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DYNAMICS OF UNIVERSITY STUDENT
PREFERENCES!

Ivan Anié¢, Vladimir Bozin,?
Branko Urogevié®

Abstract. We give review of literature and announce some new results related
to modcling sclection of educational institution (or study program) by prospec-
tive students, in the context of signaling games. There are two types of students
(low and high productivity) and two types of schools (lower and higher quality).
Prospective students select a school basced on the expected market. value of a de-
gree. Although the announced model is quite simple, several interesting equilibria
are possible.

1. Educational signaling games

There is a rich literature on the signaling value of education. In his
seminal papers (Spence 1973, 1974), Spence introduced the concept of educa-
tion as a job market signaling tool. He demonstrated that there is a signaling
value to education cven if education does not enhance productivity. The sig-
naling works well when there is a negative correlation between the cost of
education and worker productivity. In the basic Spence (1973) model, it is
assumed that there are two types of workers, that have either high or low
level of productivity. Employer sets the salary levels based on the education
level achieved. Since the cost of education is smaller for the more productive
workers, there is an incentive for the more productive type to receive higher
level of education, based on the cost-benefit analysis. This provides a sig-
nal to the employer, and there is a feedback loop in which employer learns
about the productivity of workers based on their education level. Employer
adjusts the salary accordingly, which, in cquilibrium, makes students sclect
an appropriate education level, until equilibrium is reached.

"JEL codes: 120, 123, J01; keywords: job market signaling, university selection, en-
rolment dynamics, completion rale.

2Univorsi|.y of Belgrade, I'aculty of Mathematics, Belgrade, Serbia.

3University of Belgrade, Faculty of Ecouomics and National Bank of Serbia, Bel-
grade, Scrbia.
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We announce a new model (cf. Anié¢, Bozin, Urosevi¢, 2011) in which
we study dynamics of enrollment decisions of prospective students. In our
model there are two types of students, those with high productivity and those
with low productivity. There are, also, two types of universities (schools or
programs), one that has higher educational standards and is, therefore, more
difficult to complete and another with lower educational standards that is
easier to complete. More productive students are more likely to complete
either school than are the less productive ones. As it is customary in signal-
ing games, the market cannot dircctly assess the quality of an individual.
Instead, it attaches value to a particular university degree. As a result, ev-
eryone that has graduated from a particular school at a particular year is
treated identically by the market. Importantly, market sets the salary levels
based on the expected productivity of graduates, i.e. based on the respective
alumnae populations of the two schools. These expectations are updated in
cach period (generation of students) and, thus, depend on the relative num-
bers of those of high and low productivity that had completed each of the
schools up to that point in time. We find that schools that have a better way
to distinguish between high and low productivity students are schools that
have a competitive edge in the long run. In this model multiple long run
equilibria are possible. It is possible that either of the two schools loses all of
their students and, thus, ceases to exist. Under certain conditions a unique
separating long run equilibrium exists in which morc productive students
enroll into more challenging university while less productive students enroll
into less challenging university.® Such equilibrium would be preferred by the
aggregate employer since they would, after sufficient number of generations,
know with certainty the type of students that enroll in each university and
would set the initial salaries accordingly. Finally, undecr certain conditions
a long-run equilibrium cxist in which high productivity students enroll in
the more challenging university while low productivity students alternate
enrollment in two universities indefinitely.

Like in Spence (1973) in our model there arc two types of students.
Unlike that paper, which is static, our model focuses on student enrollment
dynamics.

Subsequent work has extended the basic Spence model along several
dimensions (see, e.g., a comprehensive survey by Riley (2001)). Signaling
plays a role in situations when agents have asymmetric information. For in-

While in the short run it may be possible to have the situation in which all low
productivity students enroll into more challenging school while high productivity students
enroll into less challenging school, such state cannot be sustainable in the long run.
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stance, in the Spence’s basic model, employer does not know the productivity
level of a worker, and has to infer it indirectly, while workers do know their
productivity level, and education level serves as a signaling message from
workers to cmployers. In this way, the informed agent may have incentive
to send messages (signals) that reveal some of his private characteristics to
the uninformed party. Such signaling games can and often do have multiple
equilibria. In our model, several equilibria are observed as well.”

Following Spence (1973) we assumme that productivity of students is
unaffected by educational choices. Many important papers make the same
assumption. Weiss (1983) shows that if worker type scparation is achieved
already at the beginning of study, then workers may be offered jobs be-
fore they complete their course of studies. Swinkels (1999) proposes a model
where workers may complete just part of their studics. Similar investigations
have been done in Noldeke and Van Damme (1990). In all of these models,
students are assumed to be able to complete their studies with certainty,
although with different costs. In our model, we assume, instead, that stu-
dents complete a study program (obtain a university degree) only with some
probability. The probability of completion depends on student productivity
type and the difficulty of the program in which they enrolled. This makes
the signal (i.e. the university diploma) available only after the full course of
study.

Alos-Ferrer et al (2008) rclax the assumption that worker output and
productivity do not depend on the level of education achieved. Instead, the
authors assume that productivity is subject to randomness or noise. The
effect of noise in signaling was also studied in paper by Feltovich et al (2002).
In our robustness analysis we also consider the extended model with signal
noise.

Jovanovice (1979) shows that wage dynamics can depend on employer
learning, after a worker has started her job. Thus, on-the-job training in
effect limits the predictive value of education level for worker wages to just
a tfew years after the initial employment (see, also, Farber and Gibbons
(1996)).% In contrast to some of these papers, our paper focuses, solely, on
the job market for new graduates. In our model, the initial salary offered
corresponds to the observed productivity of workers graduating from the

PA way to eliminate unintuitive equilibria by restricting certain out-of-cquilibrium
beliefs was proposed in Cho and Kreps (1987), based on work of Riley (1979). Restrictions
on equilibria have also been studied in the Banks and Sobel (1987) paper.

°In the models of wage dynamics, wages correspond to the expected worker produc-
tivity.
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same University over a period of time.

While employers set wages, prospective students select the quality of
their cducation. The student decision in the basic Spence’s modcl is informed
by the cost-benefit analysis. Other factors have also been considered in the
literature, like social status (see, e.g., Akerlof (1997)). Like in Spence (1973),
in our papcr students also use their expected wages as a utility function. In
contrast to that model, in our paper not all of the students that enroll into a
program actually complete it. Probability of completing the program, there-
fore, substantially influences the students’ decision-making process. 1t is well
known that enrollment decisions of students can exhibit certain cyclicality
over time (see Dellas and Sakellaris (2003)). In their model, countercyclical
behavior of enrollment rates is due to cyclical movements in the economic
determinants of the cnrollment decisions, i.e. due to business cycles. Their
paper also presents empirical evidence of the cyclicality of university en-
rollment. This cyclical nature of student enrollment decisions has also been
observed in our paper. In contrast to that papcer, however, in our model
cyclicality can emerge solcly from the feedback of the past generations’ en-
rollment decisions and the market value of university degree, independently
of any business cycle considerations.

One of the key assumptions in our model that drives a wedge with the
Spence’s and other models in this literature is that we introduce uncertainty
that a given student will complete a program she enrolled in. It is well
known that rates of completion of students vary across countrics, schools
and programs (for empirical evidence see OECD (2007, 2010)) and Long
et al (2006)). In our paper the rates of completion dramatically affect the
dynamics of student enrollment decisions.

We contribute to the literature on job market signaling value of cdu-
cation in several ways. First, we introduce a modecl where education costs
are 110t given explicitly, but are embedded in program completion rates. The
signal is defined not as level of cducation attained, but, rather, as a com-
pletion of a particular program of study. The value ol a particular degree is
endogenous in the model and changes dynamically over time. This is con-
sistent with the anecdotal evidence that market perception of a particular
school evolves in a course of time.

We show that the signaling value of education lies in the level of dis-
tinction that each program make hetween the two types of students rather
than in somc absolute measure of difficulty of a program. The level of dis-
tinction is controlled by school policies, via differential in completion rates
for different types of students. Schools that better differentiate between high
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productivity and low productivity students become more attractive to the
high productivity students, and incrcase the market value of their degrees.
This, in turn, may eventually attract, also, lower productivity students. As
the number of low productivity students at a school increases, the market
value of the degree is reduced. In this way, cyclicality of enrollment may be
obtained.

We also study dynamics of feedback loop that makes students adjust
their educational choices, and employers adjust salary levels offered to newly
minted graduates. Factors that influence the enrollment dynamics are exam-
ined in detail. In the basic model we find four possible long run equilibria.
The conditions for each of these cases to occur are analyzed, as well as the
sensitivity of the results to the initial conditions.

Finally, we show that the qualitative features of the basic model are
rather robust. We show that the key features of enrollment dynamics are ad-
equately captured by the basic model, and are preserved when we relax some
of these assumptions making the model more realistic. Change in assump-
tions considered include: introduction of weights in employers’ assessment,
of worker’s productivity skewed towards more recent graduates, and intro-
duction of uncertainty in students’ assessment of the future salary. Neither
change seems to qualitatively alter the results.
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PARCIJALNE DIFERENCIJALNE JEDNACINE U
KONTINUUM TEORIJI KRIVOLINIJSKIH
DISLOKACIJA

Milan Cajié!

Apstrakt. U radu ¢e biti prikazana primena parcijalnih diferencijalnih jednaéina
u kontinuum teoriji krivolinijskih dislokacija. Ovde prikazana teorija je samoodr-
Ziva i oslanja se na gustinu dislokacija kao osnovni parametar za opisivanje defekta
u kristalnim materijalima. Prikazane su kinematicke evolucijske jednacine u ko-
jima je gustina dislokacija u skalarnom obliku za slucaj jedne ravni klizanja. U
drugom delu rada prikazani su rezultat numericke simulacije primenom metode
konacnih elemenata i izvodenje slabe forme parcijalnib diferencijalnih jednacina,
uz definisanc grani¢ne i pocetne uslove. Rezultat ¢e biti prikazan na konfigura-
cionom modclu cilindra.

Uvod

Kristalna struktura kao karakteristika évrstih tela podrazumeva da su
atomi ili atomske grupc od kojih je telo sastavljeno rasporedeni u pravil-
noj strukturi u prostoru. Ipak i takva jedna pravilna struktura kristala nije
idealna, pa moze biti narusena odredenim ncepravilnostima, koje nazivamo
nesavrsenostima kristalne resetke. Prema geometriji i obliku razlikuju se tri
tipa nesavrdenosti: tackaste, linijske 1 povrsinske. Dislokacije, o kojima ée biti
viSe reci u ovom radu, spadaju u linijske nesavrscnosti. Taj vid nesavrscnosti
kristalne reSetke nastaje usled raznih uticaja na samo évrsto telo, kao §to
su deformacije kristala pod uticajem spoljasnih sila, termicka obrada, kon-
denzacija vakansija 1 dr. Razlikujemo dva osnovna tipa dislokacija — iviéne i
zavojne. Takode je vazno napomenuti Burgersov vektor b, koji sluzi za opis
veliéine 1 smera dislokacija u kristalnoj reSetki.

Prvi pomen dislokacija potite iz zapazanja [1], [2] do kojih je doslo u
XIX veku - da plasticna dcformacija nastaje u ravni klizanja, gde se jedan
deo uzorka smice u odnosu na drugi. Kada se saznalo za kristalnu strukturu

"Matematicki institut SANU, Knez Mihajlova 36, Beograd.
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metala, dokazalo se da je takvo zapazanje imalo smisla jer bi takvo klizanje,
u stvari, predstavljalo smicanje jednog dela kristala u odnosu na drugi.

Kao osnivaci kontinuum teorije dislokacija, nastale pedesetih godina
XX veka, smatraju se Krener (Kroner) [3], Ni (Nye) (4], Bilbi (Bilby and
co-workers) [5] i Kondo (Kondo) [6]. Njihova teorija se zasnivala na ta-
kozvanom Krener--Niovom tenzoru dislokacija (tzv. klasiéni tenzor gustine
dislokacija). Bilo je, medutim, otigledno da bi se usrednjavanjem po nekoj
maloj zapremini stanje defekta u kristalu moglo samo delimiéno opisati.
Tako se klasi¢ni tenzor gustine dislokacija mo7e koristiti samo u specijalnim
sluc¢ajevima gde dislokacije formiraju glatke snopove paralelnih linija iste ori-
jentacije (kao §to su uradili u svojim radovima Acharya [7], [8], [9] 1 Sedlacek
[10]). Drugaciji pristup moze se nadi u radovima Kosevich-a [11] i, sli¢no, u
radovima El-Azab-a [12]. Njihov pristup sc zasniva na merenju gustine dis-
lokacija u uslovima visih dimenzija. Prvi je definisao gustinu dislokacija u
prostoru koji ukljutuje parametre $to karakterisu orijentaciju linije kao neza-
visne promenljive, a drugi je upotrebio metode statisticke mchanike na sis-
teme krivolinijskih dislokacionih linija koje cvoluiraju u visim dimenzionim
prostorima. Prema posmatranjima u [13], ta dva sistema nisu sposobna da ra-
zlikuju distribuciju kruznih dislokacionili petlji (u razmatranju tih pojava se
umesto proizvoljne krive dislokacione linijc uzima kruzna petlja) od distribu-
cije proizvoljno orijentisanih pravih linija u ravni sa istim Burgersovim vek-
torom. U nekim opstijim slucajevima, medutim, koris¢enje klasi¢cnog tenzora
gustine dislokacija u teoriji kristalne plasténosti i kod evolucijskih jednacina
gustine dislokacija u skalarnom obliku, takozvanih statisticki uskladiStenih
(SSD) i geometrijski neophodnih dislokacija (GND), dovodi do nezatvorenih
formulacija, koje moraju biti premoséene uvodenjem fenomenoloskih pret-
postavki.

Nedavno je Hochrainer [14] razvio tzv. produZenu kontinuum teoriju
(Extended Continuum Theory — ECT), koja je primenjiva na mnogo opstije
dislokacione konfiguracije. U toj teoriji postavljene su matematicke osnove za
prenos metoda statisticke mehanike na trodimenzionalni slucaj krivolinijskih
dislokacija. Za kompletno izvodenje teorije pogledati refercunce [14] 1 [15].

Matematicki opis linijskog karaktera dislokacija

Glavna idcja produZene kontinuum teorije jeste razlikovanje dislokacija.
prema orijentaciji njihovih linija [16]. To se moze postié¢i takozvanim podiza-
njem krive linije (kruzne petlje) iz ravni u konfiguracioni prostor gde sc svaka
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tacka u ravni r € [ X R preslikava u tacku (r.¢) € R x R x S; S oznacava
konfiguracioni prostor orijentacije linije S = [0...2x). ,Podizanjem* linije u
konfiguracioni prostor nastajc linija helikoidnog oblika (videti sliku 1). Ori-
jentacija ¢ predstavlja ugao izmedu vektora tangente na liniju i Burgersovog
vcktora. Dodatni prostor zahteva uvodenje pojma generalisanog pravca lin-
ije, koji oznacava pravac i1 simer linije duz uzdignute linije 1 pojma general-
isane brzine:

Liyp) = cos 081 + sit oy + bl = [+ ki 1)
V("“ﬁf?) = €1 + vofy + 90_;9 (2)

Vektor generalisane brzine je normalan na vektor generalisanog pravea linije.

Slika 1 — Kruzna dislokaciona petlja u ravni (levo) 1 u konfiguracionom pros-
toru (desno)

U datim jednacinama I predstavlja vcktor orijentacije linije u ravni
(tangenta na krivu liniju), ¢ je brzina u ravni koja je normalna na vektor
orijentacije linije, dok je & mera zakrivljenosti linije i jednaka je recipro¢no]
vrednosti poluprec¢nika krivine — & = 1/R. Treéa komponenta u (2) je od
ugaone brzine 6, koja sc javlja usled kretanja dislokacionih segmenata.

=1L (W)
U daljem tekstu oznaka \Y predstavljace poljc divergencije u konfigu-

racionom prostorit — DIV, dok ¢ée oznaka V oznacavati divergenciju u ravni
- div, pa ¢e slediti

. - o T I T
G (0 0 9N g_ (8 9N
Dxq’ Oxo’ Oy Oxy Oxo
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Evolucijske jednacine za slucaj jedne ravni klizanja

Oznakama koje smo upoznali u prethodnom poglavlju mozemo da for-
muliSemo ,tenzor gustine dislokacija drugog reda® !t kao

II
X(r.0) - =
ot Py Loy @ b

e I _ r N
A (k(rw) — p(’l.‘p) ]‘—j(T'}(p) e b:

gde ¢ oznacava spoljasnji tenzorski proizvod, gje Burgersov vektor, a p,. )
oznacCava skalarnu gustinu i usrednjena jc vrednost, po nekoj maloj zaprem-
ini, nad dislokcionim linijama iste orijentacijc . Bexz gubljenja opStosti pret-
postavljava sc da je Burgersov vektor konstantan — b = (by,0). U slucaju
jedne ravni klizanja evolucijska jednacina za o'l moze biti zamenjena dvema.
evolucijskim jednacinama za skalarnu gustinu dislokacija p(. ) 1 srednju

vrednost krivine k. a koje su kinematicki zatvorene® i imaju sledeéi oblik:

@ = —D[V@‘?) +wvp = —div(p?) + 3906) + puk (3)
ot O
% = —uk? + Viu — Vy (k). (4)

U ovim jedna¢inama je indeks (7, @) ispusten zbog pojedunostavljenja
jednacina. U ovde ispisanim evolucijskim jednacinama svaki od ¢lanova je-
dnatine ima fizi¢ko znacenje. Tako u jednaéini (3) prva dva sabirka predsta-
vljaju transport gustine dislokacija u konfiguracionom prostoru, dok posled-
nji sabirak oznacava porast gustine dislokacija zavisno od ekspanzije kruzne
petlje. Promena krivine usled ckspanzije je sadrzana u prvom ¢lanu jednacine
(4), drugi ¢lan iste jednacine oznacava promenu krivine k usled rotacije, dok
zadnji ¢lan predstavlja promenu krivine k£ u generalisanom pravcu kretanja.

U daljem tekstu umesto evolucijske jednacine (4) za k koristice se
evolucijska jednacina proizvoda pk, gde je n ;= pk (videti [17]), 1 to u sledeéoj
formi:

on
ot

= —DIV(nV) + DIV (p0L.). (5)

2 - - ey - . . . .
“kada se kaze kincmaticki zatvorene, onda s¢ pretpostavija da je brzina kretanja
dislokacija data vrednost, tj. da brzina nije data u funkeiji lokalnih napona.
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Evolucijske jednac¢ine u slaboj formi

Za izvodenje slabe forme koja se u koristi u MKE, potrebno je prefor-
mulisati evolucijske jednadine (koje imaju oblik parcijalnih diferencijalnih
jednacina) svodenjem na jednu jednacinu [18]. To se u ovom slucaju radi
uvodenjem novih oznaka: F , w1 0 koje zamenjuju ¢lanove u jednacinama
(3) 1 (5) na sledeci nacin

—p

F = (p, n)
— —
. [ pV o pur pup pf . [ DIV(pV)
7= nvVT | ( nyy nuy nd ) = DIVo = DIV(nV’) ’

. puk n 90
U = ~ - = >,
Vi(pdL) Vpl6 +n—
g
Konag¢no, nakon sredivanja levih i desnih strana jednacina (3) i (5)
dobija se kompaktna forma jednacine:

OF
Ot

= — DIV +1i. (6)

Za kona¢no dobijanje slabe forme potrebno je da se kompaktna forma
jednacine integrali po zapremini. U ovom slu¢aju to je zapremina cilindra koji
predstavija konfiguracioni prostor za koji s¢ posmatra promena gustine dis-
lokacije (duzina dislokacionih linija po jedinici zapremine) tokom vremena,
a po zakonu koji sc opisuje evolucijskim jednacinama (3) 1 (5). Zapremina
cilindra bide oznacena V povrsina OV i normala na povrs N.U izvodenju
je potrebna i tezinska funkujd 7= (11192 ) pa se nakon integraljenja dobija

%f 7V = DIV (&) - 7dV + / - idV .

1% 1%

Nakon §to se primeni teorema o divergenciji i Grinova formula za speci-
jalan slucaj grani¢énih uslova - brzina Sirenja dislokacija v na grani¢noj povrsi
8173; jednaka je nuli, dobija se slaba forma evolucijskih jednaéina u konaénom
obliku:

oF . L ' .
/E-ﬁdV:/&-VﬁdV+/7H-77dV. (7)

~ ~

|4 V Vv
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Numericka simulacija metodom konacnih elemenata

Da bi se simulirala dislokaciona konfiguracija opisana evolucijskim
jednacinama (3) i (5), to jest, slabom formom tih jednacina (7). potrebno je
najpre definisati dimenzije domena (u ovom slucaju cilindra). Diskretizacija
domena vrii se tetraedralnim kona¢nim elementima (slika 2). Za odredivanje
vremenskog koraka koriséena je implicitna BDF (backward differentiation
formulas) metoda. Definisani vremenski korak je At = 0,01s, a vreme sim-
ulacije je t = 2s. Brzina dislokacije zadaje se u poc¢etnom trenutku i definise
se njeno opadanje do trenutka kada dostigne nulu na granici cilindra. Nakon
implementiranja slabe forme jednac¢ine (7) u na§ kod i zadavanja pocetnih
uslova za gustinu dislokacija pg = 1 1 ng = 10. startuje se simulacija. Kao
rezultat posmatra se parametar gustine dislokacija.

Time=2 Slice: rho Max 29.54

25

10

0
Min: -0.759

Slika 2 - Diskretizaciona mreza (levo) i rezultat numecricke simulacije (desno); na
skali je prikazana gustina dislokacija n nijansama boja od najmanje do
najveée gustine

Zakljucak

Poznato je da se parcijalne diferencijalne jednacine koriste za matema-
ticki opis mnogih fizickih fenomena. U ovom radu takav oblik matemati¢kog
zapisivanja igkori§éen je u vidu evolucijskih jednacina za opisivanje ekspanz-
ije kruznih petlji koje fizicki predstavljaju dislokacione krive linije, to jest
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same dislokacije u kristalnim materijalima. Ovde je prikazan samo slucaj
kada se posmatra jedna ravan klizanja u kristalu, dok se za slucaj vise ravni
koristi dodatni matematicki aparat. Cilj numericke simulacije jeste da se
pokaze da tzv. produzena teorija kontinuuma moze ispravno da predvidi
ekspanziju kruznih petlji, $to je dobijanjem helikoidnog oblika u datoj sim-
ulaciji 1 dokazano. Da bi sc uspostavila veza izmedu brzine dislokacija i
lokalnih napona, potrebno je uvesti konstitutivne jednacine. Takav sluéa]
nije obradivan u ovom saopstenju i moze se pronadi u radovima navedenim
u literaturi.

Mikroskala na kojoj se nalaze i same dislokacije se u pogledu pla-
sti¢nosti matcrijala razlikuje od makroskale, pa se raznim fenomenologkim
pretpostavkama pokudava pronaéi nacin opisivanja ove pojave na nizim ska-
lama, dok se interakcija mnogo Cestica (makromolekula ili samih dislokacija)
pokusava opisati metodama statisticke mehanike. Nau¢na oblast koja se bavi
takvim fizickim fenomenima naziva se kristalna plasti¢nost.

Zahvalnost. Zahvalnost za pruzenu moguénost da izlozim svoj rad
dugujemn Matematickom fakultetu u Beogradu. Takode zahvaljujem prof.
Katici Hedrih, Matematickom institutu SANU 1 Ministarstvu nauke Repub-
like Srbije za pruZenu pomo¢ u okviru projckta OI174001. IzloZeni rezul-
tati uradeni su u okviru IAESTE programa studentskih praksi, na Institutu
za tehni¢ku mehaniku, na katedri za mehaniku kontinuuma Univerziteta
Karlsrue u Nemackoj. Zahvaljujem 1 asistentu Stefanu Vulfinghofu (Stephan
Wulfinghoff) i profesoru Tomasu Belkeu (Thomas Bohlke), sa istoimenog
univerziteta, na bezrezervnoj pozdrsci koju su mi pruzili tokom moje prakse
u Nemackoj.
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TEACHING LINEAR ALGEBRA USING A
COMBINATORIAL APPROACH

Drago§ Cvetkovié!

Abstract. A combinatorial approach to matrix theory has been used in the
books [2], [5]. We present some specially devised slides which support teaching
linear algebra in this way. Scveral conunents on teaching and development of the
field are included.

Sadrzaj. [zlazu se osnovie ideje zasnivanja teorije matrica kombinatornim sred-
stvima, tj. sredstvima teorije grafova. Takav pristup je primenjen u knjigama:
Brualdi R.A., Cvetkovi¢ D.; A Combinatorial Approach to Matrix Theory and
Its Applications, CRC Press, Boca Raton, 2008, i

Cvetkovié D., Kombinatorna teorija matrica sa primenama u elektrotehnici,
hemiji i fizici, Nauéna knjiga, Beograd, 1980; I[ izdanje, 1987; I1I izdanje, Zavod
za udZbenike, Beograd, 2011.

Predstavljaju se specijalno izradjeni slajdovi za visokoSkolsku nastavu linearne
algebre (definicija 1 osobine determinanata, operacije sa matricama, sistemi lin-
earnih algebarskih jednacina i dr.).

Kombinatorno zasnivanje teorije matrica je inspirisano tehnikom grafova toka
signala (signal flow graphs) koja se koristi u clektrotehnici. Grafovski pristup
omogucave, tretiranje Siroke klase problema u linearnoj algebri, pocevsi od na-
jelementarnijih pa sve do slozenih istrazivackih problema.

1. Introduction

Linear algebra today is closely related to graph theory. Graph thecory
(see, for example, [8], [7], [16]) is a part of combinatorics and this explains
the title of the book [2] (A Combinatorial Approach to Matriz Theory and Its
Application) as well the title of this paper. Our introduction to the subject
is a quotation of a part from Preface to the book [2].

?Matrix theory is a fundamental area ol mathemaltics with application
not only to many branches of mathematics but also to science and engi-

"Mathematical Institute of the Serbian Academy of Sciences and Arts, Belgrade,
Serbia; c-mail: ecvetkod@etl.rs
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neering. Its connections to many different branches of mathermatics include:
(1) algebraic structures such as groups, fields and vector spaces, (ii) com-
binatorics including graphs and other discrete structures, and (iii) analysis
including systems of linear differential equations and functions of a matrix
argument.

Generally, elementary (and some advanced) books on matrices ignore
or only touch on the combinatorial or graph-theoretical connections with
matrices. This is unfortunate in that these connections can be used to shed
light on the subject, and to clarify and deepen one’s understanding. In fact,
a matrix and a (weighted) graph can each be regarded as different models
of the same mathematical concept.

Most researchers in matrix theory, and most users of its methods, are
aware of the importance of graphs in linear algebra. This can be scen from
the great number of papers in which graph-theorctic methods for solving
problems in linear algebra are used. Also, electrical engineers apply these
methods in practical work. But, in most instances, the graph is considered as
an auxiliary, but nonetheless very useful, tool for solving important problems.

The present book differs from most other books on matrices in that
the combinatorial, primarily graph-theorctic, tools are put in the forefront
of the development of the theory. Graphs are used to explain and illuminate
basic matrix constructions, formulas, computations, idcas, and results. Such
an approach fosters a better understanding of many ideas of matrix theory
and, in some instances, contributes to casier descriptions of them. The ap-
proach taken in this book should be of interest to mathematicians, electrical
engineers, and other specialists in sciences such as chemistry and physics.

Each of us has written a previous book which is related to the present
book (see [3], [5]):

I. R. A. Brualdi, H. J. Ryser, Combinalorial Matriz Theory, Cam-
bridge University Press, Cambridge, 1991; reprinted 1992.

I1. D. Cvetkovi¢, Combinatorial Matriz Theory, with Applications to
Electrical Engineering, Chemistry and Physics, (in Serbian), Nau-
¢na knjiga, Beograd, 1980; T edition 1987.

This joint book came about as a result of a proposal from the second-
named author (D.C.) to the first-named author (R.A.B.) to join in reworking
and translating (parts of) his book (II). While that book mainly the the-
oretical parts of it—has been used as a guide in preparing this book, the
material has been rewritten in a major way with some new organization and
with substantial new material added throughout.”
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2. Comments

The third edition of the book [5] appears more than thirty years after
the first edition. The book remained cssentially in the same form as before.
The long period between the two editions requires several comments.

For the author, the starting point was his observation in early 1970’s
[4] that the concept of a determinant can be defined by graph theoretical
means.

As explained in concluding remarks to the first edition of [5], the author
found the motivation for writing this book in the following four groups of
papers, from clectrical engineering, mathematics and (:hemistryQ:

"1. Electrical engineers have devcloped a series of methods for solving
the systems of lincar algebraic cquations, which appear in the theory of elec-
trical circuits, in the feedback theory etc. These methods use flow graphs
(C.L. Coates [13], [28], [10]), signal flow graphs (S.J. Mason [67/,/68],[93])
and Chan graphs (S.P. Chan H.N. Mai [11],/9]) and they are described
in Sections 6.2-6.4, respectively. Tt is remarkable that the mentioned graphs
(and especially, Mason’s signal flow graphs) give a better insight into the
physical system under description than the corresponding system of equa-
tions does.

2. There are many mathematical papers in which results from the ma-
trix theory are obtained or proved by graph theorctical means”. The founder
of the modern graph theory, Hungarian mathematician D.Kénig was the first
who used graphical methods in the matrix theory [59/, [60].

3. In the theory of graph spectra (see Sections 7.4, 8.3, 10.2, and refer-
ences [15/, [19], [82], [25]. [26]) and in its applications to chemistry and to
other branches of sciences (12.4, 11.5, 13.1, [2/, [35)), the results of matrix
theory are used for investigations of graphs. Although we have here just an
inverse procedure, compared with that of this book, a great number of re-
sults contributed to realising how, in other direction, graphs can be used in
matrix theory.

4. Some problems in clectrical engineering and in engincering in gen-
eral, lead to the need of considering systems of equations whose matrix is
sparse and entries arc given numerically. Special methods of trcating such
matrices use graph theoretical means to a great extent (85, [86], [89]. Some

*English translation; references, given in this quotation in italic and only a few
included into the actual list of references, and section numbers refer o {5].

3'[\Tc‘)\w'eaud'agfgz we can say that these papers belong to combinatorial matriz theory and
that was not clear to the author when preparing the book [5].
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of these techniques are shortly described in Chapter 9.

A synthesis of ideas from these four groups of papers led to this book.”

A combinatorial proof of the Cayley-Hamilton theorem appeared be-
tween the first and the second cdition (see [15]. [17], [14]). The proof has
been included into the sccond edition what is in accordance with the spirit
of the book.

Distinguished American mathematicians R.A. Brualdi (onc of the edi-
tors-in-chief of the international journal Linear Algebra and Its Applications)
and H.J. Ryser published in 1991 the book ”Combinatorial matrix theory”
(see [3]).

As already said, R. Brualdi (University of Wisconsin, Madison, USA)
and this author have published the book [2] based on previous books. *

3. Teaching experience

Together with some colleagues from the Faculty of Electrical Engi-
necring, University of Belgrade, Belgrade, Serbia, the author was using the
combinatorial approach in teaching determinants and systems of linear al-
gebraic equations for decades since late 1970’s. The author considers this
approach as appropriate especially at electrical and other engineering de-
partments since there signal flow graphs appcar in teaching control theory
and the theory of electrical circuits (sec, for example, [9]).

The book [7] (Matematika I - Algebra), together with several other its
editions, has been used by first year students at the Faculty ol Electrical
Engineering, Belgrade, since 1990. The graph theoretical definition of the
determinant and the Coates formula for solving systems of linear algebraic
equations are included. Theorems describing properties of determinants are
given with two proofs each: one is based on the classical definition of the
determinant while the other uses the graph theorctical definition. In most
cases the latter proof are shorter and more transparent.

After the book [2] has been published some courses, based on this
book, for doctoral students have been organized in several countries (e.g. in

‘So far, the following reviews of the book [2] have been published: Béna M.,
Newsletter, ACM SIGACT News, 11(2010), no. 2, 19-22; Bumcrot R.J., MR 2009k: 05002;
Driessche P. van den, Lincar Algebra Appl., 430(2009), 2501-2502; Fonseca C.M. da, Zbl.
1155.15003, 2010; Gutman I., MATCH, 61(2009), 819-820; Gutman [., Kovacevié-Vujcié
V., YUJOR, 18(2008), no. 2, 273-274; Solomon A., Contemporary Physics, 30(2009), No.
3, 483.
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Belgrade and Novi Sad in Serbia, in Koper in Slovenia, in Rio de Janeiro in
Brazil).

The authors of [2] have produced some slides to support teaching ma-
trix theory with a combinatorial approach, in particular, in the way described
in the book [2]

Brualdi R.A., Cvetkovi¢ D., 4 Combinatorial Approach to Matriz The-
ory and Its Application, CRC Press, Boca Raton, 2008.

Slides arc contained in ten PDF-files. Each [ile is devoted to a theme
described in the book [2]. Selected themes do not cover the whole book; we
have taken only those subjects which require extensive graph drawings in
teaching. The idea is that a teacher of a course in matrix theory can se-
lect some of our slides and combine them with his/her own slides or other
tools (board, oral explanations, ete.). It is also recommended that the stu-
dents, after hearing the teacher’s introduction, study the slides on their own
computers.

Themes: 1. Product of matrices, 2. Powers of matrices, 3. Determi-
nants, 4. Inverses, 5. Coates formula, 6. Signal flow graphs, 7. Cayley-Hamilton
theorem, 8. Jordan canonical form, 9. Non-negative matrices, 10. Control
theory.

Therc is also a Serbian version for the subject 3. Determinants.

The slides are produced in Mathematical Institute of the Serbian Aca-
demy of Sciences and Arts, Belgrade, Serbia, within the scientific project
?Graph Theory and Mathematical Programming with Applications to Chem-
istry and Engineering”. The slides are distributed free of charge and can be
downloaded from web sites of the book publisher and of the Mathematical
Institute, Belgrade

http://www.mi.sanu.ac.rs/projects/results144015. htm#monographs.

We are obliged to Vladimir Balti¢, University of Belgrade, Faculty
of Organizational Sciences, for his exccllent work on implementation of the
slides. He was using LATEX and the package WinGCLC for drawing graphs,
which was developed by Predrag Janici¢, University of Belgrade, Mathemat-
ical Faculty, http://www.matf.bg.ac.yu/janicic/gels/index. htnl.

4. Some characteristic details

The book [5] in its third edition is accompanied with a compact disc
containing the described slides together with hints for teachers and students.
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CD also contains all the pictures from the book in an electronic form. Finally,
CD contains a scan of the second edition of the book.

Here we reproduce a few characteristic features from the book relying
on the suggestive effect of graph pictures and indicating only briefly the
subject. For a detailed explanation the reader should consult [5] or [2].

Fig. 1 first gives the Konig digraph G1 of a 2 x 3 matrix and the Konig
digraph Go of a 3 x 3 matrix. Further we find the composition and the

product of these digraphs with an indication how the product of matrices is
constructed.

o

Figure 1 — Konig digraphs for a matrix product

The multiple composition of a Konig digraph with itself in Fig. 2 ver-
ifies the formula
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Figurc 2 = Dectermining the k-th power of a 2 x 2 matrix

The determinant of a square matrix A of order n is defined by the
formula

det A;= (—1)" Y (=1 C(F),

FeF
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where summation goes over certain subgraphs F'oof the digraph G4, with
p(F') being the number of cycles in F' and C'(F) the weight of F.

