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PREDGOVOR

Pojam fazi topologije, koji je uopstenje pojma topolo-
gije na skupu, uveo je 1868, godine Lhang u [2]1. Taj pojam se
bazira na Zadehovom pojmu fazi skupa koji se pojavio 18695, u 31]
i koji se koristi u mnogim granama matematike, 0d tada mnogi
autori razvijaju razlidite aspekte fazi topologije 8toc sve vise
privliadi paZnju istrazivaa u raznim oblastima nauke. Mi uvodimo
pojam Ot -kombinatorne dimenzije fazi prostora, gde je «e€(Q,l),
kao uopdtenje pojma kombinatorne dimenzije topoloskih prostora,

Glave II, III i IV ovog rada kaoc da opravdavaju uvodje=~-
nje i proudavanje o =~kombinatorne dimenzije fazi prostaora.

Analogno teoriji dimenzije topoleskih prostora, mi raz-~
matramo teoremu potprostora, teoremu konacne sume i teoremu pro-
izvodae.

Syakom fazi prostoru moZe se pridruziti topoloski pro-
stor snabdeven tzv. modifikovanom topoleogijom Cija je kombinato-
rna dimenzija jednaka & -kombinatornoj dimenziji fazi prostora.
Mi koristimo ideju modifikovane topologije da bismo tvrdijenja u
vezi sa cdc=kombinatornom dimenzijom fazi prostaora svell na
tvrdjenja o kombinatornoj dimenziji topoloskih praostora.

Gradja ovog rada, osim uvodnih topoloskih pojmova, po=-
deljena je na Jetiri glave, dak se svaka glava sastoji iz tri
paragrafa u kojima se obradjuju pojedinaCne teme.

U glavi I date su definicije i stavovi u vezi sa osno-
vnim pojmovima fazi skupova i fazi topologije, Yecdinu o0d njih
Semo kasnije koristiti,

Glava II je posvelena A -~kombinatornoj dimenziji fazi
prostora. Ona se definiSe u prvom paragrafu a stavovi 1.1, 1.4
daju njene glavne karakterizacije, Paragraf dva bavi se teore-
mama podskupa i konaCnom tecremom sume, dok paragraf tri obradju-

je lokalne osobine o -kombinatorne dimenzije,
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Prvi paragraf glave III sadrzi primene prethodné glave,
paragraf dva daje relaciju izmedju o ~kombinatorne dimenzijé
fazi prostora i kombinatorne dimenzije topoloskog prostora gene-
risanog tim fazi prostorom (stav 2.,3), kaoc i jednakost oL -komb=-
inatorne dimenzije ultra = Tychonoffljevog fazi prostora sa -
wombinatornom dimenzijom njegove ultra Stone~Cechove fazi kompa-
ktifikacije (stav 2.4). Paragraf tri bavi se teoremom proizvoda
,a fazi prostore koji zadavoljavaju izvesne uslove,

Finalna glava IV posvedena je proucavanju projektivnog
spektra fazi prostora i projektivnog limesa fazi prostora na
s1idan nadin kao i kod topoloskih prostora, U ﬁaslednjem paragra-
fu ove glave proudava se o-=kombinatorna dimenzija limesa fazi
prostora,

Simbol [0 oznadava kraj dokaza. On se takodje koristi
na kraju nekog tvrdjenja ¢iji dokaz neposredno sledi 1z pretho-
dnih rezultata,

Pojedine stavke su u svakom paragrafu posebno numerisa-=
ne prema njihovom imenu i poloZaju tj, definicija 1.1, eeey 142,
ceey lema 1.1, le2,ees itd, Fozivanja na svaku stavku u razlici-
toj glavi oznacavamo £rostruko tj. navodi Se glava, paragraf i |
broj stavke u paragrafu, Na primer lema II.J3.1 je lema 1 u para-
grafu 3 glave Il.

Citiranje literature stavljamo u [ 1.



Glava O3

UVODNTI TOPOLOSKI PGIMOVI

Pretpostavlja se poznavanje osnova opSte topologije
kao 1 asnaouvnih pojmova u ﬁezi sa knmbinatarnom_dimenzijom taopo=-
1o03kih prostora, U ovom kratkom uvodu dajemo u obliku teorema
saZet prikaz nekih rezultata iz ovih oblasti, Neke od tih teo-
rema bide uopStene na slwudaj fazi topoloskih prostora a nege ce
biti od posebnog znacaja u daljem toku izlaganja.

Dajemo bez dokaza kratak pregled nekih rezultata uze-
tih uglavnom iz (4] , (5] ,[14] , [21] ,[22] .

Znamao da.je proizvod topoloskih prostara kompaktan aka
i samo ako je svaki Cimilac kompaktan. Taj rezultat je poznat
kao teorema Tychonoffa dok topolodki proizvod familije prebro-
jivo kompaktnih prostora nije u op3tem sludaju prebrojivo kom-
paktan, Ipak vazis:

Teogrema 1: Proizvod kompaktnag prosteora i prebrojivo knmpaktnng
prostora je prebrojivo kompaktan, O | |

Projektivni limes projektivnog spektra topoloskih pro=-
stora moZe biti prazan Cak i ako je svaki njegov ¢imilac (Xs)
neprazan a projekcije surjektivne, Sledece dve teoreme daju

dovol ine uslove pod kojima je projektivni limes neprazan,

Teorema 2: Projektivni limes projektivnog spektra nepreznih

kompaktnih Hausdorffovih prostora je neprazan kompaktan Hausdor~
ffov prostor, O



Teorema J3: Neka je X projektivni niz nepraznih prebrojivo kom=
paktnih prostara. Ako su svi skupovi f_ (X }, n<m, ne N, za-
tvoreni u X q? onda je projektivni 1imes f'neprazan i1 f (x) =

= n Fn’m(xm) l'l-"-m, HEN. G

Tegrema 4: Projektivni limes projektivnog niza prebrojive kom-

paktnih prostora i zatvorenih projekcija je prebrojivo kompaktan
prostor, O

Tegrema 5: Projektivni limes prajektiunng niza perfektnoc norma=-
lnih prostora je perfektno normalan, O

Tegrema 6: Ako je Erprcjektiuni limes projektivnog niza prosto-
ra kod kojeg su sve projekcije surjektivne, onda je i svako ka=
noniCko preslikavanje surjektivno, O

0d prvog pojavljivanja teorije dimenzije u ranim dvade-
setim gndlnama ouuga veka, pojam dlmenzlje se do danas znacajnu
razvio, Postoje tri dimenzione funkcije za topolodki prostor ali
nas Ce interesovati samo kombinatorna dimenzi ja kuja u sustini
zavisi od reda profinjenja konaénih otverenih pokriugéa prostara,

SledeC¢e dve tecreme karakteriSu dimenzionu funkciju dim,

Tegrema 73 Neka je X topoloski prostor., Tada su sledeéi iskazi
ekvivalentni:

(1) Prostor X zadovoljava nejednakost dim X<n.

() Za svaki konadan otvaren pokrivad {G } prostora X po-
i=1]
Kk

stoji konacdan otvoren pokrivad {Hi} od X ¢iji je red
i=1
£n 1 H,CG; za svako 1 = 1,2,ee09Ke
i i

N+ 2
(i) Za svaki otvoren pokrivad {G } prostora X postoji otvo-

n+2 i=]
ren pokrivac {Hi} cd X takav da je Hi::'.Gi za svako

i=1 n+2

i - 1’2’-.-’n+2 i (\Hi - ¢ s D



Teorema 8: Neka je X normalan prostor. Tada su slededi iskazi

ekvivalentni:

(1) Prostor X zadovoljava ne jednakost dim X <n

| K |

() Za svaki konalan otvoren pokrivad {Gi} prostora X postoji

| i=1
k

otvoren pokrivac iHi} od X takav da je «cl H.cC G, za
1=1 . b i

svako 1 = l,eeesk i red pokrivaca {_cl Hi} < N,
i=1

(il ) Za svaki konadan otvoren pokrivad {Gi} prostora X posto-
=1

od X takav da Jje Fi G. za

ji zatvoren pokrivacd {Fi} :

i=1
svako 1 = l,..eyk 1 red pokrivacda {Fi} <€ No
i=1

n+2

(1Y) Ako je iGi} otvoren pokrivaC prostora X onda postoji
i=1 _

k

zatvoren pokrivacd {Fi% od X takav da je Fic:Gi za svako

i=1
n+2
i = l,..-'n+2 i /-\Fi = [n » o
i=1l

Poznato je da akoc je dim X = Q onda je X normalan pro-

stor. Stavide, imamo

Teorema 9: Ako je X kompaktan Hausdorffov prostor, onda je

dim X = 0 ako i samo akeo je X totalno diskoneksan. O

Tegrema 10: Za normalan prostor X, dim X = dim /42X, gde je /73X
Stone-Cachova kompaktifikacija prostora X. O

Teorema 11: Akao je M zatvaoren podskup prostora X conda je dim M
<dim X, ]

oredjimo na ponadanje dimenzione funkcije dim u odnasu

na topoloski proizvod,

Teorema 12; Neka je X parakompaktan Hausdorffov prostor takav

da je dim X = m a Y kompaktan Hausdorffov prostor takav da je



dim Y = n. Ako je bar jedan od njih neprazan onda je dim{XxY)

£ + Ne 1

Teorema 13: Za svaki par X,Y kompaktnih prostora, pri cemu

je bar jedan od njih neprazan, imamc da je
dim(X x ¥Y) 2dim X + dim ¥ . O

Teorema 14; Neka su X 1 Y Hausdorffovi prostori takvi da X x Y
ima zvezdasto kona¢no svojstvo, Ako je bar jedan aod njih nepra-

zan onda je
dim(X x Y) <dim X + dim Y , O

Tegrema 15: Aka je X prostor a Y lokalno kampaktan, parakompa=-

ktan Hausdorffov praostor onda je
dim{X x ¥Y) « dim X + dim ¥ . O

Teorema 163 MNeka je {Xs} familija prostora takva da je svaki
se$

prebrojivi preizvod prostara ave famili je Lindelofou. Aka je

dim X = 0 za svakc s €5 onda je dim Trx =0, O |

Tearema 17: Prostor X je kompaktan Hausdorffov i dim X = 0 ako

i samo ako je X projektivni limes konaénih diskretnih prostora., O

Teorema 18: Neka je X = {Xs’fs t,S} projektivni spektar nad S
t y

kompaktnih Hausdorffovih prostora sa projektivnim limesom i;
Tada je dim X<n ako i samo ako za svako s< S i svako otvoreno
pakrluan_]e U prostora X postoji te€S, s<«<t tako da pokrivanje

(U ) prastora Xg dapusta profinjenje U, reda < n+l, O

Tegcrema 18: Neka je prebrojive kompaktan prostor X projektivni

limes projektivnog niza normalnih prostora i surjektivnih pre=
slikavanja {xn’Fn,m’N} pri Cemu je dim Xnggp Za svako neN,

Tada je X normalan 1 dim X<p, O



Glava I:

OSNQUNI POIMOVI

Podto mnoge definicije i pojmovi u fazi topologiji jos
nisu dabili svoj kanaéni ablik, mi posvedujemo avu glavu gsnov-
nim pojmovima teorije fazi skupova i fazi topologije. Dajemo bxz
pregled nekih od tih definicija 1 rezultata = bez dokaza u 11,
el , (71 ,(81 ,00,[1, 02,08, O8], (231, [28], [29], (30] keoji

sg Cesto koriste kroz ceo rede

1, TEGRIJA FAZI SKUPNVA

Sa X éemo uvek oznadavati neprazan skup, sa I zatvoren

jedinicni interval (3,11 a sa Ix skup svih funkcija iz X u Il

Definicija 1,13 Fazl skup u X = U oznaci F=skup = je funkci=-
ja f + X—>1 koja svakoj taCki x e X pridruZuje vrednost fun-—

kcije f(x)eI (ili njen stepen u I),

Skup ixex : F(x}:r[l} naziva se nosaC od f i ocznaCava
sa fD. F=skup fe:Ix takav da je f{(x) = 0 za svako xe€ X, gzna—
Savademo sa 0 i on odgovara praznom skupu O a F-=skup feaIX takav
da je f(x) = 1 za svako xé& X, oznadavademo sa l. Ovaj F=skup
aodgovara skupu X,

Fazi tadka = u oznaci F-taCka = p u X je F=skup u X dat
sa: o za x = X (<l £1)

p(x) = {

Q za X # X

gde se x_ naziva nosacem tacke p,
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Speci jalna funkcija koju Cemo koristiti u daljim raz-
matranjima je karakteristiéna funkci ja paodskupa, tj. ako je A
podskup skupa X, onda se karakteristilna funkcija «&(A) od A na

X definiSe sa
1 ako je x & A

/a(n)"—'{ﬂ ako je x &€ A

Sto je jedan F-skup u X, Ako sa P(X) oznaCimo familiju svih pod=
skupova skupa X a sa ch(X) skup svih karakteristidnih funkcija
sa daomenom x,.medju njima postoji uzajgmna ~ jednoznadna kores-
pondenci ja koju ostvaruju sledeée dve funkcije:

3 : P(X) —>ch(X) data sa §(A) = «(A)

Vi ch(X)=>P(X) data sa ¥{u) = {xex :/a(x) = l}.

Posto su F-skupovi realno vrednosne funkcije koristidemo
postojede operacije sa funkcijama =, 2,V , Ayess da F=skupove

dovedemo u vezu sa drugim F=skupovima,

Definicija 1,2: Neka su f,g dva F-ékuna U Xe Tada:

(1) f=gepf{x) = g{x) za svako xe& X

() fe ge»f(x) ¢ g(x) za svako xe X

() pe Ffep(x) &« f(x) za svako x&€X gde je p F~tadka
(iv) f v a-= max{F(x),g(x)}_za svako xe€ X

(V) f Ag= min{f(x),g(x)} Za svako x & X

Opstije, za famili ju tfs] F=skupova unija (;g;Fs) i presek
S€S
(;géfs) definisu se na sledeéi nacdin:
\/F ](x)zsugf(x) x € X
Eses S ceg S '
[s/e\st ](x) = inf f"s(x), x & X
SeS
(Vi) F-skup co.f definisan sa (co.f)(x) = 1-f{x) naziva se

komplement od f,



Za F=skupave f,qg Ix kazemo da su disjunktni ako je

fag = d.

Pokazano je da ako je fe IX onda f A co.f # 0 u cpstem

v i X . :
slucaju i ako su f,,f,€ 1" takoc da je Flaxfz = 0, onda je f,

i&CD4f2 ali da obratno u apStem slucaju ne vazi Sto je devija-

cija u odnosu na obidne skupove, To znadi da mreZa (IX, <) nije

komplementarna, dok de Marganovi zakoni vaZe, tj,.

co( V.f) = N\ co.f .

s5€5

: ca(/\f‘)= \Y co. f_

seS' s 3 &S

za svaku famili ju {F } F=skupova u X.
SJses

Iz definicije 1,2 neposredno sledi:
(!jf fvg=gvf 1 faAag=gAf

(4 )° fvOd=f, FAG =0 i fvli=1, fAl =Ff

Cu :]O ca. {co. f) = o 5015 = T i CO..-I = E'

Neka je f F=skup u X i neka je p F=tacdka u X, Tada

je f=vip : peff, a

Definicije 1,3: Neka je Y :!: X— Y preslikavanje skupa X u
skup Y. Ako je f Feskup u X, onda je W(f) F=skup u Y defini-

san sa.

sup f{x) ako je xr-l(Y)¥¢
v ()] () e ¥ty
y) =
0 ako je ~ "1 (y)=0

Akc je g F=skup u Y, onda je “?rl(g) Feskup u X definisan sa:
N 3 .
L™ ()] (x) = gl (x)) .

Hn

tav_1.:2: Neka je ¥ preslikavanje kao u definiciji 1.3. Tada ¥
i‘*_l imaju sledeCe gsobine:

(1) WHYT) = ¥y



(1) W) = /\“"-l(fs)
() ~+(\/f > = sesw(fs)

8al5

(Iv) ‘i‘(se/\s < 555“1’(?5)
(v) (¥ H(F)) &f |
(v1) ~¥lev(e)) >f. 3

e ¥

MoZemo pisati P ako je vrednost od p  jednaka o i

o o
otuda je p‘:" e f ako i samo ako je f(x_)>o za ael0,1).
o
Stav_1.3: Neka je “W: X—Y preslikavanje skupa X u skup Y, f

Feskup u X 1 pi’ F-taCka U X Tada je:
0
() ylee ] = m0ix, )

(1) ﬂf"ef‘ povladi V[pi‘ ]exy(F). a
0 o

2. FAZI TOPOLOSKI PROSTORI

Definicija 2,1: Familija T F-skupova u skupu X naziva se fa-
zi topologija na X {(F-topologija) ako su zadovol jeni sledeéi
uslovi:

(FoTsl) O,1 €T - e
(FT.)f‘eT novlaci S\/F €T, seb

(FeTed) F < 7T povladli /\f' el
i=l

Clanovi familije T zovu se otvoreni F-skupovi a par
(X,T) zove se f=prostor. Ako je f otvoren F-skup, onda se co,f
Zzove zatvoren F=skupe

F-prostori su prirodna generalizacija topolosSkih pros-
tora jer se topologija na X moZe posmatrati kao familija karak-

teristiénih funkcija sa operacijama <, v, A i co,
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Definicija 2,2: Neka je (X,T) F-prostor, F-skup g u X zove
se okolina F=skupa f u X ako je f=g i postoji F-skup heT

takav da je f<h =g,

Pod unutrasnjodéu F-skupa f = u oznaci int(f) - podra~-
zumevadéemo Fe~skup,
int(f) = Y{gs . gsﬁf,gse‘r, saS} »
f je otvoren ako 1 samo ako je f = int(f),

Zatvorenje F=skupa f = u oznaci cl f - je F-skup dat sa:
cl f = /s\{hs : Féhs,hse COel, 555}.

f je zatvoren ako i1 samo ako je f = ¢l f,

Stav_2.1: Svaki F=skup f u F-prostoru (X,T) zadovoljava jedna=-

kost  int(f) = co.(cl{co.f)). O

Gornji stav daje vezu izmedju operatora unutradnjosti
i zatvaorenja u F-tapologiji koja je analogna dobro poznatoj vezi

izmedju tih operatora u topologiji.

Definicija 2,3: Neka je (X,T) F=prostor i AcT potfamili ja

od T takva da je svaki fe€T unija &lanova iz /4 , Tada se /3
zove Baza za 7, S=T se zove predbaza z2a T ako je familija

svih konacCnih preseka &lanova iz S baza za T.

Stav_2.2: Neka je (X,T) F-prostor, Tada je /4 baza za T ako i

samo akc za bilo koje feT i svaku F-talku p u X, gde je pe f,

postoji Be,/4 tako da je ped gf, a

Definicija 2,4: Za F-prostor (X,7T) kafemo da je C, ako po=-

stoji prebrojiva baza za T.

Oefinicija 2,5; Neka je (X,T) F-prostor i oef0,1). Kolekci-
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ja UST naziva se o =-sendenje prostora X ako za svako xe€ X
postoji ue U take da je u(x) > Pctkclekcija od U koja je

takodje o ~sencenje od X naziva se ot.-podsénéenje od Xe

Cefiniciia 2,6: Neka je (X,T) F-prostor i «<(0,1). Meka su
U i V dva & -sencenja od X, KaZemo da je U a-profinjenje od
V i piSemo ULV ako za svakoc u€lU postoji ve V dako da je

UsV,

Proizvol jno o =-podsenCenje datog & =sencenja je & -pro-
finjenje tog a=senCenia.

Pojam o —-senCenja igra vazZnu ulogu u izudavanju i raz-
vijanju teorije F-prostora analogno uloczi pojma pokrivaca kod
topolaoskih prostora, Tako se o--kompaktnost, prebrojiva & =kom-
paktnost itd. .. definisSu i proucavaju u terminima o -sencenja

kao sSto ¢emo videti u sledecim definicijama i stavovima,

Definiciia 2,7: F=prostor (X,T) je oL ~kompaktan (& -Linde-

lofov) ako svako o -sendenje prostora X ima konadno (prebro-

jivo) o -podsencenje od X za &€& [0,1).

Definicija 2,8: F-=-prostor (X,T) je prebrojivo & =kompaktan,
gde je o€ (0,l), ako svakec prebrojive & =-sendenje prostora X

ima konaéngo d.-podsencenje.

Primedba; Svaki o&=kompaktan F-prostor je prebrojive & «kompa-
ktan a.svaki d&=-Lindelofov, prebrajivo c.—kompaktan F=prostor

je kompaktan,

Stay_2.3: Neka je (X,T) C, F-prostor i oel0,l). Tada je:
(1) (%X,T) je d=Lindelofov,

(it) axe je (X,T) prebrojivo & -kompaktan, onda je (X,T)
& -kompaktan., -
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Definicija 2,9: F=prostor (X,T) je kompaktan akoc za svaku
familiju /4<T i svako o{,e[ﬂ,l) takvo da je SUPp g>coly 1 svako

y _ 93
cfe:(D,dJ pastoji konacCna potfamilija ﬂoc:./g. takva da je

SUP 9 2o -d o
9€/3,

Definicija 2,10: Neka je ael0,1) i 8< 1%, Kafemo da je fa-
milija B A =centrirana akc za svaki konacdan izbor Ci11Css 000y
c.€ 8 postoji xeX tako da je ci(x) 2 1 = za svako

i-= 1921 seegile

Stav_2.4: Neka je (X,T) F-prostor, ael0,l). Tada je (X,T) o=

kompaktan (prebrojivo & =kompaktan) ako i samo ako za svaku < -

centriranu familiju B ( {ci}m ) zatvorenih F-skupova u X posto-
i=1

ji x€X take da je c{x)=1 =-a. za svako c 8 (ci(x)a—l - ol za

svako i = 1,2, cec)e J

Ovaj stav pokazuje da ako je (X,T) o -kompaktan (pre=
orojive o -kompaktan), o€ (0,1) i 8 ({ci}w) proizvolina o =

| i=1
centrirana familija zatvorenih F-~skupova, cnda je ézb c # O
(i=1 €5 # )

Definiciia 2,11: Neka je (x,T)”F-prastaf'i‘ieib,l). KaZema
da je (X,T) & -Hausdorffov (Hausdorffov) ako za x # y X po-
stoje f,geT takoc da je f(x)>a& , g{x)>a (f(x)=1=g(x)) i

ng = 5.

Primetimo da ako je F=prostor Hausdorffov, onda je on

i & -Hausdorffov za svako e l0,1).

Definicija 2,12: Neka je (X,T) F-~prostor, 4.&[0,1) i A <X,

Tada:
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(1) A je d=-zatvoren ("=zatvoren) ako za svako x € X\A po-
stojl fe T tako da je f(x)>a (f(x)>eL) & f'A/(..(A) = 0,

(11) A je podesno zatvoren ako je A«(A) zatvoren F-skup u X.

Stay_245: Proizvoljan presek ~=zatyvorenih skupova je & =zatvo-

ren i konadna unija oL~zatvorenih skupova je & =-zatvoren skup. O

Slededi stav daje odnos izmedju <—-zatvorenosti i pode~

sne zatvorencosti.

Neka je (X,T) F-prostaor i neka je AcX. Tada su slede-
&i iskazi ekvivalentni:
(1) A& je podesna zatvoren skup,

(it) A je 1 =zatvoren skup. a

Neka je (X,T) F-prostor i Yo X. Tada familija T, =
{F'Y : FET}, gde je f|Y restrikcija funkcije f na Y, zadovo=

liava sva tri uslova definicije 2.1, tj. TY je F—-topologija na

v
R

Definicija 2,13: F-topoclogija T, naziva se relativna F-topo=
logija na Y ili F=topolagija na Y indukovana F=topologijom

na X, a (Y,TY) naziva se F=potprostor od (X,T),.

Mmi obidno izostavl jamo relativnu F=topologiju TY i

jednostavno pisemo F-potprostor Y.

Stav_2,7; Neka je (X,T) F-prostor, Y F-potprostor od (X,7) i

fe Iltr ¢« 1ada:

(1) f je zatvoren u Y ako i samo ako postoji zatvoren F-skup g

u X takav da je f = ng.

(1) ely

n

Clx f[Y- -

Primetimo da ako je;@+baza za F-prostor (X,T), onda je
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A3y ={B/Y : BEA} baza za Ty.

Stav_2,8: Neka je (X,T) F~prostor i Y& X, Za svako < {0,1)

vazi sledede:

(i) Ako je (X,T) oL =Hausdorffov, onda je (Y,TY) o ~Hausdorffov,.

(i) Ako je (X,T) o -kompaktan {prebrojivoc ol-kompaktan) i Y
d-zatvoren u X, onda je Y & -kompaktan (prebrojive c =kom=

paktan), O

Stav_2.89 Neka je (X,T) & =Hausdorffov F-prostor i Y< X, Tada

vazi sledeée:
(i) Ako je Y & =kompaktan u X onda je Y A =zatvoren u X.

(1) Aka je {vs}. opadajuéa familija o -kompaktnih (prebro-
se$
jivo S ~kompaktnih) skupova u X onda je ;;g Ys neprazan 1

d-kompaktan (prebrojivo & ~kompaktan). I

Definiciia 2,14: Za F-prostor (X,T) kaZemo da je:

(i) FTy-prostor ako je svaka F-tacCka zatvoren F-skup.
(i) FT,~prostor ake za svake dve razlidite F-talke p,q u X:
a) P £ A povliaCi da postoje dva disjunktna otvgrena
F-skupa koji sadrZe p i g respektivno.

B p_ = g p(x) < q(x) povliali da postoji fe T tako da

») a?

je pef i ggcl f,
(1ll) F=regularan prostor ako za svaki zatvoren F=skup g i sva~

ku tadku p takvu da je p&q postoji otvorena okolina f

0od g takva da pgcl f,

Definicija 2,15: Za F-prostor (X,T) kaZemo da je:
(1 ) slabo fF-normalan akoc za svaka dva disjunktna zatvorena

Feskupa g, i 95 postoje dva otvorena F-skupa hy i h,
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tako da je gy = hl,- 925_ h2 1 hlé CO. h2'

( #§) F-notmalan ako za zatvoren F=skup g | otvoren Feskup ¥
takav da je gef, postoji otvoren F-~skup h takav da
je gghgcl hgf ill ekvivalentno: za svaka dva zatvore=
na F-skupa g, i 95 takva da je g; £ COe Qo postoje dva
otvorena F-skupa hl i h2 takva da je 9; < hl’ gzﬁghz i
hl_‘:-: Cﬂur hzi

(il ) Perfektna F-normalan ako je F-normalan i ako je svaki

zatvoren F-skup prebrojiv presek otvorenih F=skupova.

Stav_2,10: Svaki F-normalan prostor je slabo F-normalan, -
Obrat oveg stava ne vaZi u opdtem slucaju.
Stav_2,11: Neka je Y F-potprostor F-prostora (X,T). Ako je (X, T)

FTy [FT2] (F-regularan), onda je Y FTl[FTé] (F-regularan). U

F-potprostor Y F-normalnog prostora (X,T) nije F-nor-—
malan 3ak ni ako je Y ®=zatvoren u X, U glavi III éemo videti

kada je F-potprostor F-normalnog prostora takodje F~naormalan,

3., FAZT NEPREKIDNE FUNKCIJE

Definicija 3,1: Neka su (x,7) i (Y,R) F-prostori i neka je
WV : X—> Y preslikavanje. KaZemo da je W F-neprekidno ako je
q:l(F)eeT za svaka feR. ¥ je F-otvoreno (F-zatvoreno) ako

je za svaki otvoren (zatvoren) F=skup u X, ¥ (f) otvoren
(zatvoren) F=skup u Y., Y Je F=homeomorfizam ako je ¥ F=nepre—

kidno, bijektivno i F-otvarenc ili f-zatvorenc,

Stav_3,1: Neka su (X,T), (Y,R) F-prostori i neka je Y} : X—>7Y,
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Tada su sledeéi iskazi ekvivalentni:

(1 )Y je F=neprekidno, |

(il ) Za svaki zatvoren F=skup g u Y, f-l(g) je zatvoren F-skup
u X,

(M) Za svaki F=skup f u X, y(cl f)<ccl(~¥(f)).

(W) Za svaki F-skup g u ¥, cl{¥ 1(g))ew "t(cl q). O

Stav_3:2: Kompozicija F-neprekidnih (F=-otvorenih) EF-zatuorenih]

preslikavanja je F-neprekidno (F-otuorenc) [F-zatunrena] s Ol

Stav_3e.3: Neka su (X,T), (Y,R) F-prostori i neka je ¥ : X—>Y

F-neprekidno preslikavanje, Tada za 4e[0,1) vaZi sledede:

(1) Ako je (X,T) o -kompaktan, onda je W(X) ca=kompaktan kac
F=potprostor ad (Y,R),.

(1) Ako je (X,T) prebrojivo o =kompaktan (&t =Lindeldfov), onda
je Y(X) prebrojivc & -kompaktan (ot =Lindeldfov).

(1) Ako je (X,T) oL ~kompaktan a (Y,R) & -Hausdorffov onda je

za & ~zatvoren skup A u X, W(A)x~-zatvoren skup u Y, 0O

Stav_3,4: Neka su (X,T), (Y,R) F-prostori i neka su B, v: X—Y

F-neprekidna preslikavanja., Ako je (Y,R) oL ~Hauysdorffov, A<lo,l)

anda je {xe:{ H ¢!(x) =W(x)}d.-zatucren u Xe [

Neka je v : (X,7)—>(Y,R) F=neprekidno preslikavanje.

Ko je A A =zatvoren u Y onda je'ﬂ;l(ﬂ) c =~zatvoren u X, O

=

Neka je (Y,T) F-prostor, X skup £ Wi X-—Y funkcija,.
Tada je familija “+-l(T) ={f+rl(f) : FE&T} najmanja F~topologi-
ja na X za koju je ¥ F-neprekidna, Ta F-topologija naziva se

inicijalna F-topologija na skupu X,
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Neka je {(XS,TS)}SES familija F prostora, X = seS Xs
direktan proizvod skupova Xg 1 neka su Pg ¢ X—>X_, s€ S proje-

kcije, Familiju {p;l(Fs) H FSETS' seaS} F-skupova moZemo uzeti

za predbazu F-topologije T na X,

Definicija 3,2; Neka je data familija {(xs,rs)} Feprosto-
sed

rae. Gore definisana F-topologija T na X zove ss prolzvod F=-

topelogija a (X,T) se zove proizvod F-prestora,

Primetimo da su elementi baze proizvoda F=topologi ja

cblika Alﬂ;l(fi)’ fiETi 2Za 1 = l,2,-..,n.
l=

Stav_3.5: Neka je (X,7) proizvad familije F~prostora {(xs,rs)}
SES

(1} Projekcijs pg SU Fe-neprekidne za svakgo se S,

(1t) Proizvod F=topologija je_najmanja F=topologija na X za koju

SU projekcije F=neprekidne, O

[ =
Neka je i(xi’Ti)}. . prebrojiva familija C Ff-prostora,
1=

Tada je proizvod (X,T) takodje Cil' -

‘Stav_ 3.8: ‘Neka je {(XE}TS}}'“SFémilija F-prostora. Ako je svaki
S€&

T_.) & =Hausdorffov (FTl) [F=-regularan] F-proster onda je pro=-

(xs’ S

izvaod (X,T) ¢ ~Hausdaorffov (FTl) EF-regularan] respektivno, O



Glava II:

A ~-KOMBINATORNA DIMENZIJA F-PROSTORA

U avoj glavi definiSemo < -kombinatornu dimenziju F-
prostora, gde je dAE[G,l), i dajemc neke njene karakterizaci je
analogne dobrs poznatim karakterizacijama kombinatorne dimenzije
topolosSkih prostora. U drugom delu glave nalazimo neke teoreme
podskupa i konacne sume, dok je poslednji paragraf posveden izu=

cavanju lokalne & —kombinatorne dimenzije F~prostora.

1o GLAVNE KARAKTERIZACIJE

Pojam reda familije F-skupova Siroko demo koristiti u

izuCavanju o -kombinatorne dimenzije F-prostora,

Definiciia 1.,1: Red familije F~skupova {Fs} nekog F=pro-
SES
stora (X,T)-je najvedi ceo broj n za koji postoji McS, sa n+l

elemenata, takav da je ;:% fs # 5. Ako takvog najvedeg broja

nema onda kazZemo da je Ted oo .,

Ctuda, ako je red od {fs} jednak n, onda za svaka
8&.5 n+2 -
N+2 razlidita elementa S,,5.,0e0,5 S imamo da je /\\ F = 0,
1?72 n+2 i=1 Sji
Specijalno, ako je red od {f j = 0, onda se f sastoji iz
S s
ses s 5

Uzajamno disjunktnih F-skupova razliditih od O.

Definicija 1,2: Neka je (X,T) F-prostor, nm ceo broj {(n= Q)

i neka je ole[0,1)., Mi definifemo oL -kombinatornu dimenziju
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F-prdstora (X,T) = u oznacl F-diq*- na sledeéi nacin:

(1) F-dim X = =1 akao je X = {. |

(i|) F=-dim X< n ako svako konatno o =sendenje od X ima kona-
Eno L =profinjenje reda =<=n,

(lit) F~dim X = n ako je F=dim X<«n i F‘dimd_')(:-n-l.

. 8 k.
(iy) F-dimcbx = o> ako F-dim X «n nije tadnc ni za jedno n,

primer 1,1: Neka je X = {xl,xz,xs,xa} « Neka su f,g,h,1,m Ix

definisani na sledeéi nadin:

L oo e x o
Fx) = = ako je x = x4
0 1inacde
1 .
(x) - J& ako je xe{xX5»x,§
Lo inade
Y |
h(x) = {3 aka je xe{x3,xa}
0 inade
S ako je x& {X,,.x
1(x) = -{12 5 . { l’.&} |
g inace
1 -
al(x) = i ako je x = X
d inaée .

Neka je T = {E,I,

-—’,

,g,h,l,m,fvg,?vh,gvh,gvlf . Tada je (X,T)

F-prGStDI‘.

- Stavimo d,=-T% . Tada je iF,g,h} « -sendenje od X.
Jasno je da'je {f,g,h}cLﬂprafinjenje biloc kojeg o.-sencenia od

X 1 da je red cd {f,g,h_}él. Ctuda je F-dideX&E-l.

Primer 1,2: Neka je X kao u primeru l.,l. Neka su F,g,he;Ix

definisani na slededi nadin:

_= kg A _
F(x) = 75 ako je x = x;
0 inace

1 .
{a ako Je-x<5{x2,x3}
O inade

g( x)
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L ako je x = x
h(x) = 3 . 4
0 inace ,

Neka je T = {E,T,f’,g,h,f’vg,fvh,gvh} « Tada je (X,T) F-prostor,
ako stavimo o= %, onda je {F,g,h} d.-senCenje od X. Lako se vidi
da je {f,g,h} A ~-profinjenje bilo kojeg oL -sendenja od X. Kako

JEFAQ,:gAh:_-‘FAh:E ix#w tDjEF-dim&x:‘—Gi

SledeC¢i stav daje korisnu karakteri zaciju o -kombina=-

torne dimenzije F=prostora.

