, 4YTO NpH |

2w
8“’:\‘”—_}_1 '(V"'-:-l, 2,...,n)

OGynem BMeThb

gO)+g@)+g@)+ ... +g@) =0,

g0)=g®) =g =...=g(",)=0.

Taxum oGpasoM, g(9) umeer nynu 0, ¥, 4, ..., U, u npurom scaen-
craue ycaosus g(9) > 0 Bce — npottusie. Cornacho Teopeme 14 orciona
caenyer, uro g(3)y=0.

TperTbe LOKA3aTENBCTBO Moanas upykuuga. fpu n=1

A cos‘}—|—uismﬂ_V)\l—Jf—ulcos(w‘}——{iO) tgf}o_‘_%—
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W yTBEDXKIEHUE, ouesniHo, cnpaseiauBo. Tax kak g(¥)>> 0, To npu
n > 1 dbynxuud :

g (1) = g(8)+§({}+“) == A, €08 28 - U, sin 20
+ Ay cos4d - u, sin 49 - ... - Ay, cos 2p0 H-u,y, sin 2p9,

" _
roe p= [7], npexcraBaseT co0O#l HeOTpHULATEsbHBIA TPUTOHOMETPHYE-

CKMH MOAMHOM p-ro nopsaka oOT 20, He HWMewu# CBOOOJHOrO 4/ieHa.
U3 g* (M =0, g(M) >0 serekaer, uro Takxke g()==0.

58. [L. Fejér, 1. c. 40, crp. 67—68; . ¢. 50, Bropoe nokasa-
TesbeTBO, CTp. 573—574.] Ecn g(1)==0, 10 m >0, M >0 [57].
IpumenseM Teopemy B0 k EW M:A_/Iéi@

59. (L. Fejér, 1. c. 40, crp. 69.] [pumensem teopemy 58
K TPUTOHOMETPHUECKOMY TOJMHOMY

, COOTB,

9r
1
c®—o | g an.
¢
80. (L. Fejér, 1. c. 40, crp.80—81.] Ilycers g(H) == const. Tpu-

g +m M—g®
MeHeHHe TeopeMbl 81 K SeLm COOTB. M, Laer
V4ol Ogtm VR < M—A,
N 4+ M
Vi 4vh < 258 < Max (m, M),

61. {O. Szdsz, Minch. Ber., 1917, crp. 307—320.) Cornacho
reopeme 40 MOXHO TOJOXKATH

M — 2 (h,cos v} -y, sin W) = | xy—F %2 w22 . X2 2
v=1
z=1¢%". Orcona [39]

Vo2 b2 2( x| | o) 4] %] [ vwt| 4o oo ] Zne| [ 5]
: (v:l, 2, ..., 0.
Tax xax, nanee, M=|x |24 |x, P4 ... +|x,[% 710

n -
SVl
v=1

Axol+ x4+l — (ol x4 e <
Llh+-1DO)M—M=nM [H 3_0].

62, (1. J. Ye6mmesn, Cobp. cou.,, 1. [, crp. 387—469, CII0,
1899; cm. L. Fejér, L. c. 40, crp. 81—82.] Ecam P(x) nmeer
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BelleCTBEHHBIE KO3(DDUUUEHTH, TO OpPUMEHseM TeopemMy 60 K TDPUTOHO-
1—

MerpudeckoMy noiunomy P{cos ) =2""" cosnl 4 ...*). Tlycrs Tenepso

P (x) uMeeT NPOU3BO/IbHbIE KOMIJEKCHbIE KO3(duuuents. Torna, ornenss

BEUIECTBEHHYI0 M MHHMYIO 4aCTH, Mbl paso0ObeM ero Ha JBa NOJMHOMA
C BELIECTBEHHBIMH KOPPUUHEHTAMHU:

P (x) =P (x) +iP; (x).

31eck Kosdduument npu x% y P,(x) Oyner cHoBa 1, a P,(x) Oyner
(n—1)-#t cremenu. Mas coorHowenua |P (x)[>== (P, (x)]> 4P, (x)]?
BoITeKaeT, yTo B uHTeppane — | < x <1

Max | P (x)| > Max | P, (%) | 3> —

Qn—l‘

Jag toro uToOnl 34eCh HOCTUTAIOCL PABEHCTBO, HEOOXONUMO, YTOOH!
P, (x)= o1"™ T (X) v, KpOMe TOTO, B KAXIOH TOuKe, B KOTOPOH | P (x)]
nocruraeT Makcumyma (T. e. B n -1 Touke), LOMKHO ObTh P, (x) =0,

oTkyna P,(x)=0. Heckonbko cuabHee, 4eM nOpeldeJbHEIE CcAyuyalt
s I 270. “

63. [lpu aunettrom npeoGpasosaHnn‘B—E;— (x —a) — | = y unrep-
Bas o < x <[} repexoiuT B MHTepBAJ —1 Ly 1, nanee, P(x) npe-

! — n
obpasyeTcs B (ﬁ 5 a) Q(v), rae Q(y) TaK ’Ke BBIPAXKEHO uUePe3 y,
kax P(x) uepes x.
@4. Msl MOkeM NPeANONONHTh, 4TO 3> 0, a= —8, d < 23. las
1060ro M3 «AONYCTUMLIX» MOMMHOMOB P (X) MMeeM

P(x)+ (=P (—x) __{ Q(x%) ‘mpu wetHom n,
5 =

xQ(x?) npu HederHOM 12,

2
uvenroM 1. Korapa nepemerras x npoberaer mo0of u3 HMHTEPBAOB

" .
rae Q(§) — moauHOM [ﬁ}-ﬁ creneHd orT &==x? ¢ HauBLICLIHM KO3(du-

d d .
— 3L xL — 5 X< J, 1O nepeMenHas § npoferaer MHTepBas

o (2l
d\? —(3)
(7) <L 8 B2 Tem cambiv [63], nonaras 2 — =y, By-

AceM HUMETDb

Max|P(x)| >

Px)+(—D"P(—x)
}Max} 5 ~

J == Max [Q(§) | > v,
d (*)

e ENIIGI-

#*) PexOMeEHOyeM 4YMTaTeN 1 BLIBECTH OCHOBHOE CBOHCTBO NMOJHMHOMOB Yebhl-
wesa 7, (x), GopmyaupoBaHHOE B 9TOH 3anade, HEMOCPEACTBEHHO, He 00pauasch
K TPHLOHOMETPHYECKHUM MOJAHHOMAM (QT NPOTHBHOIO).
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CMOTDS N0 TOoMy, OyleT JAd » YEeTHOE wiv HedeTHoe. Ta e oueHKa
ocraercs B cuae ¥ g u,. C apyroit cropousl, mycts Q,(E) Gymer

n
MONVHOM [—2—}-?1 CTeNeHd ¢ HaWBBICLIMM KO3pduuueHToM 1, Ang koroporo

Max [ Qo)) =1v [62, 63]. Ilomoxum P,(x)=Q,(x%) nm xQ,(x?),
CMOTPS no ToMy, 6yneT M £ ueTHOe WA HeueTHoe. Torpa GyieM UMeTh

=,
< By

CMOTPS MO TOMY, OVIET /K 7 YeTHOe WA HedeTHOE.

B mepsom cayuae p,, OyleT NOCTUraTbCd M TPUTOM TONLKO ANA
P(x)=Py(x). Hetcrurensno, ecan Max|P(x)|==p, 1o cornacto (*)
6yaer Takxe

< Max | Py (x)] {

Mﬂxf P(x)+QP(——x) |
|
CNel0BATENLHO,

P (x) 4 P (— .
GRIICT N

IHanee, OyneM umeTh

( P(xv)“l"P(""xv) ‘-.'—'-—LL
2 i
B ——+1 pa3NMyUHbIX TOUKAX X, MHTepBala %gxgp Ho Ttenepo

o | Pk PUom) | 1PGIHIPC 2]

orcioona P(x,)=P(—x,). Tem campm noanHoM (n-—1)-# crenmenu
P(x)— P(— x) ofpawaerca B HYJb B -2 TOYKEX, CIENOBATEJ]bHO,

P (x) = P (— x) = Qy () = Py ().

65. Ilycrs M= Max|Q(2)| npu |z|=1. Tpuronomerpuayeckuf
noawHoOM (# — 1)-ro nopsika

(1 + ar 373Q(e"9))

HeoTpuUATeNeH, UMEeT CBOOOAHBIH uleH | M u/eH HAMBLICIETrO MOPsAKA
-cos(n -+ 1)b [51]. Cu. III 269,
66. Eciu rouxa P npoGeraer oGo#t oTpesox npaMod g,

. 5D ~ Dp’ '
mobasi QUKCHYPOBAHHAA TOYKA NPOCTPaHCTBAa, TO PP 2> PP[, rie P

o6o3nauaer npoexuuo P, Ha g. Taxkum 0o0pa30OM, MHTEPECYOiMi Hac
«minimum maximorums» MOXeT [OCTHIaThCA JHlbL 018 TeX CHUCTEM
rouek Py, Py, ..., P, KoTopbe JekaT B OJHOH NAOCKOCTH C 33AaHHBIM
OTPe3KOM, COOTB. KPYTrOM. '

20 3ax, 1127, T, [Momma u . Cere
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67. Vs uurepnondunonHolt gopmyast JlarpaHxa nonyuaem

% k %
okt Jf(x) X S(x) _ Xy flx)
* J (xy) x-—x1+f’(x2) x—-—x2+"'+f’(xn)x—xn
(=0, 1, 2, ..., n—1).

o; ONpejelseM CpaBHeHHeM Kod(dduunenTos npu x”?-1. Ilanee, npa k=20
uMeeM, passaraqd no yObiBAIOWHM CTeNeHAM X,

1= f(x)(gpx~ 4 x24apx— 84 ...).
Paccmarpusas  ko3dduumeHT npu  x~h-1, monyuaeM peKyppeHTHYIO
popmyay
O ihn+ COnan-1 - -+ Ao Oy 9, =0 (h 2 0),

TAK YTO HMeeM

a¢oy, a9,y ) =0,
GCnty + a0, ‘P‘ A9y 1y =\
Qg5 .2 '+‘ a102n—3'+ ‘o + Ap_19-1 =0,

ao“zn_l +a152n—2+ Lo +a71—1°n—2+ a’ncn—l - O'

68. [I. Schur.] [Iycrs uyay nonunoma f(x) e 6yayr x, = x,(e)
(v=1, 2, ..., n); Ipu JOCTAaTOYHO MalOM & OHM TPELCTaBIRIOT CO-
6ol puddepenunpyembie GyHkuun or e, Mmeem x,(0)==x, nanece
s flx,(e)]+e=0 mnocpencrsoM JuddepeHUUPOBAHU [OAYyYaEM
f(x)x,(0)=—1, Illpumensem Kk f(x)—-=e TeopeMy 67, nuddepen-
uupyeM mo e ¥ nojaraeMm sarem =20,

69. Monaraems(*)(crp. 100)P (x)=x" f(x~DA4-(—1)" "%, 5.5, F(x)
n x==—1. Torna |

n P(x)) :__.__P(-——-l)_;_m ne1 wm
V:EIf’(xv)(l—f—x\,) = =D A e

70. Tlycrs P{x)— paccMaTpuBaeMblt HOJHHOM,
fxX)=(x—x)(x —x)(Xx—Xp)...(Xx— x,).
Vs Townecrsa

O Plr) Flx)

f/ ('x\a) X — X, ’
v=0

P(x)=

CcpaBHMBad KO3(MHIUHEHTH MMPH X7, foayuaeMm

7l
Y Po(x)

Jrx)’
y=0

| ==
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OTKyAa
n
' 1
1<M§ |73 ]

rne M —wuauboabnas u3 abCORTHBIX BeaumunH |P(x,)| (v=0, 1,
2, ..., n). VMeem nanbue

'f, (x,)] =] (x, — X)) (X, — %) v (X, — X,_ ) (X, — X, 1) . (X, —x,) | >
> l(n—9),
S o on
Zi)lf’(xy)i “‘4.};0 A(n—w ~ nl”
. 7o () =(— 1)yt 2 ==1, 2, ..., 1)
(%) =(—1) Vlm—xf (v | )
72, Uy () ==(— 1y"" 1n+x12 (v==1, 2, ..., n).

T3. [CM. I, Schur, Math, Zeitschr,, 7. 4, crp. 273-—274, 1919.]
Mpn v=1, 2, ..., n— 1 umeem

[ Way (=D = U ) — D= (—1'n;

T =z
naee,
[7‘% Uy (%) (x?— I)IL}= L = 2U,_, (== 1) = 2n, coots. (—1)" 2.

14. [d—i(x"-—l)] —ner-l=pest (v=1, 2, ..., n).

i =
v

5. llocnennee ypaBHeHue YTBEPKL&ET, UTO CTApIUUE UaeHH O0OMX
NOMMHOMOB pAaBHE Mexay coOofi. Torza 43 npennocieiHero ypaBHeHUs
MBI 3aKJIOUaeM, YTO TaK¥Ke BTOpHIE YJEeHBl COBMAjzailT, u T. A, MHaue
rOBOpS: NOAOMUM

Pxy=aux?4-ax" 1+ ... 4+a, x+a,
¥ 8aJa0MM IPOUSBOJAbLHBIE YHCAA Cp, €y + 0., Cp. LOTAA M3 YpaBHEHHH -
Pl (xn) = n!ao = Cps
Pn=U(x,_,)==nlagx,_, =+ (n—1la, = Cp-1

P’ (%) == naox?_l <+ (n — l)alx?"z—{— v Gy =10y,
-1

2o
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103 OULKMERTH 4y, 4y, dy, ..., U, NOCIACLOBATECNLHO ONPEREASTCS O I H O-
BHaUYHH M CnOCOGOM. \

76. [G. H. Halphen, Oeuvres, 1. 2, crp. 520, Paris, Gau-
thier-Villars, 1918.] A, (x) BnonHe onpenensieTcss yCJOBUAMH

A=A, (N=4,Q=...=A"Yn—1)=0, AP n)= 1.

7/
OueBnnno, Ay(x)=1, A, (x)=x n Boobwe A,(l + x) ynosrersopser
BCEM YCJOBHAM, HAJIMKEHHbIM Ha moiauHoM A,  (x). CnenoBatensHo,

A (x)=A,_ (x—1).

M3 atoft pexyppenTHO# POPMYABI NOCPEACTBOM IOBTOPHOTO WHTErPHPO-
BaHMUA MNoOJyuaeMm

X (x —n)?1
An (x)::

nl

(n=1, 2, 3,...).

[Tlocnenyioulag npoBepka AMP@epeHUUPOBAHKWEM coBCeM npocra. MHbM
crnocoBoM TO xe pgokazaHo B III 221,
77. Vs reopemn 71 B ee 0603HaquHﬂX uMeeM

. jﬂ(~*lr WIZRP (),

y==1

on—1 n—1
C1e IOBATENbHO, \aoyng::Q . PapencrBo socrTvraercs 3mech

TO0raa ¥ TOJLKO TOr'lda, Korpa

VIi—EPx)=( 1Y, |v|=1 (=12 ... a

ITHMHE 1 yCJI0BMAMH TNOJMHOM (#— 1)-#i cremenn P (x) onpenensercs
onHO3HauHO. Tax Kak, ¢ ApPyroft CTOPOHEI, 9TUM VCJOBUIM YIAOBAETBO-
paer 1U,,_,(x), To P(x) Heobxomumo pasHo YU, ,(x).

78. Cpanupas uieHsl BBICIMHX CTereHell B HHTEPMOJSALMOHHOH (op-
mMyne 78, nonydaeM IJs BhICIIEro Koddduuuenra @, nojuHoMa P(x)
npencrasjieHune

Qn 2 2?’& 1
ay=-—"— [P(1)~ (— 1)'P(— )]+ ZHMPM)
ye=1
Ecan, cnenosatesbho, |P(x)| <l B nurepBane — 1 L x <1, 10
2?’& -2 271, 1 n—1
[ap| < ——2 + (n—1)=2"",

PaBeHcTBO MMeeT MecTO TOTJa W TOJBKO TOrAa, KOTAA

P(ly=1q, P(—)=(=D%, Px)=(-D"7 |g|=1
v=1, 2, ..., n—1),
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StumMu n -1 ycnopusmu P (x) onpeneaseTcs ONHO3HAyHO. Tak Kak,
onHako, W 77T,(x) ynoBreTBopsieT STUM ycjaosuaMm, To P (x)=1yT, (x).

79. llycts P(2) — nomvHoM (n-— 1)-# CTeneHd O CTaPUWIWM KO3d-
¢uuvenrom a;. Toraa [74]

7
1
ao — 'Z‘ Z G‘JP (e\))°
y=1

Ecau, cneposatensho, |P(2)| <1 npu |z]=1, To

1

PaBeHcTBo OvaeT uHMeTb MeCTO TOJbBKO TOrzd, KOTAa P(e\,)z-(_é‘,
(v=1, 2, ..., n), |y|=1, 1. e, Ana P(z)—T';*n—i

80. 3 reopemu 71 npu xl—-cos ~ L x < 1 nonyuaem

o T T
Y = = Uy ()

POI<S X—x,  n

v=1 .
T. e. cornacgo 7 |P(x)|<n. PaseHcTBo JocTMraercs JMIUbL AJS

Px)y=~U,_ (%), |v|==1, x==1. AHanora4doe nonoxeHue ¥ TpH
—-I<_x<x = -—x,. Ecm xe x, <x<x1,n>1,'ro
1
— X2 e —
]/1 X sm > - Qn— .

81. [Cu. M. Riesz, Deutsche Math.-Ver., 7. 23, c1p. 354 1914,
IMpyumensem Teopemy 80 x noauHOMy ,

P(x)== P(cos‘})_...h(% [9].

82. (S. Bernstein, Mém. Belg. 1912, crp. 19 *); eM. M. Riesz,

1. c¢. 81; yxasuiBaeMulft smech npueM npuHasnexutr Fejér'y. Cwu.

M. Fekete, J. fir Math., 7. 146, crp. 88—94, 1915.] Cornacho

tTeopeme 81
(SO [=[g" ()| <Ln

83. [A. A. Mapxos, Uss. Akan. nayx, 1. 62, crp. 1—24, 1889.]
[Mpumensem teopeMy 82 k P(cos®) u 80 xk n~1P’ (x). PaBeHCTBO MOXKeT
WMeTb MecTo, Juuis Koria n~ 1P’ (x)=+yU,_,(x), |y|=1, 1. e. xoraa
P(x)==c— 4T, (x), rae ¢—nocrosnnad. VI3 nepasenctsa |¢c=y | 1
noayuaeMm ¢==90

84. Vurerpupya no wacram, noayuyaem

1 1

r( 1 (x‘a-«—l) )x"dx—-—( D7 .r(xg———-l)” e dx,

2%t a’x"f 2% ) dxn
_1 -1

*y C. H. Bepuwreiin, Cobpaune counnenudt, . I, Man. AH CCCP, 1952,
cTp. 25,
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u6o Bce mnpoussoaHble 0T (¥2-—1)" Hu3uIero yem n MOpPSAKA B TOUKAX
x=1u x=—1 obfpawmarrcs B Hyab. OTClona BHTEKAET, YTO BAHIIO/-~
Hietcss ycanoeue 1) (ctp. 104) 1 ToyHO Tax ke ycJoBue 2), TaKk Kak
BC/EACTBUE YCAO0BHS 1)

1 1

1 @m 1 a»
| (e G2 — 0 e = 20 [ (i (2 — 1) am =

-1 -1

@yt [ |
= o (s ji(1 — x2 dx.
Ycnosue 3) acHo. Koapduuuent npu x™ B noaunome P, (x) Oyner

(@)
o = g (ane

85. Us TeopeMbl 84 no npasuny Jle#ibHuM U a noayuaem

P, (x) = MZ( )(,,__\,)1( ) 1)

ve={)

86. Vmeen [l 117]

L0 T TR T T )
0 .
. n—k

n—-k k
""QLOJ(I‘%(Z)(JE;]) 2 (xg 1)2eakv)><
7 n—1 _z_
X(ho(?)(f:zu) 2 (le)z e—ﬂw)dcp:
= SV ERY T ERY =P 1851
- ov=0

87. Iycrs k,— xoadpduuuent npu x* B noauHome P, (x), &, =

‘25?52(’27);!)2 [84]. Ilpencrasum moauHoM (n-——1)-#i crenenn P, (x)—
kk” n— 1(x) B Bulle AHHeHHOH KOMGMHaan MOJIHHOMOB JieaH A p a:
n=1

n— 1(-")“‘"‘0013 (x)+cP (X)+ oo ey Py (%)
YCnOBne 1) (ctp. 104) naer
Com=C;==...==C,_g==0.
Hs P,(1)=1, P,(— 1)==(—1)* {85] monyuaem c¢,_, ¥ c,_,.
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X
88. Ecau 61 cywecTBoOBaN eille NONHHOM Sy, (X), o0nanaowui Tem xe
CBOMCTBOM, TO Mbl MMeau Onf

1
[ 184 (x0) — Su ()P dx=
-1

! 1
= [S,@[S,®—Shdx— [ Su®)[S4(x) — Sh(x)]dx =
-1 -

= S, (1)— Sp (1) =[S, (1) — S (V)] =0,

T. €, S;:(x):-Sn(x). [TooXKHM Temneph

Sy (%) = 20 s,Py(x), K(x)= D tP,(x,

v=0

[lns Toro uroObl ypaBHeHUe

1 n 1
i 2
-1 ve=0) : v=0

YN0OBAETBOPSAIOCH TOXNECTBEHHO MJH BCeX fy, &y, ..., f, HEODXOLHUMO,

yTOOH! sv———-zv—;ﬂ—l», T. e,

I 3 5 2n '
S0 () =5 Po(0)+ 5 Py () +5 Py(@) ... + XL P, (w).
Hycrp, nanee, |

(1 — %) S, (%) = uoPy (%) Py () + oo+, Py () 4~ tys 1Py ().
s ypasHenutt

1
J.(I—Ax)Sn(x)x“dx=0 (¢v=0,1,2 ..., n—1; a3 1)
o | ,
3aKJI0UdeM, YTO Uy=1u = ...=u, ,=0. [lonarag sarem x==1 n
X = — 1 ¥ 3ameuas, 4TO

Su()=CE s (= (1 2L

2 2
nonyuyaem
Sn(x):: 'WQV;‘}-IPV(x)_:’Z—é-l Pn(x)“l"f;+1(x)

il
=]

b

(bopmyna Kpucrodpeuansn).
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89. [Tonaraem B 88 K(x)=(l-—x)x”. Toraa Gyiem HMeTb
1
[Q—0S,@rdc=0 6=0 12 .., 8—1 n>1)
-1
Ianee [pemenue 88|

| J(l — x)[S, ()] dx =
-1

1 Vi
1 | 2v 41
= L 1) P (2 P, ) x =
-1 v=0
1
41 2n4] NS -k 1
=i fo)de: 5
. -1
0. VuTerpuposanye 0O YACTAM A4eT
b 1
fx‘*d%((l — x?) P (x)) dx = — [(1 - X P () vt dx =
- jP () = (1= 22y dx =0 (=0, 1, 2, ..., n—1),

T. €.
%((1 — x%) Py, (%)) = ¢P,, (%),

rae ¢ — fOCTOSHHAA. JTY NOCTOAHHYIO ONpelesiseM, HAnpuUMep, CPaBHU-

Bas 4jeHsl f1-# cTerneHu.
1

91. Kosppuunenr npu w”? B pasioxenun (1 -—2xw-+ w?) 2 o
BO3PACTAIOLIUM CTeneHsAM @ OyIEeT BO BCIKOM CJyude MOJMHOMOM rn-# cre-
feHd OT X C NONOXHTeNbHEIM CTaplMM KospouuuentoM [ctp. 104, ycio- -
e 3)]. OBosnauum ero uepes P, (x). MMeem TOXZeCTBEHHO OTHOCH-
TEJbHO # H VU

1

E JP,‘ (%) Py(x)ydx - ukob = f ax - ==

V1—2xuFu2- YV 1—2xv—+ vt

1 1 + V uv 2
— e u'nfv?’b
- 2 2n +1
Vtw 1 Vav o, +

[cTp. 104, ycnoBus 1), 2)]. Ilpoussomsawuél pal MOXKHO BBIBECTH Takke
HenocpelLcTBenHo u3 84 [III 219).
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92. a) Yuraem 1219 B oOparHoM HanpasieHuu.
6) [IIl 157.] B o6paTHOM HAnpaBJeHUW BLIUUCIEHHE [POUIBOLUTCS

cneﬂyfomum 00pasom:

dy
1 — (x4 Vx¥—Tcosp)w

f(x +Vx2—~1coso)”do wn——wj

nO

Ho npu nocTaToOYHO ManblX @ ¥ X > [ 3TOT MOCAENHMH WHTerpan paseH
1

(1 —2xw -+ w?) 2 (Il 149, n=0].

B) [lonowum F(x, @)= > P, (x)w"™. Torna

7=0

E: [nPn (JC) - (Qfl - ]) xpn—-l (x) '+“ (I‘L - I)P??___z (X)] Wl =

=2

— (1 —2xw+ ) o

) Zo [(1 — %) P (x) - 2xP] (x) -1 (n 4 1) P, (x)] 0" =

A {(w—x)F =0,

92F OF 62 (wF)

Q3. 11s 91 BeiTexaer

1 1 A
Vi—2cost-wtwt V 1l—ebw VI-e-thp

/N 1k (Qk -
“‘(2 5.4, ‘?Mw)(

k=0 1=0

Ma

l- 4(Qz —~1) e’”ﬁwl)

Otciona, nepemuoxas [I 34] u cpaBHuBasg KO3PPUUMEHTH, OyleM UMeTb
P, (cosd) = gog,cosnd -+ g,g,_,cos(n—2)% 4
+ ga8n_scos(n —4) - ... g g cosnd,
roe AJ8 KPaTKOCTH MOJOXKEHO

1.3...2n—1
go=1, gn=ry D (n=1, 2 3,...).

Orciona
| P, (cos) | < gogn+818n11+ 8o8n2t - +Engo=P,(1)=1.
PageHcTBO MOXET MMETb MECTO TOJbKO B TOM Cayuae, ecan af,

(n—2)%,... BCe ONHOBPEMEHHO OYIYT YETHHIMH M/K HeYeTHbIMU KpaT-
HEIME OT m, T. €. TOJNbKO npu & == kn, & — uenoe,
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94. Monowum x=1-4+£ £>0. Toraa

| —w 1
p — —
IIZ[ e T e = 1/1_25——_“’
(1—w)?

==1—{—Z L (2’1—1)((1%@;)2)%.

Crenenrodt pan w(l —w) 2=w -4 ng-l— 3w® - ... uMeer JHIb mo-
JIOXKUTEJIbHbIE KOI(DQHLMEHTH.

95. [L. Fejér, Math. Ann., 1. 67, crp. 83, 1909.] Cornacro 17
u I 157 umeem '

Py(cos )+ P, (cost) 4Py (cos®) | ... 4 P, (cost) =

™

£\2
(sin (n 1) ——)
2 2
- - t dt.
™ siti V 2 (cos § — cos #)

3

96. lpu x>1 P,(x)>0. Npu x <—1sgnP,(x)==(—1)" u
|P7z(x)|=_—_= |P,(—x)| moHOTOHHO BO3pacrTaetr BMecre C n [94].

P, (— 1) = (— 1)" 85). .

97. Yacruuht caysaih teopemut 140 ans a=-—1, b= 41,
f(x)==P, (x). Moxno apyruM cnocobom: u3 84 u V b8, uau u3 8b u
V 65, uan u3 90 u III 34, um xe ua 90 u V 120.

98.

l)n dm

a) (1—x)"(1 _+_x)3pa 8) (%) = Qﬂnl dx”(l — x4 )b,

Kosduunent npu x" B pe? (X) haercs paBeHCTBOM

)

n

5 (—1yp, oD (i—f—i): i(wa)(:ig)h

y=0

e n=( 1), ARo—(F)
B) Py ™ (x)=

2n
1 (¢ —— n x4+1 50
_=2—-nf(x+1/x2————lcoscp) (1+]/x—-1 6“““) X
0

(4 T

OTKY IR
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rie X JeKUT B MOOOH TOUKe NMIOCKOCTH BHe uHTepsana [— 1, - 1]. Ilpu
STOM [IJi KBAaLpaTHBIX KOpHef, a Takke a-X M B-X crenenelt Bepyres
Te BETBM, HA KOTODBIX 9TM KOPHH, COOTB. CTENEHH, NpU X > 1 U ¢ =10
MoJOXKuTebHbl; npu Jix > 0 @ BOWKHO mMeThb uenoe sHauenue (8 mnpo-
13ponbHO), npu Mx < 0 3 ROMKHO MMeTh Lesoe 3HayeHue (@ NPOUBBOJb-

HO), TPH MHMMBIX 3H4YeHHAX X (opMy.a crnpaselnuBa 0e3 orpaHudeHuft,

r) P () = (45 Vx4 BY P)Pi b () — 5 PPl (),
AP @Cnta+B)@2n+a48—1)
2n{n-+a—+8) ’
geod . @ 2ntatpf—1
" 2n (n4a+B)@nta4-p—2)°
(@8 __ (n+a-—1)(n+B——1)(2ﬂ+a+B) _
“ AFa B tatp— T H 5 )
n) Mycrs S& ¥ (x) — nomusom n-# creneny, 06naﬂa}oumﬁ TeM CBO-
CTBOM, uTo naa moboro nommnoma K (x) n-f crenenu

1
[ =20 (1 4S5 () K () doe = K (1)

TO' a

1t .
@8y NV 2fetp+1 TO+a+B+1) pad,
el = Y ST s o @

@@ A1
1 n-a-1 I'(n4-a--842) Py (x) | n+1(x)

T G tad g2l @k )L (8L 1) [ —x
((bopmy.na Kpuctroddens).

v=0

¢) f (1 — 21 (14 2" SE P () S“ P (x) dx =

[0 eCI m==n,

g—u=8 P(ndad-2T (nta-HB42)
TeF D@ FedfFr2 TrFDT@m+p4+D

| eciu m=n; m, n=0, 1, 2,...
1) (1 —xB) P ()4 [B—a — (s +8+2) %] PP () +
+nn+atp4+1) PP (x)=0.
(1l —w4- VT —2xw+w?)"* X
| X (1 4w VT —2xw i) * =
=P @+ PP w PP PP () et

,——-—"\-

9ot
1/1 — 2xw -} w?
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u) Hyan noaunomoB $k 004 —BellecTBeHHbIe, NPOCTBIE H JIEXKAT
BHYTPH uHTepBana [— 1, 1].

JloxkasaTenbCTBA AHANOTHYHB HpuBeleHHHM B 84—91, 97. Hpn J0-
Ka3aTeJbCTBE B) 8anucoiBaeM cHauana 0) B ¢opwme

e = ) () () -

v=0

1 X1 \n+te x—1 \n+b dz |
=g b1+ 55 e

HHTEr PUPOBAHHE MPOMABOZUTCA BLOMbL OKPYWHOCTH |2|=2]|x%>— 1] 2
MONMHTErDA/bHAs (QYHKUHA DErysapHa BHYTPH W HempephiBHA Ha STOH
okpyxHoctn (n > 1).

- ot 1 d” - Nt

a) € ( )_nid_x”

Kospduunent npu x” y noanHoMa L) (x) ects

1\
k :(' 1)~—.

n n!
| O (e
" v /A a "'".’C)\J
.6) Lg"”)(x): Zd(n-—v) q
v}

OTCr0Ma

Lo =("1").

1) ALY (%) = (— x 421 40— D L1 () — (- 2 — 1) L5, ()
(n==2, 3, 4,...).

n) Ilyctb ng)(x)——nonuﬂom n-# crteneHu, odanAWMH TeMm CBOH-
CTBOM, 4YTO ILJis J1000ro noauHoma K (x) n-#t crerneHu

e u]

f e "5 S (x) K (x) dx = K (0).

0

Torna
n @ P+l
(0'-)( - 1 ﬁL(a,) x)——_ n+a+l L’n, (x) 7‘l+a+] L P (JC)

(bopmyna Kpucroddens).
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o [O, ECIN m=£n,

e) e xS () S () dx =4 ad1 (nfa--]
f lT(a—{-«])( n ),GCJ]H m-=n

0

: (m,on=0,1, 2,...).
) 2L (%) (@ 41— ) L (0 nLy (x)=0.
3)

2w

e 1-w

T @ @ @ e’ L 0w

n) Hymi (00600lieHHbIX) MOMMHOMOB ﬂareppa——aemeCTBeHHbre,
[ONOXUTE/IbHEIE W TIPOCTHIE.
JlokazaTenbcTBa aHAJOTMYHBI MpPUBENEHHBIM B 84, 85 87—91, 97.

(L1718
mQ

a) e TH, ()=~ ®

nl dxt©
Orciona nocpelcTBOM IH(PepeHUUPOBAHUS TONYyYaEM
14
Hyy (%) — xHyp (%) = (1t 4= 1) Hyp (),
OTKYZLa BHTexaer, uyTo y noiauHoma H,(x) xosdduuueHT npu x" ecrb

b, — D"
n!
r) Ay, (x) = —xH,_,(x)— H, _,(x) (n==2, 3, 4,...).

n) Iycre S, (x)-—noanHoM #-# cTenenu, o6JajalOWMi TeM CBOM-
CTBOM, uTO Ias Jboro nomuuoMa n-# creneHn K (x)

oo m‘z

f e %8, (x)K(x)dx =K (0).
Torana -
VY
I S \ P (zv)l (— DPH @p 4 1)1 Hapts (x)
Sn ()C) - — % ( H2;( ) ]/Qﬁ Qppl X

rie p:—-[%] (popMmyna Kpucroddeas).
) Hy (%) — xHp (£) = nH, (x) = 0.

]
LW

wﬂ
3) e 2 = Hy(x)+ H, (x) w4 Hy(x) w*4-. . .+Hy () w". ..
u) Bce Hyau mOAMHOMOB O PMMUTa— BEIIECTBEHHbBIE M MNPOCThHIE.
IokasatenscTBa a), T), 1), 3), M) aHAJOTH4HbI NpPUBEICHHLIM B 84,
87, 88, 91, 97; x) BbITeKaeT M3 a).
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100. Cnényer us pewrenns 98 6); uMenHo, monaras

t41 9
e =l
HMEEM
n+$ Pl . (_x)n-—v
@ETw(n-—»)(t = =i

[peuwienne 99 0)].
102.

Je ZL( 2)( )x2k+1dx_.0

(=0, 1, 2,..., g—1),

TaK KaK TMOJHHTErpanbHOe BhIpaXeHHe npeacrapifeT coOOH HeyeTHYIO
(byH]{IJ.H}O 5 :

— 00

1 1 1
m2k+2 J‘e—yl,g“?)(y)yk“—gdy=0 (k=0,1, 2,..., ¢ —1)
; .

(-7)

COr/IaCHO Ompele/ieHHI0 nojuHoMa L, (v). CaenosartenbHo,

1
L(S 2 (fQ—J): const. Hy, (x).

AHaNOrMYHO MOKAa3LIBAEM, YTO

1
xL§2) (if;) = const. Hygy (X)

ITocTosHHRIE MHOXKHUTEJH OTpeleNIOTCA MyTeM CPABHEHUS KO3(PPULUEHTOR
npu x%¢, coors. x2¢+1 [pemenpe 99 a), 100 a)j.

i03. lonaraem
) n _
P(x)-_—_—Etvl/Q";_l P, (x).
v=0

Torna
1
[PoRdx=f+f+b4.. . fa=1
1

Hanee, cornacuo If 80
V(]

PR N E YN P wp= N2 P (e

yee () vy vl
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PaBeHCTBO NpU MPOM3BOMLHOM X == X, [NOCTHraeTCsl 3MeChb JHilb [PH

 yCIiOBHY

L=ty EE  p ey 6=0,1, 2w,

rae ¢ OnpenendeTca Tax, yTOOLI BBIMTOJHANOCH YCJOBHE

to— £+ 5+ . 'Jr‘fn——“l
Cu., kpoMe Toro, 93.
i04. [Tonaraem

p<x>--z VV.IW

Torna

—

j(l——x)[P(x) dx = - £+ G4 .

Manee, comacno Il 80

(89].

PP < WA N7 1S, = Y77 (S,
=0 yv=0 v=1{)

Fimeem [peurenue 88]

1)2 S ]

Si)="FL s, (—)=(-1pift

[ paHuupl NOCTHLAKOTCS NpH £, = £ |/ S (XD (v=0,1,2,..., 1),

rae ¢ B 0BOUX C/Ayuasx OfpelelseTcs Tax, yTOOB! BBITOMHANOCH YCAOBHE

to-5-tot ... =1,

105. limeenm [103, pewensne 98 n)]

Max [P(l)]z—_—SEf'm(l)_.-:

1 ndatl Ttatf+t? ( n -1
P8 ontatd+ 2T (e DL (n4+8+D\n+a+1
Vi3 pewenus 98 x) u 6) monyuaem

ta, B’ nn4ae4-B41) g,y n(F+atB41)/na
P (1) = P R PO () = M R (M),

i (OH—PE ‘”’(n).

M CJelOoBATENbHO,

Max [P (D) = S% P (1) =

1 'n+ae4+HV(n+a+484-2) -
P PG DT @+ DT (n4+1)T(n 8+ 1)
1 nAe+3

T T @ DT @ 2)
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Hanee .
Max [P (— D}’ =S¥ “ (1) =
1 P(n4B+DT(n+atp4+2
P TR DI @+ (n+ DI (2o 1)
| 2842

TP TR DT+ 2

Ilpy a =1, B_—O noayuyaem 104.
106. oayuaem Ttak xe, kak B 108 [99]

I'(n4a-2) N et
Ta@ DI @F)T(n+1) T@t+DT@t2)

107. Vimeem [103, 100]

Max [P (0))" = Sy (0) =

2 — P @p -1y
Max [P (0)] S (0) = _V..Q_E Q-'pp! ng_|_1 (0) =
] 2p+1) [_n_]
Vor 2.4...20 2

Coraacuo 11 202
Max [P (O)f = S, (0) ~~Vn.

108. [F. Lukéacs, Math, Zeitschr,, . 2, crp. 299, 304, 1918.]
YacTubift cnyuaft nepasenctBa 110 nag a=§3=0. Ilpu noxasarein-
cree onupaThcsd Ha 103, 104, Ho He Ha 1056.

109. [F. Lukdics, I. ¢. 108.] JocTaTouydo 10K434aTh ONHO U3 THX
HepaBeHCTB; 3aMeHss P (x) Ha —— P (x), nonyunm npyroe. [anee Moxem
npunsaTs, uro m =0, ITlycte a < § < b, rorza [108] '

£ b
PE)< ‘P(x) dx, P fP(x)dx
0':’ E
Otciopa noayyaem
b b
PO<; 2 [Pas, Mg [Pax.

I1Q. TTonaraem [47]
Px)=[AX)P+ (1 —x) B4 14 %) [C P+ (1 —x2) [D(x)]?,

rie A(x), B(x), C(x), D(x)— nonuHoMbl COOTBETCTBEHHO CTeMeHeH

[tl=r [E=omt (2R mem [g-rmrm
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Monaras S B)(1)=S§§" ) cornaceo 105 umeem
P(y=[A(DPE42[C(DP L

1
<87 [ —xy (1+x)B[A<x>1 ds—+

-1

28 i+ f (1 — 2" (14 2 C () Pdx <
_ -1

1 -
< Max (87, 285281 [(1— 0" (L4 0 P (0 de<
-1

< Max (S, '28,3“;?“’1.
I!l. Tonaraem [45]
P(x)= [A(x)]9+[B(x)9+x{[C(x)]9+[D(x)]2},

roe A(x) u B(x)——rionuﬂomu CTeneHu [—g]:p, C(x) u D(x)— cre-

n'——l v
neHu [ 3 ] [Tonaras 3;”(0):3;2", cornacHo 106 wuMeem, cneposa-

TEJbHO,
co

PO)=[A0)P+[BONP LS | e=x {[AXP A [B@)1*} dx <

e=@x*P (x) dx = S,

!
/

<sp

182, Yacruntt cayuatt nepapenctea 111 mpu a =0,
113. lpumensem 112 K nOIMHOMY

P (x5
f e~¥P (x + £y

0

Umeem S
P(E)g([-%]-{- l)fe"ﬂ’P(x—{—-E) dx=((% -+ 1)eﬁfe“wp(x)dx
| S - £

<([g]+1)¢

91 3ax. 1127, . Tloma a P. Cere



OTAEJ CEABMOMN
OMPENEJMTEJIM U KBAJAPATUYHBIE ®»OPMBE!

§. [TepecraHoBKa HOMEpOB ABYX BEDLUMH CBOJMTCA K OXHOBPEMEH=
HOM mnepecTaHoBKe Mapel CTPOK ¥ mnapsl cronbuos. IHpunuceas npo-
THBOTIOIOXKHLIM BEDIUMHAM OKTa3Apa HOMepa, OTAUYAIOUINECS HA 3, HOJY-
yaeM oOnpenenuTenb

Ot 1 0 1t 1 .
1 01 1 0 1
1 1.0 1 1 O
=)
O 1 1 0 1 1
1 0 1 1 0 1
I 101 1 0

OnpeieauTend Aias Terpasapa paseH — 3, Lis xkyba pasen 9.
2. YMHOXaeM NepByIO CTDOKY Ha — @, W CKiI4lblBaeM CO BTODOH.
[TocpeacTsoM NOAHON HHAYKUMH TOJYy4YaeM

(@ —b)(ay—by) . .. (@y—by).

3. [Cauchy, Exercices d’analyse et de phys. math., 1. 2, 2-e u3a.,
crp. 151—159, Paris, Bachelier, 1841.] BoiyuraeM nocnelHion ctpoky
M3 BCex npemwectsyiouwux. Torna u3 CTonbUOB BLIHOCATCA 34 SHAK
ONpelenuTesid MHOXUTEH

1 1 1 1
an+b1, an+b2' Y ‘zn‘i“bn—l, an‘i“’bn,

& U3 CTPOK — MHOXKHTEJH

C_?,n—--—al, a,n-""az, e ey an—“a»n__l, 1-

B ocrawuemca onpeleauresie BolyHTaeM MOCAeAHAH cToabell 3 BLex
NpelIlecTBYIOWUX U BHIHOCHM W3 CTOAOLOB M CTPOK COOQTBETCTHEHHO
MHOXKHTE . .
bp—0by by—0y ..., by—0, , 1,
1 I 1

| e
. [ Y .
a + bp’ ag-t by SR

¢
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Torma ocraercs raaBHBIE MMHOD, MMEIOWHMH TOT ke BHA, YTO M 3alaH-
HEIR onpenenuTesb, TOJLKO MOPSAKOM HA €AMHMLY MCHblUe. 3aTeM HpH-
MEHsAEM MOJHYI HHIAYKUHIO.

4. Yacruut cayuatt samnavu 3 s @, = A, b, = w4 a. Vimeen

1191 P24 2) T (34a)...T(n 4140
— 11 —_ 2
Dal@) =12t (n—1l T2+l (n+3+a) ...l @nFlta

5. Mocrpoutoe nepemuoxenue [cM. Tawxe 11 51, VIII 2] onpenenu-
Teaeft naer "

a1 __(n;-l) ar?, (n—z—l) a7, (— 1)t \ p e

X |1, by, b oo, BT

6.
2 -2
Po pio1 poai ... I BiBr...
2 2
Po D1%2 pade .. || 1 32{92--~ —
2 2
po plan p‘aan L 2 ] 1 Bn Bn LI ]
Vi Yy “n vy Voo "n
oy Ay .. 0y 1 Bl"'ﬁl
NP “n oY% @Y 2 n
Cﬂal az « 4. az d2 82 . e e ['12
- 2 P EP‘le"Q PR p‘)/n . ) i | .
. . . ] [ ] [ . . . L] - .
. . ¥ N v
/ ' ”n oy ! oon
%, Ay ... Oy 29 ‘37.3 cee Bp

CyMMupOBaHHE DACnPOCTPaHAeTCS HA BCE IPYNALL  HEOTPHUATENbLHBIX
HENBIX UHCEN Vi, Yo, v oy Yy, O Ly << ... <y, Bee caaraemue
nociefHefl CyMMbl HeoTpHuaTesbHbl. Ecmu cpemn uucen p,, py, po, -
no Kpaknelh mMmepe £ He paBHB HYJO, TO B YHUCNE clAaraeMnix OyLyT
TaKXKe W MOJOKHUTEAbHBIE.

7. [A. Hurwitz; cm. O. Holder, Leipz. Ber., 1. 65, ctp. 110—
120, 1913.] Belutrem B onpeneaurtense [D(x), HONY4eHHOM B pe3y/b-
tate npubaBieHHs X KO BCEM JEMEHTaM HCXOLHOTO OIpeleNurensd, nep-
BeIfl cTON0El U3 BCEX MOC/eAVIOWHMX. TOrna X OCTaHeTCs TOJbKO B MePBOM
cronbue, u noaroMy D (x) ecth avHelnas ¢gyHkuus ot x, D (x) = D - xA.
Mpy x—=—a 1 Xx=—>~0 D(x) NPHBOAUTCH K IMPOU3BELEHUIO TJIABHBIX
9/IEMEHTOB:

D—Aa=(ri—a)(ry—a)...(r,—a)==f(a),
D—A=(r,—b)y(ro—0) ... (r,—b)= f(b).

B cayuae b=a [M. Roberts, sanaua; Nouv. Ann., cepua 2, r. 3,
crp. 139, 1864] ompenemureab pased f(a)— af (@), 4r0, BOpOYEM, M
HEMOCPENCTBEHHO HETPYAHO YCMOTPETh.