(o

Ey

Figure 3 - Calculating a determinant of order 3

Fig. 3 clearly indicates the usual terms in the development of a de-
terminant of order 3 while Fig. 4 visualizes the property of determinants to
change sign when changing the order of two rows.
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Figure 4 — Explanation of the fact that a determinant changes its sign

when
replacing two rows

The Coates digraph of the system

ap Ty +oaipxy o 013Ty = by,
2212 +oaqrs =
a3 +  agywy = bs,
aqots  +  G43T3y +  aqqrg =0,
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is given in Fig. 5

(11 i

RECE! g
Figure 5 — Coates digraph of a 4 x 4 system of lincar algebraic equations

with relevant subgraphs in the next two figures.
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Figure 7 — Subgraphs determining the numerator of the solution

According to the Coates formula we have

T3 =
baajanagy — byariagoans — b1a310220.4 + b1a31a24049

11022033044 — 12024043031 + 013031242024 — G ] A33Q42 024 — Q292044013031
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p-ADICNI BROJEVI, ULTRAMETRICKA ANALIZA I
PRIMENE

Branko Dragovié!

1. Uvod

Kao sredstvo za resavanje Diofantovih jednacina, a po analogiji s mero-
morfnim funkcijama, p-adi¢ne brojeve je uveo Kurt Hensel (1861-1941) 1897.
godine. U danadnje doba se uvodenje polja p-adicénih brojeva @Q,, obicno pos-
matra kroz kompletiranje polja racionalnih brojeva @ u odnosu na p-adi¢no
rastojanje indukovano p-adi¢nom normom. Na taj naéin polje QQ je gusto ne
samo u odnosu na polje realnih brojeva R ve¢ i u odnosu na sva polja Q,,
gde je p bilo koji prost broj (o p-adi¢nim brojevima i odgovarajucoj analizi
videti knjigu [1]).

Rezultati merenja u cksperimentima su racionalni brojevi i klasiéna
analiza sa rcalnim brojevima je veoma pogodna za opisivanje eksperimenata
i za razne druge primene matematike. Sta je, medutim, s primenom p-adiéne
analize? Ovaj rad je uglavnom 1 namenjen odgovoru na postavljeno pitanje.

Za pocetak primene p-adiénih brojeva, i odgovarajuée analize, obiéno
se uzima 1987. godina, kada je uspesno konstruisana amplituda za rase-
janje p-adiénih struna. Od tada su napravljeni razni modeli sa p-adiénim
brojevima (pregled ranijih istrazivanja moze se naci u [2] 1 [3]). Ta oblast
istrazivanja nazvana je p-adiéna matematicka fizeka. Osim $to su objavljeni
mnogi radovi, odrzavaju se medunarodni skupovi iz p-adicne matematicke
fizike, a postoji i interdisciplinarni medunarodni ¢asopis na engleskom jeziku
"p-Adic Numbers, Ultrametric Analysis and Applications”.

2. Merenja, brojevi i njihova primenljivost

Primena matematike je usko povezana s opisivanjem rezultata merenja.
Merenje je poredenje neke nepoznate velicine s odredenom veli¢inom iste

nstitut  za  fiziky, Pregrevica 118, 11080 Zemun, Beograd, Srbija,
http://www.ipb.ac.rs/ dragovich, dragovich@ipb.ac.rs
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vrste. Najprostije merenje je prebrojavanje elemenata nckog konacnog skupa
1 tom prilikom kao rczultat se dobija neki prirodan broj. Merenja mogu
biti direktna ili indirektna. Kada nije re¢ o prebrojavanje objekata, veé
uobicajeno fizicko mercnje, ono se prakti¢no svodi na merenje duzine.

Pri merenju duzine trazi se odgovor na to koliko je puta odredena cuz
sadrzana u zadanoj duzi. U praksi to nije moguce odrediti tacno, veé samo
priblizno. Da bi se §to pribliznije odredila trazena vrednost (), merenja se
ponavljaju i nalazi se sreduja aritmcticka vrednost (xg,.) 1 greska merenja
(Az). Dobijeni rezultat se zapisuje # = x5 £ Axz. Dakle, prava vrednost
duzine 2 je u intervalu (zs — Az, g + Ax), a &g je ncki racionalan broj
(jer ne moze se merenjem dobiti broj koji sadrzi beskonano mnogo ci-
fara razlicitih od nule). Finijim merenjima moze se smanjiti greska Az i
povecati broj sigurnih cifara kod z,.. Treba naglasiti da je proces merenja
u potpunosti u saglasnosti sa svojstvima realnih brojeva, jedino ne moze
kao rezultat da se dobije broj koji sadrzi beskonatno mnogo cifara. Prema
tome, rezultati fizickih merenja su racionalni brojevi ¢ija s¢ metricka svojstva
izrazavaju pomodu standardne apsolutne vrednosti.

Na ostoje dve vrste norme: standardna apsolutna vrednost | -
X0

i p-adiéna norma | - |,. Saglasno teoremi Ostrovskog, na @ nema drugih
netrivijalnih normi. Ove norme indukuju odgovarajuca rastojanja i p-adicéno
rastojanje dy(z,y) = |x — y|p je ultrametricko (ne-Arhimedovo) rastojanje,

tj. zadovoljava jaku nejednakost trougla: d,(x,y) < maz{d,(z,2),dy(z,y)}.
Na primer, p-adi¢no rastojanje izmedu dva ccla broja m,n € Z je dy(m,n) =
| — nl, < 1. Svaki p-adican broj z € Q, moze se jednoznaéno predstaviti
redom

+oc

z :pl}(I) Zf’?-npnr vig) €Z, xn,€{0,1.....p—1},

n=0
koji je konvergentan u odnosu na p-adi¢no rastojanje.
Postoje dva glavna vida p-adi¢ne analize: 1) preslikavanje p-adi¢nih u
p-adicne brojeve i 2) preslikavanje p-adiénih u komplcksne brojeve.
Realni i p-adiéni brojevi se objedinjuju u adele. Adel « je beskonacan
ns:

= (g, g, i3, ... L 0p, ... ), G ER, € Q)

gde oy € Zy, = {x € Q, : |z|, < 1} za sve proste brojeve p sem za njih
kona¢no mnogo. Skup svih adela A moze se predstaviti na sledeéi nacéin:

A=JAP). AP)=Rx[]Q,x []Z.
’]_7

peEP pgP
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gde je P bilo koji konaéan skup prostih brojeva.

Kompleksno-znacne adelicne funkcije daju mogucénost povezivanja
p-adicnog 1 realnog sadrzaja istog objekta. Fvo dva prosta primera, gde su
objekti racionalni brojevi:

7)o, X H |z, =1, x=€QF,
P

XOC('/L') X HX[)(QL') =1 ze€Q,
D

Xoo() = exp(=2miz), xp(x) = exp 2mi{z},.

Posto rezultati merenja nisu p-adiéni brojevi, postavlja se pitanje na
koji nacéin p-adiéni brojevi imogu uéestvovati u opisivanju prirode. Pre odgov-
ora na ovo pitanje, primetimo da ve¢ postoji slu¢aj upotrebe brojeva koji sc
ne dobijaju u direktnim merenjima. To je sluc¢aj s kompleksnim brojevima,
koji su nezaobilazni u kvantnoj teoriji. Naime, talasna funkcija 1 amplituda
prelaza su kompleksne funkcije realnih argumenata i sadrze svu informaciju
o kvantnom sistemu.

Moguéa primena p-adi¢nih brojeva jeste u sistemima cija se unutra-
Snja svojstva mogu predstavitl p-adiénim brojevima. Ta p-adiéna svojstva
nisu direktno fizicki merljiva, ali su svojstvena datom sistemu i odgovaraju
delu realnosti nedostupnom dircktnom posmatranju. Takav slu¢aj je problem
fizike na Plankovoj skali. Naime, saglasno kvantnoj gravitaciji, nemoguce je

. h¢ a5
meriti rastojanja krac¢a od Plankove duzine £p - - - T 1073° 1, jer greska,
C'.
pri merenjima rastojanja ne moze biti manja od ove duzine.

p-Adicni brojevi su takode pogodni za primenu u teoriji informacija
kada prostor informacija ima hijerarhijsku strukturu. Takav je slucaj s pros-
torom kodona u genetskom kodu.

p-Adiéni brojevi mogu sluZiti i za kompletnije opisivanje fizickog sis-
tema, koji se ve¢ opisujc u nekoj meri realnim brojevima. To se onda radi
pomodu adela, pri ¢emu ne moraju da sc ukljuée u opisivanje p-adi¢ni bro-
jevi za sva p, ve¢ za samo njih kona¢no mnogo. To bi bio slu¢aj naruSene
adeli¢ne simetrije (narusavanje simetrija se u fizici ¢esto koristi).

3. Primene u fizici 1 srodnim naukama

Do sada su uglavnom pravljeni matematicki modeli nekih fizickih sis-
tema s p-adi¢nim brojevima u cilju sagledavanja mogucih primena. T1 modeli
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se mogu razvrstati u sledece oblasti istrazivanja:
— p-adi¢na i adeli¢na teorija struna,
— p-adi¢na i adelicna kvantna mehanika i teorija polja,
— p-adi¢na i adelicna gravitacija i kosimologija,
— p-adiéna i adeliéna struktura prostora na PPlankovoj skali,
— p-adiéni 1 adeliéni dinamicki sistemi,
— p-adiéni stohasticki procesi,
— p-adiéni aspekti teorije informacija,
— p-adiéni aspekti genomike i proteomike,
— p-adiéni talasiéi (wavelcts) i
— p-adiéni neuredeni sistemi 1 spinska stakla.
Takode vrie sc istrazivanja p-adiénog i ultrametrickog modeliranja u
obradi slika, lingvistici, sistematici, ekonomiji, finansijama . ..
Kratak pregled navedenih primena p-adiénih brojeva i adela u mate-
maticko] fizici i srodnim naukama moze se nadi u preglednom clanku [4].

3.1. p-Adiéne strune

Primena p-adiénih brojeva u fizici zapocela je 1987. godine uvodenjem
p-adiénih struna, i to konstrukcijom odgovarajuéih amplituda za njihovo
rasejanje. To je bilo uradeno po analogiji sa obi¢nim strunama. Za rasejanje
otvorenih obiénih struna simetriéna Veneziano amplituda sc zadaje na slededi

nacin:
: ; 5 C(1—a)(1—=0b)C(l—2c)
Ase(a,b) = g2 / 29— 2P dor = g2 ‘Q( ,
S S = = Cla) b)) Cle)

gdejea=—-5/2—1,b=—t/2—-1,a=—u/2—1,1a+b+c=1,a0a,b,c € Csu
Mandeclstamove kinematicke promeunljive. U gornjem integralu promenljiva «
ima realne vrednosti i odnosi s¢ na granicu povrdi koju struna opisuje svojim
kretanjemn u prostoru. Funkcija ¢ je Rimann-ova zeta [unkcija.

Analogna Veneziano amplituda za rasejanje dveju otvorenih p-adiénih
struna definisc se istim, po formi, integralnim izrazom

‘ : 2]~ pa.m] 1 — pb—l 1 — pc—l
Ayla,b) = g2 / 24 — 22z = g2 — — -
! b Q b pF Y- p~¢ 1 — p_b I —p=©

T

gde je sada promenljiva z p-adiéno-znacna. Kinematicke promenljive a, b, ¢
ostaju iste kao u realnom slucaju. Posle izracunavanja integrala s p-adi¢nom
merom Haar-a amplituda se izrazava preko clementarnih funkcija.
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Dakle obi¢na i p-adi¢na struna sc razlikuju po povrsi koju opisuju svo-
jim kretanjem: obi¢na struna ima povrs koja se opisuje realnim brojevima,
a povrs kod p-adiéne strune sc opisuje p-adi¢nim brojevima. Ove povrsi su
u oba slucaja nedostupne direktnom posmatranju i merenju.

Nije tesko primetiti da proizvod amplituda za obi¢nu strunu i sve
p-adi¢ne strune jeste ncka konstanta, tj.

Ala,b) = Ax(a.b) HAP(a., b) = g2 qu, = const.
2 P

Na ovaj nacin obi¢ne 1 p-adiéne strune ulaze 1 tcoriju struna ravno-
pravno. Ako postoje obicne strune, tada bi trebalo da postoje 1 p-adiéne
strune. Posto obi¢nim strunama odgovara obi¢na materija, p-adiénim stru-
nama bi trebalo da odgovara neka p-adiéna materija. Moguée je da tamna
materija 1 tamna encrgija, kojih mozda ima i1 oko 96% od ukupne materije
u svemiru, imaju p-adiénu prirodu [5].

3.2. p-Adi¢nost genetskog koda

Druga veoma vaZna primena p-adi¢nih brojeva jeste primena u struk-
turi genetskog koda. Genetski kod je veza izmedu kodona i amino-kiselina,
odnosno to je preslikavanje skupa od 64 kodona na skup od 20 amino-kiselina
1 jednog stop signala. Posto nekim amino-kiselinama odgovara vise kodona,
kaze se da je genetski kod degenerisan (izroden).

Kodoni su sastavljeni od po tri nuklcotida, a nukleotida ima cetiri
tipa: citozin (C), adenin (A), uracil (U) u RNK, timin (T} — u DNK,
guanin (G). Svakom od 64 kodona, pridruzujemo prirodan broj na sledeéi
nac¢in: kodon xoziao = o + 1 O+ 9 52 gde je xp = 1,2,3,4 — cifre koje
se odnose na nukleotide po pravilu: ¢ =1, A =2, T =U = 3, G = 4.
Medu kodonima se posmatra 5-adicno i gatim 2-adi¢no rastojanje. U odnosu
na najmanje 5-adi¢no rastojanjec, koje iznosi 55 kodoni s¢ grupisu u kva-
driplete (po cetiri kodona). Ovi kvadripleti u odnosu na najmanje 2-adié¢no
rastojanje, kojc je X razdvajaju sc u dva dubleta. Kod genctskog koda mi-
tohondrija kicmenjaka, koji moze da se smatra osnovnim genetskim kodom,
nekoj amino-kiselini moze da odgovara jedan, dva ili tri pomenuta dubleta.
Na taj naéin p-adi¢no rastojanjc, izmedu ostalog, prirodno opisuje strukturu
skupa kodona i degenerisanost genetskog koda (za detalje videti [6] i [7]).
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ON MATHEMATICAL METHODS OF MECHANICS
WITH APPLICATIONS (MMMA) OR MECHANICS
BETWEEN TWO FIRES: MATHEMATICS AND
ENGINEERING

Katica R. (Stevanovié) Hedrih'

Abstract. A review in subjective choice of the mathematical methods of me-
chanics with examples of applications for solving problems of mechanical real
system dynamics abstracted to the theoretical models of mechanical discrete or
continuum systems, as well ag hybrid systems, is presented. Paper present serried
of methods and scientific results authored by author’s professors Mitropolyski,
Andjeli¢ and Raskovié, as well as author’s of this paper original scientific research
results in area of Theoretical and Applied Mechanics and Nonlinear Dynamics.
Resulrs in construction of analytical dynamics of hereditary discrete system ob-
tained in collaboration with O. A. Gorosho are presented. Also, some selections
of results author’s postgraduate students and doctorantes in arca of nonlinear
dynamics is presented.
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I. Introduction

Subject of this paper is focused to the mathematical methods on me-
chanics with applications for solving dynamics of model abstraction of real
engineering system dynamics by following contents:

1* Vector method based on the mass moment vectors and vector rota-
tors and their definitions and propertics, visualizations and applications in
rigid body dynamics with coupled rotations around axes without intersec-
tions (see References 1.).

2% Angular velocity of the basic vectors rotation of a tangent space of
the vector positions of material particles of mechanical system dynamics with
geometrical, stationary and rheonomic constraints. Extensions of dimensions
of tangent space of the vector positions of material particles of mechanical
system dynamics from three dimensional real spaces to configuration space
of independent generalized curvilinear coordinate systems. Reductions of
numbers of coordinates and extensions of tangent space of vector passions
(sce References I1.).

3" Asymptotic methods of nonlincar mechanics Krilov-Bogolyubov-
-Mitropolyskiy and applications in nonlinear dynamics of deformable bodies
and dynamics of hybrid systems complex structures. Specially in the paper
we made a comparison betwecn obtained first approximation of the Go-
erge Duffing nonlincar differential equation obtained by Krilov Bobolyubov-
Mitropolyskiy asymptotic method and method of variation constants with
averaged procedure (see References 111).

4* Integro-differential equations and their applications in development
of analytical mechanics of discrete hereditary systems by Gorosko and Hedrih
(Stevanovi¢) (see References 1V.).

5° Differential fractional order equations and theirs applications in
development of analytical dynamics of discrete and continuous fractional
order systems with like single and multi-frequency modes, or fractional order
modes (see References (see References IV.).

6" Discrete continuum method. Main nets, main chains and mail frac-
tional order oscillators with main fractional order modes of plane as well
as space coupled mechanical chains (cases ideal elastic, hereditary and frac-
tional order). Applications in mechanics of continuum (1nodels of longitu-
dinal and transversal oscillations of beams), in biomechanics (mechanical
models of double helix DNA chains), to systems with coupled pendulums,
as well is in signals transfer (scc References 1V).
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7" Lissajous’ curves, orthogonal asynchronous and synchronous oscil-
lations, asynchronization and synchronization of subsystem in hybrid system
dynamics.

8" Tto’s stochastic differential equations and applications to stochastic
oscillations of mechanical systems with hereditary properties.

9* Phase spacc method and its applications to nonlincar dynarmics.
Examples of nonlincar system dynamics and phase trajectories types.

10" Mathematical analogy and phenomenological mapping. Mathe-
matical models in applications to disparate physical models dynamics.
Taking into account that length of this paper is bounded by Editorial propositions

previous listed methods and applications are focused ti the necessary presentations and
explanations of choused examples.

IT. Vector method and applications

Vector method [4], based on mass moment vectors and vector rotators
coupled for pole and oricnted axes, is used for obtaining vector expressions for
kinctic pressures on the shaft bearings of a rigid body dynamics with coupled
rotations around no intersecting axes [16-19]. This method is very effective
and suitable in applications. Mass inertia moment vectors and corresponding
deviational vector components for pole and oriented axis are defined by K.
Hedrih in 1991 [1]. A complete analysis of obtained vector expressions for
derivatives of linear momentum and angular momentum give us a series
of the kinematical vectors rotators around both directions determined by
axes of the rigid body coupled rotations around no intersecting axes[16-19].
These kinematical vectors rotators arc defined for a system with two degrees
of freedom as well as for rheonomic system with two degrees of mobility
and one degree of freedom and coupled rotalions around two coupled no
intersecting axes as well as their angular velocities and intensity.

As an example of defined dynamics [16-19]., we take into consideration
a heavy gyrorotor-disk with one degrce of freedom and coupled rotations
when one component of rotation is programmed by constant angular velocity.
For this system with nonlinear dynamics, scries of graphical presentation of
three parameter transformations in relations with changes of eccentricity and
angle of inclination (skew position) of heavy rigid body- in relation to self
rotation axis are prescnted, as well as in relation with changing orthogonal
distance between no intersecting axes of coupled rotations. Some graphical
visualization of vector rotators properties are presented, too.
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Using K. Hedril’s (See Refs. [1-9]) mass moment vectors and vector ro-
tators, some characteristics members of the vector expressions of derivatives
of linear momentum and angular momentum for the gyro rotor coupled rota-
tions around two no intersecting axes obtain physical and dynamical visible
properties of the complex system dynamics [16-18].

Between them there arc vector terms that present deviational couple
effect containing vector rotators which directions arc same as kinetic pressure
components on corresponding gyro rotor shaft bearings [10-15] and [18-20].

II.1. Mass moment vectors for the axis to the pole

The monograph [4], [IUTAM extended ahstract [1] and monograph
paper [5] contain definitions of three mass moment vectors coupled to a
axis passing through a certain point as a reference pole. Now, we start with
necessary definitions of mass momentum vectors.

Definitions of selected mass moment vectors for the axis and the pole,
which arc used in this paper are:

1" Vector G—;E_,O) of the body mass linear moment for the axis, oriented
by the unit vector 7, through the point — pole O, in the formn:

0) &ef / / / 7, fldm = [, polM,  dm = odV: (1)
v

where p'is the position vector of the elementary body mass particle dm in
point IV, between pole O and mass particle position .

2" Vector jg)) of the body mass inertia moment for the axis, oriented
by the unit vector 77, through the point — pole O, in the form:

it e /// A7, plldm. (2)

For special cases, the details can be seen in [1-9]. Tn the previously cited
references, the spherical and deviational parts of the mass inertia moment
vector and the inertia tensor are analysed. In monograph [4] knowledge about
the change (rate) in time and, the derivatives of the mass moment vectors
of the body mass linear moment, the body mass incrtia moment for the pole
and a corresponding axis for different properties of the body, is shown, on
the basis of results from the first author’s References [6-9).

The relation

—

I =3 + [0, X + (MY, b7, pol] + [ [R. Bl ] M (3)
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is the vector form of the theorem for the relation of material body mass
inertia moment vectors, and , for two parallel wres through two correspond-
ing points, pole and pole (for details detail Refs. [ ] by K. Hedrih). We can see
that all the members in the last expression-relation (3) have the similar struc-
ture. These structures arc: [polfl, 7o ||M, [Fo, [7. pol]M and [po, [T, po]| M.
In the casc when the pole O; is the centre C of the body mass, the
vector 7o (the position vector of the mass centre with respect to the pole
O1) is equal to zero, whereas the vector g turns into per so that the last
expression (3) can be written in the following form:
2(0) C e
3 =39 + (o 7, el (4)
This expression (4) represents the vector form of the theorem of the rate
change of the mass inertia moment vector for the azis and the pole, when the
axis 18 translated from the pole at the mass centre C to the arbitrary point,
pole O.

The Huygens-Steiner theorems (see Refs. [4] and [5]) for the body mass
axial inertia moments, as well as for the mass deviational moments, emerged
from this theorem (4) on the change of the vector 5%0) of the body mass
inertia moment at point O for the axis oriented by the unit vector 7 passing
trough the mass center €', and when the axis is moved by translate to the
other point O.

_ . : =(O : : :
Mass inertia moment vector ‘57(1, ) for the axis to the pole is possible to

- 0 — —_ : (.)
decompose in two parts: first n(n,,j% )) )
normal to the axis. So we can wrile:

. ) . = (O
collinear with axis and second @

37 =i, 35 + B = S5+ B, (5)

e Lo O : .
Collinear component n(n;‘j;f )) to the axis corresponds to the axial
. . @) 2 (O
mass incrtia moment .J é ) of the body. Second component, @7%. )

to the axis, we denote by the ﬁ(ﬁ)

, orthogonal

. and it is possible to obtain by both side
~(O)

double vector products by unit vector 7i with mass moment vector J
the following form:

= (O - X . 20) = - - 2 =0 7 =
B3O = (7,39 n)] =397, 7) — a7, 50 =59 - JEa. (6)

7 7

In case when rigid body is balanced with respect to the axis the mass inertia
<(O)

moment vector J.77 is collinear to the axis and there is no deviational part. In
this case axis of rotation is main axis of body inertia. When axis of rotation
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Is not main axis then mass incrtial moment vector for the axis contains
.. = (0 . . ) i
deviation part @51 ). That is case of rotation unbalanced rotor according to

axis and bodies skew positioned to the axis of rotation.

I1.2. Model of a rigid body coupled multi-rotation around
multi-axes without intersections

Let us to consider rigid body coupled multi-rotations around axes with-
out intersections, first oriented by unit vector 77, with fixed position and

second and next oriented by unit vectors 7i;, 7 = 2,3.... , K, which are ro-
tating around fixed axis as well as around secries of previous axes and with
corresponding angular velocities «; = w7y, J = 1,2,3,... , K. Sce Figure 1.

Axes of rotations are without intersections. Rigid body is positioned on the
moving rotating axis oriented by unit vector nig. Rigid body rotates around
rotating self rotation axis with angular velocity @x = wirg and around
series of the previous axes in order and in whole around fixed axis oriented
by unit vector 7y with angular velocity ) = wqn1. The shortest orthogonal
distances between axes are defined by length O, ()(3+1) =1,2.3,...,K
and each of these is perpendicular to both close axes that each is to the
direction of component angular velocities &; = w;rl; and &4 = W) 17541
These vectors are

, OANG+Y 1o -
o) = FunOun ey = g iy 4] =
Ty Ty
) +1 -
:TO\[ R )H = T0)(j+1) U0(5)(j+1) (7)

J+J)

and it can be seen on Fig. 1.

In the considered rigid body coupled rotations around no intersecting
numerous axes, an elementary mass around point N is denoted as dmn, with
position vector g, and with origin in the point Oy on the movable sclf ro-
tation axis, and with 7 vector positions of the same body elementary mass
with origin in the point Oy, where point (5 is fixed on the axis oriented
by unit 7. Both points are on the ends of the corresponding shortest or-
thogonal distance between two in the neighborhood axes of body coupled
multi-rotations. Position vector of elementary mass with origin in pole Oy
and its velocity are in the following forms:

K-

Z (Tok) (k1) T Togks1).(k41)) + P
k=1
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K1 ] & K
UK = Z Z@‘j,ﬁ)(k),(kﬂ) + To(ks 1), (h41) | T+ de*‘j,ﬁ (8)
k=1 =1 j=1

Figure 1 - Arbitrary position of rigid body multi-coupled rotations around finite
numbers of axes without intersections

For the case of three coupled rotations around three axes without
intersections position vector of elementary mass with origin in pole O7 and
its velocity are in the following forms (sce Iig. 1):

r=To12 + 7022 + 7023 + o and
U= [d1, 7012 + 7’022] + [ + 2, o] + (W1 + Do + W3, ). (9)

I1.2.1. Linear momentum of a rigid body coupled multi-rotations
around axes without intersections

By using basic definition of linear momentum and expression for ve-
locity of clementary body mass (9), we can write linear momentum in the
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following vector form:

k

ZZL{)J[/LJ,TO )(A+])+r0(k¢l)(k+l}ﬂj+z 601\)\ (10)

where é)(f’{) = /// [, pldm, 5 =1,2,3,... K, are corresponding body
)
Vv

mass linear moments of the rigid body for the axes oriented by direction of
component angular velocities of coupled multi-rotations through the mov-
able pole Ok on self rotating axis. First terms in the form of the first sum in
expression (10) presents translation part of lincar momentumn. This part is
equal to zero in case when axes intersect in one point. Second sum in expres-
sion (10) for linear momentum present lincar momentum of pure rotation,
as relative motion around all axes with intersection in the pole Og on self
rotation axis. These K terms are different from zero in all cases.

Example 1. Expresion of llinear momentum of a rigid body coupled
rotations around two no intersecting axcs, we can write in the following form:
- — O _ — N - : O —
R =R+ ALY+ RO = (3 o] M + wi S + w85 (11)
Example 2. Expresion of llinear momentum of a rigid body coupled
rotations around three axcs without intersections, we can write in the fol-
lowing form:

R = w, [7i1, Tora + Foza + Tozs) M + wa[fia, Finas | M +
118 4 5,80 0y 800, (12)

T

I1.2.2. Angular momentum of a rigid body coupled multi-rotations
around axes without intersections

By using basic definition of angular momentum and expression for
velocity of rotation of elementary body mass and its position vector (9), we
can write vector cxpression for angular momentum.

Example 1. Expresion of angular momentum of a rigid body coupled
rotations around two axes without intersection, we can write in the following
form:

— o 9, . = - ) - 2 (O
2(01) = wlnlfr'(z};M + wq lip('j., [Tll, ’I‘(A)]} M + Wi {T‘(), (‘9571 2)} +

+woy {70 é(Oz)} + W 5(702) + w 5( ) (13)
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Example 2. Expresion of angular momentum of a rigid body cou-
pled rotations around three axes without intersections, we can write in the
following form:

f‘,(o]) = w1 [’F’()S,é/(_.()]’ 2 2)} + w) [7’0376(—»?2 )} + w {TOVG.(“OZ 3)] +
} +w

()3) ~(O: )

3w 5o, 80+ (19)

1 i
+w2[_'c,é(oz_3)} + w) {77“()3,6803)} + wy {T—"OB,@’&O )} + Wy [?“Od, 6< }

11.2.3. Derivative of linear momentum and angular momentum of
rigid body coupled rotations around two axes without
intersection

Example 1. By using cxpressions for linear momentum (13), the
derivative of linear momentum of rigid body coupled rotations around two
axes without intersection, we can write the following vector expression:

dv" . . o o L
Pl [y, 70] M + wf [71,1, [nl,-rOHM + wy 6%?2) 4+ w% {nl’ 6,%?2)} T
+w 265@ 2) wi [ﬁz 67(—32)} + 2wiwo {I_L'l , 657(2)“))} . (15)

After analysis structure of lincar momentum derivative terms, we can
see that therc is possibility to introduce pure kinematic vectors, depending
on component angular velocities and component angular accelerations of
component coupled rotations, that arc useful to express derivatives of linear
moment in following form

1R %o &
(?l? = oy | [, 7ol [ M + R [ 67,

‘ + 2wiwy [nl, 65-,22)} .
(16)

We can see that in previous vector expression (16), for derivative of
linear momentum, are introduced the following three vector rotators:

Ro1 = witlpr + wivor, Rop = wy {m, . } —Hdl {m {”1, —H )

T 0
_'(_’O'z) é(_.OQ)
011 = W1l 10011, 011 = W — ot~ Wi |7i1, — .
R G ilgr + wiD R w L Wi |7 x 17
6(02) G(OQ)I
7_1'1 'FI
50 &0
Rooo = Wiilge + wWitooe, Rozy = Wo—o— + Wi |Tig, — 2
‘ (O))} ‘6(02)’
700 Tio
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Also, we can see that in vector cxpression for derivative of angular
momentum appear the following vector rotators: 9%1 = Wi + w 1?L and
Ro = wiily + wl Uy expressed by following expressions:

5(02) 5002
m - —;((1)2) + w], 7717 —»((52) = Wil + (’V‘l U],
|®ﬁ'| L Dfil
502 C 5O
v ﬁf' 2 — 175 . — i ‘2 —
Ry = ﬁ((jQ) + w3 |7ig, _,((2)2) = wotlly + w5, (18)
‘Qﬁg ‘ 5 ‘ZD‘TTQ

Example 2. By using expressions for linear momentum the deriva-
tive of linear momentuin of rigid body coupled rotations around three axes
without intersections, not difficult to obtain corresponding expression. Also,
as in previous example, after analysis structure of linear momentum deriva-
tive terms, we can see that there is possibility to introduce pure kinematic
vectors, depending on component angular velocities and component angular
accelerations of component coupled three rotations. We can see that in vec-
tor expression for derivative of linear momentum serics of the vector rotators
appear. Some of these vector rotators are listed here:

C(Ux) é(():;)
4 . — 2,_., 2 . nl , 2 o 7.'_)‘
Ro11 = wition +wivoil, Rour = wir——5—— +wWi |71, # 3
\(‘5 3 ‘ \6( 3))
1 TP i
6(03) é(oli)
s S 2~ v o i 2= 7io
Rooo = watlipae +witigee, Rooe = wo— 5 +ws |12, — 4o (19)
g EiRl
g Tio
2(03) é(();})
— . - 5, - ] . . f\:
Rozz = walipss + w]z’vos:;, Rozz = w3 f -+ w? ng, — S
) ‘(‘5( ‘6(03)
13 713

Also, we can see that in vector expression for derivative of angu-
lar momentum of rigid body coupled rotations around three axes with-
out, 1ntmsoct10ns appear the followmﬂ vector rotators: 9%1 = Wil vu%ﬁl,

9‘{2 Coily + waTy and 9‘{; = wiyll + w2y expressed b following expressions:
2 3 193 Y p
z_j( J3) 5(01)
R = Wy — o T W [T -f;—(éj— = wth + wiv,
95,7 b
/5(03) 5(()3)
7 7io L2 Tio U L2
Ry = wo ‘5(03)‘ + ws |7, ‘5(03)_] = wolly + With (20)
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2{O: = ()
B, D) D) |
, gy 2 | = 7.3 e = 2=
Ry = wy—75+ + w3 |13, =7~ | = Waliz + w303
' ‘5(03)‘ : ‘@“(03) : :
8! 3

I1.3. Concluding remarks

By using theorems of changes of linear momentum and angular mo-
mentum with respect to time, one may write two vector cquations of dy-
namic equilibrium of rigid body coupled multi-rotations about axes without
intersection as the follows:

AR =L
i G+ Fan + Fpn + Fam + ; ; (21)
A€o o Al [a - A L. =
71 = {7'0 + PC,G} + {‘7'0 + PA,. FAN] + {’f'(‘) + 0B, FBN} +
i=D
+ I:F() + /5/\,, FA?‘rL:l + Z [7?0 + ﬁ'é,; Fz} (22)
i=1
where 13,, 1=1,2,3.... .p are external active forces, G is weight of a ro-

tor, F)4 and Fg are forces of bearing reactions at fixed axis. From previous
analysis, we can conclude that vector rotators appear into ¢xpressions of the
kinetic reactions of the shaft bearings of the structures of the rigid body
multi-coupled rotations and that is very important to analyze their intensity
as well as their relative angular velocity and angular acceleration around
axes of coupled multi-rotations.

I1.4. Recommendation foe next research and for solving three
main mathematical tasks

a™ Generalization of the expressions for derivatives of lincar momentum
and angular momentum for rigid body coupled nulti-rotations around finite
numbers axes without intersections; b™ expressions for kinetic pressures on
bearing to serics of the axes of coupled rotations and corresponding numbers
of coupled nonlinear differential equations depending of number of system
degree of freedom with corresponding solutions and ¢* build a algorithm for
using obtained results as a standard software program for analysis nonlinear
dynamic phenomena in rigid body coupled rotation around finite number
axes without intersections. These defined tasks need a team interdisciplinary
research, and will be very useful for engineering practice in analysis and
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simulation numerous cngineering system dynamics with coupled rotation
and for vibrodiagnostic

Based on the scientific knowledge, not only on the experimental mea-
surement of the different signals without and no professional conclusen based
only on the quazi-professional expert opinions.

III. Tangent spaces of position vectors and angular velocities
of their basic vectors in different coordinate systems

Angular velocity of the basic vectors rotation of a tangent space of the
vector positions of material particles of mechanical system dynamics with
geometrical, stationary and rheonomic constraints are obtained. Extensions
of dimensions of tangent space of the vector positions of material particles
of mechanical system dynamics from three dimensional real spaces to con-
figuration space of independent gencralized curvilinear coordinate systems is
identified. Reductions of numbers of coordinates and cxtensions of tangent
space of vector passions are analyzed (sec Roeferences 1T [21-34]).

Angular velocities of the basic vectors of tangent spaces of the posi-
tion vectors of mass particles of the discrete rheonomic mechanical system
are obtained in different coordinate systems [22]. Starting from rcal three
dimensional coordinate systems of Descartes orthogonal three dimensional
system type with fixed coordinates axis as a reference, by different coordi-
nate transformations for each position vector of corresponding mass particle
in discrete rheonomic mechanical system, basic veetors of position vector
tangent three dimensional spaces are obtained in different curvilinear co-
ordinate systems suitable to the corresponding geometrical scleronomic or
rheonomic constraints applied to the considercd rheonomic system. For each
basic vector of the basic triedar of position vector tangent space of each
mass particle of the discrete rheonomic mechanical system, angular velocity
vectors of basic vector rotations are determined.

Then, after consideration and analysis of the number and properties of
the geometrical scleronomic and rheonomic constraints applied to the mass
particles of the considered discrete rheonomic mechanical system, nuinber of
system degrec of mobility as well as numbcer of system degree of freedom are
determined. Corresponding number of independent coordinates are chosen
and corresponding rheonomic coordinates are introduced. By use exicended
set of the gencralized coordinates contained corresponding number of inde-
pendent coordinates and corresponding number ol rheonomic coordinates,
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position vectors of the mass particles of the discrete rheonomic mechanical
system, are separated into two subsets.

First, subset contain position vectors of the mass particle, keep their
three dimensional tangent space each with three basic vectors.

Second subset contain position vectors of the mass particle, each de-
pending, in general case, of the all generalized coordinates, independent and
rheonomic. Then, cach of the position vectors are with n + R-dimensional
tangent spaces and with basic vectors.