Stav_lsl: Neka je (X,T) F-prostor, q.e«{0,1). Tada su slededi is-—
kazl ekvivalentni:

(| ) F-dim X <n,

. K
(It ) Za svako konadno cl-~sendenje {f‘i} od X postoji oA -sendenje
| K i=1
tgi}_ od X reda = n tako da je 9; = fi Za svaka 1 = 1,2,e00yKe
i=1 n+?
( Hi) Akae je {Fi}. . o -sencenje od X onda postoji o=~sendenje

N+2
{gi}' : take da je giéfi Za svako 1 = 1,2,4ee4n+2 i
i=1

nAzgi = E'
i=1

K
Sokaz, (i} = (i) Neka je F=dim, X2n i neka je \fi}. lDl‘OiIUG“
1=
1jno & -sendenje F-prostora X. Tada na osnovu definicije 1,2,
K
{fi} ima d.-profinjenje V reda < n, Ako je veV, onda je
i=1

v <T. za neko ie{l,2,...,k_} e /@ svako veV izaberimo i(v) < k

tako da je u:a"-_fi(u);,< i neka je g; \/{_UEU : i{v) = ij e« Tada

je Jjasno da je {gi} & ~senCenje od X reda < N 1 da jJje 9; < f‘i

i=1
zZa svako 1 = 1,2,--.,k-
.. : PRI LLE "
() = (Ul) Neka vaZi (n) i neka je {fi}. & =~sencenje
1=1 n+2

od X, Tada na osnovu pretpostavke postoji c=sencen je {gi}

1=1



22

n+2
tako da je gifgfi za 1 = 12,eee9n+2 1 Ted od igi}i=l < N
. n+2 -
sada na osnovu definicije 1,1 dobijamo da je /\ g, = 0 »
i=1
4

(i) => (1) Neka je {fi} o ~gsendenje od X i neka vaZi
| i=1
(i)« MoZemo pretpostaviti da je k>n+l. Neka je g;
k - n+2
\/ fi+ Tada je {gi}

i=n+2

|

Fi zZa 1%

u

n+l 1L Q.. 1 & =gencenje ad X pa na
. n+2
osnovu pretpostavke postoji o =sencenje &hi& tako da je
i=1 |
n+2 _
N. «£9. Za svako 1 = l,Z,...,I‘H-Z i /\ h,. = 0O, Neka je mi = N
i =71 - j=1 &

za 1<n+l 1 my = f‘i»\hn za i>n+l, Tada je M

|
f“.l--
=
'-.k.
L-f"'—‘
f-++
{
l-—l
i
]
1]
-
|

+2

n+2 _

Cenje od X, m, 2f, za svako i i /\ m; = 0. Ako neka kolekcija
i=1 -

od n+2 Clana iz M ima presek razlicit od 0 onda se c¢lanovi iz M
mogu prenumerisati tako da prva n+2 Clana imaju nula presek.,

Karistedi prethadnu kanstrukciju na M, moZemo dobiti ot-sendenje

K N+ 2 -
m* = {m?} tako da je my «m, i ;A\ mT = 0. Jasno je da je
ij. i i ] i
i=1 i=1
My AmMY A eea AmY = 0 uvek kada je m. A m, A see AM; = 3] gde
*l 12 ls ll 12 15

Su il,iz,...,i « ko Paonavljajuéi gvaj proces konaCan brej puta,

S

od X teda <« n tako da je s.fs_.f'i za

. . « . K
dobi jamo ow=~sencenje {si} < i

i = 1,2"--'k|

(1) =2 (1) je trivijalno., O

Dok pojam normalnosti igra vaZnu ulogu u razvoju kombi-
natorne dimenzije topolodkih prastora, ulcga F-normalnasti je
neSto manja jer dinjenica 9 A9, = 8 ako i samp ako 9, £ C0.Q,
ne vaZzi u op3tem slulaju kod F-skupova, To je navelo Kerrea [§)
da uvede pojam slabe normalnosti za F-prostore, a nas navodi da

uvedemo slededu definiciju:
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Definiciia 1,3: F=-prostor (X,T) zove se F_-prostor ako za

il

svaki par F-skupova f,g u X za koji je cl f< co.g vaZi da

je cl fFag = O

Primetimo da su za Fc-prostcre pojmovi F-normalnosti i
slabe F=normalnosti ekvivalentni. Na osnovu stava I 2,10, svaki
F-normélan prostor je slabe F-normalan, Neka su sada Q i 9, dva
zatvorena F-skupa takva da je Gy % COe Qe Otuda je cl g % CO.g,
pa kako je (xX,T) Fc-prastar, to na osnovu definicije 1,3 sledi
da je cl 9y A9y = 0 pa je 9 A g, =_5. Sada na osnovu definici je
T.2415 (1) postoje dva otvarena F=-skupa hy,h, takva da je g;=hy,

gzghz i hl-s co h, a to je i trebalc dokazati, O

2

Definiciia 1,4: Neka je {fs} familija F=skupova u F-pro=-

s 3
storu (X,T)s Sveling ove familije je familija {g;} Fegki=-
s&S
pava u X takva da je f_<«<g_ za svako 85 1 Ff Af_ Aeee”N
s S Sq S,
fs = 3 ako 1 samo ako Je Jg. N Qg A seeAg, = 0 za svaki

n 1 2 N

izbor indeksa 51,52,...,sne Se

N

tav_1.2: Neka je (X,T) F_-ncrmalan prostor., Tada za svaku ko=
K
nadnu Familiju.{fig zatvorenih F—-skupova u X postoji konacCna
i=1
K

K
familiia {hi} otvorenih F=skupova u X tako da Je i;l hi}

i=1 " 1=1

sveling famili je {fi} i Fiﬁ:hi za svaka i = l1,25ee0sKe
i=1
K

Dokaz, Neka je data familija afi} i neka je =2 unija svih

i=1

preseka obliksa Fllf\ Fizf\ -».Arim takvih da JE Fl'\ FilA 'Fiz/\ se e

J\Fi = J , Tada je Qy zatvoren fF=-skup 1 glA‘fl =0 pa Jie
M

Flfaco.gl nri éemu je co.g; otvoren Feskup, Kako je (X,T) F-nor-

malan, postoji otvoren F=skup hl takav da je f‘lé-hl:i-._cl hlﬂ-.ca.gl.
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K
Familija {cl hl'fZ""’fk} je sveling od {fi}i=l jer
‘A ees AT, = 0 onda je f, A eeeAf < g pa je
1 L 1 i,= "1
lﬂ. 'Yy Afim).}calgl?—cl hl tje. cl hl éCU(FilA ase Afim).

Kako je (X,T) Fc-prcstor to je cl hl.«(fi

ako je fjaAfy
COI(fi

A. ‘..Afi ) — -D- -
1 m -
ake primenimo ovo pravilo k puta, dobidemo familiju otvorenih
k K k
- taka da je {cl h.} sveling od {f.j i
i)y i

F=skupaova h.}
{h i1

i=1
f‘iﬁhi Za i - l'...’k. G

Definiciia 1,5: oL ~sendenje {Fs} - F=prostora (X,T) je ste~
=

Zljivo ako postoji o -sencenje {95} od X takvo da je
S&S

e
cl gsvs-_f‘s Za s €5,

Stav 1.3

L )
-
L r~F 3 ¥ . K I ]

Neka je (X,7) F-normalan prostor. Tada je svako kona=~

dno ov=sendenje steZljivo.

. I : - -
Dokaz, MNeka je {fi}. lkmnaénn & ~sencenje od X, Stavimo
1=
3, = CG‘E{fzvfsg...-yfk} vV {b:hxf, vi=l,2,..-,k}]“/a(ff)r gde

hel
- *,_ . ' " - -
je f5= {xex . fl(x);},a..j- . Tada je g, zatvoren F=skup u X i
glé;Fl pa na asnaovu F~narmalnasti prostora (x,T) posto ji otvoren
F=skup ml'takau"'da je gy £ My &l rnlé-_fl i {ml,fz,fy...,f‘k} je
& =senenje od X. Ako primenimo ovaj metod k puta, dobilemo X =

K
sencen je {mi}
i=1

Definicija 1,6: MNeka je (X,T) F-prostor i cxe{b,l). Kolekel ja
B zatvorenih F~skupova u X zove se < =kgsenéenje od X ako za

svako xeX postoji geB tako da je g{(x)>a- .

Sledeli stav daje karakterizaciju dimenzije F=dim_

F.=normalnog prostora u terminima zatvorenih F-skupova,

od X takvo da je cl ﬂ"li -..‘::'Fi zZa svaka 1 = l,2,¢:¢’k¢ 8]
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Stav 1e4: Neka je (X,T) F.-normalan prestor i *e{0,1)s Tada

sy slededi iskazi ekvivalentni:

( { ) F-dimd\'}(én-

K
(it ) Za svako konaéno d-=-senden je {fi} od X postoji c-sende=-
i=1
k Kk
nje {g} tako da je cle.g;, <f. 1 red od .icl.g.} £ N,
1l: 4 i i | ;3
L= k : -
({l{) Za svako konalna & -sencen je {Fi} od X postoji o —-kaosen-
k i=1 "
cenje &gik tako da je-gif&fi zZa svako 1 = 1,2,40e9k 1 red
i1
K i
ad &g.} <L Ne
n+_,;2 - . ~
(1¥) Ako je {fi} - konacno d-~sencenje od X onda postojl A=
i=1 n+2 n+2 - .
kosencen je {g} tako da je /\ g. = 0 i g, <«f, za
iy, : i - 71 i
i=1 i=1
i = 1,2,-.-,ﬁ+2-
‘ K
Dokaz, (1) = (ll) Neka je F-diinsan i neka je {Fi}. . & =sen=-
| L - i=
k
Eenje od X. Tada na osngvu stava l.l postoji 4A-sendenje {hi}
K i=1
takvo da je h.&«f., za i = l,2,esse¢ek 1 Ted od {h.} < Me
i i 1)1

Kako je {X,T) F-normalan, %to na osnovu stava 1.3 postsoji é-~sen-
K | ,
Cenje {gi} takva da je cl gigfhi za 1 =1,2,40e9k 1 red od

i=1

{_Cl gi}tf < n,

i=1

(1) =(iti) 1 () =>(Iv) je jasno,.

N+2Z
(v} = (j) Neka je if.} A =senCenje od X. Na osnavu
Yli=1 |, (n+2
pretpostavke postoji & =kaosencenje igi} od X takvo da je
n+2 li;
Qié;fi za svako 1=1,2,40eyn+2 1 /A\ g; = O Na osnovu stava l.Z2
1=1 N+2
postoji familija otvorenih F—-skupova {hik tako da je gigghi
- n+2 1=1 n+2
<f, 28 i=1,2,400yn+2 1 i;l h-} je sveling od {g.} .
. tli=1 L)i=1
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n+2

N+ 2 -
gtuda je {h} o. ~senCenje od X, h, <f, i A h, = 0 pa je
i i i fa1

i=1

na osnovu stava l,l F-dimd.,x LN g

Neka je (X,T) F-prasta:‘r i neka je d.eefa,l] fiksirano,
Definisaégmn slabiju dimenzionu funkciju =~ u aznaci 5#0 -diqif -
od X za «el0,1) na sledeédi nadin: Akoc je xe{0,d, ), onda je
Fd_c-dilmd_x <n ako svako konacno d--sen&enje od X ima oct=profinje=-
nje ¢iji je red «w n, Ako je d.efd.,o,l), anda je I-;,_o-dimdvx £ n ako
svako konalno & -senlenje od X ima /A =-profinjenje za neko 3€ {0,d,)

¢iji je red < n,

(+

Primer 1,3: Neka je X I i neka su za n = 1,2,3,4 funkcije

f‘n,gnelx definisane na sledeéi nacin:

2 .
(o1 - [ oo se xel0d]
k 0 inacCe
gn(x) _ {'i_zn-t-l ako Jje xe[3,l]

0 inade

Neka je T =,{D,T,fn,gn,fnh gn,f‘n\.rgn, n=l,2,3,&_} . Tada je (X,T)

F=prastor, Stavimo o, = % i neka je recimo &= 'j__é" . Tada je

{ fa,ga} & =-profinjenje svakog o=senenja ad X, gde je d'&[i-%’%)’

pri Cemu je red ad {_F&,ga}f—‘_l. Otuda je Fe=dim X <1,
]

Primedba Primetimo da ako je o, = l, onda je F_—dim X = F=dim
<

o A

X za &ell, ),

Ako je deld,1), onda g ~dim X 1 F=dim X ne moraju biti u vezi,
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2., TEQREME PODSKUPA T SUME

{ ovom paragrafu nalaze se neke teoreme podskupa i sume

za ov—~kombinatornu dimenziju F-prostora, Ako je Y F-potprostor
F-prostora (X,T7), u opStem sludaju nije tadno da je F=dim Y <

F-dim X VideCemo pod kojim je uslovom gornja relacija taéna.

Neka je (X,T) & =kompaktan F=-prostor. Ako je Y -

zatvoren F-potprostor onda je:

F-dimd'Y < F-dimd_x .

Cokaz, MNeka je F-dimd_Xén, Y *~zatveoren F~potprostor od (X,7) i

neka je ? konadno «=-sendenje ad Y (o e [0,1)), Za svako xe€ X\Y,
postoji u_e T tako da je ux(x)?d- i ux/\/q(Y) = 0 na osnavu

definicije A -zatvorenosti I1.2.12., Tada je {?,u } o =sen=
X7 xeX\Y |

Cenje o ~kompaktnog F-prostora (X,T) pa ima konadno o =-podsen-
Cenje V, Kako je F=dim X £n, to V ima & -profinjenje W reda £ n

pa je wlY A =profinjenie od ? reda < N, iJ

2tav_2.2: Neka je Y F~potprostor o-Hausdorffovog F=prostora

(X,7T)., Tada je:

s C s
F dlf‘ﬁd“f < | dlmd_x .

K
Jokaz, Neka je F-dimdux <n i neka je {fi} & -sencenje od Y,
Tada postoji familija {gi} otvarenih F-skupova takva da je
i=1
3;/Y 1 z2a 1 = 1,2,444yke Sada neka je ye Y, Tada za swako

x & X\Y postoje dva otvorena F=skupa u X Uy,ux tako da je ux(x)}d”

Uy()’):?dv i v Au_ =0 na asnovu definpicije o =-Hausdaorffrnosti
RV
Ie2,11, Stavimo ceX\y Yx* Tada je ueT i UAY, = 0 za ze Y.

K
Otuda je {gi’u}i-l konacno o -senéenje od X pa na osnhovu
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. k
pretpostavke pastoji o -profinjenje V od {gi,u} reda < n.
i=1
K

Tada je VIY o -profinjenje od {f;} reda < n. Otuda je F-dim Y

i=1

5tav_2.3: Neka je Y podesnc zatvoren skup u F=prastoru (X,T).

F-dimd'Y < F-ﬁim&x P
: k
Dokaz, WNeka je F-diqix=&nki neka je {fi}i-l d. =senCenje od Y,
Tada postoji familija {gi} otvorenih F-skupava u X takva da je
i=1

g;} Y = f;+ Kako je Y podesno zatvaren to je co. 4(Y) F-otvorem u

| K
X na osnovuy definicije 1.2.,12, i otuda je {gi,co?a(Y)}‘ . A =
1=

senienje od X, Iz F-diin=&n sledl na osnovu stava II.1.1 da po-

, K
stoji d=~sencenje {h.,coya(Y}} od X takvo da je h,<qg, za
i . i~==1
=l K
L = 1,2,4ee9k i red ad {h.,ca. (Y}} < n, Jtuda je {h. Y}-
SRR I (" i=1
A -sencenje od Y reda =« n i ;Y <g4lY = f; z2a 1 = 1,2,004,k

pa je Fedim Y <n,

Definicija 2,1: F=-patprostor Y F-prostora (X,T) je zatvoren
~ako je (X\Y) otvaren F=skup u X, svaki zatvaoren Fegkup u Y
je zatvoren F=skup u X i za svaki zatvorem Feskup f u Xy T1Y

je zatvoren F=skup u Y,

F-dimd-'f' £ F-dimdlx o

Cckaz., Neka je F-dimd_'x <n 1 neka je ? konacno o ~-sendenje od Y,
Tada je U = {UET : ul‘{efj konaéna familija otvorenih F-skupova

u X i otuda je {U,/Q(X\Y}} konaCno & ~senCenje od X, Kako je
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F-dimd_x <n to na osnovu stava Il.1.1 postoji kanadno o ~sencen je
1\;,/4(){\‘()} od X reda « n takvo da je V <«U, Otuda je {UI'Y}_kcna-

Eno o —-senCenje od Y reda < n i V]Y<ulY =; pa je F-dimd_Y <N, O

Definicija 2,2: Neka je Y F=-potprostor F-praostora (X,T) i
neka je ?d.-senéenje od Y. Tada je ? prebro jivo ekstenzibi-

ino {na X) ako posteji prebrojivo o -sendenje # od X takvo

da je HIlY oL -profinjenje ad ?.

Stav_2.3: Neka je (X,T) o =-Hausdorffov, o -Lindelofov F=-prostor.

Tada je svako kanalna o -sendenje ma kog F-potprostora Y od (X,T)

prebrojive ekstenzibilno,

Dokaz, Neka je? konaéna d=-sencenje F-potprostora Y oL -Hausdor-
ffovog, o =-Lindelofovog F=prostora (X,T)}. Tada postoji konadna
familija H < T takva da je Hly =;. Neka je yeY proizvolijno.

Ma osnovu definicije & -Hausdorffnosti, za svakoc xe X\Y postoje

ux,uyeT tako da je ux(x)}d., ’ UY(Y)?'*dv 1 Uyz\ux = (0 o, Otuda je
ﬂ_ux} familija otvorenih F=skupova u X a i?{,ux} je
xeX\Y xeX \Y

&~senenje od X, Na osnovu definicije o =Lindeldfnosti I.2.7,

postoji prebrojive 4o =podsencenje W ad i?f’,ux} \ a Wiy je.
xeX\Y

L=profinjenje od ?, o

_S_i:__a_g__2_4_5_ Neka je (X,T) & ~Lindelafaov F-proétor. Tada je svako

konadno & -sendenje o =-zatvorenog F-potprostora prebrojivo

ekstenzibilno,

Dokaz, Neka je Y ol =-zatvoren F-potprostor od (X, T) i neka e ?

konadne o -senenje od Y. Za svako xe€X\Y postoji otvoren Feskup

U, u X, takav da je ux(x):-cx_. i /u(‘r)/\ux 0 na osnovu defi-

X

Nicije I.2.12, Otuda je {‘?,ux} A ~sencenje od X pa se
xexX\Y
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dokaz kompletira na isti nalin kao i kod stava 2.,5. O

stav_2.7: Neka je (X,T) prebrojivo o -kompaktan F-prostor i

neka je Y F=-potprostor takav da je svako kohaﬁna cL-senEEnjé

od Y prebrojivo ekstenzibilneo, Tada je:

Dokaz, Neka je F-dimGLXé-_n i neka je if‘i}i . d —-sencenije od Y.

Kako je svako konadno « -senCenje od Y prebrojivo ekstenzibilno,

to postoji prebrojive & =senden je tgi}m od X takvo da je g, ]Y
=1

«f, za i = 1,2,40.,k. Podto je (X T) prebrojive o -kompaktan,
n
to postoji konadno ot =paodsencen je {gi} (recimo n>k) pa na
i=1l
n

osnovyu stava II.1.1 postoji oL=-sendenje {,hi} od X reda < n
i=1

tako da je h £g; za i = 1 2,...,n. Otuda je h, f‘f < Qi}‘f' -."-..fi

Za 1 = 1,2,esa4k pa je ih lY} c:L-prnFJ.nJenj’e od {fi}. . reda
1=

<n ti, F-dlmd\-‘( <n, i

stav_2,.,8: Neka je (X,T) prebrojivo o =kompaktan, oL-~-Lindelofou
F-prostor i neka je Y o -zatvaren Fe-potprostor od (X,T). Tada .

je:
F-dimd_‘f < F-dimd_‘x .

Dokaz, Sledi iz stavova 2.6 i 2,7 ili iz stava 2.1 i &injenice

da je o -Lindelafov i prebrojivo L -kampaktan prostor o =~kompa=-

Ktan, (1

Teorema podskupa za F(;‘o-dimd‘ zavisi od poloZaja broja o u odnosu

na fiksirano A, e
2s:8: Neka je Y zatvoren F~potprostor F-prostora (X,T).

L mdimyY € Fy -dim X za ae Bh,,1).
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Neka je F, ~dim Xén,d.e_[d.c,l) i neka je- {f‘i} e

K
dvg - &

sénéenje-ad Yo Tada postoji familija {gi} ctuorenih:F-skupova

u X takva da je 9 Y = f'i 2a 1 = 1l,2,00e5k pa je {'gi,/x()(\‘f)}

Dokaz,

K

i=1

kona¢no ct-sencenje ad X. Na csnavu pretpostavke postoji /4 ~pro-
K

finjenje V od {gi,!,u.(x\.‘()} za neko A’E[D,d.b) reda < n, Otuda

i=1 ”

je {U_IY}ﬁ-praf‘injenje cd ifi} reda < n pa je Fd_c-dimd_:r <n, O
i=1

Primedba: Stavovi 2.1, 2,2 1 2,3 vaZe za F, =-dim samo ako je

e
d-E[d-c!l)i

Mi Zelimo da determinidemo dimenziju F-prostora u termi=-
nima dimenzije nekih od njegovih F-potprostora, Sledeéda dva stava
daju teoremu konadne sume za F-prostor koji Zadovol java odredje=-
ne uslove,

Primetimoc da ako su ?l i Yz & =zatvoreni u F=prostoru

(X,T) takvi da je Y.NY, £ §, onda je Y.\ Y, & —=zatvoren u Y_,
1 2 2 1 2
Neka je (X,7) & ~kompaktan F=-prostor takav da je
4
X'=\_/ Y, gde je za svako i = 1,2,4ee,k Y; & =zatvoren F-pro-

stor od (X,7) i F=dim Y. =n, Tada je F=dim X <n.

Cockaz, Neka jef?fkanaéna d.=sencenje od X 1 neka je X = YleYz
(i = 1,2) tako da je Fedim Y, «n i F-dim Y, « n, Tada su
{'7”1} i {j’l‘{zz kona¢na oL=sencenja od Yy 1 Y, respektivno, Na
Osnovu pretpostavke postoje o«L=-profinjanja Ul,Uz od {?'Yl} i
Y?IYE} tako da je red od Ulé;n i red od Uzgan. Sada ako je
Ylf\Yz = ¢§, onda je {Ul,uzj-ci;-profinjenje od E; ciji je red < n
pa je F-dim&x “N,

Ako je Ylﬁ Y2 £ ® onda je Y1 = YZ\Yl A~ =zatvoren u Y2-
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gtuda je F'dim¢f3 < n, Ylf\Y3 =0 i Ylk/Yz = X. Sada kao i
u prethodnom sluCaju postoji o =profinjenje {Ul’u3} reda< n

pa jE F-dim¢x < N [

Stav_2e11: Neka je (X,T) o -kompaktan, < =Hausdorffov F=prostor
takav da je X = \‘}Yi gde je Y, & -kompaktan F-potprostor za

i=1

svako i, a F-diqdyi-g Ne lada je F-dlqiﬁ < N,

Dokazy Sledi neposredno iz stava 2,10 jer Je svaki oL -kompaktan
F-potprostor <-Hausdorffovog prostora o =-zatvoren na osnavu

stava T.2.,9 (1), O

Se LOKALNA A~KCMBINATORNA DIMENZIJA

U ovom paragrafu se definiSe i proudava lokalna ov=-kom=

binatorna dimenzija F-prostora., Od sada &e nam za qQ E:Ix, deld,l)

g+ iti podskup {xex : g(x)::-d_}.

Definicija 3,1: WNeka je (X,T) F-prostor. Tada se lokalna

& ~-kombinatorna dimenzija od (X, T} = u oznaci loc F-dim¢§ -

definise na slededi nadin:

(1) loc FQdi%LX = =1 ako je X il

() loc Fedim X < n (n20) ako za svako xe& X postoji otvoren
F=skup g u X takav da je g{x)>e i F-dinzi_g+ < N

(i) loc F—diqix = = gko loc F*diqifzﬁn nije tacno i za je=-
dan ceo braj n,

3tay_3.1: Neka je (X,T) & -Hausdorffov F-prostor, Tada su sle=
de¢i iskazi ekvivalentni:

(1) loc F=dim X < n,
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( Il ) Svako & ~senéenje od X ima oL -profinjenje # takvo da je

F-dimd'h"' < n za svako he A,

Dakézl (|')'=>(1|) Neka je loc F-dimd.X£n i neka je U « -sencdenje
od X. Tada na osnovu pretpostavks, za svako xex postoji otveoren
Feskup g, U X takav da je gxtx)}d- i F-dimoLg"'_t_._ ne Na osnovu de-
finicije o =sendenja I.2.5, za svako xe X postoji u el tako da
je ux(x)b-d.. « Stavimo h = g Au . Tada je h, otvoren F-skup u X,
h (x)>a 1 h <u . Otuda je # = {_hx : x& X} o -profinjenje od U,
Kako Jje hx = g Ay, to je Jasna h: gg; o Medjutim, g; je &=
Hausdorffov F-potprostor ad (X,T), F-dimd_g"'_«f-_n pa na osnovu stava
2.2 dobijamo da je F-dimd_h; <n ti. F-dimd_h"'&n za heX Sto je
i trebalo dokazati,

() => () Neka vaZi (If) i neka je xeX proizvoljna tadka,
Tada za svako y e X \{x} postoje otveoreni F=skupovi u

y? Vo takvi

da je uy(y);-d_, . ux(x)}d. i uyA v, = 0, Otuda je iuy,ux}

yeX\ 1xJ

d-sencenje od X pa na osnavu pretpostavke postoji *=profinjenje

H od Luy,ux} tako da je F’-dimdth‘ﬁn za svako he X ., Oda-
y €X\ {x}

tle sledi da je loc F-dimd_x <« ne O

Slede¢i stavovi daju vezu izmedju o -=kombinatorne dime=-

Nnzije i1 lokalne oL=kombinatorne dimenzije F-prostora.

tay_3.2: Neka je (X,T) o =Hausdorffov, o ~kompaktan F=prostor,

loc F-dlmd-)( < F-dlmdx .

Dokaz, Neka je F-dimd_x <n 1 neka je xe X, Tada za svako y € Y\ ¢{x}

Postoje otvoreni F-skupovi U}"UX u X takvi da je uy(Y)}d-';

UX(X).}CL i U, AV, = 0 . Otuda je familija {u ’Ux]' x\{?..-senée-
ye X
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nje ed X pa na osnovu oL ~kompaktnosti F-prostora (X,T) postoji

K
konac¢an broj talaka YisYoreeeyy € X\ 4{x} tako Ii!a je {uyi,ux} -
. i=

d,-podsen_ﬁenje ad 4u _,v tie {u o V } je konacno
{ y X}ye)(\{x} Y1 *Ji=1
cd.-senenje od X pa na aosnovu pretpostavke postoji & =-profinje-

K
nje A od tuy.,ux}i l."
1l =

Sada je za svako he X, h* F=potprostor o-Hausdorffo-
vog F=prostora (X,T) pa je na osnovu stava 242 1-'-1:1imm_-h+ < n s8to

povlaci da je loc F-dim X £n na osnovu stava 3.1, O

Stav 3,3: Neka je (X,T) perfektno F-normalan, o =Hausdarffcv

F-prostor, Tada je:
loc F-dim X & F-dim X o
Dokaz, Neka je F- dJ.rn X£n i neka je H # =senenje od X, Zbag

T

pe.l.f'ektne normalnosti imamo da je za svako he?'f \/ 1
| _ i=1
i

gde je Fi zatvoren F=skup u X za i = 1,2,..s « Ctuda je < N

i ™
i

Za svako i pa pastoji otvoren F=skup 95 takav da je f, <« g.<cl g,

i 1 1

<h, Neka je g = \/ 9;+ Tada je g otvoren F-skup u X i gs<h,
=1

Stavimo ? {_gET : g<h 2za svako hejf}. Tada je ? & =profinje=-
nje od H i za svako gej imamo da j”é'"F-dim;_;'g"'é__ﬁ” na csnovu sta-—

va 2,2, Ctuda je na osnovu stava 3.1 loc F-dimd;x-_r,-.:_n. a

Definicija 3,2: Za F=prostor (X,T) kaZfemo da je lokalno -

zatvoren ako za svako xe X postoji otvoren F=skup h u X takav-

da je h(x)=»o i h™ je & =zatvoren,

Sada dajemo neke uslove pod kojima se loc F'-dimdv i

F'-dimd_‘ podudaraju,

tav_3,4: Neka je (X,T) o =kampaktan, lokalno & ~zatvoren

F~prostor, Tada je:
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loc F-dirnd_x = F-dimd_'x .
Dokazy => Neka je F-dimd_'x £ne Na osnovu definicije 3.2, za sva-
ko x e X pusta,ji otvoren F-skup h u X takav da je h(x)>d i h' je
o(.-zatuoren. Kako je F-dlm X-.r.n to na osnovu stava 2.1 dobi jamo
da je F-dim h*< ne Otuda Je luc F-dlm X <n,
<= Neka je loc F=dim X <n. Tada za svakc xe X postoji

otvoren F=skup hx u X takav da je hx(x)bd;. i F-dimd_h: < Ne Fami-
lija {hx}

postoji konaclan broj tadaka X{sX5reeesX, €X tako da je {hx ‘Sk
i

«cx Jje o —senCenje o ~kompaktnog F-prostora (X,T) pa

i=1

konaCng o -senCenje od X, Sada imamo da je F'-dimd'h:i < n za i =

ly2yesapk 1 X = \kjlh o Kako je (X,T) lokalno o =-zatvaren te je
j=

svaki h;_ d.=-zatvoren pa na osnovu stava 2,10 sledi da je

F-dimd_,‘( .*J_;-. ne 4

-

Stav_3,5: Neka je (X,T) o-Hausdorffov F-prostor i neka je Y

F=potprostor od (X,T). Tada je:
loc F-d:.md_"‘( <« loc F-dlmax.

Ookaz, Neka je loc F-dim X€n i neka je @ -sendenje od Y,

Tada postoji familija? atvorenih F=skupova u X_ takva da je
j’lv = H . Neka je yeY., Tada za svako xe X\Y postoje otvoreni
Fe~skupovi u ,uy u X takvi da je ux(x}.)-d- . vy(y}:-d.. iuA uy=0 .
Otuda je ij o -sencenje pa na asnauu'pretpostauke i

xeX\Y

stava 3,1, pastoji o =profinjenje W od {‘ﬁ,u } takvo da je
I xeX\Y

Fedim w+.{-.n za svako welW. Tada je W/Y oL =profinjenje od FH .

Aka stavimo W = WY, onda na osnovu stava 2,2 imamo da je F-diqL

-+ = »* » .
W <« n za svako w e W, Utuda sledi na gsnovu stava 3.1 da je

Y «an, 1

loc F-dimd.
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Sledeci stav daje teoremu konaCne sume za lokalnu o.-

wombinatornu dimenziju,

Stav_3.8: Neka je (X, T) o =kompaktan, lokalno o =-zatvoren F-
prostor, Ako je X = YU Z, pri Cemu je loc Fedim Y<n i1 loc F=dim

Z<n, onda je loc F'-dimd_x £ N,

Dokaz, Neka je loc F-dimd-Y «n 1 loc F~dim, Z <n, Za svako xe€X,

na osnovu definicije J.2 postoji ctvoren F=skup h takav da je
h{x)>a i h' je o =zatvoren, Otuda je na osnovu stava I.2.8
h* o =kgmpaktane

Sada ake je xeY\Z, onda je (hiv\Z))(x)>e i kako je

lac F-dimd‘Y <n, to je F-dimd.(h'(‘f\z))+§_ Ne Ako je x&€Z\Y, onda

je (h[(Z\_Y))(x)::-oL- i na osnovu pretpostavke je F-dimd_(hl:(g\\())”"_-:_._n
Ako je xeYNZ, onda je (h}{YNZ))(x)>a i F-dimm(h).(ymz})*'_-g Ne
Jasno da u svakom sludaju imamo da je (h{{¥Y\z))", (hi(z\Y))* i
(YN Zj_j*+c; h"  Sto povladi da je svaki od njih o =zatvoren
u h+.

Sada treba da dokaZema da je F-diqxh+ < ne, Ako je hY
jednak jednom od tri gornja podskupa, onda je jasnc F'-dimdvh+5-_ Na

Aka je hT = (hI(Z\Y))TUuhp(ynz)) 111 8% = (e o (ri(vnz))”

onda u oba slucaja na asnovu stava 2,10 sledi da je F-dim¢h+&n
ti. za svako xeX postoji otvoren F-skup h takav da je h{x)>o i

Emd i + . . e <
1m¢h «n, Utuda je loc F ci:.md_'x <n, U



Glava III:

KOMBINATORNA DIMENZIJA I MODIFIKACIJA F=PROSTORA

Veze izmedju topolodkih i F-prostora proudavag je
Lowen E1Q],[11] sy koji je funkcije w 1 i definisaoc na sledeéi

w

nacin:
Ako je ??(X) SkUﬁ.SVih topologija na X i F(X) skup svih
F-=topologija na X tada je:
a) i ¢+ F(X) — (X)
T — i(7T)
i(T) je inicijalna topologija za familiju funkecija T i
. sa uaobicaienam tupalagijoﬁ
5) w @ F(X)—>F(X)
R — w(R)
w(R) je familija odozdo ogranienih poluneprekidnih fun-
kcija iz (X,R) —1I sa uobidajenom topologijom.
Prema a) moZemo ﬁridrﬁéiﬁi suakéh F-ﬁfd%turu (X,T) topo~
loski prostor (X,i(T)) koji se naziva modifikacija od (X,T) ili
modifikovana topoleogija. Cva ideja svodi neke asobine F=prostora
Na topoloske osobine, tj. ako je (X,T) & -kompakt, tada je
{X,i(T)} kompakt.
Ma ovaj nadin se koriste dobro poznate osobine kombina-
torne dimenzije topoloskih prostora (za dokaz teoreme proizvoda
Za F-prostore) kao i neka druga topoloska svojstva kao i Cech=-

Stone=-gva kompaktifikacija.
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Do kraja ovog rada prouCavadema dane o —osobine i o=

gsobine za svako oL.e"_[U,l)-

1e F=dim

Definicija 1,1: Neka je (X,T) F-prostor, Tada je F-dith£n

aka je F'-dimd_x «n, za svako o&c(0,1),

primer 1.1: Neka je (X,R) topoloSki prostor sa dim X 2n.
Za u R, neka je M4(u) karakteristidna funkcija za u.

Neka je T ={/a(u)} cR® Tada je (X,T) E-prostar. Zahtevajmao da

je u F=dim X <n, Vidi se da je i/(( } konaéno o =sendenje od

i=1
X za svako a€[0,1), Tada je i } otvoren pokrivad {Ui}

i=1

od X reda <«n i V; &U, Zza i = l,2,...,k.
X
Neka je fiéaI definisano sa
f‘i(x) = 1 za xev;

Za i = 1,2,.-'-,k
= {J za xfé V.
L

K
Tada je {.f’ } ¢ ~sendenje od X za svako «&€[0,1) takvo da je
i=1

Kk
fié/.c(ui) z2a 1 = 1,2,.0eyk 1 red od if‘i}i#lje < ne, flato je F-dim

X < n,

Definicija 1.,2: F=prosteor (X,T) je ok-dopustiv ako za svako
VT, V sadrzi bar dva ¢lana, postoji oe[0,1) tako da je V

A -sencenje od X,

Stav_1,1: Neka je (X,T) & =-dopustiv F-prostor, Akoc je F-dim X=0,

tada je (X,T) slabo Fenormalan prostor.

Dokaz, Neka je F=dim X = 0 i1 neka su Gl i GZ disjunktni zatvoreni

F=-skupovi u X. Tada je {co.Gl, CD.GZ} < T. Kako je (X,T) o =
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dopustiv, postoji dJE[U,l) tako da je {co.Gl, co.GZ} a-=sencen je
od X. Kako je -F~dim X = 0, za svakoe o<[0,1) je F=dim X = 0, po
definiciji 1.1, 1 zato postoji %-senenje {f;,f,} od X tako da
je f‘ls’.-_co.Gz, 1"25_::0.[}1 i f"lA F?_ = 0, ti. f‘l-s:-__cc:.FZ. Zato je

Glg_._c:a.f‘z, Glgco.(co.fl) i Glé_Fl. Slicno se pokazuje da je

Neka je (X,T) ot~dopustiv F_=prostar. Ako je
F=dim X = 0, tada je (X,T) F-normalan pfnstor.

Uvedimo stroziju definiciju nula dimenzije F-prostora na
sledeci nadin:
SF-dim X = 0 ako za svako konadno o-senenje od X postocji o=
ﬁrafinjenje koje se sastoji od otvorenih i zatvorenih disjunkt-
nih F=skupova, Jasna je da, ako je SF-diqLX = 0, onda je F-diqiﬁ

= ] za svaki F-prestor (X,T).

Definicijas 1.,3: Neka su G, i 52 dis junktni zatvoreni Fe~sku=

pavi F-prostora (X,T). Tada su Gl i G2 jako razdvojeni u X

ako postoji otvoren 1 zatvoren F=skup € takav da je GIE:E i

Stav_1.2: Neka je (X,T) X-~dopustiv Fe-prostor, Aka je SF=-dim X=0
tada je svaki par disjunktnih zatvorenih F-=skupova jako razdvojen
U X

Dokaz, Neka je SF=dim X = 0 i neka su Gl i Gz dis junktni zatvo-

reni F-skupovi, Tada je ico.Gl,cc.Gz} d.?senéenje od X za neko
«< [0,1), jer je (X,T) o -dopustiv, Kake je SF=dim X = 0O, to

postoji d =sencCenje {Fl,FZ} ad X takvo da su fl i“FZ otvareni

1 zatvoreni, f'lf\ F2 = { i Fl&.CD'Gl’ Fz_c_ca.Gz. Tada je, zbog

Gl__d-_cc:.f'l, Gl .-s-_t:ﬂ.(cca.fz) ti. Gl_&fzéco.ﬁz. 0l
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Definicija 1.4: F=prostor (X,T) je

(1) Pouezén ako su otvoreni i zatvoreni F-skupovi samoc O i
‘T;iF-skUp g jé povezan ako je 90 pouezén kao F-podpro=
stor, .