21
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8. [T. Muir, Amer. Math. Monthly, 1. 29, ctp. 12, 1922.] Boo6iue

uMeeM
P i feooor fa
0% 0fy Ofy Ofn
0x, dxy 0dx; '~ 0xy
0(efy, 9o <oos 90 __ .n-1 o¢  Ofy dfy 0fn
0 (Xy, Xa, oovs Xn) ! T 0xg Oxy 0xy ' Oxg

L (]

. 0'43 0]1 afa dffn
0x, 0Xx, . 0x, ' O0x,

B npuMeHeHWM K HalieMy CAYY4l0 ONpefeiuTes]b paBeH A3, yMHOXeH-
HOMY H4

ad—>bc a b ¢ d

—d 1 0 0 0O
¢ 0 1-0 0!=3A,

b 0 0.1 0

—a 0 00 1/

9. [3anaua, College d’Aberystwyth; Mathesis (2), . 3, crp. 79,
1893. Pewenne—Retali u ap., ram ke, crp. 172.] Paccmarpusaembit
OnpesesUTeNs B Clyuyde BeWECTBEHHbIX {, m, # OPUHAIMEKUT KBaApa-
TUYHOR opme |

(0 — D24 324 2+ 2 (T 24 2) (e my - n2),

npu g =2 papHON

2(F4 L =) Ut my+nz) =

4l ) ) ()T -

(= o =)t (=)

Takum oOpasoM, paHr ee npu p==2 MeHblle yeM 3 (OH paBeH 2, 3a
MCKJIOUEHHEM TOTO cayuas, Korla [2==m?=n? rorma oW paseH l).
[lonaraem, nanee, p=(p—2)-+2 w pasnaraem 1nO CTeneHAM p— 2.
[Monyuaem " | :

o= @+ 24 2) p— 2+
2 o+ T
o~ ; m + ... J—2)+ 0=
Lam g |

_—_(P—_2)3+6(p——2)2+(9-1’)(9—42)-
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rie -
p_(l_ .1 1) Rt 2
=\g T 513+ m?+n?).
JBa OCTaJbHbLIX MHOXKHTENS CYTb
p+1—V P, p+14VP.

-1
10, Onpenensem snavenne neuspectHolt (— 1) S, 13 CHCTEMBI Y pa-
BHEeHHH

(— DS, X (— DS X (— 1) S e A xS =
(v=1, 2, ..., n).

ii. Y3 coobpanenutl HenpepLIBHOCTH MOXHO OFpPaHHUUTLCS ClyuaeM,
KOrZa TNOJHHOM @y2" —+ @.2% 1 ... 4 a, uMeeT n pasnudHbIX Hynel,
O6o3naunM Kakof-aub0 H3 3THX HyJ/eH uepe3 2 U TMONOKUM

Q2P ==X, 0,272 =Xy, 092N T =Xy, gy W T Xy gy Oy == X,

Torna uncna x5, Xy, ..., X,_, YAOBJIETBODAIOT ONHODOLHOH cHCTeMe

a a [/ P &
(Z+E§)x0+‘g?{xt+a§x2+ + - Txn 2+ = n~1:0’

—

a a LZ :
— 2yt 2x, =0, —2x +2x,=0, ... nl o 2x, =0,

i | :  ap -
onpellendTe b KOTOpoH no/mken Obth pased Hymo. Takum obGpasowm,
NpelJoXeHHbIt onpejlesnTens NpeacTasideT cobOi MONMHOM n-§ CTeleHH
OTHOCUTENLHO 2 C BhICIIMM KO3hduuueHTOM 1, uMEOWMN Te Ke HYH,
4TO M @y2" - a 2" 14 ... 4 a,.

12. Jleno croauTcs K- MCCAENOBAHWIO PAaHra MaTpHIL

0 ~a a, 0 —a, a, b

Qg 0 —a a3 0 —ay b
— a, a, 0 [ —a, a, 0 by

Cll 0:2 as al a2 . CL3 c

[TepBas M3 9THX MaTpHL COLEPXKHT YeTbipe ONpele]HTesd TPEeTbero
nopsika CO 3HAUEHHSMH COOTBETCTBEHHO :

2 2 2 2 2 2 2 2 2
ar(@r+- a3+ a3), — afer+-ax+ay),  aglai+ e+ ay), 0;

ouesunHO, oHa uMeeT Jsubo paur 0, aubo panr 3. B nmepeom cayuae
YCIOBAEM COBMECTHOCTH sBAseTcd O, = b, ==by==¢=0, BO BTOpOM
a.b;~+ ashy—+ a3bg = 0. Ecau ueTsipe ypaBHenus COBMECTHbBI, TO B Nep-
BOM ‘CJy4ae X,, Xy X5 COBEPLIEHHO HeOMpPENeNeHHEl, BO BTOPOM ~— HMEIOT
BIMOJHE ONpefeseHHble 3Hauenus, llpu 3HakoMmcree ¢ BexTopHDm y MHO-
KEHUEM pe3yibTaT OUEBHIEH. : :
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§3. VMmeeM TOXKIECTBEHHO A/ BCEX 2

e = (12 (1=2) e (10,

1 ay, an

e o]

- z N
Tak xak OeCKOHeYHOEe MpOH3BELEHHE I I (1 ——Z—) P2BHOMEPHO CXOAUTCA

7
n=1

B KOXKIOH KOHeuyHOH 004aCTH, TO TO Ke UMeeT MeC'I‘O H 4Aag 1ochAeno-
BATEJLHOCTH MMOJHHOMOB

1+u<"”z+u””z“+ AdVr (n=1,2,38,...)

Orciopa BLITEKAET, UTO
. { .
lim ui? = u,
(I dee]

cywecTyer mas Beex & (=1, 2, 3,...) u

1—+—u1z+u2z9—{—...—{~unz“—{—...: (1—&1) 1 179).

n

==k

Jra GysKuug, BooOule TroBOPS, OTAMYAETCA OT BaﬂaHHOﬂ MHOXHTE-
neM €9, rae g(2)——uenas QyHKuud.
§4. Mb noayuaem (MMEIOTCS B BUAY ONPelesUTeNH 27-TO ﬂOpHﬂ.Ka

a ne 2-ro, ¢ sneMenraMut ||, |— bl [Bwl |@))
(arg) (— byp) (g~ ibry) (— b+ iany)
(b}‘y.) (ai&p.) (b)\p) (alp.) o

(ar. =t ibry) (0)
(Drp) (. — ‘bf«p-)

roe TMONOXeHO |, —+ ibml_A—kiB A u B—pewectsennsie. Ofpa-
weHue B Hyab CyMMul A% B? paBHOCH/ILHO OJIHOBPEMEHHOMY obpate-
HUIO B HYJb Beauunn A u B.
~ §5%. [G. Rados, 3anavya, Math. és phys lapok, t. 15, crp. 389,
1906. Pewenne—M, Fekete u np., Tam xe, 7. 16, crp. 310, 1907.]
lipousBenenne CaaraeMbix @,0950g5, @ alagly,, @y38s;03, PABHO MO abco-
JIOTHOR ReJuuMde ¥ TPOTHBONOJOKHO 1O 3HAKY INPOH3BEAEHHI0 TPex
OCTa/bHbIX. ‘

i€. [G. Polya, samava, Arch. d. Math. u. Phys., cepua 3, T. 20,
¢tp. 271, 1913. Pewenne —G. Szegd, Tam ke, cepus 3, T. 21,
crp. 291, 1913.] Ecam Owi g, 6o tpebyemble 8HAKM, TO COTJIACHO
FUMOTETHYECKOMY 32KOHY Mbl UMEMH Obl | &y |1, pet, 2, ..., n="n!B [IpOTHBO-
peune ¢ HepaBEHCTBOM A X a M a p a, COrJacHo KOTOpOMy en =120 n<C

wo

—

= | am—{— Lb)\p,l l Qrp.— Lb)\y, ‘ = A?+ B2.

<n? (Kowatewski, crp. 460], wGo, nauuas ¢ n > 3, n® < (nhy,
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BrnpoueM, 10CTaTOYHO NOKA3aTh HEBOZMOMHOCTS NHIbL 114 onpenemTene
TpeTbero nopsaxa [1561.
1 q—2

§7. Hycrs suamenarens Oymer 2%— ¢ 287 — 2™ — .. —¢,.
[1poussenenue '

(ap+ a2+ a2~ ... a2+ .. .)(zq-—clzq"i—— )

©CIH He YTO HMHOe, Kak nmoaupoM crenedu p-— 1. [losToMy B pasioxe-
HUH 9TOT0 MPOU3BEAEHHA KOIPPULLHUEHT NPH PAR -

Ap— Oy~ Qpyplp— « o —— Ay gCq =10 W,

opu n=p—q, p—qg—+1%, ..., ecau p =g, v npu n=0, 1, 2, ...,
ecan p < q. Vs coBMectHocTH ¢ -+ | amHe#idnix ypasHenu# (¥) (npwm
n==rF, k-1, k-2, ..., k- q) surexaer, yro AZTYV=0.

i8. s A"V =0, A?-£0 suwrexaer, uro Ly pq (%) MEHEHHO 3aBUCHT

07 Ly(x) Loy (%), ooy Lypg_y (%) [Kowalewskl cTp. 53] [ToaTomy
npn n 2 d L,(x) nuﬂeﬁﬂo saBucHt 07 Lg(X), Ly (%) «vny Lgig (%),
¥ yDaBHCHHKE L (x)=0 ynosaerBopseTcs 0OUIMM pemeﬁwem q ypaBHEeHHH

La(x)=0, Lg(x)y=0, ..., Lgq ()=0.
Tax xax A‘dql_ #0, TO 9Th YDaBHeHUH UMEWT pelUeHue BUIa

Xo==1, X;==-—0¢, Xy (g «v., Xg=—20Cf
Ho 5To osnauaer ofpautenue B Hyabp Kosdpuuventos npu 2777,
+1 .
27 B mpoussenenun |
1
@+ a2+ ay22+ .. ) (BT — 02T — TP — L —¢)).

19. [Kowalewski, crp. 80, 109.]
20. B cuny teopeMbt 19 13 NpeinofoKeHUs BITEKeT

¢ @ 4t 1 wl
( U ) == A Am+2; (Am,-}-:z) - An{+1 R IR
- {q) 2 (q } (@ e (q
ey (Am-i-t-—i) = A,77,+;_9Ai,%+1, (Am+t) — Am+t lAm+t+1-

Taxum o6pasoM, oOpamiedde B HyJb OLHOTO H3 £ PACCMATPUBAEMBIX
onpelennTelefl ¢-ro TNOpsIKa BaAedeT 3a COOOM oOpauleHHe B HYJb
Kaxaoro cocegHero ompexneaurend. Euie narnagnee—u3 22,

98, fcuo. Ilpumep: AP

32, [A. Stoll] 1) purexaer u3 19, 2), 3)—u3 19 u 1). Cne-
AyeT 0OpaTHUTb BHHUMAHUE HA «KPeCTOOOPA3HOE» DPACMONOKEHHE NATH
onpeneantenedl 3anaun-19 B cxeme 21. Iad 10KasaTenpCTBa COXpaHe-
HEA B cuie cBoMicre 1), 2), 3) TakKe M Ha Kpae cXeMbl [IPUAUCHIBAEM
a_, nepel ag @,, Gy ... ¥ COOTBETCTBYIOUIMHA HAKNOHHBIH DeAn mepel
cxemoi 21, '

23. [Cu. E. Borel, Bull. d. Sc. Math,, cepua 2, r. 18, ctp. 22—25,
1894, Ecau s nepeoit crpoke cxembl 21 COLEPXKHUTCA JMIUb KOHEYHOE
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YUCAO BAEMEHTOB, OT/JWYHBIX OT HYJd, TO CTEREHHOH pan ay,- a,2—+
~+ ay2% ... NMPUBOIMTCS K 1L e oY% paunoHanbHo# dyHKuuu. B ocralb-
HBIX CAy4agX B pe3yAbTaTe MOBTOPHOrO MNpYMEHEHHA DPaACCyXIAEHHs
sanaud 20 nojyuaeM, 4TO CYLUECTBYKT [BA TAaKHX UeJbIX uHcaa d 4 g,
I <{q <k, nns KOTOPLIX BLINONHAITCA MpeanojoxeHusa 3anauyn 18.

24. [L. Kronecker, Monatsber. d. Akad. Berlin, 1881,
cTp. 966—567.] Mocpeacrsom mnosropHoro mnpumeHenus 22, 1) npu-
BeCTH K 23.

25. [G. Pb61ye, Math. Ann., 1. 77, crp. 507, 1916.] [Mocpeictsom
NOBTOPHOTO npuMeneHuss 22, 1) npuBectu k 23! Ycnosud, Hanaraemeie
Ha onpeﬂeﬂnfrenﬁ B 3an1ayax 23, 24, 25, NEPEBECTH Ha ALK cxeMb 21.

26- CM

27. Ec.nu paHr KOHEYeH, TO BCe OlpeleauTe]d 33aaaum 23 aas
R0CTaTOYHO . HoAbWOro R 0o0pawalnTca B Hy/ab H, CJeNOBaTENbHO, CTe-
MeHHOH paj NpeAcTaBiseT paunoHadbHyio dynxunio. [lyers, obparno,
CTEMEeHHOW psj NpeAcTaBiseT pPaUUOHAJbHYO ¢YHKUMW. Dylem mnpu-
nepimuBatTbest 00osHadeHHH 3amaun 17 u paccMOTpuM JMHEHHYIO PopMY

A (X) = @pXg Qi X1 CpiaXe 1t - -

C NMPOU3BOJLHLIM {(0AHAKO He OecKOoHeuHo O60/JbWIMM) YMCAOM [epeMeH-
HuiX. Benencrsue ypasnenult (¥*) pewenus 17 OyleM umeTb

s n=d, d4-1, d+2, ...; nosroMy ¢opMel Ay Ay, ... Ag,

v > ¢, 3aBUCAT OT ¢ TOCAENHUX M3 HHUX. Tak KaK, TaKHM 06pa30M

Mexay moOeiMu ¢ | U3 3TUX GHOpPM cyLUeCTBYeT AKHEHHASE 3ABUCHMOCTD,

TO BCe COJepxalipecss B §, ONpelenuTend nopsixa ¢-—+ | pasubl HYJWO.
28. Cv. 29.

29. Ilycrs, COrnacHo NPeANoONOXeHNI0 3anaun 28,
) £ (), A(()P'*‘” — A(()_’I’+2) —— A})ﬁ-}—:}) = ... =0,

(2 -1 -2 “‘1 (
A = AP V=AY = .. =41 =0, 41 +0.

[lpuMeM Aast OTPENENeHHOCTH, 4TO

0 <q<p.

VM3 sTux npeanonoxeHudt, IPHHUMAA BO BHHMAHHE TMOJOXKEHHE BLltle-
CTOSILLUX onpeneanreneit B cxeme 21, monyuyaem cornacuo 22, 1), uro

A9 0, AR =0, AL e+ 0,

, |
ACD o, ATTD 0, ATH,—0 } %)
» Op—gtl =Y, J

VsniMy cnopamu, B okaliMaeHud OeCKOHeuHOM TpaneuueBWRHOM, cocTod-
Hiefl AL U3 HyJeH nonocel B cxeme 21 BCe ONpenesHTeNd OTAUNHbL
OT Hy.s,
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Cornacxo 23 crenen, anamenatens < g; CM. BTOPYIO CTPOKY B (*%),

CornacHo 17 crenedb 3HaMeHaTens > ¢; CM. NEPBYK CTPOKY B (¥%),

HerTo- PaHr < panra Marpuup §, ., C1e10BaTeNbHO, < ¢ COTAACHO
pewennio 27.

Herro-panr > ¢; cM. nepsyio CTpOKY B (*¥). |

Cornacno 18 crenenb uncanrens < g-+(p—q)—1; cm. (*%),

Cornacno 17 crenenn uyucmreas > ¢ (p—q— 1)—1 TAK KaK

{q-; 1) ——" |

Pam‘ MaTPHULLI -fpp paBeH TOYHO ¢, CNeldOBATENbHO, paur 9o
BO BCSIKOM cayyae < q+(p—q)

BpyrTo-panr, pasumit panry §,, Gyzer > p, no AP 0.

30. |[E. Beke, Math, és term, ért.,”r. 34, cTp. 25, 1916.] Vka-

[s.6]
3aHHOE CBOWCTBO CTeNeHBOH pal 2 2" uMeeT TOTrJa M TOJbKO TOTIA,
n=0
(=8}
Korna pan Eaﬂz” npencTaBaseT pauuoHanbhHyr Qynxkunio [24, 26].
=0

B oboux cayuasx peub uier of OIHMX M TeX e PeKYppeHTHHX (op-
MYNaxX MeK1Y KOIQDHUMeHTaMH &, 4, &y, ... |
3. [G. P6lya, Proc. Lond. M. S. (2), 7. 21, cTp. 25—26, 1922.]
[IpoussecTn  ciomenue CTPOK u  CTOJGUOB. Ho MOBOLY C/yuad
QD=1 —2), n=0,1,2,...,cm. Kowalewski, crp. 112,
2. Tax kak uucanten» uMeer creneds < g—1, TO

ancq+ an_;_1cq_d1+ aanz_cq*-z"*_ s —i-an—}—q—lcl:anﬁ*a (’?’:0" 1.’ 2, - )

Taxum o0pasoM, B pe3dyabTate YMHOXeHus A-# cTpoxu (croadua) ma-
rpuubt Wy, Ha p-# cronbeu marpuubl € nonyuaeM @i, A po==1,
2, ..., ¢, u caenosarensto, W, E =", ...

33. Ilycth pasr 6yBeT r ¥ NyCTh

al 71 al‘)) a’lv?.

a‘)“ aZ‘Jg. az oy %é O
3

a-}‘vl a?'\aa ¢« e ar\,r

Oy <w<{...<v. EBomm ¢, f;(+cfo(2)+ ..., f,(2)=0,
b v

TO, B Y4CTHOCTH, Kosq}(pnunembx npu 2%, 27, ..., 27 B NeBOR uacTy

- IO/KHbI GBITh PaBHH HYJIO. JTO NAeT r AWHEHHBIX OLHODOIHBIX YpaBHe-

HHH ¢ He DaBHLIM HYJIO ONpeleanTeseM, OTKYNE ¢, == Cy == ... ==, == 0,
Econ m > r, 10 nonaraeMm a,. %, @y Xo—+ .. QX Qpyy Xy =
== [ (x). Jlio6oe uucno nunednnix ¢opm L,, L,, ..., L,, no npeanono-

KEnu10, aunefno sasucur or L, , Ly, ..., L“-r (Kowalewski, crp. 93].
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CyluecTByer cucTeMa 3HAYEHUH X, = ¢, X,'== a0 - Xy == Cpy Ky = — 1,
YI0BAETBOPAIOLLAS YPABHEHHUAM
Ly (x)==0, Ly, (x)==0, ..., L, (x)==0. (*)

Has stoft cucrembr mobaa dopMa L,(x) obpawaerca B Hyan, T. e,
TOWAECTBEHHO OTHOCHUTENLHO 2

afi@+fo(@)+ e fr(2y =1, (2).

34%. Y3 33 u onpenesenuit. B yacTHOCTH, NPUHUMAEM BO BHUMAHUE,
YTO cyuecTsyeT Takoe N, uTO MaTpuibl, noayvawowuecs us I (crp. 120)
nyTeM BeiyepkuBanus N, coors. N--1, N2, ... croibuos, Bce
MMEIOT OJMH W TOT Ke PaHr, a UMEeHHO HETTO-paHr Mmatpuub K.

3%. (I. Schur, J. fir Math., r. 140, crp. 14, 1911.] [okasa-
TeJAbCTBO H3AOWHM TNPH AONYILEHHH OoJee OrpaHUYUTENbHOTO INPEeAno-
Jsowenust. CyliecTByeT Takas opTorosasbhas matpuua (f,), 4TO mnepsas
¢opma ﬂonycxaeT pasJsoxeHue

n
21 2} ), %)%, = 2 By (1, Xy =Xy = o A= L)
p v=

riae 4y, hy, ..., B, — NONAONKHTEIbHDIE, -0AHO3HAYHO ONpenenseMble (Pop-
Mo# qncna——«ee coGCTBeHHble anayenuss [Kowalewski, crp. 275].
Hs papencTs

n
y,, == Z hvlvllvp. . (}‘3 p= 1! 2r vrey ﬂ),
nonaras A == Min (k,, h,, ...

3

A=1

ft,), MoJayuaem

T n n n

{
E Z alu.blu.x?x = Z hv{[

v=1

| iy Ga) (lvé,xp)l}/

W=
n
>k g 21 bh},.x,\xg(Zwm) B (bixXT < bosxs 4 . . . <k bypi).
=1 o vw=1
3&. Uz dopmyan

n n 00
W ' N
2 X, =Yg DR

h=1 p=1 B=0 k=1 p=1

B8 cuiy 356 BhITeKaeT mneppas 4acTbh TeopeMbl. BelelCTBHE M0A0KUTENb-
HOCTH (DOPMBI UMEEM :

kel T
pa 2o =z‘f+£§+a.-+e’§,
rie o '
3 “ax"}'—aaxz'f" +an ne
E—~ax-{—arx—{— —{-rxnxm

el l EI:
£ == ai'x; G‘E: xa+ @y Xy
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Ecau 8 Marpuue (a,,) BCe CTPOKH Mexay coGo# paaﬂwmu T0 GynyT
PASAHUHKIMH MEHKLY cobott u Bce n [-mepHbix BexTOpoB {a, a, ..., alb)

(v=1, 2, ..., n). Crenosarensuo, MOXXHO MonoOpaTh [ Takux uncen f',
2 [y Dy
By oo, B0, yﬂoane'rsopnmmnx yeaosmo BC - 87 - L 80P =1,

wr,

uro Bee 1 unces Y, =08 + 0,8 -+ ... 48 v=1,2, ... n
6vayr Mexny cobof pasauydn; WM reomeTquecxu. npoexuwu n pas-
AMYHLIX BEKTODPOB Ha enmumunnifl sBextop (37, 87, ..., B®) Bce mexav
cobolt paszmaune;; wiu (B, 37, ..., B) NEWNT BHE OfNPENeNEeHHLIX

1. .
~2—n(n-—1) naockoctett. Hannewawmm ob6pasoM puifdpas opTOTrOHAaNb-

Hoe npeofpa3oBaHue mnepeMeHHuX £, 5, ..., & B IepeMeHHbE T,
Mgy o« +y T MPHUEM

=B B - B0 =T Y b

noayvaem

n

n " [
2 Do x, =14 g . Fwi= Z ZYkTuxLx.J+Z S 05,
r=1p=1 h==1p==1 h=1g=1

o6e GopMsi B npasoll uactn 3> 0. Pasnocts exp (Y @) — exp(1,7,.)
cocTaBnfgeTCd M3 Npou3BeleHUM CTemeHel Benunu LY, ¥ a;, ¢ Nouno-

KuteabHbIMU Ko3hduuuentamu. Orclona HAa OCHOBaHHM 35, aHANOTMYHO
AOKA32aHHOU yXKe nepBoil UaCTH YTBEDW/IEHHMS, BHITEKAeT, 4TO BTOPas Qop-
Ma B MpPaBOH 4YacTH paBeHCTBA

¥ kS

11 k(2
)21 921 ea)\%xlx 2 Z ™ X)X, Z mexlx

A=1 p.:‘!

NOJIOXHTENbHA; HepBad naxe onpenencuda [V 76].
37. Ananormuno 36 (35, V86]. Uro OrpaHMucHus He MSAMUIHY,

y6e:mBAEMCA HA TIPUMEPE MATPHLLbI (__i _;)

- 38. [R. Remak, Math. Ann., t. 72, crp. 153, 1912; cm. Taxxe
A. Hurwitz, tam xe, 7. 73, ctp. 173, 1913.] Tak kak ojHoBpe-
MEHHO ¢ f(x) Taxke u f(x— X,), roe x,— moboe 4ucno, yLOBAETBO-
pseT YCJAOBMIO 3a1a4d, TO BEICTaBJeHHOe Tpe0OBaHUE NPHBOAUTCA K Che-
ﬂyfomemy.

A(f)-—a0f(0>+ L (0)+ 52 f”(0)+ L 22 fm(0) > 0 (coots. > 0),
CoraacHo VI 44 A0CTaTOYHO [IONOKHTL

J(X)=(Ug+ x4 oo £x™)? 2_4 2*0;)_1-?%“%



332 PELUEHNSA (39

AU TIPOUBBOJILHLIX £y, £y, L5y o044, £, Tornza

A(f) = Z ZA(xM)t; E Z‘ Byt

:0{). '\:: !‘A.__

39. [Cum. G. Pb6lya, Math. és term. ért., T. 32, crp. 662——665,,
1914.] Tax xak oanOoBpeMeHHO ¢ f(X) YCROBHIO 3alaud Y.IOBAETBOPSET
v f(x— xg), Xy 0, TO BRiCTaB/leHHOe TpeGOBAHME NPHBOAHTCA K Cle-
AYIOWemMy:

AN = a0/ (0) + T O+ 5 f‘”(O)—%—--.+%f‘”)(0)}>0(coom:>0)t
[lonaraem [VI 45]

)= (ot x4 o - 1,6°) +x(u0-—+— uIJ»—F Ay X7,
[z 1]
P
Torna
g—1g—1
A(f)= 2 Zaxmﬁf —!—Z 2 Gy pprthly.
A=0 u=0 A=0 p=0

49, [Monaraew, Bo—nepsmx
q—1q-1

f(x)-—(l——x)E 2 bty (6 — 1) =1,

BO-BTOPDLIX,

g—1g-1 o N
Jx)y =10+ x))ZO 20% (x—- 1Y g==

-4

Toraa coraacHo NPENTIONIONKEBNKD ROAYYAEM

rne

-1lg-1 g-1g—1
O N X
— 24 D Dgpatify >0 Y Zy Uy ppabily 2 0,
k=0 =0 Y=t 0 p.=0
OTKYL8 Gy ==Qy== ... ==y, ,;==0. B cayuae HeueTHOTO 7 yTBEpHKIE-

Hie 10KasaHo. B CMydae 4eTHOFO n MOMKHMI ele BLINOJHATLCA He-
PAaBEHCTBA

o (ty—+t.x + oo 1,67V - anty >0, (1)
ay (1 — xg) (g4 ax -+ ... -+ up_pr”l)?‘ — anufj__l}/&_O {2)

"
The p==-5 #

npu BCEX 3HAUYEHHAX [y, £y, - .., ¢ =

» Uyt
— 1L x 1. Nonaras B (1) fy==t,= ... = ===y, =0, £, =1, tw-O
nonyyaeM, uro a,_>0. C apyroft cropouw, nonaras e (2) X =

4, =1, nonyuaem, 4ro a, < 0.

Ro, He, oo,

i
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4l. [Cu. 1. ¢. 89, crp. 6656—667. Cm. Taxke M. Fujiwara,
Toéhoku, Math, J., T. 6, crp. 20—26, 1914—1915.] O6e cucrTeMbl 3Ha-
ueHuR a,, @, @9y ooy Qo U by by, by, ..., by, 06na0310T CBORCTBOM,
dbopmyauposanusiM B 3asave 38. Ecmu f(x) ynosaeTsopser ycaouio
sanaun 38, TO

1) = 0 f )+ 22 () 8217 ()4 . 22 7o ()
TAKIKE YIOBNETBOPHET STOMY YCAOBHIO. 3HAYMT,
oS (K) - T (R) b g £ (X g2 e (1) =

= cof () 3/ () 5 (94 . 4 (%) >0 (coors. > 0)

npu BCeX 3HadeHuax X. CnenoBaTeNbHO, M CHETEMA Cp, Cpy Cgy vy Cop
obnanaetT TeM e CBOHCTBOM.

42. [Cv. 1. ¢, 39, crp. 667— 668] [Moayuaercs us 39, xax 41
u3 38. llonaraem n=2m, coorB. n=2m- 1.

- 43. [Cm. O. Szisz, Math. Zeitschr, T. 1, crp. 150—152, 1918,)
Tak xak smecte ¢ g(¥) Taxxe u g(¥ -+ &), roe 9, npoussossHo, yno-
BJETBOPAET YCNOBHIO 3a1aud, TO TpeboBaHME B3aJay¥ DPABHOCHABHO Clie-
Ay IOUIEMY': '

n

A@@)= 2 ¢1,2>0 (coots. >0),

L2 1 A

Tlonaraem [VI 40]

g() = | xy-+ x4 x,e? —{-.. oo x,08 2,

Torna

s

n - n n
Alg)= A *-28) px, = 3 Cp AKNX e
L=0 p.=0 h=0 =9 ‘

44%. {I. Schur, 3anaua; Arch. d. Math, u. Phys., cepus 3, 1. 19,
erp. 276, 1912, Peinenne — G, Polya, TaM ke, cepua 3, 1. 24,
crp. 369, 1916.] |

45. [I. Schur, 3anaya; Arch. d. Math, u, Phys., cepus 3, 1. 27,
CTp 162, 1918.] Cu. 46.

%6, [I. Schur, sanava; Arch. d. Math. u. Phys., cepus 3, 1. 27,
¢rp. 163, 1918.] PaccmatpuBaeM COBMECTHO ueThipe cayuyas: a) ompe-
AENUTEH  [IPOUIBO/bHbY; 6) sSMeMeHTH TIJIaBHOH  JAHArOHAaN¥  PaBHLI
HY/0, BCE HPOUME MPOM3BOMbHL; B) ONpelendTe/d CHMMeTpuunbi [45);
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r) onpenenurenu CHMMETPHYHEL U 3JEMEHTH [JaBHOR AHArodajy PaBHbI
Hyaio [46]. Bsenem 0603HaueHus, yKassiBaeMmbie B cieayiomed TaGanne:

Hucqg0 pasanyHbIX
CaraeMblx
Yucao nesasu-
CHMBIX B3JeMeH-

TOB 0RO~
#uTepp. OTPHLa-
Hbis  TEABHDIX

5 N 4 r ”. ; 7 ~

a) = ‘sz, Sn, Sn + Sn = S.n S')Z - *S’i?a - ‘[)ﬂ

. ’ " ’ 17 / 7 .

6) n*—n PIA ) Y+ Zp =2, Y, — L, =4,
nt - n ’ " ’ n ’ "

B S5 S 8 SpbSy=sy 8, — s,=4d,
} ni—n 7 " / N/ ! 1

r) - Gl On On Op~4 Op = Iy Gy — @y == Up.

KaxaoMy ujeHy pasnoxenus @1, Gk, + Gk, Mbl CTABMM B COOTBET-

1 2 ...«
CTBUE MNOJACTAHOBKY (k b ‘k ) Ecan raxolt unen COAEPHKNAT RPOU3-
1 72 - i :

BRNEHHE @ylg, . .. @3By, TO COOTBETCTBYIOUIAR NOLCTAHOBKA COMEPHY
DEKA (a3Y ... %A); ecAM pacCMaTpMBAaeMLIA WleH BXOAMT B Pas3foxeHue
CUMMETDHYECKOTO OnpeleanTesi, TO TNOACTAHOBKA, COOTBETCTBYIOWAA
HPYTOMY, PABHOMY eMy WieHy, 6yaeT conepxaTh a1 6 o uuk(ady ... xA),
nunbo obpaTHblfl uuMka (Ax ... yfa). ‘

Hucno noACTAHOBOK 7 3JAEMEHTOB, CONEP/KALIMX R, OLHOUYNEHHLIX,
R, ABYUJIEHHBIX, R, TPEXUJEHHBIX, ... IUKAOB, KaKk u3ecTHO [cM. J. A.Ser-
ret, Handbuch der hoheren Algebra, rt. 2, crp. 188—189, Leipzig,
B. G. Teubner, 1868], pasHo

!
Ryl 19kt 2Fas po 35

==L kot

roe 1k, - 2ky—+ 3ky—+ ... == n. YMHOKaa 370 uncao Ha -1 um - -1,
CMOTDS N0 TOMY, OYAYT AM paccMaTpuBaeMbieé MNOACTAHOBKM UYETHLIMA
U HGHETHBIMI/I, HOHY‘!&EM

n\
k15 B (— 2)fa 0 kgt 3% Ry (— a)fe

(_____ I')k‘)+k¢+kﬂ+.‘lzkk ke —_—
ighge s

[Kowalewski, crp. 16] (HykHo nas Bpluucienus [,, 4&,). Ecmn non-
CTaHOBKH, MONYYAIOUIMECAa OLHA M3 APYro# 3aMeHOW HEKOTOPLIX UHKIOB.

00paTHB MY, PACCMATPUBATL KAK TONKEECTBEHHLIE, TO HHCIO Pa3jinu-,
Holx Oyner

—k"k "'k et n‘
2T e egltye s s

T RV a2k g page
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(HYKHO INA BLINHCAEHHA S,, d,, d,, G

0,,). OuesunHo,
Sn = E Zklkakalorh’

Tp= D Lok,i,...r

D—u _ 2 (__ l)k._,-l-k.+k.—:—.,.Zklkgks“.,
4, == 2$(_ 1yttt Z ..
Sp= N2 T

On.:: P g ZOk;ku‘..,

d-n — 2 (____ l)k,+k.+... Q—Ic,—,—k.— “ijk,k‘...s
an - 2* (____ l}kﬁk'%“gnkl’_k‘*"'Zok,) )

MY II'

35echb CyMMhl Y, PACUPOCTPAHAIOTCA HA BCE CHCTEMDBI MOMOMUTENb-

HLIX uucea Ry, R, Ry, ..., YLOBAETBOPSIOWHX YCIOBHIO R, - 2k, 4-

~+ 3Ry~ ... ==n, a CyMmnl ‘2#-——- Ha Te M3 HUX, B KOTOPBHIX & =0
(u, 3naunt, 2k, 3k, ... =n). Vimeem

S’nxn' ‘1 xfl'.l x?k_; xak,
Cal T md gy iR paoke T pyghe
=9} 20 / o0 0
N5 = N N N
n} k1% \2"52
n=4¢ k=0 k,= “
@ & p
— g(l_‘e-ir R e-:;. R e +—§-+T 4+ ... .

1_;‘{:1+11+x9-+ R

OTKYAA nojydaeM S, ==n!, 4ro MOxeT CAYKHUTb NOATBEpPXKNEHUEM IMpa-
BUALHOCTH HM3JNOMEHHLIX COODDANKEHHH.

Tem e cpmocoboM noayuaem
e

an?b /B,E?+.{.I':_ . -~
E e TR =14x, D,=0 aan n3>2
n=90 ‘
(AcHO), .
‘ -0 x &P
Z)}_nx?bme?f’?'%- g
i ﬂ! o :1-—-:‘.){:,
1= .
Y 1 1 (— ™
= — — e A /
A (V11T 23],
Anx,a ..—%’-24{-%:]—«—:.-?“}-..« — n
i ' = (407 A= (=111 —n)
= 0 ‘ |

(uacTublft cayuail teopemn 7 npu ry=r,=...==r,=0, a==0=1).
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Hasee _ y
0 1 s ot o o
1] Sl i B ——e
Es.nx B e A )_ S R
- 3
n=0 " Vi—x
co NN Y x>
d.xm 2=t = (b o e iy
= ¢ o) Sy,
- . .
o az"’ w‘ x a2
n e
b
n=0 & V P—x
i x* 1 st xt xr ot
P t -
5. x ~———4——(—.«+——+ —_— -
E ?:z! =e¢ ? FMI M )”—Vl*f‘-’ce S
n=0

UeTpipe MOCAEAHAX PAAA YILOBAETBOPFOT COOTBETCTBEHHO AHBdepet-
LHAAbHBIM Y PABHEHUAM

201 —x)y =2 —x2y, 2(1+x)y =02—x2)y,
2(1l —x)y =x2—x)y, 200+ x)y =—x2+ ),

OTKYIa M BHITEKAT TpebyeMmuie peKyppeHTHble COOTHOWEHHA. AcuM-
nToTHueckue opmyasl noayuaem usz [ 178, nonaras

z.Z & _& L
flx)==e? 4, cootB. e? %, ¢ 2 4, o 2 4
1.3...@n—1) 1 n-11:8...@Qn—38) (—nrt
by == 54 on ;EE’COOTB'( 1) ST >
2 n.n?
[11 202},

q:—: 1, COOTB. -—-—ll

47. II. Schur, sanaua; Arch. d. Math. u. Phys., cepua 3, 1. 27,
crp. 163, 1918.] Ilonaraem

i —_—
¥ = | — XX 000 Xy

Torna

2.‘ t (‘D (x)\l, x)\:), LI T Y x)"'L) jrvsm———

L{ Al
1__x1_x’2 xn Z(___ 1) [Z @(x I xp.q’ v x*"n-—l)]'

v=1

rae CyMMa X, DACAPOCTPaHsIieTCs HA BCe NePeCTAaHOBKU  BeHYHH
Xy Xy vews Xy_ps Xybys .-y X, M 3HAK ONPEIENAETCA TAK IKe, Kax
L8 CjiaraeMblx B JeBOH 4acTH.
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CrenosaTenbHO, B TPENONOXKEHNH, 4TO YTBEPKLEHHe CIPABELJIUBO
ang n— 1, TOXIECTBO, KOTOpPOe MBI J10KAa3blBaeM, MOMHO NpPEeNCTABUTb
B TaKOM BUje: :

n
o 1 _yn—y ,
A(I),“l——xlxz...xnz( D" AR,
ve=1

roe A, u P, obpasomamb M8 X;, X5, ..., X, |, Xyyq ..., X, AHANO-
r'HYHO TOMY, Kak A u ®—wus x,, x,, ..., X,, npuueMm ® npennosa-
raercs B3ATBIM B (OpPMe DNPOM3BelNeHHs, CTOSWEr0 B KOHUE 3a1auu;
P, conepaT MeHblUIee KOMMYECTBO MEOXUTENeH. [Tpumensiem Teneps VI 69,
NPUHKUMAST BO BHMMaHWe ypasHeHus (B 0603Haqumx M TPeLTIONOKEHHSX
3anaun VI 69, ao.— 1)

A ! _ =y
A~ (xl"“"'xv) v (xv—l_"—x‘)) (xv'_xv-}-]_) s (xv_"xn) o f, (X,,) ’
D,
’_((ITJ':(l—"xv)(I—"xvxl)'"(1_—x'-x 1)(1 J-rli) .(1*——.76”)60“—'-“
FTD) |
— 1+ x, °

48. [P. Epstein, sanava; Arch. d. Math. u. Phys.; ceppm 3,

t, 8, crp. 262, 1905.] ¥l cucrembl paBEHCTB .0 X, = Zam .

(Ah=1, 2,..., n), n0puHdMas BO BHUMAaHuE, YTO Zamxm(z)r_-
=1

== 2Y,,(2)+2,.7(2), rhe g, =1 mpn p=0, ¢, =0 npu p + o, noxy-
yaeM CHCTEMY pABEHCTB

(@, — z)gixmg(z*)z 5@ =12,

49. [M. Riesz.] Cu. 50,

B0, Tpebosanue 3anayn PABHOCH/ILHO YC/IOBUAM

ig(n =t ) g (7 0=+ B) =g (T r—a+atD).
3=0 : \ «

Cy. VI15. B sanaue 49 (nocne samenn X, Ha (— 1)’x, w y, Ha
(— 1)pyj,,) noayydaem

.1 sin(n+-1)%
EM=037 s

51. Onpenenurens D (a) npeoGpasosanus S, yLOBAETBOpAET (yHK-
LIMOHAJbHOMY YpaBHEHHIO

D(a) D (8) = D (a - 5).

99 Jax. 1127. T. Moma u I'. Cere
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Kpome Toro, oH BellleCTBeHEeH, HenmpepbiBEH W IMEPHOLUYEH (C NEePUOLOM
2n—+2). Creposatensno, D(a)=0 wan 1, Ilepsuift cayuaft umeer
MeCTO TOra M TOJbKO TOTrJAa, KOTAA CHCTeMa JMHeHHBIX ypaBHeHui

| Zg(n_H(p—q)) —0  (p=0,1,2 ..., n)

uMeeT Heﬂynesoe pemeHue A s10 OyleT BO BCAKOM ClyYyae HMETb
MECTO, €CIH Xj, Xy, «.., X, y}lOBJI(‘TBOpH}OI‘ vpaBHeHmM

& kg —— L Tt
onqe wE 0, Zx e =0, (*)
q=0

rone k npoberaet BCe Te 3HAUEHHH, ANS KOTOPHIX Kos(duuueHT B g (1)
npu cos k% orauued or Hyas. (Ilpu 2 ==0 ykasaHHble IBa YypaBHECHNUA
npusoastcs x onvomy.) CorsaacHo pewendwd VI 15 & umeer 6o
TOJAbKO ueTHbie, B0 TOJLKO HeYeTHsle 3HAYEHHd, C/eJOBATENbHO,

: - ‘ nl ‘n- 17
MMCA0 VKA3AHHBIX kO3Pduunenron Oyner <1 ["5}’ COOTB. [*-L;—l ] -

B nepsom cayuae uucao ypapHenuit (¥; Oyner < 1+ 2 [—g—] <n-+1,

BO BTOPOM c/ayyae oHO Oyner <2 [%}\gn-&— 1. PasencTso nocru-

raeTcyg JAumwb B CJAy4de, Koria

2(9) = 1 - sin(n4-1)8
n—+1 sin &
3a MWCKJKYEeHUeM 3TOTO caydad, uucio ypasuenutt (*) Gynetr Bcerna
MeHbIle 7-4-1, T. e. uucAa HensBeGTHhX. C/IENOBATENLHO, pelleHus
YKa3aHHOTO poja CYLLECTBYIOT. ‘
B 49 noayyaem nocTOsHHOE 3HayeHWe onpejenutend, Geps a —» 0.
52. M. Rlesz] [Tonoxum

1 i Ny
g () = ooy et

(49].

Peub uper 0 cymme

Z 2(*1) x;&ng(wr(p-——k{—a)) ( -_{T(p—l—}—a_)):

p 0 ]‘b)l O

\ (—1)’“‘ xzmxz}dg(,zﬂ(k~al~—p)) ( TP+ c'-——l))

k 1=0 p=0 ’

Corsnacio VI 15 ona papHa
T

¥ (= D g S (kD)

M, 3HAUHT, Qyp He 3aBHCHT OT a. [Monaraem teneps o ==
p=0
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53. [I. Schur.] HyxHo nokasath ciaelyiouive paBeHCTBA:

B+ . Ak =uu

no -2

2 i 142 ‘ 2 _—
e e =u ..
Uy 1__]-_ ( 1 1 _1]-_. 1 _ . =1
———r e )l=1,
p+1 Uplip 42 Bp+1fln+s  Un+oln+y

1 | 1 )
-~ — . ]=0
”n+2 *— (Jn+1un+3+un+2un+4+un-i—3”’n+5+

(n=1,2,3,...).
3 onpenenenus uucen u, nonyuyaem -

-1

n n n T
' 2 .
ZJ iy = E u, (uu-l—l - u't—-l) = E U, @ — 2 u;auv-{—l = Uplly .y

v=1 vi=1 v=1 =]

T. €. BTODOC paBEHCTRBO. HepBoe NOAYYAETC S M3 BTOpOFO HOCpuJ.lCTBOM

3aAMEHbl Uy, == U, o, — U, 3aMedaeM, Janee, 4To
1 1 1 .
Lyplp +2 Up+8n+s  Un+ollnsyg
1
:1(__1“____1)_%1(1_"1)_{_
Up+i\lp iy o Up+a\ Bptq Ay +3
| ( 1 1 ) 1
- — - e O m——
Up+s\ln+2 iy 4y ply

54. [E. C. Titchmarch, Proc. Lond. M. Soc. (2), .
e, o, III, 1924.] Oyesnnno,

=00

E (‘H—;la—a —",u,—{—rlz'i;a):o

fl= —00
(A == u; A, pE= — 1, 0, 1, ...). Kax nssecrHo,
400 1 .
o \2
Z(m—}-—n——a)z Z(n-—a)'d:(sman) )
=00 n=-—-Q ’

55. Teopema yMHOKEHUS ONpeLeinTENel.

BS. Croxenne cToiOLOB. |

B7. llpasuno JlefiOHuua ana nuddepeHunpoBaHus npomae,&e-
aua (o)™, cnoxenne CTONGLOB.

58. Ionoxuts B 57 ¢ = fi . -

59. Ilocie BomoaHenuss AuddepeHUMPOBAHUA NOJNyYaeM E UCAH-
Tené onpenenuTeNb BTOPOrO MOPALKA, MUMEIOWMN B KAYECTBE AEMCLTOB
onpejlenuTess (1n-— 1) ro nopajgka — anreGpanyeckue NONOAHENUY Ofrpe-
nemarens W(f,, fo :vv, fn) [Kowalewski, crp. 80, 109].

22%
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60. Onpenensem n-—1 dyukunit ¢, (x), ¢p(x), ..., o, ,(x) 43
n-—1 ypaBHeHuH

oy /i -+ 92/s + S :fw
cPlfl ‘{" <P2f2 + “*'CPn Ifn 1 —]n,

(n—2) n—2) - 2) -2
o /TP oo ST A G 1f( fu 2,
onpejenyutess KOTOPHIX He pabeH HyJo. CornacHo 59 v npeanonoxeHuio

dupn U9p—1 __ d W(fp o ey f’n-—Z’ fn) — ()
T dx T dx W (fy -+ oo T~ frn—1)

U dHaJOTHYHO

L R 4 -
== =™
Gl. Vckmouaem ©,, @, ,, ..., 9, | u8 -1 OKHOPOIHBIX ypas-
HeHuH
4 (n-—-1)
Onfrt Fnoifi +olf1 +1 71 =0,
| / e (n—1) (n,
c?nfn_F(Pn—lfn-l’-'- — 91 'n +1 :0,

Y+ P Y A A YTV 1 (A — L) =0

W BbYMCAfeM L uUepes HynH OnpeneauTens.
62, [lonaraem

y=Yo W({f, =Y, W{f, fo )=V, ...
. W/(fl’ f2, ey fn,y)—._—: Y’H,'
Toraa corJjacso 59

4 Y, Wy 4 ¥, Wl d Vo Wy Vs
y e

de w2’ a’sz__W.%’”" xW,n—— w?

OTcwona onperenseM E43 [61].
Wa

€3. [J. P. Gram, J. fiir Math., 7. 94, crp. 41—73, 1883.]
YKa3aHHOMY ONPEAeNuTE/0 COOTBETCTBYET KBaApaThuHas (Hopma

b
J‘ [tlfl'(x)+r2f2 (JC) —f— . l tn]n(x)]:‘) dx.