II1.1. Introduction

Let consider a discrete system with NV mass particles wirh mass my,
and with corresponsing position in real three dimensional spacc determined
by geometrical points N,), o = 1,2,3,... N (see Figure 2). For begin-
ing we take that positions of the material points, as well as corresponding
geometrical points coordinates arc determined by coordinates in fixed or-
thogonal Descartes coordinate system with three coordinates as denoted by
Ny (Z(a): Y(a)s () @ = 1,2,3,... . N, where () is fixed coordinate origin,
and Oz, Oy and Oz fixed oriented coordinate strain lines-coordinate axes.
Coordinates of the position vector of each material point are equal to coordi-
nate of the geometrical point which determine mass particle position in the
space. For Descartes coordinate system fgr posit_ipn of t}ie each mass particle
we can write: /7((1) (J,(O) Y(a) Z(a)) = ;B(a)’i + y(a)] + Z(CO/‘J, a=1,23,...,N.

‘
I

Figure 2 — Discrete material system with /N mass particles and geometrical rheo-
nomic constraints



48 K. R. (Stevanovié) Hedrih

Let, now, to consider previus discrcte systemn with N mass parti-
cles with mass mq, and with corresponsing position in real three dimen-
sional space determined by same geometrical points Ny, o =1,2,3,... /N
in generalized coordinate systemn of curvilinear coordinates (q(la.),q((y),qfa))

= 1,2,3,... ,N corresponding to mass particle positions. For same ge-
ometrical points coordinates in considered three <ooldinato syslems are:
N( )(Qﬁ(a 7/(01) Z( ) = 1 2 3 . 1’\[ and N(a)( ((r) q(u) ( )) == 1 2 ‘3
V. Formule of coordinate LIcLIlbeIIll&LlOIl from previous (ooxdmdte Sys-
tem with fixed axes and new curvilinear coordinate system are:

Tla) = Ea) (Un) Q) Uiy

9
T 12 3
!/(0) - ((k)(]((})D(J((}) q((y)) (1)
. 1 .2 3
L(C}I) 7((} ( ((l)’q((l) Q(())

Position vectors of each mass particle and corresponding geometri-
cal points are invariant geometrical objects in both coordinate systems, but
their coordinates in considered coordinate systems arc not cqual to coor-
dinates of the corresponding geometrical point. In gencralized coordinate

system geometrical points Ni,y, o = 1,2,3,... | N have following coordi-
nates: (q(la),q%a), q?a)), a=1,2,3,... , N and coordinate of position vectors
of these geometrical points are ( Pla): p(a o ﬂ)): =123, ..., N. For posi-

tion vectors we can write:

Ole) (T(a)s Y(a)s Ha)) =

- - = def=inv.vektor _ :
=Tt + Yoy T 2k P B (@l 0y Gl (2)
ﬁ(o,)(q(la)ﬂj(za) f](a)) = /){la)((lza) Q((M),Q€Q)>5((z)1 +
+p%a) (Q(J(;():‘ Q(Za)ﬁ Q(dcx))F<Q)2 + 10(} )(Q(Q) Q(2(y (J?@)).@-‘((}')B (3)

o=1,2,3... N.

For first cxample in polar-cylindrical coordinate system geometrical
points have the following coordinates: N, (7(a), ¥(a): 2(a)) @ = 1,2,3,... N
and position vectors pia) (7 (a): ¥(a)s Z(a)) of corresponding geometrical point
are: T(q),0, 2() and we can write:

—

P(a) (T(a)/w(a)z(a)) - T'((I)FO(O:') +0- EU(Q') + Z(Q)E = ‘r(cx)/’:‘o(a) J z(az)lz (4)
a=1,23,... N

where 7,4, ooy and k, o =1,2,3,... | N are basic unit vectors of tangent
space of corresponding position vector in polar cylindrical coordinate system.
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For second example in spherical coordinate system geometrical points
have the following coordinates: N(4)(0(a), P(a): V(o)) @ = 1,2,3,... , N and
position vectors piay(P(a)» Pa): Vo)) of corresponding geometrical point are:
Pla), 0,0 and we can write:

Pe)(Pla)s Pla): V(a)) = P(a)Po(ay T 0 Goay + 0 Uora) = PlayPoay  (5)
a=1,2,3,..
where pya); Co(a) and Vyra), = 1,2,3,... , N are basic unit vectors of tan-

gent space of corresponding position vector in polar-cylindrical coordinate
system.

II1.2. Basic vectors of the position vector three-dimensional
tangent space in generalized curvilinear coordinate systems

In real two-dimensional coordinate systems, position vector tangent
spaces are three-dimensional and the basic vectors of the tangent spaces
of each position vector of each mass particle we denote with gy, o =
1,2,3,... ,N,i=1,2.3 (see Figure 3). These vectors are in tangent direc-
tions to the corresponding curvilinear coordinate line and in general are not
unit vectors. Basic vectors it is possible to obtain by following way (for detail
see Refs. [22], [23]. [24], [25], [26], [27], [28], [33] and [34]):

57(04)1 — a5, o &= 1*2)5 :‘]\:"7 L= ]'72a3 (6)

_ Wy _
Ja)1 = 8(](1a) -
2 ; c 2 3 ' 2 3
_ 02 (a) (q(la)’ q((x)’qg)(x))/z'+ d?/(a)(q(la)ﬁl(a)aq(a)) i 02(a) (q(la) ’, q(a)’q(a)) 5
P40y 1 | ()
0Py
g(Oﬁ)Q (r)q%a)
‘ , y 3 : 1 3
dl(&) (q(a) qn) q((x))z N d?/(rv)((f%a)r‘Jfa)rqm)) L 0%y <q(a)’q(2a)’q(a))g
; ) o 92 7+ 2
Vi Oy ia)
- 85(&)
)3 = 5(1';5'_ - (7)
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: k.
3 o3 3
Oy, O 0,y
N (g (1) g% (1), ¢*(2)) g ")
5(g (1), a2 (1). (1) = p G + G0 + 0° 3
3 N
q ql~\\dﬁq:3 :(I:
L op
g1 = ()7(11
. 0p
g3 0_(15
- op
G 3712
T

wy = wy(g' (8), ¢* (1), ¢ (1), ¢* (1), 62 (1), 67 (1))

Figure 3 — A position vectors and its three-dimeusional space with corresponding

curvilincar coordinate system and tangent space with corresponding
three basic vectors of the position vector tangent spaces along mass
particle motion through time

Contravariant coordinates of the position vectors it is possible to ob-

tain by following formulas:

()y(a)( Ua) (a) q a)) 02() (q(n) q(a) q(ﬂ))
dq (DQ(Q-)

‘ 2 1
oy (S Gl Gle) = 3
) 0z

o (qcawq(a) Uo) 12 3
3 dqz m(ﬂ’)(q((k)’q(u)Jq(a)) N
() Hax)

2 3 : ) : 3
a”L(a') (q(loe)" q(cx)’ q(a)) dZ(Q') ( g (](2 ¥)? q(scx)) B
0(12 \ Og>

ay(a ( a) C] q((v

(a)

: , {8 1 2 3
B dq? é)qz ] Yie) (Ye) G(a) Gio)) —
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_ 1 aT(“) (q(la)’ q[(za) ’ q:(ja)) ay(“) (q(ltfx)’ qfa) ’ q(ja))
A 2 93 N
A o e
2 . , :
920 (Yl %Gy %oy) O {9y Lo Bew) (@ s @)
o, o, | et e
3 N 1 ay(a)( a) q(n) q((y ) az((‘)( (1a) (](2(1)’ q?a))
P (Al T W) = — % oL, o, -
1 2 3 . 1 2 3
B ay((r) (Q(a) Q(Q)a Q(a)) ab(a) ((I(&): Q(a)? q((_.v)) . (C_['l qQ C]3 ) 4
A oy | e e
L 07 (0) (4 Ly Uoy) O%(0) (Y0 Ty L))
A 8q(a Oq?a)
B (9-7»(0) (Q(la) , (1(205) q(L)) OZ(Q) (Q(la)7 (1<20) ) q(jo,)) y ((]l q2 q3 ) _
(9(]:(jcr) aQ(la) J(a) N (a) 4(a)? Ya)
1[0 () 9oy Day) O (@) Uy G)
A 8(11 v (9(]:(;&)
00 (e G G ‘9?/ (9> 9 Uon) 2oy (0 By @)
o, oy |t
/)3 ((]-I qQ qg ) . 1 ay(u)( {(cv) q(w) q(a ) Z)z(a) (q(la)’ q(%_)z)’q?a))
(a)\H(er)r La)> Ha)) T A 9.1 32 -
A (e V)
ay( )(q(m) q (a)? q(n ) ()Z (cv) (q(cx 1(0/ qj ):l " ( q q3 )
B 2 901 (@) \Yfa) ey D))
8(](00 dqm)
N i 8:6(0‘) (q(loc)’ q?u)’ q'(j(y)> CK)Z((Y) (q(la)’ q(g(.x) : qga)) N
1 2
A e Wiy
. 1 2
9 (90 Uy W) P10 (90 Uy L)) Vi (@ays @y ) +
aQ(Qa) aq(la) e e e
1 az(@( cy) q(u (] )) ()”_(/(O( (q(a) q(cn)’q(w))
+_._
A dq(a dq(a)

8T(a ( ()) q( ( )) ay ( n) q nc)’q(oc))
()q((r) dq((y)

} 2(a) (@, Gy Uy
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where
- : , 2 2
8'L )( (a) q( x)* q(s(zzz 6U(C¥) (q(la)’q((y> ( ) C)A ( ( x)? q(t q(a))
%' 3 18(112 3 18(1 2 .3
Aoy = 01 () (Q(a)’ a)) ay(a)(q(a)’q(a)vq'(a)) 0%a) <q<w)=q(a)=q'{a)> £ 0
(?q ()q22 3 10(122 3
81(&)( Uy (n) q ) DY) ( 1) q(a)7q(a)) 02 ((1(05)1‘1(@)?‘1(@))
Og° dg Oq’

three-dimensional tangent space in generalized curvilinear

IT1.3. Change of the basic vectors of the position vector

coordinate systems

Without loosing generality, we consider change of basic vectors of a po-
sition vector of one mass particle during mass particle motion through real
space and described in three-dimensional space. Also, we focused our atten-
tion to the orthogonal curvilincar coordinate system. For that case change
(first derivative with respect to time) with time of the basic vectors of tan-
gent space of a position vector are (see Figure 3):

dg % . . S .

At =g +[W;01>91]:91(Fl|q +r12(] —t—l};q)
+g2(lﬂ s +I? 2q‘ +f15Q)+Q%(F11CJ +Iu(] +P1ﬂ)

g2

— = G+ [T, 0o = (To 1 + 15,62 + I3 5) 4t +

+(T50G1 + 5,50 + FQQﬁB)QQ + (P%;aﬁl + 5502 + F%:sgﬁ)d%

d§3 —f — — S - - W3 = - - VA
—= = g3+ [Jps, G3] = (I ;1;19| + F%]FD +1 .%193)(]1 + (r.%g.(]] +1 ;2;2.(12 +

dt
+143)3° + (Tisqh + T5a0 + Ff%:&gs)(f

After analysis of the obtained derivatives of the basic vectors of posi-
tion vector tangent spaces in three-dimensional orthogonal curvilincar coor-
dinate systems we can separate two scts of the terms in obtained expressions
(8). First set correspond to the relative derivative of the corresponding basic

vectors in the following forms:

G (T4 +I'}54° +113§?)

—

g (rQl(] + FQQ(] + F2 ;(j’)

l |

Ql* Sl; L
I

g3 (T51q" + Tipd™ + Thad”).
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These vectors present vector forms of extensions of the corresponding
basic vectors and in scalar form it is possible to express relative change of the
intensity - dilatation of the basic vectors in direction of its previous kinetic
state. In differential form is possible to write:

d
dEl = ‘QI‘ F ldq +F qu +Fl3dq
iIZn
T 2 2 2 .3 ,
dEZ — = = Fgldq + ].—‘32(1(] - FBqu (J_O)
|52
d|qg: ; . , ,
dey = \‘?Iﬂ = Tiidg' + Tidg® + Thydg”.
Y3

From analysis of the obtained derivatives of the basic vectors of posi-
tion vector tangent spaces in three-dimensional orthogonal curvilinear coor-
dinate systems we can separate second set of the terms in obtained expres-
sions (8). Second set correspond to the rotation change of the corresponding
basic vectors in the following forms:

(&1, 1] = -‘7‘2(F 14"+ Tg” +F15Q ) g3 (Tufl +F12Q +F13(] )
[Gp2, Go] = G1 (D51¢" + T'ad? +F2'3Q )+ G354 + 5o +F23Q) (11)
+ g2

(D3, §3] = 57‘1(?5%1(?1 + T 2<J + Pss(l ) (Fdjq + Fszq + F33q )

where we introduce notation @y, &po and &ps for vectors of the angular
velocities of the corresponding basic vectors of the position vector tangent
space. When curvilinear coordinate system is not orthogonal and angles be-
tween three basic vectors are changeable with time these angular velocities
are different for each basic vector. When basic vectors are orthogonal and
without change orthogonal relation, all three angular velocity are same.

For the case of the discrete mechanical system N mass particles for
each vector position of cach mass particle is necessary, by analogous way
as presented in previous part, 1s possible to determine change of the basic
vectors of tangent space of position vectors.

After analysis of the obtained derivatives of the basic vectors of posi-
tion vector tangent spaces for each mass particle, in three-dimensional or-
thogonal curvilinear coordinate systems, we can separate two sets of the
terms in obtained expression and corresponding for other two sets of the
basic vectors. First set correspond to the relative derivative of the corre-
sponding basic vectors. These vectors present vector forms of extensions of
the corresponding basic vectors and in scalar form it is possible to express
relative changes of the intensities — dilatations of the basic vectors in direc-
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tion of their previous kinetic state.

From analysis of the obtained derivatives of the basic vectors of po-
sition vector tangent spaces for each mass particle in three-dimensional or-
thogonal curvilinear coordinate systemns, we can separate second sets of the
terms in obtained expressions. Sccond sct correspond to the rotation change
of the corresponding basic vectors. We introduce notation <y, Caype and
W(a)p3 for vectors of the angular velocities of the corresponding basic vectors
of the position vector tangent spaces. When basic vectors are orthogonal and
without change orthogonal relation. all three angular velocity are same, for
each vector position.

For example 1*: in polar-cylindrical curvilinear coordinate system by
expressions (8), (9), (10) and (11) we can write (see Figure 4.a™):

3

dg1  dg- ., - - drp, . 1 I
= = — 1S Y+ ) COSY) = — = Wy = — Y[, = |Wpr, Jr
i i 99( YT J @) g P _7,,&9. o = [Wer, Gr]
d—q_’2 dg;o R (1(7() . — ] j: —_ —_
— = X =7rcy+r =Trcy —TYry — g+ |WPo, G-
ety o 0= TP To = Gp+ [GPp. G
dg@ o di; o dk —0
dt  dt  dt
: dlgol _dr 7
s Oj (ZC)" f,(y = Wpy — \,6‘]1
‘9',0‘ 7
-—: — T“—; — .7 j: —
Q@:TC'O:;;,\;, Wpy =@k, g,=0, wp, =0

Angular velocities of the basic vectors of each position vector tangent
space of mass particle motion in polar-cylindrical curvilincar coordinate sys-
tems are: Wg)p = (;')(Q)];, a=1,2,3,... ,N.

For example 27: in spherical curvilinear coordinate system by expres-
sions (8), (9), (10) and (11), we can write (see Figure 4.b™):

dgl d.(jp 5 COS U P 1._,_1_]:_,
—_— = — = C S Wrg = —W4g.. — W 5
dt gt | FERE TR T de T

dgo _ dgy

dt dt

—

Co(pcosy — pwsiny) — @(fy cos ¥ — Dysin)pcos

d§3 _ d‘?z’

dt dt

= p17o + P(—@EQ sin ) — l‘ﬁo)

/5;) =0, [J}Ppa ﬁp] - Tf'lf'ljo + #'950 CoSs

(0

. . 1

— — . - — . — . ' — :

Wpp =Y+ ok =———go +¢ | Gpsiny + — gy cosy
P COS Y Jo;
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]
3|

D W@y

S o~
1
-~ =

T

Gy =+ G = —90 + oF
Gy = 198 + @(Fo sin e + T cos 1)

1

— <

g1 = pPo 5o
Jo = pcos iy
gz = plg YT

-'—‘

b*

Figure 4 — A position vectors and its three-dimensional spaces with corresponding
curvilinear coordinate system and tangent space with corresponding
three basic vectors of the position vector tangent spaces along mass
particle motion through time va® polar-cylindrical curvilinear coordi-
nate system; b" spherical curvilinear coordinate system
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x : 1 :
Gp = Co(pcosyy — pypsiny) = -(peosyp — prhsin) g,

P Cos (r)

[Bpg, Jp) = {—-@’) ¢y + @ (fo sin e + Dy cos ), Cop cos ‘1;3} =

= —&(ph cos — by sin ) p cos

- T T 2 TTET - (4 Lo L J
Wpy = =Y + ¢ =9 + pk = — G + @ <gp SINW + — gy COS 1:.>>
P Cos ¥ p
dgs _ dgy T T
— = = + DCo S — PP 6 = UG = =y,
=g = Pt =9k pho) G = pi i
[Bpg, G = —¢Fotgd — 03y, = —1) &y + Gy sin i + Uy cos ), ;)170]
. w 1 ,
Wpy = —z,) + 90 — ¥ + pk = — Jo + ¢ | gpsiny + — Gy cosy | .
0 COS P p

Angular velocities of the basic vectors of each position vector tangent
space of mass particle motion in spherical curvilinear coordinate systems are:

—

Gy = =W(a) + Play = Yo oty + D)k

Beyp = —W(a) Coga) + E(0) (ﬁbm) SIN Y (g) + o(a) €OS 7»";’(@)>a =123, N

I11.4. Dimensional extension of the position vector tangent spaces
of the reheonomic mechanical system in generalized curvilinear
coordinate systems

Considered discrete mechanical system is constrained by G geometrical
stationary constraints in the form:

]L’)’((I(]) CI( 1) q (14 ‘Z(g) q . :Q%J:\:');‘I%j\f):(]?N)) = (), (12)
,."5: 1,2,3... G

and by R geometrical rheonomic constraints in the form (see Ref. [23]):

f"/ (Q(l])a Q(Q‘]): Q(-;l) 3 Q(lQ) ) (1&22)7 q&) L Q(l[\;) 3 (]%;\F)) C]?N)e O"U)) — Oa (13)
~=1,2,3... R

Considered system is rheonomic system with p = 3N — G degree of the
system mobility, and with n = 3N — G — R dcgrees of the freedom. For the
n generalized independent coordinates we take qi, 1= 1,2.3,... ,n. Also,
we introduce additional subsystem of the R rheonomic coordinates ¢"7 =
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g"tY = (), v = 1,2,3... R which correspond to number of rheonomic
constraints. Then we have extended system of the generalized curvilinear
coordinates ¢*, 1 = 1,2,3,... ,n,... .n+,....n+ R. Then we know that
subsystem of R rheonomic coordmateq e q” T =0,(t),y=1,2,3...R
contain known rheonomic coordinates as functions of the time. But, fome of
the rheonomic constraints change arc unknown (see Ref. [21]).

Let now taking into account that first n coordinates of the position
vectors of the mass particles are independent generalized coordinates. Ex-
tended %yqtem of the generalized coordinates containing independent coor-
dinates ¢*, i = 1,2,3,... ,n and rheonomic coordinates ¢%7 = ¢"*" = b (1),
v=1,2,3... R, then it is possible to list in the form:

¢ = q(lil,)7
¢ = q?’l)’
QB 931)7
¢" = qg‘z)v
5 2
(%6 j (J:(;z)v (14)
4 = 92y
::_f = Qén);
= d(n)
(]n = C]?n)
= gt = o (1), v=1,23...R (15)

On the basic of the listed system (14)-(15), we can conclude that

in considered case, we use coordinates of the positions vectors of the first

n 1 . : . .
K < 3= §(3N — G — I}) mass particle as generalized independent coordi-

nates.
Then on the basis of previous for the coordinates of the geometrical

point which correspond to the mass particle positions at arbitrary moment
of the motion, we can write:

; 3
Nile' = aqyd” = iy 00 = d)y),
Na(d* = alya” = 0y = qu)), (16)

............................................
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Q(}(+j)(q 7(12"" 7qTL>Q'ri,+11- .. 7qn+R)’

! 2 e -+ . R R - -
qéKH)(ql,q A/ P ./q"JrH')) 7=123,... (N-K)

1 1 2 2 3 3
/)1((] =409 =44 :(](;;))1
P2 (0" = ap). 4" = 4ty 4° = Q)
........................................... (17)
P (62 = gl ¥ = g 6 = o)

ﬁf\-l-] (qlaq{ $oe ’qn? On+ls- - q
i=1,2.3. . (N -K)

II1.5. Concluding remarks

We cam see that in cxtended system of generalized coordinates, we can
identified two sets of the position vectors of the mass particles: one set (16)
: n 1
contain K, K < 3=

depending of three generalized coordinates, and second set (17) contain the

N—KZM,KEg:%

particles depending of all p = 3N — ¢ generalized coordinates in general
case, or more then of three generalized coordinates.

(3N — G — R) position vectors of the mass particles

(3N — G — R) position vectors of the mass

Also we can conclude that in extended system of generalized coordi-
nates, we can identified two sets of the position vectors of the mass parti-

n 1 § .
cles, onc set (16) contain the K, K < — = = (3N — G — RR) position vectors

of the mass particles with three-dimensional tangent space and each with
three basic vectors of this tangent spaces, and second sct (17) contain the

G+ R 1, . .
N—-K > —j;—, K < % = 5(3]\’ — G — IR) position vectors of the mass

particles with extended dimension of the tangent space and to each tangent
space correspond p = 3N — (¢ basic vectors in general case, or more then
three basic vectors of the tangent space.

I11.6. Open directions for next research and applications

As a possible open directions for next research and application are: an
analysis of expressions for generalized Corilis forces introduced by changing
position of motion observer from fixed coordinate system Lo rotate curvilin-
ear coordinate gsystem correspond to vector position tangent space; applica-
tions of the previous results for solving problems of the numerous coordinate
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system properties used in astro-dynamics; extension and proof of extension
Lagrange differential equations to the description of the rheonomic system
dynamics and necessary gencralizations.

I'V. Krilov-Bogolyubov-Mitropolyskiy asymptotic method of
nonlinear mechanics, method of constant variation and
averaging method

The different first approximations of solutions of nonlinear differential
equations have very large applications in engincering practice for fast eval-
uations of the kinetic parameters of engincering dynamics (see Reference
[35-37] by Hedrih (Stevanovié¢) and [38-40] by by Hedrih (Stevanovi¢) and
Simonovi¢). Some time these first approximation are used for engineering
practice with enough precisions and not necessary to use second and higher
approximation. One of the main rcason that in this part we take into con-
sideration a comparison betwecen first approximation obtained by different
method, as well as used different starting known solution for obtaining first
approximation.

Let comparc three first approximations of the solution of a nonlinear
differential equation with small nonlinearity, describing dynamics of nonlin-
ear oscillator with one degrec of freedom (sce Figure 5.a"), in the form (see
Reference [35-37] by Hedrih (Stevanovié)):

1 (t) + 20,1 (f) + w%wl(t) = ——»Z/,Q\PL?(t)\ (1)

O . - 3 oy z2
for §; # 0, & #0,w? > 67, in which d; = £,6; and &%, = ey, and € and
g1 are small parameters.

We use threc different approach and three methods fo obtaining first
approximation of the previous nonlincar differential equation (1). First is
starting known analytical solution of a corresponding linearized differential
equation which correspond to nonlinear differential equation (1).

IV.1.1* In first case, for starting known solution, we can take solution
of the linear differential equation in the following form:

() + 2008 (1) + wiz (1) = 0. for & #0, e =0, w? > 62 (2)
with known analytical solution in the form:

z1(t) = Rore " cos(pit + ap1), for d; # 0, e =0, wi > & (3)
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in which circular frequency of damped vibration is in the form p; = \/w% — 5%
and, Rg1 and ag; are integral constant depending of initial conditions. Am-

plitude of this oscillation is in the form Ry e %t and decreasing with time.

O(t) = p; = const.
lincar system with lincar damping

a(t)

my

3
_WJ Qy(t) =p1 — &j—lwf\.vl[a(t)}Q

g W soft nonlincarity

|

- n bla(t))

3 .
@()—mgl Sla(t)]?

hard nonlinearity

AN

Figure 5 — a* Nonlinear system with one degree of freedom. b™ Amplitude-
frequency characteristic for free vibrations of the system damped non-
linear dynamics with of soft and hard nonlinearity

IV.1.2* For finding first approximation of the nonlincar differential
equation (1), we take starting known analytical solution (3) of lincarized
differential equation in the form (2) and as a possible first approximation of
the solution we take into consideration the following

21(t) = Ri(t)e "eos @ (1), ford #0, ¢ #0, wi > 6 (4)

in which a{t) = Ry(t)e™®" amplitude and full phase ® (1) = p1t + ¢1(t)
contain unknown functions of time Ry (¢) and ¢q(¢) which need to deter-
mine. For this fist approach, we applied Lagrange method of variation of
constants to the known solution (3) of the lincarized differential equation
corresponding to nonlinear differential equation (see Reference [35-36] by
Hedrih (Stevanovié)). After obtaining systemn of differential cquation along
unknown functions of time Ry (f) and ¢,(t) we applied average to the ob-
tained members along one period of the

27 2
pr Jwi— 0%
damping vibrations.
Then, after differcntiation along time of the proposed approximation

of the solution (4) we obtain:

E1(L) = =6 Ry(t)e™ ™ cos @1 (t) — Ry(t)e % py sin @, (1) +
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+ Ry (e M cos B1(t) — Ry(t)e ¢y (¢) sin @, (¢) (5)

to which we introduce condition that this first derivative (5) of the proposed
first approximation of the solution (4) have same form as solution (3) of
the corresponding linearized differential cquation (2), by other words, this
condition express the following: that this first derivative (5) of the proposed
first approximation of the solution (4) have same form as in the case that
unknown function of time R1(t) and ¢1(¢) are constant.

After applying introduced previous condition we obtain first derivative
of the proposed first approxima.tion (4) of the solution in the following form:
i1(t) = =8 Ry (1) e cos @ (t) — Ry (1) e py sin &, (¢) (6)
and the following condition
Ry (t) cos ®1(t) — Ry(t) é1(t)sin ®y(¢) =0 (7)
that unknown functions of time Rq(¢) and ¢;(t) must to satisfy.

Second derivative of the proposed first approximation (4) of the solu-
tion is in the following form:

B1(t) = (LR (t) = Ra()pi — 01 Ru(t) = Ra(t)proon ) e cos @4 (8) +
F(81R1(t)dr + 261 Ry () p1 — Ru(t) pr) e M sin @ (). (8)
Alter introducing first (6) and second (8) derivatives of the proposed first
approximation (4) of the solution into nonlinear differential equation (1)
and taking into account condition (7) we obtain the system of differential
equations along unknown functions of time Ry (¢) and ¢4 (¢) in following form:

Ry () cos @ (t) — Ry (t) 1 (1) sin ®y(t) = 0

R1 (t)p'L(Z:)l COSs q)l(t) + Rl(f) 1 Sin @] ( ) CLZ\, 1€ — 20, [R1<t) ]3 COS3 (I)l(t) (9)
Previous obtained system of differential equations along unknown func-
tions of time Ry (¢) and ¢;(£) present a no homogeneous algebra system along

derivatives of unknown function of time Ity (t) and ¢q(t) with determinate
in the form:

cos ®y(t)  —Ry(t)sin Dy(t)

A= prsin®(t)  Ry(t)py cos (1)
= R (t)p [COS2 $q(t) + sin @l()] = Ry(t)py (10)
with following solutions:
Ri(t) = A _ %c_%”’ (R (6)]? cos® by (#) sin @ () (t) =

A—Pl
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A.— N?r 248 : (
= B2 ONL B (R 1) cost 1 (1)

: 11
2= , (11)

for 6; # 0, € # 0, w? > 67

Then, after obtaining previous system of differential equation (11)
along unknown functions of time, Ry (t) and ¢1(t), we applied average to the
obtained members along full phase ®1(t) = pyt+é, (1) in interval ¢ € [—, 2]
correspond to one period of the

. 27 2T
To=—==—5—
damping vibrations:

27

: 1 02, 5 ,
Ri(t) = o / %c‘wlt [R1(t) ]3 cos® Oy (1) sin $1(t)dP (1)
0
] 2 —
i—N—le_let [Rl (t) ]2 cos b, (t)d(,[)] (t), (12)

N % 1
0

for 61 #0, € = 0, wi > 8%,

$1(t)

Then, we obtain a system of differential equations along unknown func-
tions of time R (t) and ¢1(¢) in first averaged approximation:

Ri(t) =0

: 3@%1 s A 5
o1(t) = éfc ERI)]E for 6 #0, 2 £0. WP > 52 (13)
1
After integration ol the previous system of differential equations along
unknown functions of time I?;(t) and ¢(t) in first averaged approximation
for known initial values in first approximation

I = 0, R1 (0) == ])),01 1 (;’)1(()) = Do = _lelplelel + o1
we obtain:
R1(t) = Ro1 = const.
=2 G2 R2 (e 1) oy = 14
4)1() 16(51])1 N1 101( ) 201 ( )
3 _9.
= D3 R e + ag,

; 1661
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for 61 # 0, € # 0, wi > 07 where

s S
O()l + 16(51 wl\'lROl‘

and full phasc is in the form:

3 ; o3 ) )
Q1(t) = pit + o1(t) = p1t — DR RE (e72 = 1) + oy =
16(511)1

2611

= pit — ’memf + (o1, (15)

166, py
for 61 # 0, € # 0, w? > 63

Then first averaged approximation of the solution of the nonlinear
differential equation with hard cubic small nonlinearity (1)

1601]?1

for §; # 0, & = 0, w? > 6.
In the case that, we have a nonlinear differential equation with sogt
cubic small nonlinearity in the following form:

B (1) + 20031 (1) + wim () = +0F 23 (1) (17)
for 61 # 0, e # 0, w? > 62 on the basis of the previous obtained first averaged
approximation of the solution we can write:

z1(t) = Rore™ cos (mt + G RE et @01) , (18)

165f

for 61 # 0,2 # 0, w% > (5% where for known initial values in first approxima-
tion t = 0, B;(0) = Ry and

61(0) = o1 = ﬁ@?\qﬁ%l + o1
we obtain:
Qo1 = o1 — —?—@f\rlel. (19)
1601 p1
For the case that for 41 = 0 we can use the system of differential

equations along unknown functions of time R1(f) and ¢, (1) in first averaged
approximation (13) and before integration put §; = 0, and after that applied
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integration, or find limes of the solutions (16) and 18) for 9y — 0, and taking
into account that is

3—251t -1
TR S
61 —0 (Sl

obtain first averaged approximation of the solution of nonlincar differential
cquations (1) as well as (17)

()‘i”%lm()+w111():¢w\17?(f) (20)

in the following form:

3 o o
21(t) = Rore " cos (p tF 16017 u,f\,lRéle 2t 4 am) (21)
for 6, # 0, € # 0, w? > 6;. where agy = ¢o1 + 16617 R IR
)
3 o
x1(t) = Roy cos < (w] + S wa(u) t+ @L)'l> : (22)
W)

for 6p =0, ey =0 ¢ # 0, w? > 7.

IV.2.1* In second case, for taking starting known solution for obtain-
ing approximation of solution of the nonlinear differential equation (1), we
can take solution of the linear differential equation in the following form:

() + p?2(t) =0 (23)
with known analytical solution in the form:

T(t) = acos(pit + ag) (24)

in which circular frequency of harmonic vibration is in the form p = /w? — 62
and, a and «g are integral constant depending of initial conditions. Ampli-
tude of this oscillation is in the form a and is constant and no depending of
time.

I'V.2.2* For that case, we must transform nonlinearn differential equa-
tion (1) taking into account the following generalized coordinate transfor-
mation:

=z or z=ge 0t (25)
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After generalized coordinate transformation an transformation of dif-
ferential nonlinear equation (1), we obtain:

a7 9 - -2 ~3 =281t
ot = =0k, 5 (t)e (26)
where
ef(3e™ el = @333 (t)e 0, (27)

Let start with general form of the nonlinear differential equation in
the form:

2 dr .. dx
L it =ef | — . 28
a2 T T f@'dt) (28)

For small paramcter € = (0 we obtain linear differential equation

d*x dx

42— W =0 29

gz Tt (29)
with solution:

r=ae % cosp = e 7 (30)

with amplitude ae 0t with phase 1 = pt + «, where p = v/w? — §2 and also:
d_a _ dus
dt dt
In which a and & are determined bay their initial values. By generalized
coordinate transformation (25) nonlinear differential equation (28) take the
following form:

= p = const. (31)

25 _ Cdi
(d 4 (w? = §%) :I‘:) =cf (izc_‘”‘ gﬂ%‘“) et (32)
or

di . dx = dx
fl +p¥F=cf (52(?_&, —d%e_(st> %t — ef (J; d—;, 7‘) : (33)

In beginning, we supposed that ¢ = €,9, and that e, is same order of small
value as € and that 7 = <t is slow changing time and that for one period

s : o .
T, = — change of the system dynamics is small, and that function

~ o dT ¢ = da
ef (ie—ét, (d; c—ét> =cf (:?:, d_:’]l;’T>
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satisfy all necessary conditions for application of the asymptotic method
Ktilov-Bogolyubov-Mitropolyskiy for application { the method with slow
changing system dynamics parameters and with sloww changing time (see
Reference [41-48] by Yu. A. Mitropolyskiy).

Then, the n-the asymptotic approximation of the two parametric fam-
ily of a onc frequency solution of differential equation (33) we supposc in the
form:

ze = & = acosty 4+ Ui (a0, 7) + e*Us(a, i, 7) + - - (34)
where Uy (a,,7),Us(a,%,7), ... periodic functions of @ = pt + ¢(t), with
period 27, and no containing first harmonic of 42, and where amplitude and
phase a and ¢ are unknown functions which arc determined by system of
differential equations corresponding order n-th asymptotic approximation
along amplitude and phase in the form:

da :
(E; — eAy(a,7) +e2As(a,T) + - -
dr) ,
ELT— =p+eBila,7) + e’ Ba(a,v) + - - (35)
where Ay(a,7), Aa(a, 7). ..., and Biy(a,7),B2(a,v), ... Are unknowne func-

tions of amplitude and slowchanging time.
Introducing, on the basis of previous formulated condition we can
write:
2w
/ Uila, v, 7)e¥dy =0 j=1,2,...m (36)
0
Then, we calculate first and second derivatives of the n-th supposed
asymptolic approximation in the following forms:

dz , . _ AUy ol
— = —apsiny +e< Aj(a, 7)cos ¥ —aBi(a,T)siny Fe——+p +
= ap sin { 1(a, 7)cosy — aBy(a, 7)sin @ 5 T 99
. o oU
+e? {Al(a, T)cos —aBy(a,7)siny + A (a, T)a—al (37)
ol oUs oUs .

C Dila, T — +p—— +e— +e3. .