(1} ) Nepovezan, ako nije povezan,

(1) Potpune nepovezan, ako postoji ne povezan F-skup kojii

sadrzi viSe od jedne F-tadke,

Stav _1,3: Neka je (X,T) d--dcpustiu FTl-prastor. Ako je SF=dim

X = 0, tada je X potpuno nepovezan,

Dokaz, Neka je SF-dim X = 0 i neka je g povezan F=skup u X koji
se sastoji od dve F-talke p 1 g, p # g« Tada po stavu 1.2 posto~
Ji otvoren i zatvoren F-skup E, takav da pef i E<co Qe Zato je

Elg0 otvoren i zatveren u = i”EigG nije O niti Té s tle g nije

0 0
povezan, 3to je suprotno pretpostavci, Zato je (X,T) potpuna ne-

povezan,

yratimo se teoremi podskupa datoj u delu 2 prethodne

glave, ali ovog puta posmatrajmo dimenziju dim F-prostora umesto

&-dim.. o

stay_1.4: WNeka je Y zatvoren Fe=podprostor F-prostora {(X,T).

bt L T X T 1 % ¥

F=dim Y < F=dim X ,
Jokaz, Neka je F=dim X=n i neka je U konadno &~ =sendenje od
Y, za svako o€{0,1), Tada postoji familija W otvorenih F-skupo=
va u X tako da za svako wel, wlYel i 1w,/u(x\v)} je konacno
& ~sencenje od X za svako +€l0,1). Kako je F=dim X< n, tada po
definiciji 1.1 postaji o -profinjenje V od {uW, 4(X\Y)} &iji je

red « n za svako &€ [0,1). Tako je {UfY}d--Finiji od W|Y = U
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i reda £ n za svako d&e[0,1), Zato je F=dim Y < n, O

Stav_1.32 Neka je Y F~podprostor jako o -kompaktnog Hausdor=
ffovog F=prostora (X,T). Tada je |

F—dim Y ﬁ.F—dim X o
Dokaz, Kako je (X,T) jako ~kompaktan Hausdorffov F-prostaor,
tada prema stavu 2.8 [6] je /a(x\v) otveren F-skup u X i prema

stavu 1.4 je F=dim Y <F-dim x, O

Stay 1.5: Neka je Y F-podprostor jako o.- Hausdorffovog F=pro=-

stora (X,T)e. Tada je F=dim Y < F=dim X.
Cokaz Sledi iz stava II 2,2 za svakao g{.é‘.[ﬂ],l). o

F

Stav_1.7: MNeka je (X,T) jako prebrojive o —-kampaktan F=prostor

i ¥ F-podprostor od {X,T). Akoc je svako konadno X =sendenje od
Y { ¥oLe [0,1)) prebrojivo ekstenzibilno tada je
F=0dim Y<F=dim X ,

Dokaz sledi iz stava II 2.6 za svake oef{g,1), O

K
stay_1.8: Neka je (X,T) jako o -kompaktan, takav da je X = AR
i=1

gde Je za svako- i, Y. jake X -zatvoren F-podprostor se F-dim Yiﬁn.

Tada je F=dim X < n,.

Jokaz sledi primenom stava II 2,10, za svako «+ef0,1), U

Y.

2Lay_1,8: Neka je (X,T) jako o~Hausdorffov F-prostor, X= :

x

i=1

i neka je svaki Y, Jake O -kompaktan F-podprostor se F=cim Y.en,

Tada je F=~dim X <n.

Cokaz se 1zvodi koristedi stav II 2,11, za svako ae{D,1), =
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QEﬁiﬂiEiiﬂ_l;ii Neka je Y F-podprostor F-prostora (X,T).

Tada je (X,T) konzervativan ako je za svaka dva F=skupa f i

guYsaf<g, f¥<g* u X, gde je f¥lY = £ 1 g*|Y = g,

Stav_110: Neka je Y zatvoren F-podprostor konzervativnog F~-

normalnog prostora (X,T)e. Tada je Y F=-normala,

Dokaz, Neka je f otvoren F=skup u Y i g zatvoren F-skup u Y ta=-
kav da je g« f, fada postoje zatvoren F=-skup gf u X 1 otvoren
F-skup f* u X takvi da je g = g™Y i f = f"]Y, Kako je (X,T) kon=-
zervativan, to je po definiciji g*. f™* u X. Kako je po pretposta-
vci (X,T) F=normalan prostor, to postoji otvoren F=skup h u X za
g¥ehgcl haef™ i odatle je g<h|Y<el hiY<f, Zato je Y Fenor-

malan prostor. O

Stav 1,11

Neka je (X,T) konzervativan F.-normalan prostor i Y
zatvoren Fe-podprostor od (X,T) takav da 3je F=dim Y < n, Ako Je

K K
ifi} familija ctvorenih F=skupova u X, ade je {F.iY} A -
i=1 PoJi=1

~ . K
senCenje od Y za neko o4 €10,1), tada postojl famili ja igi}
i=1
otvorenih F=skupcova u X tako da je cl giﬁzfi i red ad
K
=1
Ockaz, Neka je oe|0,1) take da je {fiIY}_ ch -senCenje od Y.
1=

Prema stavu 1,13, Y je Fc-normalan i zato, po stavu II 1.4, po-

. K
stoji dl-kosencenje ihi}
| K i=1
i red od {hi} <n., Kako je Y zatvoren f=-poadprostor od (X,T), hy

i=1

od Y tako da je hié:FilY za i=1,2, 003K

Je zatvoren F=skup u X za svako i = 1,2,.4e,k i h; « f;e Zbog F=

normalnosti od (X,T) postoje otvoreni F-skupovi g; u X takvi da
k

je hi-_ﬁ-.g. «cl

i £ f., za svako 1 = 1,2,¢es9Ke nga je {Cl Qi}

93 1
k K
nadkriua@e od {hi} i zato je red od {cl gi} < N
i=1

i=1l

i=1
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stav_1,12: Neka je (X,T) kanzervativan F.~-normalan prostor i

neka je Y zatvoren F#padprastor od X takav da je F-=dim Y<n, Ako
je Fedim Z <n Za svaki zatvoren F-podprostor Z od (X,T) disjun-

ktan sa Y, tada je F=dim X <n,

K
Dokaz, Neka je F=dim Z<n i neka je {h } & =sencenje od X
i=1
K i=

za svako o< [0,1). Tada je {fi!Y} A -sentenje od Y 1 prema
1

stavu 1,11, postoji familija {gi} otvorenih F-skupova u X tako
| 1
K K

da je s ﬁf‘” red ad {g } l:‘.— n i igil’f}‘ . o =sencenje od Y.
i= i=

y SR
il

e
H

Neka je Q = cD. [‘\/g V ‘V/ {t A o }fi[ﬁ 1 = l,2,...,kf:]. Tada
teT

je Q zatvoren F=skup u X 1 Q=4(X\Y), Zbcg r =normalnosti od
(X,T), postoji otveren F-skup h takau da Je Q<h<cl hdya(X\Y).

Neka je (cl h) nosad od ¢l h, tada je (cl h) zatvoren F=~pod-
k
prostor od X koji je disjunktan sa Y. Sada je {F (cl h) }
i=1
A~sencenje od {(cl h)a’ i kako Jje po pretpostavci F=dim(cl h)uﬁﬂ,
k
to postoji & =sendenje {m.} od (cl h)_ tako da je m, < f, |
1}, o i i
i=1 K
(Cl h)ﬂ Za i = l 2,Iin,k i red od { } jE < g
i=1

Neka je definisano dieIx za svako i = 1,2,000yk s3
— /
di(x) = mi(x) ako x €{cl h)o

gi(x) ako x¢ (cl h)a'

K

Tada je {d } d-sencenje od X takvo da je di-_f. za 1 = 1,2,
i=1 k

sseyK 1L Ted od {d je <« n,. Odatle je F-dlﬁix < N, Primenju=-

1*1
juéi ovaj metod dokaza za svako &€[0,1) dobijamo da je F=dim X

Stav .13

Neka je (X,T) konzervativan F _-normalan prostor,

Ako je X = YUZ, gde su Y i I zatvoreni F-podprostori sa F=dim Y

«n 1 F=dim 7 =« n. tadas o Cadim v o -



44

Dakai, Neka jJe X = YUZ i Q zatvoren Fe~podprostor od (X;T)
disjunktan sa Y, Tada je Q zatvoren F-podprostor od Z i po sta-
viu 1e4 je-F-dim Q:sh. Odatle, prema stavu 1612, sledi da je

U ovom delu rada prouCavademo lokalnu kombinatornu di-

menziju uvedenu u delu 3 prethodne glave,

Definicija 1,6: Neka je (X,T) F=prostor., Tada je loc Fe~dim X

<n ako je loc F-dim X = n za svako «<[0,1),

Stav_1.14: MNeka je (X,T) jako & -Hausdorff-ov, jako o =kompa-

ktan F-prostor, Tada je
loc F=dim X< F=dim X,

Dokaz sledi iz stava II 3.2 za svako «=[0,1), O

Stav_1.15: Ako je (X,T) savrSeno F-normalan jako oL ~Hausdorff-—

il A S uige S L

ov F=prostor, tada je
loc F=dim X « F=dim X,

Jokaz se 1zvodi primenom stava II 3,3 za svako s €l0,1), O

- Stav_1,16: Akc.je (X,T)iakoa~Hausdorffov F=-prostor i Y F-pod-

prostar od (X,T), tada je

loc F=dim Y <« loc F=dim X,

Dokaz sledi iz stava II 3.5 za svako a.<l0,1), O
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2. MODIFIKACIJA F-PROSTORA

Modifikacija F~prostora (X,T) je topolo3ki prostor
(x,i(T)), gde je familija {t™%(a,1]: teT,d €I} subbaze za
i{(T) i za svako oelQ,l) je icL.(T) = {_t-l(d- ,11 . tGT}. Tada je
%L(T) topologija na X {(vidi tLowen E12] ) i

i(T) = v{iT) raclo,)}.

Poznato je da skup svih odozdo agraniCenih pclunepre=-
kidnih preslikavanja w(#), topoloskog prostora (X, F) u I snabde=-
ven uobiajenom topologijom, &ini F-prostor (X,w(#)) koji se na-
ziva indukovan F=prostore.

F=prostor (X,T) se naziva topolo3ski generisan ako pos-—
taji topologija Fna X takva da je T = w(F 1l1i ekvivalentno
T = w(i(T)).

U ovom delu rada 1 nadalje F-dim X, znadi & =kombina-
tornu dimenziju F-prastora (X,T) a dim ngznaéi kogmbinatornu di-
menziju od X sa topologijom F na Xe

U ovom delu rada dalje se utvrdjuju veze izmedju kombi-
matorne dimenziie F-=topologiie na skupu X ifkombinatcrne dimen=

zije topologije na istom skupu A.

Lema 2,1: MNeka je (X,T) F-prostor, Tada je (X,T) o~ =~kompakt

(prebrojiv o -kompakt)[d~Lindelof ] aks i samo ake je (X,i (T))
kompakt (prebrojiv kompakt ) [Lindelof] .

Dokaz, Familija u<T jJe o -sencenje od X ako 1 samo akoc je

teu

Lema 2.2: Ako je (X,T7) o =Hausdorff-ov F-prostor, tada je

(X,%*(T)) Hausdorff~ouv prostor,
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Dokaz, Neka je (X,T).F~prostor i neka je X # Y., Tada po defi-
niciji ol -Hausderffoveg F-prostors, postoje u i v otvoreni F-
skupovi u X takvi da je'u(x)::@ s viyl>al 1 uav = 0. Qdatle
sledi da‘su u-lGi,l] i w-lﬁm,l] disjunktni otvorenl skupovi u
1, (T) takvi da Je xeu ta,1] i yev-l(d-,l] tj. (X,i (7)) Je

Hausdorffov prostor,

Sledeéi stavovi daju odnose izmedju F-dim, F-prostara

(X,T) i dim modifikeovane topolagije (X, i {(T)},

Stav_2.1: Neka je (X,T) F=prostor i (X,i, (7)) modifikovana to-

pologija na X. Tada je

F=dim X, = dim X, d}T) .

Dokaz, = Neka je F=dim X, <n i neka je { } konacan %x(T}'

ctvoren pokrival od X. Kako jJe i.(T) = {t-l&x,l] s te ¥

"lr

za svako ieE{l,Z,...,k}, t (,11 3, X& U, akg 1 samao akg

gl ||

iz tl(x}>d, sledi da Je {t;} ﬂ--senéenja ocd X, P00 nretposta-
“li=1 i
vei 1 stavu IT 1.1, postojli o —sencenje {5;& od X tako Ga Je
K *Ti=1
S.e t, za 1 = l,2,eesyk 1 I'BC OG {5 } je &« n.,
i i
i=1
Neka je U.={XiEX : S.(x)ai}_za svako 1 = ly25e0eyKe
Tada je v, (T)-otuaren za svako 1 = 1,2,cae,4K,
k
. -1 _ :
oy = U §s7h 1]l = x, vieu 4
i=1
K K
red od {v.k je « n t3i. iu.} je konacan QL(T)-ctuaren pokri=-
1), iy,
i=1 i=1
vaé od X €iji je red £n, i zats je dim X; (T)
< Neka je dim X, < n 1 neka je Jf, o =sencenje
i (T) 1.1
od X za uJE[U l)e Za suako iéé{l 2,...,k} neka je u, = F;l@i,l]
k
Tada je Uy i (T)Hotunren i k,’u = \H}{f (o, l]j X ti.

i=1
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iui} je konacan %i(T)-atuoren pokrivaé od X, Kako je
i=1 '

dgim Xai(T)fén to postUJi konacCan %i(T)-ntvnren pokrivac {Ui}

| ' k
od X takav da je vigui Za 1 = 1,2,.0eek 1 red od {Ui} je <
| i=1

Neka je definisano gi : X =1 na slededéi nacdin:

gi(x) >0 ako xe&vy
i=l,2,...,k
’ = 0 ako x,é v

Odatle je {gi}

i red od {gi}k

i=1
Posledica 2,1: Neka je (X,T) F=-prostor i (X,i(T)) modifikovana

a. -sencenje ad X, g; £ f, za svako i=1,2, 606K
i=1

je <« n. lato je F=dim X, €n, O

T

topologija na X, Tada je

r=dim XT = dim Xi(T)'

Dokaz  se izvodi koristedi stav 2.1 za svako o€lg,l), U

Ul slededem stavu se dokazuje da se kombinatorna dimen-
zija topoloskog prastora (X,T) poklapa sa kombinatornom dimenzi-

jom indukovanog ~=prostora (X, w(F)).

Stav 2.2: Neka je {X,7 topcleSki prostor i neka je (X,w(F)

indukovan F-~prostor. 7Tada Je

dim X, = F=dim X R
L il ? 1 UJ(?C)

K
Dokaze =>» Neka je F=dim me?ﬁ <« N L1 neka jJe iui}i:l otvoren

pokrivad od X. Za svako i€ {1,2,..4yk} neka je_/U(ui) karakteri=-
stidna funkcija od u; ti. /u(ui)(x) = 1 ako xeu; i /u(ui)(x)=0

K
ako x¢ui. Jasno je da je i/u(ui)}i"c: w{F) i da je familija

1
K
{/Q(Ui)}' lck -senlenje od X za svako o€{0,1), Odatle sledi da
1= K
postoji konaCno ok =sendenje ifi} od X za svako d;E[B,l) takvo

i=1
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K
da je Fi:s/a(ui) za svako i1 = l,2,e0e9k 1 red ad {fi}i-l < DNa
Neka je Vg ='{xe:-:)( : f'i(x),b-d.. ’ 'u‘due.[ﬂ,l)} za svako
| __ %
i = ly25e00yKe Tada je Vs otvoren podskup od X i {y.} konacan
iz

otvoren pokrivaé od X €iji je red £« n i v, <u

i 3 2a svaka 1 = 1,2,

coegKe Zato je dim X?, < N

K
<= Neka je dim X_<n 1 neka je {gi o. -sencenje od X
7z 17i=1

za svako o€{0,1)., Za svako i€ {l,Z,...,k} neka je u, = {x €X3
. K

gi(x):wi}-. Tada je svaki Uy ctvoren u X i {ui}i—l je konacan
otvoren pokrivaC od X i kako je dim X_, <n, to postoji konacan

Kk
otvoren pokrivacd {uig od X takav da je V. U, za iz=ly2ye0erk
Kk
i red od {Ui} je <« n,
i=1

Neka je f, e 1" za svako i=z1l,2,..¢,k definisanc na slede~

&i nading -
Fi(x):?d... ako x & v;
= ko .
# a X¢ Uln

k
Tada je {fi} famili ja odozde agranicenih poluneprekidnih pre=-
i=1
K

slikavanja iz {X,¥#} u I tj. {F;% je oL -sencenje ad X, gde je
“li=1
K

_ﬁiékgi za 1 = 1,2,see9kk i red od {fik je <« n, Odatle sledi
i=1

da je F-dim&xu(?}{.— n za svako &€lD,l) i zato je F‘—dimdu‘;(m(?)én. a
Povezujuli stavove 2.1 i 2,2 dobija se sledeci rezultat

koji dokazuje da se kambinatcrna dimenzija topolaoski generisanag

F-prostora poklapa sa kombinatornom dimenzijom taopoloskag pro=

stora koji generise taj F-prostor,

Stav_2,3: Ako je (X,T) topoloSki generisan F-prcstor; tada Je

fF=dim X, = dim X

T r
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posledica_2.2: Neka je (X,7) Hausdorffov kompaktan F-prostor,

F=dim XT

dim X?

za neko F na X.

Cokaz, Lowen je u [13] dokazao da je svakili Hausdorffov kompak=-
tan F-prostor topoloski generisan, te je prema stavu 2.3 dokaz

kompletan., O

Posledica 2.3: Neka je (X,T) jako o =kompaktan Hausdorffov F=-

prostor, Tada jJe

F=dim XT = gim X?
za neko 7 na X.
Dgkaz, Kako 1z jake o —kompaktnosti sledi kompaktnost u 7=

arastorima [12] , to je Jasno da 1z posledice 2.2 sledi posle-

dica 2.3# D

Posledica_2.,4: ANeka je U wobiCajena topolagija na R i neka je
5 uobifajena topologlija na 3. Tada je
Fegdim Rw(u} = dim Ru = 1
T N — 1 —] a
F=dim ﬂw(b) gim Bb U

Cefiniciia 2.,1: Neka je (X,Ty F-prostor, Naziva se ultra Tvyc-

hanoff F-prostor ako je (X,i(T)) Tychonoff topolo3ki prostor.

martin [16] je dokazao da akec je (X,T) ultra Tychonoff
F-prostor, tada (X,T) ima Stone~Cech=ovu ultra Fekompaktifikaci-
ju. Za svaki F=-prostor (X,T) (/3X, F#) cznacava Stane-Cech=gvu
kompaktifikaciju od (X,i(T)) a (/3X*T35} oznaCava F-prostor koji
se sastojl od odozdo ogranidenih poluneprekidnih preslikavanja
iz (A%, ) v I (sa uobiajencm tepologijom) &ija restrikcija

na X pripada T,
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Lema 2,3: Neka je (X,T) ultra Tychonoff F-prostor, Ako je

K
{f‘i d =-sendenje od X za o €[0,1), tada postoji ol =sendenje
i=1

4
{gi}- . od /42X tako da je f‘i-.-.gifx za svako i = 1,2,eee9Ke
i= |

k.
Dokaz, MNeka je {Fi}i.-.-l & =senCenje od X, Tada je (44X, #) Stone-
Cech=ova kompaktifikacija od (X,i(T)) i u; = le(dwlj je i(T)-

otvoren u X za svako 1 = 1,2,¢40e9Ke
Neka je Au; =/4X\el ,(X\u;), 1 = 1,2,.40,ks DefiniZimo

gs : AX =1 na sledeéi nalin:

gi(x) > of. ako xe@ui 1=1,2, e0e,k
= 0 u ostalim sludajevima
K
Jasng Je da je -LGui} familija otvorenih skupova u A X 1 da
i=1
K
g; & T za svako ie;il,z,...,k}. Treba da dokaZemo da ge {gi}' .
1=
d -sencenje od /AX. Ovo sledi iz &injenice da je {gi} A =
| i=1
” | -1 K
sencenje nd /43X ake je U 9; {a-,l] = /3 Xo Kako imamo da j= U
K i=1 i=1
= X, onda je Uh, =/3% 1 g;1X =f. za i=1,2,00e,k , Cime je
i=1

daokaz zavrsen, O

Sledeé¢e tvrdjenje daje ekvivalentnost < -kombinatorne
dimenzlije ultra Tychonoff-og F=prostora i njeqove ultra Stane-

Cech=gve kgmnaktifikacije,

2+4; Neka je (X,T) ultra Tychonoff F-prastor i neka je

>

yT2) njegova ultra Stone-Cech~ova F-kompaktifikacija. Tada je

F'-d:.md_x.r = F-dlmd./ng? .
_ - K
UDgckaz, = Neka je F-dlmdﬁXT;Q N, ch—:[D,l) i neka je {Fi}
i=1
K -sendenje od X. Po lemi 2,3, postoji ol -sencenje {gi}k od
i=1

/3X tako da je g; X = f. za 1 = 1,2,404,k,
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| k
cako je F-dim 4X. ¢<n, to postoji « =profinjenje V od g.}
o TS i1

siii je red <« n. Zato je V[X od-profinjenje od {fi} reda < n

' i=1.
l _F-dlmd-xT < N T ey s e -
&— 'Neka je F- dlmd.)(.r-'.ﬁ.ﬁ i neka je {f } o -senCenje od

5 . i=1
/45X o Tada je {Fil%}i—lCL -sancenje od X i postoji ol-profinjenje
k
\ Qd {Fi,x}i—l Cl13J1i je red £ N Prema lemi 2,3 /3\ jE'q.-senEe-
. - i . . k
nje od /3X tako da je AVIX =V i AV je oL -profinjenje od {F.}
i} .
i=1

red od V je < n, j -di
a red od A4V je £ n, Zato je F dlr&/g'x.r}f-_n. ad

3. TEQREMA FROIZVODA

U ovom cdelu rada utvrdjuju se uslovi peod kajima za kom-
9inatornu dimenziju proizvoda F-prostora (XxY,TxR) (proizved F-

prostora (X,7) 1 (Y,?) vaZi sledeéa nejednakost:

r—
-
]

F-dim(XxY)(TxE} < F=dim X. + F-dim Y

3 4
Ova] rezultat se maziva teorema proizveda za F-orostore, Koriste=-
Cl modifikaciju “=prostora posmatranog u prethodnom delu hucg

rada, mozemo pro3irite neke dobro poznate rezultate vezane za

tecremu proizvoda topoloSkih prostora na F-prostare.,

Lema 3,1: MNeka je (K ' T ) familija F~prostora i neka je
seS
( TFXS. T ) njihgv proizved F-prostor, Tada je ( T] X ,1('7'T Y )=
ses o' sds s€S ° seS
(S‘ESX :TT Ts)} za d<(0,1)

Oockaz, Neka je (‘ﬂ;xs,'TgldjT )) topolosSki proizved modifikova=
s¢ se

nih topoloSkih prostora, py Projekcije u (7T X i (TT"T }) modi-
S€S s5€5

fikaci ja proizvoda f-prostora, Neka je u i (TT'T }- otvoren,
| SES
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Tada je u = l(d. l:l fe T T « Po definiciji proizvoda F-=topo-
S€5
: | -1 . .
logija Iededey, T = \/ D (g ), g, € T 1 p je F-nepre-
| seS fﬁi 1 °1 % °i

kidne, Za svako se€S i svakso f‘eTs je

(e (F) ™ He1] = p (M e, 1])

n

n
Tada iz u = U ﬁ(ﬂ-l( Q. l(ﬁi:]-]-— U ﬂp’l(g"l(a 1])
se€5 i=1 °i 1 s€S5 1i=1

5ledi da je u otvorens u I 1,(T.).
s&€3

Neka je sada u otvoren u TT (T }Jo Tako je
S€S

]
= U N plieTHe,1]), f e T, .« Tada je
. 51 i Si

(nﬂlp;f(f:(d-,ll) - ump“lw ) “ta,1] i
1 1 s i=1

il
Neka je f = \/ o l{F e Tada je u= f “ﬁi ,1) i zato
S.' S.
s i=1 71 i
je u otveren u 1, {T}] T.)e (O
d‘sES S

el ‘l

",
!’
S “
® S€ 3

— e Ly S et sl v S

Stav 3,1 ETychcnnFF-a teorema proizucda] veka js (X

F

familija F-prostora, Tada je ({1 Xgo T T ) L -komaktan ako i
sed SeS

A

samoc aka je (XS,T ) g.-kaompaktan za svaka seS,

S

Dokaz, Ovaj stav je dokazalo mnogo autora, a ovde &g bhiti dat

_ kratak dokaz., Prema lemi 2.1 (] X v TTT, } je & -kompaktam ako
seS SES

i samo ako je ('ﬂ*xs,l (T )) kompaktan. Prema lemi 3.1 je
s&5

(TT'X 1 (TT T )) (71T X ”T'L (T e Poznatc je da je

ses seS S€a seS

(7T Xgs iﬂ.ldfT })) kompaktan ako i samo ako je, za svako s€& 3,
seS
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(Xs,ai(Ts)) koampaktan, odakle sledi da je za svako se S,

(XS,TS) o -kampaktan F-prastor. O

Neka je (X,T), (Y,R) par a -kompaktnih F-prostora,

Tada je

-] : -y 1 E o 1

F dlﬁi(XxY)(Txﬂ):i F=dim X. + | dim Yo o
Dogkaz, Prema stavu 2,1 Jje

F"dimd_(XXY)(TxR) = dim(XXY)idh(TXR) .

Prema lemi 2.1 su (X,%i(T)) i (Y,;iﬁﬂ)) kompaktni prostori, a
prema stavu 3,1 proizvod topoclosSkih prostora {XxY, %iﬁT) x i (R))
je takodje kompaktan, Prema lemi 3,1 je

(Xx¥,1 (TxR)) = (X, (7)) x (¥,1 (R)).

Jdatle je dim(XxY). ,~ -y = JIn{X, /oy X Y, 1) e
J ( )ldﬂlxh) ( ﬁiﬁt} ldﬁﬁ))

Jokazana je za sluCaj kompakznih tepoloSkih prostora da je

di'ﬂ(‘{, (-,.\I X Y, /- \E oy di’fl X: 7o -+ [ji_rn Y. -\ .

l 'lE.# l -\:_';?;- . ‘112 l (ﬂ)
Che v ke o

Zato je F=dim_{(XxY),_ ., « T=dim X_ + F=cign Y.

lato Je _i:.d_}x,,(mﬁ)__ P csd_'ﬁ « O

Dgsledica_3,1: Aka su (X,7) i (Y,R®) jako -kompaktni F=prostori,

F—dim(XxY)(Txﬁ} € Fedim X+ + F=dim Y. . I

Neka su (X,T}) i (Y,R) prebrojivi ¢ -kompaktni C, 7-

rostori, Tada j=

O

r—dlmdexY)(TxR) é.F-dquXT + r'dlmdfg .

Cokaz, Kakgo Je prebrojiv < -kompaktan C o Fenrostor i < -~-kompa-

ktan (stav 1.,2) to se dokaz izvodi primenom stava 3.2, -

j
Il

E.D..E; EE.":’._.:":.:.Z.E Neka su (X!T) i (Y:R) prebrojivi, o -kompaktni,
ot ~Lindelof~ovi F-prostori., Tada je

F-dlmdexY)(TxR) £:F-dlﬁ$XT + F-dimdyﬁ . Q
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Stav_Js.4: Neka je (X,T) o -kompaktan F-prostor a (Y,R) prebro-

jiv &=kompaktan F=prostor., Tada jJe (XxY, TxR) prebrojiv -kom~-

naktan F-prostor,

Dokaz, Kako je %*(T) kompaktno a.i(R) prebrojivo kompaktano,
kao topologije na X i Y respektivno, po lemi 2,1 je tada
(X,%dfT)) X (Ys%dﬂﬁ)) prebrojive kompaktan topoloski prostor 1
nrema lemi 3.1 je (XxY,idijR)) prebrojive kompaktan. 0datle, po

lemi 2.1, je {XxY, TxR) prebrajive ot -kampaktan F-prostor.

Stav_3,5: Neka je (X,T) ultra Tychonoff F-prostor a (Y,%) pre-
brojiv o -kompakt, Ako Jje svako konaCnao < —~sencenje ad XxY pré-
crojive ekstezibilma na AXxY, tada Je

-t i g - 4 _
= dlﬂdﬂxxY)(TxR) ¢ F=dim X. + F dim_ Y 5.

Dokaz. MNeka je svako o =sendenje od XxY prebrojivo skstenzibi-

ti. 4BX je ¢k-~kompaktan, to je prema stavu 3.4 ( /3XxY, T,J_,’_ X )

nrebrojive & -kaompaktan, Po pretpostavci stava II 2.7 Je

Fedi Y < F=di ) Sy
d ﬂiﬁ ¥ % }(TxRJ{'r ﬁlﬁx@GXXYH(ﬁth) (a)
Prema stavu 2,1 je
Fedim, (AXxY ), - y = dim(4XxY ], Y. (5)
e B R ‘
(|?x ) ldd(%xﬁ’)
Orema teoremi 0.15 Morite datoi u uvodu covog rada Je
dim(4XxY ). -, < dim /X, + dim Y. /sve {c)
3 %1ﬁ¥?xﬁ) %*(Ef) %iﬂn)
Prema stavu 2.4 je '
- .l -— 2= -3 (
F dlﬁixl F dlmdﬁ“T?:' (d)

U relaciji (a), (B), (c) i (d) imamo
F-dlmdSXxY)(TxR)Aé.F-dlﬁLXT + F=dim Yo ,
Sto je trebalo dokazati., O

Posledica 3.3: Neka je (X,T) ultra Tychonoff F-prostor, a (Y,R)

A e gy dnkh e W ey S, gy S -—



jako prebrojivo & -kompaktan, Ako je svako konadno ol =sencenje
cd XxY prebreojivo ekstenzibilno na /3XxY, za svako o€(0,1),
tada je -

O

F-dim(XxY)( < Fedim Xy + F=dim Yoo

TxR)

Stav_3.8: Neka je (X,T) jako & =Lindeloff-ov i jako prebrojive
& -kompaktan F-prostor. Ako je (Y,R) jako & -kompaktan F-prostor,
tada je

F-dlm(xxY)(TxR) < F=dim X; + F-dim Yoo

Dokaz, Kaka je & =Lindelof=-ov prebrojivo o -kompaktan F~prostor

i o ~kompaktan, ta dokaz sledi iz posledice 3.1. -

Zvezdasto konalne osobine uvedene u topoloSkim brostari—
ma moZe se koristiti u slidnom obliku i za r=prostore, Neka je
(X, T) F~prostor, Kolekcija U F-prostora je zvezdasto=-konadna u X,

aka svako uelU seCe najviSe konadno mnogo drugih dlanova iz U,

Definicija 3.1: F-prostor (X,T) ima oL=-zvezdasto konadnu

csobinu (ot =st,.f.p) ako svako o =-senlenje od X ima zvezdasto-

‘konadno o=profinjenie,.

Stav 3,7: MNeka je (X,T) F-prostor. Ako (X,T) ima © =zvezdasto

kaonaCnu osobinu (Cc=st,f.p.), tada (X,i (7)) ima zvezdasto kona-

cnu osobinu,

ODokaz, Neka je j; idﬁT)—atuoren pokrivaC od X. Za svako Géié%

- X : . . I
neka je G = hGl(d.,l] y hel”s Tada f.eT i kako je X = L_}hGl(d-,lj=
~ Ge
= UG, to je H = {hs : Gé;) o -sencenje od X, Kakao {(X,T) ima
Ce G

d-st.f.p. to postoji zvezdasto-konadno o -prodirenije V od H.

Neka je w = v (d,1] , veV. Tada je w i (T)-otvoren i familija
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W o= {M : u-l&i,l] za svako UEEU} je zvezdasto konalno profi-

W =
nienje ad 2? ‘o ]

pcsledica'31§£ Ako F-prostor (X,T) ima jako & ~st,f.ps., oONda

(X’ i(T)) ima StefepDe

Dokaz sledi iz stava 3,7 za svako aL€[0,1), O

ri takvi da (XxY, TxR) ima jako A -st.f,p. Tada je

+ F=dim Y

T

F-dim(XxY)(TxR) < F=dimX ne

Dokaz, Kako (XxY, TxR) ima jako c&-st.F.p;, tada prema posledici

344 (XxY, i(TxR)) ima stefepe o« (X,i(T)) i (Y, i(R)) su Hausdor-
ffovi topoloSki prosteri, prema lemi 2.2. Tada koristedi teoremu

Je14 Morite za topoloSki sludaj,imamc
.dlm(AxY)i(Txﬁ)'é,dlm Xi(T) + dim Yi(ﬁ)
1 odatle

F-dim(XxY)(Txp)g_F-dim Xp + F=dim Y,.

Stav 3 Neka su (X,T) i (Y,3) & -Hausdorffwavi F=-prostori

takvi da (XxY, TxR) ima ol -st.f.p.. Tada e

r-dlmdﬁXXY)(Txﬁ)é‘r_dlﬂLxT + F=dim_ Y.

Jokaz se izvodi na isti nacin kaoc za stav 3.8, d

Definiciia 3,2: F-prostor (X,T) je ultra parakompaktan F-pro-

stor ako je (X,i{T)) parakompaktan topolo3ki prostaor.

Stav_3.,10: Neka je (X,T) ultra parakompaktan jako et -Hausdorff-

Wy sl oy A S S gy S i

aov F=prostor sa F-dim XT = n i neka je (Y,R) jako o -kompaktan,

jako @l -Hausderff-ov F-prostor sa F-dim YR = m., Tada je
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Dckaz, Po pretpostavci, lemi 2.1 i stavu 2.1, (X,i(T)) je
parakompaktan Hausdorff-ov praostor sa dim xi(T) =n a (Y,i(R))
je kompaktan Hausdorff-qu topolodki prostor (Sto sledi iz lemé
2.1 1 le@e 2.2) sa dim Yi(H)= m , (po stavu 2.1)

Prema stavu 0,12 iz uvoda, imamo

dim(XxY)i(fo) = dim(XxY)i(T)Xi(é)éam o ';

0datle po stavu 2.1 imamo

F*dim(XxY)i(TXR)f:m + N a

Stav 3,11: Neka je (XS,TS)

familija ultra Tychonaff=-ih
sed ;

F-prostora takvih da je svaki prebrojiv proizvod F=prostora ok -

Lindelof=-ove Ako je F=dim X_= 0 sa s€5, tada je Fedim TT X =0,
& s ‘is&S S

Joxkaz, Prema stavu 2.1 je F-diqixs = 0 ake 1 samo akoc je
i x>
dim X_ , (- ) = 0. Kako je (TT'-XS,TT' T, ) & -Lindelaf-cv,tada
k'S i=1 i=1 i
o o
je po lemi 241 (T X_ , TI i (T_ )) Lindelaf-ov,
i=1 i i=1 °i

Dalje se primenjuje teorema T.J0.16 iz uvoda Cime je dokaz zavr—-

3en, O



Glava IV:
PROJEKTIVNI LIMES F-~PROSTORA

Pojam projektivnog sistema topolo3kih prostora je biao
Siroko razmatran kako sam za sebe tako i u okviru teorije dime-
nzija znaCajno daoprinoseéi razvitku ave poslednje, Stoga ﬁi se
Eini da je vredno paZnje uvesti ovaj pojam za F-prostore i raz-
matrati njegovu vezu sa kambinatornam dimenzijom F-prostora.

Posuvetic¢emo prva dva odeljka ove glave definisanju i
razmatranju pojma projektivnog sistema F-prostora i njegovog
limes F-prostora i to u svetlu sliéncg razmatranja u opStoj to-
pologiji. Pokazuje se da je vedinu rezultata - narodito onih ke ii
vaze za kompaktne Hausdorff-ove prostore ~ moguée generalizovati
za F—praostore. U trec¢em odel jku ove glave vratidemc se o ~kombi-
natornoj dimenziji gde {emo dati neke karakterizacije od F-dim
za limes F-prostor,
o ”ﬁﬁﬁ o;;sikbmpakﬁhiﬁm%;ﬁfostarcm sﬁafraéemb -Hausdor=

ff=ov I & =kompaktan F=-prostor,.

1, POOJEKTIUNT LIMES  ~BIKOMPAKTNIH F-PROSTORA:

Neka je {(XS,TS) : SE?S} famili ja F-prostora indeksi-
rana elementima usmerenog skupa S. Za svako s,te S5, gde s<t,

neka je dato preslikavanje FS g 2 X ™> Koo Za_§F = {xs,Fs’t,S}

»
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reéi éemo da je projektivni sistem F-prostora ako je: fe ¢ Je
, |

F=neprekidng za svaka s,t &S (s<t) pri demu je Fg g Je indenti-
’

cno preslikavanje za svako s&€S, i ako je s<ts<r tada je

Fs,t . Ft,r - fs,r'
Neka je X podskup Dekartovog proizveda TT X koji se
se5 >
sastoji od onih tacCaka xe 7] X_ 2a koje je f (p.(x) = p_(x),
s s,L'"L S

s 5
za svako s,teS, s<t, gde su sa p_, p, oznadene odgovarajude
pnrojekcije, Za svakao se 8§, fs : x—a»xs se naziva kKanonskim pre-
slikavanjem (fs = ps]X), a Fr—neprekidno preslikavanje Fs . Se
4

naziva F-vezujudée preslikavanje od X-.