DTOT UHTErPaj HEOTPHLATEJNEH W PaBeH HY/JIO TOPAA M TOJALKO TOrAa,
KOrJa BO BCeM uHTepBane a < x< b vMeeT MecT0 TOXIEeCTBEHHO
L) Gl (x) o - fp(x)=0. Cm. rawxke 1l €8,
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64. (G. POlya, sanaua; Arch. d. Math. u. Phys. cepusa 3, 1. 20,
crp. 271, 1913]. CooreercrByioulas kpanparunytas ¢popma

b

[HE+E+ DA+ P+ (Fu ()] —

a
— 1,0+ Bl () 4+ b (O] d =
p1,2,,..,-n ) ‘ .
X A —aGords
a Jk
nonoxutenpa. Ova obpainaercs B Hy#b npu -4 ... 2 >0
TOTLA W TOJABKO Torua, koraa f (x)=fe(x) (v=1, 2, ..., n), rae

© (X) He 3aBUCUT OT v,

65. [E. H. Moore, 3anaua; Amer. Math. Monthly, 1. 24, crp. 293,
1916. Pewenne —C. F. Gummer, TaM xe, crp. 293, 333—334 (xax
yKasaHo Ha c¢Tp. 333, mepsoe pemiende Ha crp. 293 HenpaBuabHO).]
[36, 63.] Ecnu cosnagawT, Hanpumep, ILBe [epBbie CTPOKH, TG UMeeM

b
214
L ‘ e‘a =1, fl(x) fz(x)

‘ 9112
56. [G. P61y a, sanaua; Arch. d. Math. u. Phys., cepus 3, 1. 28,
crp. 174, 1920.7 Benencteue 11 112, II 113 umeenm

(@4 a,+ 1) [ & yde = x0T fo |7 — [T () =
0 | 0 '

= f PSR T I8

rjae mochHefHUH uHTerpan B3AT B cMbicae CruaTbeca. ChaenosaresbHo,

ki

2 3 (@ a1 £97% [ dx - bt =

o

)\ lJ.—_.-'i

— f (t,x" - fox™ A= Lt x)? x-df(x) >0
' 0

Ecan f(X)—— KyCOYHO-NOCTOAHHAA (DYHKUMA ¥ CYLIeCTBYeT MO MeHsuiel
Mepe 7 TOYeK C OTPULATEJbHLIMU CKAuKaMu, TO NOCJAeLHMEl MHTerpan
MOKeT OOpPATUTbCA B HYJb UMb TOrAd, KOrHa ¢ =f=...=={,=0
[V 76]. .y
67. [[To nosony 67 68 cm. O, Toeplitz, Gott. Nachr. 1907,
crp. 110—115; 1910, crp.. 489—506.] s

J() = ag— 2 (g, cos )+ b, sin l.i-'-} o
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MoNyuaem
T (N=ay(|%,/’ ‘1L"x1‘)4‘ +'xnl))+
2R (@, + iby) (X, XX+ .. Ky L

Hnsa
¢ 1 —r2
F) = 1——-2rc03a‘}—}—r4‘=
== 1 ~-2r cost 4 2r%cos 28—{-— . 4-2r7cos nil 4 .

noAyuaeM

{3 T
| Ta(N=2 2r* " nx,
A= p.:
68. llveen

P
Qljf(ﬂ)e”""}dﬂ (=021, 223, =3, ),
3]

CllenoBateibHO, A4 dopmer Té&nanuuwa T,(f) uMeeT MecTo mpencra-

BACHWE
2»—

T,(f) = ]qf({))lxoﬁ—x e~ W4 x, e—m”—}— CFx e—m“}l’dt}

yTBep}Kﬂ,EHHe BbITE€KdET OTCH A4, €CJAH NPHHATL BO BHUMAHWE PAaBEHCTRO

ax

T, (1)__ f]xo_*_xe w_}_x e-zw_;_ o+ x, e—mﬂladq

= | X | ‘!“‘xll X 2 x|

69. [[To nosony 69—71 cm, G. Szego, Math. Ann., 1. 75,
crp. 490—503, 1915; Math. és term. ért., T. 35, crp. 185—222, 1917;
Math. Zeitschr., t. 6, crp. 167--202, 1920.] HOas f()=ay+
—4-2(a, cos ¥ 4 b, sin ) umeen '

a, o, ib, 0 ... 0

| a,—ib;,  a, a, ~+ib, ... 0
Dy (/)= 0  a,—ib, a, .. 0
0 0 -, 0 «oe o

Pasaarasi onpenesuTesb NO MOCAcAHEN CTPOKe, 110AydaeM OTCH/A oeKvp—
PEHTHYIO (POpMyay |

D, (f)=aD, 1(f)'—(01+b1)Dn 5 (f) (n=2, 3, 4, ...),
Dy(f)==ay D))= au—(fll_“} b1).
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[yctb @ u § — KOPHM KBAJPATHOIO YpaBHEHHUA

2 2
x? == g x — (a; 4 b1).
[IpuMeHss MOJHYI0 MHAYKUMI, OOJAyuYaeM

{[Dt(f)——Do.(f) ¢l a"’;:[ﬁ 1 () —= Do (f)al f eca a = B,

(n—f—Q)oz”“—“(J‘z—¥—2)’37'“1—~(1"L~T—2)(a(’)nIl eciu o == .

B cnyuae, xorna

R
f(ﬂ)—“l—_fzrcos»f}—{—ﬁ’
uMeeM
I r r? rh
e 1 r N
D.()=1|r2 r ! yr-2
poopnelop=2 ]

Briuuras r-KpPaTHYK BTOPYIO CTPOKY: U3 NepPBOH, r-KPaTHYIO TPETbIO W3
Bropo#t v T. ., moaydaem D,(f) = (1 —r3)n
Ecmn dyuxuus f() = a0+2(a1cos{}+b sin®) MOJOXUTebHE, TO

a u  noaomurelbs, o= (3. Ilycte, cxaxem, o>8>>0; Torna
n+1

lim l/D (f) == . Bo BTOpOM ciyuae 3TOT npefen pased | —r2. Tzo-
n—>co

merpuueckoe cpeanee |1 48] ® (f) dyuxuuu ay—-2 (e, cos ¥4 b, sind)
B unrteppanse [0, 2w} coBnajgaer ¢ reOMeTPHUYECKHM CpelHuM (YHK-

unn ay— 2 )/ @i~ bicosl = a (1 +p*—2pcost), rae p onpenesneno

yC/A0BHEM Va;+b2:ap; 0<Lo <, gy=a(l+p?). Tlo nosony
& (1 +p2—2pcosd) cm. Il B2. o
70. Benencrsue toro, uyro D, (f)— onpeleautens DpMuTa, BCe
Hynu onpeneautens D, (f— k) BewleCTBeHHb ¥ NPy | Xy |2 | %, [~ .
~+lx,]2=1 pacnonoxenbl MeMAY MUHUMYMOM H MaKchyMOM
q)oprx T,(f) [Kowalewski, crp. 130, 288] CnenosarenbHo, co-
r1acHo 68 OHH HMElOT BHI

=2V @ Flcosy  (0<g<w).

Orciona, 3aMeHas B peluenuy 69 BCIO,U.Y @y Ha ag-—Nh, mnonydYaem

Dy (fmm o= (@ b)) T (-2

sin ¢

TMosromy Hyau onpeneaurens D, (f— k) Gyayr

P v 1 7
bn= a2V TS e 60 4 2o
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7'- CM. 70-

f_(_fmn) + F ) 4 . 4 F ) -
n -1

[
I | T -+ 1
=77 ZF((ZO——QVG%—}——beOS;j_Qﬁ)——)

}:

—

2|

fF ——QVaz—]—bzcos{ d 'QLJF[f(ﬂ')]d*

YxazanHoe B 3anaye CBOUCTBO YUCeN A, MMeeT MeCTO He TOAbKO B 3TOM
uacTHOM cJayuae, xoraa f(%) nmpeacrasaser coboH TPUrOHOMETPHUECKHH
NOWHOM INEPBOro NOPALKa, HO M BooGuie aag AOOH COBCTBEHHO HHTE-
rpupyemolt ¢ynxuuu (1), {Cu. G. Szegd, 1. ¢c. 69.]

2. llepsoe pewenne. Mo GyleM NOMb30BATLCA CAEAYIONIMM
CUMBOJIMYECKUM crocobom samucd  [cm. M. Riesz, Ark. for Mat.,
Astron. och Fys., t. 17, Ne 16, ctp. 1, 1923]. Ilycre

(Z)'—“ 2 Ea)\uz Z

[ T

rne a,, — MPOU3BOJbHBIE qucaa. Mo Oypem TOTR& CHUMBOJIMYECKH 3amu-
ChHIBATh |

?'L
(C)“" 2 a)uck-—)

Ou.U

Tak, npeanosoxeHue 3afdud 3aNUCHLIBAETCH Temepb cClelyowuM obpa-
30M: eClM MOJHHOM Xy— X2 X522+ ...+ x,2" He paseH Toxje-
CTBEHHO HYJI0, TO

| xy x 0 x2— ... x, "2 > 0.
OGo3HauuM MOJMHOM, paccMaTpuBaemeilt .B sajaue, uepes P(z). Ilycts 2,
OyneT oauH u3 ero Hyle#t, P(2)==(2— z,)Q(2). Tlonoxnm

Q()Q(c) =C,,
Q)Q(c)c=C
Q()Q(c) c=C_,,

rie @(z)——nonnhom, conpsxenunt ¢ Q(2). Torsa npu nPOU3BOJILHBLIX
Xor %1 | X [P |x, P> 0,

Co(| %o 2| x4 B+ C o, - C g, ==
= Q(¢) C_j (5)( Voo [Py P Exo’?r‘" C;Cgsxx) ==
= Q(¢) (g %,6) Q (¢) (x4 x5¢) > 0.
Cnenopartensno, |C, | < C,. ‘
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Ho reneps
P(eyc'=0  (v=0, 1, 2, ..., n—1),

CJenoBaTenLHO,

(c—2) Q) Q (c)=0,
. QE@0@c _ C

Q@R G
Bropoe pemenue. CorsacHo onnoit teopeme C. Carathéo-
dory [Rend. Palermo, 7. 32, ctp. 205, 1911] cywecrsyor takue 2n
yKceJ |

Prr Pas v ey Do

£y Bas « vy &y,

uro o, =0, |s, =1 (v=1, 2, coey M)W
=Pt o ok k=1, 2, ..., n).

Mimeem

Co—h=p 3+ ... +Pn

rae £ ofosHauaer MUHHMYM paccmMaTpuBaeMoi B 3anaue QGOpMBEl Npu
BOMONHUTEABHOM YCHOBUH | Xo (2= |x P4~ ... 41 x,?=1. B wuauen
cayuyae £ > 0. Orciona sniTekaer

n—1
2 L B

{
u=0

h

n—1
N - :
> Oy X, = (] X0 P | x4
‘ n
—1 -
+219‘Jlx0+xle‘l+“'_—*_xn—la? I)J:
N = ;
n—-1 n-1 _ . . n
ZO ZO Crmy 1200, == R (XX, = X X5~ oo = X9 X))
A= ‘= "

n
N -1

+21110u3~alx0+x13u+'--+xn—131 *,
-

clnejoBarTe/libHO,
n—1n -1 n—1 n—1
- —_ —
. Zd Z c?x-—pal-lx)"’cp,l < 2 2 cl—p.xlx_u.a
A=0 =0 =0 =0
g ﬂpe,ﬂ,no.ﬂo}ﬁel‘lﬂﬁ, Uro e BcCce YHucaa .xo, xl, e ey )Cn__l pﬂBHbl HY MO,

Ho Hawe ypaBHeHWe MOXKHO 3aMUCaTb TaK:

== 0.

Zop i, w=0,1,. ., m-1"

l Oncpr1 ™
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Ecnu, crano OwTb, 2Z;— KODEHb MOJMHOMA, TO CYHIECTBYIOT uxc/d
Xg» Xg» «-+» Xp_y, HE DaBHbIE OAHOBPEMEHHO HYJIO, YIOBIETBOPAIOLIME
cucTemMe ypaBHEHUHN

20 (r_pr1— 20 —p) X, =0 (+=0,1, ..., n—1).
[Tonyuaem
—1 n -1
2 C)—p. +1x>xu,
2o T ;z ln,—~1 J l20|<1



‘OTIOEJ BOCHBMOMH
TEOPUA YUCEJ

flexFn—1<|x+n<Lx+n x—1 <[xl+-n]——n<<;x;

CNeNOBATENbHO, TAK KAK [X—- 7] — 7 eCTh LeJI0e YMCiao,
¥+ nl—n=|x].
2. Hyxno mnokasats, uTo

(n:———l)—{—(n———?)—{—...—f—l:mg———z[—g] (mod 2).

Tpu n =10, 1, 2, 3 yGexnaemcs B 3TOM NPIMBIM noacuyerom. [lpu ne-
pexope xe OT n K n-+4 ofe CTOPOHL YBEAMUHBAWTCH HA YeTHOE

- YHCNO.

3. Ecmm x—[x] < ?12— 170 0 L 2x—2[x] < 1. Ecom x—[x] > 1 ,>

170 1 L 2x—2[x] < 2. Cornacxo 1
[2x6—2[x]]==12x] —2][x].

4. Ha ocHoBauuu 1, Taxk xe kak 3.
5. Ha ocsoBauuu 3

[2x]— 2 [x] 4 [x] = [2x] —[x].
6. lickomoe uwenoe yuci0 7 yLOBJAETBOPSET HepPaBEHCTBAM
n—1<x<n, r.e. —nl—x<—n+1,

CnefoBaTeNbHO, N = — [— Xx]. - |

T 0LaA-B—a] —[Bl=a——[a] +E—I[B] <2,

— 1l <ae—f—fa]+Bl=a—[a] —B—1{B) < 1.

8. Ha ocuoBannu 1 npu usMeHenun a« n § Ha uenoe uucao 26e
YaCTH U3MEHSIOTCS H4 paBHble KOoJauuecTBa. [[09TOMY NOCTATOYHO MOKA-
zath Teopemy st cayuas 0. <la <1, 0B < 1. B aroM cayuae Teo-
pema yTBepxaaeT, 4yTo :

[2a] + (23] 2 [« 8]
Ecau {4+ 3]==0, To noka3elBaTh Beuero; ecau xe [a—+B]=1, 1O

a—l—B}/ 1, 3nauut, no KpafiHelt Mepe ONHO H3 0o00UX caaraeMbix, CKa-
1 .

2

1

KeM o, > = ; cliefosarenpuo, |2a]—- (23] > L.
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9. [Ch. Hermite, Acta Math., 1. 5, crp. 315, 1884.] IHocra-
TO4HO paccmorpers cayuyalt 0< x <1 [pewenune 8]. Ilycrs £ onpene-
JEHO TaK, YTO

x+-k:1 <1<x—]—-~%, T. €. — kR =[nx-—n]=[nx]—n.

Torpa ofe cropoubl paBubt 1 -— R.
€. Mu moxem mpunsts, yro 0« x < 1 [pewenne 8, pewenue 9.
Mpu 0 x <1 B npaso#t wactu crour 0, nanee

[nxj < nx, %’f—]\<x< 1, [—[-’—znij—]::O.

fl. [J. J. Sylvester, samaua; Nouv. Ann., cepus i, 1. 16,
crp. 125, 1857. Pewenus—E. Prouhet, Lebesgue, Tam xe,
cepus 1, 7. 16, crp. 184, 262, 1857.]

[(1_+_V_3)~2m+ll:(l+V§)Qwsz+l+(l__V"B)Qm+1’

n6o — 1 < (1 —V 3 < 0 u B npaBoit wacTH CTOUT LEJNOE UYHCIO.
[Tonyuaem, nalee,

A+ VHE+2V "+ (1 —VH¢E—2V 3" =
| =2" ((1-+VBHQ+VH"+(1—VBHC—V "]
Bripaxenue B cpurypﬂb;x CKOOKax uMeeT BUL |
2(@+0V3)+0+VIHVH"+2(a—0V3)+
+ U —=V3IH(—V3"
rage a, b— Leapie pauuoHadbHBIE UYWUCHKA, U, CaeN0BATENLHO, COAEPKUT

TOJBLKO MEPBYIO CTeMeHb uucaa 2.
§2. WVuarepecywomumu nac udcnamu sgasioted a, 2a, 3a, ..., ka,

roe ka L n < (k-+1)a, cnepopatenbHo, k== {%] .

MoxHO nocTaBuTb BONPOC TaKKe cJeAylowuM 00pasoM: CKOJTbKO

1 2 n

cpei npobek — ra eess o UABX uMCeA, T. €. CKOJIbKO LesbIX
‘ n

unces copepxurcs B uatepsate O < x < ~ ?

I3 a - - b
« YUMcno nenbix uuces B MHTepBasie — < x.L— pasno [pewie-
Hue 12}
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i4. [J. Koénig, Math. Ann.,, 1. 9, crp. 530, 1876. 3axaua;
Nouv. Corresp. Math., 1. 5, crp. 222, 1879. Pewenune—Radicke,
Tam Ke, T. 6, crp. 82, 1880.] [lpn ¢ =0 u a === yTBepKIeHUE OYe-
BUAHO, NYCTh, cTano OwiTe, 0 < a < = Torma maBa cOCeNHHX ujneHa
MOCNEAOBATEALHOCTY He MOTYT OJHOBPEMEHHO 00palarthcd B Hysb. Ecnu
IBa COCeNHHUX uleHa cosva, cos(v— 1)@ oOpasyloT nepeMeHy 3Haka,
To MexJy ve ¥ (v-b1)a JexuT TONLKO oauMH HyAb (YHKUHA COS X.
JiBa HecocegHuXx uneHa, cos(v—1)a u cos(v-+ 1)@, Takxe MOryT
00pa30oBEIBATL MNepeMeHy 8HAaKa, 4 HMeHHO, Korma cosva ==0. Taxum
obpasom, V, («) paBHO uHCny HyJaed OGYHKUMH COSX B HHTepBale
0 x <na, T, e. udcay Hyne# QyHKUUM SinX B HHTepBase

a

T
j?————f’toc{\x\{—g—.

|1 a
ITO 4YUCIO PABHO ——[~2———n;] [13].

5. g, = (n8] —[(n — 1)H].
i6. N(r, e, 0)=0 npu r<|lna|; N(r, a, ¢)==I[—k npu
r>|lnal, roe

g+ LV r*—(nay < at+ 20+ D,

g2kt < —VYri—(na)<Lae+2(k+ Dnr,

T. €. B 3TOM CJyuae

N(r, a, &)=1-+ [Vm““]_}_[lfmé—)g—l"a] _

27 2w
Cwm. I 73.
7. [f(@]+1fla+ DI+ 1fla+D+ ... =1/ (@— DI+ /(D).

(8. Jlesas wyacts xaer [17] umcao uwenwix Toyek B 06aacTy

l<xLp—1, 0L y@% x. Bo Bcem npamoyroJbHuKe

l<xLp—1, 1LyLg—1

aexut (p—1)(g— 1) neanx todek. OHM pacnONOMEHBE CHMMETPUYHO

OTHOCHTEJIbHO TOUYKH x:—g, y:—g- A H4AxXOoAdTCd KakK Bblille, TaK U

2
HIDKE TNpAMON y:%x B OAMHAKOBOM 4YKMCJie; HAa CAMOH jXe npsAMO# X
HeT HU OnHOM, OO0 TOYKA ITOHM mpamMoit moxmeT OnTh Lie/IOH, MULUbL KOraa

X —— LleJIoe KpaTHoe p.
19. [(Gauss, Theorematis arithmetici demonstratio nova, 1808,
Opera omnia, 1. 2, crp. 1—8; Géottingen, Konigl. Ges. der Wiss.,
1863; G. Eisenstein, 3anauva, J. fiir Math., t. 27, crp. 281,
1844,] Peub uieT O LEJBIX TOYKAX B OPAMOYTOJNLHUKE '

l<xLp, 1<y
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Ofutee 'konM4uecTBO MX paBHO p’q’. [lepsuie p’ uneHOB B JEBOH 4ACTH

HAWT YWUCAO LEeJeIX TOUHeK, JAeXauwuX HHXKE HpHMOﬁ y::—g—x,‘ no-

cnesHue q, Y/ACHOB — HYKUCJAO0  UeJBIX TOQYEeK, JIeKAlluWX  BbLIIIE 3TOH

npsmon [17].
2@. (V. Bouniakowski, C. R., 7. 94, crp.- 1459—1461,
1882.] Tlycrtbp nmepemeHHass x npoOeraer sHayeHusa 1, 2, ..., n, NepeMeH-

Ha# Yy TPH 3a0aHHOM X — 3HAUEHHUSA [V(x — Dpl+1, []/(x—— yp]—+

.oy H/xp]. [onoxuM r==r(x, y)=:xp—y?* roraa O0<r < p
M —r ecThb KBajgpaTH4Hbit BhiueT modp. Taxk xak — 1 — Takxke KBal-
PaTHUHLIK BLIUET, TO TO Ke WUMeeT MecTo W mjad r. Tax xak 4n = p—1,
TO YMCJO BCEX /' DPAaBHO

Iz

; OV xp)—1V G = Dph)=Vpl =L 5=,

UTO COCTaB/isieT CTOJLKO 3Ke, CKOJAbKO BOOOUle CYLLECTBYeT KBalpaTui-
HeIX BbiueToB mod p. [anee, BCe 7 pasiMuHbl: M3 X p— Y= x,p— y3

2 s
BLITEKAET, YTO P BXOAMT MHOMUTeneM B yi— yi=(y,~F y)(y;— ¥,).
T. €. y,== Y, U, CIeLOBATEeNbHO, TaKKe X, = X5. Cymma BCex r

< [VEGFJ] . n 2n
YN =Y Ve —VE—D— Y=
@ =1 7 i

a1 :lj:[]fm]'!".l

= —p Y, Wxpl-+(a+Dp(V pl —
z=1 .

pasHa, CcTano ObiTh, CyMMe BCeX HAMMEHbIUMX TMONOKUTENbLHLIX KBaADa-
=
THUHBIX BblYeTOB mod p, T. €. paBHa 4 TP
24. [J. J. Sylvester, C. R.,, 7. 96, crp. 463, 1883.] Ilycrs
N -— UACIO CBOKCTB o, 3, Y, ..., % A. ECAH HEKOTOPHI# 0OBEKT HMeeT &
u3 9THX CBOMCTB (1 < «/k <n) TO B CyMMY, TPHBELEHHY!0 B 3alaue, On
[IPHBHOCHT POBHO

—(+(5)—(3) - () =0

envHul. Ecay, Hanportur, o0bexT He oOnanaeT BOOOWE HW OJHUM W3
CBOHCTB @, 3, ¥, ..., % A, TO OH BHOCHT DOBRO EAHHHUY, a4 MMOHILO,
B nepsoe caaraemoe N. Tlo nosoay LOKasaTelbcTBa STOH TeopeMil,
npuHaaaexaulelt codCTBeHHO K (GOpMAnbHOf NOTHKE, METOAOM MarcMa-
THYeCKON WHAYKUMM CM., Hanpumep, U. Yule, An introduction to fhe

theory of statistics, Ch. 2; London, Griffin 1916.
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22. N=n, Ny=Ny=...=n—1, Ny=N, = .. =n—2, ..
nojnyuaem ~ A

n__-(’f)(nﬁn_—;-(g.)(n—fz)_..-.. 4= 1)%(2)(,1'_.;1);0,‘

TaKk Kak oOOBeKToB, He OO0MaNdOLIUX HH OJHUM M3 CBOHCTB o, 3,
Y, -+.s %, A, He cywectByer [I37]. ‘
23. [B npyroit dopmyauposke, kak «jeu de rencontre», y Mont-
mort A. de Moivre., CM. Euler, Opera omnija, cepus 1, 1. 7,
crp. 11, Leipzig und Berlin, B. G. Teubner, 1923.] O6uwee uucno
YIEHOB B pPasjioxeHuu onpelenuteds pasHo n! Yucno uneHoB, conepxa-
m¥X @,, pasHo (n—1)!, comepxawux a,,a, pasHo (n—2)!u T. L.
3HauuT, coraacHo 21 MCKOMOe: YHCAO PABHO ' ‘

nl— (’f)(n—— 1! - (;)(n_.z)l_- (g) (n— B . A (— 1)%(2) _.

. R (— )"

nl

(Cu. raxwe pemenne VI 46.)
24. Yucno uncen, He NMPeBOCXOASWMX 72 M Jeasdumxcs Ha @ (cBok-
CTBO @), PaBHO [}7] [12]. Yucno pendiuxcs ONHOBPEMEHHO HA a W /N

. 1
(cgolicTea « ¥ ) paBHO UMCAY JHeJAlMXcT Ha ab, T. e. [55] M T, A

Mosromy [21] MCKOMOe uMCAO PABHO

o

[ n
T abe.. k)T
25, [Euler:]. Tonaraem B 24 a==p, b=gq, ¢==r,... Hckomoc
YUCJAO PABHO '
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26. JlokxasnBaeTcs pPaCcCyXIEHHSIMM,. aHAJNOTMYHBIMU - IPUMEHEHHBIM
K uacTHOMy cayyaw 21, rae sceMm o0bexTam npunucaHo 3Hauenue I,

27. [pumenusem 26. O6bexThi—uucaa 1, 2, 3,..., n, CBOH-
CTBO o -— LeJUMOCTb Ha p, CBOMCTBO 3 — AeauMOCTh Ha g u T. IA. Ilox
YUCJHAOBBM 3HaueHueM o0beKTa NMOHWMAaeM KBaApaT COOTBETCTBYIO-
wiero yucaa. Mveewm

Wes 19429430 L. 2= ZETDEED

— A3+ Bn*4-Cn+D, A==+, B=~, C=1, D=0,

1
6 3

v

W, = p? =4 (2p) =+ (Bp) 4 . .. + (np) =
=r|a(%) +B(5) +C 54D
— 2,2 P ¥ T J
W | P [A(pq) +B(pq) E Cpq+D
’CﬂeﬂOBaTeﬂbHO, nHTepecykomaﬂ HAaC cymma paBHa

Ant~+ Bn®* +Cn—+ D —
- Sa(z) a3 +ed +o]
S R

i 22,2 n_ "-._f___)g . -
__pqr...[A(pqrm) B +Cpqr..._T—D =

= and—4-dn? 4 cn 44,
a:A(l_—Ei—{— v ):

P Pq par..

A

RING

:7(1——1)(1 — Dl — D)..
:C(1—2p+2pq—~— ...:‘L"pqr...)—_——_

— L= —r). =
d =10,
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28. lycte N=Max(a, b, ¢,..., k, I). lIpu N=0 noxaseizars
neuero. Ilpu N > 0 npumensem 21 k uucaam 1, 2,..., N B KayecTpe
06'bexTOB. 31eCh CBOHCTBO & COCTOMT B TOM, 4YTO YHCAO SIBISIETCS
yacThi0 uucsia a (T. e. < @), CcBOHCTBO f — BXOXMIeHHEe KAaK yacThb B b
M T, 4. Uucno o0bexTos, He 00MANAIOWKX HH OIHHM Y3 CBOWCTB a,
8,..., ouepunno, paBHo Hyuw. [lepedocum N B IPYTY® CTOpPOHY.

29, [IycTb p— KaKoe-HUOYIbL NPOCTOE YUCAO W

a:pfia” b;-_——pﬁb” C__:p'icf e e, k:pxk,, l:p)‘l,,

ree o', b, c¢,..., k', I” yxe He nenarcs mna p. ITokazarenem cre-
nesu p B JeBOH uwactu cayxur Max(a, 8, v,..., %, X), B npaso#i uyacru

e B4 .. x4 A —Min(e, B)—Min(a, Y)—...—Min(x, A+
' ~+Min(e, B, ¥)4+... —
= Min(e, 8, ¥,..., % ).
Cornacno 28 o0a 9Td BbIpaxeHus paBeel Mexay coboft. Taxk kax ato
MMeeT MeCTo Ajd JIGOr0 NPOCTOro 4Yucaa p, TO Mbl M HOJYYaeM Tpe-
Oyemoe yreepwnaeHue. Cm 486.
S, JlokassiBaeTcd ¢ NMOMOLLBIO YMHOXEHMS [0 CTPOKAM.
S8« Onpenenurens 3amaud paBed KBanpaTy ONpelennTens, OGLUH

5JleMeHT KOTODOTO 1), PaBeH elMHHIE, €CIH W -— JNeJNuTelb A, W paBeH
Hy/Ml0 B MPOTHBHOM caydae. DBosBecTd B KBazpar, NepeMHOXkas Mo .

CTPOKAM.
32. TlepeMHOKAEM M0 CTPOKAM ONpPEIENUTENN
1 0 0 0 ... 0] @ 0 0 0 0
11100 ... 0 |a a 0 0 ... 0
1 1 1 0 ... 0l la a, a 0 ... 0
11 1 1 ... 0 Gy @y @y a3 ... O
1 1 1 1 ... 1 ay, a, ay a4 ‘a,.,,a
33. [lepeMuO)aeM IO CTPOKAM Ofpeie/MTen
1 0 0 0 ... 0]1]a 0O 0 0 0
i1 0 0 ... 0| la a 0 0 0
10 1 0 ... 0| la 0 a O 0
11 0 1 0l |a, a 0 a 0|
I e Mg My oov ay ... .. ay,

rae ), WMEeT TO e B3HauyeHue, uTO W B 31; BTOPORH ONpeieuTENb
[osyuaeTcs M3 NEPBOTO BaAMEHOH W, HA a,my,.

23 3ak. 1127, T. TMoimwa u I'. Cere
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& %. Tlepsas nososuHa TpusraasHa. [lycrb p, ¢, 7,... —— NPOCThIE
MHONUWTeAM 4ucna n. [lpuMensem 28 x penurtensM ¢ wucaz z. 11pu aTom
of0bexTy £ TpUMUCHIBAEM uuCaA0BOe dHaueHde a,. CpolicTso a cocrowut

HA
B TOM, 4TO Jeauresiib BXOAWT He TOJbKO B 72, HO U B R crofcTEO 3,—

n
HTO OH BXQOIWT He TMIBKO B %, HO B B 7, H T, . Cymma HHUCHOBBIX

3HaucHuR, NPpUNHCAHABIX TeM NeAUTeNaM ¢, KOTODLIE HE BXOAAT HH

H —/z— HH B i HH B s dBHA Torna
4 o B 7 P ,, P i
N
Eaz—"Z at-—Zat——...—{—
i\n 7 7
TR tl_
P - q
+ 2 et 2.4 @y
' o
t | — tL
rq pr
q
— 24— ...t
“loer
== 2 at:E}‘!’(f)A’ni
z, 7 ttn T
Ppgr...

COrRACHO onpelenenuid @yBruMd w{n). Ho eawncTBeHHRIM LeauTeneM,
He ofnalalOWMM HY CROHCTBOM «, HH 3, HH ¥,..., ABASETCH 72, U €My
MPUIKHCAHO 3HAYEHHE .

2%. [A. Hurwitz.] Coranacio 34 ROCTaTOUHO FOKA3aTh, 4TO

g(n)= ‘3?‘ L SO

' 2 3 7
Ho zrto cuesunno: npusois ApolH T e 5y K HECOKDATHMOMY
. .
BUALY, foayudaem ApoOx BMAA -, FhE r<t, (r, t)=1, t— nendreasn

yheaa 71, NpHYeM KaKAYIO OMWH Das.
28, Uoaomum B 35

b(y)=In(x— e™v);

roraa g(n) =In(x" ——1) f(ny=1InK,(x) u, c1en0BaTeAbHO,

n
2

InKy(x)= 2 w{f)in(x

tin

87. Tonownm B 35 & (¥)=e>W; rorna g(1)=1, g(n)=0 npu
% > 1, CAeiOBATENLHO,
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g (72}

n e{n) | ©(n)| o{n) v(n) | u{n) )‘(n)‘gﬁm)

|
|

l 1 ] 1 1 0 1 I 1
2 1 2 3 3 1 —1 - 1 2
3 2 2 4 10 1 -1 1 —] 3
4 2 3 7 21 1 0 1 2
S 4 2 6 26 l —1 ) —1 5 -
5 2 A 12 50 2 I 1 l
7 6 2 8 a0 1 — 1| —1 7
8 4 4 15 85 1 0] —1 2
G 6 3 13 9l l 0 1 3
{0 4 4 18 130 2 1 1 ]

|

BB, Ha ocuosauny npasuia yMHOWeHdd KO M, COOTBETCTBEHHO
Hupuxne, cM. ¢crp. 140, a, =5, = 1.

4. Ha ocunopauuu npasuna ymuoWeHusa K oW H, COOTBETCTBEHHO
Oupnxane, cM. crp. 140, b,==1.

&8 YacTumit cayuatt gopmyim 42 npu

A0:A1:A2:A3:"':]“

&2. Ha ocHosanum npapuna yMmuoMeHus Kolid, COOTBETCTBEHHO
HDupuxanae, u 34,

A3, Eciu m U 1 — B3AUMHO TPOCTHE, TO BCE BeNMTEld NpPOH3Be-
DEeHHA i TOAYYAiOTCS OT YMHOMEHWS KAWIOro JeNHTENs udcna m a

KaxIu# Aenutens uucna n. [loatomy

Sh Y =20

1,1 m i.f » L mn
s, (mys,(n)==o,(mmn).

Ilna ¢ (r) yrsepxnenue surexaet u3 25. Hanm apyrux gynsuni
yTBepmueHne ovepuano. Han f(n)=n* A(n) coorHowenue f(mn)=—
= f(m) f(n) wumMeeT MeCTO He TOJLKO TNPH B3dHMHO MOPOCTHIX. HO H
sooBuIe MPH BCEX M U 1.

A%. Cornacno 43 [0CTaTOYHO pPAacCMOTPETH cAyuait n == pk, rae
p ecTs mpocroe uucno. HemvrensMu ssasworcs Torza 1, p, pi..., pk,
CIIeLOBATELHO,

o (k4-1)

1_,.
(W)= 1 b e A ppe T
45, PacnosoxuM 3HAUEHWUS OTHOIIEHHS

pfy k]
¢ (pt)y — pE-l(p—1)

23%
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B Bule Tabauubl ¢ ABYyMA BXolLaMmu. B npunaraemo#t Tabsanlle HENpPABMIL-
Hble JPOOH BbLIEJNEHB! XUPHHIM W PUPTOM: |

9 3 4 5
20513l 7|38
3 R R B N

2 6 18 54

4 | 20 | 100 | 500

3HAaueHNs YKABAHHOTO OTHOWeHMs YOBIBAIOT NpPM BO3PACTAHHMU KaK p,
TaK Uk (npomuddepenurposars!) u cTpemarcd K Hymo. Tak Kak
© (1)
¢(n)
HUAIO BCeX NPOM3BENEHW{, UMEIOWHX 3HaueHdHe > 1, MHOMUTENM KOTOpHIX
(B uncne, GoJblIeM WAM PABHOM CIWHWLE) NPUHALIGKAT PA3IHYHE M
crpokaM Talauipl. Takux npousBeleHdi wumeercs aumb 10 coorsert-
CTBEHHO uMcaaM n=2, 3, 4, 6, 8, 10, 12, 18, 24, 30; BMmecTe ¢
A==1 9T uKcna AAIOT BCE DelleHHs HEDABEHCTBA ‘

< (n) > o (n).

4%, JloctaTouno pAcCMOTPETL OZHO MHllb (DUKCHPOBAHHOE MPOCTOE
UUCAO P ¥ MYJAbTUIJMKATUBHYIO (DYHKUHIO, CBASAHHYIO C p CACLYIOLIUM
obpasom: f(n)==g(k), xorma p*— BLiCIag CTeneHb p, COMEDPMHALLAACH
B 7, g(0)=1, B ocrassHom g (k) — Npou3soONLHAR HYHKUNA OKa3aTeNs k.
Bce MYALTHIAMKATUBHLIE (YHKIWH MOTYT OblTb COCTABJEHLI NYTEM. YMHO-
AceHns u3 QyHkuu#t rakoro Bula. Ho Lia.Tako# dynxuum Teopema raacur

g(Max (e, 2, v, 8, ..., », A))g(Min(e, 8))gMin(a, 7))...
e g(Min(x, M))gMin(e, 8,-4,-8)). .. =
=g@g® ... gM)gMin(a, B ))...,

rae o, B, 7, & ..., % A CYTb HEOTpHLATEJbHEE MOKA3ATENH HAUBLICILINX
crencHel p, BXODAWMX COOTBETCTBEHHO B a4, b, ¢, d, ..., B, I. A 310
npenacrtasaser cobo#t ofobuienue Gopmynn 28, ponyckailuee aHaIOrHY-
HO€ JI0Ka3aTeNbCTBO, € TeM OTJAUUYHEM, UTO TIPU 3TOM HYKHO HCIHOJB30-
paTh He 21, a 26, npunuchiBasg paccMaTpUBaEeMOMY KaK OODBEKT uMcay m
yucnoroe 3Hauenne In g(m)-—1Ing(m-—1), npuuem Ing(— 1)=0.
&7. Kaxcioe wenoe mnoMOXKUTENLHOE YUCIO MOXET ObITb OLHHM H
TOALKO OAHUM CnOCOOOM MpPeLCTaBAEHO B BUILE NPOU3BEREHHH CTeneHelt
npocThIX yucen. Takum oOpasom, MO CAMOMY 8aKOHY 00pasoBaHvsa pac-
CMATPHUBAEMOTC OECKOHEUYHOrO NPOM3BEACHUS MBI IOMYy4aeM KaXIBH ueH

— MYJbTUNAMKATHBHAS (YHKLNA OT f, TO JLEJIO CBOMUTCA K PA3bICKa-
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ey Ko k
f(nyn—%, rae n~—p11p2 s+ ey P)¥ OLMH M TOJMLKO OAMH Pa3, a UMEHHO

—-ks k ;ks
KaK f(p]i)p1 J‘(W)p2 S p
Teopema cGRepILIEHHO paBHOCHana CBOHCTBy MY IbTUIIIMKATHBHOCTH

¢ysxun f{(n).
48. [Euler, Introductio in analysin infinitorum, 7. 1, Opera

omnia, cepus 1, 1. 8, crp. 288, Leipzig und Berlin, B. G. Teubner,
1922#).1 f(ny=1 (n=1, 2, 3, 4, ...)— MyJbTUNAAKaTHBHAA DYHK~
uusa |47]. .

49. Bcnencmne MYIbLTHIINKATUBHOCTY HMeeM

<0

! -3 -a -8 37y ,,—2
ZG(n)n“ H(l—-p)l F+A=pp 0 =p"V 7"+

1 — p=
"-“Hﬁf-“ﬁz"r:ﬁ

‘ v (1) —“'.__ —5 2g 8 — l_p—-zs :
Lz H““ﬂ +2p% 4 2p~ +)= H(l*p i

n=1

- 1__ —8
Yo =Tl0—p+p¥—prt . )=T] 7=
n=1 » »

50. [E. Cesaro, sanava; Mathesis, T. 6, crp. 192, 1886. Peue-
Hue — Mantel, tam xe, 7. 8, ctp. 208, 1888.] a(n) — MynbTUNIHKA-
TUBHAY (PYHKLUHE, nodromy [47]

%I“(”)”’S“H Mta(pp*+a@)p 4 ...1= |
= (1 “q-+2“8+2’23+..'.)};[;[2(1+p1—s+pa(1~s)_{_.“)z

- 1_12”3-H ‘_"Li:,‘

p>2 1P
B1. Bcrencreue 48

U N ptinp
L(s) % 1—p-3°

52. | Z ‘ES"; v(n)n=s =1,

*y leounapn D anep, Beegenne B anaans 6eckodeso maanx, OHTH, 1935,



3568 PEMEHHUSA [53

PaBrocwibHO BTOpOf Qopmyne sanaun 41, 62—56, 5B mowmo noKka3aTh
Tarxe Ges nomown psaos Jupuxie, |
B&. Ha ocnosanny 49

3 )= 3 am S A

1= 1 n=q

54. Ha ocHosanuu 49

e oo
2inenTt= 2 a3 g (myn.
7 =1

=1 =1

B%, Ha ocuosanun 49

{0 (0]
Dinenme XoplnynTi= 2 ¢(ryn=s
=1 n=1 1 =

TOT JKe peayasTaT nolyuaeM, npumenss 34 k B4. Passocuabno dhop-
Myne 25, :

58. ¥ () = ( % )()

T. €.

“‘* Inn-n=5%== Z A(n)n-¢ Z n-s,

n_I n=1

7. Vs 33, 54. Hpwrue uacrthHele cayuan GopMmyms 83 noayuaem
nz 52—5686.

58. [Jacobi, sanaua; Nouv. Ann., 7. 11, ctp. 45, 1852. Peue-
mie-——A. Dallot v np., ram xe, 1. 11, crp. 126, 186, 18562.]

D0 =17 3T 5T L == (1 — 279 K(s),
WIRTR 9T AT LT L = 27 (),
CACIOBATENLHG,
F2E ) = 2 Qe — 3 el

— (1-—27%L(s) zl“SC-(s— (1= 227 (s — 1)27%(s) =
= 27 () L(s— )= 2 jj_j o (m) (2m)”°
_ =1

B8, Cornacuo 47 dyuruua (n) My LTHIAMKATHRHA, eCAH

Ba +rwp rapyp=4 . )= 32 ha)ns.
» B=1



64} GTREN VII | 359

Ho 5 mawem cayuae

VT S h(p)pi R (P p 4 =
= (17" p) p (e prr-b T g (D) p g (P B L,

OTKYAA W BHITEKaeT YTBEDHILHUE. |

B [ycTs BepuwyHnl BHNYEAOT O [PaBUILHOTO /- YLOAbHUKA
B nopRAKe ux caenosanus Oyavr A, A, A, ..., A,. Otpesox, co-
cavHmoWEi  BepHmiMHN A, u A;, NDUHALALNUT HEKOTOPOMY M[paBM/b-

) n P \
HOMY (BHIMYKJACMY WAW 38€3AYATOMY) =5 "YTONILHHKY, TAe t={(n, [—k}

n
OTKJalbiRaA y;caaaﬂﬁmh OTPEe3oK 7 pas, Mbl BO3BRatacMCa K HUCXOR-

HOMY NyHKTy. TeM caMmbivi U3 KaXAOH BepLiMHb HCXOAMT Apu [ = |
©{n} OTPE3KOR, MDHHAINEKAMNUX PASNUYHLIM A-YTOMLHUKAM, 3TH TIOCHAEN-

i
Hue uMeT, CACA0BaTEbHO, B COBOKYRHGCTH 3 f1o (n) CTOopOH,

n*k. 0=

. |
€. Ecm ~ HECOKDATHMO, TO HECOKDATHMO TAKNE U

noolbu B cyMMe COCTAaRNAT 1.

B2, (G. Frobenius, cm. A. Errera, Rend. Palermo, 7. 35,
crp. 110, 1913.] Hycers (b, ¢y==4d. Ecau (a, b, ¢c)=1, 10 coxparu-
MLIMM OyAyT AMiub Te KpOGH, upCauTelh KOTOPHIX AeANTCH HA MPOCTLIE
uiCid, BXOASILLME B ¢, HO He BXOUsiuyxe Hu B &, nu B d. OTCcrona crenpyer
anaJorHYHo TOMY, Kak B 2B, uto uucno xecoxpatuMmix npobeft

A7)

N:CEE;-(J “';>": _q'g‘g_“f‘ == %g— .
=1 ﬂ (1 B ?-f) S

r[ a

&
ul

ae) be
Ho o(bey=do (}}')’ éo be n — COLEDMAT OBMHAKORLIE MPOCTHE MHO-
' be
KUTeNy; KPOMe TOro, CornacHo 46 tp(-g}@(d) =0 (b} v (¢).

B3. (D200 @+ o)+ ... 4@l

©4. (1) Yucno cTonbuos, B KOTOPEIX MEAMBE YACTY YACHTENS UMEIOT

' R
¢ n duxcvposanusit HauGoabwui obwnMB  nennTeNsL £, PasHO cp(—m>.

¢
B kaxaoMm M3 3Tux CcTonOLOB UMCAO HECOKpaTuMblx Apodell paBHs uvcay
Iz
YUCEJ, MEeHbWMX YeM 2 W B33uUMHO BPOCTHIX € f, T. €. DasHo ?go(z‘).

ficaroMy uncno Bcex Hecoxpatumbix ApoBeft OyneT pasHoO

Do ‘P(%j

tn
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M NPEeACTaBAdeT, CaenoBateNbHO [43, 59|, MyALTUNIMKATHBHYIO (YHKILHUIO,

[py n = p* uucnao COKpaTUMbIX apobe#t pasHO pE-1, pk=1 4, 3Hauur,
YNCJO HECOKPATHMLIX PaBHO p?k — pk—2,
Wl n n

Mz dopmyas P (n):Zcp(z‘)ch(—t), MeXLy TMpOYHMM, BLITEKaeT

) t|n
cpa3y Takxe (4), ubo umeeM

O e\ RS Lt =1 L(s—2
zlé(n)n m;cp(k)k 8;,“?(1)”‘ = e 149
n= ;=1 =1 ’

(2) Buitexaer us 21, xak 26,
(3) Yucno apobett, uucauTe b W 3HAMEHAaTe/lb KOTOPBHIX MOXHO COKpa-

THTb POBHO Ha #, PaBHO @(—fz—) CyMMupys mo BceM

1 W) — ¥
7 .._Z@( t)__z'ib(t).
tin tin
s (4) scaencreue 47 mutexaer (1) u obpatho,
- . Y13 (4) Buitekaer (2) u obparHo. B camom nene,

O L(s—2 OO 2
Z @D(n)n—s — (f(S) ): L P’(d) Z_B_ n—¢e
?’L:l .

n=1d\|n

n
~ > ToNyuaeM

[41], caenoBaTebHO,

N oo 5 1 1 1
(I)(n)ﬂzp(d)?ﬁ:n (1 T TS T Ty T s —‘{—p-—z‘q—’z—{— .

a@ln.