ER G R
d*3 dAi(a,7)d .
ad —ap?cos i + £ 4 —2pA; siny — 2paB) cos W+ M—T COS Y —
dt? dr dt

adBl((%T)El_T i 282U'| + ([)‘ZUl i (92U-|
dr gp SV TR O? o2 pataz_;;
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1A
+e? { (Al(d—al —aB? — 2paB;>> COS ¢ — (ZpAQ + 24, B+ (38)

dB 0?U, 9%, 2(92(]2 0?Uq
— | siny + 2pA . 2 ‘ —
+Ara in ) sin ¢ + 2p l‘daﬁu’) + 2pDy 502 +p 00? BYY
0%Us &%y .
: A e e
Tep ATy el OT0a * } i

After introducing previous asysmptotic aproximation of the solution
(34) and their first and second derivatives into nonlinear differential equa-
tion (33) and applying metod of equal coeficinet of the small parameters un
left and right side of transformation of nonlinear diferential equation, we ob-
tain series of the relation between unknown functions Uj(a, ¥, 7), Uz(a, ¥, 7),
., Arla,7), As(a, ), ..., and By(a,7), Ba(a,v), ... For the reason that
we need only first asymptotic approximation of the solution, we take into
account the following relation obtained from coefficients with first step of
the small parameter

—2pAi(a.7)sin® ¢ = fle ™ {acos}, e % {—apsin})e® siny

—2paBi(a.7)cos?y = fle % {acosp}, e {—apsiny})e® cosw.  (39)
Takin into acount development of the previous expressions along full pahse
1 = pt+¢(t) we obtain relations - equations for obtaining unknown functions
Aj(a,7) and Bi(a,7) in the following form (sec Reference {41-48] by Yu. A.
Mitropolyskiy):

2
]_ o 3 ’ r ) , ~ .
AilaT) = — p f (c_o’ {acos},e " {—apsin ?//}) e sin i
0
27
1 ~ - .
Bi(a.T) = — T / f (e‘o’ {acosy}, e_‘s'r{—ap sin w}) &7 cos Pdip (40)

0

Then taking into account that

and differential equation in the form (33) and introducing (27) in previous
obtained expression (33) for obtaining fuuctions Aj(a,7) and By(a,T) we
can write:

£ Aq ((l.t) =)
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Lo o 953 3 o o oy :
eBila.T) = Winae T - = Wi ace 4]
1( ) 27‘,[) N1 4 87rp N1 ( )

~ - ~2 )
where 8 (81 = €14, and w2\1 = cwy. for € and € same order small values.

Then, system of differential equation (35) along a and ¥ in the first
asymptotic approximation is possible to write in the following form:

da
=0
dt
d?""} 3 ¢ b N
: -2 2 26t
=p+ —uwya'e (42)
dt 8mp Nt
and first asymptotic approximation of the solution in the form
e’ =& =acosty orin the form: 2 = e % = ae °' cos. (43)

In the previous first asymptotic approximation full phase is in the
form:
3

B(t) = pt — —o— 0% RE (e = 1) + 4 =
P(t) =p 60,5 M 0 (e ) + o1
3
= pil — —— % R2 e 20t 4 44
D1 Too,p M 01€ + (44)

for 0y #0, e #0, wji >(31,p—\/wi13—6f.

We can see and conclude that first approximation of the solution of
considered nonlinear differential equation (1) obtained by application dif-
ferent methods, first method of variation constant with average along full
phase, and asymptotic method by Krilov -Bogolyubov-Mitropolyskiy (see
Reference [41-48] by Yu. A. Mitropolyskiy) give us same results, but with
different methods and proof.

IV.3.1* In third case, [or taking starting known solution for obtaining
approximation of solution of the nonlinear differential equation (1), we can
take solution of the linear diflerential cquation in the following form:

i+ wiz =0 (45)
with known analytical solution in the form:
x(t) = a cos(wrt + ag) (46)

in which circular frequency of harmonic vibration is in the form w, and, «a
and g are integral constant depending of initial conditions. Amplitude of
this oscillation is in the form a and is constant and no depending of time.
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IV.3.2* For that case, for finding first approximation of the nonlinear
differential equation (1), we take starting known analytical solution (46)
of linearized differential equation in the form (45) and as a possible first
approximation of the solution we take into considcration the following

r(t) = a(t) cos®(t)., for 6, #0, € #0, wi > §? (47)

in which a(t) amplitude and full phase ®(f) = wit + ¢ () contain unknown
functions of time a(t) and ¢ (t) which must to determine. For this third
approach, we applied known Krilov-Bogolyubov-Mitropolyskiy asymptotic
method of average to find first asymptotic approximation of the solution of
nonlinear differential equation (1).

Then we start with nonlinear differential equation
i+ wir =cef(x, 1), (48)

and suppose first asymptotic approximation in the form:
z(t) = a(t) cos ®(t). (49)

where unknown functions a(t) and ®(¢) are determined from the system of
differential equations of first asymptotic approximation (see Reference [41-
48] by Yu. A. Mitropolyskiy) in the following form:

la(t
: C;(t ) _ eA(a),
dd(t)
=wy B
where
27
1 ' i
Ala) = — / fla cos @, —aw; sin @) sin ® dP,
27’(’(.01
0
] 2w
B(a) = — /f(a cos @, —awi sin P) cos @ dP. (51)
2T awy |
0

For our nonlinear differential cquation (1)
fla, i) = —(260 + wi2®), (52)

where §; = €10, GJ?\,'-J, = sz\ -
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Taking into acount initial values in first aproximation £ = 0: a(0) = a,,
$(0) = &, we obtain that

a(t) = age =0 = g e 01!
3 2 27, —2ed!
(I) l/ = [-_ - T'ra,d € e 1 (I)( s
= wit — mw?\,mﬁ(e‘”” - 1)+ &, (53)

and first asymptotic approximation of the solution of a nonlinear differential
equation (1) around harmonic starting known analytical solution, we can
write in the following form:

z(t) = age” 't cos wit — ,‘—w%\,’la%(e—zm’ — 1)+ @, . (54)
1661wq

From this obtained first asymptotic approximation (54) of the solu-
tions of nonlinear differential equation (1) with starting known analytical
harmonic solution {46) in the case for damping coefficient tends to zero
01 — 0, and taking into account that is

(6—25]ﬁ . 1)

lim ———= = =2t
510 A1

3

we obtain first asymptotic approximation of the solution for conservative
nonlinear system vibrations in the form as in the previous two casc obtained
first approximation of solution of same nonlinear differential cquation (1) by
use different method and different starting known analytical solution.

IV.4. Concluding remarks

Let we made a general review of the obtained results [or approximately
solving of the nonlinear differential equation with small cubic nonlinearity
in the form: :

F1(t) 4+ 2013 (1) + wizy(t) = Foa, 25 (1) (55)

in which hard or soft, refers to F sign approximately, §; = e16; and %, =
EQN |, and
€ and €1 are small paramecters.

By use first two methods, starting known analytical solutions in the
form (3) and we obtained same first approximation of the solution in the



On mathematical methods of mechanics with applications (MMMA)... 71

following form:

s 3, N
71(t) = Rore” e ([Jﬂ‘ T Toorm me(%l@ 0ty Oém) , (56)
for 61 #£ 0, € # 0, wf > 5}2 where
3 ‘
o1 = o1 £ &% Yy
Gl = @01 1661, W14ty

For the case that damping coefficient tends to zero, from this first approx-
imation (56), we obtain first approximation of the solution for conservative
nonlinear system dynamics in the following form:

_ 3 5 ‘
I‘l(t’) = Rm cos < (Ld'l + EwilRél> i+ (,D()1> > (57)

for51:0,51:05750,w%>5f.
We can see that circular frequency of nonlinear dynamic of conservative
system is not isochroous and depends of initial conditions initial amplitude.
For the case that coefficient of the cubic nonlincarity tends to zero,

from this first approximation (56), we obtain known analytical solution of
the linear no conservative system dynamics in the following form:

zi(t) = Rore ™ cos(pit + aor), (58)

for 61 # 0, € =0, w? > 6% 034 = 0.

From the third case we start by harmonic known analytical solution
in the form (46), we obtain the following first asymptotic approximation of
the solution of same nonlinear differential equation:

2(t) = age” " cos |wit T . whial(e? 1) D, (59)
160 1W]

for 61 £ 0, #0, w? > éf

This asymptotical approximation is different them in previous case
(56) and this is normally because we take different starting analytical known
solution if different basic linear differential cquations as a two different lin-
earizations of the considered same nonlinear differential equation.

For the case that damping coefficient tends to zero, from this first
approximation (59), we obtain first approximation of the solution for con-
servative nonlinear system dynamics in the following form:

, 3
2(t) = a,e” " cos le + T()mw?\ 1% ) L+ @ } (60)
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for 6, = 0,6y =0 & #0, w? > 8% same as in the previous cases (57).

For the case that cocflicient of the cubic nonlinearity tends to zero,
from this first approximation (59), we can not obtain known analytical solu-
tion of the lincar no conservative system dynamics in the form (58) but we
obtain:

r1(t) = Rore™"" cos(wit + o), (61)

for 6 # 0, e = 0, wi > 07 ©%; = 0. not acceptable, because in this case
starting solution was harmonic. In this case if we need harmonic solution we
must annulled parameters of cubic nonlinearity and of dumping in the same
time.

Then we can conclude that first two approach (56) for obtaining first
approximation are more general and more suitable for use in the considcered
approximation of the solution them (61).

IV.5. Open directions for next research and applications

Directions for next research in area of approximation must be focused
to find analytical forms of approximations of solutions of nonlinear differ-
ential equations. Present in science, there arc numerous numerical approach
and numerical experiments over the nonlincar differential equations for nu-
merical slowing nonlinear onc, or coupled system of nonlinear differential
equations, but these are only particular solutions without proof that these
solutions are right, and general.

For practical applications in mechanics and enginecring system dy-
namics analytical forms of the approximations of solutions arc necessary for
easicr quantitative estimation larger class of the nonlinear dynamic phenom-
ena and nonlinear dynamics of the stem bcehavior.

V. Analytical mechanics of hereditary discrete system
vibrations
V.1. Introduction

Integro-differential equations and their applications in development of
analytical mechanics of discrete hereditary systems arc used by Gorosko and
Hedrih (Stevanovié¢) (sce References IV [49-64])

Research results in area of mechanics of hereditary discrete systems,
obtained by Gorosko and Hedrih (Stevanovié (see References IV [419-64]) arc
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generalized and presented in the monograph [49] which contains first com-
pleted presentation of the analytical dynamics of hereditary discrete sys-
tems. Two classes of dynamically defined and undefined hereditary systems
are defincd and considered by introducing corresponding restrictions. Main
results of mechanics of hereditary discrete systems are presented with new
applications important to engineering.

Approximation of expressions for the coeflicients of damping and cor-
responding decrements as well as for circular frequency of oscillations of
hereditary oscillatory systems arc obtained with high accuracy in the first
and second approximations.

Analogy betwceen hereditary interactions and reactive forces in systems
of automatic control is identified and a possibility to extend theory of analyt-
ical dynamics of hereditary systems to mechanical systems with automatic
control is pointed out (see Refercnces [50] and [51] by Gorosko and Hedrih
(Stevanovié)).

The Lagrange’s mechanics of hereditary systems are extended and gen-
eralized to thermo-rheological [4, 8] and piezo-rheological [4, 9] discrete me-
chanical systems as well as to discrete mechanical systems with standard
light creep elements.

Analytical dynamics as general science ol mechanical system motions
was founded by Lagrange (Joseph Louis Lagrange (1736-1813)) in the period
of his work at Name Berlin TypeAcademy. The Lagrange’s book ” Mécanique
Analytigue” contains basic analytical methods of mechanics and was pub-
lished in placecountry-regionFrance in 1788. Introduced analytical methods
in Mechanics by Lagrange arc main and first base of analytical mechanics
in general. Lagrange’s cquations of sccond kind and Lagrange’s equations of
first kind with unwoven Lagrange’s multipliplicators of constraints are main
fundament of Analytical Dynamics.

Analytical dynamics is largely applied and used in engineering system
dynamics and in natural sciences as well as for investigation of mechanical
system dynamics and in physics of the microworld.

Mechanics of hereditary continuum is presented by series of fundamen-
tal publications and monographs.

In current literature term “hereditary” and "rheological” systems are
equivalent. Mechanics of discrete hereditary systems up to a ten years before
was presented only by separate single papers and containing only solutions
of partial problems.

Research results in area of mechanics of hereditary discrete systems,
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obtained by authors of this paper, arc generalized and presented in the mono-
graph [49], published in 2001 by Gorosko and Hedrih (Stevanovié)), which
contains first presentation of analytical dynamics of hereditary discrete sys-
tems. We can conclude that this monograph contains complete foundation
of analytical dynamaics theory of discrete hereditary systems and by using
these results, numerous examples are obtained and solved (sce Refs. [49-
66]). In this analytical mechanics of hereditary discrete systems, modified
Lagrange’s differential equations second kind in the form differential and
integro-differential forms with kernels of relaxation or rhelogogy are derived.

V.2. Models of hereditary elements in analytical dynamics of
hereditary discrete systems

Hereditary system is each system which contains mutual hereditary
interaction between material particles in the form of one or more coupling
constraints with hereditary propcrties.

Simple visco-elastic element is Voigt’s type element (Woldemar Voigt,
1859-1919). In the state of extension resultant force appears by two com-
ponents, one by visco and one by elastic propertics in the deformation of
viscoeelastic element and constitutive stress-strain relation given as relation
between force and extension of clement in the following form:

L(t) = cy(l) + py(t). (1)

In Mechanics of hereditary continuum in the case of axial (in one di-
rection) stressed and deformed Voigh's type body stress strain constitutive
relation is expressed by following relation: o(t) = Fe(l) + ué(t). More ac-
ceptable and precisc and better compatible with experimental data with
real hereditary body properties is model of the standard visco-elastic body
(Kelvin and Poyting-Thompson’s body). Constitutive stress strain relation
given as relation between force and extension of element in the following
form:

nP(t) + P(t) = ney(t) + éy(t). (2)

In mechanics of hereditary system constants n. ¢ and ¢ obtain special names:
time of relaxation, rigidity coefficients, one momenteneous and prologues one.

For generalized hereditary element model relation between force and
deformation is possible to describe by differential equation high order deriva-
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tive in the following form:

Tr

Z a df;; = by + th — (3)

r=1

For more complex viscosc elements (represented by the Jeffreys’ body
(J-body) and Lethersich’s body) stress-strain state is described by differen-
tial equation in the form:

nP(t) + P(t) = byy(t) + nbaij(1). (4)

Equivalency and analogy of hereditary interactions and reactive forces
in systems of automatic control gives possibility to extend theory of analyt-
ical dynamics of hereditary systems to mechanical systems with automatic
control. For example, automaton with transfer function presented in the
following form

b() + blp + e+ bnpn

W(p) =
(?) L4+ap+---+anp”

(5)

presents a hereditary interaction (3) between material particles of the dis-
crete mechanical system with once degree of freedom.

Parameters of the automaton of arbitrary structures are defined in an
experimental way and it is possible to obtain amplitude-phase characteristic.
In our opinion there are real possibilitics and perspective to use method
of amplitude-phase characteristic for experimental obtaining of mechanical
characteristic of the hereditary discrete mechanical systems. It is possible
to solve some difficulties with identification coefficient of the momenteneous
rigidity which appcar in the mechanical investigation of the hereditary forms
and shortened longtime experiments.

V.3. Integral models of the stress-strain state of the hereditary
elements

There are three mathematical forms for description of constitutive re-
lations of hereditary properties of hereditary interaction [49], in the building
of hereditary system’s mechanics. These forms arc:

1* Differential equation, expressed in the form of dependence reaction

force P of the rheological coordinate z, usually presented as deformation or
relative displacement of the hereditary constraint in the form (3).
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2% Integral equation, expressed in the form of dependence reaction
force P of the rheological coordinate y , usually presented as deformation or
relative displacement of the hereditary constraint:

PO = ¢ |y(t) — [ (e = )y(r)ar (6)
0

where

Rt —7) = e

nc

is relaxation kernel, and 3 = — is coefficient of the element relaxation.
7

This integral relation (6) can be obtained by solving equation (2) with
respect to the force P. By this integral equation, the relaxation of the re-
action force P depending on the rheological coordinate i, is presented and
expressed.

For the case of the generalized standard hereditary element (3) integral
equation is possible to obtain in the form (6) in which relaxation kernel
R(t — 7) presents sum by sum of exponents.

3" Integral equation, cxpressed in the form of dependence rheological
coordinate y, usually presented delormation or relative displacement of the
hereditary constraint and reaction force P:

t
1 8
y(L) = . P(t) + / R(L — 7)P(T)dr (7)
‘ 0
wherce
c—¢ _ &

Rt — = j—'n,(:(/'_T)

(T T) ne ¢

is kernel of rheology and 8 = — is the coefficient of the creep or retardation
ne
or rheology.

V.4. Three forms of cquations of motions of a hereditary oscillator

Simple model of a hereditary discrete systemn is hereditary oscillator
with one degree of freedom which contains one material particle with mass m
and onc standard hereditary clement P with material viscoclastic propertics
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defined by following coefficients: n, ¢ and ¢ constitutive stress-strain relation
expressed by relation (2) between force P(t) and generalized and rheological
coordinate y(t). Then by using principle of dynamical equilibrium of the
oscillator it is possible to obtain equation of the oscillator motion in the
following form:

mij(t) + P(t) = F(t) (8)

where P(t) is resistive reaction of the rheological element, F(t) external
forced excitation. Using constitutive relation (2) or (10) for stressed and
deformed standard hereditary (rheological) clement for climinating resistive
reaction of the rheological element P(¢) from last equation (8) we obtain
three corresponding forms of the equation of motion of the rheological —
hereditary oscillator with one degree of freedom listed as follow: one in dif-
ferential form:

nmi(t) + my(t) + ney(t) + éy(t) =nk(t) + F(t) (9)

and two in integro-differential forms

t
mi(e) +c |yit) = | e = (| = Flo (10)

my(t)+c |y(t) +/. R(t — T)ymij(T)dr :F(t)+c/ R(t — 7)F(r)dr (11)

For the case of the weak singular hereditary oscillator equation of
the dynamic equilibrium (oscillator motion) in the differential form is not
possible to obtain, but in the integro-differential forms is possible.

V.5. Thermo-rheological pendulum

V.5.1. Light standard thermo-rheological hereditary element

When standard hereditary element is modified by two temperatures
Tr(t) and Tis(t), which arc introduced by thermo-modification of visco-
elastic properties by temperature T (f), and by thermo-modification of ela-
sto-viscosic properties by temperature Ty, (¢), than constitutive relation be-
tween stress and strain state of the thermo-rheological hereditary element
(sec Ref. [49]) is:

nP(t) + P(t) +nFy(t) + Fr () = nep(t) + &[p(t) — po) (12)
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in which
Fu(t) = cyranTar(t), Fr(t) = cxarTx (1) (13)

are thermo-elastic forces, and p(t) is rheological coordinate, ¢y, ¢ are co-
efficients of thermo-elastic rigidity, cas, ax are coefficients of thermo-elastic
dilatations, n is time of relaxation, and ¢, ¢ an instantancous rigidity and a
prolonged one of an element.

Constitutive relation (12) of the thermo-rhelogical hereditary element
from differential form, we can rewrite in two integro-dillerential forms.

V.5.2. Light standard piezo- and thermo-rheological hereditary element

When standard hereditary element is modified by two polarization
voltages Uk (t) and Ups(t), which arc introduced by piczo-modification of
visco-elastic properties of subelement of piezoceramics, by Ux(l) and by
piezo-modification of elasto-viscosic properties by Uxs(t), and thermo-modi-
fied by two temperatures T (t) and Thr(t), than constitutive relation be-
tween stress and strain state of the piezo-rheological hereditary hybrid cle-
ment is in the form (12) in which

Frr(t) = ciaraumUne(t) + crararar Tar(t)
Fr(t) = coworxUk(t) + crori T (t) (14)

are thermoelastic and piezo-elastic forces, and p(t) is rheological coordinate,
criv, cri are coefficients of thermo-elastic rigidity, ayas, i are coeffi-
cients of thermo-elastic dilatations, cpyar, ¢y are coefficients of piezo-elastic
rigidity, auar, apk are coellicients of piezo-elastic dilatations, n is time of
relaxation, and ¢, ¢ an instantancous rigidity and a prolonged one of an
hybrid element.

V.5.3. Pendulum with standard thermo-rheological hereditary element

The thermo-rheological hereditary pendulum has two degrees of free-
dom, one degree of motion freedom defined by angular coordinate ¥ and one
degree of deformations freedom defined by changeable length of thread as a
coordinate p(t).

Let us compose the equations of the thermo-rheological pendulum
synamics with thread in which the standard thermo-rheological hereditary
clement with constitutive stress-strain relation (12) is incorporated. Now,
by introducing force P(t) of the extension of the thermorheological heredi-
tary thread from constitutive relation (12) presented into integral form, the
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equations of the pendulum motion are in the forms (for detail sce Reference
[66] by Hedrih (Stevanovic)):

T

B (po + p())F” + geost+ = | p(t) - / P()R(t— T)dr | =
0

i

= ~Fult) ~ — s [ 1Pu(r) = Felr)| R = )drPle) (15
0
(po + p(t))%0 + 2(po + p(t))8p(t) + glpo + p(t)) sin 6 = M(t).  (16)

This system is a system with onc integro-differential and one differen-
tial equation of the thermo-rheological hercditary pendulum with motion in
vertical plane.

If the thermo-rheological pendulum is in the horizontal plane, from
second differential equation of the previous system, we can obtain the rela-
tion between the length of the pendulum thread and of the angular velocity
in the following form:

«

oo+ plt) (17)

610 =000 |

By introducing this previous expression (17) in the first equation of the

system (16) (for the casc of horizontal plane) the following intcgro-differential
equation for the pendulum length thread is obtained:

) . 12[py + p(0)] b ;
sy — [oo)] Lot PO ey [ AR — dr | =
/(i) { (U)] [/00 + p(i?)]s m /(t) 0/ ﬁ( ) ([ )

™m m(c—¢é) ,

= lFM(t) e / [Far(7) = e (T)] R(t — 7)dr (). (18)
0

V.6. Concluding remarks

Solution of obtained integrdo-differential equation (18) is mathemati-
cal problem in analytical mechanics of hereditary discrete system dynamics.

Also, solutions of the similar integro-differcntial equations are tasks for
mathematics in the function of applications in mechanics and engineering
system dynamics with hereditary properties.
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In the basis of the construction of Lagrange’s mechanics of heredi-
tary discrete systems, the classical mechanics principles are used [49]. These
principles are: Principle of the work of forces along corresponding possible
system displacements, as well as Principle of dynamical equilibrium.

Initial conditions of hereditary system dynamics are very important,
containing the history of rheoclogical interactions of the system. Than, it is
important to take into account stress-strain history of viscoclastic elements
- interactions between hereditary system material particles.

Analogy between hereditary interactions and rcactive forces in the
systems of automatic control gives possibility to extend theory of analyti-
cal dynamics of hercditary systems to mechanical systems with automatic
control.

For description of properties of dynamics of a hereditary system by us-
ing relaxational or rheological kernel (resolvent), these kernels are expressed
by exponential or fractional-exponential forms [49]. Descriptions of hered-
itary properties of the system by using differential forms (2) and integral
form (6) and (7) with exponential kernels are equivalent. For the case of
fractional-exponential forms of the kernel (6) and (7) in the integral form
corresponding equivalent differential forms not exist.

The Lagrange’s mechanics of hereditary systems is extended and gener-
alized to the thermo-rheological [49, 66] and pieso-rheological [49] mechanical
systems.

V.7. Open directions for next research and applications

Directions for next research in area of mechanics of hereditary discrete
system must be focused to find analytical forms of solutions or approxima-
tions of solutions of integro-differential equations and to build mathematical
theory of the material mcemory of the history of previous stress and strains in
the material before starting system motion and its observation. Mathemati-
cal theory for slowing problems with determinations of the initial conditions
of the hereditary system is second main task in this area. Present in science,
there are numerous numecrical approach and numerical experiments over the
integro-differential equations and numerical procedure expressed by software
tools but for advances in area of analytical dynamics of hereditary systems
it is necessary analytical approach, solutions and qualitative methods for
ecaluations of the system solution stability.

For practical applications in mechanics and engincering system dynam-
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ics analytical forms of the approximations of solutions of intgro-differential
equations are necessary for easier quantitative estimation larger class of the
dynamic phenomena hereditary system bcehavior. All real constructions and
ehgineering structures arc with hereditary properties.

VI. Analytical mechanics of fractional order discrete system
vibrations

VI.1. Introduction

Differential fractional order equations and theirs applications in de-
velopment of analytical dynamics of discrete and continuous fractional or-
der systems with like single and multi-frequency modes, or fractional order
modes arc important results for applications in different area of science and
practice (see References (see References [53-59] and [62]).

Discrete continuum method is based on the continuum discretization
and coupling by standard light hereditary, or fractional order elements (see
Refercnces [63] and [64]). Main nets, main chains and mail fractional order
oscillators with main fractional order modes of plane as well as space coupled
mechanical chains (cases with ideal clastic, hereditary and fractional order).
Fractional order standard light clements have applications in mechanics of
continuum (models of longitudinal and transversal oscillations of beams),
in biomechanics (mechanical models of double helix DNA chains [59]), to
systems with coupled pendulums, as well is in signals transfer (see References
IVL).

VI.2. Standard light fractional order element

Standard light coupling element of ncgligible mass is in the form of
axially stressed rod without bending, and which has the ability to resist de-
formation under static and dynamic conditions. Standard light fractional
order creep element for which the constitutive stress-strain relation for
the restitution force as the function of element elongation is given by frac-
tional order derivatives in the form (see Refercnces [54] and [55] by Hedrih
(Stevanovié)):

P(t) = —{cow(t) + ca®f [2(t)] } (1)
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where D%[e] is operator of the o' derivative with respect to tine t in the
following form:

l

D¢ [x(t)] = %O(f) = 3@ () = F_(ll——a)gt / %(H (2)

wherc ¢, ¢, are rigidity coefficients — momentary and prolonged one, and «
a rational number between 0 and 1,0 < a < 1.
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Figure 6 - Discrete continuum fractional order model in a plane - Hybrid multi
chain fractional order planc system. (a”) Hybrid multi-chain system,
in onc plane and in the form of coupled chains by standard light frac-
tional order elements and in the cantilever form of boundary condi-
tions; (b™) threc coupled chains (§ — 1)-th ., j-th and (5 + !)-th chains,
g =1,2,3,4,..., M, as part subsystem of the hybrid multi chain sys-
tem with coupling clemments and kinctic parameters: masses, stiffnesses
and fractional order parameter of the fractional order clement and gen-
eralized coordinates of the system. Attached a separate j-th chain of
the hybrid chain system with notation of the gencralized coordinates
X s k= 1234, .. ,;‘N'Y, ] = 123,4, B ,\l

VI.3. Governing equations of the fractional order multi-chain
plane system model

Coupled governing fractional order differential equations of the multi
chain fractional order plane system vibrations, according notation in I'ig-
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ures 6.2 and b”, and determined standard light fractional elements by con-
stitutive relation (1) and (2), used for coupling of the mass particles, are in
the following form:

Mgtk = —Ch=1{Thj — Th=1,j) + Chj(Tha1j — Tk j) —
—Cak—1;07 [Thg — Th-15) + Conk Pt [Tht1 7 — The 5] —
—Ch,(j—1,5) Tk g — Thjo1) + G0 (Thgr1 — Thg) — (3)

~Cok,(-1,)) Pt [Zhj—ari—1) + Cok g+ )P4 [Bhg11 — Ty
k=1.234 . N, j=1234 .. M

For the homogencous planc system corresponding to the system (3) of
fractional order differential equations let us introduce the coordinate trans-
formation, in accordance with trigonometric method (see References [67] by
Raskovi¢ and [64], [60] and [54] by Hedrih (Stevanovié)) in the following
form:

s=M
Thj = 3 iy sinjes, k=1,23,4,... N, j=1234,... M (4

where €15 are normal coordinates of the main chains of the hybrid plane
system as well as generalized coordinates of the s-th main chain from the
sets and for the corresponding linear system are in the form:

Ei(s) = Chs) cOS(Wp(s) + up(s))  and

o2 — /’M_( RO 2@5 ~ -
Ky = Tis) T =

<
——~
o
~
~
—
-

m 2
and ¢ are eigen characteristic numbers of the hybrid system obtained by us-
ing the trigonometric method (see Refs. [67] by Raskovi¢ (1965) and [54], [55],
[57], [59], [60] and [62] by Hedrih (Stevanovi¢) (2002, (2004), (2007), (2009)
and (2010)) depending of boundary conditions of the transversal chains in
the form of the longitudinal chain connections.

m . .
?{fk(b-) — &1(s) T (2 F Kl ) Eas) = Ensrgs) +
DF [ = Ex-1(6) + (20 + Folin(e) k() — raags)| = 0 (5)
k=1,234,.. N, s=1,23,... .M.

Let us introduce the following coordinate transformation:

r=N =N

gk(e)—Z&L(s >_Zn -y sin k, s=1,2,3,... , M. (6)

r=1
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Taking into account that sin k¥, is different them zero in arbitrary
cases from (3), we can obtain the transformed system of the governing frac-
tional order differential equations (5) of the eigen main chains as well as
the transformed basic governing system of fractional order differential equa-
tions (3), with respect to the new introduced coordinates N(s)(r) containing
M x N independent subsystems for each pair of the (s)(r) from the sets
s=1,2,3,... M and r=1,2,3,4,... , N in the following forms:

- 2 L2 al, =
) (r) T Dy NN + Waris (1 DF )] = 05 (7)
s=123... .M, r=12234.... N,
where
C , ~ ~
w@mn:;#%““*J+Wwﬂ+ﬁn~@w$ﬁ» (8)

s=1,23... .M, r=12234,... N\

This last system of fractional order differential equations (7) represents
M x N independent partial fractional order differential equations describ-
ing independent fractional order oscillators each with one degree of freedom

and eigen normal coordinate M)y S = 1,23 M, r=1,2.3,4,... .N
of the considered fractional order hybrid system and containing N sets of
the M cigen main chains normal coordinates 7y, 5 = 1,2,3.... , M,

r=1,2,3,4,... ,N. Then, we can conclude that simultaneously with deter-
mination of the normal coordinates of the cigen main chains, we determine
as well as normal coordinates of the considered hybrid fractional order plane
system vibrations with M x N degrees of freedom. Also, we can conclude
that normal coordinates for the linear system, correspond to the normal co-
ordinates of the corresponding fractional order system and expressions for
generalized coordinate transformation to the eigen normal coordinates of
the basic linear system vibrations, we can usc for the corrcsponding coor-
dinate transformation of the corresponding fractional order hybrid system
vibrations to the eigen normal coordinates.

VI.2. Eigen factional order signals and eigen main chain signals in
the fractional order multi-chain plane system model

Type of the obtained fractional order differential equations in the sys-
tem (7) is same as in numerous author’s papers, but with different coef-

ficients. These coefficients are sets of eigen circular frequencies w(z‘q>{7,) and
VAN
fractional order material properties characteristic numbers wé(s)(,,,) in the
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form:

c
w(zs)(,r) = {4&5111 —2— + 2(1 — cos ¥ )} (9)
s=123,.. M. r=1234,...N

¢ . P/
w?y(q)(r) = E <2(Kla — 1) + 2(1 — COS 7.97) + 4:/{/05 Sl]fl2 —2—5> , (10)

s=1,2.3... M, r=1234,. . N

which depend of boundary multi-chain system conditions determining char-
acteristic numbers: ¢s and 9, (sce Refs. [67] by Raskovié (1965) and [54],
155], [57], [59], [60] and [62] by Hedrih (Stevanovic)).

Now, taking into account solutions of the fractional order differen-
tial equation (see Reference [52] by Baéli¢ and Atanackovié (2000)), for the
system of the fractional order differential equations (7), we can write corre-
sponding solutions of nigyry, s = 1,2,3,... , M, r=1,2,3,4,... N, in the
form of fractional order like one frequency time functions which are eigen
main modes and normal coordinate 74, of the fractional order plane sys-
tem in the following expansion:

i v Z (FYwtsn "
k Ok s
8 = iy (O S (1 ( ) :
=0 W(g)( )] (2k +1 - aj)
k —cx'
: k 2!. 2k+1 ( (7")
P (0 3 (- 1R 2R S ( ) (1)
k=0 7=0 L2k +2 - aj)

s=1,2,3,... M,r=12,34,... ,N.

This last expressions (11) determines eigen normal fraction order like
onc frequency modes of the hybrid fractional order system corresponding to
one eigen circular frequency and corresponding eigen fractional order prop-
erties characteristic number (10) of material fractional order properties of
standard light elements. Also, we can conclude that the expressions (11)
are mathematical descriptions of the main normal fractional order like one
frequency signals.

Now, taking into account coordinate transformation:

r=N r=N

k(s) — Z gk’ (s)(r)y — Z N(s)(r) sin k9, (12)

r=1
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s=M s=A r=~N
Tk,j = Z Ce(s) SIN JO5 = Z Z N(s)(r) SILED, 8ID J o),
s=1 r=1

(13)

and solutions (11), we obtain expressions for the like multi-frequency frac-

tional order generalized coordinate in the following form:

1™ eigen normal coordinates for obtaining eigen main chanins and gen-

eralized coordinate of the eigen main chains,

r=i
— Z 1)) (0) sin pd, Z (=1)h EYIZ ILZA
= k=0
i F1)y 'wz] ot o
Z ( ) o Z (s y(0) sinpd,.
=5 N @l (2“1—@7 ~
o ( )]Lu‘— 27 t_aj
> ()R, tzmz ( ) o(3)(r)
= Wiy T2k + 2 — aj)
p:l72,3,...,]\/) q:]12’3q1\[

2% generalized coordinate of the hybrid fractional order system:

s=Mr=N
Z Z sin pt, sin gog Z (s ) sin pil,
s=1 r=1 r=1

oo T oy

Z(_ Zk ka( ) ()( F1)w ﬂ(%)() L

o ") U2k + 1 — «j)

s=Mr=N

+ Z Z sin p, sin qo, Z Ny (0) sinpdy

s=1 r=1
= Tt
/» Z/. 2k--1 T
S (1t Z( )

P I(2/§+2—(U)
p=123,... N, Q= 1 2,3,... M.

(14)

VI1.3. Eigen factional order signals and eigen main chain signals in

the fractional order multi-chain space system model

For the homogeneous fractional order multi-chain space system dy-
namics, presented in Figure 7, by the similar way as in previous chapter VI.2.
is possible to write system of coverning fractional order differential equations
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by use coordinate notation from Figure 7, and corresponding material system
coordinates. Then let introduce the following coordinate transformation:

s=K
B = D S S ks, (16)

s=1

i=1,2,34,... N, j=1234,... M, k=123 K

;

where
e i =1,2.8,4,... N, j=1,234,... M

for each s = 1,2,3,... , K, are normal coordinates ol the main plane sub-
systems R(S), s=1,2,3,... , K in the form of the independent K plane nets
each consisting of the coupled M chains each with N degrees of freedom.

o

Mi1g+1k T Ljd Lk

:méfﬂf-:—-'#-—-' F-—# s,
e e me=m

tHIE—= "1 11 i =1 1
oD
B ==ty = vl-'lﬁ:"” ==liii, =] r{uj_ﬁﬂ TR
.ﬁ,:!ﬁ,‘!""'” o ”_” —— ,_ —— ﬁ;ﬂﬁl!‘m’. 3
— e I — I — vm.-_"g:- 1=
 a—

My—1 -1k

L) 1t g f ‘T, ’

ﬁgﬁﬁ‘_ﬁ@-y.mﬁ— -./(;{— 1), (k — 1)-th chains

17"-—-”“_vm,.—-um— »17”.-'”1_—'”!4— U= ;I_IIF '”_n- i 77’2.,;1.3_ 1.k 1 £ 3

== Wﬂa___ i i e = == e e e e ( _ l) (1,_ _ 2)-th chains
==t ’l:'-“--”- e e s I / T '

== :M#J.—*_—-; i1 j= k=2 T 5 |k -2 THA ) j—1 k=2

v A==t —

Timlj=1k=2 Fij-ik=2 Tiilj Lk-2

T im
= ﬁn——— i —--'.'m —-;ﬁ-—v@x

a* h*

Figure 7 — Discrete continuumn fractional order space model - Hybrid multi chain
fractional order space system. (a*) Hybrid multi-chain system, in space
and in the form of coupled chains by standard light fractional order ele-
ments and in the cantilever form of boundary conditions. (b*) The cou-
pled chains (j — 1), k-th, j, k-th and (7 + 1), k-th chains, and (j — 1),
k-th, (7 — 1), (k—1)-th , and (j — 1), (k—2)-th, 7 = 1,2,3,4,... , M,
k= 1,2,3,... , K as part  subsystem of the hybrid multi chain
system with coupling elements and kinetic parameters: masses, stiff-
nesses and fractional order paramecter of the fractional order element
and generalized coordinates of the system, with notation of the gen-
eralized coordinates z; 1, k = 1,2,3,4.... N, j = 1,2,3,4,... , M
k=1,2,3,... K.