Oefiniciia 1,1: MNajgrublija F-topologija T na X za koiu su
xanonska preslikavanja Fs (s €S) F-neprekidna se zove proje=
ktivni limes projektivriog sistema X, a (X,T) se nmaziva limes

r-prostor projektivnog sistema F-prostora,

Cropozicija 1,1: Limes F=-prostor (X,T) projektivnog sistema

Syl S ey — . g N

— | 3 - o
,EF = {xs’Fs,t’S} je F=podorostor F-prostaora (;ngs,;ngs).

Dokaz, Neka je (X,T) limes F~prostora od Xr i neka je f_ : X-—>XA

<anonsko preslikavanje, se& 5, Prema definiciji I.2.171 develjno Je
nati za svakl otvcren F-skup w u X otvoren F-~skup g u IT X
- S€&d

tako da je gfX we Neka je w otvoren F-=skup u X. Tada je

A 3
w= N/ /\ f_ (u), u ert seS"c S, Ali f_ = p
L] Si l s- Si S- L]
5 i=1 i i i i i

. 1
svako S te je ps_(us_) otvoren F=-skup u 1] X i ako uzmemo

1 i se§ S
n
ol -l L]
da je g = \V/fﬁ\ psﬁ(us ), tada Je g otvoren F-skup u IT- X i
s i=1 1 1 se5 °
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Propozicija 1.2: Neka jJe X projektivni sistem F~prostora
(nad S) i neka je (X,?) limes F-prosftor od XF sa Kanonskim pre~
slikavanjima Fs (s€ 3). Tada skup svih F-skupava oblika f;l(us), |

L . —
useTs, seS ¢inli bazu za T.

. . . . . -1 .
Dokaz, Neka je kolekcija svih F-skupova oblika ifs (us) :
USE-.T } 1 neka je Pg arojekcija za proizvad F-prastora
s&€5

(:JTS Xs, S‘,TS TS) na (X y 1 } za s €S gde je F {XS, s, t,Sj

arcjektivnl sistem F-prostocra. Neka je w otvoren F-skup u limes
Feprostor (X,T)e. Tada po propoziciji 1.1 postoji otvaren Fwskup

g u 1T X takoc da Je w = gi;. Po definiciji I. 3.2 proizvod

SES
r=topaologije, g \/ /\ u ), s*& 5, u_ & T 7naci
s e’:S*’ i=1 53 i i
r i
- ~ =1 -1
o= (N Neltu, Nix= V /r\(ps'm AVAVANR S R
3 i=1l T1 i S ; i=1 i s. i=1 i i

~o%te je 5 usmeren skup, tada postojli te 3 tako da je s; = t za

svako iz 1,2,.q¢jnl

n
Neka ]Je ht = /\ f 1 J.(1.15 }, tada je htETt i

=1 %1% >3
g = AR e 00 = AT I ) = AT )
51 i i= i i i=1 %1 °i
Tada je
Vo oflny = VN i, ) =
tzsi siES"'

1 F;l(ht)eﬁ + Odavde je zalsta baza za T. @
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Ova baza se zove standardna baza za T i cznacdava se sa

E.EEQEEEéj§_1;§3 Ako je (xs’Ts)’ s€ 3 kolekcija FT, FT,, A -
Hausdorff ili F=-reqularnih F-prostora, tada Jje limes F=-prastor
(X,T) projektiunog sistema X_- = {xs’fs,t'S{}FTl' FT, o =

Hausdorff, F- regularan F=-prostor.

ODokaz, Iz pranazicije_I.S.B i iz cinjenice da su FTl, FTE’ O -
Hausdarff i F-regularan nasledna svojstva sledi dokaz nase propo-
ziclie,

Sledeéa propozicija dace nam vezu izmedju indukovanag
F-srostora projektivnog limesa topolesSkih prostora i limes F-
prostora indukovanih F-prostora, Ali prvo dajmoc Jeiss—ovu propo-

ziciju 3.4 (23] ako lemu bez gcokaza,

Lema 1,1: MNeka su data dva topoloSka prostera (X,R) (Y,?) i
preslikavanje f : {(X,R) —> (Y,7). Tada je f neprekidno ako i samo
aka f @ (X,w(R)) —» (Y,w(d)) je F-neprekidno gde su (X,w(R)}),

(Y,w(<)) indukovani F~prostori na (x4R) 1 (Yy o) kao 1 glavi III.

i —

Lema 1.,2: Neka je X = {Xs,fs t,S} projektivni sistem topo-
et L
iloskih prostogra nad S. Tada Jeng = ixs’Fa,t'Sj projektivni

sistem indukovanih F=prostora.
Dokaz, Za sS,t€S sa s <t, Fs,t : (XS,RS) —ar(xt,ﬂt) je nepre-
kidno ako i samo ako je f_ . : (Xs,w(Rs)) —> (Xt,w(Rt)) je F=-

?

neprekidnc po lemi 1,1, 3to dokazuje nasu lemu,

Propozicija 1,4: MNeka je X = {X_, f , O3t projektivni sistem
B - 2 S s,t

R M e R S vhiss Sl S _— L _E g™

topolo3kih prostora. Ako je (X,R) projektivni limes prostora X,
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tada Je (L,u(R)) = (X, (u(R)).

e

Dokaze => Neka je g_ w(R)=otvoren F-skup. Tada po propoziciji

~ n
- l .
1¢2 G = \V/ /N\fs (Us ) gde je U W(ﬁs ) = otvaren F-skup 1
s 1i=]1 71 i i i

Fot (Xu(R)) — (X yu(R_ )).
1 | 1 1

Ali u;l(d,,l] je Hs -otvoren skup za svako o.€[0,1) i za svako
i i ‘

i = 1,2,000,n, s€S. Kako je (F_7(ug ))7H(e,17 = 21 TH (e, 1),
i i i

1 1

rn —
toc je U N (fsl(us }) l(d.,lj R=-otvoren skup, Dakle,
s i=1 i i

n ~ _
‘\/ /N\ fsl(us ) € w(R) tj. g je w(R)-otvoren F-skup,.
Si i=1 i i

<= Neka je g w(R)-octvoren F-skup., Tada je g-l(d.,l] R=

ctvoren skup za svakoe &€l0,1). Znali

]
g l(d-,lj = J M fsl(us ) gde je U R, —otvoren i
Si i=1 1 i i i
FS . (X,R}-—%-(Xs,,ﬁs ) Je kanonsko preslikavanie.
i i i
Sada za svako 1 = 1,2,...4,0, /ﬂ(us,) je m(RSi)-otuoren Feskup i

"

oo lemi 1,1 F;l( (us )} je otvoren F-skup u X i otuda

| i i
\/ /R\F;IQA4(US Y) je ;?;)-otuaren F=skups Ali \/ A F;l
S i=1 T1i i S i=1l 71
U = } : f-l U tie A gL u =
(ulug 1) = A ;, N)Fe, (us ) & ;i/i/___\lfsi(/u s )

;-" (Q-l(d"fl]) 2 G

e ——

Odavde je g w(R)-otvoren F-skup i sledstveno

(X,u(?)) = (Gu(R)). Q@
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Lema 1,3: [10) 3.,1: Neka su (X,T), (Y,S) topolodki generisana
F-prostora. Tada je f : (X,T) — (Y,S) F=neprekidno ako i samo
ako je f : (X,i(T)} —> (Y,1i(S)) neprekidno gde su (X,i(T)) i

(v,i(5)) modifikovane topologije., O

primedba, Koristeéi gornju lemu mi primecujemo da ako je

S —

X ={;xs’fs,t’5} projektivni sistem F-prostora, tada je X =

I

{Xs’fs t's}f projektivni sistem modifikeovanih topologijae.
¥

Slededa propozicija daje vezu izmedju modifikacije 1i-
mes F=prostora 1 projektivnog limes prostora modifikovanih topo-

lagija.

Propozicija l.3: Meka Je Xp =-{Xs,fa,t,5} projektivni sistem
topoloski generisanih F~prostarae. AkKa je (X,T) limes F=prostor

ad XF tada:
(X,i(T)) = (X,i(T)), i(T) = TT i(T).
ses

gt

Dokaz, == Neka je G i(T)=otvoren skupe. Taca je G = g-l(ok,l]

za ge T i &«€l0,1)s Po propoziciji 1.2, g = ‘\/* f‘;l(us} gde je
sel

M

u;‘&ﬁ,l]_ i (Ts)-utvdfého, dakle G je i(T)~otvorensskup.

..-F'I——F"

&= Neka je G i(T)=otvoren skup gde je i(T) projektivni
limes prostor modifikovanih teopologija i(Ts), s€ 5, Tada je

6= U f_l(us), u, Je i(TS)-gtueren if e (X,i(T))'*?(XS.i(TS))

su kanonska preslikavanja; znaci u, = g;l(d.,l] za gse;TS i

A e{0,1) i otuda
-.l -
5= Ur, (a2he1]) = U e ) e 1] =V (e e ) e, 1]

S

po lemi 1.3, tako da Je b/(FS(gs))e;T i sledstveno
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\/(fs(gs))(d-,ljééi(T) “tj. G je i(?}-otuuren sSKUP o

Propozicija_1.6: Neka je X projektivni sistem ob ~Hausdarff

F-prostora (nad S), Tada je X =zatvoren u (7T X_, Ty T.) za
seS = SE&3 S

aef0,l).
Dokaze, Neka je XF = {Xs,fs’t,S} projektivni sistem oL ~Haus=~

dorff F-prostora, xe ] X_ i x & X. Tada postoji s,t&€ 35, s <t,
s S5

tako da je Fs,t pt(X) £ ps(X).

1z A -Hausdorff=-nostl postoje atvoreni F-=-skupovi Ugs

v  u X_ tako da je us(ps(x)):-d., US(FS’tpt(x))>cL i

ug Vg = Oe Otuda (p (0 ))(x)>aty ((F o P ) H(u))(x)>e u

, o . -1 : )
gTTXS,TTTS). Meka je w = ps \us)f\(FS " pt) (us). Tada je

L

w otvoren F=skup u 1 Xs, w(ix)>x za x' = T7 XS\X 1 za svako
s&€S s S

ve X, wly) = 0, Znaci mA/ﬁ(;} - 0, a otuda je X zaista oL -

zatvorens, O

e

ropozicija_1.7

MNeka Je XF = {Xs’Fs,t’S}' pra jektiuvni sistem
‘Hausdorff-gvih F-prostora, Tadza je

J/u(TT’xs X} otvoren F=skup u JI X,
SES S€S

ODokaze. HNeka je x = TT'XS Xe Tada postoji s,teS5, s <t takas
SES

da je f_ | pt(x) £ ps(x), te po definiciji T.2.3 Hausdorff-ovog
’
F=prostora postoje Ugs Vg otvareni F=skupoaovi u Ry tako da je

0g(pg(x)) = 1= v (f_ ¢ (%)) i u Avg = O. Dakle,

(P (u))(x) = 1= ((Fg ¢ p)"Hu ))(x)s Ako stavimo

_l L]
_ - X
w, = Pg (us)z\(fg,t pt)(us), tada je w, otvoren F-skup u ;éS <
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i wi{x)=12zaxe T XS\X. Znaci za svako xe¢ ]'['X\; mi moZemo

X s S 5 3

nac¢l otvoren ?-SRUp o tako da je wx(x)'= l, 1 sledstveno

ALTT X\ X) = U{wx : xe(ﬂ'xs)\x_} je otvoren F-skup u TT X_.
s S s 5 S€5 S

Lema 1.4: Neka je Y pogodan zatvoren skup u F=prostoru (X,T).
Tada:
(1) E je zatvoren F-skup u Y sledi £ je zatuoren F=skup u X

(}}) G je zatvoren F-skup u X sledi G|Y je zatveren F-skup u Y.

Dokaz., Neka je E zatvoren F-skup u Y kao potprostaru. Tada nasto-

SAM(Y) i

Tx - T = Tx - (GA/U(Y)} = (T% - c)»r(Tx -~ A{Y)) otvoren F-skup u

+ znacdi g

m

il zatvoren F=-skup G u X taka da je GIY =

il

X po Demarganovom zakonu I.142; znaCi £ je zatvoren F=skup u X.

(i} je jasno., O3

OUpgto propozicija 1,7 pokazuje da za projektivni sistem

Ar Hausdorff=-ovih r—-prostora, X je 1%-zatvoren, to 1z propozi-

cije I.,2.0 sledi da je X pogodan zatvoren u TT'XS. Ovec nas dovo=-
sel
dl do sledece propozicije,

Propozicija 1,8: Neka Je XF = {XS,FS t,S}- projektivni sistenm
4

-y . s man oy ol L _F %5 ¥ ¥ _J

Hausdorff=ovih F-prostora, Tada je limes F=prostor (Y;?} zatvoren

~~notprostor od {TT XS, 'ﬂ'TS).
SES $e5

Jokaz, je direktna posledica propozicije 1,7 i leme 1.4, O

T W ey o TEE g, S A A Sy

Korolar_1,1: Neka je XF projektivnl sistem jako & =Hausdorff-

auih F-prostora. Tada (X,T) je zatvoren f=podprastor od

(T Xgy T Tg)e O

5&5 S&d
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Sledeéi rezultat je generalizacija jednog od najvazni=-

jih rezultata -za inverzne sisteme topoloskih prostora.

Propozicija_1.8

"~ Limes F=prostor projektivnog sistema ol-bikom=-

paktnih F=prostora je neprazan o.L=-bikompaktan F-prostar.

Dokaz, Neka je (;;T) limes F-prostor projektivnog sistema

X = {_X y T ,S} d. =bikompaktnih F-prostora za d.é:[(j,l). Po
—~F s’ s,t

produk teoremi Tychonoff-a za F-prostore - propozicija IIl.3.2

- i propoziciji I.3.8 (11 Xgs TI Ts) je o =bikampaktni F-prostor,
—_ S&S S<3

Tz propazicije 1.6 X je & —-zatyoren u (WT'XS, 'ﬁ'TS) te skupa sa
s&5 sed

prethodnim dobijamo da je (X,T) o —-bikompaktan pe propoziciji
Te2e7a
Moramc dokazati joS da je X # #. Za te 3, neka je

Y, = _ix e_sﬂ‘sxs : ps..(x) = F_

(4}

¢ 5. {x) za svako s€3 takvc da je
b

s=tf.Tada Y, je c-zatvoren u T[ X_ po aropoziciji I.3.4 i
s 3

Y £ J. Naime, za x, €X, 1 za seS neka je Z_<X, i Z

It

S

_ < . . » - - - i 1. - - .
= t*s,t(xt)} akg je s <t 1 o Xs inace, Neka je [ ;z;zs

Tada je Z # £, 7 je podskup od 1T X_ 1 I<Y,e
5&.G 3
Akg su t,se S takvi da je s«t, tada je L G Sledi

da je {Yt} opadajuca familija o ~kompaktnih skupova te na
teS

osnovu propozicije I.2.8, mi imamo 'ﬂ'Yt £ 0.

GES
Neka je xe& [) Y_. Ako su t,reS, t<r, tada kako je
te .
X €Y _, pt(x) = Ft,r pr(X) imamo da je x€ X Sto se i trazilo.

Korolar 1,2: Neka je (E:?) limes F-prostor projektivnog sistema
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Xp Jjako e =-bikompaktnih prostora. Tada je (X,T) jako ot ~bikom=

pnaktan,

Korolar 1.,3: Limes F-proster projektivnog sistema C, , prebro=-

L & ' K 1 | - R

jivo & -kgmpaktnih i < -~Hausdorff=avih fF~prostora je neprazan.

Dokaz, Kako je C; prebrogjive & -kompakini prostor ujedno i

L =kompaktan (po propoziciji I.2.3), tada dokaz sledi iz prope-

zicije 1.9. -

Korclar 1,4: Limes F-prostor projektivneg sistema ot-Lindelof-

ovih, prebrojivo ot-kompaktnih I O =Hausdorff-ovih F=-prostora

j& neprazan, 3

Definiciia 1,2: Mi Cemg reci e Y_ = i 3 5}- - -
i 2 2 O Teci da je Yo Ys’rs,t’ F=pod
sistem od e = {XS,FS t’E_} nad istim usmerenim skupom,S, ako
el y
ig ~=podprost i g = | <3 <
je 1 pooprostor od X_ 3,k fs,tlyt (s,t<€5, s<t,)
Primetimg da je fs,t{YtECZYS (s<t),
SIcpgzicija_l.10, Neka jJe EF = {XS’Fs,t’S}p projektivni sistem
F=prcstora i neka je (X,T) njegov limes F-proster, Dalje, neka je
Y. = iYs,gS L,S:} F=podsistem od XF. Tada je limes F-prostaor
—r ’ ' s
(?,?;] F=podprastor cd (X,T}.

Ngkaz, PosSto je za svako s €85, Y C X mi imamo da je

sl

Y = ( ﬂ'YS} H‘E. 1 da je T;ﬂ fF=-topologlja indukovana topologi jom
s 5 —

nreizvod F=prostora (TT'YS, TTsy ) na Y,

sebh SES 5

ari (TT v y 11T y ) je indukovan proizvod F=prostorom
ses ° ses ° 's

(‘ﬂ#XS, 'TrTé) na ‘ﬂ'YS. Dakle (?;?Y) je F=podprostor od (?}?}.
59 SE€ES s&d

Kgloral 1.,35: Meka je (?}?d limes f=-prostor projektivnog sistema
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_EF =-{XS,FS t,S}- F-prostora sa kanonskim preslikavanjima
?

fs : X-—#-XS.,Neka je Y = {FS(X),QS,t,Sj F-podsistem od XF'

Tada je (E}?} limes F-prostor GdaIF'

Primetimo da je svako F-vezujuée preslikavanie 3¢, t
:
sur jektivno, Stoc takodje vazi i1 za kanonska preslikavanja

X-#-Fs(x).

2. PROJEKTIUNTI NIZOVI F-PROSTORA

Projektivni niz se posmatra kao speciialan sluCaj pro-
jektivnog sistema, Primetimo da ako je X ='{Xn'fn,m’ﬂ} 5o jek=
tivni niz nad N (N-prirodni brojevi sa ugbilajenim naretkam)} gde
ay svi Xn neprazni 1 anm sur jektivno za svako n,me N, n =<,

tada je projektivmi limes X od X neprazan a da pri tome ne mora

zadovolijavati nikakvo F=topolosko svojstvo,

T

Jzgpozigija 2

yo
I

Neka JE’EF = ix Fn’m,N} projektlvni niz pre=

)

-
i
—_—

all n?

brojivo o =kompaktnih F-prostara. Ako su svi (skupnﬁi fn m(xm
. . ] I

{nem) & =zatvoreni u Xn, tada je limes F-prostor (Ef?j Gd.f;

neprazan,

Jokaz la svaka ne N, f (X ) je kolekcija o« ~=zatvorenih
- Mym- W mxn

-

skupova u Xn po pretpostaveil 1

fﬂ:ﬂ+l(xﬂ+l):3 Fn,n+2(xn+2) vee Fn.m(xm) M2 De

Dakle, {fn m(xﬂ)}  je opadajuéa kolekcija o =—zatvorenih
| $ i m.")’ﬂ
skupova u prebrojivom & -kompaktnom X_, te je po propoziciji

1.2.8 () f (X ) # 0 1 prebrojivo je oL —~kompaktan,
nem  Demo T m
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Stavimo Yn = (W f m(Xm). Ako je n<«m, tada je

fooa(Y)SY e U stvazi, £ (Y ) = f () F (x)5) <

’ Rym - M nym g
42 ifn*m(FmrE(xﬂ))} = glﬂ Fn’E(XE) = Y,

Sada neka je Y € Yn y ZNAc1i Yn € n{} fn’E(XE) tako da Je

dovoljno pokazati da je y_ef_ Z(XE) za svako m>=n, Neka je m
i
dato i izaberimo (& N tako da je fz2n, /> m. Tada yoe E(XQ).
' b
Dalje, neka je Xg € XE takvo da je fn,E(XE) = y_» Stavimo

o = fm’e(XE); tada je y_e Y _ i Fn'm(ym) = fn,m(fm,z(xé)) =

_ - ~ VA T -
= f p_(x ) = y » Dakle, y_ef (y_} 1 napokon f‘n,m(‘(m) = Y

(nem)a
Uzimajuli 9, o = fn ,|Ym, mi.dobijamoc projektivni niz
,u ’IH L
Vo o= {Yﬂ,g W,M}- --nrostora, gde su preslikavanja g - surje—
e i n’.ill n,l

ktivna, Znaci limes F=prostcr {?,:;} od Y. je neprazan i sled-

stveno (X,T) je neprazan F-prostcr, O

Definicija 2,1: Neka je Y : (X,T) — (Y,R) F=neprekidnag

nreslikavanije, ¥ se zove jakc F=~zatvoreno ako je F-~zatvore-
no i ako za svaki o -zatvaren skup A u X, ¥ {A) je oL =zatvo-

ren uy Yl

______________ = {xn’Fn,m’N} pro jektivni niz pre-
brajivo & =kompaktnih ol -Hausdorff~ovih F=prostora sa jako F-
zatvorenim kanonskim preslikavanjima, Tada je 1limes F=prostor

(X,T) prebrojivoe ol -kompaktan F-prostocr,

— o0
Dokaz, Neka je {X,T) limes F-prostor od XF i neka je iEi}
i=1

X ~centrirana kalekcija zatvorenih F-skupova u X. Po pretpostavci
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Fn(X) je &k =zatvoren u Xn zasvako ne N, gde su fn kanonska pre=
slikavanja, te pa osnovu propazicije I.2.7, fn(X) je prebrojivo
K=kompaktno,

Neka je Y. = {Fn(x),gn N} gde je 90, m = fn’m}fm(X)

n<m, Tada je_iF podniz od XF koji zadovoljava uslov propozici=

y
gl

P

je 2.1, dakle, limes F-praostor (7}??9 je neprazan 1i Y,Sgiz

Kako Jje {gm(Eir?)}:ﬂ’ o~ =centrirana familija zatvorenih
i=1

F-skupova u Y_ 1 posto je Y_ nrebrojive < ~kompaktno tada po
propoziciji I.2.4 postoji y_eY_ takvo da jJe (gm(Eil73) (v} =
1m0 za svako i = 1,2,ees o OQdavde sledi da pastoji y<Y takvo
da je gm(y) =y 1 (Eil?j (y) > 1=e. za svako 1 = 1,2,4e0 .
Posto je Y= X to postoji x<X takvo da je Ei(x) 2 1=o

za svakKo 1 = 1,2,e0e 5 e (E;?3 je prebrojivoc S -—kompaktno,

Limegs F-proster projektivncg niza %} F=pIOo=

Daokaz,., Kako je po propaoziciji I.3.7 proizvod prebrojive familije

¢, F-prostora C, F=-prostor, to dokaz sledi iz op8te cinjenice

da je svaki F=podprostor O Fe~prostora t F=prostore. 0

Meka je (X,T) F-prostor, za feaIX se kaZe da je '&aa'

il

o
skup ako Je f = /\\ g gde su g otvoreni F-skupovi za svako 1
i=1 ooy

1,2,e00 » Dalje, za f se kaZe da je A, —skup ako je f = ;Yi h,
goe je hi zatvoren F-skup za svako 1 = 1,25¢00e Zapazimo da jJe

komplement Kga-skupa Hoo=skup: tj. ako Je t ( e —skup, tada

je co f H_o ~skup.

Definicija 2,2: F=skup (X,7T) se zove 4 F~prostorom ako J€

svakli zatvaoren F-skup u X ﬂ&p-skup.
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Jasno je da je svaki F—-normalan / F-prostor ujedno 1

savrSeno normalan F-prostore.

Propozicija 2.4: Ako jJe (?;?) limes F-prostor projektivheg niza

X = 4 X _ ,f  ,N -ﬂ F-prostora, tada je (E}?ﬁ 4 FeOorostor,
F n’ n,m

Ookaz. Pretpostavimo da je (X,T) limes F=-prostor projektivnog
niza XF el F-prostora i neka je E zatvoren F-skup u X. Tada za
svako ne N, cg (Fn(E)) je zatvoren F—-prostor u Xn te i1z hipoteze

cl fF (E)) = /\\ u. » gde je u otvoren F-skup u X_ za svakao

"3 ]
3% 1,2y000e 1 F 1 (U Y2 ou : a uJu. = u_ . za svakac
yee Nyn+1 3 “ “n+l,3°? nj" n, j+1
net, imamg f‘-l(u )2 £ za ne N,
i " nyn* =

oretpostavime da je g jedna f-taCka u X, gg £, tako da

Ly

za svakc n, gqef_ “{u_ n}" Za neka nel, kq) & ct(f {E"} i sle=
I,. .

. - 7 b s h!

cstveno f_i{g)g un,n’ za nekg m=2n, fada je f (o ;é u, - <f un,rr"
1 1
Znaci £ ] kle £ = f ¥ ce Je U
nadi g g 7 "(u ) i dakle E /\E Loy 0)s ede deu
fEt—

ctvoren F-~skup U Kn. =

Definiciia 2,3: Preslikavanje Y @ X —=> ima K1int svo]stvc

ako za neki F=skup g u Y, i za neki F=skup f u X, ﬂp-l(ci g)==

= el (¥THg)) 1 W (int f) = int(vw (F)).

axo je (X,T) limes F=prostor projektivnog niza

= i“qrfn m,NS savrSena nocrmalnih F=prostora sa surjektivnim
1 ’ H
cmpovezu juéim preslikavanjima i kanonskim preslikavanjima xoja

nosedujukklint svojstveo, tada jJe (x,T) savrdeno normalan F—prostor,

Dokaz, MNeka je (X,?ﬁ limes F=proster projektivnog niza

{xn’Fn m,N} savrdenoc normalnih F~prostora., Po propoziciji
g
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2.4 dovoljno je pokazati da je (?,T) normalan F-prostor., Neka

a—

je g zatvoren F=skup u X i h otvoren F-skup u X takav da je

g<«h. Tada za svako neN, bg(fn(g)) je zatvoren Fe=skup u ?n i
int(Fn(h)) je otvoren F-skup u X_ tako da je cg(fn(g))seint(Fn(h))
Kako je Xn normalan F=-prostor, to postoji otvoren F-skup k W

Xn tako da je
cl(fn(g)) « k £ cl k < int(fn(h)).
Inaci

lcl £ (9)) = FIH(k) = oM (el k) <« Fo(int(F ().

Pesto svako f_ ima klint svojstvo, tada

sTh(f (el g)) 2 Fol(k) = cl(FTH(K)) « FoH(F(int n)).

Drugim recima

-1 =L/ IS =1 )
Forlfle)) & £ olk) e ellf 7lk)) < £ 7(F (h))

“datle

9 < Fh(k) €cl(F (k) < n.

Skup u = f;l(k) je otvoren f=skup u X 1 geu £ cl u & h, sto

se i traiilc¢

Je F-dimd; LIMESA F-PROSTUORA

Lema 3,1: Neka je (X,T) o-~kompaktan F-prostor i neka je

/3 baza za T zatvoreno u odnosu na konacno uniranje. Ako Je
Lk |
{?iB_ o ~-sencenje za X, tada postoji oL=sencenje i?i% za
i=1 i=1
X koji se sastoji od elemenata iz g? tako da Je v, & U; Za svako

i - l,2,-.-,k-
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Dokaz, Neka je fg baza za T. Za svako x<€ X postoji neko

\/b’§0

“xes3
‘daje b, ¢ u, za neko b_e/3; znali {b } cini jedno <& =sen=-
X i X xJ ey

H

i€5£l,2,...,k3 tako da jJe ui(x)wwx y gde je u.

cenje od X 1 po hipotezi pnstcji.drﬂadsehﬁenje{tuﬁ...,bsi od Xe

Za svako ¢

ly2,0ee9S izaberimo :% (t) take da je bté;U(t) i

stavim u.

\/Ib tada poSto je /4 zatvoreno u cdnosu na

o

K
konaCno uniranje to je v,<u, za 1= 1,2)e0e3ke Zaista, {Ui}

i=l
je A —-sencenje ad X, 0

Sropoziciija 3.1 Neka je (X,T) limes F-prostor projektivnog

L 4
L
S

sistema X_. =< X FS t,SJ}eif—bikampaktnih ~=-prostora, Ako je
?

~ 5?
F-dim X =n, tada svake ck -sendenije od X ima konaCng ©& =profi-
njenje reda « n 3iji elementi pripadaju ,4(X).
Jockaz, 2a o€l 0,1) neka jz F-dim, X<n 1 neka je Y oL -sencenje

"%
T) je o—bikampaktan =-prostor,
___, K

gde je X neprazan, te gpostoji konmacno o —podsencenje {uiS
i=1

ii 1.3 (X,

cd X. F0o propozici

za U, Xako jie /3 (Xx) zatvoreno u odnosu na kcnacCno uniranje
!

dokaz sledi iz leme 3,1 i1 definicije za F-dimdd TI41.2. U

e el

Sledeta propczicija gokazujie da ako jJe (x,T) limes 7-
prostor projektivnog sistema & =bikompakta koji zadovoljavaju

da je F—diqus £ n tada je F=dim, X £n.

110

10

ropozicija_2,2: Nexka je Xo = {Ks,f

5 t’S} projektivni sistemi
?

o--bikompaktnih F-prostora takvih da je F-dim X_<n za se 3,

Tada jE F-dim¢x <My

Dokaz, Neka Jje U = {uig o =senCenje od X ¢iji elementi pri-
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. . . . -1 .
padaju A4(X), tj. u; Jje oblika u; = Fsi(usi) s, €5, Usi je

otvoren F-skup u XS « Kako je S usmeren skup, to postoji te S
i

takvo da je S; €t za svako S. 1 = 1,2,60009Ke

Neka je Vt = F-l t( e Tada Ut je otvoren F=skup
‘ i Sie 1 i
u Xt i ako stavimo {U } ﬂ tada F;l(vt) = |,
i71=1

Sada Ft(X) je cL-zatuoren u X, po propoziciji I.2.8 i

[.3.3 1 V¥V, je %-senlenje od Ft(X), jer neka je x eaFt(X). Tada

€

je  xg = ft(x) za neka x€X, kake je F;l(vt) o -sencenje za X
to postoji F;l(ut ) takvo da je f:l(ut Y(x)>e: sledi

i N i

Q - o

Vi (ft(x))pcx,, t3e vy (x,)>e o Po8to iz propozicije IT.2.71
i b - |
a o

imamg F-diﬂLF+(K).é r-dlﬁLXt ny tada gcstoji_ & =prafinjenje
-1,

i od v ¢iji je red =n, Znadi Food (W) je oL -prafinjenie ad

-l(

—1 :
fy (Ut) = Y ti, ft

W) je & -profinjenje od ¥ rteda <« n Sto daje

Keraolar 3,1: Neka je_é {As’ s, t,u_} projektivni sistem stro-
go oL ~bikompaktnih F=prostora takvih da je F=dim ng;n za svako
s&€ 3., Tada je F=dim X < n. (1

Sledeca propozicija daje karakterizaciju o-bikompakt-

nih F-prostora prekc limes F=prostora.

F=prostor (X,T) je strogo & =pikompaktan i
F=dim X = 0 ako 1 samo ako (X,T) je limes F-prostor konadno dise

kretnih F=prostora,
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Dokaz, =% Neka je (X,T) limes F-prostor konadno diskretnih F=

prostara, Za svako o €(0,1) jasne (X,T) je oL -bikompaktan F-
prostor po propoziciji 1.8 jer svaki konalan diskretan F-prastor

je d,-bikompaktan .

Da bi dokazali da je F-diqi} = U pretpostavimo obratno,

tje« neka je F=dim_, X> za svako «&e&[0,1), Uzmi Xy € X i

o ¥
ge-:-X\{xlj , tada po definiciji ol -Hausdorff-ovoq F~prostora, po-

stoje dva otvorena F-skupa wu_ ,u, u X takc da je u_ (x,) >,
Xl Y Xl 1

uy(y}::-d. i ux/\uy = 0, Dakle, {leruy} je o-=sence=-

! yeX\{xlj

nje za X i postoji kanadan skup iyl,...,yng X\{xl} , jer je X
K

xl’uyi}i=l

Kakso Je F-dim{i){)ﬂ, to postoili o« —grofinjenje V ad {ux y U, j
i

konacan o -sencenje za X
k

A —-kompaktan, takav da je {_u

1 i=1
recda > 3, tje. postaje ul,uze‘f taka da je VA Y, £ O, 811 Y e

K v

STrugacije reCenoc, za u o L u
\ X Y
i=1 1 2

A~orafinjenie od ?_u o U
1 Vi

Jostoje VisV,E Y tako da je v, & u

5 (ul/\ Vo, £ 0) L

VA Y, U A = 0, Sto je kentradikcija, Dakle F=dim X = O

< u
1 XI. yz - | e
za svako € ({0,1) i sledstveno F=dim X = Q,

< Meka je (X,T) jaka ©¢=-pikompaktni F=grostor zs kg ji
vazi F~dim X = O, Za svako &€l0,1l), neka Jje ﬁd" = 'LGi}

1€A
X ~-sencenje od X koji se sastoji od disjunktnih F~skuypova, gde

iz Y kariacan skup, tada L = {ﬁd\j Je familija svinh ko=
(0,1
naénih disjunktnih o =sendenja od X.

Ako je fdu & =-sencenje od 5/5, A </ I, tada T Je

usmeren skup U odnosu na <« o 238 &£€/4 mi maZemo definisati

. 3 - y ld‘ L . . ’ .
Fd-},/% : 3/3'*}10& sa 1;?,5 (1) s s‘ez.GJ £G;, 1€ Ag,jeh,
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Neka je za svako Ad.. data diskretna F-topologija (drugim recima,
A

Id“je F=topologija na Ay za svako d-EED,l] }o Tada je jasno

fa;,ﬂ F-.rjeprekldno (d£/3) 1 AL = {Hd.- ’td';/3 ,I} je projektivni
sistem F=-prostora nad 1.

S

Neka je (H:f) limes F-prostor od A 1 f) = A —> A,

neka je kanonsko preslikavanje za svako A e l.

DefiniSima ~F : A —=>X sa ¥(i) = x ako je xe /-\ gt

€D, 1) *
tako da jE 'F)\ (i) = iAe AAI

Pokazaéemo da je W F-homeaomofrizame v je injektivno:

Neka je i £ j « A. Tada (1) A FA(G)en, tis 1, # j, i sled-

—-—

stvena 5., £ Gj za G;A, Gj )E ﬁ?\ . Poslednje daje Y(i} = x #
2 N B

y = ¥ (3) akc je xe O\ st o, yve O\ gt

I

relo,1) *2 y€{0,1) In
v je surjek:tivno: Neka je x €& X, Tada postoji Aelg,l) i konaéno

disjunktno X —-sencenje ﬁ?‘ tako da je G, (x)>A za neko
a

. & 4 §to pavladi da je x&€G; L i__& A.

i L D)\ A

o > 9

~

—

’naci postoji i € A takvo daa jJe f‘}(ic)= '.’.9:}1 i sledstveno \V(ig):x.

¥ ig F-neprekidno: Neka je u ¥ O otvoren F=-skup u X. Zza A<€[0,1)
nostoji iaE A i X: & X tako da je u(Ai

).}/\l V(iﬂ} = X .
O a) o
Ttuda

W,
i
-
C
I
.l
l-..-..l
i
.y

|_Up - u+p (x-);ﬁ,=’u’f-’__ : X, e U
T N Ui M Hx;)

M

i
Y {?i r 1& E} = otvoren F-skup u h.

Vv je F-otvoreno preslikavanja: Neka je w otvoren F=skup u A,

Tada w = U{pi P py e u:} i sledstveno Y {(w) =¥ (V pi) = VY (pi) =

= ¥ p gde Jje X€ /\ ™ iy = 4 znaci v (w) Jje
x7 del0,1) i’ (5 Al ’
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otvoren F-skup u X, Dakle (H:?) je F~homeomorfan sa (x,7), O
Ako je (g;?) limes F-prostor projektivnog niza fF-

prostora koji zadovoljavaju F-dimd:&p gde je pe N, p>0, tada

pcd kojim uslovima je tadnc da je F-diﬁi_X£fp. Sledeée dwe pro-

pozicije se bave tim pitanjeme.