—r{1 1))

¥is (4) Ha oCHOBaHMM npaBuia yMHOXKeHHs psnoB Llupuxje BuTe-
xaer (3) u obparHo.
®B3. M3 nepsoro toxnecrsa umeen

An:: 2 (4,

N

tin
U3- BTOPOro
€0 0 co
”1 anx{n —_“ . D . .—1
e — Z‘ Aoy (xm +.XJ~‘”‘—‘—- x3m .l_ . ) — <E at>xn.
n=1  om=1 n=1\t|n
66. livcen

(1—2")(s)y=17°—27°4-87°— 47" |
[Tepsoe roxpectso naer, Takum 00DasoOM,

B’n: Z(“ l)tv—lail_s

tin £
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4 BTOPOE
<O o0
N 2y X" % | . .
T J— Zam(xna“x2n3+x81nm . )___:
n=1 m=1
OO
= M (M= Dan) .
n=1 tln ¢

37. 3amvcelBag A, B dopme A —zat U 00DbelVHSIS MHOMHTENN

C MoKasaTeleM @, NOJyyaeM B NpaBoH qacm npouspeseHue

{ X8 )am(l x1? T 1 x* in
(  mext o (2m)2n2") ( T (3m)zn2) T

KOTOPOMY B JeBOH COOTBETCTBYeT &,,-s CTeleHb 4YJeHa

Mt (1= EN 1 B
PR S m?nz)( o (2m)2n2)( o (3m)27r2)
68. Cu. pewenne 66:

I[ a (DR "
( (km)27t2) = om '8 g

9. Vs 656 na ocuosanuu 41 u 49 BriITeKaeT, UTO WHTepecywOUive
X
HaC (PYHKLUUU CYyTb X M T

7. [Baschwitz, sanaua; Mathesis (2), r. 3, crp. 80, 1893.
Pewenwe — E, Cesaro, tamwe (2), 1. 3, crp. 205, 1893; Laguerre,
Qeuvres, 1. 1, crp. 216, Paris, Gauthier-Villars, 1898.] V3 65 u 49.
- 7. Vi3 66 ¢ momouwio 41, 49. -

72. Vs 66 ¢ nomowpio 48. CoraacHo 193 cymma psna

2T
n=1

npu x> 1 crpemurces K — 00, Ecam Obl YAan0Ch 10Xa3aTh aHaNOTH-

O

HOE YTBEpPXIEeHHe I paia 2 A(n)x™, TO Tem caMmbiM Obiia Obl AoKa-
e |
3aHa ¥BEeCTHAas runotTesa Pumana o Hyaax C-dyHxumy.
73- CDA- 64, 65’ 66.

4% . Cornacuo 39, 65

o0 o0

Wl xn

Nimarn= Y Tm=x + St
n=1 n=1

i B A R A S B I
+x3—i—x6—+ x9+x1"+ ~{—
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CyMMupyeM D#RL MO ujeHaM, CTOAIMM CUPARA ¥ HHUIKE KAKIOTO
IMaronanpHoro saemedia x, x¥, x¥ ... Cwm. rawxe ! 82, ,

¥%. (Euler, Opera omnia, cepus 1, 7. 2, erp. 373, Leipzig
B. G. Teubner, 1915.} Cornacm 49, €5

%

% -“ x?’l : - -
Za(n)xn:} i A L i aiE A e

H=1 n=1

—+2x% - 2x4 4208 4 2x8 L 4
— x84 3x8 3% 4 3 L 4

Cymmupyem gpofinoft pas nio croabuam. C apyro#ft CTOpPGHH, paccMma-
TpuBaeMbft pan- npenctapager cofolt (C TOUHOCTBIC A0 MHOMHTENN — X)
NOrapUGMUYECKYI0 MPOU3BONHYIO OT npoussenedns Jfinepa

¢ vk K
A—x3(1—x)(—x¥ . (L—xmy o= 2 (— % 2 1 B4
Lo —

YuMuoxan pa 3uameHatedb | — x-— x>~ xP - xY— ... n apunapHnng
X035 OUUNEHT ADH ONMHAKOBLIX CTENEHAX X, fOonyuade
alny—o(n—1)—o(n—2+os(n—58)+o{n—7y— ... =0

259 2y -
. kP k 31k
Cnepa croar Buipamenus (— 1Yo (n — =T, 0L —-<n, vae

[Nl

2
BMECTO HE OnpeLeaeHnoro Cile CUMBOAA G(O) 8 CAYYae Cro noHIJAeHHuH
chepyeT MOLCTAaBHTL HHCHAO 1.

a2
3 ﬁ‘? pn — - X ’.-“
?%u JC'" Zépnqumn z{ 1 = _pr?h °
%;@ m=0 =0 M=

T7e 3anennem 8 786 p na x, g Ha— x?, x na x”.

X
8. B pasnomennu xpobu T3 CONEPKATCH B KAUECTRE UOKA3a-

x3
X2
Tened crefedell HeyeTHLIE yuc.sa, 8 paE.flO}KEHWI/I ﬂpﬁ@!’i i“‘"'ﬂ“‘{}'lc‘ﬂa,
) | l
Jeliquiuuecsa  Ha 2, HO HE H3 4, B pas-ﬂO)K(ﬁHﬁH ,&?06}’1 i'“'}:ﬁé“‘iﬂé.!:’la,

peasuivecs ua 4, uo He ma 8, w 1. 4. CM. pewenne [ 18, rae vawxe
urpaeT poab pasbuense Bcex uMcea cooHPA3HO couepmaweica B HUX
poiciuedt crenenu ABOMkM. VlHTepecyiouiee HaC TOMALCTBO HOJyuaeTCH
TAKHKe TMOCPEACTEOM JorapudMuueckoro nupdepenuyuposanns us | 164,
Bropoe TOMuecTEO nonyuyaerTca us 8 Wiy Ke NOCPeACTBOM JOTapudrun-
ueCKOTO Au@depeHuuponanus u3 pewenns 1 14.

9. (Cu. P. Q. Lejeune-Dirichlet, Werke, 1. 2, crp. 52,
Ber'in, G. Reimer, 1897.] Yxazaunsie yeine TOUKH MOMHO MOACUATATSH
ABYMA pasiMubbiMyu CcnOCOGaMn, Huono penwx Touek wa runepboie xy - = R
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pasuo t(k}, monaras k=1, 2, ..., # ¥ CKAAIMAAY, NOAVYAEM JEBYIO
yacTh. HWCHO. HenplX TO4eK Ha npsuoll x == R, napafaeibHOR ocu Y,

f
PAaBiHO [E]; -nonaras k=1, 2, ..., n v CKAAABIBAA, TOJAYYaeM TPaBYIO

uactb. Cum. il 46.
BB, Yxasanuuie B sanauve 79 UeAbe TOUKY MOWHO MOACUUTATH TAIGKE,
fensa 4nCcAo HeauX Touek B OOEMX NOROCaX

Plx oy, xylnn Tl yly, xyln

M BHIMMTAA Y3 Hero uucno wenbix Touek B ksaupare L L x v, 1 Ly,
T. e. v {B oblaacta X >v, y > v, x_ygn He conepmmcn HY OJHOM
genoft rouxu, uéo (v-+ 1)? > n.]

S8, Tpunwwen xawnod venok touxe (&, [) 8 obnactu x >0, y >0,
Xy <L 1 «4ucA0BOe sHavesue» ab;. Tloncueramu, AHAAOTUMHBIMH MPOBE-
REHHMM B 79, AONYyYaCH Pa3NHuUHBIE ARELCTABKEHMA AJS CYMMbI «UHCIO-
BHIX 3HadeHuit» I, BCEX VKAZAHHRIK UEJIHX TOYEK.

B2. Nonaraeu 8 81 a,- - A(n), b,=1; rorna ¢, =lanu B, =
I, =1nn!, cnenorarensuo,

lnfz?~z

y=1

rﬂ-—w

Saof- 3 Sl
83. 80 ‘-

B84, Dunomuansunie KOSQMUUUEHTH  ABAMOTCS  UENbIMY  YKHCAAMM.
[ x
km) ABARCTCH  LEJLIM TAIKE U uAs OTPHUATEALHHX HeAuX X, w00

(=i

8%. Pyuxuvn 1, x, x?, ..., X" MOXKHO NOCASROBATEALHO BLIPAIUTDH
B RUAE AMHEeNHnX KOMOuHanuh c A0CTOARAMMH KOdDdULHentTamu vepes |,

x x{x—1 X (x—1) . i"‘ﬂ% Koaddumuuenrsl by, b, ..., b, *)

T Kl
QRAPEUCASIOTCA U3 YPABHCHUANR

P(O%ﬁ - bm’
d
P(l):bm-{—(l)bm,.p

P2 =0, +(f ) b+ (g )bmdg,

. . [ . ’ s a . . . . . . - . +

P(m)=>h,, -+ (m) m—y T +( }

Yy Tlocaegosareasuse YHO B 06 aTHOM MOPAAKE) KOHEUUME DAHOCTH HORW-
HoMa P(,x) BIATHE B TOUKE x == (), AHRAGTUUHHC 3JaMeudHiA MCGKHO CACAATL K
GTHOCHTEbHD 32834 B8 u 8@
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Ecin P(0), P(1), ..., P(m)— uenple uucia, TO, KAK MOKA3LIBAIOT ApH-
BelleHHbie YpaBHenus, U by, by, ..., b, OYLYT ULEJBIMM UYUCTAMH.

886. (85.) ,

87. Mol MOXeM ODHHATB, 4TO TOUKAMH, B KOTOPHIX P (X) mpuHH-
MaeT COTJIACHO MpeNNOJOIKEHUIO Lieabie 3Hayenud, cayxar 0, 1, ..., m;
TOrNA yTBepIKIAeHHe BhITeKaeT W3 peluenus 85,

88. [G. Po!ya, Rend. Palermo, 7. 40, ctp. 5, 1915.]

x+m—1\ x(x2—19(x2—-22) .. [£2—(m—1)?
( 2m — 1 )_— (2m — 1)! )

{osdpuireHTsl Cyy €3y + v vy Cp TIOCHAENOBATE/BHO ONMPEAEHIOTCA U3 ypaB-
fieHUH

P(1)=c,
P(2)=cl(?)+cz’
P(S):CI(?)“}“Cz(g)-}—cs,

[pewenue 85].

89. IlommHom cremenn 2m

m

I =0 0 ., 0,00, 0 71
m—1
npu
X=-—m, —m-+1,..., —1,0, 1, ..., m—1, m
4, cTano ObiTb, uenossvaueH [87]. Hanee,
P{0)=d,,
P(l)=d,+d,,

P(Q):dﬁ-d}-f—(f)—ydz,

Ipewenne 85, 88].
98. !G. Polya, Deutsche Math.-Ver., 7. 28, crp. 31—40, 1919.]
Corsnacvo VI 70 uenouncaenuauit moaunom P (x) = QX" a x4 L,

e @y @+ 0, B m—1 pasauusmiX deabix TOYKaX [fPUHUMAET :‘10
m

m) !
MeHbInel Mepe OJWH pa3 3HaYeHHMe, KOTOPOE NG MOAYAI0 > 27;] ay | > S »

Ilpn m > 4 vmeenm %> 1. HDag m <3 MOMHO YyKa3aTb CJaeLylollde
NipUMeEpkI:
m=1, P(x)=x ' s x=—1, 1
m—2 P(x)=x(x—1)—1  mmx=—1,0,1
m=3, PX)=(x+Dxx—2)+1 nma,x=—1, 0, I, 2.
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Q1. V3 unrepnonsuvonHo#t dopMynn Jlarpauxa, cM. crp. 100,

92, [Tepsoe pewenue, [lycts uHTepecywwas Hac (yHKUUS
P(x)
 Oyier R(x):Q—(,T)’ rge P(x) w Q(X) CyTh B3aUMHO MPOCTHIE MONU-

HOMBI M 7 — CyMMa ux crenedefl. Hng cnyuas r=0 teopema Tpu-
BUa/ibHA. [IPeNnoNoKuM, uTO cTemenb P (X) He Huxe crTenenn @Q(x)

[8 OPOTMBHOM CHydae Mbl B3sUIH Obl R(x)" ' Bmecro R (x)]. Tlycry mng
HEKOTOPOTO IeNoro mnojoxuTesbHoro a Q(a)+ 0. Torna orTdowenue

P{a) 1 Py P (x)
77y DALMOHAIBHO M ——— (R (x) — 0 (a)) = Oz "PeAcTaBneT colo#

Q@)

pauuoyaNbHyIo CIJYHE{LLH}O, [IDHHUMAKILYIO palKkoHaJ/bHBElE 3HAYEHHS OJI4
LeaAblX X, x>a, npuyeM CTENEHL YHCIHUTENA

e PO Q@) — Q(x).P(a)
P(x) = Q (@) (x — a)

Menble uem crenedb P(x), Tak 4ro cymMma cremeHe#t PT(x) u Q(x)
Menble cymMol crerneneft P(x) n Q(x). YTBepxAeHue NOAY4YaeTCst Tenepb
METOLOM MATEMATHUECKOH MHAYKLUMY.

Bropoe pewenue. IlycTs uHTepecywoulas wac QyHxuumg Oyner

P(x
R(x) == @((_X%’ rne P(x) u Q(x)— B3aUMHO HPOCTHIE NOJMHOME CTeneneHt
COOTBETCTBEHHO m ¥ n. [lycTb, nanee, BToukax x==0,1,2, ..., m-+t+n
572 (QYHKUMS NPUHEMAeT DPAlHOHAJbHbIE BHAUEHHA 7o, 7y, Fos ooy Fiyype

Paccmorpum cucreMy m ——n—1 OIHODONHHX JNMHEHHLIX YypaBHEHHH

g~ u b unk? A u, k" — gry —
e PR = Ul R — . — 0,k =0 (k=0, 1, 2, ..., m~-n)

¢ m--n—-2 HeMSBECTHBIMH Uy, Uy, +.us Uy, TUpo Uy ovny Upo IBYyM
peuieHuaM 3TOM CUCTEMbl COOTBETCTBYIOT LB Mapbl noauHomMoB P (x),
Q(x) u P'(x), Q"(x), rae P{x) u P'(x)—crenean <m, Q(x) un
@ (x)— crenenn < 71 Tawkue, UTO

P(R)—rQ(R) =0, PP(R) —r,Q"(k)=0 (k=0, 1, 2,..., m~+n).

Ho w3 obpawmenns B Hyab dyHxuun P(x) Q" (x) — P*(x)Q(x) crenenu
< m-4-n sroukax x=0, 1, 2, ..., m~n BHTCKAET, YTO OHa TOXIe-
crpeHno pasnma Hymo. Tak kak P(x) u ((x)-—B3anMio NpOCTHE, TO
P(x) momkHo JRemntb P(x), T. e. PP (x)=cP(x), Q" (x)=cQ(x),
¢ — nocToannas. CrenosaTenbHo, YKa3gHHag CHCTeMa MMeeT, C TOYHOCTbHIO
10 MHOXIITeas TNpPONODUMOHANBHOCTH, JHWIIL OAHO pewenne. Ee panr
paBeH, TauM 00OpA30M, m—+n—-1, #d, 3HAU4T, B MAaTpHUE CUCTeMBI
CcOmepKUT s 10 Kpaline#l Mepe OIMH ONpeneauTel]b MOpsiKa m-n—+1,
He paBHbil Bymo. Ho Bce SMeMeHTH MATPHUILL ABAFIOTCS PAUMOHAILHLIMA
yucaamu. ClenoBaTeNnbHO, CPEAN PEWEHAN &y, Uyy oo vy By Ugs Uy va vy Uy
SyLyl COAepHaThCs LETOYHCAEHHbIE, |
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Bbiio 66 ROCTATOYHO NPENNOAOKHUTH, UTO K (X) NPHHHMAET KOHEUYHbIE
pailMOHANbBhie 3HAUEHUS MNPH m -7 -1 pasadusbpx PanvoHAALHBIX 3HZ-
UEHHAX X.

B8. Vurepecywinas nac dynxuns f(x) |pewenne 92, cm. nocnen-
Pi{x ;

Hee 3amMeyanxe] papHa -(-ﬂ{})l ree Plx) u Q(x) ¢yTb ueJCUYHCAEHHblE

nonuHoMbl. FHoO TOrza MOmMHO HalTH Takoe uenoce YUCAO g, uTO

g (x)=G(x)+r(x), rae G(x)—unenourcnennn il nosmuom, a r{x) —

NPABUIbHAY PauycHanbHas ApOOb. DPYHKUMS 7 (X) NOAKHA OPUHHMATH

Heanle 3HadeHnA B OecKOHEeuHOM MHOMeCTRe uesniX Touyex. Ho rax wam

lim r (x)=0, To, Hauwuas ¢ uHexoTOpOro x, OGynem uMersh |r{x)| <1,
€T —>co

crenosaTesbHo, r{x)==0 u, snauuT, r(x)==0, w60 pauuoRaIbHAT (YHK-
11Mg, He DABHAS TOMAECTBEHHO HY/O, MOXeT 0DDaUlaThCs B HYARb JRLL
B KOHELHOM uYHEJe TOUeK.

@4. s cpappenus

2™ =-—1 (mod p)
uMeeM

9m = | 22-’€m+ I =2 (modp),

n ¥ R— uenble N0JOMUTENbHME, §— HeyeTHOe npocToe uuecao. Orcwona
ELITEKdeT, YTO UHCAO MPOCTHIX HUMCEH, HE NPEBOCKONAILIMX X, BO BCAKOM
ciaydae > const, - Ininx.

B5. [G. Pdlya, Math. Zeitschr., 7. 1, crp. 144, 1918.] Mm
MOXEM OPENNONOKUTE, orfOpacnpas TpHekaibHEA cayuait a =0, utO
(a, dy=1, d =1, a >d. Yucna :

& o widy
n=—-——I{a i
o )
HRASIOTCH UesbiMd npu scex v=1}, 2, 3, ..., a uucaq

4+ nd = o*% !

COAEPKAT MWL NPOCTLIE MHOXHTEJH, BXQAfIIHE B Q.
®B. ITpoussenenue uncen Buia 62— 1 npencrasnser coGoit uncao
OnAThL-TAKM TOTO XKe BHAA.
@F. [Goldbach; cw. Euler, Opera omnia, cepua 1, 7. 3, c1p. 4,
337, Leipzig, B. G. Teubner, 1917.]
Meppoe pewenue. Ilycrs [85]
X

Pl =0y (7)+ 6 (,, " )+ -+ o)+ Om
b = P {n),

rie b, NONOXUTENLHO ¥ A1 BHOpaHO CTOAL GOABUIMM, UTO HPOCTOE
yncio P{n)=p 6Gonvwe wem m u Pp—n)>p. [P(x) sospacraer
50 OECKOHEYHOCTH M MPHTOM MOROTOHHO, HAWMRAas C ROCTATOYHO 00Jib-
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woro snaqenns x.] Torma npw x == p sce uaeHs OYAYT DeJuTLCH Ha p,
n p Gyner BXOLWThH MHOMHTedeMm B P(p—-n)

Bropoe pewenne. Ecmm P(x)— nomuoum crenend m, To mlP (x)
fyner uenoudcientbiM nosunomoM {86], flycTe npu uvedsix noAGKHTENb-
HbIX 3HaveHuax @ u & wmeem P(a)=p u P(by=gq, rne p, ¢ — npo-
crele  uucaa, g > p > m. Bubepem c¢=a (modp), c==h (modgq).
Torna mlP(c)=0 (modpg) u, cuenosareasuo, P{c)=0 (mod pg).

G8. Heuernos mnPoOCTOE WACAO P FBJAETCH NDPOCTHIM  je/dTeleM
noauHoMa x> -1 rTorna ¥ TOABKO TOrna, Koria

1

(:"i) = {— 1)50_‘—‘r =1,

p
@D, Opocroe uncno p, p+2, 3, 5, aBaseTCa IeaureseM NOAUHOMA
. — 15 — 1 3
x*~ 15 Torna B TOABKO TOrHa, KOrKa f»—-—-—\ (_W) (—) (3)-—: .
P P P
Tak kak

(ﬂ-—‘_)-—-w_—l) CoG)=c v G (=)
(%) = p (mod 3), (%) = p* (

TO (—5—«):(%) (%):l TOFA4 W TOABKO TOFAAa, Koraa p aubo co-
AEPIKUTCSH ONHOBPEMEHHO B 00EHN MOC/AeNOBATEALHOCTSX
4, 7, 10, 13, 16, 19, ..
4, 6, 9, 11, 14, 16, 10, 21, 24, 26,

AAGO HC COREPMMTCH HM B ONHON H3 #uX. KFICKOMBIMHM NDOCTHIMU neaM-
TeAAMH cayxarT 3, 5 ¥ Bce npoctbie wicna Buia 16x-+y, rae y=1,
2, 4, 8.

§80. IMomnom ax?-+ bx ¢ HenpUBOAMM TOPI4 M TOMBKO TOTAA,
xoraa H2—4ac "e sasercd kpaaparoM. Tlycrb p e neaurt b%-— 4ac.
M3 cpastenny

4a(ax? 4 bx 4+ ) =(2ax 4 0+ 4ac—6?=0 (mod p)

b2 — 4ac
BHITEKAET, 4TO —-—p

): 1. Tlo saxoHy B3aWMHOCTH, NPHUMEHEHHOMY

kax B pewenun 99, # no Teopeve JHpuXie 0O NPOCTHX uYucaax
B apudmeruueckot nporpeccuu [cm. npumesanne K sanave 119] cywe-
cTByeT GeCKOHeuHoe MHOMECTBO TPOCTHLIX uduCen p, N9 KOTOPHIX
(gz-—wc

P
MOMHO DPACHpPOCTPAHUTb HA HENMPHBOAHMbIE NOJAMHOMH JI0GOH cTerneHy.
Cw. G. Frobenius, Berl, Ber. 1899, I, ctp. 689—703.

A8, [Tocne yMHOMEHNA HA HEKOTODOE HENOE HHC/IO0, HE DABHOE HYMO,
Mbl MOMKEM 3aMiHCaTh PACCMATPUBAEMBbIH NMOJMHOM B BuAe (ax 4 b) Q(x),

)=—~1. C nowmowbio 00Jee TOHKUX CPEeACTB 3TY TeopeMy
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rie a, b—uense, a0, Q(x) ueosnauen, Q(x)==0. Ecan p— npo-

CTOE YMCJHO, He BXOISUlee B @, TO CYLLECTBYeT OeCUMC/IeHHOe MHOXKECTBO X,

I KoTopeix ax—b=0 (modp), 1. e. (ax—+ b)Q(x)=0 (mod p).
102.

10— 11x% 4-36x%2 — 36 == (x¥% — 2) (%2 — 3) (x2—6).

Npu p >3 pasencrsa (—%) = (%) = (—%) = — 1 He MOryr onHoBpe-
{2\ (3\(6 |
MEHHO BBHINOJHATHCA, KOO (——) (—-)(-—) = 1.
PINP/\P

103. Vs 104 crenyer, 4To m BXOANT MHOXUTeleM B p— L.
i194. s paseucrra ‘

m 1=K, x) Il K.

tim, t<m

136] BbiTexaer, uto a™-—1=0 (modp), CIENOBATENLHO, @& B3AUMHO
‘npocroe ¢ p. Ecan Onl @ He npuHannexano nokasaremo m (mod p), To
Mul umead Obl @l — 1 =0 (mod p) yxe 018 HEKOTOPOro COOCTBEHHOIO
nenurens f uucaa m. Tax Kak :

xt-—l_~HKt(x)

t' 1t

TO TOTAA N0 KpalHed Mepe elwle ONMH MHOMHUTENb NOJAMHOMa Xx™ — [,
kpoMe K,,(x), neauaca Obl Ba p. Mpl umenu Obl TeM caMbiM @™ -— | =
=0 (mod p?) ¥ TOYHO TaK MKe (a —\L—p)'th 1 =0 (mod p?), uTo Hego3-
MOXREO, Tak Kak (a—+4p)" —1=a" — 1 -+ mpa™=1 (mod p?),

i35. 6P — 1 obnamaerT npoCThIM MHOXKUTEJeM Buna 61— 1 [96],
3TOT NOCHAEHIHUA He MOXeT BXOAWTb MHOXHTenaeM B P #, cTano GuTs,
OTAMYEH OT BCEX y)Ke M3BeCTHmIX uuces Bupa 6n— 1.

188, Cm. peuenne 106,

i07. [G. Polya, J. fir Math.,, 1. 151, crp. 19—21, 1921.]
Tlycth Py, Pos «vos P Gir Gor -+« §y— HPOCTHIE NETUTENM PYHKIHU
ab* ¢, npuyeM B b BXOIAT MHOXMTEJEM BCe ¢ W HM oiaHo p. Torza
KaKIOe ¢ LOMKHO OYLeT BXONUTh TAKKE B ¢; €CAM g — BHCLWIAS CTe-

NeHi, B KOTOpO# g, BXOILUT B ¢, TO qﬁv npu x >, Oyner Taxkiue BHICIUIEH
CTEMeHbIO, B KOTOPOH ¢, BXOIMT B ab®—-c. Ilycry x,— Henoe umcio,

ansg xotoporo ab—~-¢=0 W p,»—BbICIAd CTeNeHb, B KOTOPOH p,
BXOJAUT B ab% —-c¢. [lonaras

o, +1 ’7g+1 C‘«k+1
2 )

o (py )-—f‘

OyLeM MMEThb IAS BCeX HeNbX x> Onue=1, 2,..., &

ab™" " 4= ab™ + ¢ 2= 0 (mod pir ).
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Ecan Oul Teneps YMCHAMH Py, Doy -y Pro Gps v+« -5 §; MCUED NLI-
BaJHCh BCe IPOCThE Aeauread QyHxkuuu adb®-c¢, TO AAd BCex HO-
CTaTOYHO OOABIIMX LeJbX X Oblio 6wl

ab™"® ¢ == 0 (mod pi*h), (mod p¥th, ..., (mod ¢gh™Y),
| @™ e | K PYPR . . Rk . g,

T. e. QyHKuua ab® ¢ Obiza Obl OMpaHHYEHHOH, YTO HAa CaMOM Jele He
MMEeT MecTa.

108. Kaxneit He TOMIECTBEHHO MOCTOSHHBIY LENO3HAYHBLIR MOJHHOM
HMeeT no Kpakue#t Mepe OAMH TNPOCTOR neaurenb, OO0 OH NPUHUMAET

gHauennss 0, 1, — 1 nuwp B KoHeuHoM uucie Todek. ITycrs P(x) ects
LLCIOYMCIEHHBI TTONUHOM [86] P(a)==0b=0, n u3BecTHH yiKe ero npo-
CThle NeJUTeNRH Py, Py, ..., P;. 1OrAa NOJIHHOM

b=1P (a - bp,p, . . . )

ABJISIETCA LENOuuCaeRHeiM U == 1 (mod pyp, ... p;) IAA UEABX X U UMEer,
TaKkuM 00paszoM, XOTd Obl OAMH [NPOCTOH JAenuTedb, OTAHYHBE R
OT pys Par +-+y Py HO TAKOBOH CAYIKMT HPOCTHIM JAEJUTENEM TaKkKe H
ans P (x). MoxXHO 10KasaTh ¥ MeTONOM, npumeHeHurM B 107 [cm. 1. ¢. 107].

109. [a, ecim P(x)— jsuHelHas QYHKUMS WM CTeNeHb JHHEeHHOR
¢pynxunn [95], M, KaK MOXHO J0Ka3aTh C TOMOLIBI0 (OJee TOHKHMX.
CpPencTB, HM B KakoM apyrom cayuae. Cm. 1. c. 95 u C. Siege!, Math.
Zeitschr., . 10, crp. 204--205, 1921.
~ I©. [J. A. Serret u ap., cm. E. Landau, Handbuch der Lehre
von der Verteilung der Primzahlen, crp. 436, 897, Leipzig und Ber-
lin, B. G. Teubner, 1909.] [108, 103.]

f1f. CyuwecTayloT ABa TAaKMX LEJOYHCAECHHHIX NOJHHOMA p(X) M g (X),
uro p () P(x)+ q(x)Q(x)=m+0, rae m—uenoe yucno. Cnenona-
renpHo, (P(n), Q(n)) aeaur m, toria Kak P(x) n Q(x) umeoT npo-
cTele nenurenwd, He Bxoaswwue B m [108].

112, llpeanosoxuM cHayana, 4TO NOMMHOM P (X)— LeNOYHCIeHHBIH,
P (x)— p3aumuo npocroit ¢ P’(x). CyuiecrByeT 0ecKOHEUHOE MHOMKeCTBO
MPOCTHIX Henureseft p noauHoma P (x), Ansg KOTOPBIX

Pny=P(n-+p)=0 (modp) u P’ (n)g=z0 (mod p) [111};

Tak xak P(n—+ p)— P(n)==pP’(n) (mod p?) [130], To o6a wucna P (n),
P(n-}-p) He MOryT ORHOBpEMEHHO MeMTbCs Ha p°. B ofiem cayuae
paccMarpusaem mlP(x), rie m ecTb crenens P(X).

3. Illycrs J(x), J,(x), Jy(x), ...~ pasiuuHble HENPUBOIUMBbIE
MHOXHTENU P (x), paCnONOMEHHbIE B nopsuuce BO3DACTaHUA MX KPAaTHOCTH,
TaK UTO

P ()= [ )™ ()™ o mmy K my e

Cymecrsyer [111] OeckoHeuHoe MHOWECTBO MPOCTHIX NeJHTeNelt p
nominoma J(x) Takux, uyro u3 J(n)=20 (mod p) HeoOXOLHUMO clieAyeT,

94 %ax 1i87. T, [lemus s I. Cere
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yro J'(n)=£ 0, J, ()£ 0, J,(n)==0, ... (mod p). Torza onno us AByx
upcen J(n) n Jin--p) menurcs auwb HA nepsyio creneHs p [112] u,
ClelOBaTe/NbHO, OAHO M3 1ByXx uucen P(n) u P(n -+ p)— s na pm
M HH Ha Kakylo Oollee BHICOKYIO CTeNeHb p.

114. [Ch. Brisse, sanaua; loterméd. des math., t. 1, crp. 10,
1894; R. Jentzsch, sanava; Arch. d. Math. u. Phys., cepua 3, 1. 19,
crp. 361, 1912. Pewenue —W. Grosch, ram xe, cepua 3, 1. 21,
cTp. 368, 1913; cm. rawike cepusa 3, 7. 25, crp. 86, 1917.] Ecim P (x)
He mnpencrasadeT coboft TouHOW k-U cremend, TO CYWIECTBYeT Takoe
eJI0e YUCJAO a M JBa TaKux UeJouucaeHHslXx nosauuoma Q(x), R (x),

YTO a"P(x):[Q(x)]kR(x), rie Q(x) moxer ObiTh PaBHO e€AUHMILE,
a R(x) BO Bcex cayyasax odnanaerT HyAeM KpaTHOCTH, -MeHbueR 2 (3T0
SIBCTBYeT M3 pasdnomeHus P (x) Ha Henpusoiumble muoxkurenn). Cyule-
CTBYIOT MNPOU3BOJLHO OOJbIIKME Ueable 72, Aad KOTOpeiX R (n) Aenurci
Ha p, He pneasce Ha pF [113); caenosarensHo, Hu R(n), HA P (1) He
npeacTaBaqT TouHofl k-# crenenn. Ipyroe pewenne —B 190,

I15. O6o6uenue wmerona, npumenensoro B 107, [Cm. 1. c. 107,
. crp. 19—21.]

8. [Gauss. Cu. Hecke, crp. 14, 78%).]

i17. [Gauss. Cm. Nouv. Ann. de math., cepus 1, 1. 15,
crp. 383, 1856. Pewenue-—De Rochas u ap., Tam xe, cepusa |1,
tT. 16, ¢rp. 9, 10, 71, 1837.] Ecm f(a)=0, a—uenoe, 10 f(X)=
=(x—a)e(x), rae ©(x)-— uenoyucieHsst noaunom [116]. Ma uucen
—a, 1 —a onuo0, unosromy U3 uucen f(0)= —aep(0), f(1)=(1—a) ¢ (1)
no KpafiHe# Mepe OAHO, — UETHOE.

8. [L. c. 90.) Hycts f(x)=agx®+ax™ 14 ...+ a,, ¢,#0,—
LeNOYHCACHHBI MHOXMUTeb noavHoma P(x) ¢ HauBeiCuIeH cTemeHbio 7.
Torna

ﬁ—[%J<m<n.

CornacHo npenNONOKEHUIO MOJMMHOM f(X) HOMKeH nNpuHUMaTsL B 1,
ClenoBaTeNbHO, ¢aMoe MeHbllee B m-—- 1 TOuKax Lejbie 3HAUCHHUS,
N0 MOAYJI MEHbliKe, 4YeM

M3 wuntepnonaunoHHol dopMyasl  Jlarpamka (crp.  100) Berrexaer
toraa [VI'70], uto |ag| <1, T.e. a,==0, B npoTuBOpeune ¢ npeinoo-
weuueMm. Cm, 1186.

119. [L. c. 90.] JocTaTOYHO BUAOW3MEHHTb METON JOKa3aTelbCTBA
Tcopembr 118,

T Fexke, ctp. 19 u 82,
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120. [P. Stickel, J. fiir Math., T. 148, crp. 104,1918; G. P61y a,

1. c. 90.] OOGosHauas yxasaHHbBIA NOJAMHOM 4Yepes P (x), uMeeM Hpu
BCeX LeNbX X

PX)=ux(x—1)(x—2)... (x‘——n+ )=0 (mod al) [130].

Henpusonumocrs P (x) Buitexaer us 119, Tak kak

M<(n1-21—1)n“[323] (n__[_g])l’_ n> 3.

YxasanHelfl HenPUBOAMMBIH NOJIMHOM MpPW BCeX X Aeaurcs HaA nl. 3DTOT
MHOKUTeAb n! siBadgeTcs BaubONbUIMM, KaKOH TOJbKO BOOOILE MOXET
'MMETb NpH BCeX X LEeJOYUCAEHHLIH NOAMHOM A-H CTENeHH C B3AHMHO
NpOCTHIMK KO3 duuuenramu [86]. Ipyrot nporusopevawiuit rnpuMep
[A. u R, Brauer’n]: nomunom x”— 105x— 12 nenurcss npu Bcex X
'Ha 2, $BJAACb BMeCTe C TeM TNO M3BECTHOMY KpHTepHio ODiseHiuTefHa
HenpuBoAnMbHIM. OH He MOXeT IpPMHUMAThb W 3HaueHW# =2, ubo mno
TOMY e KDUTEPHIO MOJUHOMDI '

x?105x - 10, x7-+ 105x- 14

TAKKE HEMPHBOLUMBL. |
121, [I. Schur, sanaua; Arch. d. Math. u. Phys., cepua 3, . 13,
ctp. 367, 1908. Pewenne —W. Fliigel, TmamM wxe, cepus 3, T. 15,

crp. 271—272, 1909.] Ecmu ¢(x), ¢(x)—uenouncieHHole NOJUHOMBI
[116] n ‘

(x—a)(x—ay) ... (x—a,)—1=0(x)%(x)

TO NOMKHO OuTh ¢ (@)= —1d(a)===1 npu Bcex v=1, 2, ..., n.
Ho ecmu 6v1 nonuHOMBl ©(X), ¢(X) ¥, 8HAYMT, TaKKe HX CyYMMa
©(x)U(x) O cremenu n—1, T0 sra cymma ¢ (x)—-d(x),
of6pawascs B Hy/Jb B /1 TOUKax, NO/MKHA Obia Obl ObITb TOXAECTBEHHO
paBHa HY/IO0, W CJAeNOBATENbHO, MBI HMMeau Obl

(x—a)(x—ay) ... (x—a,)— 1 =—[o(x)P

YTO HEBO3MOMKHO BCAEACTBHE PasiuuMs 3HAKOB YV KO3 (PUUHEHTOB NpH X™.

§22. [L. c. 121.] Ecm ¢(x), ¥(x)— UeNOUHCACHHbIE MOTUHOMbI
crenedd < n—1 H

Fx)=x(x—a)(Xx—ay) ... (x—ay_)+ 1 =0(x)¥(x),
rie 0<<a,<<a,<< ... <a,_,, TO TaK xe, kax B 121, saxmouaem, yro
p(x)=0(x), F)=[ex)P, n=2m,
rae m— yesoe. Ho |
1 1 20y —1 2a3—1 2.1 —1
F(——):l—u— 4 e = R

2 2 2 2
1 1 3 4m — 3
<l—ggoge o<

24%
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npu m>> 3, clejopaTeabro, F (x) He MOxeT Obithb KBanparoM. Hanp-

. . 1
Hellulee HCcAelOBaHHe HeOOXOAMMO JIMIIb B ClAyyae F(—Q—) > 0. lloau-

HoM F (x) npuBoauM (M, 3HauuT, ABAAETCH KBALDPATOM) JUUbL B CAEAYIO-
IMX ABYX Clydaax:

m=2, n=4, a =1, a,=2, a;=23,

m=1, n=2, a, =2,

123. [I. Schur, sanaua; Arch. d. Math, u. Phys., cepusa 3, . 15,
crp. 269, 1909.] Ecam o(x), ¢4 (x)— ueouncierHbie NOJUHOMBl COOT-
BETCTBEHHO CTerneHe#t 2, [ u ecau, KpoMme TOro, crapuuft kosdduuueHt
MOJWHOMA @ (X) TIONOXKHUTEJeH H

(x—a)(x—ay) ... (x—a)+ 1=9(x)¢(x),

T0 TOTAa ©(X), ¥(X) NONOXKATEMbHE AN BCEX BElLeCTREHHBIX 3HAYCHUH
x, oa)=0(,)=1, o(x)=xF++ ..., d(X)=xt+ ..., k4= 2n.
Ecnn £ < I, To ©o(x)=1, ub0 ©(x) npuHumaeT 3HadeHue 1 B n > k-1
Toukax. Ecmu k==[=n, To nonuHoM (n— 1)-# cTenmeHn @ (x)— U (x)
obpalaercs B Hy/Mdb B 7 TOUKAX, M, CJIACLOBATENbHO, TOXKIECTBEHHO.
Ho ToxnecTso , |

l={o ()P —(x—a)(x—ap)? ... (x—a,)=
=0 (X)Hx—a,) (x—ay). . .(x—a,)) [¢ (X)—(x—a) (x—a,) . . .(x—a,)]
HEBOBMOKHO. :

124. (1. Schur, 3anaua; 1. c. 123. Pewenne — A . u R. Brauner's.]
ITonoxum

Do (X) = (x —ay) (x —a,) .. (x —a,).

Ecnu 661 mommnom pf(x)—1 Obut NPUBOAMMEIM, TO €r0 MOXHO Obin0 Gl
IpencTaBuTh B (opme

pa(x) 1 ={1 —po (%) p_y (O L — po () py (%)), (1)

rae p_,(x) 1 p,(X)— UesOUUCIeHHbIE MOJUHOML CO CTApUIMM KO3 du-
uunentroMm — 1. M3 (1) Burekaer

PO () = —1p_1 (%) = Py ()] Po (¥) = P4 (%) Po (%) Py (%),

P ) F P ()= po () E (%), ()
rae t(x)—.—HeKOToprﬂ HeMOUMCACHHBI! TI0NUHOM. CnenosarenbHo,
Po(x) =t (x) - p_y (%) py (x). (3)

Ecnu rtenmeph cTeneHu n_,, #; noauHoMoB p_,(x), p,(x) pasHb, TO u3
pasencrsa (1) BeTekaer, uT0 n_,==n,==n. [lpupaBHusag rorua
- cTapuwre KO3POHUUEHTH B. PaBEHCTBE (2), MBI 3aKAlO4aeM, 4TO £{X)=2,
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Ws (2) BuiTexaer, panee, u4ro p_,(a,)=—p,(a,) u, sHauur, no ¢op-
myne (3) pi(a,) =2 (v=1,2, ..., n). Ho 310 "HeBosmoxuo, uéo p, (a,)—
Lesiele pauuoHaibHble uyucaa. Ilycrs, crano Owtb, n_; > n.. ViMeem

1 == pt(x)p5(x) [mod 1 —p, (x)p,(*)]
M3 toxnecrsa (1) BrITexaeT MOITOMY, UTO
Py (2) -+ 1= pi(x)+ p1 () p;(x)=0 [mod 1~p1 (x)po(x)]
pi(x0) =1 == [1—py (x) po ()1 -— py (x) py (%)}, (4)

roe p,(Xx), kak B mnochenywlieM BooOwe p,(x), £ (x), obosHayaer
uesouncresHut nmosuroM. Ilpu BuiBome (4) ua (1) MBI He onupanuch
Ha -CBOHCTBA KOpHelt mnonuHoMa p,(X), NOSTOMY NOJAYYaeM MO AHAJIOTHH
¢ pasencrBamu (4), (2) u (3)

POH 1 =1=n@a O —nEOnuL 6
P (D) P () = —p () A (%), - ®
PRI =6+ P (P () G=0 1,2 ... (D

VickiioueHHe NOAMHOMA Py _, (X), COOTB. py,,(x), us (6) nu (7) naer
) — ) +pia ()

TN T T —p () -1 ()
=h_((X) =hH_o(X)= ... =1(x).

Creneust n, TNOJMHOMOB p, (X¥) NOCTOSHHO YOLIBAIOT HA OBHO U TO Xe
yucno, ubo u3 (5) BcieNCTBHe HEPABEHCTBA f_, > 1, BHITEKAeT

2y =yl My == gy My <

[TosToMy wmmeerca mpepBelff TOXKAECTBEHHO pAaBHBIA HYJI0 TOJIHHOM
Pypr (X). Honoxum p,(x)==y. N3 (7) npu A ==v mosyuaeMm y2 = £ (x),
ClenOBaTEeNbHO, M3 (6)

€ B RN €9
1 —p () ;g ()

pvﬁl(x)#——y, Po_g(X)=—p,_, (%)) pv(x)=y”——y,---

Via coorHoumenus (6) BbTexaeT, Jjajiee, 4TO BCe P, ABJSIOTCA MOJUHO-
MaMH OTHOCHTENBHO ¥, Py (X) =g, (J); TPH 3TOM B KXIOM [OJUHOME ¢
BCe TOKaszareid CpaBHuUMBL 1o Moayawo 4. [losToMy BMecre € @ Takke
W o sBasgeTca KopHeM ypasHenua ¢, (y)=0. 3a ucKJioyeHueM ¢,(V) H
g,_1(y) BCe g, (V) MMeOT OTJWYHBIE OT HYJS M, 3HAYMT, TAKKe He Be-
ulecTBeHHble Hyad. To ke uMeeT MecTO H Ang py (X), Tak Kak y(x)
MMeeT pauuoHanbHele Kod(pduurentel. Tax kak p,(x) ¥Meer JUbL Be-
WEeCTBEHHblEe HYAH, TO v LOMKHO ObITh pPdBHO €IUHMLUE HAM HYyJO.
IlepBas BO3MOXHOCTE OTNakaeT, TaK Kak rtorpe Obino 6ol py(x)==’

o= — P2 (X), WTO HEBO3MONKKEO, KOO BCE HYNE NONMHOMA Pg(X) PABANUMEL.

L]
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125. [A. 1 R. Brauer's.] Tax xe kak n 5 124, nonayuaem psan

Le/IOYHUCIEHHBIX TOMMHOMOB p_, (X), po(%x), py(X), ..., YAOBJAETBOPSIO-
WHUX YpaBHEHHUAM

FIp(0)l= {1l —p(x) pr_ (0)} {1 P (%) Pry (9}, (1)

Pro1 (%) Py () = —pr(X) £ (x) — A, (2)

)+ AP () B=t(xX)Fp_; () pyy () =0, 1, 2,...), B)

rze f(x) o0o3H4ayaeT HEKOTOPbIH UEJOUNCACHHBIH NOJUHOM, He 3aBH-
cawnit or A. Ecmn p_,(x) u p,(x) HMET OJAUHAKOBYIO CTeleHb, TO -
8HAaJOTHYHO TOMY, Kak B 124, mosnyuaem

prlay =2 L VA TIB L (K=1, 2. ..., n).

Cnenoparensio, nomkHO Obith A?— 4B+ 8=C? Ho ecid 6w 370
6Ll10 TaK, TO NOAUHOM F (z) Ouli 6bf NPUBOAMMBIM:

F@)={2+2@+0z+ 1} {245 (a—Cz1]. @

Ecmm n_; > n,, TO NycTh CHOBA p,H(x)———nepBblﬁ MOJMHOM, TOX/e-
CTBEHHO paBHbl HymO, U p,(x)=y. Toraa Oylem uMeTb

t(x)=u(y)=y"+4Ay+ B,
Py (X)=¢,(y) OyAyT UeJOUACIEHHLIMH NOJMHOMAMH OTHOCUTENLHO Y.
[MosunoM g,(y) BMecTe € p,(x) UMeeT JAMIIb PASAMUHBIE 1EJOYHC/CHHbe

Hym by, by, ooy by Hpn y =0, (p=1, 2,..., m), nonaras g, (b,) = bp«,
fynem uMeTb |

>

q1(0.) 4 Aqi () + B =1 (by) = b+ Ab,+ B (5)
[us (3) ana A==1], crenosareisHo,
L] *2 E™S
u(by) = by - Ab, -+ B= u(b,) = b - Ab, -} B. (6)
Taxum o6pasoM, mbo b, = b,, mnbo b;:: — A-—b,. Ho Tteneps

Go (D) = qy+1 (bi) =0, bi == g (b,) = g (b::), ~tak Kak ¢,(y)=y. U3
9, (0,)= qv—).+1(b:.)’ 10D =19, (b"‘) ¥ (2) BLHITEKAET, YTO

G2 (0) =—A— 0 0 u (b)) — (b)) =
- A——q‘,_,‘ B e —q, 5, =g, ,_ ()
A=0,1,..., v—1),
b, = q,(6,)=q,(?)). | (7)
Te by. maa KOTODHIX b;-:-—-sz, VAOBNETBOPSAIOT COOTHOIIEHHID
¢ (V) =2, ' (8)

M, CJEeXOBATENLHO,
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Te Ke, IS KOTOPHX b, =— A—b,, yAOBNETBOPSIOT COOTHOUIEHHIO

7, (M)=—y—A (9)
[Tpu v> 1 ypasnenua (8) n (9) 6yayr crenenn m— 2. Crano' Guite,
no xpaineft mepe nsa u3 b, ckaxeMm b, v b,, YHNOBJETBOPAIOT YpPab-
HeHno (8) ¥ no xpalueit Mepe IBa, cxamem by m b,, — ypasnenuio (9).