)

¢Ps, s = 1,2,3,... , K arc cigen characteristic numbers of the hybrid
system and according trigonometric method (sec Refs. [67] by Raskovié
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(1965) and [54], [55], [57], [59], [60] and [62] by Hedrih (Stevanovié)) depend-
ing on boundary conditions of the transversal coupled chains in the form of
the normal direction of chain connections between parallel plane nets, deter-
mined by direction of increasing indices k = 1.2,3,... , K. Each of these K
main and independent plane nets arc  with N x M degree
of freedom with N x M normal coordinates ggf))'(.), 1~ 1,2,3.4,... N,
j=1,2,3,4,... ,M foreach s =1,2,3,... , K and are like multi frequency
fractional order time functions form K independent subsets of circular fre-

()

quencies Wi () and corresponding fractional order characteristic numbers

“W Ji=1234, . N j=1234,. . Mforeachs=123. . K

Taking into account that sink¢, is different them vzero in arbitrary
cases from system of governing fractional order differcuntial cquations, we can
obtain the transformed basic governing bybtcm of fractional order differential
equations with respect to the coordinates E( U) 1= 1,2,3,4,... ,N, 7 =
1,2,3,4,... , M containing K independent subsystcms of (ouplod fractlonal
order differentml equations of like multi-frequency N x M-frequency main
plane nets for each s from the set of s = 1,2,3,... , K in the following forms:

TEN o)~ Eo i + 2RI GDER )~ E
+a |- 5() G+ 2 — i) +
T Dp {—ng%) o+ @RI GIER ) i) T (D
+raf =600 1y + 2650 — €5 e =0
P=1,2,3,4,. .. N, j=1,234,. .. M s=123, .. K

Previous obtained K subsets of fractional order differential equations
describing dynamics of the main subsystems is expressed by new coordinates
6((%)’(3.), 1 =1,2,3,4,... /N, 7 =1223,4,... , M containing K independent
subsystems for ecach s from the set of s =1,2.3,... | K.

These subsystems present K mathematical descriptions of dynamics
of independent eigen main plane (or surface) nets containing coupled chains
with corresponding subsct of the cigen circular frequencies and corresponding
fractional order characteristic numbers of main plane (surface) nets. Through
these eigen main planc ncts is possible to transfer subset of the signals with
frequencies from the corresponding subset of the eigen circular frequencies.
Thesc signals are fractional order like N x M [requency signals.

Next approach is similar as in the previous chapter VI.2. for system
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containing coupled chains in onc plane. Then, due to the limited length of
the paper, we will not to present all derivatives and suppose writer to follow
previpus chapter to obtain independent subsystems of the fractional order
differential cquations describing main independent fractional order oscilla-
tors each with one degree of freedom, in the form:

2()(r) (p) 2 (s)(r)(p) 4., 2 a | ~(s)(r)p) | —
(NP Wl oy )7+wmmmthR M=o ay
s=1,23,... K, r=123,... M p=123... N

wherc

6N o)

S ST 2 .

$n) ::;g;'”u> sin ¥, (19)

i=1,23,4, .. N, §=1234 .. M s=123.. K
p=N
= 2 (O sini,, (20)

p=

i=1,234,... N, s=123... K 1r=123.. M.

Previous system (18) contains N x M x K independent fractional order
differential equations cach only along one coordinate ( (S)(T)(p),
s=1,2,3,... , K, r=1,2,3,... M, p=1,23,... ,N. These coordinates
C(S)(T)(m, s=1,23... K, r=123,... M,p=1,2,3,...,N, are normal
coordinates of the hybrid discrete fractional order space system containing
parallel coupled chaing in the parallel plancs and in the parallel lines in these
planes.

Number of fractional order partial oscillators is equal to the product
N x M x K and cqual to the number of the system degrees of freedom.

VI1.3. Concluding remarks

Then we can conclude that through eigen main plane (surface) nets
R(S), s=1,2,3,..., K, it is possible to transfer like N x M-eigen frequency
fractional order signals as independent on other subsets of plane like N x M
eigen frequency fractional order signals in other eigen main plane nets R(S),
s=1,2,3,... K.

Each eigen main fractional order plane nets R(S), s=1,2,3,... ,K is
possible to decompose into M independent cigen chains, in total there are
M x K main independent chains of all space system, with normal coordi-
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nates )" i = 1,234, N, s = 1,2,3,.. K. r =123 M of
these independent eigen chains, Then we can conclude that through each in-
dependent eigen main chain is possible to transfer like N-frequency fractional
order signal, as well as that coordinate 'r‘/&) ") arc N-frequency fractional or-
der time functions with corresponding main chains sub set of N-frequencies
and corresponding characteristic [ractional order properties numbers.

Irom the last obtained system (18) containing N x M x K indepen-
dent fractional order differential cquations each along one normal coordi-
nate d's)(”')(p)., $=1,2,3,...  K.r=1,23,... . M, p=123,... ,N we
can conclude that each of these normal coordinates of the system is like one
frequency fractional order time function with eigen circular frequency from
the set Wiy § = 12,3, K, r=1,23,... .M. p=123,... N
and fractional order characteristic numbers wi(sxrxp), s = 1,2,3.... K,
r=1223..., M,p=1223....,N describing fractional order propertics
of the system eigen vibrations. Number of fractional order partial oscillators
is equal to the product N x M x K and equal to the nunber of the system’s
degrees of freedom. Then we obtain normal coordinates for the transfer of
once frequency fractional order signals through space fractional order vibra-
tion structure.

Then, we can conclude that simultaneously with determination of the
normal coordinates of the ecigen main nets and eigen main chains we deter-
mine as well as normal coordinates of the considered hybrid fractional order
system with N x M x K degrce of freedom. Also, we can conclude that nor-
mal coordinates for the linear system, corresponding to normal coordinates
of the corresponding fractional order space system and expressions for gen-
eralized coordinate transformations to the cigen normal coordinates of the
basic lincar system wc can use for the corresponding coordinate transforma-
tion of the corresponding fractional order space hybrid system to the eigen
normal coordinates for the considered hybrid system.

V1.4. Open directions for next research and applications

Directions for next research in area of mechanics of fractional order
discrete system must be focused to find analytical forms of solutions or
approximations of solutions of fractional order differential equations different
types and integrals.

Also, applications of the fractional derivatives and fractional integrals
for describing constitutive relations of different types and sources of material.



On mathematical methods of mechanics with applications (MMMA)... 91

Research in this arca nust be focused also to the experimental investigation of
the material constants and paramcters defined by fractional order derivatives
and operators.

For practical applications in mechanics and engineering system dy-
namics analytical forms of the approximations of solutions of fractional order
differential equations arc necessary for easier quantitative estimation larger
class of the dynamic phenomena fractional order system behavior. All real
constructions and engineering structurcs are with plastic properties.

VII. Analysis of the trigger of coupled singularities in
nonlinear dynamic of no ideal system
with Coulomb’s type friction

VI1I.1. Free vibrations of the heavy mass particle along rotate
rough curvilinear line with Coulomb friction

For beginning let to consider free vibrations of the heavy mass par-
ticle along rotate rough curvilincar line with Coulomb’s type friction, see
Figure 8.a*. For the case that curvilinear lince is in the vertical rotate plane
Oxz around vertical Oz axis, we can take that equation of the curve-linear
line is: z = f(x), or fi(z,2) = z — f(z) = 0 and with the following prop-
erties f(—x) = f(x) and that coordinate pole is in the zero point f(0) =0
in which line have minimum (see Figure 8.a"). Also we take that curvilinear
line rotate around vertical Oz axis with constant angular velocity Q = Qk.

Heavy mass particle, mass m, moving along rought curvilinear line
with Coulomb’s type sliding friction coefficient yu, is loaded by proper weight
mg, as a active conscrvative force and by four no ideal constraint reactios,
one Iy - normal ideal constrain rcaction, second Fgn in binormal direction
and two additional, £),; first tangential component of the no ideal constraint
reaction induced by friction and proportional to the normal component re-
action I, Fj,1 = —puFwn sign U, and F,o sccond tangential component of
the no ideal constraint reaction induced by friction caused by pressures in
the binormal direction and proportional to the binormal component of the
inertia force

Fpn,  Fua = —pFpy sign tre,

cauzed by curvilincar linie rotation around vertical Oz axis with constant
angular velocity 2 = Qk.
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Figure 8 - Heavy material particle motion along rough curvilincar line with
Coulomb friction

Force of the inertia of mass particle rcaltive motion along the curvilin-
ear linc which rotate around vertical Oz axis with constant angular velocity
() = Qk, have two components. One component is force of the inertia of the
circle rotation around vertical axis in the form ]%p = mO%z 4, and second is
Coriolis inertia force of the system and we can write:

Fyp = —Fjc =2m [Qﬁ,.d} = 2mdu,. .y cos a5,

Corresponding force of Coulomb’s type friction is ubthe form:

— = z_)"rcl 'Jfr@.l -
Fpo=—-pnp FNB‘ ——— = —2pmSuy, cOS = —2umTy; COS v,
Urel } Urel ’

By use principle of dynamical cquilibrium we obtain expression for
the intensity of normal and binormal components of curvilinear constraint
reactionscorresponding differential double non-lincar cquation of the heavy
mass particle motion along rotate arbitrary curvilinear rogh line, with angu-
lar velocity of rotation €2, and defined by function z = f(2), for the case that
the coefficient of the Coulomb’s type sliding friction is u, s in the following
form:

d F ! e s
(V14 27) e + P (L )
dt V1427 V14 2°

g

—F (¢ £ p) £ 2u =0 (1)

V 1+ 2%

For the case of heavy mass particle motion along no ideal arrbitrary
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rough curvilinear line without rotation, differential equation is in the form:

d Z/ 1 92
ﬂ(VL+Z>+qVT:;§iMVTI;JLZ-+@—0. (2)

Let consider special case of the rough curvilinear line with friction
along normal surface contact (without last term +2p8% in (1)) and let in-
troduce new variable in the following form: u = 42, then previous differential
doube equation (1) of the mass particle motion along rough line is possible
to transtorm in the following form:

du Lo 27+ )

dr (14 2"2) -
902 x N 2g / for wpe >0 )
= —20) REE) (1F p2") D) (2 + 1) { for v <0 (3)

Previous differential double equation (3) of the material particle motion
along rought curvilinear line according new helping coordinate wu is ordinary
double differential equation first order with changeable coeficients and type
in following form:

du

with following solution:
(z iu)
. 2: B f (142"2)d _2/ QQLJ_ /
()] [ [t u
q N ”(7 :/tu)

From previous first integral, the following equation of the phase tra-
jectories in the phase plane (L:L) we obtain:

2 —2 % et 5 X
Upey () = (1 + 2 ) (l+ ) {_2/ [Q mﬂ?/ﬂl)"‘
g (= ’iyu)
+ff??ﬂ7iuﬁﬁ‘uw) do+C (5)

where (' integral constant depending of initial conditions, angular coordinate
and angular velocity at initial moment, or starting terminate mass particle
positions for next phase trajectory branch.
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For reason to compare properties of kinetic paramecters of main con-
sidered system dynamics and corresponding fictive (neglecting terms with
aquare of velocity #2) for comparison we transform corresponding differen-
tial double equations in the form of the system of first order differential
double equations and for obtaining singularities for main system and fictive
systems use conditions that right hand side all equations must be equal to
zero (nul). Then we obtain the following conditions:

*For main system dynamics:

dx

—_— = U :O

it~
d .1 . 7! T 1 J,\/ A/:t
_Y:ﬁﬂ—iiy$uﬂ—i¥7_{ﬂd:Hz)—%é g);u (6)
dt (1+ 2'%) (1+2%) (1+ 2%) (1+2'7)

*For corresponding fictive systems

dx
- - 1 = O
at "’
dv or(LF pn2’y gz £ p)
= — 5 5 =0 (7)
dt (142 (1+27)
and
dx
-_— = Q) = O
dt 7
dv (22 + g2)
& vy 0 (®)

We can see that for listed main system and for fctive system, condi-
tions for obtaining singularities are same. Depending of the curvilinear line
form z = f(x), we obtained two nonlinear algebra cquations in the following
forms:

(T pd) g o (Rt g2

(1+Z’2) (14 2/%) (1+z’2)

= (9)

from which we can obtain, one or more roots.

If corresponding algebra double equation (9) have one root for p = 0
then words are about one cquilibrium position with “one side left” and "one
side right” bifurcation of the cquilibrium position and one fictive triger of
coupled singlarities caused by Coulomb’s type friction between mass particle
and rough curvilincar line.
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If corresponding algebra double equation (9) have odd number of roots
for ;1 = 0 then words are about trigger of coupled singularities in a dynamics
of a basic non-linear system correspond to the system with friction. In this
case corresponding algebra double equation (9) for 1 # 0 have corresponding
odd number of roots for erach of the sets of the sign 4, but all these roots are
slected in two subsets, first one an ”one side righ” singularities and other ”one
side left” singularities correspond to the ”one side left” and ”one side right”
relative equilibrium positions. Then, cach roots of the corresponding algebra
double equation (9) for 4 = 0, have two corresponding roots obtained from
corresponding algebra double cquation (9) for p # 0 and then there are
present new fictive triggers of coupled one side singularities. Then we have
trigger of the coupled trigers of coupled one side left, one central and one
side right singularities, which are present in the system with Coulomb’s type
friction and with a corresponding nonlinear system with ideal constraints and
with minimum a triger of coupled singularitics in its nonlinear dynamics.

Example 1. For the case that line is a circle shaped by

(- R +2°=R* 2=R-—+/R?— 22

for p = 0 and p # 0, from (9) there are two corresponding algebra equations,
one of which for i # 0 is algebra double equations:

022+ g = 0

vV IRZ — g2

and

3 Qi @ B
Q°r (1:F———~R2—.’1;2> +g(——' R2~x2iﬂ) = (. (10)

From first algebra equation for = 0 of previous system (10) is visible
that = = 0 is a root correspond to the equilibrium position, but there are
also pair of the roots:

2
e 0o 9 e g .
.L13—:|: R+ — =— for ‘—Sl
’ Q1 RO2 |
In this case for £ = 0 in system dynamics minimum a trigger of couped
three singularitics exists. Also, we can conclude that second algebra equation
for p # 0 have minimum two roots. First approximation of the minimum
values of first two roots are

—~ 3 g
T3~ :EZFL@?
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which correspond to the "one side right” and "one side left” equilibrium
positions and with = 0 build a trigger of coupled two one side singularitics
appeared as a result of bifurcation by introducing Coulomb’s type f(riction.
By qualitative analyzing of the second algcbra double equation from system
(10) in the form:

2 L D2 2 p2
: : N gR g°R
241+ p%) - o (Rz —(1+ 4//)@> . (ﬂ:Q/J/—...—> 4 _o,

we conclude that, also, one triger of coupled three triggers of coupled one
side singularities appear.

Example 2. For the case that line is an ellipse shaped by

2 2 / 2
z— R X . L
( . > —i-»ba-:l, Z:Rj:a 1_{)_«21

for p = 0 and p # 0, from (9) there are two corresponding algebra equations,
one of which for p # 0 is algebra double equations (see Figure 8.b™):

E
021 & ag— L =0
and
i
2. | b? _
Qx| 1 - /L(Lﬁ +9g | La =0 (11)

1 —
b?

From first algebra equation for 1 = 0 of previous system (11) is visible
that = = 0 is a root correspond to the cquilibrium position, but there are
also pair of two roots:

ag \¢ . = ag
I3 = j:b\/l - (W) for W < 1.

In this case for p = 0 in system dynamics, minimum a trgger of couped
three singularities exists. Also, we can conclude that sccond algebra equation
for © # 0 have minimum two roots. First approximation of the minimum
values of first two roots are

g
02’

r13 & 20
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which correspond to the "one side right” and "one side left” equilibrium
positions and with x = 0 build a trigger of coupled two one side singularities
appeared as a result of bifurcation by introducing Coulomb’s type friction.
By qualitative analyzing of the second algebra double equation from system
(11) in the form:

gN\2, g 2
(et ) = (G5 )’

we conclude that appear also one triger of coupled three triggers of coupled
one side singularities.

VII.2. Theorem of trigger of coupled singularities

Previous considered differential double equations of the heavy mass
particle along rough curvilinear line with Coulomb’s type friction is possible
to express in the following generalized form of differential double equation
with double signs:

P4 b4 + gk, Fz,F2,)] flz,+2,) =0 for 220 (12)

where b, coefficient depending of Coulomb’s type coefficient of friction, and
x,, parameter in coordinate dimension depending of Coulomb’s type coeffi-
cient of friction and with a corresponding governing difterential equation for
ideal system dynamics for z, = 0 in the following form:

i + glk, F(x))f(x) = 0. (13)

VII.2.1. Theorem on the existence of a trigger of the coupled
singularities and the separatrix in the form of number eight in the
conservative system

By using nonlinear dynamic analysis of systems with described non-
linear phenomenon of the trigger of coupled singularitics and corresponding
families of phase portraits and potential cnergies (see Reference [68-88|) as
well as the corresponding experimental investigations of such non-linear dy-
namics in mechanical engineering systems with coupled rotation motions (see
Refs. [72] and [73]) it was easy to define and to prove a series of the theorem
of the existence of a trigger of coupled singularities in non-linear dynamical
conservative and no couservative systems with periodical structure.

Theorem. [n the system whose dynamics can be described with the
use of non-linear differential equation in the form (scc Refs. [72] and [73]):

T+ glk, F(z)] f(z)=0 (14)
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and whose potential enerqy 15 in the form:

E=m / gk, F(x)] f(x)dx = Gk, F(z)] (15)
0
in which the functions f(x) and g(x) are:
F(x) :/,/'(;‘1:)d;(; and G(k,z) = /g(k;:z:)da: (16)
0 0

and satisfy the following conditions:

fl—z)=—f(z)  glk,z+nTy) = g(k,z)
Sl +nTo) = f(z)  glk,—x) = g(k.7)
f0)=0  g[k,F(z,)] =0, for k& (ki k) U(koks)... (17)
flxs) =0, s = 8Ty, s=1,2,3.4,... @, =z + 770,

To
2
glk, F(x)] #0, for k& (ki ko)U (ko ky)...

r=20,1,2,3,4,... \zg] <

and both functions f(z) and g(x) have one mazximum or minimum in the
interval between two zero rools:

a* for parameters values k ¢ (kiz, ko) U (k2. k3) ..., outside of the
intervals (kiz, ko) U (ko ks) ..., the trigger of singularities in the local
area does not exist.

b* for parameters values k € (kyx, ko) U (ko k3) ..., inside of the in-
tervals (kix, ko) U (ko ks) ..., the series of triggers of coupled singu-
larities in the local domains exist.

We can see that for the case a* the second derivative of the potential
cnergy can be positive or negative:

(. df(0
for ~f-(—) >0 Epmin xo stable equilibrium p.
x
df (a6
for jéi) >0 Epmin Ly
d*Ep | s=2p, p=1,2,3.4,...
5 = < N L (18)
dx |7~—m stable equilibrinm p.
o df (z
for fa(hlg) <0 Epmax Ts s =2p—1,
p=12234,...
unstable equilibrium p
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and equilibrium positions can be stable and unstable with corresponding
singular points alternatively change, periodically, with period 7 from stable
center to unstable saddle point, and corresponding phase portrait is without
trigger of coupled singularities and without separatrix in the form of number
eight.

Also we can see that for the case b* the sccond derivative of the po-
tential energy can be positive or negative

d*Ep | { df (z)
f =m g[k’, F(T)} <0 Epma
dx? — dx — e
T, unstable equilibrium position
d*Ep dglk, F(x)] 9
= ———\f (2 >0 Epm 19
i |~ iR VR 2 Eew 9

k. stable equilibrinm positions

and equilibrium positions can be stable and unstable with corresponding
singular points alternatively change, periodically, with period 7y.from stable
center to unstable saddle points, and corresponding phase portrait is with
triggers of coupled singularities and with series of the separatrix in the form
of numbers eight. Then, the triggers of coupled singularities exist in the
phase portrait in the intervals defined by:

T T
T e (—?0+.9T,50+3T) s=0,1,2,3.4,....

Integral energy of the system is in the form:
i + 2G [k, F(x)] = 3 + 2G [k, F(x(ty))] = const. (20)

Equation of homoclinic orbit in the form number "eight” trough ho-
moclinic point (0,0) is:

%+ QG[k:,F(Jc)} = QG[k,F(O)] = hope = const. (21)

for glk, F'(z,)] = 0, for k € (k1, ko) U (ko, k3) ... in which the functions F'(x)
and G(k,xz) are in the form (16) and satisfy the conditions (17).

In Figure 9B" and B* equivalent of potential energy E,(¢) graph of
basic ideal mechanical system correspond to no ideal wich Coulomb’s type
friction is presented. In Figures 9 B*b", B*¢" and B*d* the sets of the ho-
moclinic phase trajectory layering, for ap = 0 and different values of the
|

e <1

1
e=to)
A
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and axis eccentricity are presented. Homoclinic orbits in the form of number
eight appear and disappear with changing parametcr

Two sets of the of the singular points: ¢y = sm, s = 1,2,3,4,... and ¢4 =

g ‘ l g 1o
arccos 702 + 2sm, s = 1,2.3,4,... f.ort. k = \ :. 6’(7( < 1 exists together
with homoclinic orbits — separatrix in the form of number eight.

In Figure 9 A*a" equivalent of potential energy E,(¢) graph of basic
ideal mechanical system correspond to no ideal wich Coulomb’s type friction
is presented in function of coordinate ¢. In Figures 9. (A*b™), (A™¢") and
(A*"d") series of the phase trajectory portraits, for ap = 0, and different
values of the

1

1_‘9 ~§
A 021>

and eccentricity of axis of circle rotation are presented. Two sets (A*b*) and
(A*c*) of the of the singular points in phase portraits are visible: ¢, = s,

L1 . — orecas _ : T
'c 1,2,3,4,... and ¢, = cxrccos@ +2sm, s = 1.2,3.4,... for k = = =
@% < 1. One set (A"d") of singular points in phase trajectory portrait is
visible: ¢y = sm, s =1,2,3,4,... for
! g
k== ~—_‘ > 1
A A9

VII.2.2. Triggers of coupled singularities in non-linear dynamics of
coupled double rotor systems with Coulomb’s type friction

In this part, we start with a new model of the non-lincar dynamics of
two coupled rigid rotors with mass particle debalances and no ideal surfaces
between rotor shafts and cylindrical hearing where appcar Coulomb’s type
friction (for detail sce Reference [88]).

In Figure 10 a* the structure of the coupled double rotor system with
Coulomb’s type friction into contact surfaces between rotor shafts and cylin-
drical bearings is presented. In Figure 10. b* decomposition ol this system
with plan of the Coulomb’s type friction forces is prescnted.

Governing nonlinear differential double cquation of the coupled double
rotor system dynamics with Coulomb’s type friction into contact surfaces
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E i
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EP3 (x) .
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d* =
— d”
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Figure 9 - A" Equivalent of potential energy E,(¢) graph of basic idcal mechanical
system (A*a™) correspond to no ideal wich Coulomb’s type friction and
phase trajectory portrait (A*b*), (A*c*) and (A*d") for ag = 0 and

. . 1 < : -
different values of the k = 3= u—é—Q‘ ;1 and axis eccentricity. Two
sets (A"b*) and (A"c") of the of the singular points: ¢s = sm, s =

1
1,2,3,4,... and ¢ = arccosﬁ% £2sm, 5= 1,2,3,4,... for k=1 =
‘p—éi. < 1. One set (A*d") of singular points ¢s = sm, s = 1,2,3,4, ...

' 1
for k = N Zj—g—g‘ > 1. B* Equivalent of potential energy E,(¢)

graph of basic ideal mechanical system (B*a*) correspond to no ideal
wich Coulomb’s type friction and homoclinic phase trajectory layering
(B*b*), (B*c*) and (B*d") for ap = 0 and different values of the

1
k=

1= ‘?f?‘ < 1 and axis eccentricity.
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Figure 10 - Coupled double rotor system (a*) with Coulomb’s type friction into
contact surfaces between discs and shafts; Decomposition (b™) of the
system with plan of the Coulombs type friction forces

between rotor shafts and cylindrical bearings take the following form:

1 .
mR3 {E + )\pQ} ¢ £ pmrR? [cos k¢ — kAp® cos b & +
+mgRsin ¢ (% + purcos kqﬁ) — ApmgRy sin k¢(R F pr cos ¢) F (22)
Furmg {cos o+ —}gz(bﬂ (% =+ purcos kqb) T

FuArmg {cos k¢ + p—fk%ﬂ (R F prcos¢g) = 0.



On mathematical methods of mechanics with applications (MMMA)... 103

For k£ = 2 and for ideal constraints (by neglecting friction) previous
differential equation obtain the following form:

g
(1+2\p?)

¢+ = (1 — 4X\pcos ¢)sin ¢ = 0. (23)

Obtained differential equations (23) is in the class (13) and than on
the basis of the listed theorem of trigger of coupled singularities in chapter
VII.2.1. we can conclude that non-linear dynamics in basic system when

1
condition o < 1 is satisfied appear a trigged of coupled singularities and

in the phase trajectory portrait appear a homoclinic orbit in the form of
number eight. Sets of singularities are: first ¢s = s7 and second

1
¢s = arccos m for 4xp > 1,

presented in Figure 9.

VII.3. Concluding remarks

Systems with coupled multi-step rotors are important for engineering
applications, then it is important to investigate ideal as well as no ideal sys-
tem nonlinear dynamics. Also, no stability in the working processes of like
that system dynamics caused higher level of noise and vibrations. Present
Coulomb’s type frictions in these kind of system dynamics caused new in-
stability and more higher level of noise and vibrations. This is reason that is
important to investigate non-linear phenomena in dynamics of other corre-
sponding ideal as well as no ideal system dynamics. Also, system with vibro-
impacts are important for engineering practice. Vibro-impacts are strong
nonlinearity with discontinuities in the system kinetic parameters and alter-
nations of the forced and velocities directions in coparison before and after
impacts..

These processes and their singularities are described by one or more
differential double equations and corresponding boundary and impact con-
ditions.

VII.4. Open directions for next research and applications

For previous listed reasons, open directions for research are:

— investigate of phase trajectory portraits of the models of the cou-
pled multi-rotor system dynamics, corresponding singular points,
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trigger of coupled singularities and non-linear phenomena in vi-
brations;

— nonlinear double differential equations describig different engineer-
ing model dynamics with frictions and no ideal constraints;

— vibro-impact system dynamics;

— Dynamics of hybrid system with complex structure.

VIII. General concluding remarks

For limited length of paper, now we made only some comments con-
cerning the following

x Lissajous’ curves, orthogonal asynchronous and synchronous oscilla-
tions, asynchronization and synchronization of subsystem in hybrid system
dynamics.

Series of Lissajous curves as well as new series of the gener-
alized Lissajous curves obtained by software MathCad as a results of
the coupled orthogonal multi-frequency oscillations are suitable for to build
a method of asynchronization/synchronization for applications to the dis-
crete continuum for synchronization some parts of discrete continuum. By
this method based on attractors of asynchronization/synchronization of the
component oscillations of the subsystems of hybrid system is possible and
suitable for two obtain conditions of the integrity of the dynamical system.
Generalized Lissajous curves can be used as attractors of asynchroniza-
tion /synchronization of the component oscillations which are coupled as that
these oscillations are orthogonal. By changing some parameters of the cou-
pled oscillators synchronization and by use current software tools as it is
MathCad (or MathLab or Mathematica), the visualization of the transfor-
mation of the generalized Lissajous curve, up to its degeneration into part
of straight line, can be obtain as results of the orthogonal coupling of os-
cillatory multi-frequency signals. If this degeneration is not possible, then
these oscillators it is not possible to synchronized and corresponding param-
eter is not parameter of synchronization. If as results of the change of some
parameters of the coupled oscillators synchronization is transformation of
the generalized Lissajous curve into one unique line then it is possible to
obtain system parameters of the attractor of partially synchronization or
agsynchronization of the coupled oscillators.

Also, there are some models of the discrete continuum in plane or in
the space, which mass particles moves oscillatory as result of coupled two
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in plane, or three in space, orthogonal multi-frequency oscillations Trajecto-
ries of this mass particles are generalized Lissajous curves. Applications
of the knowledge about generalized Lissajous curves is important for con-
structions of some processing machines with working processes based on the
motion of the coupled orthogonal multy frequency vibrations.

Ito’s stochastic differential equations and applications to stochastic
oscillations of mechanical systems with hereditary properties are also actual
mathematical task for open possibilities in engineering practice, as well as
in other area of scence.

Mathematical analogy and phenomenological mapping by use mathe-
matical models in applications to disparate physical models dynamics open
very large interactions between different area of science and easier transfer
knowledge from one area of science to other.

Also, one of main education task of Serbian mathematicians and other
university professor to fined minimum volume of the clagsical and new cur-
rent mathematical knowledge necessary to be in the programs of Ph.D study
enough for mathematical background of new Ph.D specialist for their next
two decade research and possibility to accept new and future mathematical
discovery and be competent to applied these new mathematical knowledge
in research and practice, as well as to define new mathematical tasks appear
from his research and to directed to mathematicians for future research.
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O MATEMATICKIM METODAMA MEHANIKE I
NJIHOVIM PRIMENAMA (MMMP) ILI MEHANIKA
IZMEDU DVE VATRE: MATEMATIKA I
INZENJERSTVO

Katica R. (Stevanovié¢) Hedrih'

Apstrakt. Prikazuje se izbor matemati¢kih metoda mehanike na primerima pri-
mena za reSavanje zadataka mehanike realnih sistema koji su apstrahovani do
teorijskih modela mehanickih diskretnih ili kontinualnih sistema, kao i hibridnih
sistema. Predava¢ usmerava deo predavanja i na metode i rezultate u ovoj oblasti
svojih uéitelja Mitropoljskog, Andeli¢a i Raskoviéa, kao i na sopstvene, originalne
rezultate 1 dostignuéa u oblasti teorijske i primenjene mehanike i nelinearne di-
namike, te 1 na rezultate svojih magistranata i doktoranata u oblasti primena
matematickih metoda u mehanici.

Sadrzaj predavanja:

1. Vektorska metoda, vektori momenata masa i vektori rotatori, nji-
hove osobine, vizuelizacija i primene u dinamici spregnutih rotacija krutih
tela. Devijacioni spregovi.

2. Asimptotske metode nelinearne mehanike Krilov--Bogoljubov—Mi-
tropoljski i njihove primene u nelinearnoj dinamici deformabilnih tela i di-
namici hibridnih sistema slozenih struktura.

3. Integro-diferencijalne jednacine i njihova primena u razvoju anal-
iticke dinamike diskretnih naslednih sistema Gorosko-Hedrih.

4. Diferencijalne jednacine frakcionog (necelog) reda i njihove primene
u razvoju analiticke dinamike diskretnih i kontinualnih sistema frakcionog
reda. Glavne koordinate i glavni, sli¢ni visefrekventnim, kao i jednofrekvent-
nim modovima, modovi frakcionog reda.

5. Metoda diskretnog kontinuuma — glavne povrSinske mreze, glavni
lanci i glavni modovi sistema ravanskih i prostornih sistema spregnutih

"Mathematical Institute SANU Belgrade, Department for Mechanics and Faculty of
Mechanical Engineering, University of Ni§. Priv. address: 18000-Nig, ul Vojvode Tankosiéa
3/22, Serbia, e-mail: khedrih@eunet.rs
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mehanickih lanaca (sluc¢ajevi idealno elasti¢nih, naslednih ili frakcionog reda)
— primene u mehanici kontinuuma (modeli oscilacija deformabilnih tela), u
biomehanici (oscilacije modela dvostrukih helikoidnih DNK lanaca), primene
na spregnute sisteme klatna.

6. Lissajous-ove krive, ortogonalne asinhrone oscilacije, asinhronizacija
1 sinhronizacija podsistema hibridnih sistema.

7. Ugaone brzine obrtanja baznih vektora tangentnog prostora vektora
polozaja materijalnih tacaka mehanickog sistema s integrabilnim vezama —
trodimenzionalni tangentni prostori i njihova prosirenja.

8. Ité-ova stohasticka diferencijalna jednaéina i primena na slucajne
oscilacije mehanickih sistema s naslednim svojstvima.

9. Metoda fazne ravni i njene primene na nelinearnu dinamiku sistema.
Primeri sistema i faznih trajektorija.

10. Tenzorski ra¢un i njegove primene u mehanici diskretnih i kontin-
ualnih sistema.

11. Metoda funkcije kompleksne promenljive i primene u teoriji elasti-
¢nosti i mehanici fluida.

12. Nauéno rac¢unanje i fenomeni nelinearne dinamike: ¢udni atrak-
tor, bazen atrakcije, rezonantni skok, triger spregnutih singulariteta, homok-
linicke orbite oblika osmice. Teorema o trigeru spregnutih singulariteta.

13. Matematicka analogija, fenomenolosko preslikavanje i matematicki
modeli u primeni na modele fizi¢ki disparatnih sistema.

Tokom predavanja u okviru svakog od datih podnaslova predavac ée
izlozitl 1 sopstvene originalne doprinose, pored prikaza naznacenih metoda.
Izlaganje je osmisljeno tako da ga mogu razumeti i matematicari i mehanicari,
i bilo bi dobro da mladi istrazivaéi iz oblasti matematike i mehanike, kao i
doktoranti, u ve¢em broju prisustvuju predavanju te da aktivnim sluSanjem
i pitanjima ucestvuje u radu simpozijuma.



BUHBERGEROV' ALGORITAM I VIZUELIZACIJA
MONOMIJALNIH IDEALA

Branko Malesevié? Ivana Jovovié,® Milica Makragié,* Bojan Banjac,’

Vojin Katié¢,® Aleksandar Jovanovi¢,” Aleksandar Pejovié®

Apstrakt. Razvijena je Java aplikacija za ra¢unanje Grebnerove® baze pomoéu
Buhbergerovog algoritma, korak po korak, uz vizuelizaciju monomijalnih ideala.

1. Uvod

Ideja rada je da se napravi veb-aplikacija u Javi koja ¢e reSavati
problem odredivanja Grebnerove baze, korak po korak, pomoéu Buhberg-
erovog algoritma. Realizovan je algoritam deljenja polinoma po dve ili tri
promenljive u tri monomijalna poretka: leksikografskom, gradiranom lek-
sikografskom i gradiranom obrnutom leksikografskom poretku. Svaki korak
u odredivanju Grebnerove baze je predstavljen i vizuelno kao skup multiste-
pena monoma koji pripadaju idealu generisanom vodeé¢im monomima Greb-
nerove baze. Algoritam deljenja je realizovan u programskim jezicima Java
i Python. Dvodimenzionalni prikaz je realizovan koriS¢enjem Java paketa
Swing. Trodimenzionalni prikaz je realizovan koris¢enjem biblioteke JOGL.

2. Kratak matematicki pregled

U ovoj sekeiji kratko ¢emo se podsetiti matemati¢kih pojmova koji su
nam potrebni za realizaciju aplikacije.