I8,

“ropoziclja_Jl,4: MNeka je Xe = {Xﬂ,tn m,H}- projektivni niz pre-
4

brojivo o =kompaktnih prostora kaoji zadovol javaiu F'diﬁixnéiﬂ

(peMN, p=20) 1 neka su svi f m(Xm) o =zatvoreni u Xn{ném

fiy

) o
Aka svako konalno o -senCenje bilc kojeg F-podprostora od Xq ie

prebrojivo ekstenzibilno, tada je f-dim X <D,

o
K
™ i - Ad -4 — -t A 1 v 1 1 -
Jokaz, Neka je U = {Ui}. o -senlenje od X i neka J& svakxo
i=1
kanang 2 =-senlznje nils kojeqg F-prostora od X {ne )} orebrs-
ii
iivec ekstenzibilno,
e -1 . . o
Yeka je u, = f_ (uq ) goe je n.e N, a v_  je otvoren
— i ] - ke i »
i i i
- - : : -1
-=skup u X_ , Dalje, neka je v = f (V_ ), n.=m za svako
n . m. DL.,d A, i
i i i i
K
1= 1,2 »9Xe 3tavimo V_ = 4 v : - .
TR e e “m m . , tada e le(hn} = ¢ i

i=1 |

{Um]fm(z)} konalno ol ~-sendenje ad FW(X). Pénﬁrupciitiji Ils2.5

. - - ':_- . , r . o it . — f(
r-dlmdfm{i}*ép 1 sledstveno postoji konacéno & -sencenje iu“

-~ T i=l
™ £ Iy ] T ¥ J—
cd F (X} reda ¢p i umiﬁ;Jmi}fn(X} Za 1 = 1,2,40e4ke PO

pretpostavci pogstoji konadno o —senéenje W/ iwj}cﬂ cd Xm tako

i=1
da Je wlfm{x) L -profinjenje od {Gm }k 1 atuda 1z prebrojive
Ti=1 .
A -kompaktnosti Xm-a postoji konaénq du-pmdsenéenje {w.}
i i=1
(L>k)., Orugim recima, {wj} je & -profinjenje od
i=1 |
K | K
{Gm.% reda <« p, Znaci, F-l( Lu.} ) je o~ =profinjenje
' l:l i J i:l
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K
od Fnl(Um) Sto povlacdi da je f l({w.} ) & -profinjenje od U
, " =1

N

seda £ p, ti. F-dim X<p. O

propozicija_J.3: Neka je X

=E S-S PR X 5 X LFE

= {Xn,tn’m,ﬂj projektivnl niz pre-

brojive o —~kompaktnih o -Hausdorff-ovih F-prostora sa jako F-

i

satvorenim kanconskim preslikavanjima. Ako je F-diﬂxxn < o za

syako ne N, tada je F-diﬁtf'é.p.

Nokaz. Neka je (X,T) limes F=prostor od X. = {X _,t ,m} .

- ~ N’ n,m

F-dim, X < p za svako n € N i neka je U = {v.} A -sendenje
) tlial

L

ocd X. Tada kao u sludaju prethodne propozicije, mi imamo o+ -

sencenje F;I{Uﬂ) = U i {Um!fm(x)} je konaCno oL=sencenje od

fm(X), gde je Fn(x} A =zatvoren u XF1 0o propoziciii 1.4 1 oret-

nostavci i tada i1z propozicije II.2.3 mi imama ~=dim T ‘X) = Do

- VR
Znaci, postoji <« =profinjenje wm od Umifmix) reca « O I odavde
-lf - » - . . -l - . ,-.._-I . b . N

= T \ 1 ., wrTnf o ¢ & {“J ‘E = ! (i) T *{E;’ ) e TIg™

- ‘Jm, ie arefinjenis ocC IR !, Je T TRH_) S cTa

Zenc < =-profinjerje od Y. Oakle, F-cim_ X =y

i
L3

eka je jako grebrojivo o -kompakinl S=DICcsStor
(x,T) limes F-proster projektivnog niza slatc normalnih ~—=0Tcsto-

ra sa surjektivnim F=vezujucim preslikavanjima, gde je r-diixxn

<p za svako ne N, Tada je (X,T) slato normalan “-prostar |

l‘:- .u :( < .
| dl:x. “ B

Dokaze. PFokaZimo prvo da je (X,T) slabo normalan F-prostcr. Neka
su #,k dva disjunktna zatvorena F=skupa u X i Fn : K-m%-xn

kanonska preslikavanje za svake ne€ N, Tada

/N FTHEL(F (K)) A cl(F_(H))) = O
neN A

Kako je (X,T) strogo prebrojivo o =-kompaktno po pretpostavci,
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-1
to je Fn‘(cl(Fn(k)) A cl(Fn(H)}) = 0 za neko n& N po propozi=-

ciji I.2.4. Kako je svako f_ (nem) surjektivna pa hipatezi,
y

tc je svakg fn suTjektivno po teoremi 0,3 1 sledstveno
cl(fn(k))*a cl(Fn(H)) = 0 u X s ALL X je slabo normalan F-pro-
stor te pastaje UjsVoy ctvoreni F-skupovi u Xn, takg da je
cl(Fn(k)) < u cl(Fn(H)) <u, 1 u; =cov

l’ 2'

Ndavde imamo

-~ o -—l —1 -l-l .

FHel(f (k) & £ (uy), FoN(el(F (H))) < FoM(u,) i

- ~~1 : ~=1 1

Fnl(ul) < f “(co uz), tie Kk &f_ {ul), H g f_ (uz) i

_T \ n- . q- . -ﬂ- N .
Fn*(ul; £ co rnl(uzj, gde su Tnl(ul) i rnl(uzj ctvoreni F=-

%4 .
Meka 32 U = {u;} oL -sencenje oc X, Tada svako u, =
'11" : ' T o . : 4
= fn.“un.)’ n, € i, v_  Je otvoren “-skup u X_ . Neka je
i i i i
- | i S l .o l- S 1 MO ¥ —
v, o= Fn_’m(vﬂ_? . & T za svaxa 1 e 2y y K tavime V_
1 1 b
)k B U .
_ . : - Py — 1) 3 ; = = : :
= gum?]i-lj tada je f_ (Lm, v, 1 kako Je rm(x} X.» to Je
V_ konalna o ~-sencdenis od X _ = Fm{x) za neka & &€({Q,1). Kakec
ie F_diﬁLXﬂ:ﬁ p, to postoji o =profinjenje W od ¥V Teda « p te
je F;l(w) o —prafinjenje od f; (Uﬂ) = U Ciji je red <« p,.

Dakle, F-dim X < pe &

L 3§  Fe=n 3 B A R F X W ]

Korolar 3,2: Neka je jako prebtﬂjiuo A ~kaompaktnl F=prostor
(%X,7) limes F-prostor projektivnog niza normalnin F .~prostora

sa surjektivnim r-vezama, gde je F=dim Xn 519 za svako n € N,

o
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Tada je (X,7) normalan F-prostor i F=dim X « p, O

Mi Cemoc zavr8iti ovaj odeljak dajuéi generalizaciju
Delinié~-Mardesideve tecreme R , drugim re¢ima dadéema dovo-
ljan i potreban uslov za F=dim X < n. Koristiéemo sliénu tehni-
ku koja je kori3éema prilikom dokaza te teoreme u topolo8kom

sluCaijue

Definicija 3.1, Projektivnl sistem X_. = {xs'Fs,t'S.g se zove

& -reverzibilnim akg za svaki aotvaren F-skup u_ o Xs,

rslt(xs\sump. us) je < =zatvoren uy A za cLG;[D,l) i s<t.
?

ti

Lema 3,2t Neka Je (X,T7) limes F=prostor & =rgyerzibllnaog
sistema X. = {XS,FS t,S} o =ikompaktnih F-prostora. Ako Je
P [ 'Y
seS 1 u_ je otvoren F-skup u X_ takav da je supp. u_ > FS(X},

tada postoji te€S, s<«1 takve da je t(x ) < suppe. U, e
‘l

Jokaz, Pretpostavimo suprotno, tj. za svako t€S, st mi ima-

mo x;'z F:i(Xé\supp us} £ 0., 2P0 hipotezi X£+ je o+~ —zatvorensc u

X, te agtuda ono je O =kompaktno. Dalje, X i_(*'{*’ S ¢,
v -
t,C 25 1 F:'r = t r[!*‘ je praojektivni SLStem d--blkampaktnLh
’

b

F=prostora te mora imati neprazan limes F~prostor {X*,T*)c;(X,T}
iz propozicije 1.8« Jasno fs(x*)ié Xg \ Sup u_ Sto je suprotno

pretpostavci FS(X)C;squ u_ .

K
| L )
Lema 3,3: Neka je (X,T) dat kao u pro3lej lemi, U = {Uik~ .

1l=

A =-genéenje od X Ciji Elanovi pripadaju /A{(X) i neka je seS.
Tada postojli t€S, s 2t i konaCno o-=-sencenje V, = {Ut % ad
14 i=1

X¢

v (ord (V.) =ord (v)).

: -1 . )
tako da je fy (uti),g u;, 1 redodV, =< 0d reda
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| o=l
Dokaz. Za svako u,&V, u, = f_ (u

< ), s:€ 5, u_ je octvaren
1 i i
F=sKup u Xs’. Izaperi soe=5, 502:8, SyseceyS e Neka je

i

&
-1 . , .
u. . =T (u ), i = ly25eee9ke Tada je V = {u .} i
SDl SiSG Si | 50 Sol $=1
-1 -1 .=l _oe=l _
1:s (Us i) = Fs 5.5 ( s.) N 1::5..(us.) = Ui, 8 cdavde
0 g 0 iTo 1 i i

F --(U :].___ U, t‘-}. f-‘ (u } je d;"'""ﬁenaenje Dd X- Zﬂaéi US je
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od=-senCenije od fy (X) koje je o ~kompaktno i sledi f_ (X)

» »)
Kk
SUp U gde je u_. = \V/,us i Cg lemi 3,2 postoji t €35 takvo
0 Q i=1 »
ca je t 2s_>2s5 i 7 (X_.) < supp u Stavimoc v = f-l (u )
- = To* s t'7t S-S k. T s ,t s 177
»; Q i a
_ K o
taga je Ut = {Ut.} ‘ A, =sencenje od Xt b Ft‘(ut_} 4, za
i) i=1 i
L = l,Z,.-.,k. Eaﬂa akﬂ j‘i‘ Ut 3 Fal -../\ ‘ift 1 # :1 tD _:E
1 K

=R S ( \ .—1
| U )A (U ‘.. --L r = 2
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die 1

-1 =1 =1 -1 -1, X .
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f"l_l f ~y 1 *
f ~{u . ) £ 0. Sledi uU. A U. A «saAUu; # 0 tes na kraju

S 5 1 L1 L i,

Q o “k 1 2

dakle dobijamo da je ord{vy) < ord(v). d

Lema_J.4: Nexa je (?;?) dato kao u lemi 3.2. Ako Je U

ctvoren F=skup u XS i Vi atvaren F=skup u Xt, s,t S, tako da

-] .. X
t} < f_ (US}, tada postoji re€S, r>s5,t tako da je
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Dokaz, Pretpostavimo da tvrdnja nije tadna, drugim redima za
. RS -1
svako €S, I28,t mi imamo X = Fs,r(xs\ supp us)\ ft,r(xt

supp ut) £ P. Tada je X:'cx.-Zatuaren ¥ Xr i kao u lemi 3,2, mi

bi smo imali inverzan podsistem o -bikompaktnih F-prostora kaji

imaju neprazan limes Fe-prostor, Ovc bi vodilo ka:

Supp . f_l(vt)\ Supp. f_(u_) # B,
t

Sto je suprotno nasoj hipotezi da Je F;l(ut) "4 f;l(us). o
Ova lema sada odmah daje sledeéi rezultat,

Srimedba, U_ Jje o ~sencenje od X 1 v, Je kona¢no ok =sencenje

od X, takvo da FrH(v,) profinjuje f;l(us); tada postoji reS,

-1

r » s,t, takvo cCa ft
y

[ . r l !
\ 3 £ i
I(Utj profinjuje ‘s,r(ts)'

4 .

i . ‘o X = " _ czib] | _
Propozicija_3.7: WNeka je X:- ixs’ s,t's} o -~reverzinilan pro

l-—l

jektivni sistem & -pikompaktnih F-prestora sa limes F—~prostorom
(X,T)s Tada je F-dim X =n ako i samo ako za svakc se 5 i svako

d-=sencenje Ug ed X sostoji te€ S, s<t, takvo da o =sencCenje

F-lL(U Y ad Xy noseduje o =-profinjenje reda < nNe

Dokaz., Neka je F~dim X <« n i neka Je U, ot —sencenje od X_.

———— St

Tada je F;l(us) d ~sendenje od X. Po propoziciji 3.1 F;L(US) ima

KX -grofinjenje U = {Ul""’ukj ¢iji ¢lanovi pripadaju standar-
dnoj bazi /3(X) i red od V < od n, Po lemi 3.3, postoji tS 3,

5 K
s< t, 1 Konacnao A -sencenje od Ut = {Ut‘% tako da Je
i

i=1

_l ) ‘
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Na osnavu primedbe iza leme 3.4 gde za svakec i = 1,2,

" - ) -l -l » * % -l
seesk, mi imamo f, (Uti) € u;, te f (ut) profinjuje f_ (us)
sledi da postoji reS, T>s,t takc da F;lr(ut) profinjuje

b J

-1 . . S . e
Fs’r(us]. InaCi ako je W _ = ft,r(Jt)' onda je W _ & =senlenje

cd X_ jer V. Je o -senlenje od Xy 1 Jjasna ard(ur) < ord(Ut)ﬁén.

Cakle, r i Y_ zadovoljavaju traZena svaojstuo,

Neka je U kanaCno oL =sencenjs od X sa Clanmovima za koje

noZemo pretpostaviti da su iz standardne baz2 /4 (X), Tada 00

lemi 3,3 postoji s€ 3 i konaéne o -sendenje U _ ac {, takvo sz
=
F—lr’u \.! - - . - [ D o r - t ;_; te: é"' :
s tdg nrarinjuje Y, 0 pretpostavcl postoli Ty S&£T, 1
wt ) - . ‘ - . . - A-l A * -
Konacno c=sencenje Y. od X_ xoje profinjujis §F_"_[U_ ) T=ca
e s :,L_f -
-1 " - ) o _
< Ne 3ledi da je f+‘{ut} konacno o —-szncenjs ¢cg { <8’ 2 oro=-
- =l =1/ e - =1, s
TINIUIE Ts Eisf’ e TLTAVL crofinjuje Ue casnc, orc T P
< ard {Jt} £ Ne Jakie, F-U;QLK <« n Sta Je I ctrecalc cokazati,
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INTRODUCTTION

The netion of fuzzy topoclogy which i1s a generalization
of the notion of topology on a set was introduced by chang in
[;L] 1968, This notion based on Zadeh’s concept of fuzzy sets
appeared in [ 311985, which has been applied to several pranc-
hes of mathematics, Since then many autnors have developed va«
rious aspects of fuzzy topology, but still attracting the atten=-
tion of researchers in a number of different fields. We introdu=-
ce the concept of o =covering dimension of fuzzy spaces, where
o€ [C,1}, as a generalization of the concept of the covering

dimension of topolcgical spaces,

Chapters 11, IIT and IV of this work may justify the
introduction and the study of covering dimension of fuzzy spaces.

Anglagggs Fguthg_ﬁhenry of the covering dimension of
topological spaces, we consider the subset theocrem, the finite
sum thegrem and the product theorem,

with each fuzzy space, a topolaogical space can be asso=-
ciated called the modificated topology with covering dimen-
sion equal to the d.—covering dimension of the fuzzy space., We
use the idea of the modificated topology to reduce statements
concering @-covering dimension of fuzzy spaces to statemsnts
about the éauering dimension of topological spaces.

The material of this work, apart from the topological



preliminary, is organized into four main chapters, each chapt
being made up of three sections which treat individual topics

The definitioﬁs and propositions given in chapter I 3
basic concepts of fuzzy sets and fuzzy topology where most of

them will be needed in the subsequent,

Chapter II is devoted to the & =covering dimension of
fuzzy spaces,

This is defined in section one and propositions 1.1,
give its main characterization. Section two deals with the su
theorems and the finite sum theorem, while section three tres
the lccal properties of the &-covering dimension,

The first section of chapter III contains application
of the previous chapter, Section two gives the relation betwe
the covering dimension of a fuzzy space and the covering dime
sion of a topologic._ sl space generating that fuzzy space prop
sition 2.3, as well as the egquality of the O =covering dimens
of an ultra=Tychonoff fuzzy space with the oO.«covering dimens
of its ultra Stone-Cech fuzzy compactification proposition 2.
Cection three deals with the product theorem for fuzizy spaces
satisfying certain conditions,

~inally chapter IV is devoted to the study of the inv
se system of fuzzy spaces and the limit fuzzy space in a sim
lar way to the case of the inverse limit space of topological

spaces, and of the covering dimension of the limit fuzzy spac

The symbol o is used to denote the end of a proof. I
is alsc used at the end of a2 statement whose proof follows esa:
ly from previous results,

Items in each section are numbered separately accordif



to their names and positions i.e. definition 1.1,...;1.2,...,
lemma 1¢1, 1¢2,ees and so on, References to each item in a
different chapter are by triples indicating, respectively, the
chapter, the section and the number of the item in the section

i.e, lemma II1,3.1 is lemma 1 in section 3 of chapter Il.

Bibliographical references are put in L 7.



Chapter 0O:
TOPOLOGICAL PRELIMINARY

The knowldge of the basic general topology and the ele-
mentary concepts of the covering dimension of topological spaces
is assumed, In this short introduction a brief summary of soms
results in these areas which will be classified under theorems
1s considered, Those listed theorems either to be generalized to
Fuzzy topological spaces or because they areof: particular importa=
nce in the subsequent,

We shall give a guick reuiaw without proofs of some re-
sults selected mainly from [4] [5] Oaul 27 23

YJe know that the product of tcpnlogical spaces is coma=-
ct 1f and only if each factor is compact. This result is known
by Tychanoff theorem, while the topological product of a family
of countably compact is not in general countably compact. But we
have:

ihecrem i: The product of a compact space with a countably

compact space 1s countably compact, a

The lnverse limit of an inverse system of topological
spaces may be empty sven if each factor space (Xs) is non-empty
and the bonding maps are‘surjectiue. Useful conditions under which the
inverse limit is non—-empty are given by the following two theor=-
ems,

Thegrem 2: The inverse limit space of an inverse system of

non—-empty compact Hausdorff spaces is a non-empty compact



Hausdorff spacee. O

Theorem 3; Let X be an inverse sequence of non-empty counta-

bly compact spaces. If all sets f_ m(xm),n < m, N € N, are =
*

closed in Xn, then the limit space X is non=empty and fn(x) =

/“\fn'm(xm) n «my D € N, a!

Theorem 4: The inverse limit space of an inverse sequence of
countably compact spaces and closed banding mappings is coun=

tably compact space., O

Theorem S¢ The inverse limit of an inverse sequence of per=-

fectly normal spaces is perfectly narmal, &

Thegrem 6: If X is the inverse limit space of an inverse
sequence of spaces with all bonding mappings surjective, then

each cananical mapping is surjective, a

Since the first appearance of the notion of dimenéion
theory in the early twenties there have been remarkable develop=-
ments in this notion, Thers are three dimensicn functions for a
topological space but we are interested in the covering dimensi-—
on {dim) which depends eésansially on the order ﬁf open refine-

ments of finite open coverings of the space,

The next twoe theorems characterize the dimension functi-

on dim,
Theorem 7: Let X be a tcpological space, Then the following
are equivalent:
(1) The space X satisfies the inequality dim X <n

K
(11 ) For every finite open cover {Gi} of X there is a
| i=1

k
finite open cowver {Hi} of X whose goxder < n and
i=1



H. ¢ G, for each 1 = 1, 2,1-..kt
1 i n+2

( I}}) For every open cover {G } of the space X there is an
i=1
n+2
open CoVver {Hi} of X with Hi C'Gi for each i = 1,2,000
i=1
N+2
n+2 3ndm H =¢| O
i=1

Thegrem B: Let X be a normal space, Thenthe following state-
ments are eqguivalent:

| ) The space X satisfies dim Xgn
Kk

{1l ) For every flnlte open cover {G } of X there is an copen
i=1
cover E of X such that each cl Hic:.Gi and the order
=1
of {cl Hl}

{ll] ) For every flnlte open cover {G } of X there is a closed
}k i=1

caover {Fi of X such that each ri‘: Gi and order of

Ji=1

A
F+ < M
tli=1

(ty ) if {Si}n+2 is an open cover gf X there 1s a closed cover

i=3
n+2 n+2
F. of X such that each F, & G, and /1 F, = ¢, O
1l i=1 L i i=1 i

It is aobserved that if dim X = O, then X 1is normal space.

MorTe gver we have

Thegrem 9:

802

if X is compact Hausdorff space then dim X = 0 1if

»
-'

and gcnly if X is totally disconnected, 0

Theorem 10: for a normal space X, dim X = dim /43X, where /3X

is the Stone=-Cech compactification of X, ]

Thegrem 11: If M is a closed subset of a space X, then dim

Mﬁ-dim X- o

We turn ta the behavigur of the dimension function dim



under the cartesian multiplication,

Thecrem 12: Let X be a paracompact Hausdorff space with

ne If

dim X = m and Y a compact Hausdorff space with dim Y
either X or Y is not empty, then:

dim{XxY¥) < m + N, a

Theorem 13: For every pair X,Y of compact spaces of which
at least one is non=-empty we have

dim(XxY) = dim X + dim Y, @

Theorem 14: Let X and Y be Hausdorff soaces such that XxY
has the star finite property. If X or Y is non-empty, then

dim{XxY) <« dim X + dim Y. o

Theorem 15: If X is a space and Y is a locally compact, pa-
racompact Hausdorff space, then

dim{(XxY) « dim X + dim Y, I
Theprem 16: Let {Xs} be a family of spaces such that any

SES
countable product of the spaces in this family is Lindelof.

If dim XS 0 for each s&3, then dim TTXS = Je a

Theorem 17: A space X is a compact Hausdorff space with
dim X = 0 if and anly if X is an inverse limit of finite

discrete spaces, =

Thegrem 18: Let X = {x y ,S} be an inverse system over S
———————i ~ s’ s,t
of compact Hausdorff spaces with the inverse limit ;. Then

dim i-é n if and only if for every se 3 and every open cove=-

ring U of X_ there exists t € S, s ¢t such that the cove-

[

ring £-L (U} of X, admits a refinement U, of order < n+l, 0
s,t'"s t t =



Theorem 19; Let a countably compact space X be the inverse

limit of an inverse sequence of normal spaces and surjective
maps {Xn,Fn'm,N} with dim Xn « p for each n € N Then X 1s

normal and dim X & pe QO



Chapter I:

FUNDAMENTAL CONCEPTS

Since many definitions and cancepts‘in fuzzy topology
have not yet taken their final forms, we devote this chapter to
the basic concepts of the theory cf fuzzy sets and fuzzy topo-
iogy. We give a quick review for some of those definitions and
- results - without proof —given in[1]J[¢] [#] L] [ro] [Tl 2] L15]
C16Jr221ras] [297 7] which will be used frequintly thloughout

this work,

1 FUZZY SET THEQRY:

X stands always.fcr a non-empty set, I for the closed
unit interval [D,f] and I* for the set of all functions from X-
to I,
Definition 1,1: A fuzzy set in X=denoted by F-~set-is a fup-
ction f : X— I which asscciates with each point x€ X its

value f(x)eI (or its grade in I).

The set {xeax : F(x)?'U} is called the support of f
and is denoted by fc' The f=set fWEIx such that f(x) = 0 for

all x&€X, will be denated by 0 which corresponds to the empty

set ] and the F=set fEIx such that f(x) = 1 for all xe Xy



10
will be denoted by 1. This F-set corresponds to the set X,

A fuzzy point = denoted by F«point - p in X 1s an F=sat

in X given by:

it

p(x) ok for x = x, (0 <& 1)

i

0 for x # X,

where X o is called the support of pe.

We note that any two F-points p and g in X are distinct
if and only if their supportes are distinct,

A special function which we shall find useful in the
subsenuent discussion is the characteristic function of a subset
i.,e, if A is a subset aof a set X, then-the characteristic func=-
tion _«AA) of A on X is defined by:

L(R) = 1 if x A
= 0 if x£A
which is an F=-se2t in X, There is a one-ogne carrespondance betw-
2en the family gf all subsets of a set X, ﬁ(X) and the set of all
characteristic functions which have domain X, ch(X) i.e.
There are two functions:
| 9 : P(X) — ch(X) given by 9(A) = _«(A)
W 1ch(X) —> P(X) given by v () = {xﬁex | (x) = l}
Since F-sets are real valued functions, we will use the

existing function operations of =, €,V , A, see ¢« to relate F=

sets to gther F=~sets,

Definition | Let f,q9 be two F-sets in X, Then:
(1) f=g & f(x) = g(x) for all xe X
() f ¢« g & f(x) <« g{x) for all xeX

(M) pef = pl{x) =« fx) for all xe X, where p

1§

is an F-point



11
(V) f v g max {f(x), a(x)} for all xeX

(V) fAg = min {f(x), g(x)j for all xe X.

|

More generally, for a family ifS} of F-sets the join
se$

( \/'fs) and the meet (/A\ fs) are defined by:
S&ES S& S

L\E'./st] (x) = sup fs(x) x € X

S€ES
‘-/\ f] (x) = inf f‘s(x) X e X
L§EES S S€S

(V1) The F-set cof defined by (cof)(x) = 1 - f(x) is called
the complement of f,
The F-sets F,geslx are said to be disjoint if f A g = Q.
It is observed that if feIx, then fAcof £ 0 in gene=-
ral and if f,,f,eI" such that f, A f, = 0, then f, < caf,
out this does not imply that fl A F2 = { generally, which is a

deviaticn from ordinary sets; that is the lattice (Ix,fé) is

not a complemented lattica, while Demorgan’s law holds i.e,

ca(kh/.f } = /A\ co. f_

saS ° S&€5
and
\ 7/
col /\ fg) = / cof. _
S &5 53
for any family {fs} gf f=sets in a set X.

seS

It follows from definition 1,2 that:

(1)° fvg=gvf and fAag=g9gAaTf
(1)° fvi3=f, fAlU=0 andfvi=T1, FAIl=rFf
— =1 andcol=20,

(1)° co(cof) = F, co G

Proposition l,1l: Let f be am F=set in X and let p be an F=

point in X, Then f =\/{P : pe,:_f‘_} e O
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Defipition 1,3: Let w: X — Y be a mapping aof a set X into

a set Y, If f is an F=set in X, then w(f) is an F-set in Y
defined by:

sup f(x) if "i’-l(y)#m
()] () = 4 xe¥i(y)
Q if W i(y)=0

If g is an F=-set in Y, then \f’-l(g) is an F=set in X defined
Oy

L) (0 = a(w(x).

) W \/sfg) - Vo)
S &

s €S 3

) wWHA ) = AN v
Se S s &35

) v (Vo) = Vo ow(r)
s& S s€S

S€ S ses S
(V) Wy () ¢ f
(Vi) THR(R)) - 5 f o
We may writs P:; if the value of an is o and hence
P}f:ef if and only if F(xa)::-ct for d.e[ﬂ,ﬂ.
Proposition_1,3: Let ¥ : X —> Y be a mapping from a set X to

a set Y, f be an F~set in X and D:' be an F=point in X. Then:

(1

a

) W E’Z] - Er?‘xa)
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(1) Py et implies w[ey | e wi(f) =
o Q

de FUZZY TOPOLOGICAL SPACES

Definition 2,1: A family T of Fesets in a set X is called
fuzzy topoleogy on X (F-topology)if it satisfies the followi-

ng conditions:

(FoTol) 0,1 & T

(FeTe2) f_e T implies \/ f. e se$S
S S
s€S -
n
(FeTo3) f. e T implies /\ f, € T,
i {ey] 1

The members of T are called open F-~sets and the pair
(X,T) is called F-space, If f is an open F-set, then cof is ca-
lled closed F=get,

F=spaces are a very natural generalization of topologi-
cal spaces, as a mater of fact a topology on X can bé regarded

as a family of characteristic functiomrs with the function ope-

rations of <« ,v,A and co,

Definition 2,2: Let (X,T) be-an F-space, An F=set g in X is
called a neighbourhood eof an F=set f in X if f < g and there

ey

is an F=set h « T such that f ¢« h <« g,

By the interior of an F=set = dencted by int(f) = we

mean the F—=set:

int(f) = \J/

s {8s P 9%y ggeT , s € 5}'
f is open if and only if f = int(f), |

The closure of an F~set f-denoted by ¢l f is the F-set

given by:
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cl f = 4;\ {.hs : f < hs hoeco T, s € 5_}

f is closed if and only if f = ¢l f,

Proposition 2,1: Every F=set f in an F~space (X,T) satisfies

int(f) = cal(cl(cof)). O

The above proposition gives the cannectisn Between the

interior and closure aperatar in F-topology which is similar to

the well konown connection between them in topeology.

gl -

Definition 2,3: Let (X,T) be an F-space and ,B3<T be a
subfamily of T such that each f « T is the join of members
of /3 « Then ,3 is called a basis far T. Alsa S < T is called
a subbasis far T if the family of all finite meets of members

of 8 is a base for T e

pesition _2.2: Let (X,T) be an F=space, Then 4 is a base for

T if and anly if, for any f ¢ T and for every fF=point p in X

with p € f, there exists B&€,2 such that gpe 8 2 f, O

Jefinition 2.4: An f-space (X,T) is said to be C, if there

exists a countable base for T.

Definition 2,5: Let (X,T) be an F-space and €0, 1), A co-
llection U ¢ T is called ahd X~shading of X if for each

X € X there exists ue U such that u{x)>a « A subcollection
of U which is also an o =shading of X is called an o =sybs—

hading of X,

Definition E: Let (X,T) be an F-~space and d,e[b,l). Let
U and V be tuwg & ~=shadings of X. Then U 1s said to be an
®~refinement of V , written U 4V, if for each u € U there

—

is v eV such u < v,
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Any o =subshading of a given o =-shading is an « —-refine-
ment of that o -shadinge I

The ndtion of o =shading plays an important role in the
study and development of F-spaces analogous to ths role of the
notion of covering in topological spaces, and so < =compactness,
countably o -compactness and S0 On... are defined and studied in
terms of & =shadings as we shall see in the following definiti-

ons and propositionse.

Definition 2,73 An Fe-space (X,T) is said to be ol—campact
(oL ~Lindelaof) if each ol=shading of X has a finite [counta-

ble) o =subshading of X for oel0,1).

Definition 2,8: An F=spacse (X,T) is called countably o.=
compact, where o< (0,1), if every countable =shading of X

has a finite o ~subshadinge.

Semark: fvery d -compact F=-space is countably & =-compact, and

every & =Lindelof countably o =compact is o=-compact,

Proposition_2,3: Let (X,T) be a C, F-space and oe(0,1)s Then

the Follqming hold:
(1) {(X,T) is o.=Lindelof.
(1) If (X,T) is countably o =compact, then (X, T) is

& ~-cgmpact. O

Definition 9: An F-space (X,T) is compact if for each

family /4« 7 and for each oLE[EJ,l) such that sup g>o andg
Qe /3
for each J €(0,t] there exists a finite subfamily 60(_g

such that sup g > o -d .
Qe |
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Definition 2,10:; Let «el0,1) and B8 ¢ IX, Them b is called

X ~centred if for all C11C59ee0yC € B, there exists x e X

M
with Ci(x) 21 -~a far all i=1l,2,00egN0

Proposition_3g.4: Let (X,T) be an F=space, &E[G,l), Then (X!T)
is & -compact (countably o -compact) if and only if, for svery

o =centred Bf ici }m

i=1

X € X such that c{x) > 1 =<o for all c eB(ci(x);l - & for all

) of closed F=sets in X there exists

i=l’2'lll )i -
This proposition shows that if (X,T) is o =compact
(countably & -compact), o< {0,1), and for every o =centered

o0 _ . /\ ==
3 ( {Ci}j‘.:l) of closed F s-ats, then /o ¢ # 0 (i/=\l = # 0).

Definition 2,11: Let (X,T) be an F=space and «&[0,1). Then

(X,T) is & =Hausdorff (Hausdorff) if for x £ y€ X, there
exist f,g € T such that f(x)>a, g{x) > ( f(x) = 1 =

= g(x) ) and f A g = 0,

Note that Hausdorff Fespace implies oL =Hausdorff Fespa=

ce for any oelg,1),

Oefinition 2,12: Let (X,T) bg ”a'.n'F'-'é;_j_ace, Ael0,1), and

A< Xe Then:

(1) A is d=cleosed { &"~closed) if for each x € X\A there
is f € T such that f(x) >« {f{x)>a) and f A (A) = 0

(1) A is suitable closed if A(R) is closed F=set in X.

BropQsilign_ 2452 Arbitrary intersections of X -closed sets
are & -closed, and finite unions of d =-closed sets are K =

closed, 0

the following proposition relates the ol -=closedness
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with suitable clossdness.

ekl S -y

Egggésition 2,6: Let (X,T) be an F-space and let A < X. Then
the following %re equivalent:
(1) A is suitable closed set,
(1}) A is 1 = closed set. a
Let (X,T) be an F=space and Y <« X, Then the family
Ty = {_f]y : F(iT} , where f ]y is the restriction of f to vy

satisfies the three conditions of definition 2,1, that is Ty is

an F=topology on Y.

Oefinition 2,13: The F=topology TY is called the relative
F-topology on Y or the F=topology on Y induced by ths F~topolo=-
gy T on X, and (Y,Ty) is called the F—-subspace of (X,T)e.

We usuyally omit the relative F-topology TY and simply

write the F=subspace Y.

Let (X,T) be an F=space, Y be F-subspace of

I + Then:

(1) f is closed in Y if and only if there exists a closed F-set
in X such that f = g | Y.

() el f=clflYse g
Y X

We note that if /4 is a base for an F=space (X,T), then

fgy ={B |y BE/{}is a base for Tya

Propgsition_2,8: Let (X,T) be an F=-space and Y < X, For

& € 10,1) the following hold:

(1) (X,T) is & =Hausdorff, then (Y,Ty) is & =Hausdorff,

(1) (X,7) is & —=compact (countably & =compact) and Y is ot =

closed in X, then Y is o =compact (countably <i--campact).ﬂ
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Let (X,T) be an & -Hausdarff F-space and
Y « X« Then the following hold:

(1) Y is o ~compact in X, then Y is & =closed in X.

(1) {Ys} is a decreasing family of ol-compact {countably
S€S5
ol =compact) in X, then ;25 Ys # 6 and is o =-compact

(countably & —compact)}. O

Definition 2,14: An Fespace (X,T) is called:
(1) FT,~space if each F=point is closed F-set,
(1) FT,~space if for each two distinct F=points p,q in X3
a) p, # q, implies that there exist two disjoint open
F=gets containing p and g respect.
5) Py = Ggs n(x) <« aq{x) implies that there is an f « T
such that pe f and g &€ cl f,
{111} F=regular space if for each closed F=set g and each F~
pagint p suth that p ¢ q there exists an open nbhd, f
of g such that p & cl(f).

Definiticn 2,15: An F=gpace (X,T) is called:
(| ) weakly F~=normal if for every two disjoint closed F=sets

gy and g, there exist two open F-sets h, and h, such

2
that 81 < hl, a5 < h2 and hl < ca‘hz.

( 1) F=normal if for a closed F=set g and an open F-set with
g « f, there exists an aopen F-=set h such that g<h =scl h
<f or equivalently: for every closed F-sets g; and
g, such that g < CO gq there exist two open F-sets h,

and h2 such that 9y < hl’ 95 < t and hlqé co h

2 2°
(111) Perfectly F=normal if it is F-normal and every closed

F=set is a countable meet of apen F-sets,



18
Proposition_2,10: Every F-normal space is weakly F-normal, O

The converse of this proposition is not true in general.
Propesition_2,11: Let Y be an F-subspace of an F-space (XyT)e
If (X,T) is FT,, E‘-‘TA (F-regular), then Y is FT, [FTZ] (F~requ-
lar). Q2

The F-subspace Y of an F-normal space (X,T) is not F-

normal aven if Y is o =closed in X. We shall see in chapter IIIl

‘when an F-subspace of an F-normal is F-normal,

3, FUZZY CONTINUOUS FUNCTIONS:

Definition 341: Let (X,T) and (Y,R) be F-spaces, and let

vt X=—>Y be a mape ¥ is called F~continucus if ‘\V-l(f)eT
whenever f € R and is called F~gpen (F-claosed) if every open
(closed) F-set f in X, (f) is open (closed) F-set in Y,

V is F~homeomorphism if ¥ is F=continuous bi jective and F-cgeﬁ

or F=closed,

Prope

§in

ition_3,1: Let (X,T), (Y,R) be F-spaces and let

BN X —= Y, Then the following are equivalent: |

()W is F=continuous,

(11 ) For every closed F=set g in Y, xyﬂl(g) is closed F-set
in X

(1) For every F-set f in X, (el f) « cl(w(f)),

(W) For every F=set g in Y, cl(‘P-l(g))=5‘P-l(cl Qle O

The composite of F-continuous (F-ocpen)

[F-clcsed] is F~cantinugus (F-open) [F~closed ] « O
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be an F-continuous map. Then for-cne[ﬂ,l), the following hold:

(1) (X,T) is &« =compact, then w{X) is o =compact as an F~sub-
space of (Y,R)e

(1) (X,T) is countably o -compacet (o -Lindelof), then W(X)
is countably & =-compact (o -=Lindelof).