Tax kax by + b, TO Mbl MOKeEM MPeLnoNONKUTb, YTO bg 7 ~— 5 4, 3Ha-

uuT, by == b;. Ho Tenepw cornacyo (7)
g1 (b3) — g4 (51).:[’:;_‘51 u 71 (b;)*qi (64) __.bs"‘bi
by — by b, — b, b;——b —b*mb

ABAAIOTCA  LEbIMH - YUCIAMHU;  CJEN0BATelNbHO, bg———b1 = (03— by).
3Hak - He roaurcd, TaK Kak by # bg. Taxum 00pa3om, MBI mOJaYyYaeM

by + b5+
3 3 3
5 ¥ aHAJIOTHYHO by = -5—2———; CnenoBaTeNbHoO, b, = bz. Ho sto

HEBO3MOMHO. 3HAUMT,

v=1, ¢N=—y(’+Ay+ B)— A= —(y*+ Ay’+ By A).
WMs pasencrsa b, 4 b, b;=—A=058,0,b; npn Hanrexame# Hyme-
pauuu noayyaem, uyro b =1, b,=2, by=3, wnwm b =—1,
by=—2, bg=—3, wm b=—10, >0, b,=0. B oboux nepprx
cnyuasx moauHoM F(2)=2*72628 4 11227—6z-+ 1 Oymer cornacuo
(4) npuBOAMMLIM, B TocAelHeM moauHoM F (2)== z4f— b‘izz—l— 1 Oyner
MOJOXKUTENLHO ONpeleeHHbLIM JHIUb NpPH bi= 1. 3uaunr,

Flo)=2zt—2241;, b,=1, by=—1, by=0;
qo(y)4—=-y(y-1)(y+1)=bo(x)=g(x~av)-

Y(X) MOXeT CONepKaTb JAUIIb ONWH JUHEHHBI MHOXHTENb, TaK Kak
B NMpPOTUBHOM ciyuae y{x) u y(x)—1 MMEJH Obl He TOJAbKO LLeJIOYH-
cneHusle Kopuu a@,. CrenoBaTesbHO,

Po (%) == (X —a)(x — o —1) (x —a—2).
B stom cayuae nomuHoM F [p,(x)] AeHCTBUTENBHO ABNAETCA NPHBOLUMLIM.

I26. [(A. u R. Brauer'n.] Cu. pemenne 124, 125. Pexyppenr-
Hble (OPMYJbl OYLYT 3LeChb TAKOBL:

Apt ()1 =11 —p () p,_ (L — P, ()P, ()], )
:p>._1 () == Py (¥) = — py () (%), | } t!eflfbuxx A
CApE () =t (x)+p, _ (X) P, (%) _!

2P ) L= (1 —p (), ([ — Py (), (),

Py ) +p () =—p, (%) TA}_ £(x), | Heqer'lriilx.h,.

=40+ |

1:
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p_.(xX) ¥ p, (%) CyTb LENOUHC]EHHbIE MOMMHOMB CO CTAPWIHMMH KO-
puuventamu, cxaxem A_, u - A;; ocramHse p, (x) He 0043aTeNbHO
menouncaeHusl. HecMoTps Ha sTO, B clyuae n_, > 11, B3aK/OuaeM, Kak
B 124, 125.

- B cayuae n_,=n, "3 peKyppeHTHbX (OPMYJ] BHITEKaeT, TAK Kak
A_A;=A>0, uro

[p—l (x) -—pi (x)]2 = pg (x) (A._]_ - A1)2____ 4 (A_1+ A;{)’
{(P_1 () —p () po () (A — AP} X
X AP () —py () —po (X)(A_; — A)} = —4(A_;+ A).

MUz wnepasencrsa A_;A, >0 sBurekaer, uro A_,-+ A4, == 0; ob6a MHo-
XUTeJNd B JIeBOH YACTH -MOCTOSHHBEL, CTapuyu# Ko3bhPuUuUueHT B NEepPBOM
MHOXHUTese OyaeT, TakuM obpaszoM, 24_,-—2A4,=0. CrenosareasHo,

A_y= Ay [p_i(X)—p,(0)]P = —84A,, 24,=—C3
A =—2D% A=4D*, |

O6parno, nomunom 40424 - 1 == (2D222 4 2Dz 1) (2D%22— 2Dz 1),
T. €. [PUBOIMM.

127. [OGo6uienne oiHoro saMeuanusi, npuHasnexawero O. Gme-
lin’y, em. P. Stidckel, L. c. 120, crp. 109—110.] [ycrs o (x)—ueno-
UHC/EHHBLIH MHOXUTeNb noavHoMa P(x)= ¢ (x)d(x) [116]; Toraza rtaxxe

. ’ - : 1
BCE HYJX NOJMHOMA ¢ (X) AeXaT B noaymiockoct fx < n—-. OTciona

CIeyeT, 4TO fcp(n—-%——t)’<lcp(n_——~—l—t)l npu £ > 0. Tak kax

©(n-—1) =0 n uence, 10 |9 (n—1)| > 1 u ¢(n)—uenoe, |¢(n)| > 1.
Amnamoryuno v nas (x). Ho rorna P(n) uMeno Obl cOOCTBEHHBIE NeNid-
Teau ¢ (n) u Y(n), YTO NMPOTHUBOPEUUT NPEANONOKEHHUIO.

128. [A. Cohn.] MoxHo npumenuts 127, nonaras n == 10 [III 24], |
- §29. [D. Hilbert, Gott. Nachr., 1897, crp. 53; I0OKa3aTelbCTBO
A. Hurwitz’a.] Yucna V'r, ]/E, V;.-s, Vr+ ]/E, ]/F——-]/E———Hp-
pauvoHaabHele. [losTomMy B kamnoM JuHefiHOM MHoOXUTele Koadhdu-
UHeHTH OYLYT - HAXONUTHCA B MPDALMOHAABHOM OTHOUIEHHH, W TO Ke
OyleT uMeTh MECTO B KaKAOM MHOMMTeJe BTOPOH CTereHW, MOAydae-
MOM KOMOWHMDOBaHWEM ABYX JuHeHHbX MHOxuTe el. CrenosaresbHo, pac-
CMaTPUBAEMBbIt MOJMHOM HENPUBOLMM B OObIYHOM cMbicie [cTp. 152].
Ecan nmeer MecTo ¢pyHkunOHaMLHOe cpasHenue [Hecke, crp.. 1L1—12%)]

P (%)= (x2 4 4,2 ay) (x*+ agx—+a,) (mod a),.
| P(x) == (X2 bx -+ by) (x2 + by + b)) (mod b)

")!‘exxc crp. 17,
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u(a; b)==1, TOo CYWeCTBYIOT TaKHe YUCNA C;, Cy, €3, C,, UTO
¢,=a, (mod a), c,=0b, (nod b) (v=1, 2, 3, 4),
P(x)=(x2—+ c,x -+ ) (%2~ cgx +¢,) (mod ab).

Taxum o0pasoM, NOCTATOYHO J[0OKA3aTh PA3IMKUMOCTL [0 MOLYJAM,
npeacTasasiowuM cofoft CcTenedd MPOCTHIX uMCeN. 7 HBAAETCA KBanpa-
THUHBIM BblUETOM mod 8, cjaenoBarenbHo, Takxke mod 2" npu awboM n;
P(x) npeacrasnedHo B paseHcrBe (1) B BMO8 PasHOCTM ABYX KBajpa-
ToB mod 2" u pacnazaeTcs HOTOMY Ha IBa MHOXUTENd BTOpPOH cre-
nend. Benencrsue (2) P (x) npusoauMo mod 7%, Benencteue (1) — mod ™.
Ecau p —npocroe uucno, p==2, p==r, p=~5s, 70 10 KpailHe# Mepe

r S rs .
OAMH H3 CUMBOJIOB (;—), (?), (~—) Oyner paseH efunuue, ubo

(r\(s\/(rs r s rs

(-——) (—) (—-) == 1, cMoTpsa no Tomy, OyaeT /U (——), (——) HIIN (——)—_—_ 1,
P/\P/\P p P P

(1) (2) nmu (3) Oyaer noxasmBaTL PasnoxUMocTh mod p”. OcHoBaHud

AJS1 BOBMOMHOCTH TaKHX mnpuMepoB ¢M. y Frobenius’a, 1. c. 100.

130.

a(a+1)... (a—}—m—l)__q(a—}-m——l
ml h— m )
(84, pewenue 136]. -
§34. Ilycts paccmarpupaemuie yucaa 6yiyr a, e—d, a-+2d, .
., a-H(m—1)d n (d, m!)=1. Toraa cywecrsyer takoe d’, (d’, m)=1,
uro dd’ =1 (mod m!). Ilonaras ad’ == a’, umMeen

d'"ma(a—+dy@—4-2d) ... @@+ (m—1)d)=
=a'(a' 1)@ +2)...(a  +m—1) (mod m!) [130].

i132. K. Hense] J. fﬁr Math., 1. 116, crp. 354, 1896.] [Pewe-
e V 96.]

133. 2) n = 4 wm npocToe YHCO. lleﬁCTBmeanO eC/li i — COCTaB-
Hoe;, n=ab u a << b<n—1, 70 (n-— 1! nenurca Ha n. Eciu n ects
KBaApaT NpPocToro uucna, n=p*u p>2, 1o n—1>2p u (n— 1)
CHOBA JeNHTCH Ha p2. : |

6) n=28, 9, p, 2p, Tie p-—NpPou3BOJbHOE MNpocToe uucao. Ecan n
He ¥MeeT Buma p, 2p, p>u n=~8, 16, 10 n=ab, rae 3 La<b.
Jlubo uucna a, 2a, b, 20 Bce pasanugnl, AUO0 BCe PA3JMUHBLI HMCIA &,
b, 3a, 2b; B ToM ¥ Apyrom cayuae us 2b < n Buitekaer, yro (n— I}
nenanrcs Ha a?h®. Teneps '

p2—1 1 4
F ]==p—-—->/ npu p> 8,

[2%"_1]_‘_[#]—]—[218—-‘1]—{— =2 —1—n>2 nupn n>4,

H, TaxkuM abpasoM, BCJI&ILCTBHG 134 em‘a&oTca Jlmllb_ TGP eUUCNEHHLI®
cAy4an. ‘
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134. Cornacuo 82 uckoMmbift mokasaTenb paBeH

F+EH - =2

raoe cyMma ofOpeiBaerca Ha [-M ujneHe, s Kotoporo pt<n < p'ti,

135. [E. Lucas, Théorie des nombres, 1. 1, crp. 363, Paris, Gau-
thier-Viilars, 1891.] Beiciuag crenenn necaru, neaswas 1000], umeer,
OYeBUAHO, TOT e TNOoKasaTeib, YTO H BbICIIAA CTeNEHb NATH, IJTOT
noxasatenb [134] pasen

5+ (2] 2] [ s 12

i36. [E. Catalan, Nouv. Ann., cepus 2, . 13, ctp. 207, 1874;
E. Landau, Tam xe, cepus 3, 7. 19, crp. 344—362, 13900.] Ilycts
p — 1IPOCTOE UNCIO, v— Ue0e MONOXKATENbHOE; TOJOKHM ap = ==a’,
bp—>=>". Torna nocrarouno {134] mokazatb, uTo

[2a"1+ [20') > [a'] 4 [87] —}—[a’+b’]
Cu. 8.

137. [F. G. Teixeira C.R., . 92, cTp. 1066, 1881; M. Weill,
Bull. S. M. F., . 9, c1p. 172 1881.] Hocratouno [134] noka-
3aTh, 4TO

(o (] (o [+

rape p—HapoCTOC HHCIO.

a) (h, p)==1; " ]p”—{— 1, cnenoparensHo,

o] emane

: 6) h=p*h’, (', p)==1. Torna B Jepolt W mNpaBOH vyacTAX mep-
BLIZ o UJEHOB OTNAJal0T, M YTBEPKILEHUE NDUHUMAET BUL

N e R e

Cum. a).
138. llycts m!=1M, rie 't COZEPXHT /ML Te [POCTHE MHO-

KWTE/M, KOTOphle BXOAST B £, u (M, #)=1. Tlycrs ##/ =1 (mod M).
Torna anasoruyno Tomy, kaxk B 131,

t'mg (s —£) (s —2¢) .. s——(m——l)t]E
o=ts(t’s—1)... [t's—(m—1)]=0 (mod M).
i29. Cornacio 134 u 138

-urw—}—[ ]-—}— ] [] . llm%———a—{-P___}

" -5 =0
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140. Ecmu t=p%g?7 ..., Tae p, ¢, r, ... — Pa3JHUHBIE TPOCTHIE
yicaa, 10 T == p*+igt+tirr+1 . [139], ubo ‘

m+{%}+ﬁﬂ+u~<n@+7£j%QMm+n,

n@+[-’3]+[g-2]+...<n(@+1), R

q

144. Vimeewm f(z)zggg, Q(0)=£0, P(2) v Q(2)— NONUHOMB
¢ uenbiMu kKosdduunenramu [149]. Q(0) f[z2Q(0)] mMoxHO noO coxpaule-
i Ha Q (0) mpencTaBuTh B BUAE OTHOWIEHMS OBYX UENOUHCHEHHBIX MOJH-
HOMOB, NpPHYEM 8HAMeHaTeJb B Touke 2==0 npuHuMaeT sHaueHue 1.
CuM. koHeuy pewenus 142,

§42. Ecin f(2), g(2) yaoBIeTBOPAIOT YCIOBUIO SﬁseHmTeﬁHa
10 f(2)— f(0) n g(2)—g(0). MOXHO TaxkXke OJLHOBPEMEHHO Ipe-
00pasoBaTh B LeJOUMuC/IeHHble Pslbl NMOLCTAHOBKOH 72 BMeCTO 2, BhOH-
Jpas HajpJexalwuMm o6pasoM Lesoe MOJNONKUTepHoe 7.

Ecim F(2) n G(2)—uelOUYUCAEHHbB e PAJB, TO LENOUHCIEH-
HBIMM ABJAAIOTCA Takxe paasl F(2)-+ 0 (2), F(2)—G(2), F(2)G(2) n,

nakorew, F[G (2)], ecmu G(0)=0, ¢ %((2?))"

ecan G(0)=1. B camom

Lene, ecnd
G)=1—az—a,22— ... =1-—H(2),

TLe @, @y, ...—Uejbie ynucina, TO QyHKHus

(G (2)” =U~Hwﬁ~t+mw+ﬁ@—+ﬁ@ﬁ%m

pasnaraeTCﬂ B pal no B03paCTa}OLllHM CTENEHAM 2 C UeALIMH KO3 du-
HWEHTaMH. -

143. Cirenyer us onpenenesus,

B44%. [Cu. G. PGlya, Acta Math,, T. 42, crp. 314, 1920.] Ycuno-
Bus 1), 2) HEMOCPENCTBEHHO BHITEKAIOT M3 YCAOBMA ID#ideHm TehHa.
Yro oHM, 00PaTHO, MMEIT €r0 CBOUM CleAcTBueM, yDexnaeMcs Clielyio-
wuM obpasom. [lycte

In¢ : |
hn—-"<A (n=1, 2, 3, ...)
M MPOCTOR MHOXKUTENb p BXOAMT B f, poBHO v, pad. Toraa
v Y A
ML L ~
"nlnp(A’ n<1n‘2'=B'
O6osHauass uepes P npousBeleHHe HNPOCTHX YUCEJ, BXORAUWMX B £,
o, t3, ..., Mbl MOXeM monoxuTh T ==P¥%, rjie k— wenoe uyucno, k> B.

HefcTBHTENbHO, KaXKIbit MHOXMUTENL p npousBedeHus P Bxoautr B 1
POBHO Rn pas, @ R > v, npn Aw=s1, 2, 3, ...,
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o ont >
_ﬁ
Y L3
rie i_,__ Z 1 CIIel0BATEILHO, u, — HeverHoe. [lepBuift psan ynosie- |
tln
TBOPAET ycaosuio 2), Ho He 1) [107], BTOpO# — ycaosuwo 1), HO He 2);

HM ONMH He YIOBJAeTBOPSET INOJHOCTbI) YCAOBHI ODHseHmTeHHa,

HA ONMH He TpPelCTaBAseT anreﬁpamecxoﬁ ¢ YHKILKH.
148. [lonaras

(1—2)"= D a2, (1—2) 1= 2 b2,
n=0 ’ n=0

HMeeM .

p—1dl f-rh2 Bl

1 5 "':{:——IF(Q’ B, v; &)=

= Y Qb 2" 140, 143],

1 =0

[To noBoly nanbHeHINIMX MCCAemoBanuit U autepatypul ¢cM. A. Errera,
Rend. Palermo, . 35, crp. 107—144, 1913.

147. Ornowenne 1ByX HOCJIEILOBHTEJIbeIé( KO3 (OULMEHTOB DPAaBHO
(a+n)E+n) (a+x) B+ x)
e R e (R ek R (= yemasy
x=0,1,2 ..., 10 «B, a3 ¥ y— paunoHanpHsle yucia [92].

§48. Ilycts 2 == 0 Bmbpano tax, yro a(a-+ x)(B 4 x) = ax?+
~+bx—c¢, roe a, b 1 ¢—uensle yncaa. Ecam 6n F(a, 3, y; 2) Obuto
anrefpanueckoit ¢yuxuvelt, To [144, 1] kaxnoe mnpocroe uwUCIO P
(3a wuckmouenueM, OLITb MOXET, KOHEUHOTO YHUCA4) JOMKHO Obuio Obl
ObiTb NMPOCTBIM JeJUTeleM KBajpaTHoro tpexuilesa ax?-+bx—c. Cum.,
oanaxo, 100.

1498, Yacruut cayyalt Teopems 150.

150. Yactuuit cayyait Teopemn 151. |

i50. [Cm. E. Heine, J. fiir Math., . 48, cTp. 269—271, 1854;
Theorie der Kugelfunktionen, 2-e wusag., crp. 52—53, Berlin, Reimer,
1878.] '

[TepBoe noxasdaTrenbcTBO. PaccMOTPUM KOIPHPUUUEHTEl PYHK-
uvn R. Ecax sTa QyHKUMA He paBHA TOXAECTBEHHO HYJI0, TO €& MOXHO
npencTaBuTh B (popme

Ry+ R+ @Ry - . ++ Ry,

rie Ry Ry R, ..., Rj—uenbe pauuonasbnble (QyHKUMM OT 2, V,
v, ..., Y ¢ pauvoHaNbHBIMH KO3dMDHUMEHTAMH U 1, a,, 0y, ..., o
PanHOHAAbHO HE3ABHCHUMH, 7. €. M3 COOTHOMEHHS #,—t- n,%, +
~+nga, 4 ...+ ma;==0 .c panuosaIpEEME K03 GuunenTaMB. By, 7,

paillvoOH4d/bHO TIDH
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Ny, ..., Ny BBITEKART, UTO Ry=1f;=1n,==...=;=0. Ecm B R,
Ry, R,, ..., R, BMeCTO ¥ NOACTABUTL CTENEHHOH DAl Gy—+ @24 ...
...+ a,"+ ..., TO NOAYYAOTCA COOTBETCTBEHHO CTEMNEHHBle PHAILI
(@)

> 20 (v=0, 1, 2, ..., }) ¢ pauroRaJbHLIMH KOsbpuumentamu £,
n=0

(0 1
Cpapuende Ko3pduuvenToB npu 2" naer £ - a e ...+ azz‘if) = 0,
. O
0 1 !
T. €. tg@):z w = ... ==z‘§@)=0, TaK 4YTO Z tg)z”EO npu v=20, I,
n=0
2, ..., L , _
Bropoe nokasaTeabCTBO. PaccMoTpuM KO3(POUUUEHTLI V ),
Coornoumenine R == 0 o3HauyaeT. 4T0 CTeNeHHble PALbl HEKOTOPOTro KOHey-

noro uncaa Qymxmait Basa 2%y’ (¥ (YR . (W) numettno sasncumMsl
[crp. 120]). Beipaxaem OAMH ¥3 3THUX CTENEHHBIX PALOB JMHERHO uepe3
Apyrue, JMMHENHO He3aBUCHMble; HeoOXONMMbIE AJA 9TOTO IMOCTOSHHBIE
MHOXWUTEAM B CHAY CHCTeMBl ypaBHeHu#t (*), NPUBEAEHHON B peLIEHUH
V11833, cocrapiess u3 K03 ULUHEHTOB CTEMNEHHOrO psila Aad y panuo-
HAJLHO M, 3HAYMT, B HALleM C/yyae pPauuoHAJbHBL,

152. [E. Heine, . c. 151, crp. 50.] JUCKPUMUHAHT ypaBHeHHs
[-# creneHy OTHOCHTeNbHO W

Fo()@+-Fi()wl i+ ...+ F_ (wtF(&)=0 (%

npencrasiser Ccofoft 1enoe PauUOHANBbHOE BhIDOXKEHHE OTHOCHTEJbHO
Fo, Fio .., Fp_y, Fyvasagercs, CleN0BaTENbHO, aHAMMTHYECKOH (yHK-
nueH, perynsipHOR B HeKOTOpO#l okpecTHocTs ToukH 2==0. Ecmu oH
TOXIECTBEHHO paBeH HYMO,. TO MPH NOMOWM DALUMOHANLHBIX ONepanui
MOXHO COCTABUThH ypaBHeHWe, KOTOPOMY VIOBJETBOPAET f(2) M AMCKpHU-
MHHAHT KOTOPOro. yxe He OyleT TOxIeCTBeHHO pased Hymo. [Ipenmo-
JIOXHM MO3STOMY, YTO YyKe NUCKPHMUHAHT ypapHeHus (*) He paBeH TOX-
necTBenHo HyJ0. Torna cylwectsyer / pasavuHbX (QYHKUURA w, = f(2),
Wy ..., W;, DPETYNIpHHIX B HeKOoTOpOM Kpyroeom koawue 0 <|z|<p,
p > 0, BO3MOXHO, MHOIO3HAUYHBLIX M YLOBAETBOPAIOIUHMX YDPaBHEHHIO (¥);
B Touke z=0 oHu MoOryT uMmeTb anrebpauyeckyir ocofeHsHocte. Ecnu
Kaxkasg-HuOyap QyHKuus ¢(2), NOCTPOeHHad, Kak w,, o0janaer TeM
CBOMCTBOM, YTO '
(0(2)—cCo—=C12— ... — 2" Y277

B OKPeCTHOCTH Toukd 2 ==0 0CTaeTCs OrPAHUYEHHLIM AN NPOU3BOJILHO
GoAbIIMX 3HAYeHUH 7, TO MMeeM TOXAecTBeHHO ¢ (2)==f(2) [IV 166].
PaccmMoTpuM HeKOTOpOe 3HadenMe m, AAg kKoroporo /— 1 dyHkuu

(W —Cog— CZ— v —Cpy_ 2~ 1) 2= (A==2, 3,..., )

ABAMOTCA HEOTPAHMURHHBIMM B OKPecTHOCTH ToukM 2z==0, [loaaras
B ypasHeHuu (¥)

W === CO_‘i— Clz+ e s + Cm_.lzﬂ?.--.'.l__}_ z?ny;
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Mbl [ONYY¥M YpABHECHHE OTHOCHTENLHO y TAKOFO e BHAZ, KaK W (*)
nyTem JAejeHdd Ko3dHUKEHTOB Ha HEKOTOPYI0 CTEMeHb 2 MBI MOXeEM
NPeACTABHTL 9TO YPasHeHHe B ¢opMme

Go( P+ G @)y ...+ G (@ y-+ G (2)=0,  (**)

rre He Bce ‘uucaa Gy(0), G,(0), ..., G;_,(0), G;(0) paBHB HyIlO.
Ecm Gy(0)=0G,(0)=...=0y_,(0)=0, G,(0)s=0, T10 ypasHe-
uue (¥*) mmeer [XoTs Okl 10 «NOLrOTOBHTEeNLHOH Teopeme» Beftep-
wrTpacca*)] [—Ah peulenut, OrpaHUYeHHHIX B OKDECTHOCTH TOU-
xu z==0. Ho (**) umeer Ha caMOM nese auiub OJHO peUieHHEe, Orpa-
HYYeHHOE B OKPECTHOCTH TOUkM 2==0, a uMenHo ¢, ¢y, 2+

o2~ .. .; cnenosarenvHo, [ —h =1, h=1[]-—1, 4. u TP. I
§53. (L. c. 151.] Mo moxem npumsth, uyto Py(0)=P,(0)=...
=P ,(0)=0, P,_;(0)=a£0 [182], P,(2), P(2), ..., Pi(2)

eJouncaeHHel, U B f(2)=c¢y-Fcz2-Fc2®+ ... ¢, 0 n uenoe.

[Monaras z =0, nonyuum ac,— P;(0)=0, orxkyna P;(0) nenurca Ha «.

Crenosareanto, a~iP,(az) uensoudcieHso, A==0, 1, 2, ..., [, 4, B

yactHOCTH, a~1P;_ (0)="1. T109TOMYy MBI MOMEM MOJOKUTE

flaz) = Q@)+ @ (2) [f(@a)P+ ... +Qu(2) [f(ad)},  (*)

-1p, ) .
rae @, (2)= —Z_ Pz_igzg CHOBa OyaeT UeaouucnesHHelM [peiueHue 142},

A=0,2 3,..., I u QO0)=0 nma A=2, 3, ..., [. N3 rtoxae-
crBa (*) myTeM cpaBHeHHd KOSP(PUIMCHTOB NOJNYy4aeM, 4To a”c, ecTh
Lejas paunoHadbHas (QYHKUHS OT ¢, acy, @3¢y, ..., a"'c, | u, 3Ha-
YUT [peKyppeHTHOe 3aK/ueHHe], — Uenoe Yucio.

154. [lycrs P(2), Q(2), Q,(2), Q;(2), .. .— pauyoHaibHO-UUCIEH~
Hble CTEleHHbIE DPAAbl, U MOAOKUM ¥ == Cy—- ;2 4,22 - ... Ecnu umeer
MECTO OLHO M3 IUECTH YyPAaBHEHUH

y=P@)+Q@), y=P@E)—Q() y=P@)Q[),
y=53, mpuen QO)=1 (142},

y=PIQ()], npruew Q(0)=0, |
V=0Q@+ Q@)+ Q@)+ ... + Q(2), npuvem

Q(0)=Q;(0)= ... =Q;(0)=0 [152],
TO ¢, fABJAAEeTCHA ONHO3HAUHO OfIpeNEeJEHHbBIM PAUHOHANLHBIM  YMCIOM,
PalUVOHabHO- ¥ LeJ0COCTaB/ICHHEIM U3 Kos(pduuuenton npu 1, 2,28, ..., 2"
B pasmoxennax dynxuuit P(2), Q(2), @Q;(2), ... u, 3HAY4T, MONKeT

COLepkaTb B 3HAMEHATE/E JHIUb Te MPOCTHE UUC/Hd, KOTOPBIE BXOUAT
B 3HAMEHATE/JM YyKasauHHX Koagpduuuedtos. [Cm. 1. c. 144.]

*) Cm. 2. T'ypca, Kypc MmaTemaruueckoro aHanusa, T. 2, ra. XVIL, § 355,
OHTW, 1936, naun L. Bieberbach, Lehrbuch der Funktionentheorie, T. I,
cTp. 194,
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i155. [A.Hurwitz; cm. G. Pélya Math. Ann., 1. 77, CTp 510—

512, 1916.} Iycrs p———HpOCToe UMCaI0, BXOASILEE BO BCE ¢, == 2 a bn "

HO He Bo'BCe @, n =20, 1, 2, ... IlycTs, cxaxeM, @, 2y, ..., akﬂlao,
a,==0 (modp). Hs ¢,=ab, (modp) Bsrivexaer TOrAa, 410 by=
=0 (mod p), u3 ¢, =a,b, =0 (mod p) Britexaer, uro &, =0 (mod p),
M3 Cppo=0a30,=0 (mod p) sriTekaer, 4r0 b, =0 (mod p), u T. A.

1586. [P. Fatou, Acta Math., t. 30, crp. 369, 1906, [Tpuseaen-
Hoe alech peuwenue npuHannexut A. Hurwitz’y, cm. G. P61y a, 1. ¢c. 155.]
JloCTaToOYHO [A0Ka3aTh TeOpeMy I/ [PUMUTHBHBIX CTeleHHBIX pPALOB

| Pz

f(@)y=ay-+ a2+ a,22+4 ... [158]. Cornacuo 149 f(2)= QEZ;’ rie
P(z) n Q(2)— uenounciaeHtble, ¢ B3aUMHO MNPOCTHIMU KO3(hdUUMEHTaMH.
O6puiBaowuics crenenHoit pan Q(2) NPUMHUTHBEH; KEHCTBUTENLHO, €C/H
Obt ero KO3bPUUUEHTH UMEH OGIUMA feuTeas £, TO, BCAENCTBHE PaBEH-

CTBA P(z)-:_-tggi)f(z), ¢t BXOJMAO OBl JAequTeseM M B KOIDDHUIMEHTH

pana P(2). Onpenenum JBa UEJOUHCIEBHLIX MOJUHOMA p(2), q(2) Tak,
yTobel p(2)P(2)+49(2)Q(2)=m #= 0, m—uence. [lomaraa q(2)-
+p(2)f(2) = R(2), umeem m=Q(2)R(2). 3necb pan R(2)— ueio
UMCNEHHBIH W HENPUMUTHBHBIR, ecan m == =1 (B NPOTHBHOM CcAyuae m
6u1i0 Ob! [155] Taxke INPUMKTUBHBIM); €ro Koatp(pmuneﬂ'rbl BO BCEX CJV-

yasx Jpendarcas Ha m. M3 pasencrsa I—Q(O)——— BBHITEKAET, HYTO

Q(0)===1.

§57. lpu paunoHaibHoM O MOCNEROBATENBHOCTHL @, Gy, Qg ...,
HAY¥MHAS C HEKOTOPOT'O MECTa, — MEepUoLUYecKas ¥, C/Iel0BATENbHO, QYHK-
uns f(2) = a2+ a,2*+ ... 4 a,2"+ ... paunonanpHa. [Ipu uppauuo-
HaJapHOM f(z) He MOXeT ﬁbrrb pauHOHanbnoﬁ dyskuue#t, ubo Torna
[149] ona mnpeacraeasna 6u1 coOOR OTHOUIEHME HBYX LEJOYHUCIECHHBIX

1\ .
MOJMHOMOB, W C/I€JI0BATEJLHO, YUC/IO f(ﬁ)) Op1o Obl paUMOHAMALHLIM,

i58. [Cv. E. Landau, Nouv. Ann., cepus 4, 1. 3, ctp. 333—336,
1903; R. Jentzsch, Math. Aunn., r. 78, crp. 277, 1918.] To, uro
dhyHKLMs, MpencrasideMas psLOM, MOCHAENOBATEILHOCTL KOI(POUUUEHTOB
KOTOPOTO — Mepuoaiueckas, €BIAAETCA palUUOHaAbHOM, mnonyuaerca 6es
- Tpyha (reomeTpuueckas nporpeccus). OOpaTHO: nycTh &y, Gy, Gy, .. .
MOPYT MpPHHUMATL JHLIb 7 PA3JNMYHLIX 3HAYeHU# M NYCTh 3HAMEHaTe b
pauuonaibHoit  ¢yHxkuun Oymer paseH |- [ 21,22 ... L2k
Torma npu mocrarouHo . Goavwux a a,—+lLa, Lo, .+ ...

.+ e, ;. ==0. Tak kax CyWecTByeT MUllb Mm* DA3NUUHBIX KOMOUHA-
uuit sHaveHn# KOSMPUUUEHBTOB @,y p_sy -+, &y _j, TO CYILECTBYIOT
IBA 4hcaa ., v, p<v<u—+ mk, takux, uro

Quo1==0y—1s Gy g0y 3 +vvy G =08y
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Ho rorpa u a{;::a‘, U, CAeROBATENLHO, TaKkKe

=4

Gyt i Bupo = Gypg, oo

| 159. Kosdhduunenrn pasa
- /1
(1 —z) -1 Z( —l;n) PAL

ABNAIOTCA MePUOAHYECKHMHU Mo JawdoMy mpoctomy wmoayaio p. Ecmm
p > 1, 70 ll—B3auMHo npocroe ¢ p, U

(n+D@n+2)...(r4D=
sn+p+Dr+p+2.. -(n—f~p+l)(m0d p).

Bemn p< 1, He=pol, (L, py=1, 10 (" TP V=("\ (mod p), 60
4

CHMBOJMUECKHE  «YUCIUTENH»  STHUX 6HHOMHaﬂbeIX KO3(dULHEHTOB
cpasuuMbl mod p*+1, IlocnenosarensHOCTh KO3DOHULHEHTOB B psife, MOAY-
yaeMoOM NpU YMHOXeHuW Ha P (2), — nepuosuuecKas, HayuHad ¢ HEKOTO-

poro Mecra.
160.
O—Dz N rn
(1—*Dz)(1—z)“24(D — D"
n=1

Ecan £ — nauMenbliee uucio, ang xoroporo D#+%=Dn (mod p), r. e.
D¥=1 (mod p), T0 k& BXOLUT MHOXKHTeNeM B p— 1.

i6l.
(1 — D227 " == 3 D"z2m,

n=0
JlnvHa mepuona R fABAAGTCH YETHBIM YMCAOM, R ==2k"; R’ ecTb HauMeHnb-
Wee lejoe MOJOMHTEILHOE unCao, Aag koroporo DF =1 (mod p). Tak
kKak D#-1=1(mod p), 10 k' BXOAWT MHOKHUTENEM B p—1. Jlanee npu
HEYeTHOM p MMeEeM

-1
D2 =1 (modp),
p—1

D
ecJH (-;): 1, u, sHauur, Torza £’ BXoauT B —5—; ¥ obparHo, eciu

D¥ =1 (mod p) u k' sBaserca neauTeleM —~(p 1), ro

p-1
' D ? =1 (modp).
i62.
P 2 3 5 7 11 13 17 19 23 29
HOauna nepuora 3 8 20 16 10 28 36 18 48 14
p—1 —_ = - — 16 - — 18 — 28
pr—1 3 8 — 48 — 168 288 — 528 —
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Ws mByx wuucen p—1 u p?—1 B sroit rabmuue nawo p— 1, Koraa
p-—1 ecTb KpaTHOe ANMHB nepHoja, M p?——1, KOrna KpaTHLIM IJIHHBE
nepuoja spagerca p?-—1, Ho He p—1. MMeer am Mecto nepseft umm
BTOpOH cnyuaft, SaBUCHT OT TOrO, ABAAETCH AU P KBAAPATHUYHBIM BhIYe-
roM (mod5) mma wer. Yucno & cocraaser ucimouenwe. Cm. A. Spel-
ser, Transact. American M. S., ©. 23, ctp. 177, 1922,

163. [lycms @ —-—Koaq)cpnuueﬂm WHTEDPEeCYIOIEro HaC pasnoxeHnd,
Torna ans nocTaTouHo GosbuIMX 7 '

Uyt 08n g Tl ot o 0y =0;

L, ly..., L—ueawe [166]. Tak xak CcyuiecTBYIOT Julib m* cucrem

@u_yy @p_91+++r Gy_y HE CPABHHMBIX MO MOAYMO /4, TO CYIIECTBYIOT
TaKue NBa 4YUCIZ W, v, UTO

By 1 =0y, 0 =0, 5, ., 0, =0, (modm), Loy,

Ho rorma Takxe @,==a, H, CleloBaTe/bHO, @iy = Qypgy . .. (mod nt)
[158]. '
164. [G. Pdlya, Todhoku Math. J., 1 22, crp. 79, 1922.)

Mmeem
1 o0
(1—42) 2= Z( )zm.
m-:'_

[TycTe p-—HeueTHOe MPOCTOE YHCAO M pY~!-—ero  BHICIIAA -CTEMEHD,
Bxodauas B (2k— 1), B> 1, r > 1. M3 134 saxknwuaem, uro

2\ __ @pn) )
(27 = S22+ 0 (mod ).
C npyroft cTOpOHSI,
(217")_221)"—.—1 2pr—22p*—3 2pr—2g +22pr——2q4:_1(2 (p"—q)
pr) 1 pr pr—1pr—1"""pr—gq+1l pr—qg+1\ pr—gq )’
, g {2
— 2(2¢ — 1)!(2 (};_—‘f))'—«:ﬁo (mod p7), ( gf qQ))-*O (mod p)
npun g==1, 2, 3,..., B Tak xax %k, a noTroMy u r MOryr GuTb CKOJIb
YTOIHO 6OJIbUlIdMPI, TO B IIOC/€A0BATENbHOCTH Koscp(pnuueu'ros TPUBE JIEH-
HBIX [0 MOAYJAK p, COAepKATCd CKOJAb YIONHO AJMHHbIE KOHEYHBIe
NOC/elOBATENLHOCTH HYyJIeH.

I65. lpy z==1 o0wui uneH He CTPEMUTCHT K HYIO.
i66. (P. Fatou, Acta Math., r. 30, crp. 368 —371, 1908].

MMycts f(z)mzanz“ Torpa pan |ag|2+ a2+ .. ‘H%P

AOMKeH OBl 651 [III 122] cxoauTbes.
167. [P. Fatou, 1. c. 166.] Cornacho 150 paccMaTpusaeMast aje
re6panueckas (YHKUUS YAOBAETBODSET YPABHEHHIO BUIA

Py f (@ +P (A f @I+ .. 4 Py (3) f(2)+ Py(2) =0,

nnnnn 1197 T TMamus n . Cere
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riue PO (2), Py (2), ..., Py(2) umeroT uessie paunoHaibHble KO3 DUUKEHTH,
OTcona BuiTeKaeT, 4TO Yy == Py (2) f(2) ynOBIeTBOPSET YDPABHEHUIO

Yoot PL@) P APy (2) Py (2) 924 .. 4Py (2) Py (21 =0,

y He MoxeT oOpautaThcsi B GeCKOHEYHOCTb HM AJS KAKOTO KOHEUHOrO 2,
w60 B NpOTHBHOM cayude y* B JeBOH YacTH mNepesemiusalo Onl Bce
OCTa/bHbie C/araeMble W - ypaBHeHUe He MOrA0 Obi YAOBJAETBOPATHCS.
Oanako y==P,(2) f(2), no npeAnoNOXeHNIO, SBAETCH HEOOPHIBAIOLIEMCS
LLeJJOUUCTEHHbIM CTeleHHbIM psanoM [166].

168. [F. Carlson, Math. Zeitschr., 7. 9, ctp. 1, 1921.]

o0

1 2n
P A Zlﬂ’
V11— 4zl E( n )

[ — npou3BoNbHO OOMbLIOE 1leJ0e YUCIO,

169. [G. P4lya, sanaua; Arch. d. Math. u. Phys., cepus 3,
T. 23, ctp. 289, 1915.] Ecanm BCce KO3DDULUMEHTH ay, @, ..., G,_,
paunoHanbHel, TO uucaa P(n)-— [P (n)] — nepronnuecxue [1568]. Tlycrs
Tenepb He BCe KOIPDUUMEHTH PALLUOHAALHBL, U NPELNONOKHAM, UTO ()YHK-
uus f(2), onpeneneHHas YKA3aHHbIM pALOM, pauHOHa/jbHA. Mbl MOXeM
NPHHATb, YTO @, MPPailMOHA/LHO; B NPOTHMBHOM Cjayuae paccMaTpHBaeM

@) et +o A=) i (P (k)] 2n,
n=0

2ni

Bpibupas R Tax, uTolnl ayk” ObliO wesbiM H, CAefOBATENbHO,
[P (kn)] = apk™n” +[a,R7=1n"=1 4 .. ..
[Ipumenss 185, noayuaem |

Hm (1 — 2 ()= lim L
z+1—0( )@ n >0 (r+n) 0
: r

YTO HEBO3MOXHO, Tak Kak [149] npenmen B JeBo#t yacTH LOMKeH OBITh
pPauMOHAaTbHEIM. | |

170. [Cv. D. Hansen, Thése, crp. 65, Kopenhagen, 1904;
G. P6lya, sanaya; Arch. d. Math. u. Phys., cepua 3, 1. 27,
ctp. 161—162, 1918; Proc. Lond. M. S. (2), t. 21, crp. 36—38,
1922]. Yto Henbas MONpPOCTY OTKA3aThCA OT OrPAHHYEHMS, HAJOWKEHHOIrO
Ha KO3 (uUUeHTH a,, NoKasbieaeT G9.

i71. [L. c. 170.] Cm. 71. |

§172. Vimeem Q,—Q,_,=1—9A4,, roe A, ects uncio HyxeH
B KOHUE JAeCATHYHOrO npepncrasnenus uucaa n. CreposarenbHo,

(1—2) 2 Q2" = 3 (Qp— Q) 2" =

z 9 2zl 2100 + zTOOO
1—2z T\l —zlo "] —2w ] — Z1000
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D yHKuUs
2100 21000

. z 210
f(z):l_z“l‘l‘__zm"}‘l__zwo T T 1 — 21000 +

uMeeT CBOeH HaTypadbHOH rpaHumed kpyr |2z|==1. [eficTBuTeNrHO,

A . 2rgv

z==1 ecTb ocofan Touxka [ lim f(2)==- 00|, nanee Taxke H 2 == 10
g—=>1-0

v=1, 2, ..., 10™ —1, aBngerca ocobGol Touko#, n6O PyHKIUL, MOAY-

yaeMad npu OTOpachIBAHMM MEPBBIX M UJNEHOB, Nepexofut B f(2) npH

samene 219" ma 2, TOrNAa KaKk OTGPOLIEHHLIE YIEHH PEryJspHHl B KOPHAX
10™-% creneHu W3 eIMHHUIBI, He SBAFOWMXCA Kopuamu [0™~1-i crenenu.

i173. [G. P6lya, sanaua; Arch. d. Math., u, Phys., cepus 3,
T. 25, ctp. 85, 1917. Pewenne —R. Jentzsch’a, tam xe, cepus 3,
. 27, crp. 90—91, 1918.] anMEHEHVIe Teopembl AnaMapa o «npo-

nyckax» *) k dynxuun (1 ——z)zd an,

i174. ﬂnq)cpepeﬂunoosaﬂne sameﬂﬂe'r MOCAEL0BATENLHOCTL KOIDDU-
LWMEHTOB &y, Gy, Qg Qg ».. HA 4y, Qg Qg Gy +++, HHTETPUPOBAHHE
B yKasaHHbX npenenax-—ua 0, a, @, 0y ... :

A75. [lo nosolLy yMHOMXeHHsS CM. 134 Ecau

g(2)=1—}-%lz+ P ey o=1—h(2),

TO h(2) uenouucneHuo (), paBHO KaK o

1 1 \ |
TG T—h = T @ R@P R @P

i76. Ecmu uf‘z—?]?ﬁ nenouucaeHuo (H), ToO TO XKe CHpaBeLIHBO
[174, 176] ¥ OTHOCUTENbHO

[f(Z)] [/ (z)]mH
J J1@)dz =G
0
i717. _
g(z)——bo+ + 224 + 2

g[f(z)]=bo+ f(2)+2 [f@P+ .. + [f(z)]”‘+

nenouncienno (i) Ha ocHosannu 176.
178. Boobuie: ecin y onpenensercs qu@epeﬂuuaﬂbubim ypaBHe-
HUeM BHAA |

any dy d?y dan—1ly
ax" (x Vo G axir ‘a’xn—l)

) E. Turana p i, Teopm' cpymct;;uﬁ, Fonexusna?. 1931, crp. 259.
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¥ HAUAABHBIMH VCHOBUAMU Y ==m,, V' =m,, ..., y-Y=m, | B TOuKe
x =0, npuyem P — nesas pauuoHanbHas (QYHKUHMA C LeJbMH KOos(du-
UMEeHTaMH W Mgy My, ..., M,_,— LeJbe YHuCAa, TO BCE MPOM3BOIHbIE
OT ¥ UeJOUMCAEHHb! B Touke x==0, T. €. y uMeeT CTENeHHOH DAL,
uenounciaenubift (F). B nanHoM cayuae

o =—2¢% (0)=0, ¢ (0)=1L

179.
( _wl)ﬁ—-—e3z——3€z——}—3ez-——lm
= _‘Dﬁ 21&"}"3 m= Y= 1) Lon (mod 4)
180 " .
N 1
: 1 ap= = p~1 —

(67— 1)P—1 = 2 1—+—....__(p__1)1 + ... (modp)= |
:e(p-.t)z__(p“l—l)e(ﬁ-9)2+(p;1)e(1’—3)3-——...-——(i:;) et 1=
) 1\ p—1 L) (p—-—l 3 . — p——l)
=Z<p (") e (PG o (0T o

nl ’

n=1

B nepEoli CTpPOKe HCNOJb30BaHA TeopeMa Buiascona (p— 1)l=
== — | (mod p). V3 rperbe#t cTpOxH (Lle, MEXLY npoan npennosa-

2"
raeTcs, 4To p > 3) BHITEKAET, YTO KO3 PUUUEHTH! TIPH [ — lepHonu-

~ yeckve modp c nepuHoLOM p——l n=1, 2, 3, ..., p—1, p, ..
Tenepb eue pa3 Bo3BpallaeMcss K nepBOH 'CTpoxe. |
181. Vs 176 u 133 uam u3 1 41 u 133.
182. [Teopema K. G. Ch, v. Staudt’'a u Th. Clausen’a.
Hoxasateabcteo ¢cm. y J, C. Kluyver, Math., Ann., 1. 53,
crp. 591—592, 1900.] Ms

z=1In[l-+(e*—1)],
z___ er —1 (ex—1)2 (ez— 1)3
i B Btk el ol
BuiTekaet [179—181], uto
2 F4 1 f22 24 28
}?:j—g(z)—7“§(§r+gf+ﬁ+...)~
3p—3

1 2 2
“‘Z ((pzf—l)l (2pizn+<a;—-3)!+ ),

rie g(2)—pal, uwenouncaeHnsit (H), U cymma > pacrnpocrpadena
P

HA BCe HeueTHble MPOCTBIE YHCAA p =3, 5, 7, 11,
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183.

dz _ E( )ﬂP‘m
d(P '/'1 __(%4 aon !

N2\ Gl [p@))n
W’)“%(.n)%n(%ﬁ) (@l

(4n)! nenmrca na 227 [134], a Takwe Ha 4n—1; ecim 4n -+ 1 —He
: 4

-[i(-é%l'j uenoyncaenno (H) [178, 176].