Neka je K[xl,mg, ... ,Zn| prsten polinoma n promenljivih. Proizvod

aq .02 —
I—[:z:l xo® . xpt, o= (ay,09,...,0n) € Ny,

nazivamo monomom, a multi-indeks a multi-stepenom monoma. Polinom

'Buchberger

2~4Flektrotehnicki fakultet Univerzitcta u Beogradu. E-mail: “malesevic@etf.rs,
*ivana@etf.rs, “milica.makragic@etf.rs, °~®studenti master kursa Simbolicka algebra, Elek-
trotehnicki fakultet, Beograd, Matematicki Institut SANU, Beograd
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po promenlyivim i1, Zo, ... , Ty s koeficijentima u polju K predstavlja se kao
izraz oblika Za a, X", gde je samo kona¢no mnogo koeficijenata a, € K
razli¢ito od 0. Preciznije, linearna kombinacija monoma s koeficijentima u
polju K je polinom po n promenljivih. Tofzialm' stepen monoma X%, u oznaci
|, definisemo na sledeéi naéin |a| = Zk:l Q.
Monomijalni poredak je relacija totalnog poretka = na skupu Ny ako

vazi:

L (Yo, B8,y eNgla = B=a+y> B+,

2. relacija > je relacija dobrog uredenja, tj. svaki neprazan podskup

ima minimalni element.

Leksikografski poredak na skupu N definiSemo na sledeéi nacin:

(a1,00,... o) mrEx (81,02, .. ,0n) &
(a1, 00, ..y an) = (81,82, .-, ) V(Fk <n)(Vi < k)oy = Bi A ag > by

Znali, a > px [ akoisamo ako je o = F1ili je prva koordinata razli¢ita
od nule u vektoru razlike o — 8 € Z{§ pozitivna. Dati poredak se prenosi na
skup monoma prstena polinoma sa n promenljivih, tj. vazi X% =rpx XP &
o ~rex 3. Relacija leksikografskog poretka > px je relacija monomijalnog
poretka.

Gradirani leksikografski poredak na skupu N{ definisemo kao:

o ~GRrLEX B &

la| = Zozk. > Zﬁk =BV (la| =8| Na =rEx B).
k=1 k=1

Dakle, prvo uporedujemo totalne stepene, a zatim prelazimo na lek-
sikografski poredak. Dati poredak se prenosi na skup monoma prstena poli-
noma sa n promenljivih, tj. vazi X »=aRrLEX X8 o o ~GRLEX 3. Relacija
gradiranog leksikografskog poretka = grrex je relacija monomijalnog poretka.

Obrnuti leksikografski poredak na skupu N definiSemo na sledeéi nadin:

(1, 02,...,00) “RELEX (B1,82,...,50) &
(OélaOéQ)"' >an> = (ﬁ])ﬁQ?"' )/Bn) \% (ak < n)(V'L > k’)az = )62 N o < /Bk

Znaci, o =reprex 3 ako i samo ako je o = g ili je poslednja koordi-
nata razli¢ita od nule u vektoru razlike @ — 8 € Zg negativna. Dati poredak
se prenosi na skup monoma prstena polinoma sa n promenljivih, tj. vazi
X > RELEX XP s q ~rerLex 3. Relacija obrnutog leksitkografskog poretka
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~RELEX nije relacija monomajalnog poretka. Relacija obrnutog leksikograf-
skog poretka = grrrEx jeste relacija totalnog poretka za koju vazi uslov (1)
iz definicije monomijalnog poretka, ali nije dobro uredenje.

Gradirani obrnuts leksikografski poredak na skupu Nij definisemo sa:

& >GREVLEX 0 &

of => ar > > B =18V (el = Bl A e =reLEx B).
k=1

k=1

Dakle, prvo uporedujemo totalne stepene a zatim prelazimo na obr-
nuti leksikografski poredak. Poredak se prenosi na skup monoma prstena
polinoma sa n promenljivih, tj. vazi X% =greviex X o arcreviex 5.
Relacya gradiranog obrnutog leksikografskog poretka >»grieviex je relacija
monomijalnog poretka.

Jedno od osnovnih pitanja koje se postavlja pri proucavanju ideala
prstena polinoma vise promenljivih jeste pod kojim uslovima polinom f
pripada idealu I =< fi, fo,..., fr >, koji je generisan konanim skupom
polinoma {f1, fo,..., fx}. Neka su polinomi f, f1, f2,... , fr dati u istom
monomijalnom poretku ». Maksimalan term polinoma f u datom monomi-
jalnom poretku oznacavamo sa LT(f) i nazivamo vodedim termom, a mak-
simalan monom oznac¢avamo sa, LM (f) i nazivamo vodeéim monomom. Pri-
menom algoritma deljenja:

Input: f, f1, fo, ..., fx

Output: ai,a9,... ,a,T
a1 :=0;a0:=0;...;a; :=0;r:=0
h=f;

while h #£ 0 if () LT(f;) | LT (h)

then for min index ¢ such that LT(f;) | LT (h)
a; == a; + LT(h)/LT(f;)

b= h— LT(R)/LT(f) -

else
r:=1r+4 LT(h)
h:=h—LT(h),

k
polinom f mozemo zapisati u obliku f = Z'—1 a;- fi+r. Pritom treba istadi
da u polinomu 7 ne postoji term koji je deljiv sa LT(f1), LT (f2),... , LT (fx).

Osobine ovog algoritma su sledeée:
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1. polinom r nije jedinstveno odreden;
2. akojer=0,onda fel=<fi,fo, .., fr>;
3. 7 % 0 ne implicira da f ne pripada 1.
Da bi se ovaj problem resio treba pokusati da se nade baza ideala [
takva da vazi sledece:
1. polinom 7 je jedinstveno odreden;
2. =0 ako isamo ako f € I.
Takva baza ideala I naziva se Grebnerova baza.
Neka su f 1 g polinomi prstena Klzy, 2o, ... ,%,]. S-polinom polinoma
f i g definiSemo sa
S,y NZSWM(), LM(g)) . NZS(LM(f),LM(g))
LT(f) LT(g)

gde NZS(LM(f),LM(g)) oznacava monom ¢iji je multistepen jednak mak-
simumu po komponentama multistepena monoma LM (f) i LM (g).

f

Neka je ideal I generisan skupom polinoma G = {g1, g2, ... , gk }. Skup
G je Grebnerova baza ideala I ako i samo ako je ostatak pri deljenju S(g;, g;)
sa G jednak nuli za svako 71 j.

Proizvoljnu bazu {f1, fo, ..., fi} ideala I Buhbergerovim algoritmom:
Input: F ={f1, f2,..., fx} skup generatora ideala I

Output: G = {g1,92, .- , gm} Grebnerova baza ideala I

G .= F;

repeat

G =G

for {p,q} S G",p # g do

S:=35(p,q)

h:= REM(S;G")
if h # 0 then G := G U {h}
until G=G’

mozemo prosiriti do Grebnerove baze.

3. Programska realizacija

Prilikom kreiranja aplikacije naglasak je stavljen na vizuelno predsta-
vljanje rada Buhbergerovog algoritma. Rukovanje polinomima je izvedeno
pomocu klasa biblioteke Sympy.
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Algoritam deljenja je realizovan po navedenom pseudokodu u program-
skim jezicima Java i Python. Koris¢ena je programska biblioteka Simpy, u
kojoj su realizovane osnovne strukture podataka i operacije za rad s poli-
nomima. Ulaz algoritma su osnovni polinom i niz polinoma delilaca, svi u
odredenom monomijalnom poretku. Izlaz algoritma je niz polinoma koefi-
cijenata i polinom ostatak u istom monomijalnom poretku. Rezultat zavisi
od redosleda polinoma delilaca u ulaznom nizu. Algoritam na pocetku ini-
cijalizuje vrednosti koeficijenata i ostatka na nula polinome. Promenljiva h
se inicijalizuje na osnovni polinom. U svakom koraku se azuriraju vrednosti
polinoma h, tako da je algoritam konacan. Evo prikaza grafickog interfejsa:

T Virugtizaria tada Bulyborgeravg algoritms

Porwssh | Dodatne epcye  Pomoc
0 i = % I
¢ Graduani Iekelkoprateld | = x
2 Obrrusto geadiranc loksikografsii { v Boka v Mce v Tacke
- Nowi acun l
y2e1
Horak umrapsed
N *l Zavsiproracun |

1104

Poredak Doilainé opcdle  Potnoc

Wapmik podact
| - ATy 3T | i e,
" = e
I Py
A — i y‘x‘l:’:
sz e
_lslwllplvlm
PO PTR - S
-y -y 2y 2 e sy -1 L0y 2T) T
R ar ]
FIrZ.pg=h =0
(¥ 27242 - yA2)(x2"2 . Y 2 YA 2 v Ly a-{-t . 27T
Ay 222 -y7)
y*2 e yz=h -0
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Buhbergerov algoritam je realizovan korak po korak uz prateéu vi-
zuelizaciju u Javi. Ostatak pri deljenju polinoma nizom polinoma preuzet
je iz algoritma deljenja koriséenjem komunikacije Sympy Java. Ulaz algo-
ritma jesu polinomi koji ¢ine proizvoljnu bazu datog ideala. Izlaz algoritma je
Grebnerova baza dobijena prema Buhbergerovom algoritmu. Vizuelizacijom
formiranja monomijalnog ideala vodeéih termova dobija se u 2D /3D geome-
trijsko tumadenje razloga zaustavljanja rada Buhbergerovog algoritma.
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Graficko predstavljanje objekata u Javi bilo je najvedi izazov. Trenut-
no je dostupno vrlo malo biblioteka koje bi mogle pomoéi u tome. Zbog toga
je paket za graficko predstavljanje objekata u Javi kreiran od pocetka. Sam
sistem je nacinjen tako da koristi openGL api. Svaki od matematickih ele-
menata koji su predstavljeni u okviru aplikacije prikazan je kao neka vrsta
graficke primitive. Takode su implementirani algoritmi za ispitivanje posto-
janja i odredivanja pozicije elemenata koji se iscrtavaju. Formirani su algo-
ritmi za utvrdivanje preseka granica skupova ¢iji su elementi multistepeni
odgovarajuéih monoma i algoritam za ispitivanje da li je celokupan skup
definisan nekim od multistepena monoma uklju¢en u skup nekih drugih
multistepena. Osim zbog potrebe da se odrede elementi za iscrtavanje, ti
algoritmi su ugradeni i kako bi se smanjio skup elemenata koji se prikazuju.

4. Primer u prstenu K[z, y|

Ovde je dat primer koji se moze realizovati korak po korak pomocéu
opisane Java aplikacije. Svaki od koraka se ispisuje u navedenom obliku i
propraéen je odgovarajucom slikom.

Neka su dati polinomi f; = zy+11 fo = y>+1 u leksikografskom
poretku > ex.

1. Formirati skup Ey C Ng takav da vazi

(Oé,ﬂ) € by & x“y S <LT(f1),LT(f2)>

2. Primenom Buhbergerovog algoritma odrediti standardnu Grebnerovu
bazu G ideala I = (f1, fo).

3. Formirati skup Fq C Ng takav da vazi
(a, 8) € By & 22y® e (LT(I)).

7+ L . . . . . . . Eo
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o 2%y’ € (LT(f1),LT(f2)) = {zy,y°) & (@, 8) € {(1,1) +
+(p,q) | p.q € No} U{(0,2) + (p,9) | p,q € No}
o F'={f1,fa}, G={f1,f2}

Korak 1:
2 2
2 9
2;2 (ry+1)—%(y + ) =ity —ayt—r=—24y
S(fi,f2): (f1, f2) = (—z + ) : (my+ L,y" +1) = (0,0)
o
—z+Yy
f3=REM(S(f1, f2); f1, fo) = —x +y, G={f1,fe, f3}

Korak 2:
o S(fi,fo) =2 +y
S(fl)f?) . ([l>f2/f5>:(_$+y) - (Iy+17y2+17_"U+y):(01071)

—T+Y
0

REM(S(f17f2);flaf23.f3) =0
LCM(zy,z)

LCM(xy, x
Sth ) = LD gy BV gy =
x T
x;(zerl) Z( c+y)=ay+l—ay+y> =y’ +1

S(f1, f3) « (fr, fo, f3) = (P +1) s (wy+ 1,7 +1, —z+y) = (0,1,0)

y2+1
0
REM(S(f1, f3); f1, f2, f3) =0 ,
o S(fu fy) = LEMWD) 1oy LOMWLE)
.’Iy )2

X
:?(y +1)—%( z+y)=zyi+r—ay+yd =2 +y°

S(fa. f3) : (A, for f3) = (x+9°) - (my+ L y* +1, —z+y) = (0,y,1)
v’ +y
T—y
-+ Yy
0
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REM(S(f2, f3); f1, f2, f3) =0
G = {f1, f2, fs} je Grebnerova baza ideala I.

o 2%y’ € (LT(I)) = (zy,y*, —7) & (a, B) € Eg U {(1,0) +
+(p, @) | p,q € No}

9-‘-
8-
7: - . - . - . El
6+
54
4+
3
2} i - 3
1
2 1 1 2 3 4 5 ] 7 8 8
1
5k * S

U finansiranju ovog istrazivanja delimi¢no je ucestvovalo Ministarstvo
za nauku, projekti broj 11144006 i ON174032.
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RAZVOJ I ARHITEKTURA APLIKACIJA ZA Android
OPERATIVNI SISTEM I Furobank EFFG Glider MOBILNA
APLIKACIJA

Nikola Milenkovié!

Apstrakt. Poslednjih nekoliko godina svedoci smo ogromnog buma mobilnih
uredaja (pametnih telefona i tableta). U isto vreme se razvijaju i aplikacije za te
uredaje, kojih ima sve vise.

Veliki broj kompanija poseduje svoju mobilnu aplikaciju, a takode i veliki
broj developera, zbog toga §to je razvoj za takve uredajec maksimalno olakSan
API-jem, koji nudi operativni sistem za mobilne telefone.

U ovom radu ¢e biti reci o mobilnoj aplikaciji Furobank EFG Glider koja
je napravljena za Android operativni sistem, i koja se moze besplatno skinuti sa
Android Marketa.

Takode ¢e biti i re¢i o arhitekturi aplikacije i daljim planovima razvoja,
kao 1 0 prednostima koje takav vid bankarstva donosi.

1. Android

Sta je Android? Android je operativni sistem namenjen prenosivim
uredajima kao §to su mobilni telefoni i tableti. Zasnovan je na jezgru Linux
operativnog sistema, a razvija ga kompanija Google.

Zbog licence koju ima Linuz, sav softver koji je zasnovan na istom mora
biti besplatan i otvoren, pa ni Android nije izuzetak. Android je moguce
preuzeti sa sajta www.android.com kao virtuelni disk koji je moguée pokre-
nuti pod virtuelnom masinom, a takode je tu dostupan i izvorni kod samog
Android-a.

Prva verzija operativnog sistema je postala dostupna u septembru
2008. godine. Pre toga je postojala beta verzija koja je kompanijama i pro-
gramerima davala uvid u moguénosti Android operativnog sistema i Android
platforme.

Postoji vige verzija Android operativnog sistema koje se danas koriste.

"Matematicki fakultet, Informatika, electroNik87@gmail.com
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Verzija 2.x je rezervisana za pametne telefone, dok je verzija 3.x rezervigsana
za tablet uredaje. Najzastupljenija je verzija 2.2, Sto se vidi na slici. Ra-
zlicite verzije stvaraju problem programerima, kao i korisnicima, a reSenje
tog problema Google vidi u verziji 2.4, koja ée biti namenjena i pametnim
telefonima 1 tablet uredajima.

R 25 % Verzije Androida
D
//’ : 2.2
/ o A // S Y .
- A//////;z/// 2.0/2.1
L [
SIS IS .. 2.3
7 [
4% [ ] 16
n 3% s
PR 2 % Hl :o
N 0%

Slika 1 — Zastupljenost verzija Androida

Arhitektura Android uredaja

Android operativni sistem sastoje se od sledeéa Cetiri sloja:

Korisni¢ke aplikacije (

—_—— =

Java vﬂ'tuelﬁa;:;gasi:}@. _(‘Dai‘\.'ik)

Linux Kernel

Slika 2 — Arhitektura Android operativnog sistema

Linux Kernel je sloj koji direktno komunicira s hardverom uredaja
1 pruza Java virtuelnoj masini interfejs ka tom hardveru. Osim toga, kernel
se bavi 1 menadzmentom resursa, tj. dodeljivanjem memorije, procesorskim
vremenom 1 kontrolom pristupa uredajima.

Java virtuelna masina (poznata joS i pod imenom Dalvik) jeste
modifikacija Java virtuelne masine za PC' ra¢unare. Namenjena je specijalno
Android operativnom sistemu i svi programi koje korisnik piSe se izvrSavaju
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na njoj. Takode, vodi racuna o pravima koja korisnik ima za pristup odre-
denim podacima i hardveru.

API (Application Programming Interface) jeste interfejs koji pruza
Dalvik virtuelna masina. On programerima omoguéava da koriste pogodnosti
koje Android pruza, od interfejsa za hardver (akcelerometar, ekran, GPS
itd.), pa do pristupa internetu, bilo preko beziéne, bilo preko mobilne mreze.

Korisnicke aplikacije su aplikacije koje iskoriséavaju moguénosti
koje API nudi. Na primer, aplikacija za mape koristi internet i GPS uredaj,
kompas aplikacija koristi akcelerometar, igrice koriste graficko procesiranje
itd. Prilikom koris¢enja Android uredaja Kkorisnici uglavnom imaju kontakt
s korisnickim aplikacijama.

Konkurencija

Trenutno u svetu raste potraznja za pametnim mobilnim telefonima.
To su, osim Google-a, uvidele i druge kompanije, pa su razvile svoje op-
erativne sisteme za pametne telefone i tablete. Te kompanije su Microsoft
( Windows Phone 61 7), Apple (¢OS za iPhone i iPad) i RIM (Blackberry).

Trenutno je Android najpopularniji operativni sistem za pametne tele-
fone, §to se moze videti na grafikonu. Takode se moze videti i da Android
zauzima sve veéi i veéi deo trzista, najvise na racun RIM-a.

Google Yy ///f///,./'..-'
RIM o535 ( ¥ ;/////////Z
[TIIT] Apple s
:l Microsoft : -

- Ostali

27,1

Slika 3 — Trzidni udeo operativnih sistema za decembar 2010. (levo) i mart 2011.
(desno)

Jedan od glavnih razloga popularnosti Android-a jeste njegova cena.
Kompanije koje proizvode telefone mogu besplatno da preuzmu operativni
sistem, preurede ga prema svojim potrebama, instaliraju na svoje telefone,
koje ¢e potom prodavati po znatno nizim cenama od konkurencije.
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Programiranje za Android

Programiranje za Android zahteva sledece: [1]:
1. poznavanje OOP programiranja i Jave,
2. poznavanje Android platforme,
3. FEclipse razvojno okruzenje,
4. Android SDK i dodatak za FEclipse koji omoguéava Android pro-
gramiranje.

S obzirom na to da se radi o Java programskom jeziku, nije iznenadujuée
§to je taj programski jezik neophodno znati za Android programiranje. Pos-
toji 1 alternativa za one koji znaju C# programski jezik: Mono Droid [2].

Nezavisno od jezika, neophodno je znati Sta sve korisniku pruza An-
droid platforma. Google je dokumentovao [3] ceo interfejs, tako da programeri
mogu lako da se snadu, ¢ak i ako nisu nikada ranije imali kontakta s Android
programiranjem.

Google je odabrao Fclipse kao okruzenje u kome ¢e se Android ap-
likacije razvijati. Pored razvojnog okruzenja potrebno je imati i Android
SDK, u kome se nalaze svi neophodni alati za kompajliranje/pokretanje/te-
stiranje Android aplikacija.

3. Eurobank EFG Glider

Eurobank FEFG je razvila bankarsko- N o 1 18:09
poslovnu Android aplikaciju koja za cilj ima da @ Eurobank EFG Glider (@)
pruzi dodatne servise korisnicima koji koriste
Android telefone. Aplikaciju mogu da koriste
svi, ne samo klijenti banke.

Lokatar

Aplikaciju je moguce besplatno preuzeti
sa Android Market-a [4], koji je inace glavni
nacin distribucije aplikacija.

Kursna lista Kreditnl kalkulator

Aplikacija ima sledeée funkcionalnosti:

— Lokator bankomata i ckspozitura,
— Kalkulator za kredite,
— Kursnu hStu, Kontaktirajte me Novostl

— Naruéivanje poziva od banke,

— Novosti, Slika 4 — TIzgled aplikacije
— Podrska za srpski i engleski jezik.
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Arhitektura aplikacije

Aplikacija je napravljena iz viSe slojeva, kao Sto je to prikazano na
slici b.

DataAccess Layer

Network Layer

Slika 5 — Arhitektura Eurobank EEFG Glider Android aplikacije

Najnizi sloj je mrezni sloj (Network Layer), koji preko interneta ko-
municira sa serverom Furobank EFG. Na tom serveru se ¢uvaju najsveziji
podaci neophodni za rad aplikacije — dnevna kursna lista, kamatne stope
za razlicite kredite, novosti itd. Kad korisnik zahteva da se podaci osveze,
mrezni sloj izvr§i upit nad serverom banke i parsirane podatke vrati sloju za
podatke (Data Access Layer), koji ih pohrani u lokalnu bazu. Sloj za podatke
u tom trenutku obavesti odgovarajucu komponentu da je doslo do promene
u podacima i podaci se ponovo prikazu tako sto ih odredena komponenta
ponovo zatrazi.

Dalji razvoj

Usled sve veée popularnosti Android platforme, kao i rasta popu-
larnosti pametnih telefona, Furobank EFFG ima u planu da nastavi razvoj
svoje Glider aplikacije. Neke od funkcionalnosti koje su planirane u buduénosti

jesu:
1. Uvid u stanje racuna,
2. Blokiranje kartica,
3. Plac¢anja na predefinisane racune,
4. Prebacivanje sredstava na proizvoljne racune.

Pored unapredenja postojeée Android aplikacije, u planu je i razvijanje
aplikacije za druge platforme. Time bi aplikacija pokrila veéi deo trzista i, Sto
je jos vaznije zadovoljila bi klijente koji su navikli na aplikacije na pametnim
telefonima.
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RESAVANJE DVOSTEPENOG PROBLEMA
INSTALACIJE NEOGRANICENIH KAPACITETA
PRIMENOM GENETSKOG ALGORITMA

Student: Stefan Miskovié
Mentor: dr Zorica Stanimirovié

Rezime. U radu je razmotren dvostepeni lokacijski problem instalacije neo-
graniCenih kapaciteta. Genetski algoritam koji resava taj problem koristi jednu
modifikaciju turnirske selekcije koja se naziva fino gradirana turnirska selekcija.
U pitanju je uopstenje klasicne turnirske selekcije koje ¢uva sve njene dobre
karakteristike. Uz kori&éenje tog genetskog algoritma reSavanje pocetnog prob-
lema moze dati zavidne rezultate i za nesto vece ulazne instance. Analizirani
su i uporedeni rezultati implementacije tog genetskog algoritma s rezultatima
dobijenim koriséenjem CPLEX-a.

1. Definicija problema

Neka je N skup terminala, M —skup moguéih lokacija za koncentratore
prvog nivoa i K — skup mogucih lokacija za koncentratore drugog nivoa. Za
svaki od terminala data je cena pridruzivanja tog terminala koncentratoru
prvog nivoa, za svaki od lokacija koncentratora prvog nivoa data je cena in-
stalacije koncentratora na toj lokaciji i cena pridruzivanja svakom koncentra-
toru drugog nivoa, a za sve lokacije koncentratora drugog nivoa data je cena
instalacije koncentratora na tom mestu. Cilj je minimizovati cenu instali-
ranja datih koncentratora i pridruzivanja terminala datim koncentratorima,
tako da svaki terminal bude pridruZen nckom koncentratoru prvog nivoa,
koji ¢e dalje biti dodeljen nekom od koncentratora drugog nivoa.

Preciznije, matematicki, dvostepeni lokacijski problem instalacije neo-
granicenih kapaciteta formuliSe se na sledeéi nacin: Potrebno je minimizovati
funkciju cilja koja je oblika

Yo > Cymig+ > > By + Y Fez

ieN jeM jeM keK keK
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a pritom imati u vidu sledec¢i skup ogranic¢enja:

Y ay=1, VieN, (1)

jeM
;< ) Yk Yi€N, VjeM, (2)
kEK
Yik < 2k V] < M: vk € K? (3)
Yy <l VieM, (4)
keK
z; € {0,1}, Vie N, VjeM, (5)
yir €{0,1}, VjeM, YkeK, (6)
2k € {0, 1}, Vk € K. (7)

gde je Cy; cena pridruzivanja terminala 7 koncentratoru prvog reda na lokaciji
J, Bjx —suma cene postavljanja koncentratora prvog nivoa na lokaciji j i cene
njegovog pridruzivanja koncentratoru drugog nivoa na lokaciji k, a £}, — cena
postavljanja koncentratora drugog reda na mestu k. Za sve 1 € N, 7 € M,
k € K, promenljive su definisane na sledeéi nac¢in:

S 1, terminal 7 je dodeljen koncentratoru prvog reda na lokaciji j,
* 0, inace,

1, koncentrator prvog reda na lokaciji j dodeljen je

Yij = koncentratoru drugog reda na lokaciji &,
0, inace,
| 1, koncentrator drugog reda je instaliran na lokaciji &,
k= { 0, inace.

Znacéenja uslova su sledeéa: (1) — svaki terminal se pridruzuje kon-
centatoru prvog reda na ta¢no jednoj lokaciji; (2) — ako je dati terminal
pridruzen koncentratoru prvog reda, taj koncentrator mora biti instaliran i
pridruzen bar nekom koncentratoru drugog reda; (3) — ako je koncentrator
prvog reda pridruzen koncentratoru drugog reda, taj koncentrator drugog
reda mora biti instaliran; (4) — koncentrator prvog reda moze biti dodeljen
najvise jednom koncentratoru drugog reda; (5), (6), (7) — uslovi su oc¢igledni.

Pokazano je, na primer, u [6] da je dvostepeni lokacijski problem in-
stalacije neogranicenih kapaciteta NP-tezak. Dakle, za sada se ne zna da li
se moze konstruisati egzaktan polinomijalni algoritam, pa su iz prakti¢nih
razloga razvijene neke od heuristika za ovaj problem. Preciznije, Siroko je
analiziran njemu slian (jednostepeni) lokacijski problem instalacije neogra-
nicenth kapaciteta.
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Kod lokacijskog problema instalacije neogranicenih kapaciteta, za dati
skup terminala N i koncentratora M potrebno je minimizovati cenu pri-
druzivanja terminala nekim koncentratorima i instalacije tih koncentratora.
Kod matematicke formulacije ovog problema (uz analogne oznake) trazi se

minimum funkcije
> 2. Cigmg + ) Fius,

ieN jeM ke K

a pritom treba imati u vidu sledec¢i skup ogranicenja:

Z,’L’ij—_—l, Vi€ N, (8)

iEM
Tij < Yjs YVie N, Vie M, (9)
zi; € {0,1}, Vie N, Vje M, (10)
g €{0,1}, Vi€ M (11)

Uslovi (8) 1 (9) znace da svaki terminal mora biti dodeljen taéno jed-
nom koncentratoru, dok uslov (10) znaéi da terminal moze biti dodeljen
koncentratoru samo ako je ovaj instaliran. Uslov (11} je trivijalan.

Razvijene su brojne heuristike koje resavaju pomenuti jednostepeni
lokacijski problem, pa se, zbog sli¢nosti s dvostepenim lokacijskim proble-
mom instalacije neogranicenih kapaciteta, i neke od tih karakteristika mogu
primeniti na razmatrani problem.

2. Genetski algoritmi

Prema Darvinovoj teoriji evolucije, jedinke unutar jedne populacije
se stalno nadmeéu za resurse. Jedinke koje su u vecoj meri prilagodene
okruzenju znatno ¢esée prezivljavaju i imaju vedi uticaj na formiranje novih
generacija. Svaka jedinka nove generacije nastaje kombinovanjem genetskog
materijala svojih roditelja. Pritom s vremena na vreme moze doéi do pojave
mutacije, Sto predstavlja slu¢ajnu promenu genetskog materijala. Idejnim
tvorcem genetskih algoritama smatra se Holand, mada su se prvi radovi o
njima pojavili pre njega. Oni su bazirani na Darvinovoj teoriji evolucije i
imitirajuéi prirodni proces prilagodavanja u stanju su da reSe dati problem.

Osnovna konstrukcija je populacija jedinki. Svaka jedinka predstavlja
mogude resenje u pretrazivac¢kom prostoru za dati probem (prostoru svih
reSenja) i predstavljena je genetskim kodom nad nekom azbukom simbola.
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Najcesée se koristi binarno kodiranje, gde se genetski kod sastoji od niza
bitova. Svakoj jedinki se dodeljuje funkcija prilagodenosti koja ocenjuje kva-
litet date jedinke, predstavljene kao pojedinacno reSenje u pretrazivackom
prostori. Genetski algoritam treba da bude u moguénosti da obezbedi nacin
da stalno, iz generacije u generaciju, poboljsava prilagodenost svake jedinke u
populaciji, kao i prilagodenost cele populacije. To se postize uzastopnom pri-
menom genetskih operatora selekcije, ukrstanja i mutacije, ¢ime se dobijaju
sve bolja reSenja razmatranog problema. Nekad je pozeljno i izvrsiti izbor
odredenog broja najboljih jedinki i direktno ih preneti u narednu generaciju.
Ta pojava se naziva elitizam.

Mehanizam selekcije favorizuje natprose¢no prilagodene jedinke i nji-
hove natprosetno prilagodene delove — gene, koji dobijaju vecu Sansu za
sopstvenu reprodukciju pri formiranju nove generacije. Slabije prilagodene
jedinke i geni imaju smanjene $anse za reprodukciju, pa postepeno izumiru.

Operator ukrstanja vrsi re- Prvi roditel]
kombinaciju gena jedinki i time |
doprinosi raznovrsnosti genet- Drugi roditelj
skog materijala. Rezultat ukrstanja | ‘ ‘ [ || ‘ ‘J } ‘
je nedeterministi¢ka razmena genet- Maska
skog materijala izmedu jedinki, 0]0]0J0JOJO T[T ]1]]1
s mogucénoséu da dobro pri- l,
lagodene jedinke generisu joS$ Prvi potomak
bolje jedinke. Ovim mehanizmom
i relativno slabije prilagodene Drugi potomak
jedinke, s dobro prilagodenim

genima, dobijaju svoju Sansu

da rekombinacijom dobrih gena gy, 1 -
proizvedu dobro prilagodene je-

dinke. U osnovnoj verziji algoritma se na slucajan nacin bira tacka ukrstanja,
tj. pozicija u kodovima roditelja u odnosu na koju ¢e simboli u ta dva koda
razmeniti mesta (slika 1).

Ukrstanje (jedna tatka ukrgtanja)

Operator ukrStanja moze biti definisan i u odnosu na dve tacke ukrsta-
nja (slika 2).

Visestrukom primenom selekcije 1 ukrstanja moguce je gubljenje genet-
skog materijala, to jest postaju nedostupni neki regioni pretrazivackog pros-
tora. Mutacija vrsi slucajnu promenu odredenog gena, s datom malom ve-
rovatnocom py.¢, Cime je mogudée vracanje izgubljenog genetskog materijala
u populaciju. To je osnovni mehanizam za spre¢avanje preuranjene konver-
gencijc genetskog algoritma u lokalnom ekstremu.
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Prvi roditelj

| |

Drugi roditelj
HEN .
Maska
olol1]1]1]1]ofo]o]o]

|

Prvi potomak

= [T ]

Drugi potomak

Slika 2 — Ukrstanje (dve tac¢ka ukrstanja)

Pocetna populacija se ¢esto generiSse na slucajan nacin, sto doprinosi
raznovrsnosti genetskog materijala. U nekim slucajevima se povoljnije po-
kazalo generisanje cele pocetne populacije ili dela populacije nekom drugom
pogodno izabranom heuristikom. Jedini preduslov je da vreme izvrSavanja
date heuristike bude relativno kratko. Na osnovu prethodnog, Sematski bi
se jednostavni genetski algoritam mogao predstaviti pseudokodom, kao na
slici 3.

uc¢itavanje ulaznih podataka () ;
inicijalizacija populacije();
while (!kriterijum zavrSetka())

{
for (i=0; i<br pop; i++)
pli] = vrednosna funkcija();
funkcija prilagodenosti () ;
selekcijal();
ukrstanje () ;
mutacija();

}

stampanje izlaznih podataka();
Slika 3 — Sematski prikaz prostog genetskog algoritma

Veliki je skup pozitivnih karakteristika koje genetske algoritme izd-
vajaju od ostalih metoda resavanja jednog problema: algoritmi operiSu nad
kodovima kojima su predstavljeni parametri, a ne nad samim paremetrima;
pretraga se vrsi u nekoliko razli¢itih tac¢aka (populacije); promena nije de-
terministi¢ka, ve¢ je zasnovana na zakonima verovatnoée. Razni su i na¢ini
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poboljSanja osnovine verzije genetskog algoritma, a ovde ¢e biti razmotren
jedan nac¢in unapredivanja jedne vrste selekcije — turnirske selekcije.

3. Turnirska selekcija
vitkom paralelnih genetskih algoritama njena popularnost je u poslednjem
periodu jos vise izrazena. U turnirskoj selekciji svaki element populacije koji
ima bolju funkeiju prilagodenosti od nekoliko ostalih proizvolino odabranih
elemenata populacije bira se za prelazak u narednu generaciju. Parametar
selekcije je veli¢ina turnira, oznac¢imo je V. Vazi da je NV € N. Algoritam se
moze prikazati pseudokodom, kao na slici 4.

Turnirska selekcija je jedan od najpopularnijih nacina selekcije. Raz-

Ulaz:
populacija A (velicine br pop)
velic¢ina turnira N

Izlaz:
populacija A’ (velicine br pop)

Algoritam:
for (i=0; i<br pop; i++)

A’ [1] = element populacije A koji ima
bolju funkciju prilagodenosti
medu njenih N proizvoljno
odabranih elemenata;

return A’ ;

Slika 4 — Turnirska selckcija

Vremenska slozenost ovog algoritma je O(Nn) gde je n broj elemenata
populacije, br_pop. Medutim, obi¢no je N veoma malo u odnosu na n, pa
je sloZenost linearna i iznosi O(n). Kod turnirske selekcije nije potrebno
sorfiranje, koje je obi¢no prisutno kod nekih od nacina selekcije. Medutim,
izvrsavanjem algoritma se Cesto deSava da se sam proces odvija veoma sporo
ili pak dolazi do prerane konvergencije. To se moze izbeéi korigéenjem tzv.
fino gradirane turnirske selekcije, koja predstavlja unapredenje prethodnog
algoritma.

Umesto celobrojnog parametra N (veli¢ina turnira) koristi se param-
etar /1 € R - Zeljena prosetna veli¢ina turnira. Od tog parametra zavisi
proces selekcije, pa bi prosetna veliéina turnira u populaciji trebalo da bude
§to bliza njegovoj vrednosti. Bas kao i kod obi¢ne turnirske selekcije, ele-
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ment populacije je izabran ako ima bolju funkciju prilagodenosti od svojih
proizvoljno odabranih konkurenata. Medutim, u ovom slué¢aju, tokom jednog
koraka selekcije postojace razlicite vrednosti turnira. Pri implementaciji ovog
algoritma (slika 5) razlike velicind turnird su manje ili jednake 1 i izabrane
su tako da je njihova prosecna velicina $to bliza parametru F'.