(1) (X,T) is ot =compact and (Y,R) is o-Hausdorff, then for

KA=closed set A in Xy '\P(Pi) is A=clpsed set in Y, -

ix e X : 0(x) ='V’(x)} is cl=closed in Xe a

Proposition_3.23 Ltet w1 (X, T} — (Y,R) be an F=econtinuous

rap. If A is &=closed in Y, then WV '(A) is & ~closed in X. O

Let (Y,T) be an F=space, X is a set and ¥ : X — Y is
a functiaon. Then the family ‘F-l(T)'= {N:l(f) I e.T} is the
smallest F-topology an X making W F~cantinuous, This F~tapolagy
is called the initial F-topeclogy on the set X,

L?t,i(xs’Ts) }ses be a family of F-spaces, X =;zéxs
be the cartisian product of X_ (as sets) and let P : X —> X

s € 5 pe the projections., The family {_P;I(Fs) : f e Ts’ seiSd}

of F~sets can be taken as a subbase for an F-topology T on X.

Definition 3,2: Given a family {(xs'Ts)}seS of F-spaces,
The F=topology T on X defined as above 1s called the product

F=topology and (X,T) is called the product F-~space,

T+ will be observed that the members of a base for the

N

product F=topology T are of the form: ;ﬁ\ Pil(Fi), FieaTi for
i=1

1= 1,2)00e9Me
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Propasition 3,6: Let (X,T) be the product F-space of the fami~

951k 2

ly {(Xs. 'i'_'___‘)j’%S of F-spaces, Then the fallowing are equivale~
nt: |

(1) The projectiaon P is F=caontinuous for every s € Se

(Ul ) The product F-topology is the smallest f-topology on X for

which the projections are F-continuous, O

L= =

Propgsition J.7: Let {(xi'Ti)}i=l be a countable family af C

F=spaces, Then the product F-space (X,T) is also C, . O

1D

zopgsition_3,8: tet (X_,T_ ) be a family of F-spaces. If each

( X Ts) is o =Hausdorff (F,T) [F-regula:} Fe=space. Then the pro=

s!
duct Fe=space (X,T) is oL =Hausdorff (FTl) [F—regular:] respect-

iUElY- O



Chapter II:

A ~COVERNIG DIMENSION OF F=SPACES

In this chapter we define the ol-covering dimension of
F=spaces up to X~level where d-é[t’],l) and give some of its
Characterization similar to the well known characterization of
the cnuering dimensicn of topological spaceSe«pnlso we find some
subset and finite sum theorems in the second part of this cha=-
pter, while the last section is devoted to the study of the

local Ji=covering dimension of F-spaces,

l, MATN CHARACTERIZATICONS:

The notion of the order of a family of F-sets will be

“midly used in our study of the covering dimension of F=spaces,

|
Definition 1,1: The order of a family of F-sets {fs}
s€3

of an F-space (X,T) is the largest integer n for which there
exists M < S with n+l members such that ézhfs £ 0, Or o if

there is no such largest integer,

Thus, if the order of {fs} = n, then for each n+2

o T n+2
distinct 31'32""’Sn+2 < 3 we have /\h fs'= 0, and if the
1=] i
order of {Fs} = 0, then {Fs} cansists of pairwise dis-

S €5 5€8
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joint non-zero F=sets,

Definition 1,2: Let (X,T) be an F-space, n be an integer

(n > 0), and let e l0,1), We def‘ine the Jd=covering dimen-

sign of (X,T) - denoted by F-dim X = as follows:

(1) Fedim X = =1 if X = §.

(1) F-dim X «n if every finite o-shading of X has an -
refinement of order ¢ n.

(M) F=dim X = n if Fedim X <n and F=dim X > n-l.

L

(tv) F-dimdf oo if F-diqdﬁ < n is false for svery n.

Example 1,1: Let X = {xl,xz,xs,x&}.. Let f, g, h, f, m E.Ix

be defined as follows:

fix) = % if x = x4
= 0 ogtherwise

g{x) = -g: if xe{xz,xa}
= {0 otherwise

h(x) = % if x e‘{XE'x&_}
= (0 otherwyise

{’.}(x) = .‘?._2 if x e{xl,xa}
= 0 otherwise
m(x)=%ifx=xa
= 0 otherwise,

Let T = { -D_,-f,f,g,h,g,m,fvg,f vih,g vh,gve} e Then
(X,T) is an F=space,
Put o= 75 , then {f,g,h} i o ~shadi X, whi
= 15 » s I8 1s an shading of X, which
is clearly an ol =-refinement of any & -shading of X and the

order of {f,g,h| <1, Hence F-dim X < 1.

X

Example 1,2: Let X be as in example 1,1. Let f,g,h € I” be
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defined as follows:

f(x) = *% if x = %
= 0 otherwise
g(x) = % if x e{xz,x3}
= (0 otherwise
h(x) = % if x = x,
= 0 otherwise,
Let T = { a}f,f,g,h,fwrg,f\/h,g\fh}-. Then {(X,T) is an

F-space, If we put o= &, then { f,0,h} is an & =-shading of X,
which is an A -refinement of any KL ~shading of X,
Since fag =gAh = fah = 0, and X #_9, so F~dim X = O,
The next proposition gives a useful characterization of

the o =-covering dimension of F-spaces,

Sropesition_1,1: Let (X,T) be an F-space, oe[0,1). Then the
following are equivalent:
( [ ) F"dimmx £ Mo

K
(Il ) For any finite « =shading {fi} of X, there is an K =

K | i=1
shading'igi} of X of grder < n, and 9; < fi for each
i=1
i = 1,2,-.¢,k'
( N+2
() If ifi}‘ is an <« =shading of X, then there is an ol =
1=1 N+?2 |
shading {gi} such that 9; = fi for 1 = 1,2,eseyn+2,
=1

A
aﬂd / gi - OI
1

i€
Proof, (1) = (il) Let F-diqix < n, and let {fi} be an
K

i=1
o ~shading of X, Then by definition 1,2, {Fi} has an
i=1
K -refinement V of aorder < n, If v €V, then v < f. for some

L
ifE{_l,Z,...,kj'. For each v « V choose i(v) = k such that

V{vEV : i(v) = i} . Then clearly

¥ E'Fi(u) and let Qs
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K

{Qi} is an o =-shading of X whose order < n, and for each
i=1

i = 1,2’---_’k, gi = Ei

n+2
(1) = () Let (}}) be hold and let {fi} be an
i=1
X =-shading of X, Then by assumption there is an oL -shading
n+2 |
{Qi} such that g; < f; for i = 1l,.4.4n+2, and order of
i=1 |

n+2 | n+2
g < Ne So from definition l.l we get /A g, = Q.
a1 T j=1 1

93k
(M) => (1) Let {.fi} be an cl-shading of X, and
i=1
assume that (lil) is true., We may assume that k > n+l, Let 9; = Fi
k n+2
for i £ n+l and g = \v/ f.e Then {g.} is an d =shading
n+2 i=n+2 T tli=1
n+2
of X and so by assumption there is an & =shading &hiB- such
i=1
n+2
that h. & g. FGI’ gach i = 1’2"0.’-n+2’ and /\ h = G. Let
i i _ =1 i
mg = h; for L < n+l, and m; = g; & Raeo Tor 1 > n+ls Then

' k n+2
Al =‘im.} is an O =ghading of X, each m, < f., and /\ m. = 0.
)21 1 1 j=1 =+

If some collection of n+2 = members of M has a non=zero meet,
then they can be renumbered so that the first n+2 = members ha-

ve a zero meet, By applying the above construction to M, we can
K - n+2

get an o =shading M* = {m?} such that m, < m. and /ﬁ\ m.=0.,
ij. i i . i
i=1 i=1
Clearly @] A M) A eee M7 = 0 wWhenever M. A M. eee A M = O
*1 12 ts 1 1 lg
where il,iz,...,is is less than or equal to k. So by a finite

number of repetitions of this process we obtain an X =shading

K
{Si}. L of X of grder < N and Si < Fi for i= l’Z'lil'kg
1= )

(1) == (1) is obvious. QO

The notion of normality playfan important role in the
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development of the covering dimension of topological spaces, but
the role of F-normality is slightly weaker because of the fact
that: g; A g2-= 0 if and only if 9; <« €0 g, does not hold in ge=-
neral in case aof F~sets, This led Kerrel 1 to introduce the
notion of weak normality for F-spaces, and it leads us to the

following definition,

Definition 1,3; An F-space (X,T) is called F.-space if for
each pair of f=sets f,g in X with cl f < co g then cl fag =
= U,

e coserve that for Fc-spaces, F=normality and weak F~-
normality are equivalent, For 2 by praopasition l.249, every F-
normal space is weakly F-normal, Now let 91r 95 be two closed

2,93 |
r=sets in an Fc-normal space (X,T)L'Then by definition I.Z.TE;
(H)), there egxist two open F=sets hl, h2 such that 9; & hl’

9, <« h, and hy < ¢o h,,. Since (X,T) is F.-normal so by definiti-
on 1.3, cl §; =co 92 implies cl 91 A Bo, = 0 and hence g1 A 92 =

= 0 as required. O

Definition 1,4: Let {Fs} be a family of F-sets in an F-—
S€S
space (X,T)e. A swelling of this family is a family {gs}
S€S
of F=-sets in X such that Fs < 9, for every s ¢ § and:
f A T see T = 0 1f and iny ifg A G _ A see A -
Sy S5 S Sy s, S,
= 0 for every choice of indices Sy eee S € S5,

Broposition_1.,

&
g S R G W

Let (X,T) be an F.~normal space, Then for eve-
~K

ry finite family '{fij af closed F~sets in X, there is a fini=-
i i=1 %
te family {h.g of open Fe~sets in X such that cl h is
il i)iaa

K
a swelling of {Fi} and Fi < hi for each i = 1,2,000e9Ke

i=1
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K
Proof, Let {Fi} be given, and let 9, be the join of all meets
i=1

of the form fi A fiz A eeoe A_fim such that flﬂﬂfila .-.a&fim

Then 9y is closed F=set and gy A Fl = 0, sa Fl-s CO Qg9 where

=0,

co g, 1s open F-set, Since (X,T) is F~normal, there exists an
open F=set hl such that fl < hy < cl hl £ CO Qgye

Kk
The Family {Cl hl'fz TR Fk} is a SﬂElling of {fi}
i=1

because: If f, A f. AT, eseeaf: =0 then f. A eee A F.
1l | ll 32 1 ll i
< 9y and so co(f, A eee AT, )zco gy 2 cl h) lees cl h; <
*1 m

Co(f. A eeeAf; )o Since (X,T) is F_=-space then cl h, A(f. A
i, in . 1 i,

.--x\f ) = B, Thus if we apply thus principle K=times, we cbta-
Kk

such that {cl hi} is a

‘m K
in a family of open F=sets {hi}
i=1

i=]
Kk
swelling of {fi§i=l and Fi < hi

Qefinition 1,5: An ol=-shading {fs} of an F-space (X,T)
S&S
is said to be shrinkable if there is an o =shading {gs}

S€S

of X such that cl ag ¢« g for s e S,

Propesitign_1,3: Let (X,T) be an F-normal space. Then each fi-

nite <=shading of X is shrinkable,

K

Progf, Let &Fi}i ! be a finite Al=shading of X, Let us put

gl = €0 r]_-[Lf.zvf3 "'vfk} heT {h : Fj_ v i=llzt--.,k}]/\
/u(fi), where ff = {x & X[Fl(x)aax}, Then 9, is closed
Feset in X and g, < fy,30 by the F-normality of (X,T), thers

exists an open F-set m, such that 9y £ m <ecl my 5‘F1' and

{ l’FZ’fS""' k.} is A -shading of Xi if we apply this method
K-times, we obtain an d =shading { } of X such that

i=1
cl ITli < fi for each 1 = 1'2’-|o,ki Cl
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Definition 1,6: Let (X,T) be an F-space, A collection B of
closed F=sets in X is called an d-cashading of X if for each

X & X, there exists g ¢ B, such that g{x)>a ¢ o [0,1)e

The next proposition gives a characterization for F-dim_

of Fc-nnrmal space in terms of closed F-sets,

Propesition_l.4; Let (X,T) be an F_-normal space, def0,1)

Then the following are equivalent:

(1) F'diﬂix £ N, .
{1 ) For every finite o =shading {Fig of X, there exists an
i=1

K
ol=shading {gi} of X such that cl 2; £ Fi and order of
i=1
4

{cl gi}i 15-_ Ne

k p
(1) For every finite d=shading {Fi} of X, there exists an

” i=1
X~coshading {g.} such that g, 4 f; for seach 1 = 1,2,.
il " i i
vey Ky and order of )lgi £ ne.
i=1
n+2
(Iv) If {fis is a finite K =shading of X, then there exists
n+¢ n+2
an X -cashading igi} such that /\ g. = 0 and g, < f.
. ! i i 1
i=1 1=1
fQI‘ i - l,Z,...,I’H'Z-
: . K
Proof, (1) = (}I) Let F=dim X < n, and let {’r‘ii be an o=
' i=1

shading of X, Then by propocsition 1.1 there exists an A -shadi-

k
ng {hi} such that hy <« f., for i = 1,2,seeyk and order of

i=1 t
<
{*HJ < Ne But (X,T) is F-normal so by proposition 1.3 there
i=] Gk
is an dd=shading {gi} sych that cl 9; < hi for 1 = 1,2,ec0sK,
i=1
K
and order of {cl gii < fNe
i=1

(1) => (1) and (i1}) = (W) are clear,
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n+2
() = (1) Let { 13 be an oL ~shading aof X, by hypo-
i=1 n+2
thesis there exists an dL-cnshading {gi} aof X such that
i=1
n+2

gi & Fi for Eaﬁh i = l,2,-.-,n+2, and gi = 0o By prﬂpasi-

i=1

n+2
tion 1,2 there exists a family of open F-sets i} such that

n+2
g; ¢ hy é,fi for 1 = 1,2,4ee9n+2, and {cl h.} is a swelling

tli=1

n+2 n+2
of {gi} . Thus‘{hiS is & =shading of X, h, < Fi and

i=1 i=1
nN+2
/\ hi-“-"Gt
i=1

- Hence by proposition 1.1 F-diﬁLX~£:n. |

Let (X,T) be an F-sgpace, and let dh c[0,1] be fixed. We
define a weaker dimensicn function =~ denoted by ii "diﬁxx - of
a
X at oel0,1) as follows: If oe(0,c ), then F_ =dim X <n if
o
gevery finite A -shading of X has an X =-refinement whose arder
4 Ne Ifde@b,l), then F¢G-dim¢x < n if every '"'.f'inite oL =gshadi=-

ng of X has a /Z=refinement for some /de [G,d-o) whose arder < N,

txample 1,3; Let X = I, forn=1,2,3,4 and.let fn’gn e IK be

defined as follows:

. 2 .« o 7
f'n(xj = Ti3 if xe EJ,'_%]

= O otherwise
2 . B!
gn(x) = 5573 if x € Lg,i
= otherwise
Let T = {Ethfntgnafn A gnlf v gnsn—l 2y {*} .
Then (X,T7) is an F=-space, Put &, = % and let d-f-I% (say).

Then {f&,ga} 1s A =-refinement of every ol ~shading of X, where

OLE'[].Z’E whose order <1, So Féﬂdimd,x <1,
8
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rematk: We notice that if X, = l, then ﬁ& -diqix = Fedim , X

”)
For de[0y ) e

If delo+1)s then £ =dim X and F=dim X may not related.,

< g

2. THE SUBSET AND SUM THEOREMS:

In this section we find some subset and sum theorems for
o =-covering dimension of F=spaces, It is not true in general
that if (X,T7) is an F=space and Y is an F-subspace of (X,T) then
redim ¥ < F=dim X, We will see under what conditign the above

ol .
relaticn is true,.

Proposition_2,1: tLet (X,T) be an o =-compact F-space., If Y is an

& -closed F=subspace, then:

F'-dimd“l’ & F=g irnd‘x .

Progof: Let F-diﬂix < ny, Y be an «K=-closed F-subspace of (X,T),
andjﬁ be a finite o.-shading of Y {(ae[0,1)). For each x € X \Y,
there exists u & T with u (x)> and u A (Y) = 0 by definiti-
on of o —=closedness l.,2.,10. Then { g } is o =-shading of

X IxeX\Y
X, and hence has finite o —-subshading V(say) from the ol~compa=
ctness af (X,T}. Since f-dim X < n, ¥V has an o-refinement U
whose order < n, and so W|Y is an aq-refinement of 4 whose order

/

£ Do '

Propgsition_p242; Let Y be an F=subspace of an o -Hausdorff
F=space {(X,T)e Then:

. K
Proof, Let F-diqix, and let {fi} be an o ~shading of Y, Then
i=1
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k
{Q } is a family of open F~sets in X such that g.,lY = f
Hlial i 1

for 1 = 1,2,4ee9ke Now let y € Y, then for each x ¢ X\Y there

exist two open F-gets in X,V such that u (x)>d , VY(Y)’C*-'

y* Yx

and UY A u =0 by definition of o =Hausdorff 1.2.1‘ Put "

U = \/' u.s then U €T and u A qz.= 0 for z ¢ Y, Hence 1gi,u}
xeX\Y

is finite o =shading of X, and by assumption there is an A ~refi-
k

nement V aof {gi,u}i whose grder ¢ n, Then VY]Y is an d =refi-
=1 -

k
nement of {fi} of order < ne.
i=] |

Therefore F-dimd;Y < Ny g

i=1

Propasition 2,3: Let Y be a suitable closed set in an F-space
(X,T)e Then:
F-dimd} < F-digix;-

K |
Progf, Let F-diaix <« ny, and let {fi}i . be an o« -shading of Y.
K = |
Then {gi} is a family of open F=sets in X such that gi[Y=Fi.
i=1

Since Y is suitable closed then co 4(Y) is F-gpen in X by defi-
K
nition 1.,2.10, and hence i{g., ca,a(Y}} is an oL =-shading of
* i=1
Xe But F-dimaﬁ £ N so by proposition II.1.,1 there is an ol ~-sha~-

Kk
ding {hi,cgg(Y)}i . of X such that hi < 93 for i = 1,2,e0esk

. k k
and order of‘{hi,ch(Yl}_ lﬁ s Therefaore {hilY} is an o=
1=

i=1]

shading of Y of order < n and hiIY % g:.lY = fi for L = 1,2,e0epKe

i

So F-diﬁiY < N, O

Definition 2,1: An F~subspace Y of an F-space (X,T) is clo=-
sed if & (X\Y) is open F—-set in X, esach closed F-set in Y is

closed F=set in X, and for each closed F-=set f in X, f|Y is

closed F=-set in Y,
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Proposition_2;4:; Let (X,T7) be an f—-space, and Y be a closed

F-subspace of (X T). Then:
F-dim F-dimd_x .

Proof, ' Let F-dimix < n and let? be a finite ol ~shading of Y.
Then U = {u eT : ulYe }is a finite family of open F-sets in
X and hence {u,/g(x\v)} is a finite oA =shading of X, Since F-

dim X < n, there is a finite < -shading .{U,/Q(X\Y)} of X order
< N by proposition II.1.1 and V & Us But {VIY} is a finite 4~

shading of Y of order < n and V]Y 4 U]y =%+ So F=dim Y < n. @

Definition 2,2: Let Y be an F-subspace of an F=space (X,T)
and let? be an oL -shading of Y. Theny is called countably
extendable (to X) if there exists a countable o -shading #
of X such that #Z|Y is a precise < =refinement of j .

Proposition 2.5: Let (X,T) be an o ~Hausdorff o -~Lindelof F-

space, Then every finite A& ~shading of any F-subspace Y of (X,T)

is countably extendable,

Proof, Let}/ be a finite ol-shading of an F-subspace Y of an
o=Hausdorff o.=-Lindeloff F=space (X,T). Then there is a finite
A <T such that H|Y } Let y € Y by definition of o -Hausdo-

rff, for each x ¢ X\Y there are u_,v, € T such that ux(x)::-d- .

X!y
> d = Je¢ S0 {u is ; family of o F~sets
uy(y) o and v A U . { x}XGX\Y y pen
in X and {?{,Ux} ~ is an o ~-shading of X, By definition of

xeX\Y
o~Lindelof I,2,#, there exists a countable oL -subshading W of

{%'Ux}

Proposition_2,6: Let (X,T) be an d ~-Lindelof F-space. Then every

and W]Y is a precise & -refinement of 3; « O
XEX\Y |

finite o =shading of an d -closed F-subspace is countably exten=

dable,
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Proof, Let Y be an & =-closed F-subspace of (X, T) and let j he

a finite o -shading of Y. For each x € X\Y, there is an open F-=

set u_ in X, such that ux(x)pd. and u{Y)A u = 0 from definiti-~

on I.Z.‘i. So {f,ux }xi?(\:? oL -shading of X and_he.nce the_p;fuof-‘

is completed by the same way of propasition 2,5, '_'EI

roposition 2,7: Let (X,T) be a countably ot —compact F-space

ey S A

and let Y be an F-subspace such that every finite ol -shading of
Y is countably sxtendable, Then:

F*dimd:f = F-dimd.)l »

Progf, Lat F-dim X < n, and {ri}';l be an d ~shading of Y, Su-
ppose that every finite od =shading of Y is countably extendable,

Then_there is a countable < =shading {gi}i L af X such that

a; |y £ T, for i = 1,2,e0eyke Since (X;T)~i: countsbly o =compact,
~aof X {n > k say) and so
of X wnose order <n and h; < g,

there is a finite o =subshading {gi}
n
there is an o =~shading {hi}

i=1
for 1 = 1,2,ees9ny from proposition II.1.1., Hence hil‘r' % gilY <
K K
fi for 1 = 1,2,eee9k and so {‘hi}.i.:lls A ~refinement of {f‘isizl
of order € nNe ieE, F-dimdf < Ny a

Progosition 2,8; Llet (X,T) be colntably ol ~compact o -Lindelof
F-space and let Y be an d -closed F-subspace of (X,T), Then:

Proof, Faollouws from propositions 2,68 and 2,7 or from the cobser-
vation that & =-Lindelof and countably < =~compact is o —compact

and proposition 2,1 4

The subset theorem for F, =dim, depends on the position

g

of & with respect to the fixed d‘o'
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Proposition_2,9: Let Y be a closed F-subspace of an F-space

F, =dim Y s F -dimd” .

™ d g
For o € e s1)e
K
Progf, Let Fd.u-dimd.x < 0N, cLe[qL,G,l) and let g‘fi}jﬁl be an ol =
shading of Y. Then there is a family {gi}k of open F-=sets in

i=1
k
X such that gi[Y = fy for i = 1,2,e0e9k , and so {gi,/u(X\x)}i=l

is a finite oL -shading of X« By assumption there is an /3 -refine~

K
ment ¥ of {gi,/u(X\Y)}_ . for some /36.[0,&0) whose order < n,
1=

| K
Hence {UIY} is /3 -refinement of {f‘i} of order < n, So

Fd' -dim Y = Ng |
Q

Remgrk: Propositions 2,1, 2.2 and 2.3 hold for Eia-diqilanly if
ol &€ E’%tl)-

We wish to determine the dimension of an F-space in te-
rme of the dimension of some of its F-subspaces, The following
two propositions give the sum theorem for an F-space satistying
some conditions in terms of a finite F-subspaces,

We nbsarue that if Yl and Yé are }i-ﬁlnséd in ;ﬁ F=space
(X,T) such that erﬁ YZ £ 0, then Yz\\Yl is cJdl~=closed in YZ'

Proposition_2,10; Let (X,T) be an ¢ ~caompact F=space such that

X = \:} Yi whare for sach i = 1,2,e0e5K, Yi is d =~closed F-sub-
space of (X,T) with F=dim Y; < ne Then F-dim¢x < N .
Proof, Lat? be a finite c-shading of X and let X = Y, U Y,
(1 = 1,2) such that F-dimmYl < N and F-dimd"fzf__n. Then {jlrl}

{E;IYZ} are finite & -gshadings of Yl and Y2 respectively, By
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assumption there are o =refinements Ul' U2 of !Yl} and

< he Now if Ylﬂ‘l’ =

2 2

{;[Yz} with order of V;, < ny, and order of V
= §, then {UI,UZ} is an o =refinement Of"i uha_se order < n and
1) Ffdimd_x < o

IfF YN Y, £ 8, then Y,\Y, is oL -closed in Y,, let us
call it Y39 S0 F=dim Y, =< n, L RARE = § and Yl \JY3 = Xe Hence
by the same argument there is an A ~refinement {ul,uz} of

whose order ¢« n and so F-dim¢X <n, 0O

Proposition 2,11: Let (X,T) be an O=compact X-Hausdorff F-spa-
LIgposition Z.11: . _

ce suzh that X = U/ Yi where Y'i is ol =compact F-subspace for
i=]

each i, with F-dimd. Yi <« Ne Then F-dimd‘x < N,

Brogf: Since each a =compact F-subspace .of an ol=Hausdorff is
ol =closed proposition I.,2.9. Then the proof. follows at once

from propesition }.10, a

3e LOCAL oL-=-COVERING DIMENSION

The local o -covering dimension of F-spaces is defined
and studied in this section, From now on, by g+ for g Ix,

*e€l0,1) we mean the subset {x € X 1 g(x) :rd-_} .

Definition 3,1; Let (X,T) be an F-space., Then the local =
covering dimension of (X,7T)= deroted by loc F-di%mﬁ - ig de=-
fined as follows:

{1) loc F-diﬁxx = =1 if X = 0

(1l) loc Fedim X <n (n > 0) if for every x € X, there exists

<+

an open F-set g in X, with g{x) > such that F-dimd‘g

£ Do
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(i) loc F—dimdix = o if loc F~dim X = n is false for every'

integer n,

Proposition 3,1: Let (X,T) be an o.-Hausdorff F=space. Then the
following statements are equivalent:

(1) loc F-dim&){ 4 n

(1l) Every o.=-shading of X has an c=refinement ¥ with F-dimd‘h"'

«n for every he A ,

Proof, (|)=3(ji) Let loc F-dimd‘x < n, and U be an ol=shading

of X. Then by assumption for sach x € X, there exists an open

F=set 9. in X such that gx(x):>at. and F=dim g+ < Ny By deflini=-

o
tion of & =shading of X I.2.3; for each x € X there exists

u & U such that Ux(x):a-ot. e Put h =g =~ u s then h, is open

F-set in X, hx(x)pd.. and h, = U e If H = {hx S X} y Tthen

H is an o ~refinement of U. Since Uy = 9, A U then clearly

h'; & g;, but g; is o ~Hausdarff F-subspacse of (X,T) with F-dimd'

g; < Ny 80 By proposition 2,2 we get F-dimd‘h; = N: that is

F-dim¢h+ < N for he A as required,

(1) =>(])) Assume (i) and let x be any point of X. Then
for every v ¢ X\{x}-there are open F-sets EY,UX such that
uy(y)pd, y v, {x)>o and u,, "Vx- = 0 from definition I.2. So
%_u s V } Is an dA=shading of X and then by assumption there

y? " x
veX\ {x}

is an d-refinement X of {uy,ux} such that F-dimd'h*- < N

yeX \ {x}

for every he A; that is loc Fedim X < n. a

The following propositions give the relation betwen the

«-covering dimension and the local d=covering dimension of

F-spaces,

Let (X,T) be A~Hausdorff A-compact F~space.
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Thens

loc F-diqix < F-dim_ X.

Froof, Let F-dimd'x <« ne Let x & Xs Then f’or each y € X\{x} the-

rTe are open F—sets uy,wx
and u, A v_ = 0, Hence the family U sV is an o =shadi-
y X . { Y X}YEX\{X}
ng of X and by & —=compactness of {(X,T) there is a finite numbers
- Kk
of points y(sYoreeeyy, € X\ {x} (say) such that {uyi,ui} . is
i=

in X such that ux(y):d. ’ ux(x) > o

k

l.e. iu ’“x}
ye X\ {x} Yi i=l
od-shading of X and then by assumption there is an o =refinement
K

H of {u oV } . | :
Yi " %ji=1

Now for each he#, h' is an F-subspace af an d-fHausd-

L =-suybshading of {uy,ux} is a finits

arff Fespace (X,T} 20 by proposition 2,2 F=dim ht <« n which im=

plies that loc F=dim X =« n from propositiﬁn 3.7 O

Proposition 3,3; Let (X,T) be a perfectly F-normal o-Hausdarff
F=apace, Then:

loc F-diqxx < F-digi .

Progf, Let F-diﬁix <« n and let Aoe an d~shading of X, 8y per~-

_ co
fectly F-ngrmality for each he X , h = V £, uhen'fi is
' i=1

closed F=~set in X for each i = 1,2,¢4ee + 350 fi < h for each i

and hence there is an open F-set g. such that f;, < 9. < cl g
- i i i i

~ he Let g = \V/gi e tThen g is cpen F-set in X and g < h, Put
h

i=1
?:{geT:Ql

nt of A and for each gea;;'ue have F-diﬁ$g+ < N from proposi-

In o0

for each he ‘Jf}, then; is an o =refineme-

tich 2.2

Hence by proaposition 3,1 lﬁc F—diﬂix 4 Ne
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Definition 3,2: An F-space (X,T) is called locally ol =clo-

sed if for each x €« X there sxists an open F-gset h in X such

that h(x) > and h” is o =claosed.

Next we give some conditions under which loe F-dimd‘and

F-dimd* coincide,

Proposition_3;4: Let (X,T) be an d-compact locally o.-closed
F=gspace, Then:

lac F-diqix = F-diqix.

Proof, =3 Let F-dimmx < ne By definition 3,2 for each x « X,
there exists an open F-set h in X such that h{x) > and h' is
dL=closed, Since F-diﬂﬁx < n then by proposition 2,1 we get

F-dimmh+ < Ne Hence loc F-diqxx < Mg

&~ Let loc F-diﬁxx < Ny Then for each x € X there is an
open F=set hx in X such that hx(x):ux and F-diqﬁh: < Ne But the

family {hx} is an & =shading of X which is Fi-compact so0 the-
xeX k
re is a finite X19Xo90eeyX) & X such that {h } is a finite

1)y
k=shading of X with F-dimd‘h:_ « n for £ = 1,2,.44,k, and clea-
1
k
rly X = U h; o Since (X,T) is locally d. =closed then each h;
Ty xge 2An 3¢

is o.~closed, so by finite sum theorem proposition 2.10

i

F-dlmd_‘x < Ny a

rEE-QiEiQE_Eaéi Let (X,T) be an A =Hausdorff Fespace and let

s

Y be an F=subspace of (X,T). Then:

loc F-dimdy < loc F-dimd}.

Proof, Let loc F=dim X < n and let X be an & -shading of Y.

Then there is a family f of open F-=sets in X such that 5[‘1’ =FH,

Let ¥y « Yo Then for any x € X\Y, there are open F-sets ux,uy in
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X such that ux(x);vd. . uy(y):-d. and u A vy = 0, Hence

i g U is an & ~shading and hence by assumgticn and propo=-
X) xeX\Y

sition 3.1 there is an d -refinement W of {g,ux} \ such that
xeX\Y

F-dimd_u+ < N for any w ¢ We Then W|Y is an o -refinement H,
If we put W= W[Y, then by proposition 2.2 we have F-diqxu*fi n

for any w'c W Hence by proposition 3.1, loc F~dim Y < n, O

The next proposition gives ths finite sum theaorem of lo=-

cal A-covering dimension,

Progositign 3,6: Let (X,T) be an A =compact locally o -closed
F=-space, If X = YUZ with loc F-dimd'Y < n and loc F-dimobz < n,

then 1locc F-dimdix < N,

Proof, Let loc F-dimd.‘( £« n and loc F-dimaLZ %« ne For each x € X
by definition 3,2 there exists an open F-set h such that h{x)>o-
and h" is & =closed. Heﬁce by prupusitic.n I.2.8 h' is o =-coma-
cte.

Now if x € Y\Z, then (h](Y\Z))(x):-oL- and since lgoc F-
dim ¥ < n, so F=dim (h[(Y\2))" < n. If x e Z\Y, then (h](Z\r))(x)
>o end from the assumption F-dim,(h[(Z\Y))" < n. If x €Y n Z,
then (hl(YNnZ))(x)>d and F=dim, (h{(Yn2))" < n, Clearly in eit-
her case we have (h[(Y\Z))™", (h{(Z\Y))* and (hi{{(¥YnZ))*<n?,
which implies that each of them is d—-clased in h+.

Naow we have ta show that F-dim&h"' < ne If h* equals one
of the abova three subsets Lhen clearly F-dim&h*' < Ny IF
h* = (h[(2\Y)) U (b [{YnZ))* or 0" = (h[{Y\Z)) U (hi(YNn2Z))*, then
in bath cases by the (finite sum theorem) proposition 2,10 we ha-
ve F-dideh'* & ne lee. for each x € X there is an open F=set h

such that h(x) > and F-dimduh*' <« Ne Therefore loc F—dimd‘x < ne 0



Chapter III:

COVERING DIMENSION AND MODIFICATION OF F=SPACES

The relation between topological spaces and F—spaces
- was studied by Lowen [}4] [!/] where the two functions w and i we-

re used as follows:

If #(X) is the set of all topologies on X, and F(X) is the set
of all F=topologies an X then:
a) i F(X) — ()
T — i(T)
i{T) is the initial topology for the family of functions T
and I with the usual topologye.
b) w : F(X) —> F(X) '
R———> w(R)
w(R) is the family of lower semicontinuous functions from
(X,R) to I with the usual topologye.
rram ajlﬁe can assoéiaté'uiﬁhmeach Fe=space (X,T) a topo=-
logical space (X, 1(T)) called the modification of (X,T) or sim-
ply a modificated topology. This concept reduces some properties
of F=spaces to a topological properties i.e. if (X,7) is c=com=
pact, then (X, i(T)) is compact,
e use this concept to benifit from the well known resu-
lts of the covering dimension of topological spaces {(in particu-
lar to get a product theorem for F-spacesl)as wiell as from scome

other topological properties lika_éechstnne compactification,



Throughout the rest of this work we mean by a straong

A =property an dd-propertly for all ie[ﬁ,l).

1..F-dim

Definition 1,13 Let (X,T) be an F-space, Then F-dim X = n

if F=dim X «n for all aef0,1).

Example 1,1: Let (X,R) be a topological space with dim X = n.

For u « R, let (u) be the characteristic function of
Ue Put T = {/a(u)}uER o Then (X,T) is an Fespace., We claim that

F=dim X <= Nne TO see that let {ﬁy(u )} be a Finite o =shading
i=1
k

of X for any (xe[ﬂ,l). Then iuiki is an open cover of X, and
1 :
Kk

sg there is a finite open cgver {Ui} of X of order < n and
i-l
&Ui for i = 1,25eee9Ke

Let f; < 1X be defined by
fi(x) - l if p S Ui for Q&Ch i = l’Z’IQi,k
=0 if x g Ve
K
T_hen_¥fi} . is an ¢l-shading of X for all o&e{0,1)} such that
i=] K
fi é/Q(ui) for 1 = 1,2,ese4k, and order of {fig ne Hence

i=1
F-dim X < MNe

]

Definition 1,2: An F-space (X,7T) is called c-permissible
if for each V <« T, V contains at least two members, there

is o <l0,1) such that V is an o =-shading of X.

Progf, Let F=dim X = 0 and let Gl’Gz be two disjoint closed
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F-sets In X, Then {co Gys» co GZ}‘: Te Since (X,T) is ot -permiss~
ible, so there exists o.e [D,l) such that {cu Gl' co Gz} is'aﬁ'-
shading of X. But F=dim X = 0 implies for all ««[0,1), F-diq&}

= 0 by definition 1.1 and hence there is an o =-shading {f,,f,}
of X such that f; < co Gy, f, <co G, and f; A f, = 0 i.e,

f, « co f,+ Therefore G <« co f, so Gls!;o(co f’l) and then G; < f,.

Similarly G, < ¥

2 a

2'

Corgllary 1,1: Let (X,T) be an d-permissible F.~space, If

F=dim X = Q, then (X,T) is F-normal space. O

We introduce a stronger definition of zerc dimension of
F-spaces as followus:
SF-diﬁix = 0 if for esvery finite <-shading of X there is an o=
refinement consisting of open and closed disjoint F-sets. Clear-

ly if SF-diﬁix = 0 then F-diqix = 0 for any F-space (X,T).