184. 13 nupdeperunantioro ypassenus sanauu 178 nonydaeM

=) =ts—tw

1
C1eI0BATENbHO, —y5 == {7; najee
(lfd

npocroe uucno [133};

dz? . 2z
dp VI —¢b’
B xauectse wunrerpana 22, yaosaeTBopsioulero npu ¢ = 0 HauaJbHHM

9]

ey L2 342
(1 cp4) 298 - =2.

e

YCAOBUHAM 22 == p = (), HaxoauMm
5 g2 39 3.7.?'10 3 7 11 ¢H4
Gl e Bt e i S T S A B i AR
22 (2) = ( )2 Oi‘ G Hy [ (2)]4n
¢ (2) - (4ﬂ+1)(2n+1) (4n)1 7
G,==3-7-11...(4n—1), Hn=2.3-4.6.7.8...(4n,—2)(4n'—1)4n.
Ecnu 2n—l—-1————1(mod 4), o 2n -1 Bxomur MHOXUTeneM B (.
IMlyers 24+ 1=1 (mod4) u 2n+1=ab, a>1, b > 1; eciu a=
=b=-—1(mod4), To yicna e u & BxoasT MHOxuTenamu B G, u H,

M, chefosarelpHo, ab Bxoaur B G H,; ecan xe a=b=1 (mod 4),
TO CpelM MHOXuTene#t uucna M, conepxatcd Kak 2@, TaK u 46.
IMTosromy 2n— 1 auumpe Toria He BXOAMT B (4,,H,, KOraa oHo sBaseTcs
npocTeiM uyucaoM d =1 (mod 4); To Ke umeeT MmecTo ¥ nag 4n 1.
Brnpouem, 2n -1 n 4n— 1 —B3aUMHO MPOCTHIE, CAELOBATENLHO, €C/H
ond obGa B oOTAeJbHOCTH BXOomAT B (J,/,, TO BXOAUT MU UX npoussele-
nue. bonee rayOoxue U TouHble pe3yabTaTel ¢cM. ¥ A, Hurwitz'a,
1. ¢c., crp. 145.

I89. [Nampueniuee y M. Fujlwara, Toéhoku Math. J., 1. 2,
cTp. 57, 1912.] Crenenno#t pan .

o+ Hrtgad. . oS4
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TOTL4 ¥ TOABKO TOTHA YIOBNETBOPAET IuddepeHUHaTbHOMY yDaBHEHHIO

YKa3aHHOMO BUAA, KOTAA ay— a,2 -+ a2+ ... +a,2" -+ ... asndercs
panuoHanbHO# QyHKume. V1 TO u Apyroe CBASAHO C ONHUM M TeM Ke
PEKYPPEHTHLIM COOTHOLIEHHEM MEXILY KOS(QMUUHEHTAMH @y, @y, Qg ...
Cum. 163.

I186. [G. P6lya, Tohoku Math. J., r. 22, crp. 79, 1922.]
Cum. 164; y ynosnersopseT [l 48] nuddepeHUHalbHOMY YDPAaBHEHHIO

xy' -+ (1 —4x)y —2y=0.

187. [S. Kakeya, Téhoku Math. J., 7. 10, crp. 70, 1916;
G. Polya, Tam xe, 1. 19, crp. 65, 1921.] Ecan

oo

g(z)=271—!z u a,=+0,
n=(
10 |a,] 2> 1
. - M(n) > ln”}’f-m ef__
nl n! ]/211'.11.

PaBeHCTBO LOCTUraercs, Hanpumep, A ¢ YHKUHH

g(2)= ZW
n=0
i88. [Th. Skolem, Videfskapsselskapets Skrifter, 1921, Ne 17,

reopema 8.] [lycts g — o0un#t 8sHameHaTenb paILHOHaﬂbeIX apobei
by by ooy by. Torma psn

gb, +gb-1+g”:2 4o =ghtr (2)

°ra1<>ice TMPpUHAMAEET LeJibie 3HdY€HWA B pAaCCMATPHBAEMOM GecKoHeYHOM

MHOXECTBe leJbX sHaueHnu# 2. Taxk kaxk lim r(2)=0, To gb, momKHO
Z—>co

OblTh CKOJMb YroaHo OJM3KUM K Ile]bIM 4HC/IaM, T. €. AOJ/UKHO ObiTh
uenbiM. [losToMy Takxke W r(2) NpHHUMAaeT uesble 3HayeHus s Oec-

KOHEUHOTO MHOXecCTBa LeabX 2, H TaK kak lim r(2)=0, 10 r(2)=0
zZ-> o

s OeCKOHeYHOro MHOXeCTBa WeJdblX 2, oTkyad r(2)=0, ubo ¢yHk-
uas r(2—1) perynagpHa B HEKOTOPOM BaMKHYTOM Kpyre C HEHTPOM
z=—0, pasBHa Hyn0 B OeCKOHEUHOM MHOXECTBE TOYEK STOr0 Kpyra H,
CNeN0BATENbHO, TOXKIECTBEHHO DaBHA HYJK.

189. Vpasuenve $?-—228=1 umeer GeCuncieHHOe MHOXECTBO
pelleHUH B UeJhiX YUCAAX, KAK 5TO SIBCTBYET M3 QopMYyia

(3+2V§)’J=yn+z V§ (S—QVQ) ""'yn znl/é-:
(9—8)" —-—J’n—-QZn

(yﬂ’ zn"—uenble= nm'zo, 1’ 2: 3, o-.).
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i90. [J. Franel, Interméd., des math., 7. 2, crp. 94, 1895.]
Ecny 1ef03HAUHBIH W, CAEI0BATENbHO, PALMOHALHO-YUCACHHLI [OMMHOM

Px)=ax"+ax" 14+ ...4a,

npu- BCEX AO0CTATOYHO GOMBIINX LEJBIX X [IPDHHAMAET 3HAYCHUA, pPABHLIE
k-M CTerieHsIM LeJbIX 4MCes, ¥, OJHAKO, CaM He ABAsAeTCd k-# CTeneHbio

HEKOTODPOTO IIOAMHOME, TO TEMH XKe [ABYyMd cBOMcTBaMu obnanaer u
NOJHHOM

P(x—4-L)P(x41) ... P(x—+1)=alxmb4-bxmk=t 4 .,

rie weawe uicaa ly, b, . . ., &, Bebpans Tak, yro P(x—14), P(x41),...
.oy P(x—1) se umeror obwux Hyae#t; nycts [ < L < ... <[ n
pasHocty ly— 1, lg—1,, ..., ,— 1, _, nocratouno seauku. Ho Torna

PAUMOHANBHO-YUCHICHHBIR CcTenenHol pax

k , .
VPP E 1) .. Px 1) =
k
m%xn]/‘ N e T L e s Uy
| %o _

X

NpUHNMAeT Helble SHAYeHHs HJA BCeX NOCTATOYHO OOJbIUUX UeIHX X,
He ABJAACH CAM PAUMOHAJILHON PYHKUHEH, YTO MPOTUBOPedduT TeopeMe 188. ,
§94. [Hoxasareascreo H. Priifer’a. JlanbHeiiune pesyabTaThi

cM. 1. c. 188.] Ecnu koapduunents b, b, 4, ..., b; BCE PAUHOHAJIbLHEI,
To npuMensem 188. B mpoTHBHOM cayyae Mbl MOXeM MDHHATb, UTO b,
uppauvonanbio. (Ecma Owt b, by gy <0y by _gyq OBUIM DAlMOHAMBHEL

uMess o0LIMM 38HaMeHaTeleM g, TOrAa Kax b, , Obuio Obl yxe mppa-
LIMOHANLHEM, R > 1, TO MBI paccMoTpenn Obl

g[F (Z)_‘"bmzm"“bm—lzmﬂl"" e _bm—k+1‘zm'—k+11-)

m-s1 pasHoCTh

F(z+-m)~;(’;‘)F(z+mm1)+(’§)'F(z+m--2)~-...

m by,
.-‘—(*-‘-1) F(z)mm!bm+——z—~+~;,—+ -

TaKXKe UEN03HAYHA TNPH AOCTATOYHO OOJBIIUX LeJLHX 2, a OTCloia
cornacHo 188 BbiTexaer, 4TO b, PauMOHAJLHO, B NPOTHBOpEUUE € Mpe-
MOJI0XKEHUEM. .

192. [G. P4lya, sanaua, Deutsche Math.-Ver., 1. 32, crp. 76,
1923, Pewmenne —T. Rad6, Tam xe, 7. 33, crp. 30, 1924.] lo
MOoBOLY JOKasareabcTBa no Merony 188, 191 cm. 193. Ilycrs f(2),
g (2) — paccMarpuBaeMble NOJUHOMBL. Llenbie QyHKUMM

ginif(e) |, g2rige) |
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00/aMaI0T - ONMHAKOBLIMM HyJAaMy, ObITb MOXET, TOALKO PAa3NHUHON -
kpatHocTu. Ux KpaTHble HYH CONEPKATCA COOTBETCTBEHHO CPelH HYyledH
noanHomos f'(2), g'(2). Tosromy yuxiusa

2mf(z) 1
b ( ) 21\:19(3) 1

ABAAETCA UeAOH M MMeeT JMWib KOHeUHOE 4YMCA0 HyaeH, OPUTOM OHa
KoHeuHoro poxa. CrenosaTensHo, oHa pasHa k(2)eh®@, rne k(2),
h (z) — noannomer. M3 TomgecTra

' gf (Z) e2nif (#) ___ gf (2) — k (Z) gh (£)+2rig (2) —Fk (z) eh (=

ClefyeT, 4TO0 oIHA w3 Gyaxuuit A(2)-2wig(z), A(z) pasHa const.,
apyrast pasHa 2wif(z)-+const. [Cu. G. Pd6lyva, Nyt Tidsskr. for
Math. (B), 1. 32, crp. 21, 1921.]

i93. [G. Pick, samava; Deutsche Math.-Ver,, 1. 32, crp. 45,
1923, Peutenne — G, Szego, Tam ke, T. 33, crp. 37, 1924.] Iycts
M — CTeNeHb TNOAMHOMA Y == f(X) W 7 — CTENeHb [0JHHOMA 2 == g (X).
Torza npu pocraTouHo OoabWwikx | V| nMeeM

1 .
x=aym4 a4+ aﬁll -+ a_22 + ..
y'E y%?
3 n-t
2=l by gy A "1—00—{—"““—}-%””—}-
y'm y“l
1

rie AAs y™ MOryT OLITh B3iThl BCe 7 BeTBel.
Cornacuo npennonoxenuio paist Jlopana

7 , 29 " ) .
S b WYE (=0, 1,2, ..., m—1), (1)

K= —o00

PaBHO Kak, .M paaw JlopaHa

Sope Y =0, 1,2,..., m—1), @

TIPUHMMAIKT BeleCTBEHHLE 3Hauenud, korla Y, u Y, npoberaior Kaxnoe
. HEKOTOP Y0 MOC/eN0BATEAbHOCTb MONOMHTE/BHBIX. YHCEJ, HMEIOILYI0 npe-
neaoM OeCKOHEUHOCTh, T. €. uucjia

12 g ARSI
bke " ’ bke " ‘(V“‘-:O, 1’ 2: ‘e ey m_—'l)

-— BellleCTBEHHbIE, - CJAel0BaTeNbHO, b, ==, Koraa k2 He jeiuTcad HA m.
B enmyuge HeueTHWX s HOCTATOYHO PAccMOTpeTh Juwb panu (1).]
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IMostomy g(x)=c¢ ()4 P(y~1), rie @(y)—HEKOTOPHl MOJMHOM
oTHOCcHTenbHO ¥, P (y~1)— crenennoft psan Ges csofopHOro unena, oba
C BELIeCTBEHHBIMH KOIPPULIMEHTAMU. 3HAUUT, NMOJAMHOM g (X)— ¢ [f(x)]
npu X —» 00 CTPEMHUTCH K Hymwo, T. e. g(x)—o[f(x)]=0. B npeano-
JnoxeHuax 3anadd 192 ¢yaxums, obpaTHag N0 OTHOIWIEHHMIO K MOJAHU-
HOMY @ (y), Takxe LOMKHA ObiTb nomuHoMoM. [loaTomy «©(y) Oynet
nepsoft crenmeHd. Kpome Toro, kak ¢(y), Tak H oOpartHas QyHKUHA
AOMKHBL OBITH 11€/103HAYHDI, | |

194. Vs
a4 ... Fa, 2+a,=0
Va4 (V& ...+ 1y s (V& +a,—0.

195, Cayuvat s=0 TpusHaneH; Nnycrh, crajno Obith, § == 0. Eciau

'r«l—sV_ 1 yoOBNETBOPSieT YPABHEHHIO C UEJLIMH DPALUOHANbHHIMA
k03¢ dHIYEHTaMH U CTapWuM Ko3hdHuMeHTOM 1, TO 5TOMY e YPaBHEeHUIO

YROBAETBOPAET M  CONPSIKEHHOE KOMIJIEKCHOE  UHCJO r—~s]/-—1 :
3HAYMT, OHO — TakKe uyenoe, [To3TOMY ueabIMHM ABAAITCA W 4YWCIa

(rsV=10D+—sV—=1) (+sV=10F—sV—=1)

OHM, KPOME TOrO, paunoHanbHel. KospguuueHTh NOMMHOMA

(x-»——r—*s]/——'-— 1)(x——-r—{—-81/—— 1)=x‘3—-—2rx—4~r‘3—{—s‘3
SIBJSIOTCA NOITOMY OOBIKHOBEHHBIMH LIENLIMM 4YHUCAaAMH, > 8%, 2r — e-
Jbie, CJIENOBaTeabHO, Uehble Takwe 4(r?2-4s?), 2s. TlonoxuMm 2r = a,
2s = b, CpasHenne a®-+02=4(r>4s2)=0 (mod 4) He MOXKET UMETh
MeCTa B CHEAYIOIHX Tpex Cayuasx:

a=1, b==l;, a=1l, b=0; a=0, b=1 (mod?2).

Cnenyer

I

a

b
3 =TT

[TosTtoMy noskHO OHTh a==b=0 (mod 2), T. e. r=

Lensle,
196. Kax B 195, nonyuaeM, 4T0 KOS(POUUHEHTH NOMHHOMA

(x—r—sy — 5)(x-——r—}—s]/~— 5),
T. e. 2r u r>—5s% a 3nauut, Tarke U 5(28)% = 4(r® 4 5s%) — (2r)?—
uenase. Ecan Obl, 0JHAKO, PpAaLUOHANBHOE YUCIO 28 He OLINO HEJHIM,
TO B 3HaMeHaTeab uucaa (2s)? Bxomun 6kl KBaJApaT NPOCTOrO 4YKC/a,
M OH He Mor Ol cokpatuTbes ¢ O. CnenoBarenbHo, 25 == b — enoe,
TOYHO TaK We 2r = g — uenoe, [lansuie sakaiouyaeM, kKax 8 195, ucxong
u3 CcpaBHEHuMH

Qb= g2 5b2 =4 (r2 5s?) =0 (mod 4).

‘197. Kax s 195, 196, noayuaeMm, uro 2r u r2-3s?, a sHaumr,
‘TakKe 2r==a, 2s=0-—unenne. Yro a=b (mod2), noxassiaor
. CpaBHEHUs!

fa4b)la—p=a?+-3?=4(r*4-3sH) =0 (mod 4).



394 | PELIEHUA [198

I —
-2*(-—'—1+V-—— 3) ABAETCA  LENBIM  YHCJAOM, K&K HyJab TOAUHOMA

k1 _
198. Iycrs o, ay, ..., @, —Leable cONpsikenHbe uncaa, |a,| <k
npu v=1, 2, ..., n, ¥

(x —a)(x—ay) oo (x —a,)=x"+ax" 14 ... +a,.

Torna |a,| < (ﬁ)k", v=1, 2, ..., n. Takum o6pasom, CyluecTByeT

MMUIb OTPAHWYEHHOE YMCJIO CUCTeM BO3MOMHBIX 3HAYeHMH LeJIbiX paluo-
HaJbHBIX YHCEA aQf, gy ..., Q.

iI99. Coxpansem oGosuauenus pewenus 198. CorsnacHo upenno-
NOKEHUIO | @, |==|ao,...a,| <1, caenosaressHo, a,==0. Enus-
CTBEHHbLIM HE NP U BO LY MBI M MOJIMHOMOM CO CTAPUWIUM KO3 PuunenToM |
¥ 6e3 cBODOLHOTO U/eHa fABJsSeTCHd X.
 92006. [L. Kronecker, Werke, 1. 1, crp. 105, Leipzig
B. G. Teubner, 1895.] [Iycts uHTEpEeCylOWMi Hac noauHoMm Oynet F (x),
¥ ero Hyau (cunTtas mo KPaTHOCTH) &, Gy, ..., G&,. [lOoA0XUM

(x—eM(x—al) ... (x—a)y=F, (x),

h—=1, 2,...; F(x)=F(x); F,(x) uMeer iuenaple pauHOHAIbHbLIE
koddpdrunente, B OGeckoHeuno#t nocaenosatenpbHoctd F(x), Fg(x),

, Fi(x), ... CONEPKUTCA JMIUb KOHEYHOE YUCIO DA3JHUYHBIX I0JKHHO-
moB [198]. Ecmu F,(x) toxnecrseHHo ¢ Fp(x), 1 A<k, TO cu-
crempl ab, al, ..., ag u ok, ocg, v o8 cxﬁ COBNAJAKT C TOYHOCTHIO IO
nopsnka. Ecmm el =af, To BCe, yro HyxHO, yxke Iokasano. IlycTs

npyu Hajjexaliedl Hymepauun

B ok B ok h 2 B Ak
(11 ._.az, OC O!S, ey Oll ---GCZ, al -———(xl.
Torna
A rul=1 __ rend—2 gl—2p2 K1y %!
al ::G(z .....Ctg ,,,._._.all .__O!Z ...__.al_

D0l. Vpasuenne x2—ax-}=1 nMeer, Mo MNPEANONONKEHWIO, HBA

KOMINEKCHRIX KopHa ¢ wmonynaem 1. Ilyers oy, @, ..., @,—paccma-
TpHBAEMBIE COMPSIKEHHEIE yMCaa, o, == o, [lonnHoM
(2 — b D) (2 — g 1) o (2 1)

| uMeeT uefble palUMOHAMbHLIE KOS(BMUUUEHTH, M BCE €ro HYJIH HMEIOT

moayab 1, T. e. ¢yTb wopHu u3 emuHuunl [200]. IlycTs xopens ua
2rip

e [MHUILE, 00palaoWUit B HyJb MePBHN MHOXKMTeNb, OyieT ¢ ¢ ; uMeeM

dnip 2rnip
e ¢ —ae 7 4+ 1=0.
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202, Uncra nons, NOPOKIEHHOTO YACIOM ) BTODOM CTENEHH, MMeloT
pup. -+ s%, rae 7, s pauuonamus [Hecke, Teopema 53, crp. 68 *)].
Cp. 195-—197. Pasencrso

V=8 —at V5

¢ pauuoHalbHBRIMA a4 U b He MO}KET UMETH MGCTa TaK KaK H3 Hero

p—

3
BhiTekalo Obl @ =0, b = 5> @ 9T0T noCJAeIHUH KBaJpPATHHIH KOpPeHb,
KaK M3BECTHO, UppauuoBaseH. TO JKe pacCyBeHHe MNOKa3biBAeT, 4TO
BCE TPU MOJA DPAa3JIMUHbL -

203. (G. P4lya, Proc. Lond. M. S. (2), 1. 21, crp. 27, 1921.}
Eciy Mbl npeaBapuTeNsHO OCTABUM B CTOPOHe TpebOBaHWE OTHOCH-
renpuo GC7, To, kax wm3sectHo [Hurwitz-Courant, crp. 134 —
138 *%)], nas IR umeloTCqd aUWb CAeAYIOUME JBe BO3MOMHOCTH!

a) M cocrour ‘w3 uucen nd, n=0, Z=1, =2, ..

6) M cocronr us uucen mA-+nB, A=+0, —% He BeuleCTBEeHHO,

m, n=— 0 41, =2, ... _

Ecau MBl Tenepb NMPUCOBOKYMUM Ellle Tp66OBaHI/Ie oTHoCHTENbHO L'L7,
TO B cayyae a) Oynem umerTs A2=nA, 1. e. eciu A0, 10 A=n,
roe n-—HeKOTOpOe leJoe pauuoHalbHoe uMcao. B cayyae 6) vMeeM

AB=[A-4IB, B:=mA-+m'B, AB>=nA-+n'B,

I, U, m, m’, n, n'—uensie pauuonanbHsle. Vckaouas H3 BTHX Tpex
AHe#HbIX ypasHeHu#t 1, B, B2, nonydaeM

mA‘a—l—(Zm' —Um—n)A=in"—1In.

In' —I'n npusapnexur, craio Onts, x WM; ecan ' —I'n=0, ro
Im" — U'm—n upunannexur x Y. Ecau, nanee, M 970 YKCIO paBHO
vyao, 10 m=0, m'"=B=0, u m’ npuramrexur x M. Bo scaxom
cayuae SR comepiKUT lenble paluoOHasbHBE uKHcAa KpoMme Hyad., Ecam
R=rA-+r'B ecrb HauMenblliee 43 HuXx 1o abCONIOTHOM BenuumuHe,
o 7 u r'—mB3auMHo npoctue. [IycTs s, 8’ —-uensie paunvoHanbHBE YHCAE,
raxue, uro rs8’ —r's=1. Torna S=sA-}s'B 6yner yucioM u3 MHO-
kectBa TN, a Kaxioe UYHUCIO STOTO MHONECTBA MOXeT GHTb NpeICcTa-

BieHo B dopme pR-+¢S, p, ¢=0, = 1 =2, ...; § BO BCAKOM
clyyae He BellecTBeHHO. Mmeem \
S? = pR-}-¢S.
204. Us 3=(a + bV =75) (c+dV —35) noayuaem
9 = (a2} 5b?)(c2 4 bd?).

*‘) Fexke, c1p, 72,
*¥) prnnu, cTp. 196—-—202
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3HAYAT, BO3MOXHbLl AHUWL CAYYaH

a’?-+56b% =1, 3, 9,
a, b=—=+1, 0;, —£2, *=1; =3, 0.

Bropolt W3 HMX HYKHO 0TOPOCHTH, TaK KAk TOTHa Ovlio Ou ¢?-F Hd% =1,
a 3= i‘QiV— 5. Umcno 3 umeeT admie geadreaw =1 u = 3.
TouHo Tak e noaydaem, 4To 1—{—2']/——5 HMeeT Juwb feaurenn —= 1

# i(l—{—?]f—— 5). Taxum oOpasom, HaubojbluM OGLIUM LeNuTeseM
Morjo Obl ObiTh anuib yuciao 1. OoHAKO pPaBeHCTBO

3(a+DV=58)+(1+2(V=5)(c+-CV=5)=1
HEBOBMO}KHO, TAK KdK H3 pP4aBEHCTB
3d+ ¢—10C =1,
8D +2 4+ C=0

BuITeKaN0 6b 3(—2d + D4 7C)=—2, UTO HECOBMECTHMO C le-
nocthio yucea d, D, C.

205. B none coxepmafrca caenyiouiMe femuteau umcaa 9: 1, 3, 9,
24V —5, 2—1V —5[204]. Ha ocuosanuu 196 wHaxoaum, uTO
—19+4) =5 wue nemurca qumb Ha 3, 9 u 2—7V —5, Torna Kax
na 241 —5 memmrcs:

— 1944V -—5=02+V—=5)(—2+3V—5).
Ilocrapaemca Temepsb onpeﬂeﬁmb t=x4+ul—5 u n=y-}+
4+ v}/ — 5 rak, utobu GELIO
9: - (— 1944V —=5)n=24+V—5.
[TocnenoBaTenbubie npeo6pa3oBaHus AalOT
2=V —=5)i4(~243V —5Bpn=1,
2x+5u—2y—105v=1, —x-+2u-+3y— 20=0,
x =2u-+3y—2v, 9u—+4y —19v=1,

Tak kaxk HaubOALIWKH OGWMH neauTenabr uucesa 9, 4 19 nefcTBHTENLHO
paBeH elWHHMUE, TO 3a/4aya paspelluMa; HanpuMep, MOXKHO B3ATb 4 == 1,
yo=—2, v=0, x =—4:

9(—4+4V=35)—(—19+4V—=5)2=2+4+V—35,
9=(24+V=5)2—V=05),
— 1944V = 5=02+4V—=25)(—243V—5).
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208. [lpvnuMas BO BHuMande 194 ¥ Tpu nNOC/HENHMX PABEHCTBA
B pewenun 205, moayuaem

3 l/2+ V'"—“('_—4+V""' 5)_—

— 12V =) |/ RS ey

3=} 2+V—5.Vo2—-V—s,
142V =s=)2+V—=5.-1/—2+3V =5
Haubonpiinit o6iuit ﬂemfn‘em guceq 3 u 1 —1—2]/:? paBeH, Ta-

KHM 06pasoM, VQ + ) —5. _
DQ7. Us pasencts «, =17,8, ay="7,8,..., ¢, =7v,0 U ua

ahy kg o k=D
(onmpesesienye HAHOO/bILIEre OOLIErO LEJHMTEN) BhHITEKAeT
b= The o Tmha) B

& ¥
208. O6a uactHbX g ¥ 5 ABAAOTCA ueanmu [207] u, crenosa-

N

TesbHO, NEUTENAMU eNMHULE, TAK KaK o = = I,

209, YmuoxaeM Bce m-~f1 paBeHCTB B ONpeleNeHHH HAUGO/be
jero obulero nemdrens (crp. 167) Ha 7.

210. Pasenctso aa’ +8yB =1 MOXHO uepenucaTb TakKe B BHIE
wa' 48D =1 wm xe aa' 1 (3¥)= 1.
© 941, Yacreul cayualt Teopemer 212.

212. Haubospwmu#t oOWuH Resurens 8 uyucen a u 7 BXOAHUT Aend-
Teqem M B (Y. M3 pasencrs

98 — 1 4 0/, 1y =3t ad”
BY(B'y) =8+ a(a’84- «" -+ aa’a”),

e . .
213. - u —§~——~533HMH0 npocThie [onpefenenve!l, ‘cM. Taxxe 209],

211 2\ (B
nosroMy [211] B3aumuo HPQCTbie Tawke (=), |5 ) chenosarensHo,

8" sBaseTcss HaubOJbILMM OOLMM ZAenuTeseM yucen a, " [209].

BbLITEKaEeT

n __
284%. )/« ssnserca uenwM uucaom; cm. 194, Us PABEHCTB a==a’},
B=10'8, aa” BB =3 nosyyaem
n

Va=VaV5 Vi=VFVE

p :
Va(Vay '« + VIV Fy g =V
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21%. MNpu m==2 ouyesnnno. [IpOBONMM MATEMATHYECKYIO WHAYKIHIO
or m x m-+1. Ilycrb

p p p
EhrEn 4 R,

M 0,4y — B3aUMHO NDOCTOE € KWKABIM M3 UYHCEN &, ¥g,..., . 1Oria
Oy — B3AUMHO  [IPOCTOE TAKKE C  &,8y...4%, [211]. Toacrasigem
B Ay, A aa,. . . a, =1 sHaueHue

LIRS

H%om 4 P41 ' HCon + 1
1“3“"&:—“1‘{“7’\2—%” oo A

1

2§8. Bcakoe uenoe uucao a==0 VIAOBAETBOPseT YpABHEHHIO BHAA

p==—0(8y_y + Gp_p0+ ... "7,

COE @y, dgyee.s On 4 GO,——Ilelble pauMoHanbuoie U a, % 0. Ilycts
p — DALMOHAJLHOE NPOCTOe 4YUCJO0, He BXoAdulee B a,. IlodcraBiaseMm B
Ayt - pv == 1

3HAYCHHE @, M3 YDaBHEHHs, ONMpeLe]siOuIero a.

287. [D. Hilbert, Die Theorie der algebraischen Zahlkérper,
Deutsche Math.-Ver., 1. 4, crp. 218, 1897.] Ws al =d'b], rue
b,— uenoe pauMOHaJbHOE, BHITEKAeT, 4TO a,==0&3, Trie B, — uenoe.
[Tycrs a — moboe u3 uucen a;, dy,..., G, LOrNA

" 83,071 BBy 8B, =0,
(5) 8 (5) T FE(F) T+ E=0

@ ] ¢
H, ClefOBaTe/bHO, — — lleJjioe [Hecke, crp. 79, Teopema 62 *)j.

C npyroft CTOpOHBI, TaK KaK @y, @g,+ .., Gp—LeJble PALUMOHAAbHDBIE
YHCJAd, TO CYIUECTBYIOT Takue UE/ble PALUOHAJLHBIE UHCHA €y, Copev oy Oy
410

y oo N
N 2 8 n )
€101 —+ Coty ~Fc3ay oo ~FCpan =d.
Ho a, ay ..., a, 9BASIOTCA OAHOPOAHBIMH QYHKUMAMHU OT &y, Ggyu v vy Gy
[loaromy '
N N N

ok gk,
QT‘CCQ"’... 1 ’

N z ey 0
c1ay €205 - €303 ... - Cplty = Ecklkz...k

rie CRIRZ"'kn— lleJible palMoHa/IbHEe Yucaa, B, —+ Ry ... +&, =N,
Hens obe uyacTu paBeHCTBA

Y Chly.

¥y Fexxe, ctp. 83

n

k. k k N1
173 (O —
01,20 8l 3
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N -1 '

a & M TPUHKEMAA BO BHUMAaHMe, 4YTO & BXONUT MHOXHUTENEM B a,

gy e v vy Opy MOAYUAEM

P T k2 PR I N R 3,

TIE Ty Yar-+ s Tp— Leaote uucaa. Cum. takwe 214.

218. VM3 3 =ay noayyaeMm aHanoruuHele PaBeHCTBA A COTIPSKEH-
Heix uucen. [lepemuowenne ux naer N(B)=N(«) N(y).

218. (G. Rabinowitsch, J. fiir Math,, 7. 142, crp. 153—164,
1913.] Heo6xoaumocts: ecad Hauboibumiu#t oOwuil penurenn
wiced & W P CyulecTByeT, T. €. ecau

a=0a'd, B=p9 ay80=0,

npuueMm o # B’ —mne eauwnuun, To |[N(2)|>1, [IN@)|>1, n rak
kagk - N(a)=N(@)N®), N@=N@E)IN@), 710, cnenosareibHo,
0 <IN =]|N(ay+ 33 n rawe < |N(B)|.

JocTaTOYHOCTb: MycTh & U M NpoBeraloT BCEBO3MOMHbBIE MAPDI
NpUHALIEeXKAWUX TOJI0 UeJkiX YHCEeJ, M KOTODPHIX JuHeHHas dopma
af - 3n oramuyHa ot Hyad. Cpesd BCEX MOAYYAEMBIX MPH ITOM LEJBIX
PAUUOHANBHLIX MONOKHTeNbHbIX uucen | N(af—3v)|Oyner umeTbca Hau-
menbuiee, ckaxeM, |N(af,—+8ny)|. Tonoxum afy—-8n,=71, caeno-
BaTENbHO, ¥==0., 31eCb HYKHO pasjnyaTb ABA CJAYHas:

1) a-—unenurens {); mnonaras ¥ =="a, OyseMm umers |[N(B)|==
::]N(%’)] | N(a)| > | N(a)|. Ho, ¢ apyrolt cropoHsl, no camomy BuiGopy
yucHa INW|L|NA +a+0-8)|=|N(a)|. 3nauur, |N@)| =
:=[N(a)[ N@)==1, r. e. ¥ ecrb envnuua u ¥ B CBOW oqepem,_
ABAAETCA NeNUTENeM Yucia a.

2) @ He ectb meaureab . Ecau 6w u § ue Owo menntenem a,
TO Ml Morau Obi B cuay TpeBoBaHUS TeopeMbl ONDENC]UTL § M 7} TaK,
yroOsl Obito 0 < [N(ab+90)| < |N(H)|; HOo 3T0 npoTUBOpEuuT BHIGOPY
wpcaa ¥, ubo  af U =a(i4-15) -+ 3, TaKKe SABIAETCH HHCAOM
ceMetficTBa, U3 KOTOpPOro Onio BIOPAHO §}=a§0—[—{3n0. Taxkum obpasowm,
B ofoux caydaax i sABAdeTCA HLeAWTe]eM o M Ha TOM JK& OCHOBAHUY
nemareneM @. CrenosartensHo, © ects Haubosbwufl ofwm#t nenurens,

220. lycrs a, B—uensle yucaa mons, He Jejsiuuecs APYT Ha

a . .
npyra, u N(3) < N(a), — eCTb YHCAO MO/, OAHAKO HE LEN0e; HO3TOMY

B

i:r_}-s]/-— I, rBe 'r, § pauuoHaIbHL, ONHAKO He OIHOBPEMEHHO

ueawie [202]. Onpenenum JBa HeAblXx PAlMOHAJBHBIX uucia R ¥ S Tax,
1 1

yTOBLL l"’_Rlé’g’ |s—-3|<-2—. r— R, s—§ He paBHbl OJHOBpE-

MEHHO HYJI0, M[OSTOMYy, Mojaras §=—r-— R—l—(s-——S)V«- 1, Oyaewm
HMETh

0<NW=(—RP+(—SP< 7+
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[Toroxum o —f (R + SV — 1) ==08; COP/aCHO CBOEMY OMpEEefeHHIQ
8 —uenoe. C xpyro#t cTOpoOHLI,

d=B(r4sV—1—(R+ SV =1)) =fy;

C/MIe AOBATL/LHO,

N®)=NDHNG < 5 NO< N @.

Mpu (=1, n=—R—S8)V —1 Bsunoassercs tpeGoBaHUe TeO-
pembl 219.

221, Kak B Teopuu UeMBIX PAUMOHANLHEIX YuUCeJ.

222. Kak B TeopuM Ue/bX pPallMOHAJbHBIX YHCEs,

223. 13 aa,fpu, =1, a=0 (modp) surexaer | ==aq ==
=0 (mody), T. e. u ecTb AeauTesb uucnaa 1.

2924. [I0BTOPHO NpyMeHseM €pPaBHEHUEe

@ 1p =+ pp iy 2D groae t Lgp =0 42 (mod p)

OUEBMIHO, BLITOMHAIOMEECS s MIOGHX ABYX LEBIX 4HCeN Bs

225. [G. P6lya, J. fiir Math., 1. 151, crp. 7, 1921]060-
3HAYMM OIpele uTeb ‘mﬂk’ l=1,?,...,m=A' [Tycrs p— pauuonanbhoe
MPOCTOe YMC/IO, B3AWMHO NPOCTOE Kak ¢ a«,, Tak u ¢ A [216]. Torxua
m CpaBHeHUH ‘

I

a0 - a0 - .. a0 =0 (mod p) (r=1, 2,..., m)

© HE MOTYT OIHOBPEMEHHO BHINOJHATHCA. [leHCTBHTENbHO, M3 HX OLHOBpE-
MEHHOTO BHINOJMHEHWS BHITeKan0 Om [222, 224], yro

ay | of? | == 0y’ = 0 (mod p),

TOrAa Kak, ¢ Apyro#t cropowmsl, oAP — BsaumMHO npocroe ¢ p [211];
OJHO JApyroMy mnpotusopeunut [223].

228. [Cm. 1. c. 227.] Pewenue cm. Ha cTp. 170—171.

287. [F. Mertens, Wien. Ber., . 117, ctp. 689—690, 1908,
Cu. K. Grandjot, Math. Zeitschr.,, 7. 19, crp. 128—129, 1924.]
O6o3Hayenus — Te me, uyro u Ha ctp. 170—171. Tlycrs P 6yner
npousBelleHHe BCEX NPOCTHIX YHCesa, He npeBocxoiswux 2, f— Hau-
- Goapuinil meaurtenb P, B3AWMHO NPOCTON C m, -r — NPOUIBOILHOE UYHCIIO,
B3auMHO npocroe ¢ m. [lycTb, KpoMe TOro, y eCThb COBMECTHOE peile-
HHe CpaBHeHWH

‘ y=r (modm), y==1 (mod?).

y — B3aUMHO NpPOCTOe C m W £, CAelOBATeNbHO, € P W COLepKHT, TaKuM
o6pa3oM, JHUIL TIPOCTHE MHOXMTend, O0ablune, uem 2%,

MetonoM pewienuss 3anauv 226 Haxo#MM, YTO AJs IMPOCTOTO MHOQ-
wuteas p uucna y Oymer f(a?)==0. Ecmi y > p, TO Te xe paccy-
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OKQEHWA ~ TOBTOPAEM Al NPOMBBOJBHOTO . MPOCTOrO MHEOWHTEN @
, noayuaem f(aP?)=0. Ilpomomxas Tax npajee, noayyaew,

?

qycaad 2
P
HaKOHEIL,
Fla) = f(a) =0,

clenoBaTenbHo, f(X) WMEeT CBOMMHA HYMAMU Bce uucaa o', a™%,..., &'®,
u noromy f(x)=K,, (x).

P28. PaccvarpusaeMas palMOHalbHas QYHKUUS NpeacTaB/iseT cofoH
OTHOUIEHHE HBYX PAUMOHANbHO-UMCIEHHBIX N0AnHOMOB [149], npuuem kak
nepsbi, TaK W MOCAEAHUH He paBHbIl HYMO KOIQPUUUEHT 3HAMeHATeNs
pasen == 1 [156].

229, |P. Fatou, C. R., 7. 138, crp. 342—344, 1904.] Bcaes-
CTBHE CXOLHMMOCTH B EIMHHYHOM KpYre MOLYJM BCeX MOMOCOB > 1.
B cuany 156 npoussenenue 3Tux monyne#t < 1, cremoBatesbHO, BCE OHHU
paBHBEl eluHHLe, K CTApWUi XOo3(hduuMeHT 3HaMmeHaTeass paBeH —H 1,
Tenepe yTBepxienue poTexaer w3 200. 157 npeacrasaseT yacTHBIH
cnyvafn.

230. B cuny 235 uad Taioke Ha OCHOBAHWM HENOCPeNCTBEHHLIX CO-
ofpaxkennl, aHanornunelx 149, paccMaTpuBaemas GpYHKUMS NpeicTaBfder
co0ofi OTHOWEHME ABYX TNOJMHOMOB, KO3I(PPHUMEHTAMH KOTOPHIX CAYHKAT
neapie anare6pavyeckue uyKuCaa; K KOHEYHOMY nomo K, B KOTOPOM CO-
AepikaTcs 9TM YMCIa, DPUHAAIEKAT TaKkKe Oy, Gy, dy,... 3aMEHss BCe
KO3(M(DUUMEHTH COOTBETCTBYIOLIMMK UMCIaMU M3 NOJeH, CONPHKEHHBIX
¢ K, ¥ mepeMHOXAsA NOJYyUeHHBIE TaKUM OOPA30OM CTENEeRHhe DAL 10
npauny Komw W, Mp noAyuuM COpaBa LENOYHCHEHHBI! CTeMeHHO# psan
OTHOCHTENLHO 21, a ¢/leBa — PALKCHAILHYI0 (PYHKUMIO, B YHCIUTENE U
aHaMeHaTese KOTOPOH CTOAT LENOYMCIEHHbE NOJMHOMEI, NpUUeM MOAHHOM
B 3HamewatesJe co crapmuMm kKosdpduumentom 1 [186]. 3wauut, Hynu
9TOIO 3HaMeHaTens OVIOYT LeNbiMU anreOpanyecKUMHU UHCIAMU.

231. Opyroe toaxkosauue TeopeMb 225, L

£32. [G. Poiya, . c. 225, ctp. 3—9.] TTocpencrsom pasioxe-
HUs paunoHanbHod dyukuuu f'(2) Ha sneMeHTapHBle ApoOU (CBABAHHOTQ
C HEKOTODEIMM IPCHOCTOPOMHOCTAMM: He BBOLUTL HppauMOHaibHOCTEH!)
yTBepxAeHue npusourcea k 231. 3

- 233. Mu Moxem npuHATL, uro airedpaumdeckas Pyuxuug -f(2)

ABASeTCA UeNof; nelicTBurenpHo, Py(2) f(2) yHOBIeTBOPAET VPABHEHHIO

VK43aHHOTO BHAA CO CTapwuM KoapouuumedTom 1. Mei mMoxem, nanee,

NpUHATL, YTO 2==0o €CTh pEeryaspHad TouKa UeJoft anredpaudecKol

dysxiMun f(2): ecam 5Ta QYHKUMA DPa3JioXKeHa IO BO3PACTAXLUM CTe-
1

MeHsM BopaXenna (z— a)™ (re m — HATYPA/JLHOE YMCAO), TO MoJa-
raeM z ==« —0™; npu 3TOM TOuYKa PasBTBIEHHA 2 ==a npeodpasyercy
B peryasapHyw Touky L ==0, HOBOe paz/oKeHuWe TO CTeNneHsIM [ uMeeT

1
Te ke KO3hDUUKMEHTHl, UTO W TNpexHee, MO cTemeHaM (2-—a)™; 3alaH-
HOE yDaBHeHue Mocje 3aMeHel 2 Ha o - L7 npeobpasyercd B HEKOTOPOE

- e
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Apyroe ypasHenue TOro xe tuna. Ecin
f@=ay+ a,(z—a)+ ...+ a,(z— o)+
TO QyBKUHA
(2= m[f(R)—ay—a (z—a)— ... —a&p ((2—a) ] =
| ==y Oy (2 — @) .. =0 (2)

perynspHa B TOYKe 2Z==0a W yJLOBJIETBOPSeT VPaBHEHWID, TIAe Kosbhbhu-
ILUEHTAMK HMBTEPECYIOLUMX HAC MOJMHOMOB CAYXKAT MMb airedpanyeckue

uhciia, €CIM TOJBKO JOKA3aHO, UTO @y, Gy, ..., Oy, SBARAIOTCH ajdre-
OpanueCKMMHK YUCIAMU: HYMHO [L0Ka3aThb, UTO
Uy = © (@)

sBaserca anredpanyecknM 4ucaom. Tem cambiM B Teopema NPUBOAUTCH
K BBILEJEHHOMY YacCTHOMY €€ C/Ay4aio; 3TOT NOocnelnuil, 04HAKO, O4YeBU-
LeH, TaK KaK MOXHO 3apaHee TMPEeNNONO¥KUTb, YTO HE BCE IMOJHHOMbI
Py(2), P (2), ..., Py(2) iaemstca va 2—a. [Hecke, crp. 66, Teo-
pema 51 #)].

234. [H. Weyl.] lycrs ypasuenue F(z, y)=0 obnanaer pauno-
HalbHbIM pewenneM j(2). Mul moxem 6e3 BCAKOrO OrpaHnyeHua OOLIHOCTH
NpennoNoKuTh, 4To [f(2) ecTb uenas ¢yokuus [pemenue 233]. Kosp-
duLMeHTH 3TOH (QYHKUUM gBAsOTCS anreOpaudeckumMu uucaamu [233],
NpHHRALIeKAMMI OJHOMY ¥ TOMY ke KoHeyHoMy nomo [Hecke, crp. 67,
TeopeMa 52 **)|; nmycTb cTeneHb ero 6yneT n. 3aMeHAS KOSPDUUMEHTH
noauHoMa f(z) CONpSKeHHBIMU 4YHCJAaMM, moJiyyaeM mnoauHoMbl [, (2),
Fol2) ooy fr_1(2). YpasHenue

=N — @) (Y — fas(2))=0

BMeeT paluoHa/bHbie Ko3dduuuenTs u obnanaer o0IUM KOPHEM C He-
npuBOAMMEM ypasHenueM [ (2, y)==0. [TosToMy KOpHM 3TOrO nOCiEA-
HEero cojpeparca cpemn f(2), fi(2), ..., fr_1(2) u aBagioTCs, CielLo-
BATEJbHO, PAUMOHAJbHLIMH (DYHKUUAMH OT 2.

235. Ecmn pan y=ay—+ a2 ay2% 4 ... npeacrasiger anre6-
PaHYeCKy!0 (PYHKUMIO U &y, Oy, Ay, ... CyTb anrebpauyeckue uucia, TO
3TOT DAAd YIOBAETBOPSET HEKOTOPOMY ypaBHeHuio F(z, y)=0, rie
F(z, y)— uenas paunonaiabuas ¢pyunxuus, F(z, y)==0, c aarebpaunu-
yeckuMy koadpdpuruunenrtamu [161; o0a AOKA3aTeNbCTBA MOryT
OnITb PACMPOCTPAHEHbl HA paccMaTpuBaembift caydait]., Koapduuuents a,
@y, Opy ..., HAUWHAA C HEKOTOPOro, PEKYPPEHTHO ONpenedlnTca U3
ypaBHEHNd BUIA

P1(2') 2Py (2) vy, 2P5(2) 2Py (2) v 8
~toToe  Tow Ut Toe O

*) I‘ex}ce, crp, 70.
**y F'exxe, crp, 71.
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rae Y=o, 0oy, 2-F ..., m BuOpauo HaljexawuM obpasoM, Py (2),
Py(2), ..., Po(2), Q(2)— nojiuHoMel ¢ anredpanyecKuMu KoOShPHUUUMEH-
tamu 1 Q(0) = 0 [152]. CnenosarensHo, Bce KO3 PUUMEHTH PALLKOHAIBHO
34BUCAT OT KOHeuHoro uuciaa anre0pauveckux ducen [Hecke, crp. 67,
TeopeMa. 52 ).

2386. Janvueitiuee wccienosanne ypasHeHus (¥) pemem»m 235, aHa-
JOTMUYHOEe NpPOBOLMMOMY B 153. .

B37. [Th. Skolem, Videnskapsselskapets Skrifter, 1921, Ne 17,
Teopema 41.]