Ulaz:
populacija A (velicine br pop)
Zzeljena prosecna velicina turnira F

Izlaz:
populacija A" (velicine br pop)

Algoritam:
F manje = trunc(F);
F vece = trunc(F) + 1;
sr pop = trunc(n * (1 - frac(F)));
for (i=0; i<sr pop; i++)
A" [1] = element populacije A koji ima

bolju funkciju prilagodenosti
medu njenih F manje proizvoljno
odabranih elemenata;

for (i=sr pop; i<br pop; i++)

A’ [1] = element populacije A koji ima
bolju funkciju prilagodenosti
medju njenih F vece proizvoljno
odabranih elemenata;

return A’ ;

Slika 5 — Fina turnirska selekcija

Ovaj algoritam zadrzava sve dobre karakteristike obi¢ne turnirske se-
lekcije 1 otklanja pomenute nedostatke. Ovaj metod ima svoj analogon pri
odvijanju prirodnih procesa. Teorijski aspekti ovog operatora selekcije se
mogu pronadi u [3]. Tu je 1 pokazano da je klasi¢na turnirska selekcija speci-
jalan slucaj fino gradirane turnirske selekcije.

4. ResSenje problema

Za kodiranje promenljivih iskoriséen je binarni kod, koji se za ovakve
vrste problema donekle prirodno namecée. Najpre je izvrSena inicijalizacija
populacije, 1 to pohlepnim algoritmom ili na slu¢ajan naéin. Verovatnoéa
odabira jednog od nacina iznosi 0,5. Za svaki terminal se tako odreduje kon-
centrator prvog reda kome se on pridruzuje, a za svaki od pridruzenih kon-
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centratora prvog reda se opet na neki od tih nac¢ina bira njemu odgovarajuéi
pridruzeni koncentrator drugog reda. Na taj nacin odgovarajuce promenljive
imaju vrednost 1, a ostale 0 (analogno kao u matematickoj formulaciji prob-
lema). Svakom nizu promenljivih koje predstavljaju kodove pridruzena je i
odgovarajuca vrednost funkcije prilagodenosti.

Uzeto je da je broj elemenata populacije 160, dok je ukupan broj gen-
cracija 10000. Osnovna ideja implementacije algoritma se moze prikazati i
pseudokodom, kao na slici 3. Nakon uéitavanja ulaznih podataka vrsi se ini-
cijalizacija populacije, a zatim se, dok god kriterijum zavrsetka ne oznaci
kraj algoritma, u jednoj iteraciji izvrSavaju, redom, selekcija, ukrStanje i
mutacija. Na kraju se vrsi Stampanje izlaznih podataka.

Tabela 1 — Razultat i vremena izvr$avanja na manjim test instancamal

N | M | K | Regultat’ | ¢ (CPLEX) | ¢ (GA;) | t (GA»)
5 5 5 4,306 3,213 0,623 0,617
5 5 5 5,208 3,117 0,551 0,566
5 5 5 4,994 3,338 0,778 0,721
5 5 5 5,123 3,117 0,714 0,751
10 10 10 11,362 6,446 1,517 1,521
10 [ 10 | 10 10,306 7,009 1,221 1,113
10 | 10 | 10 9,508 6,431 1,094 0,984
10 | 10 | 10 9,223 6,212 1,212 1,117
15 [ 15 | 15 13,840 12,517 2,133 2,021
15 | 15 | 15 15,625 11,496 2,006 2,140
B 15 | 15 14,536 13,088 1,889 1,743
15 | 15 | 15 14,903 13,964 1,603 1,587

Ulazni podaci su matrica C, koja predstavlja cene pridruzivanja ter-
minala odgovarajuéim koncentratorima prvog reda; matrica B koja pred-
stavlja sumu instalacije koncentratora prvog reda na datom mestu i cene nje-
govog pridruzivanja odgovaraju¢em koncentratoru drugog reda; niz F' koji
oznaCava cene instalacije koncentratora drugog reda na datim lokacijama.
Kriterijjum zaustavljanja je zadovoljen ukoliko je prekoracen maksimalan
broj generacija. Izlazni podaci se ispisuju na standardni izlaz. Ispisuje sc
vrednost minimalne cene, a zatim 1 podaci kom koncentratoru prvog reda
su pridruzeni odgovarajuéi terminali, a kom koncentratoru drugog rcda su
pridruzeni odgovarajuéi koncetratori prvog.

"Na manjim test instancama CPLEX i obe verzije genetskog algoritma dali su opti-
malno reSenje.
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Za operator selekcije iskoriséena je unapredena verzija turnirske se-
lekcije, fino gradirana turnirska selekcija. Pokazuje se da ovo unapredenje
daje bolje rezultate u razmatranom problemu. Za parametar fino gradirane
turnirske selekcije uzeto je F' = 5,5, a obi¢cne N = 5. Rezultati su prikazani
u tabelama 11 2.

Tabela 2 — Razultati i vremena izvrsavanja na veéim test instancama?

N M K GA, t(GA7) GA, t(GA)
50 50 50 52,388 15,094 51.004 16,301
100 | 100 | 100 | 104,416 32,007 102,103 33,640
150 | 150 | 150 | 138,413 42,221 135,201 38,113
200 | 200 | 200 | 208,333 60,223 206,936 62,419
300 | 300 | 300 | 303,813 82911 299,410 88,188
400 | 400 | 400 | 416,738 | 131,084 | 414,556 | 125,513
500 | 500 | 500 | 491,603 | 155,011 | 488,220 | 160,106
150 | 100 50 97,926 32,081 93,513 34,202
200 | 100 50 116,320 35,508 110,516 38,220
300 | 150 50 147,313 51,270 146,251 53,334
400 | 200 | 100 | 220,833 74,336 219,318 78.216
500 | 300 | 100 | 296,310 91,073 293,554 96,730

Kad je u pitanju elitizam, polovina jedinki je direktno preneta u na-
rednu generaciju. S jedne strane, to ubrzava proces algoritma, buduéi da
odgovarajuée vrednosti promenljivih za te jedinke ne moraju biti ponovo
racunate.

Preostali deo nove generacije ¢e biti dobijen na osnovu operatora ukrs-
tanja. Za taj operator, roditelji se biraju nasumiéno. U radu je koriS¢eno
trostruko jednopoziciono ukrstanje. Takode, koriséena je prosta mutacija sa
zaledenim bitovima s verovatno¢om 0,05 pri ¢emu verovatnocéa na zaledenim
bitovima iznosi 0,25.

5. Analiza rezultata

U tabeli 1 prikazano je poredenje rezultata dobijenih koris¢enjem
CPLEX-a i genetskih algoritama koji koriste obi¢nu i fino gradiranu turnirsku
selekciju. Za manje ulazne instance svi rezultati se poklapaju, dok za vece
ulazne instance CPLEX nije u moguénosti da resi problem.

I

*Na veéim test instancama CPLEX nije bio u moguénosti da resi problem.
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U tabeli 2 su uporedeni GA1 i GA2. CPLEX ovoga puta nije raz-
matran, zbog njegove nemoguénosti da generise rezultat. Na ovim primer-
ima vidi se da je vreme izvrS8avanja priblizno isto (jer je i sli¢na imple-
mentacija), dok GA2 prikazuje bolje performanse od GA1 pri generisanju
rezultata. (Ovde je kao GA1 oznacen genetski algoritam koji koristi obi¢nu
turnirsku selekciju, dok je kao GA2 oznacen genetski algoritam koji koristi
fino gradiranu turnirsku selekciju.)
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ODREDIVANJE FLUKSA I UGLOVNIH PARAMETARA
LJUSKASTIH OSTATAKA SUPERNOVIH

Slobodan Opsenical

Apstrakt. Napisan je program u [DL-u koji za posmatrani ostatak supernove
odreduje fluks i uglovne parametre.

Uvod

Eksplozije supernovih desavaju se u sledeé¢im slucajevima [1]:
1) masivna usamljena zvezda dosla je do kraja svog Zivotnog ciklusa;

2) beli patuljak u dvojnom sistemu je pretakanjem materije sa zvezde
pratioca dostigao masu od 1,44 mase Sunca;

3) dva bela patuljka u dvojnom sistemu su se sudarila.

Kao rezultat eksplozije supernove nastaje neutronska zvezda ili crna
rupa (u slu¢aju da nije doslo do potpunog raznoSenja jezgra prilikom eksplo-
zije), kao i ostatak supernove (eng. supernova remnant, skr. SNR), koji se $iri.
Energija koja se oslobada u eksploziji supernove je ogromna — pri eksploziji
masivne usamljene zvezde oslobodena kineti¢ka energija je reda veli¢ine 10%
dzula, a brzina izbatenog materijala dostize oko 20.000 km/s [2].

Proces nastanka ostatka supernove odvija se na sledeé¢i nacin: Mag-
netno polje meduzvezdane sredine skreée protone izbacene eksplozijom s
puta i tera ih na kruzno kretanje, zbog Cega oni stvaraju tanku barijeru.
Kada ljuska koja se §iri probije tu barijeru, nastaje udarni talas, a samim
tim i ostatak supernove. On moze trajati i vise od milion godina i dostiéi
ogromne dimenzije (oko 300 parseka, tj. oko 9- 10%° km). Udarni talas sabija
okolno magnetno polje i ubrzava cestice do relativistickih brzina, sto su uslovi
za jaku sinhrotronsku emisiju [2].

'Student master studija astrofizike na Matematickom fakultetu u Beogradu
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Modeli ostatka supernove

U radu su razmatrani ljuskasti ostaci supernovih. Uzeta su u obzir dva
modela: model homogene optic¢ki tanke ljuske sa konstantnom emisivnoséu i
model ljuske s radijalnim magnetnim poljem. Na slici 1 su oznacene linearne
1 uglovne dimenzije ostatka supernove. U sluéaju modela homogene opticki
tanke ljuske s konstantnom emisivnoséu, intenzitet sinhrotronskog zracenja
je odreden formulom [3]:

, Coy (\/sinQQQ—SiHQG—\/sin2(91—sin29), 0<0<0
v C, (\/sin2 6y — sin2 9) , 6y < 0 < 6,

L R—A R
gde jef; =sin”" ———— o = sin nt R , a Cy = 2e,d. Emisivnost je oznacena

S £y, & U ovom sluéaju je &, = const. Gustina fluksa zrac¢enja u slu¢aju ovog
modela odredena je sledeé¢im izrazom [3]:

2
Sy = %C (sin® 61 — sin? 6;).

U slu¢aju modela ljuske s radijalnim magnetnim poljem, intenzitet sinhrotron-

Posmatrac

Ljuskasti ostatak
supernove

Slika 1 — Lincarne i uglovne dimenzije ljuskastog ostatka supernove

skog zracenja je odreden formulom [3]:

( H2—~ a—=2
QC’Usinﬁ/ (1—p*) "2 du, 0<60 <6y
Y H1—

H2— a—2

C,sinf (1-— ,uQ)Tdu, 61 <6 <0,

\ S pay
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Ovde je

. R

\/sin2 91,2—811129 R—A
: , o =sin T

, 61 =sin" 7

M124+ = + -
sin @1 2

a C, = £,d. Emisivnost je odredena izrazom &, — &,(sin 8')**!, gde je 8" ugao

izmedu pravca linije sile magnetnog polja i pravca vizure, £, — konstanta
proporcionalna indukciji magnetnog polja B, a o — spektralni indeks koji za
ostatke supernovih u proseku iznosi oko 0,5. Gustina fluksa zracenja za model
ljuske s radijalnim magnetnim poljem odredena je sledeéim izrazom [3]:

r (a+3>
. 27Tﬁ 2 .. 9 .24
S, = 3 F(a+4>cv(sm By — sin” ).
2

Simuliranje posmatranja ljuskastih ostataka supernovih
radio-teleskopom pomocu programskog jezika IDL

Slika koja se dobija posmatranjem objekta na nebu radio-teleskopom
predstavlja konvoluciju pravog (realnog) intenziteta zracenja objekta i dija-
grama snage radio-teleskopa. Ono sto se dobija jeste konvoluirani intenzitet:

2w
/ / w(0,0) P, (0") sin 0dfdp

27
/ / ) sin 8dBde

gde je I1,(0,p) pravi (realni) intenzitet zracenja objekta, a P,(#) normi-
rani dijagram snage radio-teleskopa. Ugao 8’ povezan je sa ostalim uglovnim
veli¢inama slede¢om relacijom sferne trigonometrije:

ICO?’l’U

00, %0)

cos @’ = cos 6 cos B, + sin 0 sin 0, cos( — ©,).

Ovde je pretpostavljeno da je dijagram snage antene simetrican, tj. da ne
ravisi od koordinate ¢. Ako se ova konvolucija simulira numeri¢ki, mora
se uzetl da se dijagram snage antene proteze do nekog grani¢nog ugla 04,
zbog tehnickih ograni¢enja. Za dijagram snage antene uzeta su dva moguéa
slucaja: aproksimacija gausijanom i aproksimacija Beselovom funkcijom.

1) Aproksimacija gausijanom:

—ab?
g<86
P(0)y=2¢ ¢ > U=V
() { 0, 0>60,
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41n2
HPBW?
na polovini maksimuma snage (eng. half power beam width) oznafena je
HPBW.

2) Aproksimacija Beselovom funkcijom:

% 2
2.]1 (-71\2 Slﬂ@)
0<0

PIL(Q) = < D ' -9
by sin @

L 0, 0 > 04,

gde je a = Sirina glavnog snopa dijagrama snage radio-teleskopa

gde je Ji(x) Beselova funkcija prvog reda od argumenta x, D — preénik
antene, a A — talasna duZina posmatranog zracenja. Takode, vaZi relacija:
HPBW =1,02\/D [2].

Konaé¢no, izraz koji se koristi za numericko simuliranje konvolucije
intenziteta zracenja ljuskastog ostatka supernove s dijagramom snage antene

glasi:
/ / ) sin Od0deyp
lleO?'Lb )

Bor
o / P, (0) sin 6d0
J D

Za I,(0) uzima se jedan od izraza iz prethodnog poglavlja, u zavisnosti
od toga za koji model ljuskastog ostatka supernove smo se odluéili. Ugao 6’
je povezan sa ostalim uglovnim veli¢inama relacijom sferne trigonometrije:
cos 8’ = cos 8 cos By + sin § sin Oy cos 0. Dvojna integracija u brojiocu gornjeg
izraza vrsi se po preseku objekta i dijagrama snage radio-tcleskopa. Taj dvo-
jni integral resavan je u IDL-u pomocu funkeije INT_2D. Jednostruki integral
u imeniocu reSavan je pomocu funkcije QROMB. Jednostruki integrali koji se
pojavljuju u izrazu za intenzitet zracenja u slu¢aju modela ljuske s radijal-
nim magnetnim poljem reSavani su pomocu funkcija QROMB, INT_TABULATED,
kao 1 ruéno pisane funkcije koja ra¢una odredeni integral pravougaonom
metodom.

U slucaju modela homogene opticki tanke ljuske s konstantnom emi-
sivnoscu korisnik unosi kao ulazne podatke parametre objekta C,, 81, 62, kao
i parametar antene HPPEW', a program vrsi konvoluciju. U sluc¢aju modela
ljuske s radijalnim magnetnim poljem korisnik unosi i parametar «. Na slici 2
prikazane su simulirane konvolucije za dva razmatrana modela.
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Slika 2 — Simulirani konvoluirani intenziteti zracenja za dva razmatrana modela.
Punom linijom predstavljen je pravi (realni) intenzitet zracenja objekta,
a dijamantima simulirana konvolucija realnog intenziteta i dijagrama
snage, tj. ,posmatrani® intenzitet, u zavisnosti od ugla. Levo: model ho-
mogene opticki tanke ljuske s konstantnom emisivnoséu; desno: model
ljuske s radijalnim magnetnim poljem

Obrnuti problem — fitovanje radio-posmatranja teorijskim
modelom

Obrnuti problem je sledeci: korisnik unosi u vidu tabele posmatrani
intenzitet radio-zracenja ljuskastog ostatka supernove (tj. radijalni profil zra-
¢enja ostatka), kao 1 HPBW , a program treba fitovanjem ulaznih podataka
odabranim modelom da pronade najbolje vrednosti za C,, 61 1 85 u sluéaju
prvog modela (s konstantnom emisivnoséu) ili za C,, 61, 02 1 o (ukoliko « veé
nije poznato iz spektra) u slu¢aju drugog modela (s radijalnim magnetnim
poljem). Ovo je u IDL-u postignuto uz pomo¢ procedure CURVEFIT, koja je
iterativna. Da bi moglo da se izvrsi fitovanje, korisnik mora da proceni inici-
jalne vrednosti trazenih parametara. Inicijalne vrednosti parametara 67 i 6
mogu da se procene direktno iz posmatrac¢kih podataka (iz posmatranog radi-
jalnog profila zracenja). Za inicijalnu vrednost spektralnog indeksa «, uko-
liko ta] paramctar nije poznat iz spektra, moze se uzeti 0,5. Uz te procenjene
vrednosti, inicijalna vrednost parametra C, moze se dobiti kori§¢enjem pos-
matrackih podataka i izraza za intenzitet zracenja ostatka supernove (u za-
visnosti od odabranog modela). Program uz nalaZenje najboljih vrednosti
traZzenih parametara daje i njihove greske, tj. standardne devijacije. Takode,
program rac¢una gustinu fluksa zracenja S5,. Na slici 3 je prikazan primer
fitovanog radijalnog profila zrac¢enja ljuskastog ostatka supernove.

Ova metoda odredivanja uglovnih parametara i fluksa iz radio-posma-
tranja ima i svojih nedostataka. Pre svega, pri koris¢enju ove numericke
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Slika 3 — Fitovani radijalni profil zracenja ljuskastog ostatka supcrnove. Znacima
»X prikazani su posmatracki podaci, tj. radijalni profil zraéenja koji
korisnik unosi. Puna linija predstavlja najbolji fit tih podataka teorijskim
radijalnim profilom u skladu s odabranim modelom. U ovom primeru je
uzet model ljuske s radijalnim magnetnim poljem

metode treba imati u vidu sledeée ¢injenice:

— realni ljuskasti ostaci supernovih nisu u opstem slucaju potpuno
sferni;

— u ovoj metodi se koristi idealizovan, a ne realan dijagram snage;

— magnetno polje nije radijalno postavljeno u realnom slucaju;

— osetljivost drugog modela (s radijalnim magnetnim poljem) na
parametar « je vrlo slaba, pa se ova] parametar ne moZe pre-
cizno odrediti pomoc¢u ove metode. Zato se preporucuje njegovo
odredivanje iz spektra, ako za to postoje moguénosti.

Literatura

[1] Vukicevié-Karabin, M., Atanackovié-Vukmanovié, O., 2004, Opsta astrofizika,
Zavod za udzbenike i nastavna sredstva, Beograd

2] Urosevié, D., Milogradov-Turin, J., 2007, Teorijske osnove radio-astronomije,
Matematicki fakultet, Beograd

[3] Opscnica, S., Arbutina, B., 2011, u pripremi



NOVA Y-D RELACIJA PRIMENJENA NA
GALAKTICKE OSTATKE SUPERNOVIH

Marko Pavloviél

1. Uvod

1.1. Ostaci supernovih

Prilikom eksplozije supernove (SN) u okolni prostor preko materijala
izbatenog eksplozijom, oslobodi se kineticka energija reda ~ 10°! erga. Os-
tatak supernove (OS)? zapocinje svoj Zivot onda kad se formira udarni ta-
las u interakciji izba¢enog materijala s okolnom meduzvezdanom materi-
jom (MZM)® i magnetnim poljem. Za tipi¢ne vrednosti brzine izbatenog
materijala, ~ 104 km/s, i gustinu sredine od ngy ~ 1 cm ™ udarni talas
se ne bi formirao. Znacaj magnetnog polja je u tome Sto izbacene naelek-
trisane cestice pocinju da kruze oko linija sila i tako stvaraju barijeru izmedu
izbacenog gasa SN i MZM. Na opisani na¢in nastaju udarni talas i, samim
tim, ostatak supernove. Udarni talas dalje sabija okolno magnetno polje i
ubrzava Cestice do ultrarelativistickih brzina, sto dovodi do jake sinhrotronske
cmisije.

OS dakle zrace pretezno sinhrotronski, njihov spektar uglavnom je
netermalni i dobro se aproksimira kao

S, x v, (1)

gde je S, gustina fluksa zraéenja na frekvenciji v, a o predstavlja spektralni
indeks.

Odredivanje daljina do OS u Galaksiji predstavlja vazan zadatak. De-
taljno proucavanje OS zavisilo je najveé¢im delom od posmatranja u radio-
-domenu. [pak, na posmatranja radio-teleskopima uti¢e nekoliko selekcionih
efekata (Case & Bhattacharya, 1998): (1) teska detekcija ostataka zbog ma-
log povrsinskog sjaja, posebno u regionima gde je pozadina sjajna; (2) neki

YUniverzitet u Beogradu, Matematicki fakultet.
engl. supernova remnant (SNR)
Sengl. interstellar matter (ISM)
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OS ne mogu biti detektovani zbog male ugaone veli¢ine; (3) posmatranja ne
pokrivaju nebo ravnomerno (Green, 1991).

Rastojanja do OS mogu direktno biti odredena ukoliko se nalaze blizu
regiona HI, HIT regiona ili molekulskih oblaka, pomoéu OB asocijacija zvezda,
pulsara ili merenjem optickih brzina i sopstvenih kretanja. Kada je direktno
odredivanje rastojanja do OS nemoguce, procena udaljenosti za ljuskaste os-
tatke vrsi se pomoc¢u X—D relacije, veze izmedu povrsinskog sjaja objekta %
1 njegovog dijametra D.

1.2. Ukratko o ovom radu

Glavna tema ovog rada je ¥—-D relacija za ostatke supernovih i njena
primena na ostatke u Galaksiji. Cilj je izvodenje nove empirijske ¥-D relacije
koja ¢e pokazivati bolje slaganje s novijim teorijskim ¥-D relacijama (Bere-
zhko & Volk, 2004).

Za postizanje pomenutog cilja korid¢en je uzorak kalibratora iz novog
Grinovog kataloga supernovih iz 2009. godine (Green, 2009). U novom kata-
logu navedena su 274 ostatka iz Galaksije, §to je za 59 vie nego u katalogu iz
1996. godine (Green, 1996) koji su koristili Kejs i Batacarija (Case & Bhat-
tacharya, 1998) za izvodenje njihove ¥-D relacije. Pored toga sto je dat
veéi broj ostataka, rastojanja do pojedinih su u novom katalogu preciznije
odredena, koriséenjem boljih instrumenata i metoda.

U radu je opisan metod dobijanja empirijske >—D relacije a treba
ista¢i da su razni autori do sada koristili standardnu proceduru fitovanja
1 X-D ravni baziranu na vertikalnoj (paralelno y-osi) x? regresiji. U ovom
radu, umesto vertikalne, koristimo ortogonalnu regresiju. Ova promena ima
svoje teorijsko opravdanje, a vrednost parametra J je bliza teorijskoj iz rada
Bereska i Folka iz 2004. godine.

2. 3>—D relacija

2.1. Definicija i osnovni pojmovi

>—D relacija je veza izmedu povrsinskog sjaja na odredenoj frekvenciji
(radio-oblast) ¥, i dijametra ostatka supernove D. Pomenuta veza najcescée
se navodi u obliku

(D)= AD™P, (2)
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gde parametar A zavisi od karakteristika eksplozije SN i karakteristika MZM,
kao $to su energija eksplozije SN, masa izbatenog materijala SN, gustina
MZM, ja¢ina magnetnog polja itd., dok je parametar § nezavisan (ili zavisi
veoma malo) od pomenutih karakteristika eksplozije (Arbutina & Urosevié,
2005).

Kao sto je ve¢ refeno, YD relacija je znacdajna jer opisuje evoluciju
OS, ali upotrebljava se vrlo éesto za odredivanje rastojanja do ostataka.
Povrsinski sjaj se dobija iz posmatranja i nezavisan je od rastojanja do
objekta. Uglovni dijametar 6 se takode dobija iz posmatranja. Daljina do
objekta oznacéena je r, a dijametar D. Daljina do objekta se mozZe dobiti
ako se izra¢una D iz >—D relacije, a prethodno rac¢una ¥ iz direktno merene
gustine fluksa u Jy.

Tako postoje precizniji, direktni metodi odredivanja rastojanja do OS,
ovaj metod je i dalje nezamenljiv za veliki broj ostataka (Urosevié¢, 2000).
Od oko 270 otkrivenih ostataka u Galaksiji (Green, 2009), samo daljine do
oko 80 ostataka su procenjene direktnim metodama. Za procenu udaljenosti
do drugih ostataka mora se primeniti >-D relacija, mada treba napomenuti
da se ta relacija primenjuje samo na ljuskaste ostatke (S tip).

2.2. Teorijske relacije

Prvu teorijsku ©-D relaciju dobio je Sklovski (Shklovsky, 1960a,b), i
prvi ju je iskoristio za odredivanje rastojanja do OS (Arbutina et al., 2004).
Nakon Sklovskog, mnogo autora bavilo se unapredivanjem i modifikovanjem
teorijskih i empirijskih >—-D relacija. Najnovije i najznacajnije teorije koje
¢e biti navedene u ovom radu su teorija Duriéa i Sikvista (Duric & Seaquist,
1986) i Bereska i Folka (Berezhko & Volk, 2004). Odlican pregled teorijskih
i empirijskih >—D relacija raznih autora dat je u radu Urosevic¢a iz 2000.
godine (Urosevié, 2000).

2.3. Empirijske relacije

Sklovski (Shklovsky, 1960b) je prvi predlozio algoritam za konstru-
isanje jedne empirijske >—D relacije. Ideja je da se preciznije odrede daljine
do datih OS, ukoliko je to moguée za te ostatke; onda, znajuéi uglovne
dijametre, mozemo dobiti linearne dimenzije. Povrsinski sjaj se dobija direk-
tno iz posmatranja. Na taj nacin dobijamo ¥-D dijagram gde svaki ostatak
predstavlja jednu tacku (Urosevié, 2000). Ti ostaci predstavljaju kalibra-
cione ostatke jer povlacenjem najbolje prave kroz njih dobijamo koeficijente
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A1 jednacine (2). Tako dobijena relacija, predstavlja u srednjem najbolju
relaciju za sve OS, pa pomocu nje mozemo dobiti rastojanja do ostalih os-
tataka iz merenog povrsinskog sjaja 1 uglovnog dijametra.

Prvu empirijsku ¥-D relaciju dali su Poveda i Voltjer (Poveda & Wolt-
jer, 1968). Sikvist (Scaquist, 1968) je ispitivao zavisnost temperature po sjaju
T, od dijametra D jer je poznato da vazi X, «x 1. Njegov rad moze se
uzeti kao jedan od pionirskih, mada u njemu nisu racunati nikakvi koefici-
jenti veé je nacrtana najbolja prava za sedam kalibracionih ostataka. Prvi
rad koji je bio posveéen samo empirijskoj ¥-D relaciji je Milnov (Milne,
1970). Cesto se bas taj rad u literaturi navodi kao podetni jer je u njemu
objavljen katalog svih do tada poznatih OS, kao i daljine do svakog ostatka,
izra¢unate pomoéu X—D relacije. Tokom narednih godina radilo se i dalje
na ovoj relaciji, s teznjom da se dode do preciznije odredenog seta kalibra-
tora, a samim tim i do bolje relacije. Bolja posmatranja su poveéavala broj
kalibratora i doprinela tacnijem odredivanje rastojanju do njih.

Najvaznija skorija empirijska >—D relacija, najvise citirana u radovima
koji se bave OS, jeste relacija Kejsa i Batacarije (Casc & Bhattacharya,
1998).

3. Statisticka obrada podataka
3.1. >—D i D-X relacije

Grin je u svom radu iz 2005. godine (Green, 2005) istakao, koristeci
posmatranja karakteristika uzorka OS da éak i ako se zanemarc selekcioni
efekti 1 posmatracki nedostaci, ostaje problem fitovanja proizvoljne stepene
zavisnosti ¥ o« D . 2 D relacija ima dve zasebne namene, prva — dobi-
janje dijametra (rastojanja) galakti¢kih ostataka iz posmatranog povriinskog
sjaja 1 druga — parametrizacija veze izmedu povrSinskog sjaja i dijametra i
uporedivanje s modelima i teorijama ili razli¢itim uzorcima OS. Za sluca]
kada se vrednost ¥ koristi da se predvidi D trebalo bi koristiti MNK koji
minimizuje odstupanja za log D. To ipak nije slu¢aj u radovima koji se bave
dobijanjem empirijske XD relacije, uglavnom se minimizuju odstupanja
za log 2. Razlike izmedu ova dva MNK fita mogu biti veoma velike za os-
tatke koji su mnogo sjajniji ili slabiji od prose¢nog sjaja ostataka s poz-
natim rastojanjima korid¢enim za izvodenje X—D relacije. Na primer, Kejs
i Batacarija (Case & Bhattacharya, 1998) dobili su za parametar fita ¥-D
relacije (0 = 2, 3840, 26 koristedi uzorak od 36 OS (bez ostatka Cas A) i MNK

koji minimizuje zbir kvadrata odstupanja log 2. Minimizacijom odstupanja
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log D, koja viSe odgovara posto se relacija koristi za predvidanje dijametra
iz povrsinskog sjaja, dobija se mnogo strmiji fit: 3 = 3,37 £ 0,35. To nas
navodi na zakljuéak da iz najboljeg fita Kejsa i Batacarije dobijamo vece
prec¢nike 1 samim tim veca rastojanja za ostatke manjeg sjaja.

Ukoliko se & o D7 relacija koristi za opisivanje evolucije povrsinskog
sjaja OS, potrebno je ispitivati ¥-D korelaciju. Ipak, glavni cilj ovog rada
je odredivanje daljina do ostataka u Galaksiji pa je korisnija D-% korelacija.
Pocetna tacka nase analize je zahtev da parametri fita X—D i D-¥ budu invar-
ijantni unutar procenjenih gresaka. Ovaj zahtev bi¢e zadovoljen primenom
metode ortogonalnog fita (Urosevi¢ et al., 2010).

3.2. Ortogonalna regresija

Obic¢an metod najmanjih kvadrata zasniva se na nalazenju prave za
koju je zbir vertikalnih odstupanja eksperimentalnih tacaka minimalan. Ume-
sto zhira vertikalnih rastojanja tacaka, koristi se zbir kvadrata tih rastojanja
kako bi se postiglo da taj zbir bude neprekidna i diferencijabilna funkcija ko-
eficijenata a i b prave y = a + bx. Ovaj metod predstavlja tzv. ortogonalni
MNK. Razlog za cesce koriSéenje klasitnog MNK umesto ortogonalnog MNK
(slika 1) takode je i jednostavnije analiticko dobijanje jednacina za parametre
trazene najbolje prave.

a) Vertikalna regresija b) Ortogonalna regresija

Slika 1 - Racunanje odstupanja tacaka od prave povuéene metodom najmanjih
kvadrata (MNK); oznacena je glavna razlika izmedu najéesée korigéenih
— vertikalnih (a) 1 ortogonalnih (b) odstupanja koja se koriste u ovom
radu za izvodenje 2-D relacije

Ispostavlja se da je 1 za ortogonalni MNK mogudée izvesti jednacine za
parametre trazene prave u analitickom obliku, §to predstavlja mnogo brzi
metod od bilo kojih drugih numeri¢kih ili seminumeri¢kih metoda.
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4. Rezultati

4.1. Formiranje uzorka kalibratora daljina

Odabir ostataka s precizno odredenim daljinama predstavlja kljuéni
zahtev prilikom izvodenja X-D relacije. Kori§éen je najnoviji Grinov kat-
alog (Green, 2009), koji sadrzi ukupno 274 OS. Verzija kataloga koju su
koristili Kejs i Batacarija (Case & Bhattacharya, 1998) za izvodenje nji-
hove relacije sadrzala je 215 ostataka. Za mnoge ostatke su u meduvremenu
tacnije odredene daljine, dok su neki izbaceni iz kataloga jer se ispostavilo
da ne spadaju u OS.

Uzorak kalibratora koriséen u ovom radu sadrzi ukupno 50 ostatka, od
kojih je 31 bio prisutan u uzorku koji su koristili Kejs i Batacarija.

4.2. Primena ortogonalnog MNK na skup kalibratora

Primenom ortogonalne regresije na formirani uzorak kalibratora dobija
sc sledeca relacija:

S1H, = 5,167 - 107D ™4%% Wm™? Hz lsr !, (3)

1B-18 f T
]
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Slika 2 —~ Povrsinski sjaj kalibratora daljina u zavisnosti od dijametra (3-D rela-
cija) za ljuskaste ostatke supernovih. Debljom linijom prikazana je prava
dobijena primenom ortogonalnog MNK, a tankom linijjom optimalna
prava koja minimizuje vertikalna odstupanja tacaka (obican MNK).
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Vidi se da je dobijena Y—D relacija znatno strmija od ranijih i ujedno
se dosta razlikuje od obi¢nog MNK primenjenog na iste podatke.

Nova ¥-D relacija se dalje moze primeniti na sve ljuskaste ostatke iz
Grinovog kataloga (Green, 2009) za koje je izmerena gustina fluksa radio-
-zracenja na 1 GHz i ugaone dimenzije. Od ukupno 274 ostatka u tom kata-
logu, pomenute uslove ispunjava 202 ostatka i njihove daljine su izra¢unate
primenom relacije (3).
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REPRODUCTIVE AND NON-REPRODUCTIVE
SOLUTIONS OF MATRIX EQUATION AXB =C

Branko Malesevié' and Biljana Radiéié

Abstract. In this article we consider consistent matrix equation AXB = C
when a particular solution Xy is given and we represent the new form of gen-
eral solution which contains both reproductive and non-reproductive solutions
(it depends on the form of particular solution Xy). We also analyse the solutions
of some matrix systems using the concept of reproductivity and we give the new
form of the condition for the consistency of matrix equation AXEB = C.

Keywords: Reproductive equations, reproductive solutions, matrix equation
AXB=C

1. Reproductive equations

The concept of the reproductive equations was introduced by S.B.
Presié¢ [4].

Definition 1.1. The reproductive equations are the equations of the
following form:

z = f(x), (1)

where x is a unknown, S is a given set and f : § — S is a given function
which satisfies the following condition:

fof=1 (2)

The condition (2) is called the condition of reproductivity. The most
important statements in relation to the reproductive equations are given by
the following two theorems [4] (see also [3], [6] and [12]):

Theorem 1.1. (S.B. Presié) For any consistent equation J(z) there
is an equation of the form z = f(z), which is equivalent to J(z) being in the
same time reproductive as well. ¢

"University of Belgrade, Faculty of Electrical Engineering, Department of Applied
Mathematics, Serbia
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Theorem 1.2. (S.B. Presié) If a certain equation J(x) is equivalent
to the reproductive one z = f(z), the general solution is given by the formula
z = f(y), for any value y € S.

The concept of the reproductive equations allows us to analyse the
solutions of some matrix systems (see Application 2.1. and Application 2.2.
in the following section of this paper). In [5], [6] and [9] authors considered
the general applications of the concept of reproductivity.

2. The matrix equation AXB =C

Let m,n € N and C is the field of complex number. The set of all
matrices of order m x n over C is denoted by C™*™. For the set of all matrices
from C™*™ with a rank a we use denotement C'*". Let A = [a; ;] € C™*".
By A;_. we denote the i-th row of A, 7 =1,...,m. For the j-th column of A,
= 1,...,n, we use denotement A|;.

A solution of matrix equation
AXA=A (3)

is called {1}-inverse of the matrix A and it is denoted by A", The set
of all {1}-inverses of the matrix A is denoted by A{1}. For the matrix A,
let regular matrices Q € C"*™ and P € C™™" be determined so that the
following equality is true.

oar- 5~ [%10]

010 4)

where a = rank(A). In [3] C. Rohde showed that the general {I}-inverse
AW can be represented in the following form:

[, | X
(1) _ ta 1

where X, Xo and X3 are arbitrary matrices of switable sizes.