Definition 1,3: Let Gy» G, be two disjoint closed F-sats of
an F=space (X,T)e Then Gl, G2 are called strongly separated

in X if there is an open and closed F-set E such that G, = E

1
and £ = co.Gz.

Proposition_1,2: Let (X,T) be an o~permissible F-space. ILf
SF=dim X g,

then each pair of disjoint closed F-sets is stron—-

gly separated in X,

Proof, Let SF=dim X = 0O and suppose that Gl’ G2 are disjoint

closed F=ssts, Then {ca Gl, co 62} is an & =shading of X for
some oe [0,1) because (X,T) is o —-permissible, Since SF=dim X =
0, so there is an o =shading {fl,fz} of X such that fl,Fz are

open and closed, Fl A Fz =0 and fl < €O Gl' fz < co G So

2.
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G, = co i implies G, = co{co f'z) i.e, G, s fz <co G, DO

Definition 1.4; An F-space (X,T) is said to be:

(1) Connected if and only if the only open aﬁd closed F-sets
are O,1, An F-set g is connected if 9, is connected as
an F=subspace,

(1l ) Disconnected if it is not connected,

({il) Totally discannected if there is no connected F—set con=

taining more that one F-point,

Proposition 1,3: Let (X,T) be an o -permissible FT,-space, If

SF=-dim X = 0, then X is totally disconnected,

Proof, Let SF=dim X = 0 and let g be a connected F-set of X con=-

sisting of two F=points p,g, p # Qe Then by proposition 1.2 there
is an open and closed F-set E such that pe E and £ < co g, Hence
E!gn is open and closed in Gq and E}gU is not Ego and nat Eéo .
i.2e. g is nat connected contradicting our assumption that g is

connected, Therefore (X,T) is totally disconnected. O

We return to the subset theorem given in secticn 2 of
-the previpus chapter, but this time we consider the covering di-

mensicn of F-spaces instead of the ot-covering dimensicn,

Proposition_1.,4: Let Y be a closed F-subspace of an F-space
(X,T)s Then:

Fedim Y < F-dim X,

Proof, Let F=dim X < n, and let U be a finite & -shading of Y
for all oe€(0,1). There is a family W of open F-sets in X such
that for every w € W, w|Y € U, and -{M,/Q(X\Y)-} is a finite

oL =gshading of X for all «el0,1)s Since F=dim X ¢ n, then by
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definition 1.1, there is an o -refinement V of {W, &(X Y)}

whose order <n for all ote[0,1)s So {V[Y} is s -refinament of
WY = U whose order <n for all «e[0,1),

Hence F-dim ¥ < n, O

Proposition 1,5: Let Y be an F=~subspace of a strong o«~compact,
Hausdorff Fespace {(X,T). Then:

fedim Y < F-dim X

Proof, Since (X,T) is strong & =compact Hausdorff, then by pro-

position 2.8 [A] ,a(x\‘l’) is open F=set in X and it follows from
proﬁnsitinn 1¢4 that F~dim Y < F—=dim X,

Propogsition_1,5: Let Y be an F-subspace of a strong Q& -Hausdorff .

F=space (X,T). Then
Fedim Y < F-~dim X

Proof, Follows frum proposition II.2.2 for all oecl0,1)s O

>

Broposition _1,7: Let (X,T)} be a strong countably ot-compact F-
space and Y be an F-subspace of (X,T). If each finite a =-shading
of Y (V o€ [0,1)) is countably extendabla, then:

F-dim ¥ <« F=dim X
Proof, Follows from proposition II.2.,6 for all o=[D,1). d

tion_1,8: Let (X,T) be a strong <L=compact such that

‘m

k
X = \J Yi where for each i, Yi is strong o« =closed F-subspace
i=1

with F-=dim Yi < Ne Then F=dim X < n.

—

Bronf, Apply propesition I11.,2.10 for each teln,l), o

Proposition _1,9: Let (X,T) be a strang d~Hausdorff F-spacs that
K

X = \J Y , let each Y; be strong s =compact F=subspace with
i=1



F=dim ‘r’i 2 Ne Then F=dim X < n. O

Proof, Apply proposition II.2.11 for each «<[0,1)e O

Definition 1,5; Let Y be an F-subspace of an F~space (X,T)e
Then (X,T) is called conservative if for any two F-sets f,g

in Y with f < g, then f < g*in X, where f"|Y = f, g*[Y = g,

Proposition 1,10

L4
]
-

ve F=normal space (X,T). Then Y is F-narﬁal.

Proof, Let f be an open Feset in Y and g be a closed F-set in
Y such that g < f. So there are a closed F=-set g” in X, and an
open F-set f* in X such that g = g*|Y and f = £*]Y, Since (X,T)
is conservative then by the above definition g~ ¢ f™ in X, but
by assumption (X,T) is F-normal, so there is an open F=set h in

X with g*<h <cl h = f*and hence g <hl|Y « cl hlY < f. Thus Y

is F=normal, I

Proposition 1,13

Let (X,T) be a conservative F.-normal space

and let Y be a closed F-subspace of (X,T) such that F~dim Y < n,.

k k
If {Fi} is a family aof apen F=sets in X with {filY} is an

i=1

i=1

A =~shading of Y for some d&{b,l). Then there exists a family

i
{gi} of open F=sets in X such that cl 9; < fi and order aof
-1
74
cl g } &n.
(54 =1
k
Proof, let de(0,1) such that {f;i¥}  is an o-shading of

i=]
Y. By proposition 1,10, Y is Fc-ncrmal and hence by propasition

k
IT.1.4 there exists an d=coshading {hi} of Y such that
i=]
hi ghfiIY for 1 = 1,2,400,k and aorder of-{hi} < Ne Since Y is

i=1
closed F-subspace of (X,T) sc h; is closed F~set in X for each

45

Let Y be a closed F-subspace of a conservati=~
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I = 1,2,00e9k, and h. = f.. By F=normality of (X,T) there are

open F=sets 33 in X such that hi < 9 < cl 9 < f for each i =
K k
is a swelling of {hi} and hence

l’Z’lll’kl In fact {Cl gi} o1

i=1

- K
the order of {Cl Qi} £ DNoe 1
l=l

Propo ition_1,12: Let (X,T) be a conservative Fc-normal space
and let Y be a closed F—subspace of X such that F=dim Y < ne If
Fedim Z < n for any closed F-subspace Z of (X,T) disjoint from
Y, then F~dim X < n,

k

Progf, Lat F-dim Z <n and let {fi}i , be an ol=shading of X

for any oe(0,1), then {filY} is an d=shading of Y and so by

K
proposition 14,11 there is a family {gl} of open F+~sets in X
i=1
K k

such that g, < f,, order {g } < 0 and {g. Y} is an < =-sha=-
1= e { 1i=1 (ol i=1
ding of Y, Put Q ca -r\/ gV\é {t s t > fi VvV i-= l.Z.u.,k}]
t&eT

then Q is closed F=set in X and § 5/a(x\v). 8y F=normality of
(X,T) there is an open F=set h such that Q < h scl h < 4(X\Y),

Let {cl h)_  be the support of cl h, then (cl h)G is a closed
| K

F-subspace of X which is disjoint from Y. Now {Fi[(cl h)G}

i=1

is an o =shading of {cl h)o’ where from hypothesis F-dim
K
(el ha) < n, 30 there is an ¢ =shading {mi} of (cl h)a such
i=1
k
that m, ﬁ.fiJ(Cl h)0 for i = 1,2,e0esk and order of {mi}‘ 115 N
1=
Lat us define d; & IX for each 1 = 1,2,.009k by:

d()-m

i(x) if x e (cl h)_
= g;(x) if x & (cl h)
K
So {d } is an ci-shading of X such that di 5,?1 for 1 =
i=1

1,250y and order of i}i_
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Hence F-ﬁi@ix < ne Apply this method for every « «[0,1), we get

Proposition 1,13: Let (X,T) be a conservative Fc-ndrmal. If

VL L S SN, -

X =Y U Z where Y, Z are closed F-subspaces with F-dim Y < n,

and F=dim Z g n, then F=dim X < n,

Proof, Let X = Y U Z and let Q be a closed F-subspace of (X,T)
disjoint from Y, Then Q is clesed F~subspace of Z and by propo-
sition 1,4 F-dim § =< n. Hence by proposition 1.12 it follows that
F=dim X <« n, O

We end this section by returing to the local covering di~

mension introduced in section 3 of the previous chapter,

Definitiog 1,6: Let (X,T) be an F=space. Then loc F=dim X <n
if loc F~dim X =< n for all ael0,1).

Proposition 1,14: Let (X,T) be strong o -Hausdorff strong o-
compact F=-space, Then:

loc F=dim X < Fe=dim X
Proaf, Follows from proposition II.3.2 for ~e_ach aefpn,1), O

Progosition_1,15; If (X,T) is perfectly F-normal strongly o=
Hausdorff Fe-space, then:

lge F~dim X < F=dim X
Proof, Apply proposition II.3.3 for each o<[0,1). O

Proposition 1,18: If (X,T) is strongly ol~Hausdorff F-space
and Y is an F-subspace of (X,T), then:
lac F=dim Y < loc F=dim X

Proof, Apply proposition II.3.5 for each ciﬁ[ﬂ,l)- Q
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2y MODIFICATION OFf F-SPACESS

The moaification of an F-space (X,T) is a topological
space (X,i(T)), where the family {t-l(d,l] tt eT, s I} is
a subbase for i(T), and if for all «€[0,1) we put i,(7) =
{t-l(d,l] ¢ t E'T}-. Then idﬁT) is a topalagy on X (see Lowen
[i2]) eand

1(1) = v, (1) saelo,n)}.

It is known that the set of all lower semicontinuous
maps w(F) from a topological space (X,7 into I equipped with
the usual topology forms an F-space (X,w(F)) called the induced
F=space.

An F=space (X,T) is called topologically generated if
there is a topology ¥ on X such that T = w(? or equivalently if
T = w(i{T)).

Throughout this section and the rest of our work, F-diqm
X+ means the «-covering dimension of the F~space (X,T), and
dim %?,means the covering dimension of X with the topology ¥ on
Xe

Our main purpose in this section is to find a relation
between the covering dimension of an F-topology on a set X and
the covering dimension of a topology on the same set X and vice

veIsSa,

Lemma 2,1: Let (X,T) be an F-space. Then {X,T)is oL-compact
(countably d-compact) [o=Lindelof | if and anly if (X,iﬂJT))

is compact (countably compéct) (Lindelof ].

Progf, The family u ¢ T is an & =shading of X if and only if

U/ t-l(d,l] = X completes the proof, O
teu
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Lemma 2,23 If (X,T) is an o ~Hausdorff F-space, then

(X, gi(T)) is Hausdorff space.

Praaf, Let (X,T) be an F=-space and let i # Yo Then from the-.
definition of 4 -Hausdorff, there are u,v open F-sets in X such
that u(x)>a. , V(y)>x and uav = 0, Hence u-l(u.,l],. U-l(d-,l:l
are disjoint open sets in i (T) such that x « u-l(a,lj,yeau-l&i,ll

ie.g2, (X, %i(T)) is Hausdorff. O

The following proposition gives the relation between

F-dimd_of an F-space (X,T) and dim of the modificated topalngf

(X, 1,(T)).

Pragasitiaon_2,1: Let {X,T) be an F-space and (X, %i(T)) be the -
modificated topology on X, Then:

F-dimd_X.r = dim Xid.(.r)

Brogf, = Let F=dim X, < n, and let {ui}i=l be a finite 1i,(T)=-

open cover of X. Since idﬂT) = {t-l(d,ll : teiT}-so for each

165{1,2,...,3}, u; = t;l(d,lj ki.e. x € u, if and only if ti(x)

1
> which implies that {ti} is an o -shading of X. By ass-
i=1 K
umption and proposition II.141, there is an <& =shading {Si}
i=1
K
of X such that Si < ty for 1 = 1,2,.0e9Kk and order of {Si} < N
i=1
Let Ui = {x e X Si(x)?d..} faor each i = 1'2' -.-'ki
Then v, is idﬂT)-npen for each i = 1,2,60epk,
K K -1
\J vy = \/ Si (d..,l] = X, Vi & Uy angd
i=1 i=1
k k
order of iﬂi}i:lié Ne 1e€, {ui}i-l is a finite %i(TJ-OpEH cover

of X whose order < n, so dim X, (T) < N
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K |
&= teat dim X < n, and let {f } be an o -shading of X for
%i(T) i i=1
o €[0y1)s For each i€ {1,2,eee,k}, let u, = f';l(d,l] , S0 u;

Jug = O {67t erba] fu}
is i (T)-open and \Ju, = {f‘ 7t 1 } = %o faeo fud
. oy B = A A 1l

is a finite i (T)=open cover of X. Since dim X < N, there
o 1,(7)

K
exists a3 finite idfT)‘upen cover I{ui}i=l of X such that vy €Lui
for i = 1,2,4ee9k and order of {”i} < fe
i=1

Let us define gy : X —>I as follows:

gi(x) >l if x € Vv; for 1=1,2,4ee,5K
= Q if x ¢ Ui |
K
Hence {g.} is A ~shading of X, gi'&_fi for each
tli=1
k
i=1,2y4eeyk and clearly order of {g } € Ne 50 F~dim X, < n, O
i i=1 o T

Lorollary 2,1: Let (X,T) be an F~space and (X, i(T)) be the mo-

dificated topology on X, Then:

Fedim XT = gim Xi(T)
Proaf, Apply propesition 2.1 for each oe[0,1)., O

The next propesition shows that the covering dimension of

a topolcgical space (Xy F) coincides with the covering dimension

of the induced F=space (X,w(F) ).

Rroposition 2.2: Let (X, ¥) be a topological space and let

(X,w(F#)) be the induced F~space. Then:

dim K‘;_, = F=dim xw(,‘}')

| k
Progofy, Let F=~dim XH(BQ < N and assume that {ui}i=l is an gpen
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cover of X, Fgr each i&{l,z,"..k} , let /&(u.) be the chara-

cteristic function on u;. 1i.e. vy )(x) =1if xeuy; and
/a.(ui)[x) =0 if x ?f,ui clearly {/a(ui)} c w(F) and the

k _
is A =shading of X for ell «e€f0,1).
family {/“(ui)}i::l g , La,

k -

Hence there exists a finite oL =shading {fi} of X for all
i=1

€ [(0,1) such that f; < &(u,) for each 1 = 1,2,.us,k and order

K
{Fi}j;l < Mo

Let v, = {xax t Fi(x)>a ¥V aael0,1)} for each i = 1,
| K .
25e0e9ksa Then each Vs is agpen subset of X and {”i} is clearly
| i=1

a finite open cover of X whose order < n and V; s U, for each i=

ly2y00e9ke So dim X?,f._n.

k

& Let dim x?{.n and let ig be an A ~shading of X for
i=1

any oLe [G,l). For each J.e{l 2,.;.,&:} let us = {xe.‘x : g-i(x)::-d..}..
So each Uy is open in X and {ui} is a finite open caver of X
i=1 K

and since dim X:}, <Ny there is a finite open cover i"i} of X
i=1

K
such that Vi & Ug for i=1,2,.eesk and order of'{ } < Do
- J.-l

Let us define Fi e 1% for each i = 1, 2,...,k as follo-
WS

fi(XJ > ol if, X & Ui

K
Then {f‘i} is a family of lower semicontinuous maps from (X, &)
i=1
k

into I, 1.2, {fi}

B

is d&e~shading of X, where f‘i < 9j for i
i=1

« |
1,2,ee09k and order {f‘ }1-1 < Ne 30 F-dimi)(u(:.ﬂ < n for any

*e [0,1), which implies that
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-di .
Fedim Xw(}.) = N
Combining propositions 2,1 and 2,2 together we get a main
result shows that the covering dimension of a topolagically gene-
rated F-spéce coincides with the cavering dimension of the topo~-

logical space generating that F=-space,

BXoposition 2,3: If (X,T) is topologically generated F~space,

L o

then:

F=gim X

i

T dim Xsf

for some F cn X, o

torgllary 2,2: Let (X,T) be a Hausdorff compact F=space. Then
F=dim X; = dim xﬁf

from sogme ¥ on X,

Eroof, tLowen in [ /3] proved that every Hausdarff compact F-spa=-
ce is topologicélly generated, then by prapdsitinn 2.3 the proof

is completed, O

Cozgllazy 2:3: Let (X,T) be straong X =compact Hausdorff F-space,

Then: .
F=dim XT = dim st

for some # on X,

Procf, Since strong 0(-compactness implies compactness in F-
spaces [{2}. Then it is clear that corollary 2,2 implies coro=-

llary 2ads D

Corollary 2,4: Let U be the usual topologyon the real line 8,

ancd let b be the usual topology on the rationals 3., Then:
F=dim Hw(u) = dim RU = ]

- - d3 - 3
F=dim QW(b) = dim Bb Oe
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Definition 2,1: Let (X,T) be an F=space. Then it is called

an ultra Tychonaff F-space if (X, 1i(T}) is a Tychonoff topo-

logical space,

martin [15] proved that if (X,T)_is an ultra Tychanaff |
F=-space, then (X,T) has a Stone=Cech ultra F=-compactification.
Fer an F-space (X,T), (/4X,# denctes the Stone=Cech compactifi-
cation of (X, i(T)) and (4X,Tx) is an F-space consisting of lo=-
wer semicontinuous maps from (3X,7) into I (with the usual topo-

logy) whose restriction to X belongs to Te.

Lemma 2,3: Let (X,T) be an ultra Tychonoff F—space, If
Kk

SLf’i} is an ol=shading of X for de [U,l), then there exists
i=1

K

an ol =shading {gi} of /%X such that fi = gilx for each

i=1
i=1,2,00e5Ke

K

Proof, Let {fi} be an d--shading of X. Then (B3X,F) is the

i=1
Stone=Cech compactification of (X, 1i(T)) and U, = f;l(d,l] is
i (T)=open in X for each i = 1,2,e0eyke

Define 9; : B3X—> 1 as follows?:

gj_(x) > A if x e /Gui i=l’2'lii|k
= 0 otherwise
K
Clearly {/Qui} is a family ofopen sets in /X, and so
i=1l

Kk

9; € T?r for each i« {l,E,....k}. WYe need to show that {gi}i=l
K

is & =-shading of /X, This follows from the fact that {gi}

i=1

K
is ol =shading of /32X if U/ gil(d,ll = /34X, Since we have
i=1

K K
Ul u, = Xy then kjl Ui = /3X and Qi[x = FIL for 1 = 1,2,c0esKy
1= 1=
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completes the proof. -
The following proposition gives the equality of the o=
covering dimension of an ultra Tychonoff F-space and its ultrs

Stone=Cech F-campactificatidn.

Proposition_244; Let (X,T) be an ultra Tychonoff F-space and
let Q@x;ﬁ;) be its ultra Stone-Cech F-compactificatian. Then:

Fedim Xo = F-diﬁi/ng

| ._ K
Progf, — Let F-dim &4ij =N, se{0,1) and I._et {fi}. . be an
. i=
& =shading of X, By the abgve lemma 2.3, there -is an oL=shading
i ﬂ .
{gi}_ of ,3X such that g;[X = f. for i = 1,2,..0,ke Since
i=1 - k
Fedim /4X., <«n, so there exists an c=refinement V of {g.}
o TRAN P 1),
4 K i=1
whose order =<n, Hence V/[X is an o =refinement of {fi} of or=
i=1
der < P i1.e, F-t:limd‘XT = Ng
. Kk
&= Let F-dimd}T < Ny ang let {fi}i lbe an ol =-shading of
k -
/4Xe Then {FiIX} is ol=shading of X and so there is an & -=re~-
i=1

Kk
finement V of {Filx} whose order <« n, By lamma 2,3 4V is a-
i=1

shading of /43X such that AVIX = V so 3V is ol-refinement of

K
{F.} and arder af 3V <« n,
« 1 i=l

Hence F=d imd' ,,--BXT},

i

MNae 1

3, THE PRODULCT THEQREM:

In this section we shall find conditions under which

the covering dimension of the product F~space (X x ¥, T x R) of
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F-spaces (X,T) and (Y,R) such that the ineguality:

F-dim(lx?)(Txﬂ) < F=dim X, + F=dim Y
holds, We call such fesults product theorems for F-spaces. Using
the modification of F-spaces_éonsidered in the previaus section,
we can extend some well known results of the product thecreams of-

topological spacaes to F-spatces.

Lemma 3,1: Let (X » Tg ) be a famlly of F~spaces and let

8
;2; XS, TZ' T ] be its product F-space. Then (;z; xs,
1, (s T = (s xg JIg 1,(T,)) for ae(g,1).

eroof, tLet (;gé X ;gé idﬁT }) be the topological product of
the moﬂificated topological spaces, P_ be the projections and

(sas Xgs gx(;Q;'Ts)) be the modification of the product F-space,

Let U be i (I T )-open. Then u = f“"l__(a,l] 2 Fe Jo Tge

n
By the definition af product F=topology l.3.3, f = \V{‘ N\
8< 3 i=1l
-1
Pg (ag )

g 3 -
S: i) 316; T, )F's. ig F-continucus, Far any s « 3, and any

faT, we have (P71(F))" e,1] = P t(F 7 (a,1])

So :
U A (p-l -1 U A p~ g e 1) tmeld
U= s ;’\(Pa‘(gsl)) (e 1] = 3 Ps‘(gs_:i,l implies that
i=1 i i i=1 1 i _

u is open in ;Eé (T )

T .
Now let u be open in _/c gi(Ts). So

-1
U=Uﬂf-’ (Fii(a,1]) f, T
S .1 Si Si s; 8

Then
Y Artete = Y A, N (@]

i=1 %3 ®j i=1 %i Si

S50
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‘ AR | -1
Let = \/ NP "(f e Then u = f (d-,l] and hence
s s g |
i=1 T4 i
T

u is gpen in idjégg s)'

Proposition_3.,1: [Tychonoff product theorem ] Let (XS,TS)
SE€S

be a family of F-spaces, Then (;Eé Xsr glg Tq) i8 o ~compact if

S’
and only if (XB,TS) is o =campact for all s-e;S-

Pragf, In fact this proposition has been proved by many authers
and here we give the short proof, By lemma 2,1 (;Q% Xs, ;Qé Ts)
is A -compact if and only if (;Q; X idﬂTs)) is compact. By
lemma 301 (Mo X , 1,( T ) = ([T X,y s 1,(T.))e UWe know
that (;Q;xs, e idst)) is compact if and only if for each s« 3,

(X

¢ 13T )) is compact which gives that for each seS§, (xs'Ts)

is & =compact F=space. 0O

Proposition_3.2: Let (X,T), (Y,R) be a pair of & =compact F=-
spaces, Then:

F-dlmdﬁXxY)(TxR) < F=dim X, + F-dlﬁiYs .

Brogf, From proposition 2.1 we have

F-dimdexY)(TxR) = dim'(xxy)%x(TxR) .

By lemma 2.1 (X, idIT)) and (Y, idﬂﬁ)) are compact spaces and
by proposition 3.1 the product topological space (XxY, id!T)X'

%x(ﬁ)) is compact also, But by lemma 3,1

(xxY, 1 (TxR)) = (X, i (T)) x (¥, i (R)}
Hence dim(XxY)%L(TxR) = dim(xid!T) XYid!R)).

We know in case of compact topological spaces that



S7

dim{X X Yy } <« dim X + dim Y

1.7y i, (R} i(m) i (R)®

Therefore

- i - O
F dlﬂi(XxY)(TxR) < F=dim X, + di@dfﬂ.

Corgllary 3.1: If (X,T), (Y,R) are strongly & -compact F-spaces,
then:

F-dim(XxY)(TxR) ¢ F=dim X. + F=dim Y, -

Prgpasition 3,3: Let (%,T)}, (Y,R) be countably o =compact
C“ F=spaces, nen:

F=dim (XxY)(T R) < F=dim X + Fedim, Y.

Progf, Since countably & =compact C, F=gpace is ocL=-compact pro-

pasition I.2.3. Then the proof is completed by proposition 3,2.0

Corollary_3.,2: Let (X,T), (Y,R) be countably o -compact, o=

Lindelaf F-spaces, Then:

F-diﬂi(XxY)(TxR) & F=dim X + Fedim YR{j

Proposition_3.4: Let (X,T) be an & -compact F-space, and (Y,R)
be countably <l -campact F-space, Then {(XxY, TxR) is countably

d=compact F=space,

Proof, Since gi(T) is compact, and i (R) is cauntably compact
as topologies on X and Y rESpectiuely.py lemma 2.1, Then from
the topological (X, idﬁT)) X {Y, idﬂﬂ)) is countably cﬁmpact
topological space and lemma 3,1 implies that (XxxY, idijR)) is

countably compact., Hence by lemma 2,1 (XxY, TxR) is countably

od=compact F=-space, .

Proposition_3.,5: Let (X,T) be an ultra Tychonoff F~space, and

(Y,R) be a countably o =-compact. If each finite ol-shading of
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XxY is countably extendable to /JXxY, then:

F-diﬁi(XxY)(TxR) £ Fedim X, + F-diﬂxYR .

Proof, Let each finite & -shading of XxY is countably extenda-
ble to  3XxY, Since ultra compact F=space is o -compact i.e.
/5X is ol -compact, so by proposition 3.4 (3XxY, Efxﬁ) is coun-
tably « -compact, By assumption and proposition II,2,7, we have
F-dlmdﬁXxv)(TxR) < F-dlqm(/QXxY)(ExxR) . (a)

By proposition 2,1, we have

F-di@iﬂ/BXxY)(zfo) = dim( 3 XxY)
0:15

We appeal to Morita”s theorem'given in the topological preliminary

%aﬂE%XR)' (b)

ge get
dim{ 4XxY). <« dim 43X, + dim Y. (c)
i, (T xR) i, (T) i (R)
But from proposition 2.4 we have
F=dim X, = F-dlﬂggxl; (d)

From the relations (a), (b), {c) and (d) we have
F-diqi(XxY)(TxR) < F=dim X, + F=dim Y

which completes the precof, a

Corollary _3,3: Let (X,T) be an ultra Tychenoff F-space, and
(Y,R) be a strong countably oc.-compact. If each finite A =sha=

ding of XxY is countably extendable to 4XxY for all «el0,1),
then

F-dim(XxY)(T‘(R) < F=dim XT + F=dim Yoe a

Prgposition_3,6: Let (X,T) be strong o =~Lindelof and strong
countably A=compact F-space. If (Y,R) is strong ol—-compact F=-
space, then

F-dim(XxY)(TrS) % F=dim X; + F=dim Y
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Proof, Since o -Lindelof countably o =—compact F—-space is -

compact, Then corollary 3.1 finishes the proof,

The star.finife property introduced in topological spa-
ces can be used in a similar way for F=spaces. Let (X,T) be an
F-space. A collection U of f-sets in X is said to be star - fi-
nite if every u € U meets at most a finite number of other mem—

bers of U,

Definition 3,1: An F-space (X,T) is said to have o =star =
 finite property (o =st.fe.p) if every o -=shading of X has a

star=finite d=-refinement.

Propasition 3.7: Let (X,T) be an F-space, If (X,T) has an o~

star finite propery, then (X, %1ﬁT)) has a star finite propertye.

Broof, Let ? be an iob(T}-apen caver of X, For each G& y let

G = hElﬁx,l] s h & 1%, Then fo e T and since X = U hgl(x,;]==LJI;

Ge | Gef
so A = {hG : Gej} is an o =-shading of X, By the ol =st.f.p of
(X,T), there is a star finite o =refinement V of # . Let

o = 0-1&1,1] , Vv € Vo Then w is an gL(T)*open and the family

W = {u"-r w"'=—"u*l(bc;.t“] for all v e U_} is clearly a star finite

refinement of ;7/ - o

Corgllary Js4: If an F-space (X,T) has a strong =8t fepPe,

then (X, 1i(T)) has a st.fep.

Proof, Follows from proposition 3,7 for each. < {(0,1)e [

Proposition 3,8 Let (x,T7), (Y,R) be strong o -~Hausdorff F-

spaces such that (XxY, TxR) has the strong o =~st.,f.p. Then:

F-dim(XxY)(TxR) & F=dim X; + F=dim Y ,
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Proof, Since (XxY, TxR) has the strong o~st.f.p. then by co=-
rollary 3.4, (XxY¥, i(TxS)) has the st.fep. (X 1(T)) and (Y,i(R))
are Hausdorff £cpdlogical spaces from lemma 2,2. Then we apply
Morita’s theoremoPYPf the topological part, we have

dim(XxY) i(TxR) <, dim Xi(T) + dim Yi(ﬁ)

and hence

F-dim(XxY)(TxR) g F=dim X + F=dim Yq a

Propgsition 3,3: Let (XyT), (Y,R) be o =Hausdorff F-spaces
such that (XxY, TxR) has the & =st,f.p. Then

F-dim&(xxY)(TxS) < F—dlma_x.r + F-dimmYH

Proof, Focllows by the same way of proof aof prapositian 3,8, T

Definition 3,2: An F~space (X,T) is called ultra paracompact

F-space if (X, i(T)) is paracompact topoclogical space.

A =-Hausdorff F=space with F-~dim Xy = n and (Y,R) a strong <& =com=

pact strong & ~-Hausdorff F-space with F=dim Y. = m. Then:

R

. F-dim (XxY)(TxR) ém + N

Proof, By assumption and lemma 2,1 and praopesition 2.1, (X,
i(T)) is paracompact Hausdorff with dim xi(T) = n, and (X,i(R))
is compact Hausdorff topological space from lemmas 2.1 and 2,2

with dim Yi(ﬂ) = m From proposition 2.,1. From the topological
’11miﬂade;12,we have

dim(xxy)i(T){R) = dlm(XXY)i(T)Xl(R)é m + Re

Hence by proposition 2,1, we get

F-dim(XxY)i(TxR) < M+ N, O
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Let (X_,T_) be a family of ultra Tycho-
s’ s’ ges
noff F—-spaces such that any countable product F-space is o=

Lindelof, If F-digixs = 0 for s €5, then F-diﬁi*n“ Xs = 0,

8¢S
Progf, From proposition 2.1, F-diqixs « 0 if and only if

dim X_ . - 0, Since (7T X
s gi(Ts) so1 8

, 11. T, ) is o -Lindelof,
i 1=1

i

then by lemma 2.1, we have (i?’ X T i (T_ )) is tindelof.
’ e

The proof is completed by appling Thaéfég{ﬂx1_62_nf the topolo=-

gical preliminary O



Chapter IV:
INVERSE LIMIT OF F-SPACES

The notion of the inverse limit of topological spaces has
been widly conaidered and its connection with the dimension of
the spaces has a great contribution to the development of the di-
mension theory of topological spaces, It is worth while to intro=
duce this notion for F-spaces and look at its relation with the
covering dimension of F=spaces,

We devote the first twoc sections of this chapter to the
introduction and the study éf the notion of inverse system of F-
spaces and its limit F=space in the light of the study of this
notion in case of general topology, where most of the results =
specially for compact Hausdorff spaces = can be generalized ana=
logously to F-spaces. We return in the third section to the o -
covering dimension, where we give some characterization of F-dim_
for the limit F=space,

- -S; cx-bicﬁmpact F-épacé we mean an o ~Hausdorff and o=

compact F=-space,

1, INVERSE LIMIT CF ot=BTCOMPACT F=SPACES:

Let {(XS,TS) T 5 € S} be a family of Fe=spaces indexed by

a directed set S, For each s,t €5 with s < &£, let Fs £ ° xt
L

be a mappilng. We call EF = {Xs, fs,t’ S}- an inverse system of

> g
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F-spaces aver § if: f_ . is F-continuous for each s,t « S (s = t)
’

such that fs 5 is the identity (for every S), and if s = t < 1,

4

then f o f

s,t - f‘s

t,r o T
Let X be a subset of the cartesian product 'ﬂ“xs, consi-~

sed

sting of the points x e T X_ such that f_ _(p.(x)) = p_{(x) for
scg S s,t*'"t 8

each pair s,t € S with s < t, uhera'ps, p, denote the projections,
For each s € 35, fs :'E-——yxs is called the canenical mapping

(F3 = pslf), and the F=continous mappings fs are called the F-

t
?
banding mappings Uf,fp'

Definition 1,1: The coarsest F-topology'? on ; foar which the
canonical mappings Fs(s=55) are F~continuous is called the in-
verse limit of the inverse systeijF, and (E;?) is callsd the

limit F=space of the inverse system of F~spaces.,

Propgsition_1,1: The 1limit F=space (;;?) of an inverse system

L1

X. = {X_, f S } is the relative F-subspace of the product

s,t

Fespace (T X_. 717 T_) on X.
seS 3 ges S

oo

Proof, Let (X,T) be the limit F=-space of X. and let fe 8t X —>X_
be-the canonical projections for s € S, According to definition
Ie2.11 it 1s encugh te find for any cpen F=gset w in X an cpen F-

set g in TT'XS such that glf = Wy Let w be an open F-set in X,
seS

n —~

Then w= \/ /N\f_ (u.), u eT s € S¢S, But . =p_ | X
s i=1 %; 1 51 i 51 Si

for each S; SO p-l(u ) is open F=set in T X_ and if we put

S$.' s, S

i i SE€J
g = \g’ ($i D;l(us ), then g 1s gpen F=set in T X and clearly
. - i i | seg§ S
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Proposition_1s2: Let X_ be an inverse system of F-spaces (over

S) and let (X,T) be the limit F-space of X with canonical ma-

ppings -fs(seaS). Then the set of all F~sets of the form f;l(us),

uses Ts 3 5 forms a basis for'?.

Proof, Let /3 be the set of all F-sets {f;I(us) P u e TS}seS

and let p_ be the projection from the product F-space ( TT X_ ,
se5

;EgT ) anto (X T ) for s < S5 where X. = {X o s,t' s} ie an in-

verse system of F-spaces, Let w be an open F-set in the limit F-=
space (?}?). Then by propositian 1,1 there exists an open F-set

g in T[T X_ such that w = glX. By definition I.3.2 of the produ=-

ge$§
-1 |
ct F-topoclogy = \/ f\ P (u Y, S7 G.S, U e T. « So
' 3155* i=1 %i 5% $;- 9
-1 v \/ A P itet | R =
(\\/ /\ Pg’ (u ))IX = A\ (ps [ X) (us Y = \/ fW\f (u
Ss i=1 i S; i=1 i i S; i=1 5%

n
That is w = \v/ /\ Fsl(u5 } e
s, i
i

i=1 71 i

Since S is directed set, then there is t € S such that S, = t

for each 1 l 2,;.1,“.

(ug ), them h_ &« T

n
Put hy = ;N. . .

g
-1 1 1 -1 =1 -1
L yer A L (o) = AT ethyu, ) = AT, ).
2 TR R ST T R T S S 5 U S A |
Then
~1 N |

Hence /3 is a base for T as required, -

This base is called the standard basis for T and denoted

by fg (;) »

21

)
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Proposition 1,3: If (X,,T ) 8 « S are FT,,FT,, %-Hausdorff or

F~regular f-spaces, then the 1limit F=-space (?:?) of the inuverse
. or

system EF = {Xs, fs,t’ S} is FTl, FTZ’ d =Hausdorff Fereqular

F=~space,

Progcf, By proposition I.,3.8 each of FTl’ FTZ’ & ~Hausdorff and
Fe-regular is productive and clearly sach of them is heredatory

which completes the proof, O

The next proposition gives the connection between the in~
duced F-space of the inverse limit of topological spaces and the
limit F-space of the induced F~spaces. But first we restate we-

iss”s proposition 3.4 [23] as a lemma without proof.