238. |E. Lucas, Bull. S. M. F., 1. 6, ctp. 9, 1878.] I’chqu

, & M — Ueasle unWcaa ¢ HanbOALLLMM oéumm genuteneM 1 u

X? 4y =

d\Y

Toraa | |
2(xi-yn) = x?+ P =24
X2 —f y2 o 2 et = 4 (x5 y) == 0 (mod 4).
Tak kak x=y=;=7=0 (mod 2) WckawueHo, TO OCTAETCH BIANTS
BO3MOXHOCTE X =y=f=v=1 (mod 2). Ho 370 nporusopeunt ypas-
HEHHUIO

0+ (v —%

n6o ero Jepas W TNpaBag vacTH OKa3bIBAIOTCA HECDABHUMBIMKM 110
Mmoaymo 4, '

23%. [G. Po6lya, Arch. d. Math. u. Phys., cepua 3, 1. 27,
erp. 135, 1918; npunaras siecb penaxkuds LOKa3aTesibCTsa NPHHAMLIE-
xuT A, Speiser’y.] HasoeemM uenyio Touky p, ¢ NPUMHUTUBHOMN,
eciii OH4 BMIHA W3 HYJeBOH TOUKY, T. €. eCclld P U ¢ — BSAUMHO MpO-
cTeie. Ecam vMeeT MecTO COOTHOWEeHWe py-—qu =1, To ofe TOUKH pP,
g M u, v NPAMUTHBHLI, W Tapaniejorpamm, NOCTPOEHHLIE HAa COOTBeT-
CTBVIOWIMX pandycax-BeKTOpax, uMeeT NJAOWANbL 1; HasoBeM &, v Je-
BHIM «COCELOM» TOYKH P, § H p, §— NPaBEM «COCeNO0M» TOUKH
u, v. [ogopsi 0 IMaro”Hanu TNOCTPOGHHOrO HA 3THX TOYKAX napan-
nenorpamma, Mbf OyLeM HMETb B BUAY AdaroHandb, BHIXOAALLYIO M3 HY-
JeBoR ToukW. Ecam amaroHanb napasienorpamma, NOCTPOEHHOI'O Ha TOY-
Kax p, ¢ M u, v, UMeeT INJIUHY d, TO p, g W 4, U JNeKaT OT Hee HA

1
= Kaxnas npuMnuTuBHAs UeJad TOYKA HUMEET
GeCKOHEYHO MHOTO JIEBHIX «COCenel», BCe OHM JEKAT HA OIHOM npaMon
H NPUTOM Ha DABHBIX PACCTOAHUAX.

11,0 v s—1, 1 asnqiores «cocenamu». JuaroHans MOCTPOEHHOTO
Ha HYUX MapamiejorpaMma uMeeT IJIHHY V' s2=12. 9ra nmaronasb Mo-
KeT OniThb 3alepXaHa B CBOEM MPOLOJ/DKEHHHM JHINL KDYLOM paluyca p

OJIHMHAKOBBIX PACCTOSHHAX

¢ menrpom B 1, 0 wm s—1, 1. Tlosromy p >

VerE

*y'exke, ctp. 71,

26*
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2) Mcxons 13 Npou3BOALHON NPUMUTUBHOR LENIOH TOUKM p, ¢, Hexaliett
B Kpyre x?—-y?<s? oThicKMBaeM caMbLIff KpaWHuHU W3 ee JeBhX
«coceﬂeﬁ» JENAUX B STOM KPyre; MycTh 970 Gyner p’, ¢’ (3nauur,
' +pq —}—q NIeWUT yKe BHE Kpyra x% 4 y? < 5%). Taxkum xe 06pa-
som nyctb p”, ¢ Gyner cawmmbift KpahHa#t Jnesbiit «coceﬂ» Touku p’, q’;
J q’”——cammﬁ Kpalinutt neseifi «cocen» Touxu p”, ¢” n 1. a. [Mocne
HEKOTOPOTO YHCHA 7 LIATOB MBI NDUXOAMM K Tako#t Touke pin), gt gro
napanjejorpaMmel, [OCTPOEHHKle HA p, ¢ U p', ¢', Ha p’, ¢ u p”,
g’, ..., Ha pin=  ga-1 y plw g OJTHOCTBIO MOKPHIBAWT Kpyr
x 4y 1. uaroHans napannenorpaMma, NOCTPOEHHOTO HA TOYKAX
p, g up’, g', 6oabuwe s, paccTosHUA TOYeK p, g ¥ p’, ¢’ oT 3TOH numa-

1 -
roHaju MeHblIE r Ecau NO3TOMY MBI ONMIUEM BO3JE KaXMAOH TOYKH

1
pyg; pl.qs .. p®, g™ kpyr panuyca 5 TO KaXIBH JIyY, BBHIXO-

nswuid w3 rouky 0, 0, 6yneT 3alep:aH OAHUM M3 3TUX KDPYTLOB, 4 Aua-
1

roHann — naxe nsymd. CrenosatensHo, p < <
240.[A. J. Kempner, Annals of Math. (2), 7. 19, crp. 127 -136,

1917.] Tlycts X paunoHanbHO, PaBHO "Iq%’ rie p, ¢g— NPUMUTHBHAA 1le-

nas Touxka [pewenne 239]. Ecim yxasannas nopora mmeer touky 0, 0
Ha CBOeM INPaBOM Kpae, TO ClpaBa OHa OrpaHdyeHa NPAMOH, COeNUHSIO-
wiett 0, O n p, ¢, cieBa — npaAMOM, HAa KOTODOW JIeXKaT JeBble «COCEAU»
TOYKNH p, q [pewernde 238]. Ulupwna popornm pasHa BBICOTE mnapanieno-

1
PpaMMa naowand 1 ¢ ockosauwem } p?--¢% T. e, pasua i =
p'A_i'.. q..‘u Y

——:qﬁ(g). Tem camoim

(5= (W 1 +5=1

‘B cnyuae uppauMOHAZLHOTO X wmeeM f(x)==«@(x)=0 [l 166]. (1] &
1169.)

D48, CoennnuM BCe LEABIC TOUKH, CPABHAMBIE N0 MOAYMO 72, B OMH
knacc. Toraa MOJNYHUTC 77 paamqﬂux knaccos. Ho kn%--1 ofbexros
HeMb3sl TAK pachupelefuTh MO n? KaeTkaM, uToOu nmo KkpaHHel mepe
B- ONHOM He okxasanoch Oonee uem B 00BLEKTOB.

- 242, [H. F. Blichfeldt, Trans. American M. S., 1. 15,
crp. 227--235, 1914; W. Scherrer, Math. Ann.,, 7. 86, ctp. 99,

1922.] PaccmOoTpuM pedleTKy co (CTOPOHAMH KBAZPATOB
x Y

Z ) .
97O}l peweTky najaiT Ha o6nacte ¢ miowanso F. Toraa lim NT’J = F.
N->co

Nycts F > [F|. Cpean 2z, Touex cywecrsyer [F]-1 cpaaumbix

72 T+ €. COBO-

Ky THOCTL | YHCeJ rae x, y, N— uease yucaa. Ilycte 2, Touex
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mod N, ecmn N nocrarouro Bequxo [241]. OrGupaa ux (nons3yach e,
yro N — 00), npuxoauMm K TpeGyemomy peayabraty. Cayuaft F ==][F]
MPUBOAUTCS [0 HENPEPEIBHOCTH K yiKe pasoOpaHHOMY; MOMHO DACCMO-
TpeTh ¥ HEMOCPENACTBEHHO, HaljexaluinM o0pasoM HM3MEHUB NPOBENeHHbIe
paccyxaeHus. ' |
243. [Naneuehine pesynbratel cm. v R. Fueter und G. Po-
1ya, Ziirich. Naturf. Ges., 1. 68, ctp. 380, 1923.] llycrs N—penoe
yucao, N > 1. B vactu nnockocrd, rie oAHOBPEMEHHO YIOBAETBOPANTCA
TPU HepaBeHCTRA
flx, N, x20, y2>0, (*)

AeXHUT B cuay ycaosult 1), 2) posso N uenbix Touek, T. €. TOUEK, I
KOTOPBEIX X W y— lieible uncaa. [lepsoe u3 HepaseHCTB (*) MOXHO 3a-
MHCATH CAENYIOWMM 06pasoM:

1 1 1 1 1
o Lo, V) LN TR, (enE v ) 4

2 1 1
N ™ cp,m_z(xf Rz me’ﬁ)—{— oL

O0osvauum uepesd F naowanb 06/acTH, BBULEISEMON HepaBeHCTBAMH

Op (X, V)L, x>0, y2>0 ()
1 1
(F, N0 NPeNoNoKEeHUI0, KOHEUHO), ¥ PACCMOTPUM Touku xN ™, yN

C UedbiMH X, V (3TH TOukH 0O0pasyioT oueHb MEJKVIO PeueTKy).
2

B obaactu (**) newur npubmusuresbHo FNm  ToueK 3TOH  «MenKOi»

pelieTky; 3aKaloyaeM, 4TO YWUCJAO TOYEK pelleTKH ¢O CTopoHamu 1, 3a-

KA04aowuxcea B obnacty (*), npu GeckoHeuno poapacrtaiouweM N acumn-
2

ToTuueckd papHo FN™. Ho, kax yxe CKa3aHO, YMCJIO 9TUX TOUEK B TOY-
Hoctd pasHo N. M3 acuMnToTHUeCKOTO COOTHOMIEHUS
9
FN™~ N
3aKI0UaeM, 4YTO
n = 2, F=1.

244. [Cu. W. Ahrens, Mathematische Unterhaltungen und Spiele,
T. 2, crp. 364, Leipzig, B. G. Teubner, 1918.] Ilycte ueThipe un-
CJI0BBIE CHCTEMBI

X X Ceey X,
Y Yas SRR %
Xy— Yo X Yo eon Xp— Vp
XtV XobVe o Xy

o0pasywr mnonHyio cucremy sbiuetos mod n. [lonaraa x, -y, =r,,
y, =§,, BHIMM, 4TO Halia 3ap1aya TMPENCTABIAET npoc*reﬁmnﬁ cnyqaﬁ
teopembl 247 npu p=2, p=3, CoOTB. p > O.
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245. [A. Hurwitz, sanava; Nouv. Ann., cepusa 3, 1. 1, crp. 384,
1882.] 18y, rySs, - .., 7S, OUEBHIHO, HE NPENCTABAAOT COGOH MOMHOM
cucrempl BhiveToB mod g, ecmu r,=8§;=0 (mod ¢) npu a=B. Ilpu-
MeM nosTomy, uro r,==s,=0 (mod ¢); Toraa

q
Filge ol (=88, . .8, =1 . (g—1)=—1 (mod g¢q)
W, BHAUUT,
Py TeSy oo Ty ySq =1=x=1-2... (¢g—1) (mod g).
Beps mpusenennyio cucremy BsiyetoB 1, 2, ..., ¢— 1 B dopme g,
g% ..., g9t (rie g— npumuTHBHBIH KopeHp mod ¢), BUAMM, YTO Hala

TeopeMa MNpencTasiaseT CoBON uacTHet cayuaft Teopemur 247 npu n ==
== q —_ 1 p == 2
246. [A. Hurwitz.] JocTaToyso paccMOTpPeTb CYyMMY

S= IV b p,

Ecmw A He saBagercd KP4THHIM OT p—1 N g— NpUMUTHBHLIA KOpeHs
mod p, To g— 1 He nenuTca Ha p; U3 CpaBHeHUH

S= g+ (g D4 A ... + (@ =S,
S —1)=0 (mod p*)

puiTekaeT, 4ro S=0 (mod p*). Ecau A —xkpartuoe p-— 1, TO cpasue-

Hue

D24 P =—pt (mod p?)
BHIIONHSETCH NpH o == 1. [Tycte ono BrIMONHAETCA mnpu HEKOTOPOM <.
Torna

R S B
-1
= 2 [+ AP+ QA kpP o A R =

P- »—-1 .
=S W B A 2 e
k=0 k=0

C=p(P -2 A P AT E—-(%i) (Dt 2=
= —p* (mod p**tY),

247, [A. Hurwitz, oM. 1. c. 244.]
1) onoxum r, ==s,; TOrna '
(r - 8)=(2r), (f+95) Br)y oy rHP—2)8)=((p— D7)

GYLYT TIOJHBIMA CHCTEMaM¥ BLIYETOB mod n, ubo uucna 2, 3, ...
..y p— 1 —B3aUMHO NpOCTHIE C #. :
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2y Ecim p=2, cnenosarenbHo, n-—yeTHO® H ecau Gbl (r), (S),
(r 4+ ) ONHOBPEMEHHO NBAKNUCH TOMHBIMM CUCTEMAMH BLIYETOB, TO MBI
uMenn Obvl

r1+r2‘+---+rnES1+SQ+'--+S E(r +31)+(r2+82)+-"
Fats)=142 =D 2 mod ),

OTKY /4

" ,

(18 (rs+8) 4 - . +(ry+5)=0= 5 (modn),
YTO, OUEBHUAHO, HEBO3MOWHO,
- 3) Ilyctb p—weueTHoe W p* -— BhICWIAA CTeNeHb p, BXOAAIIAS B 11.
Tlonoxum

127t 9Pt P e S,

Ecnu 6ot (r), (s), (r-+3), ..., (r+(p-—1)s) ABAAAUCG ONHOBPEMEHHO
MONHLIMY CUCTEMaMHU BBLIYETOB, TO Mbl HMeau Oul

12

2 (r‘a +'k’sv)p-’1 == S (mOd ﬂ/)

v=1

W, CACNOBATENLHO, Nonarad A COKDaleHHd

(p——l)z rp -1 - m"“Su!

NpUWINKA 6B K CUCTEMe CpaBHEHWH
k81+k282+ ...+kﬁ_2sﬂ_2+k1}_1850 (mOdn)
(k=1,2, ..., p—1). '

Onpenemuretb 5TOf CHCTEMBI COCTaBAGH M3 MHOXuTese#t, O0apwux 0 u
MEeHbIUUX p, W, SHAYMT, B3auMHO npocToit ¢ n. Ho orcioma e noay-
yua Obl, HAKOHELL, -

S;i=8,= ... ESP__QE'.SEO (mod n),

yTO NPEACTABAfET DPOTUBOpPeuHe, Tak Kak S He Jeaurcs Ha p* [246].

248.

L — YETHOE:
o == 1 101 = (191 D) (10-L - 8)f . (151 )b
(et D (e B (o Iy
f — HeYeTHOe:
8= o=t (1ot 2) o (18 ) A (19— )
| A (no-t DA (no-l —4) 4 LA (re Ll —n - 1)
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249. Kaxawit cobcTBeHBbI Aeaure s ONHOrO U3 uncen 2, 3, 4, ..., n
COLEDIKMTCA B ITOH Ke YUCAOBOH MOCAENOBATENHHOCTH; 3HAUUT, HHTEDE-
cyioutee HaC YMCAO NOMKHO ObIThb NPOCTHIM. YMHOMXAS HA 2 YUCIO, MeHb-

lmee 1uin paBHOE Mbl ToAy4YaeM HYUCAO U3 yKEl3aHHOH nocienopaTeb-

145
"2" ’
HOCTH; 3HAYUT, HHTEPECyIollee HAC YMCAO0 LO/MKHO ObiTh 00Jblle —g—

250. Tlo reopeme HeOnwesa: nycts 7 >>2, p-— npocroe
YRCI0, 1= p > % . Torna

_l_ +—+ "JI_N—"N:{;;Mv

rae (M, Ny=1, (p, N)y=1, orkyna (pN, N+ pM)=1. Hpobp He-
coxparuMa. bes Teopemsl HeOriwiena: cm. 251,

251, [J. Kiirschéak, Math. és phys. lapok, t. 27, ctp. 299—300,
1918.] Met OyseM roBOpUTb, UTO & €CTb «CTEMeHb UYCTHOCTH 4ucaa n»,
ecau 7 AeNuTcs Ha 2% HO yxe He Leadtcs Ha 2°+1, Yucaa 2%, 3 - 2%
b.2% 7.2% ... oOnanaw0T CTENeHb YeTHOCTH «. Mexay HUMH Jexar
ypeaa 2+ 2%, 4.2% 6.2% ..., WHaye rOBOPA: Mewny moObMH ABYMI
YMC/IAMHM OJHHAKOBOM CTENEHH UYETHOCTH JIEXKHUT UUCA0 OOJblleH CTENCHH
yeTHOCTH, [losromy cpenwm uncen n, n—+1, ..., m—1, m umeercs
B TOYHOCTH OAHO C MaKCHMMaiabHOM CTeNeHbi0 uyeTHOCTH w. MHOXM-
Tea, 2+ B 3HAMeHaTele HE COKpAaulaeTcs.

252. (G. Polya, sanava; Arch. d. Math. u. Phys., cepus 3,
T. 23, ctp. 289, 1915. Pewenue —S. Sidon, ram xe, cepus 3,
T. 24, crp. 284, 1916; nacrosiuiee pemenne npuHananexut A. Fleck’y.]

1
JlocTaToyHO paccMoTpeTh cnyualh ¢ =-—-, rae k—uenoce. Ilycre n

k 2

k___
nenurcd Ha 1, 2, 3, ..., []/n] ¥, 3HAYUT, TaKXKe HAa HauMeHbulee obuiee
kpatHoe V stux uucen. IlycTb, nanee,

kB
- My M m
LVn<ppy, V=p"p" ... pi"
roe p, obo3Hayaer v- e npocroe uucao. [lokasareis ml Omnpene/isercs

1 2
HEPaBEHCTBOM py L Vn < pith B wacrHOCTH, Vn < puh, A=
=1, 2, ..., l. [lepemnoxas Bce am nocaelHue HePABEHCTBA, MOJyYaeM

n® < V2 Us npeanosoxenus soiTekaeT, npanee, uto V < n, Takum
00pd30M, OKOHYATENbHO

{ k — e
<2 Va<pp n<pn

Hanpusep, npu £ =2 umeem n < 49. K pesyabrary 24 npuxonanm,
nepedupasg 9T 3nadenua n. [Ipy R =3 HanboabliUM AONYCTHMbIM 3HA-
yeHdeM Aas n cayxur 420,
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253. (L. Kollros.] Tlycrs HauMmeHbliMe MOJOXUTE/NbHBIE BhiYeThl

wacen P, 10P, 10°P, ... (mod Q) OyayT pg, P De ... EciH
P ,
'@" — Q,al(12(13 .oy
rie a;, @y, @y, ...-— JECATHYHBIE 3HAKM, TO
Po __ P Fa __
0= 0,a,a5a5 ..., 0= O,asaza, ..., 0= 0,a3a,0; . ..

OTciona BeITEKAeT, 4YTO IJMHA KpaTdafiwero rnepuonia [ pasHa Mokasa-
Temo necaty mo moayawo Q, T. e. 10f=1 (mod Q) m Hukaxkas HH3-
was creneds Jjecaru = 1 (mod Q). Ecam [-—uetHoe, [=2X, crano

Gpith, (10" — D10+ 1)=0(mod Q), 10 10*=—1(mod Q), cneno-
BATENLHO,
%‘—i~%: O,00@005. . .aqa,. .. 4+ 0,0, ,0145...q10,...0,=0,999...,

T. e.
| al+a)~+1:9, az—‘i‘“a)w}_g:g, s e oy a)\—i—az"-‘—:g.

Ecau, nanporus, [ — HeyeTHOE, TO, QUEBUAHO,

ar+a+ ... +aq 9
[ >y

954%. [E. Lucas; cm. A. Hurwitz, Interméd. des math., 1. 3,
cTp. 214, 1896.]

-1
1) Ecan 32" "= 1 (modn), smaunr, 32" =1 (mod n), T0 3 npu-
;
nantexut (modn) x mokasaTemo 2" =n— 1. Ho noxasaTeab siBnsercs

nendreneM ducna o (n), 3HauuT, ¢(n) > n—1. Orciona cnenyer, 4to
o(n)=n—1 1 n-—10pocToe UKUCJIO.

2) Ecan n_—:Qh—i—l ecTb NPOCTOE 4uCho, £ > 2, To n==1(mod4),
uGo A no/okHo ObITL veTHeIM, A = 2v. (B nporvsHOM cayuae Opulo

6 27 1 1=4".241==0 (mod3).) ITo 3aKoHy B3ANMHOCTH

(D=(E)=(F) =)= 5 =(3) woan,

255, [Euler, Opera Postuma, . 1, crp. 220, Petropoli, 1862;
G. POlya, sanaua; Arch. d. Math. u. Phys., cepus 3, 1. 24, crp. 84,
1916, Pewenne—-G. Szegd, Tam xe, cepus 3, T. 25, ctp. 340,
1917.1 Eciu 6w1 x, y, 2, £ ObLIO pelieHHEM, TO YKCAO

4262 41

4yz__1_—_—4zx—~1_

OL110 Obl LeaLM, T. €.

(22§)? = — z (mod 4yz — 1).



410 PEUIEHUS 256

Mycty z=2%", a > 0 — uenoe, 2’ — HevetHoe. Torna

(17}2_1):(@;11)(@311)(4y;f—1)'

[Tepseiit MHOMuTens paBed — 1. Tperwit MHOMKTenb paBeH

(4}/22,— 1)(__ 1)3'?5'—1 _ (;1) —1)

B'ropoﬁ MHOXHUTENb, ecad a=2k-F1, k> 0-—uenoce, z=22,

paBeH
( 2 ) ( 2 ) i
dyz —1 8y —1 ’

M oecimd a==2k, &> 0-—uenoe, pasen

1
(4yz——1):1'

(4;11)':——1

B [POTHMBOPEYHE C BHINUCAHHBIM BhHIlIE CPABHEHHEM. .

256. [G. POlya, sanaua; Arch. d. Math. u. Phys., cepua 3,
T. 24, crp. 84, 1916, Cu. Gauss, Disquisitiones Arithmeticae,
crp. 125; Opera omnia, r. 1, crp. 94—95, Goéttingen, Konigliche
Gesellschaft der Wissenschaften, 1863, Pewenne—P. Bernays.]

1y g=1 (mod 4). Ecmu p—npocro#t neaurens uucra ¢—4, To

2/ —1
2

=1.

Hrax,

(1—3_) :(%): 1; ucnospdyercs TO, uTO ¢ > 5.

Jlanee NOMKHO CYLIECTBOBaTh HeyeTHOE MPOCTOe Yuca0 p < ¢, AJs
KOTOPOT0 (—};—) :(g—)::_— 1. IeWcTpuTenbHo, B DPOTHBHOM Cly4Yae BCe
HeYeTHsIE YUCAA #, MEHbIIME UEM ¢, 3HAYWT, M BCE YeTHhle YKuclad §—U
W, HaKoHeu, Bce BooOwe uucnz 1, 2, 3, ..., ¢g— 1 Oubim Obl KBagpa-
THYHBIMM BLIYETAMH uucxaa q.

2) g=—1 (mod 4). Tlo xpafiuefi Mepe oIHH ApOCTOH INemurens p
gucna ¢ — 4 tawke = -— 1 (mod 4); ans Hero (g—)=~ g = 1.

2a) g=7 (mod8). Ms uernipex qﬂcenijg—l—, —'Zig—g-, Q_isﬁ"’

g 49
lendTeseM p TOro e Buaa W nputoM p<gq, ecan g > 7. Vmeem

(5)=(F)=—1(5)=1

26) g=3 (mod 8). M3 nByx HeyeTHBIX 4HCe]

OLHO Y TOJbKO ONHO HMeeT BUIL 41— 3; oHO 00nanaeT NPOCTHIM

g+1 q-+9
4 4

W TOABKO OAHO Oyaet Buga 4n - 3; onHo obnajnaer NPOCTHIM JeJuTe-

u OIHO
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JeM p TOro XKe BuUna, U p< g, echu g > 3, HMeeM (%)

1= (2).

257. [G. P6lya, samava; Arch. d. Math. u. Phys., cepus 3,
T. 21, crp. 288, 1913. Pewenne —O. Szdsz, G. Szegd, L. Ne-
der, Tam xe, cepus 3, T. 22, crp, 366, 1914. Cm. W. H. Young
and Grace Chisholm Young, The theory of sets of points,
c¢tp. 3, Cambridge, University Press, 1906.]

[Teppoe pewenune. [lycTp #—ueloe NONOKHTEABHOE UYHCJO.
CylUecTBYIOT TPOCTBHE UHCAA, B HECHTUYHOM MPEICTABJIEHHM KOTOPHIX
COJEPHUTCA MO MeHbIUEH Mepe n HyJel, CAeAyIOWHX OAHH 38 IPYIHM.

|Apudmernyeckas nporpeccus 10" x 41 comepxur GecKOHeYHOE MHO-
wecTBO npocTeix uucen, 110.] Ilostomy yKasanHas NecaTruHas 1pobh
He MOXeT OhITb NMepPHOLUUYECKOHN.

Bropoe pemenue, B cuny reopemn Hebuiwena [1. c. 249]
. CyllecTByeT IO KpaliHelt Mepe OMHO MPOCTOE UHCAO, UMElOLIee 3aJaHHOe
4MCA0 HecATHUHBIX 3HAKOB. Ecau ykasannad npoOb mepuolnyeckas ¢ rne-
PHOIOM @y, &gy ..., Uj, R > 2, TO BhOHpaeM r CTOJb OOMbLIIHUM, YTOOH
IpOCThlE uMcaa ¢ Rr uudpamu nexand 3a uMdpod a, nmepsBoro nepuosa.
[Mycte x OyleT HauMMeHbluee M3 MOPOCTHIX uuces C kr uuppamu. Torzna
BO3MOXKHBEI B CJyyas:

|
*mli
T

1 2 r
1) x=aa, ce Q04 Gy e G e ByQy .. O,
1 2 r
2) X = al_klaz_{_z- .« s akalaz P avk P a1a2 D akalaz P az, l>’ 0-

B nepeoM ciyuae NpelmofaracMoe NPOCTOE UMCAO X ANHIOCh Obl Ha
4444 ... Qy, BO BTODOM — HA Qp Gz, o - Qp0y ... Q!
258. 13 ¢opmyns Telinopa noayuae

H

. e
n=20, 1, 2, ... Ecau 6ul e ObIIO paBHO —’S;(r, § — LI@JIBIE MOMONKUTENb-

Hble B3aHMHO NPOCTBIE UMCIa, § > 2), TO, TOJOXHMB 71==§ W YMHOXKAA
0be CTOPOHBl Ha §!, MBI NOJYYWIM Obl, UTO

! e__l___l_.__-l___. __..___1_)— eﬂx
5'( T sU) T S
ecTb Lejoe uucao. Ho '
, s
o< s <s<l

959, Ecin 6w 119 Hekoropwix uensix a, b, ¢ (|a|— 16> 0)
YIOBJAETBODPANOCH ypasHenue ae—+be 14 c=10, to ¢opmyna Te#nopa
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Ans GyHKUMM ae® - be~%® pana Owl

—0

H’)’L 7 T
——c__-E —}_( -1)[7 < ae ™ — (—1) be L 0<h, <1,

(n 4 1)
n="0,1 2,... Ilycte n_>3|a|-+|b|—1 BubpaHo TaK, yTOOH
sHak uucha (— 1) b coBmapan co 3HaKOM uucia —a. Toraa [cM. 258]

; n, -8
aeﬂnm(—l)nbe &

n-1

LOMKHO Ob1o OBl ObITh LeaniM. Ho

laje® L1ble " jaen —(—1)"%e " c3lel 16l
n -1 - n—+1 nd4-1 " °°
260. (A. Hurwitz.] [Ipy uUenbX R

F’(n)
T(n) T (1)

0 <

CnenosaTesbHo,
I’ (n+ 1)-n'(1+—+ + o —C).

260, = (4 —m)—3,9999. ..
262. (G. POlya, s3anaua; Arch. d. Math. u. Phys., cepus 3,
. 27, crp. 161, 1918.] WMuTepecyiouiee HAC BbipaKeHNe PAaBHO [182, 82]

(o GG L ol T

p>2

rie H PaCIpOCTPAHERO HA BCE MPOCTblE YUCNA, MEHbIIME WM PaBHbIe
p>2

2n—+1, Hi—— HA INPOCTHIe YUCJI4, YIOBJAETBOPSIOUIME  HEPABEHCTBY
3 p LV n, Hg—Ha, MpOCThie yucaa, YAOBAETBOPAIOUIME HepaBeH-
CTBY |/2r1, < p<L2n+ 1. Ecau n —co, TO

o= H(E+ )+ )

Mpy p >V 2n nMeem [%n_z_] [ig] ... ==0. Kak 3HaKouepeAyw-
WHACA paf ¢ yOblBAOILUMKM U/IEHAMY,

z~([piffl] [QHD <[[1ﬁgn]]< 1/23;-—1'

p>V2en
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OTcona nonyuaem
2n

L<Jl. < @+ 1yt

1
¥ CJedOBATENbHO, Hg@ — 1.

Mycrs m=ay—+ ap+ a,p*—+ ... - q;p' — HATYpalbHOE 4YHCHO,
3anmucaHHOe B p-alHUHOM cucTeMe, CTal0 OBITH,

0<La,<p—1, A=0,1,...,1 a>0.
Torna
m_ (" _%
P [p o’
m ay

Cnoxenure 3TOH OeCKOHEUHON IMOCAENOBATENLHOCTH PABEHCTB J1aer

m__ )l ettt In m
=[] = i,

nocnejinee — BCAENCTBHE TOrO, uto [lnp < Inm. CnenosarenpHo, npu
3Lp<Vom |

2 2n 2 In 2 21In2
[‘Z’Tnl]_[_;]_[ﬂ]—<p'm_p?z+l<pnﬁ—ﬁﬂ_—_-_(2n)2a

— 1 )
< <oV, JI7 —1.

263. [G. Péiya, Gott. Nachr., 1918, crp. 26.] Cornacho npea-

' MOJIOXKEHHIO CYLIeCTBYeT JMLIbL KOHEYHOE UHCIO CTelleHefl TNPOCTHIX

fal £l raf
ancea p ¥, ana xoropwx | f(p “)| > 1. Mycrs npoussenenne [{7(p'™)
Oyner pasHo C. KaxoBo Ovl Hu OwiIO &, 0 < e <1, CywecTByeT ONSTh-

TAKM JIHUIb KOHEYHOE 4YMCAO0 CcTeneHed npocthix uucen p”¢”, ana Koro-

puIX
(") =T

CrnenoBaTenbHO, KamAOe HATYPaJbHOE UMCIO A 33 KOHEUHBIM YHCIOM
UCKJIIQUEHUH COAEPIKHUT B CBOEM pPAa3J0eHUH MO0 TMPOCTBIM YUCaM MO
MeHbUIeH Mepe OJHY cCTeneHb NMPOCTOro uuciaa P4, ans KOTOpOH

|FP4) | <e|CIT

p

Torna | _ |
[yl =17(poqe ... P4 ) =1f@ @] ... [fPH]... <
| <|Cl-e|Clte=e
264. llpumenenne teopemsr 263 {25, 44]. Cm. 45,
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285. Tpexunen ax®-}- bx - ¢ npusosuM TOTAA U TOJNLKO TOTAA,
korza b%>—4ac papHo xBaspary ueaoro uucia, = u?. QOueHum r,.
[lpeiiie BCEro Mbl OCTABUM COBEDUIEHHO B CTOPOHE KOOpDAMHATHbIE TG~
cwoctyt (@ =0, b=0, ¢=10), KOTOpble MOTYT MNPHUBHECTH B r, CaMoe
fonpwee 3 (2n—- 1)* epmuuu. Taxum oOpasom, O MOXKET NPUHUMATL 27

saueHu#h —n, ..., —1, 1, ..., n. [Ipn OuKCHpOBAHHOM & [OMKHEI
BLITIONHATLCA HeDABEeHCTBA :

e ut=dac > —4n>, u 4n“+b° < 5n?,

MO3TOMY & MOMET IPHUHEMATL Ccamoe 6OJIb1Hee 2V 5 n suavenuit, u2=h?
Heaonyctumo. [lpu duxcupopansmx & u #, b*— u’ == 4ac, o npuHAMaeT

b -
2:(‘———71«—1) 3HAYeHHMt; 9TUM ¢ YKe BIOJHE ONpelenseTcd. TaKum

o0pasom, 0003Hayas yepes T (n) Hanﬁonbmee us wucen 7 (1), ©(2), ..., = (n),
HMEEM

r, < 3C2n4142n-2V5n.2T(n?.

Ho <(n)-n~*—0 mnng xaxioro ¢uxcuposansoro & > 0 [264].
286, [ycrs £ >0, [ >0, k4+{=nh, ~

@ (x) ==ty ax - ... apxt,
B(x)=Bo+ Bix—t ... B

CYTb 1Ba LLENOUHC/EHHBIX NONMHOMA, B NPOUSBELEHHH KOTODHIX & (X) [ (X)==
== A{X) BCe KO3QPHUHEHTH IO MOLYMQ He npeocxomar . [lycts,
KPOME TOTO, @y, Uy, £ 3; OTIMUHBL OT Hyad. Tax Kak uucno yKasau-
HLIX B 3a/a4e TOJMHOMOB, I KOTOPHIX ;=0 wuau @, =0, Oyzer
nopsaxa n*, TO KOCTATOYHO TOKA3aTh, YTO YUCAO NONYCTHUMBIX CHUCTEM
(Gor 52 -0 Oy B By -0 ) pasmo O (ahin? ).

yere x, << xy< ... <X, OynyrT A~ HaAMeHbLUMX HATYPAIbHBIX
yicesa, Aas Koropuix A(x) He pasHo Hymo. Toraa, ouesuaHo, x,< 24.
Danee |a(x,)|, |3(x,)|— uensie monoxuTeNbHbIE 4MCid, 002 BXOAsLME
B |A(x,)|. CnenoBarennho,

0 () | AGe) | < {1+ @R+ @A ...+ @R n
(V::l, 2, ..., fZ)

Takoe xe HepaBeHCTBO HMeeT MecTO M Aag 3(x,). Orciona no uHTep-
nojsunoHHolt cdopmyne Jlarpawxa (crp. 100) Borekaer, uro BCe
KO3(PPUUUEHTE MOJNMHOMOB o (X) M 3(x) no Mmonynawo MeHouie uem Cr,
npuiem C 3aBucur Tosabko of A, Hmeem, nanee, 1 .<|ay8,]<n,
L oxfl, | << n. Yucno pmomycrumeix cucteM (o, 8y), cooTs. (o, ),
ﬁyﬂe'r nosroMy (79, II 46] pasno O(nlnn), BHAYUT, UHUCIO CHCTEM
(¢o» B39 % 3 Oyner pasuo O (n®ln?n) M, HakoHelU, HCKOMOE YHCJIO
PaBHO O(n""jnz'ln&ln n) = 0 (n*1n?n).




OTOEJ DEBATH U
TIPUJIOKEHHE

HEKOTOPBIE TEOMETPUYECKHUE 3AJNAYU

%. Touky nosepxHocTn 0OpPA3yIOT 3aAMKHYTOE MHOXECTBO L), TaK 4TO
paccTosiHge TOUKM P OT pasiuyHbIX TOYeK &) NOCTUraeT MHHUMyMa. 1O
MUHHAMAaJIbHOE PACCTOSIHHE MOMKET JNOCTHraThest TOMBKO B TakKo# Touxke M
MOBEPXHOCTH, TAe npsMas, coenunsiowas M c P, nepneniukynspHa KO
BCeM HanpaBJeHusIM, BuIXondwuMm u3 M no nosepxuoctd L. [Tosromy M
He MOXeT HaXOIMThCS HH B BepuiMHe, HH Ha pedpe mNOBepPXHOCTH,
a NOJ/DKHO JIeXAaTb BHYTPH KaKOR-HUOYIb TpaHH. |

2. [G. Pdlya, Toéhoku Math. J., . 19, crp. 1 —3, 1921

3. [II 121.) ' , |

4. [Cu. H. Dellac Interméd des math., 1. 1, crp. 69— 70,
1894; cm. rakwe H. Poincaré, tam xe, 1. 1, ctp. 141 — 144, 1894]
ITonoxnm Acos x4 B sin x =u, rae A, B —nocrosusbe. Mmeem

A fyu= (' Hu—Fu" )= - (fa— fu');

oTCI07a CledyeT

o-+T

L[ )+ f(lsin (x —a)dx = f(@)+ F(a+m) >0,

b
2. f [ () = f (30)] sin (x — a) dx = f (b) sin (b — a).

- Ho f(0) <0 [pewenne V 10]; ecmu Oul Owiio b—a < m, TO JeBas
4acTb Oblna OBl MOJIOKUTEbHA, 4 NpaBag HEOTPULATENbHA.

5. [W. Blaschke, 3anaua; Arch. d. Math. u. Phys., cepua 3,
T. 26, ctp. 65, 1917. Peuwtesue — G. Szegd, Tam ke, cepus 3, T. 28,
crp. 183 — 184, 1920; cm. rawxe W. Siiss, Deutsche Math.-Ver.,
1. 33, crp. 82— 33, 1924.]) Ilycts

h (@) ~ %—}— 2 (R, cos no + k,, sin ne)
n=1
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ectb pas @ ypee pynxuun A(e). Torna r(¢) umeer pan ¢ypoe

r (o)~ ilzi + 2 (1 — %) (hy, cOS 19—+ ko sin np),

u00 BCIENCTBHE nepuonuqﬂocm bynxuutt A(e) u k' (o)

)_

J'r(\p)emw"dcpﬁ(l~n°)fh(@)e@ﬂ¢dcp (n=20,1, 2, ...).

0
Ilanee

P (@) —r(@+m~ Y1 — ) [1—(— )| (h, cos ng 4k, sin o) ~

n=1

~ 2 E [1—(2v— 1)?] [y, cOS (2 1) @~ Ry, sin(2v 1) g] [IL 141].

v=1

B. [G. P6lya, sanaua; Arch. d. Math. u. Phys., cepus 3, 1. 27,
crp. 162, 1918.] Ilycre H(P), h(p)— onopuuie @ynkuuu, R (D),
7 () — PAIMYCHl KPHBUSHBI YKA3aHHbIX KpHBle. Toraa
2z 2w

[ f (H (®)— h(9)] [R(®) — 7 (9)1d® dip =

Q0
2n 2%

’—f f (H (B)R (B)—+ h (9)F (6)— () R(D)— H (®) ()] 4 dg =

— zn OF 4-9m - 2f — IL — LI

Cornacuo npennonoxennto fH(P) = (o), R(P) > r(v) naa scex map
anauennit ®, o. CrenosaTenpHo, moC/ieNHee BHIDAMEHME HEOTPULATENLHO,

T« [G. POlya, sanaua; Arch. d. Math. u. Phys., cepus 3, 1. 27,
crp. 162, 1918.] Tlycrs H (Q), £ (w) — onopuele yukuun, R (L), R’ (Q),
r(w), r’ (w)— rnaBssle painychl KPUBUSHLI YKA3AHHBIX BEITYKJBIX NOBEDX-
rnocreit, Torna

[ [ 1H©@ —r @ R@R (2)—r(0)r (=) d2 do =
"““ff H Q)R (@) R (Q) = () (0) ' () — & () R (D) R"(”)
_H(Q)r(m)r (w)]dLdo=4=n .3V +4n - 3v—mO — Mo,
1} dQ do =

J{IR(R)—r ()] R’
= [ [ {2H(QR(Q) R (Q)— 2k (o) r () " (@) +-2H () r () 7' (@) -

e
R+ R (D] & (w) [r ()4 7" ()] — 2h {(0) R (2) R' () —
1P (@) () H(Q) R () R (D)) 49 do =
e=6 .« 4V —6 - dnv - 2Mo + 2M - 20 —2mO — 2m - 20.
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Cornacso NpennooKeHIo
H(2) 2> h(w), Min[R(Q), R'(&)]> Max[r(w), r'(w)]

AN Bcex mnap sHaveHn#t Q, o. CrefosBaTenbHO, 00a BHIMMCAHHHLIX HBOR-
HEIX MHTErpafa HeOTPUILATe/bHbI.
8. B ¢dopmyne laycca

. B 0X | O | 0Z
fj(Xcosa—{— Ycost_}—ZcosT)q'S——J f J‘(d—x+5—;+a)dxdydz
foJaraem

X=1,Y=0, £2=0, cootB. X=0, Y=—2, Z=y.

g- Cm. 10. '

§@®. [Cm. Nouv. Ann. de Math., cepus 4, r. 16, ctp. 140, 1916.]
- PaccMOTDHM TnapajnenbHyl0 MOBEPXHOCTb HA PAaCCTOAHUM [, TOUKM KOTO-
po#t Taxk CONPMKEHH € TOYKAMU 3alaHHOU [OBEDXHOCTH, YTO B COOTBET-
CTBYIOUWIMX APYyT APYTy TOYKax Hopma/as obuwas. KoopaunaTel, Hanpa-
BAMIOWHE KOCWHYCHi HOPMaJH, TJdBHbIe PANMYChl KPUBU3HBL U SJIEMEHTHI
MOBEPXHOCTH B COMPSDKEHHBIX TOYKAX 3aNaHHOM M mapaiieibHol K Helt
moBepxHocTe OYAyT COOTBETCTBEHHO PABHbI

X, v, 2, x—pcosa, y—-+pcosB, z-Fpcosy

cosa, cosf, cosy cos «, cos 8, cos Y
Ry, Ry R, —p, Ry—p
(Ri+p) (Ra+ )
dS RiR, as.

Ilpumensas 8 K napaanenbHOR MOBEPXHOCTHY, NoAyuaeM

jfcosa(1+7§;)(1+7§;)d3:0,...,
Jlj(ycosynzcos@)(l +£:)(1+7;§)d330,

PaccMarpuBag p KaK nepeMeHHOe W NpUPaBHMBas KO3 UUMEHTH npu p?,
p, 1 nymo, nonyuyaem 10, 9, coots. (cHoBa) 8.

f1. Cosepwaem npenesbueifi nepexon u3 9, uan npumenseM §
K «Napa.J/iefbHOM TNOBEPXHOCTM» MOJAM3APAa M paccMaTpusaeM Kospdu-
LHMEHTHl NPH p, MM XKe, HAKOHel, caeAywuluM o0pas3oM: pasjaraem
custy K Ha [Be KOMIOHEHTH [0 TpaHAM MONM3APa, CXOOALMMCH Ha
pebpe k; nosyudeMas NpH STOM HOBa# CHCTEMA CHJI OCTABJSET KAKAYIO
rpasb B OTLeJAbHOCTHU B pPaBHOBECHH, MO aHAJOTy TeopeMul 8 nag
IJOCKOCTH. ‘

12. {G. P§lya, sanaua; Arch. d. Math, u. Phys., cepus 3, 1. 25,
crp. 337, 1917. Pewenne —K. Scholl, tam xe, cepus 3, T. 28,
crp. 180, 1920.1

97 3ak. 1127. I'. MMoma u T. Cera
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nepBoe pemicHHUE. HyCTb KOOPAHHATH W HAMlpasaAlwWHEe KOCH-
HYCHI TlaBHbLIX HOpMaﬂeH 6Y,HYT COOTBETCTBEHHO
. — a2x . azy . d
X, Y, 2, —rgs-z—, m—-—-r‘—d*s—;z‘, n—r-zz,—sjz—,
NpH  ONKMCLIBAHHUM KpHBOﬁ s uaMengerca or 0 no L; X, ¥, £ B HX TIpO-
H3BOAHBIE NPHHUMAKOT IIpH §==0 u $=L oauHaKOBBie 3HayeHMs. ViMeeM

d?x | dx 1F
Jdl jdzds:[TIEJOZO’
dzz d?y dz dy 1"
(”J"—’”z)“m v 2w =y g — =g =0

Bropoe pewenue, CemeltcTBO cdep ¢ pasuycoM p ¥ TOUYKAMH
KPMBOM B KauyecTBE LEHTPOB HMeeT orubaioulefl «KaHaJbHYIO MOBEpPX-
HOCTb»; MNpHMeHsdeM K HeH 8§ M 3aMeHdeM CHCTEMY CUJ, AeHCTBYIOWUX
Ha TNOBEPXHOCTL, CHCTEMOH cui, HNeHCTBYIOUIMX HA KDPUBYIO.

3. (K. Léowner.] B ofozHauennsix nepporo peiueHud sagadn 12
TEKYLIHEe KOOPAMHATH ChepHUeCKON MHIHUKATPUCH MMEKIT BHUA

__dz

Hmeem

CrenosatenbHo, BooOWe s 06O CHCTeMBl BeIeCTBEHHLIX uucen «, 3, 7

[ @&+ En+10yds =0.
0

Cy1llecTBYIOT O MeHbiel MePe 1Ba 3HAYEHHs §, LA KOTOPBIX af-}- B+ -
L ==0.

f4. [K. Lowner.,] Benencrsue yciosus 3) F(x) npusHuMaeT xak
BOKM3W TOYKM @, Tak ¥ BOJAMBH TOUKHM H OTpPULATe/]LHBIE 3HAYEHUA.
Ecnu 6bn1 nostoMy F(x) Oblia MOHOTOHHOH, TO TOrAa Mbl MMend Obl
F(x)<C0, f"(x) < 0BoBcemunrepnane a < x < b. llycrvf, a <t < b,—
eNMHCTBERHBIN HYAb mpousBoaHok f/(x), Tak uro f'(x) or a no & moso-
KUTeJbHA W OT ¢ 1O b orpuuarenbHa. KIHrerpan

£

[rororwa=—fooer ~ ®
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CXOAMTCA, W BCAENCTBUE YCIOBHA 3)

b g b

[Fereof (de= [ F)F(0)F () dx~+ [ Fx) /() (x)dx=0.
a a 3

Orciona cnenyer, MOCKONbKY BCe MHOXHUTENU COXPAHAT Mewiy a u §,
COOTB. MeXAY & M b, NOCTOAHHBIA 3HAK, UTO

£ b
F ) [ F00)f (0)dx+F (xy) [ () f () dx =

g

—Fe)—Fe)IPh=0  a<n<i<n <o

T. e. F(x)=F(x,)=—¢, ¢> 0. 3naunrt, F(X)=—¢ B uMHTEpBaje
X, < X < Xy, VI8 1BYyX nocneaHux paBeHCTB CJENYET, 4TO

2 b
[ F@—FE) @ 0 dx+ [ (F)—F () /() f (x)dx = 0.