Let A e C™", B e CP*? and C € C™*9. In the paper [1] R. Penrose
proved the following theorem related to the matrix equation

AXB=C. (6)

Theorem 2.1. (R. Penrose) The matrix equation (6) is consistent
iff for some choice of {1}-inverses A1) and B of the matrices A and B the
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condition
AAWCBYB =C (7)

is true. The general solution of the matrix equation (6) is given by the
formula

X =fv)=4ADcBW +v - AW AY BB, (8)
where Y is an arbitrary matrix corresponding dimensions. ¢

If a particular solution Xy of the matrix equation (6) is given, the
formula of general solution is given in the following theorem.

Theorem 2.2. If X is a particular solution of the matrix equation
(6), then the general solution of the matrix equation (6) is given by the
formula

X=g(V)=Xo+Y - AWAYBBM, (9)

where Y is an arbitrary matrix corresponding dimensions. The function g
satisfies the condition of reproductivity (2) iff Xo = AYCBW.
Proof. See [11] and [12] (where is given different proof).

The formula (9) contains both reproductive and non-reproductive so-
lutions. It depends on the form of particular solution Xj.

Remark 2.1. In the paper [11] authors proved that there is a matrix
equation (6) and a particular solution Xy so that:
Xo # AVCBM), (10)

for any choice of {1}-inverses A and BUW. In that case the formula (9)
gives general non-reproductive solutions. Otherwise, the formula (9) gives
general reproductive solutions. ¢

In [2] S.B. Presi¢ analysed the matrix equation (3) and he proved the
following theorem.?

Theorem 2.3. For any square matrix A € C™ " and any general
{1}-inverse AW the following equivalences are true:

(B1) AX =0 = (Y eV X =Y — AW 4y,
(B2) XA=0 = (AY eCY”™") X =Y - YAAD,

with the first appearances of non-reproductive solutions (see (Es)-(Es))
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(B3) AXA=A «—= 3y eC”™") X = AW +v - AW Ay 44D
(E) AX =4 «— Y eCV") X =I+Y - AV AY,
(B5) XA=A4 < (Y eC”") X =I+Y -YAAD ¢
In general case the general solutions (E3)-(Es5) of Theorem 2.3. do not
directly appear according to Penrose’s theorem. In [7] M. Haveri¢ showed

that we can get Penrose’s solutions from Presié’s solutions. She proved the
following statement.

Theorem 2.4. For any square matrix A € C™" and any general
{1}-inverse A the following equivalences are true.

Let’s note that the previous two theorems are special case of Theo-
rem 2.2.

For consistent matrix equation (6) the following equivalence is true
AXB=C = X=fX)=X-AYUAxB-)BY.  (11)

Therefore, based on Theorem 1.2., we have short proof of generality of
formula (7) in Theorem 2.1.

In the following applications we analysed the solutions of some matrix
systems using the concept of reproductivity.

Application 2.1. T.et A, B, D and F be given complex matrices
corresponding dimensions. If the following matrix system is consistent:

AX=B A XD=E, (12)

then the general solution is given by the formula ([10] A. Ben-Israel and
T.N.E. Greville)

X =g(Y)=Xo+ I - AYAY (I - DDW), (13)

where Y is an arbitrary matrix corresponding dimensions.
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In [12] authors proved that if the matrix system (12) is consistent, the
general reproductive solution is given by the formula

X=fY)=AYB+EDY - ADAEDM 4 (1 — AV A)Y (I — DD,
(14

where Y is an arbitrary matrix corresponding dimensions. The proof is based
on the equivalence

(AX=B A XD=E) = X=f(X) (15)
and Theorem 1.2. more detailed proof can be found in [12]. 4

Application 2.2. Let A € C™"*" be a singular matrix. If the following
matrix system is consistent:

AXA=A A AX = XA, (16)
then the general solution is given by the formula ([8] J.D. Keckié)
X=fY)=Y +AAA - AAY —YAA + AAY AA, (17)

where Y is an arbitrary matrix corresponding dimensions and A is commu-
tative {1}-inverse. In [12] authors proved that (17) represents the general
solution of (16) using the concept of reproductivity. ¢

The following theorem gives the new form of condition for the consis-
tency of the matrix equation (6). In the formulation of the theorem we use
the following matrices

A=T4A, B=BTz and C=TsCTs (18)

where T4 is a permutation matrix which permutes linearly independent rows
of the matrix A at the first a positions and Tp is a permutation matrix
which permutes linearly independent columns of the matrix B at the first b
positions.

Therefore, the matrix A has linearly independent rows at the first a
positions and the matrix B has linearly independent columns at the first b
positions.

Let

a
A :Zai,lgl_,, i=a+1,...m (19)
=1
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and
N b
Byj=Y BriBu, Jj=b+1..0 (20)
k=1

for some scalars «;; and i ;. Then, the following theorem is truc.

Theorem 2.5. Let A € C;"*, B € C}"% and C' € C™*?. Suppose
that A, B and C are determined by (18) and that (19) and (20) are satisfied.
Then, the condition (7) is true for any choice of {1}-inverses A1) and BW
iff

_ b b _
C1,1 ce C1,b E ﬁk,b+101,}c T g ,Blc,qcl,}c
k=1 k=1
b b
Ca,l s Ca.b E ﬁk,b+10a,k T 5 5k,q0a,k
C_ k=1 k=1
- a a a b a b ]
E Qot1.0C11 - E Ga+1,1C1b g E Qat1,10kb+1C1K - E g Qa+1,10k,4C1k
(=1 t=1 =1 k=1 (=1 k=1
a b a b a
E QO i1Ci1 E Coan, 1CLb E E 1 Brp+1CLE * 5 Q1 Bk, qCl ok
L =1 k=1 =1 k=] =1 k=l _

where ¢; ; are arbitrary elements of C.

Proof. The proof can be found in [12]. ¢
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TEMPUS PROJEKAT ,,SEE DOCTORAL STUDIES IN
MATHEMATICAL SCIENCES*® - PREGLED REZULTATA

dr Zorica Stanimirovié!

Doktorske studije, kao treéi ciklus obrazovanja po Bolonjskim princi-
pima, od izuzetne su vaznosti za istrazivacki i inovacioni potencijal jedne
drzave i drustva. Nauénoistrazivacke ustanove, ali 1 privreda, imaju potrebu
za sve vetim brojem visokokvalifikovanih stru¢njaka. Medutim, u implemen-
taciji tre¢eg ciklusa skolovanja fakulteti u drzavama zapadnog Balkana srec¢u
se s brojnim problemima: nedostatkom finansijskih sredstava za adekvatno
izvodenje nastave, disperzijom mladih istrazivaca, atomizacijom istrazivac-
kih grupa, nedostatkom strucnog nastavnickog kadra u pojedinim oblastima
istrazivanja itd. U praksi se ¢esto desava da je broj studenata zainteresova-
nih za isti kurs veoma mali, te je teSko oformiti grupu i realizovati nastavu
na doktorskim studijama, pa se nastava svodi na povremene konsultacije.

Jedan od nacina da se taj problem prevazide predloZen je u trogodi-
$njem Tempus projektu "SEE Doctoral Studies in Mathematical Sciences”,
koji je poceo da se realizuje 2009. godine. Osnovna ideja jeste regionalna sa-
radnja, to jest udruzivanje fakulteta zapadnog Balkana kako bi se unapredile
doktorske studije 1 povezali istrazivacki centri u oblasti teorijske i primenjene
matematike i informatike.

Glavni ciljevi projekta su sledeéi: uspostavljanje i razvoj strukturira-
nih doktorskih studija matematike i informatike povezivanjem prirodno-ma-
tematickih fakulteta sa univerziteta zapadnog Balkana i njihovih EU part-
nera, osavremenjivanje laboratorije za primenjenu matematiku na fakulteti-
ma-partnerima zapadnog Balkana koji ucestvuju u projektu, i pojacavanje
programa na master studijama, posebno u oblastima matematickog modeli-
ranja i finansijske matematike. Predvideno je da se projekat realizuje tokom
tri godine kroz tri faze. Trenutno se on nalazi u zavrénoj fazi — u poslednjoj
godini realizacije.

Partneri na projektu su:

— Prirodno-matematicki fakultet, Univerzitet u Sarajevu (nosilac
projekta),
— Matematicki fakultet, Univerzitet u Beogradu,

"Matematicki fakultet, Univerzitet u Beogradu
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— Prirodno-matematicki fakultet, Univerzitet u Podgorici,

— Prirodno-matcmaticki fakultet, Univerzitet u Banjaluci,

— Prirodno-matematicki fakultet, Univerzitet u Tuzli,

— Prirodno-matematicki fakultet, Univerzitet u Skadru,

— Matematicki institut, Univerzitet u Gracu,

— Matematicki institut, Bugarska akademija nauka i umetnosti,
— Fakultet za matematiku i informatiku, Univerzitet u Sofiji,

— Drustvo matematicara jugoistoéne Evrope (MASEE).

Slika 1 — Ucesnici Workshop-a u Gracu, 22-29. jun 2009

U toku prve godine projekta, kroz intenzivne studijske posete, napra-
vljen je pregled trenutne situacije na visSim nivoima matematickog obrazova-
nja (master i doktorske studije) fakulteta-partnera zapadnog Balkana i iden-
tifikovane su uze matematicke oblasti u kojima su ti fakulteti uspesni. Na
sastanku u Gracu 22-29. juna 2009. uspostavljeni su okviri 1 struktura dok-
torskih studija i formiran Akademski savet, koji ¢e koordinisati i upravljati
realizacijom projekta. Medu aktivnostima realizovanim tokom prve godine
projekta izdvajaju se Workshop u Gracu ”Training in Use of I'T in Mathe-
matical Modeling”, 7-11. septembra 2009, i Young Researchers Workshop,
u Ohridu, 16-20. septembra 2009 (u okviru MICOM International Congress
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on Mathematics). Na Workshop-u Ohridu, mladi istrazivacéi — studenti dok-
torskih studija imali su priliku da prezentuju svoje istrazivacke projekte i
probleme na kojima trenutno rade, kao i razmene iskustva i ideje.
planovima kurseva doktorskih studija. Osnovne strukture kurseva, usvojene
na sastanku u Gracu dalje su razvijaju i prosiruju. U okviru Workshop-a u
Tuzli (4-8. novembra 2009) napravljen je detaljan plan intenzivnih kurseva,
seminara, projekata koji treba da budu realizovani na nacin koji bi sprecio
fragmentaciju i konstantno podsticao razvoj nauc¢nog podmlatka. Na Wor-
kshop-u u Skoplju (15-20. decembra 2010) planovi kurseva su usvojeni, kao
i principi njihove realizacije.

U drugoj fazi (druga godina projekta) posebna paznja je posveéena

Slika 2 — Workshop u Tuzli, 4-8. novembar 2009

U toku druge faze projekta intenzivno se radilo i na unapredenju pro-
grama master studija. U drugoj godini projekta realizovana su dva inten-
zivna kursa za studente master studija: kurs iz Matematickog modeliranja
na Prirodno-matematickom fakultetu u Skadru (3-31. jul 2010) i kurs iz Fi-
nansijske matematike, na Prirodno-matemati¢kom fakultetu u Banjaluci (7.
avgust — 4. septembar 2010).
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Slika 3 — Kurs Optimizacija, 29. avgust — 23. septembar 2011, Matematicki fakul-
tet, Beograd

Treca godina projekta (zavrina faza) usmerena je ka potpunoj im-
plementaciji uspostavljenih planova i aktivnosti na doktorskim studijama.
Pritom je naro¢ito vazno omogudéiti i podsticati razmenu nastavnog osoblja
izmedu fakulteta-partnera. U toku trece godine projekta planirana je reali-
zacija Sest zajednickih intenzivnih kurseva na doktorskim studijama u traja-
nju od mesec dana. Planovi tih kurseva su dizajnirani prema preporukama
Akademskog odbora projekta i zasnovani na analizi istrazivackih trendova i
dostignuéa u regionu jugoistoéne Evrope. Sprovedena je i eksterna evaluacija
planova, $to je dodatno doprinelo njihovom kvalitetu. Planirano je da svaki
od kurseva pohada po ukupno 24 studenta, od toga 20 studenata s prirod-
no-matematic¢kih fakulteta univerziteta zapadnog Balkana i ¢etiri studenta
sa univerziteta-partnera iz Evropske unije. Svaki od kurseva se sastoji od tri
celine, a nastava se odvija na engleskom jeziku. Predavacdi na kursevima su
profesori i istraziva¢i sa univerziteta-partnera u projektu, ali i sa nauénoi-
strazivackih ustanova van projekta. Svi predavaci su eminentni struénjaci u
datoj oblasti. TroSkovi puta i boravka studenata i predavaca finansirani su
iz sredstava projekta. Nakon zavrsetka kursa studenti polazu zavrsni ispit
i dobijaju odgovarajuée sertifikate, to im omoguéava ostvarivanjc izvesnog
broja ESPB u mati¢nim institucijama.
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Kursevi se realizuju na razli¢itim fakultetima-partnerima:

"Number Theory” - na Univerzitetu u Sarajevu, februar 2011,
”Probability and Statistics” —~ Univerzitet u Podgorici, april 2011,
”Dynamical Systems” — Univerzitet u Tuzli, maj 2011,
”Optimization” — Univerzitet u Beogradu, septembar 2011,

” Algebraic Combinatorics”, Computability and Complexity — Uni-
verzitet u Sofiji, oktobar 2011,
”Data structures and High Performance Computing” — Univerzi-
tet u Skoplju, novembar 2011.

Slika 4 — Studenti — ucesnici kursa Optimizacija

U periodu od 29. avgusta do 23. septembra 2011 Matematicki fakul-
tet bio je domadin uéesnicima Tempus kursa ”Optimization” na doktorskim
studijama. Kurs su pohadala 24 studenta, od toga 21 student iz zemalja
zapadnog Balkana, dva studenta sa Univerziteta u Gracu i jedan student sa
Univerziteta u Sofiji. Predavac¢i na kursu su bili prof. dr Franz Kappel i dr
Gregory von Winckel sa Univerziteta u Gracu i Mikhail Ivanov Krastanov s
Bugarske akademije nauka i umetnosti. Kurs sadrzi pregled znac¢ajnog broja
metoda za resavanje razli¢itih problema optimizacije (problemi optimizacije
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sa ograni¢enjima i bez njih, problemi kombinatorne i globalne optimizaci-
je...). Studenti su upoznati sa osnovnim teorijskim rezultatima iz ove oblasti,
kao 1 s numerickim algoritmima za njihovo reSavanje. Kroz reSavanje broj-
nih zadataka i praktiéne vezbe, kao i izradu seminarskih radova studenti su
pokazali zavidan nivo znanja, a polaganjem zavrénog ispita da su uspesno
savladali gradivo ovog intenzivnog kursa.

Nakon zavrSetka projekta planirane su brojne aktivnosti u cilju odrzi-
vosti postignutih rezultata. Intenzivni kursevi razlic¢itog sadrzaja, radionice,
seminari, namenjeni studentima doktorskih i master studija fakulteta-par-
tnera, bice odrzani u toku narednih godina. Takode se planira integracija
realizovanih kurseva na master i doktorskim studijama u odgovarajuce pla-
nove i programe studija na fakultetima-partnerima.



O UBRZANJU CESTICA U JAKIM UDARNIM
TALASIMA

Dejan Urosevié!

Apstrakt. U ovom élanku ¢e ukratko biti objasnjeno na koji nacin se stvaraju
ultrarelativisticke cestice koje se kroz kosmicka prostranstva Sire i detektuju na
Zemlji kao tzv. kosmicki zraci. Trenutno najbolje razvijena i u naué¢nom svetu
prilivalena teorija je tzv. difuzno udarno ubrzanje c¢estica. To je mehanizam
proizvodnje ultrarelativistickih éestica prilikom viSestrukog prolaza visokoener-
getske Cestice kroz udarnc talase nezavisno od toga koji je astrofizi¢ki poremecaj
stvorio udarni diskontinuitet. Difuzno udarno ubrzanje je podvrsta tzv. Fer-
mijevih mehanizama ubrzanja ¢estica, i to prvog reda. Shodno prethodno
navedenom, u ¢lanku ée ukratko biti objasnjeno Sta su udarni talasi, Fermi-
jevi mehanizmi, kao i osnovni koncepti na kojima je zasnovano difuzno udarno
ubrzanje ¢estica i, naravno, koji objekti u kosmosu proizvode kosmic¢ko zracenje.

1. Udarni talasi

Informacija o bilo kojem poremecaju koji se desio u neprekidnoj sredini
(fluidu) siri se talasanjem tog istog fluida. Ako se talas kreée kroz fluid
brzinom vecom od brzine zvuka za tu sredinu, taj talas postaje tzv. udarni
talas.

1.1. Matematiéki opis udarnih talasa

Da bi se matematicki opisala neprekidna sredina, potrebno je resiti
set magnetohidrodinamickih (MHD) relacija. Tu su tri jednacine standardne
dinamike (jednac¢ina kontinuiteta, II Njutnov zakon i zakon o odrzanju en-
ergije) zajedno s Maksvelovim jedna¢inama elektrodinamike. U najopstijem
obliku, sistem ovih jednacina se svodi na reSavanje Kosijevog problema na
mnogostrukostima.

Uzmimo da imamo jednu trodimenzionalnu mnogostrukost () u Ce-

'Katedra za astronomiju, Matematicki fakultet, Univerzitet u Beogradu, Studentski
trg 16, 11000 Beograd, Srbija.
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tvorodimenzionalnom prostoru (¢,x,y,z). Neka je ¥ (f) povrdina u trodi-
menzionalnom euklidskom prostoru (slika 1).

Slika 1 — Prikaz mnogostrukosti (£) (Cabannes, 1970)

Kako je veé¢ navedeno, potrebno je resiti KoSijev problem, tj. naci
resenja MHD jednaéina za magnetno polje H, brzinu fluida w, pritisak p
i gustinu p na mnogostrukosti (X). Kada je sistem neodreden, takva mno-
gostrukost predstavlja tzv. karakteristicnu mnogostrukost. Povrdina 3(¢)
koja se dobija presekom ¢ = const. s karakteristicnom mnogostrukoséu naziva
se talasna povrsina ili, prostije, talas. Takode se nesto direktnije moze
definisati karakteristi¢na mnogostrukost: ako dva razlic¢ita resenja MHD jednacina
imaju istu vrednost na mnogostrukosti (2), onda je ona karakteristi¢na mno-
gostrukost. Vazno je napomenuti da prvi izvodi funkcija koje se traze na
karakteristicnoj mnogostrukosti imaju razli¢ite vrednosti.

Talasna povrsina Y (t) predstavlja grani¢nu povrs izmedu poremeéenog
i neporemedéenog fluida. Ako talas ima strm profil (priblizno vertikalan), onda
j¢ to udarni talas.

Jednacine koje povezuju brzinu kretanja fluida, kao i stanje termod-
inamickih parametara (pritisak, gustna, temperatura) pre i posle dejstva
udarnog talasa, nazivaju se Rankin—Igonoove (Rankine-Hugoniot) jednacine.
Izvedene su za fluid u kome nema magnetnog polja. To su tzv. hidrodi-
namicke (HD) jednacine udara. Udarni talasi skokovito menjaju vrednosti
brzine fluida, pritiska, temperature, gustine (i magnetnog polja u MHD
okruzenju). Rankin-Igonoove jednac¢ine imaju sledeéi oblik:

pLu1 = pauy — odrzanje mase,
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plu% +p1 = pgug + po  — odrzanje impulsa,
1/2u? + hy = 1/2u3 + hy - odrZanje energije,

gde je h specifiéna entalpija (h = v/(v — 1) - p/p), uz v = ¢p/cy — koliénik
specificnih toplota), a indeksi 11 2 su za neporemeéenu sredinu i za sredinu
preko koje je udarni talas preSao, respektivno. Skokovite promene param-
etara fluida na udarnim talasima prikazane su na slici 2.

P
P2 Uy
zudarrli talas
U9 P1
Py

Slika 2 — Ilustracija skoka brzine fluida, gustine i pritiska na udarnom talasu (Shu,
1992)

1.2. Vrste udarnih talasa

Kada se supersoni¢ni objekat kreée kroz fluid brzinom ve¢om od brzine
zvuka, on ispred sebe ,gura“ tzv. luéni udarni talas (slika 3).

ludni udar

nadzvuéni fluid

lu¢ni udar

Slika 3 - Kretanjem supersonié¢nog aviona kroz vazduh stvara se lucni udarni talas
(Shu, 1992)

Bilo koji objekat koji se kreée brze od brizine zvuka u meduzvezdanoj
sredini obrazovade ispred sebe luéni udarni talas. Posmatrano je nekoliko
luénih udarnih talasa u blizini pulsara koji se kreéu nadzvuénom brzinom
(brzina zvuka u meduzvezdanoj sredini je oko 10 km/s).
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Vrsta udarnih talasa za koju smo posebno zainteresovani zbog procesa
ubrzavanja cestica jesu tzv. jaki udarni talasi. Definisani su tako da je
promena brzine fluida na udarnom talasu priblizno jednaka brzini udarnog
talasa (u sistemu referencc u kojem udarni talas miruje priblizno je jednaka
brzini neporemecene sredine koja ,uleée® u udarni diskontinuitet) tj.:

Au = up — Uz ~ uy.

Ako se veoma velika koli¢ina energije oslobodi u vrlo kratkom vre-
menskom intervalu, oko objekta se poremecaj Siri u obliku ekstremno jakog
udarnog talasa (engl. blast wave), koji éemo mi nazvati eksplozivni udarni
talas. Takva vrsta udarnog talasa se javlja prilikom eksplozija nuklearnih
i termonuklearnih bombi, a u prirodi prilikom eksplozija supcrnovih. Posle
eksplozije supernove eksplozivni udarni talas se 8iri kroz meduzvezdanu sred-
inu, remeti je, poveéava joj temperaturu, pritisak i gustinu. Tako poremecena
materija postaje intenzivno svetla u razli¢itim delovima elektromagnetnog
spektra (posebno u radio, X i vidljivom podrucju, mada se u poslednje vreme
intenzivno otkriva materija pod dejstvom udarnih talasa u v i infracrvenom
podruc¢ju). U astronomskoj literaturi ti objekti su poznati kao ostaci super-
novih (engl. supernova remnants), u daljem tekstu SNRs (slika 4).

vrelil gas unutar SNR Uuda.rnog talasa

gustina okolne meduzvezdance
Tudarmog tdlasa materije 1

| N— cksplozivni udarni talas

Slika 4 Eksplozivni udarni talas (ilustracija) i ostatak supernove Kasiopeja A
(Cas A)

Ostaci supernovih, osim §to imaju vrlo vazan uticaj na meduzvezdanu
materiju, na radanje novih zvezda 1 obogacdivanje okoline tezim elementima,
jesu najvazniji objekti za stvaranje kosmickog zracenja — na njihovim jakim
udarnim talasima se efikasno ubrzavaju cestice do ultrarelativistickih brzina.
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2. Kosmicki zraci

Kosmicko zracenje (engl. cosmic rays) otkrio je Viktor Hes 1912. go-
dine. Za to otkriée je dobio Nobelovu nagradu 1936. godine. Kosmicko zra-
¢enje nije elektromagnetno zracenje, veé je sastavljeno od visokoenergetskih
¢estica (uglavnom protona, elektrona i jezgara helijuma). Najenergetskiji
kosmicki zraci su jezgra Cestica tezih od helijuma (verovatno gvoida) — de-
tektovani su oni koji imaju energiju i do 102! eV. Po standardnim modelima
mehanizama ubrzanja cestica ostaci supernovih bez vec¢ih problema mogu
da ubrzaju éestice do 10*° eV. Najnovija istrazivanja pokazuju da ostaci
supernovih mogu da proizvedu &estice sa energijama 10'® eV. Jos uvek se
pouzdano ne zna na koji naéin nastaju visokoenergetske Cestice koje imaju
energije u intervalu od 10*® do 10%* eV i éesto se nazivaju ultra visokoener-
getske Cestice.

Kosmicko zrac¢enje u prvoj aproksimaciji ima priliéno izotropnu raspo-
delu na nebeskoj sferi. Cestice koje iz kosmosa dospevaju do granice Zemljine
atmosfere su tzv. primarni kosmicki zraci, koji u interakeiji s konstituentima
atmosfere stvaraju lavinu tzv. sekundarnih kosmickih zraka koje detektori
na Zemljinoj povrsini prikupljaju. Kosmicko zracenje predstavlja znacajnu
kariku u energetskoj raspodeli meduzvezdane sredine. Gustina energije koju
nosi kosmicko zracenje je priblizno jednaka gustini energije koju nosi elektro-
magnetno zracenje, magnetno polje, kao i gustini energije koja je sadrzana
u haoti¢cnom kretanju cestica koje ¢ine meduzvezdane materije (sva Getiri
,sastojka® imaju proseénu gustinu energije od oko 1 eV/cm?).

Prvo objasnjenje na koji nac¢in nastaje kosmicko zracenje dao je nobelo-
vac Enriko Fermi 1949. godine, u svom krucijalnom radu O poreklu kosmicke
radijacije (engl. On the Origin of the Cosmic Radiation) gde predlaze dva
osnovna koncepta na koji nacin ¢estice mogu da dobiju toliku energiju da bi
postale kosmicki zraci, §to ¢e detaljnije biti objasnjeno u narednoj sekciji.

3. Originalno Fermijevo ubrzanje cestica

Fermi (1949) predlaze dva modela ubrzanja Gestica (tipovi A i B).
Oba su zasnovana na sudaru probne visokoenergetske Eestice sa oblakom
meduzvezdane materije koji u sebi nosi magnetno polje, tzv. magnetnim
ogledalom, od koga ¢e se Cestica ,,odbiti“i pri tom odbijanju dobiti odredenu
kolizinu energije. Cestica ée se ubrzati ako se ogledalo krede ka njoj, a us-
poriée se ako se ogledalo kreée od nje. Kako je veca verovatnodéa da dode do
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sudara sa oblakom koji se kre¢e ka Cestici, statisticki gledano, cestice e se
ubrzavati — sporo ali sigurno! Fermijev tip B se razlikuje od tipa A u tome
Sto su kod njega linije sila magnetnog polja u oblaku krive, dok su kod tipa
A linije sila u istom pravcu u odnosu na koji se kreée probna ¢estica (slika 5).
sierovi kretanja

J U UV
- oblaka (linija sile)
~ P
kriva linija sile magnetunog polja

Slika 5 — Fermijevi mehanizmi ubrzanja. Levo, tip A, gde je predstavljeno kretanje
Cestica izmedu dva magnetna ogledala koja se kreéu jedno ka drugom (3to
se u kosmosu retko moze sresti); desno: tip B

U oba slucéaja Fermijevih mehanizama neto dobitak energije je drugog
reda u odnosu na kineticku energiju cestice pre sudara, te su originalni Fer-
mijevi modeli, u stvari, mehanizmi ubrzanja drugog reda. Sam Fermi je svoj
model tipa B definisao kao efikasniji za ubrzanje ¢estica. Relativno se lako
moze doéi do izraza za neto energetski dobitak prilikom jednog sudara. Ako
energiju Cestice E koja se priblizava ogledalu relativisti¢ki transformiSemo
u odnosu na sistern u kojem magnetno ogledalo miruje, i tako dobijenu en-
ergiju (koja je u tom sistemu jednaka i pre i posle sudara) opet vratimo u
laboratorijski sistem, dobijamo:

AEJE ~ (u/c)’,

gde je u brzina magnetnog ogledala, a ¢ brzina svetlosti. Ocigledno je da je
energetski dobitak drugog reda od u/c.

4. Difuzno udarno ubrzanje cestica

Ve¢ nekoliko puta je pomenuto da je trenutno najbolje zasnovana
teorija koja opisuje mchanizme ubrzavanja cestica do ultrarelativistickih en-
ergija tzv. teorija difuznog udarnog ubrzanja (engl. diffuse shock accelera-
tion), u daljem tekstu DSA. Ovaj tip ubrzanja takode pripada Fermijevom
tipu ubrzanja, ali je neto dobitak prilikom sudara s magnctnim ogledalom
prvog reda: AF/FE ~ u/c —samim tim Fermijev mehanizam ubrzanja prvog
reda je znatno efikasniji od Fermijevih mehanizama ubrzanja drugog reda.
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Velika razlika u odnosu na originalne Fermijeve modele je u tome §to umesto
oblaka koji u sebi ima zgu$njenje linija sila magnetnog polja, u DSA teoriji
udarni talas postaje magnetno ogledalo! Udarni talasi, inace, znacajno kom-
presuju, a nelinearnim efektima zna¢ajno pojacavaju magnetno polje pri-
likom svog prelaska preko meduzvezdane sredine, pa je osnovni Fermijev
zahtev za nehomogenim magnetnim poljem ispunjen. S druge strane, DSA,
osim $to obezbeduje prelazak probne cestice iz neporemecene u poremeéenu
sredinu, pri ¢emu ta cestica dobija energiju, stvara veliku verovatnocu da
se Cestica ponovo vrati u neporemecenu sredinu 1 opet trpi ¢eoni sudar sa
udarnim talasom pri kome ponovo dobija energiju (slika 6). Samim tim se
efikasnost ubrzavanja cestica na udarnim talasima opet znacajno povecava.
DSA mehanizam je zasnovan u radovima Bela (Bell 1978, a, b) i Blendforda i
Ostrajkera (Blandford and Ostriker, 1978, 1980). Detaljni prikazi DSA mod-
ela su dati u preglednim radovima Drurija, i Malkova i Drurija (Drury, 1983,
a, b, Malkov and Drury, 2001). S druge strane, iako je DSA opste prihvaéen
model za ubrzavanje ¢estica, 1 dalje se puno radi na modelima zasnovanim na
Fermijevom ubrzanju drugog reda (npr. Scott and Chevalier, 1975, Galinsky
and Shevchenko, 2007).

U ve = 1/dvy | v1 =|U|

p2311'27/)2 pl:ijl)] - -

(3/0)U

Slika 6 - Cestica uvek trpi ¢eoni sudar kada prelazi kroz udarni talas iz
neporemedene u poremecenu oblast, i obrnuto. (a) Sirenje udarnog talasa
u sistemu koji je vezan za posmatracéa. (b) Kretanje fluida kroz udarni ta-
las u sistemu koji je vezan za udarni talas. (¢) U odnosu na cestice koje se
haoti¢no krec¢u u neporemecenoj sredini udarni talas napreduje ka njima.
(d) U odnosu na Cestice koje sc kreéu haoticno u oblasti gde je poremeéena.
sredina na njih naleée fluid iz regiona gde je sredina neporemecena i to
istom brzinom (3/4U) kao u slucaju (c) — ponovo &coni sudar!!! (Longair,
1994)
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Kao astrofizicki objekti koji imaju jake udarne talase, ostaci super-
novih su idealna mesta gde ée se ubrzavati Cestice, tj. stvarati kosmicki zraci.
Na slici 7 je prikazan model mladog ostatka supernove koji u sebi ima dva
udarna talasa (prednji i povratni, na kojima se ¢estice ubrzavaju DSA meh-
anizmom) 1 kontaktni diskontinuitet, kao i oblast (neposredno iza udarnog
talasa) gde bise Fermijevim mehanizmima drugog reda mogle cfikasno ubrza-
vati Gestice (svetlosivo osencena oblast).

prednji udarni talas

okolna sredina kontaktni

diskontinuitet

materija
izbagena

eksplozijom

povratni udarni talas

PLERION \ PULSAR

Slika, 7. Sematski prikaz mladog ostatka supernov

Osnovni preduslov za efikasno DSA ubrzanje Cestica jeste da cestica
mnogo puta prede iz neporemeéene (1) u poremecéenu sredinu (2), i obrnuto.
Intuitivno je jasno da se prelazak iz oblasti 1 u oblast 2 moze dogoditi s
velikom verovatnoom za ¢eoni prelazak (sudar), ali nije sasvim jasno zbog
cega onda cestica ne ode daleko u oblast 2 i nikada se ponovo ne vrati
na udarni talas. Uz to, vazno je naglasiti da je probna Cestica koja ulazi u
sistem ubrzanja visokoenergetska i da je brzina udarnog talasa mnogo manja
od brzine probne Cestice. Ta visokoenergetska probna ¢estica biva ubrzavana
DSA mehanizmom 1 postaje ultrarelativisticka. Iz teorije difuzije cestica,
tj. reSavanjem tzv. difuziono-advekcione jednacine za transport Cestica siedi
da je verovatnoca da Gestica pobegne daleko od udarnog talasa u izrazito
turbulentnoj sredini, kao $to je ona neposredno iza udarnog talasa, veoma
mala. Verovatnoca ,bekstva“ daleko od udarnog talasa u regionu 2 je data
17Zrazom:

n = dug /v,

gde je uo brzina fluida u regionu 2, dok je v brzina probne cestice koja
je priblizno jednaka brzini svetlosti. Iz ove formule jasno sledi da je velika
verovatnoca da ¢e se Cestica vratiti na udarni talas i potom preci u region 1,
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¢ime Ce pretrpeti, opet, dodatno ubrzanje. Intuitivno, nanovo dolazimo do jos
jednog zanimljivog pitanja. Sta ¢e sada naterati éesticu da se ponovo vrati na
udarni talas, da ne ,pobegne“ daleko od njega, u okolnu sredinu, daleko od
ostatka supernove? Odgovor na ovo pitanje jeste, da sama visokoenergetska,
Cestica, koja se kred¢e znacajno brze nego $to je Alfenova brzina u regionu 1,
spontano indukuje turbulencije u okolnom magnetnom polju u formi Alfen-
ovih talasa. Prora¢uni kazu da su te magnetne perturbacije sasvim dovoljne
da ve¢inu probnih ¢estica skrenu s pravolinijske putanje i vrate ih na udarni
talas. Zatim ih u regionu 2 opet hvata turbulentno magnetno polje i opet ih
vraca na udarni talas. Posle IV ciklusa Cestica gubi ,pamcéenje“ o svom inici-
jalnom spektru, postaje ,Sokirana difuzijom* (engl. diffuse shocked) i, sto
je za nas najvaznije, ultrarelativisticka! Zbog efekta gubljenja pamdcenja o
pocetnim parametrima ¢estice ceo proces se naziva difuzno udarno ubrzanje
Cestica — ne samo zbog toga §to se proces desava na udarnom talasu veé
i zato Sto cestica gubi ,pamdéenje® i ostaje ,Sokirana zbog toga Sta joj se
desilo®!

5. Umesto zakljucka

U ovom ¢lanku je detaljno prikazan samo jedan, trenutno najznacajniji
mehanizam proizvodnje ultrarelativistickih cestica. Svi objekti u kosmosu
koji imaju u sebi udarne talase mogu da ubrzavaju éestice. Ovde su pom-
injani ostaci supernovih jer su najbolji primer za DSA, ali uz njih, aktivna
galakticka jezgra, pulsari, HII regioni, planetarne magline, pa i zvezde u svo-
jim atmosferama mogu da ubrzavaju éestice, ako imaju udarne talase, DSA
mehanizmom, ako nemaju, nekim drugim.

Gotovo celokupna visokoenergetska astrofizika se zasniva na proucavanju
ultrarelativistickih cestica. Usporavanjem ultrarelativisti¢kih elektrona nas-
taje najveéi deo radio-zracenja koje stize iz kosmosa, sinhrotronsko i neter-
malno zako¢no X-zracenje, kao i visokoenergetsko zracenje nastalo inverznim
Komptonovim efektom. y-zracenje nastaje u interakciji ultrarelativistickih
bariona s meduzvezdanom materijom. Nastanak visokoenergetskog X i v
elektromagnetnog zratenja (zajedno s nastankom radio-zracenja) neodvojivo
je povezan s visokoenergetskom cestitnom astrofizikom, a bez poznavanja
procesa koji dovode Cestice na tako visoke energije ne mozemo proniknuti
u procese stvaranja zraCenja, koje nosi najvise informacija neophodnih u
savremenoj astronomiji. Ova oblast astrofizike je tek u povoju i samo veliki
trud i rad, bilo teorijski, bilo posmatracko-eksperimentalni, moze dovesti do



180

D. Urosevié

boljeg razumevanja procesa ubrzanja Cestica.
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