Lemma 1,1: tet (X,R), (Y,f) be two topological spaces and

f 1 (X,R) —> (Y,7) be a mapping., Then f is caontinucus if and
only if F : (X,w(R)) —> (Y,w()) is F-cﬁntinuﬁuéluhére
(Xyw{R}), (Y,w(<)) are the induced F=spaces an (X,R) and (Y,7)

as in chapter III,

o

Lemma 1,2: Let X = ixs, fs " S}' be an inverse system of to=-
L

pological spaces aver S, Then L {xs; Fs,t’ S} is an 1inve-~

rse system of induced F-spaces,

roof, For s,t € 5 with s < t, fs,t : (XS,RS)———} (xt,ﬁt) is
ontinuous if and only if Fs,t : (Ks,m(ﬂs))-# (xt,m(ﬁt) is F=-

ontinuous by lemma 1,17inishesthe proof, a

roposition _1,4: Let X = {x y T o 5} be an inverse system af
R e Sk Ay . . Sy gt Wil A S — S 5 y t
opological spaces, If (X,R) is the inverse limit space aof X, then

(X,w(R)) = (X,(w(R))).
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Proof, =— Let g be w(R)-open F=set, Then by proposition 1.2

n

g= \/ F;l(us ) where u, is m(Hs )=open F=set and
s i=1 7§ i i i

Fo oo (X,w(R)) —> (X_ ,uw(R_ }). But u-lﬁi,l] is R_ —-open gst for
i i 53 %3 53

any oel0,1) for each i = 1,2,e0e4Ny 8 € Se Since (f;%(us_))-lﬁi,l]
i i

= f;l(u-l(d,l]), then J (2\( l(u ))-1(d111 is R=open set.
= 1=] l

1 i 1

So

N - . _
\/’ /\ fsl(us ) € w(R) i.e, g is w(R)~open F-set,
s, i= i i
i

< Let g be w(ﬁ)-open F=set, Then g-1(¢,l] is ﬁ;Open
set for any .a..c-:.['_EJ,l).
Se

g-l(d'il] =

f:)n

-l(u ) where U is Rs -open and

s . b
= J.. J. 1 1

°i

Fooo: (%',”é)—-e»(x

s < 2P ) is the canonical., Now for each i =
i -

1 i

l,2,...,n,_/u(usi) is w(Rsi)-open F=set and by lemma 1,1

F;lgu(us )) is open F~set in X and hence \/ /R\f;lga(us )) is
i i | s; i= i i
w(R)~open F-set, But \/ gakf;%gu(u )) = A \J /H\F-l(u ))

si i=1 T1i Sy i=1 %31 Si

N =] -1
U« = 'lJ =
;/i '/=\lfsi(/ (usi)) Ae(g " (ay1] )

So g is w(R)-open F=-set, Therefore (X,w(R)) = (X, w(R R))e O

Lemma 1,3; [Id]3.1: Let (X,T7), (Y,5) be two topologically
generated F-spaces, Then f : (X,T) —>(Y,5) is F=continuous
1f and only if £ ¢ (X,i(7))— (Y,i(S)) is continuous where

(X,i(T)) and (Y,i(S)) are the modificated topologies. O



67

Remark: Using the above lemma we cobserve that if X- = {X o T ’
—_— ~F s? s,t
S.} 1s an inugrse system of F-spaces, then X = {xs,fa’t,s } is

an inverse system of mgdificated topologies,

The following proposition shows the relation between the
modification of the limit F-space and the inverse limit space of

the modificated topologies.

Proposition 1,5: Let X = ixs’fs,t’s } be an inverse system of

topologically generated F-spaces, If (X,T) is the limit F=space

of X then:
~F

A

(X,4(T)) = (X,1(T)) {T)=TT &(T)

s5€5
Progf, ==>Let G be an i(?)-open set, Then G = g-lﬁi,l] far
g € T and a€{0,1)s By proposition 1,2, g = \/ f;l(us) where
- se
Fs e X -frxs and ug & Ts' But

6= (Vo)™ He,1] = U oMU e, 1) where uTt@,1] is
S * s

i

i(Ts)ﬂapen, sa & is i(T)=open set.

P e i

&= Let G be an i(T)~open set where i(T) is the inverse
limit space of the modificated topologies i(TS) seS, Then G =

;:é*F;l(us), u  is i(Ts)-apen and f_ : (X,i(T))—_—&(Xs,i(Ts))

is the cancnical mappings, so u, = g;l(d,l] for 9; € Ts and

& e {0,1) and hence

5 = e ]) = UG e ) THe,1T = V(£ H(a,)) H w1

by lemma 1.3 sai\/(fs(gs)) e T and so \/(Fs(gs))ﬁx.l]EEi(T)

i.es G is i(T)=cpen set, a

Proposition_1,6, Let X be an inverse system of & =Hausdorff

b X 8
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F-spaces (over S), Then X is a=-closed in (T X_, T T.) for
Se3

s<3
o« eld,l),.
Progf, Let_)fF = {Xs, fs,t' S}- be an inverse system of o ~Haus=

dorff F-spaces, X € T xs and x ﬁ’ 3?. Then there exist s,t € 3,
8 5

s < t, such that f_ tpt(x) # ps(x). By <« =Hausdorffness there
)

are open Fe-sets u_,v_ in X  such that us(ps(x)):}df’
-1
Us(fs,t pt(x)):»d. and u_ A v, = 0. Hence (ps (us))(x):rd. .
—l .
((fs,t pe) (v )M (x) >a in (TTXS,TTTS).

Let w = p;l(us) A (Fs,t pt)-l(us). Then w is open F=set in

17 Xgs w{x)>a for xe T Xs\§ and for any vy € X, w(y) = O.
sel 8 S . |

Hence w Afﬂ(?j = 0, that is X is & =closed as required, H

Propgsitign 1.7: Let X- = {xss Fe b9 S} be an inverse system of
4
Hausdorff F-spaces, Then

AT X \X) is open F-set in 7T X_.
SES s€S

Droof, Llet x < g X\X. Then there are s,t « S, st such that
’ SE

f tpt(x) # ps(x), so by definition I.2.3 of Hausdorff F-space
 J
there exist u_,v_ open F-sets in X  such that us(pﬁ(x)) = 1 =

-1

(F, tpy(x)) and ug A v = 04 S0 (a31(u))(x)e1=((F, py)

US S

-1 .
(us))(x). If we put w, = p_ (us)a&(FS'tpt)(us), then w = is

open F=set in TT X_ and w_(x) = 1 for x e T X‘{f; Sc for each
seS ° % s S °

x e 17 XS\§ we can find an open F-set W such that wx(x) = 1,

$€ 9
and hence &( T Xs\x) =\/&‘”x : xe’( 1T xs]\x} which is aopen F-
se .S€S
set in W Xs » -

S€S5
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Lemma 1,4: Let Y be a suitable closed set in an F-space (X,T),
‘Then: |

(1) E is ciosed Fegsgt in Y implies £ Is closed F-set in X,
(1) G is closed F-éet in X implies G|Y is closed F-set in Y.

Propaf, Let £ be closed F-set in Y as subspace, Then there exi-
sts a closed F=set G in X such that G|Y

E; that is E = G A 4(Y)
and so T.x - E = TX - (Gau(Y)) = (TX - G)V(-fx - u(Y)) = open
F=set in X by Demorgan’s law I.1.2; that is E is closed F=set

in X,

(1) is clear, O

Since proposition 1.7 shows that for an inverse system

:EF of Hausdorff F-spaces X is I*-clcsed, then it follows from
propasition I.2.5 that X is suitable claosed in 1T‘Xs. This leads

SES
toc the following proposition,
Proposition 1.8: Let X. = {Xs, fs,t’ S}-be an inverse system of
Hausdorff F=spaces. Then the limit F-space (X,T) is a claosed F-

subspace of ( T X_, -ﬂ‘Ts).
seS s€5

Praoof: is an immediate consequence of proposition 1.7 and

lemma 1.4, O

Corgllary l.1: Let X be an inverse system of strong ol-Hausdo-

rff F=spaces, Then (E;?) is a closed Fesubspace of ( TT Xs, T TS)EJ
| seS sed

The following result is a generalization of one of the
most important result in the inverse limit of topological spaces

Uale

Proposition 1.9: The limit F-space of an inverse system of o~



bicompact Fespaces is non=-empty d=Bicompact Fespace,

Proof, Let (;,?) be the limit F~space of an inverse system
..51: = {xs, Fs,t’ 5} of o ~bicompact F-spaces fgr de{0,1),
Then by Tychonoff product theorem for F-spaces = proposition

IIT.34,2 - and proposition I.3.8 (17 X TrTs) is & =bicompact
Se€5 SeS5

F-space, form proposition 1.6 X is & =~closed in (T xsf TFTS)
s 5 s S

which implies that (E;?) is o-=-bicompact by proposition I.2.7.

Now we have to show that X £ §s For t € 5§, let

Yt = {x c S'E'SXS : ps(x) = fs,t pt(x) for each s € S such that

s < t} e Then Yt is & =closed in TT XE from propesition I.3.4
S€S

and Yt # @, faor let Xy e,xt and for s € S let Zs g=xs with just

5

Z= 1 2_o, Then Z # §, Z is a subset of T Xg and Z < Y
ses ° S€3

gne point {x,.) if s = f'and 7 = X otherwise, Let
s,t*¢t S
tI

If t,8 « § such that s <« ¢, then-Yt C‘Ys' it follows

that {Yt} is a decreasing family of X =~compact and hence by
teS
proposition I1,2,8, we get /) Yt £ Q.
GES

Let x € [ ) Yt' If ty,vr € S with t < r, then since x < Yr,
tes

pt(x) = Ft,r pr(x) which implies that x € X as required, 0O

Corollary 14,2: Let (E;?d be the limit Fe=space of an inverse sy=-

A il S

stem'?_(F

pact, o

aof strong d =bicompacte. Then (X;?) is strong o -bicom=

Corollary 143: The limit F~space of an inverse system of C, ,

countably & —compact and o -Hausdorff F=spaces is non-empty.
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Proof, Since C, countably o -—compact is d —-compact by propo-

sition I.2.3, then the proof is completed by proposition 1,9, Q

Corpllary 1,4:; The limit F-space of an inverse system of o =
Lindelof, countably & -~compact and & ~Hausdorff F-spaces is non-

empty, ™

Definition 1,2: We shall say that Yo = Y, T 5} is an
F=subsystem efng 2 ixs, Fs,t’ S} over the same directed set

5, if Y_ is F~subspace of X  and 9g,t = Fs,tlvt (s,t & S,

s <« t). We note that f (Yt) C.Ys (s < t),

S, %t
Broposition 1.10: Let X. = {xsr Fs, b 5]’ be an inverse systeam
of F=spaces and let (X,?) be its limit Fespace, Let

Ye = {Ys, 9, ¢? S} be an F-subsystem ufijF. Then the l1imit F-spa~
ce (Y,T§) is an F-subspace of (X, 7)o

Proof, Since for each Y, < X_ so we have Y = (;géYs)f”\X and

’¥? is the F-topology induced by the product F-space ( 7T Y

) — SE€ES
T T cn Y.
seS S Ys

s!

But (T Y y TT'TS y } is induced by the product F-space
se’ S £3 S

TT.T.) on 1T Y_. So (Y,Ty) is an F-subspace of (X,T)e ©
5¢§ seS ° ses °

Corollary 1,52 Let (X,?) be a limit F-space of an inverse sys~
tem EF = {xs, Fs,t’ S} of F-spaces with cancnical mappings
fg 3 X > Xgo Let Y = {F (X}, g ¢, S} be an F-subsystem of X..

Then (X,?) is the limit Fe-space of Y. a

We note that each F-~bonding map J is surjective and
— 4

the cancnical maps X — FS(X) are alsoc surjectives.,
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2, INVERSE SEQUENCES OF F=5PACES:

The inverse sequence is considered as a special case of

an inverse system. We notice that if X = {Xn, f N} is an

n,m?*

inverse sequence aver ¥ (N is the set aof pasitive integers with
its usual ordering) with all the sets Xn are non-empty and all

(n <« m) are surjectives, then the inverse limit

bonding maps fn,m <

X of X is non-empty without imposing any F~topological conditi-

QNS .,

Proposition_2,1: Let,}F = ixn, fn,m’ N} be an inverse sequence
of countably & =compact F-spaces, If all F m(Xm) (n « m) are

,
d=-closed in Xn, then the limit F=space (E;?) af_}F is non=-empty.

Proof, For any n e N, {Fn’m(xm)}m;n is a family of <o -closed

sets by assumption in Xn and

£ X J M=MN4g

n,n+l£xn+l) zjfn,n+2(xn+2J vee f:1':,,,31( m

So {F { X )} is a decreasing family of d =closed sets in a
Nem' 'm _

countably o =compact Xm, and then by proposition I,2.8

M f. (X ) # B8 and is countably o ~compact,

nem Mmoo M

Let us put Y _ = A fn’m(Xm).
n<m

If n «m, then fn m(Ym) il In fact
) J
anm(m{:e{-fﬁlsa (xﬁ )} )C er{Fn,m(fm,E (xl J)}

A fo 0 (Xg) = Yoo

nef

-_h
-
g
=
L
|

0

Now let y_ e Y _, that is y_ e N f

el n’g(Xe), so it is

enough to show that Y. & fm / (XE) for any m » n, Let m be
4
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given and choose < N such that { 2n, {zm. Then Yo € Fo E(Xe),
?
let xze;xc such that fn,ﬂ(xe) = ¥ Define Yo = fm,f(xﬂj sa we

have y_ e Y  and fn,m(ym) = fn,m(Fm;Z(xf}} = fn’g(xg) = Yo

Hence Y, € fn,m(YmJ and then fn m(Ym)= Y (n < m)e

By letting g, , =T n!Yy to be the restriction of f_

to Ym, we obtain an inverse sequence 'IF = {Ym’gn,m’u} of F=~spa=

ces, where the F=bonding mappings g are surjectives, Hence

n,m
the limit F-space (?; ?} afijF is non=empty and consequently {?;?)

is naon-empty F-space, -

Definitipn 2,1: Let wv: (X,T) — (Y,R) be an F=continuous
map, ~¥ is called strongly F-closed if it is F=closed and

far any o =closed set A in X, “Ww(A) is o -closed in Y.

ln the following proposition we give the canditicn under
which the limit F-space of an inverse sequence of countably o-

campact o ~-Hausdorff F-spaces 1is countably cd-compact,

frgposition 2Z.2: Let X = {xn, fn,m’ N} be an inverse sequence

of countably & -compact o =Hausdorff F-spaces with strongly F=

- ————— —_

closed canonical mappings, Then the limit F-space {(X,T) is coun=
tably & -compact Fespace.

Proof, Let (X,T) be the limit F-space of X_ and let {€ ] | oe
i

an % =centered family of closed F=sets in X, By assumption
Fn(z) is & =clased in Xn for each n s N, where fn is the carnoni=-
cal mapping and hence by proposition 1,2.7, Fn(f) is countably

X =compact .

Letﬁ‘_(F = {Fn(X), gn'm, N} where gn’m = fn mlfm(x) N < Me

Thenf}F is a subsequence cf_ﬁF satisfying condition of proposi-
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tion 2.1, therefore the limit F—=space (Y,??) is non-empty and

Y < X,

O - .
is d =centered family of closed F-sets

Now {gm(Ei,?)}

i=1
in Ym and since Ym is countably o -compact then by proposition
L4244 there is y_ e Y_ such that (gm(Eil‘r’))(ym) > 1 =a for all
1= 1,240 o So there is y € Y such that gm(y) = y_ and
(EJY)(y) 2 1 =o for all i = 1,2,400 .

Since ;-g-frsc there is x e X such that Ei(x):a I =l

for 2all i = 1,2,00e o ieEs (i;?) is countably o -compact, O

Brogpgsition 2,3: The limit F-space of an inverse sequence of

Cu F-spaces is C, F=space.

Proof, 3Since the product of a countable family of C, F-spaces
is C, F-space by proposition I.3,7, then the praof follows from
the clear observation that any F-subspace of a C, F-space is C

F=space, a

Let (X,T) be an F-space, f e Ix is called-+a=rset if

o
f = /K\ 9. where 9; is open F=set for i = 1,2,e0ey and f is
i=1 ’

m L
called H = set if f = \// hi_uhereuhi.is closed F=set for i =

e i=1
ly2,ees o« le note that the complement of an éb-set is H__ =set;

that is if f is an ib-set, then co f = H_ =-set,

Definition 2,2: An Fe*space (X,T) is called fF-space if eg-
ch closed F-set in X is an Fw-set.
It is clear that every F-normal gF"SpaCE is perfectly

normal F-~space,

Proposition_2,4: If (X,T) is a limit Fe-space of an inverse

sequence ,.2.(;-' = {Kn, fn m? N} af ZF-Spaces, then (PJ.(‘,F'_I") is fF—spaCE.
?
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Proof, 5Suppose that (?;?) is the limit F-space of an inverse
sequence X. of cl F-spaces and let E be a closed F-set in Xe |
Then for each.n e N cl(Fn(E)) is a closed F=sat in Xh and hen=
ce by hypothesis cl(fn(E)) = éiaunj ¢ where "nj is open Fe=get

-1
n,n+l(unj

)E’-’-El

in X_ for j = 1,2,ees and for ecach na N, f ) = u

n n+l, j?

clearly for n e N, f‘;l(un

U - U »
0]~ nyi+l o 5

Suppose that g is an F-point in f; q £ E such that for

each n, g e;f;l(un n). For some n e N, fn(q) & cl(fn(E)) and
9

hence for some m = n, f‘n(q) & Up. me Then f‘m(q) & um,mﬁf(un,m)'

-1 _ A =l
5S¢ g gffm (Um,m) and therefore & = 421 fn (un,m)' where un'

is open F-set in X_. O

Definition 2,3: A mapping W: X—> Y has a clint property it
for an F-set g in Y, and an F=set f é.X, ,q;l(cl g) =
cl(w™(g)) and w(int £) = int (W (f)).

Proposition 2,5; If (X,T) is a limit F-space of an inverse se-

A i S-S A -

quencqup_; {xn, fn,m’ N} of perfectly normal F-space with sur-

jective F=bondings and canonical mappings have a clint praperty, -

then (E,?) is perfectly normal F-space,

Progf, Let (i;?) be a limit F-space of an inverse sequence

X = {Xn, Fn,m’ N} of perfectly normal F-spaces, By propasitiaon
2ed, it is enaugh to show that (E;?d is ncrmal fF-space, Let g
be a clased F-~set in E-and h be an open F=-set in X with g < De
Then for each n € N, cl(Fn(g)) is closed F=set in X and
int(fn(h)) is apen F-set in X with cl(fn(g)) < int(Fn(h)) from

the assumption, Since Xn is normal fF-space, then there is an



open F=-set k in Xn such that
c1(f (g)) < k < cl k = int(f_(h)).

So
FL(cl £ (g)) < LK) < Fri(el k) < FRi(ane(f (h)))

Since each fn has a clint property, then

ih

Pl (e1 ) @ Frh(k) < cl(f7H(K)) = 7 H(F(ane M)

That is
frl(r () < F21K) & cl(FTHK)) = FIH(F (M)

Hence

g« FoH(k) < c(FTH(K)) < h .

Let u = f;l(k) the u is open F=set in X and g « u = ¢l u = h

finishes the proof, (

Je F-dimd‘UF LImIT F=-SPACE:

Lemma 3,1: Let (X,T) be an o =-compact F-space and let /4 be
K

a base for T closed under finite joins. If {ui}. i1s an o~
i=

shading of X, then there is an a+-shading {ui}k of X by

i=1l
member of /2 such that Wi g Uy for esach 1 = 1,2500e3Ke

proof, Let /4 be a base for T, For each x € X there is some

76

ie {1,2,...,1':} such that u,{x)>a& so u, = \/ bx which gives
X
that bx < Uy for some bxea/g; that is {bx}xex forms an &4 =—shad=

ing of X and hence by assumption there is a finite & =subshading

{bl cos b5} (say) of X. For each t = 1,2,..e,5 choose };(t)

such that b, < u (t) and set v, = \/ bys then since /) is

t

(t)=i
/
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clased under finite joins, so uieya and Vi & Uy for i = 1,2,
k
sesgkKe Clearly {_'ui}' lis an d -shading of X. a
. i=

Proposition_3,1: Let (E}?} be a limit F-space of an inverse

system X_ = {X_, f_ ., s} af d.-bicompact F-spaces, If F-dim X
- L
¢ n, then every & ~shading of X has a finite d-refinement with

order <« 1 and whose members belong to /3(?}.

Proof, For ae(C,1) let F-dim X < n and let U be an & -shading of

E. By proposition 1.9 (i}?) is o-=bicompact F=~space where X is
k

non—=empty and hence there is a finite & -subshading {ui} of U,

i=1
Since /3(X) is closed under finite joins, the proof follows from

lemma 3.1 and the definition of F-dimd'II.1.2. =

The next proposition shows that if (X,T) is the limit
Fe=gspace of an inverse system of & -bicompact each uith.F-dim¢Fs
< n then F-di@x; < N

Proposition_3.2: Let X =~{Xs, L S} be an inverse system of
- ’

& =bicompact F—spaces such that F-dimd'XS-.c_:, n for s ¢ S, Then F-

dimQF; < Ng
%4

Prgof, Let U = {ui}. lbe an & =shading of X whose members belo-
1=

ng to (X); that is u; is of the form u; = F;i(usi) s, € §,
U, open F~set in KS . Since S is directed, so there is t € S
i i

such that s; =« t for all s, i = ljzpilafkn

il 1?
Let Ve F;%’t(usi). Then'ut_ is open F=selt in Kt and if we put
1 i i i
V, = K -1
i=1

Now Ft(X) is o -closed in X, by proposition I.2.8 and
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T.3,3 and V¥, is an o =shading of ft(x) for: let x, e ft(iﬁ.

t t

Then x ft(x) for some x € X, since f;l(vt) is o =shading

t
of X so there is F;l(ut ) such that f;l(ut }(x)})>o. , then
1, ig

vy (Ft(x)):>d- l.ea vy (xt)pqp « Since Fudi@ift(X) < F-dim_

o 1o

Xt-& n by proposition II.,2.1, then there exists an o =-refineme=

nt W of Vt whose order « n, Hence le(m) is o =refinement of

-1

L (W) is o -refinement af U of order < n

-1 :
Ft (Ut) = U le2e T

which implies that F-di%px < MNa -

Corpllary_ 3.1: tet X = {Xs, fs,t’ S} be an inverse system of
strong d=bicompact F=spaces such that F-dim Xs < for every

s € S, Then F—dimJE < Ng rl

—

The next proposition gives the characterization of the

X-bicompact F-space in term of the limit F-space,

Proposition_3,3: An F-space (X,T) is strong O --bicampact with

Fedim X = Q0 if and only if (X,7) is a limit F-space of finite

discrete F=-spaces,

prgof, == Let {X,T) be the limit F-space of finite discrete f-
spaces, For each a€{0,1) clearly {X,T) is d =bicompact F-space
by proposition 1.8 since each finite discrete F=~space is o =hi=~
compact,

To show that F-diqix C assume the contrary i,e, let

F=dim X >0 for each a€ (0,1}, Take x; € X and y & X\ixl} )
then by the definition of o -Hausdorff F-space, there are two

open F-sets u, , u, in X such that u,

. (xl):::-cb , uy(y):ﬁd, and

1

u, A u, = O« So {Ux ¢ U } is an do=shading of X and then
' Y 1 7 yeX\ixﬂ
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there is a finite set iyl,...,yy} < X\{xl} from the 4o =compa-

- K
ctness of X, such that {ux Uy % is a finite o =shading of Xe.
| 1 7i),;

i=1

| k
Since F=dim X >0, so there is an & =-refinement V of {u g U
o X1 Y4

i=l
of grder = 0; that is there are at least VisV, & V such that

k
Vi A v, £ 04 But ¥V is & =refinement of {uxl,uyi} i.e. for U, s

i=1 3
t..ly2 (say) there are v;, v, € V such that o; = uxl, v, < uyz
(ul A Vs £# 0) and vy A vy 20U AU = 0 ccntradictidn. Hence

| 1 Y2
Fedim X = Q for each oel0,1).
Therefore F=dim X = Q.
&= Let (X,T) be a strong &-bicompact F-space with

Fedim X = O. For each a€(0,1), let ? = {_Gi} be an o =shadi=
| e % ien

)

ng of X by disjoint F-sets where A  is a finite set, then JS1

Sl’_? } [ ) is the family aof all finite disjaint < ~shadings of
L'deild,l

if 701» is an d =-refinement of yfﬁ , we say « < /f2e I,

then I is a directed set by ¢ . For &s/5 we define f;/s: ﬂg-—-}ﬁd‘

by f'd'ﬂ(i) = j implies Gj e G;y, 14, je A e Let each A, be gi-

A
ven the discrete F-topology (i.e. I%“is the F=topology on A L for
each o€ld,l]). Then clearly fLa is F~continugus (a4 < 4 ) and so
/

.-EF = {Ad), 1;_,/3 . I} is an inverse system of F-spaces qver I,

Let (E,? e the limit F-space of A. and f, = A— A, be

the canonical mapping for each » « I,

Define E — X by V(i) = x if xe m GT such
| refor) *
that

f;’*.{l) = J.AE. ﬁ}‘.

We show that v is fF-homeomorphism, W is injective? Let



i#je'ﬁ.rhenr(ihéf(j)en

Gl}‘ i: Gj fﬂrlcia’ ﬁ
ryl3) if xézgﬁ},f) _L;

VY is surjective:

finite disjoint A =shading

80

ieee i # i, and hence

Y

this lmplies that w{il) = x £ vy

éﬂG

Jelo) A

Let x ¢ Xo Then there is an A<« [0,1) and a

9’1 such that G; (x)>> for some

0 )
G; €] which implies that x ¢ 5T  and i, €A . So there is
or SA 1o A A
lae R such that F%(iu) = iah and hence *V(io) =

W is F=continuous: Let u

# 0 be an open F-set in X, So for

someg »el0,1) there exist icefi and X, € X such that u(xi ) > A
a >
and (i) = xi « Hence
-1 + : X.®U
Y T(u) = U{p 2 X; @ U, p, (x )>%}=H{F‘- * %3
[ o Yl(xi) ._
T-—U_{?i‘léﬂj
= open F~set in A, —
is F-open map: Let w be open F=set in A, Then w = U{ p; ¢

p; € }-énd hence 7 (w)

where x ¢ 7} ¢t ’
A Efﬂfd 1

= ('\Y{U pi}
f (i) =
~

= U/\P(pi) =V F’”(i)= v Py

so WY(w) is open F-set in X,

A—

Therefore (A,T) J.sﬁ-’acmeomorphictﬂ (X, T)e [

-IFM(E;TJ is the limit F-space of an inverse sequence of

F-spaces with F-dig_fg where p © N, p-=> 0. Under what conditions

is it true that F=dim X S pe The following two propositions deal

A
with this questiocn,

Let

X

A

b
—
--Ill_--——

of ccuntablyci,-campact with F=dim X %<p

m(X'm) be X -closed in X

of any F-subspace of Kn is

4/\}3-

F ilnvazm C
{Xn, n,m? N‘}be an ilnvaise sequencs

L A (p &N, p~2> 0) and all

(nts:nﬂ. If each finite ©o{ =shading

countably extendable, then F-diT<X
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K

Prgof, Let U = {ui} be an d=shading oflipand let ea;h finite

i=1
& ~shading of any F-subspace of X  (n & N) is countably extenda-

ble,
Each u; = F;%(UB'J where n; e N, V, 1is open F=set in
i i i
-1 .
Xni. Let _umi = Fni’m(uni) s N; e m for all i = 1,2,40e9ke

k, —
Put V= {Umi} then fml(Um) = U and {Umlfm(X}} is a finite
i=1

% -shading of f_(X). By proposition II.2.5 F=dim £ (X) = p

| K »
and hance there is a finite & =-shading {Gm } of Fm(X) whose
Fli=1
arder < p and Gmi < umilfn(x) for 1 = 1,2,00e9ke By assumpti-
O
on there is a countable & =shading W = {”j} of Xm such that
i=]1
K

wlfn(x) 1s a precise & =refinement aof {Gm } and hence from
L - i .
i=1

countably A& =compactness of Xh there is a finite o =subshading
L | | _ k
{w.} (L >k say) af X_. i.e. {w.} is d=refinement of
J '=l o J i=l
Lk

{Gmi}

f;l(vm)'wﬁich implies that f;l(twj} ) is an d-refinement of

| K
whose order <« p, So le({w.} } is d.=-refinement of
i=1

L W)

i=1
L
i=1
U of order < Poe le.2. F-dlmmx = De a

Broposition 3.5: Let X. = {xn, fn,m’ N} be an inverse sequence

of countably W& -compact & -Hausdorff Fespaces with strongly F=
closed canonical mappings. If F-dimd,xn'&-p for each n e N,
then F~dim X < p,

Progf, Let (X,T) be the limit F-space of EF = {Xn, Fn,m’ N‘},

K
F"diﬂxxn'i p for each n &€ N and let U = {uiE be an o -shading
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of X. Then as in the case of the previous propositiaon, we get
a finite d=shading F;I(Um) = U and {Umlfm(X)} ig a finite
& =shading aof fm(;) where fm(;) is . =c¢closed in Xm by proposi-
tion 1.4 and the hypothesis and then from proposition 1I.2.3 we
have F-dim¢fm(§) £ Pe S50 there is an & ~refinement mm of

UmIFm(Y) whose order < p and hence f';l(wm) is d=refinement of

f;l(Um) = U i.e. f;l(mm) is the required o -refinement of U,

Therefaore F—diﬂkf < Pe g
Proposition_3,6: Let a strong countably & -compact F=-space

(X,T) be the limit F-space of an inverse sequence of weakly nor=-
mal F-spaces and surjective F-bondings with F-digixn < p for

each n e N, Then (X,T) is weakly normal Fe-space and F-dim X < p.

Proof, Let us show first that (X,T) is weakly normal F-space,
Let H,k be two disjoint closed F—-sets in X and fn : Xv—a-xn be

the canonical mapping for each n € N, Then

A £ 1(el(f_(k))a cl(f_(H))) = @

Since (X,T) is strong countably o--compact by assumption, th=n
f;l(c}(Fn(k))ﬁ~;l(fn(H))) = 0 for some n € N from propasition I.
2.4, Now each fn,ﬁ (n ¢m) is surjective by hypothesis, so esach
f, is surjective by theorem 0.3 and hence cl(Fn(k))x\cl(Fn(H))=G
in Xn. But Xn is weakly normal F-space so there are Uj U, Open
F=sets in X such that cl(fn(k)) = Uy, cl(fn(H)) < U, and  u; =
o U,

Hence

PR (eL(F (k) & f(uy), Ft(el(r (1)) 2 £21(u,) and

-1 -1
f (ul) < f “(co uz).

That is
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-1

. i
K = fn (ul), H _.Fn (uz) and

f-l

o {u;) =co F;l(uz')

-1 | -1 _
where f_ (1&) and f_ (uz) are open F-sets in X.

Therefore (X,T) is weakly normal F=~space,

Let U = i”i} be an d-~shading of X. Then each u, =
i=1
f-l(u }, N, € Ny v is open F=set in X, o Let v = o m(vn )
1y i t N3 i i 1 i
K -1
n, &m for all i = 1,2,eee,ks Put V= {umi} then f_-(V_) = U
i=1

and since f_(X) = X_, then V_ is a finite & -shading of X = Fm(x)

for some o<c(0,1)e Since F-dim X < p, then there exists an
& ~refinement W of Um of order < p and so f;l(m) is an o =re-

finement of F;}(Um) = U whose order < p. Hence F-diqLX < Do m]

Corollary 3,2: Let a strong countably & -compact F~space (x,T)
be the limit F=space of an inverse sequence af normal Fc-spaces
and surjective F-bondings with F-diqLXﬁ s p for each n € N,

Then (X,T) is naormal F-space and F-dim X < p. a

We end this section by giving a generalization to Deli-
nié and Mardeg§ié’s theorem /9] i.e., to give & necessary and su-
fficient conditicon for F-diqu < nNe Following a similar techni-

gue we start with scme lemmase.

Definition 3,1, An inverse system‘5F={ﬁs, fs,t’ S} is call~
ed d-reversable if for an open F=set u_ in X _, f-l (X _\ supp.
5 S S,t" s

us) is o =clased in X, for 4.€(0,1) and s < t,

Lemma 3,2: Let (X,T) be the limit F-space an < -reversable

inverss systemijF - [xs, Fs,t' S} of & ~bicompact F-spaces.
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If s ¢ S and U, is an open F=set in KS such that suppe u, O
f_(X), then there exists a t & S, s <« t such that

Fs,t(xt)<: SUPPe U e
Proof, Assume the contrary: that is for every t € 5, s < t we

F —]_ » ™ .
have X, = fs,t(xg\sUpp u_) £ D By hypothesis X is « closed

in Xt and hence it is & ~compact, Theqiﬁg = {X:, F;;r' 3 } ’

. F'S e . - .
tyr =S and ft,r = ft,rlxt is an inverse system of & -bicom
nact F~spaces and would have a non=empty limit F=space (iﬁfﬁ <

(X,T) from proposition 1.8, Clearly f_(X) < X\supp. u, which

e

contracts the assumption FS(X)c: Ssuppe U e O

_— K
Lemma 3,3: Let (X,T) be as in the prvious lemma U = {ui}
i=1

be an d ~shading of X whose members belong to /g(ij and let

$ € S, Then there exists t € 5§, s =« t and finite o =shading

i
-1
Ut = {Ut.g af Xt such that Ft (ut‘) < Ui and order Ut <
i/, i
1=1
aTrder Ul
— | _ ~1 .
Proof, For each u; € U, u; = fsi(usi), s; € 5, usi cpen F=set
. | -1
N xs'.. Chioose SD & 5, 303--5, sl_'ilr‘jsk. Let uS i = FS-E (UE-}
i . - - o™ ivo i
K -1
) 0”1 0 o)

el el (u Y= Fl(u ) = u,. Then fThU_ ) = Ul fees f_ (u
. . S . S . L
Q 1 Q 1 1 X , Q 0 G

Lo W

is d~shading of X. Hence U_ 1is an d&=shading of f_ (X) which

~ O o
is & =compact and then f_ (X) < suppe. Ug where u = \/ U_ e
5 : s _1
0 Q 0 i=1l To
3y lemma 3.2 there exists t € 3 such that t =25s5_ > s and
K

-1
f (X, ) < supps u put v, = f (u_ ), then V =.{u }
Sot t 0 t; 1 0 ¢ Ly
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is an d-shading of X, and fi-(v, ) € u; for i = 1,2,ess,ke

i
Now 1f Vi : A eseAvy ; £ 0, then f;I t(u ; )A.F-l t(us 5 ) A
1 k o' So 11 %o o *2
-1 |
see A f (u ) # 0 and hence
S, t S, ik ‘
-1 =1 -1 =1 -1
£ T (u . VA eee A T £ (u . ) = f_"{u . JA see
t so,t s, i L So’t S, L. Sg 5, 14

-1
A T (U -}#D.
50 sc 1

Consequently

U: A U: A o0 A U: # Oe
1 12 *k

Thérefgre grder Ut &« order U, a

Lemma 3,4: tLet (X,T) be as in lemma 3.2. If u, is an apen
F=set in Xs and Ve is an agpen Ffsat in Xt,_s,t'e S such that

fo (v,) < f;l(us), then there exists r « S5, © » s,t such that

-

Proof, Suppose that the assertion is false i.,e for every re?d,
- | - '"l Y -l
L > s,t we have X7 = f " (X \supp. ”s)\\ftgr(xt suppe v.) # Ao

Then X; is &-closed in X and as in case of lemma 3.2, we would
have an inverse subsystem of =picompact F-~space which has a
non=empty limit Fe~space. This would lead to
-1
Supp. fy (ut)\\ﬁupp. Fs(us) £ 2
Conctracts oqur assumption that

-1, -1
Feilve) & Fomlug), -

This lemma gives at aonce the following result .
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Remark: LIS is an o =shading of Xs and Ut is a finite A =shading
of X_ such that F;l(vt) refines f;l(UsJ then there is r « S,

t
-1

' . -1
2 s,t such that ft,r(ut) refines Fs,r(us)‘ [

™ i - { = < . - -
Propagsition 3.7: Let EF {Xs, ts,t’ } Ce an d.=-reversable in
verse system of o ~bicompact F-spaces with the limit Fespace
(E,?). Then E-diﬁxx < n if and only if for each s € S and each
& =shading usf of X, there is t « S, s < t such that the o =sha-

. -1, ' e
ding Fs,t(us) of Xy has an o ~refinement Vt of order < n.

Broof, Let F-diqif < N and let Us be an o =-shading of Xs. Then
F_I(U } is an & =shading of X, B8y praoposition 3.1 f-l(U )} has
an & -refinement U = {ul,...,uk} whose members belong to the

standard basis /Z(A) and aorder of U < n, By lemma 3.3, there

i
exists t € S with 5 < t and a finite A =shading of J -1u %
of X_ such that f_"(v, ) g u, for i = 1, 2,...,k and order

t s ti 1
V, < order U< n,

8y the remark ofter lemma 3.4 where for each i = 1,2, .eesk y UWE

-1
have f, Lyti) < U,,

5 then Ft (U ) refines r (U )} and hence there

. -1 . -1
exists r « 5, r » s,t such that Ft,r(ut) refines Fs’r(us).

L. -l N r L - -
o = i -
50 if wr ft'r(ut), then ur is & =shading of Xr because Vt is
A =shading of Xt and clearly order ur < order Ut < ne Tfherefore

r and mr satisfy the required property,

tet U be a finite & =shading of ; where members qf U
can be assumed in the standard basis /Q(X); Then by lemma 3,3

there is s e S and a finite & =shading US af Xs such that
£y

s (U ) refines U, By assumption there exists t € S, s < t, and
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a finite o =shading VY, of X, which refines f"l (U_) and order
t t s, s

of V, ¢ ne Hence le(ut) is a finite o=shading of X which re-

t
. -1 | -] . | -1
fines f (Us) and then Ty QUt) refines U, Clearly order ft (Ut)

gl

< order V., < n. Trhzrefore F-diﬁbx « n as required, O
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