Tax xax o0a M0AUHTEIPAaNbHLIX BBHIPAXKEHUA HMEWT OAHH M TOT Ke
NOCTOAHHBIR 3HaK, TO F (x)==— ¢ BO BCeM HHTepBale a < X < b.
Wa (*) nonyuaem

CUwPE 1 o VO FOF
=T I ORI E T m
rRe 3HaK - NPUHUMAeTcs B HATepBaie a < X < £ M 3HAK — NPRHUMALTCH

B unteprane £< x < b. Bo BceM uHTepBaje WHTErDUPOBAHUS IOKHO
BBINOJHATLCS HepaBeHCTBO [f(x)]%2 < ¢t Murerpuponanue paer

x—a=Vc 1=V 1 —[fOP a<x<i
b—x=Vc 11— VeI —[fx)B  t<x<b.

i3 wenpepmBHOCTH (yHKuMM f(Xx) BuTexaer, uto0 f—a=—= b --%,

a-)b :
£ = ;’L ; tanee [f(§)]>=c~1, ubo B nporusHoM ciyyae suddepen-
uuposakHe mo x gano O6m | = - 1. Crenosarensno, '
t—a=Vc1, c—l:(E——a)‘3::%(b-—az\'2
V

f(x) =V (x—a)(b— x).

§5. [K. Lownaer. Cu. take popmyis (89) vy H. Minkowski,
Ges. Abhandlungen, 1. 2, crp. 263, Leipzig und Berlin, B. G. Teub-
ner, 1911.] IlycTe MepuavaHHas KpUBAS 3afaHa ypaBHeHueM y = f(X),

27
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a<x<b. Ins sprucnenns rayccoodt kpususuul K (x) = K, (x) K, (x)
B TOUKAaxX MNapajjiefd, COOTBETCTBYIOWLeH NaHHOMY 3HAYEHHI0 X, 3aMe-
yaeM, YTO MepUIMAHHOEe CedyeHHe [IaeT B Ka4yeCTBE ONHOM M3 TIJIABHBIX
KPUBHMSH

’

K (e 27
(I+ [ (5)])

BTOpAd e TNaBHad KpHUBU3HA TOJAyYyaeTcs [TeopeMa MewHbe; CM.
W. Blaschke, Vorlesungen iiber Differentialgeometrie, 2-e wusxn., T. I,
crp. H7—58, Berlin, J. Springer, 1924 *)] nyTemM yMHOXeHUst KPHUBH3HEI
COOTBETCTBYyWOllell mnapajjend Ha KOCHMHYC Yria MeXAy MJOCKOCTBIO
9TOTO CeueHUs W HOPMA/bl0 K NOBEPXHOCTHU:

1 1
Ko(x) == . .
2 (%) flx) VIFF @]

f(x) yLoBneTsopseT ycjaosuaM Teopemsl 14,
i8. [[lo J. Kiirschdk’y.]
E—N0—o+—ac—a)+(a—B)(a—0)2>0,
a(b+c—a)+3(c4-a—b)41(@+b—c)>0.

17. [G. Polya, sanaua; Arch. d. Math. u. Phys., cepusa 3, 1. 27,
crp. 162, 1918.] O6osnaunm peGpa 3aMKHYTOTO BbLIIYKJIOrO MOJU3APA
yepes k,, Ry, ..., k,, BHYTDeHHHE YA NPU 3THX pedpax, oOpasoBaH-
Hble CXOAAWMMHUCA B HHWX [DaHAMHA, —uepes a,, Gy, ..., &,,. Mepoit M
CCBOKYTHOCTH BCeX IIOCKOCTeH, NepecekalouUX MOJUSAP, NYCTh 6yner

M=l ) by (f ) by (2 — ) By,

{G. P6lya, Wien. Ber. . 126, crp. 319, 1917.] B xauectse npe-
JEAbHOTO Cayuas [0AYyYaeM, 4YTO Mepa COBOKVIHOCTH BCeX NIOCKOCTeH

£
B

'
B NNPOCTPAHCTBE, AePeCeKaoWKX BuIYKILIK IOCKHA NOJUIrOH, pPaBHA 5 X

W nepumeTp storo nonurona. OOpaTuMcd Tenepb K TeTpasapy, m = 6.
[TycTs naowianu yetbipex rpauelt sroro retpasipa éyayr U,, U,, U,, U,.
Mepa COBOKYMHOCTY BCeX MAOCKOCTEH, NIePECEKAIOINX TETPASAD, He 3a0eBad

ero nepso#t rpaud, O0yneT paBHa M——;— U, v 7. 0. Ilycts Mepa coso-

KYNHOCTH TeX I[JIOCKOCTeH, KOTOphle MNEPECEeKaloT BCE YeThlpe T DaHH,
6yner 7. Torna

T '
M=(MgU)H(M—FU)+(M—FU)+(M—Fu )T
Tpebyemoe HepaBeHCTBO MOJNYYaeTCd nyTeM NpeoOpasoBanust HepaBeHCTBA

0T M.

*y B. Baswxe, [Hduddepenuunansuas reomerpus, 1. I, OHTH, 1935,
ctp. 100—101.
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Bripaxkenue, crosliee B CepelMHe 3TOTO HepaBeHCTBA, NpulbinmkaeTcs
K ero kpafiHUM uyjeHaM, KOrjpa TeTpasnap CTACMBAETCS B OTPe30K: K Mnpa-
BOMY, KOTJa K KaXAOMY KOHIY OTpe3Ka CTPeMSATCH JBe BeDIUHHL
TETpPasnpa, K JEBOMY — KOTAZ K OJHOMY M3 KOHIOB OTPE3Kd CTPEeMATCH
TPU BepLIMHEL. .

I8. (E. Steinitz, sanmaua; Arch. d. Math. u. Phys., cepus 3,
. 19, crp. 361, 1912. Pewenue —W. Gaedecke, Tam xe, cepug 3,
T. 21, crp. 290, 1913.] [Momectum P, B HyJneByi TOuxky, P,— Ha mo-
JOXUTENbHYIO BEUIECTBEHHYIO OCh, | — HA TNOJOXKHUTENbHYI0 MHHMYIO OCb.
Mycts runorenysa PP, umeer mmuny d >0, yron P,P,P, pasen a,

,_
0<a<§b, BekTop P, P, NyCTb OPEACTaBAAETCH KOMIIEKCHBIM 4H-

iy
ciom 2z, (n=0,1, 2, ...}, P_,=2P,. O6oznaunm 2, =r,e n, r, >0,
0LY, <20 ry, ry, ry ... OYAYT UMETH COOTBETCTBEHHO 3HAYCHMS

dcosa, d, dsina, dsinacosa, dsin®acosa,

o

e, o

dsinfacos®a, dsinacos?a, ..

. LI
a 9, 9,, 9,, ... — 3HayeHud

3 7t T 3n
0, = —a,

'_2_: —2"‘———(1, , QTC—-—(Z, _2': —i'_a’ Os ™T—da, ...

3ajnaua NpUBOLMTCH K BBIYUCAEHHIO CYMMBI OeCKOHEYHOTO psla

zo+zl+22—+- +Zn+ e =Zo+zl+z?+z3+z4:

1 4 cos?asinda

d cos®a sin? o iy d cos?a sin a
1 4 cos?a sinda 1+ cos?asinda ©

, . f 4
19. [[lo A. Hirsch’y.] [Iycte Py, Py, Py, Py—— TOUKH, B KOTOPHIX
npaMas MNepeceyeHnss OGEMX [MJIOCKOCTeH BCTDEUaeT 3ajaHHBIE LIAPOBLIE
NOBEDXHOCTH., YKA3aHHASl TPAMAd MMEET ypaBHEHHS

—D —Ax C \B — D — Ax
. — DI —Ax C o B —D— Ax
Y= B C B B C .
' B B C’

[ToncraBus 9TM BHIp@XKEHHA B YPABHEHMS WIAPOBHIX NOBEPXHOCTEH, mony-
YyuM KBaApaTHHE YpaBHEHUA

A+ A+ A =0, A"+ Aix -+ Ay =0, (1)

M3 KOTOPHIX MOCJeN0BATENLHO TOJYy4aeM KOODAMHATH X Touek P, P,,
4 U4 '
Py, P,. AnanoruusbiM o0pasoM noJayuyaeM VpaBHeHHd, AOCTABAA0LLLE
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COOTBETCTBEHHO KOOPAHHATHL Y U 2 3THX TOYCK:

Boy'+Biy+ By =0, Boy' 4 By -+ B =0, 2)
Coz2— Ciz +Co=0, Coz* +Ciz+Cy=0. (3)
3nech
’ 7 ’ !B C |2 C A ]2 A B |3
Ao=Ay=By=Bo=Co=Co= p +!C’ v o

DTO BHIpAXKe€HWEe TOTAA ¥ TOJbKO TOTLA PABHO MY, Koria obe MaIoCKOCTH
napainensssl. [ycre A, B, € 6yiyT cOOTBETCTBEHHO Pe3yIbTAHTLI YPaB-
wennt (1), (2), (3). Torma cymma A+ B-+ ¢ yrosrerBopser Tpebopa-
HUIO 3a]auM.

a) [lycrb, B caMoM Jnese, o0e OKPYXKHOCTH CLen/eHsl. Toraa mapa
Touek PP, OynerT paslenaTbCs Mapol TOYeK P;P;; TO XK€ HMeeT, cJje-
JOBATENbHO, MECTO ¥ LA NPOEKUMH STHX TOUEK HAa KAKIYIO M3 KOOPAM-
HATHLIX OcCell, 3a UCKAWUYeHWMeM, OLITh MOXeT, OOHON OCH MNM ABYX, eClH
npamas PP, neprneinukyaspHa K HUM: TOrAd BCE NPOEKLMM CAUBAIOTCA
B oaHY Touxky. Kak sBCTByeT M3 B3aUMHOI'O PAacCIOOXKEHUA KODHeH Kpaj-
parHeix ypasHerut (1), (2), (3), Bce pesyaprantel U, B, € Bo Bcakom
¢lyyae OTPHLATE/NbHE (B KpalHeM ciAyuyae OIMH WAM ABa PaBHHl HYJIO)
{V 194] u, 3HauuT, OoTpHUATeNbHA U UX CyMMa.

6) [Mycrb, obparHo, A+ B+ € < 0. Toraa mo xpaliHed mepe ofuH
Y3 TpexX pes3yibTaHTOB oOTpuuaTefen; -nycTh, ckaxeM, W < 0. Torna
Ay >0, A()> 0, caenoBaTenbHO, IMIOCKOCTH He MapaniefbHbl, ¥ TOYKH
Py, Ps, P;, P; OAHO3HAYHO onpeneneHnl. [lpoexuus maphl Touek PP,

o7
Ha OCh X pAa3j;esseT aHAJOTMYHYIO npoekuuio napsl PiP; [V 194], u 10 xe
UMEET MECTO M /g CAMHUX TOYEK.
Z®. [A. Hirsch.] Ocobast Touka (X,, Xy, X;) KOHHUECKOTO CEUeHHUS

3 3 ’
Z 2 0y X, Xy =0

r=1s8=1

YAOBAETBOPAET yPaBHEHUAM

QX1 QuXy - a,3X3 == 0 (v=1, 2, 3).
[G. Kowalewski, Einfithrung in die analytische Geometrie, crp. 202,
Leipzig, Veit, 1910.] B nawewm cayuae, monarasa x, 4 X, X3 = — x,,

noayuaeM Agxy= A X; = AyXy==AsX; ¥ YDaBHEHHE MHTEPECYIOUIErO HAC
PMPOLMBINETOCA KOHMYECKOrO cedeHus (napel npsaMeix) Oyier

. 2 2 2 2
x1)C2X3X0—l— x0x2x3X1 —}— x0x1x3X2 —l— x0x1x2X3 = 0,

npuueM Xp— X, X+ X3 = 0. llyete dx, (v=0, 1, 2, 3), dx, +
—-dx, -+ dxy—dxs =0-—31eMeHT MHTerpajJbHON KPHUBOH; TOraa, noJa-
ras X,= x,+dx,, Haxonum

%1%y Xg (A0)* — XXy (d))? = XX X5 (A %)% = XX, X5 (dx)° = 0. (1)
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310 W ABIAETCH . AMQ)q)epeHuuaanbIM ypaBHEHHEM HCKOMOT'O CeMelcTBa
KPUBBIX. 3aMeHa fepeMeHHBIX X == y> naeT

(Voy1Yaya)? L@yl (dy )P+ (dy,? 4 (dyy)? 1 =0, (1"

OTKyla mpexie BCero B KauecTBe 0CO00OOTO peWeHHA TNONYdYaeM
x,=0((==0,1,2,3). O6uiee peureHue NOAYIaeTCA U3 ypaBHEHUH

(dyo)* +(dy,)? 4 (dyy)® +(dyy)* =
B e U S
Yo @Yo+ ¥y Ay 2 dyy 4~ y3dyg =0,

Hcxmouan y,, moaydaem
(Vo Yl = (V; 4 y; + YD 1(@y)° +(d, P+ (dyy)* ] =

= (¥ 4y, 'F)’z dy, —+ y; dys)*
¥, 3HAUUT,

(V2 @ys— Y dyo) 4+ (W3 dyy — ¥, AY3)* -+ (V1 &y, — ¥, dy ) = 0.
[Moncskum
24 =y2y; "‘_yay;’ Zy == yay; "yiy;" % =y1y; _)'23’;’
rie WTPUXH 0603HAYAIOT nuddepeHtHpoBanne no napamerpy. Toraa
S y2,=0  Xy2z=0,]

o (2)
EZZ ==0, 227»2’7»:0, J
NputeM CyMMHpOBaHHe npousao,amcn no r=1, 2, 3. Orciona 3axo-
4
udeM, UTO Zy: 2 i Zy==21:Zy: %5 34 WCKJAIOYGHHEM TOTO CAyuast, KOTAa

2y 12y 2=V Vs V3. Ho B 5TOM mochendeM cayvyae y,= 0, uto cHOBa
npuBondT k ¥, =0. B ofuemM cnyuyae uHTerpupoBsHue AaeT

2yt 23Tty g,
#, — NOCTOAHHOE, U —A~uZ—-ul==0, sHaudr, BC/IENCTBUE ypaBHenuh (2)
By Yy = oYy ity v, == 0. Honaraﬂ w2=x_(r==1, 2, 3), nocre ocsobo-
WIeHdd OT HppauHoHanbHOCTEeH noayuaeM
(%1 %) %X+ x3x3) — 2 (’(lxl -+ %35 —+ ﬁsxa) =0,
%+ "z+ %y =0,

D70 ypaBHeBUe MPENCTABIAET CeMeHCTBO KOHMUYECKUX CeueHuH, BNUCEH-
HBIX B 4eThIPeXCTOPOHHUK X;=0, X, =0, X, =0, X;=0. [de#crsu-
TeJbHO, YpaBHEHHE KacaTeanoH B TOUKE (X, Xy Xg) 6y11e'r

(%) 9%y ~F 73%9) (X | % X, 4 %3 X5) —
— 2 (131X~ %ox2Xs — #363X3) = 0.
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[lpu »;, %y, %5, OTJIMUHBIX OT HYAd, OepeM BMeCTO (X, Xy X3) MOCAELO-

BaTeNbHO (%1, %2, %), (0, %35, %3 (x{i, 0, %), (zfl, 57, 0)
2§. [A. Hirsch.]

sin'c + cosrc
%:pcosfc:Qn(xctg'c—}—y),
ay o
Et-_psmfc_—Qn(x—Jr—yth)-

KMickmouenve y jpaer

dex 2n ax 2n
a<? sintcost dn + sin¢«

x=0.

1
Beonum cHauana @ == —tg?7 B KauecTBe HE3aBUCHMOro, 3aTeM §=xu 2
B KayeCTBE B3aBHCUMOrO nepeMeHHoro. Mot monyuaem Toraa auddepen-
HaibHOE ypaBHeHHE

d% 3 das 1

w(l =0ty —n—(3+1—nt1)a| G — 50 —mE=0,

KOTODOMY YAOBJAETBODPSieT runmepreomerpuueckuit pan [VIII 146

E=F(~;—, 1 —n, —;’——n, ‘u).

OTUM 3ajaya NpPUHUMNMANLHO paspeweHa. Ha OCHOBaHWM TOJNYYEHHOTO
Mbl MOXXeM Telepb, B YdCTHOCTH, PACCMOTPETb BONPOC O DPALMOHANLHBIX
pewlennax. HUroOwl noayyuTb HX, BBefeM B KayeCTBE HOBOH 3aBUCHMOH

nepemeﬂﬁroﬁ z:x(tg—c)—n, 4 3aTeM B KayecTBe HE3aBUCUMOHN nepeMeH-
HOW v =1ctg 2%. D710 naer ,uncptpepeﬂunanbﬂoe ypaBHEHHe

(1 — )——2 —{—n(n-——l)z_~0

ONIHUM M3 YaCTHBLIX peweHnit koToporo spasercs z=P,_,(v) (n=1, 2,
..) [VI90]. Mpr nonyuaem, takum 00pa3om, BEIpaXeHUd

X == il, (itg )" P,,_, (i ctg 27),
y={(itgt)* P, (ictg 21),

pauMoHaJbHelE OTHOCHTENbHO tgt. B uwacruoctu, npu n =1 noayuaem
B KayecTBe 4aCTHOTrO peuleHud napaboay

tg2t—1

x=1g1, y=—"— , 2y=x%-—1.
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292, |A. Hirsch.]
1. YpapHenue nOBepXHOCTH F noaydaeTcd NyTeM HCKJIIOUeHus f U3 -

ypaBHeHUH
F=0, (1)

5 2
%Ezﬁ—-lmo. | (2)
3anvweMm (1) B dgopme -
th— (X a) B8+ [X(asas+ D) | 2 —
— 410205+ X (a4~ a5) xi] £+ X apaxi =
= Ayt 4A PB4 6 A2 4AL A, =0,

rie MHIEKCH MNPH CYMMHDOBAHMH LHMKJMUYECKM YepelyloTcs, H NyCcTb A
OynerT IHMCKDUMVHAHT MNONYYEHHOrO NOJAMHOMA OTHocuTedbHO f. Toraa
A=0 Oyner ypaBsenueMm nosepxsHoctu H. Ho reneps, mosaras

Iy == AgAy— 44145+ 3 A2,
AO Al Az

Iy=| A, A, A |== AAsA,+ 241 AA;— AS— AgA; — AlA,
A, Ay A, ~

[Cesaro, crp. 387 %)), Gymem mmers
A=1)— 2715 =27 A3 (AgA; — 4 A, A) -
5443 (A Ay - 24, A As — ApAD) -+ Q,

rie Q camoe Oosbiiee crernend 8. IlosToMy crapiuui uneH AUCKPUMH-
HaHTa A 6yner COBNAAATb CO CTAPLIUM YJIEHOM BHIPAXKEHMS

27 A3 (34,44 — 2A43),
T. €. Oyaer pameH

27 ( Zb.x? )8 [ 221‘% 2 a:zagxf —_— —18— (E (@2t as) xﬁ)g] =

——alX xf)g [E (a2 —a:f i+ 2 Y (01— ) (a1 — aa)xéxé’].

2. Ilyers dx,, dx,, dx;— nnneHHb sS7eMeHT MNOBEPXHOCTH (1}
rorna {(2)]
3
Xdxy o
2 a,—t 0. 3
v=1

*) Uesapo, 4 I, ctp. 501,
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Orciona A HanpaBAsOILKX KOCUHYCOB X, X,, X; HaanexauwuMm obpa-
S0M OPMEHTUPOBAHHOK HOPMA/JK K IOBEPXHOCTH F moayuyaem

X, -
a—7 (v=1, 2, 3). (4)

X, =

KoopavHaTel KacaTesbHOM MIOCKOCTH B TOYKE Xy, X,, X5 OYAYT UMEThb

BUIL
X, .
YT R T X T %X (=129
Benencraue ypasHenusa (1) x,=f(a,—bHu, (v=1, 2, 3). [loxcrasass
3TU sHayeHus B (1), (2) ¥ wuck/o4as £, moJayyaem

3 3
(Daul) —4 2 u=
v=1 v=1

3. Ilyctb p(s=0)—o0mUH M3 TNdBHHIX PAaJMyCOB KPHUBUBHBI MOBEPX-
HocTH H B Touke (X, X,, X;). Toria nuHeHHEI! 971eMeHT BIOJL COOT-
BeTCTBYIOIIEH JIMHWM KpMBU3HBL Ha ff YHOBJETBOpAeT ypPABHEHHAM
{W. Blaschke, 1. ¢. 15, cTp. 63 #)]

dx,-+pdX,=0 (v=1, 2, 3)

UK COraacHo 2

, | £y —_— —
dx"_l—Pdt(av—f)(av—f—[-p)_"O (v=1, 2, 3). | (8)
Benencrsue ypasHeHust (3) oTClola BbITEKaeT
3 2
Y X, .
Ya—va = (©)

v=1
IJTO — KBaApaTHOE ypaBHeHWe AAS OOOMX PJIaBHEIX PAZHUYCOB KPUBH3HHL.
OHO MOxeT ObiTh B CHIY TOXAECTBa

1 11 11 1 1

@latp)” pad fa ! pratfy
1 ypassenu#t (1), (2) sanucano rtax:

3 2

X, P
N sy —t—n=0. (6")

vae=l

Kom6uuapys mnonubth muddepennuan nesoft yacTu ypasuenus (67) ¢ (5),
nojnyyaem

3
(; “ _’i i 1)Gdt—dp)=0. e

*y B, Baawmke, Juddepennuanpras réomerpna, 7. [, OHTH, 1935,
cTp. 107. |
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Penienne ypasuenus (7), noayvaiowieecs MPH MPUPABHHBAHUK HY /IO
TIEPBOr0 MHOXWTEJNS, He TOAWTCA: OHO O3HAuano Obl, uYTO YypaBHEHHE
F(x, v, 2, A\)=0 o0aagaeT IBYMS pa3JUUYHLIMK [BOHHBLIMU KODHAMH £,
t —p (p = 0), uto HeBo3MOXHO, uO0 F (A) uMeeT HedeTHOE Kojauye-
CTBO HyJNeH Kak B uHTepsanie (&,, &), Tak M B HHTepBale (a,, Q).
CrenoBaTelbHO, BIOJb JAHHWM KPHMBHSHBI, COOTBETCTBYIOUIEH p, HMeeM
n = 3f - const. Ipyro# painuyc KpuBu3aHbl [(6)] paBen f— const.
[TonyuedHbIl Pe3yabTaT MOMXHO HHTEPNPETHPOBATL CAEAYIOUWUM 0O-

pasoM: ECIM W= U, W= 0603HaLIaIOT KODHM yDaBHEHHS
3 3 3 5
X ~ X
v N ¥
S ‘ =0 wm 2 — @ =0, (8)
NV

(av—'t)z' (d‘,—’&J) ay— W
=1 v=1

TO JUHUM KpPHBH3HbI OYILYT UMeTb YpaBHeHus u& = const., © = const.
Ilapamerpsl &, U 4BARIOTCH TeMH [OBYMS KODHAMM  ypaBHeHHMdA
F(x, y, 2, w)=0, XOTOpeMH 3TO moOcCjAelHee 06aaLaeT HAPALY
C JBOHHLIM XOpHeM w =—/{.

JIuHUST KPUBMBHBI & == iy JEXHT HA MOBEPXHOCTH f == 1,: TOBEPXHOCTH
ceMeltcTBa Kacawtces orundawoweit mosepxdoctd [ Bnoab CBOMX nHHHH
KPHBH3HBI.

23. [A. Hirsch.] B cany 22 (8), (2) umeem

x? . (@, —u)(a, —v)

(@ — 8 (ag—ay) (@ —ay)’
Kombunupya aro ¢ 22 (1), nonydaem

2+utv=a+a,-+ a4
(ay—u) (@ —v) (a1+ u“f"U—(%—f-az‘f—as))

(a1 — ag) (a1 — a3) 2
Onpejenedde TOYEK TNepeceveHus JMHHM KPHBU3HBL ¥ = const. ¢ mio-
CKOCTBIO MPUBOIUT K ypaBHeHmo BHI4

Co— 2 JVa,—u (u+b)=0,

rie ¢y @, b, C¢,— TMOCTOAHHblE, YTO MOC/E OCBOOOXAEHHA OT HPPALUO-
Ha/AbHOCTEH TNPUBOAUTCHS K ypaBHeHWiO 12-f1 cTemeHH OTHOCUTENBLHO .
24%. [A. Hirsch.]
1. NMyctp £, &, Eg— KOOPAMHATH LEHTPA KPHUBU3HLI, COOTBETCTBYIO-
uero p; rormna [W. Blaschke, 1. c. 15, crp. 63, (47)%)]
| b= x,~+pX, = ii_o Gv=1, 2, 3)
[22 (4)], CJIEII.OBaTEJIbHO [22 (2) (6)]

3 2
€
2-4(& —t+p)2 =1 ;(av—f+9)3 =0

*) B. Basgwke, Tupdepennuanbaan reometpus, 1. [, OHTH, 1935, ctp. 107.

H

X, =
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llenTpanbnas noBepXHOCTH AAs H aBnsercd, TakuM oBpasom, orubawouieit
NOBEPXHOCTbIO CEeMeNCTBA DJMUICOULOB

Z (a\,——s)2 —1=0.

v=1

2. llycts A — nocroguHag

Y o=k hX,—x, TR o, 2, 3).

a,—t
Torna [22 (1) (2)]
3 -.;:2
Z(a —t+h)2 =1 Zla,——t~l—h=t+h'

Napanaenbuass moBepxHoCTb I /4 HA pACCTOAHMM /i ABNAETCH, TAKUM
oBpasoM, orubaoweld NOBEPXHOCTHIO CeMefCcTBa MOBEDXHOCTEH BTOPOTO

nopaika
8§ -2

Z D — s 2.

a,—S§
v=1

2%. [E. E. Levi, C.R., 1. 153, crp, 799, 1911.] Myers x” — X/,
y”— vy’ cytb uessle uucna; Ttoraa uyepes toukw x’, v u x”, vy’ npo-
XOUAT paBHble M DPAaBHOPACNOJOMEHHBIE, T, €. NOJdyuaeMble APyl u3
Apyra HpOCTBM CMEUIeHHEM, HHTerpajibHbie: KpUBble. PaccMOTpuM MH-
TETPAJbHYIO KPHUBYIO V== f(X), NPOXOASALLYI0 4Yepe3 HAuyano KOOPAHHAT
[T. e. ana koropo#t f(0)=0], u ob6e KOHIpy3HTHble ¢ Hell KpHBHIE,
NPOXONAME 4epe3 Leable Toyku x=m, y=[f(m)] u x=m,
= [f(m)]-+ 1. Tax kak ABe pa3nuyHble HWHTErpajbHble KPUBbHIE He

nepecekaioTcs, TO

[+ fln) L Fm—+n) < fFm)] 41+ f(n) (m,n=1, 2, 3, ...)

[TocaenosarensHocts f(1), f(2), ..., f(n), ... yAOBAeTBOpseT MpeLlO-
Jo:xKeHuaM sansaun [ 99, JloBasuM, UTO HA TeX e OCHOBAHHAX

=l -7 <L f(n) <[f(—m+ 1+ f(2n),
Lot fom  grem 1

¥ nanee |f(x)— f(xD]| <M, rae M—makcuMyM ¢yHkumu |F (x, v)|
B ksagpare 0 Cx L1, 0Ly L L




NMPEOIMETHBIN YKA3SATEJb

I. ONPENENEHHA, TEOPEMBI,

POPMYJIb]

(IpsaMbIME IHGOPAMH yKASAHEL CTPaHHMIB NEPBOH YACTH, KyPCHBRHIMH — BTOPOX)

Anmamapa Teopema o Tpex Kpyrax 173
Aare6panueckan dyuxuns 121, 155
Agre6panueckHe uHcIa N~ crenedn [66
— — coupsxKeHHble 166, 167, 69
Anreb6pauueckoe none 166

— yucao 165

— — uenoe I65, 167

AHaaurnueckan GyHkuug 122
Ananuruyeckuft naupwadprt 139
AnonsipHocTH ycaoBHe 75

AnoaspHocTh mnap Touex 270

— HOOJHHOMORBR 75

— Touyex 270

AcHMOTOTHYECKOS zHauvenue ¢yHKugy 45

Bepuyanu dopmyna 129, 130

— yucaa 51, 163

Bepuwirefina TeopeMa 0O TDPH[OHOMETPHYECKHX
noauuomMax 43, 10! :

Beccenesr ¢yHxuuu 38, 107, 78

Buauomuanshuie kKosduuHeHTH 25

Bpyrro-panr {18

Bropmana-Jlarpanxka psan 154

BarpepMoHIa onpenenurent 56

BefiepmiTpacca Teopema 06 anIpOXCHEMAIME
HenpepwiBHbLIX GyRKUUH 91, 93

BekropHoe noJe 122

— — GeaBuxpesoe 128

-- — fie3 HCTOYHHKOB H CTOKOB 128

BaauMHO ancadapHble CHCTEMEl 76

Bpouckoro onpenenfreis 27

FamMa-dyukuus 65

Faukens wartpwua [I8

— onpepenurens 16

Faycca TeopeMa © HyJAaX TMpPOH3BOZHOH NO-
JdHHoMa 7!

FunepreomMerprueckHil pap 157

I'napuad xopaa oGaactd 38

TCypeuua ycrnosue I58

JdexapTa npaBuno 3naxkos 54, 64

Heanrend HecoOcTBeHHbie 136

Henurens 136, 167

Hszera-hyuxkuusa (47

Jupuxne-Menepa dopuyna 144

JHpHuXJje npaBHAO MNeDeMHOXEeHHst DHIOB 40
~— paabt 33, 140 . .

— Tteopema 151

JrckperHan ofnacTe nemoctu 167

HOuddepenunannupie ypasHenus Kowmu-Puma-
Ha

Hononunteneuele uacte paga 46

Hpobu <Papesa 103

EnuHuuR 167

3amaya Ha nOyTOBLIE Mapxra 184

— Ha pasMmen peHer 184

3anauy na B3BelHBanue 184

3akon wuaayuemus Ilnamxa 248
SBI%iAooﬁpasnan OTHOCHTENIBHO TOUKH KpHBaf

Hamenernune suaxa 5/

Hencena wHepasencrso /89

— dopmyaa 136, 148, 328

Hureprnionsaumonnas dopmyna Jlarpawxa /00
Herniountenbroe sHauenne (B cuMbicae IIM-
Kapa) 45

Kébe ofnactn 26

— TeopemMa O JAHHEHHOM WCKamXeuHy JI§
Konebanwe ¢Gyukuuu 86

Koxcranter JleGera 93

KourbopMuoe oToGpaxenune 1923
K%rg(bopmnmﬁ PajHyc BHeIUsHl, BHyTpeunuli

— UeHTp THHECTH KpWURoH 139

— — — obnactH 36

Kourn wHepagercTBo 80

— MPaBRHAO NEPEeMHONEHHS pRIOoB [40

— Teopema 06 apuPMeTHYecKoM 1 reoMeTrpH-
YEeCKOM CpeiaHHX 76

Koumn-Pumarna audbdepenuranbine
mus 122

KFOBCDCDHIIHGHT!;I dyppe 92, 92

Kpucrodhdena doomyna 31/, 315, 816

Kpurepufi Pumana wuarerpupyemocru 86

«Kpyr» 67

ypasHe-

Jareppa obobmienurte nosunoMer 156, 57, 99
Jlarpaumxka HHTePOOARUIHOHHAS dopmyna 100
JlamBepra pan 145
Jlannaca ypapuenne 198
— copmyna 144, 105
Jlebera KoOHCTaHTHl 93
Jlexkauspa nONHHOMB 144,
— cumMBoa 177

156, &7, 104, 106
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Jemnuckata ¢ 7% dokycam 14]
JIuHefiHOe UCKaXKeHnHe 124
JlugnpE Toxka 128

Juysunns $verousa [40

Mamwopaura 30
MaxkcHManoHsti unen 42, [f
Marcumym monyns /I
Marrodabara (YHKUHS (40
Marpuua lauxens [1i8

-— opToroHanpHan GeCKoHeuHas [27
Méduyca hyuxkuus 139
Mepxaropckas npoekuua 124
Mecro nepemMeHn 3Haka 468
Miuuopaurta 30

Mowenrbl dysKuHy 92, 62

Hauboabluasa
Haubonemni

obulad vacres 136
obwHl nennrens 136, 167
Haumensiian «sbiIykKiaas ofxacre 68
HauMenpwee oblee kpartaoe 137
Hanpaeaenue cryuieuuns 12f
Henpupoauman menad paluoHajbRAas dnymc
UHS ABYX TepeMeHHMBlx J72
HenpugoumMeld nojdauoM 152
Hepapencteo Hencena 189
— Kown 80
— Wsapua 80
HecobeTReHHBIE HENHTEIH
— yacru 85
Heitro-panr
Hopma 169
Hyau noawsoma

136
118, 120
114—115, 70

Oéaeprma}omHi’( papg 48
Q6JacTh «BbmyKJlaﬂ» 68
— Kébe 26

~— pauHoOHAJNLHOCTH [66
— ueaoctd 166, 167
Osan 78

«OKpYXHOCTE» 67
OnopHast Taockocth 181
— npamaga 134, 208, 17
— ¢yHxung 134, 181
OnpenesesHBId  HHETErpan
— — coBcTBeHHBI B7
OnpenenuTeNin pPEKYDDEHTHEIe [16
Ounpenenurens BapaepMmonga 56

— Bporckoro 127

— Tanxens (pexyppenTmil) [16
QproronanpHas 6GeckoneyHas MaTpHUA
QproronansHoe npeofpazoBalue 126
Optorosanbuble GyHKUHY 136, 105
Orobpaxenne 122

HecobeTBeHMRLIE 62

127

Mackang Tpeyroavuuk 156
ITepemena aHaka 48
TlepeMHOXeEHRE PHRIOB,
— —, — Kown 140
ITnanxa 3aKoH W3JayuyeHHs 248
Ilnockocre noTeduHana 131

— notoxka 131

— cxopocTelt 131 )
TTorepxnocTHOE HcKamenue 124-—125
ITosepxuoeTe Mouyaa 139
ITokasatens cxonuMocTH 41
TTonuBoM nejieHHA KpyTra !39

— HENpPHBOAMMBE 152

— NPHROOUMBLH . 152

— uenoaHauusli /48

— LeJOUHCACHHBIA /48

npasHiao IlHpHXxJie f46

NPEAMETHLIH VKA3ATEMD

Ioaunombl dnoaspHuie 78

— Jlareppa oBobButeHusle 156, 57, 99

~— Jlexxanzpa 144, 156, 57, 104

— — , NpoussOomILILAs ('bYI-iKLLH‘FI 156

— — , OpomsBONgWHE psn [06

— conpopoxgamoume 83

— Yelpuesa 87

— Dpwmura 57, 108

— Hxobu 1586, 107

INonnoe waMmeneHHe byHRKUMB 233

[oaspa rnepsas 73

IMopsinok unenol SyHKLUEH 19

MocsenoBaTeNIbHOCTE DPARHOMEDPHO DAacupehe-
JeHHad 97

— peryJasipgad 95

FlocTosnnas Diaepa 61, 63, 236

— 2#nepa-Mackeponu 177

TTorennuan pBexTopHOro nogaa 128

FlpeoBpasosanuc oproroHaabHOe 126

— JIOCHeLoBaTeNbHOCTEH, COXpaHAles
Aaumocts 31, 35, 119

Mpumurrenaa Touyka 403

puunun apryMcHra 149—150

— MmaxkcumMyma 139—141

IIpoHsBOAHAaA OTHOCHTENBHO TOUKH 78

— CHCTeMa ToueK 74

MNpourssoasmmas ¢hyHKUHA TOJHHOMOB Jlexan-
npa 156

H;;ggfasonﬁmrm paf noauHomos Jlexauwapa

Hpoc*roii
150

ITyaccona dopmyna 147

CX0O-

HeJNUTeNb UenosHawHoM QyHKL MR

Pazpes 28

Paur OGeckoweuyHoll ™Marpuus 118
PexyppeHTHble onpenenadrenn 116
Pumana kpuTepuil HHTerpHpyeMocTH 88
Poapura copmyna 105

Poaast Teopema 49

Pymie Teopema 152

Pan Biopmauna-Jlarpanxa 154

— THNepreoMeTpHyeckufl 157

— JlamGepra I45

— of6RepTLIBAOMKRE yHeao 48
— Dypbe 92

Paael Jdupuxnae 33, 140

Cuaopwle JHHHH 128
Cumeon Jlexarapa 177
CpenHee (apudmeTHueCKOe, TEOMETPHYECKOE,
rapmMoHuyeckoe) GyHKUME 69, 7576
— (apudMeTHYECKOS, TFeoMeTpHUECKoe,
MOHHYecKoe) uydcen 69, 74—75
Cpenuas obsacts 7/
CreneHHOH pAL NPHMHTHBHBIE 159
— — pAaUHOHAJIBHO-YHCAeHHBIY [55
— — URJOYHCJCHHBLI [55
161, 162
KBasHJAUACHHO

rap-

— — uejouHcaenusiyt (H)
Crenennnple paibl
120

3aBHCHMLIE

JuHefHo 3ABUCHMBlE 120
Crernens nons 166

CrepeorpadHueckas TMpPOCKUMA
CyMMa BeDXUSS,
— npeaurenel 139
Cdepryeckan uHaMxKatpnaca 182

123
HHXHIa 57, 72

Teopema Apmamapa O Tpex Kpyrax 173

— BepHNITeliHA O TPHIOHOMETPHYECKHX [OJKH-
Hovax 43, i0l

— Bei#iepurpacca 06 aNNpOKCHMALHH
peiBHBIX dynkuui 91, 93

nenpe-



NMPEAMETHLIH VYKASATEJb

Teopema ['aycca © HYJAAX NPOH3BOZHOHA Iio-
AHHOMaA 7{

— Hupuxae 151

— Kébe o JuueiHoMm

~— Komwn 06 apudMeTHueCcKOM H
YECKOM CpesHux 76

—06 HCKAaXKEHHH Yria noBopoTa npH orodpa-
wKennun 220 .

— Poans 49

— Pywas 152 ‘

~ Uezapo 0 creneHHBlx papax 36

— Dfzenwrefina 155

, obodwenue 73

Teopernko-yicaosan Gyrxuua 139

Ténaniua GopMa 130

Tpevronbuuk Ilackana 156

TpUrOHOMETPHYECKHE MOMeBTh 92

TpHroHOMETDHUECKHH MonHHOM 88

HCKaXKeHHu a8
reOMEeTPH-

¥ron nosopora 125
Ypanueune Jlannaca 128
Yea0BHEe anoJsiPHOCTH 78
— TI'ypeuua 158

— Yebbunesa 158

— Disediwrefina 156, 157

dapea apobu 103
dubonayyuesbl uHcaa 127, 160
Dopma TeéEnauua 130

— Opmura 113

dopmyaa Bepuyaay 129, 130
— [dupuxne-Menepa 144

— Hencena 136, 148, 328

-~ Kpuerodbgensn 311, 315, 316
~ Jlannaca 144, 105

— TIlyaccona 147

. — Ponpura 105

GOyHIaMEHTAJbHbIE NOAHHAOMBl HHTEDNONAUMHK
100
Oyukiuuu bBeccenst 38, 107, 78

— , HHTErpepyeMnie B CMbICJe Pamana 58
— opToroHaJbune 136, 105

— ¢ O'paHHYEHHbIM H3MeHGHHeM 233
— uenasle pona uyan 20

PyBKUHA aHalHTHyecKaa 122

— , ACHMOTOTHYRCKOE 3HaueHHe 45
— BEINYKAaa cuauay (cBeoxy) 77

— KYCOYHO-NOCTOfHHaa &5

— Jlaysuana 140

— Mauroneara 140

— Meéfuyca 139

— MeJUIEHHO Bo3pacTaroias, 94
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byRKUMS OOHOJIHCTHAS [25
— onopHas 134, 181

— poja myae 20

- TEeopeTHKo-ykcyoBan [39
— Toka 128

— uenaa 17

— uejiospayHad 150

— Diinepa 139

Oypre Ko3bdHHuEeRTH G2, 97
— pag 92

Henag &yukuua 1l
— yacTbh yucma 132
Henoe aarefpanuveckoe 4HCao [65
LenozHayHasa dysguyg 150
Uenoznaunnii nonunom 148
LlenoyHCNeHHBI ToJinnom [48
— creneHHofl psux 155
— (H) crenepHo#l pan /61, 162
Uenpie aareGpanuecKue yHcaa BIAUMHO (DO~
cToie 167
— TOuKH 24, [33—184
— -, CpaBHHMEIE N0 MoAy#wo 74
~ (DYHKIMH poJa HyJsab 20
LienTp THMKECTH CHCTEMBE!
KH 68 -
— — Ueaoi panHoHaNbHON (yBKUN 70
LlenTpanbublit HHAeKe 43, 11

OTHOCHTEIBHO TOH=~

Yacte (umena) /136

— pana 44

UeBhiueBa noauHomMsl 87

— ycaosue 158

Yezapo TeopeMa O CTENEBHBIX pspax 30
Uycna DBepuyaau 51, 163

— Qubonavuyy 127, 160

Upcno Aeaurened 139

— HyJjge#t 1J

— 0BopoTOB KpHBOH 150

Yucenosast GyHRKOMA  dochegosaTtesbrHocTH G

IMgapua aemma 169
— HepapeHcTBo 80

SfiseHwiTetina Teopema 156, 178

~— yeqopie 156, 15
Ifinepa-Mackepodd nocrtoanHas 177
Dfinepa nocrosindasn 61, 63, 236

— byrKUIHS 159
DKeHNOTEeHIIMANbLEBIE JHHAK 128
DpMutTa NOJHHOME 57, 108

'—I;'I]Z‘.’JIbTHl'IJlHKaTHBHaﬂ TEOPEeTHKO-4HCN0OBAR — opma 113

~— HeBOTHYyTas cHu3y (cBepxy) 77

-— HOpMHpOBaHHAad orobpaxawouaa 28 Axobn nonuHoMBbl 156, 107
Il. TEMbI

Huxe npusopaTca rpynnel 3a1ad, CBSA3AHHBIX MeXAy cobofl nmo TeMe, no

PaCnoONIOKEHHBIX Pa3pO3HEHHO.

PuMckuMH nm@pamMu yxazasHbl OTHEJE, CHAELYIO-

IIUMH 32 HHMH KHPHBIMM apaGCKHMH — HOMepa 3azjady.

ApudMeTHUECKOR, TEOMETPHYECKOR W rapMmo-
Hrueckoe cpeanne: II 49, 50, 51, . 2;
11T 139—141; V 61

Apudmernueckoe, TIOOMETPHYECKOE H TapMo-

HHUECKOE CDeJHHE AHANHTHYecKHX (yRKUHH
Ha OKDYMHOCTHX M & Kpyrax: 111 118, 119—
122, 306—308, 310; IV 64—G6. (CM. TagKe
«Popmyna Hencenas.}

ACHMITOTHYECKOE [OBECHEHHE CYMM (HHTErpa-

Joe) crenewefi: 11 82, 83, 196—201, 212,
213.
Bepuynineesl wueaa: 1 154, 155; VIII 182,
262,
Beccensnst cdymxkuuu: 1 97, 143; 11 204; IV

73; V 159, 168.
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ko3bOHUIKEATH.,  ACHMITOTH-
Il 40, 51, 58, 180, 206.
VIII, ru. 3,

. Bunomuansuwe
yecKoe NOBefeHHE:
TeopeTHKO-yxuCI0B8BIe CBOHCTBA:

8§ 1-2.

Brinyknoe oro6paxernwe: IIT 108, 110, 111,
318; IV 162, 163.

Tamwma-pyskuusi: § 89, 155; I 31, 35, 42,
65, 66, 117, 143; II[ 151—154, 198, 227, 247;
V 168—170. (CMm. Takxe <«3Ifineposa no-
cToRHHaA» K <«Dopmyaa CTHpAHHTa®.)

FapMmonwueckuft pax: [ 124; II 35, 13, 18;
VIII 250, 251.

3BeanootpasHoe orobpamenme: [I1 109—111,
317; IV 161
MakcuMmanbueif  asen  crenendoro pagad |

117—123; I 14; IV, ro. L: V 176, 180.

Ofseproisaowue psagel: I, ra. 4, § 1; V

72, 13, 163.

MoxasaTeNbHBIH pAax, n0okasaTtenbHas GYHK-
uus H uyucao e: 1 46, 62, 141, 149, 151,
168—172; Il 171, 211, 215; 111 11, 116, 156,
195, 196, 209, 210, 214, 260, 265; IV 1, 2,
13, 27, 188; V 42, 73, 74, 179; VIII 179,
180, 258, 258.

Ilonunomsl penenus kKpyra: VIII 36, 98, 103,
104, 110, 226, 227.

-TTonunoMbl

MPEIMETHLIH YKASATRJbL

191—194,

Jlexxangpa wm gp.: 11
159; VI,

203; TIII 157, 219; V 58, 119, 120,
3% 1, 8—12.

Teopema TI'aycca © HyAAX NOPOU3BONHOR NO-
agnoma: IIT 31—33, 85: V 113, 114, 121,
124, 125—127, 134—136.

Teopema Yesapo o crenenumx psnax: | 85—
97; II 31, 84, 65, 66, 168; IIl 246; IV 67,
70—75; VIII 72, 169—171. i

TeopeMbl O cpemneM 3HAueHHH, OGOGLIEHHS H
aHaqordu: 11 120—122; III 142, 192; V
92—100, 150; VI 59, 109; IX 2, 8.

Popmyna Hencena u ceuzaHHble ¢ HEWO 8a-
Aaud: 1T 52; III 119—-121, 172—178, 230—233,
240, 307; 1V 32, 34.

Popmyna Crupaunra: [ 155, 167; I1 18, 65,
66, 202, 205, 306; I[1 263, 264; IV 50.

QOYHKOHE BHAA j‘ f () cos £ dt: [ 147, I

a
199, 205; V 164, 170—175.
®yukuun touku: III 187, 139—141, 143, 301;
VI 66.
Oyuxuua pacnpenenenus Tayeca: 1 152; 11
40, 58, 59, 190, 200, 201, 212, 217; III 48,
189; IV 76, 189, 191; V 178.

Huppel B cHCTEMATHYECKHX apodax: 1 18,
17; 11 170, 178, 181, 184; VIII 172, 173,
253, 257, 262. :

d#neposa mnocrosigmas: II 18, 32, 42, 46;
VIII 260.
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